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Abstract

Runtime monitoring (or runtime verification) is an approach to checking compliance of a
system’s execution with a specification (e.g., a temporal formula). The system’s execution is
logged into a trace—a sequence of time-points, each consisting of a time-stamp and observed
events. A monitor is an algorithm that produces verdicts on the satisfaction of a temporal
formula on a trace.

We formalize the time-stamps as an abstract algebraic structure satisfying certain assump-
tions. Instances of this structure include natural numbers, real numbers, and lexicographic
combinations of them. We also include the formalization of a conversion from the abstract
time domain introduced by Koymans [1] to our time-stamps.

We formalize a monitoring algorithm for metric dynamic logic, an extension of metric
temporal logic with regular expressions. The monitor computes whether a given formula is
satisfied at every position in an input trace of time-stamped events. Our monitor follows
the multi-head paradigm: it reads the input simultaneously at multiple positions and moves
its reading heads asynchronously. This mode of operation results in unprecedented time
and space complexity guarantees for metric dynamic logic: The monitor’s amortized time
complexity to process a time-point and the monitor’s space complexity neither depends on
the event-rate, i.e., the number of events within a fixed time-unit, nor on the numeric constants
occurring in the quantitative temporal constraints in the given formula.

The multi-head monitoring algorithm for metric dynamic logic is reported in our paper
“Multi-Head Monitoring of Metric Dynamic Logic” [2] published at ATVA 2020. We have also
formalized unpublished specialized algorithms for the temporal operators of metric temporal
logic.
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theory Timestamp

imports HOL— Library. Extended_Nat HOL— Library. Extended__ Real

begin

class embed nat =

fixes ¢ :: nat = a

class tfin =

fixes tfin :: ‘a set

class timestamp = comm_ monoid__add + semilattice_sup + embed_nat + tfin +

assumes ¢_mono: N\ij. i <j=1i<¢j
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and «_tfin: N\i. v 1 € tfin

and ¢_progressing: x € tfin = 3j. v j< 1 i+ x

and zero__tfin: 0 € tfin

and tfin_closed: ¢ € tfin = d € tfin = ¢ + d € tfin

and add_mono: c< d=>a+c<a-+d

and add_pos: a € tfin = 0 < c = a < a+ c
begin

lemma add_mono_comm:
fixes a :: 'a
shows c < d=c+a<d+ a

by (auto simp: add.commute add_mono)

end

instantiation option :: (timestamp) timestamp
begin

definition tfin_option :: ‘a option set where
tfin__option = Some ‘ tfin

definition «_option :: nat = ‘a option where
t__option = Some o L

definition zero_option :: ‘a option where
zero__option = Some 0

definition plus option :: ‘a option = 'a option = ’a option where
plus_option z y = (case z of None = None | Some 2’ = (case y of None = None | Some y’ = Some
(' + ¢"))

definition sup_option :: ‘a option = 'a option = 'a option where
sup__option z y = (case © of None = None | Some z' = (case y of None = None | Some y' = Some
(sup =" "))

definition less_option :: 'a option = 'a option = bool where
less_option © y = (case z of None = False | Some ©' = (case y of None = True | Some y' = z' < y’))

definition less_eq option :: 'a option = 'a option = bool where
less_eq_option z y = (case x of None = z = y | Some z’ = (case y of None = True | Some y’' = =z’

<)

instance
apply standard
apply (auto simp: plus_option__def add.assoc split: option.splits)[1]
apply (auto simp: plus_option_def add.commute split: option.splits)[1]
apply (auto simp: zero__option__def plus_option__def split: option.splits)[1]
apply (auto simp: less_option__def less__eq_option__def split: option.splits)[1]
apply (auto simp: less_eq option__def split: option.splits)[5]
apply (auto simp: sup__option__def less_eq _option__def split: option.splits)[3]
apply (auto simp: «_option__def less_eq _option__def intro: 1_mono)[1]
apply (auto simp: tfin_option_def «_option_def intro: ¢__tfin)[1]
apply (auto simp: tfin__option__def «__option__def plus_option__def less_eq option__def intro: v__progressing)[1]
apply (auto simp: tfin_option__def zero__option__def intro: zero__tfin)[1]
apply (auto simp: tfin_option_def plus_option__def intro: tfin_ closed)[1]
apply (auto simp: plus_option__def less_eq option__def intro: add_mono split: option.splits)[1]



apply (auto simp: tfin_option__def zero__option__def plus_option__def less_option__def intro: add_pos
split: option.splits)
done

end

instantiation enat :: timestamp
begin

definition tfin__enat :: enat set where
tfin_enat = UNIV — {oco}

definition ¢ enat :: nat = enat where
L_enatn =n

instance
by standard (auto simp add: ¢__enat__def tfin_enat_def dest!: leD)

end

instantiation ereal :: timestamp
begin

definition ¢ _ereal :: nat = ereal where
t_ereal n = ereal n

definition tfin_ereal :: ereal set where
tfin_ereal = UNIV — {—o0, oo}

lemma ereal add_pos:

fixes a :: ereal

shows a € tfin —= 0 < c = a < a+ ¢

by (auto simp: tfin_ereal_def) (metis add.right_neutral ereal _add_cancel_left ereal_le add_self or-
der_less_le)

instance
by standard (auto simp add: «__ereal_def tfin__ereal def add.commute ereal__add_le__add_iff2 not_le
less_PInf Ex_of nat ereal_less_ereal Ex reals__Archimedean2 intro: ereal _add__pos)

end

class timestamp__total = timestamp +

assumes timestamp_total: a < bV b < a

assumes timestamp__tfin_le_not_tfin: 0 < a= a € tfin = 0<b=>b¢ tfin = a < b
begin

lemma add_not_tfin: 0 <a=—=a€tfin=—=a<c=ce€tfin—=0<b=b¢ tfin—=c<a+bd
by (metis add__0_left local.add_mono__comm timestamp__tfin_le_mnot_tfin dual_order.order iff strict
dual__order.strict_trans1)

end

instantiation enat :: timestamp__total
begin

instance
by standard (auto simp: tfin__enat_def)



end

instantiation ereal :: timestamp__total
begin

instance
by standard (auto simp: tfin__ereal def)

end

class timestamp__strict = timestamp +
assumes add_mono_strict: c < d = a + c < a + d

class timestamp__total_strict = timestamp__total + timestamp__strict

instantiation nat :: timestamp__total strict
begin

definition tfin_nat :: nat set where
tfin_nat = UNIV

definition ¢ nat :: nat = nat where
L_natn=mn

instance
by standard (auto simp: tfin_nat_def «_nat_def dest!: leD)

end

instantiation real :: timestamp__total_strict
begin

definition tfin_real :: real set where tfin_real = UNIV
definition ¢_real :: nat = real where «_real n = real n

instance
by standard (auto simp: tfin_real_def 1__real_def not_le reals_Archimedean?2)

end

instantiation prod :: (comm_monoid_add, comm__monoid_add) comm_monoid_add
begin

definition zero_prod :: 'a x 'b where
zero_prod = (0, 0)

fun plus_prod :: ‘a x 'b = 'a x 'b = 'a x 'b where

(a, b) + (¢, d) = (a + ¢, b + d)

instance
by standard (auto simp: zero__prod__def ac__simps)

end

end



1 Intervals

typedef (overloaded) (‘a :: timestamp) T = {(i :: 'a, j :: 'a, lei :: bool, lej :: bool). 0 < i AN i <jAi
€ tfin A =(j = 0 A —lej)}
by (intro exI[of _ (0, 0, True, True)]) (auto intro: zero__tfin)

setup__lifting type_ definition_T

instantiation Z :: (timestamp) equal begin
lift__definition equal Z :: 'a T = 'a T = bool is (=) .
instance by standard (transfer, auto)

end

lift_definition right :: ‘a :: timestamp T = 'a is fst o snd .

lift_ definition memlL :: ‘a :: timestamp = ‘a = 'a T = bool is
At t’ (a, b, lei, lej). if lei thent + a < t'elset +a < t'.

lift_ definition memR :: ‘a :: timestamp = 'a = 'a T = bool is
At t' (a, b, lei, lej). if lej then t' <t + belset' <t + b.

definition mem :: ‘a :: timestamp = ‘a = 'a T = bool where
memtt' I < memLtt' I ANmemRtt' I

lemma memL_mono: memL tt' [ = t"' < t = memL t"" t' I
by transfer (auto simp: add.commute order_le_less_subst2 order__subst2 add_mono split: if _splits)

lemma memL_mono’s memL tt' [ = t' < t"" = memL t t"" I
by transfer (auto split: if _splits)

lemma memR_mono: memR tt' [ = t < t"" = memR t"" t' I
apply transfer
apply (simp split: prod.splits)
apply (meson add_mono__comm dual_order.trans order_less_le__trans)
done

lemma memR_mono’: memR tt' ] = t"' < t' = memR tt"' I
by transfer (auto split: if _splits)

lemma memR_dest: memR t t' I = t' < t + right I
by transfer (auto split: if _splits)

lemma memR__tfin_ refi:

assumes fin: ¢t € tfin

shows memR t t I

by (transfer fizing: t) (force split: if _splits intro: order _trans|OF __ add_mono, where ?z=t and ?al=t
and ?c1=0] add_pos[OF fin])

lemma right_I add_mono:
fixes = :: 'a :: timestamp
shows z < x + right I
by transfer (auto split: if _splits intro: order_trans[OF __ add_mono, of _ __ 0])

lift__definition interval :: 'a :: timestamp = 'a = bool = bool = 'a T is
Aijleilej. (if 0 < i ANi<jAi€EtinA-(j=0 A —lejthen (i, j, lei, lej) else Code.abort (STR
"malformed interval’’) (\_. (0, 0, True, True)))



by (auto intro: zero__tfin)

lemma Rep T I = (I, r, b1, b2) = memL 001 +— 1= 0 A bl
by transfer auto

lift_ definition dropL :: ‘a :: timestamp T = 'a T is
AL, r, b1, b2). (0, , True, b2)
by (auto intro: zero__tfin)

lemma memlL__dropL: t < t' = memL t t' (dropL I)
by transfer auto

lemma memR__dropL: memR t t' (dropL I) = memR t t’ I
by transfer auto

lift_ definition flipL :: ‘a :: timestamp T = 'a T is

Al r, b1, 02). if =(1 =0 A bl) then (0, 1, True, —b1) else Code.abort (STR "'invalid flipL"") (A_. (0,
0, True, True))

by (auto intro: zero__tfin split: if _splits)

lemma memlI_ flipL: t < t' = memL t t' (flipL I)
by transfer (auto split: if _splits)

lemma memR_flipLD: —~memL 0 0 I =—> memR t t' (flipL I) = —-memL t t' I
by transfer (auto split: if _splits)

lemma memR__flipLI:
fixes t :: ‘a :: timestamp
shows (Au v. (u :: ‘a = timestamp) < v V v < u) => —memL t t' I = memR t t' (flipL I)
by transfer (force split: if _splits)

lemma t € tfin = memL 001 «— memL tt 1
apply transfer
apply (simp split: prod.splits)
apply (metis add.right_neutral add_pos antisym__conv2 dual_order.eq iff order_less_imp_not_less)
done

definition full (I :: (‘a :: timestamp) I) +— (Vtt. 0 <t At < t' At e tfin At' € tfin — mem tt’
1)

lemma memL 0 0 (I :: ('a :: timestamp__total) T) = right I ¢ tfin = full I
unfolding full def mem__def
by transfer (fastforce split: if _splits dest: add_not__tfin)

2 Infinite Traces

inductive sorted list :: 'a :: order list = bool where
[intro]: sorted_list [|
| [intro]: sorted_list [z]
| [intro]: ¢ < y = sorted_list (y # ys) = sorted_list (v # y # ys)

lemma sorted list _app: sorted_list xs = (\z. z € set xs = x < y) = sorted_list (xs Q [y])
by (induction zs rule: sorted_list.induct) auto

lemma sorted_list_drop: sorted_list xs = sorted__list (drop n zs)
proof (induction xs arbitrary: n rule: sorted_list.induct)
case (2 z n)



then show ?case
by (cases n) auto
next
case (3 zyysn)
then show Zcase
by (cases n) auto
qed auto

lemma sorted_list_ConsD: sorted_list (z # xs) = sorted_list xs
by (auto elim: sorted_list.cases)

lemma sorted_list _Cons_nth: sorted_list (z # zs) = j < length zs = z < zs ! j
by (induction © # xs arbitrary: x xs j rule: sorted_list.induct)
(fastforce simp: nth__Cons split: nat.splits)+

lemma sorted_list_atD: sorted_list xs — { < j = j < length xs = xs ! i < zs!j
proof (induction xs arbitrary: i j rule: sorted_list.induct)
case (2 z ij)
then show ?case
by (cases i) auto
next
case (3 yysij)
have x < (z # y # ys) ! j
using 3(5) sorted_list_Cons_nth[|OF sorted_list.intros(3)[OF 3(1,2)]]
by (auto simp: nth__Cons split: nat.splits)
then show ?case
using 3
by (cases i) auto
qed auto

coinductive ssorted :: 'a :: order stream = bool where
shd s < shd (stl s) = ssorted (stl s) = ssorted s

lemma ssorted_siterate[simp]: (An. n < fn) => ssorted (siterate f n)
by (coinduction arbitrary: n) auto

lemma ssortedD: ssorted s =—> s !l i < stl s !l ¢
by (induct i arbitrary: s) (auto elim: ssorted.cases)

lemma ssorted_sdrop: ssorted s = ssorted (sdrop i s)
by (coinduction arbitrary: © s) (auto elim: ssorted.cases ssortedD)

lemma ssorted_monoD: ssorted s = i < j = sl i < sllj
proof (induct j — i arbitrary: j)
case (Suc 1)
from Suc(1)[of j — 1] Suc(2—4) ssortedD[of s j — 1]
show ?case by (cases j) (auto simp: le__Suc__eq Suc__diff _le)
qged simp

lemma sorted_stake: ssorted s => sorted_list (stake i s)
proof (induct i arbitrary: s)
case (Suc 1)
then show ?case
by (cases i) (auto elim: ssorted.cases)
qed auto

lemma ssorted_monol:Vij. i < j— sl i < sl j = ssorted s
by (coinduction arbitrary: s)



(auto dest: spec2[of _ Suc _ Suc _] spec2[of _ 0 Suc 0])

lemma ssorted_iff _mono: ssorted s «+— (Vij. i <j— sl i< sllyj)
using ssorted__monol ssorted_monoD by metis

typedef (overloaded) (‘a, 'b :: timestamp) trace = {s :: ('a set x 'b) stream.
ssorted (smap snd s) AN (Vz. x € snd ‘ sset s — x € tfin) AN (Viz. z € tfin — (5. —snd (s ! j) <
snd (s !14) + z))}
by (auto simp: «_mono __tfin t__progressing stream.set_map
introl: exl[of _ smap (An. ({}, ¢ n)) nats] ssorted _monol)

setup__lifting type_ definition__trace

lift_ definition I :: (‘a, ‘b :: timestamp) trace = nat = 'a set is
As i. fst (s i) .

lift__definition 7 :: (‘a, ‘b :: timestamp) trace = nat = 'b is
As i. snd (s!4) .

lemma 7_mono[simpl: i < j =T si<Tsj
by transfer (auto simp: ssorted__iff _mono)

lemma 7_fin: 7 0 i € tfin
by transfer auto

lemma ez It iz e tfin=— 3j. Tsj<Tsi+z
by transfer auto

lemmale 7 lesss7Toi<T0j—=j<i=—T0i=T0]
by (simp add: antisym)

lemma less 7TD:Toi<To0j=1<}j
by (meson T_mono less_le_not_le not_le_imp_ less)

theory MDL
imports Interval Trace
begin

3 Formulas and Satisfiability

declare [[typedef overloaded]]

datatype (‘a, 't :: timestamp) formula = Bool bool | Atom 'a | Neg (‘a, 't) formula |

Bin bool = bool = bool ('a, 't) formula ('a, 't) formula |

Prev 't T (‘a, 't) formula | Next 't T (‘a, 't) formula |

Since ('a, 't) formula 't T ('a, 't) formula |

Until ('a, 't) formula 't T (‘a, 't) formula |

MatchP 't T ('a, 't) regex | MatchF 't T ('a, 't) regex

and (‘a, 't) regex = Lookahead ('a, 't) formula | Symbol ('a, 't) formula |

Plus ('a, 't) regex (‘a, 't) regex | Times (‘a, 't) regex ('a, 't) regex |
Star ('a, 't) regex

fun eps :: (‘a, 't :: timestamp) regex = bool where
eps (Lookahead phi) = True

| eps (Symbol phi) = False

| eps (Plus rs) = (eps T V eps s)

| eps (Times v s) = (eps r A eps s)

| eps (Star r) = True



fun atms :: (‘a, 't :: timestamp) regex = ('a, 't) formula set where
atms (Lookahead phi) = {phi}

| atms (Symbol phi) = {phi}

| atms (Plus r s) = atms r U atms s

| atms (Times r s) = atms v U atms s

| atms (Star r) = atms r

lemma size__atms[termination__simp|: phi € atms r = size phi < size r
by (induction r) auto

fun wf_fmla :: ('a, 't :: timestamp) formula = bool
and wf_regez :: (‘a, 't) regex = bool where
wf_fmla (Bool b) = True
| wf_fmla (Atom a) = True
| wf_fmla (Neg phi) = wf_fmla phi
| wf_fmla (Bin f phi psi) = (wf_fmla phi A wf_fmla psi)
| wf_fmla (Prev I phi) = wf_fmla phi
| wf_fmla (Next I phi) = wf_fmla phi
| wf_fmla (Since phi I psi) = (wf_fmla phi A wf_fmla psi)
| wf_fmla (Until phi I psi) = (wf_fmla phi A wf_fmla psi)
| wf_fmla (MatchP I r) = (wf_regex r A (¥ phi € atms r. wf_fmla phi))
| wf_fmla (MatchF I 1) = (wf_regex v A (¥ phi € atms r. wf_fmla phi))
| wf_regex (Lookahead phi) = False
| wf_regex (Symbol phi) = wf_fmla phi
| wf_regex (Plus r s) = (wf_regex r N wf_regezx s)
| wf_regex (Times r s) = (wf_regex s A (—eps s V wf_regex 1))
| wf_regex (Star r) = wf_regezx r

fun progress :: (‘a, 't :: timestamp) formula = 't list = nat where
progress (Bool b) ts = length ts

| progress (Atom a) ts = length ts

| progress (Neg phi) ts = progress phi ts

| progress (Bin f phi psi) ts = min (progress phi ts) (progress psi ts)

| progress (Prev I phi) ts = min (length ts) (Suc (progress phi ts))

| progress (Next I phi) ts = (case progress phi ts of 0 = 0 | Suc k = k)

| progress (Since phi I psi) ts = min (progress phi ts) (progress psi ts)

| progress (Until phi I psi) ts = (if length ts = 0 then 0 else
(let k = min (length ts — 1) (min (progress phi ts) (progress psi ts)) in
Min {j. 0 <jANj<kAmemR (ts!j) (ts! k) I}))

| progress (MatchP I r) ts = Min ((Af. progress f ts) ‘ atms r)

| progress (MatchF I r) ts = (if length ts = 0 then 0 else
(let k = min (length ts — 1) (Min ((\f. progress f ts) ‘ atms r)) in
Min {j. 0 <jANj<kAmemR (ts!j) (ts! k) I}))

Py

fun bounded_future_fmla :: ('a, 't :: timestamp) formula = bool
and bounded_ future_regez :: ('a, 't) regex = bool where
bounded__future__fmla (Bool b) <— True
| bounded_future_fmla (Atom a) <— True
| bounded__future_fmla (Neg phi) <— bounded__future_ fmla phi
| bounded__future_fmla (Bin f phi psi) «— bounded__future_fmla phi A\ bounded_future_fmia psi
| bounded_ future_fmla (Prev I phi) <— bounded_ future_ fmla phi
| bounded__future_fmla (Next I phi) <— bounded_future__fmla phi
| bounded__future__fmla (Since phi I psi) «— bounded_future_fmla phi A bounded_future_fmia psi
| bounded future fmla (Until phi I psi) <— bounded_future fmla phi N bounded_future_fmla psi A
right I € tfin
| bounded__future_fmla (MatchP I r) «— bounded_ future_regex r
| bounded_future_fmla (MatchF I r) <— bounded_future_regex r A right I € tfin
| bounded__future_regex (Lookahead phi) <— bounded__future_fmla phi

NN N N S



| bounded_future__regex (Symbol phi) +— bounded_ future_fmla phi

| bounded__future__regex (Plus r s) «— bounded__future_ _regex r A bounded__future_regex s

| bounded_future_regex (Times r s) «— bounded_future_regex r N bounded_future_regex s
| bounded__future_regex (Star r) <— bounded__future_regex r

lemmas regez_induct|[case_names Lookahead Symbol Plus Times Star, induct type: regex] =
regex.induct[of \_. True, simplified]

definition Once I ¢ = Since (Bool True) I ¢
definition Historically I ¢ = Neg (Once I (Neg ¢))
definition Fventually I ¢ = Until (Bool True) I ¢
definition Always I ¢ = Neg (Eventually I (Neg ¢))

fun rderive :: ('a, 't :: timestamp) regex = ('a, 't) regez where
rderive (Lookahead phi) = Lookahead (Bool False)
| rderive (Symbol phi) = Lookahead phi
| rderive (Plus v s) = Plus (rderive ) (rderive s)
| rderive (Times r s) = (if eps s then Plus (rderive v) (Times r (rderive s)) else Times r (rderive s))
| rderive (Star r) = Times (Star r) (rderive r)

lemma atms_rderive: phi € atms (rderive r) => phi € atms r V phi = Bool False
by (induction r) (auto split: if _splits)

lemma size_formula__positive: size (phi :: (‘a, 't :: timestamp) formula) > 0
by (induction phi) auto

lemma size_regex_positive: size (r :: ('a, 't :: timestamp) regex) > Suc 0
by (induction r) (auto intro: size_ formula__positive)

lemma size_rderive[termination__simpl: phi € atms (rderive r) = size phi < size r
by (drule atms_rderive) (auto intro: size__atms size__regex_ positive)

locale MDL =
fixes o :: (‘a, 't :: timestamp) trace
begin

fun sat = (‘a, 't) formula = nat = bool
and match :: (‘a, 't) regex = (nat x nat) set where
sat (Bool b) i = b
| sat (Atom a) i = (a € T 0 i)
| sat (Neg ¢) i = (= sat ¢ 17)
| sat (Bin f ¢ ) i = (f (sat ¢ i) (sat ¢ 7))
| sat (Prev I @) i = (case i of 0 = False | Suc j = mem (7 o j) (1 0 i) I A sat ¢ j)
| sat (Next I go) i = (mem (1 o i) (1 o (Suc i) I A sat ¢ (Suc 7))
| sat (Since ¢ I ¢) i = (3j<i. mem (7' ocf)(toi) I ANsatyjn Vke{j<.i}. sat p k))
| sat (Until ¢ 1 v) i = (3j>i. mem (troi) (toj)IAsatyjn (Vke{i.<j}. sat o k))
| sat (MatchP I r) i = (3j<i. mem (7 o j) (1 0 ©) I A (4, Suc i) € match r)
| sat (MatchF I ) i = (3j>5. mem (7 o i) (1 o j) I A (3, Suc j) € match r)
| match (Lookahead ) = {(i, ©) | i. sat ¢ i}
| match (Symbol ) = {(i, Suc i) | i. sat ¢ i}
| match (Plus v s) = match r U match s
(
(

—_

| match (Times r s) = match r O match s
| match (Star r) = rtrancl (match r)

lemma sat (Prev I (Bool False)) i <— sat (Bool False) i
sat (Next I (Bool False)) i <— sat (Bool False) i
sat (Since ¢ I (Bool False)) i <— sat (Bool False) i
sat (Until ¢ I (Bool False)) i <— sat (Bool False) i
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apply (auto split: nat.splits)
done

lemma prev_rewrite: sat (Prev I @) i <— sat (MatchP I (Times (Symbol p) (Symbol (Bool True)))) i
apply (auto split: nat.splits)
subgoal for j
by (fastforce intro: exI[of __ j])
done

lemma next rewrite: sat (Next I ¢) i «— sat (MatchF I (Times (Symbol (Bool True)) (Symbol ¢))) @
by (fastforce intro: exI[of _ Suc i])

lemma trancl_Base: {(i, Suc i) |i. P i} = {(i, 7). i« < j A (VEke{i.<j}. Pk)}
proof —
have (z, y) € {(4, j). i <j A (Vke{i..<j}. Pk)}
if (z, y) € {(4, Suc i) |i. Pi}" for z y
using that by (induct rule: rtrancl_induct) (auto simp: less_Suc_eq)
moreover have (z, y) € {(¢, Suc ) |i. Pi}”
if (z,y) € {(4,7). i < jA (Vke{i.<j}. Pk)} for z y
using that unfolding mem__Collect eq prod.case Ball _def
by (induct y arbitrary: x)
(auto 0 3 simp: le__Suc__eq intro: rtrancl_into_rtrancl[rotated))
ultimately show ?thesis by blast
qed

lemma Ball atLeastLessThan reindex:
(Vke{j..<i}. P (Suck)) = (Vk € {j<..i}. Pk)
by (auto simp: less_eq Suc_le less_eq nat.simps split: nat.splits)

lemma since_rewrite: sat (Since ¢ I ) i «— sat (MatchP I (Times (Symbol 1) (Star (Symbol ¢)))) i
proof (rule iffI)
assume sat (Since ¢ I ) i
then obtain j where j_def: j < imem (1t o j) (t 0 ) Isat ¢ j
Vk € {j..<i}. sat ¢ (Suc k)
by auto
have k € {Suc j..<Suc i} = (k, Suc k) € match (Symbol ¢) for k
using j_def(4)
by (cases k) auto
then have (Suc j, Suc ©) € (match (Symbol ¢))*
using j def(1) trancl_Base
by auto
then show sat (MatchP I (Times (Symbol 1) (Star (Symbol )))) i
using j def(1,2,3)
by auto
next
assume sat (MatchP I (Times (Symbol ) (Star (Symbol ¢)))) @
then obtain j where j_def: j < i mem (7 o j) (7 o i) I (Suc j, Suc i) € (match (Symbol ¢))* sat ¢ j
by auto
have Ak. k € {Suc j..<Suc i} => (k, Suc k) € match (Symbol )
using j_def(3) trancl_Base[of k. (k, Suc k) € match (Symbol )]
by simp
then have Vk € {j..<i}. sat ¢ (Suc k)
by auto
then show sat (Since ¢ I ¥) @
using j def(1,2,4) Ball _atLeastLessThan__reindex[of j i sat ¢]
by auto
qed
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lemma until _rewrite: sat (Until ¢ I 1) i +— sat (MatchF I (Times (Star (Symbol ¢)) (Symbol 1)) @
proof (rule iffI)
assume sat (Until ¢ I ) @
then obtain j where j _def: j > i mem (1 0 %) (7 o j) I sat ¢ j
Vk e {i.<j}. sat ¢ k
by auto
have k € {i..<j} = (k, Suc k) € match (Symbol ¢) for k
using j_def(/)
by auto
then have (i, j) € (match (Symbol ¢))*
using j_def(1) trancl_Base
by simp
then show sat (MatchF I (Times (Star (Symbol ¢)) (Symbol ))) @
using j_def(1,2,3)
by auto
next
assume sat (MatchF I (Times (Star (Symbol ¢)) (Symbol ¢))) i
then obtain j where j_def: j > i mem (7 o i) (7t o j) I (4, j) € (match (Symbol ©))* sat ¢ j
by auto
have Ak. k € {i..<j} = (k, Suc k) € match (Symbol p)
using j def(3) trancl _Base[of k. (k, Suc k) € match (Symbol ¢)]
by auto
then have Vk € {i..<j}. sat ¢ k
by simp
then show sat (Until ¢ I 9) i
using j_def(1,2,4)
by auto
qed

lemma match_le: (i, j) € matchr = i < j
proof (induction r arbitrary: i j)
case (Times r s)
then show ?case using order.trans by fastforce
next
case (Star r)
from Star.prems show ?Zcase
unfolding match.simps
by (induct i j rule: rtrancl.induct) (force dest: Star.IH)+
qged auto

lemma match__Times: (i, i + n) € match (Times r s) <—
3Bk < n. (i i+ k) € matchr A (i + k, i + n) € match s)
using match_le by auto (metis le_iff _add nat_add_left _cancel_le)

lemma rtrancl_unfold: (z, z) € rtrancl R =
z=2V (3y. (z,y) € RAz# y A (y, 2) € rtrancl R)
by (induction x z rule: rtrancl.induct) auto

lemma rtrancl_unfold”: (z, z) € rtrancl R =
z =2V (3y. (z,y) € rtrancl R ANy # z A (y, z) € R)
by (induction = z rule: rtrancl.induct) auto

lemma match__Star: (i, i + Suc n) € match (Star r) <+—
Bk<n . (i,i+ 1+ k) € matchr A (i + 1 + k, i + Suc n) € match (Star r))
proof (rule iffI)
assume assms: (%, © + Suc n) € match (Star r)
obtain k£ where k_def: (i, k) € local.match ri < ki # k
(k, ¢ + Suc n) € (local.match r)*
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using rtrancl_unfold[OF assms[unfolded match.simps]] match_le by auto
from k_def(4) have (k, i + Suc n) € match (Star r)
unfolding match.simps by simp
then have k£ le: k < i + Sucn
using match__le by blast
from k_def(2,3) obtain k' where k’_def: k = i + Suc k'
by (metis Suc__diff _Suc le_add__diff inverse le_neq_implies_less)
show 3k < n. (3,7 + 1 + k) € match v A (i + 1 + k, i + Suc n) € match (Star r)
using k_def k_le unfolding k' _def by auto
next
assume assms: 3k < n. (i, ¢ + 1 + k) € match r A
(i + 1 + k, i + Suc n) € match (Star r)
then show (i, ¢ + Suc n) € match (Star r)
by (induction n) auto
qged

lemma match_refl_eps: (i, i) € match r => eps r
proof (induction r)
case (Times r s)
then show ?case
using match_ Times[where ?i=i and ?n=0]
by auto
qed auto

lemma wf regex__eps_match: wf_regex r => eps r = (i, 1) € match r
by (induction r arbitrary: i) auto

lemma match_Star_unfold: i < j = (i, j) € match (Star r) = Ik € {i..<j}. (i, k) € match (Star
) A (k, j) € match r

using rtrancl_unfold'[of i j match ] match_le[of __ j r] match_le[of i __ Star 7]

by auto (meson atLeastLessThan__iff order le_less)

lemma match_rderive: wf_reger r = i < j = (i, Suc j) € match r +— (i, j) € match (rderive r)
proof (induction r arbitrary: i j)
case (Times r1 12)
then show ?case
using match_refl _eps|of Suc j r2] match_lelof __ Suc j r2]
apply (auto)
apply (metis le_Suc__eq relcomp.simps)
apply (meson match__le relcomp.simps)
apply (metis le_SucE relcomp.simps)
apply (meson relcomp.relcompl wf _regex__eps _match)
apply (meson match__le relcomp.simps)
apply (metis le_SucE relcomp.simps)
apply (meson match__le relcomp.simps)
done
next
case (Star r)
then show ?case
using match__Star_unfold[of i Suc j 7]
by auto (meson match_le rtrancl.simps)
qed auto

end

lemma atms_nonempty: atms r # {}
by (induction 1) auto
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lemma atms_ finite: finite (atms r)
by (induction r) auto

lemma progress_le_ts:
assumes A\t. t € set ts = t € {fin
shows progress phi ts < length ts
using assms
proof (induction phi ts rule: progress.induct)
case (8 phi I psi ts)
have ts # [| = Min {j. j < min (length ts — Suc 0) (min (progress phi ts) (progress psi ts)) A
memR (ts ! §) (ts ! min (length ts — Suc 0) (min (progress phi ts) (progress psi ts))) 1}
< length ts
apply (rule le_trans|OF Min_lejwhere ?z=min (length ts — Suc 0) (min (progress phi ts) (progress
psi t5))]])
apply (auto simp: in__set_convu_nth introl: memR__tfin_refl 8(3))
apply (metis One_nat_def diff _less length__greater_0__conv less_numeral _extra(1) min.commute
min.strict_coboundedI2)
done
then show ?case
by auto
next
case (9 Irts)
then show ?case
using atms_nonempty[of r] atms_ finite[of ]
by auto (meson Min_le dual_order.trans finite_imagel image__iff)
next
case (10 I r ts)
have ts # [| = Min {j. j < min (length ts — Suc 0) (MIN fe€atms r. progress f ts) A
memR (ts ! j) (ts! min (length ts — Suc 0) (MIN fe€atms r. progress f ts)) I}
< length ts
apply (rule le_trans|OF Min_le[where ?z=min (length ts — Suc 0) (Min ((Af. progress f ts) ‘ atms
)
apply (auto simp: in__set__conv_nth introl: memR__tfin_refl 10(2))
apply (metis One_nat_def diff _less length__greater _0_conv less_numeral _extra(1) min.commute
min.strict_coboundedI2)
done
then show ?case
by auto
qed (auto split: nat.splits)

end

theory Metric_Point_ Structure
imports Interval

begin

class metric_domain = plus + zero + ord +
assumes Al:z +1' =13+ 1

and A2: (z + z') + 2" =2+ (z' + ")
and A8:z+ 0 =1z
and A3z =0+ =
and Aj:z+ 1 =2 +z2" =2 =2
and Aj"z+z''=2'+2" = z=12
and A5:z4+ 12/ =0=12=10
and A5 z+2'=0=2"=0

1’

’
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and A6: 3z 2 =2'"+ 2" Va2 =z + 2

and metric_domain_le_def: t < ' +— (Jz". 2’ =z + z'’)

and metric_domain_It_def: z < ' «+— 3z". 2" £ 0Nz’ =z + z")
begin

lemma metric_domain_pos: © > 0
using A3’ local.metric_domain_le_def by auto

lemma less_eq le_neq:z <z’ +— (z < z' ANz # 1)
apply (auto simp: metric_domain_le_def metric_domain_It_ def)
apply (metis A3 A)
apply (metis A3)
done

end

class metric__domain__timestamp = metric_domain + sup + embed__nat + tfin +
assumes metric_domain_sup_def: sup Tz’ = (if z < z' then z’ else )
and metric_domain_t_mono: N\ij. i <j=1i<1j
and metric_domain___progressing: 3j. v j <t i+ x
and metric_domain__tfin_def: tfin = UNIV

subclass (in metric_domain__timestamp) timestamp
apply unfold_locales
apply (auto simp: A2)[1]
apply (auto simp: A1)[1]
apply (auto simp: A3'[symmetric])[1]

subgoal for z y

apply (auto simp: metric_domain_le_def metric_domain_lt_ def)

apply (metis A2 A3 A4 Ab)

apply (metis A2 A3)

done
using A6 apply (auto simp: metric_domain_le_def)[1]
using A2 apply (auto simp: metric_domain_le_def)[1]
subgoal for z y

apply (auto simp: metric_domain_le__def metric_domain_lt_def)

apply (metis A2 A3 A4 A5)

done
using A6 apply (fastforce simp: metric_domain_le__def metric_domain__sup__def)
using A6 apply (fastforce simp: metric_domain_le_ def metric_domain__sup_ def)

apply (auto simp: metric_domain_le__def metric_domain__sup_ def)[1]
using metric_domain_t_mono apply (auto simp: metric_domain_le_def)[1]
apply (auto simp: metric_domain__tfin_ def)[1]

using metric_domain___progressing apply (auto simp: metric_domain_le_def)[1]

apply (auto simp: metric_domain__tfin__def)[2]
using A2 apply (auto simp: metric_domain_le_def)[1]
using A1 A8 apply (auto simp: metric_domain_lt_def)
done

locale metric__point__structure =
fixes d :: 't :: {order} = "t = 'd :: metric_domain__timestamp
assumes dl: dtt' =0 +— t=1t'
and d2: dtt' =dt't
and d3: t< t' = t' < t'=dtt''=dtt' +dt't"
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and d3:t <t = t' <t'=dt''t=dt"t'+dt't
begin

lemma metric_point_structure_memL_aur: t0 <t =t < t' =z < dtt' +— (dt0t+ < d t0
t)
apply (rule iffI)
apply (metis A1 add_0 add_mono_comm d1 d3 order_le_less)
apply (cases t0 < t; cases t < t)
apply (auto simp: metric_domain_le_def)
apply (metis A4 ab__semigroup__add__class.add__ac(1) d3)
apply (metis comm_monoid__add__class.add_0 group__cancel.addl metric_domain_lt_def nless_le)
apply (metis A3’ d1)
apply (metis add_0 d1)
done

lemma metric_point_structure_memlI_ strict_aur: t0 <t =t < t' =z < dtt' +— (dt0t+ 1 <
dtot))

using metric__point__structure_memL__auz[of t0 t t' ]

apply auto

apply (metis (no__types, lifting) A1 A8 A4 antisym__conv2 d1 d3)

apply (metis Al add_0 d1 d3 order.order _iff _strict order_less_irrefl)

done

lemma metric__point_structure_memR_auzr: t0 <t —= t < t' = dtt' <z +— (dt0t' < dt0t +
1)
apply auto
apply (metis A1 A3 d1 d3 order_le_less add_mono)
apply (smt (verit, ccfu_threshold) A1 A2 A3 A4 dI d3 metric_domain_le_def order_le_less)
done

lemma metric_point_structure_memR_ strict_aux: t0 < t = t < t' = dtt' < z +— (d to t'< d
t0t + )
by (auto simp add: metric_point_structure_memL__aux metric_point_structure_memR__auz less_le_not_le)

lemma metric__point_structure_le_mem: t0 < t = t < t' = dtt' <z +— mem (d t0t) (d t0 t')
(interval 0 x True True)

unfolding mem__def

apply (transfer fizing: d)

using metric_point__structure__memR__aux

apply (auto simp: metric_domain_le_ def metric_domain__tfin_ def)

apply (metis add.right_neutral d3 order.order _iff _strict)

done

lemma metric_point_structure_It_mem: t0 < t = t < t' = 0 <z = d t t' < z +— mem (d to
t) (d t0 t') (interval 0 x True False)

unfolding mem__def

apply (transfer fizing: d)

using metric__point__structure__memR__strict__auz

apply (auto simp: metric_domain__tfin_def)

apply (metis A3 metric_domain__pos metric_point_structure_memlL__auz)

done

lemma metric__point_structure_eq_mem: t0 < t = t < t' = dtt' =z < mem (dt0t) (d t0t')
(interval x © True True)
unfolding mem__def
apply (transfer fixing: d)
subgoal for t0 t t' =
using metric__point__structure_memL__auz[of t0 t t’ x] metric__point__structure_memR__auz[of t0 t t’
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z] metric_domain__pos
by (auto simp: metric_domain__tfin__def)
done

lemma metric_point_structure_ge_mem: t0 < t = t < t' = z < d t t' +— mem (Some (d 10 t))
(Some (d t0 t")) (interval (Some x) None True True)

unfolding mem__def

apply (transfer fizing: d)

using metric__point_structure_memlL__auz by (auto simp: tfin_option_ def zero__option__def plus_option__def
less__eq _option__def metric__domain__le_def metric_domain__tfin_ def split: option.splits)

lemma metric__point_structure_gt_mem: t0 < t = t < t' = z < d t t' +— mem (Some (d t0 t))
(Some (d t0 t")) (interval (Some x) None False True)

unfolding mem,__def

apply (transfer fizing: d)

using metric_point_structure_memlL__strict_auzx by (auto simp: tfin_option_def zero__option__def
plus__option__def less_option__def less _eq option__def metric_domain_le_def metric_domain__tfin_ def
split: option.splits)

end

instantiation nat :: metric_domain__timestamp
begin

instance
apply standard
apply auto[8]
apply (meson less__eqE timestamp__total)

using nat_le_iff add apply blast
using less_imp__add_positive apply auto[!]

apply (auto simp: sup__maz)[1]

apply (auto simp: «_nat_def)[1]
subgoal for 7 x

apply (auto simp: «__nat_def)

using add_le_same__cancell by blast
apply (auto simp: tfin_nat_def)
done

end

interpretation nat_metric_point_structure: metric_point_structure At :: nat. M\t'. if t < t’ then t' — t
elset — t'
by unfold__locales auto

end
theory NFA

imports HOL— Library.IArray
begin

type__synonym state = nat
datatype transition = eps_trans state nat | symb__trans state | split_trans state state
fun state set :: transition = state set where

state__set (eps_trans s __) = {s}

| state_set (symb__trans s) = {s}
| state_set (split_trans s s') = {s, s’}
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fun fmla_set :: transition = nat set where
fmla__set (eps_trans __ n) = {n}
| fmla_set _ = {}

lemma rtranclp_closed: rtranclp R q ¢' = X = X U {¢’. 3¢ € X. Rqq¢'} =
e X=q¢' X
by (induction q q' rule: rtranclp.induct) auto

lemma rtranclp__closed__sub: rtranclp R ¢ ¢' = {q’. 3¢ € X. Rqq¢'} C X =
e X=4q¢' X
by (induction q q' rule: rtranclp.induct) auto

lemma rtranclp__closed_sub”: rtranclp R q ¢' = ¢’ = q Vv (3¢"". R q ¢"" A rtranclp R q"' ¢')
using converse_rtranclpE by force

lemma rtranclp_step: rtranclp R ¢ ¢/ = (Nq¢". R qq¢' +— ¢ € X) =
gq=¢"VvV (3q € X.Rqq' Artranclp R q' q")
by (induction q q'' rule: rtranclp.induct)
(auto intro: rtranclp.rtrancl_into__rtrancl)

lemma rtranclp__unfold: rtranclp Rz z = ¢ = 2V (3y. Rz y A rtranclp R y 2)
by (induction z z rule: rtranclp.induct) auto

context fixes
q0 :: state and

qf :: state and
transs :: transition list
begin

qualified definition SQ :: state set where
SQ = {q0..<q0 + length transs}

lemma ¢ _in_SQ[code_unfold]: ¢ € SQ +— q0 < g A q < q0 + length transs
by (auto simp: SQ__def)

lemma finite_ SQ: finite SQ
by (auto simp add: SQ __def)

lemma transs_q _in_set: ¢ € SQ = transs ! (¢ — q0) € set transs
by (auto simp add: SQ __def)

qualified definition @ :: state set where
Q= 5QU {4}

lemma finite_ Q: finite Q
by (auto simp add: Q_def SQ _def)

lemma SQ_sub_Q: SQ C @
by (auto simp add: SQ__def Q_def)

qualified definition nfa_fmla_set :: nat set where
nfa_fmla__set = |J (fmla_set  set transs)
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qualified definition step eps :: bool list = state = state = bool where
step_eps bs q ¢/ +— q € SQ A
(case transs ! (¢ — q0) of eps_trans pn = n < length bs A bs ' n A p = q’
| split_transpp’' = p=q'V p' = ¢'| _ = False)

lemma step _eps dest: step_eps bs ¢ ¢/ = q € SQ
by (auto simp add: step__eps__def)

lemma step__eps_mono: step_eps [| ¢ ¢/ = step_eps bs q q’
by (auto simp: step__eps__def split: transition.splits)

qualified definition step_eps_sucs :: bool list = state = state set where
step__eps_sucs bs ¢ = (if ¢ € SQ then
(case transs | (¢ — q0) of eps_trans p n = if n < length bs A bs | n then {p} else {}
| split_trans p p' = {p, p'} | _ = {}) else {})

lemma step_eps sucs_sound: q' € step__eps_sucs bs g < step__eps bs q q’
by (auto simp add: step__eps_sucs_def step__eps_def split: transition.splits)

qualified definition step__eps set :: bool list = state set = state set where
step__eps_set bs R = |J (step__eps_sucs bs ‘ R)

lemma step__eps_set_sound: step_eps_set bs R = {q’. 3q € R. step_eps bs q q'}
using step__eps_sucs_sound by (auto simp add: step__eps_set_def)

lemma step__eps set_mono: R C S = step__eps_set bs R C step__eps__set bs S
by (auto simp add: step__eps_set_def)

qualified definition step_eps_closure :: bool list = state = state = bool where
step__eps__closure bs = (step__eps bs)™™

lemma step_eps_closure_dest: step__eps_closure bs ¢ ¢/ => q # ¢ = q € SQ
unfolding step _eps closure__def
apply (induction q q' rule: rtranclp.induct) using step__eps_dest by auto

qualified definition step__eps closure_set :: state set = bool list = state set where
step__eps_closure_set R bs = |J((\q. {q’. step_eps_closure bs q ¢'}) ‘ R)

lemma step__eps closure_set_refl: R C step__eps_ closure__set R bs
by (auto simp add: step__eps_closure__set__def step__eps_closure__def)

lemma step__eps closure_set_mono: R C S = step__eps_closure_set R bs C step__eps_closure_set S
bs
by (auto simp add: step__eps_closure__set__def)

lemma step_eps_closure__set_empty: step__eps_closure_set {} bs = {}
by (auto simp add: step__eps_closure__set__def)

lemma step__eps__closure_set_mono”: step__eps_closure_set R || C step_eps_closure_set R bs
by (auto simp: step__eps__closure__set__def step__eps__closure__def) (metis mono__rtranclp step__eps_mono)

lemma step__eps_closure__set__split: step__eps_closure_set (R U S) bs =
step__eps_closure__set R bs U step__eps_closure__set S bs
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by (auto simp add: step__eps_closure__set__def)

lemma step__eps_closure__set__Un: step__eps_closure_set (Jz € X. R x) bs =
(Uz € X. step_eps_closure_set (R x) bs)
by (auto simp add: step__eps_closure__set__def)

lemma step__eps_closure__set_idem: step__eps_closure__set (step__eps_closure__set R bs) bs =
step__eps_ closure__set R bs
unfolding step _eps closure__set_def step__eps_closure_def by auto

lemma step_eps closure set_ flip:
assumes step__eps_ closure__set R bs = R U S
shows step _eps_closure_set S bs C R U S
using step__eps_closure__set_idem[of R bs, unfolded assms, unfolded step__eps__closure__set__split]
by auto

lemma step__eps_closure_set_unfold: (\q'. step_eps bs q ¢’ +— ¢’ € X) =
step__eps__closure__set {q} bs = {q} U step_eps_closure_set X bs
unfolding step eps_closure__set_def step__eps__closure__def
using rtranclp__step[of step__eps bs q]
by (auto simp add: converse_rtranclp__into_rtranclp)

lemma step_step__eps_ closure: step_eps bs q ¢ = q € R = q' € step__eps_closure_set R bs
unfolding step eps closure__set_def step__eps_closure_def by auto

lemma step__eps_closure__set__code[code]:
step__eps__closure__set R bs =
(let R' = R U step_eps_set bs R in if R = R’ then R else step__eps__closure_set R’ bs)
using rtranclp_ closed
by (auto simp add: step__eps_closure_set_def step__eps closure__def step__eps_set_sound Let_def)

’

lemma step__eps_closure__empty: step_eps_closure bs ¢ ¢' = (\q'. —step_eps bs ¢ ¢') = q = ¢
unfolding step__eps_closure__def by (induction q q’ rule: rtranclp.induct) auto

lemma step__eps_closure_set_step_id: (Aq q’. ¢ € R = —step_eps bs q ¢') =

step__eps_ closure_set R bs = R

using step__eps closure__empty step__eps_ closure__set_refi unfolding step eps closure__set_def by
blast

qualified definition step__symb :: state = state = bool where
step_symb q ¢’ +— q € SQ A
(case transs ! (¢ — q0) of symb_trans p = p = ¢’ | _ = Fulse)

lemma step_symb_ dest: step__symb q ¢’ => q € SQ
by (auto simp add: step__symb__def)

qualified definition step_ symb__sucs :: state = state set where
step__symb__sucs ¢ = (if ¢ € SQ then
(case transs ! (¢ — q0) of symb_trans p = {p} | _ = {}) else {})

lemma step symb_sucs_sound: q' € step_ symb__sucs q +— step__symb q q’
by (auto simp add: step__symb__sucs__def step__symb__def split: transition.splits)
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qualified definition step__symb__set :: state set = state set where
step__symb_set R = {q’. 3q € R. step_symb q q'}

lemma step_symb__set_mono: R C S = step_symb_set R C step_ symb__set S
by (auto simp add: step__symb__set def)

lemma step__symb__set__empty: step__symb_set {} = {}
by (auto simp add: step__symb__set_def)

lemma step__symb__set_proj: step__symb__set R = step__symb__set (R N SQ)
using step__symb__dest by (auto simp add: step__symb__set_def)

lemma step__symb__set__split: step__symb_set (R U S) = step__symb__set R U step__symb__set S
by (auto simp add: step__symb__set_def)

lemma step symb_set Un: step_symb_set (Jz € X. R z) = (Uz € X. step_symb_set (R z))
by (auto simp add: step__symb__set def)

lemma step__symb__set__code[code]: step__symb__set R = | (step__symb__sucs ‘ R)
using step__symb__sucs_sound by (auto simp add: step__symb__set_def)

qualified definition delta :: state set = bool list = state set where
delta R bs = step__symb__set (step__eps__closure__set R bs)

lemma delta__eps: delta (step__eps_closure_set R bs) bs = delta R bs
unfolding delta__def step__eps_closure__set_idem by (rule refl)

lemma delta__eps split:
assumes step__eps_closure_set R bs = R U S
shows delta R bs = step__symb__set R U delta S bs
unfolding delta_def assms step__symb__set_split
using step__symb__set_mono[OF step__eps__closure__set_ flip|OF assms|, unfolded step__symb__set__split]
step__symb__set_mono[OF step__eps_closure__set_refl] by auto

lemma delta__split: delta (R U S) bs = delta R bs U delta S bs
by (auto simp add: delta__ def step__symb__set_split step__eps__closure__set__split)

lemma delta Un: delta (|Jz € X. R z) bs = (Uz € X. delta (R z) bs)
unfolding delta_ def step__eps closure _set_ Un step_ symb__set_ Un by simp

lemma delta__step_symb__set__absorb: delta R bs = delta R bs U step__symb__set R
using step__eps_ closure__set_refl by (auto simp add: delta__def step__symb__set__def)

lemma delta__sub__eps _mono:
assumes S C step__eps_closure_set R bs
shows delta S bs C delta R bs
unfolding delta_ def
using step_ symb__set_mono[OF step__eps_closure__set_mono|OF assms, of bs,
unfolded step__eps__closure__set__idem]] by simp

qualified definition run :: state set = bool list list = state set where
run R bss = foldl delta R bss
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lemma run__eps split:
assumes step__eps__closure_set R bs = R U S step__symb_set R = {}
shows run R (bs # bss) = run S (bs # bss)
unfolding run__def foldl.simps delta__eps__split|OF assms(1), unfolded assms(2)]
by auto

lemma run__empty: run {} bss = {}
unfolding run_ def
by (induction bss)
(auto simp add: delta__def step__symb__set__empty step__eps_ closure__set__empty)

lemma run_Nil: run R[] = R
by (auto simp add: run__def)

lemma run_ Cons: run R (bs # bss) = run (delta R bs) bss
unfolding run_ def by simp

lemma run_split: run (R U S) bss = run R bss U run S bss
unfolding run_ def
by (induction bss arbitrary: R S) (auto simp add: delta_ split)

lemma run_Un: run (Jz € X. R z) bss = (Jz € X. run (R ) bss)
unfolding run_ def

by (induction bss arbitrary: R) (auto simp add: delta_ Un)

lemma run_comp: run R (bss @ css) = run (run R bss) css
unfolding run_ def by simp

qualified definition accept_eps :: state set = bool list = bool where
accept_eps R bs «— (qf € step__eps__closure__set R bs)

lemma step__eps accept _eps: step__eps bs q qf = q € R = accept_eps R bs
unfolding accept_eps def using step_ step__eps_closure by simp

lemma accept__eps__empty: accept_eps {} bs «— False
by (auto simp add: accept__eps__def step__eps_closure__set__def)

lemma accept_eps__split: accept_eps (R U S) bs <— accept_eps R bs V accept_eps S bs
by (auto simp add: accept__eps__def step__eps_closure__set__split)

lemma accept _eps Un: accept_eps (Jz € X. R z) bs «— (Fz € X. accept_eps (R z) bs)
by (auto simp add: accept_eps__def step__eps_closure__set__def)

qualified definition accept :: state set = bool where
accept R +— accept_eps R ||

qualified definition run_accept eps :: state set = bool list list = bool list = bool where
run__accept__eps R bss bs = accept__eps (run R bss) bs

lemma run__accept_eps__empty: —run__accept _eps {} bss bs
unfolding run__accept__eps_def run__empty accept__eps__empty by simp

lemma run_accept_eps_Nil: run__accept_eps R [| ¢s <— accept_eps R cs
by (auto simp add: run__accept__eps__def run__Nil)
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lemma run__accept__eps_Cons: run__accept_eps R (bs # bss) cs «— run__accept__eps (delta R bs) bss
cs
by (auto simp add: run__accept__eps__def run__Cons)

lemma run__accept_eps_Cons_delta__cong: delta R bs = delta S bs =
run__accept__eps R (bs # bss) cs <— run__accept_eps S (bs # bss) cs
unfolding run__accept__eps_Cons by auto

lemma run__accept__eps_Nil _eps: run__accept__eps (step__eps_closure__set R bs) [] bs «— run__accept__eps
R[] bs
unfolding run__accept__eps_Nil accept__eps__def step__eps_closure__set_idem by (rule refl)

lemma run__accept__eps_Cons__eps: run__accept__eps (step__eps__closure_set R cs) (cs # css) bs «—
run__accept__eps R (cs # css) bs
unfolding run__accept_eps_Cons delta__eps by (rule refl)

lemma run__accept_eps_Nil__eps_ split:
assumes step__eps_closure_set R bs = R U S step__symb_set R = {} ¢f ¢ R
shows run__accept_eps R [| bs = run__accept_eps S || bs
unfolding Nil run__accept_eps_Nil accept_eps__def assms(1)
using assms(3) step__eps_closure__set__refl step__eps_closure__set_ flip|OF assms(1)] by auto

lemma run__accept_eps Cons__eps_ split:
assumes step__eps_closure_set R ¢s = R U S step_symb_set R = {} ¢f ¢ R
shows run__accept_eps R (cs # css) bs = run__accept_eps S (cs # css) bs
unfolding run__accept_eps_def Cons run__eps_split|OF assms(1,2)] by (rule refl)

lemma run__accept__eps__split: run__accept_eps (R U S) bss bs <—
run__accept_eps R bss bs V run__accept_eps S bss bs
unfolding run__accept _eps def run__split accept__eps__split by auto

lemma run__accept_eps_Un: run__accept_eps ((Jz € X. R z) bss bs +—
(3z € X. run_accept_eps (R ) bss bs)
unfolding run__accept_eps def run_ Un accept__eps Un by simp

qualified definition run__accept :: state set = bool list list = bool where
run__accept R bss = accept (run R bss)

end
definition iarray_of list s = IArray xs

context fixes
transs :: transition iarray
and len :: nat

begin

qualified definition step_eps’ :: bool iarray = state = state = bool where
step_eps’ bs q q¢' «— q < len A
(case transs !! q of eps_trans p n = n < IArray.length bs A bs!! n A p = q’
| split_transpp' = p=q'V p' = q'| _ = False)

qualified definition step eps_closure’ :: bool iarray = state = state = bool where
step__eps_closure’ bs = (step__eps’ bs)™*

qualified definition step_eps sucs’ :: bool iarray = state = state set where
step_eps_sucs’ bs ¢ = (if ¢ < len then

23



(case transs ! q of eps_trans p n = if n < IArray.length bs A bs ! n then {p} else {}
| split_trans p p" = {p, p'} | _ = {}) else {})

lemma step_eps_sucs’_sound: q' € step__eps_sucs’ bs q¢ < step_eps’ bs q q’
by (auto simp add: step__eps_sucs’_def step__eps’_def split: transition.splits)

qualified definition step eps set’ :: bool iarray = state set = state set where
step_eps_set’ bs R = |J (step_eps_sucs’ bs ‘ R)

lemma step_eps_set’ _sound: step_eps_set’ bs R = {q’. 3q € R. step_eps’ bs q ¢’}
using step__eps_sucs’_sound by (auto simp add: step__eps_set’_def)

qualified definition step eps closure set’ :: state set = bool iarray => state set where
step_eps_closure_set’ R bs = |J((\q. {q’. step_eps_closure’ bs q q'}) ‘ R)

lemma step__eps_closure_set’ _code|code]:
step__eps_closure_set’ R bs =
(let R' = R U step_eps_set’ bs R in if R = R’ then R else step__eps__closure__set’ R’ bs)
using rtranclp_closed
by (auto simp add: step__eps_closure_set’ _def step__eps_closure’ _def step__eps_set’ _sound Let_def)

qualified definition step symb_sucs’ :: state = state set where
step__symb__sucs’ q¢ = (if ¢ < len then
(case transs ! q of symb_trans p = {p} | _ = {}) else {})

qualified definition step_symb_set’ :: state set = state set where
step__symb_set’ R = | (step__symb__sucs’ ‘ R)

qualified definition delta’ :: state set = bool iarray = state set where
delta’ R bs = step__symb__set’ (step_eps_closure_set’ R bs)

qualified definition accept_eps’ :: state set = bool iarray = bool where
accept_eps’ R bs +— (len € step__eps_closure_set’ R bs)

qualified definition accept’ :: state set = bool where
accept’ R <— accept_eps' R (iarray_of _list [])

qualified definition run’ :: state set = bool iarray list = state set where
run’ R bss = foldl delta’ R bss

qualified definition run_ accept eps’ :: state set = bool iarray list = bool iarray = bool where
run__accept_eps’ R bss bs = accept_eps’ (run’ R bss) bs

qualified definition run_ accept’ :: state set = bool iarray list = bool where
run__accept’ R bss = accept’ (run’ R bss)

end

locale nfa__array =
fixes transs :: transition list
and transs’ :: transition iarray
and len :: nat
assumes transs_eq: transs’ = IArray transs
and len_ def: len = length transs
begin

abbreviation step__eps = NFA.step__eps 0 transs
abbreviation step _eps’ = NFA.step _eps’ transs’ len
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abbreviation step_eps closure = NFA.step _eps_closure 0 transs
abbreviation step_eps closure’ = NFA.step__eps_closure’ transs’ len
abbreviation step_eps sucs = NFA.step__eps_sucs 0 transs
abbreviation step _eps sucs’ = NFA.step_eps sucs’ transs’ len
abbreviation step__eps set = NFA.step__eps_set 0 transs
abbreviation step _eps set’ = NFA.step_eps set’ transs’ len
abbreviation step eps closure set = NFA.step__eps_closure_set 0 transs
abbreviation step_eps closure_set’ = NFA.step__eps_closure_set’ transs’ len
abbreviation step_symb_sucs = NFA.step__symb__sucs 0 transs
abbreviation step _symb_sucs’ = NFA.step_symb_ sucs’ transs’ len
abbreviation step_symb_set = NFA.step symb_set 0 transs
abbreviation step_symb_set’ = NFA.step_ symb_ set’ transs’ len
abbreviation delta = NFA.delta 0 transs

abbreviation delta’ = NFA.delta’ transs’ len

abbreviation accept _eps = NFA.accept_eps 0 len transs
abbreviation accept _eps’ = NFA.accept _eps’ transs’ len
abbreviation accept = NFA.accept 0 len transs

abbreviation accept’ = NFA.accept’ transs’ len

abbreviation run = NFA.run 0 transs

abbreviation run’ = NFA.run’ transs’ len

abbreviation run__accept_eps = NFA.run__accept__eps 0 len transs
abbreviation run_accept_eps’ = NFA.run__accept_eps’ transs’ len
abbreviation run__accept = NFA.run__accept 0 len transs
abbreviation run_ accept’ = NFA.run__accept’ transs’ len

lemma ¢ _in_SQ: ¢ € NFA.SQ 0 transs +— q < len
using len_ def
by (auto simp: NFA.SQ__def)

lemma step _eps’_eq: bs’ = IArray bs = step_eps bs q q' < step_eps’ bs’ q q’
by (auto simp: NFA.step__eps_def NFA.step__eps’_def q_in_SQ transs_eq split: transition.splits)

lemma step_eps_closure’ _eq: bs' = IArray bs = step__eps_closure bs q q' +— step__eps_closure’ bs’
aq’
proof —
assume lassm: bs’ = IArray bs
have step_eps_eq folded: step _eps bs = step__eps’ bs’
using step__eps’_eq[OF lassm)|
by auto
show %thesis
by (auto simp: NFA.step__eps_closure__def NFA.step__eps_closure’ _def step__eps_eq_folded)
qged

lemma step_eps sucs’_eq: bs' = [Array bs = step__eps_sucs bs ¢ = step__eps_sucs’ bs’ q
by (auto simp: NFA.step _eps_sucs_def NFA.step_eps _sucs’_def q_in_SQ transs_eq
split: transition.splits)

lemma step_eps_set’ _eq: bs' = IArray bs => step_eps_set bs R = step__eps_set’ bs' R
by (auto simp: NFA.step__eps_set_def NFA.step__eps_set’ _def step__eps_sucs’_eq)

lemma step__eps_closure_set’_eq: bs' = IArray bs = step__eps_closure_set R bs = step__eps_ closure__set’
R bs’
by (auto simp: NFA.step__eps_closure__set__def NFA.step__eps__closure__set’ _def step__eps__closure’_eq)

lemma step_symb_sucs’_eq: bs’ = IArray bs = step_ symb_ sucs R = step_ symb_sucs’ R

by (auto simp: NFA.step__symb__sucs_def NFA.step__symb__sucs’_def q_in_SQ transs_eq
split: transition.splits)
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lemma step _symb_set’ _eq: bs’ = IArray bs => step__symb_set R = step_ symb_set’ R
by (auto simp: step__symb__set_code NFA.step__symb__set’ _def step__symb__sucs’_eq)

lemma delta’ _eq: bs' = IArray bs = delta R bs = delta’ R bs’
by (auto simp: NFA.delta_def NFA.delta'_def step__eps_closure_set’_eq step__symb__set’_eq)

lemma accept_eps’_eq: bs’ = IArray bs = accept_eps R bs = accept_eps’ R bs’
by (auto simp: NFA.accept_eps_def NFA.accept_eps’_def step__eps_closure_set’_eq)

lemma accept’ _eq: accept R = accept’ R
by (auto simp: NFA.accept_def NFA.accept’ _def accept_eps’_eq iarray_of list_def)

lemma run’_eq: bss’ = map IArray bss => run R bss = run’ R bss’
by (induction bss arbitrary: R bss’) (auto simp: NFA.run__def NFA.run'_def delta’_eq)

lemma run_accept_eps’_eq: bss’ = map IArray bss => bs' = IArray bs =
run__accept_eps R bss bs < run__accept_eps’ R bss’ bs’

by (auto simp: NFA.run__accept_eps_def NFA.run__accept_eps’_def accept_eps’_eq run’_eq)

lemma run_ accept’ _eq: bss’ = map IArray bss —>
run__accept R bss +— run__accept’ R bss’
by (auto simp: NFA.run__accept_def NFA.run__accept’_def run’_eq accept’_eq)

end

locale nfa =

fixes ¢0 :: nat
and qf :: nat

and transs

:: transition list

assumes state_closed: \t. t € set transs = state_set t C NFA.Q q0 qf transs

and transs_not_Nil: transs # ||
and ¢f_not_in_SQ: qf ¢ NFA.SQ q0 transs

begin

abbreviation SQ = NFA.SQ q0 transs

abbreviation Q = NFA.Q q0 qf transs

abbreviation nfa_fmla_set = NFA.nfa_ fmla_ set transs
abbreviation step__eps = NFA.step__eps q0 transs

abbreviation step__eps sucs = NFA.step__eps_sucs q0 transs
abbreviation step _eps set = NFA.step__eps_set q0 transs
abbreviation step__eps closure = NFA.step__eps_ closure q0 transs
abbreviation step_eps_closure_set = NFA.step__eps_closure_set q0 transs
abbreviation step_symb = NFA.step_ symb q0 transs
abbreviation step_symb__sucs = NFA.step_ symb__sucs q0 transs
abbreviation step_ symb_set = NFA.step_ symb__set q0 transs
abbreviation delta = NFA.delta q0 transs

abbreviation run = NFA.run q0 transs

abbreviation accept_eps = NFA.accept__eps q0 qf transs
abbreviation run__accept _eps = NFA.run__accept _eps q0 qf transs

lemma Q_diff qf SQ: Q — {¢f} = SQ
using ¢f _not_in_SQ by (auto simp add: NFA.Q__def)

lemma ¢0_sub_SQ: {q0} C SQ
using transs_not_Nil by (auto simp add: NFA.SQ_def)

lemma ¢0_sub_Q: {q0} C Q
using ¢0_sub_SQ SQ_sub__Q by auto
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lemma step _eps_closed: step _eps bs g ¢/ => ¢’ € Q
using transs_q _in_ set state__closed
by (fastforce simp add: NFA.step__eps__def split: transition.splits)

lemma step__eps set_closed: step__eps set bs R C @
using step__eps_closed by (auto simp add: step__eps_set__sound)

lemma step_eps_closure_ closed: step__eps_closure bs q ¢’ = q# ¢ = q¢' € Q
unfolding NFA.step eps_closure def
apply (induction q q' rule: rtranclp.induct) using step__eps_closed by auto

lemma step eps closure__set closed__union: step__eps_closure_set R bs C R U @
using step__eps_closure__closed by (auto simp add: NFA.step__eps__closure__set__def NFA.step__eps__closure__def)

lemma step eps closure set_closed: R C ) = step__eps_closure__set R bs C @Q
using step__eps_closure__set__closed__union by auto

lemma step_symb_ closed: step_symb q ¢’ = ¢’ € Q
using transs_q_in_ set state_closed
by (fastforce simp add: NFA.step__symb__def split: transition.splits)

lemma step_symb__set_closed: step_symb__set R C @Q
using step__symb__closed by (auto simp add: NFA.step__symb__set def)

lemma step__symb__set_qf: step__symb_set {qf} = {}
using ¢f _not_in_SQ step_symb__set_projlof _ _ {qf}] step__symb__set_empty by auto

lemma delta_ closed: delta R bs C Q
using step__symb__set_closed by (auto simp add: NFA.delta__def)

lemma run__closed_Cons: run R (bs # bss) C @
unfolding NFA.run__def
using delta_ closed by (induction bss arbitrary: R bs) auto

lemma run__closed: R C @) = run R bss C Q
using run_ Nil run__closed__Cons by (cases bss) auto

lemma step__eps qf: step__eps bs qf ¢ «— Fualse
using qf not_in_SQ step__eps dest by force

lemma step_ symb__qf: step__symb qf q «— False
using qf not_in_SQ step_ symb__dest by force

lemma step__eps_closure_qf: step__eps_closure bs q ¢’ = q = q¢f = q= ¢’
unfolding NFA.step__eps_closure__def
apply (induction q q' rule: rtranclp.induct) using step__eps_qf by auto

lemma step_eps_closure_set_qf: step_eps_closure_set {qf} bs = {qf}
using step__eps_closure__qf unfolding NFA.step__eps closure_set def NFA.step eps_closure__def by
auto

lemma delta_qf: delta {qf} bs = {}

using step__eps_ closure__qf step__symb__qf
by (auto simp add: NFA.delta__def NFA.step__symb__set_def NFA.step__eps_ closure_set__def)
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lemma run__qf _many: run {qf} (bs # bss) = {}
unfolding run_ Cons delta__qf run__empty by (rule refl)

lemma run__accept__eps__qf _many: run__accept__eps {qf} (bs # bss) cs «— Fulse
unfolding NFA.run__accept eps_def using run_ qf many accept_eps _empty by simp

lemma run__accept_eps_qf one: run__accept_eps {qf} [| bs +— True
unfolding NFA.run__accept_eps def NFA.accept eps def using run_ Nil step _eps closure__set_refl
by force

end
locale nfa_cong = nfa q0 qf transs + nfa’: nfa g0’ qf ' transs’

for q0 q0' qf qf ' transs transs’ +
assumes SQ_sub: nfa’.SQ C SQ and

af _eq: qf = qf and
transs_eq: Nq. q¢ € nfa’.SQ = transs ! (¢ — q0) = transs’ ! (¢ — q0’)
begin

lemma ¢ Q SQ nfa’ SQ: q € nfa’.Q = q € SQ +— q € nfa’.SQ
using SQ _sub qf _not_in_SQ qf eq by (auto simp add: NFA.Q__def)

lemma step_eps cong: q € nfa’.Q = step__eps bs q q¢' < nfa’.step_eps bs q q’
using ¢_Q_SQ_nfa’_SQ transs_eq by (auto simp add: NFA.step__eps__def)

lemma eps_nfa’ step eps closure: step _eps closure bs q ¢/ => q € nfa’.Q —>
! i / ’
q' € nfa’.Q N nfa'.step__eps_closure bs q q
unfolding NFA.step eps_closure def
apply (induction q q' rule: rtranclp.induct)
using nfa’.step_eps_closure_closed step_eps cong by (auto simp add: NFA.step__eps_ closure def)

lemma nfa’ _eps step eps_closure: nfa’.step__eps closure bs ¢ ¢ = q € nfa’.Q —
q' € nfa’.Q A step_eps_closure bs q q’
unfolding NFA.step eps_closure _def
apply (induction q q' rule: rtranclp.induct)
using nfa’.step_eps_closed step__eps_cong
by (auto simp add: NFA.step__eps_closure_def intro: rtranclp.intros(2))

lemma step_eps_closure_set_cong: R C nfa’.Q = step_eps_closure_set R bs =
nfa’.step_eps_closure_set R bs
using eps_nfa’ step _eps closure nfa’ _eps_step__eps closure
by (fastforce simp add: NFA.step__eps_closure__set__def)

lemma step_symb_cong: q € nfa’.Q = step_symb q q’' «— nfa’.step_symb q q’
using ¢ Q_SQ _nfa’ SQ transs_eq by (auto simp add: NFA.step _symb__def)

lemma step_symb_set_cong: R C nfa’.Q = step__symb_set R = nfa’.step__symb_set R
using step__symb__cong by (auto simp add: NFA.step__symb__set_def)

lemma delta_cong: R C nfa’.Q = delta R bs = nfa’.delta R bs
using step_symb_set_cong nfa’.step _eps_closure_set_closed
by (auto simp add: NFA.delta__def step__eps__closure__set__cong)

lemma run_cong: R C nfa’.Q = run R bss = nfa’.run R bss
unfolding NFA.run_ def

using nfa’.delta__closed delta__cong by (induction bss arbitrary: R) auto

lemma accept_eps _cong: R C nfa’.Q = accept_eps R bs +— nfa’.accept_eps R bs
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unfolding NFA.accept eps_def using step eps closure set_cong qf eq by auto

lemma run__accept_eps_cong:
assumes R C nfa’.Q
shows run_ accept_eps R bss bs < nfa’.run__accept_eps R bss bs
unfolding NFA.run__accept_eps__def run__cong[OF assms]
accept__eps__cong[OF nfa’.run__closed[OF assms]| by simp

end

fun list_split 2 'a list = ('a list X 'a list) set where
list_split [| = {}
| list_split (z # zs) = {([], z # xs)} U (U (vs, 2s) € list_split zs. {(z # ys, 2zs)})

lemma list_split_unfold: (\J (ys, zs) € list_split (z # zs). fys zs) =
F U (x# xs) U (U-(ys, zs) € list_split zs. f (z # ys) zs)

by (induction zs) auto

lemma list_split_def: list_split zs = ((Un < length zs. {(take n zs, drop n zs)})
using less_Suc__eq _0_disj by (induction zs rule: list_split.induct) auto+

locale nfa_cong’ = nfa q0 qf transs + nfa’: nfa g0’ qf ' transs’

for q0 q0' qf qf ' transs transs’ +

assumes SQ_sub: nfa’.SQ C SQ and

qf'_in_SQ: qf € SQ and

transs_eq: \q. ¢ € nfa’.SQ = transs ! (¢ — q0) = transs’ ! (¢ — q0’)
begin

lemma nfa’ Q sub_Q: nfa’.Q C Q
unfolding NFA.Q _def using SQ_sub qf"_in_SQ by auto

lemma ¢ SQ SQ nfa’ SQ: q € nfa’.SQ = q € SQ +— q € nfa’.S5Q
using SQ_sub by auto

lemma step__eps cong SQ: q € nfa’.SQ = step__eps bs q q' +— nfa’.step_eps bs q q’
using q¢_SQ_SQ nfa’ SQ transs_eq by (auto simp add: NFA.step__eps_def)

lemma step__eps _cong_Q: q € nfa’.QQ = nfa’.step_eps bs q ¢’ = step__eps bs q q’
using SQ_sub transs_eq by (auto simp add: NFA.step__eps_def)

lemma nfa’ step eps closure_cong: nfa’.step_eps closure bs q ¢ = q € nfa’.Q —
step__eps_closure bs q q’
unfolding NFA.step eps_closure _def
apply (induction q q' rule: rtranclp.induct)
using NFA.Q_def NFA.step__eps_ closure__def
by (auto simp add: rtranclp.rtrancl_into_rtrancl step__eps__cong_SQ step__eps__dest)

lemma nfa’ step eps closure _set_sub: R C nfa’.Q = nfa’.step_eps_closure_set R bs C
step__eps_closure__set R bs
unfolding NFA.step__eps_closure__set__def
using nfa’_step_eps_closure_cong by fastforce

lemma eps_nfa’ step eps closure_cong: step__eps_closure bs q ¢/ => q € nfa’.Q —
(¢’ € nfa’.Q A nfa’.step_eps_closure bs q q¢') V
(nfa'.step__eps_closure bs q qf ' A step__eps__closure bs qf ' q')
unfolding NFA.step__eps_ closure__def
apply (induction q q' rule: rtranclp.induct)
using nfa’.step_eps closure_ closed nfa’.step__eps closed step _eps cong SQ NFA.Q_def
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by (auto simp add: intro: rtranclp.rtrancl_into_rtrancl) fastforce+

lemma nfa’ _eps_ step_eps_closure_cong: nfa’.step _eps closure bs q ¢/ => q € nfa’.Q —
q' € nfa’.Q A step_eps_closure bs q q’
unfolding NFA.step eps_closure__def
apply (induction q q' rule: rtranclp.induct)
using nfa’.step_eps_closed step__eps cong @
by (auto intro: rtranclp.intros(2))

lemma step_eps_closure_set_cong_reach: R C nfa’.Q = qf ' € nfa’.step_eps closure_set R bs =—>
step__eps__closure_set R bs = nfa’.step__eps__closure_set R bs U step__eps__closure_set {qf'} bs
using eps_nfa’ step_eps_closure_cong nfa’_eps_step eps closure _cong
rtranclp__trans[of step__eps bs]
unfolding NFA.step eps_closure_set_def NFA.step _eps closure__def
by auto blast+

lemma step__eps_closure__set_cong_unreach: R C nfa’.Q = qf ' ¢ nfa’.step_eps_closure_set R bs =
step__eps_closure_set R bs = nfa’.step _eps_closure_set R bs
using eps_nfa’ step_eps closure__cong nfa’_eps_step__eps closure_cong
unfolding NFA.step eps_closure_set_def NFA.step _eps closure__def
by auto blast+

lemma step_symb_cong_SQ: q € nfa’.SQ = step__symb q q' < nfa’.step_symb q q’
using ¢ SQ _SQ nfa’ SQ transs_eq by (auto simp add: NFA.step__symb__def)

lemma step__symb__cong_ Q: nfa’.step__symb q ¢' = step_symb q q’
using SQ_sub transs_eq by (auto simp add: NFA.step__symb__def)

lemma step_symb_set_cong SQ: R C nfa’.SQ = step__symb_set R = nfa’.step_symb_set R
using step__symb__cong _SQ by (auto simp add: NFA.step__symb_set_def)

lemma step__symb_set_cong Q: nfa’.step _symb_set R C step_symb_set R
using step__symb__cong_Q by (auto simp add: NFA.step__symb__set_def)

lemma delta__cong_unreach:
assumes R C nfa’.Q —nfa’.accept_eps R bs
shows delta R bs = nfa'.delta R bs
proof —
have nfa’.step_eps_closure_set R bs C nfa’.SQ
using nfa’.step_eps_closure_set_closed|OF assms(1), unfolded NFA.Q__def]
assms(2)[unfolded NFA.accept _eps__def] by auto
then show ?Zthesis
unfolding NFA.accept _eps_def NFA.delta def using step_ symb__set_cong SQ
step__eps__closure__set__cong_unreach[OF assms(1) assms(2)|unfolded NFA.accept__eps__def]]
by auto
qed

lemma nfa’ delta_sub_ delta:
assumes R C nfa’.Q
shows nfa’.delta R bs C delta R bs
unfolding NFA.delta__def
using step__symb__set_mono[OF nfaLstepfepsfclosureisetisub[OF assms]] step__symb__set__cong_Q
by fastforce

lemma delta__cong_reach:

assumes R C nfa’.Q nfa’.accept_eps R bs

shows delta R bs = nfa’.delta R bs U delta {qf’} bs
proof (rule set_eql, rule iffI)
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fix ¢q
assume assm: q € delta R bs
have nfa’ _eps diff Un: nfa’.step _eps closure_set R bs =
nfa’.step__eps__closure_set R bs — {qf '} U {qf '}
using assms(2)[unfolded NFA.accept _eps__def] by auto
from assm have q € step__symb__set (nfa’.step_eps_closure_set R bs — {qf'}) U
step__symb__set {qf '} U delta {qf'} bs
unfolding NFA.delta__def step__eps__closure__set__cong__reach[OF assms(1)
assms(2)[unfolded NFA.accept _eps_def]] step__symb__set__split[symmetric]
nfa’_eps_diff _Un[symmetric] by simp
then have q € step__symb__set (nfa’.step__eps_closure_set R bs — {qf'}) U delta {qf'} bs
using step__symb__set_monolof {qf'} step_eps_closure_set {qf '} bs,
OF step__eps__closure__set__refl, unfolded NFA.delta__def[symmetric]]
delta__step__symb__set__absorb by blast
then show ¢ € nfa’.delta R bs U delta {qf'} bs
unfolding NFA.delta_ def
using nfa’.step__eps_closure_set_closed|OF assms(1), unfolded NFA.Q__def]
step__symb__set__cong_SQ|of nfa’.step_eps_closure_set R bs — {qf'}]
step__symb__set__mono by blast
next
fix ¢
assume ¢ € nfa’.delta R bs U delta {qf’} bs
then show ¢ € delta R bs
using nfa’_delta_sub__delta]|OF assms(1)] delta_sub__eps_monolof {qf'} _ _ R bs]
assms(2)|unfolded NFA.accept_eps_def] nfa’_step_eps_closure__set_sub]OF assms(1)]
by fastforce
qged

lemma run__cong:
assumes R C nfa’.Q
shows run R bss = nfa’.run R bss U (| (css, css’) € list_split bss.
if nfa’.run__accept_eps R css (hd css’) then run {qf'} css’ else {})
using assms
proof (induction bss arbitrary: R rule: list_split.induct)
case 1
then show ?case
using run_ Nil by simp
next
case (2  xs)
show ?case
apply (cases nfa’.accept_eps R x)
unfolding run_ Cons delta__cong_reach[OF 2(2)]
delta__cong_unreach[OF 2(2)] run__split run__accept__eps_Nil run__accept_eps_Cons
list_split_unfold[of A\ys zs. if nfa’.run__accept_eps R ys (hd 2s)
then run {qf'} zs else {} z xs] using 2(1)[of nfa’.delta R =,
OF nfa’.delta__closed, unfolded run__accept_eps_Nil] by auto
qed

lemma run__cong Cons__sub:

assumes R C nfa’.Q delta {qf'} bs C nfa’.delta R bs

shows run R (bs # bss) = nfa’.run R (bs # bss) U
(U (css, css’) € list_split bss.
if nfa’.run__accept__eps (nfa’.delta R bs) css (hd css’) then run {qf'} css’ else {})

unfolding run_ Cons using run__cong|OF nfa’.delta__closed)
delta__cong_reach|OF assms(1)] delta_cong unreach[OF assms(1)]

by (cases nfa'.accept_eps R bs) (auto simp add: Un__absorb2[OF assms(2)])

lemma accept_eps _nfa’ _run:
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assumes R C nfa’.Q

shows accept_eps (nfa’.run R bss) bs <
nfa’.accept__eps (nfa’.run R bss) bs A accept_eps (run {qf'} []) bs

unfolding NFA.accept eps_def run_ Nil

using step__eps__closure__set__cong_reach|OF nfa’.run__closed|OF assms]]
step__eps__closure__set__cong_unreach|OF nfa’.run__closed|OF assms]] qf_not_in_SQ
qf_in_SQ nfa’.step_eps_closure_set_closed[OF nfa’.run__closed[OF assms|,
unfolded NFA.Q__def] SQ_sub

by (cases qf ' € nfa’.step__eps__closure__set (nfa’.run R bss) bs) fastforce+

lemma run__accept__eps_cong:

assumes R C nfa’.Q

shows run__accept_eps R bss bs < (nfa’.run__accept_eps R bss bs A run__accept_eps {qf'} [] bs) V
(3 (css, css’) € list_split bss. nfa’.run_accept_eps R css (hd css’) A
run__accept_eps {qf '} css’ bs)

unfolding NFA.run__accept_eps__def run__cong[OF assms] accept__eps__split
accept__eps_Un accept_eps_nfa’_run[OF assms)

using accept_eps_empty by (auto split: if _splits)+

lemma run__accept_eps cong_Cons__sub:

assumes R C nfa’.Q delta {qf '} bs C nfa’.delta R bs

shows run__accept_eps R (bs # bss) cs +—
(nfa’.run__accept_eps R (bs # bss) cs A run_accept_eps {qf'} [| ¢s) V
(3 (css, css’) € list_split bss. nfa’.run__accept_eps (nfa’.delta R bs) css (hd css’) A
run__accept_eps {qf '} css’ cs)

unfolding NFA.run__accept__eps__def run__cong_ Cons_sub[OF assms]
accept__eps__split accept_eps_Un accept__eps_nfa’_run[OF assms(1)]

using accept__eps__empty by (auto split: if _splits)+

lemmas run__accept__eps cong_Cons_sub_simp =
run__accept__eps__cong_ Cons__sublunfolded list__split_def, simplified,
unfolded run__accept__eps_Cons[symmetric] take__Suc_ Cons[symmetric]]

end

locale nfa_ cong_Plus = nfa_cong q0 q0' qf qf ' transs transs’ +
right: nfa__cong q0 q0"' qf qf "’ transs transs’
for q0 q0' q0" qf qf ' qf "’ transs transs’ transs’’ +
assumes step__eps_q0: step_eps bs q0 g < q € {q0’, 0"’} and
step__symb__q0: —step__symb q0 q

begin

lemma step__symb__set_q0: step__symb_set {q0} = {}
unfolding NFA.step_ symb__set_def using step__symb_q0 by simp

lemma gf not q0: q¢f ¢ {q0}
using qf _not_in_SQ q0_sub_SQ by auto

lemma step__eps_closure__set_q0: step__eps_closure_set {q0} bs = {q0} U
(nfa'.step_eps_closure_set {q0'} bs U right.nfa’.step__eps_closure__set {q0"'} bs)
using step__eps_closure__set_unfold[OF step__eps_q0]

insert_is_Un[of q0' {q0""}]

step__eps__closure__set__splitjof _ __ {q0'} {q0""}]

step__eps__closure__set__cong|OF nfa’.q0_sub__Q)]

right.step__eps__closure__set__cong|OF right.nfa’.q0_sub__ Q)
by auto

lemmas run__accept_eps Nil_cong =
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run__accept_eps_Nil _eps _split[OF step__eps_closure_set_q0 step__symb__set_q0 qf not_q0,
unfolded run__accept__eps_ split
run__accept__eps__cong[OF nfa’.step__eps_closure__set__closed[OF nfa’.q0_sub__ Q)]
right.run__accept__eps__cong|OF right.nfa’.step__eps_ closure__set_closed| OF right.nfa’.q0__sub__Q]]
run__accept__eps__Nil_eps]

lemmas run__accept_eps_Cons _cong =
run__accept__eps__Cons_eps__split|OF step__eps__closure__set__q0 step__symb__set_q0 qf _not__q0,
unfolded run__accept__eps__split
run__accept__eps__cong|OF nfa’.step_eps_closure_set_closed[OF nfa’.q0_sub_ Q)]
right.run__accept__eps__cong|OF right.nfa’.step__eps_ closure__set__closed| OF right.nfa’.q0_sub__ Q)]
run__accept__eps_Cons__eps|

lemma run__accept__eps__cong: run__accept_eps {q0} bss bs +—
(nfa'.run__accept__eps {q0'} bss bs V right.nfa’.run__accept_eps {q0''} bss bs)
using run__accept__eps_Nil_cong run__accept__eps_Cons__cong by (cases bss) auto

end

locale nfa_ cong_ Times = nfa_cong’ q0 q0 qf q0' transs transs’ +
right: nfa_ cong q0 q0' qf qf transs transs’’
for q0 q0' qf transs transs’ transs’’

begin

lemmas run__accept_eps_cong =
run__accept__eps_cong|OF nfa’.q0_sub__Q, unfolded
right.run__accept__eps__cong|OF right.nfa’.q0_sub__Q)], unfolded list__split_def, simplified)

end

locale nfa__cong Star = nfa_cong’ q0 q0’ qf q0 transs transs’
for q0 q0' qf transs transs’ +
assumes step__eps_q0: step__eps bs q0 q < q € {q0’, ¢f} and
step__symb__q0: —step__symb q0 q

begin

lemma step__symb__set_q0: step__symb_set {q0} = {}
unfolding NFA.step_ symb__set_def using step__symb_q0 by simp

lemma run__accept__eps_Nil: run__accept_eps {q0} [] bs
unfolding NFA.run__accept_eps def NFA.run__def using step__eps__accept__eps step__eps_q0 by fast-
force

lemma rtranclp_step_eps_q0_q0": (step_eps bs)** q ¢’ = q = q0 =
q' € {q0, gf} Vv (¢’ € nfa’.SQ A (nfa’.step_eps bs)** q0’ q")
apply (induction q q' rule: rtranclp.induct)
using step__eps_q0 step__eps_dest qf _not_in_SQ step_eps _cong SQ nfa’.q0 _sub_SQ
nfa’.step__eps_closed[unfolded NFA.Q__def] by fastforce+

lemma step__eps_closure__set_q0: step__eps__closure__set {q0} bs C {q0, qf} U
(nfa'.step__eps__closure__set {q0'} bs N nfa’.5Q)
unfolding NFA.step eps_closure_set_def NFA.step eps_closure _def
using rtranclp_step__eps q0_q0' by auto

lemma delta_sub_nfa’ delta: delta {q0} bs C nfa’.delta {q0'} bs
unfolding NFA.delta_ def
using step__symb__set_mono|OF step__eps_closure_set_q0, unfolded step_ symb_set_q0
step__symb__set_ qf step__symb__set__split insert_is_Un[of q0 {qf }]]
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step__symb__set__cong_SQ
by (metis boolean__algebra__cancel.sup0 inf _le2 step__symb__set_proj step__symb__set__q0
step__symb__set__qf sup__commute)

lemma step__eps_closure__set__q0__split: step__eps__closure__set {q0} bs = {q0, ¢f} U
step__eps__closure__set {q0'} bs
unfolding NFA.step eps closure_set_def NFA.step eps closure def
using step__eps_qf step_eps__q0
apply (auto)
apply (metis rtranclp__unfold)
by (metis r_into__rtranclp rtranclp.rtrancl_into__rtrancl rtranclp__idemp)

lemma delta_q0_q0'": delta {q0} bs = delta {q0'} bs
unfolding NFA.delta_def step__eps__closure__set__q0__split step__symb__set__split
unfolding NFA.delta__def[symmetric]
unfolding NFA.step symb_set def
using step__symb__q0 step__symb__dest qf _not_in_SQ
by fastforce

lemmas run_accept_eps cong Cons =
run__accept__eps_cong_ Cons__sub__simp|[OF nfa'.q0_sub_Q delta_sub_nfa'_delta,
unfolded run__accept__eps_Cons__delta__cong|OF delta_q0_q0’, symmetric]]

end

end
theory Window

imports HOL— Library.AList HOL— Library. Mapping HOL— Library. While_ Combinator Timestamp
begin

type__synonym (‘a, 'b) mmap = (‘a x 'b) list

inductive chain_le :: 'd :: timestamp list = bool where
chain_le_Nil: chain_le [|
| chain_le_singleton: chain_le [x]
| chain_le_cons: chain_le (y # zs) = z < y => chain_le (z # y # xs)

lemma chain_le_app: chain_le (zs Q [2]) = z < w = chain_le ((zs Q [2]) @ [w])
apply (induction zs Q [z] arbitrary: zs rule: chain_le.induct)
apply (auto intro: chain_le.intros)[2]
subgoal for y xs = zs
apply (cases zs)
apply (auto)
apply (metis append.assoc append__Cons append__Nil chain__le__cons)
done
done

inductive reaches _on :: (‘e = (‘e x 'f) option) = ‘e = 'f list = ‘e = bool
for run :: ‘e = (e x 'f) option where
reaches_on run s || s
| run s = Some (s, v) = reaches_on run s’ vs s"’ = reaches_on run s (v # vs) s”’
lemma reaches on__init_Some: reaches _on r s xs 8' => r s’ # None => r s # None
by (auto elim: reaches_on.cases)

lemma reaches on_ split: reaches _on run s vs s’ = i < length vs =—>
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1’

35" s""". reaches_on run s (take i vs) 8" A run s’ = Some (5", vs ! i) A reaches_on run s

(Suc i) vs) s’
proof (induction s vs s' arbitrary: i rule: reaches_on.induct)
case (2 s s’ vuss')
show ?case
using 2(1,2)
proof (cases i)
case (Suc n)
show ?thesis
using 2
by (fastforce simp: Suc intro: reaches__on.intros)
qged (auto intro: reaches_on.intros)

qed auto

lemma reaches_on_ split”: reaches _on run s vs s' = i < length vs =—>
35" . reaches_on run s (take i vs) s'' A reaches_on run s'' (drop i vs) s’

proof (induction s vs s' arbitrary: i rule: reaches_on.induct)

case (2s s’ vwvss')
show ?case
using 2(1,2)
proof (cases i)
case (Suc n)
show ?thesis

using 2
by (fastforce simp: Suc intro: reaches_on.intros)

qed (auto intro: reaches__on.intros)
qed (auto intro: reaches_on.intros)

lemma reaches_on__split_app: reaches_on run s (vs @ vs') s =
1 1 12 ! !
ds". reaches _on run s vs s A\ reaches _on run s’ vs' s
using reaches__on__split’[where i=length vs, of run s vs @ vs’ s’]
by auto

lemma reaches on_inj: reaches_on run s vs t => reaches_on run s vs' t' =
length vs = length vs' = vs = vs' At = t’
apply (induction s vs t arbitrary: vs' t' rule: reaches_on.induct)
apply (auto elim: reaches_on.cases)[1]

subgoal for s s’ v vs 8" vs’' t’
apply (rule reaches_on.cases[of run s’ vs s'’]; rule reaches_on.cases[of run s vs’ t'])

apply assumption+
apply auto[2]

apply fastforce
apply (metis length__0__conv list.discl)
apply (metis Pair_inject length__Cons nat.inject option.inject)

done
done

lemma reaches_on__split_last: reaches_on run s (zs Q [z]) " =

s’ reaches_on run s xs s' A run s’ = Some (s, z)
apply (induction s xs @Q [z] s' arbitrary: zs z rule: reaches__on.induct)

apply simp
subgoal for s s’ v vs " zs z

by (cases vs rule: rev_cases) (fastforce elim: reaches__on.cases intro: reaches__on.intros)+
done

lemma reaches__on__rev_induct[consumes 1]: reaches_on run s vs s =

(As. Ps|[ s) =
(A\s 8" v vs s". reaches_on run s vs s’ = P s vs s’ = run s’ = Some (s", v) =
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Ps(vsQ[v]) s") =
Pswvss’
proof (induction vs arbitrary: s s’ rule: rev_induct)
case (snoc  xs)
from snoc(2) obtain s’ where s’
using reaches__on__split_last
by fast
show ?case
using snoc(4)[OF s"'_def(1) _ s"'_def(2)] snoc(1)[OF s"_def(1) snoc(3,4)]
by auto
qed (auto elim: reaches_on.cases)

’

/

def: reaches_on run s xs s run s’ = Some (s', z)

lemma reaches_on__app: reaches_on run s vs 8’ = run s’ = Some (s"/, v) =
reaches_on run s (vs @ [v]) s”’
by (induction s vs s’ rule: reaches_on.induct) (auto intro: reaches_on.intros)

lemma reaches on_trans: reaches on run s vs s’ = reaches _on run s’ vs' s"' =
reaches_on run s (vs @ vs’) s”’
by (induction s vs s’ rule: reaches_on.induct) (auto intro: reaches _on.intros)

lemma reaches_onD: reaches_on run s ((t, b) # vs) s’ =
35", run s = Some (s”, (¢, b)) A reaches_on run s'' vs s’
by (auto elim: reaches__on.cases)

lemma reaches_on_setD: reaches_on run s vs s’ => © € set vs —>
Jus’ vs" s”. reaches_on run s (vs’' Q [z]) s"" A reaches_on run s" vs"' s’ A vs = vs' Q@ x # vs”’
proof (induction s vs s’ rule: reaches on_ rev_induct)
case (2 s s’ vuss')
show ?case
proof (cases © € set vs)
case True
obtain vs’ vs'’ s’ where split_def: reaches_on run s (vs’ @ [z]) s""’
reaches_on run s'"' vs" s’ vs = vs' @ x # vs”’
using 2(3)[OF True]
by auto
show ?thesis
using split_def(1,8) reaches_on_app[OF split_def(2) 2(2)]
by auto
next
case False
have z v: z = v
using 2(4) False
by auto
show ?thesis
unfolding z_v
using reaches_on__app[OF 2(1,2)] reaches_on.intros(1)[of run s'']
by auto
qged
qed auto

lemma reaches_on_len: Jvs s'. reaches_on run s vs s’ A (length vs = n V run s’ = None)
proof (induction n arbitrary: s)
case (Suc n)
show ?case
proof (cases run s)
case (Some )
obtain s’ v where z_def: z = (s’, v)
by (cases ) auto
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!
= None

obtain vs s’/ where s'’_def: reaches_on run s’ vs s’ length vs = n V run s’
using Suc|of s']
by auto
show ?thesis
using reaches_on.intros(2)[OF Somelunfolded x_def] s'' _def(1)] s"_def(2)
by fastforce
qged (auto intro: reaches on.intros)

qed (auto intro: reaches__on.intros)

lemma reaches_on__ NilD: reaches_on run q [| ¢/ = q¢ = ¢’
by (auto elim: reaches__on.cases)

lemma reaches_on__ ConsD: reaches_on run q (v # xs) ¢' = 3q". run ¢ = Some (q'"’, T) A reaches_on
run q¢'" xs q’
by (auto elim: reaches_on.cases)

inductive reaches :: (‘e = (‘e x 'f) option) = ‘e = nat = e = bool
for run :: ‘e = (‘e x 'f) option where
reaches run s 0 s
| run s = Some (s', v) = reaches run s’ n s’ = reaches run s (Suc n) s

lemma reaches_Suc__split_last: reaches run s (Suc n) s’ = 3"’ z. reaches run s n s’ A run s’ = Some
(s", 2)
proof (induction n arbitrary: s)
case (Suc n)
obtain s’ z where s’’_def: run s = Some (s, z) reaches run s" (Suc n) s
using Suc(2)
by (auto elim: reaches.cases)
show ?case
using s”_def(1) Suc(1)[OF s"'_def(2)]
by (auto intro: reaches.intros)
qed (auto elim!: reaches.cases intro: reaches.intros)

/

lemma reaches_invar: reaches fxrny = Px = (N2 2 v. Pz = f2z = Some (2/,v) = P?) =
Py
by (induction z n y rule: reaches.induct) auto

lemma reaches cong: reaches fxny = Pz = (Nz22'v. Pz = fz = Some (2, v) = P z') =

(Nz. Pz = f' (g 2) = map_option (apfst g) (f 2)) = reaches f’' (g z) n (g y)
by (induction x n y rule: reaches.induct) (auto intro: reaches.intros)

lemma reaches_on_n: reaches_on run s vs s’ = reaches run s (length vs) s’

by (induction s vs s’ rule: reaches_on.induct) (auto intro: reaches.intros)

I !
lemma reaches _on: reaches run s n s = Jvs. reaches_on run s vs s’ N\ length vs = n
by (induction s n s’ rule: reaches.induct) (auto intro: reaches _on.intros)

definition ts_at :: (d x 'b) list = nat = 'd where
ts_at rho i = fst (rho ! ©)

definition bs_at :: (d x 'b) list = nat = 'b where
bs_at rho i = snd (rho ! 1)

fun sub_bs :: ('d x 'b) list = nat x nat = 'b list where
sub__bs tho (i, j) = map (bs_at rho) [i..<j]

definition steps :: ('c = ‘b = ‘¢) = ('d x 'b) list = 'c = nat x nat = 'c where
steps step Tho q i = foldl step q (sub__bs rho ij)
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definition acc :: (e = b = '¢) = (‘¢ = bool) = ('d x 'b) list =
‘c = nat x nat = bool where
acc step accept tho q ij = accept (steps step rho q ij)

definition sup_acc :: ('c = 'b = ‘c) = (‘¢ = bool) = ('d x 'b) list =
‘c = nat = nat = ('d X nat) option where
sup__acc step accept rtho q i j =
(let L' = {1 € {i..<j}. acc step accept tho q (i, Suc I)}; m = Maz L' in
if L' = {} then None else Some (ts__at rho m, m))

definition sup_leadsto :: 'c = ('c = 'b = ‘¢c) = ('d x 'b) list =
nat = nat = 'c = 'd option where
sup__leadsto init step rho i j q =
(let L' = {I. 1 < i A steps step rho nit (I, j) = q}; m = Maz L' in
if L' = {} then None else Some (ts_at Tho m))

definition mmap_keys :: (‘a, 'b) mmap = 'a set where
mmap__keys kvs = set (map fst kvs)

definition mmap_lookup :: (‘a, 'b) mmap = 'a = 'b option where
mmap__lookup = map__of
definition valid_s :: 'c = (‘c = 'b = 'c) = (‘c x b, 'c) mapping = ('c = bool) =
('d x 'b) list = nat = nat = nat = (‘c, 'c x ('d x nat) option) mmap = bool where
valid__s init step st accept rho u i j s =
(V q bs. case Mapping.lookup st (q, bs) of None = True | Some v = step q bs = v) A
(mmap_keys s = {q. (31 < u. steps step rtho init (I, i) = q)} A distinct (map fst s) A
(V q. case mmap__lookup s q of None = True
| Some (q', tstp) = steps step tho q (i, j) = q' A tstp = sup__acc step accept Tho q i j))

record ('b, ‘c, 'd, 't, 'e) args =
w_init = ‘¢
w_step :: 'c = b= "¢
w_accept :: '¢c = bool
w_run_t 't = ('t x 'd) option
w_read_t :: 't = 'd option
w_run_sub :: 'e = (‘e x 'b) option

record (b, ‘c, 'd, 't, 'e) window =
w_st = (e x 'b, 'c) mapping
w_ac :: ('c, bool) mapping

w1 nat

w_ti 't

w_si:'e

w_j :: nat

w_tj 't

w_sj:e

w_s :: ('c, 'ec x ('d x nat) option) mmap
w_e (e, 'd) mmap

copy__bnf (dead b, dead 'c, dead 'd, dead 't, ‘e, dead 'ext) window__ext

fun reach_window :: ('b, ‘c, 'd, 't, 'e) args = 't = e =
("d x 'b) list = nat X 't X ‘e x nat X 't X ‘e = bool where
reach__window args t0 sub rho (i, ti, si, j, tj, sj) <— @ < j A length rho = j A
reaches_on (w_run_t args) t0 (take i (map fst rho)) ti A
reaches_on (w_run_t args) ti (drop i (map fst rho)) tj A
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reaches__on (w_run__sub args) sub (take i (map snd rho)) si A
reaches__on (w_run__sub args) si (drop i (map snd rho)) sj

lemma reach__windowl: reaches_on (w_run_t args) t0 (take i (map fst rho)) ti =
reaches _on (w_run_sub args) sub (take i (map snd rho)) st =
reaches_on (w_run_t args) t0 (map fst rho) tj —>
reaches_on (w_run__sub args) sub (map snd rho) sj =
i < length tho = length rho = j —
reach__window args t0 sub rho (i, ti, si, j, tj, sj)
by auto (metis reaches_on_split'lof _ _ __ __ i] length_map reaches_on__inj)+

lemma reach__window__shift:
assumes reach__window args t0 sub rho (i, ti, si, j, tj, $j) 1 < j
w_run_t args ti = Some (ti', t) w_run_sub args si = Some (si’, s)
shows reach_window args t0 sub tho (Suc i, ti’, si’, j, tj, sj)
using reaches__on__app[of w_run_t args t0 take i (map fst rho) ti ti’ t]
reaches_on__applof w_run__sub args sub take i (map snd tho) si si’ s] assms
apply (auto)
apply (smt append__take drop_id id_take_nth__drop length_map list.discl list.inject
option.inject reaches__on.cases same__append__eq snd__conv take__Suc__conv__app_ nth)
apply (smt Cons_nth__drop_ Suc fst__conv length__map list.discl list.inject option.inject
reaches__on.cases)
apply (smt append__take__drop__id id__take_nth__drop length_map list.discl list.inject
option.inject reaches__on.cases same__append__eq snd__conv take__Suc__conv__app_ nth)
apply (smt Cons_nth__drop_Suc fst_conv length__map list.discl list.inject option.inject
reaches__on.cases)
done

lemma reach__window__run__ti: reach_window args t0 sub rho (i, ti, si, j, tj, sj) =
i < j = 3ti’. reaches_on (w_run_t args) t0 (take i (map fst Tho)) ti A
w_run_t args ti = Some (ti', ts_at Tho i) A
reaches_on (w_run_t args) ti’ (drop (Suc i) (map fst rho)) tj
apply (auto simp: ts_at_def elim!: reaches_on.cases[of w_run_t args ti drop i (map fst rho)])
using nth_via__drop apply fastforce
by (metis Cons_nth__drop__Suc length_map list.inject)

lemma reach__window__run__si: reach__window args t0 sub rho (i, ti, si, j, tj, sj) =
i < j = Jsi’. reaches_on (w_run_sub args) sub (take i (map snd rho)) si A
w_run__sub args si = Some (si’, bs_at rho i) A
reaches_on (w_run__sub args) si’ (drop (Suc i) (map snd rho)) sj
apply (auto simp: bs_at_def elim!: reaches__on.cases[of w_run__sub args si drop i (map snd rho)])
using nth_via_ drop apply fastforce
by (metis Cons_nth__drop__Suc length_map list.inject)

lemma reach__window__run__tj: reach_window args t0 sub rho (i, ti, si, j, tj, sj) =
reaches_on (w_run_t args) t0 (map fst rho) tj
using reaches__on__trans
by fastforce

lemma reach__window__run__sj: reach_window args t0 sub rho (i, ti, si, j, tj, sj) =
reaches_on (w_run__sub args) sub (map snd rho) sj
using reaches on__trans
by fastforce

lemma reach__window__shift_all: reach_window args t0 sub rtho (i, si, ti, j, sj, tj) =
reach__window args t0 sub rho (j, sj, tj, 3, sj, tj)
using reach__window _run__tjlof args t0 sub rho] reach_window_run__sj[of args t0 sub rho]
by (auto intro: reaches__on.intros)
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lemma reach__window__app: reach_window args t0 sub rho (i, si, ti, j, tj, sj) =
w_run_t args tj = Some (tj', ) = w_run_sub args sj = Some (sj', y) =
reach__window args t0 sub (rho @ [(z, y)]) (4, si, ti, Suc j, tj’, sj’)
by (fastforce simp add: reaches__on__app)

fun init_args :: (‘e x (‘e = b = '¢) x ('c = bool)) =

(("t = ('t x 'd) option) x ('t = 'd option)) =

("e = (‘e x 'b) option) = ('b, 'c, 'd, 't, 'e) args where

init__args (init, step, accept) (run_t, read_t) run_sub =

(w_init = init, w_step = step, w__accept = accept, w_run_t = run_t, w_read_t = read_t, w_run__sub
= run__sub))

fun init_window :: (b, ‘c, 'd, 't, 'e) args = 't = ‘e = ('b, 'c, 'd, 't, 'e) window where
init_window args t0 sub = (w_st = Mapping.empty, w_ac = Mapping.empty,
w_t=0,w _ti =10, w_si =sub, w j=0,w tj =10, w_sj = sub,

w_s =[(w_init args, (w_init args, None))], w_e = [])

definition valid_window :: ('b, c, 'd :: timestamp, 't, 'e) args = 't = ‘e = ('d x 'b) list =
('b, 'c, 'd, 't, 'e) window = bool where
valid_window args t0 sub tho w +—
(let init = w__init args; step = w__step args; accept = w__accept args;
run_t = w_run_t args; run__sub = w_run__sub args;
st = w_st w; ac = w__ac w;
t=w tw t=w tw; st =w_Stw,j=w_jwtj=w_1tjw sj=w_sjw,
S=w sSw;e=w_ewin
reach_window args t0 sub rho (i, ti, si, j, tj, sj) A
Vij.i<jAj<length tho — ts_at rho i < ts_at rho j) A
Y q. case Mapping.lookup ac q of None = True | Some v = accept ¢ = v) A
Y q. mmap__lookup e q = sup__leadsto init step rho i j q) A distinct (map fst e) A
valid__s init step st accept Tho i 1 j s))

(
(
(
(

lemma valid_init_window: valid_window args t0 sub [| (init_window args t0 sub)
by (auto simp: valid_window__def mmap__keys__def mmap__lookup__def sup_leadsto__def
valid__s__def steps__def sup__acc__def intro: reaches__on.intros split: option.splits)

lemma steps _app__cong: j < length tho => steps step (rho Q [z]) q (4, j) =
steps step Tho q (i, 7)
proof —
assume j < length rho
then have map_cong: map (bs_at (rho Q [z])) [i..<j] = map (bs_at rho) [i..<j]
by (auto simp: bs_at_def nth__append)
show %thesis
by (auto simp: steps__def map__cong)
qed

lemma acc__app__cong: j < length tho = acc step accept (rho @ [z]) ¢ (i, j) =
acc step accept tho q (i, j)
by (auto simp: acc__def bs__at_def nth__append steps__app__cong)

lemma sup_acc_app_cong: j < length Tho = sup__acc step accept (rho Q [z]) ¢ i j =
sup__acc step accept rho q i j
apply (auto simp: sup__acc__def Let_def ts_at_def nth__append acc__def)
apply (metis (mono__tags, opaque_lifting) less_eq Suc_le order_less_le trans steps__app__cong)+
done

lemma sup_acc_concat_cong: j < length Tho = sup__acc step accept (rho Q rho’) qij =
sup__acc step accept rho q i j
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apply (induction Tho’ rule: rev_induct)

apply auto

apply (smt append.assoc le__add1 le_trans length__append sup__acc__app__cong)
done

lemma sup_leadsto__app__cong: i < j = j < length rho =
sup__leadsto init step (rho @ [z]) i j ¢ = sup__leadsto init step Tho i j q
proof —
assume assms: 1 < jj < length rho
define L' where L' = {I. | < i A steps step rho init (I, j) = q}
define L' where L" = {l. | < i A steps step (rho @ [z]) init (I, j) = ¢}
show %thesis
using assms
by (cases L' = {})
(auto simp: sup_leadsto_def L' _def L''_def ts_at_def nth_append steps_app__cong)
qed

lemma chain__le:
fixes zs :: 'd :: timestamp list
shows chain_lexs = i < j = j < length zs = zs ! i < zs ! j
proof (induction xs arbitrary: i j rule: chain_le.induct)
case (chain_le_cons y xs x)
then show ?Zcase
proof (cases i)
case (
then show ?thesis
using chain_le_cons
apply (cases j)
apply auto
apply (metis (no__types, lifting) le_add1 le_add_same__cancell le_less less_le_trans nth__Cons_0)
done
qed auto
qged auto

lemma steps_refl[simp]: steps step tho q (i, i) = ¢
unfolding steps def by auto

lemma steps_split: i < j = steps step tho q (i, j) =
steps step Tho (step q (bs_at rho 1)) (Suc i, j)
unfolding steps def by (simp add: upt_rec)

lemma steps _app: i < j = steps step rho q (i, j + 1) =
step (steps step rho q (i, j)) (bs_at rho j7)
unfolding steps_def by auto

lemma steps_appE: i < j = steps step tho q (i, Suc j) = ¢’ =
3q". steps step tho q (i, j) = q¢"' A q' = step ¢’ (bs_at Tho j)
unfolding steps def sub_bs.simps by auto

lemma steps_comp: i < | => | < j = steps step rho q (i, ) = ¢’ =
steps step Tho q' (1, j) = q'' = steps step rho q (i, j) = q"’
proof —
assume assms: i < |1 < j steps step rho q (i, 1) = q' steps step rtho q' (I, j) = ¢
have range__app: [i..<l] Q [l..<j] = [i..<j]
using assms(1,2)
by (metis le_Suc_ex upt_add_eq append)
have ¢’ = foldl step q (map (bs_at rho) [i..<l])
using assms(8) unfolding steps_def by auto

17
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moreover have ¢'' = foldl step ¢’ (map (bs_at rho) [l..<j])
using assms(4) unfolding steps_def by auto
ultimately have ¢'' = foldl step q (map (bs_at rho) ([i..<l] Q [l..<j]))
by auto
then show %thesis
unfolding steps def range__app by auto
qed

lemma sup__acc_Somel: acc step accept tho q (i, Suc l) = 1 € {i.<j} =
Iip. sup__acc step accept tho q i j = Some (ts_at rho tp, tp) N1l < tp A itp < j
proof —
assume assms: acc step accept tho q (i, Suc 1) I € {i..<j}
define L where L = {l € {i..<j}. acc step accept rho q (i, Suc )}
have L_props: finite L L # {} l € L
using assms unfolding L def by auto
then show 3 ip. sup_acc step accept rho q i j = Some (ts_at tho tp, tp) N1 < tp A tp < j
using L def L__props
by (auto simp add: sup__acc__def)
(smt L_props(1) L_props(2) Maz_ge Maz_in mem_ Collect eq)
qed

lemma sup__acc_Some__ts: sup__acc step accept tho q i j = Some (ts, tp) => ts = ts_at rho tp
by (auto simp add: sup__acc__def Let_def split: if _splits)

lemma sup__acc_SomeE: sup__acc step accept tho q i j = Some (ts, tp) =
tp € {i..<j} A acc step accept rho q (i, Suc tp)
proof —
assume assms: sup__acc step accept rho q i j = Some (ts, tp)
define L where L = {I € {i..<j}. acc step accept rho q (%, Suc 1)}
have L_ props: finite L L # {} Maz L = tp
unfolding L def using assms
by (auto simp add: sup__acc_def Let_def split: if _splits)
show %thesis
using Maz _in[OF L_props(1,2)] unfolding L_props(3) unfolding L def by auto
qed

lemma sup_acc_NoneE: | € {i..<j} = sup__acc step accept tho q i j = None =
—acc step accept tho q (i, Suc 1)
by (auto simp add: sup__acc_def Let_def split: if _splits)

lemma sup__acc__same: sup__acc step accept tho q i i = None
by (auto simp add: sup__acc__def)

lemma sup__acc_None__restrict: ¢ < j = sup__acc step accept tho q i j = None —>
sup__acc step accept rho (step q (bs__at tho 7)) (Suc i) j = None
using steps split
apply (auto simp add: sup__acc__def Let_def acc__def split: if _splits)
apply (smt (23) lessl less_imp_le_nat order_less_le_trans steps_ split)
done

lemma sup_acc_ext_idle: i < j = —acc step accept rho q (i, Suc j) =
sup__acc step accept rho q i (Suc j) = sup__acc step accept rho q i j
proof —
assume assms: i < j —acc step accept rho q (i, Suc j)
define L where L = {l € {i..<j}. acc step accept tho ¢ (i, Suc )}
define L' where L' = {I € {i..<Suc j}. acc step accept tho q (i, Suc 1)}
have L L L=1L1'
unfolding I_def L'_def using assms(2) less_antisym by fastforce
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show sup__acc step accept tho q i (Suc j) = sup__acc step accept tho q i j
using L_def L'_def L' by (auto simp add: sup__acc__def)
qed

lemma sup__acc_comp_Some_ge: i < | = [ < j=tp > | =
sup__acc step accept rho (steps step rho q (i, 1)) 1 j = Some (ts, tp) =
sup__acc step accept rho q i j = sup__acc step accept rho (steps step rho q (i, 1)) 1j
proof —
assume assms: { < 11 < jsup_acc step accept rho (steps step rho q (i, 1)) 1 j =
Some (ts, tp) tp > 1
define L where L = {l € {i..<j}. acc step accept tho ¢ (i, Suc )}
define L' where L' = {I’ € {l..<j}. acc step accept Tho (steps step rho q (i, 1)) (I, Suc 1)}
have L' _props: finite L' L' # {} tp = Maz L' ts = ts_at rho tp
using assms(3) unfolding L’_def
by (auto simp add: sup__acc_def Let_def split: if _splits)
have tp _in L’ tp € L’
using Maz_in[OF L'_props(1,2)] unfolding L’_props(3) .
then have tp_in_L: tp € L
unfolding L_def L’_def using assms(1) steps_comp|OF assms(1,2), of step rho]
apply (auto simp add: acc__def)
using steps__comp
by (metis le_Sucl)
have L_ props: finite L L # {}
using L_def tp_in_ L by auto
have A\l I'e L= 1"<tp
proof —
fix I’
assume assm: I’ € L
show I’ < tp
proof (cases I’ < 1)
case True
then show ?thesis
using assms(4) by auto
next
case Fulse
then have I’ € L’
using assm
unfolding L_def L' def
by (auto simp add: acc_def) (metis assms(1) less_imp_le_nat not_less_eq steps_comp)
then show %thesis
using Maz_eq iff[OF L' _props(1,2)] L'_props(8) by auto
qged
qed
then have Mazx L = tp
using Maz_eq iff[OF L_props] tp_in_L by auto
then have sup__acc step accept rho q i j = Some (ts, tp)
using L__def L__props(2) unfolding L’_props(4)
by (auto simp add: sup__acc__def)
then show sup__acc step accept rho q i j = sup__acc step accept rho (steps step rho q (i, 1)) 1j
using assms(8) by auto
qed

lemma sup__acc_comp_None: i < | —= [ < j =
sup__acc step accept rho (steps step rho q (i, 1)) | j = None —
sup__acc step accept rho q © j = sup__acc step accept rho q il
proof (induction j — 1 arbitrary: 1)
case (Suc n)
have 7 It _j:i < j
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using Suc by auto

have | It j: 1< j
using Suc by auto

have —acc step accept tho q (i, Suc 1)
using sup__acc__NoneE[of 1l j step accept rho steps step rho q (i, 1)] Suc(2—)
by (auto simp add: acc__def steps__def)

then have sup__acc step accept tho q i (I + 1) = sup__acc step accept rho q il
using sup _acc_ext idle[OF Suc(3)] by auto

moreover have sup__acc step accept rho (steps step tho q (i, 1 + 1)) (I + 1) j = None
using sup__acc_None__restrict|OF Suc(4,5)] steps__app[OF Suc(3), of step rho]
by auto

ultimately show ?case
using Suc(1)[of I + 1] Suc(2,3,4,5)
by auto

qed (auto simp add: sup__acc_same)

lemma sup__acc_ext: i < j = acc step accept tho q (i, Suc j) =
sup__acc step accept rho q i (Suc j) = Some (ts_at rho j, j)
proof —
assume assms: i < j acc step accept rho q (i, Suc j)
define L' where L' = {l € {i..<j + 1}. acc step accept rho q (i, Suc l)}
have j _in_L" finite L' L' # {} j € L’
using assms unfolding L’ def by auto
have j is Maz: Max L' = j
using Max_eq iff[OF j_in_L'(1,2)] j_in_L'(3)
by (auto simp add: L'_def)
show sup__acc step accept Tho q i (Suc j) = Some (ts_at rho j, j)
using L’ _defj is_Max j_in_L'(2)
by (auto simp add: sup__acc__def)
qged

lemma sup__acc_None: © < j = sup__acc step accept rho q i j = None —
sup__acc step accept rho (step q (bs_at rho i)) (i + 1) j = None
using steps__splitlof __ __ step rho]
by (auto simp add: sup__acc__def Let_def acc__def split: if _splits)

lemma sup_acc_i: i < j = sup__acc step accept rho q i j = Some (s, i) =
sup__acc step accept rho (step q (bs_at rho 7)) (Suc i) j = None
proof (rule ccontr)
assume assms: { < j sup__acc step accept rho q i j = Some (ts, 7)
sup__acc step accept rho (step g (bs_at tho ©)) (Suc i) j # None
from assms(3) obtain | where [_def: | € {Suc i..<j}
acc step accept Tho (step q (bs_at rho 7)) (Suc i, Suc 1)
by (auto simp add: sup__acc_def Let_def split: if _splits)
define L' where L' = {I € {i..<j}. acc step accept tho q (i, Suc 1)}
from assms(2) have L’ _props: finite L' L' # {} Max L' = i
by (auto simp add: sup__acc_def L'_def Let_def split: if _splits)
have 7 It [: i <1
using [_def(1) by auto
from |_def have | € L’
unfolding L’_def acc_def using steps_split|OF i_lt_1, of step rho| by (auto simp: steps__def)
then show Fulse
using |_def(1) L'_props Max_ge i_lt_l not_le by auto
qed

lemma sup_acc_l: i < j = i # | = sup__acc step accept rho q i j = Some (s, ) =
ci

sup__acc step accept tho q 1 j = sup__acc step accept rho (step q (bs_at tho 7)) (Suc i) j
proof —
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assume assms: i < j i # | sup__acc step accept rho q i j = Some (ts, l)
define L where L = {l € {i..<j}. acc step accept tho ¢ (i, Suc )}
define L' where L' = {l € {Suc i..<j}. acc step accept rho (step q (bs_at rho 7)) (Suc i, Suc )}
from assms(3) have L_ props: finite L L # {} | = Maz L
sup__acc step accept rho q ¢ j = Some (ts_at rho I, I)
by (auto simp add: sup__acc_def L__def Let_def split: if _splits)
have [ in L:l € L
using Max__in[OF L__props(1,2)] L_props(3) by auto
then have 7 It [: 7 < I
unfolding L_def using assms(2) by auto
have |_in_L" finite L' L' # {} l € L’
using steps_split|OF i_It_1, of step rho q| |_in_L assms(2)
unfolding I_ def L'_def acc_def by (auto simp: steps_def)
have A\l I'e L' = 1" < I
proof —
fix I’
assume assms: |’ € L’
have ¢ It 1" i<l
using assms unfolding L’ _def by auto
have I’ € L
using steps_split[OF i_lt_1', of step rho| assms unfolding L_def L' _def acc_def by (auto simp:
steps__def)
then show [’ < [
using L_ props by simp
qed
then have |_sup L’ Maz L' =1
using Maz_eq iff[OF |_in_L'(1,2)] l_in_L'(3) by auto
then show sup__acc step accept rho q i j =
sup__acc step accept rho (step g (bs_at Tho 7)) (Suc @) j
unfolding L_props(4)
unfolding sup acc_def Let_def
using L’_def | _in_L'(2,3) L_props
unfolding Suc_eq plusl by auto
qed

lemma sup_ leadsto_idle: i < j = steps step rho init (i, j) # ¢ =
sup__leadsto init step Tho i j ¢ = sup_leadsto init step rtho (i + 1) j q
proof —
assume assms: i < j steps step rho init (i, j) # ¢
define L where L = {l. | < i A steps step rho init (I, j) = ¢}
define L' where L' = {I. I < i + 1 A steps step rho init (I, j) = q}
have . L L=1L'
unfolding I_def L'_def using assms(2) less_antisym
by fastforce
show sup_ leadsto init step rho i j ¢ = sup__leadsto init step tho (i + 1) j q
using L_def L’ _def L_L’
by (auto simp add: sup_leadsto__def)
qed

lemma sup_leadsto__Somel: | < i = steps step rho init (I, j) = ¢ =
31'. sup_leadsto init step tho i j ¢ = Some (ts_at rho Y NI <1 AN1' <3
proof —
assume assms: | < i steps step rho init (I, j) = ¢
define L' where L' = {I. | < i A steps step rho init (I, j) = q}
have fin_ L’ finite L'
unfolding L’ _def by auto
moreover have L_nonempty: L' # {}
using assms unfolding L’ _def
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by (auto simp add: sup_leadsto__def split: if _splits)
ultimately have Max L' € L’
using Maz_in by auto
then show 31’ sup_leadsto init step Tho i j ¢ = Some (ts_at tho ') N1 < U A1 < i
using L’ def L__nonempty assms
by (fastforce simp add: sup__leadsto__def split: if _splits)
qed

lemma sup_leadsto__SomeE: i < j = sup__leadsto init step rho i j ¢ = Some ts =
31 < i. steps step rho init (I, j) = q N ts_at rho | = ts
proof —
assume assms: i < j sup__leadsto init step Tho i j ¢ = Some ts
define L' where L' = {I. | < i A steps step rho init (I, j) = q}
have fin L" finite L’
unfolding L’ def by auto
moreover have [,__nonempty: L' # {}
using assms(2) unfolding L’_def
by (auto simp add: sup_leadsto__def split: if _splits)
ultimately have Maz L' € L’
using Maz_in by auto
then show 31 < 4. steps step rho init (I, j) = g A ts_at tho | = ts
using assms(2) L'_def
apply (auto simp add: sup_leadsto__def split: if _splits)
using «Max L' € L'y by blast
qed

lemma Mapping_keys_dest: x € mmap__keys f = Jy. mmap__lookup f x = Some y
by (auto simp add: mmap_keys__def mmap__lookup__def weak__map__of Somel)

lemma Mapping_keys__intro: mmap__lookup f x # None =—> = € mmap__keys f
by (auto simp add: mmap_keys__def mmap__lookup__def)
(metis map__of _eq_None__iff option.distinct(1))

lemma Mapping_not_keys _intro: mmap__lookup f x = None = = ¢ mmap__keys [
unfolding mmap__lookup__def mmap__keys__def
using weak_map_of Somel by force

lemma Mapping_lookup__None__intro: x ¢ mmap__keys f = mmap__lookup f x = None
unfolding mmap_ lookup__def mmap__keys__def
by (simp add: map_of _eq None__iff)

primrec mmap__combine :: 'key = 'val = ("val = "val = "val) = ('key x 'val) list =
("key x 'val) list
where
mmap__combine kv ¢ [| = [(k, v)]
| mmap__combine k v ¢ (p # ps) = (case p of (k', v') =
if k = k' then (k, c v’ v) # ps else p # mmap__combine k v ¢ ps)

lemma mmap__combine__distinct__set: distinct (map fst r) =
distinct (map fst (mmap__combine k v c 7)) A
set (map fst (mmap__combine k v ¢ r)) = set (map fst r) U {k}
by (induction r) force+

lemma mmap__combine__lookup: distinct (map fst r) = mmap__lookup (mmap_ combine kv cr) z =
(if k = z then (case mmap_lookup r k of None = Some v | Some v' = Some (c v’ v))
else mmap__lookup r z)
using eq key imp_ eq value
by (induction r) (fastforce simp: mmap__lookup__def split: option.splits)+
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definition mmap_ fold :: (‘c, 'd) mmap = (('¢ x 'd) = (¢ x 'd)) = ('d = 'd = 'd) =
(‘e, 'd) mmap = (c, 'd) mmap where
mmap__fold m f ¢ r = foldl (Ar p. case fp of (k, v) = mmap_combinekvecr)rm

definition mmap_ fold’ :: ('c, 'd) mmap = ‘e = ((‘c x 'd) X 'e = (‘e x 'd) x 'e) =
('d="'d="d) = ('c, 'd) mmap = (c, 'd) mmap x 'e where
mmap__fold' m e fcr = foldl (\(r, e) p. case f (p, e) of ((k, v), e') =
(mmap__combine kv cr, e’) (r, e) m

lemma mmap__fold’_eq: mmap_fold’ me f' cr = (m', ) = Pe =
(Apep'e. Pe=f'"(pe)=(p"e)=p' =fprPe)=
m' = mmap_fold m fcr A Pe’
proof (induction m arbitrary: e r m’ e’
case (Cons p m)
obtain k v ¢’ where kvu_def: f' (p, ) = ((k, v), e'') P e"
using Cons
by (cases f' (p, €)) fastforce
have mmap__fold: mmap__fold m f ¢ (mmap__combine k v ¢ r) = mmap_fold (p # m) fcr
using Cons(1)[OF _ kv_def(2), where ?r=mmap_ combine k v ¢ r] Cons(2,3,4)
by (simp add: mmap__fold__def mmap__fold'_def kv_def(1))
have mmap_ fold": mmap_fold’ m e f' ¢ (mmap_combine kv cr) = (m', )
using Cons(2)
by (auto simp: mmap__fold' _def kv__def)
show ?case
using Cons(1)[OF mmap_ fold’ kv_def(2) Cons(4)]
unfolding mmap_ fold
by auto
qed (auto simp: mmap__fold_def mmap__fold'_def)

lemma foldl_mmap_ combine__distinct__set: distinct (map fst r) =
distinct (map fst (mmap__fold m fc r)) A
set (map fst (mmap__fold m fcr)) = set (map fst r) U set (map (fst o ) m)
apply (induction m arbitrary: r)
using mmap__combine__distinct__set
apply (auto simp: mmap__fold__def split: prod.splits)
apply force

apply (smt Un__iff fst_conv imagel insert_iff)
using mk_ disjoint__insert

apply fastforce+
done

lemma mmap__fold_lookup__rec: distinct (map fst r) = mmap__lookup (mmap_fold m fcr) z =
(case map (snd o f) (filter (A(k, v). fst (f (k, v)) = z) m) of [] = mmap_lookup r z
| v # vs = (case mmap_lookup r z of None = Some (foldl ¢ v vs)
| Some w = Some (foldl ¢ w (v # vs))))
proof (induction m arbitrary: r)
case (Cons p ps)
obtain k£ v where kv_def: fp = (k, v)
by fastforce
have distinct: distinct (map fst (mmap__combine k v c 1))
using mmap_combine_distinct_set[OF Cons(2)]
by auto
show ?case
using Cons(1)[OF distinct, unfolded mmap__combine_lookup[OF Cons(2)]]
by (auto simp: mmap__lookup__def kv__def mmap__fold__def split: list.splits option.splits)
qed (auto simp: mmap__fold_ def)
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lemma mmap_fold_ distinct: distinct (map fst m) = distinct (map fst (mmap__fold m f ¢ []))
using foldl_mmap__combine__distinct__set[of []]
by auto

lemma mmap__fold__set: distinct (map fst m) =
set (map fst (mmap_fold m fc|])) = (fst o f) ‘setm
using foldl_mmap_ combine__distinct__set[of [|]
by force

lemma mmap_ lookup__empty: mmap_lookup [| z = None
by (auto simp: mmap__lookup__def)

lemma mmap_fold_lookup: distinct (map fst m) = mmap__lookup (mmap_fold m fc[]) z =
(case map (snd o f) (filter (A(k, v). fst (f (k, v)) = z) m) of [] = None
| v # vs = Some (foldl ¢ v vs))
using mmap__fold_lookup_rec[of [| _ f (]
by (auto simp: mmap__lookup__empty split: list.splits)

definition fold_sup :: (‘c, 'd :: timestamp) mmap = (¢ = '¢) = (’c, 'd) mmap where
fold_sup m f = mmap_fold m (A(z, v). (. 3)) sup [

lemma mmap_ lookup__distinct: distinct (map fst m) = (k, v) € set m =
mmap__lookup m k = Some v
by (auto simp: mmap__lookup__def)

lemma fold_sup__distinct: distinct (map fst m) = distinct (map fst (fold__sup m f))
using mmap_ fold_distinct
by (auto simp: fold_sup_ def)

lemma fold_ sup:
fixes v :: 'd :: timestamp
shows foldl sup v vs = fold sup vs v
by (induction vs arbitrary: v) (auto simp: sup.commute)

lemma lookup_ fold__sup:
assumes distinct: distinct (map fst m)
shows mmap__lookup (fold_sup m f) z =
(let Z = {z € mmap_keys m. fz = z} in
if Z = {} then None else Some (Sup__fin ((the o mmap_lookup m) ‘ Z)))
proof (cases {x € mmap_keys m. fz = z} = {})
case True
have z ¢ mmap_ keys (mmap_ fold m (A(z, y). (fz, y)) sup [])
using True[unfolded mmap_ keys def] mmap_ fold set[OF distinct)
by (auto simp: mmap__keys__def)
then have mmap_ lookup (fold_sup m f) z = None
unfolding fold_ sup__def
by (meson Mapping_keys__intro)
then show ?Zthesis
unfolding True
by auto
next
case False
have z_in_keys: z € mmap_keys (mmap_ fold m (M(z, y). (f 2, y)) sup [])
using Fualse[unfolded mmap_keys _def] mmap_ fold_set[OF distinct]
by (force simp: mmap__keys_def)
obtain v vs where vs_def: mmap__lookup (fold_sup m f) z = Some (foldl sup v vs)
v # vs = map snd (filter (A\(k, v). fk = 2) m)
using mmap_ fold_lookup[OF distinct, of (A(z, y). (f z, y)) sup 2]
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Mapping keys dest[OF z_in_ keys]
by (force simp: fold__sup__def mmap__keys__def comp__def split: list.splits prod.splits)
have set (v # vs) = (the o mmap_lookup m) ‘ {z € mmap_keys m. fx = z}
proof (rule set_eql, rule iffT)
fix w
assume w € set (v # vs)
then obtain z where z_def: € mmap_keys m fz = z (z, w) € set m
using vs_def(2)
by (auto simp add: mmap__keys__def rev_image__eql)
show w € (the o mmap_lookup m) ‘{zx € mmap_keys m. fz = z}
using z_def(1,2) mmap_lookup_ distinct[OF distinct x_def(8)]
by force
next
fix w
assume w € (the o mmap__lookup m) ‘ {x € mmap_keys m. fz = z}
then obtain z where z_def: © € mmap_keys m fz = z (z, w) € set m
using mmap__lookup__distinct|OF distinct]
by (auto simp add: Mapping_keys_intro distinct mmap__lookup__def dest: Mapping keys_dest)
show w € set (v # vs)
using x_ def
by (force simp: vs_def(2))
qed
then have foldl sup v vs = Sup__fin ((the o mmap__lookup m) ‘ {x € mmap_keys m. fx = z})
unfolding fold_ sup
by (metis Sup_fin.set__eq_fold)
then show %thesis
using Fualse
by (auto simp: vs_def(1))
qed

definition mmap_map :: (‘a = 'b = ‘c) = (‘a, 'b) mmap = ('a, 'c¢) mmap where
mmap_map f m = map (A(k, v). (k, fkv)) m

lemma mmap_map__keys: mmap__keys (mmap_map f m) = mmap__keys m
by (force simp: mmap_map__def mmap__keys__def)

lemma mmap_map__fst: map fst (mmap_map f m) = map fst m
by (auto simp: mmap_map__def)

definition cstep :: ('c = b = 'c) = (‘c x 'b, 'c) mapping =
‘c = b= ('c x ('c x b, 'c) mapping) where
cstep step st q bs = (case Mapping.lookup st (q, bs) of None = (let res = step q bs in
(res, Mapping.update (q, bs) res st)) | Some v = (v, st))

definition cac :: ('c = bool) = (’c, bool) mapping = 'c = (bool x (’c, bool) mapping) where
cac accept ac ¢ = (case Mapping.lookup ac q of None = (let res = accept q in
(res, Mapping.update q Tes ac)) | Some v = (v, ac))

fun mmap_fold_s :: ('c = 'b = 'c) = (‘c x 'b, 'c) mapping =
("c = bool) = ('c, bool) mapping =
‘b = 'd = nat = ('c, 'c x ('d x nat) option) mmap =
(("e, 'e x ('d x nat) option) mmap x ('c x 'b, 'c) mapping x ('c, bool) mapping) where
mmap__fold__s step st accept ac bs t j [| = ([], st, ac)
| mmap__fold_s step st accept ac bs t j ((q, (q', tstp)) # qbss) =
(let (q", st') = cstep step st q’ bs;
(8, ac’) = cac accept ac q'';
(qbss’, st”’, ac’’) = mmap_ fold_s step st’ accept ac’ bs t j qbss in
((q, (q", if B then Some (t, j) else tstp)) # qbss’, st’’, ac'’))
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lemma mmap__fold_s_sound: mmap__fold_s step st accept ac bs t j qbss = (qbss’, st’, ac’) =
(A g bs. case Mapping.lookup st (g, bs) of None = True | Some v = step q bs = v) =
(A g bs. case Mapping.lookup ac q of None = True | Some v = accept ¢ = v) =
qbss’ = mmap_map (Aq (q’, tstp). (step q' bs, if accept (step q’ bs) then Some (i, j) else tstp)) gbss A
(V q bs. case Mapping.lookup st’ (g, bs) of None = True | Some v = step q bs = v) A
(V q bs. case Mapping.lookup ac’ q of None = True | Some v = accept ¢ = v)
proof (induction qbss arbitrary: st ac gbss’)
case (Cons a gbss)
obtain ¢ ¢’ tstp where a_def: a = (q, (q’, tstp))
by (cases a) auto
obtain ¢’ st’’ where q''_def: cstep step st ¢’ bs = (q'/, st'’)
q'" = step q’ bs
using Cons(8)
by (cases cstep step st q' bs)
(auto simp: cstep__def Let_def option.case__eq if split: option.splits if _splits)
obtain b ac” where b_def: cac accept ac q'' = (b, ac’’)
b = accept q”’
using Cons(4)
by (cases cac accept ac q'")
(auto simp: cac__def Let_def option.case__eq_if split: option.splits if _splits)
obtain gbss’’ where qbss’’_def: mmap_ fold_s step st'’ accept ac’’ bs t j gbss =
(qbss”’, st’, ac’) qbss’ = (q, q”, if b then Some (t, j) else tstp) # qbss’
using Cons(2)[unfolded a__def mmap_ fold_s.simps q''_def(1) b_def(1)]
unfolding Let def
by (auto simp: b_def(1) split: prod.splits)
have ih: \q bs. case Mapping.lookup st'' (g, bs) of None = True | Some a = step q bs = a
A\ q bs. case Mapping.lookup ac’’ q of None = True | Some a = accept ¢ = a
using q'’_def b__def Cons(3,4)
by (auto simp: cstep__def cac__def Let_def Mapping.lookup_update’ option.case__eq_if
split: option.splits if _splits)
show ?case
using Cons(1)[OF qbss’’_def(1) ih)
unfolding a_def q¢''_def(2) b_def(2) qbss"'_def(2)
by (auto simp: mmap_map__def)
qed (auto simp: mmap_map__def)

definition adv_end :: ('b, ‘c, 'd :: timestamp, 't, 'e) args =
('b, 'c, 'd, 't, 'e) window = (b, ‘c, 'd, 't, 'e) window option where
adv_end args w = (let step = w__step args; accept = w__accept args;
run_t = w_run_t args; run_sub = w_run_sub args; st = w_st w; ac = w__ac w;
j=w jw i =w fw; s =w_Sjw;, s=w_Sw;,e=w_€ewin
(case run_t tj of None = None | Some (tj', t) = (case run__sub sj of None = None | Some (sj’, bs)
=
let (s', st’, ac’) = mmap_fold_s step st accept ac bs t j s;
(e, st'"y = mmap_fold' e st (\((z, y), st). let (q’, st’) = cstep step st x bs in ((q', y), st’)) sup [] in
Some (w(w_st := st”, w_ac := ac’, w_j := Suc j, w_tj := tj', w_sj = sj', w_s:= s, w_e :=

)

lemma map_values__lookup: mmap__lookup (mmap_map f m) z = Some v/ =
Jv. mmap__lookup m z = Some v A v = fzv
by (induction m) (auto simp: mmap__lookup__def mmap__map__def)

lemma acc__app:
assumes i < j steps step rho q (i, Suc j) = q' accept q’
shows sup__acc step accept rho q i (Suc j) = Some (ts_at rho j, j)
proof —
define L where L = {l € {i..<Suc j}. accept (steps step rho q (i, Suc l))}
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have nonempty: finite L L # {}
using assms unfolding L def by auto

moreover have Maz {l € {i..<Suc j}. accept (steps step rho q (i, Suc 1))} = j
unfolding L_ def[symmetric] Max__eq iff[OF nonempty, of j|
unfolding I def using assms by auto

ultimately show ?thesis
by (auto simp add: sup__acc_def acc_def L__def)

qed

lemma acc_app_idle:
assumes i < j steps step rho q (i, Suc j) = q' —accept q’
shows sup__acc step accept rho q i (Suc j) = sup__acc step accept tho q i j
using assms
by (auto simp add: sup__acc__def Let_def acc__def elim: less_SucE) (metis less_Suc__eq)+

lemma sup_fin_ closed: finite A = A # {} =
Ny red=yc A= supzy€{z,y}) = Usin A€ A
apply (induct A rule: finite.induct)
using Sup_ fin.insert
by auto fastforce

lemma valid_adv_end:
assumes valid_window args t0 sub rtho w w_run_t args (w_tj w) = Some (tj’, t)
w_run_sub args (w_sj w) = Some (sj’, bs)
At t' € set (map fst tho) = t' < ¢
shows case adv_end args w of None = False | Some w’ = wvalid_window args t0 sub (rho @ [(t, bs)])
w/
proof —
define init where init = w__init args
define step where step = w__step args
define accept where accept = w__accept args
define run_t where run_t = w_run_t args
define run_ sub where run_sub = w_run_ sub args
define st where st = w_st w
define ac where ac = w_ac w
define { where { = w_i{ w
define ¢ where i = w_ti w
define si where st = w_si w
define j where j = w_j w
define tj where tj = w_tj w
define sj where sj = w_sj w
define s where s = w_sw
define ¢ where e = w_ew
have valid__before: reach__window args t0 sub rho (i, ti, si, j, tj, sj)
Nij. i <j=j < length trho => ts_at rho i < ts_at tho j
(A g bs. case Mapping.lookup st (g, bs) of None = True | Some v = step q bs = v)
(A g bs. case Mapping.lookup ac q of None = True | Some v = accept ¢ = v)
Y q. mmap__lookup e q = sup__leadsto init step rho i j q distinct (map fst e)
valid__s init step st accept rho i i j s
using assms(1)
unfolding valid_ window def valid_s def Let def init_def step_ def accept_def run_t def
run__sub__def st_def ac__def i_def ti_def si_def j_def tj def sj def s _def e def
by auto
have i _j: ¢ <j
using valid__before(1)
by auto
have distinct__before: distinct (map fst s) distinct (map fst €)
using valid__before
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by (auto simp: valid_s_def)
note run__tj = assms(2)[folded run__t_def tj _def]
note run__sj = assms(8)[folded run__sub__def sj_def]
define rho’ where Tho’' = rho @ [(t, bs)]
have ts_at_mono: A\ij. i < j = j < length tho’ = ts_at rho’ i < ts_at rho’ j
using valid_before(2) assms(4)
by (auto simp: rho’_def ts_at_def nth_append split: option.splits list.splits if _splits)
obtain s’ st’ ac’ where s’_def: mmap__fold_s step st accept ac bs t j s = (s', st’, ac’)
apply (cases mmap_fold s step st accept ac bs t j s)
apply (auto)
done
have s'_mmap_map: s’ = mmap_map (Aq (¢, tstp).
(step q bs, if accept (step q’ bs) then Some (t, j) else tstp)) s
(A\gq bs. case Mapping.lookup st’ (g, bs) of None = True | Some v = step q bs = v)
(A\gq bs. case Mapping.lookup ac’ q of None = True | Some v = accept ¢ = v)
using mmap__fold_s_sound|OF s’_def valid_before(3,4)]
by auto
obtain e’ st’ where e’_def: mmap_fold' e st (\((z, y),
let (q', st’) = cstep step st x bs in ((q', y), st’) sup [] =
by (metis old.prod.ezhaust)
define inv where inv = Ast’. V q bs. case Mapping.lookup st’ (q, bs) of None = True
| Some v = step q bs = v
have inv_st’: inv st’
using s’_mmap_map(2)
by (auto simp: inv_def)
have Ap e p’ €. inv e => (case (p, €) of (z, za) = (case z of (z, y) =
Ast. let (q', st’) = cstep step st z bs in ((¢', y), st’)) za) = (p/, ') =
p' = (case p of (z, y) = (step x bs, y)) A inv e’
by (auto simp: inv_def cstep_def Let_def Mapping.lookup__update’ split: option.splits if _splits)
then have e’_fold_sup_st'": e’ = fold_sup e (\q. step q bs)
(A\gq bs. case Mapping.lookup st (q, bs) of None = True | Some v = step q bs = v)
using mmap__fold'_eq[OF e’_def, of inv A\(z, y). (step z bs, y), OF iny_st]
by (fastforce simp: fold__sup__def inv_def)+
have adv_end: adv_end args w = Some (w(w_st := st”, w_ac := ac’,
w_j = Sucj, w_tj:=tj', w_sj:= sj’, w_s:=s’, w_e = ¢€))
using run_tj run_sj e’_def[unfolded st_def]
unfolding adv__end__def init__def step__def accept_def run_t def run__sub__def
i_def ti_def si_defj def tj def sj_def s _def e_def s’ _def e’ _def
by (auto simp: Let_def s’_def[unfolded step_def st_def accept_def ac__def j_def s_def])
have keys s’: mmap_keys s’ = mmap_keys s
by (force simp: mmap__keys_def mmap_map__def s'_mmap_map(1))
have lookup_s: \q q’ tstp. mmap__lookup s ¢ = Some (q’, tstp) =
steps step Tho' q (i, j) = q’ A tstp = sup__acc step accept tho' q 7 j
using valid__before Mapping_keys_intro
by (force simp add: Let_def rho’_def valid_s_def steps_app_cong sup__acc_app__cong
split: option.splits)
have bs_at_rho’_j: bs_at rho’ j = bs
using valid__before
by (auto simp: rho’_def bs__at__def nth_append)
have ts_at_rho’ j: ts at rho' j =t
using valid__before
by (auto simp: rho’_def ts_at_def nth_append)
have lookup_s": \q q’ tstp. mmap_lookup s’ q = Some (q’, tstp) =
steps step Tho' q (i, Suc j) = q' A tstp = sup__acc step accept Tho’ q i (Suc j)
proof —
fix q q" tstp’
assume assm: mmap_ lookup s’ ¢ = Some (q”’, tstp’)
obtain ¢’ tstp where mmap_lookup s ¢ = Some (q’, tstp) q'' = step q’ bs

t)

e', st”)

(
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tstp’ = (if accept (step q' bs) then Some (t, ) else tstp)
using map_values_lookup|OF assm[unfolded s'_mmap_mapl] by auto
then show steps step rho’ q (i, Suc j) = q'' A tstp’ = sup__acc step accept rtho' q i (Suc j)
using lookup__s
apply (auto simp: bs_at_rho’_j ts_at_rho’_j)
apply (metis Suc_eq_plusl bs_at_rho’_j i_j steps_app)
apply (metis acc_app bs_at_tho’_ji_j steps_appE ts_at_rho’_j)
apply (metis Suc_eq_plusl bs_at_rho'_j i_j steps_app)
apply (metis (no_types, lifting) acc__app_idle bs_at_rho’_j i_j steps_appE)

done
qed
have lookup__e: \q. mmap_lookup e ¢ = sup__leadsto init step rho’ i j q
using valid_before sup_leadsto__app__conglof __ __ rho init step]

by (auto simp: rho’_def)
have keys_e_alt: mmap_keys e = {q. 31 < i. steps step rho’ init (I, j) = q}
using valid__before
apply (auto simp add: sup_leadsto__def rho’_def)
apply (metis (no__types, lifting) Mapping_keys_dest lookup__e tho’_def sup__leadsto__SomeE)
apply (metis (no__types, lifting) Mapping_keys__intro option.simps(3) order__refl steps__app__cong)
done
have finite_keys__e: finite (mmap__keys e)
unfolding keys e alt
by (rule finite__surjlof {I. I < i}]) auto
have reaches_on run__sub sub (map snd rho) sj
using valid__before reaches__on__trans
unfolding run_ sub_ def sub_ def
by fastforce
then have reaches_on’: reaches _on run__sub sub (map snd rho @ [bs]) sj’
using reaches__on__app run__sj
by fast
have reaches _on run_t t0 (map fst rho) tj
using valid__before reaches_on__trans
unfolding run_t_ def
by fastforce
then have reach_t": reaches_on run_t t0 (map fst rho’) tj’
using reaches__on__app run__tj
unfolding rho’_def
by fastforce
have lookup_e": \q. mmap_lookup e’ q = sup__leadsto init step Tho’ i (Suc j) q
proof —
fix ¢
define Z where Z = {z € mmap_keys e. step z bs = ¢}
show mmap__lookup e’ q¢ = sup_leadsto init step rho’ i (Suc j) q
proof (cases Z = {})
case True
then have mmap_lookup e’ ¢ = None
using Z_ def lookup__fold__sup[OF distinct__before(2)]
unfolding e’ fold_sup_st”’
by (auto simp: Let_def)
moreover have sup_leadsto init step Tho' i (Suc j) ¢ = None
proof (rule ccontr)
assume assm: sup__leadsto init step rho’ i (Suc j) q¢ # None
obtain [ where [_def: | < i steps step rho’ init (I, Suc j) = q
using i_j sup_leadsto__SomeE[of i Suc j| assm
by force
have [ j: 1 < j
using less_le_trans[OF |_def(1) i_j] by auto
obtain ¢'’ where q'’_def: steps step rho’ init (I, j) = q'' step q¢"' bs = q
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using steps _appE[OF __ | _def(2)] L j
by (auto simp: bs_at_rho’_j)
then have ¢'' € mmap_keys e
using keys e _alt |_def(1)
by auto
then show False
using Z_def q"_def(2) True
by auto
qged
ultimately show ?Zthesis
by auto
next
case False
then have lookup e’ mmap_lookup e’ ¢ = Some (Sup_fin ((the o mmap__lookup €) * 7))
using Z_ def lookup__fold_sup[OF distinct_before(2)]
unfolding e’ fold_sup_st”’
by (auto simp: Let__def)
define L where L = {l. | < i A steps step tho’ init (I, Suc j) = q}
have fin_L: finite L
unfolding L_ def by auto
have Z_alt: Z = {z. 31 < 1. steps step tho’ init (I, j) = = A step z bs = ¢}
using Z_ def[unfolded keys e _alt] by auto
have fin_ Z: finite Z
unfolding Z_alt by auto
have L_nonempty: L # {}
using L_ def Z__alt False i_j steps__applof _ __ step rho ¢]
by (auto simp: bs_at_rho’_j)
(smt Suc__eq_plusl bs_at_rho'_j less irrefl _nat less_le_ trans nat_le_linear steps_app)
have sup_leadsto: sup_leadsto init step Tho' i (Suc j) ¢ = Some (ts_at rho’ (Maz L))
using L__nonempty L_ def
by (auto simp add: sup_leadsto__def)
have j It _rho’: j < length Tho’
using valid__before
by (auto simp: rho’_def)
have Sup__fin ((the o mmap__lookup e) ‘ Z) = ts_at rho’ (Maz L)
proof (rule antisym)
obtain z ¢s where zts_def: z € Z (the o mmap_lookup e) z = ts
Sup__fin ((the o mmap__lookup e) ‘ Z) = ts
proof —
assume lassm: Nz ts. z € Z = (the o mmap_lookup €) z = ts =
Ll fin ((the o mmap_lookup e) ‘ Z) = ts = thesis
define T where T = (the o mmap__lookup e) ‘ Z
have T _sub: T C ts_at tho' ‘{..j}
using lookup__e keys_e_alt i_j
by (auto simp add: T _def Z__def sup_leadsto__def)
have finite T T # {}
using fin_ Z Fualse
by (auto simp add: T __def)
then have sup_in: | |fin T € T
proof (rule sup_ fin_closed)
fix zy
assume zy: z € Ty € T
then obtain a ¢ where z = ts _at rho’ ay =ts _atrtho' ca <jc <j
using T _sub
by (meson atMost_iff imageE subsetD)
then show sup z y € {z, y}
using ts_at_mono j_lt_rho’
by (cases a < ¢) (auto simp add: sup.absorbl sup.absorb2)
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qed
then show %thesis
using lassm
by (auto simp add: T_def)
qed
from zts_def(2) have lookup__e_z: mmap__lookup e z = Some ts
using zts_def(1) Z_def by (auto dest: Mapping keys _dest)
have sup_ leadsto init step tho' i j 2 = Some ts
using lookup__e_ z lookup__e
by auto
then obtain [ where |_def: | < i steps step rho’ init (I, j) = z ts_at rho' | = ts
using sup_leadsto__SomeE[OF i_j]
by (fastforce simp: rtho’_def ts_at_def nth__append)
have [ j: 1 < j
using less_le_trans[OF |_def(1) i_j] by auto
have l € L
unfolding L_def using |_def zts_def(1) Z__alt
by auto (metis (no__types, lifting) Suc_eq_plusl bs_at_rho’_j 1_j steps_app)
then have | < Max L Max L < i
using L__nonempty fin_ L
by (auto simp add: L__def)
then show Sup_fin ((the o mmap_lookup e) * Z) < ts_at tho’ (Maz L)
unfolding zts def(8) I_def(3)[symmetric]
using ts_at_mono i_jj It rTho'
by (auto simp: rho’_def)
next
obtain [ where [_def: Max L = |1 < i steps step tho’ init (I, Suc j) = ¢
using Max_in[OF fin_L L_nonempty] L_ def by auto
obtain z where z_def: steps step Tho’ init (I, j) = z step z bs = ¢
using | def(2,3) i_j bs_at_rho’_j
by (metis less_imp_le_nat less_le_trans steps__appFE)
have z in Z:z2¢€ Z
unfolding Z_alt
using [ def(2) z_defi j
by fastforce
have lookup e z: mmap_lookup e z = sup__leadsto init step rho’ i j z
using lookup e z in 7 7 _alt
by auto
obtain [’ where I’_def: sup_leadsto init step tho’ i j z = Some (ts_at rho' l’)
I<UlU<i
using sup_leadsto__Somel[OF |_def(2) z_def(1)] by auto
have ts_at rho’ I’ € (the o mmap__lookup e) * Z
using lookup_e_z1'_def(1) z_in_Z
by force
then have ts_at rho’ I’ < Sup_ fin ((the o mmap__lookup €) ‘ Z)
using Inf fin_le Sup fin fin Z z in Z
by (simp add: Sup__fin.coboundedl)
then show ts_at rho’ (Max L) < Sup_ fin ((the o mmap_ lookup e) * Z)
unfolding [ def(1)
using ts_at_mono I'_def(2,3) i_j j_lt_rho’
by (fastforce simp: rho’_def)
qed
then show ?thesis
unfolding lookup_e’ sup leadsto by auto
qed
qed
have distinct (map fst s') distinct (map fst e’)
using distinct _before mmap__fold__ distinct
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unfolding s’_mmap_map mmap_map_ fst e’_fold sup st"’' fold sup def
by auto
moreover have mmap__keys s’ = {q. 31<i. steps step rho’ init (I, i) = ¢}
unfolding keys s’ rho’_def
using valid__before(1,7) valid_s__def[of init step st accept rho i i j s
by (auto simp: steps__app__cong[of __ rho step])
moreover have reaches_on run_t ti (drop i (map fst rho")) tj’
reaches_on run__sub si (drop i (map snd rho’)) sj’
using valid__before reaches__on__app run__tj run__sj
by (auto simp: rho’_def run_t_def run__sub__def)
ultimately show ?thesis
unfolding adv__end
using wvalid__before lookup e’ lookup_s' ts_at_mono s'_mmap_map(3) e'_fold_sup_st’'(2)
by (fastforce simp: valid_window__def Let__def init_def step__def accept_def run_t_def
run__sub_def i_def ti_def si_def j def tj def sj_def s_def e’ _def
rho’_def valid_s__def intro!: exI[of __ Tho] split: option.splits)
qed

lemma adv_end_bounds:
assumes w_run_t args (w_tj w) = Some (ij’, t)
w_run_sub args (w_sj w) = Some (sj’, bs)
advy_end args w = Some w’
shows w iw' =w iww tiw' =w tiwvw siw =w_siw
w_jw = Suc (w_jw) w_ tjw =t w_sjw = s’
using assms
by (auto simp: adv_end__def Let_def split: prod.splits)
definition drop_cur :: nat = (‘c x ('d x nat) option) = ('
drop__cur i = (A(q’, tstp). (¢', case tstp of Some (ts, tp) =
if tp = i then None else tstp | None = tstp))

¢ x ('d x nat) option) where

definition adv_d :: ('c = b = 'c) = (‘e x b, 'c) mapping = nat = 'b =
("c, 'c x (d x mat) option) mmap =
(("e, 'e x ('d x nat) option) mmap x (‘c x b, 'c) mapping) where
adv_d step st i b s = (mmap_fold’ s st (\((z, v), st). case cstep step st z b of (z', st’) =
((z', drop_cur i v), st')) Az y. z) [])

lemma adv_d_mmap_ fold:
assumes inv: \gq bs. case Mapping.lookup st (g, bs) of None = True | Some v = step q bs = v
and fold": mmap_fold’ s st (\((z, v), st). case cstep step st x bs of (z', st’) =
((z', drop_cur i v), st')) Az y. z) r = (s, st’)
shows s’ = mmap_ fold s (\(z, v). (step z bs, drop_cur i v)) (Az y. =) 7 A
(V q bs. case Mapping.lookup st’ (q, bs) of None = True | Some v = step q bs = v)
proof —
define inv where inv = Ast. V q bs. case Mapping.lookup st (q, bs) of None = True
| Some v = step g bs = v
have inv_st: inv st
using inv
by (auto simp: inv__def)
show ?%thesis
by (rule mmap__fold’_eq[OF fold’, of inv X(z, v). (step z bs, drop__cur i v),
OF inv_st, unfolded inv_def])
(auto simp: cstep__def Let__def Mapping.lookup_update’
split: prod.splits option.splits if _splits)
qed

definition keys idem :: ('c = 'b = '¢) = nat = b =
("c, e x ("d x mat) option) mmap = bool where
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keys_idem step i b s = (Vz € mmap__keys s. V' € mmap_keys s.
step T b = step £’ b — drop__cur i (the (mmap__lookup s z)) =
drop__cur i (the (mmap__lookup s z')))

lemma adv_d_keys:
assumes inv: \gq bs. case Mapping.lookup st (q, bs) of None = True | Some v = step q bs = v
and distinct: distinct (map fst s)
and adv_d: adv_d step st i bs s = (s’, st’)
shows mmap_keys s’ = (\q. step q bs) ‘ (mmap_keys s)
using adv_d_mmap_fold|OF inv adv__d[unfolded adv_d_def]]
mmap__fold _set[OF distinct)
unfolding mmap_ keys_ def
by fastforce

lemma lookup adv_d_None:
assumes inv: \gq bs. case Mapping.lookup st (q, bs) of None = True | Some v = step q bs = v
and distinct: distinct (map fst s)
and adv_d: adv_d step st i bs s = (s', st’)
and Z_empty: {x € mmap_keys s. step z bs = z} = {}
shows mmap_ lookup s’ z = None
proof —
have z ¢ mmap__keys (mmap__fold s (\(z, v). (step z bs, drop__cur i v)) (Az y. z) [])
using Z__empty[unfolded mmap__keys__def] mmap__fold_set[OF distinct]
by (auto simp: mmap__keys__def)
then show %thesis
using adv_d adv_d_mmap__fold[OF inv adv_d[unfolded adv_d__def]]
unfolding adv_d_ def
by (simp add: Mapping_lookup_ None__intro)
qed

lemma lookup__adv_d__Some:
assumes inv: \gq bs. case Mapping.lookup st (g, bs) of None = True | Some v = step q bs = v
and distinct: distinct (map fst s) and idem: keys_idem step i bs s
and wit: £ € mmap__keys s step © bs = z
and adv_d: advy_d step st i bs s = (s', st’)
shows mmap_ lookup s’ z = Some (drop__cur i (the (mmap_lookup s z)))
proof —
have z_in_keys: z € mmap_keys (mmap_fold s (A(z, v). (step = bs, drop__cur i v)) (Az y. z) [])
using wit(1,2)[unfolded mmap_keys _def] mmap__fold_set[OF distinct)
by (force simp: mmap__keys_def)
obtain v vs where vs_def: mmap_lookup s’ z = Some (foldl (A\z y. z) v vs)
v # vs = map (A\(z, v). drop__cur i v) (filter (A(k, v). step k bs = z) s)
using adv_d adv_d_mmap_ fold[OF inv adv_d[unfolded adv_d_ def]]
unfolding adv_d_ def
using mmap__ fold_lookup[|OF distinct, of (A\(z, v). (step  bs, drop__cur i v)) Az y. z 2]
Mapping_keys _dest|OF z_in__keys]
by (force simp: adv_d__def mmap__keys__def split: list.splits)
have set (v # vs) = drop__cur i ‘ (the o mmap_ lookup s) ‘ {z € mmap_keys s. step x bs = z}
proof (rule set_eql, rule iffT)
fix w
assume w € set (v # vs)
then obtain z y where zy_def: © € mmap_keys s step © bs = z (z, y) € set s
w = drop_cur iy
using vs_def(2)
by (auto simp add: mmap__keys__def rev_image__eql)
show w € drop__cur i ‘ (the o mmap__lookup s) ‘ {x € mmap_keys s. step x bs = z}
using zy_def(1,2,4) mmap_lookup__distinct|OF distinct zy_def(3)]
by force
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next
fix w
assume w € drop__cur i ‘ (the o mmap__lookup s) ‘ {z € mmap_keys s. step x bs = z}
then obtain z y where zy_def: © € mmap_keys s step z bs = z (z, y) € set s
w = drop__cur iy
using mmap__lookup__distinct|OF distinct]
by (auto simp add: Mapping_keys__intro distinct mmap__lookup__def dest: Mapping_keys__dest)
show w € set (v # vs)
using zy_ def
by (force simp: vs__def(2))
qed
then have foldl (Az y. z) v vs = drop__cur i (the (mmap_lookup s z))
using wit
apply (induction vs arbitrary: v)
apply (auto)
apply (metis (mono__tags, lifting) emptyE imagel insertE mem__ Collect__eq)
apply (smt Collect_cong idem imageE insert__compr keys__idem__def mem__Collect__eq)
done
then show %thesis
using wit
by (auto simp: vs_def(1))
qed

definition loop__cond j = (A\(st, ac, i, ti, si, q, s, tstp). i < j A q ¢ mmap__keys s)
definition loop body step accept run__t run__sub =
(A(st, ac, i, ti, si, q, s, tstp). case run_t ti of Some (ti’, t) =
case Tun__sub si of Some (si', b) = case advy_d step st i b s of (s', st') =
case cstep step st' q b of (q’, st”’) = case cac accept ac q' of (B, ac’) =
(st”, ac’, Suc i, ti’, si’, q', s', if B then Some (t, i) else tstp))
definition loop inv init step accept args t0 sub rho u j tj sj =
(A(st, ac, 1, ti, si, g, s, tstp). u + 1 < i A
reach__window args t0 sub rho (i, ti, si, j, tj, sj) A
steps step Tho init (v + 1,1) = q A
(V q. case Mapping.lookup ac q of None = True | Some v = accept ¢ = v) A
valid__s init step st accept tho u i j s A tstp = sup__acc step accept rho init (v + 1) )

definition mmap_update :: ‘a = ‘b = ('a, 'b) mmap = (‘a, 'b) mmap where
mmap__update = AList.update

lemma mmap_update_distinct: distinct (map fst m) = distinct (map fst (mmap_update k v m))
by (auto simp: mmap__update__def distinct_update)

definition adv_start :: (b, 'c, 'd :: timestamp, 't, 'e) args =
('b, 'c, 'd, 't, 'e) window = ('b, 'c, 'd, 't, 'e) window where
adv__start args w = (let init = w__init args; step = w__step args; accept = w__accept arygs;
run_t = w_run_t args; run_sub = w_run_sub args; st = w_st w; ac = w_ac w;
t=w Tw; tl =w liw; st=w_Ssiw,j=w_jw,
S=w_sSw; e=w_ewin
(case run__t ti of Some (ti', t) = (case run__sub si of Some (si’, bs) =
let (s', st') = adv_d step st i bs s;
e’ = mmap_ update (fst (the (mmap_lookup s init))) t e;
(st_cur, ac_cur, i_cur, ti_cur, si_cur, q¢_cur, s_cur, tstp__cur) =
while (loop__cond j) (loop__body step accept run__t run__sub)
(st', ac, Suc i, ti', si’, init, s’, None);
s'" = mmap__update init (case mmap_lookup s_cur q_cur of Some (q', tstp’) =
(case tstp' of Some (ts, tp) = (q’, tstp”) | None = (¢, tstp_cur))
| None = (q_cur, tstp__cur)) s’ in
w(w_st := st_cur, w_ac := ac_cur, w_i := Suc i, w_ti := ti’, w_si := si’,
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w_s:=s", w_e:=¢))))

lemma valid _adv_d:
assumes valid__before: valid__s init step st accept tho u i j s
and uv_le i:u<iand i It j:i < jand b _def: b = bs_at rho i
and adv_d: ady_d step st i b s = (s’, st’)
shows wvalid__s init step st’ accept rho u (i + 1) j s
proof —
have inv_st: \q bs. case Mapping.lookup st (g, bs) of None = True | Some v = step q bs = v
using valid_before by (auto simp add: valid_s_def)
have keys_s: mmap_keys s = {q. (31 < u. steps step rho init (I, i) = q)}
using valid_before by (auto simp add: valid_s__def)
have fin_keys_s: finite (mmap__keys s)
using valid__before by (auto simp add: valid_s__def)
have lookup__s: N\q q' tstp. mmap__lookup s ¢ = Some (q’, tstp) =
steps step Tho q (i, 7) = q' A tstp = sup__acc step accept Tho q i j
using valid__before Mapping keys_intro
by (auto simp add: valid_s_def) (smt case_prodD option.simps(5))+
have drop_cur_i: Az. © € mmap_keys s = drop__cur i (the (mmap_lookup s z)) =
(steps step rho (step x (bs_at rho 7)) (i + 1, j),
sup__acc step accept rho (step z (bs_at rho i) (i + 1) 7)
proof —
fix z
assume assms: T € mmap__keys s
obtain ¢ tstp where ¢ _def: mmap_ lookup s x = Some (g, tstp)
using assms(1) by (auto dest: Mapping keys__dest)
have q_q": q = steps step rho (step x (bs_at rho i)) (i + 1, j)
tstp = sup__acc step accept rho x i j
using lookup__s[OF q__def] steps_split[OF i_lt_j] assms(1) by auto
show drop__cur i (the (mmap__lookup s z)) =
(steps step rho (step = (bs_at rho 7)) (i + 1, j),
sup__acc step accept rho (step z (bs_at rho i)) (i + 1) j)
using ¢ _def sup__acc_None[OF i_lt_j, of step accept rho]
sup__acc_i[OF i_lt_j, of step accept tho| sup__acc_I[OF i_lt_j, of _ step accept Tho)
unfolding ¢ ¢’
by (auto simp add: drop__cur_def split: option.splits)
qed
have valid_drop_cur: Nz z'. © € mmap_keys s = =’ € mmap_keys s —>
step x (bs_at rtho i) = step =’ (bs_at Tho i) = drop__cur i (the (mmap__lookup s x)) =
drop__cur i (the (mmap__lookup s z”))
using drop_ cur_i by auto
then have keys idem: keys idem step i b s
unfolding keys idem__def b__def
by blast
have distinct: distinct (map fst s)
using valid__before
by (auto simp: valid_s_def)
have (\q. step q (bs_at tho 7)) ‘ {q. FI<u. steps step rho init (I, i) = q} =
{q. FI<u. steps step rho init (I, i + 1) = q}
using steps_applof __ i step rho init] u_le i
by auto
then have keys s mmap_keys s’ = {q. 3I<u. steps step tho init (I, i + 1) = q}
using adv_d_keys[OF __ distinct adv__d] inv_st
unfolding keys s b_ def
by auto
have lookup_s": \q q' tstp. mmap_lookup s’ q = Some (q’, tstp) —
steps step Tho q (i + 1, 7) = q' A tstp = sup__acc step accept Tho q (i + 1) j
proof —

/
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fix ¢ ¢’ tstp
assume assm: mmap__lookup s’ ¢ = Some (q’, tstp)
obtain z where wit: £ € mmap_keys s step z (bs_at tho i) = q
using assm lookup__adv_d__None[OF __ distinct adv__d] inv_st
by (fastforce simp: b__def)
have lookup_s'_q: mmap__lookup s’ ¢ = Some (drop__cur i (the (mmap__lookup s z)))
using lookup__adv_d_Some[OF __ distinct keys__idem wit[folded b__def] adv_d] inv_st
by auto
then show steps step tho q (i + 1, j) = q' A tstp = sup__acc step accept tho q (i + 1) j
using assm
by (simp add: drop__cur_i wit)
ged
have distinct (map fst s')
using mmap__fold _distinct[OF distinct] adv_d_mmap_fold[OF inv_st adv_d[unfolded adv_d__def]]
unfolding adv_d_def mmap__map_ fst
by auto
then show wvalid__s init step st’ accept tho u (i + 1) j s
unfolding valid_s def
using keys s’ lookup_s’' u_le i inv_st adv__d[unfolded adv_d__def]
adv_d_mmap__fold[OF inv_st adv__d[unfolded adv__d__def]]
by (auto split: option.splits dest: Mapping_keys__dest)
qed

lemma mmap_ lookup _update”:
mmap__lookup (mmap__update k v kvs) z = (if k = z then Some v else mmap__lookup kvs z)
unfolding mmap_ lookup__def mmap__update def
by (auto simp add: update__conv’)

lemma mmap__keys_update: mmap__keys (mmap__update k v kvs) = mmap__keys kvs U {k}
by (induction kvs) (auto simp: mmap__keys_def mmap_update_def)

lemma valid _adv_start:
assumes valid_window args t0 sub tho ww_iw < w_jw
shows valid _window args t0 sub tho (adv_start args w)
proof —

define init where init = w_ init args

define step where step = w__step args

define accept where accept = w__accept args

define run_t where run_t = w_run_t args

define run_sub where run_sub = w_run__sub args

define st where st = w_st w

define ac where ac = w_ac w

define 7 where 1 = w_ 1w

define ti where ti = w_ti w

define si where si = w_si w

define j where j = w_j w

define tj where tj = w_tj w

define sj where sj = w_sj w

define s where s = w_sw

define e where e = w_e w

have valid__before: reach__window args t0 sub rtho (i, ti, si, j, tj, sj)
Nij. i <j= j < length rho = ts_at rho i < ts_at rho j
(A g bs. case Mapping.lookup st (g, bs) of None = True | Some v = step q bs = v)
(Ag bs. case Mapping.lookup ac q of None = True | Some v = accept ¢ = v)
Y q. mmap__lookup e g = sup__leadsto init step rho i j q distinct (map fst e)
valid__s init step st accept rho i i j s
using assms(1)
unfolding valid_window__def valid__s_def Let_def init_def step_def accept def run_t def
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run__sub__def st_def ac__def i_def ti_def si_def j_def tj _def sj def s _def e def
by auto
have distinct_before: distinct (map fst s) distinct (map fst e)
using valid__before
by (auto simp: valid_s__def)
note i_lt_j = assms(2)[folded i_def j_def]
obtain ti’ si’ t b where tb_ def: run_t ti = Some (ti’, t)
run_sub si = Some (si’, b)
reaches_on run__t ti’ (drop (Suc i) (map fst Tho)) tj
reaches__on run__sub si’ (drop (Suc i) (map snd rho)) sj
t=1ts atrhoib= bs atrhot
using valid__before i_lt_j
apply (auto simp: ts_at_def bs_at_def run_t_def[symmetric] run__sub__def[symmetric]
elim!: reaches__on.cases[of run_t ti drop i (map fst rho) tj]
reaches__on.cases[of run__sub si drop i (map snd rho) sj])
by (metis Cons_nth__drop__Suc length__map list.inject nth_map)
have reaches_on_si': reaches_on run_ sub sub (take (Suc i) (map snd rho)) si’
using valid_before tb_def(2,3,4) i_lt_j reaches_on__app tb_def(1)
by (auto simp: run__sub__def sub__def bs__at__def take__Suc__conv__app__nth reaches_on__app tb_def(6))
have reaches_on_ti": reaches_on run_t t0 (take (Suc i) (map fst rho)) ti’
using valid_before tb_def(2,3,4) i_lt_j reaches_on__app tb_def(1)
by (auto simp: run_t _def ts_at_def take_Suc__conv_app_nth reaches_on__app tb_def(5))
define e’ where ¢’ = mmap_update (fst (the (mmap_lookup s init))) t e
obtain st’ s’ where s’_def: adv_d step st i b s = (s', st')
by (metis old.prod.ezhaust)
obtain st_cur ac_cur i_cur ti_cur si_cur q_cur s_cur tstp_cur where loop__def:
(st_cur, ac_cur, i_cur, ti_cur, si_cur, q¢_cur, s_cur, tstp_ cur) =
while (loop__cond j) (loop__body step accept run__t run__sub)
(st', ac, Suc i, ti’, si’, init, s’, None)
by (cases while (loop__cond j) (loop__body step accept run__t run__sub)
(st', ac, Suc 1, ti’, si’, init, s', None)) auto
define s'’ where s’ = mmap_update init (case mmap__lookup s_cur q_cur of
Some (q’, tstp”) = (case tstp’ of Some (ts, tp) = (¢, tstp’) | None = (q’, tstp__cur))
| None = (q_cur, tstp_cur)) s’
have i _le j: i < j
using i _Ilt_j by auto
have length_rho: length rho = j
using valid__before by auto
have lookup_s: \q q’ tstp. mmap__lookup s ¢ = Some (q’, tstp) =
steps step Tho q (i, ) = q' A tstp = sup__acc step accept Tho q i j
using valid__before Mapping_keys_intro
by (auto simp: valid_s_def) (smt case__prodD option.simps(5))+
have init_in_keys s: init € mmap__keys s
using valid__before by (auto simp add: valid_s__def)
then have run_init_i_j: steps step rho init (i, j) = fst (the (mmap__lookup s init))
using lookup__s by (auto dest: Mapping keys__dest)
have lookup__e: N\g. mmap__lookup e ¢ = sup__leadsto init step Tho i j q
using valid__before by auto
have lookup__e" N\q. mmap_lookup e’ q = sup__leadsto init step rho (i + 1) j q
proof —
fix ¢
show mmap__lookup e’ q¢ = sup_leadsto init step rho (i + 1) j q
proof (cases steps step rho init (i, j) = q)
case True
have Maz {l. | < Suc i A steps step rho init (I, j) = steps step rho init (i, j)} = ¢
by (rule iff D2[OF Maz__eq_iff]) auto
then have sup_ leadsto init step rho (i + 1) j ¢ = Some (ts_at rho 1)
by (auto simp add: sup_leadsto__def True)
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then show %thesis
unfolding e’ def using run_init_i j tb_def
by (auto simp add: mmap__lookup__update’ True)
next
case Faulse
show %thesis
using run__init_i_j sup_ leadsto_idle[OF i_lt_j False] lookup__e[of q] False
by (auto simp add: e’'_def mmap__lookup__update”)
qged
qed
have reach__split: {q. 31<i + 1. steps step rho init (I, i + 1) = q} =
{q. 31<i. steps step tho init (I, i + 1) = q} U {init}
using le_Suc__eq by auto
have valid_s i: valid__s init step st accept tho i i j s
using valid__before by auto
have valid_s’_Suc_i: valid_s init step st’ accept rho i (i + 1) j s’
using valid__advy_d[OF valid_s_i order.refl i_It_j, OF tb_def(6) s'_def] unfolding s’_def .
have loop: loop__inv init step accept args t0 sub Tho i j tj sj
(st_cur, ac_cur, i_cur, ti_cur, si_cur, q¢_cur, s_cur, tstp__cur) A
—loop__cond j (st_cur, ac__cur, i_cur, ti__cur, si_cur, ¢_cur, s_cur, tstp__cur)
unfolding loop def
proof (rule while_rule_lemmalof loop_inv init step accept args t0 sub rho i j tj sj
loop__cond j loop__body step accept run__t run__sub
As. loop_inv init step accept args t0 sub tho i j tj sj s A — loop__cond j s])
show loop__inv init step accept args t0 sub rho i j tj sj
(st', ac, Suc i, ti’, si’, init, s’, None)
unfolding loop__inv_ def
using i It j valid_s’_ Suc_i sup__acc__same|of step accept Tho)
length__rho reaches_on__si' reaches_on__ti' th_def(3,4) valid_before(4)
by (auto simp: run_t_def run__sub__def split: prod.splits)
next
have {(t, s). loop__inv init step accept args t0 sub rho i j tj sj s A
loop__cond j s N t = loop__body step accept run__t run__sub s} C
measure (A(st, ac, i_cur, ti, si, q, s, tstp). j — ©_cur)
unfolding loop__inv_def loop__cond__def loop__body__def
apply (auto simp: run_t_def run__sub__def split: option.splits)
apply (metis drop__eq Nil length_map not_less option.distinct(1) reaches__on.simps)
apply (metis (no__types, lifting) drop__eq Nil length_map not_less option.distinct(1)
reaches__on.simps)
apply (auto split: prod.splits)
done
then show wf {(¢, s). loop_inv init step accept args t0 sub tho i j tj sj s A
loop_cond j s N t = loop__body step accept run__t run__sub s}
using wf_measure wf_subset by auto
next
fix state
assume assms: loop__inv init step accept args t0 sub rho i j tj sj state
loop__cond j state
obtain st _cur ac_cur i_cur ti_cur si_cur q_cur s_cur tstp__cur
where state__def: state = (sticur7 ac_cur, v _cur, ti__cur, si_cur, ¢_cur, S_Ccur, tstpfcur)
by (cases state) auto
obtain ti’_cur si’_curt_cur b_cur where tb_cur_def: run_t ti _cur = Some (ti;cur, t_cur)
run__sub si_cur = Some (si’_cur, b__cur)
reaches _on run_t ti’_cur (drop (Suc i_cur) (map fst rho)) tj
reaches_on run_sub si’_cur (drop (Suc i_cur) (map snd rho)) sj
t cur = ts_at rho i _cur b_cur = bs_at rho ©_cur
using assms
unfolding loop__inv_def loop__cond def state__def
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apply (auto simp: ts_at_def bs_at_def run_t_def[symmetric] run_sub_def[symmetric]
elim!: reaches__on.cases[of run__t ti_cur drop i_cur (map fst rho) tj]
reaches__on.cases|of run__sub si__cur drop i_cur (map snd tho) sj])
by (metis Cons_nth__drop__Suc length_map list.inject nth_map)
obtain s’ cur st’_cur where s’ _cur_def: adv_d step st_cur i_cur b_cur s _cur =
(s'_cur, st’_cur)
by fastforce
have wvalid_s'_cur: valid_s init step st’_cur accept rho i (i_cur + 1) js'_cur
using assms valid__adv__d[of init step st_cur accept tho| th__cur_def(6) s'_cur_def
unfolding loop__inv_def loop cond__def state__def
by auto
obtain ¢’ st’’_cur where q'_def: cstep step st’_cur q_cur b_cur = (q’, st”_cur)
by fastforce
obtain 8 ac’_cur where b__def: cac accept ac_cur q' = (B, ac’_cur)
by fastforce
have step: q¢' = step q_cur b_cur \q bs. case Mapping.lookup st’’_cur (q, bs) of
None = True | Some v = step q bs = v
using valid_s’_cur q'_def
unfolding wvalid_s def
by (auto simp: cstep__def Let_def Mapping.lookup_update’ split: option.splits if _splits)
have accept: 8 = accept q' \q. case Mapping.lookup ac’_cur q of
None = True | Some v = accept ¢ = v
using assms b__def
unfolding loop_inv_def state_ def
by (auto simp: cac_def Let_def Mapping.lookup__update’ split: option.splits if _splits)
have steps_q" steps step tho init (i + 1, Suc i_cur) = q’
using assms
unfolding loop__inv_def state__def
by auto (metis local.step(1) steps__appE th__cur_def(6))
have b_acc: f = acc step accept rho init (i + 1, Suc i_cur)
unfolding accept(1) acc_def steps_q’
by (auto simp: tb__cur_def)
have wvalid_s'"_cur: valid_s init step st”’_cur accept tho i (i_cur + 1) js'_cur
using valid_s’_cur step(2)
unfolding valid_s def
by auto
have reaches_on_si'": reaches_on run_sub sub (take (Suc i_cur) (map snd tho)) si’_cur
using assms
unfolding loop__inv_def loop _cond__def state__def
by (auto simp: run__sub__def sub__def bs_at_def take__Suc__conv__app_ nth reaches_on__app
th_cur_def(2,4,6))
(metis bs__at__def reaches_on__app run_sub_def tb__cur_def(2) tb_cur_def(6))
have reaches_on_ti": reaches_on run_t t0 (take (Suc i_cur) (map fst rho)) ti’_cur
using assms
unfolding loop__inv_def loop cond_def state__def
by (auto simp: run_t_def ts_at_def take__Suc__conv__app_nth reaches_on__app tb_cur_def(1,3,5))
(metis reaches_on__app run_t_def tb_cur_def(1) th_cur_def(5) ts_at_def)
have reach_window args t0 sub rho (Suc i_cur, ti'_cur, si’_cur, j, tj, sj)
using reaches_on__si’ reaches_on__ti' th_cur_def(3,4) length_rho assms(2)
unfolding loop_ cond__def state_def
by (auto simp: run_t_def run__sub__def)
moreover have steps step Tho init (i + 1, Suc i_cur) = q’
using assms steps__app
unfolding loop_inv_ def state__def step(1)
by (auto simp: tb_cur_def(6))
ultimately show loop__inv init step accept args t0 sub rho i j tj sj
(loop__body step accept run__t run__sub state)
using assms accept(2) valid_s''_cur sup__acc__ext[of _ __ step accept Tho]
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sup_acc_ext_idle[of _ _ step accept Tho)
unfolding loop_inv_def loop_body_ def state__def
by (auto simp: tb__cur_def(1,2,5) s'_cur_def q'_def b__def b__acc
split: option.splits prod.splits)
qed auto
have valid__stac__cur: ¥V q bs. case Mapping.lookup st_cur (g, bs) of None = True
| Some v = step q bs = v V q. case Mapping.lookup ac__cur q of None = True
| Some v = accept ¢ = v
using loop unfolding loop inv_def valid_s def
by auto
have wvalid_s'": valid_s init step st_cur accept rho (i + 1) (i + 1) js"
proof (cases mmap__lookup s__cur q_cur)
case None
then have added: steps step rho init (i + 1, j) = q_cur
tstp__cur = sup__acc step accept tho init (i + 1) j
using loop unfolding loop_inv_def loop cond__def
by (auto dest: Mapping_keys__dest)
have s"'_case: s’ = mmap_update init (q_cur, tstp_cur) s’
unfolding s’’_def using None by auto
show ?thesis
using valid_s’_Suc_i reach_ split added mmap update_distinct valid__stac__cur
unfolding s’’_case valid_s_def mmap_keys update
by (auto simp add: mmap__lookup__update’ split: option.splits)
next
case (Some p)
obtain ¢’ tstp’ where p_def: p = (q’, tstp’)
by (cases p) auto
note lookup__s_cur = Somelunfolded p__def]
have ¢ _cur_in: i+ 1 < i _curi_cur <j
using loop unfolding loop_ inv_def by auto
have ¢ cur_def: steps step tho init (i + 1, i_cur) = q_cur
using loop unfolding loop_inv_def by auto
have valid_s_cur: valid__s init step st__cur accept rtho i i_cur j s_cur
using loop unfolding loop__inv_def by auto
have ¢’ _steps: steps step rho q_cur (i_cur, j) = q’
using Some valid_s cur unfolding valid_s def p_ def
by (auto intro: Mapping keys_intro) (smt case__prodD option.simps(5))
have tstp__cur: tstp__cur = sup__acc step accept rho init (i + 1) i_cur
using loop unfolding loop_ inv_def by auto
have tstp”: tstp’ = sup acc step accept rho q_cur i_curj
using loop Some unfolding loop_inv_def p_ def valid_s_def
by (auto intro: Mapping keys_intro) (smt case__prodD option.simps(5))
have added: steps step Tho init (i + 1, j) = q’
using steps_comp|OF i_cur_in q_cur_def q'_steps] .
show ?thesis
proof (cases tstp’)
case None
have s''_case: 8"’ = mmap_update init (q’, tstp__cur) s’
unfolding s’’_def lookup_s cur None by auto
have tstp__cur_opt: tstp__cur = sup__acc step accept rho init (i + 1) j
using sup__acc_comp_None[OF i_cur_in, of step accept rho init, unfolded q_cur_def,
OF tstp'[unfolded None, symmetric||
unfolding tstp_ cur by auto
then show ?thesis
using valid s’ _Suc_i reach_split added mmap _update_distinct valid_ stac_ cur
unfolding s'’_case valid_s def mmap_keys update
by (auto simp add: mmap__lookup__update’ split: option.splits)
next
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case (Some p’)
obtain ts tp where p’_def: p’' = (ts, tp)
by (cases p’) auto
have True: tp > i_cur
using sup__acc_SomeE[OF tstp'lunfolded Some p’_def, symmetric]] by auto
have s''_case: s"' = mmap_update init (q', tstp’) s’
unfolding s’’_def lookup_s cur Some p’_def using True by auto
have tstp’_opt: tstp’ = sup__acc step accept rho init (i + 1) j
using sup__acc__comp__Some__ge[OF i_cur_in True
tstp'[unfolded Some p’_def q_cur_def[symmetric], symmetric]|
unfolding tstp’ by (auto simp: q_cur_def[symmetric])
then show ?thesis
using valid_s’_Suc_ i reach_ split added mmap__update__distinct valid__stac__cur
unfolding s'’_case valid_s def mmap_keys update
by (auto simp add: mmap__lookup__update’ split: option.splits)
qed
qed
have distinct (map fst e’)
using mmap__update__distinct|OF distinct_before(2), unfolded e’ _def]
unfolding e’ def .
then have valid_window args t0 sub rho
(w(w_st := st_cur, w_ac := ac_cur, w_i = Suc i, w_ti := ti’, w_si := si’, w_s:= 8", w_e :=
)
using i _It_j lookup_e’ valid_s'' length_rho tb_def(3,4) reaches_on_si' reaches _on__ti’
valid_before[unfolded step_ def accept def] valid _stac_cur(2)[unfolded accept def]
by (auto simp: valid_window__def Let_def init__def step__def accept__def run_t_def
run__sub__def st_def ac__def i_def ti_def si_def j_def tj def sj def s_def e def)
moreover have adv_start args w = w(|w75t = st__cur, w_ac := ac_cur, w_1 = Suc 1,
w_ti = ti’, w_si = si’, w_s:=3s", w_e:= ¢
unfolding adv_start def Let _def s"'_def e'_def
using tb_def(1,2) s'_def i _lt_j loop_def valid_before(3)
by (auto simp: valid_window__def Let_def init__def step__def accept _def run_t_def
run__sub__def st_def ac__def i_def ti_def si_def j_def tj def sj _def s _def e_def
split: prod.splits)
ultimately show ?thesis
by auto
qed

lemma valid_adv_start _bounds:
assumes valid_window args t0 sub rho ww_iw < w_jw
shows w_1 (adv_start args w) = Suc (w_1 w) w_j (adv_start args w) = w_j w
w_tj (adv_start args w) = w_tj w w_sj (adv_start args w) = w_sj w
using assms
by (auto simp: adv_start_def Let_def valid_window__def split: option.splits prod.splits
elim: reaches__on.cases)

lemma valid_adv_start_bounds”
assumes valid_window args t0 sub rtho w w_run_t args (w_ti w) = Some (ti’, t)
w_run__sub args (w_si w) = Some (si’, bs)
shows w__ti (adv_start args w) = ti’ w_si (adv_start args w) = si’
using assms
by (auto simp: adv_start_def Let_def valid__window__def split: option.splits prod.splits)

end
theory Temporal

imports MDL NFA Window
begin
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fun state_cnt :: (‘a, 'b :: timestamp) regex = nat where
state__cnt (Lookahead phi) = 1

| state_cnt (Symbol phi) = 2

| state_cnt (Plus v s) = 1 + state_cnt r + state_cnt s

| state__cnt (Times r s) = state__cnt r + state_cnt s

| state_cnt (Star r) = 1 + state_cnt r

lemma state cnt_pos: state_cnt r > 0
by (induction r rule: state_cnt.induct) auto

fun collect_subfmlas :: ('a, 'b :: timestamp) regex = ('a, 'b) formula list =

('a, 'b) formula list where

collect _subfmlas (Lookahead @) phis = (if ¢ € set phis then phis else phis @ [¢])
| collect_subfmlas (Symbol o) phis = (if ¢ € set phis then phis else phis @ [p])
| collect__subfmlas (Plus v s) phis = collect_subfmlas s (collect_subfmlas r phis)
| collect__subfmlas (Times r s) phis = collect__subfmlas s (collect__subfmlas r phis)
| collect__subfmlas (Star r) phis = collect__subfmlas r phis

lemma bf collect__subfmlas: bounded_future_regex r = phi € set (collect__subfmlas r phis) =
phi € set phis V bounded__ future__fmla phi
by (induction r phis rule: collect_subfmlas.induct) (auto split: if _splits)

lemma collect _subfmlas__atms: set (collect__subfmlas r phis) = set phis U atms r
by (induction r phis rule: collect_subfmlas.induct) (auto split: if _splits)

lemma collect _subfmlas_set: set (collect subfmlas r phis) = set (collect_subfmlas r []) U set phis
proof (induction r arbitrary: phis)
case (Plus r1 r2)
show ?case
using Plus(1)[of phis] Plus(2)[of collect__subfmlas r1 phis]
Plus(2)[of collect_subfmlas r1 []]
by auto
next
case (Times rl r2)
show ?case
using Times(1)[of phis] Times(2)[of collect_subfmlas 1 phis
Times(2)[of collect_subfmlas r1 [|]
by auto
next
case (Star r)
show ?case
using Star[of phis]
by auto
qed auto

lemma collect _subfmlas_size: © € set (collect_subfmlas r [|) = size z < size r
proof (induction 1)
case (Plus r1 r2)
then show ?case
by (auto simp: collect__subfmlas__set[of r2 collect__subfmlas r1 []])
next
case (Times r1 r2)
then show ?case
by (auto simp: collect _subfmlas_set[of r2 collect_subfmlas r1 []])
next
case (Star r)
then show ?case
by fastforce
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qed (auto split: if _splits)

lemma collect subfmlas__app: 3 phis’. collect_subfmlas r phis = phis Q phis’
by (induction r phis rule: collect__subfmlas.induct) auto

lemma length__collect _subfmlas: length (collect _subfmlas r phis) > length phis
by (induction r phis rule: collect__subfmlas.induct) auto

fun pos :: ‘a = 'a list = nat option where

pos a [| = None
| pos a (x # zs) =
(if a = x then Some 0 else (case pos a xzs of Some n = Some (Suc n) | _ = None))

lemma pos__sound: pos a xs = Some i => i < length xs N zs ! i = a
by (induction a xs arbitrary: i rule: pos.induct) (auto split: if _splits option.splits)

lemma pos_complete: pos a s = None = a ¢ set zs
by (induction a zs rule: pos.induct) (auto split: if _splits option.splits)

fun build_nfa_impl :: ("a, 'b :: timestamp) regex = (state X state X (‘a, 'b) formula list) =
transition list where
build_nfa__impl (Lookahead @) (q0, qf, phis) = (case pos ¢ phis of
Some n = [eps__trans qf n]
| None = [eps_trans qf (length phis)])
| build_nfa_impl (Symbol ¢) (q0, qf, phis) = (case pos ¢ phis of
Some n = [eps__trans (Suc ¢g0) n, symb__trans ¢f]
| None = [eps_trans (Suc q0) (length phis), symb__trans qf])
| build _nfa_impl (Plus r s) (q0, qf, phis) = (
let ts_r = build_nfa_impl r (¢0 + 1, qf, phis);
ts_s = build_nfa_impl s (0 + 1 + state_cnt r, qf, collect _subfmlas r phis) in
split_trans (g0 + 1) (g0 + 1 + state_cnt r) # ts_r Q ts_s)
| build_nfa_impl (Times r s) (g0, qf, phis) = (
let ts_r = build_nfa_impl r (q0, g0 + state_cnt r, phis);
ts_s = build_nfa_impl s (¢0 + state_cnt r, qf, collect_subfmlas r phis) in
ts_r Q ts_s)
| build_nfa_impl (Star r) (q0, qf, phis) = (
let ts_r = build_nfa_impl r (q0 + 1, q0, phis) in
split_trans (q0 + 1) qf # ts_r)

lemma build_nfa_impl_state_cnt: length (build_nfa_impl r (g0, qf, phis)) = state_cnt r
by (induction r (g0, qf, phis) arbitrary: q0 qf phis rule: build_nfa_impl.induct)
(auto split: option.splits)

lemma build_nfa_impl_not_Nil: build_nfa_impl r (q0, qf, phis) # ||
by (induction r (q0, qf, phis) arbitrary: q0 qf phis rule: build_nfa_impl.induct)
(auto split: option.splits)

lemma build_nfa_impl_state_set: t € set (build_nfa_impl v (q0, qf, phis)) —>
state_set t C {q0..<q0 + length (build_nfa_impl r (q0, ¢f, phis))} U {qf}
by (induction r (g0, qf, phis) arbitrary: q0 qf phis t rule: build_nfa_impl.induct)
(fastforce simp add: build_nfa_impl_state_cnt state__cnt_pos build_nfa_impl_not_ Nil
split: option.splits)+

lemma build_nfa_impl_fmla_set: t € set (build_nfa_impl r (q0, qf, phis)) =
n € fmla_set t = n < length (collect__subfmlas r phis)

proof (induction r (g0, qf, phis) arbitrary: q0 qf phis t rule: build_nfa_impl.induct)
case (1 ¢ q0 qf phis)
then show ?Zcase
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using pos_sound pos__complete by (force split: option.splits)
next
case (2 ¢ q0 qf phis)
then show ?case
using pos__sound pos__complete by (force split: option.splits)
next
case (3 r s q0 qf phis)
then show ?case
using length__collect__subfmlas dual_order.strict_transl by fastforce
next
case (4 r s q0 qf phis)
then show “case
using length__collect__subfmlas dual order.strict_transi by fastforce
next
case (I r g0 qf phis)
then show ?case
using length__collect__subfmlas dual order.strict_transl by fastforce
qged

context MDL
begin

definition /H r g0 qf phis transs bss bs © =
let n = length (collect__subfmlas r phis) in
transs = build_nfa_impl r (q0, qf, phis) A (Vcs € set bss. length cs > n) A length bs > n A
qf ¢ NFA.SQ q0 (build_nfa_impl r (q0, qf, phis)) A
(VEk < n. (bs! k «— sat (collect_subfmlas r phis | k) (i + length bss))) A
(Vj < length bss. Vk < n. ((bss! §) | k <— sat (collect_subfmlas r phis | k) (i + 7)))

lemma nfa_correct: IH r q0 qf phis transs bss bs i =
NFA.run__accept__eps q0 qf transs {q0} bss bs <— (i, © + length bss) € match r
proof (induct r arbitrary: q0 qf phis transs bss bs i rule: regex__induct)
case (Lookahead )
have ¢f not_in_SQ: qf ¢ NFA.SQ q0 transs
using Lookahead unfolding IH_def by (auto simp: Let_def)
have qf _not_q0_Suc_q0: qf ¢ {q0}
using Lookahead unfolding IH def
by (auto simp: NFA.SQ__def split: option.splits)
have transs_def: transs = build_nfa_impl (Lookahead ) (q0, qf, phis)
using Lookahead(1)
by (auto simp: Let_def IH__def)
interpret base: nfa q0 qf transs
apply unfold__locales
using build_nfa__impl_state_set build_nfa__impl_not_Nil gf not_in_SQ
unfolding IH def NFA.Q_def NFA.SQ def transs_def
by (auto split: option.splits)
define n where n = case pos ¢ phis of Some n = n | _ = length phis
then have collect: n < length (collect_subfmlas (Lookahead ) phis)
(collect__subfmlas (Lookahead @) phis) ! n = ¢
using pos__sound pos__complete by (force split: option.splits)+
have Acs ¢. base.step_eps cs g0 q +— n < length cs A ¢s! n A ¢ = gf N\cs q. ~base.step__eps cs qf q
using base.q0_sub_SQ qf not_in_SQ
by (auto simp: NFA.step__eps_def transs__def n__def split: option.splits)
then have base_eps: base.step__eps_closure_set {q0} cs = (if n < length ¢s A cs | n then {q0, qf}
else {q0}) for cs
using NFA.step__eps_closure__set_unfold[where ?X={qf}]
using NFA.step_eps_closure_set_step_id[where ?R={q0}]
using NFA.step__eps_closure__set_step_id[where ?R={qf}]
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by auto
have base delta: base.delta {q0} cs = {} for cs
unfolding NFA.delta_def NFA.step__symb__set_ def base__eps
by (auto simp: NFA.step__symb__def NFA.SQ __def transs__def split: option.splits)
show ?case
proof (cases bss)
case Nil
have sat: n < length bs A bs ! n <— sat ¢ ©
using Lookahead(1) collect
by (auto simp: Let_def IH__def Nil)
show ?thesis
using ¢f not__q0_Suc_q0
unfolding NFA.run__accept eps_def NFA.run__def NFA.accept eps_def Nil
by (auto simp: base__eps sat)
next
case bss_def: (Cons cs css)
show ?thesis
using NFA.run__accept__eps__empty
unfolding NFA.run__accept eps def NFA.run__def NFA.accept eps_def bss__def
by (auto simp: bss__def base__delta)
ged
next
case (Symbol ¢)
have qf not_in_SQ: qf ¢ NFA.SQ q0 transs
using Symbol unfolding IH def by (auto simp: Let_def)
have qf _not_q0_Suc_q0: qf ¢ {q0, Suc q0}
using Symbol unfolding IH def
by (auto simp: NFA.SQ__def split: option.splits)
have transs__def: transs = build_nfa__impl (Symbol ¢) (q0, qf, phis)
using Symbol(1)
by (auto simp: Let_def IH_def)
interpret base: nfa q0 qf transs
apply unfold_locales
using build_nfa__impl_state_set build_nfa__impl _not_Nil qf not_in_SQ
unfolding IH def NFA.Q_def NFA.SQ __def transs__def
by (auto split: option.splits)
define n where n = case pos ¢ phis of Some n = n | _ = length phis
then have collect: n < length (collect_subfmlas (Symbol ¢) phis)
(collect__subfmlas (Symbol ) phis) ! n = ¢
using pos_sound pos__complete by (force split: option.splits)+
have Acs q. base.step_eps cs q0 ¢ «— n < length cs A ¢cs! n A g = Suc q0 Ncs q. ~base.step__eps cs
(Suc q0) q
using base.q0__sub__SQ
by (auto simp: NFA.step__eps_def transs__def n__def split: option.splits)
then have base eps: base.step__eps_closure_set {q0} cs = (if n < length cs A ¢s ! n then {q0, Suc
g0} else {q0}) for cs
using NFA.step__eps__closure__set_unfold[where ?X={Suc q0}]
using NFA.step_eps_closure_set_step_id[where ?R={q0}]
using NFA.step__eps_closure__set_step__id[where ?R={Suc q0}]
by auto
have base_delta: base.delta {q0} cs = (if n < length c¢s A cs ! n then {gf} else {}) for cs
unfolding NFA.delta__def NFA.step _symb__set_def base__eps
by (auto simp: NFA.step__symb__def NFA.SQ_def transs__def split: option.splits)
show ?case
proof (cases bss)
case Nil
show ?thesis
using qf _not_q0_Suc_q0
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unfolding NFA.run__accept eps_def NFA.run__def NFA.accept_eps_def Nil
by (auto simp: base__eps)
next
case bss_def: (Cons cs css)
have sat: n < length ¢cs A\ ¢s! n <— sat ¢ ©
using Symbol(1) collect
by (auto simp: Let_def IH_def bss__def)
show ?thesis
proof (cases css)
case Nil
show ?%thesis
unfolding NFA.run__accept_eps_def NFA.run_ def NFA.accept_eps_def bss_def Nil
by (auto simp: base__delta sat NFA.step__eps_closure_set_def NFA.step__eps__closure__def)
next
case css_def: (Cons ds dss)
have base.delta {} ds = {} base.delta {qf} ds = {}
using base.step__eps__closure_qf qf _not_in_SQ step__symb__dest
by (fastforce simp: NFA.delta__def NFA.step__eps_closure_set_def NFA.step_ symb__set_def)+
then show %thesis
using NFA.run__accept _eps__empty
unfolding NFA.run__accept _eps_def NFA.run__def NFA.accept _eps def bss _def css_def
by (auto simp: base__delta)
qed
ged
next
case (Plus r s)
obtain phis’ where collect: collect _subfmlas (Plus v s) phis =
collect__subfmlas r phis @ phis’
using collect__subfmlas_app by auto
have qf _not_in_SQ: qf ¢ NFA.SQ q0 (build_nfa_impl (Plus r s) (q0, qf, phis))
using Plus unfolding IH def by auto
interpret base: nfa q0 qf build_nfa_impl (Plus r s) (g0, qf, phis)
apply unfold_locales
using build_nfa__impl_state_set build_nfa__impl _not_Nil qf not_in_SQ
unfolding NFA.Q def NFA.SQ __def build_nfa_impl_state__cnt by fast+
interpret left: nfa q0 + 1 qf build_nfa_implr (g0 + 1, qf, phis)
apply unfold__locales
using build_nfa__impl_state_set build_nfa__impl_not_Nil qf not_in_SQ
unfolding NFA.Q def NFA.SQ_def build_nfa__impl_state_cnt
by fastforce+
interpret right: nfa q0 + 1 + state_cnt r qf
build_nfa_impl s (q0 + 1 + state_cnt r, qf, collect__subfmlas r phis)
apply unfold__locales
using build_nfa__impl_state_set build_nfa__impl_not_Nil gf not_in_SQ
unfolding NFA.Q def NFA.SQ _def build_nfa__impl_state_cnt
by fastforce+
from Plus(3) have IH r (g0 + 1) qf phis (build_nfa_impl r (q0 + 1, qf, phis)) bss bs i
unfolding Let def IH def collect
using left.qf _not_in_SQ
by (auto simp: nth__append)
then have left IH: left.run_accept_eps {q0 + 1} bss bs +—
(¢, © + length bss) € match r
using Plus(1) build _nfa_impl _state__cnt
by auto
have IH s (q0 + 1 + state_cnt r) qf (collect subfmlas r phis)
(build_nfa_impl s (¢0 + 1 + state_cnt r, qf, collect_subfmlas r phis)) bss bs i
using right.qf _not_in_SQ IH_def Plus
by (auto simp: Let_def)
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then have right IH: right.run_accept eps {q0 + 1 + state_cnt r} bss bs «—
(i, i + length bss) € match s
using Plus(2) build_nfa_impl_state_cnt
by auto
interpret cong: nfa__cong Plus q0 q0 + 1 q0 + 1 + state_cnt r qf qf qf
build_nfa__impl (Plus 7 s) (q0, qf, phis) build_nfa_impl r (g0 + 1, qf, phis)
build_nfa_impl s (q0 + 1 + state_cnt r, qf, collect_subfmlas r phis)
apply unfold_locales
unfolding NFA.SQ _def build_nfa_impl_state__cnt
NFA.step__eps _def NFA.step _symb__def
by (auto simp add: nth__append build_nfa__impl_state__cnt)
show ?case
using cong.run__accept__eps_cong left_ IH right IH Plus
by (auto simp: Let_def IH__def)
next
case (Times r s)
obtain phis’ where collect: collect _subfmlas (Times r s) phis =
collect__subfmlas T phis @ phis’
using collect _subfmlas__app by auto
have transs_def: transs = build_nfa__impl (Times r s) (q0, qf, phis)
using Times unfolding IH_def by (auto simp: Let_def)
have ¢f not_in_SQ: qf ¢ NFA.SQ q0 (build_nfa_impl (Times r s) (q0, qf, phis))
using Times unfolding IH def by auto
interpret base: nfa q0 qf build_nfa_impl (Times r s) (q0, qf, phis)
apply unfold__locales
using build_nfa_impl_state set build_nfa_impl _not_Nil gf not_in_SQ
unfolding NFA.Q def NFA.SQ _def build_nfa_impl_state__cnt by fast+
interpret left: nfa q0 q0 + state__cnt r build_nfa_impl r (q0, g0 + state__cnt r, phis)
apply unfold__locales
using build_nfa_impl_state set build_nfa_impl _not_Nil qf not_in_SQ
unfolding NFA.Q def NFA.SQ _def build_nfa__impl_state_cnt
by fastforce+
interpret right: nfa q0 + state__cnt r qf
build_nfa_impl s (q0 + state_cnt r, qf, collect__subfmlas r phis)
apply unfold__locales
using build_nfa_ impl_state_set build_nfa_impl _not_ Nil qf not_in_SQ
unfolding NFA.Q def NFA.SQ _def build_nfa__impl_state_cnt
by fastforce+
from Times(8) have left IH: IH r q0 (q0 + state_cnt ) phis
(build_nfa_impl r (g0 , q0 + state_cnt r, phis)) bss bs i
unfolding Let def IH_def collect
using left.qf not_in_SQ
by (auto simp: nth__append)
from Times(3) have left IH take: A\n. n < length bss =
IH 7 q0 (q0 + state_cnt r) phis
(build_nfa_impl r (g0, q0 + state_cnt r, phis)) (take n bss) (hd (drop n bss)) i
unfolding Let def IH def collect
using left.qf not_in_SQ
apply (auto simp: nth__append min__absorb2 hd__drop__conuv_nth)
apply (meson in__set_takeD le__addl le_trans)
by (meson le_addl le_trans nth_mem)
have left IH _match: left.run__accept_eps {q0} bss bs +—
(7, ¢ + length bss) € match r
using Times(1) build_nfa_impl_state_cnt left IH
by auto
have left _IH_match_take: An. n < length bss =
left.run__accept_eps {q0} (take n bss) (hd (drop n bss)) «— (i, i + n) € match r
using Times(1) build_nfa_impl_state_cnt left IH _take
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by (fastforce simp add: nth__append min__absorb2)
have IH s (q0 + state_cnt r) qf (collect subfmlas r phis)
(build_nfa_impl s (q0 + state_cnt r, qf, collect_subfmlas r phis)) bss bs i
using right.qf _not_in_SQ IH def Times
by (auto simp: Let__def)
then have right _IH: An. n < length bss = IH s (q0 + state_cnt r) qf (collect_subfmlas r phis)
(build_nfa_impl s (q0 + state_cnt r, qf, collect_subfmlas r phis)) (drop n bss) bs (i + n)
unfolding Let def IH def
by (auto simp: nth__append add.assoc) (meson in__set_dropD)
have right_IH match: An. n < length bss =
right.run__accept__eps {q0 + state_cnt v} (drop n bss) bs «— (i + n, i + length bss) € match s
using Times(2)[OF right_IH] build_nfa_impl_state_cnt
by (auto simp: IH__def)
interpret cong: nfa__cong Times q0 q0 + state_cnt r gf
build_nfa__impl (Times r s) (q0, qf, phis)
build_nfa_impl r (q0, g0 + state__cnt r, phis)
build_nfa__impl s (q0 + state__cnt r, qf, collect__subfmlas r phis)
apply unfold_locales
using NFA.Q def NFA.SQ def NFA.step__eps_def NFA.step_symb_def build_nfa__impl_state_set
by (fastforce simp add: nth__append build_nfa__impl_state__cnt build__nfa__impl_not_Nil
state__cnt_pos)+
have right_IH_Nil: right.run__accept_eps {q0 + state_cnt r} [] bs «—
(i + length bss, i + length bss) € match s
using right_IH match
by fastforce
show ?case
unfolding match_ Times transs_def cong.run__accept__eps_cong left IH match right IH Nil
using left IH match__take right _IH match less_imp_le_nat le_eq less _or_eq
by auto
next
case (Star r)
then show ?case
proof (induction length bss arbitrary: bss bs i rule: nat_less_induct)
case I
have transs__def: transs = build_nfa__impl (Star r) (q0, qf, phis)
using ! unfolding IH def by (auto simp: Let_def)
have ¢f not_in_SQ: qf ¢ NFA.SQ q0 (build_nfa_impl (Star r) (q0, qf, phis))
using ! unfolding IH def by auto
interpret base: nfa q0 qf build_nfa_impl (Star r) (q0, qf, phis)
apply unfold_locales
using build_nfa_ impl_state_set build_nfa_impl_not_ Nil gf not_in_SQ
unfolding NFA.Q def NFA.SQ _def build_nfa_impl_state cnt
by fast+
interpret left: nfa q0 + 1 g0 build_nfa_impl r (g0 + 1, q0, phis)
apply unfold_locales
using build _nfa__impl_state set build_nfa__impl _not_ Nil qf not_in_SQ
unfolding NFA.Q _def NFA.SQ _def build_nfa__impl_state__cnt
by fastforce+
from 1(3) have left_IH: IH r (g0 + 1) q0 phis (build_nfa_impl r (q0 + 1, q0, phis)) bss bs i
using left.qf _not_in_SQ
unfolding Let def IH def
by (auto simp add: nth__append)
from 1(3) have left IH take: A\n. n < length bss =
IH v (q0 + 1) q0 phis (build_nfa_impl r (q0 + 1, q0, phis)) (take n bss) (hd (drop n bss)) @
using left.qf _not_in_SQ
unfolding Let def IH def
by (auto simp add: nth__append min__absorb2 hd__drop__conv_nth) (meson in__set_takeD)
have left IH match: left.run__accept_eps {q0 + 1} bss bs +—
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(¢, © + length bss) € match r
using 1(2) left IH
unfolding build_nfa_impl_state__cnt NFA.SQ__def
by auto
have left IH_match_take: An. n < length bss =
left.run__accept_eps {q0 + 1} (take n bss) (hd (drop n bss)) +—
(¢, ¢ + n) € match r
using 1(2) left IH take
unfolding build_nfa impl_state__cnt NFA.SQ__def
by (fastforce simp add: nth__append min__absorb2)
interpret cong: nfa__cong_Star q0 q0 + 1 qf
build_nfa__impl (Star r) (q0, qf, phis)
build_nfa__impl r (g0 + 1, q0, phis)
apply unfold_locales
unfolding NFA.SQ _def build_nfa_impl state _cnt NFA.step__eps def NFA.step__symb_ def
by (auto simp add: nth__append build_nfa_impl_state_cnt)
show ?case
using cong.run__accept__eps_Nil
proof (cases bss)
case Nil
show %thesis
unfolding transs_def Nil
using cong.run__accept__eps_ Nil run__ Nil run__accept__eps Nil
by auto
next
case (Cons cs css)
have auz: AnjzP.n<z = j<z—n= (Vj < Sucz. Pj) = P (Suc (n + j))
by auto
from 1(3) have star _IH: \n. n < length css =
IH (Star r) q0 qf phis transs (drop n css) bs (i + n + 1)
unfolding Cons Let def IH def
using auz[of _ _ __ Nj. Vk<length (collect_subfmlas r phis).
(cs # css) ! j ! k = sat (collect__subfmlas r phis | k) (i + j)]
by (auto simp add: nth__append add.assoc dest: in__set_dropD)
have IH_inst: N\zs i. length zs < length css = IH (Star r) q0 qf phis transs zs bs i —
(base.run__accept_eps {q0} zs bs «— (i, © + length zs) € match (Star r))
using I
unfolding Cons
by (auto simp add: nth__append less_Suc__eq_le transs__def)
have An. n < length css = base.run__accept _eps {q0} (drop n css) bs «—
(i +n+ 1,1+ length (cs # css)) € match (Star r)
proof —
fix n
assume assm: n < length css
then show base.run__accept_eps {q0} (drop n css) bs <—
(i +n+ 1,7+ length (cs # css)) € match (Star r)
using IH__inst[of drop n css i + n + 1] star_IH
by (auto simp add: nth__append)
qed
then show ?thesis
using match_Star length_ Cons Cons cong.run__accept _eps_cong_Cons
using cong.run__accept_eps Nil left_IH match left IH match_take
apply (auto simp add: Cons transs__def)
apply (metis Suc_less_eq add__Suc_right drop_Suc__Cons less_imp__le_nat take_Suc__Cons)
apply (metis Suc_less_eq add_Suc__right drop_Suc__Cons le_eq_less_or_eq lessThan__iff
take__Suc__Cons)
done
qed
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qed
qed

lemma step__eps closure__set__empty_list:
assumes wf _regex r IH r q0 qf phis transs bss bs ¢ NFA.step__eps__closure q0 transs bs q qf
shows NFA.step__eps_closure q0 transs [| q qf
using assms
proof (induction r arbitrary: q0 qf phis transs q)
case (Symbol )
have ¢f not_in_SQ: qf ¢ NFA.SQ q0 transs
using Symbol unfolding IH _def by (auto simp: Let_def)
have qf _not_q0_Suc_q0: qf ¢ {q0, Suc q0}
using Symbol unfolding IH def
by (auto simp: NFA.SQ__def split: option.splits)
have transs_def: transs = build_nfa_impl (Symbol ) (q0, qf, phis)
using Symbol(2)
by (auto simp: Let_def IH__def)
interpret base: nfa q0 qf transs
apply unfold__locales
using build_nfa_impl_state set build_nfa__impl _not_Nil gf not_in_SQ
unfolding IH def NFA.Q_def NFA.SQ __def transs__def
by (auto split: option.splits)
define n where n = case pos ¢ phis of Some n = n | _ = length phis
then have collect: n < length (collect__subfmlas (Symbol o) phis)
(collect _subfmlas (Symbol @) phis) ! n = ¢
using pos__sound pos__complete by (force split: option.splits)+
have SQD: ¢ € NFA.S5Q q0 transs =—> q¢ = q0 V q = Suc q0 for q
by (auto simp: NFA.SQ __def transs__def split: option.splits)
have —base.step__eps cs q qf if ¢ € NFA.SQ q0 transs for cs q
using SQD[OF that] qf _not_q0_Suc_q0
by (auto simp: NFA.step__eps_def transs__def split: option.splits transition.splits)
then show ?case
using Symbol(3)
by (auto simp: NFA.step__eps_closure__def) (metis rtranclp.simps step__eps__dest)
next
case (Plus r s)
have transs_def: transs = build_nfa_impl (Plus r s) (q0, qf, phis)
using Plus(4)
by (auto simp: IH_def Let_def)
define ¢s_[ where ts | = build_nfa_implr (q0 + 1, qf, phis)
define ts_r where ts_r = build_nfa_impl s (¢0 + 1 + state_cnt r, qf, collect_subfmlas r phis)
have len_ts: length ts_| = state_cnt r length ts_r = state_cnt s length transs = Suc (state_cnt v +
state__cnt s)
by (auto simp: ts_1_def ts_r_def transs__def build_nfa_impl_state_cnt)
have transs_eq: transs = split_trans (¢0 + 1) (g0 + 1 + state_cnt r) # ts 1 Q ts r
by (auto simp: transs_def ts_l_def ts_r_def)
have ts_nonempty: ts | = [| = False ts_r = [| = Fulse
by (auto simp: ts_I_def ts_r_def build_nfa_impl_not_ Nil)
obtain phis’ where collect: collect _subfmlas (Plus 7 s) phis = collect_subfmlas r phis @ phis’
using collect__subfmlas__app by auto
have qf not_in_SQ: qf ¢ NFA.SQ q0 (build_nfa_impl (Plus r s) (g0, qf, phis))
using Plus unfolding IH def by auto
interpret base: nfa q0 qf transs
apply unfold_locales
using build_nfa__impl_state_set build_nfa_impl_not_Nil qf _not_in_SQ
unfolding NFA.Q def NFA.SQ _def build_nfa_impl_state__cnt transs_def by fast+
interpret left: nfa Suc q0 qf ts_ 1
apply unfold_locales

74



using build_nfa__impl_state set build_nfa_impl _not_Nil qf not_in_SQ
unfolding NFA.Q def NFA.SQ _def build_nfa__impl_state_cnt ts_I_def
by fastforce+
interpret right: nfa Suc (¢0 + state_cnt r) qf ts_r
apply unfold__locales
using build_nfa__impl_state_set build_nfa__impl_not_Nil qf not_in_SQ
unfolding NFA.Q def NFA.SQ _def build_nfa_impl_state _cnt ts_r_def
by fastforce+
interpret cong: nfa_cong_Plus q0 Suc q0 Suc (g0 + state_cnt r) qf qf qf transs ts_1 ts_r
apply unfold locales
unfolding NFA.SQ _def build_nfa_impl_state cnt
NFA.step__eps_def NFA.step__symb__def transs__def ts_I_def ts_r_def
by (auto simp add: nth__append build_nfa__impl_state_cnt)
have IH s (Suc (g0 + state_cnt 1)) gf (collect_subfmlas r phis) ts_r bss bs i
using right.qf _not_in_SQ IH def Plus
by (auto simp: Let_def ts_r_def)
then have case_right: base.step__eps__closure [| q qf if base.step__eps_closure bs q qf q € right.Q for ¢
using cong.right.eps_nfa’_step__eps_closure[OF that] Plus(2,3) cong.right.nfa’_eps_step__eps__closure[OF
__ that(2)]
by auto
from Plus(4) have IH r (Suc q0) qf phis ts_l bss bs i
using left.qf _not_in_SQ
unfolding Let def IH def collect ts | def
by (auto simp: nth__append)
then have case_left: base.step__eps_closure [| q qf if base.step__eps__closure bs q qf q € left.Q for ¢
using cong.eps_nfa’_step__eps_closure[OF that] Plus(1,3) cong.nfa’_eps_step__eps_closure[OF __
that(2)]
by auto
have g = q0 V q € left.Q V q € right.Q
using Plus(5)
by (auto simp: NFA.Q_def NFA.SQ_def len_ts dest!: NFA.step__eps_closure__dest)
moreover have ?case if ¢ _q0: q = q0
proof —
have ¢0 # qf
using ¢f not_in_SQ
by (auto simp: NFA.SQ__def)
then obtain ¢’ where ¢’ def: base.step_eps bs q q' base.step__eps_closure bs q’ qf
using Plus(5)
by (auto simp: q_q0 NFA.step__eps_closure__def elim: converse_rtranclpE)
have fst_step__eps: base.step_eps || q q’
using q'_def(1)
by (auto simp: q_q0 NFA.step__eps_def transs__eq)
have ¢’ € left.Q V ¢’ € right.Q
using q'_def(1)
by (auto simp: NFA.step_eps_def NFA.Q__def NFA.SQ __def q_q0 transs__eq dest: ts_nonempty split:
transition.splits)
then show ?case
using fst_step__eps case_left|OF q'_def(2)] case_right|OF q'_def(2)]
by (auto simp: NFA.step__eps_ closure__def)
qed
ultimately show ?case
using Plus(5) case_left case_right
by auto
next
case (Times r s)
obtain phis’ where collect: collect _subfmlas (Times r s) phis =
collect__subfmlas r phis @ phis’
using collect__subfmlas__app by auto
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have transs_def: transs = build_nfa_impl (Times r s) (q0, qf, phis)
using Times unfolding IH _def by (auto simp: Let_def)
define ts_[ where ts_1 = build_nfa_impl r (q0, q0 + state_cnt r, phis)
define ¢s_r where ts_r = build_nfa_impl s (¢0 + state_cnt r, qf, collect__subfmlas r phis)
have len_ ts: length ts_| = state__cnt r length ts_r = state__cnt s length transs = state__cnt r 4+ state__cnt
s
by (auto simp: ts_l_def ts_r_def transs__def build_nfa_impl_state_ cnt)
have transs_eq: transs = ts | Q ts_r
by (auto simp: transs_def ts_1_def ts_r_def)
have ts_nonempty: ts_| = [| = False ts_r = [| = False
by (auto simp: ts_I_def ts_r_def build_nfa_impl_not_ Nil)
have qf _not_in_SQ: qf ¢ NFA.SQ q0 (build_nfa_impl (Times r s) (q0, qf, phis))
using Times unfolding IH def by auto
interpret base: nfa q0 qf transs
apply unfold_locales
using build_nfa__impl_state set build_nfa_impl _not_Nil qf not_in_SQ
unfolding NFA.Q def NFA.SQ__def build_nfa_impl_state_cnt transs_def by fast+
interpret left: nfa q0 q0 + state_cnt rts_1
apply unfold__locales
using build_nfa_impl_state set build_nfa__impl _not_Nil gf not_in_SQ
unfolding NFA.Q def NFA.SQ _def build_nfa_impl_state__cnt ts_l_def
by fastforce+
interpret right: nfa q0 + state_cnt r qf ts_r
apply unfold_locales
using build_nfa__impl_state_set build_nfa__impl _not_Nil qf _not_in_SQ
unfolding NFA.Q def NFA.SQ _def build_nfa__impl_state_cnt ts_r_def
by fastforce+
interpret cong: nfa__cong Times q0 q0 + state__cnt r qf transs ts_lts r
apply unfold__locales
using NFA.Q_def NFA.SQ_def NFA.step__eps_def NFA.step__symb__def build_nfa_impl_state_ set
by (auto simp add: nth__append build_nfa__impl_state_cnt build_nfa_impl_not_Nil
state__cnt__pos len__ts tmnssieq)
have ¢f ¢ base.SQ
using Times(4)
by (auto simp: IH__def Let_def)
then have gf left Q: qf € left.Q = False
by (auto simp: NFA.Q_def NFA.SQ_def len_ts state__cnt_pos)
have left IH: IH r q0 (q0 + state_cnt 1) phis ts_1 bss bs i
using left.qf _not_in_SQ Times
unfolding Let def IH def collect
by (auto simp: nth__append ts_1_def)
have case_left: base.step_eps_closure [| q (q0 + state_cnt r) if left.step_eps_closure bs q (¢0 +
state_cnt r) q € left.Q and wf: wf_regex r for q
using that(1) Times(1)[OF wf left_IH] cong.nfa’_step__eps_closure_cong[OF __ that(2)]
by auto
have left IH: IH s (q0 + state_cnt r) gf (collect _subfmlas r phis) ts_r bss bs @
using right.qf _not_in_SQ IH def Times
by (auto simp: Let_def ts_r_def)
then have case_right: base.step__eps_closure [| q qf if base.step__eps_closure bs q qf q € right.Q for ¢
using cong.right.eps_nfa’_step__eps_closure[OF that] Times(2,3) cong.right.nfa’_eps_step__eps__closure[OF
__ that(2)]
by auto
have init_right: q0 + state_cnt r € right.Q
by (auto simp: NFA.Q_def NFA.SQ_def dest: ts_nonempty)
{
assume ¢ _left _Q: q € left.Q
then have split: left.step__eps_closure bs q (q0 + state_cnt r) base.step__eps_closure bs (g0 +
state__cnt r) qf
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using cong.eps_nfa’_step__eps_closure_cong|OF Times(5)]
by (auto dest: qf _left_Q)
have empty IH: IH s (g0 + state_cnt 1) qf (collect_subfmlas r phis) ts_r [| bs (i + length bss)
using left IH
by (auto simp: IH__def Let_def ts_r_def)
have right.step__eps__closure bs (q0 + state_cnt r) qf
using cong.right.eps_nfa’_step__eps_closure|OF split(2) init_right]
by auto
then have right.run__accept_eps {q0 + state_cnt r} [] bs
by (auto simp: NFA.run__accept_eps _def NFA.accept_eps_def NFA.step__eps_closure_set_def
NFA.run__def)
then have wf: wf regex r
using nfa_ correct|OF empty_IH] Times(3) match_refl eps
by auto
have ?case
using case_left[OF split(1) q_left Q wf] case_right[OF split(2) init_right]
by (auto simp: NFA.step__eps_closure__def)
}
moreover have ¢ € left.QQ V q € right.Q
using Times(5)
by (auto simp: NFA.Q _def NFA.SQ __def transs_eq len__ts dest!: NFA.step__eps_closure__dest)
ultimately show %case
using case_right[OF Times(5)]
by auto
next
case (Star r)
have transs_def: transs = build_nfa_impl (Star ) (q0, qf, phis)
using Star unfolding IH_def by (auto simp: Let_ def)
obtain ¢s_r where ts_r: transs = split_trans (¢0 + 1) qf # ts_rts_r = build_nfa_impl r (Suc q0,
q0, phis)
using Star(8)
by (auto simp: Let_def IH__def)
have ¢f not_in_SQ: qf ¢ NFA.SQ q0 transs
using Star unfolding IH def transs__def by auto
interpret base: nfa q0 qf transs
apply unfold_locales
using build_nfa__impl_state_set build_nfa__impl _not_Nil qf _not_in_SQ
unfolding NFA.Q def NFA.SQ __def build_nfa__impl_state__cnt transs_ def
by fast+
interpret left: nfa Suc q0 q0 ts_r
apply unfold__locales
using build _nfa__impl_state set build_nfa_impl _not_Nil qf not_in_SQ
unfolding NFA.Q _def NFA.SQ__def build_nfa_impl_state_cnt ts_r(2)
by fastforce+
interpret cong: nfa_cong Star q0 Suc q0 qf transs ts_r
apply unfold__locales
unfolding NFA.SQ _def build_nfa_impl_state__cnt NFA.step_ eps def NFA.step__symb__def
by (auto simp add: nth__append build_nfa_impl_state_cnt ts_r(1))
have IH: wf_regex r IH r (Suc q0) qO phis ts_r bss bs i
using Star(2,3)
by (auto simp: Let_def IH def NFA.SQ _def ts_r(2))
have step_eps _q'_qf: q' = q0 if base.step_eps bs q’ qf for q’
proof (rule ccontr)
assume ¢’ # q0
then have ¢’ € left.SQ
using that
by (auto simp: NFA.step__eps_def NFA.SQ _def ts_r(1))
then have left.step_eps bs q' qf
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using cong.step__eps_cong_SQ that
by simp
then show Fulse
using ¢f not_in_SQ
by (metis NFA.Q__def UnE base.q0_sub_SQ cong.SQ_sub left.step__eps_closed subset__eq)
ged
show ?case
proof (cases ¢ = qf)
case False
then have base _q q0: base.step _eps_closure bs q q0 base.step__eps bs q0 qf
using Star(4) step_eps_q'_qf
by (auto simp: NFA.step__eps_closure__def) (metis rtranclp.cases)+
have base_Nil_q0__qf: base.step__eps [| q0 qf
by (auto simp: NFA.step__eps_def NFA.SQ__def ts_r(1))
have ¢ left Q: q € left.Q
using base_q_q0
by (auto simp: NFA.Q_def NFA.SQ__def ts_r(1) dest: step__eps_closure__dest)
have left.step__eps_closure [| q q0
using cong.eps_nfa’_step_eps_ closure__cong|OF base_q_q0(1) q_left Q] Star(1)[OF IH|
by auto
then show %thesis
using cong.nfaLstepiepsiclosureicong[OF7 q_left_Q] base_Nil_q0_qf
by (auto simp: NFA.step__eps__closure__def) (meson rtranclp.rtrancl_into__rtrancl)
qed (auto simp: NFA.step__eps_closure__def)
qed auto

lemma accept _eps iff _accept:
assumes wf regex r IH r q0 qf phis transs bss bs ©
shows NFA.accept_eps q0 qf transs R bs = NFA.accept q0 gf transs R
using step__eps__closure__set__empty_list{OF assms] step__eps_closure__set_mono’
unfolding NFA.accept eps _def NFA.accept def
by (fastforce simp: NFA.accept_eps_def NFA.accept_def NFA.step__eps_closure__set__def)

lemma run__accept_eps__iff _run__accept:
assumes wf_regex v IH r q0 qf phis transs bss bs i
shows NFA.run__accept_eps q0 qf transs {q0} bss bs «— NFA.run__accept q0 qf transs {q0} bss
unfolding NFA.run__accept_eps_def NFA.run__accept def accept__eps_iff _accept|OF assms] ..

end

definition pred_option’ :: (‘a = bool) = 'a option = bool where
pred__option’ P z = (case z of Some z' = P z' | None = False)

definition map_option’ :: (‘b = 'c option) = 'b option = ’c option where
map__option’ f z = (case z of Some z' = f 2’| None = None)

definition while break :: (‘a = bool) = ('a = 'a option) = 'a = 'a option where
while__break P f x = while (pred_option’ P) (map_option’ f) (Some z)

lemma wf while_break:
assumes wf {(t, s). Ps A bs A Somet = c s}
shows wf {(t, s). pred_option P s A pred_option’ b s A t = map_option’ c s}
proof —
have sub: {(t, s). pred_option P s A pred_option’ b s A t = map_option’ ¢ s} C
map__prod Some Some ‘{(t, s). Ps Abs A Somet = cs} U ({None} x (Some ‘ UNIV))
by (auto simp: pred_option’_def map__option’_def split: option.splits)
(smt (28) case__prodl map__prod_imagel mem__Collect__eq not_Some__eq)
show ?thesis
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apply (rule wf subset[OF __ sub])
apply (rule wf_union__compatible)
apply (rule wf_map__prod_image)
apply (fastforce simp: wf_def intro: assms)+
done
qged

lemma wf while_break’:
assumes wf {(t, s). Ps A bs A Somet=c s}
shows wf {(t, s). pred_option’ P s A pred_option’ b s A t = map__option’ c s}
by (rule wf_subset|OF wf_while__break|OF assms|]) (auto simp: pred_option’_def split: option.splits)

lemma while break sound:
assumes A\ss'. Ps=bs= cs=Somes' = Ps'N\s. Ps= -bs= Qs uwf {({, s). PsA
bsA Somet=cs} Ps
shows pred__option Q (while__break b ¢ s)
proof —
have aquz: Pt = b t = pred_option P (c t) for ¢
using assms(1)
by (cases c t) auto
show %thesis
using assms auzx
by (auto simp: while_break__def pred_option’_def map__option’_def split: option.splits
introl: while_rule_lemmalwhere ?P=pred_option P and ?Q=pred_option Q and ?b=pred_option’
b and ?c=map_option’ ¢, OF __ __ wf_while_break])
qed

lemma while_break__complete: (\s. P s => b s = pred_option’ P (c s)) = (A\s. Ps = - b s =
Qs) = wf {(t,s). PsANbsA Somet=cs} = Ps—=
pred__option’ Q (while_break b c s)
unfolding while_break__def
by (rule while_rule_lemma|where ?P=pred_option’ P and ?Q=pred_option’ Q and ?b=pred_option’
b and ?c=map_option’' ¢, OF __ __ wf_while_break))
(force simp: pred__option’__def map__option’__def split: option.splits elim!: case_optionE)+

context
fixes args :: (bool iarray, nat set, 'd :: timestamp, 't, 'e) args
begin

abbreviation reach__w = reach__window args
qualified definition in_win = init_window args

definition valid _window matchP :: 'd T = 't = ‘e =
("d x bool iarray) list = nat = (bool iarray, nat set, 'd, 't, 'e) window = bool where
valid_window_matchP I t0 sub rho jw +— j = w_jw A
valid__window args t0 sub tho w A
reach__w t0 sub tho (w_i w, w_ti w, w_si w, w_j w, w_tj w, w_sj w) A
(case w_read_t args (w_tj w) of None = True
| Some t = (VI < w_iw. memL (ts_at Tho ) t I))

lemma wvalid__window__matchP_reach__tj: valid__window__matchP I t0 sub rho i w —>
reaches_on (w_run_t args) t0 (map fst rho) (w_tj w)
using reach__window__run__tj
by (fastforce simp: valid_window__matchP_def simp del: reach__window.simps)

lemma wvalid_ window__matchP_reach__sj: valid_window_matchP I t0 sub rho i w =
reaches__on (w_run__sub args) sub (map snd rho) (w_sj w)
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using reach__window__run__sj
by (fastforce simp: valid_window_matchP_def simp del: reach_window.simps)

lemma valid_window _matchP__len__rho: valid_window__matchP I t0 sub rho i w = length rho = i
by (auto simp: valid_window__matchP__def)

definition matchP_loop_cond It = (Aw. w_iw < w_j w A memL (the (w_read_t args (w_ti w))) ¢ I)

definition matchP__loop__inv I t0 sub rho jO tj0 sjO t =
(Aw. valid_window args t0 sub rtho w A
w jw=70Nw_tjw=1t0ANw_sjw=s0AN NVl <w_iw memL (ts_at rho 1) t I))

fun ez_key :: (‘c, 'd) mmap = ('d = bool) =
("c = bool) = (¢, bool) mapping = (bool x ('c, bool) mapping) where
ex_key [| time accept ac = (False, ac)
| ex_key ((q, t) # qts) time accept ac = (if time t then
(case cac accept ac q of (B, ac’) =
if B then (True, ac’) else ex_key qts time accept ac’)
else ex_key qts time accept ac)

lemma ex_key sound:
assumes inv: \q. case Mapping.lookup ac q of None = True | Some v = accept ¢ = v
and distinct: distinct (map fst gts)
and eval: ex_key qts time accept ac = (b, ac’)
shows b = (3¢ € mmap__keys qts. time (the (mmap__lookup qts q)) N accept q) N
(V q. case Mapping.lookup ac’ q of None = True | Some v = accept ¢ = v)
using assms
proof (induction gts arbitrary: ac)
case (Cons a qts)
obtain ¢ t where q¢t_def: a = (g, t)
by fastforce
show ?case
proof (cases time t)
case True
note time_t = True
obtain 8 ac’’ where ac’’_def: cac accept ac ¢ = (8, ac”)
by fastforce
have accept: 8 = accept q \q. case Mapping.lookup ac’’ q of None = True
| Some v = accept ¢ = v
using ac’’_def Cons(2)
by (fastforce simp: cac__def Let_def Mapping.lookup__update’ split: option.splits if _splits)+
show ?thesis
proof (cases j3)
case True
then show ?Zthesis
using accept(2) time_t Cons(4)
by (auto simp: gt_def mmap__keys_def accept(1) mmap_lookup__def ac’’_def)
next
case False
have ez_key: ex_key qts time accept ac’’ = (b, ac’)
using Cons(4) time_t False
by (auto simp: qt_def ac’_def)
show ?%thesis
using Cons(1)[OF accept(2) _ ex_key| False[unfolded accept(1)] Cons(8)
by (auto simp: mmap__keys__def mmap__lookup__def qt__def)
qed
next
case False
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have ex_key: ex_key qts time accept ac = (b, ac’)
using Cons(4) False
by (auto simp: qt_def)

show ?thesis
using Cons(1)[OF Cons(2) _ ex_key] False Cons(3)
by (auto simp: mmap__keys__def mmap__lookup__def qt__def)

qed
qed (auto simp: mmap__keys__def)

fun eval_matchP :: 'd T = (bool iarray, nat set, 'd, 't, 'e) window =
(("d x bool) x (bool iarray, nat set, 'd, 't, 'e) window) option where
eval_matchP I w =
(case w_read_t args (w_tj w) of None = None | Some t =
(case adv_end args w of None = None | Some w’ =

let w'' = while (matchP_loop__cond I t) (adv_start args) w'
(8, ac’) = ex_key (w_e w') (At'. memR t' t I) (w_accept args) (w_ac w'") in
Some ((t, 8), w'(w_ac := ac’))))

definition valid_window_matchF :: 'd T = 't = ‘e = ('d x bool iarray) list = nat =
(bool iarray, nat set, 'd, 't, 'e) window = bool where
valid _window matchF I t0 sub rho i w <+— ¢ = w_17w A
valid_window args t0 sub rho w A
reach_w t0 sub rho (w_i w, w_ti w, w_si w, w_j w, w_tj w, w_sj w) A
(VIe {w_iw.<w_jw}. memR (ts_at rho i) (ts_at rho 1) I)

lemma valid_window__matchF _reach__tj: valid_window__matchF I t0 sub rho i w —
reaches_on (w_run_t args) t0 (map fst rho) (w_tj w)
using reach__window__run__tj
by (fastforce simp: valid_window_matchF_def simp del: reach__window.simps)

lemma wvalid__window__matchF _reach__sj: valid_window__matchF I t0 sub rho i w —>
reaches_on (w_run__sub args) sub (map snd rho) (w_sj w)
using reach__window__run__sj
by (fastforce simp: valid_window_matchF_def simp del: reach__window.simps)

definition matchF _loop cond I t =
(Aw. case w_read_t args (w_tj w) of None = False | Some t' = memR t t' I)

definition matchF _loop inv I t0 sub rho i ti si tjm sjm =
(Aw. valid_window args t0 sub (take (w_j w) rho) w A
wrtw=1tANw ttw=1HtNw_siw=siA
reach__window args t0 sub rho (w_j w, w_tj w, w_sj w, length tho, tjm, sjm) A
(Vie{w iw.<w_jw} memR (ts_at rho ©) (ts_at Tho ) I))

definition matchF _loop_inv’ t0 sub rho i ti si j tj sj =
Aw.w_ iw=iANw tiw=1HtAuw_siw=siA
(3 rho’. valid_window args t0 sub (rho @ rho’) w A
reach__window args t0 sub (rho @ rho’) (4, tf, i, w_j w, w_tj w, w_sj w)))

fun eval_matchF :: 'd T = (bool iarray, nat set, 'd, 't, 'e) window =
(("d x bool) x (bool iarray, nat set, 'd, 't, 'e) window) option where
eval _matchF [ w =
(case w_read_t args (w_ti w) of None = None | Some t =
(case while__break (matchF _loop_cond I t) (adv_end args) w of None = None | Some w’ =
(case w_read_t args (w_tj w’) of None = None | Some t' =
let B = (case snd (the (mmap_lookup (w_s w') {0})) of None = Fulse
| Some tstp = memlL t (fst tstp) I) in
Some ((t, B), adv_start args w"))))
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end

locale MDL window = MDL o
for o :: (‘a, 'd :: timestamp) trace +
fixes r :: (‘a, 'd :: timestamp) regex
and 0 :: 't
and sub :: e
and arygs :: (bool iarray, nat set, 'd, 't, 'e) args
assumes init_def: w_init args = {0 :: nat}
and step_ def: w_step args =
NFA.delta’ (IArray (build_nfa_impl v (0, state_cnt v, []))) (state_cnt r)
and accept_def: w_accept args = NFA.accept’ (IArray (build_nfa_impl v (0, state_cnt 7, [])))
(state_cnt 1)
and run_t_sound: reaches_on (w_run_t args) t0 ts t =
w_run_t args t = Some (t', z) => = = 7 o (length ts)
and run__sub__sound: reaches_on (w_run_sub args) sub bs s =
w_run_sub args s = Some (s', b) =
b = IArray (map (Aphi. sat phi (length bs)) (collect_subfmlas r []))
and run_t_read: w_run_t args t = Some (t', ) = w_read_t args t = Some x
and read_t_run: w_read_t args t = Some x => It’. w_run_t args t = Some (t’, )
begin

definition ¢f = state_cnt r
definition transs = build_nfa_impl r (0, ¢f, [])

abbreviation init = w_init args

abbreviation step = w__step args

abbreviation accept = w__accept args

abbreviation run = NFA.run’ (IArray transs) qf

abbreviation wacc = Window.acc (w_step args) (w_accept args)
abbreviation rw = reach__window args

abbreviation valid__matchP = valid__window__matchP args
abbreviation eval _mP = eval_matchP args
abbreviation matchP__inv = matchP__loop_inv args
abbreviation matchP__cond = matchP__loop__cond args

abbreviation valid__matchF = valid_window__matchF args
abbreviation eval _mF = eval _matchF args
abbreviation matchF _inv = matchF _loop__inv args
abbreviation matchF _inv' = matchF _loop_inv’ args
abbreviation matchF _cond = matchF _loop__cond args

lemma run_t sound”
assumes reaches_on (w_run_t args) t0 ts t i < length ts
shows ts!i=T101
proof —
obtain ¢’ t" where t’_def: reaches_on (w_run_t args) t0 (take i ts) t’
w_run_t args t' = Some (t'"') ts | 7)
using reaches_on__split[OF assms]
by auto
show ?thesis
using run_t_sound[OF t'_def] assms(2)
by simp
qed

lemma run__sub_sound”
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assumes reaches_on (w_run__sub args) sub bs s i < length bs
shows bs ! ¢ = IArray (map (Aphi. sat phi ) (collect__subfmlas r []))
proof —
obtain s’ s’ where s’_def: reaches _on (w_run_sub args) sub (take i bs) s
w_run__sub args s' = Some (s", bs ! i)
using reaches__on__split[OF assms|
by auto
show ?thesis
using run__sub__sound[OF s'_def] assms(2)
by simp
qed

’

lemma run_ts: reaches_on (w_run_t args) t ts t' => t = t0 = chain_le ts
proof (induction t ts t' rule: reaches__on__rev_induct)
case (2s s’ vwvss')
show ?case
proof (cases vs rule: rev_cases)
case (snoc zs z)
show ?thesis
using 2(3)[OF 2(4)]
using chain_le_app[OF __ 7_mono|of length zs Suc (length zs) o]
run_t_sound’|OF reaches_on__app|OF 2(1,2), unfolded 2(4)], of length 2s]
run_t_sound’|OF reaches_on_app|OF 2(1,2), unfolded 2(4)], of Suc (length zs)]
unfolding snoc
by (auto simp: nth__append)
qed (auto intro: chain__le.intros)
qed (auto intro: chain_le.intros)

lemma ts_at_tau: reaches_on (w_run_t args) t0 (map fst rho) t = i < length rho =
ts atrhot =710 1
using run_t_sound’
unfolding ts at_def
by fastforce

lemma length_bs_at: reaches_on (w_run_sub args) sub (map snd rho) s = i < length rho =
IArray.length (bs_at rho i) = length (collect _subfmlas r [])
using run_ sub_sound’
unfolding bs_at_ def
by fastforce

lemma bs_at_nth: reaches_on (w_run_sub args) sub (map snd rho) s = i < length rho =
n < IArray.length (bs_at Tho i) —
IArray.sub (bs__at rho i) n <— sat (collect_subfmlas r [] ! n) i
using run_ sub_sound’
unfolding bs_at_def
by fastforce

lemma ts_at_mono: \ij. reaches_on (w_run_t args) t0 (map fst rho) t =
1 < j=j < length tho = ts_at rho i < ts_at rho j
using ts_at_tau
by fastforce

lemma steps_is_run: steps (w_step args) rho q ij = run q (sub_bs rho ij)
unfolding NFA.run’_def steps def step_def transs_def qf _def ..

lemma acc_is_accept: wacc rho q (i, j) = w_accept args (run q (sub_bs rho (i, j)))
unfolding acc_ def steps_is run by auto
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lemma iarray_list_of: IArray (IArray.list_of xs) = xs
by (cases zs) auto

lemma map_iarray_list_of: map IArray (map [Array.list_of bss) = bss
using iarray_list_of
by (induction bss) auto

lemma acc_match:
fixes ts :: 'd list
assumes reaches__on (w_run__sub args) sub (map snd rho) s i < jj < length rho wf_regex r
shows wacc rho {0} (4, j) <— (4, j) € match r
proof —
have j _eq: j = i + length (sub__bs rho (i, 7))
using assms by auto
define bs where bs = map (Aphi. sat phi j) (collect _subfmlas r [])
have IH: IH r 0 qf [] transs (map IArray.list_of (sub_bs rho (i, j))) bs i
unfolding IH _def transs_def qf def NFA.SQ __def build _nfa__impl_state_cnt bs__def
using assms run__sub__sound bs__at_nth length_bs_at by fastforce
interpret NFA_ array: nfa_array transs IArray transs qf
by unfold_locales (auto simp: qf _def transs__def build_nfa__impl_state__cnt)
have run_run’. NFA__array.run R (map IArray.list_of (sub_bs rho (i, j))) = NFA_array.run’ R
(sub_bs rho (%, j)) for R
using NFA__array.run’_eq[of sub_bs rho (i, j) map [Array.list_of (sub_bs rho (3, j))]
unfolding map_iarray_list _of
by auto
show ?%thesis
using nfa_ correct|OF IH, unfolded NFA.run__accept_def]
unfolding run__accept_eps iff run__accept|OF assms(4) IH] acc_is_accept NFA.run__accept_def
run_run’ NFA__array.accept’ _eq
by (simp add: j_eq[symmetric] accept_def assms(2) qf _def transs__def)
qed

lemma accept_match:

fixes ts :: 'd list

shows reaches_on (w_run__sub args) sub (map snd rho) s = i < j = j < length tho = wf_regex
r =

w_accept args (steps (w_step args) rho {0} (4, j)) «<— (¢, j) € match r

using acc_match acc_is_accept steps is_run

by metis

lemma drop__take_drop: i < j = j < length rho = drop i (take j rho) Q drop j rho = drop i rho
apply (induction i arbitrary: j rho)
by auto (metis append__take drop_id diff _add drop__drop drop__take)

lemma take Suc: drop n xs = y # ys = take n xs Q [y] = take (Suc n) zs
by (metis drop__all list.distinct(1) list.sel(1) not_less take__hd__drop)

lemma valid_init_matchP: valid_matchP I t0 sub [| 0 (init_window args t0 sub)
using wvalid__init_window
by (fastforce simp: valid_window__matchP_def Let_def intro: reaches__on.intros split: option.splits)

lemma valid _init_matchF: valid_matchF I t0 sub [| 0 (init_window args t0 sub)
using valid__init_ window
by (fastforce simp: valid_window_matchF _def Let def intro: reaches__on.intros split: option.splits)

lemma valid__eval matchP:
assumes valid_before”: valid_matchP I t0 sub rho j w
11

and before_end: w_run_t args (w_tj w) = Some ("', t) w_run_sub args (w_sj w) = Some (sj’”,
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b)
and wf: wf_regex r
shows Jw'. eval_mP I w = Some ((7 o j, sat (MatchP I ) j), w') A
t =17 o j A valid_matchP I t0 sub (tho Q [(t, b)]) (Suc j) w’
proof —
obtain w’ where w’_def: adv_end args w = Some w’
using before_end
by (fastforce simp: adv_end__def Let__def split: prod.splits)
define st where st = w_st w’
define i where i = w 7 w’
define ti where ti = w_ti w’
define si where si = w_si w’
define tj where tj = w_tj w’
define sj where sj = w_sj w’
define s where s = w_s w’
define e where e = w_e w’
define rho’ where tho' = rho @ [(t, b)]
have reaches_on': reaches _on (w_run_t args) t0 (map fst tho') ¢j'"
using wvalid__before’ reach__window_run_tj{OF reach__window__app[OF __ before__end))
by (auto simp: valid_window_matchP_def rho’_def)
have rho_mono: \t'. t' € set (map fst tho) = t' < t
using ts_at_mono[OF reachesion’} nat_less le
by (fastforce simp: rho’_def ts_at_def nth_append in__set_conv_nth split: list.splits)
have valid__adv_end_w: valid_window args t0 sub rho' w’
using valid_before’ valid__adv_end[OF __ before__end rho__mono]
by (auto simp: valid_window_matchP_def rho’_def w'_def)
have w_1ij adv_end: w_iw' = w iww jw = Sucj
using valid_before’ w’_def
by (auto simp: valid_window__matchP_def adv__end__def Let__def before__end split: prod.splits)
have wvalid_ before: Tw t0 sub tho' (i, ti, si, Suc j, tj, sj)
Nij. i <j= j < length rho'’ = ts_at rho’ i < ts_at Tho’ j
Y q. mmap__lookup e q = sup__leadsto init step Tho' i (Suc j) q
valid__s init step st accept rho’ i i (Suc j) s
w_jw' = Sucji< Sucj
using wvalid__adv_end_w
unfolding wvalid_window __def Let_ def ti_def si_def i_def tj_def sj_def s_def e_def w_ij adv_end
st__def
by auto
note read_t_def = run_t_read[OF before_end(1)]
have ¢_props: V1 < i. memL (ts_at tho’ 1) t I
using valid_before’
by (auto simp: valid_window _matchP_def i_def w_17j adv_end read_t_def tho' _def ts_at def
nth__append)

note reaches_on_tj = reach_window_run_ tj{OF valid_before(1)]
note reaches_on__sj = reach__window__run__sj|OF valid__before(1)]
have length _rho’: length rho’ = Suc j length tho = j

using valid__before

by (auto simp: rho’_def)
have j len_rho”: j < length Tho’

by (auto simp: length_rho")
have tj eq:t =70 jt=1ts atrho’j

using run_t_sound’'|OF reaches_on__tj, of j]

by (auto simp: rho’_def length__rho’ nth__append ts_at_ def)
have bj def: b = bs_at Tho’ j

using run__sub__sound'|OF reaches_on__sj, of j]

by (auto simp: rho’_def length_rho’ nth_append bs__at_ def)
define w'’ where loop__def: w'' = while (matchP_cond I t) (adv_start args) w’
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have inv_before: matchP_inv I t0 sub rho’ (Suc j) tj sj t w’
using valid__adv__end__w valid__before t_props
unfolding matchP__loop__inv_def
by (auto simp: tj_def sj_def i_def)
have loop: matchP_inv I t0 sub rho' (Suc j) tj sj t w'’ A —=matchP_cond I t w”
unfolding loop_def
proof (rule while_rule_lemma|of matchP_inv I t0 sub rho’ (Suc j) tj sj t])
fix w_cur :: (bool iarray, nat set, 'd, 't, 'e) window
assume assms: matchP_inv I t0 sub rho’ (Suc j) tj sj t w_cur matchP_cond I t w__cur
define st cur where st _cur = w_st w_cur
define 7 cur where i _cur = w_i w_cur
define ti _cur where ti_cur = w_ti w_cur
define si_cur where si_cur = w_si w_cur
define s cur where s cur = w_s w_cur
define e cur where e _cur = w_e w_cur
have wvalid_loop: Tw t0 sub rho’ (i_cur, ti_cur, si_cur, Suc j, tj, sj)
Nij. i <j=j < length rho'’ = ts_at rho’ i < ts_at Tho’ j
Y q. mmap__lookup e_cur q¢ = sup__leadsto init step rtho' i_cur (Suc j) q
valid__s init step st_cur accept rho' i_cur i_cur (Suc j) s_cur
w_j w_cur = Suc j
using assms(1)[unfolded matchP_loop__inv_def valid_window_matchP__def] valid__before(6)
ti__cur_def si_cur_defi_cur_defs cur_def e cur_def
by (auto simp: valid_window__def Let__def init__def step__def st_cur_def accept_def
split: option.splits)
obtain ti’ cur si’ _curt _cur b_cur where run_si_cur:
w_run_t args ti_cur = Some (ti'_cur, t_cur) w_run_sub args si_cur = Some (si’_cur, b__cur)
t cur =ts _atrho' i _curb _cur = bs_at rho' i_cur
using assms(2) reach__window_run_ si|OF valid_loop(1)] reach_window_run_ ti[OF valid_loop(1)]
unfolding matchP__loop__cond__def valid_loop(5) i_cur_def
by auto
have Al. | < i_cur = memL (ts_at rho’ I) t I
using assms(1)
unfolding matchP_loop_inv_def i_cur_def
by auto
then have Al | < Suc (i_cur) = memL (ts_at tho’ 1) t I
using assms(2) run_t_read|OF run_si_cur(1), unfolded run_si_cur(3)]
unfolding matchP__loop__cond__def i _cur_def ti_cur_def
by (auto simp: less_Suc__eq)
then show matchP_inv I t0 sub rho’ (Suc j) tj sj t (adv_start args w__cur)
using assms i__cur__def valid__adv__start valid__adv__start _bounds
unfolding matchP__loop__inv__def matchP__loop__cond__def
by fastforce
next
{
fix w1 w2
assume lassms: matchP_inv I t0 sub rho’ (Suc j) tj sj t wl matchP_cond I t wi
w2 = adv__start args wl
define i cur where i _cur = w_1 wl
define ti cur where ti _cur = w_ti wl
define si cur where si cur = w_si wl
have walid_loop: rw t0 sub rho' (i_cur, ti_cur, si_cur, Suc j, tj, sj) w_j wl = Suc j
using lassms(1)[unfolded matchP_loop_inv_def valid_window__matchP__def] valid__before(6)
ti_cur_def si_cur_def i_cur_def
by (auto simp: valid_window__def Let_ def)
obtain ti’ cur si’ _curt_cur b_cur where run_si_cur:
w_run_t args ti_cur = Some (ti'_cur, t_cur)
w_run_sub args si_cur = Some (si’_cur, b_ cur)
using lassms(2) reach_window run_si|OF valid_loop(1)] reach _window run_ ti[OF valid loop(1)]
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unfolding matchP__loop_ cond__def valid_loop i__cur_def
by auto
have wi_ij: w_i wl < Suc jw_j wl = Suc j
using lassms
unfolding matchP__loop_inv_def matchP_loop_cond__def
by auto
have w2 _ij: w_i w2 = Suc (w_i wl) w_j w2 = Suc j
using w1 _ij lassms(8) run_si_cur(1,2)
unfolding ti cur_def si__cur_def
by (auto simp: adv_start_def Let_def split: option.splits prod.splits if _splits)
have w_jw2 — w w2 < w_jwl —w_iwl
using wi_ij w2 _ij
by auto

then have {(s’, s). matchP_inv I t0 sub rho' (Suc j) tj sj t s A matchP_cond I t s A
s' = adv_start args s} C measure (Aw. w_j w — w_i w)

by auto
then show wf {(s', s). matchP_inv I t0 sub rho’ (Suc j) tj sj t s A matchP_cond I t s A
s’ = adv_start args s}

using wf_ measure wf_subset by auto
qed (auto simp: invy_before)
have valid_w’: valid_window args t0 sub rho’ w’’
using conjunct! [OF loop]
unfolding matchP__loop__inv_def

by auto

have w_tsj w" w tjw'" =tjw _sjw’ = sjw jw’ = Sucj
using loop
by (auto simp: matchP_loop__inv_def)

define st’ where st’ = w_st w’’

define ac where ac = w_ac w'’
define i’ where i’ = w_i w"
define ti’ where ti’ = w_ti w'’
define si’ where si’ = w_si w’
define s’ where s’ = w_s w’’
define ¢’ where ¢/ = w_e w”’
define tj’ where tj' = w_tj w’

!

’

define sj’ where sj' = w_sj w'’
have i’ le Suc j: i’ < Suc j
using loop

unfolding matchP__loop__inv__def
by (auto simp: valid_window__def Let_def i’ _def)
have valid_ after: rw t0 sub tho’ (i’, ti’, si’, Suc j, tj’, si")
Nij. i <j= j < length rho'’ = ts_at rho’ i < ts_at Tho’ j
distinct (map fst e’)
Y q. mmap__lookup e’ q = sup_ leadsto init step rho’ i’ (Suc 7) q
Agq. case Mapping.lookup ac q of None = True | Some v = accept ¢ = v
valid__s init step st’ accept tho' i" i' (Suc j) s’ i’ < Suc j Suc j < length rho’
using valid_w’ i’ _le_Suc_j
unfolding wvalid_window_ def Let_def i’ def ti’_def si’_def s’ _def e’ _def tj’_def sj’_def ac_def
st’_def w tsj w’
by auto
note lookup_e’ = wvalid_after(3,4,5,6)
obtain 8 ac’ where ac’_def: ex_key e’ (A\t'. memR t' t I)
(w__accept args) ac = (B, ac’)
by fastforce
have B__def: B = (3 qemmap_keys e'. memR (the (mmap_lookup e’ q)) t I A accept q)
Ag. case Mapping.lookup ac’ q of None = True | Some v = accept ¢ = v
using ex_key_sound[OF valid_after(5) valid_after(3) ac’_def]
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by auto
have i’_set: Al. | < w_i w” = memL (ts_at rho’ 1) (ts_at rho’ j) I
using loop length _rho’ i’ _le_Suc_j
unfolding matchP__loop__inv_def
by (auto simp: ts_at_def rho’_def nth_append i'_def)
have b_alt: (3q € mmap_keys e'. memR (the (mmap__lookup e’ q)) t I A accept q) +— sat (MatchP
1n)j
proof (rule iffI)
assume Jq € mmap_keys e'. memR (the (mmap_lookup e’ q)) t I A accept q
then obtain ¢ where ¢ def: ¢ € mmap_keys e’
memR (the (mmap_lookup e’ q)) t I accept q
by auto
then obtain ts’ where ts_def: mmap_lookup e’ ¢ = Some ts’
by (auto dest: Mapping_keys__dest)
have sup__leadsto init step rho’ i’ (Suc j) ¢ = Some ts’
using lookup__e’ ts_def q_def valid_after(4,7,8)
by (auto simp: rho’_def sup__leadsto__app__cong)
then obtain [ where |_def: | < i’ steps step rho’ init (I, Suc j) = ¢
ts_atrho' 1 = ts’
using sup_leadsto__SomeE[OF i'_le_Suc_j]
unfolding i’ _def
by fastforce
have | le j: Il <jand [ _le Suc j: 1 < Sucj
using | def(1) i’_le_Suc_j
by (auto simp: i’_def)
have tau l: | < j= fst (tho!l) =710l
using run__t_sound'|OF reaches_on__tj, of l| length_rho’
by (auto simp: rho’_def nth__append)
have tau_ 1 left: memL ts' t I
unfolding [_def(8)[symmetric] tj_eq(2)
using i’_set [__def(1)
by (auto simp: i’_def)
have (I, Suc j) € match r
using accept_match|OF reaches_on_sjl _le_Suc_j__ wf] q_def(3) length_rho’ init_def |_def(2)
rho’_def
by auto
then show sat (MatchP I 1) j
using [ _le_j q_def(2) ts_at_tau[OF reaches_on_tj] tau_1_left
by (auto simp: mem__def tj _eq tho'_def ts_def I_def(3)[symmetric] tau_1 tj _def ts_at_def
nth__append length_rho’ intro: exI[of __ | split: if _splits)
next
assume sat (MatchP I 1) j
then obtain [ where [ _def: | < jI < Sucjmem (1 o) (t o j) I (l, Sucj) € matchr
by auto
show (3 g€mmap_keys e’. memR (the (mmap_lookup e’ q)) t I A accept q)
proof —
have [ It j: 1 < Sucj
using [_def(1) by auto
then have ts_at [ j: ts at rho' 1 < ts_at rho’ j
using ts_at_mono[OF reaches_on' _ j_len_rho’]
by (auto simp: rho’_def length_rho’)
have ts_j l: memL (ts_at rho' 1) (ts_at rho' j) I
using |_def(3) ts_at_tau[OF reaches_on_tj] I_lt_j length_rho' tj _eq
unfolding rho’ _def mem_ def
by auto
have i’ = Suc j V —memlL (ts_at rho’ i’) (ts_at rho' j) I
proof (rule Meson.disj_comm, rule disjCI)
assume i’ # Suc j
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then have i’_j: i’ < Suc j
using valid__after

by auto
obtain t’ b’ where tbi_cur_def: w_read_t args ti’ = Some t’
t'=ts _at rho’ i’ b’ = bs_at rho’ i’

using reach_window_run_ti[OF valid_after(1) i’_j]
reach__window__run__si[OF wvalid_after(1) i'_j] run_t_read
by auto
show —memlL (ts_at rho’ i') (ts_at rho' j) I
using loop tbi__cur_def(1) i’_j length_rho’
unfolding matchP__loop__inv__def matchP_loop__cond_def tj _eq(2) ti
by (auto simp: i'_def thi_cur_def)
qed
then have [ It i1 < i’
proof (rule disjE)
assume assm: ~memlL (ts_at rtho’ i) (ts_at Tho’ j) I
show [ < i’
proof (rule ccontr)
assume - < i’
then have ts_at i’ I: ts_at rho’ i’ < ts_at rho' |
using ts_at_mono[OF reaches_on'| [_lt_j length_rho’
by (auto simp: rho’_def length_rho’)
show False
using assm memL_mono[OF ts_j lts_at i’ _I]
by auto
qed
qed (auto simp add: [_It_j)
define ¢ where q_def: q = steps step rho’ init (I, Suc 7)
then obtain !’ where I’_def: sup_leadsto init step tho’ i’ (Suc j) ¢ = Some (ts_at tho’ l’)
1<y <id
using sup_leadsto__Somel|OF liltiz"] by fastforce
have ts_j I memR (ts_at rho’ ') (ts_at tho’ j) I
proof —
have ts at 1| 1l ts atrho’ | < ts atrho'l’
using ts_at_mono[OF reaches_on' l'_def(2)] I'_def(3) valid_after(4,7,8)
by (auto simp add: rho’_def length_rho’ dual_order.order iff _strict)
show %thesis
using [_def(8) memR_mono|OF _ ts_at_1_1|
ts_at_tau[OF reaches_on_tj] I'_def(2,3) valid_after(4,7,8)
by (auto simp: mem__def rho’_def length_rho)
qed
have lookup_e’ _q: mmap_lookup e’ ¢ = Some (ts_at rho’ 1')
using lookup_e' I'_def(1) valid_after(4,7,8)
by (auto simp: rho’_def sup__leadsto__app__cong)
show %thesis
using accept_match|OF reaches_on_sj l_def(2) _ wf] I_def(4) ts_j 1’ lookup_e’_qtj eq(2)
by (auto simp: bs_at_def nth__append init_def length_rho'(1) q_def intro!: bexl[of __ q] Map-
ping__keys__intro)
qed
qed
have read_tj_Some: \t' I. w_read_t args tj = Some t' = | < i’ = memL (ts_at tho’ 1) t' I
proof —
fix t' 1
assume lassms: (w_read_t args) tj = Some t' | < i’
obtain tj'""’ where reaches_on_tj""""
reaches_on (w_run_t args) t0 (map fst (rho’ @Q [(t, undefined)])) tj''"
using reaches_on__app[OF reaches_on_tj] read_t run[OF lassms(1)]
by auto

/

def [symmetric]
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have ¢t < ¢’
using ts_at_mono[OF reaches_on_tj"", of length rho length rho’|
by (auto simp: ts_at_def nth_append rho'_def)
then show memlL (ts_at rho’ 1) t' I
using memIL_mono’ lassms(2) loop
unfolding matchP__loop__inv__def
by (fastforce simp: i’_def)
qed
define w'”’ where w'"’ = w''(w_ac := ac’)
have rw t0 sub rho’ (w_i w'"”, w_ti w""’, w_si w’
using valid__after(1)
by (auto simp del: reach_window.simps simp: w'"'_def i’ _def ti’_def si’_def tj'_def sj’_def w_tsj_w’)
moreover have valid_window args t0 sub rho’ w'"’
using valid_w’
by (auto simp: w'"’_def valid_window__def Let_def B__def(2))
ultimately have valid_matchP I t0 sub rho’ (Suc j) w’”’
using i’_set read_tj Some
by (auto simp: valid_window_matchP_def w'"_def w_tsj_w'i'_def split: option.splits)
moreover have eval_mP I w = Some ((t, sat (MatchP I ) j), w'")
by (simp add: read_t_def Let_def loop__def[symmetric] ac’_def|unfolded e’ _def ac_def] w'"_def
w'_def trans|OF B_def(1) b_alt])
ultimately show ?thesis
by (auto simp: tj_eq rho’_def)
qed

! 1’

12 1 12

. .y P
yw_ jw' w tfw, w_sjw'’)

lemma valid _eval _matchF _Some:
assumes valid_before’: valid_matchF I t0 sub rho i w
and eval: eval_mF I w = Some ((t, b), w")
and bounded: right I € tfin
shows 3 rho’ tm. reaches_on (w_run_t args) (w_tj w) (map fst rho’) (w_tj w'") A
reaches_on (w_run_sub args) (w_sj w) (map snd rho’) (w_sj w’’) A
(w_read_t args) (w_ti w) = Some t A
(w_read_t args) (w_tj w'") = Some tm A
—memR t tm [
proof —
define st where st = w_st w
define ¢ where i = w_ti w
define si where st = w_si w
define j where j = w_j w
define tj where tj = w_tj w
define sj where sj = w_sj w
define s where s = w_sw
define ¢ where e = w_ew
have valid_before: rw t0 sub rho (i, ti, si, j, tj, sj)
Nij. i <j=j < length trho => ts_at rho i < ts_at tho j
V q. mmap__lookup e ¢ = sup__leadsto init step rho i j q
valid__s init step st accept rho i j s
i=w twi<jlength tho = j
using wvalid__before’[unfolded valid_window_matchF _def] ti_def
si_def j_def tj_def sj_def s_def e_def
by (auto simp: valid_window__def Let_def init_def step__def st_def accept_def)
obtain ti""’ where tbi_def: w_run_t args ti = Some (ti'", t)
using eval read_t_run
by (fastforce simp: Let_def ti_def si_def split: option.splits if _splits)
have t tau:t =70 1
using run_t_sound[OF __ tbi_def] valid__before(1)
by auto
note t_def = run_t_read[OF tbi_def(1)]
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obtain w’ where loop_ def: while_break (matchF_cond I t) (adv_end args) w = Some w’
using eval
by (auto simp: ti__def[symmetric] ¢_def split: option.splits)
have adv_start last:
adv_start args w' = w’’
using eval loop__def[symmetric] run_t_read[OF tbi_def(1)]
by (auto simp: ti_def split: option.splits prod.splits if _splits)
have inv_ before: matchF _inv’' t0 sub tho i ti si j tj sj w
using valid__before(1) valid_before’
unfolding matchF _loop_inv’_def valid_before(6) valid_window_matchF _def
by (auto simp add: ti_def si_def j_def tj_def sj_def simp del: reach_window.simps
dest: reach_window__shift_all intro!: exI[of __ []])
have i j: i < jlength rho = j
using valid__before by auto
define ;"' where ;"' = w_j w’
define tj’’ where tj"' = w_tj w’
define sj’’ where sj”’ = w_sj w”’
have loop: matchF _inv’ t0 sub rho i ti si j tj sj w' A = matchF _cond I t w’
proof (rule while_break__sound|of matchF _inv’ t0 sub rho i ti si j tj sj matchF_cond I t adv_end args
Aw’. matchF_inv’ t0 sub rho i ti si j tj sj w’ A = matchF_cond I t w’ w, unfolded loop__def, simplified])
fix w_cur w_cur’ :: (bool iarray, nat set, 'd, 't, 'e) window
assume assms: matchF _inv’ t0 sub rho i ti si j tj sj w_cur matchF _cond I t w_cur adv_end args
w_cur = Some w__cur’
define j cur where j cur = w_j w_cur
define tj _cur where tj_cur = w_tj w_cur
define sj cur where sj_cur = w_sj w_cur
obtain rho’ where rho’_def: valid_window args t0 sub (rtho @ rho') w_cur
rw t0 sub (rho @ rho’) (4, tj, sj, w_j w_cur, w_tj w_cur, w_sj w_cur)
using assms(1)[unfolded matchF_loop_inv’'_def valid_window__matchF _def]
by auto
obtain tj’ z sj’ y where append: w_run_t args tj_cur = Some (tj’, )
w_run__sub args sj_cur = Some (sj’, y)
using assms(3)
unfolding tj cur_def sj_cur_def
by (auto simp: adv_end__def Let__def split: option.splits)
note append’ = append|unfolded tj _cur_def sj_cur_def]
define rho’’ where rho’’ = rho @ rho’
have reach: reaches_on (w_run_t args) t0 (map fst (rho’’ Q [(z, undefined)])) tj’
using reaches__on__app[OF reach_window_run_tj{OF rho’_def(2)] append’(1)]
by (auto simp: rho'’_def)
have mono: \t'. t' € set (map fst rho'’) = t' <z
using ts_at_mono|[OF reach, of __ length tho''| nat_less_le
by (fastforce simp: ts_at_def nth__append in__set__conv_nth split: list.splits)
show matchF _inv’ t0 sub rho i ti sij tj sj w_cur’
using assms(1,3) reach_window__app[OF rho’_def(2) append|unfolded tj_cur_def sj_cur_def]]
valid_adv_end[OF rho’_def(1) append’ mono] adv_end_bounds|OF append’]
unfolding matchF _loop_inv’ _def matchF _loop_cond_def rho'' _def
by auto
next
obtain | where [_def: -7 o | < t + right I
unfolding ¢ _tau
using ez It 7[OF bounded)
by auto
{
fix wl w2
assume lassms: matchF _inv’ t0 sub rho i ti si j tj sj wl matchF _cond I t wi
Some w2 = adv_end args wl
define j _cur where j_cur = w_j wl

!

/
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define tj cur where tj_cur = w_tj wil
define sj cur where sj _cur = w_sj wi
obtain rho’ where rho’_def: valid_window args t0 sub (tho @ rho’) w1
rw t0 sub (rho @ rho’) (4, tf, sf, w_j wl, w_tj wl, w_sj wl)
using lassms(1)[unfolded matchF _loop_inv’_def valid_window_matchF _def]
by auto
obtain tj’ x sj’ y where append: w_run_t args tj_cur = Some (tj’, z)
w_run__sub args sj_cur = Some (sj’, y)
using lassms(3)
unfolding tj cur_def sj_cur_def
by (auto simp: adv_end__def Let_def split: option.splits)
note append’ = append[unfolded tj_cur_def sji_cur_def]
define 7ho'’ where rho’’ = rho @ rho’
have reach: reaches _on (w_run_t args) t0 (map fst (rho’’ @ [(z, undefined)])) tj
using reaches_on__app[OF reach_window_run_tj[OF rho'_def(2)] append’(1)]
by (auto simp: rho’’_def)
have mono: A\t'. t' € set (map fst rho'’) = t' < z
using ts_at_mono[OF reach, of __ length rho''| nat_less_le
by (fastforce simp: ts_at_def nth__append in__set__conv_nth split: list.splits)
have t cur_tau: z =7 o j _cur
using ts_at_tau[OF reach, of length rho'’] rho’_def(2)
by (auto simp: ts_at_def j_cur_def tho'_def)
have j cur <1
using lassms(2)[unfolded matchF _loop__cond_def] I_def memR_mono'|OF _ T_monolof l j_cur

/

unfolding run_t_read[OF append(1), unfolded t_cur_tau tj__cur_def]
by (fastforce dest: memR__dest)
moreover have w_j w2 = Suc j_cur
using adv__end_bounds|OF append’]
unfolding lassms(8)[symmetric] j_cur_def
by auto
ultimately have | — w_jw2 <1 — w_j wl
unfolding j cur_def
by auto
}
then have {(ta, s). matchF_inv’ t0 sub rho i ti si j tj sj s A matchF_cond I t s A
Some ta = adv_end args s} C measure (Aw. | — w_j w)
by auto
then show wf {(ta, s). matchF_inv’ t0 sub tho i ti si j tj sj s A matchF_cond I t s A
Some ta = adv_end args s}
using wf_measure wf_subset
by auto
qed (auto simp: inv__before)
define i’ where i’ = w_i w’
define ti’ where i’ = w_ti w’
define si’ where si’ = w_si w’
define ;' where ;' = w_j w’
define tj’ where tj' = w_tj w’
define sj’ where sj' = w_sj w’
obtain rho’ where rho’_def: valid_window args t0 sub (rho @ rho’) w’
rw t0 sub (rho @ rho’) (4, t, s, 7', ti’, si")

i=i'j<y
using loop
unfolding matchF _loop inv’ _def i’ def j'_def tj'_def sj’_def
by auto
obtain tje tm where tm__def: w_read_t args tj' = Some tm w_run_t args tj' = Some (tje, tm)

using eval read_t_run loop def t_def ti_def
by (auto simp: t_def Let_def tj'_def split: option.splits if _splits)

92



have drop_j_rho: drop j (map fst (rho @ rho’)) = map fst Tho’
using 7_j
by auto
have reaches_on (w_run_t args) ti (drop i (map fst rho)) tj
using valid__before(1)
by auto
then have reaches_on (w_run_t args) ti
(drop i (map fst rho) @ (drop j (map fst (tho @ Tho')))) tj’
using rho’_def reaches_on_trans
by fastforce
then have reaches_on (w_run_t args) ti (drop i (map fst (rho @ rho"))) tj’
unfolding drop_j_rho
by (auto simp: i_j)
then have reach_tm: reaches_on (w_run_t args) ti (drop i (map fst (rho @ rho’)) @ [tm]) tje
using reaches_on__app tm__def(2)
by fastforce
have run_tsi’: w_run_t args ti’ # None
using tbi_ def loop
by (auto simp: matchF_loop_inv'_def ti'_def si’_def)
have memR_t _tm: -~ memR t tm I
using loop tm__def
by (auto simp: tj’_def matchF_loop__cond__def)
have i_le rho: i < length rho
using valid__before
by auto
define rho'’ where rho’’ = rho @ rho’
have ¢_tfin: t € tfin
using 7__fin
by (auto simp: t_tau)
have i’ It j" i’ < j’
using rho’_def(1,2,3)[folded rho'’_def] i_j reach__tm|[folded rho’’ _def] memR_t_tm tbi_def memR_ tfin_refl OF
t_tfin]
by (cases i’ = j') (auto dest!: reaches_on__NilD elim!: reaches_on.cases[of __ __ [tm]])
have adv_last_bounds: 7' = j' tj"" = tj’ sj”' = s’
using valid__adv__start_bounds|OF rho’_def(1) i'_It_j'[unfolded i’ _def j'_def]]
unfolding adv_start_last j'_def j'_def tj'_def tj'"’_def sj’_def sj''_def
by auto
show ?%thesis
using eval rho’_def run_tsi’ i_j(2) adv_last_bounds tj"’_def tj_def sj’’_def sj_def
loop_def t_def ti_def tj’_def tm_def memR_t tm
by (auto simp: drop_map run_t_read[OF tbi_def(1)] Let_def
split: option.splits prod.splits if _splits introl: exI[of __ rho))
qed

lemma wvalid__eval matchF _complete:
assumes valid_before”: valid_matchF I t0 sub rho i w
and before__end: reaches_on (w_run_t args) (w_tj w) (map fst rho’) tj'"’
reaches_on (w_run_sub args) (w_sj w) (map snd rho’) sj'"
w_read_t args (w_ti w) = Some t w_read_t args tj'"' = Some tm —memR t tm I
and wf: wf_regex r
shows Jw’. eval_mF I w = Some ((7 o i, sat (MatchF I r) i), w’) A
valid_matchF I t0 sub (take (w_j w") (rho @ rho’)) (Suc i) w’
proof —
define st where st = w_st w
define ti where ti = w_ti w
define si where st = w_si w
define j where j = w_j w
define tj where tj = w_tj w
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define sj where sj = w_sj w
define s where s = w_sw
define e where e = w_e w
have valid__before: rw t0 sub rho (i, ti, si, j, tj, sj)

Nij. i <j= j < length rho = ts_at rho i < ts_at rho j

YV q. mmap__lookup e q = sup__leadsto init step rho i j q

valid__s init step st accept rho i ij s

i=w_twi< jlength rho =j

using valid__before'[unfolded valid_window_matchF _def] ti_def

si_def j_def tj_def sj_def s_def e def

by (auto simp: valid_window__def Let__def init__def step__def st_def accept__def)
define rho'’ where rho'’ = rho @ rho’
have ij le: i < jj = length rho

using valid__before

by auto
have reach__tj: reaches_on (w_run_t args) t0 (take j (map fst Tho')) tj

using valid__before(1) 4j_le

by (auto simp: take_map rho'’_def simp del: reach_window.simps dest!: reach_window__run__tj)
have reach__ti: reaches_on (w_run_t args) t0 (take i (map fst Tho')) ti

using valid__before(1) 4j_le

by (auto simp: take_map rho'’_def)
have reach__si: reaches_on (w_run_sub args) sub (take i (map snd tho’’)) si

using valid_before(1) 4j_le

by (auto simp: take_map rho'’_def)
have reach__sj: reaches_on (w_run_sub args) sub (take j (map snd tho’’)) sj

using valid__before(1) 4j_le

by (auto simp: take_map rho'’_def simp del: reach__window.simps dest!: reach_window_run__sj)
have reach_tj""": reaches_on (w_run_t args) t0 (map fst rho’’) tj'"'

using reaches__on__trans|OF reach__tj before__end(1)[folded ti_def]] ij_le(2)

by (auto simp del: map__append simp: rho'’_def take_map drop_map map__append|symmetric])
have rho’’_mono: \ij. i < j = j < length rho'’ = ts_at rho’’ i < ts_at Tho"' j

using ts_at_mono[OF reach_tj"""] .
obtain tm’ where reach_tm: reaches_on (w_run_t args) t0

(map fst (rho'’ @ [(tm, undefined)])) tm’

using reaches_on__app[OF reach_tj"""| read_t_run[OF before__end(4)]

by auto
have tj'"’_eq: \tj_cur. reaches_on (w_run_t args) t0 (map fst tho'’) tj_cur —
tji cur = tj"’
using reaches_on__inj[OF reach_tj'"]
by blast

have reach_sj'"": reaches_on (w_run__sub args) sub (map snd rho'’) sj'"

using reaches_on__trans[OF reach__sj before__end(2)[folded sj_def]] ij_le(2)
by (auto simp del: map__append simp: rho'’_def take_map drop_map map__append[symmetric])
have sj’’’_eq: \sj_cur. reaches_on (w_run_sub args) sub (map snd tho'’) sj_cur =
sj_cur = 55"’
using reaches__on__inj[OF reach_sj""|
by blast
have reach_window_i: rw t0 sub tho’’ (i, ti, si, length rho'’, tj'", sj'"")
using reach_windowI[OF reach__ti reach__si reach_tj"" reach_sj'"" _ refl] ij_le
by (auto simp: rho’’_def)
have reach_window_j: rw t0 sub rho’’ (j, tj, sj, length Tho
using reach_windowlI[OF reach__tj reach__sj reach_tj""
by (auto simp: rho’’_def)
have ¢ _def:t =701
using valid_before(6) read_t_run[OF before_end(8)] reaches _on_app[OF reach_ti]
ts_at_tau[where ?rho=take i tho'’ @ [(t, undefined)]|
by (fastforce simp: ti_def tho’_def valid_before(5,7) take_map ts_at_def nth__append)
have ¢_tfin: t € tfin

’
)

12 117 ~///)

R
reach_sj"" _ refl] ij_le
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using 7__fin
by (auto simp: t_def)
have i [t _rho': i < length rho’
using ij_le before_end(3,4,5) reach_window__i memR__tfin_refllOF t_tfin]
by (cases i = length rho'’) (auto simp: Tho" _def ti_def dest!: reaches_on_ NilD)
obtain ti"" si"’ b where tbi_def: w_run_t args ti = Some (ti'", t)
w_run__sub args si = Some (si’"', b) t = ts_at rho’’ i b = bs_at rho"' i
using reach_window_run_ti[OF reach_window_i i _lt_rho'’]
reach__window__run__si|OF reach_window_1i i_lt_rho"’|
read_t_run|OF before__end(3), folded ti__def]
by auto
note before__end’ = before__end(5)
have read_ti: w_read_t args ti = Some t
using run_t_ read[OF tbi_def(1)] .
have inv_before: matchF _inv I t0 sub tho'' i ti si tj""" sj""" w
using wvalid__before’ before__end(1,2,3) reach_window_7j ij_le ti_def si_def i _def tj_def sj_def
unfolding matchF _loop_inv_def valid__window__matchF _def
by (auto simp: rho'’_def ts_at_def nth_append)
have i j: i <j
using valid__before by auto
have loop: pred_option’ (Aw’. matchF_inv I t0 sub tho" i ti si tj'"" sj’"" w' A = matchF_cond I t w')
(while__break (matchF _cond I t) (adv_end args) w)
proof (rule while_break__complete[of matchF _inv I t0 sub rho'' i ti si tj'"’ sj'"', OF _ _ __ inv_before])
fix w_cur :: (bool iarray, nat set, 'd, 't, 'e) window
assume assms: matchF _inv I t0 sub tho'' i ti si tj""" sj""" w_cur matchF_cond I t w_cur
define j cur where j cur = w_j w_cur
define tj cur where tj_cur = w_tj w_cur
define sj cur where sj_cur = w_sj w_cur
define s cur where s _cur = w_s w_cur
define e cur where e _cur = w_e w_cur
have loop: valid_window args t0 sub (take (w_j w_cur) rho'") w_cur
rw t0 sub rho'’ (j_cur, tj_cur, sj_cur, length rho”’, tj'"', sj'"")
AL le{w_i w_cur.<w_jw_cur} = memR (ts_at rho’’ i) (ts_at rho’' 1) I
using j cur_def tj_cur_def sj_cur_def s_cur_def e_cur_def
assms(1)[unfolded matchF _loop_inv__def]
by auto
have j cur It _rho’: j cur < length rho"’
using assms tj'"’_eq before__end(4,5)
unfolding matchF _loop_inv_def matchF _loop_ cond__def
by (cases j_cur = length rho'") (auto simp: j_cur_def split: option.splits)
obtain tj cur’ sj cur’ z b_cur where tbi_cur_def: w_run_t args tj cur = Some (tjﬁcur', x)
w_run_sub args sj_cur = Some (sj_cur’, b_cur)
z =ts_at tho'' j _cur b_cur = bs_at rho’ j_cur
using reach_window_run__ti[OF loop(2) j_cur_lt_rho"’|
reach_window_run__si[OF loop(2) j_cur_lt_rho"
by auto
note reach_window_j’'_cur = reach__window__shift|OF loop(2) j_cur_lt_rho'' thi_cur_def(1,2)]
note tbi_cur_def’ = tbi_cur_def(1,2)[unfolded tj cur_def sj_cur_def]
have mono: A\t'. t' € set (map fst (take (w_j w_cur) rho')) = t' < z
using ho’’_monolof __ j_cur] j_cur_It_rho' nat_less_le
by (fastforce simp: tbi_cur_def(3) j_cur_def ts_at_def nth__append in__set__conv_nth
split: list.splits)
have take_unfold: take (w_j w_cur) rho' @ [(z, b_cur)] = (take (Suc (w_j w_cur)) rho'’)
using 7 _cur_ It rho"
unfolding tbi_cur_def(3,4)
by (auto simp: ts_at_def bs_at_def j_cur_def take_Suc__conv_app_nth)
obtain w_cur’ where w_cur’ def: adv_end args w_cur = Some w__cur’
by (fastforce simp: adv__end__def Let_def tj_cur_def[symmetric] sj_cur_def[symmetric] tbi__cur_def(1,2)

/
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split: prod.splits)
have Al. | e{w_i w_cur’.<w_jw_cur'} =
memR (ts_at rho’’ i) (ts_at rho'' 1) T
using loop(3) assms(2) w_cur’_def
unfolding adv_end_bounds[OF tbi_cur_def’ w_cur’_def] matchF_loop__cond_def
run__t_read|OF tbi_cur_def(1)[unfolded tj_cur_def]] tbi_cur_def(3) tbi_def(3)
by (auto simp: j_cur_def elim: less_SucE)
then show pred_option’ (matchF_inv I t0 sub rho’’ i ti si tj'"" sj'"") (adv_end args w__cur)
using assms(1) reach_window_j'_cur valid_adv_end[OF loop(1) tbi_cur_def’ mono]
w_cur’_def adv__end_bounds|OF tbi_cur_def’ w_cur’_def]
unfolding matchF _loop_inv_def j cur_def take_unfold
by (auto simp: pred_option’__def)
next
{
fix wl w2
assume lassms: matchF_inv I t0 sub tho’ i ti si tj""’ sj’’" w1 matchF_cond I t w1
Some w2 = adv__end args wl
define j cur where j_cur = w_j wl
define tj cur where tj_cur = w_tj wil
define sj cur where sj _cur = w_sj wl
define s cur where s cur = w_s wl
define ¢ cur where ¢ _cur = w_e wl
have loop: valid_window args t0 sub (take (w_j wil) rho'’) wl
rw t0 sub rho'’ (j_cur, tj_cur, sji_cur, length rho”’, tj'"', sj''")
AL le{w_i wl.<w_jwl} = memR (ts_at tho’' i) (ts_at rho’ 1) I
using j cur_def tj cur_def sj _cur_def s cur_def e cur_def
lassms(1)[unfolded matchF_loop__inv_def]
by auto
have j cur It _rho': j_cur < length tho"
using lassms tj""'_eq ij_le before_end(4,5)
unfolding matchF_loop__inv__def matchF_loop__cond__def
by (cases j_cur = length rho'") (auto simp: j_cur_def split: option.splits)
obtain tj_cur’ sj cur’ ©b_cur where tbi_cur_def: w_run_t args tj_cur = Some (tj_cur’, )
w_run__sub args sj_cur = Some (sj_cur’, b__cur)
x=1ts at tho' j curb_cur = bs_at rho’’ j _cur
using reach__window_run__ti[OF loop(2) j_cur_It_rho'’]
reach__window_run__si|OF loop(2) j_cur_It_rho"’|
by auto
note tbi_cur_def’ = tbi_cur_def(1,2)[unfolded tj_cur_def sj_cur_def]
have length rho’’ — w_j w2 < length tho'' — w_j wi
using j_cur_lt_rho'’ adv_end_bounds|OF tbi_cur_def’, folded lassms(3)]
unfolding j cur_def
by auto
}
then have {(ta, s). matchF _inv I t0 sub rho'" i ti si tj'" sj’"" s A matchF_cond It s A
Some ta = adv_end args s} C measure (Aw. length tho” — w_j w)
by auto
then show wf {(ta, s). matchF_inv I t0 sub tho'' i ti si tj'"" sj""’ s A matchF_cond I t s A
Some ta = adv_end args s}
using wf_ measure wf_subset
by auto
qed (auto simp add: inv__before)
obtain w’ where w’_def: while_break (matchF_cond I't) (adv_end args) w = Some w’
using loop
by (auto simp: pred_option’_def split: option.splits)
define w’’ where adv_start_last: w'’ = adv_start args w’
define st’ where st’' = w_st w’
define i’ where i’ = w_i w’
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define ti’ where ti’' = w_ti w’
define si’ where si’ = w_si w’
define ;' where ;' = w_j w’
define tj’ where tj' = w_tj w’
define sj’ where sj' = w_sj w’
define s’ where s’ = w_s w’
define ¢’ where ¢/ = w_e w’
have valid_ after: valid_window args t0 sub (take (w_j w') Tho'") w
rw t0 sub rho'' (§', tj', sj’, length Tho'’, tj'", sj'"")
Nl 1e{i..<j’} = memR (ts_at rho” i) (ts_at rho'' 1) I
i =iti' = tisi’ = si
using loop
unfolding matchF _loop_inv_def w’_def i’ _def ti’_def si’_def j'_def tj'_def sj’_def
by (auto simp: pred_option’_def)
define i’ where i = w_i w"’
define ;' where ;' = w_j w"’
define tj’’ where tj"' = w_tj w"’

’

define sj’’ where sj’’ = w_sj w’’
have j'_le_rho'": j' < length rho”
using loop

unfolding matchF _loop_inv_def valid _window_matchF _def w' def j'_def
by (auto simp: pred_option’_def)
obtain te where tbj’_def: w_read_t args tj’ = Some te
te = ts_at (rho’’ Q [(tm, undefined)]) j'
proof (cases j' < length Tho'")
case True
show %thesis
using reach_window _run_ ti[OF valid_after(2) True] that True
by (auto simp: ts_at_def nth__append dest!: run_t_read)
next
case False
then have tj’ = tj'"' j' = length rho’’
using valid_after(2) j'_le_rho'' tj'""_eq
by auto
then show %thesis
using that before__end(4)
by (auto simp: ts_at_def nth__append)
qed
have not_ets_te: ~memR (ts_at rho'' 7) te I
using loop
unfolding w’_def
by (auto simp: pred_option’_def matchF _loop__cond__def tj' _def[symmetric] tbj' _def(1) tbi_def(3)
split: option.splits)
have i’ set: \l. | € {i..<j'} = memR (ts_at tho" i) (ts_at rho'' 1) I
—~memR (ts_at tho”' i) (ts_at (rho’’ @ [(tm, undefined)]) j') I
using loop tbj’_def not_ets_te valid_after atLeastLessThan_ iff
unfolding matchF_loop_inv_def matchF _loop__cond__def tbi_def(3)
by (auto simp: tbi_def tj’_def split: option.splits)
have i _le j": i < j’
using valid_after(1)
unfolding valid_ after(4)[symmetric]
by (auto simp: valid_window__def Let_def i’_def j'_def)
have i It _j" i < j’
using i _le_j' i’ _set(2) i It _rho"
using memR__tfin_refllOF 7_fin] ts_at_tau[OF reach_tj""’, of j'|
by (cases i = j') (auto simp: ts_at_def nth__append)
then have i’ It j: i < j’
unfolding valid__after
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by auto
have adv_last _bounds: i'’ = Suc i’ w_ti w"' = ti"" w_si w' = si""" j' = j’
tj” _ tj/ Sj” _ Sj/
using valid__adv_start_bounds|OF wvalid__after(1) i’ _lt_j'[unfolded i’_def j' _def]]
valid__adv__start_bounds'|OF valid__after(1) tbi_def(1,2)[folded valid_after(5,6),
unfolded ti’_def si’_def]]
unfolding adv_start last i’ _def i’ _def j' _def j''_def tj’ _def tj'"’_def sj’_def sj'’_def
by auto
have i" _i: i =i+ 1
using valid__after adv_last _bounds by auto
have i _le j" i <j'
using valid_after i’ _It_j
by auto
then have i_le rho: i < length rho’’
using valid__after(2)
by auto
have wvalid_s init step st’ accept (take j' rho'’) i 15" s’
using valid_after(1,4) i'_def
by (auto simp: valid_window_ def Let_def init_def step__def st’_def accept_def j'_def s'_def)
note valid_s’ = this[unfolded valid_s _def]
have ¢0_in_keys: {0} € mmap_keys s’
using valid s’ init_def steps_refl by auto
then obtain ¢’ tstp where lookup__s": mmap__lookup s’ {0} = Some (q’, tstp)
by (auto dest: Mapping_keys__dest)
have lookup_sup__acc: snd (the (mmap__lookup s’ {0})) =
sup__acc step accept (take j' rho’’) {0} ij'
using conjunct2|[OF wvalid_s'] lookup__s’
by auto (smt case__prodD option.simps(5))
have b_alt: (case snd (the (mmap_lookup s’ {0})) of None = Fulse
| Some tstp = memL t (fst tstp) I) +— sat (MatchF I r) i
proof (rule iffI)
assume assm: case snd (the (mmap_lookup s’ {0})) of None = False
| Some tstp = memlL t (fst tstp) I
then obtain ts tp where tstp_def:
sup__acc step accept (take j' rho’’) {0} i j' = Some (ts, tp)
memlL (ts_at rho' i) ts I
unfolding lookup__sup__acc
by (auto simp: tbi__def split: option.splits)
then have sup__acc_rho': sup_acc step accept rho’ {0} i j' = Some (ts, tp)
using sup__acc__concat__cong|of j' take j' Tho'’ step accept drop j' rho'’| j'_le_rho”’
by auto
have tp_props: tp € {i..<j'} acc step accept rho” {0} (i, Suc tp)
using sup__acc_SomeE[OF sup__acc_rho'’] by auto
have ts_ts at: ts = ts_at rho’’ tp
using sup__acc_Some__ts|OF sup_acc_rho'’] .
have i _le tp: i < Suc tp
using tp_ props by auto
have memR (ts_at rho’’ i) (ts_at rho’' tp) I
using i’_set(1)[OF tp_props(1)] .
then have mem (ts_at rho’’ i) (ts_at rho'' tp) I
using tstp_ def(2) unfolding ¢s_ts_at mem__def by auto
then show sat (MatchF I 1) i
using i_le_tp acc_match[OF reach_sj'"" i_le_tp _ wf] tp_props(2) ts_at_tau[OF reach_tj""]
tp_props(1) j'_le_rho"
by auto
next
assume sat (MatchF I'r) i
then obtain [ where [_def: | > i mem (7 o i) (1 o 1) I (i, Sucl) € match r

/
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by auto
have | It _rho: | < length rho’’
proof (rule ccontr)
assume contr: -l < length rho
have tm = ts_at (rho’’ @ [(tm, undefined)]) (length rho'’)
using i _le_rho
by (auto simp add: ts_at_def rho’’_def)
moreover have ... < 70l
using 7__mono ts_at_tau[OF reach_tm] i_le_rho contr
by (metis One_nat__def Suc__eq plusl length__append lessl list.size(3)
list.size(4) not_le__imp__less)
moreover have memR (7 o i) (to l) I
using | def(2)
unfolding mem__def
by auto
ultimately have memR (7 o %) tm I
using memR_ mono’
by auto
then show Fulse
using before_end’ ts_at_tau[OF reach_tj"" i_lt_rho”| tbi_def(3)
by (auto simp: rho'’_def)
qed
have | It j" 1< j’
proof (rule ccontr)
assume contr: =l < j'
then have ts at j' I: ts _at rho'' j' < ts_at rho'' |
using ts_at_mono|OF reach_tj""] I_lt_rho
by (auto simp add: order.not__eq order_implies_strict)
have ts_at_|_iu: memR (ts_at rho’’ i) (ts_at rho'' 1) I
using [_def(2) ts_at_tau[OF reach_tj""" |_lt_rho] ts_at_tau[OF reach_tj""" i_It_rho'’
unfolding mem__def
by auto
show Fulse
using i’_set(2) ts_at_j' _lts_at_l_iu contr I_lt_rho memR_mono’
by (auto simp: ts_at_def nth__append split: if _splits)
qged
have ¢ le Suc I: i < Sucl
using [_def(1)
by auto
obtain tp where tstp_def: sup__acc step accept rho’’ {0} i j' = Some (ts_at rho' tp, tp)
I<tptp <j'
using |_def(1,3) I_It_j'1_It_rho
by (meson accept_match|OF reach_sj’""’ i_le_Suc_1__ wf, unfolded steps_is_run] sup__acc__Somel[unfolded
acc__is_accept, of step accept] acc_is_accept atLeastLessThan__iff less_eq Suc_le)
have memL (ts_at rho’’ i) (ts_at rho'' 1) I
using | def(2)
unfolding ts_at_tau[OF reach_tj'" i_lt_rho'’, symmetric]
ts_at_tau[OF reach_tj""" |_lt_rho, symmetric] mem__def
by auto
then have memlL (ts_at rho’’ i) (ts_at rho'' tp) I
using ts_at_mono|OF reach_tj"" tstp_def(2)] tstp_def(3) j'_le_rho"" memlL_mono’
by auto
then show case snd (the (mmap_lookup s’ {0})) of None = False
| Some tstp = memlL t (fst tstp) 1
using lookup_sup acc tstp_def j'_le_rho'’
sup__acc__concat__conglof j' take j' tho'' step accept drop j' rho’’|
by (auto simp: tbi__def split: option.splits)
qed

12
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have valid_matchF I t0 sub (take j'' rho'") i"' (adv_start args w’)
proof —
have VI € {i"..<j'}. memR (ts_at rho”’ i’) (ts_at rho'' 1) I
using loop i’_def j'_def valid_after
unfolding matchF _loop_inv_def
by auto
then have VI € {i"..<j"’}. memR (ts_at rho’" i"") ( ts_at rho’" 1) I
unfolding "' i valid__after adv_last_bounds
apply safe
subgoal for [
apply (drule ballE[of _ __1])
using ts_at_mono[OF reach_tj""', of i Suc i] j'_le_rho’" memR_mono
apply auto
done
done
moreover have rw t0 sub (take j'"' rho"’) (i", ti""', si’"
proof —
have rw: rw t0 sub (take j' rho"’) (i', ti', si’, j', tj’, sj’)
using valid__after(1)
by (auto simp: valid_window_def Let_def i’_def ti’_def si’_def j'_def tj'_def sj’_def)
show %thesis
using reach__window__shift{OF rw i’ _It_j'
tbi_def(1,2)[unfolded valid_after(5,6)[symmetric]]] adv_last _bounds
by auto
qed
moreover have valid_window args t0 sub (take j' rho’’) w’
using valid__adv__start|OF valid__after(1) i'_lt_j'lunfolded i’ _def j'_def]]
unfolding adv_start_last j'_def .
ultimately show wvalid_matchF I t0 sub (take j'' rho'’) i’ (adv_start args w')
using j' _le_rho”’
unfolding valid_window_matchF _def adv_last_bounds adv__start_last[symmetric] i’’_def[symmetric]
§'_def j'"_def[symmetric] tj’_def tj''_def[symmetric] sj’_def sj'’_def[symmetric]
by (auto simp: ts_at_def)
qed
moreover have eval_mF I w = Some ((7 o i, sat (MatchF I r) i), w")
unfolding j''_def adv_start_last[symmetric] adv_last_bounds valid_after rho’ _def
eval _matchF.simps run_t _read[OF tbi_def(1)[unfolded ti_def]]
using tbj’_def[unfolded tj’_def] not_ets_te[folded tbi_def(3)]
b__alt[unfolded s'_def] t_def advy_start_last w’'_def
by (auto simp only: Let def split: option.splits if _splits)
ultimately show ?thesis
unfolding j''_def adv_start_last[symmetric] adv_last_bounds valid_after rho’ _def
by auto
qed

374" s

/

lemma valid eval matchF sound:
assumes valid__before: valid_matchF I t0 sub rho i w
and eval: eval_mF I w = Some ((¢, b), w”)
and bounded: right I € tfin
and wf: wf_reger r
shows t = 7 0 i A b = sat (MatchF I r) i A (3rho’. valid_matchF I t0 sub rho’ (Suc i) w'’)
proof —
obtain rho’ t tm where rho’_def: reaches_on (w_run_t args) (w_tj w) (map fst rho’) (w_tj w'’)
reaches_on (w_run_sub args) (w_sj w) (map snd rho’) (w_sj w'’)
w_read_t args (w_ti w) = Some t
w_read_t args (w_tj w'’) = Some tm
—memR t tm I
using valid _eval _matchF _Some[OF assms(1—3)]
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by auto
show ?%thesis
using valid__eval_matchF_complete[OF assms(1) rho'_def wf]
unfolding eval
by blast
qged

thm valid eval matchP
thm valid _eval matchF _sound
thm valid__eval _matchF _complete

end

end
theory Monitor

imports MDL Temporal
begin

type__synonym ('h, 't) time = ('h x 't) option

datatype (dead 'a, dead 't :: timestamp, dead 'h) vydra_auz =
VYDRA_None
| VYDRA_ Bool bool 'h
| VYDRA__Atom 'a 'h
| VYDRA_Neg (‘a, 't, 'h) vydra_auzx
| VYDRA__Bin bool = bool = bool ('a, 't, 'h) vydra_auzx ('a, 't, 'h) vydra_aux
| VYDRA_ Prev 't T ('a, 't, 'h) vydra_auzx 'h ("t X bool) option
| VYDRA_Next 't T (‘a, 't, 'h) vydra_auz 'h 't option
VYDRA_ Since 't T (‘a, 't, 'h) vydra_auz (‘a, 't, 'h) vydra_auz ('h, 't) time nat nat nat option 't
option
| VYDRA_Until 't Z ('h, 't) time (‘a, 't, 'h) vydra_auz ('a, 't, 'h) vydra_auz ('h, 't) time nat ('t x
bool x bool) option
| VYDRA__MatchP 't T transition iarray nat
(bool iarray, nat set, 't, ('h, 't) time, (‘a, 't, 'h) vydra_aux list) window
| VYDRA_ MatchF 't T transition iarray nat
(bool iarray, nat set, 't, ('h, 't) time, (‘a, 't, 'h) vydra_auz list) window

type__synonym (‘a, 't, 'h) vydra = nat x ('a, 't, 'h) vydra_aux

fun msize_ovydra :: nat = (‘a, 't :: timestamp, 'h) vydra__aur = nat where
msize_vydra n VYDRA__None = 0
| msize_vydra n (VYDRA_ Bool b €) = 0
| msize_vydra n (VYDRA_Atom a e) = 0
| msize_vydra (Suc n) (VYDRA__Bin f vl v2) = msize_vydra n vl + msize_vydra n v2 + 1
| msize_vydra (Suc n) (VYDRA_Neg v) = msize_vydra n v + 1
| msize_vydra (Suc n) (VYDRA Prev I v e th) = msize_vydra n v + 1
| msize_vydra (Suc n) (VYDRA__Next I v e to) = msize_vydra n v + 1
| msize_vydra (Suc n) (VYDRA_ Since I vphi vpsi e cphi cpsi cppsi tppsi) = msize_vydra n vphi +
msize__vydra n vpsi + 1
| msize_vydra (Suc n) (VYDRA__Until I e vphi vpsi epsi ¢ z0) = msize_vydra n vphi + msize_vydra n
upst + 1
| msize_vydra (Suc n) (VYDRA__MatchP I transs qf w) = size_list (msize_vydra n) (w_si w) + size_list
(msize_vydra n) (w_sj w) + 1
| msize_vydra (Suc n) (VYDRA__MatchF I transs qf w) = size_list (msize_vydra n) (w_si w) + size_list
(msize_vydra n) (w_sj w) + 1
| msize_vydra _ _ =0

fun next_wvydra :: (‘a, 't :: timestamp, 'h) vydra__auz = nat where
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next_vydra (VYDRA_ Next I v e None) = 1
| next_vydra _ = 0

context
fixes init_hd :: 'h
and run_hd :: 'h = ('h x ('t :: timestamp x 'a set)) option
begin

definition ¢0 :: ('h, t) time where
t0 = (case run__hd init_hd of None = None | Some (e’, (t, X)) = Some (e, t))

fun run_t 2 ('h, 't) time = (('h, 't) time x 't) option where
run_t None = None

| run_t (Some (e, t)) = (case run_hd e of None = Some (None, t)
| Some (€', (t', X)) = Some (Some (€', t'), t))

fun read_t :: ('h, 't) time = 't option where
read_t None = None
| read_t (Some (e, t)) = Some ¢

lemma run_t_read: run_t z = Some (z', t) = read_t x = Some t
by (cases z) (auto split: option.splits)

lemma read_t_run: read_t x = Some t => Iz’. run_t z = Some (z/, t)
by (cases z) (auto split: option.splits)

lemma reach__event_t: reaches_on run_hd e vs '’ = run_hd e = Some (¢’, (t, X)) =
run_hd e’ = Some (', (¢, X')) =
reaches_on run_t (Some (€', t)) (map fst vs) (Some (e’ t'))
proof (induction e vs e'’ arbitrary: t' X' e'"’ rule: reaches_on_rev_induct)
case (2 s s’ vuss')
obtain v_t v_X where v_def: v = (v_t, v_X)
by (cases v) auto
have run_t_s": run_t (Some (s", v_t)) = Some (Some (e'”, t'), v_t)
by (auto simp: 2(5))
show ?case
using reaches_on__app[OF 2(3)[OF 2(4) 2(2)[unfolded v_def]] run_t_s'
by (auto simp: v__def)
qed (auto intro: reaches__on.intros)

lemma reach event t0 t:
assumes reaches_on run_hd init_hd vs e’ run_hd e’ = Some (', (t', X))
shows reaches_on run_t t0 (map fst vs) (Some (e'"; t'))
proof —
have t0_not_None: t0 # None
apply (rule reaches on.cases|OF assms(1)])
using assms(2)
by (auto simp: t0__def split: option.splits prod.splits)
then show ?Zthesis
using reach__event_t[OF assms(1) _ assms(2)]
by (auto simp: t0_def split: option.splits)
qed

lemma reaches on_run_hd_t:
assumes reaches on run__hd init_hd vs e
shows Jz. reaches_on run_t t0 (map fst vs) x
proof (cases vs rule: rev__cases)
case (snoc ys y)
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show %thesis
using assms
apply (cases y)
apply (auto simp: snoc dest!: reaches__on__split_last)
apply (meson reaches_on__app|OF reach__event_t0_t| read_t.simps(2) read_t_run)
done
qed (auto intro: reaches__on.intros)

definition run_ subs run = (\vs. let vs’ = map run vs in
(if (3 € set vs’. Option.is_none z) then None
else Some (map (fst o the) vs’, iarray_of _list (map (snd o snd o the) vs’))))

lemma run_ subs_ID: run__subs run vs = Some (vs’, bs) =
length vs’ = length vs A IArray.length bs = length vs
by (auto simp: run__subs__def Let_def iarray_of list_def split: option.splits if _splits)

lemma run_subs_vD: run__subs run vs = Some (vs’, bs) = j < length vs =
i’ tj bj. run (vs ! j) = Some (vj', (tj, bj)) A ws'! j = vj’ A IArray.sub bs j = bj
apply (cases run (vs ! j))
apply (auto simp: Option.is_none__def run__subs__def Let_def iarray__of list_def
split: option.splits if _splits)
by (metis image__eql nth__mem)

fun msize_fmla :: ('a, 'b :: timestamp) formula = nat
and msize_regex :: ('a, 'b) regex = nat where
msize__fmla (Bool b) = 0
| msize__fmla (Atom a) = 0
| msize__fmla (Neg phi) = Suc (msize__fmla phi)
| msize__fmla (Bin f phi psi) = Suc (msize__fmla phi + msize__fmla psi)
| msize__fmla (Prev I phi) = Suc (msize__fmla phi)
| msize__fmla (Next I phi) = Suc (msize_fmla phi)
| msize__fmla (Since phi I psi) = Suc (mazx (msize__fmla phi) (msize__fmla psi))
| msize__fmla (Until phi I psi) = Suc (maz (msize_fmla phi) (msize__fmla psi))
| msize_ fmla (MatchP I r) = Suc (msize_regez r)
| msize__fmla (MatchF I r) = Suc (msize_regex r)
| msize__regex (Lookahead phi) = msize__fmla phi
| msize__regex (Symbol phi) = msize_fmla phi
| msize_regex (Plus v s) = max (msize_regex 1) (msize_regex s)
| msize__regex (Times r s) = maz (msize_regex r) (msize_regez s)
| msize_regex (Star r) = msize_reger

lemma collect_subfmlas _msize: © € set (collect _subfmlas r [|) =
msize__fmla x < msize_regex r
proof (induction 1)
case (Lookahead phi)
then show ?case
by (auto split: if _splits)
next
case (Symbol phi)
then show “case
by (auto split: if _splits)
next
case (Plus r1 r2)
then show ?case
by (auto simp: collect subfmlas_set[of r2 collect _subfmlas r1 []])
next
case (Times rl r2)
then show ?case
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by (auto simp: collect _subfmlas_set[of r2 collect_subfmlas r1 []])
next
case (Star r)
then show ?case
by fastforce
qged

definition until ready I t ¢ zo = (case (c, z0) of (Suc __, Some (t', b1, b2)) = (b2 A memL t t' I) Vv
-b1 | _ = False)

definition while_since__cond I t = (A(vpsi, e, cpsi :: nat, cppsi, tppsi). cpsi > 0 A memL (the (read__t
e)) t1)
definition while since_body run =
(A(vpst, e, cpsi :: nat, cppsi, tppsi).
case Tun vpsi of Some (vpsi', (¢, b")) =

Some (vpsi’, fst (the (run_t e)), cpsi — 1, if b’ then Some cpsi else cppsi, if b’ then Some t else
tppsi)

| _ = None

)

definition while_until_cond I t = (X(vphi, vpsi, epsi, ¢, zo). ~until_ready I t ¢ zo N (case read_t epsi
of Some t' = memR t t' I | None = Fulse))
definition while until body run =
(A(vphi, vpsi, epsi, c, zo). case run__t epsi of Some (epsi’, t') =
(case run vphi of Some (vphi’, (_, b1)) =
(case Tun vpsi of Some (vpsi’, (_, b2)) = Some (vphi’, vpsi', epsi’, Suc c, Some (t', b1, b2))
| _ = None)
| _ = None))

function (sequential) run :: nat = (‘a, 't, 'h) vydra_auz = (('a, 't, 'h) vydra_auz x ('t x bool)) option
where
run n (VYDRA_ None) = None
| run n (VYDRA__Bool b e) = (case run_hd e of None = None
| Some (€', (t, _)) = Some (VYDRA_ Bool b €', (t, b)))
| run n (VYDRA _Atom a €) = (case run_hd e of None = None
| Some (€', (t, X)) = Some (VYDRA_Atom a €', (t, a € X)))
| run (Suc n) (VYDRA_Neg v) = (case run n v of None = None
| Some (v', (t, b)) = Some (VYDRA_Neg v', (t, =b)))
| run (Suc n) (VYDRA_ Bin fvl vr) = (case run n vl of None = None
| Some (vl', (t, bl)) = (case run n vr of None = None
| Some (vr', (_, br)) = Some (VYDRA_Bin fol' vr', (¢, f bl br))))
| run (Suc n) (VYDRA__Prev I v e tb) = (case run_hd e of Some (e’, (t, _)) =
(let B = (case tb of Some (t', b") = b' A mem t' t I | None = Fulse) in
case run n v of Some (v', _, b’") = Some (VYDRA_Prev I v’ e’ (Some (t, b)), (t, B))
| None = Some (VYDRA_ None, (t, B)))
| None = None)
| run (Suc n) (VYDRA_Next I v e to) = (case run_hd e of Some (', (t, )) =
(case to of None =
(case run n v of Some (v', _, ) = run (Suc n) (VYDRA_Next I v’ e’ (Some t))
| None = None)
| Some t' =
(case run n v of Some (v', _, b) = Some (VYDRA_Next I v' e’ (Some t), (t', b A mem t' t I))
| None = if mem t’ t I then None else Some (VYDRA_None, (t', False))))
| None = None)
| run (Suc n) (VYDRA__Since I vphi vpsi e cphi cpsi cppsi tppsi) = (case run n vphi of
Some (vphi’, (t, b1)) =
let cphi = (if b1 then Suc cphi else 0) in
let cpsi = Suc cpsi in
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let cppsi = map__option Suc cppsi in
(case while__break (while__since__cond I t) (while__since__body (run n)) (vpsi, e, cpsi, cppsi, tppsi) of
Some (vpsi’, €', cpsi’, cppsi’, tppsi’) =
(let B = (case cppsi’ of Some k = k — 1 < cphi A memR (the tppsi’) t I | _ = False) in
Some (VYDRA__Since I vphi’ vpsi’ e’ cphi cpsi’ cppsi’ tppsi’, (¢, B)))
| _ = None)
| _ = None)
| run (Suc n) (VYDRA_ Until I e uphi vpsi epsi ¢ zo) = (case run_t e of Some (€', t) =
(case while__break (while__until_cond I t) (while_until _body (run n)) (vphi, vpsi, epsi, ¢, zo) of Some
(vphi’, vpsi’, epsi’, ¢’, z0') =
if ¢/ = 0 then None else
(case zo' of Some (t', b1, b2) =
(if b2 A memL t t' I then Some (VYDRA__ Until I e’ vphi’ vpsi’ epsi’ (¢’ — 1) zo’, (t, True))
else if —b1 then Some (VYDRA_ Until I e’ vphi’ vpsi’ epsi’ (¢’ — 1) z0', (t, False))
else (case read_t epsi’ of Some t' = Some (VYDRA__Until I e’ vphi’ vpsi’ epsi’ (¢’ — 1) z0', (¢,
False)) | _ = None))
| _ = None)
| _ = None)
| _ = None)
| run (Suc n) (VYDRA__MatchP I transs qf w) =
(case eval_matchP (init_args ({0}, NFA.delta' transs qf, NFA.accept' transs qf)
(run_t, read_t) (run_subs (run n))) I w of None = None
| Some ((¢, b), w') = Some (VYDRA_MatchP I transs qf w’, (¢, b)))
| run (Suc n) (VYDRA_ MatchF I transs qf w) =
(case eval_matchF (init_args ({0}, NFA.delta’ transs qf, NFA.accept' transs gf)
(run_t, read t) (run_subs (run n))) I w of None = None
| Some ((t, b), w') = Some (VYDRA_ MatchF I transs qf w', (t, b)))
| run _ __ = undefined
by pat__completeness auto
termination
by (relation (Ap. size (fst p)) <smlexx> (Ap. next_vydra (snd p)) <smlexx> (Ap. msize_vydra (fst p)
(snd p)) <s*mlexx> {}) (auto simp: mlex_prod__def)

lemma wf since: wf {(t, s). while_since_cond I tt s A Some t = while_since_body (run n) s}
proof —
let ?X = {(t, s). while_since_cond I it s N\ Some t = while_since__body (run n) s}
have sub: ?X C measure (A(vpsi, e, cpsi, cppsi, tppsi). cpsi)
by (auto simp: while__since__cond__def while__since__body__def Let_def split: option.splits)
then show ?Zthesis
using wf subset[OF wf measure]
by auto
qged

definition run_vydra :: (‘a, 't, 'h) vydra = ((‘a, 't, 'h) vydra x ('t x bool)) option where
run_vydra v = (case v of (n, w) = map_option (apfst (Pair n)) (run n w))

fun sub :: nat = (‘a, 't) formula = (‘a, 't, 'h) vydra_auz where
sub n (Bool b)) = VYDRA__Bool b init_hd
| subn (Atom a) = VYDRA_Atom a init_hd

| sub (Suc n) (Neg phi) = VYDRA__Neg (sub n phi)

| sub (Suc n) (Bin f phi psi) = VYDRA_ Bin f (sub n phi) (sub n psi)

| sub (Suc n) (Prev I phi) = VYDRA_Prev I (sub n phi) init_hd None

| sub (Suc n) (Next I phi) = VYDRA_ Next I (sub n phi) init_hd None

| sub (Suc n) (Since phi I psi) = VYDRA_ Since I (sub n phi) (sub n psi) t0 0 0 None None
| sub (Suc n) (Until phi I psi) = VYDRA Until I t0 (sub n phi) (sub n psi) t0 0 None

| sub (Suc n) (MatchP I r) = (let qf = state_cnt

transs = iarray_of list (build_nfa_impl r (0, qf, [])) in
VYDRA MatchP I transs qf (init_window (init_args
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({0}, NFA.delta’ transs qf, NFA.accept' transs qf)
(run__t, read_t) (run__subs (run n)))
t0 (map (sub n) (collect_subfmlas r []))))
| sub (Suc n) (MatchF I 1) = (let qf = state__cnt 5
transs = iarray__of _list (build_nfa_impl r (0, ¢f, [])) in
VYDRA__MatchF I transs qf (init_window (init_args
({0}, NFA.delta’ transs qf, NFA.accept' transs qf)
(run__t, read_t) (run_subs (run n)))
t0 (map (sub n) (collect_subfmlas r []))))
| sub _ _ = undefined

definition init_vydra :: (‘a, 't) formula = (‘a, 't, 'h) vydra where
init_vydra ¢ = (let n = msize__fmla ¢ in (n, sub n p))

end

locale VYDRA_MDL = MDL o
for o :: (‘a, 't :: timestamp) trace +
fixes init_hd :: 'h
and run_hd : 'h = ('h x ("t X a set)) option
assumes run__hd_sound: reaches run__hd init_hd n s => run_hd s = Some (s', (t, X)) = (¢, X) =
(tron, T on)
begin

lemma reaches_on_run__hd: reaches_on run__hd init_hd es s = run_hd s = Some (s, (¢, X)) =t
=71 o (length es) AN X =T o (length es)

using run__hd_sound

by (auto dest: reaches_on_n)

abbreviation ru_t = run_t run_hd
abbreviation [ t0 = t0 init_hd run__hd
abbreviation ru = run run_ hd
abbreviation su = sub init _hd run_hd

lemma ru_t_event: reaches_on ru_ttitst' =t = |_t0 = ru_t t' = Some (t", 1) =
drho e tt. t' = Some (e, tt) A reaches_on run__hd init_hd rho e A length tho = Suc (length ts) A
z = 7 o (length ts)
proof (induction t ts t’ arbitrary: t'' z rule: reaches_on__rev_induct)
case (1 s)
show ?case
using I reaches__on__run__hd[OF reaches_on.intros(1)]
by (auto simp: t0_def split: option.splits introl: reaches__on.intros)
next
case (2s s’ vwvss')
obtain rho e tt where rho__def: s’ = Some (e, tt) reaches_on run__hd init_hd rho e
length tho = Suc (length vs)
using 2(3)[OF 2(4,2)]
by auto
then show ?case
using 2(2,5) reaches_on__app|OF rho_def(2)] reaches_on_run_hd[OF rho_def(2)]
by (fastforce split: option.splits)
qed

lemma ru_t_tau: reaches _on ru_t 1 t0tst' = ru_tt' = Some (t'', x) = x = 7 o (length ts)
using ru_t event

by fastforce

lemma ru_t Some_ tau:
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assumes reaches_on ru_t I_t0 ts (Some (e, t))
shows t = 7 o (length ts)
proof —
obtain z where z_def: ru_t (Some (e, t)) = Some (z, t)
by (cases run__hd e) auto
show ?thesis
by (rule ru_t_tau[OF assms z_def])
qed

lemma ru ¢ tau in:
assumes reaches_on ru_t 1l _t0 ts t j < length ts
shows ts!j=T10j
proof —
obtain t’ where t’_def: reaches_on ru_t |_t0 (take j ts) t’ reaches_on ru_t t' (drop j ts) t
using reaches__on__split'|OF assms(1), where ?i=j] assms(2)
by auto
have drop: drop j ts = ts | j # tl (drop j ts)
using assms(2)
by (cases drop j ts) (auto simp add: nth_via__drop)
obtain t” where t"_def: ru_t t' = Some (t", ts ! j)
using t'_def(2) assms(2) drop
by (auto elim: reaches__on.cases)
show ?%thesis
using ru_t_event[OF t'_def(1) refl t''_def] assms(2)
by auto
qed

lemmas run_hd_tau_in = ru_t_tau_in[OF reach__event t0_t, simplified)

fun last_before :: (nat = bool) = nat = nat option where
last_before P 0 = None
| last_before P (Suc n) = (if P n then Some n else last_before P n)

lemma last_before_ None: last_before P n = None = m < n =— =P m
proof (induction P n rule: last_before.induct)
case (2 P n)
then show ?case
by (cases m = n) (auto split: if _splits)
qed (auto split: if _splits)

lemma last_before_Some: last_before P n = Some m => m < n A Pm A (Vk € {m<.<n}. =P k)
apply (induction P n rule: last_before.induct)
apply (auto split: if _splits)
apply (metis greaterThanLessThan__iff less__antisym)
done

inductive wf_vydra :: ('a, 't :: timestamp) formula = nat = nat = ('a, 't, 'h) vydra__auz = bool where
wf_wvydra phi i n w = ru n w = None —> wf_vydra (Prev I phi) (Suc i) (Suc n) VYDRA_ None
| wf_wvydra phi i n w => run w = None = wf vydra (Next I phi) i (Suc n) VYDRA _None
| reaches_on run_hd init_hd es sub’ => length es = i = wf wydra (Bool b) i n (VYDRA_Bool b sub’)
| reaches_on run__hd init_hd es sub’ = length es = i = wf_vydra (Atom a) i n (VYDRA_Atom a
sub’)
| wf_vydra phi i n v = wf_vydra (Neg phi) i (Suc n) (VYDRA__Neg v)
wf_vydra phi i n v => wf_ovydra psi i n v' => wf_vydra (Bin f phi psi) i (Suc n) (VYDRA_Bin fv
v’
| wf_vydra phi i n v => reaches_on run__hd init_hd es sub’ = length es = | =—>
wf_vydra (Prev I phi) i (Suc n) (VYDRA__Prev I v sub’ (case i of 0 = None | Suc j = Some (1 o j,
sat phi 1)))
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| wf_vydra phi i n v => reaches__on run__hd init_hd es sub’ = length es = | =—>
wf_vydra (Next I phi) (i — 1) (Suc n) (VYDRA_ Neat I v sub’ (case i of 0 = None | Suc j = Some
(r o )
| wf_vydra phi i n vphi = wf_vydra psi j n vpsi = j < i =
reaches_on ru_t [ _t0 es sub’ = length es = j = (\t. t € set es => memL t (1 0 ) I) =
cphi = i — (case last_before (A\k. —sat phi k) i of None = 0 | Some k = Suc k) = cpsi =i — j =
cppsi = (case last_before (sat psi) j of None = None | Some k = Some (i — k)) =
tppsi = (case last_before (sat psi) j of None = None | Some k = Some (1 0 k)) =
wf_vydra (Since phi I psi) i (Suc n) (VYDRA__Since I vphi vpsi sub’ cphi cpsi cppsi tppsi)
| wf_vydra phi j n vphi = wf_vydra psi j n vpsi = i < j =
reaches_on ru_t [_t0 es back = length es = i —>
reaches_on ru_t [ _t0 es’ front = length es' = j = (\t. t € set es’ = memR (1 0 i) t [) =
¢c=j— 1= z= (case j of 0 = None | Suc k = Some (7 o k, sat phi k, sat psi k)) =
(ANk. ke {i.<j— 1} = sat phi k A (memL (1 0 ©) (1 0 k) I — —sat psi k)) =
wf_vydra (Until phi I psi) i (Suc n) (VYDRA__Until I back vphi vpsi front ¢ z)
| valid_window_matchP args I 1_t0 (map (su n) (collect_subfmlas r [])) zs i w =
n > msize_regex r = qf = state_cnt r =
transs = iarray_of _list (build_nfa_implr (0, qf, [])) =
args = init_args ({0}, NFA.delta’ transs qf, NFA.accept' transs qf)
(ru_t, read_t) (run_subs (ru n)) =
wf_vydra (MatchP I r) i (Suc n) (VYDRA_ MatchP I transs qf w)
| valid_window_matchF args I 1_t0 (map (su n) (collect _subfmlas r [])) zs i w =
n > msize_regex r = qf = state_cnt r =
transs = iarray_of _list (build_nfa_implr (0, qf, [])) =
args = init_args ({0}, NFA.delta’ transs qf, NFA.accept' transs qf)
(ru_t, read_t) (run_subs (ru n)) =
wf_vydra (MatchF I r) i (Suc n) (VYDRA__MatchF I transs qf w)

lemma reach run_subs len:
assumes reaches_ons: reaches_on (run__subs (ru n)) (map (su n) (collect _subfmlas r [])) rho vs
shows length vs = length (collect_subfmlas r [])
using reaches__ons run__subs D
by (induction map (su n) (collect__subfmlas r []) rho vs rule: reaches_on_rev_induct) fastforce+

lemma reach run_subs run:
assumes reaches_ons: reaches_on (run__subs (ru n)) (map (su n) (collect _subfmlas r [])) rho vs
and subfmla: j < length (collect _subfmlas r [|) phi = collect _subfmlas v [| ! j
shows Jrho’. reaches_on (ru n) (su n phi) rho’ (vs! j) A length rho’ = length rtho
using reaches__ons subfmla
proof (induction map (su n) (collect__subfmlas r []) rho vs rule: reaches_on__rev_induct)
case I
then show ?case
by (auto intro: reaches__on.intros)
next
case (25’ v s’ s")
note len_s'_vs = reach_run_subs_len|OF 2(1)]
obtain rho’ where reach_s'_wvs: reaches_on (ru n) (su n phi) tho' (s'! j)
length rho’ = length vs’
using 2(2)[OF 2(4,5)]
by auto
note run_ subslD = run__subs_ID[OF 2(3)]
note run_subsvD = run_subs_vD[OF 2(3) 2(4)[unfolded len_s'_wvs[symmetric]]]
obtain vj’ tj bj where vj’_def: ru n (s'! j) = Some (vj’, tj, bj)
sV j = vj’ IArray.sub v j = bj
using run__subsvD by auto
obtain rho'’ where rho’’_def: reaches_on (ru n) (su n phi) rho’’ (s"! j)
length tho'' = Suc (length vs')
using reaches_on__app|OF reach_ s’ _vs(1) vj’_def(1)] vj’_def(2) reach_ s’ vs(2)
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by auto
then show ?case
using conjunct [OF run__subslD, unfolded len__s'_vs[symmetric]]
by auto
qed

lemma TArray_nth__equalityl: IArray.length s = length ys —>
(Ai. i < IArray.length s = IArray.sub zs i = ys | i) = zs = IArray ys
by (induction zs arbitrary: ys) (auto intro: nth__equalityl)

lemma bs_sat:
assumes [H: \phiiv v’ b. phi € set (collect_subfmlas r [|) = wf_vydra phi i n v = run v = Some
(v', b) => snd b = sat phi i
and reaches _ons: N\j. j < length (collect _subfmlas r []) = wf wvydra (collect_subfmlas v [ ! j) i n
(vs ! J)
and run__subs: run_subs (ru n) vs = Some (vs’, bs) length vs = length (collect_subfmlas r [])
shows bs = darray_of _list (map (Aphi. sat phi ©) (collect__subfmlas r []))
proof —
have Aj. j < length (collect_subfmlas r []) =
IArray.sub bs j = sat (collect__subfmlas v [| ! ) ©
proof —
fix j
assume lassm: j < length (collect subfmlas r [])
define phi where phi = collect_subfmlas r | ! j
have phi_in_set: phi € set (collect _subfmlas r [])
using lassm
by (auto simp: phi__def)
have wf: wf_vydra phiin (vs! j)
using reaches_ons lassm phi_def
by metis
show [Array.sub bs j = sat (collect_subfmlas r [| ! j) i
using IH(1)[OF phi_in__set wf] run_subs_vD[OF run__subs(1) lassm|folded run__subs(2)]]
unfolding phi_def[symmetric]
by auto
qed
moreover have length (IArray.list_of bs) = length vs
using run__subs(1)
by (auto simp: run__subs_def Let_def iarray_of list_def split: if _splits)
ultimately show ?%thesis
using run_ subs(2)
by (auto simp: iarray_of list _def introl: IArray_nth__equalityl)
qged

lemma run__induct[case_names Bool Atom Neg Bin Prev Next Since Until MatchP MatchF', consumes
1]:
fixes phi :: ('a, 't) formula
assumes msize__fmla phi < n (Ab n. P n (Bool b)) (Aa n. P n (Atom a))
(An phi. msize_fmla phi < n = P n phi = P (Suc n) (Neg phi))
(An f phi psi. msize__fmla (Bin f phi psi) < Suc n = P n phi = P n psi =
P (Suc n) (Bin f phi pst))
(An I phi. msize_fmla phi < n = P n phi = P (Suc n) (Prev I phi))
(An I phi. msize_fmla phi < n => P n phi => P (Suc n) (Next I phi))
(An I phi psi. msize__fmla phi < n => msize__fmla psi < n = P n phi = P n psi = P (Suc n)
(Since phi I psi))
(An I phi psi. msize__fmla phi < n = msize__fmla psi < n = P n phi = P n psi = P (Suc n)
(Until phi I psi))
(An I r. msize_fmla (MatchP I 1) < Suc n = (Az. msize_fmla z < n=— Pnz) =
P (Suc n) (MatchP IT))
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(An I r. msize_fmla (MatchF I r) < Suc n = (Az. msize_fmla x < n = Pnz) =
P (Suc n) (MatchF I r))
shows P n phi
using assms(1)
proof (induction n arbitrary: phi rule: nat_less _induct)
case (1 n)
show ?case
proof (cases n)
case (
show ?thesis
using I assms(2—)
by (cases phi) (auto simp: 0)
next
case (Suc m)
show ?thesis
using I assms(2—)
by (cases phi) (auto simp: Suc)
ged
qed

lemma wf wvydra_sub: msize_fmla ¢ < n = wf_vydra ¢ 0 n (sun )
proof (induction n ¢ rule: run_induct)
case (Prev n I phi)
then show ?case
using wf wvydra.intros(7)[where ?i=0, OF __ reaches_on.intros(1)]
by auto
next
case (Next n I phi)
then show ?case
using wf wvydra.intros(8)[where ?i=0, OF _ reaches_on.intros(1)]
by auto
next
case (MatchP n IT)
let ?qf = state_cnt r
let ?transs = iarray_of list (build_nfa_impl r (0, ?¢f, []))
let ?args = init_args ({0}, NFA.delta' ?transs ?qf, NFA.accept’ ?transs ?qf) (ru_t, read_t) (run__subs
(ru n))
show ?case
using MatchP valid_init_window[of 2args [_t0 map (su n) (collect__subfmlas r []), simplified]
by (auto simp: Let_def valid_window_matchP__def split: option.splits intro: reaches__on.intros
introl: wf_vydra.intros(11)[where ?zs=[], OF _ __ refl refl refi])
next
case (MatchF n I 1)
let ?qf = state_cnt r
let %transs = iarray_of list (build_nfa_impl r (0, ?qf, []))
let ?args = init_args ({0}, NFA.delta’ ?transs ?qf, NFA.accept’ ?transs ?qf) (ru_t, read_t) (run__subs
(ru n))
show ?case
using MatchF valid init_window[of ?args |_t0 map (su n) (collect_subfmlas r []), simplified)
by (auto simp: Let__def valid_window_matchF _def split: option.splits intro: reaches__on.intros
introl: wf wvydra.intros(12)[where ?zs=[], OF __ __ refl refl refl])
qed (auto simp: Let_def intro: wf_vydra.intros reaches__on.intros)

lemma ru_t Some: Je' et. ru_t e = Some (&', et) if reaches Suc_i: reaches_on run_hd init_hd fs f
length fs = Suc i

and aux: reaches_on ru_t I_t0 es e length es < i for es e
proof —

obtain fs' ft where ft_def: reaches_on ru_t 1 _t0 (map fst (fs':: ("t x 'a set) list)) (Some (f, ft))
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map fst fs = map fst fs' Q [ft] length fs' = i
using reaches_Suc_i
by (cases fs rule: rev__cases) (auto dest!: reaches__on__split_last reach__event_t0_t)
show ?thesis
proof (cases length es = i)
case True
have e_def: e = Some (f, ft)
using reaches _on_inj{OF auz(1) ft_def(1)]
by (auto simp: True ft_def(3))
then show ?thesis
by (cases run__hd f) (auto simp: e_def)
next
case False
obtain s’ s” where split: reaches_on ru_t 1 _t0 (take (length es) (map fst fs')) s’
ru_t s’ = Some (s", map fst fs'! (length es))
using reaches_on_split[OF ft_def(1), where ?i=length es] False auz(2)
by (auto simp: ft_def(3))
show ?thesis
using reaches_on_inj[OF auz(1) split(1)] auz(2)
by (auto simp: ft_def(3) split(2))
ged
qed

lemma vydra__sound__auz:
assumes msize_fmla ¢ < n wf_vydra ¢ invrun v = Some (v', t, b) bounded_future_fmla p wf_fmla
%)
shows wf_vydra ¢ (Suc i) n v’ A (es e. reaches_on run_hd init_hd es e A length es = Suc i) A t =
ToiNb=sat 1
using assms
proof (induction n ¢ arbitrary: i v v’ t b rule: run_induct)
case (Bool 8 n)
then show ?case
using reaches_on_run__hd reaches _on__app wf_vydra.intros(8)[OF reaches_on__app refl]
by (fastforce elim!: wf vydra.cases[of _ __ __ v] split: option.splits)
next
case (Atom a n)
then show ?case
using reaches__on__run__hd reaches_on__app wf_vydra.intros(4)[OF reaches__on__app refl]
by (fastforce elim!: wf_vydra.cases[of _ __ __ v] split: option.splits)
next
case (Neg n z)
have IH: wf _vydra © i n v = run v = Some (v', t, b) = wf_vydra z (Suc i) n v’ A (Jes e.
reaches_on run__hd init_hd es e A length es = Suc i) ANt =70 i AN b= sat z i for v v th
using Neg(2,5,6)
by auto
show ?case
apply (rule wf_vydra.cases|OF Neg(3)])
using Neg(4) IH wf _vydra.intros(5)
by (fastforce split: option.splits)+
next
case (Bin n fzl z2)
have [H1: wf vydra 1 i n v => ru n v = Some (v', t, b) = wf _vydra 1 (Suc i) n v’ A (Jes e.
reaches_on run__hd init_hd es e A length es = Suc i) Nt =70 i AN b= sat zl i for v v'tb
using Bin(2,6,7)
by auto
have [H2: wf_vydra z2in v = run v = Some (v, t, b) = wf_vydra 2 (Suci) nv' ANt =71 o i
Ab=satz2iforvv'tbh
using Bin(3,6,7)
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by auto
show ?case
apply (rule wf_vydra.cases|OF Bin(4)])
using Bin(5) IH1 IH2 wf _vydra.intros(6)
by (fastforce split: option.splits)+
next
case (Prev n I phi)
show ?case
proof (cases i)
case (
then show ?%thesis
using Prev run__hd__sound|[OF reaches.intros(1)] wf_vydra.intros(7)[OF __ reaches_on.intros(2)[OF
__ reaches_on.intros(1)], where ?i=Suc 0, simplified]
by (fastforce split: nat.splits option.splits dest!: reaches_on__NilD elim!: wf _vydra.cases[of _
intro: wf_vydra.intros(1) reaches_on.intros(2)[OF _ reaches_on.intros(1)])
next
case (Suc j)
obtain vphi es sub where v_def: v = VYDRA_ Prev I vphi sub (Some (7 o j, sat phi j))
wf_vydra phi ¢ n vphi reaches_on run__hd init_hd es sub length es = ¢
using Prev(3,4)
by (auto simp: Suc elim!: wf_vydra.cases[of _ _ _ v])
obtain sub’ X where run_sub: run_hd sub = Some (sub’, (¢, X))
using Prev(4)
by (auto simp: v_def(1) Let_def split: option.splits)
note reaches _sub’ = reaches_on__app|OF v_def(8) run__sub]
have ¢ _def: t = 7 o (Suc j)
using reaches_on_run_hd[OF v_def(3) run__sub]
by (auto simp: Suc v_def(2,4))
show ?thesis
proof (cases v' = VYDRA_ None)
case v'_def: True
show ?%thesis
using Prev(4) v_def(2) reaches_sub’
by (auto simp: Suc Let_defv_def(1,4) v’'_def run_sub t_def split: option.splits intro: wf_vydra.intros(1))
next
case Fulse
obtain wvphi’ where ru_vphi: Tu n vphi = Some (vphi’, (7 o i, sat phi 7))
using Prev(2)[OF v_def(2)] Prev(4,5,6) False
by (auto simp: v_def(1) Let_def split: option.splits)
have wf": wf_vydra phi (Suc (Suc j)) n vphi’
using Prev(2)[OF v_def(2) ru_uvphi] Prev(5,6)
by (auto simp: Suc)
show %thesis
using Prev(4) wf_vydra.intros(7)[OF wf' reaches_sub’| reaches__sub’
by (auto simp: Let_def Suc t_def v_def(1,4) run_sub ru_uvphi)
qed
qed
next
case (Next n I phi)
obtain w sub to es where v_def: v = VYDRA_Next I w sub to wf_vydra phi (length es) n w
reaches__on run__hd init_hd es sub length es = (case to of None = 0 | _ = Suc 1)
case to of None = i = 0 | Some told = told =T o i
using Next(3,4)
by (auto elim!: wf vydra.cases[of _ _ __ v] split: option.splits nat.splits)
obtain sub’ tnew X where run_sub: run_hd sub = Some (sub’, (tnew, X))
using Next(4)
by (auto simp: v_def(1) split: option.splits)
have tnew_def: tnew = 7 o (length es)

o]

112



using reaches_on_run_hd[OF v_def(3) run_sub]
by auto
have auz: ?case if auz_assms: wf_vydra phi (Suc i) n w
ru (Suc n) (VYDRA__Next I w sub (Some t0)) = Some (v’ t, b)
reaches__on run__hd init_hd es sub length es = Suc i t0 = 7 o i for w sub t0 es
using auz__assms(1,2,5) wf_vydra.intros(2)[OF auz_assms(1)]
Next(2)[where ?i=Suc i and ?v=w| Next(5,6) reaches_on_run_hd[OF auz__assms(3)]
wf _vydra.intros(8)[OF _ reaches _on_app|OF auz _assms(3)], where ?phi=phi and ?%i=Suc (Suc
i) and ?n=n| auz_assms(3)
by (auto simp: run_sub aux__assms(4,5) split: option.splits if _splits)
show ?case
proof (cases to)
case None
obtain w’ z where w_def: ru (Suc n) v = ru (Suc n) (VYDRA_Next I w' sub’ (Some tnew))
run w = Some (w', z)
using Next(4)
by (cases ru n w) (auto simp: v_def(1) run_sub None split: option.splits)
have wf: wf_vydra phi (Suc i) n w’
using v_def w_def(2) Next(2,5,6)
by (cases z) (auto simp: None intro: wf_vydra.intros(1))
show ?thesis
using auz[OF wf Next(4)[unfolded w_def(1)] reaches_on_app[OF v_def(3) run_sub]] v_def(4,5)
tnew__def
by (auto simp: None)
next
case (Some z)
show ?thesis
using auz[OF _ v _def(8), where ?w=w] v_def(2,4,5) Next(4)
by (auto simp: v_def(1) Some simp del: run.simps)
ged
next
case (Since n I phi psi)
obtain vphi vpsi e cphi cpsi cppsi tppsi j es where v_def:
v = VYDRA_ Since I vphi vpsi e cphi cpsi cppsi tppsi
wf_vydra phi ¢ n vphi wf_vydra psi j n vpsi j < @
reaches_on ru_t _t0 es e length es = j \t. t € set es = memL t (1 o ) I
cphi = i — (case last_before (Ak. —sat phi k) i of None = 0 | Some k = Suc k) cpsi =i — j
cppsi = (case last_before (sat psi) j of None = None | Some k = Some (i — k))
tppsi = (case last_before (sat psi) j of None = None | Some k = Some (7 o k))
using Since(5)
by (auto elim: wf_vydra.cases)
obtain wvphi’ b1 where run_vphi: ru n vphi = Some (vphi’, t, b1)
using Since(6)
by (auto simp: v_def(1) Let_def split: option.splits)
obtain fs f where wf wvphi’s wf_vydra phi (Suc i) n vphi’
and reaches__Suc__i: reaches__on run__hd init_hd fs f length fs = Suc i
and t_def: t = 7 o i and bl_def: b1 = sat phi ¢
using Since(8)[OF v_def(2) run_uvphi] Since(7,8)
by auto
note ru_t_Some = ru_t_Some[OF reaches__Suc__i
define loop__inv where loop_inv = (A(vpsi, e, cpsi :: nat, cppsi, tppsi).
let j = Suc i — cpsi in cpsi < Suc i A
wf_vydra psi j n vpsi A (T es. reaches_on ru_t I_t0 es e A length es = j A (Vt € set es. memL t (T
o) 1) A
cppsi = (case last_before (sat psi) j of None = None | Some k = Some (Suc i — k)) A
tppsi = (case last_before (sat psi) j of None = None | Some k = Some (7 o k)))
define loop__init where loop__init = (vpsi, e, Suc cpsi, map__option Suc cppsi, tppsi)
obtain vpsi’ e’ cpsi’ cppsi’ tppsi’ where loop__def: while_break (while__since__cond I t) (while__since__body
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run__hd (ru n)) loop_init =
Some (vpsi’, e, cpsi’, cppsi’, tppsi’)
using Since(6)
by (auto simp: v_def(1) run_vphi loop__init_def Let_def split: option.splits)
have j def: j = i — cpsi
using v_def(4,9)
by auto
have cpsi < @
using v_def(9)
by auto
then have loop_inv_init: loop__inv loop__init
using v_def(3,5,6,7,10,11) last_before_Some
by (fastforce simp: loop__inv__def loop__init_def Let_def j_def split: option.splits)
have wf_loop: wf {(s’, s). loop__inv s A while__since_cond It s A Some s’ = while__since__body run__hd
(run) s}
by (auto intro: wf subset[OF wf since])
have step_loop: loop__inv s’ if loop _assms: loop _inv s while__since__cond I t s while__since__body run__hd
(ru n) s = Some s’ for s s’
proof —
obtain vpsi e cpsi cppsi tppsi where s_def: s = (vpsi, e, cpsi, cppsi, tppsi)
by (cases s) auto
define j where j = Suc i — cpsi
obtain es where loop_before: cpsi < Suc i wf_vydra psi j n vpsi
reaches_on ru_t 1_t0 es e length es = j \t. t € set es = memL t (1 0 i) I
cppsi = (case last_before (sat psi) j of None = None | Some k = Some (Suc i — k))
tppsi = (case last_before (sat psi) j of None = None | Some k = Some (T o k))
using loop__assms(1)
by (auto simp: s_def j_def loop_inv_def Let_def)
obtain ¢t h where tt_def: read t e = Some tt memL tt t I e = Some (h, tt)
using ru_t_Some[OF loop__before(3)] loop__before(4) loop__assms(2)
by (cases e) (fastforce simp: while_since__cond__def s_def j_def split: option.splits)+
obtain e’ where e’_def: reaches_on ru_t 1_t0 (es Q [tt]) e’ ru_t e = Some (€', tt)
using reaches__on__app[OF loop__before(3)] tt_def(1)
by (cases run__hd h) (auto simp: tt_def(3))
obtain vpsi’ t' b’ where run_uvpsi: u n vpsi = Some (vpsi’, (t', b’))
using loop__assms(3)
by (auto simp: while__since__body__def s_def Let_def split: option.splits)
have wf_psi"s wf_vydra psi (Suc j) n vpsi’ and t'_def: t' = 7 o j and b'_def: b’ = sat psi j
using Since(4)[OF loop__before(2) run_uvpsi] Since(7,8)
by auto
define j’' where j’_def: j' = Suc i — (cpsi — Suc 0)
have cpsi_pos: cpsi > 0
using loop__assms(2)
by (auto simp: while__since__cond__def s__def)
have j'_j: j' = Suc j
using loop__before(1) cpsi_pos
by (auto simp: j'_def j_def)
define cppsi’ where cppsi’ = (if b’ then Some cpsi else cppsi)
define tppsi’ where tppsi’ = (if b’ then Some t’ else tppsi)
have cppsi”: cppsi’ = (case last_before (sat psi) j' of None = None | Some k = Some (Suc i — k))
using cpsi_pos loop__before(1)
by (auto simp: cppsi’_def b’_def j'_j loop__before(6) j_def)
have tppsi”: tppsi’ = (case last_before (sat psi) j' of None = None | Some k = Some (1 o k))
by (auto simp: tppsi’_def t'_def b’ _def j'_j loop_before(7) split: option.splits)
have s’_def: s’ = (vpsi’, fst (the (ru_t e)), cpsi — Suc 0, cppsi’, tppsi’)
using loop__assms(3)
by (auto simp: while_since_body_def s _def run_ vpsi cppsi’_def tppsi’_def)
show ?thesis
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using loop_before(1,4,5) tt_def(2) wf_psi'[folded j'_j] cppsi’ tppsi’ e’ _def(1)
by (fastforce simp: loop_inv_def s’_def j'_def[symmetric] e'_def(2) j'_j t_def)
ged
have loop: loop__inv (vpsi’, e’, cpsi’, cppsi’, tppsi’) —while__since__cond I t (vpsi’, e’, cpsi’, cppsi’, tppsi’)
using while__break__sound[where ?P=loop_inv and ?Q=M\s. loop__inv s N\ —while__since_cond I t s,
OF step__loop __ wf_loop loop__invy_init]
by (auto simp: loop__def)
define cphi’ where cphi’ = (if b1 then Suc cphi else 0)
have v’_def: v/ = VYDRA_ Since I vphi’ vpsi’ e’ cphi’ cpsi’ cppsi’ tppsi’
and b_def: b = (case cppsi’ of None = False | Some k = k — 1 < cphi’ A memR (the tppsi’) t I)
using Since(6)
by (auto simp: v_def(1) run_vphi loop_init_def[symmetric] loop__def cphi’_def Let_def split: op-
tion.splits)
have read t e’: cpsi’ > 0 = read_t ¢/ = None = False
using loop(1) ru_t_Some|where ?e=e’] run_t_read
by (fastforce simp: loop__inv_def Let__def)
define j' where j' = Suc i — cpsi’
have wf wpsi’: wf _wvydra psi j' n vpsi’ and cpsi’_le Suc_i: cpsi’ < Suc i
and cppsi’_def: cppsi’ = (case last__before (sat psi) j' of None = None | Some k = Some (Suc i —
B)
and tppsi’_def: tppsi’ = (case last_before (sat psi) j' of None = None | Some k = Some (1 o k))
using loop(1)
by (auto simp: loop_inv_def j'_def|symmetric])
obtain es’ where es’_def: reaches_on ru_t 1_t0 es’ e’ length es’ = j' \t. t € set es’ = memL t (T
o)l
using loop(1)
by (auto simp: loop_inv_def j'_def[symmetric])
have wf v" wf _vydra (Since phi I psi) (Suc i) (Suc n) v
and cphi’_sat: cphi’ = Suc i — (case last_before (Mk. —sat phi k) (Suc ©) of None = 0 | Some k =
Suc k)
using cpsi’_le__Suc_i last_before__Some es’_def(3) memL_mono’[OF __ 7_monolof i Suc i o]]
by (force simp: v'_def cppsi’_def tppsi’_def j'_def cphi’_def b1_def v_def(8) split: option.splits
introl: wf_vydra.intros(9)[OF wf_vphi’ wf_vpsi’ _ es’_def(1—2)])+
have j' = Suc i V —memL (1 o j) (t o i) I
using loop(2) j'_def read_t_e' ru_t_tau[OF es’_def(1)] read_t_run[where ?run_hd=run_hd]
by (fastforce simp: while_since__cond__def es’_def(2) t_def split: option.splits)
then have tau_k j" k<i= memL (ro k) (roi)l+— k<j fork
using ru_t_tau_in[OF es’_def(1)] es’_def(3) T_monolof j' k o] memL_mono
by (fastforce simp: es’_def(2) in_set_conv_nth)
have b_sat: b = sat (Since phi I psi) ©
proof (rule iffI)
assume b: b
obtain m where m__def: last_before (sat psi) j' = Some m i — m < cphi’ memR (1 0 m) (1 0 i) I
using b
by (auto simp: b_def t_def cppsi’_def tppsi’_def split: option.splits)
note auz = last_before_Some[OF m__def(1)]
have mem: mem (1t o m) (1 0 i) I
using m_ def(3) tau_k_j’ aux
by (auto simp: mem__def j'_def)
have sat_phi: sat phi z if m < zz < i for =
using m__def(2) that le_neq_implies_less
by (fastforce simp: cphi’_sat dest: last_before_None last_before_Some split: option.splits if _splits)
show sat (Since phi I psi) i
using auz mem sat__phi
by (auto simp: j'_def introl: exI[of _ m])
next
assume sat: sat (Since phi I psi) i
then obtain k where k_def: k < imem (t o k) (r o i) I sat psi k Nk'. k < k' A k' < i = sat phi

!/
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k/
by auto
have k_j" k < j'
using tau_k_j'|OF k_def(1)] k_def(2)
by (auto simp: mem__def)
obtain m where m__def: last_before (sat psi) j' = Some m
using last_before_ None[where ?P=sat psi and ?n=j’ and ?m=k] k_def(3) k_j’
by (cases last_before (sat psi) j') auto
have cppsi’_Some: cppsi’ = Some (Suc i — m)
by (auto simp: cppsi’_def m__def)
have tppsi’_Some: tppsi’ = Some (T o m)
by (auto simp: tppsi’_def m__def)
have m_k: k< m
using last_before_Some[OF m__def] k_def(3) k_j'
by auto
have tau_i_m: memR (1 o m) (1 0 @) I
using 7_mono[OF m_k, where ?s=c] memR_mono k_def(2)
by (auto simp: mem__def)
have i — m < cphi’
using k_def(1) k_def(4) m_k
apply (cases k = 1)
apply (auto simp: cphi’_sat b1_def dest!: last_before_Some split: option.splits)
apply (metis diff _le_mono2 le_neq_implies_less le_trans less_imp__le__nat nat_le_linear)
done
then show b
using tau_i_m
by (auto simp: b_def t_def cppsi’_Some tppsi’_Some)
qed
show ?case
using wf v’ reaches_Suc_i
by (auto simp: t_def b_sat)
next
case (Until n I phi psi)
obtain back vphi vpsi front ¢ z es es’ j where v_def:
v = VYDRA_ Until I back vphi vpsi front ¢ z
wf_vydra phi j n vphi wf_vydra psi j n vpsi i < j
reaches__on ru_t [_t0 es back length es = @
reaches_on ru_t [ _t0 es’ front length es’ = j \t. t € set es’ => memR (1 0 i) t |
c=j— iz = (case j of 0 = None | Suc k = Some (1 o k, sat phi k, sat psi k))
Nk. k€ {i.<j — 1} = sat phi k N (memL (1 o i) (t 0 k) I — —sat psi k)
using Until(5)
by (auto elim: wf_vydra.cases)
define loop_ init where loop_init = (vphi, vpsi, front, ¢, z)
obtain back’ vphi’ vpsi’ epsi’ ¢’ zo' zt 2b1 2b2 where run_back: Tu_t back = Some (back’, t)
and loop__def: while_break (while_until cond I t) (while_until _body run__hd (ru m)) loop_init =
Some (vphi’, vpsi’, epsi’, ¢', zo')
and v'_def: v' = VYDRA__Until I back’ vphi’ vpsi’ epsi’ (¢’ — 1) zo’
and ¢’ _pos: =¢' = 0
and zo'_Some: zo' = Some (zt, (2b1, zb2))
and b_def: b = (2b2 A memL t 2t I)
using Until(6)
apply (auto simp: v_def(1) Let_def loop__init_def[symmetric] split: option.splits nat.splits if _splits)
done
define j' where j' = i + ¢’
have j eq: j =1+ ¢
using v_def(4)
by (auto simp: v_def(10))
have ¢t _def: t =701
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using ru_t tau[OF v_def(5) run_back]
by (auto simp: v_def(6))
define loop__inv where loop_inv = (A(vphi, vpsi, epsi, ¢, z0).
letj=1+ cin
wf_wvydra phi j n vphi A\ wf_vydra psi j n vpsi A
(3 gs. reaches_on ru_t 1 _t0 gs epsi A length gs = j N (Vt. t € set gs — memR (7 0 ) t I)) A
z0 = (case j of 0 = None | Suc k = Some (17 o k, sat phi k, sat psi k)) A
(Vk. ke {i.<j— 1} — sat phi k A (memL (1 0 i) (1 0 k) I —> —sat psi k)))
have loop__inv__init: loop__inv loop__init
using v_def(2,8,7,9,12)
by (auto simp: loop__inv__def loop__init_def j_eq[symmetric] v_def(8,11))
have loop_step: loop_inv s’ if loop__assms: loop__inv s while__until_cond I t s while__until _body run__hd
(ru n) s = Some s’ for s s’
proof —
obtain vphi_cur vpsi_cur epsi_cur ¢__cur zo__cur where s_def: s = (vphi__cur, vpsi__cur, epsi__cur,
c_cur, zo__cur)
by (cases s) auto
define j cur where j_cur = i + ¢_cur
obtain epsi’_cur t’_cur vphi’_cur tphi__cur bphi_cur vpsi’_cur tpsi_cur bpsi_cur where
run__epsi: ru_t epsi_cur = Some (epsi;cur, t;cur)
and run_ vphi: ru n vphi__cur = Some (vphi’_cur, (tphi__cur, bphi_cur))
and run_ vpsi: Tu n vpsi_cur = Some (vpsi’_cur, (tpsi_cur, bpsi_cur))
using loop__assms(2,3)
apply (auto simp: while_until _cond_def while _until_body_def s_def split: option.splits dest:
read_t_run[where ?run_hd=run__hd])
done
have wf: wf _vydra phi j_cur n vphi__cur wf _vydra psi j_cur n vpsi_cur
and zo__cur_def: zo_cur = (case j_cur of 0 = None | Suc k = Some (1 o k, sat phi k, sat psi k))
using loop__assms(1)
by (auto simp: loop_inv_def s_def j_cur_def[symmetric])
have wf’: wf_vydra phi (Suc j_cur) n vphi’_cur tphi_cur = T 0 j_cur bphi_cur = sat phi j_cur
wf_vydra psi (Suc j_cur) n vpsi’_cur tpsi_cur = T o j_cur bpsi_cur = sat psi j_cur
using Until(3)[OF wf(1) run_vphi] Until(4)[OF wf(2) run_vpsi] Until(7,8)
apply (auto)
done
have s’_def: s’ = (vphi'_cur, vpsi’_cur, epsi’_cur, Suc c__cur, Some (t'_cur, (bphi_cur, bpsi_cur)))
using loop__assms(3)
by (auto simp: while__until _body__def s_def run__epsi run__uphi run__vpsi)
obtain gs cur where gs cur_def: reaches _on ru_t | _t0 gs_cur epsi_cur
length gs_cur = j_cur A\t. t € set gs_cur = memR (t o i) t 1
using loop__assms(1)
by (auto simp: loop_inv_def s_def j_cur_def[symmetric])
have t'_cur_def: t'_cur = 7 o j_cur
using ru_t_tau[OF gs_cur_def(1) run__epsi]
by (auto simp: gs_cur_def(2))
have t'_cur_right I: memR t t'_cur I
using loop__assms(2) run_t_read[OF run__epsi]
by (auto simp: while__until _cond__def s_def)
have c¢c_cur_zero: ¢c_cur = 0 = j_cur =1
by (auto simp: j_cur_def)
have k € {i.<Suc j_cur — 1} = sat phi k A (memL (7 o i) (1 0 k) I — —sat psi k) for k
using loop__assms(1,2)
by (cases k = j_cur — Suc 0) (auto simp: while__until _cond__def loop__inv__def j _cur_def[symmetric]
zo__cur_def s_def until _ready_def t_def split: nat.splits dest: c__cur_zero)
then show ?%thesis
using wf’ t'_cur_right I
using reaches_on_app[OF gs_cur_def(1) run_epsi| gs_cur_def(2,3)
by (auto simp: loop_inv_def s'_def j_cur_def[symmetric] t_def t'_cur_def intro': exI[of __ gs_cur
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Q [t'_cur]))
qed
have wf_loop: wf {(s’, s). loop_inv s A while__until_cond It s A Some s’ = while_until__body run__hd
(ru n) s}
proof —
obtain m where m_def: -7 o m < 7 0 ¢ + right I
using ez_lt_t[where ?z=right [ and ?s=c] Until(7)
by auto
define X where X = {(s/, 5). loop_inv s A while_until_cond It s A Some s’ = while_until_body
run_hd (ru n) s}
have memR t (T o (i + ¢)) I = i+ ¢ < m for ¢
using m__def order_trans|OF 1_mono[where ?i=m and ?j=i + ¢ and %s=0]]
by (fastforce simp: t_def dest!: memR__dest)
then have X C measure (A(vphi, vpsi, epsi, ¢, zo). m — c)
by (fastforce simp: X__def while__until cond__def while__until_body__def loop__inv_def Let_def split:
option.splits
dest!: read_t_run[where ?run_hd=run__hd] dest: ru_t_tau)
then show %thesis
using wf_subset
by (auto simp: X__def[symmetric])

ged
have loop: loop__inv (vphi’, vpsi’, epsi’, ¢', zo") —~while__until_cond I t (vphi’, vpsi’, epsi’, c¢', zo')
using while__break__sound[where ?Q=M\s. loop_inv s A —while_until_cond I t s, OF _ __ wf_loop

loop__inv_init] loop__step
by (auto simp: loop__def)
have tau_right I: k < j' = memR (t 0 i) (t o k) I for k
using loop(1) ru_t_tau_in
by (auto simp: loop_inv_def j'_def[symmetric] in__set_conv_nth)
have read_t_epsi’: read_t epsi’ = Some et = et = 7 o j' for et
using loop(1) ru_t_tau
by (fastforce simp: loop__inv_def Let_def j'_def dest!: read_t_run[where ?run_hd=run__hd)])
have end_cond: until_ready I t ¢’ z0' vV =(memR (1 o i) (7 o ) I)
unfolding ¢_def[symmetric]
using Until(6) ¢’ _pos loop(2)[unfolded while_until _cond__def]
by (auto simp: until_ready_def v_def(1) run_back loop_init_def[symmetric] loop_def zo'_Some
split: if _splits option.splits nat.splits dest: read_t_epsi’)
have Suc_i_le_j" Suci < j' and ¢’_j" ¢’ — Suc 0 = j' — Suc i
using end_cond ¢’_pos
by (auto simp: until_ready__def j'_def split: nat.splits)
have zo'_def: z0' = (case j' of 0 = None | Suc k = Some (7 o k, sat phi k, satl psi k))
and sat_phi: k € {i..<j' — 1} = sat phi k
and not_sat_psi: k € {i.<j’' — 1} = memL (7 ¢ i) (1t 0 k) I = —sat psi k for k
using loop(1)
by (auto simp: loop_inv_def j'_def|[symmetric])
have b_sat: b = sat (Until phi I psi) ©
proof (rule iffI)
assume b: b
have mem: mem (7 o i) (t o (j' — Suc 0)) I
using b zo’_def tau_right _I[where %k=j' — 1]
by (auto simp: mem__def b__def t_def zo’_Some split: nat.splits)
have sat_psi: sat psi (' — 1)
using b zo’_def
by (auto simp: b_def zo'_Some split: nat.splits)
show sat (Until phi I psi) i
using Suc_i le_j' mem sat_psi sat_phi
by (auto intro!: exI[of __ j' — 1])
next
assume sat (Until phi I psi) ¢
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then obtain k where k_def: i < kmem (7 0 @) (1 0 k) I sat psi k Vm € {i..<k}. sat phi m
by auto
define X where X = {m € {i..k}. memL (7 o i) (t ¢ m) I A sat psi m}
have fin_ X: finite X and X_nonempty: X # {} and k_X: k€ X
using k_ def
by (auto simp: X__def mem__def)
define km where km = Min X
note auz = Min_in[OF fin_X X_nonempty, folded km__def]
have km_def: i < km km < k memL (7 o i) (t o km) I sat psi km Vm € {i..<km}. sat phi m
Vm € {i.<km}. memL (1 o i) (T ¢ m) I — —sat psi m
using auz Min_le[OF fin_X, folded km__def] k_def(4)
by (fastforce simp: X__def)+
have ;" _le_km:j' — 1 < km
using not_sat_psi|OF _ km_ def(3)] km_def(1,4)
by fastforce
show b
proof (cases j' — 1 < km)
case True
have until_ready I t ¢’ zo’
using end_cond True km__def(2) k_def(2) memR_mono'|OF _ 7_mono|where ?i=j" and ?j=k
and ?s=0]]
by (auto simp: mem__def)
then show ?Zthesis
using ¢’ _pos zo'_def km__def(5) Suc_i_le_j' True
by (auto simp: until _ready_def zo’_Some b__def split: nat.splits)
next
case Fulse
have km_j": km = j' — 1
using j'_le_km False
by auto
show ?thesis
using ¢’_pos zo'_def km__def(3,4)
by (auto simp: zo'_Some b__def km__j’ t_def split: nat.splits)
qed
qed
obtain gs where gs_def: reaches_on ru_t 1 t0 gs epsi’ length gs = j’
Nt t € set gs = memR (1 0 %) t ]
using loop(1)
by (auto simp: loop_inv_def j'_def[symmetric])
note auz = 7_mono[where ?s=c and %i=i and ?j=Suc i
have wf v" wf_vydra (Until phi I psi) (Suc i) (Suc n) v’
unfolding v’ _def
apply (rule wf_vydra.intros(10)[where ?j=j’ and ?es’=gs])
using loop(1) reaches_on__app[OF v_def(5) run_back] Suc_i_le_j' ¢'_j' memL_mono[OF _ auz]
memR_mono[OF __ auz] gs_def
by (auto simp: loop_inv_def j'_def[symmetric] v_def(6,8))
show ?case
using wf v’ ru_t_event|OF v_def(5) refl run_back]
by (auto simp: b_sat v_def(6))
next
case (MatchP n IT)
have IH: z € set (collect_subfmlas r [|) = wf_vydra xjn v = run v = Some (v', t, b) = wf_vydra
z (Sucj)nv' At=1to0jANb=satzjforzjvov tb
using MatchP(2,1,5,6) le_trans[OF collect _subfmlas_msize]
using bf collect__subfmlasjwhere ?r=r and ?phis=[]]
by (fastforce simp: collect__subfmlas__atms[where ?phis=|[], simplified, symmetric])
have reaches_on (run) (sun phi) vs v = wf_vydra phi (length vs) n v if phi: phi € set (collect__subfmlas
r []) for phi vs v
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apply (induction vs arbitrary: v rule: rev_induct)
using MatchP (1) wf_vydra__sub collect__subfmlas_msize[OF phi]
apply (auto elim!: reaches_on.cases)[1]
using [H[OF phi]
apply (fastforce dest!: reaches__on__split_last)
done
then have wf: reaches_on (run_subs (ru n)) (map (su n) (collect__subfmlas r [])) bs s = j < length
(collect _subfmlas r [|) =
wf_vydra (collect_subfmlas v [| ! j) (length bs) n (s ! j) for bs s j
using reach_run__subs_run
by (fastforce simp: in__set__conv_nth)
let ?qf = state_cnt r
let %transs = iarray_of list (build_nfa_impl r (0, ?qf, []))
define args where args = init_args ({0}, NFA.delta’ ?transs ?qf, NFA.accept’ ?transs ?qf) (ru_t,
read_t) (run_subs (ru n))
interpret MDL window o r [_t0 map (su n) (collect_subfmlas r []) args
using bs__sat|where ?r=r and ?n=n, OF _ wf__reach_run__subs_len|where ?n=n|| IH run_t_read[of
run__hd]
read_t_run[of _ __ run_hd] ru_t_tau MatchP(5) collect_subfmlas_atms[where ?phis=[]]
unfolding args def iarray_of list_def
by unfold__locales auto
obtain w xs where w_def: v = VYDRA_ MatchP I %transs ?qf w
valid_window__matchP args I 1_t0 (map (su n) (collect subfmlas r [|)) zs ¢ w
using MatchP(3,4)
by (auto simp: args_def elim!: wf _vydra.cases[of _ __ __ v])
obtain tj’ t' sj’ bs where somes: w_run_t args (w_tj w) = Some (tj', t')
w_run_sub args (w_sj w) = Some (sj’, bs)
using MatchP(4)
by (auto simp: w_def(1) adv_end_def args_def Let_def split: option.splits prod.splits)
obtain w’ where w’_def: eval_mP I w = Some ((t o 4, sat (MatchP I r) i), w’)
t' =7 o i wvalid_matchP I1_t0 (map (su n) (collect_subfmlas r [])) (zs @ [(¢', bs)]) (Suc ) w’
using valid__eval _matchP[OF w_def(2) somes| MatchP(6)
by auto
have v'_def: v/ = VYDRA_ MatchP I ?transs ?qf w’ (1, b) = (7 o i, sat (MatchP I r) i)
using MatchP(4)
by (auto simp: w_def(1) args_def[symmetric] w’'_def(1) simp del: eval_matchP.simps init_args.simps)
have len_zs: length zs = ©
using w'_def(3)
by (auto simp: valid_window__matchP_def)
have Jes e. reaches_on run__hd init_hd es e N\ length es = Suc @
using ru_t_event valid_window_matchP_reach_tj|OF w_def(2)] somes(1) len_zs
by (fastforce simp: args_def)
then show ?case
using MatchP(1) v'_def(2) w'_def(3)
by (auto simp: v’'_def(1) args_def[symmetric] simp del: init_args.simps intro': wf _vydra.intros(11))
next
case (MatchF n I r)
have IH: z € set (collect_subfmlas r [|) = wf_vydra xjn v = run v = Some (v', t, b) = wf_vydra
z (Sucj)nv' ANt=10jANb=satzjforzjovov tb
using MatchF(2,1,5,6) le_trans|OF collect _subfmlas_msize]
using bf collect subfmlas[where ?r=r and ?phis=|]]
by (fastforce simp: collect__subfmlas__atms[where ?phis=||, simplified, symmetric])
have reaches_on (run) (sun phi) vs v = wf_vydra phi (length vs) n v if phi: phi € set (collect__subfmlas
r []) for phi vs v
apply (induction vs arbitrary: v rule: rev_induct)
using MatchF(1) wf_vydra_sub collect_subfmlas_msize[OF phi]
apply (auto elim!: reaches_on.cases)[1]
using [H[OF phi]
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apply (fastforce dest!: reaches on__split_last)
done
then have wf: reaches on (run_subs (ru n)) (map (su n) (collect _subfmlas r [])) bs s => j < length
(collect__subfmlas r [|) =
wf_vydra (collect__subfmlas r [| ! j) (length bs) n (s ! j) for bs s j
using reach__run__subs_run
by (fastforce simp: in__set__conv_nth)
let ?qf = state_cnt r
let ?transs = iarray_of_list (build_nfa_impl r (0, ?qf, [])
define args where args = init_args ({0}, NFA.delta’ ?transs ?qf, NFA.accept’ ?transs ?qf) (ru_t,
read_t) (run_subs (ru m))
interpret MDL_window o r [_t0 map (su n) (collect_subfmlas r []) args
using bs_sat[where ?r=r and ?n=n, OF __ wf__reach_run__subs_len|where ?n=n|| IH run_t_read[of
run__hd)|
read_t_run[of _ _ run_hd] ru_t_tau MatchF(5) collect_subfmlas atms[where ?phis=[]]
unfolding args def iarray_of list_def
by unfold_locales auto
obtain w zs where w_def: v = VYDRA_ MatchF I ?transs ?qf w
valid_window_matchF args I'1_t0 (map (su n) (collect_subfmlas r [])) zs i w
using MatchF(8,4)
by (auto simp: args_def elim!: wf_vydra.cases[of _ __ __ v])
obtain w’ rho’ where w’_def: eval_mF I w = Some ((t, b), w’) valid_matchF I 1_t0 (map (su n)
(collect_subfmlas r [])) rho’ (Suc i) w' t =7 o i b = sat (MatchF Ir) i
using valid__eval_matchF _sound[OF w_def(2)] MatchF(4,5,6)
by (fastforce simp: w_def(1) args_def[symmetric] simp del: eval_matchF.simps init__args.simps split:
option.splits)
have v’ _def: v = VYDRA_ MatchF I ?transs ?qf w’
using MatchF(4)
by (auto simp: w_def(1) args_def[symmetric] w'_def(1) simp del: eval_matchF.simps init__args.simps)
obtain w_ti’ ti where ru_w_ti: ru_t (w_ti w) = Some (w_ti’, ti)
using MatchF (4) read_t_run
by (auto simp: w_def(1) args_def split: option.splits)
have Jes e. reaches_on run__hd init_hd es e N\ length es = Suc @
using w_def(2) ru_t_event[OF _ refl ru_w_ti, where ?ts=take (w_1i w) (map fst zs)]
by (auto simp: valid_window__matchF _def args__def)
then show ?case
using MatchF (1) w’_def(2)
by (auto simp: v'_def(1) args_def[symmetric] w'_def(3,4) simp del: init__args.simps intro!: wf_vydra.intros(12))
qged

lemma reaches_ons_run__ID: reaches_on (run_subs (ru n)) vs ws vs' =
length vs = length vs’
by (induction vs ws vs’ rule: reaches__on__rev_induct)
(auto simp: run__subs_def Let_def split: option.splits if _splits)

lemma reaches_ons_run_vD: reaches_on (run_subs (ru n)) vs ws vs' =
i < length vs => (Jys. reaches_on (run) (vs ! 3) ys (vs'! i) A length ys = length ws)
proof (induction vs ws vs’' Tule: Teaches_on_ rev_induct)
case (2 s s’ bs bss s”)
obtain ys where ys_def: reaches_on (run) (s! i) ys (s'! 9)
length s = length s’ length ys = length bss
using reaches _ons_run_ID[OF 2(1)] 2(3)[OF 2(4)]
by auto
obtain tb where tb_def: ru n (s'! i) = Some (5" ! 4, tb)
using run_subs vD[OF 2(2) 2(4)[unfolded ys def(2)]]
by auto
show ?case
using reaches _on_app[OF ys_def(1) tb_def(1)] ys_def(2,3) tb_def
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by auto
qed (auto intro: reaches__on.intros)

lemma reaches ons runl:
assumes Aphi. phi € set (collect _subfmlas r []) = Jws v. reaches_on (ru n) (su n phi) ws v A length
ws =14
shows Jws v. reaches_on (run_subs (ru n)) (map (su n) (collect__subfmlas r [])) ws v A length ws = i
using assms
proof (induction i)
case (
show ?case
by (fastforce intro: reaches__on.intros)
next
case (Suc 1)
have IH" Aphi. phi € set (collect_subfmlas r [|) = Jws v. reaches_on (ru n) (su n phi) ws v A
length ws = ¢ A run v # None
proof —
fix phi
assume lassm: phi € set (collect_subfmlas r [])
obtain ws v where ws__def: reaches_on (ru n) (su n phi) ws v
length ws = Suc ©
using Suc(2)[OF lassm)]
by auto
obtain y ys where ws_snoc: ws = ys @ [y]
using ws_def(2)
by (cases ws rule: rev_cases) auto
show Jws v. reaches_on (ru n) (su n phi) ws v A length ws = i A ru n v # None
using reaches_on_split_last|OF ws_def(1)[unfolded ws snoc]] ws_def(2) ws_snoc
by fastforce
ged
obtain ws v where ws_def: reaches_on (run__subs (ru n)) (map (su n) (collect_subfmlas r [])) ws v
length ws = 1
using Suc(1) IH'
by blast
have z € set v = Option.is_none (ru n z) = Fualse for z
using ws_def IH'
by (auto simp: in__set__conv_nth) (metis is_none__code(2) reach__run__subs_len reach__run__subs_run
reaches__on__inj)
then obtain v’ tb where v’_def: run_subs (ru n) v = Some (v’, tb)
by (fastforce simp: run__subs_def Let def)
show ?case
using reaches_on__app[OF ws_def(1) v'_def] ws_def(2)
by fastforce
qed

lemma reaches_on__takeWhile: reaches_on 1 s vs s' = r s’ = Some (s, v) = ~f v =
vs' = takeWhile f vs =—
3t"t" v’ reaches_onrswvs' t' A rt' = Some (t’, v') A =f v’ A
reaches_on r t' (drop (length vs') vs) s’
by (induction s vs s’ arbitrary: vs’ rule: reaches_on.induct) (auto intro: reaches_on.intros)

lemma reaches__on__suffix:
assumes reaches _on r s vs s’ reaches_on r s vs' 8" length vs’ < length vs
shows Jwvs”’. reaches _on r s’ vs"’ s’ A vs = vs’ @Q vs”’
using reaches_on__split'[where ?i=length vs’, OF assms(1,3)] assms(3) reaches _on__inj[OF assms(2)]
by (metis add__diff _cancel_right’ append_take__drop_id diff_diff _cancel length__append length__drop)

lemma vydra__wf reaches on:

122



assumes A\j v. j < i = wf_vydra ¢ j n v = ru n v = None = False bounded_ future_fmla ¢
wf_fmla ¢ msize_fmla ¢ < n
shows Juvs v. reaches_on (run) (sun ) vs v A wf_vydra ¢ i n v A length vs = ¢
using assms(1)
proof (induction )
case (Suc 17)
obtain vs v where IH: reaches_on (run) (sun ) vs v wf_vydra ¢ i n v length vs = i
using Suc(1) Suc(2)[OF less_Sucl]
by auto
show ?case
using reaches _on_app[OF IH(1)] Suc(2)[OF _ IH(2)] vydra_sound auz[OF assms(4) IH(2) _
assms(2,3)] IH(3)
by fastforce
qed (auto intro: reaches on.intros wf vydra_sub[OF assms(4)])

lemma reaches on_Some:
assumes reaches _on r s vs s’ reaches_on r s vs’ s length vs < length vs’
shows 35" z. r s' = Some (s, z)
using reaches_on__split{OF assms(2,3)] reaches_on__inj|OF assms(1)] assms(3)
by auto

lemma reaches__on__progress:
assumes reaches on run__hd init_hd vs e
shows progress phi (map fst vs) < length vs
using progress_le_ts[of map fst vs phi] reaches_on_run_hd 7__fin
by (fastforce dest!: reaches__on__setD[OF assms] reaches_on__split_last)

lemma vydra__complete _aux:
assumes prefix: reaches_on run__hd init_hd vs e
and run: wf_vydra ¢ in v runv = Nonei < progress ¢ (map fst vs) bounded_ future_ fmla ¢ wf fmla
P
and msize: msize_fmla ¢ < n
shows Fualse
using msize run
proof (induction n ¢ arbitrary: i v rule: run_induct)
case (Bool b n)
have Fualse if v_def: v = VYDRA_ Bool b g for g
proof —
obtain es where g_def: reaches_on run__hd init_hd es g length es =
using Bool(1)
by (auto simp: v_def elim: wf_vydra.cases)
show False
using Bool(2) reaches _on_Some[OF g_def(1) prefiz] Bool(3)
by (auto simp: v_def g_def(2) split: option.splits)
qed
then show Fulse
using Bool(1)
by (auto elim!: wf _vydra.caseslof _ _ _ v])
next
case (Atom a n)
have Fualse if v_def: v = VYDRA_ Atom a g for g
proof —
obtain es where g_def: reaches_on run__hd init_hd es g length es = i
using Atom(1)
by (auto simp: v_def elim: wf_vydra.cases)
show False
using Atom(2) reaches_on_Some[OF g_def(1) prefiz] Atom(3)
by (auto simp: v_def g_def(2) split: option.splits)
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qed
then show Fulse
using Atom(1)
by (auto elim!: wf _vydra.cases[of _ __ __ v])
next
case (Neg n phi)
show ?case
apply (rule wf vydra.cases[OF Neg(3)])
using Neg
by (fastforce split: option.splits)+
next
case (Bin n f phi psi)
show ?case
apply (rule wf _vydra.cases[OF Bin(4)])
using Bin
by (fastforce split: option.splits)+
next
case (Prev n I phi)
show Zcase
proof (cases 1)
case (
obtain vphi where v_def: v = VYDRA_ Prev I vphi init_hd None
using Prev(3)
by (auto simp: 0 dest: reaches_on_NilD elim!: wf vydra.cases[of Prev I phi])
show ?thesis
using Prev(4,5) prefiz
by (auto simp: 0 v_def elim: reaches__on.cases split: option.splits)
next
case (Suc j)
show ?thesis
proof (cases v = VYDRA None)
case v_def: True
obtain w where w_def: wf vydra phi j n w ru n w = None
using Prev(8)
by (auto simp: Suc v_def elim!: wf_vydra.cases[of Prev I phi))
show ?thesis
using Prev(2)[OF w_def(1,2)] Prev(5,6,7)
by (auto simp: Suc)
next
case False
obtain vphi tphi bphi es g where v_def: v = VYDRA_ Prev I vphi g (Some (tphi, bphi))
wf_wvydra phi (Suc j) n vphi reaches__on run__hd init_hd es g length es = Suc j
using Prev(8) False
by (auto simp: Suc elim!: wf_vydra.cases[of Prev I phi])
show ?thesis
using Prev(4,5) reaches_on_Some[OF v_def(3) prefiz]
by (auto simp: Let_def Suc v_def(1,4) split: option.splits)
qed
qed
next
case (Next n I phi)
show ?case
proof (cases v = VYDRA_ None)
case True
obtain w where w_ def: wf vydra phi i n w ru n w = None
using Next(3)
by (auto simp: True elim: wf_vydra.cases)
show ?thesis
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using Next(2)[OF w_def] Next(5,6,7)
by (auto split: nat.splits)

next
case Fulse
obtain w sub to es where v_def: v = VYDRA_Next I w sub to wf_vydra phi (length es) n w
reaches__on run__hd init_hd es sub length es = (case to of None = 0 | _ = Suc i)

case to of None = i = 0 | Some told = told =7 o i
using Nezt(3) False
by (auto elim!: wf_vydra.cases[of _ __ __ v] split: option.splits nat.splits)
show ?thesis
proof (cases to)
case None
obtain w’ tw’ bw’ where w’_def: ru n w = Some (w’, (tw’, bw’))
using Next(2)[OF v_def(2)] Next(5,6,7)
by (fastforce simp: v_def(4) None split: nat.splits)
have wf: wf_vydra phi (Suc (length es)) n w’
using v_def(4,5) vydra_sound_auz|OF Next(1) v_def(2) w’_def] Next(6,7)
by (auto simp: None)
show %thesis
using Next(2)[OF wf] Next(4,5,6,7) reaches _on_Some[OF v_def(8) prefiz]
reaches__on__Some[OF reaches_on__app|OF v_def(3)] prefiz] reaches_on__progress|OF prefiz,
where ?phi=phi]
by (cases vs) (fastforce simp: v_def(1,4) w'_def None split: option.splits nat.splits if _splits)+
next
case (Some z)
show %thesis
using Next(2)[OF v_def(2)] Next(4,5,6,7) reaches_on_Some[OF v__def(3) prefiz] reaches_on__progress|OF
prefiz, where ?phi=phi|
by (auto simp: v_def(1,4) Some split: option.splits nat.splits)
qed
qed
next
case (Since n I phi psi)
obtain vphi vpsi g cphi cpsi cppsi tppsi j gs where v__def:
v = VYDRA_ Since I vphi vpsi g cphi cpsi cppsi tppsi
wf_vydra phi i n vphi wf_vydra psi j n vpsi j < @
reaches_on ru_t 1 _t0 gs g length gs = j cpsi = ¢ — j
using Since(5)
by (auto elim: wf_vydra.cases)
obtain wvphi’ t1 b1 where run_vphi: ru n vphi = Some (vphi’, t1, b1)
using Since(3)[OF v_def(2)] Since(7,8,9)
by fastforce
obtain cs ¢ where wf_vphi”: wf_vydra phi (Suc i) n vphi’
and reaches _Suc__i: reaches _on run__hd init_hd cs ¢ length cs = Suc @
and t1_def: tl =101
using vydra_sound__auz[OF Since(1) v_def(2) run_uvphi] Since(8,9)
by auto
note ru_t_Some = ru_t_Some[OF reaches_Suc_i
define loop__inv where loop_inv = (A(vpsi, e, cpsi :: nat, cppsi :: nat option, tppsi :: 't option).
let 5 = Suc i — cpsi in cpsi < Suc i A wf_vydra psi j n vpsi A (Fes. reaches_on ru_t 1_t0 es e A
length es = 7))
define loop__init where loop__init = (vpsi, g, Suc cpsi, map__option Suc cppsi, tppsi)
have j def: j = i — cpsi and cpsi__i: cpsi < @
using v_def(4,7)
by auto
then have loop_inv_init: loop__inv loop__init
using v_def(3,5,6,7) last_before__Some
by (fastforce simp: loop__inv__def loop__init_def Let_def j_def split: option.splits)
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have wf _loop: wf {(s’, s). loop__inv s A\ while__since_cond I t1 s A\ Some s' = while__since__body run__hd
(ru n) s}
by (auto intro: wf_subset|OF wf_since])
have step_loop: pred_option’ loop__inv (while_since__body run__hd (ru n) s)
if loop__assms: loop__inv s while__since__cond I t1 s for s
proof —
obtain vpsi d cpsi cppsi tppsi where s_def: s = (vpsi, d, cpsi, cppsi, tppsi)
by (cases s) auto
have cpsi_pos: cpsi > 0
using loop__assms(2)
by (auto simp: while__since__cond__def s__def)
define j where j = Suc i — cpsi
have j i:j <
using cpsi_pos
by (auto simp: j_def)
obtain ds where loop before: cpsi < Suc i wf_vydra psi j n vpsi reaches_on ru_t | _t0 ds d length
ds =j
using loop__assms(1)
by (auto simp: s_def j_def loop_inv_def Let_def)
obtain h ¢t where tt def: read_t d = Some tt d = Some (h, it)
using ru_t_Some[OF loop__before(3)] loop__before(4) loop__assms(2)
by (cases d) (fastforce simp: while__since__cond__def s_def j_def split: option.splits)+
obtain d’ where d’_def: reaches_on ru_t 1 t0 (ds @ [tt]) d' ru_t d = Some (d’, tt)
using reaches__on__app[OF loop__before(3)] tt_def(1)
by (cases run__hd h) (auto simp: tt_def(2))
obtain wvpsi’ tpsi’ bpsi’ where run_vpsi: ru n vpsi = Some (vpsi’, (tpsi’, bpsi’))
using Since(4) j_i Since(7,8,9) loop__before(2)
by fastforce
have wf_psi"s wf_vydra psi (Suc j) n vpsi’ and t'_def: tpsi’ = 7 o j and b’_def: bpsi’ = sat psi j
using vydra__sound__auz[OF Since(2) loop__before(2) run_uvpsi] Since(8,9)
by auto
define j’' where j’_def: j' = Suc i — (cpsi — Suc 0)
have j'_j: j' = Suc j
using loop__before(1) cpsi_pos
by (auto simp: j'_def j_def)
show ?thesis
using wf_psi’(1) loop__before(1,4) d'_def(1)
by (fastforce simp: while__since__body__def s _def run__vpsi pred__option’__def loop__inv_def j'_def[symmetric]
§'_jgd’_def(2) ti_def)
qed
show ?case
using while_break_complete] OF step__loop _ wf _loop loop_inv_init, where ?Q=M\_. True] Since(6)
by (auto simp: pred_option’_def v_def(1) run_vphi Let_def loop_init_def split: option.splits)
next
case (Until n I phi psi)
obtain back vphi vpsi front ¢ z es es’ j where v_def:
v = VYDRA_ Until I back vphi vpsi front ¢ z
wf_vydra phi j n vphi wf_vydra psi j n vpsi i < j
reaches__on ru_t [_t0 es back length es = 1@
reaches_on ru_t [ _t0 es’ front length es’ = j A\t. t € set es’ = memR (1 0 i) t |
¢c=j— iz = (case jof 0 = None | Suc k = Some (7 o k, sat phi k, sat psi k))
Nk. k€ {i.<j — 1} = sat phi k N (memL (1 o @) (t 0 k) I — —sat psi k)
using Until(5)
by (auto simp: elim: wf_vydra.cases)
have ru_t_Some: reaches_on ru_t 1_t0 gs g = length gs < length vs = 3¢’ gt. ru_t g = Some (g/,
gt) for gs g
using reaches_on_Some reaches_on_run_hd_t[OF prefiz]
by fastforce
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have vs_tau: map fst vs | k = 7 o k if k_vs: k < length vs for k
using reaches__on__split|OF prefiz k_vs| run__hd_sound k__vs
apply (cases vs ! k)
apply (auto)
apply (metis fst_conv length__map nth_map prefix reaches_on_run__hd_t ru_t_tau_in)
done
define m where m = min (length (map fst vs) — 1) (min (progress phi (map fst vs)) (progress psi
(map fst v5))
have m_vs: m < length vs
using Until(7)
by (cases vs) (auto simp: m__def split: if _splits)
define A where A = {j. 0 < j A j< m A memR (map fst vs! j) (map fst vs ! m) I}
have m_A: m € A
using memR__tfin_refllOF 7__fin] vs_tau[OF m_ vs]
by (fastforce simp: A__def)
then have A_nonempty: A # {}
by auto
have A_ finite: finite A
by (auto simp: A__def)
have p: progress (Until phi I psi) (map fst vs) = Min A
using Until(7)
unfolding progress.simps m__def[symmetric] Let_def A__def[symmetric]
by auto
have i A:i¢ A
using Until(7) A_finite A__nonempty
by (auto simp del: progress.simps simp: p)
have i m: i < m
using Until(7) m_A A_ finite A_nonempty
by (auto simp del: progress.simps simp: p)
have memR_ i _m: —-memR (map fst vs | i) (map fst vs ! m) I
using i Ai m
by (auto simp: A__def)
have i_wvs: i < length vs
using ¢ m m__vs
by auto
have j_m: j < m
using ru_t tau in[OF v_def(7), of m| v_def(9)[of T 0 m] memR_i m
unfolding vs_tau[OF i_wvs] vs_tau[OF m_ vs]
by (force simp: in__set_conv_nth v_def(8))
have j wvs: j < length vs
using j m m_ vs
by auto
obtain back’ t where run_back: ru_t back = Some (back’, tYyand t_def: t =T o i
using ru_t_Some[OF v_def(5)] v_def(4) j_vs ru_t_tau[OF v_def(5)]
by (fastforce simp: v_def(6))
define loop_inv where loop_inv = (A(vphi, vpsi, front, ¢, z =z ("t x bool X bool) option).
let j = i + c in wf_vydra phi j n vphi N\ wf _vydra psi j n vpsi A\ j < length vs A
(Fes'. reaches_on ru_t 1_t0 es’ front A length es’ = j) A
(z = None — j = 0))
define loop__init where loop__init = (vphi, vpsi, front, c, z)
have j eq: j =1+ ¢
using v_def(4)
by (auto simp: v_def(10))
have j =0 = c=0
by (auto simp: j_eq)
then have loop_inv_init: loop__inv loop__init
using v_def(2,8,4,7,8,9,11) j_wvs
by (auto simp: loop_inv__def loop__init_def j _eq[symmetric] split: nat.splits)
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have loop__step: pred_option’ loop__inv (while_until _body run__hd (ru n) s) if loop__assms: loop_inv s
while_until _cond I t s for s
proof —
obtain vphi__cur vpsi__cur epsi_cur ¢_cur zo__cur where s_def: s = (vphi__cur, vpsi__cur, epsi__cur,
c_cur, zo__cur)
by (cases s) auto
define j cur where j _cur = i + ¢_cur
obtain gs where wf: wf_vydra phi j_cur n vphi__cur wf_vydra psi j_cur n vpsi_cur
and gs_def: reaches_on ru_t [_t0 gs epsi_cur length gs = j__cur
and j_cur_wvs: j_cur < length vs
using loop__assms(1)
by (auto simp: loop_inv_def s_def j_cur_def[symmetric])
obtain epsi’_cur t’_cur where run__epsi: ru_t epsi_cur = Some (epsi’_cur, t'_cur)
and t'_cur_def: t'_cur = 7 o (length gs)
using ru_t _Some[OF gs_def(1)] ru_t_event[OF gs_def(1) refl] j_cur_vs
by (auto simp: gs_def(2))
have | m: j cur < m
using loop__assms(2) memR_i_m memR_mono’|OF _ 7_mono, of _ _
unfolding vs_tau[OF i_vs] vs_tau[OF m_ vs]
by (fastforce simp: gs_def(2) while_until _cond_def s _def run_t_read|OF run__epsi] t_deft’_cur_def)
have j_cur_prog_phi: j_cur < progress phi (map fst vs)
using j m
by (auto simp: m__def)
have j_cur_prog_psi: j_cur < progress psi (map fst vs)
using j m
by (auto simp: m__def)
obtain vphi’_cur tphi_cur bphi__cur where run_ vphi: ru n vphi__cur = Some (vphi’_cur, (tphi_cur,
bphi__cur))
using Until(3)[OF wf(1) _ j_cur_prog_phi] Until(8,9)
by fastforce
obtain wvpsi’_cur tpsi__cur bpsi__cur where run_upsi: Tu n vpsi_cur = Some (vpsi’_cur, (tpsi_cur,
bpsi_cur))
using Until(4)[OF wf(2) __ j_cur_prog_psi] Until(8,9)
by fastforce
have wf” wf_vydra phi (Suc j_cur) n vphi’_cur wf_vydra psi (Suc j_cur) n vpsi’_cur
using vydra_sound__auz[OF Until(1) wf(1) run_vphi] vydra_sound_auz[OF Until(2) wf(2)
run__vpsi] Until(8,9)
by auto
show ?thesis
using wf’ reaches _on__app[OF gs_def(1) run__epsi] gs_def(2) 7_m m_vs
by (auto simp: pred__option’_def while__until_body__def s _def run__epsi run__vphi run__vpsi loop__inv__def
j_cur_def[symmetric])
qed
have wf_loop: wf {(s’, s). loop__inv s N\ while_until _cond It s N\ Some s’ = while__until_body run_hd
(run) s}
proof —
obtain m where m_def: -7 o m < 7 0 ¢ + right I
using ez lt 7[where ?z=right I and ?s=c| Until(8)
by auto
define X where X = {(s’, s). loop_inv s N\ while_until _cond It s A Some s’ = while__until_body
run_hd (ru n) s}
have memR t (1 o (i + ¢)) I = i + ¢ < m for ¢
using m__def order_trans|OF 1_mono[where ?i=m and ?j=i + ¢ and %s=0]]
by (fastforce simp: t_def dest!: memR__dest)
then have X C measure (A(vphi, vpsi, epsi, ¢, z0). m — c)
by (fastforce simp: X__def while__until_cond__def while__until_body__def loop__inv__def Let_ def split:
option.splits
dest!: read_t_run[where ?run_hd=run_hd] dest: ru_t_tau)

m]
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then show %thesis
using wf_subset
by (auto simp: X__def[symmetric])
qed
obtain vphi’ vpsi’ front’ ¢’ 2’ where loop:
while__break (while_until_cond I t) (while_until_body run__hd (ru n)) loop_init = Some (vphi’, vpsi’,
front’, ¢', 2)
loop__inv (vphi’, vpsi’, front’, ¢', z') —while_until _cond I t (vphi', vpsi’, front’, ¢’ 2')
using while_break__complete[where ?P=loop__inv, OF loop__step __ wf_loop loop__inv_init]
by (cases while_break (while_until cond I t) (while_until body run_hd (ru n)) loop_init) (force
simp: pred_option’_def)+
define j' where j' = i + ¢’
obtain tf where read_front": read_t front’ = Some tf
using loop(2)
by (auto simp: loop__inv_defj'_def[symmetric] dest!: ru_t_Some run_t_read[where ?run_hd=run__hd)])
have tf fin: tf € tfin
using loop(2) ru_t_Some[where ?g=front| ru_t tau[where ?t'=front’] read ¢ run[OF read_ front’]
7__fin[where Zo=0]
by (fastforce simp: loop__inv_def j'_def[symmetric))
have ¢’_pos: ¢/ = 0 = False
using loop(2,3) ru_t_tau ru_t_tau|OF reaches_on.intros(1)] read_t_run[OF read_ front]
memR__tfin_refl[OF tf_fin]
by (fastforce simp: loop_inv_def while_until _cond__def until_ready_def read_front' t_def dest!:
reaches__on__NilD)
have 2z’ Some: z’ = None = False
using loop(2) ¢’_pos
by (auto simp: loop_inv_def j'_def[symmetric])
show ?case
using Until(6) ¢’ _pos z'_Some
by (auto simp: v_def(1) run_back loop_init_def[symmetric] loop(1) read_front’ split: if _splits op-
tion.splits)
next
case (MatchP n IT)
have msize _sub: Az. z € set (collect _subfmlas r [|) = msize_fmla z < n
using le_ trans[OF collect__subfmlas_msize] MatchP(1)
by auto
have sound: z € set (collect_subfmlas r [|) = wf _vydra z j n v = ru n v = Some (v/, t, b)) =
wf_vydraz (Sucj)nv' At=10jAb=satzjforzjvv' tb
using MatchP vydra_sound__auz[OF msize_sub] le_trans[OF collect__subfmlas_msize]
using bf collect_subfmlasiwhere ?r=r and ?phis=[]]
by (fastforce simp: collect__subfmlas__atms[where ?phis=||, simplified, symmetric])
have reaches_on (run) (sun phi) vs v = wf_vydra phi (length vs) n v if phi: phi € set (collect__subfmlas
r []) for phi vs v
apply (induction vs arbitrary: v rule: rev_induct)
using MatchP(1) wf_vydra_sub collect_subfmlas _msize[OF phi]
apply (auto elim!: reaches_on.cases)[1]
using sound|OF phi]
apply (fastforce dest!: reaches on__split_last)
done
then have wf: reaches on (run_subs (ru n)) (map (su n) (collect _subfmlas r [])) bs s = j < length
(collect _subfmlas r [|) =
wf_vydra (collect__subfmlas r [] ! j) (length bs) n (s ! j) for bs s j
using reach__run__subs_run
by (fastforce simp: in__set__conv_nth)
let ?qf = state_cnt r
let ?transs = iarray_of_list (build_nfa_impl r (0, ?qf, []))
define args where args = init_args ({0}, NFA.delta’ ?transs ?qf, NFA.accept’ ?transs ?qf) (ru_t,
read_t) (run_subs (ru m))
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interpret MDL_window o r [_t0 map (su n) (collect_subfmlas r []) args
using bs_sat|where ?r=r and ?%n=n, OF _ wf _ reach_run_subs_len|where ?n=n]| sound
run__t_read[of Tun__hd)
read_t_run[of _ __ run_hd] ru_t_tau MatchP(5) collect_subfmlas_atmswhere ?phis=|[]]
unfolding args def iarray_of list_def
by unfold__locales auto
obtain w zs where w_def: v = VYDRA_ MatchP I ?transs ?qf w
valid_window__matchP args I 1 _t0 (map (su n) (collect subfmlas r [|)) zs ¢ w
using MatchP(3)
by (auto simp: args_def elim!: wf _vydra.cases)
note args’ = args__def|unfolded init__args.simps, symmetric|
have run__args: w_run_t args = ru_t w_run_sub args = run_subs (ru n)
by (auto simp: args__def)
have len_ xs: length xs = i
using w_def(2)
by (auto simp: valid_window__matchP__def)
obtain ej tj where w_tj: ru_t (w_tj w) = Some (ej, tj)
using reaches__on__Some[OF valid__window_matchP_reach_tj|OF w__def(2)]] reaches_on__run_hd_t[OF
prefiz]
MatchP(5) reaches__on__progress|OF prefix, where ?phi=MatchP I r]
by (fastforce simp: run__args len_xs simp del: progress.simps)
have run_subs (ru n) (w_sj w) = None
using valid__eval _matchP[OF w_def(2), unfolded run__args] w_tj MatchP(4,7)
by (cases run__subs (ru n) (w_sj w)) (auto simp: w_def(1) args’ simp del: eval _matchP.simps split:
option.splits)
then obtain j where j_def: j < length (w_sj w) run (w_sj w! j) = None
by (auto simp: run__subs_def Let_def in__set_conv_nth Option.is_none__def split: if _splits)
have len_w_sj: length (w_sj w) = length (collect_subfmlas r [])
using valid_window_matchP_reach__sj[OF w__def(2)] reach_run__subs_len
by (auto simp: run__args)
define phi where phi = collect_subfmlas v [| ! j
have phi_in_set: phi € set (collect subfmlas T [])
using j_def(1)
by (auto simp: phi_def in__set_conv_nth len_w__sj)
have wf: wf_vydra phi i n (w_sj w! j)
using valid_window_matchP_reach__sj|OF w_def(2)] wf[folded len_w_sj, OF _ j_def(1)] len_xs
by (fastforce simp: run__args phi_def)
have i < progress phi (map fst vs)
using MatchP(5) phi_in_set atms_nonempty|of r] atms_ finite[of 7] collect_subfmlas_atms[of r [|]
by auto
then show ?case
using MatchP(2)[OF msize__sub[OF phi_in_set] wf j_def(2)] MatchP(6,7) phi_in_set
bf _collect _subfmlasjwhere ?r=r and ?phis=|]]
by (auto simp: collect__subfmlas__atms)
next
case (MatchF n I 1)
have subfmla: msize_fmla x < n bounded_future_fmla z wf_fmla = if © € set (collect_subfmlas r [])
for z
using that MatchF(1,6,7) le_trans|OF collect subfmlas_msize] bf collect subfmlasjwhere ?r=r
and ?phis=[] and ?phi=z]
collect__subfmlas__atms[where ?phis=[] and ?r=r]
by auto
have sound: z € set (collect _subfmlas r [|) = wf vydra z jn v = run v = Some (v/, t, b) =
wf_vydraxz (Sucj)nv' At=170jAb=satzjforzjuvuv' tb
using MatchF vydra__sound__aux subfmla
by fastforce
have reaches_on (run) (sun phi) vs v = wf_vydra phi (length vs) n v if phi: phi € set (collect__subfmlas
r []) for phi vs v
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apply (induction vs arbitrary: v rule: rev_induct)
using MatchF(1) wf vydra_sub subfmla(1)[OF phi] sound[OF phi]
apply (auto elim!: reaches_on.cases)[1]
using sound[OF phi]
apply (fastforce dest!: reaches__on__split_last)
done
then have wf: reaches_on (run_subs (ru n)) (map (su n) (collect__subfmlas r [])) bs s = j < length
(collect _subfmlas r [|) =
wf_vydra (collect_subfmlas v [| ! j) (length bs) n (s ! j) for bs s j
using reach_run__subs_run
by (fastforce simp: in__set__conv_nth)
let ?qf = state_cnt r
let %transs = iarray_of list (build_nfa_impl r (0, ?qf, []))
define args where args = init_args ({0}, NFA.delta’ ?transs ?qf, NFA.accept’ ?transs ?qf) (ru_t,
read_t) (run_subs (ru n))
interpret MDL window o r [_t0 map (su n) (collect_subfmlas r []) args
using bs_sat|where ?r=r and ?%n=n, OF _ wf _ reach_run_subs_len|where ?n=n]| sound
run__t_read[of Tun__hd)
read_t_run[of _ _ run_hd] ru_t_tau MatchF(5) subfmla
unfolding args def iarray_of list_def
by unfold__locales auto
obtain w xs where w_def: v = VYDRA_ MatchF' I ?transs ?qf w
valid_window__matchF args I'l_t0 (map (su n) (collect subfmlas r [])) zs i w
using MatchF(3)
by (auto simp: args_def elim!: wf _wvydra.cases)
note args’ = args__def|unfolded init__args.simps, symmetric|
have run_args: w_run_t args = ru_t w_read_t args = read_t w_run_sub args = run__subs (ru n)
by (auto simp: args__def)
have vs_tau: map fstvs | k = 7 o k if k_vs: k < length vs for k
using reaches__on__split{OF prefix k_vs] run__hd_sound k_vs
apply (cases vs ! k)
apply (auto)
apply (metis fst_conv length__map nth_map prefix reaches_on_run_hd_t ru_t tau_in)
done
define m where m = min (length (map fst vs) — 1) (Min ((Af. progress f (map fst vs)) ¢ atms 1))
have m_vs: m < length vs
using MatchF(5)
by (cases vs) (auto simp: m__def split: if _splits)
define A where A = {j. 0 < j A j< m A memR (map fst vs! j) (map fst vs ! m) I}
have m_A: m € A
using memR__tfin_reflOF 7__fin] vs__tau[OF m__vs|
by (fastforce simp: A__def)
then have A_nonempty: A # {}
by auto
have A_ finite: finite A
by (auto simp: A__def)
have p: progress (MatchF I r) (map fst vs) = Min A
using MatchF(5)
unfolding progress.simps m__def[symmetric] Let_def A__def[symmetric]
by auto
have i A:i ¢ A
using MatchF(5) A_ finite A _nonempty
by (auto simp del: progress.simps simp: p)
have i_m: i < m
using MatchF(5) m_A A_finite A _nonempty
by (auto simp del: progress.simps simp: p)
have memR_i_m: ~memR (map fst vs | i) (map fst vs ! m) I
using 1. A i m

131



by (auto simp: A__def)
have i_wvs: ¢ < length vs
using ¢_m m_ vs
by auto
obtain ¢ where read_ti: w_read_t args (w_ti w) = Some ti
using w__def(2) reaches_on__Some|where ?r=ru_t and ?s=[_t0 and ?s'=w__ti w)
reaches_on__run__hd_t[OF prefiz] i_vs run_t_read[where ?t=w_ i w]
by (fastforce simp: valid_window_matchF_def run__args)
have ti_def: ti =T o 1
using w_def(2) ru_t_tau read_t_run|OF read_ ti]
by (fastforce simp: valid_window_matchF_def run__args)
note reach_tj = valid_window_matchF_reach_tj[OF w_def(2), unfolded run__args]
note reach__sj = valid_window_matchF _reach_sj|OF w__def(2), unfolded run__args]
have len_xs: length zs = w_j w and memR_zs: \l. le{w_iw..<w_jw} = memR (ts_at zs ©) (ts_at
zsl) I
and i _def: w_tw =1
using w_def(2)
unfolding valid_ window_matchF _def
by (auto simp: valid_window__matchF _def run__args)
have | m: w_jw < m
using ru_t tau_in[OF reach_tj, of i] ru_t_tau_in[OF reach_tj, of m] memR_i_m i_m memR_ zs[of
m
]
unfolding vs_tau[OF i_vs| vs_tau[OF m_ vs]
by (force simp: in__set_conv_nth len_xs ts_at_def i_def)
obtain tm tm’ where tm_ def: reaches_on ru_t |_t0 (take m (map fst vs)) tm
ru_t tm = Some (tm’, fst (vs ! m))
using reaches_on__splitfwhere ?i=m]| reaches_on_run_hd_t[OF prefiz] m_vs
by fastforce
have reach_tj_m: reaches_on (w_run_t args) (w_tj w) (drop (w_j w) (take m (map fst vs))) tm
using reaches_on__split'|OF tm__def(1), where ?i=w_j w] reaches_on_inj|OF reach_tj] m_wvsj_m
by (auto simp: len_xs run__args)
have vs_m: fst (vs! m) =70 m
using vs_tau[OF m_vs] m_vs
by auto
have memR_ti_m: —-memR ti (T o m) [
using memR_1_m
unfolding vs_tau[OF i_vs] vs_tau[OF m_ vs]
by (auto simp: ti_def)
have m__prog: m < progress phi (map fst vs) if phi € set (collect_subfmlas r []) for phi
using collect _subfmlas__atms[where ?r=r and ?phis=[]] that atms_ finite[of 7]
by (auto simp: m__def min.coboundedI2)
obtain ws s where ws_def: reaches _on (run_subs (ru n)) (map (su n) (collect_subfmlas r [])) ws s
length ws = m
using reaches_ons_runl[where ?r=r and ?n=n and %i=m]
vydra_wf_reaches_on[where ?i=m and ?n=n| subfmla
MatchF(2) m_prog
by fastforce
have reach__sj_m: reaches_on (run_subs (ru n)) (w_sj w) (drop (w_j w) ws) s
using reaches_on__split'|OF ws_def(1), where ?i=w_j w| reaches_on__inj|OF reach_sj] i_m j _m
by (auto simp: ws_def(2) len_xs)
define rho where tho = zip (drop (w_j w) (take m (map fst vs))) (drop (w_j w) ws)
have map_ fst_rho: map fst rho = drop (w_j w) (take m (map fst vs))
and map__snd_rho: map snd rho = drop (w_j w) ws
using ws_def(2) j_m m_vs
by (auto simp: rho__def)
show False
using valid__eval_matchF _complete]OF w__def(2) reach_tj _m|folded map_ fst_rho] reach__sj _m]folded
map__snd__rho run__args] read__ti run__t_read[OF tm__def(2)[folded run__args], unfolded vs_m] memR__ti _m)]
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MatchF(4,7)
by (auto simp: w_def(1) args_def simp del: eval _matchF.simps)
qed

definition ru’ ¢ = ru (msize_fmla ¢)
definition su’ ¢ = su (msize_fmla ¢) ¢

lemma vydra_ wf:
assumes reaches (ru n) (sun ) i v bounded_future_fmla ¢ wf_fmla ¢ msize_fmla ¢ < n
shows wf _wvydra ¢ i n v
using assms(1)
proof (induction i arbitrary: v)
case (
then show ?case
using wf_vydra_sub[OF assms(4)]
by (auto elim: reaches.cases)
next
case (Suc 1)
show Zcase
using reaches Suc_split_last[OF Suc(2)] Suc(1) vydra_sound auz[OF assms(4) _ _ assms(2,3)]
by fastforce
qed

lemma vydra_sound’:
assumes reaches (ru’ ) (su’ @) n v ru’ ¢ v = Some (v', (¢, b)) bounded_ future_fmla ¢ wf_fmla ¢
shows (¢, b) = (7 o n, sat ¢ n)
using vydra__sound__auz[OF order.refl vydra_wf[OF assms(1)[unfolded ru’_def su’_def] assms(3,4)
order.refl] assms(2)[unfolded ru’_def] assms(3,4)]
by auto

lemma vydra_complete”:
assumes prefix: reaches_on run__hd init_hd vs e
and prog: n < progress ¢ (map fst vs) bounded_future_fmla ¢ wf_fmla ¢
shows Jv v'. reaches (ru’ ¢) (su’ @) nv A ru’ ¢ v = Some (v', (T o n, sat ¢ n))
proof —
have auz: False if auz_assms: j < n wf_vydra ¢ j (msize_fmla @) v ru (msize__fmla ¢) v = None for
jv
using vydra__complete__auz|[OF prefix auxz_assms(2,8) __ prog(2—)] auz_assms(1) prog(1)
by auto
obtain ws v where ws_ def: reaches_on (ru’ ¢) (su’ ) ws v wf_vydra ¢ n (msize_fmla ) v length
ws =n
using vydra_wf _reaches_on[OF __ prog(2,3)] auz[OF less_imp_le_nat]
unfolding ru’_def su’_def
by blast
have ru_Some: ru’ ¢ v # None
using auz[OF order.refl ws_def(2)]
by (fastforce simp: ru’_def)
obtain v’ t b where tb_def: ru’ ¢ v = Some (v, (t, b))
using ru__Some
by auto
show ?thesis
using reaches_on_n[OF ws_def(1)] tb_def vydra_sound'|OF reaches_on_n|OF ws_def(1)] tb_def
prog(2,3)]
by (auto simp: ws_def(3))
qed

lemma map_option__apfst_idle: map__option (apfst snd) (map__option (apfst (Pair n)) ) = z
by (cases ) auto
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lemma vydra__sound:
assumes reaches (run_vydra run__hd) (init_vydra init_hd run__hd ) n v run_vydra run__hd v = Some
(v', (¢, b)) bounded_ future_fmla ¢ wf_fmla ¢
shows (¢, b) = (7 o n, sat ¢ n)
proof —
have fst_v: fst v = msize_fmla ¢
by (rule reaches invar[OF assms(1)]) (auto simp: init_vydra_def run_vydra def Let def)
have reaches (ru’ @) (su’ ) n (snd v)
using reaches_cong[OF assms(1), where ?P=X(m, w). m = msize_fmla ¢ and ?g=snd]
by (auto simp: init_vydra_def run_vydra__def ru’_def su’_def map__option__apfst_idle Let_def simp
del: sub.simps)
then show %thesis

using vydra_sound'|OF _ _ assms(3,4)] assms(2) fst_v
by (auto simp: run_vydra_def ru’_def split: prod.splits)
qed

lemma vydra__complete:
assumes prefix: reaches_on run__hd init_hd vs e
and prog: n < progress ¢ (map fst vs) bounded__future__fmla ¢ wf_fmla ¢
shows Jv v'. reaches (run_vydra run_hd) (init_vydra init_hd run_hd ¢) n v A run_vydra run_hd v
= Some (v', (T o n, sat ¢ n))
proof —
obtain v v’ where wits: reaches (ru’ ) (su’ ) nvru’ ¢ v = Some (v, T ¢ n, sat p n)
using vydra__complete’|OF assms]
by auto
have reach: reaches (run_vydra run__hd) (init_vydra init_hd run__hd @) n (msize_fmla ¢, v)
using reaches__cong[OF wits(1), where ?P=Mz. True and ?f'=run_wvydra run_hd and ?g=Pair
(msize__fmla ¢)]
by (auto simp: init_vydra__def run_vydra__def ru’_def su’_def Let_def simp del: sub.simps)
show %thesis
)
)]

apply (rule exI[of __ (msize_fmla ¢, v)
apply (rule exl[of __ (msize_fmla ¢, v’

apply (auto simp: run_vydra__ def wits(2)[unfolded ru’_def] intro: reach)
done

qged
end

context MDL
begin

lemma reach elem:
assumes reaches (\i. if P i then Some (Suc i, (t 0 i, T o i)) else None) sn s’ s =0
shows s’ = n
proof —
obtain vs where vs_def: reaches_on (X\i. if P i then Some (Suc i, (t o i, T o i)) else None) s vs s’
length vs = n
using reaches_on[OF assms(1)]
by auto
have s’ = length vs
using vs_def(1) assms(2)
by (induction s vs s’ rule: reaches_on__rev_induct) (auto split: if _splits)
then show ?thesis
using vs_def(2)
by auto
qed

134



interpretation default _vydra: VYDRA_MDL o 0 X\i. Some (Suc i, (1 o i, I o 7))
using reach__elem[where ?P=X__. True]
by unfold__locales auto

end

o . . . / !
lemma reaches_inj: reaches r s i t => reaches rsit' =t =t
using reaches__on__inj reaches_on
by metis

lemma progress__sound:
assumes
An. n < length ts = ts!n=71o0n
An.n<lengthts= ton=710'n
An.n<lengthts =T on=T0c'n
n < progress phi ts
bounded__future__fmla phi
wf_fmla phi
shows MDL.sat o phi n <— MDL.sat o' phi n
proof —
define run_hd where run_hd = (\i. if i < length ts then Some (Suc i, (7 o i, ' 0 ©)) else None)
interpret vydra: VYDRA__ MDL o 0 run__hd
using MDL.reach__elem|where ?P=X\i. i < length ts]
by unfold_locales (auto simp: run__hd_def split: if _splits)
define run_hd’ where run_hd’ = (X\i. if i < length ts then Some (Suc i, (t ¢’ i, T o' %)) else None)
interpret vydra: VYDRA_MDL o' 0 run_hd’
using MDL.reach__elem[where ?P=M\i. i < length ts]
by unfold_locales (auto simp: run__hd'_def split: if _splits)
have run_hd_hd’: run_hd = run_hd’
using assms(1—3)
by (auto simp: run__hd_def run__hd'_def)
have reaches _run_hd: n < length ts = reaches_on run_hd 0 (map (Xi. (1 o i, ' 0 7)) [0..<n]) n
for n
by (induction n) (auto simp: run__hd__def intro: reaches_on.intros(1) intro!: reaches__on__app)
have ts_map: ts = map fst (map (Ai. (7 o i, T o 1)) [0..<length ts])
by (subst map_nth[symmetric]) (auto simp: assms(1))
obtain v v’ where vu_def: reaches (run_vydra run_hd) (init_vydra 0 run_hd phi) n v run_vydra
run__hd v = Some (v', T 0 n, vydra.sat phi n)
using vydra.vydra__complete[ OF reaches_run__hd[OF order.refl] __ assms(5,6)] assms(4)
unfolding ts _map[symmetric]
by blast
have reaches_run_hd" n < length ts = reaches_on run_hd’ 0 (map (Ni. (r ¢’ i, T o' 4)) [0..<n])
n for n
by (induction n) (auto simp: run__hd’'_def intro: reaches_on.intros(1) intro!: reaches _on__app)
have ts’_map: ts = map fst (map (Mi. (t o’ 4, T o' 7)) [0..<length ts])
by (subst map_nth[symmetric]) (auto simp: assms(1,2))
obtain w w’ where ww__def: reaches (run_vydra run__hd") (init_vydra 0 run_hd' phi) n w run_vydra
run_hd’ w = Some (w’, 7 o' n, vydra’.sat phi n)
using vydra’.vydra__complete|OF reaches_run_hd'|OF order.refl] _ assms(5,6)] assms(4)
unfolding ts’_map[symmetric]
by blast
note v_w = reaches_inj|OF vu_def(1) ww_def(1)[folded run_hd_hd"|]
show ?thesis
using vu_def(2) ww_def(2)
by (auto simp: run__hd_hd' v_w)
qed

end
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theory Preliminaries
imports MDL
begin

4 Formulas and Satisfiability

declare [[typedef overloaded))

context
begin

qualified datatype (a, 't :: timestamp) formula = Bool bool | Atom 'a | Neg ('a, 't) formula |
Bin bool = bool = bool ('a, 't) formula (‘a, 't) formula |
Prev 't T (‘a, 't) formula | Next 't T (‘a, 't) formula |
Since ('a, 't) formula 't T ('a, 't) formula |
Until ('a, 't) formula 't T ('a, 't) formula |
MatchP 't T ('a, 't) regex | MatchF 't T ('a, 't) regex
and (‘a, 't) regex = Test (‘a, 't) formula | Wild |
Plus ('a, 't) regex ('a, 't) regex | Times ('a, 't) regex ('a, 't) regex |
Star ('a, 't) regex

end

fun mdi2mdl :: ('a, 't :: timestamp) Preliminaries.formula = ('a, 't) formula
and embed :: (‘a, 't) Preliminaries.regex = ('a, 't) regex where
mdl2mdl (Preliminaries. Bool b) = Bool b
| mdi2mdl (Preliminaries.Atom a) = Atom a
| mdi2mdl (Preliminaries.Neg phi) = Neg (mdi2mdl phi)
| mdi2mdl (Preliminaries.Bin f phi psi) = Bin f (mdl2mdl phi) (mdl2mdl psi)
| mdi2mdl (Preliminaries.Prev I phi) = Prev I (mdi2mdl phi)
| mdi2mdl (Preliminaries.Next I phi) = Next I (mdl2mdl phi)
| mdi2mdl (Preliminaries.Since phi I psi) = Since (mdi2mdl pht) I (mdl2mdl psi)
| mdi2mdl (Preliminaries. Until phi I psi) = Until (mdi2mdl phi) I (mdi2mdl psi)
| mdi2mdl (Preliminaries.MatchP I r) = MatchP I (Times (embed 1) (Symbol (Bool True)))
| mdi2mdl (Preliminaries.MatchF I r) = MatchF I (Times (embed r) (Symbol (Bool True)))
| embed (Preliminaries. Test phi) = Lookahead (mdl2mdl phi)
| embed Preliminaries. Wild = Symbol (Bool True)
| embed (Preliminaries.Plus r s) = Plus (embed r) (embed s)
| embed (Preliminaries. Times v s) = Times (embed 1) (embed s)
| embed (Preliminaries.Star r) = Star (embed r)

lemma mdi2mdl_wf:

fixes phi :: (‘a, 't :: timestamp) Preliminaries.formula

shows wf_fmla (mdi2mdl phi)

by (induction phi rule: mdi2mdl_embed.induct(1)[where ?Q=Ar. wf_regex (Times (embed r) (Symbol
(Bool True))) A (¥ phi € atms (embed r). wf fmla phi)]) auto

fun embed’ :: ((‘a, 't :: timestamp) formula = (‘a, 't) Preliminaries.formula) = (‘a, 't) regexr = (‘a, 't)
Preliminaries.regex where
embed’ f (Lookahead phi) = Preliminaries. Test (f phi)
| embed’ f (Symbol phi) = Preliminaries. Times (Preliminaries. Test (f phi)) Preliminaries. Wild
| embed’ f (Plus r s) = Preliminaries. Plus (embed’ fr) (embed’ f s)
| embed’ f (Times r s) = Preliminaries. Times (embed’ f r) (embed’ f s)
| embed’ f (Star r) = Preliminaries.Star (embed’ f )

lemma embed’ _cong[fundef_cong|: (\phi. phi € atms r = f phi = f’ phi) => embed’ fr = embed’ f'

r
by (induction r) auto
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fun mdi2mdl’ :: ('a, 't :: timestamp) formula = ('a, 't) Preliminaries.formula where
mdl2mdl’ (Bool b) = Preliminaries. Bool b

| mdi2mdl’ (Atom a) = Preliminaries. Atom a

| mdi2mdl’ (Neg phi) = Preliminaries.Neg (mdl2mdl’ phi)

| mdl2mdl’ (Bin f phi psi) = Preliminaries. Bin f (mdi2mdl’ phi) (mdi2mdl’ psi)

| mdi2mdl’ (Prev I phi) = Preliminaries.Prev I (mdi2mdl’ phi)

| mdi2mdl’ (Next I phi) = Preliminaries.Next I (mdi2mdl’ phi)

| mdl2mdl’ (Since phi I psi) = Preliminaries.Since (mdi2mdl’ phi) I (mdi2mdl’ psi)
| mdi2mdl’ (Until phi I psi) = Preliminaries. Until (mdi2mdl’ phi) I (mdi2mdl’ psi)
| mdi2mdl’ (MatchP I 1) = Preliminaries.MatchP I (embed’ mdi2mdl’ (rderive r))

| mdi2mdl’ (MatchF I r) = Preliminaries. MatchF I (embed’ mdi2mdl’ (rderive T))

context MDL
begin

fun rusat :: (‘a, 't) Preliminaries.formula = nat = bool
and rvmatch = (‘a, 't) Preliminaries.regex = (nat X nat) set where
rvsat (Preliminaries.Bool b) i = b

| rvsat (Preliminaries.Atom a) i = (a € T 0 1)

| rusat (Preliminaries.Neg @) i = (= rvsat ¢ 7)

| rvsat (Preliminaries.Bin f ¢ 1) i = (f (rvsat ¢ i) (rvsat ¢ 7))

Py

| rusat (Preliminaries.Prev I o) i = (case i of 0 = Fulse | Suc j = mem (1 o j) (7 0 i) I A rvsal ¢ j)
| rusat (Preliminaries. Next I c,p) i = (mem (7 0 i) (1t o (Suci)) I A rvsat ¢ (Suc z))

| rvsat (Preliminaries.Since ¢ I ) i = (3j<i. mem (7 o j) (t o i) I A rvsat ¥ j A (Vk € {j<..i}. rvsat
¢ k)

| rusat (Preliminaries.Until o I ) i = (3j>i. mem (1 0 %) (1 o j) I A rvsat ¥ j A (Vk € {i..<j}. rvsat
¢ k)

| rvsat (Preliminaries. MatchP I r) i = (3j<i. mem (7 o j) (t 0 i) I A (4, i) € rumatch r)
| rusat (Preliminaries.MatchF I r) i = (3j>i. mem (7 o i) (1 o j) I A (i, j) € rvmatch )
| rvmatch (Preliminaries. Test ¢) = {(i, 1) | i. Tvsat ¢ i}

| rvmatch Preliminaries. Wild = {(%, ¢ + 1) | i. True}

| rumatch (Preliminaries.Plus r s) = rvmatch v U rvmatch s

| rumatch (Preliminaries. Times v s) = rvmatch r O rvmatch s

| rvmatch (Preliminaries.Star r) = rtrancl (rvmatch r)

lemma mdi2mdl__equivalent:

fixes phi :: (‘a, 't :: timestamp) Preliminaries.formula

shows Ai. sat (mdi2mdl phi) i <— rvsat phi i

by (induction phi rule: mdi2mdl_embed.induct(1)[where ?Q=MAr. match (embed r) = rvmatch r]) (auto
split: nat.splits)

lemma mdlstar2mdl:
fixes phi :: (‘a, 't :: timestamp) Preliminaries.formula
shows wf fmla (mdi2mdl phi) Ai. sat (mdi2mdl phi) i <— rvsat phi i
apply (rule mdi2mdl_wf)
apply (rule mdi2mdl_equivalent)
done

lemma rvmatch__embed":
assumes Aphi i. phi € atms r = rvsat (mdi2mdl’ phi) i +— sat phi i
shows rvmatch (embed’ mdi2mdl’ r) = match r
using assms
by (induction 1) auto

lemma mdl2mdistar:

fixes phi :: ('a, 't :: timestamp) formula
assumes wf _fmla phi
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shows Ai. rvsat (mdi2mdl’ phi) i <— sat phi i
using assms
apply (induction phi rule: mdl2mdl’.induct)
apply (auto split: nat.splits)[8)]

subgoal for I r

by auto (metis atms_rderive match_rderive rvmatch__embed’ wf_fmla.simps(1))+
subgoal for [ r ¢

by auto (metis atms_rderive match_rderive rvmatch__embed’ wf_fmla.simps(1))+
done

end
end
theory Monitor__Code
imports HOL— Library.Code__Target_Nat Containers. Containers Monitor Preliminaries
begin
derive (eq) ceq enat

instantiation enat :: ccompare begin

definition ccompare__enat :: enat comparator option where
ccompare__enat = Some (A y. if © = y then order.Eq else if x < y then order.Lt else order.Gt)

instance by intro_ classes
(auto simp: ccompare__enat__def split: if _splits intro!: comparator.intro)

end

code__printing

code__module [Array — (OCaml)
<module TArray : sig

val length’ : 'a array —> Z.t

val sub’ : 'a array * Z.t —> 'a
end = struct

let length’ zs = Z.of _int (Array.length zs);;
let sub’ (s, i) = Array.get zs (Z.to_int 1);;
end) for type_ constructor iarray constant IArray.length’ IArray.sub’
code__reserved (OCaml) [Array
code__printing
type__constructor iarray — (OCaml) _ array
| constant iarray_of list — (OCaml) Array.of'_list
| constant IArray.list_of — (OCaml) Array.to’_list
| constant IArray.length’ — (OCaml) IArray.length’
| constant IArray.sub’” — (OCaml) IArray.sub’

lemma iarray_list_of inj: IArray.list_of xs = IArray.list_of ys = zs = ys
by (cases zs; cases ys) auto

instantiation iarray :: (ccompare) ccompare
begin

definition ccompare_iarray :: ('a iarray = 'a iarray = order) option where
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ccompare_iarray = (case ID CCOMPARE('a list) of None = None
| Some ¢ = Some (Azs ys. ¢ (IArray.list_of xs) (IArray.list_of ys)))

instance

apply standard

apply unfold_locales

using comparator.sym[OF ID__ccompare’] comparator.weak__eq[OF ID_ccompare’]
comparator.comp__trans|OF ID__ccompare’] iarray_list_of _inj
apply (auto simp: ccompare__iarray_def split: option.splits)

apply blast+

done

end
derive (rbt) mapping_impl iarray

definition mk_db :: String.literal list = String.literal set where mk_db = set

definition init_vydra_string_enat :: _ = __ = __ = (String.literal, enat, /e) vydra where
init__vydra__string__enat = init_vydra
definition run_vydra_string_enat :: _ = (String.literal, enat, 'e) vydra = _ where

run__vydra__string__enat = run__vydra

definition progress__enat :: (String.literal, enat) formula = enat list = nat where
progress__enat = progress

definition bounded_ future fmla__enat :: (String.literal, enat) formula = bool where
bounded__future_fmla__enat = bounded_future fmla

definition wf fmla_enat :: (String.literal, enat) formula = bool where
wf_fmla__enat = wf_fmla

definition mdi2mdl’_enat :: (String.literal, enat) formula = (String.literal, enat) Preliminaries.formula

where
mdl2mdl’_enat = mdi2mdl’

definition interval _enat :: enat = enat = bool = bool = enat T where
interval _enat = interval

definition rep interval enat :: enat Z = enat X enat X bool X bool where
rep__interval _enat = Rep T

definition init_vydra_string_ereal :: _ = __ = __ = (String.literal, ereal, ’e) vydra where
init__vydra__string__ereal = init__vydra
definition run_vydra_string_ereal :: __ = (String.literal, ereal, 'e) vydra = _ where

run__vydra__string__ereal = run__vydra

definition progress_ereal :: (String.literal, ereal) formula = ereal list = real where
progress__ereal = progress

definition bounded_ future fmla__ereal :: (String.literal, ereal) formula = bool where
bounded__future__fmla__ereal = bounded_ future_ fmla

definition wf fmla_ereal :: (String.literal, ereal) formula = bool where
wf_fmla__ereal = wf_fmla

definition mdi2mdl’_ereal :: (String.literal, ereal) formula = (String.literal, ereal) Preliminaries.formula

where
mdl2mdl’_ereal = mdl2mdl’

definition interval_ereal :: ereal = ereal = bool = bool = ereal T where
interval__ereal = interval

definition rep_interval ereal :: ereal T = ereal X ereal X bool X bool where
rep__interval _ereal = Rep T

lemma tfin _enat code[code]: (ifin :: enat set) = Collect _set (Az. x # o0)
by (auto simp: tfin__enat_def)

lemma tfin_ereal code[code]: (tfin :: ereal set) = Collect_set (Az. z # —oco A z # 00)
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by (auto simp: tfin__ereal_def)

lemma Ball_atms[code__unfold]: Ball (atms ) P = list_all P (collect__subfmlas r [])
using collect _subfmlas__atms[where ?phis=]]]
by (auto simp: list_all_def)

lemma MIN_fold: (MIN z€set (z # zs). fz) = fold min (map f zs) (f z)
by (metis Min.set__eq_fold list.set_map list.simps(9))

declare progress.simps(1—8)[code]

lemma progress_matchP__code[code]:

progress (MatchP I r) ts = (case collect_subfmlas v [| of © # xs = fold min (map (Af. progress f ts)
xs) (progress x ts))

using collect _subfmlas_atms[where ?r=r and ?phis=[]] atms_nonempty|of 7]

by (auto split: list.splits) (smt (23) MIN_fold[where 2f=\f. progress f ts] list.simps(15))

lemma progress_matchF _code[code]:

progress (MatchF I 1) ts = (if length ts = 0 then 0 else

(let k = min (length ts — 1) (case collect_subfmlas r [| of x # xs = fold min (map (Af. progress f ts)
xs) (progress x ts)) in

Min {j € {..k}. memR (ts!j) (ts ! k) I}))

by (auto simp: progress_matchP__code[unfolded progress.simps])

export__code init_vydra__string__enat run__vydra__string__enat progress__enat bounded__future__fmla__enat
wf_fmla_enat mdi2mdl’_enat
Bool Preliminaries. Bool enat interval _enat rep__interval__enat nat_of integer integer _of nat mk_db
in OCaml module__name VYDRA file_ prefix verified

end

theory Timestamp__Lex
imports Timestamp

begin

instantiation prod :: (timestamp__total_strict, timestamp__total _strict) timestamp__total__strict
begin

definition tfin_prod :: (‘a x 'b) set where
tfin_prod = tfin x UNIV

definition «_prod :: nat = 'a x 'b where

¢ _prodn = (L n,tn)
fun sup_prod :: ‘a x 'b = "a x 'b = ‘a x 'b where
sup_prod (a, b) (¢, d) = (if a < ¢ then (¢, d) else if ¢ < a then (a, b) else (a, sup b d))

fun less_eq prod :: 'a x 'b = 'a x 'b = bool where
less_eq _prod (a, b) (¢, d) «— a<cV (a=cAb<d)

definition less _prod :: ‘a x 'b = ‘a x ‘b = bool where
less_ prodzy<«— < yANz#y

instance
apply standard
apply (auto simp: zero__prod__def less_prod__def)[2]
subgoal for z y z
using order.strict__trans
by (cases z; cases y; cases z) auto
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subgoal for z y
by (cases z; cases y) auto
subgoal for z y
by (cases z; cases y) (auto simp add: sup.commute sup.strict_order_iff)
subgoal for z y
apply (cases z; cases y)
apply (auto simp add: sup.commute sup.strict_order_iff)
apply (metis sup.absorb__iff2 sup.order__iff timestamp__total)
done
subgoal for y z 2
by (cases z; cases y; cases z) auto
subgoal for 7 j
using ¢__mono less_le
apply (auto simp: «_prod__def less_prod__def)
by (simp add: «_mono)
subgoal for i
by (auto simp: «_prod__def tfin__prod_def intro: v__tfin)
subgoal for z ¢
apply (cases z)
apply (auto simp: «_prod__def tfin__prod_def)
apply (metis __progressing dual_order.refl order_less_le)
done
apply (auto simp: tfin_prod__def tfin_closed)[1]
apply (auto simp: zero__prod__def tfin_prod_def intro: zero__tfin)[1]
subgoal for ¢ d
by (cases c; cases d) (auto simp: tfin__prod__def intro: tfin__closed)
subgoal for c d a
by (cases c; cases d; cases a) (auto simp: add_mono add_mono__strict)
subgoal for a ¢
apply (cases a; cases c)
apply (auto simp: tfin_prod_def zero__prod__def)
apply (metis less_eq _prod.simps add.right _neutral add_mono__strict less_prod__def order_le_less
order_less_le prod.inject)
done
subgoal for ¢ d a
apply (cases c¢; cases d; cases a)
apply (auto simp add: add_mono__strict less_prod__def order.strict_implies _order)
apply (metis add_mono__strict sup.strict_order _iff)
apply (metis add_mono__strict sup.strict__order_iff)
by (metis add_mono__strict dual_order.order iff _strict less_le_not_le)
subgoal for a b
apply (cases a; cases b)
apply (auto)
apply (metis antisym__convl timestamp__total)
apply (metis antisym__convl timestamp__total)
apply (metis antisym__convl timestamp__total)
apply (metis timestamp__total)
done
subgoal for a b
apply (cases a; cases b)
apply (auto simp: zero__prod__def tfin_prod__def order_less_le timestamp__tfin_le_not_ tfin)
done
done

end

end
theory Timestamp_ Prod
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imports Timestamp
begin

instantiation prod :: (timestamp, timestamp) timestamp
begin

definition tfin_prod :: (‘a x 'b) set where
tfin_prod = tfin X tfin

definition «_prod :: nat = 'a x 'b where
t_prodn = (L n,tn)

fun sup prod :: ‘a x 'b = 'a x 'b = '‘a x 'b where
sup__prod (a, b) (¢, d) = (sup a ¢, sup b d)

fun less _eq prod :: 'a x 'b = ‘a x 'b = bool where

less_eq _prod (a, b) (¢, d) +—a<cAb<d

definition less_prod :: 'a x 'b = ‘a x ‘b = bool where
less_ prodzy<+—z<yANz#y

instance
apply standard
apply (auto simp: add.commute zero__prod__def less_prod__def)[7]

subgoal for i j

using ¢__mono t_mono less_le

by (fastforce simp: 1_prod_def less_prod__def)
subgoal for i

by (auto simp: «_prod__def tfin_prod_def intro: v__tfin)
subgoal for z ¢

apply (cases z)

using ¢ progressing

by (auto simp: tfin_prod_def v_prod_def)
apply (auto simp: zero__prod__def tfin_prod__def intro: zero__tfin)[1]
subgoal for ¢ d

by (cases ¢; cases d) (auto simp: tfin_prod__def intro: tfin_ closed)
subgoal for ¢ d a

by (cases c; cases d; cases a) (auto simp add: add_mono)
subgoal for a ¢

apply (cases a; cases c)

apply (auto simp: tfin_prod__def zero_prod__def)

apply (metis add.right_neutral add__pos less__eq prod.simps less__prod__def order_less_le prod.inject

timestamp__class.add_mono)

done

done

end

end

References

[1] R. Koymans. Specifying real-time properties with metric temporal logic. Real Time Syst.,
2(4):255-299, 1990.

[2] M. Raszyk, D. A. Basin, and D. Traytel. Multi-head monitoring of metric dynamic logic. In
D. V. Hung and O. Sokolsky, editors, Automated Technology for Verification and Analysis - 18th

142



International Symposium, ATVA 2020, Hanoi, Vietnam, October 19-23, 2020, Proceedings,
volume 12302 of Lecture Notes in Computer Science, pages 233-250. Springer, 2020.

143



	Intervals
	Infinite Traces
	Formulas and Satisfiability
	Formulas and Satisfiability

