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1 Indicator Function

theory Indicator-Function
imports Complex-Main
begin

definition indicator S x = (if x € S then 1 else 0)

lemma indicator-simps|simp]:
z € S = indicator Sz = 1
z ¢ S = indicator Sz = 0

(proof)

lemma indicator-pos-le[intro, simp|: (0::'a::linordered-semidom) < indicator S
and indicator-le-1[intro, simp|: indicator S x < (1::'a::linordered-semidom)
{proof)

lemma indicator-abs-le-1: |indicator S x| < (1::'a::linordered-idom)
(proof)

lemma indicator-eq-0-iff : indicator A x = (0::-::zero-neg-one) «— x ¢ A
{proof)

lemma indicator-eq-1-iff : indicator A x = (1::-::zero-neg-one) +— z € A
{proof)

lemma split-indicator: P (indicator S z) +— (1 € S — P1)AN(x ¢ S — P

0))

{proof)

lemma split-indicator-asm: P (indicator Sz) «— (n(x € SA-P1Vz &5 A
- P0))
{proof)

lemma indicator-inter-arith: indicator (A N B) x = indicator A = x (indicator B
x:: a:semiring-1)
{proof)

lemma indicator-union-arith: indicator (A U B) z = indicator A x + indicator B
x — indicator A z x (indicator B z::'a::ring-1)
{proof)

lemma indicator-inter-min: indicator (A N B) © = min (indicator A z) (indicator
B z::'a::linordered-semidom,)

and indicator-union-maz: indicator (A U B) x = max (indicator A z) (indicator
B z::'a::linordered-semidom)

{proof)

lemma indicator-disj-union: A N B = {} = indicator (A U B) z = (indicator
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A z + indicator B x::'a::linordered-semidom)
{proof)

lemma indicator-compl: indicator (— A) © = 1 — (indicator A z::’a::ring-1)
and indicator-diff: indicator (A — B) z = indicator A x© x (1 — indicator B
x:'azring-1)
{proof )

lemma indicator-times: indicator (A X B) x = indicator A (fst x) x (indicator B
(snd )::'a::semiring-1)
{proof)

lemma indicator-sum: indicator (A <+> B) z = (case z of Inl x = indicator A
z | Inr x = indicator B x)

(proof)

lemma indicator-image: inj f = indicator (f ‘ X) (fz) = (indicator X z::-::zero-negq-one)
{proof)

lemma indicator-vimage: indicator (f —“ A) x = indicator A (f x)

(proof)

lemma

fixes [ :: 'a = 'b::semiring-1 assumes finite A

shows setsum-mult-indicator[simp]: (3. x € A. fz * indicator Bz) = (D xz € A
N B. fx)

and setsum-indicator-mult[simp]: (O_x € A. indicator Bz * fz) = (> z € AN
B. fz)

(proof)

lemma setsum-indicator-eq-card:
assumes finite A
shows (3" z € A. indicator B z) = card (A Int B)

{proof)

lemma setsum-indicator-scaleR[simp]:
finite A =
Sz € A. indicator (B z) (g z) *r fz) = O 2 € {z€A. gz € Buz}. f
x::'azreal-vector)
(proof)

lemma LIMSEQ-indicator-incseq:

assumes incseq A

shows (\i. indicator (A i) z :: 'a :: {topological-space, one, zero}) —— indi-
cator (Ji. A i)
(proof)

lemma LIMSEQ-indicator-UN:
(k. indicator (|Ji<k. A i) z = 'a :: {topological-space, one, zero}) ——



THEORY “Old-Datatype” 21

indicator (|Ji. A i) z
(proof)

lemma LIMSEQ-indicator-decseq:

assumes decseq A

shows (\i. indicator (A i) z :: 'a :: {topological-space, one, zero}) —— indi-
cator ((i. A i)
(proof)

lemma LIMSEQ-indicator-INT:

(Ak. indicator (Ni<k. A i) x = 'a :: {topological-space, one, zero}) ——
indicator ((i. A i) z
(proof )

lemma indicator-add:

AN B = {} = (indicator A z::-::monoid-add) + indicator B x = indicator (A
UB)z

(proof)

lemma of-real-indicator: of-real (indicator A x) = indicator A x
{proof)

lemma real-of-nat-indicator: real (indicator A x :: nat) = indicator A z
{proof)

lemma abs-indicator: |indicator A x :: 'a::linordered-idom| = indicator A x
{proof)

lemma mult-indicator-subset:
A C B = indicator A z * indicator B x = (indicator A z :: 'a::{comm-semiring-1})

(proof)

lemma indicator-sums:

assumes N\ij. i #j = AiNAj={}

shows (\i. indicator (A i) z::real) sums indicator (|Ji. A i) z
(proof)

end

2 0Old Datatype package: constructing datatypes

from Cartesian Products and Disjoint Sums
theory Old-Datatype
imports ../ Main

keywords old-datatype :: thy-decl
begin

(ML)
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2.1 The datatype universe

definition Node = {p. EX fa k. p = (f : nat => 'b 4+ nat, x ::'a + nat) & [k
= Inr 0}

typedef (‘a, 'b) node = Node :: ((nat => 'b + nat) * ('a + nat)) set
morphisms Rep-Node Abs-Node
(proof)

Datatypes will be represented by sets of type node

type-synonym ’‘a item = ('a, unit) node set
type-synonym (‘a, 'b) diree = (‘a, 'b) node set

definition Push :: [('b + nat), nat => (‘b + nat)] => (nat => ('b + nat))
where Push == (%b h. case-nat b h)

definition Push-Node :: [('b + nat), (‘a, 'b) node] => (‘a, 'b) node
where Push-Node == (%n x. Abs-Node (apfst (Push n) (Rep-Node x)))

definition Atom :: (‘a + nat) => (‘a, 'b) dtree

where Atom == (%z. {Abs-Node((%k. Inr 0, z))})
definition Scons :: [(‘a, ') dtree, (‘a, 'b) dtree] => ('a, 'b) diree

where Scons M N == (Push-Node (Inr 1) ‘ M) Un (Push-Node (Inr (Suc 1))
< N)

definition Leaf :: 'a => ('a, 'b) diree
where Leaf == Atom o Inl

definition Numb :: nat => (‘a, 'b) diree
where Numb == Atom o Inr

definition In0 :: (‘a, 'b) diree => (‘a, 'b) diree
where In0(M) == Scons (Numb 0) M

definition In! :: (‘a, 'b) ditree => (‘a, 'b) diree
where Inl (M) == Scons (Numb 1) M

definition Lim :: (‘b => (‘a, 'b) diree) => (‘a, 'b) diree
where Lim f == |J{z. ? 2. z = Push-Node (Inl z) * (f z)}

definition ndepth :: (‘a, 'b) node => nat
where ndepth(n) == (%(f,z). LEAST k. f k = Inr 0) (Rep-Node n)
definition ntrunc :: [nat, (‘a, 'b) diree] => (‘a, 'b) diree
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where ntrunc k N == {n. n:N & ndepth(n)<k}

definition uprod :: [('a, 'b) dtree set, (‘a, 'b) diree set|=> ('a, 'b) dtree set
where uprod A B == UN z:A. UN y:B. { Scons z y }

definition usum :: [(‘a, 'b) diree set, ('a, 'b) diree set]=> ('a, 'b) dtree set
where usum A B == In0‘A Un In1‘B

definition Split :: [[(‘a, 'b) diree, (‘a, 'b) diree]=>"c, ('a, 'b) dtree] => 'c
where Split c M == THE u. EXxy. M = Sconszy & u=czxvy

definition Case :: [[(‘a, 'b) diree]=>"c, [('a, 'b) dtree]=>"c, ( 'b) dtree] => "¢
where Case c d M == THE u. (EXz . M = In0(z) & u = ( NI (EXy. M
=Inl(y) & u = d(y))

definition dprod :: [((‘a, 'b) dtree x (‘a, 'b) dtree)set, (('a, 'b) dtree x (‘a, 'b)
dtree)set]
=> (("a, 'b) dtree * ('a, 'b) dtree)set
where dprod r s == UN (z,z'):r. UN (y,y’):s. {(Scons z y, Scons z’ y")}

definition dsum :: [((‘a, 'b) dtree * (‘a, 'b) ditree)set, (('a, 'b) dtree * (‘a, 'b)
dtree) set]
=> (("a, 'b) dtree * ('a, 'b) dtree)set
where dsum rs == (UN (z,z'):r. {(In0(z),In0(z"))}) Un (UN (y,y"):s. {(In1(y),In1(y"))})

lemma apfst-convE:

| g=apfstfp; "zy. [|p=(29); ¢=(f(z)y) || ==>R
|| ==>R
(proof)

lemma Push-injectl: Push i f = Push j g ==> i=j

(proof)
lemma Push-inject2: Push i f = Push j g ==> f=g
{proof )
lemma Push-inject:

[| Push i f =Push jg; [ i=j; f=g || ==> P |] ==> P
(proof)

lemma Push-neq-K0: Push (Inr (Suc k)) f = (%z. Inr 0) ==> P
(proof)
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lemmas Abs-Node-inj = Abs-Node-inject [THEN [2] rev-iffD1]

lemma Node-K0-1: (%k. Inr 0, a) : Node
(proof)

lemma Node-Push-I: p: Node ==> apfst (Push i) p : Node
(proof)

2.2 Freeness: Distinctness of Constructors
lemma Scons-not-Atom [iff]: Scons M N # Atom(a)
(proof )

lemmas Atom-not-Scons [iff] = Scons-not-Atom [THEN not-sym]

lemma inj-Atom: inj(Atom)

(proof)
lemmas Atom-inject = inj-Atom [THEN injD]

lemma Atom-Atom-eq [iff]: (Atom(a)=Atom(d)) = (a=b)
(proof)

lemma inj-Leaf: inj(Leaf)
(proof)

lemmas Leaf-inject [dest!] = inj-Leaf [THEN injD)]

lemma inj-Numb: inj(Numb)
(proof)

lemmas Numb-inject [dest!] = inj-Numb [THEN injD]

lemma Push-Node-inject:
[| Push-Node i m =Push-Node j n; || i=j; m=n || ==> P
|| ==> P

(proof )
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lemma Scons-inject-lemmal: Scons M N <= Scons M' N' ==> M<=M"'

(proof)

lemma Scons-inject-lemma2: Scons M N <= Scons M' N' ==> N<=N'
(proof)

lemma Scons-injectl: Scons M N = Scons M’ N’ ==> M=M'
(proof)

lemma Scons-inject2: Scons M N = Scons M’ N’ ==> N=N'
(proof)

lemma Scons-inject:
[| Scons M N = Scons M' N'; [| M=M'; N=N'|] ==> P |]==> P
(proof)

lemma Scons-Scons-eq [iff]: (Scons M N = Scons M’ N') = (M=M'& N=N")
(proof)

lemma Scons-not-Leaf [iff]: Scons M N # Leaf(a)
(proof)

lemmas Leaf-not-Scons [iff] = Scons-not-Leaf |[THEN not-sym)|

lemma Scons-not-Numb [iff]: Scons M N # Numb(k)
(proof)

lemmas Numb-not-Scons [iff] = Scons-not-Numb [THEN not-sym]

lemma Leaf-not-Numb [iff]: Leaf (a) # Numb(k)
(proof)

lemmas Numb-not-Leaf [iff] = Leaf-not-Numb [THEN not-sym)|
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lemma ndepth-K0: ndepth (Abs-Node(%k. Inr 0, z)) = 0
(proof)

lemma ndepth-Push-Node-aux:

26

case-nat (Inr (Suc i) fk = Inr 0 ——> Suc(LEAST z. fz = Inr 0) <=k

(proof)

lemma ndepth-Push-Node:
ndepth (Push-Node (Inr (Suc i)) n) = Suc(ndepth(n))
(proof)

lemma ntrunc-0 [simp]: ntrunc 0 M = {}

(proof)

lemma ntrunc-Atom [simp]: ntrunc (Suc k) (Atom a) = Atom(a)
(proof)

lemma ntrunc-Leaf [simp]: ntrunc (Suc k) (Leaf a) = Leaf(a)

(proof)

lemma ntrunc-Numb [simp]: ntrunc (Suc k) (Numb i) = Numb(7)
(proof)

lemma ntrunc-Scons [simp]:
ntrunc (Suc k) (Scons M N) = Scons (ntrunc k M) (ntrunc k N)

(proof)

lemma nitrunc-one-In0 [simp|: ntrunc (Suc 0) (In0 M) = {}
(proof)

lemma ntrunc-In0 [simp]: ntrunc (Suc(Suc k)) (In0 M) = In0 (ntrunc (Suc k)

M)
(proof)

lemma ntrunc-one-Inl [simp]: ntrunc (Suc 0) (In1 M) = {}

(proof)

lemma ntrunc-Ini [simp]: ntrunc (Suc(Suc k)) (In1 M) = Inl (ntrunc (Suc k)

M)
(proof)
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2.3 Set Constructions

lemma uprodl [introl]: || M:A; N:B || ==> Scons M N : uprod A B
(proof)

lemma uprodE [elim!]:

[| ¢: uprod A B;
Ney. [| 2:4; y:B; ¢ = Sconszy || ==> P
==>P
(proof )
lemma uprodE2: [| Scons M N : uprod A B; [| M:A; N:B|]==> P |]==>P
(proof)

lemma usum-In0I [intro]: M:A ==> In0(M) : usum A B
(proof)

lemma usum-In1l [intro]: N:B ==> In1(N) : usum A B
(proof)

lemma usumE [elim!]:
[| w: usum A B;

o, [| z:4; u=In0(z) || ==> P;
Wy. [| y:B; u=Ini(y) || ==> P
J==> P

(proof)

lemma In0-not-Inl [iff]: In0(M) # In1(N)
(proof)

lemmas Ini-not-In0 [iff] = In0-not-In1 [THEN not-sym]

lemma In0-inject: In0(M) = In0(N) ==> M=N
(proof)

lemma Inl-inject: In1(M) = In1(N) ==> M=N
(proof)

lemma In0-eq [iff]: (In0 M = In0 N) = (M=N)
(proof)
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lemma Ini-eq [iff]: (In1 M = Inl1 N) = (M=N)
(proof)

lemma inj-In0: injg In0

(proof)

lemma inj-Ini: inj Inl
(proof)

lemma Lim-inject: Lim f = Lim g ==> f =g
(proof )

lemma nitrunc-subsetl: ntrunc k M <= M
(proof)

lemma ntrunc-subsetD: (k. ntrunc k M <= N) ==> M<=N
(proof)

lemma ntrunc-equality: (k. ntrunc k M = ntrunc k N) ==> M=N

(proof)

lemma ntrunc-o-equality:

[| k. (ntrunc(k) o h1) = (ntrunc(k) o h2) || ==> h1=h2
(proof)
lemma uprod-mono: [| A<=A";, B<=B'|] ==> uprod A B <= uprod A’ B’
(proof )
lemma usum-mono: [| A<=A"; B<=B'|] ==> usum A B <= usum A’ B’
(proof )
lemma Scons-mono: || M<=M'; N<=N'|] ==> Scons M N <= Scons M' N’
(proof )
lemma In0-mono: M<=N ==> In0(M) <= In0(N)
(proof )

lemma Inl-mono: M<=N ==> In1 (M) <= In1(N)
(proof)
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lemma Split [simp]: Split ¢ (Scons M N) = ¢ M N
(proof)

lemma Case-In0 [simp]: Case ¢ d (In0 M) = ¢(M)
(proof)

lemma Case-In1 [simp]: Case ¢ d (Inl1 N) = d(N)
(proof)

lemma ntrunc-UN1: ntrunc k (UN z. f(z)) = (UN z. ntrunc k (f z))
(proof)

lemma Scons-UN1-x: Scons (UN z. fx) M = (UN z. Scons (f ) M)
(proof)

lemma Scons-UN1-y: Scons M (UN z. fz) = (UN z. Scons M (f x))
(proof)

lemma In0-UN1: InO(UN z. f(z)) = (UN z. In0(f(x)))
(proof)

lemma Inl-UNI: In1(UN z. f(z)) = (UN z. In1(f(z)))
(proof )

lemma dprodl [intro!]:
| (M,M"):r; (N,N'):s || ==> (Scons M N, Scons M' N') : dprod r s
(proof)

lemma dprodE [elim!]:

[| ¢: dprod rs;
Noya'y' [| (z2)) 2 rs (y.y) + s
¢ = (Scons z y, Scons ¢’ y') || ==> P
|| ==>P

(proof)

29
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lemma dsum-In0I [intro]: (M,M"):r ==> (In0(M), In0(M")) : dsum r s
(proof)

lemma dsum-Inll [intro]: (N,N'):s ==> (In1(N), In1(N")) : dsum r s
(proof)

lemma dsumkFE [elim!]:
[| w: dsum r s;

Ne o' || (z,2”) : r; w= (In0(z), In0(z")) || ==> P;
Nyy' [l (yy') : s w=(Ini(y), Inl(y") || ==> P
J==>P

(proof )
lemma dprod-mono: [| r<=r'; s<=s'|] ==> dprod r s <= dprod r’ s’
(proof)
lemma dsum-mono: [| r<=r'; s<=s'|] ==> dsum r s <= dsum r' s’
(proof )

lemma dprod-Sigma: (dprod (A x B) (C x D)) <= (uprod A C') x (uprod B D)
(proof)

lemmas dprod-subset-Sigma = subset-trans [OF dprod-mono dprod-Sigma]

lemma dprod-subset-Sigma2:

(dprod (Sigma A B) (Sigma C D)) <= Sigma (uprod A C) (Split (%x y. uprod
(B z) (D y)))
(proof )

lemma dsum-Sigma: (dsum (A x B) (C x D)) <= (usum A C) x (usum B D)
(proof)

lemmas dsum-subset-Sigma = subset-trans [OF dsum-mono dsum-Sigma)

lemma Domain-dprod [simp]: Domain (dprod r s) = uprod (Domain r) (Domain
s)

(proof)
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lemma Domain-dsum [simp]: Domain (dsum r s) = usum (Domain r) (Domain
s)
{proof)

hides popular names

hide-type (open) node item

hide-const (open) Push Node Atom Leaf Numb Lim Split Case
(ML)

end

3 Bijections between natural numbers and other
types

theory Nat-Bijection
imports Main
begin

3.1 Type nat X nat

Triangle numbers: 0, 1, 3, 6, 10, 15, ...
definition triangle :: nat = nat

where triangle n = (n * Suc n) div 2

lemma triangle-0 [simp]: triangle 0 = 0

(proof)

lemma triangle-Suc [simp]: triangle (Suc n) = triangle n + Suc n
(proof)

definition prod-encode :: nat x nat = nat
where prod-encode = (A(m, n). triangle (m + n) + m)

In this auxiliary function, triangle k + m is an invariant.

fun prod-decode-aux :: nat = nat = nat X nat
where
prod-decode-auxr k m =
(if m < k then (m, k — m) else prod-decode-auz (Suc k) (m — Suc k))

declare prod-decode-auz.simps [simp del]

definition prod-decode :: nat = nat x nat
where prod-decode = prod-decode-auz 0

lemma prod-encode-prod-decode-auzx:
prod-encode (prod-decode-aux k m) = triangle k + m
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(proof)

lemma prod-decode-inverse [simp]: prod-encode (prod-decode n) = n

(proof)

lemma prod-decode-triangle-add: prod-decode (triangle k + m) = prod-decode-aux
km

(proof)

lemma prod-encode-inverse [simp]: prod-decode (prod-encode ©) = x

(proof)

lemma inj-prod-encode: inj-on prod-encode A
(proof)

lemma inj-prod-decode: inj-on prod-decode A

(proof)

lemma surj-prod-encode: surj prod-encode
(proof)

lemma surj-prod-decode: surj prod-decode
(proof)

lemma bij-prod-encode: bij prod-encode

(proof)

lemma bij-prod-decode: bij prod-decode
(proof)

lemma prod-encode-eq: prod-encode x = prod-encode y <— . =y

(proof)
lemma prod-decode-eq: prod-decode x = prod-decode y +— x =y

(proof)

Ordering properties
lemma le-prod-encode-1: a < prod-encode (a, b)

{(proof)

lemma le-prod-encode-2: b < prod-encode (a, b)
(proof)

3.2 Type nat + nat

definition sum-encode :: nat + nat = nat
where
sum-encode x = (case x of Inl a = 2 % a | Inr b = Suc (2 * b))
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definition sum-decode :: nat = nat + nat
where
sum-decode n = (if even n then Inl (n div 2) else Inr (n div 2))

lemma sum-encode-inverse [simp]: sum-decode (sum-encode ) = x

(proof)

lemma sum-decode-inverse [simp]: sum-encode (sum-decode n) = n
{proof)

lemma inj-sum-encode: inj-on sum-encode A

(proof)

lemma inj-sum-decode: inj-on sum-decode A

(proof)

lemma surj-sum-encode: surj sum-encode
(proof )

lemma surj-sum-decode: surj sum-decode

(proof)

lemma bij-sum-encode: bij sum-encode
(proof)

lemma bij-sum-decode: bij sum-decode

(proof)

lemma sum-encode-eq: sum-encode ¥ = sum-encode y <— T =y
(proof)

lemma sum-decode-eq: sum-decode x = sum-decode y «— = =y

(proof)

3.3 Type int

definition int-encode :: int = nat
where
int-encode i = sum-encode (if 0 < i then Inl (nat i) else Inr (nat (— i — 1)))

definition int-decode :: nat = int
where
int-decode n = (case sum-decode n of Inl a = int a | Inr b = — int b — 1)

lemma int-encode-inverse [simp): int-decode (int-encode x) = x

(proof)

lemma int-decode-inverse [simp]: int-encode (int-decode n) = n
(proof)
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lemma inj-int-encode: inj-on int-encode A
(proof)

lemma inj-int-decode: inj-on int-decode A

(proof)

lemma surj-int-encode: surj int-encode
(proof)

lemma surj-int-decode: surj int-decode

(proof)

lemma bij-int-encode: bij int-encode

(proof)

lemma bij-int-decode: bij int-decode
(proof )

lemma int-encode-eq: int-encode © = int-encode y <— x© = y

(proof)

lemma int-decode-eq: int-decode x = int-decode y <— = =y
(proof)

3.4 Type nat list

fun list-encode :: nat list = nat
where
list-encode [| = 0
| list-encode (z # xs) = Suc (prod-encode (z, list-encode xs))

function list-decode :: nat = nat list
where
list-decode 0 = []
| list-decode (Suc n) = (case prod-decode n of (x, y) = x # list-decode y)

(proof)

termination list-decode

(proof)

lemma list-encode-inverse [simp]: list-decode (list-encode z) = x
(proof)

lemma list-decode-inverse [simp): list-encode (list-decode n) = n

(proof)

lemma inj-list-encode: inj-on list-encode A
(proof)
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lemma inj-list-decode: inj-on list-decode A
(proof)

lemma surj-list-encode: surj list-encode

(proof)

lemma surj-list-decode: surj list-decode
(proof)

lemma bij-list-encode: bij list-encode

(proof)

lemma bij-list-decode: bij list-decode

(proof)

lemma list-encode-eq: list-encode x = list-encode y <— = = y
(proof)

lemma list-decode-eq: list-decode x = list-decode y <+— x© = y

(proof)

3.5 Finite sets of naturals

3.5.1 Preliminaries

lemma finite-vimage-Suc-iff: finite (Suc — F) <— finite F

(proof)

lemma vimage-Suc-insert-0: Suc —* insert 0 A = Suc —“ A
(proof)

lemma vimage-Suc-insert-Suc:
Suc —*“insert (Suc n) A = insert n (Suc —¢ A)
(proof)

lemma div2-even-ext-nat:
fixes = y :: nat
assumes z div 2 = y div 2
and even r <— even y
shows z = y

(proof)

3.5.2 From sets to naturals

definition set-encode :: nat set = nat
where set-encode = setsum (op ~ 2)

lemma set-encode-empty [simp]: set-encode {} = 0

(proof)
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lemma set-encode-inf: ~ finite A = set-encode A = 0
(proof)

lemma set-encode-insert [simp]:
[finite A; n ¢ A] = set-encode (insert n A) = 2°n + set-encode A

(proof)

lemma even-set-encode-iff : finite A = even (set-encode A) +— 0 ¢ A

(proof)

lemma set-encode-vimage-Suc: set-encode (Suc —*‘ A) = set-encode A div 2
(proof)

lemmas set-encode-div-2 = set-encode-vimage-Suc [symmetric)

3.5.3 From naturals to sets

definition set-decode :: nat = nat set
where set-decode x = {n. odd (z div 2 " n)}

lemma set-decode-0 [simp]: 0 € set-decode © <— odd x
(proof)

lemma set-decode-Suc [simp):
Suc n € set-decode © +— n € set-decode (x div 2)

(proof)

lemma set-decode-zero [simp]: set-decode 0 = {}
(proof)

lemma set-decode-div-2: set-decode (x div 2) = Suc — ¢ set-decode

(proof)

lemma set-decode-plus-power-2:
n ¢ set-decode z = set-decode (2 " n + z) = insert n (set-decode z)

(proof)

lemma finite-set-decode [simp]: finite (set-decode n)
(proof)

3.5.4 Proof of isomorphism

lemma set-decode-inverse [simp]: set-encode (set-decode n) = n
(proof)

lemma set-encode-inverse [simp): finite A = set-decode (set-encode A) = A

(proof)

lemma inj-on-set-encode: inj-on set-encode (Collect finite)
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(proof)

lemma set-encode-eq:
[finite A; finite B] = set-encode A = set-encode B +— A = B

(proof)

lemma subset-decode-imp-le:
assumes set-decode m C set-decode n
shows m < n

(proof)

end

4 Encoding (almost) everything into natural num-
bers

theory Countable
imports Old-Datatype ~~ /src/ HOL/Rat Nat-Bijection
begin

4.1 The class of countable types
class countable =

assumes ez-inj: Jto-nat :: 'a = nat. inj to-nat

lemma countable-classI:
fixes [ :: 'a = nat
assumes Az y. fo =fy=—= 2z =y
shows OFCLASS('a, countable-class)
(proof)

4.2 Conversion functions

definition to-nat :: 'a::countable = nat where
to-nat = (SOME f. inj f)

definition from-nat :: nat = ’a::countable where
from-nat = inv (to-nat :: 'a = nat)

lemma inj-to-nat [simp]: inj to-nat

{proof)

lemma inj-on-to-nat[simp, introl: inj-on to-nat S
(proof)

lemma surj-from-nat [simp]: surj from-nat
{proof)

lemma to-nat-split [simp]: to-nat x = to-nat y +— = = y
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{proof)

lemma from-nat-to-nat [simp]:
from-nat (to-nat x) = x
(proof)

4.3 Finite types are countable

subclass (in finite) countable
(proof)

4.4 Automatically proving countability of old-style datatypes

context
begin

qualified inductive finite-item :: 'a Old-Datatype.item = bool where
undefined: finite-item undefined

| In0: finite-item x = finite-item (Old-Datatype.In0 x)

| Inl: finite-item * = finite-item (Old-Datatype.Inl x)

| Leaf: finite-item (Old-Datatype.Leaf a)

| Scons: [finite-item z; finite-item y] = finite-item (Old-Datatype.Scons z y)

qualified function nth-item :: nat = (‘a::countable) Old-Datatype.item
where
nth-item 0 = undefined
| nth-item (Suc n) =
(case sum-decode n of
Inli =
(case sum-decode i of
Inl j = Old-Datatype.In0 (nth-item j)
| Inr j = Old-Datatype.Inl (nth-item j))
| Inr i =
(case sum-decode i of
Inl j = Old-Datatype.Leaf (from-nat j)
| Inr j =
(case prod-decode j of
(a, b) = Old-Datatype.Scons (nth-item a) (nth-item b))))

(proof)

lemma le-sum-encode-Inl: x < y = x < sum-encode (Inl y)

(proof)

lemma le-sum-encode-Inr: x < y = x < sum-encode (Inr y)
(proof ) termination

(proof)

lemma nth-item-covers: finite-item x =—> An. nth-item n = x
(proof)
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theorem countable-datatype:
fixes Rep :: 'b = (‘a::countable) Old-Datatype.item
fixes Abs :: (‘a::countable) Old-Datatype.item = 'b
fixes rep-set :: ('a::countable) Old-Datatype.item = bool
assumes type: type-definition Rep Abs (Collect rep-set)
assumes finite-item: A\x. rep-set © = finite-item x
shows OFCLASS(’b, countable-class)

(proof)
(ML)

end

4.5 Automatically proving countability of datatypes
(ML)

4.6 More Countable types

Naturals

instance nat :: countable
(proof)

Pairs

instance prod :: (countable, countable) countable
{proof)

Sums

instance sum :: (countable, countable) countable
(proof)

Integers

instance int :: countable
(proof)

Options

instance option :: (countable) countable
(proof)

Lists

instance list :: (countable) countable
{proof)

String literals

instance String.literal :: countable
(proof )

Functions
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instance fun :: (finite, countable) countable
(proof)

Typereps

instance typerep :: countable
(proof )

4.7 The rationals are countably infinite

definition nat-to-rat-surj :: nat = rat where
nat-to-rat-surj n = (let (a, b) = prod-decode n in Fract (int-decode a) (int-decode

b))

lemma surj-nat-to-rat-surj: surj nat-to-rat-surj

(proof)

lemma Rats-eg-range-nat-to-rat-surj: Q = range nat-to-rat-surj
{proof)

context field-char-0
begin

lemma Rats-eq-range-of-rat-o-nat-to-rat-surj:
Q = range (of-rat o nat-to-rat-surj)

{proof)

lemma surj-of-rat-nat-to-rat-surj:
r € Q = In. r = of-rat (nat-to-rat-surj n)
(proof)

end

instance rat :: countable
(proof)

end

5 Infinite Sets and Related Concepts

theory Infinite-Set
imports Main
begin

The set of natural numbers is infinite.

lemma infinite-nat-iff-unbounded-le: infinite (S:nat set) +— (Vm. In>m. n €
S)
(proof)
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lemma infinite-nat-iff-unbounded: infinite (S::nat set) «— (¥Ym. In>m. n € 5)
{proof)

lemma finite-nat-iff-bounded: finite (S::nat set) +— (k. S C {..<k})
{proof)

lemma finite-nat-iff-bounded-le: finite (S::nat set) «— (Fk. S C {.. k})
{proof)

lemma finite-nat-bounded: finite (S:nat set) = k. S C {.<k}
(proof)

For a set of natural numbers to be infinite, it is enough to know that for any
number larger than some k, there is some larger number that is an element
of the set.

lemma unbounded-k-infinite: Y m>k. In>m. n € S = infinite (S::nat set)
(proof)

lemma nat-not-finite: finite (UNIV ::nat set) = R
{proof)

lemma range-inj-infinite:
inj (f:nat = 'a) = infinite (range f)
(proof)
The set of integers is also infinite.
lemma infinite-int-iff-infinite-nat-abs: infinite (S::int set) <— infinite ((nat o
abs) < 9)
(proof)

proposition infinite-int-iff-unbounded-le: infinite (S::int set) «— (Vm. In. |n|
>mAneS)
{proof)

proposition infinite-int-iff-unbounded: infinite (S::int set) +— (Vm. In. |n| >
mAné€S)
(proof)

proposition finite-int-iff-bounded: finite (S::int set) +— (k. abs * S C {..<k})
{proof)

proposition finite-int-iff-bounded-le: finite (S::int set) «— (I k. abs S C {.. k})
{proof)

5.1 Infinitely Many and Almost All

We often need to reason about the existence of infinitely many (resp., all
but finitely many) objects satisfying some predicate, so we introduce corre-
sponding binders and their proof rules.
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lemma not-INFM [simp]: = (INFM z. P z) <— (MOST z. =~ P z) (proof)
lemma not-MOST [simp]: = (MOST x. P z) «— (INFM z. = P z) (proof)

lemma INFM-const [simp]: (INFM z::'a. P) «— P A infinite (UNIV:'a set)
(proof)

lemma MOST-const [simp]: (MOST z::'a. P) <— P V finite (UNIV::'a set)
{proof)

lemma INFM-imp-distrib: (INFM z. P ¢ — Q z) +— ((MOST z. P z) —
(INFM z. Q z))

{proof)

lemma MOST-imp-iff: MOST z. P x = (MOST z. P v — Q z) <— (MOST
z. Q1)
(proof)

lemma INFM-conjl: INFM x. P x = MOST z. Qz —> INFM z. Pz AN Q x
(proof)

Properties of quantifiers with injective functions.

lemma INFM-inj: INFM z. P (fz) = inj f = INFM z. P x
(proof )

lemma MOST-inj: MOST z. Pz = inj f = MOST z. P (f z)
(proof )

Properties of quantifiers with singletons.

lemma not-INFM-eq [simp):
- (INFM z. z = a)
- (INFM z. a = )
{proof)

lemma MOST-neq [simp]:
MOST z. x # a
MOST x. a # x

(proof)

lemma INFM-neq [simp]:
(INFM z::'a. x # a) +— infinite (UNIV::'a set)
(INFM z::'a. a # z) +— infinite (UNIV::'a set)
{proof)

lemma MOST-eq [simp]:
(MOST z::'a. x = a) <— finite (UNIV::'a set)
(MOST z::'a. a = z) <— finite (UNIV::'a set)
(proof )

lemma MOST-eq-imp:
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MOST .z =a — Pz
MOSTz.a =2z — Pz

{proof)

Properties of quantifiers over the naturals.

lemma MOST-nat: (¥ oon. P (n:nat)) «— (Im. Vn>m. P n)
{proof)

lemma MOST-nat-le: (Vson. P (ninat)) «— (Im. Vn>m. P n)
{proof)

lemma INFM-nat: (3oon. P (ninat)) «— (Ym. In>m. P n)
{proof)

lemma INFM-nat-le: (3 oon. P (n:nat)) <— (Vm. In>m. P n)
{proof)

lemma MOST-INFM: infinite (UNIV::'a set) = MOST z::’a. P x = INFM
x:'a. Pz
(proof)

lemma MOST-Suc-iff: (MOST n. P (Suc n)) +— (MOST n. P n)
{proof)

lemma
shows MOST-Sucl: MOST n. P n = MOST n. P (Suc n)
and MOST-SucD: MOST n. P (Suc n) = MOST n. P n

(proof )

lemma MOST-ge-nat: MOST n:nat. m < n
{proof )

lemma Inf-many-def: Inf-many P <— infinite {x. P x} (proof)

lemma Alm-all-def: Alm-all P <— — (INFM x. = P z) {proof)

lemma INFM-iff-infinite: (INFM z. P x) <— infinite {z. P z} (proof)

lemma MOST-iff-cofinite: (MOST x. P x) <— finite {z. = P z} (proof)
lemma INFM-EX: (3ooz. P z) = (3z. P z) (proof)

lemma ALL-MOST:Vz. Pz = ¥V ooz. P x (proof)

lemma INFM-mono: 3ox. Pz = (Az. Pz = Q z) = Jz. Q x (proof)
lemma MOST-mono: Vz. P = (Az. P2z = Q z) = Vor. Q x (proof)
lemma INFM-disj-distrib: (3ecz. P2V Q z) +— (Jooz. P 2) V Foz. Q )
(proof)

lemma MOST-rev-mp: ¥V ooz. Pt = V. P2 — Q2 = V ox. Q z {proof)
lemma MOST-conj-distrib: (Voox. Pz A Q z) +— (Vooz. P2) AN (Veoz. Q )
(proof)

lemma MOST-conjl: MOST . Px = MOST z. Qz — MOSTz. Px A Qx
(proof)

lemma INFM-finite- Bex-distrib: finite A—> (INFM y. dz€A. Pz y) +— (Jz€A.
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INFM y. P z y) (proof)

lemma MOST-finite-Ball-distrib: finite A — (MOST y. Va€A. P x y) +—
(VzeA. MOST y. P z y) (proof)

lemma INFM-E: INFM z. P x = (\x. P © = thesis) = thesis (proof)
lemma MOST-I: (Az. P z) = MOST z. P x (proof)

lemmas MOST-iff-finiteNeg = MOST-iff-cofinite

5.2 Enumeration of an Infinite Set
The set’s element type must be wellordered (e.g. the natural numbers).

Could be generalized to enumerate’ S n = (SOME t. t € s A finite {s € S.
s <t} Acard {s € S. s <t}=n).

primrec (in wellorder) enumerate :: 'a set = nat = 'a
where
enumerate-0: enumerate S 0 = (LEAST n. n € S)
| enumerate-Suc: enumerate S (Suc n) = enumerate (S — {LEAST n. n € S}) n

lemma enumerate-Suc” enumerate S (Suc n) = enumerate (S — {enumerate S
0}) n

(proof)

lemma enumerate-in-set: infinite S =—> enumerate S n € S
(proof)

declare enumerate-0 [simp del] enumerate-Suc [simp del]

lemma enumerate-step: infinite S = enumerate S n < enumerate S (Suc n)
{proof)

lemma enumerate-mono: m < n = infinite S = enumerate S m < enumerate
Sn

(proof)

lemma le-enumerate:
assumes S: infinite S
shows n < enumerate S n

{proof)

lemma enumerate-Suc’”:
fixes S :: 'a::wellorder set
assumes infinite S
shows enumerate S (Suc n) = (LEAST s. s € S N enumerate S n < s)

{proof)

lemma enumerate-FEx:
assumes S: infinite (S:nat set)
shows s € S = dn. enumerate Sn = s
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(proof)

lemma bij-enumerate:
fixes S :: nat set
assumes S: infinite S
shows bij-betw (enumerate S) UNIV S

(proof)

end

6 Countable sets

theory Countable-Set
imports Countable Infinite-Set
begin

6.1 Predicate for countable sets

definition countable :: 'a set = bool where
countable S +— (I f::'a = nat. inj-on [ 5)

lemma countableE:
assumes S: countable S obtains f :: ‘a = nat where inj-on f S

(proof)

lemma countablel: inj-on (f::'a = nat) S = countable S
{proof)

lemma countablel: inj-on (f::'a = 'b::countable) S = countable S
(proof )

lemma countableF-bij:

assumes S: countable S obtains f :: nat = 'a and C :: nat set where bij-betw
fcs

(proof)

lemma countablel-bij: bij-betw f (C::nat set) S = countable S
(proof )

lemma countable-finite: finite S = countable S

{proof)

lemma countablel-bijl: bij-betw f A B => countable A = countable B
(proof )

lemma countablel-bij2: bij-betw f B A = countable A = countable B
(proof)

lemma countable-iff-bij[simp]: bij-betw f A B = countable A +— countable B



THEORY “Countable-Set” 46

{proof)

lemma countable-subset: A C B = countable B = countable A
(proof)

lemma countablel-type[intro, simp): countable (A:: 'a :: countable set)

{proof)

6.2 Enumerate a countable set

lemma countable E-infinite:
assumes countable S infinite S
obtains e :: ‘a = nat where bij-betw ¢ S UNIV

(proof)

lemma countable-enum-cases:
assumes countable S
obtains (finite) f :: ‘a = nat where finite S bij-betw f S {..<card S}
| (infinite) f :: 'a = nat where infinite S bij-betw f S UNIV
(proof)

definition to-nat-on :: 'a set = '‘a = nat where
to-nat-on S = (SOME f. if finite S then bij-betw f S {..< card S} else bij-betw f
S UNIV)

definition from-nat-into :: 'a set = nat = 'a where
from-nat-into S n = (if n € to-nat-on S * S then inv-into S (to-nat-on S) n else
SOME s. s€S)

lemma to-nat-on-finite: finite S = bij-betw (to-nat-on S) S {..< card S}
(proof )

lemma to-nat-on-infinite: countable S = infinite S = bij-betw (to-nat-on S) S
UNIV

(proof)

lemma bij-betw-from-nat-into-finite: finite S = bij-betw (from-nat-into S) {..<
card S} S
(proof )

lemma bij-betw-from-nat-into: countable S = infinite S = bij-betw (from-nat-into
S) UNIV S

{proof)

lemma inj-on-to-nat-on[intro]: countable A = inj-on (to-nat-on A) A
{proof)

lemma to-nat-on-inj|simp]:
countable A =— a € A = b € A = to-nat-on A a = to-nat-on A b +— a =
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b
{proof)

lemma from-nat-into-to-nat-on[simp): countable A = a € A = from-nat-into
A (to-nat-on A a) = a
(proof)

lemma subset-range-from-nat-into: countable A = A C range (from-nat-into A)
(proof )

lemma from-nat-into: A # {} = from-nat-into A n € A
(proof )

lemma range-from-nat-into-subset: A # {} = range (from-nat-into A) C A
(proof )

lemma range-from-nat-into[simp|: A # {} = countable A = range (from-nat-into
A=A
{proof)

lemma image-to-nat-on: countable A = infinite A = to-nat-on A * A = UNIV
(proof)

lemma to-nat-on-surj: countable A = infinite A = Jac€A. to-nat-on A a = n
(proof )

lemma to-nat-on-from-nat-into[simp]: n € to-nat-on A * A = to-nat-on A (from-nat-into
An)=n
{proof)

lemma to-nat-on-from-nat-into-infinite[simp):
countable A = infinite A = to-nat-on A (from-nat-into A n) = n

{proof)

lemma from-nat-into-ing:
countable A = m € to-nat-on A ‘A = n € to-nat-on A ‘ A =
from-nat-into A m = from-nat-into A n <— m = n
(proof )

lemma from-nat-into-inj-infinite[simp):

countable A = infinite A = from-nat-into A m = from-nat-into A n +— m
=n

(proof)

lemma eq-from-nat-into-iff :

countable A = v € A = i € to-nat-on A ‘' A = = = from-nat-into A i +—
i = to-nat-on A x

(proof )
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lemma from-nat-into-surj: countable A = a € A = In. from-nat-into A n =
a

{proof)

lemma from-nat-into-inject|[simp]:

A # {} = countable A = B # {} = countable B = from-nat-into A =
from-nat-into B +— A = B

{proof )

lemma inj-on-from-nat-into: inj-on from-nat-into ({A. A # {} N countable A})
{proof)

6.3 Closure properties of countability

lemma countable-SIGMA[intro, simp]:
countable I = (\i. i € I = countable (A i)) = countable (SIGMA i : 1. A

i
(proof)

lemma countable-image[intro, simp]:
assumes countable A
shows countable (f‘A)

(proof)

lemma countable-image-inj-on: countable (f ¢ A) = inj-on f A = countable A
(proof )

lemma countable-UN [intro, simp]:
fixes I :: 'i set and A :: 'i => 'a set
assumes [: countable I
assumes A: \i. i € I = countable (A i)
shows countable (|Jicl. A i)

(proof)

lemma countable-Un[intro]: countable A = countable B = countable (A U B)

{proof)

lemma countable- Un-iff [simp]: countable (A U B) +— countable A N countable
B

(proof)

lemma countable-Plus[intro, simp]:
countable A = countable B = countable (A <+> B)

{proof)

lemma countable-empty|intro, simp]: countable {}
{proof)

lemma countable-insert[intro, simp): countable A = countable (insert a A)
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{proof)

lemma countable-Int! [intro, simp|: countable A = countable (A N B)

{proof)

lemma countable-Int2[intro, simp|: countable B = countable (A N B)
(proof)

lemma countable-INT [intro, simp]: i € I = countable (A i) = countable
(Niel. A1)
{proof)

lemma countable-Diff [intro, simp]: countable A = countable (A — B)
{proof)

lemma countable-insert-eq [simp]: countable (insert z A) = countable A

(proof)

lemma countable-vimage: B C range f = countable (f —‘ B) = countable B
(proof )

lemma surj-countable-vimage: surj f => countable (f —‘ B) = countable B
(proof)

lemma countable-Collect[simp]: countable A => countable {a € A. ¢ a}
{proof)

lemma countable-Image:
assumes A\y. y € Y = countable (X * {y})
assumes countable Y
shows countable (X “Y)

(proof)

lemma countable-relpow:
fixes X :: ‘a rel
assumes Image-X: \Y. countable Y = countable (X “Y)
assumes Y: countable YV
shows countable (X " i) “Y)

{proof)

lemma countable-funpow:
fixes [ :: ‘a set = 'a set
assumes AA. countable A = countable (f A)
and countable A
shows countable ((f “" n) A)

(proof)

lemma countable-rtrancl:
(AY. countable Y = countable (X “ Y)) = countable Y = countable (X "x
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141 Y)
{proof)

lemma countable-lists[intro, simp]:
assumes A: countable A shows countable (lists A)

(proof)

lemma Collect-finite-eq-lists: Collect finite = set  lists UNIV
(proof )

lemma countable-Collect-finite: countable (Collect (finite::'a::countable set=>bool))
(proof)

lemma countable-rat: countable Q

(proof )

lemma Collect-finite-subset-eq-lists: {A. finite AN A C T} = set “lists T
{proof)

lemma countable-Collect-finite-subset:
countable T = countable {A. finite AN A C T}

{proof)

lemma countable-set-option [simp]: countable (set-option z)
(proof)

6.4 Misc lemmas

lemma infinite-countable-subset’:
assumes X: infinite X shows 3 CCX. countable C' A infinite C

(proof)

lemma countable-all:

assumes S: countable S

shows (Vs€S. P s) «— (Vnunat. from-nat-into Sn € S — P (from-nat-into
Sn))

(proof)

lemma finite-sequence-to-countable-set:

assumes countable X obtains F where A\i. Fi C X Ai. Fi C F (Suc i) \i.
finite (F i) (Ui. Fi)=X
(proof)

lemma transfer-countable[transfer-rule]:
bi-unique R = rel-fun (rel-set R) op = countable countable

{proof)

6.5 Uncountable

abbreviation uncountable where
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uncountable A = — countable A

lemma uncountable-def: uncountable A <— A # {} A = (3f:(nat = 'a). range
f=4)
{proof)

lemma uncountable-bij-betw: bij-betw f A B = uncountable B = uncountable

A
{proof)

lemma uncountable-infinite: uncountable A = infinite A
(proof )

lemma uncountable-minus-countable:
uncountable A = countable B => uncountable (A — B)

(proof)

lemma countable-Diff-eq [simp]: countable (A — {z}) = countable A
{proof)

end

7 Pi and Function Sets

theory FuncSet
imports Hilbert-Choice Main
begin

definition Pi :: ‘a set = (‘a = 'b set) = (‘a = 'b) set
where PiA B ={f.Ve.2 € A — fz € Bz}

definition eztensional :: ‘a set = (‘a = 'b) set
where extensional A = {f.Vz. v ¢ A — fz = undefined}

definition restrict :: ('a = 'b) = ‘a set = ‘a = 'b
where restrict f A = (Az. if © € A then f x else undefined)

abbreviation funcset :: ‘a set = 'b set = (‘a = 'b) set (infixr — 60)
where A — B = Pi A (\-. B)

syntax (ASCII)

-Pi :: pttrn = 'a set = 'b set = (‘a = 'b) set ((3PI -:-./ -) 10)

-lam :: pttrn = 'a set = 'a = b = ('a = 'b) ((3%-:-./ -) [0,0,3] 3)
syntax

-Pi i pttrn = 'a set = 'b set = ('a = 'b) set ((81I -€-./ -) 10)

-lam :: pttrn = a set = (Ya = 'b) = ('a = 'b) ((3r-€-./ -) [0,0,3] 3)
translations

I z€A. B = CONST Pi A (\z. B)

Az€A. f = CONST restrict (Az. f) A
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definition compose :: ‘a set = ('b = ‘¢) = ('a = 'b) = (‘a = 'c)
where compose A g f = (Az€A. g (fz))

7.1 Basic Properties of Pi

lemma Pi-I[intro!]: (Nz. 2 € A= fx € Bz) = f € PiAB
(proof)

lemma Pi-I'[simp]: (Ax. 2 € A — fz € Bz) = f € PiAB
{proof)

lemma funcsetl: (A\x. 2 € A— fx € B)— fe€ A— B
(proof )

lemma Pi-mem: f € PiAB— 1€ A= fzx € Bx
(proof )

lemma Pi-iff: f € Pil X «— (Viel. fi € X 1)
(proof)

lemma PiE [elim]: f e PiIAB = (ft€e Bz —= Q) = (z ¢ A= Q) = @
{proof)

lemma Pi-cong: (A\w. w € A = fwu=gw)=— f€ePiAB+—> g€ PiAB
(proof)

lemma funcset-id [simp]: (A\z. ) € A — A
(proof)

lemma funcset-mem: f € A > B=—= 1€ A= fx € B
(proof )

lemma funcset-image: f € A - B = f‘ACB
(proof )

lemma image-subset-iff-funcset: F ‘A C B+— F € A — B
(proof)

lemma Pi-eq-empty[simp]: Il z € A. Bz) = {} +— (Jz€A. Bz = {})
(proof)

lemma Pi-empty [simp|: Pi {} B = UNIV
{proof)

lemma Pi-Int: PiI EN PiIF = (Il iel. Ei N F i)
(proof )

lemma Pi-UN:
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fixes A :: nat = i = 'a set
assumes finite [
and mono: Ainm.i €Il =n<m=—=AniCAmi
shows (Jn. PiI (A n)) = {1iel.Un. Ani)
(proof )

lemma Pi-UNIV [simp]: A — UNIV = UNIV
{proof)

Covariance of Pi-sets in their second argument

lemma Pi-mono: (A\e. 2 € A= Bz C Cz)= PiABCPiAC
{proof)

Contravariance of Pi-sets in their first argument

lemma Pi-anti-mono: A’ C A= PiAB C Pt A'B

{proof)

lemma prod-final:
assumes [: fsto f € Pi A B
and 2: snd o f € Pi A C
shows f € (I 2z € A. Bz x C 2)

(proof)

lemma Pi-split-domain[simp]: z € Pi (I U J) X +— 2 € PiIX ANz € PiJX
{proof)

lemma Pi-split-insert-domain[simp: © € Pi (insert i I[) X «—xz € PilI X Nz i
€ Xi
{proof)

lemma Pi-cancel-fupd-range[simp): i ¢ ] = z € PiI (B(i:= b)) «— x € Pi I
B
(proof)

lemma Pi-cancel-fupd[simp): i ¢ | = x(i :=a) € PilB+— 2 € PilB
{proof)

lemma Pi-fupd-iff: i € [ = f € Pil (B(i:=A))«+—fePi(I—-{i}) BAYf
ie A
(proof)

7.2 Composition With a Restricted Domain: compose

lemma funcset-compose: f € A+ B=— g€ B — C = compose A gf € A —
C

{proof)

lemma compose-assoc:
assumes f € A - B
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and g€ B = C
and he€ C = D
shows compose A h (compose A g f) = compose A (compose B h g) f

{proof)

lemma compose-eq: © € A => compose A g fz = g (fz)
(proof)

lemma surj-compose: f ‘A =B = g ‘B =(C = compose A gf “A=C
(proof )

7.3 Bounded Abstraction: restrict

lemma restrict-cong: I = J = (\i. 1 € J =simp=> fi = g i) = restrict f |
= restrict g J
(proof )

lemma restrict-in-funcset: (Ax. ¢ € A = fx € B) = (\z€A. fz) e A— B
{proof)

lemma restrictl[intro!]: (Az. * € A = fa € Bx) = (Az€A. fz) € PiA B
{proof)

lemma restrict-apply[simp]: (A\y€A. fy) x = (if x € A then f z else undefined)
(proof )

lemma restrict-apply”: © € A = (A\yeA. fy)z =fz
(proof )

lemma restrict-ext: (Az. x € A = faz = gz) = (A\z€A. fz) = (\z€A. g x)
(proof)

lemma restrict-UNIV: restrict f UNIV = f
(proof )

lemma inj-on-restrict-eq [simp]: inj-on (restrict f A) A = inj-on f A
{proof )

lemma Id-compose: f € A — B = f € extensional A => compose A (A\yeB. y)
=7
(proof)

lemma compose-Id: g € A — B = g € extensional A => compose A g (Az€A.
z)=yg
(proof )

lemma image-restrict-eq [simp]: (restrict fA) ‘A= f‘A
{proof)
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lemma restrict-restrict[simp]: restrict (restrict f A) B = restrict f (A N B)
{proof)

lemma restrict-fupd[simp: i ¢ I = restrict (f (i := x)) I = restrict f I
{proof)

lemma restrict-upd[simp|: i ¢ I = (restrict fI)(i := y) = restrict (f(i := y))
(insert i I)
{proof)

lemma restrict-Pi-cancel: restrict x I € PilA+— z € Pil A
(proof )

7.4 Bijections Between Sets

The definition of bij-betw is in Fun.thy, but most of the theorems belong
here, or need at least Hilbert-Choice.

lemma bij-betwl:
assumes f € A - B
andge B — A
and ¢-f: A\z. 2€6A = g (fz) =z

and f-g: \y. y€B = f (gy) =y
shows bij-betw f A B

(proof)

lemma bij-betw-imp-funcset: bij-betw fA B — f € A — B
(proof)

lemma inj-on-compose: bij-betw f A B = inj-on g B = inj-on (compose A ¢

f) A
(proof )

lemma bij-betw-compose: bij-betw f A B = bij-betw g B C = bij-betw (compose
Agf)AC

(proof )
lemma bij-betw-restrict-eq [simp): bij-betw (restrict f A) A B = bij-betw f A B
(proof )

7.5 Extensionality

lemma extensional-empty|[simp): extensional {} = {\z. undefined}
(proof)

lemma extensional-arb: f € extensional A = = ¢ A = fxz = undefined
(proof)

lemma restrict-extensional [simp]: restrict f A € extensional A
{proof)
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lemma compose-extensional [simp]: compose A f g € extensional A
(proof )

lemma extensionalityl:
assumes [ € extensional A
and g € extensional A
and \z. 2 € A= fz =gz
shows f = ¢
(proof )

lemma extensional-restrict: f € extensional A = restrict f A = f
(proof)

lemma extensional-subset: f € extensional A =— A C B = f € extensional B
(proof )

lemma inv-into-funcset: f ¢ A = B = (Ax€DB. inv-into A fz) € B — A
(proof )

lemma compose-inv-into-id: bij-betw f A B = compose A (A\y€B. inv-into A f
y) f = (A\z€A. )
(proof)

lemma compose-id-inv-into: f ¢ A = B = compose B f (Ay€B. inv-into A f y)
= (A\z€B. 1)
(proof)

lemma extensional-insert[intro, simp):
assumes a € extensional (insert i I)

shows a(i := b) € extensional (insert i I)

(proof)
lemma extensional-Int[simp]: extensional I N extensional I' = extensional (I N
I’

{proof)

lemma extensional-UNIV [simp): extensional UNIV = UNIV
{proof)

lemma restrict-extensional-sublintro]: A C B = restrict f A € extensional B
{proof)

lemma extensional-insert-undefined[intro, simpl:
a € extensional (insert i I) = a(i := undefined) € extensional I

{proof)

lemma extensional-insert-cancellintro, simp):
a € extensional I = a € extensional (insert i I)
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{proof)

7.6 Cardinality

lemma card-inj: f € A - B = inj-on f A = finite B = card A < card B

(proof)

lemma card-bij:
assumes f € A — Binj-on f A
and g € B — A inj-ong B
and finite A finite B
shows card A = card B

{proof)

7.7 Extensional Function Spaces

definition PiE :: ‘a set = (‘a = 'b set) = ('a = 'b) set
where PiE S T = Pi S T N extensional S

abbreviation Pir A B= PiIEF A B

syntax (ASCII)

-PiE :: pttrn = 'a set = 'b set = ('a = 'b) set ((SPIE -:-./ -) 10)
syntax

-PiE :: pttrn = 'a set = 'b set = (‘a = 'b) set ((3lg -€-./ -) 10)
translations

Iy v€A. B = CONST Pig A (\z. B)

abbreviation extensional-funcset :: 'a set = ‘b set = (‘a = 'b) set (infixr —p
60)
where A -5 B = (Ilg i€A. B)

lemma eztensional-funcset-def: extensional-funcset S T = (S — T) N extensional

S
(proof )

lemma PiE-empty-domain[simp]: PiE {} T = {A\z. undefined}
{proof)

lemma PiE-UNIV-domain: PiE UNIV T = Pi UNIV T
(proof)

lemma PiE-empty-range[simp): i € [ = F i ={} = (Illg i€l. F i) = {}
(proof )

lemma PiE-eq-empty-iff: Pip [ F = {} +— (3i€l. Fi = {})
(proof)

lemma PiF-arb: f € PIEST — z ¢ S = [z = undefined
(proof )
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lemma PiE-mem: f € PIEST — 1€ S = fxz e Tz
(proof )

lemma PiE-fun-upd: y € Te = f € PIES T = f(x := y) € PiE (insert z S)
T
(proof)

lemma fun-upd-in-PiE: © ¢ S = f € PiE (insert £ §) T = f(z := undefined)
e PIEST
{proof)

lemma PiE-insert-eq: PiE (insert x S) T = (My, g). g(z :==y)) ‘ (Tz x PiE S
T)
(proof)

lemma PiE-Int: Pig IAN Pig IB = Pig I (\x. Az N Bz)
(proof)

lemma PiE-cong: (\i. i€l = Ai=Bi) = Pig IA= Pig I B
(proof)

lemma PiE-E [elim]:
assumes f € PiF A B
obtains z € Aand fz € Bz
| z ¢ A and fz = undefined
(proof)

lemma PiE-I[intro!]:

(Nt.2€ A= fzeBz)= (A\z. 2 ¢ A = fz = undefined) = f € PiE
A B

{proof)

lemma PiE-mono: (Az. 2 € A= Bz C Cz) = PIEABCPIEAC
{proof)

lemma PiE-iff: f € PiIET X «— (Vi€l. fi € X i) A f € extensional T
(proof )

lemma PiE-restrict[simp|: f € PiE A B = restrict f A = f
(proof)

lemma restrict-PiE[simp): restrict fI € PiETS «+— f € PiIS
{proof)

lemma PiFE-eq-subset:
assumes ne: Ni. i1 € I = Fi# {} Ni.i € ] = F'i# {}
and eq: Pip I F = Pig [ F’
and i € [
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shows F'i C F' 4
(proof)

lemma PiFE-eq-iff-not-empty:
assumes ne: Ni. i1 € I = Fi#{} Ni.ie€l = F'i#{}
shows Pip [ F = Pig I F' «— (Vi€l. Fi = F'4)

(proof)

lemma PiF-eq-iff:

Pig IF =Pig IF'+— (Vi€el. Fi=F'i) Vv ((3iel. Fi={}) A (Fiel. F’
i={})
(proof)

lemma extensional-funcset-fun-upd-restricts-rangel :
VyeS. fo#tfy=f¢€ (insertzS) »g T = f(z := undefined) € S —p
(T = {f=})

{proof)

lemma extensional-funcset-fun-upd-extends-rangel :
assumes a € T'f € S -5 (T — {a})
shows f(z := a) € insertz S - T

{proof)

7.7.1 Injective Extensional Function Spaces

lemma extensional-funcset-fun-upd-inj-onl:
assumes f € S =g (T — {a})
and inj-on f S
shows inj-on (f(z := a)) S
(proof )

lemma extensional-funcset-extend-domain-inj-on-eq:
assumes z ¢ S
shows {f. f € (insert © S) —g T A inj-on f (insert x S)} =
Ay, 9)- 9(z:=y)) “{(y. 9)-y€ T Nge S —p (T —{y})Ainjong S}
(proof)

lemma extensional-funcset-extend-domain-inj-onl:
assumes z ¢ S

shows inj-on (A(y, g). g(z :=y)) {(y,9). y € TAge S —p (T - {y}) A
inj-on g S}
(proof)

7.7.2 Cardinality

lemma finite-PiE: finite S = (\i. i € S = finite (T 1)) = finite (IIg ¢ € S.
T i)
(proof)

lemma inj-combinator: ¢ ¢ S = inj-on (My, g). g(x :=y)) (T'x x Pig S T)
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(proof)

lemma card-PiE: finite S = card (Ilg i € S. T i) = (][ i€S. card (T i))
(proof)

end

8 Square root of sum of squares

theory L2-Norm
imports NthRoot
begin

definition
setL2 f A = sqrt (D_i€A. (fi)?)

lemma setL2-cong:
[A=B;A\z.2 € B= fz=guz] = setL2f A = setL2 g B
(proof)

lemma strong-setL2-cong:
[A=B; Nz. z € B=simp=> fa =gz] = setL2fA = setL2 g B
{proof )

lemma setL2-infinite [simp]: — finite A = setL2 f A = 0
(proof )

lemma setL2-empty [simp]: setL2 f {} = 0
(proof )

lemma setL2-insert [simp]:
[finite F; a ¢ F] =
setL2 f (insert a F) = sqrt ((f a)® + (setL2 f F)?)
{proof)

lemma setL2-nonneg [simp]: 0 < setL2 f A
{proof)

lemma setL2-0":Va€A. fa =0 = setL2fA =10
(proof )

lemma setL2-constant: setL2 (Az. y) A = sqrt (of-nat (card A)) * |y|
{proof)

lemma setL2-mono:
assumes N\i. i € K = fi < gi
assumes A\i. i € K = 0 < fi
shows setl2 f K < setL2 g K
(proof)
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lemma setL2-strict-mono:
assumes finite K and K # {}
assumes \i. i € K = fi<gi
assumes A\i. i € K = 0 < fi
shows setl2 f K < setL2 g K
(proof)

lemma setL2-right-distrib:
0<r=rxsetl2 fA=setl2 Az. r*fz) A

(proof)

lemma setL2-left-distrib:
0<r= setl2fAxr=setl2 (\z. fzx7r) A

(proof)

lemma setL2-eq-0-iff : finite A = setL2 f A = 0 +— (Vz€A. fz = 0)
(proof)

lemma setL2-triangle-ineq:
shows setL2 (Xi. fi 4+ gi) A < setL2 f A + setL2 g A
(proof)

lemma sgrt-sum-squares-le-sum:
[0<a;0<y] = sqrt (x> +y°)<z+y
(proof )

lemma setL2-le-setsum [rule-format]:
(VicA. 0 < fi) — setL2 f A < setsum [ A
{proof)

lemma sqrt-sum-squares-le-sum-abs: sqrt (z? + y?) < |z| + |y

{proof)

lemma setL2-le-setsum-abs: setL2 f A < (> i€A. |fi])
{proof)

lemma setL2-mult-ineq-lemma:

fixes a b c d :: real

shows 2 * (a * ¢) * (b * d) < a® % d®> + b% x 2
(proof)

lemma setL2-mult-ineq: (D i€A. |fi] % |gi]) < setL2 f A x setL2 g A
(proof)

lemma member-le-setL2: [finite A; i € A] = fi < setL2 f A
(proof )

end

61



THEORY “Inner-Product” 62

9 Inner Product Spaces and the Gradient Deriva-
tive

theory Inner-Product
imports ~~/src/ HOL/ Complex-Main
begin

9.1 Real inner product spaces

Temporarily relax type constraints for open, uniformity, dist, and norm.

(ML)

class real-inner = real-vector + sgn-div-norm 4+ dist-norm + uniformity-dist +
open-uniformity +

fixes inner :: ‘a = 'a = real

assumes inner-commaute: inner T y = inner y T

and inner-add-left: inner (x + y) z = inner  z + inner y z

and inner-scaleR-left [simp]: inner (scaleR r x) y = r x (inner x y)

and inner-ge-zero [simpl: 0 < inner z x

and inner-eg-zero-iff [simp]: inner xx = 0 +— x = 0

and norm-eg-sqri-inner: norm x = sqrt (inner T x)

begin

lemma inner-zero-left [simp): inner 0 x = 0
{proof)

lemma inner-minus-left [simp]: inner (— z) y = — inner z y
{proof)

lemma inner-diff-left: inner (x — y) z = inner © z — inner y z
(proof )

lemma inner-setsum-left: inner (> z€A. fz)y = (O z€A. inner (fz) y)
(proof )

Transfer distributivity rules to right argument.
lemma inner-add-right: inner x (y + z) = inner x y + inner x z

{proof)

lemma inner-scaleR-right [simp): inner x (scaleR ry) = r * (inner z y)
(proof)

lemma inner-zero-right [simp]: inner x 0 = 0
{proof)

lemma inner-minus-right [simp]: inner x (— y) = — inner z y
(proof)
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lemma inner-diff-right: inner x (y — z) = inner x y — inner = z
{proof )

lemma inner-setsum-right: inner © (> y€A. fy) = O_y€A. inner z (f y))
(proof )

lemmas inner-add [algebra-simps] = inner-add-left inner-add-right
lemmas inner-diff [algebra-simps] = inner-diff-left inner-diff-right
lemmas inner-scaleR = inner-scaleR-left inner-scaleR-right

Legacy theorem names

lemmas inner-left-distrib = inner-add-left

lemmas inner-right-distrib = inner-add-right

lemmas inner-distrib = inner-left-distrib inner-right-distrib

lemma inner-gt-zero-iff [simp]: 0 < inner x © +— z # 0
(proof)

2

lemma power2-norm-eg-inner: (norm z)* = inner ¢

{proof)

Identities involving real multiplication and division.

lemma inner-mult-left: inner (of-real m * a) b = m * (inner a b)
{proof)

lemma inner-mult-right: inner a (of-real m * b) = m * (inner a b)
(proof)

lemma inner-mult-left’: inner (a * of-real m) b = m * (inner a b)
{proof)

lemma inner-mult-right’: inner a (b * of-real m) = (inner a b) * m
(proof)

lemma Cauchy-Schwarz-ineq:
(inner x y)? < inner x x * inner y y

(proof)

lemma Cauchy-Schwarz-ineq2:
linner z y| < norm x * norm y

{(proof)

lemma norm-cauchy-schwarz: inner x y < norm x * norm y
{proof )

subclass real-normed-vector

(proof)

end
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lemma inner-divide-left:
fixes a :: 'a :: {real-inner,real-div-algebra}
shows inner (a / of-real m) b = (inner a b) / m
(proof )

lemma inner-divide-right:
fixes a :: 'a :: {real-inner,real-div-algebra}
shows inner a (b / of-real m) = (inner a b) / m
{proof)

Re-enable constraints for open, uniformity, dist, and norm.
(ML)
lemma bounded-bilinear-inner:

bounded-bilinear (inner::'a::real-inner = 'a = real)

(proof)

lemmas tendsto-inner [tendsto-intros] =
bounded-bilinear.tendsto [OF bounded-bilinear-inner]

lemmas isCont-inner [simp] =
bounded-bilinear.isCont [OF bounded-bilinear-inner)

lemmas has-derivative-inner [derivative-intros] =

bounded-bilinear. FDERIV [OF bounded-bilinear-inner

lemmas bounded-linear-inner-left =
bounded-bilinear.bounded-linear-left [OF bounded-bilinear-inner]

lemmas bounded-linear-inner-right =
bounded-bilinear.bounded-linear-right [OF bounded-bilinear-inner]

lemmas bounded-linear-inner-left-comp = bounded-linear-inner-left[ THEN bounded-linear-compose)
lemmas bounded-linear-inner-right-comp = bounded-linear-inner-right| THEN bounded-linear-compose]

lemmas has-derivative-inner-right |derivative-intros| =
bounded-linear.has-derivative [OF bounded-linear-inner-right]

lemmas has-derivative-inner-left [derivative-intros| =
bounded-linear.has-derivative [OF bounded-linear-inner-left]

lemma differentiable-inner [simp):
f differentiable (at x within s) = g differentiable at x within s => (Az. inner (f
z) (g x)) differentiable at x within s

{proof)



THEORY “Inner-Product”

9.2 Class instances

instantiation real :: real-inner
begin

definition inner-real-def [simp]: inner = op *

instance
(proof)

end

instantiation complex :: real-inner
begin

definition inner-complez-def:
imnerzy = Rex x Rey + Imx x Imy

instance
(proof)

end

lemma complez-inner-1 [simp]: inner 1 & = Re x
{proof)

lemma complex-inner-1-right [simp]: inner © 1 = Re x
{proof)

lemma complex-inner-ii-left [simp|: inner i z = Im x

(proof)

lemma complez-inner-ii-right [simp]: inner x 4 = Im z
{proof)

9.3 Gradient derivative

definition
gderiv
[‘a::real-inner = real, 'a, 'a] = bool
((GDERIV (-)/ (-)/ :> (-)) [1000, 1000, 60] 60)
where
GDERIV fz :> D «<— FDERIV fz :> (Ah. inner h D)

lemma gderiv-deriv [simp]: GDERIV fx :> D <— DERIV fz :> D
{proof)

lemma GDERIV-DERIV-compose:
[GDERIV fx :> df; DERIV g (f z) :> dg]
= GDERIV (Az. g (fz)) z :> scaleR dg df
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{proof)

lemma has-derivative-subst: [FDERIV fx :> df; df = d] = FDERIV fz :> d
(proof)

lemma GDERIV-subst: [GDERIV fx :> df; df = d] = GDERIV fz :> d
(proof )

lemma GDERIV-const: GDERIV (Az. k) x :> 0
{proof)

lemma GDERIV-add:
[GDERIV fz :> df; GDERIV g z :> dg]
= GDERIV (Az. fz 4+ gz) xz:> df + dg
(proof )

lemma GDERIV-minus:
GDERIV fz :> df = GDERIV (\z. — fz) z :> — df
(proof )

lemma GDERIV-diff:
[GDERIV fx :> df; GDERIV g x :> dg]
= GDERIV (Az. fz — gz) x:>df — dg
(proof)

lemma GDERIV-scaleR:
[DERIV fx :> df; GDERIV g x :> dg]
= GDERIV (Az. scaleR (fz) (g z)) =
> (scaleR (f z) dg + scaleR df (g x))
(proof)

lemma GDERIV-mult:
[GDERIV fx :> df; GDERIV g z :> dg]
= GDERIV (A\z. fz % gx) x :> scaleR (f z) dg + scaleR (g z) df
(proof)

lemma GDERIV-inverse:
[GDERIV fx :> df; fz # 0]
= GDERIV (A\z. inverse (f z)) z :> — (inverse (f z))? *r df
(proof )

lemma GDERIV-norm:
assumes z # 0 shows GDERIV (Az. norm ) z :> sgn x

(proof)
lemmas has-derivative-norm = GDERIV-norm [unfolded gderiv-def]

end
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10 Additive group operations on product types
theory Product-plus

imports Main
begin

10.1 Operations

instantiation prod :: (zero, zero) zero
begin

definition zero-prod-def: 0 = (0, 0)

instance (proof)
end

instantiation prod :: (plus, plus) plus
begin

definition plus-prod-def:
z+y=(fstz + fsty, sndz + sndy)

instance (proof)
end

instantiation prod :: (minus, minus) minus
begin

definition minus-prod-def:
z—y=(fstx — fsty, sndx — snd y)

instance (proof)
end

instantiation prod :: (uminus, uminus) uminus
begin

definition uminus-prod-def:
—z = (- fstx, — snd x)

instance (proof)
end

lemma fst-zero [simp]: fst 0 = 0
(proof )

lemma snd-zero [simp]: snd 0 = 0
{proof)

lemma fst-add [simp]: fst (x + y) = fst z + fst y
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(proof )

lemma snd-add [simp]: snd (z + y) = snd z + snd y
{proof)

lemma fst-diff [simp]: fst (x — y) = fstx — fst y
(proof )

lemma snd-diff [simp]: snd (x — y) = sndz — snd y
{proof)

lemma fst-uminus [simp]: fst (— z) = — fst
{proof )

lemma snd-uminus [simp]: snd (— z) = — snd «
{proof)

lemma add-Pair [simp]: (a, b) + (¢, d) = (a + ¢, b + d)
{proof )

lemma diff-Pair [simp): (a, b) — (¢, d) = (a — ¢, b — d)
(proof )

lemma uminus-Pair [simp, code]: — (a, b) = (— a, — b)
{proof)

10.2 Class instances

instance prod
(proof )

instance prod ::

{proof)

instance prod ::

{proof)

instance prod ::

{proof)

instance prod

(proof)

instance prod

(proof)

instance prod
(proof)

i (semigroup-add, semigroup-add) semigroup-add

(ab-semigroup-add, ab-semigroup-add) ab-semigroup-add

(monoid-add, monoid-add) monoid-add

(comm-monoid-add, comm-monoid-add) comm-monoid-add

:: (cancel-semigroup-add, cancel-semigroup-add) cancel-semigroup-add

it (cancel-ab-semigroup-add, cancel-ab-semigroup-add) cancel-ab-semigroup-add

i (cancel-comm-monoid-add, cancel-comm-monoid-add) cancel-comm-monoid-add
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instance prod :: (group-add, group-add) group-add
(proof )

instance prod :: (ab-group-add, ab-group-add) ab-group-add
(proof )

lemma fst-setsum: fst (> z€A. fz) = (O z€A. fst (fz))
(proof)

lemma snd-setsum: snd (3 z€A. fz) = (D z€A. snd (f z))
(proof)

lemma setsum-prod: (3 z€A. (fz, gz)) = O x€A. fz, > x€A. gx)
(proof)

end

11 Cartesian Products as Vector Spaces

theory Product-Vector

imports Inner-Product Product-plus

begin

11.1 Product is a real vector space
instantiation prod :: (real-vector, real-vector) real-vector

begin

definition scaleR-prod-def:
scaleR r A = (scaleR r (fst A), scaleR r (snd A))

lemma fst-scaleR [simp]: fst (scaleR r A) = scaleR r (fst A)
{proof)

lemma snd-scaleR [simp]: snd (scaleR r A) = scaleR r (snd A)
(proof)

lemma scaleR-Pair [simp]: scaleR 1 (a, b) = (scaleR r a, scaleR r b)

(proof)

instance
(proof)

end

11.2 Product is a metric space

instantiation prod :: (metric-space, metric-space) dist
begin
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definition dist-prod-def|[code del]:
dist 7 y = sqrt ((dist (fst ) (fst y))? + (dist (snd z) (snd y))?)

instance (proof)
end

instantiation prod :: (metric-space, metric-space) uniformity-dist
begin

definition [code del]:
(uniformity :: (('a x 'b) x (Ya x 'b)) filter) =
(INF e:{0 <..}. principal {(z, y). dist zy < e})

instance

(proof)
end

declare uniformity-Abort[where ‘a='a :: metric-space X 'b :: metric-space, code]

instantiation prod :: (metric-space, metric-space) metric-space
begin

lemma dist-Pair-Pair: dist (a, b) (¢, d) = sqrt ((dist a c)® + (dist b d)?)
{proof)

lemma dist-fst-le: dist (fst z) (fst y) < dist z y
(proof )

lemma dist-snd-le: dist (snd z) (snd y) < dist z y

(proof)

instance
(proof)

end
declare [[code abort: dist::('a::metric-spacex'b::metric-space)=("ax'b) = real]]

lemma Cauchy-fst: Cauchy X = Cauchy (An. fst (X n))
(proof )

lemma Cauchy-snd: Cauchy X = Cauchy (An. snd (X n))
(proof)

lemma Cauchy-Pair:
assumes Cauchy X and Cauchy Y
shows Cauchy (An. (X n, Y n))

(proof)



THEORY “Product-Vector” 71

11.3 Product is a complete metric space
instance prod :: (complete-space, complete-space) complete-space

(proof)

11.4 Product is a normed vector space

instantiation prod :: (real-normed-vector, real-normed-vector) real-normed-vector
begin

definition norm-prod-def|code del]:
norm x = sqrt ((norm (fst z))® + (norm (snd z))?)

definition sgn-prod-def:
sgn (xz::'a x 'b) = scaleR (inverse (norm x))

lemma norm-Pair: norm (a, b) = sqrt ((norm a)? + (norm b)?)

(proof )

instance
(proof)

end
declare [[code abort: norm::('a::real-normed-vector='b::real-normed-vector) = real]]

instance prod :: (banach, banach) banach (proof)

11.4.1 Pair operations are linear
lemma bounded-linear-fst: bounded-linear fst

{proof)

lemma bounded-linear-snd: bounded-linear snd
(proof )

lemmas bounded-linear-fst-comp = bounded-linear-fst| THEN bounded-linear-compose]
lemmas bounded-linear-snd-comp = bounded-linear-snd| THEN bounded-linear-compose]

lemma bounded-linear-Pair:
assumes f: bounded-linear f
assumes ¢: bounded-linear g
shows bounded-linear (A\z. (f z, g ))

{(proof)

11.4.2 Frechet derivatives involving pairs

lemma has-derivative-Pair [derivative-intros):
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assumes f: (f has-derivative f') (at z within s) and g¢: (g has-derivative g') (at
x within s)

shows ((A\z. (f z, g z)) has-derivative (Ah. (f' h, g’ h))) (at z within s)
(proof)

lemmas has-derivative-fst [derivative-intros] = bounded-linear.has-derivative [OF
bounded-linear-fst]
lemmas has-derivative-snd [derivative-intros] = bounded-linear.has-derivative [OF
bounded-linear-snd)

lemma has-derivative-split [derivative-intros):

((Ap. f (fst p) (snd p)) has-derivative f') F = ((A(a, b). f a b) has-derivative
) F

{proof)

11.5 Product is an inner product space

instantiation prod :: (real-inner, real-inner) real-inner
begin

definition inner-prod-def:
inner x y = inner (fst ) (fst y) + inner (snd z) (snd y)

lemma inner-Pair [simp]: inner (a, b) (¢, d) = inner a ¢ 4+ inner b d
{proof)

instance
(proof)

end

lemma inner-Pair-0: inner z (0, b) = inner (snd ) b inner z (a, 0) = inner (fst
z) a

(proof)

lemma
fixes z :: 'a::real-normed-vector
shows norm-Pairl [simp]: norm (0,z) = norm x
and norm-Pair2 [simp]: norm (z,0) = norm x

(proof)

lemma norm-commute: norm (x,y) = norm (y,z)
{proof)

lemma norm-fst-le: norm x < norm (x,y)
(proof)

lemma norm-snd-le: norm y < norm (z,y)
{proof)
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end

12 Finite-Dimensional Inner Product Spaces

theory Fuclidean-Space
imports
L2-Norm
~~ [sre/ HOL/ Library / Inner- Product
~~ [sre/ HOL/ Library / Product- Vector
begin

12.1 Type class of Euclidean spaces

class euclidean-space = real-inner +
fixes Basis :: 'a set
assumes nonempty-Basis [simp]: Basis # {}
assumes finite-Basis [simp]: finite Basis
assumes inner-Basis:
[u € Basis; v € Basis] = inner u v = (if u = v then 1 else 0)
assumes euclidean-all-zero-iff :
(Vu€Basis. inner v u = 0) +— (z = 0)

abbreviation dimension :: ('a::euclidean-space) itself = nat where
dimension TYPE('a) = card (Basis :: 'a set)

syntax -type-dimension :: type => nat ((1DIM /(1'(-"))))
translations DIM('t) == CONST dimension (TYPE('t))

lemma (in euclidean-space) norm-Basis[simp]: u € Basis = norm u = 1
{proof)

73

lemma (in euclidean-space) inner-same-Basis[simp]: v € Basis = inner u u =

1
{proof)

lemma (in euclidean-space) inner-not-same-Basis: w € Basis = v € Basis =

uFv= inneruv =70
(proof )

lemma (in euclidean-space) sgn-Basis: u € Basis = sgn u = u
(proof)

lemma (in euclidean-space) Basis-zero [simp]: 0 ¢ Basis

(proof)

lemma (in euclidean-space) nonzero-Basis: w € Basis = u # 0
{proof)
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lemma (in euclidean-space) SOME-Basis: (SOME i. i € Basis) € Basis
{proof)

lemma (in euclidean-space) inner-setsum-left-Basis|[simp]:
b € Basis = inner (>_i€Basis. fi xg i) b= fb
(proof)

lemma (in euclidean-space) euclidean-eql:
assumes b: Ab. b € Basis = inner © b = inner y b shows z = y

(proof)

lemma (in euclidean-space) euclidean-eq-iff:
z =y <— (VY b€&Basis. inner © b = inner y b)

(proof)

lemma (in euclidean-space) euclidean-representation-setsum:
(> i€Basis. fi xg i) = b <— (Vi€Basis. fi = inner b i)
{proof)

lemma (in euclidean-space) euclidean-representation-setsum”:
b = (> i€Basis. fi xg i) +— (Vi€Basis. fi = inner b i)
(proof)

lemma (in euclidean-space) euclidean-representation: (> b€ Basis. inner x b *g
b) ==z
{proof)

lemma (in euclidean-space) choice-Basis-iff:
fixes P :: 'a = real = bool
shows (Vi€Basis. 3z. P iz) +— (Jz. Vi€Basis. Pi (inner z i))

(proof )

lemma (in euclidean-space) euclidean-representation-setsum-fun:
(Az. > beBasis. inner (fz) b *g b) = f
(proof )

lemma euclidean-isCont:
assumes Ab. b € Basis = isCont (Az. (inner (fz) b) *g b)
shows isCont f x
(proof )

lemma DIM-positive: 0 < DIM ('a::euclidean-space)
{proof )

12.2 Subclass relationships

instance euclidean-space C perfect-space
(proof)
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12.3 Class instances

12.3.1 Type real
instantiation real :: euclidean-space

begin

definition
[simp]: Basis = {1::real}

instance
(proof)

end

lemma DIM-real[simp]|: DIM (real) = 1
{proof)

12.3.2 Type complex
instantiation complex :: euclidean-space

begin

definition Basis-complex-def:
Basis = {1, ii}

instance
(proof)

end

lemma DIM-complex[simp]: DIM (complex) = 2
{proof)

12.3.3 Type ‘a x 'b

instantiation prod :: (euclidean-space, euclidean-space) euclidean-space
begin

definition
Basis = (Au. (u, 0)) ‘ Basis U (Av. (0, v)) ¢ Basis

lemma setsum-Basis-prod-eq:

fixes f::(‘ax'b)=("ax'b)

shows setsum f Basis = setsum (Mi. f (i, 0)) Basis + setsum (Ai. f (0, 7))
Baszis
(proof)

instance (proof)
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lemma DIM-prod[simp]: DIM('a x 'b) = DIM('a) + DIM('b)
{proof)

end

end

13 Elementary linear algebra on Euclidean spaces

theory Linear-Algebra
imports

Fuclidean-Space

~~ [src/HOL/ Library / Infinite-Set
begin

lemma cond-application-beta: (if b then f else g) x = (if b then f z else g x)
(proof )

notation inner (infix - 70)

lemma square-bound-lemma:
fixes z :: real
shows z < (I + z) * (I + z)
(proof)

lemma square-continuous:
fixes e :: real
shows e > 0= 3d. 0 <dA{MVy. ly—z|<d—|yxy —z*z|<e)

{proof)

Hence derive more interesting properties of the norm.

lemma norm-eq-0-dot: norm ¢ = 0 <— x - x = (0::real)
{proof)

lemma norm-triangle-sub:
fixes z y :: 'a::real-normed-vector
shows norm = < norm y + norm (z — y)

{proof)

lemma norm-le: normz < normy +—zc -z <y -y
(proof)

lemma norm-lt: normz < normy <—x -z <y -y
(proof)

lemma norm-eq: normx = normy <— - =Yy + y
{proof)

lemma norm-eq-1: normx = 1 +— z - x = 1
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{proof)

Squaring equations and inequalities involving norms.

lemma dot-square-norm: x - = (norm x)>

(proof)

lemma norm-eq-square: normxz = a +— 0 < aAzx -2 =a
(proof )

IN
S
]

lemma norm-le-square: normzx < a +— 0 < a ANz -z
(proof)

lemma norm-ge-square: normz > a +— a < 0V x -1 > a?
(proof)

lemma norm-lt-square: normz < a +— 0 < a Az -z < a°

(proof)

lemma norm-gt-square: norm > a < a < 0V z - z > a?

{proof)

Dot product in terms of the norm rather than conversely.

lemmas inner-simps = inner-add-left inner-add-right inner-diff-right inner-diff-left
inner-scaleR-left inner-scaleR-right

lemma dot-norm: z - y = ((norm (z + y))> — (norm z)* — (norm y)?) / 2
{proof)

lemma dot-norm-neg: z - y = (((norm z)? + (norm y)?) — (norm (z — y))?) / 2
(proof)

Equality of vectors in terms of op - products.

lemma vector-eq: t =y +— -z =2-yANy-y==z-zx
(is 2lhs <— ?rhs)

(proof)

lemma norm-triangle-half-r:
norm (y —zl) < e/ 2= norm (y — 22) < e/ 2 = norm (z1 — 22) < e

(proof)

lemma norm-triangle-half-I:
assumes norm (z — y) < e / 2
and norm (z' —y) < e/ 2
shows norm (z — z’) < e
(proof )

lemma norm-triangle-le: norm z + norm y < e = norm (z + y) < e
(proof)
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lemma norm-triangle-lt: norm © + norm y < e = norm (z + y) < e
{proof )

lemma setsum-clauses:
shows setsum f {} = 0
and finite S = setsum [ (insert © S) = (if x € S then setsum f S else fx +
setsum f .S)

{proof)

lemma setsum-norm-le:
fixes [ :: 'a = 'b::real-normed-vector
assumes fg: Vo € S. norm (fz) < gz
shows norm (setsum f S) < setsum g S

{proof)

lemma setsum-norm-bound:
fixes [ :: 'a = 'b::real-normed-vector
assumes K:Vz € S. norm (fz) < K
shows norm (setsum fS) < of-nat (card S) * K

{proof)

lemma setsum-group:
assumes fS: finite S and fT: finite T and fST: f S C T
shows setsum (Ay. setsum g {x. 2 € S A fz =y}) T = setsum g S
(proof )

lemma vector-eq-ldot: (Vx. 2 -y =1z - 2) «— y = 2

(proof)

lemma vector-eq-rdot: (Vz. z -z =y -z)«—z =1y

{(proof)

13.1 Orthogonality.

context real-inner
begin

definition orthogonal z y +— z - y = 0

lemma orthogonal-clauses:
orthogonal a 0
orthogonal a x = orthogonal a (¢ *g )
orthogonal a © = orthogonal a (— )
orthogonal a x = orthogonal a y = orthogonal a (z + y)
orthogonal a x = orthogonal a y = orthogonal a (x — y)
orthogonal 0 a
orthogonal x a = orthogonal (¢ g x) a
orthogonal ¥ a = orthogonal (— z) a
orthogonal x a = orthogonal y a = orthogonal (z + y) a
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orthogonal x a => orthogonal y a => orthogonal (z — y) a
{proof )

end

lemma orthogonal-commute: orthogonal x y <— orthogonal y x
(proof)

13.2 Linear functions.

lemma linear-iff :
linear f «— Vo y. f (e +y)=fz+fy) AN(Vez. f (cxrx)=cx*p fx)
(is linear f <— ?rhs)

{proof)

lemma linear-compose-cmul: linear f = linear (Az. ¢ g [ z)
(proof )

lemma linear-compose-neg: linear f = linear (A\z. — f x)

{proof)

lemma linear-compose-add: linear f = linear g = linear (\z. fz + g x)
(proof )

lemma linear-compose-sub: linear f = linear ¢ = linear (A\z. fx — ¢ z)
(proof)

lemma linear-compose: linear f = linear ¢ = linear (g o f)
(proof )

lemma linear-id: linear id
(proof )

lemma linear-zero: linear (Az. 0)
{proof)

lemma linear-compose-setsum:
assumes [S: Va € S. linear (f a)
shows linear (Az. setsum (Aa. fa z) S)

(proof)

lemma linear-0: linear f = f0 = 0
(proof)

lemma linear-cmul: linear f = f (¢ xg ©) = ¢ xg fx
(proof)

lemma linear-neg: linear f — f (— z) = — fz

{proof)
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lemma linear-add: linear f = f (z + y) = fz + fy
(proof )

lemma linear-sub: linear f = f (x — y) =fz — fy
(proof )

lemma linear-setsum:

assumes f: linear f

shows f (setsum g S) = setsum (f o g) S
(proof)

lemma linear-setsum-mul:
assumes lin: linear f
shows f (setsum (Ai. c i g v i) S) = setsum (Xi. ci *g f (vi)) S
(proof )

lemma linear-injective-0:
assumes lin: linear f
shows inj f +— (Vz. fe =0 — z = 0)

(proof)

lemma linear-scaleR [simp]: linear (Ax. scaleR ¢ 1)
{proof)

lemma linear-scaleR-left [simp]: linear (Ar. scaleR 1 x)
{proof)

lemma injective-scaleR: ¢ # 0 = inj (Az::’a::real-vector. scaleR ¢ x)
{proof)

lemma linear-add-cmul:
assumes linear f
shows f (axgz + b*gpy)=a*g fx+ bxrfy
(proof )

lemma linear-componentwise:

fixes f:: ‘a::euclidean-space = 'b::real-inner

assumes If: linear f

shows (fz) - j = (3. i€Basis. (z-i) = (fi-j)) (is 2lhs = ?rhs)
(proof)

13.3 Bilinear functions.

definition bilinear f +— (Vz. linear (\y. fz y)) A (Vy. linear (A\z. fz y))

lemma bilinear-ladd: bilinear h = h (z + y) z=hzz+ hyz
{proof)
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lemma bilinear-radd: bilinear h = hx (y + z2) = hzy + hxz
{proof)

lemma bilinear-lmul: bilinear h = h (¢ *p ) y = c*g hz y
{proof)

lemma bilinear-rmul: bilinear h = hz (¢ *gp y) = c*g hzy
{proof)

lemma bilinear-lneg: bilinear h = h (—z) y = — hzy
(proof )

lemma bilinear-rneg: bilinear h = hx (— y) = — hzy
(proof)

lemma (in ab-group-add) eq-add-iff: x = x + y +— y = 0
(proof)

lemma bilinear-lzero:
assumes bilinear h
shows h 0z = 0

{proof)

lemma bilinear-rzero:
assumes bilinear h
shows hz 0 = 0

{proof)

lemma bilinear-lsub: bilinear h = h (x —y) z=hzz —hyz
{proof)

lemma bilinear-rsub: bilinear h = h z (xt —y) =hzz —hzy

{proof)

lemma bilinear-setsum:
assumes bh: bilinear h
and fS: finite S
and fT: finite T
shows h (setsum fS) (setsum g T) = setsum (A(i,5). b (fi) (gJ)) (S x T)
(proof)

13.4 Adjoints.
definition adjoint f = (SOME f' Nz y. fz-y=1z-f"y)
lemma adjoint-unique:

assumes Yz y. inner (fz) y = inner x (g y)

shows adjoint f = g
(proof )
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TODO: The following lemmas about adjoints should hold for any Hilbert
space (i.e. complete inner product space). (see http://en.wikipedia.org/
wiki/Hermitian_adjoint)

lemma adjoint-works:
fixes f :: 'n::euclidean-space = 'm::euclidean-space
assumes Ilf: linear f
shows z « adjoint fy =fx -y

(proof)

lemma adjoint-clauses:
fixes f :: 'n::euclidean-space = 'm::euclidean-space
assumes Ilf: linear f
shows z « adjoint fy =fx -y
and adjoint fy -z =y - fzx
(proof )

lemma adjoint-linear:
fixes [ :: 'n::euclidean-space = 'm::euclidean-space
assumes If: linear f
shows linear (adjoint f)

{proof)

lemma adjoint-adjoint:
fixes [ :: 'n::euclidean-space = 'm::euclidean-space
assumes If: linear f
shows adjoint (adjoint ) = f
(proof )

13.5 Interlude: Some properties of real sets

lemma seqg-mono-lemma:
assumes V (n:nat) > m. (dn :: real) < en
andVn>m.en<em
showsVn>m.dn <em

(proof )

lemma infinite-enumerate:
assumes fS5: infinite S
shows 3r. subseg r A (Vn. rn € 5)
{proof)

lemma approachable-lt-le: (3 (d::real) > 0. V. fz < d — P x) +— (Fd>0.
Vz. fe < d— Puzx)

(proof )
lemma approachable-lt-le2: — like the above, but pushes aside an extra formula
(3(dureal) > 0.Vz. Qz — fz <d — Pz)+— (3d>0.Vz. fz < d —
Qr — Puzx)

{proof)


http://en.wikipedia.org/wiki/Hermitian_adjoint
http://en.wikipedia.org/wiki/Hermitian_adjoint
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lemma triangle-lemma:
fixes x y z :: real
assumes z: 0 < zx

shows z < y
(proof)

13.6 A generic notion of ”hull” (convex, affine, conic hull
and closure).

definition hull :: (‘a set = bool) = 'a set = 'a set (infixl hull 75)
where S hull s = (N {t. St A s C t}

lemma hull-same: S s = S hull s = s
(proof )

lemma hull-in: (AT. Ball TS = S (N T)) = S (S hull )
{proof)

lemma hull-eq: (ANT. Ball TS = S (N T)) = (Shulls) =s+— Ss
{proof)

lemma hull-hull: S hull (S hull s) = S hull s
(proof)

lemma hull-subset[intro]: s C (S hull s)
{proof)

lemma hull-mono: s C t => (S hull s) C (S hull t)
(proof)

lemma hull-antimono: V. St — T o = (T hull s) C (S hull s)
{proof)

lemma hull-minimal: s Ct = St = (S hull s) C ¢
{proof)

lemma subset-hull: St = Shulls Ct+— s Ct
(proof)

lemma hull-UNIV: S hull UNIV = UNIV
{proof)

lemma hull-unique: s Ct —= St = (At sCt' = St' =t Ct) = (5
hull s = t)
{proof )
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lemma hull-induct: (Nz. 1€ S = P1z) = Q {z. Pz} = Vazc Q hllS. Px
{proof)

lemma hull-inc: x € S =z € P hull S
(proof )

lemma hull-union-subset: (S hull s) U (S hull t) C (S hull (s U t))
{proof)

lemma hull-union:
assumes T: AT. Ball TS = S (N T)
shows S hull (s U t) = S hull (S hull s U S hull t)

{proof)

lemma hull-redundant-eq: a € (S hull 8) +— S hull (insert a s) = S hull s

{proof)

lemma hull-redundant: a € (S hull s) = S hull (insert a s) = S hull s
{proof)

13.7 Archimedean properties and useful consequences

Bernoulli’s inequality

proposition Bernoulli-inequality:
fixes z :: real
assumes —1 < zx
shows I + nx2 < (I +z) "n
(proof)

corollary Bernoulli-inequality-even:
fixes z :: real
assumes even n
shows I + n*x2 < (I +z) "n
(proof)

corollary real-arch-pow:
fixes x :: real
assumes z: 1 < z
shows dn. y < z'n

(proof)

corollary real-arch-pow-inv:
fixes x y :: real
assumes y: y > 0
and z1: z < 1
shows dn. z°n < y

(proof)
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lemma forall-pos-mono:
(ANd ezreal. d < e = Pd = Pe) =
(An:nat. n # 0 = P (inverse (real n))) = (Ne. 0 < e = P ¢)

{proof)

lemma forall-pos-mono-1:
(ANd ezreal. d < e = Pd = Pe) =
(An. P (inverse (real (Suc n)))) = 0 < e = Pe

{proof)

13.8 A bit of linear algebra.

definition (in real-vector) subspace :: 'a set = bool
where subspace S «+— 0 € SA Nz e S.VyeS. z+yeS) ANMe. Vzes.
cxpx €5)

definition (in real-vector) span S = (subspace hull S)
definition (in real-vector) dependent S «— (Ja € S. a € span (S — {a}))
abbreviation (in real-vector) independent s = — dependent s

Closure properties of subspaces.

lemma subspace-UNIV [simp]: subspace UNIV
(proof)

lemma (in real-vector) subspace-0: subspace S = 0 € S
{proof)

lemma (in real-vector) subspace-add: subspace S — =z € § = y € § = = +
y €S
(proof )

lemma (in real-vector) subspace-mul: subspace S = z € S = c*gp z € S

{proof)

lemma subspace-neg: subspace S — z € S = —z € S
(proof )

lemma subspace-sub: subspace S —= € S —=ye S =z —yeS
(proof)

lemma (in real-vector) subspace-setsum:
assumes sA: subspace A
and f: VzeB. fz € A
shows setsum f B € A
(proof)

lemma subspace-linear-image:
assumes Ilf: linear f
and sS: subspace S
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shows subspace (f ¢ S)
{proof)

lemma subspace-linear-vimage: linear f = subspace S = subspace (f —°9)
(proof )

lemma subspace-linear-preimage: linear f = subspace S = subspace {z. fz €
S}
(proof )

lemma subspace-trivial: subspace {0}
{proof)

lemma (in real-vector) subspace-inter: subspace A = subspace B = subspace
(AN B)
(proof )

lemma subspace-Times: subspace A = subspace B = subspace (A X B)
(proof)

Properties of span.

lemma (in real-vector) span-mono: A C B = span A C span B
(proof )

lemma (in real-vector) subspace-span: subspace (span S)
{proof)

lemma (in real-vector) span-clauses:
a €S = ac€ span S
0 € span S
x€ span S = y € span S = + y € span S
x € span S = ¢ *g T € span S
(proof )

lemma span-unique:

S C T = subspace T = (ANT'. S C T' = subspace T' = T C T') =
span S = T

{proof)

lemma span-minimal: S C T — subspace T —> span S C T
(proof)

lemma (in real-vector) span-induct:
assumes z: T € span S
and P: subspace P
and SP: A\z. 2 € S =z € P
shows © € P

(proof)
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lemma span-empty[simp]: span {} = {0}
{proof)

lemma (in real-vector) independent-empty [iff]: independent {}
{proof)

lemma dependent-single[simp|: dependent {z} +— z = 0
{proof)

lemma (in real-vector) independent-mono: independent A — B C A = inde-
pendent B

{proof)

lemma (in real-vector) span-subspace: A C B = B < span A = subspace B
= span A = B
(proof )

lemma (in real-vector) span-induct”:
assumes SP:Vz € S. Pz
and P: subspace {x. P z}
shows Vz € span S. Pz

{proof)

inductive-set (in real-vector) span-induct-alt-help for S :: 'a set
where
span-induct-alt-help-0: 0 € span-induct-alt-help S
| span-induct-alt-help-S:
x € § = z € span-induct-alt-help § —
(¢ *r © + z) € span-induct-alt-help S

lemma span-induct-alt’:
assumes h0: h 0
and hS: Aczy. 2 € S=hy=h (c*rz + y)
shows Vz € span S. h x
(proof)

lemma span-induct-alt:
assumes h0: h 0
and hS: Nczy. 1 € S= hy = h (c gz + y)
and z: z € span S
shows h =

(proof)

Individual closure properties.
lemma span-span: span (span A) = span A

{proof)

lemma (in real-vector) span-superset: © € S = z € span S
{proof)
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lemma (in real-vector) span-0: 0 € span S
{proof)

lemma span-inc: S C span S
(proof)

lemma (in real-vector) dependent-0:
assumes 0 € A
shows dependent A

{proof)

lemma (in real-vector) span-add: x € span S = y € span S = z + y € span
S

(proof)

lemma (in real-vector) span-mul: © € span S = ¢ *r © € span S
(proof)

lemma span-neg: © € span S = — = € span S
(proof )

lemma span-sub: © € span S = y € span S = x — y € span S
(proof)

lemma (in real-vector) span-setsum: Vx€A. fz € span S = setsum f A € span

S
{proof)

lemma span-add-eq: © € span S = = + y € span S «— y € span S

(proof)

Mapping under linear image.

lemma span-linear-image:
assumes Ilf: linear f
shows span (f *S) = f ‘ span S
(proof)

lemma span-union: span (A U B) = (A(a, b). a + b) * (span A x span B)
(proof)

The key breakdown property.

lemma span-singleton: span {z} = range (k. k *g x)
(proof)

lemma span-insert: span (insert a S) = {x. Ik. (x — k *g a) € span S}

(proof)

lemma span-breakdown:
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assumes bS: b € §

and aS: a € span S
shows 3k. a — k xg b € span (S — {b})
(proof )

lemma span-breakdown-eq: x € span (insert a S) «— (k. © — k *xg a € span S)
(proof)

Hence some "reversal” results.

lemma in-span-insert:
assumes a: a € span (insert b S)
and na: a ¢ span S
shows b € span (insert a S)

(proof)

lemma in-span-delete:
assumes a: a € span S
and na: a ¢ span (S — {b})
shows b € span (insert a (S — {b}))
(proof)

Transitivity property.

lemma span-redundant: x € span S = span (insert x S) = span S
(proof)

lemma span-trans:
assumes z: z € span S
and y: y € span (insert z S)
shows y € span S
{proof )

lemma span-insert-0[simp|: span (insert 0 S) = span S

(proof)

An explicit expansion is sometimes needed.

lemma span-explicit:
span P = {y. 35 u. finite S NS C P A setsum (A\v. u v *g v) S = y}
(is-=2Fis-={y. ?hy}is-={y. IS u. 2Q Suy})

(proof)

lemma dependent-explicit:

dependent P <— (35S u. finite S NS C P A (FveS. uv # 0 A setsum (Av. u
vxp v) S =10))

(is ?lhs = ?rhs)

(proof)

lemma span-finite:
assumes [S: finite S
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shows span S = {y. Ju. setsum (Av. w v *xg v) S = y}
(is - = %rhs)
(proof)

This is useful for building a basis step-by-step.

lemma independent-insert:
independent (insert a S) <—
(if a € S then independent S else independent S A a ¢ span S)
(is ?lhs <— %rhs)

(proof)

The degenerate case of the Exchange Lemma.

lemma spanning-subset-independent:
assumes BA: B C A
and iA: independent A
and AsB: A C span B
shows A = B

(proof)

The general case of the Exchange Lemma, the key to what follows.

lemma exchange-lemma:
assumes f:finite t
and i: independent s
and sp: s C span t
shows 3t'. card t' = card t N finite t' N s Ct' ANt' CsUt A s C span t’

(proof)

This implies corresponding size bounds.

lemma independent-span-bound:
assumes f: finite t
and i: independent s
and sp: s C span t
shows finite s A\ card s < card t
(proof)

lemma finite-Atleast-Atmost-nat[simp]: finite {f z |z. € (UNIV::'a::finite set)}
(proof)

13.9 Euclidean Spaces as Typeclass

lemma independent-Basis: independent Basis
(proof)

lemma span-Basis [simp]: span Basis = UNIV
(proof )

lemma in-span-Basis: x € span Basis
(proof)
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lemma Basis-le-norm: b € Basis = |z + b| < norm x
{proof)

lemma norm-bound-Basis-le: b € Basis = normz < e = |z - b| < e
{proof)

lemma norm-bound-Basis-lt: b € Basis = normz < e = |z -+ b| < e
{proof )

lemma norm-le-11: norm z < (}_ b€Basis. |z - b])
{proof)

lemma setsum-norm-allsubsets-bound:
fixes f :: 'a = 'n::euclidean-space
assumes fP: finite P
and fPs: AQ. Q C P = norm (setsum f Q) < e
shows (3" z€P. norm (fz)) < 2 x real DIM('n) * e
(proof)

13.10 Linearity and Bilinearity continued

lemma linear-bounded:
fixes [ :: ‘a::euclidean-space = 'b::real-normed-vector
assumes Ilf: linear f
shows 3 B. Vz. norm (fz) < B * norm z

(proof)

lemma linear-conv-bounded-linear:
fixes [ :: ‘a::euclidean-space = 'b::real-normed-vector
shows linear f +— bounded-linear f

(proof)

lemmas linear-linear = linear-conv-bounded-linear|symmetric]

lemma linear-bounded-pos:
fixes [ :: ‘a::euclidean-space = 'b::real-normed-vector
assumes If: linear f
shows 3B > 0. Vz. norm (fz) < B x norm x

(proof)

lemma bounded-linearl "
fixes f ::'a::euclidean-space = 'b::real-normed-vector
assumes Az y. f (z+y)=fz+ fy
and Ncz. f (c*r z) = c*g fx
shows bounded-linear f
(proof)

lemma bilinear-bounded:
fixes h :: 'm::euclidean-space = 'n::euclidean-space = 'k::real-normed-vector
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assumes bh: bilinear h
shows 3B. Vz y. norm (hzy) < B % norm z % norm y

(proof)

lemma bilinear-conv-bounded-bilinear:
fixes h :: 'a::euclidean-space = 'b::euclidean-space = 'c::real-normed-vector
shows bilinear h +— bounded-bilinear h

(proof)

lemma bilinear-bounded-pos:
fixes h :: 'a::euclidean-space = 'b::euclidean-space = ’c::real-normed-vector
assumes bh: bilinear h
shows 3B > 0.Vz y. norm (hzy) < B % norm x * norm y

(proof)

13.11 We continue.

lemma independent-bound:
fixes S :: 'a::euclidean-space set
shows independent S = finite S A card S < DIM('a)

{proof)

corollary
fixes S :: 'a::euclidean-space set
assumes independent S
shows independent-imp-finite: finite S and independent-card-le:card S < DIM ('a)

(proof)

lemma dependent-biggerset:
fixes S :: 'a::euclidean-space set
shows (finite S = card S > DIM('a)) = dependent S

(proof)
Hence we can create a maximal independent subset.

lemma mazimal-independent-subset-extend:
fixes S :: 'a::euclidean-space set
assumes sv: S C V
and iS: independent S
shows 3B. S C B A B C V A independent B AV C span B

{proof)

lemma mazximal-independent-subset:
3(B:: (‘a::euclidean-space) set). BC V A independent B A 'V C span B
(proof)

Notion of dimension.

definition dim V = (SOME n. 3B. B C V A independent B A\ 'V C span B A
card B = n)
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lemma basis-exists:

AB. (B :: ('a:euclidean-space) set) C V A independent B AV C span B A (card
B =dim V)

{proof)

corollary dim-le-card:
fixes s :: 'a::euclidean-space set
shows finite s = dim s < card s

(proof)

Consequences of independence or spanning for cardinality.

lemma independent-card-le-dim:
fixes B :: 'a::euclidean-space set
assumes B C V
and independent B
shows card B < dim V

(proof)

lemma span-card-ge-dim:
fixes B :: 'a::euclidean-space set
shows BC V = V C span B = finite B = dim V < card B

{proof)

lemma basis-card-eq-dim:

fixes V :: ‘a::euclidean-space set

shows B C V = V C span B = independent B = finite B N card B =
dim V

(proof )

lemma dim-unique:

fixes B :: 'a::euclidean-space set

shows B C V = V C span B = independent B =—> card B = n = dim V
=n

(proof )

More lemmas about dimension.
lemma dim-UNIV: dim (UNIV :: 'a:euclidean-space set) = DIM('a)
{proof)

lemma dim-subset:
fixes S :: 'a::euclidean-space set
shows SC T — dim S < dim T

{proof)

lemma dim-subset-UNIV:
fixes S :: 'a::euclidean-space set
shows dim S < DIM('a)

{proof)

Converses to those.
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lemma card-ge-dim-independent:
fixes B :: 'a::euclidean-space set
assumes BV: B C V
and ¢B: independent B
and dVB: dim V < card B
shows V C span B

(proof)

lemma card-le-dim-spanning:
assumes BV: (B:: (‘a::euclidean-space) set) C V
and VB: V C span B
and fB: finite B
and dVB: dim V > card B
shows independent B

(proof)

lemma card-eq-dim:
fixes B :: 'a::euclidean-space set
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shows B C V = card B = dim V = finite B = independent B +— V C

span B
(proof )

More general size bound lemmas.

lemma independent-bound-general:
fixes S :: 'a::euclidean-space set
shows independent S = finite S A card S < dim S

{proof)

lemma dependent-biggerset-general:
fixes S :: 'a::euclidean-space set
shows (finite S = card S > dim S) = dependent S

{proof)

lemma dim-span [simp]:
fixes S :: 'a::euclidean-space set
shows dim (span S) = dim S
(proof)

lemma subset-le-dim:
fixes S :: 'a::euclidean-space set
shows S C span T = dim S < dim T

{proof)

lemma span-eq-dim:
fixes S :: 'a::euclidean-space set
shows span S = span T = dim S = dim T

{proof)

lemma spans-image:
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assumes If: linear f

and VB: V C span B
shows f  V C span (f ‘ B)
(proof)

lemma dim-image-le:
fixes f :: ‘a::euclidean-space = 'b::euclidean-space
assumes If: linear f
shows dim (f ¢ S) < dim (S)

(proof )

Relation between bases and injectivity/surjectivity of map.

lemma spanning-surjective-image:
assumes us: UNIV C span S
and If: linear f
and sf: surj f
shows UNIV C span (f ¢ 5)
(proof )

lemma independent-injective-image:
assumes i5: independent S
and If: linear f
and fi: inj f
shows independent (f < S)
(proof)

Picking an orthogonal replacement for a spanning set.

lemma vector-sub-project-orthogonal:
fixes b z :: 'a::euclidean-space
shows b - (z — ((b-xz)/ (b-D)) *g b) =0
(proof )

lemma pairwise-orthogonal-insert:
assumes pairwise orthogonal S
and A\y. y € S = orthogonal z y
shows pairwise orthogonal (insert z S)

{proof)

lemma basis-orthogonal:

fixes B :: 'a::real-inner set

assumes fB: finite B

shows 3 C'. finite C A card C < card B A span C = span B A pairwise orthogonal
c

(is 3C. ?P B ()

(proof)

lemma orthogonal-basis-exists:
fixes V :: (‘a::euclidean-space) set
shows 3 B. independent B A B C span V. ANV C span B A (card B = dim V)
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A pairwise orthogonal B
(proof )

lemma span-eq: span S = span T +— S C span T N T C span S
(proof )

Low-dimensional subset is in a hyperplane (weak orthogonal complement).

lemma span-not-univ-orthogonal:
fixes S :: 'a::euclidean-space set
assumes sU: span S # UNIV
shows Ja:'a. a # 0 A (Vz € span S. a - z = 0)

(proof)

lemma span-not-univ-subset-hyperplane:
fixes S :: 'a::euclidean-space set
assumes SU: span S # UNIV
shows 3 a. a #0 A span S C {z. a - z = 0}

{proof)

lemma lowdim-subset-hyperplane:

fixes S :: 'a::euclidean-space set

assumes d: dim S < DIM('a)

shows Ja::’a. a # 0 A span S C {z. a -z = 0}
(proof)

We can extend a linear basis-basis injection to the whole set.

lemma linear-indep-image-lemma:
assumes Ilf: linear f
and fB: finite B
and ifB: independent (f ¢ B)
and fi: inj-on [ B
and zsB: x € span B
and fr: fz =0
shows z = 0
(proof)

We can extend a linear mapping from basis.

lemma linear-independent-extend-lemma:

fixes [ :: ‘a:real-vector = 'b::real-vector

assumes fi: finite B
and ib: independent B

shows dg.
(Vz€ span B.Vye€ span B. g (x + y) =gz + gy) A
(Vze€ span B.Ve. g (cxgp ) = ¢ xg g ) N
(Vze B. gz = fz)

(proof)

lemma linear-independent-extend:
fixes B :: 'a::euclidean-space set
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assumes iB: independent B
shows 3 g¢. linear g AN (Vz€B. gz = fx)
(proof)

Can construct an isomorphism between spaces of same dimension.

lemma subspace-isomorphism:
fixes S :: 'a::euclidean-space set
and T :: 'b::euclidean-space set
assumes s: subspace S
and t: subspace T
and d: dim S = dim T
shows 3f. linear f A f S =T Ainj-on f S
(proof)

Linear functions are equal on a subspace if they are on a spanning set.

lemma subspace-kernel:
assumes If: linear f
shows subspace {z. fz = 0}

{proof)

lemma linear-eq-0-span:
assumes [f: linear f and f0: Vz€B. fz = 0
shows Vz € span B. fz = 0

{proof)

lemma linear-eq-0:
assumes Ilf: linear f
and SB: S C span B
and f0: VzeB. fz =0
shows Vz € S. fz =0
(proof )

lemma linear-eq:
assumes If: linear f
and lg: linear g
and S: S C span B
and fg:V z€ B. fx = g2
shows Vze S. fz =gz
(proof)

lemma linear-eq-stdbasis:
fixes [ :: ‘a::euclidean-space = -
assumes If: linear f
and lg: linear g
and fg: Vb€Basis. fb=gb
shows f = ¢
(proof )

Similar results for bilinear functions.
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lemma bilinear-eq:
assumes bf: bilinear f
and bg: bilinear g
and SB: S C span B
and TC: T C span C
and fg: Vee B.Vye C. fzy=gzy
shows VzeS. VyeT. fzy=g9gzy
(proof)

lemma bilinear-eq-stdbasis:
fixes f :: ‘a::euclidean-space = 'b::euclidean-space = -
assumes bf: bilinear f
and bg: bilinear g
and fg: Vi€ Basis. Vj€Basis. fij =g ij
shows f = ¢
(proof )

Detailed theorems about left and right invertibility in general case.

lemma linear-injective-left-inverse:
fixes [ :: ‘a::euclidean-space = 'b::euclidean-space
assumes If: linear f
and fi: inj f
shows Jg. linear g AN g o f = id
(proof)

lemma linear-surjective-right-inverse:
fixes f :: 'a::euclidean-space = 'b::euclidean-space
assumes Ilf: linear f
and sf: surj f
shows Jg. linear g A f o g = id
(proof)

An injective map ‘a = 'b is also surjective.

lemma linear-injective-imp-surjective:
fixes f :: ‘a::euclidean-space = 'a::euclidean-space
assumes If: linear f
and fi: inj f
shows surj f

(proof)

And vice versa.

lemma surjective-iff-injective-gen:
assumes [fS: finite S
and fT: finite T
and c: card S = card T
and ST: f‘SCT
shows (Vy e T.3z € S. fa =y) +— injon fS
(is ?lhs <— %rhs)
(proof)
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lemma linear-surjective-imp-injective:
fixes [ :: ‘a::euclidean-space = 'a::euclidean-space
assumes If: linear f
and sf: surj f
shows inj f
(proof)

Hence either is enough for isomorphism.

lemma left-right-inverse-eq:
assumes fg: f o g = id
and gh: g o h = id
shows f = h
(proof)

lemma isomorphism-expand:
fog=idANgof=id+— NVz. f(gx)=2)NNVz. g9 (fz)=1x)
(proof )

lemma linear-injective-isomorphism:
fixes f :: 'a::euclidean-space = 'a::euclidean-space
assumes If: linear f
and fi: inj f
shows 3f'. linear f' AN Vz. f' (fz) =2) N Vz. f (f' z) = z)
(proof)

lemma linear-surjective-isomorphism:
fixes [ :: 'a::euclidean-space = 'a::euclidean-space
assumes If: linear f
and sf: surj f
shows 3f". linear f' AN Vz. f' (fz) =2) AN Vz. f (f z) = 1)
(proof )

Left and right inverses are the same for ‘a = ’a.

lemma linear-inverse-left:
fixes [ :: ‘a::euclidean-space = 'a::euclidean-space
assumes If: linear f
and If " linear f'
shows f o f'=1id «— f'o f =1id
(proof)

Moreover, a one-sided inverse is automatically linear.

lemma left-inverse-linear:
fixes f :: ‘a::euclidean-space = 'a::euclidean-space
assumes If: linear f
and gf: go f = id
shows linear g
(proof)
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lemma inj-linear-imp-inv-linear:
fixes [ :: ‘a::euclidean-space = ’'a::euclidean-space
assumes linear finj f shows linear (inv f)

(proof)

13.12 Infinity norm

definition infnorm (z::'a::euclidean-space) = Sup {|z - b| |b. b € Basis}

lemma infnorm-set-image:
fixes z :: 'a::euclidean-space
shows {|z - i| |i. i € Basis} = (\i. |z - i|) ‘ Basis
(proof )

lemma infnorm-Max:
fixes z :: 'a::euclidean-space
shows infnorm ¥ = Maz ((\i. |z - i|) ‘ Basis)

(proof)

lemma infnorm-set-lemma:
fixes z :: 'a::euclidean-space
shows finite {|z - i| |i. i € Basis}
and {|z - 7| |i. ¢ € Basis} # {}
(proof )

lemma infnorm-pos-le:
fixes z :: 'a::euclidean-space
shows 0 < infnorm z

(proof)

lemma infnorm-triangle:
fixes z :: 'a::euclidean-space
shows infnorm (z + y) < infnorm z + infnorm y

(proof)

lemma infnorm-eq-0:
fixes z :: 'a::euclidean-space
shows infnormz = 0 <— z = 0

(proof)

lemma infnorm-0: infnorm 0 = 0
(proof)

lemma infnorm-neg: infnorm (— z) = infnorm x
(proof )

lemma infnorm-sub: infnorm (z — y) = infnorm (y — z)
(proof)
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lemma real-abs-sub-infnorm: |infnorm x — infnorm y| < infnorm (x — y)
(proof)

lemma real-abs-infnorm: |infnorm x| = infnorm x
(proof )

lemma Basis-le-infnorm:
fixes z :: 'a::euclidean-space
shows b € Basis = |z - b| < infnorm z

(proof)

lemma infnorm-mul: infnorm (a xg ) = |a| * infnorm x
{proof)

lemma infnorm-mul-lemma: infnorm (a g ) < |a| * infnorm z
(proof)

lemma infnorm-pos-it: infnorm x > 0 +— x # 0
(proof)

Prove that it differs only up to a bound from Euclidean norm.

lemma infnorm-le-norm: infnorm x < norm z
(proof )

lemma (in euclidean-space) euclidean-inner: inner x y = (> b€Basis. (z - b) x

(y - b))
(proof )

lemma norm-le-infnorm:
fixes z :: 'a::euclidean-space
shows norm z < sqrt DIM('a) * infnorm x

(proof)

lemma tendsto-infnorm [tendsto-intros]:
assumes (f — a) F
shows ((A\z. infnorm (f )) —— infnorm a) F

(proof)

Equality in Cauchy-Schwarz and triangle inequalities.

lemma norm-cauchy-schwarz-eq: © - y = norm x * NOTM Y <— NOTM T *p Y =
norm y *g T
(is ?lhs <— ?rhs)

(proof)

lemma norm-cauchy-schwarz-abs-eq:
|z - y| = norm x * norm y +—
NOTM T *R Y = NOTM Y g T V NOTM T *R Yy = — NOTM Y *R T
(is ?lhs <— ?rhs)
(proof)
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lemma norm-triangle-eq:
fixes z y :: 'a::real-inner
shows norm (z + y) = norm & + norm y <— NOTM T ¥R Y = NOTM Y *R T

(proof)

13.13 Collinearity
definition collinear :: 'a::real-vector set = bool

where collinear S +— (Ju.Vz € S.V y € S.3c. 2 — y = c *p u)

lemma collinear-empty [iff]: collinear {}
{proof)

lemma collinear-sing [iff]: collinear {z}
{proof)

lemma collinear-2 [iff]: collinear {z, y}
{proof)

lemma collinear-lemma: collinear {0, z, y} «— =0V y=0V (Jc. y = ¢ *p

x)

(is 2lhs <— ?rhs)

(proof)

lemma norm-cauchy-schwarz-equal: |z + y| = norm x x norm y <— collinear {0,

z, y}
(proof)

end

14 A decision procedure for universal multivari-
ate real arithmetic with addition, multiplica-
tion and ordering using semidefinite program-
ming

theory Sum-of-Squares

imports Complex-Main
begin

(ML)

end
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15 General linear decision procedure for normed
spaces

theory Norm-Arith
imports ~~/src/ HOL/ Library | Sum-of-Squares
begin

lemma norm-cmul-rule-thm:
fixes z :: 'a::real-normed-vector
shows b > norm x = |c| * b > norm (scaleR c x)

(proof )

lemma norm-add-rule-thm:
fixes z1 22 :: 'a::real-normed-vector
shows norm z1 < bl = norm 22 < b2 = norm (z1 + z2) < bl + b2

(proof)

lemma ge-iff-diff-ge-0:
fixes a :: 'a::linordered-ring
showsa>b=a—-0b> 0
(proof )

lemma pth-1:
fixes z :: 'a::real-normed-vector
shows z = scaleR 1 z (proof)

lemma pth-2:
fixes 7 :: 'a::real-normed-vector
shows z —y =z + —y
(proof )

lemma pth-3:
fixes 7 :: 'a::real-normed-vector
shows — x = scaleR (—1) z
(proof)

lemma pth-4:
fixes z :: 'a::real-normed-vector
shows scaleR 0 x = 0
and scaleR ¢ 0 = (0::'a)

{proof)

lemma pth-5:
fixes z :: 'a::real-normed-vector
shows scaleR ¢ (scaleR d z) = scaleR (¢ % d) ©

{proof)

lemma pth-6:
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fixes z :: 'a::real-normed-vector
shows scaleR ¢ (x + y) = scaleR ¢ © + scaleR c y

{proof)

lemma pth-7:
fixes z :: 'a::real-normed-vector
shows 0 + z ==z
andz + 0 ==z«
(proof )

lemma pth-8:
fixes x :: 'a::real-normed-vector
shows scaleR ¢ x + scaleR d © = scaleR (¢ + d) z

{proof)

lemma pth-9:
fixes z :: 'a::real-normed-vector
shows (scaleR ¢ x + z) + scaleR d © = scaleR (¢ + d) z + 2
and scaleR ¢ ¢ + (scaleR d x + z) = scaleR (¢ + d) © + 2
and (scaleR ¢ x + w) + (scaleR d x + z) = scaleR (¢ + d) z + (w + 2)
(proof )

lemma pth-a:
fixes z :: 'a::real-normed-vector
shows scaleR 0 x + y =y

(proof)

lemma pth-b:
fixes z :: 'a::real-normed-vector
shows scaleR ¢ ¢ + scaleR d y = scaleR ¢ © + scaleR d y
and (scaleR ¢ x + z) + scaleR d y = scaleR ¢ © + (z + scaleR d y)
and scaleR ¢ z + (scaleR d y + z) = scaleR ¢ x + (scaleR d y + 2)
and (scaleR ¢ © + w) + (scaleR d y + z) = scaleR ¢ v + (w + (scaleR d y +
z))
(proof)

lemma pth-c:
fixes = :: 'a::real-normed-vector
shows scaleR ¢ © + scaleR d y = scaleR d y + scaleR ¢ x
and (scaleR ¢ x + z) + scaleR d y = scaleR d y + (scaleR ¢ x + 2)
and scaleR ¢  + (scaleR d y + z) = scaleR d y + (scaleR ¢ x + z)
and (scaleR ¢ x + w) + (scaleR d y + z) = scaleR d y + ((scaleR ¢ © + w)
+ z)
(proof)

lemma pth-d:
fixes z :: 'a::real-normed-vector
shows z + 0 =z

(proof)
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lemma norm-imp-pos-and-ge:
fixes z :: 'a::real-normed-vector
shows normzt =n = normxz > 0 A n > norm x

(proof)

lemma real-eq-0-iff-le-ge-0:
fixes = :: real
showsz =0=z>0AN—2 >0
(proof )

lemma norm-pths:
fixes z :: 'a::real-normed-vector
shows z = y «— norm (z — y) < 0
and z # y +— - (norm (x — y) < 0)
(proof )

lemmas arithmetic-simps =
arith-simps
add-numeral-special
add-neg-numeral-special
mult-1-left
mult-1-right

(ML)

Hence more metric properties.

lemma dist-triangle-add:
fixes z y ' y' :: 'a::real-normed-vector
shows dist (z + y) (z' + y') < dist x 2" + dist y y’
(proof )

lemma dist-triangle-add-half:
fixes z ' y y' :: 'a::real-normed-vector
shows distzz' <e /2 = distyy' <e /2= dist(z + y) (z'+y') <e
(proof)

end

16 Elementary topology in Euclidean space.

theory Topology-Fuclidean-Space
imports
~~ [sre/ HOL/ Library / Indicator- Function
~~ [sre/ HOL/ Library / Countable-Set
~~ [src/HOL/ Library / FuncSet
Linear-Algebra
Norm-Arith
begin
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lemma image-affinity-interval:
fixes c :: ‘a::ordered-real-vector
shows (Az. m xg x + ¢) ‘ {a..b}) = (if {a..b}={} then {}
else if 0 <= m then {m *p a + ¢ .. m % b + c}
else {m xg b+ c .. m *g a + c})
(proof)

lemma countable-PiE:
finite I = (\i. i € I = countable (F i)) = countable (PiE I F)

{proof)

lemma continuous-on-cases:
closed s = closed t = continuous-on s f = continuous-on t ¢ —>
V. (zes N Pz)V(zetANPz) — fz=gz=
continuous-on (s U t) (Az. if Pz then f x else g )
(proof)

16.1 Topological Basis

context topological-space
begin

definition topological-basis B +—
(VbeB. open b) A (Vx. openz — (IB’. B'C B A|JB' = 1))

lemma topological-basis:
topological-basis B «+— (Vx. open z +— (3B’ B'C B A|JB' = 1))
(proof)

lemma topological-basis-iff:
assumes AB’. B’ € B = open B’
shows topological-basis B +— (Y O'. open O’ — (V2z€0O’. 3B’€éB. z € B’ A
B'C 0Y)
(is - «— ?rhs)

(proof)

lemma topological-basisl:
assumes AB’. B’ € B = open B’
and AO' z. open O’ = z € O'= 3B'eB.x € B'ANB'C O’
shows topological-basis B
(proof)

lemma topological-basisE:
fixes O’
assumes topological-basis B
and open O’
and z € O’/
obtains B’ where B’ € Bz € B’ B’ C O’
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(proof)

lemma topological-basis-open:
assumes topological-basis B
and X € B
shows open X

{proof)

lemma topological-basis-imp-subbasis:
assumes B: topological-basis B
shows open = generate-topology B

(proof)

lemma basis-dense:
fixes B :: 'a set set
and f :: ‘a set = 'a
assumes topological-basis B
and choosefrom-basis: \B'. B' # {} = f B’ € B’

shows VX. open X — X #{} — (3B’ € B. fB' € X)

(proof)

end

lemma topological-basis-prod:
assumes A: topological-basis A
and B: topological-basis B
shows topological-basis ((A(a, b). a x b) * (A x B))
(proof)

16.2 Countable Basis

locale countable-basis =
fixes B :: 'a::topological-space set set
assumes is-basis: topological-basis B
and countable-basis: countable B
begin

lemma open-countable-basis-ex:
assumes open X
shows 3B’ C B. X = JB’
(proof)

lemma open-countable-basisE:
assumes open X
obtains B’ where B'C B X = JB’
(proof)

lemma countable-dense-exists:

107

3D:'a set. countable D A (VX. open X — X # {} — (3d € D. d € X))
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(proof)

lemma countable-dense-setE:
obtains D :: ‘a set
where countable D ANX. open X —= X #{} = 3Ide D. de X

(proof)

end

lemma (in first-countable-topology) first-countable-basisE:
obtains A where countable A Na. a € A =z € a Na. a € A = open a
AS. open S = z € § = (JacA. a C S)

{proof)

lemma (in first-countable-topology) first-countable-basis-Int-stableE:
obtains A where countable A Na. a € A = z € a Na. a € A = open a
NS. open S = z € § = (JacA. a C S)
Nab.acA=becA=anbeA

(proof)

lemma (in topological-space) first-countablel:
assumes countable A
and I: N\a.a € A=z €a Na. a € A= open a
and 2: AS. open S = z € § = JacA. a C S
shows JA:nat = 'a set. (Vi.z € A i A open (A i)) AN (VS. open S ANz e S
— (Ji. A3 C9))
(proof )

instance prod :: (first-countable-topology, first-countable-topology) first-countable-topology
(proof)

class second-countable-topology = topological-space +
assumes ex-countable-subbasis:
3 B::’a::topological-space set set. countable B A open = generate-topology B
begin

lemma ex-countable-basis: 3 B::'a set set. countable B A topological-basis B

(proof)

end

sublocale second-countable-topology <
countable-basis SOME B. countable B A topological-basis B

{proof)

instance prod :: (second-countable-topology, second-countable-topology) second-countable-topology

{(proof)

instance second-countable-topology C first-countable-topology
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(proof)

16.3 Polish spaces

Textbooks define Polish spaces as completely metrizable. We assume the
topology to be complete for a given metric.

class polish-space = complete-space + second-countable-topology

16.4 General notion of a topology as a value

definition istopology L «+—
L{3ANNWST.LS —LT —L(SNT)AWNMK.BalKL— L (UJK))

typedef ‘a topology = {L::("a set) = bool. istopology L}
morphisms openin topology
(proof )

lemma istopology-openinlintro]: istopology(openin U)
(proof )

lemma topology-inverse’: istopology U = openin (topology U) = U
(proof )

lemma topology-inverse-iff : istopology U <— openin (topology U) = U
(proof)

lemma topology-eq: T1 = T2 «— (V.S. openin T1 S <— openin T2 S)
(proof)

Infer the ”universe” from union of all sets in the topology.

definition topspace T = |J{S. openin T S}

16.4.1 Main properties of open sets

lemma openin-clauses:
fixes U :: 'a topology
shows
openin U {}
NS T. openin U S = openin U T = openin U (SNT)
AK. (VS € K. openin U S) = openin U (|J K)
{proof )

lemma openin-subset|intro]: openin U S = S C topspace U
{proof)

lemma openin-empty[simp|: openin U {}
{proof)

lemma openin-Int[intro]: openin U S = openin U T = openin U (S N T)
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{proof)

lemma openin-Union[intro]: (AS. S € K = openin U S) = openin U (U K)
{proof)

lemma openin-Un[intro]: openin U S = openin U T = openin U (S U T)
(proof)

lemma openin-topspace[intro, simpl: openin U (topspace U)
(proof )

lemma openin-subopen: openin U S +— (Vz € S.3T. openin U T ANz € T A
TCS8)
(is ?lhs <— %rhs)

(proof)

16.4.2 Closed sets
definition closedin U S +— S C topspace U A openin U (topspace U — S)

lemma closedin-subset: closedin U S — S C topspace U
(proof)

lemma closedin-empty|[simp): closedin U {}

(proof)

lemma closedin-topspace[intro, simp]: closedin U (topspace U)
(proof)

lemma closedin-Unlintro): closedin U S = closedin U T = closedin U (S U
T)
{proof)

lemma Diff-Inter[intro]: A — (S = {4 — s|s. s€S}
{proof)

lemma closedin-Inter|intro]:
assumes Ke: K # {}
and Kc: \S. S €K = closedin U S
shows closedin U (N K)

{proof)

lemma closedin-INT [intro]:
assumes A # {} Az. 2 € A = closedin U (B x)
shows closedin U ((z€A. B x)

{proof)

lemma closedin-Int[intro]: closedin U S = closedin U T = closedin U (S N
T)
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{proof)

lemma openin-closedin-eq: openin U S <— S C topspace U A closedin U (topspace
U-29)
(proof )

lemma openin-closedin: S C topspace U = (openin U S <— closedin U (topspace
U-29))
(proof )

lemma openin-diff [intro]:
assumes 0S: openin U S
and cT': closedin U T
shows openin U (S — T)
(proof)

lemma closedin-diff [intro]:
assumes 0S: closedin U S
and cT: openin U T
shows closedin U (S — T)

(proof)

16.4.3 Subspace topology
definition subtopology U V = topology (A\T.3S. T =S NV A openin U S)

lemma istopology-subtopology: istopology (AT.3S. T =8N V A openin U S)
(is istopology ?L)
(proof )

lemma openin-subtopology: openin (subtopology U V) S «— (I T. openin U T A
S=TnV)
(proof)

lemma topspace-subtopology: topspace (subtopology U V') = topspace U NV
(proof )

lemma closedin-subtopology: closedin (subtopology U V) S <— (3 T. closedin U
TAS=TnNYV)
{proof )

lemma openin-subtopology-refl: openin (subtopology U V) V <— V C topspace
U
(proof)

lemma subtopology-superset:
assumes UV: topspace U C V
shows subtopology UV = U

(proof)
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lemma subtopology-topspace[simp|: subtopology U (topspace U) = U
(proof )

lemma subtopology-UNIV [simp]: subtopology U UNIV = U
(proof )

lemma openin-subtopology-empty:
openin (subtopology U {}) s +— s = {}
(proof)

lemma closedin-subtopology-empty:
closedin (subtopology U {}) s «+— s = {}

(proof)

lemma closedin-subtopology-refi:
closedin (subtopology U u) u +— u C topspace U

(proof)

lemma openin-imp-subset:
openin (subtopology U s) t =t C s

(proof)

lemma closedin-imp-subset:
closedin (subtopology U s) t =t C s

(proof)

lemma openin-subtopology-Un:
openin (subtopology U t) s A openin (subtopology U u) s
= openin (subtopology U (¢t U u)) s

(proof)

16.4.4 The standard Euclidean topology

definition euclidean :: 'a::topological-space topology
where euclidean = topology open

lemma open-openin: open S <— openin euclidean S
(proof)

lemma topspace-euclidean: topspace euclidean = UNIV
(proof )

lemma topspace-euclidean-subtopology[simp]|: topspace (subtopology euclidean S)
=89
(proof )

lemma closed-closedin: closed S <— closedin euclidean S
(proof )
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lemma open-subopen: open S «— (Vz€S.3T. open T ANz € TANT CS)
(proof )

lemma openin-subtopology-self [simp]: openin (subtopology euclidean S) S
(proof )

Basic "localization” results are handy for connectedness.

lemma openin-open: openin (subtopology euclidean U) S +— (3 T. open T A (S
=UnT))
(proof )

lemma openin-open-Intlintro]: open S = openin (subtopology euclidean U) (U
ns)
(proof)

lemma open-openin-trans[trans):
open S = open T = T C S = openin (subtopology euclidean S) T
(proof )

lemma open-subset: S C T = open S = openin (subtopology euclidean T) S
(proof )

lemma closedin-closed: closedin (subtopology euclidean U) S +— (3 T. closed T
AS=UnNT)
(proof)

lemma closedin-closed-Int: closed S = closedin (subtopology euclidean U) (U N
5)
{proof)

lemma closed-closedin-trans:
closed S = closed T = T C S = closedin (subtopology euclidean S) T

(proof)

lemma closed-subset: S C T = closed S = closedin (subtopology euclidean T)
S

{proof)

lemma openin-euclidean-subtopology-iff :
fixes S U :: 'a::metric-space set
shows openin (subtopology euclidean U) S +—
SCUANzeS Fex>0.Va'eU. distz' z < e — z'€ )
(is 2lhs «— ?rhs)

(proof)

lemma connected-openin:
connected s <—
~(Jel e2. openin (subtopology euclidean s) el A
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openin (subtopology euclidean s) e2 A
sCelUe2NelnNe2={}Nel #{} Ne2#{})
(proof)

lemma connected-openin-eq:
connected s <—
~(Jel e2. openin (subtopology euclidean s) el A
openin (subtopology euclidean s) e2 A
elUe2=sANelNe2={}A
el #{} Ne2 #{})
(proof )

lemma connected-closedin:
connected s <—
~(Jel e2.
closedin (subtopology euclidean s) el A
closedin (subtopology euclidean s) e2 A
sCelUe2ANel Ne2={}A
el #{} Ae2 #{})
(proof)

lemma connected-closedin-eq:
connected s <—
~(Jel e2.

closedin (subtopology euclidean s) el A
closedin (subtopology euclidean s) e2 A
elUe2=sANelNe2={}A

el #{} ne2#{})

(proof )

These ”transitivity” results are handy too

lemma openin-trans|trans]:
openin (subtopology euclidean T) S = openin (subtopology euclidean U) T —>
openin (subtopology euclidean U) S

{proof)

lemma openin-open-trans: openin (subtopology euclidean T) S = open T —>
open S
(proof )

lemma closedin-trans[trans]:
closedin (subtopology euclidean T) S = closedin (subtopology euclidean U) T
_—
closedin (subtopology euclidean U) S

(proof)

lemma closedin-closed-trans: closedin (subtopology euclidean T) S = closed T
= closed S

{proof)
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lemma openin-subtopology-Int-subset:
[openin (subtopology euclidean w) (u N S); v C u] = openin (subtopology
euclidean v) (v N S)
(proof )

lemma openin-open-eq: open s = (openin (subtopology euclidean s) t <— open
tAtCs)
(proof )

16.5 Open and closed balls

definition ball :: ‘a::metric-space = real = 'a set
where ball z e = {y. dist z y < e}

definition cball :: 'a::metric-space = real = 'a set
where cball z e = {y. dist z y < e}

definition sphere :: 'a::metric-space = real = 'a set
where sphere z e = {y. dist z y = e}

lemma mem-ball [simp]: y € ball x e +— distx y < e
(proof)

lemma mem-cball [simp]: y € cball z e «— dist zy < e
{proof)

lemma mem-sphere [simp]: y € sphere z e +— distzy = e
(proof )

lemma ball-trivial [simp]: ball z 0 = {}
{proof)

lemma cball-trivial [simp]: cball z 0 = {z}
(proof)

lemma mem-ball-0 [simp]:
fixes z :: 'a::real-normed-vector
shows z € ball 0 e +— normz < e

(proof)

lemma mem-cball-0 [simp]:
fixes z :: 'a::real-normed-vector
shows z € cball 0 e <— normz < e

(proof)

lemma centre-in-ball [simp]: © € ball z e <+— 0 < e
{proof)
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lemma centre-in-cball [simp]: © € cball z e +— 0 < e
{proof)

lemma ball-subset-cball [simp,intro]: ball x e C cball x e
{proof)

lemma sphere-cball [simp,intro]: sphere z v C cball z r
(proof)

lemma subset-ball[intro]: d < e = ball x d C ball z e
(proof)

lemma subset-cball[intro]: d < e = cball x d C cball z e
(proof)

lemma ball-maz-Un: ball a (maz v s) = ball a v U ball a s
(proof)

lemma ball-min-Int: ball a (min rs) = ball a r N ball a s
{proof)

lemma cball-diff-eq-sphere: cball a v — ball a r = {x. dist x a = 1}
(proof)

lemma image-add-ball [simp]:

fixes a :: 'a::real-normed-vector

shows op + b ‘ ball a r = ball (a+b) r
(proof)

lemma image-add-cball [simp]:
fixes a :: 'a::real-normed-vector
shows op + b ‘ cball a r = cball (a+b) r

(proof)

lemma open-ball [intro, simp]: open (ball z €)
(proof)

lemma open-contains-ball: open S +— (Vz€S. Je>0. ball z e C 5)
(proof)

lemma openl [intro?]: (Az. x€S = Je>0. ballx e C §) = open S
{proof)

lemma openE[elim?]:
assumes open S €S
obtains ¢ where e>0 ballz e C S

(proof)

lemma open-contains-ball-eq: open S = z€S «— (Fe>0. ballz e C 5)

116
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{proof)

lemma openin-contains-ball:
openin (subtopology euclidean t) s +—
sCtANMzes. e 0<eAballzentCs)
(is ?lhs = ?rhs)

(proof)

lemma openin-contains-cball:
openin (subtopology euclidean t) s +—
sCtA
(Vzes. Jde.0<eAcballzentCs)
(proof)

lemma ball-eq-empty[simp]: ball x e = {} +— e < 0
{proof)

lemma ball-empty: e < 0 = ball x e = {} (proof)

lemma euclidean-dist-12:
fixes z y :: 'a :: euclidean-space
shows dist x y = setL2 (\i. dist (x - i) (y - i)) Basis
{proof )

lemma eventually-nhds-ball: d > 0 = eventually (A\z. © € ball z d) (nhds z)
{proof)

lemma eventually-at-ball: d > 0 = eventually (At. t € ball zd Nt € A) (at z
within A)
{proof)

lemma eventually-at-ball: d > 0 = eventually (A\t. t € ballzd Nt # z Nt €
A) (at z within A)

{proof)

16.6 Boxes

abbreviation One :: ‘a:euclidean-space
where One = > Basis

definition (in euclidean-space) eucl-less (infix <e 50)
where eucl-less a b <— (Vi€Basis. a + i < b - 7)

definition boz-eucl-less: box a b = {z. a <ex A z <e b}
definition cbox a b = {z. Vi€Basis. a - i <z -i Az -i<b-i}

lemma boz-def: box a b = {x. Vi€Basis. a - i <z -+ i ANzx+i<b-i}
and in-boz-eucl-less: © € box a b <— a <ex ANz <eb
and mem-boz: © € box a b <— (Vi€Basis. a - i <z +i ANz -9 <b-i)
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z € choxab «— (Vi€Basis. a - i <z -iAx-7<b-i)
{proof)

lemma cboz-Pair-eq: cbozx (a, ¢) (b, d) = cbox a b X cbozx ¢ d
{proof)

lemma cboz-Pair-iff [iff]: (z, y) € cbox (a, ¢) (b, d) «— x € cbox a b N y €
cbox ¢ d
{proof)

lemma cboz-Pair-eq-0: cbox (a, ¢) (b, d) = {} «— cbox a b = {} V cbox ¢ d =

{
(proof)

lemma swap-cboz-Pair [simp]: prod.swap ‘ cboz (¢, a) (d, b) = cboz (a,c) (b,d)
(proof)

lemma mem-boz-real[simp]:
(zreal) € box ab+— a <z Az <b
(z::real) € choz ab +— a <z ANz <b

(proof)

lemma boz-real[simp]:
fixes a b:: real
shows bozx a b = {a <..< b} cboz a b = {a .. b}

(proof)

lemma box-Int-bozx:
fixes a :: 'a::euclidean-space
shows box a b N box c d =
box (> i€Basis. maz (a-i) (c-i) *xg 1) (> i€Basis. min (b-i) (d-i) *g ©)
(proof )

lemma rational-bozes:

fixes z :: 'a::euclidean-space

assumes e > ()

shows Ja b. (VicBasis. a- 1 € QAb-i€Q)AzcboxabAboxrabC ball
ze

(proof)

lemma open- UNION-bozx:
fixes M :: 'a::euclidean-space set
assumes open M
defines a’ = Af :: 'a = real X real. (3> (i::'a)€Basis. fst (f i) xg 1)
defines b’ = Af :: 'a = real x real. (> (i::'a)€Basis. snd (f 1) *gr i)
defines I = {fcBasis g Q x Q. box (a’' f) (b’ f) C M}
shows M = (|Jfel. bozx (a’ f) (b’ f))

(proof)
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lemma box-eq-empty:
fixes a :: 'a::euclidean-space
shows (boz a b = {} «— (Fi€Basis. b-i < a-i)) (is ?thl)
and (cboz a b = {} +— (Fi€Basis. b-i < a-i)) (is ?th2)
(proof)

lemma box-ne-empty:
fixes a :: 'a::euclidean-space
shows cboz a b # {} «— (Vi€Basis. a-i < b-i)
and boz a b # {} «— (Vi€Basis. a+i < b7)
(proof)

lemma
fixes a :: 'a::euclidean-space
shows cboz-sing: cbox a a = {a}
and box-sing: box a a = {}
(proof)

lemma subset-box-imp:
fixes a :: 'a::euclidean-space
shows (Vi€Basis. a-i < ¢+i A d+i < b-i) = cboz ¢ d C cbox a b
and (Vi€Basis. a-i < ¢t A d-i < b-i) = cbozx ¢ d C box a b
and (Vi€Basis. a-i < ci A d+i < bi) = box ¢ d C cbox a b
and (Vi€Basis. a-i < ci A d+i < bi) = box cd C box ab
(proof )

lemma boz-subset-cbozx:
fixes a :: 'a::euclidean-space
shows box a b C cbox a b
(proof )

lemma subset-boz:
fixes a :: 'a::euclidean-space
shows cboz ¢ d C cbor a b <— (Vi€Basis. c:i < d-i) ——> (Vi€Basis. a-i <
ci A d-i < bei) (is ?thl)
and cboz ¢ d C box a b +— (Vi€Basis. ci < d-i) ——> (Vi€Basis. a-i < c-i
A d-i < bei) (is 7th2)
and boz ¢ d C chox a b +— (Vi€Basis. ¢i < d-i) ——> (Vi€Basis. a-i < c¢+i
A dei < be1) (is 2th3)
and box ¢ d C box a b +— (Vi€Basis. ci < d+i) ——> (VY i€Basis. a*i < c+i
A d-i < b-i) (is 7thd)
(proof)

lemma inter-interval:
fixes a :: 'a::euclidean-space
shows cbox a b N cbox ¢ d =
cbox (Y i€Basis. maz (a-i) (c-i) *g i) (O i€Basis. min (b-i) (d-i) *g 1)
(proof )
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lemma disjoint-interval:
fixes a::’a::euclidean-space

shows cboz a b N cbox ¢ d = {} +— (Fi€Basis. (b-i < a-i V d-i

ci V di < a-i)) (is 7thl)

and cbozx a b N bozx ¢ d = {} +— (Fi€Basis.

ci Vo d-i < a)) (is 7th2)

and bozx a b N cbox ¢ d = {} «+— (I i€ Basis.

ci V d-i < ai)) (is 7th3)

(bei < a-i V d-i

(bei < a-i V d-i

and box a b N box ¢ d = {} «— (Fi€Basis. (b-i < a-i V d-i

c-i V d-i < a-1)) (is 7ths)
(proof)

< ci V bei

< ¢1V bt
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< ci V bei

ci V bt

lemma UN-boz-eq-UNIV: (|Jiznat. box (— (real i *p One)) (real i xg One))

UNIV
(proof)

Intervals in general, including infinite and mixtures of open and closed.

definition is-interval (s::('a::euclidean-space) set) «—

(Vaes. Vbes. Y. (Vi€Basis. ((ai < z+i A z+i < b)) V (bi < 20 A i

i) — z € 5)

lemma is-interval-cboz: is-interval (cbox a (b::'a::euclidean-space)) (is ?thl)
and is-interval-box: is-interval (box a b) (is ?th2)

{proof)

lemma is-interval-empty [iff]: is-interval {}
{proof)

lemma is-interval-univ [iff]: is-interval UNIV
{proof)

lemma mem-is-intervall :
assumes is-interval s
assumes a € sb € s

assumes Ai. i € Basis = a-i<z-i Az -

<a-i
shows z € s
(proof)

lemma interval-subst:
fixes S::’'a::euclidean-space set
assumes is-interval S
assumes z € Syj €S
assumes j € Basis

shows (> i€Basis. (if i = jthenyi - ielse x -

{proof)

lemma mem-boz-componentwisel:
fixes S::’'a::euclidean-space set

1<b-iVb-

i)*Ri)ES

7

<

€T -

T AT -

1
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assumes is-interval S
assumes Ai. i € Basis =z i € (Ax. z - 1i) ‘°S)
shows z € §

(proof)

16.7 Connectedness

lemma connected-local:
connected S +—
- (Fel e2.
openin (subtopology euclidean S) el A
openin (subtopology euclidean S) e2 A
S Cel Ue2A
el Ne2={}A
el #{} A
e2 #{})
(proof )

lemma exists-diff:
fixes P :: 'a set = bool
shows (35. P (— §)) «— (3S. P S) (is %lhs <— ?rhs)

(proof)

lemma connected-clopen: connected S <—
(V T. openin (subtopology euclidean S) T A
closedin (subtopology euclidean S) T — T ={} V T = S) (is ?lhs +— ?rhs)

(proof)

16.8 Limit points

definition (in topological-space) islimpt:: 'a = 'a set = bool (infixr islimpt 60)
where z islimpt S «+— (VT.2€T — open T — (FyeS. yeT A y#x))

lemma islimptl:
assumes AT.x € T = open T — JyeS. ye TNy #z
shows z islimpt S

{proof)

lemma islimptFE:
assumes z islimpt S and x € T and open T
obtains y where y € Sand y € T and y # «

{proof)

lemma islimpt-iff-eventually: x islimpt S <— — eventually (Ay. y ¢ S) (at )
(proof )

lemma islimpt-subset: z islimpt S — S C T — z islimpt T
(proof)

lemma islimpt-approachable:



THEORY “Topology-Euclidean-Space”

fixes z :: 'azmetric-space
shows z islimpt S «— (Ve>0. 3z'eS. ' # x N dist ' x < e)
(proof )

lemma islimpt-approachable-le:
fixes z :: 'a::metric-space
shows z islimpt S «— (Ve>0.3z'e S. z' # x AN dist ' z < e)
(proof)

lemma islimpt-UNIV-iff: x islimpt UNIV <— — open {z}
(proof)

lemma islimpt-punctured: x islimpt S = x islimpt (S—{z})
(proof)

A perfect space has no isolated points.

lemma islimpt-UNIV [simp, intro]: (z::'a::perfect-space) islimpt UNIV
(proof )

lemma perfect-choose-dist:
fixes z :: 'a::{perfect-space, metric-space}
shows 0 < r = Ja.a#zx Ndistax <r
(proof )

lemma closed-limpt: closed S «— (V. x islimpt S — z € S)
(proof)

lemma islimpt-EMPTY [simp]: — « islimpt {}
(proof)

lemma finite-set-avoid:
fixes a :: 'a::metric-space
assumes [S: finite S
shows 3d>0.VzeS.z#a — d < distacz

(proof)

lemma islimpt-Un: z islimpt (S U T) <— z islimpt S V z islimpt T
(proof )

lemma discrete-imp-closed:
fixes S :: 'a::metric-space set
assumes e: () < e
and d:Vz e S.Vye S. distyzr<e — y=u=x
shows closed S

(proof)

/
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lemma closed-of-nat-image: closed (of-nat ‘ A :: 'a :: real-normed-algebra-1 set)

{proof)
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lemma closed-of-int-image: closed (of-int < A :: 'a :: real-normed-algebra-1 set)

{proof)

lemma closed-Nats [simp]: closed (N :: 'a :: real-normed-algebra-1 set)
{proof)

lemma closed-Ints [simp]: closed (Z :: 'a :: real-normed-algebra-1 set)

{proof)

16.9 Interior of a Set
definition interior S = J{T. open T AN T C S}

lemma interiorl [intro?]:
assumes open T'and z € Tand T'C S
shows x € interior S

{proof)

lemma interiorE [elim?]:
assumes z € interior S
obtains T where open Tand z € Tand T C S

{proof)

lemma open-interior [simp, intro]: open (interior S)
(proof)

lemma interior-subset: interior S C S
(proof)

lemma interior-mazximal: T C S = open T — T C interior S
(proof )

lemma interior-open: open S = interior S = S

(proof)

lemma interior-eq: interior S = S <— open S
(proof)

lemma open-subset-interior: open S = S C interior T +— S C T
(proof )

lemma interior-empty [simp]: interior {} = {}
{proof)

lemma interior-UNIV [simp]: interior UNIV = UNIV
{proof)

lemma interior-interior [simp]: interior (interior S) = interior S
{proof)
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lemma interior-mono: S C T — interior S C interior T
(proof)

lemma interior-unique:
assumes T C S and open T
assumes AT T'C S = open T'— T'C T
shows interior S = T
(proof )

lemma interior-singleton [simp]:
fixes a :: 'a::perfect-space shows interior {a} = {}
{proof)

lemma interior-Int [simp]: interior (S N T) = interior S N interior T
{proof)

lemma mem-interior: © € interior S <+— (Je>0. ball z e C )
(proof )

lemma eventually-nhds-in-nhd: x € interior s = eventually (Ay. y € s) (nhds
z)
(proof )

lemma interior-limit-point [intro]:
fixes z :: 'a::perfect-space
assumes z: ¢ € interior S
shows z islimpt S

{proof)

lemma interior-closed- Un-empty-interior:
assumes cS: closed S
and iT: interior T = {}
shows interior (S U T) = interior S
(proof)

lemma interior-Times: interior (A x B) = interior A X interior B

(proof)

lemma interior-Ici:
fixes z :: 'a :: {dense-linorder, linorder-topology}
assumes b < z
shows interior { z ..} = { z <..}

(proof)

lemma interior-Iic:
fixes z :: 'a :: {dense-linorder, linorder-topology}
assumes z < b
shows interior {.. z} = {..< z}
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(proof)

16.10 Closure of a Set
definition closure S = S U {z | z. = islimpt S}

lemma interior-closure: interior S = — (closure (— 9))
(proof)

lemma closure-interior: closure S = — interior (— S)
{proof)

lemma closed-closure[simp, intro]: closed (closure S)
{proof)

lemma closure-subset: S C closure S
(proof)

lemma closure-hull: closure S = closed hull S

{proof)

lemma closure-eq: closure S = § <— closed S
(proof )

lemma closure-closed [simp): closed S = closure S = S
{proof)

lemma closure-closure [simp)]: closure (closure S) = closure S
{proof)

lemma closure-mono: S C T — closure S C closure T
(proof)

lemma closure-minimal: S C T = closed T = closure S C T
(proof)

lemma closure-unique:
assumes S C T
and closed T
and AT SCT' = closed T'"— T C T'
shows closure S = T
(proof)

lemma closure-empty [simp]: closure {} = {}
{proof)

lemma closure-UNIV [simp]: closure UNIV = UNIV
{proof)
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lemma closure-union [simp]: closure (S U T) = closure S U closure T
{proof)

lemma closure-eq-empty [iff]: closure S = {} +— S = {}
{proof)

lemma closure-subset-eq: closure S C S +— closed S
(proof)

lemma open-Int-closure-eq-empty:
open S = (S Nclosure T) ={} +— SN T = {}
(proof )

lemma open-inter-closure-subset:
open S = (S N (closure T)) C closure(S N T)

(proof )

lemma closure-complement: closure (— S) = — interior S
{proof)

lemma interior-complement: interior (— S) = — closure S
{proof)

lemma closure-Times: closure (A x B) = closure A x closure B

(proof)

lemma islimpt-in-closure: (z islimpt S) = (z:closure(S—{z}))
(proof)

lemma connected-imp-connected-closure: connected s = connected (closure s)

(proof)

lemma limpt-of-limpts:
fixes z :: 'a::metric-space
shows z islimpt {y. y islimpt s} = x islimpt s
(proof)

lemma closed-limpts: closed {x::'a::metric-space. x islimpt s}
(proof)

lemma limpt-of-closure:
fixes z :: 'a::metric-space
shows z islimpt closure s +— x islimpt s

{proof)

lemma closedin-limpt:
closedin (subtopology euclidean t) s +— s C t A (Va. z islimpt s Nz € t —
z € 3)

{proof)
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lemma closedin-closed-eq:
closed s = (closedin (subtopology euclidean s) t <— closed t At C s)

{proof)

lemma bdd-below-closure:
fixes A :: real set
assumes bdd-below A
shows bdd-below (closure A)

(proof)

16.11 Connected components, considered as a connectedness
relation or a set

definition
connected-component s x y = 3t. connected t N\t CsANx €t NyeEt

abbreviation
connected-component-set s x = Collect (connected-component s )

lemma connected-componentl:
[connected t; t C s; x € t; y € t] = connected-component s x y

{proof)

lemma connected-component-in: connected-component sty — r € S\ y € s
(proof )

lemma connected-component-refl: © € s = connected-component s T x
(proof)

lemma connected-component-refl-eq [simp]: connected-component s & & +— © € s
(proof )

lemma connected-component-sym: connected-component s x y = connected-component
Sy«
(proof )

lemma connected-component-trans:
[connected-component s z y; connected-component s y z] = connected-component
STz

(proof)

lemma connected-component-of-subset: [connected-component s z y; s C t] =
connected-component t T y

{proof)

lemma connected-component-Union: connected-component-set s x = |J{t. con-
nected t N x € t Nt C s}

{proof)
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lemma connected-connected-component [iff]: connected (connected-component-set
s )
{proof)

lemma connected-iff-eq-connected-component-set: connected s +— (V¥ € s. connected-component-set
sz =s)
(proof )

lemma connected-component-subset: connected-component-set s x C s
(proof )

lemma connected-component-eq-self : [connected s; x € s] = connected-component-set
sx=s

(proof)

lemma connected-iff-connected-component:
connected s +— (Vz € 5. Vy € s. connected-component s x y)

{proof)

lemma connected-component-maximal:
[x € t; connected t; t C s] = t C (connected-component-set s x)
(proof)

lemma connected-component-mono:
s C t = (connected-component-set s ) C (connected-component-set t x)

{proof)

lemma connected-component-eg-empty [simp]: connected-component-set s x = {}
+— (z ¢ s)

(proof)

lemma connected-component-set-empty [simp]: connected-component-set {} z =

{
(proof)

lemma connected-component-eq:
y € connected-component-set s x
= (connected-component-set s y = connected-component-set s x)

{proof)

lemma closed-connected-component:
assumes s: closed s shows closed (connected-component-set s )

(proof)

lemma connected-component-disjoint:
(connected-component-set s a) N (connected-component-set s b) = {} +—
a & connected-component-set s b

(proof)
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lemma connected-component-nonoverlap:
(connected-component-set s a) N (connected-component-set s b) = {} «—
(a ¢ sV b¢ sV connected-component-set s a # connected-component-set s b)

(proof)

lemma connected-component-overlap:
(connected-component-set s a N connected-component-set s b # {}) =
(a € s A b € s A connected-component-set s a = connected-component-set s b)

(proof)

lemma connected-component-sym-eq: connected-component s x y <— connected-component
Sy«
{proof)

lemma connected-component-eq-eq:
connected-component-set s t = connected-component-set s y <—
r¢sANyé¢sVae€sAy€E s A connected-component s  y

{proof)

lemma connected-iff-connected-component-eq:
connected s <—
(Vz € s. Vy € s. connected-component-set s x = connected-component-set s
y)
(proof)

lemma connected-component-idemp:
connected-component-set (connected-component-set s x) © = connected-component-set
ST

(proof)

lemma connected-component-unique:
[x € ¢; ¢ C s; connected c;
Ne'.z € ¢ Ae’ Cs A connected ¢’
= ¢/ C ]
= connected-component-set s x = ¢

(proof)

lemma joinable-connected-component-eq:
[connected t; t C s;
connected-component-set s x N t # {};
connected-component-set s y N t # {}]
= connected-component-set s © = connected-component-set s y

(proof)

lemma Union-connected-component: | J (connected-component-set s < s) = s
{proof)
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lemma complement-connected-component-unions:
s — connected-component-set s x =
U (connected-component-set s s — {connected-component-set s x})

(proof)

lemma connected-component-intermediate-subset:
[connected-component-set uw a C t; t C u]
= connected-component-set t a = connected-component-set u a

(proof)

16.12 The set of connected components of a set

definition components:: 'a::topological-space set = 'a set set where
components s = connected-component-set s ‘ s

lemma components-iff: s € components u +— (Jz. z € u A s = connected-component-set
u )
(proof )

lemma Union-components [simp]: | (components u) = u
{proof)

lemma pairwise-disjoint-components: pairwise (AX Y. X N'Y = {}) (components
u)
{proof)

lemma in-components-nonempty: ¢ € components s = ¢ # {}

(proof)

lemma in-components-subset: ¢ € components s = ¢ C s
{proof )

lemma in-components-connected: ¢ € components s => connected c
(proof)

lemma in-components-maximal:
c € components s <—
(¢ #{} NcCs A connectedc N (Vd. d#{} NcCdAdC s A connected
d— d=1¢))
(proof)

lemma joinable-components-eq:
connected t ANt C s A ¢l € components s A\ c2 € components s A c1 Nt # {}
ANe2Nt#{} = cl =c2

(proof)

lemma closed-components: [closed s; ¢ € components s] = closed c
(proof )
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lemma components-nonoverlap:
[c € components s; ¢’ € components s] = (¢ N ¢’ ={}) «— (¢ # ¢

{proof)

lemma components-eq: [¢ € components s; ¢’ € components s] = (¢ = ¢’

cne £ {})
(proof)

—

lemma components-eq-empty [simp]: components s = {} +— s = {}
(proof )

lemma components-empty [simp]: components {} = {}
{proof)

lemma connected-eq-connected-components-eq: connected s <— (¥ ¢ € components
s. V¢! € components s. ¢ = ¢’)

{proof)

lemma components-eq-sing-iff : components s = {s} +— connected s A s # {}
(proof )

lemma components-eg-sing-exists: (3 a. components s = {a}) «— connected s N

s 7 {}
{proof )

lemma connected-eq-components-subset-sing: connected s «— components s C {s}
(proof)

lemma connected-eq-components-subset-sing-exists: connected s <— (3 a. compo-
nents s C {a})

(proof)

lemma in-components-self: s € components s <— connected s A\ s # {}
(proof)

lemma components-mazimal: [c¢ € components s; connected t; t C s; ¢ Nt # {}]
==t Cc
(proof)

lemma exists-component-superset: [t C s; s # {}; connected t] = Jc. ¢ € com-
ponents s Nt C ¢

{proof)

lemma components-intermediate-subset: [s € components u; s C t; t C u] = s
€ components t

(proof)

lemma in-components-unions-complement: ¢ € components s = s — ¢ = | J (components
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s —{c})
{proof)

lemma connected-intermediate-closure:
assumes cs: connected s and st: s C ¢t and ts: t C closure s
shows connected t

(proof)

lemma closedin-connected-component: closedin (subtopology euclidean s) (connected-component-set
sx)

(proof)
16.13 Frontier (aka boundary)
definition frontier S = closure S — interior S

lemma frontier-closed [iff]: closed (frontier S)
(proof)

lemma frontier-closures: frontier S = (closure S) N (closure(— S))
{proof)

lemma frontier-straddle:

fixes a :: 'a:metric-space

shows a € frontier S <— (Ve>0. (3z€S. distax < e) A (Fz. z ¢ S A dist a
z < e))

{proof)

lemma frontier-subset-closed: closed S = frontier S C §
(proof)

lemma frontier-empty [simp): frontier {} = {}

(proof )

lemma frontier-subset-eq: frontier S C S <— closed S
(proof)

lemma frontier-complement [simp]: frontier (— S) = frontier S
(proof )

lemma frontier-disjoint-eq: frontier S N S = {} +— open S
(proof )

lemma frontier-UNIV [simp]: frontier UNIV = {}
{proof)

16.14 Filters and the “eventually true” quantifier

definition indirection :: 'a::real-normed-vector = 'a = 'a filter
(infixr indirection 70)
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where a indirection v = at a within {b. 3¢>0. b — a = scaleR ¢ v}

Identify Trivial limits, where we can’t approach arbitrarily closely.

lemma trivial-limit-within: trivial-limit (at a within S) <— — a islimpt S

(proof)

lemma trivial-limit-at-iff : trivial-limit (at a) <— — a islimpt UNIV
{proof)

lemma trivial-limit-at:
fixes a :: 'a::perfect-space
shows — trivial-limit (at a)
(proof )

lemma trivial-limit-at-infinity:
= trivial-limit (at-infinity :: ('a::{real-normed-vector,perfect-space}) filter)

{proof)

lemma not-trivial-limit-within: — trivial-limit (at © within S) = (z € closure (S
- {z}))
(proof)

lemma at-within-eq-bot-iff : (at ¢ within A = bot) «— (¢ ¢ closure (A — {c}))
(proof)

Some property holds ”sufficiently close” to the limit point.

lemma trivial-limit-eventually: trivial-limit net = eventually P net
(proof)

lemma trivial-limit-eq: trivial-limit net +— (V¥ P. eventually P net)
{proof)

16.15 Limits

lemma Lim:
(f —— 1) net +—
trivial-limit net vV
(Ve>0. eventually (A\x. dist (fz) | < e) net)
(proof)

Show that they yield usual definitions in the various cases.
lemma Lim-within-le: (f —— 1)(at a within S) «—
(Vex>0.3d>0.VzeS. 0 < distza AN distza <d— dist (fz)l <e)
(proof)

lemma Lim-within: (f —— 1) (at a within S) +—
(Ve >0.3d>0.Vz e S. 0 < distzaNdistra <d— dist (fz)l < e)

{proof)
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corollary Lim-withinl [intro?]:

assumes Ae. e > 0 = 3d>0.Vz € S. 0 < dist z a N dist x a < d —> dist
(F) L < e

shows (f —— 1) (at a within S)

(proof)

lemma Lim-at: (f —— 1) (at a) «—
(Ve >0.3d>0.Vz. 0 < distza Ndistza <d — dist (fz)l <e)

{proof)

lemma Lim-at-infinity:
(f —— 1) at-infinity <— (Ve>0.3b. Va. normxz > b — dist (fz) | < e)
{proof )

corollary Lim-at-infinityl [intro?]:
assumes Ae. e > 0 = IB. V. normz > B — dist (fz) I < e
shows (f —— 1) at-infinity

(proof)

lemma Lim-eventually: eventually (Ax. fz = 1) net = (f —— 1) net
{proof)

lemma Lim-transform-within-set:
fixes a [ :: 'a::real-normed-vector
shows [(f —— 1) (at a within s); eventually (A\z. © € s +— z € t) (at a)]
= (f —— 1) (at a within t)

(proof)

lemma Lim-transform-within-set-eq:
fixes a I :: 'a::real-normed-vector
shows eventually (A\z. z € s +— = € t) (at a)
= ((f —— 1) (at a within s) +— (f —— 1) (at a within t))

(proof)

The expected monotonicity property.

lemma Lim-Un:
assumes (f —— 1) (at z within S) (f —— 1) (at © within T)
shows (f —— 1) (at x within (S U T))

(proof)

lemma Lim-Un-univ:
(f — 1) (at z within §) = (f —— 1) (at z within T) =
SUT=UNIV = (f — 1) (at x)

(proof)

Interrelations between restricted and unrestricted limits.

lemma Lim-at-imp-Lim-at-within:
(f — ) (atz) = (f —— 1) (at z within S)
(proof )
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lemma eventually-within-interior:
assumes z € interior S
shows eventually P (at x within S) +— eventually P (at )
(is ?lhs = ?rhs)

(proof)

lemma at-within-interior:
z € interior S = at x within S = at x

(proof)

lemma Lim-within-LIMSEQ:

fixes a :: 'a::first-countable-topology

assumes VS. (Vn. Sn#aANSne T)NS —— a— (An. X (Sn)) ——
L

shows (X —— L) (at a within T)

(proof)

lemma Lim-right-bound:
fixes f :: ‘a :: {linorder-topology, conditionally-complete-linorder, no-top} =
'b::{linorder-topology, conditionally-complete-linorder}
assumes mono: Nab.a €l =bel=zs<a=a<b= fa</fb
and bnd: Na.ael =z <a= K< fa
shows (f —— Inf (f ¢ {z<..} N 1)) (at z within ({z<..} N 1))

(proof)

Another limit point characterization.

lemma islimpt-sequential:
fixes x :: 'a::first-countable-topology
shows z islimpt S <+— (3f. (Vnunat. fn € S — {z}) A (f —— z) sequentially)
(is ?lhs = 2rhs)
(proof)

lemma Lim-null:
fixes [ :: 'a = 'b::real-normed-vector
shows (f —— 1) net «— ((Az. f(z) — 1) —— 0) net

{proof)

lemma Lim-null-comparison:
fixes [ :: 'a = 'b::real-normed-vector
assumes eventually (Az. norm (fz) < g z) net (9 —— 0) net
shows (f —— 0) net

{proof)

lemma Lim-transform-bound:
fixes [ :: 'a = 'b::real-normed-vector
and g :: 'a = 'c::real-normed-vector
assumes eventually (An. norm (f n) < norm (g n)) net
and (9 —— 0) net
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shows (f —— 0) net
{proof)

lemma lim-null-mult-right-bounded:
fixes [ :: 'a = 'b::real-normed-div-algebra
assumes f: (f —— 0) F and g: eventually (Az. norm(g z) < B) F
shows ((\z. fzxg2z) —— 0) F
(proof)

lemma lim-null-mult-left-bounded:
fixes [ :: ‘a = 'b::real-normed-div-algebra
assumes g: eventually (Az. norm(g ) < B) F and f: (f —— 0) F
shows ((A\z. gz * fz) —— 0) F
(proof)

Deducing things about the limit from the elements.

lemma Lim-in-closed-set:
assumes closed S

and eventually (M\z. f(z) € S) net
and - trivial-limit net (f —— 1) net
shows [ € §
(proof )

Need to prove closed(cball(x,e)) before deducing this as a corollary.

lemma Lim-dist-ubound:
assumes —(trivial-limit net)
and (f —— 1) net
and eventually (Az. dist a (fz) < e) net
shows dist a | < e

{proof)

lemma Lim-norm-ubound:
fixes [ :: 'a = 'b::real-normed-vector
assumes —(trivial-limit net) (f —— 1) net eventually (A\z. norm(f z) < e) net
shows norm(l) < e

{proof)

lemma Lim-norm-lbound:
fixes [ :: ‘a = 'b::real-normed-vector
assumes - trivial-limit net
and (f —— 1) net
and eventually (Az. e < norm (f x)) net
shows e < norm |

(proof)

Limit under bilinear function

lemma Lim-bilinear:
assumes (f —— 1) net
and (9 —— m) net
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and bounded-bilinear h
shows ((A\z. b (fz) (g z)) —— (h I m)) net

{proof)

These are special for limits out of the same vector space.

lemma Lim-within-id: (id —— a) (at a within s)
(proof)

lemma Lim-at-id: (id — a) (at a)
{proof)

lemma Lim-at-zero:
fixes a :: 'a::real-normed-vector
and [ :: 'b::topological-space
shows (f —— 1) (at a) +— ((Az. f(a + z)) —— 1) (at 0)
(proof )

It’s also sometimes useful to extract the limit point from the filter.

abbreviation netlimit :: 'a::t2-space filter = 'a
where netlimit F' = Lim F (\z. z)

lemma netlimit-within: — trivial-limit (at a within S) = netlimit (at a within S)
=a
{proof)

lemma netlimit-at:
fixes a :: 'a::{perfect-space,t2-space}
shows netlimit (at a) = a
(proof )

lemma lim-within-interior:
z € interior S = (f —— 1) (at ¢ within §) «— (f —— 1) (at z)

(proof)

lemma netlimit-within-interior:
fixes z :: 'a::{t2-space,perfect-space}
assumes z € interior S
shows netlimit (at z within S) = z

(proof)

lemma netlimit-at-vector:
fixes a :: 'a::real-normed-vector
shows netlimit (at a) = a

(proof)

Useful lemmas on closure and set of possible sequential limits.

lemma closure-sequential:
fixes [ :: 'a::first-countable-topology
shows [ € closure S «— (z. (Vn.zn € §) A (z —— 1) sequentially)
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(is ?lhs = ?rhs)
(proof)

lemma closed-sequential-limits:
fixes S :: 'a::first-countable-topology set
shows closed S «— (Vzl. Vn.zn € 5) A (x —— 1) sequentially — | € S)

(proof)

lemma closure-approachable:
fixes S :: 'a::metric-space set
shows z € closure S «— (Ve>0. JyeS. dist y x < e)

{proof)

lemma closed-approachable:
fixes S :: 'a::metric-space set
shows closed S = (Ve>0. dyeS. distyz < e) +—>z €S

(proof)

lemma closure-contains-Inf:
fixes S :: real set
assumes S # {} bdd-below S
shows Inf S € closure S

(proof)

lemma closed-contains-Inf:
fixes S :: real set
shows S # {} = bdd-below S = closed S = Inf S € S

(proof)

lemma closed-subset-contains-Inf:
fixes A C :: real set
shows closed C = A C C = A # {} = bdd-below A = Inf A € C

{proof)

lemma atLeastAtMost-subset-contains-Inf:

fixes A :: real set and a b :: real
shows A # {} = a < b= A C {a..b} = Inf A € {a..b}

{proof)

lemma not-trivial-limit-within-ball:
= trivial-limit (at © within S) «— (Ve>0. S N ball z e — {z} # {})
(is ?lhs +— ?rhs)

(proof)

16.16 Infimum Distance

definition infdist ¢ A = (if A = {} then 0 else INF a:A. dist © a)

lemma bdd-below-infdist[intro, simp]: bdd-below (dist x‘A)
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{proof)

lemma infdist-notempty: A # {} = infdist ¢ A = (INF a:A. dist x a)
(proof)

lemma infdist-nonneg: 0 < infdist © A
(proof)

lemma infdist-le: o« € A = infdist x A < dist x a
(proof )

lemma infdist-le2: « € A = dist x a < d = infdist z A < d
(proof )

lemma infdist-zero[simp): a € A = infdist a A = 0
{proof)

lemma infdist-triangle: infdist t A < infdist y A + dist ¢ y
(proof)

lemma in-closure-iff-infdist-zero:
assumes A # {}
shows z € closure A «— infdist x A = 0

(proof)

lemma in-closed-iff-infdist-zero:
assumes closed A A # {}
shows © € A «+— infdistz A = 0

(proof)

lemma tendsto-infdist [tendsto-intros):

assumes f: (f —— ) F

shows ((Az. infdist (f x) A) —— infdist | A) F
(proof)

Some other lemmas about sequences.

lemma sequentially-offset:
assumes eventually (Ai. P 1) sequentially
shows eventually (Mi. P (i + k)) sequentially

{proof)

lemma seg-offset-neg:
(f —— 1) sequentially = ((A\i. f(i — k)) —— 1) sequentially

(proof)

lemma seg-harmonic: ((An. inverse (real n)) —— 0) sequentially
{proof)
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16.17 More properties of closed balls

lemma closed-cball [iff]: closed (cball z €)

(proof)

lemma open-contains-cball: open S «— (Vz€S. Fe>0. cballz e C 5)
(proof )

lemma open-contains-cball-eq: open S = (Vz. z € S +— (Fe>0. cball z e C

5))

{proof)

lemma mem-interior-cball: © € interior S <— (Je>0. cball z e C 5)
{proof)

lemma islimpt-ball:
fixes = y :: 'a::{real-normed-vector,perfect-space}
shows y islimpt ball x e +— 0 < e ANy € cball x e
(is ?lhs <— %rhs)

(proof)

lemma closure-ball-lemma:
fixes z y :: 'a::real-normed-vector
assumes  # y
shows y islimpt ball x (dist = y)

{(proof)

lemma closure-ball [simp]:
fixes z :: 'aureal-normed-vector
shows 0 < e = closure (ball x e) = cball z e

(proof)

lemma interior-cball [simp]:
fixes z :: 'a::{real-normed-vector, perfect-space}
shows interior (cball z €) = ball x e

(proof)

lemma interior-ball [simp]: interior (ball x ) = ball x ¢
{proof)

lemma frontier-ball [simp]:
fixes a :: 'a::real-normed-vector
shows 0 < e = frontier (ball a €) = sphere a e

{proof)

lemma frontier-cball [simp]:
fixes a :: 'a::{real-normed-vector, perfect-space}
shows frontier (cball a €) = sphere a e

{proof)
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lemma cball-eg-empty [simp]: cball x e = {} +— e < 0
{proof)

lemma cball-empty [simp]: e < 0 = cball z e = {}
(proof)

lemma cball-eq-sing:
fixes z :: 'a::{metric-space,perfect-space}
shows cball z e = {z} +— e =0

(proof)

lemma cball-sing:
fixes z :: 'a::metric-space
shows e = 0 = cball z e = {a}

(proof)

lemma ball-divide-subset: d > 1 = ball x (e/d) C ball z e
{proof)

lemma ball-divide-subset-numeral: ball x (e / numeral w) C ball z e
{proof)

lemma cball-divide-subset: d > 1 = cball x (e/d) C cball z e
{proof)

lemma cball-divide-subset-numeral: cball x (e / numeral w) C cball x e
(proof)

16.18 Boundedness

definition (in metric-space) bounded :: 'a set = bool
where bounded S +— (3ze. VyesS. distzy < e)

lemma bounded-subset-cball: bounded S «— (Jex. S C challz e N 0 < e)

{proof)

lemma bounded-subset-ballD:
assumes bounded S shows Ir. 0 < r AN S C ball x r

(proof)

lemma bounded-any-center: bounded S <— (Je. VyeS. dist ay < e)
(proof)

lemma bounded-iff: bounded S +— (Fa. Vz€S. norm z < a)
{proof)

lemma bdd-above-norm: bdd-above (norm ¢ X) +— bounded X
{proof)
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lemma bounded-reall:
assumes Vz€s. |zireal| < B
shows bounded s

(proof)

lemma bounded-empty [simp]: bounded {}
{proof)

lemma bounded-subset: bounded T — S C T = bounded S
(proof )

lemma bounded-interior|intro]: bounded S = bounded(interior S)
{proof)

lemma bounded-closure[intro]:
assumes bounded S
shows bounded (closure S)

(proof)

lemma bounded-cball[simp,intro]: bounded (cball z €)
{proof)

lemma bounded-ball[simp,intro]: bounded (ball z €)
{proof)

lemma bounded-Un[simp]: bounded (S U T) <— bounded S A bounded T
{proof)

lemma bounded-Union[intro]: finite F = V S€F. bounded S = bounded (|J F)
{proof)

lemma bounded-UN [intro]: finite A = Vz€A. bounded (B z) = bounded
(UzeA. Bx)

{proof)

lemma bounded-insert [simp]: bounded (insert x S) <— bounded S

(proof)

lemma finite-imp-bounded [intro]: finite S = bounded S
(proof)

lemma bounded-pos: bounded S +— (3b>0.Vze S. norm x < b)
(proof)

lemma bounded-pos-less: bounded S <— (3b>0.Vze S. norm x < b)
{proof)

lemma Bseg-eq-bounded:
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fixes f :: nat = 'a::real-normed-vector
shows Bseq f «— bounded (range f)

{proof)

lemma bounded-Int[intro]: bounded S V bounded T = bounded (S N T)
{proof)

lemma bounded-diff [intro]: bounded S = bounded (S — T)
{proof)

lemma not-bounded- UNIV [simp]:
= bounded (UNIV :: 'a::{real-normed-vector, perfect-space} set)

(proof)

corollary cobounded-imp-unbounded:
fixes S :: 'a::{real-normed-vector, perfect-space} set
shows bounded (— S) = ~ (bounded S)

{proof)

lemma bounded-linear-image:
assumes bounded S
and bounded-linear f
shows bounded (f *S)

(proof)

lemma bounded-scaling:
fixes S :: 'a::real-normed-vector set
shows bounded S = bounded ((A\x. ¢ xg x) *S5)

{proof)

lemma bounded-translation:
fixes S :: 'a::real-normed-vector set
assumes bounded S
shows bounded (A\z. a + z) ©5)

(proof)

lemma bounded-translation-minus:
fixes S :: 'a::real-normed-vector set
shows bounded S = bounded (A\z. z — a) ©5)

(proof)

lemma bounded-uminus [simp]:
fixes X :: ‘ai:real-normed-vector set
shows bounded (uminus ‘ X) <— bounded X

(proof)
Some theorems on sups and infs using the notion ”bounded”.

lemma bounded-real: bounded (S::real set) «— (Fa. VzeS. |z| < a)
{proof)
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lemma bounded-imp-bdd-above: bounded S = bdd-above (S :: real set)
{proof)

lemma bounded-imp-bdd-below: bounded S = bdd-below (S :: real set)
(proof)

lemma bounded-inner-imp-bdd-above:
assumes bounded s
shows bdd-above ((Az. xz - a) )

(proof)

lemma bounded-inner-imp-bdd-below:
assumes bounded s
shows bdd-below ((Az. z - a) ‘)

(proof)

lemma bounded-has-Sup:
fixes S :: real set
assumes bounded S
and S # {}
shows VzeS. z < Sup S
and Vb. (VzeS.z <b) — Sup S < b

(proof)

lemma Sup-insert:
fixes S :: real set
shows bounded S = Sup (insert © S) = (if S = {} then x else maz z (Sup S))

{proof)

lemma Sup-insert-finite:
fixes S :: 'a::conditionally-complete-linorder set
shows finite S = Sup (insert x S) = (if S = {} then z else max © (Sup S))

(proof)

lemma bounded-has-Inf:
fixes S :: real set
assumes bounded S
and S # {}
shows VzeS. z > Inf S
and Vb. (VzeS. 2 >b) — InfS > b

(proof)

lemma Inf-insert:
fixes S :: real set
shows bounded S = Inf (insert x S) = (if S = {} then x else min z (Inf S))

(proof)

lemma Inf-insert-finite:
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fixes S :: 'a::conditionally-complete-linorder set

shows finite S = Inf (insert x S) = (if S = {} then z else min z (Inf S))
(proof)

lemma finite-imp-less-Inf:
fixes a :: 'a::conditionally-complete-linorder
shows [finite X; v € X; Az. 2€X —= a < z] = a < Inf X

{proof)

lemma finite-less-Inf-iff:
fixes a :: 'a :: conditionally-complete-linorder

shows [finite X; X #{}] = a < InfX +— (Vz € X. a < 1)
{proof)

lemma finite-imp-Sup-less:
fixes a :: 'a::conditionally-complete-linorder
shows [finite X; z € X; A\z. 2€X = a > 2] = a > Sup X

{proof)

lemma finite-Sup-less-iff :

fixes a :: 'a :: conditionally-complete-linorder

shows [finite X; X #{}] = a > Sup X +— (Vz € X. a > 1)
(proof)

16.19 Compactness
16.19.1 Bolzano-Weierstrass property

lemma heine-borel-imp-bolzano-weierstrass:
assumes compact s
and infinite ¢

and t C s
shows Jz € s. z islimpt t
(proof)

lemma acc-point-range-imp-convergent-subsequence:
fixes | :: ‘a :: first-countable-topology
assumes [: VU. leU — open U — infinite (U N range f)
shows Jr. subseqr A (f o 1) —— 1

(proof)

lemma sequence-infinite-lemma;:
fixes f :: nat = 'a::t1-space
assumes Vn. fn # [
and (f —— 1) sequentially
shows infinite (range f)
(proof)

lemma closure-insert:
fixes z :: 'a::tl-space
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shows closure (insert © s) = insert x (closure s)
{proof)

lemma islimpt-insert:

fixes z :: 'a::tl-space

shows z islimpt (insert a ) +— x islimpt s
(proof)

lemma islimpt-finite:
fixes z :: 'a::tl-space
shows finite s = — x islimpt s
(proof)

lemma islimpt-Un-finite:
fixes z :: 'a::tl-space
shows finite s = x islimpt (s U t) «— z islimpt ¢
(proof )

lemma islimpt-eq-acc-point:

fixes [ :: 'a :: t1-space

shows [ islimpt S «— (VU. leU — open U — infinite (U N S))
(proof)

lemma islimpt-range-imp-convergent-subsequence:
fixes | :: 'a :: {t1-space, first-countable-topology}
assumes [: [ islimpt (range f)
shows Jr. subseqr A (f o 1) —— 1
(proof )

lemma sequence-unique-limpt:
fixes [ :: nat = 'a::t2-space
assumes (f —— 1) sequentially
and [’ islimpt (range f)
shows [’ = |
(proof)

lemma bolzano-weierstrass-imp-closed:
fixes s :: 'a::{first-countable-topology,t2-space} set
assumes Vt. infinite t Nt C s ——> (Fz € s. x islimpt t)
shows closed s

(proof)

lemma compact-imp-bounded:
assumes compact U

shows bounded U
(proof)

In particular, some common special cases.

lemma compact-Un [intro:
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assumes compact s
and compact t
shows compact (s U t)

(proof)

lemma compact-Union [intro]: finite S = (ANT. T € S = compact T) =
compact (|IJS)
(proof)

lemma compact-UN [intro]:
finite A = (A\z. € A = compact (B z)) = compact ((Jx€A. B )

{proof)

lemma closed-Int-compact [intro]:
assumes closed s
and compact t
shows compact (s N t)

{proof)

lemma compact-Int [intro]:
fixes st :: 'a :: t2-space set
assumes compact $
and compact t
shows compact (s N t)

{proof)

lemma compact-sing [simp]: compact {a}
{proof)

lemma compact-insert [simp):
assumes compact s
shows compact (insert z s)

(proof)

lemma finite-imp-compact: finite s = compact s
(proof )

lemma open-delete:
fixes s :: 'a::tl-space set
shows open s = open (s — {z})
(proof )

lemma openin-delete:
fixes a :: 'a :: t1-space
shows openin (subtopology euclidean u) s
= openin (subtopology euclidean u) (s — {a})

(proof)

Compactness expressed with filters
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lemma closure-iff-nhds-not-empty:
z € closure X «— (VA.VSCA. open S — 2z € S — X NA#{})

(proof)

lemma compact-filter:
compact U «— (VF. F # bot — eventually (A\z. x € U) F — (Jz€U. inf
(nhds ) F # bot))

(proof)

definition countably-compact U +—
(V A. countable A — (Va€A. open a) — U C|JA — (FTCA. finite T A
veuynm)

lemma countably-compactE:
assumes countably-compact s and VteC. open t and s C |J C countable C
obtains C’ where ¢’/ C C and finite C'and s C |JC’

{proof)

lemma countably-compactl:

assumes A\C.VteC. opent = s C |J C = countable C = (3 C'CC. finite
C'AnsClC)

shows countably-compact s

(proof)

lemma compact-imp-countably-compact: compact U = countably-compact U
(proof )

lemma countably-compact-imp-compact:
assumes countably-compact U
and ccover: countable B YV beB. open b
and basis: N\Tz. open T —= 2 € T =z € U = JbeB.z2 € bANbDN U C
T

shows compact U
(proof)

lemma countably-compact-imp-compact-second-countable:

countably-compact U = compact (U :: 'a :: second-countable-topology set)

(proof)

lemma countably-compact-eq-compact:
countably-compact U +— compact (U :: 'a :: second-countable-topology set)

(proof)

16.19.2 Sequential compactness

definition seg-compact :: 'a::topological-space set = bool
where seg-compact S +—
Vf. (Vn. fneS) — (leS. Ir. subseq r A ((f o ) —— 1) sequentially))
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lemma seq-compactl:
assumes A\f.Vn. fn €S = 31eS. Ir. subseqr A ((f o r) —— 1) sequentially
shows seg-compact S

{proof)

lemma seq-compactE:
assumes seq-compact S Vn. fn € S
obtains [ r where | € S subseq r ((f o r) —— 1) sequentially

{proof)

lemma closed-sequentially:
assumes closed s and Vn. fn € sand f —— [
shows [ € s

(proof)

lemma seq-compact-Int-closed:
assumes seq-compact s and closed t
shows seg-compact (s N t)

(proof)

lemma seq-compact-closed-subset:
assumes closed s and s C t and seq-compact t
shows seq-compact s

{proof)

lemma seq-compact-imp-countably-compact:
fixes U :: 'a :: first-countable-topology set
assumes seq-compact U
shows countably-compact U

(proof)

lemma compact-imp-seq-compact:
fixes U :: 'a :: first-countable-topology set
assumes compact U
shows seq-compact U

{proof)

lemma countably-compact-imp-acc-point:
assumes countably-compact s
and countable t
and infinite ¢

and t C s
shows Jz€s. VU. z€U A open U — infinite (U N t)
(proof)

lemma countable-acc-point-imp-seq-compact:
fixes s :: 'a::first-countable-topology set
assumes VY t. infinite t A countable t Nt C s —
(Jzes. VU. zeU A open U — infinite (U N 1))
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shows seq-compact s
(proof)

lemma seq-compact-eq-countably-compact:
fixes U :: 'a :: first-countable-topology set
shows seg-compact U <— countably-compact U

{proof)

lemma seq-compact-eq-acc-point:
fixes s :: 'a :: first-countable-topology set
shows seq-compact s +—
(Vt. infinite t N\ countable t Nt C s ——> (Jz€s. YVU. z€U A open U —
infinite (U N t)))
(proof)

lemma seq-compact-eq-compact:
fixes U :: 'a :: second-countable-topology set
shows seq-compact U <— compact U

{proof)

lemma bolzano-weierstrass-imp-seq-compact:
fixes s :: 'a::{t1-space, first-countable-topology} set
shows Vt. infinite t Nt C s ——> (3z € s. z islimpt t) = seq-compact s

{proof)

16.19.3 Totally bounded

lemma cauchy-def: Cauchy s «— (Ve>0. IN.Ymn. m > N An>N ——>
dist(s m)(s n) < e)
(proof)

lemma seq-compact-imp-totally-bounded:
assumes seq-compact s
shows Ve>0. 3k. finite k ANk C s As C (Jzek. ball z e)

(proof)

16.19.4 Heine-Borel theorem

lemma seq-compact-imp-heine-borel:
fixes s :: 'a :: metric-space set
assumes seq-compact §

shows compact s

(proof)

lemma compact-eq-seq-compact-metric:
compact (s :: 'a:metric-space set) «— seq-compact s
(proof)

lemma compact-def:
compact (S :: 'azmetric-space set) «—



THEORY “Topology-Euclidean-Space” 151

Vf. (Yn. fnel) — (3leS. Ar. subseqr A (f o r) —— 1))
(proof)

16.19.5 Complete the chain of compactness variants

lemma compact-eq-bolzano-weierstrass:
fixes s :: 'a::metric-space set
shows compact s «— (Vt. infinite t ANt C s ——> (Jz € s. x islimpt t))
(is ?lhs = ?rhs)

(proof)

lemma bolzano-weierstrass-imp-bounded:
Vi infinite t ANt C s — (Jz € s. x islimpt t) => bounded s

{proof)

16.20 Metric spaces with the Heine-Borel property

A metric space (or topological vector space) is said to have the Heine-Borel
property if every closed and bounded subset is compact.

class heine-borel = metric-space +
assumes bounded-imp-convergent-subsequence:
bounded (range f) = 31 r. subseq v A ((f o r) —— 1) sequentially

lemma bounded-closed-imp-seq-compact:
fixes s::’a::heine-borel set
assumes bounded s
and closed s
shows seq-compact s

(proof)

lemma compact-eq-bounded-closed:
fixes s :: 'a::heine-borel set
shows compact s «— bounded s N closed s
(is ?lhs = ?rhs)

(proof)

lemma compact-closure [simp]:
fixes S :: 'a::heine-borel set
shows compact(closure §) +— bounded S

(proof)

lemma compact-components:
fixes s :: 'a::heine-borel set
shows [compact s; ¢ € components s] = compact ¢

(proof)

lemma not-compact-UNIV [simp]:
fixes s :: 'a::{real-normed-vector,perfect-space,heine-borel} set
shows ™~ compact (UNIV::'a set)
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(proof)

lemma bounded-increasing-convergent:
fixes s :: nat = real
shows bounded {s n| n. True} = Vn.sn <s (Sucn) = Il. s —— |

{proof)

instance real :: heine-borel

(proof)

lemma compact-lemma-general:
fixes [ :: nat = 'a
fixes proj::’a = 'b = 'ci:heine-borel (infixl proj 60)
fixes unproj:: ('b = 'c) = 'a
assumes finite-basis: finite basis
assumes bounded-proj: N\k. k € basis = bounded ((A\z. = proj k) ‘ range f)
assumes proj-unproj: Ne k. k € basis = (unproj e) projk = e k
assumes unproj-proj: \z. unproj (A\k. x proj k) = z
shows V dCbasis. I1::'a. 3 7.
subseq A (Y e>0. eventually (An. Vied. dist (f (rn) proj i) (I proj i) < e)
sequentially)
(proof)

lemma compact-lemma:
fixes f :: nat = 'a::euclidean-space
assumes bounded (range f)
shows V dCBasis. 31::’a. 3 r.
subseq v A (Ve>0. eventually (An. Vied. dist (f (rn) « ) (I - 1) < e)
sequentially)

(proof)

instance euclidean-space C heine-borel
(proof)

lemma bounded-fst: bounded s = bounded (fst * s)
(proof)

lemma bounded-snd: bounded s = bounded (snd * s)
{proof)

instance prod :: (heine-borel, heine-borel) heine-borel

(proof)

16.20.1 Completeness

lemma (in metric-space) completel:
assumes Af.Vn. fn € s = Cauchy f = Fles. f —— |
shows complete s
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{proof)

lemma (in metric-space) completeE:
assumes complete s and Vn. fn € s and Cauchy f
obtains [ where [ € s and f ——

{proof)

lemma compact-imp-complete:
fixes s :: 'a::metric-space set
assumes compact s
shows complete s

(proof)

lemma nat-approz-poskE:
fixes e::real
assumes 0 < e
obtains n :: nat where 1 / (Sucn) < e

(proof)

lemma compact-eq-totally-bounded:
compact s «<— complete s A (Ve>0. k. finite k A s C (|Jz€k. ball z ¢))
(is - «— %rhs)
(proof)

lemma cauchy: Cauchy s «— (Ve>0.3 N:nat. Vn>N. dist(s n)(s N) < e) (is
?lhs = ?rhs)
(proof)

lemma cauchy-imp-bounded:
assumes Cauchy s
shows bounded (range s)

(proof)

instance heine-borel < complete-space
(proof)

instance euclidean-space C banach {(proof)

lemma complete-UNIV: complete (UNIV :: (‘a::complete-space) set)
(proof)

lemma complete-imp-closed:
fixes s :: 'a::metric-space set
assumes complete s
shows closed s

{(proof)

lemma complete-Int-closed:
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fixes s :: 'a::metric-space set
assumes complete s and closed t
shows complete (s N t)

(proof)

lemma complete-closed-subset:
fixes s :: 'a::metric-space set
assumes closed s and s C t and complete t
shows complete s

(proof)

lemma complete-eq-closed:
fixes s :: ('a::complete-space) set
shows complete s <— closed s

{(proof)

lemma convergent-eq-cauchy:
fixes s :: nat = 'a::complete-space
shows (1. (s —— 1) sequentially) <— Cauchy s
(proof)

lemma convergent-imp-bounded:
fixes s :: nat = ’a::metric-space
shows (s —— 1) sequentially = bounded (range s)
(proof )

lemma compact-cball[simp]:
fixes z :: 'a::heine-borel
shows compact (cball x e)

{proof)

lemma compact-frontier-bounded[intro]:
fixes s :: 'a::heine-borel set
shows bounded s = compact (frontier s)

{proof)

lemma compact-frontier[intro):
fixes s :: 'a::heine-borel set
shows compact s = compact (frontier s)

{proof)

corollary compact-sphere:
fixes a :: 'a::{real-normed-vector,perfect-space,heine-borel}
shows compact (sphere a r)

(proof)

lemma frontier-subset-compact:
fixes s :: 'a::heine-borel set
shows compact s = frontier s C s
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{proof)

16.21 Relations among convergence and absolute convergence
for power series.

lemma summable-imp-bounded:
fixes [ :: nat = 'a::real-normed-vector
shows summable f = bounded (range f)

(proof)

lemma summable-imp-sums-bounded:
summable f = bounded (range (An. setsum f {..<n}))

(proof)

lemma power-series-conv-imp-absconv-weak:
fixes a:: nat = 'a::{real-normed-div-algebra,banach} and w :: 'a
assumes sum: summable (An. a n x z ~ n) and no: norm w < norm z
shows summable (An. of-real(norm(a n)) * w " n)

(proof)

16.22 Bounded closed nest property (proof does not use
Heine-Borel)

lemma bounded-closed-nest:
fixes s :: nat = ('a::heine-borel) set
assumes YV n. closed (s n)
and Vn. sn # {}
andVmn m<n-—snCsm
and bounded (s 0)
shows Ja.Vn. a € sn

(proof)

Decreasing case does not even need compactness, just completeness.

lemma decreasing-closed-nest:
fixes s :: nat = (‘a::complete-space) set
assumes
Vn. closed (s n)
VYn.sn#{}
Vmn m<n-—snCsm
Vex>0.dn. Vzesn. Vyesn. distzy < e
shows Ja. Vn. a € sn

(proof)

Strengthen it to the intersection actually being a singleton.

lemma decreasing-closed-nest-sing:
fixes s :: nat = ’'a::complete-space set
assumes
Vn. closed(s n)

Vn. sn#{}
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Vmn.m<n-—snCsm
Vex>0.3dn.Vz € (sn).V yc(sn). distzy < e
shows Ja. () (range s) = {a}
(proof)

Cauchy-type criteria for uniform convergence.

lemma uniformly-convergent-eq-cauchy:
fixes s::nat = 'b = 'a::complete-space
shows
(3. Ve>0.IN.Vnaez. N<nAPzx—dist(snz)(lz)<e)+—
(Ve>0.3IN.Vmnz. N<mAN<nAPz — dist(smz)(snz)<e)
(is ?lhs = ?rhs)
(proof)

lemma uniformly-cauchy-imp-uniformly-convergent:
fixes s :: nat = ‘a = 'b::complete-space
assumes Ve>0.3N.Vm (n:nat) 2. N<mAN<nAPzx——> dist(smz)(s
nz)<e
andVz. Pz ——> (Ve>0.3IN.Vn. N <n — dist(snz)(lz) < e)
shows Ve>0.3N.Vnz. N<n APz — dist(snz)(lz) <e

(proof)

16.23 Continuity

Derive the epsilon-delta forms, which we often use as ”definitions”

lemma continuous-within-eps-delta:

continuous (at z within s) f <— (Ve>0.3d>0.Vz'e s. distz' z < d ——>
dist (fz') (fz) < e)

{proof)

corollary continuous-at-eps-delta:

continuous (at z) f «— (Ve > 0.3d > 0.Va' distz’' © < d — dist (fz') (f
z) < e)

{proof)

lemma continuous-at-right-real-increasing:
fixes f :: real = real
assumes nondecF: Nz y. 2 <y = fz < fy
shows continuous (at-right a) f <— (Ve>0.3d>0.f (a + d) — fa < e)

(proof)

lemma continuous-at-left-real-increasing:

assumes nondecF: N zy. 2 <y = fz < ((fy) = real)

shows (continuous (at-left (a :: real)) f) = (Ve > 0. Idelta > 0. fa — f (a —
delta) < e)

(proof)

Versions in terms of open balls.

lemma continuous-within-ball:
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continuous (at z within s) f +—
Me>0.3d>0.f (ballzdns)Cball (fz) e)
(is ?lhs = ?rhs)

(proof)

lemma continuous-at-ball:
continuous (at z) f «— (Ve>0.3d>0. f ¢ (ball x d) C ball (fz) e) (is ?lhs =
2rhs)

(proof)

Define setwise continuity in terms of limits within the set.

lemma continuous-on-iff:
continuous-on s f <—
(Vzes. Vex>0.3d>0.Va'es. distx’ x < d — dist (fz’) (fz) < e)

{proof)

lemma continuous-within-E:
assumes continuous (at x within s) f e>0
obtains d where d>0 Az’ [z’ s; dist 2’ v < d] = dist (fz) (fz) < e
(proof)

lemma continuous-onl [intro?]:

assumes Az e. [e > 0;z € s] = Id>0.Vz'es. distz’' © < d — dist (fz)
(fz) <e

shows continuous-on s f
(proof )

lemma uniformly-continuous-on-def:
fixes f :: ‘a::metric-space = 'b::metric-space
shows uniformly-continuous-on s f <—
(Ve>0.3d>0.Vzes. Va'es. distz' z < d — dist (fz') (fz) < e)

{proof)

Some simple consequential lemmas.

lemma continuous-onkE:
assumes continuous-on s f t€s e>0
obtains d where d>0 Az’ [z’ € s; distz’ x < d] = dist (fz') (fz) < e
(proof)

lemma uniformly-continuous-onkE:

assumes uniformly-continuous-on s f 0 < e

obtains d where d>0 Az z'. [x€s; z'€s; dist x' © < d] = dist (fz') (fz) <
e
(proof)

lemma continuous-at-imp-continuous-within:
continuous (at x) f = continuous (at z within s) f

{proof)
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lemma Lim-trivial-limit: trivial-limit net = (f —— 1) net
{proof)

lemmas continuous-on = continuous-on-def — legacy theorem name

lemma continuous-within-subset:
continuous (at x within s) f = t C s = continuous (at x within t) f

{proof)

lemma continuous-on-interior:
continuous-on s f = x € interior s = continuous (at x) f

(proof)

lemma continuous-on-eq:
[continuous-on s f; Nx. © € s = faz = g ] = continuous-on s g

(proof )
Characterization of various kinds of continuity in terms of sequences.

lemma continuous-within-sequentially:
fixes [ :: ‘a::metric-space = 'b::topological-space
shows continuous (at a within s) f +—
(Vz. (Vnunat. xn € s) A (x —— a) sequentially
— ((f o ) —— [ a) sequentially)
(is ?lhs = ?rhs)
(proof)

lemma continuous-at-sequentially:
fixes f :: ‘a::metric-space = 'b::topological-space
shows continuous (at a) f <—
(Vz. (z —— a) sequentially ——> ((f o ) —— f a) sequentially)
(proof)

lemma continuous-on-sequentially:
fixes f :: ‘a::metric-space = 'b::topological-space
shows continuous-on s f <—
(Vz.Va € s (Yn z(n) € s) A (x —— a) sequentially
——> ((f o ) —— [ a) sequentially)
(is ?lhs = ?rhs)

{(proof)

lemma uniformly-continuous-on-sequentially:
uniformly-continuous-on s f +— (Vzxy. (Vn.zn € s) A (Vn.yn € s) A
(An. dist (z n) (yn)) —— 0 — (An. dist (f(z n)) (f(y n))) —— 0) (is
?lhs = ?rhs)
(proof )

The usual transformation theorems.

lemma continuous-transform-within:
fixes f g :: 'a::metric-space = 'b::topological-space



THEORY “Topology-Euclidean-Space” 159

assumes continuous (at x within s) f

and 0 < d

and z € s

and Az [z’ € s;distz’ z < d] = fa'=ga’
shows continuous (at x within s) g
(proof )

16.23.1 Structural rules for pointwise continuity

lemma continuous-infdist|continuous-intros]:
assumes continuous F f
shows continuous F (Ax. infdist (f z) A)

{proof)

lemma continuous-infnorm|continuous-intros):
continuous F f = continuous F (A\z. infnorm (f z))

{proof)

lemma continuous-inner|continuous-intros|:
assumes continuous F f
and continuous F g
shows continuous F (Az. inner (f z) (g z))

{proof)

lemmas continuous-at-inverse = isCont-inverse

16.23.2 Structural rules for setwise continuity

lemma continuous-on-infnorm|continuous-intros|:
continuous-on s f = continuous-on s (Az. infnorm (f x))

(proof)

lemma continuous-on-inner|continuous-intros):
fixes g :: ‘a::topological-space = 'b::real-inner
assumes continuous-on s f
and continuous-on s g
shows continuous-on s (Az. inner (f z) (g x))

{proof)

16.23.3 Structural rules for uniform continuity

lemma uniformly-continuous-on-dist|continuous-intros]:
fixes f g :: 'a::metric-space = 'b::metric-space
assumes uniformly-continuous-on s f
and uniformly-continuous-on s g
shows uniformly-continuous-on s (Az. dist (f z) (g x))

(proof)

lemma uniformly-continuous-on-norm|continuous-intros):
fixes [ :: ‘a :: metric-space = 'b :: real-normed-vector



THEORY “Topology-Euclidean-Space” 160

assumes uniformly-continuous-on s f
shows uniformly-continuous-on s (Az. norm (f x))

{proof)

lemma (in bounded-linear) uniformly-continuous-on|continuous-intros]:
fixes g :: -::metric-space = -
assumes uniformly-continuous-on s g
shows uniformly-continuous-on s (Az. f (g z))

{proof)

lemma uniformly-continuous-on-cmul|[continuous-intros|:
fixes [ :: ‘a::metric-space = 'b::real-normed-vector
assumes uniformly-continuous-on s f
shows uniformly-continuous-on s (Az. ¢ xg f(z))

(proof)

lemma dist-minus:
fixes z y :: 'a::real-normed-vector
shows dist (— z) (— y) = distz y
(proof )

lemma uniformly-continuous-on-minus|continuous-intros]:
fixes [ :: ‘a::metric-space = 'b::real-normed-vector
shows uniformly-continuous-on s f = uniformly-continuous-on s (Az. — f )
(proof )

lemma uniformly-continuous-on-add[continuous-intros|:
fixes f g :: 'a::metric-space = 'b::real-normed-vector
assumes uniformly-continuous-on s f
and uniformly-continuous-on s g
shows uniformly-continuous-on s (Az. fz + g x)

(proof)

lemma uniformly-continuous-on-diff [continuous-intros]:
fixes [ :: ‘a::metric-space = 'b::real-normed-vector
assumes uniformly-continuous-on s f
and uniformly-continuous-on s g
shows uniformly-continuous-on s (A\x. fx — g )

(proof)
lemmas continuous-at-compose = isCont-o

Continuity in terms of open preimages.

lemma continuous-at-open:
continuous (at x) f «— (Vt. opent AN fz €t ——> (Is. open s ANz € s A (Vz'

€s. (fz) €et)))
(proof)

lemma continuous-imp-tendsto:
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assumes continuous (at z0) f
and x —— 20
shows (f o ) —— (f z0)

(proof)

lemma continuous-on-open:
continuous-on s f <—
(Vt. openin (subtopology euclidean (f ‘s)) t —
openin (subtopology euclidean s) {x € s. fz € t})

(proof)

Similarly in terms of closed sets.

lemma continuous-on-closed:
continuous-on s f <—
(V. closedin (subtopology euclidean (f “s)) t —
closedin (subtopology euclidean s) {z € s. fz € t})

{proof)

Half-global and completely global cases.

lemma continuous-openin-preimage:
assumes continuous-on s f open t
shows openin (subtopology euclidean s) {x € s. fz € t}

(proof)

lemma continuous-closedin-preimage:
assumes continuous-on s f and closed t
shows closedin (subtopology euclidean s) {x € s. fz € t}

(proof)

lemma continuous-open-preimage:
assumes continuous-on s f
and open s
and open t
shows open {z € s. fz € t}

(proof)

lemma continuous-closed-preimage:
assumes continuous-on s f
and closed s
and closed t
shows closed {z € s. fz € t}

(proof)

lemma continuous-open-preimage-univ:
V. continuous (at ) f = open s = open {z. fx € s}
{proof)

lemma continuous-closed-preimage-univ:

(Vz. continuous (at z) f) = closed s = closed {z. fz € s}

161
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{proof)

lemma continuous-open-vimage: ¥ x. continuous (at ) f = open s = open (f
—¢%)

(proof)

lemma continuous-closed-vimage: ¥V x. continuous (at x) f = closed s = closed
(f =*s)
{proof)

lemma interior-image-subset:
assumes YV z. continuous (at x) f
and inj f
shows interior (f “s) C f ¢ (interior s)

(proof)

Equality of continuous functions on closure and related results.

lemma continuous-closedin-preimage-constant:
fixes [ :: - = 'bu:tl-space
shows continuous-on s f = closedin (subtopology euclidean s) {z € s. fz = a}
(proof)

lemma continuous-closed-preimage-constant:
fixes [ :: - = 'bu:tl-space
shows continuous-on s f = closed s = closed {x € s. fz = a}
{proof )

lemma continuous-constant-on-closure:
fixes f :: - = 'bu:tl-space
assumes continuous-on (closure S) f
and \z.z € S= fzr=a
and z € closure S
shows fz = a

(proof)

lemma image-closure-subset:
assumes continuous-on (closure s) f
and closed t

and (f “s) C ¢
shows f ¢ (closure s) C t
(proof)

lemma continuous-on-closure-norm-le:
fixes [ :: ‘a::metric-space = 'b::real-normed-vector
assumes continuous-on (closure s) f
and Vy € s. norm(fy) <b
and z € (closure s)
shows norm (fz) < b

(proof)
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lemma isCont-indicator:
fixes z :: 'a::t2-space
shows isCont (indicator A :: 'a = real) x = (z ¢ frontier A)

(proof)

16.24 Theorems relating continuity and uniform continuity
to closures

lemma continuous-on-closure:
continuous-on (closure S) f +—
(Vz e z € closure S A0 < e
— (Fd. 0<dANNMy.ye SANdistyxr <d— dist (fy) (fz) < e)))
(is 2lhs = ?rhs)
(proof)

lemma continuous-on-closure-sequentially:
fixes [ :: ‘a::metric-space = 'b :: metric-space
shows
continuous-on (closure S) f +—
(Vz a. a € closure SA(¥Vn.zen€S)ANe —— a — (f ox) —— fa)
(is ?lhs = ?rhs)
(proof)

lemma uniformly-continuous-on-closure:
fixes f :: ‘a::metric-space = 'b::metric-space
assumes ucont: uniformly-continuous-on S f
and cont: continuous-on (closure S) f
shows uniformly-continuous-on (closure S) f

(proof)

16.25 Quotient maps

lemma quotient-map-imp-continuous-open:
assumes t: f ‘s C ¢
and ope: Au. u C ¢t
= (openin (subtopology euclidean s) {x. x € s A fz € u} +—
openin (subtopology euclidean t) )
shows continuous-on s f

(proof)

lemma quotient-map-imp-continuous-closed:
assumes t: f ‘s C ¢
and ope: Au. u C ¢
= (closedin (subtopology euclidean s) {z.z € s N fz € u} +—
closedin (subtopology euclidean t) u)
shows continuous-on s f

(proof)
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lemma open-map-imp-quotient-map:
assumes contf: continuous-on s f
and &:t C f ‘s
and ope: A\t. openin (subtopology euclidean s) t
= openin (subtopology euclidean (f “s)) (f ‘ t)
shows openin (subtopology euclidean s) {z € s. f t}
openin (subtopology euclidean (f *s)) t
(proof)

lemma closed-map-imp-quotient-map:
assumes contf: continuous-on s f
and t: t C f ‘s
and ope: A\t. closedin (subtopology euclidean s) t
= closedin (subtopology euclidean (f “s)) (f “ t)
shows openin (subtopology euclidean s) {z € s. fz € t} «—
openin (subtopology euclidean (f “s)) t
(is ?lhs = ?rhs)
(proof)

lemma continuous-right-inverse-imp-quotient-map:
assumes contf: continuous-on s f and imf: f ‘s C ¢

and contg: continuous-on t g and img: g ‘'t C s

and fg [simp]: N\y.y € t = f(gy) =y

and u: v C ¢

shows openin (subtopology euclidean s) {z. z € s N fz € u} +—

openin (subtopology euclidean t) u
(is ?lhs = ?rhs)

(proof)

lemma continuous-left-inverse-imp-quotient-map:
assumes continuous-on s f
and continuous-on (f *s) g
and Az.z € s = g(fz)=1
and u C f ‘s
shows openin (subtopology euclidean s) {z. z € s N fz € u} +—
openin (subtopology euclidean (f ¢ s)) u
(proof )

16.26 A function constant on a set

definition constant-on (infixl (constant’-on) 50)
where f constant-on A = Jy. Vz€A. fz =y

lemma constant-on-subset: [f constant-on A; B C A] = f constant-on B
{proof)

lemma injective-not-constant:
fixes S :: 'a::{perfect-space} set
shows [open S; inj-on f S; f constant-on S| = S = {}
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(proof)

lemma constant-on-closurel:
fixes f :: - = 'b::tl-space
assumes cof: f constant-on S and contf: continuous-on (closure S) f
shows [ constant-on (closure S)

(proof)
Making a continuous function avoid some value in a neighbourhood.

lemma continuous-within-avoid:
fixes f :: ‘a::metric-space = 'b::t1-space
assumes continuous (at x within s) f
and fz # a
shows de>0.Vy € s. distzy < e ——> fy # a
(proof)

lemma continuous-at-avoid:
fixes f :: ‘a::metric-space = 'b::t1-space
assumes continuous (at x) f
and fz # a
shows Je>0.Vy. distzy < e — fy # a
(proof)

lemma continuous-on-avoid:
fixes [ :: ‘a::metric-space = 'b::t1-space
assumes continuous-on s f
and z € s
and fz # a
shows Je>0.Vy € s. distzy<e — fy#a
(proof)

lemma continuous-on-open-avoid:
fixes f :: ‘a::metric-space = 'b::t1-space
assumes continuous-on s f
and open s
and z € s
and fz # a
shows Je>0.Vy. distzy < e — fy # a
(proof )

Proving a function is constant by proving open-ness of level set.

lemma continuous-levelset-openin-cases:
fixes [ :: - = 'b::tl-space
shows connected s = continuous-on s f —>
openin (subtopology euclidean s) {z € s. fz = a}
= (Vz es.fa#ta)V NV €s. fz=a)
(proof )

lemma continuous-levelset-openin:
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fixes [ :: - = 'b::tl-space

shows connected s = continuous-on s f —>
openin (subtopology euclidean s) {z € s. fz = a} =
Hzes. fo=a) = (Vz €s. fz = a)

(proof )

lemma continuous-levelset-open:

fixes f :: - = 'bu:tl-space
assumes connected s

and continuous-on s f

and open {z € s. fz = a}

and dz €s. fz=a
shows Vz € s. fz = a
(proof )

Some arithmetical combinations (more to prove).

lemma open-scaling[intro]:
fixes s :: 'a::real-normed-vector set
assumes ¢ # (
and open s
shows open((Az. ¢ g x) ‘s)
(proof)

lemma minus-image-eg-vimage:
fixes A :: 'a::ab-group-add set
shows (A\z. —z) ‘A= (Az. —2) —“A
(proof )

lemma open-negations:
fixes s :: 'a::real-normed-vector set
shows open s = open ((Az. — z) ‘)
(proof)

lemma open-translation:
fixes s :: 'a::real-normed-vector set
assumes open s
shows open((Az. a + z) ‘)

(proof)

lemma open-affinity:
fixes s :: 'a::real-normed-vector set
assumes open s ¢ # 0
shows open (Az. a + ¢ *gp z) )

{(proof)

lemma interior-translation:

fixes s :: 'a::real-normed-vector set

shows interior (Az. a + z) ‘s) = (Az. a + z) ¢ (interior s)
(proof )
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Topological properties of linear functions.

lemma linear-lim-0:
assumes bounded-linear f
shows (f —— 0) (at (0))
(proof)

lemma linear-continuous-at:
assumes bounded-linear f
shows continuous (at a) f

{proof)

lemma linear-continuous-within:
bounded-linear f = continuous (at z within s) f

(proof)

lemma linear-continuous-on:
bounded-linear f = continuous-on s f

{proof)

Also bilinear functions, in composition form.

lemma bilinear-continuous-at-compose:
continuous (at x) f = continuous (at ©) g = bounded-bilinear h —>
continuous (at ) (Az. b (fz) (g z))

(proof)

lemma bilinear-continuous-within-compose:
continuous (at  within s) f = continuous (at x within s) g = bounded-bilinear
h =
continuous (at x within s) (Az. h (fz) (g x))

(proof)

lemma bilinear-continuous-on-compose:
continuous-on s f = continuous-on s ¢ = bounded-bilinear h =
continuous-on s (Az. h (fz) (g x))

(proof)

Preservation of compactness and connectedness under continuous function.

lemma compact-eg-openin-cover:
compact S +—
(VC. (Vcel. openin (subtopology euclidean S) ¢) AN S C|JC —
(3DCC. finite D NS CUD))
(proof)

lemma connected-continuous-image:
assumes continuous-on s f
and connected s
shows connected(f * s)

(proof)
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lemma connected-linear-image:
fixes [ :: ‘a::euclidean-space = 'b::real-normed-vector
assumes linear f and connected s
shows connected (f ‘ s)

(proof)

Continuity implies uniform continuity on a compact domain.

lemma compact-uniformly-continuous:
fixes [ :: 'a :: metric-space = 'b :: metric-space
assumes f: continuous-on s f
and s: compact s
shows uniformly-continuous-on s f

(proof)
A uniformly convergent limit of continuous functions is continuous.

lemma continuous-uniform-limit:
fixes [ :: 'a = 'b:metric-space = 'c::metric-space
assumes — trivial-limit F
and eventually (An. continuous-on s (f n)) F
and Ve>0. eventually (An. Vz€s. dist (fnz) (gz) <e) F
shows continuous-on s g

(proof)

16.27 Topological stuff lifted from and dropped to R

lemma open-real:
fixes s :: real set
shows open s «— (Vz € s. Je>0.Vz' |z —z| < e ——>z' € 3)

(proof)

lemma islimpt-approachable-real:
fixes s :: real set
shows z islimpt s «+— (Ve>0.3z'e s. a2’ £z A |a' — z| < e)
(proof )

lemma closed-real:
fixes s :: real set
shows closed s +— (Vz. (Ve>0. 3z’ €s.a’ £z Nz’ —z| <e) — z € 3)

(proof)

lemma continuous-at-real-range:

fixes [ :: ‘a::real-normed-vector = real

shows continuous (at z) f «— (Ve>0.3d>0.Vz' norm(z' — z) < d ——> |f
z' — fz| <e)

(proof)

lemma continuous-on-real-range:
fixes [ :: ‘a::real-normed-vector = real
shows continuous-on s f <—
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(Vz € s.Vex>0.3d>0. (Vz' € s. norm(z’ — z) < d — |fz' — fz] < ¢))
{proof)

Hence some handy theorems on distance, diameter etc. of/from a set.

lemma distance-attains-sup:
assumes compact s s # {}
shows Jze€s. Vyes. dist ay < dist a x

(proof)

For minimal distance, we only need closure, not compactness.

lemma distance-attains-inf:
fixes a :: 'a::heine-borel
assumes closed s and s # {}
obtains = where z€s A\y. y € s = dist ax < dist a y

(proof)

16.28 Cartesian products

lemma bounded-Times:
assumes bounded s bounded t
shows bounded (s x t)

(proof)

lemma mem-Times-iff: t € A X B<+— fstx € ANsndzx € B
(proof )

lemma seq-compact-Times: seq-compact s = seq-compact t => seq-compact (s
X 1)
(proof )

lemma compact-Times:
assumes compact s compact t
shows compact (s X t)

(proof )

Hence some useful properties follow quite easily.

lemma compact-scaling:
fixes s :: 'a::real-normed-vector set
assumes compact s
shows compact ((Az. ¢ xg ) ©3)

(proof)

lemma compact-negations:
fixes s :: 'a::real-normed-vector set
assumes compact s
shows compact (Az. — z) *s)

{proof)

lemma compact-sums:
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fixes s t :: 'a::real-normed-vector set
assumes compact s

and compact t
shows compact {x + y |z y. z € s Ny € t}

(proof)

lemma compact-differences:
fixes s t :: 'a::real-normed-vector set
assumes compact s
and compact t
shows compact {x — y |z y.z € s Ny € t}

(proof)

lemma compact-translation:
fixes s :: 'a::real-normed-vector set
assumes compact s
shows compact ((Az. a + ) ‘s)

(proof)

lemma compact-affinity:
fixes s :: 'a::real-normed-vector set
assumes compact s
shows compact ((Az. a + ¢ *p ) ©5)

(proof)

Hence we get the following.

lemma compact-sup-mazdistance:
fixes s :: 'a::metric-space set
assumes compact s

and s # {}

shows Jzes. Jyes. Vues. Voes. dist uv < dist z y
(proof)

We can state this in terms of diameter of a set.

definition diameter :: 'a::metric-space set = real where
diameter S = (if S = {} then 0 else SUP (z,y):SxS. dist z y)

lemma diameter-bounded-bound:
fixes s :: 'a :: metric-space set
assumes s: bounded sz € sy € s
shows dist x y < diameter s

(proof)

lemma diameter-lower-bounded:

fixes s :: 'a :: metric-space set
assumes s: bounded s

and d: 0 < d d < diameter s

shows Jzes. Jyes. d < dist x y
(proof)

170
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lemma diameter-bounded:
assumes bounded s
shows Vzes. Vyes. dist ¢y < diameter s
and Vd>0. d < diameter s — (Jz€s. Jy€s. distxy > d)

{proof)

lemma diameter-compact-attained:
assumes compact s

and s # {}
shows Jze€s. Jyes. dist vy = diameter s
(proof )

Related results with closure as the conclusion.

lemma closed-scaling:
fixes s :: 'a::real-normed-vector set
assumes closed s
shows closed (A\z. ¢ *g z) s)

(proof)

lemma closed-negations:
fixes s :: 'a::real-normed-vector set
assumes closed s
shows closed ((Az. —z) ©s)

{proof)

lemma compact-closed-sums:
fixes s :: 'a::real-normed-vector set
assumes compact s and closed t
shows closed {x + y | zy. x € s Ny € t}

(proof)

lemma closed-compact-sums:
fixes s t :: 'a::real-normed-vector set
assumes closed s
and compact t
shows closed {z + y | zy.z € s Ay € t}

(proof)

lemma compact-closed-differences:
fixes s t :: 'a::real-normed-vector set
assumes compact s
and closed t
shows closed {t —y|zy.z € s Ay €t}

(proof)

lemma closed-compact-differences:
fixes s t :: 'a::real-normed-vector set
assumes closed s
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and compact t
shows closed {x — y | zy.x € s Ny € t}

(proof)

lemma closed-translation:
fixes a :: 'a::real-normed-vector
assumes closed s
shows closed ((Az. a + z) ‘s)

(proof)

lemma translation-Compl:
fixes a :: 'a::ab-group-add
shows (A\z. a + z) ‘(= t) == (Az. a + z) ‘1)
(proof )

lemma translation-UNIV:
fixes a :: 'a::ab-group-add
shows range (A\z. a + z) = UNIV
(proof)

lemma translation-diff:
fixes a :: 'a::ab-group-add
shows (A\z. a +2) ‘(s —t) = ((Az.a+z) ‘s) — (Az. a + 2) ‘1)
(proof)

lemma closure-translation:
fixes a :: 'a::real-normed-vector
shows closure (Az. a + z) ‘s) = (Az. a + z) ‘ (closure s)

(proof)

lemma frontier-translation:
fixes a :: 'a::real-normed-vector
shows frontier((Az. a + z) ‘s) = (Azx. a + z) * (frontier s)
(proof)

16.29 Separation between points and sets

lemma separate-point-closed:
fixes s :: 'a::heine-borel set
assumes closed s and a ¢ s
shows dd>0.Vzes. d < dist a x

(proof)

lemma separate-compact-closed:
fixes s t :: ‘a::heine-borel set
assumes compact s
and t: closed t s Nt = {}
shows 3d>0.Vzes. Vyet. d < distz y

(proof)
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lemma separate-closed-compact:
fixes s t :: ‘a::heine-borel set
assumes closed s
and compact t
and s Nt ={}
shows 3d>0. Vzes. Vyect. d < distz y

(proof)

16.30 Closure of halfspaces and hyperplanes

lemma isCont-open-vimage:
assumes Az. isCont f
and open s
shows open (f —*s)
(proof)

lemma isCont-closed-vimage:
assumes Az. isCont f x
and closed s
shows closed (f —*s)

{proof)

lemma open-Collect-less:
fixes f g :: 'a::t2-space = real
assumes f: Az. isCont f z
and g: Az. isCont g x
shows open {z. fz < gz}
{proof )

lemma closed-Collect-le:
fixes f g :: 'a::t2-space = real
assumes f: Az. isCont f z
and g: Az. isCont g x
shows closed {z. fz < gz}

(proof)

lemma closed-Collect-eq:
fixes f g :: 'a::t2-space = 'b::t2-space
assumes f: Az. isCont f z
and g: Az. isCont g x
shows closed {z. fz = g x}
(proof)

lemma continuous-on-closed-Collect-le:
fixes f g :: 'a::t2-space = real
assumes f: continuous-on s f and g: continuous-on s g and s: closed s
shows closed {z € s. fz < gz}

(proof)
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lemma continuous-at-inner: continuous (at x) (inner a)

{proof)

lemma closed-halfspace-le: closed {z. inner a x < b}

{proof)

lemma closed-halfspace-ge: closed {x. inner a x > b}

{proof)

lemma closed-hyperplane: closed {x. inner a © = b}

{proof)
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lemma closed-halfspace-component-le: closed {x::'a::euclidean-space. z-i < a}

(proof)

lemma closed-halfspace-component-ge: closed {z::'a::euclidean-space. x+i > a}

{proof)

lemma closed-interval-left:
fixes b :: 'a::euclidean-space
shows closed {z::’a. Vi€ Basis. z+i < b+i}
(proof)

lemma closed-interval-right:
fixes a :: 'a::euclidean-space
shows closed {z::'a. Vi€Basis. a-i < z-i}
(proof)

lemma continuous-le-on-closure:
fixes a::real
assumes f: continuous-on (closure s) f
and z: ¢ € closure(s)
and zlo: N\z. z € s ==> f(z) < a
shows f(z) < a

(proof)

lemma continuous-ge-on-closure:
fixes a::real
assumes f: continuous-on (closure s) f
and z: z € closure(s)
and zlo: N\z. z € s ==> f(z) > a
shows f(z) > a
(proof)

Openness of halfspaces.

lemma open-halfspace-lt: open {x. inner a © < b}

{proof)
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lemma open-halfspace-gt: open {x. inner a z > b}
(proof )

lemma open-halfspace-component-it: open {x::'a::euclidean-space. z+i < a}
(proof )

lemma open-halfspace-component-gt: open {xz::'a::euclidean-space. z-i > a}
(proof)

This gives a simple derivation of limit component bounds.

lemma Lim-component-le:
fixes [ :: 'a = 'b::euclidean-space
assumes (f — 1) net
and - (trivial-limit net)
and eventually (A\z. f(x)-i < b) net
shows [ < b
(proof )

lemma Lim-component-ge:
fixes [ :: 'a = 'b::euclidean-space
assumes (f —— 1) net
and - (trivial-limit net)
and eventually (Az. b < (f z)-1) net
shows b <[4
(proof)

lemma Lim-component-eq:
fixes [ :: 'a = 'b::euclidean-space
assumes net: (f —— 1) net - trivial-limit net
and ev:eventually (Az. f(x)i = b) net
shows [-i = b
(proof)

Limits relative to a union.

lemma eventually-within-Un:
eventually P (at z within (s U t)) «—
eventually P (at z within s) A eventually P (at x within t)

{proof)

lemma Lim-within-union:
(f —— 1) (at z within (s U t)) «—
(f —— 1) (at z within s) A (f —— 1) (at x within t)

{proof)

lemma Lim-topological:
(f —— 1) net +—
trivial-limit net V (¥ S. open S — | € S — eventually (A\z. fx € S) net)

{proof)

Continuity relative to a union.
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lemma continuous-on-Un-local:
[closedin (subtopology euclidean (s U t)) s; closedin (subtopology euclidean (s
U t)) t;
continuous-on s f; continuous-on t f|
= continuous-on (s U t) f

{proof)

lemma continuous-on-cases-local:
[closedin (subtopology euclidean (s U t)) s; closedin (subtopology euclidean (s
Ut))t;
continuous-on s f; continuous-on t g;
Ne.[tesAN"PzVzetANPz] = fz=g2x]
= continuous-on (s U t) (Az. if P x then f x else g z)
{proof)

lemma continuous-on-cases-le:
fixes h :: 'a :: topological-space = real
assumes continuous-on {t € s. ht < a} f
and continuous-on {t € s. a < ht} g
and h: continuous-on s h
and \t. [t€es;ht=a] = ft=gt
shows continuous-on s (At. if h t < a then f(t) else g(t))
(proof)

lemma continuous-on-cases-1:
fixes s :: real set
assumes continuous-on {t € s. t < a} f
and continuous-on {t € s. a < t} g
and ¢ € s = fa=ga
shows continuous-on s (At. if t < a then f(t) else g(t))
(proof)

Some more convenient intermediate-value theorem formulations.

lemma connected-ivt-hyperplane:
assumes connected s
and z € s
and y € s
and inner axz < b
and b < inner a y
shows 32z € s. inneraz =10

(proof)

lemma connected-ivt-component:
fixes z::'a::euclidean-space
shows connected s =
rTEeEs—Yyecs—
zk <a= a<yk= (Iz2€s. z:k=a)
(proof)
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16.31 Intervals

lemma open-boz[intro]: open (bozx a b)

(proof)

instance euclidean-space C second-countable-topology
(proof)

instance euclidean-space C polish-space (proof)

lemma closed-cbox[intro]:
fixes a b :: 'a::euclidean-space
shows closed (cbox a b)

(proof)

lemma interior-cbox [simp]:

fixes a b :: 'a::euclidean-space

shows interior (cbox a b) = box a b (is ?L = ?R)
(proof)

lemma bounded-cbozx:
fixes a :: 'a:euclidean-space
shows bounded (cbox a b)

(proof)

lemma bounded-box [simp]:
fixes a :: 'a::euclidean-space
shows bounded (boz a b)

{proof)

lemma not-interval-UNIV [simp]:
fixes a :: 'a::euclidean-space
shows cboz a b # UNIV box a b # UNIV

{proof)

lemma compact-cbox [simp]:
fixes a :: 'a::euclidean-space
shows compact (cbox a b)

(proof)

lemma box-midpoint:
fixes a :: 'a::euclidean-space
assumes boz a b # {}
shows ((1/2) *r (a + b)) € box a b
(proof)

lemma open-cboz-convex:
fixes 7 :: 'a::euclidean-space
assumes z: z € bozr a b
and y: y € cbor a b
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and e: 0 < ee < 1
shows (e xg z + (I — €) *p y) € box a b
(proof)

lemma closure-boz:
fixes a :: 'a::euclidean-space
assumes boz a b # {}
shows closure (box a b) = cbox a b

(proof)

lemma bounded-subset-boz-symmetric:
fixes s::(‘a::euclidean-space) set
assumes bounded s
shows Ja. s C box (—a) a

(proof)

lemma bounded-subset-open-interval:
fixes s :: ('a::euclidean-space) set
shows bounded s = (3a b. s C box a b)
{proof)

lemma bounded-subset-cboz-symmetric:
fixes s :: ('a::euclidean-space) set
assumes bounded s
shows Ja. s C cboz (—a) a

(proof)

lemma bounded-subset-cboz:
fixes s :: ('a::euclidean-space) set
shows bounded s =—> Ja b. s C cbox a b

(proof)

lemma frontier-cbox:
fixes a b :: 'a::euclidean-space
shows frontier (cboz a b) = cbox a b — box a b

{proof)

lemma frontier-box:
fixes a b :: 'a::euclidean-space
shows frontier (box a b) = (if box a b = {} then {} else cbox a b — box a b)

(proof)

lemma inter-interval-mized-eq-empty:
fixes a :: 'a::euclidean-space
assumes boz ¢ d # {}
shows boz a b N cbox ¢ d = {} +— boxa b N boxcd={}

(proof)

lemma diameter-cbox:



THEORY “Topology-Euclidean-Space” 179

fixes a b::'a::euclidean-space
shows (Vi € Basis. a - i < b« i) = diameter (cbox a b) = dist a b

{proof)

lemma eucl-less-eq-halfspaces:
fixes a :: 'a::euclidean-space
shows {z. z <e a} = ((i€Basis. {z. x - i < a - i})
{z. a <ex} = (Ni€Basis. {z. a - i <z -1i})
(proof)

lemma eucl-le-eq-halfspaces:
fixes a :: 'a::euclidean-space
shows {z. Vi€Basis. v - i < a - i} = ((i€Basis. {z. v - i < a -« i})
{z.Vi€Basis. a - i <z - i} = ((i€Basis. {z. a - i < z - i})

(proof)

lemma open-Collect-eucl-less[simp, intro]:
fixes a :: 'a::euclidean-space
shows open {z. z <e a}
open {z. a <e x}
(proof )

lemma closed-Collect-eucl-le[simp, intro]:
fixes a :: 'a::euclidean-space
shows closed {z. Vi€Basis. a - i < z - i}
closed {x. YV i€Basis. z - i < a - i}
{proof)

lemma image-affinity-cbox: fixes m::real
fixes a b c :: 'a::euclidean-space
shows (Az. m xg x + ¢) ‘cbor a b =
(if cbox a b = {} then {}
else (if 0 < m then cbox (m *r a + ¢) (m *gr b + ¢)
else cbox (m *p b + ¢) (m *xg a + ¢)))
(proof)

lemma image-smult-cbor:(Az. m xg (z::-::euclidean-space)) ¢ cbox a b =

(if cboxz a b = {} then {} else if 0 < m then cbox (m *g a) (m *g b) else cbox
(m xg b) (m *gr a))

{proof )

lemma islimpt-greaterThanLessThanl:
fixes a b::'a::{linorder-topology, dense-order}
assumes a < b
shows a islimpt {a<..<b}

(proof)

lemma islimpt-greaterThanLessThan2:
fixes a b::'a::{linorder-topology, dense-order}
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assumes a < b
shows b islimpt {a<..<b}

(proof)

lemma closure-greater ThanLess Than[simp]:
fixes a b::'a::{linorder-topology, dense-order}
shows a < b = closure {a <.< b} ={a .. b} (is - = 2l = 7r)

(proof)

lemma closure-greater Than[simp):
fixes a b::'a::{no-top, linorder-topology, dense-order}
shows closure {a<..} = {a..}

(proof)

lemma closure-lessThan[simp]:
fixes b::’a::{no-bot, linorder-topology, dense-order}
shows closure {..<b} = {..b}

(proof)

lemma closure-atLeastLess Than[simp):
fixes a b::'a::{linorder-topology, dense-order}
assumes a < b
shows closure {a ..< b} = {a .. b}

(proof)

lemma closure-greater ThanAtMost[simp):
fixes a b::'a::{linorder-topology, dense-order}
assumes a < b
shows closure {a <.. b} = {a .. b}

(proof)

16.32 Homeomorphisms

definition homeomorphism s t f g +—
(Vzes. (¢(fz) =2)) A (f ‘s =1t) A continuous-on s f A
(Vyet. (f(gy) =v)) A (g ‘t =3s) A continuous-on t g

lemma homeomorphism-translation:

fixes a :: 'a :: real-normed-vector

shows homeomorphism (op + a *S) S (op + (— a)) (op + a)
(proof)

lemma homeomorphism-symD: homeomorphism S t f g = homeomorphism t S g

f
(proof)

lemma homeomorphism-sym: homeomorphism S t f g = homeomorphism t S g f
(proof)
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definition homeomorphic :: 'a::topological-space set = 'b::topological-space set =
bool
(infixr homeomorphic 60)
where s homeomorphic t = (3 f g. homeomorphism st f g)

lemma homeomorphic-refl: s homeomorphic s
(proof)

lemma homeomorphic-sym: s homeomorphic t <— t homeomorphic s
{proof )

lemma homeomorphic-trans [trans]:
assumes s homeomorphic t
and t homeomorphic u
shows s homeomorphic u

(proof)

lemma homeomorphic-minimal:
s homeomorphic t <—
(3fg. (Vzes. f(z) € t A (9(f(2)) = 2)) A
(Vyet. g(y) € s A (f(g(y)) = y)) A
continuous-on s f A continuous-on t g)

(proof)

Relatively weak hypotheses if a set is compact.

lemma homeomorphism-compact:
fixes f :: ‘a::topological-space = 'b::t2-space
assumes compact s continuous-on s f f ‘s =1 inj-on fs
shows 3 g. homeomorphism st f g

(proof)

lemma homeomorphic-compact:

fixes f :: ‘a::topological-space = 'b::t2-space

shows compact s = continuous-on s f = (f ‘s = t) = inj-on fs = s
homeomorphic t

{proof)

Preservation of topological properties.

lemma homeomorphic-compactness: s homeomorphic t = (compact s «— com-
pact t)
(proof)

Results on translation, scaling etc.

lemma homeomorphic-scaling:
fixes s :: 'a::real-normed-vector set
assumes ¢ # 0
shows s homeomorphic ((A\zx. ¢ xg x) 8)

{proof)
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lemma homeomorphic-translation:
fixes s :: 'a::real-normed-vector set
shows s homeomorphic (Az. a + z) *s)

{proof)

lemma homeomorphic-affinity:
fixes s :: 'a::real-normed-vector set
assumes ¢ # 0
shows s homeomorphic ((Az. a + ¢ *g z) ©3)

(proof)

lemma homeomorphic-balls:
fixes a b ::'a::real-normed-vector
assumes (0 < d 0 <e
shows (ball a d) homeomorphic (ball b €) (is ?th)
and (cball a d) homeomorphic (cball b e) (is %cth)

(proof)

"Isometry” (up to constant bounds) of injective linear map etc.

lemma cauchy-isometric:

assumes e: e > (
and s: subspace s
and f: bounded-linear f
and normf: Vx€s. norm (fz) > e x norm z
and zs: Vn.xzn € s
and c¢f: Cauchy (f o z)

shows Cauchy z

(proof)

lemma complete-isometric-image:
assumes 0 < e
and s: subspace s
and f: bounded-linear f
and normf: Vzes. norm(f z) > e * norm(z)
and cs: complete s
shows complete (f ¢ s)

(proof)

lemma injective-imp-isometric:
fixes f :: ‘a::euclidean-space = 'b::euclidean-space
assumes s: closed s subspace s
and f: bounded-linear f Vax€s. fx =0 — z =0
shows Je>0. Vzes. norm (fz) > e x norm x

(proof)

lemma closed-injective-image-subspace:
fixes f :: ‘a::euclidean-space = 'b::euclidean-space
assumes subspace s bounded-linear f Vax€s. fx = 0 — x = 0 closed s
shows closed(f * s)
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(proof)

16.33 Some properties of a canonical subspace

lemma subspace-substandard:
subspace {z::'a::euclidean-space. (Vi€ Basis. P i — z-i = 0)}
(proof)

lemma closed-substandard:
closed {z::'a::euclidean-space. ¥ i€ Basis. P i ——> x-i = 0} (is closed ?A)

(proof)

lemma dim-substandard:

assumes d: d C Basis

shows dim {z::'a::euclidean-space. ¥ i€ Basis. i ¢ d — z-i = 0} = card d (is
dim ?A = -)
(proof )

Hence closure and completeness of all subspaces.

lemma ex-card:
assumes n < card A
shows 3 S5CA. card S = n

(proof)

lemma closed-subspace:
fixes s :: 'a::euclidean-space set
assumes subspace s
shows closed s

(proof)

lemma complete-subspace:
fixes s :: ('a::euclidean-space) set
shows subspace s = complete s
(proof )

lemma dim-closure:

fixes s :: ('a::euclidean-space) set

shows dim(closure s) = dim s (is ¢dc = ?d)
(proof)

16.34 Affine transformations of intervals

lemma real-affinity-le:
0 < (m:'az:linordered-field) = (m * z + ¢ < y +— z < inverse(m) * y + —(c
/ m))

(proof)

lemma real-le-affinity:
0 < (m:'a:linordered-field) = (y < m * z + ¢ +— inverse(m) * y + —(c /
m) < )
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{proof)

lemma real-affinity-It:
0 < (m:'az:linordered-field) = (m x ¢ + ¢ < y «— z < inverse(m) x y + —(c
/ m))

(proof)

lemma real-lt-affinity:

0 < (m:'a::linordered-field) = (y < m % & + ¢ <— inverse(m) * y + —(c /
m) < z)

(proof )

lemma real-affinity-eq:
(m:'a::linordered-field) # 0 = (m * ¢ + ¢ = y +— z = inverse(m) x y + —(c
/ m))

(proof)

lemma real-eq-affinity:

(m::'a::linordered-field) # 0 = (y = m * z + ¢ +— inverse(m) * y + —(c¢ /
m) = )

(proof )

16.35 Banach fixed point theorem (not really topological...)

theorem banach-fiz:
assumes s: complete s s # {}
and c: 0 < ce< 1
and f: (f“s) C s
and lipschitz: Vx€s. Vyes. dist (fz) (fy) < cx distxy
shows Flz€s. fz =2
(proof)

16.36 Edelstein fixed point theorem

theorem edelstein-fiz:
fixes s :: 'a::metric-space set
assumes s: compact s s # {}
and gs: (g ‘s) C s
and dist: Vaz€s. VyeEs. ¢ #y — dist (gz) (gy) < distz y
shows Jlzes. gz ==z

(proof)

lemma cball-subset-cball-iff :
fixes a :: 'a :: euclidean-space
shows cball ar C cball a’ r' +— distaa’' + 7 <r'Vr<o0
(is ?lhs = ?rhs)

(proof)

lemma cball-subset-ball-iff :
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fixes a :: 'a :: euclidean-space
shows cballar C balla’ r' +— distaa' +r<r'Vr<o0
(is ?lhs = ?rhs)

(proof)

lemma ball-subset-cball-iff :
fixes a :: 'a :: euclidean-space
shows ballar Ccballa' r' +— distaa’' +7r<r'vr <0
(is ?lhs = ?rhs)

(proof)

lemma ball-subset-ball-iff :
fixes a :: 'a :: euclidean-space
shows ballar Cballa’' r'+— distaa’ +r<r'Vr <0
(is ?lhs = ?rhs)

(proof)

lemma ball-eq-ball-iff
fixes z :: 'a :: euclidean-space
shows ballz d = ballye «— d < 0 Ne< 0V =y A d=e
(is ?lhs = ?rhs)

(proof)

lemma cball-eq-cball-iff:
fixes = :: 'a :: euclidean-space
shows cballz d = cballye ¢«— d < 0 Ne< 0V =y A d=e
(is ?lhs = ?rhs)

(proof)

lemma ball-eq-cball-iff :
fixes = :: 'a :: euclidean-space

shows ball z d = cbally e +— d < 0 N e < 0 (is ?lhs = ?rhs)
(proof)

lemma cball-eq-ball-iff :
fixes = :: 'a :: euclidean-space

shows cballz d =ballye +— d < 0 Ne<0
(proof)

no-notation
eucl-less (infix <e 50)

end

17 Convexity in real vector spaces

theory Convex
imports Product- Vector

185
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begin

17.1 Convexity

definition convez :: 'a::real-vector set = bool
where convezr s «— (Vz€s. Vy€s. Vu>0.Vv>0. u+v=1— u*px + v
*R Y € 5)

lemma convezl:

assumes A\zyuv.z€s—=y€s —=0<u—0<v=—ut+v=1=
U*XR T + VxR Y €S

shows convex s

(proof )

lemma convexD:
assumes conver sand r € sand y € sand 0 < uvand 0 <vand u + v =1
shows u xp © + v xp y € s

(proof)

lemma convez-alt:
conver s «— (Vzes. Vyes.Vu. 0 <uAhu<1— (I —u)*gz+ u*py)

€ 3)
(is - «— Zalt)
(proof)

lemma convexD-alt:
assumes conver s a € sb e s0 <uwu<1I
shows ((1 — u) *xg a + u *g b) € s
(proof )

lemma mem-convex-alt:
assumes convex Sz € Sy e Su>0v>0u+v >0
shows ((u/(u+v)) *r ¢ + (v/(u+v)) *xgr y) € S
(proof )

lemma convez-emptylintro,simp]: convezx {}
{proof)

lemma convez-singleton[intro,simp]: convex {a}
{proof)

lemma convez-UNIV [intro,simp]: convex UNIV
{proof)

lemma convez-Inter: (¥ s€f. conver s) = convez([)f)
{proof)

lemma convez-Int: conver s => convex t = convez (s N t)
(proof)
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lemma convez-INT: Vi€ A. conver (B i) = convexr ([i€A. B i)
{proof)

lemma convez-Times: conver s = convex t = convez (s X t)
{proof)

lemma convez-halfspace-le: conver {x. inner a z < b}
{proof)

lemma convez-halfspace-ge: conver {x. inner a © > b}

(proof)

lemma convez-hyperplane: convex {z. inner a x = b}

(proof)

lemma convez-halfspace-lt: conver {z. inner a x < b}
{proof)

lemma convez-halfspace-gt: conver {x. inner a x > b}

(proof)

lemma convez-real-interval [iff]:
fixes a b :: real
shows conver {a..} and convez {..b}
and conver {a<..} and conver {..<b}
and conver {a..b} and convexr {a<..b}
and conver {a..<b} and conver {a<..<b}

(proof)

lemma convex-Reals: convex IR
(proof)

17.2 Explicit expressions for convexity in terms of arbitrary
sums

lemma convex-setsum:
fixes C :: 'a::real-vector set
assumes finite s
and convexr C
and (3] i€s.ai)=1
assumes A\i. i € s = ai >0
and \i. i€ s=yieC
shows (> j€s.aj*pyj)eC
(proof)

lemma convez:
conver s +— (V(kunat) uz. (Vi. 1I<i ANi<k — 0 < ui A zi €s) A (setsum
u{l.k} =1)
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— setsum (Ni. u i xg v1) {1..k} € s)
(proof)

lemma convez-explicit:
fixes s :: 'a::real-vector set
shows conver s +—
(Vtu. finitet Nt C s A (Vaet. 0 <uz) A setsumut =1 — setsum (Az.
uTxp x)tES)

(proof)

lemma convez-finite:

assumes finite s

shows conver s +— (Vu. (Vz€s. 0 < uz) A setsum u s = 1 — setsum (A\z.
UL kR T) S E S)

(proof )

17.3 Functions that are convex on a set

definition convez-on :: 'a::real-vector set = (‘a = real) = bool
where convez-on s f <—
(Vzes. Vyes. Vu>0.Vv>0. u+v=1—f (usgpz+vs*py) <uxfz
+vxfy)

lemma convez-onl [intro?]:
assumes \tzy. t >0 —=t< 1 —=21€A=—=yc A=
f@=t)yspot+txpy) < —t)xfo+itxfy
shows convez-on A f
(proof)

lemma convez-on-linorderl [intro?]:
fixes A :: (‘a::{linorder,real-vector}) set
assumes A\tzy. t >0 —=1t< 1 =€ d=—=ycd=—=2<y—
f{(1—-ts*px+txgy) < —t)xfax+txfy
shows conver-on A f

(proof)

lemma convez-onD:
assumes convex-on A f
shows Atzy. t>0=—=1t<1 —=zr€d=ycd—=
F(1 —t)*pz+trpy) < —tO)xfz+txfy
(proof)

lemma convez-onD-Icc:
assumes convez-on {z..y} fz < (y i - 2 {real-vector,preorder})
shows At.t>0=1< 1=
fZ—-8*rz+txpy) <1 —t)xfot+txfy
(proof)
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lemma convez-on-subset: conver-on t f = s C t = convez-on s f

{proof)

lemma convez-on-add [intro]:
assumes convex-on s f
and convex-on s g
shows convez-on s (A\z. fz + g x)

(proof)

lemma convez-on-cmul [intro]:
fixes c :: real
assumes ( < ¢
and convex-on s f
shows convez-on s (Az. ¢ * f )

(proof)

lemma convez-lower:
assumes convex-on s f
and z € s
and y € s
and 0 < u
and 0 < v
and u + v = 1
shows f (u *p ¢ + v *p y) < maz (fz) (fy)
(proof)

lemma convez-on-dist [intro]:
fixes s :: 'a::real-normed-vector set
shows convez-on s (Az. dist a x)

(proof)

17.4 Arithmetic operations on sets preserve convexity

lemma convez-linear-image:
assumes linear f
and convex s
shows convez (f ‘s)

(proof)

lemma convex-linear-vimage:
assumes linear f
and conver s
shows convez (f —°s)

(proof)

lemma convez-scaling:
assumes convez s
shows conver ((Az. ¢ *p ) ©s)

(proof)

189
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lemma convez-scaled:
assumes conver s
shows conver ((Az. z *g ¢) ‘)

(proof)

lemma convez-negations:
assumes convez s
shows conver ((Az. — z) )

(proof)

lemma convex-sums:
assumes convez s
and conver t
shows conver {z + y| zy.z € s Ny € t}

(proof)

lemma convez-differences:
assumes conver s conver t
shows conver {z — y| zy.z € s Ny € t}

(proof)

lemma convex-translation:
assumes conver s
shows conver ((Az. a + z) ©3)

(proof)

lemma convez-affinity:
assumes conver §
shows convez ((Az. a + ¢ *xg x) ©s)

{(proof)

lemma pos-is-convez: convex {0 :: real <..}
{proof)

lemma convez-on-setsum:

fixes a :: 'a = real

and y :: ‘a = 'b:real-vector

and f :: 'b = real
assumes finite s s # {}

and convex-on C f

and convex C

and (}° i €s.a1) =1

and \i.i€s=ai>0

and \i.i e s=yieC
shows f (3. i€s.aixgpyi) < (D, i€s. aixf(yi))
(proof )

lemma convex-on-alt:
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fixes C :: 'a::real-vector set
assumes conver C
shows convez-on C f +—
NVzeCVyelCVpuurea p>0Ap<1—
fuspe + (1 —p)*ry) <px*fo+ (1 —p)*fy)
(proof)

lemma convex-on-diff:
fixes f :: real = real
assumes f: convez-on I f
and Iz e lyel
and t:z < tt <y
shows (fa — f1) / (t — ) < (fx — fy) / (z — y)
and (fz —fy) /(. —y) < (ft—Ffy) /(- y)
{proof )

lemma pos-convex-function:
fixes f :: real = real
assumes conver C
and leg: N\ey.z2€e C =ye C = f'ax(y—2z)<fy—fz
shows convex-on C f
(proof)

lemma atMostAtLeast-subset-convex:
fixes C' :: real set
assumes convexr C'
andze Cye Czx <y
shows {z .. y} C C
(proof)

lemma f''-imp-f":

fixes f :: real = real

assumes convex C
and f: A\z. 2 € C = DERIV fz > (f'x)
and f': A\z. 2 € C = DERIV 'z :> (f" z)
and pos: A\z.2 € C = f" 2> 0
andz e Cye C

shows f'z x (y —z) < fy — fx

(proof)

lemma f’’-ge0-imp-convez:

fixes f :: real = real

assumes conv: conver C
and f: Az. z € C = DERIV fz :> (f' z)
and f': A\z. 2z € C = DERIV 'z :> (f" z)
and pos: A\z. 2 € C = "2 >0

shows convex-on C f

(proof )
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lemma minus-log-convex:
fixes b :: real
assumes b > 1
shows convez-on {0 <..} (A z. — log b z)

(proof)

17.5 Convexity of real functions

lemma convez-on-reall:
assumes connected A
assumes A\z. z € A = (f has-real-derivative f' z) (at z)
assumes \zy. 2 € A —=ye A=< y= fa<fy
shows convez-on A f

(proof)

lemma convex-on-inverse:
assumes A C {0<..}
shows convez-on A (inverse :: real = real)

(proof)

lemma convez-onD-Icc”:
assumes convez-on {z..y} fc¢ € {z..y}
definesd =y — ¢
shows fc<(fy—fz)/dx(c—2z)+ [z
(proof )

lemma conves-onD-Icc'":
assumes convez-on {z..y} fc € {z..y}
definesd =y — =z
shows fe<(fz—fy)/dx(y—c)+fy
(proof)

end

18 Algebraic operations on sets

theory Set-Algebras
imports Main
begin

This library lifts operations like addition and multiplication to sets. It was
designed to support asymptotic calculations. See the comments at the top
of theory BigO.

instantiation set :: (plus) plus
begin

definition plus-set :: 'a:plus set = ’a set = 'a set where
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set-plus-def: A + B = {c. Ja€A. FbEB. ¢ = a + b}
instance (proof)
end

instantiation set :: (times) times
begin

definition times-set :: 'a::times set = 'a set = 'a set where
set-times-def: A * B = {c. Ja€A. 3bEB. ¢ = a x b}

instance (proof)
end

instantiation set :: (zero) zero
begin

definition
set-zero[simp]: (0::'a::zero set) = {0}

instance (proof)
end

instantiation set :: (one) one
begin

definition
set-one[simp]: (1::'a::one set) = {1}

instance (proof)
end

definition elt-set-plus :: 'a::plus = 'a set = 'a set (infixl +o0 70) where
a+oB={c. 3beB. ¢ =a + b}

definition elt-set-times :: 'a::times = 'a set = 'a set (infixl xo 80) where
ax0 B ={c.3beEB. ¢ = a * b}

abbreviation (input) elt-set-eq :: 'a = 'a set = bool (infix =0 50) where
r=0A=x€A

instance set :: (semigroup-add) semigroup-add

(proof)

instance set :: (ab-semigroup-add) ab-semigroup-add
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{proof)

instance set :: (monoid-add) monoid-add
{proof)

instance set :: (comm-monoid-add) comm-monoid-add
{proof )

instance set :: (semigroup-mult) semigroup-mult
(proof )

instance set :: (ab-semigroup-mult) ab-semigroup-mult
(proof)

instance set :: (monoid-mult) monoid-mult
{proof)

instance set :: (comm-monoid-mult) comm-monoid-mult
{proof)

lemma set-plus-intro [intro]: a € C = be D = a+be C+ D
{proof)

lemma set-plus-elim:
assumes z € A + B
obtains ¢ b where z = a + band a € Aand b € B

{proof)

lemma set-plus-intro2 [intro]: b € C = a + b € a +0 C
{proof)

lemma set-plus-rearrange:
((a::'az:comm-monoid-add) +o C) + (b +0 D) = (a + b) +0 (C + D)
{proof)

lemma set-plus-rearrange2: (a::'a::semigroup-add) +o (b +0 C) = (a + b) 40 C
{proof)

lemma set-plus-rearrange3: ((a::'a::semigroup-add) +0 B) + C = a 40 (B + C)
{proof)

theorem set-plus-rearrange4: C + ((a::'a::comm-monoid-add) +o0 D) = a +o (C
+ D)
(proof)

lemmas set-plus-rearranges = set-plus-rearrange set-plus-rearrange?2
set-plus-rearrange8 set-plus-rearrange/

lemma set-plus-mono [intro!]: C C D = a +0 C C a +0 D
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{proof)

lemma set-plus-mono2 [intro]: (C::'a:plus set) C D = E CF = C + E C
D+ F
{proof)

lemma set-plus-mono3 [intro]: « € C = a +0o D C C + D
{proof)

lemma set-plus-mono4 [intro]: (a::'a::comm-monoid-add) € C = a +0o D C D
+C
{proof)

lemma set-plus-monos: a € C = BC D= a+0B C C+ D

(proof)

lemma set-plus-mono-b: C C D =z €a+0C =z €a+0D
(proof)

lemma set-plus-mono2-b: C CD — FCF =z (C+F=z€D+ F
(proof)

lemma set-plus-mono3-b: a € C =z €a+0D =2 € C+ D
(proof )

lemma set-plus-mono4-b: (a::'a::comm-monoid-add) : C = z € a +0o D =
eD+C
(proof)

lemma set-zero-plus [simp): (0::'a::comm-monoid-add) +o0 C = C

(proof )

lemma set-zero-plus2: (0::'a::comm-monoid-add) € A= B C A+ B
{proof)

lemma set-plus-imp-minus: (a::'a::ab-group-add) : b +0 C = (a — b) € C
(proof )

lemma set-minus-imp-plus: (a::'a::ab-group-add) — b : C = a € b +o0 C
(proof )

lemma set-minus-plus: (a::'a::ab-group-add) — b € C «— a € b 40 C
{proof)

lemma set-times-intro [intro]: a € C = be D = axbe Cx D
{proof)

lemma set-times-elim:
assumes z € A x B
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obtains ¢ b where z = a*xband a € Aand b € B
(proof )

lemma set-times-intro2 [introl]: b € C = a x b € a x0 C

(proof)

lemma set-times-rearrange:
((a::'a::comm-monoid-mult) xo C) * (b xo D) = (a % b) x0 (C * D)
{proof)

lemma set-times-rearrange2:
(a::'a::semigroup-mult) xo (b 0 C) = (a * b) x0 C
{proof )

lemma set-times-rearranges3:
((a::'a::semigroup-mult) xo B) x C = a x0 (B x C)
(proof )

theorem set-times-rearranges :
C * ((a:'a::comm-monoid-mult) o D) = a xo (C' * D)

(proof)

lemmas set-times-rearranges = set-times-rearrange set-times-rearrange2
set-times-rearrange3 set-times-rearrange4

lemma set-times-mono [intro]: C C D = a x0 C C a %0 D

{proof)

lemma set-times-mono2 [intro]: (C::'a::times set) CD = EC F — C x E C
D x F

(proof)

lemma set-times-mono3 [intro]: a € C = a xo D C C % D
{proof)

lemma set-times-mono4 [introl: (a::'a::comm-monoid-mult) : C = a x0o D C D
x C

{proof)

lemma set-times-monob: a € C = B C D = a*x0B C C x D
(proof)

lemma set-times-mono-b: C C D =z € a x0o C = x € a x0 D
(proof )

lemma set-times-mono2-b: C C D — FECF —2e€ (CxFE=—2€Dx F

(proof)

lemma set-times-mono3-b: a € C —= v € axoD — x € C x D
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{proof)

lemma set-times-mono4-b: (a::'a::comm-monoid-mult) € C = = € a 0o D =
ze€DxC

(proof)

lemma set-one-times [simp]: (1::'a::comm-monoid-mult) xo C = C
{proof)

lemma set-times-plus-distrib:
(a::'a:semiring) *o (b +0 C) = (a * b) +o0 (a xo0 C)
(proof)

lemma set-times-plus-distrib2:
(a:'a::semiring) xo (B + C) = (a *0 B) + (a *0 C)
(proof)

lemma set-times-plus-distrib3: ((a::’a::semiring) 40 C) * D Caxo D + C x D
{proof)

lemmas set-times-plus-distribs =
set-times-plus-distrib
set-times-plus-distrib2

lemma set-neg-intro: (a::’a::ring-1) € (— 1) x0 C = —a € C
{proof)

lemma set-neg-intro2: (a::’a::ring-1) € C = —a € (— 1) x0 C
{proof)

lemma set-plus-image: S + T = (A(z, y). x + y) * (S x T)
(proof)

lemma set-times-image: S * T = (A(z, y). . xy) * (S x T)
{proof)

lemma finite-set-plus: finite s = finite t = finite (s + t)
(proof)

lemma finite-set-times: finite s = finite t = finite (s x t)
(proof )

lemma set-setsum-alt:
assumes fin: finite I
shows setsum S I = {setsum s I |s. Vi€l. si € S i}
(is - = %setsum I)

(proof)

lemma setsum-set-cond-linear:
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fixes [ :: ‘a::comm-monoid-add set = 'b::comm-monoid-add set
assumes [intro!]: NANAB.PA = PB = P (A+ B) P {0}

and f: N\AAB.PA —= PB=f(A+B)=fA+ fBf {0} ={0}
assumes all: A\i. i € I = P (Si)
shows f (setsum S I) = setsum (f o S) I

(proof)

lemma setsum-set-linear:
fixes f :: ‘a::comm-monoid-add set = 'b::comm-monoid-add set
assumes AA B. f(A) + f(B) = f(A+ B) f {0} = {0}
shows [ (setsum S I) = setsum (f o S) I
(proof)

lemma set-times-Un-distrib:
Ax(BUC)=A+«*BUA=xC
(AUB)*xC=AxCUB=xC

{proof)

lemma set-times- UNION-distrib:
Ax UNIONIM = (Jiel. A x M)
UNIONIM « A= (Jiel. Mix A)

{proof)

end

19 Convex sets, functions and related things.

theory Convex-FEuclidean-Space
imports

Topology-Fuclidean-Space

~~ [sre/ HOL/ Library / Convex

~~ [src/HOL/ Library / Set-Algebras
begin

lemma independent-injective-on-span-image:
assumes 1S: independent S
and If: linear f
and fi: inj-on f (span S)
shows independent (f < S)
(proof)

lemma dim-image-eq:
fixes f :: 'n::euclidean-space = 'm::euclidean-space
assumes If: linear f
and fi: inj-on f (span S)
shows dim (f *S) = dim (S::'n::euclidean-space set)

(proof)

lemma linear-injective-on-subspace-0:
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assumes If: linear f
and subspace S
shows inj-on fS +— Vz € S. fz =0 — 2= 0)

(proof)

lemma subspace-Inter: Vs € f. subspace s = subspace ([f)
(proof)

lemma span-eq[simp): span s = s «— subspace s
(proof)

lemma substdbasis-expansion-unique:
assumes d: d C Basis
shows (> i€d. fi xgr i) = (x::/a:euclidean-space) +—
(Vi€Basis. (i€d — fi=z-i)AN(i¢d—2x-i=0))
(proof )

lemma independent-substdbasis: d C Basis = independent d
(proof)

lemma dim-cball:

assumes ¢ > (

shows dim (cball (0 :: 'n::euclidean-space) e) = DIM ('n)
(proof)

lemma indep-card-eq-dim-span:
fixes B :: 'n::euclidean-space set
assumes independent B
shows finite B A card B = dim (span B)

{proof)

lemma setsum-not-0: setsum fA #+ 0 = Ja € A. fa # 0

{proof)

lemma subset-translation-eq [simp):
fixes a :: 'a::real-vector shows op +a ‘s Cop +a ‘t+—>sCt
(proof)

lemma translate-inj-on:
fixes A :: 'a::ab-group-add set
shows inj-on (Az. a + z) A
(proof )

lemma translation-assoc:
fixes a b :: 'a::ab-group-add
shows (Az. b+ z) * (Az.a+2) S)=Az. (a+b)+2) S
(proof )

lemma translation-invert:
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fixes a :: 'a::ab-group-add
assumes (Az. a +z) ‘A= (M. a+z) ‘B
shows A = B

(proof)

lemma translation-galois:
fixes a :: 'a::ab-group-add
shows T = ((Az. a + z) ‘S) «— S =((Az. (—a)+2z) ‘T
(proof )

lemma convez-translation-eq [simp]: conver ((Az. a + ) *$) «— convez s
(proof)

lemma translation-inverse-subset:
assumes (Az. — a + ) ‘ V) < (S == 'ni:ab-group-add set)
shows V < ((Az. a + z) *9)

(proof)

lemma convez-linear-image-eq [simp]:
fixes [ :: ‘a:real-vector = 'b::real-vector
shows [linear f; inj f] = convezx (f *s) +— convex s

(proof)

lemma basis-to-basis-subspace-isomorphism:
assumes s: subspace (S:: ('n::euclidean-space) set)
and t: subspace (T :: ('m::euclidean-space) set)
and d: dim S = dim T
and B: B C S independent B S C span B card B = dim S
and C: C C T independent C T C span C card C = dim T
shows 3f. linear f Nf*B=CANf‘S=TAinjonfS
(proof)

lemma closure-bounded-linear-image-subset:
assumes f: bounded-linear f
shows f ¢ closure S C closure (f < S)

{proof)

lemma closure-linear-image-subset:
fixes [ :: 'm:euclidean-space = 'n::real-normed-vector
assumes linear f
shows [ ‘ (closure S) C closure (f < S)

(proof)

lemma closed-injective-linear-image:
fixes [ :: ‘a::euclidean-space = 'b::euclidean-space
assumes S: closed S and f: linear f inj f
shows closed (f ©5)

(proof)
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lemma closed-injective-linear-image-eq:
fixes [ :: ‘a::euclidean-space = 'b::euclidean-space
assumes f: linear f inj f
shows (closed(image f s) +— closed s)
(proof )

lemma closure-injective-linear-image:
fixes [ :: ‘a::euclidean-space = 'b::euclidean-space
shows [linear f; inj f] = f  (closure S) = closure (f *S)
(proof )

lemma closure-bounded-linear-image:
fixes [ :: ‘a::euclidean-space = 'b::euclidean-space
shows [linear f; bounded S] = f  (closure S) = closure (f *5)

(proof)

lemma closure-scaleR:

fixes S :: 'a::real-normed-vector set

shows (op *p ¢) ¢ (closure S) = closure ((op *gr ¢) ©9)
(proof)

lemma fst-linear: linear fst
{proof )

lemma snd-linear: linear snd
(proof)

lemma fst-snd-linear: linear (A(z,y). z + y)
{proof)

lemma scaleR-2:
fixes z :: 'a::real-vector
shows scaleR 22 =z + x

{proof)

lemma scaleR-half-double [simp]:
fixes a :: 'a::real-normed-vector
shows (1 / 2) xgr (a + a) = a
(proof)

lemma vector-choose-size:
assumes (0 < ¢
obtains z :: 'a::{real-normed-vector, perfect-space} where norm x

(proof)

lemma vector-choose-dist:
assumes ( < ¢
obtains y :: 'a:{real-normed-vector, perfect-space} where dist z y

(proof)

201
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lemma sphere-eg-empty [simp]:
fixes a :: 'a::{real-normed-vector, perfect-space}
shows sphere ar = {} +— r < 0

(proof)

lemma setsum-delta-notmem:
assumes z ¢ s
shows setsum (A\y. if (y = z) then P z else Q y) s = setsum Q s
and setsum (Ay. if (x = y) then P z else Q y) s = setsum Q s
and setsum (Ay. if (y = z) then P y else Q y) s = setsum @ s
and setsum (Ay. if (x = y) then P y else Q y) s = setsum @ s

{proof)

lemma setsum-delta’:

fixes s::'a::real-vector set

assumes finite s

shows (> z€s. (if y = x then fx else 0) xg x) = (if y€s then (fy) xr y else 0)
(proof)

lemma if-smult: (if P then x else (y:real)) xg v = (if P then © xg v else y xr v)
(proof )

lemma dist-triangle-eq:
fixes z y 2 :: a::real-inner
shows dist © z = dist x y + dist y z +—
norm (z — y) xr (y — 2) = norm (y — 2) *g (x — y)

(proof)

lemma norm-minus-eql: © = — y = norm x = norm y (proof)

lemma Min-grl:
assumes finite A A # {} Va€A. x < a
shows z < Min A

{proof)

lemma norm-lt: norm x < norm y <— inner r < inner y y
(proof )

lemma norm-le: norm ¢ < norm y <— inner z z < inner y y
(proof)

19.1 Affine set and affine hull

definition affine :: 'a::real-vector set = bool
where affine s +— (Vaz€s. Vyes.YVuv. u+v=1—u*rx+v*gy€S)

lemma affine-alt: affine s «+— (Vaz€s. Vyes. Yuureal. (1 — u) xg & + u *xg y €

s)
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{proof)

lemma affine-empty [iff]: affine {}
(proof)

lemma affine-sing [iff]: affine {z}
(proof)

lemma affine-UNIV [iff]: affine UNIV
(proof )

lemma affine-Inter[intro]: (Vscf. affine s) = affine (N f)
{proof)

lemma affine-Int[intro|: affine s = affine t = affine (s N t)
{proof)

lemma affine-affine-hull [simp]: affine(affine hull s)
(proof )

lemma affine-hull-eq[simp]: (affine hull s = s) «— affine s
{proof)

lemma affine-hyperplane: affine {z. a -+ z = b}
(proof )

19.1.1 Some explicit formulations (from Lars Schewe)

lemma affine:
fixes V::'a::real-vector set
shows affine V +—
(Vsu. finites Ns#{} NsC V Asetsumus=1— (setsum (Az. (ux) *g
z))seV)
(proof)

lemma affine-hull-explicit:
affine hull p =
{y. Isu. finite s N s Z{} Ns Cp A setsumus =1 A setsum (Av. (u v) *p
v) 5=y}
{proof )

lemma affine-hull-finite:
assumes finite s
shows affine hull s = {y. Ju. setsum u s = 1 A setsum (Av. u v *xg v) s = y}

{proof)

19.1.2 Stepping theorems and hence small special cases

lemma affine-hull-empty[simp]: affine hull {} = {}
{proof )
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lemma affine-hull-finite-step:
fixes y :: 'a::real-vector
shows
(Fu. setsum u {} = w A setsum Az, vz xgz) {} =y)«—w=0ANy=10
(is 7th1)
and
finite s =
(Fu. setsum u (insert a s) = w A setsum (Az. u z *g z) (insert a s) = y)
—
(Fv u. setsum u s = w — v A setsum (Az. ux *g z) s =y — v xg a) (is -
= ?lhs = ?rhs)
(proof)

lemma affine-hull-2:
fixes a b :: 'a::real-vector
shows affine hull {a,b} = {u xgr a + v xg bl uv. (u + v = 1)}
(is ?lhs = ?rhs)

(proof)

lemma affine-hull-3:

fixes a b c :: 'a::real-vector

shows affine hull {a,b,c} ={u*gpa+v*p b+ wxgcluvw. v+ v+ w=
1}
(proof )

lemma mem-affine:
assumes affine Sz € Sye Su+ v =1
shows u xg z + v *gy € S

{proof)

lemma mem-affine-3:

assumes affine Sz € Sye Sze Su+v+w=1
shows u xp ¢ + v *gp y + w xg 2 € S

(proof)

lemma mem-affine-3-minus:
assumes affine Szr € Sye Sze€ S
shows z + v xg (y—2) € S
{proof )

corollary mem-affine-3-minus2:
[affine S; z € S;ye S;2€ 8] = 2 —vxr (y—2) €S
(proof)

19.1.3 Some relations between affine hull and subspaces

lemma affine-hull-insert-subset-span:
affine hull (insert a s) C{a 4+ v|v.v € span {z — a |z .z € s}}
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{proof)

lemma affine-hull-insert-span:
assumes a ¢ s
shows affine hull (insert a s) ={a +v|v.v € span {x — a | z. = € s}}
(proof )

lemma affine-hull-span:
assumes a € s
shows affine hull s = {a + v | v. v € span {x — a | z. z € s — {a}}}
(proof )

19.1.4 Parallel affine sets

definition affine-parallel :: 'a::real-vector set = 'a::real-vector set = bool
where affine-parallel S T +— (Ja. T = (Azx. a + ) °9)

lemma affine-parallel-expl-auzx:
fixes S T :: 'a::real-vector set
assumes Vz.z € S<—a+z €T
shows T = (Az. a + ) ‘S

(proof)

lemma affine-parallel-expl: affine-parallel S T +— (Ja. Vz. 2 € S +— a + z €
T)
(proof )

lemma affine-parallel-reflex: affine-parallel S S
(proof)

lemma affine-parallel-commut:
assumes affine-parallel A B
shows affine-parallel B A

(proof)

lemma affine-parallel-assoc:
assumes affine-parallel A B
and affine-parallel B C
shows affine-parallel A C

(proof)

lemma affine-translation-aux:
fixes a :: 'a::real-vector
assumes affine ((Az. a + ) * 9)
shows affine S

(proof)

lemma affine-translation:
fixes a :: 'a::real-vector
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shows affine S «— affine (A\z. a + z) ©9)
(proof )

lemma parallel-is-affine:
fixes S T :: 'a::real-vector set
assumes affine S affine-parallel S T
shows affine T

(proof)

lemma subspace-imp-affine: subspace s = affine s
(proof)

19.1.5 Subspace parallel to an affine set

lemma subspace-affine: subspace S «— affine S A 0 € S

(proof)

lemma affine-diffs-subspace:
assumes affine S a € S
shows subspace ((Az. (—a)+z) ©5)
(proof)

lemma parallel-subspace-explicit:
assumes affine S
and a € S
assumes L = {y. 3z € S. (—a) + z = y}
shows subspace L A affine-parallel S L
(proof)

lemma parallel-subspace-auz:
assumes subspace A
and subspace B
and affine-parallel A B
shows A D B

(proof)

lemma parallel-subspace:
assumes subspace A
and subspace B
and affine-parallel A B
shows A = B

(proof)

lemma affine-parallel-subspace:
assumes affine S S # {}
shows 3!L. subspace L N affine-parallel S L

(proof)



THEORY “Convex-Euclidean-Space” 207

19.2 Cones

definition cone :: 'a::real-vector set = bool
where cone s +— (Vz€s. Vc>0. ¢ xg x € 5)

lemma cone-empty[intro, simpl: cone {}
(proof)

lemma cone-univ|intro, simpl: cone UNIV
{proof)

lemma cone-Inter[intro]: ¥V s€f. cone s = cone ([ f)
{proof)

19.2.1 Conic hull

lemma cone-cone-hull: cone (cone hull s)
{proof)

lemma cone-hull-eq: cone hull s = s <— cone s
(proof)

lemma mem-cone:
assumes cone Sz € Sc¢ > 0
shows ¢ xgp z : S

(proof)

lemma cone-contains-0:
assumes cone S
shows S # {} +— 0 € S

(proof)

lemma cone-0: cone {0}
{proof )

lemma cone-Union[intro]: (¥ s€f. cone s) — cone (Jf)
(proof)

lemma cone-iff:
assumes S # {}
shows cone S +— 0 € SA(Ve.c >0 — (opxrc) ‘S =09)

(proof)

lemma cone-hull-empty: cone hull {} = {}
{proof )

lemma cone-hull-empty-iff: S = {} +— cone hull S = {}
{proof)

lemma cone-hull-contains-0: S # {} <— 0 € cone hull S
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{proof)

lemma mem-cone-hull:
assumes £ € Sc¢c > 0
shows ¢ g © € cone hull S

{proof)

lemma cone-hull-expl: cone hull S = {c xg | cz. ¢ > 0 Nz € S}
(is ?lhs = ?rhs)

(proof)

lemma cone-closure:
fixes S :: 'a::real-normed-vector set
assumes cone S
shows cone (closure S)

(proof)

19.3 Affine dependence and consequential theorems (from
Lars Schewe)

definition affine-dependent :: 'a::real-vector set = bool
where affine-dependent s <— (3x€s. z € affine hull (s — {z}))

lemma affine-dependent-explicit:
affine-dependent p +—
(s u. finite s AN s C p A setsumus =0 A
(Joves. uv # 0) A setsum (Av. wv % v) s = 0)
(proof)

lemma affine-dependent-explicit-finite:
fixes s :: 'a::real-vector set
assumes finite s
shows affine-dependent s +—
(Fu. setsum u s = 0 A (Jves. uv # 0) A setsum (Av. u v g v) s = 0)
(is ?lhs = ?rhs)

(proof)

19.4 Connectedness of convex sets

lemma connectedD:

connected S = open A = open B—= S CAUB = ANBNS={} =
AnS={tvBnS=1{}

(proof )

lemma convez-connected:
fixes s :: 'a::real-normed-vector set
assumes conver s
shows connected s

(proof)
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corollary connected-UNIV [intro]: connected (UNIV :: 'a::real-normed-vector set)
{proof)

proposition clopen:
fixes s :: 'a :: real-normed-vector set

shows closed s A\ open s <— s = {} V. s = UNIV
(proof)

corollary compact-open:
fixes s :: 'a :: euclidean-space set

shows compact s A open s «— s = {}
{proof)

corollary finite-imp-not-open:
fixes S :: 'a::{real-normed-vector, perfect-space} set
shows [finite S; open S| = S={}
(proof)

Balls, being convex, are connected.

lemma convex-prod:
assumes Ai. i € Basis = convex {z. P iz}
shows conver {x.Vi€Basis. P i (z-i)}

(proof)

lemma convez-positive-orthant: convex {z::'a::euclidean-space. (Vi€ Basis. 0 <

(proof)

lemma convex-local-global-minimum:
fixes s :: 'a::real-normed-vector set
assumes e > (
and convex-on s f
and ball z e C s
and Vycballze. fu < fy
shows Vyes. foz < fy

(proof)

lemma convez-ball [iff]:
fixes z :: 'a::real-normed-vector
shows convex (ball z €)

(proof)

lemma convez-cball [iff]:
fixes z :: 'a::real-normed-vector
shows convex (cball z e)

(proof)

lemma connected-ball [iff]:



THEORY “Convex-Euclidean-Space”

fixes z :: 'a::real-normed-vector
shows connected (ball x e)

{proof)

lemma connected-cball [iff]:
fixes = :: 'a::real-normed-vector
shows connected (cball x )

{proof)

19.5 Convex hull

lemma convez-convez-hull [iff]: convex (convex hull s)

(proof)

lemma convez-hull-eq: convexr hull s = s +— convex s

{proof)

lemma bounded-convez-hull:
fixes s :: 'a::real-normed-vector set
assumes bounded s
shows bounded (convex hull s)

(proof)

lemma finite-imp-bounded-convezx-hull:
fixes s :: 'a::real-normed-vector set

shows finite s = bounded (convex hull s)

{proof)

19.5.1 Convex hull is ”preserved” by a linear function

lemma convez-hull-linear-image:
assumes f: linear f

shows f “ (convex hull s) = convex hull (f *s)

(proof)

lemma in-convex-hull-linear-image:
assumes linear f
and x € convex hull s
shows fz € convex hull (f ‘s)

(proof)

lemma convex-hull-Times:

convezx hull (s x t) = (convex hull s) x (convex hull t)

(proof)

19.5.2 Stepping theorems for convex hulls of finite sets

lemma convez-hull-empty[simp): convex hull {} = {}

(proof)

210
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lemma convez-hull-singleton[simp]: convex hull {a} = {a}
{proof)

lemma convez-hull-insert:

fixes s :: 'ai:real-vector set

assumes s # {}

shows convez hull (insert a s) =

{z. F3u>0.3v>0.3b. (u +v=1) A b € (convex hull s) A\ (z = u *g a + v

*r b)}

(is - = ?hull)

{proof)

19.5.3 Explicit expression for convex hull

lemma convez-hull-indexed:
fixes s :: 'a::real-vector set
shows convex hull s =
{y. Ik u z.

(Vie{l:nat .. k}. 0 <uiANzi€s)A

(setsum u {1..k} = 1) A (setsum (Ai. wi*g zi) {1..k} = y)}
(is Zzyz = Zhull)
(proof)

lemma convex-hull-finite:
fixes s :: 'a::real-vector set
assumes finite s
shows conver hull s = {y. Ju. (Vze€s. 0 < uzx) A
setsum u s = 1 A setsum (A\z. vz g x) s = y}
(is PHULL = %set)
(proof)

19.5.4 Another formulation from Lars Schewe

lemma convez-hull-explicit:
fixes p :: 'a::real-vector set
shows convexr hull p =
{y. Is u. finite s N s Cp A (Vaz€s. 0 < uz) A setsumus =1 A setsum (\v.
uv KR V) S =Yy}
(is ?lhs = ?rhs)
(proof)

19.5.5 A stepping theorem for that expansion

lemma convex-hull-finite-step:
fixes s :: 'aureal-vector set
assumes finite s
shows
(Fu. (Vze€insert a s. 0 < ux) A setsum u (insert a s) = w A setsum (Az. u
xp x) (insert a s) = y)
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+— (Jv>0.Ju. (Vzes. 0 < uzx) A setsumus =w — v A setsum (Az. vz
kR I)S =1y — U *p Q)
(is ?lhs = ?rhs)

(proof)

19.5.6 Hence some special cases

lemma convez-hull-2:
conver hull {a,b} ={u*gpa+v*gbluv. 0 <uANO<vAu+v=1}
(proof)

lemma convez-hull-2-alt: conver hull {a,b} = {a + v *xg (b — a) | u. 0
u< 1}
{proof)

IA
S
>

lemma convez-hull-3:

convex hull {a,b,c} ={uxga+vspb+wxrgpcluvw. 0<uAN0<vA
0O<wAu+v+w=1}

(proof )

lemma convex-hull-3-alt:

convex hull {a,b,c} ={a+u+*p (b —a) +v*g(c—a)|uv. 0 <uA0<
vAu+v< 1}
(proof)

19.6 Relations among closure notions and corresponding hulls

lemma affine-imp-convez: affine s = convez s
(proof)

lemma subspace-imp-convex: subspace s = convex s
(proof)

lemma affine-hull-subset-span: (affine hull s) C (span s)
(proof )

lemma convez-hull-subset-span: (convex hull s) C (span s)
{proof)

lemma convex-hull-subset-affine-hull: (convex hull s) C (affine hull )
(proof)

lemma affine-dependent-imp-dependent: affine-dependent s = dependent s
{proof )

lemma dependent-imp-affine-dependent:
assumes dependent {z — a| z . z € s}
and a ¢ s
shows affine-dependent (insert a s)
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(proof)

lemma convex-cone:

convex s N\ cone s +— (Vaz€s. Vyes. (x +y) € s) A (Va€s. Ve>0. (¢ xg ) €
s)

(is ?lhs = ?rhs)
(proof)

lemma affine-dependent-biggerset:
fixes s :: 'a::euclidean-space set
assumes finite s card s > DIM('a) + 2
shows affine-dependent s

(proof)

lemma affine-dependent-biggerset-general:
assumes finite (s :: ’a::euclidean-space set)
and card s > dim s + 2
shows affine-dependent s

(proof)

19.7 Some Properties of Affine Dependent Sets

lemma affine-independent-empty: — affine-dependent {}
(proof )

lemma affine-independent-sing: — affine-dependent {a}
(proof )

lemma affine-hull-translation: affine hull (Az. o + 2) * §) = (A\z. a + z) °
(affine hull S)
(proof )

lemma affine-dependent-translation:
assumes affine-dependent S
shows affine-dependent (A\x. a + z) *9)

(proof)

lemma affine-dependent-translation-eq:
affine-dependent S +— affine-dependent (Az. a + z) ©5)

(proof)

lemma affine-hull-0-dependent:
assumes 0 € affine hull S
shows dependent S

{(proof)

lemma affine-dependent-imp-dependent2:
assumes affine-dependent (insert 0 S)
shows dependent S
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(proof)

lemma affine-dependent-iff-dependent:
assumes a ¢ S
shows affine-dependent (insert a S) «— dependent ((Az. —a + z) ©5)

(proof)

lemma affine-dependent-iff-dependent2:
assumes a € S
shows affine-dependent S <— dependent (Az. —a + z) * (S—{a}))

(proof)

lemma affine-hull-insert-span-gen:
affine hull (insert a s) = (Az. a + z) ‘span (Az. — a + x) ‘s)
(proof)

lemma affine-hull-span2:
assumes a € §
shows affine hull s = (Az. a+z)  span (Az. —a+z) ‘ (s—{a}))
(proof)

lemma affine-hull-span-gen:

assumes a € affine hull s

shows affine hull s = (Az. a+z) ‘ span ((Ax. —a+z) s)
(proof)

lemma affine-hull-span-0:
assumes 0 € affine hull S
shows affine hull S = span S

{proof)

lemma extend-to-affine-basis:

fixes S V :: 'n::euclidean-space set

assumes — affine-dependent S S C VS # {}

shows 3 T. - affine-dependent T NS C T AT C V A affine hull T = affine
hull V

(proof)

lemma affine-basis-exists:
fixes V :: 'n::euclidean-space set
shows 3B. B C V A - affine-dependent B N affine hull V = affine hull B

(proof)

19.8 Affine Dimension of a Set

definition aff-dim :: ('a::euclidean-space) set = int
where aoff-dim V =
(SOME d :: int.
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3 B. affine hull B = affine hull V' A — affine-dependent B A of-nat (card B) =
d+ 1)

lemma aff-dim-basis-ezists:

fixes V :: ('n:euclidean-space) set

shows 3 B. affine hull B = affine hull V' A = affine-dependent B A of-nat (card
B) = aff-dim V + 1
(proof)

lemma affine-hull-nonempty: S # {} +— affine hull S # {}
(proof)

lemma aff-dim-parallel-subspace-auzx:

fixes B :: 'n::euclidean-space set

assumes - affine-dependent B a € B

shows finite B A ((card B) — 1 = dim (span (A\z. —a+z) * (B—{a}))))
(proof)

lemma aff-dim-parallel-subspace:
fixes V L :: 'n::euclidean-space set
assumes V # {}
and subspace L
and affine-parallel (affine hull V) L
shows aff-dim V = int (dim L)
(proof)

lemma aff-independent-finite:
fixes B :: 'n::euclidean-space set
assumes - affine-dependent B
shows finite B

{(proof)

lemma independent-finite:
fixes B :: 'n::euclidean-space set
assumes independent B
shows finite B

(proof)

lemma subspace-dim-equal:
assumes subspace (S = ('n::euclidean-space) set)
and subspace T
and SC T
and dim S > dim T
shows S =T

(proof)

lemma span-substd-basis:
assumes d: d C Basis
shows span d = {z. Vi€Basis. i ¢ d — z+i = 0}
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(is - = B)
(proof)

lemma basis-to-substdbasis-subspace-isomorphism:
fixes B :: 'a::euclidean-space set
assumes independent B
shows 3f d::’a set. card d = card B A linear f N f*B =d A
f “span B = {x. Vi€Basis. i ¢ d — z - i = 0} A inj-on f (span B) A d C
Bass

(proof)

lemma aff-dim-empty:
fixes S :: 'n::euclidean-space set
shows S = {} +— aff-dim S = —1
{proof )

lemma aff-dim-empty-eq [simp]: aff-dim ({}::'a::euclidean-space set) = —1
{proof)

lemma aff-dim-affine-hull: aff-dim (affine hull S) = aff-dim S
(proof )

lemma aff-dim-affine-hull2:
assumes affine hull S = affine hull T
shows aff-dim S = aff-dim T
(proof )

lemma aff-dim-unique:
fixes B V :: 'n::euclidean-space set
assumes affine hull B = affine hull V' N — affine-dependent B
shows of-nat (card B) = aff-dim V + 1

(proof )

lemma aff-dim-affine-independent:
fixes B :: 'n::euclidean-space set
assumes - affine-dependent B
shows of-nat (card B) = aff-dim B + 1
(proof)

lemma affine-independent-iff-card:
fixes s :: 'a::euclidean-space set
shows ™ affine-dependent s +— finite s A aff-dim s = int(card s) — 1
(proof)

lemma aff-dim-sing [simp]:
fixes a :: 'n::euclidean-space
shows aff-dim {a} = 0
(proof )
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lemma aff-dim-inner-basis-ezists:
fixes V :: (‘n:euclidean-space) set
shows 3B. B C V A affine hull B = affine hull V- A
= affine-dependent B A of-nat (card B) = aff-dim V + 1
(proof)

lemma aff-dim-le-card:
fixes V :: 'n::euclidean-space set
assumes finite V
shows aff-dim V < of-nat (card V) — 1
(proof)

lemma aff-dim-parallel-eq:
fixes S T :: 'n::euclidean-space set
assumes affine-parallel (affine hull S) (affine hull T)
shows aff-dim S = aff-dim T

(proof)

lemma aff-dim-translation-eq:

fixes a :: 'n::euclidean-space

shows aff-dim ((Az. a + z) *S) = aff-dim S
(proof)

lemma aff-dim-affine:
fixes S L :: 'n::euclidean-space set
assumes S # {}
and affine S
and subspace L
and affine-parallel S L
shows aff-dim S = int (dim L)
(proof)

lemma dim-affine-hull:
fixes S :: 'n::euclidean-space set
shows dim (affine hull S) = dim S

(proof)

lemma aff-dim-subspace:
fixes S :: 'n::euclidean-space set
assumes S # {}
and subspace S
shows aff-dim S = int (dim S)
(proof)

lemma aff-dim-zero:
fixes S :: 'n::euclidean-space set
assumes 0 € affine hull S
shows aff-dim S = int (dim S)
(proof)

217
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lemma aff-dim-univ: aff-dim (UNIV :: 'n::euclidean-space set) = int(DIM ('n))
{proof)

lemma aff-dim-geq:
fixes V :: 'n::euclidean-space set
shows aff-dim V > —1

(proof)

lemma independent-card-le-aff-dim:
fixes B :: 'n::euclidean-space set
assumes B C V
assumes - affine-dependent B
shows int (card B) < aff-dim V + 1
(proof)

lemma aff-dim-subset:
fixes S T :: 'n::euclidean-space set
assumes S C T
shows aff-dim S < aff-dim T
(proof )

lemma aff-dim-subset-univ:
fixes S :: 'n::euclidean-space set
shows aff-dim S < int (DIM('n))
(proof)

lemma affine-dim-equal:
fixes S :: 'n::euclidean-space set
assumes affine S affine T S # {} S C T aff-dim S = aff-dim T
shows S =T

(proof )

lemma affine-hull-univ:

fixes S :: 'n::euclidean-space set

assumes aff-dim S = int(DIM ('n))

shows affine hull S = (UNIV :: ('n::euclidean-space) set)
(proof)

lemma aff-dim-convez-hull:
fixes S :: 'n::euclidean-space set
shows aff-dim (convez hull S) = aff-dim S

{proof)

lemma aff-dim-cball:

fixes a :: 'n::euclidean-space

assumes ¢ > (

shows aff-dim (cball a €) = int (DIM('n))
(proof)
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lemma aff-dim-open:
fixes S :: 'n::euclidean-space set
assumes open S
and S # {}
shows aff-dim S = int (DIM('n))
(proof)

lemma low-dim-interior:
fixes S :: 'n::euclidean-space set
assumes — aff-dim S = int (DIM('n))
shows interior S = {}

(proof)

corollary empty-interior-lowdim:
fixes S :: 'n::euclidean-space set
shows dim S < DIM ('n) = interior S = {}

(proof)

19.9 Caratheodory’s theorem.

lemma convex-hull-caratheodory-aff-dim:
fixes p :: ('a::euclidean-space) set
shows conver hull p =
{y. Is u. finite s AN s C p A card s < aff-dimp + 1 A
(Vzes. 0 < uz) A setsumus =1 A setsum (Av. uv *xg v) s = y}

{proof)

lemma caratheodory-aff-dim:
fixes p :: ('a::euclidean-space) set
shows convex hull p = {z. Is. finite s N s Cp A card s < aff-dimp + 1 ANz
€ convex hull s}
(is ?lhs = ?rhs)

{(proof)

lemma convez-hull-caratheodory:
fixes p :: ('a::euclidean-space) set
shows convexr hull p =
{y. s u. finite s N s Cp A card s < DIM('a) + 1 A
(Vzes. 0 < ux) A setsum u s = 1 A setsum (Av. u v *xg v) s = y}
(is ?lhs = ?rhs)
(proof)

theorem caratheodory:
convex hull p =
{z:'a::euclidean-space. I s. finite s A s C p A
card s < DIM('a) + 1 A x € convex hull s}

(proof)
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19.10 Relative interior of a set

definition rel-interior S =
{z. 3T. openin (subtopology euclidean (affine hull S)) T Nz € T AT C S}

lemma rel-interior:
rel-interior S = {x € S.3T. open T ANz € T AN T N affine hull S C S}

{proof)

lemma mem-rel-interior: x € rel-interior S <+— (3T. open TNz € TNS AT
N affine hull S C S)
(proof )

lemma mem-rel-interior-ball:
z € rel-interior S +— xz € S A (Je. e > 0 A ball z e N affine hull S C 9)

(proof)

lemma rel-interior-ball:
rel-interior S = {x € S. Je. e > 0 A ball x e N affine hull S C S}

{proof)

lemma mem-rel-interior-cball:
z € rel-interior S +— z € S A (Je. e > 0 A cball z e N affine hull S C S)

{proof)

lemma rel-interior-cball:
rel-interior S = {x € S. Je. e > 0 A cball x e N affine hull S C S}

(proof)

lemma rel-interior-empty [simp): rel-interior {} = {}

(proof)

lemma affine-hull-sing [simp]: affine hull {a :: 'n::euclidean-space} = {a}
{proof)

lemma rel-interior-sing [simp]: rel-interior {a :: 'n::euclidean-space} = {a}
{proof)

lemma subset-rel-interior:
fixes S T :: 'n::euclidean-space set
assumes S C T
and affine hull S = affine hull T
shows rel-interior S C rel-interior T

{proof)

lemma rel-interior-subset: rel-interior S C S

(proof )

lemma rel-interior-subset-closure: rel-interior S C closure S
(proof )
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lemma interior-subset-rel-interior: interior S C rel-interior S
(proof)

lemma interior-rel-interior:
fixes S :: 'n::euclidean-space set
assumes aff-dim S = int(DIM ('n))
shows rel-interior S = interior S
(proof)

lemma rel-interior-interior:
fixes S :: 'n::euclidean-space set
assumes affine hull S = UNIV
shows rel-interior S = interior S

(proof )

lemma rel-interior-open:
fixes S :: 'n::euclidean-space set
assumes open S
shows rel-interior S = S

(proof)

lemma interior-ball [simp]: interior (ball x ¢) = ball x e
{proof)

lemma interior-rel-interior-gen:
fixes S :: 'n::euclidean-space set
shows interior S = (if aff-dim S = int(DIM ('n)) then rel-interior S else {})
(proof)

lemma rel-interior-univ:
fixes S :: 'n::euclidean-space set
shows rel-interior (affine hull S) = affine hull S

(proof)

lemma rel-interior-univ2: rel-interior (UNIV :: ('n::euclidean-space) set) = UNIV
{proof)

lemma rel-interior-convex-shrink:
fixes S :: 'a::euclidean-space set
assumes conver S
and c € rel-interior S
and z € §
and 0 < e
and e < 1
shows z — e xg (z — ¢) € rel-interior S

{(proof)

lemma interior-real-semiline:
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fixes a :: real
shows interior {a..} = {a<..}

(proof)

lemma continuous-ge-on-Ioo:

assumes continuous-on {c..d} g A\z. z € {c<.<d} = gz > ac<dzx €
{c..d}

shows g (z::real) > (a::real)
(proof)

lemma interior-real-semiline”:
fixes a :: real
shows interior {..a} = {..<a}

(proof)

lemma interior-atLeastAtMost-real: interior {a..b} = {a<..<b :: real}

(proof)

lemma frontier-real-Tic:
fixes a :: real
shows frontier {..a} = {a}
(proof)

lemma rel-interior-real-box:
fixes a b :: real
assumes a < b
shows rel-interior {a .. b} = {a <..< b}

(proof)

lemma rel-interior-real-semiline:
fixes a :: real
shows rel-interior {a..} = {a<..}

(proof)

19.10.1 Relative open sets

definition rel-open S <— rel-interior S = S

lemma rel-open: rel-open S +— openin (subtopology euclidean (affine hull S)) S
(proof )

lemma opein-rel-interior: openin (subtopology euclidean (affine hull S)) (rel-interior
S)
(proof)

lemma affine-rel-open:
fixes S :: 'n::euclidean-space set
assumes affine S
shows rel-open S
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{proof)

lemma affine-closed:
fixes S :: 'n::euclidean-space set
assumes affine S
shows closed S

(proof)

lemma closure-affine-hull:
fixes S :: 'n::euclidean-space set
shows closure S C affine hull S

(proof)

lemma closure-same-affine-hull [simp]:
fixes S :: 'n::euclidean-space set
shows affine hull (closure S) = affine hull S

(proof)

lemma closure-aff-dim:
fixes S :: 'n::euclidean-space set
shows aff-dim (closure S) = aff-dim S
(proof)

lemma rel-interior-closure-convex-shrink:
fixes S :: -::euclidean-space set
assumes conver S
and c € rel-interior S
and z € closure S
and e > 0
and e < |
shows © — e xp (z — ¢) € rel-interior S

(proof)

lemma rel-interior-eq:

rel-interior s = s <— openin(subtopology euclidean (affine hull s)) s

(proof)

lemma rel-interior-openin:

openin(subtopology euclidean (affine hull s)) s = rel-interior s = s

(proof)
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19.10.2 Relative interior preserves under linear transformations

lemma rel-interior-translation-auz:
fixes a :: 'n::euclidean-space

shows ((A\z. a + z) ‘ rel-interior S) C rel-interior (Az. a + z) ©5)

(proof)

lemma rel-interior-translation:
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fixes a :: 'n::euclidean-space
shows rel-interior (Az. a + z) < S) = (Az. a + z) * rel-interior S

(proof)

lemma affine-hull-linear-image:
assumes bounded-linear f
shows [ ‘ (affine hull s) = affine hull f © s
(proof )

lemma rel-interior-injective-on-span-linear-image:
fixes [ :: 'm::euclidean-space = 'n::euclidean-space
and S :: 'm:euclidean-space set
assumes bounded-linear f
and inj-on f (span S)
shows rel-interior (f ©S) = f ¢ (rel-interior S)
(proof)

lemma rel-interior-injective-linear-image:
fixes f :: 'm:euclidean-space = 'n::euclidean-space
assumes bounded-linear f
and inj f
shows rel-interior (f *S) = f ¢ (rel-interior S)
(proof )

19.11 Some Properties of subset of standard basis

lemma affine-hull-substd-basis:
assumes d C Basis
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shows affine hull (insert 0 d) = {x::'a::euclidean-space. ¥V i€ Basis. i ¢ d — x+i

(is affine hull (insert 0 ?A) = ?B)

(proof)

lemma affine-hull-convez-hull [simp]: affine hull (conver hull S) = affine hull S

{proof)

19.12 Openness and compactness are preserved by convex

hull operation.

lemma open-convez-hulllintro]:
fixes s :: 'a::real-normed-vector set
assumes open s
shows open (convezr hull s)

{proof)

lemma compact-convex-combinations:
fixes s t :: 'a::real-normed-vector set
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assumes compact s compact t

shows compact { (1 —u)*pz 4+ u*gy|lzyu. 0 <uAu<IAzEsAy
€ t}
(proof)

lemma finite-imp-compact-convezr-hull:
fixes s :: 'a::real-normed-vector set
assumes finite s
shows compact (convex hull s)

(proof)

lemma compact-convexr-hull:
fixes s :: 'a::euclidean-space set
assumes compact s
shows compact (convex hull s)

(proof)

19.13 Extremal points of a simplex are some vertices.

lemma dist-increases-online:
fixes a b d :: 'a::real-inner
assumes d # 0
shows dist a (b + d) > dist a b V dist a (b — d) > dist a b

(proof)

lemma norme-increases-online:
fixes d :: 'a::real-inner
shows d # 0 = norm (a + d) > norm a V norm(a — d) > norm a
(proof )

lemma simplez-furthest-It:

fixes s :: 'a::real-inner set

assumes finite s

shows Vi € convex hull s. = ¢ s — (Jy € convex hull s. norm (z — a) <
norm(y — a))

{proof)

lemma simplex-furthest-le:
fixes s :: 'a::real-inner set
assumes finite s

and s # {}

shows Jye€s. Ve conver hull s. norm (z — a) < norm (y — a)
(proof)

lemma simplex-furthest-le-exists:
fixes s :: (‘a::real-inner) set
shows finite s = YV x€(convex hull s). Iy€s. norm (x — a) < norm (y — a)
(proof)
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lemma simplez-extremal-le:
fixes s :: 'a::real-inner set
assumes finite s
and s # {}
shows Jucs. Jves. Vaeconvexr hull s. Vy € convex hull s. norm (z — y) <
norm (u — v)
(proof)

lemma simplez-extremal-le-exists:
fixes s :: 'a::real-inner set
shows finite s = = € convez hull s = y € convex hull s =
Jues. Jves. norm (z — y) < norm (u — v)

{proof)

19.14 Closest point of a convex set is unique, with a contin-
uous projection.

definition closest-point :: 'a::{real-inner,heine-borel} set = 'a = 'a
where closest-point s a = (SOME z. x € s N (Vyé€s. dist a x < dist a y))

lemma closest-point-exists:
assumes closed s

and s # {}

shows closest-point s a € s
and Y yes. dist a (closest-point s a) < dist a y

(proof)

lemma closest-point-in-set: closed s = s # {} = closest-point s a € s
{proof)

lemma closest-point-le: closed s = x € s = dist a (closest-point s a) < dist a
x

{proof)

lemma closest-point-self:
assumes € s
shows closest-point s ¢ = «

{proof)

lemma closest-point-refl: closed s = s # {} = closest-point s ©t = z +— z €
s

(proof)

lemma closer-points-lemma:
assumes inner y z > 0
shows Ju>0. Vu>0. v < u — norm(v g z — y) < norm y

(proof)

lemma closer-point-lemma:
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assumes nner (y — z) (z — z) > 0
shows Ju>0. u < I ANdist (x + ux*p (z —2)) y < distzy
(proof)

lemma any-closest-point-dot:
assumes conver s closed s x € sy € s Vzes. dist a x < dist a z
shows inner (a — z) (y —z) < 0

(proof)

lemma any-closest-point-unique:
fixes = :: 'a::real-inner
assumes convex s closed s x € sy € s
Vz€s. dist a x < dist a z YV z€s. dist a y < dist a z
shows z = y

(proof)

lemma closest-point-unique:
assumes conver s closed s x € s Vz€s. dist a x < dist a z
shows z = closest-point s a

{proof)

lemma closest-point-dot:
assumes convex s closed s x € s
shows inner (a — closest-point s a) (x — closest-point s a) < 0

{proof)

lemma closest-point-It:
assumes convez s closed s © € s x # closest-point s a
shows dist a (closest-point s a) < dist a

{proof)

lemma closest-point-lipschitz:
assumes conver $
and closed s s # {}
shows dist (closest-point s x) (closest-point s y) < dist z y

(proof)

lemma continuous-at-closest-point:
assumes convezx s
and closed s

and s # {}

shows continuous (at z) (closest-point s)
{proof)

lemma continuous-on-closest-point:
assumes conver s
and closed s

and s # {}

shows continuous-on t (closest-point s)
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{proof)

19.14.1 Various point-to-set separating/supporting hyperplane
theorems.

lemma supporting-hyperplane-closed-point:
fixes z :: 'a::{real-inner heine-borel}
assumes convec s
and closed s
and s # {}
and z ¢ s
shows Ja b. Jy€s. inner a z < b Ainner ay = b A (Va€s. inner a x > b)

(proof)

lemma separating-hyperplane-closed-point:
fixes z :: 'a::{real-inner heine-borel }
assumes convez s
and closed s
and z ¢ s
shows Ja b. inner a z < b A (Vz€Es. inner a z > b)

(proof)

lemma separating-hyperplane-closed-0:
assumes convez (s:('a::euclidean-space) set)
and closed s
and 0 ¢ s
shows Jab.a# 0 A0 <bA (VzE€s. inner axz > b)

(proof)

19.14.2 Now set-to-set for closed/compact sets

lemma separating-hyperplane-closed-compact:

fixes s :: 'a::euclidean-space set

assumes conver s
and closed s
and convex t
and compact t
and ¢t # {}
and s Nt ={}

shows Ja b. (Vz€s. inner a z < b) A (Va€t. inner a x > b)

(proof)

lemma separating-hyperplane-compact-closed:
fixes s :: 'a::euclidean-space set
assumes conver s
and compact s
and s # {}
and convezr t
and closed t
and sNt=1{}
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shows Ja b. (Vz€s. inner a x < b) A (Yz€t. inner a x > b)
(proof)

19.14.3 General case without assuming closure and getting non-
strict separation

lemma separating-hyperplane-set-0:
assumes convez s (0::'a::euclidean-space) ¢ s
shows Ja. a # 0 A (Vz€s. 0 < inner a z)

(proof)

lemma separating-hyperplane-sets:
fixes s t :: 'a::euclidean-space set
assumes conver s
and convezx t

and s # {}

and t # {}
and sNt={}

shows Ja b. a # 0 A (Vz€s. inner a z < b) A (Va€t. inner a x > b)
(proof)

19.15 More convexity generalities

lemma convez-closure [intro,simp]:
fixes s :: 'a::real-normed-vector set
assumes conver s
shows convez (closure s)

{proof)

lemma convez-interior [intro,simp]:
fixes s :: 'ai:real-normed-vector set
assumes convex s
shows convex (interior s)

(proof)

lemma convez-hull-eq-empty[simp]: convex hull s = {} +— s = {}

(proof)

19.16 Moving and scaling convex hulls.

lemma convez-hull-set-plus:
convex hull (s + t) = convex hull s + convex hull t

{proof)

lemma translation-eg-singleton-plus: (Az. a + z) ‘t = {a} + ¢
(proof )

lemma convez-hull-translation:
convez hull (Az. a + z) ‘s) = (Az. a + z) * (convezr hull s)

{proof)
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lemma convex-hull-scaling:

{proof)

convez hull (Az. ¢ g x) ‘s) = (Az. ¢ *p z) ‘ (convezx hull s)

lemma convex-hull-affinity:
convezx hull (Ax. a + ¢ xg z) ‘s) = (A\z. a + ¢ *g x)
(proof)

“ (convex hull s)

19.17 Convexity of cone hulls
lemma convex-cone-hull:

assumes conver S

shows convex (cone hull )
(proof)

lemma cone-convez-hull:
assumes cone S

shows cone (convex hull S)
(proof)

19.18 Convex set as intersection of halfspaces
lemma convez-halfspace-intersection:
fixes s ::

('a::euclidean-space) set
assumes closed s convex s

shows s = ({h. s Ch A (Jab. h={z. inner az < b})}
{proof)

lemma radon-ex-lemma:

19.19 Radon’s theorem (from Lars Schewe)

assumes finite ¢ affine-dependent ¢
shows Ju. setsum u c = 0 A (Jvec. uv # 0) A setsum (Av. uw v *g v) ¢ = 0
(proof)
lemma radon-s-lemma:

assumes finite s

and setsum fs = (0::real)

shows setsum f {z€s. 0 < fz} = — setsum f {z€s. fz < 0}
(proof)
lemma radon-v-lemma:

assumes finite s

and setsum fs = 0

and V. g z = (0::real) — fa = (0::'a::euclidean-space)
shows (setsum f {z€s. 0 < g z}) =
(proof)

— setsum f {z€s. gz < 0}
lemma radon-partition:
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assumes finite ¢ affine-dependent c
shows 3mp. m Np={} Am Up=cA (convex hull m) N (convex hull p) #

{}
(proof )

lemma radon:

assumes affine-dependent c

obtains m p where m C ¢p C ¢ m N p = {} (convezx hull m) N (convex hull
p) # {}
(proof)

19.20 Helly’s theorem

lemma helly-induct:
fixes f :: 'a::euclidean-space set set
assumes card f = n
and n > DIM('a) + 1
and Vsef. convex s VtCf. card t = DIM('a) + 1 — (Nt # {}
shows 1/ # {}
(proof)

lemma helly:
fixes f :: 'a::euclidean-space set set
assumes card f > DIM('a) + 1 Vs€f. convex s
and VtCf. card t = DIM('a) + 1 — (Nt # {}
shows 1/ # {}
(proof)

19.21 Homeomorphism of all convex compact sets with nonempty
interior

lemma compact-frontier-line-lemma;:
fixes s :: 'a::euclidean-space set
assumes compact s
and 0 € s
and z # 0
obtains u where 0 < v and (u *g z) € frontier s Vo>u. (v *p z) ¢ s

(proof)

lemma starlike-compact-projective:
assumes compact s
and cball (0::'a::euclidean-space) 1 C s
and Vz€s. Vu. 0 <uAu<1— uxgx € s — frontier s
shows s homeomorphic (cball (0::'a::euclidean-space) 1)

(proof)

lemma homeomorphic-convex-compact-lemma:
fixes s :: 'a::euclidean-space set
assumes conver s
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and compact s
and cball 0 1 C s
shows s homeomorphic (cball (0::'a) 1)

(proof)

lemma homeomorphic-convex-compact-cball:
fixes e :: real
and s :: 'a::euclidean-space set
assumes conver s
and compact s
and interior s # {}
and e > 0
shows s homeomorphic (cball (b::'a) €)

(proof)

lemma homeomorphic-convez-compact:
fixes s :: 'a::euclidean-space set
and t :: 'a set
assumes convex s compact s interior s # {}
and convezx t compact t interior t # {}
shows s homeomorphic t

{proof)

19.22 Epigraphs of convex functions
definition epigraph s (f :: - = real) = {zy. fst zy € s A f (fst zy) < snd xy}

lemma mem-epigraph: (z, y) € epigraph s f +—z € s AN fzx <y

(proof)

lemma convez-epigraph: convex (epigraph s f) +— convez-on s f N\ convezx s
(proof)

lemma convez-epigraphl: convez-on s f = convex s = convez (epigraph s f)

(proof)

lemma convez-epigraph-convex: convex s = convex-on s f <— convex(epigraph

s f)
{proof)

19.22.1 Use this to derive general bound property of convex func-
tion

lemma convez-on:
assumes convez s
shows convez-on s f «—
Vkuz (Vie{l.kinat}. 0 <uiAzi€s)Asetsumu{l.k} =1 —
[ (setsum (Xi. wixg xi) {1..k} ) < setsum (Ai. w i * f(zi)) {1..k})
{proof)
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19.23 Convexity of general and special intervals

lemma is-interval-convez:
fixes s :: 'a::euclidean-space set
assumes is-interval s
shows conver s

(proof)

lemma is-interval-connected:
fixes s :: 'a::euclidean-space set
shows is-interval s = connected s

{proof)

lemma convez-box [simp]: convex (cboz a b) convex (boz a (b::'a::euclidean-space))

(proof)

19.24 On real, is-interval, conver and connected are all equiva-
lent.

lemma is-interval-1:
is-interval (s::real set) «— (Va€s. Vbes.V z.a <z ANz <b— € 5)

{proof)

lemma is-interval-connected-1:
fixes s :: real set
shows is-interval s <— connected s

(proof)

lemma is-interval-convex-1:
fixes s :: real set
shows is-interval s +— convex s

{proof)

lemma connected-convex-1:
fixes s :: real set
shows connected s <— convezx s

{proof)

lemma connected-convez-1-gen:
fixes s :: 'a :: euclidean-space set
assumes DIM ('a) = 1
shows connected s <— convez s

(proof)

19.25 Another intermediate value theorem formulation

lemma ivt-increasing-component-on-1:
fixes [ :: real = 'a::euclidean-space
assumes a < b
and continuous-on {a..b} f
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and (fa)k < yy < (fb)-h
shows Jze{a..b}. (fz)k =y
(proof)

lemma ivt-increasing-component-1:
fixes [ :: real = 'a::euclidean-space
shows a < b = Vze{a..b}. continuous (at z) f
fak<y=y<fbk= Fze{a..b}. (fz)k=y
{proof)

lemma ivt-decreasing-component-on-1:

fixes [ :: real = 'a::euclidean-space
assumes a < b

and continuous-on {a..b} f

and (fb)-k <y

and y < (f a)-k
shows Jze{a..b}. (fz)k =y
(proof)

lemma ivt-decreasing-component-1:
fixes f :: real = 'a::euclidean-space
shows a < b = Vze&{a..b}. continuous (at z) f
fok<y= y<fak = Fze{a.b}. (fo)k=y
(proof)

19.26 A bound within a convex hull, and so an interval

lemma convex-on-convex-hull-bound:
assumes convez-on (convex hull s) f
and Vzes. fz < b
shows Vze convex hull s. fz < b

(proof)

lemma inner-setsum-Basis[simp|: i € Basis = () Basis) - i = 1
{proof)

lemma convez-set-plus:
assumes convezr s and convex t shows convex (s + t)

(proof)

lemma convex-set-setsum:
assumes Ai. i € A = convex (B 1)
shows conver (D> i€A. B i)

(proof)

lemma finite-set-setsum:
assumes finite A and Vi€ A. finite (B i) shows finite (3" i€A. B 1)

{proof)
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lemma set-setsum-eq:
finite A = (D> i€A. Bi)={> icA. fi|f.Vi€cA fie€ Bi}
(proof)

lemma box-eq-set-setsum-Basis:
shows {z. Vi€Basis. z+i € B i} = (. i€Basis. image (Az. z xg i) (B 1))
(proof)

lemma convex-hull-set-setsum:
convex hull (>~ i€A. B i) = (3 i€A. conver hull (B 1))

(proof)

lemma convez-hull-eq-real-cbox:
fixes = y :: real assumes z < y
shows conver hull {z, y} = cbox z y

(proof)

lemma unit-interval-convez-hull:

cboz (0::'a::euclidean-space) One = convex hull {z. Vi€ Basis. (z-i = 0) V (z-i
= 1)}

(is Zint = convex hull ?points)

(proof)

And this is a finite set of vertices.

lemma unit-cube-convex-hull:
obtains s :: 'a::euclidean-space set
where finite s and cboz 0 (3 Basis) = convez hull s

{proof)

Hence any cube (could do any nonempty interval).

lemma cube-convex-hull:
assumes d > 0
obtains s :: ‘a::euclidean-space set where
finite s and cboz (z — (>_ i€Basis. dxg1)) (z + (3 i€Basis. dxgri)) = conver
hull s
(proof)

19.27 Bounded convex function on open set is continuous

lemma convex-on-bounded-continuous:
fixes s :: ('a::real-normed-vector) set
assumes open s
and convex-on s f
and Vzes. |fz] < b
shows continuous-on s f

{proof)

19.28 Upper bound on a ball implies upper and lower bounds

lemma convex-bounds-lemma:
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fixes z :: 'a::real-normed-vector
assumes convez-on (cball z e) f
and Vy € challze. fy <b
shows Vy € challze. [fy| < b+ 2 x |f ]

(proof)

19.28.1 Hence a convex function on an open set is continuous

lemma real-of-nat-ge-one-iff: 1 < real (n:nat) +— 1 < n
(proof )

lemma convez-on-continuous:
assumes open (s:('a::euclidean-space) set) convex-on s f
shows continuous-on s f

(proof)

19.29 Line segments, Starlike Sets, etc.

definition midpoint :: 'a::real-vector = 'a = 'a
where midpoint a b = (inverse (2::real)) *r (a + b)

definition closed-segment :: 'a::real-vector = 'a = 'a set
where closed-segment a b = {(1 — u) g a + v *g b | uureal. 0 < u Au <1}

definition open-segment :: 'a::real-vector = ’'a = 'a set where
open-segment a b = closed-segment a b — {a,b}

lemmas segment = open-segment-def closed-segment-def
lemma in-segment:

z € closed-segment a b <— (Ju. 0 < uAu<I1ANz=(1—u)*ga+ux*p
b)

z € open-segment a b +— a b A (Bu. 0 <uAu<IAz=(1—u)*ga
—|— U *R b)

{proof)

definition between = (A\(a,b) z. © € closed-segment a b)

definition starlike s <— (Facs. Vzes. closed-segment a x C s)

lemma starlike-UNIV [simp]: starlike UNIV
{proof)

lemma midpoint-refl: midpoint r © = x
(proof )

lemma midpoint-sym: midpoint a b = midpoint b a
(proof)

lemma midpoint-eq-iff : midpoint a b = c<+— a+b=c + ¢
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(proof)

lemma dist-midpoint:

fixes a b :: 'a::real-normed-vector shows

dist a (midpoint a b) = (dist a b) / 2 (is 7t1)
dist b (midpoint a b) = (dist a b) / 2 (is ?t2)
dist (midpoint a b) a = (dist a b) / 2 (is t3)
dist (midpoint a b) b = (dist a b) / 2 (is ?t4)

(proof)

lemma midpoint-eq-endpoint:
midpoint a b = a <— a = b
midpoint a b =b+— a=1»>
(proof)

lemma convex-contains-segment:
conver s «— (VY a€s. Y bes. closed-segment a b C s)

{proof)

lemma closed-segment-subset: [z € s; y € s; convex s] = closed-segment © y C
s

{proof)

lemma closed-segment-subset-convex-hull:
[x € convex hull s; y € convex hull s] = closed-segment x y C convex hull s

(proof)

lemma convex-imp-starlike:
conver s = s # {} = starlike s

{proof)

lemma segment-convez-hull:
closed-segment a b = convex hull {a,b}

(proof)

lemma open-closed-segment: u € open-segment w z => u € closed-segment w z
(proof )

lemma segment-open-subset-closed:
open-segment a b C closed-segment a b

{proof)

lemma bounded-closed-segment:
fixes a :: 'a::euclidean-space shows bounded (closed-segment a b)

{proof)

lemma bounded-open-segment:
fixes a :: 'a::euclidean-space shows bounded (open-segment a b)

{proof)
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lemmas bounded-segment = bounded-closed-segment open-closed-segment

lemma ends-in-segment [iff]: a € closed-segment a b b € closed-segment a b
(proof )

lemma segment-furthest-le:
fixes a bz y :: 'a::euclidean-space
assumes z € closed-segment a b
shows norm (y — z) < norm (y — a) V. norm (y — z) < norm (y — b)

(proof)

lemma closed-segment-commute: closed-segment a b = closed-segment b a
(proof)

lemma segment-bound1:
assumes = € closed-segment a b
shows norm (z — a) < norm (b — a)
(proof )

lemma segment-bound:

assumes z € closed-segment a b

shows norm (¢ — a) < norm (b — a) norm (z — b) < norm (b — a)
(proof)

lemma open-segment-commute: open-segment a b = open-segment b a

(proof)

lemma closed-segment-idem [simp]: closed-segment a a = {a}
{proof)

lemma open-segment-idem [simp]: open-segment a a = {}

{proof)

lemma closed-segment-eq-open: closed-segment a b = open-segment a b U {a,b}
(proof )

lemma closed-segment-eq-real-ivl:
fixes a b::real
shows closed-segment a b = (if a < b then {a .. b} else {b .. a})

(proof)

lemma closed-segment-real-eq:
fixes u::real shows closed-segment w v = (Az. (v — w) * x + u) ‘ {0..1}

{proof)
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19.29.1 More lemmas, especially for working with the underlying
formula

lemma segment-eq-compose:
fixes a :: 'a :: real-vector
shows (A\u. (I — u) *g a + uxgr b) = (Az. a + z) o (Au. u xg (b — a))
(proof)

lemma segment-degen-1:

fixes a :: 'a :: real-vector

shows (I — u) xp a + u xg b= b «— a=b V u=1
(proof )

lemma segment-degen-0:
fixes a :: 'a :: real-vector
shows (I — u) *xgp a + u *gp b = a +— a=b V u=0

{proof)

lemma closed-segment-image-interval:
closed-segment a b = (Au. (I — u) *g a + u xg b) ‘ {0..1}
(proof)

lemma open-segment-image-interval:
open-segment a b = (if a=b then {} else (Au. (I — u) *g a + u *g b)
{0<..<1})
{proof)

¢

lemmas segment-image-interval = closed-segment-image-interval open-segment-image-interval

lemma open-segment-bound1 :
assumes z € open-segment a b
shows norm (z — a) < norm (b — a)

(proof)

lemma compact-segment [simp]:
fixes a :: 'a::real-normed-vector
shows compact (closed-segment a b)

{proof)

lemma closed-segment [simp):
fixes a :: 'a::real-normed-vector
shows closed (closed-segment a b)

{proof)

lemma closure-closed-segment [simp):
fixes a :: 'a::real-normed-vector
shows closure(closed-segment a b) = closed-segment a b

(proof)

lemma open-segment-bound:
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assumes r € open-segment a b
shows norm (z — a) < norm (b — a) norm (x — b) < norm (b — a)
(proof)

lemma closure-open-segment [simp]:
fixes a :: 'a:euclidean-space
shows closure(open-segment a b) = (if a = b then {} else closed-segment a b)

(proof)

lemma closed-open-segment-iff [simp]:
fixes a :: 'a::euclidean-space shows closed(open-segment a b) «— a = b
{proof )

lemma compact-open-segment-iff [simp]:
fixes a :: 'a::euclidean-space shows compact(open-segment a b) +— a = b
(proof)

lemma convez-closed-segment [iff]: convez (closed-segment a b)
{proof)

lemma convez-open-segment [iff]: convex(open-segment a b)

(proof)

lemmas convex-segment = convez-closed-segment convex-open-segment

lemma connected-segment [iff]:
fixes z :: 'a :: real-normed-vector
shows connected (closed-segment x y)

{proof)

lemma affine-hull-closed-segment [simp]:
affine hull (closed-segment a b) = affine hull {a,b}

{proof)

lemma affine-hull-open-segment [simp]:
fixes a :: 'a::euclidean-space
shows affine hull (open-segment a b) = (if a = b then {} else affine hull {a,b})

(proof)

lemma rel-interior-closure-convezr-segment:
fixes S :: -::euclidean-space set
assumes convex S a € rel-interior S b € closure S
shows open-segment a b C rel-interior S

(proof)

19.30 More results about segments

lemma dist-half-times2:
fixes a :: 'a :: real-normed-vector
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shows dist ((1 / 2) xr (a + b)) z x 2 = dist (a+b) (2 *r x)
(proof)

lemma closed-segment-as-ball:
closed-segment a b = affine hull {a,b} N cball(inverse 2 xg (a + b))(norm(b

—a)/2)
(proof)

lemma open-segment-as-ball:

open-segment a b =

affine hull {a,b} N ball(inverse 2 xr (a + b))(norm(b — a) / 2)
(proof)

lemmas segment-as-ball = closed-segment-as-ball open-segment-as-ball

lemma closed-segment-neq-empty [simp]: closed-segment a b # {}
(proof)

lemma open-segment-eq-empty [simp|: open-segment a b = {} +— a = b
(proof)

lemma open-segment-eq-empty’ [simp]: {} = open-segment a b +— a = b
(proof)

lemmas segment-eq-empty = closed-segment-neq-empty open-segment-eq-empty

lemma inj-segment:

fixes a :: 'a :: real-vector

assumes a # b
shows inj-on (Au. (I — u) *g a + u xg b) [

(proof)

lemma finite-closed-segment [simp]: finite(closed-segment a b) +— a = b
{proof)

lemma finite-open-segment [simp]: finite(open-segment a b) +— a = b
(proof )

lemmas finite-segment = finite-closed-segment finite-open-segment

lemma closed-segment-eq-sing: closed-segment a b = {c} +—a=cAb=c
(proof )

lemma open-segment-eq-sing: open-segment a b # {c}
{proof )

lemmas segment-eq-sing = closed-segment-eq-sing open-segment-eq-sing

lemma subset-closed-segment:
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closed-segment a b C closed-segment ¢ d +—
a € closed-segment ¢ d N b € closed-segment c d

{proof)

lemma subset-co-segment:
closed-segment a b C open-segment ¢ d <—
a € open-segment ¢ d N\ b € open-segment c d

(proof)

lemma subset-open-segment:
fixes a :: 'a::euclidean-space
shows open-segment a b C open-segment ¢ d +—
a=0bV a € closed-segment ¢ d N b € closed-segment ¢ d
(is ?lhs = ?rhs)

(proof)

lemma subset-oc-segment:
fixes a :: 'a::euclidean-space
shows open-segment a b C closed-segment ¢ d +—
a=0bV a € closed-segment c d A\ b € closed-segment ¢ d

(proof)

lemmas subset-segment = subset-closed-segment subset-co-segment subset-oc-segment
subset-open-segment

19.31 Betweenness

lemma between-mem-segment: between (a,b) © +— = € closed-segment a b
(proof)

lemma between: between (a, b) (z::'a::euclidean-space) +— dist a b = (dist a )
+ (dist z b)
(proof)

lemma between-midpoint:
fixes a :: 'a::euclidean-space
shows between (a,b) (midpoint a b) (is 7t1)
and between (b,a) (midpoint a b) (is ?t2)
(proof)

lemma between-mem-convez-hull:
between (a,b) © +— x € convex hull {a,b}

{proof)

19.32 Shrinking towards the interior of a convex set

lemma mem-interior-convez-shrink:
fixes s :: 'a::euclidean-space set
assumes conver s
and c € interior s
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and z € s
and 0 < e
and e < |
shows = — e g (z — ¢) € interior s

(proof)

lemma mem-interior-closure-convex-shrink:
fixes s :: 'a::euclidean-space set
assumes conver s
and c € interior s
and z € closure s
and 0 < e
and e < |
shows = — e g (z — ¢) € interior s

{(proof)

19.33 Some obvious but surprisingly hard simplex lemmas

lemma simplez:
assumes finite s
and 0 ¢ s
shows convezr hull (insert 0 s) =
{y. Qu. (Vze€s. 0 < uzx) A setsum u s < 1 A setsum (Ax. uz *g ) s = y)}

(proof)

lemma substd-simplex:
assumes d: d C Basis
shows conver hull (insert 0 d) =
{z. (Vi€Basis. 0 < z-i) A (D i€d. z-i) < 1 A (Vi€Basis. i ¢ d — z-i =
0)}
(is convex hull (insert 0 ?p) = ?s)
(proof)

lemma std-simplezx:
convex hull (insert 0 Basis) =
{z::'a::euclidean-space. (Vi€ Basis. 0 < x-i) A setsum (Ni. z+i) Basis < 1}
(proof)

lemma interior-std-simplex:
interior (convexr hull (insert 0 Basis)) =
{z::"a::euclidean-space. (Vi€ Basis. 0 < z+i) A setsum (Ai. z-i) Basis < 1}
(proof)

lemma interior-std-simplex-nonempty:
obtains a :: 'a::euclidean-space where
a € interior(conver hull (insert 0 Basis))

(proof)

lemma rel-interior-substd-simplex:
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assumes d: d C Basis
shows rel-interior (convex hull (insert 0 d)) =
{z:'az:euclidean-space. (Vied. 0 < z-i) A (Y i€d. z-i) < 1 A (Vi€Basis. i ¢
d — z-i = 0)}
(is rel-interior (convexr hull (insert 0 ?p)) = %s)
(proof )

lemma rel-interior-substd-simplez-nonempty:
assumes d # {}
and d C Basis
obtains a :: 'a::euclidean-space
where a € rel-interior (convex hull (insert 0 d))

(proof)

19.34 Relative interior of convex set

lemma rel-interior-conver-nonempty-auz:
fixes S :: 'n::euclidean-space set
assumes convexr S
and 0 € S
shows rel-interior S # {}

(proof)

lemma rel-interior-eq-empty:
fixes S :: 'n::euclidean-space set
assumes conver S
shows rel-interior S = {} +— S = {}

(proof)

lemma convez-rel-interior:
fixes S :: 'n::euclidean-space set
assumes conver S
shows convez (rel-interior S)

(proof)

lemma convex-closure-rel-interior:
fixes S :: 'n::euclidean-space set
assumes conver S
shows closure (rel-interior S) = closure S

(proof)

lemma rel-interior-same-affine-hull:
fixes S :: 'n::euclidean-space set
assumes conver S
shows affine hull (rel-interior S) = affine hull S

{proof)

lemma rel-interior-aff-dim:
fixes S :: 'n::euclidean-space set
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assumes convezx S
shows aff-dim (rel-interior S) = aff-dim S
{proof)

lemma rel-interior-rel-interior:
fixes S :: 'n::euclidean-space set
assumes convexr S
shows rel-interior (rel-interior S) = rel-interior S

(proof)

lemma rel-interior-rel-open:
fixes S :: 'n::euclidean-space set
assumes conver S
shows rel-open (rel-interior S)

(proof)

lemma convex-rel-interior-closure-auzx:
fixes z y z :: 'n::euclidean-space
assumes 0 < a0 <b(a+b)*gpz=a*gz+bx*py
obtains e where 0 < ee<1z=y — ex*g (y — )

(proof)

lemma convex-rel-interior-closure:
fixes S :: 'n::euclidean-space set
assumes conver S
shows rel-interior (closure S) = rel-interior S

(proof)

lemma convex-interior-closure:
fixes S :: 'n::euclidean-space set
assumes conver S
shows interior (closure S) = interior S

{proof)

lemma closure-eq-rel-interior-eq:
fixes S1 S2 :: 'n::euclidean-space set
assumes convex S1
and convexr S2
shows closure S1 = closure S2 <— rel-interior S1 = rel-interior S2

{proof)

lemma closure-eq-between:
fixes S1 S2 :: 'n::euclidean-space set
assumes convex S1
and convex S2

245

shows closure S1 = closure S2 <— rel-interior S1 < 52 A S2 C closure S1

(is ?A +— ?B)

(proof)
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lemma open-inter-closure-rel-interior:
fixes S A :: 'n::euclidean-space set
assumes conver S
and open A
shows A N closure S = {} +— A N rel-interior S = {}

{proof)

lemma rel-interior-open-segment:
fixes a :: 'a :: euclidean-space
shows rel-interior(open-segment a b) = open-segment a b

(proof)

lemma rel-interior-closed-segment:
fixes a :: 'a :: euclidean-space
shows rel-interior(closed-segment a b) =
(if a = b then {a} else open-segment a b)
(proof)

lemmas rel-interior-segment = rel-interior-closed-segment rel-interior-open-segment

lemma starlike-convex-tweak-boundary-points:
fixes S :: 'a::euclidean-space set
assumes conver S S # {} and ST: rel-interior S C T and TS: T C closure S
shows starlike T

(proof)

19.35 The relative frontier of a set

definition rel-frontier S = closure S — rel-interior S

lemma closed-affine-hull:
fixes S :: 'n::euclidean-space set
shows closed (affine hull S)
(proof )

lemma closed-rel-frontier:
fixes S :: 'n::euclidean-space set
shows closed (rel-frontier )

(proof)

lemma convez-rel-frontier-aff-dim:
fixes S1 S2 :: 'n::euclidean-space set
assumes conver S1
and convex S2
and S2 # {}
and SI1 < rel-frontier S2
shows aff-dim S1 < aff-dim S2

(proof)
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lemma convex-rel-interior-if:
fixes S :: 'n:euclidean-space set
assumes convexr S
and z € rel-interior S
shows Vzeaffine hull S. 3m. m > 1 AN Ve.e>1Ne<m-— (1 —e)*px
+exgz€el)
(proof)

lemma convex-rel-interior-if2:
fixes S :: 'n::euclidean-space set
assumes conver S
assumes z € rel-interior S
shows Vz€affine hull S. Je. e > 1 AN (1 —e)xgpz + exg 2z €S

(proof)

lemma convez-rel-interior-only-if:
fixes S :: 'n::euclidean-space set
assumes conver S
and S # {}
assumes VzeS. de.e > 1 A (Il —e)*gax+exgpz €S
shows z € rel-interior S

(proof)

lemma convex-rel-interior-iff:
fixes S :: 'n::euclidean-space set
assumes conver S
and S # {}
shows z € rel-interior S «— (Vz€S.Je.e >1 AN (1 —e)*xgpx+ e*xp 2z €S)

(proof)

lemma convez-rel-interior-iff2:
fixes S :: 'n::euclidean-space set
assumes convex S
and S # {}
shows z € rel-interior S «— (Va€affine hull S. Je. e > 1 AN (I — e) xg x +
e*xgp z €5)
{proof )

lemma convex-interior-iff :
fixes S :: 'n::euclidean-space set
assumes conver S
shows z € interior S +— (Vz.3e.e >0 ANz + expz €S)

(proof)

19.35.1 Relative interior and closure under common operations

lemma rel-interior-inter-auz: (| {rel-interior S |S. S : I} C (I
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(proof)

lemma closure-inter: closure (1) < ({closure S |S. S € I}

(proof)

lemma convex-closure-rel-interior-inter:
assumes V S€l. conver (S :: 'n::euclidean-space set)
and ) {rel-interior S |S. S € I} # {}
shows ({closure S |S. S € I} < closure ([ {rel-interior S |S. S € I})

(proof)

lemma convez-closure-inter:
assumes V S€l. convex (S :: 'n::euclidean-space set)
and () {rel-interior S |S. S € I} # {}
shows closure (1) = ({closure S |S. S € I}

(proof)

lemma convez-inter-rel-interior-same-closure:
assumes V S€l. convexr (S :: 'n::euclidean-space set)
and ) {rel-interior S |S. S € I} # {}
shows closure ((){rel-interior S |S. S € I}) = closure (1)

(proof)

lemma convez-rel-interior-inter:
assumes V S€l. convexr (S :: 'n::euclidean-space set)
and () {rel-interior S |S. S € I} # {}
shows rel-interior ((\I) C ({rel-interior S |S. S € I}

(proof)

lemma convex-rel-interior-finite-inter:
assumes V S€l. convexr (S :: 'n::euclidean-space set)
and () {rel-interior S |S. S € I} # {}
and finite 1
shows rel-interior ((I) = () {rel-interior S |S. S € I}

(proof)

lemma convex-closure-inter-two:
fixes S T :: 'n::euclidean-space set
assumes conver S
and convexr T
assumes rel-interior S N rel-interior T # {}
shows closure (S N T) = closure S N closure T

(proof)

lemma convez-rel-interior-inter-two:
fixes S T :: 'n::euclidean-space set
assumes convex S
and convex T
and rel-interior S N rel-interior T # {}
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shows rel-interior (S N T) = rel-interior S N rel-interior T
{proof)

lemma convex-affine-closure-inter:
fixes S T :: 'n::euclidean-space set
assumes convex S
and affine T
and rel-interior S N T # {}
shows closure (S N T) = closure S N T

(proof)

lemma connected-component-1-gen:
fixes S :: 'a :: euclidean-space set
assumes DIM ('a) = 1
shows connected-component S a b +— closed-segment a b C S

(proof)

lemma connected-component-1:
fixes S :: real set
shows connected-component S a b +— closed-segment a b C S

(proof)

lemma convez-affine-rel-interior-inter:
fixes S T :: 'n::euclidean-space set
assumes conver S
and affine T
and rel-interior S N T # {}
shows rel-interior (S N T) = rel-interior S N T

(proof)

lemma subset-rel-interior-convex:
fixes S T :: 'n::euclidean-space set
assumes conver S
and conver T
and S < closure T
and = S C rel-frontier T
shows rel-interior S C rel-interior T

(proof)

lemma rel-interior-convex-linear-image:
fixes [ :: 'm::euclidean-space = 'n::euclidean-space
assumes linear f
and convexr S
shows f ¢ (rel-interior S) = rel-interior (f ©S)
(proof)

lemma rel-interior-convez-linear-preimage:
fixes f :: 'm:euclidean-space = 'n::euclidean-space
assumes linear f
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and convex S
and f —° (rel-interior S) # {
shows rel-interior (f —S) = f —* (rel-interior S)

(proof)

lemma rel-interior-direct-sum:
fixes S :: 'n::euclidean-space set
and T :: 'm:euclidean-space set
assumes conver S
and convex T
shows rel-interior (S x T) = rel-interior S x rel-interior T

(proof)

lemma rel-interior-scaleR:
fixes S :: 'n::euclidean-space set
assumes ¢ # 0
shows (op xg ¢) ¢ (rel-interior S) = rel-interior ((op *r c) *S)
(proof)

lemma rel-interior-convez-scaleR:
fixes S :: 'n::euclidean-space set
assumes conver S
shows (op xg ¢) ¢ (rel-interior S) = rel-interior ((op *r c) *S5)
(proof)

lemma convez-rel-open-scaleR:
fixes S :: 'n::euclidean-space set
assumes conver S
and rel-open S
shows conver ((op *g ¢) *S) A rel-open ((op *g ¢) ©5)

(proof)

lemma convex-rel-open-finite-inter:
assumes V Sel. conver (S :: 'n::euclidean-space set) A rel-open S
and finite I
shows convex ((I) A rel-open (1)

(proof)

lemma convez-rel-open-linear-image:
fixes [ :: 'm::euclidean-space = 'n::euclidean-space
assumes linear f
and convex S
and rel-open S
shows convez (f < S) A rel-open (f < S)

{proof)

lemma convez-rel-open-linear-preimage:
fixes f :: 'm:euclidean-space = 'n::euclidean-space
assumes linear f
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and conver S
and rel-open S
shows convez (f —°S) A rel-open (f —*S5)
(proof )

lemma rel-interior-projection:
fixes S :: (‘m::euclidean-space X 'n::euclidean-space) set
and [ :: 'm:euclidean-space = 'n::euclidean-space set
assumes convex S
and f = (\y. {z. (v, 2) € S})
shows (y, z) € rel-interior S «— (y € rel-interior {y. (fy # {}H} A z €
rel-interior (f y))

(proof)

19.35.2 Relative interior of convex cone

lemma cone-rel-interior:
fixes S :: 'm::euclidean-space set
assumes cone S
shows cone ({0} U rel-interior S)

(proof)

lemma rel-interior-convez-cone-auz:
fixes S :: 'm::euclidean-space set
assumes convex S
shows (¢, x) € rel-interior (cone hull ({(1 :: real)} x §)) «—
¢c> 0Nz € ((op xgr ¢) ‘ (rel-interior S))
(proof)

lemma rel-interior-convez-cone:
fixes S :: 'm:euclidean-space set
assumes conver S
shows rel-interior (cone hull ({1 :: real} x S)) =
{(¢, cxgpz)| cx. ¢ > 0 Nz € rel-interior S}
(is ?lhs = ?rhs)

(proof)

lemma convex-hull-finite-union:

assumes finite [

assumes Viel. conver (Si) A (Si) # {}

shows convez hull (J(S ‘1)) =

{setsum (Ai. cixg si)I|cs. (Viel.ci > 0) A setsumcI =1 N (Viel. s

ieSi)}

(is ?lhs = ?rhs)
(proof)

lemma convex-hull-union-two:
fixes S T :: 'm::euclidean-space set
assumes convexr S
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and S # {}

and convex T

and T # {}
shows conver hull (S U T) =

252

{usps+v*gpt|luvst.u>0ANv>20ANut+v=1AseSANteT}

(is ?lhs = ?rhs)
(proof)

19.36 Convexity on direct sums

lemma closure-sum:
fixes S T :: 'a::real-normed-vector set
shows closure S + closure T C closure (S + T)

{proof)

lemma rel-interior-sum:
fixes S T :: 'n::euclidean-space set
assumes conver S
and convex T
shows rel-interior (S + T) = rel-interior S + rel-interior T

(proof)

lemma rel-interior-sum-gen:
fixes S :: 'a = 'n::euclidean-space set
assumes Vie€l. conver (S i)
shows rel-interior (setsum S I) = setsum (\i. rel-interior (S 1)) I

{proof)

lemma convez-rel-open-direct-sum:
fixes S T :: 'n::euclidean-space set
assumes conver S
and rel-open S
and convex T
and rel-open T
shows conver (S x T) A rel-open (S x T)

{proof)

lemma convez-rel-open-sum:
fixes S T :: 'n::euclidean-space set
assumes conver S
and rel-open S
and conver T
and rel-open T
shows conver (S + T) A rel-open (S + T)
(proof )

lemma convez-hull-finite-union-cones:
assumes finite [

and I # {}
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assumes Vi€l. conver (S i) A cone (Si) A Si # {}
shows convex hull (U (S ‘1)) = setsum S I
(is ?lhs = ?rhs)

(proof)

lemma convez-hull-union-cones-two:
fixes S T :: 'm::euclidean-space set
assumes convex S
and cone S
and S # {}
assumes convex T
and cone T
and T # {}
shows conver hull (SU T) =8+ T

(proof)

lemma rel-interior-convez-hull-union:
fixes S :: 'a = 'n::euclidean-space set
assumes finite [
and Viel. conver (S i) A Si # {}
shows rel-interior (convex hull (U (S ‘1))) =
{setsum (Ni. ci*gp si)I|cs. (Viel. ci> 0) A setsumcl =1 A
(Viel. s i € rel-interior(S 1))}
(is ?lhs = ?rhs)
(proof)

lemma convez-le-Inf-differential:
fixes f :: real = real
assumes convez-on I f
and z € interior 1
and y € |
shows fy > faz + Inf (M. (fz — ft)/ (z —1t)  {z<.FNID)*(y — 2)
(is -> -+ Inf (9F z) x (y — x))
(proof)

19.37 Explicit formulas for interior and relative interior of
convex hull

lemma interior-atLeastAtMost [simp):
fixes a::real shows interior {a..b} = {a<..<b}

(proof)

lemma interior-atLeastLessThan [simp]:
fixes a::real shows interior {a..<b} = {a<..<b}

{proof)

lemma interior-lessThanAtMost [simp]:
fixes a::real shows interior {a<..b} = {a<..<b}
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{proof)

lemma at-within-closed-interval:
fixes z::real
shows a < 2 = = < b = (at z within {a..b}) = at x

{proof)

lemma affine-independent-convex-affine-hull:
fixes s :: 'a::euclidean-space set
assumes "~ affine-dependent s t C s
shows convex hull t = affine hull t N convex hull s

(proof)

lemma affine-independent-span-eq:
fixes s :: 'a::euclidean-space set
assumes "~ affine-dependent s card s = Suc (DIM ('a))
shows affine hull s = UNIV

(proof)

lemma affine-independent-span-gt:
fixes s :: 'a::euclidean-space set
assumes ind: ~ affine-dependent s and dim: DIM ('a) < card s
shows affine hull s = UNIV

{proof)

lemma empty-interior-affine-hull:
fixes s :: 'a::euclidean-space set
assumes finite s and dim: card s < DIM ('a)
shows interior(affine hull s) = {}

{proof)

lemma empty-interior-convex-hull:
fixes s :: 'a::euclidean-space set
assumes finite s and dim: card s < DIM ('a)
shows interior(convex hull s) = {}

{proof)

lemma explicit-subset-rel-interior-convexr-hull:
fixes s :: 'a::euclidean-space set
shows finite s
= {y.Ju. Ve €s. 0 <uz ANuz <1)Asetsumus=1 A setsum (A\z.
UL kR T)S =Y}
C rel-interior (convex hull )
(proof)

lemma explicit-subset-rel-interior-convex-hull-minimal:
fixes s :: 'a::euclidean-space set
shows finite s
= {y. Ju. Yz € 5. 0 < uz) A setsum us =1 A setsum (Az. u z *p
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z) s =y}
C rel-interior (convex hull s)

{proof)

lemma rel-interior-convex-hull-explicit:
fixes s :: 'a::euclidean-space set
assumes "~ affine-dependent s
shows rel-interior(convex hull s) =
{y. Ju. Yz €. 0 < uzx)A setsum us =1 A setsum (Az. u T *g ) s
=y}
(is ?lhs = ?rhs)

(proof)

lemma interior-convez-hull-explicit-minimal:

fixes s :: 'a::euclidean-space set

shows

~ affine-dependent s

==> interior(conver hull s) =
(if card(s) < DIM('a) then {}
else {y. Ju. Vz € 5. 0 <uzx) A setsumus=1A (D xEs. vz *p

2) = )

{proof)

lemma interior-convex-hull-explicit:
fixes s :: 'a::euclidean-space set
assumes "~ affine-dependent s
shows
interior(convex hull s) =
(if card(s) < DIM('a) then {}
else {y. Ju. Yz €s. 0 <uz ANuz <I1)Asetsumus=1A (D z€s.
UL xR x) = y})

(proof)

lemma interior-closed-segment-ge2:
fixes a :: 'a::euclidean-space
assumes 2 < DIM('a)
shows interior(closed-segment a b) = {}

(proof)

lemma interior-open-segment:
fixes a :: 'a::euclidean-space
shows interior(open-segment a b) =
(if 2 < DIM('a) then {} else open-segment a b)
(proof)

lemma interior-closed-segment:
fixes a :: 'a::euclidean-space
shows interior(closed-segment a b) =
(if 2 < DIM('a) then {} else open-segment a b)
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(proof)

lemmas interior-segment = interior-closed-segment interior-open-segment

lemma closed-segment-eq [simp]:
fixes a :: 'a::euclidean-space
shows closed-segment a b = closed-segment ¢ d +— {a,b} = {c,d}

(proof)

lemma closed-open-segment-eq [simp):
fixes a :: 'a::euclidean-space
shows closed-segment a b # open-segment ¢ d

(proof)

lemma open-closed-segment-eq [simp):
fixes a :: 'a::euclidean-space
shows open-segment a b # closed-segment ¢ d

(proof)

lemma open-segment-eq [simp):
fixes a :: 'a::euclidean-space
shows open-segment a b = open-segment ¢ d +— a = b AN ¢ = d V {a,b} =
{e,d}
(is ?lhs = ?rhs)
(proof)

19.38 Similar results for closure and (relative or absolute)
frontier.

lemma closure-convex-hull [simp]:
fixes s :: 'a::euclidean-space set
shows compact s ==> closure(convex hull s) = convezr hull s

{proof)

lemma rel-frontier-convex-hull-explicit:
fixes s :: 'a::euclidean-space set
assumes ~ affine-dependent s
shows rel-frontier(convex hull s) =
{y.Ju. Ve €s. 0 <uz) ANz €s.uzx=0)A setsumus=1A setsum
(M. vz *xgz)s =y}

{(proof)

lemma frontier-convez-hull-explicit:
fixes s :: 'a::euclidean-space set
assumes "~ affine-dependent s
shows frontier(convez hull s) =
{y. Ju. Vz € 5. 0 <uzx) AN (DIM ('a) < card s — (Jz € s. uzx = 0))
N
setsum u s = 1 N setsum (A\x. vz *g ) s = y}
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(proof)

lemma rel-frontier-convex-hull-cases:
fixes s :: 'a::euclidean-space set
assumes ~ affine-dependent s
shows rel-frontier(convex hull s) = |J{convex hull (s — {z}) |z. z € s}

(proof)

lemma frontier-convez-hull-eq-rel-frontier:
fixes s :: 'a::euclidean-space set
assumes ~ affine-dependent s
shows frontier(convex hull s) =
(if card s < DIM (’a) then convex hull s else rel-frontier(conver hull s))

{proof)

lemma frontier-convez-hull-cases:
fixes s :: 'a::euclidean-space set
assumes "~ affine-dependent s
shows frontier(convex hull s) =
(if card s < DIM ('a) then convex hull s else | {convex hull (s — {z})
|z. T € s})

(proof)

lemma in-frontier-convez-hull:
fixes s :: 'a::euclidean-space set
assumes finite s card s < Suc (DIM ('a)) z € s
shows 1z € frontier(conver hull s)

(proof)

lemma not-in-interior-convex-hull:
fixes s :: 'a::euclidean-space set
assumes finite s card s < Suc (DIM ('a)) z € s
shows 1z ¢ interior(convex hull s)

(proof)

lemma interior-convex-hull-eq-empty:
fixes s :: 'a::euclidean-space set
assumes card s = Suc (DIM ('a))
shows interior(convex hull ) = {} «— affine-dependent s

(proof)

19.39 Coplanarity, and collinearity in terms of affine hull

definition coplanar where
coplanar s = Ju v w. s C affine hull {u,v,w}

lemma collinear-affine-hull:
collinear s «— (Ju v. s C affine hull {u,v})

(proof)
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lemma collinear-closed-segment [simp]: collinear (closed-segment a b)
(proof)

lemma collinear-open-segment [simp): collinear (open-segment a b)
{proof)

lemma subset-continuous-image-segment-1:
fixes f :: ‘a::euclidean-space = real
assumes continuous-on (closed-segment a b) f
shows closed-segment (f a) (f b) C image f (closed-segment a b)

(proof)

lemma collinear-imp-coplanar:
collinear s ==> coplanar s

(proof)

lemma collinear-small:
assumes finite s card s < 2
shows collinear s

(proof)

lemma coplanar-small:
assumes finite s card s < 3
shows coplanar s

(proof)

lemma coplanar-empty: coplanar {}
(proof )

lemma coplanar-sing: coplanar {a}
(proof)

lemma coplanar-2: coplanar {a,b}
(proof )

lemma coplanar-3: coplanar {a,b,c}
(proof)

lemma collinear-affine-hull-collinear: collinear(affine hull s) <— collinear s
{proof)

lemma coplanar-affine-hull-coplanar: coplanar(affine hull s) <— coplanar s
(proof)

lemma coplanar-linear-image:
fixes [ :: ‘a::euclidean-space = 'b::real-normed-vector
assumes coplanar s linear f shows coplanar(f * s)

(proof)
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lemma coplanar-translation-imp: coplanar s = coplanar (Az. a + z) ©s)
{proof)

lemma coplanar-translation-eq: coplanar((Az. a + x) “s) «— coplanar s
(proof)

lemma coplanar-linear-image-eq:
fixes f :: 'a::euclidean-space = 'b::euclidean-space
assumes linear f inj f shows coplanar(f ¢ s) = coplanar s

(proof)

lemma coplanar-subset: [coplanar t; s C t] = coplanar s

(proof )

lemma affine-hull-3-imp-collinear: ¢ € affine hull {a,b} = collinear {a,b,c}
{proof)

lemma collinear-3-imp-in-affine-hull: [collinear {a,b,c}; a # b] = ¢ € affine
hull {a,b}
{proof)

lemma collinear-3-affine-hull:
assumes a # b
shows collinear {a,b,c} <— ¢ € affine hull {a,b}

(proof)

lemma collinear-3-eq-affine-dependent:
collinear{a,b,c} +— a=bV a=cV b= cV affine-dependent {a,b,c}

(proof)

lemma affine-dependent-imp-collinear-3:
affine-dependent {a,b,c} = collinear{a,b,c}
(proof)

lemma collinear-3: NO-MATCH 0 © = collinear {z,y,z} +— collinear {0, z—y,
z—y}
(proof)

thm affine-hull-nonempty
corollary affine-hull-eqg-empty [simp]: affine hull S = {} +— S = {}
{proof )

lemma affine-hull-2-alt:

fixes a b :: 'a::real-vector

shows affine hull {a,b} = range (A\u. a + u *g (b — a))
(proof)
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lemma interior-convex-hull-3-minimal:
fixes a :: 'a::euclidean-space
shows [~ collinear{a,b,c}; DIM ('a) = 2]
= interior(convezr hull {a,b,c}) =
{w.Fzyz. 0<zANO<yANO<zAz4+y+z=1A
z*xgpa+ y*gp b+ z%xgc=uv}
(proof)

19.40 The infimum of the distance between two sets

definition setdist :: 'a::metric-space set = 'a set = real where
setdist s t =
(if s={}yVvit={}then 0
else Inf {distxy| xy. z € s Ny € t})

lemma setdist-emptyl [simp]: setdist {} t = 0
{proof)

lemma setdist-empty2 [simp]: setdist t {} = 0
{proof )

lemma setdist-pos-le: 0 < setdist s t
(proof )

lemma le-setdistl:
assumes s Z{} t Z{} Nzy. [t €s;yet] = d < distzy
shows d < setdist s t

(proof )

lemma setdist-le-dist: [z € s; y € t] = setdist s t < dist z y
(proof)

lemma le-setdist-iff:
d < setdist s t <—
Ve esVyet.d<distzy) N(s={}Vvi={} —d<0)
{proof )

lemma setdist-ItE:
assumes setdist st < b s # {} t # {}
obtains z y where z € sy e t distxy < b

(proof)

lemma setdist-refl: setdist s s = 0
(proof )

lemma setdist-sym: setdist s t = setdist t s
(proof)
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lemma setdist-triangle: setdist s t < setdist s {a} + setdist {a} t
(proof)

lemma setdist-singletons [simp]: setdist {z} {y} = dist z y
{proof)

lemma setdist-Lipschitz: |setdist {z} s — setdist {y} s| < dist x y
{proof)

lemma continuous-at-setdist: continuous (at z) (\y. (setdist {y} s))
{proof)

lemma continuous-on-setdist: continuous-on t (Ay. (setdist {y} s))
{proof)

lemma uniformly-continuous-on-setdist: uniformly-continuous-on t (\y. (setdist

{y} s))
(proof )

lemma setdist-subset-right: [t # {}; t C u] = setdist s u < setdist s t
{proof)

lemma setdist-subset-left: [s # {}; s C t] = setdist t u < setdist s u
{proof)

lemma setdist-closure-1 [simp]: setdist (closure s) t = setdist s t

(proof)

lemma setdist-closure-2 [simp]: setdist t (closure s) = setdist t s
(proof)

lemma setdist-compact-closed:
fixes s :: 'a::euclidean-space set
assumes s: compact s and t: closed t

and s # {} t # {}
shows dz € s. Jy € t. dist v y = setdist s t

(proof)

lemma setdist-closed-compact:
fixes s :: 'a::euclidean-space set
assumes s: closed s and t: compact t

and s # {} ¢ # {}
shows 3z € s. dy € t. dist vy = setdist st

{proof)

lemma setdist-eq-0I: [z € s; ¢ € t] = setdist st = 0

(proof)

lemma setdist-eq-0-compact-closed:
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fixes s :: 'a::euclidean-space set
assumes s: compact s and t: closed t
shows setdist st = 0 +— s={}vi={}Vvsnt#{}

{proof)

corollary setdist-gt-0-compact-closed:
fixes s :: 'a::euclidean-space set
assumes s: compact s and t: closed t
shows setdist st > 0 +— (s #{J At #{} Asnt={})

(proof)

lemma setdist-eq-0-closed-compact:
fixes s :: 'a::euclidean-space set
assumes s: closed s and t: compact t
shows setdist st = 0 +— s={}Vvit={}Vvsnt#{}

(proof)

lemma setdist-eq-0-bounded:
fixes s :: 'a::euclidean-space set
assumes bounded s V bounded t
shows setdist st = 0 +— s = {} V.t = {} V closure s N closure t # {}

{proof)

lemma setdist-unique:
[aes;bet; Ney. € s ANy et ==>distab < distzy]
= setdist st = dist a b
(proof)

lemma setdist-closest-point:
[closed s; s # {}] = setdist {a} s = dist a (closest-point s a)

(proof)

lemma setdist-eq-0-sing-1 [simp]:
fixes s :: 'a::euclidean-space set
shows setdist {z} s = 0 +— s = {} V z € closure s

(proof)

lemma setdist-eq-0-sing-2 [simp]:
fixes s :: 'a::euclidean-space set
shows setdist s {z} = 0 +— s ={} V 2 € closure s

(proof)

lemma setdist-sing-in-set:
fixes s :: 'a::euclidean-space set
shows z € s = setdist {z} s = 0

(proof)

lemma setdist-le-sing: © € s ==> setdist s t < setdist {z} ¢

{proof)
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end

20 Continuous paths and path-connected sets

theory Path-Connected
imports Convex-Fuclidean-Space
begin

20.1 Paths and Arcs

definition path :: (real = 'a::topological-space) = bool
where path g «— continuous-on {0..1} g

definition pathstart :: (real = 'a::topological-space) = 'a
where pathstart g = g 0

definition pathfinish :: (real = 'a::topological-space) = 'a
where pathfinish g = g 1

definition path-image :: (real = 'a::topological-space) = 'a set
where path-image g = g * {0 .. 1}

definition reversepath :: (real = 'a::topological-space) = real = 'a
where reversepath g = (Az. g(1 — z))

definition joinpaths :: (real = 'a::topological-space) = (real = 'a) = real = 'a
(infixr +4++ 75)
where g1 +++ g2 = (Az. if ¢ < 1/2 then g1 (2 x z) else g2 (2 x x — 1))

definition simple-path :: (real = 'a::topological-space) = bool
where simple-path g <—
path g A (Vze{0..1}. Vye{0..1}. gz =gy —z=yVz=0ANy=1V
r=1ANy=20)

definition arc :: (real = 'a :: topological-space) = bool
where arc g «— path g A inj-on g {0..1}

20.2 Invariance theorems
lemma path-eq: path p = (A\t. t € {0..1} = pt = qt) = path q
(proof )

lemma path-continuous-image: path g = continuous-on (path-image g) f =

path(f o g)
(proof)

lemma path-translation-eq:
fixes g :: real = 'a :: real-normed-vector
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shows path((Az. a + x) 0 g) = path g
(proof)

lemma path-linear-image-eq:
fixes f :: ‘a::euclidean-space = 'b::euclidean-space
assumes linear f inj f
shows path(f o g) = path g
(proof)

lemma pathstart-translation: pathstart((Az. e + x) 0 g) = a + pathstart g
(proof)

lemma pathstart-linear-image-eq: linear f = pathstart(f o g) = f(pathstart g)
(proof )

lemma pathfinish-translation: pathfinish((Ax. a + z) 0 g) = a + pathfinish g
(proof)

lemma pathfinish-linear-image: linear f = pathfinish(f o g) = f(pathfinish g)
(proof )

lemma path-image-translation: path-image((Az. a + z) 0 g) = (Az. a + z) ¢
(path-image g)

(proof)
lemma path-image-linear-image: linear f = path-image(f o g) = f ¢ (path-image
9)

(proof)

lemma reversepath-translation: reversepath((Az. a + z) 0 g) = (Az. a + z) o
reversepath g

(proof)

lemma reversepath-linear-image: linear f = reversepath(f o g) = f o reversepath

9
{proof)

lemma joinpaths-translation:
(Az. a + 2) 0 g1) +++ ((Az. a + 2) 0 92) = (Az. a + z) 0 (g1 +++ g2)
{proof )

lemma joinpaths-linear-image: linear f = (fo g1) +++ (fo g2) = fo (g1 +++
92)
(proof )

lemma simple-path-translation-eq:
fixes ¢ :: real = 'a::euclidean-space
shows simple-path((Az. a + z) o g) = simple-path g
(proof)
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lemma simple-path-linear-image-eq:
fixes [ :: ‘a::euclidean-space = 'b::euclidean-space
assumes linear f inj f
shows simple-path(f o g) = simple-path g
(proof)

lemma arc-translation-eq:
fixes ¢ :: real = 'a::euclidean-space
shows arc((Az. a + x) 0 g) = arc g
(proof)

lemma arc-linear-image-eq:
fixes f :: 'a::euclidean-space = 'b::euclidean-space
assumes linear f inj f
shows arc(fog) = arcyg
(proof)

20.3 Basic lemmas about paths
lemma arc-imp-simple-path: arc g = simple-path g

{proof)

lemma arc-imp-path: arc g = path g
(proof)

lemma simple-path-imp-path: simple-path g = path g
(proof )

lemma simple-path-cases: simple-path g = arc g V pathfinish g = pathstart g
(proof)

lemma simple-path-imp-arc: simple-path ¢ = pathfinish g # pathstart ¢ = arc
g
(proof )

lemma arc-distinct-ends: arc ¢ => pathfinish g # pathstart g
(proof)

lemma arc-simple-path: arc g +— simple-path g N pathfinish g # pathstart g
(proof)

lemma simple-path-eq-arc: pathfinish g # pathstart g = (simple-path g = arc g)
(proof )

lemma path-image-nonempty [simp]: path-image g # {}
(proof )

lemma pathstart-in-path-image[intro|: pathstart g € path-image g
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{proof)

lemma pathfinish-in-path-image[intro]: pathfinish g € path-image g
(proof )

lemma connected-path-image[intro]: path ¢ => connected (path-image g)
(proof)

lemma compact-path-image[intro]: path g = compact (path-image g)
(proof )

lemma reversepath-reversepath|simp): reversepath (reversepath g) = g
(proof )

lemma pathstart-reversepath[simp|: pathstart (reversepath g) = pathfinish g
(proof)

lemma pathfinish-reversepath|simp): pathfinish (reversepath g) = pathstart g
(proof )

lemma pathstart-join[simp]: pathstart (g1 +++ g2) = pathstart g1
(proof)

lemma pathfinish-join[simp|: pathfinish (g1 +++ g2) = pathfinish g2
(proof)

lemma path-image-reversepath[simp|: path-image (reversepath g) = path-image g

(proof)

lemma path-reversepath [simp]: path (reversepath g) +— path g

{(proof)

lemma arc-reversepath:
assumes arc g shows arc(reversepath g)

(proof)

lemma simple-path-reversepath: simple-path g = simple-path (reversepath g)
(proof)

lemmas reversepath-simps =
path-reversepath path-image-reversepath pathstart-reversepath pathfinish-reversepath

lemma path-join[simp]:
assumes pathfinish g1 = pathstart g2
shows path (g1 +++ g2) <— path g1 A path g2
(proof )
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21 Path Images

lemma bounded-path-image: path g = bounded (path-image g)
(proof )

lemma closed-path-image:
fixes g :: real = 'a::t2-space
shows path g = closed(path-image g)
(proof)

lemma connected-simple-path-image: simple-path g = connected(path-image g)
(proof )

lemma compact-simple-path-image: simple-path ¢ = compact(path-image g)
(proof)

lemma bounded-simple-path-image: simple-path ¢ = bounded(path-image g)
(proof)

lemma closed-simple-path-image:
fixes g :: real = 'a::t2-space
shows simple-path g = closed(path-image g)
(proof )

lemma connected-arc-image: arc ¢ = connected(path-image g)
(proof)

lemma compact-arc-image: arc g = compact(path-image g)
(proof )

lemma bounded-arc-image: arc ¢ = bounded(path-image g)
(proof )

lemma closed-arc-image:
fixes g :: real = 'a::t2-space
shows arc ¢ = closed(path-image g)
(proof )

lemma path-image-join-subset: path-image (91 +++ g2) C path-image g1 U path-image
g2
(proof)

lemma subset-path-image-join:
assumes path-image g1 C s
and path-image g2 C s
shows path-image (g1 +++ ¢2) C s
(proof)

lemma path-image-join:
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pathfinish g1 = pathstart g2 = path-image(g1 +++ g2) = path-image g1 U
path-image g2
{proof )

lemma not-in-path-image-join:
assumes z ¢ path-image g1
and z ¢ path-image g2
shows z ¢ path-image (g1 +++ ¢2)
(proof )

lemma pathstart-compose: pathstart(f o p) = f(pathstart p)
(proof)

lemma pathfinish-compose: pathfinish(f o p) = f(pathfinish p)
(proof )

lemma path-image-compose: path-image (f o p) = f * (path-image p)
(proof )

lemma path-compose-join: fo (p +++ q) = (fop) +++ (fo q)
(proof )

lemma path-compose-reversepath: f o reversepath p = reversepath(f o p)
(proof)

lemma joinpaths-eq:
(ANt.te{0..1} =pt=p't) =
(ANt. t € {0..1} = qt=4q'1)
= te{0.l}=(p+++ ) t=0(p +++4q¢)t
(proof )

lemma simple-path-inj-on: simple-path ¢ = inj-on g {0<..<1}

{proof)

21.1 Simple paths with the endpoints removed

lemma simple-path-endless:
simple-path ¢ = path-image ¢ — {pathstart c,pathfinish ¢} = ¢ * {0<..<1}
(proof)

lemma connected-simple-path-endless:
simple-path ¢ = connected(path-image ¢ — {pathstart c,pathfinish c})

(proof)

lemma nonempty-simple-path-endless:
simple-path ¢ = path-image ¢ — {pathstart c,pathfinish ¢} # {}
(proof)
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21.2 The operations on paths

lemma path-image-subset-reversepath: path-image(reversepath g) < path-image g
(proof )

lemma path-imp-reversepath: path g = path(reversepath g)
(proof)

lemma half-bounded-equal: 1 < z % 2 = x % 2 < 1 <— x = (1/2::real)
{proof)

lemma continuous-on-joinpaths:
assumes continuous-on {0..1} g1 continuous-on {0..1} g2 pathfinish g1 = path-
start g2
shows continuous-on {0..1} (g1 +++ ¢2)

(proof)

lemma path-join-imp: [path g1; path g2; pathfinish g1 = pathstart g2] = path(g1
+++ g2)
(proof )

lemma simple-path-join-loop:
assumes arc gl arc g2
pathfinish g1 = pathstart g2 pathfinish g2 = pathstart g1
path-image g1 N path-image g2 C {pathstart g1, pathstart g2}
shows simple-path(gl +++ ¢2)
(proof)

lemma arc-join:
assumes arc gl arc g2
pathfinish g1 = pathstart g2
path-image g1 N path-image g2 C {pathstart g2}
shows arc(gl +++ ¢2)
(proof)

lemma reversepath-joinpaths:
pathfinish g1 = pathstart g2 = reversepath(gl +++ g2) = reversepath g2
+++ reversepath g1
(proof)

21.3 Some reversed and ”if and only if” versions of joining
theorems
lemma path-join-path-ends:
fixes g1 :: real = 'a::metric-space
assumes path(gl +++ ¢2) path g2
shows pathfinish g1 = pathstart g2

(proof)

lemma path-join-eq [simp]:
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fixes g1 :: real = 'a::metric-space
assumes path g1 path g2

shows path(gl +++ ¢2) <— pathfinish g1 = pathstart g2
(proof )

lemma simple-path-joink:
assumes simple-path(gl +++ ¢2) and pathfinish g1 = pathstart g2
obtains arc g1 arc g2
path-image g1 N path-image g2 C {pathstart g1, pathstart g2}
(proof )

lemma simple-path-join-loop-eq:
assumes pathfinish g2 = pathstart g1 pathfinish g1 = pathstart g2
shows simple-path(gl +++ ¢2) «—
arc g1 A arc g2 A path-image g1 N path-image g2 C {pathstart g1,
pathstart g2}
(proof)

lemma arc-join-eq:
assumes pathfinish g1 = pathstart g2
shows arc(gl +++ ¢2) «—
arc g1 A arc g2 A path-image g1 N path-image g2 C {pathstart g2}
(is ?lhs = ?rhs)
(proof)

lemma arc-join-eq-alt:
pathfinish g1 = pathstart g2
= (arc(gl +++ ¢2) +—
arc g1 N arc g2 A
path-image g1 N path-image g2 = {pathstart g2})
(proof)

21.4 The joining of paths is associative

lemma path-assoc:

[pathfinish p = pathstart q; pathfinish ¢ = pathstart r]

— path(p +++ (¢ +++ 1)) «— path((p +++ q) +++ r)
(proof)

lemma simple-path-assoc:
assumes pathfinish p = pathstart q pathfinish ¢ = pathstart r
shows simple-path (p +++ (q +++ 1)) <— simple-path ((p +++ q) +++ r)
(proof )

lemma arc-assoc:

[pathfinish p = pathstart q; pathfinish ¢ = pathstart ]

= arc(p +++ (¢ +++ 1)) +— arc((p +++ q) +++ 1)
(proof)
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21.4.1 Symmetry and loops

lemma path-sym:
[pathfinish p = pathstart q; pathfinish q¢ = pathstart p] = path(p +++ q) +—
path(q +++ p)
(proof)

lemma simple-path-sym:
[pathfinish p = pathstart q; pathfinish ¢ = pathstart p]
= simple-path(p +++ q) «— simple-path(q +++ p)
(proof)

lemma path-image-sym:
[pathfinish p = pathstart q; pathfinish ¢ = pathstart p]
= path-image(p +++ q) = path-image(q +++ p)
(proof)

22 Choosing a subpath of an existing path

definition subpath :: real = real = (real = 'a) = real = 'a::real-normed-vector
where subpath a b g = Az. g((b — a) * x + a)

lemma path-image-subpath-gen:
fixes g :: - = 'a:real-normed-vector
shows path-image(subpath uw v g) = g * (closed-segment u v)
(proof )

lemma path-image-subpath:
fixes g :: real = 'a::real-normed-vector
shows path-image(subpath v v g) = (if u < v then g “ {u..v} else g “ {v..u})
(proof)

lemma path-subpath [simp]:
fixes g :: real = 'a::real-normed-vector
assumes path g u € {0..1} v € {0..1}
shows path(subpath u v g)

(proof)

lemma pathstart-subpath [simp]: pathstart(subpath v v g) = g(u)
(proof )

lemma pathfinish-subpath [simp]: pathfinish(subpath v v g) = g(v)
(proof)

lemma subpath-trivial [simp]: subpath 0 1 g = g
(proof)

lemma subpath-reversepath: subpath 1 0 g = reversepath g
(proof)
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lemma reversepath-subpath: reversepath(subpath uw v g) = subpath v u g
(proof)

lemma subpath-translation: subpath u v (Az. a + z) 0 g) = (Az. a + z) o subpath
wvg
{proof)

lemma subpath-linear-image: linear f = subpath uw v (f 0 g) = f o subpath u v g
(proof )

lemma affine-ineq:
fixes z :: 'a::linordered-idom
assumes z < 1 v < u
shows v +zxu<u-+xxw

(proof)

lemma sum-le-prod1:
fixes a::real shows [a < 1; 0 < ] = a+b< 1+ axb

(proof)

lemma simple-path-subpath-eq:
simple-path(subpath u v g) +—
path(subpath w v g) A u#v A
(Vz y. z € closed-segment uw v A\ y € closed-segment uv N gz = gy
—r=yVr=uAy=oVr=0vAy=u)
(is ?lhs = ?rhs)

(proof)

lemma arc-subpath-eq:
arc(subpath u v g) +— path(subpath uw v g) A uv A inj-on g (closed-segment u
v)
(is ?lhs = 2rhs)
(proof)

lemma simple-path-subpath:
assumes simple-path g u € {0..1} v € {0..1} u # v
shows simple-path(subpath u v g)
(proof)

lemma arc-simple-path-subpath:
[simple-path g; uw € {0..1}; v € {0..1}; g u # g v] = arc(subpath v v g)
{proof )

lemma arc-subpath-arc:
[arc g; w € {0..1}; v € {0..1}; u # v] = arc(subpath u v g)
{proof)
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lemma arc-simple-path-subpath-interior:

[simple-path g; v € {0..1}; v € {0..1}; u # v; |[u—v| < 1] = arc(subpath u
v 9g)

(proof )

lemma path-image-subpath-subset:
[path g; w € {0..1}; v € {0..1}] = path-image(subpath u v g) C path-image g
(proof )

lemma join-subpaths-middle: subpath (0) ((1 / 2)) p +++ subpath ((1 / 2)) 1 p
=P
(proof)

22.1 There is a subpath to the frontier

lemma subpath-to-frontier-explicit:
fixes S :: 'a::metric-space set
assumes g: path g and pathfinish g ¢ S
obtains u where 0 < uu < I
Nz. 0 <z Az <u= gz € interior S
(g u ¢ interior S) (v = 0 V g u € closure S)
(proof)

lemma subpath-to-frontier-strong:
assumes ¢: path g and pathfinish g ¢ S
obtains u where 0 < wwu < I g u ¢ interior S
u=0V V2.0 <z ANz <1 — subpath 0 u g x € interior S)
A gu € closure S

(proof)

lemma subpath-to-frontier:
assumes ¢: path g and ¢0: pathstart g € closure S and g1: pathfinish g ¢ S
obtains v where 0 < uu < I g u € frontier S (path-image(subpath 0 u g) —
{g u}) C interior S
(proof )

lemma exists-path-subpath-to-frontier:
fixes S :: 'a::real-normed-vector set
assumes path g pathstart g € closure S pathfinish g ¢ S
obtains i where path h pathstart h = pathstart g path-image h C path-image

path-image h — {pathfinish h} C interior S
pathfinish h € frontier S
(proof)

lemma exists-path-subpath-to-frontier-closed:
fixes S :: 'a::real-normed-vector set
assumes S: closed S and g: path g and ¢0: pathstart g € S and g¢1: pathfinish

g¢ S
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obtains i where path h pathstart h = pathstart g path-image h C path-image
gn s
pathfinish h € frontier S
(proof )

22.2 Reparametrizing a closed curve to start at some chosen
point

definition shiftpath :: real = (real = 'a::topological-space) = real = 'a
where shiftpath a f = (M\z. if (a + 1) < I thenf (a + z) else f (a + x — 1))

lemma pathstart-shiftpath: a < 1 = pathstart (shiftpath a g) = g a
(proof )

lemma pathfinish-shiftpath:
assumes 0 < a
and pathfinish g = pathstart g
shows pathfinish (shiftpath a g) = g a
(proof )

lemma endpoints-shiftpath:
assumes pathfinish g = pathstart g
and ¢ € {0 .. 1}
shows pathfinish (shiftpath a g) = g a
and pathstart (shiftpath a g) = g a
(proof )

lemma closed-shiftpath:
assumes pathfinish g = pathstart g
and a € {0..1}
shows pathfinish (shiftpath a g) = pathstart (shiftpath a g)

{proof)

lemma path-shiftpath:
assumes path g
and pathfinish g = pathstart g
and a € {0..1}
shows path (shiftpath a g)

(proof)

lemma shiftpath-shiftpath:
assumes pathfinish g = pathstart g
and a € {0..1}
and z € {0..1}
shows shiftpath (1 — a) (shiftpath a g) ¢ = g =
(proof )

lemma path-image-shiftpath:
assumes a € {0..1}
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and pathfinish g = pathstart g
shows path-image (shiftpath a g) = path-image g
(proof)

22.3 Special case of straight-line paths

definition linepath :: 'a::real-normed-vector = 'a = real = 'a
where linepath a b = (Az. (I — z) *g a + x %5 b)

lemma pathstart-linepath[simp]: pathstart (linepath a b) = a
(proof )

lemma pathfinish-linepath[simp|: pathfinish (linepath a b) = b
(proof )

lemma continuous-linepath-at[intro): continuous (at ) (linepath a b)
{proof)

lemma continuous-on-linepath [intro,continuous-intros): continuous-on s (linepath
ab)
(proof)

lemma path-linepath[iff]: path (linepath a b)
{proof )

lemma path-image-linepath[simp]: path-image (linepath a b) = closed-segment a b
(proof )

lemma reversepath-linepath[simp]: reversepath (linepath a b) = linepath b a
(proof)

lemma linepath-0 [simp]: linepath 0 bz = x *p b
(proof )

lemma arc-linepath:
assumes a # b shows [simp]: arc (linepath a b)

(proof)

lemma simple-path-linepath|intro]: a # b = simple-path (linepath a b)
(proof )

lemma linepath-trivial [simp]: linepath a a x = a
(proof )

lemma subpath-refl: subpath a a g = linepath (g a) (g a)
(proof )

lemma linepath-of-real: (linepath (of-real a) (of-real b) z) = of-real ((1 — z)*a +
x*b)
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{proof)

lemma of-real-linepath: of-real (linepath a b x) = linepath (of-real a) (of-real b) x
(proof )

22.4 Segments via convex hulls

lemma segments-subset-convez-hull:
closed-segment a b C (convex hull {a,b,c})
closed-segment a ¢ C (convex hull {a,b,c})
closed-segment b ¢ C (convex hull {a,b,c})
closed-segment b a C (convex hull {a,b,c})
closed-segment ¢ a C (convex hull {a,b,c})
closed-segment ¢ b C (convezx hull {a,b,c})

(proof)

lemma midpoints-in-convex-hull:
assumes z € convex hull s y € convex hull s
shows midpoint x y € convex hull s

(proof)

lemma convex-hull-subset:
s C convex hull t = convex hull s C convex hull ¢

{proof)

lemma not-in-interior-convex-hull-3:
fixes a :: complex
shows a ¢ interior(conver hull {a,b,c})
b ¢ interior(conver hull {a,b,c})
¢ ¢ interior(convex hull {a,b,c})
(proof)

lemma midpoint-in-closed-segment [simp]: midpoint a b € closed-segment a b
(proof)

lemma midpoint-in-open-segment [simp]: midpoint a b € open-segment a b +— a
#b
(proof )

22.5 Bounding a point away from a path

lemma not-on-path-ball:
fixes g :: real = ’a::heine-borel
assumes path g
and z ¢ path-image g
shows Je > 0. ball z e N path-image g = {}
(proof)

lemma not-on-path-cball:
fixes g :: real = 'a::heine-borel
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assumes path g
and z ¢ path-image g
shows Je>0. cball z e N (path-image g) = {}
(proof)

23 Path component, considered as a ”joinability”
relation (from Tom Hales)

definition path-component s ¢ y <—
(3 g. path g A path-image g C s A pathstart g = x A pathfinish g = y)

abbreviation
path-component-set s x = Collect (path-component s x)

lemmas path-defs = path-def pathstart-def pathfinish-def path-image-def path-component-def

lemma path-component-mem:
assumes path-component s x y
shows z € sand y € s

(proof)

lemma path-component-refi:
assumes z € §
shows path-component s = x

(proof )

lemma path-component-refi-eq: path-component s x x <— x € s
(proof)

lemma path-component-sym: path-component s x y = path-component s y x
(proof )

lemma path-component-trans:
assumes path-component s x y and path-component s y z
shows path-component s © z

(proof)

lemma path-component-of-subset: s C t = path-component s  y = path-component
txy
(proof )

lemma path-connected-linepath:
fixes s :: 'a::real-normed-vector set
shows closed-segment a b C s = path-component s a b

{proof)
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23.0.1 Path components as sets

lemma path-component-set:
path-component-set s © =
{y. (3 g. path g N path-image g C s A pathstart g = x A pathfinish g = y)}
(proof)

lemma path-component-subset: path-component-set s x C s
(proof )

lemma path-component-eq-empty: path-component-set s © = {} +— = ¢ s
(proof)

lemma path-component-mono:
s C t = (path-component-set s x) C (path-component-set t x)

(proof)

lemma path-component-eq:
y € path-component-set s © = path-component-set s y = path-component-set s
T

{(proof)

23.1 Path connectedness of a space

definition path-connected s <—
(Vzes. Vyes. Ig. path g A path-image g C s A pathstart g = x A pathfinish g
=)

lemma path-connected-component: path-connected s +— (V x€s. ¥V yEs. path-component

szTy)
(proof)

lemma path-connected-component-set: path-connected s <— (¥ z€s. path-component-set
st =38)
(proof )

lemma path-component-maximal:
[z € t; path-connected t; t C s] = t C (path-component-set s x)
(proof)

lemma convez-imp-path-connected:
fixes s :: 'a::real-normed-vector set
assumes convex s
shows path-connected s

(proof)

lemma path-connected-UNIV [iff]: path-connected (UNIV :: 'a::real-normed-vector
set)

{proof)
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lemma path-component-UNIV : path-component-set UNIV x = (UNIV :: 'a::real-normed-vector
set)

{proof)

lemma path-connected-imp-connected:
assumes path-connected s
shows connected s

{proof)

lemma open-path-component:
fixes s :: 'a::real-normed-vector set
assumes open s
shows open (path-component-set s x)

{proof)

lemma open-non-path-component:
fixes s :: 'a::real-normed-vector set
assumes open s
shows open (s — path-component-set s x)

{proof)

lemma connected-open-path-connected:
fixes s :: 'a::real-normed-vector set
assumes open s
and connected s
shows path-connected s

{proof)

lemma path-connected-continuous-image:
assumes continuous-on s f
and path-connected s
shows path-connected (f * s)

{proof)

lemma path-connected-segment:
fixes a :: 'a::real-normed-vector
shows path-connected (closed-segment a b)

{proof)

lemma path-connected-open-segment:
fixes a :: 'a::real-normed-vector
shows path-connected (open-segment a b)

{proof)

lemma homeomorphic-path-connectedness:
s homeomorphic t = path-connected s <— path-connected t

(proof)

lemma path-connected-empty: path-connected {}
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{proof)

lemma path-connected-singleton: path-connected {a}
(proof )

lemma path-connected-Un:
assumes path-connected s
and path-connected t
and s Nt # {}
shows path-connected (s U t)

(proof)

lemma path-connected-UNION:
assumes Ai. i € A = path-connected (S 7)
and \i. i€ A= 2¢€ 51
shows path-connected (| Ji€A. S i)
(proof)

lemma path-component-path-image-pathstart:
assumes p: path p and x: z € path-image p
shows path-component (path-image p) (pathstart p) x
(proof)

lemma path-connected-path-image: path p = path-connected(path-image p)
(proof )

lemma path-connected-path-component:
path-connected (path-component-set s x)

(proof)

lemma path-component: path-component s x y +— (3 t. path-connected t At C s
ANz ELtANyYETL)

{proof)

lemma path-component-path-component [simp):
path-component-set (path-component-set s ©) & = path-component-set s

(proof)

lemma path-component-subset-connected-component:
(path-component-set s x) C (connected-component-set s x)

(proof)

23.2 Lemmas about path-connectedness

lemma path-connected-linear-image:
fixes f :: 'a::real-normed-vector = 'b::real-normed-vector
assumes path-connected s bounded-linear f
shows path-connected(f * s)

(proof)
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lemma is-interval-path-connected: is-interval s => path-connected s
(proof)

lemma linear-homeomorphism-image:
fixes f :: ‘a::euclidean-space = 'b::euclidean-space
assumes linear f inj f
obtains g where homeomorphism (f < S) S g f

(proof)

lemma linear-homeomorphic-image:
fixes f :: ‘a::euclidean-space = 'b::euclidean-space
assumes linear f inj f
shows S homeomorphic f © S

(proof)

lemma path-connected-Times:
assumes path-connected s path-connected t
shows path-connected (s x t)

(proof)

lemma is-interval-path-connected-1:
fixes s :: real set
shows is-interval s <— path-connected s

(proof)

lemma Union-path-component [simp]:
Union {path-component-set S z |z. z € S} = S

(proof)

lemma path-component-disjoint:
disjnt (path-component-set S a) (path-component-set S b) +—
(a ¢ path-component-set S b)

(proof)

lemma path-component-eq-eq:
path-component S x = path-component S y <—
(x¢ S)N(y¢g S)VaeeSAyeS A path-component S z y
(proof)

lemma path-component-unique:
assumes z € ¢ ¢ C S path-connected ¢
N’ [z € ¢’ ¢/ C S path-connected ¢] = ¢’ C ¢
shows path-component-set S x = ¢
(proof)

lemma path-component-intermediate-subset:
path-component-set ua Ct ANt C u



THEORY “Path-Connected” 282

= path-component-set t a = path-component-set u a
(proof )

lemma complement-path-component-Union:
fixes z :: 'a :: topological-space
shows S — path-component-set S © =
U ({path-component-set S y| y. y € S} — {path-component-set S z})

(proof)

23.3 Sphere is path-connected

lemma path-connected-punctured-universe:
assumes 2 < DIM(’a::euclidean-space)
shows path-connected (— {a::'a})

(proof)

lemma path-connected-sphere:
assumes 2 < DIM(’a::euclidean-space)
shows path-connected {z::’a. norm (x — a) = r}

(proof)

corollary connected-sphere: 2 < DIM ('a::euclidean-space) = connected {z::'a.
norm (z — a) = r}
{proof)

corollary path-connected-complement-bounded-convex:
fixes s :: 'a :: euclidean-space set
assumes bounded s conver s and 2: 2 < DIM('a)

shows path-connected (— s)

(proof)

lemma connected-complement-bounded-convez:
fixes s :: 'a :: euclidean-space set
assumes bounded s convexr s 2 < DIM('a)
shows connected (— s)

{proof)

lemma connected-diff-ball:
fixes s :: 'a :: euclidean-space set
assumes connected s cball a r C s 2 < DIM('a)

shows connected (s — ball a 1)
{proof)

proposition connected-open-delete:
assumes open S connected S and 2: 2 < DIM('N::euclidean-space)
shows connected(S — {a::'N})

(proof)
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corollary path-connected-open-delete:
assumes open S connected S and 2: 2 < DIM ('N::euclidean-space)
shows path-connected(S — {a::'N})

(proof)

corollary path-connected-punctured-ball:
2 < DIM ('N::euclidean-space) = path-connected(ball a r — {a::'N})

(proof)

lemma connected-punctured-ball:
2 < DIM('N::euclidean-space) = connected(ball a v — {a::’N})
(proof)

23.4 Relations between components and path components

lemma open-connected-component:
fixes s :: 'a::real-normed-vector set
shows open s = open (connected-component-set s x)

(proof)

corollary open-components:
fixes s :: 'a::real-normed-vector set
shows [open u; s € components u] = open s

{proof)

lemma in-closure-connected-component:

fixes s :: 'a::real-normed-vector set

assumes z: € s and s: open s

shows z € closure (connected-component-set s y) <— © € connected-component-set
sy
(proof )

23.5 Existence of unbounded components

lemma cobounded-unbounded-component:
fixes s :: 'a :: euclidean-space set
assumes bounded (—s)
shows Jz. z € s A~ bounded (connected-component-set s x)

(proof)

lemma cobounded-unique-unbounded-component:
fixes s :: 'a :: euclidean-space set
assumes bs: bounded (—s) and 2 < DIM('a)
and bo: ~ bounded(connected-component-set s x)
~ bounded(connected-component-set s y)

shows connected-component-set s x = connected-component-set s y

(proof)

lemma cobounded-unbounded-components:

fixes s :: 'a :: euclidean-space set
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shows bounded (—s) = Jc. ¢ € components s A ~bounded ¢
{proof)

lemma cobounded-unique-unbounded-components:

fixes s :: 'a :: euclidean-space set

shows [bounded (— s); ¢ € components s; = bounded c¢; ¢’ € components s; =
bounded ¢'; 2 < DIM ("a)] = ¢’ = ¢
(proof)

lemma cobounded-has-bounded-component:

fixes s :: 'a :: euclidean-space set

shows [bounded (— s); ~connected s; 2 < DIM('a)] = J¢. ¢ € components
5 N\ bounded ¢

{proof)

24 The ”inside” and ”outside” of a set

The inside comprises the points in a bounded connected component of the
set’s complement. The outside comprises the points in unbounded connected
component of the complement.

definition inside where
inside s = {z. (z ¢ s) A bounded(connected-component-set ( — s) x)}

definition outside where
outside s = —s N {z. ~ bounded(connected-component-set (— s) x)}

lemma outside: outside s = {z. ™~ bounded(connected-component-set (— s) z)}
{proof)

lemma inside-no-overlap [simp]: inside s N s = {}
(proof)

lemma outside-no-overlap [simp]:
outside s N s = {}

(proof)

lemma inside-inter-outside [simp]: inside s N outside s = {}
{proof)

lemma inside-union-outside [simp]: inside s U outside s = (— s)
{proof)

lemma inside-eq-outside:
iside s = outside s «— s = UNIV

(proof)

lemma inside-outside: inside s = (— (s U outside s))
{proof)
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lemma outside-inside: outside s = (— (s U inside s))

(proof )

lemma union-with-inside: s U inside s = — outside s
(proof )

lemma union-with-outside: s U outside s = — inside s
(proof)

lemma outside-mono: s C t = outside t C outside s
(proof )

lemma inside-mono: s C t = inside s — t C inside t

(proof)

lemma segment-bound-lemma:
fixes u::real
assumes t > By > B0 <uu<1
shows (I —u)xz +u*xy>B

(proof)

lemma cobounded-outside:
fixes s :: 'a :: real-normed-vector set
assumes bounded s shows bounded (— outside s)

(proof)

lemma unbounded-outside:
fixes s :: 'a::{real-normed-vector, perfect-space} set
shows bounded s = ™~ bounded(outside s)

(proof)

lemma bounded-inside:
fixes s :: 'a::{real-normed-vector, perfect-space} set
shows bounded s = bounded (inside s)

{proof)

lemma connected-outside:
fixes s :: 'a::euclidean-space set
assumes bounded s 2 < DIM('a)
shows connected(outside s)

(proof)

lemma outside-connected-component-It:
outside s = {z. VB. 3y. B < norm(y) A connected-component (— s) © y}

(proof)

lemma outside-connected-component-le:
outside s =
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{z.VB.3y. B < norm(y) A
connected-component (— s) x y}

(proof)

lemma not-outside-connected-component-It:
fixes s :: 'a::euclidean-space set
assumes s: bounded s and 2 < DIM ('a)
shows — (outside s) = {z. VB. 3y. B < norm(y) A~ (connected-component
(=) zy)}
(proof)

lemma not-outside-connected-component-le:
fixes s :: 'a::euclidean-space set
assumes s: bounded s 2 < DIM('a)
shows — (outside s) = {z. VB. Jy. B < norm(y) A ~ (connected-component
(= 5) 2 9)}
{proof)

lemma inside-connected-component-It:
fixes s :: 'a::euclidean-space set
assumes s: bounded s 2 < DIM('a)
shows inside s = {z. (z ¢ s) A (VB. 3y. B < norm(y) A ~(connected-component
(= s)zy))}
(proof )

lemma inside-connected-component-le:
fixes s :: 'a::euclidean-space set
assumes s: bounded s 2 < DIM('a)
shows inside s = {z. (z ¢ s) A (VB. 3y. B < norm(y) A ~(connected-component
(=) zy))}
(proof)

lemma inside-subset:
assumes connected v and ~bounded v and t U u = — s
shows inside s C ¢

(proof)

lemma frontier-interiors: frontier s = — interior(s) — interior(—s)
(proof)

lemma frontier-interior-subset: frontier(interior S) C frontier S
(proof )

lemma connected-Int-frontier:

[connected s; s Nt # {}; s — t # {}] = (s N frontier t # {})
{proof)

lemma frontier-not-empty:
fixes S :: 'a :: real-normed-vector set
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shows [S # {}; S # UNIV] = frontier S # {}
(proof )

lemma frontier-eq-empty:
fixes S :: ‘a :: real-normed-vector set
shows frontier S = {} +— S ={} v S = UNIV

(proof)

lemma frontier-of-connected-component-subset:
fixes S :: 'a::real-normed-vector set
shows frontier(connected-component-set S x) C frontier S

(proof)

lemma frontier- Union-subset-closure:
fixes F' :: 'a::real-normed-vector set set
shows frontier(|J F') C closure(|Jt € F. frontier t)

(proof)

lemma frontier- Union-subset:
fixes F' :: 'a::real-normed-vector set set
shows finite FF = frontier(JF) C (Ut € F. frontier t)

(proof)

lemma connected-component-UNIV [simp]:
fixes z :: 'a::real-normed-vector
shows connected-component-set UNIV x = UNIV

(proof)

lemma connected-component-eq-UNIV :
fixes z :: 'a::real-normed-vector
shows connected-component-set s t = UNIV +— s = UNIV

(proof)

lemma components-univ [simp]: components UNIV = {UNIV :: 'a::real-normed-vector
set}

{proof)

lemma interior-inside-frontier:
fixes s :: 'a::real-normed-vector set
assumes bounded s
shows interior s C inside (frontier s)

(proof)

lemma inside-empty [simp]: inside {} = ({} :: 'a :: {real-normed-vector, perfect-space}
set)
{proof)

lemma outside-empty [simp]: outside {} = (UNIV :: 'a :: {real-normed-vector,
perfect-space} set)
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(proof)

lemma inside-same-component:
[connected-component (— s) x y; © € inside s] = y € inside s

(proof)

lemma outside-same-component:
[connected-component (— s) z y; © € outside s] = y € outside s

{proof)

lemma convex-in-outside:
fixes s :: 'a :: {real-normed-vector, perfect-space} set
assumes s: conver s and z: z € s
shows z € outside s

(proof)

lemma outside-convez:
fixes s :: 'a :: {real-normed-vector, perfect-space} set
assumes conver s
shows outside s = — s

(proof)

lemma inside-convez:
fixes s :: ‘a :: {real-normed-vector, perfect-space} set
shows conver s = inside s = {}

(proof )

lemma outside-subset-convez:
fixes s :: 'a :: {real-normed-vector, perfect-space} set
shows [convez t; s C t] = — t C outside s

(proof)

lemma outside-frontier-misses-closure:
fixes s :: 'a::real-normed-vector set
assumes bounded s
shows outside(frontier s) C — closure s

(proof)

lemma outside-frontier-eq-complement-closure:

fixes s :: 'a :: {real-normed-vector, perfect-space} set
assumes bounded s convez s
shows outside(frontier s) = — closure s
(proof)

lemma inside-frontier-eq-interior:
fixes s :: ‘a :: {real-normed-vector, perfect-space} set
shows [bounded s; conver s] = inside(frontier s) = interior s

(proof)
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lemma open-inside:
fixes s :: 'a::real-normed-vector set
assumes closed s
shows open (inside s)

(proof)

lemma open-outside:
fixes s :: 'a::real-normed-vector set
assumes closed s
shows open (outside s)

(proof)

lemma closure-inside-subset:
fixes s :: 'a::real-normed-vector set
assumes closed s
shows closure(inside s) C s U inside s

(proof)

lemma frontier-inside-subset:
fixes s :: 'a::real-normed-vector set
assumes closed s
shows frontier(inside s) C s
(proof)

lemma closure-outside-subset:
fixes s :: 'a::real-normed-vector set
assumes closed s
shows closure(outside s) C s U outside s

{proof)

lemma frontier-outside-subset:
fixes s :: 'a::real-normed-vector set
assumes closed s
shows frontier(outside s) C s

{proof)

lemma inside-complement-unbounded-connected-empty:
[connected (— s); = bounded (— s)] = inside s = {}
(proof )

lemma inside-bounded-complement-connected-empty:
fixes s :: 'a::{real-normed-vector, perfect-space} set
shows [connected (— s); bounded s] = inside s = {}
(proof)

lemma inside-inside:
assumes s C inside t
shows inside s — t C inside t

(proof)
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lemma inside-inside-subset: inside(inside s) C s
{proof)

lemma inside-outside-intersect-connected:
[connected t; inside s Nt # {}; outside sNt A {}] = snNt#{}
(proof )

lemma outside-bounded-nonempty:
fixes s :: ‘a :: {real-normed-vector, perfect-space} set
assumes bounded s shows outside s # {}

{proof)

lemma outside-compact-in-open:
fixes s :: 'a :: {real-normed-vector,perfect-space} set
assumes s: compact s and t: open t and s C ¢t ¢ # {}
shows outside s Nt # {}

(proof)

lemma inside-inside-compact-connected:
fixes s :: 'a :: euclidean-space set
assumes s: closed s and t: compact t and connected t s C inside t
shows inside s C inside t

(proof)

lemma connected-with-inside:
fixes s :: 'a :: real-normed-vector set
assumes s: closed s and cons: connected s
shows connected(s U inside s)

(proof)

The proof is virtually the same as that above.

lemma connected-with-outside:
fixes s :: 'a :: real-normed-vector set
assumes s: closed s and cons: connected s
shows connected(s U outside s)

(proof)

lemma inside-inside-eg-empty [simp):
fixes s :: 'a :: {real-normed-vector, perfect-space} set
assumes s: closed s and cons: connected s
shows inside (inside s) = {}
(proof )

lemma inside-in-components:
inside s € components (— s) <— connected(inside s) A inside s # {}

{proof)

The proof is virtually the same as that above.
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lemma outside-in-components:
outside s € components (— s) «— connected(outside s) N outside s # {}

{proof)

lemma bounded-unique-outside:

fixes s :: 'a :: euclidean-space set

shows [bounded s; DIM ('a) > 2] = (¢ € components (— s) A ~bounded ¢
«— ¢ = outside s)

{proof)

24.1 Condition for an open map’s image to contain a ball

lemma ball-subset-open-map-image:
fixes f :: ‘a::heine-borel = 'b :: {real-normed-vector,heine-borel}
assumes contf: continuous-on (closure S) f
and oint: open (f ‘ interior S)
and le-no: N\z. z € frontier S = r < norm(fz — f a)
and bounded S a € S0 <r
shows ball (fa)r C ¢S

(proof)

25 Homotopy of maps p,q : X=;Y with property
P of all intermediate maps.

We often just want to require that it fixes some subset, but to take in the
case of a loop homotopy, it’s convenient to have a general property P.

definition homotopic-with ::
[('a::topological-space = 'b::topological-space) = bool, 'a set, 'b set, 'a = 'b, 'a
= 'b] = bool
where
homotopic-with P X Y p q =
(3 h:: real X 'a = 'b.
continuous-on ({0..1} x X) h A
h*({0.1} x X) C Y A
(Vz. h(0,2) =px) A
(Vz. h(1, ) = qx) A
(Vt € {0..1}. P(Az. h(t, 2))))

We often want to just localize the ending function equality or whatever.

proposition homotopic-with:
fixes X :: ‘a::topological-space set and Y :: 'b::topological-space set
assumes Ah k. (A\z. 2 € X = hz=kz) = (Ph+— Pk)
shows homotopic-with P X Y p q +—
(3h :: real x 'a = 'b.

continuous-on ({0..1} x X) h A

h ({0..1} x X) C Y A

Ve e X. h(0,x) =pz) A
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(Vz e X. h(l,z) =qz) A
(Vi € {0..1}. P(Az. h(t, 2))))
(proof)

proposition homotopic-with-eq:
assumes h: homotopic-with P X Y f g
and f"Ne.z2 e X = flz=fz
and " N\z.z2 e X = g'z =gz
and P: (Ahk. (A\z.z2 € X =hax=kz) = (Ph<+— Pk))
shows homotopic-with P X Y f' g’

{proof)

proposition homotopic-with-equal:
assumes contf: continuous-on X f and fXY: f‘X C Y
and gf: N\e. 2 € X = gz =f=zx
and P: PfPgyg
shows homotopic-with P X Y f g
(proof)

lemma image-Pair-const: (Az. (z, ¢)) ‘A=A x {c}
(proof)

lemma homotopic-constant-maps:
homotopic-with (Ax. True) st (Az. a) (Az. b) +— s = {} V path-component t
ab

(proof)

25.1 Trivial properties.

lemma homotopic-with-imp-property: homotopic-with P X Y fg=— Pf NPy
(proof)

lemma continuous-on-o-Pair: [continuous-on (T x X) h; t € T] = continuous-on
X (h o Pairt)
{proof )

lemma homotopic-with-imp-continuous:
assumes homotopic-with P X Y f ¢
shows continuous-on X f A continuous-on X g

(proof)

proposition homotopic-with-imp-subset] :
homotopic-with PX Y fg—= f‘ X CY
(proof )

proposition homotopic-with-imp-subset2:
homotopic-with PX Y fg=— ¢g ‘X C Y
(proof )
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proposition homotopic-with-mono:
assumes hom: homotopic-with P X Y f g
and Q: Ah. [continuous-on X h; image h X C Y APL] = Qh
shows homotopic-with Q X Y f g
(proof)

proposition homotopic-with-subset-left:
[homotopic-with P X Y f g; Z C X]| = homotopic-with P Z Y f g
(proof )

proposition homotopic-with-subset-right:
[homotopic-with P X Y f g; Y C Z] = homotopic-with P X Z f g
(proof)

proposition homotopic-with-compose-continuous-right:
[homotopic-with (Af. p (f o h)) X Y f g; continuous-on W h; h * W C X]
= homotopic-withp W'Y (foh) (g oh)
(proof)

proposition homotopic-compose-continuous-right:
[homotopic-with (Af. True) X Y f g; continuous-on W h; h * W C X]
= homotopic-with (Af. True) WY (foh) (g oh)
(proof)

proposition homotopic-with-compose-continuous-left:
[homotopic-with (Af. p (h o f)) X Y f g; continuous-on Y h; h 'Y C Z]
= homotopic-with p X Z (h o f) (h o g)
(proof)

proposition homotopic-compose-continuous-left:
[homotopic-with (A-. True) X Y f g;
continuous-on Y h; h ¢ Y C Z]
= homotopic-with (A\f. True) X Z (h o f) (h o g)
(proof)

proposition homotopic-with-Pair:
assumes hom: homotopic-with p s t f g homotopic-with p’ s’ t' f' g’

and ¢: Afg. [p f; p" 9] = a(\(z,9). (f 2, g 9))
shows homotopic-with q (s x s') (¢t x t’)

(AMzyy). (fz, f"y) Ma,y). (92, 9" y))
(proof )

lemma homotopic-on-empty [simp]: homotopic-with (Az. True) {} t f g
{proof)

Homotopy with P is an equivalence relation (on continuous functions map-
ping X into Y that satisfy P, though this only affects reflexivity.

proposition homotopic-with-refi:
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homotopic-with P X Y f f +— continuous-on X f N image fX C Y AP f
{proof )

lemma homotopic-with-symD:
fixes X :: 'a::real-normed-vector set
assumes homotopic-with P X Y f ¢
shows homotopic-with P X Y ¢ f

{proof)

proposition homotopic-with-sym:
fixes X :: 'a::real-normed-vector set
shows homotopic-with P X Y f g <— homotopic-with P X Y g f

{proof)

lemma split-01: {0..1::real} = {0..1/2} U {1/2..1}
(proof )

lemma split-01-prod: {0..1::real} x X = ({0..1/2} x X) U ({1/2..1} x X)
{proof)

proposition homotopic-with-trans:
fixes X :: 'a::real-normed-vector set
assumes homotopic-with P X Y f g and homotopic-with P X Y g h
shows homotopic-with P X Y f h

(proof)

proposition homotopic-compose:
fixes s :: 'a::real-normed-vector set
shows [homotopic-with (Az. True) s t f f'; homotopic-with (Az. True) t u g

gl

(proof)

= homotopic-with (Az. True) su (g o f) (¢’ o f')

25.2 Homotopy of paths, maintaining the same endpoints.

definition homotopic-paths :: ['a set, real = 'a, real = ’'a::topological-space] =
bool
where
homotopic-paths s p ¢ =
homotopic-with (Ar. pathstart r = pathstart p A pathfinish r = pathfinish p)
{0..1} spq

lemma homotopic-paths:
homotopic-paths s p q <—
(3 h. continuous-on ({0..1} x {0..1}) h A
h*({0..1} x {0..1}) C s A
(Ve e {0..1}. h(0,z) = p x) A
Ve e {0..1}. h(1,2) = qz) A
(Vt € {0..1::real}. pathstart(h o Pair t) = pathstart p A
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pathfinish(h o Pair t) = pathfinish p))
{proof)

proposition homotopic-paths-imp-pathstart:
homotopic-paths s p ¢ = pathstart p = pathstart q
(proof )

proposition homotopic-paths-imp-pathfinish:
homotopic-paths s p ¢ = pathfinish p = pathfinish q
(proof )

lemma homotopic-paths-imp-path.:
homotopic-paths s p ¢ = path p N path q
(proof )

lemma homotopic-paths-imp-subset:
homotopic-paths s p ¢ = path-image p C s A path-image ¢ C s
(proof )

proposition homotopic-paths-refl [simp]: homotopic-paths s p p «— path p A
path-image p C s

(proof)

proposition homotopic-paths-sym: homotopic-paths s p ¢ = homotopic-paths s
qp
(proof )

proposition homotopic-paths-sym-eq: homotopic-paths s p q <— homotopic-paths
$qp
(proof )

proposition homotopic-paths-trans [trans]:
[homotopic-paths s p q; homotopic-paths s q r]|] = homotopic-paths s p r
(proof)

proposition homotopic-paths-eq:
[path p; path-image p C s; At. t € {0..1} = p t = q t] = homotopic-paths
s$Pq
(proof)

proposition homotopic-paths-reparametrize:
assumes path p
and pips: path-image p C s
and contf: continuous-on {0..1} f
and f01:f < {0..1} C {0..1}
and [simp]: f(0) = 0f(1) = 1
and ¢: At. t € {0..1} = q(t) = p(f t)
shows homotopic-paths s p q

(proof)



THEORY “Path-Connected” 296

lemma homotopic-paths-subset: [homotopic-paths s p q; s C t] = homotopic-paths
tpyq
(proof )

A slightly ad-hoc but useful lemma in constructing homotopies.

lemma homotopic-join-lemma:
fixes ¢ :: [real,real] = 'a::topological-space
assumes p: continuous-on ({0..1} x {0..1}) (Ay. p (fst y) (snd y))
and ¢: continuous-on ({0..1} x {0..1}) (Ay. ¢ (fst y) (snd y))
and pf: At. t € {0..1} = pathfinish(p t) = pathstart(q t)
shows continuous-on ({0..1} x {0..1}) (Ay. (p(fst y) +++ ¢(fst y)) (snd y))
(proof)

Congruence properties of homotopy w.r.t. path-combining operations.

lemma homotopic-paths-reversepath-D:
assumes homotopic-paths s p q
shows homotopic-paths s (reversepath p) (reversepath q)

{proof)

proposition homotopic-paths-reversepath:
homotopic-paths s (reversepath p) (reversepath q) <— homotopic-paths s p q

{proof)

proposition homotopic-paths-join:
[homotopic-paths s p p'; homotopic-paths s q q'; pathfinish p = pathstart q] =
homotopic-paths s (p +++ ¢) (p’ +++ ¢q')
(proof )

proposition homotopic-paths-continuous-image:
[homotopic-paths s f g; continuous-on s h; h ‘s C t] = homotopic-paths t (h
of)(hog)
(proof)

25.3 Group properties for homotopy of paths

So taking equivalence classes under homotopy would give the fundamental
group
proposition homotopic-paths-rid:
[path p; path-image p C s] = homotopic-paths s (p +++ linepath (pathfinish
p) (pathfinish p)) p
(proof )

proposition homotopic-paths-lid:

[path p; path-image p C s] = homotopic-paths s (linepath (pathstart p) (pathstart
p) +++p)p
(proof)



THEORY “Path-Connected” 297

proposition homotopic-paths-assoc:
[path p; path-image p C s; path ¢; path-image q C s; path r; path-image r C s;
pathfinish p = pathstart g;
pathfinish ¢ = pathstart r]
= homotopic-paths s (p +++ (¢ +++ 7)) ((p +++ q) +++ 1)
(proof)

proposition homotopic-paths-rinv:

assumes path p path-image p C s

shows homotopic-paths s (p +++ reversepath p) (linepath (pathstart p) (pathstart
p))
(proof)

proposition homotopic-paths-linv:
assumes path p path-image p C s
shows homotopic-paths s (reversepath p +++ p) (linepath (pathfinish p)
(pathfinish p))
{proof)

25.4 Homotopy of loops without requiring preservation of
endpoints.

definition homotopic-loops :: 'a::topological-space set = (real = 'a) = (real =
'a) = bool where
homotopic-loops s p q =

homotopic-with (Ar. pathfinish v = pathstart v) {0..1} s p q

lemma homotopic-loops:
homotopic-loops s p q <—
(3 h. continuous-on ({0..1::real} x {0..1}) h A

image h ({0..1} x {0..1}) C s A
Ve e {0..1}. h(0,z) = p x) A
(Ve e {0..1}. h(1,z) = qz) A
(Vt € {0..1}. pathfinish(h o Pair t) = pathstart(h o Pair t)))

(proof )

proposition homotopic-loops-imp-loop:

homotopic-loops s p ¢ => pathfinish p = pathstart p A pathfinish ¢ = pathstart
q
(proof )

proposition homotopic-loops-imp-path:
homotopic-loops s p ¢ = path p A path q
(proof)

proposition homotopic-loops-imp-subset:
homotopic-loops s p ¢ = path-image p C s A path-image ¢ C s
(proof)
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proposition homotopic-loops-refl:
homotopic-loops s p p <—
path p A path-image p C s A pathfinish p = pathstart p
(proof )

proposition homotopic-loops-sym: homotopic-loops s p ¢ = homotopic-loops s q
P
(proof )

proposition homotopic-loops-sym-eq: homotopic-loops s p q +— homotopic-loops
$qp
(proof)

proposition homotopic-loops-trans:
[homotopic-loops s p q; homotopic-loops s q r] = homotopic-loops s p r
(proof)

proposition homotopic-loops-subset:
[homotopic-loops s p q; s C t] = homotopic-loops t p q
(proof )

proposition homotopic-loops-eq:
[path p; path-image p C s; pathfinish p = pathstart p; \t. t € {0..1} = p(t)
= q(t)]
= homotopic-loops s p q
(proof )

proposition homotopic-loops-continuous-image:

[homotopic-loops s f g; continuous-on s h; b s C t] = homotopic-loops t (h
o f) (hog)

(proof )

25.5 Relations between the two variants of homotopy

proposition homotopic-paths-imp-homotopic-loops:
[homotopic-paths s p gq; pathfinish p = pathstart p; pathfinish ¢ = pathstart p]
=—> homotopic-loops s p q
(proof )

proposition homotopic-loops-imp-homotopic-paths-null:
assumes homotopic-loops s p (linepath a a)
shows homotopic-paths s p (linepath (pathstart p) (pathstart p))

(proof)

proposition homotopic-loops-conjugate:
fixes s :: 'a::real-normed-vector set
assumes path p path q¢ and pip: path-image p C s and piq: path-image q¢ C s
and papp: pathfinish p = pathstart ¢ and gloop: pathfinish ¢ = pathstart q
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shows homotopic-loops s (p +++ g +++ reversepath p) q
(proof)

25.6 Homotopy of ”"nearby” function, paths and loops.

lemma homotopic-with-linear:
fixes f g :: - = 'b::real-normed-vector
assumes contf: continuous-on s f
and contg:continuous-on s g
and sub: A\z. z € s = closed-segment (fz) (g z) C ¢
shows homotopic-with (Az. True) st fg

{proof)

lemma homotopic-paths-linear:
fixes g h :: real = 'a::real-normed-vector
assumes path g path h pathstart h = pathstart g pathfinish h = pathfinish g
Ntz t € {0..1} = closed-segment (g t) (ht) C s
shows homotopic-paths s g h

(proof)

lemma homotopic-loops-linear:
fixes g h :: real = 'a::real-normed-vector
assumes path g path h pathfinish g = pathstart g pathfinish h = pathstart h
Ntz t € {0..1} = closed-segment (g t) (ht) C s
shows homotopic-loops s g h

{proof)

lemma homotopic-paths-nearby-explicit:
assumes path g path h pathstart h = pathstart g pathfinish h = pathfinish g
and no: Atz. [t € {0..1}; ¢ ¢ s] = norm(ht — gt) < norm(gt — z)
shows homotopic-paths s g h
(proof)

lemma homotopic-loops-nearby-explicit:
assumes path g path h pathfinish g = pathstart g pathfinish h = pathstart h
and no: Atz. [t € {0..1}; 2 ¢ s] = norm(ht — gt) < norm(gt — z)
shows homotopic-loops s g h
(proof)

lemma homotopic-nearby-paths:
fixes g h :: real = 'a::euclidean-space
assumes path g open s path-image g C s
shows Je. 0 < e A
(Y h. path h A
pathstart h = pathstart g A\ pathfinish h = pathfinish g N
(Vt € {0..1}. norm(h t — g t) < e) — homotopic-paths s g h)
(proof)

lemma homotopic-nearby-loops:
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fixes g h :: real = 'a::euclidean-space
assumes path g open s path-image g C s pathfinish g = pathstart g
shows de. 0 < e A
(Y h. path h A pathfinish h = pathstart h A
(Vt € {0..1}. norm(h t — g t) < e) — homotopic-loops s g h)
(proof)

25.7 Homotopy and subpaths

lemma homotopic-join-subpaths1:
assumes path g and pag: path-image g C s
and u: v € {0..1} and v: v € {0..1} and w: w € {0..1} u <vv < w
shows homotopic-paths s (subpath v v g +++ subpath v w g) (subpath u w g)

(proof)

lemma homotopic-join-subpaths2:
assumes homotopic-paths s (subpath uw v g +++ subpath v w g) (subpath v w g)
shows homotopic-paths s (subpath w v g +++ subpath v u g) (subpath w u g)

(proof)

lemma homotopic-join-subpathsS3:
assumes hom: homotopic-paths s (subpath v v g +++ subpath v w g) (subpath
uwwg)
and path g and pag: path-image g C s
and u: v € {0..1} and v: v € {0..1} and w: w € {0..1}
shows homotopic-paths s (subpath v w g +++ subpath w u g) (subpath v u g)

(proof)

proposition homotopic-join-subpaths:

[path g; path-image g C s; w € {0..1}; v € {0..1}; w € {0..1}]

= homotopic-paths s (subpath u v g +++ subpath v w g) (subpath u w g)
(proof)

Relating homotopy of trivial loops to path-connectedness.

lemma path-component-imp-homotopic-points:
path-component S a b = homotopic-loops S (linepath a a) (linepath b b)
(proof)

lemma homotopic-loops-imp-path-component-value:
[homotopic-loops S p q; 0 < t; ¢ < 1]
= path-component S (p t) (¢ t)
{proof )

lemma homotopic-points-eq-path-component:
homotopic-loops S (linepath a a) (linepath b b) <—
path-component S a b
(proof)

lemma path-connected-eq-homotopic-points:
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path-connected S <—
(Vab.aecSANbeS — homotopic-loops S (linepath a a) (linepath b b))

(proof)

25.8 Simply connected sets

defined as ”all loops are homotopic (as loops)

definition simply-connected where
simply-connected S =
Vp q. path p A\ pathfinish p = pathstart p A path-image p C S A
path q A pathfinish q = pathstart g A\ path-image ¢ C S
— homotopic-loops S p q

lemma simply-connected-empty [iff]: simply-connected {}
(proof )

lemma simply-connected-imp-path-connected:

fixes S :: -iireal-normed-vector set

shows simply-connected S = path-connected S
(proof)
lemma simply-connected-imp-connected:

fixes S :: -iireal-normed-vector set

shows simply-connected S = connected S
(proof)

lemma simply-connected-eq-contractible-loop-any:
fixes S :: -ireal-normed-vector set
shows simply-connected S <—
(Vp a. path p A path-image p C S A
pathfinish p = pathstart p A a € S
— homotopic-loops S p (linepath a a))

(proof)

lemma simply-connected-eq-contractible-loop-some:
fixes S :: -iireal-normed-vector set
shows simply-connected S +—
path-connected S N
(Vp. path p A path-image p € S A pathfinish p = pathstart p
— (Ja. a € S N homotopic-loops S p (linepath a a)))
(proof )

lemma simply-connected-eq-contractible-loop-all:
fixes S :: -iireal-normed-vector set
shows simply-connected S <—
S={}v
(3a € S.Vp. path p A path-image p C S A pathfinish p = pathstart p
— homotopic-loops S p (linepath a a))
(is ?lhs = ?rhs)
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(proof)

lemma simply-connected-eq-contractible-path:
fixes S :: -::real-normed-vector set
shows simply-connected S +—
path-connected S A
(Vp. path p A path-image p C S A pathfinish p = pathstart p
— homotopic-paths S p (linepath (pathstart p) (pathstart p)))
(proof)

lemma simply-connected-eq-homotopic-paths:
fixes S :: -i:real-normed-vector set
shows simply-connected S <—
path-connected S A
(Vp q. path p A path-image p C S A
path q A path-image ¢ C S A
pathstart ¢ = pathstart p A pathfinish ¢ = pathfinish p
— homotopic-paths S p q)
(is ?lhs = ?rhs)
(proof)

proposition simply-connected-Times:
fixes S :: 'a::real-normed-vector set and T :: 'b::real-normed-vector set
assumes S: simply-connected S and T: simply-connected T
shows simply-connected(S x T)

(proof)

25.9 Contractible sets

definition contractible where
contractible S = 3 a. homotopic-with (Az. True) S S id (A\z. a)

proposition contractible-imp-simply-connected:
fixes S :: -::real-normed-vector set
assumes contractible S shows simply-connected S

(proof)

corollary contractible-imp-connected:
fixes S :: -iireal-normed-vector set
shows contractible S = connected S

(proof)

lemma contractible-imp-path-connected:
fixes S :: -::real-normed-vector set
shows contractible S =—> path-connected S

(proof)

lemma nullhomotopic-through-contractible:
fixes S :: -i:topological-space set

302
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assumes f: continuous-on S ff S C T
and g: continuous-on T gg ‘T C U
and T: contractible T
obtains ¢ where homotopic-with (Ah. True) S U (g o f) (Az. ¢)

(proof)

lemma nullhomotopic-into-contractible:
assumes f: continuous-on S ff S C T
and T': contractible T
obtains ¢ where homotopic-with (Ah. True) S T f (Az. ¢)

(proof)

lemma nullhomotopic-from-contractible:
assumes f: continuous-on S ff‘S C T
and S: contractible S
obtains ¢ where homotopic-with (Ah. True) S T f (Az. ¢)

(proof)

lemma homotopic-through-contractible:

fixes S :: -::real-normed-vector set

assumes continuous-on S f1 f1 *S C T
continuous-on T g1 g1 ‘T C U
continuous-on S f2 f2 ‘S C T
continuous-on T g2 g2 ‘T C U
contractible T path-connected U

shows homotopic-with (Ah. True) S U (g1 o f1) (g2 o f2)

(proof)

lemma homotopic-into-contractible:
fixes S :: 'a::real-normed-vector set and T:: 'b::real-normed-vector set
assumes f: continuous-on S ff‘S C T
and g: continuous-on Sgg ‘S C T
and T': contractible T
shows homotopic-with (Ah. True) S T f g

(proof)

lemma homotopic-from-contractible:
fixes S :: 'a::real-normed-vector set and T:: 'b::real-normed-vector set
assumes f: continuous-on S ff ‘S C T
and g: continuous-on S gg ‘S C T
and contractible S path-connected T
shows homotopic-with (Ah. True) S T f g

(proof)

lemma starlike-imp-contractible-gen:
fixes S :: 'a::real-normed-vector set
assumes S: starlike S
and P2 Aa T.Ja€e S;0< T; T<1]= PAz. (I —T)*rx+ T *g a)
obtains ¢ where homotopic-with P S S (Az. z) (Az. a)
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(proof)

lemma starlike-imp-contractible:
fixes S :: 'a::real-normed-vector set
shows starlike S = contractible S

(proof)

lemma contractible-UNIV: contractible (UNIV :: 'a::real-normed-vector set)

{proof)

lemma starlike-imp-simply-connected:
fixes S :: 'a::real-normed-vector set
shows starlike S = simply-connected S

(proof)

lemma convex-imp-simply-connected:
fixes S :: 'a::real-normed-vector set
shows conver S = simply-connected S

(proof)

lemma starlike-imp-path-connected:
fixes S :: 'a::real-normed-vector set
shows starlike S = path-connected S

(proof)

lemma starlike-imp-connected:
fixes S :: 'a::real-normed-vector set
shows starlike S = connected S

(proof)

lemma is-interval-simply-connected-1:
fixes S :: real set
shows is-interval S <— simply-connected S

(proof)

lemma contractible-empty: contractible {}
{proof)

lemma contractible-convez-tweak-boundary-points:

fixes S :: 'a::euclidean-space set

assumes conver S and TS: rel-interior S C T T C closure S

shows contractible T

(proof)

lemma convez-imp-contractible:
fixes S :: 'a::real-normed-vector set
shows convex S = contractible S

(proof)

304
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lemma contractible-sing:
fixes a :: 'a::real-normed-vector
shows contractible {a}

(proof)

lemma is-interval-contractible-1:
fixes S :: real set
shows is-interval S <— contractible S

(proof)

lemma contractible-times:
fixes S :: 'a::euclidean-space set and T :: 'b::euclidean-space set
assumes S: contractible S and T: contractible T
shows contractible (S x T)

(proof)

lemma homotopy-dominated-contractibility:
fixes S :: 'a::real-normed-vector set and T :: 'b::real-normed-vector set
assumes S: contractible S
and f: continuous-on S fimage f S C T
and g: continuous-on T g image g T C S
and hom: homotopic-with (Az. True) T T (f o g) id
shows contractible T

(proof)

25.10 Local versions of topological properties in general

definition locally :: ('a::topological-space set = bool) = 'a set = bool
where
locally P S =
Yw z. openin (subtopology euclidean S) w A x € w
— (Fu v. openin (subtopology euclidean S) uw A P v A
ze€uNuCvAvCw)

lemma locallyl:
assumes Aw z. Jopenin (subtopology euclidean S) w; x € w]
= Ju v. openin (subtopology euclidean S) uw AN P v A
reuNuCovANvCuw
shows locally P S

(proof)

lemma locallyE:
assumes locally P S openin (subtopology euclidean S) wz € w
obtains u v where openin (subtopology euclidean S) u
PvreuuCovvCw

(proof)

lemma locally-mono:
assumes locally PS \t. Pt = Q t
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shows locally Q) S
(proof )

lemma locally-open-subset:
assumes locally P S openin (subtopology euclidean S) t
shows locally Pt

(proof)

lemma locally-diff-closed:
[locally P S; closedin (subtopology euclidean S) t] = locally P (S — t)

{proof)

lemma locally-empty [iff]: locally P {}
(proof )

lemma locally-singleton [iff]:
fixes a :: 'a::metric-space
shows locally P {a} +— P {a}
(proof)

lemma locally-iff

locally P S <—

VTxz. oppn TNz e SNT — (3U.open UNBv.PvAzeSNUAS
NUCuvAvCSNT))

(proof)

lemma locally-Int:
assumes S: locally P S and t: locally P t
and P: ASt. PSANPt= P(SNt)
shows locally P (S N t)

(proof)

proposition homeomorphism-locally-imp:
fixes S :: 'a::metric-space set and t :: 'b::t2-space set
assumes S: locally P S and hom: homeomorphism St f g
and Q: AS t. [P S; homeomorphism St fg] = Qt
shows locally @ t
(proof)

lemma homeomorphism-locally:
fixes f:: ‘a::metric-space = 'b::metric-space
assumes hom: homeomorphism St f g
and eq: \S t. homeomorphism Stfg = (P S +— Q1)
shows locally P S <— locally Q t

(proof)

lemma locally-translation:
fixes P :: 'a :: real-normed-vector set = bool
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shows
(AS. P (image (A\x. a + 2) S) «— P S)
= locally P (image (Az. a + z) S) — locally P S
(proof)

lemma locally-injective-linear-image:
fixes f :: ‘a::euclidean-space = 'b::euclidean-space
assumes f: linear finj f and iff: AS. P (f*S) «— QS
shows locally P (f ¢ S) +— locally Q S
(proof )

lemma locally-open-map-image:
fixes [ :: ‘a::real-normed-vector = 'b::real-normed-vector
assumes P: locally P S
and f: continuous-on S f
and oo: At. openin (subtopology euclidean S) t
= openin (subtopology euclidean (f <S)) (f ‘t)
and Q: A\t. [t C S; Pt] = Q(f ‘ ¢)
shows locally Q (f < S)
(proof)

25.11 Basic properties of local compactness

lemma locally-compact:
fixes s :: 'a :: metric-space set
shows
locally compact s +—
Vzes. Juv.zeuAhuCovAvCsA
openin (subtopology euclidean s) uw A compact v)
(is ?lhs = ?rhs)

(proof)

lemma locally-compactF:
fixes s :: 'a :: metric-space set
assumes locally compact s
obtains v v where Az. 2 € s=zcuzAuz CvzAvz CsA
openin (subtopology euclidean s) (u ) A compact (v x)

(proof)

lemma locally-compact-alt:
fixes s :: 'a :: heine-borel set
shows locally compact s <—
Vzes Ju. .z €uA
openin (subtopology euclidean s) u A compact(closure u) A closure
u C s)
(proof)

lemma locally-compact-Int-cball:
fixes s :: 'a :: heine-borel set
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shows locally compact s «+— (Vz € s. Je. 0 < e A closed(cball x e N s))
(is ?lhs = ?rhs)
(proof)

lemma locally-compact-compact:
fixes s :: 'a :: heine-borel set
shows locally compact s <—
(VEk. k C s A compact k
— Fuv.kCuAuCovAvCsA
openin (subtopology euclidean s) u A compact v))
(is ?lhs = 2rhs)

(proof)

lemma open-imp-locally-compact:
fixes s :: 'a :: heine-borel set
assumes open s
shows locally compact s

(proof)

lemma closed-imp-locally-compact:
fixes s :: 'a :: heine-borel set
assumes closed s
shows locally compact s

(proof)

lemma locally-compact-UNIV: locally compact (UNIV :: 'a :: heine-borel set)
(proof )

lemma locally-compact-Int:

fixes s :: 'a :: t2-space set

shows [locally compact s; locally compact t] = locally compact (s N t)
(proof)

lemma locally-compact-closedin:
fixes s :: 'a :: heine-borel set
shows [closedin (subtopology euclidean s) t; locally compact ]
= locally compact t

(proof)

lemma locally-compact-delete:
fixes s :: 'a :: t1-space set
shows locally compact s = locally compact (s — {a})
(proof)

lemma locally-closed:
fixes s :: 'a :: heine-borel set
shows locally closed s «+— locally compact s
(is ?lhs = ?rhs)

(proof)
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25.12 Important special cases of local connectedness and
path connectedness

lemma locally-connected-1:
assumes
Av z. [openin (subtopology euclidean S) v; x € v]
= Ju. openin (subtopology euclidean S) u A
connected u Nr € u AN uC v
shows locally connected S

(proof)

lemma locally-connected-2:
assumes locally connected S
openin (subtopology euclidean S) t
T et
shows openin (subtopology euclidean S) (connected-component-set t x)

(proof)

lemma locally-connected-3:
assumes At z. [openin (subtopology euclidean S) t; z € ]
= openin (subtopology euclidean S)
(connected-component-set t x)
openin (subtopology euclidean S) v x € v
shows Ju. openin (subtopology euclidean S) u A connected u AN x € u A u C v

(proof)

lemma locally-connected:
locally connected S +—
(Vv z. openin (subtopology euclidean S) v AN x € v
— (Ju. openin (subtopology euclidean S) u A connected u A © € u A u
C v))
(proof)

lemma locally-connected-open-connected-component:
locally connected S +—
(Wt z. openin (subtopology euclidean S) t Nz € t
— openin (subtopology euclidean S) (connected-component-set t x))

{(proof)

lemma locally-path-connected-1:
assumes
v z. [openin (subtopology euclidean S) v; x € v]
= Ju. openin (subtopology euclidean S) u A path-connected u N z €
uNuCo
shows locally path-connected S
(proof)

lemma locally-path-connected-2:
assumes locally path-connected S
openin (subtopology euclidean S) t
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T et
shows openin (subtopology euclidean S) (path-component-set t x)

(proof)

lemma locally-path-connected-3:
assumes At z. [openin (subtopology euclidean S) t; © € t]
= openin (subtopology euclidean S) (path-component-set t x)
openin (subtopology euclidean S) vz € v
shows Ju. openin (subtopology euclidean S) u A path-connected u A x € u A
uCw

(proof)

proposition locally-path-connected:
locally path-connected S +—
(Vv z. openin (subtopology euclidean S) v A x € v
— (Fu. openin (subtopology euclidean S) u A path-connected u A © € u
A u C v))
(proof)

proposition locally-path-connected-open-path-connected-component:
locally path-connected S +—
(Vt z. openin (subtopology euclidean S) t A x € t
— openin (subtopology euclidean S) (path-component-set t x))

(proof)

lemma locally-connected-open-component:
locally connected S +—
(W't c. openin (subtopology euclidean S) t A ¢ € components t
— openin (subtopology euclidean S) c)

(proof)

proposition locally-connected-im-kleinen:
locally connected S +—
(Vv z. openin (subtopology euclidean S) v N x € v
— (Ju. openin (subtopology euclidean S) u A
reuNuCovA
(Vy.y € u — (Fe. connected c AN c CvAx €cAyEc))))
(is ?lhs = ?rhs)
(proof)

proposition locally-path-connected-im-kleinen:
locally path-connected S <—
(Vv z. openin (subtopology euclidean S) v AN x € v
— (Fu. openin (subtopology euclidean S) u A
re€uNuCovA
(Vy.y € u — (Ip. path p A path-image p C
pathstart p = x N\ pathfinish p =

A

)

(is ?lhs = ?rhs)

(proof)
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lemma locally-path-connected-imp-locally-connected:
locally path-connected S = locally connected S

(proof)

lemma locally-connected-components:
[locally connected S; ¢ € components S| = locally connected ¢

(proof)

lemma locally-path-connected-components:
[locally path-connected S; ¢ € components S| = locally path-connected ¢

(proof)

lemma locally-path-connected-connected-component:

locally path-connected S = locally path-connected (connected-component-set S
z)
(proof)

lemma open-imp-locally-path-connected:
fixes S :: 'a :: real-normed-vector set
shows open S = locally path-connected S

(proof)

lemma open-imp-locally-connected:
fixes S :: 'a :: real-normed-vector set
shows open S = locally connected S

(proof)

lemma locally-path-connected-UNIV : locally path-connected (UNIV ::'a :: real-normed-vector
set)

(proof)

lemma locally-connected-UNIV: locally connected (UNIV ::'a :: real-normed-vector
set)

{proof)

lemma openin-connected-component-locally-connected:
locally connected S
= openin (subtopology euclidean S) (connected-component-set S x)

(proof)

lemma openin-components-locally-connected:
[locally connected S; ¢ € components S| = openin (subtopology euclidean S) c

{proof)

lemma openin-path-component-locally-path-connected:
locally path-connected S
= openin (subtopology euclidean S) (path-component-set S x)

(proof)
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lemma closedin-path-component-locally-path-connected:
locally path-connected S
= closedin (subtopology euclidean S) (path-component-set S x)

(proof)

lemma convezx-imp-locally-path-connected:
fixes S :: 'a:: real-normed-vector set
shows convex S = locally path-connected S

(proof)

25.13 Retracts, in a general sense, preserve (co)homotopic
triviality)

locale Retracts =
fixes shtk
assumes conth: continuous-on s h
and imh: h ‘s =t
and contk: continuous-on t k
and imk: k ‘t C s
and idhk: Ny. y e t = h(ky) =y

begin

lemma homotopically-trivial-retraction-gen:
assumes P: \f. [continuous-on u f; f ‘u C t; Q f] = P(k o f)
and Q: Af. [continuous-on u f; f ‘u C s; P f] = Q(h o f)
and Qeq: Ahk. (Az.z € u=hz=kz) = Qh=Qk
and hom: \f g. [continuous-on u f; f “u C s; P f;
continuous-on u g; g ‘u C s; P g]
= homotopic-with P u s f g
and contf: continuous-on u f and imf: f ‘u C ¢t and Qf: Q f
and contg: continuous-on v g and img: g ‘u C t and Qg: Q ¢
shows homotopic-with Q u t f g

(proof)

lemma homotopically-trivial-retraction-null-gen:

assumes P: A\f. [continuous-on u f; f ‘u C t; Q f] = P(k o f)
and Q: Af. [continuous-on u f; f “u C s; Pf] = Q(hof)
and Qeq: Ahk. (Az.z€u=haz=kz) = Qh=0Q%k
and hom: Af. [continuous-on u f; f “u C s; P f]

= J¢. homotopic-with P u s f (Az. ¢)

and contf: continuous-on u f and imf:f ‘u C ¢t and Qf: Q f

obtains ¢ where homotopic-with Q u t f (Az. ¢)

(proof)

lemma cohomotopically-trivial-retraction-gen:
assumes P: \f. [continuous-on t f; f ‘'t C u; Q f] = P(foh)
and @Q: A\f. [continuous-on s f; f ‘s Cu; P f] = Q(f o k)
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and Qeq: Ahk. (Az.z €t = hz=kz) = Qh=Qk
and hom: A\f g. [continuous-on s f; f ‘s C u; P f;
continuous-on s g; g * s C u; P g]
= homotopic-with P s u f g
and contf: continuous-on t f and imf: f ‘¢t C u and Qf: Q f
and contg: continuous-on t g and img: g ‘t C v and Qg: Q g
shows homotopic-with Q t u f g
(proof)

lemma cohomotopically-trivial-retraction-null-gen:
assumes P: \f. [continuous-on t f; f ‘'t C u; Q f] = P(foh)
and Q: A\f. [continuous-on s f; f ‘s C u; P f] = Q(f o k)
and Qeq: Ahk. (Az.z €t = hz=kz) = Qh=QFk
and hom: A\f g. [continuous-on s f; f s C u; P f]
= Jc¢. homotopic-with P s u f (Az. ¢)
and contf: continuous-on t f and imf: f ‘'t C v and Qf: Q f
obtains ¢ where homotopic-with @Q t u f (Az. ¢)
(proof)

end

lemma simply-connected-retraction-gen:
shows [simply-connected S; continuous-on S h; h S = T;
continuous-on Tk; k ‘T C S; Ny.y € T = h(ky) = y]
= simply-connected T

{(proof)

lemma homeomorphic-simply-connected:
[S homeomorphic T; simply-connected S| = simply-connected T

{proof)

lemma homeomorphic-simply-connected-eq:
S homeomorphic T = (simply-connected S <— simply-connected T)

{proof)

end

26 Results connected with topological dimension.

theory Brouwer-Fixpoint
imports Path-Connected
begin

lemma bij-betw-singleton-eq:
assumes f: bij-betw f A B and ¢: bij-betw g A B and a: a € A
assumes eq: (A\z. 2 € A= 1 # a = fz = guz)
shows fa =g a

(proof)
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lemma swap-image:
Fun.swap 1 j f “A = (ifi € A then (ifj € A then f A else f*‘ (A — {i}) U
{i})

(proof)

else (if j € A then f* ((A — {j}) U {i}) else f © A))

lemma swap-applyl: Fun.swap x y fx = fy
(proof)

lemma swap-apply2: Fun.swap zy fy = fz
(proof)

lemma lessThan-empty-iff: {.< n:unat} = {} +—n =10
{proof)

lemma Zero-notin-Suc: 0 ¢ Suc ‘ A
{proof )

lemma atMost-Suc-eg-insert-0: {.. Suc n} = insert 0 (Suc ‘ {.. n})
{proof)

lemma setsum-union-disjoint’:
assumes finite A
and finite B
and AN B ={}
and AUB=C
shows setsum g C' = setsum g A + setsum g B

{proof)

lemma pointwise-minimal-pointwise-maximal:
fixes s :: (nat = nat) set
assumes finite s
and s # {}
and Vzes. Vyes. 2 <yVy<zx
shows Ja€s. Vzes. a <z
and Jacs. Vzes. z < a

(proof)

lemma brouwer-compactness-lemma:
fixes [ :: ‘a::metric-space = 'b::real-normed-vector
assumes compact s
and continuous-on s f
and - (3z€s. fz = 0)
obtains d where 0 < d and Vz€s. d < norm (f z)
(proof)

lemma kuhn-labelling-lemma:
fixes P Q :: 'a::euclidean-space = bool
assumes Vz. Pz — P (f z)
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and V2. Pz — (Vi€Basis. Qi — 0 < z+i A zi < 1)
shows 3. (Vz.Vi€Basis. l x i < (1:nat)) A
(Vz.Vi€Basis. P AN Qi A (zi=0) — (lzi=0))A
(VzNVi€Basis. Pz AN Qi A (zi=1)— (lzi=1)) A
(VzVi€Basis. Pz A Qi AN(lzi=0)— xi < fa-i) A
(VzVi€Basis. Pz AN Qi AN(lzi=1)— fai < z-i)
(proof)

26.1 The key ”counting” observation, somewhat abstracted.

lemma kuhn-counting-lemma:

fixes bnd compo compo’ face S F

defines nF s == card {f€F. face f s N compo’ f}

assumes [simp, intro]: finite F — faces and [simp, intro]: finite S — simplices
and A\f. f € F = bnd f = card {s€S. face fs} =1
and \f. f € F = - bnd f = card {s€S. face fs} = 2
and A\s. s € S = compo s = nF s = 1
and A\s. s € S = —compos = nFs=0VnFs=2
and odd (card {f€F. compo’ f A bnd f})

shows odd (card {s€S. compo s})

(proof)

26.2 The odd/even result for faces of complete vertices, gen-
eralized.

lemma kuhn-complete-lemma:
assumes [simp]: finite simplices
and face: N\f s. face f s +— (Fa€s. f = s — {a})
and card-s[simp]: N\s. s € simplices = card s = n + 2
and ri-bd: \s. s € simplices = rl ‘s C {..Suc n}
and bnd: A\f s. s € simplices = face f s = bnd f = card {s€simplices.

face fs} = 1
and nbnd: \fs. s € simplices = face f s = = bnd f = card {s€simplices.
face fs} = 2

and odd-card: odd (card {f. (3 s€simplices. face fs) AN rl ‘f = {.n} A bnd f})
shows odd (card {s€simplices. (rl s = {..Suc n})})

(proof)

locale kuhn-simplex =

fixes p n and base upd and s :: (nat = nat) set

assumes base: base € {.< n} — {..< p}

assumes base-out: N\i. n < i = base i = p

assumes upd: bij-betw upd {..< n} {.< n}

assumes s-pre: s = (Ai j. if j € upd*{..< i} then Suc (base j) else base j) * {..
n}

begin

definition enum i j = (if j € upd‘{..< i} then Suc (base j) else base j)
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lemma s-eq: s = enum ‘ {.. n}
{proof)

lemma upd-space: + < n = upd i < n
(proof )

lemma s-space: s C {..< n} — {.. p}
(proof)

lemma inj-upd: inj-on upd {..< n}
{proof)

lemma inj-enum: inj-on enum {.. n}
(proof)

lemma enum-0: enum 0 = base
(proof )

lemma base-in-s: base € s
(proof)

lemma enum-in: 1 < n = enum i € s
(proof )

lemma one-step:
assumes a: @ € sj < n
assumes x: N\a’. o' € s = a'#a=a'j=p’
shows a j # p’

(proof)

lemma upd-inj: 1 < n=j<n=updt=updj — 1 =17
(proof )

lemma upd-surj: upd ‘ {.< n} = {..< n}
{proof)

316

lemma in-upd-image: A C {.<n} = i<n=— updi € upd ‘A+— i€ A

{proof)

lemma enum-inj: it <n =75 < n=— enumi=enumj<— i =7

{proof)

lemma in-enum-image: A C {.. n} = i <n = enumi € enum ‘A+— i€ A

{proof)

lemma enum-mono: t < n =75 < n= enumi < enumj<— i < j

(proof)

lemma enum-strict-mono: i < n = j < n = enumi < enumj <— 1 < j
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{proof)

lemma chain: a € s —=becs—=a<bVd<a
(proof)

lemmaless:a € s=—=be€s=—=ai<bi—a<b
(proof )

lemma enum-0-bot: a € s = a = enum 0 +— (Va’€s. a < a’)
{proof)

lemma enum-n-top: a € s = a = enum n «— (Va’€s. a’ < a)
{proof)

lemma enum-Suc: i < n = enum (Suc i) = (enum i)(upd i := Suc (enum i

(upd i)))
(proof )

lemma enum-eq-p: i <n=—=n<j = enumtj = p
(proof)

lemma out-eg-p: a € s = n<j=— aj=7p
(proof)

lemma s-le-p:a € s = aj <0p
(proof )

lemma le-Suc-base: a € s = a j < Suc (base j)
{proof)

lemma base-le: a € s = base j < aj
(proof )

lemma enum-le-p: i < n = j <n = enumij <p
(proof)

lemma enum-less: a € s = i < n => enum i < a <— enum (Suc i) < a
{proof)

lemma ksimplex-0:
n=0= s={(\z. p)}
(proof )

lemma replace-0:
assumes j < na € sand p: Vz€s — {a}. zj =0 and z € s
shows z < a

{(proof)

lemma replace-1:
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assumes j < na € sand p: Vze€s — {a}. xj=pand z € s
shows a < z

(proof)
end

locale kuhn-simplex-pair = s: kuhn-simplex p n b-s u-s s + t: kuhn-simplex p n
b-t u-t t

for p n b-s u-s s b-t u-t t
begin

lemma enum-eq:
assumes I: i <[l <jand j+d <n
assumes eq: s.enum ‘ {i .. j} = t.enum ‘ {i + d .. j + d}
shows s.enum | = t.enum (I + d)

(proof)

lemma ksimplex-eq-bot:
assumes a: a € s N\a’. o' € s = a < a’
assumes b: b et Ab. b et = b < b’
assumes eq: s — {a} =t — {b}
shows s = ¢

(proof)

lemma ksimplez-eq-top:
assumes a: a € s N\a’. ¢’ € s = a' < a
assumes b: b et Ab. b et = b'<b
assumes eq: s — {a} =t — {b}
shows s = ¢

(proof)

end

inductive ksimplex for p n :: nat where
ksimplex: kuhn-simplex p n base upd s = ksimplex p n s

lemma finite-ksimplezes: finite {s. ksimplex p n s}

(proof)

lemma ksimplez-card:
assumes ksimplex p n s shows card s = Suc n

(proof)

lemma simplez-top-face:
assumes 0 < pVzes'. zn=p
shows ksimplex p n s’ <— (3 s a. ksimplex p (Sucn) s Na € sAs'=s—{a})

(proof)

lemma ksimplex-replace-0:
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assumes s: ksimplexr p n s and a: a € s

assumes j: j < n and p: Vz€s — {a}. 25 =0

shows card {s’. ksimplex p n s’ A (3bes’. s’ — {b} =s — {a})} = 1
(proof )

lemma ksimplex-replace-1:
assumes s: ksimplexr p n s and a: a € s
assumes j: j < n and p: Vz€s — {a}. zj =p
shows card {s’. ksimplex p n s’ A (3bes’. s’ — {b} =s — {a})} = 1
(proof )

lemma card-2-exists: card s = 2 +— (Jz€s. Jy€s. v £y AN (Vz€s. 2=z V 2

=1y))
(proof)

lemma ksimplex-replace-2:
assumes s: ksimplex pn s and a € s and n # 0
and /b: Vji<n. Jzes — {a}. zj # 0
and ub: Vj<n. 3z€s — {a}. zj # p
shows card {s'. ksimplex p n s’ A (3bes’. s’ — {b} =s — {a})} = 2
(proof )

Hence another step towards concreteness.

lemma kuhn-simplez-lemma:
assumes Vs. ksimplex p (Suc n) s — rl ‘s C {.. Suc n}
and odd (card {f. 3s a. ksimplex p (Sucn) s Na € sA(f=s—{a}) A
rl“f={.n} AN((3j<n.Vzef.zj=0)Vv 3j<n.Vzef.zj =0p))})
shows odd (card {s. ksimplex p (Suc n) s A rl s = {..Suc n}})
(proof)

26.3 Reduced labelling

definition reduced :: nat = (nat = nat) = nat where reduced n © = (LEAST
k.k=nVak#D0)

lemma reduced-labelling:
shows reduced n x < n
and Vi<reduced n x. x i = 0
and reduced n x = n V x (reduced n ) # 0

(proof)

lemma reduced-labelling-unique:
r<n=Vi<r.zi=0=r=nVzr#0— reducednx =r

{proof)

lemma reduced-labelling-zero: j < n = zj = 0 = reduced n v # j

(proof)

lemma reduce-labelling-zero[simp): reduced 0 x = 0
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{proof)

lemma reduced-labelling-nonzero: j < n = xj # 0 = reduced n x < j

{proof)

lemma reduced-labelling-Suc: reduced (Suc n) x # Suc n = reduced (Suc n) x
= reduced n x

{proof)

lemma complete-face-top:
assumes Vzef. Vj<n.zj=0 — labxj =0
andVzef.Vj<n.zj=p — labzj =1
and eq: (reduced (Suc n) o lab) ‘ f = {..n}
shows ((3j<n.Vzef.zj=0)V (Fj<n.Vzef. xj =p)) +— (Vzef. zn =
p)
(proof)

Hence we get just about the nice induction.

lemma kuhn-induction:
assumes (0 < p
and lab-0: Vz.Vj<n. Vj.zj <p)ANzj=0 —labzj=10
and lab-1:Vz.Vj<n. Vj.zj<p)ANzj=p —labzj=1
and odd: odd (card {s. ksimplex p n s A (reduced noladb) ‘s = {..n}})
shows odd (card {s. ksimplex p (Suc n) s A (reduced (Suc n)olab) ‘s = {..Suc
n}h)
(proof)

And so we get the final combinatorial result.
lemma ksimplez-0: ksimplex p 0 s «+— s = {(Az. p)}
(proof)

lemma kuhn-combinatorial:
assumes (0 < p

andVzj Vjzj<pAj<nAzj=0-—labzj=20
andVzj. Vizj<p)Aj<n Azj=p—labzj=1
shows odd (card {s. ksimplex p n s A (reduced nolab) ‘s = {..n}})

(is odd (card (?M n)))
{proof)

lemma kuhn-lemma:
fixes n p :: nat
assumes ( < p
and Vz. (Vi<n. i < p) — (Vi<n. label z i = (0::nat) V label z i = 1)
and Vz. (Vi<n. zi < p) — (Vi<n.zi =0 — label z i = 0)
and Vz. (Vi<n. zi < p) — (Vi<n.zi=p — labelz i = 1)
obtains ¢ where Vi<n. q¢i < p
and Vi<n. 3rs. (Vi<n. qj <rjArj<gqj+1)ANNj<n. qgj<sjAsj
< qj+ 1) A label ri # label s i
(proof)
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26.4 The main result for the unit cube

lemma kuhn-labelling-lemma:
assumes (Vz:nat=real. Pz — P (f 1))
andVz. Pz — (Viznat. Qi — 0 <ziAxzi<I1)
shows 3. (Vzi. lzi < (1:nat)) A
Mzi. Pz ANQiNnzi=0—1lzi=0)A
Mzi. Pz ANQiNnzi=1—lzi=1)A
Vzi. Pz ANQiNlzi=0—zi<fzi)A
Vzi. P ANQiNnlazi=1—fzi<uzi)
(proof )

definition unit-cube :: 'a::euclidean-space set
where unit-cube = {z. Vi€Basis. 0 <z -i ANz -i< 1}

lemma mem-unit-cube: x € unit-cube <+— (Vi€Basis. 0 <z i ANz -1 < 1)
(proof)

lemma bounded-unit-cube: bounded unit-cube
(proof)

lemma closed-unit-cube: closed unit-cube
(proof )

lemma compact-unit-cube: compact unit-cube (is compact ?C)
(proof )

lemma brouwer-cube:
fixes [ :: ‘a::euclidean-space = 'a
assumes continuous-on unit-cube f
and f ‘ unit-cube C unit-cube
shows Jzcunit-cube. fz =z

(proof)

26.5 Retractions
definition retraction s t r +— t C s A continuous-on s Ar ‘s Ct AN (Vz€t. r

T =1x)

definition retract-of (infixl retract’-of 50)
where (¢ retract-of s) «— (I r. retraction s t r)

lemma retraction-idempotent: retraction str = v € s = r (rz) =rz
(proof)

26.6 Preservation of fixpoints under (more general notion
of) retraction

lemma invertible-fizpoint-property:
fixes s :: 'a::euclidean-space set
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and ¢ :: 'b::euclidean-space set
assumes continuous-on t 4
and i ‘¢t C s
and continuous-on s r
and r ‘s C ¢
and Vyet. r (iy) =y
and Vf. continuous-on s f A f ‘s C s — (Jz€s. fz = x)
and continuous-on t g

and g ‘t Ct
obtains y where y € t and gy = y
(proof)

lemma homeomorphic-fixpoint-property:
fixes s :: 'a::euclidean-space set
and ¢ :: 'b::euclidean-space set
assumes s homeomorphic t
shows (V f. continuous-on s f A f ‘s C s — (Jz€s. fz = 1)) +—
(Vg. continuous-ont g A g ‘t Ct — (Jyct. gy = y))
(proof)

lemma retract-fizpoint-property:
fixes f :: ‘a::euclidean-space = 'b::euclidean-space
and s :: 'a set
assumes t retract-of s
and Vf. continuous-on s f A f ‘s C s — (Jz€s. fz = x)
and continuous-on t g

and g ‘t Ct
obtains y where y € tand gy = y
(proof)

26.7 The Brouwer theorem for any set with nonempty inte-
rior

lemma convex-unit-cube: convex unit-cube
(proof)

lemma brouwer-weak:
fixes [ :: 'a::euclidean-space = 'a
assumes compact s
and convex s
and interior s # {}
and continuous-on s f
and f ‘s C s
obtains z where z € sand fz =z
(proof)

And in particular for a closed ball.

lemma brouwer-ball:
fixes f :: 'a::euclidean-space = 'a
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assumes ¢ > ()
and continuous-on (cball a e) f
and f ‘cball a e C cball a e
obtains z where x € cball a e and fz = x

(proof)

Still more general form; could derive this directly without using the rather
involved HOMEOMORPHIC-CONVEX-COMPACT theorem, just using a
scaling and translation to put the set inside the unit cube.

lemma brouwer:
fixes f :: 'a::euclidean-space = 'a
assumes compact s
and conver s
and s # {}
and continuous-on s f
and f ‘s C s
obtains z where z € sand fz =z

(proof)

So we get the no-retraction theorem.

lemma no-retraction-cball:
fixes a :: 'a::euclidean-space
assumes e > ()
shows — (frontier (cball a e) retract-of (cball a e))

(proof)

26.8 Retractions

lemma retraction:
retraction s t r <—
t C s A continuous-on st A1 ‘s=1tAN Nz €t rz=u1)

(proof)

lemma retract-of-imp-extensible:
assumes s retract-of t and continuous-on s f and f ‘s C u
obtains g where continuous-ontgg ‘t Cu N\z. 2 € s = gz = fz

(proof)

lemma idempotent-imp-retraction:
assumes continuous-on s f and f ‘s C sand Az. z € s = f(fz)=fz
shows retraction s (f “s) f

(proof)

lemma retraction-subset:
assumes retraction st r and t C s’ and s’ C s
shows retraction s’ t r

(proof)

lemma retract-of-subset:
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assumes t retract-of s and t C s’ and s’ C s
shows t retract-of s’

(proof)

lemma retraction-refl [simp]: retraction s s (A\z. x)
(proof)

lemma retract-of-refl [iff]: s retract-of s
(proof)

lemma retract-of-imp-subset:
s retract-of t = s C t

(proof)

lemma retract-of-empty [simp]:

({} retract-of s) «— s = {} (s retract-of {}) +— s = {}

(proof)

lemma retract-of-singleton [iff]: ({z} retract-of s) +— z € s

{proof)

lemma retraction-comp:
[retraction s ¢ f; retraction t u g]
= retraction s u (g o f)

(proof)

lemma retract-of-trans:
assumes s retract-of t and t retract-of u
shows s retract-of u

(proof)

lemma closedin-retract:
fixes s :: 'a :: real-normed-vector set
assumes s retract-of t

shows closedin (subtopology euclidean t) s
(proof)

lemma retract-of-contractible:
assumes contractible t s retract-of t
shows contractible s

(proof)

lemma retract-of-compact:
[compact t; s retract-of t] = compact s

{proof)

lemma retract-of-closed:

fixes s :: 'a :: real-normed-vector set

shows [closed t; s retract-of t] = closed s

324
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{proof)

lemma retract-of-connected:
[connected t; s retract-of t] = connected s

(proof)

lemma retract-of-path-connected:
[path-connected t; s retract-of t] = path-connected s

{proof)

lemma retract-of-simply-connected:
[simply-connected t; s retract-of t] = simply-connected s

(proof)

lemma retract-of-homotopically-trivial:
assumes ts: t retract-of s

and hom: Af g. [continuous-on u f; f ‘u C s;
continuous-on u g; g ‘u C s
= homotopic-with (Az. True) u s fg

and continuous-on u ff ‘u C ¢

and continuous-on u g g ‘u C t

shows homotopic-with (A\x. True) u t fg

(proof)

lemma retract-of-homotopically-trivial-null:
assumes ts: t retract-of s
and hom: Af. [continuous-on u f; f ‘u C $]
= J¢. homotopic-with (Ax. True) u s f (Az. c)
and continuous-on u ff ‘u C ¢
obtains ¢ where homotopic-with (Ax. True) u t f (Az. c)

(proof)

lemma retraction-imp-quotient-map:
retraction s t T
== u Ct

= (openin (subtopology euclidean s) {z. x € s AN rx € u} +—

openin (subtopology euclidean t) u)

(proof)

lemma retract-of-locally-compact:
fixes s :: 'a :: {heine-borel,real-normed-vector} set
shows [ locally compact s; t retract-of s] = locally compact t

{proof)

lemma retract-of-times:
[s retract-of s'; t retract-of t'] = (s x t) retract-of (s’ x t’)

{(proof)

lemma homotopic-into-retract:

325
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[f ¢s Ct; 9 s Ct;tretract-of u;
homotopic-with (Az. True) s u f g
= homotopic-with (Az. True) st fg

(proof)

end

27 A generic phantom type

theory Phantom-Type
imports Main
begin

datatype (‘a, 'b) phantom = phantom (of-phantom: ')

lemma type-definition-phantom’: type-definition of-phantom phantom UNIV
(proof)

lemma phantom-comp-of-phantom [simp]: phantom o of-phantom = id
and of-phantom-comp-phantom [simp]: of-phantom o phantom = id

(proof)

syntax -Phantom :: type = logic ((1Phantom/(1'(-"))))
translations
Phantom('t) => CONST phantom :: - = ('t, -) phantom

(ML)

lemma of-phantom-inject [simp]:
of-phantom = = of-phantom y +— © = y

(proof)

end

28 Cardinality of types

theory Cardinality
imports Phantom-Type
begin

28.1 Preliminary lemmas

lemma (in type-definition) univ:
UNIV = Abs ‘ A
(proof)

lemma (in type-definition) card: card (UNIV :: 'b set) = card A
{proof)
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lemma finite-range-Some: finite (range (Some :: 'a = 'a option)) = finite (UNIV
i ' set)

(proof)

lemma infinite-literal: = finite (UNIV :: String.literal set)
(proof)

28.2 Cardinalities of types
syntax -type-card :: type => nat ((1CARD/(1'(-"))))

translations CARD(’t) => CONST card (CONST UNIV :: 't set)
(ML)

lemma card-prod [simp]: CARD('a x 'b) = CARD(’a) x CARD(’b)
{proof)

lemma card-UNIV-sum: CARD('a + 'b) = (if CARD('a) # 0 N CARD(’b) # 0
then CARD('a) + CARD('b) else 0)
(proof )

lemma card-sum [simp]: CARD('a + 'b) = CARD('a::finite) + CARD('b::finite)
(proof)

lemma card-UNIV-option: CARD('a option) = (if CARD('a) = 0 then 0 else
CARD('a) + 1)
(proof )

lemma card-option [simp]: CARD('a option) = Suc CARD('a::finite)
(proof)

lemma card-UNIV-set: CARD('a set) = (if CARD('a) = 0 then 0 else 2 " CARD('a))
(proof)

lemma card-set [simp]: CARD('a set) = 2 * CARD('a::finite)
(proof)

lemma card-nat [simp]: CARD(nat) = 0
{proof)

lemma card-fun: CARD('a = 'b) = (if CARD('a) # 0 N CARD(’d) # 0 V
CARD('b) = 1 then CARD('b) * CARD('a) else 0)

(proof)

corollary finite-UNIV-fun:

finite (UNIV :: (Ya = 'b) set) «—
finite (UNIV :: 'a set) A finite (UNIV :: 'b set) Vv CARD('b) = 1
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(is ?lhs <— ?rhs)
(proof)

lemma card-literal: CARD(String.literal) = 0
(proof)

28.3 Classes with at least 1 and 2

Class finite already captures ”at least 1”
lemma zero-less-card-finite [simp]: 0 < CARD(’a::finite)
(proof)

lemma one-le-card-finite [simp]: Suc 0 < CARD('a::finite)
{proof )

Class for cardinality ”at least 2”

class card2 = finite +
assumes two-le-card: 2 < CARD('a)

lemma one-less-card: Suc 0 < CARD('a::card2)

{proof)

lemma one-less-int-card: 1 < int CARD('a::card?)
{proof)

28.4 A type class for deciding finiteness of types
type-synonym ’a finite-UNIV = ('a, bool) phantom

class finite-UNIV =
fixes finite-UNIV :: (‘a, bool) phantom
assumes finite-UNIV: finite-UNIV = Phantom('a) (finite (UNIV :: 'a set))

lemma finite-UNIV-code [code-unfold):

finite (UNIV :: 'a :: finite-UNIV set)

+— of-phantom (finite-UNIV :: 'a finite-UNIV)
(proof)

28.5 A type class for computing the cardinality of types

definition is-list-UNIV :: 'a list = bool
where is-list-UNIV zs = (let ¢ = CARD('a) in if ¢ = 0 then Fulse else size
(remdups zs) = ¢)

lemma is-list-UNIV-iff: is-list-UNIV xs +— set s = UNIV
(proof)

type-synonym ‘a card-UNIV = ('a, nat) phantom
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class card-UNIV = finite-UNIV +
fixes card-UNIV :: 'a card-UNIV
assumes card-UNIV: card-UNIV = Phantom(’a) CARD('a)

28.6 Instantiations for card-UNIV

instantiation nat :: card-UNIV begin
definition finite-UNIV = Phantom(nat) False
definition card-UNIV = Phantom(nat) 0
instance (proof)

end

instantiation int :: card-UNIV begin
definition finite-UNIV = Phantom(int) False
definition card-UNIV = Phantom(int) 0
instance (proof)

end

instantiation natural :: card-UNIV begin
definition finite-UNIV = Phantom(natural) False
definition card-UNIV = Phantom(natural) 0
instance

(proof )
end

instantiation integer :: card-UNIV begin
definition finite-UNIV = Phantom(integer) False
definition card-UNIV = Phantom(integer) 0
instance

(proof)
end

instantiation list :: (type) card-UNIV begin
definition finite-UNIV = Phantom('a list) False
definition card-UNIV = Phantom(’a list) 0
instance (proof)

end

instantiation unit :: card-UNIV begin
definition finite-UNIV = Phantom(unit) True
definition card-UNIV = Phantom(unit) 1
instance (proof)

end

instantiation bool :: card-UNIV begin
definition finite-UNIV = Phantom(bool) True
definition card-UNIV = Phantom(bool) 2
instance (proof)

end
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instantiation char :: card-UNIV begin
definition finite-UNIV = Phantom(char) True
definition card-UNIV = Phantom(char) 256
instance (proof)

end

instantiation prod :: (finite-UNIV, finite-UNIV') finite-UNIV begin
definition finite-UNIV = Phantom('a X 'b)

(of-phantom (finite-UNIV :: 'a finite-UNIV') A of-phantom (finite-UNIV :: 'b
finite-UNIV))
instance (proof)
end

instantiation prod :: (card-UNIV, card-UNIV') card-UNIV begin
definition card-UNIV = Phantom('a X 'b)
(of-phantom (card-UNIV ::'a card-UNIV') x of-phantom (card-UNIV ::'b card-UNIV))
instance (proof)
end

instantiation sum :: (finite-UNIV , finite-UNIV) finite-UNIV begin
definition finite-UNIV = Phantom('a + 'b)

(of-phantom (finite-UNIV :: 'a finite-UNIV) A of-phantom (finite-UNIV :: 'b
finite-UNIV))
instance

(proof )
end

instantiation sum :: (card-UNIV | card-UNIV') card-UNIV begin
definition card-UNIV = Phantom('a + 'b)
(let ca = of-phantom (card-UNIV :: 'a card-UNIV);
cb = of-phantom (card-UNIV :: 'b card-UNIV)
inif ca # 0 N cb # 0 then ca + ¢b else 0)
instance (proof)
end

instantiation fun :: (finite-UNIV, card-UNIV) finite-UNIV begin
definition finite-UNIV = Phantom('a = 'b)

(let cb = of-phantom (card-UNIV ::'b card-UNIV')

in ¢cb = 1 V of-phantom (finite-UNIV :: 'a finite-UNIV) A ¢b # 0)
instance

(proof )
end

instantiation fun :: (card-UNIV, card-UNIV') card-UNIV begin
definition card-UNIV = Phantom('a = 'b)
(let ca = of-phantom (card-UNIV :: 'a card-UNIV);
cb = of-phantom (card-UNIV :: 'b card-UNIV)
inifca# 0Nchb# 0V chb=1then cb " ca else 0)
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instance (proof)
end

instantiation option :: (finite-UNIV') finite-UNIV begin

definition finite-UNIV = Phantom(’'a option) (of-phantom (finite-UNIV :: 'a
finite-UNIV))

instance (proof)

end

instantiation option :: (card-UNIV') card-UNIV begin
definition card-UNIV = Phantom(’a option)
(let ¢ = of-phantom (card-UNIV :: 'a card-UNIV) in if ¢ # 0 then Suc c else 0)
instance (proof)
end

instantiation String.literal :: card-UNIV begin
definition finite-UNIV = Phantom(String.literal) False
definition card-UNIV = Phantom(String.literal) 0
instance

(proof )
end

instantiation set :: (finite-UNIV) finite-UNIV begin

definition finite-UNIV = Phantom(’a set) (of-phantom (finite-UNIV :: 'a finite-UNIV))
instance (proof)

end

instantiation set :: (card-UNIV') card-UNIV begin
definition card-UNIV = Phantom('a set)
(let ¢ = of-phantom (card-UNIV :: 'a card-UNIV') in if ¢ = 0 then 0 else 2 " ¢)
instance (proof)
end

lemma UNIV-finite-1: UNIV = set [finite-1.a4]
(proof)

lemma UNIV-finite-2: UNIV = set [finite-2.a1, finite-2.as]
(proof)

lemma UNIV-finite-3: UNIV = set [finite-3.a1, finite-3.as, finite-3.as3)
(proof)

lemma UNIV-finite-4: UNIV = set [finite-4.a1, finite-4 .az, finite-4 .a3, finite-4.a4]
(proof)

lemma UNIV-finite-5:
UNIV = set [finite-5.a1, finite-5.a2, finite-5.a3, finite-5.a4, finite-5.as)
(proof)
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instantiation Enum.finite-1 :: card-UNIV begin
definition finite-UNIV = Phantom(Enum.finite-1) True
definition card-UNIV = Phantom(Enum.finite-1) 1
instance

(proof)
end

instantiation Enum.finite-2 :: card-UNIV begin
definition finite-UNIV = Phantom(Enum.finite-2) True
definition card-UNIV = Phantom(Enum.finite-2) 2
instance

(proof )
end

instantiation FEnum.finite-3 :: card-UNIV begin
definition finite-UNIV = Phantom(Enum.finite-3) True
definition card-UNIV = Phantom(Enum.finite-3) 3
instance

(proof)
end

instantiation Fnum.finite-4 :: card-UNIV begin
definition finite-UNIV = Phantom(Enum.finite-4) True
definition card-UNIV = Phantom(Enum.finite-4) 4
instance

(proof)
end

instantiation Enum.finite-5 :: card-UNIV begin
definition finite-UNIV = Phantom(Enum.finite-5) True
definition card-UNIV = Phantom(Enum.finite-5) 5
instance

(proof )
end

28.7 Code setup for sets

332

Implement CARD(’a) via card-UNIV-class.card-UNIV and provide imple-
mentations for finite, card, op C, and op =if the calling context already
provides finite-UNIV and card-UNIV instances. If we implemented the lat-
ter always via card-UNIV-class.card-UNIV, we would require instances of
essentially all element types, i.e., a lot of instantiation proofs and — at run

time — possibly slow dictionary constructions.
context

begin

qualified definition card-UNIV' :: 'a card-UNIV
where [code del]: card-UNIV' = Phantom(’a) CARD(a)
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lemma CARD-code [code-unfold):
CARD('a) = of-phantom (card-UNIV' :: 'a card-UNIV)
(proof)

lemma card-UNIV '-code [code]:
card-UNIV' = card-UNIV

(proof)
end

lemma card-Compl:
finite A => card (— A) = card (UNIV :: 'a set) — card (A :: 'a set)
(proof )

context fixes zs :: ‘a :: finite-UNIV list
begin

qualified definition finite’ :: 'a set = bool
where [simp, code del, code-abbrev]: finite’ = finite

lemma finite’-code [code]:

finite' (set xs) +— True

finite’ (List.coset xs) <— of-phantom (finite-UNIV :: 'a finite-UNIV)
(proof)

end

context fixes zs :: ‘a :: card-UNIV list
begin

qualified definition card’ :: 'a set = nat
where [simp, code del, code-abbrev]: card’ = card

lemma card’-code [code]:
card’ (set xs) = length (remdups xs)
card’ (List.coset xs) = of-phantom (card-UNIV :: 'a card-UNIV') — length (remdups
xs)
(proof) definition subset’ :: 'a set = 'a set = bool
where [simp, code del, code-abbrev|: subset’ = op C

lemma subset’-code [code]:
subset” A (List.coset ys) «— (Vy € set ys. y ¢ A)
subset’ (set ys) B «— (Vy € set ys. y € B)
subset’ (List.coset xs) (set ys) «— (let n = CARD('a) inn > 0 A card(set (zs
@ ys)) = n)
(proof ) definition eg-set :: 'a set = 'a set = bool
where [simp, code del, code-abbrev]: eq-set = op =
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lemma eg-set-code [code]:
fixes ys
defines rhs =
let n = CARD('a)
in if n = 0 then False else
let xs' = remdups xs; ys' = remdups ys
in length s’ + length ys' = n A (Vo € set zs’. © ¢ set ys') N (Vy € set ys'.
y & set xs’)
shows eg-set (List.coset zs) (set ys) «— rhs
and eg-set (set ys) (List.coset xs) «— rhs
and eg-set (set zs) (set ys) «— (Vz € set xs. x € set ys) AN (Vy € set ys. y €
set xs)
and eg-set (List.coset xs) (List.coset ys) «— (V& € set zs. © € set ys) AN (Vy €
set ys. y € set xs)

(proof)

end

Provide more informative exceptions than Match for non-rewritten cases. If
generated code raises one these exceptions, then a code equation calls the
mentioned operator for an element type that is not an instance of card-UNIV
and is therefore not implemented via card-UNIV-class.card-UNIV. Con-
strain the element type with sort card-UNIV to change this.

lemma card-coset-error [code]:
card (List.coset zs) =
Code.abort (STR "card (List.coset -) requires type class instance card-UNIV'')
(A-. card (List.coset xs))

(proof)

lemma coset-subseteq-set-code [code]:
List.coset xs C set ys <—
(if zs =[] A ys =[] then False
else Code.abort
(STR ""subset-eq (List.coset -) (List.set -) requires type class instance card-UNIV'")
(A-. List.coset zs C set ys))

(proof)

notepad begin — test code setup

(proof)
end

end

29 Numeral Syntax for Types

theory Numeral-Type
imports Cardinality
begin



THEORY “Numeral-Type” 335

29.1 Numeral Types

typedef num0 = UNIV :: nat set (proof)
typedef numl = UNIV :: unit set {proof)

typedef ‘a bit0 = {0 ..< 2 % int CARD('a::finite)}
(proof)

typedef ‘a bitl = {0 ..< I + 2 = int CARD('a::finite)}
(proof)

lemma card-num0 [simp]: CARD (num0) = 0
{proof)

lemma infinite-num0: — finite (UNIV :: num0 set)
(proof)

lemma card-numl [simp]: CARD(numl) = 1
{proof)

lemma card-bit0 [simp]: CARD('a bit0) = 2 x CARD('a::finite)
(proof)

lemma card-bit! [simp]: CARD('a bitl) = Suc (2 x CARD('a::finite))
{proof)

instance numl :: finite

(proof)

instance bit0 :: (finite) card?
(proof)

instance bit! :: (finite) card2
(proof)

29.2 Locales for for modular arithmetic subtypes

locale mod-type =
fixes n :: int
and Rep :: 'a::{zero,one,plus,times,uminus,minus} = int
and Abs :: int = 'a::{zero,one,plus,times,uminus, minus}
assumes type: type-definition Rep Abs {0..<n}
and sizel: 1 < n
and zero-def: 0 = Abs 0
and one-def: 1 = Abs 1
and add-def: x + y = Abs ((Rep x + Rep y) mod n)
and mult-def: © x y = Abs ((Rep z * Rep y) mod n)
and diff-def: © — y = Abs ((Rep x — Rep y) mod n)
and minus-def: — x = Abs ((— Rep ) mod n)

begin
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lemma size0: 0 < n
(proof)

lemmas definitions =
zero-def one-def add-def mult-def minus-def diff-def

lemma Rep-less-n: Rep x < n
(proof)

lemma Rep-le-n: Rep z < n

(proof)

lemma Rep-inject-sym: © = y <— Rep x = Rep y

(proof)

lemma Rep-inverse: Abs (Rep ©) = x
(proof)

lemma Abs-inverse: m € {0..<n} = Rep (Abs m) = m

(proof)

lemma Rep-Abs-mod: Rep (Abs (m mod n)) = m mod n
(proof)

lemma Rep-Abs-0: Rep (Abs 0) = 0
(proof)

lemma Rep-0: Rep 0 = 0
(proof)

lemma Rep-Abs-1: Rep (Abs 1) = 1
(proof)

lemma Rep-1: Rep 1 = 1
(proof)

lemma Rep-mod: Rep © mod n = Rep x
(proof)

lemmas Rep-simps =
Rep-inject-sym Rep-inverse Rep-Abs-mod Rep-mod Rep-Abs-0 Rep-Abs-1

lemma comm-ring-1: OFCLASS('a, comm-ring-1-class)
(proof)

end

locale mod-ring = mod-type n Rep Abs
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for n :: int

and Rep :: ‘a::{comm-ring-1} = int

and Abs :: int = 'a::{comm-ring-1}
begin

lemma of-nat-eq: of-nat k = Abs (int k mod n)
(proof)

lemma of-int-eq: of-int z = Abs (z mod n)

(proof)

lemma Rep-numeral:
Rep (numeral w) = numeral w mod n

(proof)

lemma iszero-numeral:
iszero (numeral w::'a) <— numeral w mod n = 0

(proof)

lemma cases:
assumes I1: Az. [(z::'a) = of-int z; 0 < z; z < n] = P
shows P

(proof )

lemma induct:
(Az. [0 < z; 2 < n] = P (of-int z2)) = P (z::'a)
(proof )

end

29.3 Ring class instances

Unfortunately ring-1 instance is not possible for numl, since 0 and 1 are
not distinct.

instantiation numl! :: {comm-ring,comm-monoid-mult,numeral }

begin

lemma numI-eg-iff: (x::numl) = (y:numl) «— True
{proof)

instance
(proof )

end
instantiation

bit0 and bit! :: (finite) {zero,one,plus,times,uminus,minus}
begin
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definition Abs-bit0’ :: int = ’a bit0 where
Abs-bit0" x = Abs-bit0 (z mod int CARD('a bit0))

definition Abs-bit1’ :: int = ’a bitl where
Abs-bitl’ x = Abs-bitl (z mod int CARD('a bitl))

definition 0 = Abs-bit0 0

definition 1 = Abs-bit0 1

definition z + y = Abs-bit0’ (Rep-bit0 x + Rep-bit0 y)
definition = x y = Abs-bit0’ (Rep-bit0 x * Rep-bit0 y)
definition =z — y = Abs-bit0’ (Rep-bit0 © — Rep-bit0 y)
definition — z = Abs-bit0’ (— Rep-bit0 )

definition 0 = Abs-bit1 0

definition 1 = Abs-bit! 1

definition = + y = Abs-bit1’ (Rep-bitl © + Rep-bitl y)
definition x x y = Abs-bitl’ (Rep-bitl = = Rep-bitl y)
definition x — y = Abs-bit1’ (Rep-bit] x — Rep-bitl y)
definition — z = Abs-bitl1’ (— Rep-bitl z)

instance (proof)
end

interpretation bit0:
mod-type int CARD('a::finite bit0)
Rep-bit0 :: 'a::finite bit0 = int
Abs-bit0 :: int = 'a::finite bit0
(proof)

interpretation bit1:
mod-type int CARD('a::finite bitl)
Rep-bitl :: 'a:finite bitl = int
Abs-bitl :: int = 'a:finite bitl
(proof)

instance bit0 :: (finite) comm-ring-1
(proof )

instance bit! :: (finite) comm-ring-1
{proof)

interpretation bit0:
mod-ring int CARD('a::finite bit0)
Rep-bit0 :: 'a::finite bit0 = int
Abs-bit0 :: int = 'a:finite bit0
(proof )

interpretation bitl:
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mod-ring int CARD('a::finite bitl)
Rep-bitl :: 'a:finite bitl = int
Abs-bitl :: int = 'a:finite bitl
(proof )

Set up cases, induction, and arithmetic

lemmas bit0-cases [case-names of-int, cases type: bit0] = bit0.cases
lemmas bitl-cases [case-names of-int, cases type: bitl] = bitl.cases
lemmas bit0-induct [case-names of-int, induct type: bit0] = bit0.induct
lemmas bitl-induct [case-names of-int, induct type: bitl] = bitl .induct
lemmas bit0-iszero-numeral [simp| = bit0.iszero-numeral

lemmas bitl-iszero-numeral [simp| = bitl.iszero-numeral

lemmas [simp] = eg-numeral-iff-iszero [where ‘a="a bit0] for dummy :: 'a::finite
lemmas [simp] = eg-numeral-iff-iszero [where ‘a="a bit1] for dummy :: 'a::finite

29.4 Order instances

instantiation bit0 and bit! :: (finite) linorder begin

definition a < b <— Rep-bit0 a < Rep-bit0 b
definition a < b +— Rep-bit0 a < Rep-bit0 b
definition a < b +— Rep-bit] a < Rep-bitl b
definition a < b «— Rep-bitl a < Rep-bitl b
instance

(proof)
end

lemma (in preorder) tranclp-less: op <™+ = op <

(proof)

instance bit0 and bit! :: (finite) wellorder

(proof)

29.5 Code setup and type classes for code generation

Code setup for num0 and numl

definition Num0 :: num0 where Num(0 = Abs-num0 0
code-datatype Num(

instantiation num0 :: equal begin

definition equal-num0 :: num0 = num0 = bool
where equal-num0 = op =

instance (proof)

end

lemma equal-num0-code [code]:
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equal-class.equal Num0 Num0 = True
(proof)

code-datatype 1 :: numi

instantiation numl :: equal begin

definition equal-numl :: numi = numl = bool
where equal-numl = op =

instance (proof)

end

lemma equal-numi-code [code]:
equal-class.equal (1 :: numl) 1 = True
(proof)

instantiation numi! :: enum begin

definition enum-class.enum = [1 :: numl]
definition enum-class.enum-all P = P (1 :: numl)
definition enum-class.enum-ex P = P (1 :: numl)
instance

(proof)
end

instantiation num0 and numl :: card-UNIV begin
definition finite-UNIV = Phantom(num0) False
definition card-UNIV = Phantom(num0) 0
definition finite-UNIV = Phantom(numl) True
definition card-UNIV = Phantom(numl) 1
instance

(proof )
end

Code setup for ‘a bit0 and 'a bitl

declare
bit0.Rep-inverse|code abstype)
bit0.Rep-0[code abstract]
bit0.Rep-1[code abstract]

lemma Abs-bit0'-code [code abstract]:
Rep-bit0 (Abs-bit0' x :: 'a :: finite bit0) = x mod int (CARD('a bit0))
(proof )

lemma inj-on-Abs-bit0:
inj-on (Abs-bit0 :: int = 'a bit0) {0..<2 x int CARD('a :: finite)}
(proof)

declare
bit1.Rep-inverse[code abstype]
bit1.Rep-0[code abstract]

340
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bit1.Rep-1[code abstract]

lemma Abs-bitl'-code [code abstract]:
Rep-bitl (Abs-bitl’ x :: 'a :: finite bitl) = x mod int (CARD('a bit1))
{proof)

lemma inj-on-Abs-bitl:
ing-on (Abs-bitl :: int = 'a bitl) {0..<1 + 2 * int CARD('a :: finite)}
(proof )

instantiation bit0 and bit! :: (finite) equal begin

definition equal-class.equal © y <— Rep-bit0 x = Rep-bit0 y
definition equal-class.equal © y <— Rep-bit] x = Rep-bitl y

instance
(proof )

end

instantiation bit0 :: (finite) enum begin

definition (enum-class.enum :: 'a bit0 list) = map (Abs-bit0’ o int) (upt 0 (CARD('a
bit0)))

definition enum-class.enum-all P = (Vb :: 'a bit0 € set enum-class.enum. P b)
definition enum-class.enum-ex P = (3b :: ’a bit0 € set enum-class.enum. P b)

instance

(proof)

end

instantiation bit! :: (finite) enum begin

definition (enum-class.enum :: 'a bit1 list) = map (Abs-bit1’ o int) (upt 0 (CARD('a
bit1)))

definition enum-class.enum-all P = (Vb :: 'a bitl € set enum-class.enum. P b)
definition enum-class.enum-ex P = (3b :: ’a bitl € set enum-class.enum. P b)

instance
(proof)

end

instantiation bit0 and bit! :: (finite) finite-UNIV begin
definition finite-UNIV = Phantom('a bit0) True
definition finite-UNIV = Phantom(’a bitl) True
instance (proof)

end

instantiation bit0 and bit! :: ({finite,card-UNIV'}) card-UNIV begin
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definition card-UNIV = Phantom(’'a bit0) (2 % of-phantom (card-UNIV :: 'a
card-UNIV))

definition card-UNIV = Phantom(’a bitl) (1 + 2 * of-phantom (card-UNIV ::
'a card-UNIV))

instance (proof)

end

29.6 Syntax

syntax
-NumeralType :: num-token => type (-)
-Numeral Type0 :: type (0)
-NumeralTypel :: type (1)

translations
(type) 1 == (type) numl
(type) 0 == (type) numO

(ML)

29.7 Examples

lemma CARD(0) = 0 {(proof)
lemma CARD(17) = 17 (proof)
lemma 8 x 11 "3 — 6 = (2::5) (proof)

end

30 Definition of finite Cartesian product types.

theory Finite-Cartesian-Product
imports

Fuclidean-Space

L2-Norm

~~ [src/ HOL/ Library /| Numeral-Type
begin

30.1 Finite Cartesian products, with indexing and lambdas.
typedef (‘a, 'b) vec = UNIV :: (('b::finite) = 'a) set

morphisms vec-nth vec-lambda (proof)

notation
vec-nth (infixl § 90) and
vec-lambda (binder y 10)

syntax -finite-vec :: type = type = type ((- °/ -) [15, 16] 15)
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(ML)

lemma vec-eq-iff: (z = y) +— (Vi. x$i = y$1)
{proof)

lemma vec-lambda-beta [simp]: vec-lambda g $ i = g i
(proof )

lemma vec-lambda-unique: (Vi. f$i = g i) +— vec-lambda g = f
(proof )

lemma vec-lambda-eta: (x i. (9%i)) = ¢
{proof)

30.2 Group operations and class instances

instantiation vec :: (zero, finite) zero
begin

definition 0 = (x i. 0)

instance (proof)
end

instantiation vec :: (plus, finite) plus

begin
definition op + = (A z y. (x 1. z$i + y$1))
instance (proof)

end

instantiation vec :: (minus, finite) minus
begin
definition op — = (A z y. (x 7. 287 — y$7))
instance (proof)
end

instantiation vec :: (uminus, finite) uminus
begin
definition uminus = (A z. (x i. — (287)))
instance (proof)
end

lemma zero-index [simp]: 0 $ i = 0
{proof)

lemma vector-add-component [simp]: (x + y)$i = 23i + y$:
{proof)

lemma vector-minus-component [simp]: (x — y)$i = 287 — y$i
{proof)
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lemma vector-uminus-component [simpl: (— z)$i = — (2$4)
{proof)

instance vec :: (semigroup-add, finite) semigroup-add
(proof )

instance vec :: (ab-semigroup-add, finite) ab-semigroup-add
(proof )

instance vec :: (monoid-add, finite) monoid-add
(proof)

instance vec :: (comm-monoid-add, finite) comm-monoid-add

(proof )

instance vec :: (cancel-semigroup-add, finite) cancel-semigroup-add
{proof )

instance vec :: (cancel-ab-semigroup-add, finite) cancel-ab-semigroup-add
(proof )

instance vec :: (cancel-comm-monoid-add, finite) cancel-comm-monoid-add (proof)

instance vec :: (group-add, finite) group-add
(proof )

instance vec :: (ab-group-add, finite) ab-group-add
(proof )

30.3 Real vector space

instantiation vec :: (real-vector, finite) real-vector
begin

definition scaleR = (A r z. (x i. scaleR r ($1)))

lemma vector-scaleR-component [simp]: (scaleR 1 x)$i = scaleR r (x$i)
(proof)

instance
(proof )

end

30.4 Topological space

instantiation vec :: (topological-space, finite) topological-space
begin
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definition [code del]:
open (S = (Ya " 'b) set) «—
(VzeS. FA. (Vi. open (A i) A z8i € A i) A
Vy. Vi.y$ie Ai) — y € 9))

instance (proof)
end

lemma open-vector-boz: ¥ i. open (S i) = open {z.Vi.z $ i€ Si}
(proof )

lemma open-vimage-vec-nth: open S = open ((Az. z $ i) —*5)
{proof)

lemma closed-vimage-vec-nth: closed S = closed ((Az. z $ i) —°5)
(proof)

lemma closed-vector-box: Vi. closed (S i) = closed {z. Vi.z $ i€ Si}
(proof)

lemma tendsto-vec-nth [tendsto-intros):
assumes ((Az. fz) —— a) net
shows (A\z. fz $i) —— a $ i) net
(proof )

lemma isCont-vec-nth [simp]: isCont f a => isCont (Az. fz $ i) a
(proof)

lemma vec-tendstol:
assumes Ai. (Az. fz $i) —— a $9) net
shows ((\z. fz) —— a) net

(proof)

lemma tendsto-vec-lambda [tendsto-intros]:
assumes Ai. (A\z. fz i) —— a i) net
shows ((A\z. x . fz i) —— (x @. ai)) net
(proof )

lemma open-image-vec-nth: assumes open S shows open (Az. z $ i) *5)
(proof)

instance vec :: (perfect-space, finite) perfect-space

(proof)

30.5 Metric space

instantiation vec :: (metric-space, finite) dist
begin
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definition
dist v y = setL2 (X\i. dist (x$i) (y$i)) UNIV

instance (proof)
end

instantiation vec :: (metric-space, finite) uniformity-dist
begin

definition [code del]:
(uniformity :: ((‘a, 'b) vec x ('a, 'b) vec) filter) =
(INF e:{0 <..}. principal {(z, y). dist z y < e})

instance

(proof)
end

declare uniformity-Abort[where ‘a="'a :: metric-space ~ 'b :: finite, code]

instantiation vec :: (metric-space, finite) metric-space
begin

lemma dist-vec-nth-le: dist (x $ i) (y $4) < distz y
{proof)

instance (proof)
end

lemma Cauchy-vec-nth:
Cauchy (An. X n) = Cauchy (An. X n $ i)

{proof)

lemma vec-Cauchyl:
fixes X :: nat = 'a::metric-space " 'n
assumes X: Ai. Cauchy (An. X n $ 9)
shows Cauchy (An. X n)

(proof)

instance vec :: (complete-space, finite) complete-space

(proof)

30.6 Normed vector space

instantiation vec :: (real-normed-vector, finite) real-normed-vector
begin

definition norm z = setL2 (A\i. norm (z$i)) UNIV
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definition sgn (z::'a"'b) = scaleR (inverse (norm 1)) x
instance (proof)
end

lemma norm-nth-le: norm (z $ i) < norm z
(proof)

lemma bounded-linear-vec-nth: bounded-linear (Az. x $ i)

(proof)

instance vec :: (banach, finite) banach (proof)

30.7 Inner product space

instantiation vec :: (real-inner, finite) real-inner

begin

definition inner z y = setsum (\i. inner (x$:) (y$:)) UNIV

instance (proof)

end

30.8 Euclidean space

Vectors pointing along a single axis.

definition azis k x = (x 4. if i = k then x else 0)

lemma azis-nth [simp]: azis iz $ i =z
{proof)

lemma azis-eq-axis: axis ix = avisjy<+—c=yANi=jVzr=0ANy=10
(proof)

lemma inner-axis-azis:
inner (axis i x) (azis jy) = (if i = j then inner z y else 0)
(proof)

lemma setsum-single:
assumes finite Aand k € Aand fk =y
assumes \i. i € A = i#k=fi=0
shows (> icA. fi) =y
(proof)

lemma inner-azis: inner x (azis i y) = inner (z $ 1) y
{proof)
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instantiation vec :: (euclidean-space, finite) euclidean-space
begin

definition Basis = (|Ji. |J u€Basis. {azis i u})
instance (proof)

lemma DIM-cart[simp]: DIM (‘a”'b) = CARD('b) x DIM('a)
{proof)

end

lemma cart-eg-inner-azis: a $ i = inner a (azxis i 1)

(proof )

lemma axis-in-Basis: a € Basis —> axis i a € Basis
(proof )

end

31 Operator Norm

theory Operator-Norm
imports Complex-Main
begin

This formulation yields zero if ‘a is the trivial vector space.

definition onorm :: ('a::real-normed-vector = 'b::real-normed-vector) = real
where onorm f = (SUP z. norm (f z) / norm x)

lemma onorm-bound:
assumes 0 < b and Az. norm (fz) < b * norm z
shows onorm f < b

{proof)

In non-trivial vector spaces, the first assumption is redundant.

lemma onorm-le:
fixes f :: ‘a::{real-normed-vector, perfect-space} = 'b::real-normed-vector
assumes Az. norm (fz) < b x norm x
shows onorm f < b

(proof)

lemma le-onorm:
assumes bounded-linear f
shows norm (f z) / norm x < onorm f

(proof)
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lemma onorm:
assumes bounded-linear f
shows norm (f ) < onorm [ * norm z

(proof)

lemma onorm-pos-le:
assumes f: bounded-linear f
shows 0 < onorm f

{proof)

lemma onorm-zero: onorm (Az. 0) = 0

(proof)

lemma onorm-eq-0:
assumes f: bounded-linear f
shows onorm f = 0 +— (Vz. fz = 0)
(proof)

lemma onorm-pos-it:
assumes f: bounded-linear f
shows 0 < onorm f +— = (Vz. fz = 0)

{proof)

lemma onorm-id-le: onorm (Az. z) < 1
{proof)

lemma onorm-id: onorm (Az. x::'a::{real-normed-vector, perfect-space}) = 1

(proof)

lemma onorm-compose:
assumes f: bounded-linear f
assumes ¢: bounded-linear g
shows onorm (f o g) < onorm f x onorm g

(proof)

lemma onorm-scaleR-lemma:

assumes f: bounded-linear f

shows onorm (Az. r xg fz) < |r| * onorm f
(proof)

lemma onorm-scaleR:
assumes f: bounded-linear f
shows onorm (Az. r xg fz) = |r| * onorm f

(proof)

lemma onorm-scaleR-left-lemma:
assumes r: bounded-linear r
shows onorm (A\z. r z g f) < onorm r * norm f

(proof)
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lemma onorm-scaleR-left:
assumes f: bounded-linear r
shows onorm (Az. r z g f) = onorm r x norm f

(proof)

lemma onorm-neg:
shows onorm (Az. — fz) = onorm f

{proof)

lemma onorm-triangle:
assumes f: bounded-linear f
assumes ¢: bounded-linear g
shows onorm (A\z. fz + g ) < onorm f + onorm g

(proof)

lemma onorm-triangle-le:
assumes bounded-linear f
assumes bounded-linear g
assumes onorm f + onorm g <
shows onorm (Az. fz + gz) <

{proof)

o

lemma onorm-triangle-lt:
assumes bounded-linear f
assumes bounded-linear g
assumes onorm f + onorm g <
shows onorm (Az. fz + gz) <

{proof)

@ o

end

32 Countable Complete Lattices

theory Countable-Complete-Lattices
imports Main Countable-Set
begin

lemma UNIV-nat-eq: UNIV = insert 0 (range Suc)
{proof)

class countable-complete-lattice = lattice + Inf + Sup + bot + top +
assumes cclnf-lower: countable A =— r € A = InfA < x
assumes cclnf-greatest: countable A = (N\z. v € A= 2z < z) = 2z < Inf A
assumes ccSup-upper: countable A — v € A = z < Sup A
assumes ccSup-least: countable A = (N\z. 1 € A = 2 < 2) = Sup A < 2
assumes cclnf-empty [simp): Inf {} = top
assumes ccSup-empty [simp]: Sup {} = bot

begin
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subclass bounded-lattice
(proof)

lemma ccINF-lower: countable A = i € A = (INF i :A. fi) < fi
(proof )

lemma ccINF-greatest: countable A = (N\i. 1 € A= u < fi) = u < (INF i
AL [ 1)
{proof)

lemma ccSUP-upper: countable A — i € A = fi < (SUP i :A. f1)
(proof )

lemma ccSUP-least: countable A = (N\i. i € A = fi < u) = (SUP i :A. f
i) <u
(proof )

lemma cclnf-lower2: countable A = v € A = u < v= InfA<wv
(proof)

lemma ccINF-lower2: countable A = i € A= fi < u = (INFi:A fi)<u
{proof )

lemma ccSup-upper?2: countable A — v € A —= v <u=— v < Sup A
(proof )

lemma ccSUP-upper2: countable A =— i € A = u < fi = u < (SUP i :A. f
i)
(proof )

lemma le-ceInf-iff: countable A = b < Inf A +— (VacA. b < a)

{proof)

lemma le-ccINF-iff: countable A = u < (INF' i :A. fi) «— (Vi€A. u < fi)
{proof)

lemma ccSup-le-iff : countable A = Sup A < b «— (Va€A. a < b)
(proof)

lemma ccSUP-le-iff : countable A => (SUP i :A. fi) < u +— (Vi€A. fi < u)
{proof)

lemma cclnf-insert [simp]: countable A = Inf (insert a A) = inf a (Inf A)
{proof)

lemma ccINF-insert [simp): countable A = (INF z:insert a A. fz) = inf (f a)
(INFIMUM A f)

{proof)
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lemma ccSup-insert [simp]: countable A = Sup (insert a A) = sup a (Sup A)
{proof)

lemma ccSUP-insert [simp]: countable A = (SUP z:insert a A. fx) = sup (f a)
(SUPREMUM A f)

{proof)

lemma ccINF-empty [simp: (INF x:{}. fz) = top
(proof )

lemma ccSUP-empty [simp]: (SUP z:{}. fz) = bot
{proof)

lemma cclnf-superset-mono: countable A =— B C A = Inf A < Inf B
(proof)

lemma ccSup-subset-mono: countable B — A C B = Sup A < Sup B
(proof)

lemma ccInf-mono:
assumes [intro]: countable B countable A
assumes Ab. b € B = JacA. a <)
shows Inf A < Inf B

(proof)

lemma ccINF-mono:

countable A => countable B = (Am. m € B = 3IncA. fn < gm) = (INF
n:A. fn) < (INF n:B. g n)

{proof)

lemma ccSup-mono:
assumes [introl: countable B countable A
assumes Aa. a € A = JbeB. a < b
shows Sup A < Sup B

(proof)

lemma ccSUP-mono:

countable A = countable B = (An.n € A= ImeB. fn < gm) = (SUP
n:A. fn) < (SUP n:B. g n)

{proof)

lemma ccINF-superset-mono:

countable A= B C A= (A\z.2 € B= fz < gz) = (INFz:A. fz) <
(INF z:B. g x)

(proof )

lemma ccSUP-subset-mono:
countable B=—=> AC B = (A\z. 2 € A = fz < gz) = (SUP z:A. fz) <
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(SUP z:B. g x)
{proof)

lemma less-eq-ccInf-inter: countable A = countable B = sup (Inf A) (Inf B)
< Inf (AN B)
{proof)

lemma ccSup-inter-less-eq: countable A = countable B = Sup (A N B) < inf
(Sup A) (Sup B)
(proof)

lemma ccInf-union-distrib: countable A = countable B = Inf (A U B) = inf
(Inf A) (Inf B)
(proof )

lemma ccINF-union:

countable A = countable B = (INF i:A U B. M i) = inf (INFi:A. M i) (INF
:B. M 1)

{proof)

lemma ccSup-union-distrib: countable A = countable B => Sup (A U B) = sup
(Sup A) (Sup B)
(proof)

lemma ccSUP-union:

countable A = countable B = (SUP i:A U B. M i) = sup (SUP i:A. M 1)
(SUP i:B. M i)

(proof)

lemma ccINF-inf-distrib: countable A = inf (INF a:A. f a) (INF a:A. g a) =
(INF a:A. inf (fa) (g a))
{proof )

lemma ccSUP-sup-distrib: countable A = sup (SUP a:A. fa) (SUP a:A. g a) =
(SUP a:A. sup (fa) (g a))
{proof)

lemma ccINF-const [simp]: A # {} = (INF i :A. f)=f
{proof)

lemma ccSUP-const [simp]: A # {} = (SUP i :A. f)=f
{proof)

lemma ccINF-top [simp]: (INF z:A. top) = top
{proof)

lemma ccSUP-bot [simp]: (SUP xz:A. bot) = bot
{proof)
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lemma ccINF-commute: countable A = countable B =—> (INF i:A. INF j:B. i
j) = (INF j:B. INF i:A. fij)
(proof )

lemma ccSUP-commute: countable A => countable B = (SUP i:A. SUP j:B. f
i1j) = (SUP j:B. SUP i:A. fij)
(proof )

end

context
fixes a :: 'a::{countable-complete-lattice, linorder}
begin

lemma less-ccSup-iff : countable S = a < Sup S +— (Fz€S. a < 1)
(proof)

lemma less-ccSUP-iff: countable A = a < (SUP i:A. fi) «— (3z€A. a < fx)
{proof)

lemma cclnf-less-iff: countable S = Inf S < a +— (Fz€S. = < a)
(proof)

lemma ccINF-less-iff: countable A = (INF i:A. fi) < a +— (Jz€A. fz < a)
{proof)

end

class countable-complete-distrib-lattice = countable-complete-lattice +
assumes sup-ccInf: countable B = sup a (Inf B) = (INF b:B. sup a b)
assumes inf-ccSup: countable B = inf a (Sup B) = (SUP b:B. inf a b)

begin

lemma sup-ccINF':
countable B = sup a (INF b:B. fb) = (INF b:B. sup a (f b))

(proof )

lemma inf-ccSUP:
countable B = inf a (SUP b:B. fb) = (SUP b:B. inf a (f 1))
{proof)

subclass distrib-lattice

(proof)

lemma ccInf-sup:
countable B = sup (Inf B) a = (INF b:B. sup b a)

(proof)
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lemma ccSup-inf:
countable B = inf (Sup B) a = (SUP b:B. inf b a)
{proof)

lemma ccINF-sup:
countable B = sup (INF b:B. fb) a = (INF b:B. sup (fb) a)

{proof)

lemma ccSUP-inf:
countable B = inf (SUP b:B. fb) a = (SUP b:B. inf (fb) a)

{proof)

lemma ccINF-sup-distrib2:
countable A = countable B => sup (INF a:A. f a) (INF b:B. g b) = (INF a:A.
INF b:B. sup (fa) (g b))

(proof)

lemma ccSUP-inf-distrib2:
countable A = countable B = inf (SUP a:A. fa) (SUP b:B. g b) = (SUP
a:A. SUP b:B. inf (fa) (g b))

(proof)

context
fixes [ :: ‘a = 'b::countable-complete-lattice
assumes mono f

begin

lemma mono-cclnf:

countable A = f (Inf A) < (INF z:A. f )
{proof)

lemma mono-ccSup:
countable A = (SUP z:A. fz) < f (Sup A)

{proof)

lemma mono-ccINF":
countable I = f (INFi:1. Ai) < (INFz:1.f(Azx))

(proof)

lemma mono-ccSUP:
countable I = (SUPz : I. f (A=) < f (SUPi:I. Ai)

(proof)

end

end
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32.0.1 Instances of countable complete lattices

instance fun :: (type, countable-complete-lattice) countable-complete-lattice
(proof )

subclass (in complete-lattice) countable-complete-lattice
{proof)

subclass (in complete-distrib-lattice) countable-complete-distrib-lattice
{proof)

end

33 Continuity and iterations

theory Order-Continuity
imports Complex-Main Countable-Complete-Lattices
begin

lemma SUP-nat-binary:
(SUP n:nat. if n = 0 then A else B) = (sup A B::'a::countable-complete-lattice)

{proof)

lemma INF-nat-binary:
(INF n:nat. if n = 0 then A else B) = (inf A B::'a::countable-complete-lattice)
(proof)

The name continuous is already taken in Complex-Main, so we use sup-continuous
and inf-continuous. These names appear sometimes in literature and have
the advantage that these names are duals.

named-theorems order-continuous-intros

33.1 Continuity for complete lattices

definition

sup-continuous :: ('a::countable-complete-lattice = 'b::countable-complete-lattice)
= bool
where

sup-continuous F <— (VY M::nat = 'a. mono M — F (SUP i. M i) = (SUP i.
F (M i)

lemma sup-continuousD: sup-continuous F = mono M = F (SUP i::nat. M
i) = (SUPi. F (M 1))
{proof )

lemma sup-continuous-mono:
assumes [simp]: sup-continuous F' shows mono F
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(proof)

lemma [order-continuous-intros]:
shows sup-continuous-const: sup-continuous (Ax. c)
and sup-continuous-id: sup-continuous (Az. )
and sup-continuous-apply: sup-continuous (Af. f z)
and sup-continuous-fun: (\s. sup-continuous (A\x. P x s)) = sup-continuous
p
and sup-continuous-1If : sup-continuous F = sup-continuous G = sup-continuous

(M. if Cthen F felse G f)
(proof )

lemma sup-continuous-compose:
assumes f: sup-continuous f and g: sup-continuous g
shows sup-continuous (Az. f (g z))

(proof)

lemma sup-continuous-sup|order-continuous-intros]:
sup-continuous [ = sup-continuous g = sup-continuous (Az. sup (fz) (g x))

{proof)

lemma sup-continuous-inf [order-continuous-intros|:
fixes P Q :: 'a :: countable-complete-lattice = 'b :: countable-complete-distrib-lattice
assumes P: sup-continuous P and Q: sup-continuous @)
shows sup-continuous (Az. inf (P z) (Q z))

(proof)

lemma sup-continuous-and[order-continuous-intros|:
sup-continuous P = sup-continuous = sup-continuous (Ax. Pz N Q z)

{proof)

lemma sup-continuous-or|order-continuous-intros):
sup-continuous P = sup-continuous Q = sup-continuous (A\x. Pz V Q x)

{proof)

lemma sup-continuous-lfp:
assumes sup-continuous F shows lfp F = (SUP i. (F "" i) bot) (is ifp F = ?U)

(proof)

lemma [fp-transfer-bounded:

assumes P: P bot Az. Pz = P (fz) AM. (\i. P (M i)) = P (SUP i:nat.
M i)

assumes a: AM. mono M = (Aiznat. P (M i)) = « (SUP i. M i) = (SUP
i.a (M)

assumes f: sup-continuous f and g¢: sup-continuous g

assumes [simp]: Ne. Pz =z <Ifpf = a (fz) =g (a 2)

assumes g-bound: Az. a bot < gz

shows a (Ifp f) = fp g
(proof )
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lemma [fp-transfer:
sup-continuous o = sup-continuous f = sup-continuous § =
(Nz.abot < gz)= (Az.z <lfpf=a(fz)=g(az)=a(lfpf)=
ifp g
(proof)

definition

inf-continuous :: ('a::countable-complete-lattice = 'b::countable-complete-lattice)
= bool
where

inf-continuous F <— (¥ M::nat = 'a. antimono M — F (INF i. M i) = (INF

lemma inf-continuousD: inf-continuous F = antimono M =—> F (INF i:nat.
M i) = (INFi. F (M1i))
(proof)

lemma inf-continuous-mono:
assumes [simp]: inf-continuous F shows mono F

(proof)

lemma [order-continuous-intros|:
shows inf-continuous-const: inf-continuous (Az. c)
and inf-continuous-id: inf-continuous (Az. x)
and inf-continuous-apply: inf-continuous (Af. f x)
and inf-continuous-fun: (\s. inf-continuous (A\z. P z s)) = inf-continuous P
and inf-continuous-1If : inf-continuous F = inf-continuous G = inf-continuous

(M. if Cthen F felse G f)
(proof )

lemma inf-continuous-inf[order-continuous-intros]:
inf-continuous f = inf-continuous ¢ = inf-continuous (Az. inf (fz) (g z))

{proof)

lemma inf-continuous-sup|order-continuous-intros|:
fixes P ) :: 'a :: countable-complete-lattice = 'b :: countable-complete-distrib-lattice
assumes P: inf-continuous P and Q: inf-continuous @
shows inf-continuous (Az. sup (P z) (Q x))

{proof)

lemma inf-continuous-and|order-continuous-intros|:
inf-continuous P = inf-continuous @Q = inf-continuous (Az. Pz A Q x)

{proof)

lemma inf-continuous-or|order-continuous-intros|:
inf-continuous P = inf-continuous Q = inf-continuous (A\x. Pz V Q )

(proof)
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lemma inf-continuous-compose:
assumes f: inf-continuous f and g: inf-continuous g
shows inf-continuous (A\z. f (g z))
(proof )

lemma inf-continuous-gfp:
assumes inf-continuous F shows gfp F = (INFi. (F " i) top) (is gfp F = ?U)

(proof)

lemma gfp-transfer:
assumes «: inf-continuous a and f: inf-continuous f and g: inf-continuous g
assumes [simp|: « top = top N\z. a (fz) = g (@ z)
shows a (gfp f) = gfp g

(proof)

lemma gfp-transfer-bounded:

assumes P: P (f top) A\x. Px = P (fz) AM. antimono M = (\i. P (M
i)) = P (INF i:nat. M i)

assumes o: AM. antimono M = (A\iznat. P (M i)) = « (INF i. M i) =
(INFi. a (M i)

assumes f: inf-continuous f and g: inf-continuous g

assumes [simp]: A\z. Pz = a (fz) = g (« 1)

assumes g-bound: Az. g z < « (f top)

shows a (gfp f) = gfp g
(proof)

33.1.1 Least fixed points in countable complete lattices

definition (in countable-complete-lattice) cclfp :: ('a = 'a) = 'a
where cclfp f = (SUP i. (f " 1) bot)

lemma cclfp-unfold:
assumes sup-continuous F' shows cclfp F = F (cclfp F)

(proof)

lemma cclfp-lowerbound: assumes f: mono f and A: f A < A shows cclfp f <
A

{proof)

lemma cclfp-transfer:
assumes sup-continuous « mono f
assumes « bot = bot Nz. a (fz) = g (a z)
shows « (cclfp f) = eclfp g

(proof)

end
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34 Extended natural numbers (i.e. with infinity)

theory Fxtended-Nat
imports Main Countable Order-Continuity
begin

class infinity =
fixes infinity :: 'a (00)

context
fixes f :: nat = ’a::{ canonically-ordered-monoid-add, linorder-topology, complete-linorder}
begin

lemma sums-SUP[simp, intro]: f sums (SUP n. Y i<n. f 1)
{proof)

lemma suminf-eq-SUP: suminf f = (SUP n. Y i<n. f 1)
(proof )

end

34.1 Type definition

We extend the standard natural numbers by a special value indicating in-
finity.

typedef enat = UNIV :: nat option set (proof)

TODO: introduce enat as coinductive datatype, enat is just of-nat

definition enat :: nat = enat where
enat n = Abs-enat (Some n)

instantiation enat :: infinity
begin

definition co = Abs-enat None
instance (proof)

end

instance enat :: countable

(proof)

old-rep-datatype enat oo :: enat
(proof)

declare [[coercion enat::nat=enat]]

lemmas enat2-cases = enat.exhaust[case-product enat.ezhaust]
lemmas enat3-cases = enat.exhaust|case-product enat.exhaust enat.erhaust)
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lemma not-infinity-eq [iff]: (z # o0) = (Fi. = = enat i)
{proof)

lemma not-enat-eq [iff]: (Vy. © # enat y) = (z = o0)
(proof )

lemma enat-ez-split: (3 c:ienat. P ¢) «+— P oo V (Jc:inat. P c)
{proof)

primrec the-enat :: enat = nat
where the-enat (enat n) = n

34.2 Constructors and numbers

instantiation enat :: zero-neq-one
begin

definition
0 = enat 0

definition
1 = enat 1

instance
(proof )

end

definition eSuc :: enat = enat where
eSuc i = (case i of enat n = enat (Suc n) | co = 00)

lemma enat-0 [code-post]: enat 0 = 0

(proof)

lemma enat-1 [code-post]: enat 1 = 1
{proof)

lemma enat-0-iff: enat x = 0 +— z =00 = enat x «— x = 0
(proof )

lemma enat-1-iff: enatx = 1 +—x =11 =enatz +— z = 1
(proof)

lemma one-eSuc: 1 = eSuc 0
(proof )

lemma infinity-ne-i0 [simp]: (co:enat) # 0
{proof)
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lemma i0-ne-infinity [simp]: 0 # (co::enat)
{proof)

lemma zero-one-enat-neg:
- 0 = (1:enat)
- 1 = (0::enat)
{proof)

lemma infinity-ne-il [simp]: (co:enat) # 1
{proof)

lemma il-ne-infinity [simp]: 1 # (co::enat)
{proof)

lemma eSuc-enat: eSuc (enat n) = enat (Suc n)
(proof)

lemma eSuc-infinity [simp]: eSuc 0o = o0
(proof)

lemma eSuc-ne-0 [simp]: eSuc n # 0
(proof)

lemma zero-ne-eSuc [simp]: 0 # eSuc n
{proof)

lemma eSuc-inject [simp]: eSuc m = eSuc n <— m = n
{proof)

lemma eSuc-enat-iff: eSuc x = enat y +— (In. y = Suc n A x = enat n)
(proof )

lemma enat-eSuc-iff: enat y = eSuc x +— (In. y = Suc n A enat n = )
(proof)

34.3 Addition

instantiation enat :: comm-monoid-add
begin

definition [nitpick-simp]:
m + n = (case m of co = oo | enat m = (case n of co = oo | enat n = enat
(m + n)))

lemma plus-enat-simps [simp, code]:
fixes ¢ :: enat
shows enat m + enat n = enat (m + n)
and co + ¢ = o©
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and ¢ + o0 = o0
(proof)

instance

(proof)

end

lemma eSuc-plus-1:
eSucn =mn+ 1
(proof )

lemma plus-1-eSuc:
1 4+ qg=eSucq
g+ 1 = eSucq
(proof )

lemma iadd-Suc: eSuc m + n = eSuc (m + n)

{proof)

lemma iadd-Suc-right: m + eSuc n = eSuc (m + n)

{proof)

34.4 Multiplication

instantiation enat :: {comm-semiring-1, semiring-no-zero-divisors}

begin

definition times-enat-def [nitpick-simp):
m *x n = (case m of oo = if n = 0 then 0 else co | enat m =
(case n of 0o = if m = 0 then 0 else 0o | enat n = enat (m * n)))

lemma times-enat-simps [simp, code]:
enat m x enat n = enat (m * n)

o0 * 00 = (oo::enat)

oo * enat n = (if n = 0 then 0 else o)
enat m x oo = (if m = 0 then 0 else o)

{proof)

instance

(proof)

end

lemma mult-eSuc: eSuc m *n=n+ m x n

{proof)

lemma mult-eSuc-right: m * eSuc n = m + m * n

{proof)

363
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lemma of-nat-eq-enat: of-nat n = enat n
(proof)

instance enat :: semiring-char-0

(proof)

lemma imult-is-infinity: ((a::enat) x b =o00) = (a =00 Ab#0Vb=00Aa
#0)

{proof)
34.5 Numerals

lemma numeral-eq-enat:
numeral k = enat (numeral k)

{proof)

lemma enat-numeral [code-abbrev]:
enat (numeral k) = numeral k

{proof)

lemma infinity-ne-numeral [simp]: (co::enat) # numeral k
{proof)

lemma numeral-ne-infinity [simp]: numeral k # (co::enat)
{proof)

lemma eSuc-numeral [simp]: eSuc (numeral k) = numeral (k + Num.One)
{proof)

34.6 Subtraction

instantiation enat :: minus
begin

definition diff-enat-def:

a — b= (case a of (enat x) = (case b of (enat y) = enat (z — y) | co = 0)
| 00 = o)

instance (proof)

end

lemma idiff-enat-enat [simp, code]: enat a — enat b = enat (a — b)
{proof)

lemma idiff-infinity [simp, code]: co — n = (co::enat)
(proof )

lemma idiff-infinity-right [simp, code]: enat a — oo = 0
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{proof)

lemma idiff-0 [simp]: (0::enat) — n = 0
{proof)

lemmas idiff-enat-0 [simp] = idiff-0 [unfolded zero-enat-def)

lemma idiff-0-right [simp]: (n:enat) — 0 = n
{proof)

lemmas idiff-enat-0-right [simp] = idiff-0-right [unfolded zero-enat-def]

lemma idiff-self [simp]: n # oo = (n:enat) — n = 0
{proof)

lemma eSuc-minus-eSuc [simp]: eSuc n — eSuc m = n — m
(proof)

lemma eSuc-minus-1 [simp]: eSucn — 1 =n
{proof)

34.7 Ordering

instantiation enat :: linordered-ab-semigroup-add
begin

definition [nitpick-simp]:

365

m < n = (case n of enat nl = (case m of enat m1 = m1 < nl | co = False)

| o0 = True)

definition [nitpick-simp]:

m < n = (case m of enat m1 = (case n of enat n1 = m1 < nl | co = True)

| oo = False)

lemma enat-ord-simps [simp):
enat m < enatn <— m < n
enat m < enatn <— m < n
g < (co::enat)
q < (ooenat) +— q # 00
(coizenat) < ¢ +— ¢ =
(coi:enat) < q «— False
(proof)

lemma numeral-le-enat-iff [simp):
shows numeral m < enat n <— numeral m < n

(proof)

lemma numeral-less-enat-iff [simp]:
shows numeral m < enat n <— numeral m < n
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(proof)

lemma enat-ord-code [code]:
enatm < enatn +—— m <n
enat m < enatn <— m < n
q < (oco::enat) «— True
enat m < oo <— True
oo < enat n +—— Fualse
(coenat) < q «— False
(proof )

instance
(proof )

end

instance enat :: dioid
(proof)

instance enat :: {linordered-nonzero-semiring, strict-ordered-comm-monoid-add}

(proof)

lemma enat-ord-number [simp]:
(numeral m :: enat) < numeral n <— (numeral m :: nat) < numeral n
(numeral m :: enat) < numeral n <— (numeral m :: nat) < numeral n

{proof)

lemma infinity-ileE [elim!]: co < enat m = R

(proof)

lemma infinity-ilessE [elim!]: co < enat m = R
{proof)

lemma eSuc-ile-mono [simp]: eSuc n < eSuc m +— n < m
{proof)

lemma eSuc-mono [simp]: eSuc n < eSuc m <— n < m
{proof)

lemma ile-eSuc [simp]: n < eSuc n
{proof)

lemma not-eSuc-ilei0 [simp]: = eSuc n < 0
{proof)

lemma i0-iless-eSuc [simp]: 0 < eSuc n

{proof)
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lemma iless-eSucO[simp]: (n < eSuc 0) = (n = 0)
{proof)

lemma ilell: m < n = eSucm <n
(proof )

lemma Suc-ile-eq: enat (Suc m) < n <— enat m < n
{proof)

lemma iless-Suc-eq [simp]: enat m < eSuc n «— enat m < n
{proof)

lemma imult-infinity: (0:enat) < n = 00 *x N = 00

(proof)

lemma imult-infinity-right: (0::enat) < n = n x 00 = 00
{proof )

lemma enat-0-less-mult-iff: (0 < (m:enat) * n) = (0 < m A 0 < n)
{proof)

lemma mono-eSuc: mono eSuc
(proof )

lemma min-enat-simps [simp]:
min (enat m) (enat n) = enat (min m n)
min q 0 = 0
min 0 ¢ = 0
min q (co:enat) = q
min (oo::enat) ¢ = ¢
(proof )

lemma maz-enat-simps [simp]:
maz (enat m) (enat n) = enat (maz m n)
max q 0 = q
maz 0 ¢ = q
mazx g oo = (oo::enat)
maz oo g = (co::enat)
(proof)

lemma enat-ile: n < enat m = k. n = enat k
(proof )

lemma enat-iless: n < enat m — k. n = enat k
(proof)

lemma iadd-le-enat-iff :
z+y<enatn<+— Fy'z’.x=enatz’' Ny=enaty’' Az’ + y’ < n)
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(proof)

lemma chain-incr: Vi. 35. Yi < Yj = Jj. enatk < Yy

(proof)

lemma eSuc-max: eSuc (mazx x y) = max (eSuc z) (eSuc y)
(proof)

lemma eSuc-Maz:
assumes finite A A # {}
shows eSuc (Maz A) = Max (eSuc ¢ A)

(proof)

instantiation enat :: {order-bot, order-top}
begin

definition bot-enat :: enat where bot-enat = 0
definition top-enat :: enat where top-enat = oo

instance
(proof)

end

lemma finite-enat-bounded:
assumes le-fin: A\y. y € A = y < enat n
shows finite A

(proof)

34.8 Cancellation simprocs

lemma enat-add-left-cancel: a + b = a + ¢ <— a = (coenat) V b = ¢
{proof)

lemma enat-add-left-cancel-le: a + b < a + ¢ +— a = (co:zenat) V b < ¢
(proof)

lemma enat-add-left-cancel-less: a + b < a + ¢ +— a # (co:zenat) A b < ¢
{proof)

(ML)
TODO: add regression tests for these simprocs

TODO: add simprocs for combining and cancelling numerals

34.9 Well-ordering

lemma less-enatF:
[| n < enat m; k. n = enatk ==>k <m==> P ||==>P
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(proof)
lemma less-infinityE:

| n<oo;k.n=enathk==>P| ==>P
(proof)
lemma enat-less-induct:

assumes prem: lIn. Vm:enat. m < n ——> P m ==> P n shows P n
(proof)

instance enat :: wellorder
(proof)

34.10 Complete Lattice

instantiation enat :: complete-lattice
begin

definition inf-enat :: enat = enat = enat where
inf-enat = min

definition sup-enat :: enat = enat = enat where
sup-enat = mazx

definition Inf-enat :: enat set = enat where
Inf-enat A = (if A = {} then oo else (LEAST z. z € A))

definition Sup-enat :: enat set = enat where
Sup-enat A = (if A = {} then 0 else if finite A then Mazx A else o)
instance

(proof)
end

instance enat :: complete-linorder (proof)

lemma eSuc-Sup: A # {} = eSuc (Sup A) = Sup (eSuc ‘ A)
{proof)

lemma sup-continuous-eSuc: sup-continuous f = sup-continuous (Ax. eSuc (f

z))
(proof )
34.11 Traditional theorem names
lemmas enat-defs = zero-enat-def one-enat-def eSuc-def

plus-enat-def less-eq-enat-def less-enat-def

lemma iadd-is-0: (m + n = (0::enat)) = (m = 0 A n = 0)
{proof)
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lemma i0-1b : (0::enat) < n
{proof)

lemma ile0-eq: n < (0::enat) +— n =0
(proof)

lemma not-iless0: = n < (0::enat)
{proof)

lemma i0-less[simp]: (0::enat) < n «— n # 0
{proof)

lemma imult-is-0: ((m:enat) x n = 0) = (m =0V n = 0)
{proof)

end

35 Liminf and Limsup on conditionally complete
lattices

theory Liminf-Limsup
imports Complex-Main
begin

lemma (in conditionally-complete-linorder) le-cSup-iff:
assumes A # {} bdd-above A
shows z < Sup A +— (Vy<z. Ja€A. y < a)
(proof)

lemma (in conditionally-complete-linorder) le-cSUP-iff

A # {} = bdd-above (f‘A) = = < SUPREMUM A f +— (Vy<z. Ji€d. y <
fi)

{proof)

lemma le-cSup-iff-less:

fixes z :: 'a :: {conditionally-complete-linorder, dense-linorder}

shows A # {} = bdd-above (f‘A) = = < (SUP i:A. fi) +— (Vy<z. JicA.
y < [fi)

{proof )

lemma le-Sup-iff-less:
fixes z :: 'a :: {complete-linorder, dense-linorder}
shows z < (SUP #:A. fi) «— (Vy<z. FicA. y < f1i) (is ?lhs = ?rhs)
(proof)

lemma (in conditionally-complete-linorder) cInf-le-iff:
assumes A # {} bdd-below A
shows Inf A < x +— (Vy>z. Ja€A. y > a)
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(proof)

lemma (in conditionally-complete-linorder) cINF-le-iff:
A # {} = bdd-below (f'A) = INFIMUM A f <z +— (Vy>z. Jicd. y > f

i)

{proof)

lemma cInf-le-iff-less:

fixes z :: 'a :: {conditionally-complete-linorder, dense-linorder}

shows A # {} = bdd-below (f'A) = (INF i:A. fi) < z +— (Vy>z. Fi€A.
fi<y)

(proof )

lemma Inf-le-iff-less:
fixes z :: 'a :: {complete-linorder, dense-linorder}
shows (INF i:A. fi) < z «— (Vy>z. Ji€A. fi < y)
(proof )

lemma SUP-pair:
fixes f :: - = - = -1 complete-lattice
shows (SUPi: A. SUPj: B. fij)=(SUPp: A x B.f (fstp) (snd p))
(proof)

lemma INF-pair:
fixes f :: - = - = -1 complete-lattice
shows (INFi: A. INFj:B.fij)=(INFp:Ax B.f (fstp) (sndp))
(proof)

35.0.1 Liminf and Limsup

definition Liminf :: 'a filter = (‘a = 'b) = 'b :: complete-lattice where
Liminf F f = (SUP P:{P. eventually P F'}. INF z:{x. P z}. f 1)

definition Limsup :: 'a filter = (‘a = 'b) = 'b :: complete-lattice where
Limsup F f = (INF P:{P. eventually P F}. SUP x:{z. P z}. f z)

abbreviation liminf = Liminf sequentially
abbreviation limsup = Limsup sequentially

lemma Liminf-eql:
(A\P. eventually P F — INFIMUM (Collect P) f < z) =
(Ay. (AP. eventually P F = INFIMUM (Collect P) f < y) = z < y) =
Liminf F f =«
(proof)
lemma Limsup-eql:

(AP. eventually P F — x < SUPREMUM (Collect P) ) =
(Ay. (AP. eventually P F = y < SUPREMUM (Collect P) f) = y < x)
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= Limsup F f =z
(proof)

lemma liminf-SUP-INF: liminf f = (SUP n. INF m:{n..}. f m)
{proof)

lemma limsup-INF-SUP: limsup f = (INF n. SUP m:{n..}. fm)
{proof)

lemma Limsup-const:
assumes niriv: — trivial-limit F
shows Limsup F (Az. ¢) = ¢

(proof)

lemma Liminf-const:
assumes ntriv: — trivial-limit F
shows Liminf F (Az. ¢) = ¢
(proof)

lemma Liminf-mono:
assumes ev: eventually (A\z. fo < gz) F
shows Liminf F f < Liminf F g
(proof)

lemma Liminf-eq:
assumes eventually (M\z. fo =gz) F
shows Liminf F f = Liminf F g
(proof)

lemma Limsup-mono:
assumes ev: eventually (A\z. fo < gz) F
shows Limsup F f < Limsup F g

{proof)

lemma Limsup-eq:
assumes eventually (A\z. fz = g ) net
shows Limsup net f = Limsup net g

{proof)

lemma Liminf-le-Limsup:
assumes ntriv: — trivial-limit F
shows Liminf F f < Limsup F f
(proof )

lemma Liminf-bounded:
assumes ntriv: — trivial-limit F
assumes le: eventually (An. C < X n) F
shows C < Liminf FF X

(proof)



THEORY “Liminf-Limsup” 373

lemma Limsup-bounded:
assumes ntriv: — trivial-limit F
assumes le: eventually (An. X n < C) F
shows Limsup FF X < C

{proof)

lemma le-Limsup:
assumes F: F £ botand z:Vpzin F. | < fz
shows | < Limsup F f

(proof)

lemma le-Liminf-iff:

fixes X :: - = - 1 complete-linorder

shows C < Liminf F X +— (Vy<C. eventually (A\z. y < X z) F)
(proof)

lemma Limsup-le-iff:

fixes X :: - = - 1 complete-linorder

shows C > Limsup F X +— (Vy>C. eventually (A\z. y > X z) F)
(proof)

lemma less-LiminfD:
y < Liminf F (f :: - = 'a :: complete-linorder) = eventually (A\z. fz > y) F
(proof )

lemma Limsup-lessD:
y > Limsup F (f :: - = 'a :: complete-linorder) = eventually (A\z. fz < y) F
(proof )

lemma lim-imp-Liminf:
fixes f :: 'a = - :: {complete-linorder,linorder-topology}
assumes ntriv: — trivial-limit F
assumes lim: (f —— f0) F
shows Liminf F f = f0
(proof)

lemma lim-imp-Limsup:
fixes [ :: 'a = - :: {complete-linorder linorder-topology}
assumes ntriv: — trivial-limit F
assumes lim: (f —— f0) F
shows Limsup F f = f0
(proof)

lemma Liminf-eq-Limsup:
fixes f0 :: 'a :: {complete-linorder,linorder-topology}
assumes ntriv: — trivial-limit F
and lim: Liminf F f = fO Limsup F f = f0
shows (f —— f0) F
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(proof)

lemma tendsto-iff-Liminf-eq-Limsup:

fixes f0 :: 'a :: {complete-linorder,linorder-topology}

shows - trivial-limit F — (f —— f0) F «— (Liminf F f = f0 A Limsup F
f=10)

(proof )

lemma liminf-subseg-mono:
fixes X :: nat = 'a :: complete-linorder
assumes subseq r
shows liminf X < liminf (X o r)
(proof)

lemma limsup-subseq-mono:
fixes X :: nat = ’a :: complete-linorder
assumes subseq r
shows limsup (X o r) < limsup X
(proof)

lemma continuous-on-imp-continuous-within:
continuous-on s f => t C s = x € s = continuous (at z within t) f

(proof)

lemma Liminf-compose-continuous-mono:

fixes f i a::{complete-linorder, linorder-topology} = 'b::{complete-linorder,
linorder-topology}

assumes c: continuous-on UNIV f and am: mono f and F: F # bot

shows Liminf F (An. f (g n)) = f (Liminf F g)
(proof)

lemma Limsup-compose-continuous-mono:

fixes [ :: ‘a::{complete-linorder, linorder-topology} = 'b::{complete-linorder,
linorder-topology }

assumes c: continuous-on UNIV f and am: mono f and F: F # bot

shows Limsup F (An. f (g n)) = f (Limsup F g)
(proof )

lemma Liminf-compose-continuous-antimono:
fixes f :: ‘a::{complete-linorder linorder-topology } = 'b::{ complete-linorder,linorder-topology }
assumes c: continuous-on UNIV f
and am: antimono f
and F: F # bot
shows Liminf F (An. f (g n)) = f (Limsup F g)
(proof)

lemma Limsup-compose-continuous-antimono:
fixes f :: a::{complete-linorder, linorder-topology} = 'b::{complete-linorder,
linorder-topology }
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assumes c: continuous-on UNIV f and am: antimono f and F: F # bot
shows Limsup F (An. f (¢ n)) = f (Liminf F g)
(proof)

35.1 More Limits

lemma convergent-limsup-cl:
fixes X :: nat = 'a::{complete-linorder,linorder-topology}
shows convergent X = limsup X = lim X

(proof)

lemma convergent-limingf-cl:
fixes X :: nat = 'a::{complete-linorder,linorder-topology}
shows convergent X = liminf X = lim X

{proof)

lemma lim-increasing-cl:
assumes Anm.n>m = fn>fm
obtains | where f —— (I::'a::{complete-linorder,linorder-topology })

(proof)

lemma lim-decreasing-cl:
assumes Anm.n>m = fn<fm
obtains | where f —— (I::'a::{complete-linorder,linorder-topology })

(proof)

lemma compact-complete-linorder:
fixes X :: nat = 'a::{complete-linorder,linorder-topology}
shows 31 r. subsegr A (X or) —— |

(proof)

lemma tendsto-Limsup:
fixes f :: - = ’a :: {complete-linorder,linorder-topology}
shows F # bot = Limsup F' f = Liminf F [ = (f —— Limsup F' f) F'
(proof )

lemma tendsto-Liminf:
fixes f :: - = ’a :: {complete-linorder,linorder-topology}
shows F # bot = Limsup F f = Liminf F f = (f —— Liminf F f) F
(proof )

end

36 Extended real number line

theory FExtended-Real
imports Complex-Main Ezxtended-Nat Liminf-Limsup
begin
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This should be part of Extended-Nat or Order-Continuity, but then the AFP-
entry Jinja- Thread fails, as it does overload certain named from Complex-Main.

lemma incseq-setsumli2:
fixes f :: 'i = nat = 'a::ordered-comm-monoid-add
shows (An. n € A = mono (f n)) = mono (A\i. Y ne€A. fni)

{proof)

lemma incseq-setsuml:
fixes [ :: nat = 'a::ordered-comm-monoid-add
assumes Ai. 0 < fi
shows incseq (\i. setsum f {..< i})

(proof)

lemma continuous-at-left-imp-sup-continuous:

fixes [ :: ‘a::{complete-linorder, linorder-topology} = 'b::{complete-linorder,
linorder-topology }

assumes mono [ N\z. continuous (at-left z) f

shows sup-continuous f

(proof)

lemma sup-continuous-at-left:
fixes f :: ‘a::{complete-linorder, linorder-topology, first-countable-topology} =
'b::{ complete-linorder, linorder-topology }
assumes f: sup-continuous f
shows continuous (at-left ) f

(proof)

lemma sup-continuous-iff-at-left:
fixes f :: ‘a::{complete-linorder, linorder-topology, first-countable-topology} =
'b::{ complete-linorder, linorder-topology }
shows sup-continuous f +— (Vz. continuous (at-left ) f) A mono f

{proof)

lemma continuous-at-right-imp-inf-continuous:

fixes f :: ‘a::{complete-linorder, linorder-topology} = 'b::{complete-linorder,
linorder-topology }

assumes mono f A\z. continuous (at-right x) f

shows inf-continuous f

{proof)

lemma inf-continuous-at-right:
fixes [ :: ‘a::{complete-linorder, linorder-topology, first-countable-topology} =
'b::{ complete-linorder, linorder-topology }
assumes f: inf-continuous f
shows continuous (at-right ) f

(proof)

lemma inf-continuous-iff-at-right:
fixes f :: ‘a::{complete-linorder, linorder-topology, first-countable-topology} =
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'b::{ complete-linorder, linorder-topology}
shows inf-continuous f «— (V. continuous (at-right z) f) A mono f

{proof)

instantiation enat :: linorder-topology
begin

definition open-enat :: enat set = bool where
open-enat = generate-topology (range lessThan U range greaterThan)

instance
(proof )

end

lemma open-enat: open {enat n}

(proof)

lemma open-enat-iff :
fixes A :: enat set
shows open A +— (00 € A — (Inunat. {n <..} C A))

(proof)

lemma nhds-enat: nhds © = (if x = oo then INF i. principal {enat i..} else prin-
cipal {z})
{(proof)

instance enat :: topological-comm-monoid-add
(proof)

For more lemmas about the extended real numbers go to ~~/src/HOL/
Multivariate_Analysis/Extended_Real_Limits.thy

36.1 Definition and basic properties
datatype ereal = ereal real | PInfty | MInfty

instantiation ereal :: uminus
begin

fun uminus-ereal where
— (ereal r) = ereal (— )

| — PInfty = MInfty

| — MInfty = Plnfty

instance (proof)

end
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instantiation ereal :: infinity
begin

definition (co::ereal) = Plnfty
instance (proof)

end
declare [[coercion ereal :: real = ereal]]
lemma ereal-uminus-uminus[simp]:

fixes a :: ereal
shows — (— a) = a

(proof )
lemma
shows PInfty-eq-infinity[simp]: Plnfty = oo
and MInfty-eq-minfinity[simp]: MInfty = — oo

and MInfty-neq-PInfty[simp]: oo # — (oco:ereal) — 0o # (co::ereal)

and MInfty-neg-ereal[simp]: ereal 1 £ — 00 — 00 # ereal r

and PInfty-neg-ereal[simp]: ereal r # 0o oo # ereal r

and PInfty-cases[simp]: (case 0o of ereal r = fr | PInfty = y | Minfty = z)
=Y

and MInfty-cases[simp]: (case — oo of ereal v = fr | Plnfty = y | MInfty =
z) =z

(proof )

declare
PlInfty-eg-infinity|code-post|
MInfty-eq-minfinity| code-post]

lemma [code-unfold):
oo = Plnfty
— PInfty = MInfty
{proof )

lemma inj-ereal[simp]: inj-on ereal A
{proof)

lemma ereal-cases|cases type: ereal]:
obtains (real) r where z = ereal r
| (PInf) © = oo
| (MInf) z = —o0
(proof)

lemmas ereal2-cases = ereal-cases|case-product ereal-cases]
lemmas ereal3-cases = ereal2-cases|[case-product ereal-cases]

lemma ereal-all-split: ANP. (Vx::ereal. P ) +— P oo A (Vz. P (ereal z)) N P
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(—00)
{proof)

lemma ereal-ez-split: \P. (3x::ereal. P ) +— P oo V (3z. P (ereal z)) V P
(—o0)

(proof)

lemma ereal-uminus-eq-iff [simp]:
fixes a b :: ereal
shows —a = —b+— a =150
(proof )

function real-of-ereal :: ereal = real where
real-of-ereal (ereal r) = 1

| real-of-ereal oo = 0

| real-of-ereal (—o0) = 0
(proof)

termination (proof)

lemma real-of-ereal[simp]:
real-of-ereal (— x :: ereal) = — (real-of-ereal x)
(proof )

lemma range-ereal[simp]: range ereal = UNIV — {o0, —cc}
(proof)

lemma ereal-range-uminus[simp|: range uminus = (UNIV ::ereal set)

(proof)

instantiation ereal :: abs
begin

function abs-ereal where
|ereal r| = ereal |r|

| |[—oo| = (oco::ereal)

| |oo| = (oco::ereal)

(proof)

termination (proof)
instance (proof)
end

lemma abs-eg-infinity-cases|[elim!]:
fixes z :: ereal
assumes |z| = 00
obtains z = 0 | £ = —©
(proof )
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lemma abs-neg-infinity-cases|elim!]:
fixes z :: ereal
assumes |z| # 00
obtains r where z = ereal r

(proof)

lemma abs-ereal-uminus[simp]:
fixes z :: ereal
shows |— z| = |z]
{proof)

lemma ereal-infinity-cases:
fixes a :: ereal

shows a # 00 = a # —00 = |a| # ©

(proof)

36.1.1 Addition

instantiation ereal :: {one,comm-monoid-add,zero-neq-one}

begin

definition 0 = ereal 0
definition I = ereal 1

function plus-ereal where

ereal v + ereal p = ereal (r + p)
| 00 + a = (co::ereal)
| @ + oo = (co::ereal)

| ereal r + —00 = — o0

| —oco + ereal p = —(oco::ereal)
| —oo0 + —o0 = —(oco::ereal)
(proof)

termination (proof)

lemma Infty-neq-0[simp):
(co:zereal) # 0 0 # (oo::ereal)
—(oco:zereal) # 0 0 # —(oco::ereal)
(proof)

lemma ereal-eq-0[simp]:
ereal v =0 +— r =10
0=cerealr «<—r =20

{proof)

lemma ereal-eq-1[simp]:
ereal T =1 +— 1 =1
I =erealr +—1r =1

{proof)

380
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instance
(proof)

end

lemma ereal-0-plus [simp]: ereal 0 + z = x
and plus-ereal-0 [simp]: © + ereal 0 = x

(proof)

instance ereal :: numeral (proof)

lemma real-of-ereal-0[simp): real-of-ereal (0::ereal) = 0

{proof)

lemma abs-ereal-zero[simp|: |0 = (0::ereal)
{proof)

lemma ereal-uminus-zero[simp]: — 0 = (0::ereal)
{proof)

lemma ereal-uminus-zero-iff [simp]:
fixes a :: ereal
shows —a =0 <— a =10
{proof )

lemma ereal-plus-eq-PInfty[simp):
fixes a b :: ereal
shows a + b =00 +— a =00V b =0
(proof)

lemma ereal-plus-eq-MInfty[simp]:
fixes a b :: ereal
shows a + b= —oc0c+—= (a=—-00Vb=—-0)Aa#o0Ab#x
(proof)

lemma ereal-add-cancel-left:
fixes a b :: ereal
assumes a # —00
showsa +b=a+c¢—a=0Vb=c
(proof)

lemma ereal-add-cancel-right:
fixes a b :: ereal
assumes a # —00
shows b+ a=c+a+—a=00Vb=c
(proof )

lemma ereal-real: ereal (real-of-ereal x) = (if |z| = oo then 0 else )

{proof)
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lemma real-of-ereal-add:
fixes a b :: ereal
shows real-of-ereal (a + b) =
(if (Ja] = 00) A (|b] = 00) V (Ja] # ) A (|b] # o) then real-of-ereal a +
real-of-ereal b else 0)
(proof)

36.1.2 Linear order on ereal

instantiation ereal :: linorder
begin

function less-ereal

where

ereal x < ereal y —— T <y
| (co:zereal) < a «— False
| a < —(oco:ereal) «— Fulse
| ereal z < o0 «— True
| —oo < ereal v +— True
| —oo < (oco:ereal) «— True
(proof)
termination (proof)

definition z < (y:ereal) «— 2z < yVz =y

lemma ereal-infty-less[simp]:
fixes z :: ereal
shows z < 00 +— (2 # 00)
—0 < ¢+ (z # —00)
(proof )

lemma ereal-infty-less-eq[simp]:
fixes z :: ereal
shows oo < 2z +— . = ©
and z < —0 +—— 1 = —©
(proof )

lemma ereal-less[simp]:
ereal T < 0 +— (r < 0
0 < ereal v +— (
ereal T < 1 +— (r < 1
1 < ereal r +— (
0 < (oco::ereal)
—(oco:zereal) < 0
{proof)

lemma ereal-less-eq[simp]:
z < (oco::ereal)
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—(o0::ereal) < z

ereal r < ereal p +— r < p
ereal T < 0 +— r <0
0<erealr+— 0<r
ereal v < 1 +—r < 1

1 <erealr +—— 1 <r

{proof)

lemma ereal-infty-less-eq2:
a <b= a=o00= b= (co:ereal)
a<b=b=—-00= a=—(oc0:ereal)
(proof)

instance

(proof )

end

lemma ereal-dense2: v < y = Jz. x < ereal z N ereal z < y
(proof )

instance ereal :: dense-linorder
(proof )

instance ereal :: ordered-comm-monoid-add

(proof)

lemma ereal-one-not-less-zero-ereal[simp]: = 1 < (0::ereal)
{proof)

lemma real-of-ereal-positive-mono:
fixes z y :: ereal
shows 0 <z = z < y = y # 00 = real-of-ereal © < real-of-ereal y

{proof)

lemma ereal-MInfty-lessI[intro, simp):
fixes a :: ereal
shows a # —0c0 = -0 < a

{proof)

lemma ereal-less-PInfty[intro, simp):
fixes a :: ereal
shows a # 00 = a < x©

{proof)

lemma ereal-less-ereal-Ex:
fixes a b :: ereal
shows = < ereal r +— z = —oco V (Ip. p < r Az = ereal p)

{proof)
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lemma less-PInf-Ex-of-nat: © # oo <— (Inunat. © < ereal (real n))
(proof)

lemma ereal-add-mono:
fixes a b c d :: ereal
assumes a < b

and ¢ < d
shows a + ¢ < b+ d
(proof)

lemma ereal-minus-le-minus|simp]:
fixes a b :: ereal
shows —a < —-b+—b<a

(proof)

lemma ereal-minus-less-minus|simp):
fixes a b :: ereal
shows —a < —b<+—b<a

{proof)

lemma ereal-le-real-iff :
z < real-of-ereal y «— (|y| # 0o —> ereal z < y) A (Jy| = 00 — z <
{proof)

A
=

lemma real-le-ereal-iff :
real-of-ereal y < x +— (|y| # o0 — y < ereal z) A (Jly] =00 — 0 <
(proof)

A
a2

lemma ereal-less-real-iff :
z < real-of-ereal y +— (Jy| # co —> ereal z < y) A (Jy| = 00 — z < 0)

(proof)

lemma real-less-ereal-iff :
real-of-ereal y < x +— (|y| # 00 — y < ereal z) A (Jy] = 00 — 0 < z)

{proof)

lemma real-of-ereal-pos:
fixes z :: ereal
shows 0 < z = 0 < real-of-ereal z (proof)

lemmas real-of-ereal-ord-simps =
ereal-le-real-iff real-le-ereal-iff ereal-less-real-iff real-less-ereal-iff

lemma abs-ereal-ge0[simp): 0 < v = |z :: ereal] = x
{proof)

lemma abs-ereal-lessO[simp]: x < 0 = |z :: ereal] = —z

(proof)
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lemma abs-ereal-pos[simp]: 0 < |z :: ereal
{proof)

lemma ereal-abs-lel:

fixes z y :: ereal

shows [z <y; -z <y] = |z| <y
(proof )

lemma real-of-ereal-le-0[simp): real-of-ereal (z :: ereal) < 0 +— ¢z < 0V . = 0
{proof)

lemma abs-real-of-ereal[simp]: |real-of-ereal (z :: ereal)| = real-of-ereal |x|
{proof)

lemma zero-less-real-of-ereal:
fixes z :: ereal
shows 0 < real-of-ereal x +— 0 < z N & # 0

{proof)

lemma ereal-0-le-uminus-iff [simp]:
fixes a :: ereal
shows 0 < —a<+— a <0

{proof)

lemma ereal-uminus-le-0-iff [simp]:
fixes a :: ereal
shows —a < 0<+— 0<a

{proof)

lemma ereal-add-strict-mono:
fixes a b ¢ d :: ereal
assumes a < b
and 0 < a
and a # oo
and ¢ < d
shows a + ¢ < b + d

{proof)

lemma ereal-less-add:
fixes a b ¢ :: ereal
shows o] # 00 = c<b=a+c<a+b

{proof)

lemma ereal-add-nonneg-eq-0-iff :
fixes a b :: ereal
shows 0 <ag—=0<b=—a+b=0<+—a=0Nb=20

(proof)
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lemma ereal-uminus-eq-reorder: — a = b +— a = (—b::ereal)
{proof)

lemma ereal-uminus-less-reorder: — a < b +— —b < (a::ereal)
{proof)

lemma ereal-less-uminus-reorder: a < — b «— b < — (a:ereal)
{proof)

lemma ereal-uminus-le-reorder: — a < b +— —b < (a::ereal)
(proof)

lemmas ereal-uminus-reorder =
ereal-uminus-eq-reorder ereal-uminus-less-reorder ereal-uminus-le-reorder

lemma ereal-bot:
fixes z :: ereal
assumes AB. z < ereal B
shows z = —

(proof)

lemma ereal-top:
fixes x :: ereal
assumes A\B. z > ereal B
shows z = o

(proof)

lemma
shows ereal-max[simp]: ereal (max x y) = maz (ereal x) (ereal y)
and ereal-min[simp]: ereal (min x y) = min (ereal x) (ereal y)

(proof)

lemma ereal-maz-0: maz 0 (ereal r) = ereal (max 0 r)
{proof)

lemma
fixes f :: nat = ereal
shows ereal-incseq-uminus[simp): incseq (A\x. — fz) <— decseq f
and ereal-decseg-uminus[simp|: decseq (Ax. — fx) «— incseq f

{proof)

lemma incseg-ereal: incseq f = incseq (Az. ereal (f z))
(proof)

lemma ereal-add-nonneg-nonneg|simp]:
fixes a b :: ereal
shows 0 < a—=0<b=—=0<a+b

(proof)
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lemma setsum-ereal[simp]: (3 z€A. ereal (f z)) = ereal (> x€A. fx)
(proof)

lemma setsum-Pinfty:

fixes [ :: 'a = ereal

shows (D" z€P. fx) = 0o «— finite P A (3i€P. fi = o0)
(proof )

lemma setsum-Inf:

fixes [ :: 'a = ereal

shows |setsum f A| = co «— finite A A (Fi€A. |fi| = o)
(proof)

lemma setsum-real-of-ereal:
fixes [ :: i = ereal
assumes Az. z € § = |fz| # ©
shows (> z€S. real-of-ereal (f x)) = real-of-ereal (setsum f.S)

(proof)

lemma setsum-ereal-0:
fixes [ :: 'a = ereal
assumes finite A
and \i. i € A= 0 < fi
shows (D z€A. fz) = 0 +— (Vi€cA. fi=0)
(proof)

36.1.3 Multiplication

instantiation ereal :: {comm-monoid-mult,sgn}
begin

function sgn-ereal :: ereal = ereal where
sgn (ereal ) = ereal (sgn )

| sgn (oo::ereal) = 1

| sgn (—oo:ereal) = —1

(proof)

termination (proof)

function times-ereal where
ereal T * ereal p = ereal (1 * p)
| ereal v * 0o = (if r = 0 then 0 else if r > 0 then oo else —o0)
| 0o * ereal v = (if 7 = 0 then 0 else if r > 0 then oo else —o0)
| ereal r x —oo = (if r = 0 then 0 else if r > 0 then —oo else 00)
| —oco * ereal r = (if r = 0 then 0 else if r > 0 then —oo else o)
| (o0::ereal) * 0o = 00
| —(oco:zereal) x 00 = —o0
(oc0:iereal) * —o0 = —00
—(ocorzereal) ¥ —oo0 = 00

|
|
(proof)



THEORY “Extended-Real”

termination (proof)

instance

(proof)

end

lemma [simp]:
shows ereal-1-times: ereal 1 * x = x
and times-ereal-1: © * ereal 1 =

(proof)

lemma one-not-le-zero-ereal[simp]: = (1 < (0::ereal))
{proof)

lemma real-ereal-1[simp|: real-of-ereal (1::ereal) = 1

{proof)

lemma real-of-ereal-le-1:
fixes a :: ereal
shows a < 1 = real-of-ereal a < 1

{proof)

lemma abs-ereal-one[simp|: |1]| = (1::ereal)

{proof)

lemma ereal-mult-zero[simp]:
fixes a :: ereal
shows a * 0 = 0

{proof)

lemma ereal-zero-mult][simp]:
fixes a :: ereal
shows 0 x a = 0

{proof)

lemma ereal-m1-less-0[simp): —(1::ereal) < 0
{proof)

lemma ereal-times|[simp):
1 # (oo::ereal) (oo::ereal) # 1
1 # —(occ:uereal) —(oo::ereal) # 1
{proof)

lemma ereal-plus-1[simp]:
1 + ereal r = ereal (r + 1)
ereal m + 1 = ereal (r + 1)
1 + —(oco:zereal) = —o0
—(oozereal) + 1 = —o0

388
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{proof)

lemma ereal-zero-times[simp]:
fixes a b :: ereal
shows a x b=0<+—a=0V b=20

{proof)

lemma ereal-mult-eq-PInfty[simp]:
a * b = (co::ereal) «—
(a=00Ab>0)V(a>0ANb=o0)V(a=—-0Ab<0)V(a<OANb=
—OO)

(proof )
lemma ereal-mult-eq-MInfty[simp]:

a x b = —(ocouereal) +—

(a=00Ab<O0)V(a<O0OANb=oc0)V(a=—-0Ab>0)V(a>0Ab=

—00)

(proof)
lemma ereal-abs-mult: |z % y :: ereal| = |z| * |y|

(proof)

lemma ereal-0-less-1[simp]: 0 < (1::ereal)
{proof)

lemma ereal-mult-minus-left[simp]:
fixes a b :: ereal
shows —a x b = — (a * b)
(proof )

lemma ereal-mult-minus-right|[simp]:
fixes a b :: ereal
shows a x —b = — (a * b)
{proof )

lemma ereal-mult-infty[simp):
a * (co:zereal) = (if a = 0 then 0 else if 0 < a then oo else — 00)
(proof )

lemma ereal-infty-mult[simp]:
(co:zereal) * a = (if a = 0 then 0 else if 0 < a then co else — c0)
(proof)

lemma ereal-mult-strict-right-mono:
assumes a < b
and 0 < ¢
and ¢ < (oo::ereal)
shows a x ¢ < b * ¢

{proof)
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lemma ereal-mult-strict-left-mono:
a<b=0<c= c< (couereal) = c*a<cx*b

{proof)

lemma ereal-mult-right-mono:
fixes a b ¢ :: ereal
shows a < b—=0<c=—=axc<bxc
(proof )

lemma ereal-mult-left-mono:
fixes a b ¢ :: ereal
shows a < b—=0<c¢c=— c*a

{proof)

cxb

IA

lemma zero-less-one-ereal[simp]: 0 < (1::ereal)
(proof)

lemma ereal-0-le-mult[simp]: 0 < a = 0 < b= 0 < a=x* (b

{proof)

lemma ereal-right-distrib:
fixes r a b :: ereal
shows 0 <a= 0<b=rx*x(a+bd) =rxa+rxb
(proof )

lemma ereal-left-distrib:
fixes r a b :: ereal
shows 0 <a=0<b= (a+b)xr=a*xr+bxr
(proof )

lemma ereal-mult-le-0-iff :
fixes a b :: ereal
shows a * b < 0 +— (0 <aAD<O0)V (a
(proof)

IN

0A0<b)

lemma ereal-zero-le-0-iff :
fixes a b :: ereal
shows 0 <axb+— (0<aAN0<D)V(a
(proof)

IN

0ONb<0)

lemma ereal-mult-less-0-iff :
fixes a b :: ereal
shows a x b < 0+— (0 <aAb<O0)V(a<OANO<D)
{proof )

lemma ereal-zero-less-0-iff :
fixes a b :: ereal
shows 0 < axb+— (0 <aANO<b)V(a<O0Ab<DO)

ereal)
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{proof)

lemma ereal-left-mult-cong:
fixes a b ¢ :: ereal
shows c=d = (d# 0= a=b) = axc=bxd
(proof)

lemma ereal-right-mult-cong:
fixes a b ¢ :: ereal
showsc=d = (d#0=a=b) = cxa=d=*b
(proof)

lemma ereal-distrib:
fixes a b ¢ :: ereal
assumes a # oo V b # —o0
and a # —o0 V b # x©
and |c| # o0
shows (a + b)xc=axc+ b=x*c
(proof)

lemma numeral-eq-ereal [simp]: numeral w = ereal (numeral w)
(proof)

lemma distrib-left-ereal-nn:
c>0= (z+y)*ereal c =2z % ereal ¢ + y * ereal ¢

{(proof)

lemma setsum-ereal-right-distrib:
fixes [ :: 'a = ereal
shows (Ai. i1 € A = 0 < fi) = r*x setsum f A= (D n€A. r x fn)

(proof)

lemma setsum-ereal-left-distrib:
(Ni.i€ A= 0 < fi)= setsum fAxr = (> n€A. fnx*r: ereal)
{proof)

lemma setsum-left-distrib-ereal:
c> 0 = setsum f A x ereal ¢ = (D x€A. fz % ¢ :: ereal)
(proof)

lemma ereal-le-epsilon:
fixes z y :: ereal
assumes Ve. 0 <e —zx <y + e
shows z < y

(proof)

lemma ereal-le-epsilon2:
fixes z y :: ereal
assumes Ve. 0 < e — xz <y + ereal e
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shows z < y
(proof)

lemma ereal-le-real:
fixes z y :: ereal
assumes Vz. z < ereal z — y < ereal z
shows y < z

{proof)

lemma setprod-ereal-0:

fixes [ :: 'a = ereal

shows ([[i€A. fi) = 0 <— finite A N (i€A. fi=0)
(proof)

lemma setprod-ereal-pos:
fixes [ :: 'a = ereal
assumes pos: Ni.i € I = 0 < fi
shows 0 < ([[i€l. f1)

(proof)

lemma setprod-Plnf:

fixes f :: 'a = ereal

assumes A\i. i € ] = 0 < fi

shows ([[i€l. fi) = 0o «— finite I A (3i€l. fi = 00) A (Vi€l. fi # 0)
(proof)

lemma setprod-ereal: ([[i€A. ereal (fi)) = ereal (setprod f A)
(proof)

36.1.4 Power

lemma ereal-power|[simp|: (ereal z) " n = ereal (z"n)
(proof)

lemma ereal-power-PInf [simp]: (co:ereal) " n = (if n = 0 then 1 else o)
{proof)

lemma ereal-power-uminus|simp):
fixes z :: ereal
shows (— z) “n = (if even n then z " n else — (z"n))
{proof)

lemma ereal-power-numeral[simp):
(numeral num :: ereal) " n = ereal (numeral num " n)

{proof)

lemma zero-le-power-ereal[simp):
fixes a :: ereal
assumes 0 < a
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A

shows 0 < a "n
(proof)

36.1.5 Subtraction

lemma ereal-minus-minus-image[simp]:
fixes S :: ereal set
shows uminus ¢ uminus ‘S = S

(proof)

lemma ereal-uminus-lessThan[simp]:
fixes a :: ereal
shows uminus ‘ {..<a} = {—a<..}

(proof)

lemma ereal-uminus-greater Than[simp]: uminus © {(a::ereal)<..} = {..<—a}

{proof)

instantiation ereal :: minus
begin

definition z — y = © + —(y::ereal)
instance (proof)

end

lemma ereal-minus|[simp]:
ereal 7 — ereal p = ereal (r — p)

—00 — ereal 1 = —00
ereal r — 00 = —00
(coizereal) — x = oo
—(o0::ereal) — 0o = —o0
r——y=x+Yy
z—- 0=z
0 —z=—x
(proof )
lemma ereal-z-minus-z[simpl: * — x = (if |z| = oo then oo else 0::ereal)
(proof)

lemma ereal-eq-minus-iff:

fixes z y z :: ereal

shows z = 2z — y +—
(lyl #o0o — 2z +y=2) A
(y = —00 — . =00) A
(y=o00o—z2=00— 1z
(y=o00 — 2#00 — 1 =

(proof)

Il
|
88

~— >
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lemma ereal-eq-minus:
fixes x y z :: ereal
shows |y| Ao =2 =2z —y+— a2 +y=2
(proof )

lemma ereal-less-minus-iff:
fixes x y z :: ereal
shows z < z — y +—
(y=o00o— z2=00A 2 # 00)A
(y = —00 — & # 0) A
(lyl #oco— 7 +y < 2)
(proof)

lemma ereal-less-minus:
fixes z y z :: ereal
shows |[y| oo =2 <z —-y+—az+y<z
(proof)

lemma ereal-le-minus-iff :

fixes z y z :: ereal

showsz <z —y+— (y=00 — 2#00 —z=-00)A(Jyl #c0 — z +
y <2z

(proof)

lemma ereal-le-minus:
fixes z y z :: ereal
shows |y #oo =2 <z —-y<+—z+y<z
(proof )

lemma ereal-minus-less-iff:

fixes z y z :: ereal

shows z —y < z¢—>y# —-00A(y=00 — 2 #00Az# —00)A (y # 0
—z<z+y)

(proof)

lemma ereal-minus-less:
fixes z y z :: ereal
shows |y oo =2 —y<z<+—z<z+y
(proof)

lemma ereal-minus-le-iff :
fixes z y z :: ereal
shows z — y < z +—
(y = —00 — 2z =00) A
(y=00 —2=00—2=00) A
(lyl # 00—z <z +y)
(proof )

lemma ereal-minus-le:
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fixes z y z :: ereal
shows |[y| oo =2 —y<z+—z<z+4+y
(proof)

lemma ereal-minus-eq-minus-iff :
fixes a b ¢ :: ereal
shows a — b=a — ¢c +—
b=cVa=00V(a=—-00Ab#—00AcF# —00)
{proof)

lemma ereal-add-le-add-iff :
fixes a b ¢ :: ereal
shows c +a < ¢+ b +—
a<bVc=o00V(c=—-00Aaz#00AbF# )

(proof)

lemma ereal-add-le-add-iff2:

fixes a b c :: ereal

shows a + c<b+c+—a<bVec=00V(c=—-00Aa#00Ab# )
(proof)

lemma ereal-mult-le-mult-iff :
fixes a b ¢ :: ereal
shows [¢|] #oc0o = cxa<cxb¢—=> (0<c—a<bA(c<0—b<a)

{proof)

lemma ereal-minus-mono:
fixes A BCD :: ereal assumes A < BD < (C
shows A — C < B - D
(proof )

lemma ereal-mono-minus-cancel:
fixes a b ¢ :: ereal
shows c —a<c—-b=—=0<c=c<oo=>b<a

{proof)

lemma real-of-ereal-minus:

fixes a b :: ereal

shows real-of-ereal (a — b) = (if |a| = 0o V |b] = oo then 0 else real-of-ereal a
— real-of-ereal b)

{proof)

lemma real-of-ereal-minus” |z| = 0o +— |y| = co = real-of-ereal x — real-of-ereal
y = real-of-ereal (x — y :: ereal)
(proof)

lemma ereal-diff-positive:
fixes a b :: ereal shows a < b= 0<b — a

{proof)
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lemma ereal-between:
fixes z e :: ereal
assumes |z| # 0o
and 0 < e
shows z — e < z
and z <z + e

{proof)

lemma ereal-minus-eq-PInfty-iff :
fixes z y :: ereal
shows z —y =0 ¢+— y = -0V =00
(proof)

lemma ereal-diff-add-eq-diff-diff-swap:

fixes z y z = ereal

shows |y| #oco =2 - (y+2)=2 —y — 2
(proof)

lemma ereal-diff-add-assoc2:
fixes z y z :: ereal
showsz +y —z2=2—2+y
(proof)

lemma ereal-add-uminus-conv-diff: fixes x y z :: ereal shows — x +y=y — ¢

(proof)

lemma ereal-minus-diff-eq:

fixes x y :: ereal

shows [2 =00 — y £ o2 =—-00 — y#—0]=—(z—y)=y — =
(proof )

lemma ediff-le-self [simp]: v — y < (z :: enat)
(proof)

36.1.6 Division

instantiation ereal :: inverse
begin

function inverse-ereal where
inverse (ereal r) = (if r = 0 then oo else ereal (inverse r))
| inverse (oco::ereal) = 0
| inverse (—oo:ereal) = 0
(proof)
termination (proof)

definition z div y = z * inverse (y :: ereal)
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instance (proof)
end

lemma real-of-ereal-inverse[simp]:
fixes a :: ereal
shows real-of-ereal (inverse a) = 1 / real-of-ereal a

{proof)

lemma ereal-inverse[simp):
inverse (0::ereal) = oo
inverse (1::ereal) = 1
{proof)

lemma ereal-divide[simp]:
ereal v [ ereal p = (if p = 0 then ereal r x 0o else ereal (r / p))
(proof )

lemma ereal-divide-same[simp]:
fixes x :: ereal
shows = / © = (if |z| = co V & = 0 then 0 else 1)

{proof)

lemma ereal-inv-inv[simp):
fixes z :: ereal
shows inverse (inverse x) = (if x # —oo then x else o)

{proof)

lemma ereal-inverse-minus[simp]:
fixes z :: ereal
shows inverse (— x) = (if x = 0 then oo else —inverse x)

(proof)

lemma ereal-uminus-divide[simp]:
fixes x y :: ereal
shows — 2 [y =— (z / y)
{proof)

lemma ereal-divide-Infty[simp]:
fixes z :: ereal
shows z /oo =02z / —0c0o =10
(proof )

lemma ereal-divide-one[simpl: x |/ 1 = (z::ereal)
{proof)

lemma ereal-divide-ereal[simp): oo / ereal r = (if 0 < r then oo else —o0)

(proof)

397
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lemma ereal-inverse-nonneg-iff: 0 < inverse (z :: ereal) <— 0 <z V z = —00

{proof)

lemma inverse-ereal-geOI: 0 < (z :: ereal) = 0 < inverse x

(proof)

lemma zero-le-divide-ereal[simp]:
fixes a :: ereal
assumes 0 < qa
and 0 < b
shows 0 < a /b

{proof)

lemma ereal-le-divide-pos:
fixes z y z :: ereal
showsz >0 =240 =y<z/z+—>ax*xy<z

(proof)

lemma ereal-divide-le-pos:
fixes z y z :: ereal
showsz >0 =240 =z /2<y+—2z2<zx*xy

{proof)

lemma ereal-le-divide-neg:
fixes z y z :: ereal
showsrt < 0 = 2#4 -0 =y<z/z+—z<x*y

{proof)

lemma ereal-divide-le-neg:
fixes z y z :: ereal
showsrt < 0 =2 #4#-c0=z/2<y+—zxy<z

(proof)

lemma ereal-inverse-antimono-strict:
fixes x y :: ereal
shows 0 < 2 = z < y = inverse y < inverse

(proof)

lemma ereal-inverse-antimono:
fixes x y :: ereal
shows 0 < 1 = = < y = nverse y < inverse x

(proof)

lemma inverse-inverse-Pinfty-iff [simp]:
fixes z :: ereal
shows inverse t = oo +— = = 0

(proof)

lemma ereal-inverse-eq-0:
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fixes z :: ereal
shows inverse t = 0 «+— z =00V = —0

{proof)

lemma ereal-0-gt-inverse:
fixes z :: ereal
shows 0 < inverse x «— z # 0o AN 0 < x

{proof)

lemma ereal-inverse-le-0-iff :
fixes x :: ereal
shows inverse z < 0 «+— < 0V x =

{proof)

lemma ereal-divide-eq-0-iff: © /| y = 0 +— x = 0 V |y :: ereal| = o0

(proof)

lemma ereal-mult-less-right:
fixes a b c :: ereal
assumes b x a < ¢ x a
and 0 < a
and a < 00
shows b < ¢

{proof)

lemma ereal-mult-divide: fixes a b :: ereal shows 0 < b = b < co = b x (a
/b)=a

{proof)

lemma ereal-power-divide:
fixes z y :: ereal
showsy #0 = (z /y) "n=2z"n/y™n
(proof)

lemma ereal-le-mult-one-interval:
fixes z y :: ereal
assumes y: y # —00
assumes z: \z. 0 < z = z2< 1 = zxx <y
shows z < y

(proof)

lemma ereal-divide-right-mono[simp]:
fixes z y z :: ereal
assumes z < y
and 0 < z
showsz / z2<vy /2

(proof)

lemma ereal-divide-left-mono[simp]:
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fixes z y z :: ereal
assumes y <
and 0 < z
and 0 < z * y
shows z /2 <z /y

{proof)

lemma ereal-divide-zero-left[simp]:
fixes a :: ereal
shows 0 / a = 0
(proof )

lemma ereal-times-divide-eq-left[simp]:
fixes a b ¢ :: ereal
shows b /cxa=bxa/c

(proof)

lemma ereal-times-divide-eq: a * (b / ¢ :: ereal) = a x b / ¢
{proof)

lemma ereal-inverse-real: |z| # co = z # 0 = ereal (inverse (real-of-ereal z))
= inverse z

{proof)

lemma ereal-inverse-mult:
a# 0= b+# 0= inverse (a * (b::ereal)) = inverse a % inverse b

{proof)

36.2 Complete lattice

instantiation ereal :: lattice
begin

definition [simp]: sup z y = (maz x y :: ereal)
definition [simp]: inf xz y = (min z y :: ereal)
instance (proof)

end

instantiation ereal :: complete-lattice
begin

definition bot = (—oo::ereal)
definition top = (oco:ereal)

definition Sup S = (SOME z :: ereal. (VyeS. y < z) A (V2. (VyeS. y < z) —
v < 2)
definition Inf S = (SOME z :: ereal. (VyeS. z < y) A (Vz. VyeS. z <y) —
2 < 1))
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lemma ereal-complete-Sup:

fixes S :: ereal set

shows Jz. (VyeS. y <z) A (Vz. (VyeS. y < z) — 2 < 2)
(proof )

lemma ereal-complete-uminus-eq:
fixes S :: ereal set
shows (Vycuminus‘S. y < z) A (Vz. (VyEuminus‘S. y
— (VyeS. —z < y) A Vz. (VyeS. 2z < y) — 2z <
(proof)

lemma ereal-complete-Inf:
Jz. (VyeS:ereal set. © < y) A (Vz. (VyeS. 2 < y) — z < z)
(proof)

instance
(proof)

end
instance ereal :: complete-linorder (proof)

instance ereal :: linear-continuum
(proof)

36.2.1 Topological space

instantiation ereal :: linear-continuum-topology
begin

definition open-ereal :: ereal set = bool where
open-ereal-generated: open-ereal = generate-topology (range lessThan U range
greaterThan)

instance
(proof)

end

lemma continuous-on-ereal[continuous-intros|:
assumes f: continuous-on s f shows continuous-on s (Az. ereal (f x))

(proof)

lemma tendsto-ereal[tendsto-intros, simp, intro]: (f —— z) F = ((Az. ereal (f
z)) — ereal z) F

(proof)

lemma tendsto-uminus-ereal[tendsto-intros, simp, introl: (f —— z) F = ((Az.
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— faxuereal) —— — ) F
{proof)

lemma at-infty-ereal-eq-at-top: at co = filtermap ereal at-top

(proof)

lemma ereal-Lim-uminus: (f —— f0) net «— ((Az. — f z:ereal) —— — f0)
net
{proof)

lemma ereal-divide-less-iff: 0 < (c:ereal) = c < oc0o = a /c<b+—a<b
* c

{proof)

lemma ereal-less-divide-iff: 0 < (cuereal) = c < o0 = a < b /c+— axc
<b

(proof)

lemma tendsto-cmult-ereal[tendsto-intros, simp, introl:

assumes c: |c| # oo and f: (f —— x) F shows ((Az. ¢ * fz:ereal) —— ¢
x ) F
(proof )

lemma tendsto-cmult-ereal-not-0[tendsto-intros, simp, introl:
assumes z # 0 and f: (f —— ) F shows ((\z. ¢ % fz:iereal) —— ¢ * )
F

(proof)

lemma tendsto-cadd-ereal[tendsto-intros, simp, intro):

assumes c: y # — ooz # — oo and f: (f —— z) F shows ((Az. fz + y::ereal)
—z+y) F

(proof )

lemma tendsto-add-left-ereal[tendsto-intros, simp, intro]:

assumes c: |y| # oo and f: (f —— z) F shows ((Az. fz + y:ereal) —— =z
+y) F

(proof)

lemma continuous-at-ereal|continuous-intros): continuous F f = continuous F'
(Az. ereal (f z))

{proof)

lemma ereal-Sup:
assumes *: |SUP a:A. ereal a| # oo
shows ereal (Sup A) = (SUP a:A. ereal a)

(proof)

lemma ereal-SUP: |SUP a:A. ereal (f a)| # oo = ereal (SUP a:A. f a) = (SUP
a:A. ereal (f a))
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{proof)

lemma ereal-Inf:
assumes x: |[INF a:A. ereal a| # o0
shows ereal (Inf A) = (INF a:A. ereal a)

(proof)

lemma ereal-Inf":
assumes x: bdd-below A A # {}
shows ereal (Inf A) = (INF a:A. ereal a)

(proof)

lemma ereal-INF: |INF a:A. ereal (f a)| # oo = ereal (INF a:A. fa) = (INF
a:A. ereal (f a))

(proof)

lemma ereal-Sup-uminus-image-eq: Sup (uminus ¢ S::ereal set) = — Inf S
(proof)

lemma ereal-SUP-uminus-eq:
fixes [ :: 'a = ereal
shows (SUP z:S. uminus (f z)) = — (INF x:S. f x)

(proof)

lemma ereal-inj-on-uminus|intro, simp): inj-on uminus (A :: ereal set)
{proof)

lemma ereal-Inf-uminus-image-eq: Inf (uminus ‘ S::ereal set) = — Sup S
(proof)

lemma ereal-INF-uminus-eq:
fixes [ :: 'a = ereal
shows (INF z:S. — fz) = — (SUP z:S. fx)
(proof)

lemma ereal-SUP-uminus:
fixes [ :: 'a = ereal
shows (SUPi: R. — fi) = — (INFi:R. fi)
(proof)

lemma ereal-SUP-not-infty:

fixes f :: - = ereal

shows 4 # {} = |l # -0 = u# o0 =VacA. I < faAfa<u=
|SUPREMUM A f| # o

{proof)

lemma ereal-INF-not-infty:
fixes f :: - = ereal
shows A 2 {} = | # —co = u # 00 = Va€A. [ < fa A fa <

I
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|INFIMUM A f| # oo
(proof)

lemma ereal-image-uminus-shift:
fixes X Y :: ereal set
shows uminus ‘X = Y +— X = uminus ‘Y

(proof)

lemma Sup-eq-MInfty:
fixes S :: ereal set
shows Sup S = —c0 «— S ={} Vv S = {—o0}
(proof )

lemma Inf-eq-Plnfty:
fixes S :: ereal set
shows InfS =00 +— S ={} Vv § = {0}
(proof )

lemma Inf-eq-MInfty:
fixes S :: ereal set
shows —c0 € § = InfS = —x

{proof)

lemma Sup-eq-Plnfty:
fixes S :: ereal set
shows co € § = Sup S =

{proof)

lemma not-MInfty-nonneg[simp]: 0 < (z::ereal) = x # —
{proof)

lemma Sup-ereal-close:
fixes e :: ereal
assumes ( < e
and S: |Sup S| # o0 S # {}
shows Jz€S. Sup S —e <z

(proof)

lemma Inf-ereal-close:
fixes e :: ereal
assumes |Inf X| # oo
and 0 < e
shows dzeX. z < InfX + e

(proof)

lemma SUP-PlInfty:
(An:nat. Ji€A. ereal (real n) < fi) = (SUP :A. fi :: ereal) = 0
(proof)
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lemma SUP-nat-Infty: (SUP i::nat. ereal (real 1)) = oo
{proof)

lemma SUP-ereal-add-left:

assumes [ # {} ¢ # —©

shows (SUP i:I. fi + ¢ :: ereal) = (SUP ¢:I. fi) + ¢
(proof)

lemma SUP-ereal-add-right:
fixes c :: ereal
shows [ # {} = ¢ # —00o = (SUP @:1. ¢ + fi) =
(proof )

lemma SUP-ereal-minus-right:
assumes [ # {} ¢ # —©
shows (SUP i:I. ¢ — fi :: ereal) = ¢ — (INF i:I. f 1)
(proof)

lemma SUP-ereal-minus-left:
assumes [ # {} ¢ # o
shows (SUP i:1. fi — c:: ereal) = (SUP @:1. fi) — ¢
(proof)

lemma INF-ereal-minus-right:

assumes [ # {} and |c| # oo

shows (INF i:I. ¢ — fi) = ¢ — (SUP i:1. f i::ereal)
(proof)

lemma SUP-ereal-le-addl:
fixes [ :: i = ereal
assumes Ai. fi + y < zand y # —o©
shows SUPREMUM UNIV f + y < z
(proof)

lemma SUP-combine:

c+ (SUP 1. fi)

fixes f :: 'a::semilattice-sup = 'a::semilattice-sup = 'b::complete-lattice

assumes mono: Aabcd. a <b=c¢c<d= fac

<fbd

shows (SUP i:UNIV. SUP j:UNIV. fij) = (SUP i. fi i)

(proof)

lemma SUP-ereal-add:
fixes f g :: nat = ereal
assumes inc: incseq f incseq g

and pos: N\i. fi # —oco N\i. g1 # —0

405

shows (SUP i. fi + g i) = SUPREMUM UNIV § + SUPREMUM UNIV g

{proof)

lemma INF-ereal-add:
fixes f :: nat = ereal
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assumes decseq f decseq g

and fin: \i. fi # oo N\i. gi # o0
shows (INF'i. fi 4+ g i) = INFIMUM UNIV f + INFIMUM UNIV g

(proof)

lemma SUP-ereal-add-pos:
fixes f g :: nat = ereal
assumes inc: incseq f incseq g
and pos: Ai. 0 < fi Ni. 0 < g1
shows (SUP i. fi + g i) = SUPREMUM UNIV f + SUPREMUM UNIV g
(proof)

lemma SUP-ereal-setsum:
fixes f ¢ :: 'a = nat = ereal
assumes An. n € A = incseq (f n)
and pos: Ani.n€ A= 0<fni
shows (SUP i. Y neA. fni) = (>.necA. SUPREMUM UNIV (fn))
(proof)

lemma SUP-ereal-mult-left:
fixes [ :: 'a = ereal
assumes I # {}
assumes f: A\i.i € I = 0 < fiand ¢: 0 < ¢
shows (SUP i:1. ¢ x fi) = ¢ x (SUP i:1. 1)
(proof)

lemma countable-approach:
fixes x :: ereal
assumes T # —00
shows 3f. incseq f A (Viznat. fi < z) A (f —— 1)

{(proof)

lemma Sup-countable-SUP:
assumes A # {}
shows 3 f::nat = ereal. incseq f A range f C A AN Sup A = (SUP i. fi)

(proof)

lemma SUP-countable-SUP:
A #{} = Ff:nat = ereal. range f C g°A N SUPREMUM A ¢ = SUPREMUM
UNIV f

{proof)

36.3 Relation to enat

definition ereal-of-enat n = (case n of enat n = ereal (real n) | co = o0)

declare [[coercion ereal-of-enat :: enat = ereal]]
declare [[coercion (An. ereal (real n)) :: nat = ereal]]
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lemma ereal-of-enat-simps[simp):
ereal-of-enat (enat n) = ereal n
ereal-of-enat oo = oo
{proof)

lemma ereal-of-enat-le-iff [simp]: ereal-of-enat m < ereal-of-enat n +— m < n
(proof)

lemma ereal-of-enat-less-iff [simp): ereal-of-enat m < ereal-of-enat n +— m < n
{proof )

lemma numeral-le-ereal-of-enat-iff [simp]: numeral m < ereal-of-enat n <— nu-
meral m < n

(proof)

lemma numeral-less-ereal-of-enat-iff [simp]: numeral m < ereal-of-enat n +— nu-
meral m < n

{proof)

lemma ereal-of-enat-ge-zero-cancel-iff [simp]: 0 < ereal-of-enat n +— 0 < n
(proof )

lemma ereal-of-enat-gt-zero-cancel-iff [simp]: 0 < ereal-of-enat n +— 0 < n
(proof)

lemma ereal-of-enat-zero[simp): ereal-of-enat 0 = 0
{proof)

lemma ereal-of-enat-inf[simp|: ereal-of-enat n = 0o +— n = o
(proof )

lemma ereal-of-enat-add: ereal-of-enat (m + n) = ereal-of-enat m + ereal-of-enat
n

{proof)

lemma ereal-of-enat-sub:
assumes n < m
shows ereal-of-enat (m — n) = ereal-of-enat m — ereal-of-enat n

{proof)

lemma ereal-of-enat-mult:
ereal-of-enat (m * n) = ereal-of-enat m * ereal-of-enat n

{proof)

lemmas ereal-of-enat-pushin = ereal-of-enat-add ereal-of-enat-sub ereal-of-enat-mult
lemmas ereal-of-enat-pushout = ereal-of-enat-pushin[symmetric]

lemma ereal-of-enat-nonneg: ereal-of-enat n > 0

(proof)
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lemma ereal-of-enat-Sup:
assumes A # {} shows ereal-of-enat (Sup A) = (SUP a : A. ereal-of-enat a)
(proof)

lemma ereal-of-enat-SUP:
A # {} = ereal-of-enat (SUP a:A. fa) = (SUP a : A. ereal-of-enat (f a))
{proof)

36.4 Limits on ereal

lemma open-Plnfty: open A = 00 € A = (Fz. {ereal z<..} C A)
{proof)

lemma open-Mlinfty: open A = —c0 € A = (Fz. {..<ereal z} C A)
{proof)

lemma open-ereal-vimage: open S = open (ereal —*S)
(proof)

lemma open-ereal: open S = open (ereal ©S)
(proof )

lemma eventually-finite:
fixes z :: ereal
assumes |z| # oo (f —— z) F
shows eventually (A\z. |f x| # o) F
(proof)

lemma open-ereal-def:

open A <— open (ereal —* A) A (00 € A — (Fz. {ereal z <.} C A)) A (-
€ A— (Jz. {.<ereal z} C A))

(is open A «— 2rhs)

(proof)

lemma open-Plnfty2:
assumes open A
and co € A4
obtains z where {ereal z<..} C A

(proof)

lemma open-MInfty2:
assumes open A
and —oo € A
obtains z where {..<ereal z} C A

{proof)
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lemma ereal-openkE:
assumes open A
obtains z y where open (ereal —° A)
and 0o € A = {ereal z<..} C A
and —o0 € 4 = {.<ereal y} C A

(proof)

lemmas open-ereal-lessThan = open-lessThan[where 'a=ereal]

lemmas open-ereal-greater Than = open-greater Than[where ‘a=ereal]

lemmas ereal-open-greater ThanLessThan = open-greater ThanLess Than|where ‘a=ereal)
lemmas closed-ereal-atLeast = closed-atLeast[where 'a=ereal]

lemmas closed-ereal-atMost = closed-atMost[where 'a=ereal]

lemmas closed-ereal-atLeastAtMost = closed-atLeastAtMost[where 'a=ereal]

lemmas closed-ereal-singleton = closed-singleton|[where ‘a=ereal]

lemma ereal-open-cont-interval:
fixes S :: ereal set
assumes open S
and z € S
and |z| # oo
obtains e where ¢ > 0 and {z—e <.< z+e} C S

(proof)

lemma ereal-open-cont-interval?2:
fixes S :: ereal set
assumes open S
and z € S
and z: |z] # oo
obtains ¢ b where ¢ < z and z < b and {a <.< b} C §
(proof)

36.4.1 Convergent sequences

lemma lim-real-of-ereal[simp]:
assumes lim: (f —— ereal x) net
shows ((Az. real-of-ereal (f x)) —— x) net

(proof)

lemma lim-ereal[simp]: ((An. ereal (f n)) —— ereal z) net «+— (f —— ) net
{proof)

lemma convergent-real-imp-convergent-ereal:
assumes convergent a
shows convergent (An. ereal (a n)) and lim (An. ereal (a n)) = ereal (lim a)

(proof)

lemma tendsto-PInfty: (f —— o0) F +— (Vr. eventually (Az. ereal v < fz) F)

(proof)
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lemma tendsto-Plnfty” (f —— o) F = (Vr>c. eventually (Az. ereal v < f )
F)
(proof)

lemma tendsto-PlInfty-eq-at-top:
((\z. ereal (f2)) —— o0) F +— (LIM 2z F. f z :> at-top)
(proof)

lemma tendsto-MInfty: (f —— —o0) F +— (Vr. eventually (Az. fz < ereal 1)
F)
{proof)

lemma tendsto-MInfty": (f —— —o0) F = (Vr<ec. eventually (A\z. ereal r > f
z) F)
{proof )

lemma Lim-Plnfty: f ——— oo «+— (VB. AN.Vn>N. fn > ereal B)
{proof )

lemma Lim-MInfty: f ——— —oo «— (VB. IN.Vn>N. ereal B > fn)
(proof)

lemma Lim-bounded-Plnfty: f —— | = (An. fn < ereal B) = | #
(proof )

lemma Lim-bounded-MInfty: f —— | = (An. ereal B < fn) = | # —x
(proof )

lemma tendsto-zero-ereall:
assumes Ae. e > 0 = eventually (Az. |f x| < ereal ¢) F
shows (f —— 0) F

(proof)

lemma tendsto-explicit:
f——f0+— VS . open S — f0 € S — (AN.Vn>N. fn € 5))

{proof)

lemma Lim-bounded-PInfty2: f —— | = Vn>N. fn < ereal B = | # 0
(proof)

lemma Lim-bounded-ereal: f —— (1 :: 'a::linorder-topology) = Vn>M. fn <
C=1<C
(proof)

lemma Lim-bounded2-ereal:
assumes lim:f —— (I :: 'a:linorder-topology)
and ge: Vn>N. fn > C
shows [ > C

{proof)
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lemma real-of-ereal-mult|simp]:
fixes a b :: ereal
shows real-of-ereal (a * b) = real-of-ereal a * real-of-ereal b

(proof)

lemma real-of-ereal-eq-0:
fixes z :: ereal
shows real-of-ereal z = 0 +— z =0V =—-00V z =10

(proof)

lemma tendsto-ereal-realD:
fixes [ :: 'a = ereal
assumes z # 0
and tendsto: ((Az. ereal (real-of-ereal (f x))) —— ) net
shows (f —— ) net

(proof)

lemma tendsto-ereal-reall:
fixes [ :: 'a = ereal
assumes z: |z| # oo and tendsto: (f —— z) net
shows ((A\z. ereal (real-of-ereal (f x))) —— ) net

(proof)

lemma ereal-mult-cancel-left:
fixes a b ¢ :: ereal
shows axb=axc+— (Jo| =00 N0 <bxc)Va=0Vb=c

{proof)

lemma tendsto-add-ereal:
fixes z y :: ereal
assumes z: |z| # oo and y: |y| # o0
assumes f: (f —— z) Fand g: (¢ —— y) F
shows ((\z. fz + ga) — 2z + y) F
(proof)

lemma tendsto-add-ereal-nonneg:
fixes z y :: ereal
assumes z £ —oc0 Yy # —o0 (f —— xz) F (9 —— y) F
shows ((\z. fz + g2) — z + y) F

(proof )

lemma ereal-inj-affinity:
fixes m t :: ereal
assumes |m| # oo
and m # 0
and |t| # o
shows inj-on (Az. m x z + t) A

{proof)
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lemma ereal-PInfty-eq-plus[simp]:
fixes a b :: ereal
showsco=a + b¢+— a=0V b=0o
(proof )

lemma ereal-MInfty-eq-plus[simp]:
fixes a b :: ereal
shows —co=a+b+— (a=—-00AbF#0)V(b=—-00Aa# )
(proof )

lemma ereal-less-divide-pos:
fixes x y :: ereal
showsz >0 =z #c0c=y<z/z+—cxy<z

(proof)

lemma ereal-divide-less-pos:
fixes x y z :: ereal
showsz >0 =z #c0c=y/2<z2+—y<z*x2

{proof)

lemma ereal-divide-eq:
fixes a b ¢ :: ereal
shows b # 0 = |b| o= a/b=c+—a=bxc

{proof)

lemma ereal-inverse-not-MInfty[simp]: inverse (a::ereal) # —oo
(proof )

lemma ereal-mult-m1[simp]: © * ereal (—1) = —x

(proof)

lemma ereal-real”:
assumes |z| # 00
shows ereal (real-of-ereal z) = x

{proof)

lemma real-ereal-id: real-of-ereal o ereal = id
(proof)

lemma open-image-ereal: open(UNIV —{ oo , (—oo :: ereal)})
{proof)

lemma ereal-le-distrib:
fixes a b ¢ :: ereal
shows c % (a+b) <c*xa+cxb

(proof)

lemma ereal-pos-distrib:
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fixes a b ¢ :: ereal
assumes ( < ¢
and ¢ # oo
shows ¢ x (a +b)=c*xa+cx*xb
(proof )

lemma ereal-maz-mono: (a:ereal) < b= ¢ < d = mazr a c < maz b d
(proof)

lemma ereal-max-least: (a::ereal) <z = ¢ <z = mazac <z
{proof)

lemma ereal-Liml-finite:
fixes z :: ereal
assumes |z| # oo
and Ar. 0 <r=3IN.Vn>N.un<z+rAz<un-+r
shows u — zx

(proof)

lemma tendsto-obtains-N:
assumes f —— f0
assumes open S
and f0 € S
obtains N where Vn>N. fn € S

{proof)

lemma ereal-Liml-finite-iff :

fixes z :: ereal

assumes |z| # 00

shows u —— z+— Vr. 0 <r — @N.Va>N.un<z+rAz<un
+ 1))

(is ?lhs <— ?rhs)

(proof)

lemma ereal-Limsup-uminus:
fixes [ :: 'a = ereal
shows Limsup net (A\x. — (fz)) = — Liminf net f
(proof)

lemma liminf-bounded-iff :
fixes z :: nat = ereal
shows C < liminfz +— (VB<C.3IN.Vn>N. B < zn)
(is ?lhs <— ?rhs)
(proof)

lemma Liminf-add-le:
fixes fg :: - = ereal
assumes F: F' #£ bot
assumes ev: eventually (A\zx. 0 < fz) F eventually (Az. 0 < gz) F
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shows Liminf F f + Liminf F g < Liminf F (Az. fz + g z)
{proof )

lemma Sup-ereal-mult-right .

assumes nonempty: ¥ # {}

and z: z > 0

shows (SUP i:Y. fi) % ereal z = (SUP i:Y. fi * ereal z) (is ?lhs = ?rhs)
(proof)

lemma Sup-ereal-mult-left:
[Y#{};z2>0] = ereal z « (SUP :Y. fi) = (SUP i:Y. ereal x * f i)
(proof )

lemma sup-continuous-add|order-continuous-intros|:
fixes f g :: 'a::complete-lattice = ereal
assumes nn: Az. 0 < fz Az. 0 < gz and cont: sup-continuous f sup-continuous

g
shows sup-continuous (Az. fx + ¢ z)

{proof)

lemma sup-continuous-mult-right[order-continuous-intros):
0 < ¢ = ¢ < oo = sup-continuous f = sup-continuous (Az. fx % c :: ereal)

(proof)

lemma sup-continuous-mult-left[order-continuous-intros|:
0 < ¢ = ¢ < oo = sup-continuous f = sup-continuous (Az. ¢ * fx :: ereal)

{proof)

lemma sup-continuous-ereal-of-enat[order-continuous-intros):
assumes f: sup-continuous f shows sup-continuous (Az. ereal-of-enat (f z))

(proof)

36.4.2 Sums

lemma sums-ereal-positive:

fixes f :: nat = ereal

assumes Ai. 0 < fi

shows f sums (SUP n. Y i<n. f1i)
(proof)

lemma summable-ereal-pos:
fixes f :: nat = ereal
assumes Ai. 0 < fi
shows summable f
(proof)

lemma sums-ereal: (Az. ereal (f x)) sums ereal x <— f sums x
(proof)
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lemma suminf-ereal-eq-SUP:
fixes f :: nat = ereal
assumes Ai. 0 < fi
shows (3" z. fz) = (SUP n. Y i<n. f1i)
(proof )

lemma suminf-bound:
fixes f :: nat = ereal
assumes VN. (3 n<N. fn) <z
and pos: An. 0 < fn
shows suminf f < z

(proof)

lemma suminf-bound-add:
fixes f :: nat = ereal
assumes VN. (D n<N. fn)+y <z
and pos: An. 0 < fn

and y # —o0
shows suminf f + y < z
(proof)

lemma suminf-upper:
fixes f :: nat = ereal
assumes An. 0 < fn
shows (D n<N. fn) < (> n. fn)
(proof )

lemma suminf-0-le:
fixes f :: nat = ereal
assumes An. 0 < fn
shows 0 < (D" n. fn)
(proof )

lemma suminf-le-pos:
fixes f g :: nat = ereal
assumes AN. fN < g N
and AN. 0 < fN
shows suminf f < suminf g
(proof)

lemma suminf-half-series-ereal: (> n. (1/2 :: ereal) " Suc n) = 1

(proof )

lemma suminf-add-ereal:
fixes f g :: nat = ereal
assumes Ai. 0 < fi
and A\i. 0 < g1
shows (3" i. fi + g i) = suminf f + suminf g
(proof)

415
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lemma suminf-cmult-ereal:
fixes f g :: nat = ereal
assumes Ai. 0 < fi
and 0 < g
shows (3" i. a x fi) = a * suminf f
(proof)

lemma suminf-PInfty:
fixes f :: nat = ereal
assumes Ai. 0 < fi
and suminf f # oo
shows fi # o
(proof)

lemma suminf-Plnfty-fun:
assumes Ai. 0 < fi
and suminf f # oo
shows 3f". f = (\x. ereal (f' z))
(proof)

lemma summable-ereal:
assumes Ai. 0 < fi
and (> 4. ereal (fi)) # oo

shows summable f
(proof)

lemma suminf-ereal:
assumes Ai. 0 < fi
and (> 1. ereal (fi)) # oo
shows (> i. ereal (f4)) = ereal (suminf f)
(proof)

lemma suminf-ereal-minus:
fixes f g :: nat = ereal
assumes ord: Ni. gi < fi Ni. 0 < gi
and fin: suminf f # oo suminf g # oo
shows (3" i. fi — g i) = suminf f — suminf g
(proof)

lemma suminf-ereal-PInf [simp]: (D z. ocoereal) = oo

{(proof)

lemma summable-real-of-ereal:
fixes f :: nat = ereal
assumes f: Ni. 0 < fi
and fin: (> 4. fi) # o0
shows summable (\i. real-of-ereal (f 1))

(proof)
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lemma suminf-SUP-eq:
fixes f :: nat = nat = ereal
assumes Ai. incseq (An. fn )
and Ani. 0 < fni
shows (3" i. SUP n. fni)= (SUPn. > i. fni)
(proof)

lemma suminf-setsum-ereal:
fixes f :: - = - = ereal
assumes nonneg: A\ia. a € A= 0<fia
shows (3" i. > acA. fia)= (> acA. > i. fia)
(proof)

lemma suminf-ereal-eq-0:

fixes f :: nat = ereal

assumes nneg: N\i. 0 < fi

shows (3" i. fi) =0 «— (Vi. fi=10)
(proof)

lemma suminf-ereal-offset-le:

fixes f :: nat = ereal

assumes f: A\i. 0 < fi

shows (3" i. f (i + k)) < suminf f
(proof)

lemma sums-suminf-ereal: f sums x = (>_ 1. ereal (fi)) = ereal x
(proof)

lemma suminf-ereal’: summable f = (3 4. ereal (f1)) = ereal (>_i. f1i)

(proof)

lemma suminf-ereal-finite: summable f = (3" . ereal (f 1)) # o0
{proof)

lemma suminf-ereal-finite-neg:
assumes summable f
shows (> z. ereal (fz)) # —o
(proof)

lemma SUP-ereal-add-directed:
fixes f g :: 'a = ereal
assumes nonneg: N\i. i1 € [ = 0 < fi Ni.i €l = 0<gi

assumes directed: Nij. i € [ = jel = Jkel. fi+gj<fk+gk

shows (SUP i:I. fi + g i) = (SUP i:I. fi) + (SUP i:I. g i)
(proof )

lemma SUP-ereal-setsum-directed:
fixes fg :: 'a = 'b = ereal
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assumes [ # {}

assumes directed: ANij. NC A= i€l = jecl = Jkel.VneN. fni
SfnkANfnj<fnk

assumes nonneg: Ani.i € I = ne A= 0<fni

shows (SUP i:I. Y n€A. fni)= (> n€A. SUPi:I. fni)

(proof)

lemma suminf-SUP-eq-directed:

fixes f :: - = nat = ereal

assumes [ # {}

assumes directed: ANij. i € I = j € I = finite N = Jkel. VneN. fi
n<fknANfin<fkn

assumes nonneg: Ani. 0 < fni

shows (3" i. SUP n:I. fni) = (SUP n:l. > i. fni)
(proof)

lemma ereal-dense3:
fixes x y :: ereal
shows © < y = Jdrurat. © < real-of-rat r A real-of-rat r < y

(proof)

lemma continuous-within-ereallintro, simp|: x € A = continuous (at z within
A) ereal

{proof)

lemma ereal-open-uminus:
fixes S :: ereal set
assumes open S
shows open (uminus ‘ S)

{proof)

lemma ereal-uminus-complement:
fixes S :: ereal set
shows uminus * (— S) = — uminus ‘S
(proof )

lemma ereal-closed-uminus:
fixes S :: ereal set
assumes closed S
shows closed (uminus © S)

{proof)

lemma ereal-open-affinity-pos:
fixes S :: ereal set
assumes open S
and m: m # o0 0 < m
and t: [t| # o0
shows open ((Az. m * z + t) *9)
(proof)



THEORY “Extended-Real”

lemma ereal-open-affinity:
fixes S :: ereal set
assumes open S
and m: |m| # co m # 0
and t: [t| # oo
shows open (Az. m x z + t) ©9)
(proof)

lemma open-uminus-iff:
fixes S :: ereal set
shows open (uminus ¢ S) «— open S

{proof)

lemma ereal- Liminf-uminus:
fixes [ :: 'a = ereal
shows Liminf net (Ax. — (f z)) = — Limsup net f
{proof )

lemma Liminf-Plnfty:
fixes [ :: 'a = ereal
assumes - trivial-limit net
shows (f —— o0) net «— Liminf net f = oo
(proof)

lemma Limsup-MInfty:
fixes [ :: 'a = ereal
assumes — trivial-limit net
shows (f —— —o0) net «— Limsup net f = —oo
(proof )

lemma convergent-ereal: — RENAME

fixes X :: nat = 'a :: {complete-linorder,linorder-topology }

shows convergent X <— limsup X = liminf X
(proof)

lemma limsup-le-liminf-real:
fixes X :: nat = real and L :: real
assumes I: limsup X < L and 2: L < liminf X
shows X —— L

(proof)

lemma liminf-Plnfty:
fixes X :: nat = ereal
shows X —— oo +— liminf X = oo

{proof)

lemma limsup-MInfty:
fixes X :: nat = ereal
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shows X —— —oc0 +— limsup X = —o0
(proof)

lemma ereal-lim-mono:
fixes X Y :: nat = 'a:linorder-topology
assumes An. N <n= Xn<Yn
and X —— =z
and ¥ —— y
shows z < y

(proof )

lemma incseq-le-ereal:
fixes X :: nat = 'a::lino