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Abstract

This entry builds upon the results about formal and analytic Dirich-
let series to define the Hurwitz ¢ function ((a, s) and, based on that,
the Riemann ¢ function ((s). This is done by first defining them for
M(z) > 1 and then successively extending the domain to the left using
the Euler-MacLaurin formula.

Apart from the most basic facts such as analyticity, the following
results are provided:

o the Stieltjes constants and the Laurent expansion of ((s) at s = 1

o the non-vanishing of ((s) for R(s) > 1

o the relationship between ((a,s) and T’

e the special values at negative integers and positive even integers

o Hurwitz’s formula and the reflection formula for {(s)

« the Hadjicostas—Chapman formula [3, 4]

The entry also contains Euler’s analytic proof of the infinitude of
primes, based on the fact that ((s) has a pole at s = 1.
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1 Various preliminary material

theory Zeta-Library
imports
HOL— Complex-Analysis. Complex-Analysis
HOL— Real-Asymp. Real-Asymp
Dirichlet-Series. Dirichlet-Series- Analysis
begin

1.1 Facts about limits

lemma at-within-altdef:
at © within A = (INF S€{S. open S A\ z € S}. principal (S N (A — {z})))
unfolding at-within-def nhds-def inf-principal [symmetric]
by (subst INF-inf-distrib [symmetric]) (auto simp: INF-constant)

lemma tendsto-at-left-reall-sequentially:

fixes [ :: real = 'b::first-countable-topology

assumes x: AX. filterlim X (at-left ¢) sequentially = (An. f (X n)) —— y

shows (f —— y) (at-left ¢)
proof —

obtain A where A: decseq A open (A n) y € A n nhds y = (INF n. principal
(A n)) for n

by (rule nhds-countable|of y]) (rule that)

have Vm. 3d<c. Vze{d<..<c}. fr € Am
proof (rule ccontr)
assume — (Vm. 3d<c. Vze{d<..<c}. fz € A m)
then obtain m where *x: Ad. d < ¢ = Fze{d<.<c}. fr ¢ Am
by auto
have 3X. Vn. (f (Xn) ¢ AmAXn<c)ANX (Sucn)>c— maz0 ((¢c —
Xn)/2)
proof (intro dependent-nat-choice, goal-cases)
case ]
from xx[of ¢ — 1] show ?Zcase by auto
next
case (2 z n)
with sx[of ¢ — maz 0 (¢ — z) / 2] show ?case by force
qed
then obtain X where X: An. f (X n) ¢ A m An. X n < ¢ An. X (Suc n)
>c—max 0 ((c— Xn)/ 2)
by auto (metis diff-gt-0-iff-gt half-gt-zero-iff max.absorb3 max.commute)
have X-ge: Xn>c— (¢ — X 0)/ 2 " nforn
proof (induction n)
case (Suc n)
havec — (¢ = X0)/ 2 " Sucn=c—(c—(c—(c=X0)/2 " n)/2
by simp
alsohave c — (¢ — (¢ — (¢ —X0)/ 2" n)/2<c—(¢c—Xn)/ 2
by (intro diff-left-mono divide-right-mono Suc diff-right-mono) auto
also have ... = ¢ —maz 0 ((c — X n) / 2)



using X[of n] by (simp add: maz-def)
also have ... < X (Suc n)
using X[of n] by simp
finally show ?case by linarith
qged auto

have X —— ¢
proof (rule tendsto-sandwich)
show eventually (An. X n < ¢) sequentially
using X by (intro always-eventually) (auto introl: less-imp-le)
show eventually (An. Xn>c— (¢ — X 0)/ 2 " n) sequentially
using X-ge by (intro always-eventually) auto
qed real-asymp+
hence filterlim X (at-left ¢) sequentially
by (rule tendsto-imp-filterlim-at-left)
(use X in <auto intro!: always-eventually less-imp-le)
from topological-tendstoD[OF x[OF this] A(2, 3), of m] X(1) show Fualse
by auto
qed

then obtain d where d: d m < cz € {d m<..<c} = fz € A mfor mz
by metis
have sxx: at-left ¢ = (INF S€{S. open S A ¢ € S}. principal (S N {..<c}))
by (simp add: at-within-altdef)
from d show ?thesis
unfolding *xx A using A(1,2) by (intro filterlim-base[of - Am. {d m<_..}])
auto
qed

lemma
shows at-right-PInf [simp]: at-right (co :: ereal) = bot
and at-left-MInf [simp]: at-left (—oo :: ereal) = bot
proof —
have {(co:zereal)<..} = {} {..<—(oco:zereal)} = {}
by auto
thus at-right (oo :: ereal) = bot at-left (—oo :: ereal) = bot
by (simp-all add: at-within-def)
qged

lemma tendsto-at-left-ereall-sequentially:
fixes f :: ereal = 'b::first-countable-topology
assumes x: AX. filterlim X (at-left ¢) sequentially = (An. f (X n)) —— y
shows (f —— y) (at-left ¢)
proof (cases ¢)
case [simp|: Plnf
have ((Az. f (ereal )) —— y) at-top using assms
by (intro tendsto-at-topl-sequentially assms)
(simp-all flip: ereal-tendsto-simps add: o-def filterlim-at)
thus ?thesis



by (simp add: at-left-PInf filterlim-filtermap)
next
case [simp|: MInf
thus “thesis by auto
next
case [simp]: (real ¢')
have ((\z. f (ereal z)) —— y) (at-left ¢’)
proof (intro tendsto-at-left-reall-sequentially assms)
fix X assume «: filterlim X (at-left ¢') sequentially
show filterlim (An. ereal (X n)) (at-left ¢) sequentially
by (rule filterlim-compose[OF - x])
(simp add: sequentially-imp-eventually-within tendsto-imp-filterlim-at-left)
qed
thus ?thesis
by (simp add: at-left-ereal filterlim-filtermap)
qed

lemma tendsto-at-right-reall-sequentially:

fixes [ :: real = 'b::first-countable-topology

assumes x: A\ X. filterlim X (at-right ¢) sequentially = (An. f (X n)) —— y

shows (f —— y) (at-right c)
proof —

obtain A where A: decseq A open (A n) y € A n nhds y = (INF n. principal
(A n)) for n

by (rule nhds-countable[of y]) (rule that)

have Vm. 3d>c. Vze{c<.<d}. fr € A m
proof (rule ccontr)
assume — (Vm. 3d>c. Vee{e<..<d}. fz € A m)
then obtain m where *x: Ad. d > ¢ = Fze{c<.<d}. fr ¢ Am
by auto
have 3X. Vn. (f(Xn) ¢ AmAXn>c)ANX (Sucn) <c+ max0 (Xn
— o)/ 2)
proof (intro dependent-nat-choice, goal-cases)
case ]
from *x[of ¢ + 1] show ?case by auto
next
case (2 z n)
with sx[of ¢ + maz 0 (z — ¢) / 2] show ?case by force
qed
then obtain X where X: An. f (X n) ¢ Am An. X n > ¢ An. X (Suc n)
<c+maz 0 (Xn—c)/ 2)
by auto (metis add.left-neutral half-gt-zero-iff less-diff-eq maz.absorbs)
have X-le: Xn<c¢+ (X0 —-1¢)/ 2 " nforn
proof (induction n)
case (Suc n)
have X (Sucn) < c+ maz 0 (Xn —¢c)/ 2)
by (intro X)
alsohave ... =c+ (Xn—-1¢)/ 2



using X[of n] by (simp add: field-simps maz-def)
alsohave ... <c+ (¢+ (X0 —-¢)/2 " n—2¢)/ 2
by (intro add-left-mono divide-right-mono Suc diff-right-mono) auto

alsohave ... =c+ (X0 —¢) / 2 " Sucn
by simp
finally show ?case by linarith
qed auto

have X —— ¢
proof (rule tendsto-sandwich)
show eventually (An. X n > ¢) sequentially
using X by (intro always-eventually) (auto intro!: less-imp-le)
show eventually (An. Xn < c+ (X0 — ¢) / 2 " n) sequentially
using X-le by (intro always-eventually) auto
qed real-asymp+
hence filterlim X (at-right ¢) sequentially
by (rule tendsto-imp-filterlim-at-right)
(use X in <auto intro!: always-eventually less-imp-ley)
from topological-tendstoD[OF x[OF this] A(2, 3), of m] X(1) show False
by auto
qged

then obtain d where d: d m > cz € {c<..<d m} = fz € A m for m z
by metis
have xxx: at-right ¢ = (INF S€{S. open S A ¢ € S}. principal (S N {c<..}))
by (simp add: at-within-altdef)
from d show ?thesis
unfolding xxx A using A(1,2) by (intro filterlim-base[of - Am. {..<d m}])
auto
qed

lemma tendsto-at-right-ereall-sequentially:
fixes [ :: ereal = 'b::first-countable-topology
assumes x: A\ X. filterlim X (at-right c¢) sequentially = (An. f (X n)) —— y
shows (f —— y) (at-right c)
proof (cases c)
case [simp]: MInf
have ((Az. f (—ereal x)) —— y) at-top using assms
by (intro tendsto-at-topl-sequentially assms)
(simp-all flip: uminus-ereal.simps ereal-tendsto-simps add: o-def filterlim-at)
thus %thesis
by (simp add: at-right-MInf filterlim-filtermap at-top-mirror)
next
case [simp]: PInf
thus ?thesis by auto
next
case [simp]: (real ¢’)
have ((\z. f (ereal z)) —— y) (at-right ¢’
proof (intro tendsto-at-right-reall-sequentially assms)



fix X assume x: filterlim X (at-right ¢’) sequentially
show filterlim (An. ereal (X n)) (at-right c) sequentially
by (rule filterlim-compose|OF - x])
(simp add: sequentially-imp-eventually-within tendsto-imp-filterlim-at-right)

qed
thus ?thesis

by (simp add: at-right-ereal filterlim-filtermap)

qed

proposition analytic-continuation”:
assumes hol: f holomorphic-on S g holomorphic-on S
and open S and connected S
and UC Sand £ € §
and ¢ islimpt U
and fUO [simp): Nz. z€ U = fz=gz
and w € S
shows fw =g w
using analytic-continuation|OF holomorphic-on-diff [OF hol| assms(3—7) - assms(9)]
assms(8)
by simp

1.2 Various facts about integrals

lemma continuous-on-imp-set-integrable-cbox:
fixes h :: ‘a :: euclidean-space = 'b :: euclidean-space
assumes continuous-on (cbox a b) h
shows  set-integrable lborel (cbox a b) h
by (simp add: assms borel-integrable-compact set-integrable-def)

1.3 Uniform convergence of integrals

lemma has-absolute-integral-change-of-variables-1":
fixes f :: real = real and g :: real = real
assumes S: S € sets lebesgue
and der-g: Nz. x € S => (g has-field-derivative ¢' ) (at x within S)
and inj: inj-on g S
shows (A\z. ¢’ z| xr f(g z)) absolutely-integrable-on S A
integral S (A\z. |g' z| *g f(g z)) = b
< f absolutely-integrable-on (g * S) A integral (g9 *S) f=b
proof —
have (Az. |g’ z| xg vec (f(g z)) :: real ~ 1) absolutely-integrable-on S A
integral S (Az. |g" x| xr vec (f(g x))) = (vec b :: real ~ 1)
> (Az. vec (f x) :: real ~ 1) absolutely-integrable-on (g *S) A
integral (g ©S) (Ax. vec (fz)) = (vec b :: real ~ 1)
using assms unfolding has-real-derivative-iff-has-vector-derivative
by (intro has-absolute-integral-change-of-variables-1 assms) auto
thus ?thesis
by (simp add: absolutely-integrable-on-1-iff integral-on-1-eq)
qed



lemma uniform-limit-set-lebesgue-integral:
fixes f :: '/a = 'b :: euclidean-space = 'c :: {banach, second-countable-topology}
assumes set-integrable lborel X' g
assumes [measurable]: X' € sets borel
assumes [measurable]: Ny. y € Y = set-borel-measurable borel X' (f y)
assumes A\y. y € Y = (AE teX' in lborel. norm (fy t) < g t)
assumes eventually (Az. X © € sets borel N Xz C X') F
assumes filterlim (Az. set-lebesgue-integral lborel (X z) g)
(nhds (set-lebesgue-integral lborel X' g)) F
shows uniform-limit Y
(Az y. set-lebesgue-integral lborel (X z) (f y))
(A\y. set-lebesgue-integral lborel X' (f y)) F
proof (rule uniform-limitl, goal-cases)
case (1 ¢)
have integrable-g: set-integrable lborel U g
if U € sets borel U C X' for U
by (rule set-integrable-subset|OF assms(1)]) (use that in auto)
have eventually (Az. dist (set-lebesque-integral lborel (X z) g)
(set-lebesgue-integral lborel X' g) < &) F
using <€ > 0) assms by (auto simp: tendsto-iff)
from this show ?case using <eventually (A-. - A -) F)
proof eventually-elim
case (elim )
hence [measurable]:X = € sets borel and X z C X' by auto
have integrable: set-integrable lborel U (f y)
ifye YU € sets borel U C X' for y U
apply (rule set-integrable-subset)
apply (rule set-integrable-bound|OF assms(1)])
apply (use assms(8) that in <simp add: set-borel-measurable-def)
using assms(4)[OF <y € Y»] apply eventually-elim apply force
using that apply simp-all
done
show ?case
proof
fix y assume y € Y
have dist (set-lebesgue-integral lborel (X z) (f y))
(set-lebesgue-integral lborel X' (f y)) =
norm (set-lebesque-integral lborel X' (f y) —
set-lebesgue-integral lborel (X z) (f y))
by (simp add: dist-norm norm-minus-commaute)
also have set-lebesgue-integral lborel X' (f y) —
set-lebesgue-integral lborel (X z) (fy) =
set-lebesgue-integral lborel (X' — X z) (f y)
unfolding set-lebesgue-integral-def
apply (subst Bochner-Integration.integral-diff [symmetric])
unfolding set-integrable-def [symmetric]
apply (rule integrable; (fact | simp))
apply (rule integrable; fact)
apply (intro Bochner-Integration.integral-cong)



apply (use «X z C X’ in <auto simp: indicator-def>)
done
also have norm ... < ([t€eX'—X z. norm (f y t) dlborel)
by (intro set-integral-norm-bound integrable) (fact | simp)+
also have AF te X' — X x in lborel. norm (fyt) < gt
using assms(4)[OF «y € Y>] by eventually-elim auto
with <y € Y» have ([ t€X'—X z. norm (fy t) dlborel) < ([teX'-X z. gt
Olborel)

by (intro set-integral-mono-AE set-integrable-norm integrable integrable-g)
auto
also have ... = ([ teX'. gt dlborel) — ([ teX z. g t dlborel)
unfolding set-lebesgue-integral-def
apply (subst Bochner-Integration.integral-diff [symmetric])
unfolding set-integrable-def [symmetric]
apply (rule integrable-g; (fact | simp))
apply (rule integrable-g; fact)
apply (intro Bochner-Integration.integral-cong)
apply (use <X z C X' in <auto simp: indicator-def>)
done
also have ... < dist ([t€X z. g t Olborel) ([ teX'. gt Olborel)
by (simp add: dist-norm)
also have ... < ¢ by fact
finally show dist (set-lebesque-integral lborel (X z) (f y))
(set-lebesgue-integral lborel X' (fy)) < e .
qed
qged
qged

lemma integral-dominated-convergence-at-right:
fixes s :: real = 'a = 'b::{banach, second-countable-topology} and w :: ‘a = real
and f :: '/a = 'band M and c :: real
assumes f € borel-measurable M A\t. s t € borel-measurable M integrable M w
assumes lim: AE zin M. (Mi. s i z) —— fz) (at-right c)
assumes bound: V g i in at-right c. AE xin M. norm (siz) < wzx
shows ((\t. integral’ M (s t)) — integral® M f) (at-right c)
proof (rule tendsto-at-right-reall-sequentially)
fix X :: nat = real assume X: filterlim X (at-right c) sequentially
from filterlim-iff[THEN iffD1, OF this, rule-format, OF bound)]
obtain N where w: An. N <n= AFEzin M. norm (s (X n)z) <wzx
by (auto simp: eventually-sequentially)

show (An. integral®* M (s (X n))) —— integral® M f
proof (rule LIMSEQ-offset, rule integral-dominated-convergence)
show AE z in M. norm (s (X (n + N)) z) < wz for n
by (rule w) auto
show AEzin M. (An. s (X (n+ N))z) —— fz
using lim
proof eventually-elim
fix z assume ((\i. s { ©) —— fz) (at-right c)



then show (An. s (X (n + N)) z) —— fz
by (intro LIMSEQ-ignore-initial-segment filterlim-compose[OF - X])
qed
qed fact+
qed

lemma integral-dominated-convergence-at-left:
fixes s :: real = 'a = 'b::{banach, second-countable-topology} and w :: ‘a = real
and f :: '/a = 'band M and c :: real
assumes f € borel-measurable M A\t. s t € borel-measurable M integrable M w
assumes lim: AE xin M. (Mi. s i ) —— fz) (at-left )
assumes bound: Vg i in at-left c. AE zin M. norm (siz) < wax
shows ((\t. integral” M (s t)) —— integral® M f) (at-left c)
proof (rule tendsto-at-left-reall-sequentially)
fix X :: nat = real assume X: filterlim X (at-left ¢) sequentially
from filterlim-iff[THEN iffD1, OF this, rule-format, OF bound]
obtain N where w: An. N <n= AFEzin M. norm (s (X n)z) <wzx
by (auto simp: eventually-sequentially)

show (An. integral® M (s (X n))) —— integral® M f
proof (rule LIMSEQ-offset, rule integral-dominated-convergence)
show AE zin M. norm (s (X (n + N)) z) < wz for n
by (rule w) auto
show AEzin M. (An. s (X (n+ N)) z) —— fz
using lim
proof eventually-elim
fix z assume ((\i. s i ) —— fz) (at-left ¢)
then show (An. s (X (n + N)) z) —— fx
by (intro LIMSEQ-ignore-initial-segment filterlim-compose[OF - X])
qed
qed fact+
qed

lemma uniform-limit-interval-integral-right:
fixes f :: 'a = real = 'c :: {banach, second-countable-topology}
assumes interval-lebesgue-integrable lborel a b g
assumes [measurable]: \y. y € Y = set-borel-measurable borel (einterval a b)
(fy)
assumes A\y. y € Y = (AF teeinterval a b in lborel. norm (fy t) < g t)
assumes g < b
shows  uniform-limit Y (A\b' y. LBINT t=a..b". f y t) (A\y. LBINT t=a..b. f y
t) (at-left b)
proof (cases Y = {})
case Fulse
have g-nonneg: AFE t€einterval a b in lborel. g t > 0
proof —
from (Y # {}> obtain y where y € Y by auto
from assms(3)[OF this] show ?thesis
by eventually-elim (auto elim: order.trans[rotated])
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qed

have ev: eventually (A\b'. b’ € {a<..<b}) (at-left b)
using <a < b by (intro eventually-at-left)
with (a < b» have ?thesis «+— uniform-limit Y (\b' y. [ t€einterval a (min b
b"). fy t Olborel)
(Ay. [ teeinterval a b. fy t Dlborel) (at-left b)
by (intro filterlim-cong arg-cong2[where f = uniformly-on])
(auto simp: interval-lebesque-integral-def fun-eq-iff min-def
introl: eventually-mono[OF ev))
also have ...
proof (rule uniform-limit-set-lebesgue-integrallwhere g = g|, goal-cases)
show V g b’ in at-left b. einterval a (min b b’) € sets borel A
einterval a (min b b’) C einterval a b
using ev by eventually-elim (auto simp: einterval-def)
next
show ((Ab’. set-lebesgue-integral lborel (einterval a (min b b’)) g) ——
set-lebesgue-integral lborel (einterval a b) g) (at-left b)
unfolding set-lebesgue-integral-def
proof (intro tendsto-at-left-ereall-sequentially integral-dominated-convergence)
have *: set-borel-measurable borel (einterval a b) g
using assms(1) less-imp-le]OF <a < b]
by (simp add: interval-lebesgque-integrable-def set-integrable-def set-borel-measurable-def)
show (Az. indicat-real (einterval a b) x xg g z) € borel-measurable lborel
using * by (simp add: set-borel-measurable-def)
fix X :: nat = ereal and n :: nat
have set-borel-measurable borel (einterval a (min b (X n))) g
by (rule set-borel-measurable-subset| OF x]) (auto simp: einterval-def)
thus (Az. indicat-real (einterval a (min b (X n))) x g g x) € borel-measurable
lborel
by (simp add: set-borel-measurable-def)
next
fix X :: nat = ereal
assume X: filterlim X (at-left b) sequentially
show AFE z in lborel. (An. indicat-real (einterval a (min b (X n))) z *xg g z)
—— indicat-real (einterval a b) x xg g x
proof (rule AE-I2)
fix = :: real
have (At. indicator (einterval a (min b (X t))) z :: real) ——
indicator (einterval a b) x
proof (cases x € einterval a b)
case False
hence z ¢ einterval a (min b (X t))for t by (auto simp: einterval-def)
with Fualse show ?thesis by (simp add: indicator-def)
next
case True
with <a < b have eventually (At. t € {maz a £<..<b}) (at-left b)
by (intro eventually-at-leftI[of ereal z]) (auto simp: einterval-def min-def)
from this and X have eventually (At. X t € {maz a £<..<b}) sequentially

11



by (rule eventually-compose-filterlim)
hence eventually (At. indicator (einterval a (min b (X t))) z = (1 :: real))
sequentially
by eventually-elim (use True in <auto simp: indicator-def einterval-def»)
from tendsto-eventually[OF this] and True show ?thesis
by (simp add: indicator-def)
qged
thus (An. indicat-real (einterval a (min b (X n))) = *g g x)
—— indicat-real (einterval a b) © *g g « by (intro tendsto-intros)
qed
next
fix X :: nat = ereal and n :: nat
show AFE z in lborel. norm (indicator (einterval a (min b (X n))) = *r g x)
<
indicator (einterval a b) x *g g x
using g-nonneg by eventually-elim (auto simp: indicator-def einterval-def)
qed (use assms less-imp-le[OF <a < b] in
cauto simp: interval-lebesque-integrable-def set-integrable-def)
qed (use assms in <auto simp: interval-lebesgue-integrable-def>)
finally show ?thesis .
qed auto

lemma uniform-limit-interval-integral-left:
fixes f :: 'a = real = 'c :: {banach, second-countable-topology}
assumes interval-lebesgue-integrable lborel a b g
assumes [measurable]: \y. y € Y = set-borel-measurable borel (einterval a b)
(fy)
assumes A\y. y € Y = (AF teeinterval a b in lborel. norm (fy t) < g t)
assumes a < b
shows uniform-limit Y (Aa’ y. LBINT t=a’..b. fy t) (A\y. LBINT t=a..b. f y
t) (at-right a)
proof (cases Y = {})
case Fulse
have g-nonneg: AE tceinterval a b in lborel. g t > 0
proof —
from (Y # {}> obtain y where y € Y by auto
from assms(3)[OF this] show ?thesis
by eventually-elim (auto elim: order.trans[rotated])
qed

have ev: eventually (A\b'. b’ € {a<..<b}) (at-right a)

using <a < b by (intro eventually-at-rightl)
with <a < b» have ?thesis «— uniform-limit Y (Aa’ y. [ t€einterval (maz a

a’) b. fyt Olborel)
(\y. [teeinterval a b. [yt Olborel) (at-right a)
by (intro filterlim-cong arg-cong2[where f = uniformly-on])
(auto simp: interval-lebesgue-integral-def fun-eq-iff maz-def
introl: eventually-mono[OF ev))

also have ...
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proof (rule uniform-limit-set-lebesgue-integrallwhere g = g|, goal-cases)
show V i a’ in at-right a. einterval (maz a a’) b € sets borel N
einterval (maz a a’) b C einterval a b
using ev by eventually-elim (auto simp: einterval-def)
next
show ((\a'. set-lebesgue-integral lborel (einterval (max a a’) b) g) ——
set-lebesgue-integral lborel (einterval a b) g) (at-right a)
unfolding set-lebesgue-integral-def
proof (intro tendsto-at-right-ereall-sequentially integral-dominated-convergence)
have x: set-borel-measurable borel (einterval a b) g
using assms(1) less-imp-le[OF <a < b]
by (simp add: interval-lebesgque-integrable-def set-integrable-def set-borel-measurable-def)
show (Az. indicat-real (einterval a b) x xg g z) € borel-measurable lborel
using * by (simp add: set-borel-measurable-def)
fix X :: nat = ereal and n :: nat
have set-borel-measurable borel (einterval (maz a (X n)) b) g
by (rule set-borel-measurable-subset|OF x]) (auto simp: einterval-def)
thus (A\z. indicat-real (einterval (maz a (X n)) b) x g g x) € borel-measurable
lborel
by (simp add: set-borel-measurable-def)
next
fix X :: nat = ereal
assume X: filterlim X (at-right a) sequentially
show AFE z in lborel. (An. indicat-real (einterval (mazx a (X n)) b) z xg g x)
——— indicat-real (einterval a b) x xg g x
proof (rule AE-I2)
fix z :: real
have (At. indicator (einterval (maz a (X t)) b) x :: real) ——
indicator (einterval a b) x
proof (cases © € einterval a b)
case Fulse
hence z ¢ einterval (maz a (X t)) bfor t by (auto simp: einterval-def)
with False show ?thesis by (simp add: indicator-def)
next
case True
with <a < b» have eventually (At. t € {a<..<z}) (at-right a)
by (intro eventually-at-rightI[of - ereal x]) (auto simp: einterval-def
min-def)
from this and X have eventually (A\t. X t € {a<..<z}) sequentially
by (rule eventually-compose-filterlim)
hence eventually (At. indicator (einterval (maz a (X t)) b) z = (1 :: real))
sequentially
by eventually-elim (use True in <auto simp: indicator-def einterval-def>)
from tendsto-eventually[OF this| and True show ?thesis
by (simp add: indicator-def)
qed
thus (An. indicat-real (einterval (maz a (X n)) b) x g g )
—— indicat-real (einterval a b) © *p g « by (intro tendsto-intros)
qed
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next
fix X :: nat = ereal and n :: nat
show AFE z in lborel. norm (indicator (einterval (max a (X n)) b) © xg g z)
<
indicator (einterval a b) T *g g x
using g-nonneg by eventually-elim (auto simp: indicator-def einterval-def)
qed (use assms less-imp-le[OF <a < b] in
cauto simp: interval-lebesque-integrable-def set-integrable-def>)
qged (use assms in <auto simp: interval-lebesgue-integrable-def)
finally show ?thesis .
qged auto

lemma uniform-limit-interval-integral-sequentially:
fixes f :: 'a = real = ‘¢ :: {banach, second-countable-topology}
assumes interval-lebesgue-integrable lborel a b g
assumes [measurable]: \y. y € Y = set-borel-measurable borel (einterval a b)
(fv)
assumes \y. y € Y = (AF teeinterval a b in lborel. norm (fy t) < g t)
assumes a’: filterlim o’ (at-right a) sequentially
assumes b" filterlim b’ (at-left b) sequentially
assumes a < b
shows uniform-limit Y (An y. LBINT t=a' n..b' n. fy t)
(My. LBINT t=a..b. f y t) sequentially
proof (cases Y = {})
case Fulse
have g-nonneg: AFE teeinterval a b in lborel. gt > 0
proof —
from (Y # {}> obtain y where y € Y by auto
from assms(3)[OF this| show ?thesis
by eventually-elim (auto elim: order.trans[rotated))
qed

have ev: eventually (An. a < o’ n A a’"n <b nAb n<b) sequentially
proof —
from ereal-dense2[OF <a < by] obtain ¢ where #: a < ereal t ereal t < b by
blast
from t have eventually (An. o’ n € {a<..<t}) sequentially
by (intro eventually-compose-filterlim[OF - a'] eventually-at-rightI|of - ereal
)
moreover from ¢ have eventually (An. b’ n € {t<..<b}) sequentially
by (intro eventually-compose-filterlim[OF - b'] eventually-at-leftI]of ereal t])
ultimately show eventually (An. a < a’n A a’n<b' nAb n<b)sequentially
by eventually-elim auto
qed

have ?thesis «— uniform-limit Y (An y. [ t€einterval (maz a (a’ n)) (min b
(b" n)). fyt Olborel)
(Ay. [teeinterval a b. fy t Olborel) sequentially using <a < b
by (intro filterlim-cong arg-cong2[where f = uniformly-on])
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(auto simp: interval-lebesgue-integral-def fun-eq-iff min-def max-def
introl: eventually-mono[OF ev))
also have ...
proof (rule uniform-limit-set-lebesque-integral[where g = gl, goal-cases)

show V g n in sequentially. einterval (maz a (a’ n)) (min b (b’ n)) € sets borel
N

einterval (maz a (a’ n)) (min b (b’ n)) C einterval a b
using ev by eventually-elim (auto simp: einterval-def)
next

show ((An. set-lebesgue-integral lborel (einterval (maz a (a’ n)) (min b (b’ n)))
9 —

set-lebesgue-integral lborel (einterval a b) g) sequentially
unfolding set-lebesgue-integral-def
proof (intro integral-dominated-convergence)
have x: set-borel-measurable borel (einterval a b) g
using assms(1) less-imp-le]OF <a < b]
by (simp add: interval-lebesgue-integrable-def set-integrable-def set-borel-measurable-def)
show (Az. indicat-real (einterval a b) x xg g z) € borel-measurable lborel
using * by (simp add: set-borel-measurable-def)
fix n :: nat
have set-borel-measurable borel (einterval (maz a (a’ n)) (min b (b’ n))) g
by (rule set-borel-measurable-subset|OF x]) (auto simp: einterval-def)
thus (Az. indicat-real (einterval (maz a (a’ n)) (min b (b’ n))) z xg g z) €
borel-measurable lborel

by (simp add: set-borel-measurable-def)
next

show AFE z in lborel. (An. indicat-real (einterval (max a (a’ n)) (min b (b’
n)) 7 % g 7)
— indicat-real (einterval a b) z *g g x
proof (rule AE-12)
fix x :: real
have (\t. indicator (einterval (maz a (a’t)) (min b (b’ 1)) =
indicator (einterval a b) x
proof (cases © € einterval a b)
case Fulse
hence z ¢ einterval (maz a (a’ t)) (min b (b’ t))for ¢
by (auto simp: einterval-def)

with False show ?thesis by (simp add: indicator-def)
next

case True
with <a < b» have eventually (At. t € {a<..<z}) (at-right a)
by (intro eventually-at-rightI[of - ereal x]) (auto simp: einterval-def

i real) ——

min-def)

have eventually (An. z € {a’ n<..<b’ n}) sequentially
proof —

have eventually (An. o’ n € {a<..<z}) sequentially using True

by (intro eventually-compose-filterlim[OF - o] eventually-at-rightI|of -
ereal z))
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(auto simp: einterval-def)
moreover have eventually (An. b’ n € {£<..<b}) sequentially using
True
by (intro eventually-compose-filterlim[OF - b'| eventually-at-leftI[of
ereal x])
(auto simp: einterval-def)
ultimately show eventually (An. z € {a’ n<..<b’ n}) sequentially
by eventually-elim auto
qed
hence eventually (A\t. indicator (einterval (maz a (a’ t)) (min b (b’ t)))
= (1 :: real)) sequentially
by eventually-elim (use True in <auto simp: indicator-def einterval-def>)
from tendsto-eventually[OF this| and True show ?thesis
by (simp add: indicator-def)
qed
thus (An. indicat-real (einterval (mazx a (a’ n)) (min b (b’ n))) z *r g )
— indicat-real (einterval a b) z xg g x by (intro tendsto-intros)
qed
next
fix X :: nat = ereal and n :: nat
show AFE x in lborel. norm (indicator (einterval (maz a (a’ n)) (min b (b’
n))) z xr g x) <
indicator (einterval a b) x *p g
using g-nonneg by eventually-elim (auto simp: indicator-def einterval-def)
qged (use assms less-imp-le[OF <a < b] in
cauto simp: interval-lebesgue-integrable-def set-integrable-def)
qed (use assms in <auto simp: interval-lebesgue-integrable-def>)
finally show ?thesis .
qed auto

lemma interval-lebesgue-integrable-combine:
assumes interval-lebesque-integrable lborel A B f
assumes interval-lebesque-integrable lborel B C' f
assumes set-borel-measurable borel (einterval A C) f
assumes A < BB < (C
shows interval-lebesque-integrable lborel A C f
proof —
have meas: set-borel-measurable borel (einterval A B U einterval B C) f
by (rule set-borel-measurable-subset[OF assms(3)]) (use assms in <auto simp:
einterval-def)
have set-integrable lborel (einterval A B U einterval B C) f
using assms by (intro set-integrable-Un) (auto simp: interval-lebesgue-integrable-def)
also have ?this +— set-integrable lborel (einterval A C) f
proof (cases B € {00, —o0})
case True
with assms have einterval A B U einterval B C = einterval A C
by (auto simp: einterval-def)
thus ?thesis by simp
next
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case Fulse
then obtain B’ where [simp|: B = ereal B’
by (cases B) auto
have indicator (einterval A C) x = (indicator (einterval A B U einterval B C')
x :: real)
if © # B’ for z using assms(4,5) that
by (cases A; cases C) (auto simp: einterval-def indicator-def)
hence {z € space lborel. indicat-real (einterval A B U einterval B C) = xp fx
+
indicat-real (einterval A C) x xg fx} C {B’} by force
thus ?thesis unfolding set-integrable-def using meas assms
by (intro integrable-cong-AE AE-I[of - - {B'}])
(simp-all add: set-borel-measurable-def)
qed
also have ... +— ?Zthesis
using order.trans|OF assms(4,5)] by (simp add: interval-lebesque-integrable-def)
finally show ?thesis .
qed

lemma interval-lebesgue-integrable-bigo-right:
fixes A B :: real
fixes f :: real = real
assumes f € Olat-left B](g)
assumes cont: continuous-on {A..<B} f
assumes meas: set-borel-measurable borel {A<..<B} f
assumes interval-lebesgue-integrable lborel A B g
assumes A < B
shows interval-lebesque-integrable lborel A B f
proof —
from assms(1) obtain ¢ where c¢: ¢ > 0 eventually (Az. norm (fz) < ¢ * norm
(g )) (at-left B)
by (elim landau-0.bigE)
then obtain B’ where B” B’ < B \z. z € {B'<..<B} = norm (fz) < ¢ *
norm (g x)
using (A < B> by (auto simp: Topological-Spaces.eventually-at-left[of A])

show ?thesis
proof (rule interval-lebesgue-integrable-combine)
show interval-lebesque-integrable lborel A (max A B') f
using B’ assms
by (intro interval-integrable-continuous-on continuous-on-subset[OF cont))
auto
show set-borel-measurable borel (einterval (ereal A) (ereal B)) f
using assms by simp
have meas”: set-borel-measurable borel {mazx A B'<..<B} f
by (rule set-borel-measurable-subset|OF meas]) auto
have set-integrable lborel {max A B'<.<B} f
proof (rule set-integrable-bound[OF - - AE-I2[OF impl]])
have set-integrable lborel {A<..<B} (Az. ¢ % g 1)
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using assms by (simp add: interval-lebesque-integrable-def)
thus set-integrable lborel {maz A B'<..<B} (Az. ¢ % g )
by (rule set-integrable-subset) auto
next
fix  assume z € {mazr A B'<..<B}
hence norm (f z) < ¢ * norm (g )
by (intro B’) auto
also have ... < norm (¢ * g x)
unfolding norm-mult by (intro mult-right-mono) auto
finally show norm (f z) < norm (¢ * g z) .
qed (use meas’ in <simp-all add: set-borel-measurable-def»)
thus interval-lebesque-integrable lborel (ereal (max A B')) (ereal B) f
unfolding interval-lebesque-integrable-def einterval-eq-Icc using «B’' < B»
assms by simp
ged (use B’ assms in auto)
qed

lemma interval-lebesgue-integrable-bigo-left:
fixes A B :: real
fixes f :: real = real
assumes f € Olat-right Al(g)
assumes cont: continuous-on {A<..B} f
assumes meas: set-borel-measurable borel {A<..<B} f
assumes interval-lebesque-integrable lborel A B g
assumes A < B
shows interval-lebesgue-integrable lborel A B f
proof —
from assms(1) obtain ¢ where c¢: ¢ > 0 eventually (Az. norm (f ) < ¢ % norm
(g z)) (at-right A)
by (elim landau-0.bigFE)
then obtain A’ where A" A’ > A Az. z € {A<.<A’} = norm (fz) < ¢ *
norm (g z)
using <A < B by (auto simp: Topological-Spaces.eventually-at-right[of A])

show ?thesis
proof (rule interval-lebesgue-integrable-combine)
show interval-lebesgue-integrable lborel (min B A') B f
using A’ assms
by (intro interval-integrable-continuous-on continuous-on-subset[OF cont))
auto
show set-borel-measurable borel (einterval (ereal A) (ereal B)) f
using assms by simp
have meas”: set-borel-measurable borel {A<..<min B A’} f
by (rule set-borel-measurable-subset| OF meas]) auto
have set-integrable lborel {A<..<min B A’} f
proof (rule set-integrable-bound[OF - - AE-I2[OF impl])])
have set-integrable lborel {A<..<B} (Az. ¢ * g z)
using assms by (simp add: interval-lebesgue-integrable-def)
thus set-integrable lborel {A<..<min B A’} (Az. ¢ % g )
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by (rule set-integrable-subset) auto
next
fix z assume z € {A<..<min B A’}
hence norm (f z) < ¢ * norm (g )
by (intro A’) auto
also have ... < norm (¢ x g x)
unfolding norm-mult by (intro mult-right-mono) auto
finally show norm (fz) < norm (¢ x g x) .
qged (use meas’ in «simp-all add: set-borel-measurable-def»)
thus interval-lebesgue-integrable lborel (ereal A) (ereal (min B A')) f
unfolding interval-lebesque-integrable-def einterval-eq-Icc using <A’ > A»
assms by simp
qged (use A’ assms in auto)
qed

1.4 Other material

lemma summable-comparison-test-bigo:

fixes f :: nat = real

assumes summable (An. norm (g n)) f € O(g)

shows summable f
proof —

from <f € O(g)) obtain C where C: eventually (Az. norm (f z) < C % norm
(g z)) at-top

by (auto elim: landau-0.bigE)

thus ?thesis

by (rule summable-comparison-test-ev) (insert assms, auto intro: summable-mult)
qed

lemma fps-expansion-cong:
assumes eventually (Az. g x = h z) (nhds z)
shows fps-ezpansion g x = fps-expansion h x
proof —
have (deriv "~ n) g x = (deriv "~ n) h z for n
by (intro higher-deriv-cong-ev assms refl)
thus ?thesis by (simp add: fps-expansion-def)
qed

lemma fps-expansion-eq-zero-iff:
assumes g holomorphic-on ball z T r > 0
shows fps-ezpansion g z = 0 «— (V2€ball z 1. g z = 0)
proof
assume *: Vz€ball zr. gz =0
have eventually (Aw. w € ball z r) (nhds z)
using assms by (intro eventually-nhds-in-open) auto
hence eventually (A\z. g z = 0) (nhds z)
by eventually-elim (use * in auto)
hence fps-ezpansion g z = fps-expansion (A-. 0) z
by (intro fps-expansion-cong)
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thus fps-expansion g z = 0
by (simp add: fps-expansion-def fps-zero-def)
next
assume *: fps-expansion g z = 0
have g w = 0 if w € ball z r for w
by (rule holomorphic-fun-eq-0-on-ball|OF assms(1) that])
(use * in <auto simp: fps-expansion-def fps-eq-iff’+)
thus Vweball z r. g w = 0 by blast
qed

lemma fds-nth-higher-deriv:
fds-nth ((fds-deriv "~ k) F) = (An. (—1) "k * of-real (In n) ~k * fds-nth F n)
by (induction k) (auto simp: fds-nth-deriv fun-eq-iff simp flip: scaleR-conv-of-real)

lemma binomial-n-n-minus-one [simp]: n > 0 = n choose (n — Suc 0) = n
by (cases n) auto

lemma has-field-derivative-complex-powr-right:
w # 0 = ((A\z. w powr z) has-field-derivative Ln w * w powr z) (at z within A)
by (rule DERIV-subset, rule has-field-derivative-powr-right) auto

lemmas has-field-derivative-complex-powr-right’ =
has-field-derivative-complez-powr-right THEN DERIV-chain2)

end

2 The Hurwitz and Riemann ( functions

theory Zeta-Function

imports
FEuler-MacLaurin. Euler-MacLaurin
Bernoulli. Bernoulli-Zeta
Dirichlet-Series. Dirichlet-Series- Analysis
Winding- Number- Eval. Winding- Number-Eval
HOL— Real-Asymp.Real-Asymp
Zeta-Library
Pure—ex.Guess

begin

2.1 Preliminary facts

lemma powr-add-minus-powr-asymptotics:
fixes a z :: complex
shows ((Az. ((1 4+ 2) powra — 1)/ z) —— a) (at 0)
proof (rule Lim-transform-eventually)
have eventually (Az::complex. z € ball 0 1 — {0}) (at 0)
using eventually-at-ball’lof 1 0::complex UNIV| by (simp add: dist-norm)
thus eventually (Az. (O n. (a gchoose (Suc n)) * z " n) = ((I + z) powr a —

1)/ 2) (at 0)
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proof eventually-elim
case (elim z)
hence (An. (a gchoose n) x z ~n) sums (1 + z) powr a
by (intro gen-binomial-complex) auto
hence (An. (a gchoose (Suc n)) * z ~ (Suc n)) sums ((1 + z) powr a — 1)
by (subst sums-Suc-iff) simp-all
also have (An. (a gchoose (Suc n)) * z = (Suc n)) = (An. z * ((a gchoose (Suc
w) * 2 " n))
by (simp add: algebra-simps)
finally have (An. (a gchoose (Suc n)) * z ~n) sums (((1 + z) powr a — 1) /
2)
by (rule sums-mult-D) (use elim in auto)
thus ?case by (simp add: sums-iff)
qed
next
have conv-radius (An. a gchoose (n + 1)) = conv-radius (An. a gchoose n)
using conv-radius-shift[of An. a gchoose n 1] by simp
hence continuous-on (cball 0 (1/2)) (Az. > n. (a gchoose (Suc n)) * (z — 0) ~
")
using conv-radius-gchoose|of a] by (intro powser-continuous-suminf) (simp-all)
hence isCont (Az. Y n. (a gchoose (Suc n)) * z " n) 0
by (auto intro: continuous-on-interior)
thus (Az. > n. (a gchoose Suc n) * z " n) —0— a
by (auto simp: isCont-def)
qed

lemma complex-powr-add-minus-powr-asymptotics:
fixes s :: complex
assumes a: ¢ > 0 and s: Re s < 1
shows filterlim (Az. of-real (x + a) powr s — of-real x powr s) (nhds 0) at-top
proof (rule Lim-transform-eventually)
show eventually (Az. ((1 + of-real (a / x)) powr s — 1) / of-real (a | x) *
of-real © powr (s — 1) * a =
of-real (x + a) powr s — of-real T powr s) at-top
(is eventually (A\z. ?f x | ?g  * ?h x x - = -) -) using eventually-gt-at-top|of
al
proof eventually-elim
case (elim )
have 9fz / %gx * ?haxxa= %z x (ax ?hz [/ %9 x) by simp
also have a * ?h x / %9 © = of-real z powr s
using elim a by (simp add: powr-diff)
also have ?fz % ... = of-real (z + a) powr s — of-real x powr s
using a elim by (simp add: algebra-simps powr-times-real [symmetric])
finally show ?case .
qed

have filterlim (Axz. complez-of-real (a / z)) (nhds (complex-of-real 0)) at-top

by (intro tendsto-of-real real-tendsto-divide-at-top| OF tendsto-const] filterlim-ident)
hence filterlim (Az. complex-of-real (a / x)) (at 0) at-top
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using a by (intro filterlim-atl) auto
hence (A\z. 9z / gz % ?hx x a) —— s * 0 * a) al-top using s
by (intro tendsto-mult filterlim-compose| OF powr-add-minus-powr-asymptotics]
tendsto-const tendsto-neg-powr-complex-of-real filterlim-ident) auto
thus ((A\z. 9fx / %92 x ?h x x a) —— 0) at-top by simp
qed

lemma summable-zeta:
assumes Re s > 1
shows summable (An. of-nat (Suc n) powr —s)

proof —
have summable (An. exp (complex-of-real (In (real (Suc n))) * — s)) (is summable
?f)
by (subst summable-Suc-iff, rule summable-complez-powr-iff) (use assms in
auto)

also have ?f = (An. of-nat (Suc n) powr —s)
by (simp add: powr-def algebra-simps del: of-nat-Suc)
finally show ?thesis .
qed

lemma summable-zeta-real:
assumes z > I
shows summable (An. real (Suc n) powr —z)
proof —
have summable (An. of-nat (Suc n) powr —complez-of-real x)
using assms by (intro summable-zeta) simp-all
also have (An. of-nat (Suc n) powr —complex-of-real ) = (An. of-real (real (Suc
n) powr —zx))
by (subst powr-Reals-eq) simp-all
finally show ?thesis
by (subst (asm) summable-complex-of-real)
qed

lemma summable-hurwitz-zeta:
assumes Re s> 1a > 0
shows summable (An. (of-nat n + of-real a) powr —s)
proof —
have summable (An. (of-nat (Suc n) + of-real a) powr —s)
proof (rule summable-comparison-test’ [OF summable-zeta-real [OF assms(1)]]
)
fix n = nat
have norm ((of-nat (Suc n) + of-real a) powr —s) = (real (Suc n) + a) powr
— Re s
(is N = -) using assms by (simp add: norm-powr-real-powr)
also have ... < real (Suc n) powr —Re s
using assms by (intro powr-mono2’) auto
finally show ?N < ... .
qed
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thus ?thesis by (subst (asm) summable-Suc-iff)
qed

lemma summable-hurwitz-zeta-real:
assumes z > 1 a > 0
shows summable (An. (real n + a) powr —x)
proof —
have summable (An. (of-nat n + of-real a) powr —complex-of-real x)
using assms by (intro summable-hurwitz-zeta) simp-all
also have (An. (of-nat n + of-real a) powr —complex-of-real ) =
(An. of-real ((real n + a) powr —z))
using assms by (subst powr-Reals-eq) simp-all
finally show ?thesis
by (subst (asm) summable-complex-of-real)
qed

2.2 Definitions

We use the Euler-MacLaurin summation formula to express ((s,a)— ‘;_}S as
a polynomial plus some remainder term, which is an integral over a function
of order O(—1 — 2n — 9R(s)). It is then clear that this integral converges

uniformly to an analytic function in s for all s with R(s) > —2n.

definition pre-zeta-aux :: nat = real = compler = complex where
pre-zeta-auxr N a s = a powr — s | 2 +
(3o i=1..N. (bernoulli (2 % i) / fact (2 * 1)) *r (pochhammer s (2xi — 1) x
of-real a powr (— s — of-nat (2xi — 1)))) +
EM-remainder (Suc (2+N))
(Az. —(pochhammer s (Suc (2+«N)) * of-real (x + a) powr (— 1 — 2xN —

5))) 0

By iterating the above construction long enough, we can extend this to the
entire complex plane.

definition pre-zeta :: real = complex = complex where
pre-zeta a s = pre-zeta-aux (nat (I — [Re s/ 2])) as

We can then obtain the Hurwitz ¢ function by adding back the pole at
1. Note that it is not necessary to trust that this somewhat complicated
definition is, in fact, the correct one, since we will later show that this
Hurwitz zeta function fulfils

1
((s,a) = Zm

n=0

and is analytic on C\ {1}, which uniquely defines the function due to analytic
continuation. It is therefore obvious that any alternative definition that is
analytic on C\ {1} and satisfies the above equation must be equal to our
Hurwitz ¢ function.

23



definition hurwitz-zeta :: real = complex = compler where
hurwitz-zeta a s = (if s = 1 then 0 else pre-zeta a s + of-real a powr (I — s) /

(s — 1))
The Riemann ¢ function is simply the Hurwitz ¢ function with a = 1.

definition zeta :: compler = complex where
zeta = hurwitz-zeta 1

We define the ¢ functions as 0 at their poles. To avoid confusion, these facts
are not added as simplification rules by default.

lemma hurwitz-zeta-1: hurwitz-zeta ¢ 1 = 0
by (simp add: hurwitz-zeta-def)

lemma zeta-1: zeta 1 = 0
by (simp add: zeta-def hurwitz-zeta-1)

lemma zeta-minus-pole-eq: s # 1 = zeta s — 1 / (s — 1) = pre-zeta 1 s
by (simp add: zeta-def hurwitz-zeta-def)

context
begin

private lemma holomorphic-pre-zeta-auz':
assumes a > 0 bounded U open U U C {s. Res >c} and 0: 0 > — 2 * real n
shows pre-zeta-auxz n a holomorphic-on U unfolding pre-zeta-auz-def
proof (intro holomorphic-intros)
define C :: real where C' = maxz 0 (Sup ((As. norm (pochhammer s (Suc (2 x*
n)))) ¢ closure U))
have compact (closure U)
using assms by (auto simp: compact-eq-bounded-closed)
hence compact ((As. norm (pochhammer s (Suc (2 * n)))) ‘ closure U)
by (rule compact-continuous-image [rotated]) (auto introl: continuous-intros)
hence bounded ((As. norm (pochhammer s (Suc (2 * n)))) * closure U)
by (simp add: compact-eq-bounded-closed)
hence C: cmod (pochhammer s (Suc (2 * n))) < Cif s € U for s
using that closure-subset|of U] unfolding C-def
by (intro maz.coboundedI2 cSup-upper bounded-imp-bdd-above) (auto simp:
image-iff)
have C' [simp]: C > 0 by (simp add: C-def)

let 2g = Aaureal). C * (z + a) powr (— 1 — 2 * of-nat n — o)
let G = Azureal). C ) (— 2 * of-nat n — o) * (z + a) powr (— 2 * of-nat n
~ o)
define poch’ where poch’ = deriv (Az::complex. pochhammer z (Suc (2 * n)))
have [derivative-intros]:
((Az. pochhammer z (Suc (2 * n))) has-field-derivative poch’ z) (at z within A)
for z :: compler and A unfolding poch’-def
by (rule holomorphic-derivl [OF holomorphic-pochhammer [of - UNIV]]) auto

24



have A: continuous-on A poch’ for A unfolding poch’-def
by (rule continuous-on-subset[OF - subset-UNIV],
intro holomorphic-on-imp-continuous-on holomorphic-deriv)
(auto intro: holomorphic-pochhammer)
note [continuous-intros] = continuous-on-compose2[OF this - subset-UNIV]

define f’ where f' = (Az t. — (poch’ z x complez-of-real (t + a) powr (— 1 —
2 % of-nat n — z) —

Ln (complex-of-real (t + a)) * complez-of-real (t + a) powr

(= 1 — 2 x of-nat n — z) x pochhammer z (Suc (2 * n))))

show (Az. EM-remainder (Suc (2 * n)) (Az. — (pochhammer z (Suc (2 * n)) *
complex-of-real (x + a) powr (— 1 — 2 x of-nat n — z))) 0)
holomorphic-on
U unfolding pre-zeta-auz-def
proof (rule holomorphic-EM-remainder|of - G ?g - - f'], goal-cases)
case (1 1)
show ?case
by (insert 1 o <a > 0», rule derivative-eq-intros refl | simp)+
(auto simp: field-simps powr-diff powr-add powr-minus)
next
case (2ztx)
note [derwative-intros] = has-field-derivative-powr-right [THEN DERIV-chain2)
show ?case
by (insert 2 o <a > 05, (rule derivative-eq-intros refl | (simp add: add-eq-0-iff;
fail))+)
(simp add: f’-def)
next
case 3
hence x: complez-of-real © + complez-of-real a ¢ R<q if x > 0 for z
using nonpos-Reals-of-real-iff [of z+a, unfolded of-real-add] that <a > 0> by
auto
show ?case using <a > 0)> and * unfolding f’-def
by (auto simp: case-prod-unfold add-eq-0-iff intro!: continuous-intros)
next
case (4 bcze)
have — 2 x real n < o by (fact o)
also from 4 assms have o0 < Re z by auto
finally show ?case using assms /
by (intro integrable-continuous-real continuous-intros) (auto simp: add-eq-0-iff)
next
case (5tzs)
thus ?case using <a > 0
by (intro integrable-EM-remainder’) (auto intro!: continuous-intros simp:
add-eq-0-iff)
next
case 6
from o have (A\y. C / (=2 x realn — o) * (a + y) powr (—2 * real n — 7))
— 0
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by (intro tendsto-mult-right-zero tendsto-neg-powr
filterlim-real-sequentially filterlim-tendsto-add-at-top [OF tendsto-const])
auto
thus ?case unfolding convergent-def by (auto simp: add-ac)
next
case 7
show Zcase
proof (intro eventually-mono [OF eventually-ge-at-top[of 1]] balll)
fix z :: real and s :: compler assume z: z > 1 and s: s € U
have norm (— (pochhammer s (Suc (2 * n)) * of-real (z + a) powr (— 1 —
2 x of-nat n — s))) =
norm (pochhammer s (Suc (2 x n))) * (x + a) powr (—1 — 2 * of-nat
n — Re s)
(is N = -) using 7 <a > 0» z by (simp add: norm-mult norm-powr-real-powr)
also have ... < %9z
using 7 assms x s <a > 0» by (intro mult-mono C powr-mono) auto
finally show ?N < %9z .
qed
qed (insert assms, auto)
qed (insert assms, auto)

lemma analytic-pre-zeta-aux:
assumes a > 0
shows pre-zeta-auz n a analytic-on {s. Re s > — 2 x real n}
unfolding analytic-on-def
proof
fix s assume s: s € {s. Re s > — 2 * real n}
define 0 where 0 = (Re s — 2 * real n) / 2
with s have 0: 0 > — 2 * real n
by (simp add: o-def field-simps)
from s have s”: s € {s. Re s > o}
by (auto simp: o-def field-simps)

have open {s. Re s > o}
by (rule open-halfspace-Re-gt)
with s’ obtain ¢ where ¢ > 0 ball s ¢ C {s. Re s > o7}
unfolding open-contains-ball by blast
with o have pre-zeta-auzx n a holomorphic-on ball s
by (intro holomorphic-pre-zeta-auz’ [OF assms, of - o) auto
with <¢ > 0) show Jde>0. pre-zeta-aux n a holomorphic-on ball s e
by blast
qged
end

context
fixes s :: compler and N :: nat and ( :: complex = complex and a :: real
assumes s: Re s > 1 and a: a > 0
defines ¢ = (As. > n. (of-nat n + of-real a) powr —s)

begin
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interpretation (: euler-maclaurin-nat’
Az. of-real (z + a) powr (1 — s) / (1 — s) Az. of-real (z + a) powr —s
An z. (=1) 7 n x pochhammer s n * of-real (x + a) powr —(s + n)
ON ¢s{}
proof (standard, goal-cases)
case 2
show ?case by (simp add: powr-minus field-simps)
next
case (3 k)
have complex-of-real x + complez-of-real a = 0 +— v = —a for z
by (simp only: of-real-add [symmetric] of-real-eq-0-iff add-eq-0-iff2)
with a s show Zcase
by (intro continuous-intros) (auto simp: add-nonneg-nonneg)
next
case (4 k x)
with ¢ have 0 < z + a by simp
hence *: complex-of-real © + complex-of-real a ¢ R<g
using nonpos-Reals-of-real-iff [of z+a, unfolded of-real-add] by auto
have sx: pochhammer z (Suc n) = — pochhammer z n * (—z — of-nat n ::
complex) for z n
by (simp add: pochhammer-rec’ field-simps)
show ((Az. (— 1) ~ k * pochhammer s k % of-real (x + a) powr — (s + of-nat
K)
has-vector-derivative (— 1) ~ Suc k * pochhammer s (Suc k) *
of-real (z + a) powr — (s + of-nat (Suc k))) (at x)
by (insert 4 *, (rule has-vector-derivative-real-field derivative-eq-intros refl |
simp)+)
(auto simp: divide-simps powr-add powr-diff powr-minus %)
next
case $
with s a show Zcase
by (auto introl: continuous-intros simp: minus-equation-iff add-eq-0-iff)
next
case (6 1)
with a have 0 < z + a by simp
hence *: complez-of-real © + complez-of-real a ¢ R<g
using nonpos-Reals-of-real-iff [of z+a, unfolded of-real-add] by auto
show ?case unfolding of-real-add
by (insert 6 s x, (rule has-vector-derivative-real-field derivative-eq-intros refl |
force simp add: minus-equation-iff )+)
next
case 7
from s a have (Ak. (of-nat k + of-real a) powr —s) sums ¢ s
unfolding (-def by (intro summable-sums summable-hurwitz-zeta) auto
hence 1: (Ab. (3] k=0..b. (of-nat k + of-real a) powr —s)) —— ( s
by (simp add: sums-def’)

27



fix z assume Re z < 0
hence ((Ab. (a + real b) powr Re z) —— 0) at-top
by (intro tendsto-neg-powr filterlim-tendsto-add-at-top filterlim-real-sequentially)
auto
also have (Ab. (a + real b) powr Re z) = (Ab. norm ((of-nat b + a) powr z))
using a by (subst norm-powr-real-powr) (auto simp: add-ac)
finally have ((Ab. (of-nat b + a) powr z) —— 0) at-top
by (subst (asm) tendsto-norm-zero-iff) simp
} note x = this
have (Ab. (of-nat b + a) powr (1 —s) /(1 —s) —— 0/ (1 — s)
using s by (intro tendsto-divide tendsto-const *) auto
hence 2: (Ab. (of-nat b + a) powr (1 —s) /(1 —s)) —— 0
by simp

have (Ab. (D] i<2 x N + 1. (bernoulli’ (Suc i) / fact (Suc ©)) *g
((— 1) i = pochhammer s i x (of-nat b + a) powr —(s + of-nat ©))))
— (3 i<2 « N + 1. (bernoulli’ (Suc i) / fact (Suc ©)) *r
((— 1) " i % pochhammer s i x 0))
using s by (intro tendsto-intros x) auto
hence 3: (Ab. (3] i<2 % N + 1. (bernoulli’ (Suc i) / fact (Suc 7)) *g
((—= 1) i % pochhammer s i x (of-nat b + a) powr —(s + of-nat 7))))
— 0
by simp

from tendsto-diff [OF tendsto-diff[OF 1 2] 3]
show ?case by simp
qed simp-all

The pre-¢ functions agree with the infinite sum that is used to define the ¢
function for R(s) > 1.

lemma pre-zeta-auz-conv-zeta:
pre-zeta-aur N a s = ¢ s + a powr (1 — 8) / (1 — s)
proof —
let 2R = (D> i=1..N. ((bernoulli (2x%) / fact (2xi)) xr pochhammer s (2xi —
1) * of-real a powr (—s — (2xi—1))))
let 2S = EM-remainder (Suc (2 * N)) (Ax. — (pochhammer s (Suc (2xN)) x*
of-real (z + a) powr (— 1 — 2 % of-nat N — s))) 0
have of-real a powr —s = a powr (1 — ) / (I — )+ s+ a powr —s /] 2 +
(—?R) — 28
using (.euler-maclaurin-strong-nat’|OF le-refi)
by (simp add: scaleR-conv-of-real pre-zeta-auz-def algebra-simps flip: sum-negf)
thus “thesis unfolding pre-zeta-auz-def

by (simp add: field-simps del: div-mult-self3 div-mult-selfs div-mult-self2 div-mult-self1)
qed

end

Since all of the partial pre-( functions are analytic and agree in the halfspace
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with %(s) > 0, they must agree in their entire domain.

lemma pre-zeta-aux-eq:
assumes m < na > 0 Res>—2 % real m
shows pre-zeta-auxr m a s = pre-zeta-auxr n a s
proof —
have pre-zeta-aux n a s — pre-zeta-aur m a s = 0
proof (rule analytic-continuation|of \s. pre-zeta-aux n a s — pre-zeta-auz m a
s])
show (As. pre-zeta-auz n a s — pre-zeta-auz m a s) holomorphic-on {s. Re s >
—2 % real m}
using assms by (intro holomorphic-intros analytic-imp-holomorphic
analytic-on-subset| OF analytic-pre-zeta-auzx]) auto
next
fix s assume s € {s. Re s > 1}
with <a > 0) show pre-zeta-aur n a s — pre-zeta-aux m a s = 0
by (simp add: pre-zeta-auz-conv-zeta)

next
have 2 € {s. Re s > 1} by simp
also have ... = interior ...

by (intro interior-open [symmetric] open-halfspace-Re-gt)
finally show 2 islimpt {s. Re s > 1}
by (rule interior-limit-point)
next
show connected {s. Re s > —2 x real m}
using convez-halfspace-gt[of —2 x real m 1::complex)
by (intro convezx-connected) auto
qed (insert assms, auto simp: open-halfspace-Re-gt)
thus ?thesis by simp
qed

lemma pre-zeta-auz-eq”:
assumes a > 0 Re s > —2 x real m Re s > —2 x real n
shows pre-zeta-aux m a s = pre-zeta-aur n a $
proof (cases m n rule: linorder-cases)
case less
with assms show ?thesis by (intro pre-zeta-auz-eq) auto
next
case greater
with assms show ?thesis by (subst eq-commute, intro pre-zeta-auz-eq) auto
qed auto

lemma pre-zeta-auz-eq-pre-zeta:
assumes Re s > —2 x real n and a > 0
shows pre-zeta-aux n a s = pre-zeta a s
unfolding pre-zeta-def
proof (intro pre-zeta-auz-eq’)
from assms show — 2 x real (nat (I — [Re s / 2])) < Re s
by linarith
qed (insert assms, simp-all)
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This means that the idea of iterating that construction infinitely does yield
a well-defined entire function.

lemma analytic-pre-zeta:
assumes a > 0
shows pre-zeta a analytic-on A
unfolding analytic-on-def
proof
fix s assume s € A
let B = {s’. Re s’ > of-int |Re s| — 1}
have s: s € ?B by simp linarith?
moreover have open ?B by (rule open-halfspace-Re-gt)
ultimately obtain ¢ where c: ¢ > 0 ball s ¢ C ?B
unfolding open-contains-ball by blast
define C where C = ball s ¢

note analytic = analytic-on-subset|OF analytic-pre-zeta-aux)]
have pre-zeta-aux (nat [— Re s] + 2) a holomorphic-on C
proof (intro analytic-imp-holomorphic analytic subsetl assms, goal-cases)
case (1 w)
with ¢ have w € ?B by (auto simp: C-def)
thus ?case by (auto simp: ceiling-minus)
qed
also have ?this «+— pre-zeta a holomorphic-on C
proof (intro holomorphic-cong refl pre-zeta-auz-eq-pre-zeta assms)
fix w assume w € C
with ¢ have w: w € ?B by (auto simp: C-def)
thus — 2 x real (nat [— Re s| + 2) < Re w
by (simp add: ceiling-minus)
qged
finally show Je>0. pre-zeta a holomorphic-on ball s e
using <¢ > 0> unfolding C-def by blast
qed

lemma holomorphic-pre-zeta [holomorphic-intros]:

f holomorphic-on A = a > 0 => (\z. pre-zeta a (f z)) holomorphic-on A

using holomorphic-on-compose [OF - analytic-imp-holomorphic [OF analytic-pre-zetal,
of ]

by (simp add: o-def)

corollary continuous-on-pre-zeta:
a > 0 = continuous-on A (pre-zeta a)
by (intro holomorphic-on-imp-continuous-on holomorphic-intros) auto

corollary continuous-on-pre-zeta’ [continuous-intros):
continuous-on A f = a > 0 = continuous-on A (Az. pre-zeta a (f ))
using continuous-on-compose2 [OF continuous-on-pre-zeta, of a A f f ¢ A]

by (auto simp: image-iff)

corollary continuous-pre-zeta [continuous-intros]:
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a > 0 = continuous (at s within A) (pre-zeta a)
by (rule continuous-within-subset[of - UNIV])
(insert continuous-on-pre-zetalof a UNIV],
auto simp: continuous-on-eq-continuous-at open-Compl)

corollary continuous-pre-zeta' [continuous-intros|:
a > 0 = continuous (at s within A) f =
continuous (at s within A) (As. pre-zeta a (f s))
using continuous-within-compose3|OF continuous-pre-zeta, of a s A f] by auto

It is now obvious that ( is holomorphic everywhere except 1, where it has a
simple pole with residue 1, which we can simply read off.

theorem holomorphic-hurwitz-zeta:
assumes a > 01 ¢ A
shows hurwitz-zeta a holomorphic-on A
proof —
have (As. pre-zeta a s + complex-of-real a powr (1 — s) / (s — 1)) holomorphic-on
A
using assms by (auto introl: holomorphic-intros)
also from assms have ?this <— ?thesis
by (intro holomorphic-cong) (auto simp: hurwitz-zeta-def)
finally show ?thesis .
qed

corollary holomorphic-hurwitz-zeta’ [holomorphic-intros):
assumes f holomorphic-on Aand a > 0 and A\z. 2 € A = fz# 1
shows (A\z. hurwitz-zeta a (f x)) holomorphic-on A

proof —
have hurwitz-zeta a o f holomorphic-on A using assms
by (intro holomorphic-on-compose-gen[of - - - f ¢ A] holomorphic-hurwitz-zeta

assms) auto
thus ?thesis by (simp add: o-def)
qged

theorem holomorphic-zeta: 1 ¢ A—> zeta holomorphic-on A
unfolding zeta-def by (auto intro: holomorphic-intros)

corollary holomorphic-zeta' [holomorphic-intros):
assumes f holomorphic-on A and N\z. 2 € A = fz # 1
shows (Az. zeta (f x)) holomorphic-on A
using assms unfolding zeta-def by (auto intro: holomorphic-intros)

corollary analytic-hurwitz-zeta:
assumes a > 01 ¢ A
shows hurwitz-zeta a analytic-on A
proof —
from assms(1) have hurwitz-zeta a holomorphic-on —{1}
by (rule holomorphic-hurwitz-zeta) auto
also have ?this +— hurwitz-zeta a analytic-on —{1}
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by (intro analytic-on-open [symmetric]) auto
finally show ?thesis by (rule analytic-on-subset) (insert assms, auto)
qed

corollary analytic-zeta: 1 ¢ A = zeta analytic-on A
unfolding zeta-def by (rule analytic-hurwitz-zeta) auto

corollary continuous-on-hurwitz-zeta:
a> 0= 1¢ A= continuous-on A (hurwitz-zeta a)
by (intro holomorphic-on-imp-continuous-on holomorphic-intros) auto

corollary continuous-on-hurwitz-zeta' [continuous-intros|:
continuous-on A f = a >0 = (N\e. s € A= fa # 1) =
continuous-on A (Az. hurwitz-zeta a (f z))
using continuous-on-compose2 [OF continuous-on-hurwitz-zeta, of a f * A A f]
by (auto simp: image-iff)

corollary continuous-on-zeta: 1 ¢ A = continuous-on A zeta
by (intro holomorphic-on-imp-continuous-on holomorphic-intros) auto

corollary continuous-on-zeta' [continuous-intros|:
continuous-on A f = (N\z. 2 € A = fz # 1) =
continuous-on A (Az. zeta (f x))
using continuous-on-compose2 [OF continuous-on-zeta, of f * A A f]
by (auto simp: image-iff)

corollary continuous-hurwitz-zeta [continuous-intros|:
a> 0= s# 1 = continuous (at s within A) (hurwitz-zeta a)
by (rule continuous-within-subset[of - UNIV])
(insert continuous-on-hurwitz-zeta[of a —{1}],
auto simp: continuous-on-eq-continuous-at open-Compl)

corollary continuous-hurwitz-zeta’ [continuous-intros|:
a> 0= fs# 1 = continuous (at s within A) f =
continuous (at s within A) (As. hurwitz-zeta a (f s))
using continuous-within-compose3[OF continuous-hurwitz-zeta, of a f s A] by
auto

corollary continuous-zeta [continuous-intros):
s # 1 = continuous (at s within A) zeta
unfolding zeta-def by (intro continuous-intros) auto

corollary continuous-zeta’' [continuous-intros):
fs# 1 = continuous (at s within A) f => continuous (at s within A) (As. zeta

(f5))

unfolding zeta-def by (intro continuous-intros) auto

corollary field-differentiable-at-zeta:
assumes s # 1

32



shows zeta field-differentiable at s
proof —

have zeta holomorphic-on (— {1}) using holomorphic-zeta by force

moreover have open (—{1} :: complex set) by (intro open-Compl) auto

ultimately show ?thesis using assms

by (auto simp add: holomorphic-on-open open-halfspace-Re-gt open-Diff field-differentiable-def)
qed

theorem is-pole-hurwitz-zeta:
assumes a > 0
shows is-pole (hurwitz-zeta a) 1
proof —
from assms have continuous-on UNIV (pre-zeta a)
by (intro holomorphic-on-imp-continuous-on analytic-imp-holomorphic ana-
lytic-pre-zeta)
hence isCont (pre-zeta a) 1
by (auto simp: continuous-on-eq-continuous-at)
hence *: pre-zeta a —1— pre-zeta a 1
by (simp add: isCont-def)
from assms have isCont (As. complez-of-real a powr (1 — s)) 1
by (intro isCont-powr-complex) auto
with assms have xx: (As. complez-of-real a powr (1 — 5)) —1— 1
by (simp add: isCont-def)
have (As::complex. s — 1) —1— 1 — 1 by (intro tendsto-intros)
hence filterlim (As::complex. s — 1) (at 0) (at 1)
by (auto simp: filterlim-at eventually-at-filter)
hence *xx: filterlim (As :: complex. a powr (1 — s) / (s — 1)) at-infinity (at 1)
by (intro filterlim-divide-at-infinity [OF *%|) auto
have is-pole (As. pre-zeta a s + complezx-of-real a powr (1 — s) / (s — 1)) 1
unfolding is-pole-def hurwitz-zeta-def by (rule tendsto-add-filterlim-at-infinity
* Hokok )+
also have ?this «<— ?thesis unfolding is-pole-def
by (intro filterlim-cong refl) (auto simp: eventually-at-filter hurwitz-zeta-def)
finally show ?thesis .
qed

corollary is-pole-zeta: is-pole zeta 1
by (simp add: is-pole-hurwitz-zeta zeta-def)

theorem zorder-hurwitz-zeta:

assumes a > 0

shows zorder (hurwitz-zeta a) 1 = —1
proof (rule zorder-eql[of UNIVY)

fix w :: compler assume w # 1

thus hurwitz-zeta a w = (pre-zeta a w * (w — 1) + a powr (I — w)) * (w — 1)
powi —1

by (auto simp add: hurwitz-zeta-def field-simps)

qed (use assms in <auto intro!: holomorphic-introsy)
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corollary zorder-zeta: zorder zeta 1 = — 1
unfolding zeta-def by (rule zorder-hurwitz-zeta) auto

theorem residue-hurwitz-zeta:
assumes a > 0
shows residue (hurwitz-zeta a) 1 = 1
proof —
note holo = analytic-imp-holomorphic|OF analytic-pre-zeta)
have residue (hurwitz-zeta a) 1 = residue (Az. pre-zeta a z + a powr (1 — z) /
(= — 1) 1
by (intro residue-cong) (auto simp: eventually-at-filter hurwitz-zeta-def)
also have ... = residue (Az. a powr (I — 2) / (z — 1)) 1 using assms
by (subst residue-add [of UNIV])
(auto introl: holomorphic-intros holo intro: residue-holo[of UNIV, OF - -

holol)
also have ... = complez-of-real a powr (1 — 1)
using assms by (intro residue-simple [of UNIVY]) (auto intro!: holomorphic-intros)
also from assms have ... = 1 by simp
finally show ?thesis .
qed

corollary residue-zeta: residue zeta 1 = 1
unfolding zeta-def by (rule residue-hurwitz-zeta) auto

lemma zeta-bigo-at-1: zeta € Olat 1 within Al(Az. 1 / (z — 1))
proof —
have zeta € O[at 1 within A](Xs. pre-zeta 1 s + 1 / (s — 1))
by (intro bigthetal-cong) (auto simp: eventually-at-filter zeta-def hurwitz-zeta-def)
also have (\s. pre-zeta 1 s+ 1 / (s — 1)) € Olat 1 within A](As. 1 / (s — 1))
proof (rule sum-in-bigo)
have continuous-on UNIV (pre-zeta 1)
by (intro holomorphic-on-imp-continuous-on holomorphic-intros) auto
hence isCont (pre-zeta 1) 1 by (auto simp: continuous-on-eq-continuous-at)
hence continuous (at 1 within A) (pre-zeta 1)
by (rule continuous-within-subset) auto
hence pre-zeta 1 € Olat 1 within A]J(A-. 1)
by (intro continuous-imp-bigo-1) auto
also have ev: eventually (A\s. s € ball 1 1 N s# 1 N s € A) (at 1 within A)
by (intro eventually-at-ball’) auto
have (\-. 1) € Olat 1 within A](Xs. 1 / (s — 1))
by (intro landau-o.bigl[of 1] eventually-mono[OF ev])
(auto simp: eventually-at-filter norm-divide dist-norm norm-minus-commaute
field-simps)
finally show pre-zeta 1 € Olat 1 within Al(As. 1 [/ (s — 1)) .
qed simp-all
finally show ?thesis .
qed

theorem
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assumes g > 0 Re s > 1
shows hurwitz-zeta-conv-suminf: hurwitz-zeta a s = (Y n. (of-nat n + of-real a)
powr —s)
and sums-hurwitz-zeta: (An. (of-nat n + of-real a) powr —s) sums hurwitz-zeta
as
proof —
from assms have [simp]: s # 1 by auto
from assms have hurwitz-zeta a s = pre-zeta-auz 0 a s + of-real a powr (1 —
s) /(s = 1)
by (simp add: hurwitz-zeta-def pre-zeta-def)
also from assms have pre-zeta-auz 0 a s = (3 n. (of-nat n + of-real a) powr
fg) +
of-real a powr (1 — s) / (1 — s)
by (intro pre-zeta-auz-conv-zeta)
also have ... + apowr (1 —s) /(s— 1) =
(3" n. (of-nat n + of-real a) powr —s) + a powr (1 — s) = (1 / (1 —
S+ 1/ (s 1)
by (simp add: algebra-simps)
alsohave 1 /(I —s)+1/(s—1)=10
by (simp add: divide-simps)
finally show hurwitz-zeta a s = (> n. (of-nat n + of-real a) powr —s) by simp
moreover have (An. (of-nat n + of-real a) powr —s) sums (> n. (of-nat n +
of-real a) powr —s)
by (intro summable-sums summable-hurwitz-zeta assms)
ultimately show (An. (of-nat n + of-real a) powr —s) sums hurwitz-zeta a s
by simp
qged

corollary
assumes Re s > 1
shows zeta-conv-suminf: zeta s = (> n. of-nat (Suc n) powr —s)
and sums-zeta: (An. of-nat (Suc n) powr —s) sums zeta s
using hurwitz-zeta-conv-suminf|of 1 s| sums-hurwitz-zeta[of 1 s| assms
by (simp-all add: zeta-def add-ac)

corollary
assumes n > I
shows zeta-nat-conv-suminf: zeta (of-nat n) = (> k. 1 / of-nat (Suc k) ~n)
and sums-zeta-nat: (A\k. 1 / of-nat (Suc k) ~ n) sums zeta (of-nat n)
proof —
have (Ak. of-nat (Suc k) powr —of-nat n) sums zeta (of-nat n)
using assms by (intro sums-zeta) auto
also have (\k. of-nat (Suc k) powr —of-nat n) = (Ak. 1 / of-nat (Suc k) ~n :
compler)
by (simp add: powr-minus divide-simps del: of-nat-Suc)
finally show (A\k. I / of-nat (Suc k) ~n) sums zeta (of-nat n) .
thus zeta (of-nat n) = (O_k. 1 / of-nat (Suc k) ~n) by (simp add: sums-iff)
qed
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lemma pre-zeta-auz-cnj [simp):
assumes a > 0
shows pre-zeta-auz n a (cnj z) = cnj (pre-zeta-auz n a z)
proof —
have cnj (pre-zeta-auz n a z) =
of-real a powr —cnj z / 2 + (> z=1..n. (bernoulli (2 * ) / fact (2 * x))
*R
a powr (—cnj z — (2%xx—1)) * pochhammer (cnj z) (2xx—1)) +
EM-remainder (2xn—+1)
(Az. —(pochhammer (cnj z) (Suc (2 * n)) *
enj (of-real (x + a) powr (—1 — 2 * of-nat n — 2)))) 0
(is - = - + 24 + ?B) unfolding pre-zeta-auz-def complex-cnj-add using assms
by (subst EM-remainder-cnj [symmetric])
(auto introl: continuous-intros simp: cnj-powr add-eq-0-iff mult-ac)
also have ?B = EM-remainder (2%n+1)
(Az. —(pochhammer (cnj z) (Suc (2 * n)) * of-real (x + a) powr (—1 — 2
* of-nat n — cnj 2))) 0
using assms by (intro EM-remainder-cong) (auto simp: cnj-powr)
also have of-real a powr —cnj z /| 2 + ?A + ... = pre-zeta-auz n a (cnj z)
by (simp add: pre-zeta-auz-def mult-ac)
finally show ?thesis ..
qged

lemma pre-zeta-cnj [simp]: a > 0 = pre-zeta a (c¢nj z) = cnj (pre-zeta a 2)
by (simp add: pre-zeta-def)

lemma hurwitz-zeta-cnj [simp]: a > 0 = hurwitz-zeta a (cnj z) = cnj (hurwitz-zeta
a z)
proof —
assume g > 0
moreover have cnj z = 1 +— z = 1 by (simp add: complex-eq-iff)
ultimately show ?thesis by (auto simp: hurwitz-zeta-def cnj-powr)
qed

lemma zeta-cnj [simp]: zeta (cnj z) = cnj (zeta z)
by (simp add: zeta-def)

corollary hurwitz-zeta-real: a > 0 = hurwitz-zeta a (of-real ) € R
using hurwitz-zeta-cnj [of a of-real z] by (simp add: Reals-cnj-iff del: zeta-cnj)

corollary zeta-real: zeta (of-real ) € R
unfolding zeta-def by (rule hurwitz-zeta-real) auto

corollary zeta-real”: z € R = zeta z € R
by (elim Reals-cases) (auto simp: zeta-real)

2.3 Connection to Dirichlet series

lemma eval-fds-zeta: Re s > 1 = eval-fds fds-zeta s = zeta s
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using sums-zeta [of s| by (intro eval-fds-eql) (auto simp: powr-minus divide-simps)

theorem euler-product-zeta:

assumes Re s > 1

shows (An. [[p<n. if prime p then inverse (I — 1 / of-nat p powr s) else 1)
— zeta s

using euler-product-fds-zeta[of s| assms unfolding nat-power-complez-def

by (simp add: eval-fds-zeta)

corollary euler-product-zeta’:

assumes Re s > 1

shows (An. [[p | prime p A p < n. inverse (1 — 1 / of-nat p powr s)) ——
zeta s
proof —

note euler-product-zeta [OF assms]

also have (An. [[p<n. if prime p then inverse (1 — 1 / of-nat p powr s) else
1) =

(An. [Ip | prime p A p < n. inverse (1 — 1 / of-nat p powr s))
by (intro ext prod.mono-neutral-cong-right refl) auto

finally show ?thesis .

qed

theorem zeta-Re-gt-1-nonzero: Re s > 1 = zeta s # 0
using eval-fds-zeta-nonzerolof s| by (simp add: eval-fds-zeta)

theorem tendsto-zeta-Re-going-to-at-top: (zeta —— 1) (Re going-to at-top)
proof (rule Lim-transform-eventually)
have eventually (Az::real. x > 1) at-top
by (rule eventually-gt-at-top)
hence eventually (As. Re s > 1) (Re going-to at-top)
by blast
thus eventually (A\z. eval-fds fds-zeta z = zeta z) (Re going-to at-top)
by eventually-elim (simp add: eval-fds-zeta)
next
have conv-abscissa (fds-zeta :: complex fds) < 1
proof (rule conv-abscissa-lel)
fix ¢’ assume ereal ¢’ > 1
thus 3s. s+ 1 = ¢’ A fds-converges fds-zeta (s::complex)
by (auto introl: exI[of - of-real ¢])
qed
hence (eval-fds fds-zeta —— fds-nth fds-zeta 1) (Re going-to at-top)
by (intro tendsto-eval-fds-Re-going-to-at-top’) auto
thus (eval-fds fds-zeta —— 1) (Re going-to at-top) by simp
qed

lemma conv-abscissa-zeta [simp|: conv-abscissa (fds-zeta :: complex fds) = 1
and abs-conv-abscissa-zeta [simpl: abs-conv-abscissa (fds-zeta :: complex fds) =

1

proof —
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let 92 = fds-zeta :: complex fds
have A: conv-abscissa %2 > 1
proof (intro conv-abscissa-gel)
fix ¢’ assume ereal ¢’ < 1
hence —summable (An. real n powr —c’)
by (subst summable-real-powr-iff) auto
hence —summable (An. of-real (real n powr —c’) :: complex)
by (subst summable-of-real-iff)
also have summable (An. of-real (real n powr —c') :: complex) +—
fds-converges fds-zeta (of-real ¢’ :: complex)
unfolding fds-converges-def
by (intro summable-cong eventually-mono [OF eventually-gt-at-top[of 0]])
(simp add: fds-nth-zeta powr-Reals-eq powr-minus divide-simps)
finally show 3 s::complex. s - 1 = ¢’ N\ —fds-converges fds-zeta s
by (intro exI[of - of-real ¢']) auto
qged

have B: abs-conv-abscissa %z < 1
proof (intro abs-conv-abscissa-lel)
fix ¢’ assume 1 < ereal ¢’
thus Js::complex. s - 1 = ¢’ A\ fds-abs-converges fds-zeta s
by (intro exl|of - of-real ¢']) auto
qed

have conv-abscissa 2z < abs-conv-abscissa 2z
by (rule conv-le-abs-conv-abscissa)
also note B
finally show conv-abscissa ?z = 1 using A by (intro antisym)

note A
also have conv-abscissa 7z < abs-conv-abscissa ?z
by (rule conv-le-abs-conv-abscissa)
finally show abs-conv-abscissa ¢z = 1 using B by (intro antisym)
qed

theorem deriv-zeta-sums:
assumes s: Re s > 1
shows (An. —of-real (In (real (Suc n))) / of-nat (Suc n) powr s) sums deriv zeta
s
proof —
from s have fds-converges (fds-deriv fds-zeta) s
by (intro fds-converges-deriv) simp-all
with s have (An. —of-real (In (real (Suc n))) / of-nat (Suc n) powr s) sums
deriv (eval-fds fds-zeta) s
unfolding fds-converges-altdef
by (simp add: fds-nth-deriv scaleR-conv-of-real eval-fds-deriv eval-fds-zeta)
also from s have eventually (As. s € {s. Re s > 1}) (nhds s)
by (intro eventually-nhds-in-open) (auto simp: open-halfspace-Re-gt)
hence eventually (A\s. eval-fds fds-zeta s = zeta s) (nhds s)
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by eventually-elim (auto simp: eval-fds-zeta)
hence deriv (eval-fds fds-zeta) s = deriv zeta s
by (intro deriv-cong-ev refl)
finally show ?thesis .
qed

theorem inverse-zeta-sums:
assumes s: Re s > 1
shows (An. moebius-mu (Suc n) / of-nat (Suc n) powr s) sums inverse (zeta s)
proof —
have fds-converges (fds moebius-mu) s
using assms by (auto introl: fds-abs-converges-moebius-mu)
hence (An. moebius-mu (Suc n) / of-nat (Suc n) powr s) sums eval-fds (fds
moebius-mu) s
by (simp add: fds-converges-altdef)
also have fds moebius-mu = inverse (fds-zeta :: complex fds)
by (rule fds-moebius-inverse-zeta)
also from s have eval-fds ... s = inverse (zeta s)
by (subst eval-fds-inverse)
(auto simp: fds-moebius-inverse-zeta [symmetric] eval-fds-zeta
intro!: fds-abs-converges-moebius-mu)
finally show ?thesis .
qed

The following gives an extension of the { functions to the critical strip.

lemma hurwitz-zeta-critical-strip:

fixes s :: complex and a :: real

defines S = (An. Y i<n. (of-nat i + a) powr — s)

defines I’ = (An. of-nat n powr (1 — s) / (1 — s))

assumes Re s > 0 s # 1 and a > 0

shows (An. Sn — I’ n) —— hurwitz-zeta a s
proof —

from assms have [simp]: s # 1 by auto

let ?f = Az. of-real (x + a) powr —s

let ?fs = Anz. (—1) ~ n * pochhammer s n * of-real (z + a) powr (—s — of-nat
n)

have minus-commute: —a — b = —b — a for a b :: complex by (simp add:
algebra-simps)

define I where I = (An. (of-nat n + a) powr (1 — s) / (1 — s))

define R where R = (An. EM-remainder’ 1 (?fs 1) (real 0) (real n))

define R-lim where R-lim = EM-remainder 1 (?fs 1) 0

define C where C = — (a powr —s / 2)

define D where D = (An. (1/2) * (of-real (a + real n) powr — s))

define D’ where D’ = (An. of-real (a + real n) powr — s)

define C' where C' = a powr (1 — s) / (1 — s)

define C” where C" = of-real a powr — s

{

fix n :: nat assume n: n > 0
have ((Az. of-real (x + a) powr —s) has-integral (of-real (real n 4+ a) powr
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(1-s) / (1 — 5) -
of-real (0 + a) powr (1 —s) / (1 — s))) {0..real n} using n assms
by (intro fundamental-theorem-of-calculus)
(auto intro!: continuous-intros has-vector-derivative-real-field derivative-eq-intros
simp: complex-nonpos-Reals-iff)
hence I: ((Az. of-real (x + a) powr —s) has-integral (I n — C')) {0..n}
by (auto simp: divide-simps C'-def I-def)
have (Y ie{0<..n}. ?f (real i)) — integral {real 0..real n} 2f =
(3" k<1. (bernoulli’ (Suc k) / fact (Suc k)) xr (?fs k (real n) — 2fs k
(real 0))) + R n
using n assms unfolding R-def
by (intro euler-maclaurin-strong-raw-natjwhere Y = {0}])
(auto introl: continuous-intros derivative-eg-intros has-vector-derivative-real-field
simp: pochhammer-rec’ algebra-simps complex-nonpos-Reals-iff
add-eq-0-iff)
also have (Y k<1. (bernoulli’ (Suc k) / fact (Suc k)) *r (?fs k (real n) — %fs
k (real 0))) =
((n + a) powr — s — a powr — s) / 2
by (simp add: lessThan-nat-numeral scaleR-conv-of-real numeral-2-eq-2 [symmetric])
also have ... = C + D n by (simp add: C-def D-def field-simps)
also have integral {real 0..real n} (Ax. complez-of-real (z + a) powr — s) = 1
n— C'
using I by (simp add: has-integral-iff)
also have (> ie{0<..n}. of-real (real i + a) powr — s) =
(3> i=0..n. of-real (real i + a) powr — s) — of-real a powr —s
using assms by (subst sum.head) auto
also have (3 i=0..n. of-real (real i + a) powr — s) = S n + of-real (real n +
a) powr —s
unfolding S-def by (subst sum.last-plus) (auto simp: atLeastOLessThan)
finally have C — C'+ C"”" —=D'n+ Dn+Rn+ (UIn—I'n)=Sn—1"n
by (simp add: algebra-simps S-def D'-def C'"'-def)
}

hence ev: eventually (An. C — C'+ C" = D'n+Dn+Rn+ (In—1"n)
= Sn—I'"n) at-top
by (intro eventually-mono|OF eventually-gt-at-top[of 0]]) auto

have [simp]: —1 — s = —s — 1 by simp

let ?C' = norm (pochhammer s 1)
have R ——— R-lim unfolding R-def R-lim-def of-nat-0
proof (subst of-int-0 [symmetric], rule tendsto-EM-remainder)
show eventually (Az. norm (9fs 1 z) < ?C x (x + a) powr (—Re s — 1))
at-top
using eventually-ge-at-top[of 0]
by eventually-elim (insert assms, auto simp: norm-mult norm-powr-real-powr)
next
fix z assume z: x > real-of-int 0
have [simp]: —numeral n — (z :: real) = —z — numeral n for z n by (simp
add: algebra-simps)
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show ((Az. ?C / (—Re s) * (z + a) powr (—Re s)) has-real-derivative
?C * (z + a) powr (— Re s — 1)) (at x within {real-of-int 0..})
using assms z by (auto introl: derivative-eq-intros)
next
have (Ay. ?C / (— Re s) * (a + real y) powr (— Re s)) —— 0
by (intro tendsto-mult-right-zero tendsto-neg-powr filterlim-real-sequentially
filterlim-tendsto-add-at-top| OF tendsto-const]) (use assms in auto)
thus convergent (Ay. ?C / (— Re s) x (real y + a) powr (— Re s))
by (auto simp: add-ac convergent-def)
qed (intro integrable-EM-remainder’ continuous-intros, insert assms, auto simp:
add-eq-0-iff)

moreover have (An. In — I'n) —— 0
proof —
have (An. (complez-of-real (real n + a) powr (1 — s) —
of-real (real n) powr (1 —s)) / (1 —8) —— 0/ (1 — s)
using assms(8—5) by (intro filterlim-compose[OF - filterlim-real-sequentially]
tendsto-divide complez-powr-add-minus-powr-asymptotics)
auto
thus (An. I'n — I'n) —— 0 by (simp add: I-def I’-def divide-simps)
qged
ultimately have (An. C — C'+ C"”" —D'n+Dn+ Rn+ (In—1"n))
—— C-C'"+C"=0+ 0+ R-lim + 0
unfolding D-def D’-def using assms
by (intro tendsto-add tendsto-diff tendsto-const tendsto-mult-right-zero
tendsto-neg-powr-complex-of-real filterlim-tendsto-add-at-top
filterlim-real-sequentially) auto
alsohave C — C'+ C"”" - 0+ 0+ R-lim+ 0 =
(a powr — s/ 2) + apowr (I —s)/(s— 1)+ R-lim
by (simp add: C-def C'-def C"'-def field-simps)
also have ... = hurwitz-zeta a s
using assms by (simp add: hurwitz-zeta-def pre-zeta-def pre-zeta-aux-def
R-lim-def scaleR-conv-of-real)
finally have (An. C — C'+ C" - D'n+Dn+Rn+ (In—1I"n) —
hurwitz-zeta a s .
with ev show ?thesis
by (blast intro: Lim-transform-eventually)
qged

lemma zeta-critical-strip:

fixes s :: complex and a :: real

defines S = (An. Y i=1..n. (of-nat i) powr — s)

defines I = (An. of-nat n powr (1 — s) / (1 — s))

assumes s: Res > 0s # 1

shows (An. Sn — In) — zeta s
proof —

from hurwitz-zeta-critical-strip| OF s zero-less-one)

have (An. (3 i<n. complex-of-real (Suc i) powr — s) —
of-nat n powr (1 — s) / (1 — s)) —— hurwitz-zeta 1 s by (simp add:
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add-ac)
also have (An. (3 i<n. complez-of-real (Suc ©) powr —s)) = (An. (D> i=1..n.
of-nat i powr —s))
by (intro ext sum.reindez-bij-witness[of - Ax. x — 1 Suc]) auto
finally show ?thesis by (simp add: zeta-def S-def I-def)
qed

2.4 The non-vanishing of ¢ for fR(s) > 1

This proof is based on a sketch by Newman [6], which was previously for-
malised in HOL Light by Harrison [5], albeit in a much more concrete and
low-level style.

Our aim here is to reproduce Newman’s proof idea cleanly and on the same
high level of abstraction.

theorem zeta-Re-ge-1-nonzero:
fixes s assumes Re s > 1 s # 1
shows zeta s # 0
proof (cases Re s > 1)
case Fulse
define @ where a = —Im s
from False assms have s [simp]: s =1 —ix aand a: a # 0
by (auto simp: complez-eq-iff a-def)
show ?thesis
proof
assume zeta s = 0
hence zero: zeta (1 — i % a) = 0 by simp
with zeta-cnjlof 1 — i % a] have zero”: zeta (1 + i % a) = 0 by simp

— We define the function Q(s) = ((s)?¢(s +ia)((s —ia) and its Dirichlet series.
The objective will be to show that this function is entire and its Dirichlet series
converges everywhere. Of course, ((s) has singularities at 1 and 1+ ia, so we need
to show they can be removed.

define @ Q-fds

where @) = (As. zeta s ~ 2 x zeta (s + 1 % a) * zeta (s — 1 % a))
and Q-fds = fds-zeta ~ 2 x fds-shift (i x a) fds-zeta * fds-shift (—1 x a)
fds-zeta

let ?sings = {1,1 +i*xa, I —ix*a}

— We show that @ is locally bounded everywhere. This is the case because the
poles of {(s) cancel with the zeros of {(s £ 4a) and vice versa. This boundedness is
then enough to show that @ has only removable singularities.

have Q-bigo-1: Q € Olat s](\-. 1) for s

proof —

have Q-eq: Q = (As. (zeta s * zeta (s + 1 % a)) * (zeta s * zeta (s — 1 x a)))
by (simp add: Q-def power2-eq-square mult-ac)

— The singularity of {(s) at 1 gets cancelled by the zero of {(s — ia):
have bigol: (Xs. zeta s * zeta (s —i* a)) € Olat 1](A-. 1)
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if zeta (1 —i* a) = 0a # 0 for a :: real
proof —
have (As. zeta (s — 1% a) — zeta (I — 1% a)) € Olat 1](As. s — 1)
using that
by (intro taylor-bigo-linear holomorphic-on-imp-differentiable-at[of - —{1

+ix* a}]

holomorphic-intros) (auto simp: complez-eq-iff)
hence (As. zeta s x zeta (s — i* a)) € Olat 1](As. 1 /(s — 1) * (s — 1))
using that by (intro landau-o.big.mult zeta-bigo-at-1) simp-all
also have (As. I / (s — 1) x (s — 1)) € Olat 1](A-. 1)
by (intro bigthetal-cong) (auto simp: eventually-at-filter)
finally show ?thesis .
qed

— The analogous result for {(s)((s + ia):

have bigol" (As. zeta s % zeta (s + 1 % a)) € Olat 1](A-. 1)
if zeta (1 —i* a) = 0a # 0 for a :: real
using bigol[of —a] that zeta-cnj[of 1 — i x a] by simp

— The singularity of {(s — ia) gets cancelled by the zero of {(s):
have bigo2: (Xs. zeta s * zeta (s —ix* a)) € Olat (1 +1 % a)](A-. 1)
if zeta (1 — 1% a) = 0a # 0 for a :: real
proof —
have (As. zeta s x zeta (s — 1% a)) € Offiltermap (As. s + 1% a) (at 1)](\-.

using bigo!'[of a] that by (simp add: mult.commute landau-o.big.in-filkermap-iff)
also have filtermap (As. s +ix* a) (at 1) = at (1 +1 % a)
using filtermap-at-shift[of —1 * a 1] by simp
finally show ?thesis .
qed

— Again, the analogous result for {(s)((s + ia):

have bigo2" (\s. zeta s * zeta (s + 1% a)) € Olat (I — 1% a)](A-. 1)
if zeta (1 —i* a) = 0a # 0 for a :: real
using bigo2[of —a] that zeta-cnjof 1 — 1 % a] by simp

— Now the final case distinction to show Q(s) € O(1) for all s € C:
consider s=1|s=1+i*xa|s=1—1ix%a]|s¢ ?sings by blast
thus ?thesis
proof cases
case 1
thus ?thesis unfolding Q-eq using zero zero’ a
by (auto intro: bigol bigol’ landau-o.big.mult-in-1)
next
case 2
from a have isCont (As. zeta s x zeta (s + 1% a)) (I +1* a)
by (auto intro!: continuous-intros)
with 2 show ?thesis unfolding Q-eq using zero zero’ a
by (auto intro: bigo2 landau-o.big.mult-in-1 continuous-imp-bigo-1)
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next
case 3
from a have isCont (As. zeta s x zeta (s —1i#* a)) (I — 1% a)
by (auto intro!: continuous-intros)
with 8 show ?thesis unfolding Q-eq using zero zero’ a
by (auto intro: bigo2' landau-o0.big.mult-in-1 continuous-imp-bigo-1)
qged (auto intro!: continuous-imp-bigo-1 continuous-intros simp: Q-def com-
plex-eq-iff)
qed

— Thus, we can remove the singularities from ) and extend it to an entire
function.
have 3 Q’. Q' holomorphic-on UNIV A (V2€ UNIV — %sings. Q' z = Q 2)
by (intro removable-singularities Q-bigo-1)
(auto simp: Q-def complex-eq-iff introl: holomorphic-intros)
then obtain @’ where Q" Q' holomorphic-on UNIV Az. z ¢ ?sings = Q'
z = @ z by blast

— ' constitutes an analytic continuation of the Dirichlet series of Q.
have eval-Q-fds: eval-fds Q-fds s = Q' s if Re s > 1 for s
proof —
have eval-fds Q-fds s = @ s using that
by (simp add: Q-fds-def Q-def eval-fds-mult eval-fds-power fds-abs-converges-mult

fds-abs-converges-power eval-fds-zeta)
also from that have ... = Q' s by (subst Q') auto
finally show ?thesis .
qed

— Since ((s) and (s + ia) are completely multiplicative Dirichlet series, the
logarithm of their product can be rewritten into the following nice form:
have In-Q-fds-eq:
fds-ln 0 Q-fds = fds (\k. of-real (2 * mangoldt k / In k x (I + cos (a * In
)
proof —
note simps = fds-In-mult[where I’ = 0 and "’ = 0] fds-In-power|where I’
= 0]
fds-In-prod|where I’ = X\-. 0]
have fds-In 0 Q-fds = 2 * fds-In 0 fds-zeta + fds-shift (i x a) (fds-In 0 fds-zeta)
+
fds-shift (—i % a) (fds-In 0 fds-zeta)
by (auto simp: Q-fds-def simps)
also have completely-multiplicative-function (fds-nth (fds-zeta :: complex fds))
by standard auto
hence fds-In (0 :: complex) fds-zeta = fds (An. mangoldt n /g In (real n))
by (subst fds-In-completely-multiplicative) (auto simp: fds-eq-iff)
also have 2 x ... + fds-shift (i * a) ... + fds-shift (<i* a) ... =
fds (Mk. of-real (2 * mangoldt k / In k = (1 + cos (a * In k))))
(is %a = %))
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proof (intro fds-eql, goal-cases)
case (1 n)
then consider n = 1 | n > 1 by force
hence fds-nth ?a n = mangoldt n / In (real n) * (2 + (n powr (i * a) + n
powr (—1 * a)))
by cases (auto simp: field-simps scaleR-conv-of-real numeral-fds)
also have n powr (i * a) + n powr (—i x a) = 2 * cos (of-real (a * In n))
using 1 by (subst cos-exp-eq) (simp-all add: powr-def algebra-simps)
also have mangoldt n / In (real n) *x (2 + ...) =
of-real (2 * mangoldt n / Inn x (1 4+ cos (a * In n)))
by (subst cos-of-real) simp-all
finally show ?case by (simp add: fds-nth-fds’)
qed
finally show ?Zthesis .
qed
— It is then obvious that this logarithm series has non-negative real coefficients.
also have nonneg-dirichlet-series . ..
proof (standard, goal-cases)
case (1 n)
from cos-ge-minus-onelof a * In n] have 1 + cos (a * In (real n)) > 0 by
linarith
thus ?case using 1
by (cases n = 0)
(auto simp: complez-nonneg-Reals-iff fds-nth-fds’ mangoldt-nonneg
introl: divide-nonneg-nonneg mult-nonneg-nonneg)
qged
— Therefore, the original series also has non-negative real coefficients.
finally have nonneg: nonneg-dirichlet-series QQ-fds
by (rule nonneg-dirichlet-series-InD) (auto simp: Q-fds-def)

— By the Pringsheim-Landau theorem, a Dirichlet series with non-negative
coefficnets that can be analytically continued to the entire complex plane must
converge everywhere, i.e. its abscissa of (absolute) convergence is —oo:
have abscissa-Q-fds: abs-conv-abscissa Q-fds < 1
unfolding Q-fds-def by (auto introl: abs-conv-abscissa-mult-lel abs-conv-abscissa-power-lel)
with nonneg and eval-Q-fds and <Q’ holomorphic-on UNIV»

have abscissa: abs-conv-abscissa Q-fds = —oco
by (intro entire-continuation-imp-abs-conv-abscissa-MInfty[where ¢ = 1
and g = Q)

(auto simp: one-ereal-def)

— This now leads to a contradiction in a very obvious way. If @Q-fds is absolutely
convergent, then the subseries corresponding to powers of 2 (1.e. we delete all
summands a,/n® where n is not a power of 2 from the sum) is also absolutely
convergent. We denote this series with R.

define R-fds where R-fds = fds-primepow-subseries 2 Q-fds

have conv-abscissa R-fds < abs-conv-abscissa R-fds by (rule conv-le-abs-conv-abscissa)

also have abs-conv-abscissa R-fds < abs-conv-abscissa Q-fds

unfolding R-fds-def by (rule abs-conv-abscissa-restrict)
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also have ... = —oo by (simp add: abscissa)
finally have abscissa’: conv-abscissa R-fds = —oo by simp

— Since ¢(s) and ((s =+ ia) have an Euler product expansion for R(s) > 1, we

have
R(s)=(1—-27%)72(1 —27°t*)~ (1 — 275"t

there, and since R converges everywhere and the right-hand side is holomorphic for
MR(s) > 0, the equation is also valid for all s with 93(s) > 0 by analytic continuation.
have eval-R: eval-fds R-fds s =
1/((1 = 2powr —s) 2% (1 —2powr (—s+ixa))x* (I —2
powr (—s — 1% a)))
(is - = ?fs) if Re s > 0 for s
proof —
show ?thesis
proof (rule analytic-continuation-open[where f = eval-fds R-fds])
show ?f holomorphic-on {s. Re s > 0}
by (intro holomorphic-intros) (auto simp: powr-def exp-eq-1 Ln-Reals-eq)
next
fix z assume z: z € {s. Re s > 1}
have [simp]: completely-multiplicative-function (fds-nth fds-zeta) by standard
auto
thus eval-fds R-fds z = ?f z using 2z
by (simp add: R-fds-def Q-fds-def eval-fds-mult eval-fds-power fds-abs-converges-mult

fds-abs-converges-power fds-primepow-subseries-euler-product-cm
divide-simps
powr-minus powr-diff powr-add fds-abs-summable-zeta)
qed (insert that abscissa’, auto introl: exl[of - 2] convex-connected open-halfspace-Re-gt
convez-halfspace-Re-gt holomorphic-intros)
qed

— We now clearly have a contradiction: R(s), being entire, is continuous every-
where, while the function on the right-hand side clearly has a pole at 0.
show Fulse
proof (rule not-tendsto-and-filterlim-at-infinity)
have ((Ab. (1—2 powr — b)? x (1 — 2 powr (—b+ixa)) * (I — 2 powr
(=b—ixa))) —— 0)
(at 0 within {s. Re s > 0})
(is filterlim ?f' - -) by (intro tendsto-eq-intros) (auto)
moreover have eventually (As. s € {s. Re s > 0}) (at 0 within {s. Re s >
0})
by (auto simp: eventually-at-filter)
hence eventually (As. 2f’ s # 0) (at 0 within {s. Re s > 0})
by eventually-elim (auto simp: powr-def exp-eq-1 Ln-Reals-eq)
ultimately have filterlim 2f' (at 0) (at 0 within {s. Re s > 0}) by (simp
add: filterlim-at)
hence filterlim ?f at-infinity (at 0 within {s. Re s > 0}) (is ?lim)
by (intro filterlim-divide-at-infinity| OF tendsto-const)
tendsto-mult-filterlim-at-infinity) auto
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also have ev: eventually (As. Re s > 0) (at 0 within {s. Re s > 0})
by (auto simp: eventually-at introl: exl|of - 1])
have ?lim +— filterlim (eval-fds R-fds) at-infinity (at 0 within {s. Re s >
0})
by (intro filterlim-cong refl eventually-mono[OF ev]) (auto simp: eval-R)
finally show ... .
next
have continuous (at 0 within {s. Re s > 0}) (eval-fds R-fds)
by (intro continuous-intros) (auto simp: abscissa’)
thus ((eval-fds R-fds —— eval-fds R-fds 0)) (at 0 within {s. Re s > 0})
by (auto simp: continuous-within)
next
have 0 € {s. Re s > 0} by simp
also have {s. Re s > 0} = closure {s. Re s > 0}
using closure-halfspace-gt|[of 1::complex 0] by (simp add: inner-commaute)
finally have 0 € ... .
thus at 0 within {s. Re s > 0} # bot
by (subst at-within-eg-bot-iff) auto
qed
qed
qed (fact zeta-Re-gt-1-nonzero)

2.5 Special values of the ( functions

theorem hurwitz-zeta-neg-of-nat:
assumes a > 0
shows hurwitz-zeta a (—of-nat n) = —bernpoly (Suc n) a / of-nat (Suc n)
proof —
have —of-nat n # (1::complex) by (simp add: complex-eq-iff)
hence hurwitz-zeta a (—of-nat n) =
pre-zeta a (—of-nat n) + a powr real (Suc n) / (—of-nat (Suc n))
unfolding zeta-def hurwitz-zeta-def using assms by (simp add: powr-of-real
[symmetric])
also have a powr real (Suc n) / (—of-nat (Suc n)) = — (a powr real (Suc n) /
of-nat (Suc n))
by (simp add: divide-simps del: of-nat-Suc)
also have a powr real (Suc n) = a = Suc n
using assms by (intro powr-realpow)
also have pre-zeta a (—of-nat n) = pre-zeta-aux (Suc n) a (— of-nat n)
using assms by (intro pre-zeta-aux-eq-pre-zeta [symmetric]) auto
also have ... = of-real a powr of-nat n / 2 +
(0o i = 1..8Suc n. (bernoulli (2 * i) / fact (2 * 7)) *g
(pochhammer (— of-nat n) (2 i — 1) %
of-real a powr (of-nat n — of-nat (2 x i — 1)))) +
EM-remainder (Suc (2 % Suc n)) (Az. — (pochhammer (— of-nat
n)
(2xn+3) * of-real (x + a) powr (— of-nat n — 3))) 0
(is - = 2B + sum (An. 2f (2 * n)) - + -)
unfolding pre-zeta-auz-def by (simp add: add-ac eval-nat-numeral)
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also have ?B = of-real (a " n) / 2

using assms by (subst powr-Reals-eq) (auto simp: powr-realpow)
also have pochhammer (—of-nat n :: complez) (2xn+3) = 0

by (subst pochhammer-eq-0-iff) auto
finally have hurwitz-zeta a (—of-nat n) =

— (a " Sucn / of-nat (Sucn)) + (a "n/ 2+ sum (An. 7f (2 %
n)) {1..Suc n})
by simp

also have sum (An. 2f (2 x n)) {1..Suc n} = sum ?f ((x) 2 *{1..Suc n})
by (intro sum.reindez-bij-witness[of - Ai. i div 2 Xi. 2xi]) auto

also have ... = (> i=2..2«n+2. 7f1)
proof (intro sum.mono-neutral-left balll, goal-cases)
case (8 1)

hence odd i i # 1 by (auto elim!: evenE)
thus ?case by (simp add: bernoulli-odd-eq-0)

qged auto

also have ... = (> i=2..Suc n. ?f 1)

proof (intro sum.mono-neutral-right balll, goal-cases)
case (5 1)

hence pochhammer (—of-nat n :: complex) (i — 1) = 0
by (subst pochhammer-eq-0-iff) auto
thus ?case by simp

qged auto
also have ... = (> i=Suc 1..Suc n. —of-real (real (Suc n choose i) * bernoulli
i *
a " (Sucn — 1))/ of-nat (Suc n))
(is sum ?lhs - = sum %f -)
proof (intro sum.cong, goal-cases)
case (2 1)

hence of-nat n — of-nat (i — 1) = (of-nat (Suc n — i) :: complex)
by (auto simp: of-nat-diff)
also have of-real a powr ... = of-real (a ~ (Suc n — 1))
using 2 assms by (subst powr-nat) auto
finally have A: of-real a powr (of-nat n — of-nat (i — 1)) = ... .
have pochhammer (—of-nat n) (i — 1) = complex-of-real (pochhammer (—real
n) (i = 1))
by (simp add: pochhammer-of-real [symmetric])
also have pochhammer (—real n) (i — 1) = pochhammer (—of-nat (Suc n)) i

/ (=1 — real n)
using 2 by (subst (2) pochhammer-rec-if) auto
also have —1 — real n = —real (Suc n) by simp

finally have B: pochhammer (—of-nat n) (i — 1) =
—complex-of-real (pochhammer (—real (Suc n)) i / real (Suc n))
by (simp del: of-nat-Suc)
have ?lhs i = —complez-of-real (bernoulli i * pochhammer (—real (Suc n)) i /
fact i *
a " (Sucn — 1) / of-nat (Suc n)
by (simp only: A B) (simp add: scaleR-conv-of-real)
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also have bernoulli i x pochhammer (—real (Suc n)) i / fact i =
(real (Suc n) gchoose i) * bernoulli i using 2
by (subst gbinomial-pochhammer) (auto simp: minus-one-power-iff bernoulli-odd-eg-0)
also have real (Suc n) gchoose i = Suc n choose i
by (subst binomial-gbinomial) auto
finally show ?case by simp
qged auto
also have a " n / 2 + sum ?f {Suc 1..Suc n} = sum ?2f {1..Suc n}
by (subst (2) sum.atLeast-Suc-atMost) (simp-all add: scaleR-conv-of-real del:
of-nat-Suc)
also have —(a ~ Suc n / of-nat (Suc n)) + sum 2f {1..Suc n} = sum ?f {0..Suc
n
}
by (subst (2) sum.atLeast-Suc-atMost) (simp-all add: scaleR-conv-of-real)
also have ... = — bernpoly (Suc n) a / of-nat (Suc n)
unfolding sum-negf sum-divide-distrib [symmetric] by (simp add: bernpoly-def
atLeast0AtMost)
finally show ?thesis .
qed

lemma hurwitz-zeta-0 [simp]: a > 0 = hurwitz-zeta a 0 = 1 |/ 2 — a
using hurwitz-zeta-neg-of-nat[of a 0] by (simp add: bernpoly-def)

lemma zeta-0 [simp]: zeta 0 = —1 ] 2
by (simp add: zeta-def)

theorem zeta-neg-of-nat:
zeta (—of-nat n) = —of-real (bernoulli’ (Suc n)) / of-nat (Suc n)
unfolding zeta-def by (simp add: hurwitz-zeta-neg-of-nat bernpoly-1")

corollary zeta-trivial-zero:
assumes even n n # 0
shows zeta (—of-nat n) = 0
using zeta-neg-of-nat[of n] assms by (simp add: bernoulli’-odd-eq-0)

theorem zeta-even-nat:
zeta (2 * of-nat n) =
of-real ((—1) ~ Suc n * bernoulli (2 x n) x (2 x pi) ~ (2 *n) / (2 * fact (2
“ n)))
proof (cases n = 0)
case Fulse
hence (\k. I / of-nat (Suc k) ~ (2 * n)) sums zeta (of-nat (2 * n))
by (intro sums-zeta-nat) auto
from sums-unique2 [OF this nat-even-power-sums-complex] False show ?thesis
by simp
qed (insert zeta-neg-of-nat[of 0], simp-all)

corollary zeta-even-numeral:

zeta (numeral (Num.Bit0 n)) = of-real
((— 1) ~ Suc (numeral n) x bernoulli (numeral (num.Bit0 n)) *
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(2 * pi) " numeral (num.Bit0 n) / (2 * fact (numeral (num.Bit0 n)))) (is -
= %rhs)
proof —
have *: (2 * numeral n :: nat) = numeral (Num.Bit0 n)
by (subst numeral.numeral-Bit0, subst mult-2, rule refl)
have numeral (Num.Bit0 n) = (2 * numeral n :: complex)
by (subst numeral.numeral-Bit0, subst mult-2, rule refl)

also have ... = 2 x of-nat (numeral n) by (simp only: of-nat-numeral of-nat-mult)
also have zeta ... = ?rhs by (subst zeta-even-nat) (simp only: *)
finally show ?thesis .

qged

corollary zeta-neg-even-numeral [simp): zeta (—numeral (Num.Bit0 n)) = 0
proof —
have —numeral (Num.Bit0 n) = (—of-nat (numeral (Num.Bit0 n)) :: complex)
by simp
also have zeta ... = 0
proof (rule zeta-trivial-zero)
have numeral (Num.Bit0 n) = (2 * numeral n :: nat)
by (subst numeral.numeral-Bit0, subst mult-2, rule refl)
also have even ... by (rule dvd-triv-left)
finally show even (numeral (Num.Bit0 n) :: nat) .
qged auto
finally show ?thesis .
qed

corollary zeta-neg-numeral:
zeta (—numeral n) =
—of-real (bernoulli’ (numeral (Num.inc n)) / numeral (Num.inc n))
proof —
have —numeral n = (— of-nat (numeral n) :: complex)
by simp
also have zeta ... = —of-real (bernoulli’ (numeral (Num.inc n)) / numeral
(Num.inc n))
by (subst zeta-neg-of-nat) (simp add: numeral-inc)
finally show ?thesis .
qed

corollary zeta-negl: zeta (—1) = — 1/ 12
using zeta-neg-of-nat[of 1] by (simp add: eval-bernoulli)

corollary zeta-neg3: zeta (—8) =1 / 120
by (simp add: zeta-neg-numeral)

corollary zeta-neg5: zeta (—5) = — 1 /] 252
by (simp add: zeta-neg-numeral)

corollary zeta-2: zeta 2 =pi ~ 2/ 6
by (simp add: zeta-even-numeral)
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corollary zeta-4: zeta 4 = pi ~ 4 / 90
by (simp add: zeta-even-numeral fact-num-eq-if)

corollary zeta-6: zeta 6 = pi ~ 6 / 945
by (simp add: zeta-even-numeral fact-num-eq-if)

corollary zeta-8: zeta 8 = pi ~ 8 / 9450
by (simp add: zeta-even-numeral fact-num-eq-if)

2.6 Integral relation between I' and ( function

lemma
assumes z: Re z > 0 and a: a > 0
shows Gamma-hurwitz-zeta-auz-integral:
Gamma z |/ (of-nat n + of-real a) powr z =
([ se{0<..}. (s powr (z — 1) / exp ((n+a) * s)) Dlebesque)
and Gamma-hurwitz-zeta-auz-integrable:
set-integrable lebesgue {0<..} (As. s powr (z — 1) / exp ((n+a) * s))
proof —
note integrable = absolutely-integrable-Gamma-integral’ [OF z]
let ?INT = set-lebesgque-integral lebesque {0<..} :: (real = complex) = complex
let ?2INT' = set-lebesgue-integral lebesgue {0<..} :: (real = real) = real

have measi: set-borel-measurable lebesgue {0<..}
(Az. of-real x powr (z — 1) / of-real (exp ((n+a) * z)))
unfolding set-borel-measurable-def
by (intro measurable-completion, subst measurable-lborel2,
intro borel-measurable-continuous-on-indicator) (auto introl: continuous-intros)
show integrablel: set-integrable lebesgue {0<..}
(As. s powr (z — 1) / exp ((n+a) * s))

using assms by (intro absolutely-integrable-Gamma-integral) auto
from assms have pos: 0 < real n + a by (simp add: add-nonneg-pos)
hence complez-of-real 0 # of-real (real n + a) by (simp only: of-real-eq-iff)
also have complex-of-real (real n + a) = of-nat n + of-real a by simp
finally have nz: ... # 0 by auto

have ((At. complez-of-real t powr (z — 1) / of-real (exp t)) has-integral Gamma
z) {0<..}
by (rule Gamma-integral-complez’) fact+
hence Gamma z = ?INT (At. t powr (z — 1) / of-real (exp t))
using set-lebesgue-integral-eq-integral(2) [OF integrable]
by (simp add: has-integral-iff exp-of-real)
also have lebesgue = density (distr lebesgue lebesque (At. (real n+a) * t))
(Az. ennreal (real n+a))
using lebesgue-real-scale|of real n + a] pos by auto
also have set-lebesgue-integral ... {0<..} (At. of-real t powr (z — 1) / of-real
(exp £)) =
set-lebesgue-integral (distr lebesgue lebesque (At. (real n + a) * t))
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{0<..}
(At. (real n 4+ a) x t powr (z — 1) / exp t) using integrable pos
unfolding set-lebesgue-integral-def
by (subst integral-density) (simp-all add: exp-of-real algebra-simps scaleR-conv-of-real
set-integrable-def)
also have ... = ?INT (As. (n + a) * (of-real (n+a) * of-real s) powr (z — 1)
/
of-real (exp ((n+a) * s)))
unfolding set-lebesgue-integral-def
proof (subst integral-distr)
show (x) (real n + a) € lebesque — s lebesgue
using lebesgue-measurable-scaling[of real n + a, where ?'a = real]
unfolding real-scaleR-def .
next
have (Az. (n+a) * (indicator {0<..} x xg (of-real  powr (z — 1) / of-real
(ezp z))))
€ lebesgue — s borel
using integrable unfolding set-integrable-def by (intro borel-measurable-times)
simp-all
thus (Az. indicator {0<..} z xg
(complex-of-real (real n + a) * complez-of-real x powr (z — 1) / exp x))
€ borel-measurable lebesque by simp
qed (intro Bochner-Integration.integral-cong refl, insert pos,
auto simp: indicator-def zero-less-mult-iff)
also have ... = ?2INT (As. ((n+a) powr z) * (s powr (z — 1) / exp ((n+a) *
s))) using pos
by (intro set-lebesgue-integral-cong refl alll impl, simp, subst powr-times-real)
(auto simp: powr-diff)
also have ... = (n + a) powr z * ?INT (As. s powr (z — 1) / exp ((n+a) * s))
unfolding set-lebesgue-integral-def
by (subst integral-mult-right-zero [symmetric]) simp-all
finally show Gamma z / (of-nat n + of-real a) powr z =
Z?INT (As. s powr (z — 1) / exp ((n+a) * s))
using nz by (auto simp add: field-simps)
qed

lemma
assumes z: £ > 0 and a > 0
shows Gamma-hurwitz-zeta-auz-integral-real:
Gamma x / (real n + a) powr =
set-lebesque-integral lebesgue {0<..}
(As. s powr (x — 1) / exp ((real n + a) x s))
and Gamma-hurwitz-zeta-aux-integrable-real:
set-integrable lebesque {0<..} (As. s powr (x — 1) / exp ((real n + a) *
9)

proof —
show set-integrable lebesque {0<..} (As. s powr (x — 1) / exp ((real n + a) * s))
using absolutely-integrable-Gamma-integral]of of-real x real n + a]
unfolding set-integrable-def
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proof (rule Bochner-Integration.integrable-bound, goal-cases)
case 3
have set-integrable lebesgue {0<..} (Aza. complez-of-real za powr (of-real x —
0/
of-real (exp ((n + a) * za)))
using assms by (intro Gamma-hurwitz-zeta-auz-integrable) auto
also have ?this <— integrable lebesque
(As. complez-of-real (indicator {0<..} s *r (s powr (x — 1) / (exp
((nt+a) * 5)))))
unfolding set-integrable-def
by (intro Bochner-Integration.integrable-cong refl) (auto simp: powr-Reals-eq
indicator-def)
finally have set-integrable lebesgue {0<..} (As. s powr (z — 1) / exp ((n+a)
v s))
unfolding set-integrable-def complex-of-real-integrable-eq .
thus Zcase
by (simp add: set-integrable-def)
qed (insert assms, auto introl: AE-I2 simp: indicator-def norm-divide norm-powr-real-powr)
from Gamma-hurwitz-zeta-auz-integral[of of-real x a n] and assms
have of-real (Gamma x / (real n + a) powr z) = set-lebesgque-integral lebesgue

{0<..}
(As. complex-of-real s powr (of-real z — 1) / of-real (exp ((n+a) * s)))
(is - = 9I)
by (auto simp: Gamma-complex-of-real powr-Reals-eq)
also have ?I = [ebesgue-integral lebesgue
(Xs. of-real (indicator {0<..} s xg (s powr (z — 1) / exp ((n+a)
« )

unfolding set-lebesgue-integral-def
using assms by (intro Bochner-Integration.integral-cong refl)
(auto simp: indicator-def powr-Reals-eq)
also have ... = of-real (set-lebesgue-integral lebesgue {0<..}
(As. s powr (z — 1) / exp ((n+a) x s)))
unfolding set-lebesgue-integral-def
by (rule Bochner-Integration.integral-complez-of-real)
finally show Gamma z / (real n + a) powr x = set-lebesque-integral lebesgue

{0<..}
(As. s powr (z — 1) / exp ((real n + a) * s))
by (subst (asm) of-real-eq-iff)
qed

theorem
assumes Re z > 1 and a > (0::real)
shows Gamma-times-hurwitz-zeta-integral: Gamma z * hurwitz-zeta a z =
(Jze{0<..}. (of-real z powr (z — 1)  of-real (exp (—axz) / (I — eap
(—x)))) Olebesgue)
and Gamma-times-hurwitz-zeta-integrable:
set-integrable lebesgue {0<..}
(Az. of-real z powr (z — 1) * of-real (exp (—axz) / (1 — exp (—x))))
proof —
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from assms have z: Re z > 0 by simp
let YINT = set-lebesgue-integral lebesgue {0<..} :: (real = complex) = complex
let ?2INT' = set-lebesgue-integral lebesgue {0<..} :: (real = real) = real

have 1: complez-set-integrable lebesque {0<..}
(Az. of-real x powr (z — 1) / of-real (exp ((real n + a) x x))) for n
by (rule Gamma-hurwitz-zeta-auz-integrable) (use assms in simp-all)
have 2: summable (An. norm (indicator {0<..} s xg (of-real s powr (z — 1) /
of-real (exp ((n + a) * s))))) for s
proof (cases s > 0)
case True
hence summable (An. norm (of-real s powr (z — 1)) x exp (—a * ) * exp (—s)
~ )
using assms by (intro summable-mult summable-geometric) simp-all
with True show ?thesis
by (simp add: norm-mult norm-divide exp-add exp-diff
exp-minus field-simps exp-of-nat-mult [symmetric])
qed simp-all
have 3: summable (An. [ z. norm (indicator {0<..} z xg (complex-of-real x powr

(z—-1)/

proof —
have summable (An. Gamma (Re z) * (real n + a) powr —Re z)
using assms by (intro summable-mult summable-hurwitz-zeta-real) simp-all
also have ?this +— summable (An. 2INT’ (As. norm (of-real s powr (z — 1)

complez-of-real (exp ((n + a) * z)))) Olebesgue)

/
of-real (exp ((n+a) * s)))))

proof (intro summable-cong always-eventually alll, goal-cases)
case (1 n)
have Gamma (Re z) * (real n + a) powr —Re z = Gamma (Re z) / (real n
+ a) powr Re z
by (subst powr-minus) (simp-all add: field-simps)
also from assms have ... = ([ze{0<..}. (z powr (Re z—1) / exp ((n+a)
* x)) Olebesgue)
by (subst Gamma-hurwitz-zeta-auz-integral-real) simp-all
also have ... = ([ zac{0<..}. norm (of-real za powr (2—1) / of-real (exp
((n+a) + 20)))
Olebesgue)
unfolding set-lebesgue-integral-def
by (intro Bochner-Integration.integral-cong refl)
(auto simp: indicator-def norm-divide norm-powr-real-powr)
finally show ?case .
qed
finally show ?thesis
by (simp add: set-lebesque-integral-def)
qed

have sum-

((nt+a) * s)))

q: (O n. indicator {0<..} s xr (of-real s powr (z — 1) / of-real (exp
) =
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indicator {0<..} s xg (of-real s powr (z — 1) *
of-real (exp (—a x s) / (1 — exp (—s)))) for s
proof (cases s > 0)
case True
hence (> n. indicator {0..} s xg (of-real s powr (z — 1) / of-real (exp ((n+a)

* 5)))) =
(3> n. of-real s powr (z — 1) x of-real (exp (—a * 8)) * of-real (exp (—s))
~ )
by (intro suminf-cong)
(auto simp: exp-add exp-minus exp-of-nat-mult [symmetric] field-simps
of-real-exp)
also have (>  n. of-real s powr (z — 1) * of-real (exp (—a * s)) * of-real (exp

(=) "n) =
(=) ")

using True by (intro suminf-mult summable-geometric) simp-all
also have (> n. complez-of-real (exp (—s)) “n) =1/ (1 — of-real (exp (—3)))
using True by (intro suminf-geometric) auto
also have of-real s powr (z — 1) * of-real (exp (—a * s)) * ... =
of-real s powr (z — 1) % of-real (exp (—a x s) / (I — exp (—3)))
using <a > 0»
by (auto simp add: divide-simps exp-minus)
finally show ?thesis using True by simp
qed simp-all

of-real s powr (z — 1) * of-real (exp (—a * s)) * (3_ n. of-real (exp

show set-integrable lebesgue {0<..}
(Az. of-real z powr (z — 1) * of-real (exp (—axz) / (1 — exp (—1x))))
using ! unfolding sum-eq [symmetric] set-integrable-def
by (intro integrable-suminf|OF - AE-12] 2 3)

have (An. 2INT (As. s powr (z — 1) / exp ((n+a) * s))) sums lebesgue-integral
lebesgue
(As. >_ n. indicator {0<..} s xg (s powr (z — 1) / exp ((n+a) x 5))) (is
?A sums ?B)
using 1 unfolding set-lebesgue-integral-def set-integrable-def
by (rule sums-integral|OF - AE-I2[OF 2] 3])
also have A = (An. Gamma z * (n + a) powr —z)
using assms by (subst Gamma-hurwitz-zeta-auz-integral [symmetric])
(simp-all add: powr-minus divide-simps)
also have ?B = ?INT (As. of-real s powr (z — 1) * of-real (exp (—a * s) / (1
— e (—5))
unfolding sum-eq set-lebesgue-integral-def ..
finally have (An. Gamma z * (of-nat n + of-real a) powr —z) sums
2INT (Az. of-real x powr (z — 1) * of-real (exp (—a x z) / (1 — exp
(—o))

by simp
moreover have (An. Gamma z x (of-nat n + of-real a) powr —z) sums (Gamma
z * hurwitz-zeta a z2)
using assms by (intro sums-mult sums-hurwitz-zeta) simp-all
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ultimately show Gamma z * hurwitz-zeta a z =
([ ze{0<..}. (of-real x powr (z — 1) *
of-real (exp (—a x x) / (1 — exp (—x)))) Olebesgue)
by (rule sums-unique2 [symmetric])
qed

corollary
assumes Re z > 1
shows Gamma-times-zeta-integral: Gamma z x zeta z =
([ ze{0<.}. (of-real z powr (z — 1) / of-real (exp x — 1)) Dlebesgue)
(is %thl)
and Gamma-times-zeta-integrable:
set-integrable lebesque {0<..}
(Ax. of-real z powr (z — 1) / of-real (exp x — 1)) (is ?th2)
proof —
have *: (A\z. indicator {0<..} = *g (of-real x powr (z — 1) x*
of-real (exp (=) | (1 — ezp (~2))))) =
(Az. indicator {0<..} x *g (of-real z powr (z — 1) / of-real (exp z —
1))
by (intro ext) (simp add: field-simps exp-minus indicator-def)
from Gamma-times-hurwitz-zeta-integral [OF assms zero-less-one] and x
show ?th1 by (simp add: zeta-def set-lebesgue-integral-def)
from Gamma-times-hurwitz-zeta-integrable [OF assms zero-less-one] and
show ?th2 by (simp add: zeta-def set-integrable-def)
qed

corollary hurwitz-zeta-integral-Gamma-def:
assumes Rez > 1a > 0
shows hurwitz-zeta a z =
rGamma z x ([ z€{0<..}. (of-real z powr (z — 1) *
of-real (exp (—a x x) / (1 — exp (—x)))) Olebesgue)
proof —
from assms have Gamma z # 0
by (subst Gamma-eq-zero-iff) (auto elim!: nonpos-Ints-cases)
with Gamma-times-hurwitz-zeta-integral [OF assms| show ?thesis
by (simp add: rGamma-inverse-Gamma field-simps)
qed

corollary zeta-integral-Gamma-def:
assumes Re z > 1
shows zeta z =
rGamma z * ([ z€{0<..}. (of-real  powr (z — 1) / of-real (exp z —
1)) Olebesgue)
proof —
from assms have Gamma z # 0
by (subst Gamma-eg-zero-iff) (auto elim!: nonpos-Ints-cases)
with Gamma-times-zeta-integral [OF assms] show ?thesis
by (simp add: rGamma-inverse-Gamma field-simps)
qed
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lemma Gamma-times-zeta-has-integral:
assumes Re z > 1
shows ((Az. z powr (z — 1) / (of-real (exp ) — 1)) has-integral (Gamma z *
zeta z)) {0<..}
(is (?f has-integral -) -)
proof —
have (?f has-integral set-lebesgue-integral lebesgue {0<..} ?2f) {0<..}
using Gamma-times-zeta-integrable OF assms]
by (intro has-integral-set-lebesgue) auto
also have set-lebesgue-integral lebesque {0<..} ?f = Gamma z * zeta z
using Gamma-times-zeta-integral| OF assms] by simp
finally show ?thesis .
qed

lemma Gamma-times-zeta-has-integral-real:

fixes z :: real

assumes z > I

shows ((Az. z powr (z — 1) / (exp x — 1)) has-integral (Gamma z * Re (zeta
2))) {0<..}
proof —

from assms have *: Re (of-real z) > 1 by simp

have ((Az. Re (complex-of-real x powr (complex-of-real z — 1)) / (exp x — 1))
has-integral

Gamma z x Re (zeta (complex-of-real 2))) {0<..}
using has-integral-linear| OF Gamma-times-zeta-has-integral] OF x| bounded-linear-Re]

by (simp add: o-def Gamma-complez-of-real)
also have ?this «— ?thesis
using assms by (intro has-integral-cong) (auto simp: powr-Reals-eq)
finally show ?thesis .
qed

lemma Gamma-integral-real”:

assumes z: £ > (0 :: real)

shows ((At. t powr (z — 1) / exp t) has-integral Gamma z) {0<..}

using Gamma-integral-real] OF assms] by (subst has-integral-closure [symmetric))
auto

2.7 An analytic proof of the infinitude of primes

We can now also do an analytic proof of the infinitude of primes.

lemma primes-infinite-analytic: infinite {p :: nat. prime p}
proof

— Suppose the set of primes were finite.

define P :: nat set where P = {p. prime p}

assume fin: finite P

— Then the Euler product form of the ¢ function ranges over a finite set, and
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since each factor is holomorphic in the positive real half-space, the product is, too.
define zeta’ :: compler = complex
where zeta’ = (As. ([[ peP. inverse (I — 1 / of-nat p powr s)))
have holo: zeta’ holomorphic-on A if A C {s. Re s > 0} for A
proof —
{
fix p :: nat and s :: compler assume p: p € Pand s: s € A
from p have p” real p > 1
by (subst of-nat-1 [symmetric], subst of-nat-less-iff) (simp add: prime-gt-Suc-0-nat
P-def)
have norm (of-nat p powr s) = real p powr Re s
by (simp add: norm-powr-real-powr)
also have ... > real p powr 0 using p p’ s that
by (subst powr-less-cancel-iff) (auto simp: prime-gt-1-nat)
finally have of-nat p powr s # 1 using p by (auto simp: P-def)

thus %thesis by (auto simp: zeta'-def P-def introl: holomorphic-intros)
qed

— Since the Euler product expansion of ((s) is valid for all s with real value at
least 1, and both ((s) and the Euler product must be equal in the positive real
half-space punctured at 1 by analytic continuation.

have eq: zeta s = zeta’ s if Re s > 0 s # 1 for s

proof (rule analytic-continuation-open|of {s. Re s > 1} {s. Re s > 0} — {1}
zeta zeta'))

fix s assume s: s € {s. Re s > 1}
let ?f = (An. [[ p<n. if prime p then inverse (1 — 1 / of-nat p powr s) else 1)
have eventually (An. ?f n = zeta’ s) sequentially

using eventually-ge-at-top[of Max P]
proof eventually-elim

case (elim n)

have P # {} by (auto simp: P-def introl: exI[of - 2])

with elim have P C {..n} using fin by auto

thus ?case unfolding zeta’-def

by (intro prod.mono-neutral-cong-right) (auto simp: P-def)

qed
moreover from s have ?f —— zeta s by (intro euler-product-zeta) auto
ultimately have (\-. zeta’ s) —— zeta s

by (blast intro: Lim-transform-eventually)
thus zeta s = zeta’ s by (simp add: LIMSEQ-const-iff)

qged (auto introl: exl[of - 2] open-halfspace-Re-gt connected-open-delete con-
vezx-halfspace-Re-gt

holomorphic-intros holo that intro: convex-connected)

— However, since the Euler product is holomorphic on the entire positive real
half-space, it cannot have a pole at 1, while ((s) does have a pole at 1. Since they
are equal in the punctured neighbourhood of 1, this is a contradiction.

have ev: eventually (As. s € {s. Res > 0} — {1}) (at 1)

by (auto simp: eventually-at-filter introl: open-halfspace-Re-gt
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eventually-mono| OF eventually-nhds-in-open[of {s. Re s > 0}]])
have —is-pole zeta' 1
by (rule not-is-pole-holomorphic [of {s. Re s > 0}]) (auto intro!: holo open-halfspace-Re-gt)
also have is-pole zeta’' 1 +— is-pole zeta 1 unfolding is-pole-def
by (intro filterlim-cong refl eventually-mono [OF ev] eq [symmetric]) auto
finally show Fulse using is-pole-zeta by contradiction
qed

2.8 The periodic zeta function

The periodic zeta function F (s, q) (as described e. g. by Apostol [1] is related
to the Hurwitz zeta function. It is periodic in ¢ with period 1 and it can be
represented by a Dirichlet series that is absolutely convergent for (s) > 1.
If ¢ ¢ Z, it furthermore convergent for R(s) > 0.

It is clear that for integer ¢, we have F'(s,q) = F(s,0) = ((s). Moreover, for
non-integer ¢, F'(s,q) can be analytically continued to an entire function.

definition fds-perzeta :: real = complex fds where
fds-perzeta g = fds (Am. exp (2 * pi x 1% m * q))

The definition of the periodic zeta function on the full domain is a bit un-
wieldy. The precise reasoning for this definition will be given later, and, in
any case, it is probably more instructive to look at the derived “alternative”
definitions later.

definition perzeta :: real = complex = complex where
perzeta q' s =
(if ¢’ € Z then zeta s
else let ¢ = frac q' in
if s = 0theni/ (2 % pi) x (pre-zeta ¢ 1 — pre-zeta (1 — q) 1 +
In (1 —4q) —Ingqg+ pi=i)
else if s € N then eval-fds (fds-perzeta q) s
else complez-of-real (2 * pi) powr (s — 1) *x i x Gamma (I — s) *
(i powr (—8) * hurwitz-zeta q (1 — s) —
i powr s * hurwitz-zeta (1 — q) (1 — 3)))

interpretation fds-perzeta: periodic-fun-simple’ fds-perzeta
by standard (simp-all add: fds-perzeta-def exp-add ring-distribs exp-eq-polar
cis-mult [symmetric] cis-multiple-2pi)

interpretation perzeta: periodic-fun-simple’ perzeta
proof —
have [simp]: n + 1 € Z «— n € Z for n :: real
by (simp flip: frac-eq-0-iff add: frac.plus-1)
show periodic-fun-simple’ perzeta
by standard (auto simp: fun-eq-iff perzeta-def Let-def frac.plus-1)
qed

lemma perzeta-frac [simp|: perzeta (frac q) = perzeta q
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by (auto simp: perzeta-def fun-eq-iff Let-def)

lemma fds-perzeta-frac [simp|: fds-perzeta (frac q) = fds-perzeta q
using fds-perzeta.plus-of-int[of frac q | ¢q|] by (simp add: frac-def)

lemma abs-conv-abscissa-perzeta: abs-conv-abscissa (fds-perzeta q) < 1
proof (rule abs-conv-abscissa-lel)
fix ¢ assume c: ereal ¢ > 1
hence summable (An. n powr —c)
by (simp add: summable-real-powr-iff)
also have ?this «— fds-abs-converges (fds-perzeta q) (of-real ¢) unfolding
fds-abs-converges-def
by (intro summable-cong eventually-mono[OF eventually-gt-at-top|of 0]))
(auto simp: norm-divide norm-powr-real-powr fds-perzeta-def powr-minus
field-simps)
finally show 3s. s - I = ¢ A fds-abs-converges (fds-perzeta q) s
by (intro exl|of - of-real c]) auto
qed

lemma conv-abscissa-perzeta: conv-abscissa (fds-perzeta q) < 1
by (rule order.trans|OF conv-le-abs-conv-abscissa abs-conv-abscissa-perzetal)

lemma fds-perzeta--left-0 [simp]: fds-perzeta 0 = fds-zeta
by (simp add: fds-perzeta-def fds-zeta-def)

lemma perzeta-0-left [simp]: perzeta 0 s = zeta s
by (simp add: perzeta-def eval-fds-zeta)

lemma perzeta-int: ¢ € Z —> perzeta q = zeta
by (simp add: perzeta-def fun-eq-iff)

lemma fds-perzeta-int: ¢ € Z. = fds-perzeta q = fds-zeta
by (auto simp: fds-perzeta.of-int elim!: Ints-cases)

lemma sums-fds-perzeta:
assumes Re s > 1
shows (Am. exp (2 * pi x i * Suc m * q) / of-nat (Suc m) powr s) sums
eval-fds (fds-perzeta q) s

proof —
have conv-abscissa (fds-perzeta q) < 1 by (rule conv-abscissa-perzeta)
also have ... < ereal (Re s) using assms by (simp add: one-ereal-def)

finally have fds-converges (fds-perzeta q) s by (intro fds-converges) auto
hence (An. fds-nth (fds-perzeta q) (Suc n) / nat-power (Suc n) s) sums
eval-fds (fds-perzeta q) s by (subst sums-Suc-iff) (auto simp: fds-converges-iff)
thus ?thesis by (simp add: fds-perzeta-def)
qed

lemma sum-tendsto-fds-perzeta:
assumes Re s > 1
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shows (An. > ke{0<..n}. exp (2 * real k * pi * q x 1) * of-nat k powr — s)
—— eval-fds (fds-perzeta q) s
proof —
have (Am. ezp (2 * pi *x i * Suc m * q) / of-nat (Suc m) powr s) sums eval-fds
(fds-perzeta q) s
by (intro sums-fds-perzeta assms)
hence (An. > k<n. exp (2 * real (Suc k) x pi * ¢ x 1) * of-nat (Suc k) powr
—8) ——
eval-fds (fds-perzeta q) s
(is filterlim ?f - -) by (simp add: sums-def powr-minus field-simps)
also have ?f = (An. > ke{0<..n}. exp (2 % real k % pi x q % 1) * of-nat k powr
—s)
by (intro ext sum.reindex-bij-betw sum.reindex-bij-witness[of - An. n — 1 Suc])
auto
finally show ?thesis by simp
qed

Using the geometric series, it is easy to see that the Dirichlet series for
F(s,q) has bounded partial sums for non-integer ¢, so it must converge for
any s with 2R(s) > 0.

lemma conv-abscissa-perzeta:
assumes ¢ ¢ Z
shows  conv-abscissa (fds-perzeta q) < 0
proof (rule conv-abscissa-lel)
fix c :: real assume c: ereal ¢ > 0
have fds-converges (fds-perzeta q) (of-real c)
proof (rule bounded-partial-sums-imp-fps-converges)
define w where w = exp (2 * pi * 1 * q)
have [simp]: norm w = 1 by (simp add: w-def)
define M where M = 2 / norm (1 — w)
from «q ¢ Z» have w # 1
by (auto simp: w-def exp-eg-1)
hence M > 0 by (simp add: M-def)

show Bseq (An. > k<n. fds-nth (fds-perzeta q) k / nat-power k 0)
unfolding Bseq-def
proof (rule exl, safe)
fix n :: nat
show norm (3~ k<n. fds-nth (fds-perzeta q) k / nat-power k 0) < M
proof (cases n = 0)
case Fulse
have (> k<n. fds-nth (fds-perzeta q) k | nat-power k 0) =
Ooke{1..1 + (n — 1)}. w " k) using False
by (intro sum.mono-neutral-cong-right)
(auto simp: fds-perzeta-def fds-nth-fds exp-of-nat-mult [symmetric] mult-ac

w-def)
also have ... =w * (I —w "n) /(I — w) using «w # 1> and False
by (subst sum-gp-offset) simp
also have norm ... < 1 % (norm (1::complex) + norm (w ~n)) / norm (1
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— w)
unfolding norm-mult norm-divide
by (intro mult-mono divide-right-mono norm-triangle-ineqs) auto
also have ... = M by (simp add: M-def norm-power)
finally show ?thesis .
qged (use <M > 0> in simp-all)
qed fact+
qed (insert ¢, auto)
thus 3s. s - 1 = ¢ A fds-converges (fds-perzeta q) s
by (intro exI[of - of-real c]) auto
qged

lemma fds-perzeta-one-half: fds-perzeta (1 / 2) = fds (An. (—1) " n)
using Complex. DeMoivre|of pi]
by (intro fds-eql) (auto simp: fds-perzeta-def exp-eq-polar mult-ac)

lemma perzeta-one-half-1 [simp]: perzeta (1 / 2) 1 = —In 2
proof (rule sums-unique2)
have x: (1 / 2 :: real) ¢ Z
using fraction-not-in-ints[of 2 1] by auto
have fds-converges (fds-perzeta (1 / 2)) 1
by (rule fds-converges, rule le-less-trans, rule conv-abscissa-perzeta’) (use * in
auto)
hence (An. (—1) ~ Suc n / Suc n) sums eval-fds (fds-perzeta (1 | 2)) 1
unfolding fds-converges-altdef by (simp add: fds-perzeta-one-half)
also from * have eval-fds (fds-perzeta (1 / 2)) 1 = perzeta (1 / 2) 1
by (simp add: perzeta-def)
finally show (An. —complex-of-real ((—1) ~n / Suc n)) sums perzeta (1 / 2) 1
by simp
hence (An. —complez-of-real ((—1) ~n / Suc n)) sums —of-real (In 2)
by (intro sums-minus sums-of-real alternating-harmonic-series-sums)
thus (An. —complez-of-real ((—1) ~n / Suc n)) sums —(In 2)
by (simp flip: Ln-of-real)
qed

2.9 Hurwitz’s formula

We now move on to prove Hurwitz’s formula relating the Hurwitz zeta func-
tion and the periodic zeta function. We mostly follow Apostol’s proof, al-
though we do make some small changes in order to make the proof more
amenable to Isabelle’s complex analysis library.

The big difference is that Apostol integrates along a circle with a slit, where
the two sides of the slit lie on different branches of the integrand. This
makes sense when looking as the integrand as a Riemann surface, but we do
not have a notion of Riemann surfaces in Isabelle.

It is therefore much easier to simply cut the circle into an upper and a lower
half. In fact, the integral on the lower half can be reduced to the one on the
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upper half easily by symmetry, so we really only need to handle the integral
on the upper half. The integration contour that we will use is therefore a
semi-annulus in the upper half of the complex plane, centred around the
origin.

Now, first of all, we prove the existence of an important improper integral
that we will need later.

lemma set-integrable-bigo:

fixes f g :: real = ’a :: {banach, real-normed-field, second-countable-topology}

assumes f € O(Az. g z) and set-integrable lborel {a..} g

assumes A\b. b > a = set-integrable lborel {a..<b} f

assumes [measurable]: set-borel-measurable borel {a..} f

shows set-integrable lborel {a..} f
proof —

from assms(1) obtain C z0 where C: C > 0 Az. z > 20 = norm (fz) < C
* norm (g x)

by (fastforce elim!: landau-0.bigE simp: eventually-at-top-linorder)
define 20’ where z0' = maz a z0

have set-integrable lborel {a..<20'} f
by (intro assms) (auto simp: z0’-def)
moreover have set-integrable lborel {z0'..} f unfolding set-integrable-def
proof (rule Bochner-Integration.integrable-bound)
from assms(2) have set-integrable lborel {z0'..} ¢
by (rule set-integrable-subset) (auto simp: z0’-def)
thus integrable lborel (Az. C *g (indicator {z0'.} z *p g z)) unfolding
set-integrable-def
by (intro integrable-scaleR-right) (simp add: abs-mult norm-mult)
next
from assms(4) have set-borel-measurable borel {z0'..} f
by (rule set-borel-measurable-subset) (auto simp: x0'-def)
thus (Az. indicator {z0'..} = xgr fz) € borel-measurable lborel
by (simp add: set-borel-measurable-def)
next
show AFE z in lborel. norm (indicator {z0'.} = xp f )
< norm (C xg (indicator {x0'..} x xr g x))
using C by (intro AE-12) (auto simp: abs-mult indicator-def £0’-def)
qed
ultimately have set-integrable lborel ({a..<z0'} U {z0'.}) f
by (rule set-integrable-Un) auto
also have {a..<20'} U {20'..} = {a..} by (auto simp: x0'-def)
finally show ?thesis .
qed

lemma set-integrable- Gamma-hurwitz-aux2-real:
fixes s a :: real
assumes r > ( and a > 0
shows set-integrable lborel {r..} (Az. z powr s x (exp (—a *x z)) / (1 — exp (—x)))
(is set-integrable - - ?g)
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proof (rule set-integrable-bigo)
have (Az. exp (—(a/2) x z)) integrable-on {r..} using assms
by (intro integrable-on-exp-minus-to-infinity) auto
hence set-integrable lebesque {r..} (Az. exp (—(a/2) * x))
by (intro nonnegative-absolutely-integrable) simp-all
thus set-integrable lborel {r..} (Az. exp (—(a/2) * z))
by (simp add: set-integrable-def integrable-completion)
next
fix y :: real
have set-integrable lborel {r..y} ?¢g using assms
by (intro borel-integrable-atLeastAtMost’) (auto intro!: continuous-intros)
thus set-integrable lborel {r..<y} %g
by (rule set-integrable-subset) auto
next
from assms show ?g € O(Az. exp (—(a/2) * x))
by real-asymp
qed (auto simp: set-borel-measurable-def)

lemma set-integrable- Gamma-hurwitz-auz2:
fixes s :: complex and a :: real
assumes r > 0 and a > 0
shows set-integrable lborel {r..} (Az. z powr —s x (exp (— a * x)) / (I — exp
(- o)
(is set-integrable - - ?g)
proof —
have set-integrable lborel {r..} (Az. z powr —Re s * (exp (—a * x)) / (1 — exp
(=)
(is set-integrable - - ?g)
by (rule set-integrable-Gamma-hurwitz-auz2-real) (use assms in auto)
also have ?this «<— integrable lborel (Az. indicator {r..} = xg %9’ x)
by (simp add: set-integrable-def)
also have (Az. indicator {r..} © xg %9’ ) = (Az. norm (indicator {r..} = xp %g
x)) using assms
by (auto simp: indicator-def norm-mult norm-divide norm-powr-real-powr fun-eq-iff
exp-of-real exp-minus norm-inverse in-Reals-norm power2-eq-square
divide-simps)
finally show ?thesis unfolding set-integrable-def
by (subst (asm) integrable-norm-iff) auto
qed

lemma closed-neg-Im-slit: closed {z. Re z = 0 N Im z < 0}
proof —
have closed ({z. Re z = 0} N {z. Im z < 0})
by (intro closed-Int closed-halfspace-Re-eq closed-halfspace-Im-le)
also have {z. Rez =0} N{z. Imz2 < 0} ={z. Rez= 0 A Im z < 0} by blast
finally show ?thesis .
qed

We define tour semi-annulus path. When this path is mirrored into the
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lower half of the complex plane and subtracted from the original path and
the outer radius tends to oo, this becomes a Hankel contour extending to
—00.

definition hankel-semiannulus :: real = nat = real = complex where
hankel-semiannulus r N = (let R = (2 * N + 1) % pi in

part-circlepath 0 R 0 pi +++ — Big half circle

linepath (of-real (—R)) (of-real (—r)) +++ — Line on the negative real axis
part-circlepath 0 r pi 0 +++ — Small half circle

linepath (of-real 1) (of-real R)) — Line on the positive real axis

lemma path-hankel-semiannulus [simp, intro]: path (hankel-semiannulus r R)
and valid-path-hankel-semiannulus [simp, intro|: valid-path (hankel-semiannulus
r R)
and pathfinish-hankel-semiannulus [simp, intro:
pathfinish (hankel-semiannulus v R) = pathstart (hankel-semiannulus r R)
by (simp-all add: hankel-semiannulus-def Let-def)

We set the stage for an application of the Residue Theorem. We define a

function
exp(az)

f(s,2) = Z_Sm )

which will be the integrand. However, the principal branch of z7° has a
branch cut along the non-positive real axis, which is bad because a part of
our integration path also lies on the non-positive real axis. We therefore
choose a slightly different branch of z7° by moving the logarithm branch
along by 90° so that the branch cut lies on the non-positive imaginary axis
instead.

context

fixes a :: real

fixes f :: complexr = complex = complex
and g :: complex = real = complex
and h :: real = compler = real = complex
and Res :: compler = nat = complex
and Ln’ :: compler = complex
and F :: real = complexr = complex

assumes a: ¢ € {0<..1}

— Our custom branch of the logarithm
defines ILn' = (Az. In (1% 2) +ix* pi / 2)

— The integrand
defines f = (As z. exp (Ln’ z % (=) + of-real a * 2) | (1 — exp 2))

— The integrand on the negative real axis

defines g = (As z. complez-of-real x powr —s x of-real (exp (—axz)) / of-real (1
— exp (—2)))
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— The integrand on the circular arcs
defines h= (Arst. r+ixcistxerp (ax (r*cist) — (Inr+ixt)*xs)/
(1 — exp (r * cis t)))

— The interesting part of the residues
defines Res = (As k. exp (of-real (2 * real k * pi x a) * 1) x
of-real (2 * real k * pi) powr (—s))

— The periodic zeta function (at least on 9i(s) > 1 half-plane)
defines F = (\q. eval-fds (fds-perzeta q))
begin

First, some basic properties of our custom branch of the logarithm:

lemma Ln'-i: Ln"i=1x* pi / 2
by (simp add: Ln'-def)

lemma Ln’-of-real-pos:
assumes z > 0
shows Ln’ (of-real x) = of-real (In x)
proof —
have Ln’ (of-real z) = Ln (of-real x x (1)) + 1 * pi / 2
by (simp add: Ln’-def mult-ac)
also have ... = of-real (In x) using assms
by (subst Ln-times-of-real) (auto simp: Ln-of-real)
finally show ?thesis .
qed

lemma Ln’-of-real-neg:
assumes z <
shows Ln’ (of-real x) = of-real (In (—x)) + 1 * pi
proof —
have Ln’ (of-real ) = Ln (of-real (—z) % 1) +i* pi / 2
by (simp add: Ln’-def mult-ac)
also have ... = of-real (In (—z)) + i * pi using assms
by (subst Ln-times-of-real) (auto simp: Ln-Reals-eq)
finally show ?thesis .
qed

lemma Ln'-times-of-real:
Ln' (of-real x % z) = of-real (Inz) + Ln’ zif x > 0 2 # 0 for z x
proof —
have Ln’ (of-real z x z) = Ln (of-real z % (—i* 2)) +i*pi / 2
by (simp add: Ln’-def mult-ac)
also have ... = of-real (In x) + Ln’ 2
using that by (subst Ln-times-of-real) (auto simp: Ln’-def Ln-of-real)
finally show ?thesis .
qed

lemma Ln’-cis:
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assumes t € {—pi / 2<..3 / 2 * pi}
shows ILn' (cist) =1ix*¢
proof —
have exp (i x pi / 2) =i by (simp add: exp-eq-polar)
hence Ln (— (i * cist)) =1 % (t — pi / 2) using assms
by (intro Ln-unique) (auto simp: algebra-simps exp-diff cis-conv-exp)
thus ?thesis by (simp add: Ln’-def algebra-simps)
qed

Next, we show that the line and circle integrals are holomorphic using Leib-
niz’s rule:

lemma contour-integral-part-circlepath-h:
assumes r: 7 > (
shows contour-integral (part-circlepath 0 r 0 pi) (f s) = integral {0..pi} (b1 s)
proof —
have contour-integral (part-circlepath 0 r 0 pi) (f s) =
integral {0..pi} (M\t. fs (r* cist) x T %1% cis t)
by (simp add: contour-integral-part-circlepath-eq)
also have integral {0..pi} (At. fs (r % cis t) * v % 1 % cis t) = integral {0..pi}
(hrs)
proof (intro integral-cong)
fix t assume ¢: ¢t € {0..pi}
have —(pi / 2) < 0 by simp
also have 0 < t using ¢ by simp
finally have ¢ € {—(pi/2)<..3/2xpi} using ¢ by auto
thus fs (r*cist)«xrxixcist=hrst
using r by (simp add: f-def Ln’-times-of-real Ln'-cis h-def Ln-Reals-eq)
qed
finally show ?thesis .
qed

lemma integral-g-holomorphic:
assumes b > 0
shows (As. integral {b..c} (g s)) holomorphic-on A
proof —
define g’ where g’ = (As t. — (of-real t powr (—s)) * complez-of-real (In t) *
of-real (exp (— (a % t))) / of-real (1 — exp (— t)))
have (\s. integral (cbox b ¢) (g s)) holomorphic-on UNIV
proof (rule leibniz-rule-holomorphic)
fix s :: compler and t :: real assume t € cboz b c
thus ((As. g s t) has-field-derivative g’ s t) (at s) using assms
by (auto simp: g-def g’-def powr-def Ln-Reals-eq introl: derivative-eq-intros)
next
fix s show g s integrable-on cbox b c for s unfolding g¢-def using assms
by (intro integrable-continuous continuous-intros) auto
next
show continuous-on (UNIV x cbox b c¢) (A(s, t). g’ s t) using assms
by (auto simp: g’-def case-prod-unfold introl: continuous-intros)
qed auto
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thus ?thesis by auto
qed

lemma integral-h-holomorphic:
assumes r: r € {0<..<2}
shows (As. integral {b..c} (h r s)) holomorphic-on A
proof —
have no-sing: exp (r * cis t) # 1 for t
proof
define z where z = r * cis t
assume exp z = 1
then obtain n where norm z = 2 x pi x of-int |n|
by (auto simp: exp-eq-1 cmod-def abs-mult)
moreover have norm z = r using r by (simp add: z-def norm-mult)
ultimately have r-eq: 7 = 2 * pi * of-int |n| by simp
with r have n # 0 by auto
moreover from r have r < 2 x pi using pi-gt3 by simp
with r-eq have |n| < 1 by simp
ultimately show Fulse by simp
qed

define h/ where b/ = (Ast. exp (ax rxcist — (Inr +1xt) * s) *
(=lnr —1ixt)x(rxixcist) /(1 — exp (r x cis t)))
have (\s. integral (cboz b ¢) (h r s)) holomorphic-on UNIV
proof (rule leibniz-rule-holomorphic)
fix st assume t € cbozx b c
thus ((As. h 7 s t) has-field-derivative h' s t) (at s) using no-sing r
by (auto intro!: derivative-eq-intros simp: h-def h'-def mult-ac Ln-Reals-eq)
next
fix s show h r s integrable-on cbox b ¢ using no-sing unfolding h-def
by (auto intro!: integrable-continuous-real continuous-intros)
next
show continuous-on (UNIV x cbox b ¢) (A(s, t). h' s t) using no-sing
by (auto simp: h'-def case-prod-unfold intro!: continuous-intros)
qged auto
thus ?thesis by auto
qed

We now move on to the core result, which uses the Residue Theorem to relate
a contour integral along a semi-annulus to a partial sum of the periodic zeta
function.

lemma hurwitz-formula-integral-semiannulus:
fixes N :: nat and r :: real and s :: complex
defines R = real (2 « N + 1) * pi
assumes r > ( and r < 2
shows exp (—i * pi x s) * integral {r..R} (Az. z powr (—s) * exp (—a * z) / (1
— exp (—x))) +
integral {r..R} (A\z. x powr (—s) % exp (a * x)

/ (1 — exp x)) +
contour-integral (part-circlepath 0 R 0 pi) (f s) +
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contour-integral (part-circlepath 0 r pi 0) (f s)
=—2xpixi*exp (— sxofrealpixi/ 2)* (D ke{0<..N}. Res s k)
(is ?thesisl)
and [ s contour-integrable-on hankel-semiannulus r N
proof —
have 2 < 1 x pi using pi-gt3 by simp
also have ... < R unfolding R-def by (intro mult-right-mono) auto
finally have R > 2 by (auto simp: R-def)
note r-R = «r > () <r < 2> this

— We integrate along the edge of a semi-annulus in the upper half of the complex
plane. It consists of a big semicircle, a small semicircle, and two lines connecting
the two circles, one on the positive real axis and one on the negative real axis.
The integral along the big circle will vanish as the radius of the circle tends to oo,
whereas the remaining path becomes a Hankel contour, and the integral along that
Hankel contour is what we are interested in, since it is connected to the Hurwitz
zeta function.

define big-circle where big-circle = part-circlepath 0 R 0 pi

define small-circle where small-circle = part-circlepath 0 r pi 0

define neg-line where neg-line = linepath (complez-of-real (—R)) (complez-of-real
(=)

define pos-line where pos-line = linepath (complex-of-real 1) (complex-of-real
R)

define v where v = hankel-semiannulus r N

have v-altdef: v = big-circle +++ neg-line +++ small-circle +++ pos-line

by (simp add: ~v-def R-def add-ac hankel-semiannulus-def big-circle-def
neg-line-def small-circle-def pos-line-def)

have [simp]: path v valid-path v pathfinish v = pathstart ~

by (simp-all add: ~y-def)

— The integrand has a branch cut along the non-positive imaginary axis and
additional simple poles at 2nmi for any n € N~ (. The radius of the smaller circle
will always be less than 27 and the radius of the bigger circle of the form (2N + 1),
so we always have precisely the first IV poles inside our path.

define sngs where sngs = (An. of-real (2 * pi x real n) 1) ‘{0<..}

define sngs’ where sngs’ = (An. of-real (2 * pi * real n) x i) ‘ {0<..N}

have sngs-subset: sngs’ C sngs unfolding sngs-def sngs’-def by (intro im-
age-mono) auto

have closed-sngs [intro]: closed (sngs — sngs’) unfolding sngs-def

proof (rule discrete-imp-closed|of 2 * pi]; safe?)

fix m n 2 nat

assume dist (of-real (2 x pi * real m) x i) (of-real (2 % pi x real n) * i) < 2 *

pi
also have dist (of-real (2 * pi x real m) * 1) (of-real (2 * pi * real n) * 1) =
norm (of-real (2 * pi x real m) x i — of-real (2 * pi x real n) i)
by (simp add: dist-norm)

also have of-real (2 * pi * real m) x i — of-real (2 * pi * real n) *x i =
of-real (2 % pi) * 1 x of-int (int m — int n) by (simp add: algebra-simps)

also have norm ... = 2 x pi x of-int |int m — int n|

69



unfolding norm-mult norm-of-int by (simp add: norm-mult)
finally have |real m — real n| < 1 by simp
hence m = n by linarith
thus of-real (2 * pi * real m) * 1 = of-real (2 * pi * real n) * i by simp
ged auto

— We define an area within which the integrand is holomorphic. Choosing this
area as big as possible makes things easier later on, so we only remove the branch
cut and the poles.

define S where S = — {z. Rez = 0 A Im z < 0} — (sngs — sngs’)

define S’ where S'= — {z. Rez2=0 A Im z < 0}

have sngs: exp 2 = 1 <— 2z € sngsif Re 2 %% 0 V Im z > 0 for 2
proof
assume exp z = 1
then obtain n where n: z = 2 * pi x of-int n x i
unfolding exp-eg-1 by (auto simp: complez-eq-iff mult-ac)
moreover from n and pi-gt-zero and that have n > 0 by (auto simp:
zero-less-mult-iff)
ultimately have z = of-real (2 % pi * nat n) x i and nat n € {0<..}
by auto
thus z € sngs unfolding sngs-def by blast
qed (insert that, auto simp: sngs-def exp-eg-polar)

— We show that the path stays within the well-behaved area.
have path-image neg-line = of-real * {—R..—r} using r-R

by (auto simp: neg-line-def closed-segment-Reals closed-segment-eq-real-ivl)
hence path-image neg-line C S — sngs’ using r-R sngs-subset

by (auto simp: S-def sngs-def complez-eq-iff)

have path-image pos-line = of-real ‘ {r..R} using r-R

by (auto simp: pos-line-def closed-segment-Reals closed-segment-eq-real-ivl)
hence path-image pos-line C S — sngs’ using R sngs-subset

by (auto simp: S-def sngs-def complex-eq-iff)

have part-circlepath-in-S: z € S — sngs’
if z € path-image (part-circlepath 0 v’ 0 pi) V z € path-image (part-circlepath
0r' pi0)
and 7' > 0r' ¢ (An. 2 % pi x real n) ‘ {0<..} for z r’
proof —
have z: norm z = ' A Im z > 0 using that
by (auto simp: path-image-def part-circlepath-def norm-mult Im-exp linepath-def
intro!: mult-nonneg-nonneg sin-ge-zero)
hence Re z # 0 V Im z > 0 using that by (auto simp: cmod-def)
moreover from z and that have z ¢ sngs
by (auto simp: sngs-def norm-mult image-iff)
ultimately show z € S — sngs’ using sngs-subset by (auto simp: S-def)
qged
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{

fix n :: nat assume n: n > 0
have r < 2 % pi x 1 using pi-gt3 R by simp
also have ... < 2 x pi % real n using n by (intro mult-left-mono) auto
finally have r < ... .
}
hence r ¢ (An. 2 x pi % real n) ‘ {0<..} using r-R by auto
from part-circlepath-in-S[OF - - this] r-R have path-image small-circle C S —
sngs'
by (auto simp: small-circle-def)

{

fix n :: nat assume n: n > 0 2 * pi x real n = real (2 x N + 1) = pi
hence real (2 * n) = real (2 * N + 1) unfolding of-nat-mult by simp
hence Fulse unfolding of-nat-eq-iff by presburger

hence R ¢ (An. 2 % pi * real n) ‘ {0<..} unfolding R-def by force
from part-circlepath-in-S|OF - - this| r-R have path-image big-circle C S — sngs’
by (auto simp: big-circle-def)

note path-images =
<path-image small-circle C S — sngs”y <path-image big-circle C S — sngs’
<path-image neg-line C S — sngs’» (path-image pos-line C S — sngs”
have path-image v C S — sngs’ using path-images
by (auto simp: v-altdef path-image-join big-circle-def neg-line-def
small-circle-def pos-line-def)

— We need to show that the complex plane is still connected after we removed
the branch cut and the poles. We do this by showing that the complex plane with
the branch cut removed is starlike and therefore connected. Then we remove the
(countably many) poles, which does not break connectedness either.

have open S using closed-neg-Im-slit by (auto simp: S-def)

have starlike (UNIV — {z. Re z = 0 A Im z < 0})

(is starlike 2S") unfolding starlike-def
proof (rule bexl balll)+
have 1 < 1 x pi using pi-gt3 by simp
also have ... < (2 + 2 x real N) x pi by (intro mult-strict-right-mono) auto
finally show *: i € 25’ by (auto simp: S-def)
fix z assume z: z € 25’
have closed-segment iz N {z. Re z =0 AN Im z < 0} = {}
proof safe
fix s assume s: s € closed-segment i z Re s = 0 Im s < 0
then obtain ¢ where ¢: t € {0..1} s = linepath i z
using linepath-image-01 by blast
with z s t have 2z Re z = 0 Im z > 0
by (auto simp: Re-linepath’ S-def linepath-0")
with s have Im s € closed-segment 1 (Im z) A Im s < 0
by (subst (asm) closed-segment-same-Re) auto
with 2z’ show s € {}
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by (auto simp: closed-segment-eq-real-ivl split: if-splits)
qed
thus closed-segment 1 z C 25’ by (auto simp: S-def)
qed
hence connected 25’ by (rule starlike-imp-connected)
hence connected S’ by (simp add: Compl-eq-Diff-UNIV S’-def)
have connected S unfolding S-def
by (rule connected-open-diff-countable)
(insert <connected S", auto simp: sngs-def closed-neg-Im-slit S’-def)

— The integrand is now clearly holomorphic on S — sngs’ and we can apply the
Residue Theorem.
have holo: f s holomorphic-on (S — sngs’)
unfolding f-def Ln’-def S-def using sngs
by (auto intro!: holomorphic-intros simp: complex-nonpos-Reals-iff)
have contour-integral v (f s) =
of-real (2 * pi) x 1 x (O z€sngs’. winding-number v z * residue (f s) z)
proof (rule Residue-theorem)
show Vz. z ¢ S — winding-number v z = 0
proof safe
fix z assume z ¢ S
hence Re z = 0 AN Im 2 < 0 V z € sngs — sngs’ by (auto simp: S-def)
thus winding-number v z = 0

proof
define © where z = —Im 2
assume Rez =0 ANImz <0
hence z: z = —of-real x * i x > 0 unfolding complez-eq-iff by (simp-all
add: z-def)

obtain B where Az. norm z > B = winding-number v z = 0
using winding-number-zero-at-infinity[of ] by auto
hence winding-number v (—of-real (maz B 0) = i) = 0 by (auto simp:
norm-mult)
also have winding-number ~v (—of-real (max B 0) * i) = winding-number ~

proof (rule winding-number-eq)
from z have closed-segment (—of-real (maz B 0) x i) 2 C {z. Re z = 0
AImz < 0}
by (auto simp: closed-segment-same-Re closed-segment-eq-real-ivl)
with <path-image v C S — sngs”
show closed-segment (—of-real (max B 0) * i) z N path-image v = {}
by (auto simp: S-def)
ged auto
finally show winding-number v z = 0 .
next
assume z: z € sngs — sngs’
show winding-number v z = 0
proof (rule winding-number-zero-outside)
have path-image v = path-image big-circle U path-image neg-line U
path-image small-circle U path-image pos-line
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unfolding ~-altdef small-circle-def big-circle-def pos-line-def neg-line-def
by (simp add: path-image-join Un-assoc)
also have ... C cball 0 ((2 * N + 1) * pi) using r-R
by (auto simp: small-circle-def big-circle-def pos-line-def neg-line-def
path-image-join norm-mult R-def path-image-part-circlepath’
in-Reals-norm closed-segment-Reals closed-segment-eg-real-ivl)
finally show path-image v C ... .
qed (insert z, auto simp: sngs-def sngs’-def norm-mult)
qed
qed
qed (insert <path-image v C S — sngs”y <connected S» <open Sy holo, auto simp:
sngs’-def)

— We can use Wenda Li’s framework to compute the winding numbers at the
poles and show that they are all 1.
also have winding-number v z = 1 if z € sngs’ for 2

proof —
have r < 2 % pi x 1 using pi-gt3 ™R by simp
also have ... < 2 % pi % real n if n > 0 for n using that by (intro

mult-left-mono) auto
finally have norm-z: norm z > r norm z < R using that r-R
by (auto simp: sngs’-def norm-mult R-def)

have cindez-pathE big-circle z = —1 using r-R that unfolding big-circle-def
by (subst cindex-pathE-circlepath-upper(1)) (auto simp: sngs’-def norm-mult
R-def)
have cindex-pathE small-circle z = —1 using r-R that norm-z unfolding
small-circle-def
by (subst cindez-pathE-reversepath’, subst reversepath-part-circlepath,
subst cindez-pathE-circlepath-upper(2)) (auto simp: sngs’-def norm-mult)
have cindex-pathE neg-line z = 0 cindex-pathE pos-line z = 0
unfolding neg-line-def pos-line-def using r-R that
by (subst cindex-pathE-linepath; force simp: neg-line-def cindex-pathE-linepath
closed-segment-Reals closed-segment-eq-real-ivl sngs’-def complez-eq-iff )+
note indices = <cindex-pathF big-circle z = —1) <cindex-pathFE small-circle z
=—-0
<cindez-pathE neg-line z = 0> <cindez-pathE pos-line z = 0>
show ?thesis unfolding ~-altdef big-circle-def small-circle-def pos-line-def
neg-line-def
by eval-winding (insert indices path-images that,
auto simp: big-circle-def small-circle-def pos-line-def neg-line-def)

qed
hence (> z€sngs’. winding-number v z * residue (f s) z) = (D z€sngs’. residue
() 2)
by simp
also have ... = (3 ke{0<..N}. residue (f s) (2 = pi x of-nat k * 1))

unfolding sngs’-def by (subst sum.reindex) (auto introl: inj-onl simp: o-def)

— Next, we compute the residues at each pole.
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also have residue (f s) (2 x pi * of-nat k x 1) = —exp (— s * of-real pi x i / 2)
* Res s k
if £ € {0<..N} for k unfolding f-def
proof (subst residue-simple-pole-deriv)
show open S’ using closed-neg-Im-slit by (auto simp: S’-def)
show connected S’ by fact
show (Az. exp (Ln' z * (—s) + of-real a * 2)) holomorphic-on S’
(Az. 1 — exp z) holomorphic-on S’
by (auto simp: S'-def Ln'-def complex-nonpos-Reals-iff introl: holomor-
phic-intros)
have ((Az. I — exp z) has-field-derivative —exp (2 * pi * k x 1))
(at (of-real (2 * pi x real k) x 1))
by (auto introl: derivative-eq-intros)
also have —exp (2 * pi x k % 1) = —1 by (simp add: exp-eg-polar)
finally show ((Az. I — exp z) has-field-derivative —1)
(at (of-real (2 * pi x real k) * 1)) .
have Im (of-real (2 * pi x real k) x 1) > 0 using pi-gt-zero that
by auto
thus of-real (2 * pi * real k) x i € S’ by (simp add: S'-def)

have exp (i * pi / 2) =i by (simp add: exp-eq-polar)
hence exp (Ln' (complex-of-real (2 = pi * real k) * 1) * —s +
of-real a x (of-real (2 = pi * real k) x 1)) / —1 =
—erp (2xkxaxpixi—sxpixi/ 2 —sxlin(2x*kxpi)) (is R

=)

using that by (subst Ln'-times-of-real) (simp-all add: Ln'-i algebra-simps

exp-diff)

also have ... = —exp (— s x of-real pi x i / 2) * Res s k using that

by (simp add: Res-def exp-diff powr-def exp-minus inverse-eq-divide Ln-Reals-eq
mult-ac)

finally show ?R = —exp (— s x of-real pi xi / 2) x Res s k .
qed (insert that, auto simp: S’-def exp-eg-polar)
hence (> ke{0<..N}. residue (f s) (2 * pi * of-nat k x 1)) =
—exp (— s * of-real pi x1/ 2) x (O, ke{0<..N}. Res s k)
by (simp add: sum-distrib-left)

— This gives us the final result:
finally have contour-integral v (f s) =
—2 % pixixexp (— s*ofreal pi x1/ 2) % (O k€e{0<..N}. Res s
k) by simp

— Lastly, we decompose the contour integral into its four constituent integrals
because this makes them somewhat nicer to work with later on.
also show f s contour-integrable-on ~
proof (rule contour-integrable-holomorphic-simple)
show path-image v C S — sngs’ by fact
have closed sngs’ by (intro finite-imp-closed) (auto simp: sngs’-def)
with <open S» show open (S — sngs’) by auto
qed (insert holo, auto)
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hence eq: contour-integral v (f s) =
contour-integral big-circle (f s) + contour-integral neg-line (f s) +
contour-integral small-circle (f s) + contour-integral pos-line (f s)
unfolding ~y-altdef big-circle-def neg-line-def small-circle-def pos-line-def by
simp

also have contour-integral neg-line (f s) = integral {—R..—r} (Az. f s (complez-of-real
7))
unfolding neg-line-def using r-R by (subst contour-integral-linepath-Reals-eq)
auto
also have ... = exp (— i * pi * s) *
integral {r.R} (A\z. exp (—lnz x s) *x exp (—a x xz) / (1 — exp
(—2)))

(is - = - % ?2I) unfolding integral-mult-right [symmetric] using r-R
by (subst Henstock-Kurzweil-Integration.integral-reflect-real [symmetric], intro
integral-cong)
(auto simp: f-def exp-of-real Ln'-of-real-neg exp-minus exp-Reals-eq
exp-diff exp-add field-simps)
also have ?I = integral {r..R} (Az. = powr (—s) x exp (—a * z) / (1 — exp
(—x))) using r-R
by (intro integral-cong) (auto simp: powr-def Ln-Reals-eq exp-minus exp-diff
field-simps)

also have contour-integral pos-line (f s) = integral {r..R} (Az. f s (complezx-of-real
z))
unfolding pos-line-def using r-R by (subst contour-integral-linepath- Reals-eq)
auto
also have ... = integral {r..R} (Az. z powr (—s) * exp (a *x z) / (I — exp x))
using r-R by (intro integral-cong) (simp add: f-def Ln’-of-real-pos exp-diff
eTp-Mminus
exp-Reals-eq field-simps powr-def Ln-Reals-eq)
finally show ?thesisl by (simp only: add-ac big-circle-def small-circle-def)
qed

Next, we need bounds on the integrands of the two semicircles.

lemma hurwitz-formula-bound1 :
defines H = \z. exp (complex-of-real a x z) [/ (1 — exp 2)
assumes r > (
obtains C' where C' > 0 and Az. z ¢ (Un:int. ball (2 x n * pi x 1) r) =
norm (H z) < C
proof —
define A where A = cbox (—1 — pi x1i) (I + pi*xi) — ball O r
{
fix z assume z € A
have exp z # 1
proof
assume ezrp z = 1
then obtain n :: int where [simp]: z = 2 % n % pi * 1
by (subst (asm) exp-eq-1) (auto simp: complex-eq-iff)
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from <z € A> have (2 x n) x pi > (—1) x piand (2 * n) *x pi < 1 x pi
by (auto simp: A-def in-cbozx-complex-iff)
hence n = 0 by (subst (asm) (1 2) mult-le-cancel-right) auto
with <z € Ay and «r > 0> show Fulse by (simp add: A-def)
qed
}
hence continuous-on A H
by (auto simp: A-def H-def introl: continuous-intros)
moreover have compact A by (auto simp: A-def compact-eq-bounded-closed)
ultimately have compact (H ¢ A) by (rule compact-continuous-image)
hence bounded (H ‘ A) by (rule compact-imp-bounded)
then obtain C' where bound-inside: \z. z € A = norm (H z) < C
by (auto simp: bounded-iff)

have bound-outside: norm (H z) < exp 1 / (exp 1 — 1) if |Re z| > 1 for z
proof —
have norm (H z) = exp (a * Re z) / norm (1 — exp 2)
by (simp add: H-def norm-divide)
also have |1 — exp (Re z)| < norm (1 — exp z)
by (rule order.trans|OF - norm-triangle-ineq3]) simp
hence exp (a * Re z) / norm (1 — exp z) < exp (a * Re z) / |1 — exp (Re z)|
using that by (intro divide-left-mono mult-pos-pos) auto
also have ... <exp 1 /(ezp 1 — 1)
proof (cases Re z > 1)
case True
hence exp (a * Re z) / |1 — exp (Re z)| = exp (a x Re z) / (exp (Re z) — 1)
by simp
also have ... < exp (Re z) / (exp (Re z) — 1)
using a True by (intro divide-right-mono) auto
also have ... =1 / (1 — exp (—Re z)) by (simp add: exp-minus field-simps)
also have ... < 1 / (1 — exp (—1)) using True by (intro divide-left-mono
diff-mono) auto

also have ... = exp 1 / (exp 1 — 1) by (simp add: exp-minus field-simps)
finally show ?thesis .

next
case Fulse

with that have Re z < —1 by simp
hence exp (a * Re z) / |1 — exp (Re z)| = exp (a * Re z) / (1 — exp (Re
z)) by simp
also have ... <1 / (1 — ezp (Re z))
using a and <Re z < —1» by (intro divide-right-mono) (auto intro:
mult-nonneg-nonpos)
also have ... <1 /(1 — exp (—1))
using <Re z < —1» by (intro divide-left-mono) auto
also have ... = exp 1 / (exp 1 — 1) by (simp add: exp-minus field-simps)
finally show ?Zthesis .
qed
finally show ?thesis .
qed
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define D where D = maz C (exp 1 / (exp 1 — 1))
have D > 0 by (simp add: D-def maz.coboundedI2)

have norm (H z) < D if z ¢ (U n:int. ball (2 x n % pi 1) r) for z
proof (cases |Re z| < 1)

case Fulse

with bound-outside[of z] show ?thesis by (simp add: D-def)
next

case True

define n where n = |[Im z / (2 % pi) + 1 /| 2]

have Im (z — 2 x n* pi x1) = frac (Im z / (2 * pi) + 1 | 2) % (2 * pi) — pi
by (simp add: n-def frac-def algebra-simps)
also have ... € {—pi..<pi} using frac-lt-1 by simp
finally have norm (H (2 — 2 * n x pi * 1)) < C using True that
by (intro bound-inside) (auto simp: A-def in-cbox-complex-iff dist-norm n-def)
also have exp (2 * pi * n x 1) = 1 by (simp add: exp-eq-polar)
hence norm (H (z — 2 % n % pi % 1)) = norm (H z)
by (simp add: H-def norm-divide exp-diff mult-ac)
also have C < D by (simp add: D-def)
finally show ?%thesis .
qed
from <D > 0» and this show ?thesis by (rule that)
qed

lemma hurwitz-formula-bound2:
obtains C where C > 0 and Arz. r > 0 = r < pi = 2 € sphere 0 r =
norm (f s z) < C % r powr (—Re s — 1)
proof —
have 2 x pi > 0 by auto
have nz: 1 — exp 2z # 0 if z € ball 0 (2 * pi) — {0} for z :: complex
proof
assume [ — exp z = 0
then obtain n where z = 2 x pi x of-int n x i
by (auto simp: exp-eq-1 complex-eq-iffof z])
moreover have |real-of-int n| < 1 +— n = 0 by linarith
ultimately show Fulse using that by (auto simp: norm-mult)
qed

have ev: eventually (Az::complex. 1 — exp z # 0) (at 0)
using eventually-at-ball'[OF <2 % pi > 0] by eventually-elim (use nz in auto)
have [simp]: subdegree (1 — fps-exp (I :: complex)) = 1
by (intro subdegreel) auto
hence (Az. ezp (a * z) % (if z = 0 then —1 else z / (1 — exp z :: complex)))
has-fps-expansion fps-exp a x (fps-X | (fps-const 1 — fps-exp 1))
by (auto intro!: fps-expansion-intros)
hence (Az::complex. exp (a x z) * (if 2z = 0 then —1 else z | (1 — exp 2))) €
Olat 0](Az. 1)
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using continuous-imp-bigo-1 has-fps-expansion-imp-continuous by blast
also have ?this «+— (A\z::complex. exp (a * z) * (z / (1 — exp 2))) € Olat 0](\z.
1)
by (intro landau-o0.big.in-cong eventually-mono|OF ev]) auto
finally have 3g. g holomorphic-on ball 0 (2 * pi) A
(V2z€ball 0 (2 = pi) — {0}. g z = exp (of-real a x 2) * (2 /] (1 —
exp 7))
using nz by (intro holomorphic-on-extend holomorphic-intros) auto
then guess g by (elim exFE conjE) note g = this
hence continuous-on (ball 0 (2 = pi)) g
by (auto dest: holomorphic-on-imp-continuous-on)
hence continuous-on (cball 0 pi) g
by (rule continuous-on-subset) (subst cball-subset-ball-iff , use pi-gt-zero in auto)
hence compact (g ¢ cball 0 pi) by (intro compact-continuous-image) auto
hence bounded (g * cball 0 pi) by (auto simp: compact-imp-bounded)
then obtain C where C: Vzccball 0 pi. norm (g z) < C by (auto simp:
bounded-iff)

{

fix r :: real assume r: 7 > 0 r < pi

fix z :: complex assume z: z € sphere 0 r

define x where z = (if Arg 2 < —pi / 2 then Arg z + 2 * pi else Arg 2)

have exp (i * (2 * pi)) = 1 by (simp add: exp-eq-polar)

with z have z = r % exp (i * z) using r pi-gt-zero Arg-eq|of 2]
by (auto simp: z-def exp-add distrib-left)

have x > — pi / 22 < 8 / 2 % pi using Arg-le-pi|of z] mpi-less-Arg|of 7]
by (auto simp: z-def)

note x = <z = r x exp (1 * x)» this

from z r have z": z € cball 0 pi — {0}
using pi-gt3 by (auto simp: norm-mult)
also have cball 0 pi C ball (0::complex) (2 * pi)
by (subst cball-subset-ball-iff ) (use pi-gt-zero in auto)
hence cball 0 pi — {0} C ball 0 (2 * pi) — {0::complex} by blast
finally have 2z’ z € ball 0 (2 * pi) — {0} .
hence bound: norm (exp (a * z) * (z / (1 — exp z))) < C using C and g and

by force

have exp z # 1 using nz 2"’ by auto
with bound 2" have bound’: norm (exp (a x z) / (1 — exp z)) < C / norm z
by (simp add: norm-divide field-simps norm-mult)

have Ln’ z = of-real (In 1) + Ln' (exp (i * of-real x))
using z r by (simp add: Ln’-times-of-real)
also have exp (i % pi / 2) =1i
by (simp add: exp-eg-polar)
hence Ln' (exp (i * of-real x)) = Ln (exp (i * of-real (x — pi / 2))) +1ix* pi/
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by (simp add: algebra-simps Ln'-def exp-diff)
also have ... =ixz
using z pi-gt3 by (subst Ln-exp) (auto simp: algebra-simps)
finally have norm (exp (—Ln' z * s)) = exp (x x Im s — In r * Re s)

by simp
also {
have = x Im s < |z * Im s| by (rule abs-ge-self)
also have ... < (8/2 % pi) * |Im s| unfolding abs-mult using =

by (intro mult-right-mono) auto
finally have exp (z *x Im s — Inr +« Res) < exp (3 / 2+ pix|Ims| —Inr
* Re s) by simp
}
finally have norm (exp (—Ln’ z * s) x (exp (a * 2) / (1 — exp 2))) <
exp (3 / 2 = pi * |Im s| — Inr x Re s) *x (C'/ norm z)
unfolding norm-mult[of exp t for t] by (intro mult-mono bound’) simp-all
also have norm z = r using <r > 0» by (simp add: x norm-mult)
also have ezp (3 / 2 x pi x [Ims| — InT x Res) = exp (3 / 2 * pi * |[Im s|)
* 1 powr (—Re s)
using 7 by (simp add: exp-diff powr-def exp-minus inverse-eq-divide)
finally have norm (f s z) < C x exp (8 / 2 * pi * |Im s|) *x r powr (—Re s —
1) using r
by (simp add: f-def exp-diff exp-minus field-simps powr-diff)
also have ... < maz 0 (C * exp (3 / 2 * pi x |[Im s|)) * r powr (—Re s — 1)
by (intro mult-right-mono max.coboundedI2) auto
finally have norm (fsz) <....

with that[of max 0 (C x exp (3 / 2 % pi % |Im s|))] show ?thesis by auto
qed

We can now relate the integral along a partial Hankel contour that is cut
off at —m to {(1 — s,a)/T'(s).

lemma rGamma-hurwitz-zeta-eq-contour-integral:
fixes s :: complex and r :: real
assumes s # 0 and r: r € {{..<2} and a: a > 0
defines err! = (As r. contour-integral (part-circlepath 0 r pi 0) (f s))
defines err2 = (As r. cnj (contour-integral (part-circlepath 0 r pi 0) (f (cnj 3))))
shows 2 x i % pi x rGamma s * hurwitz-zeta a (1 — s) =
err2sr — errl s+ 2 %1% sin (pi * s) * (CLBINT z:{r..}. g s x)
(is ?f s = %g s)
proof (rule analytic-continuation-open[where f = %f])
fix s :: compler assume s: s € {s. Re s < 0}

— We first show that the integrals along the Hankel contour cut off at —7 all

have the same value, no matter what the radius of the circle is (as long as it is small
enough). We call this value C.
This argument could be done by a homotopy argument, but it is easier to simply
re-use the above result about the contour integral along the annulus where we fix
the radius of the outer circle to 7.

define C where C' = —contour-integral (part-circlepath 0 pi 0 pi) (f s) +
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eng (contour-integral (part-circlepath 0 pi 0 pi) (f (enj s)))

have integrable: set-integrable lborel A (g s)

if A € sets lborel A C {0<..} for A
proof (rule set-integrable-subset)

show set-integrable lborel {0<..} (g s)

using Gamma-times-hurwitz-zeta-integrable[of 1 — s a] s a

by (simp add: g-def exp-of-real exp-minus integrable-completion set-integrable-def)

qed (insert that, auto)

{

fix r’ :: real assume r” r’ € {0<..<2}
from hurwitz-formula-integral-semiannulus(2)[of ' s 0] and r’
have f s contour-integrable-on part-circlepath 0 v’ pi 0
by (auto simp: hankel-semiannulus-def add-ac)
} note integrable-circle = this
{
fix ' :: real assume r”: 1’ € {0<..<2}
from hurwitz-formula-integral-semiannulus(2)[of v’ enj s 0] and 7’
have f (¢nj s) contour-integrable-on part-circlepath 0 v’ pi 0
by (auto simp: hankel-semiannulus-def add-ac)
} note integrable-circle’ = this

have eq: —2 x i * sin (pi *x ) * (CLBINT z:{r..pi}. g sx) + (errl sr — err2s
r)=C
if r: r € {0<..<2} for r :: real
proof —
have eql: integral {r..pi} (Az. cnj (z powr — cnj s) x (exp (— (a * z))) / (1
— (exp (- 7)) =
integral {r..pi} (g s) using r
by (intro integral-cong) (auto simp: cnj-powr g-def exp-of-real exp-minus)
have eq2: integral {r..pi} (Az. enj (z powr — cnj s) * (exp (a x z)) / (1 —
(exp x))) =
integral {r..pi} (Az. z powr — s x (exp (a *x x)) / (1 — (exp z))) using
r
by (intro integral-cong) (auto simp: cnj-powr)

from hurwitz-formula-integral-semiannulus(1)[of r s 0] hurwitz-formula-integral-semiannulus(1)[of
renj s 0]
have exp (—ixpi x s) *
integral {r..real (2%0+1) x pi} (g s) +
integral {r..real (2%0+1) x pi} (Az. x powr —s * exp (a x x) / (I — exp
z)) +
contour-integral (part-circlepath 0 (real (2 % 0 + 1) = pi) 0 pi) (f s) +
contour-integral (part-circlepath 0 r pi 0) (fs) — eng (
exp (—ixpi * cnj s) *
integral {r..real (2x041) x pi} (Ax. x powr — cnj s * exp (—axz) / (1
— eap (—x))) +
integral {r..real (2x0+1) * pi} (A\z. z powr — cnj s * exp (axz) / (1 —
exp x)) +
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contour-integral (part-circlepath 0 (real (2 x 0 4+ 1) % pi) 0 pi) (f (cnj
s)) +
contour-integral (part-circlepath 0 r pi 0) (f (enj s))) = 0 (is ?lhs = -)
unfolding g-def using r by (subst (1 2) hurwitz-formula-integral-semiannulus)
auto
also have ?lhs = —2 % 1 % sin (pi * s) x integral {r..pi} (g s) + errl s r —
err2 sr — C
using eql eq?2
by (auto simp: integral-cnj exp-cnj errl-def err2-def sin-exp-eq algebra-simps
C-def)
also have integral {r..pi} (¢ s) = (CLBINT z:{r..pi}. g s =) using r
by (intro set-borel-integral-eq-integral(2) [symmetric| integrable) auto
finally show —2 % i sin (pi * s) x (CLBINT z:{r..pi}. g s z) + (errl s r —

err2sr)=C
by (simp add: algebra-simps)
qged

— Next, compute the value of C by letting the radius tend to 0 so that the
contribution of the circle vanishes.
have ((Ar. =2 % i x sin (pi * s) * (CLBINT z:{r..pi}. g sz) + (errl sr — err2
sr)) ——
—2 x1x sin (pi *x 8) * (CLBINT z:{0<..pi}. g s x) + 0) (at-right 0)
proof (intro tendsto-intros tendsto-set-lebesque-integral-at-right integrable)
from hurwitz-formula-bound2|of s] guess C1 . note C1 = this
from hurwitz-formula-bound2|of cnj s] guess C2 . note C2 = this
have ev: eventually (Ar::real. r € {0<..<2}) (at-right 0)
by (intro eventually-at-right-real) auto
show ((Ar. errl s — err2 s r) —— 0) (at-right 0)
proof (rule Lim-null-comparison[OF eventually-mono[OF ev]])
fix r :: real assume r: v € {0<..<2}
have norm (errl s r — err2 s r) < norm (errl s r) + norm (err2 s r)
by (rule norm-triangle-ineqs )
also have norm (errl sr) < C1 * r powr (— Res — 1) x r % |0 — pi|
unfolding erri-def using C1(1) C1(2)[of r] pi-gt3 integrable-circle[of ]
path-image-part-circlepath-subset[of v 0 pi 0] r
by (intro contour-integral-bound-part-circlepath) auto
also have ... = CI * r powr (—Re s) x pi using r
by (simp add: powr-diff field-simps)
also have norm (err2 s r) < C2 % r powr (— Re s — 1) *x r x |0 — pi]
unfolding err2-def complex-mod-cnj using C2(1) C2(2)[of r] r
pi-gt8 integrable-circle’[of r] path-image-part-circlepath-subset’[of T 0 pi 0]
by (intro contour-integral-bound-part-circlepath) auto
also have ... = C2 x r powr (—Re s) x pi using r
by (simp add: powr-diff field-simps)
also have C1 x r powr (—Re s) * pi + C2 % r powr (—Re s) x pi =
(C1 + C2) * pi = v powr (—Re s) by (simp add: algebra-simps)
finally show norm (errl s — err2 sr) < (C1 + C2) x pi * r powr — Re s
by simp
next
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show ((Az. (C1 + C2) * pi *x  powr — Re s) —— 0) (at-right 0) using s
by (auto introl: tendsto-eq-intros simp: eventually-at exI|of - 1])
qed
qed auto
moreover have eventually (Ar:real. r € {0<..<2}) (at-right 0)
by (intro eventually-at-right-real) auto
hence eventually (Ar. —2 % i * sin (pi * s) x (CLBINT z:{r..pi}. g s x) +
(errl s — err2 sr) = C) (at-right 0) by eventually-elim (use eq in auto)
hence ((Ar. —2 % i % sin (pi x s) * (CLBINT z:{r..pi}. g sz) + (errl sr —
err2 sr)) —— C)
(at-right 0) by (rule tendsto-eventually)
ultimately have [simp]: C = —2 x i % sin (pi * s) * (CLBINT x:{0<..pi}. g s
)

using tendsto-unique by force

— We now rearrange everything and obtain the result.
have 2 %1 x sin (pi x s) * ((CLBINT z:{0<..pi}. g s x) — (CLBINT x:{r..pi}.
gsw)) =
err2sr —errl sr
using eq[of r] r by (simp add: algebra-simps)
also have {0<..pi} = {0<..<r} U {r..pi} using r pi-gt3 by auto
also have (CLBINT x:.... g s ©) — (CLBINT z:{r..pi}. g s ) = (CLBINT
z{0<.<r}. g s x)
using r pi-gt3 by (subst set-integral-Un[OF - integrable integrable]) auto
also have (CLBINT z:{0<..<r}. g s z) =
(CLBINT z:{0<..<r} U {r.}. g sz) — (CLBINT z:{r..}. g s x)
using r pi-gt3 by (subst set-integral-Un[OF - integrable integrable]) auto
also have {0<..<r} U {r.} = {0<..} using r by auto
also have (CLBINT z:{0<..}. g s ) = Gamma (1 — s) % hurwitz-zeta a (1 —
)
using Gamma-times-hurwitz-zeta-integral[of 1 — s a] s a
by (simp add: g-def exp-of-real exp-minus integral-completion set-lebesgue-integral-def)
finally have 2 % i x (sin (pi * s) x Gamma (1 — 8)) * hurwitz-zeta a (1 — s) =
err2sr —errl sr+ 2 %1% sin (pi * s) * (CLBINT z:{r..}. g s x)
by (simp add: algebra-simps)
also have sin (pi * s) x Gamma (I — s) = pi * rGamma s
proof (cases s € Z)
case Fulse
with Gamma-reflection-complex|of s] show ?thesis
by (auto simp: divide-simps sin-eq-0 Ints-def rGamma-inverse-Gamma mult-ac
split: if-splits)
next
case True
with s have rGamma s = 0
by (auto simp: rGamma-eq-zero-iff nonpos-Ints-def Ints-def)
moreover from True have sin (pi x s) = 0
by (subst sin-eq-0) (auto elim!: Ints-cases)
ultimately show ?thesis by simp
qed
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finally show 2 * i % pi * rGamma s x hurwitz-zeta a (1 — s) =
err2 st —errl sr+ 2 *1x sin (pi * s) * (CLBINT z:{r..}. g s x)
by (simp add: mult-ac)
next
— By analytic continuation, we lift the result to the case of any non-zero s.
show (As. 2 % 1 % pi * rGamma s x hurwitz-zeta a (1 — s)) holomorphic-on —
{0} using a
by (auto introl: holomorphic-intros)
show (As. err2sr — errl s+ 2 % i % sin (pi *x s) * (CLBINT z:{r..}. g s 7))
holomorphic-on —{0}
proof (intro holomorphic-intros)
have (As. err2 s r) = (As. — cnj (integral {0..pi} (h r (¢nj s)))) using r
by (simp add: err2-def contour-integral-part-circlepath-reverse’
contour-integral-part-circlepath-h)
also have (As. — c¢nj (integral {0..pi} (hr (cnj s)))) =
(As. (integral {0..pi} (Az. h r s (—x)))) using r
by (simp add: integral-cnj h-def exp-cnj cis-cnj Ln-Reals-eq)
also have ... = (As. integral {—pi..0} (h1s))
by (subst Henstock-Kurzweil-Integration.integral-reflect-real [symmetric]) simp
finally have (As. err2sr) = ... .
moreover have (As. integral {—pi..0} (h rs)) holomorphic-on —{0}
using r by (intro integral-h-holomorphic) auto
ultimately show (As. err2 s r) holomorphic-on —{0} by simp
next
have (\s. — integral {0..pi} (h r s)) holomorphic-on —{0} using r
by (intro holomorphic-intros integral-h-holomorphic) auto
also have (As. — integral {0..pi} (h r3s)) = (As. errl sr)
unfolding erri-def using r
by (simp add: contour-integral-part-circlepath-reverse’ contour-integral-part-circlepath-h)
finally show (As. err! s r) holomorphic-on —{0} .
next
show (As. CLBINT z:{r..}. g s ) holomorphic-on —{0}
proof (rule holomorphic-on-balls-imp-entire’)
fix R :: real
have eventually (Ab. b > 1) at-top by (rule eventually-gt-at-top)
hence 1: eventually (Ab. continuous-on (cball 0 R) (As. CLBINT z:{r..b}. g
sx) A
(As. CLBINT z:{r..b}. g s x) holomorphic-on ball 0 R)
at-top
proof eventually-elim
case (elim b)
have integrable: set-integrable lborel {r..b} (g s) for s unfolding g-def using

by (intro borel-integrable-atLeastAtMost’ continuous-intros) auto
have (As. integral {r..b} (g s)) holomorphic-on UNIV using r
by (intro integral-g-holomorphic) auto
also have (\s. integral {r..b} (g s)) = (As. CLBINT z:{r..b}. g s x)
by (intro ext set-borel-integral-eg-integral(2)[symmetric] integrable)
finally have ... holomorphic-on UNIV .
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thus ?case by (auto introl: holomorphic-on-imp-continuous-on)
qed

have 2: uniform-limit (cball 0 R) (Ab s. CLBINT z:{r..b}. g s x)
(As. CLBINT z:{r..}. g s x) at-top
proof (rule uniform-limit-set-lebesgue-integral-at-top)
fix s :: complex and z :: real
assume s: s € cball 0 R and z: z > r
have norm (g s ) = x powr —Re s x exp (—a x x) / (I — exp (—x)) using

by (simp add: g-def norm-mult norm-divide in-Reals-norm norm-powr-real-powr)
also have ... < z powr R * exp (—a * z) / (I — exp (—xz)) using r s x
abs-Re-le-cmod]of s]
by (intro mult-right-mono divide-right-mono powr-mono) auto
finally show norm (g s ) < z powr R x exp (— a x z) / (I — exp (— z)) .
next
show set-integrable lborel {r..} (Az. z powr R * exp (—a x x) / (1 — exp
(—2))
using 7 a by (intro set-integrable- Gamma-hurwitz-auz2-real) auto
qed (simp-all add: set-borel-measurable-def g-def)

show (As. CLBINT z:{r..}. g s ) holomorphic-on ball 0 R
using holomorphic-uniform-limit|OF 1 2] by auto
qed
qed
qed (insert <s # 0,
auto simp: connected-punctured-universe open-halfspace-Re-lt intro: exI[of -

—1])

Finally, we obtain Hurwitz’s formula by letting the radius of the outer circle
tend to oo.

lemma hurwitz-zeta-formula-auz:
fixes s :: complex
assumes s: Re s > 1
shows rGamma s x hurwitz-zeta a (1 — s) = (2 * pi) powr —s *
(i powr (—=s) * Fas+1powrsxF (—a)s)
proof —
from s have [simp]: s # 0 by auto
define r where r = (1 :: real)
have r: r € {0<..<2} by (simp add: r-def)
define R where R = (An. real (2 x n + 1) * pi)
define bigc where bigc = (An. contour-integral (part-circlepath 0 (R n) 0 pi) (f

s) —
(cnj s))))

define smallc where smallc = contour-integral (part-circlepath 0 r pi 0) (f s) —

enj (contour-integral (part-circlepath 0 (R n) 0 pi) (f

enj (contour-integral (part-circlepath 0 v pi 0) (f (cnj s)))
define I where I = (An. CLBINT z:{r..R n}. g s )
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define F1 and F2 where
F1 = An.exp (—s*xpixi/ 2)* (D ke{0<.n}. exp (2 x real k % pi * a * i)
x k powr (—s)))
F2 =(An.exp (sxpixi/ 2)x (D ke{0<..n}. exp (2 *x real k x pi x (—a) *
i) x k powr (—s)))

have R: R n > pi for n using r by (auto simp: R-def field-simps)
have [simp]: —(pi < 0) using pi-gt-zero by linarith

have integrable: set-integrable lborel A (g s)
if A € sets lborel A C {r..} for A
proof —
have set-integrable lborel {r..} (g )
using set-integrable- Gamma-hurwitz-auz2[of r a s a r
by (simp add: g-def exp-of-real exp-minus)
thus %thesis by (rule set-integrable-subset) (use that in auto)
qed

{

fix n 1 nat
from hurwitz-formula-integral-semiannulus(2)[of v s n] and r R[of n]
have f s contour-integrable-on part-circlepath 0 (R n) 0 pi
by (auto simp: hankel-semiannulus-def R-def add-ac)
} note integrable-circle = this
{
fix n :: nat
from hurwitz-formula-integral-semiannulus(2)[of r enj s n] and r R[of n]
have f (cnj s) contour-integrable-on part-circlepath 0 (R n) 0 pi
by (auto simp: hankel-semiannulus-def R-def add-ac)
} note integrable-circle’ = this

{

fix n :: nat
have (exp (—1 * pi * s) * integral {r..R n} (g s) +
integral {r..R n} (Az. z powr (—s) * exp (a x z) / (I — exp x)) +
contour-integral (part-circlepath 0 (R n) 0 pi) (f s) +
contour-integral (part-circlepath 0 r pi 0) (f s)) — enj (
exp (—1 * pi * cnj s) * integral {r..R n} (g (cnj s)) +
integral {r..R n} (Az. z powr (—cnj s) * exp (a x z) / (I — exp z)) +
contour-integral (part-circlepath 0 (R n) 0 pi) (f (enj s)) +
contour-integral (part-circlepath 0 r pi 0) (f (cnj s))
=—2xpixixexp (— sx*ofrealpi*i/ 2)* (D ke{0<..n}. Ressk) —
enj (=2 = pi x 1% exp (— cnj s * of-real pi x 1/ 2) x (3. ke{0<..n}.
Res (cnj s) k))
(is ?lhs = ?rhs) unfolding R-def g-def using r
by (subst (1 2) hurwitz-formula-integral-semiannulus) auto
also have ?rhs = —2 « pi i (exp (— s* pi x1/ 2) x (3 ke{0<..n}. Res
sk)+
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exp (s * pi x 1/ 2) x (O_ke{0<..n}. cnj (Res (cnj
s) k)))
by (simp add: exp-cnj sum.distrib algebra-simps sum-distrib-left sum-distrib-right
sum-negf)
also have (>_ke{0<..n}. Res s k) =
(2 x pi) powr (—s) * O_ke{0<..n}. exp (2 x k * pi x a x1) x k
powr (—s))
(is - = 951) by (simp add: Res-def powr-times-real algebra-simps sum-distrib-left)
also have (> ke{0<..n}. cnj (Res (¢cnj s) k)) =
(2 * pi) powr (—s) * (O_ke{0<.n}. exp (=2 x kx pi*xax1i)xk
powr (—s))
by (simp add: Res-def cnj-powr powr-times-real algebra-simps exp-cnj sum-distrib-left)
also have exp (—s*x pi x1/ 2) x 251 + exp (sxpixi/ 2) ... =
(2 * pi) powr (—s) *
(exp (—s*x pixi/ 2) % O_ke{0<.n}. exp (2 % k *x pi x a *1) *
k powr (—s)) +
exp (s* pixi/ 2) x (O ke{0<..n}. exp (=2 * k % pi x a x 1) *
k powr (—)))
by (simp add: algebra-simps)
also have I: integral {r..R n} (g s) = I n unfolding I-def
by (intro set-borel-integral-eq-integral(2) [symmetric] integrable) auto
have 2: cnj (integral {r..R n} (g (cnj s))) = integral {r..R n} (g s) using r
unfolding integral-cnj by (intro integral-cong) (auto simp: g-def cnj-powr)
have 3: integral {r..R n} (Az. exp (z * a) * cnj (z powr — cnj s) / (1 — exp

) =
integral {r..R n} (Az. exp (z * a) x of-real x powr — s / (1 — exp x))
unfolding I-def g-def using r R[of n] by (intro integral-cong; force simp:
cnj-powr)+
from 1 2 3 have ?lhs = (exp (—i* s * pi) — exp (1 * s x pi)) x I n + bigc n
+ smallc
by (simp add: integral-cnj cnj-powr algebra-simps exp-cnj
bige-def smalle-def g-def)
also have exp (—i* s * pi) — exp (i * s *x pi) = —2 * 1 % sin (s * pi)
by (simp add: sin-exp-eq’ algebra-simps)
finally have (— 2 x i x* sin (s * pi) * [ n + smallc) + bigc n =
—2 %1% pi* (2 % pi) powr (—=s) x (FI n+ F2n)
by (simp add: F1-F2-def algebra-simps)
} note eq = this

have (An. — 2 % i % sin (s x pi) x I n + smallc + bige n) ——
(=2 xix sin (s* pi)) *« (CLBINT z:{r..}. g s ) + smallc + 0
unfolding I-def
proof (intro tendsto-intros filterlim-compose[ OF tendsto-set-lebesque-integral-at-top]
integrable)
show filterlim R at-top sequentially unfolding R-def
by (intro filterlim-at-top-mult-tendsto-pos| OF tendsto-const] pi-gt-zero
filterlim-compose[OF filterlim-real-sequentially| filterlim-subseq)
(auto simp: strict-mono-Suc-iff)
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from hurwitz-formula-bound1[OF pi-gt-zero| guess C . note C' = this
define D where D = C x exp (3 / 2 * pi * |Im s])
from «C > 0> have D > 0 by (simp add: D-def)
show bigc —— 0
proof (rule Lim-null-comparison[OF always-eventually[OF alll]])
fix n :: nat
have bound: norm (f s’ z) < D x R n powr (—Re s’)
if z: z € sphere 0 (R n) Re s’ = Re s |Im s’| = |Im s| for z s’
proof —
from z and r R[of n] have [simp]: z # 0 by auto
have not-in-ball: z ¢ ball (2 * m * pi x i) pi for m :: int
proof —
have dist z (2 * m * pi * 1) > |dist z 0 — dist 0 (2 * m % pi * 1)
by (rule abs-dist-diff-le)
also have dist 0 (2 « m * pi x i) = 2 * |m| x pi
by (simp add: norm-mult)
also from z have dist z 0 = R n by simp
also have Rn — 2 x |m| x pi = (int (2« n+ 1) — 2 x |m|) * pi
by (simp add: R-def algebra-simps)
also have |...| =|int (2 *n+ 1) — 2 x |m|| * pi
by (subst abs-mult) simp-all
also have |int (2 x n + 1) — 2 % |m|| > 1 by presburger

hence ... % pi > 1 x pi by (intro mult-right-mono) auto
finally show ?thesis by (simp add: dist-commute)
qged

have norm (f s’ z) = norm (exp (—Ln’ z x s)) *x norm (exp (a x 2z) / (1 —
exp 2))
by (simp add: f-def exp-diff norm-mult norm-divide mult-ac exp-minus
norm-inverse
divide-simps del: norm-exp-eq-Re)
also have ... < norm (exp (—Ln' z * s’)) * C using not-in-ball
by (intro mult-left-mono C) auto
also have norm (exp (—Ln' z x s')) =
exp (Im 8"« (Im (Ln (— (i % 2))) + pi / 2)) / exp (Re 8’ x In (R

using z r R[of n| pi-gt-zero
by (simp add: Ln’-def norm-mult norm-divide exp-add exp-diff exp-minus
norm-inverse algebra-simps inverse-eq-divide)
also have ... < exp (3/2 x pi * |Im s'|) / exp (Re s' x In (R n))
proof (intro divide-right-mono, subst exp-le-cancel-iff)
have Im s’ x (Im (Ln (— (i * 2))) + pi / 2) < |Im s"* (Im (Ln (— (i *
2) + pi [ 2)]
by (rule abs-ge-self)
also have ... < |Im s'| * (pi + pi / 2)
unfolding abs-mult using mpi-less-Im-Ln[of — (i * z)] Im-Ln-le-pi[of
—(ix )

by (intro mult-left-mono order.trans|OF abs-triangle-ineq] add-mono)
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auto
finally show Im s’ (Im (Ln (— (i % 2))) + pi / 2) < 3/2 * pi x |[Im s/|
by (simp add: algebra-simps)
qed auto
also have exp (Re s’ * In (R n)) = R n powr Re s
using r R[of n] by (auto simp: powr-def)
finally show norm (f s’ z) < D x R n powr (—Re s’) using <C' > 0»
by (simp add: that D-def powr-minus mult-right-mono mult-left-mono
field-simps)
qed

/

have norm (bigc n) < norm (contour-integral (part-circlepath 0 (R n) 0 pi)
() +
norm (cnj (contour-integral (part-circlepath 0 (R n) 0 pi) (f (enj 3))))
(is - < norm ?errl + norm ?err2) unfolding bigc-def by (rule norm-triangle-ineq/ )
also have norm %err!1 < D * R n powr (—Re s) * R n * |pi — 0|
using <D > 0» and r R[of n] and pi-gt3 and integrable-circle and
path-image-part-circlepath-subset[of 0 pi R n 0] and bound]|of - s
by (intro contour-integral-bound-part-circlepath) auto
also have ... = D x pi * R n powr (I — Re s) using r R[of n] pi-gt3
by (simp add: powr-diff field-simps powr-minus)
also have norm ?err2 < D x R n powr (—Re s) x R n * |pi — 0|
unfolding complex-mod-cnj
using <D > 0> and r R[of n] and pi-gt3 and integrable-circle’[of n] and
path-image-part-circlepath-subset[of 0 pi R n 0] and bound|of - c¢nj s
by (intro contour-integral-bound-part-circlepath) auto
also have ... = D x pi x R n powr (I — Re s) using r R[of n] pi-gt3
by (simp add: powr-diff field-simps powr-minus)
finally show norm (bigc n) < 2 « D % pi * R n powr (I — Re s)
by simp
next
have filterlim R at-top at-top by fact
hence (Az. 2 x D x pi * R z powr (1 — Re s)) —— 2 % D * pi * 0 using
s unfolding R-def
by (intro tendsto-intros tendsto-neg-powr) auto
thus (Az. 2 x D % pi x R x powr (I — Re s)) —— 0 by simp
qged
qed auto
also have (An. — 2 %1 % sin (s * pi) * I n + smallec + bigc n) =
(An. —2 %1% pi * (2 % pi) powr —s x (F1 n + F2n)) by (subst eq)
auto
finally have ... —— (=2 =i x sin (s % pi)) * (CLBINT z:{r..}. g s z) +
smallc by simp

moreover have (An. —2 x i % pi x (2 x pi) powr —s x (FI n + F2n)) ——

—2 %1% pi* (2 % pi) powr —s *

(exp (—s*pixi/ 2)«x Fas+ exp(sxpixi/ 2)*F (—a)s)
unfolding F1-F2-def F-def using s by (intro tendsto-intros sum-tendsto-fds-perzeta)
ultimately have —2 x i x pi x (2 * pi) powr —s *
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(exp (—sxpi*xi/2)«x Fas+ exp (sxpixi/2)*F (—a)
s) =
(=2 %1% sin (s * pi)) x (CLBINT z:{r..}. g s z) + smallc
by (force intro: tendsto-unique)
also have ... = —2 x i x pi * rGamma s x hurwitz-zeta a (1 — s) using s r a
using rGamma-hurwitz-zeta-eq-contour-integral[of s r]
by (simp add: r-def smallc-def algebra-simps)
also have ezp (— s x complex-of-real pi 1/ 2) = 1 powr (—s)
by (simp add: powr-def field-simps)
also have exp (s *x complex-of-real pi 1/ 2) =1 powr s
by (simp add: powr-def field-simps)
finally show rGamma s x hurwitz-zeta a (1 — s) = (2 * pi) powr —s *
(i powr (—=s) * Fas+1ipowrsxF (—a) s) by simp
qed

end

We can now use Hurwitz’s formula to prove the following nice formula that
expresses the periodic zeta function in terms of the Hurwitz zeta function:

F(s,a) = (2m)* " HT(1 — s) (i7°¢(1 — s,a) —i°¢(1 — 5,1 — a))

This holds for all s with \mathfrak{R}(s) > 0 as long as a ¢ Z. For
convenience, we move the I' function to the left-hand side in order to avoid
having to account for its poles.

lemma perzeta-conv-hurwitz-zeta-aux:
fixes a :: real and s :: complex
assumes a: a € {0<..<I1} and s: Re s > 0
shows rGamma (1 — s) * eval-fds (fds-perzeta a) s = (2 * pi) powr (s — 1)
* 1k
(i powr —s * hurwitz-zeta a (1 — s) —
i powr s * hurwitz-zeta (1 — a) (1 — 3))
(is ?lhs s = 2rhs s)
proof (rule analytic-continuation-open[where f = ?lhs])
show connected {s. Re s > 0}
by (intro convex-connected convex-halfspace-Re-gt)
show {s. Re s > 1} # {} by (auto intro: exI[of - 2])
show (As. rGamma (1 — s) x eval-fds (fds-perzeta a) s) holomorphic-on {s. 0 <
Re s}
unfolding perzeta-def using a
by (auto intro!: holomorphic-intros le-less-trans| OF conv-abscissa-perzeta’] elim!:
Ints-cases)
show ?rhs holomorphic-on {s. 0 < Re s} using assms by (auto introl: holomor-
phic-intros)
next
fix s assume s: s € {s. Re s > 1}
have [simp]: fds-perzeta (1 — a) = fds-perzeta (—a)
using fds-perzeta.plus-of-nat[of —a 1] by simp
have [simp]: fds-perzeta (a — 1) = fds-perzeta a
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using fds-perzeta.minus-of-nat[of a 1] by simp
from s have [simp]: Gamma s # 0 by (auto simp: Gamma-eq-zero-iff elim!:
nonpos-Ints-cases)

have (2 x pi) powr (—s) * (i * (i powr (—=s) x (rGamma s * hurwitz-zeta a (1

— S)) —
i powr s x (rGamma s * hurwitz-zeta (1 — a) (1 — s)))) =
(2 * pi) powr (—s) * ((i powr (I — s) * (rGamma s x hurwitz-zeta a (1 —

i powr (s — 1) % (rGamma s * hurwitz-zeta (1 — a) (1 —

by (simp add: powr-diff field-simps powr-minus)
also have ... = ((2 * pi) powr (—s)) ~ 2 * (
eval-fds (fds-perzeta a) s * (1 powr s x 1 powr (s — 1) + 1 powr (—s) * i
powr (1 — 8)) +
eval-fds (fds-perzeta (—a)) s * (i powr s * 1 powr (1 — s) + 1 powr (—s) *
i powr (s — 1)))
using s a by (subst (1 2) hurwitz-zeta-formula-aux) (auto simp: algebra-simps
power2-eq-square)
also have (i powr s * i powr (1 — s) + 1 powr (—s) * i powr (s — 1)) =
exp (i * complex-of-real pi | 2) + exp (— (i * complez-of-real pi | 2))
by (simp add: powr-def exp-add [symmetric] field-simps)
also have ... = 0 by (simp add: exp-eq-polar)
also have i powr s x 1 powr (s — 1) =i powr (2 x s — 1)
by (simp add: powr-def exp-add [symmetric] field-simps)
also have i powr (—s) * i powr (1 — s) =1 powr (I — 2 * s)
by (simp add: powr-def exp-add [symmetric] field-simps)
also have i powr (2 x s — 1) +ipowr (1 — 2% 5) =2 % cos ((2*xs— 1)

pi/ 2)
by (simp add: powr-def cos-exp-eq algebra-simps minus-divide-left cos-sin-eq)
also have ... = 2 x sin (pi — s x pi) by (simp add: cos-sin-eq field-simps)
also have ... = 2 x sin (s x pi) by (simp add: sin-diff)

finally have i * (rGamma s x 1 powr (—s) * hurwitz-zeta a (1 — s) —
rGamma s * i powr s x hurwitz-zeta (1 — a) (1 — 5)) =
2 x (2 x pi) powr —s * sin (s x pi) x eval-fds (fds-perzeta a) s
by (simp add: power2-eq-square mult-ac)
hence (2 * pi) powr s / 2 %1 %
(i powr (—$) * hurwitz-zeta a (1 — s) —
i powr s * hurwitz-zeta (1 — a) (1 — s)) =
Gamma s * sin (s * pi) * eval-fds (fds-perzeta a) s
by (subst (asm) (2) powr-minus) (simp add: field-simps rGamma-inverse-Gamma)
also have Gamma s * sin (s * pi) = pi * rGamma (I — s)
using Gamma-reflection-complez|of s]
by (auto simp: divide-simps rGamma-inverse-Gamma mult-ac split: if-splits)
finally show ?lhs s = %rhs s by (simp add: powr-diff)
qed (insert s, auto simp: open-halfspace-Re-gt)

We can now use the above equation as a defining equation to continue the
periodic zeta function F' to the entire complex plane except at non-negative
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integer values for s. However, the positive integers are already covered by
the original Dirichlet series definition of F', so we only need to take care
of s = 0. We do this by cancelling the pole of I" at 0 with the zero of
i7°C(1—s,a) —i°C(1 —s,1 —a).
lemma
assumes ¢’ ¢ Z
shows holomorphic-perzeta’: perzeta q' holomorphic-on A
and perzeta-altdef2: Re s > 0 = perzeta q' s = eval-fds (fds-perzeta q') s
proof —
define ¢ where ¢ = frac ¢’
from assms have ¢: ¢ € {0<..<1} by (auto simp: g-def frac-lt-1)
hence [simp]: g ¢ Z by (auto elim!: Ints-cases)
have [simp]: frac ¢ = q by (simp add: g-def frac-def)
define f where f = (\s. complez-of-real (2 * pi) powr (s — 1) %1 x Gamma (1
—8) *
(i powr (—s) * hurwitz-zeta q (1 — s) —
i powr s * hurwitz-zeta (1 — q) (1 — 3)))

{

fix s :: complexr assume 1 — s € Z<
then obtain n where 1 — s = of-int nn < 0 by (auto elim!: nonpos-Ints-cases)
hence s = 1 — of-int n by (simp add: algebra-simps)
also have ... € N using (n < 0» by (auto simp: Nats-altdef1 intro: exl|of -
1~ n))
finally have s € N .
} note x = this
hence f holomorphic-on —IN using g
by (auto simp: f-def Nats-altdef2 nonpos-Ints-altdef not-le intro!: holomor-
phic-intros)
also have ?this < perzeta q holomorphic-on —IN using assms
by (intro holomorphic-cong refl) (auto simp: perzeta-def Let-def f-def)
finally have holo: perzeta q holomorphic-on —IN .

have f-altdef: f s = eval-fds (fds-perzeta q) s if Re s > 0 and s ¢ N for s
using perzeta-conv-hurwitz-zeta-auxz|OF q, of s] that x
by (auto simp: rGamma-inverse-Gamma Gamma-eq-zero-iff divide-simps f-def
perzeta-def
split: if-splits)
show perzeta q' s = eval-fds (fds-perzeta q') s if Re s > 0 for s
using f-altdef[of s] that assms by (auto simp: f-def perzeta-def Let-def q-def)

have cont: isCont (perzeta q) s if s € N for s
proof (cases s = 0)
case Fulse
with that obtain n where [simp]: s = of-nat n and n: n > 0
by (auto elim!: Nats-cases)
have *: open ({s. Re s > 0} — (N — {of-nat n})) using Nats-subset-Ints
by (intro open-Diff closed-subset-Ints open-halfspace-Re-gt) auto
have eventually (As. s € {s. Re s > 0} — (N — {of-nat n})) (nhds (of-nat n))
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using «n > 0»
by (intro eventually-nhds-in-open *) auto
hence ev: eventually (As. eval-fds (fds-perzeta q) s = perzeta q s) (nhds (of-nat
n))
proof eventually-elim
case (elim s)
thus ?case using ¢ f-altdef|of s]
by (auto simp: perzeta-def dist-of-nat f-def elim!: Nats-cases Ints-cases)
qed
have isCont (eval-fds (fds-perzeta q)) (of-nat n) using ¢ and <n > 0»
by (intro continuous-eval-fds le-less-trans|OF conv-abscissa-perzeta'])
(auto elim!: Ints-cases)
also have ?this <— isCont (perzeta q) (of-nat n) using ev
by (intro isCont-cong ev)
finally show ?thesis by simp
next
assume [simp]: s = 0
define a where a = Complex (In q) (—pi / 2)
define b where b = Complex (In (1 — q)) (pi / 2)
have eventually (As::complex. s ¢ N) (at 0)
unfolding eventually-at-topological using Nats-subset-Ints
by (intro exl]of - —(N—{0})] conjl open-Compl closed-subset-Ints) auto
hence ev: eventually (As. perzeta q s = (2 * pi) powr (s — 1) * Gamma (I —
s) * 1%
(i powr — s * pre-zeta q (I — s) —1 powr s * pre-zeta (1 — q) (1 —
s) +
(exp (bxs) — exp (a*s)) /s)) (at (0::complex))
(is eventually (As. - = %f s) -)
proof eventually-elim
case (elim s)
have perzeta ¢ s = (2 * pi) powr (s — 1) * Gamma (1 — 8) %1 %
(i powr (—s) * hurwitz-zeta q (1 — s) —
i powr s * hurwitz-zeta (1 — q) (1 — s)) (is - = - % ¢T)
using elim by (auto simp: perzeta-def powr-diff powr-minus field-simps)
also have ¢T =i powr (—s) * pre-zeta q (1 — s) — 1 powr s * pre-zeta (1 —
q (1 —s) +
(i powr s x (1 — q) powr s — i powr (—s) *x ¢ powr s) / s using
elim
by (auto simp: hurwitz-zeta-def field-simps)
also have i powr s * (1 — q) powr s = exp (b % s) using ¢
by (simp add: powr-def exp-add algebra-simps Ln-Reals-eq Complez-eq b-def)
also have i powr (—s) * ¢ powr s = exp (a * s) using q
by (simp add: powr-def exp-add Ln-Reals-eq exp-diff exp-minus diff-divide-distrib

ring-distribs inverse-eq-divide mult-ac Complex-eq a-def)
finally show ?Zcase .

qed

have [simp]: —(pi < 0) using pi-gt-zero by (simp add: not-le)
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have (As::complez. if s = 0 then b — a else (exp (b * s) — exp (a * s)) / s)
has-fps-expansion (fps-exp b — fps-exp a) | fps-X (is ?f' has-fps-expansion

by (rule fps-expansion-intros)+ (auto intro!: subdegree-gel simp: Ln-Reals-eq
a-def b-def)
hence isCont ?f' 0 by (rule has-fps-expansion-imp-continuous)
hence ?f' —0— b — a by (simp add: isConi-def)
also have ?this +— (\s. (exp (b x s) — exp (ax 8)) / s) —0— b — a
by (intro filterlim-cong refl) (auto simp: eventually-at intro: exI[of - 1])
finally have ?f —0— of-real (2 * pi) powr (0 — 1) x Gamma (1 — 0) * i x*
(i powr —0 * pre-zeta q (1 — 0) —1 powr 0 x pre-zeta (1 — q) (1
—0)+ (b — a))
(is filterlim - (nhds ?c) -)
using ¢ by (intro tendsto-intros isContD)
(auto simp: complex-nonpos-Reals-iff intro!: continuous-intros)
also have ?c = perzeta q 0 using q
by (simp add: powr-minus perzeta-def Ln-Reals-eq a-def b-def
Complex-eq mult-ac inverse-eq-divide)
also have 7f —0— ... <— perzeta ¢ —0— ...
by (rule sym, intro filterlim-cong refl ev)
finally show isCont (perzeta q) s by (simp add: isCont-def)
qed

have perzeta q field-differentiable at s for s
proof (cases s € N)
case Fulse
with holo have perzeta q field-differentiable at s within —IN
unfolding holomorphic-on-def by blast
also have at s within —IN = at s using Fualse
by (intro at-within-open) auto
finally show ?thesis .
next
case True
hence *: perzeta q holomorphic-on (ball s 1 — {s})
by (intro holomorphic-on-subset|OF holo]) (auto elim!: Nats-cases simp:
dist-of-nat)
have perzeta q holomorphic-on ball s 1 using cont True
by (intro no-isolated-singularity’|OF - x])
(auto simp: at-within-open|of - ball s 1] isCont-def)
hence perzeta q field-differentiable at s within ball s 1
unfolding holomorphic-on-def by auto
thus ?thesis by (simp add: at-within-open[of - ball s 1])
qed
hence perzeta q holomorphic-on UNIV
by (auto simp: holomorphic-on-def)
also have perzeta ¢ = perzeta ¢’ by (simp add: q-def)
finally show perzeta q' holomorphic-on A by auto
qed
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lemma perzeta-altdefl: Re s > 1 = perzeta q¢' s = eval-fds (fds-perzeta q’) s
by (cases ¢’ € Z) (auto simp: perzeta-int eval-fds-zeta fds-perzeta-int perzeta-altdef2)

lemma holomorphic-perzeta: ¢ ¢ Z vV 1 ¢ A = perzeta q holomorphic-on A
by (cases ¢ € Z) (auto simp: perzeta-int intro: holomorphic-perzeta’ holomor-
phic-zeta)

lemma holomorphic-perzeta'’ [holomorphic-intros):
assumes f holomorphic-on Aand q ¢ Z Vv (Vz€A. fz # 1)
shows (Az. perzeta q (f z)) holomorphic-on A
proof —
have perzeta q o f holomorphic-on A using assms
by (intro holomorphic-on-compose holomorphic-perzeta) auto
thus ?thesis by (simp add: o-def)
qed

Using this analytic continuation of the periodic zeta function, Hurwitz’s
formula now holds (almost) on the entire complex plane.

theorem hurwitz-zeta-formula:
fixes a :: real and s :: complex
assumes a € {0<..1}and s # 0 and a # 1 V s # 1
shows rGamma s x hurwitz-zeta a (1 — s) =
(2 * pi) powr — s * (1 powr — s * perzeta a s + 1 powr s x perzeta (—a)
s
)

(is ?f s = %g s)
proof —
define A where A = UNIV — (if a € Z then {0, 1} else {0 :: complex})
show ?thesis
proof (rule analytic-continuation-open[where f = ?f])
show ?f holomorphic-on A using assms by (auto intro!: holomorphic-intros
simp: A-def)
show ?g holomorphic-on A using assms
by (auto intro!: holomorphic-intros simp: A-def minus-in-Ints-iff)
next
fix s assume s € {s. Re s > 1}
thus ?f s = %g s using hurwitz-zeta-formula-auz|of a s| assms
by (simp add: perzeta-altdef1)
qged (insert assms, auto simp: open-halfspace-Re-gt A-def elim!: Ints-cases
intro: connected-open-delete-finite exI[of - 2])
qed

The equation expressing the periodic zeta function in terms of the Hurwitz
zeta function can be extened similarly.

theorem perzeta-conv-hurwitz-zeta:
fixes a :: real and s :: complex
assumes a € {0<..<I} and s # 0
shows rGamma (1 — s) * perzeta a s =
(2 * pi) powr (s — 1) *1x* (i powr (—s) * hurwitz-zeta a (1 — s) —
i powr s x hurwitz-zeta (1 — a) (1 — s))
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(is 2f s = %g s)
proof (rule analytic-continuation-open|where f = %f])

show ?f holomorphic-on —{0} using assms by (auto intro!: holomorphic-intros
elim: Ints-cases)

show ?g holomorphic-on —{0} using assms by (auto introl: holomorphic-intros)
next

fix s assume s € {s. Re s > 1}

thus ?f s = ?g s using perzeta-conv-hurwitz-zeta-auz|of a s| assms

by (simp add: perzeta-altdef1)

qged (insert assms, auto simp: open-halfspace-Re-gt connected-punctured-universe
intro: exl[of - 2])

As a simple corollary, we derive the reflection formula for the Riemann zeta
function:

corollary zeta-reflect:

fixes s :: complex

assumes s # 0 s # 1

shows rGamma s x zeta (1 — s) = 2 % (2 * pi) powr —s * cos (s * pi / 2) *
zeta s

using hurwitz-zeta-formulalof 1 s] assms

by (simp add: zeta-def cos-exp-eq powr-def perzeta-int algebra-simps)

corollary zeta-reflect’:

fixes s :: complex

assumes s # 0 s # 1

shows rGamma (1 — s) * zeta s = 2 % (2 * pi) powr (s — 1) x sin (s * pi /
2) x zeta (1 — s)

using zeta-reflect[of 1 — s] assms by (simp add: cos-sin-eq field-simps)

It is now easy to see that all the non-trivial zeroes of the Riemann zeta
function must lie the critical strip (0; 1), and they must be symmetric around
the R(z) = 3 line.

corollary zeta-zeroD:
assumes zeta s = 0 s # 1
shows Re s € {0<.<1}V (3n:nat. n > 0 A even n A s = —real n)
proof (cases Re s < 0)
case Fulse
with zeta-Re-ge-1-nonzerolof s] assms have Re s < 1
by (cases Re s < 1) auto
with False show ?thesis by simp
next
case True
{
assume x: An. n > 0 = even n = s # —real n
have s # of-int n for n :: int
proof
assume [simp|: s = of-int n
show Fulse
proof (cases n 0::int rule: linorder-cases)
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assume n < 0
show Fulse
proof (cases even n)
case True
hence nat (—n) > 0 even (nat (—n)) using <n < 0»
by (auto simp: even-nat-iff)
with * have s # —real (nat (—n)) .
with (n < 0> and True show Fulse by auto

next
case False
with <n < 0> have of-int n = (—of-nat (nat (—n)) :: complex) by simp
also have zeta ... = —(bernoulli’ (Suc (nat (—n)))) / of-nat (Suc (nat

(—m)))
using (n < 0» by (subst zeta-neg-of-nat) (auto)
finally have bernoulli’ (Suc (nat (—n))) = 0 using assms
by (auto simp del: of-nat-Suc)
with False and «n < 0> show False
by (auto simp: bernoulli’-zero-iff even-nat-iff)
qed
qed (insert assms True, auto)
qed
hence rGamma s # 0
by (auto simp: rGamma-eq-zero-iff nonpos-Ints-def)
moreover from assms have [simp]: s # 0 by auto
ultimately have zeta (I — s) = 0 using zeta-reflect[of s] and assms
by auto
with True zeta-Re-ge-1-nonzero[of 1 — s| have Re s > 0 by auto
}
with True show ?thesis by auto
qed

lemma zeta-zero-reflect:

assumes Re s € {0<..<1} and zeta s = 0

shows zeta (1 —s) =0
proof —

from assms have rGamma s # 0

by (auto simp: rGamma-eq-zero-iff elim!: nonpos-Ints-cases)

moreover from assms have s # 0 and s # 1 by auto

ultimately show ?thesis using zeta-reflect[of s] and assms by auto
qed

corollary zeta-zero-reflect-iff:

assumes Re s € {0<..<1}

shows zeta (1 — s) = 0 <— zeta s = 0

using zeta-zero-reflect|of s| zeta-zero-reflect[of 1 — s] assms by auto
2.10 More functional equations

lemma perzeta-conv-hurwitz-zeta-multiplication:
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fixes k :: nat and a :: int and s :: complex
assumes k > 0 s # 1
shows k powr s x perzeta (a / k) s =
Oon=1.k. exp (2 x pi x nx a / k *1) x hurwitz-zeta (n / k) s)
(is ?lhs s = %rhs s)
proof (rule analytic-continuation-open[where ?f = ?lhs and g = ?rhs])
show connected (—{1::complex}) by (rule connected-punctured-universe) auto
show {s. Re s > 1} # {} by (auto introl: exl[of - 2])
next
fix s assume s: s € {s. Re s > 1}
let 7f = An. exp (2 * pi *x n*x a / k * 1)

show ?lhs s = ?rhs s
proof (rule sums-unique2)
have (Am. Y n=1.k. ?f n x (of-nat m + of-real (real n / real k)) powr —s)
sums
0o n=1..k. ?fn x hurwitz-zeta (real n / real k) s)
using assms s by (intro sums-sum sums-mult sums-hurwitz-zeta) auto
also have (Am. Y n=1..k. ?f n % (of-nat m + of-real (real n / real k)) powr

(Am. of-nat k powr s x (> n=1.k. ?f n x of-nat (m * k + n) powr

unfolding sum-distrib-left
proof (intro ext sum.cong, goal-cases)
case (2 m n)
hence m x k + n > 0 by (intro add-nonneg-pos) auto
hence of-nat 0 # (of-nat (m = k + n) :: complex) by (simp only: of-nat-eq-iff)
also have of-nat (m x k + n) = of-nat m x of-nat k + (of-nat n :: complex)
by simp
finally have nz: ... # 0 by auto

have of-nat m + of-real (real n / real k) =
(inverse (of-nat k) * of-nat (m * k + n) :: complex) using assms

by (simp add: field-simps del: div-mult-selfl div-mult-self2 div-mult-self3
div-mult-self] )
also from nz have ... powr —s = of-nat k powr s x of-nat (m * k + n) powr
-3
by (subst powr-times-real) (auto simp: add-eq-0-iff powr-def exp-minus
Ln-inverse)
finally show ?case by simp
ged auto
finally show ... sums (> n=1.k. ?f n x hurwitz-zeta (real n / real k) s) .
next
define g where g = (Am. exp (2 x pi x 1 x m * (real-of-int a / real k)))
have (Am. g (Suc m) / (Suc m) powr s) sums eval-fds (fds-perzeta (a | k)) s
unfolding g-def using s by (intro sums-fds-perzeta) auto
also have (Am. g (Suc m) / (Suc m) powr s) = (Am. 2f (Suc m) * (Suc m)
powr —s)
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by (simp add: powr-minus field-simps g-def)
also have eval-fds (fds-perzeta (a | k)) s = perzeta (a / k) s
using s by (simp add: perzeta-altdef1)
finally have (Am. > n=msxk..<mxk+k. 2f (Suc n) * of-nat (Suc n) powr —s)
sums perzeta (a |/ k) s
using <k > 0> by (rule sums-group)
also have (Am. Y n=mxk..<mxk+k. ?f (Suc n) * of-nat (Suc n) powr —s) =
(Am. Y- n=1..k. ?f (m = k + n) x of-nat (m * k + n) powr —s)
proof (rule ext, goal-cases)
case (1 m)
show ?case using assms
by (intro ext sum.reindex-bij-witness[of - An. m x k + n — 1 An. Suc n —
m x k) auto
qed
also have (Am n. 2f (m x k + n)) = (Am n. ?f n)
proof (intro ext)
fix m n :: nat
have 9f (mx k +n) / ?%fn = cxp (2 *x pi * m *x a * i)
using <k > 0» by (auto simp: ring-distribs add-divide-distrib exp-add mult-ac)

also have ... = cis (2 * pi *x (m * a))
by (simp add: exp-eg-polar mult-ac)
also have ... = 1

by (rule cis-multiple-2pi) auto
finally show 2f (m x k + n) = %fn
by simp
qged
finally show (Am. of-nat k powr s x (3 n=1..k. ?f n x of-nat (m * k + n)
powr —s)) sums
(of-nat k powr s * perzeta (a / k) s) by (rule sums-mult)
qed
qed (use assms in <auto introl: holomorphic-intros simp: finite-imp-closed open-halfspace-Re-gt»)

lemma perzeta-conv-hurwitz-zeta-multiplication’”:
fixes k :: nat and a :: int and s :: complex
assumes k > 0 s # 1
shows perzeta (a / k) s = k powr —s *
Oon=1.k. exp (2 x pi x nx a / k *1) x hurwitz-zeta (n / k) s)
using perzeta-conv-hurwitz-zeta-multiplication|of k s a] assms
by (simp add: powr-minus field-simps)

lemma zeta-conv-hurwitz-zeta-multiplication:
fixes k a :: nat and s :: complex
assumes k > 0 s # 1
shows k powr s x zeta s = (> n=1..k. hurwitz-zeta (n / k) s)
using perzeta-conv-hurwitz-zeta-multiplication|of k s 0]
using assms by (simp add: perzeta-int)

lemma hurwitz-zeta-one-half-left:
assumes s # 1

98



shows hurwitz-zeta (1 / 2) s = (2 powr s — 1) * zeta s
using zeta-conv-hurwitz-zeta-multiplication[of 2 s| assms
by (simp add: eval-nat-numeral zeta-def field-simps)

theorem hurwitz-zeta-functional-equation:

fixes h k :: nat and s :: complex

assumes hk: k> 0 h € {0<..k} and s: s ¢ {0, 1}

defines a = real b / real k

shows rGamma s * hurwitz-zeta a (1 — s) =

2 % (2 % pi x k) powr —s %
(3o n=1..k. cos (sxpi/2 — 2xpixnxh/k) x hurwitz-zeta (n | k) s)

proof —

from hk have a: a € {0<..1} by (auto simp: a-def)

have rGamma s % hurwitz-zeta a (1 — s) =
(2 * pi) powr — s x (i powr — s * perzeta a s + 1 powr s x perzeta (— a) s)
using s a by (intro hurwitz-zeta-formula) auto
also have ... = (2 x pi) powr — s % (i powr — s * perzeta (of-int (int h) / k) s
+
i powr s * perzeta (of-int (—int h) / k) )
by (simp add: a-def)
also have ... = (2 x pi) powr —s x k powr —s *
(O-n=1..k. 1 powr —s x cis (2 * pi * n* h / k) * hurwitz-zeta (n / k) s) +
3o n=1..k.1ipowrs * cis (—2 * pi * n x h | k) x hurwitz-zeta (n / k) s))
(is - = - (251 4+ 52)) using hk a s
by (subst (1 2) perzeta-conv-hurwitz-zeta-multiplication’)
(auto simp: field-simps sum-distrib-left sum-distrib-right exp-eq-polar)
also have (2 x pi) powr —s x k powr —s = (2 * k x pi) powr —s
using hk pi-gt-zero
by (simp add: powr-def Ln-times-Reals field-simps exp-add exp-diff exp-minus)
also have 251 + 252 = (D n=1..k. (i powr —s * cis (2xpixnxh/k) + i powr s
x cis (—2xpixnxh/k)) %
hurwitz-zeta (n / k) s)
(is - = (O_ne-. %cn x -)) by (simp add: algebra-simps sum.distrib)
also have ?c = (An. 2 % cos (sxpi/2 — 2xpixnxh/k))
proof
fix n = nat
have i powr —s * cis (2xpixnxh/k) = exp (—sxpi/2%i + 2xpixnxh/kxi)
unfolding exp-add by (simp add: powr-def cis-conv-exp mult-ac)
moreover have i powr s * cis (—2xpixnxh/k) = exp (sxpi/2xi + —2xpixnxh/kxi)
unfolding ezp-add by (simp add: powr-def cis-conv-exp mult-ac)
ultimately have ?c n = exp (i x (sxpi/2 — 2xpixnxh/k)) + exp (—(1 * (sxpi/2
— 2xpixnxh/k)))
by (simp add: mult-ac ring-distribs)
also have ... / 2 = cos (sxpi/2 — 2xpixnxh/k)
by (rule cos-exp-eq [symmetric))
finally show %c n = 2 % cos (sxpi/2 — 2xpixn*h/k)
by simp
qed
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also have (2 x k * pi) powr —s x (D n=1..k. ... n x hurwitz-zeta (n / k) s) =
2 % (2 % pi x k) powr —s x
(3> n=1..k. cos (sxpi/2 — 2xpixnxh/k) x hurwitz-zeta (n / k) s)
by (simp add: sum-distrib-left sum-distrib-right mult-ac)
finally show ?thesis .
qed

lemma perzeta-one-half-left: s # 1 = perzeta (1 / 2) s = (2 powr (1—s) — 1)
x zeta s
using perzeta-conv-hurwitz-zeta-multiplication’[of 2 s 1]
by (simp add: eval-nat-numeral hurwitz-zeta-one-half-left powr-minus
field-simps zeta-def powr-diff)

lemma perzeta-one-half-left’:
perzeta (1 | 2) s =
(if s = 1 then —In 2 else (2 powr (1 —s) — 1)/ (s — 1)) * ((s — 1)
pre-zeta 1 s + 1)
by (cases s = 1) (auto simp: perzeta-one-half-left field-simps zeta-def hurwitz-zeta-def)

end

3 The Laurent series expansion of ( at 1

theory Zeta-Laurent-Expansion
imports Zeta-Function
begin

In this section, we shall derive the Laurent series expansion of ((s) at s =1,
which is of the form

(s) = 2+ 3 T e
n=0 ’

where the v, are the Stieltjes constants. Notably, v is equal to the Euler—
Mascheroni constant ~.

3.1 Definition of the Stieltjes constants

We define the Stieltjes constants by their infinite series form, since it is fairly
easy to show the convergence of the series by the comparison test.

definition stieltjes-gamma :: nat = 'a :: real-algebra-1 where
stieltjes-gamma n =
of-real (3 k. In (k+1) "n /) (k+1) — (In (k+2) "~ (n+1) — in (k+1) " (n +
1))/ (n+ 1))

lemma stieltjes-gamma-0 [simp]: stieltjes-gamma 0 = euler-mascheroni
using euler-mascheroni-sum-real by (simp add: sums-iff stieltjes-gamma-def field-simps)
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lemma stieltjes-gamma-summable:
summable (k. In (k+1) “n / (k+1) — (In (k+2) " (n+1) — In (k+1) " (n +
1)/ (n+ 1))
(is summable ?f)
proof (rule summable-comparison-test-bigo)

have eventually (Az::real. Inxz “n — Inz ~ (n+1) * (inverse (In x) * (1 + real

inverse (real n + 1) = 0) at-top
using eventually-gt-at-toplof 1] by eventually-elim (auto simp: field-simps)
thus ?f € O(\k. k powr (—3/2))
by real-asymp
qed (simp-all add: summable-real-powr-iff)

lemma of-real-stieltjes-gamma [simp): of-real (stieltjes-gamma k) = stieltjes-gamma
k
by (simp add: stieltjes-gamma-def)

lemma sums-stieltjes-gamma:
M. In (k+1) "n / (k+1) — (In (k+2) " (n+1) — In (k+1) " (n+ 1))/ (n +
1)
sums stieltjes-gamma n
using stieltjes-gamma-summable[of n] unfolding stieltjes-gamma-def by (simp
add: summable-sums)

We can now derive the alternative definition of the Stieltjes constants as a
limit. This limit can also be written in the Euler—-MacLaurin-style form

lim ( In k_/ In xdx) 7
m—00 k 1 T
k=1

which is perhaps a bit more illuminating.

lemma stieltjes-gamma-real-limit-form:
(Am. O k=1..m.In (real k) "n [ real k) — In (real m) ~(n + 1) / real (n +
1)
——— stieltjes-gamma n
proof —
have (Am:nat. > k<m. In (k+1) " n /] (k+1) — (In (k+2) ~ (n+1) — In
(k1) ~(n+ 1) [ (n + 1))
——— stieltjes-gamma n
using sums-stieltjes-gammalof n| by (simp add: add-ac sums-def)
also have (Am:nat. > k<m. In (k+1) “n /) (k+1) — (In (k+2) ~ (n+1) —
In(k+1) “(n+ 1))/ (n+ 1)) =
(Amunat. (O k=1.m.Ink "n/k)—In(m+1) " (n+1)/(n+1))
(is ?lhs = ?rhs)
proof (rule ext, goal-cases)
fix m :: nat
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have (> k<m. In (k+1) "n/
T+ 1)/ (k1) =
O k<m. In (k+1) "n/ (k+1)) —
O-k<m. In (Suc k+1) " (n+1) —In (k+1) " (n+ 1))/ (n+ 1)
by (simp add: sum-subtractf flip: sum-divide-distrib)
also have (3" k<m. In (k+1) "n / (k+1)) = O k=1..m. Ink "n / k)
by (rule sum.reindex-bij-witness[of - Ak. k—1 Suc]) auto
also have (> k<m. In (Suc k+1) ~(n+1) — In (k+1) “(n+ 1)) =In (m +
1) " (n+ 1)
by (subst sum-lessThan-telescope) simp-all
finally show ?lhs m = %rhs m .
qed
finally have x: (Am. O_k=1..m.Ink "n/k)—In(m+1) " (n+1)/(n
1)

(k+1) — (In (k+2) ~(n+1) — In (k+1) ~(n

—— stieltjes-gamma n .
have «x: (Am. In (m+ 1) " (n+ 1)/ (n+1)—Inm " (n+ 1)/ (n+ 1))
— 0
by real-asymp
from tendsto-add[OF % xx] show ?thesis by (simp add: algebra-simps)
qed

lemma stieltjes-gamma-limit-form:

(Am. of-real (>_k=1..m.In (real k) "“n / real k) — In (real m) ~(n + 1) / real
(n + 1))

——— (stieltjes-gamma n :: 'a :: real-normed-algebra-1)

proof —

have (Am. of-real (3 k=1..m.In (realk) “n [/ realk) — Inm ~(n+ 1) / real
(n + 1))

——— (of-real (stieltjes-gamma n) :: 'a)

using stieltjes-gamma-real-limit-form[of n] by (intro tendsto-of-real) (auto simp:
add-ac)

thus ?thesis by simp
qed

lemma stieltjes-gamma-real-altdef:
(stieltjes-gamma n :: real) =
lim (Am. Ok =1..m.In (real k) "n / real k) —
In (realm) ~(n+ 1)/ real (n + 1))
by (rule sym, rule liml, rule stieltjes-gamma-real-limit-form)

3.2 Proof of the Laurent expansion

We shall follow the proof by Briggs and Chowla [2], which examines the
entire function g(s) = (2'7* —1)¢(s). They determine the value of ¢*)(1) in
two different ways: First by the Dirichlet series of g and then by its power
series expansion around 1. We shall do the same here.

context
fixes g and GI1 G2 G2’ G :: complex fps and A :: nat = complex
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defines g = perzeta (1 / 2)
defines G1 = fps-shift 1 (fps-exp (—In 2 :: complex) — 1)
defines G2 = fps-expansion (As. (s — 1) * pre-zeta 1 s+ 1) 1
defines G2’ = fps-expansion (pre-zeta 1) 1
defines G = G1 * G2
defines A = fps-nth G2

begin

G1, G2, G2', and G2 are the formal power series expansions of functions
around s = 1 of the entire functions

. (27 -1)/(s 1),
« (s =1)¢(s),

° C(5) = 74

o (2177 = 1)¢(s),

respectively.

Our goal is to determine the coefficients of G2’, and we shall do so by
determining the coefficients of G2 (which are the same, but shifted by 1).
This in turn will be done by determining the coefficients of G = G1 * G2.

Note that (217% — 1)((s) is written as perzeta (1 / 2) in Isabelle (using the
periodic ¢ function) and the analytic continuation of {(s) — S_% is written as
pre-zeta 1 s (pre-zeta is an artefact from the definition of zeta, which comes
in useful here).

lemma stieltjes-gamma-auzl: (An. (—1) (n+1) * In(n+1)"k / (n+1)) sums ((—1) "k
x (deriv™k) g 1)
proof —
define H where H = fds-perzeta (1 | 2)
have conv: conv-abscissa H < 1 unfolding H-def
by (rule le-less-trans[OF conv-abscissa-perzeta’]) (use fraction-not-in-ints[of 2
1] in auto)
have [simp]: eval-fds H s = g s if Re s > 0 for s
unfolding H-def g-def using fraction-not-in-ints[of 2 1] that
by (subst perzeta-altdef2) auto
have ev: eventually (As. s € {s. Re s > 0}) (nhds 1)
by (intro eventually-nhds-in-open open-halfspace-Re-gt) auto
have [simp]: (deriv " k) (eval-fds H) 1 = (deriv " k) g 1
by (intro higher-deriv-cong-ev eventually-mono[OF ev)]) auto

have fds-converges ((fds-deriv "~ k) H) 1
by (intro fds-converges le-less-trans|OF conv-abscissa-higher-deriv-le])
(use conv in <simp add: one-ereal-def»)
hence (An. fds-nth ((fds-deriv =" k) H) (n+1) / real (n+1)) sums eval-fds
((fds-deriv " k) H) 1
by (simp add: fds-converges-altdef)
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also have eval-fds ((fds-deriv "~ k) H) 1 = (deriv ~ " k) (eval-fds H) 1
using conv by (intro eval-fds-higher-deriv) (auto simp: one-ereal-def)
also have (An. fds-nth ((fds-deriv "~ k) H) (n+1) / real (n+1)) =
(An. (=1) 7k = (=1)(n+1) * In (real (n+1)) "k / (n+1))
by (auto simp: fds-nth-higher-deriv algebra-simps H-def fds-perzeta-one-half
Ln-Reals-eq)
finally have (An. (— 1) ~ k % complez-of-real ((—1) (n+1) * In (real (n+1))
“k / real (n+1))) sums
((deriv "~ k) g 1) by (simp add: algebra-simps)

hence (An. (—1)7k = ((—1) "k = complez-of-real ((—1) (n+1) * In (real (n+1))
“k / real (n+1)))) sums
((=1)7k * (deriv """ k) g 1) by (intro sums-mult)

also have (An. (—1)7k = ((—1)7k = complex-of-real ((—1) (n+1) = In (real

(n+1)) "k / real (n+1)))) =
(An. complex-of-real ((—1) (n+1) * In (real (n+1)) "~k / real (n+1)))
by (intro ext) auto

finally show ?thesis .

qed

lemma stieltjes-gamma-auz2: (deriv™"k) g 1 = fact k * fps-nth G k
and stieltjes-gamma-auz3: G2 = fps-X x G2’ + 1
proof —
have [simp]: fps-conv-radius G1 = o
using fps-conv-radius-diff [of fps-exp (—Ln 2) 1] by (simp add: G1-def)
have fps-conv-radius G2 > oo
unfolding G2-def by (intro conv-radius-fps-expansion holomorphic-intros) auto
hence [simp]: fps-conv-radius G2 = oo
by simp
have fps-conv-radius G2’ > oo
unfolding G2'-def by (intro conv-radius-fps-expansion holomorphic-intros)
auto
hence [simp]: fps-conv-radius G2’ = oo
by simp
have [simp]: fps-conv-radius G = oo
using fps-conv-radius-mult[of G1 G2] by (simp add: G-def)

have eval-G1: eval-fps G1 (s — 1) =
(if s = 1 then —In 2 else (2 powr (1 —s) — 1)/ (s — 1)) for s
unfolding GI1-def using fps-conv-radius-diff [of fps-exp (—Ln 2) 1]
by (subst eval-fps-shift)
(auto introl: subdegree-gel simp: eval-fps-diff powr-def exp-diff exp-minus
algebra-simps)
have eval-G2: eval-fps G2 (s — 1) = (s — 1) * pre-zeta 1 s + 1 for s
unfolding G2-def by (subst eval-fps-expansion[where r = o0]) (auto introl:
holomorphic-intros)
have eval-G: eval-fps G (s — 1) = g s for s
unfolding G-def by (simp add: eval-fps-mult eval-G1 eval-G2 g-def perzeta-one-half-left’)
have eval-G": eval-fps G s = g (1 + s) for s
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using eval-Glof s + 1] by (simp add: add-ac)
have eval-G2" eval-fps G2' (s — 1) = pre-zeta 1 s for s
unfolding G2’-def by (intro eval-fps-ezpansion[where r = oo]) (auto intro!:
holomorphic-intros)

show G2 = fps-X « G2' + 1
proof (intro eval-fps-eqD always-eventually alll)
have *: fps-conv-radius (fps-X * G2') = oo
using fps-conv-radius-mult|of fps-X G2'] by simp
from * show fps-conv-radius (fps-X «+ G2’ + 1) > 0
using fps-conv-radius-add[of fps-X * G2' 1] by auto
show eval-fps G2 s = eval-fps (fps-X x G2' + 1) s for s
using * eval-G2[of 1 + ] eval-G2'[of 1 + s
by (simp add: eval-fps-add eval-fps-mult)
qed auto

have G = fps-expansion g 1
proof (rule eval-fps-eqD)
have fps-conv-radius (fps-expansion g 1) > oo
using fraction-not-in-ints[of 2 1]
by (intro conv-radius-fps-expansion) (auto introl: holomorphic-intros simp:
g-def)
thus fps-conv-radius (fps-expansion g 1) > 0 by simp
next
have eval-fps (fps-expansion g 1) z = g (1 + 2) for z
using fraction-not-in-ints[of 2 1]
by (subst eval-fps-expansion’|[where r = oo|) (auto simp: g-def introl: holo-
morphic-intros)
thus eventually (Az. eval-fps G z = eval-fps (fps-expansion g 1) z) (nhds 0)
by (simp add: eval-G’)
qed auto
thus (deriv "~ k) g 1 = fact k * fps-nth G k
by (simp add: fps-eq-iff fps-expansion-def)
qed

lemma stieltjes-gamma-auzs: fps-nth Gk = (> i=1..k+1.(=In 2) i« A (k—(i—1))
/ fact ©)

proof —
have fps-nth G k = (3 i<k. fps-nth G1 i « A (k — 1))
unfolding G-def fps-mult-nth A-def by (intro sum.cong) auto

also have ... = (> i<k. (—in 2)(i+1) « A (k — i) / fact (i+1))
by (simp add: G1-def algebra-simps)
also have ... = (> i=1..k+1. (—=in 2)7i x A (k—(i—1)) / fact i)

by (intro sum.reindez-bij-witness[of - Ai. i—1 Suc]) (auto simp: Suc-diff-Suc)
finally show ?thesis .
qed

lemma stieltjes-gamma-aux5: (> t<k. (k choose t) x Ln 2 ~ (k — t) % stielt-
jes-gamma t) —
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In 2~ (k+1) / of-nat (k+1) = (—1) "k * (deriv " k) g 1

proof —

define h where h = (\k z. (> n=1..z. In(real n) "k / real n) —

In (real £) (k+1) / real(k+1) — stieltjes-gamma k)

have h-eq: (O n=1..xz.Ilnn "k /n)=Ina(k+1) / real (k+1) + stieltjes-gamma

k+hkz
for k z :: nat by (simp add: h-def)

define b’ where h'/ = (Az. > t=0..k. (k choose t) * In 2 ~(k — t) * h t z)

define S1 where S1 = (Az. (3| t=0..k. (k choose t) * In 2 = (k — t) x lnz ~ (¢
L)/ (t+ 1)

define 52 where S2 = (Az. (3| t=0..k. (k choose t) * In 2 " (k — t) x lnz ~ (¢
T+ 1)/ (k4 1)

have [THEN filterlim-compose, tendsto-intros]: h t —— 0 for ¢
using tendsto-diff |OF stieltjes-gamma-real-limit-form|[of t] tendsto-const|of stielt-
jes-gamma t))
by (simp add: h-def)

have eq: (D n=1..2 xz. (1) (n+1) xIlnn "k /n) =
In 2~ (k+1) / real (k+1) —
(3" t<k. (k choose t) * In 2 ~ (k—t) = stieltjes-gamma t) + h k (2xx)
—hlx
(is ?lhs x = %rhs z) if £ > 0 for z :: nat
proof —
have 2 x (> n=1..z. In (2xn) k/(2xn)) =
Oon=1.2.> t=0..k. 1/n % (k choose t) x In 2 ~ (k—t) x In n " t)
unfolding sum-distrib-left
proof (rule sum.cong)
fix n :: nat assume n: n € {1..z}
have 2 x (In (2+n)"k / (2«n)) = 1/nx (Inn + In 2) "k
using n by (simp add: In-mult add-ac)
also have (Inn + In 2) "k = (3 t=0..k. (k choose t) x In 2 ~ (k—t) x Inn
~9)
by (subst binomial-ring, rule sum.cong) auto

also have 1/n x ... = (D_t=0..k. 1/n x (k choose t) x In 2 ~ (k—t) x In n
~9)
by (subst sum-distrib-left) (simp add: mult-ac)
finally show 2 x (In (2xn)"k / (2xn)) = ... .
qed auto
also have ... = (> t=0..k. Y n=1..z. I/n = (k choose t) = In 2 ~ (k—t) * In
n " t)
by (rule sum.swap)
also have ... = (> t=0..k. (k choose t) * In 2 ~ (k — t) *

k.
(Inz = (t+1) / (t+1) + stieltjes-gamma t + h t x))
proof (rule sum.cong)
fix t :: nat assume ¢: t € {0..k}
have (> n=1..z. 1/n * (k choose t) * In 2 ~ (k—t) x Inn " t) =
(k choose t) x In 2 " (k —t) « O _n=1.xz.lnn "t/ n)
by (subst sum-distrib-left) (simp add: mult-ac)
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alsohave (D n=1..z.lnn "t /n)=Ilnz " (t+1) / (t+1) + stieltjes-gamma
t+htx

using h-eqlof t] by simp

finally show (> n=1..z. I/n * (k choose t) x In 2 ~ (k—t) * Inn " t) =
(k choose t) xIn 2 " (k —t) ... .

qed simp-all
also have ... = (> t=0..k. (k chooset) / (t + 1) *xIn2 " (k—t)*inz " (¢
1)) +

_|_

(- t=0..k. (k choose t) * In 2 ~ (k — t) * stieltjes-gamma t) + h'
by (simp add: ring-distribs sum.distrib h'-def)
also have (> t=0..k. (k chooset) / (t + 1)« In 2 " (k—t)xinz " (t+ 1))

(>-t=0..k. (Suc k choose Suct) | (k+ 1)+« n2 " (k—1t)«xnz (¢
+ 1))
proof (intro sum.cong refl, goal-cases)
case (1 t)
have of-nat (k choose t) * (of-nat (k + 1) :: real) = of-nat ((k choose t) = (k
+ 1))
by (simp only: of-nat-mult)
also have (k choose t) x (k + 1) = (Suc k choose Suc t) x (¢t + 1)
using Suc-times-binomial-eqlof k t] by (simp add: algebra-simps)
also have of-nat ... = of-nat (Suc k choose Suc t) * (of-nat (t + 1) :: real)
by (simp only: of-nat-mult)
finally have x: of-nat (k choose t) / of-nat (t + 1) =
(of-nat (Suc k choose Suc t) / (k + 1) :: real)
by (simp add: divide-simps flip: of-nat-Suc del: binomial-Suc-Suc)
show ?case by (simp only: *)
qed
also have ... = (D t=1..Suc k. (Suc k choose t) / (k+ 1) = In 2 ~ (Suc k —
t) x Inxz " t)
by (intro sum.reindex-bij-witness[of - At. t—1 Suc]) auto
also have {1..Suc k} = {..Suc k} — {0} by auto
also have (> te.... (Suc k chooset) / (k+ 1)« In 2 " (Suck —t) x lnx

t) =

~p) -

(3" t<Suc k. (Suc k choose t) | (k+ 1) xIn 2 " (Suck — t) xInzx

In2 " Suck /[ (k+ 1)
by (subst sum-diff1) auto
also have () t<Suc k. (Suc k choose t) / (k+ 1) *in 2 " (Suck — t) x Inx
~4) =
(nz+1In2) " Suck/(k+1)
unfolding binomial-ring by (subst sum-divide-distrib) (auto simp: alge-
bra-simps)
also have In z + In 2 = In (2 * x)
using <z > 0» by (simp add: In-mult)
finally have eql: 2 x (3> n=1..z. In (real (2%n)) "k / real (2xn)) =
In (real (2xx)) (k+1) / real (k+1) — In 27(k+1) / real (k+1)

(>-t=0..k. (k choose t) x In 27(k — t) * stieltjes-gamma t) +
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h' z
by (simp add: algebra-simps)

have eq2: (D n=1.2«x. Inn "k / n) = In (real (2xx)) (k+1) / real (k+1)
+ stieltjes-gamma k + h k (2xx)
by (simp only: h-eq)

have (> n=1.2x%z. (1) (n+1) *Inn "k /n) =
O-n=1.2xzx.Inn "k /n— 2% (if even nthenlnn "k / n else 0))
by (intro sum.cong) auto
also have ... = (D n=1.2%xz. Inn "k / n) —
2 % (> n=1.2xxz. if even n then lnn "k / n else 0)
by (simp only: sum-subtractf sum-distrib-left)
also have (> n=1..2xxz. if even n then ln n "k / n else 0) =
O-n|ne{l.2xx} Nevenn.lnn "k /n)
by (intro sum.mono-neutral-cong-right) auto
also have ... = (D n=1..x. In (real (2xn)) "k / real (2xn))
by (intro sum.reindex-bij-witness[of - An. 2xn An. n div 2]) auto
also have (> n=1.2«z.lnn "k /n) — 2% ... =
In 27(k+1) / real (k+1) —
(- t=0..k. (k choose t) * In 27(k — t) * stieltjes-gamma t) —
stieltjes-gamma k) +
hk (2«x) — h' x
using arg-cong2|OF eql eq2, of (—)] by simp
also have {0..k} = insert k {..<k} by auto
also have (> te.... (k choose t) x In 27(k — t) * stieltjes-gamma t) — stielt-
jes-gamma k =
(5> t<k. (k choose t) = In 27(k — t) * stieltjes-gamma t)
by (subst sum.insert) auto
finally show ?thesis .
qed

have ?rhs —— In 2 ~ (k+1) / real (k+1) —
(>ot<k. (k choose t) = In 2 ~ (k—t) % stieltjes-gamma t)
unfolding h'-def by (rule tendsto-eq-intros refl mult-nat-left-at-top filter-
lim-ident | simp)+
moreover have eventually (Az. ?rhs © = ?lhs x) sequentially
using eventually-gt-at-top[of 0] by eventually-elim (simp only: eq)
ultimately have x: 2lhs — In 2 ~ (k+1) / real (k+1) —
(> t<k. (k choose t) = In 2 ~ (k—t) * stieltjes-gamma t)
by (rule Lim-transform-eventually)
also have (Az. Y n=1..2xz. (—1)(n+1) * In (real n) "k / real n) =
(Az. >on<2xz. —((=1)(n+1) % In (real (n+1))7k / real (n+1)))
by (intro ext sum.reindez-bij-witness[of - Suc An. n — 1]) (auto simp: power-diff)
also have ... = (Az. —(O>_n<2xx. ((—1)(n+1) * In (real (n+1))"k / real
(n+1)))
by (subst sum-negf) auto
finally have *: ... —— (In 2 ~ (k+1) / real (k+1) —
(> t<k. (k choose t) x In 2 ~ (k — t) * stieltjes-gamma t)) .
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have lim1: (Az. (O] n<2xx. complex-of-real ((—1) (n+1) = In (real (n+1)) "k /
real (n+1))))
— —(In 2 " (k+1) / of-nat (k+1) —
(> t<k. (k choose t) x In 2 ~ (k — t) * stieltjes-gamma t))
(is ?lhs’ —— -)
using tendsto-of-real[ OF tendsto-minus|OF x|, where ?'a = complex]
by (simp add: Ln-Reals-eq)

moreover have ?lhs’ —— ((— 1) ~k * (deriv " " k) g 1)
proof —
have *x: filterlim (An::nat. 2 x n) sequentially sequentially by real-asymp
have (Az. (3 n<2xz. complex-of-real ((—1) (n+1) * In (real (n+1))"k / real
(n+1))))
—— ((— 1) Tk*(deriv k) g 1)
by (rule filterlim-compose|OF - xx]) (use stieltjes-gamma-auzl in <simp add:
sums-def»)
thus Zthesis .
qed

ultimately have —(In 2 = (k+1) / of-nat (k+1) —
(> t<k. (k choose t) x In 2 ~ (k — t) % stieltjes-gamma t)) =
(=1) "k x (deriv " k) g 1
by (rule LIMSEQ-unique)
thus ?thesis by (simp add: Ln-Reals-eq)
qed

lemma stieltjes-gamma-aux6: (> t<k. (k choose t) x Ln 2 ~ (k — t) % stielt-
jes-gamma t) —
ILn2 - (k+ 1)/ ofnat (k+1)=
(=1)7k * fact k= (O i=1..k+1. (=Ln 2) "i*x A (k—(i—1)) / fact i)
proof —
have (> t<k. (k choose t) x Lm 2 ~ (k — t) * stieltjes-gamma t) —
In2 " (k+1)/ofnat (k+ 1)=(—1) "k x* (deriv " k) g 1
using stieltjes-gamma-auz5|of k] .
also have (deriv " k) g 1 = fact k * fps-nth G k
by (rule stieltjes-gamma-aux2)
also have fps-nth Gk = (> i=1..k+ 1. (=Ln 2) "ix A (k— (i — 1)) / fact

i)
by (rule stieltjes-gamma-auzs)
finally show ?thesis by (simp add: mult-ac)
qed

theorem higher-deriv-pre-zeta-1-1: (deriv ~ k) (pre-zeta 1) 1 = (—1) ~ k =
stieltjes-gamma k
proof —
have eq: A k = (if k = 0 then I else (—1) (k+1) * stieltjes-gamma (k — 1) /
fact (k — 1)) for k
proof (induction k rule: less-induct)
case (less k)
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show ?Zcase
proof (cases k = 0)

case True

with stieltjes-gamma-auz6|of 0] show ?thesis by simp
next

case Fulse

have k x Ln 2 x stieltjes-gamma (k — 1) +

(O t<k—1. (k choose t) x Ln 2 ~ (k — t) * stieltjes-gamma t) =
(> teinsert (k—1) {.<k—1}. (k choose t) * Ln 2 ~ (k — t) =
stieltjes-gamma t)
using False by (subst sum.insert) auto
also have insert (k—1) {..<k—1} = {..<k} using Fulse by auto
also have (> t<k. of-nat (k choose t) x Ln 2 ~ (k — t) * stieltjes-gamma t)

Ln 2~ (k+ 1)/ of-nat (k+ 1) +
(1) Tkxfactkx (> i=1.k+1.(—Ln2) "ixAk—(i— 1))
/ fact ©)
using stieltjes-gamma-auz6|of k] by (simp add: algebra-simps)
also have {1.k+1} = {1,k+1} U {2..k} by auto
also have (— 1) "k« factkx (3 ic.... (= Ln2) "ixA(k—(i— 1))/
fact ©) =
Soi=2.k (=1)"k x factkx (— Ln 2) "ix A(k— (i — 1))/ fact

i
—In2x Akx(—1) k= factk +
(=Ln 2)(k+1) « A0 / fact (k+1) % (— 1) "k * fact k
using Fulse by (subst sum.union-disjoint)
(auto simp: algebra-simps sum-distrib-left sum-distrib-right)
also have (> i=2..k. (—1)7k % fact k x (—Ln 2) ~i*x A (k—(i—1)) / fact
i) =
(3o i<k—1. (k choose i) x Ln 2 ~ (k—i) * stieltjes-gamma 1)
using Fualse
by (intro sum.reindez-bij-witness[of - Ai. k — i Xi. k — {])
(auto simp: binomial-fact Suc-diff-le less field-simps power-neg-one-If)
finally have k x Ln 2 x stieltjes-gamma (k — 1) =
(1) (k+1) = fact k x Ln 2 x A k
using Fualse by (simp add: less power-minus’)
also have ... * (—1)7(k+1) / factk / Ln 2 = Ak
by simp
also have k x Ln 2 x stieltjes-gamma (k — 1) % (—1)(k+1) / fact k / Ln
2 =
(=1)(k+1) * stieltjes-gamma (k — 1) / fact (k — 1)
using Fualse by (simp add: field-simps fact-reduce)
finally have A k = (— 1) ~(k + 1) * stieltjes-gamma (k — 1) / fact (k —
1) ..
thus ?thesis using Fulse by simp
qed
qed

have fps-nth G2’ k = fps-nth G2 (Suc k)
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by (simp add: stieltjes-gamma-aux3)

also have ... = A (Suc k)
by (simp add: A-def)
also have ... = (—1) "k x stieltjes-gamma k / fact k

by (simp add: eq)
finally show (deriv =" k) (pre-zeta 1) 1 = (—1) " k * stieltjes-gamma k
by (simp add: G2'-def fps-eq-iff fps-expansion-def)
qed

corollary pre-zeta-1-1 [simp]: pre-zeta 1 1 = euler-mascheroni
using higher-deriv-pre-zeta-1-1[of 0] by simp

corollary zeta-minus-pole-limit: (As. zeta s — 1 / (s — 1)) —1— euler-mascheroni
proof (rule Lim-transform-eventually)
show eventually (As. pre-zeta 1 s = zeta s — 1 / (s — 1)) (at 1)
by (auto simp: zeta-minus-pole-eq [symmetric] eventually-at-filter)
have isCont (pre-zeta 1) 1
by (intro continuous-intros) auto
thus pre-zeta 1 —1— euler-mascheroni
by (simp add: isCont-def)
qed

corollary fps-expansion-pre-zeta-1-1:

fps-expansion (pre-zeta 1) 1 = Abs-fps (An. (—1)"n * stieltjes-gamma n | fact
n)

by (simp add: fps-expansion-def higher-deriv-pre-zeta-1-1)

end

definition fps-pre-zeta-1 :: complex fps where
fos-pre-zeta-1 = Abs-fps (An. (—1)"n * stieltjes-gamma n / fact n)

lemma pre-zeta-1-has-fps-expansion-1 [fps-expansion-intros|:
(Az. pre-zeta 1 (1 + 2)) has-fps-expansion fps-pre-zeta-1
proof —
have (\z. pre-zeta 1 (1 + 2)) has-fps-expansion fps-expansion (pre-zeta 1) 1
by (intro analytic-at-imp-has-fps-expansion analytic-intros analytic-pre-zeta)
auto
also have ... = fps-pre-zeta-1
by (simp add: fps-expansion-pre-zeta-1-1 fps-pre-zeta-1-def)
finally show ?thesis .
qged

definition fis-zeta-1 :: complex fls where
fls-zeta-1 = fls-X-intpow (—1) + fps-to-fls fps-pre-zeta-1

lemma zeta-has-laurent-expansion-1 [laurent-expansion-intros|:

(Az. zeta (1 + z)) has-laurent-expansion fls-zeta-1
proof —
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have (Az. z powi (—1) + pre-zeta 1 (1 + z)) has-laurent-expansion fls-zeta-1
unfolding fls-zeta-1-def
by (intro laurent-expansion-intros fps-expansion-intros has-laurent-expansion-fps)
also have ?this «<— %thesis
by (intro has-laurent-expansion-cong)
(auto simp: eventually-at-filter zeta-def hurwitz-zeta-def divide-inverse)
finally show ?thesis .
qed

end

4 The Hadjicostas—Chapman formula

theory Hadjicostas-Chapman
imports Zeta-Laurent- Expansion
begin

In this section, we will derive a formula for the { function that was con-
jectured by Hadjicostas [4] and proven shortly afterwards by Chapman [3].

The formula is:
1_
/ / ) ?) dz dy
1 — :Uy

:/ (—lnu)*(—Inu+u—1) du
0

1—u

1

=T(z+2) (C(z+2) - +1>

for any z with 2(z) > —2. In particular, setting z = 1, we can derive the
following formula for the Euler-Mascheroni constant v:

dzdy =
s

This formula was first proven by Sondow [7].

4.1 The real case

We first define the integral for real z > —2. This is then a non-negative
integral, so that we can ignore the issue of integrability and use the Lebesgue
integral on the extended non-negative reals

We first show the equivalence of the single-integral and the double-integral
form.

definition Hadjicostas-nn-integral :: real = ennreal where
Hadjicostas-nn-integral z =
set-nn-integral lborel {0<..<1}
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(Au. ennreal ((—in w) powr z / (1 — u) *x (—lnu + u — 1)))

definition Hadjicostas-integral :: compler = complex where
Hadjicostas-integral z =
(LBINT u=0..1. of-real (—In u) powr z / of-real (1 — wu) % of-real (—In u +
u— 1))

lemma Hadjicostas-nn-integral-altdef:
Hadjicostas-nn-integral z =
([ T (zy)e{0<.<1}x{0<.<1}. ((—=In (zxy)) powr z * (1—z) | (1—zxy))
Olborel)
proof —
define f where f = (Au. ((=ln w) powr z / (I — u) *x (=lnu + u — 1)))
let I = Gamma (z + 2) * (Re (zeta (z + 2)) — 1 / (2 4+ 1))
let 2f = Au. ((=In u) powr z / (1 — u) x (=lnu+ u — 1))
define D :: (real x real) set where D = {0<..<1} x {0<..<1}
define DI where D1 = (SIGMA z:{0<..<1}. {0<..<(z::real)})
define D2 where D2 = (SIGMA w:{0<..<1}. {u<..<(1:real)})
have [measurable]: DI € sets (Iborel Q) ar lborel)
proof —
have D1 = {z€space (lborel Q) ps lhorel). snd x> 0 A fst x > snd x A fst x <
1
by (auto simp: D1-def space-pair-measure)
also have ... € sets (lborel Q) ps lborel)
by measurable
finally show ?thesis .

qed
have [measurable]: D2 € sets (lborel Q) ar lborel)
proof —
have D2 = {x€space (lborel Q) pr lborel). fst x > 0 A fst z < snd z A snd x <
1

by (auto simp: D2-def space-pair-measure)
also have ... € sets (lborel Q) ar lhorel)
by measurable
finally show ?thesis .
qed

have ([ T (z,y)eD. ((—in (zxy)) powr z x (1—z) / (1—zxy)) dlborel) =
(f fze{o<.<1}. ([tye{o<.<1}. ((—=In (zxy)) powr z | (1—zxy) *
(1—x)) Olborel) Jlborel)
unfolding lborel-prod [symmetric] case-prod-unfold D-def
by (subst lborel.nn-integral-fst[symmetric])
(auto introl: nn-integral-cong simp: indicator-def)
also have ... = ([ tze{0<..<1}. (J tue{0<..<z}. ((— In u) powr z / (1 —
u) * (I — ) / x) Olborel) Jlborel)
proof (rule set-nn-integral-cong)
fix x :: real assume z: x € space lborel N {0<..<1}
show ([ Tye{0<.<1}. ((—In (axy)) powr z | (1—zxy) * (1—x)) Dlborel) =
(Jtue{o<.<z}. (= In u) powr z /] (1 — u) x (1 — z) / z) Olborel)
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using z
by (subst lborel-distr-mult'[of 1/x])
(auto simp: nn-integral-density nn-integral-distr indicator-def field-simps
simp flip: ennreal-mult’ introl: nn-integral-cong)
ged auto
also have ... = ([ T(z,u)eDI. ((— In w) powr z /| (1 — u) * (I — z) / z)
Olborel)
unfolding lborel-prod [symmetric] case-prod-unfold D-def
by (subst lborel.nn-integral-fst[symmetric], measurable)
(auto introl: nn-integral-cong simp: indicator-def D1-def)
also have ... = ([ " (z,u). indicator D2 (u,z) * ((— In u) powr z / (I — u) *
(1 — z) / x) Olborel)
by (intro nn-integral-cong) (auto simp: DI1-def D2-def indicator-def split:
if-splits)
also have ... = ([ Tue{0<.<1}. ([ Tze{u<.<1}. (= In u) powr z | (1 —
u) x (1 — z) / z) Olborel) dlborel)
unfolding case-prod-unfold lborel-prod [symmetric]
by (subst lborel-pair.nn-integral-snd [symmetric|, measurable)
(auto introl: nn-integral-cong simp: D2-def indicator-def)
also have ... = ([ tue{0<..<1}. ((=ln u) powr z / (1 — u) x (=lnu + u —
1)) Olborel)
proof (intro set-nn-integral-cong refl)
fix u :: real assume u: u € space lborel N {0<..<1}
let ?F' = Az. (— Inu) powr z / (1 —u) x (Inz — z)
have ([ Tze{u<..<1}. ennreal ((— In u) powr z /| (1 — u) * (1 — z) / )
dlborel) =
(J tze{u..1}. ennreal ((— In u) powr z / (1 — u) * (1 — z) / x) Dlborel)
by (rule nn-integral-cong-AE, rule AE-I[of - - {u,1}])
(auto simp: emeasure-lborel-countable indicator-def)
also have ... = ennreal (?F 1 — ?2F u)
using u by (intro nn-integral-FTC-Icc) (auto introl: derivative-eq-intros simp:
divide-simps)
also have ?F 1 — ?Fu = (—Inu) powrz / (1 —uw) * (—lnu+ u— 1)
using u by (simp add: divide-simps) (simp add: algebra-simps)?
finally show ([ Tze{u<..<1}. ((— In u) powr z / (1 — u) *x (1 — z) / )
dlborel) = ennreal ... .
qged
also have ... = Hadjicostas-nn-integral z
by (simp add: Hadjicostas-nn-integral-def)
finally show ?thesis by (simp add: D-def)
qed

We now solve the single integral for real z > —1.

lemma Hadjicostas-Chapman-auz:

fixes z :: real

assumes z: z > —1

defines f = (A\u. ((—in w) powr z / (1 — u) * (=lnu + u — 1)))

shows (f has-integral (Gamma (z + 2) * (Re (zeta (z + 2)) — 1 / (z + 1))))
{0<..<1}
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proof —

let ?2I = Gamma (z + 2) % (Re (zeta (z + 2)) — 1 / (z 4+ 1))
have nonneg: 1 < z + exp (— z) if x > 0 for z :: real
proof —

have z + (1 + (—xz)) < z + exp (—x)

by (intro add-left-mono exp-ge-add-one-self)

thus ?thesis by simp

qed

have eq: ((At:real. exp (—t)) ‘{0<..}) = {0<..<1}
proof safe
fix x :: real assume z: z € {0<..<1}
hence z = exp (—(—In z)) and —In z € {0<..}
by auto
thus z € (\t. exp (—t)) ‘{0<..} by blast
qed auto

have I: (Az. z powr (z+1) / (exp x — 1) — = powr z | exp z) has-integral ?I)
{0<..}
proof —
from z have z + 1 ¢ R<
by (auto simp: nonpos-Reals-def)
hence 2" z + 1 ¢ Z<y
using nonpos-Ints-subset-nonpos-Reals by blast
have ((Az. x powr (z + 2 — 1) / (exzpxz — 1) — z powr (z+ 1 — 1) / exp x)
has-integral (Gamma (z + 2) * Re (zeta (z + 2)) — Gamma (z + 1)))
{0<..} using z
by (intro has-integral-diff Gamma-integral-real’ Gamma-times-zeta-has-integral-real)
auto
also have Gamma (z + 2) * Re (zeta (z + 2)) — Gamma (z + 1) =
Gamma (z + 2) = (Re (zeta (z + 2)) — 1 / (z + 1))
using Gamma-plusl|of z+1] z z’ by (auto simp: field-simps)
finally show ?thesis
by (simp add: add-ac)
qed
also have ?this «— ((Az. |—exp (—z)| * f (exp (—x))) has-integral ?I) {0<..}
unfolding f-def
apply (intro has-integral-cong)
apply (auto simp: field-simps powr-add powr-def exp-add)
apply (simp flip: exp-add)
done
finally have *: ((Az. |—exp (—z)| * f (exp (—z))) has-integral ?I) {0<..} .

have ((Az. |—exp (—x)| *r [ (exp (—1x))) absolutely-integrable-on {0<..}) A
integral {0<..} (\z. |—exp (—z)| *g f (exp (—x))) = 21
proof (intro conjl nonnegative-absolutely-integrable-1)
fix x :: real assume z: z € {0<..}
thus |—ezp (—z)| *r [ (exp (—z)) > 0
unfolding f-def using nonneg
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by (intro scaleR-nonneg-nonneg mult-nonneg-nonneg divide-nonneg-nonneg)
auto
qed (use x in <simp-all add: has-integral-iff»)

also have ?this <— f absolutely-integrable-on (Az. exp (— x)) ‘{0<.} A
integral (A\z. exp (— z)) ‘{0<..}) f=?I
by (intro has-absolute-integral-change-of-variables-1")
(auto introl: derivative-eg-intros inj-onl)

also have (Az::real. exp (— z)) ‘{0<..} = {0<..<1}

by (fact eq)
finally show (f has-integral ?I) {0<..<1}

by (auto simp: has-integral-iff dest: set-lebesque-integral-eq-integral)

qed

lemma real-zeta-ge-one-over-minus-one:
fixes z :: real
assumes z: z > 1
shows Re (zeta (complez-of-real z)) > 1 [/ (z — 1)
proof —
have ineq: 1 <z — Inz if z € {0<..<1} for z :: real
using In-le-minus-onelof x] that by simp
have x: ((A\u. (— In u) powr (z — 2) *x (u — Inu — 1) / (I — u)) has-integral
Gamma z * (Re (zeta (complex-of-real z)) — 1 | (z — 1))) {0<..<1}
using Hadjicostas-Chapman-auz|of z — 2] z by simp
from ineq have Gamma z * (Re (zeta (complex-of-real 2)) — 1 / (z — 1)) > 0
by (intro has-integral-nonneg| OF %] z mult-nonneg-nonneg divide-nonneg-nonneq)
auto
moreover have Gamma z > 0
using assms by (intro Gamma-real-pos) auto
ultimately show Re (zeta (complez-of-real z)) > 1 / (z — 1)
by (subst (asm) zero-le-mult-iff) auto
qed

We now have the formula for real z > —1.

lemma Hadjicostas-Chapman-formula-real:
fixes z :: real
assumes z: 2 > —1
shows Hadjicostas-nn-integral z =
ennreal (Gamma (z + 2) * (Re (zeta (z + 2)) — 1 / (2 + 1)))
proof —
have nonneg: 1 <z —Inzifx > 0x < 1 for z :: real
proof —
have lnz + (I + Inz) < Inxz + exp (In z)
by (intro add-left-mono exp-ge-add-one-self)
thus ?thesis using that by (simp add: exp-minus)
qed
show ?thesis
unfolding Hadjicostas-nn-integral-def using nonneg Hadjicostas-Chapman-auz|[OF
7]
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by (intro nn-integral-has-integral-lebesgue’ mult-nonneg-nonneg divide-nonneg-nonneq)
auto
qed

4.2 Analyticity of the integral

To extend the formula to its full domain of validity (any complex z with
R(z) > —2), we will use analytic continuation. To do this, we first have to
show that the integral is an analytic function of z on that domain. This is
unfortunately somewhat involved, since the integral is an improper one and
we first need to show uniform convergence so that we can pull the derivative
inside the integral sign.

We will use the single-integral form so that we only have to deal with one
integral and not two.

context

fixes f :: compler = real = complex

defines f = (Az u. of-real (—In u) powr z / of-real (I — u) * of-real (—In u +
w-— 1)
begin

context
fixes = y :: real and g1 g2 :: real = real
assumes z > —2
defines g1 = (A\z. (— Inz) powry x (x —Ilnz — 1)/ (1 — z))
defines g2 = (Au. (—ln u) powrz * (u —lnu — 1)/ (1 — w))
begin

lemma integrable-bound? :
interval-lebesque-integrable lborel 0 (ereal (exp (— 1))) g1
unfolding zero-ereal-def
proof (rule interval-lebesgue-integrable-bigo-left)
show g1 € Olat-right 0](A\u. u powr (—1/2))
unfolding gi-def by real-asymp
show continuous-on {0<..exp(—1)} g1
unfolding gI-def by (auto introl: continuous-intros)
have set-integrable lborel (einterval 0 (exp (—1))) (Au. u powr (—1/2))
proof (rule interval-integral-FTC-nonneg)
fix u :: real assume u: 0 < ereal u ereal u < ereal (exp (—1))
show ((Au. 2 % u powr (1/2)) has-field-derivative (u powr (—1/2))) (at u)
using u by (auto introl: derivative-eq-intros simp: power2-eg-square)
show isCont (A\u. u powr (—1/2)) u
using u by (auto intro!: continuous-intros)
next
show (((Au. 2 % u powr (1/2)) o real-of-ereal) —— 2 * exp (—1) powr (1/2))
(at-left (ereal (exp (— 1))))
unfolding ereal-tendsto-simps by real-asymp
show (((Au. 2 % u powr (1/2)) o real-of-ereal) —— 0) (at-right 0)
unfolding zero-ereal-def unfolding ereal-tendsto-simps by real-asymp
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qged auto
thus interval-lebesgue-integrable lborel (ereal 0) (ereal (exp (— 1)))
(Au. u powr (—1/2))
by (simp add: interval-lebesgue-integrable-def zero-ereal-def)
qed (auto simp add: g1-def set-borel-measurable-def)

lemma integrable-bound2:
interval-lebesgue-integrable lborel (exp (—1)) 1 g2
unfolding one-ereal-def
proof (rule interval-lebesgue-integrable-bigo-right)
show g2 € Olat-left 1](Au. (I — u) powr (z + 1))
unfolding ¢2-def by real-asymp
have In z # 0 if ¢ € {exp (—1)..<1} for z :: real

proof —
have 0 < exp (—1 :: real) by simp
also have ... < z using that by auto

finally have z > 0 .
from that <z > 0> have In z < In 1
by (subst In-less-cancel-iff) auto
thus In z # 0 by simp
qged
thus continuous-on {exp (— 1)..<1} ¢2
unfolding g2-def by (auto introl: continuous-intros)
let 2F = (Au. —1 / (z + 2) * (I — u) powr (z + 2))
have set-integrable lborel (einterval (exp (—1)) 1) (Au. (I — u) powr (z + 1))
proof (rule interval-integral-FTC-nonneglwhere F = ?F])
fix u :: real assume u: ereal (exp (—1)) < ereal u ereal u < 1
show (?F has-field-derivative (1 — u) powr (x + 1)) (at u)
using u <z > —2» by (auto introl: derivative-eq-intros simp: one-ereal-def
add-ac)
show isCont (Au. (I — u) powr (z + 1)) u
using u by (auto intro!: continuous-intros)
next
show ((Au. — 1 / (z + 2) * (1 — u) powr (x + 2)) o real-of-ereal) —
—1/(xz+2)* (1 — exp(—1)) powr (z + 2)) (at-right (ereal (exp (—
)

unfolding ereal-tendsto-simps by real-asymp
show ((Au. — 1 / (z 4+ 2) % (1 — u) powr (x + 2)) o real-of-ereal) —— 0)
(at-left 1)
unfolding one-ereal-def unfolding ereal-tendsto-simps
using <z > —2) by real-asymp
qed auto
thus interval-lebesque-integrable lborel (ereal (exp (— 1)))
(ereal 1) (Au. (1 — u) powr (z + 1))
by (simp add: interval-lebesgue-integrable-def one-ereal-def)
qed (auto simp add: g2-def set-borel-measurable-def)

lemma bound?2:
norm (f z u) < g2 u if z: Re z € {z..y} and w: u € {exp (—1)<..<1} for z u
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proof —
have 0 < exp (—1::real) by simp
also have ... < u using u by (simp add: einterval-def)
finally have v > 0 .

from u <u > 0» have In-u: In u > In (exp (—1))
by (subst In-less-cancel-iff) (auto simp: einterval-def)
from z u <u > 0> have norm (f z u) = (— In u) powr Re z x |[u — lnu — 1| /
(1 = u)
unfolding f-def norm-mult norm-divide norm-of-real
by (simp add: norm-powr-real-powr einterval-def)
also have |[u — lnu — I|=u—lnu— 1
using u <u > 0 In-add-one-self-le-self2[of u — 1] by (simp add: einterval-def)
also have (— In u) powr Re z % (u — Ilnu — 1) / (I — u) <
(= Inu) powrzx (u—Inu—1)/ (1 — u)
using z u <u > 0 In-u In-add-one-self-le-self2[of u — 1]
by (intro mult-right-mono divide-right-mono powr-mono’) (auto simp: einter-
val-def)
finally show norm (f z u) < ¢g2 u by (simp add: g2-def)
qed

lemma integrable2-aux: interval-lebesgue-integrable lborel (exp (—1)) 1 (f 2)
if z: Re z € {z..y} for 2
proof —
have set-integrable lborel {exp (—1)<..<1} (f 2)
proof (rule set-integrable-bound|OF - - AE-I2[OF impl]])
fix u :: real assume u € {exp (—1)<..<1}
hence norm (f z u) < g2 u using z by (intro bound2) auto
also have ... < norm (g2 u) by simp
finally show norm (f z u) < norm (g2 u) .
qged (use integrable-bound?2 in <simp-all add: interval-lebesgue-integrable-def
one-ereal-def set-borel-measurable-def f-def»)
thus ?thesis by (simp add: interval-lebesgue-integrable-def one-ereal-def)
qed

lemma uniform-limit2:
uniform-limit {z. Re z € {z..y}}
(Ma z. LBINT u=exp (—1)..a. f z u)
(Az. LBINT u=exp (—1)..1. f z u) (at-left 1)
by (intro uniform-limit-interval-integral-right[of - - g2] AE-I2 impI)
(use bound2 integrable-bound2 in <simp-all add: einterval-def f-def set-borel-measurable-def>)

lemma uniform-limit2":
uniform-limit {z. Re z € {z..y}}
(An z. LBINT u=exp (—1)..ereal (1—(1/2) Suc n). f z u)
(Az. LBINT u=exp (—1)..1. f z u) sequentially
proof (rule filterlim-compose[OF uniform-limit2])
have filterlim (An. 1 — (1/2) Suc n :: real) (at-left 1) sequentially
by real-asymp
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hence filtermap ereal (filtermap (An. (1 — (1 / 2) ~ Suc n)) sequentially) <
filtermap ereal (at-left 1)
unfolding filterlim-def by (rule filtermap-mono)
thus filterlim (An. ereal (1 — (1/2) Suc n)) (at-left 1) sequentially
unfolding one-ereal-def at-left-ereal by (simp add: filterlim-def filtermap-filtermap)
qed

lemma boundl: norm (f z u) < g uwif z: Re z € {z..y} and u: u € {0<..<exp
(—1)} for zu
proof —
from u have u < exp (—1) by (simp add: einterval-def)
also have exp (—1) < exp (0::real)
by (subst exp-less-cancel-iff) auto
also have exp (0::real) = 1 by simp
finally have v < 1 .
from u have In u < In (exp (—1))
by (subst In-less-cancel-iff) (auto simp: einterval-def)
hence in-u: In u < —1 by simp
from z u <u < 1) have norm (f z u) = (— In u) powr Re z * |u — Inu — 1| /
(1 - v
unfolding f-def norm-mult norm-divide norm-of-real
by (simp add: norm-powr-real-powr einterval-def)
also have |[u — lnu — I|=u—Ilnu— 1
using u In-add-one-self-le-self2[of u — 1] by (simp add: einterval-def)
also have (— In u) powr Re z % (u — Ilnu — 1) / (I —u) <
(= Inu) powry*x(v—Inu—1)/ (1 — u)
using z v In-u <u < 1>
by (intro mult-right-mono divide-right-mono powr-mono) (auto simp: einter-
val-def)
finally show norm (f z u) < g1 u by (simp add: g1-def)
qed

lemma integrablel-auz: interval-lebesgue-integrable lborel 0 (exp (—1)) (f 2)
if 22 Re z € {z..y} for 2
proof —
have set-integrable lborel {0<..<exp (—1)} (f 2)
proof (rule set-integrable-bound|OF - - AE-I2[OF impl]])
fix u :: real assume u € {0<..<exp (—1)}
hence norm (f z u) < g1 v using z by (intro bound1) auto
also have ... < norm (gI u) by simp
finally show norm (f z u) < norm (g1 u) .
qged (use integrable-boundl in <simp-all add: interval-lebesgue-integrable-def
zero-ereal-def set-borel-measurable-def f-def>)
thus ?thesis by (simp add: interval-lebesgue-integrable-def zero-ereal-def)
qed

lemma uniform-limit1:

uniform-limit {z. Re z € {z..y}}
(Ma z. LBINT u=a..exp (—1). f z u)
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(Az. LBINT u=0..exp (—1). f z u) (at-right 0)
by (intro uniform-limit-interval-integral-left[of - - g1] AE-12 impl)
(use bound? integrable-bound! in <simp-all add: einterval-def f-def set-borel-measurable-def>)

lemma uniform-limit1":
uniform-limit {z. Re z € {z..y}}
(An z. LBINT u=ereal ((1/2) Suc n)..exp (—1). f z u)
(Az. LBINT u=0..exp (—1). f z u) sequentially
proof (rule filterlim-compose|OF uniform-limit1])
have filterlim (An. (1/2) " Suc n :: real) (at-right 0) sequentially
by real-asymp
hence filtermap ereal (filtermap (An. ((1 / 2) ~ Suc n)) sequentially) <
filtermap ereal (at-right 0)
unfolding filterlim-def by (rule filtermap-mono)
thus filterlim (An. ereal ((1/2) " Suc n)) (at-right 0) sequentially
unfolding zero-ereal-def at-right-ereal by (simp add: filterlim-def filtermap-filtermap)
qed

end

With all of the above bounds, we have shown that the integral exists for any
z with R(z) > —2.

theorem Hadjicostas-integral-integrable: interval-lebesque-integrable lborel 0 1 (f
2)
if z: Re 2 > =2
proof —
from dense[OF z] obtain z where z: x > —2 Re z > z by blast
have interval-lebesgue-integrable lborel 0 (exp(—1)) (f 2)
by (rule integrablel-aux]of x - Re z + 1]) (use z in auto)
moreover have interval-lebesque-integrable lborel (exp(—1)) 1 (f 2)
by (rule integrable2-aux|of x - Re z + 1]) (use x in auto)
ultimately show interval-lebesgue-integrable lborel 0 1 (f z)
by (rule interval-lebesgue-integrable-combine) (auto simp: f-def set-borel-measurable-def)
qed

lemma integral-holo-aux:
assumes ab: a > 0a < bb< 1
shows (Az. LBINT u=ereal a..ereal b. f z u) holomorphic-on A
proof —
define /' :: complex = real = complex
where f' = (Az u. In (=In u) * [z u)
note [derivative-intros| = has-field-derivative-complex-powr-right’

have (\z. integral (cbox a b) (f z)) holomorphic-on UNIV
proof (rule leibniz-rule-holomorphic|of - - - - f], goal-cases)
case (1 z t)
show ?case unfolding f-def
apply (insert 1 ab)
apply (rule derivative-eq-intros refl | simp)+
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apply (auto simp: f'-def field-simps f-def Ln-of-real)
done
next
from ab show continuous-on (UNIV x cbox a b) (A(z, t). f' 2z t)
by (auto simp: case-prod-unfold f'-def f-def Ln-of-real introl: continuous-intros)
next
fix z :: complex
show f z integrable-on cbox a b
unfolding f-def f’-def using ab
by (intro integrable-continuous continuous-intros) auto
qed (auto simp: convez-halfspace-Re-gt)
also have (\z. integral (cboz a b) (f z)) = (Az. [u€cboz a b. f z u dlborel)
proof (intro ext set-borel-integral-eq-integral(2) [symmetric])
fix z :: complex
show complez-set-integrable lborel (cbox a b) (f 2)
unfolding f-def using ab
by (intro continuous-on-imp-set-integrable-cbox continuous-intros) (auto simp:
Ln-of-real)
qed
also have ... = (Az. LBINT u=a..b. f z u)
using ab by (simp add: interval-integral-Icc)
finally show ?thesis by (rule holomorphic-on-subset) auto
qed

lemma integral-holo:
assumes ab: min a b > 0 maz a b < 1
shows (Az. LBINT u=ereal a..ereal b. f z u) holomorphic-on A
proof (cases a < b)
case True
thus ?thesis using assms integral-holo-auz|of a b] by auto
next
case Fulse
have (Az. —(LBINT u=ereal b..ereal a. f z u)) holomorphic-on A
using False assms by (intro holomorphic-intros integral-holo-auz) auto
thus ?thesis by (subst interval-integral-endpoints-reverse)
qed

lemma holol: (Az. LBINT u=0..exp (—1). f z u) holomorphic-on {z. Re z > —2}
proof (rule holomorphic-uniform-sequence
[where f = (An z. LBINT u=ereal ((1/2) Suc n)..exp (—1). f z u)], goal-cases)
case (3 z)
define ¢ where e = (Re 2z + 2) / 2
from 3 have € > 0 by (auto simp: e-def)
have subset: cball z ¢ C {s. Res € {Re z — c..Re z + €}}
proof safe
fix s assume s: s € cball z ¢
have |Re (s — z)| < norm (s — z) by (rule abs-Re-le-cmod)
also have ... < ¢ using s by (simp add: dist-norm norm-minus-commute)
finally show Re s € {Re z — €..Re z + ¢} by auto
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qed

show Zcase
proof (rule exI[of - €], intro conjI)
have cball z e C {s. Re s € {Re z — €..Re z + €}} by fact
also have ... C {s. Re s > —2}
using 3 by (auto simp: e-def field-simps)
finally show cball z ¢ C {s. Re s > —2} .
next
from % have Re z — ¢ > —2 by (simp add: e-def field-simps)
thus uniform-limit (cball z €) (An z. LBINT u=ereal ((1 / 2) ~ Suc n)..ereal
(eap (— 1)). f 2 )
(Az. LBINT u=0..ereal (exp(—1)). f z u) sequentially
using uniform-limit-on-subset| OF uniform-limit1’ subset] by simp
qed fact+
next
fix n :: nat
have (1 / 2) "Sucn < (1 /2 ::real) ~ 0
by (subst power-strict-decreasing-iff) auto
thus (Az. LBINT u=ereal ((1 / 2) ~ Suc n)..ereal (exp (— 1)). f z u) holomor-
phic-on {z. Re z > —2}
by (intro integral-holo) auto
qed (auto simp: open-halfspace-Re-gt)

lemma holo2: (A\z. LBINT u=exp (—1)..1. f z u) holomorphic-on {z. Re z > —2}
proof (rule holomorphic-uniform-sequence
[where f = (An z. LBINT u=exp (—1)..ereal (1—(1/2) Suc n). f z u)],
goal-cases)
case (3 z)
define ¢ where e = (Re z + 2) / 2
from 3 have ¢ > 0 by (auto simp: e-def)
have subset: cball z ¢ C {s. Res € {Rez —e..Re z + €}}
proof safe
fix s assume s: s € cball z €
have |Re (s — z)| < norm (s — z) by (rule abs-Re-le-cmod)

also have ... < ¢ using s by (simp add: dist-norm norm-minus-commute)
finally show Re s € {Re z — €..Re z + €} by auto
qed

show ?case
proof (rule exI[of - €], intro conjl)
have cball z e C {s. Re s € {Re z — €..Re z + €} } by fact
also have ... C {s. Re s > —2}
using 3 by (auto simp: e-def field-simps)
finally show cball z ¢ C {s. Re s > —2} .
next
from % have Re z — ¢ > —2 by (simp add: e-def field-simps)
thus uniform-limit (cball z €) (An z. LBINT u=ereal (exp (— 1))..ereal (1—(1/2) Suc
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(Mz. LBINT u=ereal (exp(—1))..1. f z u) sequentially
using uniform-limit-on-subset| OF uniform-limit2’ subset] by simp
qged fact+
next
fix n :: nat
have (1 / 2) "Sucn < (1 /2 ::real) ~0
by (subst power-strict-decreasing-iff) auto
thus (A\z. LBINT u=ereal (exp (—1))..ereal (1—(1/2) Suc n). f z u) holomor-
phic-on {z. Re z > —2}
by (intro integral-holo) auto
qed (auto simp: open-halfspace-Re-gt)

Finally, we have shown that Hadjicostas’s integral is an analytic function of
z in the domain R(z) > —2.

lemma holomorphic-Hadjicostas-integral:
Hadjicostas-integral holomorphic-on {z. Re z > —2}
proof —
have (Az. (LBINT u=0..exp(—1). f z uw) + (LBINT u=exp(—1)..1. f z u))
holomorphic-on {z. Re z > —2}
by (intro holomorphic-intros holol holo2)
also have ?this «+— (Az. LBINT u=0..1. f z u) holomorphic-on {z. Re z > —2}
using Hadjicostas-integral-integrable
by (intro holomorphic-cong interval-integral-sum)
(simp-all add: zero-ereal-def one-ereal-def min-def maz-def)
also have (A\z. LBINT u=0..1. [ z u) = Hadjicostas-integral
by (simp add: Hadjicostas-integral-def|abs-def] f-def)
finally show ?thesis .
qed

lemma analytic-Hadjicostas-integral:
Hadjicostas-integral analytic-on {z. Re z > —2}
by (simp add: analytic-on-open open-halfspace-Re-gt holomorphic- Hadjicostas-integral)

end

4.3 Analytic continuation and main result

Since we have already shown the formula for any real z > —1 and e.g. O is a
limit point of that set, it extends to the full domain by analytic continuation.

As a caveat, note that ((s) is not analytic at z = 1, so that we use an
analytic continuation of ((z) — Z—il to state the formula. This continuation
is pre-zeta 1.

lemma Hadjicostas- Chapman-formula-aux:

assumes z: Re z > —2
shows Hadjicostas-integral z = Gamma (z + 2) * pre-zeta 1 (z + 2)

(is-2z= 92
proof (rule analytic-continuation’lof Hadjicostas-integral])
show Hadjicostas-integral holomorphic-on {z. Re z > —2}
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by (rule holomorphic-Hadjicostas-integral)
show connected {z. Re z > —2}
by (intro convez-connected convex-halfspace-Re-gt)
show open {z. Re z > —2}
by (auto simp: open-halfspace-Re-gt)
show {z. Rez > -1 ANImz=0} C{z2. Rez> —2}and 0 € {z. Re z > —2}
by auto
have Vn. 1 / (of-nat (Suc n)) € {z. Rez > —1 ANIm z= 0} — {0}
by (auto simp: field-simps simp flip: of-nat-Suc)
moreover have (An. I / of-nat (Suc n) :: complex) —— 0
by (rule tendsto-divide-0[OF tendsto-const] filterlim-compose| OF tendsto-of-nat]
filterlim-Suc)+
ultimately show 0 islimpt {z. Re z > —1 A Im z = 0}
unfolding islimpt-sequential
by (intro exI[of - An. 1 / of-nat (Suc n) :: complex]) simp
show ?f holomorphic-on {z. — 2 < Re z}
proof (intro holomorphic-intros)
fix z assume z: z € {z. Re z > —2}
hence z + 2 ¢ R<( by (auto elim!: nonpos-Reals-cases simp: complez-eq-iff)
thus z + 2 ¢ Z<( using nonpos-Ints-subset-nonpos-Reals by blast
ged auto
next
fix sassume s: s € {z. — 1 < Rez A Imz= 0}
hence s + 2 # 1 by (simp add: algebra-simps complez-eq-iff)
have ineq: ¢ — Inxz > 1 if 2 € {0<..<1} for z :: real
using In-le-minus-onelof x] that by (simp add: algebra-simps)
define z where z = Re s
from s have z: * > —1 and [simp]: s = of-real =
by (auto simp: z-def complez-eq-iff)
have Hadjicostas-integral s = (LBINT u=0..1. of-real ((—In u) powr z / (1—u)
x (—lnu+u—1)))
unfolding Hadjicostas-integral-def
by (intro interval-lebesgue-integral-cong) (auto simp: einterval-def powr-Reals-eq)
also have ... = of-real (LBINT u=0..1. (—in u) powr z [/ (1—u) * (=ln u + u
1)
by (subst interval-lebesgue-integral-of-real) auto
also have (LBINT u=0..1. (— Inu) powrz / (1 —u)* (—iInu+u— 1)) =
(Ju. (= Inuw) powrz [ (1—u) % (— Inu+ u— 1) x indicator {0<..<1}
u Olborel)
by (simp add: interval-integral-Ioo zero-ereal-def one-ereal-def set-lebesque-integral-def
mult-ac)
also have ... = enn2real (Hadjicostas-nn-integral x)
unfolding Hadjicostas-nn-integral-def using ineq
by (subst integral-eq-nn-integral)
(auto introl: AE-I2 divide-nonneg-nonneg mult-nonneg-nonneg arg-cong[where
f = enn2real]
nn-integral-cong simp: indicator-def)
also have ... = enn2real (ennreal (Gamma (z + 2) % (Re (zeta (z + 2)) — 1

/[ (z+ 1))
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using z by (subst Hadjicostas-Chapman-formula-real) auto
also have ... = Gamma (z + 2) * (Re (zeta (x + 2)) — 1 / (z + 1))
using z real-zeta-ge-one-over-minus-onelof x + 2]
by (intro enn2real-ennreal mult-nonneg-nonneg Gamma-real-nonneg) (auto simp:
add-ac)
also have complex-of-real ... = Gamma (s + 2) * (zeta (s + 2) — 1 / (s +

1)
using = Gamma-complex-of-real[of = + 2] by (simp add: zeta-real’)
also have (zeta (s + 2) — 1 /(s + 1)) = pre-zeta 1 (s + 2)
using «s + 2 # 1» by (subst zeta-minus-pole-eq [symmetric]) (auto simp flip:
of-nat-Suc)
finally show Hadjicostas-integral s = Gamma (s + 2) * pre-zeta 1 (s + 2) .
qed (use assms in auto)

The following form and the corollary are perhaps a bit nicer to read.

theorem Hadjicostas-Chapman-formula:
assumes 2: Re 2 > —2 2z # —1
shows Hadjicostas-integral z = Gamma (z + 2) * (zeta (z + 2) — 1 / (z +

1)
proof —
from z have z + 1 # 0
by (auto simp: complez-eq-iff)
thus ?thesis using Hadjicostas-Chapman-formula-auz|of z] assms
by (subst (asm) zeta-minus-pole-eq [symmetric]) (auto simp: add-ac)
qed

corollary euler-mascheroni-integral-form:
Hadjicostas-integral (—1) = euler-mascheroni

using Hadjicostas-Chapman-formula-auz[of —1] by simp

end
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