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Zusammenfassung

The UpDown scheme is a recursive scheme used to compute the
stiffness matrix on a special form of sparse grids. Usually, when discretizing
a Buclidean space of dimension d we need O(n?) points, for n points
along each dimension. Sparse grids are a hierarchical representation
where the number of points is reduced to O(n-log(n)?). One disadvantage
of such sparse grids is that the algorithm now operate recursively in
the dimensions and levels of the sparse grid.

The UpDown scheme allows us to compute the stiffness matrix on
such a sparse grid. The stiffness matrix represents the influence of
each representation function on the L? scalar product. For a detailed
description see Pfliiger’s PhD thesis [2]. This formalization was developed
as an interdisciplinary project (IDP) at the TU Miinchen [1].

Note: This development has two main theories. The correctnes of the
UpDown scheme, and a verification of an imperative version of it. Both
theories can not be merged, as they use different orders on the product

type.
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1 Grid Points

theory Grid-Point
imports HOL— Analysis. Multivariate- Analysis
begin

type-synonym grid-point = (nat x int) list

definition lv :: grid-point = nat = nat
where lvp d = fst (p! d)

definition iz :: grid-point = nat = int
where iz p d = snd (p ! d)

definition level :: grid-point = nat
where level p = (3. i < length p. lv p i)

lemma level-all-eq:
assumes Ad. d < lengthp = lvpd=1lwp'd
and length p = length p’
shows level p’ = level p
(proof)

datatype dir = left | right

fun sgn :: dir = int

where
sgn left = —1
| sgn right = 1

fun inv :: dir = dir
where
v left = right
| inv right = left

lemma inv-inv[simpl: inv (inv dir) = dir
{proof)

lemma sgn-inv[simpl: sgn (inv dir) = — sgn dir
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{proof)

definition child :: grid-point = dir = nat = grid-point
where child p dir d = p[d == (wp d + 1, 2 x (ix p d) + sgn dir)]

lemma child-length[simp): length (child p dir d) = length p
(proof)

lemma child-odd[simp]: d < length p = odd (iz (child p dir d) d)
{proof)

lemma child-eq: p! d = (I, i) = 3 j. child p dir d = p[d := (I + 1, j)]
(proof )

lemma child-other: d # d' = child p dird ! d’'=p ! d’
(proof)

lemma child-invariant: assumes d’ < length p shows (child p dird! d'=p! d’)
— (d # d)
(proof)

lemma child-single-level: d < length p => lv (child p dir d) d > lvp d
(proof)

lemma child-lv: d < length p = lv (child p dir d) d =lvp d + 1
(proof )

lemma child-lv-other: assumes d’ # d shows lv (child p dir d’) d =l p d
{proof)

lemma child-iz-left: d < length p = iz (child pleft d) d = 2 « ixp d — 1
(proof )

lemma child-iz-right: d < length p = iz (child p right d) d = 2 x iz p d + 1
(proof )

lemma child-iz: d < length p = iz (child p dir d) d = 2 * iz p d + sgn dir
(proof)

lemma child-level[simp]: assumes d < length p
shows level (child p dir d) = level p + 1

(proof)

lemma child-ez-neighbour: 3 b’. child b dir d = child b’ (inv dir) d
(proof)

lemma child-level-gt[simp]: level (child p dir d) >= level p
{proof)



lemma child-estimate-child:
assumes d < length p
and [ < lvpd
and i’-range: ixp d < (i + 1)« 2 (lwpd —1) A
irpd>(G—1)x2(lwpd—1I)
(is 2top p A 2bottom p)
and is-child: p’ = child p dir d
shows ?top p’ A ?bottom p’
(proof)

lemma child-neighbour: assumes child p (inv dir) d = child ps dir d (is Zc-p =
Zc-ps)
shows ps = p[d := (lvp d, iz p d — sgn dir)] (is - = 9ps)

(proof)

definition start :: nat = grid-point
where
start dm = replicate dm (0, 1)

lemma start-lv[simp): d < dm = lv (start dm) d = 0
{proof)

lemma start-iz[simp]: d < dm = iz (start dm) d = 1
{proof)

lemma start-length[simpl: length (start dm) = dm
{proof)

lemma level-start-0[simp]: level (start dm) = 0
{proof)

end

2 Sparse Grids
theory Grid

imports Grid-Point
begin

2.1 Vectors
type-synonym vector = grid-point = real

definition null-vector :: vector
where null-vector = X\ p. 0

definition sum-vector :: vector = vector = vector
where sum-vector a« S =Ap.ap+ B p



2.2 Inductive enumeration of all grid points

inductive-set
grid :: grid-point = nat set = grid-point set
for b :: grid-point and ds :: nat set
where
Start[introl]: b € grid b ds
| Child[introl]: [ p € grid b ds ; d € ds | = child p dir d € grid b ds

lemma grid-length[simp]: p’ € grid p ds = length p’ = length p
(proof)

lemma grid-union-dims: [ ds C ds’; p € grid b ds | = p € grid b ds’
(proof)

lemma grid-transitive: [ a € grid b ds ; b € grid ¢ ds'; ds’ C ds” ; ds C ds'' ]
= a € grid ¢ ds”
(proof )

lemma grid-child[intro?]: assumes d € ds and p-grid: p € grid (child b dir d) ds
shows p € grid b ds
(proof )

lemma grid-single-level[simp]: assumes p € grid b ds and d < length b
shows lvbd < lvpd

(proof )

lemma grid-child-level:
assumes d < length b
and p-grid: p € grid (child b dir d) ds
shows lvbd < lvpd

(proof )

lemma child-out: length p < d = child p dir d = p
(proof)

lemma grid-dim-remove:
assumes inset: p € grid b ({d} U ds)
and eq: d < length b = p!d=1>0!d
shows p € grid b ds
(proof )

lemma gridgen-dim-restrict:
assumes inset: p € grid b (ds’ U ds)
and eq: V d € ds'. d > length b
shows p € grid b ds

(proof )

lemma grid-dim-remove-outer: grid b ds = grid b {d € ds. d < length b}
(proof )



lemma grid-level[intro]: assumes p € grid b ds shows level b < level p
(proof)
lemma grid-empty-ds[simpl: grid b {} = { b}
(proof )
lemma grid-Start: assumes inset: p € grid b ds and eq: level p = level b shows
p=2b

(proof)
lemma grid-estimate:

assumes d < length b and p-grid: p € grid b ds

shows ixpd < (ixbd+ 1)« 2 (lwpd—lWwbd) ANizpd>(ixbd— 1) x
2(wpd—1Ilbd)

(proof)
lemma grid-odd: assumes d < length b and p-diff: p! d # b ! d and p-grid: p
€ grid b ds

shows odd (ix p d)

(proof)
lemma grid-invariant: assumes d < length b and d ¢ ds and p-grid: p € grid b
ds

shows p!d=10b!4d

(proof )
lemma grid-part: assumes d < length b and p-valid: p € grid b {d} and p’-valid:
p’ € grid b {d}

and level: wp' d > lvpd

and right: ixp’ d < (izpd+ 1)« 2(lwp' d — wp d) (is ?right p p’ d)

and left: iz p'd > (ixpd — 1) %« 2 (lwp' d — lwpd) (is ?left p p’ d)

shows p’ € grid p {d}

(proof)
lemma grid-disjunct: assumes d < length p

shows grid (child p left d) ds N grid (child p right d) ds = {}

(is grid 2l ds N grid ?r ds = {})
(proof )

lemma grid-level-eq: assumes eq: V d € ds. lvp d = lv b d and grid: p € grid b
ds
shows level p = level b

(proof)

lemma grid-partition:
grid p {d} = {p} U grid (child p left d) {d} U grid (child p right d) {d}
(is - = - U grid 21 {d} U grid ?r {d})

(proof)

lemma grid-change-dim: assumes grid: p € grid b ds
shows p[d := X]| € grid (b[d := X]) ds
(proof)

lemma grid-change-dim-child: assumes grid: p € grid b ds and d ¢ ds
shows child p dir d € grid (child b dir d) ds

(proof)
lemma grid-split: assumes grid: p € grid b (ds’ U ds) shows 3 = € grid b ds. p



€ grid x ds’
(proof)
lemma grid-union-eq: ({J p € grid b ds. grid p ds’) = grid b (ds’ U ds)
(proof )
lemma grid-onedim-split:
grid b (ds U {d}) = grid b ds U grid (child b left d) (ds U {d}) U grid (child b
right d) (ds U {d})
(is -= %29 U 2l (ds U {d}) U ?r (ds U {d}))
(proof )
lemma grid-child-without-parent: assumes grid: p € grid (child b dir d) ds (is p
€ grid ?c ds) and d < length b
shows p # b
(proof)
lemma grid-disjunct’”:
assumes p € grid b ds and p’ € grid b ds and z € grid p ds’ and p # p’ and

ds N ds' = {}
shows z ¢ grid p’ ds’
(proof)

lemma grid-split!: assumes grid: p € grid b (ds’ U ds) and ds N ds’ = {}
shows 3! z € grid b ds. p € grid z ds’
(proof)

2.3 Grid Restricted to a Level

definition lgrid :: grid-point = nat set = nat = grid-point set
where lgrid b ds lm = { p € grid b ds. level p < lm }

lemma lgridl [intro]:
[p€gridbds;levelp < Im] = p € lgrid b ds Im
(proof)

lemma lgridE[elim):
assumes p € lgrid b ds Im
assumes [ p € grid b ds ; level p < Im | = P
shows P

{proof)

lemma lgridI-child[intro]:
d € ds = p € lgrid (child b dir d) ds lm = p € lgrid b ds Im
(proof)

lemma lgrid-empty[simp]: lgrid p ds (level p) = {}
(proof)

lemma lgrid-empty”: assumes Im < level p shows lgrid p ds Im = {}

(proof)

lemma grid-not-child:
assumes [simp|: d < length p



shows p ¢ grid (child p dir d) ds
(proof)

2.4 Unbounded Sparse Grid

definition sparsegrid’ :: nat = grid-point set
where
sparsegrid’ dm = grid (start dm) { 0 ..< dm }

lemma grid-subset-alldim:
assumes p: p € grid b ds
defines dm = length b
shows p € grid b {0..<dm}

(proof)

lemma sparsegrid’-length[simp):
b € sparsegrid’ dm = length b = dm (proof)

lemma sparsegrid’I[intro:
assumes b: b € sparsegrid’ dm and p: p € grid b ds
shows p € sparsegrid’ dm
(proof )

lemma sparsegrid’-start:
assumes b € grid (start dm) ds
shows b € sparsegrid’ dm

{proof)

2.5 Sparse Grid

definition sparsegrid :: nat = nat = grid-point set
where
sparsegrid dm Im = lgrid (start dm) { 0 ..< dm } Im

lemma sparsegrid-length: p € sparsegrid dm Im = length p = dm
(proof)

lemma sparsegrid-subset|intro]: p € sparsegrid dm Im = p € sparsegrid’ dm
(proof)

lemma sparsegridl[introl:
assumes p € sparsegrid’ dm and level p < Im
shows p € sparsegrid dm Im

{proof)

lemma sparsegrid-start:
assumes b € lgrid (start dm) ds Im
shows b € sparsegrid dm Im

(proof)



lemma sparsegridE|[elim]:
assumes p € sparsegrid dm Im
shows p € sparsegrid’ dm and level p < Ilm

{proof)

2.6 Compute Sparse Grid Points

fun gridgen :: grid-point = nat set = nat = grid-point list
where
gridgen p ds 0 = |]
| gridgen p ds (Suc 1) = (let
sub = X\ d. gridgen (child pleft d) { d’ € ds.d' < d} 1@
gridgen (child p right d) { d’ € ds . d' < d } I
in p # concat (map sub [ d < [0 ..< length p|. d € ds]))

lemma gridgen-lgrid-eq: set (gridgen p ds ) = lgrid p ds (level p + 1)
{proof )

lemma gridgen-distinct: distinct (gridgen p ds 1)
(proof )

lemma lgrid-finite: finite (lgrid b ds Im)
{proof)

lemma lgrid-sum:

fixes F :: grid-point = real

assumes d < length b and level b < Im

shows (> p € lgrid b {d} Im. F p) =

(> p € lgrid (child b left d) {d} Im. F p) + (3. p € lgrid (child b right

d) {d} Im. Fp)+ Fb

(is (. pe ?gridb. Fp)= (. pe ?grid ?l . F p) + (%sum (%grid ¢r)) + F b)
(proof)

2.7 Base Points

definition base :: nat set = grid-point = grid-point
where base ds p = (THE b. b € grid (start (length p)) ({0 ..< length p} — ds) A
p € grid b ds)

lemma baseE: assumes p-grid: p € sparsegrid’ dm
shows base ds p € grid (start dm) ({0..<dm} — ds)
and p € grid (base ds p) ds

(proof)
lemma basel: assumes z-grid: x € grid (start dm) ({0..<dm} — ds) and p-zgrid:
p € grid T ds

shows base ds p = «
(proof)

lemma base-empty: assumes p-grid: p € sparsegrid’ dm shows base {} p = p



{proof)

lemma base-start-eq: assumes p-spg: p € sparsegrid dm Im
shows start dm = base {0..<dm} p

(proof)

lemma base-in-grid: assumes p-grid: p € sparsegrid’ dm shows base ds p € grid
(start dm) {0..<dm}

(proof)

lemma base-grid: assumes p-grid: p € sparsegrid’ dm shows grid (base ds p) ds
C sparsegrid’ dm
(proof)
lemma base-length[simp|: assumes p-grid: p € sparsegrid’ dm shows length (base
ds p) = dm
(proof)
lemma base-in[simp]: assumes d < dm and d € ds and p-grid: p € sparsegrid’
dm shows base ds p ! d = start dm ! d
(proof)
lemma base-out[simp]: assumes d < dm and d ¢ ds and p-grid: p € sparsegrid’
dm shows base dsp!d=p! d
(proof)
lemma base-base: assumes p-grid: p € sparsegrid’ dm shows base ds (base ds’ p)
= base (ds U ds’) p
(proof)
lemma grid-base-out: assumes d < dm and d ¢ ds and p-grid: b € sparsegrid’
dm and p € grid (base ds b) ds

shows p!d=10!4d
(proof)

lemma grid-grid-inj-on: assumes ds N ds’ = {} shows inj-on snd (|Jp'egrid b
ds. Up"egrid p’ ds’. {(p’, p'})
(proof)

lemma grid-level-d: assumes d < length b and p-grid: p € grid b {d} and p #
bshows lvpd>1Ilvbd

(proof)

lemma grid-base-base: assumes b € sparsegrid’ dm
shows base ds’ b € grid (base ds (base ds’ b)) (ds U ds’)

(proof)

lemma grid-base-union: assumes b-spg: b € sparsegrid’ dm and p-grid: p € grid
(base ds b) ds and z-grid: x € grid (base ds’ p) ds’

shows z € grid (base (ds U ds’) b) (ds U ds’)
(proof)
lemma grid-base-dim-add: assumes ds’ C ds and b-spg: b € sparsegrid’ dm and
p-grid: p € grid (base ds’ b) ds’

shows p € grid (base ds b) ds
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(proof)

lemma grid-replace-dim: assumes d < length b’ and d < length b and p-grid: p
€ grid b ds and p’-grid: p’ € grid b’ ds

shows p[d := p'! d] € grid (b[d := b’ ! d]) ds (is - € grid ?b ds)

(proof )
lemma grid-shift-base:

assumes ds-dj: ds N ds’ = {} and b-spg: b € sparsegrid’ dm and p-grid: p €
grid (base (ds’ U ds) b) (ds' U ds)

shows base ds’ p € grid (base (ds U ds’) b) ds
(proof )

2.8 Lift Operation over all Grid Points

definition lift :: (nat = nat = grid-point = vector = vector) = nat = nat =
nat = vector = vector
where lift f dm Im d = foldr (X p. f d (Im — level p) p) (gridgen (start dm) ({ 0
.<dm}—{d}) im)

lemma [ift:
assumes d < dm and p € sparsegrid dm Im
and Fintro: A 1bp a. [ b € lgrid (start dm) ({0..<dm} — {d}) Im ;
I+ level b = lm ; p € sparsegrid dm Im |
= Fdlbap=/(if b= base {d} p
then (3" p' € lgrid b {d} Im. S (a p’) p p)
else a p)
shows lift F dm Im d o p = (3 p' € lgrid (base {d} p) {d} Im. S (a p") p p’)
(is ?lift = 25 p «)
(proof)

2.9 Parent Points

definition parents :: nat = grid-point = grid-point = grid-point set
where parents dbp = { z € grid b {d}. p € grid z {d} }

lemma parents-split: assumes p-grid: p € grid (child b dir d) {d}
shows parents d b p = { b } U parents d (child b dir d) p
(proof )

lemma parents-no-parent: assumes d < length b shows b ¢ parents d (child b dir
d) p (is - ¢ parents - ?ch -)
(proof)

lemma parents-subset-lgrid: parents d b p C lgrid b {d} (level p + 1)
(proof)

lemma parents-finite: finite (parents d b p)
(proof)

lemma parent-sum: assumes p-grid: p € grid (child b dir d) {d} and d < length
b

11



shows (3 z € parents d b p. Fz) = Fb+ (3. = € parents d (child b dir d) p.
Fz)
{proof)

lemma parents-single: parents d bb = { b}

(proof)

lemma grid-single-dimensional-specification:
assumes d < length b
and odd i
andlvbd+1'=1
and i < (izbd+ 1) * 277
and i > (izbd— 1) * 277
shows b[d := (1,7)] € grid b {d}
(proof)

lemma grid-multi-dimensional-specification:
assumes dm < length b and length p = length b
and A\ d. d < dm =
odd (ix p d) A
lwbd<lvpdA
irpd<(izbd+ 1)+« 2 (lwpd—Ilwbd) A
irpd>(izbd— 1)« 2 (lvpd—lvbd)
(is A\ d. d < dm = Zbounded p d)
and Ad.[dn<d;d<lengthb] = pld=0'!d
shows p € grid b {0..<dm}
(proof )

lemma sparsegrid:
sparsegrid dm Im = {p.
length p = dm A level p < Im A
Vd<dm. odd (ixpd) NO<izpdANizpd<2(lvpd+ 1))}
(is - = %set)
(proof)

end

3 Hat Functions

theory Triangular-Function
imports
HOL— Analysis. Equivalence-Lebesgue- Henstock-Integration
Grid
begin

lemma continuous-on-maz|continuous-intros|:
fixes f :: - = ’a::linorder-topology
shows continuous-on S f = continuous-on S g => continuous-on S (A\z. maz

(fz) (92)
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{proof)

definition ¢ :: (nat x int) = real = real where
o= Ai) xz. max 0 (1 — | zx 21+ 1) — real-of-int i |))

definition @ :: (nat x int) list = (nat = real) = real where
O pz=([[d<lengthp. ¢ (p!d) (z d))

definition [2-p where
12-0 p1 p2 = ([ 2. ¢ pl x * ¢ p2 x lborel)

definition /2 where
2ab=([z.®axx*® bz d(ly de{..<length a}. lborel))

lemma measurable-p[measurable]: ¢ p € borel-measurable borel

(proof)

lemma p-nonneg: 0 < o pz
{proof)

lemma p-zero-iff:

o (Li) x =0 +— z ¢ {real-of-int (i — 1) / 27 (1 + 1) <..< real-of-int (i + 1)
/27l + 1)}

(proof)

lemma p-zero: x ¢ {real-of-int (i — 1) / 27 (1 + 1) <..< real-of-int (i + 1) / 27(I
b)) = ¢ (i) r = 0
{proof)

lemma p-eq-0: assumes z: z < 0 V 1 < z and i: 0 < i1 < 27 Suc | shows ¢
(L,iyz=0
{proof)

lemma iz-lt: p € sparsegrid dmlm — d < dm = ixpd < 2 (wpd+ 1)
(proof )

lemma iz-gt: p € sparsegrid dm lm — d < dm = 0 < iz p d
(proof)

lemma ®-eg-0: assumes z: Id<lengthp. zd < 0V 1 < zd and p: p € sparsegrid
dm Im shows ® pz = 0

(proof )
lemma o-left-support”:

z € {real-of-int (i — 1)/ 2L+ 1) .. real-of-int i /] 21+ 1)} = ¢ (I,i) z =
1 +zx2(U+1)— real-of-int i

{proof)

lemma p-left-support: © € {—1 .. Ozreal} = ¢ (1,i) ((x + real-of-int ©) / 27(I
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+1)=1+z=z
(proof)

lemma o-right-support:

xz € {real-of-int i / 271+ 1) .. real-of-int (i + 1) / 271+ 1)} = ¢ (I,i) x =
1 —zx*x 21+ 1)+ real-of-int i

(proof)

lemma p-right-support:
ze{0 . lureal} = ¢ (i) (x + real i) / 21+ 1) =1 —=
(proof )

lemma integrable-p: integrable lborel (p p)
(proof)

lemma integrable-p2: integrable lborel (Ax. ¢ p T x ¢ q x)
(proof)

lemma [2-pI-DERIV:
assumes n: A\ z. x € { (real-of-int i’ — 1) / 27"+ 1) .. real-of-int i’ / 27(I' +
1)} =
DERIV ®-nz:> (o (I',i) zxp (I,4) z) (is \ . z € {?a..9b} = DERIV -
-:> 9P )
and p: A\ z. 2 € { real-of-int i’ /| 27(I' + 1) .. (real-of-int i’ + 1) / 27(I' + 1)
} =
DERIV ®-px:>(p (I, i)Yz xp (l,i)x) is \ z. z € {?b..2¢} = -)
shows 12-¢ (I, i) (I, i) = (P-n 2b — ®-n %a) + (P-p %c — P-p ?b)
(proof)

lemma [2-eq: length o = length b = 12 a b = ([] d<length a. 12-¢ (ald) (b!d))
{proof)

lemma [2-when-disjoint:
assumes [ < [’
defines d == 1" — |
assumes ({ + 1)« 27d < 'V i'< (i — 1)* 27d (is ?right vV ?left)
shows 2-p (I',4") (I,4) =0
(proof )

lemma [2-commutative: 12-p p g = 12-¢ q p
(proof)

lemma [2-when-same: 12-¢ (I, i) (I, 1) =1/3 /] 271
(proof)

lemma [2-when-left-child:
assumes | < [
and i’-bot: i’ > (i — 1) x 27(I' = 1)
and ¢'-top: i’ < ix 27(I' — 1)
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shows 12-¢ (I', i) (I, i) = (1 + real-of-int i" / 27(I" — 1) — real-of-int ©) / 27(I'
+ 1)
(proof )

lemma [2-when-right-child:

assumes | < [’

and i’-bot: i’ > i x 27(I' — 1)

and i'-top: i’ < (i + 1) x 27(I' = 1)

shows 12-¢ (I', i') (I, i) = (I — real-of-int i’ /| 27(I' — 1) + real-of-int i) / 27U
+ 1)
(proof )

lemma level-shift: lc > | = (x = real) / 2 " (le = Sucl) =z %2/ 2 " (lc — 1)
{proof)

lemma [2-child: assumes d < length b
and p-grid: p € grid (child b dir d) ds (is p € grid ?child ds)
shows 2-p (p! d) (b! d) = (1 — real-of-int (sgn dir) x (real-of-int (ix p d) /
2 (wpd—lbd) — real-of-int (ix b d))) /
27(vpd+ 1)
(proof)

lemma [2-same: 12-¢ (p!d) (pld) = 1/3 / 2 (lv p d)
(proof)

lemma [2-disjoint: assumes d < length b and p € grid b {d} and p’' € grid b {d}
and p' ¢ gridp {d} and lvp' d > lvp d
shows 2-p (p' ! d) (p!d) =0

(proof)

lemma [2-down?2:
fixes pc pd p
assumes d < length pd
assumes pc-in-grid: pc € grid (child pd dir d) {d}
assumes pd-is-child: pd = child p dir d (is pd = ?pd)
shows 2-p (pc ! d) (pd!d) /) 2=12-p (pc!d) (p!d)
(proof )

lemma [2-zigzag:

assumes d < length p and p-child: p = child p-p dir d

and p’-grid: p’ € grid (child p (inv dir) d) {d}

and ps-intro: child p (inv dir) d = child ps dir d (is ?c-p = ?c-ps)

shows 12-p (p' ! d) (p-p!'d) =12 (p'1d) (ps! d)+ 120 (p''d) (p!d)/ 2
(proof)

end
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4 UpDown Scheme

theory UpDown-Scheme
imports Grid
begin

fun down’ :: nat = nat = grid-point = real = real = vector = vector
where
down’ d 0 pfifra=a«
| down’ d (Sucl) p fi fr o = (let
fo = (F1+ ) ] 2 + (@ p);
a=alp=((fi+ 1)/ 4+ /3 (@p) /2" (wpd)
a = down’ d 1 (child p left d) fi fm «;
a = down’ d 1 (child p right d) fm, fr «
in Q)

definition down :: nat = nat = nat = vector = vector where
down = lift (\ d 1l p. down’ d1p 00)

fun up’ :: nat = nat = grid-point = vector = (real x real) * vector where
up’ d 0pa=1(00,0),«a)
| up” d (Sucl) p a= (let
((f1s fmi), @) = up” d 1 (child p left d) o
(Fmes £1)s @) = up’ d 1 (child p right d) o
result = (fot + four + (@ p) / 2~ (pd) [ 2) ] 2
in ((fi + result, f,. + result), a(p :== fimi + fmr)))

definition up :: nat = nat = nat = vector = vector where
up = lift (A dlmp . snd (up’ dlm p a))

fun updown’ :: nat = nat = nat = vector = vector where
updown’ dm Im 0 o = «

| updown’ dm Im (Suc d) a =

(sum-vector (updown’ dm Im d (up dm Im d «)) (down dm Im d (updown’ dm

Im d «)))

definition updown :: nat = nat = vector = vector where
updown dm Im o« = updown’ dm Im dm o

end

5 Up Part

theory Up
imports UpDown-Scheme Triangular-Function
begin

lemma up’-inplace:
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assumes p’-in: p’ ¢ grid p ds and d € ds
shows snd (up’ dlpa) p’'=ap’
(proof )

lemma up’-fl-fr:
[ d < length p ; p = (child p-r right d) ; p = (child p-l left d) ]
= fst (up’ dlmpa) =
(3> p’ € lgrid p {d} (Im + level p). (a p’) x 12-p (p’ ! d) (p-r! d),
> p' € lgrid p {d} (Im + level p). (a p’) * 12-¢ (p'! d) (p-1! d))
{(proof)

lemma up’-3:
[ d < length b; 1+ level b=1m ; b € sparsegrid’ dm ; p € sparsegrid’ dm |
_—
(snd (up’ d1ba)) p=
(if p € lgrid b {d} Im
then > p’ € (lgrid p {d} Im) — {p}. a p’ x 2-p (p' ! d) (p! d)
else o p)
(is[-:-3-5-]1= (%90al 1bp o))
(proof)

lemma up:

assumes d < dm and p € sparsegrid dm Im

shows (up dm Im d o) p = (> p’ € (lgrid p {d} Im) — {p}. a p’ x 12-¢ (p’! d)
(p!d)
(proof)

end

6 Down part

theory Down
imports Triangular-Function UpDown-Scheme
begin

lemma sparsegrid’-parents:
assumes b: b € sparsegrid’ dm and p’: p’ € parents d b p
shows p’ € sparsegrid’ dm
(proof)

lemma down’-B: [ d < length b ; 1 + level b = Im ; b € sparsegrid’ dm ; p €
sparsegrid’ dm | =

down’ d1bflfrap=(if p € lgrid b {d} Im

then

A+ (fr =)/ 2 = (real-of-int (ixp d) / 2(lvp d — lvb d) — real-of-int (ix

bd)+1))/2 (wpd+ 1)+

(3> p’ € parents d b p. (o p) x 12-p (p! d) (p'! d))
else a p)

(proof)
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lemma down: assumes d < dm and p: p € sparsegrid dm Im
shows (down dm Im d «) p = (3. p’ € parents d (base {d} p) p. (a p’) * 12-¢

(pld)(p'!d)
(proof)

end

7 UpDown

theory Up-Down
imports Up Down
begin

lemma updown”: [ d < dm; p € sparsegrid dm Im ]

= (updown’ dm Im d ) p = (3. p’ € lgrid (base {0 ..< d} p) {0 ..< d} Im.
ap' x (] de{0.<d}y. 12 (p'!d)(p!d)))

(is[-;-]1=-=(_ p' € ?subgrid d p. a p" * ?prod d p' p))
(proof)

theorem updown:
assumes p-spg: p € sparsegrid dm Im
shows updown dm Im o p = (3 p’ € sparsegrid dm Im. a p’ * 12 p’ p)

(proof)

corollary
fixes
assumes p: p € sparsegrid dm Im
defines f, = Az. (3  pEsparsegrid dm Im. a p * © p z)
shows updown dm im o p = ([ z. fo % © p x (115 de{..<dm}. lborel))

(proof )

end

8 Imperative Version

theory Imperative
imports UpDown-Scheme Separation-Logic-Imperative-HOL.Sep-Main
begin

type-synonym pointmap = grid-point = nat
type-synonym impgrid = rat array

instance rat :: heap (proof)
primrec rat-pair where rat-pair (a, b) = (of-rat a, of-rat b)

declare rat-pair.simps [simp del]
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definition
zipWithA :: ('a::heap = 'b::heap = 'a::heap) = 'a array = 'b array = 'a array
Heap
where
zipWithA fa b= do {
n < Array.len a;
Heap-Monad.fold-map (An. do {
z + Array.nth a n ;
y < Array.nth b n ;
Array.upd n (fx y) a
b [0..<n];
return a

}

theorem zip WithA [sep-heap-rules]:

fixes xs ys :: ‘a::heap list

assumes length xs = length ys

shows < a >, zs % b, ys > zipWithA fa b < Ar. (a —4 map (case-prod f)
(zip x5 ys)) * b g ys * Ta =1) >
(proof )

definition copy-array :: 'a::heap array = ('a::heap array) Heap where
copy-array a = Array.freeze a >= Array.of-list

theorem copy-array [sep-heap-rules]:
< @ g TS > COPY-aTTAY A < AT. @ Fq TS ¥ T g TS >
(proof)

definition sum-array :: rat array = rat array = unit Heap where
sum-array a b = zipWithA (+) a b > return ()

theorem sum-array [sep-heap-rules]:

fixes xs ys :: rat list

shows length xs = length ys = < a >, xs * b —, ys > sum-array a b < Ar.
(a =4 map (A(a, b). a + b) (zip xs ys)) * b >4 ys >

(proof)

locale linearization =

fixes dm Im :: nat

fixes pm :: pointmap

assumes pm: bij-betw pm (sparsegrid dm Im) {..< card (sparsegrid dm Im)}
begin

lemma linearizationD:
p € sparsegrid dm Im = pm p < card (sparsegrid dm Im)

(proof)

definition gridl :: impgrid = (grid-point = real) = assn where
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gridl a v =
(34 xs. a g zs x 1((VpEsparsegrid dm Im. v p = of-rat (zs ! pm p)) A length
xs = card (sparsegrid dm Im)))

lemma gridl-nth-rule [sep-heap-rules|:

g € sparsegrid dm Ilm = < gridl a v > Array.nth a (pm g) <Ar. gridl a v * 1
(of-rat r = v g)>

(proof)

lemma gridl-upd-rule [sep-heap-rules):
g € sparsegrid dm Im —>
< gridl a v > Array.upd (pm g) z a <Xa'. gridl a (fun-upd v g (of-rat xz)) x
ta' = a)>
(proof)

primrec upl’ :: nat = nat = grid-point = impgrid = (rat * rat) Heap where
upl’ d 0pa= return (0, 0) |
upl’ d (Sucl) pa=do{
(1, fml) < upl’ d 1 (child p left d) a ;
(fmr, fr) < upI’ d 1 (child p right d) a ;
val < Array.nth a (pm p) ;
Array.upd (pm p) (fml + fmr) a ;
let result = ((fml + fmr +wval / 2 " (lop d) /] 2) [ 2);
return (fl + result, fr + result)

}

lemma upl’ [sep-heap-rules]:
assumes lin[simp]: d < dm
and [: level p + 1l =1Im 1= 0V p € sparsegrid dm Im
shows < gridl a v > upl’ d 1l p a <Ar.let (r', v") = up’ d 1 p v in gridl a v’
1(rat-pair r = r') >
(proof )

primrec downl’ :: nat = nat = grid-point = impgrid = rat = rat = unit Heap
where
downl’ d 0paflfr=return () |
downI’ d (Sucl) p a fl fr = do {
val < Array.nth a (pm p) ;
let fm = (i + fr) / 2 + val) ;
Array.upd (pm p) (AL + r) [ 4 + (1 / 9) < val) / 2~ (lvp d)) o
downI’ d 1 (child p left d) a fl fm ;
downlI’ d 1 (child p right d) a fm fr
}

lemma downl’ [sep-heap-rules]:
assumes lin[simp]: d < dm
and [: levelp + 1l =1Im 1= 0V p € sparsegrid dm Im
shows < gridl a v > downl’ d 1 p a fl fr <Ar. gridl a (down’ d I p (of-rat f)

(of-rat fr) v) >
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{proof)

definition [ift] :: (nat = nat = grid-point = impgrid = unit Heap) = nat =
impgrid = unit Heap where
Uftl f d a =
foldr (A pn.n> fd (Im — level p) p a) (gridgen (start dm) ({ 0 ..< dm } —
{d})Im) (return ())

theorem lift] [sep-heap-rules]:
assumes d < dm
and f[sep-heap-rules]: Av p. p € lgrid (start dm) ({0..<dm} — {d}) Im =
< gridlav > fd(Im — level p) p a <Ar. gridl a (f' d (Im — level p) p v) >
shows < gridl a v > lift] f d a <Ar. gridl a (Grid.lift f' dm Im d v) >
(proof)

definition upl where upl = liftl (Ad lp a. upI’ d1p a > return ())

theorem upl [sep-heap-rules]:
assumes [simp]: d < dm
shows < gridl a v > upl d a <Ar. gridl a (up dm Im d v) >

(proof)

definition downl where downl = lift] (Adlp a. downI' d1lp a 00)

theorem downl [sep-heap-rules]:
assumes [simp]: d < dm
shows < gridl a v > downl d a <Ar. gridl a (down dm Im d v) >

{proof)

theorem copy-array-gridl [sep-heap-rules):
< gridl a v > copy-array a < Ar. gridl a v x gridl r v >

(proof)

theorem sum-array-gridl [sep-heap-rules:
< gridl a v % gridl b w > sum-array a b < Ar. gridl a (sum-vector v w) x gridl
bw >

(proof)

primrec updownl’ :: nat = impgrid = unit Heap where
updownl’ 0 a = return () |
updownI’ (Suc d) a = do {
b < copy-array a ;
upl d a ;
updownl’ d a ;
updownl’ d b ;
downl d b ;
sum-array a b
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theorem updownl’ [sep-heap-rules]:
d < dm = < gridl a v > updownl’ d a <Ar. gridl a (updown’ dm Im d v) >,
(proof)

definition updownl where updownl a = updownl’ dm a

theorem updownl [sep-heap-rules]:
< gridl a v > updownl a <Ar. gridl a (updown dm Im v) >;

{proof)

end

end

Literatur

[1] J. Holzl.  Automatischer Korrektheitsbeweis von Algorithmen zur
hierarchischen Basistransformation.  IDP, Institut fir Informatik,
Technische Universitdt Miinchen, 2009.

[2] D. Pfliger. Spatially Adaptive Sparse Grids for High-Dimensional
Problems. Verlag Dr. Hut, Miinchen, Aug. 2010.

22



