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Abstract

This paper presents a formally verified quantifier elimination (QE)
algorithm for first-order real arithmetic by linear and quadratic virtual
substitution (VS) in Isabelle/HOL [4, 5]. The Tarski-Seidenberg theo-
rem established that the first-order logic of real arithmetic is decidable
by QE. However, in practice, QE algorithms are highly complicated
and often combine multiple methods for performance. VS is a practi-
cally successful method for QE that targets formulas with low-degree
polynomials. To our knowledge, this is the first work to formalize VS
for quadratic real arithmetic including inequalities. The proofs ne-
cessitate various contributions to the existing multivariate polynomial
libraries in Isabelle/HOL. Our framework is modularized and easily
expandable (to facilitate integrating future optimizations), and could
serve as a basis for developing practical general-purpose QE algorithms.
Further, as our formalization is designed with practicality in mind, we
export our development to SML and test the resulting code on 378
benchmarks from the literature, comparing to Redlog, Z3, Wolfram
Engine, and SMT-RAT. This identified inconsistencies in some tools,
underscoring the significance of a verified approach for the intricacies
of real arithmetic.
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1 Related Works

There has already been some work on formally verified VS: Nipkow [2] for-
mally verified a VS procedure for linear equations and inequalities. The
building blocks of FOLg formulas, or “atoms," in Nipkow’s work only allow
for linear polynomials ), a;x; ~ ¢, where ~ € {=, <}, the x;’s are quantified
variables and ¢ and the a;’s are real numbers. These restrictions ensure that
linear QE can always be performed, and they also simplify the substitution
procedure and associated proofs. Nipkow additionally provides a generic
framework that can be applied to several different kinds of atoms (each new
atom requires implementing several new code theorems in order to create an
exportable algorithm). While this is an excellent theoretical framework—we
utilize several similar constructs in our formulation—we create an indepen-
dent formalization that is specific to general FOLg formulas, as our main
focus is to provide an efficient algorithm in this domain. Specializing to
one type of atom allows us to implement several optimizations, such as our



modified DNF algorithm, which would be unwieldy to develop in a generic
setting.

Chaieb [1] extends Nipkow’s work to quadratic equalities. His formal-
izations are not publicly available, but he generously provided us with the
code. While this was helpful for reference, we chose to build on a newer
Isabelle/HOL polynomial library, and we focus on VS as an exportable stan-
dalone procedure, whereas Chaieb intrinsically links VS with an auxiliary
QE procedure.

We also use the Logical Foundations of Cyber-Physical Systems text-
book[3] for easy reference for the VS algorithm.

2 QE lemmas

theory QF
imports Polynomials. MPoly- Type- Univariate
Polynomials. Polynomials Polynomials. MPoly- Type-Class-FMap
HOL- Library. Quadratic-Discriminant
begin

2.1 Useful Definitions/Setting Up

definition sign:: real Polynomial.poly = real = int
where sign p © = (if poly p x = 0 then 0 else (if poly p x > 0 then 1 else —1))

definition sign-num:: real = int
where sign-num x = (if © = 0 then 0 else (if x > 0 then 1 else —1))

definition root-list:: real Polynomial.poly = real set
where root-list p = ({(z::real). poly p x = 0}::real set)

definition root-set:: (real x real x real) set = real set
where root-set les = ({(z::real). (3 (a, b, ¢) € les. axx™2 + bxx + ¢ = 0)}::real
set)

definition sorted-root-list-set:: (real x real x real) set = real list
where sorted-root-list-set p = sorted-list-of-set (root-set p)

definition nonzero-root-set:: (real x real x real) set = real set
where nonzero-root-set les = ({(z::real). (3 (a, b, ¢) € les. (a £ 0V b # 0) A
axx”2 + bxx + ¢ = 0)}:real set)

definition sorted-nonzero-root-list-set:: (real x real x real) set = real list
where sorted-nonzero-root-list-set p = sorted-list-of-set (nonzero-root-set p)

lemma sorted-list-prop:
fixes [::real list



fixes x::real

assumes sorted: sorted [

assumes lengt: length | > 0

assumes zgt: ¢ > 1! 0

assumes zlt: © < [! (length | — 1)

shows In. (n+1) < (length ) ANz >1In Az <I1!(n+ 1)
(proof)

2.2 Quadratic polynomial properties

lemma quadratic-poly-eval:

fixes a b c::real

fixes z::real

shows poly [:¢, b, a:] © = axx™2 + bxz + ¢
(proof)

lemma poly-roots-set-same:

fixes a b c:: real

shows {(z::real). a x 22 + bx 2 + ¢ = 0} = {z. poly [:c, b, a:] x = 0}
(proof)

lemma root-set-finite:
assumes fin: finite les
assumes nex: ~(3 (a, b, ¢c) €les.a=0ANb=0ANc=20)
shows finite (root-set les)

(proof)

lemma nonzero-root-set-finite:
assumes fin: finite les
shows finite (nonzero-root-set les)

(proof)

lemma discriminant-lemma:
fixes a b ¢ r:real
assumes aneq: a # 0
assumes beq: b = 2 x a x r
assumes root: a *x 1 2 — 2 x ax rxr + ¢ = 0
showsVz. ax 22 +bsxax+c=0+—>2=—r

(proof)

lemma changes-sign:

fixes p:: real Polynomial.poly

shows Vz::real. V y:ireal. ((sign p x # signpy N x < y) — (F¢ € (root-list
p)-z<cAhc<y))

(proof)

lemma changes-sign-var:



fixes a b ¢ = y:: real

shows ((sign-num (axz™2 + bxx + ¢) # sign-num (axy 2 + bxy + ¢) Az <
y) = (Fq. (ax¢ 2+ bxqg+ c=0ANz < qgAq<y)))
(proof)

2.3 Continuity Properties

lemma continuity-lem-eq0:

fixes p::real

shows r < p=Vae{r<.pl.ax2’ +bxz+c=0=(a=0ANb=0A
c=0)
{proof )

lemma continuity-lem-It0:
fixes r:: real
fixes a b c:: real
shows poly [:c, b, a:] r < 0 =
Jy’> r. Vae{r<.y'}. poly [ic, b, a:] x < 0
(proof)

lemma continuity-lem-gt0:
fixes r:: real
fixes a b c:: real
shows poly [:¢c, b, a:] r > 0 =
Jy'> r. Vaee{r<.y'}. poly [:c, b, a:] z > 0
(proof)

lemma continuity-lem-Ilt0-expanded:
fixes r:: real
fixes a b c:: real
shows axr™2 + bxr + ¢ < 0 =
Jy'> r.Vae{r<.y'}. axz™2 + bxx + ¢ < 0
(proof )

lemma continuity-lem-gt0-expanded:
fixes r:: real
fixes a b c:: real
fixes k::real
assumes kgt: k > r
shows axr™2 + bxr + ¢ > 0 =
Jze{r<.k}. axz™2 + bxz + ¢ > 0
(proof)

2.4 Negative Infinity (Limit) Properties

lemma ysq-dom-y:

fixes b:: real

fixes c:: real

shows 3 (w:ireal). V (y:: real). (y < w — y ™2 > bxy)
(proof)



lemma ysq-dom-y-plus-coeff:

fixes b:: real

fixes c:: real

shows 3 (w::real). V (y::real). (y < w — y 2 > bxy + ¢)
(proof)

lemma ysq-dom-y-plus-coeff-2:

fixes b:: real

fixes c:: real

shows 3 (w::real). V (y::real). (y > w — y 2 > bxy + ¢)
(proof)

lemma neg-lc-dom-quad:

fixes a:: real

fixes b:: real

fixes c:: real

assumes alt: a < 0

shows 3 (w::real). V (y:ireal). (y > w — axy 2 + bxy + ¢ < 0)
(proof)

lemma pos-lc-dom-quad:

fixes a:: real

fixes b:: real

fixes c:: real

assumes alt: a > 0

shows 3 (w::real). V (y:ireal). (y > w — axy 2 + bxy + ¢ > 0)
(proof)

2.5 Infinitesimal and Continuity Properties

lemma les-ge-inf-helper:
fixes ¢:: real
shows(V (d, e, f)€set les. Jy'> q. Vae{qg<..y'}. d*x 2> + exx + f < 0) =
(Fy'>q. (V(d, e, f)eset les. Vae{qg<..y’}. d x 22 + e x x + f < 0))
(proof)

lemma have-inbetween-point-les:
fixes r::real
assumes (V (d, e, f)€set les. Jy'>r. Vae{r<.y’}. dx 2> + ex z + f < 0)
shows (z. (V(a, b, c)Eset les. a x 22 + bx z + ¢ < 0))

(proof)

lemma one-root-a-gt0:
fixes a b ¢ r:: real
shows Ay’ b= 2% a*xr =
—a< 0=
axr 2 —2xaxrsr +c=0—
—r<y =



Jze{—r<.y}. ma*x1?+ 2xaxrxx +c< 0
(proof )

lemma leq-qe-inf-helper:
fixes q:: real
shows(V (d, e, f)€set leq. y'> q. Vac{q<..y’}. dx 2> + exz + f < 0) =
(Fy'>q. (V(d, e, f)€set leq. Vac{q<..y’}. d x 2> + ex z + f < 0))
(proof)

lemma neg-ge-inf-helper:
fixes q:: real
shows(V (d, e, f)€set neq. Jy™> q. Vae{q<.y’}. dx 2> + ex 2 + f # 0) =
(Fy'>q. (V(d, e, f)€set neq. Voc{q<.y’}. d x 2> + ex . + f # 0))
(proof)

2.6 Some Casework

lemma quadratic-shapela:
fixes a b ¢ z y::real
assumes agt: a > 0
assumes zyroots: T < y A axz 2 + bxz +c =0 AN axy 2 + bxy + ¢c= 0
shows A\z. (z > 2 AN z2<y= axz 2 + bxz 4+ ¢ < 0)
(proof)

lemma quadratic-shapelb:
fixes a b ¢ x y::real
assumes agt: a > 0
assumes zy-roots: x < y A axx 2 + bxx + ¢ = 0 N axy 2 + bxy + ¢ = 0
shows Az. (z > y = axz"2 + bxz + ¢ > 0)

(proof)

lemma quadratic-shape2a:
fixes a b ¢ z y::real
assumes a < 0
assumes T < y A axx 2 + bxx + c= 0 A axy 2 + bxy + c = 0
shows A\z. (z > 2 N2z <y= axz"2 + bxz 4+ ¢ > 0)
(proof)

lemma quadratic-shape2b:
fixes a b ¢ = y::real
assumes a < 0
assumes z < Yy A axx 2 + bxx + ¢ =0 A axy 2 + bxy + ¢ =0
shows Az. (z > y = axz"2 + bxz + ¢ < 0)
(proof )

lemma case-d1:
fixes a b ¢ r::real
shows b < 2 % a x r =
ax1r 2 —bxr +c=0—



Jy'>—r.Voe{—r<.y}.ax2> +bxxz+c<0
(proof )

lemma case-dj:
fixes a b ¢ r::real
shows Ay’ b £ 2 xaxr =
“b< 2%xaxr =
axr’ 2 —bxr+c=0—
—r<y = Jae{-r<.yt maxz P+ bxax+c<0

{(proof)

lemma one-root-a-It0:
fixes a b c r y":real
assumes alt: a < 0
assumes beq: b = 2 x a xr
assumes root: a * v 2 — 2%axr*r + ¢ = 0
shows Jy’>— r. Vze{— r<.y’}. a x 22 + 2xaxrxz + ¢ < 0

(proof)

lemma one-root-a-lt0-var:
fixes a b ¢ r y":real
assumes alt: a < 0
assumes beq: b = 2 x a x
assumes ro0ot: a * v 2 — 2kxaxrxr + ¢ = 0
shows Jy’>— r. Voe{— r<.y’}. a x 22 + 2%axrxz + ¢ < 0

(proof)

2.7 More Continuity Properties

lemma continuity-lem-gt0-expanded-var:
fixes r:: real
fixes a b c:: real
fixes k::real
assumes kgt: k > r
shows axr™2 + bxr + ¢ > 0 =
Jze{r<.k}. axz™2 + bxx + ¢ > 0
(proof)

lemma continuity-lem-lt0-expanded-var:
fixes r:: real
fixes a b c:: real
shows axr™2 + bxr + ¢ < 0 =
Jy"> r.Vze{r<.y’}. axz™2 + bxx + ¢ < 0
(proof)

lemma nonzcoeffs:
fixes a b ¢ r::real
shows a#0 V b#£0 V c£0 = Jy'>r. Vac{r<.y'}.ax 2> + b*xz + c# 0



(proof)

lemma infzeros :
fixes y:: real
assumes V z:real < (y:real). a * 22 + bx x4+ ¢ = 0
shows a = 0 A b=0 A ¢=0

(proof)

lemma have-inbetween-point-leq:

fixes r::real

assumes (V ((d::real), (e::real), (fireal))€set leq. Jy'>r. Vae{r<.y'}. d x 2% +
exz+ f<0)

shows (2. (V(a, b, c)Eset leq. a x 2> + bx z + ¢ < 0))
(proof)

lemma have-inbetween-point-neq:

fixes r::real

assumes (V ((d::real), (e:real), (f::real))Eset neq. Jy'>r. Vre{r<.y'}. d * z*
+exz+ f#0)

shows (3z. (V(a, b, c)Eset neq. a x 22 + b x z + ¢ # 0))
(proof)

2.8 Setting up and Helper Lemmas
2.8.1 The les_ ge lemma

lemma les-qe-forward :
shows (((V(a, b, c)€set les. Jz. Vy<z. ax y> + bxy +c < 0) V
(3(a’, b, c"eset les.
a'=0 A
b A0 A
(V(d, e, f)eset les.
Jy'>—(¢' /] b).Vae{— (¢ /) b)<.y'}. d*x2®> + exz+ f<0)V
a'# 0 A
4 xa'xc" <b?A
((V(d, e, f)eset les.
Jy'>(sqrt (b2 — 4 xa’* ¢') — b)) / (2 * a).
Vae{(sqrt (b”? — 4 x a’x ¢') —b') /(2 * a')<..y'}.
dxz?+exz+f<0)V
(V(d, e, f)eset les.
Jy'>(— b — sqrt (b2 — 4 xa’' x ¢) /(2 x a).
Vae{(— b — sqrt (b”? — 4 x a’' x ¢') / (2 x a")<..y'}.
dx 2> +exz+ f<0)))) = (3. (V(a, b, c)Eset les. a x 22
+bxz+c<0)))
(proof )

10



lemma les-ge-backward :
shows (2. (V(a, b, c)Eset les. a x 12 + bx x + ¢ < 0)) =
((V(a, b, c)eset les. Iz. Vy<z. ax y> + bxy+ c < 0)V
(F(a’, b, c"eset les.
a'=0 A
b A0 A
(V(d, e, f)eset les.
Jy'>—(¢" / b).Vae{— (¢ /) b)<.y'}. d*x2®> + exz+ f<0)V
a'# 0 A
4 xa'xc" <b?A
((V(d, e, f)eset les.
Jy'>(sqrt (b2 — 4 xa’x ¢’y — b)) /] (2 * a).
Vae{(sqrt (b”? — 4 x a’x ¢') —b') ] (2 * a')<..y'}.
dxz?+exz+f<0)V
(V(d, e, f)eset les.
Jy'>(— b — sqrt (b2 — 4 xa’'x c) /(2 x a).
Vae{(— b — sqrt (b”? — 4 x a’' x ¢') / (2 x a")<..y'}.
dx2> +exxz+ f<0)))

(proof)

lemma les-qe :
shows (Jz. (V(a, b, c)€set les. a x 22 + bx z + ¢ < 0)) =
((V(a, b, c)eset les. Jz. Vy<z. ax y> + bxy + c < 0) V
(F(a’, b, c"eset les.
a'=0 AN
b £ 0 A
(V(d, e, f)eset les.
Jy'>—(¢" /] b).Vae{— (¢ /) b)<.y'}. d*x2®> + exz+ f<0)V
a'# 0 A
4 xa'xc" <b?A
((V(d, e, f)eset les.
Jy'>(sqrt (b2 — 4 x a’* ') = b") / (2 * a’).
Vae{(sqrt (b”? — 4 x a’x ¢') —b') /(2 * a')<..y'}.
dx2> +exz+f<0)V
(V(d, e, f)eset les.
Jy'>(= b — sqrt (b2 — 4 xa’'x ) /(2 x a).
Vae{(— b — sqrt (b”? — 4 xa’' x ¢') /(2 x a")<..y'}.
d*x2> +exx+ f<0)))
(proof)

2.8.2 equiv__lemma

lemma equiv-lemma:
assumes big-asm: (3 (a’, b', c')Eset eq.
(a"=0ANDb" #£0) A
(V(d, e, fleseteq. d x (—c' /)2 +ex(—c'/b)+f=0)A

11



(V(d, e, flesetles. d x (—c' /b)2 +ex(—c' /b)+f<0)V
(3(a’, b, c"eset eq.

a'# 0 A

— b2+ 4 xa'xc'<ON

((V(d, e, f)eEset eq.
d* ((— b + 1 %sqrt (b2 — 4 xa’xc))/(2xa))?
ex (b + 1 xsqrt (b2 — 4 xa'xc)/(2%a))+
f=
0) A

(V(d, e, f)eset les.

dx (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))?+
in*((*b/“rj*Sq’f’t(b,274*a,*cl))/(g*a/))Jr
< 0)))V

(3(a’, b, eset eq. a’ £ 0 A
— 0%+ 4 xa' xc' < 0NN, e, fEset eq.

dx ((= b+ — 1 xsqrt (b” — 4 xa’xc)/(2xa))?+
;*((_ b'+ — 1« sqrt (b — 4 xa’x ) /(2 xa)) +
0) A

(V(d, e, f)eset les.
Y et 07 e ) (20

ex ((— b+ — 1 xsqrt (b”% — 4 xa’'xc')/( N) +
f
<0)v
((V(d, e, f)eset eq. d—0/\e—0/\f—0)
(2. V(a, b, c)Eset les. a x 2> + bx x + ¢ < 0))
shows ((EI (a’, b, c"eset eq.
(a’ :0/\b # 0) A
(V(d, e, fleseteq. dx (—c' /b)2 +ex(—c' /b)) +f=0)A
(V(d, e, f)esetles. d x (—c' /b)2 +ex(—c'/b)+f<0)V
’750/\
—b% 4 fxa xc'< 0N
(V(d, e, f)eset eq.
dx (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))?+
ex (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))+
f=
0) A
(V(d, e, f)eset les.
dx (= b+ 1 *sqrt (b2 — 4 xa"xc")/(2xa))?+
ex (= b+ 1 %sqrt (b2 — 4 xa’xc")/(2xa))+
f
<0)V

(V(d, e, f)Eset eq.
dx (= b+ —1%sqrt (b? — 4 %a’*c'))
ex (= b+ —1%sqrt (b — 4 % a’* ')
f=
0) A

/(2% )+
/ (2 % a’))

12



(V(d, e, f)eset les.
dx (= b+ —1x%sqt(b? —4xa"*c"))/(2xa))?+
ex (= b+ —1x%sqt(b?— 4 xa’"*c))/(2x*a))+
f
< 0)))V
(V(d, e, f)eseteq. d=0Ne=0Nf=0)A
(33.V(a, b, c)Eset les. a x 2> + bx z + ¢ < 0))

(proof)

2.8.3 The eq__ge lemma

lemma eg-ge-forwards:
shows (3z. (V(a, b, c)Eset eq. a * 22 + bx v+ c = 0) A
(V(a, b, c)Eset les. a x 12 + bxx + ¢ < 0)) =
((3(a’, b, c"eset eq.
(a’=0ANDbD #0)N
(V(d, e, fleseteq. d x (—c' /)2 +ex(—c'/b)+f=0)A
(V(d, e, f)esetles. dx (—c' /b2 +ex(—c'/b)+f<O0)V
a"# 0 A
— b2+ 4 xa'xc'<O0N
((V(d, e, f)eset eq.
d* ((— b + 1 %sqt (b? — 4 xa"xc"))/(2xa))?+
ex (—b' + 1 xsqrt (b% — 4 *xa"x¢c")/(2%a
f=
0) A
(V(d, e, f)eset les.
d* ((— b + 1 %sqt (b? — 4 xa"xc"))/(2xa))?+
ex (= b+ 1 %sqrt (b”% — 4 xa’xc')/(2xa)
f
<0)V
(V(d, e, f)eset eq.
d*((—b’—!——]*sqrt(b — 4 xa' xc)/(2xa))?+
ex ((— b+ —1xsqrt (b? — 4 xa’*¢c')/(2%a)
f' —
0) A
(V(d, e, f)eset les.
dx ((—b —|——1*sqrt(b — 4 xa' xc)/(2xa))?+
/(2% a')

ex ((— b+ —1xsqrt (b? — 4 xa’*¢c")/( ) +
f
< 0)))V

(V(d, e, fleseteq. d=0Ne=0Nf=0)A

(3z.V (a, b, c)Eset les. a x 22> + bx z + ¢ < 0))

(proof)

lemma eg-ge-backwards: ((3 (a’, b, c’)Eset eq.
(a’=0ANDb #0)N
(V(d, e, f)eset eq. dx (—c' /b2 +ex(—c' /b)) + f=
(V (d, e,f)€setles. d*x(—c' /b2 +ex(—c/b)+f<
a'# 0 A

0) A
0) v
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— b2+ 4 xa'xc'< 0N
((V(d, e, f)eset eq.

dx (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))?+
;*((—b’—i—] x sqrt (b — 4 % a’*x ¢)) / (2 x a') +
0)_/\

(V(d, e, f)eset les.
dx (= b+ 1 %sqrt (b2 — 4 xa"xc")/(2xa))?+
;*((—b’—i—] x sqrt (b — 4 % a’*x ¢)) / (2 x a') +
<0)V

(V(d, e, f)Eset eq.

dx (= b +—1%sqt (b? —4xa"*c"))/(2xa))?+
;*((—b’—i——] x sqrt (b — 4 x a’x ¢') /(2 x a') +
0)_/\

(V(d, e, f)eset les.
dx (= b+ —1%sqt (b? —4xa"*c"))/(2xa))?+
;*((—b’—i——] x sqrt (b — 4 xa’x ¢') /(2 x a') +
<0))) Vv

(V(d, e, fleseteq. d=0Ne=0ANf=0)A
(31.V(a, b, c)Eset les. a x 1> + bxx + ¢ < 0)) =
(3z. (V(a, b, c)Eseteq. a x 2> + bxx + c= 0) A

(
(V(a, b, c)€set les. a x 12 + bx x + ¢ < 0)))

(proof)

lemma egq-ge : (3z. ((V(a, b, c)€set eq. a* 2> + bx x4+ ¢ = 0) A

(V(a, b, c)€set les. a x 12 + bx v + ¢ < 0))) =
((3(a’, b, c")eset eq.

(a"=0NDb #0)N
(V(d, e, f)€seteq. d* (—c' /b2 +ex (—c' /b)) + f=0)
(V(d, e, f)€set les. d x (—c' /b2 +ex (—c'/b)+ f<0)
a'# 0 A
— b2+ 4 xa'xc' < 0N
((V(d, e, f)eset eq.

dx ((—b' + 1 %sqrt (b? — 4 xa"xc")/(2xa))?+
€ (vt et 07—t en) ] (e ) +
0)_/\

(V(d, e, f)eset les.

dox (= b/ 15 sqrt (02 — 4 a5 c) /(2 % a))? +
(W st (7= e e ) /(B
<0)V

(V(d, e, f)eset eq.
dx (= b+ —1x%sqrt (b? — 4 xa"xc))/(2xa))?+

14
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ex ((— b+ —1xsqt (b? — 4 xa'*c')/(2x*a))+
f =
0) A

(V(d, e, f)eset les.

dx (= b+ —1%sqt (b? — 4 xa"xc"))/(2xa))?+
ex ((—b' +—1xsqrt (b — 4 xa’'xc)/(2xa))+
f

<0))V

(V(d, e, fleseteqg. d=0Ne=0Nf=0)A
(3z.V(a, b, c)Eset les. a x 22> + b* z + ¢ < 0))
(proof)

2.8.4 The ge_ forwards lemma

lemma qe-forwards-helper-gen:
fixes r:: real
assumes f8: (3 ((a’:real), (b":real), (c":real))€Eset c.
((a’# 0V % 0) AN a*r"2 + b'sr + ¢’ = 0) A
(V(d, e, f)eseta. d*1?> + exr+ f=10)
(V(d, e, flesetb. dxr2+exr+f<0)
(V(d, e flesetc.dxr"2 +exr+ f<0)
(V(d, e flesetd. d*r"2 +exr+ f#0)
assumes allegset: V. (V(d, e, f)€set a. d x 272 + exz + f = 0)
assumes f5: =(3(a’, b’, ¢')eset b.
(a’=0ANDb #0)N
(V(d, e, f)e€set a.
Jy'>—c' /. Vae{—-c' Jb<.y}. dx2> +exxz+f=0)A
(V(d, e, f)eset b.
Jy'>—c' /b . Vae{-c' Jb<.y}t. d*xz> +exaz+ f<O0)A
(V(d, e, f)eset c.
Jy'>—c' /. Vae{—c' /b<.y}. dxa +exaz+ f<0)A
(V(d, e, f)eset d.
Jy'>—c' /. Vae{—c' /b<.y}. d*x 2>+ exz+ f#0))
assumes f6: = (3 (a’, b, ¢€set b. a’ # 0 A
— b2 4+ 4xa’xc' < 0N
((V(d, e, f)eset a.
Jy">(— b+ 1 % sqrt (b — 4 xa’* ¢')) /(2 * a').
Vae{(— b + 1 % sqrt (b2 — 4 xa’x¢c) /(2 % a)<..y'}.
dx2> +exx+f=20)A
(V(d, e, f)eset b.
Jy'>(— b+ 1 % sqrt (b”% — 4 xa’x ') /(2 x a').
Vae{(— b + 1 % sqrt (b? — 4 xa’x¢c') /(2 * a')<.y'}.
dxz?+exz+f<0)A
(V(d, e, f)eset c.
Jy'>(— b+ 1 % sqrt (b”? — 4 xa’x ') /(2 % a').
Vae{(— b + 1 % sqrt (b2 — 4 xa’x¢") /(2 * a')<.y'}.
dx2> +exz+ f<0)A
(V(d, e, f)eset d.
Jy'>(— b+ 1 x sqrt (b — 4 % a’* ') / (2 * a).

A
A
A

)
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Vaze{(— b’
p i(xQ th i ;‘ ith (b'2 — 4 % a’ * C’)) / (2 * a/)<”y/}.
assumes f7: - (3 (a’, b/, ¢’ [ #0))
— bt fxals , c)€set b. a’ £ 0 A
ARV R R by
e L e R G
dxz?+exz +quitéb — 4 xalx ) /(2 xa)< .y
(V(d, e, f)eset b. =0n
Jy'>(— b + —
Vx(e{(_ 2‘/+ 1_*1557"15 (b7 - 4xa'xc)/(2%a).
d*l‘ +e*x+fsq2téb _4*0, *C’))/(g*a/)<“y/}.
(V(d, e, f)€Eset c. ) A
Jy'>(— b+ —
W(E{(_ B B 0l ) ] (20 )
d* z? + e*x—l—;qg{gb —4xalx ) /(2w a)<y}
(V(d, e, f)€set d. <0A
Jy>(= b+ — 1
AT A AP AR R UT AL
d x 12 +e*x+fq; é;)) —4xa'xc))/(2xa)<.y'}.
aSSuII(l;a/sj](g);/:(bﬂ/g,b;),7 c')eset d.
- AN
(V(d, e, f)eEset a.
Jy'>— ¢ /b . Vae{—¢c /b , 5
(V(d, e, f)€set b. <yfodxattexzt f=0)A
Jy'>—¢' /b Vae{- ¢
(V(d, e, f)ESe/t . ve{=c' /b <y} dxa? +exz+ [ <0)A
Jy'>—c' [ b. Vre{- ¢
(V(d, e, f)Gse/t d. ve{=c /<yt dxa® +exz+ [ <0)A
Jy'>—c' /b . Vae{- ¢’
; —c'/b<.y'}. dxa?
assum;ls;;]é:/\—'(ﬂ (a’, b', ¢’)eset d. y'}bodx2® +exx+ f#0))
— b2+ fxa xc' <
<0 A
(Y (d, e, f)eset a.
Jy'>(— b’
et O e e
d*12°> +exx iq;t£b0 —4wate ) /(2 xa)<yh
(V(d, e, f)eset b. =0A
Jy'>(— b’
yvx(g{(li 2_/ 1+*15q7‘t (b7 > 4 xa’xc’) [ (2xa).
d %122 + e % ; j_q:tt (0% — 4 xa'xc') /(2 *a)<.y'}.
(V(d, e, feset c. <0
Jy'>(— b’
‘v’x(e{(_ Z/i*lsfrt (b7 - 4% a'*c)) /(2 *a).
v 2 +6*qu§ctib0—4 xa'xc) /(2% a)<.y'}.
(V(d, e, f)€set d. <0 A
Jy'>(— b + 1 ”
Vae{(- b’+*18>37: (It) b'_24 wa’x ) [ (2% a).
PR +e*;1;_|_q:f7(é0))_)4 xa' ) /(2 xa)< .y}
assumes f12: =(3(a’, b’, ¢')Eset d.
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a"# 0 A
—b% 4+ 4 xa ' xc'<0N (Ve f)Eset a.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’*¢c)) /(2 * a).
Vae{(— b + — 1 % sqrt (b2 — 4 x a’x ¢') / (2 * a')<..y'}.
dx2> +exz+ f=20)A
(V(d, e, f)eset b.
Jy'>(— b+ — 1 % sqrt (b2 — 4 xa’*¢c) /(2 * a).
Vae{(— b+ — 1 xsqrt (b2 — 4 xa’x c') /(2 * a')<..y'}.
d*x2> +exz+f<0)A
(V(d, e, f)eset c.
Jy>(— b+ — 1 % sqrt (b — 4 xa’* ¢')) / (2 * a').
Vae{(— b + — 1 xsqrt (b” — 4 xa’'x¢c) /(2 x a')<..y'}.
dxz?>+exz+f<0)A
(V(d, e, f)eset d.
Jy'>(— b+ — 1 xsqrt (b” — 4 *x a’* ¢') / (2 * ).
Vae{(— b + — 1 % sqrt (b — 4 x a’x ¢') / (2 % a')<..y'}.
dxz>+exx+ f#0))
shows —(3(a’, b, c')eset c.
((a’# 0V b'# 0) AN a*r72 + b'sr + ¢’ = 0) A
(V(d, e, f)eset a.
Jy'>r.Vae{r<.y't. dx 2> + exz + f=0) A
(V(d, e, f)eset b.
Jy'>r.Vae{r<.y}b.dx 2> +exz+f<0)A
(V(d, e, f)eset c.
Jy'>r.Vae{r<.yt. dx2> +exz+ f<0)A
(V(d, e, f)€set d.
Jy'>r.Vae{r<.y'}. dx 2> + ex z + f # 0))
(proof)

lemma ge-forwards-helper-lin:
assumes allegset: V. (V(d, e, f)€set a. d x 72 + ex x + f = 0)
assumes f5: =(3(a’, b', ¢/)e€set b.
(a"=0NDb #0)AN
(V(d, e, f)eset a.
Jy'>—c' /. Vae{—c' /b<.y}. dxa +exaz+f=0)A
(V(d, e, f)eset b.
Jy'>—c' /b . Vae{—c' Jb<.y}t. d*xz> +exz+f<0)A
(V(d, e, f)eset c.
Jy'>—c' /. Vae{—c' /b<.y}. dxa?+exaz+f<0)A
(V(d, e, f)€set d.
Jy'>—c' /. Vae{—c' /b<.y}. dx 2>+ exa+ f#0))
assumes f6: - (I (a’, b, ¢')€set b. a’ # 0 A
— b2 4 fxa' xc' < 0N
((V(d, e, f)eset a.
Jy'>(— b+ 1 % sqrt (b”? — 4 xa’'x ') /(2 x a').
Vae{(— b + 1 % sqrt (b? — 4 xa’x ¢c') /(2 * a')<..y'}.
dxz?+exz+f=0)A
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(V(d, e, f)eset b.
Jy'>(— b+ 1 % sqrt (b”? — 4 xa’'x ') /(2 % a').
Vae{(— b + 1 % sqrt (b2 — 4 xa’x ") /(2 * a')<.y'}.
d*x2> +exz+f<0)A
(V(d, e, f)eset c.
Jy'>(— b+ 1 * sqrt (b”? — 4 xa’x¢')) /(2 x a)).
Vae{(— b + 1 % sqrt (b? — 4 xa’x¢c') /(2 * a')<..y'}.
dxz?>+exz+f<0)A
(V(d, e, f)eset d.
Jy'>(— b+ 1 % sqrt (b”? — 4 xa’x ') /(2 x a').
Vae{(— b + 1 % sqrt (b? — 4 xa’x ¢c') /(2 * a')<.y'}.
dxz?>+exx+ f#0))
assumes f7: = (3 (a’, b, ¢)€set b. a’ # 0 A
—b% 4+ 4 xa xc" <0N (Ve f)Eset a.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’* ¢)) / (2 * a).
Vae{(— b + — 1 % sqrt (b — 4 x a’x ¢') / (2 % a')<..y'}.
dxz?+exz+f=0)A
(V(d, e, f)eset b.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’*¢) /(2 * a).
Vae{(— b + — 1 % sqrt (b2 — 4 x a’x c') /(2 * a')<..y'}.
dx2> +exz+f<0)A
(V(d, e, f)eset c.
Jy'>(— b+ — 1 % sqrt (b2 — 4 xa’*¢c) /(2 * a).
Vae{(— b+ — 1 % sqrt (b? — 4 xa'x ¢
dx2> +exz+f<0)A
(V(d, e, f)eset d.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’* ¢)) /(2 * a).
Vae{(— b+ — 1 xsqrt (b” — 4 xa’' ¢
dx2> +exz+f#0))
assumes f8: =(3(a’, b, ¢)eset c. (a'= 0 A b # 0) A

(V(d, e, fleseta. d* (—c' /b2 +ex(—c' /b)+f=0)A
(V(d, e, f)esetb. d* (—c' /b2 +ex(—c' /b)) +f<0)A
(V(d, e, flesetc.d* (—c' /b2 +ex(—c' /b)+f<0)A
(V(d, e, f)csetd. dx (—c' /b)) +ex(—c' /) b)+f#0))

assumes f10: =(3(a’, b, ¢')€set d.
(a’=0ANDb #0) N
(V(d, e, f)e€set a.
Jy'>—c' /b . Vae{—c' Jb<.y}. dx2> +exxz+ f=0)A
(V(d, e, f)eset b.
Jy'>—c /b . Vae{-c' Jb<.y}t. d*xz> +exaz+ f<O0)A
(V(d, e, f)eset c.
Jy'>—c' /. Vae{—c' /b<.y}. dxa?+exaz+f<0)A
(V(d, e, f)eset d.
Jy'>—c' /. Vae{—c' /b<.y}. dx 2>+ exz+ f#0))
assumes f11: =(3(a’, b, ¢')€set d.
a'# 0 A
— b2+ 4 xa'xc!<ON
((V(d, e, f)eset a.
Jy'>(— b+ 1 % sqrt (b”? — 4 xa’ ') /(2 % a)).
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Vae{(— b+ 1 % sqrt (b2 — 4 xa’x¢c) /(2 * a)<..y'}.
dx2> +exx+f=20)A
(V(d, e, f)eset b.
Jy'>(— b+ 1 * sqrt (b — 4 * a’ *c )/ (2 % a)).
‘v’xe{(— b’ + 1 x sqrt (b — 4 x a’x ¢')) /(2 x a')<..y'}.
dxz?+exz+f<0)A
(V(d, e, f)eset c.
Jy'>(— b+ 1 % sqrt (b”? — 4 xa’'x ') /(2 % a').
Vae{(— b + 1 % sqrt (b2 — 4 xa’x¢") /(2 * a')<.y'}.
dx2> +exz+f<0)A
(V(d, e, f)eset d.
Jy">(— b+ 1 x sqrt (b — 4 xa’* ') / (2 * a).
Vae{(— b + 1 % sqrt (b? — 4 xa’x c') /(2 x a')<..y'}.
d*x2’> +exz+f+#0))
assumes f12: ~(3 (a’, b’, ¢’)e€set d.
a'# 0 A
— b2+ 4 xa'xc" <0NA V(e f)Eset a.
Jy'>(— b+ — 1 % sqrt (b2 — 4 xa’*¢c) /(2 * a).
Vae{(— b+ — 1 % sqrt (b? — 4 xa’x c') /(2 * a')<..y'}.
dx2> +exz+f=20)A
(V(d, e, f)eset b.
Jy>(— b+ — 1 * sqrt (b? — 4 x a’ *c))/(,@*a’).
VmE{(f b+ — 1 % sqrt (b? — 4 xa’*¢c")) /(2 * a)<..y'}.
dx2> +exz+f<0)A
(V(d, e, f)eset c.
Jy'>(— b+ — 1 % sqrt (b? — 4 x a’ *c))/(,?*a’).
Vme{(— b+ — 1 % sqrt (b” — 4 xa’*¢)) /(2 x a")<..y'}.
dxz?+exz+f<0)A
(V(d, e, f)eset d.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’*¢c) /(2 * a).
Vae{(— b + — 1 % sqrt (b” — 4 x a’x ¢') / (2 * a')<..y'}.
d*x2’> +exx+ f#0))
shows —(3(a’, b, c')€set c.
(a"=0NDb #0)A
(V(d, e, f)eset a.
Jy'>—c' /. Vae{—c' /b<.y}. dxa +exa+f=0)A
(V(d, e, f)e€set b.
Jy'>—c' /. Vae{-c' /Jb<.y}. dx2> +exxz+ f<0)A
(V(d, e, f)eset c.
Jy'>—c' /b . Vae{-c' /Jb<.y}. d*x2> +exaz+ f<0)A
(V(d, e, f)eset d.
Jy'>—c' /. Vae{—c' /b<.y}. dx2? +exa+ f#0))
(proof )

lemma qe-forwards-helper:
assumes allegset: V. (V(d, e, f)€set a. d x 72 + ex x + f = 0)
assumes fI: =((V(a, b, c)€set a. a=0ANb=0ANc=0)A
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E:Ea, llj, c)€setb. Iz Vy<z. ax > + bxy+c<0) A
(V(Z, b, gisei 2 gx gy<x. a * y22 +bxy+c<0)A
, b, set d. dz. Vy<z. ax y> + bx y + c # 0))
assumes f5: ~(3 (a’, V', ¢’
(a’si 0 /\( b((;é (I)))’ A et
(V(d, e, f)eEset a.
I~__ Al
(v(iy:f)ecse/t Z’. Voe{—c' /b<.y}.d*xz> +exx+f=20)A
I~ _ i .
(v(iy:f)ecse/t I;’. Vae{—c' /b'<.y'}.d*xz> +exax+f<0)A
3 I~ I )
(v(dy:f)ecse/t l;’. Vee{—c' /b'<.y'}.d*xz> +exx+ f<0)A
Jy'>— ¢’/ b/.. Vze{— ¢’/ b'<.y'}. d * 2?
assumeslj;é’: - (3(a!, b, ¢)eset b./a/ #g /}\ xz° +exx+ f#0))
— b+ 4 xa'xc'<0N
((V(d, e, f)eset a.
/
Elyv>(f b’ +/ 1 % sqrt (b — 4 xa’*¢') /(2 % a).
xd€{(f2 b++ 1 % sq;t (b2 — 4 xa'xc") /(2% a)<.y'}.
* T exz+ f=10)A
(V(d, e, f)eset b. :
/
Hyv>(— b’ —&-/ 1% sqrt (b”% — 4 xa’'x¢') /(2 % a)).
»”Cde{(—2 b++ 1 x Sq?f (0% — 4 xa'xc)) /(2 *a)<.y'}
* T exz+ f<0)A
(V(d, e, f)eset c. :
Iz
Hyv>(€—{(b’ 2—/ 1 *Isqrt (b7 - 4 xa’xc)) /(2 *a).
ze{(—= b+ 1 * sqrt (b — "x ¢’
d*x2+e*x+q7}i 0)/\4 xa'xc)) /(2 xa)<. .y}
(V(d, e, f)eset d. -
2
Elyv>(— b’ —+—/ 1% sqrt (b”% — 4 xa’'*x¢') /(2% a).
z€{(— b'+ 1 x sqrt (b”? — 4 xa’'x ") /(2 x a")<..y'}
d*x2’> +exz+ f+#0)) o
assumes,];’k - (3 (a/', b, ceset b. a’ # 0 N
- b;| —|; 4 % o * ¢ < 0N (V(d, e feset a.
yV>(Ef b Z/i 1% sqrt (b” — 4 xa’*¢c) /(2 % a).
:cd i(; +—|— - 1—:;(]7"75 éba —4xa'xc)/(2xa)<.y'}
e* T = A
(V(d, e, f)eset b. )
/
Elyv>(— b’z—/— 1 % sqrt (b — 4 xa’*¢') /(2 % a).
xdek(;Q ++ - Ij;qrt éba —4xa'xc))/(2x*a)<.y'}.
e*xx < A
(V(d, e, f)eset c. !
Jy'>(— b+ — 1 % sqrt (b2 — "x o
/>( ; q /24*a>kc))/(2*a’).
(b =1 (07 = ol ] (2 )
e * T < A
(V(d, e, f)€set d. :
Iz
Hyv>(— b’ +/— 1% sqrt (b” — 4 a’ % ¢)) /(2 * a).
xde{(—2 b++ — 1 xsqrt (b” — 4 xa'xc') [ (2 % a))<.y'}
* T exz+ f#0)) .
assumes f8: =(3(a’, b’, ¢')€set ¢. (a’ =0 AN D' #£ 0) A
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(V(d, e, fleseta. d* (—c' /b2 +ex(—c" /b)+f=0)A

(V(d, e, f)esetb. d* (—c' /b2 +ex(—c' /b)) +f<0)A

(V(d, e, feset c.d* (—c'" /b2 +ex(—c' /b)+f<0)A

(V(d, e, flesetd. dx (—c"/b)2+ex(—c' /) b)+f#0))

assumes f13: =(3 (a’, b’, c")€set c.

a'# 0 A

—b% 4 fxa ' xc' < 0N

((V(d, e, f)eset a.
dx (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))?+
ex (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))+
f=0)N

(V(d, e, f)eset b.
dx (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))?+
ex (= b+ 1 xsqrt (b? — 4 xa'xc")/(2xa))+
f<0)A

(V(d, e, f)eset c.
d* ((— b + 1 %sqrt (b? — 4 xa"xc"))/(2xa))?+
ex ((— b+ 1 %sqrt (b2 — 4 xa'xc)/(2%a))+
f<0)A

(V(d, e, f)eset d.
dx (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))?+
ex ((— b+ 1 xsqt (b? — 4 xa'xc))/(2xa))+
f#0))

assumes f9: (3 (a’, b', ¢)€set c. a’ # 0 A

— b2 4+ 4 xa'xc' < 0N

(V(d, e, f)e€set a.
d* ((— b+ —1xsqt (b? — 4 xa"*c"))/(2x*a))?+
ex ((— b+ —1xsqt (b? — 4 xa’'*c')/(2x*a))+
f=0)A

(V(d, e, f)eset b.
dx (= b +—1%sqt (b? — 4 xa"xc"))/(2xa))?+
ex ((— b+ —1xsqt (b? — 4 xa"*c')/(2x*a))+
f<0)n

(V(d, e, f)eset c.
dx (= b +—1%sqt (b? —4xa"*c"))/(2xa))?+
ex (= b+ —1x%sqt (b?— 4 xa’"*c"))/(2x*a))+
F<0)A

(V(d, e, f)eset d.
dx (= b+ —1%sqt (b? —4xa"*c"))/(2xa))?+
ex (= b+ —1x%sqt(b?— 4 xa’"*c"))/(2%*a))+

f#0))
assumes f10: ~(3 (a’, b’, ¢’)€set d.
(a"=0NDb #0)N
(V(d, e, f)€set a.
Jy'>—c' /b . Vae{-c' Jb<.y}t. d*xz> +exaz+ f=0)A
(V(d, e, f)eset b.
Jy'>—c' /. Vae{—c' /b<.y}. dxa?+exaz+f<0)A
(V(d, e, f)eset c.
Jy'>—c' /. Vae{—c' /b<.y}. dx2?+exaz+ f<0)A
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(V(d, e, f)eset d.
Jy'>—c' /b . Vae{— '/ b<.y}. d*2®> + exx+ f#0))
assumes f11: =(3(a’, b, ¢')eset d.
a' # 0 A
— b2 4+ 4 xa'xc' < 0N
((V(d, e, f)eset a.
Jy'>(— b+ 1 % sqrt (b”? — 4 *a’x ') /(2 a).
Vae{(— b + 1 % sqrt (b2 — 4 xa’x¢") /(2 * a')<..y'}.
dx2> +exz+f=20)A
(V(d, e, f)eset b.
Jy">(— b+ 1 % sqrt (b — 4 xa’* ¢')) /(2 * a').
Vae{(— b + 1 % sqrt (b2 — 4 xa’x¢c) /(2 * a)<..y'}.
dx2> +exz+f<0)A
(V(d, e, f)eset c.
Jy'>(— b+ 1 % sqrt (b”? — 4 xa’x ') /(2 x a').
Vae{(— b + 1 % sqrt (b? — 4 xa’x ¢c') /(2 * a')<.y'}.
dxz?+exz+ f<0)A
(V(d, e, f)eset d.
Jy'>(— b+ 1 % sqrt (b”% — 4 xa’'x ') /(2 % a').
Vae{(— b + 1 % sqrt (b2 — 4 xa’x¢') /(2 * a')<.y'}.
d*x2’> +exz+ f+#0))
assumes f12: =(3(a’, b’, ¢')Eset d.
a"# 0 A
— b2+ 4 xa'xc" <0NA(V(d, e f)Eset a.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’*¢)) /(2 * a).
Vae{(— b + — 1 % sqrt (b2 — 4 x a’x ¢') / (2 * a')<..y'}.
dxz?+exz+f=0)A
(V(d, e, f)eset b.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’*¢c) /(2 * a).
Vae{(— b+ — 1 % sqrt (b? — 4 xa’x c') /(2 * a')<..y'}.
d*x2> +exz+f<0)A
(V(d, e, f)eset c.
Jy>(— b+ — 1 % sqrt (b”% — 4 xa’* ¢')) / (2 * a).
Vae{(— b + — 1 x sqrt (b”? — 4 xa’'x ') /(2 x a")<..y'}.
dx2> +exz+f<0)A
(V(d, e, f)eset d.
Jy>(— b+ — 1 % sqrt (b? — 4 xa’x ¢)) / (2 * a).
Vaze{(— b+ — 1 * sqrt (b2 — 4 xa’x¢) /(2 * a")<..y'}.
dx2> +exx+f#0))
shows —~(3z. (V(a, b, c)€set b. a x 22 + b*x z + ¢ < 0) A
(V(a, b, c)€set c. ax 2> + bxx+ c < 0) A
(V(a, b, c)eset d. a * 2> + b x x + ¢ # 0))
(proof )

lemma ge-forwards:
assumes (3z. (V(a, b, c)€set a. a x 2> + b*x z + c = 0) A
(V(a, b, c)€set b. a x 22 + bxz + c < 0) A
(V(a, b, c)eset c. ax 22 + bxx + ¢ < 0) A
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(V(a, b, c)€set d. a x 2> + bx z + ¢ # 0))
shows ((V (a, b, c)eseta.a:O/\b:()/\CZO)/\
(V(a, b, c)eset b. Jz. Vy<uz. a*y +bxy+c<0)A

((abcEsetc Jz. Vy<u. a*y +bxy+c<0)A
(V(a, b, c)eset d. Jz. Vy<z. a*x y> + bxy+ c# 0) V
(3(a’, b’, c’)eset a.
(a"=0NDb #0)A
(V(d, e, f)eset a. d x (— c’/b’)2—|—e>i<(—c’/b’)—|—f:0)
(V(d, e, f)eset b. d * (— c'/b’) +ex(—c/bd)+f<0)
(V(d, e, flesetc.dx (—c'/b)2 +ex(—c' /b)+f<0)
(V(d, e, flesetd. dx (—c'" /b))  +ex(—c' ) b)+f#0)
a’#O
— b2 4+ 4 xa'xc' < 0N
(V(d, e, f)eset a.
d*((—b'—l—]*sqrt(ba—4*a’*c’))/(2* 2% +
ex ((— b+ 1 xsqt (b? — 4 xa'*xc))/(2x*a))+
f=
0) A
(V(d, e, f)e€set b.
dx (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))?+
ex (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))+
f
< 0) A
(V(d, e, f)eset c.
dx (= b+ 1 %sqrt (b2 — 4 xa"xc")/(2xa))?+
ex (= b+ 1 xsqrt (b2 — 4 xa’xc")/(2xa))+
f
< 0) A
(V(d, e, f)eset d.
dx (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))?+
ex (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))+
f#
0) Vv
(V(d, e, f)€set a.
dx (= b+ —1x%sqt(b? — 4 xa’*c))/ 2% +
ex (= b+ —1x%sqt (b?— 4 xa’"*c"))/(2x*a))+
f=
0) N
(V(d, e, f)eset b.
dx (= b +—1%sqt(b? —4xa"*c"))/(2xa))?+
ex (= b+ —1x%sqt(b?— 4 xa"*c"))/(2x*a))+
f
< 0) A
(V(d, e, f)eset c.
dx ((— b+ —1%sqt (b? — 4 xa’*c))/ a’))? +
ex ((— b+ —1xsqrt (b — 4 xa’'xc)/(2xa))+

f
<0) A
(V(d, e, f)eset d.
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d*((fb’Jrf]*sqrt(b
ex ((— b+ — 1% sqrt (b"

I #

0))) v
(F(a’, b, c"eset b.

(a'=0Ab % 0)A

(V(d, e, f)eset a.

Jy'>—c¢' /b . Vae{- ¢/ b<.

(V(d, e, f)eset b.

Jy>—c¢' /b . Vae{- '/ b<.y

(V(d, e, f)eset c.

Jy'>—c' /b . Vee{- '/ b<.y

(V(d, e, f)€set d.

Jy'>—c¢' /b . Vae{- ¢/ b<.

a'# 0 A

— b2+ 4 xa'xc' < 0N
((V(d, e, f)eset a.

— 4 xa'xc") /(2 *a))?+
—4xa'xc))/(2%a

y}odx? +exa+f=0)A
hdxzt+exz+ f<O0)A
Ndxz>+exx+f<0)A

y})odx>+exa+f#0)V

Jy'>(= b+ 1 % sqrt (b”% — 4 xa’x ) /(2 x a').
Vaze{(— b + 1 = sqrt (b? — 4 x a’x c') / (2 x a')<..y'}.

dx2> +exz+f=20)A
(V(d, e, f)eset b.

Jy">(— b+ 1 % sqrt (b”% — 4 xa’* ') / (2 * a').
Vae{(— b’ + 1 x sqrt (b2 — 4 *xa’x ¢') / (2 x a')<..y'}.

dx2> +exz+f<0)A
(V(d, e, f)eset c.

Jy'>(— b+ 1 * sqrt (b”? — 4 * a *c))/(,?*a’).
‘v’xe{(— b’ + 1 x sqrt (b — 4 xa’x ¢')) /(2 x a')<..y'}.

dxz?+exz+f<0)A
(V(d, e, f)eset d.

Jy'>(— b+ 1 % sqrt (b”% — 4 xa’'x ') /(2 % a').
Vae{(— b + 1 % sqrt (b2 — 4 xa’x ¢') /(2 * a')<.y'}.

dx2> +exz+f#0)V
(V(d, e, f)eset a.
Jy'>(— b+ — 1 % sqrt (b2 — 4 xa’*¢c) /(2 * a).
Vae{(— b+ — 1 % sqrt (b”? — 4 x a’ % ¢')) / (2 x a')<..
dx2> +exz+f=20)A
(V(d, e, f)eset b.
Jy>(— b+ — 1 % sqrt (b”% — 4 xa’* ¢')) / (2 * a').
Vae{(— b+ — 1 x sqrt (b”? — 4 xa’'x ') /(2 x a')<..
dx2> +exz+f<0)A
(V(d, e, f)eset c.
Jy'>(— b+ — 1 % sqrt (b? — 4 x a’ *c))/(,?*a’).
‘v’xe{(— b+ — 1 % sqrt (b” — 4 xa’* ¢)) / (2 x a')<..
dxz?+exz+f<0)A
(V(d, e, f)eset d.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’*¢c) /(2 * a).
Vme{(—b’+—1*sq7“t(b’2—4*a xc)) /(2 % a))<..
dx2> +exxz+ f#0))V

(3(a’, b, eset c.



SS=S =
<>> >

HOIA A

—b% 4 fxa ' xc' < 0N

(V(d, e, f)Eset a.
dx (= b+ 1 %sqrt (b2 — 4 xa’xc") /(2 xa)
ex (= b + 1 xsqrt (b? — 4 *xa"xc")/(2x%a
f:
0) A

(V(d, e, f)Eset b.
dx (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2%a
ex (= b+ 1 %sqrt (b? — 4 xa"xc")/(2xa
f
< 0)A

(V(d, e, f)eset c.
dx (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2%a
ex (= b+ 1 *sqrt (b? — 4 xa"xc")/(2xa
f
<0)A

(V(d, e, f)€set d.
dx (= b+ 1 xsqrt (b? — 4 xa"xc")/(2%a
ex (= b+ 1 xsqrt (b? — 4 xa"xc")/(2xa
[#
0) Vv

(V(d, e, f)eset a.
dx ((— b+ —1x%sqrt (b? — 4 *a"*xc')/(2xa)
ex (= b+ —1%sqrt (b? —4xa"xc"))/(2*a
f:
0) A

(V(d, e, f)eset b.
dx ((— b+ —1x%sqrt (b? — 4 *a"*c")/(2%a)
ex (= b +—1x%sqrt (b?—4xa"*c"))/(2x*a
f
< 0)A

(V(d, e, f)eset c.
dx (= b+ —1%sqt (b? —4xa"*c"))/(2xa))?+
ex (= b+ —1%sqt (b? — 4 xa’"*c"))/(2x*a))
f
<0)A

(V(d, e, f)eset d.
d* ((— b+ —1xsqt (b? — 4 xa"*c"))/(2x*a))?+
ex (= b+ —1x%sqt(b?—4xa"*c))/(2x*a))+
[#
0))) v

(F(a’, b, ceset d.
(a’=0ANDb #0)A

/

2 4+

~

/

~

/

~
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(V(d, e, f)e€set a.
Jy'>—c' /b . Vae{—c' Jb<.y}t. d*xz> +exz+ f=0)A
(V(d, e, f)eset b.
Jy'>—c' /. Vae{—c' /b<.y}. dxa?+exaz+f<0)A
(V(d, e, f)€set c.
Jy'>—c' /. Vae{-c' Jb<.y}. dx2> +exxz+ f<0)A
(V(d, e, f)eset d.
Jy'>—c' /b . Vae{-c' Jb<.y}t. d*xz> +exa+ f#0)V
a'# 0 A
— b2+ 4 xa'xc'<ON
((V(d, e, f)eset a.
Jy">(— b+ 1 x sqrt (b — 4 xa’* ') / (2 * a).
Vae{(— b + 1 % sqrt (b? — 4 xa’x c') /(2 x a')<..y'}.
dx2> +exz+f=20)A
(V(d, e, f)eset b.
Jy'>(— b+ 1 * sqrt (b”? — 4 xa’x ') /(2 x a').
VI€{(72b/ + 1 % sqrt (b2 — 4 xa’xc') /(2 x a')<.y'}.
dxz*+exz+f<0)A
(V(d, e, f)eset c.
Jy'>(— b+ 1 % sqrt (b”% — 4 xa’x ') /(2 x a').
Vae{(— b + 1 % sqrt (b? — 4 xa’x¢c') /(2 * a')<.y'}.
dxz?+exz+f<0)A
(V(d, e, f)eset d.
Jy'>(— b+ 1 % sqrt (b”? — 4 xa’x ') /(2 % a').
Vae{(— b + 1 % sqrt (b2 — 4 xa’x¢") /(2 * a')<.y'}.
dx2> +exz+f#0)V
(V(d, e, f)e€set a.
Fy>(—b"+ — 1 % sqrt (b”% — 4 xa’* ¢')) / (2 * a').
Vae{(— b + — 1 x sqrt (b”? — 4 xa’'x ') /(2 x a")<..y'}.
d*x2> +exz+f=20)A
(V(d, e, f)eset b.
Jy>(— b+ — 1 % sqrt (b? — 4 xa’* ¢)) / (2 * a).
Vaze{(— b+ — 1 * sqrt (b? — 4 xa’x¢) /(2 % a")<..y'}.
dx2> +exz+f<0)A
(V(d, e, f)eset c.
Jy>(— b+ — 1 % sqrt (b? — 4 xa’*¢)) /(2 * a).
Vae{(— b + — 1 % sqrt (b — 4 x a’x ¢') / (2 * a')<..y'}.
dxz?+exz+f<0)A
(V(d, e, f)eset d.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’*¢) /(2 * a).
Vae{(— b + — 1 % sqrt (b? — 4 x a’x ¢') /(2 * a')<..y'}.
dx2°> +exxz+ f#0)))

(proof)

2.8.5 Some Cases and Misc

lemma quadratic-linear :
assumes b#(
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assumes a # 0
assumes 4 * a * ba < aa®
assumes b * (sqrt (aa®> — 4 * a * ba) — aa) / (2 xa) + c= 0
assumes Y x€set eq.
case x of
(d, e [) =
d * ((sqrt (aa® — 4 % a * ba) — aa) / (2 * a))? +
e * (sqrt (aa® — 4 % a x ba) — aa) / (2 % a) +
f=
0
assumes (aaa, aaaa, baa) € set eq
shows aaa * (¢ / b)? — aaaa * ¢ / b + baa = 0
(proof)

lemma quadratic-linearl:
assumes b#(0
assumes a # 0
assumes 4 * a * ba < aa®
assumes (b::real) * (sqrt ((aa::real)? — 4  (a:real) x (ba::real)) — (aa::real)) /
(2 % a) + (cureal) = 0
assumes
(Vzeset (les::(realxrealxreal)list).
case T of
(d, e, f) =
d x ((sqrt (aa® — 4 * a * ba) — aa) / (2 * a))? +
e x (sqrt (aa® — 4 * a x ba) — aa) / (2 x a) +
f
< 0)
assumes (aaa, aaaa, baa) € set les
shows aaa * (¢ / b)? — aaaa * ¢ / b + baa < 0

{(proof)

lemma quadratic-linear? :
assumes b#(
assumes a # 0
assumes 4 x a % ba < aa?
assumes b * (— aa —sqrt (aa®> — 4 x a * ba)) / (2 % a) + c= 0
assumes Y z€set eq.
case T of
(d, e, f) =
d x (= aa —sqrt (aa® — 4 * a x ba)) / (2 * a))® +
ex (— aa —sqrt (aa® — 4 * a * ba)) / (2 * a) +
f=
0
assumes (aaa, aaaa, baa) € set eq
shows aaa * (¢ / b)? — aaaa * ¢ / b + baa = 0

{(proof)

lemma quadratic-linears:
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assumes b#(
assumes a # 0
assumes 4 * a * ba < aa?
assumes (b::real) * (— (aa:real)— sqrt ((aa::real)? — 4 * (azreal) * (ba::real))
)/ (2 % a) + (cureal) = 0
assumes (Vz€set (les:(realxreal*real)list).
case T of
(d, e, f) =
d x ((— aa — sqrt (aa® — 4 * a * ba)) / (2 * a))? +
ex (— aa — sqrt (aa® — 4 * a * ba)) / (2 * a) +
f
< 0)
assumes (aaa, aaaa, baa) € set les
shows aaa * (¢ / b)? — aaaa * ¢ / b + baa < 0

(proof)

lemma hib-helper-les:

(V ((a::real), (b::real), (c:ireal))€set les. Jz. Vy<z. ax y> + bx y + ¢ < 0) =
FyVa<y. (V(a, b, c)Eset les. a * 2°> + b* x + ¢ < 0))
(proof)

lemma hi1b-helper-leq:

(V ((a::real), (b::real), (c::real))€set leq. z. Vy<z. ax y> + bxy+ ¢ < 0) =
FyVa<y. (V(a, b, c)Eset leq. a * 2> + b x x + ¢ < 0))
(proof)

lemma h1b-helper-neq:

(V ((a::real), (b:real), (c:ireal))Eset neq. Iz Vy<z. a * y*> + bx y + ¢ # 0) =
FyVa<y. (V(a, b, c)Eset neq. a * 2> + b x x + ¢ # 0))
(proof)

lemma min-lem:
fixes r::real
assumes al: (Jy’>r. (V((d::real), (enreal), (fiireal))€set b. Vae{r<.y'}. d *
24+ exz+ f<0)
assumes a2: (Fy">r. (V((d::real), (e:real), (f::real))€set c. Vae{r<.y'}. d *
2 +exz+f<0))
assumes a3: (Fy’>r. (V((d:real), (e:real), (fiireal))€set d. Vae{r<.y'}. d
24+ exaz+ f#0))
shows (2. (V(a, b, c)€set b. a x 22 + bx x4+ ¢ < 0) A
(V(a, b, c)€set c.ax x> +bxz+ c<0)A
(V(a, b, c)eset d. a x 2> + bx z + ¢ # 0))
(proo)

lemma gqe-infinitesimals-helper:

fixes k::real
assumes asm: (V(d, e, f)€set a. Jy'>k. Vae{k<.y'}. dx 2> + exz + f = 0)

28



(V(d, e, f)eset b. Jy'>k. Vae{k<.y}. d* 2> + ex x + f < 0) A
(V(d, e, f)eset c. Jy'>k. Vae{k<.y}. d*x 2> + ex 2+ f < 0) A
(V(d, e, f)€set d. Jy'>k. Vac{k<.y'}. d* 2> + exx + f # 0)
shows (2. (V(a, b, c)€set a. a x 2> + bx z + ¢ = 0) A

(V(a, b, c)€set b. ax 22 + bxz + ¢ < 0) A

(V(a, b, c)€set c. a* 22 +bx x4+ c < 0) A

(V(a, b, c)€set d. a * 2> + bx 7+ ¢ # 0))

(proof)

2.8.6 The qe_ backwards lemma

lemma qe-backwards:
assumes (((V(a, b, c)€seta. a=0ANb=0Ac=10)A
(V(a, b, c)eset b. 3z. Vy<z. ax y> + bxy + c < 0) A
(V(a, b, c)€set c. Jz. Vy<z. a*x y> + b*xy+ c < 0) A
(V(a, b, c)eset d. z. Yy<z. a* y> + bxy+ c # 0)
V
(3(a’, b/, c"eset a.

(a’=0ANDb#0)N

(V(d, e, f)eset a. d x (—c' /b)2 +ex(—c' /Jb)+f=0)A
(V(d, e, f)esetb. d (—c' /b2 +ex(—c' /b)) +f<0)A
(V(d, e, f)esetc.d* (—c' /b2 +ex(—c'/b)+f<0)A
(V(d, e, flesetd. dx (—c' /b)) +ex(—c' /) b)+f#0)
V

a'# 0 A

— b2+ 4 xa'xc'< 0N

((V(d, e, f)eset a.
dx ((— b+ 1 %sqrt (b? — 4 xa'xc)/ )
ex (= b+ 1 *sqrt (b? — 4 xa"xc")/(2xa))+
f=0)A

(V(d, e, f)eset b.
d* ((— b + 1 xsqrt (b? — 4 xa’*c"))/(2xa))
ex (= b+ 1 xsqrt (b2 — 4 xa'xc)/(2%a))+
f<0)A

(V(d, e, f)eset c.

d* ((— b + 1 %sqt (b? — 4 xa"xc"))/(2xa))?+
ex ((— b+ 1 xsqrt (b? — 4 xa’xc))/(2xa))+
f<0)n

(V(d, e, f)eset d.
dx (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))?+
ex (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))+
f#0)

V

(V(d, e, f)eset a
dx (= b +—1%sqt (b? —4xa"xc"))/(2xa))?+
ex (= b+ —1x%sqrt (b? — 4 xa’"xc))/(2x*a))+
f=0)A
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d* ((— b+ —1xsqt (b? — 4 xa"*c"))/(2x*a))?+
ex (b + —1x%sqt(b?—4xa"*c"))/(2x*a))+
fF<0)An

(V(d, e, f)eset c.

dx (= b+ —1%sqt (b? — 4 xa"xc"))/(2xa))?+
ex ((— b+ — 1 xsqt (b? — 4 xa’'*c')/(2x*a))+
f<0)A

(V(d, e, f)Eset d.
dx (= b +—1%sqt (b? —4xa"xc"))/(2xa))?+
ex (= b+ —1x%sqt (b? — 4 xa’"xc"))/(2x*a))+

f#0))
%

(3(a’, b, c"eset b.
(a"=0NDb #0)A
(V(d, e, f)eset a.
Jy'>—c' /. Vae{—c' /b<.y}. dxa +exaz+f=0)A
(V(d, e, f)eset b.
Jy'>—c' /b . Vae{— ¢/ b<.y}t. d*xz> +exaz+ f<0)A
(V(d, e, f)eset c.
Jy'>—c' /. Vae{—c' /b<.y}. dxa?+exaz+f<0)A
(V(d, e, f)eset d.
Jy'>—c' /. Vae{—c' /b<.y}. dx2> +exx+ f#0)
V
a'#£ 0 A
— b2 4+ 4 xa'xc' < 0N
((V(d, e, f)eset a.
Jy">(— b+ 1 % sqrt (b — 4 xa’* ¢')) /(2 * a').
Vae{(— b + 1 % sqrt (b2 — 4 xa’x¢c) /(2 % a)<..y'}.
dxz>+exz+f=0)A
(V(d, e, f)eset b.
Jy'>(— b+ 1 % sqrt (b”% — 4 xa’x¢')) /(2 x a').
Vae{(— b + 1 % sqrt (b? — 4 xa’x ¢c') /(2 * a')<.y'}.
dxz?+exz+f<0)A
(V(d, e, f)eset c.
Jy'>(— b+ 1 % sqrt (b”% — 4 xa’'x ') /(2 % a)).
Vae{(— b + 1 % sqrt (b2 — 4 xa’x¢') /(2 * a')<.y'}.
dx2> +exz+ f<0)A
(V(d, e, f)eset d.
Jy'>(— b+ 1 % sqrt (b”? — 4 *a’x ') /(2 % a').
Vae{(— b + 1 % sqrt (b2 — 4 xa’x¢") /(2 * a')<..y'}.
dx2> +exz+f#0)
\%
(V(d, e, f)e€set a.
Jy>(— b+ — 1 % sqrt (b”% — 4 xa’* ¢')) / (2 * a).
Vae{(— b + — 1 x sqrt (b”? — 4 xa’'x ') /(2 x a")<..y'}.
dx2> +exz+f=20)A
(V(d, e, f)eset b.
Jy>(— b+ — 1 % sqrt (b? — 4 xa’* ¢)) / (2 * a).
Vae{(— b + — 1 x sqrt (b” — 4 x a’x ¢') / (2 % a')<..y'}.
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dxz?+exz+f<0)A
(V(d, e, f)eset c.
Jy'>(— b+ — 1 % sqrt (b? — 4 x a’ * ¢'))

Vae{(— b + — 1 % sqrt (b2 — 4 x a’x ¢') / (2 * a')<..y'}.

dx2> +exz+ f<0)A
(V(d, e, f)eset d.

Jy'>(— b+ — 1 % sqrt (b2 — 4 % a’ * ¢'))
c

Vae{(— b+ — 1 % sqrt (b”? — 4 xa’x ) / (2 x a")<..y'}.

dxa®+exatf#0)

/(2 % a)).

/(2 % a).

V
(3(a’, b, eset c.
(a"=0NDb #0)A
(V(d, e, f)eseta. d* (—c' /b +ex(—c' /b)+f=0)A
(V(d, e, f)eset b. d* (—c' /b2 +ex(—c' /b)) +f<0)A
(V(d,e7f)€setc.d*(—c'/b’)Q—i—e*(—c’/b’)—i—ng)/\
(V(d, e, fiesetd. d* (—c' /b2 +ex(—c' /b)Y +f#0)V
a" £ 0 N
—b2%+ 4 xa' xc'<0N
((V(d, e, f)eset a.
dx (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))?+
ex (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))+
f=0)nA
(V(d, e, f)e€set b.
dx (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))?+
ex (= b+ 1 sqrt (b? — 4 xa'xc")/(2xa))+
f<0)A
(V(d, e, f)eset c.
d* ((— b + 1 *sqrt (b? — 4 xa"xc"))/(2xa))?+
ex (= b+ 1 xsqrt (b2 — 4 xa'xc)/(2%a))+
fF<0)n
(V(d, e, f)€set d.
dx (= b+ 1 xsqrt (b2 — 4 xa"xc") /[ (2xa))?+
ex ((— b + 1 xsqt (b? — 4 xa'xc)) /(2 N) +
f#0)
\%
(V(d, e, f)eset a.
dx (= b+ —1%sqrt (b? — 4 xa"xc"))/(2xa))?+
ex ((— b+ —1xsqt (b? — 4 xa’'*c')/(2x*a))+
f=0)NA
(V(d, e, f)e€set b.
dx (= b +—1%sqt (b? —4xa"xc"))/(2xa))?+
ex (= b+ —1x%sqt (b? — 4 xa’"xc))/(2x*a))+
f<0)n
(V(d, e, f)eset c.
dx (= b +—1%sqt (b? —4xa"*c"))/(2xa))?+
ex (= b+ —1x%sqt(b?— 4 xa’"*c"))/(2x*a))+

fF<0)A
(V(d, e, f)eset d.

d* ((— b + —1xsqrt (b? — 4 *a’*c)
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ex ((— b+ —1xsqt (b? — 4 xa'*c')/(2x*a))+
f#0))
\%

(3(a’, ', c)eset d.
(a"=0NDb"#0)A
(V(d, e, f)eEset a.

Jy'>—c" /b . Vae{— '/ b'<.y'}. d x 22 +exz+f= 0) A

(V(d, e, f)e€set b.

Jy'>—c' /. Vae{—c' /b<.y}. dxa?+exax+f<0)A

(V(d, e, f)€set c.

Jy'>—c' /. Vae{—c' /b<.y}. dxa>+exz+ f<0)A

(V(d, e, f)eset d.

Jy'>—c' /b . Vae{—c' Jb<.y}. d*x2®> +exax+ f#0)

V
a'# 0 A
— b2+ 4 xa'xc' < 0N
((V(d, e, f)eset a.
Jy'>(— b+ 1 % sqrt (b”? — 4 xa’'x ') /(2 % a').
c

Vaze{(— b + 1 = sqrt (b? — 4 x a’x c') / (2 x a')<..y'}.

dx2> +exz+f=20)A
(V(d, e, f)eset b.
Jy">(— b+ 1 % sqrt (b”% — 4 xa’* ') / (2 * a').
c

Vae{(— b’ + 1 x sqrt (b2 — 4 *xa’x ¢') / (2 x a')<..y'}.

dx2> +exz+f<0)A
(V(d, e, f)eset c.
Jy'>(— b+ 1 % sqrt (b”? — 4 xa’ x¢') /(2 x a').
c

Vae{(— b + 1 % sqrt (b? — 4 xa’x ¢c') /(2 * a')<.y'}.

dxz?+exz+f<0)A
(V(d, e, f)eset d.
Jy'>(— b+ 1 % sqrt (b”% — 4 xa’'x ') /(2 % a').
c

Vze{(— b + 1 = sqrt (b? — 4 *x a’x c') / (2 x a')<..y'}.

dx2> +exz+ f#0)

(V(d, e, f)€set a.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’*¢c)) /(2 * a).
¢

Vaze{(— b + — 1 % sqrt (b”? — 4 x a’x ) / (2 % a)<..

dx2> +exz+f=20)A
(V(d, e, f)eset b.
Jy'>(— b+ — 1 x sqrt (b2 — 4 x a’* ¢') / (2 * ).
¢

Vae{(—= b+ — 1 % sqrt (b? — 4 x a’x ¢)) / (2 % a')<..

d*x2> +exz+f<0)A
(V(d, e, f)eset c.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’* ¢)) /(2 * a).
Vae{(— b+ — 1 x sqrt (b” — 4 xa’' ¢
dx2> +exz+f<0)A
(V(d, e, f)eset d.
Jy'>(— b+ — 1 xsqrt (b” — 4 *x a’x ¢') / (2 * ).
c

Vae{(— b + — 1 x sqrt (b”? — 4 x a’x ¢')) / (2 x a)<..

dxa2® + exz+ f#0))

32

N /(2 % a)<..



s (

(V(a, b, c)Eset b. a *x 2> + bx v+ ¢ < 0) A
(V(a, b, c)€set c. ax 22 + bx x4+ c < 0) A
(V(a, b, c)eset d. a * 2> + b x x + ¢ # 0))

(proof)
2.9 General QE lemmas
lemma ge: (3z. (V(a, )Eseta axr>+bxz+c=0)A
(V(abc)esetb ax?+bxx+c<0)A
(V(a, b, c)€set c. a* 22 + bxx+ c < 0) A
(V(a, b, c)esetd. ax 2> + bxx + ¢ # 0)) =
((V(a, b, c)€seta.a=0ANb=0Ac=20)A
(V(a, b, c)€set b. Jz. Vy<z. a*x y> + b*xy + c < 0) A
(V(a, b, c)€set c. Jz. Vy<z. a*x y> + b*xy+ c < 0) A
(V(a, b, c)eset d. Jz. Vy<z. ax y> + bxy + c# 0)V
(3(a’, bﬂ ceset a.
(a"=0NDb #0)AN
(V(d, e, fleseta. d* (—c' /)2 +ex(—c' /b)+f=0)A
(V(d, e, f)esetb. d* (—c' /b2 +ex(—c' /b)) +f<0)A
(V(d, e, f)esetc.d* (—c'" /b2 +ex(—c'/b)+f<0)A
(V(d, e, f)esetd. d* (—c" /b2 +ex(—c' )/ b)+Ff#0)V
a’;éO/\
— b2+ 4 xa'xc' < 0N
(V(d, e, f)e€set a.
dx ((— b+ 1 xsqrt (b? — 4 xa"xc")/(2xa))?+
ex (= b+ 1 xsqrt (b2 — 4 xa’xc)/(2%a))+
f=
0) A
(V(d, e, f)eset b.
d* ((— b + 1 %sqrt (b? — 4 xa"xc"))/(2xa))?+
ex (= b+ 1 xsqrt (b2 — 4 xa’xc)/(2%a))+
f
< 0) A
(V(d, e, f)eset c.
d* ((— b + 1 *sqt (b? — 4 xa"xc"))/(2xa))?+
ex (= b+ 1 xsqrt (b? — 4 xa'xc)/(2%a))+
f
< 0) A
(V(d, e, f)eset d.
d* ((— b + 1 %sqt (b? — 4 xa"xc"))/(2xa))?+
ex (= b+ 1 xsqrt (b2 — 4 xa'xc)/(2%a))+
f#
0) Vv
(V(d, e, f)e€set a.
d* ((— b+ —1xsqt(b? — 4 xa"*c"))/(2x*a))?+
ex ((— b+ —1xsqt (b? — 4 xa’'*c')/(2x*a))+
f=
0) N
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(V(d, e, f)eset b.

d )
dx (= b+ —1x%sqt(b? —4xa"*c"))/(2xa))?+
;*((—b’—i——]*5qrt(b2—4*a’*c'))/(?*a’))—i—
< 0) A

(V(d, e, f)eset c.
dx ((— b+ —1x%sqrt (b? —4xa"*c"))/(2xa))?+
;*((—b’—i——]*sqrt(b’z—4*a’*c’))/(?*a’))—i—
< 0) A

(V(d, e, f)eset d.
d* ((— b+ —1xsqt (b? — 4 xa"*c"))/(2x*a))?+
ex ((— b+ —1xsqrt (b”% — 4 xa’'xc)/(2xa))+
f#
0))) v

(F(a’, b, ceset b.
(a"=0NDb #0)N
(V(d, e, f)eset a.
Jy'>—c' /b . Vae{-c' Jb<.y}. d*xz> +exaz+ f=0)A
(V(d, e, f)eset b.
Jy'>—c' /. Vae{—c' /b<.y}t. dxa +exaz+f<0)A
(V(d, e, f)eset c.
Jy'>—c' /b . Vae{-c' Jb<.y}. d*xz> +exz+f<0)A
(V(d, e, f)eset d.
Jy'>—c' /. Vae{—c' /b<.y}. dxa?+exa+f#0)V
a'# 0 A
— b2+ 4 xa'xc' < 0N
((V(d, e, f)eset a.
Jy'>(— b+ 1 % sqrt (b”? — 4 xa’'x ') /(2 % a').
Vae{(— b + 1 % sqrt (b2 — 4 xa’x¢") /(2 * a')<..y'}.
dx2> +exz+f=20)A
(V(d, e, f)eset b.
Jy">(— b+ 1 % sqrt (b”% — 4 xa’* ') / (2 * a').
Vae{(— b + 1 % sqrt (b? — 4 xa’ % ¢c') /(2 * a')<..y'}.
d*x2> +exz+f<0)A
(V(d, e, f)eset c.
Jy'>(— b+ 1 * sqrt (b”? — 4 xa’x ') /(2 x a').
Vae{(— b + 1 % sqrt (b? — 4 xa’x ¢') /(2 * a')<.y'}.
dx2> +exz+f<0)A
(V(d, e, f)eset d.
Jy'>(— b+ 1 * sqrt (b”% — 4 xa’'x ') /(2 x a').
Vae{(— b + 1 % sqrt (b? — 4 xa’x ¢') /(2 * a')<.y'}.
dx2> +exz+f#0)V
(V(d, e, f)eEset a.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’*¢c) /(2 * a).
Vae{(— b + — 1 % sqrt (b? — 4 x a’x ¢') / (2 * a')<..y'}.
dx2> +exz+f=20)A
(V(d, e, f)eset b.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’*¢)) /(2 * a).
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Vae{(— b + — 1 xsqrt (b” — 4 xa’xc) /(2 x a')<..y'}.
dx2> +exz+f<0)A
(V(d, e, f)eset c.
Jy'>(— b+ — 1 % sqrt (b? — 4 x a’ *c))/(Q*a’).
‘v’xe{(— b+ — 1 % sqrt (b? — 4 xa’*¢) /(2 x a")<..y'}.
dx2> +exz+ f<0)A
(V(d, e, f)eset d.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’*¢)) /(2 * a).
Vae{(— b+ — 1 % sqrt (b? — 4 x a’x ¢') / (2 * a')<..y'}.
dx2> +exxz+f#0))V
(F(a’, b, ceset c.

(a"=0NDb #0)A
(V(d, e, f)eseta. d* (—c' /b +ex(—c' /b)+f=0)A
(V(d, e, f)eset b. d* (—c' /b2 +ex(—c' /b)) +f<0)A
(V(d,e7f)€setc.d*(—c'/b’)Q—i—e*(—c’/b’)—i—ng)/\
(V(d, e, fiesetd. d* (—c' /b2 +ex(—c' /b)Y +f#0)V
a" £ 0 N
—b2%+ 4 xa' xc'<0N
((V(d, e, f)eset a.
dx (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))?+
ex (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))+
f=
0) N
(V(d, e, f)eset b.
dx (= b+ 1 %sqrt (b2 — 4 xa"xc")/(2xa))?+
ex (= b+ 1 xsqrt (b2 — 4 xa’xc")/(2xa))+
f
< 0) A
(V(d, e, f)eset c.
dx (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))?+
ex (= b+ 1 xsqrt (b2 — 4 xa"xc")/(2xa))+
f
< 0) A
(V(d, e, f)Eset d.
dx (= b+ 1 %sqrt (b2 — 4 xa"xc")/(2xa))?+
ex (= b+ 1 *sqrt (b? — 4 xa'xc")/(2xa))+
f#
0) Vv

(V(d, e, f)eset a.

dx((= b+ = 1 xsqrt (b% — f % a’x ) /(2% a))* +
;*((_ b4+ — 1 xsqrt (b2 — 4 xa'x ) /(2% a) +
0)_/\

(V(d, e, f)E€set b.
dx (= b +—1%sqt (b? —4xa"*c"))/(2xa))?+
ex (= b+ —1x%sqrt (b? — 4 xa’*c"))/(2x*a))
f
< 0) A
(V(d, e, f)eset c.
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dx (b +—1xs 2
qgrt (b” — 4 xa’x¢c")) /(2 N)2
Y * a +
;*(( b+ — 1 *sqrt(b’z—4*a’*c'))/(g*a/))))Jr
<0) A
(V(d, e, f)€set d.
d — b 4+ —
0 SRt U SR Y B
0 — 1 xsqrt (b% — 4 xa’x¢) /(2 *a')) +
0))) v
(F(a’, b', c"eset d.
(a’=0ANDb #0)A
(V(d, e, f)eset a.
Jy'>— ¢ /b’ —
v e f)ése/ti' Vae{— '/ V<.y}. dxa® +ex o+ f=0)A
Hy/>— ’ / -
(v (d, e, f)ése/t bovoel= o'/ W<y} drat rexot [<O)A
Jy'>— ¢’ / _
V(d e f)GCse/t b.Voel= el /by dustbexot f<O) A
Ju'>— ¢! /
a/#y()>/\ /b Vae{—c' /) b<.yt.dxaP+exax+f#0)V
— 0%+ 4 xa"xc'<0N
((V(d, e, f)eset a.
Jy'>(— b
yVZ(e{(b_ Z/ 1 % sqrt (b" - 4xa' xc) /(2 xa).
d * 12 +t >|1< . —Skq:”t (0% =4 xa’xc)) /(2 xa)< .y}
z = .
(V(d, e, f)€set b. o
Jy'>(— b
d * 2 +t L —Skq;t (b% =4 xa’x ) /(2 xa)<.y"}
* T < .
(V(d, e, f)eset c. "
Jy'>(— b
S T (8 = f e D) [ (200}
e *x X < M
(V(d, e, f)eset d. F=on
Ju'>(— b
B e
d * 12 +t i . j—q:‘t (0% — 4 xa’x ) /(2 xa)< .y}
; )
(V(d, e, f)eset a. z0Y
Jy'>(— b+ —
yvz(e{(b_ Z/ 1 % sqrt (b”% — 4 *a’'xc') /(2% a).
d * 22 —1——;; Ij;qﬁéba — 4 xa'xc)/(2xa)<.y}
z = e
(V(d, e, f)e€set b. "
Jy'>(— bl 4 —
d * 2 +t ;xl-:;qrt éb CAra ) Byl
" .
(V(d, e, f)eset c. "
Jy'>(— bl 4 —
e + — 1 % sqrt (b? — 4 xa’*¢c) /(2 *a")<.y'}
xz?+exz+ f<0)A o

36



(V(d, e, f)eset d.
Jy>(— b+ — 1 % sqrt (b2 — 4 xa’*¢c) /(2 * a).
Vae{(— b + — 1 % sqrt (b2 — 4 x a’x c') /(2 * a')<..y'}.
dx2®> +exx+ f#0))))
(proof)

fun eqg-fun :: real = real = real = (realxrealxreal) list = (realxrealxreal) list =
(realxrealxreal) list = (realxreal*real) list = bool where
eq-fun a’ b’ ¢' eq les leg neq = ((a" = 0 AN b # 0) A
(V a€set eq.
case a of (d, e, f) =dx*(—c" /b2 +ex(—c' /b)+f=0)A
(V aeset les.
case a of (d, e, f) = dx*(—c" /b2 +ex(—c' /b)+f<O0)A
(V a€set leg.
case a of (d, e, f) = dx*(—¢c" /b2 +ex(—c' /b)+f<0)A
(V acset neq.
case a of (d, e, f) =dx*(—c' /b2 +ex(—c' /b)+f#0)V
a'# 0 A
— b2+ 4 xa’xc'<ON
((V a€set eq.
case a of
(d; e, f) =
dx ((—b' + 1 %sqrt(b? — 4 xa'xc))/(2%a))?+
ex (= b + 1 xsqrt (b2 — 4 xa'xc)/(2%a)))+
f=
0) A
(Vacset les.
case a of
(d, e, f) =
dx (= b+ 1%sqrt (b? — 4 *a"*c")/(2xa))?+
ex (= b+ 1 xsqrt (b2 — 4 xa'xc')/(2%a)))+
f
< 0) A
(Y a€set leg.
case a of
(d, e, f) =
dx (= b + 1 %sqrt (b? — 4 xa"xc")/(2xa))?+
ex ((—b' + 1 xsqrt (b? — 4 xa'xc))/(2%a)))+
f
<0)A
(V acset neq.
case a of
(d, e ) =
dx (= b+ 1 xsqrt (b2 — 4 xa’xc") /(2%
ex (= b+ 1 xsqrt (b2 — 4 xa'xc")/(2xa)
f#
0) Vv
(Va€set eq.
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case a of
(d, e, f) =
dx (= b+ —1x%sqt (b? — 4 xa’*c))/
ex (= b+ —1x%sqrt (b?— 4 *a'*c))/
f:
0) N
(Vaeset les.
case a of
(d, e ) =
dx ((— b+ —1xsqrt (b? — 4 xa'xc')/
ex (= b+ —1x%sqrt (b? — 4 *a'*c)/
/
< 0) A
(V a€set leq.
case a of
(d, e, f) =
d* ((— b+ —1xsqt (b? — 4 xa'*c')/
ex ((—b' +—1x%sqrt (b? — 4 xa"*c"))/(2x*a))+
!
<0)A
(V a€set neq.
case a of
(d, e, f) =
dx (= b+ —1%sqt (b? — 4 xa*c))/
ex (= b+ —1x%sqrt (b?— 4 *a'*c))/
I #
0)))

fun les-fun :: real = real = real = (realxrealxreal) list = (realxrealxreal) list =
(realxrealxreal) list = (realxrealsreal) list = bool where
les-fun a’ b’ ¢’ eq les leqg neq = ((a’ = 0 AN D' # 0) A

(V(d, e, f)e€set eq.

Jy'>—c' /. Vae{—c' /b<.y}. dx2>+exaz+f=0)A
(V(d, e, f)eset les.

Jy'>—c' /b . Vae{-c' Jb<.y}t. d*xz> +exaz+ f<O0)A
(V(d, e, f)eset leg.

Jy'>—c' /. Vae{—c' /b<.y}. dxa?+exaz+f<0)A
(V(d, e, f)Eset neq.

Jy'>—c' /b . Vae{-c' Jb<.y}. d*xz> +exaz+f#0)V
a'#£ 0 A
— b2 4+ 4xa’xc' < 0N
((V(d, e, f)eset eq.

Jy">(— b+ 1 % sqrt (b — 4 xa’* ¢')) /(2 * a').

Vae{(— b+ 1 % sqrt (b2 — 4 xa’x¢c) /(2 % a)<..y'}.
dx2> +exz+f=20)A

(V(d, e, f)eset les.

Jy'>(— b+ 1 % sqrt (b”? — 4 xa’'x ') /(2 x a').

Vae{(— b + 1 % sqrt (b? — 4 xa’x ¢c') /(2 * a')<..y'}.
dxz*>+exz+[f<0)A
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(V(d, e, f)eset leq.
Jy'>(— b+ 1 % sqrt (b”? — 4 xa’'x ') /(2 % a').
Vae{(— b + 1 % sqrt (b2 — 4 xa’x ") /(2 * a')<.y'}.
dx2> +exz+f<0)A
(V(d, e, f)€set neq.
Jy'>(— b+ 1 * sqrt (b”? — 4 xa’x¢')) /(2 x a)).
Vae{(— b+ 1 % sqrt (b2 — 4 % a'x ¢) | (2 * 2)<.4).
dxz?>+exz+f#0)V
(V(d, e, f)eset eq.
Jy>(— b+ — 1 % sqrt (b? — 4 xa’* ¢)) / (2 * a).
Vae{(— b + — 1 x sqrt (b” — 4 x a’x ¢') / (2 % a')<..y'}.
dxz?+exz+f=0)A
(V(d, e, f)eset les.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’*¢)) /(2 * a).
Vae{(— b + — 1 % sqrt (b — 4 x a’x ¢') / (2 * a')<..y'}.
dxz?+exz+f<0)A
(V(d, e, f)eset leq.
Jy'>(— b+ — 1 % sqrt (b2 — 4 xa’*¢c) /(2 * a).
Vae{(— b+ — 1 % sqrt (b? — 4 xa’x c') /(2 * a')<..y'}.
dx2> +exz+f<0)A
(V(d, e, f)eset neq.
Jy'>(— b+ — 1 % sqrt (b? — 4 xa’x ¢)) / (2 * a).
Vaoe{(— b + — 1 x sqrt (b”? — 4 xa’'x ') /(2 x a")<..y'}.
d+x2®> +exz+ f#0)))

lemma general-ge’ :

assumes F = (\z.

(V (a,b,c)Eset eq . axz’+bxz+c=0)A
a,b,c)eset les. axr*+bxx+c<0)N

vV (a,b l 24b 0
a,b,c)eset leq. axx*+bxx+c<O0)A

vV (a,b l 24+b 0
a,b,c)eset neq. axzr“+bxr+c

v (a,b 24b 20

assumes Fe = (Ar.
(V(a,b,c)eset eq. Fy>rVae{r<.y}. axz®+bxz+c=0) A
(V (a,b,c)eset les. Jy>rVze{r<.y}. axz®+bxz+c<0) A
(V (a,b,c)€set leq. Fy>r.Vae{r<.y}. axz®+bxz+c<0) A
(V (a,b,c)€set neq. Jy>r.Vae{r<.y}. axz®+bxz+c#0)
)

assumes F,; = (
(V (a,b,c)€set eq. Fz. ¥V y<wz. axy*+bxy+c=0) A
(V (a,b,c)€set les. Fx. Vy<z. axy’+bxy+c<0) A
(V (a,b,c)€set leq. Fz. ¥V y<z. axy’*+bxy+c<0) A
(V (a,b,c)Eset neq. Jz. Y y<z. axy>+bxy+c#0)
)

assumes roots = (A(a,b,c).
if a=0 A b#0 then {—c/b}::real set else
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zf{a};)é() A b2 —4xaxc>0 then {(—b+sqrt(b?—4xaxc))/(2xa) YU{(—b—sqrt(b>—4*axc))/(2xa)}
else

assumes A = | (roots ‘ (set eq))
assumes B = | (roots ‘ (set les))
assumes C = | (roots  (set leq))
assumes D = | (roots ‘ (set neq))

shows (Fz. F(z)) = (FinsV(3reA. Fr)vV(3reB. Fe r)V(3reC. Fr)V(3reD.
Fe 1))

(proof)

lemma general-ge’’

assumes $ = {(=), (<), (), (#)}
assumes finite (X (=))
assumes finite (X (<))
assumes finite (X (<))
assumes finite (X (#))

assumes F' = (Az. Vrel€S. ¥V (a,b,c)€(X rel). rel (axz®+bxz+c) 0)

assumes Fe = (\r. Vrel€S. Y (a,b,c)e(X rel). Jy>r.V ze{r<..y}. rel (axz’+bxz+c)
0)

assumes F,,; = (Vrel€S. V (a,b,c)€(X rel). Jz. Vy<z. rel (axy?+bry+c) 0)
assumes roots = (A(a,b,c).
if a=0 A b#0 then {—c/b}::real set else

if{(l}?)éO A b2 —4xaxc>0 then {(—b+sqrt(b>—4xaxc))/(2%a) }U{(—b—sqrt(b®*—/*axc))/(2*a)}
else

assumes A = | (roots  ((X

assumes B = |J(roots ¢ ((X
assumes C = |J(roots * ((X
assumes D = | J( ‘(X
shows (3z. F(z)) = (FinyV(3r€A. Fr)V(3reB. Fe r)v(3reC. F r)vV(3reD.

Fe r))
(proof)

theorem general-ge :

assumes R = {(=), (<), (), (#)}

assumes V rel€R. finite (Atoms rel)
assumes F' = (\z. VreleR. V (a,b,c)€(Atoms rel). rel (axz*+bkxa+c) 0)

assumes Fe = (Ar.Vrel€R. V (a,b,c)€(Atoms rel). Jy>r.V ze{r<.y}. rel (axz*+b*z+-c)
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0)

assumes F;,; = (VreleR. ¥V (a,b,c)e(Atoms rel). Jz. ¥V y<z. rel (axy*+bxy+c)
0)

assumes roots = (A(a,b,c).
if a=0 A b#0 then {—c/b} else
if a0 A b2—f*axc>0then {(—b+sqrt(b>—4xaxc))/(2xa) YU{(—b—sqrt(b*>—4xaxc))/(2xa)}
else {})

shows (3z. F(z)) =
(Finf \Y
(Frel (roots < (Atoms (=) U Atoms (<))). F r) v
(3rel (roots © (Atoms (<) U Atoms (#))). Fe 1))

(proof)

end

3 Multivariate Polynomials Extension

theory MPolyFEztension
imports Polynomials. Polynomials Polynomials. MPoly-Type-Class-FMap
begin

3.1 Definition Lifting

lift-definition coeff-code::'a::zero mpoly = (nat = nat) = ’a is
lookup (proof)

lemma coeff-code[code]: coeff = coeff-code
{proof)

lemma coeff-transfer|transfer-rule]:— TODO: coeff should be defined via lifting,
this gives us the illusion
rel-fun cr-mpoly (=) lookup coeff (proof)

lemmas coeff-add = coeff-add]symmetric]

lemma plus-monom-zero[simp|: p + MPoly-Type.monom m 0 = p
(proof)

lift-definition monomials::’a::zero mpoly = (nat = nat) set is
Poly-Mapping.keys::((nat=gnat) =o 'a) = - set {proof)

lemma mpoly-induct [case-names monom sum]:— TODO: overwrites [Am a. ?P
(monom m a); ApI1 p2ma. [?P pl; P p2; p2 = monom m a; m ¢ keys (mapping-of
pl)] = 9P (p1 + p2)] = %P ?p
assumes monom:/\m a. P (MPoly-Type.monom m a)
and sum:(A\pl p2 m a. P pl = P p2 = p2 = (MPoly-Type.monom m a)
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= m ¢ monomials pl
= a# 0 = P (pl+p2))
shows P p (proof)

value monomials ((Var 0 + Const (3::int) * Var 1)72)

lemma Sum-any-lookup-times-eq:
> k. ((lookup (z::'a=o('b::comm-semiring-1)) (k::'a)) * ((f:: 'a=("b::comm-semiring-1))

1)) = (3 hekeys
z. (lookup = (k::'a)) * (f k))

(proof)

lemma Prod-any-power-lookup-eq:
(ITk:"a. f |k 7 lookup (z::a=onat) k) = ([[ k€keys z. fk ~ lookup z k)
(proof)

lemma insertion-monom: insertion i (monom m a) = a x ([[ k€keys m. i k ~
lookup m k)

{proof)

lemma monomials-monom][simp]: monomials (monom m a) = (if a = 0 then {}
else {m})
(proof)

lemma finite-monomials[simp): finite (monomials m)
(proof)

lemma monomials-add-disjoint:
monomials (a + b) = monomials a U monomials b if monomials a N
monomials b = {}

(proof)

lemma coeff-monom[simp): coeff (monom m a) m = a
{proof)

lemma coeff-not-in-monomials[simpl: coeff m z = 0 if x ¢ monomials m
(proof)

code-thms insertion

lemma insertion-code|code]: insertion i mp =
(3" memonomials mp. (coeff mp m) = (][] k€keys m. i k ~ lookup m k))
(proof)

code-thms insertion

value insertion (nth [1, 2.3]) ((Var 0 + Const (3::int) * Var 1)72)
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lift-definition isolate-variable-sparse::'a::comm-monoid-add mpoly =
nat = nat = ’a mpoly is
A(mp::'a mpoly) x d. sum
(Am. monomial (coeff mp m) (Poly-Mapping.update x 0 m))
{m € monomials mp. lookup m x = d} (proof)

lemma Poly-Mapping-update-code[code]: Poly-Mapping.update a b (Pm-fmap
fm) = Pm-fmap (fmupd a b fm)
(proof)

lemma monom-zero [simp] : monom m 0 = 0
{proof)

lemma remove-key-code[code]: remove-key v (Pm-fmap fm) = Pm-fmap
(fmdrop v fm)

(proof )
lemma extract-var-code[codel:

extract-var p v =
(3~ memonomials p. monom (remove-key v m) (monom (Poly-Mapping.single

v (lookup m v)) (coeff p m)))
(proof)
value extract-var ((Var 0 + Const (3::real) x Var 1)72) 0

code-thms degree
value degree ((Var 0 + Const (3::real) x Var 1)72) 0

lemma vars-code[code]: vars p = |J (keys ¢ monomials p)
{proof)

value wvars ((Var 0 + Const (3::real) * Var 1)72)

fun is-constant :: 'a::zero mpoly = bool where
is-constant p = Set.is-empty (vars p)

value is-constant (Const (0::int))
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fun get-if-const :: real mpoly = real option where
get-if-const p = (if is-constant p then Some (coeff p 0) else None)

term coeff p 0

lemma insertionNegative : insertion fp = — insertion f (—p)
(proof)

definition derivative :: nat = real mpoly = real mpoly where
derivative © p = (> i€{0..degree p x—1}. isolate-variable-sparse p z (i+1) * (Var
z)7i * (Const (i+1)))

get_coeffs = p gets the tuple of coefficients a b ¢ of the term a* 2% +b*xx +c
in polynomial p
fun get-coeffs :: nat = real mpoly = real mpoly * real mpoly * real mpoly where
get-coeffs var x = (
isolate-variable-sparse x var 2,

isolate-variable-sparse © var 1,
isolate-variable-sparse x var 0)

end

Executable Polynomial Properties

theory FExecutiblePolyProps
imports
Polynomials. MPoly- Type- Univariate
MPolyFExtension
begin
(Univariate) Polynomial hiding

lifting-update poly.lifting
lifting-forget poly.lifting

3.2 Lemmas with Monomial and Monomials

lemma of-nat-monomial: of-nat p = monomial p 0
(proof)

lemma of-nat-times-monomial: of-nat p * monomial ¢ i = monomial (pxc) ©
(proof )

lemma monomial-adds-nat-iff: monomial p i adds ¢ «— lookup c i > p for p::nat
(proof)
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lemma update-minus-monomial: Poly-Mapping.update k i (m — monomial i k) =
Poly-Mapping.update k i m
(proof)

lemma monomials- Var: monomials (Var x::'a::zero-neg-one mpoly) = { Poly-Mapping.single
z 1}
(proof )

lemma monomials-Const: monomials (Const z) = (if © = 0 then {} else {0})
{proof)

lemma coeff-eq-zero-iff: MPoly-Type.coeff ¢ p = 0 <— p ¢ monomials c
(proof)

lemma monomials-1[simp]: monomials 1 = {0}
{proof)

lemma monomials-and-monoms:
shows (k € monomials m) = (3 (a::nat). a # 0 A (monomials (MPoly-Type.monom
k a)) C monomials m)

(proof)

lemma mult-monomials-dir-one:
shows monomials (pxq) C {a+b | a b . a € monomials p A b € monomials q}

{proof)

lemma monom-eq-zero-iff [simp]: MPoly-Type.monom a b =0 «— b =0
(proof)

lemma update-eq-plus-monomial:

v > lookup m k = Poly-Mapping.update k v m = m + monomial (v — lookup
mk) k

for v n::nat

(proof)

lemma coeff-monom-mult’:

MPoly-Type.coeff ((MPoly-Type.monom m’ a) * q) (m'm) = a x MPoly-Type.coeff
g (m'm — m’)

if «: m'm =m’+ (m'm — m’)

(proof)

lemma monomials-zero[simp]: monomials 0 = {}
{proof)

lemma in-monomials-iff: x € monomials m <— MPoly-Type.coeff m x # 0
(proof )

lemma monomials-monom-mult: monomials (MPoly-Type.monom mon a * q) =
(if a = 0 then {} else (+) mon ‘ monomials q)
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for q::'a::semiring-no-zero-divisors mpoly
{proof)
3.3 Simplification Lemmas for Const 0 and Const 1

lemma add-zero : P + Const 0 = P
(proof)

lemma add-zero-example : ((Var 0)"2 — (Const 1)) + Const 0 = ((Var 0)72 —
(Const 1))

(proof)

lemma mult-zero-left : Const 0 x P = Const 0

(proof)

lemma mult-zero-right : P * Const 0 = Const 0

(proof)

lemma mult-one-left : Const 1 % (P :: real mpoly) = P
{proof)

lemma mult-one-right : (P::real mpoly) * Const 1 = P
(proof )
3.4 Coefficient Lemmas

lemma coeff-zero[simp]: MPoly-Type.coeff 0 z = 0
(proof )

lemma coeff-sum: MPoly-Type.coeff (sum fS) z = sum (Ai. MPoly-Type.coeff (f
i) z) S
(proof)

lemma coeff-mult-Var: MPoly-Type.coeff (z x Var i ~p) ¢ = (MPoly-Type.coeff ©
(¢ — monomial p i) when lookup ¢ i > p)

(proof)

lemma lookup-update-self[simp]: Poly-Mapping.update i (lookup m i) m = m
(proof )

lemma coeff-Const: MPoly-Type.coeff (Const p) m = (p when m = 0)
(proof )

lemma coeff-Var: MPoly-Type.coeff (Var p) m = (1 when m = monomial 1 p)
(proof )

3.5 Miscellaneous

lemma update-0-0[simpl: Poly-Mapping.update z 0 0 = 0
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{proof)

lemma mpoly-eq-iff: p = q <— (¥ m. MPoly-Type.coeff p m = MPoly-Type.coeff
qm)
(proof )

lemma power-both-sides :
assumes Ah : (A:real) >0
assumes Bh : (B:real) >0
shows (A<B) = (A72<B72)
(proof)

lemma in-list-induct-helper:
assumes set(zs)CX
assumes P ||
assumes (Az. z€X = ( Azs. P s = P (z # s)))
shows P xs (proof)

theorem in-list-induct [case-names Nil Cons]:
assumes P ||
assumes (Az. z€set(zs) = ( N\zs. P zs = P (z # 1s)))
shows P zs

{proof)

3.5.1 Keys and vars

lemma inKeys-inVars : a0 = x € keys m = x € vars(MPoly-Type.monom
m a)
{proof)

lemma notInKeys-notInVars : x ¢ keys m — x ¢ vars(MPoly-Type.monom m a)
(proof )

lemma lookupNotIn : z ¢ keys m — lookup m x = 0
(proof )

3.6 Degree Lemmas

lemma degree-le-iff: MPoly-Type.degree p x < k <— (VY me&monomials p. lookup
mz < k)
(proof)

lemma degree-less-iff: MPoly-Type.degree p © < k «+— (k>0 N (Y m&monomials
p. lookup m z < k))

(proof)

lemma degree-ge-iff: k > 0 = MPoly-Type.degree p x > k +— (I memonomials
p. lookup m z > k)
(proof )
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lemma degree-greater-iff: MPoly-Type.degree p x > k <— (ImeEmonomials p.
lookup m z > k)

{proof)

lemma degree-eq-iff:
MPoly-Type.degree p v = k +— (if k = 0
then (VY memonomials p. lookup m z = 0)
else (3memonomials p. lookup m = = k) A (Y mEmonomials p. lookup m z <
)

(proof)
declare poly-mapping.lookup-inject[simp del]

lemma lookup-eq-and-update-lemma: lookup m var = deg N\ Poly-Mapping.update
var 0 m = x —

m = Poly-Mapping.update var deg © A lookup x var = 0

(proof)

lemma degree-const : MPoly-Type.degree (Const (z:real)) (z:nat) = 0
{proof)

lemma degree-one : MPoly-Type.degree (Var z :: real mpoly) v = 1
(proof)

3.7 Lemmas on treating a multivariate polynomial as uni-
variate

lemma coeff-isolate-variable-sparse:
MPoly-Type.coeff (isolate-variable-sparse p var deg) x =
(if lookup = var = 0
then MPoly-Type.coeff p (Poly-Mapping.update var deg x)
else 0)

{proof)

lemma isovarspar-sum:
isolate-variable-sparse (p+q) var deg =
isolate-variable-sparse (p) var deg
+ isolate-variable-sparse (q) var deg

{proof)

lemma isolate-zero[simp]: isolate-variable-sparse 0 var n = 0

(proof)

lemma coeff-isolate-variable-sparse-minus-monomial:
MPoly-Type.coeff (isolate-variable-sparse mp var i) (m — monomial i var) =
(if lookup m var < i then MPoly-Type.coeff mp (Poly-Mapping.update var i m)
else 0)
(proof)
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lemma sum-over-zero: (mp::real mpoly) = (. i::nat <MPoly-Type.degree mp .
isolate-variable-sparse mp = i *x Var z %)
(proof )

lemma const-lookup-zero : isolate-variable-sparse (Const p ::real mpoly) (z::nat)
(0::nat) = Const p
(proof)

lemma const-lookup-suc : isolate-variable-sparse (Const p :: real mpoly) x (Suc ©)
=0
(proof)

lemma isovar-greater-degree : ¥ i > MPoly-Type.degree p var. isolate-variable-sparse
puvari =0
(proof )

lemma isolate-var-0 : isolate-variable-sparse (Var x::real mpoly) © 0 = 0
(proof)

lemma isolate-var-one : isolate-variable-sparse (Var x :: real mpoly) © 1 = 1
(proof)

lemma isovarspase-monom :

assumes notinKeys : © ¢ keys m

assumes notZero : a # 0

shows isolate-variable-sparse (MPoly- Type.monom m a) x 0 = (MPoly-Type.monom
m a :: real mpoly)

(proof)

lemma isolate-variable-spase-zero : lookup m x = 0 =
insertion (nth L) ((MPoly-Type.monom m a)::real mpoly) = 0 =
a # 0 = insertion (nth L) (isolate-variable-sparse (MPoly-Type.monom m a)
z0)=0
(proof)

lemma isovarsparNotIn : x ¢ vars (p::real mpoly) = isolate-variable-sparse p x
0=p
(proof)

lemma degreelfisovarspar :
assumes deg0 : MPoly-Type.degree (p::real mpoly) x = 0
shows isolate-variable-sparse p © 0 = p

(proof)

3.8 Summation Lemmas

lemma summation-normalized :
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assumes nonzero : (B :real) #0

shows (> i = 0..<((n:nat)+1). (fi:real) *x B " (n—14) =D i=0..<(n+1).
(f9) / (B i) x (B™n)
(proof)

lemma normalize-summation :
assumes nonzero : (B::real)#0
shows (> i=0..<n+1.fi*x B " (n—1)=0
—
i = 0..<(nunat)+1. (fizreal) / (B ~4) =0
(proof )

lemma normalize-summation-less :
assumes nonzero : (B::real)#0
shows (3¢ = 0..<(n+1). (fi) * B " (n—14)) * B ~(nmod 2) < 0
—
i = 0..<((nunat)+1). (fizreal) / (B " 1)) < 0
(proof)

3.9 Additional Lemmas with Vars

lemma not-in-isovarspar : isolate-variable-sparse (p::real mpoly) var © = (q::real
mpoly) = var¢(vars q)

(proof)

lemma not-in-add : varé¢(vars (p::real mpoly)) = var¢(vars (q::real mpoly)) =

varé(vars (p+4q))
(proof )

lemma not-in-mult : varg(vars (p::real mpoly)) = varé(vars (q::real mpoly))
= var¢(vars (pxq))
{proof)

lemma not-in-neg : varé(vars(p::real mpoly)) +— varg¢(vars(—p))

(proof)

lemma not-in-sub : vard¢(vars (p::real mpoly)) = varé¢(vars (q::real mpoly)) =

varé(vars (p—q))
(proof)

lemma not-in-pow : varé(vars(p::real mpoly)) = var¢(vars(p %))
(proof)

1<emITf1;1 not-in-sum-var: (¥ i. varé(vars(f(i)::real mpoly))) = varé¢(vars(d>_ i€{0..<(n::nat)}.f(7)))
PrOoo

lemma not-in-sum : (V4. varé(vars(f(i)::real mpoly))) =V (n::nat). varg (vars(d_ ie{0..<n}.f(7)))
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{proof)

lemma not-contains-insertion-helper :
YV z€keys (mapping-of p). var ¢ keys x =
(NE f. (k ¢ keys f) = (lookup fk =
lookup (mapping-of p) a = 0 V
(IT aa. (if aa < length L then L{var := y] ! aa else 0) ~ lookup a aa) =
(IT aa. (if aa < length L then Lvar := z] ! aa else 0) ~ lookup a aa)
(proof )

S
—
N

lemma not-contains-insertion :
assumes notln : var ¢ vars (p:: real mpoly)
assumes ezists : insertion (nth-default 0 (list-update L var x)) p = val
shows insertion (nth-default 0 (list-update L var y)) p = val

(proof)

3.10 Imnsertion Lemmas

lemma insertion-sum-var : ((insertion f (> i€{0..<(n:nat)}.g(7))) = (O] i€{0..<n}.
insertion f (g i)))
(proof)

lemma insertion-sum : ¥ (n::nat). ((insertion f (3 i€{0..<n}.¢9(7))) = (>_ ie{0..<n}.
insertion f (g i)))
{proof )

lemma insertion-sum’ : \(n:nat). ((insertion f (> i<n. g(i))) = (3 i<n. inser-

tion f (g i)))

(proof)
lemma insertion-pow : insertion f (p i) = (insertion f p) i
(proof)
lemma insertion-neg : insertion f (—p) = —insertion f p
(proof)

lemma insertion-var :
length L > var = insertion (nth-default 0 (list-update L var z)) (Var var) = z

{proof)

lemma insertion-var-zero : insertion (nth-default 0 (z#xs)) (Var 0) = x (proof)
lemma notln-insertion-sub : x¢vars(p::real mpoly) = z¢vars(q::real mpoly)
= insertion f (p—q) = insertion f p — insertion f q

{proof)

lemma insertion-sub : insertion f (A—B :: real mpoly) = insertion f A — insertion
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fB
(proof )

lemma insertion-four : insertion ((nth-default 0) zs) 4 = 4
(proof)

lemma insertion-add-ind-basecase:

insertion (nth (list-update L var x)) (3 i:inat < 0. isolate-variable-sparse p var
i x (Var var) %))

=(>i=0.<(0+1). insertion (nth (list-update L var x)) (isolate-variable-sparse
p var i * (Var var) %))

(proof)

lemma insertion-add-ind:
insertion (nth-default 0 (list-update L var z)) (3 i:nat < d. isolate-variable-sparse
p var i * (Var var) %))
=(>i=0.<(d+1). insertion (nth-default 0 (list-update L var x)) (isolate-variable-sparse
p var i x (Var var) %))
(proo)

lemma sum-over-degree-insertion :
assumes (Length : length L > var
assumes deg : MPoly-Type.degree (p::real mpoly) var = d
shows (3" i = 0..<(d+1). insertion (nth-default 0 (list-update L var z)) (isolate-variable-sparse
p var i) * (x7%))
= insertion (nth-default 0 (list-update L var x)) p
(proof )

lemma insertion-isovarspars-free :

insertion (nth-default 0 (list-update L var x)) (isolate-variable-sparse (p::real
mpoly) var (i::nat))

=insertion (nth-default 0 (list-update L var y)) (isolate-variable-sparse (p::real
mpoly) var (i::nat))

(proof)
lemma insertion-zero : insertion f (Const 0 ::real mpoly) = 0

{proof)

lemma insertion-one : insertion f (Const 1 ::real mpoly) = 1
(proof )

lemma insertion-const : insertion f (Const c::real mpoly) = (c::real)
(proof)

3.11 Putting Things Together
3.11.1 More Degree Lemmas

lemma degree-add-leq :
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assumes hl : MPoly-Type.degree a var < z
assumes h2 : MPoly-Type.degree b var < z
shows MPoly-Type.degree (a+b) var < z
(proof)

lemma degree-add-less :
assumes hl : MPoly-Type.degree a var < z
assumes h2 : MPoly-Type.degree b var < z
shows MPoly-Type.degree (a+b) var < z
(proof )

lemma degree-sum : (¥ i€{0..n::nat}. MPoly-Type.degree (f i :: real mpoly) var <
x) = (MPoly-Type.degree (> xzc{0..n}. fz) var) <z
(proof)

lemma degree-sum-less : (Vi€{0..n::nat}. MPoly-Type.degree (f i :: real mpoly)
var < z) = (MPoly-Type.degree (> x€{0..n}. f z) var) < z
(proof)

lemma varNotIn-degree :
assumes var ¢ vars p
shows MPoly-Type.degree p var = 0

(proof)

lemma degree-mult-leq :

assumes pnonzero: (p::real mpoly)=0

assumes gnonzero: (g::real mpoly)#£0

shows MPoly-Type.degree ((p::real mpoly) * (g::real mpoly)) var < (MPoly-Type.degree
p var) + (MPoly-Type.degree q var)
(proof)

lemma degree-exists-monom:

assumes p#(

shows JImemonomials p. lookup m var = MPoly-Type.degree p var
(proof)

lemma degree-not-exists-monom:
assumes p#(
shows — (3 me&monomials p. lookup m var > MPoly-Type.degree p var)

(proof)

lemma degree-monom: MPoly-Type.degree (MPoly-Type.monom x y) v = (if y =
0 then 0 else lookup x v)

(proof)
lemma degree-plus-disjoint:

MPoly-Type.degree (p + MPoly-Type.monom m c¢) v = max (MPoly-Type.degree
p v) (MPoly-Type.degree (MPoly-Type.monom m ¢) v)
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if m ¢ monomials p
for p::real mpoly
{proof )

3.11.2 More isolate_ variable__sparse lemmas

lemma isolate-variable-sparse-ne-zeroD:
isolate-variable-sparse mp v © # 0 = x© < MPoly-Type.degree mp v

(proof)

context includes poly.lifting begin
lift-definition mpoly-to-nested-poly::'a::comm-monoid-add mpoly = nat = 'a mpoly
Polynomial.poly is

A(mp::'a mpoly) (v:inat) (p::inat). isolate-variable-sparse mp v p

— note extract-var nests the other way around

(proof)

lemma degree-eq-0-mpoly-to-nested-polyl:
mpoly-to-nested-poly mp v = 0 = MPoly-Type.degree mp v = 0
(proof )

lemma coeff-eq-zero-mpoly-to-nested-polyD: mpoly-to-nested-poly mp v = 0 =
MPoly-Type.coeff mp 0 = 0
(proof)

lemma mpoly-to-nested-poly-eq-zero-iff [simp):
mpoly-to-nested-poly mp v = 0 <— mp = 0
(proof)

lemma isolate-variable-sparse-degree-eq-zero-iff : isolate-variable-sparse p v (MPoly-Type.degree
pv)=0+—p=20
(proof)

lemma degree-eq-univariate-degree: MPoly-Type.degree p v =
(if p = 0 then 0 else Polynomial.degree (mpoly-to-nested-poly p v))
(proof )

lemma compute-mpoly-to-nested-poly[code]:
coeffs (mpoly-to-nested-poly mp v) =
(if mp = 0 then ||
else map (isolate-variable-sparse mp v) [0..<Suc(MPoly-Type.degree mp v)])
(proof )

end

lemma isolate-variable-sparse-monom: isolate-variable-sparse (MPoly- Type.monom
ma)vi=

(if a = 0 V lookup m v # i then 0 else MPoly-Type.monom (Poly-Mapping.update
v 0m) a)
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(proof)

lemma isolate-variable-sparse-monom-mult:
isolate-variable-sparse (MPoly-Type.monom m a * q) v n =
(if n > lookup m v
then MPoly-Type.monom (Poly-Mapping.update v 0 m) a * isolate-variable-sparse
q v (n — lookup m v)
else 0)
for q::'a::semiring-no-zero-divisors mpoly
(proof)

lemma isolate-variable-sparse-mult:

isolate-variable-sparse (p * q) v n = (D i<n. isolate-variable-sparse p v © *
isolate-variable-sparse q v (n — 1))

for p q::'a::semiring-no-zero-divisors mpoly
(proof)

3.11.3 More Miscellaneous

lemma var-not-in-Const : var¢vars (Const  :: real mpoly)
{proof)

lemma mpoly-to-nested-poly-mult:

mpoly-to-nested-poly (p * q) v = mpoly-to-nested-poly p v x mpoly-to-nested-poly
qu

for p ¢::'a::{comm-semiring-0, semiring-no-zero-divisors} mpoly

(proof)

lemma get-if-const-insertion :
assumes get-if-const (p::real mpoly) = Some r
shows insertion fp =1

(proof)

3.11.4 Yet more Degree Lemmas

lemma degree-mult:

fixes p q::'a::{comm-semiring-0, ring-1-no-zero-divisors} mpoly

assumes p # 0

assumes ¢q # 0

shows MPoly-Type.degree (p * q) v = MPoly-Type.degree p v + MPoly-Type.degree
qu

(proof)

lemma degree-eq:
assumes (p::real mpoly) = (q:: real mpoly)
shows MPoly-Type.degree p © = MPoly-Type.degree q x
(proof)
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lemma degree-var-i : MPoly-Type.degree ((( Var x) 7i:: real mpoly)) © = i
(proof)

lemma degree-less-sum:

assumes MPoly-Type.degree (p::real mpoly) var = n
assumes MPoly-Type.degree (gq::real mpoly) var = m
assumes m < n
shows MPoly-Type.degree (p + q) var = n

(proof )

lemma degree-less-sum”:
assumes MPoly-Type.degree (p::real mpoly) var = n

assumes MPoly-Type.degree (q::real mpoly) var = m
assumes n < m
shows MPoly-Type.degree (p + q) var = m (proof)

lemma nonzero-const-is-nonzero:
assumes (k::real) # 0
shows ((Const k)::real mpoly) # 0

{proof)

lemma degree-derivative :
assumes MPoly-Type.degree p x > 0
shows MPoly-Type.degree p x = MPoly-Type.degree (derivative z p) = + 1

(proof)

lemma express-poly :
assumes h : MPoly-Type.degree (p::real mpoly) var = 1 V' MPoly-Type.degree p
var = 2
shows p =
(isolate-variable-sparse p var 2)x(Var var) 2
+(isolate-variable-sparse p var 1)*( Var var)
+(isolate-variable-sparse p var 0)

(proof)

lemma degree-isovarspar : MPoly-Type.degree (isolate-variable-sparse (p::real mpoly)
zi)z =10
(proof )

end

4 Atoms

theory PolyAtoms
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imports EzecutiblePolyProps
begin

4.1 Definition

datatype (atoms: 'a) fm =
TrueF' | FalseF | Atom 'a | And 'a fm 'a fm | Or 'a fm 'a fm |
Neg 'a fm | ExQ 'a fm | AUQ 'a fm | ExN nat 'a fm | AlIN nat 'a fm

definition neg where
neg ¢ = (if o=TrueF then FalseF else if p="FalseF then TrueF else Neg )

definition and :: ‘a fm = ‘a fm = 'a fm where
and @1 Y2 =
(if p1=TrueF then @y else if po=TrueF then i else
if p1=FalseF V @y=FalseF then FalseF else And v1 ¢2)

definition or :: ‘a fm = ’a fm = 'a fm where

or Y1 Y2 =
(if p1=FalseF then s else if po=FalseF then p; else
if p1=TrueF V po="TrueF then TrueF else Or @1 p3)

definition list-conj :: 'a fm list = 'a fm where
list-conj fs = foldr and fs TrueF

definition list-disj :: 'a fm list = 'a fm where
list-disj fs = foldr or fs FalseF

The atom datatype corresponds to the defined in Tobias’s LinearQuanti-
fierElim.

datatype atom = Less real mpoly | Eq real mpoly | Leq real mpoly | Neg real mpoly

For each atom, the real mpoly corresponds to a polynomial from the Poly-
nomials library where we allow for real valued coefficients.

The variables in the polynomials are in De Bruijn notation where variable
0 corresponds to the variable of the innermost quantifier, then variable 1 is
the next quantifier out from that, and so on. Any variable number greater
than the number of quantifiers is a free variable. This means that we have a
list of infinite free variables we can pick from and if we want to refer to the
ith free variable (indexed at 0) within an atom that is bound in j quantifiers,
then we would use var (i+j).

The polynomials are all standardized so that they are compared to a 0 on the
right. This means the atom Less p corresponds to p < 0 and the atom Eq p
corresponds to p = 0 and so on. This restriction doesn’t lose any generality
and having all 4 of these kinds of atoms prevents loss of efficiency as the
negation of these atoms do not introduce additional logical connectives. The
following aNeg function demonstrates this.
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fun aNeg :: atom = atom where
aNeg (Less p) = Leq (—p) |
aNeg (Eq p) = Neq p |
aNeg (Leq p) = Less (—p) |
aNeg (Neg p) = Eq p

4.2 Evaluation

In order to do any proofs with these atoms, we need a method of comparing
two atoms to check if they are equal. Instead of trying to manipulate the
polynomials to a standard form to compare them, it is a lot easier to plug
in values for every variable and check if the results are equal. If every single
real value input for each variable matches in truth value for both atoms,
then they are equal.

aEval a | corresponds to plugging in the real value list 1 into the variables
of atom a and then evaluating the truth value of it

fun aFval :: atom = real list = bool where
aFBval (Eq p) L = (insertion (nth-default 0 L) p = 0) |
aFEval (Less p) L = (insertion (nth-default 0 L) p < 0) |
aEval (Leg p) L = (insertion (nth-default 0 L) p < 0) |
aFval (Neq p) L = (insertion (nth-default 0 L) p # 0)

p
)

aNeg_aEval shows the general format for how things are proven equal. Plug-
ging in the values to an original atom a will results in the opposite truth
value if we transformed with the aNeg function.

lemma aNeg-aFEval : aEval a L <— (= aFval (aNeg a) L)
{proof)

We can extend this to formulas instead of just atoms. Given a formula in
prenex normal form, we simply iterate through and apply the quantifiers

fun eval :: atom fm = real list = bool where
eval (Atom a) T = aFval a T |
eval (TrueF) - = True |
eval (FalseF) - = False |
eval (And ¢ ) T' = ((eval ¢ T') A (eval ¢ T)) |
eval (Or ¢ ) I' = ((eval ¢ T') V (eval 9 T)) |
eval (Neg ¢) T' = (= (eval ¢ T)) |
eval (BxQ ¢) T' = (Fz. (eval ¢ (z#T))) |
eval (AllQ ) T = (Va. (eval ¢ (z#1)))|
eval (AlIN i o) T' = (V1. length | = i — (eval ¢ (I QT)))|
eval (BxN ¢ ) I' = (3. length | = i A (eval ¢ (1 @QT)))

lemma eval (Ex@ (Or (Atom A) (Atom B))) xzs = eval (Or (ExQ(Atom A))
(ExQ(Atom B))) xs

{proof)
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lemma eval-neg-neg : eval (neg (neg f)) L «— eval f L
(proof )

lemma eval-neg : (— eval (neg f) L) «— eval f L
(proof )

lemma eval-and : eval (and a b) L <— (eval a L A eval b L)
{proof)

lemma eval-or : eval (or a b) L +— (eval a L V eval b L)
(proof)

lemma eval-Or : eval (Or a b) L +— (eval a L V eval b L)

(proof)

lemma eval-And : eval (And a b) L <— (eval a L A eval b L)
{proof)

lemma eval-not : eval (neg a) L <— —(eval a L)
(proof)

lemma eval-true : eval TrueF L
(proof )

lemma eval-false : —(eval FalseF L)
{proof)

lemma eval-Neg : eval (Neg @) L = eval (neg ¢) L
{proof)

lemma eval-Neg-Neg : eval (Neg (Neg ¢)) L = eval ¢ L
(proof)

lemma eval-Neg-And : eval (Neg (And ¢ 1)) L = eval (Or (Neg ) (Neg v)) L
(proof)

lemma aFval-leq : aEval (Leq p) L = (aFEval (Less p) L V aFEval (Eq p) L)
{proof)

This function is misleading because it is true iff the variable given doesn’t
occur as a free variable in the atom fm

fun freeln :: nat = atom fm = bool where
freeIn var (Atom(Eq p)) = (var ¢ (vars p))|
freeln var (Atom(Less p)) = (var ¢ (vars p))|
freeln var (Atom(Leq p)) = (var ¢ (vars p))|
freeIn var (Atom(Neq p)) = (var ¢ (vars p))|
freeln var (TrueF) = True|
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freeIn var (FalseF) = True|

freeIn var (And a b) = ((freeIn var a) A (freeln var b))
freeIn var (Or a b) = ((freeIn var a) A (freeln var b))|
freeIn var (Neg a) = freeIn var a

freeln var (ExQ a) = freeIn (var+1) al

freeIn var (AllQ a) = freeln (var+1) al

freeIn var (AlIN i a) = freeln (var+i) al

freeln var (ExzN i a) = freeln (var+i) a

fun liftmap :: (nat = atom = atom fm) = atom fm = nat = atom fm where
liftmap f TrueF var = TrueF|
liftmap f FalseF var = FalseF|
liftmap f (Atom a) var = f var af
liftmap f (And @ ) var = And (liftmap f ¢ var) (liftmap f ¢ var)]
liftmap f (Or ¢ ) var = Or (liftmap f ¢ var) (liftmap f ¢ var)]
liftmap f (Neg ) var = Neg (liftmap f ¢ var)]
liftmap f (EzQ ¢) var = EzxQ (liftmap f ¢ (var+1))|
liftmap f (ALQ ¢) var = AlQ (liftmap f ¢ (var+1))|
liftmap f (AlIN i o) var = AlIN i (liftmap f ¢ (var+i))|
liftmap f (ExN i @) var = ExN i (liftmap f ¢ (var+i))

fun depth :: 'a fm = natwhere
depth TrueF = 1|
depth FalseF = 1|
depth (Atom -) = 1]
depth (And ¢ ) = maz (depth ©) (depth ) + 1]
depth (Or ¢ v¥) = mazx (depth ) (depth ) + 1]
depth (Neg ) = depth ¢ + 1]
depth (ExQ ¢) = depth ¢ + 1]
depth (AllQ ) = depth v + 1|
depth (AlIN i ) = depth ¢ + 1]
depth (ExN i @) = depth ¢ + 1

value AllQ (And
(EzQ (Atom (Eq (Var 1 x Var 2 — (Var 0)72 % Var 3))))
(Neg (AllQ (Atom (Leq (Const 5 % (Var 1)72 — Var 0)))))

)

fun negation-free :: atom fm = bool where
negation-free TrueF = True |
negation-free FalseF' = True |
negation-free (Atom a) = True |
negation-free (And 1 p2) = ((negation-free p1) N (negation-free p2)) |
negation-free (Or o1 @2) = ((negation-free 1) A (negation-free ps)) |
negation-free (ExQ @) = negation-free ¢ |
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negation-free
negation-free
negation-free
negation-free

AllQ ) = negation-free ¢ |
AlIN i ) = negation-free ¢ |
EzN i ) = negation-free ¢ |
Neg -) = False

NN S

4.3 Useful Properties

lemma sum-eq : eval (Atom(Eq p)) L — eval (Atom(FEq q)) L — eval (Atom(Eq(p

+9) L
{proof)

lemma freeln-list-conj : (V feset(F). freeln var f) = freeln var (list-conj F)

(proof)

lemma freeln-list-disj :
assumes V feset (L::atom fm list). freeln var f
shows freeln var (list-disj L)
(proof )

lemma var-not-in-aFval : freeln var (Atom ¢) = (Jz. aFval ¢ (list-update L
var z)) = (Vz. aBval ¢ (list-update L var x))

(proof)

lemma var-not-in-aEval2 : freeln 0 (Atom ¢) = (Jz. aFval ¢ (x#L)) = (V.
aFEval ¢ (z#L))

{proof)

lemma plugInLinear :
assumes (Length : length L>wvar
assumes nonzero : B#0
assumes hb : Y o. insertion (nth-default 0 (list-update L var v)) b = B
assumes he : V. insertion (nth-default 0 (list-update L var v)) ¢ = C
shows aFEval (Eq(bxVar var + ¢)) (list-update L var (—C/B))

(proof)

4.4 Some eval results

lemma doubleEzist : eval (ExN 2 A) L = eval (ExQ (ExQ A)) L
{proof)

lemma doubleForall : eval (AlIN 2 A) L = eval (AllQ (AllQ A)) L
{proof)

lemma unwrapEzist : eval (ExN (j + 1) A) L = eval (EzQ (EzN j A)) L
{proof)

lemma unwrapFEzist’ : eval (ExzN (j + 1) A) L = eval (FzN j (EzQ A)) L
(proof)

lemma unwrapEzist” : eval (ExzN (i + j) A) L = eval (ExzN i(EzN j A)) L
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{proof)

lemma unwrapForall : eval (AlIN (j + 1) A) L = eval (AllQ (AlINj A)) L
{proof)

lemma unwrapForall’ : eval (AlIN (j + 1) A) L = eval (AlIN j (AlIQ A)) L
{proof)

lemma unwrapForall’” : eval (AlIN (i + j) A) L = eval (AlIIN i(AlIN j A)) L
{proof)

lemma var-not-in-eval : ¥ var. ¥ L. (freeln var ¢ — ((3z. eval ¢ (list-update L
var x)) = (V. eval ¢ (list-update L var x))))

(proof)

lemma var-not-in-eval2 : ¥V L. (freeln 0 ¢ — ((3x. eval ¢ (z#L)) = (Vz. eval
¢ (z#L))))
(proof)

lemma var-not-in-eval3 :
assumes freeln var ¢
assumes length s’ = var
shows ((3z. eval ¢ (zs'Qx#L)) = (V. eval ¢ (xs'Qz#L)))

{proof)

lemma eval-list-conj : eval (list-conj F) L = (Vf€set(F). eval f L)
{proof)

lemma eval-list-disj : eval (list-disj F) L = (3 feset(F). eval f L)
(proof)

end

5 Debruijn Indicies Formulation

theory Debruijn
imports PolyAtoms
begin

5.1 Lift and Lower Functions

these functions are required for debruijn notation the (liftPoly n a p) func-
tions increment each variable greater n in polynomial p by a the (lowerPoly n
a p) functions lower each variable greater than n by a so variables n through
n+a-1 shouldn’t exist

context includes poly-mapping.lifting begin

definition inc-above b i x = (if © < b then x else © + i:nat)
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definition dec-above b i x = (if x < b then z else z — i::nat)

lemma inc-above-dec-above: x < bV b + i < x = inc-above b i (dec-above b i
z) =2

(proof )
lemma dec-above-inc-above: dec-above b i (inc-above b iz) = x

{proof)

lemma inc-above-dec-above-iff: inc-above b i (dec-above b i z) = x +— z < bV
b+i<zx
{proof)

lemma inj-on-dec-above: inj-on (dec-above b i) {z. z < bV b+ i < z}
{proof)

lemma finite-inc-above-ne: finite {z. f x # ¢} = finite {x. f (inc-above b i x) #
c}
(proof)

lemma finite-dec-above-ne: finite {z. fx # ¢} = finite {x. f (dec-above b i x) #
c}
(proof)

lift-definition lowerPowers::nat = nat = (nat =¢ 'a) = (nat =¢ 'a::zero)
is Ab i px. if x € {b..<b+i} then 0 else p (dec-above b i x)::'a

(proof)

lift-definition higherPowers::nat = nat = (nat = 'a) = (nat = 'a::zero)
is Ab i p z. p (inc-above b i z)::'a
{proof)

lemma higherPowers-lowerPowers: higherPowers n i (lowerPowers n i z) = x

{proof)

lemma inj-lowerPowers: inj (lowerPowers b 7)
{proof)

lemma lowerPowers-higherPowers:

(Nj-n<j=j<n+i= lookup zj= 0) = lowerPowers n i (higherPowers
niz) =z

(proof )

lemma inj-on-higherPowers: inj-on (higherPowers n i) {z. Vi n < jAj<n +
i — lookup zj = 0}
(proof )

lemma higherPowers-eq: lookup (higherPowers b i p) x = lookup p (inc-above b i

z)
{proof)
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lemma lowerPowers-eq: lookup (lowerPowers b ip) z = (if b <z Az <b+ i
then 0 else lookup p (dec-above b i x))

{proof)

lemma keys-higherPowers: keys (higherPowers b i m) = dec-above b i *

{z. z ¢ {b..<b+i}})
{proof)

(keys m N

context includes fmap.lifting begin

lift-definition lowerPowersy::nat = nat = (nat, 'a) fmap = (nat, 'a::zero) fmap
is Abipux. if v € {b..<b+i} then None else p (dec-above b i 1)

(proof)

lift-definition higherPowers;::nat = nat = (nat, 'a) fmap = (nat, 'a) fmap
is Ab i fx. f (inc-above b i 1)
(proof )

lemma map-of-map-key-inverse-fun-eq:
map-of (map (MK, y). (fk, y)) zs) = = map-of zs (g x)
if No.z€setws= g (f (fstx))=1fstaxf (gz)==x
for f::'a = b
(proof)

lemma map-of-filter-key-in: P x = map-of (filter (A(k, v). P k) xs) © = map-of
5 T

{proof)

lemma map-of-eq-Nonel: z¢fst‘set xs = map-of xs x = None

(proof)

lemma compute-higherPowersy|code]: higherPowersy b i (fmap-of-list zs) =
fmap-of-list (map (A(k, v). (if k < b then k else k — i, v)) (filter (A(k, v). k ¢

{b..<b+i}) zs))

{proof)

lemma compute-lowerPowers[code]: lowerPowersy b i (fmap-of-list zs) =
fmap-of-list (map (M(k, v). (if k < b then k else k + i, v)) zs)
{proof)

lemma compute-higherPowers[code]: higherPowers n i (Pm-fmap xs) = Pm-fmap
(higherPowersy n i xs)
(proof )

lemma compute-lowerPowers|code]: lowerPowers n i (Pm-fmap xs) = Pm-fmap
(lowerPowersy n i xs)

(proof)
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lemma finite-nonzero-coeff: finite {x. MPoly-Type.coeff mpoly © # 0}
{proof )

lift-definition lowerPolyy::nat = nat = ((nat=>gnat)=-’a::zero) = ((nat=-gnat)=9
‘a) is

Ab i (mp::(nat=gnat)="'a) mon. mp (lowerPowers b i mon)
(proof )

lemma higherPowers-zero[simp): higherPowers b i 0 = 0
(proof )

lemma keys-lowerPolyg: keys (lowerPolyy b i mp) = higherPowers b i ‘ (keys mp
N {z. Vje{b..<b+i}. lookup x j = 0})
(proof )

lift-definition higherPolyg::nat = nat = ((nat=-gnat)=-¢’a::zero) = ((nat=-gnat)=
‘a) is
Ab i (mp:(nat=-gnat)="a) mon.
if (3j€{b..<b+i}. lookup mon j > 0)
then 0
else mp (higherPowers b i mon)

(proof)

context includes fmap.lifting begin

lift-definition lowerPolys::nat = nat = ((nat=-gnat), ‘a::zero) fmap = ((nat=-gnat),
‘a) fmap is
Ab i (mp:((nat=onat)—'a)) mon::(nat=-gnat). mp (lowerPowers b i mon)

{(proof)

lift-definition higherPoly;::nat = nat = ((nat=-gnat), 'a::zero) fmap = ((nat=-gnat),
‘a)fmap is
Ab i (mp:((nat=-onat)—'a)) mon::(nat=-gnat).
if (3je{b..<b+i}. lookup mon j > 0)
then None
else mp (higherPowers b i mon)

(proof)

lemma keys-lowerPowers: keys (lowerPowers b i m) = inc-above b i ‘ (keys m)
{proof)

lemma keys-higherPolyy: keys (higherPolyy b ¢ mp) = lowerPowers b i ‘ (keys mp)

(proof)

end
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lemma inc-above-id[simp]: n < m = inc-above m i n = n (proof)
lemma inc-above-Suc[simp]: n > m = inc-above m i n = n + i (proof)

lemma compute-lowerPolyg[code]: lowerPolyy n i (Pm-fmap m) = Pm-fmap (lowerPoly ¢
nim)
{proof )

lemma compute-higherPolyg|code]: higherPolyy n i (Pm-fmap m) = Pm-fmap (higherPoly ¢
nim)
(proof )

lemma compute-lowerPolyy[code]: lowerPolys n i (fmap-of-list xs) =
(fmap-of-list (map (A(mon, c). (higherPowers n i mon, c))
(filter (A(mon, v). Vie{n..<n+i}. lookup mon j = 0) xs)))
(proof )

lemma compute-higherPoly[code]: higherPolys n i (fmap-of-list xs) =
fmap-of-list (filter (A(mon, v). Vje{n..<n+i}. lookup mon j = 0)
(map (A(mon, ¢). (lowerPowers n i mon, c)) xs))

(proof)

end

lift-definition lowerPoly::nat = nat = 'a::zero mpoly = 'a mpoly is lowerPolyq

(proof)

lift-definition liftPoly::nat = nat = ’a::zero mpoly = 'a mpoly is higherPolyg

(proof)

lemma coeff-lowerPoly: MPoly-Type.coeff (lowerPoly b i mp) x = MPoly-Type. coeff
mp (lowerPowers b i x)

(proof)

lemma coeff-liftPoly: MPoly-Type.coeff (liftPoly b i mp) z = (if (3je{b..<b+i}.
lookup zj > 0)
then 0
else MPoly-Type.coeff mp (higherPowers b i x))
(proof )

lemma monomials-lowerPoly: monomials (lowerPoly b i mp) = higherPowers b i
 (monomials mp N {z. Vje{b..<b + i}. lookup z j = 0})
(proof )

lemma monomials-lift Poly: monomials (liftPoly b i mp) = lowerPowers b i ‘ (monomials
mp)
(proof )
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value [code] lowerPoly 1 1 (1 % Var 0 + 2 % Var 2 =2 + 8 % Var 3 ~ 4:int
mpoly) = (Var 0 + 2 x Var 172 + 3 = Var 274::int mpoly)
value [code] lowerPoly 1 3 (1 % Var 0 + 2 x Var 4 ~ 2 + 3 x Var 5 ~ 4:int
mpoly) = (Var 0 + 2 x Var 172 + 8 x Var 274 ::int mpoly)

value [code] liftPoly 1 3 (1 * Var 0 + 2 x Var 4 ~ 2 + 3 x Var 5 ~ 4::int mpoly)
= (Var 0 + 2 « Var 772 + 3 x Var 8 4 ::int mpoly)

fun lowerAtom :: nat = nat = atom = atom where
lowerAtom d amount (Eq p) = Eq(lowerPoly d amount p)|
lowerAtom d amount (Less p) = Less(lowerPoly d amount p)|
lowerAtom d amount (Leq p) = Leq(lowerPoly d amount p)|
lowerAtom d amount (Neq p) = Neq(lowerPoly d amount p)

lemma lookup-not-in-vars-eq-zero: © € monomials p = i ¢ vars p = lookup x
i=10
(proof )

lemma nth-dec-above:

assumes length xs = i length ys = j k ¢ {i..<i+j}

shows nth-default 0 (zs Q zs) (dec-above i j k) = (nth-default 0 (xs Q ys Q zs))
k

{proof)

lemma insertion-lowerPoly:
assumes i-notin: vars p N {i..<i+j} = {}
and Iprfr: length prfr =
and lzs: length s = j
shows insertion (nth-default 0 (prfzr@QL)) (lowerPoly i j p) = insertion (nth-default
0 (prfrQzsQL)) p (is %lhs = ?rhs)
(proof)

lemma insertion-lowerPoly!:
assumes i-notin: { ¢ vars p
and Iprfz: length prfr = ¢
shows insertion (nth-default 0 (prfz@Qz#L)) p = insertion (nth-default 0 (prfzQL))
(lowerPoly i 1 p)

{proof)

lemma insertion-lowerPoly01:

assumes i-notin: 0 ¢ vars p

shows insertion (nth-default 0 (z#L)) p = insertion (nth-default 0 L) (lowerPoly
01p)

(proof)

lemma aFEval-lowerAtom : (freeIn 0 (Atom A)) = (aBval A (z#L) = aFEval
(lowerAtom 0 1 A) L)

(proof)
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fun map-fm-binders :: (atom = nat = atom) = atom fm = nat = atom fm
where

map-fm-binders f TrueF n = TrueF|

map-fm-binders f FalseF n = FalseF |

map-fm-binders f (Atom ) n = Atom (f ¢ n)]

map-fm-binders f (And ¢ 1) n = And (map-fm-binders f ¢ n) (map-fm-binders
7 )]

map-fm-binders f (Or ¢ ¥) n = Or (map-fm-binders f ¢ n) (map-fm-binders f
¥ n)|

map-fm-binders [ (ExQ ¢) n = ExQ(map-fm-binders f ¢ (n+1))|

map-fm-binders f (AUQ p) n = AllQ(map-fm-binders f ¢ (n+1))]

map-fm-binders [ (AlIN i p) n = AlIN i (map-fm-binders [ ¢ (n+1))|

map-fm-binders f (ExN i ¢) n = EzN i (map-fm-binders f ¢ (n+1))|

map-fm-binders f (Neg @) n = Neg(map-fm-binders f ¢ n)

fun lowerFm :: nat = nat = atom fm = atom fm where
lowerFm d amount f = map-fm-binders (Aa. A\z. lowerAtom (d+z) amount a) f
0

fun delete-nth :: nat = real list = real list where
delete-nth n xs = take n xs Q drop n zs

lemma eval-lowerFm-helper :
assumes freeln i F'
assumes length init = i
shows eval (lowerFm i 1 F) (init Qzs) = eval F (initQ[z]Qus)

{proof)

lemma eval-lowerFm :
assumes h : freeln 0 F
shows Vuzs. (eval (lowerFm 0 1 F) zs = eval (ExQ F) xs)

{proof)

fun liftAtom :: nat = nat = atom = atom where
liftAtom d amount (Eq p) = Eq(liftPoly d amount p)|
liftAtom d amount (Less p) = Less(liftPoly d amount p)|
liftAtom d amount (Leq p) = Leq(liftPoly d amount p)]
liftAtom d amount (Neq p) = Neq(liftPoly d amount p)

fun liftFm :: nat = nat = atom fm = atom fm where
liftFm d amount f = map-fm-binders (Aa. Az. liftAtom (d+z) amount a) f 0

fun insert-into :: real list = nat = real list = real list where
insert-into xs n | = take n xs Q [ Q drop n xs
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lemma higherPolyo-add : higherPolyy x y (p + q) = higherPolyy z y p + higher-
Polyy x y q
(proof )

lemma liftPoly-add: liftPoly w z (a + b) = (liftPoly w z a) + (liftPoly w z b)
(proof)

lemma vars-lift-add : vars(liftPoly a b (p+q)) C vars(liftPoly a b (p))U vars(liftPoly

ab(q))
(proof )

lemma mapping-of-lift-add : mapping-of (liftPoly = y (a + b)) = mapping-of
(liftPoly x y a) + mapping-of (liftPoly = y b)
(proof )

lemma coeff-lift-add : MPoly-Type.coeff (liftPoly xy (a 4+ b)) m = MPoly-Type.coeff
(liftPoly z y a) m + MPoly-Type.coeff (liftPoly z y b) m
(proof)

lemma lift-add : insertion (f:nat=real) (liftPoly 0 z (a + b)) = insertion f
(liftPoly 0 z a + liftPoly 0 z b)
(proof)

lemma lower-power-zero : lowerPowers a b 0 = 0
(proof )

lemma lift-vars-monom : vars (liftPoly i j ((MPoly- Type.monom m a)::real mpoly))
= (A\z. if x>1 then z+j else x) ‘ vars(MPoly-Type.monom m a)

{(proof)

lemma lift-clear-vars : vars (liftPoly i j (p::real mpoly)) N {i..<i + j} = {}
(proof)

lemma [ift0: (liftPoly i j 0) = 0
(proof )

lemma lower0: (lowerPoly i j 0) = 0
{proof)

lemma lower-lift-monom : insertion f (MPoly-Type.monom m a :: real mpoly) =
insertion f (lowerPoly i j (liftPoly i j (MPoly-Type.monom m a)))
(proof)

lemma lower-lift : insertion f (p::real mpoly) = insertion f (lowerPoly i j (liftPoly
ijp))
(proof )
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lemma lift-insertion : Y init.
length init = (i:nat) —
(VI zs.
(insertion (nth-default 0 (init @ zs)) (p:real mpoly)) = (insertion
((nth-default 0) (init Q@ I Q zs)) (liftPoly i (length I) p)))
(proof)

lemma eval-liftF'm-helper :
assumes length init = ¢
assumes length I = amount
shows eval F (init Qzs) = eval (liftFm i amount F) (initQIQuxs)

{proof)

lemma eval-liftFm :
assumes length I = amount
assumes length L > d
shows eval F L = eval (liftF'm d amount F) (insert-into L d I)

(proof)

lemma not-in-lift : varévars(p::real mpoly) = var—+z¢wvars(liftPoly 0 z p)

(proof)

lemma lift-const : insertion f (liftPoly 0 z (Const (C'::real))) = insertion f (Const
C :: real mpoly)
(proof)

lemma liftPoly-sub: liftPoly 0 z (a — b) = (liftPoly 0 z a) — (liftPoly 0 z b)
(proof )

lemma lift-sub : insertion (f::nat=-real) (liftPoly 0 z (a — b)) = insertion f
(liftPoly 0 z a — liftPoly 0 z b)
{proof )

lemma [ift-minus :
assumes insertion (f::nat = real) (liftPoly 0 z (¢ — Const (C::real))) = 0
shows insertion f (liftPoly 0 z ¢) = C

(proof)

end

lemma [ift00 : liftPoly 0 0 (a::real mpoly) = a
(proof)

end

5.2 Swapping Indicies
theory Reindex
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imports Debruijn
begin

context includes poly-mapping.lifting begin

definition swap i j z = (if x = i then j else if © = j then i else x)

lemma swap-swap : swap i j (swap i jx) = x
(proof )

lemma finite-swap-ne: finite {z. fx # ¢} = finite {z. f (swap b i x) # ¢}

(proof)

lift-definition swap0::nat = nat = (nat = 'a) = (nat =¢ 'a::zero)
isAbipz. p(swap biz):'a

(proof)

lemma swap0-swap0: swap0 n i (swapl nizx) = x
(proof )

lemma inj-swap: inj (swap b @)
(proof)

lemma inj-swap0: inj (swap0 b i)
(proof )

lemma swap0-eq: lookup (swap0 b i p) © = lookup p (swap b i x)
(proof )

lemma eg-onp-swap : eg-onp (Af. finite {z. fx # 0}) (Az. lookup m (swap b i x))
(Az. lookup m (swap b i x))
(proof )

lemma keys-swap: keys (swap0 b i m) = swap b i ‘ keys m
(proof )
context includes fmap.lifting begin
lift-definition swap;::nat = nat = (nat, 'a) fmap = (nat, 'a::zero) fmap

isAbipz. p(swap bix)
(proof)

lemma compute-swapy[code]: swapy b i (fmap-of-list xzs) =
fmap-of-list (map (A(k, v). (swap b ik, v)) zs)
(proof )
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lemma compute-swap|code]: swap0 n ¢ (Pm-fmap xs) = Pm-fmap (swapy n ¢ xs)
(proof )

lift-definition swapPolyg::nat = nat = ((nat=-gnat)=-(’a::zero) = ((nat=-gnat)=9
‘a) is

Ab i (mp::(nat=gnat)="a) mon. mp (swap0 b i mon)
(proof)

lemma swap-zero[simp]: swap0 b i 0 = 0
(proof )

context includes fmap.lifting begin

lift-definition swapPolys::nat = nat = ((nat=-gnat), 'a::zero) fmap = ((nat=-gnat),
‘a)fmap is

Ab i (mp:((nat=onat)—'a)) mon::(nat=-onat). mp (swap0 b i mon)
(proof)

lemma keys-swapg: keys (swapPolyg b i mp) = swap0 b i * (keys mp)
(proof)

end

lemma compute-swapPolyg|code]: swapPolyy n i (Pm-fmap m) = Pm-fmap (swapPoly s
nim)
(proof)

lemma compute-swapPoly¢[code]: swapPolys n i (fmap-of-list zs) =
(fmap-of-list (map (A(mon, ¢). (swap0 n i mon, ¢))

5))
(proof)

end
end

lift-definition swap-poly::nat = nat = 'a::zero mpoly = 'a mpoly is swapPolyg
(proof)

value swap-poly 0 1 (Var 0 :: real mpoly)
lemma coeff-swap-poly: MPoly-Type.coeff (swap-poly b i mp) x = MPoly-Type. coeff
mp (swap0 b i x)

(proof )

lemma monomials-swap-poly: monomials (swap-poly b i mp) = swap0 b i ‘ (monomials
mp)
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{proof)

fun swap-atom :: nat = nat = atom = atom where
swap-atom a b (Eq p) = Eq (swap-poly a b p)]
swap-atom a b (Less p) = Less (swap-poly a b p)|
swap-atom a b (Leq p) = Leq (swap-poly a b p)|
swap-atom a b (Neq p) = Neq (swap-poly a b p)

fun swap-fm :: nat = nat = atom fm = atom fm where
swap-fm a b TrueF = TrueF|
swap-fm a b FalseF = FalseF|
swap-fm a b (Atom At) = Atom(swap-atom a b At)]
swap-fm a b (And A B) = And(swap-fm a b A)(swap-fm a b B)|
swap-fm a b (Or A B) = Or(swap-fm a b A)(swap-fm a b B)|
swap-fm a b (Neg A) = Neg(swap-fm a b A)|
swap-fm a b (EzQ A) = ExQ(swap-fm (a+1) (b+1) A)|
swap-fm a b (AllQ A) = AllQ(swap-fm (a+1) (b+1) A)|
swap-fm a b (EzN i A) = EzN i (swap-fm (a+1i) (b+1i) A)
swap-fm a b (AlIN i A) = AlIN i (swap-fm (a+1i) (b+i) A)

fun swap-list :: nat = nat = ’a list = 'a listwhere
swap-list i j 1 = I[j := nth 1 i, i := nth 1 j]

lemma swap-list-cons: swap-list (Suc a) (Suc b) (z # L) = x # swap-list a b L
{proof)

lemma inj-on : inj-on (swap0 a b) (monomials p)
(proof)

lemma inj-on’ : inj-on (swap a b) (keys m)

(proof)

lemma swap-list :

assumes a < length L

assumes b < length L

shows nth-default 0 (L[b:= L! a, a := L ! b]) (swap a b xza) = nth-default 0 L
xa

(proof)

lemma swap-poly :

assumes length L > a

assumes length L > b

shows insertion (nth-default 0 L) p = insertion (nth-default 0 (swap-list a b L))
(swap-poly a b p)

(proof)

lemma swap-fm :

assumes length L > a
assumes length L > b
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shows eval F L = eval (swap-fm a b F) (swap-list a b L)
{proof)

lemma eval (EzQ (FzQ F)) L = eval (ExzQ (ExQ (swap-fm 0 1 F))) L
(proof )

lemma swap-atom:
assumes length L > a
assumes length L > b
shows aFval F L = aFEval (swap-atom a b F) (swap-list a b L)

(proof)
end

6 Optimizations

theory Optimizations
imports Debruijn
begin

Does negation normal form conversion

fun nnf :: atom fm = atom fm where
nnf TrueF = TrueF |
nnf FalseF = FalseF |
nnf (Atom a) = Atom a |
nnf (And @1 02) = And (nnf 1) (nnf 2) |
nnf (Or ¢1 p2) = Or (nnf 1) (nnf @2) |
nnf (EaQ ¢) = EaQ (nnf ) |
nnf (AUQ ) = AUQ (nnf )]
nnf (AN i @) = AlIN i (nnf )|
nf (ExzN i @) = ExN i (nnf @) |
nf (Neg TrueF) = FalseF' |
nf (Neg FalseF) = TrueF' |
(
(
(
(
(
(
(
(

S 333

nf (Neg (Neg ¢)) = (nnf ) |

3

nf (Neg (And o1 ¢2)) = (Or (nnf (Neg ¢1)) (nn}” (Neg ¢2))) I

3

nf (Neg (Or o1 ¢2)) = (And (nnf (Neg 1)) (nn,
nf (Neg (Atom a)) = Atom(aNeg a) |

(
E
nf (Neg EEIQ ¢)) = AlQ (nnf (Neg ¢)) |
(
(

S 3

nnf (Neg (AllQ ¢)) = EzQ (nnf (Neg @))]
nnf (Neg (AlIN i ¢)) = EzN i (nnf (Neg ¢))|
nnf (Neg (ExN i ¢)) = AlIN i (nnf (Neg ¢))

6.1 Simplify Constants

fun simp-atom :: atom = atom fm where

stimp-atom (Eq p) = (case get-if-const p of None = Atom(Eq p) | Some(r) =
(if r=0 then TrueF else FalseF))|

simp-atom (Less p) = (case get-if-const p of None = Atom(Less p) | Some(r) =
(if r<0 then TrueF else FalseF))|
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simp-atom (Leq p) = (case get-if-const p of None = Atom(Leq p) | Some(r) =
(if r<0 then TrueF else FalseF))|

simp-atom (Neq p) = (case get-if-const p of None = Atom(Neq p) | Some(r)
= (if r#0 then TrueF else FalseF))

fun simpfm :: atom fm = atom fm where
simpfm TrueF = TrueF|
simpfm FalseF = FalseF|
simpfm (Atom a) = simp-atom a|
simpfm (And ¢ ) = and (simpfm @) (simpfm )]
simpfm (Or ¢ ) = or (simpfm ) (simpfm 1))|
simpfm (EvQ @) = ExQ (simpfm )|
simpfin (Neg ) = neg (simpfin )
simpfm (AllQ ¢) = AllQ(simpfm )]
simpfm (AlIN i @) = AlIN i (simpfm @)|
simpfm (ExN i @) = ExN i (simpfm )

6.2 Group Quantifiers

fun groupQuantifiers :: atom fm = atom fm where
groupQuantifiers TrueF' = TrueF|
groupQuantifiers FalseF = FalseF|
groupQuantifiers (And A B) = And (groupQuantifiers A) (groupQuantifiers B)|
groupQuantifiers (Or A B) = Or (groupQuantifiers A) (groupQuantifiers B)|
groupQuantifiers (Neg A) = Neg (groupQuantifiers A)|
groupQuantifiers (Atom A) = Atom A|
groupQuantifiers (EzQ (ExQ A)) = groupQuantifiers (EzN 2 A)|
groupQuantifiers (ExQ (EzN j A)) = groupQuantifiers (ExN (j+1) A)
groupQuantifiers (ExN j (FxQ A)) = groupQuantifiers (ExN (j+1) A)
groupQuantifiers (EzN ¢ (ExN j A)) = groupQuantifiers (ExN (i+j) A

(

(

(

(

( |
E

groupQuantifiers EExQ A) = EzQ (groupQuantifiers A)|

(

(

(

(

(

(

|
)
groupQuantifiers (AllQ (AllQ A)) = groupQuantifiers (AlIN 2 A)|
groupQuantifiers (AllQ (AlIN j A)) = groupQuantifiers (AN (j+1) A)
groupQuantifiers (AlIN j (AllQ A)) = groupQuantifiers (AlIN (j+1) A)
groupQuantifiers (AlIN i (AlIN j A)) = groupQuantifiers (AlIN (i+j) A
groupQuantifiers (AllQ A) = AllQ (groupQuantifiers A)]

groupQuantifiers (AlIN j A) = AlIN j A|
groupQuantifiers (EzN j A) = ExN j A

|
|
)|

6.3 Clear Quantifiers

clearQuantifiers F goes through the formula F and removes all quantifiers
who’s variables are not present in the formula. For example, clearQuantifiers
(ExQ(TrueF)) evaluates to TrueF. This preserves the truth value of the
formula as shown in the clearQuantifiers_eval proof. This is used within
the QE overall procedure to eliminate quantifiers in the cases where QE was
successful.

fun depth’ :: 'a fm = natwhere
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depth’ TrueF = 1|

depth’ FalseF = 1|

depth’ (Atom -) = 1]

depth’ (And ¢ ) = max (depth’ ) (depth’ ¥) + 1]
depth’ (Or ¢ ) = maz (depth’ @) (depth’ ) + 1|
depth’ (Neg @) = depth’ ¢ + 1|

depth’ (ExQ ¢) = depth’ ¢ + 1|

depth’ (AllQ @) = depth’ v + 1|

depth’ (AlIN i o) = depth’ ¢ + i % 2 + 1|

depth’ (ExN i ¢) = depth’ ¢ + i % 2 + 1

function clearQuantifiers :: atom fm = atom fm where
clearQuantifiers TrueF = TrueF|
clearQuantifiers FalseF = FalseF)|
clearQuantifiers (Atom a) = simp-atom a|
clearQuantifiers (And ¢ ) = and (clearQuantifiers ¢) (clearQuantifiers )]
clearQuantifiers (Or ¢ 1) = or (clearQuantifiers ) (clearQuantifiers 1)
clearQuantifiers (Neg @) = neg (clearQuantifiers )|
clearQuantifiers (EzQ ) =
(let ¢’ = clearQuantifiers ¢ in
(if freeIn 0 @' then lowerFm 0 1 ¢’ else ExQ ¢'))|
clearQuantifiers (AllQ ) =
(let ' = clearQuantifiers ¢ in
(if freeIn 0 ' then lowerFm 0 1 ¢’ else AllQ ¢"))|
clearQuantifiers (ExN 0 ¢) = clearQuantifiers |
clearQuantifiers (ExN (Suc i) @) = clearQuantifiers (ExN i (EzQ ¢))|
clearQuantifiers (AlIN 0 @) = clearQuantifiers |
clearQuantifiers (AUN (Suc 7) @) = clearQuantifiers (AlIN i (AllQ ¢))

(proof )
termination

(proof)

6.4 Push Forall

fun push-forall :: atom fm = atom fm where

push-forall TrueF = TrueF)|

push-forall FalseF = FalseF|

push-forall (Atom a) = simp-atom a|

push-forall (And ¢ ) = and (push-forall ¢) (push-forall )|

push-forall (Or ¢ ¥) = or (push-forall @) (push-forall 1)

push-forall (EzQ ) = ExQ (push-forall ¢)]

push-forall (EzN i @) = EzN ¢ (push-forall )|

push-forall (Neg @) = neg (push-forall v)]

push-forall (AllQ TrueF) = TrueF|

push-forall (AllQ FalseF) = FalseF|

push-forall (AllQ (Atom a)) = (if freeln 0 (Atom a) then Atom(lowerAtom 0 1
a) else AllQ (Atom a))]

push-forall (AllQ (And ¢ v¥)) = and (push-forall (AllQ ¢)) (push-forall (AllQ

)
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push-forall (AllQ (Or ¢ ¥)) = (
if freeln 0 ¢
then(
if freeln 0 4
then or (lowerFm 0 1 ¢) (lowerF'm 0 1 1)
else or (lowerFm 0 1 ¢) (AlQ v))
else (
if freeln 0
then or (AllQ ¢) (lowerFm 0 1 )
else AllQ (or ¢ )

)|
push-forall (AllQ ) = (if freeln 0 ¢ then lowerF'm 0 1 ¢ else AllQ )]

push-forall (AlIN i @) = AlIN i (push-forall )

6.5 Unpower

fun to-list :: nat = real mpoly = (real mpoly * nat) list where
to-list v p = [(isolate-variable-sparse p v x, x). x + [0..<(MPoly-Type.degree p
v)+1]]

fun chop :: (real mpoly x nat) list = (real mpoly * nat) listwhere

chop [| =
chop ((p,i)#L) = (if p=0 then chop L else (p,i)#L)

fun decreasePower :: nat = real mpoly = real mpoly * natwhere
decreasePower v p = (case chop (to-list v p) of [| = (p,0) | (p,9)#L) = (sum-list
[term * (Var v) ~ (z—1). (term,z)+((p,i)#L)],i))

fun unpower :: nat = atom fm = atom fm where
unpower v (Atom (Eq p)) = (case decreasePower v p of (-,0) = Atom(Eq p)|
(p,-) = Or(Atom (Eq p))(Atom (Eq (Var v))) )|
unpower v (Atom (Neq p)) = (case decreasePower v p of (-,0) = Atom(Neq p)|
(p,-) = And(Atom (Neq p))(Atom (Neg (Var v))) )|
unpower v (Atom (Less p)) = (case decreasePower v p of (-,0) = Atom(Less p)|
(psn) =
if n mod 2 = 0 then
And(Atom (Less p))(Atom(Neq (Var v)))
else
Or
(And (Atom (Less ( p))) (Atom (Less (— Var v))))
(And (Atom (Less (—p))) (Atom (Less (Var v))))
)|
unpower v (Atom (Leq p)) = (case decreasePower v p of (-,0) = Atom(Leq p)|
(p,n) =
if n mod 2 = 0 then
Or (Atom (Leq p)) (Atom (Eq (Var v)))
else
Or (Atom (Eq p))
(Or
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(And (Atom (Less ( p))) (Atom (Leq (—Var v))))
(And (Atom (Less (—p))) (Atom (Leq (Var v)))))
)|
unpower v (And a b) = And (unpower v a) (unpower v b)]
unpower v (Or a b) = Or (unpower v a) (unpower v b)]
unpower v (Neg a) = Neg (unpower v a)
unpower v (TrueF) = TrueF|
unpower v (FalseF') = FalseF|
(
(
(
(

unpower v (AllQ F) = AllQ(unpower (v+1) F)
unpower v (EzQ F) = FEzQ (unpower (v+1) F)|
unpower v (AlIN z F) = AlIN z (unpower (v+z) F)|
unpower v (ExzN z F) = EzN z (unpower (v+z) F)

end

6.6 Optimization Proofs

theory OptimizationProofs
imports Optimizations
begin

lemma neg-nnf : VI. (= eval (nnf (Neg ¢)) T') = eval (nnf ¢) T
(proof )

theorem eval-nnf : VI'. eval ¢ T' = eval (nnf ¢) T
{proof)

theorem negation-free-nnf : negation-free (nnf ¢)
(proof)

lemma groupQuantifiers-eval : eval F L = eval (groupQuantifiers F) L

{proof)

theorem simp-atom-eval : aEval a xs = eval (simp-atom a) xs

(proof)

lemma simpfm-eval : V L. eval ¢ L = eval (simpfm @) L
(proof )

lemma exQ-clearQuantifiers:
assumes FzQ : Azs. eval (clearQuantifiers ¢) xs = eval ¢ xs
shows eval (clearQuantifiers (EzQ ¢)) xs = eval (ExQ ¢) s

(proof)
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lemma allQ-clearQuantifiers :
assumes AllQ : Awzs. eval (clearQuantifiers @) xzs = eval ¢ xs
shows eval (clearQuantifiers (AllQ ¢)) zs = eval (AllQ ¢) xs

(proof)

lemma clearQuantifiers-eval : eval (clearQuantifiers @) xs = eval ¢ xs
(proof)

lemma push-forall-eval-AllQ : V xs. eval (AllQ ¢) zs = eval (push-forall (AllQ

©)) x5
(proof)

lemma push-forall-eval : ¥V zs. eval ¢ xzs = eval (push-forall ) zs
(proof)

lemma map-fm-binders-negation-free :
assumes negation-free ¢
shows negation-free (map-fm-binders f ¢ n)
(proof)

lemma negation-free-and :
assumes negation-free ¢
assumes negation-free 1
shows negation-free (and ¢ )

{proof)

lemma negation-free-or :
assumes negation-free ¢
assumes negation-free 1
shows negation-free (or ¢ )

(proof)

lemma push-forall-negation-free-all :
assumes negation-free ¢
shows negation-free (push-forall (AllQ ¢))

{proof)

lemma push-forall-negation-free :
assumes negation-free ¢
shows negation-free(push-forall )

{proof)

lemma to-list-insertion: insertion f p = sum-list [insertion f term x (f v) ~ 4.
(term,i)<—(to-list v p)]
(proof)

lemma to-list-p: p = sum-list [term * (Var v) ~ 4. (term,i)<(to-list v p)]

(proof)
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fun chophelper :: (real mpoly * nat) list = (real mpoly x nat) list = (real mpoly
x nat) list x (real mpoly * nat) list where

chophelper [| L = (L,[])|

chophelper ((p,i)#L) R = (if p=0 then chophelper L (R @ [(p,7)]) else (R,(p,i)#L))

lemma preserve :
assumes (a,b)=chophelper L L’
shows a@Qb=L'QL
(proof)

lemma compare :
assumes (a,b)=chophelper L L’
shows chop L = b
(proof )

lemma allzero:
assumes V (p,7)€set(L’). p=0
assumes (a,b)=chophelper L L’
shows V (p,i)€set(a). p=0
(proof )

lemma separate:

assumes (a,b)=chophelper (to-list v p) ||

shows insertion f p = sum-list [insertion f term = (f v) ~ i. (term,i)<a] +
sum-list [insertion fterm = (f v) ~i. (term,i)«b]

(proof )

lemma chopped :
assumes (a,b)=chophelper (to-list v p) ||
shows insertion f p = sum-list [insertion f term * (fv) ~ . (term,i)<0b]

{(proof)

lemma insertion-chop :

shows insertion f p = sum-list [insertion f term x (f v) ~ i. (term,i)<(chop
(to-list v p))]
{proof)

lemma sorted : sorted-wrt (A(-,i).A(~,3"). i<i’) (to-list v p)
(proof)

lemma sublist : sublist (chop L) L
(proof)

lemma move-exp :

assumes (p',i)#L = (chop (to-list v p))

shows insertion f p = sum-list [insertion f term x (fv) ~ (d—1). (term,d)+(chop
(to-list v p))] * (fv) 7%
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(proof)

lemma insert- Var-Zero : insertion f (Var v) = fv
{proof)

lemma decreasePower-insertion :
assumes decreasePower v p = (p’,i)
shows insertion f p = insertion f p"* (f v) 7%

{(proof)

lemma unpower-eval: eval (unpower v ¢) L = eval ¢ L
(proof)

lemma to-list-filter: p = sum-list [term x (Var v) ~ i. (term,i)<((filter (A(z,-).
x#£0) (to-list v p)))]
(proof)

end

7 Algorithms

7.1 Equality VS Helper Functions

theory VSAlgos
imports Debruigjn Optimizations
begin

This is a subprocess which simply separates out the equality atoms from the
other kinds of atoms

Note that we search for equality atoms that are of degree one or two

This is used within the equality VS algorithm

fun find-eq :: nat = atom list = real mpoly list * atom list where
find-eq var [ = ([,
find-eq var ((Less p)#as) = (let (A,B) = find-eq var as in (A,Less p#B)) |
find-eq var ((Eq p)#as) = (let (A,B) = find-eq var as in
if MPoly-Type.degree p var < 3 N MPoly-Type.degree p var # 0
then (p # A,B)
else (A,Eq p # B)
)|
find-eq var ((Leg p)#as) = (let (A,B) = find-eq var as in (A,Leq p#B)) |
find-eq var ((Neq p)#as) = (let (A,B) = find-eq var as in (A,Neq p#B))
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fun split-p :: nat = real mpoly = atom fm where
split-p var p = And (Atom (Eq (isolate-variable-sparse p var 2)))
(And (Atom (Eq (isolate-variable-sparse p var 1)))
(Atom (Eq (isolate-variable-sparse p var 0))))

The linearsubstitution virtually substitutes in an equation of bxz +c¢ =0
into an arbitrary atom

linearsubstitution x b ¢ (Eq p) = F corresponds to removing variable x from
polynomial p and replacing it with an equivalent function F where F doesn’t
mention variable x

If there exists a way to assign variables that makes p = 0 true, then that
same set of variables will make F true

If there exists a way to assign variables that makes F true and also have
b*x+c=0, then that same set of variables will make p=0 true

Same applies for other kinds of atoms that aren’t equality

fun linear-substitution :: nat = real mpoly = real mpoly = atom = atom where
linear-substitution var a b (Fq p) =
(let d = MPoly-Type.degree p var in
(Eq (- 1i€{0..<(d+1)}. isolate-variable-sparse p var i * (a”%) * (b7 (d—1))))
) |
linear-substitution var a b (Less p) =
(let d = MPoly-Type.degree p var in
let P = (> i€{0..<(d+1)}. isolate-variable-sparse p var i * (a”%) x (b (d—1)))
mn
(Less(P x (b ~ (d mod 2))))
)|
linear-substitution var a b (Leq p) =
(let d = MPoly-Type.degree p var in
let P = (> i€{0..<(d+1)}. isolate-variable-sparse p var i * (a"%) * (b (d—1)))
mn
(Leg(P % (b ~ (d mod 2))))
)|
linear-substitution var a b (Neq p) =
(let d = MPoly-Type.degree p var in
(Neq (> i€{0..<(d+1)}. isolate-variable-sparse p var i * (a"i) * (b (d—1))))

fun linear-substitution-fm-helper :: nat = real mpoly = real mpoly = atom fm =
nat = atom fm where

linear-substitution-fm-helper var b ¢ F z = liftmap (Ax.\A. Atom(linear-substitution
(var+z) (liftPoly 0 x b) (liftPoly 0 z ¢) A)) F z

fun linear-substitution-fm :: nat = real mpoly = real mpoly = atom fm = atom
fm where

linear-substitution-fm var b ¢ F = linear-substitution-fm-helper var b ¢ F 0

quadraticpart] var a b A takes in an expression of the form (a+b * sqrt(c))/d
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for an arbitrary ¢ and substitutes it in for the variable var in the atom A

fun quadratic-part-1 :: nat = real mpoly = real mpoly = real mpoly = atom =
real mpoly where

quadratic-part-1 var a b d (Eq p) = (

let deg = MPoly-Type.degree p var in

> ie{0..<(deg+1)}. (isolate-variable-sparse p var i) * ((a+bx(Var var)) %) *
(@7Tatg = )

quadratic-part-1 var a b d (Less p) = (

let deg = MPoly-Type.degree p var in

let P = > ie{0..<(deg+1)}. (isolate-variable-sparse p var i) * ((a+bx(Var
var)) i) x (d (deg — 7)) in

P« (d " (deg mod 2))
)|

quadratic-part-1 var a b d (Leq p) = (

let deg = MPoly-Type.degree p var in

let P = > ie{0..<(deg+1)}. (isolate-variable-sparse p var i) * ((a+b*(Var
var)) i) x (d (deg — 7)) in

P« (d " (deg mod 2))
)|

quadratic-part-1 var a b d (Neq p) = (

let deg = MPoly-Type.degree p var in

> ie{0..<(deg+1)}. (isolate-variable-sparse p var i) * ((a+bx(Var var)) %) *
(@Tatg = )

> X

fun quadratic-part-2 :: nat = real mpoly = real mpoly = real mpoly where
quadratic-part-2 var sq p = (
let deg = MPoly-Type.degree p var in
>ie{0..<deg+1}.
(isolate-variable-sparse p var i)x(sq (i div 2)) x (Const(of-nat(i mod 2))) *
(Var var)
+(isolate-variable-sparse p var ©)x(sq (i div 2)) = Const(1—of-nat(i mod 2))

)

quadraticsub var a b ¢ d A represents virtually substituting an expression
of the form (a+b*sqrt(c))/d into variable var in atom A

primrec quadratic-sub :: nat = real mpoly = real mpoly = real mpoly = real
mpoly = atom = atom fm where
quadratic-sub var a b ¢ d (Eq p) = (
let (p1::real mpoly) = quadratic-part-1 var a b d (Eq p) in
let (p2::real mpoly) = quadratic-part-2 var ¢ pl in
let (A::real mpoly) = isolate-variable-sparse p2 var 0 in
let (B::real mpoly) = isolate-variable-sparse p2 var 1 in
And
(Atom(Leq (AxB)))
(Atom (Eq (A72—B 2xc)))
) |
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quadratic-sub var a b ¢ d (Less p) = (
let (p1::real mpoly) = quadratic-part-1 var a b d (Less p) in
let (p2::real mpoly) = quadratic-part-2 var ¢ pl in
let (A::real mpoly) = isolate-variable-sparse p2 var 0 in
let (B::real mpoly) = isolate-variable-sparse p2 var 1 in
Or
(And
(Atom(Less(A)))
(Atom (Less (B"2xc—A"2))))
(And
(Atom(Leg B))
(Or
(Atom(Less A))
(Atom(Less (A72—B2xc)))))
) |
quadratic-sub var a b ¢ d (Leq p) = (
let (p1::real mpoly) = quadratic-part-1 var a b d (Leq p) in
let (p2::real mpoly) = quadratic-part-2 var ¢ pl in
let (A::real mpoly) = isolate-variable-sparse p2 var 0 in
let (B::real mpoly) = isolate-variable-sparse p2 var 1 in
Or
(And
(Atom(Leg(A)))
(Atom (Leq(B 2xc—A"2))))
(And
(Atom(Leq B))
(Atom(Leq (A"2—B 2xc))))
) |
quadratic-sub var a b ¢ d (Neq p) = (
let (p1::real mpoly) = quadratic-part-1 var a b d (Neq p) in
let (p2::real mpoly) = quadratic-part-2 var ¢ pl in
let (A::real mpoly) = isolate-variable-sparse p2 var 0 in
let (B::real mpoly) = isolate-variable-sparse p2 var 1 in
Or
(Atom(Less(—AxB)))
(Atom (Neq(A™2—B 2xc)))

fun quadratic-sub-fm-helper :: nat = real mpoly = real mpoly = real mpoly =
real mpoly = atom fm = nat = atom fm where

quadratic-sub-fm-helper var a b ¢ d F z = liftmap (Ax.\A. quadratic-sub (var+x)
(liftPoly 0 x a) (liftPoly 0 z b) (liftPoly 0 x ¢) (liftPoly 0 x d) A) F =

fun quadratic-sub-fm :: nat = real mpoly = real mpoly = real mpoly = real mpoly

= atom fm = atom fm where
quadratic-sub-fm var a b ¢ d F = quadratic-sub-fm-helper var a b ¢ d F 0
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7.2 General VS Helper Functions

fun allZero :: real mpoly = nat = atom fm where
allZero p var = list-conj [Atom(Eq(isolate-variable-sparse p var i)). i <— [0..<(MPoly-Type.degree
p var)+1]]

fun alternateNegInfinity :: real mpoly = nat = atom fm where
alternateNegInfinity p var = foldl (AF.)\i.
let a-n = isolate-variable-sparse p var i in
let exp = (if i mod 2 = 0 then Const(1) else Const(—1)) in
or (Atom(Less (exp % a-n)))
(and (Atom (Eq a-n)) F)
) FalseF ([0..<((MPoly-Type.degree p var)+1)])

fun substNegInfinity :: nat = atom = atom fm where
substNegInfinity var (Eq p) = allZero p var |
substNegInfinity var (Less p) = alternateNegInfinity p var|
substNegInfinity var (Leq p) = Or (alternateNegInfinity p var) (allZero p var)]
substNegInfinity var (Neq p) = Neg (allZero p var)

function convertDerivative :: nat = real mpoly = atom fm where
convertDerivative var p = (if (MPoly-Type.degree p var) = 0 then Atom (Less p)
else
Or (Atom (Less p)) (And (Atom(Eq p)) (convertDerivative var (derivative var
p))))
(proof)
termination

(proof)

fun substInfinitesimalLinear :: nat = real mpoly = real mpoly = atom = atom
fm where
substInfinitesimalLinear var b ¢ (Eq p) = allZero p var|
substInfinitesimalLinear var b ¢ (Less p) =
liftmap
(Az. AA. Atom(linear-substitution (var+z) (liftPoly 0 x b) (liftPoly 0 x ¢) A))
(convertDerivative var p)
0|
substInfinitesimalLinear var b ¢ (Leq p) =
Or
(allZero p var)
(liftmap
(Az. AA. Atom(linear-substitution (var+z) (liftPoly 0 z b) (liftPoly 0 z c) A))
(convertDerivative var p)
0)]
substInfinitesimalLinear var b ¢ (Neg p) = neg (allZero p var)

85



fun substInfinitesimalQuadratic :: nat = real mpoly = real mpoly = real mpoly
= real mpoly = atom = atom fm where
substInfinitesimalQuadratic var a b ¢ d (Eq p) = allZero p var|
substInfinitesimalQuadratic var a b ¢ d (Less p) = quadratic-sub-fm var a b ¢ d
(convertDerivative var p)|
substInfinitesimalQuadratic var a b ¢ d (Leq p) =
Or
(allZero p var)
(quadratic-sub-fm var a b ¢ d (convertDerivative var p))|
substInfinitesimalQuadratic var a b ¢ d (Neq p) = neg (allZero p var)

fun substinfinitesimalLinear-fm :: nat = real mpoly = real mpoly = atom fm =
atom fm where

substInfinitesimalLinear-fm var b ¢ F = liftmap (Az.\A. substInfinitesimalLinear
(var+z) (liftPoly 0 x b) (liftPoly 0 x ¢) A) F 0

fun substInfinitesimalQuadratic-fm :: nat = real mpoly = real mpoly = real mpoly
= real mpoly = atom fm = atom fm where

substInfinitesimalQuadratic-fm var a b ¢ d F = liftmap (Az.\A. substInfinitesi-
malQuadratic (var+z) (liftPoly 0 x a) (liftPoly 0 z b) (liftPoly 0 z ¢) (liftPoly 0 x
d) A) F o0

7.3 VS Algorithms

elimVar var L F attempts to do quadratic elimination on the variable defined
by var. L is the list of conjuctive atoms, F is a list of unnecessary garbage

fun elimVar :: nat = atom list = (atom fm) list = atom = atom fm where
elimVar var L F (Eq p) = (
let (a,b,c) = get-coeffs var p in

(Or

(And (And (Atom (Eq a)) (Atom (Neq b)))

(list-conj (
(map (Aa. Atom (linear-substitution var (—c) b a)) L)@
(map (linear-substitution-fm var (—c) b) F)

)

(And (Atom (Neq a)) (And (Atom(Leq (—(b72)+4*axc)))
Or (list-conj (

map (quadratic-sub var (—b) 1 (b72—4x*axc) (2xa)) L)Q
map (quadratic-sub-fm var (—b) 1 (b"2—4xaxc) (2xa)) F)

(

(

(

)

(list-conj (

(map (quadratic-sub var (—=b) (—1) (b"2—4*axc) (2xa)) L)Q
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(map (quadratic-sub-fm var (—=b) (—1) (b72—4x*axc) (2xa)) F)

elimVar var L F (Less p) = (
let (a,b,c) = get-coeffs var p in
(Or

(And (And (Atom (Eq a)) (Atom (Neq b)))

(list-conj (
(map (substInfinitesimalLinear var (—c) b) L)
Q(map (substInfinitesimalLinear-fm var (—c) b) F)

)

(And (Atom (Neq a)) (And (Atom(Leq (—(b72)+4*axc)))

(Or (list-conj (
(map (substInfinitesimalQuadratic var (—b) 1 (b"2—4*axc) (2%a)) L)Q
(map (substInfinitesimalQuadratic-fm var (=b) 1 (b"2—4x*axc) (2xa)) F)
(

)
list-conj (
(map (substInfinitesimalQuadratic var (—b) (—1) (b"2—4x*axc) (2%a)) L)Q
(map (substInfinitesimalQuadratic-fm var (—b) (—1) (b™2—4x*axc) (2xa))
F)
)
)
)
)|

elimVar var L F (Neq p) = (
let (a,b,c) = get-coeffs var p in
(Or

(And (And (Atom (Eq a)) (Atom (Negq b)))

(list-conj (
(map (substInfinitesimalLinear var (—c) b) L)
Q(map (substInfinitesimalLinear-fm var (—c) b) F)

)

(And (Atom (Neq a)) (And (Atom(Leq (—(b72)+4*axc)))

Or (list-conj (

map (substInfinitesimalQuadratic var (—b) 1 (b"2—4xaxc) (2xa)) L)Q
map (substInfinitesimalQuadratic-fm var (—b) 1 (b72—4*axc) (2xa)) F)

(

(

(

)

(list-conj (

(map (substInfinitesimalQuadratic var (—b) (—1) (b"2—4x*axc) (2xa)) L)Q
(map (substInfinitesimalQuadratic-fm var (—=b) (—1) (b"2—4x*axc) (2xa))
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F)

)
l))

elimVar var L F (Leq p) = (
let (a,b,c) = get-coeffs var p in

)
)
)

(Or

(And (And (Atom (Eq a)) (Atom (Neq b)))

(list-conj (
(map (Aa. Atom (linear-substitution var (—c) b a)) L)@
(map (linear-substitution-fm var (—c) b) F)

)

(And (Atom (Neq a)) (And (Atom(Leq (—(b72)+4*axc)))

(Or (list-conj (
(map (quadratic-sub var (—b) 1 (b"2—4x*axc) (2xa)) L)Q
§;nap (quadratic-sub-fm var (=b) 1 (b"2—4xaxc) (2xa)) F)
(list-conj (
(map (quadratic-sub var (—=b) (—1) (b"2—4*axc) (2xa)) L)Q
;)map (quadratic-sub-fm var (=b) (=1) (b72—4*axc) (2xa)) F)
)
)

fun ge-eq-one :: nat = atom list = atom fm list = atom fm where
ge-eq-one var L F =
(case find-eq var L of
(p#A,L") = Or (And (Neg (split-p var p))
((elimVar var L F) (Eq p))

(And (split-p var p)

(list-conj (map Atom ((map Eq A) @ L) @Q F))

)
| (I,L") = list-conj ((map Atom L) Q F)

fun check-nonzero-const :: real mpoly = boolwhere
check-nonzero-const p = (case get-if-const p of Some © = x # 0 | None = False)

fun find-lucky-eq :: nat = atom list = real mpoly optionwhere
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find-lucky-eq v [| = None|
find-lucky-eq v (Eq p#L) =
(let (a,b,c) = get-coeffs v p in
(if (MPoly-Type.degree p v =1V MPoly-Type.degree p v = 2) A (check-nonzero-const
a V check-nonzero-const b V check-nonzero-const ¢) then Some p else
find-lucky-eq v L
I
find-lucky-eq v (-#L) = find-lucky-eq v L

fun luckyFind :: nat = atom list = atom fm list = atom fm option where
luckyFind v L F = (case find-lucky-eq v L of Some p = Some ((elimVar v L F)
(Eq p)) | None = None)

fun luckyFind’ :: nat = atom list = atom fm list = atom fm where
luckyFind’ v L F = (case find-lucky-eq v L of Some p = (elimVar v L F) (Eq p)
| None = And (list-conj (map Atom L)) (list-conj F))

fun find-luckiest-eq :: nat = atom list = real mpoly optionwhere
find-luckiest-eq v [| = None|
find-luckiest-eq v (Eq p#L) =
(if (MPoly-Type.degree p v =1 V MPoly-Type.degree p v = 2) then
(let (a,b,c) = get-coeffs v p in
(case get-if-const a of None = find-luckiest-eq v L
| Some a = (case get-if-const b of None = find-luckiest-eq v L
| Some b = (case get-if-const ¢ of None = find-luckiest-eq v L
| Some ¢ = if a£0Vb£0V c#£0 then Some p else find-luckiest-eq v L))))
else
find-luckiest-eq v L
)|
find-luckiest-eq v (-#L) = find-luckiest-eq v L

fun luckiestFind :: nat = atom list = atom fm list = atom fm where
luckiestFind v L F = (case find-luckiest-eq v L of Some p = (elimVar v L F) (Eq
p) | None = And (list-conj (map Atom L)) (list-conj F))

primrec ge-eq-repeat-helper :: nat = real mpoly list = atom list = atom fm list
= atom fm where
ge-eq-repeat-helper var [| L F = list-conj ((map Atom L) Q F)|
ge-eq-repeat-helper var (p#A) L F =
Or (And (Neg (split-p var p))
((elimVar var ((map Eq (p#A)) @ L) F) (Eq p))

(And (split-p var p)
(ge-eg-repeat-helper var A L F)
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)

fun qe-eq-repeat :: nat = atom list = atom fm list = atom fm where
ge-eq-repeat var L F =
(case luckyFind var L F of Some(F) = F | None =
(let (A,L") = find-eq var L in
ge-eq-repeat-helper var A L' F

fun all-degree-2 :: nat = atom list = bool where

all-degree-2 var [| = True|

all-degree-2 var (Eq p#as) = ((MPoly-Type.degree p var < 2)A(all-degree-2 var
as))|

all-degree-2 var (Less p#as) = ((MPoly-Type.degree p var < 2)A(all-degree-2 var
as))

all-degree-2 var (Leq p#as) = ((MPoly-Type.degree p var < 2)A(all-degree-2 var
as))

all-degree-2 var (Neq p#as) = ((MPoly-Type.degree p var < 2)A\(all-degree-2 var
as))

fun gen-ge :: nat = atom list = atom fm list = atom fm where

gen-ge var L F = (case F of
[| = (case luckyFind var L[| of Some F = F | None = (

(if all-degree-2 var L
then list-disj (list-conj (map (substNegInfinity var) L) # (map (elimVar var

L)L)

else (ge-eq-repeat var L []))))
| - = qe-eg-repeat var L F

)

7.4 DNF

fun dnf :: atom fm = (atom list * atom fm list) list where
dnf TrueF = [(1,[)] |
dnf FalseF =] |
dnf (Atom @) = [([¢],[])] |
dnf (And @1 ¢2) = [((AQB,A'QB").(A,A")<dnf ¢1,(B,B)«dnf ¢] |
dnf (Or @1 p2) = dnf ¢1 Q dnf ¢ |
dnf (EzQ ¢) = [([,[EzQ ¢])] |
dnf (Neg ¢) = [([],[Neg ¢])]]
dnf (ALQ ¢) = [([J,[ALQ #])]|
dnf (AlIN i @) = [([J,JAUN i ¢])]|
dnf (EzN i o) = [([J,[EzN i ¢])]

dnf F returns the "disjunctive normal form" of F, but since F can contain
quantifiers, we return (L,R,n) terms in a list. each term in the list represents
a conjunction over the outside disjunctive list
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L is all the atoms we are able to reach, we are allowed to go underneath
exists binders

R is the remaining formulas (negation exists cannot be simplified) which are
also under the same number of exist binders.

n is the total number of binders each conjunct has

fun dnf-modified :: atom fm = (atom list * atom fm list * nat) list where
dnf-modified TrueF = [([],[],0)] |
dnf-modified FalseF =[] |
dnf-modified (Atom @) = [([«],[],0)] |
dnf-modified (And @1 ¢2) = |
let A = map (liftAtom d1 d2) A
let B = map (liftAtom 0 d1) B i
let A" = map (liftFm d1 d2) A’
let B' = map (liftFm 0 d1) B’ in
(A@ B, A’Q B,d1+d2).
(A,A’,d1) < dnf-modified @1, (B,B’,d2) + dnf-modified @3] |
dnf-modified (Or @1 p2) = dnf-modified p1 Q dnf-modified o |
dnf-modified (EzQ @) = [(A,A",d+1). (A,A’,d) < dnf-modified ¢] |
dnf-modified (Neg ) = [([,[Neg ¢1,0)]
dnf-modified (AlIQ @) = |([J,|AUQ ¢].0)]
dnf-modified (AlIN i @) = [([,[AlIN i ¢],0)]|
dnf-modified (ExzN i ¢) = [(A,A’,d+1). (A,A",d) < dnf-modified ¢]

fun QE-dnf :: (atom fm = atom fm) = (nat = nat = atom list = atom fm list
= atom fm) = atom fm = atom fm where

QE-dnf opt step (And 1 p2) = and (QE-dnf opt step p1) (QE-dnf opt step p2) |

QE-dnf opt step (Or p1 p2) = or (QE-dnf opt step p1) (QE-dnf opt step ¢2) |

QE-dnf opt step (Neg ) = neg(QE-dnf opt step ¢) |

QE-dnf opt step (ExzQ o) = list-disj [ExN (n+1) (step 1 n al f). (al,fl,n)<«(dnf-modified(opt( QE-dnf
opt step ¢)))]|

QE-dnf opt step (TrueF) = TrueF|

QE-dnf opt step (FalseF') = FalseF|

QE-dnf opt step (Atom a) = simp-atom al

QE-dnf opt step (AllQ @) = Neg(list-disj [ExN (n+1) (step 1 n al fl). (al,fl,n)<(dnf-modified(opt(neg( QE-dnf
opt step ©))))])]

QE-dnf opt step (EzN 0 ¢) = QE-dnf opt step |

QE-dnf opt step (AlIN 0 ) = QE-dnf opt step ¢|

QE-dnf opt step (AlIN (Suc i) ¢) = Neg(list-disj [ExN (n+i+1) (step (Suc i)
(n+1) al fl). (al,fl,n)+(dnf-modified(opt(neg( QE-dnf opt step ©))))])|

QE-dnf opt step (ExN (Suc 7) @) = list-disj [ExN (n+i+1) (step (Suc i) (n+i)
al fl). (al,fl,n)«(dnf-modified(opt( QE-dnf opt step ¢)))]

fun QFE-dnf’ :: (atom fm = atom fm) = (nat = (atom list x atom fm list x nat)
list = atom fm) = atom fm = atom fm where

QE-dnf' opt step (And 1 @2) = and (QE-dnf' opt step ¢1) (QE-dnf’ opt step
©2) |
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QE-dnf' opt step (Or 1 ¢2) = or (QE-dnf' opt step v1) (QE-dnf’ opt step v2)
|

QE-dnf' opt step (Neg cp) = neg(QE-dnf’ opt step ¢) |

QFE-dnf' opt step (ExQ @) = step 1 (dnf-modified(opt(QE-dnf’ opt step ¢)))|

QE-dnf’' opt step (TrueF) TrueF|

QE-dnf' opt step (FalseF) = FalseF|

QE-dnf’ opt step (Atom a) = simp-atom a|

QE-dnf' opt step (AllQ ») = Neg(step 1 (dnf-modified(opt(neg(QE-dnf' opt step
@)l

QE-dnf' opt step (ExN 0 ) = QE-dnf’ opt step |

QE-dnf' opt step (AlIN 0 ¢) = QE-dnf’ opt step |

QE-dnf' opt step (AlIN (Suc i) ¢) = Neg(step (Suc i) (dnf-modified(opt(neg( QE-dnf’
opt step ¢)))))|

QE-dnf’ opt step (ExN (Suc i) ¢) = step (Suc i) (dnf-modified(opt( QE-dnf’ opt
step ¢)))

7.5 Repeat QE multiple times

fun countQuantifiers :: atom fm = nat where
countQuantifiers (Atom -) = 0|
countQuantifiers (TrueF) = 0|
countQuantifiers (FalseF) = 0|
countQuantifiers (And a b) = countQuantifiers a + countQuantifiers b
countQuantifiers (Or a b) = countQuantifiers a + countQuantifiers b
countQuantifiers (Neg a) = countQuantifiers a|
countQuantifiers (EzQ a) = countQuantifiers a + 1|
countQuantifiers (AllQ a) = countQuantifiers a + 1|
countQuantifiers (ExN n a) = countQuantifiers a + n
countQuantifiers (AlIN n a) = countQuantifiers a + n

fun repeatAmountOfQuantifiers-helper :: (atom fm = atom fm) = nat = atom
fm = atom fm where

repeat AmountOfQuantifiers-helper step 0 F = F|

repeat AmountOfQuantifiers-helper step (Suc i) F = repeat AmountOfQuantifiers-helper
step i (step F)

fun repeatAmountOfQuantifiers :: (atom fm = atom fm) = atom fm = atom fm
where
repeat AmountOfQuantifiers step F = (
let F' = step F in
let n = countQuantifiers F in
repeat AmountOfQuantifiers-helper step n F'

)

end

7.6 Heuristic Algorithms

theory Heuristic
imports VSAlgos Reindex Optimizations
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begin
fun IdentityHeuristic :: nat = atom list = atom fm list = nat where
IdentityHeuristic n - - = n

fun step-augment :: (nat = atom list = atom fm list = atom fm) = (nat = atom
list = atom fm list = nat) = nat = nat = atom list = atom fm list = atom fm
where

step-augment step heuristic 0 var L F' = list-conj (map fm.Atom L Q F) |

step-augment step heuristic (Suc 0) 0 L F = step 0 L F' |

step-augment step heuristic - 0 L F = list-conj (map fm.Atom L Q F) |

step-augment step heuristic (Suc amount) (Suc i) L F =(

let var = heuristic (Suc ©) L F in

let swappedL = map (swap-atom (i+1) var) L in

let swappedF' = map (swap-fm (i+1) var) F in

list-disj[step-augment step heuristic amount i al fl. (al,fl)<—dnf ((push-forall
o nnf o unpower 0 o groupQuantifiers o clearQuantifiers)(step (i+1) swappedL
suappedF))))

fun the-real-step-augment :: (nat = atom list = atom fm list = atom fm) = nat
= (atom list * atom fm list * nat) list = atom fm where

the-real-step-augment step 0 F = list-disj (map (M(L,F,n). ExN n (list-conj (map
fm.Atom L Q F))) F) |

the-real-step-augment step (Suc amount) F =(

EzQ (the-real-step-augment step amount (dnf-modified ((push-forall o nnf o un-
power 0 o groupQuantifiers o clearQuantifiers)(list-disj(map (M L,F,n). EzN n
(step (n+amount) L F)) F))))))

fun aquireData :: nat = atom list = (nat fsetxnat fsetxnat fset)where
aquireData n L = fold (A (I,e,9).
case A of
Eqp=
(
funion 1 (fset-of-list(filter (Av. let (a,b,c) = get-coeffs v p in
((MPoly-Type.degree p v =1 V MPoly-Type.degree p v = 2) A (check-nonzero-const
a V check-nonzero-const b V check-nonzero-const c))) [0..<(n+1)])),
funion e (fset-of-list(filter (Av.(MPoly-Type.degree p v = 1 NV MPoly-Type.degree
pv = 2)) [0.<(n+1)]))
Jfilter (Av. MPoly-Type.degree p v < 2) g)
| Leq p = (l,e,ffilter (Av. MPoly-Type.degree p v < 2) g)
| Neq p = (le,ffilter (Av. MPoly-Type.degree p v < 2) g)
| Less p = (l,e,ffilter (Av. MPoly-Type.degree p v < 2) g)
) L (fempty,fempty,fset-of-list [0..<(n+1)])

datatype natpair = Pair natxnat

instantiation natpair :: linorder
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begin

definition [simp]: less-eq (A::natpair) B = (case A of Pair(a,b) = (case B of
Pair(c,d) = if a=c then b<d else a<c))

definition [simp]: less (A::natpair) B = (case A of Pair(a,b) = (case B of Pair(c,d)
= if a=c then b<d else a<c))

instance (proof)

end

fun getBest :: nat fset = atom list = nat option where
getBest S L = (let X = fset-of-list(map (Az. Pair(count-list (map (Al. case l of
Eqp = MPoly-Type.degree p x =
| Less p = MPoly-Type.degree p x =
| Neq p = MPoly-Type.degree p x = 0
| Leq p = MPoly-Type.degree p x = 0
) L) False,x)) (sorted-list-of-fset S)) in
(case (sorted-list-of-fset X) of [| = None | Cons (Pair(z,v)) - = Some v))

S

fun heuristicPicker :: nat = atom list = atom fm list = (natx(nat = atom list
= atom fm list = atom fm)) optionwhere
heuristicPicker n L F = (case (let (l,e,g) = aquireData n L in
(case getBest | L of
None = (case F of
=
(case getBest g L of
None = (case getBest e L of None = None | Some v = Some(v,qe-eq-repeat))
| Some v = Some(v,gen-qe)

)

- = (case getBest e L of None = None | Some v = Some(v,qe-eq-repeat))

|
)
| Some v = Some(v,luckyFind’)
)) of None => None | Some(var,step) => (if var > n then None else Some(var,step)))

fun superPicker :: nat = nat = atom list = atom fm list = atom fm where
superPicker 0 var L F = list-conj (map fm.Atom L Q F)]
superPicker amount 0 L F = (case heuristicPicker 0 L F of Some(0,step) = step
O0LF|-= list-conj (map fm.Atom L Q F)) |
superPicker (Suc amount) (Suc i) L F =(
case heuristicPicker (Suc i) L F of
Some(var,step) =
let swappedL = map (swap-atom (i+1) var) L in
let swappedF = map (swap-fm (i+1) var) F in
list-disj[superPicker amount i al fl. (al,fl)<—dnf ((push-forall o nnf o unpower
0 o groupQuantifiers o clearQuantifiers)(step (i+1) swappedL swappedF))]
| None = list-conj (map fm.Atom L Q F))

datatype quadnat = Quad nat X nat X nat X nat
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instantiation quadnat :: linorder begin
definition [simp]:A<B =
(case A of Quad(al,bl,cl,d1) = (case B of Quad(a2,b2,c2,d2) =
(if al=a2 then (
if b1=02 then (
if c1=c2 then d1<d2 else c1<c2
) else b1<b2
) else al<a?2)))
definition [simp]:A<B =
(case A of Quad(al,bl,cl,dl) = (case B of Quad(a2,b2,c2,d2) =
(if al=a2 then (
if b1=b2 then (
if c1=c2 then d1<d2 else c1<c2
) else b1<b2
) else al<a2)))
instance (proof)
end

fun brownsHeuristic :: nat = atom list = atom fm list = nat where
brownsHeuristic n L - = (case sorted-list-of-fset (fset-of-list (map (M.
case (foldl (A(mazdeg,totaldeg,appearancecount) .
let p=caselof Eqp=p| Lessp=p| Leqp = p | Negp = pin
let deg = MPoly-Type.degree p x in
(maz mazxdeg deg,totaldeg+deg,appearancecount+(if deg>0 then 1 else 0))) (0,0,0)
L) of (a,b,¢) = Quad(a,b,c,x)
) [0..<n])) of []| = n | Cons (Quad(-,-,-,z)) - = if x>n then n else x)

end
theory PrettyPrinting
imports
EzecutiblePolyProps
PolyAtoms
Polynomials.Show-Polynomials
Polynomials. Power-Products
begin

global-interpretation driez-pm: linorder drlex-pm drlex-pm-strict
defines Min-drlex-pm = linorder. Min drlez-pm
and Maz-drlex-pm = linorder.Max drlex-pm
and sorted-drlex-pm = linorder.sorted drlez-pm
and sorted-list-of-set-drlex-pm = linorder.sorted-list-of-set drlex-pm
and sort-key-drlex-pm = linorder.sort-key drlex-pm
and insort-key-drlex-pm = linorder.insort-key drlex-pm
and part-drlex-pm = drlex-pm.part

(proof)

definition monomials-list mp = drlex-pm.sorted-list-of-set (monomials mp)
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definition shows-monomial-gen::((nat x nat) = shows) = (‘a = shows) = shows
= (nat =¢ nat) = 'a option = shows where

shows-monomial-gen shows-factor shows-coeff sep mon cff =

shows-sep (As. case s of
Inl cff = shows-coeff cff
| Inr factor = shows-factor factor

) sep ((case cff of None = [| | Some cff = [Inl cff]) @ map Inr (Poly-Mapping.items

mon))

definition shows-factor-compact factor =
(case factor of (k, v) = shows-string ''z"" +Q+ shows k +Q-+
(if v = 1 then shows-string """’ else shows-string "'~ +Q+ shows v))

definition shows-factor-Var factor =
(case factor of (k, v) = shows-string ""(Var " +@+ shows k +Q-+ shows-string
//) 1 +@+

(if v = 1 then shows-string """’

else shows-string """ +Q+ shows v))

definition shows-monomial-compact::('a = shows) = (nat = nat) = ’a option
= shows where
shows-monomial-compact shows-coeff m =
shows-monomial-gen shows-factor-compact shows-coeff (shows-string "’ ') m

definition shows-monomial-Var::(‘a = shows) = (nat = nat) = 'a option =
shows where
shows-monomial-Var shows-coeff m =
shows-monomial-gen shows-factor-Var shows-coeff (shows-string ""x'") m

fun shows-mpoly :: bool = ('a = shows) = 'a::{zero,one} mpoly = shows where
shows-mpoly input shows-coeff p = shows-sep (Amon.
(if input then shows-monomial-Var (Ax. shows-paren (shows-string ''Const "
+Q+ shows-paren (shows-coeff x))) else shows-monomial-compact shows-coeff)
mon
(let ¢ff = MPoly-Type.coeff p mon in if cff = 1 then None else Some cff)
)
(shows-string " + ')
(monomials-list p)

definition rat-of-real (x::real) =
(if 3 rurat. z = of-ratr) then (THE r. z = of-rat r) else 99999999999.99999999999)

lemma rat-of-real: rat-of-real x = r if x = of-rat r
(proof)

lemma rat-of-real-code[code]: rat-of-real (Ratreal v) = r
{proof)
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definition shows-real x = shows (rat-of-real x)

experiment begin
abbreviation foo = ((Var 0::real mpoly) + Const (0.5) x Var 1 + Var 2)73
value [code] shows-mpoly True shows-real foo """

lemma foo-eq: foo = (Var 0)73 + (Const (3/2))*(Var O)A,Q*(Var 1) + (Const
(3))*(Var 0) 2x(Var 2) + (Const (3/4))*(Var 0)«( Var 1) + (Const (3))*(Var
0)x(Var 1)x(Var 2) + (Const (3))x(Var 0)x(Var 2)72 + (Const (1 /8))*(Var
1)78 4+ (Const (3/4))*(Var 1) 2«(Var 2) + (Const (3/2))«(Var 1)x(Var 2)72
+ (Var 2)73

(proof)
value [code] shows-mpoly False shows-real foo
value [code] shows-mpoly False (shows-paren o shows-mpoly False shows-real) (extract-var
foo 0) "

value [code] shows-list-gen (shows-mpoly False shows-real)
//[]// //[// non /q//

1

1111

(Polynomial.coeffs (mpoly-to-nested-poly foo 0))
end

fun shows-atom :: bool = atom = shows where

shows-atom ¢ (Eq p) = (shows-string "'(" +Q+ shows-mpoly ¢ shows-real p +Q+
shows-string "'=0)"")|

shows-atom ¢ (Less p) = (shows-string "("" +Q+ shows-mpoly ¢ shows-real p
+Q+ shows-string ''<0)")]

shows-atom ¢ (Leq p) = (shows-string "'(" +Q+ shows-mpoly ¢ shows-real p +Q+
shows-string ''<=0)")]

shows-atom ¢(Neq p) = (shows-string "'(" +Q+ shows-mpoly ¢ shows-real p +Q+
shows-string '""™~=0)")

fun depth’ :: 'a fm = natwhere
depth’ TrueF = 1]
depth’ FalseF = 1|
depth’ (Atom -) = 1]
depth’ (And ¢ ) = max (depth’ p) (depth’ ) + 1]
depth’ (Or ¢ ) = maz (depth’ @) (depth’ ) + 1|
depth’ (Neg ©) = depth’ ¢ + 1|

depth' (ExQ ¢) = depth’ ¢ + 1|

depth’ (AllQ ) = depth’ p + 1|

depth’ (AlIN i @) = depth’ ¢ + ix 2 + 1|

depth’ (EzN i @) = depth’ ¢ + i 2 + 1

function shows-fm :: bool = atom fm = shows where

shows-fm ¢ (Atom a) = shows-atom ¢ al

shows-fm ¢ (TrueF) = shows-string "(T)"|

shows-fm ¢ (FalseF) = shows-string "'(F)"|

shows-fm ¢ (And ¢ ) = (shows-string "'("’ +Q+ shows-fm ¢ p +Q+ shows-string
"and " +Q+ shows-fm ¢ Y +Q+ shows-string (')"))|
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shows-fm ¢ (Or ¢ ) = (shows-string "'(" +Q+ shows-fm ¢ ¢ +Q+ shows-string
"or " +@Q+ shows-fm ¢ ¢ +Q+ shows-string ')"")|

shows-fm ¢ (Neg @) = (shows-string ""(neg ' +Q+ shows-fm ¢ ¢ +Q+ shows-string
//) //)|

shows-fm ¢ (ExQ @) = (shows-string '(exists” +Q+ shows-fm ¢ ¢ +Q+ shows-string
//) //)|

shows-fm ¢ (AllQ @) = (shows-string "'(forall” +Q+ shows-fm ¢ ¢ +Q@+ shows-string
//) //)|

shows-fm ¢ (ExN 0 @) = shows-fm ¢ |

shows-fm ¢ (ExN (Suc n) ¢) = shows-fm ¢ (ExQ(EzN n ¢))|

shows-fm ¢ (AlIN 0 ) = shows-fm ¢ |

shows-fm ¢ (AlIN (Suc n) @) = shows-fm ¢ (AUQ(AIIN n ¢))

(proof )
termination

(proof)

value shows-fm False (ExQ (Or (AllQ(And (Neg TrueF) (Neg FalseF'))) (Atom(Eq(Const

) 1
value shows-fm True (EzQ (Or (AllQ(And (Neg TrueF') (Neg FalseF))) (Atom(Eq(Const

) 1

end

7.7 Top-Level Algorithms

theory Fxports
imports Heuristic VSAlgos Optimizations

HOL.String HOL— Library. Code-Target-Int HOL— Library. Code- Target-Nat Pret-
tyPrinting Show.Show-Real
begin

definition opt = (push-forall o nnf o unpower 0 o clearQuantifiers)
definition opt-group = (push-forall o nnf o unpower 0 o groupQuantifiers o clear-
Quantifiers)

definition VSLuckiest = opt o (QE-dnf opt (Aamount. luckiestFind)) o opt
definition VSLuckiestBlocks =opt-group o (QE-dnf’ opt-group (the-real-step-augment
luckiestFind)) o opt-group

definition VSEquality =opt o (QE-dnf opt(Az. qe-eq-repeat)) o VSLuckiest o opt
definition VSEqualityBlocks =opt-group o (QE-dnf’ opt-group (the-real-step-augment
ge-eq-repeat)) o VSLuckiestBlocks o opt-group

definition VSGeneralBlocks =opt-group o (QE-dnf’ opt-group (the-real-step-augment
gen-ge))o VSLuckiestBlocks o opt-group

definition VSLuckyBlocks =opt-group o (QE-dnf’ opt-group (the-real-step-augment
luckyFind’))o VSLuckiestBlocks o opt-group

definition VSLEGBIlocks = VSGeneralBlocks o VSEqualityBlocks o VSLuckyBlocks
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definition VSEqualityBlocksLimited =opt-group o (QE-dnf opt-group (step-augment
ge-eq-repeat IdentityHeuristic)) o VSLuckiestBlocks o opt-group

definition VSFEquality-3-times = VSEquality o VSEquality o VSEquality
definition VSGeneral = opt o (QE-dnf opt (Ax. gen-qe)) o VSLuckiest o opt
definition VSGeneralBlocksLimited = opt-group o (QE-dnf opt-group (step-augment
gen-ge IdentityHeuristic)) o VSLuckiestBlocks o opt-group

definition VSBrowns = opt-group o (QE-dnf opt-group (step-augment gen-ge brown-
sHeuristic)) o VSLuckiestBlocks o opt-group

definition VSGeneral-3-times = VSGeneral o VSGeneral o VSGeneral
definition VSLucky = opt o (QE-dnf opt (Aamount. luckyFind")) o VSLuckiest o
opt

definition VSLuckyBlocksLimited = opt-group o (QE-dnf opt-group (step-augment
luckyFind' IdentityHeuristic)) o VSLuckiestBlocks o opt-group

definition VSLEG = VSGeneral o VSEquality o VSLucky

definition VSHeuristic = opt-group o (QE-dnf opt-group (superPicker)) o VS-
LuckiestBlocks o opt-group

definition VSLuckiestRepeat = repeatAmountOfQuantifiers VSLuckiest

definition add :: real mpoly = real mpoly = real mpoly where
addp qg=p+q

definition minus :: real mpoly = real mpoly = real mpoly where
minus p ¢q =p — q

definition mult :: real mpoly = real mpoly = real mpoly where
mult p g = p * q

definition pow :: real mpoly = integer = real mpoly where
powpn=rp  (nat-of-integer n)

definition C :: real = real mpoly where
Cr = Constr

definition V :: integer = real mpoly where
V n = Var (nat-of-integer n)

definition real-of-int :: integer = real
where real-of-int n = real (nat-of-integer n)

definition real-mult :: real = real = real
where real-mult n m = n * m

definition real-div :: real = real = real
where real-divn m =n / m

definition real-plus :: real = real = real
where real-plus n m =n + m
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definition real-minus :: real = real = real
where real-minus n m = n — m

fun is-quantifier-free :: atom fm = bool where
is-quantifier-free (ExQ x) =False|
is-quantifier-free (AllQ x) =False]
is-quantifier-free (And a b) =(is-quantifier-free a A is-quantifier-free b)|
is-quantifier-free (Or a b) =(is-quantifier-free a A is-quantifier-free b)|
is-quantifier-free (Neg a) =is-quantifier-free al
is-quantifier-free a = True

fun is-solved :: atom fm = bool where
is-solved TrueF = True|
is-solved FalseF = True|
is-solved A = Fulse

definition print-mpoly :: (real = String.literal)= real mpoly = String.literal where
print-mpoly f p = String.implode ((shows-mpoly True (Az.\y. (String.explode o
flzay)p’)

definition Unpower = unpower 0

export-code
print-mpoly
VSGeneral VSEquality VSLucky VSLEG VSLuckiest
VSGeneralBlocksLimited VSEqualityBlocksLimited VSLuckyBlocksLimited
VSGeneralBlocks VSEqualityBlocks VSLuckyBlocks VSLEGBlocks VSLuckiest-
Blocks
QE-dnf
gen-qge qe-eq-repeat
simpfm push-forall nnf Unpower
is-quantifier-free is-solved
add mult C''V pow minus
Eq Or is-quantifier-free

real-of-int real-mult real-div real-plus real-minus

VSGeneral-3-times VSEquality-3-times VSHeuristic VSLuckiestRepeat VSBrowns
in SML module-name VS

end

8 Equality VS Proofs

8.1 Linear Case

theory LinearCase
imports VSAlgos
begin
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theorem var-not-in-linear :
assumes var ¢ vars b
assumes var ¢ vars ¢
shows freeln var (Atom (linear-substitution var b ¢ A))

(proof)

lemma linear-eq :
assumes [Length : length L > var
assumes nonzero : C # 0
assumes var ¢ vars b
assumes var ¢ vars c
assumes hb : insertion (nth-default 0 (list-update L var( B/C))) b = (B::real)
assumes hc : insertion (nth-default 0 (list-update L var (B/C))) ¢ = (C:real)
shows aEval (Eq(p)) (list-update L var (B/C)) = (aEval (linear-substitution var
b ¢ (Eq(p))) (list-update L var v))

(proof)

lemma linear-less :
assumes [Length : length L > var
assumes nonzero : C # 0
assumes var ¢ vars b
assumes var ¢ vars ¢
assumes insertion (nth-default 0 (list-update L var (B/C))) b = (B::real)
assumes insertion (nth-default 0 (list-update L var (B/C))) ¢ = (C::real)
shows aFval (Less(p)) (list-update L var (B/C)) = (aFval (linear-substitution
var b ¢ (Less(p))) (list-update L var v))
(proof)

lemma linear-leq :
assumes [Length : length L > var
assumes nonzero : C # 0
assumes var ¢ vars b
assumes var ¢ vars ¢
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assumes insertion (nth-default 0 (list-update L var (B/C))) b = (B::real)

assumes insertion (nth-default 0 (list-update L var (B/C))) ¢ = (C::real)

shows aFval (Leq(p)) (list-update L var (B/C)) = (aFval (linear-substitution
var b ¢ (Leq(p))) (list-update L var v))

(proof)

lemma linear-neq :
assumes [Length : length L > var
assumes nonzero : C # 0
assumes var ¢ vars b
assumes var ¢ vars ¢
assumes insertion (nth-default 0 (list-update L var (B/C'))) b = (B::real)
assumes insertion (nth-default 0 (list-update L var (B/C))) ¢ = (C::real)
shows aFval (Neq(p)) (list-update L var (B/C)) = (aEval (linear-substitution
var b ¢ (Neq(p))) (list-update L var v))

(proof)

theorem linear :
assumes [Length : length L > var
assumes C # (
assumes var ¢ vars b
assumes var ¢ vars ¢
assumes insertion (nth-default 0 (list-update L var (B/C))) b = (B::real)
assumes insertion (nth-default 0 (list-update L var (B/C))) ¢ = (C::real)
shows aFval A (list-update L var (B/C)) = (aEwval (linear-substitution var b ¢
A) (list-update L var v))

{proof)

lemma var-not-in-linear-fm-helper :
assumes var ¢ vars b
assumes var ¢ vars ¢
shows freeln (var+z) (linear-substitution-fm-helper var b ¢ F z)

(proof)

theorem var-not-in-linear-fm :
assumes var ¢ vars b
assumes var ¢ vars c
shows freeln var (linear-substitution-fm var b ¢ F)

(proof)
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lemma linear-fm-helper :
assumes C # 0
assumes var ¢ vars b
assumes var ¢ vars ¢
assumes insertion (nth-default 0 (list-update (drop z L) var (B/C))) b = (B::real)
assumes insertion (nth-default 0 (list-update (drop z L) var (B/C))) ¢ = (C::real)
assumes [Length : length L > var+z
shows eval F' (list-update L (var+z) (B/C)) = (eval (linear-substitution-fm-helper
var b ¢ F z) (list-update L (var+2z) v))

(proof)

theorem linear-fm :
assumes [Length : length L > var
assumes C # 0
assumes var ¢ vars b
assumes var ¢ vars c
assumes insertion (nth-default 0 (list-update L var (B/C))) b = (B::real)
assumes insertion (nth-default 0 (list-update L var (B/C))) ¢ = (C::real)
shows eval F' (list-update L var (B/C)) = (Vv. eval (linear-substitution-fm var
b ¢ F) (list-update L var v))

(proof)
end

8.2 Quadratic Case

theory QuadraticCase
imports VSAlgos
begin

lemma quad-part-1-eq :
assumes [Length : length L > var
assumes hdeg : MPoly-Type.degree (p::real mpoly) var = (deg::nat)
assumes nonzero : D # 0
assumes ha : YV z. insertion (nth-default 0 (list-update L var x)) a = (A::real)
assumes hb : Vz. insertion (nth-default 0 (list-update L var z)) b = (B::real)
assumes hd : Y z. insertion (nth-default 0 (list-update L var z)) d = (D::real)
shows aFval (Eq p) (list-update L var ((A+BxC)/D)) = aEval (Eq(quadratic-part-1
var a b d (Eq p))) (list-update L var C)

(proof)

lemma quad-part-1-less :

assumes [Length : length L > var

assumes hdeg : MPoly-Type.degree (p::real mpoly) var = (deg::nat)

assumes nonzero : D # 0

assumes ha : V. insertion (nth-default 0 (list-update L var z)) a = (A:real)
assumes hb : Vz. insertion (nth-default 0 (list-update L var z)) b = (B::real)
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assumes hd : Y z. insertion (nth-default 0 (list-update L var z)) d = (D::real)
shows aFval (Less p) (list-update L var ((A+BxC)/D)) = aFval (Less(quadratic-part-1
var a b d (Less p))) (list-update L var C)

(proof)

lemma quad-part-1-leq :
assumes [Length : length L > var
assumes hdeg : MPoly-Type.degree (p::real mpoly) var = (deg::nat)
assumes nonzero : D # 0
assumes ha : VY z. insertion (nth-default 0 (list-update L var x)) a = (A::real)
assumes hb : Vz. insertion (nth-default 0 (list-update L var z)) b = (B::real)
assumes hd : V. insertion (nth-default 0 (list-update L var z)) d = (D::real)
shows aFval (Leq p) (list-update L var ((A+B+C)/D)) = aEval (Leq(quadratic-part-1
var a b d (Leq p))) (list-update L var C)

(proof)

lemma quad-part-1-neq :
assumes [Length : length L > var
assumes hdeg : MPoly-Type.degree (p::real mpoly) var = (deg::nat)
assumes nonzero : D #£ 0
assumes ha : V. insertion (nth-default 0 (list-update L var z)) a = (A::real)
assumes hb : Vz. insertion (nth-default 0 (list-update L var z)) b = (B::real)
assumes hd : Vz. insertion (nth-default 0 (list-update L var z)) d = (D::real)
shows aFval (Neq p) (list-update L var ((A+BxC)/D)) = aEval (Neq(quadratic-part-1
var a b d (Neq p))) (list-update L var C)
(proof)

lemma sqrt-case :

assumes detGreater0 : SQ > 0

shows ((SQ7(i div 2)) * real (i mod 2) * sqrt SQ + SQ ~ (i div 2) x (1 — real
(i mod 2))) = (sqrt SQ) " i
(proof)

lemma sum-over-sqrt :
assumes detGreater0 : SQ > 0
shows (Y ie{0..<n+1}. ((fizreal) = (SQ 4 div 2)) * real (i mod 2) * sqrt SQ
+fixSQ ~ (i div 2) x (1 — real (i mod 2))))
=0 ie{0..<n+1}. ((f i:real) * ((sqrt SQ) 7))
(proof)

lemma quad-part-2-eq :
assumes [Length : length L > var
assumes detGreater) : SQ>0
assumes hdeg : MPoly-Type.degree (p::real mpoly) var = (deg ::nat)
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assumes hsq : Vz. insertion (nth-default 0 (list-update L var x)) sq = (SQ::real)
shows aFval (Eq p) (list-update L var (sqrt SQ)) = aEval (Eq(quadratic-part-2
var sq p)) (list-update L var (sqrt SQ))

(proof)

lemma quad-part-2-less :
assumes [Length : length L > var
assumes detGreater0 : SQ>0
assumes hdeg : MPoly-Type.degree (p::real mpoly) var = (deg ::nat)
assumes hsq : Vz. insertion (nth-default 0 (list-update L var x)) sq = (SQ::real)
shows aFval (Less p) (list-update L var (sqrt SQ)) = aEval (Less(quadratic-part-2
var sq p)) (list-update L var (sqrt SQ))

(proof)

lemma quad-part-2-neq :
assumes (Length : length L > var
assumes detGreater( : SQ>0
assumes hdeg : MPoly-Type.degree (p::real mpoly) var = (deg ::nat)
assumes hsq : Vz. insertion (nth-default 0 (list-update L var x)) sq = (SQ::real)
shows aFEval (Neq p) (list-update L var (sqrt SQ)) = aFEval (Neq(quadratic-part-2
var sq p)) (list-update L var (sqrt SQ))

(proof)

lemma quad-part-2-leq :
assumes [Length : length L > var
assumes detGreater) : SQ>0
assumes hdeg : MPoly-Type.degree (p::real mpoly) var = (deg ::nat)
assumes hsq : Vz. insertion (nth-default 0 (list-update L var x)) sq = (SQ::real)
shows aFval (Leq p) (list-update L var (sqrt SQ)) = aFEval (Leq(quadratic-part-2
var sq p)) (list-update L var (sqrt SQ))

{(proof)

lemma quad-part-2-deg :
assumes sq¢free : (var::nat)¢vars(sq::real mpoly)
shows MPoly-Type.degree (quadratic-part-2 var sq p) var < 1

(proof)

lemma quad-equality-helper :

assumes (Length : length L > var

assumes detGreat0 : Cv>0

assumes hC : YV z. insertion (nth-default 0 (list-update L var z)) (C::real mpoly)
= (Cv::real)

assumes hA : Vz. insertion (nth-default 0 (list-update L var x)) (A::real mpoly)
= (Av::real)

assumes hB : Vz. insertion (nth-default 0 (list-update L var x)) (B::real mpoly)
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= (Bu::real)

shows aFval (Eq (A + B % Var var)) (list-update L var (sqrt Cv)) = eval (And
(Atom(Leq (AxB))) (Atom (Eq (A™2—B"2x()))) (list-update L var (sqrt Cv))
(proof)

lemma quadratic-sub-eq :

assumes [Length : length L > var

assumes nonzero : Dv # 0

assumes detGreater0 : Cv > 0

assumes freeC : var ¢ vars c

assumes ha : Vz. insertion (nth-default 0 (list-update L var x)) (a::real mpoly)
= (Av :: real)

assumes hb : V. insertion (nth-default 0 (list-update L var x)) (b:real mpoly)
= (Bv :: real)

assumes hc : V. insertion (nth-default 0 (list-update L var x)) (c:real mpoly)
= (Cv :: real)

assumes hd : Vz. insertion (nth-default 0 (list-update L var x)) (d::real mpoly)
= (Do :: real)

shows aFval (Eq p) (list-update L var ((Av+Buxsqrt(Cv))/Dv)) = eval (quadratic-sub
var a b ¢ d (Eq p)) (list-update L var (sqrt Cv))

(proof)

lemma quadratic-sub-less-helper :
assumes [Length : length L > var
assumes detGreat0 : Cv>0
assumes hC : Vz. insertion (nth-default 0 (list-update L var z)) (C::real mpoly)
= (Cv::real)
assumes hA : Vx. insertion (nth-default 0 (list-update L var x)) (A::real mpoly)
= (Av::real)
assumes hB : Vz. insertion (nth-default 0 (list-update L var x)) (B::real mpoly)
= (Bu::real)
shows aFval (Less (A + B * Var var)) (list-update L var (sqrt Cv)) = eval
(Or (And (fm.Atom (Less A)) (fm.Atom (Less (B? x C — A?))))
(And (fm.Atom (Leq B)) (Or (fm.Atom (Less A)) (fm.Atom (Less (A? — B?
© M)
(list-update L var (sqrt Cv))

(proof)

lemma quadratic-sub-less :

assumes [Length : length L > var

assumes nonzero : Dv # 0

assumes detGreater0 : Cv > 0

assumes freeC : var ¢ vars ¢

assumes ha : V. insertion (nth-default 0 (list-update L var x)) (a::real mpoly)
= (Av :: real)

assumes hb : Vz. insertion (nth-default 0 (list-update L var x)) (b:real mpoly)
= (Bv :: real)

assumes hc : V. insertion (nth-default 0 (list-update L var x)) (c:real mpoly)
= (Cv :: real)
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assumes hd : Vz. insertion (nth-default 0 (list-update L var x)) (d::real mpoly)
= (Do :: real)

shows aFval (Less p) (list-update L var ((Av+Buvxsqrt(Cv))/Dv)) = eval (quadratic-sub
var a b ¢ d (Less p)) (list-update L var (sqrt Cv))

(proof)

lemma quadratic-sub-leq-helper :

assumes [Length : length L > var

assumes detGreat0 : Cv>0

assumes hC : Vz. insertion (nth-default 0 (list-update L var x)) (C::real mpoly)
= (Cw::real)

assumes hA : Vz. insertion (nth-default 0 (list-update L var x)) (A:real mpoly)
= (Av::real)

assumes hB : Vz. insertion (nth-default 0 (list-update L var x)) (B::real mpoly)
= (Bu::real)

shows aFEval (Leq (A + B = Var var)) (list-update L var (sqrt Cv)) =

eval (Or(And(Atom(Leq(A)))(Atom (Leq(B™2xC—A"2))))(And (Atom(Leq B))
(Atom(Leq (A"2—B"2x(C))))) (list-update L var (sqrt Cv))
{proof)

lemma quadratic-sub-leq :

assumes [Length : length L > var

assumes nonzero : Dv # 0

assumes detGreater0 : Cv > 0

assumes freeC : var ¢ vars c

assumes ha : V. insertion (nth-default 0 (list-update L var x)) (a::real mpoly)
= (Av :: real)

assumes hb : V. insertion (nth-default 0 (list-update L var x)) (b:real mpoly)
= (Bv :: real)

assumes hc : V. insertion (nth-default 0 (list-update L var x)) (c:real mpoly)
= (Cv :: real)

assumes hd : Vz. insertion (nth-default 0 (list-update L var x)) (d::real mpoly)
= (Do :: real)

shows aFval (Leq p) (list-update L var ((Av+Buxsqrt(Cv))/Dv)) = eval (quadratic-sub
var a b ¢ d (Leq p)) (list-update L var (sqrt Cv))

(proof)

lemma quadratic-sub-neq :

assumes [Length : length L > var

assumes nonzero : Dv # 0

assumes detGreater0 : Cv > 0

assumes freeC : var ¢ vars ¢

assumes ha : V. insertion (nth-default 0 (list-update L var x)) (a::real mpoly)
= (Av :: real)

assumes hb : Vz. insertion (nth-default 0 (list-update L var x)) (b:real mpoly)
= (Bv :: real)

assumes hc : V. insertion (nth-default 0 (list-update L var x)) (c:real mpoly)
= (Cv :: real)
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assumes hd : Vz. insertion (nth-default 0 (list-update L var x)) (d::real mpoly)
= (Do :: real)

shows aFval (Neq p) (list-update L var ((Av+Bvxsqrt(Cv))/Dv)) = eval (quadratic-sub
var a b ¢ d (Neq p)) (list-update L var (sqrt Cv))
(proof)

theorem free-in-quad :
assumes freed : varg¢ vars a
assumes freeB : var¢ vars b
assumes freeC : var¢ vars c
assumes freeD : varé vars d
shows freeln var (quadratic-sub var a b ¢ d A)

(proof)

theorem quadratic-sub :

assumes (Length : length L > var

assumes nonzero : Dv # 0

assumes detGreater0 : Cv > 0

assumes freeC : var ¢ vars c

assumes ha : Vz. insertion (nth-default 0 (list-update L var x)) (a::real mpoly)
= (Av :: real)

assumes hb : Vz. insertion (nth-default 0 (list-update L var z)) (b::real mpoly)
= (Bv :: real)

assumes hc : V. insertion (nth-default 0 (list-update L var x)) (c:real mpoly)
= (Cv :: real)

assumes hd : Vz. insertion (nth-default 0 (list-update L var x)) (d::real mpoly)
= (Do :: real)

shows aFval A (list-update L var ((Av+Buvxsqrt(Cv))/Dv)) = eval (quadratic-sub
var a b ¢ d A) (list-update L var (sqrt Cv))

(proof)

lemma free-in-quad-fm-helper :

assumes freeA : varé¢ vars a

assumes freeB : var¢ vars b

assumes freeC : varg¢ vars c

assumes freeD : varé vars d

shows freeln (var+z) (quadratic-sub-fm-helper var a b ¢ d F z)
(proof)

theorem free-in-quad-fm :
assumes freeA : varg¢ vars a
assumes freeB : var¢ vars b
assumes freeC : varg¢ vars c
assumes freeD : var¢ vars d
shows freeln var (quadratic-sub-fm var a b ¢ d A)
(proof)
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lemma quadratic-sub-fm-helper :

assumes nonzero : Dv # 0

assumes detGreater0 : Cv > 0

assumes freeC : var ¢ vars ¢

assumes [Length : length L > var+z

assumes ha : V. insertion (nth-defoult 0 (list-update (drop z L) var z)) (a::real
mpoly) = (Av :: real)

assumes hb : V. insertion (nth-default 0 (list-update (drop z L) var x)) (b::real
mpoly) = (Bv :: real)

assumes hc : YV z. insertion (nth-default 0 (list-update (drop z L) var z)) (c:real
mpoly) = (Cv :: real)

assumes hd : Vx. insertion (nth-defoult 0 (list-update (drop z L) var x)) (d::real
mpoly) = (Dv :: real)

shows eval F' (list-update L (var+z) ((Av+Buxsqrt(Cv))/Dv)) = eval (quadratic-sub-fm-helper
var a b ¢ d F z) (list-update L (var+z) (sqrt Cv))

{proof)

theorem quadratic-sub-fm :

assumes (Length : length L > var

assumes nonzero : Dv # 0

assumes detGreater0) : Cv > 0

assumes freeC : var ¢ vars ¢

assumes ha : Vz. insertion (nth-default 0 (list-update L var x)) (a::real mpoly)
= (Av :: real)

assumes hb : V. insertion (nth-default 0 (list-update L var x)) (b::real mpoly)
= (Bv :: real)

assumes hc : Vz. insertion (nth-default 0 (list-update L var z)) (c:real mpoly)
= (Cv :: real)

assumes hd : V. insertion (nth-default 0 (list-update L var x)) (d::real mpoly)
= (Do :: real)

shows eval F' (list-update L var ((Av+Buvxsqrt(Cv))/Dv)) = eval (quadratic-sub-fm
var a b ¢ d F) (list-update L var (sqrt Cv))

(proof )
end

8.3 Lemmas of the elimVar function

theory EliminateVariable
imports LinearCase QuadraticCase HOL— Library. Quadratic-Discriminant
begin

lemma elimVar-eq :
assumes hlength : length s = var
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assumes in-list : Eq p € set(L)
assumes low-pow : MPoly-Type.degree p var = 1 N MPoly-Type.degree p var =
2
shows ((3z. eval (list-conj (map fm.Atom L Q F)) (zs Q z # T)) =
((3z. eval (elimVar var L F (Eq p)) (zs Q  # T)))V (V. aEval (Eq p) (zs Q
 #1))
(proof)

simply states that the variable is free in the equality case of the elimVar
function

lemma freeln-elimVar-eq : freeln var (elimVar var L F (Eq p))

(proof )
Theorem 20.2 in the textbook

lemma elimVar-eq-2 :
assumes hlength : length s = var
assumes in-list : Eq p € set(L)
assumes low-pow : MPoly-Type.degree p var = 1 N MPoly-Type.degree p var =
2
assumes nonzero : V.
insertion (nth-default 0 (zs Q © # T')) (isolate-variable-sparse p var 2)

£0

1)#0
V insertion (nth-default 0 (zs @ z # T')) (isolate-variable-sparse p var
0) # 0 (is ?non0)
shows (3 z. eval (list-conj (map fm.Atom L Q F)) (zs Q@ x # T")) =
(Fz. eval (elimVar var L F (Eq p)) (zs Q z # T))

(proof)

V insertion (nth-default 0 (xs @ z # T)) (isolate-variable-sparse p var

end

8.4 Overall LuckyFind Proofs

theory LuckyFind
imports EliminateVariable
begin

theorem luckyFind-eval:

assumes luckyFind © L F = Some F'

assumes length s = x

shows (Jz. (eval (list-conj ((map Atom L) @ F)) (xzs @ (z#I)))) = (Fz.(eval
F' (zs @ (z#1))))
(proof)
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lemma luckyFind’-eval :

assumes length xs = var

shows (Fz. eval (list-conj (map fm.Atom L @ F)) (zs @ ¢ # T')) = (3z. eval
(luckyFind' var L F) (zs Q z # T))

(proof)

lemma luckiestFind-eval :

assumes length rs = var

shows (Jz. eval (list-conj (map fm.Atom L Q F)) (zs @ z # T')) = (Fz. eval
(luckiestFind var L F) (zs Q@ z # T))

(proof)

end

8.5 Overall Equality VS Proofs

theory FqualityVs
imports EliminateVariable LuckyFind
begin

lemma degree-find-eq :

assumes find-eq var L = (A,L")

shows V peset(A). MPoly-Type.degree p var = 1 V MPoly-Type.degree p var =
2 (proof)

lemma list-in-find-eq :
assumes find-eq var L = (A,L)
shows set(map Eq A Q L') = set L{proof)

lemma ge-eq-one-eval :

assumes hlength : length xs = var

shows (Jz. (eval (list-conj ((map Atom L) @ F)) (xzs @ (z#7)))) = (Fz.(eval
(ge-eg-one var L F) (xs Q (z#I"))))
{proof)

lemma qe-eg-repeat-helper-eval-casel :

assumes hlength : length rs = var

assumes degreeGood : ¥ peset(A). MPoly-Type.degree p var = 1 V MPoly-Type.degree
pvar = 2

shows ((eval (list-conj ((map (Atom o Eq) A) @Q (map Atom L) Q F)) (zs @
(a4T))))
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= (eval (ge-eq-repeat-helper var A L F) (zs @ z # T))
(proof)

lemma qe-eg-repeat-helper-eval-case? :

assumes hlength : length rs = var

assumes degreeGood : ¥V peset(A). MPoly-Type.degree p var = 1 V MPoly-Type.degree
p var = 2

shows (eval (ge-eq-repeat-helper var A L F) (zs @ z # T))

= Jx. ((eval (list-conj ((map (Atom o Eq) A) Q (map Atom L) Q F))

(zs @ (z#1))))
(proof)

lemma ge-eq-repeat-eval :

assumes hlength : length rs = var

shows (Fz. (eval (list-conj ((map Atom L) @ F)) (xzs @ (z#7)))) = (Fz.(eval
(ge-eq-repeat var L F) (zs Q (z#I"))))
{proof)

end

9 General VS Proofs

9.1 Univariate Atoms

theory UniAtoms
imports Debruijn
begin

datatype atomUni = LessUni real x real * real | EqUni real * real x real | LeqUni
real * real * real | NeqUni real * real * real
datatype (atoms: 'a) fmUni =

TrueF'Uni | FalseFUni | AtomUni 'a | AndUni 'a fmUni 'a fmUni | OrUni 'a
fmUni 'a fmUni

fun aEvalUni :: atomUni = real = bool where
aFvalUni (EqUni (a,b,c)) x = (axz”2+bxz+c = 0) |
aFBvalUni (LessUni (a,b,c)) © = (axx 2+bxz+c < 0) |
aFvalUni (LeqUni (a,b,c)) z = (axz”2+bkxz+c < 0) |
aEvalUni (NeqUni (a,b,c)) x = (axz”2+bxz+c # 0)

fun aNegUni :: atomUni = atomUni where
aNegUni (LessUni (a,b,c)) = LeqUni (—a,—b,—c) |
aNegUni (EqUni p) = NeqUni p |
aNegUni (LeqUni (a,b,c)) = LessUni (—a,—b,—c) |
aNegUni (NeqUni p) = EqUni p
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fun evalUni :: atomUni fmUni = real = bool where
evalUni (AtomUni o) © = aEvalUni a z |
evalUni (TrueFUni) - = True |
evalUni (FalseFUni) - = False |
evalUni (AndUni ¢ ) x = ((evalUni ¢ x) A (evalUni ¢ x)) |
evalUni (OrUni ¢ ¢) x = ((evalUni ¢ ) V (evalUni 9 x))

fun negUni :: atomUni fmUni = atomUni fmUni where
negUni (AtomUni a) = AtomUni(aNegUni a) |
negUni (TrueFUni) = FalseFUni |
negUni (FalseF'Uni) = TrueFUni |
negUni (AndUni ¢ ) = (OrUni (negUni ¢) (negUni 1)) |
negUni (OrUni ¢ ) = (AndUni (negUni @) (negUni 1))

fun convert-poly :: nat = real mpoly = real list = (real * real x real) option
where

convert-poly var p s = (

if MPoly-Type.degree p var < 3

then let (A,B,C) = get-coeffs var p in Some(insertion (nth-default 0 (xs)) A,insertion
(nth-default 0 (zs)) B,insertion (nth-default 0 (xs)) C)

else None)

fun convert-atom :: nat = atom = real list = atomUni option where
convert-atom var (Less p) xs = map-option LessUni (convert-poly var p xs)]
convert-atom var (Eq p) xs = map-option EqUni (convert-poly var p xs)|
convert-atom var (Leq p) xs = map-option LeqUni (convert-poly var p xs)|
convert-atom var (Neq p) s = map-option NeqUni (convert-poly var p zs)

lemma convert-atom-change :
assumes length s’ = var
shows convert-atom var At (xzs' Q@ x # T') = convert-atom var At (zs’ Q@ z' # T)

{proof)

lemma degree-convert-eq :
assumes convert-poly var p s = Some(a)
shows MPoly-Type.degree p var < 3

{proof)

lemma poly-to-univar :

assumes M Poly-Type.degree p var < 3

assumes get-coeffs var p = (A,B,C)

assumes a = insertion (nth-default 0 (xs'Qy#zs)) A

assumes b = insertion (nth-default 0 (zs'Qy#tas)) B

assumes ¢ = insertion (nth-default 0 (zs'Qy#as)) C

assumes length s’ = var

shows insertion (nth-default 0 (rs'Qu#xs)) p = (axz”2)+(bxx)+c
(proof )
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lemma aFval-aFEvalUni:
assumes convert-atom var a (zs'Qx#tzs) = Some a’
assumes length zs' = var
shows aFval a (xs'Qx#tzs) = aFvalUni o’ x

(proof)

fun convert-fm :: nat = atom fm = real list = (atomUni fmUni) option where

convert-fm var (Atom a) T' = map-option (AtomUni) (convert-atom var a T') |

convert-fm var (TrueF) - = Some TrueFUni |

convert-fm var (FalseF) - = Some FalseFUni |

convert-fm var (And ¢ ¥) T' = (case ((convert-fm var ¢ T),(convert-fm var 1
) of (Some a, Some b) = Some (AndUni a b) | - = None) |

convert-fm var (Or ¢ ) T' = (case ((convert-fm var ¢ T'),(convert-fm var @ T'))
of (Some a, Some b) = Some (OrUni a b) | - = None) |

convert-fm var (Neg ¢) T' = None |

convert-fm var (EzQ ¢) T' = None |

convert-fm var (AllQ ¢) I' = None|

convert-fm var (AlIN i ¢) T = None|

convert-fm var (ExN i ¢) T = None

A~ N S

lemma eval-evalUni:
assumes convert-fm var F (xs'Qz#tzs) = Some F'
assumes length s’ = var
shows eval F (zs'Qu+#tzs) = evalUni F' x

{proof)

fun grab-atoms :: nat = atom fm = atom list option where
grab-atoms var TrueF = Some(]]) |
grab-atoms var FalseF' = Some([]) |
grab-atoms var (Atom(Eq p)) = (if MPoly-Type.degree p var < 3 then (if MPoly-Type.degree
p var > 0 then Some([Eq p]) else Some([])) else None)|
grab-atoms var (Atom(Less p)) = (if MPoly-Type.degree p var < & then (if
MPoly-Type.degree p var > 0 then Some([Less p]) else Some([])) else None)|
grab-atoms var (Atom(Leq p)) = (if MPoly-Type.degree p var < 3 then (if
MPoly-Type.degree p var > 0 then Some([Leq p]) else Some([])) else None)|
grab-atoms var (Atom(Neq p)) = (if MPoly-Type.degree p var < & then (if
MPoly-Type.degree p var > 0 then Some([Neg p]) else Some([])) else None)]|
grab-atoms var (And a b) = (
case grab-atoms var a of
Some(al) = (
case grab-atoms var b of
Some(bl) = Some(al@bl)
| None = None

)

None = None

|
)|
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grab-atoms var (Or a b) = (
case grab-atoms var a of
Some(al) = (
case grab-atoms var b of
Some(bl) = Some(al@bl)
| None = None

)

| None = None
)|
grab-atoms var (Neg -) = None|
grab-atoms var (Ez@ -) = None|
grab-atoms var (AllQ -) = None|
grab-atoms var (AlIN i -) = None|
grab-atoms var (ExzN i -) = None

lemma nil-grab : (grab-atoms var F = Some [|) = (freeln var F)
(proof)

fun isSome :: 'a option = bool where
isSome (Some -) = True |
isSome None = Fulse

lemma grab-atoms-convert : (isSome (grab-atoms var F)) = (isSome (convert-fm
var F xs))

(proof)

lemma convert-aNeg :
assumes convert-atom var A (zs'Qu#xs) = Some(A’)
assumes length s’ = var
shows aFEval (aNeg A) (zs'Qx#xs) = aFvalUni (aNegUni A') z

(proof)

lemma convert-neg :
assumes convert-fm var F (xs'Qz#xs) = Some(F’)
assumes length s’ = var
shows eval (Neg F) (zs'Qaz#as) = evalUni (negUni F') x
(proof)

fun list-disj-Uni :: 'a fmUni list = 'a fmUni where
list-disj-Uni [| = FalseFUni|
list-disj-Uni (x#xs) = OrUni x (list-disj-Uni xs)

fun list-conj-Uni :: 'a fmUni list = 'a fmUni where

list-conj-Uni [| = TrueFUni|
list-conj-Uni (z#xs) = AndUni x (list-conj-Uni xs)
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lemma eval-list-disj-Uni : evalUni (list-disj-Uni L) x = (3leset(L). evalUni | x)
{proof)

lemma eval-list-conj-Uni : evalUni (list-conj-Uni A) x = (Vieset A. evalUni | x)
(proof )

lemma eval-list-conj- Uni-append : evalUni (list-conj-Uni (A Q B)) x = (evalUni
(list-conj-Uni (A)) z A evalUni (list-conj-Uni (B)) z)
{proof)

fun map-atomUni :: ('a = 'a fmUni) = 'a fmUni = 'a fmUni where
map-atomUni f (AtomUni a) = f a |
map-atomUni f (TrueFUni) = TrueFUni |
map-atomUni f (FalseFUni) = FalseF'Uni |
map-atomUni [ (AndUni ¢ ¥) = (AndUni (map-atomUni f ) (map-atomUni f

¥) |
map-atomUni f (OrUni ¢ ) = (OrUni (map-atomUni f ) (map-atomUni f 1))

fun map-atom :: (atom = atom fm) = atom fm = atom fm where
map-atom f TrueF = TrueF|
map-atom f FalseF = FalseF|
map-atom f (Atom a) = f a|
map-atom f (And ¢ ¥) = And (map-atom [ ¢) (map-atom f )]
map-atom f (Or ¢ ) = Or (map-atom | @) (map-atom f )|
map-atom f (Neg ¢) = TrueF|
map-atom f (ExQ ¢) = TrueF)|
map-atom f (AlQ p) = TrueF|
map-atom f (ExN i @) = Truel|
map-atom f (AlIN i ¢) = TrueF

fun getPoly :: atomUni => real * real * real where
getPoly (EqUni p) = p|
getPoly (LeqUni p) = p|
getPoly (NeqUni p) = pl
getPoly (LessUni p) = p

lemma liftatom-map-atom :
assumes 3 F'. convert-fm var F zs = Some F'
shows liftmap f F 0 = map-atom (f 0) F
(proof )

lemma eval-map : (3l€set(map f L). evalUni | x) = (Fl€set(L). evalUni (f1) x)
{proof)

lemma eval-map-all : (VI€set(map f L). evalUni | ) = (Vieset(L). evalUni (f1)

z)
{proof)
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lemma eval-append : (Flcset (A#B).evalUni | z) = (evalUni A = V (Fleset
(B).evalUni | x))

{proof)

lemma eval-conj-atom : evalUni (list-conj-Uni (map AtomUni L)) © = (V l€set(L).
aFvalUni | x)

(proof)
end

9.2 Negative Infinity

theory Neglnfinity
imports HOL— Analysis. Poly-Roots VSAlgos
begin

lemma freeln-allzero : freeln var (allZero p var)

{proof)

lemma allzero-eval :

assumes [Length : var < length L

shows(Jz. Vy<z. aFval (Eq p) (list-update L var y) ) = (Vz. eval (allZero p
var) (list-update L var x))
(proof)

lemma freeln-altNegInf : freeln var (alternateNegInfinity p var)
(proof)

theorem freeln-substNegInfinity : freeln var (substNeglInfinity var A)
{proof )

end
theory NeglnfinityUni

imports UniAtoms Neglnfinity QF
begin

fun allZero’ :: real * real * real = atomUni fmUni where
allZero’ (a,b,c) = AndUni(AndUni(AtomUni(EqUni(0,0,a))) (AtomUni(EqUni(0,0,b))))
(AtomUni(EqUni(0,0,c)))

lemma convert-allZero :
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assumes convert-poly var p (zs'Qz#tzs) = Some p’
assumes length 1s' = var
shows eval (allZero p var) (xs'Qu#xs) = evalUni (allZero’ p') x

(proof)

fun alternateNegInfinity’ :: real * real * real = atomUni fmUni where
alternateNegInfinity’ (a,b,c) =

OrUni(AtomUni(LessUni(0,0,a)))(

AndUni(AtomUni(EqUni(0,0,a))) (
OrUni(AtomUni(LessUni(0,0,—b)))(
AndUni(AtomUni(EqUni(0,0,b)))(

AtomUni(LessUni(0,0,c))
)
)

lemma convert-alternateNegInfinity :

assumes convert-poly var p (zs'Qr#xs) = Some X

assumes length s’ = var

shows eval (alternateNegInfinity p var) (zs’Qz#xs) = evalUni (alternateNegInfinity’
X)z
(proof)

fun substNegInfinityUni :: atomUni = atomUni fmUni where
substNegInfinityUni (EqUni p) = allZero’ p |
substNegInfinityUni (LessUni p) = alternateNegInfinity’ p|
substNegInfinityUni (LeqUni p) = OrUni (alternateNegInfinity' p) (allZero’ p)
substNegInfinityUni (NeqUni p) = negUni (allZero’ p)

lemma convert-substNegInfinity :

assumes convert-atom var A (zs'Qu#zs) = Some(A’)

assumes length s’ = var

shows eval (substNegInfinity var A) (zs’Qzftxs) = evalUni (substNegInfinity Uni
Al)

(proof)

lemma change-eval-eq:
fixes z y:: real
assumes ((aEvalUni (EqUni(a,b,c))  # aFvalUni (EqUni(a,b,c)) y) A z < y)
shows (Juw. 2 <w A w <y A axw 2 + bxw + ¢ = 0)
{proof)
lemma change-eval-lt:
fixes z y:: real
assumes ((aEvalUni (LessUni (a,b,c)) © # aEvalUni (LessUni (a,b,c)) y) A\ x
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<)
shows (Juw. 2 < w A w<yA axw 2 + bxw + ¢ = 0)

(proof)

lemma no-change-eval-lt:
fixes z y:: real
assumes 7 < ¥
assumes “(Juw. z < w A w <y A akw 2 + bxw + ¢ = 0)
shows ((aFvalUni (LessUni (a,b,c)) © = aBvalUni (LessUni (a,b,c)) y))
(proof )

lemma change-eval-neq:

fixes z y:: real

assumes ((aEvalUni (NeqUni (a,b,c)) x # aBEvalUni (NeqUni (a,b,c)) y) A z <
v)

shows (Juw. 2 < w A w<yA axw 2 + bxw + ¢ = 0)

(proof)

lemma change-eval-leg:

fixes z y:: real

assumes ((aBvalUni (LeqUni (a,b,c)) x # aBEvalUni (LeqUni (a,b,c)) y) A z <
y)

shows (Juw. s <w A w<yA axw 2 + bxw + ¢ = 0)
(proof )

lemma change-eval:

fixes x y:: real

fixes At:: atomUni

assumes zlt: * < y

assumes noteq: ((aFvalUni At) © # aEvalUni (At) y)

assumes getPoly At = (a, b, c)

shows (Juw. 2 < w A w<yA axw 2 + bxw + ¢ = 0)
(proof)

lemma no-change-eval:
fixes z y:: real
assumes getPoly At = (a, b, ¢)
assumes z < ¥
assumes ~(Jw. 2 < w A w < y A axw 2 + bxw + ¢ = 0)
shows ((aBvalUni At) x = aEvalUni (At) y A z < y)
(proof )

lemma same-eval’’ :
assumes getPoly At = (a, b, c)
assumes nonz: a # 0V b# 0V c# 0
shows Jz. Vy<z. (aEvalUni At y = aEvalUni At 1)

(proof)
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lemma inequality-case : (3 (z::real). ¥V (y:real)<z. (a:real) * y* + (biireal) * y +

(cireal) < 0) =
(a<O0Va=0AN0<bVb=0ANc<
(proof)

lemma inequality-case-geq : (3 (z::real). V (y::

y + (cureal) > 0) =
(a>0Va=0AN(0>bVb=0ANc>
(proof)

lemma infinity-evalUni-LessUni : (Fz. ¥V y<z.

(substNegInfinityUni (LessUni p)) x)
(proof)

lemma infinity-evalUni-EqUni : (3z. Vy<z.
(substNegInfinityUni (EqUni p)) x)
(proof )

lemma infinity-evalUni-NeqUni : (3z. YV y<z.

(substNegInfinityUni (NeqUni p)) x)
(proof)

lemma infinity-evalUni-LeqUni : (Jz. ¥V y<z.

(substNegInfinityUni (LeqUni p)) )
(proof)

0))

real)<w. (a:real) * y* + (b:real) *

0))

aEvalUni (LessUni p) y) = (evalUni

aFvalUni (EqUni p) y) = (evalUni

aFvalUni (NeqUni p) y) = (evalUni

aFvalUni (LeqUni p) y) = (evalUni

This is the vertical translation for substNeglnfinityUni where we represent
the virtual substution of negative infinity in the univariate case

lemma infinity-evalUni :

shows (Fz. Vy<z. aFvalUni At y) = (evalUni (substNegInfinityUni At) x)

(proof)

end

9.3 Infinitesimals

theory Infinitesimals

imports EzecutiblePolyProps LinearCase QuadraticCase Neglnfinity Debruijn

begin

lemma freeln-substinfinitesimalQuadratic :
assumes var ¢ vars a
var & vars b
var ¢ vars ¢
var ¢ vars d

shows freeln var (substinfinitesimalQuadratic var a b ¢ d At)

(proof)
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lemma freeln-substinfinitesimalQuadratic-fm :
assumes var ¢ vars a var & vars b var ¢ vars ¢ var ¢ vars d
shows freeln var (substInfinitesimalQuadratic-fm var a b ¢ d F)

(proof)

lemma freeln-substInfinitesimalLinear:
assumes var ¢ vars a var ¢ vars b
shows freeln var (substInfinitesimalLinear var a b At)

{(proof)

lemma freeln-substInfinitesimalLinear-fm:
assumes var ¢ vars a var ¢ vars b
shows freeln var (substInfinitesimalLinear-fm var a b F')

(proof)

end
theory InfinitesimalsUni
imports Infinitesimals UniAtoms NegInfinityUni QF

begin

fun convertDerivativeUni :: real * real * real = atomUni fmUni where
convertDerivative Uni (a,b,c) =
OrUni(AtomUni(LessUni(a,b,c)))(AndUni( Atom Uni( EqUni(a,b,c)))(
OrUni(AtomUni(LessUni(0,2%a,b)))(AndUni( AtomUni( EqUni(0,2%a,b)))(
(AtomUni(LessUni(0,0,2+%a)))

)
)

lemma convert-convertDerivative :

assumes convert-poly var p (xs’Qz#xs) = Some(a,b,c)

assumes length zs’ = var

shows eval (convertDerivative var p) (zs'Qa#txs) = evalUni (convertDerivative Uni
(a,b,0)) 2
{proof)

fun linearSubstitutionUni :: real = real = atomUni = atomUni fmUni where
linearSubstitutionUni b ¢ a = (if aBvalUni a (—c/b) then TrueFUni else False-
FUni)

lemma convert-linearSubstitutionUni:

assumes convert-atom var a (zs'Qx#xs) = Some(a’)
assumes insertion (nth-default 0 (zs'Qz#xs)) b = B
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assumes insertion (nth-default 0 (zs'Qz#xs)) ¢ = C

assumes B # 0

assumes varé(vars b)

assumes varé(vars c)

assumes length s’ = var

shows aFval (linear-substitution var (—c) b a) (zs'Qz#as) = evalUni (linearSubstitutionUni
BCua)z

(proof)

fun substInfinitesimalLinearUni :: real = real = atomUni = atomUni fmUni
where
substInfinitesimalLinearUni b ¢ (EqUni p) = allZero’ p
substInfinitesimalLinearUni b ¢ (LessUni p) =
map-atomUni (linearSubstitutionUni b ¢) (convertDerivativeUni p)
substinfinitesimalLinearUni b ¢ (LeqUni p) =
OrUni
(allZero’ p)
(map-atomUni (linearSubstitutionUni b ¢) (convertDerivative Uni p))|
substInfinitesimalLinearUni b ¢ (NeqUni p) = negUni (allZero’ p)

lemma convert-linear-subst-fm :
assumes convert-atom var a (zs'Qr#xs) = Some a’
assumes insertion (nth-default 0 (zs'Qz#xs)) b= B
assumes insertion (nth-default 0 (zs'Qx#xs)) ¢ = C
assumes B # (
assumes varé(vars b)
assumes varé(vars c)
assumes length 1s' = var
shows aFval (linear-substitution (var + 0) (liftPoly 0 0 (—c)) (liftPoly 0 0 b)
a) (zs'Qaftzs) =
evalUni (linearSubstitutionUni B C a')

(proof)

lemma evalUni-if : evalUni (if cond then TrueFUni else FalseF'Uni) x = cond
{proof)

lemma degree-less-sum’: MPoly-Type.degree (p::real mpoly) var = n => MPoly-Type.degree
(g::real mpoly) var = m = n < m = MPoly-Type.degree (p + ¢) var = m

{proof)

lemma convert-substInfinitesimalLinear-less :
assumes convert-poly var p (zs'Qz#tzs) = Some(p’)
assumes insertion (nth-default 0 (zs'Qu#xs)) b =
assumes insertion (nth-default 0 (zs'Qz#xs)) ¢
assumes B # 0
assumes varé(vars b)
assumes varé(vars c)
assumes length s’ = var

B
C
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shows
eval (liftmap
(Az. MA. Atom(linear-substitution (var+z) (liftPoly 0 x (—c)) (liftPoly 0 x b)
A)
(convertDerivative var p)
0) (zs'Qu#tas) =
evalUni (map-atomUni (linearSubstitutionUni B C) (convertDerivativeUni p'))
(proof)
lemma convert-substInfinitesimalLinear:
assumes convert-atom var a (zs'Qx#xs) = Som
assumes insertion (nth-default 0 (zs'Qz#tzs)) b
assumes insertion (nth-default 0 (zs'Qz#xs)) c
assumes B # 0
assumes varé(vars b)
assumes varé(vars c)
assumes length s’ = var
shows eval (substInfinitesimalLinear var (—c) b a) (zs'Qz#xs) = evalUni (substInfinitesimalLinearUni
BCua)z
(proof)

e(a’)

B
=C

lemma either-or:

fixes r :: real

assumes a: (3y’>r. Vee{r<.y’}. (aBvalUni (EqUni (a, b, ¢)) z) V (aEvalUni
(LessUni (a, b, ¢)) z))

shows (Jy'>r. Vee{r<.y'}. (aBEvalUni (EqUni (a, b, ¢)) x)) V

Fy'>r. Vaee{r<.y'}. (aFvalUni (LessUni (a, b, ¢)) x))
(proof )

lemma infinitesimal-linear’-helper :
assumes at-is: At = LessUni p V At = EqUni p
assumes B # 0
shows ((3y":real>—C/B. Vz::real €{—C/B<..y'}. aEvalUni At 1)
= evalUni (substInfinitesimalLinearUni B C At) x)
(proof)

lemma infinitesimal-linear’ :
assumes B # 0
shows (Jy':real>—C/B. V z::real €{—C/B<..y'}. aBvalUni At z)
= evalUni (substInfinitesimalLinearUni B C' At) z

(proof)
fun quadraticSubUni :: real = real = real = real = atomUni = atomUni fmUni
where

quadraticSubUni a b ¢ d A = (if aEBvalUni A ((a+bxsqrt(c))/d) then TrueFUni
else FalseFUni)

fun substInfinitesimalQuadraticUni :: real = real = real = real = atomUni =
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atomUni fmUni where
substInfinitesimalQuadraticUni a b ¢ d (EqUni p) = allZero’ p|
substInfinitesimalQuadraticUni a b ¢ d (LessUni p) = map-atomUni (quadraticSubUni
a b c d) (convertDerivativeUni p)
substInfinitesimalQuadraticUni a b ¢ d (LeqUni p) = OrUni(map-atomUni (quadraticSubUni
a b ¢ d) (convertDerivativeUni p)) (allZero’ p)|
substInfinitesimalQuadraticUni a b ¢ d (NeqUni p) = neqUni (allZero’ p)

lemma weird :
fixes D::real
assumes dneq: D # (0::real)
shows
((a":real) x (((Azreal) + (B:real) * sqrt (Czreal)) / (D:ireal))® + (b':real) *
(A+BxsgrtC)/ D+c' <0V
"sx ((A+ Bxsqrt C)/ D)2+ b" % (A+ BxsqtC)/ D+ (cureal) = 0 A
(b'+a"x(A+BxsqrtC)x 2/ D<0V
b+ a'x(A+ Bxsgrt C)x 2/ D=0A2x%a <0))
(a'* (A4 Bxsqrt C) / D)> + b % (A+ B x sqrt C) /
"x ((A+ Bxsqrt C)/ D)?> +b'x (A+ Bxsqrt C) /
(2xa"x(A+BxsqrtC)/ D+b <0V
2xa' x (A+Bxsqgrt C)/ D+b =0ANa <0))
(proof)

D+c' <0V
D+c¢'=0AnN

lemma convert-substinfinitesimalQuadratic-less :
assumes convert-poly var p (zs'Quz#tzs) = Some p’
assumes insertion (nth-default 0 (zs'Qz#tzs)) a = A
assumes insertion (nth-default 0 (zs'Qx#xs))
assumes insertion (nth-default 0 (zs'Qz#xs))
assumes insertion (nth-default 0 (zs'Qr#xs))
assumes D # 0
assumes 0 < C
assumes varé(vars a)
assumes varé(vars b)
assumes varé(vars c)
assumes varé(vars d)
assumes length s’ = var
shows eval (quadratic-sub-fm var a b ¢ d (convertDerivative var p)) (xs'Qu#xs)
= evalUni (map-atomUni (quadraticSubUni A B C D) (convertDerivativeUni p'))
T

(proof)

lemma convert-substinfinitesimalQuadratic:
assumes convert-atom var At (xs'Q x#xs) = Some(At')
assumes insertion (nth-default 0 (zs'Q z#zs)) a = A
assumes insertion (nth-default 0 (1s'Q z#zs)) b = B
assumes insertion (nth-default 0 (zs'Q z#tas)) ¢ = C
assumes insertion (nth-default 0 (zs'Q z#xs)) d = D
assumes D # 0
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assumes 0 < C

assumes varé(vars a)

assumes varé(vars b)

assumes varé(vars c)

assumes varé(vars d)

assumes length zs’' = var

shows eval (substInfinitesimalQuadratic var a b ¢ d At) (zs'Q z#zs) = evalUni
(substInfinitesimalQuadraticUni A B C D At') x

{proof)

lemma infinitesimal-quad-helper:

fixes A B C D:: real

assumes at-is: At = LessUni p V At = EqUni p

assumes D#0

assumes C>(

shows (3 y":real>((A+B * sqrt(C))/(D)). ¥ z::real €{((A+B * sqrt(C))/(D))<..y'}.
aFvalUni At x)

= (evalUni (substInfinitesimalQuadraticUni A B C D At) x)

(proof)

lemma infinitesimal-quad:
fixes A B C D:: real
assumes D#0
assumes C>0
shows (Fy":real>((A+B * sqrt(C))/(D)). V x::real €{((A+B x sqrt(C))/(D))<..y'}.
aFEvalUni At x)
= (evalUni (substInfinitesimalQuadraticUni A B C D At) )

(proof)

end

9.4 Overall General VS Proofs

theory DNFUni
imports QF InfinitesimalsUni
begin

fun DNFUni :: atomUni fmUni = atomUni list list where
DNFUni (AtomUni a) = [[d]]|
DNFUni (TrueFUni) = [[]] |
DNFUni (FalseFUni) = ||
DNFUni (AndUni A B) = [A'Q B'. A’ + DNFUni A, B' + DNFUni B
DNFUni (OrUni A B) = DNFUni A @ DNFUni B

lemma eval-DNFUni : evalUni F x = evalUni (list-disj-Uni(map (list-conj-Uni o

(map AtomUni)) (DNFUni F))) z
(proof)
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fun elimVarUni-atom :: atomUni list = atomUni = atomUni fmUni where
elimVarUni-atom F (EqUni (a,b,c)) =
(OrUni
(AndUni
(AndUni (AtomUni (EqUni (0,0,a))) (AtomUni (NeqUni (0,0,b))))
(list-conj-Uni (map (linearSubstitutionUni b ¢) F)))
(AndUni (AtomUni (NeqUni (0,0,a))) (AndUni (AtomUni(LeqUni (0,0,—(b72)+4*axc)))
(OrUni
(list-conj-Uni (map (quadraticSubUni (—b) 1 (b"2—4*axc) (2xa)) F))
(list-cong-Uni (map (quadraticSubUni (—b) (—1) (b"2—4xaxc) (2xa)) F))

elimVarUni-atom F (LeqUni (a,b,c)) =
(OrUni
(AndUni
(AndUni (AtomUni (EqUni (0,0,a))) (AtomUni (NeqUni (0,0,b))))
(list-conj-Uni (map (linearSubstitutionUni b c¢) F)))
(AndUni (AtomUni (NeqUni (0,0,a))) (AndUni (AtomUni(LeqUni (0,0,—(b72)+4*axc)))
(OrUni
(list-cong-Uni (map (quadraticSubUni (—b) 1 (b"2—4*axc) (2xa)) F))
(list-cong-Uni (map (quadraticSubUni (—b) (—1) (b"2—4xaxc) (2xa)) F))

elimVarUni-atom F (LessUni (a,b,c)) =
(OrUni
(AndUni
(AndUni (AtomUni (EqUni (0,0,a))) (AtomUni (NeqUni (0,0,)))))
(list-conj-Uni (map (substInfinitesimalLinearUni b ¢) F)))
(AndUni (AtomUni (NeqUni (0,0,a))) (AndUni (AtomUni(LeqUni (0,0,—(b"2)44*axc)))
(OrUni
(list-conj-Uni (map(substInfinitesimalQuadraticUni (—b) 1 (b"2—4xaxc)
(2+a)) F))
(list-cong-Uni (map(substinfinitesimalQuadraticUni (—b) (—1) (b"2—4=*axc)
(2+a)) F))
)
)
)
|
elimVarUni-atom F (NeqUni (a,b,c)) =
(OrUni
(AndUni
(AndUni (AtomUni (EqUni (0,0,a))) (AtomUni (NeqUni (0,0,b))))
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(list-conj-Uni (map (substInfinitesimalLinearUni b ¢) F)))
(AndUni (AtomUni (NeqUni (0,0,a))) (AndUni (AtomUni(LeqUni (0,0,—(b"2)+4*axc)))

(OrUni
(list-conj-Uni (map(substInfinitesimalQuadraticUni (—b) 1 (b™2—/xaxc)
(2%a)) F))
(list-conj-Uni (map(substInfinitesimalQuadraticUni (—b) (—1) (b"2—/4*ax*c)
(2%a)) F))
)
)

)
)

fun generalVS-DNF :: atomUni list = atomUni fmUni where
generalVS-DNF L = list-disj-Uni (list-conj-Uni(map substNegInfinityUni L) #
(map (AA. elimVarUni-atom L A) L))

end
theory GeneralVSProofs

imports DNFUni EqualityVS VSAlgos
begin

fun separateAtoms :: atomUni list = (real % real * real) list * (real * real x real)
list * (real * real % real) list x (real * real x real) list where

separateAtoms [| = ([J,[.[1,[])|

separateAtoms (EqUni p # L) = (let (a,b,c,d) = separateAtoms(L) in (p#a,b,c,d))|
separateAtoms (LessUni p # L) = (let (a,b,c,d) = separateAtoms(L) in (a,p#b,c,d))|
separateAtoms (LeqUni p # L) = (let (a,b,c,d) = separateAtoms(L) in (a,b,p#c,d))|
separateAtoms (NeqUni p # L) = (let (a,b,c,d) = separateAtoms(L) in (a,b,c,p#d))

lemma separate-aFval :
assumes separateAtoms L = (a,b,c,d)
shows (Vleset L. aBvalUni | z) =
((V(a,b,c)€set a. axz 2+bxz+c=0) A (VY (a,b,c)Eset b. axx 2+bxz+c<0) A
(V (a,b,c)eset c. axx 2+4bxx+c<0) A (V(a,b,c)Eset d. axx 2+bxa+c#£0))
(proof )

lemma splitAtoms-negInfinity :
assumes separateAtoms L = (a,b,c,d)
shows (Vi€set L. evalUni (substNegInfinityUni 1) z) = (
(V(a,b,c)eset a.(Fz. Vy<z. axy 2+bxy+c=0))A
(V(a,b,c)eset b.(Fz. YVy<wz. axy 2+bky+c<0))A
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(V (a,b,c)€set c.(Fx. Vy<z. axy 2+bxy+c<0))A
(V(a,b,c)eset d.(Fz. ¥V y<wm. axy 2+bxy+c#0)))
{proof )

lemma set-split :

assumes separateAtoms L = (eq,les,leq,neq)

shows set L = set (map EqUni eq @ map LessUni les @ map LeqUni leq @ map
NeqUni neq)

(proof )

lemma set-split’ : assumes separateAtoms L = (eq,les,leq,neq)

shows set (map P L) = set (map (P o EqUni) eq @ map (P o LessUni) les Q
map (P o LeqUni) leq @ map (P o NeqUni) neq)

(proof)

lemma split-elim Var :
assumes separateAtoms L = (eq,les,leq,neq)
shows (Fleset L. evalUni (elimVarUni-atom L' 1) x)
((3(a’,b',c")eset eq. (evalUni (elimVarUni-atom L' (EqUni(a’,b’,c"))) z))
V (3 (a’,b',c))eset les.
(evalUni (elimVarUni-atom L' (LessUni(a’,b’,c"))) x))
V (3 (a’b',c’)eset leg.
(evalUni (elimVarUni-atom L' (LeqUni(a’,b’,c")) x))
)
(

V (3 (a',b’,c’)Eset neq.
(evalUm elimVarUni-atom L' (NeqUni(a’,b’,c’))) z)))
(proof)
lemma split-elimvar :
assumes separateAtoms L = (eq,les,leq,neq)
shows evalUni (elimVarUni-atom L At) z = evalUni (elimVarUni-atom ((map

EqUni eq)@Q(map LessUni les) Q@ map LeqUni leq @ map NeqUni neq) At) x
(proof)

lemma less :

((a"=0NDb #0) AN

(V(d, e, f)E€set a. evalUni (substInfinitesimalLinearUni b’ ¢’ (EqUni (d, e,
V(d, e, f)e€set b. evalUni (substInfinitesimalLinearUni b’ ¢’ (LessUni (d,
)
(V(d, e, f)eset c. evalUni (substInfinitesimalLinearUni b’ ¢’ (LeqUni (d, e,
(V(d, e, f)eset d. evalUni (substInfinitesimalLinearUni b’ ¢’ (NeqUni (d,

— b2+ 4 xa'xc' < 0N
e, f)€set a.
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evalUni

(substInfinitesimalQuadraticUni (— b') 1 (b — 4 * a’ % ¢') (2 * a')
(BqUni (d, e, f))

z) A
(V(d, e, f)eset b.

evalUni

(substInfinitesimalQuadraticUni (— b') 1 (b — 4 * a’ % ¢') (2 * a')
(LessUni (d, e, f)))
z) A
(V(d, e, f)eset c.
evalUni
(substInfinitesimalQuadraticUni (— b') 1 (b — 4 x a’ x ¢’) (2 * a’)
(LegUni (d, <, )))
z) A
(V(d, e, f)eset d.
evalUni

(substInfinitesimalQuadraticUni (— b') 1 (b — 4 % a’ * ¢') (2 * a)
(NegUni (d, e, f)))

z) V
(V(d, e, f)eset a.
evalUni
(substInfinitesimalQuadraticUni (— b') (— 1) (b — 4 * a’ x ¢/) (2 *
a’)
(BqUni (d, ¢, )))
z) A
(V(d, e, f)eset b.
evalUni
(substInfinitesimalQuadraticUni (— b) (— 1) (b — 4 * a’ x ¢/) (2 *
a’)
(LessUni (d, e, f)))
z) A
(V(d, e, f)eset c.
evalUni
(substInfinitesimal QuadraticUni (— b') (— 1) (b2 — 4 % a’ x ¢') (2 *
a’)
(LeqUni (d, e, f)))
z) A
(V(d, e, f)eset d.
evalUni
(substInfinitesimalQuadraticUni (— b') (— 1) (b — 4 % a’ x ¢') (2 *
a’)
(NeqUni (d, e, f)))
z)))
((a"=0ANDb #0) A
(V(d, e, f)eset a.
(Fy'ureal>—c'/b". YV xzireal €{—c'/b'<..y'}. aBvalUni (EqUni (d, e, f))
z)) A

(V(d, e, f)eset b.
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(Fyreal>—c'/b’. Y xreal €{—c'/b'<..y’}. aFvalUni (LessUni (d, e, f))

z))A
(V(d, e, f)eset c.
(Fy':real>—c'/b'. YV zireal €{—c’/b'<..y’}. aFvalUni (LeqUni (d, e, f))
z)) A
(V(d, e, f)eset d.
(Fyreal>—c'/b". Y xreal €{—c’/b'<..y’}. aFvalUni (NeqUni (d, e, f))
z)) V
a'# 0 A
— b2+ 4 xa'xc'<ON
((V(d, e, f)eset a.
Fy'>(— b+ 1 % sqrt (b” — 4 xa’x ') /(2 x a)).
Vae{(— b + 1 % sqrt (b2 — 4 xa’x¢c') /(2 % a')<..y'}.
aFvalUni (EqUni (d,e.f)) x)) A
(V(d, e, f)eset b.
Fy'>(=b"+ 1 % sqrt (b”? — 4 xa’' x ') /(2 x a').
Vae{(— b+ 1 % sqrt (b? — 4 * a’ c)) /(2 % a')<.y'}.
aFEvalUni (LessUni (d,e,f)) z)) A
(V(d, e, f)eset c.
Fy>(= b+ 1 % sqrt (b”? — 4 xa’x¢") /(2 % a’)
Vae{(— b+ 1 x sqrt (b? — 4 x a’ c)) /(2 % a')<..y'}
aEvalUni (LeqUni (d,e,f)) z)) A
(V(d, e, f)eset d.
By>(— b+ 1 % sqrt (b”? — 4 xa’x ") /(2 % a')
Vae{(— b+ 1 x sqrt (b? — 4 x a’ c)) /(2 % a)<..y'}
aFvalUni (NeqUni (d,e,f)) z)) V
(V(d, e, f)e€set a.
Fy'>(— b+ — 1 % sqrt (b? — 4 xa’x ')/ (2 x a').
Vae{(— b+ — 1 x sqrt (b”? — 4 xa’ % ¢') / (2 x a')<..y"}
aFvalUni (EqUni (d,e.f)) x)) A
(V(d, e, f)eset b.
Fy>(= b+ — 1 *sqrt (b? — 4 xa’*¢)) /(2 * a).
Vaze{(— b+ — 1 % sqrt (b? — 4 * a’ * c’)) /(2 x a)<..y'}
aFEvalUni (LessUni (d,e,f)) z)) A
(V(d, e, f)eset c.
Fy>(= b+ — 1 *sqrt (b — 4 xa’*¢)) /(2 * a').
Vae{(— b + — 1 x sqrt (b”? — 4 x a’x ¢') / (2 x a')<..y"}
aEvalUni (LeqUni (d,e,f)) z)) A
(V(d, e, f)eset d.
By>(— b+ — 1 *sqrt (b? — 4 xa’*¢c) /(2 * a).
Vae{(— b + — 1 x sqrt (b”? — / * a’ * c)) /(2 % a)<.y'}
aFvalUni (NeqUni (d,e,f)) x))))
(proof )

lemma eg-inf : (¥ (a, b, c)Eset (a::(realxrealxreal) list). Iz. Yy<z. a * y*> + b *
y+ c=0)=(Y(a, b, c)€set a. a=0Nb=0Nc=0)
{proof)

This is the main quantifier elimination lemma, in the simplified framework.
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We are located directly underneath the most internal existential quanti-
fier so F is completely free in quantifier and consists only of conjunction
and disjunction. The variable we are evaluating on, x, is removed in the
generalVS__ DNF converted formula as expanding out the evalUni function
determines that x doesn’t play a role in the computation of it. It would be
okay to replace the x in the second half with any variable, but it is simplier
this way

This conversion is defined as a "veritcal" translation as we remain within the
univariate framework in both sides of the expression

lemma eval-generalVS" : (3z. evalUni (list-conj-Uni (map AtomUni L)) z) =
evalUni (generalVS-DNF L) x

(proof)

lemma forallz-substNegInf : (mevalUni (map-atomUni substNeglnfinityUni F) x)
= (Vz. = evalUni (map-atomUni substNegInfinityUni F) x)
(proof)

lemma linear-subst-map: evalUni (map-atomUni (linearSubstitutionUni b ¢) F) x
= evalUni F (—c¢/b)
{proof)

lemma quadratic-subst-map : evalUni (map-atomUni (quadraticSubUni a b ¢ d)
F) x = evalUni F ((a+bxsqrt(c))/d)
(proof)

fun convert-atom-list :: nat = atom list = real list = (atomUni list) option where
convert-atom-list var [| zs = Some []|
convert-atom-list var (a#tas) zs = (
case convert-atom var a xs of Some(a) =
(case convert-atom-list var as zs of Some(as) = Some(a#as) | None = None)
| None = None
)

lemma convert-atom-list-change :

assumes length zs' = var

shows convert-atom-list var L (zs’ Q x # T') = convert-atom-list var L (zs’ Q z’
#1)

{proof )

lemma neglnf-convert :
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assumes convert-atom-list var L (xs' Q x # xs) = Some L’

assumes length 1s' = var

shows (Vfeset L. eval (substNeglnfinity var f) (zs’ @ x # xs))
= (Vfeset L'. evalUni (substNegInfinityUni f) x)

(proof )

lemma elimVar-atom-single :

assumes convert-atom var A (zs' Q z # xs) = Some A’

assumes convert-atom-list var L2 (xs' Q z # xs) = Some L2’

assumes length s’ = var

shows eval (elimVar var L2 [| A) (zs’ Q z # zs) = evalUni (elimVarUni-atom
L2" ANz
(proof)

lemma convert-list :
assumes convert-atom-list var L (zs’ Q z # xs) = Some L'
assumes [€set(L)
shows 31’e set L. convert-atom var | (zs' Q z # xs) = Some I’

{proof)

lemma convert-list2 :
assumes convert-atom-list var L (zs’ Q z # xs) = Some L'
assumes ['€set(L’)
shows 3l€ set L. convert-atom var | (zs' @ x # zs) = Some I’

{proof)

lemma elim Var-atom-convert :
assumes convert-atom-list var L (xs' Q xz # xs) = Some L’
assumes convert-atom-list var L2 (xs’ @ z # zs) = Some L2’
assumes length 1s’ = var
shows (I feset L. eval (elimVar var L2 || f) (zs’ Q@ z # xs))
= (Ifeset L'. evalUni (elimVarUni-atom L2’ f) 1)
(proof)

lemma eval-convert :
assumes convert-atom-list var L (zs’ Q z # xs) = Some L'
assumes length s’ = var
shows (Vfeset L. aFval f (xs’ Q z # zs)) = (Vf€set L'. aEvalUni f x)
(proof)
lemma all-degree-2-convert :
assumes all-degree-2 var L
shows 3 L’. convert-atom-list var L xs = Some L’
(proof)
lemma gen-ge-eval :
assumes hlength : length s = var
shows (Fz. (eval (list-conj ((map Atom L) Q F)) (zs Q (z#T1)))) = (Fz.(eval
(gen-ge var L F) (zs Q (z#T7))))
(proof)
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lemma freeln-elimVar : freeln var (elimVar var L F A)

(proof)

lemma freeInDisj: freeln var (list-disj (list-conj (map (substNegInfinity var) L) #
map (elimVar var L []) L))
{proof )

lemma gen-qge-eval’ :
assumes all-degree-2 var L
assumes length zs’ = var
shows (Jz. (eval (list-conj (map Atom L)) (zs'Qz#T))) = (V z.(eval (gen-qe var
L)) (zs'Qa#T")))
freeln var (gen-ge var L [])

(proof)

lemma gen-qe-eval’’ :
assumes all-degree-2 var L
assumes length s’ = var
shows (Fz. (eval (list-conj (map Atom L)) (zs'Qz#T))) = (Vz.(eval (list-disj
(list-conj (map (substNegInfinity var) L) # map (elimVar var
L)) L)) (zs'Qz#T)))
(proof)

end

10 QE Algorithm Proofs

10.1 DNF

theory DNF
imports VSAlgos
begin

theorem dnf-eval :
(3 (al,fl)eset (dnf ¢).
(Vaeset al. aEval a xs)
N (¥ feset fl. eval f xs))
= eval p zs

(proof)

theorem dnf-modified-eval :
(3 (al,fl,n)eset (dnf-modified ).
(3 L. (length L = n
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A (Va€set al. aBval a (LQxs))

A (Vfeset fl. eval f (LQus))))) = eval ¢ zs
(proof )

end

10.2 Recursive QE

theory VSQuad
imports FEqualityVS GeneralVSProofs Reindexr OptimizationProofs DNF
begin

lemma ezistN-eval : Vas. eval (ExN n @) zs = (3 L. (length L = n A eval ¢
(LQxs)))

(proof)

lemma boundedFlipNegQuantifier : (=(Vx€A. = P z)) = (Jz€A. P x)
(proof)

theorem QFE-dnf’-eval:
assumes steph : Aamount F T.
(Jzs. (length xs = amount A eval (list-disj (map(A(L,F,n). ExN n (list-conj
(map fm.Atom L @ F))) F)) (xs @QT))) = (eval (step amount F) T)
assumes opt : Azs F . eval (opt F) zs = eval F xs
shows eval (QE-dnf’ opt step @) zs = eval ¢ xs

(proof)

theorem QEFE-dnf-eval:
assumes steph : Avar amount new L F T.
amount<var+1 —
(Fzs. (length xs = var+1 A eval (list-conj (map fm.Atom L @Q F)) (zs Q T")))
= (Fus. (length xs = var+1 Aeval (step amount var L F) (xzs QT)))
assumes opt : Azs F . eval (opt F') zs = eval F xs
shows eval (QE-dnf opt step ¢) xs = eval ¢ xs

(proof)

lemma opt: eval ((push-forall o nnf o unpower 0 o groupQuantifiers o clearQuan-
tifiers) F) L= eval F' L
(proof )

lemma opt” eval ((push-forall ( nnf ( unpower 0 ( groupQuantifiers (clearQuantifiers
F)))) L= eval F L

{proof)
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lemma opt-no-group: eval ((push-forall o nnf o unpower 0 o clearQuantifiers) F)
L= eval F L

{proof)

lemma repeatAmountOfQuantifiers-helper-eval :
assumes Axzs F. eval F xs = eval (step F) xs
shows eval F zs = eval (repeatAmountOfQuantifiers-helper step n F') xs

(proof)

lemma repeatAmountOfQuantifiers-eval :
assumes Azs F. eval F zs = eval (step F) xs
shows eval F xs = eval (repeatAmountOfQuantifiers step F) xs

(proof)

end

10.3 Heuristic Proofs

theory HeuristicProofs
imports VSQuad Heuristic OptimizationProofs
begin

lemma the-real-step-augment:
assumes steph : \zs var L F T'. length zs = var = (Jz. eval (list-conj (map
fm.Atom L Q F)) (zs @ z # T')) = (2. eval (step var L F) (zs Q z # T))
shows (3 zs. (length s = amount A eval (list-disj (map(A(L,F,n). ExN n (list-conj
(map fm.Atom L Q F))) F)) (zs QT))) = (eval (the-real-step-augment step amount
F) T)
(proof)

lemma step-converter :
assumes steph : \zs var L F T. length xs = var = (Jz. eval (list-conj (map
fm.Atom L Q F)) (zs @ z # T')) = (2. eval (step var L F) (zs Q z # T))
shows Avar L F T'. (3zs. length xs = var + 1 A eval (list-conj (map fm.Atom
L@ F)) (zsQT)) =
(Fzs. (length xs = (var + 1)) A eval (step var L F) (zs @ T))

(proof)

lemma step-augmenter-eval :
assumes steph : \zs var L F T'. length xs = var = (Jz. eval (list-conj (map
fm.Atom L Q F)) (zs @ z # T')) = (2. eval (step var L F) (zs Q z # T))
assumes heuristic: \n var L F. heuristic n L F = var = var < n
shows Avar amount L F T.
amount < var + 1 =
(Fzs. length xs = var + 1 A eval (list-conj (map fm.Atom L @ F)) (zs QT))
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(Fzs. (length zs = (var + 1)) A eval (step-augment step heuristic amount var

LF)(zs@T))
{proof)

lemma ge-eq-repeat-eval-augment : amount < var+1 —
(zs. (length xs = var + 1) A eval (list-conj (map fm.Atom L @ F)) (zs @
r) =
(zs. (length xs = var + 1) A eval (step-augment ge-eq-repeat IdentityHeuristic
amount var L F) (zs QT))
(proof)

lemma qe-eq-repeat-eval’ :
(Fzs. (length s = var + 1) A eval (list-conj (map fm.Atom L Q F)) (zs Q
) =
(Fzs. (length xs = var + 1) A eval (qe-eg-repeat var L F) (zs Q T'))
{proof)

lemma gen-ge-eval-augment : amount < var+1 =

(zs. (length xs = var + 1) A eval (list-conj (map fm.Atom L Q F)) (zs Q
) =

(zs. (length s = var + 1) A eval (step-augment gen-ge IdentityHeuristic
amount var L F) (zs QT))

{proof)

lemma gen-qge-eval’ :
(Jzs. (length s = var + 1) A eval (list-conj (map fm.Atom L Q F)) (zs Q
) =
(Fzs. (length xs = var + 1) A eval (gen-qe var L F) (zs QT))
{proof )

lemma luckyFind-eval-augment : amount < var+1 —

(Jzs. (length s = var + 1) A eval (list-conj (map fm.Atom L Q F)) (zs Q
r)) =

(Fzs. (length xs = var + 1) A eval (step-augment luckyFind’' IdentityHeuristic
amount var L F) (zs QT"))

{proof)

lemma luckyFind-eval’ :
(Fzs. (length s = var + 1) A eval (list-conj (map fm.Atom L Q F)) (zs Q

) =
(Fzs. (length xs = var + 1) A eval (luckyFind’ var L F) (zs @ T))

(proof )

lemma luckiestFind-eval’ :
(Fzs. (length s = var + 1) A eval (list-conj (map fm.Atom L Q F)) (zs Q
) =
(Fzs. (length xs = var + 1) A eval (luckiestFind var L F) (zs QT))
{proof)
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lemma sortedListMember : sorted-list-of-fset b = var # list = fmember var b
(proof)

lemma rangeHeuristic :
assumes heuristicPicker n L F = Some (var, step)
shows var<n

(proof)

lemma pickedOneOfThem :
assumes heuristicPicker n L F = Some (var, step)
shows step = ge-eq-repeat \V step = gen-qe \V step = luckyFind’
(proof)

lemma superPicker-eval :
amount< var+1 => (Fzs. length zs = var + 1 A eval (list-conj (map fm.Atom
LQ@QF)) (zsQT)) =
(Fzs. (length s = (var + 1)) A eval (superPicker amount var L F) (zs QT"))

(proof)

lemma brownHueristic-less-than: brownsHeuristic n L F = var = var< n

(proof )
end

10.4 Top-Level Algorithm Proofs

theory FExportProofs
imports HeuristicProofs Exports

HOL.String HOL— Library. Code-Target-Int HOL— Library. Code-Target-Nat Pret-
tyPrinting Show.Show-Real
begin

theorem eval (Unpower f) L = eval f L (proof)

theorem VSLuckiest: ¥V zs. eval (VSLuckiest ¢) xzs = eval ¢ xs
{proof)

theorem VSLuckiestBlocks : ¥ xs. eval (VSLuckiestBlocks ¢) xs = eval ¢ xs
{proof)

theorem VSEquality : V zs. eval (VSEquality @) zs = eval ¢ xs
(proof )

theorem VSEqualityBlocks : ¥V zs. eval (VSEqualityBlocks ) zs = eval ¢ xs
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{proof)

theorem
(proof)

theorem
(proof )

theorem
(proof)

theorem
eval p zs

{proof)

theorem
(proof )

theorem
(proof)

theorem
eval ¢ zs

{proof)

theorem
(proof )

theorem
(proof)

theorem
(proof )

theorem

@ zs
(proof)

theorem
(proof)

theorem
(proof )

theorem

{proof)

VSGeneralBlocks : ¥ xs. eval (VSGeneralBlocks @) ©s = eval ¢ s

VSLuckyBlocks : ¥ xs. eval (VSLuckyBlocks ) xs = eval ¢ s

VSLEGBIlocks : V zs. eval (VSLEGBlocks ) zs = eval ¢ xs

VSEqualityBlocksLimited : V zs. eval (VSEqualityBlocksLimited ) xs =

VSEquality-3-times : ¥V xs. eval (VSEquality-3-times @) xs = eval ¢ xs

VSGeneral: ¥ axs. eval (VSGeneral @) zs = eval ¢ s

VSGeneralBlocksLimited: ¥ xs. eval (VSGeneralBlocksLimited ¢) xs =

VSBrowns: Y xs. eval (VSBrowns @) xs = eval ¢ xs

VSGeneral-3-times : ¥ xs. eval (VSGeneral-3-times @) zs = eval ¢ s

VSLucky: ¥ xs. eval (VSLucky o) xs = eval ¢ xs

VSLuckyBlocksLimited: ¥ xs. eval (VSLuckyBlocksLimited @) zs = eval

VSLEG: ¥ xs. eval (VSLEG @) zs = eval ¢ xs

VSHeuristic : ¥V xs. eval( VSHeuristic ¢) xs = eval ¢ s

VSLuckiestRepeat : V¥ xs. eval (VSLuckiestRepeat ¢) xs = eval ¢ xs
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export-code
print-mpoly
VSGeneral VSEquality VSLucky VSLEG VSLuckiest
VSGeneralBlocksLimited VSEqualityBlocksLimited VSLuckyBlocksLimited
VSGeneralBlocks VSEqualityBlocks VSLuckyBlocks VSLEGBlocks VSLuckiest-
Blocks
QE-dnf
gen-ge qe-eq-repeat
simpfm push-forall nnf Unpower
is-quantifier-free is-solved
add mult C'V pow minus
Eq Or is-quantifier-free

real-of-int real-mult real-div real-plus real-minus

VSGeneral-3-times VSEquality-3-times VSHeuristic VSLuckiestRepeat VSBrowns
in SML module-name VS

end
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