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Abstract

Convergence with respect to a valuation is discussed as convergence of a
Cauchy sequence. Cauchy sequences of polynomials are defined. They are
used to formalize Hensel’s lemma.
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Chapter 1

Preliminaries

1.1 Int and ant (augmented integers)

lemma int-less-mono:(a::nat) < b = int a < int b

(proof)

lemma zless-trans:[(i:int) < j; j < k] = i < k
(proof)

lemma zmult-pos-bignumTr0:3 L. Ym. L < m — 2z < x + int m

(proof)

lemma zle-less-trans:[(i::int) < j; j < k] = i < k
(proof)

lemma zless-le-trans:[(i::int) < j;j < k] = i < k

(proof)

lemma zmult-pos-bignumTr:0 < (a::int) =
JL.Vm.l<m— z<z+ (int m) *xa

{(proof)

lemma ale-shift:[(z::ant)< y; y = 2] = z < 2
(proof )

lemma aneg-na-0[simpl:a < 0 = na a = 0

(proof)

lemma amult-an-an:an (m * n) = (an m) * (an n)
(proof)

definition
adiv :: [ant, ant] = ant (infix] <adivy 200) where
z adiv y = ant ((tna z) div (tna y))



definition
amod :: [ant, ant] = ant (infix] <amod> 200) where
z amod y = ant ((tna z) mod (tna y))

lemma apos-amod-conj:0 < ant b =
0 < (ant a) amod (ant b) A (ant a) amod (ant b) < (ant b)
(proof)

lemma amod-adiv-equality:
(ant a) = (a div b) %, (ant b) + ant (a mod b)
(proof)

lemma asp-2-Z:z %, ant © € Z
(proof)

lemma apos-in-aug-inf:0 < a = a € Zo

(proof)

lemma amult-1-both:[0 < (w:ant); zx w=1] = z=1ANw=1
(proof)

lemma poss-int-neq-0:0 < (z::int) = z # 0
(proof)

lemma aadd-neg-negg[simp|:[a < (0::ant); b < 0] = a + b < 0

(proof)

lemma aadd-two-negg[simp):[a < (0::ant); b < 0] = a+ b < 0
(proof)

lemma amin-aminTr:(z::ant) < 2’ = amin z w < amin 2z’ w

(proof)

lemma amin-lel:(z::ant) < z' = (amin z w) < 2’
(proof)

lemma amin-le2:(z::ant) < 2’ = (amin w z) < 2’

(proof)

lemma Amin-geTr:(Vj < n.fj € Zoo) N (Vj<n z<(fj) —
z < (Amin n f)

(proof)

lemma Amin-ge:[Vj < n.fj€ Zo; Vj<mn. z < (fj)] =
z < (Amin n f)
(proof)

definition
Abs :: ant = ant where



Abs z = (if z < 0 then —z else z2)

lemma Abs-pos:0 < Abs z

(proof)

lemma Abs-z-plus-z-pos:0 < (Abs z) + =
(proof )

lemma Abs-ge-self:x < Abs x

{(proof)

lemma na-1:na 1 = Suc 0
(proof)

lemma ant-int:ant (int n) = an n

(proof)

lemma int-nat:0 < z = int (nat z) = z
(proof)

lemma int-ex-nat:0 < z = dn. int n = 2

(proof)

lemma eg-nat-pos-ints:
[nat (z:int) = nat (z":int); 0 < 2, 0 < 2] = 2z =2’

(proof)

lemma a-p1-gt[simp]:[a # c0; a # —0] = a < a+ 1
(proof)

lemma gt-na-poss:(na a) < m = 0 < m

(proof)

lemma azmult-less:[a # oo0; na a < m; 0 < z
= a < imtm %, T

(proof)

lemma zmult-gt-one:[2 < m; 0 < za] = 1 < int m * za
(proof)

lemma zmult-pos:[ 0 < m; 0 < (azint)] = 0 < (int m) * a

(proof)

lemma ant-int-na:[0 < a; a # 0o | = ant (int (na a)) = a
(proof)

lemma zpos-nat:0 < (z:int) = In. z = int n

(proof)



1.2 nsets

lemma nsetTrl:[j € nset a b; j # a] = j € nset (Suc a) b
(proof)

lemma nsetTr2:j € nset (Suc a) (Suc b) = j — Suc 0 € nset a b

(proof)

lemma nsetTr3:[j # Suc (Suc 0); j — Suc 0 € nset (Suc 0) (Suc n)]
= Suc 0 <j— Suc0

(proof)

lemma Suc-leD1:Sucm <n=— m<n
(proof)

lemma lel1:n < m = = ((m:nat) < n)

(proof)

lemma neg-zle:— (z::int) < 2/ = 2’ < 2
(proof)

lemma nset-m-m:nset m m = {m}

(proof)

lemma nset-Tr51:[j € nset (Suc 0) (Suc (Suc n)); j # Suc 0]
= j — Suc 0 € nset (Suc 0) (Suc n)

(proof)

lemma nset-Tr52:[j # Suc (Suc 0); Suc 0 < j — Suc 0]
= = j — Suc 0 < Suc 0
(proof)

lemma nset-Suc:nset (Suc 0) (Suc (Suc n)) =
nset (Suc 0) (Suc n) U {Suc (Suc n)}

(proof)

lemma AinequalityTr0:x # —o0o = 3L. (VN. L < N —
(an m) < (z + an N))
(proof)

lemma AinequalityTr:[0 < b A b # oo; & # —ox] = IL. VN.L< N —
(an m) < (z + (int N) x4 b))
(proof)

lemma two-inequalities:[V (n:nat). £ < n — P n; ¥ (nunat). y < n — @ n]
= Vn. (mazzy) <n— (Pn)A(Qn)
(proof)

lemma multi-inequalityTr0:(Vj < (n:nat). (z j) # —c0 ) —



(FL.(VWN.L< N — (VIi<n (anm) < (zl)+ (an N))))
(proof)

lemma multi-inequalityTri:[Vj < (n:nat). (zj) # — o] =
JL. (YWN. L <N — (Vi< n. (anm) < (zl) + (an N)))
(proof )

lemma geoeff-multi-inequality:[VN. 0 < N — (Vj < (n:nat). (z j) # —o0 A
0 <(bNj)A(bNj) #oo)] =

JL. (VN.L< N — (Vi<n.(anm) < (zl)+ (int N) %, (b N1)))

(proof)

primrec m-maz :: [nat, nat = nat] = nat
where
m-max-0: m-max 0 f = f0
| m-maz-Suc: m-maz (Suc n) f = mazx (m-max n f) (f (Suc n))

lemma m-mazTr:v1 < n. (f1) < m-maz n f

(proof)

lemma m-maz-gt:l < n = (f1) < m-maz n f
(proof)

lemma ASum-zero: (Vj<n.fj€ Zeo) NVI<n. fl=0)— ASumfn =20
{proof)

lemma eSum-singleTr:(Vj < n.fj€ Zoo) N (j < n ANl e{h. h<n}—{j} fl
=10)) — ASum fn=fj
(proof)

lemma eSum-single:[Vj < n.fj€ Zoo ;j<mn; Vi€ {h. h<n} —{j}. fl=0]
= ASum fn=Ffj
(proof)

lemma ASum-eqTr:(Vj < n.fj € Zoo) N(Vj<n.gj€ Zx) A
Vi<n. fji=gj) — ASum fn= ASum gn
(proof)

lemma ASum-eq:[Vj<n.fj€ Zoo;Vij<n.gj€ Z;Vj<n. fj=gj] =
ASum fn = ASum g n
(proof)

definition
Kronecker-delta :: [nat, nat] = ant
(«(8--)» [70,71]70) where

8; 5= (if i = j then 1 else 0)



definition
K-gamma :: [nat, nat] = int
(4(y--)» [70,71)70) where
vij = (if i = j then 0 else 1)

abbreviation
TRANSPOS («(7--)» [90,91]190) where
T j == transpos i j

lemma Kdelta-in-Zinf:[j < (Suc n); k < (Suc n)] =
z%q (65 1) € Zoo
(proof)

lemma Kdelta-in-Zinfl:[j < n; k < n] = 5]' € Zoo
(proof )

primrec m-zmaz :: [nat, nat = int] = int
where
m-zmaz-0: m-zmazx 0 f = f 0
| m-zmaz-Suc: m-zmax (Suc n) f = zmaz (m-zmaz n f) (f (Suc n))

lemma m-zmaz-gt-eachTr:
(Vj<mn fje Zset) — (Vj<mn. (fj) < m-zmazn f)
(proof)

lemma m-zmaz-gt-each:(Vj < n. fj € Zset) = (Vj < n. (fj) < m-zmaz n f)

(proof)

lemma n-notin-Nset-pred: 0 < n = = n < (n — Suc 0)
(proof )

lemma Nset-preTr:[0 < n; j < (n — Suc 0)] = j<n

(proof)

lemma Nset-preTr1:[0 < n; j < (n — Suc 0)] = j # n
(proof)

lemma transpos-noteqTr:[0 < n; k < (n — Suc 0); j < n; j # n]
= j# (Tj n) k
(proof)



Chapter 2

Elementary properties of a
valuation

2.1 Definition of a valuation

definition

valuation :: [('b, 'm) Ring-scheme, 'b = ant] = bool where

valuation K v +—
v € extensional (carrier K) A
v € carrier K — Zo A
v (0g) = oo A (Vze((carrier K) — {0g}). va # 00) A
(Vaze(carrier K). Y ye(carrier K). v (z g y) = (vz) + (vy)) A
(Vze(carrier K). 0 < (vz) — 0 < (v (I, g £ ) A
(Fz. z € carrier K A (vz) # oo A (vz) # 0)

K

lemma (in Corps) invf-closed:z € carrier K — {0} = 1~ ©* € carrier K

(proof)

lemma (in Corps) valuation-map:valuation K v = v € carrier K — Z
(proof)

lemma (in Corps) value-in-aug-inf:[valuation K v; x € carrier K] =
VT E Lo
(proof)

lemma (in Corps) value-of-zero:valuation K v = v (0) = oo

(proof)

lemma (in Corps) val-nonzero-noninf:[valuation K v; x € carrier K; z # 0]
= (vz) # 0

(proof )

lemma (in Corps) value-inf-zero:[valuation K v; x € carrier K; v x = o0
= z=0

(proof )



lemma (in Corps) val-nonzero-z:[valuation K v; x € carrier K; z # 0] =
Jz. (vzx) = ant 2z

(proof)

lemma (in Corps) val-nonzero-z-unique:[valuation K v; © € carrier K; x # 0]
= 3Jlz. (vz) = ant 2
(proof)

lemma (in Corps) value-noninf-nonzero:[valuation K v; x € carrier K; vz # oo]
= x#£0

(proof)

lemma (in Corps) vall-neq-0:[valuation K v; x € carrier K; v = 1] =
z#0
(proof)

lemma (in Corps) val-Zmin-sym:[valuation K v; © € carrier K; y € carrier K|
= amin (vz) (vy) =amin (vy) (va)
(proof)

lemma (in Corps) val-t2p:[valuation K v; © € carrier K; y € carrier K]
= v(r,y)=ve+oy
(proof)

lemma (in Corps) val-axiom4:[valuation K v; x € carrier K; 0 < v z] =
0<wv (1, +2x)
(proof )

lemma (in Corps) val-azioms:valuation K v =
Jdz. x € carrier K Nvx #oco ANvz # 0

(proof)

lemma (in Corps) val-field-nonzero:valuation K v => carrier K # {0}
(proof)

lemma (in Corps) val-field-1-neg-0:valuation K v = 1, # 0

(proof)

lemma (in Corps) value-of-one:valuation K v = v (1,) = 0
(proof)

lemma (in Corps) has-val-one-neq-zero:valuation K v = 1, # 0

(proof)

lemma (in Corps) val-minus-one:valuation K v = v (—, 1,) = 0

{(proof)

lemma (in Corps) val-minus-eq:[valuation K v; © € carrier K| =



vV(—gx)=vzx
(proof)

lemma (in Corps) value-of-inv:[valuation K v; x € carrier K; © # 0] =
v (75 = = (va)
(proof)

lemma (in Corps) val-exp-ring:[ valuation K v; x € carrier K; © # 0]
= (int n) %, (V) =0 (:cAK ™

{proof )
exponent in a field

lemma (in Corps) val-exp:[ valuation K v; x € carrier K; © # 0] =
z xq (V) = v (TRP)

(proof)

lemma (in Corps) value-zero-nonzero:[valuation K v; x € carrier K; vz = 0]
= #0

(proof)

lemma (in Corps) v-ale-diff:[valuation K v; x € carrier K; y € carrier K;
x#O;vxSvy}]ﬁOSv(y-rm'K)

(proof)

lemma (in Corps) amin-le-plusTr:[valuation K v; z € carrier K; y € carrier K;
veFoo;vyF oo ve<vyl = amin (vz) (vy) <v(zxy)

(proof)

lemma (in Corps) amin-le-plus:[valuation K v; x € carrier K; y € carrier K|
= (amin (vz) (vy)) < (v (z £ y))
(proof)

lemma (in Corps) value-less-eq:[ valuation K v; © € carrier K; y € carrier K;
(vz) < (vy)] = (va) = (v (z £ y)
(proof)

lemma (in Corps) value-less-eql:[valuation K v; x € carrier K; y € carrier K;
(ve) < (wy)] = vz= v(y+x)
(proof)

lemma (in Corps) val-Ipz:[valuation K v; x € carrier K; 0 < (v (1, £ z))]
= 0 < (v )

(proof)

lemma (in Corps) val-1mz:[valuation K v; x € carrier K;
0< (0 (1r % (0 )] = 0 < (v2)
(proof)

10



2.2 The normal valuation of v

definition
Lv :: [('r, 'm) Ring-scheme , 'r = ant] = ant where
Lv Kv=AMin {z. z € v ‘ carrier K N 0 < z}

definition
n-val :: [('r, 'm) Ring-scheme, 'r = ant] = ('r = ant) where
n-val K v = (Az€ carrier K. (THE . (I * (Lv K v)) = v x))

definition
Pg :: [('r, 'm) Ring-scheme, 'r = ant] = 'r where
Pg K v=(SOME z. x € carrier K — {0} AN vz = Lv K v)

lemma (in Corps) vals-pos-nonempty:valuation K v =
{z. 2 € v ‘carrier K N 0 < z} # {}
(proof)

lemma (in Corps) vals-pos-LBset:valuation K v =
{z. x € v ‘carrier K A 0 < z} C LBset 1

{(proof)

lemma (in Corps) Lv-pos:valuation K v = 0 < Lv K v
(proof)

lemma (in Corps) AMin-z:valuation K v =
Ja. AMin {z. x € v ‘ carrier K N 0 < z} = ant a

(proof)

lemma (in Corps) Lv-z:valuation K v = 3z. Lv K v = ant z
(proof)

lemma (in Corps) AMin-k:valuation K v =
Jke carrier K — {0}. AMin {z. x € v ‘carrier K N 0 < 2z} = vk

(proof)

lemma (in Corps) val-Pg: valuation K v =
Pg K v € carrier K — {0} A v (PgKv)=LvKwv
(proof)

lemma (in Corps) amin-generate Tr:valuation K v =
Vwecarrier K — {0}. 3z. vw = z %, AMin {z. © € v ‘ carrier K A 0 < z}

(proof)

lemma (in Corps) val-principalTrl:[ valuation K v] =
Lv K v e v (carrier K — {0}) A
(Vwev “carrier K. 3a. w=a* Lo Kv) AN 0 < Lv K v

11



{proof)

lemma (in Corps) val-principal Tr2:[valuation K v;
c € v ‘(carrier K — {0}) A (Vwev ¢ carrier K. 3a. w=ax*c) N 0 < ¢
d € v ‘(carrier K — {0}) A (Vwev  carrier K. 3a. w=a* d) A 0 < d]
= c=d
(proof)

lemma (in Corps) val-principal:valuation K v =
Az0. 20 € v ¢ (carrier K — {0}) A
Vw € v “(carrier K). 3(a:ant). w = a x z0) A 0 < z0
(proof)

lemma (in Corps) n-val-defTr:[valuation K v; w € carrier K] =
Fla.ax L Kv=vw

(proof)

lemma (in Corps) n-valTr:[ valuation K v; © € carrier K] —
(THE . (I (Lv Kv)) =va)x(Lv Kv) = vz
(proof)

lemma (in Corps) n-val:[valuation K v; © € carrier K] =
(n-val K v z)x(Lv Kv) = v
(proof)

lemma (in Corps) val-pos-n-val-pos:[valuation K v; x € carrier K] —>
(0 <wvz)=(0 < n-wval K v x)
(proof)

lemma (in Corps) n-val-in-aug-inf:[valuation K v; & € carrier K] =
n-val K vz € Z4

(proof)

lemma (in Corps) n-val-0:[valuation K v; z € carrier K; vz = 0]
= nwval Kve =0
(proof)

lemma (in Corps) value-n0-n-val-n0:[valuation K v; x € carrier K; vz # 0] =
n-val K vz # 0

(proof)

lemma (in Corps) val-0-n-val-0:[valuation K v; © € carrier K] =
(vz=20)=(nwva Kvz=20)
(proof )

lemma (in Corps) val-noninf-n-val-noninf:[valuation K v; & € carrier K] =
(v # o0) = (nwal Kvzx# o)
(proof)

12



lemma (in Corps) val-inf-n-val-inf:[valuation K v; x € carrier K] =
(v =00) = (nval K vz = 00)
(proof)

lemma (in Corps) val-eq-n-val-eq:[valuation K v; x € carrier K; y € carrier K]
= (vz=vy) = (nwval Kvz=nwal Kvy)
(proof)

lemma (in Corps) val-poss-n-val-poss:[valuation K v; x € carrier K| =
(0 <vz)= (0 < nwal K vz

(proof)

lemma (in Corps) n-val-Pg:valuation K v = n-val K v (Pg K v) = 1
(proof)

lemma (in Corps) n-val-valuationTr! :valuation K v =
Vazecarrier K. n-val K vx € Z4

(proof)

lemma (in Corps) n-val-t2p:[valuation K v; © € carrier K; y € carrier K| =
n-val K v (z + y) = n-val K vz + (n-val K v y)
(proof )

lemma (in Corps) n-val-valuationTr2:[ valuation K v; © € carrier K;
y € carrier K] =
amin (n-val K v z) (n-val K vy) < (nval K v (z £ y))

(proof)

lemma (in Corps) n-val-valuation:valuation K v =
valuation K (n-val K v)

{(proof)

lemma (in Corps) n-val-le-val:[valuation K v; © € carrier K; 0 < (vz)] =
(n-val K v z) <(vzx)
(proof)

lemma (in Corps) n-val-surj:valuation K v —>
Jze carrier K. n-val Kvz = 1
(proof )

lemma (in Corps) n-value-in-aug-inf:[valuation K v; x € carrier K| =
nval Kvr € Z4

(proof)

lemma (in Corps) val-surj-n-valTr:[valuation K v; 3z € carrier K. vz = 1]
= LvKv=1

{(proof)

lemma (in Corps) val-surj-n-val:[valuation K v; 3z € carrier K. v = 1] =

13



(n-val K v) = v
(proof)

lemma (in Corps) n-val-n-val:valuation K v =
n-val K (n-val K v) = n-val K v
(proof)

lemma nnonzero-annonzero:0 < N = an N # 0
(proof )

2.3 Valuation ring

definition
Vr o [('r, 'm) Ring-scheme, 'r = ant] = ('r, 'm) Ring-scheme where
VrKv=5rK ({z. ¢ € carrier K N 0 < (v z)})

definition
vp = [('r, 'm) Ring-scheme, 'r = ant] = 'r set where
vp Kv={x. 2z € carrier (Vr Kv) A0 < (vz)}

definition
r-apow :: [('r, 'm) Ring-scheme, 'r set, ant] = 'r set where
r-apow R I a = (if a = oo then {OR} else
(if a = 0 then carrier R else [OR (na a)))

abbreviation
RAPOW (4(3-~")» [62,62,63]62) where
IR —— rapow R I a

lemma (in Ring) ring-pow-apow:ideal R I —>
JORn _ R (an n)

(proof)

lemma (in Ring) r-apow-Suc:ideal R I —> I (an (Suc 0)) = T
(proof)

lemma (in Ring) apow-ring-pow:ideal R I =
ORn _ R (ann)

(proof)

lemma (in Corps) Vr-ring:valuation K v = Ring (Vr K v)

(proof)

lemma (in Corps) val-pos-mem-Vr:[valuation K v; x € carrier K] =
(0 < (vz)) = (z € carrier (Vr K v))
(proof )
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lemma (in Corps) val-poss-mem-Vr:[valuation K v; © € carrier K; 0 < (v z)]
= =z € carrier (Vr K v)

(proof)

lemma (in Corps) Vr-one:valuation K v => 1, € carrier (Vr K v)

(proof)

lemma (in Corps) Vr-mem-f-mem:[valuation K v; x € carrier (Vr K v)]
= 1z € carrier K

{(proof)

lemma (in Corps) Vr-0-f-0:valuation K v => 0y g, = 0
(proof)

lemma (in Corps) Vr-1-f-1:valuation K v = Iy ko) = 1Ir
(proof)

lemma (in Corps) Vr-pOp-f-pOp:[valuation K v; © € carrier (Vi K v);
y € carrier (VrKv)] = sty goy=2=Ly
(proof)

lemma (in Corps) Vr-mOp-f-mOp:[valuation K v; x € carrier (Vr K v)]
= Ta(VrKo) TT Tal
(proof)

lemma (in Corps) Vr-tOp-f-tOp:[valuation K v; & € carrier (Vr K v);
y € carrier(Vr K v)] = = (VP Ko) Y =Ty
(proof )

lemma (in Corps) Vr-pOp-le:[valuation K v; x € carrier K;
y € carrier (Vr Kv)] = vz < (vz+ (vy))
(proof)

lemma (in Corps) Vr-integral:valuation K v = Idomain (Vr K v)

(proof)

lemma (in Corps) Vr-exp-mem:[valuation K v; © € carrier (Vr K v)]
— 27K ¢ carrier (Vr K v)

(proof)

lemma (in Corps) Vr-exp-f-exp:[valuation K v; x € carrier (Vr K v)] =
(VrKov)n _ o ~Kn

(proof)

lemma (in Corps) Vr-potent-nonzero:[valuation K v;
z € carrier (Vr Kv) — {0y o}l = g K o (R
(proof)
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lemma (in Corps) elem-0-val-if :[valuation K v; x € carrier K; vz = 0]
— z € carrier (Vr Kv) A o= K € carrier (Vi K v)

(proof)

lemma (in Corps) elemQual:[valuation K v; z € carrier K; z # 0] =
(va=0)=(z€ carrier (Vi Kv) A 2= K € carrier (Vir K v))
(proof)

lemma (in Corps) ideal-inc-elemOval-whole:[ valuation K v; © € carrier K;
vz = 0;ideal (Vr Kv) I; x € I]| = I = carrier (Vr K v)
(proof)

lemma (in Corps) vp-mem-Vr-mem:[valuation K v; z € (vp K v)] =
z € carrier (Vr K v)

(proof)

lemma (in Corps) vp-mem-val-poss:| valuation K v; x € carrier K| =
(xewp Kv)=(0< (vz))
(proof)

lemma (in Corps) Pg-in-Vr:valuation K v = Pg K v € carrier (Vr K v)

(proof)

lemma (in Corps) vp-ideal:valuation K v = ideal (Vr K v) (vp K v)
(proof)

lemma (in Corps) vp-not-whole:valuation K v =
(vp K v) # carrier (Vr K v)
(proof)

lemma (in Ring) elem-out-ideal-nonzero:[ideal R I; x € carrier R;
t ¢ I] = z #0p
(proof)

lemma (in Corps) vp-prime:valuation K v = prime-ideal (Vr K v) (vp K v)

(proof)

lemma (in Corps) vp-pow-ideal:valuation K v =
ideal (Vr K v) ((vp K U)O(VT K ) ™
(proof)

lemma (in Corps) vp-apow-ideal:[valuation K v; 0 < n] =
ideal (Vr K v) ((vp K v)(w K ) 0]
(proof)

lemma (in Corps) mem-vp-apow-mem-Vr:[valuation K v;
0<N;zecuKo (VK N — z € carrier (Vi K v)
(proof)
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lemma (in Corps) elem-out-vp-unit:[valuation K v; x € carrier (Vr K v);
z¢wpKvy = vz=20
(proof)

lemma (in Corps) vp-mazimal:valuation K v =
maximal-ideal (Vir K v) (vp K v)
(proof )

lemma (in Corps) ideal-sub-vp:| valuation K v; ideal (Vi K v) I;
I # carrier (Vr Kv)] = I C (vp K v)
(proof)

lemma (in Corps) Vr-local:[valuation K v; mazimal-ideal (Vr K v) I] =
(vp Kv)=1
(proof)

lemma (in Corps) v-residue-field:valuation K v =
Corps ((Vr K v) /, (vp K v))
(proof)

lemma (in Corps) Vr-n-val-Vr:valuation K v —>
carrier (Vr K v) = carrier (Vr K (n-val K v))
(proof )

2.4 Ideals in a valuation ring

lemma (in Corps) Vr-has-poss-elem:valuation K v =
dzecarrier (Vr Kv) — {0y o} 0 <vz
(proof)

lemma (in Corps) vp-nonzero:valuation K v = wp K v # {0y i}

(proof)

lemma (in Corps) field-frac-mul:[x € carrier K; y € carrier K; y # 0]
— z=(z (5 wy

(proof)

lemma (in Corps) elems-le-val:[valuation K v; x € carrier K; y € carrier K;
z#0;ve < (vy)] = Irecarrier (VrKv). y=1r

(proof)

lemma (in Corps) val-Rza-gt-a:[valuation K v; z € carrier (Vr K v) — {0};
y € carrier (Vr Kv); y € Rza (Vr Kv) z] = vz < (vy)
(proof)

lemma (in Corps) val-Rza-gt-a-1:[valuation K v; x € carrier (Vr K v);
y € carrier (Vr Kv); 2 #0; vz < (vy)] =y € Rra (Vr Kv) z
(proof)
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lemma (in Corps) equal-inv:[valuation K v; x € carrier K; y € carrier K;
y#0Gve=vyl = 0=uv(z (y5)
(proof)

lemma (in Corps) eq-val-eg-idealTr:[valuation K v;
z € carrier (Vr K v) — {0}; y € carrier (Vr Kv); vz < (vy)] =
Rxa (Vr Kv) y C Rza (Vr Kv) x
(proof)

lemma (in Corps) eq-val-eq-ideal:[valuation K v;
z € carrier (Vr K v); y € carrier (Vr K v); vz = v y]
= Rza (Vr Kv) £ = Rza (Vr Kv) y

(proof)

lemma (in Corps) eg-ideal-eq-val:[valuation K v; x € carrier (Vr K v);
y € carrier (Vr K v); Rza (Vr Kv) 2 = Rea (Vr Kv) y] = vz =vy
(proof)

lemma (in Corps) zero-val-gen-whole:
[valuation K v; x € carrier (Vr K v)] =

(ve = 0) = (Rza (Vr Kv) x = carrier (Vr K v))
(proof)

lemma (in Corps) elem-nonzeroval-gen-proper:[ valuation K v;
z € carrier (Vr K v); v # 0] = Rza (Vr K v) x # carrier (Vr K v)
(proof)

We prove that Vr K v is a principal ideal ring
definition
LI :: [('r, 'm) Ring-scheme, 'r = ant, 'r set] = ant where

LIKvI= AMin (v ‘1)

definition
Ig :: [('r, 'm) Ring-scheme, 'r = ant, 'r set] = 'r where

IgKvI=(SOMEz.z € INvz=LIKuvlI)

lemma (in Corps) val-in-image:[valuation K v; ideal (Vr K v) I; z € I] =
veecwv ]l
(proof )

lemma (in Corps) I-vals-nonempty:[valuation K v; ideal (Vr K v) I] =
v I #{}
(proof)

lemma (in Corps) I-vals-LBset:[ valuation K v; ideal (Vr K v) I] =
v ‘] C LBset 0

(proof)
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lemma (in Corps) LI-pos:[valuation K v; ideal (Vr Kv) I] = 0 < LI Kv I
(proof)

lemma (in Corps) LI-poss:[valuation K v; ideal (Vr K v) I;
I # carrier (Vr Kv)] = 0 < LIKvI
(proof)

lemma (in Corps) LI-z:[valuation K v; ideal (Vr K v) I; I # {0y, g }] =
Jdz. LIKvI = ant 2
(proof )

lemma (in Corps) LI-k:[valuation K v; ideal (Vr K v) I] =
Jke I.LIKvI =vk
(proof)

lemma (in Corps) LI-infinity:[valuation K v; ideal (Vi K v) I] =
(LIK vl =o0) = (I ={0y g}
(proof)

lemma (in Corps) val-Ig:[valuation K v; ideal (Vr K v) I] =
(IgKvI)elIAnv(IgKvI)=LIKvlI
(proof)

lemma (in Corps) Ig-nonzero:[valuation K v; ideal (Vir K v) I; I # {0y i }]
— (IgKvI)#£0
(proof)

lemma (in Corps) Vr-ideal-npowf-closed:[valuation K v; ideal (Vr K v) I,
rel; 0 <n] =" el

{(proof)

lemma (in Corps) Ig-generate-I:[valuation K v; ideal (Vr K v) I] =
(VrKv)$p (IgKvl)=1
(proof)

lemma (in Corps) Pg-gen-vp:valuation K v —>
(Vr Kv) $p (PgKv) =vp Ko
(proof)

lemma (in Corps) vp-gen-t:valuation K v =
Jtecarrier (Vr Kv). vp Kv = (VrKv) $pt

(proof)

lemma (in Corps) vp-gen-nonzero:[valuation K v; vp K v = (Vr K v) $p t] =
t# Oy Ky
(proof)

lemma (in Corps) n-value-idealTr:[valuation K v; 0 < n] =
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(vp K v) SGVrKv)n — v K o &p ((Pg KU)A(VTKv) ny
(proof)
lemma (in Corps) ideal-pow-vp:[valuation K v; ideal (Vr K v) I;

(
I # carrier (Vr K v); I # {0y g o] =
[ = (up K )@ (Vr K 0) (na (n-val Kv (Ig K v I)))

{(proof)

lemma (in Corps) ideal-apow-vp:[valuation K v; ideal (Vr K v) I] =
I = (vp Kv) (Vr K v) (n-val K v (Ig K v 1))

{(proof)

lemma (in Corps) ideal-apow-n-val:[valuation K v; x € carrier (Vr K v)] =
(Vr K o) $p x = (vp KU)(VrKv) (n-val K v 1)
(proof )

lemma (in Corps) t-gen-vp:[valuation K v; t € carrier K; vt = 1] =
(rKv) Opt=wp K

(proof)

lemma (in Corps) t-up-apow:[valuation K v; t € carrier K; vt = 1] =
(Vr K v) $p (tﬁ(VT’KU) ) = (vp KU)(VTKU) (an n)

(proof)

lemma (in Corps) nonzeroelem-gen-nonzero:[valuation K v; © # 0;
z € carrier (Vr Kv)] = VrKv $p 2 # {0y i o}
(proof)

2.4.1 Amin lemma (in Corps)s

lemma (in Corps) Amin-le-addTr:valuation K v =
(Vj < n. fjé€ carrier K) — Amin n (v o f) < (v (nsum K f n))
(proof)

lemma (in Corps) Amin-le-add:[valuation K v; Vj < n. fj € carrier K] =
Amin n (v o f) < (v (nsum K fn))
(proof )

lemma (in Corps) value-ge-add:[valuation K v; Vj < n. fj € carrier K;
Vi<nz<((vef)jl = 2z<(v(Ze K fn))
(proof)

lemma (in Corps) Vr-ideal-powTr1:[valuation K v; ideal (Vr K v) I;
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I # carrier (Vr Kv); beI] = b€ (vp Kv)
(proof)

2.5 pow of vp and n-value — convergence —

lemma (in Corps) n-value-z-1:[valuation K v; 0 < n;
z € (vp K v) (Vr K v) " = n < (n-val K v )

(proof)

lemma (in Corps) n-value-z-1-nat:[valuation K v; x € (vp K U)O(VT K v) "] =
(an n) < (n-val K v z)
(proof)

lemma (in Corps) n-value-z-2:[valuation K v; © € carrier (Vi K v);
n<(nwva Kvz); 0 <n]= =z € (vp Kv) (VrKv)n
{(proof )

lemma (in Corps) n-value-z-2-nat:[valuation K v; z € carrier (Vr K v);
(an n) < ((nval Kv) )] = =z € (vp K U)O(VTK v) n
(proof)

lemma (in Corps) n-val-n-pow:[valuation K v; x € carrier (Vr K v); 0 < n] =
(n < (n-wval Kvz)) = (z € (vp Kv) (Vr K v) ny
(proof)

lemma (in Corps) equal-in-vpr-apow:[valuation K v; x € carrier K; 0 < n;
y € carrier K; n-val K vz = n-val K vy; ¢ € (vp Kv)(VTK”) " =
y € (vp K v) (Vr Kv) n

(proof)

lemma (in Corps) convergenceTr:[valuation K v; x € carrier K; b € carrier K,
be(vpK U)(VTKU) " (Abs (n-val K v 1)) < n] =
T b€ (vp K v)(VTKU) (n + (n-val K v z))

(proof)

lemma (in Corps) convergenceTr1:[valuation K v; x € carrier K;
be (pK v)(VrKv) (n + Abs (n-val K v x)), 0<n] =
$~Tb€(vpKv)(VTK”)”
(proof)

lemma (in Corps) vp-potent-zero:[valuation K v; 0 < n] =
(n = o00) = (wp Ko (WK = {0y, 1 ,})
(proof)
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lemma (in Corps) Vr-potent-eqTr1:[valuation K v; 0 < n; 0 < m;
(vp K v) (VTK”)”:(vpKU) (Vr Kv) m, oy — 0] = n=m

(proof)

lemma (in Corps) Vr-potent-eqTr2:[valuation K v;
(vp K v) S(VrKov)n _ (vp K v) O(Vr K v) M = n=m

(proof)

lemma (in Corps) Vr-potent-eq:[valuation K v; 0 < n; 0 < m;
(vp K v) (VrKv)n _ (vp K v) (Vr K v) M = n=m
(proof)

the following two lemma (in Corps) s are used in completion of K

lemma (in Corps) Vr-prime-mazimalTrl:[valuation K v; & € carrier (Vi K v);
Suc 0 <n] ==z (Vi K v) (K (n — Suc 0)) e (VrKv) O, (KM
(proof)

lemma (in Corps) Vr-prime-mazimalTr2:[ valuation K v; € vp K v;  # 0;
Suc 0 < n] =z ¢ VrKv, (K m) A g K (n = Suc 0) ¢ (Vr K v) Op
(K™

(proof)

lemma (in Corps) Vring-prime-mazimal:[valuation K v; prime-ideal (Vr K v) I,
I # {0y g »}] = mazimal-ideal (Vr K v) I
(proof)

From the above lemma (in Corps) , we see that a valuation ring is of
dimension one.
lemma (in Corps) field-frac1:[1, # 0; z € carrier K] = z = z - ((1,)°5)
(proof )

lemma (in Corps) field-frac2:[z € carrier K; z # 0] = z = (1,) - ((zK)K)
(proof)

lemma (in Corps) val-nonpos-inv-pos:[valuation K v; x € carrier K;
“0<(ve))] = 0< (v (a:'K))

(proof)

lemma (in Corps) frac-Vr-is-K:[valuation K v; © € carrier K| =
Isecarrier (Vr K v). Itecarrier (Vi K v) — {0}. z = s - (t5)
(proof)

lemma (in Corps) valuations-eqTr1:[valuation K v; valuation K v’
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VrKv=Vr Kv;Vaccarrier (Vr Kv). ve =v' 2] = v ="’
(proof)

lemma (in Corps) ridmap-rhom:[ valuation K v; valuation K v’;
carrier (Vr K v) C carrier (Vr K v')] =
ridmap (Vr K v) € rHom (Vr K v) (Vr K v/

(proof)

lemma (in Corps) contract-ideal:[valuation K v; valuation K v’;
carrier (Vr K v) C carrier (Vr K v')] =
ideal (Vi K v) (carrier (Vr K v) N vp K v’)

(proof)

lemma (in Corps) contract-prime:[valuation K v; valuation K v’
carrier (Vr K v) C carrier (Vr K v')] =
prime-ideal (Vr K v) (carrier (Vr K v) N vp K v')

(proof )

lemma (in Corps) valuation-equivTr:[valuation K v; valuation K v’
z € carrier K; 0 < (v z); carrier (Vr K v) C carrier (Vr K v')]
= 0 < (vx)

(proof )

lemma (in Corps) contract-mazimal:[valuation K v; valuation K v’
carrier (Vr K v) C carrier (Vr K v')] =
mazimal-ideal (Vi K v) (carrier (Vr K v) N vp K v’)

(proof)

2.6 Equivalent valuations

definition
v-equiv :: [-, 'r = ant, 'r = ant] = bool where
v-equiv K vl v2 <— n-val K v1 = n-val K v2

lemma (in Corps) valuation-equivTrl :[valuation K v; valuation K v’
Vazecarrier K. 0 < (vz) — 0 < (v 2)] =

carrier (Vr K v) C carrier (Vr K v')
(proof)

lemma (in Corps) valuation-equivTr2:[valuation K v; valuation K v’
carrier (Vr K v) C carrier (Vr K v'); vp K v = carrier (Vr K v) N vp K 0]
= carrier (Vr K v’) C carrier (Vr K v)

(proof)

lemma (in Corps) eq-carr-eq-Vring: [valuation K v; valuation K v’

carrier (Vr K v) = carrier (Vr Kv')] = VrKv= Vr Kv’
(proof)
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lemma (in Corps) valuations-equiv:[valuation K v; valuation K v’
Vaeccarrier K. 0 < (vz) — 0 < (v' 2)] = v-equiv K v v’

(proof)

lemma (in Corps) val-equiv-axiom1 :valuation K v = v-equiv K v v
(proof)

lemma (in Corps) val-equiv-aziom2:] valuation K v; valuation K v’
v-equiv K v v'] = v-equiv K v’ v

(proof)

lemma (in Corps) val-equiv-aziom3:[ valuation K v; valuation K v’
valuation K v'; v-equiv K v v'; v-equiv K v' v'] = v-equiv K v v"’

(proof)

lemma (in Corps) n-val-equiv-val:[ valuation K v] =
v-equiv K v (n-val K v)
(proof)

2.7 Prime divisors

definition
prime-divisor :: [-, 'b = ant] =
('b = ant) set («(2P - .)) [96,97]96) where
Py, = {v’. valuation K v' A v-equiv K v v'}

definition
prime-divisors :: - = ('b = ant) set set (<Pds1» 96) where
Pdsg = {P. 3v. valuation Kv AN P =P g, }

definition
normal-valuation-belonging-to-prime-divisor ::
[-, ('b= ant) set] = (b = ant) («(v-.)» [96,97]96) where
v p=nwal K (SOME v. v € P)

lemma (in Corps) val-in-P-valuation:[valuation K v; v’ € Pg ] =
valuation K v’
(proof)

lemma (in Corps) vals-in-P-equiv:| valuation K v; v’ € Pg ] =
v-equiv K v v’

(proof)

lemma (in Corps) v-in-prime-v:valuation K v = v € Py

(proof)

lemma (in Corps) some-in-prime-divisor:valuation K v =
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(SOME w. w € Pg ) € Py,
(proof)

lemma (in Corps) valuation-some-in-prime-divisor:valuation K v
= wvaluation K (SOME w. w € Py ,)

(proof)

lemma (in Corps) valuation-some-in-prime-divisorl:P € Pds =
valuation K (SOME w. w € P)
(proof)

lemma (in Corps) representative-of-pd-valuation:
P € Pds = valuation K (vg p)

(proof)

lemma (in Corps) some-in-P-equiv:valuation K v —>
v-equiv K v (SOME w. w € Pg )
(proof)

lemma (in Corps) n-val-n-vall:P € Pds = n-val K (v p) = (Vi p)
(proof)

lemma (in Corps) P-eq-val-equiv:[valuation K v; valuation K v'] =
(v-equiv K vv') = (P = Pp 1)
(proof)

lemma (in Corps) unique-n-valuation:[ P € Pdsg; P' € Pds] =
(P=7P)= (VKP:VKP’)
(proof )

lemma (in Corps) n-val-representative:P € Pds = (v p) € P

(proof)

lemma (in Corps) val-equiv-eqg-pdiv:[ P € Pdsy; P'€ Pdsp; valuation K v;
valuation K v'; v-equiv K vv'; v e Pyv' € P'] = P =P’
(proof)

lemma (in Corps) distinct-p-divisors:[ P € Pdsg; P’ € Pdsg] =
(«P=P)= (~vequic K (vk p) (vje p7)
(proof)

2.8 Approximation

definition
valuations :: [- , nat, nat = ('r = ant)] = bool where
valuations K n vw +— (Vj < n. valuation K (vv 7))

definition
vals-nonequiv :: [-, nat, nat = ('r = ant)] = bool where
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vals-nonequiv K n vv <— valuations K n vv A
(Vi<n. Vi< n. j#1— = (v-equiv K (vv j) (vvl)))

definition
Ostrowski-elem :: [-, nat, nat = ('b = ant), 'b] = bool where
Ostrowski-elem K n vv x +—
(0 < (w0 (1, £r (—ag ) N (Yjenset (Suc 0) n. 0 < (v j x))

lemma (in Corps) Ostrowski-elem-0:[vals-nonequiv K n vv; x € carrier K;
Ostrowski-elem K n vo z] = 0 < (v 0 (1, £ (—, 2)))

(proof)

lemma (in Corps) Ostrowski-elem-Suc:[vals-nonequiv K n vv; x € carrier K;
Ostrowski-elem K n vv x; j € nset (Suc 0) n] = 0 < (vv j )

(proof)

lemma (in Corps) vals-nonequiv-valuation:[vals-nonequiv K n vu; m < n] =
valuation K (vv m)

(proof)

lemma (in Corps) vals-nonequiv:[ vals-nonequiv K (Suc (Suc n)) vv;
i < (Suc (Suc n)); j < (Suc (Suc n)); i #j] =

= (v-equiv K (vv 1) (vv 7))
(proof)

lemma (in Corps) skip-vals-nonequiv:vals-nonequiv K (Suc (Suc n)) vwv =
vals-nonequiv K (Suc n) (compose {l. I < (Suc n)} vv (skip 7))
(proof)

lemma (in Corps) not-v-equiv-reflex:[valuation K v; valuation K v’;
= v-equiv K v v’ = = v-equiv K v’ v
(proof)

lemma (in Corps) nonequiv-ex-Ostrowski-elem:[valuation K v; valuation K v’
= v-equiv K v v’ = Ja€carrier K. 0 < (vz) A (v 2) < 0

{proof)

lemma (in Corps) field-op-minus:[a € carrier K; b € carrier K; b # 0] =
—a (@ (59) = (= a) - (05
(proof)

lemma (in Corps) field-one-plus-fracl:[a € carrier K; b € carrier K; b # 0]
— 1, % (a (tK) = (b +a) - 5
(proof)

lemma (in Corps) field-one-plus-frac2:[a € carrier K; b € carrier K;
atb#£0] = 1, + (=4 (a4 (a£075) =0b- ((a + b))
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(proof)

lemma (in Corps) field-one-plus-frac3:[z € carrier K; x # 1,;
1, dz0 (I, +—g2)#0] =
Ipt =gz (Iptzy (I, £—0a) K=
(1, + — 2K (Suc (Suc 0))) w1y £z (1, £ —a ) K
(proof)

lemma (in Corps) OstrowskiTr1:[ valuation K v; s € carrier K; t € carrier K;
0<(vshvt<0] = s+t#0
(proof)

lemma (in Corps) OstrowskiTr2:[valuation K v; s € carrier K; t € carrier K;
0<(wshvt< 0] = 0< (v, =£(—a ((t ((s+£ t)'K))))))
(proof)

lemma (in Corps) OstrowskiTr3:[valuation K v; s € carrier K; t € carrier K;
0<(thvs<0] = 0< (vt (s+t)y)
(proof)

lemma (in Corps) restrict-Ostrowski-elem:[ x € carrier K;
Ostrowski-elem K (Suc (Suc n)) v x] = Ostrowski-elem K (Suc n) vv z

(proof)

lemma (in Corps) restrict-vals-nonequiv:vals-nonequiv K (Suc (Suc n)) vw =
vals-nonequiv K (Suc n) vv

(proof)

lemma (in Corps) restrict-vals-nonequivl :vals-nonequiv K (Suc (Suc n)) vv =
vals-nonequiv K (Suc n) (compose {h. h < (Suc n)} vv (skip 1))

(proof)

lemma (in Corps) restrict-vals-nonequiv2:[vals-nonequiv K (Suc (Suc n)) wv]
= wvals-nonequiv K (Suc n) (compose {j. j < (Suc n)} vv (skip 2))

(proof)

lemma (in Corps) OstrowskiTr31:[valuation K v; s € carrier K;
0<(w(l,+(—438))])=3s5#0
(proof)

lemma (in Corps) OstrowskiTr32:[valuation K v; s € carrier K;
0<(w(l, (= s)))]=0<(vs)
(proof)

lemma (in Corps) OstrowskiTr4:[valuation K v; s € carrier K; t € carrier K;
0<(w(ly£(=as));0<(v(lr£(=at))] =
0 <(v(Ir=£(=al(s~ 1))
(proof)
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lemma (in Corps) OstrowskiTr5:[ vals-nonequiv K (Suc (Suc n)) vv;
s € carrier K; t € carrier K;
0 < (vv (Suc 0)) s A 0 < (vv (Suc (Suc 0))) &
Ostrowski-elem K (Suc n) (compose {j. j < (Suc n)} vv (skip 1)) s;
Ostrowski-elem K (Suc n) (compose {j. j < (Suc n)} v (skip 2)) t] =
Ostrowski-elem K (Suc (Suc n)) vv (s - t)

(proof)

lemma (in Corps) one-plus-z-nonzero:[valuation K v; x € carrier K; v x < 0]
= I, tx€carrier K Nv(l, £2)<0

(proof)

lemma (in Corps) wal-neg-nonzero:[valuation K v; x € carrier K; vz < 0] =
x#0
(proof)

lemma (in Corps) OstrowskiTr6:[valuation K v; © € carrier K; = 0 < (v z)] =
(I, 2z (I, £ —¢ 7)) € carrier K — {0}
(proof)

lemma (in Corps) OstrowskiTr7:[valuation K v; © € carrier K; = 0 < (v z)] =
1, &£ —4 (ZL‘ r ((17“ Tz (17" t — m))-K)) =
(17" == (Ir +* — I)) r ((17’ -, (Ir * - I))_K)
(proof )

lemma (in Corps) Ostrowski-elem-nonzero:[vals-nonequiv K (Suc n) vv;
z € carrier K; Ostrowski-elem K (Suc n) wz] = z # 0

(proof)

lemma (in Corps) Ostrowski-elem-not-one:[vals-nonequiv K (Suc n) vv;
x € carrier K; Ostrowski-elem K (Suc n) wa] = 1, £ —q 2 #0

(proof)

lemma (in Corps) val-unit-cond:[ valuation K v; x € carrier K;
0<(w(l,£—g2)] = vaz=20
(proof)

end

theory Valuation?2
imports Valuationl
begin

lemma (in Corps) OstrowskiTr8:[valuation K v; © € carrier K;
0<v(l, £—42)]=
0 < (U (Ir + — (1: T ((Ir Ttz (lr + — I))_K))))
(proof)
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lemma (in Corps) OstrowskiTr9:[valuation K v; x € carrier K; 0 < (v z)] =
0< (@ ((Ir+z (I, £ -4 2)K))
(proof)

lemma (in Corps) OstrowskiTr10:[valuation K v; x € carrier K;
—~0<va]=0<((z ((Ir £tz (I £— 2))E))
(proof)

lemma (in Corps) Ostrowski-first:vals-nonequiv K (Suc 0) vv
= Jua€carrier K. Ostrowski-elem K (Suc 0) v x

(proof )

lemma (in Corps) Ostrowski:¥ vv. vals-nonequiv K (Suc n) vv —
(Fz€carrier K. Ostrowski-elem K (Suc n) vv z)

(proof)

lemma (in Corps) val-1-nonzero:[valuation K v; x € carrier K; vz = 1] =
x#0
(proof)

lemma (in Corps) Approximation1-5Tr1:[vals-nonequiv K (Suc n) vv;
n-val K (vv 0) = v 0; a € carrier K; vv 0 a = 1; x € carrier K;
Ostrowski-elem K (Suc n) w z] =

Vm. 2<m— w0 (I, £ —z)Emta., (@Em) =1

(proof )

lemma (in Corps) Approximation-5Tr3:[vals-nonequiv K (Suc n) vv;
z € carrier K; Ostrowski-elem K (Suc n) v x; j € nset (Suc 0) (Suc n)]
= wj((l, £ —2) K™ =0
(proof)

lemma (in Corps) Approzimationl-5Tr/:[vals-nonequiv K (Suc n) wvv;
aa € carrier K; © € carrier K;
Ostrowski-elem K (Suc n) v z; j < (Suc n)] =
w i (aa - (7K ™) = v jaa + (int m) 4 (wj z)

(proof)

lemma (in Corps) Approximation1-5Tr5:[vals-nonequiv K (Suc n) vv;
a € carrier K; a # 0; x € carrier K;
Ostrowski-elem K (Suc n) v z; j € nset (Suc 0) (Suc n)] =
ILVm. l<m— 0< (wj(a- (z7K™))

(proof)

lemma (in Corps) Approzimationl-5Tr6:[vals-nonequiv K (Suc n) vv;
a € carrier K; a # 0; © € carrier K;
Ostrowski-elem K (Suc n) v x; j € nset (Suc 0) (Suc n)] =
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A Vml<m— wi((Iy+—aa)EmLa., @Km) =09
(proof)

lemma (in Corps) Approzimationl-5Tr7:[a € carrier K; vv 0 a = 1;
z € carrier K] =
vals-nonequiv K (Suc n) vo A Ostrowski-elem K (Suc n) vo z —
3FLVm. Il <m — (Vjenset (Suc 0) (Suc n).
(’U’Uj ((17' t —a x)AKm ta- (IAK m)) = 0)))
(proof )

lemma (in Corps) Approzimationl-5P:[vals-nonequiv K (Suc n) vv;

n-val K (vv 0) = w 0] =

Jxe€carrier K. ((vv 0z = 1) A (Vj€nset (Suc 0) (Suc n). (v jz) = 0))
(proof )

lemma K-gamma-hom:k < n = Vj < n. (AL vy ) j € Zset
(proof)

lemma transpos-eq:(tg g) k = k

(proof)

lemma (in Corps) transpos-vals-nonequiv:[vals-nonequiv K (Suc n) vv;
j < (Suc n)] = vals-nonequiv K (Suc n) (vv o (19 ;)

(proof)

definition
Ostrowski-base :: [-, nat = 'b = ant, nat] = (nat = 'b)
(«(92---) [90,90,91]190) where
Ostrowski-base K vv n = (Aje{h. h < n}. (SOME z. x€carrier K N
(Ostrowski-elem K n (vv o (19 4)) z)))

definition
App-base :: [-, nat = 'b = ant, nat] = (nat = 'b) where
App-base K vo n = (A\je{h. h < n}. (SOME z. z€carrier K N (((vvoTpj) 0w
= 1) A (Vkenset (Suc 0) n. ((vvo 7¢j) kz)=0))))

lemma (in Corps) Ostrowski-base-hom:vals-nonequiv K (Suc n) v =
Ostrowski-base K vv (Suc n) € {h. h < (Suc n)} — carrier K

(proof)

lemma (in Corps) Ostrowski-base-mem:vals-nonequiv K (Suc n) vv =
Vj < (Suc n). Ostrowski-base K vv (Suc n) j € carrier K

(proof)

lemma (in Corps) Ostrowski-base-mem-1:[vals-nonequiv K (Suc n) vv;
Jj < (Suc n)] = Ostrowski-base K vv (Suc n) j € carrier K

(proof)
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lemma (in Corps) Ostrowski-base-nonzero:[vals-nonequiv K (Suc n) vv;
j < Sucn] = (U 40 (Suc n)) j#0
(proof)

lemma (in Corps) Ostrowski-base-pos:[vals-nonequiv K (Suc n) vv;
J < Suc n; ja < Suc n; ja # j] = 0 < ((v0)) (kg o (Suc n)) ja))
(proof)

lemma (in Corps) App-base-hom:[vals-nonequiv K (Suc n) vv;
Vi < (Suc n). n-val K (v j) = w j] =
Vj < (Suc n). App-base K vv (Suc n) j € carrier K
(proof)

lemma (in Corps) Approzimation1-5P2:[vals-nonequiv K (Suc n) vv;
Vie{h. h < Suc n}. n-val K (vwl) = v l; i < Suc n; j < Suc n]
= vv i (App-base K vv (Suc n) j) = d;;

(proof)

lemma (in Corps) Approximationl-5:[vals-nonequiv K (Suc n) vv;
Vi < (Suc n). n-val K (v j) = w j] =
Jz. (Vj < (Suc n). zj € carrier K) A (Vi < (Suc n). Vj < (Suc n).
((vo @) (zj) =6;35)
(proof)

lemma (in Corps) Ostrowski-baseTr0:[vals-nonequiv K (Suc n) vv; I < (Suc n) |
= 0 < ((wl) (1, £ —4 (Ostrowski-base K vv (Suc n) 1))) A
(Vme{h. h < (Suc n)} — {i}. 0 < ((vv m) (Ostrowski-base K vv (Suc n) 1)))

(proof)

lemma (in Corps) Ostrowski-baseTr!:[vals-nonequiv K (Suc n) vv; I < (Suc n)]
= 0 < ((w ) (1, £ —4 (Ostrowski-base K vv (Suc n) 1)))
(proof )

lemma (in Corps) Ostrowski-baseTr2:[vals-nonequiv K (Suc n) vv;
(

a
I < (Suc n); m < (Suc n); | #m] =

0 < ((vv m) (Ostrowski-base K vv (Suc n) 1))
(proof )

lemma Nset-have-two:j €{h. h < (Suc n)} = Im € {h. h < (Suc n)}. j #m
(proof)

lemma (in Corps) Ostrowski-base-npow-not-one:[0 < N; j < Suc n;
vals-nonequiv K (Suc n) w] =

I+ = ((QK v (Suc n)) jAK N) # 0
(proof)

abbreviation
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CHOOSE :: [nat, nat] = nat («(-C-)» [80, 81]80) where
nCi == n choose i

lemma (in Ring) expansion-of-suml:x € carrier R =
(1, £ 2) B = nsum R (M. C; X R R g
(proof)

lemma (in Ring) tail-of-expansion:z € carrier R = (1, + z) ™ (Suc n) —
(nsum R (X 1. (( ) O ) XR g B (Suc Z))) n) £ 1,

Suc n Suc i

(proof)

lemma (in Ring) tail-of-expansionl:x € carrier R —
(]Tix)/\R (Suc n) =2 - (nsumR()\ 7. (( )C(
(proof)

~R i
Suc n) Y (Suc i) *R T ) n) £ 1,

lemma (in Corps) nsum-in-VrTr:valuation K v =
(Vj<n. fjée€ carrier K) AN (Vj < n.
0 < (v(fj)) — (nsum K fn) € carrier (Vr K v)
(proof)

lemma (in Corps) nsum-in-Vr:[valuation K v; Vj < n. fj € carrier K;
Vi<n. 0<(v(fj)] = (nsum K fn) € carrier (Vr K v)
(proof)

lemma (in Corps) nsum-mem-in-Vr:[valuation K v
Vi< mn (fj) € carrier K;Vj<n. 0 < (v(fj)] =
(nsum K fn) € carrier (Vr K v)
(proof)

lemma (in Corps) val-nscal-ge-self Tr:[valuation K v; x € carrier K; 0 < v ]
= vz < v(nXxXgz)

(proof)

lemma (in Corps) ApprozimationTr:[valuation K v; x € carrier K; 0 < (v z)]
—
ve < (v (1 & = (1, £ 2) K (Suen)y))

(proof)

lemma (in Corps) ApprozimationTr0:aa € carrier K =
(1, £ —4 (aa™ K NN EN ¢ corrier K

(proof)

lemma (in Corps) ApprozimationTrl:aa € carrier K —>
10+ —a (1, £ —4 (aa™ KN KNy ¢ corrier K
(proof)

lemma (in Corps) ApprozimationTr2:[valuation K v; aa € carrier K; aa # 0;
0 < (vaa)] = (int N) #q(v aa) < (v (1, + =4 (1, + =4 (aa ™K V) KNy
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(proof)

lemma (in Corps) eSum-tr:
(Vi< n (xj) € carrier K) A
(Vi< mn (bj) € carrier K) N1 < nA
(Vie({h. h <n} —{1}). (97 = (zj) -+ (Ir £ —a (01)))) A
gi= (1) +(~a (b])
— (nsum K (\j € {h. l}{ﬁ ny. (xf) » (Ip £ =4 (b)) n) £ (=4 (z1)) =
nsum K g n

{(proof)

lemma (in Corps) eSum-minus-z:[Vj < n. (z j) € carrier K;
Vi< mn. (bj) € carrier K; 1 < n;
Vie({h. b < n} —{1}). (95 = () + (Ir £ —a (b))
gl=(2l) (= (0)) ] =
(nsum K (Aje{h. h < n}. (j) » (I £ —a (b)) n) £ (—a (x])) =
nsum K gn
(proof )

lemma (in Ring) one-m-z-times:x € carrier R —>
(1, £ —¢ z) -+ (nsum R (Aj. R Nn)=1, £ —, (zAR (Suc n))
{(proof)

lemma (in Corps) z-pow-fSum-in-Vr:[valuation K v; z € carrier (Vr K v)] =
(nsum K (npow K z) n) € carrier (Vr K v)

(proof)

lemma (in Corps) val-1mz-pos:[valuation K v; x € carrier K;
0<(w(l,£—g2)]= vz=20
{proof )

lemma (in Corps) val-1mz-pow:[valuation K v; x € carrier K;
0<((ly+—gz)]=0< (v(1, £ —, K (Sucn)y)
(proof )

lemma (in Corps) ApproximationTr3:[vals-nonequiv K (Suc n) vv;
VI < (Sucn). zl € carrier K; j < (Suc n)] =
AL(YN.L< N — (anm) < (wj ((Ze K (Ak€{h. h < (Suc n)}.
(1) o (10 % —a (e % —0 (U gy (S0 n) B K V) K N))
(Sucn)) £ —q (2 4))))

(proof)
definition
app-lb :: [- , nat, nat = 'b = ant, nat = 'b, nat] =
(nat = nat) («(5V. ... ) [98,98,98,98,99]98) where

U nowem=Ne{h b <n}. (SOMEL (YN.L < N —»
(an m) < (’U’Uj (Ee K (A]E{h h < TL} (CE]) rK (JTK :|:K —aK
(Irg x5 —ak (U po ) ) ENEN) 0 g —oi (25))

33



lemma (in Corps) app-LB:[vals-nonequiv K (Suc n) vv;
VI< (Suc n). zl € carrier K; j < (Suc n)] =
VN. (VU (Suc n) wazm d <N — (anm) <
(vwj (Be K (Aje{h. h < (Sucn)}. (j) » (1r £ —o (I, £
0 (% vy (Sue ) D KN EN)) (Sue ) £ —, (@)
(proof)

lemma (in Corps) ApplicationTr4 [vals-nonequiv K (Suc n) vv;
Vjie{h. h < (Suc n)}. = j € carrier K] =
JIL.YN. I <N — (Vj < (Sucn). (anm) <
(vwj (Be K (Nje{h. h < (Sucn)}. (j) » (I, £ —o (I, £
)+ —

0 (% g (Sue ) ) KN EN) (Suc n) £ —4 (2 )

(proof)

theorem (in Corps) Approximation-thm:[vals-nonequiv K (Suc n) vv;
Vi< (Suc n). (z j) € carrier K] =

Fyecarrier K. Vj< (Suc n). (an m) < (vwj (y £ —a (7))

(proof)

definition
distinct-pds :: [-, nat, nat = ('b = ant) set] = bool where
distinct-pds K n P «— (Vj< n. Pj € Pds i) A
Vi<nVm<nl#m-— Pl#Pm)

lemma (in Corps) distinct-pds-restriction:[distinct-pds K (Suc n) P] =
distinct-pds K n P
(proof)

lemma (in Corps) ring-n-distinct-prime-divisors:distinct-pds K n P =
Ring (Sr K {z. z€carrier K N (Vi< n. 0 < (v (Pj)) z))})

(proof)

lemma (in Corps) distinct-pds-valuation:[j < (Suc n);
distinct-pds K (Suc n) P] = wvaluation K (v (P j))

{proof)

lemma (in Corps) distinct-pds-valuation:[0 < n; j < n; distinct-pds K n P]
= waluation K (v (P j))

(proof)

lemma (in Corps) distinct-pds-valuation2:[j < n; distinct-pds K n P] =
valuation K (v (P j))

(proof)

definition
ring-n-pd :: [('b, 'm) Ring-scheme, nat = ('b = ant) set,
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nat | = ('b, 'm) Ring-scheme
(«(30--.)» [98,98,99]98) where
O pnp=5rK {z. x € carrier K A
(Vi < n. 02 (g (pj) o)}

lemma (in Corps) ring-n-pd:distinct-pds K n P => Ring (Og p ;)
(proof)

lemma (in Corps) ring-n-pd-Suc:distinct-pds K (Suc n) P =
carrier (O g p (Suc n)) C carrier (O p y)
(proof )

lemma (in Corps) ring-n-pd-pOp-K-pOp:[distinct-pds K n P; z€carrier (O p p);
y € carrier (O p )l =z & y=z =ty

(proof)

Ok pn)

lemma (in Corps) ring-n-pd-tOp-K-tOp:[distinct-pds K n P; x €carrier (O p p);
y € carrier (O p )] = T Y=z y

(proof)

Ok pn)

lemma (in Corps) ring-n-eSum-K-eSumTr:distinct-pds K n P —>
(Vj<m. fj € carrier (O p ) — nsum (O p ) fm = nsum K fm
(proof)

lemma (in Corps) ring-n-eSum-K-eSum:[distinct-pds K n P;
Vi< m.fje carrier (O p,)] = nsum (O p,,) fm = nsum K fm
(proof)

lemma (in Corps) ideal-eSum-closed:[distinct-pds K n P; ideal (O p ) I;
Vi<m.fjel]l= nsum Kfmel
(proof )

definition
prime-n-pd :: [-, nat = ('b = ant) set,
nat, nat] = 'b set
((4P- - _ -)» [98,98,98,99]98) where
Pg pni=A{z x€ (carrier (Og py)) N0 <((vg (pj) =)}

lemma (in Corps) zero-in-ring-n-pd-zero-K :distinct-pds K n P =
Q0K pn) = 0K
(proof)
lemma (in Corps) one-in-ring-n-pd-one-K:distinct-pds K n P —
1 r(

Ogpn) = Ir
(proof)

lemma (in Corps) mem-ring-n-pd-mem-K:[distinct-pds K n P; x €carrier (O p )]
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— x € carrier K
(proof)

lemma (in Corps) ring-n-tOp-K-tOp:[distinct-pds K n P; x € carrier (Og p );
y € carrier (O p p)l — T Y=oy

(proof)

Ok pnp)

lemma (in Corps) ring-n-exp-K-exp:[distinct-pds K n P; x € carrier (Og p )]
(proof)

lemma (in Corps) prime-n-pd-prime:[distinct-pds K n P; j < n] =
prime-ideal (O p ) (Pg p 5 J)
(proof)

lemma (in Corps) n-eq-val-eq-idealTr:

[distinct-pds K n P; x € carrier (Og p ) y € carrier (Og p )i

Vi<n ((vg (p3y) ) < (kg (pj) ] — Roa (Ok p ) y C Rea (O p o) @
(proof)

lemma (in Corps) n-eq-val-eg-ideal:[distinct-pds K n P; x € carrier (O p p);
y € carrier (Og pp); Vi< n((vg (Pj)) z) = ((vg (Pj)) Yl =
Rza (Og py) 2= Rra (Og py) ¥
{(proof)

definition
ml-gen :: [-, nat = ('r = ant) set, nat, 'r set] = 'r where
ml-gen KPnlI = (SOMEz.z € 1A
(Vj<n (vg(pj) z=LIK (v (pj) 1)

definition
mkL :: [-, nat = ('r = ant) set, 'r set, nat] = int where
mL K P1j=tna (L[K(VK(Pj)) I)

lemma (in Corps) ml-vals-nonempty:[distinct-pds K n P; ideal (O p ,,) I; j<n]
= g py) T#1
(proof )

lemma (in Corps) ml-vals-LB:[distinct-pds K n P; ideal (O p ,,) I; j < n] =
(vi (pj)) 1) S LBset (ant 0)
(proof)

lemma (in Corps) mL-hom:[distinct-pds K n P; ideal (O p ) I;
I# {O(OKPn)}; I # carrier (Og p )] =
Vi<n mLKPIje Zset

(proof )

lemma (in Corps) ex-Zleast-in-ml:[distinct-pds K n P; ideal (O p ) I; § < n]
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= 3ael (vg (pj) v = LIK (v (pj)) I

(proof)

lemma (in Corps) val-LI-pos:[distinct-pds K n P; ideal (O p ) I;
L#{00, p yii<nl = 0<LIK (vg (pj) 1

(proof)

lemma (in Corps) val-LI-noninf:[distinct-pds K n P; ideal (O p ) I;
I# 00k ptii=nl= LIK (vg (pj) I # o0

(proof)

lemma (in Corps) Zleast-in-mlI-pos:[distinct-pds K n P; ideal (O p ) I;
I# {0 i<l = 0<mLEPIj

(proof)

Ok Pn

lemma (in Corps) Zleast-mL-I:[distinct-pds K n P; ideal (O p ) I; j < n;
I#{O( )};xGI]]:>cmt(mLKPIj)§((1/K(Pj))9:)

(proof)

Ok Pn

lemma (in Corps) Zleast-LI:[distinct-pds K n P; ideal (O p ) I; 7 < m;
I ?é {O(OKPH)}; T e I]] — (L]K (VK (P])) ]) S ((I/K (P])) :L‘)
(proof )

lemma (in Corps) mpdiv-vals-nonequiv:distinct-pds K n P =
vals-nonequiv K n (\j. v (P j))

(proof)

definition
KbaseP :: [-, nat = ('r = ant) set, nat] =
(nat = 'r) = bool where
KbaseP K Pn f «— (Vj < n. fj € carrier K) A

(Vj<nVi<n (vg (pjy) (F) = ;1)

definition
Kbase :: [-, nat, nat = ('r = ant) set]
= (nat = 'r) («(3Kb- - _)» [95,95,96]195) where
Kbg , p = (SOME f. KbaseP K P n f)

lemma (in Corps) KbaseTr:distinct-pds K n P —> 3f. KbaseP K P n f
(proof)

lemma (in Corps) KbaseTr1:distinct-pds K n P => KbaseP K P n (Kbg ,, p )
(proof)

lemma (in Corps) Kbase-hom:distinct-pds K n P —>
Vi<n (Kbg, p)Jj€ carrier K

(proof)
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lemma (in Corps) Kbase-Kronecker:distinct-pds K n P =
Vi<nVi<n (vg (pj)) (Kbg oy, p) D) =05
(proof)

lemma (in Corps) Kbase-nonzero:distinct-pds K n P =
Vji<mn (Kbgpp)j#0
(proof)

lemma (in Corps) Kbase-hom1:distinct-pds K n P =
Vi<n. (Kbg, p)j€ carrier K — {0}
(proof)

definition
Zl-mlI :: [-, nat = ('b = ant) set, 'b set]
= nat = 'b where
Zlkml K P1j= (SOMEx. (x € I N ( (Vg (Pj)) r=LIK (vg (Pj)) 1))

lemma (in Corps) value-Zl-mI:[distinct-pds K n P; ideal (O p ) I; 7 < n]

— (ZbmI K P1j€ 1) A (vg (pj) (ZbmI K P1j) = LIK (vi (pj) |

(proof )

lemma (in Corps) Zl-mI-nonzero:[distinct-pds K n P; ideal (Og p ) I;
I%{O( ij<n]= ZImIKPIj#0

(proof )

OKPn)}

lemma (in Corps) Zl-mI-mem-K:[distinct-pds K n P; ideal (O p ) I; 1 < n]
= (ZI-mI K P Il) € carrier K
(proof)

definition
mprod-ezp :: [-, nat = int, nat = 'b, nat]
= b where .
mprod-exp K e f n = nprod K (\j. ((fj)K(eJ))) n

lemma (in Corps) mprod-ezpR-memTr:(Vj<n. fj € carrier K) —
mprod-expR K e f n € carrier K

(proof)

lemma (in Corps) mprod-expR-mem:Nj < n. fj € carrier K =
mprod-ezpR K e fn € carrier K
(proof)

lemma (in Corps) mprod-Suc:[ ¥ j<(Suc n). e j € Zset;

Vj < (Sucn). fj€ (carrier K — {0})] =
mprod-exp K e f (Suc n) = (mprod-exp K e fn) - ((f (Suc n))K(e (Suc ")))
(proof )

lemma (in Corps) mprod-memTr:
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(Vi<n.eje Zset)y N Vj < n. fje ((carrier K) — {0})) —
< f(>mpr0d—e:np K e fn) € ((carrier K) — {0})
proo

lemma (in Corps) mprod-mem:[Vj < n. ej € Zset; Vj < n. fj € ((carrier K) —
{0})] = (mprod-ezp K e fn) € ((carrier K) — {0})
(proof)

lemma (in Corps) mprod-mprodR:[Vj < n. ej € Zset; Vj < n. 0 < (e j);
Vi <mn. fjé€ ((carrier K) — {0})] =

mprod-exp K e f n = mprod-expR K (nat o e) fn
(proof)

2.8.1 Representation of an ideal I as a product of prime ide-
als
lemma (in Corps) ring-n-mprod-mprodRTr:distinct-pds K n P —>
(Vji<m.eje Zset) N(Vj<m. 0<(ej)A
(Vj < m.fj€ carrier (OKP")_{O(OKPn)}) —

mprod-exp K e f m = mprod-expR (O p ) (nat o e) fm
(proof)

lemma (in Corps) ring-n-mprod-mprodR:[distinct-pds K n P;Vj < m. e j € Zset;
Vi<m. 0<(ej);Vj<m.fje€ carrier (OKP”)_{O(OKPn)}]]

= mprod-ezp K e f m = mprod-expR (Og p ) (nat o e) fm

{(proof)

lemma (in Corps) value-mprod-exp Tr:valuation K v —>
(Vi<mn.eje Zset)y N Vj<mn. fjec (carrier K —{0})) —
v (mprod-exp K e fn) = ASum (Aj. (e]) %o (v (7)) n
(proof)

lemma (in Corps) value-mprod-exp:[valuation K v; Vj < n. e j € Zset;
Vi<mn. fjé€ (carrier K — {0})] =
v (mprod-exp K e fn) = ASum (Nj. (e §) *q (v (f7))) n
(proof)

lemma (in Corps) mgenerator0-1:[distinct-pds K (Suc n) P;

ideal (OKP (Suc n)) I; 1 7& {O(OKP (Suc n))}’

I # carrier (O p (Suc n)); j < (Suc n)] =

(v (Pj)) (mprod-exp K (mL K P I) (Kbg (Suc n) p) (Sucn))) =
(i (pj)) (ZbmI K P 1))

(proof)

lemma (in Corps) mgenerator0-2:[ 0 < n; distinct-pds K n P; ideal (Og p ) I
I+ {O(OKPn)}; I # carrier (Og py);j < n] =
(Vi (pj)) (mprod-exp K (mL K PI) (Kb, p) n)) = ((vg (p j)) (Z-mI K P
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Ij))
(proof)

lemma (in Corps) mgenerator!:[distinct-pds K n P; ideal (O p ) I;
I# {O(OKPn)}; I # carrier (Og py);j < n] =
(vg (Pj)) (mprod-exp K (mL K P I) (Kbg ,, p) n)) = (Vg (Pj)) (ZlbmI K P 1

7))
(proof)

lemma (in Corps) mgenerator2Trl:[0 < n; j < n; k < n; distinct-pds K n P] =
Wi (pj)) (mprod-exp K (Al v 1) (Kbg 5, p) n) = (Vg ) *a (95 )
(proof)

lemma (in Corps) mgenerator2Tr2:[0 < n; j < n; k < n; distinct-pds K n P] =
i (p j) ((mprod-exp K (M. i, 1) (Kbg p, p) n)g™)= ant (m * (v ;)

(proof)

lemma (in Corps) mgenerator2Tr3-1:[0 < n; j < n; k < n; j = k;
distinct-pds K n P] =
(v (p ) ((mprod-exp K (AL (g ) (Kbg , p) n)g™) = 0
(proof )

lemma (in Corps) mgenerator2Tr3-2:[0 < n; j < n; k < n; j # k;
distinct-pds K n P] =
Wi (pj)) ((mprod-exp K (M. (vj, 1) (Kbg 4, p) n) K
(proof)

™y = ant m

lemma (in Corps) mgeneratorTr4:[0 < n; distinct-pds K n P; ideal (Og p ) I;
I+ {OOKPn}; I # carrier (O p )] =
mprod-exp K (mL K P I) (Kbg ,, p) n € carrier (O p )

(proof)

definition
m-zmax-pdsl-hom :: [-, nat = ('b = ant) set, 'b set] = nat = int where
m-zmaz-pdsl-hom K P I = (Aj. tna (AMin ((vg (P j)) ‘1))

definition
m-zmaz-pdsl :: [-, nat, nat = ('b = ant) set, 'b set] = int where
m-zmaz-pdsI K n P I = (m-zmazx n (m-zmaz-pdsl-hom K P I)) + 1

lemma (in Corps) value-Zl-mI-pos:[0 < n; distinct-pds K n P; ideal (Og p ) I;
I# {O(OKPn)}; I # carrier (Og py)ij < nl<n] =
0 < ((vg (py)) (Zbml K P I1))

(proof)

lemma (in Corps) value-mI-genTr1:[0 < n; distinct-pds K n P; ideal (Og p )
I;
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14 {00, , }: 1 # carrier (O py); j < n] =

m-zmaz-pdsI K n P I)

mprod-exp K (K-gamma j) (Kb n ( € carrier K
(mp i g J KnP) MK

(proof)

lemma (in Corps) value-mI-genTr1-0:[0 < n; distinct-pds K n P;
tdeal (O pp) I I # {OOKPn}; I # carrier (O pp); j < n]
= (mprod-exp K (K-gamma j) (Kbg ,, p) n) € carrier K
(proof)

lemma (in Corps) value-mI-genTr2:[0 < n; distinct-pds K n P; ideal (O p ;)
I;

I £ {00, » Y T+ carrier (O p o) j < n] —

(mprod-exp K (K-gamma j) (Kbg ,, p) n)K(m—zmax—pdsIK nPI) #0

{proof)

lemma (in Corps) value-mI-genTr3:[0 < n; distinct-pds K n P; ideal (Og p )

I;

I+ {OOKPn}; I # carrier (Og py)ij < n] =

(ZI-mI K P Ij) - ((mprod-exp K (K-gamma j) (Kbg ,, p) n)K(m—zmam—pdsI Kn PI)
€ carrier K

(proof)

lemma (in Corps) value-ml-gen:[0 < n; distinct-pds K n P; ideal (Og p ) I;
I+# {O(OKPH)}; I # carrier (Og py); i < n] =

(v (Pj)) (nsum K (Mk. ((Zl-mI K P Ik) - ((mprod-exp K (Al (v 1) (Kbg p P)
n)K(m-zmax-pdlen P I)))) n) = LI K (VK (Pj)) I

(proof)

lemma (in Corps) ml-gen-in-I:[0 < n; distinct-pds K n P; ideal (O p ) I;
I+# {O(OKPR)}; I # carrier (Og p,)] =
(nsum K (M\k. (ZI-mI K P Ik) -
((mprod-exp K (Al (v 1) (Kbg 4, pP) n)K(m—zmax—pdsIK nP I)))) n) el
(proof)

We write the element eX K (Ak. (Zl-mI K P I k) -x ((mprod-exp K
(K-gamma k) (Kbg , p) n)i m-zmaz-pdsI K n P 1)) nas mlgg ¢ ainp I
definition

mlg :: [-, nat, nat = ('b = ant) set,
b set] = 'b («(4mlg - - - ) [82,82,82,83]82) where
mlgy , p1=Se K (k. (ZEmI K PTE)

((mprod-exp K (K-gamma k) (Kbg ,, p) n)K(m—zmax—pdle np ])))

n

We can rewrite above two lemmas by using mlgx ¢ 4 inpP1
lemma (in Corps) value-mlI-genl:[0 < n; distinct-pds K n P; ideal (Og p ) I;

I+ {O(OKPn)}; I # carrier (Og p )] =
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Vi< n(g (pj) (mlgg o pp) =LK (vg (pj) I
(proof)

lemma (in Corps) ml-gen-in-11:[0 < n; distinct-pds K n P; ideal (O p ) I;
I # {0 )b I # carrier (O p )] = (mlgg o p 1) €1
(proof)

Ok Pn

lemma (in Corps) miI-principalTr:[0 < n; distinct-pds K n P; ideal (O p ) I;

I+ {O(OKPn)}; I # carrier (Og p,); ¢ € I] =
Vi<n (v py) (mlgg np1) < (Vg (pj) )
(proof)

lemma (in Corps) ml-principal:[0 < n; distinct-pds K n P; ideal (Og p ) I;
I# {O( )}; I # carrier (O p )] =
I'= Raa (Og pp) (Mlgg n p 1)

Ok pPn

(proof)

2.8.2 prime-n-pd

lemma (in Corps) prime-n-pd-principal:[distinct-pds K n P; j < n] =
(Pi pn i) = Rza (O py) (Kbg oy, p) 7))
(proof)

lemma (in Corps) ring-n-prod-primesTr:[0 < n; distinct-pds K n P;
ideal (O p ) I I # {OOKPn}; I # carrier (Og p )] =
Vi< n(vg (Pj)) (mprod-exp K (mL K PI) (Kbg ,, p) n) =

i (pj) (Mlgg np 1)
(proof )

lemma (in Corps) ring-n-prod-primesTr1:[0 < n; distinct-pds K n P;
ideal (O pp) I; I # {OOKPn}; I # carrier (Og p )] =
I =0k py) Op (mprod-exp K (mL K PI) (Kbg ,, p) n)
(proof )

lemma (in Corps) ring-n-prod-primes:[0 < n; distinct-pds K n P;
ideal (O pp) I; I # {OOKP n}; I # carrier (Og p n);
Vi< n Jk=(Pgp, k)OKk pn) (nat ((mL KPI)k)} —
I = iH(
{proof)

Ok pon”’

end

theory Valuation3
imports Valuation2
begin
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2.9 Completion

In this section we formalize "completion" of the ground field K
definition
limit :: [-, 'b = ant, nat = 'b, ']
= bool («(4lim - - - -)» [90,90,90,91190) where
limy o fb— (YN.IM. (Yn. M < n —>
(Fm) £x (—ax ) € (vp K v) (7K 0) (an )y

lemma not-in-singleton-noneq:z ¢ {a} = = # a

(proof)

lemma noneg-not-in-singleton:z # a = z ¢ {a}

(proof)

lemma inf-neg-1[simpl:0o # 1

(proof)

lemma al-neg-0[simp]:(1::ant) # 0
(proof)

lemma al-poss|[simp|:(0::ant) < 1

(proof)

lemma a-pI-gt[simp]:[a # o0; a # —x] = a < a + 1

(proof)

lemma (in Corps) vpr-pow-inter-zero:valuation K v —>
(N AL 3n. I = (op K o)I7 K 0) (anmy) — oy
(proof)

lemma (in Corps) limit-diff-n-val:[b € carrier K; Vj. fj € carrier K;
valuation K v] = (limg , fb) = (VN.IM.¥Yn. M < n —
(an N) < (n-val K v ((fn) £ (=4 1))

(proof)

lemma (in Corps) an-na-Lv:valuation K v => an (na (Lv K v)) = Lv K v
(proof)

lemma (in Corps) limit-diff-val:[b € carrier K; Vj. fj € carrier K;
valuation K v] = (limg , f0) = (YN.IM.Vn. M < n —
(an N) < (v ((fn) £ (—=a D))))
(proof)

uniqueness of the limit is derived from vp-pow-inter-zero

lemma (in Corps) limit-unique:[b € carrier K; Vj. fj € carrier K;
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valuation K v; ¢ € carrier K; limg ,, f b; img , fc] = b=c¢
(proof)

lemma (in Corps) limit-n-val:[b € carrier K; b # 0; valuation K v,
Vj. fj€ carrier K; limg ,, fb] =
AN. (Vm. N < m — (n-val K v) (f m) = (n-val K v) b)
(proof)

lemma (in Corps) limit-val:[b € carrier K; b # 0; Vj. fj € carrier K;
valuation K v; limg ,, fb] = IN. Yn. N <n — v (fn) =vb)
(proof)

lemma (in Corps) limit-val-infinity:[valuation K v; Vj. fj € carrier K;
limg , f 0] = VN.GM. (Vm. M < m — (an N) < (n-val K v (f m))))
(proof)

lemma (in Corps) not-limit-zero:[valuation K v; Vj. fj € carrier K;
= (limg o f0)] = IN.(VM. 3m. (M < m) A
((n-val K v) (f m)) < (an N)))
(proof)

lemma (in Corps) limit-p:[valuation K v; Vj. fj € carrier K;
Vj. gj € carrier K; b € carrier K; ¢ € carrier K; limg , f b; limpg , g c]
= limp o, (A\j. () £ (97) (b £ ¢)

(proof)

lemma (in Corps) Abs-ant-abs[simp|:Abs (ant z) = ant (abs z)
(proof)

lemma (in Corps) limit-t-nonzero:[valuation K v; V (j::nat). (f j) € carrier K;
Y (j::nat). g j € carrier K; b € carrier K; ¢ € carrier K; b # 0; ¢ # 0;

limg o [ b5 limg g c] = limg , (A (f5) =+ (97)) (b c)

(proof)

lemma an-npn[simp]:an (n + m) = an n + an m

(proof)

lemma Abs-noninf:a # —oo A a # oo = Abs a # oo
(proof )

lemma (in Corps) limit-t-zero:[c € carrier K; valuation K v;
Y (j::nat). fj € carrier K; ¥ (j:nat). g j € carrier K;
livaf 0; limg 4 g c]] = limp (Aj. (f7) -+ (94)) O

(proof)

lemma (in Corps) limit-minus:[valuation K v; Vj. fj € carrier K,
b € carrier K; limg , fb] = limg , (Aj. (—a (f7))) (—a D)
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(proof)

lemma (in Corps) inv-diff:[z € carrier K; x # 0; y € carrier K; y # 0] =
(@) £ (o 75D = @) o (v75) 0 (ma (o £ (=0 )
(proof)

lemma times2plus:(2::nat)xn = n + n

(proof)

lemma (in Corps) limit-inv:[valuation K v; Vj. fj € carrier K;
b € carrier K; b # 0; limy ,, f b] =
limg , (M. if (f) = 0 then 0 else (f ) %) (575)
(proof)

definition
Cauchy-seq :: [-, 'b = ant, nat = 'b]
= bool («(3Cauchy - - -)» [90,90,91]90) where
Cauchyp o, f <— (Yn. (fn) € carrier K) A (
VN.AM. Vnm. M <nAM<m-—

((fn) £ (—age (fm)) € (vp K v)(V7 K v) (an N)y)

definition
v-complete :: ['b = ant, -] = bool
(«(2Complete- -)> [90,91]190) where
Completey K <— (Vf. (Cauchyy , f) —
(3b. b € (carrier K) A limg , f D))

lemma (in Corps) has-limit-Cauchy:[valuation K v; ¥Vj. fj € carrier K;
b € carrier K; limg , fb] = Cauchyy ,, f
(proof)

lemma (in Corps) no-limit-zero-Cauchy:[valuation K v; Cauchyg o f;
- (lZva f 0)]] —

ANM. (Vm. N <m— ((nwval Kv) (fM)) = ((n-val K v) (f m)))

(proof)

lemma (in Corps) no-limit-zero-Cauchy! :[valuation K v; Vj. fj € carrier K;
Cauchyg o f; = (limg , f0)] =3INM. Ym. N <m — v (fM)=v(fm))
(proof)

definition
subfield :: [-, ('b, 'm1) Ring-scheme] = bool where
subfield K K' <— Corps K' A carrier K C carrier K' A
idmap (carrier K) € rHom K K’

definition
v-completion :: ['b = ant, 'b = ant, -, ('b, 'm) Ring-scheme] = bool
(<(4Completion- - - -)» [90,90,90,91]90) where
Completion,, ,+ K K' <— subfield K K' A
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Complete,r K' N\ (Vz € carrier K. vz = v’ z) A
(Vz € carrier K'. (3f. Cauchyp ,, f N limgr o f 7))

lemma (in Corps) subfield-zero:[Corps K'; subfield K K] = 0 = 0y
(proof)

lemma (in Corps) subfield-pOp:[Corps K'; subfield K K'; x € carrier K;
y€carrier K| =z +y=a+py
(proof)

lemma (in Corps) subfield-mOp:[Corps K'; subfield K K'; x € carrier K] =
—a T = 7(1](/ T
(proof )

/.
’

lemma (in Corps) completion-val-eq:[Corps K'; valuation K v; valuation K' v
z € carrier K; Completion, ,+ K K= vz=v'z

(proof)

lemma (in Corps) completion-subset:[Corps K'; valuation K v; valuation K' v’
Completion,, ,+ K K] = carrier K C carrier K'

(proof)

lemma (in Corps) completion-subfield:[ Corps K'; valuation K v;
valuation K' v'; Completion, ,+ K K'] = subfield K K'
(proof)

lemma (in Corps) subfield-sub:subfield K K' = carrier K C carrier K'

(proof)

lemma (in Corps) completion-Vring-sub:[ Corps K'; valuation K v;
valuation K' v'; Completion, ,» K K'] =
carrier (Vr K v) C carrier (Vr K' v’)

(proof)

lemma (in Corps) completion-idmap-rHom:[Corps K'; valuation K v;
valuation K' v';  Completion, ,+ K K] =
Iy i v) € rHom (Vr Kv) (Vr K'v')

(proof)

/.
)

lemma (in Corps) completion-vpr-sub:[ Corps K'; valuation K v; valuation K' v
Completion, ,+ K K'] = vp K v C vp K' v’
(proof)
lemma (in Corps) val-v-completion:[ Corps K’ valuation K v; valuation K' v’
z € carrier K'; z # 0p; Completion, ,» K K'] =
Af. (Cauchyg ) N EAN. (VYm. N <m — v (fm) =v"z))
(proof)

lemma (in Corps) v-completion-v-limit:[ Corps K'; valuation K wv;
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z € carrier K; subfield K K'; Complete, » K'; Vj. fj € carrier K;
valuation K' v'; V x€carrier K. vz = v' x; limgr o f o] = limg ,, fo
(proof)

lemma (in Corps) Vr-idmap-aHom:[Corps K'; valuation K v; valuation K' v’

subfield K K'; ¥ z€carrier K. vz = v' 1] =
I(VrKv) € aHom (Vir K v) (Vr K' v')

(proof)

lemma amult-pos-pos:0 < a = 0 < a x an N
(proof)

lemma (in Corps) Cauchy-down:[Corps K'; valuation K v; valuation K’ v’

subfield K K'; ¥V z€carrier K. vz = v' z; Vj. fj € carrier K; Cauchy g 1 f]
= Cauchyg , f
(proof )

lemma (in Corps) Cauchy-up:[Corps K'; valuation K v; valuation K’ v’

Completion,, ,» K K'; Cauchy i ,, f] = Cauchy g,/ f
(proof)

lemma maz-gtTr:(n::nat) < maz (Suc n) (Suc m) A m < maz (Suc n) (Suc m)

(proof)

lemma (in Corps) completion-approx:[Corps K'; valuation K v; valuation K' v’

Completion,, ,» K K'; x € carrier (Vr K' v')] =
Jyecarrier (Vr Kv). (y £+ —agr ©) € (vp K’ v)

(proof)

lemma (in Corps) res-v-completion-surj:[ Corps K'; valuation K v;
valuation K' v'; Completion, K K'] =
surjec( Vr K v),(qring (Vr K’ v") (vp K’ v"))
(compos (Vr K v) (pj (Vr K' v’) (vp K’ v")) (I(VrKv)))
(proof)

lemma (in Corps) res-v-completion-ker:[ Corps K'; valuation K v;
valuation K' v'; Completion, ,+ K K'] =
ker( Vr K v), (gring (Vr K' v") (vp K' v"))
(compos (Vr K v) (pj (Vr K’ v') (vp K’ v")) (](VrKv))) =wp Kv
(proof)
lemma (in Corps) completion-res-qring-isom:[Corps K'; valuation K v;
valuation K' v'; Completion, ,+ K K] =
r-isom ((Vr K v) /. (vp K v)) ((Vr K’ v") /. (vp K' v))
(proof)
expansion of x in a complete field K, with normal valuation v. Here we
suppose t is an element of K satisfying the equation v t = 1.
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definition
Kza :: [-, 'b = ant, 'b] = 'b set where
Kza K va = {y. Ikecarrier (Vr Kv). y =z g k}

primrec
partial-sum :: [('b, 'm) Ring-scheme, 'b, 'b = ant, 'b]
= nat = 'b
(«(5psum - - - _ =) [96,96,96,96,97]96)
where

psum-0: psum g . ¢+ 0 = (csrp-fn (Vir K v) (vp K v)
(pj (Vi K ) (up K 0) (2 gty (00 0 0D))) e (tpeline (0.0
| psum-Suc: psum g 5 ¢ (Suc n) = (psum g, ¢ 7) £
((esrp-fn (Vr K v) (vp K v) (pj (Vr K v) (vp K )

(7 £ —agc (psum g g o ¢ 1)) g (b (00 (V0) it (Sue )y
(tK(tna (v ) + int (Suc n))))

definition
expand-coeff :: [-, 'b = ant, 'b, 'b]
= nat = b
(«(Becf- - - - -) [96,96,96,96,97]96) where

ecf g pten = (f n=0then csrp-fn (Vr K v) (vp K v)

(pj (Vr K v) (wp K ) (2 - g g (0 2)))

else csrp-fn (Vr K v) (vp K v) (pj (Vr K v)
(p K ) (& £ ~ar (psum g gy ¢ (0= 1)) - (1™ (e (00 it m)y))

definition
expand-term :: [-, 'b = ant, 'b, 'b]
= nat = 'b
(«(5etm - - - _ -)» [96,96,96,96,97196) where

etmy yion=(ecffptqpn)rg (Lghe (ve) +intn))

lemma (in Corps) Kra-val-ge:[valuation K v; t € carrier K; vt = 1]
= Kza Kv (tg)) = {z. € carrier K A (ant j) < (v z)}
(proof)

lemma (in Corps) Kza-pow-vpr:[ valuation K v; t € carrier K; vt = 1;
(0::int) < j] = Kva K v (tg)) = (vp K v)(VrKv) (ant 7)
{(proof)

lemma (in Corps) field-distribTr:[a € carrier K; b € carrier K;
z € carrier K; £ 0] = a £ (—q (b 7)) = (a - (z5) £ (=4 b)) v
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(proof)

lemma a0-le-1[simp]:(0::ant) < 1

(proof)

lemma (in Corps) vp-mem-times-t:[valuation K v; t € carrier K; t # 0,
vt=1;z € vp Kv] = Jaccarrier (Vr Kv). 2 =a - t
(proof)

lemma (in Corps) psum-diff-mem-Kza:[valuation K v; t € carrier K;
vt =1;z € carrier K; © # 0] =
(psum g 4 ¢ m) € carrier K A
(@ % (—a (psum g 4y ) € Kea K v (1o (vm) & (14 int n)))
(proof)

lemma Suc-diff-int:0 < n = int (n — Suc 0) = int n — 1
(proof)

lemma (in Corps) ecf-mem:[valuation K v; t € carrier K; vt = 1;

z€carrier Ky z #0] = ecfigy 41 € carrier K

(proof)

lemma (in Corps) etm-mem:[valuation K v; t € carrier K; vt = 1;
z € carrier K; ¢ # 0] = etmp ¢ o n € carrier K
(proof)

lemma (in Corps) psum-sum-etm:[valuation K v; t € carrier K; vt = 1;
z € carrier K; x # 0] =

psump o o ¢ n = nsum K (Aj. (ecf g y 4 5 ) (g0 08+ (83))))

(proof)

lemma zabs-pos:0 < (abs (z::int))
(proof)

lemma abs-p-self-pos:0 < z + (abs (z::int))

(proof)

lemma zadd-right-mono:(i:int) < j =i + k<j + k
(proof)

theorem (in Corps) expansion-thm:[valuation K v; t € carrier K;
vt =1;z € carrier K; ¢ # 0] = limg ,, (partial-sum K z v t)
(proof)

2.9.1 Hensel’s theorem

definition

pol-Cauchy-seq :: [('b, 'm) Ring-scheme, b, -, 'b = ant,
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nat = 'b] = bool («(5PCauchy - - - - -)» [90,90,90,90,91]190) where
PCauchyp x i o F <— (Vn. (F n) € carrier R) A
(3d. (Yn. deg R (Vr Kv) X (Fn) < (an d))) A
(VN.IM. Vnm. M <nAM<m—
P-mod R (Vr K v) X ((vp K v)(VP E0) (@ N)y (P 5 — 5 (F m))))

definition
pol-limit :: [('b, 'm) Ring-scheme, 'b, -, 'b = ant,
nat = 'b, 'b] = bool
(«(6Plimit - - - - - -) [90,90,90,90,90,91]90) where
Plimitg x g Fp <— (Yn. (F n) € carrier R) A
(YN.IM. (Ym. M < m —s
P-mod R (Vr K v) X ((vp Kv)(VTK”) (an N)) (Fm) £g —ar 1))

definition
Pseql :: [('b, 'm) Ring-scheme, 'b, -, 'b = ant, nat,
nat = 'b] = nat = 'b
(«(6Pseql- - - - _-) [90,90,90,90,90,91]190) where
Pseqlp x kv g F = (An. (ldeg-p R (Vr K v) X d (F n)))

definition
Psegh :: [('b, 'm) Ring-scheme, 'b, -, 'b = ant, nat, nat = 'b] =
nat = 'b
(«(6Pseqh - - - - - ) [90,90,90,90,90,91]90) where

Pseghp x gy g F = (An. (hdeg-p R (Vr K v) X (Suc d) (F n)))

lemma an-neg-minf[simp]:V n. —oo # an n
(proof)

lemma an-neg-minfl1[simp]:¥V n. an n # —oo

(proof)

lemma (in Corps) Pseql-mem:[valuation K v; PolynRg R (Vr K v) X;
Fn € carrier Ry ¥V n. deg R (Vr K v) X (Fn) < an (Suc d)] =
(Pseqlp x K v d F) n € carrier R

{(proof)

lemma (in Corps) Pseqgh-mem:[valuation K v; PolynRg R (Vr K v) X;
Fn € carrier R;Vn. deg R (Vr K v) X (Fn) < an (Suc d)] =
(Pseghp x kv a F) n € carrier R

(proof)
lemma (in Corps) PCauchy-ITr:[valuation K v; PolynRg R (Vr K v) X;

p € carrier R; deg R (Vr K v) X p < an (Suc d);
P-mod R (Vi K v) X (vp K o(VF K'v) (an N)y )
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P-mod R (Vr K v) X (vp K o(Vr K'v) (an N)) (ldeg-p R (Vr K v) X d p)
(proof)

lemma (in Corps) PCauchy-hTr:[valuation K v; PolynRg R (Vr K v) X;
p € carrier R; deg R (Vr K v) X p < an (Suc d);
P-mod R (Vr K v) X (vp K o(Vr K v) (an N)) p]
= P-mod R (Vr Kv) X (vp K o(Vr K v) (an N)) (hdeg-p R (Vr K v) X (Suc
d) p)
(proof )

lemma (in Corps) v-ldeg-p-pOp:[valuation K v; PolynRg R (Vr K v) X;
p € carrier R; q € carrier R; deg R (Vr K v) X p < an (Suc d);
deg R (Vr Kv) X ¢ < an (Suc d)] =
(ldeg-p R (Vr Kv) X dp) £p (ldeg-p R (Vr Kv) X d q) =

ldeg-p R (Vr Kv) X d (p £pR ¢)
(proof)

lemma (in Corps) v-hdeg-p-pOp:[valuation K v; PolynRg R (Vr K v) X;
p € carrier R; q € carrier R; deg R (Vr K v) X p < an (Suc d);
deg R (Vr K v) X ¢ < an (Suc d)] = (hdeg-p R (Vr K v) X (Suc d) p) £p
(hdeg-p R (Vr K v) X (Suc d) q) = hdeg-p R (Vr K v) X (Suc d) (p £p ¢q)
(proof)

lemma (in Corps) v-ldeg-p-mOp:[valuation K v; PolynRg R (Vr K v) X;
p € carrier Rydeg R (Vr K v) X p < an (Suc d)] =
—ap (ldeg-p R (Vr K v) X dp) = ldeg-p R (Vr Kv) X d (—ap D)
(proof)

lemma (in Corps) v-hdeg-p-mOp:[valuation K v; PolynRg R (Vr K v) X;

p € carrier Rydeg R (Vr K v) X p < an (Suc d)] =

—aR (hdeg-p R (Vr K v) X (Suc d) p) = hdeg-p R (Vr K v) X (Suc d) (—ap p)
(proof)

lemma (in Corps) PCauchy-lPCauchy:[valuation K v; PolynRg R (Vr K v) X;
VYn. Fn € carrier R; VYn. deg R (Vr Kv) X (Fn) < an (Suc d);

P-mod R (Vr K v) X (vp K o(Vr K'v) (an N)) (Fn+pRp —ap (Fm))]
— P-mod R (Vi K v) X (vp K o(V7 K v) (an N))
((Pseglp x kv a F) n) £R —ap (Psedlp x Kk v d F) m))
(proof)

lemma (in Corps) PCauchy-hPCauchy:[valuation K v; PolynRg R (Vr K v) X;
Vn. Fn € carrier R; ¥V n. deg R (Vr K v) X (Fn) < an (Suc d);

P-mod R (Vr K v) X (vp K o(Vr K'v) (an N)) (FntpRp —ap (Fm))]
= P-mod R (Vr K v) X (vp K o(Vr K v) (an N))
((Pseghp x kv a F) n) R —ar (Pseghp x K v 4 F) m))
{(proof)
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lemma (in Corps) Pseg-decompos:[valuation K v; PolynRg R (Vr K v) X;
F n € carrier R; deg R (Vr Kv) X (F n) < an (Suc d)]
— F'n= ((PS@qu XKuvd F) n) iR ((Pseth XKuvd F) n)
(proof)

lemma (in Corps) deg-0-const:[valuation K v; PolynRg R (Vr K v) X;
p € carrier R; deg R (Vr K v) X p < 0] = p € carrier (Vr K v)
(proof)

lemma (in Corps) monomial-P-limt:[valuation K v; Completey K;
PolynRg R (Vr K v) X; ¥ n. fn € carrier (Vi K v);
Vn.Fn=(fn) wp (X YN.IMVom M<nAM<m—
P-mod R (Vr K v) X (vp K o(Vr K'v) (an N)) (Fn+Rp —ap (Fm))] =
Jbecarrier (Vr K v). Plimit p x o F (b R (X dy)
(proof )

lemma (in Corps) mPlimit-unique Tr:[valuation K v;
PolynRg R (Vir K v) X; V¥ n. fn € carrier (Vr K v);
Vn. Fn=(fn) g (X By ¢ e carrier (Vr K v);
Plimit g x g o F (¢ +R (XAR d))]] = lim g, fc

(proof)

lemma (in Corps) mono-P-limt-unique:[valuation K v;
PolynRg R (Vr K v) X; V¥ n. fn € carrier (Vr K v);
Vn. Fn=(fn) g (X B dy: b e carrier (Vr K v); ¢ € carrier (Vi K v);
Plimit g x o F (b v (X ); Plimit p x g F (¢ pp (XF D)) —
boop (XD = ¢ p (x4
(proof)

lemma (in Corps) Plimit-deg:[valuation K v; PolynRg R (Vr K v) X;
Vn. Fn € carrier R; ¥ n. deg R (Vr K v) X (Fn) < (an d);
p € carrier R; Plimit g x ¢ Fp] = deg R (Vr K v) X p < (an d)
(proof)

lemma (in Corps) Plimit-deg!:[valuation K v; Ring R; PolynRg R (Vr K v) X;
Vn. Fn € carrier R; ¥ n. deg R (Vr K v) X (F n) < ad;
p € carrier R; Plimit g x ¢ Fp] = deg R (Vr Kv) X p < ad

(proof)

lemma (in Corps) Plimit-ldeg:[valuation K v; PolynRg R (Vr K v) X;
Vn. Fn € carrier R; p € carrier R;
Vn. deg R (Vr Kv) X (Fn)<an (Suc d);
PlimitRXKva]] = Plimit p x ko (Pseddl g x K vd F)
(ldeg-p R (Vr K v) X d p)
(proof)
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lemma (in Corps) Plimit-hdeg:[valuation K v; PolynRg R (Vr K v) X;
Vn. F'n € carrier R; ¥ n. deg R (Vr K v) X (Fn) < an (Suc d);
p € carrier R; Plimit g x g, Fp] =
Plimit g x i (Pseqh g x K v a F) (hdeg-p R (Vr K v) X (Suc d) p)
(proof)

lemma (in Corps) P-limit-uniqueTr:[valuation K v; PolynRg R (Vr K v) X] =
VF. ((Vn. Fn € carrier R) AN (Yn. deg R (Vr Kv) X (Fn) < (an d)) —
(Vpl p2. pl € carrier R A\ p2 € carrier R A Plimit g x g F p1 A
Plimit g x i o F p2 — pl = p2))
(proof)

lemma (in Corps) P-limit-unique:[valuation K v; Completey K;
PolynRg R (Vr K v) X; Vn. Fn € carrier R;
Vn. deg R (Vr Kv) X (Fn) < (an d); pl € carrier R; p2 € carrier R;
Plimit g x i o F p1; Plimit p x g F p2] = pl = p2

(proof)

lemma (in Corps) P-limitTr:[valuation K v; Completey K; PolynRg R (Vr K v)

X

L VF.((Vn. Fn € carrier R) A (Yn. deg R (Vr Kv) X (Fn) < (an d)) A
(VN.IM.Vonm. M<nAM<m-—
P-mod R (Vr K v) X (vp K v (Vr K v) (an N)) (Fn£p —ap (Fm))) —
(Ipecarrier R. Plimit g x i o F p))

(proof)

lemma (in Corps) PCauchy-Plimit:[valuation K v; Complete, K;
PolynRg R (Vr K v) X; PCauchyp x g » F] =
dp€carrier R. Plimitp x g F'p
(proof )

lemma (in Corps) P-limit-mult:[valuation K v; PolynRg R (Vr K v) X;
Vn. Fn € carrier R; Vn. G n € carrier R; pl € carrier R; p2 € carrier R;
Plimit p x g F p1; Plimit p x i o Gp?] =
Plimit g x g o An. (F'n) g (G n)) (pl -+g p2)

(proof)
definition
Hfst :: [-, 'b = ant, ('b, 'm1) Ring-scheme, 'b,'b, ('b set, 'm2) Ring-scheme, 'b
set, 'b, 'b, 'b, nat] = 'b
((11Hfst - - - - - __ Vs [67,67,67,67,67,67,67,67,67,67,68]67) where

Hfstg yp xtSyfghm=1TIst (Hprp (Ve ko) X ¢S Y fgh ™
definition
Hsnd :: [-, 'b = ant, ('b, 'm1) Ring-scheme, 'b,'b, ('b set, 'm2) Ring-scheme, b
set, 'b, 'b, 'b, nat] = b
(«(11Hsnd - - - - - - .- . _ )y [67,67,67,67,67,67,67,67,67,67,68]67) where

Hsndg y R xtSyfghm=snd (Ho'p (v ko) Xt S Y fgh ™
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lemma (in Corps) Hensel-starter:[valuation K v; Completey K;
PolynRg R (Vr K v) X; PolynRg S ((Vr K v) /. (vp K v)) Y;
t € carrier (Vr Kv); vp Kv= (Vr Kv) $, t;
[ € carrier R; f # Op; g’ € carrier S; h' € carrier S;
0 <degS (VrKv)/r (vp Kv)) Yy
0 <degS (VrKwv)/r (vp Kv)) YR/
((erHR (VrKv) XS ((VrKwv) /r (vp Kv)) Y
(0 (Vi K v) (p K0) ) = ¢ ng b
rel-prime-pols S ((Vr K v) /, (vp K v)) Yg¢' h] =
dgh.g#ORp ANh#0R A g€ carrier R A h € carrier R A
deg R (VrKv) Xg<degS ((VrKv)/, (VrKv){pt) Y
(erHR (VrKov) XS (VrKvwv) [/, (VrKv)$pt) Y
(3 (V0 5 0) (VK ) Oy ) 9) 1 (g B (V7 K X 4
deg S ((Vr K v) /, ((VrKv )Opt) Y (erHR (VrKwv) X S
(VP Kw) /v (Vr Kv) $p 1)) Y (pj (VP K v) (Vr K v) Op 1)) g)
< deg R (VrKuv) Xf)A
(erHR (VrKv) XS ((VrKw) /[, (vp Kv)) Y
(pj (Vr K ) (vp Kv))g=g'N
(erHR (VrKv) XS (VrKwv) [/, (vp Kv)) Y
(pj (Vr K w) (vp KU))) h=h"A
0 < deg S ((Vr K )/7“ (Vr K v) Op 1)) ¥
(erHR (VrKov) XS (VrKvwv) [/, (VrKv)$pt) Y
(5 (Ve K 0) (VI K 0) Op 1)) 9) A
0 <degS(VrKwv) [/, (VrKov)$pt) Y
(erHR (VrKv) XS (VrKv) [/, (VrKv) $,t) Y
(pj (Vr K v) (Vr K v) Op 1)) h) A
rel-prime-pols S (Vr K v) /, (Vr Kv) $p ) YV
(erHR (VrKv) XS ((VrKv) /» (VrKv) $pt) Y
(i (VK0 (VK 1) 0y ) 0
(erHR (Vr Kv) X ((V’I“KU [r (Vr Kv) $pt) Y
(pj (Vr K v) (Vr K v) $p 1)) h) A
oo R (VK ) X (VK ) 0,0 U 0 ~en (0°cn 1)
Proo

lemma aadd-plus-le-plus:[ a < (a":ant); b < V] = a+ b < a’ + b’
(proof)

lemma (in Corps) Hfst-PCauchy:[valuation K v; Completey K;
PolynRg R (Vir K v) X; PolynRg S (Vr Kv [, (Vr Kv {p, t)) Y g0 € carrier
R;
hO € carrier R; f € carrier R; f # 0p; g0 # Op; h0 # Op;
t € carrier (Vr Kv); vpKv=VrKuv,t;
deg R (VrKv) X g0 <degS (VrKv /., (VirKv{,t) Y (erHR(VrKv) XS
(VrKv /p, (VrKovpt) Y (pj (VrKo) (Ve Koy t)) g0);
deg R (Vr Kv) XhO + deg S (VrKv /. (VrKv$pt) Y (erHR (VrKv) X
S
(VrKv /, (VrKovpt) Y (pj (VrKo) (Vr Koy t)) g0)
< deg R (Vr Kv) X f;

54



0<degS(VrKv /., (VrKv$pt) Y(erHR (VrKv) XS
(VrKv /p, (VrKovpt) Y (pj (VrKo) (VrKov )y t)) g0);
0<degS(VrKov /. (VrKvpt) Y (erHR(VrKwv) XS
(VrKv /r, (VrKov,t) Y (pf (VP Ko) (Ve Ko, t)) h0);
rel-prime-pols S (Vr Kv [/, (Vr Kv $pt)) Y (erHR (VrKwv) X S
(VrKv /[, (VrKvpt) Y (pj (VrKo) (VrKov )y t)) g0)
(erHR(VrKv) XS (VrKv /., (VrKv{pt) Y
(pj (Vr Kwv) (Vr Kv $p t)) h0);

erHR (VrKv) XS (VrKv /., (VrKov{,t) Y
(0 (Vi K 0) (VK v Oy 1)) f =
erHR(VrKv) XS (VrKv /, (VrKv{,t) Y
(pj (VrKv) (VrKvpt)) g0 g
erHR (VrKv) XS (VrKv /, (VrKv,t)Y
(pj (Vr Kv) (VrKov <y, t)) W] =
PCauchy p x gy Hfst KvRXtS Y fg0h0

(proof)

lemma (in Corps) Hsnd-PCauchy:[valuation K v; Complete, K;
PolynRg R (Vi K v) X; PolynRg S (Vr Kv [, (Vr K v {, t)) Y; g0 € carrier
R;
hO € carrier R; f € carrier R; f # Op; g0 # Op; h0 # Op;
t € carrier (Vr Kv); wpKv=VrKuvp
deg R (Vr Kv) X g0 <degS (VrKv /., (VirKv{,t) Y (erHR(VrKv) XS
(VrKv /, (VrKop,t) Y (pj (VrKo) (Vr Koy t)) g0);
deg R (VrKv) XhO +deg S (VrKv /. (VrKv$pt) Y (erHR (VrKv) X
S
(VrKv /[, (VrKovpt) Y (pj (VrKo) (Vr Ko $pt)) g0)
< deg R (Vr Kv) X f;
0<degS(VrKv /., (VrKv$pt) Y(erHR (VrKv) XS
(VrKv /p, (VrKovpt) Y (pj (VrKo) (Vr Koy t)) g0);
0<degS(VrKv/, (VrKv$pt) Y(erHR (VrKov) XS
(VrKv /p (VrKv$pt) Y (pj (VrKo) (Ve Koy t)) RO);
rel-prime-pols S (Vr Kv /r (Vr Kv $pt)) Y (erHR (VrKwv) X S
(VrKv /. (VrKovo,t) Y (pj (VP Ko) (Ve Koy t)) g0)
(erHR(VrKv) XS (VrKv /., (rKv{,t) Y
(pj (Vr Kv) (Vr Kv $p t)) h0);
erHR(VrKv) XS (VrKv /., (VrKv{,t) Y
(pj (VrKv) (VrKv,t)) f=
erHR (VrKv) XS (VrKv /, (VrKv,t) Y
(pj (VrKov) (VrKv$pt)) g0 g
erHR(VrKv) XS (WrKv/, (rKv,t)Y
(pj (Vr Kv) (VrKv $p,t)) W] =
PCauchy p x gy HsSnd Kv R Xt S Y f g0 hO

{(proof)

lemma (in Corps) H-Plimit-f:[valuation K v; Completey K;

3
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PolynRg R (Vr K v) X; PolynRg S (Vr Kv /. (Vr Kv $p t)) Y
f € carrier R; f # Op; g0 € carrier R; h0 € carrier R; g0 # Op;
h0 # Op;
0<degS (VrKv /., (VrKvpt) Y
(erHR(VrKv) XS (VrKv /., (VrKv{p,t) Y
(5] (Vi K 0) (Vi K v Oy ) 60);
0<degS(VrKuv /[, (VrKvudpt) Y
(erHR(VrKv) XS (VrKv /., (VrKv{,t) Y
(pj (Vr Kv) (Vr Kv $p t)) h0);
deg R (Vr K v) X h0 +
deg S (VrKv /[p (VrKv{pt) Y
(erHR(VrKv) XS (VrKv /[, (VrKv{pt) Y
(pj (VrKv) (VrKv$,t)) g0) <degR (VrKv)Xf;

t € carrier (Vr Kv);op Kv=VrKuv <, t;

rel-prime-pols S (Vr K v /, (Vr Kv $p t)) Y
(erHR(VrKv) XS (VrKv /., (rKv$pt) Y
(pj (Vr K ) (Vi K'v$p 1)) 90)
(erHR (VrKv) XS (VrKv /[, (VrKvpt) Y
(pj (Vr K v) (Vr K v $p 1)) h0);

erHR(VrKv) XS (VrKv /., (VrKv{,t) Y
(pj (VrKv) (VrKov$,t)) f=
erHR(VrKv) XS (VrKv /. (VrKv{pt) Y
(pj (Vr K v) (Vr K v & t)) g0 rg
erHR (VrKv) XS (VWrKv /, (VrKv,t)Y
(pj (Vr Kv) (Vr K v $p t)) ho;

deg R (Vr K v) X g0
<degS(VrKv/, (VrKv{,t)Y
(erHR(VrKv) XS (VrKv /., (VrKov{,t) Y
(pj (Vr K v) (Vi K v $p 1)) g0);

g € carrier R; h € carrier R;
Plimit p x o (Hfst KvRXtSYfg0h0) g;
Plimit p x ¢ (Hsnd Kv R Xt S Y fg0h0) h;
Plimit g x ¢y (An. (Hfst g y R Xt S Y fgoho™ R
(Hsnd gy R xt Sy fg0ho ™) (9 +R h]
= Plimit g x j¢ o (An. (Hfst Kk y R XtS Y fg0h0 ™) R
(Hsnd j¢ y R Xt S Y fg0ho ™) [
(proof)

theorem (in Corps) Hensel:[valuation K v; Complete, K;
PolynRg R (Vir K v) X; PolynRg S ((Vr K v) /» (vp K v)) Y;
[ € carrier R; f # Op; g’ € carrier S; h' € carrier S;
0 < deg S (VrKv)/r (vp Kv)) Yy
0 <degS (VrKwv) /. (vp Kv)) Yh'
((erHR (VrKv) XS ((VrKwv) /[, (vp Kv)) Y
(0 (VK v) (p K o) ) = ¢ ng B
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rel-prime-pols S ((Vr K v) /» (vp K v)) Y ¢' h] =
g h. g € carrier R A h € carrier R A
deg R(VrKv) Xg<degS ((VrKv) /. (vp Kv)) Yg'A
f =9 rR h
(proof)

end
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