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Abstract

Convergence with respect to a valuation is discussed as convergence of a
Cauchy sequence. Cauchy sequences of polynomials are defined. They are
used to formalize Hensel’s lemma.
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Chapter 1

Preliminaries

1.1 Int and ant (augmented integers)

lemma int-less-mono:(a::nat) < b = int a < int b

apply simp
done

lemma zless-trans:[(i:int) < j;j < k] = i < k

apply simp
done

lemma zmult-pos-bignumTr0:3L. Y m. L < m — z < x + int m
by (subgoal-tac ¥ m. (nat((abs z) + (abs x))) < m — z < z + int m,
blast, rule alll, rule impl, arith)

lemma zle-less-trans:[(i::int) < j; j < k] = i < k
apply (simp add:less-le)
done

lemma zless-le-trans:[(i::int) < j; j < k] = i < k
apply (simp add:less-le)
done

lemma zmult-pos-bignumTr:0 < (a::int) =
FL.Vm. l<m— z<z+ (int m) *xa
apply (cut-tac zmult-pos-bignumTr0|[of z z])
apply (erule exE)
apply (subgoal-tac Vm. L < m — z < x + int m x a, blast)
apply (rule alll, rule impI)
apply (drule-tac a = m in forall-spec, assumption)
apply (subgoal-tac 0 < int m)
apply (frule-tac a = int m and b = a in pos-zmult-pos, assumption)
apply (cut-tac order-refllof z])
apply (frule-tac z’ = int m and z = int m * a in
zadd-zle-mono[of x z], assumption+)



apply (rule-tac y = z + int m and z = = + (int m)x a in
less-le-trans|of z|, assumption+)

apply simp

done

lemma ale-shift:[(z::ant)< y; y = 2] = z < 2
by simp

lemma aneg-na-0[simpl:a < 0 = na a = 0
by (simp add:na-def)

lemma amult-an-an:an (m * n) = (an m) * (an n)
apply (simp add:an-def)

apply (simp add: of-nat-mult a-z-z)

done

definition
adiv :: [ant, ant] = ant (infix] adiv 200) where
z adiv y = ant ((tna z) div (tna y))

definition
amod :: [ant, ant] = ant (infixl amod 200) where
z amod y = ant ((tna z) mod (tna y))

lemma apos-amod-conj:0 < ant b =
0 < (ant a) amod (ant b) A (ant a) amod (ant b) < (ant b)
by (simp add:amod-def tna-ant, simp only:ant-0[THEN sym],
stmp add:aless-zless)

lemma amod-adiv-equality:

(ant a) = (a div b) %, (ant b) + ant (a mod b)
apply (simp add:adiv-def tna-ant a-z-z a-zpz asprod-mult)
done

lemma asp-2-Z:2z %, ant © € Z
by (simp add:asprod-mult z-in-aug-inf)

lemma apos-in-aug-inf:0 < a = a € Zo

by (simp add:aug-inf-def, rule contrapos-pp, simp+,
cut-tac minf-le-any|of 0], frule ale-antisym[of 0 —o0],
assumption+, simp)

lemma amult-1-both:[0 < (w:ant); cx w=1] = z=1ANw=1
apply (cut-tac mem-ant|[of x|, cut-tac mem-ant|of w],

(erule disjE)+, simp,

(frule sym, thin-tac oo = 1, simp only:ant-1[THEN sym],

simp del:ant-1))
apply (erule disjE, erule exE, simp,

(frule sym, thin-tac —oo = 1, simp only:ant-1[THEN sym],



simp del:ant-1), simp)

apply (frule sym, thin-tac —oco = 1, simp only:ant-1[THEN sym],
sitmp del:ant-1)

apply ((erule disjE)+, erule exE, simp,
frule-tac aless-imp-le[of 0 —o0],
cut-tac minf-le-any[of 0],
frule ale-antisym[of 0 —o0], assumption+,
simp only:ant-0| THEN sym], simp,
frule sym, thin-tac —oo = 1, simp only:ant-1[THEN sym],
simp del:ant-1)

apply ((erule disjE)+, (erule exE)+, simp only:ant-1[THEN sym],
simp del:ant-1 add:a-z-z,
(cut-tac a = z and b = za in mult.commaute, simp,
cut-tac z = za and 2z’ = z in times-1-both, assumption+),
simp)

apply (erule exE, simp,
cut-tac x = z and y = 0 in less-linear, erule disjE, simp,
frule sym, thin-tac —oo = 1, simp only:ant-1[THEN sym)],
simp del:ant-1,
erule disjE, simp add:ant-0, simp,
frule sym, thin-tac co = 1, simp only:ant-1[THEN sym)],
simp del:ant-1,
erule disjE, erule exE, simp,
frule sym, thin-tac co = 1, simp only:ant-1[THEN sym)],
simp del:ant-1, simp)

done

lemma poss-int-neq-0:0 < (z:int) = z # 0
by simp

lemma aadd-neg-negg[simp):[a < (0::ant); b < 0] = a + b < 0
apply (frule ale-minus[of a 0], simp,

frule aless-minus[of b 0], simp)
apply (frule aadd-pos-poss[of —a —b], assumption+,

simp add:aminus-add-distrib THEN sym, of a b],

frule aless-minus[of 0 —(a + b)], simp add:a-minus-minus)
done

lemma aadd-two-negg[simpl:[a < (0::ant); b < 0] = a + b < 0
by auto

lemma amin-aminTr:(z::ant) < 2’ = amin z w < amin 2z’ w
by (simp add:amin-def)

lemma amin-lel:(z::ant) < 2z’ = (amin z w) < 2’
by (simp add:amin-def, simp add:aneg-le,
rule impl, frule aless-le-trans|of w z 2],
assumption+, simp add:aless-imp-le)



lemma amin-le2:(z::ant) < 2’ = (amin w z) < 2’
by (simp add:amin-def, rule impl,
frule ale-trans|of w z 2'], assumption+)

lemma Amin-geTr:Vj < n.fj€ Zo) N (Vj<n. z<(fj)) —
z < (Amin n f)
apply (induct-tac n)
apply (rule impl, erule conjE, simp)
apply (rule impl, (erule conjE)+,
cut-tac Nsetn-sub-meml1 [of n], simp,
drule-tac r = Suc n in spec, simp,
rule-tac z = z and © = Amin n f and y = f(Suc n) in amin-gel,
stmp+)
done

lemma Amin-ge:[Vj < n.fj€ Zo; Vj<n. z<(fj)] =
z < (Amin n f)
by (simp add:Amin-geTr)

definition
Abs :: ant = ant where
Abs z = (if z < 0 then —z else 2)

lemma Abs-pos:0 < Abs z

by (simp add:Abs-def, rule conjl, rule impl,
cut-tac aless-minus|of z 0], simp,
assumption,
rule impl, simp add:aneg-less[of z 0])

lemma Abs-z-plus-z-pos:0 < (Abs z) + =
apply (case-tac x < 0,
simp add:Abs-def, simp add:aadd-minus-inv)

apply (simp add:aneg-less,
simp add:Abs-def, simp add:aneg-less| THEN sym, of 0 x|,
simp add:aneg-less[of x 0], simp add:aadd-two-pos)

done

lemma Abs-ge-self:x < Abs x
apply (simp add:Abs-def, rule impl,

cut-tac ale-minus[of z 0],

simp add:aminus-0, simp add:aless-imp-le)
done

lemma na-1:na 1 = Suc 0

apply (simp only:ant-1[THEN sym], simp only:na-def,
simp only:ant-0[ THEN sym], simp only:aless-zless[of 1 0],
simp, subgoal-tac co # 1, simp)

apply (simp only:ant-1[THEN sym], simp only:tna-ant,



rule not-sym, simp only:ant-1[THEN sym), simp del:ant-1)
done

lemma ant-int:ant (int n) = an n
by (simp add:an-def)

lemma int-nat:0 < z = int (nat z) = z
by arith

lemma int-ex-nat:0 < z = An. int n = 2
by (cut-tac int-nat[of z], blast, assumption)

lemma eg-nat-pos-ints:
[nat (z::int) = nat (z"zint); 0 < 2, 0 < 2] = 2z = 2’
by simp

lemma a-p1-gt[simp]:[a # o0; a # —x] = a < a + 1
apply (cut-tac aadd-poss-less[of a 1],
stmp add:aadd-commute, assumption+)
apply (cut-tac zposs-aposss|of 1], simp)
done

lemma gt-na-poss:(na a) < m = 0 < m
apply (simp add:na-def)
done

lemma azmult-less:[a # oco; na a < m; 0 < ]
= a < intm %, x
apply (cut-tac mem-ant|of a])
apply (erule disjE)
apply (case-tac x = c0) apply simp
apply (subst less-le[of —oco oo]) apply simp
apply (frule aless-imp-le[of 0 z], frule apos-neg-minf|of x])
apply (cut-tac mem-ant|[of x|, simp, erule exE, simp)
apply (simp add:asprod-amult a-z-z)
apply (simp, erule exE, simp)

apply (frule-tac a = ant z in gt-na-poss|of - m])
apply (case-tac z = oo, simp)
apply (frule aless-imp-le[of 0 x])
apply (frule apos-neq-minf|of x])
apply (cut-tac mem-ant|of x], simp, erule exE,
simp add:asprod-amult a-z-z)
apply (subst aless-zless)
apply (cut-tac a = ant z in gt-na-poss|of - m|, assumption)
apply (smt a0-less-int-conv aposs-na-poss int-less-mono int-nat na-def of-nat-0-le-iff
pos-zmult-pos tna-ant z-neq-inf)
done



lemma zmult-gt-one:[2 < m; 0 < za] = 1 < int m * za
by (metis ge2-zmult-pos mult.commute)

lemma zmult-pos:[ 0 < m; 0 < (a:int)] = 0 < (int m) * a
by (frule zmult-zless-mono2[of 0 a int m|, simp, simp)

lemma ant-int-na:[0 < a; a # oo | = ant (int (na a)) = a
by (frule an-nalof a], assumption, simp add:an-def)

lemma zpos-nat:0 < (z:int) = In. z = int n
apply (subgoal-tac z = int (nat 2))

apply blast apply simp

done

1.2 nsets

lemma nsetTrl:[j € nset a b; j # a] = j € nset (Suc a) b
apply (simp add:nset-def)
done

lemma nsetTr2:j € nset (Suc a) (Suc b)) = j — Suc 0 € nset a b
apply (simp add:nset-def, erule conjE,

stmp add:skip-im-Tr4[of j b])
done

lemma nsetTrs:[j # Suc (Suc 0); j — Suc 0 € nset (Suc 0) (Suc n)]
= Suc 0 < j — Suc 0

apply (simp add:nset-def, erule conjE, subgoal-tac j # 0,
rule contrapos-pp, simp+)

done

lemma Suc-leD1:Sucm <n=— m<n
apply (insert lessI[of m],

rule less-le-trans[of m Suc m n], assumption+)
done

lemma lel1:n < m = = ((m:nat) < n)
apply (rule contrapos-pp, simp+)
done

lemma neg-zle:— (zint) < 2/ = 2’ < 2
apply (simp add: not-le)
done

lemma nset-m-m:nset m m = {m}
by (simp add:nset-def,
rule equalityl, rule subsetl, simp,
rule subsetl, simp)



lemma nset-Tr51:[j € nset (Suc 0) (Suc (Suc n)); j # Suc 0]
= j — Suc 0 € nset (Suc 0) (Suc n)

apply (simp add:nset-def, (erule conjE)+,
frule-tac m = j and n = Suc (Suc n) and | = Suc 0 in diff-le-mono,
sitmp)

done

lemma nset-Tr52:[j # Suc (Suc 0); Suc 0 < j — Suc 0]
— = j — Suc 0 < Suc 0
by auto

lemma nset-Suc:nset (Suc 0) (Suc (Suc n)) =
nset (Suc 0) (Suc n) U {Suc (Suc n)}
by (auto simp add:nset-def)

lemma AinequalityTr0:z # —oo = IL. VWN. L < N —
(an m) < (z + an N))
apply (case-tac © = oo, simp add:an-def)
apply (cut-tac mem-ant|of x], simp, erule exE, simp add:an-def a-zpz,
stmp add:aless-zless,
cut-tac T = z in zmult-pos-bignumTr0|of int m], simp)
done

lemma AinequalityTr:[0 < b A b # o0; & # —x] = IL. VN.L< N —
(an m) < (z + (int N) %4 b))
apply (frule-tac AinequalityTr0]of x m],
erule exkF,
subgoal-tac VN. L < N — an m < z + (int N) %4 b,
blast, rule alll, rule impl)
apply (drule-tac a = N in forall-spec, assumption,
erule conjE,
cut-tac N = N in asprod-ge[of b], assumption,
thin-tac x # — oo, thin-tac b # oo, thin-tac an m < = + an N,
stmp)
apply (frule-tac z = an N and y = int N %, b and z = z in aadd-le-mono,
simp only:aadd-commute|of - z])
done

lemma two-inequalities:[V (n:nat). £ < n — P n; ¥ (nunat). y < n — @ n]
= Vn. (mazzy) <n— (Pn)A(Qn)
by auto

lemma multi-inequalityTr0:(V j < (n:nat). (xj) # —c0 ) —>
(FL.(VWN.L< N — (MIi<n (anm) < (zl) + (an N))))

apply (induct-tac n)

apply (rule impl, simp)

apply (rule AinequalityTrO[of © 0 m], assumption)

apply (rule impI)



apply (subgoal-tac V1.1 < n — | < (Suc n), simp)
apply (erule exFE)
apply (frule-tac a = Suc n in forall-spec, simp)

apply (frule-tac x = z (Suc n) in AinequalityTr0|of - m])
apply (erule exF)
apply (subgoal-tac ¥ N. (maz L La) < N —
(VI < (Sucn). anm < xzl+ an N), blast)
apply (rule alll, rule impl, rule olll, rule impl)
apply (rotate-tac 1)
apply (case-tac I = Suc n, simp,
drule-tac m = [ and n = Suc n in noteq-le-less, assumption+,
drule-tac x = l and n = Suc n in less-le-diff, simp,
stmp)
done

lemma multi-inequalityTr1:[Vj < (n:nat). (z j) # — o] =
JL. WN.L< N — (Vi< n. (anm) < (zl) + (an N)))
by (simp add:multi-inequalityTr0)

lemma gceoeff-multi-inequality:[VN. 0 < N — (Vj < (nunat). (zj) # —oc0 A
0 < (bNj) A (bNj)# o) =
JL. WN.L< N — (Vi< n(anm) < (zl)+ (int N) %, (b N1)))
apply (subgoal-tac Vj < n.zj# — 00)
apply (frule multi-inequalityTr1 [of n x m])
apply (erule exE)
apply (subgoal-tac VN. L < N —
(Vi<mn.anm < zl+ (int N) x4 (b N1)))
apply blast

apply (rule alll, rule impl, rule olll, rule impl,
drule-tac a« = N in forall-spec, simp,
drule-tac a = [ in forall-spec, assumption,
drule-tac a = N in forall-spec, assumption,
drule-tac a = [ in forall-spec, assumption,
drule-tac a = 1 in forall-spec, assumption)
apply (cut-tac b =b Nl and N = N in asprod-ge, simp, simp,
(erule conjE)+, simp, thin-tac z | # — oo, thin-tac b N | # o0)
apply (frule-tac z = an N and y = int N x, b Nland z = z [ in
aadd-le-mono, simp add:aadd-commute,
rule alll, rule impl,
cut-tac lessI[of (0::nat)],
drule-tac a = Suc 0 in forall-spec, assumption)
apply simp
done

primrec m-maz :: [nat, nat = nat] = nat
where
m-max-0: m-max 0 f = f0



m-maz-Suc: m-maz (Suc n) f = mazx (m-max n f) (f (Suc n))

lemma m-mazTr:¥1 < n. (f1) < m-maz n f
apply (induct-tac n)
apply simp

apply (rule alll, rule impl)

apply simp

apply (case-tac I = Suc n, simp)

apply (cut-tac m = | and n = Suc n in noteg-le-less, assumption+,
thin-tac | < Suc n, thin-tac | # Suc n,
frule-tac x = I and n = Suc n in less-le-diff,
thin-tac I < Suc n, simp)

apply (drule-tac a = [ in forall-spec, assumption)

apply simp

done

lemma m-maz-gt:l < n = (f1) < m-maz n f
apply (simp add:m-maxTr)
done

lemma ASum-zero: (Vj < n.fj€ Zoo) N(VI<n. fl=0)— ASum fn =20
apply (induct-tac n)
apply (rule impl, erule conjE, simp)
apply (rule impI)
apply (subgoal-tac (Vj<n. fj € Zs) A (Vi<n. f1 = 0), simp)
apply (simp add:aadd-0-1, erule conjE,
thin-tac (Vj<n. fj € Zoo) N (VI<n. fl=0) — ASum fn = 0)
apply (rule conjl)
apply (rule alll, rule impl,
drule-tac a = j in forall-spec, simp, assumption+)
apply (thin-tac Vj<Suc n. fj € Z)
apply (rule alll, rule impl,
drule-tac a = 1 in forall-spec, simp+)
done

lemma eSum-singleTr:(Vj < n. fj€ Zoo) NG <nA NVl {h h<n}—{j} fl
=0)) — ASum fn=fj

apply (induct-tac n)

apply (simp, rule impl, (erule conjE)+)

apply (case-tac j < n)

apply simp

apply (simp add:aadd-0-r)

apply simp

apply (simp add:nat-not-le-less|of j])

apply (frule-tac m = n and n = j in Suc-lel)

apply (frule-tac m = j and n = Suc n in le-antisym, assumption+, simp)

10



apply (cut-tac n = n in ASum-zero [of - f])
apply (subgoal-tac (Vj<n. fj € Zs) N (Vi<n. f1 = 0))
apply (thin-tac Vj<Suc n. fj € Zoo,
thin-tac V1e{h. h < Suc n} — {Suc n}. f1 = 0, simp only:mp)
apply (simp add:aadd-0-1)

apply (thin-tac (Vj<n. fj € Zoo) AN (VI<n. fl=0) — ASum fn = 0)
apply (rule conjl,
thin-tac V1e{h. h < Suc n} — {Suc n}. f1 = 0, simp)
apply (thin-tac Vj<Suc n. fj € Z~, simp)
done

lemma eSum-single:[Vj < n. fj€ Zo ;j < n; Vi€ {h. h<n} —{j}. fl=0]
= ASum fn=fj

apply (simp add:eSum-singleTr)

done

lemma ASum-eqTr:(Vj < n.fj€ Zoo) N(Vj<n.gj€ Zx) A
Vi<n fj=gj) — ASum fn= ASumgn

apply (induct-tac n)

apply (rule impl, simp)

apply (rule impl, (erule conjE)+)

apply simp
done

lemma ASum-eq:[Vj<mn.fj€ Zo;Vj<n.gj€ Zo;Vj<m. fj=ygj]=
ASum fn = ASum g n
by (cut-tac ASum-eqTrlof n f g, simp)

definition
Kronecker-delta :: [nat, nat] = ant
((6--) [70,71]70) where
§; 5= (if i = j then 1 else 0)

definition
K-gamma :: [nat, nat] = int
((v--) [70,71]70) where
vij = (if i = j then 0 else 1)

abbreviation
TRANSPOS ((7--) [90,91]90) where

T j == transpos 17

lemma Kdelta-in-Zinf:[j < (Suc n); k < (Suc n)] =
Z kg ((5] k) € Zo

apply (simp add:Kronecker-delta-def)

apply (simp add:z-in-aug-inf Zero-in-aug-inf)

11



apply (simp add:asprod-n-0 Zero-in-aug-inf)
done

lemma Kdelta-in-Zinfl:[j < n; k < n] = 6j L E Zo

apply (simp add:Kronecker-delta-def)

apply (simp add:z-in-aug-inf Zero-in-aug-inf)

apply (rule impI)

apply (simp only:ant-1[THEN sym], simp del:ant-1 add:z-in-aug-inf)
done

primrec m-zmaz :: [nat, nat = int] = int
where
m-zmaz-0: m-zmaz 0 f = f 0
| m-zmaz-Suc: m-zmax (Suc n) f = zmaz (m-zmaz n f) (f (Suc n))

lemma m-zmaz-gt-eachTr:
(Vj<mn fje Zset) — (Vj<n. (fj) < m-zmazn f)
apply (induct-tac n)
apply (rule impl, rule alll, rule impl, simp)
apply (rule impI)
apply simp
apply (rule alll, rule impl)
apply (case-tac j = Suc n, simp)
apply (simp add:zmaz-def)
apply (drule-tac m = j and n = Suc n in noteg-le-less, assumption,
drule-tac x = j and n = Suc n in less-le-diff , simp)
apply (drule-tac a = j in forall-spec, assumption)
apply (simp add:zmaz-def)
done

lemma m-zmaz-gt-each:(Vj < n. fj € Zset) = (Vj < n. (fj) < m-zmaz n f)
apply (simp add:m-zmax-gt-eachTr)
done

lemma n-notin-Nset-pred: 0 < n = = n < (n — Suc 0)

apply simp
done

lemma Nset-preTr:[0 < n; j < (n — Suc 0)] = j<n

apply simp
done

lemma Nset-preTri:[0 < n;j < (n — Suc 0)] = j#n

apply simp
done

lemma transpos-noteqTr:[0 < n; k < (n — Suc 0); j < n; j # n]

= j# (7']' n) k
apply (rule contrapos-pp, simp—+)

12



apply (simp add:transpos-def)
apply (case-tac k = j, simp, simp)
apply (case-tac k = n, simp)
apply (simp add:n-notin-Nset-pred)
done
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Chapter 2

Elementary properties of a
valuation

2.1 Definition of a valuation

definition

valuation :: [('b, 'm) Ring-scheme, 'b = ant] = bool where

valuation K v +—
v € extensional (carrier K) A
v € carrier K — Zo A
v (0g) = oo A (Vze((carrier K) — {0g}). va # 00) A
(Vaze(carrier K). Y ye(carrier K). v (z g y) = (vz) + (vy)) A
(Vze(carrier K). 0 < (vz) — 0 < (v (I, g £ ) A
(Fz. z € carrier K A (vz) # oo A (vz) # 0)

K

lemma (in Corps) invf-closed:z € carrier K — {0} = 1~ ©* € carrier K

by (cut-tac invf-closed1[of x|, simp, assumption)

lemma (in Corps) valuation-map:valuation K v = v € carrier K — Z
by (simp add:valuation-def)

lemma (in Corps) value-in-aug-inf:[valuation K v; x € carrier K] =
VT E Lo
by (simp add:valuation-def, (erule conjE)+, simp add:funcset-mem)

lemma (in Corps) value-of-zero:valuation K v = v (0) = oo
by (simp add:valuation-def)

lemma (in Corps) val-nonzero-noninf:[valuation K v; x € carrier K; z # 0]
= (vz) # 0
by (simp add:valuation-def)

lemma (in Corps) value-inf-zero:[valuation K v; x € carrier K; v x = o0

— =0
by (rule contrapos-pp, simp+,
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frule val-nonzero-noninf[of v z], assumption+, simp)

lemma (in Corps) val-nonzero-z:[valuation K v; x € carrier K;  # 0] =
Jz. (vz) = ant z
by (frule value-in-aug-infof v ], assumption+,
frule val-nonzero-noninf[of v x|, assumption+,
cut-tac mem-antlof v ], simp add:aug-inf-def)

lemma (in Corps) val-nonzero-z-unique:[valuation K v; © € carrier K; x # 0]
= Jlz. (vz) = ant z
by (rule ex-exll, simp add:val-nonzero-z, simp)

lemma (in Corps) value-noninf-nonzero:[valuation K v; x € carrier K; vz # o0]
=z #0
by (rule contrapos-pp, simp+, simp add:value-of-zero)

lemma (in Corps) vall-neg-0:[valuation K v; x € carrier K; vz = 1] =
x#0

apply (rule contrapos-pp, simp+, simp add:value-of-zero)

apply (simp only:ant-1[THEN sym], cut-tac z-neq-inf[ THEN not-sym, of 1], simp)

done

lemma (in Corps) val-Zmin-sym:[valuation K v; x € carrier K; y € carrier K|
= amin (vz) (vy) =amin (vy) (va)
by (simp add:amin-commute)

lemma (in Corps) val-t2p:[valuation K v; © € carrier K; y € carrier K|
= v(@,y)=vr+ovy
by (simp add:valuation-def)

lemma (in Corps) val-axioms:[valuation K v; x € carrier K; 0 < v 2] =
0<wv(l, 2
by (simp add:valuation-def)

lemma (in Corps) val-axiom5:valuation K v =>
dz. x € carrier K N\vx oo ANvz # 0
by (simp add:valuation-def)

lemma (in Corps) val-field-nonzero:valuation K v => carrier K # {0}
by (rule contrapos-pp, simp+,

frule val-aziom5|of v],

erule exE, (erule conjE)+, simp add:value-of-zero)

lemma (in Corps) val-field-1-neq-0:valuation K v = 1, # 0
apply (rule contrapos-pp, simp+)
apply (frule val-aziom5|of v])
apply (erule ezE, (erule conjE)+)
apply (cut-tac field-is-ring,
frule-tac t = z in Ring.ring-l-one[THEN sym, of K], assumption+,
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stmp add: Ring.ring-times-0-z, simp add:value-of-zero)
done

lemma (in Corps) value-of-one:valuation K v = v (1,) = 0
apply (cut-tac field-is-ring, frule Ring.ring-one[of K])
apply (frule val-t2p[of v 1, 1,], assumption+,
simp add: Ring.ring-l-one, frule val-field-1-neg-0[of v],
frule val-nonzero-z[of v 1,], assumption+,
erule exE, simp add:a-zpz)
done

lemma (in Corps) has-val-one-neq-zero:valuation K v = 1, # 0
by (frule value-of-one[of v],
rule contrapos-pp, simp+, simp add:value-of-zero)

lemma (in Corps) val-minus-one:valuation K v => v (—4 1,) = 0
apply (cut-tac field-is-ring, frule Ring.ring-onelof K],
frule Ring.ring-is-ag[of K],
frule val-field-1-neq-0[of v],
frule aGroup.ag-inv-injlof K 1, 0], assumption+,
simp add:Ring.ring-zero, assumption)
apply (frule val-nonzero-z[of v —, 1],
rule aGroup.ag-mOp-closed, assumption+, simp add:aGroup.ag-inv-zero,
erule exE, frule val-t2p [THEN sym, of v —q 1, —q 1,])
apply (simp add:aGroup.ag-mOp-closed|of K 1],
simp add:aGroup.ag-mOp-closed|of K 1],
frule Ring.ring-invl-3[THEN sym, of K 1, 1.], assumption+,
stmp add:Ring.ring-l-one, simp add:value-of-one a-zpz)
done

lemma (in Corps) val-minus-eq:[valuation K v; © € carrier K] =
v(—qgx)=vx
apply (cut-tac field-is-ring,
stmp add: Ring.ring-times-minusl[of K z],
subst val-t2p|of v], assumption+,
frule Ring.ring-is-aglof K], rule aGroup.ag-mOp-closed, assumption+,
simp add: Ring.ring-one, assumption, simp add:val-minus-one,
simp add:aadd-0-1)
done

lemma (in Corps) value-of-inv:[valuation K v; x € carrier K; © # 0] =
v (75 = = (va)
apply (cut-tac invf-inv|of x|, erule conjE,
frule val-t2plof v K x], assumption+,
stmp+, simp add:value-of-one, simp add:a-inv)
apply simp
done

lemma (in Corps) val-exp-ring:[ valuation K v; x € carrier K; © # 0]
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— (int n) %4 (vz) = v (7K™

apply (cut-tac field-is-ring,

induct-tac n, simp add:Ring.ring-r-one, simp add:value-of-one)
apply (drule sym, simp)
apply (subst val-t2plof v - z], assumption+,

rule Ring.npClose, assumption+,

frule val-nonzero-z|of v x|, assumption+,

erule exE, simp add:asprod-mult a-zpz,

stmp add: distrib-right)

done

exponent in a field

lemma (in Corps) val-exp:[ valuation K v; x € carrier K; © # 0] =
z *q (V) = v (2RP)
apply (simp add:npowf-def)
apply (case-tac 0 < z,
simp, frule val-exp-ring [of v x nat 2|, assumption+,
stmp, simp)
apply (simp add:zle,
cut-tac invf-closedl [of x|, simp,
cut-tac val-exp-ring [THEN sym, of vz~ & nat (— 2)], simp,
thin-tac v (2~ KK (nat (- Z))) =(—2) %q v (& K)
apply (subst value-of-inv[of v x|, assumption+)
apply (frule val-nonzero-z[of v x], assumption—+, erule exE, simp,
stmp add:asprod-mult aminus, simp+)
done

, erule conjE)

lemma (in Corps) value-zero-nonzero:[valuation K v; x € carrier K; vz = 0]
=z #0
by (frule value-noninf-nonzero|of v x|, assumption—+, simp,
assumption)

lemma (in Corps) v-ale-diff :[valuation K v; x € carrier K; y € carrier K;
x#O;vxSvy}]zOSv(y-rx'K)
apply (frule value-in-aug-inflof v x], simp+,
frule value-in-aug-inf[of v y], simp+,
frule val-nonzero-z|of v x|, assumption+,
erule exkE)
apply (cut-tac invf-closed|of x|, simp+,
simp add:val-t2p,
stmp add:value-of-inv]of v z],
frule-tac © = ant z in ale-diff-pos[of - v y],
stmp add:diff-ant-def)
apply simp
done

lemma (in Corps) amin-le-plusTr:[valuation K v; x € carrier K; y € carrier K;

vrFoo;vyFoo;ve<vyl = amin (vz) (vy) <v(zxy)
apply (cut-tac field-is-ring, frule Ring.ring-is-ag,
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frule value-noninf-nonzerolof v x|, assumption+,
frule v-ale-diff [of v z y|, assumption+,
cut-tac invf-closedl! [of x],
frule Ring.ring-tOp-closed|of K y «~ K], assumption+, simp,
frule Ring.ring-one[of K],
frule aGroup.ag-pOp-closed[of K 1, y - ©~ K}, assumption+,
frule val-aziom4[of vy - ( 7 )], assumption+)
apply (frule aadd-le-monolof 0 v (1, £y - @~ K) vz,
simp add:aadd-0-1, simp add:aadd-commutelof - v z],
simp add:val-t2p| THEN sym, of v z],
simp add: Ring.ring-distribl Ring.ring-r-one,
stmp add: Ring.ring-tOp-commute|of K x],
simp add: Ring.ring-tOp-assoc, simp add:linvf,
simp add: Ring.ring-r-one,
cut-tac amin-le-l[of v x v Y],
rule ale-trans[of amin (v z) (vy) vz v (x £ y)], assumption+)
apply simp
done

lemma (in Corps) amin-le-plus:[valuation K v; x € carrier K; y € carrier K|
= (omin (v3) (v9)) < (v (z % y))

apply (cut-tac field-is-ring, frule Ring.ring-is-ag)
apply (case-tac vz =00 V vy = 00)
apply (erule disjE, simp,

frule value-inf-zerolof v x], assumption+,

simp add:aGroup.ag-l-zero amin-def,

frule value-inf-zerolof v y], assumption+,

stimp add:aGroup.ag-r-zero amin-def, simp, erule conjE)
apply (cut-tac z = vz and w = v y in ale-linear,

erule disjE, simp add:amin-le-plusTr,

frule-tac amin-le-plusTr[of v y x], assumption+,

simp add:aGroup.ag-pOp-commute amin-commaute)
done

lemma (in Corps) value-less-eq:[ valuation K v; © € carrier K; y € carrier K;
(va) < (vy)] = (vz) = (v (z £ y)
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
frule amin-le-plus|of v x y], assumption+,
frule aless-imp-le[of v x v y],
stmp add: amin-def)
apply (frule amin-le-plus[of vz + y —, ¥,
rule aGroup.ag-pOp-closed, assumption+,
rule aGroup.ag-mOp-closed, assumption+,
simp add:val-minus-eq,
frule aGroup.ag-mOp-closed|of K y|, assumption+,
simp add:aGroup.ag-pOp-assocof K z ],
simp add:aGroup.ag-r-invl, simp add:aGroup.ag-r-zero,
simp add:amin-def)
apply (case-tac = (v (z £ y) < (v y)), simp+)
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done

lemma (in Corps) value-less-eql :[valuation K v; x € carrier K; y € carrier K;
(vz) < (wy)] =vz= v(y+t2)

apply (cut-tac field-is-ring,
frule Ring.ring-is-ag[of K],
frule value-less-eqlof v = y|, assumption+)

apply (subst aGroup.ag-pOp-commute, assumption+)

done

lemma (in Corps) val-1pz:[valuation K v; x € carrier K; 0 < (v (1, £ z))]
= 0 < (v )
apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K],
frule Ring.ring-one[of K))
apply (rule contrapos-pp, simp+,
case-tac x = O,
simp add:aGroup.ag-r-zero, simp add:value-of-zero,
simp add: aneg-le[of 0 v z,
frule value-less-eqof v = 1,], assumption+,
stmp add:value-of-one)
apply (drule sym,
stmp add:aGroup.ag-pOp-commute|of K x])
done

lemma (in Corps) val-1ma:[valuation K v; x € carrier K;
0<(v(l, £ (=4 2))] = 0<(vz)
by (cut-tac field-is-ring, frule Ring.ring-is-ag[of K],
frule val-1pzlof v —, ],
stmp add:aGroup.ag-mOp-closed, assumption, simp add:val-minus-eq)

2.2 The normal valuation of v

definition
Lv :: [('r, 'm) Ring-scheme , 'r = ant] = ant where
Lv Kv= AMin {z. z € v ‘ carrier K N 0 < z}

definition
n-val :: [('r, 'm) Ring-scheme, 'r = ant] = ('r = ant) where
n-val K v = (Az€ carrier K. (THE . (I x (Lv K v)) = v 1))

definition
Pg :: [('r, 'm) Ring-scheme, 'r = ant] = 'r where
Pg K v = (SOME z. x € carrier K — {0} AN vz = Lv K v)

lemma (in Corps) vals-pos-nonempty:valuation K v =
{z. 2 € v ‘carrier K N 0 < z} # {}
using val-aziom5[of v] value-noninf-nonzero|of v] value-of-inv[ THEN sym, of v]
by (auto simp: ex-image-cong-iff) (metis Ring.ring-is-ag aGroup.ag-mOp-closed
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aGroup.ag-pOp-closed aGroup.ag-r-invl f-is-ring zero-lt-inf)

lemma (in Corps) vals-pos-LBset:valuation K v =
{z. 2 € v ‘carrier K A 0 < z} C LBset 1
by (rule subsetl, simp add:LBset-def, erule conjE,
rule-tac x = x in gt-a0-ge-1, assumption)

lemma (in Corps) Lv-pos:valuation K v = 0 < Lv K v
apply (simp add:Lv-def,
frule vals-pos-nonempty|of v],
frule vals-pos-LBset|of v],
stmp only:ant-1[THEN sym)],
frule AMinjof {z. x € v ‘ carrier K N 0 < z} 1], assumption+,
erule conjE)
apply simp
done

lemma (in Corps) AMin-z:valuation K v =
Ja. AMin {z. z € v ‘carrier K AN 0 < 2} = ant a
apply (frule vals-pos-nonempty|of v],
frule vals-pos-LBset|of v],
stmp only:ant-1[THEN sym],
frule AMinlof {z. x € v ‘ carrier K N 0 < z} 1], assumption—+,
erule conjE)
apply (frule val-aziom5|of v,
erule exE, (erule conjE)+,
cut-tac * = v z in aless-linear[of - 0], simp,
erule disjE,
frule-tac © = x in value-noninf-nonzero[of v|, assumption+,
frule-tac 1 = z in value-of-inv[ THEN sym, of v], assumption+)
apply (frule-tac x = v z in aless-minus[of - 0], simp,
cut-tac x = x in invf-closedl, simp, erule conjE,
frule valuation-maplof v],
frule-tac a = = ** in mem-in-image[of v carrier K Z), simp)
apply (drule-tac a = v (z~ K) in forall-spec, simp,
frule-tac © = 2~ & in val-nonzero-noninf[of ],
thin-tac v (= ) € v * carrier K,
thin-tac {x € v ‘ carrier K. 0 < z} C LBset 1,
thin-tac AMin {x € v ‘ carrier K. 0 < z} € v * carrier K,
thin-tac 0 < AMin {z € v ‘ carrier K. 0 < z}, simp,
thin-tac v (= %) € v * carrier K,
thin-tac {x € v ‘ carrier K. 0 < z} C LBset 1,
thin-tac AMin {z € v ‘ carrier K. 0 < z} € v ‘ carrier K,
thin-tac 0 < AMin {x € v ‘ carrier K. 0 < z}, simp)
apply (rule noninf-mem-Z[of AMin {z € v ‘ carrier K. 0 < z}],
frule image-sublof v carrier K Z carrier K|,
rule subset-refl)
apply (rule subsetD[of v  carrier K Z
AMin {x € v ¢ carrier K. 0 < z}], assumption+)
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apply auto
by (metis (no-types, lifting) aneg-le aug-inf-noninf-is-z image-eql value-in-aug-inf
z-less-1)

lemma (in Corps) Lv-z:valuation K v = 3z. Lv K v = ant z
by (simp add:Lv-def, rule AMin-z, assumption+)

lemma (in Corps) AMin-k:valuation K v =
ke carrier K — {0}. AMin {z. x € v ‘carrier K N 0 < z} = vk

apply (frule vals-pos-nonempty|of v],
frule vals-pos-LBset[of v],
stmp only:ant-1[THEN sym],
frule AMinlof {z. x € v ‘ carrier K N 0 < z} 1], assumption+,
erule conjE)
apply (thin-tac Vz€{z. x € v ‘ carrier K A 0 < z}.
AMin {z. z € v ‘ carrier K A 0 < z} < x)
apply (simp add:image-def, erule conjE, erule bexE,
thin-tac {z. (3za€carrier K. x = vza) A 0 < 2} C LBset 1,
thin-tac 3x. (Jzaccarrier K. x = v za) A 0 < z,
subgoal-tac x € carrier K — {0}, blast,
frule AMin-z[of v], erule exE, simp)
apply (simp add:image-def,
thin-tac AMin {z. (3zaccarrier K. t = vza) A 0 < z} = ant a,
rule contrapos-pp, simp+, frule sym, thin-tac v (0) = ant a,
simp add:value-of-zero)
done

lemma (in Corps) val-Pg: valuation K v =
Pg K v € carrier K — {0} A v (PgKv)=LvKwv
apply (frule AMin-k[of v], unfold Lv-def, unfold Pg-def)
apply (rule somel2-ex)
apply (erule bexE, drule sym, unfold Lv-def, blast)
apply simp
done

lemma (in Corps) amin-generate Tr:valuation K v —>
YVwecarrier K — {0}. 3z. vw = 2z % AMin {z. x € v ‘ carrier K A 0 < z}
apply (frule vals-pos-nonempty|of v,
frule vals-pos-LBset|of v],
simp only:ant-1[THEN sym],
frule AMin[of {z. © € v ‘ carrier K A 0 < z} 1], assumption+,
frule AMin-z[of v], erule exE, simp,
thin-tac dz. x € v ‘ carrier K N\ 0 < =z,
(erule conjE)+, rule balll, simp, erule conjE,
frule-tac © = w in wval-nonzero-noninf|of v|, assumption+,
frule-tac © = w in value-in-aug-inf|of v], assumption+,
simp add:aug-inf-def,
cut-tac a = v w in mem-ant, simp, erule exk,
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cut-tac a = z and b = a in amod-adiv-equality)

apply (case-tac z mod a = 0, simp add:ant-0 aadd-0-r, blast,
thin-tac {z. © € v * carrier K N 0 < 2} C LBset 1,
thin-tac v w # 00, thin-tac v w # — 00)

apply (frule AMin-k[of v], erule bexFE,
drule sym,
drule sym,
drule sym,
rotate-tac —1, drule sym)

apply (cut-tac z = z in z-in-aug-inf,
cut-tac z = (z div a) and =z = a in asp-z-Z,
cut-tac z = z mod a in z-in-aug-inf,
frule-tac a = ant z and b = (z div a) *, ant a and
¢ = ant (z mod a) in ant-sol, assumption+,
subst asprod-mult, simp, assumption, simp,
frule-tac © = k and z = z div a in val-ezp|of v],
(erule conjE)+, assumption, simp, simp,
thin-tac (z div a) *q vk = v (kK(Z div a)),
erule conjE)
apply (frule-tac z = k and n = z div a in field-potent-nonzerol ,
assumption,
frule-tac a = k and n = z div a in npowf-mem, assumption,
frule-tac 1 = kK(z div a) i value-of-inv| THEN sym, of v], assumption+,
simp add: diff-ant-def,
thin-tac — v (kK(z div a)) — ((kK(Z div a))— K),
cut-tac T = kK(Z div a) i invf-closedl, simp,
stmp, erule conjF,
frule-tac ©1 = w and yI = (kg
val-t2p[ THEN sym, of v], assumption+, simp,
cut-tac field-is-ring,
thin-tac v w + v ((kK(z div a))- Ky = ant (2 mod a),
thin-tac v (kK(Z div a)y 4 gpt (z mod a) = v w,
frule-tac x = w and y = (kK(z div a))— Kin
Ring.ring-tOp-closed[of K], assumption+)
apply (frule valuation-map|of v],
frule-tac a = w -, (kK(Z div a))— K in mem-in-image[of v
carrier K Z ), assumption+, simp)
apply (thin-tac AMin {z. z € v ‘ carrier K N\ 0 < z} = v k,
thin-tac v € carrier K = Z,
subgoal-tac 0 < v (w -, (kK(z div a))— Ky
drule-tac a = v (w - (kK(Z div a))- Ky in forall-spec,
stmp add:image-def)
apply (drule sym, simp)

(z div a))- K in

)

apply (frule-tac b = a and a = z in Divides.pos-mod-conj, erule conjE,
stmp, simp,
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frule-tac b = a and a = z in Divides.pos-mod-conj, erule conjE, simp)
done

lemma (in Corps) val-principalTrl:[ valuation K v] —
Lv K v e v (carrier K — {0}) A
(Vwev “carrier K. 3a. w=a* L Kv) AN 0 < Lv K v
apply (rule conjl,
frule val-Pglof v], erule conjE,
simp add:image-def, frule sym, thin-tac v (Pg K v) = Lv K v,
erule conjE, blast)
apply (rule conjl,
rule balll, simp add:image-def, erule bexE)

apply (
frule-tac © = x in value-in-aug-inf[of v], assumption,
frule sym, thin-tac w = v z, simp add:aug-inf-def,
cut-tac a = w in mem-ant, simp, erule disjE, erule exF,
frule-tac © = x in value-noninf-nonzero|of v|, assumption+,
simp, frule amin-generateTr[of v))

apply (drule-tac x = z in bspec, simp,
erule exk,
frule AMin-z[of v], erule exE, simp add:Lv-def,
simp add:asprod-mult, frule sym, thin-tac za *x a = z,
simp, subst a-z-z[THEN sym], blast)

apply (simp add:Lv-def,
frule AMin-z[of v], erule exE, simp,
frule Lv-pos|of v], simp add:Lv-def,
frule-tac m1 = a in a-i-pos[THEN sym], blast,
stmp add: Lv-pos)
done

lemma (in Corps) val-principal Tr2:[valuation K v;
ce v (carrier K — {0}) A (Ywewv ‘ carrier K. 3a. w=a % c¢) A 0 < ¢
d € v ‘(carrier K — {0}) A (Vwev ‘ carrier K. 3a. w=a* d) A 0 < d]
= c=d
apply ((erule conjE)+,
drule-tac x = d in bspec,
simp add:image-def, erule bexE, blast,
drule-tac x = ¢ in bspec,
stmp add:image-def, erule bexE, blast)

apply ((erule exE)+,
drule sym, simp,
stmp add:image-def, (erule bexE)+, simp,
(erule conjE)+,
frule-tac © = x in val-nonzero-z[of v], assumption+, erule exkE,
frule-tac £ = za in val-nonzero-z[of v|, assumption+, erule exE,

simp) apply (
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subgoal-tac a # o0 N\ a # —0o0, subgoal-tac aa # 00 A aa # —o0,
cut-tac a = a in mem-ant, cut-tac a = aa in mem-ant, simp,
(erule exE)+, simp add:a-z-z,
thin-tac ¢ = ant z, frule sym, thin-tac zb * z = za, simp)
apply (subgoal-tac 0 < zb,
cut-tac a = zc and b = zb in mult.commute, simp,
simp add:pos-zmult-eq-1-iff
rule contrapos-pp, simp+,
cut-tac x = 0 and y = zb in less-linear, simp,
thin-tac = 0 < zb,
erule disjE, simp,
frule-tac i = 0 and j = z and k = 2b in zmult-zless-mono-neg,
assumption+, simp add:mult.commute)
apply (rule contrapos-pp, simp+, thin-tac a # co A a # — 0,
erule disjE, simp, rotate-tac 5, drule sym,
simp, simp, rotate-tac 5, drule sym, simp)
apply (rule contrapos-pp, simp+,
erule disjE, simp, rotate-tac 4,
drule sym, simp, simp,
rotate-tac 4, drule sym,
simp)
done

lemma (in Corps) val-principal:valuation K v —>
Iz0. 20 € v ¢ (carrier K — {0}) A
(Vw € v ‘(carrier K). 3(azant). w = a *x 20) A 0 < 20
by (rule ex-exll,
frule val-principalTr1|of v], blast,
rule-tac ¢ = 20 and d = y in val-principal Tr2|[of v],
assumption+)

lemma (in Corps) n-val-defTr:[valuation K v; w € carrier K| =
dla.ax LvKv=vw
apply (rule ex-ex1l,
frule AMin-k[of ],
frule Lv-pos|of v|, simp add:Lv-def,
erule bexE,
frule-tac © = k in val-nonzero-z[of v, simp, simp,
erule exE, simp, (erule conjE)+)
apply (case-tac w = O, simp add:value-of-zero,
frule-tac m = z in a-i-pos, blast)
apply (frule amin-generateTr|of v],
drule-tac x = w in bspec, simp, simp)
apply (
erule exE, simp add:asprod-mult,
subst a-z-z| THEN sym)], blast)
apply (frule AMin-k[of v]) apply (erule bezE,
frule Lv-pos|of v], simp add:Lv-def) apply (
erule conjE,
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frule-tac x = k in val-nonzero-z[of v|, assumption+,
erule exE, simp) apply (
case-tac w = O, simp del:a-i-pos add:value-of-zero,
subgoal-tac y = oo, simp, rule contrapos-pp, simp+,
cut-tac a = a in mem-ant, simp,
erule disjE, simp, erule exE, simp add:a-z-z)
apply (rule contrapos-pp, simp+,
cut-tac a = y in mem-ant, simp, erule disjE, simp,
erule exE, simp add:a-z-z,
frule-tac x = w in val-nonzero-z[of v], assumption+,
erule exE, simp, cut-tac a = a in mem-ant,
erule disjE, simp, frule sym, thin-tac — oo = ant za, simp,
erule disjE, erule exE, simp add:a-z-z)
apply (cut-tac a = y in mem-ant,
erule disjE, simp, rotate-tac 3, drule sym,
simp, erule disjE, erule exE, simp add:a-z-z, frule sym,
thin-tac zb x z = za, simp, simp,
rotate-tac 3, drule sym,
sitmp, simp, frule sym, thin-tac co = ant za, simp)
done

lemma (in Corps) n-valTr:[ valuation K v; x € carrier K] —
(THE . (I*x (Lv Kv)) =va)x(Lv Kv) = vz
by (rule thel’, rule n-val-defTr, assumption+)

lemma (in Corps) n-val:[valuation K v; © € carrier K] =
(nval Kvz)x(Lv Kv) = vz
by (frule n-valTr|of v z|, assumption+, simp add:n-val-def)

lemma (in Corps) val-pos-n-val-pos:[valuation K v; © € carrier K] =
(0 <wvz)=(0 < nwal Kvzx)
apply (frule n-val[of v z], assumption+,
drule sym,
frule Lv-pos|of v],
frule Lv-z[of v], erule exE, simp)
apply (frule-tac w = z and z = 0 and y = n-val K v z in amult-pos-mono-r,
simp add:amult-0-1)
done

lemma (in Corps) n-val-in-aug-inf:[valuation K v; & € carrier K] =
n-val K vz € Z4
apply (cut-tac field-is-ring, frule Ring.ring-zero|of K],
frule Lv-pos|of v],
frule Lv-z[of v], erule exFE,
stmp add:aug-inf-def)
apply (rule contrapos-pp, simp+)
apply (case-tac z = O, simp,
frule n-val[of v 0],
stmp add:value-of-zero, simp add:value-of-zero)
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apply (frule n-val[of v z], simp,
frule val-nonzero-z[of v z], assumption+,
erule exE, simp, rotate-tac —2, drule sym,
sitmp)

done

lemma (in Corps) n-val-0:[valuation K v; © € carrier K; vz = 0]
= nval Kvzx =10
by (frule Lv-z[of v], erule exE,
frule Lv-pos|of v],
frule n-val[of v x], simp, simp,
rule-tac z = z and a = n-val K v z in a-a-2-0, assumption+)

lemma (in Corps) value-n0-n-val-n0:[valuation K v; x € carrier K; vz # 0] =
n-val K vz # 0
apply (frule n-val[of v z],
rule contrapos-pp, simp+, frule Lv-z|of v],
erule exE, simp, simp only:ant-0[THEN sym))
apply (rule contrapos-pp, simp+,
simp add:a-z-2)
done

lemma (in Corps) val-0-n-val-0:[valuation K v; © € carrier K] =
(vz=0)= (nval Kvz=0)
apply (rule iffI,
simp add:n-val-0)
apply (rule contrapos-pp, simp+,
frule value-n0-n-val-n0[of v z], assumption+)
apply simp
done

lemma (in Corps) val-noninf-n-val-noninf:[valuation K v; x € carrier K| =
(vz # o0) = (nval K vz # o0)
by (frule Lv-z[of v], erule ezE,
frule Lv-pos|of v], simp,
frule n-val[THEN sym, of v x],simp, simp,
thin-tac v x = n-val K v x % ant z,
rule iffI, rule contrapos-pp, simp+,
cut-tac mem-ant|of n-val K v x|, erule disjE, simp,
erule disjE, erule exE, simp add:a-z-z, simp, simp)

lemma (in Corps) val-inf-n-val-inf:[valuation K v; z € carrier K] =
(v =o00) = (nval K vz = 00)
by (cut-tac val-noninf-n-val-noninf|of v z], simp, assumption+)

lemma (in Corps) val-eq-n-val-eq:[valuation K v; x € carrier K; y € carrier K]
= (vz=vy) = (nva Kvz=nwaKvy)
apply (subst n-val[THEN sym, of v z], assumption+,
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subst n-val[THEN sym, of v y], assumption+,
frule Lv-pos|of v], frule Lv-z[of v], erule exE, simp,
frule-tac s = z in zless-neq THEN not-sym, of 0])
apply (rule iffT)
apply (rule-tac z = z in amult-eg-eqg-r[of - n-val K v z n-val K v y],
assumption+)
apply simp
done

lemma (in Corps) val-poss-n-val-poss:[valuation K v; x € carrier K] —>
(0 <vz)=(0 < n-wval K v x)
apply (simp add:less-le,
frule val-pos-n-val-pos[of v z], assumption+,
rule iffl, erule conjE, simp,
simp add:value-n0-n-val-n0[of v x))
apply (drule sym,
erule conjE, simp,
frule-tac val-0-n-val-0[THEN sym, of v x|, assumption+,
stmp)
done

lemma (in Corps) n-val-Pg:valuation K v => n-val K v (Pg K v) = 1
apply (frule val-Pglof v], simp, (erule conjE)+,
frule n-val[of v Pg K v], simp, frule Lv-z[of v], erule exE, simp,
frule Lv-pos|of v], simp, frule-tac i = 0 and j = z in zless-neq)
apply (rotate-tac —1, frule not-sym, thin-tac 0 # z,
subgoal-tac n-val K v (Pg K v) * ant z = 1 * ant z,
rule-tac z = z in adiv-eq|of - n-val K v (Pg K v) 1], assumption+,
stmp add:amult-one-l)
done

lemma (in Corps) n-val-valuationTr! :valuation K v —>
Vzecarrier K. n-val K vz € Z4
by (rule balll,
frule n-val[of v], assumption,
frule-tac © = z in value-in-aug-inf[of v], assumption,
frule Lv-pos|of v], simp add:aug-inf-def,
frule Lv-z[of v], erule exE, simp,
rule contrapos-pp, simp+)

lemma (in Corps) n-val-t2p:[valuation K v; & € carrier K; y € carrier K] =
n-val K v (z + y) = n-val K vz + (n-val K v y)
apply (cut-tac field-is-ring,
frule Ring.ring-tOp-closed|[of K x y|, assumption+,
frule n-val[of v - y], assumption+,
frule Lv-pos|of v],
stmp add:val-t2p,
frule n-val[THEN sym, of v x|, assumption+,
frule n-val[THEN sym, of v y|, assumption+, simp,
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frule Lv-z[of v], erule exE, simp)
apply (subgoal-tac ant z # 0)
apply (frule-tac z1 = z in amult-distribl [THEN sym, of - n-val K v

n-val K v y], simp,

thin-tac n-val K v x x ant z + n-val K v y * ant z =

(n-val K vz + n-val K vy) * ant z,

rule-tac z = z and a = n-val K v (z -, y) and

b = n-wval K vz + n-wval K vy in adiv-eq, simp, assumption+, simp)
done

lemma (in Corps) n-val-valuationTr2:] valuation K v; x € carrier K;

y € carrier K] =

amin (n-val K v z) (n-val Kvy) < (nwa Kv (z+£y))
apply (frule n-val[THEN sym, of v z], assumption+,

frule n-val[THEN sym, of v y], assumption+,

frule n-val[THEN sym, of v & £ y],

cut-tac field-is-ring, frule Ring.ring-is-ag[of K],

rule aGroup.ag-pOp-closed, assumption+)
apply (frule amin-le-plus[of v = y|, assumption+, simp,

simp add:amult-commutelof - Lv K v],

frule Lv-z[of v], erule exE, simp,

frule Lv-pos|of v], simp,

stmp add:amin-amult-pos, simp add:amult-pos-mono-I)
done

lemma (in Corps) n-val-valuation:valuation K v —>
valuation K (n-val K v)
apply (cut-tac field-is-ring, frule Ring.ring-is-ag)
apply (frule Lv-z[of v|, erule exE, frule Lv-pos|of v], simp,
subst valuation-def)
apply (rule conjl, simp add:n-val-def restrict-def extensional-def)
apply (rule conjl, simp add:n-val-valuationTr1)
apply (rule conjl, frule n-val[of v 0],
simp add: Ring.ring-zero,
frule Lv-z[of v], erule exE, frule Lv-pos|of v],
cut-tac mem-ant[of n-val K v (0)], erule disjE,
simp add:value-of-zero,
erule disjE, erule exE, simp add:a-z-z value-of-zero, assumption+)
apply (rule conjl, rule balll,
frule-tac z = z in val-nonzero-noninf|of v], simp+,
stmp add:val-noninf-n-val-noninf)
apply (rule conjl, (rule balll)+, simp add:n-val-t2p,
rule conjl, rule balll, rule impl,
frule Lv-z[of v], erule exFE,
frule Lu-pos[of v], simp,
frule-tac © = z in n-val[of v], simp,
frule-tac w!l = z and z1 = 0 and yI = n-val K v z in
amult-pos-mono-r| THEN sym], simp add:amult-0-1,
frule-tac © = x in val-axiom/[of v], assumption+,
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frule-tac 1 = 1, + x in n-val[THEN sym, of v],

frule Ring.ring-is-ag[of K],
rule aGroup.ag-pOp-closed, assumption+, simp add:Ring.ring-one,
assumption,

frule-tac w = zand z = 0 and y = n-val K v (1, £ )
in amult-pos-mono-r,

simp add:amult-0-1)

apply (frule val-aziom5|of v], erule exE,
(erule conjE)+,
frule-tac ¢ = z in value-n0-n-val-n0[of v], assumption+,
frule-tac x = x in val-noninf-n-val-noninf, simp,
blast)
done

lemma (in Corps) n-val-le-val:[valuation K v; z € carrier K; 0 < (vz)] =
(n-val K v ) <(vx)
by (subst n-val[THEN sym, of v x|, assumption+,
frule Lv-pos|of v],
simp add:val-pos-n-val-pos|of v x],
frule Lv-z[of v], erule exE,
cut-tac b = z and z = n-val K v z in amult-pos, simp+,
stmp add:asprod-amult, simp add:amult-commute)

lemma (in Corps) n-val-surj:valuation K v =
Jx€ carrier K. n-val K vz = 1
apply (frule Lv-z[of v], erule exFE,
frule Lv-pos|of v],
frule AMin-k[of v], erule bezE, frule-tac x = k in n-val[of v], simp,
stmp add: Lv-def)
apply (subgoal-tac n-val K vk x ant z = 1 * ant z,
subgoal-tac z # 0,
frule-tac z = z and a = n-val K v k and b = 1 in amult-eg-eq-r,
assumption, blast, simp, simp add:amult-one-l)
done

lemma (in Corps) n-value-in-aug-inf:[valuation K v; x € carrier K] =
nval K vz € Zs
by (frule n-vallof v |, assumption,
simp add:aug-inf-def, rule contrapos-pp, simp+,
frule Lv-pos|of v], frule Lv-z[of v], erule exE, simp,
frule value-in-aug-infof v ], assumption+, simp add:aug-inf-def)

lemma (in Corps) val-surj-n-valTr:[valuation K v; 3z € carrier K. vz = 1]
— LvKv=1

apply (erule bezE,
frule-tac © = z in n-val[of v],
simp, frule Lv-pos|of v])

apply (frule-tac w = Lv K v and z = n-val K v z in amult-1-both)
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apply simp+
done

lemma (in Corps) val-surj-n-val:[valuation K v; 3z € carrier K. vz = 1] =
(n-val K v) = v
apply (rule funcset-eq[of - carrier K],
simp add:n-val-def restrict-def extensional-def,
stmp add:valuation-def)
apply (rule balll,
frule val-surj-n-valTrof v], assumption+,
frule-tac © = x in n-val[of v], assumption+,
stmp add:amult-one-r)
done

lemma (in Corps) n-val-n-val:valuation K v =
n-val K (n-val K v) = n-val K v

by (frule n-val-valuation|of v],
frule n-val-surj[of v],
stmp add:val-surj-n-val)

lemma nnonzero-annonzero:0 < N = an N # 0
apply (simp only:an-0[THEN sym)])

apply (subst aneg-natneq, simp)

done

2.3 Valuation ring

definition
Vr : [("r, 'm) Ring-scheme, 'r = ant] = ('r, 'm) Ring-scheme where
VrKv=_8K ({z. x € carrier K N 0 < (v x)})

definition
vp 2 [('r, 'm) Ring-scheme, 'r = ant] = 'r set where
vp Kv={x. z¢€ carrier (Vr Kv) A0 < (vz)}

definition
r-apow :: [('r, 'm) Ring-scheme, 'r set, ant] = 'r set where
r-apow R I a = (if a = oo then {OR} else
(if a = 0 then carrier R else IOF (na a)))

abbreviation
RAPOW ((3-"7) [62,62,63]62) where
TR —— v apow R I a

lemma (in Ring) ring-pow-apow:ideal R I —>
ORn _ R (ann)

apply (simp add:r-apow-def)
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apply (case-tac n = 0, simp)

apply (simp add:nnonzero-annonzero)
apply (simp add:an-neg-inf na-an)
done

lemma (in Ring) r-apow-Suc:ideal R I = I% (an (Suc 0)) = T
apply (cut-tac an-1, simp add:r-apow-def)
apply (simp add:a0-neq-1|THEN not-sym))
apply (simp only:ant-1[THEN sym)])
apply (simp del:ant-1 add:z-neg-inflof 1, THEN not-sym])
apply (simp add:na-1)
apply (simp add:idealprod-whole-r)
done

lemma (in Ring) apow-ring-pow:ideal R I —>
ORn _ R (an n)

apply (simp add:r-apow-def)

apply (case-tac n = 0, simp add:an-0)

apply (simp add: aless-nat-less| THEN sym],
cut-tac an-neg-inf[of n],
simp add: less-le[of 0 an n] na-an)

done

lemma (in Corps) Vr-ring:valuation K v = Ring (Vr K v)
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
simp add: Vir-def, rule Ring.Sr-ring, assumption+)
apply (simp add:sr-def)
apply (intro conjl subsetl)
apply (simp-all add: value-of-one Ring.ring-onelof K])
apply ((rule olll, rule impl)+,
(erule conjE)+, rule conjl, rule aGroup.ag-pOp-closed, assumption+,
rule aGroup.ag-mOp-closed, assumption+)
apply (frule-tac z = z and y = —, y in amin-le-plus|of v|, assumption+,
rule aGroup.ag-mOp-closed, assumption+,
simp add:val-minus-eq[of v]) apply (
frule-tac z = 0 and z = vz and y = v y in amin-gel, assumption+,
frule-tac i = 0 and j = amin (vz) (vy) and k = v (z £ —, y) in
ale-trans, assumption+, simp)
by (simp add: Ring.ring-tOp-closed aadd-two-pos val-t2p)

lemma (in Corps) val-pos-mem-Vr:[valuation K v; x € carrier K] =
(0 < (vz)) = (x € carrier (Vr K v))
by (rule iffI, (simp add: Vr-def Sr-def)+)
lemma (in Corps) val-poss-mem-Vr:[valuation K v; x € carrier K; 0 < (v z)]
= 1z € carrier (Vr K v)
by (frule aless-imp-le[of 0 v x|, simp add:val-pos-mem-Vr)

lemma (in Corps) Vr-one:valuation K v = 1, € carrier (Vr K v)
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by (cut-tac field-is-ring, frule Ring.ring-onel[of K],
frule val-pos-mem-Vr[of v 1,], assumption+,
stmp add:value-of-one)

lemma (in Corps) Vr-mem-f-mem:[valuation K v; x € carrier (Vr K v)]
= 1z € carrier K
by (simp add: Vr-def Sr-def)

lemma (in Corps) Vr-0-f-0:valuation K v = 0y;. g, = O
by (simp add: Vir-def Sr-def)

lemma (in Corps) Vr-1-f-1:valuation K v = IT(Vr Kv) = 1,
by (simp add: Vir-def Sr-def)

lemma (in Corps) Vr-pOp-f-pOp:[valuation K v; x € carrier (Vr K v);
y € carrier (Vr Kv)] = 2ty g,y=2=%y
by (simp add: Vr-def Sr-def)

lemma (in Corps) Vr-mOp-f~-mOp:[valuation K v; © € carrier (Vr K v)]
= Tao(VrKov) T = Tal
by (simp add: Vir-def Sr-def)

lemma (in Corps) Vr-tOp-f-tOp:[valuation K v; x € carrier (Vr K v);
y € carrier(Vr K v)] = z (VP Ko) Y =Ty
by (simp add: Vr-def Sr-def)

lemma (in Corps) Vr-pOp-le:[valuation K v; x € carrier K;
y € carrier (VrKv)] = vz <(vz+ (vy))

apply (frule val-pos-mem-Vr[THEN sym, of v y],
simp add: Vr-mem-f-mem, simp, frule aadd-pos-le[of v y v ],
stmp add:aadd-commute)

done

lemma (in Corps) Vr-integral:valuation K v = Idomain (Vr K v)
apply (simp add:Idomain-def,
simp add: Vr-ring, simp add:Idomain-azxioms-def,
rule alll, rule impl, rule alll, (rule impl)+,
stmp add: Vr-tOp-f-tOp, simp add: Vr-0-f-0)
apply (rule contrapos-pp, simp+, erule conjE,
cut-tac field-is-idom,
frule-tac © = a in Vr-mem-f-mem[of v], assumption,
frule-tac © = b in Vr-mem-f-mem|of v|, assumption,
frule-tac © = a and y = b in Idomain.idom-tOp-nonzeros[of K],
assumption+, simp)
done

lemma (in Corps) Vr-exp-mem:[valuation K v; © € carrier (Vr K v)]

— K" ¢ carrier (Vi K v)
by (frule Vr-ring|of v],
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induct-tac n, simp add: Vr-one,
stmp add: Vr-tOp-f-tOp| THEN sym, of v],
stmp add:Ring.ring-tOp-closed)

lemma (in Corps) Vr-exp-f-exp:[valuation K v; © € carrier (Vr K v)] =
2 XVrKv)n _ ~Kn
apply (induct-tac n,
simp, simp add: Vr-1-f-1, simp,
thin-tac g \Vr K v) n — K ™
apply (rule Vr-tOp-f-tOp, assumption+,
stmp add: Vr-exp-mem, assumption)
done

lemma (in Corps) Vr-potent-nonzero:[valuation K v;
z € carrier (Vi Kv) — {0y g o}] = 2K £ 0y, g,
apply (frule Vr-mem-f-mem[of v x], simp,
stmp add: Vir-0-f-0, erule conjE)
apply (frule Vr-mem-f-mem|[of v x|, assumption+,
simp add:field-potent-nonzero)
done

lemma (in Corps) elem-0-val-if :[valuation K v; x € carrier K; vz = 0]
— z € carrier (Vi Kv) A o= K € carrier (Vr K v)
apply (frule val-pos-mem-Vr|of v z], assumption, simp)
apply (frule value-zero-nonzero[of v x|, simp add: Vr-mem-f-mem, simp)
apply (frule value-of-inv[of v z], assumption+,
sitmp, subst val-pos-mem-Vr[THEN sym, of v x'K], assumption+,
cut-tac invf-closed|of z], simp+)
done

lemma (in Corps) elemOval:[valuation K v; x € carrier K; z # 0] =
(vz=0)=(ze carrier (Vr Kv) Az K € carrier (Vr K v))

apply (rule iffI, rule elem-0-val-if[of v], assumption+,
erule conjE)

apply (simp add:val-pos-mem-Vr[THEN sym, of v z],
frule Vr-mem-f-mem/[of v J;'K], assumption+,
simp add:val-pos-mem-Vr[THEN sym, of v :C'K],
simp add:value-of-inv, frule ale-minus[of 0 — v z,
simp add:a-minus-minus)

done

lemma (in Corps) ideal-inc-elemOval-whole:[ valuation K v; © € carrier K;
va = 0;ideal (Vr Kv) I; z € I] = I = carrier (Vr K v)
apply (frule elem-0-val-if [of v z], assumption+, erule conjE,

frule value-zero-nonzero[of v z], assumption+,

frule Vr-ringlof v],

frule-tac I = I and z = z and r = K in
Ring.ideal-ring-multiple[of Vr K v], assumption+,
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cut-tac invf-closedl[of x|, simp+, (erule conjE)+)
apply (simp add: Vr-tOp-f-tOp, cut-tac invf-inv]of z], simp+,
simp add: Vr-1-f~-1[THEN sym, of v],
simp add: Ring.ideal-inc-one, simp+)
done

lemma (in Corps) vp-mem-Vr-mem:[valuation K v; z € (vp K v)] =
z € carrier (Vr K v)
by (rule val-poss-mem-Vr|of v x|, assumption+, (simp add:vp-def
Vr-def Sr-def)+)

lemma (in Corps) vp-mem-val-poss:| valuation K v; x € carrier K| =
(zewp Kv)=(0< (vz))
by (simp add:vp-def, simp add: Vr-def Sr-def less-ant-def)

lemma (in Corps) Pg-in-Vr:valuation K v = Pg K v € carrier (Vi K v)
by (frule val-Pg[of v], erule conjE,

frule Lu-pos[of v], drule sym,

simp, erule conjF,

simp add:val-poss-mem-Vr)

lemma (in Corps) vp-ideal:valuation K v => ideal (Vi K v) (vp K v)
apply (cut-tac field-is-ring,

frule Vr-ring[of v],

rule Ring.ideal-conditionl, assumption+,

rule subsetl, simp add:vp-mem-Vr-mem,

simp add:vp-def)
apply (frule val-Pg[of v],

frule Lu-pos|of v], simp, (erule conjE)+,

drule sym, simp,

frule val-poss-mem-Vr[of v Pg K v], assumption+, blast)

apply ((rule balll)+,
frule-tac © = x in vp-mem-Vr-mem[of v], assumption) apply (
frule-tac © = y in vp-mem-Vr-mem|of v], assumption,
simp add:vp-def,
frule Ring.ring-is-aglof Vr K v],
frule-tac © = x and y = y in aGroup.ag-pOp-closed, assumption+, simp)
apply (simp add: Vir-pOp-f-pOp,
cut-tac x = v x and y = v y in amin-le-l,
frule-tac x = z and y = y in amin-le-plus,
(simp add: Vr-mem-f-mem)+,
(frule-tac z = 0 and =z = v z and y = v y in amin-gt, assumption+),
rule-tac ¢ = 0 and y = amin (vz) (vy) and z = v (z £ y) in
less-le-trans, assumption+)
apply ((rule balll)+,
frule-tac 1 = r in val-pos-mem-Vr[THEN sym, of ],
simp add: Vr-mem-f-mem, simp,
frule-tac © = x in vp-mem-Vr-mem|of v], simp add: Vr-pOp-f-pOp,
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simp add:vp-def, simp add:Ring.ring-tOp-closed,
stmp add: Vir-tOp-f-tOp)

apply (frule-tac x = r in Vr-mem-f-mem/|of v], assumption+,
frule-tac © = z in Vr-mem-f-mem[of v], assumption+,
simp add:val-t2p, simp add:aadd-pos-poss)

done

lemma (in Corps) vp-not-whole:valuation K v =
(vp K v) # carrier (Vr K v)
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
frule Vr-ring[of v])
apply (rule contrapos-pp, simp+,
drule sym,
frule Ring.ring-one[of Vi K v], simp,
simp add: Vr-1-f-1,
frule Ring.ring-one[of K])
apply (simp only:vp-mem-val-poss|of v 1,],
stmp add:value-of-one)
done

lemma (in Ring) elem-out-ideal-nonzero:[ideal R I; © € carrier R;
r¢I] = z#0p

by (rule contrapos-pp, simp+, frule ideal-zero[of IJ,
stmp)

lemma (in Corps) vp-prime:valuation K v = prime-ideal (Vr K v) (vp K v)
apply (simp add:prime-ideal-def, simp add:vp-ideal)
apply (rule conjI)

apply (rule contrapos-pp, simp+,
frule Vr-ring[of v],
frule vp-ideal[of ],
frule Ring.ideal-inc-onelof Vi K v vp K v], assumption+,
stmp add:vp-not-whole|of v])

apply ((rule balll)+, rule impl, rule contrapos-pp, simp+, (erule conjE)+,
frule Vr-ring[of v]) apply (
frule-tac © = x in Vr-mem-f-mem[of v], assumption) apply (
frule-tac z = y in Vr-mem-f-mem[of v], assumption) apply (
frule vp-ideal[of ],
frule-tac © = x in Ring.elem-out-ideal-nonzero[of Vi K v vp K v],
assumption+) apply (
frule-tac © = y in Ring.elem-out-ideal-nonzero[of Vr K v vp K v,
assumption+, simp add: Vr-0-f-0,
stmp add: Vr-tOp-f-tOp) apply (
frule-tac © = x - y in vp-mem-val-poss[of v],
cut-tac field-is-ring, simp add:Ring.ring-tOp-closed, simp)

apply (cut-tac field-is-ring,
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frule-tac x = z and y = y in Ring.ring-tOp-closed, assumption+,

stmp add: Ring.ring-tOp-closed|of Vi K v],

simp add:vp-def, simp add:aneg-less,

frule-tac 1 = z in val-pos-mem-Vr[THEN sym, of v], assumption+,

frule-tac 1 = y in val-pos-mem-Vr[THEN sym, of v], assumption+,

frule-tac P = z € carrier (Vr Kv) and Q = 0 < v z in eq-prop,
assumption,

frule-tac P = y € carrier (Vr K v) and @ = 0 < vy in eg-prop,
assumption,

frule-tac x = v x and y = 0 in ale-antisym, assumption+,

frule-tac x = v y and y = 0 in ale-antisym, assumption+,

stmp add:val-t2p aadd-0-1)

done

lemma (in Corps) vp-pow-ideal:valuation K v =
ideal (Vr K v) ((vp K U)O(Vr Kv) ™
by (frule Vr-ring|of v], frule vp-ideal]of v],
simp add: Ring.ideal-pow-ideal)

lemma (in Corps) vp-apow-ideal:[valuation K v; 0 < n] =
ideal (Vr K v) ((vp K v)(w Kv) 0]
apply (frule Vr-ring[of v])
apply (case-tac n = 0,
simp add:r-apow-def, simp add:Ring.whole-ideal[of VI K v))
apply (case-tac n = oo,
simp add:r-apow-def, simp add:Ring.zero-ideal)
apply (simp add:r-apow-def, simp add:vp-pow-ideal)
done

lemma (in Corps) mem-vp-apow-mem-Vr:[valuation K v;
0<N;zecuoKo (VK N — z € carrier (Vi K v)
by (frule Vr-ringlof v], frule vp-apow-ideal[of v N], assumption,
simp add: Ring.ideal-subset)

lemma (in Corps) elem-out-vp-unit:[valuation K v; x € carrier (Vr K v);
z¢op Kv] = vz=20
by (metis Vr-mem-f-mem ale-antisym aneg-le val-pos-mem-Vr vp-mem-val-poss)

lemma (in Corps) vp-mazimal:valuation K v =
maximal-ideal (Vir K v) (vp K v)

apply (frule Vr-ring[of v],
stmp add:mazimal-ideal-def, simp add:vp-ideal)

apply (frule vp-not-whole|of v],
rule congl, rule contrapos-pp, simp+, frule vp-ideal|of v],
frule Ring.ideal-inc-onelof Vi K v vp K v], assumption+)
apply simp

apply (rule equalityl,
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rule subsetl, simp, erule conjF,
case-tac x = vp K v, simp, simp, rename-tac X)

apply (frule-tac A = X in sets-not-eq[of - vp K v], assumption+,
erule bexE,
frule-tac I = X and h = a in Ring.ideal-subset[of Vr K v],
assumption,
frule-tac z = a in elem-out-vp-unit|of v], assumption+)

apply (frule-tac x = a and I = X in ideal-inc-elemOval-whole [of v],
sitmp add: Vr-mem-f-mem, assumption+)

apply (rule subsetl, simp, erule disjE,

simp add:prime-ideal-def, simp add:vp-ideal,

simp add: Ring.whole-ideal, rule subsetl, simp add:vp-mem-Vr-mem)
done

lemma (in Corps) ideal-sub-vp:[ valuation K v; ideal (Vi K v) I;
I # carrier (Vr Kv)] = I C (vp K v)
apply (frule Vr-ring[of v], rule contrapos-pp, simp+)
apply (simp add:subset-eq,
erule bezE)
apply (frule-tac h = z in Ring.ideal-subset[of Vr K v I], assumption+,
frule-tac © = z in elem-out-vp-unit[of v], assumption+,
frule-tac © = x in ideal-inc-elemOval-whole[of v - 1],
simp add: Vr-mem-f-mem, assumption—+, simp)
done

lemma (in Corps) Vr-local:[valuation K v; mazimal-ideal (Vr K v) I] =
(vp Kv)=1

apply (frule Vr-ring|of v],

frule ideal-sub-vp[of v I], simp add:Ring.mazimal-ideal-ideal)
apply (simp add:maximal-ideal-def,

frule conjunct2, fold mazimal-ideal-def, frule conjunctl,

rule Ring.proper-ideal, assumption+,simp add:mazimal-ideal-def, assumption)
apply (rule equalityl) prefer 2 apply assumption
apply (rule contrapos-pp, simp+,

frule sets-not-eqof vp K v I], assumption+, erule bexE)

apply (frule-tac z = a in vp-mem-Vir-mem/[of v],
frule Ring.mazimal-ideal-ideal[of Vr K v I|, assumption,
frule-tac © = a in Ring.elem-out-ideal-nonzerolof Vr K v I|,

assumption+,
frule vp-ideal[of v], rule Ring.ideal-subset[of Vr K v vp K v],
assumption+)

apply (frule-tac a = a in Ring.principal-ideal[of Vr K v], assumption+,
frule Ring.mazximal-ideal-ideal[of Vi K v I], assumption+,
frule-tac ?I2.0 = Vr K v {,, ain Ring.sum-ideals[of Vr K v IJ,
simp add: Ring.mazimal-ideal-ideal, assumption,
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frule-tac ?12.0 = Vr K v $,, ain Ring.sum-ideals-lal[of Vi K v I],
assumption+,
frule-tac 212.0 = Vr K v {,, ain Ring.sum-ideals-la2]of Vr K v I],
assumption+,
frule-tac a = a in Ring.a-in-principal[of Vr K v], assumption+,
frule-tac A= Vr Kv $, aand B =1 (Vi K v) (VrKv <y a)
and ¢ = a in subsetD, assumption+)
thm Ring.sum-ideals-cont[of Vr K v vp K v 1]
apply (frule-tac B = Vr K v {,, a in Ring.sum-ideals-cont[of Vr K v
vp K v 1|, simp add:vp-ideal, assumption)
apply (frule-tac a = a in Ring.ideal-cont-Rzalof Vr K v vp K v,
simp add:vp-ideal, assumption+)
apply (simp add:maximal-ideal-def, (erule conjE)+,
subgoal-tac T F(Vr K v) (VrKov$pa) € {J. ideal (Vr Kv) JANICJ},
simp, thin-tac {J. ideal (Vr K v) J AT C J} = {1, carrier (Vi K v)})
apply (erule disjE, simp)
apply (cut-tac A = carrier (Vr Kv) and B=1 Fy,. g, Vr K v $, a and
C = vp K v in subset-trans, simp, assumption,
frule Ring.ideal-subsetl[of Vr K v vp K v|, simp add:vp-ideal,
frule equalityI[of vp K v carrier (Vr K v)], assumption+,
frule vp-not-whole|of v], simp)
apply blast
done

lemma (in Corps) v-residue-field:valuation K v =
Corps ((Vr K v) /, (vp K v))
by (frule Vr-ring|of v],
rule Ring.residue-field-cd [of Vir K v vp K v|, assumption+,
sitmp add:vp-mazimal)

lemma (in Corps) Vr-n-val-Vr:valuation K v =
carrier (Vr K v) = carrier (Vr K (n-val K v))
by (simp add: Vr-def Sr-def,
rule equalityl,
(rule subsetl, simp, erule conjE, simp add:val-pos-n-val-pos),
(rule subsetl, simp, erule conjE, simp add:val-pos-n-val-pos| THEN sym]))

2.4 Ideals in a valuation ring

lemma (in Corps) Vr-has-poss-elem:valuation K v =
Jzecarrier (Vr Kv) — {0y g o} 0 < vz
apply (frule val-Pg[of v], erule conjE,
frule Lv-pos|of v], drule sym,
subst Vr-0-f-0, assumption+)
apply (frule aeg-ale[of Lv K v v (Pg K v)],
frule aless-le-trans[of 0 Lv K v v (Pg K v)], assumption+,
frule val-poss-mem-Vr[of v Pg K v),
simp, assumption, blast)
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done

lemma (in Corps) vp-nonzero:valuation K v = wp K v # {0y i o}
apply (frule Vr-has-poss-elem|[of v], erule bezE,

simp, erule conjF,

frule-tac 1 = z in vp-mem-val-poss| THEN sym, of v],

stmp add: Vr-mem-f-mem, simp, rule contrapos-pp, simp+)
done

lemma (in Corps) field-frac-mul:[x € carrier K; y € carrier K; y # 0]
— o= (5 )y
apply (cut-tac invf-closed|of y],
cut-tac field-is-ring,
simp add: Ring.ring-tOp-assoc,
subst linvf[of y|, simp, simp add:Ring.ring-r-one[of K], simp)
done

lemma (in Corps) elems-le-val:[valuation K v; x € carrier K; y € carrier K;
z# 0, vz < (vy)] = Irecarrier (VrKv). y=1r -
apply (frule ale-diff-pos|of v z v yl], simp add:diff-ant-def,
stmp add:value-of-inv] THEN sym, of v ],
cut-tac invf-closed|of z],
stmp only:val-t2p[ THEN sym, of v y J:'K])
apply (cut-tac field-is-ring,
frule-tac x = y and y = K
assumption,
simp add:val-pos-mem-Vr[of vy - (275)]
frule field-frac-mul[of y x|, assumption+, blast)
apply simp
done

in Ring.ring-tOp-closed|of K],

b

lemma (in Corps) val-Rza-gt-a:[valuation K v; x € carrier (Vr K v) — {0};
y € carrier (Vr Kv); y € Rea (VrKv)z] = vz < (vy)
apply (simp add:Rxa-def,

erule bexE,

stmp add: Vr-tOp-f-tOp, (erule conjE)+,

frule-tac x = r in Vr-mem-f-mem|of v], assumption+,

frule-tac © = z in Vr-mem-f-mem[of v, assumption+)
apply (subst val-t2p, assumption+,

simp add:val-pos-mem-Vr[THEN sym, of v],

frule-tac y = v r in aadd-le-monolof 0 - v z],

simp add:aadd-0-1)
done

lemma (in Corps) val-Rza-gt-a-1:[valuation K v; x € carrier (Vr K v);
y € carrier (Vr Kv); 2 #0; vz < (vy)] = y € Rra (Vr Kv) z
apply (frule-tac z = z in Vr-mem-f-mem[of v|, assumption+,

frule-tac x = y in Vr-mem-f-mem[of v], assumption+,

frule v-ale-diff[of v z y], assumption+,
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cut-tac invf-closed|of z],
cut-tac field-is-ring, frule Ring.ring-tOp-closed[of K y x'K],
assumption+)
apply (simp add:val-pos-mem-Vr[of vy -, (x'K)],
frule field-frac-mul[of y x], assumption+,
simp add:Rzxa-def, simp add: Vr-tOp-f-tOp, blast, simp)
done

lemma (in Corps) equal-inv:[valuation K v; x € carrier K; y € carrier K;
y#0vr=vyl = 0=0v(z ()

by (cut-tac invf-closed|of y],
simp add:val-t2p value-of-inv, simp add:aadd-minus-r,
simp)

lemma (in Corps) eq-val-eg-ideal Tr:[valuation K v;

z € carrier (Vr K v) — {0}; y € carrier (Vr Kv); vz < (vy)] =
Rxa (Vr Kv) y C Rza (Vr Ko) z

apply (frule val-Rza-gt-a-1[of v z y], simp+,
erule conjE)

apply (frule-tac z = z in Vr-mem-f-mem[of v|, assumption+,
frule Vr-ringlof v],
frule Ring.principal-ideallof Vr K v x|, assumption,
frule Ring.ideal-cont-Rzalof Vr K v (Vir K v) $p 2 ],

assumption+)
done

lemma (in Corps) eq-val-eq-ideal:[valuation K v;
z € carrier (Vr K v); y € carrier (Vr K v); vz = v y]
= Rza (Vr Kv) £ = Rza (Vr Kv) y
apply (case-tac z = Ok,
simp add:value-of-zero,
frule value-inf-zero|of v y],
stmp add: Vr-mem-f-mem, rule sym, assumption, simp)
apply (rule equalityl,
rule eq-val-eq-idealTr]of v y z], assumption+,
drule sym, simp,
rule contrapos-pp, simp+, simp add:value-of-zero,
frule Vr-mem-f-mem[of v z], assumption+,
frule value-inf-zerolof v x], assumption+,
rule sym, assumption, simp, simp, simp)
apply (rule eg-val-eq-idealTrlof v x y], assumption+, simp,
assumption, rule aeq-ale, assumption+)
done

lemma (in Corps) eg-ideal-eq-val:[valuation K v; x € carrier (Vr K v);
y € carrier (Vr K v); Rza (Vr Kv) x = Rza (Vr Kv) y] = vz =vy
apply (case-tac x = O, simp,

drule sym,

frule Vr-ring[of v],
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frule Ring.a-in-principal[of Vr K v y|, assumption+, simp,
thin-tac Vr K v $p y = Vr K v $p (0), simp add: Rza-def,
erule bexE, simp add:Vr-0-f-0[of v, THEN sym])

apply (simp add: Vr-tOp-f-tOp, simp add: Vr-0-f-0,
frule-tac © = r in Vr-mem-f-mem|of v|, assumption+,
cut-tac field-is-ring, simp add:Ring.ring-times-z-0)

apply (frule Vr-ring[of v],
frule val-Rxa-gt-alof v z y], simp,
stmp)

apply (drule sym,
frule Ring.a-in-principal[of Vir K v y], simp, simp)

apply (frule val-Rza-gt-a[of v y ],
simp, rule contrapos-pp, simp+,
frule Ring.a-in-principal|of Vi K v z], assumption+,
simp add:Rza-def,
erule bexE, simp add: Vr-tOp-f-tOp, cut-tac field-is-ring,
frule-tac © = r in Vr-mem-f-mem[of v], assumption+,
simp add: Ring.ring-times-z-0, simp,
frule Ring.a-in-principal[of Vr K v z], assumption+, simp,
rule ale-antisym, assumption+)

done

lemma (in Corps) zero-val-gen-whole:
[valuation K v; x € carrier (Vr K v)] =
(vz = 0) = (Rzxa (Vr Kv) x = carrier (Vr K v))
apply (frule Vr-mem-f-mem|[of v x], assumption,
frule Vr-ring[of v])
apply (rule iffI,
frule Ring.principal-ideal[of Vr K v x|, assumption+,
frule Ring.a-in-principal|of Vi K v z], assumption+,
rule ideal-inc-elemOval-whole[of v x Vr K v $p z], assumption+,
frule Ring.ring-onelof Vi K v],
frule eg-set-inclof IT(VT K v)
carrier (Vr K v) Vr K v $p ], drule sym, assumption,
thin-tac Lr(vr K ) € carrier (Vr K v),
thin-tac Vr K v $, x = carrier (Vr K v))
apply (simp add:Rxa-def, erule bezE,
simp add: Vr-1-f-1, simp add: Vr-tOp-f-tOp,
frule value-of-onelof v], simp,
frule-tac © = r in Vr-mem-f-mem[of v], assumption+,
cut-tac field-is-ring, simp add:val-t2p,
simp add:val-pos-mem-Vr[THEN sym, of v],
rule contrapos-pp, simp+,
cut-tac less-lel THEN sym, of 0 v x|, drule not-sym, simp,
frule-tac x = v r and y = v = in aadd-pos-poss, assumption+,
stmp)
done

lemma (in Corps) elem-nonzeroval-gen-proper:[ valuation K v;
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z € carrier (Vr K v); v # 0] = Rza (Vr K v) x # carrier (Vr K v)
apply (rule contrapos-pp, simp+)
apply (simp add: zero-val-gen-whole]| THEN sym])
done

We prove that Vr K v is a principal ideal ring

definition
LI :: [('r, 'm) Ring-scheme, 'r = ant, 'r set] = ant where

LIKvI = AMin (v ‘1)

definition
Ig :: [('r, 'm) Ring-scheme, 'r = ant, 'r set] = 'r where

IgKvI=(SOMEz.z€e INvz=LIKuvl)

lemma (in Corps) val-in-image:[valuation K v; ideal (Vr K v) I; z € I]| =
veev T
by (simp add:image-def, blast)

lemma (in Corps) I-vals-nonempty:[valuation K v; ideal (Vr K v) I] =
0 T {}
by (frule Vr-ring|of v],
frule Ring.ideal-zero[of Vi K v I,
assumption+, rule contrapos-pp, simp+)

lemma (in Corps) I-vals-LBset:[ valuation K v; ideal (Vr K v) I] =
v ‘I C LBset 0
apply (frule Vir-ring[of v],
rule subsetl, simp add:LBset-def, simp add:image-def)
apply (erule bezE,
frule-tac h = za in Ring.ideal-subset[of Vr K v I|, assumption+)
apply (frule-tac 1 = za in val-pos-mem-Vr|THEN sym, of v],
stmp add: Vr-mem-f-mem, simp)
done

lemma (in Corps) LI-pos:[valuation K v; ideal (Vr K v) I] = 0 < LI K v I
apply (simp add:LI-def,

frule I-vals-LBset[of v],

simp add:ant-0[THEN sym),

frule I-vals-nonempty|of v], simp only:ant-0)

apply (simp only:ant-0[THEN sym|, frule AMinlof v ‘I 0], assumption,
erule conjE, frule subsetD[of v * I LBset (ant 0) AMin (v ‘ I)],
assumption+, simp add:LBset-def)

done

lemma (in Corps) LI-poss:[valuation K v; ideal (Vr K v) I;
I # carrier (VrKv)] = 0 < LIKwv I
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apply (subst less-le)
apply (simp add:LI-pos)
apply (rule contrapos-pp, simp+)

apply (simp add:LI-def,
frule I-vals-LBset[of v], assumption+,
stmp add:ant-0[THEN sym],
frule T-vals-nonempty|of v], assumption+, simp only:ant-0)

apply (simp only:ant-0[THEN sym), frule AMin[of v ‘ I 0], assumption,
erule conjE, frule subsetD[of v ‘I LBset (ant 0) AMin (v ‘ I)],
assumption+, simp add:LBset-def)

apply (thin-tac Vzel. ant 0 < v z,
thin-tac v * I C {z. ant 0 < x}, simp add:image-def,
erule bexE, simp add:ant-0)
apply (frule Vr-ring[of v],
frule-tac h = z in Ring.ideal-subset[of Vr K v I], assumption+,
frule-tac © = z in zero-val-gen-whole[of v], assumption+,
stmp,
frule-tac a = z in Ring.ideal-cont-Rza[of Vir K v I], assumption+,
simp, frule Ring.ideal-subset1[of Vr K v I], assumption+)
apply (frule equalityl|of I carrier (Vr K v)], assumption+, simp)
done

lemma (in Corps) LI-z:[valuation K v; ideal (Vr K v) I; I # {0y g o}] =
Jdz. LIKvI = ant z
apply (frule Vr-ring[of v],
frule Ring.ideal-zerolof Vi K v I|, assumption+,
cut-tac mem-ant|of LI K v I],
frule LI-pos|of v I], assumption,
erule disjE, simp,
cut-tac minf-le-any[of 0],
frule ale-antisym[of 0 —o0], assumption+, simp)
apply (erule disjE, simp,
frule singleton-sublof Oy, g o I,
frule sets-not-eqlof I {Oy; i o}, assumption+,
erule bexE, simp)

apply (simp add:LI-def,
frule I-vals-LBset[of v], assumption+,
simp only:ant-0 THEN sym],
frule I-vals-nonempty|of v], assumption+,
frule AMinlof v “ I 0], assumption, erule conjE)
apply (frule-tac z = a in val-in-image[of v 1], assumption+,
drule-tac x = v a in bspec, simp,
simp add: Vr-0-1-0,
frule-tac © = a in val-nonzero-z[of v],
simp add: Ring.ideal-subset Vr-mem-f-mem, assumption+,
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erule exE, simp,
cut-tac x = ant z in inf-ge-any, frule-tac x = ant z in
ale-antisym|of - oo|, assumption+, simp)

done

lemma (in Corps) LI-k:[valuation K v; ideal (Vi K v) I] =
dke . LIKvI =vk
by (simp add:LI-def,
frule I-vals-LBset[of v], assumption+,
simp only:ant-0[ THEN sym],
frule I-vals-nonempty|of v], assumption+,
frule AMinlof v ¢ I 0], assumption, erule conjE,
thin-tac Yx€v ‘1. AMin (v ‘ I) < z, simp add:image-def)

lemma (in Corps) LI-infinity:[valuation K v; ideal (Vr K v) I] =
(LTK vl =o00) = (I = {0y g o))
apply (frule Vir-ring[of v])
apply (rule iffI)
apply (rule contrapos-pp, simp+,
frule Ring.ideal-zero[of Vr K v I], assumption+,
frule singleton-sublof Oy i o 1],
frule sets-not-eq[of I {0y g o}, assumption+,
erule bexE,
frule-tac h = a in Ring.ideal-subset[of Vr K v I|, assumption+,
simp add: Vr-0-1-0,
frule-tac © = a in Vr-mem-f-mem[of v], assumption+,
frule-tac ¢ = a in val-nonzero-z[of v], assumption+,
erule exkF,
simp add:LI-def,
frule T-vals-LBset[of v], assumption+,
simp only:ant-0 THEN sym],
frule I-vals-nonempty[of v], assumption+,
frule AMin[of v ‘I 0], assumption, erule conjE)
apply (frule-tac h = a in Ring.ideal-subset[of Vr K v I], assumption+,
frule-tac © = a in val-in-image[of v I], assumption+,
drule-tac © = v a in bspec, simp)
apply (frule-tac x = a in val-nonzero-z|of v|, assumption+,
erule exE, simp,
cut-tac x = ant z in inf-ge-any, frule-tac x = ant z in
ale-antisym|of - oo|, assumption+, simp)

apply (frule sym, thin-tac I = {0y g o}
simp add:LI-def,
frule I-vals-LBset[of v], assumption+,
stmp only:ant-0[THEN sym)],
frule T-vals-nonempty|of v], assumption+,
frule AMinlof v < I 0], assumption, erule conjE,
drule sym, simp,
stmp add: Vir-0-f-0 value-of-zero)
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done

lemma (in Corps) val-Ig:[valuation K v; ideal (Vr K v) I]| =
(IgKvIelIAhv(IgKvl)=LIKvl
by (simp add:Ig-def, rule somel2-ez,
frule LI-k[of v I], assumption+, erule bezE,
drule sym, blast, assumption)

lemma (in Corps) Ig-nonzero:[valuation K v; ideal (Vir K v) I; I # {0y i }]
— (IgKvI)#£0
by (rule contrapos-pp, simp+,
frule LI-infinity[of v I]|, assumption+,
frule val-Ig[of v I|, assumption+, erule conjE,
simp add:value-of-zero)

lemma (in Corps) Vr-ideal-npowf-closed:[valuation K v; ideal (Vi K v) I,
zel;0<n] = z" el
by (simp add:npowf-def, frule Vr-ring[of v],
frule Ring.ideal-npow-closed[of Vr K v I z nat n|, assumption+,
simp, frule Ring.ideal-subset[of Vr K v I z], assumption+,
simp add: Vr-exp-f-exp)

lemma (in Corps) Ig-generate-I:[valuation K v; ideal (Vr K v) I] =
(VrKv)Op (IgKvl)=1
apply (frule Vr-ring[of v))
apply (case-tac I = carrier (Vr K v),
frule sym, thin-tac I = carrier (Vr K v),
frule Ring.ring-one[of Vr K v,
simp, simp add: Vr-1-f-1,
frule val-Ig[of v I], assumption+, erule conjE,
frule LI-pos[of v I], assumption+,

simp add: LI-def cong del: image-cong-simp,
frule I-vals-LBset[of v], assumption+,

simp only: ant-0[THEN sym),

frule I-vals-nonempty|of v], assumption+,

frule AMinlof v ‘I 0], assumption, erule conjE,

frule val-in-imagelof v I 1], assumption+,

drule-tac x = v (1,) in bspec, assumption+,

simp add: value-of-one ant-0 cong del: image-cong-simp,
simp add: zero-val-gen-whole[of v Ig K v I))

apply (frule val-Ig[of v I|, assumption+, (erule conjE)+,
frule Ring.ideal-cont-Rzalof Vr K v I Ig K v I|, assumption+,

rule equalityl, assumption+)

apply (case-tac LI K v I = oo,
frule LI-infinity[of v I], simp,
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simp add:Rza-def, simp add:Ring.ring-times-z-0,
frule Ring.ring-zero, blast)

apply (rule subsetl,
case-tac vz = 0,
frule-tac © = x in Vr-mem-f-mem]|of v],
simp add: Ring.ideal-subset,
frule-tac © = z in zero-val-gen-whole[of v],
stmp add: Ring.ideal-subset, simp,
frule-tac a = z in Ring.ideal-cont-Rza[of Vir K v I], assumption+,
simp, frule Ring.ideal-subsetl[of Vr K v I], assumption,
frule equalityl[of I carrier (Vr K v)], assumption+, simp)
apply (simp add:LI-def,
frule T-vals-LBset[of v], assumption+,
simp only:ant-0 THEN sym],
frule I-vals-nonempty|of v], assumption+,
frule AMinlof v ¢ I 0], assumption, erule conjE,
frule-tac x = v x in bspec,
frule-tac © = z in val-in-imagelof v I], assumption+,
simp)
apply (drule-tac x = =z in bspec, assumption,
frule-tac y = x in eg-val-eq-idealTr[of v Ig K v I],
simp add:Ring.ideal-subset,
rule contrapos-pp, simp+, simp add:value-of-zero,
stmp add:Ring.ideal-subset, simp)

apply (frule-tac a = z in Ring.a-in-principal[of Vr K v],
stmp add: Ring.ideal-subset, rule subsetD, assumption+)
done

lemma (in Corps) Pg-gen-vp:valuation K v =
(Vr Kv) $p (PgKv) =vp Ko
apply (frule vp-ideal[of v],
frule Ig-generate-Iof v vp K v], assumption+,
frule vp-not-whole[of v],
frule eq-val-eq-ideal[of v Ig K v (vp K v) Pg K ],
frule val-Ig [of v vp K v], assumption+, erule conjE,
sitmp add:vp-mem-Vr-mem)

apply (frule val-Pg[of v], erule conjFE,
frule Lv-pos|of v],
rotate-tac —2, drule sym, simp,
simp add:val-poss-mem-Vr)

apply (thin-tac Vr K v $p Ig K v (vp K v) = vp K v,
frule val-Pglof v], erule conjE,
simp, frule val-Iglof v vp K v], assumption+, erule conjE,
simp, thin-tac v (Pg K v) = Lv K v,
thin-tac Ig K v (vp K v) € vp Kv A v (Ig K v (vp K v)) =
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LI K v (vp K v), simp add:LI-def Lv-def,
subgoal-tac v ‘vp K v ={z. x € v ‘ carrier K N 0 < x},
stmp)

apply (thin-tac ideal (Vi K v) (vp K v), thin-tac Pg K v € carrier K,
thin-tac Pg K v # 0,
rule equalityl, rule subsetl,
simp add:image-def vp-def, erule exE, erule conjE,
(erule conjE)+,
frule-tac © = za in Vr-mem-f-mem]of v], assumption+, simp, blast)

apply (rule subsetl, simp add:image-def vp-def, erule conjE, erule bexE, simp,
frule-tac © = za in val-poss-mem-Vr|of v], assumption+,
cut-tac y = v za in less-le[of 0], simp, blast, simp)

done

lemma (in Corps) vp-gen-t:valuation K v —>
dtecarrier (Vr Kv). vp Kv = (VrKv) $pt
by (frule Pg-gen-vp|of v], frule Pg-in-Vr[of v], blast)

lemma (in Corps) vp-gen-nonzero:[valuation K v; vp K v = (Vr K v) ¢ 1] =
t# Oy Ky
apply (rule contrapos-pp, simp+,
cut-tac Ring.Rza-zerolof Vr K v], drule sym, simp,
simp add:vp-nonzero)
apply (simp add: Vr-ring)
done

lemma (in Corps) n-value-ideal Tr:[valuation K v; 0 < n] =
(vp K v) SG(VrKv)n _ vir K v Op ((Pg K,U)/‘(VT‘KU) ny
apply (frule Vr-ring[of v],
frule Pg-gen-vp| THEN sym, of v],
simp add:vp-ideal,
frule val-Pglof v], simp, (erule conjE)+)
apply (subst Ring.principal-ideal-n-pow[of Vr K v Pg K v
Vr K v $p Pg K o], assumption+,
frule Lv-pos|of v], rotate-tac —2, frule sym,
thin-tac v (Pg K v) = Lv K v, simp, simp add:val-poss-mem-Vr,
stmp+)
done

lemma (in Corps) ideal-pow-vp:[valuation K v; ideal (Vr K v) I,
I # carrier (Vr K v); I # {0y g ] =
I=(wpkK U)<> (Vr K v) (na (n-val K v (Ig K v I)))

apply (frule Vir-ring[of v],
frule Ig-generate-I[of v I], assumption+)

apply (frule n-valof v Ig K v I],
frule val-Ig[of v I], assumption+, erule conjE,
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simp add:Ring.ideal-subset[of Vr K v I Ig K v I| Vr-mem-f-mem)

apply (frule val-Pg[of v], erule conjE,
rotate-tac —1, drule sym, simp,
frule Ig-nonzero[of v I], assumption+,
frule LI-pos|[of v I], assumption+,
frule Lv-pos|of v],
frule val-Ig[of v I], assumption+, (erule conjE)+,
rotate-tac —1, drule sym, simp,
frule val-pos-n-val-pos[of v Ig K v IJ,
simp add: Ring.ideal-subset Vr-mem-f-mem,
stmp)
apply (frule zero-val-gen-whole[ THEN sym, of v Ig K v I],
stmp add:Ring.ideal-subset,
stmp, rotate-tac —1, drule not-sym,
cut-tac less-lef THEN sym, of 0 v (Ig K v I)], simp,
thin-tac 0 < v (Ig K v I),
frule Ring.ideal-subset[of Vr K v I Ig K v I], assumption+,
frule Vr-mem-f-mem[of v Ig K v I|, assumption+,
frule val-poss-n-val-poss[of v Ig K v I], assumption+, simp)
apply (frule Ig-nonzero|of v IJ,
frule val-nonzero-noninf[of v Ig K v I|, assumption+,
stmp add:val-noninf-n-val-noninflof v Ig K v I],
frule val-poss-mem-Vr[of v Pg K v], assumption+,
subst n-value-ideal Tr[of v na (n-val K v (Ig K v I))],
assumption+, simp add:na-def)

apply (frule eg-val-eq-ideal[of v Ig K v I
(Pg K ,U)/‘(VT K v) (na (n-val Kv (Ig Kv I)))]7 assumption+,
rule Ring.npClose, assumption+,
simp add: Vr-exp-f-exp[of v Pg K ],
subst val-exp-ring| THEN sym, of v Pg K v
na (n-val K v (Ig K v I))], assumption+)
apply (frule Lv-z[of v], erule exE, simp,
rotate-tac 6, drule sym, simp,
subst asprod-amult,
simp add:val-poss-n-val-poss|of v Ig K v I],
frule val-nonzero-noninf[of v Ig K v I|, assumption+,
frule val-noninf-n-val-noninf|of v Ig K v I|, assumption+, simp,
rule aposs-na-poss[of n-val K v (Ig K v I)], assumption+)
apply (fold an-def)
apply (subst an-na| THEN sym, of n-val K v (Ig K v I)],
frule val-nonzero-noninf[of v Ig K v I|, assumption+,
frule val-noninf-n-val-noninflof v Ig K v I], assumption+, simp,
stmp add:aless-imp-le, simp)
apply simp
done

lemma (in Corps) ideal-apow-vp:[valuation K v; ideal (Vr K v) I] =

48



I = (vp K ) (Vr K v) (n-val K v (Ig K v 1))
apply (frule Vr-ring[of v])
apply (case-tac v (Ig K v I) = o0,
frule val-Ig[of v I], assumption,
frule val-inf-n-val-inflof v Ig K v I],
simp add:Ring.ideal-subset Vr-mem-f-mem, simp, simp add:r-apow-def,
stmp add: LI-infinity[of v I])

apply (case-tac v (Ig K v 1) = 0,
frule val-0-n-val-0[of v Ig K v I],
frule val-Ig[of v I], assumption+, erule conjE,
simp add:Ring.ideal-subset Vr-mem-f-mem, simp,

frule val-Ig[of v I], assumption,

frule zero-val-gen-whole[of v Ig K v I],

simp add: Ring.ideal-subset, (erule conjE)+, simp,

frule Ring.ideal-cont-Rzalof Vir K v I Ig K v I|, assumption+)
apply (simp,

frule Ring.ideal-subset![of Vr K v I], assumption+,

frule equalityI[of I carrier (Vr K v)|, assumption+,

simp add:r-apow-def)
apply (frule val-noninf-n-val-noninf[of v Ig K v IJ,

frule val-Ig[of v I], assumption,

simp add: Ring.ideal-subset Vr-mem-f-mem, simp,

frule value-n0-n-val-n0[of v Ig K v IJ,

frule val-Ig[of v I], assumption,

simp add: Ring.ideal-subset Vr-mem-f-mem, assumption)

apply (simp add:r-apow-def,
rule ideal-pow-vp, assumption+,
frule elem-nonzeroval-gen-proper|of v Ig K v I],
frule val-Ig[of v I], assumption—+, erule conjE,
simp add: Ring.ideal-subset, assumption, simp add:Ig-generate-I)

apply (frule val-Ig[of v I], assumption+, erule conjE, simp,
simp add: LI-infinity[of v I)
done

lemma (in Corps) ideal-apow-n-val:[valuation K v; x € carrier (Vr K v)] =
(Vr Kv) $p = (up KU)(VT‘KU) (n-val K v x)
apply (frule Vr-ring[of v],
frule Ring.principal-ideal[of VI K v x|, assumption+,
frule ideal-apow-vplof v Vir K v {$p ], assumption+)
apply (frule val-Iglof v Vir K v {$, @], assumption+, erule conjE,
frule Ring.ideal-subset{of Vi K v Vr K v $p
Ig Kv (Vr K v $p o), assumption+,
frule Ig-generate-I[of v Vr K v {p, 1], assumption+)
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apply (frule eg-ideal-eg-vallof v Ig K v (Vr K v $p ) 2],
assumption+,
thin-tac Vr K v $p Ig Kv (Vr K v $p z) = Vr Ko $yp 1,
thin-tac v (Ig Kv (Vr Kv $p ) = LIK v (Vr Kv $p 2),
frule n-val[THEN sym, of v ],
simp add: Vr-mem-f-mem, simp,
thin-tac v x = n-val K v x x Lv K v,
frule n-val[THEN sym, of v Ig K v (Vr K v ) )],
simp add: Vr-mem-f-mem, simp,
thin-tac v (Ig K v (Vr K v {p, ©)) = n-val K vz * Lv K v)
apply (frule Lv-pos[of v],
frule Lv-z[of v], erule exE, simp,
frule-tac s = z in zless-neq[ THEN not-sym, of 0],
frule-tac z = z in adiv-eq[of - n~val K v (Ig K v (Vr K v {p ))
n-val K v x|, assumption+, simp)
done

lemma (in Corps) t-gen-vp:[valuation K v; t € carrier K; vt = 1] =
(rKv)Opt=w K

proof —
assume al:valuation K v and
a2:t € carrier K and
advt =1
from of and a2 and a3 have hi:t € carrier (Vr K v)
apply (cut-tac a0-less-1)
apply (rule val-poss-mem-Vr|of v t], assumption+, simp) done
from a! and a2 and a3 have h2:n-val K v = v
apply (subst val-surj-n-val[of v]) apply assumption
apply blast apply simp done
from al and hl have h3:Vr K v $p t = vp K (Vr K v) (n-val K vt)
apply (simp add:ideal-apow-n-val[of v t]) done
from a! and a8 and h2 and h3 show ?Zthesis
apply (simp add:r-apow-def)
apply (simp only:ant-1[THEN sym]|, simp only:ant-0[THEN sym))
apply (simp only:aeq-zeq, simp)
apply (cut-tac z-neg-inf[ THEN not-sym, of 1], simp)
apply (simp only:an-1[THEN sym]) apply (simp add:na-an)
apply (rule Ring.idealprod-whole-rlof Vr K v vp K v))
apply (simp add: Vr-ring)
apply (simp add:vp-ideal) done
qed

lemma (in Corps) t-up-apow:[valuation K v; t € carrier K; vt = 1] =
(Vr K v) Oy (tA(VrKv) ) = (vp KU)(VT’KU) (an n)

proof —
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assume al:valuation K v and
a2:t € carrier K and
advt =1
from al have hi:Ring (Vr K v) by (simp add: Vr-ring[of v])
from a! and a2 and a3 have h2:t € carrier (Vr K v)
apply (cut-tac a0-less-1)
apply (rule val-poss-mem-Vr) apply assumption+ apply simp done
from a! and a2 and a8 and h! and h2 show ?thesis
apply (subst Ring.principal-ideal-n-pow| THEN sym, of Vr K v t vp K v n))
apply assumption+
apply (simp add:t-gen-vp)
apply (simp add:r-apow-def)
apply (rule conjl, rule impl,
simp only:an-0[THEN sym], frule an-injlof n 0], simp)
apply (rule impl)
apply (rule conjl, rule impl)
apply (simp add:an-def)
apply (rule impl, cut-tac an-nat-pos[of n], simp add:na-an)
done
qed

lemma (in Corps) nonzeroelem-gen-nonzero:[valuation K v; x # 0,
z € carrier (Vr Kv)] = VrKov{, z# {0y g o
by (frule Vr-ring[of v],
frule-tac a = x in Ring.a-in-principal[of Vr K v], assumption+,
rule contrapos-pp, simp+, simp add: Vr-0-f-0)

2.4.1 Amin lemma (in Corps)s

lemma (in Corps) Amin-le-addTr:valuation K v =

(Vj<n. fjé€ carrier K) — Amin n (v o f) < (v (nsum K f n))
apply (induct-tac n)

apply (rule impl, simp)

apply (rule impl,

simp,

frule-tac t = ¥, K fn and y = f (Suc n) in amin-le-plus|of v,

cut-tac field-is-ring, frule Ring.ring-is-ag|of K],

cut-tac n = n in aGroup.nsum-mem[of K - f], assumption,

rule alll, simp add:funcset-mem, assumption, simp)
apply (frule-tac z = Amin n (Au. v (fu)) and 2’ = v (X, K fn) and

w = v (f (Suc n)) in amin-aminTr,

rule-tac i = amin (Amin n (Au. v (fw))) (v (f (Suc n))) and

j=amin (v (X, K fn)) (v (f (Sucn))) and

k=wv (. Kfn =L (f (Sucn))) in ale-trans, assumption+)
done

lemma (in Corps) Amin-le-add:[valuation K v; Vj < n. fj € carrier K] =
Amin n (v o f) < (v (nsum K fn))
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by (frule Amin-le-addTr[of v n f], simp)

lemma (in Corps) value-ge-add:[valuation K v; Vj < n. fj € carrier K;
Vi<nz<(vef) ] — 2 < (v(Se Kfn)
apply (frule Amin-le-add]of v n f], assumption+,
cut-tac Amin-ge[of n v o f 2],
rule ale-trans, assumption+)
apply (rule alll, rule impl,
simp add:comp-def Zset-def,
rule value-in-aug-inf[of v], assumption+, simp+)
done

lemma (in Corps) Vr-ideal-powTr1:[valuation K v; ideal (Vr K v) I;
I # carrier (VrKv); bel] = be (vp Kv)
by (frule ideal-sub-vp|of v I], assumption+, simp add:subsetD)

2.5 pow of vp and n-value — convergence —

lemma (in Corps) n-value-z-1:[valuation K v; 0 < n;
z € (vp K v) (Vr K v) " = n < (n-val K v z)

apply ((case-tac n = oo, simp add:r-apow-def,
simp add: Vr-0-f-0, cut-tac field-is-ring,
frule Ring.ring-zero[of K], frule val-inf-n-val-inf[of v 0],
assumption+, simp add:value-of-zero),
(case-tac n = 0, simp add:r-apow-def,
subst val-pos-n-val-pos[ THEN sym, of v z], assumption+,
simp add: Vr-mem-f-mem,
subst val-pos-mem-Vr[of v z], assumption+,
simp add: Vr-mem-f-mem, assumption,
simp add:r-apow-def, frule Vr-ring|of v],
frule vp-pow-ideal[of v na nj,
frule Ring.ideal-subset[of Vr K v (vp K v) O(Vr K v) (na n) ],
assumption+, frule Vr-mem-f-mem|[of v ], assumption+))

apply (case-tac z = O, simp,
frule value-of-zero[of v],
simp add:val-inf-n-val-inf,
stimp add:n-value-idealTr[of v na n,

frule val-Pglof v], erule conjE, simp, erule conjE,

frule Lv-pos|of v],

rotate-tac —4, frule sym, thin-tac v (Pg K v) = Lv K v, simp,
frule val-poss-mem-Vr|of v Pg K v], assumption+,

frule val-Rza-gt-alof v Pg K p(Vr K v) (na n) ],
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frule Vr-integral]of v],

simp only: Vr-0-f-0[of v, THEN sym),

frule Idomain.idom-potent-nonzero[of Vi K v Pg K v na n],
assumption+, simp, simp add: Ring.npClose, assumption+)

apply (thin-tac x € Vr K v Op (Pg K u"( Vr K v) (na n))’
thin-tac ideal (Vr K v) (Vr K v $, (Pg K p (Vi K v) (na ”))))

apply (simp add: Vr-exp-f-explof v Pg K v,
simp add:val-exp-ring| THEN sym, of v Pg K v],
simp add:n-val[THEN sym, of v z],
frule val-nonzero-z[of v Pg K v, assumption+,
erule exE, simp,
frule aposs-na-poss[of n], simp add: less-le,
stmp add:asprod-amult,

frule-tac w = z in amult-pos-mono-r[of - ant (int (na n))
n-val K v |, simp,
cul-tac an-nalof n|, simp add:an-def, assumption+)
done
lemma (in Corps) n-value-z-1-nat:[valuation K v; x € (vp K U)O(Vr K v) "] =
(an n) < (n-val K v x)
apply (cut-tac an-nat-pos[of n])
apply( frule n-value-z-1[of v an n z], assumption+)
apply (simp add:r-apow-def)
apply (case-tac n = 0, simp, simp)
apply (cut-tac aless-nat-less] THEN sym, of 0 n))
apply simp
unfolding less-le
apply simp
apply (cut-tac an-neg-inf [of n])
apply simp
apply (simp add: na-an)
apply assumption
done

lemma (in Corps) n-value-z-2:[valuation K v; © € carrier (Vr K v);
n<(nval Kvz);, 0<n]= z¢€ (vpKv) (VrEKvn
apply (frule Vr-ring|of v],
frule val-Pglof v], erule conjE,
simp, erule conjE, drule sym,
frule Lv-pos|of v], simp,
frule val-poss-mem-Vr|of v Pg K v], assumption+)

apply (case-tac n = oo,

simp add:r-apow-def, cut-tac inf-ge-anylof n-val K v z],
frule ale-antisym|[of n-val K v x 0|, assumption+,
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frule val-inf-n-val-inf[THEN sym, of v z,

simp add: Vr-mem-f-mem, simp,

frule value-inf-zero[of v z],

stmp add: Vr-mem-f-mem, simp+, simp add: Vr-0-f-0)

apply (case-tac n = 0,
simp add:r-apow-def,
simp add:r-apow-def,
subst n-value-ideal Tr[of v na n], assumption+,
simp add:apos-na-pos)
apply (rule val-Rza-gt-a-1[of v Pg K oV K v) (nan) ],
assumption+,
rule Ring.npClose, assumption+,
simp add: Vr-0-f-0[THEN sym, of v],
frule Vr-integral[of v],
frule val-poss-mem-Vr|of v Pg K v], assumption+,
stmp add:Idomain.idom-potent-nonzero)

apply (simp add: Vr-exp-f-exp,

simp add:val-exp-ring| THEN sym, of v],

rotate-tac —&, drule sym,

frule Lu-z[of v], erule exE, simp,

frule aposs-na-poss|of n], simp add: less-le,

simp add:asprod-amult, subst n-val| THEN sym, of v x],

assumption+,

simp add: Vr-mem-f-mem, simp,

subst amult-pos-mono-r(of - ant (int (na n)) n-val K v z],

assumption,

cut-tac an-nalof n], simp add:an-def, assumption+)

done

lemma (in Corps) n-value-z-2-nat:[valuation K v; x € carrier (Vr K v);
(an n) < ((n-val Kv) z)] = z € (vp K 0)O(Vr K v) n
by (frule n-value-z-2[of v z an n], assumption+,
simp, simp add:r-apow-def,
case-tac an n = oo, simp add:an-def, simp,
case-tac n = 0, simp,
subgoal-tac an n # 0, simp, simp add:na-an,
rule contrapos-pp, simp+, simp add:an-def)

lemma (in Corps) n-val-n-pow:[valuation K v; x € carrier (Vr K v); 0 < n] =
(n < (nwval Kvz)) = (z € (vp Kv) (Vr K v) ™
by (rule iffI, simp add:n-value-z-2, simp add:n-value-z-1)

lemma (in Corps) equal-in-vpr-apow:[valuation K v; x € carrier K; 0 < n;
y € carrier K; n-val K v x = n-val K v y; © € (vp Kv)(VTK”) " =
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y € (vp K v) (VrKwv)n
apply (frule n-value-z-1[of v n x|, assumption—+, simp,
rule n-value-z-2[of v y nl, assumption+,
frule mem-vp-apow-mem-Vr[of v n x|, assumption+)
apply (frule val-pos-mem-Vr[THEN sym, of v z], assumption+, simp,
stmp add:val-pos-n-val-pos[of v x],
stmp add:val-pos-n-val-pos[ THEN sym, of v y],
stmp add:val-pos-mem-Vr, assumption+)
done

lemma (in Corps) convergenceTr:[valuation K v; © € carrier K; b € carrier K;
be (K U)(VTKU) " (Abs (n-val K v 1)) < n] =
zbe (K U)(VTKU) (n + (n-val K v x))

apply (cut-tac Abs-pos[of n-val K v x],
frule ale-trans[of 0 Abs (n-val K v z) n], assumption+,
thin-tac 0 < Abs (n-val K v z))
apply (frule Vir-ring[of v],
frule-tac aadd-le-mono|of Abs (n-val K v z) n n-val K v z,
cut-tac Abs-z-plus-z-pos[of n-val K v ],
frule ale-trans[of 0 Abs (n-val K v z) + n-val K v x
n 4+ n-val K v x|, assumption+,
thin-tac 0 < Abs (n-val K v z) + n-val K v x,
thin-tac Abs (n-val K v z) + n-val K vz < n + n-val K v z,
rule n-value-z-2[of v & - b n + n-val K v z], assumption+)
apply (frule n-value-z-1[of v n b], assumption+)
apply (frule aadd-le-monolof n n-val K v b n-val K v z],
frule ale-trans[of 0 n + n-val K v z n-val K v b + n-val K v z],
assumption)
apply (thin-tac 0 < n + n-val K v z,
thin-tac n < n-val K v b,
thin-tac n + n-val K vz < n-val K v b + n-val K v z,
simp add:aadd-commute|of n-val K v b n-val K v z])
apply (frule n-val-valuation[of v],
simp add:val-t2p| THEN sym, of n-val K v x b],
cut-tac field-is-ring,
frule Ring.ring-tOp-closed|[of K x b], assumption+,
simp add:val-pos-n-val-pos| THEN sym, of v = - b],
stmp add:val-pos-mem-Vr,
frule n-val-valuation[of v],
subst val-t2p[of n-val K v], assumption+,
frule n-value-a-1[of v n b], assumption+,
stmp add:aadd-commute|of n-val K v z n-val K v b],
rule aadd-le-mono[of n n-val K v b n-val K v z], assumption+)
done

lemma (in Corps) convergenceTr1:[valuation K v; x € carrier K;
be (pK v)(VrKv) (n + Abs (n-val K v x))’ 0<n] =
$~Tb€(vpKv)(wK”)"
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apply (cut-tac field-is-ring,
frule Vr-ringlof v],
frule vp-apow-ideal[of v n + Abs (n-val K v )],
cut-tac Abs-pos[of n-val K v x],
rule aadd-two-pos[of n Abs (n-val K v )], assumption+)

apply (frule Ring.ideal-subset[of Vr K v vp K v (Vr K v) (n + Abs (n-val K v z))
b], assumption+,
frule Vr-mem-f-mem[of v b], assumption,
frule convergenceTrlof v b n + Abs (n-val K v )|, assumption+,
rule aadd-pos-le[of n Abs (n-val K v )], assumption)

apply (frule apos-in-aug-inf|of n],
cut-tac Abs-pos[of n-val K v x],
frule apos-in-aug-inflof Abs (n-val K v x)],
frule n-value-in-aug-inf[of v x|, assumption+,
frule aadd-assoc-i[of n Abs (n-val K v z) n-val K v z],
assumption,
cut-tac Abs-z-plus-z-pos|of n-val K v x])

apply (frule-tac Ring.ring-tOp-closed|of K x b], assumption+,
rule n-value-z-2[of v x - b nl], assumption+)

apply (subst val-pos-mem-Vr[THEN sym, of v z - b], assumption+,
subst val-pos-n-val-pos[of v z - b], assumption+)

apply (frule n-value-z-1[of v n + Abs(n-val K v x) + n-val K v z © - b],
subst aadd-assoc-i, assumption+,
rule aadd-two-pos[of n|, assumption+,
rule ale-trans[of 0 n + Abs (n-val K v z) + n-val K v x
n-val K v (z - b)],
simp, simp add:aadd-two-pos, assumption,
frule n-value-z-1[of v n + Abs (n-val K v z) b,
cut-tac Abs-pos|of n-val K v z],
rule aadd-two-pos[of n Abs (n-val K v )], assumption+)

apply (frule n-val-valuation[of v],
subst val-t2p[of n-val K v, assumption+)
apply (frule aadd-le-monolof n + Abs (n-val K v x) n-val K v b
n-val K v ],
simp add:aadd-commute|of n-val K v b n-val K v z],
rule ale-trans[of n n + (Abs (n-val K v z) + n-val K v x)
n-val K vz + n-val K v b,
frule aadd-pos-le[of Abs (n-val K v ) + n-val K v x nl,
stmp add:aadd-commutelof n], assumption+)
done

lemma (in Corps) vp-potent-zero:[valuation K v; 0 < n] =
(n=00) = (p Ko (T ED T = {0y, ¢ })
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apply (rule iff)

apply (simp add:r-apow-def, rule contrapos-pp, simp+,
frule apos-neg-minf[of n],
cut-tac mem-ant|of nl], simp, erule exE, simp,
simp add:ant-0[THEN sym)], thin-tac n = ant z)

apply (case-tac z = 0, simp add:ant-0, simp add:r-apow-def,
frule Vr-ring[of v],
frule Ring.ring-one[of Vi K v], simp,
simp add: Vr-0-f-0, simp add: Vr-1-f-1,
frule value-of-one|of v], simp, simp add:value-of-zero,
cut-tac n = z in zneg-aneq[of - 0], simp only:ant-0)
apply (simp add:r-apow-def,
frule-tac n = na (ant z) in n-value-ideal Tr[of v],
simp add:na-def,
simp, thin-tac vp K v O(Vr K v) (na (ant 2)) — {0y K o)
frule Vr-ring|of v],
frule Pg-in-Vr[of v],
frule-tac n = na (ant z) in Ring.npClose[of Vr K v Pg K ],
assumption)
apply (frule-tac a = (Pg K U)A(VT K w) (na (ant 2)) iy
Ring.a-in-principal[of Vi K v], assumption,
simp, frule Vr-integral[of v],
frule val-Pglof v], simp, (erule conjE)+,
frule-tac n = na (ant z) in Idomain.idom-potent-nonzerolof Vr K v
Pg K v], assumption+,
simp add: Vr-0-f-0, simp)
done

lemma (in Corps) Vr-potent-eqTr1:[valuation K v; 0 < n; 0 < m;
(vp K v) (VTK”)"z(vpKU) (Vr Kv) m, 0] = n=m

apply (frule Vr-ring[of v],
simp add:r-apow-def,
case-tac n = 0, simp,
case-tac n = 00, simp,
frule val-Pglof v], erule conjE, simp,
erule conjE,
rotate-tac —3, drule sym,
frule Lv-pos|of v], simp,
frule val-poss-mem-Vr[of v Pg K v], assumption+,
drule sym, simp, simp add: Vr-0-f-0)

apply (simp,
drule sym,

frule Ring.ring-one[of Vir K v], simp,

frule n-value-z-1-nat[of v JT(Vr K v) no n], assumption,
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simp add:an-na, simp add: Vr-1-f-1,

frule n-val-valuation[of v],

simp add:value-of-onelof n-val K v])
done

lemma (in Corps) Vr-potent-eqTr2:[valuation K v;
(vp K v) S(VrKov)n _ (vp K ) O(Vr K v) M — n=m

apply (frule Vr-ring[of v],
frule val-Pglof v], simp, (erule conjE)+,
rotate-tac —1, frule sym, thin-tac v (Pg K v) = Lv K v,
frule Lv-pos|of v], simp)

apply (subgoal-tac 0 < int n, subgoal-tac 0 < int m,
frule n-value-idealTr[of v m]) apply simp apply simp

apply (
thin-tac vp K v O(Vr Ev) m — v iy Op (Pg K p(Vr K ) m,
frule n-value-idealTr[of v n], simp, simp,
thin-tac vp K v (VT K0)n — yi ¢y Op (Pg K v (Vi K v) m,
frule val-poss-mem-Vr[of v Pg K v], assumption+)

apply (frule Lv-z[of v], erule exE,

rotate-tac —4, drule sym, simp,

frule eg-ideal-eg-val[of v Pg K p Vi K v) n Pg K oV K 0) ™)
apply (rule Ring.npClose, assumption+, rule Ring.npClose, assumption+)
apply (simp only: Vr-exp-f-ezp,

simp add:val-exp-ring| THEN sym, of v Pg K v],

thin-tac Vr K v $, (Pg K K — v K Op (Pg K v K my)

apply (case-tac n = 0, simp, case-tac m = 0, simp,

simp only:of-nat-0-less-iff[THEN sym, of m],

simp only:asprod-amult a-z-z,

simp only:ant-0[THEN sym), simp only:aeq-zeq, simp)
apply (auto simp add: asprod-mult)
done

lemma (in Corps) Vr-potent-eq:[valuation K v; 0 < n; 0 < m;
(vp K v) (VrKv)n _ (vp K v) (Vr K v) M = n=m

apply (frule n-val-valuation|of v,

case-tac m = 0,

simp add: Vir-potent-eqTrl)
apply (case-tac n = 0,

frule sym, thin-tac vp K v (Vr Kv)n vp K v (Vr K v) m
frule Vr-potent-eqTrl1[of v m n], assumption+,
rule sym, assumption,
frule vp-potent-zero[of v n], assumption+)
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apply (case-tac n = oo, simp,
thin-tac vp K v (V7 K v) 00 — {0y K o
frule vp-potent-zero| THEN sym, of v m|, assumption+, simp,
simp,
frule vp-potent-zero[ THEN sym, of v m], assumption+, simp,
thin-tac vp K v (V7 Kv) m {0y Kk 1)

apply (frule aposs-na-poss|of n], subst less-le, simp,
frule aposs-na-poss[of m], subst less-le, simp,
simp add:r-apow-def,
frule Vr-potent-eqTr2[of v na n na m|, assumption+,
thin-tac vp K v O(Vr Kv) (nan) _ wp K v S(Vr K v) (na m)7
simp add:aeg-nat-eq| THEN sym))

done

the following two lemma (in Corps) s are used in completion of K

lemma (in Corps) Vr-prime-mazimalTr1 :[valuation K v; © € carrier (Vr K v);
Suc 0 < n] =z p(yp gy (@K 0750y e (v K o) O (KM

apply (frule Vr-ring[of v],
subgoal-tac K n _ K (Suc (n — Suc 0))7
simp del:Suc-pred,
rotate-tac —1, drule sym)
apply (subst Vir-tOp-f-tOp, assumption+,
subst Vr-exp-f-explof v, THEN sym)|, assumption+,
stmp only: Ring.npClose, simp del:Suc-pred)
apply (cut-tac field-is-ring,
frule Ring.npClose|of K z n — Suc 0],
frule Vr-mem-f-mem[of v z], assumption+,
frule Vr-mem-f-mem[of v x|, assumption+)
apply (simp add:Ring.ring-tOp-commute[of K g K (n — Suc 0)])
apply (rule Ring.a-in-principal, assumption)
apply (frule Ring.npCloselof Vr K v x n], assumption,
simp add: Vir-exp-f-exp)
apply (simp only:Suc-pred)
done

lemma (in Corps) Vr-prime-mazimalTr2:[ valuation K v; € vp K v;  # 0;
Suc 0 < n] =z ¢ VrKuv, (K m) A g K (n = Suc 0) ¢ (Vr K v) Op
~K n

(&K m)

apply (frule Vr-ring[of v])

apply (frule vp-mem-Vr-mem[of v z], assumption,

frule Ring.npClose|of Vir K v x n],

sitmp only: Vr-exp-f-exp)
apply (cut-tac field-is-ring,

cut-tac field-is-idom,

frule Vr-mem-f-mem[of v z], assumption+,

frule Idomain.idom-potent-nonzero[of K x n], assumption+)
apply (rule conjI)
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apply (rule contrapos-pp, simp+)
apply (frule val-Rza-gt-alof v g Kn ],
simp, simp add: Vr-exp-f-exp, assumption+)
apply (simp add:val-exp-ring|THEN sym, of v z n))
apply (frule val-nonzero-z[of v x|, assumption+, erule ezE,
stmp add:asprod-amult a-z-z)
apply (simp add:vp-mem-val-poss|of v x])
apply (rule contrapos-pp, simp+)
apply (frule val-Rza-gt-a[of v g K n K (n — Suc 0)])
apply (simp, frule Ring.npClose[of Vr K vz n — Suc 0], assumption+)
apply (simp add: Vr-exp-f-exp)
apply (frule Ring.npCloselof Vr K v x n — Suc 0], assumption+,
simp add: Vr-exp-f-exp, assumption)
apply (simp add:val-exp-ring]| THEN sym, of v x])
apply (simp add:vp-mem-val-poss|of v x])
apply (frule val-nonzero-z[of v x|, assumption+, erule exE,
simp add:asprod-amult a-z-z)
done

lemma (in Corps) Vring-prime-mazimal:[valuation K v; prime-ideal (Vr K v) I;
I # {0y, i o}] = mazimal-ideal (Vr K v) I
apply (frule Vir-ring|of v],
frule Ring.prime-ideal-proper[of Vr K v I|, assumption+,
frule Ring.prime-ideal-ideal[of Vr K v I|, assumption+,
frule ideal-pow-vp[of v IJ,
frule n-value-idealTr[of v na (n-val K v (Ig K v I))],
simp, simp, assumption+)

apply (case-tac na (n-val Kv (Ig Kv 1)) =0,
simp, frule Ring.Rxza-one[of Vr K v], simp,
frule Suc-leI[of 0 na (n-val K v (Ig K v I))],
thin-tac 0 < na (n-val K v (Ig K v I)))
apply (case-tac na (n-val K v (Ig K v I)) = Suc 0, simp,
frule Pg-in-Vr[of v])
apply (frule vp-mazimal|of v],
frule Ring.maximal-ideal-ideallof Vi K v vp K v|, assumption+,
subst Ring.idealprod-whole-r[of Vi K v vp K v], assumption+)

apply (rotate-tac —1, drule not-sym,
frule le-neg-implies-less[of Suc 0 na (n-val K v (Ig K v I))],
assumption,
thin-tac Suc 0 < na (n-val K v (Ig K v I)),
thin-tac Suc 0 # na (n-val K v (Ig K v I)),
thin-tac Vi K v $p 1,y i o = carrier (Vr K v))
apply (frule val-Pg[of v], simp, (erule conjE)+,
frule Lv-pos|of v], rotate-tac —2, drule sym)
apply (frule val-poss-mem-Vrlof v Pg K v],
frule vp-mem-val-poss| THEN sym, of v Pg K v], assumption+, simp)
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apply (frule Vr-prime-maximalTr2[of v Pg K v
na (n-val K v (Ig K v I))],
simp add:vp-mem-val-poss[of v Pg K v|, assumption+, erule conjE)
apply (frule Ring.npMulDistrlof Vr K v Pg K v na 1 na (n-val K v (Ig K v I)) —
Suc 0], assumption+, simp add:na-1)

apply (rotate-tac 8, drule sym)
apply (frule Ring.a-in-principallof Vr K v
Pg K p(Vr K w) (na (n-val K v (Ig K v ])))], simp add: Ring.npClose)

apply (simp add: Vr-exp-f-exp|of v])
apply (simp add:Ring.ring-l-one[of Vr K v])
apply (frule n-value-idealTr[THEN sym,
of v na (n-val K v (Ig K v I))], simp)
apply (simp add: Vr-exp-f-exp)
apply (rotate-tac 6, drule sym, simp)
apply (thin-tac I # carrier (Vr K v),
thin-tac I = vp K v O(Vr K v) (na (n-val K v (Ig K v I)))7
thin-tac v (Pg K v) = Lv K v,
thin-tac (Vr K v) $, ((Pg K v) r(Vr K v)
((Pg K U)AK (na ((n-val K v) (Ig K v I)) — (Suc 0)))) _
]7
thin-tac Pg K v € carrier K,
thin-tac Pg K v # 0,
thin-tac Pg K v K (na ((n-val K v) (Ig K v 1)) _
PgK vy o Pg K v K ((na ((n-val K v) (Ig K v I))) — Suc 0))

apply (simp add:prime-ideal-def, erule conjFE,
drule-tac x = Pg K v in bspec, assumption,
drule-tac © = Pg K v K (na (n-val K'v (Ig K v 1)) — Suc 0) iy bspec)
apply (simp add: Vr-exp-f-exp[ THEN sym, of v])
apply (rule Ring.npClose[of Vr K v Pg K v], assumption+)
apply simp
done
From the above lemma (in Corps) , we see that a valuation ring is of
dimension one.
lemma (in Corps) field-frac1:[1, # 0; z € carrier K| = z = z - ((1,)5%)
by (simp add:invf-one,
cut-tac field-is-ring,
simp add:Ring.ring-r-one| THEN sym])

lemma (in Corps) field-frac2:[z € carrier K; © # 0] = z = (1,) - ((zK)K)
by (cut-tac field-is-ring, simp add:field-inv-inv,
simp add: Ring.ring-l-one[ THEN sym))

lemma (in Corps) val-nonpos-inv-pos:[valuation K v; x € carrier K;
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S0 < (wa)] = 0< (v (@)
by (case-tac © = Op, simp add:value-of-zero,
frule Vr-ring|of v],
simp add:aneg-le[of 0 v x],
frule value-of-inv| THEN sym, of v x], assumption+,
frule aless-minus[of v x 0], simp)

lemma (in Corps) frac-Vr-is-K:[valuation K v; © € carrier K] =
Isecarrier (Vr K v). 3tecarrier (Vi K v) — {0}. z = s - (t5)
apply (frule Vr-ring[of v],
frule has-val-one-neg-zero[of v))
apply (case-tac z = O,
frule Ring.ring-onelof Vr K v],
frule field-fracl|of z],
stmp only: Vr-1-f-1, frule Ring.ring-zero[of Vr K ],
stmp add: Vr-0-f-0 Vr-1-f-1, blast)
apply (case-tac 0 < (v z),
frule val-pos-mem-Vr[THEN sym, of v x], assumption—+, simp,
frule field-fracl|[of ], assumption+,
frule has-val-one-neg-zero|of v,
frule Ring.ring-one[of Vr K v|, simp only: Vr-1-f-1, blast)
apply (frule val-nonpos-inv-pos[of v z], assumption+,
cut-tac invf-invlof x], erule conjE,
frule val-poss-mem-Vr|of v :E'K], assumption+)
apply (frule Ring.ring-onelof Vr K v], simp only: Vir-1-f-1,
frule field-frac2|of x|, assumption+)
apply (cut-tac invf-closedl[of ], blast, simp+)
done

lemma (in Corps) valuations-eqTr1:[valuation K v; valuation K v’
VrKv=Vr Kv,Vzecarrier (Vr Kv). vz =v"z] = v =1’
apply (rule funcset-eq [of - carrier K],
simp add:valuation-def, simp add:valuation-def,
rule balll,
frule-tac z = z in frac-Vr-is-K|of v], assumption+,
(erule bexE)+, simp, erule conjE)
apply (frule-tac x = ¢ in Vr-mem-f-mem[of v'], assumption,
cut-tac z = t in invf-closed1, simp, simp, erule conjE)
apply (frule-tac z = s in Vr-mem-f-mem[of v'], assumption+,
stmp add:val-t2p, simp add:value-of-inv)
done

lemma (in Corps) ridmap-rhom:[ valuation K v; valuation K v';
carrier (Vr K v) C carrier (Vr K v')] =
ridmap (Vr K v) € rHom (Vr K v) (Vr K v')
apply (frule Vr-ring[of v], frule Vr-ring|of v,
subst rHom-def, simp, rule conjI)
apply (simp add:aHom-def, rule conjl,
rule Pi-I, simp add:ridmap-def subsetD,
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simp add:ridmap-def restrict-def extensional-def,
(rule balll)+,
frule Ring.ring-is-aglof Vr K v], simp add:aGroup.ag-pOp-closed,
simp add: Vr-pOp-f-pOp subsetD)

apply (rule conjl, (rule balll)+, simp add:ridmap-def,
simp add: Ring.ring-tOp-closed, simp add: Vr-tOp-f-tOp subsetD,
frule Ring.ring-one[of Vr K v|, frule Ring.ring-onelof Vi K v’],
stmp add: Vir-1-f-1, simp add:ridmap-def )

done

lemma (in Corps) contract-ideal:[valuation K v; valuation K v’
carrier (Vr K v) C carrier (Vr K v)] =
ideal (Vr K v) (carrier (Vr K v) N up K v')
apply (frule-tac ridmap-rhom|[of v v'], assumption+,
frule Vr-ring[of v], frule Vi-ring[of v'])
apply (cut-tac TwoRings.i-contract-ideallof Vr K v Vr K v’
ridmap (Vr K v) vp K v],
subgoal-tac (i-contract (ridmap (Vr K v)) (Vr K v) (Vr K v')
(vp K v")) = (carrier (Vr K v) N vp K v'))
apply simp
apply (thin-tac ideal (Vr K v) (i-contract (ridmap (Vr K v))
(Vr Kv) (Vr Kv') (vp Kv')),
stmp add:i-contract-def invim-def ridmap-def, blast)
apply (simp add: TwoRings-def TwoRings-axioms-def, simp)
apply (simp add:vp-ideal)
done

lemma (in Corps) contract-prime:[valuation K v; valuation K v’
carrier (Vr K v) C carrier (Vr K v')] =
prime-ideal (Vr K v) (carrier (Vr K v) N vp K v’)
apply (frule-tac ridmap-rhom|[of v v'], assumption+,
frule Vr-ring|of v],
frule Vr-ringlof v’],
cut-tac TwoRings.i-contract-primelof Vr K v Vr K v’ ridmap (Vr K v)
vp K v'])
apply (subgoal-tac (i-contract (ridmap (Vr K v)) (Vr K v) (Vr K v’)
(vp K v")) = (carrier (Vr K v) N vp K v),
simp,
thin-tac prime-ideal (Vr K v) (i-contract
(ridmap (Vr K v)) (Vr K o) (Vr K v') (vp K v')),
simp add:i-contract-def invim-def ridmap-def, blast)
apply (simp add: TwoRings-def TwoRings-azioms-def, simp)
apply (simp add:vp-prime)
done

lemma (in Corps) valuation-equivTr:[valuation K v; valuation K v’
z € carrier K; 0 < (v" z); carrier (Vr K v) C carrier (Vr K v')]
= 0 < (vax)
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apply (rule contrapos-pp, simp+,
frule val-nonpos-inv-pos[of v x|, assumption—+,
case-tac © = O, simp add:value-of-zero[of v]) apply (
cut-tac invf-closedl [of z], simp, erule conjE,
frule aless-imp-le[of 0 v (z7E)])
apply (simp add:val-pos-mem-Vr[of v m'K],
frule subsetD[of carrier (Vr K v) carrier (Vir K v") 27K],
assumption+,
frule val-pos-mem-Vr[THEN sym, of v’ x'K], assumption—+)
apply (simp, simp add:value-of-inv]of v’ x],
cut-tac ale-minus[of 0 — v’ z], thin-tac 0 < — v’ z,
stmp only:a-minus-minus,
cut-tac aneg-less] THEN sym, of v’ z — 0], simp,
assumption, simp)
done

lemma (in Corps) contract-mazimal:[valuation K v; valuation K v’
carrier (Vr K v) C carrier (Vr K v')] =
mazimal-ideal (Vir K v) (carrier (Vr K v) N vp K v’)
apply (frule Vr-ring[of v],
frule Vr-ringlof v,
rule Vring-prime-mazimal, assumption+,
simp add: contract-prime)
apply (frule vp-nonzero[of v’],
frule vp-ideal[of v,
frule Ring.ideal-zerolof Vir K v’ vp K v'], assumption+,
frule sets-not-eqof vp K v’ {O(Vr K v’)}]’
stmp add: singleton-sublof Oy K o) Corrier (Vr K 0],
erule bexE, simp add: Vr-0-f-0)

apply (case-tac a € carrier (Vr K v), blast,
frule-tac £ = a in vp-mem-Vr-mem|of v'], assumption+,
frule-tac © = a in Vr-mem-f-mem[of v'], assumption+,
subgoal-tac a € carrier (Vr K v), blast,
frule-tac 1 = a in val-pos-mem-Vr|THEN sym, of v], assumption+,
simp, frule val-nonpos-inv-pos|of v|, assumption+)
apply (frule-tac y = v (a'K) in aless-imp-le[of 0],
cut-tac x = a in invyf-closed1, simp,
frule-tac x = a ¥ in val-poss-mem-Vr|of v], simp, assumption+)
apply (frule-tac ¢ = ¥ in subsetD[of carrier (Vr K v)
carrier (Vr K v')], assumption+) apply (
frule-tac = a”¥ in val-pos-mem- Vr[of v,
simp, simp only:value-of-inv[of v'], simp,
stmp add:value-of-invjof v'])

apply (frule-tac y = — v’ a in ale-minus|of 0], simp add:a-minus-minus,
frule-tac © = a in vp-mem-val-poss[of v'], assumption+,
simp)
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done

2.6 Equivalent valuations

definition
v-equiv :: [- , 'r = ant, 'r = ant] = bool where
v-equiv K vl v2 <— n-val K v1 = n-val K v2

lemma (in Corps) valuation-equivTrl:[valuation K v; valuation K v’
Vazecarrier K. 0 < (vz) — 0 < (v 2)] =
carrier (Vr K v) C carrier (Vr K v')
apply (frule Vr-ring[of v],
frule Vr-ringlof v)
apply (rule subsetl,
case-tac x = Of, simp, simp add: Vr-def Sr-def,
frule-tac 1 = z in val-pos-mem-Vr[THEN sym, of v],
frule-tac © = x in Vr-mem-f-mem|of v],
simp, frule-tac © = x in Vr-mem-f-mem/[of v|, assumption+)
apply (drule-tac x = z in bspec, simp add: Vr-mem-f-mem,)
apply simp
apply (subst val-pos-mem-Vr[THEN sym, of v'], assumption+,
stmp add: Vr-mem-f-mem, assumption+)
done

lemma (in Corps) valuation-equivTr2:[valuation K v; valuation K v’
carrier (Vr K v) C carrier (Vr K v'); vp K v = carrier (Vr K v) N vp K v’
= carrier (Vr K v’) C carrier (Vr K v)

apply (frule Vr-ring[of v], frule Vr-ring[of v'])

apply (rule subsetl)

apply (case-tac x = O(Vr K ') stmp,

subst Vr-0-f-0[of v'], assumption+,
subst Vr-0-f-0[of v, THEN sym], assumption,
simp add: Ring.ring-zero)

apply (rule contrapos-pp, simp+)

apply (frule-tac x = z in Vr-mem-f-mem|of v'], assumption+)

apply (simp add:val-pos-mem-Vr[THEN sym, of v])

apply (cut-tac y = v z in aneg-le[of 0], simp)

apply (simp add: Vr-0-f-0[of v'])

apply (frule-tac z = v z in aless-minus|of - 0], simp,

thin-tac vz < 0, thin-tac = 0 < v 1)

apply (simp add:value-of-inv[ THEN sym, of v])

apply (cut-tac © = z in invf-closed!, simp, simp, erule conjE)

apply (frule-tac z1 = 7K in vp-mem-val-poss| THEN sym, of v],

assumption, simp, erule conjE)

apply (frule vp-ideal [of v)

apply (frule-tac = = K and r=zin Ring.ideal-ring-multiple[of Vr K v’

vp K v'], assumption+)
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apply (frule-tac = = K in vp-mem-Vr-mem[of v'], assumption+)

apply (frule-tac x = z and y = K in Ring.ring-tOp-commute|of Vi K v'],
assumption+, simp,
thin-tac x -y g0 T 0 = 27 K Ve K v )

apply (simp add: Vr-tOp-f-tOp)

apply (cut-tac © = z in linvf, simp, simp)

apply (cut-tac field-is-ring, frule Ring.ring-one[of K))

apply (frule ideal-inc-elemOval-whole[of v’ 1, vp K v],
assumption+, simp add:value-of-one, assumption+)

apply (frule vp-not-whole[of v'], simp)

done

lemma (in Corps) eq-carr-eq-Vring: [valuation K v; valuation K v’
carrier (Vr K v) = carrier (Vr Kv')] = VrKv= Vr Kv’

apply (simp add: Vr-def Sr-def)

done

lemma (in Corps) valuations-equiv:[valuation K v; valuation K v’
Vazecarrier K. 0 < (vz) — 0 < (v' 2)] = v-equiv K v v’

apply (frule Vr-ring|of v], frule Vr-ring|of v'])
apply (frule valuation-equivTr1 [of v v'], assumption+)
apply (frule contract-mazimal [of v v’], assumption+)

apply (frule Vr-locallof v (carrier (Vr K v) N vp K v')],
assumption+)

apply (frule valuation-equivTr2[of v v'], assumption+,
frule equalityI[of carrier (Vi K v) carrier (Vr K v")],
assumption,
carrier (Vr K v’)

thin-tac carrier (Vr K v) ,
carrier (Vr K v))

-
thin-tac carrier (Vr K v’) C
apply (frule vp-ideal[of v'],

frule Ring.ideal-subsetl[of Vi K v’ vp K v'], assumption,

simp add:Int-absorbl,

thin-tac ¥ z€carrier K. 0 < vz — 0 < v’ z,

thin-tac vp K v' C carrier (Vr K v’),

thin-tac ideal (Vr K v’) (vp K v'),

thin-tac maximal-ideal (Vi K v) (vp K v'))

apply (simp add:v-equiv-def,
rule valuations-eqTrl[of n-val K v n-val K v’],
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(simp add:n-val-valuation)+,
rule eq-carr-eq-Vring[of n-val K v n-val K v’],
(simp add:n-val-valuation)+,
subst Vr-n-val-Vr[THEN sym, of v], assumption+,
subst Vr-n-val-Vr[THEN sym, of v'], assumption+)
apply (rule balll,
frule n-val-valuation[of v],
frule n-val-valuation[of v’],
frule-tac 1 = z in val-pos-mem-Vr[THEN sym, of n-val K v],
simp add: Vr-mem-f-mem, simp,
frule Vr-n-val-Vr[THEN sym, of v], simp,
thin-tac carrier (Vir K (n-val K v)) = carrier (Vr K v’),
frule-tac 1 = z in val-pos-mem-Vr|THEN sym, of v],
simp add: Vr-mem-f-mem,
simp,
frule-tac © = z in val-pos-n-val-pos|of v'],
simp add: Vr-mem-f-mem, simp,
frule-tac © = z in ideal-apow-n-val[of v],
simp add: Vr-n-val-Vr[THEN sym, of v], simp)
apply (frule eq-carr-eq-Vringlof v v'], assumption+,
frule-tac © = z in ideal-apow-n-vallof v'], assumption,
stmp add: Vr-n-val-Vr[THEN sym, of v],
thin-tac Vr K v’ $, x = vp K v’ (Vr K v') (n-val K v x),
frule-tac n = n-val K v/ x and m = n-val K v z in
Vir-potent-eqlof v], assumption+,
frule sym, assumption+)
done

lemma (in Corps) val-equiv-aziom! :valuation K v = v-equiv K v v
apply (simp add:v-equiv-def)
done

lemma (in Corps) val-equiv-aziom?2:[ valuation K v; valuation K v’
v-equiv K v v'] = v-equiv K v’ v

apply (simp add:v-equiv-def)

done

lemma (in Corps) val-equiv-aziom3:[ valuation K v; valuation K v’
valuation K v'; v-equiv K v v'; v-equiv K v' v'] = v-equiv K v v"’
apply (simp add:v-equiv-def)

done

lemma (in Corps) n-val-equiv-val:[ valuation K v] =
v-equiv K v (n-val K v)
apply (frule valuations-equiv[of v n-val K v], simp add:n-val-valuation)
apply (rule balll, rule impl, simp add:val-pos-n-val-pos,
assumption)
done
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2.7 Prime divisors

definition
prime-divisor :: [-, 'b = ant] =
('b = ant) set ((2P - .) [96,97]96) where
Py, = {v'" valuation K v’ A v-equiv K v v’}

definition
prime-divisors :: - = ('b = ant) set set (Pds1 96) where
Pdsyg = {P. 3v. valuation Kv AP =P g, }

definition
normal-valuation-belonging-to-prime-divisor ::
[-, (b= ant) set] = ('b = ant) ((v--) [96,97]96) where
vg p=nwal K (SOME v. v € P)

lemma (in Corps) val-in-P-valuation:[valuation K v; v’ € Pg | =
valuation K v’

apply (simp add:prime-divisor-def)

done

lemma (in Corps) vals-in-P-equiv:| valuation K v; v’ € P ] =
v-equiv K v v’

apply (simp add:prime-divisor-def)

done

lemma (in Corps) v-in-prime-v:valuation K v = v € Py ,,
apply (simp add:prime-divisor-def,

frule val-equiv-aziom1|of v], assumption+)
done

lemma (in Corps) some-in-prime-divisor:valuation K v =
(SOME w. w € Py ) € Pk,
apply (subgoal-tac P g ,, # {},
rule nonempty-somelof P g ,], assumption+,
frule v-in-prime-v[of v])
apply blast
done

lemma (in Corps) valuation-some-in-prime-divisor:valuation K v
= wvaluation K (SOME w. w € Pg )
apply (frule some-in-prime-divisor|of v],
simp add:prime-divisor-def)
done

lemma (in Corps) valuation-some-in-prime-divisorl:P € Pds =
valuation K (SOME w. w € P)

apply (simp add:prime-divisors-def, erule ezE)

apply (simp add:valuation-some-in-prime-divisor)
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done

lemma (in Corps) representative-of-pd-valuation:
P € Pds = wvaluation K (v p)
apply (simp add:prime-divisors-def,
erule exE, erule conjE,
simp add:normal-valuation-belonging-to-prime-divisor-def,
frule-tac v = v in valuation-some-in-prime-divisor)

apply (rule n-val-valuation, assumption+)
done

lemma (in Corps) some-in-P-equiv:valuation K v =
v-equiv K v (SOME w. w € Py ,)

apply (frule some-in-prime-divisor|of v))

apply (rule vals-in-P-equiv, assumption+)

done

lemma (in Corps) n-val-n-vall:P € Pds = n-val K (vg p) = (Vi p)
apply (simp add: normal-valuation-belonging-to-prime-divisor-def
frule valuation-some-in-prime-divisor1 [of P])
apply (rule n-val-n-val[of SOME v. v € P], assumption+)
done

lemma (in Corps) P-eg-val-equiv:[valuation K v; valuation K v'] =
(v-equiv K vv') = (Pg = Py /)
apply (rule iffI,
rule equalityl,
rule subsetl, simp add:prime-divisor-def, erule conjE,
frule val-equiv-axiom2|[of v v'], assumption+,
rule val-equiv-axiom3[of v’ v], assumption+,
rule subsetl, simp add:prime-divisor-def, erule conjE)
apply (rule val-equiv-aziom3[of v v'], assumption+,
frule v-in-prime-v[of v|, simp,
thin-tac Py, = Py 1,
simp add:prime-divisor-def,
rule val-equiv-axiom2|[of v’ v], assumption+)
done

lemma (in Corps) unique-n-valuation:[ P € Pdsy; P’ € Pds] =
(P=P)= (VKP:VKP’)
apply (rule iffT, simp)
apply (simp add:prime-divisors-def,
(erule exE)+, (erule conjE)+)
apply (simp add:normal-valuation-belonging-to-prime-divisor-def
frule-tac v = v in some-in-P-equiv,
frule-tac v = va in some-in-P-equiv,
subgoal-tac v-equiv K (SOME w. w € Pg ) (SOME w. w € Pg 4))
apply (frule-tac v = v in some-in-prime-divisor,
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frule-tac v = va in some-in-prime-divisor,
frule-tac v = v and v/ = SOME w. w € P, and v"' =
SOME w. w € P, in val-equiv-aziom3)
apply (simp add:prime-divisor-def,
simp add:prime-divisor-def, assumption+,
frule-tac v = va and v' = SOME w. w € Pk ,, in
val-equiv-axiom?2,
stmp add:prime-divisor-def, assumption+)
apply (frule-tac v = v and v' = SOME w. w € Pk ,, and v"' = va in
val-equiv-axioms3,
simp add:prime-divisor-def,
simp add:prime-divisor-def , assumption+,
frule-tac v = v and v’ = va in P-eq-val-equiv, assumption+)
apply simp
apply (simp add:v-equiv-def)
done

lemma (in Corps) n-val-representative:P € Pds = (v p) € P
apply (simp add:prime-divisors-def,

erule exE, erule conjF,

simp add:normal-valuation-belonging-to-prime-divisor-def,

frule-tac v = v in valuation-some-in-prime-divisor,

frule-tac v = SOME w. w € Pg ,, in

n-val-equiv-val,

frule-tac v = v in some-in-P-equiv,

frule-tac v = v and v/ = SOME w. w € P g, and v" =

n-val K (SOME w. w € Py ,) in val-equiv-azioms,

assumption,

frule-tac v = v in n-val-valuation,

stmp add:prime-divisor-def, simp add:n-val-valuation)
done

lemma (in Corps) val-equiv-eq-pdiv:[ P € Pdsy; P'e Pds; valuation K v;
valuation K v'; v-equiv K vv’; v e Py;v' € P'] = P =P’
apply (simp add:prime-divisors-def,
(erule exE)+, (erule conjE)+)
apply (rename-tac w w’,
frule-tac v = w in wvals-in-P-equiv|of - v], simp,
frule-tac v = w' in vals-in-P-equiv[of - v'], simp,
frule-tac v = w and v/ = v and v” = v’ in val-equiv-aziom3,
assumption+,
frule-tac v = w’ in val-equiv-aziom2[of - v'], assumption+,
frule-tac v = w and v/ = v’ and v" = w’ in val-equiv-axioms3,
assumption+) apply simp+
apply (simp add: P-eq-val-equiv)
done

lemma (in Corps) distinct-p-divisors:[ P € Pdsg; P’ € Pdsg] =
(«P=P)= (= vequiv K (vg p) (vjg p7)
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apply (rule iffI,
rule contrapos-pp, simp+,
frule val-equiv-eq-pdivjof P P' v p vy pi], assumption+,
simp add: representative-of-pd-valuation,
simp add: representative-of-pd-valuation, assumption)
apply (rule n-val-representativeof P, assumption,
rule n-val-representative[of P’], assumption,
stmp,
rule contrapos-pp, simp+, frule sym, thin-tac P = P’,
simp,
frule representative-of-pd-valuation|of P],
frule val-equiv-aziom1[of vy p|, simp)
done

2.8 Approximation

definition
valuations :: [- , nat, nat = ('r = ant)] = bool where
valuations K n vw +— (Vj < n. valuation K (vv 7))

definition
vals-nonequiv :: [-, nat, nat = ('r = ant)] = bool where
vals-nonequiv K n vv <— valuations K n vv A
(Vi<n. Vi< n.j#1— = (v-equiv K (vv j) (vvl)))

definition
Ostrowski-elem :: [-, nat, nat = ('b = ant), 'b] = bool where
Ostrowski-elem K n vv © <—
(0 < (w0 (I, £r (—ag ) N (Vjenset (Suc 0) n. 0 < (v j x))

lemma (in Corps) Ostrowski-elem-0:[vals-nonequiv K n vv; x € carrier K;
Ostrowski-elem K n v 2] = 0 < (v 0 (1, £ (—, 2)))

apply (simp add: Ostrowski-elem-def)

done

lemma (in Corps) Ostrowski-elem-Suc:[vals-nonequiv K n vv; x € carrier K;
Ostrowski-elem K n vo x; j € nset (Suc 0) n] = 0 < (v j x)

apply (simp add: Ostrowski-elem-def)

done

lemma (in Corps) vals-nonequiv-valuation:[vals-nonequiv K n vv; m < n] =
valuation K (vv m)

apply (simp add:vals-nonequiv-def, erule conjE)

apply (thin-tac Vj<n. VI< n. j # 1 — = v-equiv K (vv j) (vv 1))

apply (simp add:valuations-def)

done
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lemma (in Corps) vals-nonequiv:[ vals-nonequiv K (Suc (Suc n)) vv;
i < (Suc (Suc n)); j < (Suc (Suc n)); i #j] =
= (v-equiv K (vv ©) (vv 7))
apply (simp add:vals-nonequiv-def)
done

lemma (in Corps) skip-vals-nonequiv:vals-nonequiv K (Suc (Suc n)) vv =
vals-nonequiv K (Suc n) (compose {I. I < (Suc n)} vv (skip 7))
apply (subst vals-nonequiv-def)
apply (rule congl)
apply (subst valuations-def, rule alll, rule impl,
stmp add:compose-def)
apply (cut-tac | = ja and n = Suc n in skip-mem[of - - j], simp,
frule-tac m = skip j ja in vals-nonequiv-valuation|of
Suc (Suc n) vv], simp, assumption)
apply ((rule alll, rule impI)+, rule impl,
cut-tac I = ja and n = Suc n in skip-memlof - - j], simp,
cut-tac I = I and n = Suc n in skip-mem|of - - j], simp+)
apply (cut-tac i = ja and j = [ in skip-inj[of - Suc n - j], simp+,
simp add:compose-def,
rule-tac © = skip j jo and j = skip j | in
vals-nonequiv|of n|, assumption+)
done

lemma (in Corps) not-v-equiv-reflex:[valuation K v; valuation K v’;
= v-equiv K v 0] = = v-equiv K v’ v

apply (simp add:v-equiv-def)

done

lemma (in Corps) nonequiv-ex-Ostrowski-elem:[valuation K v; valuation K v’
- v-equiv K v v'] = Jz€carrier K. 0 < (vz) A (v z) < 0
apply (subgoal-tac —~ (Vz€carrier K. 0 < (vz) — 0 < (v’ z)))
prefer 2
apply (rule contrapos-pp, simp+,
frule valuations-equiv|of v v'], assumption+,
simp add:val-equiv-aziom2[of v v))
apply (simp, erule bezE, erule conjE, simp add:aneg-le)
apply blast
done

lemma (in Corps) field-op-minus:[a € carrier K; b € carrier K; b # 0] =
—a (@ (b_K)) =(—a @) (b-K)
apply (cut-tac invf-closedl[of b, simp,
erule conjE, cut-tac field-is-ring,
simp add: Ring.ring-invl [of K a b'K], simp)
done

lemma (in Corps) field-one-plus-fracl:[a € carrier K; b € carrier K; b # 0]
= 1, + (a- (0E) = (b +a) -, (bK)
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apply (cut-tac field-is-ring,
cul-tac invf-closedl[of b], simp+, erule conjE,
cul-tac field-is-idom)

apply (rule Idomain.idom-mult-cancel-rjof K 1, + (a - (675))
(b+ a) - (65 b, assumption+,
frule Idomain.idom-is-ring[of K|, frule Ring.ring-is-ag[of K],
rule aGroup.ag-pOp-closed [of K], assumption+,
simp add: Ring.ring-one,rule Ring.ring-tOp-closed, assumption+,
rule Ring.ring-tOp-closed, assumption+,
frule Ring.ring-is-ag|of K],
rule aGroup.ag-pOp-closed, assumption+,
subst Ring.ring-distrib2[of K b], assumption+,
simp add: Ring.ring-one, simp add: Ring.ring-tOp-closed,
simp add: Ring.ring-l-one) thm Ring.ring-distrib2[of K b'K]

apply (subst Ring.ring-distrib2[of K b'K}, assumption+,
simp add: Ring.ring-tOp-commutel[of K b b'K],
subst linvf[of b], simp,
subst Ring.ring-distrib2[of K b], assumption+,
simp add: Ring.ring-one, simp add: Ring.ring-tOp-closed,
simp add: Ring.ring-l-one, simp)

done

lemma (in Corps) field-one-plus-frac2:[a € carrier K; b € carrier K;
a+ b# 0]] = 1r + (_a (a r (a'i b)_K)) =b r ((a'i b)_K)
apply (frule field-op-minus[of a a £+ b],
cut-tac field-is-ring, frule Ring.ring-is-ag[of K],
simp add:aGroup.ag-pOp-closed, assumption, simp,
thin-tac —q (a - (a £ b) £) = (=4 a) - (a £ b) K)
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
frule aGroup.ag-mOp-closed|of K a], assumption,
frule field-one-plus-fracl[of —, a a £ b],
simp add:aGroup.ag-pOp-closed, simp, simp,
thin-tac 1, + (—g a) » (a £ by K =(a £ b+ —4 a) - (a + b) K,
simp add:aGroup.ag-pOp-assoc[of K a b —, al,
simp add:aGroup.ag-pOp-commute[of K b —, al,
simp add:aGroup.ag-pOp-assoc[ THEN sym)],
simp add:aGroup.ag-r-invl ,
stmp add:aGroup.ag-l-zero)
done

lemma (in Corps) field-one-plus-frac3:[z € carrier K; x # 1.;

I, tz (I, —2)#0] =

Iyt =gz (I tz (1, £ —a) K=

(Zr + —a {EAK (Suc (Suc 0))) o (Zr + =z . (-ZT + - ..'L’))_ K

apply (cut-tac field-is-ring, frule Ring.ring-is-ag, frule Ring.ring-one,

cut-tac invf-closedlof 1, + x - (1, £ —4 2)], simp, erule conjE)
apply (subst Ring.ring-invl-1, assumption+,

subst field-one-plus-fracl|of —q © 1, £ z - (1, £ —4 2)])
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apply (rule aGroup.ag-mOp-closed, assumption+,
rule aGroup.ag-pOp-closed, assumption+,
rule Ring.ring-tOp-closed, assumption+)
apply (rule aGroup.ag-pOp-closed, assumption—+, rule aGroup.ag-mOp-closed,
assumption,
subst Ring.ring-distribl, assumption+,
rule aGroup.ag-mOp-closed, assumption+)
apply (simp add:Ring.ring-r-one)
apply (simp add:Ring.ring-invl-2[THEN sym, of K z x])
apply (subgoal-tac 1, £ (x £ —g 2z ) £ —g 2z =1, £ —4 2K (Suc (Suc 0)),
simp,
frule Ring.ring-tOp-closed|of K x z], assumption+)

apply (frule Ring.ring-tOp-closed|[of K z x|, assumption+,
frule aGroup.ag-mOp-closed|of K x - z], assumption+,
frule aGroup.ag-mOp-closed|of K x|, assumption+)
apply (subst aGroup.ag-pOp-assoc, assumption+,
rule aGroup.ag-pOp-closed, assumption+)
apply (rule aGroup.ag-pOp-add-llof Kz + —g . x £ —g T
oK (Suc (Suc 0)) 1.], assumption+,
(rule aGroup.ag-pOp-closed, assumption+)+,
rule aGroup.ag-mOp-closed, assumption+, rule Ring.npClose,
assumption,
subst aGroup.ag-pOp-commute, assumption+,
simp add:aGroup.ag-pOp-assoc aGroup.ag-r-invl aGroup.ag-r-zero)
apply (simp add:Ring.ring-l-one)
apply simp
apply (rule aGroup.ag-pOp-closed, assumption+,
rule Ring.ring-tOp-closed, assumption+,
rule aGroup.ag-pOp-closed, assumption+,
rule aGroup.ag-mOp-closed|of K x|, assumption+)

done

lemma (in Corps) OstrowskiTr!1:[ valuation K v; s € carrier K; t € carrier K;
0<(vshvt<0] = s£t#0

apply (rule contrapos-pp, simp+,
cut-tac field-is-ring, frule Ring.ring-is-aglof K],
simp only:aGroup.ag-plus-zero[ THEN sym, of K s t])

apply (simp add:val-minus-eqof v t))

done

lemma (in Corps) OstrowskiTr2:[valuation K v; s € carrier K; t € carrier K;
0<(vs)vt<0] = 0<(v(lr+ (= ((t ((s£ )T
apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K],
frule OstrowskiTr1[of v s t], assumption+,
frule field-one-plus-frac2[of t s], assumption+,
stmp add:aGroup.ag-pOp-commute)
apply (subst aGroup.ag-pOp-commute[of K s t], assumption+, simp,
simp add:aGroup.ag-pOp-commute[of K t |,
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thin-tac 1, + —q (t o (s £ t) ) =5 (s £ t) K,
frule aGroup.ag-pOp-closed|of K s t], assumption+,
cut-tac invf-closedl [of s £ t], simp, erule conjE)
apply (simp add:val-t2p,
simp add:value-of-inv,
frule aless-le-trans[of v t 0 v s|, assumption+,
frule value-less-eq| THEN sym, of v t s|, assumption+,
simp add:aGroup.ag-pOp-commute,
frule aless-diff-poss[of v t v 5], simp add:diff-ant-def, simp)
done

lemma (in Corps) OstrowskiTr3:[valuation K v; s € carrier K; t € carrier K;

0<(t)vs<0] = 0< (vt (s+t)y)
apply (frule aless-le-trans[of v s 0 v t], assumption+,

cut-tac field-is-ring, frule Ring.ring-is-ag[of K],

frule aGroup.ag-pOp-closed|of K s t]|, assumption+,

frule OstrowskiTr1[of v t s], assumption+,

frule value-less-eq[ THEN sym, of v s t|, assumption+)
apply (simp add:aGroup.ag-pOp-commute[of K t s],

cut-tac invf-closedl[of s £ t], simp) apply (

erule conjE, simp add:val-t2p[of v], simp add:value-of-inv)

apply (cut-tac aless-diff-poss[of v s v t],

simp add:diff-ant-def, simp+)

done

lemma (in Corps) restrict-Ostrowski-elem:[ x € carrier K;
Ostrowski-elem K (Suc (Suc n)) v z] = Ostrowski-elem K (Suc n) v
apply (simp add: Ostrowski-elem-def
erule conjE, rule balll, simp add:nset-def,
insert lessl [of Suc n])
done

lemma (in Corps) restrict-vals-nonequiv:vals-nonequiv K (Suc (Suc n)) vo =
vals-nonequiv K (Suc n) vv
apply (simp add:vals-nonequiv-def,
erule conjE, simp add:valuations-def)
done

lemma (in Corps) restrict-vals-nonequivl :vals-nonequiv K (Suc (Suc n)) vv =
vals-nonequiv K (Suc n) (compose {h. h < (Suc n)} vv (skip 1))
apply (simp add:vals-nonequiv-def, (erule conjE)+,
rule conjl,
thin-tac ¥V j<Suc (Suc n). VI<Suc (Suc n). j # 1| —
= v-equiv K (vv j) (vo 1),
simp add:valuations-def, rule alll, rule impl,
simp add:compose-def skip-def nset-def)
apply ((rule alll, rule impI)+, rule impl)
apply (simp add:compose-def skip-def nset-def)
done
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lemma (in Corps) restrict-vals-nonequiv2:[vals-nonequiv K (Suc (Suc n)) vv]
= vals-nonequiv K (Suc n) (compose {j. j < (Suc n)} vv (skip 2))
apply (simp add:vals-nonequiv-def, (erule conjE)+,
rule conjl,
thin-tac ¥ j<Suc (Suc n). VI<Suc (Suc n). j # 1 —
= v-equiv K (vv §) (vv 1),
simp add:valuations-def,
rule alll, rule impl)
apply (simp add:compose-def skip-def nset-def,
(rule olll, rule impl)+, rule impl,
stmp add:compose-def skip-def nset-def)
done

lemma (in Corps) OstrowskiTr31:[valuation K v; s € carrier K;
0<(w(l, £ (—438)])=3s#0

apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K])

apply (rule contrapos-pp, simp+)

apply (simp add:aGroup.ag-inv-zero,
frule Ring.ring-one[of K|, simp add:aGroup.ag-r-zero)

apply (simp add:value-of-one)

done

lemma (in Corps) OstrowskiTr32:[valuation K v; s € carrier K;
0<(w({, (e s)))]=0<(vs)

apply (rule contrapos-pp, simp+,
cut-tac field-is-ring, frule Ring.ring-is-ag[of K],
simp add:aneg-le,
frule has-val-one-neg-zero|of v])

apply (frule OstrowskiTr31[of v s], assumption+,
frule not-sym,
frule Ring.ring-one[of K])

apply (frule value-less-eq THEN sym, of v —q s 1],
simp add:aGroup.ag-mOp-closed, assumption+,
stmp add:val-minus-eq)

apply (simp add:value-of-one,
frule aGroup.ag-mOp-closed|of K s|, assumption+,
simp add:aGroup.ag-pOp-commute[of K —q s 1],
stmp add:val-minus-eq)

done

lemma (in Corps) OstrowskiTr4:[[valuation K v; s € carrier K; t € carrier K;
0<% (=a9));0<(v(l,=£(-at))] =
0 < (v (I, i(a( r 1))
apply (cut-tac field-is-ring, frule Ring.ring-is- ag[ of K],
frule Ring.ring-one[of K))
apply (subgoal- tac 1, + (=4 (s 1) =
+(—as) £ ( ( + (= 1)), simp,
thin-tac 1, :I:— (s t)=1 as:l:sr(IT:I:—at))
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apply (frule aGroup.ag-mOp-closed|[of K s, assumption+,
frule aGroup.ag-pOp-closed|of K 1, —, s|, assumption+,
frule aGroup.ag-mOp-closed|of K t], assumption+,
frule aGroup.ag-pOp-closed[of K 1, —, t], assumption+,
frule Ring.ring-tOp-closed[of K s 1, + (—4 t)], assumption+,
frule amin-le-plus[of v 1, £ (—4 8) 8 ++ (1, £ (=4 t))], assumption+)
apply (frule amin-gtlof O v (1, £ —g s) v (s - (I, £ —4 1))])
apply (simp add:val-t2p,
frule OstrowskiTr32[of v s|, assumption+,
rule aadd-pos-poss[of v s v (1, £ —4 t)], assumption+,
stmp add: Ring.ring-distrib1)
apply (frule aGroup.ag-mOp-closed|[of K t|, assumption,
simp add: Ring.ring-distribl Ring.ring-r-one,
frule aGroup.ag-mOp-closed|of K s|, assumption+,
subst aGroup.pOp-assocTrls, assumption+,
simp add: Ring.ring-tOp-closed,
simp add:aGroup.ag-l-invl aGroup.ag-r-zero,
stmp add: Ring.ring-inv1-2)
done

lemma (in Corps) OstrowskiTr5:[ vals-nonequiv K (Suc (Suc n)) vv;
s € carrier K; t € carrier K;
0 < (v (Suc 0)) s A 0 < (vv (Suc (Suc 0))) t;
Ostrowski-elem K (Suc n) (compose {j. 7 < (Suc n)} v (skip 1)) s;
Ostrowski-elem K (Suc n) (compose {j. j < (Suc n)} v (skip 2)) t] =
Ostrowski-elem K (Suc (Suc n)) vv (s - t)
apply (erule conjE,
cut-tac field-is-ring, frule Ring.ring-is-ag|of K],
frule-tac © = s and y = ¢ in Ring.ring-tOp-closed|of K|, assumption+,
frule skip-vals-nonequiv[of n vv 1],
frule skip-vals-nonequiv[of n vv 2],
subst Ostrowski-elem-def, rule conjI)

apply (rule OstrowskiTr4,

simp add:vals-nonequiv-valuation[of Suc (Suc n) vv 0],
assumption+,
frule Ostrowski-elem-0[of Suc n

compose {j. 7 < (Suc n)} vv (skip 1) s|, assumption+,
simp add:skip-def compose-def,
frule Ostrowski-elem-0]of Suc n

compose {j. 7 < (Suc n)} vv (skip 2) t], assumption+,
simp add:skip-def compose-def)

apply (rule balll,
case-tac j = Suc 0,
frule-tac j = Suc 0 in Ostrowski-elem-Suc[of Suc n
compose {j. 7 < (Suc n)} vv (skip 2) t], assumption+,
simp add:nset-def) apply (
thin-tac Ostrowski-elem K (Suc n) (compose {j. j < Suc n} vv (skip 1)) s,
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thin-tac Ostrowski-elem K (Suc n) (compose {j. j < Suc n} vv (skip 2)) t,
thin-tac vals-nonequiv K (Suc n) (compose {l. I < Suc n} vv (skip 1)),
frule vals-nonequiv-valuation[of Suc n
compose {j. 7 < (Suc n)} vv (skip 2) Suc 0])
apply simp+
apply (simp add:skip-def compose-def,
stmp add:val-t2p, simp add:aadd-pos-poss)

apply (case-tac j = Suc (Suc 0),
frule vals-nonequiv-valuation]of Suc n
compose {j. 7 < Suc n} vv (skip 1) Suc 0],
simp,
frule-tac j = Suc 0 in Ostrowski-elem-Suc[of Suc n
compose {j. 7 < (Suc n)} vv (skip 1) ],
assumption+, simp add:nset-def,
simp add:skip-def compose-def,
stmp add:val-t2p, rule aadd-poss-pos, assumption+)
apply (frule-tac j = j in nsetTr1[of - Suc 0 Suc (Suc n)], assumption,
frule-tac j = j in nsetTr2[of - Suc 0 Suc n,
thin-tac j € nset (Suc (Suc 0)) (Suc (Suc n)),
frule-tac j = j — Suc 0 in Ostrowski-elem-Suc|of Suc n
compose {j. j < (Suc n)} vv (skip 1) s|, assumption+)

apply (frule-tac j = j — Suc 0 in Ostrowski-elem-Suc[of Suc n

compose {j. 7 < (Suc n)} vv (skip 2) t], assumption+,
thin-tac Ostrowski-elem K (Suc n) (compose {j. j < (Suc n)} vv (skip 1)) s,
thin-tac Ostrowski-elem K (Suc n) (compose {j. j < (Suc n)} vv (skip 2)) t
thin-tac vals-nonequiv K (Suc n) (compose {j. j < (Suc n)} vv (skip 1)),
thin-tac vals-nonequiv K (Suc n) (compose {j. j < (Suc n)} vv (skip 2)))

7

apply (simp add:compose-def skip-def nset-def,
(erule conjE)+, simp, subgoal-tac = (j — Suc 0 < Suc 0), simp)
apply (frule-tac m = j in vals-nonequiv-valuation[of Suc (Suc n)],
assumption+,
stmp add:val-t2p,
rule-tac x = vv j s and y = vv j t in aadd-pos-poss,
simp add:aless-imp-le, assumption)
apply simp
done

lemma (in Corps) one-plus-z-nonzero:[valuation K v; x € carrier K; vz < 0]
= I, tz€carrier K ANv (1, £z) <0
apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K],
frule Ring.ring-one[of K],
frule aGroup.ag-pOp-closed|of K 1, x|, assumption+,
simp)
apply (frule value-less-eqof v x 1], assumption+,
stmp add:value-of-one, simp add:aGroup.ag-pOp-commute)
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done

lemma (in Corps) wal-neg-nonzero:[valuation K v; x € carrier K; vz < 0] =
x#0
apply (rule contrapos-pp, simp+, simp add:value-of-zero)
apply (frule aless-imp-le[of oo 0],
cut-tac inf-ge-anylof 0],
frule ale-antisym[of 0 o0], assumption+, simp)
done

lemma (in Corps) OstrowskiTr6:[valuation K v; © € carrier K; -~ 0 < (v z)] =
(I, 2z (I, £ —4 2)) € carrier K — {0}
apply (simp add:aneg-le,
cut-tac field-is-ring, frule Ring.ring-is-ag|of K],
frule aGroup.ag-mOp-closed|of K x|, assumption+,
frule one-plus-z-nonzerolof v —, x|, assumption+,
simp add:val-minus-eq, erule conjE)

apply (rule conjl,
rule aGroup.ag-pOp-closed|of K|, assumption+,
simp add: Ring.ring-one, rule Ring.ring-tOp-closed|of K], assumption+)

apply (frule val-t2p[of v x 1, £ (=4 )], assumption+,
frule val-neg-nonzero[of v x|, assumption+,
frule val-nonzero-z[of v z], assumption+, erule exE,
frule-tac z = z in aadd-less-mono-z[of v (1, + (—, x)) 0],
simp add:aadd-0-1,
stmp only:aadd-commute[of v (1, £ —, )],
frule-tac x = ant z + v (1, £ —, z) and y =ant z in
aless-trans|of - - 0], assumption,
drule sym, simp)

apply (frule-tac z = z and y = 1, + —, z in Ring.ring-tOp-closed[of K],
assumption,
frule one-plus-z-nonzerolof v z - (1, + (=4 z))],
assumption—+, erule conjF,
rule val-neg-nonzerolof v], assumption+)
done

lemma (in Corps) OstrowskiTr7:[valuation K v; x € carrier K; = 0 < (vz)] =
1, £ —, (17 r ((17” Tz (17" + — x))_K)) =
(Ip+ —qzdtz0 (Ip®t—02) 5 (1, £z (1, £ —4 2))K)
apply (cut-tac field-is-ring,
frule OstrowskiTr6[of v x], assumption+, simp, erule conjE,
cut-tac field-is-idom,
cut-tac invf-closedl[of 1, + x - (1, £ —4 )], simp,
frule Ring.ring-is-ag|of K],
frule aGroup.ag-mOp-closed|of K x|, assumption+,
frule Ring.ring-one[of K],
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frule aGroup.ag-pOp-closed|of K 1, —, x|, assumption+,
rule Idomain.idom-mult-cancel-rlof K 1, + —, (z - (I, £ z -
(I, + =) E) (1, £ —ztz, (I, £ —02) -
(1p+ 2 (I =2V E) (1, £ 2 (1, £ —4 2))],
assumption+)
apply (rule aGroup.ag-pOp-closed, assumption+, rule aGroup.ag-mOp-closed,
assumption,
rule Ring.ring-tOp-closed, assumption+, simp, rule Ring.ring-tOp-closed,
assumption+,
(rule aGroup.ag-pOp-closed, assumption+)+,
rule Ring.ring-tOp-closed, assumption+, simp, assumption+,
subst Ring.ring-tOp-assoc, assumption,
rule aGroup.ag-pOp-closed, assumption+,
stmp add: Ring.ring-tOp-closed, simp, simp)
apply (subst linvf[of 1, + x - (1, £ —q z)], simp,
(subst Ring.ring-distrib2, assumption+)+, erule conjE)
apply (rule aGroup.ag-mOp-closed, assumption,
rule Ring.ring-tOp-closed, assumption+,
subst Ring.ring-r-one, assumption+)
apply (rule aGroup.ag-pOp-closed, assumption+,
rule Ring.ring-tOp-closed, assumption+,
erule conjE,
simp add:Ring.ring-invi-1,
simp add:Ring.ring-tOp-assoclof K —q © (1, £ - (I, £ —¢ 7))
simp add:linvf, simp add:Ring.ring-r-one Ring.ring-l-one,
frule Ring.ring-tOp-closed|of K x 1, £ —, ], assumption+,
simp add:aGroup.ag-pOp-assoc, simp add:aGroup.ag-pOp-commute)
apply simp
done

)

_K]

lemma (in Corps) Ostrowski-elem-nonzero:[vals-nonequiv K (Suc n) vv;
z € carrier K; Ostrowski-elem K (Suc n) wz] = z # 0
apply (simp add: Ostrowski-elem-def,
frule conjunct1, fold Ostrowski-elem-def,
frule vals-nonequiv-valuation|[of Suc n vv 0], simp)
apply (rule contrapos-pp, simp+,
cut-tac field-is-ring, frule Ring.ring-is-ag[of K],
simp add:aGroup.ag-inv-zero, frule Ring.ring-one[of K],
stmp add:aGroup.ag-r-zero, simp add:value-of-one)
done

lemma (in Corps) Ostrowski-elem-not-one:[vals-nonequiv K (Suc n) vv;
z € carrier K; Ostrowski-elem K (Sucn) wz] = 1, £ —q 2z #0
apply (frule vals-nonequiv-valuation [of Suc n vv Suc 0],
stmp,
simp add: Ostrowski-elem-def, frule conjunct2,
fold Ostrowski-elem-def)
apply (subgoal-tac 0 < (vv (Suc 0) x),
rule contrapos-pp, simp+,
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cut-tac field-is-ring, frule Ring.ring-is-aglof K],
frule Ring.ring-one[of K],
simp only:aGroup.ag-eq-diffzerol THEN sym, of K 1, x,
drule sym, simp, simp add:value-of-one,
subgoal-tac Suc 0 € nset (Suc 0) (Suc n), simp,
simp add:nset-def)
done

lemma (in Corps) val-unit-cond:| valuation K v; x € carrier K;
0<(w(l,+—2))] = vz=20

apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
frule Ring.ring-one[of K])

apply (frule aGroup.ag-mOp-closed|of K 1], assumption+,
frule has-val-one-neg-zero[of v))

apply (frule aGroup.ag-pOp-assoc[of K —, 1, 1, —, |, assumption+,
simp add:aGroup.ag-mOp-closed, simp add:aGroup.ag-l-invl ,
frule aGroup.ag-mOp-closed|of K x|, assumption+,
simp add:aGroup.ag-l-zero)
apply (subgoal-tac v (—q ) = v ( —¢ 1, £ (1, £ —, z))) prefer 2
apply simp
apply (thin-tac —q z = —4 1, £ (1, £ —4 2),
frule value-less-eq[of v —g 1, 1, £ —4 1],
assumption+,
rule aGroup.ag-pOp-closed, assumption+,
simp add:val-minus-eq value-of-one, simp add:val-minus-eq)
apply (simp add: value-of-one)
done

end

theory Valuation?2
imports Valuationl
begin

lemma (in Corps) OstrowskiTr8:[valuation K v; x € carrier K;
0<v(l, £—42)] =
0<(v(lrx—g@((Irtzy(I£—0 I))_K))))

apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K])

apply (frule aGroup.ag-mOp-closed|[of K x], assumption+,
frule Ring.ring-one[of K],
frule aGroup.ag-pOp-closed[of K 1, —, x|, assumption+,
frule OstrowskiTr32[of v x|, assumption+)

apply (case-tac © = 1,p, simp,
simp add:aGroup.ag-r-invl, simp add:Ring.ring-times-z-0,
simp add:aGroup.ag-r-zero, cut-tac val-field-1-neq-0,
cut-tac inuf-one, simp, simp add:Ring.ring-r-one,
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stmp add:aGroup.ag-r-invl, assumption+)

apply (frule aGroup.ag-pOp-closed|of K 1, z - (1, £ —4 z)], assumption+,
rule Ring.ring-tOp-closed, assumption+)

apply (cut-tac invf-closed[of 1, + x - (1, £ —4 z)])

apply (cut-tac field-one-plus-frac3|of x|, simp del:npow-suc,
subst val-t2p[of v], assumption+)
apply (rule aGroup.ag-pOp-closed, assumption+,
rule aGroup.ag-mOp-closed, assumption+, rule Ring.npClose,
assumption,
thin-tac 1, + —q - (1, £ 2 (1, £ — 2)) K =
(-Zr + —a SCAK (SUC (Suc 0))) o (-Zr + z . (17" + —a CL’))_ K’
subgoal-tac 1, + —, g ¥ (Suc (Suc 0)) — (I, x2) (I, £ —¢4 2),
simp del:npow-suc,
thin-tac 1, + —q K (Suc (Suc 0)) — (1, & )., (1, £ —, 2))
apply (subst val-t2plof v], assumption+,
rule aGroup.ag-pOp-closed, assumption+,
subst value-of-inv[of v 1, £ = - (1, £ —4 )], tactic «CHANGED dis-
tinct-subgoals-tac, assumption+)

apply (rule contrapos-pp, simp+,
frule Ring.ring-tOp-closed|of K x (1, + —, )], assumption+,
simp add:aGroup.ag-pOp-commute|of K 1,],
frule aGroup.ag-eq-diffzero| THEN sym, of K © - (—, © £ 1,) —q 1,],
assumption+, rule aGroup.ag-mOp-closed, assumption+)
apply (simp add:aGroup.ag-inv-inv[of K 1],
frule eg-elems-eg-val[of © -+ (—q ¥ £ 1) —4 1, ],
thin-tac © . (—q x &£ 1) = —¢ 1.,
stmp add:val-minus-eq value-of-one)
apply (simp add:val-t2p,
frule aadd-pos-poss[of v x v (—, x £ 1,)], assumption+,
simp,
subst value-less-eq] THEN sym, of v 1, © - (1, £ —4 )],
assumption,
rule Ring.ring-tOp-closed, assumption+,
simp add:value-of-one, subst val-t2p[of v], assumption+,
rule aadd-pos-poss[of v x v (1, £ —, )], assumption+,
simp add:value-of-one,
cut-tac aadd-pos-poss[of v (1, + x) v (1, £ —, )],
sitmp add:aadd-0-r, rule val-axiom4, assumption+)
apply (subst Ring.ring-distrib2, assumption+, simp add:Ring.ring-l-one,
subst Ring.ring-distribl, assumption+, simp add:Ring.ring-r-one,
subst aGroup.pOp-assocTrl8, assumption—+,
rule Ring.ring-tOp-closed, assumption+,
simp add:aGroup.ag-l-invl aGroup.ag-r-zero,
subst Ring.ring-invI-2, assumption+, simp, assumption+)

apply simp
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apply (rule contrapos-pp, simp+,
frule Ring.ring-tOp-closed[of K = (1, £ —, )], assumption+,
simp add:aGroup.ag-pOp-commute|of K 1],
frule aGroup.ag-eq-diffzero]l THEN sym, of K © - (—q © £ 1) —a 1],
assumption+, rule aGroup.ag-mOp-closed, assumption+)
apply (simp add:aGroup.ag-inv-inv[of K 1],
frule eq-elems-eq-val[of © -, (—q ¢ £ 1) —4 1, ],
thin-tac © . (—q x £ 1,) = —4 1.,
simp add:val-minus-eq value-of-one,
simp add:val-t2p,
frule aadd-pos-poss[of v x v (—, x £ 1.)], assumption+,
stmp)
done

lemma (in Corps) OstrowskiTr9:[valuation K v; x € carrier K; 0 < (v z)] =
0<(v(@ (I z (Ir+— x))_K)))
apply (subgoal-tac 1, + z - (1, £ —, z) # 0)
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
frule aGroup.ag-mOp-closed|of K x|, assumption+,
frule Ring.ring-onelof K],
frule aGroup.ag-pOp-closed|of K 1, —, x|, assumption+,
subst val-t2p, assumption+,
cut-tac invf-closedl[of 1, + x - (1, £ —4 )], simp)
apply simp
apply (rule aGroup.ag-pOp-closed, assumption+,
rule Ring.ring-tOp-closed, assumption+)

apply (subst value-of-invjof v 1, + z - (1, £ —4 )], assumption+,
rule aGroup.ag-pOp-closed, assumption+,
rule Ring.ring-tOp-closed, assumption+,
frule value-less-eq| THEN sym, of v 1, —, x|, assumption+,
simp add:value-of-one, simp add:val-minus-eq,
subst value-less-eq] THEN sym, of v 1, = - (1, £ —4 )],
assumption+, rule Ring.ring-tOp-closed, assumption+,
simp add:value-of-one, subst val-t2p, assumption+,
subst aadd-commute,
rule aadd-pos-poss[of v (1, £+ —, ) v ],
simp, assumption, simp add:value-of-one,
simp add:aadd-0-r)
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
frule Ring.ring-one,
rule contrapos-pp, simp+,
frule Ring.ring-tOp-closed|of K x (1, + —, )], assumption+,
rule aGroup.ag-pOp-closed, assumption+,
rule aGroup.ag-mOp-closed, assumption+,
frule aGroup.ag-mOp-closed|of K x|, assumption+)

apply (simp add:aGroup.ag-pOp-commute|of K 1,],
frule aGroup.ag-eq-diffzerol THEN sym, of K © - (—q © £ 1) —4 1],
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simp add:aGroup.ag-pOp-commute,
rule aGroup.ag-mOp-closed, assumption+,
simp add:aGroup.ag-inv-inv,
frule eq-elems-eg-val[of © -+ (—aq © £ 1) —a 1, ],
thin-tac © + (—q x + 1) = —¢ 1.,
simp add:val-minus-eq value-of-one,
frule-tac aGroup.ag-pOp-closed|of K —, z 1,], assumption+,
stmp add:val-t2p)
apply (simp add:aadd-commute|of v z],
cut-tac aadd-pos-poss[of v (—q © + 1) v x], simp,
subst aGroup.ag-pOp-commute, assumption+,
subst value-less-eq[ THEN sym, of v 1, —, x|, assumption+,
simp add:value-of-one val-minus-eq, simp add:value-of-one)

apply assumption
done

lemma (in Corps) OstrowskiTr10:[valuation K v; x € carrier K;
~0<va]=0<((z ((Ir £z (I, £ — 2))E))
apply (frule OstrowskiTr6[of v z], assumption+,
cut-tac invf-closed1[of 1, £ © - (1, £ —4 )], simp,
erule conjE, simp add:aneg-le, frule val-neg-nonzero[of v x|,
(erule conjE)+, assumption+, erule conjE)
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
frule aGroup.ag-mOp-closed|of K x|, assumption+,
frule Ring.ring-onelof K],
frule aGroup.ag-pOp-closed|of K 1, —, x], assumption+,
subst val-t2p, assumption+)
apply (subst value-of-invjof v 1, + z - (1, £ —4 )],
assumption+, subst aGroup.ag-pOp-commute[of K 1.], assumption+,
rule Ring.ring-tOp-closed, assumption+,
subst value-less-eq[ THEN sym, of v
z - (1, £ —¢ z) 1,], assumption+)
apply (rule Ring.ring-tOp-closed, assumption+, simp add:value-of-one,
frule one-plus-z-nonzerolof v —, x|, assumption,
simp add:val-minus-eq, erule conjE, simp,
subst val-t2p|of v], assumption+, simp add:aadd-two-negg)

apply (simp add:val-t2p,
frule value-less-eq THEN sym, of v —q z 1.], assumption+,
simp add:value-of-one, simp add:val-minus-eq,
stmp add:val-minus-eq, simp add:aGroup.ag-pOp-commute[of K —, ],
frule val-nonzero-z[of v z], assumption+, erule exFE,
simp add:a-zpz aminus, simp add:ant-0[THEN sym)| aless-zless,
assumption)

done

lemma (in Corps) Ostrowski-first:vals-nonequiv K (Suc 0) vv
= Jaecarrier K. Ostrowski-elem K (Suc 0) v
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apply (simp add:vals-nonequiv-def,
cut-tac Nset-Suc0, (erule conjE)+,
stmp add:valuations-def)
apply (rotate-tac —1,
frule-tac a = 0 in forall-spec, simp,
rotate-tac —1,
drule-tac a = Suc 0 in forall-spec, simp)
apply (drule-tac a = Suc 0 in forall-spec, simp,
rotate-tac —1,
drule-tac a = 0 in forall-spec, simp, simp)
apply (frule-tac a = 0 in forall-spec, simp,
drule-tac a = Suc 0 in forall-spec, simp,
frule-tac v = vv 0 and v' = vw (Suc 0) in
nonequiv-ex- Ostrowski-elem, assumption+,
erule bexkE)

apply (erule conjE,
frule-tac v = vv (Suc 0) and v’ = v 0 in
nonequiv-ex-Ostrowski-elem, assumption+,
erule bexkE,
thin-tac — v-equiv K (vo (Suc 0)) (vv 0),
thin-tac — v-equiv K (vv 0) (vv (Suc 0)))

apply (rename-tac s t)
apply (erule conjE,
frule-tac © = t and v = v 0 in val-neg-nonzero, assumption+)
apply (simp add:less-ant-def, (erule conjE)+,
frule-tac © = s and v = vv (Suc 0) in val-neg-nonzero,
assumption+, unfold less-ant-def)
apply (rule conjl, assumption+)

apply (frule-tac s = sand t = t and v = vv 0 in OstrowskiTr2,
assumption+, rule ale-neg-less, assumption+)

apply (frule-tac s = sand t = t and v = v (Suc 0) in OstrowskiTr3,
assumption+, rule ale-neg-less, assumption+)

apply (subgoal-tac t - (( s + t)K) € carrier K,
simp only: Ostrowski-elem-def,
simp only: nset-m-m[of Suc 0], blast)

apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
rule Ring.ring-tOp-closed, assumption+,
frule-tac s = sand t = t and v = vv 0 in OstrowskiTr1,
assumption—+, rule ale-neq-less, assumption+,
frule-tac © = s and y = t in aGroup.ag-pOp-closed|of K], assumption+)
apply (cut-tac x = s £ ¢ in invf-closed, blast)
apply assumption
done
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lemma (in Corps) Ostrowski:¥ vv. vals-nonequiv K (Suc n) vv —
(Fzecarrier K. Ostrowski-elem K (Suc n) vo x)

apply (induct-tac n,

rule alll, rule impl, simp add: Ostrowski-first)

apply (rule alll, rule impl,
frule-tac n = n and vv = v in restrict-vals-nonequivi,
frule-tac n = n and vv = v in restrict-vals-nonequiv2,
frule-tac a = compose {h. h < Suc n} vv (skip 1) in forall-spec,
assumption,
drule-tac a = compose {h. h < Suc n} vv (skip 2) in forall-spec,
assumption+, (erule bexE)+)
apply (rename-tac n vv s t,
cut-tac field-is-ring, frule Ring.ring-is-ag[of K])

apply (frule-tac z = s and y = ¢ in Ring.ring-tOp-closed|[of K], assumption+,
case-tac 0 < vv (Suc 0) s A 0 < vv (Suc (Suc 0)) t,
frule-tac vv = vv and s = s and t = t in OstrowskiTr5, assumption+)
apply blast

apply (simp,
case-tac 0 < (vv (Suc 0) s), simp,
frule-tac n = Suc (Suc n) and m = Suc (Suc 0) and vv = vv in
vals-nonequiv-valuation,

simp,
frule-tac v = vv (Suc (Suc 0)) and =z = ¢ in OstrowskiTr6,
assumption,

frule-tacx = 1, £ t - (1, £ —4 t) in invf-closedl,
fruletacz = tand y = (1, = t - (Ir £ —¢ t)) K in
Ring.ring-tOp-closed, assumption+, simp)
apply (subgoal-tac Ostrowski-elem K (Suc (Suc n)) vv
(6 (Lr £t (Ir £ (—a t)))_K))»
blast)
apply (subst Ostrowski-elem-def,
rule conjl,
thin-tac Ostrowski-elem K (Suc n)
(compose {h. h < Suc n} vv (skip (Suc 0))) s,
thin-tac vals-nonequiv K (Suc n)
(compose {h. h < Suc n} v (skip (Suc 0))),
thin-tac vals-nonequiv K (Suc n) (compose {h. h< Suc n} vv (skip 2)),
thin-tac 0 < (vv (Suc 0) s),
frule-tac n = Suc (Suc n) and vv = vv and m = 0 in
vals-nonequiv-valuation, simp,
rule-tac v = vv 0 and z = ¢ in
OstrowskiTr8, assumption+)
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apply (simp add: Ostrowski-elem-def, (erule conjE)+,
thin-tac ¥V jenset (Suc 0) (Suc n).
0 < (compose {h. h < (Suc n)} vv (skip 2) j t),

simp add:compose-def skip-def,

rule balll,

thin-tac 0 < (vv (Suc 0) s),

thin-tac Ostrowski-elem K (Suc n)
(compose {h. h < (Suc n)} v (skip (Suc 0))) s,

frule-tac n = Suc (Suc n) and vv = vv and m = j in
vals-nonequiv-valuation,

simp add:nset-def, simp add: Ostrowski-elem-def, (erule conjE)+)

apply (case-tac j = Suc 0, simp,
drule-tac x = Suc 0 in bspec,
simp add:nset-def,
simp add:compose-def skip-def,
rule-tac v = vv (Suc 0) and z = t in
OstrowskiTr9, assumption+,
frule-tac j = j and n = n in nset-Tr51, assumption+,
drule-tac x = j — Suc 0 in bspec, assumption+,
sitmp add:compose-def skip-def)

apply (case-tac j = Suc (Suc 0), simp) apply (
rule-tac v = vv (Suc (Suc 0)) and = = t in OstrowskiTr10,
assumption+) apply (
subgoal-tac = j — Suc 0 < Suc 0, simp add:nset-def) apply(
rule-tac v =vv jand z =t in
OstrowskiTr9) apply (simp add:nset-def, assumption+)
apply (simp add:nset-def, (erule conjE)+, rule nset-Tr52, assumption+,
thin-tac vals-nonequiv K (Suc n)
(compose {h. h < (Suc n)} v (skip (Suc 0))),
thin-tac vals-nonequiv K (Suc n)
(compose {h. h < (Suc n)} v (skip 2)),
thin-tac Ostrowski-elem K (Suc n)
(compose {h. h <(Suc n)} vv (skip 2)) t)
apply (subgoal-tac s -» (1, + s - (1, + —4 8))K) € carrier K,
subgoal-tac Ostrowski-elem K (Suc (Suc n)) vv
(s (1r % 54 (1 £ —4 $)7K), blast)
prefer 2
apply (frule-tac n = Suc (Suc n) and m = Suc 0 and vv = vv in
vals-nonequiv-valuation, simp,
frule-tac v = vo (Suc 0) and = = s in OstrowskiTr6, assumption+,
rule Ring.ring-tOp-closed, assumption+,
frule-tac x = 1, £ s+ (1, £ —4 8) in inyf-closed?, simp,
stmp add: Ostrowski-elem-def)
apply (rule conjI)
apply (rule-tac v = vv 0 and z = s in OstrowskiTr8,
simp add:vals-nonequiv-valuation, assumption+)
apply (

87



thin-tac vals-nonequiv K (Suc (Suc n)) wv,
(erule conjE)+,
thin-tac ¥V jenset (Suc 0) (Suc n).
0 < (compose {h. h < (Suc n)} vv (skip (Suc 0)) j s),
simp add:compose-def skip-def, rule balll)

apply (case-tac j = Suc 0, simp,
rule-tac v = vv (Suc 0) and = = s in OstrowskiTr10,
stmp add:vals-nonequiv-valuation, assumption+,
rule-tac v = vv j and = = s in OstrowskiTr9,
simp add:vals-nonequiv-valuation nset-def, assumption,
(erule conjE)+, simp add:compose-def skip-def,
frule-tac j = j in nset-Tr51, assumption+,
drule-tac x = j — Suc 0 in bspec, assumption+)
apply (simp add:nset-def)
done

lemma (in Corps) val-1-nonzero:[valuation K v; z € carrier K; vy = 1] =
x#0
apply (rule contrapos-pp, simp+,
simp add:value-of-zero,
rotate-tac 3, drule sym, simp only:ant-1[THEN sym],
stmp del:ant-1)
done

lemma (in Corps) Approximation1-5Tr1:[vals-nonequiv K (Suc n) vv;
n-val K (vv 0) = v 0; a € carrier K; vv 0 a = 1; x € carrier K;
Ostrowski-elem K (Suc n) v z] =

Vm. 2<m— w0 (I, + —z) K" +La., Em) =1

apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K],

frule Ring.ring-one[of K],

rule alll, rule impl,

frule vals-nonequiv-valuation]of Suc n vv 0],

simp,

simp add: Ostrowski-elem-def, frule conjunctl, fold Ostrowski-elem-def,
frule val-1-nonzero[of vv 0 a], assumption+)

apply (frule vals-nonequiv-valuation|of Suc n vv 0], simp,

frule val-nonzero-noninf[of vv 0 a], assumption+,

frule val-unit-cond[of vv 0 x], assumption+,

frule-tac n = m in Ring.npClose[of K z], assumption+,

frule aGroup.ag-mOp-closed|of K x|, assumption+,

frule aGroup.ag-pOp-closed|of K 1, —, x|, assumption+)
apply (subgoal-tac 0 < m,

frule-tacz = a - (2K ™) and y = (1, + —, 2) K ™ in

value-less-eq|of vv 0],

rule Ring.ring-tOp-closed, assumption+,

rule Ring.npClose, assumption+, simp add: val-t2p,

frule value-zero-nonzerolof vv 0 z], assumption+,

simp add:val-exp-ring| THEN sym)], simp add:asprod-n-0 aadd-0-r)
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apply (case-tac x = 1, g, simp add:aGroup.ag-r-invl,
frule-tac n = m in Ring.npZero-sublof K|, simp,
stmp add:value-of-zero)
apply (cut-tac inf-ge-anylof 1], simp add: less-le)
apply (rotate-tac —1, drule not-sym,
frule aGroup.ag-neg-diffnonzerolof K 1, x|,
stmp add: Ring.ring-onelof K], assumption+, simp,
simp add:val-exp-ring| THEN sym],
cut-tac nl = m in of-nat-0-less-iff [ THEN sym)])
apply (cut-tac a = 0 < m and b = 0 < int m in a-b-exchange, simp,
assumption)
apply (thin-tac (0 < m) = (0 < int m),
frule val-nonzero-zlof vv 0 1, £ —, |, assumption+,
erule exE, simp, simp add:asprod-amult a-z-z,
simp only:ant-1[THEN sym], simp only:aless-zless, simp add:ge2-zmult-pos)

apply (subst aGroup.ag-pOp-commute|of K|, assumption+,
rule Ring.npClose, assumption+, rule Ring.ring-tOp-closed|of K],
assumption+,
rotate-tac —1, drule sym, simp,
thin-tac vo 0 (a - K™ £ (1, £ —4 2)E™) = w0 (a -, 27K ™))
apply (simp add:val-t2p,
frule value-zero-nonzero[of vv 0 z], assumption+,
simp add:val-exp-ring| THEN sym)], simp add:asprod-n-0,
stmp add:aadd-0-r,
cut-tac z = m in less-le-trans[of 0 2], simp, assumption+)
done

lemma (in Corps) Approzimationl-5Tr8:[vals-nonequiv K (Suc n) vv;
z € carrier K; Ostrowski-elem K (Suc n) v z; j € nset (Suc 0) (Suc n)]
— wj (1, £ —2) K™ =
apply (frule Ostrowski-elem-not-one[of n vv z], assumption+,
cut-tac field-is-ring, frule Ring.ring-is-ag|of K],
frule Ring.ring-one[of K],
frule aGroup.ag-pOp-closed[of K 1, —, x], assumption+)
apply (simp add:aGroup.ag-mOp-closed, simp add:nset-def,
frule-tac m = j in wvals-nonequiv-valuation[of Suc n vv],
stmp,
frule-tac v = wjand 21 = 1, £ —, z and nl = m in
val-exp-ring|[ THEN sym], assumption+)

apply (frule-tacv=wjand z = 1, and y = —, z in
value-less-eq, assumption+, simp add:aGroup.ag-mQOp-closed)
apply(simp add:value-of-one, simp add:val-minus-eq,
simp add: Ostrowski-elem-def nset-def)
apply (simp add:value-of-one, rotate-tac —1, drule sym,
stmp add:asprod-n-0)
done
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lemma (in Corps) Approximationl-5Trj [vals-nonequiv K (Suc n) vv;
aa € carrier K; © € carrier K;
Ostrowski-elem K (Suc n) v z; j < (Suc n)] =
w i (aa - (7K ™)) = v jaa + (int m) %, (wj z)
apply (frule Ostrowski-elem-nonzero[of n vv ],
assumption,
cut-tac field-is-ring, frule Ring.ring-is-ag[of KJ)
apply (frule-tac m = j in vals-nonequiv-valuation|of Suc n vv], assumption)
apply (subst val-t2plof vv j], assumption+,
rule Ring.npClose, assumption+,
cut-tac field-is-idom,
frule-tac v1 = vv jand z1 = z and nl = m in
val-exp-ring| THEN sym], assumption+, simp)
done

lemma (in Corps) Approzimationl-5Tr5:[vals-nonequiv K (Suc n) vv;
a € carrier K; a # 0; © € carrier K;
Ostrowski-elem K (Suc n) v z; j € nset (Suc 0) (Suc n)] =
ILVYm. l<m— 0< (wj(a- (Km))
apply (frule Ostrowski-elem-nonzerolof n vv x|, assumption+,

subgoal-tac ¥V n. w j (a - (x5 ™) = v ja+ (int n) x4 (v0j z),
stmp,
thin-tac Vn. voj (a » K™ = wja + int n x, w0 jz)

prefer 2

apply (rule alll, rule Approzimation1-5Tri[of - vv a x j],
assumption+, simp add:nset-def)

apply (frule-tac m = j in vals-nonequiv-valuation|[of Suc n vv),
simp add:nset-def,
frule val-nonzero-z[of vv j a), assumption+, erule exE,
simp add: Ostrowski-elem-def,
frule conjunct2, fold Ostrowski-elem-def,
drule-tac x = j in bspec, assumption)

apply (frule Ostrowski-elem-nonzerolof n vv x|, assumption+,
frule val-nonzero-z[of vv j x|, assumption+, erule exE, simp,
frule-tac @ = za and z = z in zmult-pos-bignumTr,
stmp add:asprod-amult a-z-z a-zpz)

done

lemma (in Corps) Approximationl-5Tr6:[vals-nonequiv K (Suc n) vv;

a € carrier K; a # 0; © € carrier K;

Ostrowski-elem K (Suc n) v z; j € nset (Suc 0) (Suc n)] =

JVml<m— wj (I, +——z)EmLa., @E™) =9

apply (frule vals-nonequiv-valuation[of Suc n vv j],

simp add:nset-def,

frule Approximation1-5Tr5[of n vv a x j],

assumption+, erule exkE,

cut-tac field-is-ring, frule Ring.ring-is-ag|of K],

subgoal-tac Vm. | < m — wj (1, £ — z) K™+ g ., (z7E ™M) =

wj ((1r + — )7 K™)
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apply (simp add: Approximation1-5Tr3, blast)
apply (rule alll, rule impl,
drule-tac a = m in forall-spec, assumption,
frule-tacz = (1, + —q 2) XM and y = a -, (z
value-less-eq|of vv j],
rule Ring.npClose, assumption+,
rule aGroup.ag-pOp-closed, assumption+, simp add: Ring.ring-one,
stmp add:aGroup.ag-mOp-closed)
apply (rule Ring.ring-tOp-closed, assumption+,
rule Ring.npClose, assumption+,
simp add: Approzimationl-5Tr3,
frule sym, assumption)
done

~K m) in

lemma (in Corps) Approximation1-5Tr7:[a € carrier K; vv 0 a = 1;
z € carrier K| =
vals-nonequiv K (Suc n) vvo A Ostrowski-elem K (Suc n) vv x —
3l Vm. Il <m— (Vjenset (Suc 0) (Suc n).
(0 (1 % —a 1)K £ 0 (27K ™) = 0)))
apply (induct-tac n,
rule impl, erule conjE, simp add:nset-m-mlof Suc 0],
frule vals-nonequiv-valuation]of Suc 0 vv Suc 0], simp,
frule Approxzimation1-5Tr6[of 0 vv a x Suc 0], assumption+)
apply (frule vals-nonequiv-valuation[of Suc 0 vv 0], simp,
frule val-1-nonzero[of vv 0 a], assumption+, simp add:nset-def,
assumption)

apply (rule impl, erule conjE,
frule-tac n = n in restrict-vals-nonequiv|of - vv],
frule-tac n = n in restrict-Ostrowski-elem[of - vv],
assumption, simp,
erule exF,
frule-tac n = Suc n and j = Suc (Suc n) in Approzimationl-5Tr6
[of - v a x], assumption+,
frule-tac n = Suc (Suc n) in vals-nonequiv-valuation|of - vv
0],simp,
rule val-1-nonzero[of vv 0 a|, assumption+,
stmp add:nset-def)
apply (erule exE,
subgoal-tac ¥Y'm. (mazx lla) < m — (Vj€nset (Suc 0) (Suc (Suc n)).
wi (1 £ —g ) KMt g (7K™ =0),
blast,
simp add:nset-Suc)
done

lemma (in Corps) Approzimationl-5P:[vals-nonequiv K (Suc n) vv;

n-val K (vv 0) = w 0] =

Jz€carrier K. ((vv 0z = 1) A (Vj€nset (Suc 0) (Suc n). (vw jz) = 0))
apply (frule vals-nonequiv-valuation|of Suc n vv 0], simp) apply (
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frule n-val-surj[of vv 0], erule bezE) apply (
rename-tac aa) apply (
cul-tac n = n in Ostrowski) apply (
drule-tac a = vv in forall-spec|of vals-nonequiv K (Suc n)], simp)
apply (
erule bexkE,
frule-tac a = aa and z = z in Approzimation1-5Tr1[of n vv],
assumption,
simp, assumption+)
apply (frule-tac a = aa and z = z in Approzimationl-5Tr7[of - vv - n),
simp, assumption,
simp, erule exk,
cut-tac b = Suc | in maz.cobounded1[of 2],
cut-tac b = Suc 1 in maz.cobounded?2|of - 2],
cut-tac n = [ in lessl,
frule-tac ¢ = l and y = Suc | and z = maz 2 (Suc l) in
less-le-trans, assumption,
thin-tac Suc | < max 2 (Suc 1), thin-tac | < Suc I,
drule-tac a = maz 2 (Suc l) in forall-spec, simp,
drule-tac a = maz 2 (Suc 1) in forall-spec, assumption)
apply (subgoal-tac (1, £ —q I)AK (maz 2 (Sucl)) £ 44 o (IAK (maz 2 (Suc l)))
€
carrier K,
blast,
cut-tac field-is-ring, frule Ring.ring-is-ag[of K],
rule aGroup.ag-pOp-closed, assumption+, rule Ring.npClose, assumption+,
rule aGroup.ag-pOp-closed, assumption+, simp add: Ring.ring-one,
simp add:aGroup.ag-mOp-closed, rule Ring.ring-tOp-closed, assumption+,
rule Ring.npClose, assumption+)
done

lemma K-gamma-hom:k < n = Vj < n. (AL vy ) j € Zset
apply (simp add:Zset-def)
done

lemma transpos-eq:(tg g) k = k
by (simp add:transpos-def)

lemma (in Corps) transpos-vals-nonequiv:[vals-nonequiv K (Suc n) vv;
j < (Suc n)] = vals-nonequiv K (Suc n) (vv o (1))
apply (simp add:vals-nonequiv-def)
apply (frule conjunct!, fold vals-nonequiv-def)
apply (simp add:valuations-def, rule conjI)
apply (rule alll, rule impl)
apply (case-tac ja = 0, simp,
case-tac j = 0, simp add:transpos-eq)
apply (subst transpos-ij-1[of 0 Suc n j], simp, assumption+,
rule not-sym, assumption, simp)
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apply (case-tac ja = j, simp)

apply (subst transpos-ij-2[of 0 Suc n j], simp, assumption, simp,
stmp add:vals-nonequiv-valuation)

apply (case-tac j = 0, simp add:transpos-eq)

apply (cut-tac © = ja in transpos-id-1[of 0 Suc n j], simp, assumption+,

rule not-sym, assumption+)
apply (simp add:vals-nonequiv-valuation,
(rule alll, rule impl)+, rule impl)
apply (case-tac j = 0, simp add:transpos-eq,
simp add:vals-nonequiv-def,
cut-tac transpos-injlof 0 Suc n j], simp)
apply (frule-tac z = ja and y = [ in injective[of transpos 0 j
{j. 7 < (Suc n)}], simp, simp, assumption+)

apply (cut-tac | = ja in transpos-mem|[of 0 Suc n j], simp, assumption+,

simp, assumption,
cut-tac I = 1 in transpos-mem[of 0 Suc n jl, simp, assumption+,
simp, assumption)
apply (simp add:vals-nonequiv-def,
sitmp, assumption, rule not-sym, assumption)
done

definition
Ostrowski-base :: [-, nat = 'b = ant, nat] = (nat = 'b)
(- -.) [90,90,91190) where
Ostrowski-base K vv n = (Aje{h. h < n}. (SOME . z€carrier K A
(Ostrowski-elem K n (vv o (19 4)) z)))

definition
App-base :: [-, nat = 'b = ant, nat] = (nat = 'b) where
App-base K vo n = (Aje{h. h < n}. (SOME z. z€carrier K A (( v o
= 1) A (Vkenset (Suc 0) n. ((vvo7g ) kz)=0)))

lemma (in Corps) Ostrowski-base-hom:vals-nonequiv K (Suc n) wv =
Ostrowski-base K vv (Suc n) € {h. h < (Suc n)} — carrier K
apply (rule Pi-I, rename-tac 1,
simp add: Ostrowski-base-def
frule-tac § = 1 in transpos-vals-nonequiv[of n vv|, simp,
cut-tac Ostrowskiof n))
apply (drule-tac a = vv o 7 in forall-spec, simp,
rule somel2-ex, blast, simp)
done

lemma (in Corps) Ostrowski-base-mem:vals-nonequiv K (Suc n) vv =
Vj < (Suc n). Ostrowski-base K vv (Suc n) j € carrier K
by (rule alll, rule impl,
frule Ostrowski-base-hom|of n v,
simp add:funcset-mem del: Pi-I")
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lemma (in Corps) Ostrowski-base-mem-1:[vals-nonequiv K (Suc n) vv;
j < (Suc n)] = Ostrowski-base K vv (Suc n) j € carrier K
by (simp add: Ostrowski-base-mem)

lemma (in Corps) Ostrowski-base-nonzero:[vals-nonequiv K (Suc n) vv;
Jj < Suc n]] = (QKUU (Suc n)) j#0
apply (simp add: Ostrowski-base-def
frule-tac j = j in transpos-vals-nonequiv[of n vvl,
assumption,
cut-tac Ostrowski[of n],
drule-tac a = vv o 79 j in forall-spec, assumption,
rule somel2-ex, blast)
apply (thin-tac 3x€carrier K. Ostrowski-elem K (Suc n) (vv o 7¢ ) z,
erule conjE)
apply (rule-tac vv = v o 79 jand z = z in Ostrowski-elem-nonzero|of nl,
assumption+)
done

lemma (in Corps) Ostrowski-base-pos:[vals-nonequiv K (Suc n) vv;
j < Sue ms ja < Suc ni ja # 51 = 0 < ((203) (Q 4y (Sue ) J0))
apply (simp add: Ostrowski-base-def
frule-tac j = ja in transpos-vals-nonequiv[of n vv],
assumption,
cut-tac Ostrowski[of n],
drule-tac a = vv o Tg jq in forall-spec, assumption+)
apply (rule somel2-ex, blast,
thin-tac 3 x€carrier K. Ostrowski-elem K (Suc n) (v o 7¢ j4) 7,
simp add: Ostrowski-elem-def, (erule conjE)+)
apply (case-tac ja = 0, simp, cut-tac transpos-eqlof j],
simp add:nset-def, frule Suc-leI[of 0 j],
frule-tac a = j in forall-spec, simp, simp)
apply (case-tac j = 0, simp,
frule-tac x = ja in bspec, simp add:nset-def,
cul-tac transpos-ij-2[of 0 Suc n ja], simp, simp+)
apply (frule-tac z = j in bspec, simp add:nset-def,
cut-tac transpos-id[of 0 Suc n ja j], simp+)
done

lemma (in Corps) App-base-hom:[vals-nonequiv K (Suc n) vv;
Vi < (Suc n). n-val K (v j) = w j] =
Vi < (Suc n). App-base K vv (Suc n) j € carrier K
apply (rule alll, rule impl,
rename-tac k,
subst App-base-def)
apply (case-tac k = 0, simp, simp add:transpos-eq,
frule Approzimation1-5P[of n vv], simp,
rule somel2-ex, blast, simp)
apply (frule-tac j = k in transpos-vals-nonequiv[of n vv],
simp add:nset-def,
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frule-tac vv = vv o T, in Approzimationl-5P[of n])
apply (simp add:cmp-def, subst transpos-ij-1[of 0 Suc n], simp+,
subst transpos-ij-1[of 0 Suc n k], simp+)
apply (rule somel2-ex, blast, simp)
done

lemma (in Corps) Approzimation1-5P2:[vals-nonequiv K (Suc n) vv;
Vie{h. h < Suc n}. n-val K (v l) = v l; i < Suc n; j < Suc n]
= vv i (App-base K vv (Suc n) j) = d; ;

apply (simp add: App-base-def)

apply (case-tac j = 0, simp add:transpos-eq,

rule somel2-ex,

frule Approximation1-5P[of n vv], simp , blast,

simp add: Kronecker-delta-def, rule impl, (erule conjE)+,
frule-tac = i in bspec, simp add:nset-def, assumption)

apply (frule-tac j = j in transpos-vals-nonequiv[of n vv], simp,
frule Approzimation1-5P[of n vv o 7¢ jl,
simp add:cmp-def, simp add:transpos-ij-1[of 0 Suc n j])

apply (simp add:cmp-def,
case-tac i = 0, simp add:transpos-eq,
simp add:transpos-ij-1, simp add: Kronecker-delta-def,
rule somel2-ex, blast,
thin-tac Jz€carrier K.
vwjz =1 A (Vjacnset (Suc 0) (Suc n). w ((Tg4) ja) z = 0),
(erule conjE)+,
drule-tac x = j in bspec, simp add:nset-def,
simp add:transpos-ij-2)

apply (simp add:Kronecker-delta-def,
case-tac i = j, simp add:transpos-ij-1, rule somel2-ex, blast, simp)

apply (simp, rule somel2-ex, blast,
thin-tac 3x€carrier K. vv (19 j) 0) =1 A
(Vja€nset (Suc 0) (Suc n). vo ((1¢ ;) ja) © = 0),
(erule conjE)+,
drule-tac x = i in bspec, simp add:nset-def,
cut-tac transpos-id|of 0 Suc n j i], simp+)
done

lemma (in Corps) ApprozimationI-5:[vals-nonequiv K (Suc n) vv;
Vi < (Suc n). n-val K (v j) = w j] =
Jz. (Vj < (Suc n). zj € carrier K) A (Vi < (Suc n). Vi < (Suc n).
((vv i) (z]) = d;4))
apply (frule App-base-hom][of n vv], rule alll, simp)
apply (subgoal-tac (Vi < (Suc n). Vj < (Suc n).
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(w0 1) ((App-base K vo (Sue n)) §) = (3 1),
blast)
apply (rule alll, rule impI)+
apply (rule Approzimation1-5P2, assumption+, simp+)
done

lemma (in Corps) Ostrowski-baseTr0:[vals-nonequiv K (Suc n) vv; I < (Suc n) |
= 0 < ((wl) (1, £ —4 (Ostrowski-base K vv (Suc n) 1))) A
(Vme{h. h < (Suc n)} — {i}. 0 < ((vv m) (Ostrowski-base K vv (Suc n) 1)))
apply (simp add: Ostrowski-base-def
frule-tac § = 1 in transpos-vals-nonequiv[of n vv], assumption,
cut-tac Ostrowski[of nl,
drule-tac a = vv o T in forall-spec, assumption)
apply (erule bezE,
unfold Ostrowski-elem-def, frule conjunctl,
fold Ostrowski-elem-def,
rule conjl, simp add: Ostrowski-elem-def)
apply (case-tac I = 0, simp, simp add:transpos-eq,
rule somel2-ex, blast, simp,
stmp add:transpos-ij-1,
rule somel2-ex, blast, simp)

apply (simp add: Ostrowski-elem-def,
case-tac | = 0, simp, simp add:transpos-eq,
rule somel2-ex, blast,
thin-tac 0 < vv 0 (1, £ —¢ ) A
(Vjenset (Suc 0) (Suc n). 0 < v jx),
rule balll, simp add:nset-def)

apply (rule balll, erule conjFE,
rule somel2-ex, blast,
thin-tac Vjenset (Suc 0) (Suc n). 0 < w ((19 1) j) ,
(erule conjE)+)

apply (case-tac m = 0, simp,
drule-tac x = [ in bspec, simp add:nset-def,
simp add:transpos-ij-2,
drule-tac x = m in bspec, simp add:nset-def,
stmp add:transpos-id)

done

lemma (in Corps) Ostrowski-baseTr!:[vals-nonequiv K (Suc n) vv; I < (Suc n)]
= 0 < ((w ) (1, £ —4 (Ostrowski-base K vv (Suc n) 1)))
by (simp add: Ostrowski-baseTr0)

lemma (in Corps) Ostrowski-baseTr2:[vals-nonequiv K (Suc n) vv;
I < (Suc n); m < (Suc n); | #m] =
0 < ((vv m) (Ostrowski-base K vv (Suc n) 1))

apply (frule Ostrowski-baseTr0[of n vv |, assumption+)
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apply simp
done

lemma Nset-have-two:j €{h. h < (Suc n)} = Im € {h. h < (Sucn)}. j #m
apply (rule contrapos-pp, simp+,
case-tac j = Suc n, simp,
drule-tac a = 0 in forall-spec, simp, arith)
apply (drule-tac a = Suc n in forall-spec, simp, simp)
done

lemma (in Corps) Ostrowski-base-npow-not-one:[0 < N; j < Suc n;
vals-nonequiv K (Suc n) w] =
Ir £ —a (g v (Suc n)) jAK N) 70
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
rule contrapos-pp, simp+,
frule Ostrowski-base-mem-1[of n vv j], assumption,
frule Ring.npClose[of K (Qg ., (Suc n)) j N1, assumption+,
frule Ring.ring-one[of K],

frule aGroup.ag-mOp-closed[of K (g ,, (Suc n)) jAK N]

, assumption,

frule aGroup.ag-pOp-closed[of K 1, —a (g 4 (Suc n)) jAK )],

assumption—+)
apply (frule aGroup.ag-pOp-add-rlof K 1, £ —4 (g 4y (Suc n)) KNy o

(QK v (Suc n)) jAK NL assumption+,

simp add:aGroup.ag-inc-zero, assumption+,
thin-tac 1, £ —4 ((Qg 4y (Suc n)) )

apply (simp add:aGroup.ag-pOp-assoclof K 1, —a (g 4o (Suc n)) KN
apply (simp add:aGroup.ag-l-invi, simp add:aGroup.ag-r-zero aGroup.ag-l-zero)
apply (subgoal-tac ¥V'm < (Suc n). (j # m —
0< (UU m ((QK v (Suc n)) ]))))
apply (cut-tac Nset-have-twolof j n],
erule bexE, drule-tac a = m in forall-spec, simp, .

thin-tac (g (Suc n)) FEN L, (g 40 (Suc n)) J ) € carrier K,

frule-tac f = vv m in eg-elems-eq-val[of 1, (R ., (Suc n)) RN,

thin-tac 1, = (Qg 4, (Suc n)) jAK N, simp)
apply (frule-tac m = m in vals-nonequiv-valuation|of Suc n vv],
assumption,
frule-tac v1 = vo m and n! = N in val-exp-ring[ THEN sym,
of - (Qx v (Suc n)) jl, assumption+,
simp add: Ostrowski-base-nonzero, simp, simp add:value-of-one)
apply (subgoal-tac int N # 0,
frule-tac x = vo m (g ,, (Suc n)) §) in asprod-0][of int NJ,
assumption, simp add:less-ant-def, simp, simp,
rule alll, rule impl, rule impl,
rule Ostrowski-baseTr2, assumption+)
done
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abbreviation
CHOOSE :: [nat, nat] = nat ((-C.) [80, 81]80) where
nCi == n choose i

lemma (in Ring) expansion-of-suml:x € carrier R =
(1, £ 2) B = nsum R (Mi. nC; X R R g
apply (cut-tac ring-one, frule npeSum?2|of 1, x n], assumption+,
simp add:npOne, subgoal-tac ¥ (j::nat). (¢~ J) € carrier R)
apply (simp add:ring-l-one, rule alll, simp add:npClose)
done

lemma (in Ring) tail-of-expansion:x € carrier R = (1,
(nsum R (X 1. ((Suc n)C(Suc i) XR g R (Suc i))
apply (cut-tac ring-is-ag)
apply (frule expansion-of-suml[of x Suc n],
simp del:nsum-suc binomial-Suc-Suc npow-suc,
thin-tac (1, + )™ (Sucn) = %, R (A (

apply (subst aGroup.nsumTaillof R n Ai. (Suc n) C;xpux

+ 1) ~R (Suc n) _
)n) £ 1,

)Cz' XR 20 (Suc n))
~R Z]

Suc n
, assumption,
rule alll, rule impl, rule nsClose, rule npClose, assumption)
apply (cut-tac ring-one,
stmp del:nsum-suc binomial-Suc-Suc npow-suc add:aGroup.ag-l-zero)
done

lemma (in Ring) tail-of-expansionl:x € carrier R —>
(IT:I::I:)AR (Sucn) — 4. (nsum R (X 1. (( )C(
apply (frule tail-of-expansion|of x n],
simp del:nsum-suc binomial-Suc-Suc_npow-suc,
subgoal-tac Vi. gue nCsuc i XR R e carrier R,
cul-tac ring-one, cut-tac ring-is-ag)
prefer 2 apply(simp add: nsClose npClose)
apply (rule aGroup.ag-pOp-add-r[of R - - 1,], assumption+,
rule aGroup.nsum-mem, assumption+, rule alll, rule impl,
rule nsClose, rule npClose, assumption)
apply (rule ring-tOp-closed, assumption+,
rule aGroup.nsum-mem, assumption+, blast, simp add:ring-one)
apply (subst nsumMulEleL[of Ai. gue nCSuc i XR g R x|, assumption+)
apply (rule aGroup.nsum-eq, assumption, rule alll, rule impl, rule nsClose,
rule npClose, assumption, rule alll, rule impl,
rule ring-tOp-closed, assumption+, rule nsClose, rule npClose,
assumption)
apply (rule alll, rule impl)
apply (subst nsMulDistrL, assumption, simp add:npClose,
frule-tac n = j in npClose|of x|, simp add:ring-tOp-commute|of z])
done

R i
Suc n Suc i) *R 7 ) n) £ 1,

lemma (in Corps) nsum-in-VrTr:valuation K v =
(Vj<n. fjée€ carrier K) N (Vj < n.
0 < (v(fj)) — (nsum K fn) € carrier (Vr K v)
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apply (induct-tac n)

apply (rule impl, erule conjE, simp add:val-pos-mem-Vr)

apply (rule impl, erule conjE)

apply (frule Vr-ring[of v], frule Ring.ring-is-aglof Vr K v],
frule-tac & = f (Suc n) and y = nsum K fn in

aGroup.ag-pOp-closed|of Vr K v],

subst val-pos-mem-Vr[THEN sym, of v], assumption+,
stmp, simp, simp)

apply (simp, subst Vr-pOp-f-pOplof v, THEN sym)|, assumption+,
subst val-pos-mem-Vr[THEN sym, of v], assumption+,
simp+)

apply (subst aGroup.ag-pOp-commute, assumption+, simp add:val-pos-mem-Vr,
assumption)

done

lemma (in Corps) nsum-in-Vr:[valuation K v; ¥Vj < n. fj € carrier K;
Vi<n. 0<(v(fj)] = (nsum K fn) € carrier (Vr K v)

apply (simp add:nsum-in-VrTr)

done

lemma (in Corps) nsum-mem-in-Vr:[valuation K v;
Vi< mn (fj) € carrier K;Vji<n. 0 < (v(fj)] =
(nsum K fn) € carrier (Vr K v)
by (rule nsum-in-Vr)

lemma (in Corps) val-nscal-ge-self Tr:[valuation K v; x € carrier K; 0 < v ]
= vz < v(nXxXgo)

apply (cut-tac field-is-ring, induct-tac n, simp)

apply (simp add:value-of-zero,
stmp,
frule-tac y = n X g & in amin-le-plus[of v x|, assumption+,
rule Ring.nsClose, assumption+)

apply (simp add:amin-def,
frule Ring.ring-is-ag[of K],
frule-tac n = n in Ring.nsClose[of K z|, assumption+,
simp add:aGroup.ag-pOp-commute)

done

lemma (in Corps) ApprozimationTr:[valuation K v; z € carrier K; 0 < (v z)]
_—
v < (v (1 £ = (1, £ z) 7K (Suen)yy)
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
case-tac x = O,
sitmp, frule Ring.ring-onelof K|, simp add:aGroup.ag-r-zero,
simp add: Ring.npOne, simp add:Ring.ring-l-one,simp add:aGroup.ag-r-invl,
subst Ring.tail-of-expansionl [of K |, assumption+,
frule Ring.ring-one[of K])
apply (subgoal-tac (nsum K (M. gye nCSuc i XK K0 p)ecarrier (Vr K v),
frule Vr-mem-f-mem[of v (nsum K (Ai. gye nCuc i XK = X 1) n)),
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assumption,

frule-tac ¢ = z and y = nsum K (M. gue nCSuc i XK ©
Ring.ring-tOp-closed|of K|, assumption+,

subst aGroup.ag-pOp-commute[of K - 1.], assumption+,
subst aGroup.ag-p-invof K 1.], assumption+,

subst aGroup.ag-pOp-assoc| THEN sym)|, assumption+,
simp add:aGroup.ag-mOp-closed, rule aGroup.ag-mOp-closed, assumption,
simp del:binomial-Suc-Suc add:aGroup.ag-r-invl, subst aGroup.ag-l-zero,
assumption+,

rule aGroup.ag-mOp-closed, assumption+, simp add:val-minus-eq)

K1)y in

apply (subst val-t2plof v], assumption+) apply (

stmp add:val-pos-mem-Vr[THEN sym, of v

nsum K (Mi.(nCi + nCsye i) XK K i n),
frule aadd-le-monolof 0 v (nsum K (Mi.(nC; + nCgyc i) XK R
v ], simp add:aadd-0-1, simp add:aadd-commute[of v z])

apply (rule nsum-mem-in-Vr{of v n Mi.gue nCSuc i XK K Z.], assumption,

rule alll, rule impl) apply (rule Ring.nsClose, assumption+) apply (simp
add:Ring.npClose)

apply (rule alll, rule impl)
apply (cut-tac i = 0 and j = v (z7KJ) and k = v (gy, nCSuc j XK 2K )
in ale-trans)
apply (case-tac j = 0, simp add:value-of-one)
apply (simp add: val-exp-ring[ THEN sym],
frule val-nonzero-z|of v x|, assumption+,
erule exk,
cut-tac m1 = 0 and nl = j in of-nat-less-iff [ THEN sym)],
frule-tac a = 0 < jand b = int 0 < int j in a-b-exchange,
assumption, thin-tac 0 < j, thin-tac (0 < j) = (int 0 < int 7))
apply (simp del: of-nat-0-less-iff)

apply (frule-tac wl = int j and =1 = 0 and yI = ant z in
asprod-pos-mono| THEN sym],
simp only:asprod-n-0)

apply(rule-tac x = K Jand n = Sue nCSuc j in
val-nscal-ge-self Trlof v], assumption+,
simp add:Ring.npClose, simp add:val-exp-ring| THEN sym],
frule val-nonzero-z[of v z], assumption+, erule exE, simp)
apply (case-tac j = 0, simp)
apply (subst asprod-amult, simp, simp add:a-z-2)
apply(
stmp only:ant-0[THEN sym|, simp only:ale-zle,
cut-tac m1 = 0 and nl = j in of-nat-less-iff [ THEN sym))
apply ( frule-tac a = 0 < jand b = int 0 < int j in a-b-exchange,
assumption+, thin-tac 0 < j, thin-tac (0 < j) = (int 0 < int j),
frule-tac z = int 0 and 2z’ = int j in zless-imp-zle,
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frule-tac i = int 0 and j = int j and k = z in int-mult-le,
assumption+, simp add:mult.commute )
apply assumption
done

lemma (in Corps) ApprozimationTr0:aa € carrier K —
(1, £ —4 (aa™ K NN EN ¢ corrier K
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
rule Ring.npClose, assumption+,
rule aGroup.ag-pOp-closed, assumption+, simp add: Ring.ring-one,
rule aGroup.ag-mOp-closed, assumption+, rule Ring.npClose, assumption+)
done

lemma (in Corps) ApprozimationTr!:aa € carrier K =
1 £ —0 (1r £ —4 (a0 EN)EN) ¢ corrier K
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
frule ApproximationTr0[of aa N],
frule Ring.ring-onelof K], rule aGroup.ag-pOp-closed, assumption+,
rule aGroup.ag-mOp-closed, assumption+)
done

lemma (in Corps) ApproxzimationTr2:[valuation K v; aa € carrier K; aa # 0;
0 < (vaa)] = (int N) *q(vaa) < (v (1y £ —a ((1y £ —o (aa™ K N)) K Nyy)
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
case-tac N = 0,
frule val-nonzero-z[of v aal, assumption+, erule exE, simp)
apply(frule Ring.ring-one[of K|, simp add:aGroup.ag-r-inv1,
simp add:value-of-zero)

apply (frule-tac n = N in Ring.npCloselof K aa], assumption+,
frule ApprozimationTr[of v —q (aa X NY N — Suc 0],
rule aGroup.ag-mOp-closed, assumption+, simp add:val-minus-eq,
subst val-exp-ring| THEN sym, of v], assumption+,
stmp add:asprod-pos-pos)
apply (simp add:val-minus-eq, simp add:val-exp-ring] THEN sym))
done

lemma (in Corps) eSum-tr:

(Vj < n (zj) € carrier K) A

(Vi< mn (bj) € carrier K) N1 < n A

(ViE(h h < n} —{1}). (97 = (@) -+ (Ir £ —a (b)) A

gl=(z1)+ (=a (b 1)
— (nsum K (A\j € {h. h < n}. (j) + (I £ =4 (b)) n) £ (—o (z]) =
nsum K g n

apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K])

apply (induct-tac n)

apply (simp, rule impl, (erule conjE)+,
simp, frule Ring.ring-one[of K|, subst Ring.ring-distrib1,
assumption,
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simp add:aGroup.ag-mOp-closed, simp add: Ring.ring-r-one,
frule aGroup.ag-mOp-closed|of K b 0], assumption+,
frule Ring.ring-tOp-closed[of K x 0 —, (b 0)], assumption+,
subst aGroup.ag-pOp-commute|of K x 0 -], assumption+,
subst aGroup.ag-pOp-assoc, assumption+,
frule aGroup.ag-mOp-closed]of K],
assumption+)
apply (simp add:aGroup.ag-r-invl, subst aGroup.ag-r-zero, assumption+, simp)
apply (rule impl, (erule conjE)+)
apply (subgoal-tac Vj < (Suc n). ((zj) -+ (1, £ —a (b §))) € carrier K)
apply (case-tac I = Suc n, simp)
apply (subgoal-tac . K g n € carrier K,
subgoal-tac {h. h < (Suc n)} — {Suc n} = {h. h < n}, simp,
subgoal-tac ¥j. j < n — j < (Suc n),
frule-tac f = Au. if u < Suc n then (x u) - (1, £ —q (b u)) else
undefined and n = n in aGroup.nsum-eq[of K - - g])
apply (rule alll, rule impl, simp,
rule alll, simp, rule alll, rule impl, simp, simp)

apply (cut-tac a = x (Suc n) - (1, £ —4 (b (Suc n))) + —, (z (Suc n)) and
b=z (Sucn) - (—q (b (Suc n))) and
¢ =X K g nin aGroup.ag-pOp-add-l[of K], assumption)
apply (rule aGroup.ag-pOp-closed, assumption+,
rule Ring.ring-tOp-closed, assumption+, simp,
rule aGroup.ag-pOp-closed, assumption+, simp add:Ring.ring-one,
rule aGroup.ag-mOp-closed, assumption, simp,
rule aGroup.ag-mOp-closed, assumption, simp,
rule Ring.ring-tOp-closed, assumption+, simp,
rule aGroup.ag-mOp-closed, assumption+, simp, assumption)

apply (subst Ring.ring-distribl, assumption+, simp, simp add:Ring.ring-one,
simp add:aGroup.ag-mOp-closed,
simp add:Ring.ring-r-one) apply (
frule-tac © = x (Suc n) and y = z (Suc n) - (—4 (b (Suc n))) in
aGroup.ag-pOp-commute [of K|, simp,
simp add: Ring.ring-tOp-closed aGroup.ag-mOp-closed,
simp) apply (
subst aGroup.ag-pOp-assoc|of K|, assumption+,
rule Ring.ring-tOp-closed, assumption+, simp,
(simp add:aGroup.ag-mOp-closed)+,
subst aGroup.ag-r-invl, assumption—+, simp,
subst aGroup.ag-r-zero, assumption+,
simp add: Ring.ring-tOp-closed aGroup.ag-mOp-closed, simp,
rotate-tac —1, drule sym, simp) apply (
thin-tac £ K gn £ © (Suc n) - (—4 (b (Suc n))) =
Ye Kgn £ (x (Sucn) - (1, £ —4 (b (Suc n))) £ —4 (z (Suc n))))
apply (subst aGroup.ag-pOp-assoc|THEN sym], assumption+,
rule Ring.ring-tOp-closed, assumption+, simp,
rule aGroup.ag-pOp-closed, assumption+, simp add:Ring.ring-one,
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rule aGroup.ag-mOp-closed, assumption+, simp,
rule aGroup.ag-mOp-closed, assumption+, simp, simp,
simp, rule equalityl, rule subsetl, simp, rule subsetl, simp)
apply (rule aGroup.nsum-mem, assumption+,
rule alll, rule impl, simp)
defer
apply (rule alll, rule impl)
apply (case-tac j = I, simp,
rule Ring.ring-tOp-closed, assumption, simp,
rule aGroup.ag-pOp-closed, assumption+, simp add: Ring.ring-one,
rule aGroup.ag-mOp-closed, assumption, simp, simp,
rule Ring.ring-tOp-closed, assumption, simp,
rule aGroup.ag-pOp-closed, assumption+, simp add:Ring.ring-one,
rule aGroup.ag-mOp-closed, assumption, simp, simp)

apply (subst aGroup.ag-pOp-assoc, assumption+,
rule aGroup.nsum-mem, assumption+,
rule alll, simp, rule Ring.ring-tOp-closed, assumption+, simp,
rule aGroup.ag-pOp-closed, assumption+, simp add:Ring.ring-one,
rule aGroup.ag-mOp-closed, assumption, simp,
rule aGroup.ag-mOp-closed, assumption, simp,
subst aGroup.ag-pOp-commute[of K - —, (x )], assumption+,
rule Ring.ring-tOp-closed, assumption, simp,
rule aGroup.ag-pOp-closed, assumption—+, simp add: Ring.ring-one)
apply (rule aGroup.ag-mOp-closed, assumption+, simp,
rule aGroup.ag-mOp-closed, assumption—+, simp,
subst aGroup.ag-pOp-assoc[THEN sym], assumption+,
rule aGroup.nsum-mem, assumption+,
rule alll, rule impl, simp,
rule aGroup.ag-mOp-closed, assumption, simp,
rule Ring.ring-tOp-closed, assumption, simp,
rule aGroup.ag-pOp-closed, assumption+, simp add: Ring.ring-one,
rule aGroup.ag-mOp-closed, assumption, simp)
apply (subgoal-tac £, K (Aa. if a < (Suc n) thenz a - (1, £ —¢ (b a))
else undefined) n + —, (z 1) =
e K (Ma. ifa<nthenza- (1, £ —, (b a)) else undefined) n +
—a (1), simp,
rule aGroup.ag-pOp-add-rlof K - - —, (z 1)], assumption+,
rule aGroup.nsum-mem, assumption+,
rule alll, rule impl, simp,
rule aGroup.nsum-mem, assumption+,
rule alll, rule impl, simp,
rule aGroup.ag-mOp-closed, assumption, simp,
rule aGroup.nsum-eq, assumption+,
rule alll, rule impl, simp, rule alll, rule impI)
apply simp
apply (rule alll, rule impl, simp)
done
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lemma (in Corps) eSum-minus-z:[Vj < n. (z j) € carrier K;
Vi< mn. (bj) € carrier K; 1 < n;
Vie({h. b < n} —{1}). (95 = () + (Ir £ —a (b))
gl=(zl) v (=a (b)) ] =
(nsum K (Aje{h. h < n}. (zj) + (I, £ —a (b)) n) £ (=4 (1)) =
nsum K gn
by (cut-tac eSum-trlof n z bl g], simp)

lemma (in Ring) one-m-z-times:x € carrier R =
(1, + —q z) - (nsum R (A\j. a8 n) =1, + —, (a8 (Suc ”))
apply (cut-tac ring-one, cut-tac ring-is-ag,

frule aGroup.ag-mOp-closed|of R z], assumption+,

frule aGroup.ag-pOp-closed|[of R 1, —, x|, assumption+)

apply (induct-tac n)
apply (simp add:ring-r-one ring-l-one)
apply (simp del:npow-suc,
frule-tac n = Suc n in npClose|of z],
subst ring-distribl, assumption+)
apply (rule aGroup.nsum-mem, assumption, rule alll, rule impl,
simp add:npClose, rule npClose, assumption+,
simp del:npow-suc,
thin-tac (1, £ — 7) » Se R (npow Rz) n = 1, + —, (z 1 (Suc ”)))
apply (subst ring-distrib2, assumption+,
simp del:npow-suc add:ring-l-one,
subst aGroup.pOp-assocTri3]of R], assumption+,
rule-tac & = ¢ R (Suc n) i aGroup.ag-mOp-closed|of R|, assumption+,
rule ring-tOp-closed, rule aGroup.ag-mQOp-closed, assumption+)
apply (subst aGroup.ag-l-invl, assumption+, simp del:npow-suc
add:aGroup.ag-r-zero,

~R (Suc n) jn ring-tOp-closed,

frule-tacx = —, x and y =z
assumption+)
apply (rule aGroup.ag-pOp-add-l[of R - - 1,], assumption+,
rule aGroup.ag-mOp-closed, assumption+,
rule npClose, assumption+,
subst ring-invl-1[THEN sym, of z], assumption,
rule npClose, assumption,
stmp,
subst ring-tOp-commute[of x|, assumption+, simp)
done

lemma (in Corps) z-pow-fSum-in-Vr:[valuation K v; z € carrier (Vr K v)] =
(nsum K (npow K x) n) € carrier (Vr K v)

apply (frule Vr-ring[of v])

apply (induct-tac n)

apply simp

apply (frule Ring.ring-one[of Vr K v])

apply (simp add: Vir-1-f-1)

apply (simp del:npow-suc)
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apply (frule Ring.ring-is-aglof Vi K v])

apply (subst Vr-pOp-f-pOp| THEN sym, of v|, assumption+)
apply (subst Vr-exp-f-exp| THEN sym, of v|, assumption+)
apply (rule Ring.npClose[of Vr K v], assumption+)

apply (rule aGroup.ag-pOp-closed|of Vi K v], assumption+)
apply (subst Vr-exp-f-exp[ THEN sym, of v], assumption+)
apply (rule Ring.npClose|of Vr K v], assumption+)

done

lemma (in Corps) val-1ma-pos:[valuation K v; x € carrier K;
0<(w(ly £ —2)]= va=20

apply (cut-tac field-is-ring, frule Ring.ring-one[of K],

frule Ring.ring-is-aglof K])
apply (frule aGroup.ag-mOp-closed|of K x|, assumption+)
apply (frule aGroup.ag-pOp-closed|of K 1, —, x|, assumption+)
apply (frule aGroup.ag-mOp-closed|of K 1, + —, z], assumption+)
apply (cut-tacz =zand y =1, £+ —, (I, £ —y z) and f = v in

eq-elems-eq-val)
apply (subst aGroup.ag-p-inv, assumption+,

subst aGroup.ag-pOp-assoc| THEN sym], assumption+,

rule aGroup.ag-mOp-closed, assumption+,

subst aGroup.ag-inv-inv, assumption+,

subst aGroup.ag-r-invl, assumption+,

subst aGroup.ag-l-zero, assumption+,

(simp add:aGroup.ag-inv-inv)+,

frule wvalue-less-eqlof v 1, —q (1, £ —4 )],

assumption+)
apply (simp add:val-minus-eq value-of-one,

stmp add:value-of-one)
done

lemma (in Corps) val-1mz-pow:[valuation K v; x € carrier K;
0<((ly+—gz)]=0< (v(1, £ —, K (Sucn)y)
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K])
apply (subst Ring.one-m-z-times| THEN sym, of K x n|, assumption+)
apply (frule Ring.ring-one[of K],
frule z-pow-fSum-in-Vr[of v x n],
subst val-pos-mem-Vr|THEN sym], assumption+,
frule val-1ma-pos|of v x|, assumption+,
simp)

apply (subst val-t2p, assumption+,
rule aGroup.ag-pOp-closed, assumption+,
simp add:aGroup.ag-mOp-closed, simp add: Vr-mem-f-mem,
frule val-pos-mem-Vr[THEN sym, of v nsum K (npow K ) n],
simp add: Vr-mem-f-mem, simp)

apply(frule aadd-le-monolof 0 v (nsum K (npow K x) n) v (1, £ —, )],
stmp add:aadd-0-1, simp add:aadd-commute)
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done

lemma (in Corps) ApprozimationTr3:[vals-nonequiv K (Suc n) vv;
VI < (Sucn). zl € carrier K; j < (Suc n)] =
JL(VN.L< N — (anm) < (wj (Xe K (Me€{h. b < (Suc n)}.
(:1: k) r (17“ + —q ((IT t — (((QK w (Suc n)) k)AK N))AK N)))
(Suc n)) + —4 (2 4))))
apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K])
apply (frule-tac vals-nonequiv-valuation|of Suc n vv j], assumption+)
apply (subgoal-tac VN. 3, K (Aje{h. h < (Suc n)}. (zj) » (I, £ —¢ (I, =
—a (U (Suc ny) H NN (Sue n) £ —4 (2 ) =
Ye K (Nle{h. h< (Suc n)}. (if 1 # jthen (xl) - (1, £ —o (I, £ —¢
(K v (Suc n)) N ENAENY else (25) - (1 £ —q (1, £

—a (% o (500 ) DKM KN &2 1)) (Sue )
apply (simp del:nsum-suc)
apply (thin-tac VN. . K (Aje{h. h < (Suc n)}. (zj) » (1, £ —o (I, £
—a (K o (Suc n)) FENAKNY (Sue n) £ —, (2]) = Be K (Me{h. h < (Suc
)}y if 14 jthen (z1) -+ (1r + = (I + =0 (g 4 (suc 1) K Ny~ Ny g0
(@4) + (Ir £ =0 (Ir £ =0 (UK 40 (Suc n)) PENYSKN 4 1)) (Suc n))
prefer 2 apply (rule alll)
apply (rule eSum-minus-z, assumption+)
apply (rule alll, rule impI) apply (rule ApprozimationTr0)
apply (simp add: Ostrowski-base-mem) apply assumption
apply (rule balll, simp)
apply simp
apply (frule Ring.ring-onelof K])
apply (cut-tac aa = (g ,, (Suc n)) jand N = N in

ApprozimationTr0)

apply (simp add: Ostrowski-base-mem,)
apply (subst aGroup.ag-pOp-assoc, assumption+)
apply (rule aGroup.ag-mOp-closed, assumption+)+
apply (subst aGroup.ag-pOp-commute[of K - —, 1], assumption+)
apply (rule aGroup.ag-mOp-closed, assumption+)+

apply (subst aGroup.ag-pOp-assoc|[ THEN sym]|, assumption+)

apply (rule aGroup.ag-mOp-closed, assumption+)+

apply (simp add:aGroup.ag-r-invl)

apply (subst aGroup.ag-l-zero, assumption+) apply (simp add:aGroup.ag-mOp-closed)
apply simp

apply (subgoal-tac IL.VN. L < N —
(Via < (Suc n). (an m) < ((vv j o (AMl€{h. h < (Suc n)}. if | # j then (z 1) -

(1 £ =0 (I £ =0 (Q 4y (Suc ) DN TN else (z) o (1, £ —a (1, £
—a (g w (Suc n)) Z)AK N)AK N —a 1v))) ja)))
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apply (erule exFE)

apply (rename-tac M)

apply (subgoal-tac VN. M < (N::nat) —
(anm) < (vwj (Ze K (Me€{h. h < (Suc n)}. (if | # j then
(v l) r (JT + — (I £ —a ((QK v (Suc n)) l)AK N)AK N)
else () v (Ir £ —o (Ir £ —0 ((QK w (Suc n)) Z)AK N)AKN
+ —a 1r))) (Suc n))))

apply blast

apply (rule alll, rule impl)

apply (drule-tac a = N in forall-spec, assumption)

apply (rule value-ge-add[of vv j Suc n - an m], assumption+)

apply (rule alll, rule impl)

apply (frule Ring.ring-onelof K])

apply (case-tac ja = j, simp)

apply (rule Ring.ring-tOp-closed, assumption+, simp)
apply (rule aGroup.ag-pOp-closed, assumption+)+
apply (rule aGroup.ag-mOp-closed, assumption+)
apply (rule Ring.npClose, assumption)

apply (rule aGroup.ag-pOp-closed, assumption+)
apply (rule aGroup.ag-mOp-closed, assumption)
apply (rule Ring.npClose, assumption)

apply (simp add: Ostrowski-base-mem,)

apply (rule aGroup.ag-mOp-closed, assumption+)

apply simp

apply (rule Ring.ring-tOp-closed, assumption+, simp)
apply (rule aGroup.ag-pOp-closed, assumption+)+
apply (rule aGroup.ag-mOp-closed, assumption+)
apply (rule Ring.npClose, assumption)

apply (rule aGroup.ag-pOp-closed, assumption+)
apply (rule aGroup.ag-mOp-closed, assumption)
apply (rule Ring.npClose, assumption)

apply (simp add: Ostrowski-base-mem,)

apply assumption

apply (subgoal-tac ¥V N. Vja < (Suc n). (1, + —¢ (1, £ —4
(g (Suc n)) ja) KN KNy e carrier K)
B B K Ny~K N

apply (subgoal-tac VN. (1, £ —4 (1, £ —a (U 4o (Suc n)) 7 )

+ —, 1,) € carrier K)
apply (simp add:val-t2p)
apply (cut-tac multi-inequality Tr0[of Suc n (vv j) o x m])
apply (subgoal-tac ¥ ja < (Suc n). (vvj o z) ja # — oo, simp)
apply (erule exFE)
apply (subgoal-tac VN. L < N — (Vja < (Suc n). (ja #j —

anm < v () + (00§ (1 % —a (1r £ —a (U py (Sue my) J0) K ) K NY)
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A(ja=j— (anm) <wj(zj) + (vvj(lr £ —a (I, £
—a (U v (Suc n) D NN+ — (1))

apply blast

apply (rule alll, rule impl)+

apply (case-tac ja = j, simp)
apply (thin-tac VN. 1, + =4 (1r £ =0 (g 4y (sucn)) I FN £ -4 1

S

T

carrier K)

apply (thin-tac VI<Suc n. x| € carrier K)

apply (drule-tac z = N in spec)

apply (drule-tac a = j in forall-spec, assumption,
thin-tac ¥ ja<Suc n. 1, £ —4 (1, £ —a (g 4 (Suc n)) ja K Ny~K' N
€ carrier K)

apply (cut-tac N = N in ApprozimationTr0 [of (¢ ., (Suc n)) il

apply (simp add: Ostrowski-base-mem,)

apply (frule Ring.ring-one[of K], frule aGroup.ag-mOp-closed[of K 1],
assumption) apply (
frule-tac x = (1, & —4 (g 4o (Suc n)) j
aGroup.ag-mOp-closed|of K], assumption+)

apply (simp only:aGroup.ag-pOp-assoc)

apply (simp only:aGroup.ag-pOp-commute[of K - —, 1,])

apply (simp only:aGroup.ag-pOp-assoc| THEN sym)
(
(

)AK N)AKNin

apply (simp add:aGroup.ag-r-invl)
apply (simp add:aGroup.ag-l-zero) apply (simp only:val-minus-eq)

apply (thin-tac (1, £ —a (Qg 4, (Suc n)) FENAKN ¢ corrier K,

thin-tac —, (1, £ —a (UK 4, (Suc n)) JENAKN ¢ corrier K)
apply (subst val-exp-ring| THEN sym, of vv j], assumption+)
apply (rule aGroup.ag-pOp-closed|of K], assumption+)
apply (rule aGroup.ag-mOp-closed|of K|, assumption)
apply (rule Ring.npClose, assumption+) apply (simp add: Ostrowski-base-mem,)
apply (rule Ostrowski-base-npow-not-one) apply simp apply assumption+
apply (drule-tac a = N in forall-spec, assumption)
apply (drule-tac a = j in forall-spec, assumption)
apply (frule Ostrowski-baseTr1[of n vv j], assumption+)
apply (frule-tac n = N — Suc 0 in val-1mz-pow[of vv j (Qg ,, (Suc n)) il
apply (simp add: Ostrowski-base-mem) apply assumption
apply (thin-tac vv j (z j) # — co) apply (simp only:Suc-pred)
apply (thin-tac 0 < v j (1, £ —o (g 10 (Suc n)) )
apply (cut-tac b= v j (1 £ =0 (U oy (Suc n)) KNy and N = N in
asprod-ge) apply assumption apply simp
apply (cut-tac x = an N and y = int N x4 v j (I, £ —a (g 4 (Suc n))
7K N) in aadd-le-monolof - - w j (z j)], assumption)
apply (simp add:aadd-commute)

apply simp
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apply (frule-tac aa = (Q , (Suc n)) jaand N = N in
ApprozimationTr2[of vv j])
apply (simp add: Ostrowski-base-mem,)
apply (rule Ostrowski-base-nonzero, assumption+)
apply (frule-tac I = ja in Ostrowski-baseTr0[of n vv|, assumption+,
erule conjE)
apply (rotate-tac —1, frule-tac a = j in forall-spec) apply assumption
apply (frule-tac z = j in bspec, simp)
apply (rule aless-imp-le) apply blast
apply (rotate-tac —5,
drule-tac a = N in forall-spec, assumption)
apply (rotate-tac —2,
drule-tac a = ja in forall-spec, assumption) apply (
drule-tac a = ja in forall-spec, assumption)
apply (frule-tac I = ja in Ostrowski-baseTr0[of n wvv], assumption+)
apply (erule conjE, rotate-tac —1,
frule-tac a = j in forall-spec, assumption+)
apply (thin-tac vv j (z ja) # — o0)
apply (cut-tac b = vv j (Qp 4, (Suc n)) ja) and N = N in asprod-ge)
apply simp apply simp
apply (frule-tac x = an N and y = int N x, v j (g ., (Suc n)) ja) and
z = w j (z ja) in aadd-le-mono)
apply (frule-tac x = int N x, vv j (Qg 4, (Suc n)) ja) and y = (wv j)
(1, £ —a (Ir £ =0 (g 4o (Suc n)) ja) K N)K Ny and 2 = wj (z ja)
in aadd-le-mono)
apply (frule-tac i = an N 4+ v j (z ja) and
j=1imt N x, v j (g 40 (Suc n)) ja) + v j (x ja) and
k = ’U’Uj (Zr + Ta (‘ZT + Ta ((QK VU (Suc n)) ja>AKN>AKN) +
v j (z ja) in ale-trans, assumption+)
apply (subst aadd-commute)
apply (frule-tac x = an m and y = vv j (z ja) + an N in aless-imp-le)
apply (rule-tac j = v j (z ja) + an N in ale-trans[of an m],
assumption)
apply (simp add:aadd-commute)
apply (rule alll, rule impl, subst comp-def)
apply (frule-tac a = ja in forall-spec, assumption)
apply (frule-tac x = z ja in value-in-aug-infof vv j], assumption+)
apply (simp add:aug-inf-def)

apply (rule alll)
apply (rule aGroup.ag-pOp-closed, assumption+) apply blast
apply (rule aGroup.ag-mOp-closed, assumption, rule Ring.ring-one, assumption)

apply ((rule alll)+, rule impl)
apply (rule-tac aa = (Q (Suc n)) ja in ApprozimationTrl,

stmp add: Ostrowski-base-mem)
done
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definition
app-lb :: [- | nat, nat = 'b = ant, nat = 'b, nat] =
(nat = nat) ((5P-__-_. ) [98,98,98,98,99]98) where
g ooam= (N€{h. b < n}. (SOME L. YN. L < N —»
(anm) < (v j (Ze K (Nje{h. h < n}. (z]) vg (Irg £ —ak
(1rg K=ok (g pon) D EN TN 0 tp — (@)

lemma (in Corps) app-LB:[vals-nonequiv K (Suc n) vv;
VI< (Suc n). z 1 € carrier K; j < (Suc n)] =
VN. (Vg (Suc n) wazm) J <N — (anm) <
(vwj (Be K (Nje{h. h < (Sucn)}. (j) » (1p £ —o (I, £
~a ((QK v (Suc n)) ]) K N) K N)) (Suc n) t - (m ])))
apply (frule ApprozimationTr3[of n vv z j m],
assumption—+)
apply (simp del:nsum-suc add:app-lb-def) apply (rule alll)
apply (rule somel2-ex) apply assumption+
apply (rule impl) apply blast
done

lemma (in Corps) ApplicationTr4:[vals-nonequiv K (Suc n) vv;
Vie{h. h < (Suc n)}. z j € carrier K] =
JIL.YN. I <N — (Vj < (Sucn). (anm) <
(vwj (Be K (Nje{h. h < (Sucn)}. (zj) » (Ir £ —o (I, £
Ta ((QK v (Suc n)) .7) K N) K N)) (SUC n) t —a (.73 J))))
apply (subgoal-tac ¥V N. (m-maz (Suc n) (Vg (Suc n)
(Vi< (Suc n). (an m) <
(wj (Be K (Njef{h. h < (Sucn)}. (x7)  (Ip £ —¢ (I, =
0 (% o (500 m) D KN HN)) (Suc n) £ —4 ()
apply blast
apply (rule alll, rule impl)+
apply (frule-tac j = j in app-LBlof n vv z - m],
simp, assumption,
subgoal-tac (¥ (Suc n) vz m) J < N, blast)

m}xm>)<N_>

oz m I M-maz-gt,

apply (frule-tac | = jand n = Suc n and f = ¥y (Suc n)
frule-tac x = (V (Suc n) w o m) Jjand

y = m-mazx (Suc n) (Vg (Suc n) and z = N in le-less-trans,

v T m)
assumption+)
done

theorem (in Corps) Approzimation-thm:[vals-nonequiv K (Suc n) wvv;

Vi< (Suc n). (zj) € carrier K] =

Jyecarrier K. Vj< (Suc n). (an m) < (vwj (y £ —a (7))

apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K])

apply (subgoal-tac 31. (VN. Il < N — (Vj < (Suc n). (an m) < ((vv 7) ((nsum K
(Wedh b < (Sucn)}. (25) o+ (1 + o (1 =0 (g 4y (e n)) ) K )N
(Sucn)) £ —a (2 ))))))
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apply (erule exFE)
apply (rename-tac M)
apply (subgoal-tac ¥ j< (Suc n). (an m
(vwj( (B K (Aje{h. h < (Sue n)}. () (1p £ —o (I, £

0 (U y (e ny) )77 (S0 M) 2K (Sue 2y <Suc n) £ o (24))
apply (subgoal-tac . K (Aje{h. h < (Suc n)} J) e (1, £

a (Ir £ —a (g (Suc n)) j) K (Suc M)) (S“C M))) (Suc n) € carrier K)
apply blast
apply (rule aGroup.nsum-mem|[of K Suc n|, assumption+)
apply (rule alll, rule impl, simp del:nsum-suc npow-suc)
apply (rule Ring.ring-tOp-closed, assumption+, simp,

rule ApprozimationTrl, simp add: Ostrowski-base-mem,)

) <

apply (subgoal-tac M < Suc M) apply blast

apply simp

apply (rule ApplicationTr/[of n vv z], assumption+)
apply simp

done

definition
distinct-pds :: [-, nat, nat = ('b = ant) set] = bool where
distinct-pds K n P +— (Vj< n. Pj € Pds i) A
Vi<nVm<n l#m-— Pl#Pm)

lemma (in Corps) distinct-pds-restriction:[distinct-pds K (Suc n) P] =
distinct-pds K n P

apply (simp add:distinct-pds-def)

done

lemma (in Corps) ring-n-distinct-prime-divisors:distinct-pds K n P —>
Ring (Sr K {z. z€carrier K N (Vi< n. 0 < ((v g (Pj)) z))})

apply (simp add:distinct-pds-def) apply (erule conjE)

apply (cut-tac field-is-ring)

apply (rule Ring.Sr-ring, assumption+)

apply (subst sr-def)

apply (rule conjI)

apply (rule subsetl) apply simp

apply (rule conjI)

apply (simp add:Ring.ring-one)

apply (rule alll, rule impl)

apply (cut-tac P = P j in representative-of-pd-valuation, simp,
simp add:value-of-one)

apply (rule balll)+

apply simp

apply (frule Ring.ring-is-ag[of K|) apply (erule conjE)+

apply (frule-tac x = y in aGroup.ag-mOp-closed|of K], assumption+)

apply (frule-tac x = z and y = —, y in aGroup.ag-pOp-closed|of K],
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assumption+)
apply simp
apply (rule conjI)
apply (rule alll, rule impl)
apply (rotate-tac —4, frule-tac a = j in forall-spec, assumption,
rotate-tac —3,
drule-tac a = j in forall-spec, assumption)
apply (cut-tac P = P j in representative-of-pd-valuation, simp)
apply (frule-tac v = v (P ) and z = z and y = —, y in amin-le-plus,
assumption+)
apply (simp add:val-minus-eq)
apply (frule-tac z = (v (P j)) zand y = (vg (P j)) y in amin-gel [of 0])
apply simp
apply (rule-tac j = amin ((vg (Pj)) z) (Vg (Pj)) y)and k = (vg (Pj)) (z £
—q ) in ale-trans[of 0], assumption+)
apply (simp add:Ring.ring-tOp-closed)

apply (rule alll, rule impl,
cut-tac P = P j in representative-of-pd-valuation, simp,
subst val-t2p [where v=vg Pj]’ assumption,
rule aadd-two-pos, simp+)

done

lemma (in Corps) distinct-pds-valuation:[j < (Suc n);
distinct-pds K (Suc n) P] = wvaluation K (v (P j))

apply (rule-tac P = P j in representative-of-pd-valuation)

apply (simp add:distinct-pds-def)

done

lemma (in Corps) distinct-pds-valuationl:[0 < n; j < n; distinct-pds K n P]
= waluation K (v (P j))

apply (rule distinct-pds-valuation|of j n — Suc 0 P))

apply simp+

done

lemma (in Corps) distinct-pds-valuation2:[j < n; distinct-pds K n P] =
valuation K (v (P ]))
apply (case-tac n = 0,
simp add:distinct-pds-def,
subgoal-tac 0 € {0::nat},
simp add:representative-of-pd-valuation|of P 0],
stmp)

apply (simp add:distinct-pds-valuationi[of n))
done

definition
ring-n-pd :: [(’b, 'm) Ring-scheme, nat = ('b = ant) set,
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nat | = ('b, 'm) Ring-scheme
((30- - _) [98,98,99]98) where
O pnp=5rK {z. x € carrier K A

(Vji<n 0<((vg (Pj)) z))}

lemma (in Corps) ring-n-pd:distinct-pds K n P => Ring (Og p ;)
by (simp add:ring-n-pd-def, simp add:ring-n-distinct-prime-divisors)

lemma (in Corps) ring-n-pd-Suc:distinct-pds K (Suc n) P =
carrier (O g p (Suc n)) C carrier (O p y)

apply (rule subsetl)

apply (simp add:ring-n-pd-def Sr-def)

done

lemma (in Corps) ring-n-pd-pOp-K-pOp:[distinct-pds K n P; z€ carrier (Og p ,);

y € carrier (Og p )] :>m:|:(OKPn) y=z =ty

apply (simp add:ring-n-pd-def Sr-def)
done

lemma (in Corps) ring-n-pd-tOp-K-tOp:[distinct-pds K n P; x €carrier (O p p);
y € carrier (O p,)] = « O py) Y =T TY

apply (simp add:ring-n-pd-def Sr-def)

done

lemma (in Corps) ring-n-eSum-K-eSumTr:distinct-pds K n P =
(Vi<m. fj € carrier (O p ) — nsum (O p ) fm = nsum K fm

apply (induct-tac m)

apply (rule impl, simp)

apply (rule impl, simp,

subst ring-n-pd-pOp-K-pOp, assumption+,

frule-tac n = n in ring-n-pd[of - P],

frule-tac Ring.ring-is-ag, drule sym, simp)
apply (rule aGroup.nsum-mem, assumption+, simp+)
done

lemma (in Corps) ring-n-eSum-K-eSum:[distinct-pds K n P;

Vi< m. fje carrier (Og p,)] = nsum (Og p,,) fm = nsum K fm
apply (simp add:ring-n-eSum-K-eSumTr)
done

lemma (in Corps) ideal-eSum-closed:[distinct-pds K n P; ideal (Og p ,,) I;
Vi<m.fjell= nsum Kfmel
apply (frule ring-n-pd[of n P]) thm Ring.ideal-nsum-closed
apply (frule-tac n = m in
Ring.ideal-nsum-closed[of (Og p ) I - f], assumption+)
apply (subst ring-n-eSum-K-eSum [THEN sym, of n P m f], assumption+,
rule alll, simp add:Ring.ideal-subset)
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apply assumption
done

definition
prime-n-pd :: [-, nat = ('b = ant) set,
nat, nat] = 'b set
((4P- - - -) [98,98,98,99]98) where

P pnpi=A{z € (carrier (Og p,)) N0 < ((vg (Pj)) z)}

lemma (in Corps) zero-in-ring-n-pd-zero-K :distinct-pds K n P —>
Q0K pn) = 0K

apply (simp add:ring-n-pd-def Sr-def)

done

lemma (in Corps) one-in-ring-n-pd-one-K:distinct-pds K n P =
Ir(og pn) = 1r

apply (simp add:ring-n-pd-def Sr-def)

done

lemma (in Corps) mem-ring-n-pd-mem-K:[distinct-pds K n P; x €carrier (O p )]
= z € carrier K

apply (simp add:ring-n-pd-def Sr-def)

done

lemma (in Corps) ring-n-tOp-K-tOp:[distinct-pds K n P; x € carrier (Og p );
y € carrier (O p )] = = O py) Y=Y

apply (simp add:ring-n-pd-def Sr-def)

done

lemma (in Corps) ring-n-exp-K-exp:[distinct-pds K n P; x € carrier (Og p )]
apply (frule ring-n-pd[of n P])

apply (induct-tac m) apply simp

apply (simp add:one-in-ring-n-pd-one-K)

apply simp

apply (frule-tac n = na in Ring.npClose[of Ok p ,, =], assumption+)
apply (simp add:ring-n-tOp-K-tOp)

done

lemma (in Corps) prime-n-pd-prime:[distinct-pds K n P; j < n] =
prime-ideal (Og p ) (Pg p oy J)

apply (subst prime-ideal-def)

apply (rule conjl)

apply (simp add:ideal-def)

apply (rule conjI)

apply (rule aGroup.asubg-test)

apply (frule ring-n-pd[of n P], simp add:Ring.ring-is-ag)
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apply (rule subsetl, simp add:prime-n-pd-def)
apply (subgoal-tac O(OK P € Prpni)
apply blast

apply (simp add:zero-in-ring-n-pd-zero-K)

apply (simp add:prime-n-pd-def)

apply (simp add: ring-n-pd-def Sr-def)

apply (cut-tac field-is-ring, simp add:Ring.ring-zero)

apply (rule conjl) apply (rule alll, rule impI)

apply (cut-tac P = P ja in representative-of-pd-valuation,
simp add:distinct-pds-def, simp add:value-of-zero)

apply (cut-tac P = P j in representative-of-pd-valuation,
sitmp add:distinct-pds-def, simp add:value-of-zero)

apply (simp add:ant-0|THEN sym])

apply (rule balll)+

apply (simp add:prime-n-pd-def) apply (erule conjE)+

apply (frule ring-n-pd [of n P|, frule Ring.ring-is-aglof O p ,])

apply (frule-tac © = b in aGroup.ag-mOp-closed|[of Ok p ,], assumption+)

apply (simp add:aGroup.ag-pOp-closed)

apply (thin-tac Ring (Og p ) apply (thin-tac aGroup (Og p ,,))

apply (simp add:ring-n-pd-def Sr-def)

apply (erule conjE)+

apply (cut-tac v = VK (P ) and r =acand y = —, b in
amin-le-plus)

apply (rule-tac P = P j in representative-of-pd-valuation,
stmp add:distinct-pds-def)

apply assumption+

apply (cut-tac P = P j in representative-of-pd-valuation)

apply (simp add:distinct-pds-def)

apply (frule-tac z = (v (Pj)) aand y = (vg (Pj)) (=4 ) in
amin-gt[of 0])

apply (simp add:val-minus-eq)

apply (frule-tac y = amin (v (P j)) a) (Vg (P j)) (=4 b)) and
z= (Vg (P ])) (a £ —4 b) in aless-le-trans[of 0], assumption+)

apply (rule balll)+

apply (frule ring-n-pd [of n P])

apply (frule-tac ¢ = r and y = z in Ring.ring-tOp-closed[of Ok p 4]
assumption+)

apply (simp add:prime-n-pd-def)

apply (cut-tac P = P j in representative-of-pd-valuation,
simp add:distinct-pds-def)

apply (thin-tac Ring (Og p 1))

apply (simp add:prime-n-pd-def ring-n-pd-def Sr-def, (erule conjE)+,
sitmp add:val-t2p)

apply (subgoal-tac 0 < (v (P j)) 7))
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apply (simp add:aadd-pos-poss, simp)

apply (rule conjl,
rule contrapos-pp, simp+,
simp add:prime-n-pd-def,
(erule conjE)+, simp add: one-in-ring-n-pd-one-K,
simp add:distinct-pds-def, (erule conjE)+,
cut-tac representative-of-pd-valuation|of P j],
stmp add:value-of-one, simp)

apply ((rule balll)+, rule impl)
apply (rule contrapos-pp, simp+, erule conjE,
simp add:prime-n-pd-def, (erule conjE)+,
simp add:ring-n-pd-def Sr-def, (erule conjE)+,
simp add:aneg-less,
frule-tac © = (v (P j)) z in ale-antisym[of - 0], simp,
frule-tac x = (v (P j)) y in ale-antisym|of - 0], simp)

apply (simp add:distinct-pds-def, (erule conjE)+,
cut-tac representative-of-pd-valuation[of P j),
simp add:val-t2p aadd-0-1,
stmp)

done

lemma (in Corps) n-eq-val-eq-idealTr:
[distinct-pds K n P; « € carrier (O p ); y € carrier (O p pn);
Vi<n ((vg (pj)) ®) < (g (pj) 9] = Raea (Og py) y C Rea (O py) @
apply (subgoal-tac Vj < n. valuation K (v (P ])))
apply (case-tac x = O(OK P
simp add:zero-in-ring-n-pd-zero-K)
apply (simp add:value-of-zero)
apply (subgoal-tac y = 0, simp,
drule-tac a = n in forall-spec, simp,
drule-tac a=n in forall-spec, simp)
apply (cut-tac inf-ge-any[of (v (P n)) v,
frule ale-antisym[of (v (P n)) y 00|, assumption+)
apply (rule value-inf-zero, assumption+)
apply (simp add:mem-ring-n-pd-mem-K, assumption)

apply (frule ring-n-pd[of n P])

apply (subgoal-tac ¥V j<n. 0 < ((vg (Pj)) (y - (zE)))

apply (subgoal-tac (y - (z75)) € carrier Ok pn)

apply (cut-tac field-frac-mul[of y z],
frule Ring.rza-in-Rzalof O p,, T Y -r (J:'K)], assumption+,
sitmp add:ring-n-pd-tOp-K-tOp[THEN sym)|,
frule Ring.principal-ideal[of Ok p ,, x|, assumption+)

apply (cut-tac Ring.ideal-cont-Rzalof Og p ,, (Or pn) Op T Y,
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assumption,
simp add:mem-ring-n-pd-mem-K
simp add:mem-ring-n-pd-mem-K
simp add:zero-in-ring-n-pd-zero-K)
apply (frule Ring.rza-in-Rzalof O p oy T Y (:z:'K)], assumption+,
simp add:ring-n-pd-def Sr-def,
(erule conjE)+,
cut-tac field-is-ring, rule Ring.ring-tOp-closed, assumption+,
cut-tac invf-closedl[of x], simp, simp,
sitmp add:ring-n-pd-def Sr-def)
apply (cut-tac Ring.ring-tOp-closed, assumption—+,
cut-tac field-is-ring, assumption—+, simp+,
cut-tac invf-closed! [of x], simp, simp)

apply (rule alll, rule impl, drule-tac a = j in forall-spec, assumption+,
cut-tac invf-closedl [of x|, simp, erule conjE)
apply (subst val-t2p [where v=v pj], simp,
rule mem-ring-n-pd-mem-K[of n P y|, assumption+,
frule-tac x = j in spec, simp,
sitmp add:zero-in-ring-n-pd-zero-K)
apply (subst value-of-inv [where v=v g Pj]v simp,
simp add:ring-n-pd-def Sr-def, assumption+)
apply (frule-tac x = (v (P j)) rand y = (Vg (P j)) y in ale-diff-pos,
simp add: diff-ant-def,
simp add:mem-ring-n-pd-mem-K|of n P z] zero-in-ring-n-pd-zero-K)

apply (rule alll, rule impl,

simp add:distinct-pds-def, (erule conjE)+,

rule-tac P = P j in representative-of-pd-valuation, simp)
done

lemma (in Corps) n-eq-val-eg-ideal:[distinct-pds K n P; x € carrier (O p p);
y € carrier (Og p )i Vi< n.((vg (Pj)) r) = (Vg (Pj)) y)] =
Rza (O py) = Rza (Og py) y
apply (rule equalityl)
apply (subgoal-tac Vj< n. (vg (Pj)) y < ((vg (Pj)) x))
apply (rule n-eq-val-eq-idealTr, assumption+)
apply (rule alll, rule impl, simp)

apply (subgoal-tac Vj< n. (vg (Pj)) z < (v (Pj)) y))
apply (rule n-eq-val-eq-idealTr, assumption+)

apply (rule alll, rule impl)

apply simp

done

definition

ml-gen :: [-, nat = ('r = ant) set, nat, 'r set] = 'r where
ml-gen K Pnl = (SOME z. z € I A
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(Vj<n (vg (pj) o= LIK (v (pjy) 1))

definition
mkL :: [, nat = ('r = ant) set, 'r set, nat] = int where
mL K P1j=tna (L[K(VK(Pj)) I)

lemma (in Corps) ml-vals-nonempty:[distinct-pds K n P; ideal (Og p ) I; j<n]
= (vg (py) T#{}

apply (frule ring-n-pd[of n P])

apply (frule Ring.ideal-zero [of Ok p ,, I], assumption+)

apply (simp add:image-def)
apply blast
done

lemma (in Corps) ml-vals-LB:[distinct-pds K n P; ideal (O p ) I;j < n] =
(vg (Pj)) ‘I C LBset (ant 0)

apply (rule subsetl)

apply (simp add:image-def, erule bexE)

apply (frule ring-n-pd[of n P])

apply (frule-tac h = za in Ring.ideal-subset[of Ok p ,, I|, assumption+)

apply (thin-tac ideal (O p ) I)

apply (thin-tac Ring (Og p 1))

apply (simp add: ring-n-pd-def Sr-def) apply (erule conjE)+

apply (drule-tac a = j in forall-spec, simp)

apply (simp add:LBset-def ant-0)
done

lemma (in Corps) mL-hom:[distinct-pds K n P; ideal (O p ,,) I;
I+ {O(OKPn)}; I # carrier (Og p )] =
Vi<n.mLKPIj€E Zset

apply (rule alll, rule impl)

apply (simp add:mL-def LI-def)

apply (simp add:Zset-def)

done

lemma (in Corps) ex-Zleast-in-mli:[distinct-pds K n P; ideal (O p ) I3 § < nf
apply (frule-tac j = j in mI-vals-nonemptylof n P I], assumption+)
apply (frule-tac j = j in mI-vals-LB[of n P I], assumption+)

apply (frule-tac A = (v (P j)) ‘I and z = 0 in AMin-mem, assumption+)
apply (simp add:LI-def)

apply (thin-tac (v (Pj)) ‘I C LBset (ant 0))

apply (simp add:image-def, erule bexE)

apply (drule sym)
apply blast
done
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lemma (in Corps) val-LI-pos:[distinct-pds K n P; ideal (Og p ,,) I;
175 {O(OKPn)};jS n] — 0 < LIK (I/K (P])) I
apply (frule-tac j = j in ml-vals-nonemptylof n P I], assumption+)
apply (frule-tac j = j in ml-vals-LB[of n P I], assumption+)
apply (frule-tac A = (v (P j)) ‘I and z = 0 in AMin-mem, assumption+)
apply (simp add:LI-def)
apply (frule subsetD[of (v (P j)) “I LBset (ant 0) AMin ((vg (P j)) ‘1)), as-
sumption+)
apply (simp add:LBset-def ant-0)
done

lemma (in Corps) val-LI-noninf:[distinct-pds K n P; ideal (O p ) I;
apply (frule-tac j = j in ml-vals-nonempty[of n P I], assumption+)
apply (frule-tac j = j in ml-vals-LB[of n P I], assumption+)
apply (frule-tac A = (v (P j)) ‘I and z = 0 in AMin, assumption+)
apply (thin-tac (v (P j)) “I C LBset (ant 0),

thin-tac (v g (Pj) ) ‘T #{})
apply (frule ring-n-pd[of n P])
apply (frule Ring.ideal-zero[of Ok p ,, I], assumption+)
apply (erule conjE, simp add:LI-def)
apply (frule singleton-sublof OOK P 1))

(

(

apply (frule sets-not-eq[of I {OOK P n}],
assumption+, erule bexE)

apply (simp add:zero-in-ring-n-pd-zero-K)

apply (subgoal-tac Izcl. AMin ((vg (Pj)) ‘)= (vg (P j)) z,
erule bezE) apply simp

apply (drule-tac z = a in bspec, assumption)

apply (thin-tac AMin ((vg (P j)) ‘I) = (v (P j)) )

apply (frule-tac h = a in Ring.ideal-subset[of Ok p ,, I], assumption+)
apply (frule-tac = a in mem-ring-n-pd-mem-K[of n P, assumption+)
apply (simp add:distinct-pds-def, (erule conjE)+)
apply (cut-tac representative-of-pd-valuation[of P j))
defer apply simp apply blast
apply (frule-tac © = a in val-nonzero-z[of v (P j)}’ assumption+,
erule exE, simp)
apply (thin-tacVli<n.VYm <n.l#m — Pl# Pm,
thin-tac (v g (P j)) a = ant 2)

apply (rule contrapos-pp, simp+)

apply (cut-tac © = ant z in inf-ge-any)

apply (frule-tac x = ant z in ale-antisym[of - oo|, assumption+)
apply simp

done
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lemma (in Corps) Zleast-in-mlI-pos:[distinct-pds K n P; ideal (Og p ) I;
I#{O(OKPn)};yg n] = 0<mLKPIj
apply (simp add:mL-def)
apply (frule ex-Zleast-in-mI[of n P I j], assumption+,
erule bexE, frule sym, thin-tac (v g (P j)) =LK (vg (P j)) I)
apply (subgoal-tac LI K (v (P j)) I # o0, simp)
apply (thin-tac LI K (v (Pj)) I=(vg (Pj)) x)

apply (frule ring-n-pd[of n P])

apply (frule-tac h = z in Ring.ideal-subset[of Ok p ,, I, assumption+)
apply (thin-tac ideal (O p ) I)

apply (thin-tac Ring (Og p )

apply (simp add: ring-n-pd-def Sr-def) apply (erule conjE)

apply (drule-tac a = j in forall-spec, assumption)

apply (simp add:apos-tna-pos)

apply (rule val-LI-noninf, assumption+)

done

lemma (in Corps) Zleast-mL-I:[distinct-pds K n P; ideal (O p ) I; j < m;
I # {O(OKPn)}; z €Il = ant (mL K P1j) < ((vg (Pj)) )

apply (frule val-LI-pos[of n P I j], assumption+)

apply (frule apos-neg-minflof LI K (v (P j)) 1))

apply (frule val-LI-noninf[of n P I j], assumption+)

apply (simp add:mL-def LI-def)

apply (simp add:ant-tna)

apply (frule Zleast-in-mI-pos[of n P I j], assumption+)

apply (frule mI-vals-nonemptylof n P I j], assumption+)
apply (frule mI-vals-LB[of n P I j], assumption+)
apply (frule AMin[of (v (P j)) ‘I 0], assumption+)
apply (erule conjFE)

apply (frule Zleast-in-mI-pos[of n P I j|, assumption+)
apply (simp add:mL-def LI-def)

done

lemma (in Corps) Zleast-LI:[distinct-pds K n P; ideal (O p ) I; § < n;
L# {00y p otz €l = (LK (vg (pjy) 1) < (Vg (pj)) @)

apply (frule mI-vals-nonemptylof n P I j], assumption+)

apply (frule mI-vals-LB[of n P I j], assumption+)

apply (frule AMin[of (v (P ])) ‘I 0], assumption+)

apply (erule conjE)

apply (simp add:LI-def)

done

lemma (in Corps) mpdiv-vals-nonequiv:distinct-pds K n P =

vals-nonequiv K n (A\j. v (P j))
apply (simp add:vals-nonequiv-def)
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apply (rule conjI)
apply (simp add:valuations-def)
apply (rule alll, rule impl)
apply (rule representative-of-pd-valuation,

simp add:distinct-pds-def)
apply ((rule alll, rule impI)+, rule impl)
apply (simp add:distinct-pds-def, erule conjE)
apply (rotate-tac 4) apply (

drule-tac a = j in forall-spec, assumption)
apply (rotate-tac —1,

drule-tac a = 1 in forall-spec, assumption, simp)
apply (simp add:distinct-p-divisors)
done

definition
KbaseP :: [-, nat = ('r = ant) set, nat] =
(nat = 'r) = bool where
KbaseP K Pn f «— (Vj < n. fj € carrier K) A

(Vi< n¥VI<n (vg (pjy) (F) = (5)

definition
Kbase :: [-, nat, nat = ('r = ant) set]
= (nat = 'r) ((3Kb- - .) [95,95,96]95) where
Kby, p = (SOME f. KbaseP K P n f)

lemma (in Corps) KbaseTr:distinct-pds K n P —> 3f. KbaseP K P n f
apply (simp add: KbaseP-def)
apply (frule mpdiv-vals-nonequiv[of n P])
apply (case-tac n = 0)
apply (simp add:vals-nonequiv-def valuations-def)
apply (simp add:distinct-pds-def)
apply (frule n-val-n-vall [of P 0))
apply (frule n-val-surj[of vy (P 0)})
apply (erule bezE)
apply (subgoal-tac ((Aje{0::nat}. ) (0::nat)) € carrier K A
2% (P 0)) ((Aje{0:nat}. ) (0:nat)) = (0¢g g))
apply blast
apply (rule conjI)
apply simp apply (simp add: Kronecker-delta-def)
apply (cut-tac Approzimationi-5[of n — Suc 0 Nj. vy (P j)])
apply simp
apply simp+
apply (rule alll, rule impl)
apply (rule n-val-n-vall )
apply (simp add:distinct-pds-def)
done

lemma (in Corps) KbaseTr1:distinct-pds K n P = KbaseP K P n (Kb ,, p )
apply (subst Kbase-def)
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apply (frule KbaseTr|of n P])
apply (erule exFE)

apply (simp add:somel)
done

lemma (in Corps) Kbase-hom:distinct-pds K n P =
Vi<n (Kbg, p)j€ carrier K

apply (frule KbaseTr1[of n P])

apply (simp add:KbaseP-def)

done

lemma (in Corps) Kbase-Kronecker:distinct-pds K n P =
apply (frule KbaseTr1[of n P])

apply (simp add:KbaseP-def)

done

lemma (in Corps) Kbase-nonzero:distinct-pds K n P =
Vj<n (Kbgyp)j#0

apply (rule alll, rule impl)

apply (frule Kbase-Kronecker[of n P])

apply (subgoal-tac (v (p j)) (Kb p, p) §) = 0j j)

apply (thin-tac Vj<n. (Vi<n. (vg p ;) (Kbg  p) 1)) = 6;1))

apply (simp add: Kronecker-delta-def)

apply (rule contrapos-pp, simp+)

apply (cut-tac P = P j in representative-of-pd-valuation)

apply (simp add:distinct-pds-def)

apply (simp only:value-of-zero, simp only:ant-1[THEN sym),
frule sym, thin-tac oo = ant 1, simp del:ant-1)

apply simp

done

lemma (in Corps) Kbase-hom1:distinct-pds K n P —>
Vi< n (Kbg, p)Jj€ carrier K — {0}
by (simp add:Kbase-nonzero Kbase-hom)

definition
Zl-mI :: [-, nat = ('b = ant) set, 'b set]
= nat = 'b where
Zlk-ml K P1j= (SOMEx. (x € I A ( (vg (Pj)) r=LIK (vg (Pj)) 1)))

lemma (in Corps) value-Zl-mI:[distinct-pds K n P; ideal (Og p ) I; 7 < n]
— (ZmIKPIjel)A(vg pjy) (Zml K PIj)=LIK (vg pj) 1
apply (subgoal-tac 3z. (x € I N (Vg (Pj)) r=LIK (vg (Pj)) 1))
apply (subst Zl-mI-def)+

apply (rule somel2-ex, assumption+)

apply (frule ex-Zleast-in-mI[of n P I j], assumption+)

apply (erule bexE, blast)

NN S
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done

lemma (in Corps) Zl-mI-nonzero:[distinct-pds K n P; ideal (Og p ,,) I;
I#4{000, p i< nl = ZmIKPIj#0

apply (case-tac n = 0)

apply (simp add:distinct-pds-def)

apply (frule representative-of-pd-valuation[of P 0])

apply (subgoal-tac O p g = Vr K (v (P 0)))

apply (subgoal-tac ZI-mI K P10 = Ig K (v (P 0)) I

apply simp apply (simp add:Ig-nonzero)

apply (simp add:Ig-def Zl-mI-def)

apply (simp add:ring-n-pd-def Vir-def)

apply (simp)
apply (frule value-Zl-mI[of n P I j], assumption+)
apply (erule conjE)
apply (rule contrapos-pp, simp+)
apply (frule distinct-pds-valuation![of n j P], assumption+)
apply (simp add:value-of-zero)
apply (simp add:zero-in-ring-n-pd-zero-K)
apply (frule singleton-sublof 0 IJ,
frule sets-not-eqof I {0}], assumption,
erule bezE, simp)
apply (frule-tac = a in Zleast-mL-I[of n P I j], assumption+)
apply (frule-tac © = a in val-nonzero-z[of v (P j)})
apply (frule ring-n-pd[of n P])
apply (frule-tac h = a in Ring.ideal-subset[of Ok p ,, I], assumption+)
apply (simp add:mem-ring-n-pd-mem-K) apply assumption

apply (simp add:zero-in-ring-n-pd-zero-K) apply assumption

apply (frule val-LI-noninf[ THEN not-sym, of n P I j|, assumption+)
apply (simp add:zero-in-ring-n-pd-zero-K) apply assumption
apply simp

done

lemma (in Corps) Zl-mI-mem-K:[distinct-pds K n P; ideal (O p ) I; 1 < 1]
= (ZIl-mI K P Il) € carrier K

apply (frule value-Zl-mI[of n P Il], assumption+)

apply (erule conjFE)

apply (frule ring-n-pd[of n P])

apply (frule Ring.ideal-subset[of Ok p ,, I Zl-mI K P 1], assumption+)

apply (simp add:mem-ring-n-pd-mem-K[of n P Zl-mI K P I 1))

done

definition
mprod-exp :: [-, nat = int, nat = 'b, nat]
= 'b where A
mprod-exp K e f n = nprod K (\j. ((fj)K(eJ))) n
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lemma (in Corps) mprod-ezpR-memTr:(Vj<n. fj € carrier K) —
mprod-expR K e f n € carrier K

apply (cut-tac field-is-ring)

apply (induct-tac n)

apply (rule impl, simp)

apply (simp add:mprod-expR-def)

apply (cut-tac Ring.npCloselof K f 0 e 0], assumption+)

apply (rule impl)

apply simp

apply (subst Ring.mprodR-Suc, assumption+)

apply (simp)

apply (simp)

apply (rule Ring.ring-tOp-closed[of K], assumption+)
apply (rule Ring.npClose, assumption+)

apply simp

done

lemma (in Corps) mprod-expR-mem:¥j < n. fj € carrier K —
mprod-expR K e fn € carrier K

apply (cut-tac field-is-ring)

apply (cut-tac Ring.mprod-expR-memTrlof K e n f])

apply simp

apply (subgoal-tac f € {j. j < n} — carrier K, simp+)

done

lemma (in Corps) mprod-Suc:[ ¥ j<(Suc n). e j € Zset;
Vi< (Sucn). fj€ (carrier K — {0})] =
mprod-exp K e f (Suc n) = (mprod-exp K e fn) - ((f (Suc n))K(e (Sue ")))
apply (simp add:mprod-exp-def)
done

lemma (in Corps) mprod-memTr:

(Vj<n.eje Zset) N (Vj<n. fje€ ((carrier K) — {0})) —
(mprod-exp K e fn) € ((carrier K) — {0})

apply (induct-tac n)

apply (simp, rule impl, (erule conjE)+,
simp add:mprod-exp-def, simp add:npowf-mem,
simp add:field-potent-nonzerol )

apply (rule impl, simp, erule conjE,
cut-tac field-is-ring, cut-tac field-is-idom,
erule conjE, simp add:mprod-Suc)

apply (rule conjI)

apply (rule Ring.ring-tOp-closed|of K], assumption+,
simp add:npowf-mem)

apply (rule Idomain.idom-tOp-nonzeros, assumption+,
simp add:npowf-mem, assumption,
sitmp add:field-potent-nonzerol )
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done

lemma (in Corps) mprod-mem:[Vj < n. ej € Zset; Vj < n. fj € ((carrier K) —
{0})] = (mprod-exzp K e f n) € ((carrier K) — {0})

apply (cut-tac mprod-memTr[of n e f]) apply simp

done

lemma (in Corps) mprod-mprodR:[Vj < n. ej € Zset; Vj < n. 0 < (e j);
Vi<mn. fjé€ ((carrier K) — {0})] =
mprod-exp K e fn = mprod-expR K (nat o €) fn
apply (cut-tac field-is-ring)
apply (simp add:mprod-exp-def mprod-expR-def)
apply (rule Ring.nprod-eq, assumption+)
apply (rule alll, rule impl, simp add:npowf-mem)
apply (rule alll, rule impl, rule Ring.npClose, assumption—+, simp)
apply (rule alll, rule impl)
apply (simp add:npowf-def)
done

2.8.1 Representation of an ideal I as a product of prime ide-
als

lemma (in Corps) ring-n-mprod-mprodRTr:distinct-pds K n P —>
(Vi<m.eje Zset) N (Vi< m. 0 <(ej) A
(Vj < m.fj€ carrier (OKP")_{O(OKPn)}) —
mprod-exp K e f m = mprod-expR (O p ) (nat o e) fm
apply (frule ring-n-pd[of n P])
apply (induct-tac m)
apply (rule impl, (erule conjE)+,
simp add:mprod-exp-def mprod-expR-def)
apply (erule conjE, simp add:npowf-def, simp add:ring-n-exp-K-exp)

apply (rule impl, (erule conjE)+, simp)
apply (subst mprod-Suc, assumption+,
rule alll, rule impl,
simp add:mem-ring-n-pd-mem-K,
simp add:zero-in-ring-n-pd-zero-K)
apply (subst Ring.mprodR-Suc, assumption+,
simp add:cmp-def,
stmp)
apply (simp add:ring-n-pd, simp add:npowf-def,
simp add:ring-n-exp-K-exp)
apply (subst ring-n-tOp-K-tOp, assumption+,
rule Ring.mprod-expR-mem, simp add:ring-n-pd,
s1mp,
simp)
apply (rule Ring.npClose, simp add:ring-n-pd, simp, simp)
done
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lemma (in Corps) ring-n-mprod-mprodR:[distinct-pds K n P;¥j < m. e j € Zset;
Vi<m.0<(ej);Vj<m.fje€ carrier (OKPn)—{O(OKPn)}]]

= mprod-ezp K e f m = mprod-expR (O p ) (nat o e) fm

apply (simp add:ring-n-mprod-mprodRTr)

done

lemma (in Corps) value-mprod-exp Tr:valuation K v —>
(Vi<mn.eje Zset)y N (¥Vj<mn. fjec (carrier K —{0})) —
v (mprod-exp K e fn) = ASum (Nj. (e j) %o (v (f]))) n
apply (induct-tac n)

apply simp

apply (rule impl, erule conjE)

apply(simp add:mprod-exp-def val-exp)

apply (rule impl, erule conjE)
apply simp
apply (subst mprod-Suc, assumption+)
apply (rule alll, rule impl, simp)
apply (subst val-t2plof v], assumption+)
apply (cut-tac n = n in mprod-mem/[of - e f],
(rule alll, rule impl, simp)+, simp)
apply (simp add:npowf-mem, simp add:field-potent-nonzerol)
apply (simp add:val-exp] THEN sym, of v])
done

lemma (in Corps) value-mprod-exp:[valuation K v; Vj < n. e j € Zset;
Vi<mn. fjé€ (carrier K — {0})] =
v (mprod-exp K e fn) = ASum (Nj. (e ) *q (v (f7))) n
apply (simp add:value-mprod-expTr)
done

lemma (in Corps) mgenerator0-1:[distinct-pds K (Suc n) P;

ideal (OKP (Suc n)) I; I 75 {O(OKP (Suc n))},

I # carrier (O p (Suc n)); j < (Suc n)] =

(vg (Pj)) (mprod-exp K (mL K P I) (Kby (Suc n) p) (Suc n))) =
(vg (Pj)) (Zl-mI K P Ij))

apply (frule distinct-pds-valuation|of j n P], assumption+)

apply (frule mL-hom[of Suc n P I, assumption+)

apply (frule Kbase-hom1[of Suc n P))

apply (frule value-mprod-exp|of v (Pj) SucnmL KP I

Kby (Suc ny Pl assumption+)

apply (simp del: ASum-Suc)
apply (thin-tac (v (P j)) (mprod-exp K (mL K P I) (Kbyg (Suc n) p) (Suc n))

ASum (Mja. (mL K P I ja) *, (Vg (Pj)) (Kbg (Suc n) p) ja)) (Suc n))
apply (subgoal-tac ASum (Nja. (mL K P I ja) *,
(i (P ) (Kb (50c my P) J) (Suc m) =
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ASum (Aja. (mL K P I ja) *q (35 jq)) (Suc n))
apply (simp del: ASum-Suc)
apply (subgoal-tac Vh < (Suc n). (Nja. (mL K P I ja) *q (0j ja)) h € Zoo)
apply (cut-tac eSum-single[of Suc n Aja. (mL K P I ja) *4 (9; ja) j1)
apply simp
apply (simp add: Kronecker-delta-def asprod-n-0)
apply (rotate-tac —1, drule not-sym)
apply (simp add:mL-def[of K P I j])

apply (frule val-LI-noninflof Suc n P I j], assumption+)

apply (rule not-sym, simp, simp)

apply (frule val-LI-pos[of Suc n P I j], assumption+,
rotate-tac —2, frule not-sym, simp, simp)

apply
apply
apply
apply
apply (simp add:Kdelta-in-Zinf, simp)
apply (rule balll, simp)

(

(

frule apos-neq-minflof LI K (v (P j)> 1))
sitmp add:ant-tna)

simp add:value-Zl-mI[of Suc n P I j])

rule alll, rule impl)

A~~~

apply (simp add:Kronecker-delta-def, erule conjE)
apply (simp add:asprod-n-0)

apply (rule alll, rule impl)
apply (simp add:Kdelta-in-Zinf)

apply (frule Kbase-Kronecker|[of Suc n P])
apply (rule ASum-eq,

rule alll, rule impl,

simp add: Kdelta-in-Zinf,

rule alll, rule impl,

simp add: Kdelta-in-Zinf)
apply (rule alll, rule impI) apply simp
done

lemma (in Corps) mgenerator0-2:[ 0 < n; distinct-pds K n P; ideal (Og p ) I
I+# {O(OKPn)}; I # carrier (O py);j <n] =
(vg (Pj)) (mprod-exp K (mL K PI) (Kbg ,, p) n)) = (Vg (Pj)) (ZI-mI K P

apply (cut-tac mgenerator0-1[of n — Suc 0 P I j])
apply simp+
done

lemma (in Corps) mgenerator!:[distinct-pds K n P; ideal (O p ) I;

I# {O(OKPn)}; I # carrier (Og py);j < n] =

(g (Pj)) (mprod-exp K (mL K P I) (Kbg , p) n)) = (Vg (Pj)) (ZlbmI K P 1
7))

apply (case-tac n = 0,
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frule value-ZI-mI[of n P I j], assumption+,
frule val-LI-noninf[of n P I j], assumption+,
frule val-LI-pos[of n P I j|, assumption+,
frule apos-neq-minflof LI K (v (P j)) 1],
stmp add:distinct-pds-def, erule conjE)
apply (cut-tac representative-of-pd-valuation[of P j], simp+,
simp add:mprod-exp-def
subst val-exp| THEN sym, of vy (P 0) (Kb ¢ p) 0], assumption+,
cut-tac Kbase-hom[of 0 P], simp,
simp add:distinct-pds-def,
cut-tac Kbase-nonzero[of 0 P], simp+,
sitmp add:distinct-pds-def)
apply (cut-tac Kbase-nonzerolof 0 P), simp add:distinct-pds-def)
apply (cut-tac Kbase-Kronecker|of 0 P], simp add:distinct-pds-def)
apply (simp add:Kronecker-delta-def, simp add:mL-def, simp add:ant-tna)
apply (simp add:distinct-pds-def)+
apply (cut-tac mgenerator0-2[of n P I j|, simp+)
apply (simp add:distinct-pds-def) apply simp+
done

lemma (in Corps) mgenerator2Trl:[0 < n; j < n; k < n; distinct-pds K n P] =
Wk (p ) (mprod-czp K (AL g1 ) (Kb, p) 1) = (Vg j) *a (5 5)
apply (frule distinct-pds-valuationl[of n j P], assumption+)
apply (frule K-gamma-hom[of k n])
apply (subgoal-tac Vi < n. (Kbg ,, p) 7 € carrier K — {0})
apply (simp add:value-mprod-explof vy (Pj " K-gamma k (Kbg o, p)])
apply (subgoal-tac ASum (Nja. (v, jo) *a (Vi (P j)) (Kb, p) ja)) n
= ASum (ja. (7 ja) # (37 ja)))) )
apply simp
apply (subgoal-tac Vj < n. (Nja. (Vg ja) *a (35 ja)) J € Zoo)
apply (cut-tac eSum-single[of n Aja. (Vg jo) *a (35 ja)) Jl, simp)
apply (rule alll, rule impl, simp add:Kronecker-delta-def,
rule impl, simp add:asprod-n-0 Zero-in-aug-inf, assumption+)
apply (rule balll, simp)
apply (simp add:K-gamma-def, rule impl, simp add: Kronecker-delta-def)
apply (rule olll, rule impl)
apply (simp add:Kronecker-delta-def, simp add:K-gamma-def)
apply (simp add:ant-0 Zero-in-aug-inf)
apply (cut-tac z-in-aug-inf[of 1], simp add:ant-1)

apply (rule ASum-eq)

apply (rule olll, rule impl)

apply (simp add: K-gamma-def, simp add:Zero-in-aug-inf)
apply (rule impl, rule value-in-aug-inf, assumption+, simp)
apply (simp add:K-gamma-def Zero-in-aug-inf Kdelta-in-Zinf1)
apply (rule alll, rule impl)

apply (simp add:Kbase-Kronecker|of n P])

apply (rule Kbase-hom1, assumption+)
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done

lemma (in Corps) mgenerator2Tr2:[0 < n; j < n; k < n; distinct-pds K n P] =
(i (p j)) ((mprod-czp K (Al g 1) (Kb, p) n)g"™)= ant (m * (v 5))

apply (frule K-gamma-hom[of k n])

apply (frule Kbase-hom1|of n P])

apply (frule mprod-mem[of n K-gamma k Kby ,, pl, assumption+)
apply (frule distinct-pds-valuationl [of n j P], assumption+)
apply (simp, erule conjE)

apply (simp add:val-exp| THEN sym])

apply (s

apply (simp add:K-gamma-def Kronecker-delta-def)
apply (rule impl)

apply (simp add:asprod-def a-z-z)

done

imp add:mgenerator2Trl)

lemma (in Corps) mgenerator2Tr3-1:[0 < n; j < n; k < n; j = k;
distinct-pds K n P] =
(i (p j)) ((mprod-exp K (AL (vk ) (Kbg , p) n)g™) = 0
apply (simp add:mgenerator2Tr2) apply (simp add:K-gamma-def)
done

lemma (in Corps) mgenerator2Tr3-2:[0 < n; j < n; k < n; j # k;
distinct-pds K n P] =
(v (p ;) (mprod-eop K (. (v D) (Kb o p) 1) ™) = ant m
apply (simp add:mgenerator2Tr2) apply (simp add:K-gamma-def)
done

lemma (in Corps) mgeneratorTr4:[0 < n; distinct-pds K n P; ideal (O p ,,) I
I# {OOKPn}; I # carrier (Og p )] =
mprod-exp K (mL K P I) (Kbg ,, p) n € carrier (O p )

apply (subst ring-n-pd-def)

apply (simp add:Sr-def)

apply (frule mL-hom[of n P I|, assumption+)

apply (frule mprod-mem[of n mL K P I Kby ,, pl)

apply (rule Kbase-hom1, assumption+)

apply (simp add:mprod-mem)

apply (rule alll, rule impl)
apply (simp add:mgeneratorl)
apply (simp add:value-ZI-mlI)
apply (simp add:val-LI-pos)
done

definition

m-zmaz-pdsl-hom :: [-, nat = ('b = ant) set, 'b set] = nat = int where
m-zmaz-pdsl-hom K P I = (\j. tna (AMin ((vg (Pj)) ‘1))
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definition
m-zmax-pdsl :: [-, nat, nat = (b = ant) set, 'b set] = int where
m-zmax-pds] K n P I = (m-zmaz n (m-zmaz-pdsl-hom K P I)) + 1

lemma (in Corps) value-Zl-mI-pos:[0 < n; distinct-pds K n P; ideal (Og p ) I;
I# {O(OKPn)}; I # carrier (Og py)ij < nl<n] =
0 < ((vg (pj) (Zbml K PI1)

apply (frule value-Zl-mI[of n P Il], assumption+)

apply (erule conjF)

apply (frule ring-n-pd[of n P])

apply (frule Ring.ideal-subset[of Ok p ,, I Zl-mI K P 1], assumption+)

apply (thin-tac ideal (Og p ) I)

apply (thin-tac I # {OOK p n})

apply (thin-tac I # carrier (Og p )

apply (thin-tac Ring (Og p )

apply (simp add:ring-n-pd-def Sr-def)

done

PRy

lemma (in Corps) value-mI-genTr1:[0 < n; distinct-pds K n P; ideal (Og p )
I
I+# {OOKPn}; I # carrier (Og py);j < n] =

m-zmaz-pds] K n P I) ¢ corrier K

(mprod-exp K (K-gamma j) (Kbg ,, p) ”)K(
apply (frule K-gamma-hom[of j n))

apply (frule mprod-mem[of n K-gamma j Kby ,, pl)
apply (rule Kbase-hom1, assumption+)

apply (rule npowf-mem)

apply simp+

done

lemma (in Corps) value-mI-genTr1-0:[0 < n; distinct-pds K n P;
ideal (O pp) I; I # {00, p 1 1 # carrier (O py); j < n]
= (mprod-exp K (K-gamma j) (Kbg ,, p) n) € carrier K
apply (frule K-gamma-hom[of j n])

apply (frule mprod-mem[of n K-gamma j Kby ,, pl)

apply (rule Kbase-hom1, assumption+)

apply simp

done

lemma (in Corps) value-mI-genTr2:[0 < n; distinct-pds K n P; ideal (O p ;)
I;
1 # {OOKPn}; I # carrier (Og py);j < n] =

(mprod-exp K (K-gamma j) (Kby ,, p) n)K(m'Zm“x'pdSIK nPI) 4o

apply (frule K-gamma-hom[of j n))

apply (frule mprod-mem[of n K-gamma j Kby ,, pl)

apply (rule Kbase-hom1, assumption+) apply simp apply (erule conjF)
apply (simp add: field-potent-nonzerol)

130



done

lemma (in Corps) value-mI-genTr8:[0 < n; distinct-pds K n P; ideal (O p ;)

I

I# {OOKPn}; I # carrier (Og py);j < n] =

(Zl-mI K P Ij) -, ((mprod-exzp K (K-gamma j) (Kbg o, p) n)K(m'Zm‘w'pdSI KnP 1))
€ carrier K

apply (cut-tac field-is-ring)

apply (rule Ring.ring-tOp-closed, assumption+)

apply (simp add:Zl-mI-mem-K)

apply (simp add:value-mI-genTr1)

done

lemma (in Corps) value-ml-gen:[0 < n; distinct-pds K n P; ideal (Og p ) I;
I+ {O(OKPn)}; I # carrier (Og py);j < n] =
(v (Pj)) (nsum K (Ak. ((Zl-mI K P Ik) - ((mprod-exp K (AL (v 1) (Kbg 5 P)

n)K(m—zmax—pdlen PI)))) n)=LIK (vg (Pj)) I

apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K])
apply (case-tac j = n, simp)
apply (cut-tac nsum-suclof K \k. Zl-mI K P Ik -,
myprod-ezp K (K-gamma k) (Kbg ,, p) ng™#maz-pdsl Kn P T _ 6. o]
simp,
thin-tac e K (Ak. ZI-mI K P Tk -,
mprod-exp K (K-gamma k) (Kby ,, p) ng
e K Me. ZlmIKPIEk -,
mprod-exp K (K-gamma k) (Kbg ., p)
nKm-zmam-pdsIKn P I) (n — Suc 0) +
ZemI K PIn -,
mprod-exp K (K-gamma n) (Kbg ,, p) "k
apply (cut-tac distinct-pds-valuation[of n n — Suc 0 P])
prefer 2 apply simp
prefer 2 apply simp
apply (subst value-less-eq1 [THEN sym, of vy (P n)
(Zl-mI K P In)-. (mprod-exp K (K-gamma n) (Kbg ,, p) nKm'Zm‘w'pdS] KnP I)

nsum K (Ak.(Zl-mI K P I k)-, (mprod-exp K (K-gamma k) (Kbg ,, p) n gmrzmaz-pdsl K n P Iy
(n — Suc 0)], assumption+)

m-zmaz-pds] K n P I) n =

m-zmaz-pdsl K n P I )

apply (simp add:value-mI-genTr3)

apply (frule Ring.ring-is-ag[of K])

apply (rule aGroup.nsum-mem|of - n — Suc 0], assumption+)
apply (rule alll, rule impl)

apply (simp add:value-mI-genTr3)

apply (subst val-t2plof v (P n)], assumption+)

apply (simp add:Zl-mI-mem-K)
apply (simp add:value-mI-genTr1)
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apply (simp add:mgenerator2Tr3-1[of n n n P])
apply (simp add:aadd-0-r)
apply (frule value-Zl-mI[of n P I n|, assumption+, simp)
apply (erule conjE)
apply (frule-tac f = A\k. (ZI-mI K P I k) -,
(mprod-exp K (K-gamma k) (Kbg ,, p) nge
value-ge-add[of v (Pn) ™ — Suc 0 -
ant (m-zmaz-pdsl K n P I)])
apply (rule alll, rule impl)
apply (rule Ring.ring-tOp-closed, assumption+)
(
(

m-zmazx-pdsl K n P I) in

apply (simp add:Zl-mI-mem-K)
apply (simp add:value-mI-genTr1)

apply (rule alll, rule impl) apply (simp add:cmp-def)
apply (subst val-t2p [where v=v p ,], assumption+)
apply (simp add:Zl-mI-mem-K)

apply (simp add:value-mI-genTr1)

apply (cut-tac e = K-gamma ja in mprod-mem[of n - Kby ,, pl)
apply (simp add:Zset-def) apply (rule Kbase-hom1, assumption+)
apply (subst val-explof v (P n) THEN sym)], assumption+)
apply simp+

apply (subst mgenerator2Tri[of n n - P], assumption+, simp, simp,

assumption+)
apply (simp add:K-gamma-def Kronecker-delta-def)
apply (frule-tac | = ja in value-Zl-mI-pos[of n P I n],

assumption+, simp, simp)
apply (simp add:Nset-preTrl)
apply (frule-tac y = (v (P n)) (Zl-mI K P I ja) in
aadd-le-monoof 0 - ant (m-zmaz-pdsI K n P I)]) apply (simp add:aadd-0-1)
apply (subgoal-tac LI K (v (P n)) I < ant (m-zmax-pdsI K n P I))
apply simp
apply (rule aless-le-trans[of LI K (v (P n)) I

ant (m-zmaz-pdsI K n P I)])

apply (simp add:m-zmaz-pdsl-def)
apply (cut-tac aless-zless[of tna (LI K (v (P n)) I)
m-zmaz n (m-zmaz-pdsl-hom K P I) + 1])

apply (frule val-LI-noninflof n P I n], assumption+, simp, simp)
apply (frule val-LI-pos[of n P I n], assumption+, simp,

frule apos-neq-minflof LI K (v (P n)) I}, simp add:ant-tna)
apply (subst m-zmax-pdsl-hom-def)
apply (subst LI-def)
apply (cut-tac m-zmaz-gt-each[of n Au.(tna (AMin ((v (P u)) ‘D)

apply simp

apply (rule alll, rule impl)
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apply (simp add:Zset-def, simp)

apply (subst val-t2plof v g (P n)]7 assumption+)

apply (rule Zl-mI-mem-K, assumption+, simp)

apply (simp add:value-mI-genTr1)

apply (simp add:mgenerator2Tr3-1[of n n n P m-zmaz-pdsI K n P I])
apply (simp add:aadd-0-r)

apply (simp add:value-Zl-mI[of n P I n])

apply (frule aGroup.addition3[of K n — Suc 0 k. (Zl-mI K P 1 k) -,

((mprod-eap K (K-gamma k) (Kb y, p) n) g(m-=mas-pdsl Kon P 1)) j))

apply simp
apply (rule alll, rule impl)
apply (simp add:value-mI-genTr3) apply simp+

apply (thin-tac o K (Mk. ZIlomI K P Ik -,
mprod-exp K (K-gamma k) (Kby ,, p) ng
Y K (emp (Mk. ZIblmI K P Ik -,
mprod-exp K (K-gamma k) (Kbg ,, p) Ng
apply (cut-tac nsum-suclof K emp (A\k. Zl-mI K P I k -,
m-zmax-pdsl K n P I) (

m-zmaz-pds] K n P I) n—

m-zmaz-pdsl K n P I) (Tj n) n)

mprod-exp K (K-gamma k) (Kbg , p) ng
0))
apply (simp del:nsum-suc) apply (
thin-tac Xe K (¢cmp (M\k. ZIb-mI K P Tk -,
mprod-exp K (K-gamma k) (Kbg ,, p) ng
Y K (emp (Mk. ZIblmI K P Ik -,
mprod-exp K (K-gamma k) (Kbg ,, p) ng
(n — Suc 0) =+ (emp (M\k. ZI-mI K P Ik -,
mprod-exp K (K-gamma k) (Kbg ,, p) n p-zmaz-pdsl Kon P I (Tjn) n)
apply (cut-tac distinct-pds-valuation[of j n — Suc 0 P])
prefer 2 apply simp prefer 2 apply simp
apply (simp add:cmp-def)

Tjn) n — Suc

m-zmaz-pdsl K n P I) (Tj o) n=

m-zmaz-pdsl K n P I) (Tj )

apply (cut-tac n-in-Nsetn[of n])

apply (simp add:transpos-ij-2)

apply (subst value-less-eq1 [THEN sym, of v (Pj)

(Zl-mI K P I j) - (mprod-exp K (K-gamma j) (Kbg ,, p)
ngMEmerpdsl Kn PIy 5y K (Ag.(ZmI K P T (7)) @) -
(mprod-exp K (K-gamma (1) ) (Kbg ,, p) ngmmaspdsl Kn P Iy (y
Suc 0)], assumption+)

apply (simp add:value-mI-genTr3)

apply (rule aGroup.nsum-mem[of K n — Suc 0], assumption+)

apply (rule alll, rule impl)

apply (frule-tac I = ja in transpos-meml|of j n n], simp+)

apply (simp add:value-mI-genTr3)
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apply (subst val-t2plof v (P j)]7 assumption+)
apply (simp add:Zl-mI-mem-K)
apply (simp add:value-mI-genTr1)

apply (simp add:mgenerator2Tr3-1[of n j j P])

apply (frule value-Zl-mI[of n P I j], assumption+)

apply (erule conjF)

apply (simp add:aadd-0-r)

apply (cut-tac f = Az. (ZlbmI K P I ((1j5) 2))
(mprod-exp K (K-gamma ((1; ) z)) (Kbg ,, p) ng
value-ge-add[of vy (Pj)

m-zmax-pds] K n P I) in

n — Suc 0 - ant (m-zmaz-pdsI K n P I)], assumption+)
apply (rule alll, rule impl)
apply (frule-tac | = ja in transpos-mem[of j n n], simp+)
apply (simp add:value-mI-genTr3)
apply (rule alll, rule impl) apply (simp add:cmp-def)

apply (frule-tac | = ja in transpos-mem[of j n n), simp+)

apply (subst val-t2p [where v=v Pj]v assumption+)
apply (simp add:Zl-mI-mem-K)
apply (simp add:value-mI-genTr1)
apply (cut-tac k = ja in transpos-noteqTr[of n - j], simp+)
apply (subst mgenerator2Tr3-2[of n j - P], simp+)
apply (cut-tac | = (7 5,) ja in value-Zl-mI-pos[of n P I j],
simp—+)
apply (frule-tac y = (v (P j)) (ZlmI K P I ((1§5) ja)) in
aadd-le-monolof 0 - ant (m-zmaz-pdsl K n P I)])
apply (simp add:aadd-0-1)
apply (subgoal-tac LI K (v (P j)) I < ant (m-zmax-pdsI K n P I))
apply (rule aless-le-trans[of LI K (v (P j)) I
ant (m-zmaz-pdsI K n P I)], assumption+)

apply (simp add:m-zmaz-pdsl-def)
apply (cut-tac aless-zless[of tna (LI K (v (P ])) I)
m-zmaz n (m-zmaz-pdsl-hom K P I) + 1])

apply (frule val-LI-noninflof n P I j], assumption+,

frule val-LI-pos[of n P I j], assumption+,

frule apos-neg-minflof LI K (v (P j)) 1], simp add:ant-tna)
apply (subst m-zmax-pdsl-hom-def)
apply (subst LI-def)
apply (subgoal-tac Vh < n. (Au. (tna (AMin ((vg (P u)) ‘1)))) h € Zset)
apply (frule m-zmaa-gt-each[of n Au.(tna (AMin ((vg (P u)) ‘D)D)
apply simp
apply (rule alll, rule impl)
apply (simp add:Zset-def)
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apply (subst val-t2plof v (P j)]’ assumption+)
apply (rule Zl-mI-mem-K, assumption+)
apply (simp add:value-mI-genTr1)

apply (simp add:mgenerator2Tr3-1[of njj P
m-zmaz-pds] K n P I])

apply (simp add:aadd-0-r)

apply (simp add:value-Zl-mI[of n P I j])

done

lemma (in Corps) ml-gen-in-I:[0 < n; distinct-pds K n P; ideal (O p ) I;
I+ {O(OKPH)}; I # carrier (Og p )] =
(nsum K (Ak. ((ZIlbmI K P Tk) -,
((mprod-exp K (Al (v 1) (Kbg 4 pP) n)K(m—zmax—pdsIK n P I)))) n) el
apply (cut-tac field-is-ring, frule ring-n-pd[of n P))
apply (rule ideal-eSum-closed[of n P I n], assumption+)
apply (rule alll, rule impl)
apply (frule-tac j = j in value-Zl-mI[of n P I], assumption+)
apply (erule conjF)
apply (thin-tac (v (Pj)) (ZlmI K P1j)=LIK (v (Pj)) I)

apply (subgoal-tac (mprod-exp K (K-gamma j) (Kbg ,, p) n)K(m‘ZmaI‘pdSI KnPlI)

€ carrier (Og p )
apply (frule-tac x = Zl-mI K P I j and
r = (mprod-exp K (K-gamma j) (Kbg ,, p) ”)K(
in Ring.ideal-ring-multiplel[of (Og p ) I], assumption+)
apply (frule-tac h = ZI-mI K P Ij in
Ring.ideal-subset[of Ok p ,, I|, assumption+)
apply (simp add:ring-n-pd-tOp-K-tOp|of n P])

m-zmax-pds] K n P I)

apply (subst ring-n-pd-def) apply (simp add:Sr-def)
apply (simp add:value-mI-genTr1)

apply (rule alll, rule impl)

apply (case-tac j = ja)
apply (simp add:mgenerator2Tr3-1)

apply (simp add:mgenerator2Tr3-2)
apply (simp add:m-zmaz-pdsl-def) apply (simp add:m-zmaz-pdsI-hom-def)
apply (simp only:ant-0[ THEN sym)])
apply (simp add:aless-zless)
apply (subgoal-tac V1 < n. (Aj. tna (AMin ((vg (P j)) ‘1)) I € Zset)
apply (frule m-zmaa-gt-each[of n Nj. tna (AMin ((vg (P j)) ‘D))
apply (rotate-tac —1, drule-tac a = ja in forall-spec, simp+)
apply (frule-tac j = ja in val-LI-pos[of n P I|, assumption+)
apply (cut-tac j = tna (LI K (vg (P ja)) I) in ale-zle|of 0])
apply (frule-tac j = ja in val-LI-noninf[of n P I], assumption+,
frule-tac j = ja in val-LI-pos[of n P I], assumption+,
frule-tac a = LI K (v (P ja)) I in apos-neq-minf, simp add:ant-tna,
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stimp add:ant-0) apply (unfold LI-def)
apply (frule-tac y = tna (AMin (vg (P ja) ‘1)) and z = m-zmaz n (N\j. tna
(AMin (v (Pj) “1))) in order-trans|of 0], assumption+)
apply (rule-tac y = m-zmaz n (A\j. tna (AMin (vg P I))) and
z = m-zmazx n (Aj. tna (AMin (v (Pj) ‘1)) + 1 in order-trans|of 0],
assumption+) apply simp

apply (rule alll, rule impI) apply (simp add:Zset-def)
done

We write the element eX K (Ak. (Zl-mI K P I k) -x ((mprod-exp K
(K-gamma k) (Kbg , p) n)i m-zmaz-pdsl Kn P 1)) nas mlgg ¢ ainp I

definition
mlg :: [-, nat, nat = ('b = ant) set,
b set] = 'b ((4mlg - - - ) [82,82,82,83]82) where
mlgg np1=%Ze K (M. (ZIbmIKPIEk) g

((mprod-exp K (K-gamma k) (Kbg ,, p) n)K(

m-zmaz-pds] K n P I))) n

We can rewrite above two lemmas by using mIgx ¢ 4 in P 1

lemma (in Corps) value-ml-genl:[0 < n; distinct-pds K n P; ideal (Og p ) I;
I {O(OKPn)}; I # carrier (Og p )] =
Vi<n(g (py) (mlgg pp) = LIK (v (pjy) 1
apply (rule alll, rule impl)
apply (simp add:mlg-def value-ml-gen)
done

lemma (in Corps) ml-gen-in-I1:[0 < n; distinct-pds K n P; ideal (O p ) I;
I# {00 p i I # carrier (Og pp)] = (mlgg pp ) €1

apply (simp add:mlg-def mI-gen-in-I)

done

lemma (in Corps) mlI-principalTr:[0 < n; distinct-pds K n P; ideal (O p ) I;
I+# {O(OKPH)}; I # carrier (O p,); ¢ € 1] =

Vi<n (v py) (mlgg o p 1) < (Vg (pj) )
apply (simp add:value-mI-genl)

apply (rule alll, rule impl)

apply (rule Zleast-LI, assumption+)

done

lemma (in Corps) ml-principal:[0 < n; distinct-pds K n P; ideal (Og p ) I;
I+# {O( )}; I # carrier (O p )] =
I = Rza (O pp) (mlgg 5 p 1)

apply (frule ring-n-pd[of n P])
apply (rule equalityl)
apply (rule subsetl)
apply (frule-tac = z in ml-principalTr[of n P I],

assumption+)

Ok Pn
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apply (frule-tac y = z in n-eg-val-eg-idealTr[of n P mIgg ,, p 1)

apply (frule mI-gen-in-I1[of n P I|, assumption+)

apply (simp add:Ring.ideal-subset)+

apply (thin-tac Vj<n. (vg (Pj)) (mlg g npp) < (Vg (Pj)) )

apply (frule-tac h = z in Ring.ideal-subset[of Ok p ,, I], assumption+)

apply (frule-tac a = z in Ring.a-in-principal[of Ok p ], assumption+)

apply (simp add:subsetD)

apply (rule Ring.ideal-cont-Rzalof O p ,, I mlg g, p [l, assumption+)
apply (rule mI-gen-in-I1[of n P I], assumption+)

done

2.8.2 prime-n-pd

lemma (in Corps) prime-n-pd-principal:[distinct-pds K n P; j < n] =
(Pg pnj)=Rza (O py) (Kb p) 5))

apply (frule ring-n-pd[of n P])

apply (frule prime-n-pd-prime[of n P j], assumption+)

apply (simp add:prime-ideal-def, frule conjunctl)

apply (fold prime-ideal-def)

apply (thin-tac prime-ideal (Og p ) (P pnj))

apply (rule equalityl)

apply (rule subsetl)

apply (frule-tac y = z in n-eg-val-eq-idealTr[of n P (Kbg ,, p) j])

apply (thin-tac Ring (Og p ), thin-tac ideal (O p ) (P pn J))

apply (simp add:ring-n-pd-def Sr-def)

apply (frule Kbase-hom[of n P, simp)

apply (rule alll, rule impl)

apply (frule Kbase-Kronecker[of n P])

apply (simp add:Kronecker-delta-def, rule impl)

apply (simp only:ant-0[THEN sym), simp only:ant-1[THEN sym])

apply (simp del:ant-1)

apply (simp add:prime-n-pd-def)

PRy

apply (rule alll, rule impl)

apply (frule Kbase-Kronecker[of n P))

apply simp

apply (thin-tac Vj<n.VI<n. (vg (Pj)) (Kbg  p) 1) =05 9)

apply (case-tac ja = j, simp add: Kronecker-delta-def)

apply (thin-tac ideal (O p ) (P pp J))

apply (simp add:prime-n-pd-def, erule conjE)

apply (frule-tac z = z in mem-ring-n-pd-mem-K[of n P],
assumption+)

apply (case-tac x = Of)

apply (frule distinct-pds-valuation2]of j n P], assumption+)

apply (rule gt-a0-ge-1, assumption)+

apply (simp add: Kronecker-delta-def)
apply (frule-tac j = ja in distinct-pds-valuation2[of - n P],
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assumption+)
apply (simp add:prime-n-pd-def, erule conjE)
apply (thin-tac ideal (O p ) {z. © € carrier (Og p,) N0 < (v (Pj)) z})
apply (simp add:ring-n-pd-def Sr-def)
apply (cut-tac h = z in Ring.ideal-subset[of O p , Px p n J])
apply (frule-tac a = z in Ring.a-in-principal[of Ok p ,])
apply (simp add:Ring.ideal-subset, assumption+)

apply (rule-tacc=zand A = (O p,) Op vand B= (O p,) Op (Kbg 4, p)
J
in subsetD, assumption+)

apply (simp add:Ring.a-in-principal)

apply (rule Ring.ideal-cont-Rzalof O p n P p n J (Kb 4, p) jl, assumption+)
apply (subst prime-n-pd-def, simp)

apply (frule Kbase-Kronecker[of n P])

apply (simp add: Kronecker-delta-def)
apply (simp only:ant-1[THEN sym), simp only:ant-0[THEN sym))

apply (simp del:ant-1 add:aless-zless)
apply (subst ring-n-pd-def, simp add:Sr-def)

apply (frule Kbase-hom|of n P])

apply simp

apply (rule alll)

apply (simp add:ant-0)

apply (rule impI)

apply (simp only:ant-1[THEN sym]|, simp only:ant-0[THEN sym))

apply (simp del:ant-1)
done

lemma (in Corps) ring-n-prod-primesTr:[0 < n; distinct-pds K n P;
ideal (O pp) I I # {OOKPn}; I # carrier (O p )] =
Vi< n(vg (Pj)) (mprod-exp K (mL K PI) (Kbg ,, p) n) =

Vi (pj) (Mlggn p 1)
apply (rule alll, rule impl)
apply (simp add:mgeneratorl)
apply (simp add:value-mI-genl)

apply (simp add:value-Zl-mI)
done

lemma (in Corps) ring-n-prod-primesTr1:[0 < n; distinct-pds K n P;
ideal (O pp) I; I # {OOKPn}; I # carrier (O p,)] =
I=(0gpy) Op (mprod-exp K (mL K PI) (Kbg ,, p) 1)

apply (frule ring-n-pd[of n P])

apply (subst n-eg-val-eq-ideal[of n P mprod-exp K (mL K P I)
(Kbg p, p) n mIgg o, p 1l, assumption+)

apply (simp add:mgeneratorTry)

apply (frule mI-gen-in-I1[of n P I|, assumption+)
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apply (simp add:Ring.ideal-subset)
apply (simp add:ring-n-prod-primesTr)
apply (simp add:mlI-principal)

done

lemma (in Corps) ring-n-prod-primes:[0 < n; distinct-pds K n P;
ideal (O pp) I; I # {00, p 3 I # carrier (Ok p p);
Vi< n Jk=(Pgp, k)OK pn) (nat ((mL KPI)k)} —

I = ZH(OKP n)7” J

apply (simp add:prime-n-pd-principal[of n P])

apply (subst ring-n-prod-primesTr1|of n P I], assumption+)

apply (frule ring-n-pd[of n P])

apply (frule Ring.prod-n-principal-ideal[of O p ,, nat o (mL K P I) n
Kbg p p 7))

apply (frule Kbase-hom|[of n P))

apply (simp add:nat-def)

apply (subst ring-n-pd-def) apply (simp add:Sr-def)

apply (rule Pi-I, simp)

apply (simp add:Kbase-Kronecker[of n P])

apply (simp add: Kronecker-delta-def)

apply (simp only:ant-1[THEN sym], simp only:ant-0[THEN sym))

apply (simp del:ant-1)

apply (simp add:Kbase-hom) apply simp

apply simp

apply (frule ring-n-mprod-mprodR[of n Pn mL K P I Kby ,, pl)
apply (rule alll, rule impl, simp add:Zset-def)

apply (rule alll, rule impl)

apply (simp add: Zleast-in-mI-pos)

apply (rule alll, rule impl)

apply (subst ring-n-pd-def) apply (simp add:Sr-def)

apply (frule Kbase-homl[of n P, simp)

apply (simp add:zero-in-ring-n-pd-zero-K)

apply (frule Kbase-Kronecker[of n P])

apply (simp add: Kronecker-delta-def)
apply (simp only:ant-1[THEN sym], simp only:ant-0[THEN sym))
apply (simp del:ant-1)

apply simp

done

end

theory Valuation3
imports Valuation?2
begin
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2.9 Completion

In this section we formalize "completion" of the ground field K

definition
limit :: [-, 'b = ant, nat = 'b, ']
= bool ((4lim - - - -) [90,90,90,91]90) where
limp o fb— (YN.IM. (Vn. M < n —

((fn) £k (—ag 1)) € (vp K v) (V7 K v) (an N)y)

lemma not-in-singleton-noneq:xz ¢ {a} = = # a

apply simp
done

lemma noneg-not-in-singleton:z # a = = ¢ {a}

apply simp
done

lemma inf-neg-1[simpl:co # 1
by (simp only:ant-1[THEN sym)|, rule z-neg-inf[THEN not-sym, of 1])

lemma al-neq-0[simp]:(1::ant) # 0
by (simp only:an-1[THEN sym]|, simp only:an-0[THEN sym)],
subst aneg-natneg[of 1 0], simp)

lemma al-poss[simp]:(0::ant) < 1
by (cut-tac zposs-aposss[of 1], simp)

lemma a-p1-gt[simp]:[a # o0; a # —x] = a < a + 1
apply (cut-tac aadd-poss-less[of a 1],
simp add:aadd-commute, assumption+)
apply simp
done

lemma (in Corps) vpr-pow-inter-zero:valuation K v —>
(N {7.3n. 1 = (op K o)V K0} (an n)y) = {0}
apply (frule Vir-ring[of v], frule vp-ideal[of v])
apply (rule equalityl)
defer
apply (rule subsetl)
apply simp
apply (rule alll, rule impl, erule exzE, simp)
apply (cut-tac n = an n in vp-apow-ideal[of v], assumption+)
apply simp
apply (cut-tac I = (vp K v) (Vr K v) (an n)
assumption+)

in Ring.ideal-zeroof Vr K v],
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apply (simp add: Vr-0-f-0)

apply (rule subsetl, simp)
apply (rule contrapos-pp, simp+)
apply (subgoal-tac z € vp K v)

prefer 2

(Vr Kw) (an 1) ip spec)

Vir K v) (an (Suc 0)) _ op K v (Vr K v) (an n),

apply (drule-tac z = vp K v
apply (subgoal-tac An. vp K v (
simp,
thin-tac In. vp K v (Vr K v) (an (Suc 0)) _ wp K v (Vr K v) (an n))
apply (simp add:r-apow-def an-def)
apply (simp only:na-1)
apply (simp only: Ring.idealpow-1-self[of Vi K v vp K v])

apply blast
apply (frule n-val-valuation|of v])

apply (frule-tac x = z in val-nonzero-z|of n-val K v,
frule-tac h = x in Ring.ideal-subset[of Vi K v vp K v],
assumption,
stmp add: Vr-mem-f-mem, assumption+) apply (
frule-tac h = x in Ring.ideal-subset[of Vi K v vp K v],
stmp add: Vr-mem-f-mem, assumption+)
apply (cut-tac © = x in val-pos-mem-Vr[of v], assumption) apply(
stmp add: Vr-mem-f-mem, simp)
apply (frule-tac z = z in val-pos-n-val-pos|of v],
stmp add: Vr-mem-f-mem, simp)
apply (cut-tac x = n-val K vz and y = 1 in aadd-pos-poss, assumption+,
simp) apply (frule-tac y = n-val K v x + 1 in aless-imp-le[of 0])
apply (cut-tac z1 = z and n! = (n-val K v z) + 1 in n-val-n-pow[THEN sym,
of v], assumption+)
apply (drule-tac a = vp K v (Vr K v) (n-val K v+ 1)
apply (erule exzE, simp)
apply (simp only:ant-1[THEN sym| a-zpz,
cut-tac z = z + 1 in z-neg-inf)
apply (subst an-na|THEN sym], assumption+, blast)
apply simp
apply (cut-tac a = n-val K v z in a-pI-gt)
apply (erule exE, simp only:ant-1[THEN sym)|, simp only:a-zpz z-negq-inf)
apply (cut-tac i = z + 1 and j = z in ale-zle, simp)
apply (erule exE, simp add:z-neg-minf)
(
n

in forall-spec)

apply (cut-tac yI = n-val K vz and 21 = n-val K vz 4+ 1 in
aneg-le[ THEN sym], simp)
done

lemma (in Corps) limit-diff-n-val:[b € carrier K; Vj. fj € carrier K;

valuation K v] = (limg , fb) = (VN.IM.¥Yn. M < n —
(an N) < (n-wal K v ((fn) £ (=4 b))))
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apply (rule iff)
apply (rule alll)
apply (simp add:limit-def) apply (rotate-tac —1)
apply (drule-tac x = N in spec)
apply (erule exE)
apply (subgoal-tac Vn>M. (an N) < (n-val K v (fn £ (—4 b))))
apply blast
apply (rule alll, rule impI) apply (rotate-tac —2)
apply (drule-tac x = n in spec, simp)
apply (rule n-value-z-1[of v], assumption+,
sitmp add:an-nat-pos, assumption)

apply (simp add:limit-def)
apply (rule alll, rotate-tac —1, drule-tac x = N in spec)

apply (erule exF)

apply (subgoal-tac Vn>M. fn £ (—, b) € vp K v (Vr K v) (an N))

apply blast

apply (rule alll, rule impl)

apply (rotate-tac —2, drule-tac x = n in spec, simp)

apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K])

apply (rule-tac x = fn £ —, b and n = an N in n-value-z-2[of v],
assumption+)

apply (subst val-pos-mem-Vr[THEN sym, of v|, assumption+)

apply (drule-tac x = n in spec)

apply (rule aGroup.ag-pOp-closed|of K], assumption+)

apply (simp add:aGroup.ag-mOp-closed)

apply (subst val-pos-n-val-pos[of v], assumption+)

apply (rule aGroup.ag-pOp-closed, assumption+) apply simp

apply (simp add:aGroup.ag-mOp-closed)

apply (rule-tac j = an N and k = n-val Kv ( fn + —, b) in
ale-trans[of 0], simp, assumption+)
apply simp

done

lemma (in Corps) an-na-Lv:valuation K v = an (na (Lv K v)) = Lv K v
apply (frule Lv-pos[of v])

apply (frule aless-imp-le[of 0 Lv K v])

apply (frule apos-neq-minf|of Lv K v])

apply (frule Lv-z[of v], erule exFE)

apply (rule an-na)

apply (rule contrapos-pp, simp+)

done

lemma (in Corps) limit-diff-val:[b € carrier K; Vj. fj € carrier K;
valuation K v] = (limg , f0) = (YN. IM.Vn. M < n —
(an N) < (v ((fn) £ (=4 b))
apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K],
stmp add:limit-diff-n-val[of b f v])
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apply (rule iff)
apply (rule alll,
rotate-tac —1, drule-tac x = N in spec, erule exE)

apply (subgoal-tac ¥Vn > M. an N < v( fn + —, b), blast)

apply (rule alll, rule impl)

apply (drule-tac z = n in spec,
drule-tac x = n in spec, simp)

apply (frule aGroup.ag-mOp-closed|of K b], assumption+,

frule-tac z = fn and y = —, b in aGroup.ag-pOp-closed, assumption+)

apply (frule-tac x = fn £ —, b in n-val-le-val[of v],
assumption+)

apply (cut-tac n = N in an-nat-pos)

apply (frule-tac j = an N and k = n-val Kv ( fn £ —, ) in

ale-trans|of 0], assumption+)

apply (subst val-pos-n-val-pos, assumption+)

apply (rule-tac i = an N and j = n-val Kv ( fn + —, b) and
k=wv(fn+ —4 b)in ale-trans, assumption+)

apply (rule alll)

apply (rotate-tac 3, drule-tac x = N * (na (Lv K v)) in spec)

apply (erule exE)

apply (subgoal-tac ¥Vn. M < n — (an N) < n-val K v (fn £ —, b), blast)
apply (rule alll, rule impl)

apply (rotate-tac —2, drule-tac x = n in spec, simp)

apply (drule-tac x = n in spec)
apply (frule aGroup.ag-mOp-closed[of K b], assumption+,
frule-tac x = fn and y = —, b in aGroup.ag-pOp-closed, assumption+)
apply (cut-tac n = N % na (Lv K v) in an-nat-pos)
apply (frule-tac i = 0 and j = an (N % na (Lv K v)) and
k=wv(fnx —,b)in ale-trans, assumption+)
apply (simp add:amult-an-an, simp add:an-na-Lv)
apply (frule Lv-pos[of v))
apply (frule-tac z1 = fn £ —, b in n-val[THEN sym, of v],
assumption+, simp)
apply (frule Lv-z[of v], erule exE, simp)
apply (simp add:amult-pos-mono-r)
done

uniqueness of the limit is derived from vp-pow-inter-zero

lemma (in Corps) limit-unique:[b € carrier K; Vj. fj € carrier K;
valuation K v; ¢ € carrier K; limg ,, f b; img , fc] = b=c¢
apply (rule contrapos-pp, simp+, simp add:limit-def,
cul-tac field-is-ring, frule Ring.ring-is-ag[of K],
simp add:aGroup.ag-neq-diffnonzero[of K b c|,
frule vpr-pow-inter-zero| THEN sym, of v),
frule noneg-not-in-singleton[of b £ —, ¢ 0])
apply simp
apply (rotate-tac —1, erule exE, erule conjE)
apply (erule exzE, simp, thin-tac © = (vp K v)(VT K v) (an ”))
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apply (rotate-tac 3, drule-tac x = n in spec,
erule exkF,
drule-tac x = n in spec,
erule exkE)

apply (rename-tac x N M1 M2)

apply (subgoal-tac M1 < Suc (maz M1 M2),
subgoal-tac M2 < Suc (mazx M1 M2),
drule-tac © = Suc (max M1 M2) in spec,
drule-tac © = Suc (maxz M1 M2) in spec,
drule-tac © = Suc (max M1 M2) in spec)

apply simp

apply (frule-tac n = an N in vp-apow-ideal]of v),
frule-tac © = f (Suc (max M1 M2)) £ —, band N = an N in
mem-vp-apow-mem-Vr|of v], simp,
frule Vr-ringlof v], simp, simp)

apply (frule Vr-ring|of v],
frule-tac T = vp K (V7 K v) (an N) ang 5 = ¢ (Suc (max M1 M2)) £ — b
in Ring.ideal-invi-closed|of Vr K v], assumption+)

apply (frule-tac I = vp K p(Vr Kv) (an N) and h = f (Suc (max M1 M2)) + —,
b
in Ring.ideal-subset[of Vr K v], assumption+)
apply (simp add: Vr-mOp-f-mOp,
cut-tac field-is-ring, frule Ring.ring-is-aglof K],
frule aGroup.ag-mOp-closed|of K b, assumption+,
stmp add:aGroup.ag-p-inv, simp add:aGroup.ag-inv-inv)

apply (frule-tac I = vp K p(Vr K v) (an N) angd 4 =
—a (f (Suc (maz M1 M2))) £ b and y = f (Suc (maz M1 M2)) + (—, ¢) in
Ring.ideal-pOp-closed|of Vr K v], assumption+)
apply (frule-tac x = f (Suc (max M1 M2)) + —, cand N = an N in
mem-vp-apow-mem-Vr|of v], simp, assumption,
frule-tac © = —, (f (Suc (max M1 M2))) £ band N = an N in
mem-vp-apow-mem-Vrlof v], simp,
simp add: Vr-pOp-f-pOp, simp add: Vr-pOp-f-pOp,
frule aGroup.ag-mOp-closed|of K cl|, assumption+,
frule-tac x = f (Suc (mazx M1 M2)) in aGroup.ag-mOp-closed|of K],
assumption+,
frule-tac z = f (Suc (max M1 M2)) and y = —, ¢ in
aGroup.ag-pOp-closed|of K|, assumption+)

apply (simp add:aGroup.ag-pOp-assoclof K - b -],
simp add:aGroup.ag-pOp-assoc[ THEN sym, of K b - —, ¢,
simp add:aGroup.ag-pOp-commute[of K b],
stmp add:aGroup.ag-pOp-assoclof K - b —, (],
frule aGroup.ag-pOp-closed[of K b —, ¢, assumption+,
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stmp add:aGroup.ag-pOp-assoc[THEN sym, of K - - b + —, |,
stmp add:aGroup.ag-l-invl, simp add:aGroup.ag-l-zero)

apply (simp add:aGroup.ag-pOp-commutelof K - b])

apply arith apply arith

done

lemma (in Corps) limit-n-val:[b € carrier K; b # 0; valuation K v;
Vj. fj€ carrier K; limg ,, [ b] =
IN. (Vm. N < m — (n-val Kv) (f m) = (n-val K v) b)

apply (simp add:limit-def)

apply (frule n-val-valuation|of v])

apply (frule val-nonzero-z[of n-val K v b], assumption+, erule exE,
rename-tac L)

apply (rotate-tac —3, drule-tac x = nat (abs L + 1) in spec)

apply (erule exE, rename-tac M)

apply (subgoal-tac Vn. M < n — n-val K v (f n) = n-val K v b, blast)
apply (rule alll, rule impl)
apply (rotate-tac —2,
drule-tac x = n in spec,
stmp)
apply (frule-tac x = fn + —, band n = an (nat (|L| + 1)) in
n-value-z-1[of v],
thin-tac fn &+ —y b € vp K p(Vr K v) (an (nat (|L] + ]))))
apply (simp add:an-def)
apply (simp add: zpos-apos [symmetric])
apply assumption

apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K])
apply (frule aGroup.ag-mOp-closed|of K b], assumption+)

apply (drule-tac x = n in spec,
frule-tac © = fn in aGroup.ag-pOp-closed[of K - —, V],
assumption,
frule-tac x = band y = (fn) &£ (—4 b) in value-less-eq[of
n-val K v], assumption+)

apply simp

apply (rule-tac x = ant L and y = an (nat (|L| + 1)) and
z=mn-val Kv ( fn £ —, b)in aless-le-trans)

apply (subst an-def)

apply (subst aless-zless) apply arith apply assumption+

apply (simp add:aGroup.ag-pOp-commutelof K b))

apply (simp add:aGroup.ag-pOp-assoc) apply (simp add:aGroup.ag-l-invl)

apply (simp add:aGroup.ag-r-zero)

done
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lemma (in Corps) limit-val:[b € carrier K; b # 0; Vj. fj € carrier K;
valuation K v; limg ,, fb] = IN. (Yn. N <n — v (fn) = v b)
apply (frule limit-n-val[of b v f], assumption+)
apply (erule exE)
apply (subgoal-tac Vm. N < m — v (f m) = v b)
apply blast
apply (rule alll, rule impl)
apply (drule-tac z = m in spec)
apply (drule-tac x = m in spec)
apply simp
apply (frule Lv-pos[of v))
apply (simp add:n-val[THEN sym, of v])
done

lemma (in Corps) limit-val-infinity:[valuation K v; Vj. fj € carrier K;
limg , f 0] = VN.GM. (Vm. M < m — (an N) < (n-val K v (f m))))
apply (simp add:limit-def)
apply (rule alll)
apply (drule-tac z = N in spec,
erule exk)

apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K],
stmp only:aGroup.ag-inv-zero|of K|, simp only:aGroup.ag-r-zero)
apply (subgoal-tac Vn. M < n — an N < n-val K v (f n), blast)

apply (rule olll, rule impl)

apply (drule-tac z = n in spec,
drule-tac x = n in spec, simp)

apply (simp add:n-value-a-1)

done

lemma (in Corps) not-limit-zero:[valuation K v; ¥ j. fj € carrier K;
= (img  fO)] = IN.(VYM. 3m. (M <m) A
((n-val K v) (f m)) < (an N)))

apply (simp add:limit-def)
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K])
apply (simp add:aGroup.ag-inv-zero aGroup.ag-r-zero)
apply (erule exE)
apply (case-tac N = 0, simp add:r-apow-def)
apply (subgoal-tac ¥ M. 3In. M < n A n-val K v (fn) < (an 0)) apply blast
apply (rule olll,

rotate-tac 4, frule-tac x = M in spec,

erule exE, erule conjE)
apply (frule-tac z1 = f n in val-pos-mem-Vr[THEN sym, of v]) apply simp
apply simp
apply (frule-tac x = f n in val-pos-n-val-pos|of v))
apply simp apply simp apply (thin-tac = 0 < v (f n))
apply (simp add:aneg-le) apply blast
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apply (simp)
apply (subgoal-tac ¥ n. ((fn) € vp Kv (Vr K v) (an N)) =
((an N) < n-val K v (f n)))
apply simp
apply (thin-tac Vn. (fn € vp Kv (Vr K v) (an N)) = (an N < n-val K v (f n)))
apply (simp add:aneg-le) apply blast

apply (rule alll)

apply (thin-tac VM. 3In. M <n A fn¢ vp Ko (Vr K v) (an N))

apply (rule iffT)

apply (frule-tac 1 = fn and nl = an N in n-val-n-pow[THEN sym, of v])

apply (rule-tac N = an N and z = f n in mem-vp-apow-mem-Vr|of v],
assumption+, simp, assumption, simp, simp)

apply (frule-tac x = f n and n = an N in n-val-n-pow|of v])

apply (frule-tac 1 = fn in val-pos-mem-Vr[THEN sym, of v))

apply simp

apply (cut-tac n = N in an-nat-pos)

apply (frule-tac j = an N and k = n-val K v (f n) in ale-trans[of 0],
assumption+)

apply (frule-tac 1 = f n in val-pos-n-val-pos| THEN sym, of v])

apply simp+

done

lemma (in Corps) limit-p:[valuation K v; Vj. fj € carrier K;
Vj. gj € carrier K; b € carrier K; ¢ € carrier K; limg o, f b; limpg , g c]
— limg y (. (1) £ (99) (b % o)

apply (simp add:limit-def)

apply (rule alll) apply (rotate-tac 3,

drule-tac x = N in spec,
drule-tac x = N in spec,
(erule exE)+)
apply (frule-tac x = M and y = Ma in two-inequalities, simp,
subgoal-tac ¥ n > (mazx M Ma). (fn) £ (gn) £ —¢ (b £ ¢)
€ (vp K v)(VrKv) (an N))
apply (thin-tac Vn. Ma < n —
gn+ —qce (vp K,U)(V’I‘K’U) (an N)’
thin-tac Vn. M < n —
fnt —gbe(wK v)(va) (an N), blast)
apply (frule Vr-ring[of v],
frule-tac n = an N in vp-apow-ideal|of v])

apply simp

apply (rule alll, rule impl)

apply (thin-tacVn>M. fn+ —, b€ vp K v (Vr K v) (an N)

thin-tac Y n>Ma. gn + —, ¢ € vp K v (Vr K v) (an N),
frule-tac I = vp K o(Vr K v) (an N) and 5 = fnE—40b
and y = g n £ —, ¢ in Ring.ideal-pOp-closed|of Vr K v],
assumption+, simp, simp)

apply (frule-tac I = vp K p(Vr Kv) (an N) and 1 = fnE—40b
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in Ring.ideal-subset[of Vi K v], assumption+, simp,
frule-tac I = vp K o(Vr Kv) (an N) apnd p = gn+ —, cin
Ring.ideal-subset[of Vr K v], assumption+, simp)
apply (simp add: Vr-pOp-f-pOp)
apply (thin-tac fn + —, b € carrier (Vr K v),
thin-tac g n + —4 ¢ € carrier (Vr K v))

apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
frule aGroup.ag-mOp-closed|of K b, assumption+,
frule aGroup.ag-mOp-closed|of K c|, assumption+,
frule-taca = fnand b= —, band c=¢gnand d = —, c in
aGroup.ag-addj-rel[of K], simp+)
apply (simp add:aGroup.ag-p-inv| THEN sym))
done

lemma (in Corps) Abs-ant-abs[simp]:Abs (ant z) = ant (abs z)
apply (simp add:Abs-def, simp add:aminus)

apply (simp only:ant-0[THEN sym|, simp only:aless-zless)
apply (simp add:zabs-def)

done

lemma (in Corps) limit-t-nonzero:[valuation K v; V (j:nat). (f §) € carrier K;
Y (j::nat). g j € carrier K; b € carrier K; ¢ € carrier K; b # 0; ¢ # 0;
limp o fb; limpe y g c] = limg (A (F4) -+ (97) (b ©)
apply (cut-tac field-is-ring, simp add:limit-def, rule alll)
apply (subgoal-tac Vj. (fj) -+ (97) £ —a (b ¢) =
((f]) r (g ]) + (f]) r (7(1 C)) + ((f]) rCcE —q (b r C))v simp,
thin-tac¥Vj. fj v gjE+ —qg b c=
fiwgixfi (_a ) (fjrecEt—ab-c)
apply (frule limit-n-val[of b v f], assumption+,
simp add:limit-def)
apply (frule n-val-valuation|of v])
apply (frule val-nonzero-z[of n-val K v b], assumption+,
rotate-tac —1, erule exFE,
frule val-nonzero-z[of n-val K v ¢, assumption+,
rotate-tac —1, erule exE, rename-tac N bz cz)
apply (rotate-tac 5,
drule-tac x = N + nat (abs cz) in spec,
drule-tac x = N + nat (abs bz) in spec)
apply (erule exE)+
apply (rename-tac N bz cz M M1 M2)

apply (subgoal-tac ¥ n. (max (mazx M1 M2) M) < n —
(fn)w(gn) £(fn)+(—ac)£((fn)+cE(=a (b))
cewp Kv (Vr K v) (an N), blast)
apply (rule alll, rule impI) apply (simp, (erule conjE)+)
apply (rotate-tac 11, drule-tac x = n in spec,
drule-tac x = n in spec, simp,
drule-tac x = n in spec, simp)
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apply (frule-tacb=gn+ —, cand n=an N and z = fn in
convergenceTr1[of v])
apply simp apply simp apply (simp add:an-def a-zpz| THEN sym]) apply simp
apply (frule-tac b = fn £ —, b and n = an N in convergenceTr1[of
v c|, assumption+, simp) apply (simp add:an-def)
apply (simp add:a-zpz| THEN sym]) apply simp

apply (drule-tac z = n in spec,
drule-tac © = n in spec)
apply (simp add:Ring.ring-invi-1[of K b c|,
cut-tac Ring.ring-is-ag, frule aGroup.ag-mOp-closed|of K ¢,
assumption,
sitmp add:Ring.ring-distribl [THEN sym],
frule aGroup.ag-mOp-closed|of K b, assumption+,
simp add: Ring.ring-distrib2[ THEN sym],
subst Ring.ring-tOp-commute[of K - ¢, assumption+,
rule aGroup.ag-pOp-closed, assumption+)
apply (cut-tac n = N in an-nat-pos)
apply (frule-tac n = an N in vp-apow-ideal]of v], assumption+)
apply (frule Vr-ring[of v])

apply (frule-tac z = (fn) -+ (9gn+t —yc)and y=c - (fn £ —, b)
and I = wp K (Vr K v) (an N) jp Ring.ideal-pOp-closed|of Vr K v],
assumption+)

apply (frule-tac R= Vr Kvand I = vp K v (Vr K w) (an N) and

h=(fn) (¢gn =+ —4 c)in Ring.ideal-subset, assumption+,
frule-tac R= Vr Kvand I = vp Kv (Vr K v) (an N) apnq
h=c- (fn+ —4 b) in Ring.ideal-subset, assumption+)

apply (simp add: Vr-pOp-f-pOp, assumption+)

apply (rule alll)

apply (thin-tac VN. IM.Vn>M. fn+ —, b€ vp Ko (Vr K v) (an N)

thin-tac VN. AM.¥Yn>M. gn+ —, c € vp K v (Vr K v) (an N))
apply (drule-tac z = j in spec,

drule-tac x = j in spec,

cut-tac field-is-ring, frule Ring.ring-is-ag|of K],

frule-tac x = fj and y = g j in Ring.ring-tOp-closed, assumption+,

frule-tac x = b and y = ¢ in Ring.ring-tOp-closed, assumption+,

frule-tac x = fj and y = ¢ in Ring.ring-tOp-closed, assumption+,

frule-tac © = ¢ in aGroup.ag-mOp-closed[of K], assumption+,

frule-tac x = fjand y = —, ¢ in Ring.ring-tOp-closed, assumption+,

frule-tac £ = b - ¢ in aGroup.ag-mOp-closed|of K], assumption+)
apply (subst aGroup.pOp-assocTrf1[THEN sym, of K|, assumption+,

subst aGroup.pOp-assocTr42]of K], assumption+,

subst Ring.ring-distribl [THEN sym, of K|, assumption+)
apply (simp add:aGroup.ag-l-invl, simp add:Ring.ring-times-z-0,

stmp add:aGroup.ag-r-zero)
done
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lemma an-npn[simp]:an (n + m) = an n + an m
by (simp add:an-def a-zpz)

lemma Abs-noninf:a # —oco A a # co = Abs a # o0
by (cut-tac mem-ant[of a), simp, erule exE, simp add:Abs-def,
simp add:aminus)

lemma (in Corps) limit-t-zero:[c € carrier K; valuation K v;
Y (j:inat). fj € carrier K; V (j:nat). g j € carrier K;
limg , f0; limg o, g c] = limg , (M. (f7) - (g4)) 0
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
stmp add:limit-def, simp add:aGroup.ag-inv-zero, simp add:aGroup.ag-r-zero)
apply (subgoal-tac ¥j. (f§) -+ (g j) € carrier K,
stmp add:aGroup.ag-r-zero)
prefer 2 apply (rule alll, simp add:Ring.ring-tOp-closed)
apply (case-tac ¢ = Og)
apply (simp add:aGroup.ag-inv-zero, simp add:aGroup.ag-r-zero)
apply (rule alll,
rotate-tac 4,
drule-tac x = N in spec,
drule-tac x = N in spec, (erule exE)+,
rename-tac N M1 M2)
apply (subgoal-tac ¥ n>(max M1 M2). (fn) - (g n) € (vp K v)(w K v) (an N),
blast)
apply (rule olll, rule impl)
apply (drule-tac z = M1 and y = M2 in two-inequalities, assumption+,
thin-tac Y n>M2. gn € vp K v (Vr K v) (an N))
apply (thin-tac Vj. fj -+ gj € carrier K,
thin-tac Yj. fj € carrier K,
thin-tac ¥j. g j € carrier K,
drule-tac x = n in spec, simp, erule conjF,
erule conjE,
frule Vr-ring[of v])
apply (cut-tac n = N in an-nat-pos)
apply (frule-tac x = f n in mem-vp-apow-mem-Vrlof v], assumption+,
frule-tac x = g n in mem-vp-apow-mem-Vr|of v|, assumption+,
frule-tac n = an N in vp-apow-ideal[of v], assumption+)
apply (frule-tac I = vp K p(Vr K ) (an N) and 5 = g n and
r = fn in Ring.ideal-ring-multiple[of Vi K v], assumption+,
simp add: Vir-tOp-f-tOp)

apply (rule alll)
apply (subgoal-tac Vj. (fj) -+ (9j) =
(f7) = ((g4) £ (=a ©) £ (1) -+ ¢, simp,
thin-tac ¥ j. (f§) -+ (9 j) =
(f3) + ((97) £ (=a ) £(F) + ¢
thin-tacVj. (fj) » (gj+ —a¢) £ (fj) - ¢ € carrier K)
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apply (rotate-tac 4,
drule-tac x = N + na (Abs (n-val K v ¢)) in  spec,
drule-tac x = N in spec)
apply (erule exE)+ apply (rename-tac N M1 M2)
apply (subgoal-tac ¥ n. (max M1 M2) <n — (fn) + (gn+ —g ¢) £
(fn) -+ ce€wp K o(Vr K'v) (an N), blast)
apply (rule alll, rule impl, simp, erule conjE,
drule-tac x = n in spec,
drule-tac x = n in spec,
drule-tac x = n in spec)
apply (frule n-val-valuation|of v])
apply (frule value-in-aug-inf|of n-val K v c|, assumption+,
stmp add:aug-inf-def)
apply (frule val-nonzero-noninf|of n-val K v c], assumption+)
apply (cut-tac Abs-noninf[of n-val K v c])
apply (cut-tac Abs-pos[of n-val K v c]) apply (simp add:an-na)

apply (drule-tac z = n in spec, simp)

apply (frule-tac b = fn and n = an N in convergenceTr! [of
v ¢], assumption+)

apply simp

apply (frule-tac z = fnand N = an N + Abs (n-val K v ¢) in
mem-vp-apow-mem-Vr[of v],
frule-tac n = an N in vp-apow-ideal|of v])
apply simp
apply (rule-tac x = an N and y = Abs (n-val K v ¢) in aadd-two-pos)
apply simp apply (simp add:Abs-pos) apply assumption

apply (frule-tac x = gn + (—, ¢) and N = an N in mem-vp-apow-mem-Vr|of
v], simp, assumption+) apply (
frule-tac x = ¢ - (fn) and N = an N in mem-vp-apow-mem-Vr|of
v], simp) apply simp
apply (simp add:Ring.ring-tOp-commute[of K c]) apply (
frule Vr-ringlof v],
frule-tac I = (vp K v)(w Kwv) (an N) and 7 = g n + (—q ©)
and r = f n in Ring.ideal-ring-multiple[of Vr K v])
apply (simp add:vp-apow-ideal) apply assumption+
apply (frule-tac I = vp K p(Vr K v) (an N) anq
2= (fn) o (gnt —4 c)and y=(fn) - cin
Ring.ideal-pOp-closed|of Vi K v])
apply (simp add:vp-apow-ideal)
apply (simp add: Vr-tOp-f-tOp, assumption)
apply (simp add: Vr-tOp-f-tOp Vr-pOp-f-pOp,
frule-tacx = (fn) -+ (gn £ —4 ¢) and N = an N in mem-vp-apow-mem-Vr|of
v], simp add: Vr-pOp-f-pOp, assumption+)
apply (frule-tac N = an N and = = (f n) - ¢ in mem-vp-apow-mem-Vr|of
v]) apply simp apply assumption
apply (simp add: Vr-pOp-f-pOp) apply simp
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apply (thin-tac VN. IM.Vn>M. fn € vp Kv (Vr K v) (an N),
thin-tac VN. AM.¥Yn>M.gn + —, c € vp Ko (Vr K v) (an N),
rule alll)

apply (drule-tac z = j in spec,

drule-tac x = j in spec,
drule-tac x = j in spec,
frule aGroup.ag-mOp-closed|of K ¢|, assumption+,
frule-tac & = f j in Ring.ring-tOp-closed|of K - c|, assumption+,
frule-tac & = f j in Ring.ring-tOp-closed|of K - —, c|, assumption+)
apply (simp add:Ring.ring-distrib1, simp add:aGroup.ag-pOp-assoc,
stmp add:Ring.ring-distribl [THEN sym)],
simp add:aGroup.ag-l-invl, simp add: Ring.ring-times-z-0,
simp add:aGroup.ag-r-zero)
done

lemma (in Corps) limit-minus:[valuation K v; Vj. fj € carrier K;
b € carrier K; limg ,, f 0] = limg , (Aj. (—a (f7))) (= D)
apply (simp add:limit-def)
apply (rule olll,
rotate-tac —1, frule-tac x = N in spec,
thin-tacVN. AM.Vn. M < n —
fnd—abe (up Kv)(VrKv) (an N)’
erule exkE,
subgoal-tac ¥V n. M < n —
(o (fm) £ (=a (=a b)) € (vp K o){ V7 K 0) (an ),
blast)
apply (rule alll, rule impl,
frule-tac x = n in spec,
frule-tac x = n in spec, simp)

apply (frule Vr-ring|of v],
frule-tac n = an N in vp-apow-ideal[of v], simp)
apply (frule-tacz = fn+ —, band N = an N in
mem-vp-apow-mem-Vrlof v], simp+,
frule-tac I = vp K o(Vr Kv) (an N) and 5 = fn£ (=4 b)in
Ring.ideal-inv1-closed[of Vi K v], assumption+, simp)
apply (simp add: Vr-mOp-f-mOp)
apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K],
frule aGroup.ag-mOp-closed|of K b, assumption+)
apply (simp add:aGroup.ag-p-inv|of K])
done

lemma (in Corps) inv-diff:[z € carrier K; x # 0; y € carrier K; y # 0] =
() £ (=0 (575)) = @F) 0 (575) 0 (=0 (o % (Ca )
apply (cut-tac invf-closed1[of x|, simp, erule conjE,
cut-tac invf-closedl[of yl], simp, erule conjE,
cut-tac field-is-ring, frule Ring.ring-is-ag|of K],
frule Ring.ring-tOp-closed|of K K y'K], assumption+,
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frule aGroup.ag-mOp-closed|of K x|, assumption+,
frule aGroup.ag-mOp-closed|of K y|, assumption+,
frule aGroup.ag-mOp-closed|of K x'K], assumption+,
frule aGroup.ag-mOp-closed|of K y'K], assumption+,

frule aGroup.ag-pOp-closed|[of K © —, y|, assumption+)

apply (simp add:Ring.ring-invi-2[THEN sym],
simp only: Ring.ring-distrib1 [of K (:C'K) - (y'K) T —q Y,
stmp only: Ring.ring-tOp-commute|of K - x|,
stmp only: Ring.ring-invl-2[ THEN sym, of K],
simp only: Ring.ring-tOp-assoc| THEN sym],
simp only: Ring.ring-tOp-commute|of K x|,
cut-tac linvflof z], simp+,
simp add: Ring.ring-l-one, simp only: Ring.ring-tOp-assoc,
cut-tac linvf|of y], simp+,
stmp only: Ring.ring-r-one)
apply (simp add:aGroup.ag-p-inv[of K|, simp add:aGroup.ag-inv-inv,
rule aGroup.ag-pOp-commute|of K oK, y'K], assumption+)
apply simp+
done

lemma times2plus:(2::nat)xn = n + n
by simp

lemma (in Corps) limit-inv:[valuation K v; Vj. fj € carrier K;
b € carrier K; b # 0; limg ,, f 0] =
limg » (M. if () = 0 then 0 else (f§)5) (57F)
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K])
apply (frule limit-n-val[of b v f], assumption+)
apply (subst limit-def)
apply (rule alll, erule exFE)
apply (subgoal-tac ¥ m>Na. f m # 0)
prefer 2
apply (rule alll, rule impl, rotate-tac —2,
drule-tac x = m in spec, simp)
apply (frule n-val-valuation]of v])
apply (frule val-nonzero-noninf|[of n-val K v b], assumption+)
apply (rule contrapos-pp, simp+, simp add:value-of-zero)
apply (unfold limit-def)
apply (rotate-tac 2,
frule-tac x = N + 2x(na (Abs (n-val K v b))) in
spec)
apply (erule exFE)
apply (subgoal-tac ¥ n>(mazx Na M).
(if fn=0 then 0 else fnf) £ —, v E c up K o(Vr K v) (an N),
blast)
apply (rule alll, rule impl)
apply (cut-tac ¢ = Na and y = maz Na M and z = n
in le-less-trans)
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apply simp+
apply (thin-tac VN. 3IM.¥n>M. fn+ —; b€ vp Ko (Vr K v) (an N))
apply (drule-tac z = n in spec,
drule-tac x = n in spec,
drule-tac x = n in spec,
drule-tac x = n in spec, simp)
apply (subst inv-diff, assumption+)
apply (cut-tac x = fn in invf-closedl, simp,
cut-tac x = b in inyf-closedl, simp, simp, (erule conjE)+)

apply (frule-tac n = an N + an (2 * na (Abs (n-val K v b))) and
z=fn+ —, bin n-value-z-1[of v))
apply (simp only:an-npn|THEN sym], rule an-nat-pos)
apply assumption
apply (rule-tacz = fn K . v K. (=, (fn + —, b)) and v = v and
n = an N in n-value-z-2, assumption+)
apply (frule n-val-valuation|of v])
apply (subst val-pos-mem-Vr[THEN sym, of v], assumption+)
apply (rule Ring.ring-tOp-closed, assumption+)+
apply (rule aGroup.ag-mOp-closed, assumption)
apply (rule aGroup.ag-pOp-closed, assumption+,
rule aGroup.ag-mOp-closed, assumption+)
apply (subst val-pos-n-val-pos|of v], assumption+,
rule Ring.ring-tOp-closed, assumption+,
rule Ring.ring-tOp-closed, assumption+,
rule aGroup.ag-mOp-closed, assumption+,
rule aGroup.ag-pOp-closed, assumption+,
rule aGroup.ag-mOp-closed, assumption+)
apply (subst val-t2plof n-val K v), assumption+,
rule Ring.ring-tOp-closed, assumption+,
rule aGroup.ag-mOp-closed, assumption+,
rule aGroup.ag-pOp-closed, assumption+,
rule aGroup.ag-mOp-closed, assumption+,
subst val-minus-eq|of n-val K v], assumption+,
(rule aGroup.ag-pOp-closed, assumption+),
(rule aGroup.ag-mOp-closed, assumption+))
apply (subst val-t2p|of n-val K v|, assumption+)
apply (simp add:value-of-inv)
apply (frule-tac x = an N + an (2 x na (Abs (n-val K v b))) and y = n-val K
v(fn+t—,b)and z=— nwval K vb+ — nwval K v b in aadd-le-mono)
apply (cut-tac z = n-val K v b in Abs-pos)
apply (frule val-nonzero-z[of n-val K v b], assumption+, erule exFE)
apply (rotate-tac —1, drule sym, cul-tac z = z in z-neg-minf,
cut-tac z = z in z-neg-inf, simp,
cut-tac a = (n-val K v b) in Abs-noninf, simp)
apply (simp only:times2plus an-npn, simp add:an-na)
apply (rotate-tac —4, drule sym, simp)
apply (thin-tac fn+ —, b € vp Ko (Vr Kv) (an N + (ant |2 + ant |Z|)))
apply (simp add:an-def, simp add:aminus, (simp add:a-zpz)+)
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apply (subst aadd-commute)

apply (rule-tac i = 0 and j = ant (int N + 2 * |z| — 2 % z) and
k=mnwval Kv (fn+ —4 b) + ant (— (2 * 2)) in ale-trans)

apply (subst ant-0|THEN sym))

apply (subst ale-zle, simp, assumption)

apply (frule n-val-valuation|of v])
apply (subst val-t2plof n-val K v], assumption+)
apply (rule Ring.ring-tOp-closed, assumption+)+
apply (rule aGroup.ag-mOp-closed, assumption)
apply (rule aGroup.ag-pOp-closed, assumption+,

rule aGroup.ag-mOp-closed, assumption+)
apply (subst val-t2p|of n-val K v|, assumption+)
apply (subst val-minus-eq[of n-val K v], assumption+,

rule aGroup.ag-pOp-closed, assumption+,

rule aGroup.ag-mOp-closed, assumption)

apply (simp add:value-of-inv)
apply (frule-tac £ = an N + an (2 * na (Abs (n-val K v b))) and y = n-val K
v(fn+t —4b)and z = — nwal K vb+ — n-wval K vbin aadd-le-mono)
apply (cut-tac z = n-val K v b in Abs-pos)
apply (frule val-nonzero-z[of n-val K v b], assumption+, erule exFE)
apply (rotate-tac —1, drule sym, cul-tac z = z in z-neg-minf,
cut-tac z = z in z-neg-inf, simp,
cut-tac a = (n-val K v b) in Abs-noninf, simp)
apply (simp only:times2plus an-npn, simp add:an-na)
apply (rotate-tac —4, drule sym, simp)
apply (thin-tac fn + — b € vp K v (Vr K v) (an N + (ant |z| + ant |z|)))
apply (simp add:an-def, simp add:aminus, (simp add:a-zpz)+)
apply (subst aadd-commute)
apply (rule-tac i = ant (int N) and j = ant (int N + 2 % |z| — 2 x 2)
and k= n-wval Kv (fn+ —, b) + ant (— (2 * 2)) in ale-trans)
apply (subst ale-zle, simp, assumption)

apply simp
done

definition
Cauchy-seq :: [, 'b = ant, nat = 'b]
= bool ((8Cauchy - - -) [90,90,91]190) where
Cauchyp o, f <— (Yn. (fn) € carrier K) A (
VN.IM. Vnm. M <nAM<m-—

((fn) £x (—ax (fm))) € (vp K v)(V7 K v) (an N)y)

definition
v-complete :: ['b = ant, -] = bool
((2Complete. -) [90,91]190) where
Completey K <— (Vf. (Cauchyg , f) —
(3b. b € (carrier K) A limg , f b))
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lemma (in Corps) has-limit-Cauchy:[valuation K v; Vj. f j € carrier K;

b € carrier K; limg , fb] = Cauchyp ,, f
apply (simp add: Cauchy-seq-def)
apply (rule alll)
apply (simp add:limit-def)
apply (rotate-tac —1)
apply (drule-tac z = N in spec)
apply (erule exE)
apply (subgoal-tac¥Ynm. M <n A M < m—
fnt—o (fm) € vp K (Vr K v) (an N))

apply blast
apply ((rule alll)+, rule impl, erule conjE)
apply (frule-tac x = n in spec,

frule-tac x = m in spec,

thin-tac Vj. fj € carrier K,

frule-tac x = n in spec,

frule-tac x = m in spec,

thin-tacVn. M <n — fn+ —, b€ vpKU(VTKU) (an N)7

stmp)
apply (frule-tac n = an N in vp-apow-ideal|of v], simp)
apply (frule Vr-ring[of v))
apply (frule-tacz =fm + —, band I = vp K o
Ring.ideal-inv1-closed[of Vr K v], assumption+)
apply (frule-tach = fm + —, band I = vp K o
Ring.ideal-subset[of Vr K v], assumption+,

Vr K v) (an N) i

Vr Kv) (an N) in

frule-tac h = fn £ —, band I = vpKv(VrK”) (an N) jn

Ring.ideal-subset|of Vr K v], assumption+)

apply (frule-tac h = —qyp g (fm £ —g b)and I = vp K o

Ring.ideal-subset[of Vr K v|, assumption+,

Vr K v) (an N) 4

fruletach = fn + —, band I = vp K oV Kv) (an N) 3

Ring.ideal-subset[of Vi K v], assumption+)

apply (frule-tac I = (vp K v) (Vr K'w) (an N) and 7 = fn+ —, band
Y= —a(Vr K v) (fm £ —4 b) in Ring.ideal-pOp-closed[of Vr K v],

assumption+)

apply (simp add: Vr-pOp-f-pOp) apply (simp add: Vr-mOp-f-mOp)

apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K])
apply (frule aGroup.ag-mOp-closed[of K b], assumption+)

apply (frule-tac x = f m + —, b in Vr-mem-f-mem[of v, assumption+)
apply (frule-tac x = f m + —, b in aGroup.ag-mOp-closed|of K],

assumption+)
apply (simp add:aGroup.ag-pOp-assoc)
apply (simp add:aGroup.ag-pOp-commutelof K —, b])
apply (simp add:aGroup.ag-p-inv]of K])

apply (simp add:aGroup.ag-inv-inv)
apply (simp add:aGroup.ag-pOp-assoc[of K - b —, b])

(
(
apply (frule-tac x = f m in aGroup.ag-mOp-closed|of K|, assumption+)
(
(
(

apply (simp add:aGroup.ag-r-invl[of K], simp add:aGroup.ag-r-zero)
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done

lemma (in Corps) no-limit-zero-Cauchy:[valuation K v; Cauchyg  f;
- (limg o f 0)] =
ANM. (Ym. N <m — ((nwval Kv) (f M)) = ((n-val K v) (f m)))
apply (frule not-limit-zero[of v f], thin-tac = lim g, f 0)
apply (simp add: Cauchy-seq-def, assumption) apply (erule exE)
apply (rename-tac L)
apply (simp add: Cauchy-seq-def, erule conjE,
rotate-tac —1,
frule-tac x = L in spec, thin-tac YV N. 3 M.V n m.
M<nAM<m-—fnt—,(fm)e UpKv(VTKU) (‘mN))
apply (erule ezE)
apply (drule-tac z = M in spec)
apply (erule exE, erule conjE)
apply (rotate-tac —3,
frule-tac x = m in spec)
apply (thin-tacVnm. M <n A M < m —
fnd—q (fm) € (vp KU)(VT’KU) (an L))
apply (subgoal-tac M < m A (Vma. M < ma —
n-val K v (f m) = n-val K v (f ma)))
apply blast
apply simp

apply (rule alll, rule impl)
apply (rotate-tac —2)

apply (drule-tac x = ma in spec)
apply simp

apply (frule Vr-ring[of v],
frule-tac n = an L in vp-apow-ideal]of v], simp)

apply (frule-tac I = vp K p(Vr K ) (an L) apqg 4 = fm+ —, (f ma)
in Ring.ideal-invi-closed[of Vi K v], assumption+) apply (
frule-tac I = vp K p(Vr K 0) (an L) anq
h=fm £ —4 (f ma) in Ring.ideal-subset[of Vr K v],
assumption+, simp add: Vr-mOp-f-mOp)

apply (frule-tac z = m in spec,
drule-tac x = ma in spec) apply (

cut-tac field-is-ring, frule Ring.ring-is-ag|of K|,

frule-tac © = f ma in aGroup.ag-mOp-closed|of K|, assumption+,
frule-tac x = fm and y = —, (f ma) in aGroup.ag-p-invjof K],
assumption+, simp only:aGroup.ag-inv-inv,

frule-tac = f m in aGroup.ag-mOp-closed|of K], assumption+,
simp add:aGroup.ag-pOp-commute,

thin-tac —g ( fm £ —4 (fma)) = fma+ —, (f m),
thin-tac f m £ —, (f ma) € vp K (V1 K v) (an L))
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apply (frule-tac z = f ma + —, (f m) and n = an L in n-value-z-1[of
v ], simp) apply assumption apply (
frule n-val-valuation[of v],
frule-tac © = fm and y = fma £ —, (f m) in value-less-eq|of
n-val K v], assumption+) apply (simp add:aGroup.ag-pOp-closed)

apply (
rule-tac x = n-val K v (f m) and y = an L and
z=mnwal Kv (fma+ —, (fm)) in
aless-le-trans, assumption+)

apply (frule-tac x = f ma £ —, (f m) in Vr-mem-f-mem[of v])

apply (simp add:Ring.ideal-subset)

apply (frule-tac z = fmand y = f ma £ —, (f m) in
aGroup.ag-pOp-commute|of K|, assumption+)

apply (simp add:aGroup.ag-pOp-assoc,
simp add:aGroup.ag-l-invl, simp add:aGroup.ag-r-zero)

done

lemma (in Corps) no-limit-zero-Cauchy! :[valuation K v; Vj. fj € carrier K;
Cauchyp o f; = (img , f 0)] = 3INM. (Vm. N <m — v (fM) =v (fm))
apply (frule no-limit-zero-Cauchy|of v f], assumption+)
apply (erule ezE)+
apply (subgoal-tac Vm. N < m — v (f M) = v (f m)) apply blast
apply (rule alll, rule impl)
apply (frule-tac x = M in spec,
drule-tac x = m in spec,
drule-tac x = m in spec, simp)
apply (simp add:n-val|[THEN sym, of v])
done

definition
subfield :: [-, ('b, 'm1) Ring-scheme] = bool where
subfield K K' «— Corps K' A carrier K C carrier K' A
idmap (carrier K) € rHom K K’

definition
v-completion :: ['b = ant, 'b = ant, -, ('b, 'm) Ring-scheme] = bool
((4Completion. - - -) [90,90,90,91]190) where
Completion,, ,+ K K' <— subfield K K' A
Complete,r K' N\ (Vz € carrier K. vz = v’ z) A
(Vo € carrier K'. (3f. Cauchyg , f N limgr o/ fx))

lemma (in Corps) subfield-zero:[Corps K'; subfield K K] = 0p = 0y
apply (simp add:subfield-def, (erule conjE)+)
apply (simp add:rHom-def, (erule conjE)+)
apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K],
frule Corps.field-is-ring[of K], frule Ring.ring-is-ag[of K])
apply (frule aHom-0-0[of K K' I |, assumption+)
apply (frule aGroup.ag-inc-zero|of K], simp add:idmap-def)
done
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lemma (in Corps) subfield-pOp:[Corps K'; subfield K K'; x € carrier K;
y€carrier K| =z +y=a+py
apply (cut-tac field-is-ring, frule Corps.field-is-ring[of K],
frule Ring.ring-is-aglof K], frule Ring.ring-is-ag[of K])
apply (simp add:subfield-def, erule conjE, simp add:rHom-def,
frule conjunctl)
apply (thin-tac I € aHom K K' A
(Yaecarrier K. Y y&ccarrier K. I (v - y) = Ig x rper T y) A
Tk 1, = 1,p0)
apply (frule aHom-add[of K K' I i = y], assumption+,
frule aGroup.ag-pOp-closed|of K z y|, assumption+,
stmp add:idmap-def)
done

lemma (in Corps) subfield-mOp:[Corps K'; subfield K K'; x € carrier K] =
—a T = “ag’ T

apply (cut-tac field-is-ring, frule Corps.field-is-ring[of K],

frule Ring.ring-is-aglof K], frule Ring.ring-is-ag[of K])
apply (simp add:subfield-def, erule conjE, simp add:rHom-def,

frule conjunctl)
apply (thin-tac I € aHom K K' A

(Vaecarrier K. Vyccarrier K. I (z - y) = I @ rper Iigy) A
I 1, = Log)

apply (frule aHom-inv-inv[of K K' I i x], assumption+,

frule aGroup.ag-mOp-closed|of K x|, assumption+)
apply (simp add:idmap-def)
done
lemma (in Corps) completion-val-eq:[Corps K'; valuation K v; valuation K’ v’
T € carrier K; Completionv ! KK)|=vz=0v'z
apply (unfold v-completion-def, (erule conjE)+)
apply simp
done
lemma (in Corps) completion-subset:[ Corps K'; valuation K v; valuation K’ v’
C’ompletz’onv o' K K'] = carrier K C carrier K’
apply (unfold v-completion-def, (erule conjE)+)
apply (simp add:subfield-def)
done

lemma (in Corps) completion-subfield:[Corps K'; valuation K v;
valuation K' v'; Completion, ,» K K'] = subfield K K'

apply (simp add:v-completion-def)

done

lemma (in Corps) subfield-sub:subfield K K' = carrier K C carrier K’

apply (simp add:subfield-def)
done
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lemma (in Corps) completion-Vring-sub:[ Corps K'; valuation K v;
valuation K' v'; Completion, ,» K K'] =
carrier (Vr K v) C carrier (Vr K' v')
apply (rule subsetl,
frule completion-subset[of K' v v'], assumption+,
frule-tac © = x in Vr-mem-f-mem[of v|, assumption+,
frule-tac © = z in completion-val-eq[of K' v v],
assumption+)
apply (frule-tac 1 = z in val-pos-mem-Vr[THEN sym, of v],
assumption+, simp,
frule-tac ¢ = z in subsetD|of carrier K carrier K'|, assumption—+,
simp add: Corps.val-pos-mem-Vrof K' v'])
done

lemma (in Corps) completion-idmap-rHom:[Corps K'; valuation K v;
valuation K' v'; Completion, ,+ K K'] =
I(VrKv) € rHom (Vr K v) (Vr K' v')
apply (frule completion-Vring-sublof K' v v],
assumption,
frule completion-subfield[of K' v v,
assumption,
frule Vr-ring|of v],
frule Ring.ring-is-aglof Vr K v],
frule Corps. Vir-ring[of K' v'], assumption+,
frule Ring.ring-is-aglof Vr K’ v))
apply (simp add:rHom-def)
apply (rule conjI)
apply (simp add:aHom-def,
rule conjl,
simp add:idmap-def, simp add:subsetD)
apply (rule conjI)
apply (simp add:idmap-def extensional-def)
apply ((rule balll)+) apply (
frule-tac x = a and y = b in aGroup.ag-pOp-closed, assumption+,
simp add:idmap-def,
frule-tac ¢ = a in subsetD]of carrier (Vr K v)
carrier (Vr K’ v')], assumption+,
frule-tac ¢ = b in subsetD|of carrier (Vi K v)
carrier (Vr K’ v")], assumption+,
simp add: Vr-pOp-f-pOp,
frule-tac = a in Vr-mem-f-mem[of v], assumption,
frule-tac x = b in Vr-mem-f-mem|of v], assumption,
simp add: Corps. Vr-pOp-f-pOp,
simp add:subfield-pOp)
apply (rule conjI)
apply ((rule balll)+,
frule-tac x = x and y = y in Ring.ring-tOp-closed, assumption+,
stmp add:idmap-def, simp add:subfield-def, erule conjF)

160



apply (frule-tac ¢ = x in subsetD[of carrier (Vr K v)
carrier (Vr K' v')], assumption+,
frule-tac ¢ = y in subsetD|of carrier (Vr K v)
carrier (Vr K’ v")], assumption+)

apply (simp add: Vr-tOp-f-tOp Corps. Vr-tOp-f-tOp)
apply (frule-tac z = z in Vr-mem-f-mem[of v|, assumption+,

frule-tac x = y in Vr-mem-f-mem[of v], assumption+,

frule-tac z = z in Corps. Vr-mem-f-mem[of K' v'], assumption+,
frule-tac © = y in Corps. Vr-mem-f-mem[of K’ v'], assumption+,

cut-tac field-is-ring, frule Corps.field-is-ring|of K],

frule-tac ¢ = ¢ and y = y in Ring.ring-tOp-closed|of K], assumption+)
apply (frule-tac x = z and y = y in rHom-tOplof K K' - - I g],

assumption+, simp add:idmap-def)

apply (frule Ring.ring-onelof Vr K v], simp add:idmap-def)
apply (simp add: Vr-1-f-1 Corps. Vr-1-f-1)
apply (simp add:subfield-def, (erule conjE)+)
apply (cut-tac field-is-ring, frule Corps.field-is-ringlof K],

frule Ring.ring-onelof K],

frule rHom-onelof K K' I |, assumption+, simp add:idmap-def)
done

lemma (in Corps) completion-vpr-sub:[ Corps K'; valuation K v; valuation K' v’
Completion,, ,» K K'] = vp K v C vp K' v’
apply (rule subsetl,
frule completion-subset[of K' v v'], assumption+,
frule Vr-ring[of v], frule vp-ideal|of v],
frule-tac h = z in Ring.ideal-subset[of Vr K v vp K v],
assumption,
frule-tac = z in Vr-mem-f-mem[of v], assumption+,
frule-tac x = z in completion-val-eq[of K’ v v,
assumption+)
apply (frule completion-subset[of K’ v v],
assumption,
frule-tac ¢ = z in subsetD|of carrier K carrier K], assumption+,
stmp add: Corps.vp-mem-val-poss vp-mem-val-poss)
done

/.
)

lemma (in Corps) val-v-completion:[Corps K'; valuation K v; valuation K' v
z € carrier K'; z # 0 ; Completion, + K K'] =
3f. (Cauchyg , /) N EN. (Ym. N <m — v (fm) =v"1))
apply (simp add:v-completion-def, erule conjE, (erule conjE)+)
apply (rotate-tac —1, drule-tac x = z in bspec, assumption+,
erule exF, erule conjE,
subgoal-tac IN. ¥ m. N < m — v (f m) = v’ z, blast)
thm Corps.limit-val
apply (frule-tac f = f and v = v" in Corps.limit-val[of K' z],
assumption,
unfold Cauchy-seq-def, frule conjunct!, fold Cauchy-seq-def)
apply (rule alll, drule-tac © = j in spec,
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stmp add:subfield-def, erule conjE, simp add:subsetD, assumption+)
apply (simp add: Cauchy-seq-def)
done

lemma (in Corps) v-completion-v-limit:[ Corps K'; valuation K v,
z € carrier K; subfield K K'; Complete, » K'; Vj. fj € carrier K;
valuation K' v'; Vx€carrier K. v = v' x; limgr o fx] = limg , fx
apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K],
frule Corps.field-is-ring[of K], frule Ring.ring-is-ag[of K],
subgoal-tac Vj. f j € carrier K’,
unfold subfield-def, frule conjunct2, fold subfield-def, erule conjE)
apply (frule subsetD|of carrier K carrier K’ z], assumption+,
stmp add:limit-diff-val[of z f],
subgoal-tac VYn. fn £ —apr v = fn £ —, 1)
apply (rule alll)
apply (simp add:limit-def)
apply (rotate-tac 6, drule-tac x = N in spec,
erule exk)
apply (subgoal-tac Vn>M. an N < v'(fn + —, ),
subgoal-tac Vn. (v' (fn £ —g 2) = v (fn £ —, ), simp, blast)
apply (rule alll)
apply (frule-tac z = fn £ —, z in bspec,
rule aGroup.ag-pOp-closed, assumption+, simp,
rule aGroup.ag-mOp-closed, assumption+) apply simp
apply (rule alll, rule impl)
apply (frule-tacv=v"and n = an Nand z = fn + —, z in
Corps.n-value-z-1[of K|, assumption+, simp, simp)
apply (frule-tac v=v"and x = fn + —, z in Corps.n-val-le-val[of K,
assumption+)
apply (cut-tac z = fn and y = —, = in aGroup.ag-pOp-closed, assumption,
simp, rule aGroup.ag-mOp-closed, assumption+, simp add:subsetD)
apply (subst Corps.val-pos-n-val-pos[of K' v'], assumption+)
apply (cut-tac z = fn and y = —, = in aGroup.ag-pOp-closed, assumption,
simp, rule aGroup.ag-mOp-closed, assumption+, simp add:subsetD)
apply (rule-tac i = 0 and j = an N and k = n-val K’ v’ (fn £ —, z) in
ale-trans, simp+, rule alll)
apply (subst subfield-pOplof K], assumption—+, simp+,
rule aGroup.ag-mOp-closed, assumption+)
apply (simp add:subfield-mOplof K])
apply (cut-tac subfield-sublof K|, simp add:subsetD, assumption+)
done
lemma (in Corps) Vr-idmap-aHom:[Corps K'; valuation K v; valuation K' v’
subfield K K'; ¥V x€carrier K. v x = v' 2] =
Iy i v) € aHom (Vr Kv) (Vr K'v')
apply (simp add:aHom-def)
apply (subgoal-tac Iy i ) € carrier (Vr K v) — carrier (Vr K' v’))
apply simp
apply (rule conjI)
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apply (simp add:idmap-def)
apply (rule balll)+
apply (frule Vr-ring[of v],
frule Ring.ring-is-aglof Vr K v],
frule Corps. Vir-ring[of K' v'], assumption+,
frule Ring.ring-is-aglof Vr K' v])
apply (frule-tac z = a and y = b in aGroup.ag-pOp-closed|of Vr K v],
assumption,
frule-tac © = a in funcset-mem|[of ](Vr K )
carrier (Vr K v) carrier (Vr K’ v')], assumption+,
frule-tac x = b in funcset-mem[of I ;. ;¢ v)
carrier (Vr K v) carrier (Vr K’ v')], assumption+,
frule-tac z = (I(VrKv)> aand y = (I(VrKv)) b in
aGroup.ag-pOp-closed|of Vr K' v], assumption+,
simp add: Vir-pOp-f-pOp)
apply (simp add:idmap-def, simp add:subfield-def, erule conjE,
simp add:rHom-def, frule conjunct1,
thin-tac 1 € aHom K K' A
(Yaecarrier K. Y y&ccarrier K. I (v - y) = Ig x rper T y) A
Tk 1, = 1,p0)
apply (simp add:Corps. Vr-pOp-f-pOplof K’ v'])
apply (frule-tac x = a in Vr-mem-f-mem[of v], assumption+,
frule-tac £ = b in Vr-mem-f-mem[of v], assumption+)
apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K],
frule Corps.field-is-ring[of K], frule Ring.ring-is-ag[of K])
apply (frule-tac a = a and b = b in aHom-add[of K K' I ], assumption+,
frule-tac x = a and y = b in aGroup.ag-pOp-closed|of K], assumption+,
simp add:idmap-def)
apply (rule Pi-1,
drule-tac x = z in bspec, simp add: Vr-mem-f-mem)
apply (simp add:idmap-def)
apply (frule-tac z1 = x in val-pos-mem-Vr[THEN sym, of v],
simp add: Vr-mem-f-mem, simp)
apply (subst Corps.val-pos-mem-Vr[THEN sym, of K’ v'|, assumption+,
frule-tac © = x in Vr-mem-f-mem[of v], assumption+,
frule subfield-sublof K], simp add:subsetD)
apply assumption
done

lemma amult-pos-pos:0 < a = 0 < a * an N
apply (case-tac N = 0, simp add:an-0)

apply (case-tac a = oo, simp)

apply (frule apos-neg-minf[of a])

apply (subst ant-tna[ THEN sym, of al, simp)
apply (subst amult-0-r, simp)

apply (case-tac a = oo, simp add:an-def)
apply (frule apos-neq-minf|of a))

apply (subst ant-tna| THEN sym, of al, simp)
apply (case-tac a = 0, simp)
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apply (simp add:ant-0 an-def amult-0-1)
apply (cut-tac amult-posl[of tna a an NJ)
apply (simp add:ant-tna)
apply (rule-tac ale-trans[of 0 an N a % an N], simp+)
apply (frule ale-neg-less[of 0 a], rule not-sym, assumption)
apply (subst aless-zless]THEN sym, of 0 tna al, simp add:ant-tna ant-0)
apply simp
done
lemma (in Corps) Cauchy-down:[Corps K'; valuation K v; valuation K’ v’
subfield K K'; ¥V z€carrier K. vz = v' z;Vj. fj € carrier K; Cauchy g 1 f]
= Cauchyg , f
apply (simp add: Cauchy-seq-def, rule alll, erule conjE)
apply (rotate-tac —1, drule-tac
z =mna (Lv K v) *x N in spec,
erule exk,
subgoal-tac Vnm. M <n ANM<m—
fnt(—a(fm)) € wp K o(Vr K v) (an N), blast)
apply (simp add:amult-an-an) apply (simp add:an-na-Lv)
apply ((rule alll)+, rule impl, erule conjE) apply (
rotate-tac —3, drule-tac x = n in spec,
rotate-tac —1, drule-tac x = m in spec,
simp)
apply (rotate-tac 7,
frule-tac x = n in spec,
drule-tac x = m in spec)
apply (simp add:subfield-mOp| THEN sym)|,
cut-tac field-is-ring, frule Ring.ring-is-ag|of K],
frule-tac © = f m in aGroup.ag-mOp-closed|of K|, assumption+)
apply (simp add:subfield-pOp[THEN sym])
apply (frule-tac z = fn and y = —, f m in aGroup.ag-pOp-closed,
assumption,
frule subfield-sublof K],
frule-tac ¢ = fn £ —, fm in subsetD|of carrier K carrier K],
assumption+)
apply (frule Lv-pos|of v],
frule aless-imp-le[of 0 Lv K v])
apply (frule-tac N = N in amult-pos-pos|of Lv K v])
apply (frule-tac n = (Lv Kv) x an N and 2 = fn + —, fm in
Corps.n-value-z-1[of K' v'], assumption+)
apply (frule-tac z = fn £ —, f m in Corps.n-val-le-vallof K' v/,
assumption,
frule-tac j = Lv K v *x an N and k = n-val K’ v’ (fn + —, fm) in
ale-trans|of 0], assumption+, simp add: Corps.val-pos-n-val-pos)
apply (frule-tac i = Lv K v x an N and j = n-val K’ v’ (fn £ —, fm)
and k = v’ (fn £ —, fm) in ale-trans, assumption+,
thin-tac n-val K' v/ (fn £ —, fm) < v’ (fn£ —4 fm),
thin-tac Lv K v x an N < n-val K' v’ (fn + —, fm))
apply (rotate-tac 1,
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drule-tac x = fn £ —4 f m in bspec, assumption,
rotate-tac —1, drule sym, simp)

apply (frule-tac v1i = vand z1 = fn + —, f m in n-val[THEN sym],
assumption)

apply simp

apply (simp only:amult-commutelof - Lv K v])

apply (frule Lv-z[of v], erule exFE)

apply (cut-tac w =zand z = an N and y = n-val Kv (fn £ —, fm) in
amult-pos-mono-I,
cut-tac m = 0 and n = z in aless-zless, simp add:ant-0)

apply simp

apply (rule-tac z=fn + —, (f m) and n = an N in n-value-z-2]of v],
assumption+)

apply (subst val-pos-mem-Vr[THEN sym, of v], assumption+)

apply (subst val-pos-n-val-pos|of v], assumption+)

apply (rule-tac j = an N and k = n-val Kv (fn £ —, fm) in
ale-trans[of 0], simp, assumption+)

apply simp

done

lemma (in Corps) Cauchy-up:[Corps K'; valuation K v; valuation K’ v’
Completion, ,+ K K'; Cauchy g , f] = Cauchy K' o' f
apply (simp add:Cauchy-seq-def,
erule conjE,
rule conjl, unfold v-completion-def, frule conjunctl,
fold v-completion-def, rule alll, frule subfield-sublof K'])
apply (simp add:subsetD)

apply (rule alll)
apply (rotate-tac —1, drule-tac x = na (Lv K’ v’) x N
in spec, erule exE)
apply (subgoal-tacVnm. M <n AN M<m—
frtgr (magr (fm) € op Ko/ VK0 (an N) gy,
(rule olll)+, rule impl, erule conjE)
apply (rotate-tac —3, drule-tac x = n in spec,
rotate-tac —1,
drule-tac x = m in spec, simp,
frule-tac x = n in spec,
drule-tac x = m in spec)
apply(unfold v-completion-def, frule conjunctl, fold v-completion-def,
cut-tac field-is-ring, frule Ring.ring-is-aglof K],
frule-tac z = f m in aGroup.ag-mOp-closed|of K|, assumption+,
frule-tac . = fn and y = —, (f m) in aGroup.ag-pOp-closed|of K],
assumption+)
apply (simp add:amult-an-an) apply (simp add: Corps.an-na-Lv)
apply (simp add:subfield-mOp, simp add:subfield-pOp) apply (
frule-tac x = fn +p —ap fmand n = (Lv K'v') * (an N)
in n-value-z-1]of v])
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apply (frule Corps.Lv-pos[of K' v], assumption+,
frule Corps.Lv-z[of K' v'],
assumption, erule exF, simp,
cut-tac n = N in an-nat-pos,
frule-tac w! = z and zI = 0 and yI = an N in
amult-pos-mono-l[ THEN sym], simp, simp add:amult-0-r)
apply assumption
apply (frule-tac x = fn £+ —agr fm in n-val-le-val[of v],
assumption+)
apply (subst n-val[THEN sym, of v], assumption+)
apply (frule Lv-pos[of v], frule Lv-z[of v], erule exE, simp)
apply (frule Corps.Lv-pos[of K' v], assumption+,
frule Corps.Lv-z|of K' v'], assumption, erule exF, simp,
cut-tac n = N in an-nat-pos,
frule-tac wl = za and zI = 0 and yI = an N in
amult-pos-mono-l[ THEN sym], simp, simp add:amult-0-r)
apply (frule-tac j = ant za x an N and k = n-val K v (f n 5/ —apr (f m))
in ale-trans[of 0], assumption+)
apply (frule-tac wl = z and z1 = 0 and yI = n-val Kv (fn £ —ag (fm))
in amult-pos-mono-r[THEN sym], simp, simp add:amult-0-1)
apply (frule-tac i = Lv K' v’ an N and j =n-val K v ( fn £ —ap (fm))
and k= v (fn *g —ag (fm)) in ale-trans, assumption+)

apply (thzn_tacfn iK, _aK, (fm) c up K’U (VTKU) (LU K’ 1)’) * (an N)’

thin-tac Lv K" v"* an N < n-val Kv ( fn £ —ap (fm)),
thin-tac n-val K v (fn £g —agr (fm)) <o (fnEg —agr (fm)))

apply (simp add:v-completion-def, (erule conjE)+)
apply (thin-tac ¥V z€carrier K. v x = v’ x,

thin-tac ¥V x€carrier K'. 3f. Cauchy g o f A lim g 0 fx)
apply (frule subfield-sublof K],

frule-tac ¢ = fn £ —aper (fm) in

subsetD|of carrier K carrier K'|, assumption+)

apply (simp add: Corps.n-val[THEN sym, of K' v])
apply (simp add:amult-commute[of - Lv K' v'])
apply (frule Corps.Lv-pos[of K' v’], assumption,

frule Corps.Lv-zlof K' v'], assumption+, erule exE, simp)
apply (simp add:amult-pos-mono-I)

apply (rule-tac © = fn +pr —ap (fm) and n = an N in
Corps.n-value-z-2[of K' v'], assumption+)

apply (cut-tac n = N in an-nat-pos)

apply (frule-tac j = an N and k = n-val K" v' (fn £y —apr (f m)) in
ale-trans|of 0], assumption+)

apply (simp add: Corps.val-pos-n-val-pos| THEN sym, of K' v'])

apply (simp add: Corps.val-pos-mem-Vr) apply assumption apply simp

done

lemma maz-gtTr:(n::nat) < maz (Suc n) (Suc m) A m < maz (Suc n) (Suc m)
by (simp add:maz-def)
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lemma (in Corps) completion-approz:[Corps K'; valuation K v; valuation K' v’;
Completion,, ,» K K'; x € carrier (Vr K" v')] =
Jyecarrier (Vr K v). (y £y —agr ©) € (vp K' v

apply (frule Corps. Vr-mem-f-mem [of K' v x], assumption+,
frule Corps.val-pos-mem-Vr[THEN sym, of K' v’ x|, assumption+,
stmp add:v-completion-def, (erule conjE)+,
rotate-tac —1, drule-tac x = = in bspec, assumption+,
erule exE, erule conjE)
apply (unfold Cauchy-seq-def, frule conjunct!, fold Cauchy-seq-def)
apply (case-tac x = 0y,
simp, frule Corps.field-is-ring[of K],
frule Ring.ring-is-aglof K],
subgoal-tac 0y € carrier (Vr K v),
subgoal-tac (0prr £ g+ —aper Opr)E vp K’ v’ blast,
frule aGroup.ag-inc-zero[of K], simp add:aGroup.ag-r-invl,
stmp add:Corps. Vr-0-f-0[ THEN sym, of K' v'],
frule Corps. Vr-ring[of K' v'], assumption+,
frule Corps.vp-ideal[of K' v'], assumption+,
simp add: Ring.ideal-zero,
stmp add:subfield-zerol THEN sym, of K],
cut-tac field-is-ring, frule Ring.ring-is-aglof K],
frule aGroup.ag-inc-zero[of K],
simp add: Vr-0-f-0[THEN sym, of v],
frule Vr-ring[of v],simp add:Ring.ring-zero)
apply (frule-tac f = f in Corps.limit-vallof K’ x - v’],
assumption+)
apply (rule alll, rotate-tac —2, frule-tac x = j in spec,
frule subfield-sublof K], simp add:subsetD, assumption+)
apply (erule ezE)
apply (simp add:limit-def,
frule Corps. Vr-ring[of K' v'], assumption+,
rotate-tac 10,
drule-tac x = Suc 0 in spec, erule exE,
rotate-tac 1,
frule-tac x = N and y = M in two-inequalities, assumption+,
thin-tac Yn>N. v’ (fn) = v’ z,
thin-tac Yn>M. fn £ —qp 0z € vp K' v’ (Vr K" v') (an (Suc 0)))
apply (frule Corps.vp-ideal[of K' v'], assumption+,
simp add: Ring.r-apow-Suc[of Vr K’ v" vp K’ v'])
apply (drule-tac x = N + M + 1 in spec, simp,
drule-tac x = N + M + 1 in spec, simp,
erule conjE)
apply (drule-tac x = f (Suc (N + M)) in bspec, assumption+)
apply simp
apply (cut-tac © = f (Suc (N + M)) in val-pos-mem-Vr|[of v], assumption+)
apply simp apply blast
done
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lemma (in Corps) res-v-completion-surj:[ Corps K'; valuation K wv;
valuation K' v'; Completion, ,+ K K'] =

SUTIEC(vir K v),(qring (Vr K’ v") (vp K' v"))
(compos (Vr K v) (pj (Vr K' v’) (vp K’ v")) (I(VTKU)))
apply (frule Vr-ring[of v],
frule Ring.ring-is-aglof Vr K v],
frule Corps. Vir-ring[of K' v'], assumption+,
frule Ring.ring-is-aglof Vr K' v’],
frule Ring.ring-is-aglof Vr K v])
apply (frule Corps.vp-ideallof K' v'], assumption+,
frule Ring.qring-ring[of Vr K' v’ vp K’ v'], assumption+)
apply (simp add:surjec-def)
apply (frule aHom-compos|of Vr K v Vir K’ v’
gring (Vr K’ v") (vp K’ v') ](VrKv)
pj (Vr K'v') (vp K’ v")], assumption+, simp add:Ring.ring-is-ag)
apply (rule Vr-idmap-aHom, assumption+) apply (simp add:completion-subfield,
simp add:v-completion-def) apply (
frule pj-Hom[of Vr K’ v" vp K' v'], assumption+) apply (
stmp add:rHom-def, simp)
apply (rule surj-to-test)
apply (simp add:aHom-def)
apply (rule balll)
apply (thin-tac Ring (Vr K’ v' /. vp K’ v'),
thin-tac compos (Vir K v) (pj (Vr K’ v’) (vp K' v’)) (I(VTKU)) €
aHom (Vr K v) (Vr K’ v’ /. vp K' v"))
apply (simp add:Ring.qring-carrier)
apply (erule bexE)
apply (frule-tac x = a in completion-approz[of K' v v,
assumption+, erule bexE)
apply (subgoal-tac compos (Vr K v) (pj (Vr K' v”)
(vp K' v")) ((I(VrKv))) y = b, blast)
apply (simp add:compos-def compose-def idmap-def)
apply (frule completion-Vring-sublof K' v v’], assumption+)
apply (frule-tac ¢ = y in subsetD|of carrier (Vr K v) carrier (Vr K’ v")],
assumption+)
apply (frule-tac x = y in pj-mem[of Vr K' v/ vp K' v], assumption+, simp,
thin-tac pj (Vr K’ v) (vp K' vy y =y Yoy K o) (vp K' v"))
apply (rotate-tac —5, frule sym, thin-tac a Yy K o) (vp K' v') = b,
stmp)
apply (rule-tac b1 = y and al = a in Ring.ar-coset-samel [THEN sym,
of Vr K’ v' vp K' v'], assumption+)
apply (frule Ring.ring-is-ag[of Vr K’ v’],
frule-tac x = a in aGroup.ag-mOp-closed|of Vir K' v'],
assumption+)
apply (simp add:Corps. Vr-mOp-f-mOp, simp add: Corps. Vr-pOp-f-pOp)
done
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lemma (in Corps) res-v-completion-ker:[Corps K'; valuation K v;
valuation K' v'; Completion, K K'| =
keT( Vr K v), (gring (Vr K’ v") (vp K' v"))
(compos (Vr K v) (pj (Vr K’ v') (vp K'v")) (I(VT‘K’U))) =uwp Kv

apply (rule equalityl)

apply (rule subsetl)

apply (simp add:ker-def, (erule conjE)+)

apply (frule Corps. Vr-ringlof K’ v'], assumption+,
frule Corps.vp-ideallof K' v'], assumption+,
frule Ring.qring-ring[of Vr K' v" vp K’ v'], assumption+,
sitmp add: Ring.qring-zero)

apply (simp add:compos-def, simp add:compose-def, simp add:idmap-def)

apply (frule completion- Vring-sublof K' v v’], assumption+)

apply (frule-tac ¢ = x in subsetD|of carrier (Vr K v) carrier (Vi K’ v")],
assumption+)

apply (simp add:pj-mem)

apply (frule-tac a = z in Ring.qring-zero-1[of Vr K’ v’ - vp K' v’],
assumption+)

apply (subst vp-mem-val-poss|[of v], assumption+)

apply (simp add: Vr-mem-f-mem)

apply (frule-tac x = z in Corps.vp-mem-val-poss[of K' v’],
assumption+, simp add: Corps. Vr-mem-f-mem, simp)

apply (frule-tac x = z in Vr-mem-f-mem|of v], assumption+)

apply (frule-tac x = z in completion-val-eqlof K’ v v'],
assumption+, simp)

apply (rule subsetl)

apply (simp add:ker-def)

apply (frule Vr-ring[of v])

apply (frule vp-ideal[of v])

apply (frule-tac h = z in Ring.ideal-subset[of Vi K v vp K v),
assumption+, simp)

apply (frule Corps. Vr-ring[of K' v’], assumption+,
frule Corps.vp-ideal[of K' v'], assumption+,
stmp add:Ring.qring-zero)

apply (simp add:compos-def compose-def idmap-def)

apply (frule completion-Vring-sublof K' v v’],
assumption+, frule-tac ¢ = z in subsetD]of carrier (Vr K v)
carrier (Vr K’ v")], assumption+)

apply (simp add:pj-mem)

apply (frule completion-vpr-sublof K’ v v'], assumption+,
frule-tac ¢ = z in subsetD[of vp K v vp K' v'], assumption+)

apply (simp add:Ring.ar-coset-same4 [of Vi K' v vp K' v'])

done

lemma (in Corps) completion-res-qring-isom:[Corps K'; valuation K v;
valuation K' v'; Completion, ,+ K K'] =
r-isom ((Vr K v) /. (vp Kv)) (Vr K'v') /, (vp K’ v"))

apply (subst r-isom-def)

apply (frule res-v-completion-surj[of K' v v'], assumption+)
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apply (frule Vr-ring[of v],
frule Corps. Vr-ring[of K' v'], assumption+,
frule Corps.vp-ideal[of K' v'], assumption+,
frule Ring.qring-ring[of Vir K' v" vp K’ v'], assumption+)
apply (frule rHom-compos[of Vr K v Vir K' v' (Vr K’ v' /. vp K’ v")
(I(Vr K v)) pj (Vr K'v') (vp K’ v")], assumption+)
apply (simp add:completion-idmap-rHom)
apply (simp add:pj-Hom)
apply (frule surjec-ind-bijec [of Vir K v (Vr K' v’ /, vp K'v’)
compos (Vr K v) (pj (Vr K' v') (vp K’ v")) (I(Vr Kv))]v assumption+)
apply (frule ind-hom-rhom[of Vr K v (Vr K’ v' /, vp K’ v")
compos (Vr K v) (pj (Vr K’ v') (vp K’ v")) (](VrK v))]v assumption+)
apply (simp add:res-v-completion-ker) apply blast
done

expansion of x in a complete field K, with normal valuation v. Here we
suppose t is an element of K satisfying the equation v ¢t = 1.

definition
Kza :: [-, 'b = ant, 'b] = 'b set where
Kra K vz = {y. kecarrier (Vr Kv). y =z -+ k}

primrec
partial-sum :: [('b, ‘'m) Ring-scheme, 'b, 'b = ant, 'b|
= nat = b
((5psum - - - - -) [96,96,96,96,97)96)
where

psum-0: psum g ¢+ 0 = (csrp-fn (Vir K v) (vp K v)
(pj (Vr K 0) (up K 0) (@ gt D)) oy pe (2t (0 9))
| psum-Suc: psum g 5, ¢ (Sucn) = (psum g .+ 1) i
((esrp-fn (Vir K v) (vp K v) (pj (Vr K v) (vp K v)
(@ K —ae (psum g 5y ) v (b (70 () + it (Sue )y
(tK(tna (v z) + int (Suc n))))

K

definition
expand-coeff :: [-, 'b = ant, b, 'b]
= nat = b
((becf- - - - -) [96,96,96,96,97)96) where

ecfgptan=(if n=0then csrp-fn (Vr K v) (vp K v)

(0 (Vr K ) (op K 0) (2 -y ¢ tcl= (0 (020

else csrp-fn (Vr K v) (vp K v) (pj (Vr K v)
(0p K ) (2 2 —agc (psum g g o ¢ (0= 1)) o (107 (e (02 Tty

definition
expand-term :: [-, 'b = ant, b, 'b]
= nat = b
((5etm - - - . -) [96,96,96,96,97)96) where
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lemma (in Corps) Kza-val-ge:[valuation K v; t € carrier K; vt = 1]
= Kza Kv (tg)) = {z. € carrier K A (ant j) < (v z)}
apply (frule vall-neq-0[of v t], assumption+)
apply (cut-tac field-is-ring)
apply (rule equalityl)
apply (rule subsetl,
simp add: Kza-def, erule bexE,
frule-tac © = k in Vr-mem-f-mem][of v|, assumption+,
frule npowf-mem[of t j], simp,
sitmp add: Ring.ring-tOp-closed)
apply (simp add:val-t2p) apply (simp add:val-exp| THEN sym)])
apply (simp add:val-pos-mem-Vr[THEN sym, of v])
apply (frule-tac x = 0 and y = v k in aadd-le-mono|of - - ant j])
apply (simp add:aadd-0-1 aadd-commute)
apply (rule subsetl, simp, erule conjE)
apply (simp add:Kza-def)
apply (case-tac x = Of)
apply (frule Vr-ring[of v],
frule Ring.ring-zero[of Vi K v,
simp add: Vr-0-f-0,
frule-tac 1 = tg) in Ring.ring-times-z-0[ THEN sym, of K],
stmp add:npowf-mem, blast)
apply (frule val-exp[of v t j], assumption+, simp)
apply (frule field-potent-nonzerol[of t j],
frule npowf-mem[of t j], assumption+)
apply (frule-tac y = v z in ale-diff-pos[of v (tKj)],
simp add:diff-ant-def)
apply (cut-tac npowf-mem|of t j))
defer
apply assumption apply simp .
apply (frule value-of-inv] THEN sym, of v tg’], assumption+)

apply (cut-tac invf-closed1[of tKj], simp, erule conjE)
apply (frule-tac 1 = z in val-t2p| THEN sym, of v - (tKj)'K]
assumption+, simp)
apply (frule-tac x = (tKj)'K and y = z in Ring.ring-tOp-closed|of K],
assumption+)

apply (simp add:Ring.ring-tOp-commute|of K - () K])

)

apply (frule-tac z = ((tKj)'K) - ¢ in val-pos-mem-Vr[of v], assumption+,
stmp)

apply (frule-tac z = z in Ring.ring-tOp-assoc[of K tKj (tKj
assumption+)

),
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apply (simp add:Ring.ring-tOp-commute[of K tKj (tKj)' K] linvf
stmp add:Ring.ring-l-one, blast)

apply simp

done

lemma (in Corps) Kza-pow-vpr:[ valuation K v; t € carrier K; vt = 1;
(0::int) < j] = Kza K v (tg7) = (vp K v)(VTKU) (ant j)

apply (frule val-surj-n-vallof v], blast)

apply (simp add:Kza-val-ge)

apply (rule equalityl)

apply (rule subsetl, simp, erule conjE)

apply (rule-tac = z in n-value-z-2[of v - (ant j)],

assumption+)
apply (cut-tac ale-zle[ THEN sym, of 0 j])
apply (frule-tac a = 0 < jand b = ant 0 < ant j in a-b-exchange,
assumption+)

apply (thin-tac (0 < j) = (ant 0 < ant j), simp add:ant-0)

apply (frule-tac k = v z in ale-trans[of 0 ant j], assumption+)

apply (simp add:val-pos-mem-Vr) apply simp

apply (simp only:ale-zle[ THEN sym, of 0 j], simp add:ant-0)

apply (rule subsetl)

apply simp

apply (frule-tac x = z in mem-vp-apow-mem-Vr|of v ant j])

apply (simp only:ale-zle[ THEN sym, of 0 j], simp add:ant-0)

apply assumption

apply (simp add: Vr-mem-f-mem[of v])

apply (frule-tac z = z in n-value-z-1[of v ant j - |)

apply (simp only:ale-zle[ THEN sym, of 0 j], simp add:ant-0)

apply assumption apply simp

done

lemma (in Corps) field-distribTr:[a € carrier K; b € carrier K;
z € carrier K; £ 2 0] = a £ (—q (b 2)) = (a - (@5) £ (=4 b)) @
apply (cut-tac field-is-ring,
cut-tac invf-closed1[of x], simp, erule conjE) apply (
stmp add:Ring.ring-invi-1[of K b ],
frule Ring.ring-is-ag[of K],
frule aGroup.ag-mOp-closed[of K b], assumption+)
apply (frule Ring.ring-tOp-closed[of K a Z'K}, assumption+,
simp add: Ring.ring-distrib2, simp add:Ring.ring-tOp-assoc,
simp add:linvf,
simp add: Ring.ring-r-one)
apply simp
done

lemma a0-le-1[simpl:(0::ant) < 1
by (cut-tac a0-less-1, simp add:aless-imp-le)

lemma (in Corps) vp-mem-times-t:[valuation K v; t € carrier K; t # 0;
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vt=1;z € vp Kv] = Jaccarrier (Vr Kv). z =a - t
apply (frule Vr-ring[of v],
frule vp-ideal[of v])
apply (frule val-surj-n-vallof v], blast)
apply (frule vp-mem-val-poss|of v z],
frule-tac h = z in Ring.ideal-subset[of Vr K v vp K v],
assumption+, simp add: Vr-mem-f-mem, simp)
apply (frule gt-a0-ge-1[of v z])
apply (subgoal-tac vt < v x)
apply (thin-tac 1 < v x)
apply (frule val-Rza-gt-a-1[of v t x])
apply (subst val-pos-mem-Vr[THEN sym, of v t|, assumption+)
apply simp
apply (simp add:vp-mem-Vr-mem) apply assumption+
apply (simp add:Rxa-def, erule bezE)
apply (cut-tac a0-less-1)
apply (subgoal-tac 0 < v t)
apply (frule val-pos-mem-Vr|of v t], assumption+)
apply (simp, simp add: Vr-tOp-f-tOp, blast, simp+)
done

lemma (in Corps) psum-diff-mem-Kza:[valuation K v; t € carrier K;
vit=1;x € carrier K; z # 0] =
(psum g 5 ¢ m) € carrier K A
(7% (—a (psum g 4 4 1)) € Kza K v (tg((ne (vo)) + (1 + int n)))
apply (frule vall-neq-0lof v t], assumption+)
apply (cut-tac field-is-ring, frule Ring.ring-is-ag[of K],
frule Vir-ringlof v], frule vp-ideal[of v])
apply (induct-tac n)
apply (subgoal-tac x -, (tp— " (v 3U)) € carrier (Vr K v),
rule conjl, simp, rule Ring.ring-tOp-closed|[of K], assumption+,
frule Ring.csrp-fn-mem[of Vr K v vp K v
pi (Vi K v) (op K v) (2 (b~ e (Vo))
assumption,
simp add:pj-mem Ring.qring-carrier, blast,
stmp add: Vr-mem-f-mem, simp add:npowf-mem)
apply (simp,
frule npowf-mem[of t tna (v z)], assumption+,
frule field-potent-nonzerol [of t tna (v x)], assumption+,
subst field-distrib Tr|of z - tK(ma (v Z))}, assumption+,
frule Ring.csrp-fn-mem[of Vr K v vp K v
pi (Ve K v) (vp K v) (a0 (b~ e (0 2)))),
assumption+,
simp add:pj-mem Ring.qring-carrier, blast, simp add: Vr-mem-f-mem,
stmp add:npowf-mem, assumption)
apply (frule Ring.csrp-diff-in-vprlof Vr K v vp K v
T ((tK(ma (v I)))'K)], assumption+)
apply (simp add:npowf-minus)
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apply (simp add:npowf-minus)
apply (frule pj-Hom[of Vr K v vp K v|, assumption+)
apply (frule rHom-mem|[of pj (Vr K v) (vp Kv) Vi Kv Vr Kv /. vp K v
z - (tg e (v 2)Y], assumption+)
apply (frule Ring.csrp-fn-mem[of Vr K v vp K v
i (Vr Kv) (vp K v) (z - (tg @ (v x)))], assumption+)
apply (frule Ring.ring-is-ag[of Vr K v],
frule-tac x = csrp-fn (Vr K v) (vp K v) (pj (Vr K v) (vp K v)
(z - (ty~ @ (v x)))) in aGroup.ag-mOp-closed|of Vr K v], assumption+)
apply (simp add: Vr-pOp-f-pOp) apply (simp add: Vr-mOp-f-mOp)
apply (frule-tac z = x -, (tg— @ (v Z)) + —4 (csrp-fn (Vr K v) (vp K v)
(pj (Vi K v) (vp K ) (z+ (t~ @ (V2))))) in
vp-mem-times-t[of v t], assumption—+, erule bezE, simp)
apply (frule-tac x = a in Vr-mem-f-mem[of v], assumption+)
apply (simp add:Ring.ring-tOp-assoc[of K|)
apply (simp add:npowf-exp-1-add|THEN sym, of t tna (v z)])
apply (simp add:add.commute)
apply (simp add:Kza-def)
apply (frule npowf-mem[of t 1 + tna (v x)], assumption+)
apply (simp add: Ring.ring-tOp-commute|of K - tK(J + tna (v m))])
apply blast
apply (frule npowf-memlof t — tna (v z)|, assumption+)
apply (frule Ring.ring-tOp-closed[of K =t~ @ (v x)], assumption+)
apply (subst val-pos-mem-Vr[THEN sym, of v], assumption+)
apply (simp add:val-t2p) apply (simp add:val-exp| THEN sym, of v t])
apply (simp add:aminus[THEN sym])
apply (frule value-in-aug-inf|of v x|, assumption+,
stmp add:aug-inf-def)
apply (frule val-nonzero-noninf[of v x|, assumption+,
simp add:ant-tna)
apply (simp add:aadd-minus-r)

apply (erule conjE)

apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K])

apply (rule conjI)

apply simp

apply (rule aGroup.ag-pOp-closed, assumption+)

apply (rule Ring.ring-tOp-closed|of K|, assumption+)

apply (simp add:Kza-def, erule bexE, simp)

apply (subst Ring.ring-tOp-commute, assumption+)

apply (rule npowf-mem, assumption+) apply (simp add: Vr-mem-f-mem)

apply (frule-tac n = tna (v z) + (1 + int n) in npowf-mem[of t |,
assumption,
frule-tac n = — tna (v x) + (—1 — int n) in npowf-mem[of t |,
assumption,
frule-tac x = k in Vr-mem-f-mem[of v], assumption+)

apply (simp add:Ring.ring-tOp-assoc npowf-exp-add[ THEN sym, of t])
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apply (simp add:field-npowf-exp-zero)
apply (simp add:Ring.ring-r-one)

apply (frule pj-Hom[of Vi K v vp K v|, assumption+)

apply (frule-tac a = k in rHom-mem[of pj (Vr K v) (vp K v) Vr K v
Vr Kv /. vp K v, assumption+)

apply (frule-tac z = pj (Vr K v) (vp K v) k in Ring.csrp-fn-mem|of Vr K v
vp K ], assumption+)

apply (simp add: Vr-mem-f-mem)

apply (rule npowf-mem, assumption+)

apply (simp add:Kza-def) apply (erule bezE, simp)
apply (frule-tac = k in Vr-mem-f-mem/[of v], assumption+)
apply (frule-tac n = tna (v x) + (1 + int n) in npowf-mem|of t],
assumption+)
apply (frule-tac n = — tna (v z) + (= 1 — int n) in npowf-mem|of t],
assumption+)
apply (frule-tac x = tK(t”a (va) + (1 +int n)) apd y =k in
Ring.ring-tOp-commute|of K|, assumption+) apply simp
apply (simp add:Ring.ring-tOp-assoc, simp add:npowf-exp-add| THEN sym)])
apply (simp add:field-npowf-exp-zero)
apply (simp add:Ring.ring-r-one)
apply (thin-tac (tK(t"a (va) + (1 + int n))) k=
k-, (tK(tna (vz)+ (1 + int n))))
apply (frule pj-Hom[of Vr K v vp K v], assumption+)
apply (frule-tac a = k in rHom-mem[of pj (Vr K v) (vp K v) Vr K v
Vr K v /. vp K v], assumption+)
apply (frule-tac x = pj (Vr K v) (vp K v) k in Ring.csrp-fn-mem[of Vr K v
vp K ], assumption+)
apply (frule-tac x = csrp-fn (Vir K v) (vp K v) (pj (Vr K v) (vp K v) k) in
Vr-mem-f-mem|of v], assumption+)
apply (frule-tac x = csrp-fn (Vr K v) (vp K v) (pj (Vr K v) (vp K v) k) and
y = tK(t”a (va) + (1 + int n)) 3 Ring.ring-tOp-closed|of K], assumption+)
apply (simp add:aGroup.ag-p-inv]of K])
apply (frule-tac x = psum g ., ¢+ n in aGroup.ag-mOp-closed|of K],
assumption+)
apply (frule-tac x = (esrp-fn (Vr K v) (vp K v)(pj (Vr K v) (vp K v) k)) -
(tK(t”a (va) + (1 + int ”))) in aGroup.ag-mOp-closed|of K|, assumption+)
apply (subst aGroup.ag-pOp-assoc| THEN sym]|, assumption+)
apply simp
apply (simp add:Ring.ring-invi-1)
apply (subst Ring.ring-distrib2| THEN sym, of K], assumption+)
apply (rule aGroup.ag-mOp-closed, assumption)
apply (frule-tac z = k in Ring.csrp-diff-in-vpr[of Vr K v vp K ]
, assumption+)
apply (frule Ring.ring-is-ag[of Vi K v])
apply (frule-tac x = esrp-fn (Vr K v) (vp K v) (pj (Vr K v) (vp K v) k) in
aGroup.ag-mOp-closed|of Vr K v], assumption+)
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apply (simp add: Vr-pOp-f-pOp) apply (simp add: Vr-mOp-f-mOp)
apply (frule-tac x = k £ —, (esrp-fn (Vr K v) (vp K v) (pj (Vr K v) (vp K v)
k)) in vp-mem-times-t[of v t|, assumption+, erule bexE, simp)
apply (frule-tac x = a in Vir-mem-f-mem|[of v], assumption+)
apply (simp add:Ring.ring-tOp-assoc[of K|)

apply (simp add:npowf-exp-1-add|THEN sym, of t])

apply (simp add:add.commutelof 2])

apply (simp add:add.assoc)

apply (subst Ring.ring-tOp-commute, assumption+)

apply (rule npowf-mem, assumption+) apply blast

done

lemma Suc-diff-int:0 < n = int (n — Suc 0) = int n — 1
by (cut-tac of-nat-Suclof n — Suc 0], simp)

lemma (in Corps) ecf-mem:[valuation K v; t € carrier K; vt = 1;
z€carrier Ky z #0] = ecfigy g1 € carrier K
apply (frule vall-neg-0[of v t], assumption+)
apply (cut-tac field-is-ring,
frule Vr-ring[of v], frule vp-ideal[of v])
apply (case-tac n = 0)
apply (simp add:expand-coeff-def)
apply (rule Vr-mem-f-mem[of v], assumption+)
apply (rule Ring.csrp-fn-mem, assumption+)
apply (subgoal-tac x -, (tz— "¢ (v w)) € carrier (Vr K v))
apply (simp add:pj-mem Ring.qring-carrier, blast)
apply (frule npowf-meml|of t — tna (v x)], assumption+,
subst val-pos-mem-Vr|THEN sym, of v x -, (tK(_ tna(v I)))L
assumption+,
rule Ring.ring-tOp-closed, assumption+)
apply (simp add:val-t2p,
stmp add:val-exp| THEN sym, of vt — tna (v z)])
apply (frule value-in-aug-infof v x|, assumption+,
simp add: aug-inf-def)
apply (frule val-nonzero-noninf[of v z], assumption+)
apply (simp add:aminus[THEN sym], simp add:ant-tna)
apply (simp add:aadd-minus-r)

apply (simp add:expand-coeff-def)
apply (frule psum-diff-mem-Kzalof vtaxn — 1],
assumption+, erule conjE)
apply (simp add:Kza-def, erule bexE,
frule-tac © = k in Vr-mem-f-mem[of v], assumption+,
frule npowf-mem[of ttna (vz) + (I + int (n — Suc 0))],
assumption+,
frule npowf-mem[of t —tna (v ) — int n|, assumption+)
apply simp
apply (thin-tac © £ —, psum g ., ¢ (n — Suc 0) =
(tK(tna (vz) + (1 + int (n — Suc 0)))) o k)
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apply(simp add:Ring.ring—tOp—commute[ofKtK(ma (va) + (1 + int (n — Suc 0)))])
apply (simp add:Ring.ring-tOp-assoc, simp add:npowf-exp-add[THEN sym)])

apply (thin-tac tK(tna (vz) 4+ (I + int (n — Suc 0)))
(= tna (v ) — int n)

€ carrier K,

thin-tac t g € carrier K)
apply (simp add:Suc-diff-int[of n])

apply (simp add:npowf-def, simp add:Ring.ring-r-one)
apply (rule Vr-mem-f-mem, assumption+)

apply (rule Ring.csrp-fn-mem, assumption+)

apply (simp add:pj-mem Ring.qring-carrier, blast)
done

lemma (in Corps) etm-mem:[valuation K v; t € carrier K; vt = 1;
z € carrier K; x # 0] = etmp , ¢ 0 € carrier K
apply (frule vall-neq-0lof v t], assumption+)
apply (simp add:expand-term-def)
apply (cut-tac field-is-ring,
rule Ring.ring-tOp-closed|of K], assumption)
apply (simp add:ecf-mem)
apply (simp add:npowf-mem)
done

lemma (in Corps) psum-sum-etm:[valuation K v; t € carrier K; vt = 1;
z € carrier K; z # 0] =

psump gy ¢ n = nsum K (\j. (ecf gy g 5 9)- (b0 (08) (L)) 5

apply (frule vall-neg-0[of v t], assumption+)

apply (induct-tac n)

apply (simp add:expand-coeff-def)

apply (rotate-tac —1, drule sym)

apply simp

apply (thin-tac e K (Nj. ecf gyt 2 J r tK(m“ (v ) + int j)) n =

PSUIN [¢ 4 4 1)
apply (simp add:expand-coeff-def)
done

lemma zabs-pos:0 < (abs (z::int))
by (simp add:zabs-def)

lemma abs-p-self-pos:0 < z + (abs (z::int))
by (simp add:zabs-def)

lemma zadd-right-mono:(i:int) < j =i + k<j + k
by simp

theorem (in Corps) expansion-thm:[valuation K v; t € carrier K;
vt=1;z € carrier K; z # 0] = limg ,, (partial-sum K z v t) ©

apply (cut-tac field-is-ring, frule Ring.ring-is-aglof K])

apply (simp add:limit-def)

apply (rule alll)

apply (subgoal-tac ¥V n. (N + na (Abs (v x))) < n —
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apply blast

apply (rule alll, rule impl)

apply (frule-tac n = n in psum-diff-mem-Kzalof v t ],
assumption—+, erule conjE)

apply (frule-tac j = tna (v z) + (1 + int n) in Kza-val-ge[of v t],

assumption+)

apply simp

apply (thin-tac Kza K v (tK(ma (vz) + (1 + int "))) =
{za € carrier K. ant (tna (v z) + (I + int n)) < v za})

apply (erule conjFE)

apply (simp add:a-zpz[ THEN sym))

apply (subgoal-tac (an N) < v (psum g ;¢ 7 £ —4 T))

apply (frule value-in-aug-inf|of v x|, assumption+,

stmp add:aug-inf-def)

apply (frule val-nonzero-noninf|of v x|, assumption+)

apply (simp add:ant-tna)
apply (frule val-surj-n-val[of v], blast)
apply (rule-tac ¢ = psump 5 ¢ " £ —¢ ¢ and n = an N in
n-value-z-2[of |, assumption+)

apply (subst val-pos-mem-Vr[THEN sym, of v], assumption+)
apply (rule aGroup.ag-pOp-closed|of K], assumption+)
apply (simp add:aGroup.ag-mOp-closed)

apply (cut-tac n = N in an-nat-pos)

apply (rule-tac i = 0 and j = an N and k = v (psum f ¢ 7 £ —¢ 2) in
ale-trans, assumption+)

apply simp

apply simp

apply (frule-tac ©1 = z £ (—, psump 5 , ¢ 7) in val-minus-eq( THEN sym,
of v], assumption+, simp,
thin-tac v (x££ —g psum g 4yt 1) =0 (—a (T £ —4 psUm g 4 ¢ 1))
apply (frule-tac x = psum g , , ¢+ n in aGroup.ag-mOp-closed|of K],
assumption+, simp add:aGroup.ag-p-inv, simp add:aGroup.ag-inv-inv)
apply (frule aGroup.ag-mOp-closed|of K xz], assumption+)
apply (simp add:aGroup.ag-pOp-commuteof K —, z])

apply (cut-tac Abs-pos[of v z])

apply (frule val-nonzero-z[of v x|, assumption+, erule exE, simp)

apply (simp add:na-def)

apply (cut-tac aneg-lessfTHEN sym, of 0 Abs (v )], simp)

apply (frule val-nonzero-noninf[of v x|, assumption+)

apply (simp add:tna-ant)

apply (simp only:ant-1[THEN sym|, simp del:ant-1 add:a-zpz)

apply (simp add:add.assoc| THEN sym))

apply (cut-tac m1 = N + nat |z| and nl = n in of-nat-less-iff [where ?a =
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int, THEN sym], simp)

apply (frule-tac a = int N + abs z and b = int n and ¢ = z + 1 in
add-strict-right-mono, simp only:add.commute)

apply (simp only:add.assoc[of - 1])

apply (simp only:add.assoc[THEN sym, of 1])

apply (simp only:add.commute[of 1])

apply (simp only:add.assoclof - 1)

apply (cut-tac ?al = z and ?b1 = abs z and %c1 = 1 + int N in
add.assoc| THEN sym))

apply (thin-tac |z| + int N < int n)

apply (frule-taca = 2 + (|z2| + (1 + int N)) and b = z + |z| + (I + int N) and

c=1intn+ (z+ 1) in ineg-convl, assumption+)

apply (thin-tac z + (|z| + (1 + int N)) < intn + (z + 1),
thin-tac z + (|z| + (1 + int N)) = z + |z| + (I + int N),
thin-tac N + nat |z| < n)

apply (cut-tac z = z in abs-p-self-pos)

apply (frule-tac i = 0 and j = z + abs zand k = 1 + int N in
zadd-right-mono)

apply (simp only:add-0)

apply (frule-tac i = 1 + int N and j = z + |z| + (I + int N) and
k=intn + (z + 1) in zle-zless-trans, assumption+)

apply (thin-tac z + |z| + (I + int N) < int n + (2 + 1),
thin-tac 0 < z + |z|,
thin-tac 1 + int N < z + |z| + (1 + int N))

apply (cut-tac m1 = 1 + int N and nl = intn + (2 + 1) in
aless-zless THEN sym)], simp)

apply (frule-tac z = ant (1 + int N) and y = ant (int n + (2 + 1))
and z = v ( psum g ;4 ¢ 0 £ —o z) in aless-le-trans, assumption+)
apply (thin-tac ant (1 + int N) < ant (int n + (2 + 1)))

apply (simp add:a-zpz| THEN sym))

apply (frule-tac z = 1 + ant (int N) and y = v ( psum g, ¢ 7 £ —¢ ) in
aless-imp-le, thin-tac 1 + ant (int N) < v ( psum ¢t " £ —a T))

apply (cut-tac a0-less-1, frule aless-imp-le[of 0 1])

apply (frule-tac b = ant (int N) in aadd-pos-le]of 1])

apply (subst an-def)

apply (rule-tac i = ant (int N) and j = 1 + ant (int N) and
k=wv(psum g, "t —q ) in ale-trans, assumption+)

done

2.9.1 Hensel’s theorem
definition
pol-Cauchy-seq :: [('b, 'm) Ring-scheme, b, -, 'b = ant,
nat = 'b] = bool ((5PCauchy - - - - -) [90,90,90,90,91]90) where

PCauchyp x g o F «— (Yn. (F n) € carrier R) A
(3d. (Vn. deg R (Vr Kv) X (Fn) < (an d))) A
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(VN.IM. VYnm. M <nAM<m-—
P-mod R (Vr K v) X ((vp K v)(VT E0) (an N)y (ppy 45— b (F m))))

definition
pol-limit :: [('b, 'm) Ring-scheme, 'b, -, 'b = ant,
nat = 'b, 'b] = bool
((6Plimit - - - _ - -) [90,90,90,90,90,91]90) where
Plimitp x g o F p <— (Vn. (F n) € carrier R) A
(VN.IM.(Vm. M <m—
P-mod R (Vr K v) X ((vp K v)(V" K0) (@ N)y (Fm) £ —0p )

definition
Psegl :: [('b, 'm) Ring-scheme,
nat = 'b] = nat = b
((6Pseql- - - - - -) [90,90,90,90,90,91]90) where
Pseqlp x kv d F' = (An. (Ideg-p R (Vr K v) X d (F n)))

b, -, 'b = ant, nat,

definition
Psegh :: [('b, 'm) Ring-scheme, 'b, -, 'b = ant, nat, nat = 'b] =
nat = b
((6Psegh - - - .. -) [90,90,90,90,90,91]90) where

Pseqhp x g v 4 F' = (An. (hdeg-p R (Vir K v) X (Suc d) (F n)))

lemma an-neg-minf[simp]:Vn. —oo # an n

apply (rule olll)

apply (simp add:an-def) apply (rule not-sym) apply simp
done

lemma an-neg-minfl[simp]:¥V n. an n # —oo
apply (rule alll) apply (simp add:an-def)
done

lemma (in Corps) Pseql-mem:[valuation K v; PolynRg R (Vr K v) X;

Fn € carrier Ry ¥V n. deg R (Vr K v) X (Fn) < an (Suc d)] =
(Pseqlp x K v d F) n € carrier R

apply (frule PolynRg.is-Ring)

apply (simp add:Psegl-def)

apply (frule Vr-ring[of v],
rule PolynRg.ldeg-p-mem, assumption+, simp)

done

lemma (in Corps) Pseqh-mem:[valuation K v; PolynRg R (Vr K v) X;
F n € carrier R; ¥ n. deg R (Vr K v) X (Fn) < an (Suc d)] =
(Pseghp x K v a F) n € carrier R
apply (frule PolynRg.is-Ring)
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apply (frule Vr-ring[of v])

apply (frule PolynRg.subring[of R Vr K v X])

apply (frule PolynRg.X-mem-R[of R Vr K v X))
apply (simp del:npow-suc add: Psegh-def)

apply (rule PolynRg.hdeg-p-mem, assumption+, simp)
done

lemma (in Corps) PCauchy-lTr:[valuation K v; PolynRg R (Vr K v) X;
p € carrier R; deg R (Vr K v) X p < an (Suc d);
P-mod R (Vr K v) X (vp K o(Vr K v) (an N)) p] =
P-mod R (Vi K v) X (vp K o(Vr K 0) (an N}y (1degp R (Vr K v) X d p)
apply (frule PolynRg.is-Ring)
apply (simp add:ldeg-p-def)
apply (frule Vr-ring[of v])
apply (frule PolynRg.scf-d-pollof R Vir K v X p Suc d], assumption+,
(erule conjE)+)
apply (frule-tac n = an N in vp-apow-ideal]of v], simp)
apply (frule PolynRg.P-mod-mod[ THEN sym, of R Vir K v X vp K v (Vr K v) (an N)
p scf-d R (Vr K v) X p (Suc d)], assumption+, simp)
apply (subst PolynRg.polyn-expr-short[of R Vr K v X
sef~d R (Vr K v) X p (Suc d) d], assumption+, simp)
apply (subst PolynRg.P-mod-mod[THEN sym, of R Vr K v X vp K v (Vr K w) (an N)
polyn-expr R X d (d, snd (scf-d R (Vr K v) X p (Suc d)))
(d, snd (scf-d R (Vr K v) X p (Suc d)))], assumption+)
apply (subst PolynRg.polyn-expr-short| THEN sym], simp+,
stmp add: PolynRg.polyn-mem)
apply (subst pol-coeff-def, rule alll, rule impl,
simp add: PolynRg.pol-coeff-mem)
apply simp+
done

lemma (in Corps) PCauchy-hTr:[valuation K v; PolynRg R (Vr K v) X;
p € carrier R; deg R (Vr K v) X p < an (Suc d);
P-mod R (Vr K v) X (vp K o(Vr K 'v) (an N)) 7]
— P-mod R (Vr K v) X (vp K o(V7 Kv) (an N)Y (hdeg-p R (Vr K v) X (Suc
d) p)
apply (frule PolynRg.is-Ring)
apply (cut-tac Vr-ring[of v])
apply (frule PolynRg.scf-d-pol[of R Vr K v X p Suc d], assumption+)
apply (frule-tac n = an N in vp-apow-ideal]of v], simp)
apply (frule PolynRg.P-mod-mod[ THEN sym, of R Vr K v X
up K v (Vr K v) (an N) p scf-d R (Vr K v) X p (Suc d)], assumption+,
simp—+)
apply (subst hdeg-p-def)
apply (subst PolynRg.monomial-P-mod-mod[ THEN sym, of R Vr K v X
vp K v (VK v) (an N) gpq (sef-d R (Vr K v) X p (Suc d)) (Suc d)
(snd (scf-d R (Vi K v) X p (Suc d)) (Suc d)) - (X~ (Suc d)y
Suc d],
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assumption+)
apply (rule PolynRg.pol-coeff-mem[of R Vr K v X

sef~d R (Vr K v) X p (Suc d) Suc d], assumption+, simp+)
done

lemma (in Corps) v-ldeg-p-pOp:[valuation K v; PolynRg R (Vr K v) X;
p € carrier R; q € carrier R; deg R (Vr K v) X p < an (Suc d);
deg R (Vr K v) X q < an (Suc d)] =
(ldeg-p R (Vr K v) X dp) £ (ldeg-p R (Vr Kv) X d q) =

ldeg-p R (Vr Kv) X d (p £R q)

by (simp add:PolynRg.ldeg-p-pOplof R Vr K v X p ¢ d])

lemma (in Corps) v-hdeg-p-pOp:[valuation K v; PolynRg R (Vr K v) X;
p € carrier R; q¢ € carrier R; deg R (Vr K v) X p < an (Suc d);
deg R (Vr Kv) X ¢ < an (Suc d)] = (hdeg-p R (Vr K v) X (Suc d) p) £
(hdeg-p R (Vr K v) X (Suc d) q) = hdeg-p R (Vr K v) X (Suc d) (p £p ¢)
by (simp add:PolynRg.hdeg-p-pOplof R Vr K v X p q d])

lemma (in Corps) v-ldeg-p-mOp:[valuation K v; PolynRg R (Vr K v) X;
p € carrier Rydeg R (Vr K v) X p < an (Suc d)] =
—ap (ldeg-p R (Vr K v) X d p) = ldeg-p R (Vr Kv) X d (=4 p)
by (simp add:PolynRyg.ldeg-p-mOp)

lemma (in Corps) v-hdeg-p-mOp:[valuation K v; PolynRg R (Vr K v) X;

p € carrier Rydeg R (Vr Kv) X p < an (Suc d)] =

—aoR (hdeg-p R (Vr K v) X (Suc d) p) = hdeg-p R (Vr K v) X (Suc d) (—op p)
by (simp add:PolynRg.hdeg-p-mOp)

lemma (in Corps) PCauchy-IPCauchy:[valuation K v; PolynRg R (Vr K v) X;
Vn. Fn € carrier R; Vn. deg R (Vr K v) X (Fn) < an (Suc d);
P-mod R (Vr K v) X (vp K o(Vr K v) (an N)) (Fntp —ap (Fm))]
= P-mod R (Vr K v) X (vp K o(Vr K v) (an N))

((Pseqlp x kv da F) n) £ —ar (Psedlp x Kk v d F) m))
apply (frule PolynRg.is-Ring)

apply (cut-tac Vr-ring[of v],
frule Ring.ring-is-ag[of R],
frule PolynRg.subringlof R Vi K v X))

apply (simp add:Pseql-def)

apply (subst v-ldeg-p-mOp[of v R X - d], assumption+,

simp, simp)

apply (subst v-ldeg-p-pOplof v R X F n —,p (F m)], assumption+,

simp, rule aGroup.ag-mOp-closed, assumption, simp, simp,
stmp add:PolynRg.deg-minus-eql)

apply (rule PCauchy-lTrjof v R X Fn +£p —up (F m) d NJ,

assumption,
rule aGroup.ag-pOp-closed[of R F'n —, g (F m)], assumption+,
simp, rule aGroup.ag-mOp-closed, assumption+, simp)

apply (frule PolynRg.deg-minus-eql [of R Vr K v X F m], simp)
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apply (rule PolynRg.polyn-deg-add4|[of R Vi Kv X F n
—aRr (F'm) Suc d], assumption+, simp,
rule aGroup.ag-mOp-closed, assumption, simp+)
done

lemma (in Corps) PCauchy-hPCauchy:[valuation K v; PolynRg R (Vr K v) X;

Vn. F'n € carrier R; ¥ n. deg R (Vr K v) X (Fn) < an (Suc d);

P-mod R (Vr K v) X (vp K o(Vr K ) (an N)) (Fn+Rp —ap (Fm))]

= P-mod R (Vr K v) X (vp K o(Vr K v) (an N))

((Pseghp x K v a F) n) £R —ar (Pseghp x K v a F) m))

apply (frule PolynRg.is-Ring)
apply (frule Vr-ring[of v], frule Ring.ring-is-ag|of R],

frule PolynRg.subringlof R Vr K v X],

frule vp-apow-ideal[of v an NJ, simp)

apply (simp add:Psegh-def,
subst v-hdeg-p-mOplof v R X F m d], assumption+,
stmp+)

apply (subst v-hdeg-p-pOplof v R X F n —, (F m)], assumption+,
simp, rule aGroup.ag-mOp-closed, assumption, simp, simp,
frule PolynRg.deg-minus-eql [of R Vr K v X F m],
stmp+ )
apply (frule PCauchy-hTrlof vR X Fn £ —qp (F m) d NJ,
assumption+,
rule aGroup.ag-pOp-closed[of R F'n —,p (F m)], assumption+,
simp, rule aGroup.ag-mOp-closed, assumption+, simp)
apply (frule PolynRg.deg-minus-eql [of R Vr K v X F m], simp+)
apply (rule PolynRg.polyn-deg-addf[of R Vr K v X F n —,p (F m)
Suc d], assumption+,
simp, rule aGroup.ag-mOp-closed, assumption, simp+)
done

lemma (in Corps) Pseq-decompos:[valuation K v; PolynRg R (Vr K v) X;
F n € carrier R; deg R (Vr K v) X (F n) < an (Suc d)]
= Fn=((Pseqlp x g vdF)n) £ (Pseghp x g v 4 F) 1)
apply (frule PolynRg.is-Ring)
apply (simp del:npow-suc add:Pseql-def Psegh-def)
apply (frule Vr-ring[of v])
apply (frule PolynRg.subring[of R Vr K v X))
apply (rule PolynRg.decompos-plof R Vr K v X F n d], assumption+)
done

lemma (in Corps) deg-0-const:[valuation K v; PolynRg R (Vr K v) X;
p € carrier R; deg R (Vr K v) X p < 0] = p € carrier (Vr K v)

apply (frule Vr-ring[of v])

apply (frule PolynRg.subring)
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apply (frule PolynRg.is-Ring)
apply (case-tac p = Op, simp,
simp add: Ring.Subring-zero-ring-zero| THEN sym],
simp add: Ring.ring-zero)
apply (subst PolynRg.pol-of-deg0[ THEN sym, of R Vr K v X p],
assumption+)
apply (simp add:PolynRg.deg-an, simp only:an-0[THEN sym])
apply (simp only:ale-nat-le[of deg-n R (Vr K v) X p 0))
done

lemma (in Corps) monomial-P-limt:[valuation K v; Completey K;
PolynRg R (Vr K v) X; Vn. fn € carrier (Vr K v);
Vo Fn=(fn)»p (XEd YN.IM.Vom. M<nAM<m—
P-mod R (Vr K v) X (vp K o(Vr K'v) (an N)) (Fnxp —ep (Fm))] =

Jbecarrier (Vr K v). Plimit g x i o F (b +p (xR dy)

apply (frule PolynRg.is-Ring)

apply (frule Vr-ring[of v])

apply (frule PolynRg.subring[of R Vr K v X])

apply simp

apply (subgoal-tac Cauchy g , f)
apply (simp add:v-complete-def)
apply (drule-tac a = f in forall-spec)
apply (thin-tacVN.IM.¥Vnm. M <nAM<m—
P-mod R (Vr K v) X (vp K o(Vr K'v) (an N))
((Fn) vg (XR D) g —opp () vp (XR D). assumption)
apply (erule exE, erule conjE)
apply (subgoal-tac b € carrier (Vr K v))
apply (subgoal-tac Plimit p x ¢ F (b -+ R (X 4y blast)

apply (simp add:pol-limit-def)

apply (rule conjI)

apply (rule alll)

apply (rule Ring.ring-tOp-closed[of R], assumption)

apply (frule PolynRg.subring[of R Vr K v X))

apply (rule Ring.mem-subring-mem-ringlof R Vi K v], assumption+)
apply simp

apply (frule PolynRg.X-mem-R[of R Vr K v X))
apply (simp add:Ring.npClose)

apply (thin-tacVn. Fn=fn g xR d)
apply (simp add:limit-def)

apply (rule alll)

apply (rotate-tac —2, drule-tac x = N in spec)

apply (erule exFE)
apply (subgoal-tac Vn> M. P-mod R (Vr K v) X (vp K v (Vr K v) (an N))
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((fm)-rp (XA £p —op (brg (X)), blast)
apply (rule alll, rule impl)
apply (rotate-tac —2, drule-tac x = n in spec, simp)
apply (drule-tac x = n in spec)

apply (frule-tac z = f n in Ring.mem-subring-mem-ring[of R Vr K v],
assumption,
frule-tac z = b in Ring.mem-subring-mem-ring[of R Vr K v],
assumption+)

apply (frule PolynRg.X-mem-R[of R Vr K v X))

apply (frule Ring.npCloselof R X d], assumption+)

apply (simp add:Ring.ring-invi-1)

apply (frule Ring.ring-is-aglof R,
frule-tac © = b in aGroup.ag-mOp-closed|of R], assumption+)

apply (subst Ring.ring-distrib2[ THEN sym, of R xR d], assumption+)

apply (frule-tac n = an N in vp-apow-ideal|of v], simp)

apply (frule-tac I = vp K v (Vr K v) (an N)
p=(ntp—apb g (X% in
PolynRg.monomial-P-mod-mod[of R Vi K v X - - - d], assumption+)

apply (simp add:Ring.Subring-minus-ring-minus| THEN sym)])

apply (frule Ring.ring-is-aglof Vi K v])

apply (frule-tac = b in aGroup.ag-mOp-closed[of Vr K v|, assumption+)

apply (simp only: Ring.Subring-pOp-ring-pOp| THEN sym])

(

(

and ¢c = fn+p —,p b and

apply (rule aGroup.ag-pOp-closed, assumption+) apply simp
apply (frule-tac I1 = vp K v (Vr Kv) (an N) and ¢ = fnEp —wp band
pl = (fn+p —apb) R (X 4y in PolynRg.monomial-P-mod-mod| THEN
sym,
of R Vr Kv X - - - d], assumption+)
apply (frule Ring.ring-is-aglof Vi K v])
apply (frule-tac x = b in aGroup.ag-mOp-closed|of Vr K v], assumption+)
apply (simp only: Ring.Subring-minus-ring-minus| THEN sym))
apply (simp only: Ring.Subring-pOp-ring-pOp| THEN sym])
apply (rule aGroup.ag-pOp-closed, assumption+) apply simp apply simp
apply (simp only: Vr-mOp-f-mOp[THEN sym])
apply (frule Ring.ring-is-aglof Vi K v])
apply (frule-tac x = b in aGroup.ag-mOp-closed|of Vr K v], assumption+)
apply (simp add: Vr-pOp-f-pOp| THEN sym)])
apply (simp add:Ring.Subring-pOp-ring-pOp)
apply (simp add: Ring.Subring-minus-ring-minus)

apply (case-tac b = Oy, simp add:Vr-0-f-0[THEN sym,
simp add: Ring.ring-zero)

apply (frule-tac b = b in limit-val[of - f v], assumption+,
rule alll,
frule-tac x = j in spec, simp add: Vr-mem-f-mem,
assumption+, erule exE)

apply (thin-tacVn. Fn=fn g xR d,
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thin-tacVN. AM.¥Ynm. M <nAM<m—
P-mod R (Vr K v) X (vp K v (Vr K v) (an N))
(fnop XA dp —ap fmop X9
apply (rotate-tac —1, drule-tac x = Suc N in spec, simp)
apply (drule-tac z = Suc N in spec)
apply (frule-tac 1 = f (Suc N) in val-pos-mem-Vr[THEN sym, of v],
simp add: Vr-mem-f-mem, simp, simp add:val-pos-mem-Vr[of v])

apply (simp add: Cauchy-seq-def)

apply (simp add: Vr-mem-f-mem,)

apply (rule alll)

apply (rotate-tac —3, frule-tac x = N in spec)

apply (thin-tacVn. Fn=fn g X B d)

apply (frule-tac n = an N in vp-apow-ideal|of v], simp)

apply (drule-tac x = N in spec, erule exE)

apply (subgoal-tac¥Ynm. M <n A M < m—

fnt—(fm) ewkKuv (Vr K v) (an N), blast)

apply (rule alll)+

apply (rule impl, erule conjE)

apply (frule-tac I = vp K v (Vr K w) (an N) and ¢ = fn+ —4 (fm)and
p=(n%—a(fm) g XF)in
PolynRg.monomial-P-mod-mod[of R Vr K v X - - - d], assumption+)

apply (frule-tac z = n in spec,
drule-tac x = m in spec)
apply (frule Ring.ring-is-ag[of Vi K v],
simp add: Vr-mOp-f-mOp|THEN sym],
frule-tac © = fm in aGroup.ag-mOp-closed[of Vr K v], assumption+,
sitmp add: Vr-pOp-f-pOp[ THEN sym])
apply (rule aGroup.ag-pOp-closed, assumption+, simp)
apply simp
apply (thin-tac (fn+ —g fme vp Kv (Vr K v) (an N)) =
P-mod R (Vr Kv) X (vp Kv (Vr K v) (an N)) ((fnt—afm) g XR dy)
apply (rotate-tac —3, drule-tac x = n in spec,
rotate-tac —1, drule-tac x = m in spec, simp)
apply (frule-tac z = n in spec,
drule-tac x = m in spec)
apply (frule-tac x = f n in Ring.mem-subring-mem-ring[of R Vr K v),
assumption+,
frule-tac © = f m in Ring.mem-subring-mem-ringlof R Vr K v,
assumption,
frule Ring.ring-is-ag[of R],
frule-tac © = f m in aGroup.ag-mOp-closed|of R], assumption+,
frule PolynRg.X-mem-R[of R Vr K v X],
frule Ring.npClose[of R X d], assumption)
apply (simp add:Ring.ring-invi-1[of R],
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frule-tac yI = fn and z1 = —,p fm in Ring.ring-distrib2|

THEN sym, of R X R d], assumption—+, simp,

thin-tac fn -+ p X Rd R (—ep fm) +p X Bd_

(fn£g —ap fm) -wp XTI

apply (simp only: Ring.Subring-minus-ring-minus| THEN sym,of R Vr K v))
apply (frule Ring.subring-Ringlof R Vr K v], assumption,

frule Ring.ring-is-aglof Vr K v],

frule-tac © = f m in aGroup.ag-mQOp-closed|[of Vr K v], assumption+)
apply (simp add:Ring.Subring-pOp-ring-pOp| THEN sym, of R Vr K v],

stmp add: Vir-pOp-f-pOp, simp add: Vr-mOp-f-mOp)
done

lemma (in Corps) mPlimit-uniqueTr:[valuation K v;
PolynRg R (Vr K v) X;Vn. fn € carrier (Vr K v);
Vn. Fn=(fn) g (X Ry ¢ e carrier (Vr K v);
Plimit RXKuw F (C rR (XAR d))]] = lim vac
apply (frule PolynRg.is-Ring,
simp add:pol-limit-def limit-def,
rule alll,
erule conjE,
rotate-tac —1, drule-tac x = N in spec,
erule exE)
apply (subgoal-tac¥n. M <n — fn+ —, c€vp Kv (Vr K v) (an N), blast)
apply (rule alll, rule impl,
rotate-tac —2, drule-tac x = n in spec, simp,
drule-tac x = n in spec,
drule-tac x = n in spec,
thin-tac Vn. fn -+ g X d e carrier R)
apply (frule Vr-ring[of v],
frule PolynRg.X-mem-R[of R Vr K v X],
frule Ring.npClose[of R X d], assumption+,
frule PolynRg.subringlof R Vi K v X))
apply (frule-tac x = ¢ in Ring.mem-subring-mem-ringlof R Vr K v,
assumption+,
frule-tac © = fn in Ring.mem-subring-mem-ringlof R Vr K v],
assumption+)
apply (simp add:Ring.ring-invi-1,
frule Ring.ring-is-aglof R],
frule aGroup.ag-mOp-closed|of R ¢|, assumption+)
apply (simp add:Ring.ring-distrib2|[ THEN sym, of R xtd. —apR d,
simp add: Ring.Subring-minus-ring-minus| THEN sym],
frule Ring.ring-is-aglof Vr K v],
frule aGroup.ag-mOp-closed[of Vi K v |, assumption+)
apply (simp add:Ring.Subring-pOp-ring-pOp[THEN sym)],
frule-tac x = f n in aGroup.ag-pOp-closed|[of Vr K v -
—a(Vr K v) c|, assumption+,
frule-tac n = an N in vp-apow-ideal|of v], simp,
frule-tac I1 = vp K v (Vr K v) (an N) and
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cl =fn i(VrKv) Ta(Vr Kw) € and pl = (fn i(VrKv) “a(Vr K v) c)
‘"R (X 4y in PolynRg.monomial-P-mod-mod| THEN sym, of R Vr K v
X - - - d], assumption+, simp, simp)

apply (simp add: Vr-pOp-f-pOp, simp add: Vr-mOp-f-mOp)

done

lemma (in Corps) mono-P-limt-unique:[valuation K v,
PolynRg R (Vr K v) X;Vn. fn € carrier (Vr K v);
Vn.Fn=(fn) g (X B dy: b ¢ carrier (Vr K v); ¢ € carrier (Vr K v);
Plimit p x g o F (b g (X D) Plimit g x g F (¢ v p (XF9))] =
bog (YR = e (X0
apply (frule PolynRg.is-Ring)
apply (frule-tac mPlimit-uniqueTr{of v R X f F d b], assumption+,
frule-tac mPlimit-uniqueTr[of v R X f F d ¢, assumption+)
apply (frule Vir-ring[of v],
frule PolynRg.subringlof R Vir K v X],
frule Vr-mem-f-mem[of v b], assumption+,
frule Vr-mem-f-mem[of v c|, assumption+,
frule limit-uniquelof b f v c])
apply (rule alll, simp add: Vr-mem-f-mem, assumption+, simp)
done

lemma (in Corps) Plimit-deg:[valuation K v; PolynRg R (Vr K v) X;
Vn. Fn € carrier R;Vn. deg R (Vr Kv) X (Fn) < (an d);
p € carrier R; Plimit g x g o F p]l = deg R (Vr K v) X p < (an d)
apply (frule PolynRg.is-Ring, frule Vr-ring|of v])
apply (case-tac p = Op, simp add:deg-def)
apply (rule contrapos-pp, simp+,
simp add:aneg-le,
frule PolynRg.s-cf-expr[of R Vr K v X p|, assumption+, (erule conjE)+,
frule PolynRg.s-cf-deglof R Vr K v X p|, assumption+,
frule PolynRg.pol-coeff-mem[of R Vr K v X s-¢cf R (Vr Kv) X p
fst (s-¢f R (Vr K v) X p)], assumption+, simp,
frule Vr-mem-f-mem/[of v snd (s-¢f R (Vr K v) X p)
(fst (s-¢f R (Vr K v) X p))], assumption+)

apply (frule val-nonzero-noninf|of v

snd (s-¢f R (Vr K v) X p) (fst (s-¢f R (Vr K v) X p))], assumption,

simp add: Vr-0-1-0,

frule val-pos-mem-Vr[THEN sym, of v snd (s-¢f R (Vr K v) X p)
(fst (s-¢f R (Vr K v) X p))], assumption+, simp,

frule value-in-aug-inf[of v snd (s-¢f R (Vr K v) X p)
(fst (s-¢f R (Vr K v) X p))], assumption+,

cut-tac mem-ant[of v (snd (s-¢f R (Vr K v) X p)

(fst (s-¢f R (Vr K v) X p)))], simp add:aug-inf-def,

erule exE, simp, simp only:ant-0[THEN sym], simp only:ale-zle,

frule-tac z = z in zpos-nat, erule exE, simp,

thin-tac z = int n)
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apply (simp add:pol-limit-def)
apply (rotate-tac 5, drule-tac x = Suc n in spec)
apply (erule ezE)
apply (rotate-tac —1,
drule-tac x = Suc M in spec, simp del:npow-suc,
drule-tac x = Suc M in spec,
drule-tac © = Suc M in spec)

apply (frule PolynRg.polyn-minus[of R Vr K v X s-¢cf R (Vr K v) X p
fst (s-¢f R (Vr K v) X p)], assumption+, simp,
frule PolynRg.minus-pol-coeff[of R Vir K v X s-¢f R (Vr K v) X p],
assumption+, drule sym,
frule-tac © = deg R (Vr K v) X (F (Suc M)) in ale-less-trans|of -
an d deg R (Vr K v) X p|, assumption+,
frule-tac p = F (Suc M) and d = deg-n R (Vr K v) X p in
PolynRg.pol-expr-edeglof R Vr K v X], assumption+,
frule-tac © = deg R (Vr K v) X (F (Suc M)) and
y = deg R (Vr K v) X p in aless-imp-le,
subst PolynRg.deg-an|THEN sym, of R Vr K v X pl, assumption+,
erule exE, (erule conjE)+,
frule-tac ¢ = f in PolynRg.polyn-addl[of R Vr K v X -
(fst (s-cf R (Vr K v) X p), Nj. —avi K o snd (s-¢f R (Vr K v) X p) j)],
assumption+, simp,
thin-tac —qp p = polyn-expr R X (fst (s-¢f R (Vr K v) X p))
(fst (s-cf R (Vr Kv) X p), Aj. —avi K o 7 (s-¢f R (Vr K v) X p) j),
thin-tac polyn-expr R X (fst (s-¢f R (Vr K v) X p))
(s-¢f R (Vr K v) X p) = p,
thin-tac F (Suc M) = polyn-expr R X (fst (s-¢f R (Vr K v) X p)) f,
thin-tac polyn-expr R X (fst (s-¢f R (Vr K v) X p)) f g
polyn-expr R X (fst (s-¢f R (Vr K v) X p))
(fst (s-¢f R (Vr K v) X p), Aj. —avir Ko $7d (s-¢f R (Vr K v) X p) j) =
polyn-expr R X (fst (s-¢f R (Vr K v) X p)) (add-cf (Vr Kv) f
(fst (s-cf R (Vr K v) X p), M. —avir K v snd (s-¢cf R (Vr K v) X p) j)))

apply (frule-tac n = an (Suc n) in vp-apow-ideal|of v], simp,
frule-tac p1 = polyn-expr R X (fst (s-¢f R (Vr K v) X p))(add-cf (Vr K v) f
(fst (s-¢cf R (Vr K v) X p), Nj. —avi K v snd (s-¢f R (Vr K v) X p) j)) and
I1=vp K v (Vr Kv) (an (Suc n)) anqg c1 = add-cf (Vr K v) f (fst
(s-¢cf R (Vr Kv) X p), Nj. —avpr Ko snd (s-¢f R (Vr K v) X p) j) in
PolynRg.P-mod-mod| THEN sym, of R Vr K v X], assumption+,
rule PolynRg.polyn-mem|[of R Vr K v X|, assumption+,
rule PolynRg.add-cf-pol-coeff[of R Vr K v X], assumption+,
simp add: PolynRg.add-cf-len,
rule PolynRg.add-cf-pol-coeff[of R Vr K v X], assumption+,
simp add: PolynRg.add-cf-len,
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simp add: PolynRg.add-cf-len)
apply (drule-tac z = fst (s-¢f R (Vr K v) X p) in spec, simp,
thin-tac P-mod R (Vr K v) X (vp K v (Vr K ) (an (Suc ”)))
(polyn-expr R X (fst (s-¢f R (Vr K v) X p)) (add-cf (Vr Kv) f
(fst (s-¢cf R (Vr K v) X p), Aj. —avi K o $7d (s-cf R (Vr K v) X p) j))),
stmp add:add-cf-def)

apply (frule-tac p = polyn-expr R X (fst (s-¢f R (Vr K v) X p)) f and
¢ = fand j = fst f in PolynRg.pol-len-gt-deg[of R Vr K v X],
assumption+, simp, drule sym, simp add:PolynRg.deg-an) apply simp

apply (rotate-tac —4, drule sym, simp)

apply (frule Ring.ring-is-aglof Vi K v],
frule-tac © = snd (s-¢f R (Vr K v) X p) (fst f) in
aGroup.ag-mOp-closed|of Vr K v], assumption+,
simp add:aGroup.ag-l-zero)

apply (frule-tac I = vp K v (Vr K ) (an (Suc n)) and
T=—ayr Ko $Snd (s-¢f R (Vr Kv) X p) (fst f) in
Ring.ideal-invi-closed[of Vir K v], assumption+)

apply (simp add:aGroup.ag-inv-inv)

apply (frule-tac n = an (Suc n) and z = snd (s-¢f R (Vr K v) X p) (fst f)
in n-value-z-1[of v|, simp+)

apply (frule-tac = snd (s-¢f R (Vr K v) X p) (fst f) in

n-val-le-val[of v], assumption+, simp add:ant-int)

apply (drule-tac i = an (Suc n) and
j=mn-wal Kv (snd (s-¢f R (Vr K v) X p) (fst f)) and
k=wv (snd (s-¢f R (Vr Kv) X p) (fst f)) in ale-trans,
assumption+)

apply (simp add:ant-int ale-natle)

done

lemma (in Corps) Plimit-deg!:[valuation K v; Ring R; PolynRg R (Vr K v) X;
Vn. Fn € carrier R; ¥ n. deg R (Vr K v) X (F n) < ad;
p € carrier R; Plimit g x ¢ Fp] = deg R (Vr Kv) X p < ad
apply (frule Vr-ring[of v])
apply (case-tac Vn. Fn=0p)
apply (frule Plimit-deglof v R X F 0 p|, assumption—+,
rule alll, simp add:deg-def, assumption+)
apply (case-tac p = Op, simp add:deg-def,
frule PolynRg.nonzero-deg-pos[of R Vir K v X p|, assumption+,
simp,
frule PolynRg.pols-const[of R Vir K v X pl, assumption+,
simp,
frule PolynRg.pols-constlof R Vr K v X p|, assumption—+,
stmp add:ale-refl)
apply (subgoal-tac p = 0p, simp)
apply (thin-tac p # 0R)
apply (rule contrapos-pp, simp+)

apply (frule n-val-valuation|of v])
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apply (frule val-nonzero-z[of n-val K v p))
apply (simp add: Vr-mem-f-mem,)
apply (frule PolynRg.subring[of R Vr K v X))
apply (simp only: Ring.Subring-zero-ring-zero| THEN sym, of R Vr K v))
apply (simp add: Vr-0-f-0, erule exE)
apply (frule val-pos-mem-Vr[THEN sym, of v p|)
apply (simp add: Vr-mem-f-mem, simp)
apply (frule val-pos-n-val-pos|of v p])
apply (simp add: Vr-mem-f-mem, simp)
apply (simp add:ant-0[THEN sym])
apply (frule-tac z = z in zpos-nat, erule exE)
apply (unfold pol-limit-def, erule conjE)
apply (rotate-tac —1, drule-tac x = Suc n in spec)
apply (subgoal-tac =~ (AM.Vm. M < m —

P-mod R (Vr Kv) X (vp Kv (Vi K v) (an (Suc ”))) (Fm=xp —upr D))
apply blast
apply (thin-tac IM. VY m. M < m —

P-mod R (Vr K v) X (vp K v (Vr K v) (an (Suc "))) (Fm+p —agp p))
apply simp
apply (subgoal-tac M < (Suc M) A

= P-mod R (Vr Kv) X (vp Kv (Vr K v) (an (Suc n))) (Op £R —ar )

apply blast
apply simp
apply (frule Ring.ring-is-ag[of R])
apply (frule aGroup.ag-mOp-closed|of R p|, assumption)
apply (simp add:aGroup.ag-l-zero)
apply (frule Ring.ring-is-ag[of Vi K v])
apply (frule aGroup.ag-mOp-closed|of Vr K v p|, assumption)
apply (frule-tac n = an (Suc n) in vp-apow-ideal[of v], simp)
apply (frule PolynRg.subringlof R Vr K v X])
apply (simp add:Ring.Subring-minus-ring-minus[ THEN sym, of R Vr K v))
apply (simp add:PolynRg.P-mod-coeffTr[of R Vr K v X - ~a(Vi K v) p))
apply (rule contrapos-pp, simp—+)

apply (frule-tac I = vp K v (Vr K v) (an (Suc n)) jp
Ring.ideal-invi-closed|of Vi K v - —a(Vr K v) pl, assumption+)

apply (simp add:aGroup.ag-inv-inv)

apply (frule-tac n = an (Suc n) in n-value-z-1[of v - p|, simp)

apply assumption

apply simp

apply (simp add:ant-int, simp add:ale-natle)

apply (fold pol-limit-def)

apply (case-tac ad = oo, simp)

apply simp apply (erule exE)

apply (subgoal-tac 0 < ad)

apply (frule Plimit-deglof v R X F na ad p], assumption+)
apply (simp add:an-na)+
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apply (drule-tac x = n in spec,
drule-tac x = n in spec)

apply (frule-tac p = F n in PolynRg.nonzero-deg-pos[of R Vr K v X],
assumption+)

apply (rule-tac j = deg R (Vr K v) X (F n) in ale-trans|[of 0 - ad),
assumption+)

done

lemma (in Corps) Plimit-ldeg:[valuation K v; PolynRg R (Vr K v) X;
Vn. Fn € carrier R; p € carrier R;
Vn. deg R (Vr Kv) X (Fn) < an (Suc d);
PlimitRXKUFp]] - PlimitRXKU (Pseql RXKUdF)
(ldeg-p R (Vr K v) X d p)
apply (frule Vr-ring[of v], frule PolynRg.is-Ring,
frule Ring.ring-is-aglof R])
apply (frule Plimit-deglof v R X F Suc d pl|, assumption+)
apply (simp add:Psegl-def, simp add:pol-limit-def)
apply (rule conjl, rule alll)
apply (rule PolynRg.ldeg-p-mem, assumption+, simp+)
apply (rule alll)
apply (rotate-tac —5, drule-tac x = N in spec, erule exE)
apply (subgoal-tac ¥Y'm > M. P-mod R (Vr K v) X (vp K v (Vr K v) (an N))
(ldeg-p R (Vr Kv) X d (Fm) £p —qp (ldeg-p R (Vr K v) X d p)),
blast)
apply (rule alll, rule impl)
apply (rotate-tac —2,
frule-tac x = m in spec,
thin-tacVm. M < m —
P-mod R (Vr K v) X (vp K v (Vr K v) (an N)) (Fm=£pgp —apr D),
sitmp)
apply (subst v-ldeg-p-mOplof v R X - d], assumption+)
apply (subst v-ldeg-p-pOplof v R X - —4 g p|, assumption+)
apply (simp, rule aGroup.ag-mOp-closed, assumption, simp, simp)
apply (frule PolynRg.deg-minus-eql [THEN sym, of R Vr K v X p],
assumption+)
apply simp
apply (rule-tacp = Fm £p —qp p and N = N in PCauchy-lTr[of v
R X - d |, assumption+)
apply (rule-tac x = F m in aGroup.ag-pOp-closed[of R - —, g D],
assumption+)
apply (simp, rule aGroup.ag-mOp-closed, assumption+)
apply (frule PolynRg.deg-minus-eql [of R Vr K v X p], assumption+)
apply (rule PolynRg.polyn-deg-add4[of R Vi K v X - —, g p Suc d],
assumption+)
apply (simp, rule aGroup.ag-mOp-closed, assumption, simp+)
done

lemma (in Corps) Plimit-hdeg:[valuation K v; PolynRg R (Vr K v) X;
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Vn. Fn € carrier R; ¥ n. deg R (Vr K v) X (Fn) < an (Suc d);
p € carrier R; Plimit g x ¢, Fp] =
Plimit p x ko (Psegh p x g v q F) (hdeg-p R (Vr K v) X (Suc d) p)
apply (frule Vr-ring[of v], frule PolynRg.is-Ring,
frule Ring.ring-is-aglof R))
apply (frule Plimit-deglof v R X F Suc d pl|, assumption+)
apply (simp add:Psegh-def, simp add:pol-limit-def)
apply (rule conjl, rule alll)
apply (rule PolynRg.hdeg-p-mem, assumption+, simp+)
apply (rule alll)
apply (rotate-tac —5, drule-tac x = N in spec)
apply (erule exFE)
apply (subgoal-tac Vm>M. P-mod R (Vr K v) X (vp K v (Vr K v) (an N))
(hdeg-p R (Vr K v) X (Suc d) (Fm) £p —ap (hdeg-p R (Vr K v) X (Suc d)
p));
blast)
apply (rule alll, rule impl)
apply (rotate-tac —2,
drule-tac x = m in spec, simp)
apply (subst v-hdeg-p-mOplof v R X - d], assumption+)
apply (subst v-hdeg-p-pOplof v R X - —, g pl, assumption+)
apply (simp, rule aGroup.ag-mOp-closed, assumption, simp, simp)
apply (frule PolynRg.deg-minus-eql [THEN sym, of R Vir K v X p|, assumption+)
apply simp
apply (rule-tac p = Fm £p —gp pand N = N in PCauchy-hTrlof v R X - d |,
assumption—+)
apply (rule-tac ¢ = F m in aGroup.ag-pOp-closed[of R - —a g pl,
assumption+)
apply (simp, rule aGroup.ag-mOp-closed, assumption+)
apply (frule PolynRg.deg-minus-eql [of R Vr K v X p|, assumption+)
apply (rule PolynRg.polyn-deg-add4[of R Vr K v X - —, g p Suc d,
assumption+)
apply (simp, rule aGroup.ag-mOp-closed, assumption, simp+)
done

lemma (in Corps) P-limit-uniqueTr:[valuation K v; PolynRg R (Vr K v) X] =
VF.((Vn. Fn € carrier R) A (Vn. deg R (Vr Kv) X (Fn) < (an d)) —
(Vpl p2. pl € carrier R A p2 € carrier R A Plimit g x i F p1 A
Plimit RXKuw Fp2 — pl = p2))

apply (frule PolynRg.is-Ring)

apply (induct-tac d)

apply (rule alll, rule impl, (rule olll)+, rule impl)

apply (erule conjE)+

apply (subgoal-tac ¥ n. F n € carrier (Vr K v))

apply (frule Vr-ring[of v])

apply (frule PolynRg.X-mem-R[of R Vr K v X))

apply (frule-tac f = Fand F = F and d = 0 and b = p! and ¢ = p2 in
mono-P-limt-unique[of v R X], assumption+)

apply (rule alll, drule-tac © = n in spec,
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stmp add: Ring.ring-r-one)

apply (frule-tac F = F and p = p! in Plimit-deglof v R X - 0],
assumption+, simp add:deg-0-const,
frule-tac F = F and p = p2 in Plimit-deg[of v R X - 0],
assumption+, simp add:deg-0-const)

apply (simp add:Ring.ring-r-one)+

apply (simp add:deg-0-const)

apply (rename-tac d)
apply (rule alll, rule impl)
apply (erule conjF)
apply ((rule alll)+, rule impl, (erule conjE)+)
apply (frule-tac F = F and p = pl and d = d in Plimit-ldeg[of v R X],
assumption+,
frule-tac F = F and p = p2 and d = d in Plimit-ldeg[of v R X],
assumption+,
frule-tac F = F and p = pl and d = d in Plimit-hdeg[of v R X],
assumption+,
frule-tac F = F and p = p2 and d = d in Plimit-hdeg[of v R X],
assumption+)
apply (frule-tac a = Psegl g x i ¢ F in forall-spec)
apply (rule conjI)
apply (rule alll)
apply (rule Pseql-mem, assumption+, simp)
apply (rule alll, simp)
apply (rule alll)
apply (subst Pseql-def)
apply (rule-tac p = F'n and d = d in PolynRg.deg-ldeg-p[of R Vr K v X],
assumption+) apply (simp add: Vr-ring)
apply simp
apply (thin-tac VF. (VYn. F n € carrier R) A
(Vn.deg R (Vr Kv) X (Fn) <and) —
(Vpl p2.
pl € carrier R A
p2 € carrier R A
Plimit p x o F'p1 N Plimit p x g F p2 —
pl = p2))
apply (frule Vr-ring[of v])
apply (frule-tac F = F and d = Suc d and p = p! in
Plimit-deglof v R X|, assumption—+,
frule-tac F = F and d = Suc d and p = p2 in
Plimit-deglof v R X], assumption+)
apply (subgoal-tac (ldeg-p R (Vr K v) X d p1) = (ldeg-p R (Vr K v) X d p2))
apply (subgoal-tac hdeg-p R (Vr K v) X (Suc d) p1 =
hdeg-p R (Vr K v) X (Suc d) p2)

apply (frule-tac p = p! and d = d in PolynRg.decompos-p[of R Vr K v X],
assumption+,
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frule-tac p = p2 and d = d in PolynRg.decompos-plof R Vi K v X],
assumption+)
apply simp
apply (thin-tac Plimit g x g, Pseql g x K v q F (ldeg-p R (Vr K v) X d p1),
thin-tac Plimit g x i Pseql p x g 4 F (ldeg-p R (Vr K v) X d p2),
thin-tac ¥V p1 p2. p1 € carrier R N\ p2 € carrier R A
Plimit p x ko Psedl p x K pa FPI A
Plimit p x ko Pseqdl g x K v 4 F P2 — p1 = p2)
apply (simp only:hdeg-p-def)
apply (rule-tac f = Aj. snd (sc¢f-d R (Vr K v) X (Fj) (Suc d)) (Suc d)
and F' = Pse¢h p x kv a F
and b = (snd (sc¢f-d R (Vr K v) X p1 (Suc d))) (Suc d)
and d = Suc d and ¢ = snd (scf-d R (Vr K v) X p2 (Suc d)) (Suc d) in
mono-P-limt-unique[of v R X], assumption+)
apply (rule alll)
apply (frule-tac p = F n and d = Suc d in
PolynRyg.scf-d-pollof R Vir K v X])
apply (simp del:npow-suc)+
apply (frule-tac ¢ = s¢f-d R (Vr K v) X (F n) (Suc d) and
j = Suc d in PolynRg.pol-coeff-mem[of R Vr K v X))
apply simp apply (simp del:npow-suc)+
apply (rule alll)
apply (frule-tac ¢ = s¢f-d R (Vr K v) X (F n) (Suc d) and
j = Suc d in PolynRg.pol-coeff-mem[of R Vr K v X])
apply (frule-tac p = F n and d = Suc d in PolynRg.scf-d-pollof R
Vr K v X], (simp del:npow-suc)+)
apply (cut-tac p = F n and d = Suc d in PolynRy.scf-d-pol[of R
Vr K v X], (simp del:npow-suc)+)

apply (subst Psegh-def) apply (simp only:hdeg-p-def)
apply (frule-tac p = p1 and d = Suc d in PolynRy.scf-d-pollof R Vi K v X],
assumption—+)
apply (rule-tac ¢ = s¢f-d R (Vr K v) X pI (Suc d) and
j = Suc d in PolynRg.pol-coeff-mem[of R Vr K v X], assumption+,
simp, simp)
apply (frule-tac p = p2 and d = Suc d in PolynRyg.scf-d-pollof R Vi K v X],
assumption+)
apply (rule-tac ¢ = sc¢f-d R (Vr K v) X p2 (Suc d) and
j = Suc d in PolynRg.pol-coeff-mem[of R Vr K v X], assumption+,
simp, simp) apply simp apply simp
apply (rotate-tac —/,
drule-tac © = ldeg-p R (Vr K v) X d p!l in spec,
rotate-tac —1,
drule-tac x = ldeg-p R (Vr K v) X d p2 in spec)
apply (simp add:PolynRg.ldeg-p-mem,)
done

lemma (in Corps) P-limit-unique:[valuation K v; Completey K;
PolynRg R (Vr K v) X;Vn. Fn € carrier R;
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Vn. deg R (Vr Kv) X (Fn) < (an d); pl € carrier R; p2 € carrier R;
Plimit RXKUFP‘Z; PlimitRXK,UFp,Q]] = pl =p2

apply (frule P-limit-uniqueTr[of v R X d], assumption+)

apply blast

done

lemma (in Corps) P-limitTr:[valuation K v; Completey K; PolynRg R (Vr K v)

X1

= VF.((Vn. Fn € carrier R) A (Vn. deg R (Vr Kv) X (Fn) < (an d)) A
(VN.IM.Vonm. M<nAM<m-—
P-mod R (Vr K v) X (vp K v (Vr K v) (an N)) (Fn£p —ap (Fm))) —
(3pecarrier R. Plimit g x i o F D))

apply (frule PolynRg.is-Ring)

apply (frule Vr-ring[of v])

apply (induct-tac d)

apply simp
apply (rule alll, rule impl, (erule conjE)+)
apply (frule-tac F = F and f = F in monomial-P-limtlof v R X - - 0],
assumption+)
apply (rule alll)
apply (rotate-tac 5, drule-tac x = n in spec)
apply (simp add:deg-0-const)
apply (rule alll)
apply (drule-tac x = n in spec,
thin-tac Y n. deg R (Vr K v) X (Fn) < 0)
apply (frule PolynRg.X-mem-R[of R Vr K v X],
frule PolynRg.is-Ring,
sitmp add:Ring.ring-r-one, assumption)

apply (erule bexE)

apply (frule PolynRg.subringlof R Vr K v X])

apply (cut-tac x = b in Ring.mem-subring-mem-ringlof R Vi K v])
apply (frule PolynRg.X-mem-R[of R Vr K v X|, assumption+)
apply (simp add:Ring.ring-r-one, blast)

apply (rule alll, rule impI) apply (rename-tac d F)

apply (erule conjE)+

apply (subgoal-tac (Vn.(Pseql g x i o a F) n € carrier R) A
(Vn.deg R (Vr Kv) X (Pseqgl p x g v 4 F) n) < an d) A
(VN.IM.¥Ynm. M <nAM<m-—
P-mod R (Vr K v) X (vp K v (Vr K v) (an N))

((Psegl g x kvd F) n+R —ar (Pseql g x ko 4 F) m))))
apply (frule-tac a = Pseql g x i o g F in forall-spec, assumption)
apply (erule bexE)
apply (thin-tac VF. (¥Yn. Fn € carrier R) A

(Vn. deg R (Vr Kv) X (Fn)<and)A
(VN.AM.Vnm. M<nAM<m-—
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P-mod R (Vr K v) X (vp K v (Vr K v) (an N)) (Fn£p —ap (Fm))) —
(3pecarrier R. Plimit g x i o F p),
thin-tac (Vn. (Pseql p x i v a F) n € carrier R) A
(Vn.deg R (Vr Kv) X (Pseql p x g v 4 F) n) < an d) A
(VN.IM. ¥Ynm. M <nANM<m-— PmodR (VrKv)X (vp K
p (Vr K v) (anN))

((Psegl p x kv d F) nTp —ar (Pseql g x |y 4 F) m))))
apply (subgoal-tac VN.IM.Nnm. M <nAM< m—
P-mod R (Vr Kv) X (vp K v (Vr K v) (an N))
((Pseghp X K va F) n£R —ar (Pseghp x iy ¢ F) m)))
apply (frule-tac f = Xj. snd (sc¢f-d R (Vr K v) X (F j) (Suc d)) (Suc d)
and F = Pseqh g x i v 4 F and d = Suc d in monomial-P-limt[of v R X],
assumption+)
apply (rule alll)
apply (drule-tac z = n in spec,
drule-tac x = n in spec,
frule-tac p = F n and d = Suc d in PolynRg.scf-d-pollof R Vir K v
X], assumption+, (erule conjE)+)
apply (rule-tac ¢ = sc¢f-d R (Vr K v) X (F n) (Suc d) and j = Suc d in
PolynRyg.pol-coeff-mem|of R Vir K v X|, assumption+)
apply simp
apply (rule alll)
apply (thin-tac VN. IM.¥Ynm. M <n A M < m—
P-mod R (Vr Kv) X (vp K v (Vr K v) (an N))
((Psegh p x kv d F) n £ —ag (Psegh g x Ky g F) m)))
apply (simp only: Pseqh-def hdeg-p-def, assumption, erule bexE)

apply (thin-tac VN. 3IM.¥Ynm. M <nAM<m—
P-mod R (Vr K v) X (vp K v (Vr K v) (an N)) (Fn+tp —ap (Fm)),
thin-tacVN. AM.¥Ynm. M <n A M<m—
P-modR(VrKv)X(vpKv(wK”) (‘mN))
((Psegh g x kv d F) n R —ar (Psegh g x Kk v a F) m)))

apply (subgoal-tac Plimit g x g F (p £ b -+ R (XAR (Suc d)))7
subgoal-tac p £ b -TR(XAR (Suc d)) € carrier R, blast)

apply (frule PolynRg.X-mem-R[of R Vr K v X],
frule-tac n = Suc d in Ring.npClose[of R X], assumption+,
frule Ring.ring-is-ag|of R,
rule aGroup.ag-pOp-closed|of R], assumption+,
rule Ring.ring-tOp-closed, assumption+)
apply (frule PolynRg.subring[of R Vr K v X],
simp add: Ring.mem-subring-mem-ring, assumption)

apply (simp del:npow-suc add:pol-limit-def,
rule alll,
subgoal-tac ¥ n. Fn = (Psegl p x kg F) n £ (Pseqh g x K v 4 F) 1),
simp del:npow-suc,
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subgoal-tac ¥ m. (Pseql p X}gv dF)mEp ((Psegh g x kv a F) m) £R
—ag (p g (b g (X RS D)) — (Pseql g x g F) m +R —ap p
R
((Psegh p x iy g F) m £ —ap (b (X (Sue dy)),
stmp del:npow-suc)

apply (thin-tac Vm. (Pseqlp x ko qdF) m g (Psegh g x kv 4 F) m £
~ag (p£R bg X R d) = (Pseqlp x g g F) m+p —ap p +R
((Psegh g x kv a F) m £ —ag b X7 (Sucd)y)
apply (erule conjE)+
apply (rotate-tac —3,
drule-tac x = N in spec, erule exFE)
apply (rotate-tac 1,
drule-tac x = N in spec, erule exE)
apply (rename-tac d F p b N M1 M2)
apply (subgoal-tac ¥ m. (maz M1 M2) < m —
P-mod R (Vr K v) X (vp K v (Vr K v) (an N))
(Psegl g x kK va F) m *Rr —ar P *R
((Psegh g x ¢y a F) m £ —ap (b (X759 D)) blast)
apply (rule alll, rule impl)
apply (rotate-tac —2,
drule-tac x = m in spec, simp del:npow-suc)
apply (erule conjF)
apply (rotate-tac —5,
drule-tac x = m in spec, simp del:npow-suc)
apply (frule-tac n = an N in vp-apow-ideal]of v], simp del:npow-suc)
apply (frule Ring.ring-is-ag[of R])
apply (rule-tac I = vp K v (Vr K v) (an N) anq
p=(Psegl p x Ky qdF) m=ER —ap p and
¢ = (Psegh g x v a F) mEg —ap (b (X (5u¢ D)) in
PolynRg.P-mod-add[of R Vi K v X], assumption+)

apply (rule aGroup.ag-pOp-closed, assumption+)
apply (simp add:Psegl-mem, rule aGroup.ag-mQOp-closed, assumption+)

apply (rule aGroup.ag-pOp-closed[of R|, assumption)

apply (simp add:Psegh-mem, rule aGroup.ag-mOp-closed, assumption)
apply (rule Ring.ring-tOp-closed, assumption)

apply (frule PolynRg.subring[of R Vr K v X))

apply (simp add:Ring.mem-subring-mem-ring)

apply (frule PolynRg.X-mem-R[of R Vr K v X))

apply (rule Ring.npClose, assumption+)

apply (rule alll)

apply (thin-tac Vn.(Pseqgl p x v 4 F) n £r((Psegh g x K v a F) n) € carrier
R)

apply (erule conjE)+

apply (thin-tac ¥ n. deg R (Vr K v) X
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((Pseglp x kvaF)nEtr (Psegh g x kvdF) n) < an (Suc d))
apply (thin-tacVN. 3 M.V m>M. P-mod R (Vr Kv) X (vp K v (Vr K v) (an N))
((Pseglp x Kk vd F) m £R —ar p),
thin-tac VN. AM.Vm>M. P-mod R (Vr K v) X (vp K v (Vr K v) (an N))
(Psegh g x K v d F) m g —ap b X 7T (Suc ),
thin-tacVn. Fn = (Psegl p x kv d F) n £ (Pseqgh g x kv 4 F) 1))
apply (drule-tac x = m in spec,
drule-tac x = m in spec)
apply (subgoal-tac b - g xR (Suc d)
apply (frule Ring.ring-is-ag[of R])
apply (frule-tac x = p in aGroup.ag-mOp-closed|of R], assumption+)
apply (subst aGroup.ag-pOp-assoc|of R], assumption+)
(
(

€ carrier R)

apply (rule aGroup.ag-mOp-closed, assumption+)

apply (rule aGroup.ag-pOp-closed, assumption+)

apply (frule-tac v1 = —,p pand yI = (Pseqh g x i v 4 F) m and z1 =
—ap (bR (XAR (Suc d))) in aGroup.ag-pOp-assoc| THEN sym, of R],
assumption+)

apply (rule aGroup.ag-mOp-closed, assumption+, simp del:npow-suc)
apply (subst aGroup.ag-pOp-assoc| THEN sym]|, assumption+)

apply (rule aGroup.ag-mOp-closed, assumption+,

rule aGroup.ag-pOp-closed, assumption+)

apply (subst aGroup.ag-addj-rel[of R], assumption+)

apply (rule aGroup.ag-mOp-closed, assumption+)

apply (subst aGroup.ag-p-inv| THEN sym, of R], assumption+, simp del:npow-suc)

apply (rule Ring.ring-tOp-closed, assumption+,

frule PolynRg.subringlof R Vr K v X],

simp add: Ring.mem-subring-mem-ring,

rule Ring.npClose, assumption+, simp add:PolynRg.X-mem-R)
apply (rule alll)
apply (rule-tac F = F and n = n and d = d in Pseg-decompos|[of v R X],

assumption+, simp, simp)
apply (rule alll)
apply (rotate-tac —3, drule-tac x = N in spec)
apply (erule exFE)
apply (subgoal-tac¥nm. M <nAM<m—

P-mod R (Vr K v) X (vp K v (Vr K v) (an N))
(Pseah g X kv d F) n £k —ag (Pseqh g x i 4 4 F) m)))

apply blast
apply ((rule alll)+, rule impl)
apply (rotate-tac —2,

drule-tac x = n in spec,

rotate-tac —1,

drule-tac x = m in spec,

stmp)

apply (simp only: Psegh-def)
apply (subst v-hdeg-p-mOplof v R X|, assumption+)
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apply simp+

apply (frule Ring.ring-is-ag[of R])
apply (subst v-hdeg-p-pOplof v R X|, assumption+)
apply (simp, rule aGroup.ag-mOp-closed, assumption, simp, simp,
frule-tac p1 = F m in PolynRg.deg-minus-eql [THEN sym, of R Vr K v
X))
apply simp
apply (rotate-tac —1, frule sym,
thin-tac deg R (Vr K v) X (Fm) = deg R (Vr K v) X (—qp (F m)), simp)
apply (rule PCauchy-hTr[of v R X]|, assumption+)
apply (rule-tac x = Fnand y = —, g (F m) in aGroup.ag-pOp-closed|of R],
assumption+,
sitmp, rule aGroup.ag-mOp-closed, assumption+, simp)
apply (frule-tac p = F m in PolynRg.deg-minus-eql [of R Vr K v X],
simp,
rule-tac p = Fnand ¢ = —,p (Fm) and n = Suc d in
PolynRg.polyn-deg-add4[of R Vr K v X], assumption+,
sitmp, rule aGroup.ag-mOp-closed, assumption, simp+)

apply (rule conjl, rule alll, rule Pseql-mem, assumption+, simp)
apply (rule alll, simp)

apply (thin-tac VF. (Yn. F'n € carrier R) A
(Vn.deg R (Vr Kv) X (Fn) <and) A
(VN.IM.Vonm M <nAM<m-—
P-mod R (Vr Kv) X (vp K v (Vr K ) (anN)) (Fntpg —ap (Fm))) —
(3pecarrier R. Plimit g x i o F D))

apply (rule conjl, rule alll)

apply (subst Psegl-def)

apply (rule-tac p = F n and d = d in PolynRg.deg-ldeg-plof R Vr K v X],
assumption+)

apply simp+

apply (simp only: Pseql-def)

apply (rule alll)

apply (rotate-tac —1, drule-tac x = N in spec)

apply (erule exFE)

apply (subgoal-tacVnm. M <n A M < m —
P-mod R (Vr Kv) X (vp K v (Vr K v) (an N))

(ldeg-p R (Vr Kv) X d (Fn) £ —ap (ldeg-p R (Vr K v) X d (F m))))

apply blast

apply ((rule alll)+, rule impl, erule conjE)

apply (rotate-tac —3, drule-tac x = n in spec,
rotate-tac —1, drule-tac x = m in spec, simp)

apply (subst v-ldeg-p-mOp|of v R X|, assumption+, simp+)
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apply (frule Ring.ring-is-ag[of R])
apply (subst v-ldeg-p-pOplof v R X|, assumption+, simp,
rule aGroup.ag-mOp-closed, assumption, simp, simp,
frule-tac p = F m in PolynRg.deg-minus-eql[of R Vr K v X], simp)
apply simp
apply (rule PCauchy-lTr[of v R X], assumption+)
apply (rule-tac x = Fnand y = —, g (F m) in aGroup.ag-pOp-closed|of R],
assumption,
simp, rule aGroup.ag-mOp-closed, assumption+, simp)

apply (frule-tac p = F m in PolynRyg.deg-minus-eql [of R Vi K v X], simp,
rule-tac p = Fnand ¢ = —,p (Fm) and n = Suc d in
PolynRg.polyn-deg-add4[of R Vr K v X], assumption+,
stmp, rule aGroup.ag-mOp-closed, assumption, simp+)

done

lemma (in Corps) PCauchy-Plimit:[valuation K v; Completey K;

PolynRg R (Vr K v) X; PCauchyp x g » F] =
dp€carrier R. Plimitp x ko F'p

apply (simp add:pol-Cauchy-seq-def)

apply ((erule conjE)+, erule exE)

apply (frule-tac d = d in P-limitTrlof v R X], assumption+)

apply (drule-tac a = F in forall-spec, simp)

apply assumption

done

lemma (in Corps) P-limit-mult:[valuation K v; PolynRg R (Vr K v) X;
Vn. Fn € carrier R; ¥Yn. Gn € carrier R; pl € carrier R; p2 € carrier R;
Plimit RXKUFP‘Z; PlimitRXK’U Gp?]] -

Plimit p x g o (An. (Fn) +p (G n)) (p! +p p2)

apply (frule Vr-ring|of v],

frule PolynRg.is-Ring,
frule Ring.ring-is-ag[of R])

apply (simp add:pol-limit-def)

apply (rule conjI)

apply (rule alll)
apply (drule-tac x = n in spec,

drule-tac x = n in spec)

apply (simp add:Ring.ring-tOp-closed|of R])

apply (rule olll)
apply (rotate-tac 6,

drule-tac x = N in spec,

drule-tac x = N in spec)
apply (erule exE, erule exE, rename-tac N M1 M2)
apply (subgoal-tac ¥V m. (max M1 M2) < m —

P-mod R (Vr Kv) X (vp Kv (Vr K v) (an N))
(Fm) g (Gm)£g —ag (P1 +r p2)))
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apply blast

apply (rule alll, rule impl, simp, erule conjE)
apply (rotate-tac —4,
drule-tac x = m in spec,
drule-tac x = m in spec, simp)
apply (subgoal-tac (F m) -vp (G m) £ —ag p1 v P2 =
((F m) :l:R “aR pl) TR (Gm) :IZR p1 TR ((Gm) :tR “aR pg), simp)

apply (frule-tac n = an N in vp-apow-ideal]of v])
apply simp
apply (rule-tac I = vp K v (Vr K w) (an N) and
p=((Fm)+tr —agpl) +rg(Gm)and ¢=pl g ((Gm) LR —apg p2)
in PolynRg.P-mod-add[of R Vr K v X],
assumption+)
apply (rule Ring.ring-tOp-closed|of R], assumption+)
apply (rule aGroup.ag-pOp-closed, assumption) apply simp
apply (rule aGroup.ag-mOp-closed, assumption+) apply simp
apply (rule Ring.ring-tOp-closed[of R], assumption+)
apply (rule aGroup.ag-pOp-closed, assumption) apply simp
apply (rule aGroup.ag-mOp-closed, assumption+)
apply (frule Ring.whole-ideal[of Vi K v))
apply (frule-tac I = vp K v (Vr K'w) (an N) and J = carrier (Vr K v) and
p=Fm+p —.p pl and ¢ = G m in PolynRg.P-mod-multl[of R Vr K v X],
assumption,
rule aGroup.ag-pOp-closed, assumption+, simp, rule aGroup.ag-mOp-closed,
assumption+) apply simp apply assumption
apply (rotate-tac 8,
drule-tac x = m in spec)
apply (case-tac G m = Op, simp add:P-mod-def)
apply (frule-tac p = G m in PolynRg.s-cf-expr[of R Vr K v X|, assumption+,
(erule conjE)+)
thm PolynRg.P-mod-mod
apply (frule-tac I1 = carrier (Vr K v) and pI = G m and
¢l = s-¢f R (Vr Kv) X (G m) in PolynRyg.P-mod-mod| THEN sym,
of R Vir K v X], assumption+)
apply (simp,
thin-tac P-mod R (Vr K v) X (carrier (Vr K v)) (G m) =
(Vj<fst (s-¢f R (Vr Kv) X (G m)).
snd (s-¢f R (Vr K v) X (G m)) j € carrier (Vr K v)))
apply (rule alll, rule impl)
apply (simp add:PolynRg.pol-coeff-mem)
apply (simp add:Ring.idealprod-whole-r[of Vi K v])

apply (cut-tac I = carrier (Vr K v) and J = vp K v (Vr K v) (an N) and
p=pland ¢ = Gm xp —qp p2 in PolynRg.P-mod-multl[of R Vr K v X],
assumption+)

apply (simp only: Ring.whole-ideal, assumption+)

apply (rule aGroup.ag-pOp-closed, assumption—+, simp, rule aGroup.ag-mOp-closed,
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assumption+)
apply (frule PolynRg.s-cf-exprOjof R Vr K v X pl1], assumption+)
thm PolynRg.P-mod-mod
apply (cut-tac I1 = carrier (Vr K v) and p! = pI and
¢l = s-¢f R (Vr Kv) X pl in PolynRg.P-mod-mod| THEN sym,
of R Vr K v X|, assumption+)
apply (simp add:Ring.whole-ideal, assumption+)
apply (simp, simp, simp, (erule conjE)+,
thin-tac P-mod R (Vr K v) X (carrier (Vr K v)) pl =
(Vji<fst (s-¢f R (Vr K v) X pl).
snd (s-¢f R (Vr K v) X p1) j € carrier (Vr K v)))
apply (rule alll, rule impl)
apply (simp add:PolynRg.pol-coeff-mem, assumption)
apply (simp add:Ring.idealprod-whole-l[of Vi K v])
apply (drule-tac x = m in spec,
drule-tac x = m in spec)
apply (frule aGroup.ag-mOp-closed|[of R p1], assumption,
frule aGroup.ag-mOp-closed|of R p2], assumption )
apply (simp add:Ring.ring-distribl Ring.ring-distrib2)
apply (subst aGroup.pOp-assocTrf3[of R], assumption+,
(rule Ring.ring-tOp-closed, assumption+)+)
apply (simp add:Ring.ring-invi-1[THEN sym],
stmp add:Ring.ring-invl-2[THEN sym))
apply (frule-tac z = p1 and y = G m in Ring.ring-tOp-closed, assumption+,
frule-tac x = Fm and y = G m in Ring.ring-tOp-closed, assumption+,
simp add:aGroup.ag-l-invl aGroup.ag-r-zero)

done
definition
Hfst :: [-, 'b = ant, ('b, 'm1) Ring-scheme, 'b,'b, ('b set, 'm2) Ring-scheme, 'b
set, 'b, 'b, b, nat] = 'b
(11Hfst - - - .- .- _. ) [67,67,67,67,67,67,67,67,67,67,68)67) where
Hfstg y R xt Sy fgh™=Ist (HPrp (vi ko) Xt S Y fgh ™
definition
Hsnd :: [-, 'b = ant, ('b, 'm1) Ring-scheme, 'b,'b, ('b set, 'm2) Ring-scheme, b
set, 'b, 'b, b, nat] = b
((11Hsnd - - - - - - - - ) [67,67,67,67,67,67,67,67,67,67,68]67) where

Hsndg y g xtSyfghm=snd (Hprp (vi o) Xt S Y fgh ™

lemma (in Corps) Hensel-starter:[valuation K v; Completey K;
PolynRg R (Vr K v) X; PolynRg S (Vr K v) /. (vp K v)) Y;
t € carrier (Vr Kv); op Kv= (VrKv) $p t;
[ € carrier R; f # Op; g’ € carrier S; h' € carrier S;
0 <deg S (VrKv)/y (vp Kv)) Yy’
0 < deg S (VrKv) /[y (vp Kv)) YR/
((erHR (VrKv) XS ((VrKwv) /[, (vp Kv)) Y
(0 (VK v) (p K0) ) = ¢ v I
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rel-prime-pols S ((Vr K v) /» (vp K v)) Y ¢' h] =
dgh.g#ORp AN h#O0pR A g € carrier R A h € carrier R A
deg R (Vr Kv) Xg<degS (VrKv) /. (VrKv){pt) Y
(erHR(VrKv) XS (VrKwv) /, (VrKv)$p,t) Y
(5] (Vi K ) (Vi K 0) Op 1)) 9) A (deg R (Vi K v) X h +
deg S (VrKwv) [/ (VrKv)$pt)) Y(erHR (VrKv) XS
(VK o) /y (W K 0) Op 1) Y (0 (V K 0) (Ve K ) Oy 8) 9)
< deg R (Vr Kv) X f)
(erHR (VrKv) XS ((VrKwv) /r (vp Kv)) Y
(pj (Vr Kv) (vp Kv))) g=g'A
(erHR (VrKv) XS (VrKwv) /. (vp Kv)) Y
i (VI (o K ) =11
0 < deg S ((Vr Kv) /r (MIrKov)$pt) Y
(erHR (VrKv) XS (Vr Kv) /, ((VTKU) Op 1) Y
(pj (Vr K v) (Vr K v) Op 1) g) A
0 <degS(VrKwv) /, (VrKov)$pt) Y
(erHR (VrKv) XS ((VrKv) [/, (VrKv) $,t) Y
(pj (Vr Kv) (Vr Kv) $p t)) h) A
rel-prime-pols S (Vr K v) [ (Vr Kv) $p t)) Y
(erHR (VrKv) XS (VrKv) /r (VP Kv) $pt) Y
(5] (Vi K v) ((Vr K 0) O 1)) 9)
(erHR (VrKv) XS ((VrKv) /» (VrKv) $,t) Y
(pj (Vr Kv) (Vr Kv) $p t)) h) A
P-mod R (Vr Kv) X (VrKv) $pt) (f £p —ar (9 vr R))
apply (frule Vir-ring|of v],
frule PolynRg.subringlof R Vr K v X],
frule vp-mazimal [of v], frule PolynRg.is-Ring,
frule Ring.subring-Ringlof R Vi K v], assumption+,
frule Ring.residue-field-cd[of Vr K v vp K v], assumption+,
frule Corps.field-is-ring[of Vr K v /. vp K v),
frule pj-Hom[of Vr K v vp K v], frule vp-ideal[of v],
simp add: Ring.mazimal-ideal-ideal)
apply (frule Corps.field-is-idom[of (Vr K v) /. (vp K v)],
frule Vir-integral]of v], simp,
frule Vr-mem-f-mem[of v t|, assumption+)
apply (frule PolynRg.erH-invjof R Vi K v X Vr K v $, t S Y ¢/,
assumption+, simp add:Ring.maximal-ideal-ideal,
simp add: PolynRg.is-Ring, assumption+, erule bexE, erule conjE)
apply (frule PolynRg.erH-invjof R Vi K v X Vr Kv $, t S Y A/,
assumption+, simp add:Ring.maximal-ideal-ideal,
simp add: PolynRg.is-Ring, assumption—+, erule bezE, erule conjE)
apply (rename-tac g0 h0)
apply (subgoal-tac g0 # 0p A h0 # 0 A
deg R (Vr K v) X g0 <
deg S (VrKv /[r (VrKvpt) Y (erHR (VrKwv) XS
(VrKov /[, (VirKv$pt) Y (pf (Ve Ko) (Ve Koy t)) go) A
deg R(Vr Kv) Xh0 +degS (VrKv /., (VrKv{pt) Y
(erHR(VrKv) XS (VrKv /, (rKv{,t) Y
(pj (VrKv) (VrKv$p,t) g0) <deg R (VrKuv)XfA
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0<degS (VrKv /., (VrKvpt) Y (erHR (VrKv) XS
(VrKv /, (VrKovpt) Y (pj (VrKo) (Vr Koy t)) g0) A
0<degS (VrKv /[ (ViKv{pt) Y (erHR (VrKuv) XS
(VrKv /[, (VrKopt) Y (pj (VP Ko) (Ve Ko $pt)) RO) A
rel-prime-pols S (Vr Kv [/, (Vr Kv $p t)) Y
(erHR(VrKv) XS (VrKv /., (VrKv{,t) Y
(5] (Vi K ) (Ve K 0 Gy 1)) 60)
(erHR(VrKv) XS (VrKv /p (VrKv{pt) Y
(pj (Vr Kv) (Vr Kv $p t)) h0) A
P-mod R (Vr Kv) X (Vr Kv$pt) (f £p —ap 90 -rg h0))
apply (thin-tac g’ € carrier S,
thin-tac h' € carrier S,
thin-tac 0 < deg S (Vr Kv [, (Vr K v $p t)) Yy,
thin-tac 0 < deg S (Vr Kv /. (Vr Kv $p t)) YR,
thin-tacerHR (Vr Kv) XS (VrKv [, (VrKv$pt) Y
(57 (Ve K ) (VK v Oy 1)) f = g v B
thin-tac rel-prime-pols S (Vr Kv /., (Vr Kv $p t)) Y g' b/,
thin-tac Corps (Vr K v [/, (Vr K v {, t)),
thin-tac Ring (Vr Kv /. (Vr K v {p t)),
thin-tac vp K v = Vr K v {,, t)
apply blast
apply (rule conjI)
apply (thin-tac 0 < deg S (Vr Kv /, (Vr Kv $pt)) YR,
thin-tacerH R (Vr Kv) XS (VrKv [/, (Vr Koy t) YV
(pj (Vr Kv) (Vi KvQpt) f=g"vgh,
thin-tac rel-prime-pols S (Vr K v /. (Vr K v $, t)) Y g' b/,
thin-tacerHR (Vr Kv) XS (VrKv [/, (VrKv$pt) Y
(pj (Vr Kv) (Vr Koy, t)) h0 =1/,
thin-tac deg R (Vr K v) X h0 < deg S (Vr K v /. (Vr K v {p 1)) Y B)
apply (rule contrapos-pp, simp+)
apply (simp add:PolynRg.erH-rHom-0[of R Vir K v X S
VrKv /[, (VrKov$pt) Ypj (VrKo) (VrKov <y t)])
apply (rotate-tac —3, drule sym, simp add:deg-def)
apply (drule aless-imp-le[of 0 —o<],
cut-tac minf-le-any|of 0],
frule ale-antisym[of 0 —oc], simp only:ant-0[ THEN sym], simp)

apply (rule conjI)
apply (thin-tac 0 < deg S (Vr Kv /. (VrKv $p t)) Yg',
thin-tacerH R (Vr Kv) XS (VrKv [/, (Vr Koy t) YV
(pj (Vr Kv) (Vr KvQpt) f=g"vgh,
thin-tac rel-prime-pols S (Vr K v /. (Vr K v $, t)) Y g' b,
thin-tacerHR (Vr Kv) XS (VrKv [/, (VrKv$,t) Y
(pj (Vr Kv) (Vr Koy, t)) g0 =g/,
thin-tac deg R (Vr K v) X h0 < deg S (Vr K v /. (Vr K v {p t)) Y B)
apply (rule contrapos-pp, simp+,
simp add:PolynRg.erH-rHom-0lof R Vr Kv X S
VrKv /[, (VrKov$pt) Ypj (VrKo) (VrKov$pt)])
apply (rotate-tac —2, drule sym, simp add:deg-def)
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apply (frule aless-imp-le[of 0 —o0], thin-tac 0 < — oo,
cut-tac minf-le-anylof 0],
frule ale-antisym[of 0 —oc], simp only:ant-0[ THEN sym], simp)

apply (frule-tac z = deg R (Vr K v) X h0 and
y=deg S (VrKv /., (VrKv{,t)) Yh'and
z=deg S (VrKuv [, (VrKov <y t) Yy in aadd-le-mono)
apply (simp add: PolynRg.deg-mult-pols1 [THEN sym, of S
VrKv /. (Vr Ko, t) YR g)
apply (frule PolynRg.is-Ring[of S Vr K v /, (Vr K v $p t) Y],
simp add: Ring.ring-tOp-commute[of S h' ¢'])
apply (rotate-tac 11, drule sym)
apply simp
apply (frule PolynRg.erH-rHom|[of R Vr K v X S
(VrKv) [ (VrKv$pt) Ypj (VhKo) (VrKov$pt),
assumption+)
apply (frule PolynRg.pHom-dec-deglof R Vr Kv X S (Vr K v) /[, (Vr K v {, t)
YerHR (VrKv) XS (VrKwv) [ (VrKuv$pt))
Y (pj (Vr Kv) (Vr Kv $pt)) fl, assumption)
apply (frule-tac i = deg R (Vr K v) X h0 +
deg S (VrKv /. (Vr Kv$pt)) Yy in ale-trans|of -
deg S (VrKv /[, (VrKv{pt) Y
(erHR(VrKv) XS (VrKv /., (VrKv{pt) Y
(pj (VrKv) (VrKvpt)) f) deg R (Vr K wv) X f],
assumption+) apply simp
apply (thin-tac deg R (Vr K v) X h0 +
deg S (VrKv /[, (VrKv{pt)) Yy <degR(VrKo) Xf,
thin-tac deg S (Vr Kv /[, (VrKv {pt)) Y
(erHR(VrKv) XS (VrKv /, (VrKv{pt) Y
(pj (VrKv) (VrKv$,t)f) <degR (VrKv)Xf,
thin-tac 0 < deg S (Vr Kv [/, (Vr K v, t)) Vg,
thin-tac 0 < deg S (Vr Kv /. (VrKv $p t)) YR,
thin-tac deg R (Vr K v) X h0 + deg S (Vr Kv /, (VrKv $, t)) Yg’
<deg S (VrKuv /., (VrKv{,t)Y
(erHR(VrKv) XS (VrKv /., (VrKv{pt) Y
(07 (Vr K 0) (Vi K 0 Gy 1) ),
thin-tac rel-prime-pols S (Vr Kv /, (Vr Kv {p, t)) Y g' b))
apply (rotate-tac 12, drule sym)
apply (drule sym)
apply simp
apply (frule-tac x = g0 and y = h0 in Ring.ring-tOp-closed|of R),
assumption+)
apply (thin-tac deg R (Vr K v) X h0 < deg S (Vr Kv /, (VrKv {p t)) Y
(erHR(VrKv) XS (VrKv /., (rKvpt) Y
(pj (Vr Kv) (Vr K v $p t)) h0),
thin-tac h’'=erHR (VrKv) XS (VrKv /., (VrKvpt) Y
(pj (Vr Kv) (Vr Kv $p t)) ho,
thin-tac ¢’ =erHR (Vr Kv) XS (VrKv /., (VrKv$pt) Y
(0] (Vi K ) (Ve K 0 Gy 1)) 90,

—_—

206



thin-tac deg R (Vr K v) X g0 < deg S (VrKv /, (VrKv{pt)) Y
(erHR(VrKv) XS (VrKv /, (VrKv{pt) Y
(0] (Vi K ) (Vi K 0 %y 1)) 90))
apply (subst PolynRg.P-mod-diff THEN sym, of R Vi Kv X Vr K v $p ¢
S Y f], assumption+) apply (simp add:Ring.maximal-ideal-ideal, assump-
tion+)
apply (rotate-tac 12, drule sym)
apply (subst PolynRg.erH-multfof R Vr Kv X S Vr Kv /. (Vr K v {p t)
], assumption+)
done

lemma aadd-plus-le-plus:[ a < (a":ant); b < b] = a + b < a’ + b’
apply (frule aadd-le-monolof a a’ b))

apply (frule aadd-le-mono[of b b’ o))

apply (simp add:aadd-commute[of - a'])

done

lemma (in Corps) Hfst-PCauchy:[valuation K v; Completey K;
PolynRg R (Vr K v) X; PolynRg S (Vr Kv [/, (Vr K v {, t)) Y5 g0 € carrier
R;
hO € carrier R; f € carrier R; f # 0p; g0 # Op; h0 # Op;
t € carrier (Vr Kv); vpKv=VrKuv,t;
deg R (VrKv) X g0 <degS (VrKv /., (VirKv{,t) Y (erHR(VrKv) XS
(VrKv /p, (VrKovpt) Y (pj (VP Ko) (Ve Koy t)) g0);
deg R (Vr Kv) XhO + deg S (VrKv /. (VirKv$pt) Y (erHR (VrKv) X
S
(VrKv /, (VrKovopt) Y (pj (VrKo) (Vr Koy t)) g0)
< deg R (Vr Kv) X f;
0<degS(VrKov /. (VrKvpt) Y (erHR (VP Kwv) XS
(VrKv /. (VrKovp,t) Y (pj (VrKo) (Ve Ko $pt)) g0);
0<degS(VrKv /., (VrKv$pt) Y(erHR (VrKv) XS
(VrKv /, (VrKvpt) Y (pj (VP Ko) (Ve Ko, t)) hO);
rel-prime-pols S (Vr Kv [/, (Vr Kv $pt)) Y (erHR (VrKwv) X S
(VrKv /[, (VrKv$pt) Y (pj (VrKo) (Ve Koy t)) g0)
(erHR(VrKv) XS (VrKv /., (VrKvipt) Y
(pj (Vr Kv) (Vr Kv $p t)) h0);

erHR(VrKv) XS (VrKv /., (VrKv{,t) Y
(pj (VrKv) (VrKv,t)) f=
erHR(VrKv) XS (VrKv /., (VrKv{,t) Y
(pj (VrKwv) (VrKov$pt)) g0 g
erHR (VrKv) XS (WrKv/, (VrKv,t)Y
(pj (Vr Kv) (VrKov$y,t)) W] =
PCauchy p x ko Hfst KvRXtS Y fg0hO

apply (frule Vr-integral[of v, frule vp-ideal[of v],
frule Vr-ring, frule pj-Hom[of Vir K v vp K v], assumption+,
simp add:PolynRg.erH-mult[THEN sym, of R Vr K v X S
VrKv /. (VrKv,t) Ypj (VrKo) (Vr Koy, t) g0 ho],
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frule PolynRg.P-mod-diff[THEN sym, of R Vi Kv X Vir Kv $, tSY
f g0 -+ g h0], assumption+,
frule PolynRg.is-Ring|of R], rule Ring.ring-tOp-closed,
assumption+)
apply (simp add:pol-Cauchy-seq-def, rule conjl)
apply (rule alll)

apply (frule-tac t = t and g = g0 and h = h0 and m = n in
PolynRyg. P-mod-diffrzz5-2[of R Vr K v X - S Y f],
rule Vr-integral[of v], assumption+, simp add:vp-gen-nonzero,
drule sym, simp add:vp-mazimal, assumption+)

apply (subst Hfst-def)
apply (rule cart-prod-fst, assumption)
apply (rule congl)
apply (subgoal-tac Vn. deg R (Vr K v) X (Hfst gy g Xt S Y fg0oho ™) <
an (deg-n R (Vr K v) X f))
apply blast
apply (rule alll)
apply (frule Vr-integral[of v],
frule-tac t = t and g = g0 and h = h0 and m = n in
PolynRyg. P-mod-diffrzz5-4[of R Vr K v X - S Y f], assumption+,
simp add:vp-gen-nonzero,
drule sym, simp add:vp-mazimal, assumption+)
apply (subst PolynRg.deg-an| THEN sym], (erule conjE)+, assumption+)
apply (simp add:Hfst-def, (erule conjE)+)
apply (frule-tac i = deg R (Vr K v) X (fst (Hpr p (Vr Kv) XtSYfg0ho n))
and
j=degR (VrKv) Xg0and k=deg S (VrKv /., (VrKvpt) Y
(erHR(VrKv) XS (VrKv /., (rKv{,t) Y
(pj (Vr Kv) (Vr K v $p t)) g0) in ale-trans, assumption+,
frule PolynRg.nonzero-deg-pos[of R Vr K v X h0], assumption+,
frule-tac t = 0 and y = deg R (Vr K v) X h0 and z = deg S
(VrKv/, (VrKvd,t) Y(erHR(VPKv) XS (VrKv /[, (VrKvu,t) Y
(pj (Vr Kv) (Vr K v $p t)) g0) in aadd-le-mono, simp add:aadd-0-1)
apply (rule alll)
apply (subgoal-tac Vnm. N <n AN <m—
P-mod R (Vr K v) X (Vr K v &, t (VP K v) (an N)y
(Hfst ko RXtSYfg0ho™ tR —ar (Hfst Ky R X 1S Y fg0 h0 ™))
apply blast
apply ((rule alll)+, rule impl, (erule conjE)+,
frule Vr-integral]of v, frule vp-gen-nonzerolof v t], assumption+,
frule vp-mazimal[of v))
apply (frule-tac t = t and g = g0 and h = h0 and m = n in
PolynRyg. P-mod-diffrzz5-2[of R Vir K v X - S Y f], assumption+, simp,
assumption+,
frule-tac t = t and g = g0 and h = h0 and m = m in
PolynRyg. P-mod-diffrzz5-2[of R Vir K v X - S Y f], assumption+, simp,
assumption+,
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frule-tac t = t and g = g0 and h = h0 and m = N in
PolynRg. P-mod-diffrzz5-2[of R Vr K v X - § Y f], assumption+, simp,
assumption+,
frule-tac x = Hpr p (Vi Kv) XtSYfg0ho™ in cart-prod-fst]of -
carrier R carrier R],
frule-tac x = Hpr p (Vi Kv) Xt 8 Yfg0ho N in cart-prod-fst[of -
carrier R carrier R],
frule-tac x = Hpr p (Vi Kv) XtSYfg0ho™ in cart-prod-fstof -
carrier R carrier R],
thin-tac Hpr p (ViKv) XtSYfgoho ™€ carrier R X carrier R,
thin-tac Hpr p (VrKv) XtSYfgoho ™€ carrier R X carrier R)
apply (frule PolynRg.is-Ring)
apply (case-tac N = 0, simp add:r-apow-def)
apply (rule-tac p = Hfst gk v R Xt § Yfgoho ™ R
—ar (Hfst Kk y R Xt 5 Y fgoho ™) In
PolynRyg.P-mod-whole[of R Vir K v X], assumption+,
frule Ring.ring-is-aglof R], simp add:Hfst-def,
rule aGroup.ag-pOp-closed, assumption+, rule aGroup.ag-mOp-closed,
assumption+)

apply (frule-tac t = t and ¢ = g0 and h = h0 and m = Nand n =n — N in

PolynRyg. P-mod-diffrzz5-3[of R Vr K v X - S Y f], assumption+,

simp+, (erule conjE)+,

frule-tac t = t and g = g0 and h = h0 and m = N and n = m — N in

PolynRyg. P-mod-diffrzz5-3[of R Vir K v X - S Y f], assumption+,

simp, (erule conjE)+,

thin-tac P-mod R (Vr K v) X (Vr K v $, (tA( Vi K ) Ny (snd

(Hpr p (Vi ko) Xt S Y fg0ohoN) TR —ar (snd (Hpr g (v K ) Xt S Y f g0 ho

n))),

thin-tac P-mod R (Vr K v) X (Vr K v $, (tA(VT Kv) Ny (snd

(Hpr g (vi K o) Xt S Y fg0hoN) R —ar (snd (Hpr g (v ko) Xt 5 Y f 90 ho
"))
apply (frule Vr-ring|of v],
simp only: Ring.principal-ideal-n-powl [THEN sym],
drule sym, simp, frule vp-ideal[of v],
simp add: Ring.ring-pow-apow,
frule-tac n = an N in vp-apow-ideal|of v], simp,
frule Ring.ring-is-ag|of R],
frule-tac x = fst (Hpr p (Vi Kv) Xt S Y fg0ho n) in
aGroup.ag-mOp-closed|of R], assumption)

Vr K v) (an N) and

apply (frule-tac I = vp K v (
p= (st (Hpr g (vr kv) Xt S Y fgohoN) £R
—ap (fst (Hpr g (Vi Kv) XtS8Yfg0ho n)) in PolynRg.P-mod-minus|[of R
Vr K v X], assumption+)

apply (rule aGroup.ag-pOp-closed, assumption+,
stmp add:aGroup.ag-p-inv aGroup.ag-inv-inv)
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apply (frule Ring.ring-is-ag,
frule-tac x = —,p fst (Hpr p (VrK o) XtSYfg0ho N) and
y = fst (Hpr p (Vi Kv) XtSYfg0ho n) in aGroup.ag-pOp-commute)
apply(rule aGroup.ag-mOp-closed, assumption+, simp,
thin-tac —a g fst (Hpr g (vi ko) Xt S Y fg0ho V) TR
fst (Hpr g (v ko) xtS v fgono™ =5t (HPY R (Vi K 0) Xt S Y fg0h0
’I“L) :tR
—aR fst (Hpr R (vr ko) Xt S Y fgoho N))
apply (frule-tac I = vp K v (Vr K v) (an N) and
p="Jfst (Hpr R (vr ko) XtSYfgoho™ ER
—aRr Jst (HPT R (vr K v) X t S Y f g0 ho ) and
q=Jst (Hpr R (vi ko) Xt S Yfgoho N) £R
—apR fst (Hpr p (Vi Kv) XtSYfg0ho m) in PolynRg.P-mod-add|of
R Vr K v X], assumption+)
apply (rule aGroup.ag-pOp-closed, assumption+,
rule aGroup.ag-mOp-closed, assumption+)
apply (rule aGroup.ag-pOp-closed, assumption+,
rule aGroup.ag-mOp-closed, assumption+)
apply (frule-tac x = fst (Hpr p (Vr Kv) XtSYfg0ho N) in
aGroup.ag-mOp-closed, assumption+,
frule-tac x = fst (Hpr p (Vi Kv) XtSYfg0ho m) in
aGroup.ag-mOp-closed, assumption+,
simp add:aGroup.pOp-assocTr43|of R] aGroup.ag-l-invl aGroup.ag-r-zero)
apply (simp add:Hfst-def)
done

lemma (in Corps) Hsnd-PCauchy:[valuation K v; Completey K;
PolynRg R (Vir K v) X; PolynRg S (Vr Kv [, (Vr Kv {p t)) Y g0 € carrier
R;
hO € carrier R; f € carrier R; f # 0p; g0 # Op; h0 # Op;
t € carrier (Vr Kv); vpKv=VrKuvy,t;
deg R (VrKv) X g0 <degS (VrKv /., (VirKv{,t) Y (erHR(VrKv) XS
(VrKv /p, (VrKovpt) Y (pj (VrKo) (Ve Koy t)) g0);
deg R (Vr Kv) XhO + deg S (VrKv /., (VrKv$pt) Y (erHR (VrKv) X
S
(VrKv /, (VrKopt) Y (pj (VrKo) (Vr Koy t)) g0)
< deg R (Vr Kv) X f;
0<degS (VrKov /. (VrKvpt) Y (erHR (VP Kwv) XS
(VrKv /[, (VrKov$pt) Y (pj (VrKov) (Ve Koy t)) g0);
0<degS(VrKv /., (VrKv$pt) Y(erHR(VrKv) XS
(VrKv /, (VrKov,t) Y (pj (VP Ko) (Ve Ko, t)) hO);
rel-prime-pols S (Vr Kv [/, (Vr Kv $pt)) Y (erHR (VrKwv) X S
(VrKv /[, (VrKv$pt) Y (pj (VrKo) (Ve Koy t)) g0)
(erHR(VrKv) XS (VrKv /., (VrKvipt) Y
(pj (Vr Kv) (Vr Kv $p t)) h0);
erHR (VrKv) XS (VrKv /., (VrKov{,t) Y

(pj (Vr K v) (Vr Kv$pt) f=
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erHR(VrKv) XS (WrKv/, (VrKv,t)Y
(pj (Vr K v) (Vr Kv $p 1) 90 g
erHR (ViKv) XS (VrKv /[, (VrKv{,t) Y
(pj (Vr Kv) (VrKov$,t)) W] =
PCauchy p x gy Hsnd Kv R Xt S Y f g0 hO

apply(frule Vr-integral[of v], frule vp-idealof v],
frule Vr-ring, frule pj-Hom[of Vi K v up K v], assumption+,
simp add:PolynRg.erH-mult[THEN sym, of R Vr K v X S
VrKv /. (VrKov$,t) Ypi (VrKo) (VKo t) g0 ho],
frule PolynRg.P-mod-diff[THEN sym, of R Vi Kv X Vr Kv $, tSY
f g0 -+ g hO], assumption+,
frule PolynRg.is-Ring[of R], rule Ring.ring-tOp-closed,
assumption+)
apply (simp add:pol-Cauchy-seq-def, rule conjl)
apply (rule alll)

apply (frule-tac t = t and ¢ = g0 and h = h0 and m = n in
PolynRyg. P-mod-diffrzz5-2[of R Vr Kv X - S Y f],
rule Vr-integral[of v], assumption+, simp add:vp-gen-nonzero,
drule sym, simp add:vp-mazimal, assumption+)

apply (subst Hsnd-def)
apply (rule cart-prod-snd, assumption)
apply (rule conjl)
apply (subgoal-tac Vn. deg R (Vr K v) X (Hsnd g y R Xt S Y fg0ho ™) <
an (deg-n R (Vr K v) X f))
apply blast
apply (rule alll)
apply (frule Vr-integral[of v],
frule-tac t = t and g = g0 and h = h0 and m = n in
PolynRyg. P-mod-diffrzz5-4[of R Vir K v X - S Y f], assumption+,
simp add:vp-gen-nonzero,
drule sym, simp add:vp-mazimal, assumption+)
apply (subst PolynRg.deg-an[THEN sym]|, (erule conjE)+, assumption+)

apply (simp add: Hsnd-def)
apply (rule olll)
apply (subgoal-tac Vnm. N <n AN <m—
P-mod R (Vr K v) X (Vr K v &, t (V7 K v) (an N))
(Hsnd K y R X1t SYfgoho™ TR —ar (Hnd gy R X 1S Y g0 ho ™))
apply blast
apply ((rule alll)+, rule impl, (erule conjE)+)
apply (frule Vr-integral[of v], frule vp-gen-nonzero[of v t], assumption+)
apply (frule vp-mazimal]of v])
apply (frule-tac t = t and g = g0 and h = h0 and m = n in
PolynRyg. P-mod-diffrzz5-2[of R Vir K v X - S Y f], assumption+, simp,
assumption—+)
apply (frule-tac t = t and ¢ = g0 and h = h0 and m = m in
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PolynRg. P-mod-diffrzz5-2[of R Vir K v X - § Y f], assumption+, simp,
assumption+,
frule-tac t = t and g = g0 and h = h0 and m = N in
PolynRyg. P-mod-diffrzz5-2[of R Vir K v X - S Y f], assumption+, simp,
assumption,
Jrule-tac x = Hpr p (Vi Kv) XtSYfgoho™ in cart-prod-snd|of -
carrier R carrier R],
frule-tac x = Hpr p (Vi Kv) XtSYfqg0ho N in cart-prod-snd[of -
carrier R carrier R],
frule-tac x = Hpr p (Vi Kv) XtSYfg0ho™ in cart-prod-snd[of -
carrier R carrier R],
thin-tac Hpr p (VrKv) XtSYFfgoho™€ carrier R x carrier R,
thin-tac Hpr p (ViKv) XtSYfgoho ™€ carrier R X carrier R)
apply (frule PolynRg.is-Ring)
apply (case-tac N = 0, simp add:r-apow-def)
apply (rule-tacp = Hsnd gy g x ¢ § Yfgoho ™ ER
—ap (Hsnd j¢ 4y R Xt S v g0 ho ™) in
PolynRg. P-mod-whole[of R Vr K v X|, assumption+,
frule Ring.ring-is-aglof R], simp add:Hsnd-def,
rule aGroup.ag-pOp-closed, assumption+, rule aGroup.ag-mOp-closed,
assumption+)

apply (frule-tac t = t and g = g0 and h = h0 and m = N and n =n — N in
PolynRg. P-mod-diffrzz5-3[of R Vr K v X - S Y f], assumption+)

apply simp+

apply (erule conjE)+

apply (frule-tac t = t and g = g0 and h = h0 and m = N and n = m — N in
PolynRg. P-mod-diffrzz5-3lof R Vr K v X - § Y f], assumption+)

apply simp apply (erule conjE)+

apply (thin-tac P-mod R (Vr K v) X (Vr K v {, (tﬁ(w Kv) NyY (fst

(Hpr g (Vi K o) Xt S Y fg0h0N)ER —ar (fst (HPr g (v i v) Xt S Y f 90 hO

n))),
thin-tac P-mod R (Vr K v) X (Vr K v $, (t/{ Vi K ) N)) (fst

(Hpr g (vr ko) Xt S Y fg0h0 N) FR —ar st (HPT B (Vi K v) X ¢S Y f g0 ho

m))))
apply (frule Vr-ring[of v])
apply (simp only:Ring.principal-ideal-n-powl [ THEN sym])
apply (drule sym, simp, frule vp-ideal[of v])
apply (simp add:Ring.ring-pow-apow,

frule-tac n = an N in vp-apow-ideal[of v], simp,

frule Ring.ring-is-aglof R],

frule-tac x = snd (Hpr p (VrKv) XtSYfg0ho n) in

aGroup.ag-mOp-closed|of R], assumption)

(Vr Kv) (an N) and

apply (frule-tac I = vp K v
p=(snd (Hpr g (v ko) Xt S Y fg0ho V) £R
—apR (snd (Hpr g (VP Kv) XtSYfg0ho n)) in PolynRyg.P-mod-minus|of R
Vr K v X|, assumption+)
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apply (rule aGroup.ag-pOp-closed, assumption+,

stmp add:aGroup.ag-p-inv aGroup.ag-inv-inv)
apply (frule Ring.ring-is-ag,

frule-tac x = —,p snd (Hpr p (VrKv) XtSYfg0ho N) and

y = snd (Hpr g (Vi Kv) XtSYfg0ho n) in aGroup.ag-pOp-commute)
apply(rule aGroup.ag-mOp-closed, assumption+, simp,

thin-tac —q g snd (Hpr p (VrK o) XtSYfg0ho N) +p

snd (Hpr g (v K o) Xt S Y fg0ho™ = $nd (HPT R (Vi K v) X £ S Y f g0 ho
n) £p

—ar snd (Hpr g (Vi ko) Xt S Y f g0 ho V)

(Vr K v) (an N)

apply (frule-tac I = vp K v and

p=snd (Hpr g (v Kv) XtS Y fgoho™ TR
—apr snd (Hpr g (v k) X t S v f g0 ho V) and
¢ =snd (Hpr g (vy ko) xtS vV fgohoN) £R
—ap snd (Hpr g (VrKv) XtSYfg0ho m) in PolynRg.P-mod-add|of
R Vr K v X], assumption+)
apply (rule aGroup.ag-pOp-closed, assumption+,
rule aGroup.ag-mOp-closed, assumption+)
apply (rule aGroup.ag-pOp-closed, assumption+,
rule aGroup.ag-mOp-closed, assumption+)
apply (frule-tac x = snd (Hpr p (VP K o) XtSYfg0ho N) in
aGroup.ag-mOp-closed, assumption+,
frule-tac x = snd (Hpr g (Vr Kv) XtSYfg0ho m) in
aGroup.ag-mOp-closed, assumption+,
stmp add:aGroup.pOp-assocTrf3[of R] aGroup.ag-l-invl aGroup.ag-r-zero)
apply (simp add:Hsnd-def)
done

lemma (in Corps) H-Plimit-f:[valuation K v; Complete, K;
t € carrier (Vr Kv); op Kv=VrKuv <, t
PolynRg R (Vr K v) X; PolynRg S (Vr Kv /. (Vr Kv $p t)) Y
f € carrier R; f # Op; g0 € carrier R; h0 € carrier R; g0 # Op;
h0 # Op;
0<degS (VrKv /. (VrKvpt) Y
(erHR(VrKv) XS (VrKv /., (rKv{,t) Y
(5j (Vi K 0) (Vi K 0 Gy ) 60)
0<degS (VrKv /. (VrKvdpt)) Y
(erHR(VrKv) XS (VrKv /r (VrKv{pt) Y
(pj (Vr Kv) (Vr Kv $p t)) h0);
deg R (Vr K v) X h0 +
deg S (VrKv /[, (VrKv{p,t) Y
(erHR(VrKv) XS (VrKv /., (rKv$pt) Y
(pj (VrKv) (VrKv,t)) g0) < deg R (VrKuv)Xf;

)

rel-prime-pols S (Vr K v [/, (Vr Kv $p t)) YV
(erHR(VrKv) XS (VrKv /., (VrKvpt) Y
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(pj (Vr K v) (VI Kv$p 1)) g0)
(erHR(VrKv) XS (VrKv /, (VrKv{pt) Y
(pj (Vr Kwv) (Vr Kv $p t)) h0);

erHR(VrKv) XS (VrKv /., (VrKv{,t) Y
(pj (VrKv) (VrKov$,t)) f=
erHR(VrKv) XS (VrKv /., (VrKv{pt) Y
(pj (Vr K v) (Vr K v $p 1) g0 g
erHR (VrKv) XS (VrKv /, (VrKv,t) Y
(pj (Vr Kv) (Vr K v $p t)) ho;

deg R (Vr K v) X g0
<deg S (VrKv/, (VrKv{,t)Y
(erHR(VrKv) XS (VrKv /., (VrKv{,t) Y
(pj (Vr K ) (Vr K v $p 1)) g0);

g € carrier R; h € carrier R;
Plimit p x g o (Hfst KvRXtSYfg0h) g;
Plimit p x ¢ (Hsnd Kv R Xt S Y fg0h0) h;
Plimit g x j¢ o (A (Hfst gk y R Xt S Y fg0ho ™) vR
(Hsnd g yR Xt S Y fg0ho™) (9 vR h)]
= Plimit g x jco (An. (Hfst k y R Xt S Y fg0h0 ™) TR
(Hsnd gy R Xt S Y fg0ho ™) [
apply (frule Vr-integral[of v], frule vp-ideal[of v],
frule Vr-ring, frule pj-Hom[of Vi K v up K v], assumption+,
simp add:PolynRg.erH-mult{THEN sym, of R Vr K v X S
VrKv /. (VrKv$pt) Ypj (VrKo) (VrKov$pt) g0 h0))
apply(frule PolynRg.P-mod-diffjof R Vi Kv X Vr Kv $p t SY
f 90 - g h0], assumption+,
frule PolynRg.is-Ring|of R], rule Ring.ring-tOp-closed,
assumption+, simp)
apply (simp add:PolynRg.erH-multjof R Vr K v X S
VrKv /[, (VrKv$,t) Ypj (Ve Ko) (Ve Koy t) g0 h0])
apply (frule PolynRg.is-Ring|of R])
apply (frule Hfst-PCauchylof v R X St Y g0 hO f], assumption+,
frule Hsnd-PCauchy[of v R X St Y g0 ho f], assumption+)
apply (subst pol-limit-def)
apply (rule conjI)
apply (rule alll)
apply (rule Ring.ring-tOp-closed, assumption)
apply (simp add:pol-Cauchy-seq-def, simp add:pol-Cauchy-seq-def)
apply (rule alll)
apply (subgoal-tac YV m>N. P-mod R (Vr K v) X (vp K v (Vr K v) (an N))

(Hfst kwRXtSYfgoho™) +r (Hsnd gy R X £ S Y fg0h0 ™)

tR —aR f))
apply blast

apply (rule alll, rule impl, frule Vr-integral|of v])
apply (frule-tac t = t and g = g0 and h = h0 and m = m — Suc 0 in
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PolynRg. P-mod-diffrzz5-1[of R Vr K v X - S Y], assumption+,
stmp add:vp-gen-nonzero|of v,
frule vp-mazimallof v], simp, assumption+)

apply ((erule conjE)+, simp del:npow-suc Hpr-Suc)
apply (frule Ring.ring-is-ag[of R])
apply (thin-tac 0 < deg S (Vr Kv /, (VrKv <, t)) Y

(erHR(VrKv) XS (VrKv /[, (VrKv{pt) Y
(pj (Vi K v) (Vr K'v <y 1)) g0),

thin-tac 0 < deg S (Vr Kv /, (VrKv {,t)) Y

(erHR(VrKv) XS (VrKv /., (VrKv{,t) Y

(pj (Vr K v) (Vi K v $p 1)) h0),

thin-tac rel-prime-pols S (Vr Kv [/, (VrKv {p t)) Y
(erHR(VrKv) XS (VrKv /[, (VrKv{pt) Y

(pj (Vr K'v) (Vi K v Oy 1)) g0)
(erHR(VrKv) XS (VrKv /., (VrKvpt) Y

(pj (Vr K v) (Vr K v $p 1)) h0),
thin-tac P-mod R (Vr Kv) X (VrKv $p t) (f £ —ag 90 -+ g RO),
thin-tacerHR (Vr Kv) XS (VrKv [/, (VrKvdpt) YV
(pj (Vr Kov) (VrKov$pt)) f=
(erHR(VrKv) XS (VrKv /., (VrKvpt) Y

(pj (Vr K'v) (Vi K v Oy 1)) g0) rg
(erHR(VrKv) XS (VrKv /., (rKv$pt) Y

(pj (Vr Kv) (Vr Kv $pt)) h0),
thin-tac deg R (Vr K v) X g0 < deg S (VrKv /. (VrKv{pt)) Y
(erHR(VrKv) XS (VrKv /., (VrKvpt) Y

(pj (Vr K v) (Vr K v $p t)) g0),
thin-tac deg R (Vr K v) X h0 + deg S (Vi Kv /. (Vr Kv $pt)) Y
(erHR(VrKv) XS (VrKv /., (rKv$pt) Y

(pj (VrKv) (VrKv,t)) g0) < degR (VrKuv)Xf,
thin-tac erHR (Vr Kv) XS (VrKv /, (VrKv <, t) Y
(pj (Vr K v) (Vi K v $p 1) (fst (Hpr g (vie ko) Xt S Y fg0ho0 ™) =
erHR(VrKv) XS (VrKv /., (VrKv{,t) Y
(pj (Vi K v) (Vr K v $p 1)) g0,
thin-tacerHR (Vr Kv) XS (VrKv [, (VrKov$pt) Y
(pj (Vr Kv) (Vr Kv $p t)) (snd (Her(VrKv)XtSYnghOm)):
erHR (VrKv) XS (VrKv /, (VrKv,t)Y
(pj (Vr Kv) (Vr Kv $p t)) ho,
thin-tac deg R (Vr K v) X (fst (Hpr p (VP Kv) XtSYfg0ho m))
<degS(VrKv/, (VrKv{,t)Y

(erHR(VrKv) XS (VrKv /., (VrKv{,t) Y

(pj (Vr K v) (Vi K v $p t)) g0),
thin-tac P-mod R (Vr K v) X (Vr K v $, (tA(VTK v) ™)
(fst (Hpr R (vr K v) X ¢ S Y f g0 ho (m — Suc 0)) £p

—ar (st (HPT R (v K v) X £ S Y f g0 ho ™))
thin-tac deg R (Vr K v) X (snd (Hpr p (Vr K v) Xt S Yfg0ho m)) +
deg S (VrKv /[, (VrKv{pt) Y
(erHR(VrKv) XS (VrKv /., (rKv$pt) Y

(pj (VrKv) (VrKvpt)) g0) < degR(VrKwv) XFf,
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thin-tac P-mod R (Vr K v) X (Vr K v $, (tA( Vi K ) ™)
(snd (Hpr g (vi ko) X t S Y f g0 ho (M — Suc 0)) £p
—ar (snd (Hpr g (Vi K ) Xt S Y f g0 ho ™))
apply (case-tac N = 0, simp add:r-apow-def)
apply (rule-tacp = (Hfst g y R x 1 S v fgoho™) R (Hsnd [y R Xt 8 YV f g0 ho
m)
+p —ap f in PolynRg.P-mod-whole[of R Vr K v X], assumption+)

apply (simp add:Hfst-def Hsnd-def)
apply (frule-tac x = Hpr p (Vi Kv) XtSYfg0ho™ in cart-prod-fstlof - carrier
R carrier R])
apply (frule-tac x = Hpr p (VrKo) XtSYfgoho™ in cart-prod-snd|of -

carrier R carrier R])
apply (frule Ring.ring-is-aglof R],

rule aGroup.ag-pOp-closed, assumption)
apply (rule Ring.ring-tOp-closed, assumption+)
apply (rule aGroup.ag-mOp-closed, assumption+)

apply (frule-tac g = f +p —ap (fst (Hpr g (Vi Kv) XtSYfg0ho m)) rR
(snd (HpTR(VrKv) XtSYfg0ho m))and m = N — Suc 0 and n = m
in
PolynRyg.P-mod-n-m[of R Vr K v X|, assumption+)
apply (frule-tac x = Hpr p (Vi Kv) XtSYfg0ho™ in cart-prod-fst[of - carrier
R carrier R),
frule-tac x = Hpr p (Vi Kv) XtSYfg0ho™ in cart-prod-snd|of - carrier
R carrier R])

apply (rule aGroup.ag-pOp-closed, assumption—+, rule aGroup.ag-mOp-closed,
assumption)
apply (rule Ring.ring-tOp-closed, assumption+)
apply (subst Suc-le-mono| THEN sym), simp)
apply assumption
apply (simp del:npow-suc)
apply (simp only: Ring.principal-ideal-n-pow! [THEN sym, of Vi K v])
apply (cut-tac n = N in an-neg-inf)
apply (subgoal-tac an N # 0)
apply (subst r-apow-def, simp) apply (simp add:na-an)
apply (frule Ring.principal-ideal[of Vi K v t], assumption)
apply (frule-tac I = Vr K v $, t and n = N in Ring.ideal-pow-ideal[of Vr K v,
assumption—+)
apply (frule-tac x = Hpr p (Vi Kv) XtSYfg0ho™ in cart-prod-fstlof - carrier
R carrier R),
frule-tac x = Hpr p (Ve Kv) XtSYfg0ho™ in cart-prod-snd|of - carrier
R carrier R])

apply (thin-tac PCauchy p x o Hfst KvR X tSY fg0ho,

thin-tac PCauchy p x g o Hind KvR Xt S Y f g0 hO)
apply (simp add:Hfst-def Hsnd-def)
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apply (frule-tac z = fst (Hpr g (vi K v) X t S v f g0 ho ™) and y = snd (Hpr g (yvi ko) X £ S Y f 90 ho
m) in Ring.ring-tOp-closed[of R], assumption+)

apply (frule-tac @ = (fst (Hpr g (vr K v) Xt 5 v f g0 ho ™)) vR (snd (HPT R (Vi K v) X ¢ S Y f 90 ho

m)) in aGroup.ag-mOp-closed|of R|, assumption+)

apply (frule-tac I = Vr K v $p t O(Vr Kv) N and
p=F=xr —ar (Fst (Hp" g (v Kv) X t S Y f g0 ho ™) "rR
(snd (Hpr R (vi K o) X t S Y f g0 ho ™)) in
PolynRyg.P-mod-minus[of R Vr K v X|, assumption+)

apply (frule Ring.ring-is-ag[of R])

apply (rule aGroup.ag-pOp-closed, assumption+)

apply (simp add:aGroup.ag-p-inv, simp add:aGroup.ag-inv-inv,
frule aGroup.ag-mOp-closed|of R f], assumption+)

apply (simp add:aGroup.ag-pOp-commute[of R —, g f])

apply (subst an-0[THEN sym))

apply (subst aneg-natneg|of - 0], thin-tac an N # oo, simp)

done

theorem (in Corps) Hensel:[valuation K v; Completey K;
PolynRg R (Vr K v) X; PolynRg S ((Vr K v) /, (vp K v)) Y;
f € carrier R; f # Op; ¢’ € carrier S; h' € carrier S,
0 <degS (VrKwv)/r (vp Kv)) Yy
0 <deg S (VrKv) /r (vp Kv)) Yh'
((erHR (VrKv) XS ((VrKw) /r (vp Kv)) Y
(pj (Vr K o) (vp K0))) f) = g'-rgh;
rel-prime-pols S ((Vr K v) /, (vp Kv)) Y ¢' h] =
Jg h. g € carrier R A h € carrier R A
deg R (Vr Kv) X g<degS (VrKv)/ (vp Kv)) Yg'A
f =9 rR h
apply (frule PolynRg.is-Ringlof R Vr K v X],
frule PolynRg.is-Ring[of S Vr K v /. vp K v Y],
frule vp-gen-tlof v], erule bexFE,
frule-tac t = t in vp-gen-nonzero|of v|, assumption)
apply (frule-tac t = t in Hensel-starter[of v R X S Y - f ¢’ h'], assumption+)
apply ((erule exE)+, (erule conjE)+, rename-tac g0 h0)
apply (frule Vr-ring[of v], frule Vr-integral[of v])
apply (rotate-tac 22, drule sym, drule sym, simp)
apply (frule vp-mazimal]of v], simp)
apply (frule-tac me = Vr K v {p, t in Ring.residue-field-cd[of Vr K v],
assumption)
apply (frule-tac me = Vr K v {,, t in  Ring.mazimal-ideal-ideal[of Vr K v],
assumption)
apply (frule-tac I = Vr K v $p t in Ring.gring-ringlof Vr K v),
assumption+)
apply (frule-tac B= Vr Kv /. (Vr Kv$p t)and h = pj (Vr Kv) (Vr Ko $,
t) in PolynRg.erH-rHom[of R Vr K v X S - Y], assumption+)
apply (simp add:pj-Hom)
apply (frule-tac 290.0 = g0 and ?h0.0 = h0 in Hfst-PCauchylof v R X S - Y -
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11, assumption+)

apply (frule-tac ?g0.0 = g0 and ?h0.0 = h0 in Hsnd-PCauchylof vR X S - Y -
11, assumption+)

apply (frule-tac F' = Aj. Hfstg o g Xt § v f g0 ho J in PCauchy-Plimit[of v R X]
, assumption+)

apply (frule-tac F = Aj. Hsndg , p x ¢ S Y fg0hoJin PCauchy-Plimit[of v R

X]

, assumption+)

apply ((erule bezE)+, rename-tac g0 h0 g h)

apply (frule-tac ' = Aj. Hfstgc y R Xt 5 v f g0 ho J and
G=X.Hsndg yrxtS yfgghojand ?p1.0 = g and %p2.0 = h

in P-limit-multlof v R X|, assumption+, rule alll)

apply (simp add:pol-Cauchy-seq-def)
apply (simp add:pol-Cauchy-seq-def, assumption+)
apply (frule-tac t = t and %90.0 = ¢g0 and ?h0.0 = h0 and ¢ = gand h = h
in
H-Plimit-flof v- R X S'Y f], assumption+)
apply (frule-tac F = An. (Hfst g y R x ¢Sy fgoho™) +r (Hsnd g y R X ¢S Y fg0 ho
n)and 1.0 =g -+p hand d = na (deg R (Vr Kv) X g0 + deg R (Vr K v) X
f) in  P-limit-unique[of v R X - - - f], assumption+)
apply (rule alll)
apply (frule PolynRg.is-Ring[of R],
rule Ring.ring-tOp-closed, assumption)
apply (simp add:pol-Cauchy-seq-def)
apply (simp add:pol-Cauchy-seq-def)
apply (rule alll)
apply (thin-tac Plimit g x g, (Hfst KvR Xt S Y fg0h0) g,
thin-tac Plimit g x g (Hsnd Kv R Xt S Y f g0 hO) h,

thin-tac Plimit RXKuvo ()\n (Hfst KvRXtS Yng hO n) ‘rR
(Hsnd g y R Xt S Y fgoho ™) (9 +R D),
thin-tac Plimit RXKuv ()\TL (Hfst KvRXtS Yng hO TL) ‘rR

(Hsnd g y R Xt S Y fg0ho ™) f)
apply (subst PolynRg.deg-mult-polsl[of R Vr K v X|, assumption+)

apply (simp add:pol-Cauchy-seq-def, simp add:pol-Cauchy-seq-def,

thin-tac ¢’ = erHR (Vr Kv) XS (VrKv /., (VrKv$pt) YV

(pj (Vr Kv) (Vr Kv$p t)) g0,

thin-tac h' = erHR (Vi Kv) XS (VrKv [/, (Vi Kv$pt)) Y

(pj (Vr Kv) (Vr K vy t)) hO)
apply (subst PolynRg.deg-mult-pols1 [THEN sym, of R Vr K v X|, assumption+)
apply (simp add:pol-Cauchy-seq-def, simp add:pol-Cauchy-seq-def)

apply (frule-tac p1 = g0 in PolynRg.deg-mult-pols1 [THEN sym, of R Vr K v X -

11, assumption+, simp)
apply (frule-tac x = g0 in Ring.ring-tOp-closed[of R - f], assumption+)
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apply (frule-tac p = g0 - p f in PolynRg.nonzero-deg-posjof R Vr K v X],
assumption+)
apply (frule-tac p = g0 - g f in PolynRg.deg-in-aug-minfof R Vi K v X],
assumption+, simp add:aug-minf-def,
simp add: PolynRg.polyn-ring-integral[of R Vr K v X],
stmp add:Idomain.idom-tOp-nonzeros[of R - f],
frule-tac p = g0 - g f in PolynRyg.deg-noninflof R Vr K v X/,
assumption+)
apply (simp add:an-na)
apply (subst PolynRg.deg-mult-polsof R Vr K v X|, assumption+,
simp add:pol-Cauchy-seq-def, simp add:pol-Cauchy-seq-def)
apply (frule-tac t = t and g = g0 and h = h0 and m = n in
PolynRg. P-mod-diffrzz5-4[of R Vr K v X - § Y f], assumption+)
apply (erule conjFE)

apply (frule-tac a = deg R (Vr K v) X (fst (Hpr g (VrKv) XtSYfg0ho n))

and o' = deg R (Vr Kv) X g0 and b = deg R (Vr K v) X (snd (Hpr p (Vi Kv) XtSYfg0ho
n)) and b’ = deg R (Vr K v) X f in aadd-plus-le-plus, assumption+)

apply simp

apply (simp add:Hfst-def Hsnd-def)

apply (rule Ring.ring-tOp-closed, assumption+)
apply (rotate-tac —1, drule sym)
apply (frule-tac F = Nj. Hfstg y R Xt S Y fgohodand p=gand ad = deg S
(ViKv/y (ViKvOpt) Y (erHR (Vi Kv) XS (Ve Ko /o (ViKv Oy t) Y
(pj (Vr Kv) (Vr K vy t)) g0) in Plimit-degl [of v R X], assumption+,
stmp add:pol-Cauchy-seq-def)
apply (rule olll)
apply (frule-tac t = t and g = g0 and h = h0 and m = n in
PolynRg. P-mod-diffxzz5-4[of R Vir K v X - S Y f], assumption+,
erule conjE)
apply (frule-tac i = deg R (Vr K v) X (fst (Hpr p (Vi Kv) Xt8Yfg0ho n))
and
j=deg R (VrKv) Xg0and k=deg S (VrKv [/, (ViKv{pt)) Y
(erHR(VrKv) XS (VrKv /., (VrKv{,t) Y
(pj (Vr Kv) (Vr Kv $p t)) g0) in ale-trans, assumption+)
apply (subst Hfst-def, assumption+, blast)
done

end
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