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Zusammenfassung

The UpDown scheme is a recursive scheme used to compute the
stiffness matrix on a special form of sparse grids. Usually, when discretizing
a Buclidean space of dimension d we need O(n?) points, for n points
along each dimension. Sparse grids are a hierarchical representation
where the number of points is reduced to O(n-log(n)?). One disadvantage
of such sparse grids is that the algorithm now operate recursively in
the dimensions and levels of the sparse grid.

The UpDown scheme allows us to compute the stiffness matrix on
such a sparse grid. The stiffness matrix represents the influence of
each representation function on the L? scalar product. For a detailed
description see Pfliiger’s PhD thesis [2]. This formalization was developed
as an interdisciplinary project (IDP) at the TU Miinchen [1].

Note: This development has two main theories. The correctnes of the
UpDown scheme, and a verification of an imperative version of it. Both
theories can not be merged, as they use different orders on the product

type.
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1 Grid Points

theory Grid-Point
imports HOL— Analysis. Multivariate- Analysis
begin

type-synonym grid-point = (nat x int) list

definition lv :: grid-point = nat = nat
where lvp d = fst (p! d)

definition iz :: grid-point = nat = int
where iz p d = snd (p ! d)

definition level :: grid-point = nat
where level p = (3. i < length p. lv p i)

lemma level-all-eq:
assumes Ad. d < lengthp = lvpd=1lwp'd
and length p = length p’
shows level p’ = level p
unfolding level-def using assms by auto

datatype dir = left | right

fun sgn :: dir = int

where
sgn left = —1
| sgn right = 1

fun inv :: dir = dir
where
v left = right
| inv right = left

lemma inv-inv[simpl: inv (inv dir) = dir
by (cases dir) simp-all

lemma sgn-inv[simpl: sgn (inv dir) = — sgn dir
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by (cases dir, auto)

definition child :: grid-point = dir = nat = grid-point
where child p dir d = p[d == (wp d + 1, 2 x (ix p d) + sgn dir)]

lemma child-length[simp): length (child p dir d) = length p
unfolding child-def by simp

lemma child-odd[simp]: d < length p = odd (iz (child p dir d) d)
unfolding child-def iz-def by (cases dir, auto)

lemma child-eq: p! d = (I, i) = 3 j. child p dir d = p[d := (I + 1, j)]
by (auto simp add: child-def iz-def lv-def)

lemma child-other: d # d' = child p dird ! d’'=p ! d’
unfolding child-def lv-def iz-def by (cases d’ < length p, auto)

lemma child-invariant: assumes d’ < length p shows (child p dird! d'=p! d’)
=(d # d)
proof —
obtain [ i where p ! d’ = (I, i) using prod.ezhaust .
with assms show ?thesis
unfolding child-def iz-def lv-def by auto
qed

lemma child-single-level: d < length p = lv (child p dir d) d > lvp d
unfolding lv-def child-def by simp

lemma child-lv: d < length p = lv (child p dir d) d =lwp d + 1
unfolding child-def lv-def by simp

lemma child-lv-other: assumes d’ # d shows lv (child p dir d’) d =l p d
using child-other[OF assms] unfolding lv-def by simp

lemma child-iz-left: d < length p = iz (child p left d) d = 2 x ixp d — 1
unfolding child-def ix-def by simp

lemma child-iz-right: d < length p = iz (child p right d) d = 2 x iz p d + 1
unfolding child-def iz-def by simp

lemma child-iz: d < length p = iz (child p dir d) d = 2 * iz p d + sgn dir
unfolding child-def ix-def by simp

lemma child-level[simp]: assumes d < length p
shows level (child p dir d) = level p + 1
proof —
have inter: {0..<length p} N {d} = {d} using assms by auto

have level (child p dir d) =



5 d'= 0.<length p. if d' € {d} thenlvp d + 1 else lvp d')

by (auto introl: sum.cong simp add: child-lv-other child-lv level-def)
moreover have level p + 1 =

(> d'= 0..<length p. if d' € {d} then lvp d else lvp d') + 1

by (auto introl: sum.cong simp add: child-lv-other child-lv level-def)
ultimately show %thesis

unfolding sum.If-cases|OF finite-atLeastLessThan] inter

using assms by auto

qed

lemma child-ez-neighbour: 3 b’ child b dir d = child b’ (inv dir) d
proof
show child b dir d = child (b[d := (lv b d, iz b d + sgn dir)]) (inv dir) d
unfolding child-def iz-def lv-def by (cases d < length b, auto simp add:
algebra-simps)
qed

lemma child-level-gt[simp]: level (child p dir d) >= level p
by (cases d < length p, simp, simp add: child-def)

lemma child-estimate-child:
assumes d < length p
and [ < lvpd
and i"-range: ixp d < (i + 1) * 2 (lwpd — 1) A
irpd>(G—1)x2lvpd—-1)
(is ?top p A ?bottom p)
and is-child: p’ = child p dir d
shows ?top p’ A ?bottom p’
proof
from is-child and «d < length p»
have lv p’ d = lv p d + 1 by (auto simp add: child-def ix-def lv-def)
hence lvp’'d — Il =lwpd— 1+ 1 using <lvp d >= 1> by auto
hence pow-l"": (2 (lwp’'d —1) ::int) = 2 x 27 (lvp d — 1) by auto

show ?top p’
proof —
from is-child and «d < length p»
have iz p' d < 2 % (izp d) + 1
by (cases dir, auto simp add: child-def lv-def iz-def)
also have ... < (i + 1) x (2 % 2(lv p d — 1)) using i’-range by auto
finally show ?thesis using pow-1"' by auto
qed

show ?bottom p’
proof —
have (i — 1)« 2 (lwp'd - 1) =2 ((i — 1)« 2(lwp d — 1))
using pow-1"" by simp
also have ... < 2 x iz p d — 1 using i’-range by auto
finally show ?thesis using is-child and «d < length p»



by (cases dir, auto simp add: child-def lv-def iz-def)
qed
qed

lemma child-neighbour: assumes child p (inv dir) d = child ps dir d (is ?c-p =
2c-ps)

shows ps = p[d := (lvp d, iz p d — sgn dir)] (is - = 9ps)
proof (rule nth-equalityl)

have length ?c-ps = length ?c-p using < ?c-p = %c-ps» by simp

hence len-eq: length ps = length p by simp

thus length ps = length ?ps by simp

show ps ! i = ?ps | i if { < length ps for i
proof —
have i < length p
using that len-eq by auto

show ps! i = %ps!i
proof (cases d = 1)
case [simp]: True

have ?c-p ! ¢ = %c-ps ! i using «?c-p = ?c-ps» by auto
hence ix p i = ix ps d + sgn dir and lvp i = lv ps @
by (auto simp add: child-def
nth-list-update-eq|OF <i < length p»)
nth-list-update-eq| OF «i < length ps))
thus ?thesis by (simp add: lv-def iz-def «i < length p»)
next
assume d #
with child-other[OF this, of ps dir] child-other|OF this, of p inv dir]
show ?thesis using assms by auto
qed
qed
qed

definition start :: nat = grid-point
where

start dm = replicate dm (0, 1)

lemma start-lv[simp]: d < dm = lv (start dm) d = 0
unfolding start-def lv-def by simp

lemma start-iz[simp]: d < dm = iz (start dm) d = 1
unfolding start-def ix-def by simp

lemma start-length[simpl: length (start dm) = dm
unfolding start-def by auto

lemma level-start-0[simp]: level (start dm) = 0



using level-def by auto

end

2 Sparse Grids

theory Grid
imports Grid-Point
begin

2.1 Vectors

type-synonym vector = grid-point = real

definition null-vector :: vector
where null-vector = X p. 0

definition sum-vector :: vector = vector = wvector
where sum-vector a B=AXp.ap+ B p

2.2 Inductive enumeration of all grid points

inductive-set
grid :: grid-point = nat set = grid-point set
for b :: grid-point and ds :: nat set
where
Start[introl]: b € grid b ds
| Child[introl]: [ p € grid b ds ; d € ds | = child p dir d € grid b ds

lemma grid-length[simp]: p’ € grid p ds = length p’ = length p
by (erule grid.induct, auto)

lemma grid-union-dims: [ ds C ds’; p € grid b ds ] = p € grid b ds’
by (erule grid.induct, auto)

lemma grid-transitive: [ a € grid b ds ; b € grid ¢ ds' ; ds’ C ds” ; ds C ds"' ]
= a € grid ¢ ds”
by (erule grid.induct, auto simp add: grid-union-dims)

lemma grid-child[intro?): assumes d € ds and p-grid: p € grid (child b dir d) ds
shows p € grid b ds
using «d € ds) grid-transitive] OF p-grid] by auto

lemma grid-single-level[simp]: assumes p € grid b ds and d < length b
shows lwbd < lvpd
using assms
proof induct
case (Child p' d’ dir)
thus ?case by (cases d' = d, auto simp add: child-def iz-def lv-def)



qed auto

lemma grid-child-level:
assumes d < length b
and p-grid: p € grid (child b dir d) ds
shows lvbd < lvpd

proof —
have v b d < lv (child b dir d) d using child-l[OF «d < length b>] by auto
also have ... < lv p d using p-grid assms by (intro grid-single-level) auto
finally show ?thesis .

qed

lemma child-out: length p < d = child p dir d = p
unfolding child-def by auto

lemma grid-dim-remove:
assumes inset: p € grid b ({d} U ds)
and eq: d < length b —= p!d=1>0!d
shows p € grid b ds
using inset eq
proof induct
case (Child p' d’ dir)
show ?Zcase
proof (cases d' > length p’)
case True with child-out|OF this]
show ?thesis using Child by auto
next
case Fualse hence d’ < length p’ by simp
show ?thesis
proof (cases d’' = d)
case True
hence lv b d < lvp' dand lvp' d < lv (child p’ dir d) d
using child-single-level Child «d’ < length p’s by auto
hence False using Child and <d’ = d» and lv-def and <— d’ > length p”
by auto
thus %thesis ..
next
case Fulse
hence d’ € ds using Child by auto
moreover have d < length b = p’! d=0!d
proof —
assume d < length b
hence d < length p’ using Child by auto
hence child p’ dir d’! d = p’ ! d using child-invariant and False by auto
thus ?thesis using Child and «d < length by by auto
qed
hence p’ € grid b ds using Child by auto
ultimately show ?thesis using grid.Child by auto
qed



qed
qed auto

lemma gridgen-dim-restrict:
assumes inset: p € grid b (ds’ U ds)
and eq: V d € ds'. d > length b
shows p € grid b ds
using inset eq

proof induct
case (Child p’ d dir)
thus ?case
proof (cases d € ds)

case Fulse thus ?thesis using Child and child-def by auto

qed auto

qed auto

lemma grid-dim-remove-outer: grid b ds = grid b {d € ds. d < length b}
proof

have {d € ds. d < length b} C ds by auto

from grid-union-dims|OF this]

show grid b {d € ds. d < length b} C grid b ds by auto

have ds = (ds — {d € ds. d < length b}) U {d € ds. d < length b} by auto
moreover
have grid b ((ds — {d € ds. d < length b}) U {d € ds. d < length b}) C grid b
{d € ds. d < length b}
proof
fix p
assume p € grid b (ds — {d € ds. d < length b} U {d € ds. d < length b})
moreover have V d € (ds — {d € ds. d < length b}). d > length b by auto
ultimately show p € grid b {d € ds. d < length b} by (rule gridgen-dim-restrict)
qed
ultimately show grid b ds C grid b {d € ds. d < length b} by auto
qed

lemma grid-level[intro]: assumes p € grid b ds shows level b < level p
proof —
have x: length p = length b using grid-length assms by auto
{ fix i assume 7 € {0 ..< length p}
hence lv b7 < lv p i using «p € grid b ds> and grid-single-level * by auto
} thus ?thesis unfolding level-def x by (auto introl: sum-mono)
qed
lemma grid-empty-ds[simp]: grid b {} = { b }
proof —
havell z. z € grid b {} = 2 =1
by (erule grid.induct, auto)
thus “thesis by auto
qed
lemma grid-Start: assumes inset: p € grid b ds and eq: level p = level b shows



p=~b
using inset eq
proof induct
case (Child p d dir)
show ?Zcase
proof (cases d < length b)
case True
from Child
have level p > level b by auto
moreover
have level p < level (child p dir d) by (rule child-level-gt)
hence level p < level b using Child by auto
ultimately have level p = level b by auto
hence p = b using Child(2) by auto
with Child(4) have level (child b dir d) = level b by auto
moreover have level (child b dir d) # level b using child-level and «d <
length b by auto
ultimately show ¢thesis by auto
next
case Fulse
with Child have length p = length b by auto
with Fulse have child p dir d = p using child-def by auto
moreover with Child have level p = level b by auto
with Child(2) have p = b by auto
ultimately show Zthesis by auto
qged
qed auto
lemma grid-estimate:
assumes d < length b and p-grid: p € grid b ds
shows iz pd<(izbd+ 1)« 2 lvpd—-—lwdbd Nizpd>(ixbd— 1) %
2 wpd—1Ilbdd)
using p-grid
proof induct
case (Child p d' dir)
show ?Zcase
proof (cases d = d)
case False with Child show ?thesis unfolding child-def lv-def iz-def by auto
next
case True with child-estimate-child and Child and «d < length b
show ?thesis using grid-single-level by auto
qed
qed auto
lemma grid-odd: assumes d < length b and p-diff: p! d # b ! d and p-grid: p
€ grid b ds
shows odd (iz p d)
using p-grid and p-diff
proof induct
case (Child p d’ dir)

show ?case



proof (cases d = d)
case True with child-odd and «d < length b> and Child show ?thesis by auto
next
case Fulse with Child and <d < length b> show ?thesis using child-def and

iz-def and lv-def by auto

qed
qed auto
lemma grid-invariant: assumes d < length b and d ¢ ds and p-grid: p € grid b
ds

shows p!d=10!d

using p-grid
proof (induct)

case (Child p d’ dir) hence d’ # d using «d ¢ ds> by auto

thus ?case using child-def and Child by auto
qed auto
lemma grid-part: assumes d < length b and p-valid: p € grid b {d} and p’-valid:
p’ € grid b {d}

and level: wp' d>lwpd

and right: ixp’ d < (izpd+ 1)« 2(lwp' d — wp d) (is ?right p p’ d)

and left: iz p’d > (ixpd — 1) *x 27 (lwp' d — lwpd) (is ?left p p’ d)

shows p’ € grid p {d}

using p’-valid left right level and p-valid
proof induct

case (Child p’ d’ dir)

hence d = d’ by auto

let ?child = child p’ dir d’

show ?Zcase
proof (cases lv p d = lv ?child d)
case Fulse
moreover have v ?child d = lv p’ d + 1 using child-lv and «d < length b
and Child and «d = d’> by auto
ultimately have lv p d < lv p’ d + 1 using Child by auto
hence [v: Suc (lvp’' d) — lwp d = Suc (lvp' d — lvp d) by auto

have ?left p p’ d N\ ?right p p’ d

proof (cases dir)
case left
with Child have 2 x iz p'd — 1 < (izpd + 1) * 27 (Suc (lvp’'d) — lvp d)
using «d = d’» and <d < length b> by (auto simp add: child-def ix-def lv-def)
alsohave ... =2« (izpd+ 1) * 2(lwp’' d — lw p d) using lv by auto
finally have 2 x iz p'd — 2 < 2 x (ixpd+ 1)« 2(lwp'd — lvp d) by

auto

alsohave ... =2 x ((xpd+ 1) * 2 (lwp' d — lvp d)) by auto
finally have left-r: iz p’ d < (izxpd + 1) * 2 (lwp' d — v p d) by auto

have 2 x ((ixpd — 1)« 2 (lwp'd —lwpd)=2x*(ixpd—1)x 2 (lwp’

d — v p d) by auto
also have ... = (izp d — 1) x 27(Suc (v p' d) — v p d) using lv by auto
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alsohave ... < 2 xizp' d — 1
using left and Child and «d = d’» and «d < length b by (auto simp add:
child-def iz-def lv-def)
finally have right-r: ((ixpd — 1) * 2 (lwp’' d — lwp d)) < iz p’ d by auto

show ?thesis using left-r and right-r by auto
next
case right
with Child have 2 x iz p’d + 1 < (ixpd+ 1) * 27 (Suc (wp'd) — lwp d)
using «d = d’» and «d < length by by (auto simp add: child-def iz-def lv-def)

alsohave ... =2« (ixpd+ 1) * 2 (lvp' d — lv p d) using lv by auto
finally have 2 x iz p’ d < 2 x (ixpd + 1) x 2(lwp’ d — v p d) by auto
alsohave ... =2« ((izrpd+ 1)« 2(lwp'd — lwp d)) by auto

finally have left-r: ixp’ d < (izxpd + 1) * 2 (lwp' d — v p d) by auto

have 2 x ((izpd — 1) *x 2 (lwp'd—lwpd) =2« (ixpd— 1) 2 (lvp’
d — lv p d) by auto

also have ... = (izpd — 1) x 27(Suc (lv p’ d) — lv p d) using lv by auto

alsohave ... < 2 xizp' d + 1

using right and Child and <d = d'» and «d < length b» by (auto simp add:
child-def iz-def lv-def)

also have ... < 2 x (iz p’ d + 1) by auto

finally have right-r: ((ixpd — 1) x 2 (lvp’ d — lw p d)) < iz p’ d by auto

show ?thesis using left-r and right-r by auto
qged
with Child and lv have p’ € grid p {d} by auto
thus ?thesis using «d = d’> by auto
next
case True
moreover with Child have ?left p ?child d N ?right p ?child d by auto
ultimately have range: iz p d — 1 < iz ?child d A iz ?child d < iz p d + 1
by auto

have p!d#5b!d
proof (rule ccontr)
assume - (p! d # b ! d)
with v p d = v ?child d» have lv b d = lv ?child d by (auto simp add:
lv-def)
hence lv b d = lv p’ d + 1 using «d = d’» and Child and «d < length b»
and child-lv by auto
moreover have lv b d < lv p’ d using «d = d’» and Child and «d < length
b» and grid-single-level by auto
ultimately show Fulse by auto
qed
hence odd (iz p d) using grid-odd and «p € grid b {d}> and «d < length b
by auto
hence — odd (izp d + 1) and = odd (ix p d — 1) by auto

11



have d < length p’ using <p’ € grid b {d}» and «d < length b> by auto
hence odd-child: odd (ix ?child d) using child-odd and <d = d'» by auto

have ix p d — 1 # iz ?child d
proof (rule ccontr)
assume - (iz p d — 1 # iz child d)
hence odd (iz p d — 1) using odd-child by auto
thus Fualse using <— odd (iz p d — 1)) by auto
qed
moreover
have iz p d + 1 # ix ?child d
proof (rule ccontr)
assume - (iz p d + 1 # iz child d)
hence odd (iz p d + 1) using odd-child by auto
thus False using - odd (iz p d + 1)) by auto
qed
ultimately have iz p d = iz ?child d using range by auto
with True have d-eq: p ! d = (%child) | d by (auto simp add: prod-eql iz-def
lv-def)

have length p = length ?child using <p € grid b {d}> and «p’ € grid b {d}
by auto
moreover have p ! d"’ = ?child ! d"" if d”' < length p for d"
proof —
have d'' < length b using that <p € grid b {d}> by auto
show p ! d"" = %child ! d”
proof (cases d = d'’)
case True with d-eq show ?thesis by auto
next
case Fualse hence d” ¢ {d} by auto
from «d" < length b» and this and <p € grid b {d}>
have p! d”" = b! d" by (rule grid-invariant)

also have ... = p’! d" using «d”’ < length b» and «d" ¢ {d}» and <p’ €
grid b {d}>
by (rule grid-invariant[symmetric|)
also have ... = 2child ! d"
proof —

have d” < length p’ using «d”’ < length by and «p’ € grid b {d}> by auto
hence ?child ! d"" = p'! d' using child-invariant and «d # d'’y and «d
= d’ by auto
thus ?thesis by auto
qged
finally show ?thesis .
qed
qed
ultimately have p = Zchild by (rule nth-equalityl)
thus ?child € grid p {d} by auto
qged
next
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case Start

moreover hence lv b d < lv p d using grid-single-level and «d < length b> by
auto

ultimately have v b d = lv p d by auto

have level p = level b
proof —
{ fix d’
assume d’ < length b
have lvbd' = lvp d’
proof (cases d = d’)
case True with «lv b d = lv p d> show ?thesis by auto
next
case Fulse hence d’ ¢ {d} by auto
from «d’ < length b> and this and <p € grid b {d}>
have p! d' = b! d’ by (rule grid-invariant)
thus %thesis by (auto simp add: lv-def)
qed }
moreover have length b = length p using «p € grid b {d}> by auto
ultimately show ?thesis by (rule level-all-eq)
qged
hence p = b using grid-Start and <p € grid b {d}> by auto
thus ?case by auto
qed
lemma grid-disjunct: assumes d < length p
shows grid (child p left d) ds N grid (child p right d) ds = {}
(is grid 2l ds N grid ?r ds = {})
proof (intro set-eql iffI)
fix z
assume z € grid ?l ds N grid ?r ds
hence ivx d < (ix ?2ld+ 1)« 2 (lwxd — lv ?l d)
and izx d > (iz rd — 1)« 2 (lvzx d — v ?r d)
using grid-estimate <d < length p> by auto
thus z € {} using ¢d < length p> and child-lv and child-iz by auto
qed auto

lemma grid-level-eq: assumes eq:V d € ds. lvp d = lv b d and grid: p € grid b
ds
shows level p = level b
proof (rule level-all-eq)
{ fix i assume i < length b
show lwbi=1Ilpi
proof (cases i € ds)
case True with eq show ?thesis by auto
next case Fualse with «i < length by and grid show ?thesis
using lv-def ix-def grid-invariant by auto
qed }
show length b = length p using grid by auto
qed
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lemma grid-partition:
grid p {d} = {p} U grid (child p left d) {d} U grid (child p right d) {d}
(is - = - U grid 21 {d} U grid ?r {d})
proof —
have l z. [z € gridp {d} ; x # p; x & grid ?r {d} ]| = z € grid 2l {d}
proof (cases d < length p)
case True
fix z

let onr-rp=izaecd>(zpd+ 1)*x2 (wxd—lwpd)
let nr-lp=(izxpd—1)%x2 (wzxd —lwpd) >izzd

have iz-r-eq: ix ?rd = 2 x iz p d + 1 using <d < length p> and child-ix by

auto
have lv-r-eq: v ?r d = lv p d + 1 using «d < length p> and child-lv by auto

have iz-l-eq: iz ?l d = 2 * ix p d — 1 using «d < length p> and child-ix by

auto
have [v-l-eq: lv ?l d = lv p d + 1 using «d < length p> and child-lv by auto

assume z € grid p {d} and z # p and z ¢ grid ?r {d}
hence v p d < v z d using grid-single-level and «d < length p> by auto
moreover have lvp d # lvx d
proof (rule ccontr)
assume -~ lvpd # lvzd
hence level x = level p using <z € grid p {d}> and grid-level-eqlwhere
ds={d}] by auto
hence z = p using grid-Start and <z € grid p {d}> by auto
thus Fulse using <z # p» by auto
qed
ultimately have lv p d < lv z d by auto
hence v ?r d < lvz d and ?r € grid p {d} using child-lv and <d < length p»
by auto
with «d < length p» and <z € grid p {d}
have r-range: = ?nr-r r A = ?nr-l r = x € grid ?r {d}
using grid-part[where p=2r and p'=z and b=p and d=d] by auto
have z ¢ grid ?r {d} = ?nr-l r vV ?nr-r ?r by (rule ccontr, auto simp add:
r-range)
hence ?nr-l ?r V ?nr-r ?r using <z ¢ grid ?r {d}» by auto

have gt0: lvx d — lvp d > 0 using (v p d < lv z d> by auto
have iz-shift: iz ?r d = iz 2l d + 2 and l-lr: v 9r d = v 2l d and right1: !!
zuoint.z+ 2 —1=z+ 1
using «d < length p» and child-ixz and child-lv by auto

have wz d —lvpd= Suc (wxd - (lwp d+ 1))
using ¢t0 by auto
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hence lv-shift: 'y v int. y « 2 " (wexd —lvpd) =y* 22 (lwzxd— (v
pd+ 1))
by auto

have izzd < (izxpd+ 1)+ 2 " (wzxd — lwp d)
using <z € grid p {d}» grid-estimate and «d < length p> by auto
alsohave ... =(iz rd+ 1)« 2 " (lvzx d — lv ?r d)
using (v p d < lv z d> and iz-r-eq and lv-r-eq lv-shift[where y=iz p d + 1]
by auto
finally have ?nr-l ?r using «?nr-l ?r vV ?nr-r ¢ry by auto
hence r-bound: (iz 2ld + 1) * 2 " (wxd — lw ?ld) > iz zd
unfolding iz-shift lv-lr using right! by auto

have (iz ?21d — 1)« 2 " (wzd —Ww?d) =(izpd—1)* 2% 2 (lwzd—
(wpd—+ 1))
unfolding iz-l-eq lv-l-eq by auto

alsohave ... =(izpd — 1) *x 2 " (wzd—lvpd)
using lv-shift[where y=iz p d — 1] by auto
also have ... < iz zd

using <z € grid p {d}> grid-estimate and «d < length p» by auto
finally have l-bound: (iz ?21d — 1)« 2 " (wxd — v ?2ld) <izxzd.

from [-bound r-bound «d < length p» and <z € grid p {d}p <l rd < lwz d
and lv-Ir
show = € grid ?l {d} using grid-part[where p=?] and p'=z and d=d| by
auto
qed (auto simp add: child-def)
thus ?thesis by (auto intro: grid-child)
qed
lemma grid-change-dim: assumes grid: p € grid b ds
shows p[d := X]| € grid (b[d := X]) ds
using grid
proof induct
case (Child p d' dir)
show ?Zcase
proof (cases d # d)
case True
have (child p dir d')[d := X] = child (pld := X]) dir d’
unfolding child-def and iz-def and [v-def
unfolding list-update-swap|OF «d # d’] and nth-list-update-neq[OF «d #
ah] ..
thus ?thesis using Child by auto
next
case False hence d = d’ by auto
with Child show ?thesis unfolding child-def <d = d’ list-update-overwrite
by auto
qed
qed auto
lemma grid-change-dim-child: assumes grid: p € grid b ds and d ¢ ds
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shows child p dir d € grid (child b dir d) ds
proof (cases d < length b)
case True thus ?thesis using grid-change-dim[OF grid]
unfolding child-def lv-def iz-def grid-invariant]OF True <d ¢ ds» grid] by auto
next
case Fulse hence length b < d and length p < d using grid by auto
thus ?thesis unfolding child-def using list-update-beyond assms by auto
qed
lemma grid-split: assumes grid: p € grid b (ds’ U ds) shows 3 z € grid b ds. p
€ grid x ds’
using grid
proof induct
case (Child p d dir)
show ?Zcase
proof (cases d € ds’)
case True with Child show ?thesis by auto
next
case Fulse
hence d € ds using Child by auto
obtain x where z € grid b ds and p € grid z ds’ using Child by auto
hence child = dir d € grid b ds using «d € ds» by auto
moreover have child p dir d € grid (child z dir d) ds’
using «p € grid z ds’> False and grid-change-dim-child by auto
ultimately show ?thesis by auto
qed
qed auto
lemma grid-union-eq: ({J p € grid b ds. grid p ds’) = grid b (ds’ U ds)
using grid-split and grid-transitive[where ds"’=ds’ U ds and ds=ds’ and ds'=ds,
OF - - Un-upper2 Un-upperl]| by auto
lemma grid-onedim-split:
grid b (ds U {d}) = grid b ds U grid (child b left d) (ds U {d}) U grid (child b
right d) (ds U {d})
(is -= %29 U 2l (ds U {d}) U ?r (ds U {d}))
proof —
have ?g U 2 (ds U {d}) U 2r (dsU {d}) = g U (U p € 2l {d}. grid p ds) U
(U p € 2 {d}. grid p ds)
unfolding grid-union-eq ..

also have ... = (I p € ({b} U 2l {d} U ?r {d}). grid p ds) by auto

also have ... = (|J p € grid b {d}. grid p ds) unfolding grid-partition|where
p=b] ..

finally show ?thesis unfolding grid-union-eq by auto
qed

lemma grid-child-without-parent: assumes grid: p € grid (child b dir d) ds (is p
€ grid ?c ds) and d < length b

shows p # b
proof —

have level ?¢ < level p using grid by (rule grid-level)

hence level b < level p using child-level and «d < length b> by auto

thus ?thesis by auto
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qed
lemma grid-disjunct’”:
assumes p € grid b ds and p’ € grid b ds and z € grid p ds’ and p # p’ and
dsnds' = {}
shows z ¢ grid p’ ds’
proof (rule ccontr)
assume — = ¢ grid p’ ds’ hence z € grid p’ ds’ by auto
have [: length b = length p and [": length b = length p’ using <p € grid b ds»
and <p’ € grid b ds)> by auto
hence length p’ = length p by auto
moreover have V d < length p’. p’!'d =p! d
proof (rule alll, rule impl)
fix d assume di": d < length p’ hence d < length b using I’ by auto
hence di: d < length p using [ by auto
show p’!d=p!d
proof (cases d € ds’)
case True with «ds N ds’ = {}> have d ¢ ds by auto
hence p’!d=b!dand p!d=10!d
using ¢d < length by «p’ € grid b ds» and <p € grid b ds> and grid-invariant
by auto
thus ?thesis by auto
next
case Fulse
show ?thesis
using grid-invariant|OF dl’ False <z € grid p' ds”]
and grid-invariant[OF dl False «<x € grid p ds”] by auto
qed
qed
ultimately have p’ = p by (metis nth-equalityl)
thus Fulse using <p # p’» by auto
qed
lemma grid-split!: assumes grid: p € grid b (ds’ U ds) and ds N ds’ = {}
shows 3! z € grid b ds. p € grid z ds’
proof (rule ex-ex1I)
obtain z where x € grid b ds and p € grid = ds' using grid-split[OF grid] by
auto
thus 3 z. z € grid b ds A p € grid = ds’ by auto
next
fix x y
assume z € grid b ds A p € grid z ds’and y € grid b ds A\ p € grid y ds’
hence z € grid b ds and p € grid x ds' and y € grid b ds and p € grid y ds’
by auto
show z = y
proof (rule ccontr)
assume 1 # y
from grid-disjunct’|OF <x € grid b ds) <y € grid b ds) <p € grid x ds’y this «ds

N ds’ = {}h)]
show Fulse using <p € grid y ds’» by auto
qed
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qed

2.3 Grid Restricted to a Level

definition lgrid :: grid-point = nat set = nat = grid-point set
where lgrid b ds Im = { p € grid b ds. level p < Im }

lemma lgridl [intro]:
[p€gridbds;levelp < Ilm] = p € lgrid b ds Im
unfolding lgrid-def by simp

lemma lgridE[elim]:
assumes p € lgrid b ds Im
assumes [ p € grid b ds ; level p < Im | = P
shows P
using assms unfolding lgrid-def by auto

lemma lgridI-child[intro]:
d € ds = p € lgrid (child b dir d) ds lm = p € lgrid b ds Im
by (auto intro: grid-child)

lemma lgrid-empty[simp]: lgrid p ds (level p) = {}
proof (rule equalsOI)
fix p’ assume p’ € lgrid p ds (level p)
hence level p’ < level p and level p < level p’ by auto
thus Fulse by auto
qed

lemma lgrid-empty”: assumes Im < level p shows lgrid p ds Im = {}
proof (rule equalsOI)

fix p’ assume p’ € lgrid p ds Im

hence level p’ < Im and level p < level p’ by auto

thus False using «(Im < level p» by auto
qed

lemma grid-not-child:
assumes [simp|: d < length p
shows p ¢ grid (child p dir d) ds

proof (rule ccontr)
assume — ?thesis
have level p < level (child p dir d) by auto
with grid-level|OF «— ?thesis)[unfolded not-not||
show Fulse by auto

qed

2.4 Unbounded Sparse Grid

definition sparsegrid’ :: nat = grid-point set
where
sparsegrid’ dm = grid (start dm) { 0 ..< dm }
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lemma grid-subset-alldim:
assumes p: p € grid b ds
defines dm = length b
shows p € grid b {0..<dm}
proof —
have ds N {dm..} U ds N {0..<dm} = ds by auto
from gridgen-dim-restrictiwhere ds=ds N {0..<dm} and ds'=ds N {dm..}] this
have ds N {0..<dm} C {0..<dm}
and p € grid b (ds N {0..<dm}) using p unfolding dm-def by auto
thus ?thesis by (rule grid-union-dims)
qed

lemma sparsegrid’-length[simp):
b € sparsegrid’ dm = length b = dm unfolding sparsegrid’-def by auto

lemma sparsegrid’I[intro:
assumes b: b € sparsegrid’ dm and p: p € grid b ds
shows p € sparsegrid’ dm
using sparsegrid’-length[OF b] b
grid-transitive| OF grid-subset-alldim|[OF p|, where c=start dm and ds”’={0..<dm}]
unfolding sparsegrid’-def by auto

lemma sparsegrid’-start:
assumes b € grid (start dm) ds
shows b € sparsegrid’ dm
unfolding sparsegrid’-def
using grid-subset-alldim[OF assms] by simp

2.5 Sparse Grid

definition sparsegrid :: nat = nat = grid-point set
where
sparsegrid dm Im = lgrid (start dm) { 0 ..< dm } Im

lemma sparsegrid-length: p € sparsegrid dm Ilm = length p = dm
by (auto simp: sparsegrid-def)

lemma sparsegrid-subset|introl: p € sparsegrid dm Im = p € sparsegrid’ dm
unfolding sparsegrid-def sparsegrid’-def lgrid-def by auto

lemma sparsegridl[intro]:
assumes p € sparsegrid’ dm and level p < Im
shows p € sparsegrid dm Im
using assms unfolding sparsegrid’-def sparsegrid-def lgrid-def by auto

lemma sparsegrid-start:

assumes b € lgrid (start dm) ds Im
shows b € sparsegrid dm Im
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proof
have b € grid (start dm) ds using assms by auto
thus b € sparsegrid’ dm by (rule sparsegrid’-start)
qed (insert assms, auto)

lemma sparsegridE|[elim]:
assumes p € sparsegrid dm Im
shows p € sparsegrid’ dm and level p < Ilm
using assms unfolding sparsegrid’-def sparsegrid-def lgrid-def by auto

2.6 Compute Sparse Grid Points

fun gridgen :: grid-point = nat set = nat = grid-point list
where
gridgen p ds 0 = |
| gridgen p ds (Suc 1) = (let
sub = A d. gridgen (childpleftd) { d' € ds.d' <d} 1@
gridgen (child p right d) { d' € ds . d' < d } 1
in p # concat (map sub [ d < [0 ..< length p|. d € ds]))

lemma gridgen-lgrid-eq: set (gridgen p ds 1) = lgrid p ds (level p + 1)
proof (induct 1 arbitrary: p ds)
case (Suc )
let ?subg dir d = set (gridgen (child p dir d) { d’ € ds . d' < d } 1)
let Zsub dir d = lgrid (child p dir d) { d’ € ds . d’ < d } (level p + Suc l)
let Zunion Fdm = {p} U (U de{deds d<dm}. FleftdU F right d)

have hyp: !! dir d. d < length p = ?subg dir d = ?sub dir d
using Suc.hyps using child-level by auto

{ fix dm assume dm < length p
hence ?union ?sub dm = lgrid p {d € ds. d < dm} (level p + Suc )
proof (induct dm)
case (Suc dm)
hence dm < length p by auto

let 21 = child p left dm and ?r = child p right dm
have p-lgrid: p € lgrid p {d € ds. d < dm} (level p + Suc ) by auto

show “case
proof (cases dm € ds)
case True
let ?ds = {d € ds. d < dm} U {dm}
have ds-eq: {d’ € ds. d’ < dm} = ?ds using True by auto
have ds-eq”: {d € ds. d < Suc dm} = {d € ds. d < dm } U {dm} using
True by auto

have ?union ?sub (Suc dm) = 2union Zsub dm U ({p} U Zsub left dm U
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Zsub right dm)
unfolding ds-eq’ by auto
also have ... = lgrid p {d € ds. d < dm} (level p + Suc l) U Zsub left dm
U 2sub right dm
unfolding Suc.hyps|OF «dm < length p)] using p-lgrid by auto
also have ... = {p’ € grid p {d € ds. d<dm} U (grid 21 ?ds) U (grid ?r
2ds).
level p’ < level p + Suc 1} unfolding lgrid-def ds-eq by auto
also have ... = lgrid p {d € ds. d < Suc dm} (level p + Suc l)
unfolding lgrid-def ds-eq’ unfolding grid-onedim-splitiwhere b=p] ..
finally show ?thesis .
next
case Fulse hence {d € ds. d < Suc dm} = {d € ds. d < dm V d = dm}
by auto
hence ds-eq: {d € ds. d < Suc dm} = {d € ds. d < dm} using «dm ¢ ds

by auto
show ?thesis unfolding ds-eq Suc.hyps|OF <dm < length p] .
qed
next case 0 thus ?case unfolding lgrid-def by auto
qed }

hence ?Zunion ?sub (length p) = lgrid p {d € ds. d < length p} (level p + Suc )
by auto
hence union-lgrid-eq: ?union ?sub (length p) = lgrid p ds (level p + Suc 1)
unfolding lgrid-def using grid-dim-remove-outer by auto

have set (gridgen p ds (Suc 1)) = 2union ?subg (length p)
unfolding gridgen.simps and Let-def by auto

hence set (gridgen p ds (Suc 1)) = ?union ?sub (length p)
using hyp by auto

also have ... = lgrid p ds (level p + Suc )
using union-lgrid-eq .

finally show ?case .

qed auto

lemma gridgen-distinct: distinct (gridgen p ds 1)

proof (induct | arbitrary: p ds)
case (Suc )
let ?ds = [d < [0..<length p]. d € ds]
let ?left d = gridgen (child pleft d) { d’ € ds.d" < d } I
and ?right d = gridgen (child p right d) { d’ € ds . d' < d } |
let ?sub d = ?left d Q@ ?right d

have distinct (concat (map ?sub 2ds))
proof (cases )
case (Suc 1)

have inj-on: inj-on ?sub (set ?ds)

proof (rule inj-onl, rule ccontr)
fix d d’ assume d € set ?ds and d’ € set ?ds
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hence d < length p and d € set ?ds and d’ < length p by auto
assume *: ?sub d = %sub d’
have in-d: child p left d € set (?sub d)

using «d € set 7ds)» Suc

by (auto simp add: gridgen-lgrid-eq lgrid-def grid-Start)

have in-d": child p left d' € set (?sub d’)
using «d € set ?ds)» Suc
by (auto simp add: gridgen-lgrid-eq lgrid-def grid-Start)

{ fix p’ d assume d € set ?ds and p’ € set (Zsub d)
hence lvp d < lvp' d
using grid-child-level
by (auto simp add: gridgen-lgrid-eq lgrid-def grid-child-level) }
note level-less = this

assume d # d’
show Fulse
proof (cases d' < d)
case True
with in-d’ «?sub d = Zsub d"» level-less|OF «d € set ?ds)]
have v p d < lv (child p left d’) d by simp
thus False unfolding lv-def
using child-invariant|OF <d < length p», of left d’] <«d # d*
by auto
next
case Fualse hence d < d' using «d # d’> by auto
with in-d <%sub d = ?sub d’> level-less|OF «d’ € set ?ds)]
have lv p d' < lv (child p left d) d’ by simp
thus Fulse unfolding lv-def
using child-invariant[OF <d' < length ps, of left d] <«d # d*
by auto
qed
qed

show ?thesis
proof (rule distinct-concat)
show distinct (map ?sub 2ds)
unfolding distinct-map using inj-on by simp
next
fix ys assume ys € set (map ?sub ?ds)
then obtain d where d € ds and d < length p
and x: ys = ?sub d by auto

show distinct ys unfolding x
using grid-disjunct|OF <d < length p>, of {d' € ds. d’ < d}]
gridgen-lgrid-eq lgrid-def <distinct (?left d)» <distinct (?right d)»
by auto
next
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fix ys zs

assume ys € set (map ?sub ?ds)

then obtain d where ys: ys = %sub d and d € set ?ds by auto
hence d < length p by auto

assume zs € set (map Zsub 2ds)
then obtain d’ where zs: zs = %sub d’ and d’ € set ?ds by auto
hence d’ < length p by auto

assume ys # zs
hence d’ # d unfolding ys zs by auto

show set ys N set zs = {}
proof (rule ccontr)
assume — ?thesis
then obtain p’ where p’ € set (?sub d) and p’ € set (?sub d’)
unfolding ys zs by auto

hence lvpd < lwp' dlvpd <lwp'd
using grid-child-level <d € set ?ds» «d’ € set ?ds
by (auto simp add: gridgen-lgrid-eq lgrid-def grid-child-level)

show Fulse
proof (cases d < d')
case True
from <p’ € set (Zsub d)»
have p! d' = p’! d’
using grid-invariant[of d’ child p right d {d’ € ds. d’ < d}]
using grid-invariant[of d’ child p left d {d’ € ds. d’ < d}]
using child-invariant[of d’ - - d] «d < d’ «d’ < length p»
using gridgen-lgrid-eq lgrid-def by auto
thus Fulse using <lv p d’ < lv p’ d’» unfolding lv-def by auto
next
case Fulse hence d’ < d using «d’ # d> by simp
from <p’ € set (Zsub d’)
have p!d=p'!d
using grid-invariant[of d child p right d' {d € ds. d < d'}]
using grid-invariant[of d child p left d' {d € ds. d < d'}]
using child-invariant[of d - - d'] «d" < d» «d < length p»
using gridgen-lgrid-eq lgrid-def by auto
thus Fualse using <lv p d < lv p’ d> unfolding lv-def by auto
qged
qed
qed
qed (simp add: map-replicate-const)
moreover
have p ¢ set (concat (map ?sub ?ds))
using gridgen-lgrid-eq lgrid-def grid-not-child[of - p] by simp
ultimately show Zcase
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unfolding gridgen.simps Let-def distinct.simps by simp
qed auto

lemma lgrid-finite: finite (lgrid b ds Im)
proof (cases level b < Im)
case True from iffD1[OF le-iff-add True]
obtain [ where I: Im = level b + [ by auto
show ?thesis unfolding [ gridgen-lgrid-eq[symmetric] by auto
next
case False hence !l z. z € grid b ds = (= level z < Im)
proof —
fix z assume z € grid b ds
from grid-level|OF this] show — level x < Im using Fualse by auto
qed
hence lgrid b ds Im = {} unfolding lgrid-def by auto
thus ?thesis by auto
qed

lemma lgrid-sum:

fixes F :: grid-point = real

assumes d < length b and level b < Im

shows (> p € lgrid b {d} Im. F p) =

(3> p € lgrid (child b left d) {d} Im. F p) + (> p € lgrid (child b right

d) {d} Im. Fp)+ Fb

(is(O pe ?gridb. Fp)= (> pe ?grid 2l . Fp) + (%sum (?grid ?r)) + F b)
proof —

have !! dir. b ¢ ?2grid (child b dir d)

using grid-child-without-parent[where ds={d}] and «d < length b> and lgrid-def
by auto

hence b-distinct: b ¢ (?grid 21 U ?grid ?r) by auto

have %grid 7l N ?grid ?r = {}
unfolding lgrid-def using grid-disjunct and <d < length b> by auto
from Igrid-finite lgrid-finite and this
have child-eq: ?sum ((?grid ?1) U (2grid ?r)) = %sum (%grid ?1) + ¢sum (Zgrid
2r)
by (rule sum.union-disjoint)

have ?grid b = {b} U (?grid ?1) U (%grid 9r) unfolding lgrid-def grid-partition|where
p=>b] using assms by auto

hence ?sum (?grid b) = F b + Zsum ((?grid ?1) U (?grid ?r)) using b-distinct
and lgrid-finite by auto

thus ?thesis using child-eq by auto
qed

2.7 Base Points

definition base :: nat set = grid-point = grid-point
where base ds p = (THE b. b € grid (start (length p)) ({0 ..< length p} — ds) A
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p € grid b ds)

lemma baseE: assumes p-grid: p € sparsegrid’ dm
shows base ds p € grid (start dm) ({0..<dm} — ds)
and p € grid (base ds p) ds
proof —
from p-grid[unfolded sparsegrid’-def]
have x: 3! x € grid (start dm) ({0..<dm} — ds). p € grid = ds
by (intro grid-splitl) (auto intro: grid-union-dims)
then obtain z where z-eq: z € grid (start dm) ({0..<dm} — ds) A p € grid x
ds
by auto
with * have base ds p = z unfolding base-def by auto
thus base ds p € grid (start dm) ({0..<dm} — ds) and p € grid (base ds p) ds
using z-eq by auto
qed

lemma basel: assumes z-grid: © € grid (start dm) ({0..<dm} — ds) and p-zgrid:
p € grid z ds
shows base ds p = x
proof —
have p € grid (start dm) (ds U ({0..<dm} — ds))
using grid-transitive] OF p-zgrid x-grid, where ds”’=ds U ({0..<dm} — ds)]
by auto
moreover have ds N ({0..<dm} — ds) = {} by auto
ultimately have 3! z € grid (start dm) ({0..<dm} — ds). p € grid z ds
using grid-split! [where p=p and b=start dm and ds'=ds and ds={0..<dm}
— ds] by auto
thus base ds p = z using x-grid p-zgrid unfolding base-def by auto
qed

lemma base-empty: assumes p-grid: p € sparsegrid’ dm shows base {} p = p
using grid-empty-ds and p-grid and grid-split! [where ds={0..<dm} and ds'={}]
unfolding base-def sparsegrid’-def by auto

lemma base-start-eq: assumes p-spg: p € sparsegrid dm Im
shows start dm = base {0..<dm} p
proof —
from p-spg
have start dm € grid (start dm) ({0..<dm} — {0..<dm})
and p € grid (start dm) {0..<dm} using sparsegrid’-def by auto
from basel[OF this(1) this(2)] show ?thesis by auto
qed

lemma base-in-grid: assumes p-grid: p € sparsegrid’ dm shows base ds p € grid
(start dm) {0..<dm}
proof —

let ?ds = ds U {0..<dm}

have ds-eq: { d € ?ds. d < length (start dm) } = { 0..< dm}
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unfolding start-def by auto
have base ds p € grid (start dm) ?ds
using grid-union-dims|OF - baseE(1)[OF p-grid, where ds=ds|, where ds'=?ds]
by auto

thus ?thesis using grid-dim-remove-outer[where b=start dm and ds=?ds] unfolding

ds-eq by auto
qed

lemma base-grid: assumes p-grid: p € sparsegrid’ dm shows grid (base ds p) ds
C sparsegrid’ dm
proof

fix  assume zgrid: x € grid (base ds p) ds

have ds-eq: { d € {0..<dm} U ds. d < length (start dm) } = {0..<dm} by auto

from grid-transitive] OF zgrid base-in-grid|OF p-grid], where ds"’={0..<dm} U
ds]

show z € sparsegrid’ dm unfolding sparsegrid’-def

using grid-dim-remove-outer[where b=start dm and ds={0..<dm} U ds]
unfolding ds-eq unfolding Un-ac(3)[of {0..<dm}]
by auto

qed
lemma base-length[simp|: assumes p-grid: p € sparsegrid’ dm shows length (base
ds p) = dm
proof —

from baseE[OF p-grid] have base ds p € grid (start dm) ({0..<dm} — ds) by
auto

thus “thesis by auto
qged
lemma base-in[simp|: assumes d < dm and d € ds and p-grid: p € sparsegrid’
dm shows base ds p ! d = start dm ! d
proof —

have ds: d ¢ {0..<dm} — ds using «d € ds» by auto

have d < length (start dm) using <d < dm> by auto

with grid-invariant[OF this ds] baseE(1)[OF p-grid] show ?thesis by auto
qed
lemma base-out[simp]: assumes d < dm and d ¢ ds and p-grid: p € sparsegrid’
dm shows base dsp!d=p! d
proof —

have d < length (base ds p) using base-length[OF p-grid] <d < dm» by auto

with grid-invariant|OF this <d ¢ ds)] baseE(2)][OF p-grid] show ?thesis by auto
qed
lemma base-base: assumes p-grid: p € sparsegrid’ dm shows base ds (base ds’ p)
= base (ds U ds’) p
proof (rule nth-equalityl)

have b-spg: base ds’ p € sparsegrid’ dm unfolding sparsegrid’-def

using grid-union-dims|OF Diff-subset[where A={0..<dm} and B=ds'| baseE(1)[OF

p-grid]] .
from base-length[OF b-spg] base-length| OF p-grid] show length (base ds (base ds’
p)) = length (base (ds U ds’) p) by auto
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show base ds (base ds’ p) ! i = base (ds U ds) p ! i if i < length (base ds (base
ds' p)) for i
proof —
have i < dm using that base-length|OF b-spg] by auto
show base ds (base ds’ p) ! i = base (ds U ds") p ! i
proof (cases i € ds U ds’)
case True
show ?thesis
proof (cases i € ds)
case True from base-in[OF i < dmy «i € ds U ds’» p-grid] base-in[OF «i
< dm this b-spg] show ?thesis by auto
next
case Fulse hence i € ds’ using «i € ds U ds’» by auto
from base-in[OF i < dm) i € ds U ds”y p-grid] base-out|OF <i < dm» <
¢ ds» b-spg] base-in[OF i < dm» «i € ds”y p-grid] show ?thesis by auto
qed
next
case Fulse hence i ¢ ds and i ¢ ds’ by auto
from base-out[OF «i < dm» <i ¢ ds U ds’y p-grid] base-out|OF <i < dmy i
¢ ds» b-spg] base-out|OF <i < dm) i ¢ ds"» p-grid] show ?thesis by auto
qed
qed
qed
lemma grid-base-out: assumes d < dm and d ¢ ds and p-grid: b € sparsegrid’
dm and p € grid (base ds b) ds
shows p!d=10!d
proof —
have base ds b! d = b ! d using assms by auto
moreover have d < length (base ds b) using assms by auto
from grid-invariant|OF this]
have p ! d = base ds b ! d using assms by auto
ultimately show ?thesis by auto
qed

lemma grid-grid-inj-on: assumes ds N ds’ = {} shows inj-on snd (|Jp'egrid b
ds. Up"egrid p" ds". {(p’, p')})
proof (rule inj-onl)

fix zy

assume z € ((Jp'egrid b ds. |Jp''egrid p’ ds'. {(p’, p'")})

hence snd z € grid (fst z) ds' and fst © € grid b ds by auto

assume y € (Up'egrid b ds. |Jp"'egrid p’ ds’. {(p’, p")})
hence snd y € grid (fst y) ds’ and fst y € grid b ds by auto

assume snd r = snd y
have fst x = fst y
proof (rule ccontr)
assume fst © # fst y
from grid-disjunct’|OF <fst x € grid b ds) <fst y € grid b ds) <snd x € grid (fst
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z) ds’ this «ds N ds’ = {}]
show Fulse using <snd y € grid (fst y) ds’» unfolding <snd z = snd y» by
auto
qed
show z = y using prod-eqI[OF <fst x = fst y» <snd x = snd ] .
qed

lemma grid-level-d: assumes d < length b and p-grid: p € grid b {d} and p #
bshows lvpd>1Ilvbd
proof —
from p-grid{unfolded grid-partition[where p=>b]]
show ?thesis using grid-child-level using assms by auto
qed

lemma grid-base-base: assumes b € sparsegrid’ dm

shows base ds’ b € grid (base ds (base ds’ b)) (ds U ds’)
proof —

from base-grid[OF <b € sparsegrid’ dm>] have base ds’ b € sparsegrid’ dm by
auto

from grid-union-dims[OF - baseE(2)[OF this], of ds ds U ds'] show ?thesis by
auto
qged

lemma grid-base-union: assumes b-spg: b € sparsegrid’ dm and p-grid: p € grid
(base ds b) ds and x-grid: © € grid (base ds’ p) ds’

shows z € grid (base (ds U ds’) b) (ds U ds’)
proof —

have ds-union: ds U ds’ = ds’ U (ds U ds’) by auto

from base-grid[OF b-spg] p-grid have p-spg: p € sparsegrid’ dm by auto
with assms and grid-base-base have base-b’: base ds’ p € grid (base ds (base ds’
p)) (ds U ds’) by auto
moreover have base ds’ (base ds b) = base ds’ (base ds p) (is ?b = ?p)
proof (rule nth-equalityl)
have bb-spg: base ds b € sparsegrid’ dm using base-grid|OF b-spg] grid.Start
by auto
hence dm = length (base ds b) by auto
have bp-spg: base ds p € sparsegrid’ dm using base-grid|OF p-spq] grid.Start
by auto

show length ?b = length ?p using base-length[ OF bp-spg| base-length| OF bb-spg]
by auto
show 2b! i = 2p ! iif i < length ?b for ¢
proof —
have i < dm and i < length (base ds b) using that base-length[OF bb-spg]
<«dm = length (base ds b)) by auto
show ¢b! i = 2p i
proof (cases i € ds U ds’)
case True
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hence !! z. base ds x € sparsegrid’ dm =—> x € sparsegrid’ dm = base ds’

(base ds ) ! i = (start dm) ! i
proof — fix z assume 2-spg: x € sparsegrid’ dm and zb-spg: base ds z €
sparsegrid’ dm
show base ds’ (base ds z) | i = (start dm) ! 4
proof (cases i € ds’)
case True from base-in[OF «i < dm> this zb-spg] show ?Zthesis .
next
case Fulse hence i € ds using <i € ds U dsy by auto
from base-out[OF «i < dm» False xb-spg] base-in[OF <i < dm» this z-spg]
show ?thesis by auto
qed
qged
from this[OF bp-spg p-spg| this|OF bb-spg b-spg] show ?thesis by auto
next
case Fulse hence i ¢ ds and { ¢ ds’ by auto
from grid-invariant[OF <i < length (base ds b)y «i ¢ ds» p-grid]
base-out|OF i < dmy <i ¢ ds’> bp-spg| base-out|OF i < dmy <i ¢ ds»
p-spg] base-out|OF i < dmy «i ¢ ds’» bb-spg]
show ?thesis by auto
qed
qed
qed
ultimately have base ds’ p € grid (base (ds U ds’) b) (ds U ds’)
by (simp only: base-base[OF p-spg| base-base[OF b-spg] Un-ac(3))
from grid-transitive| OF z-grid this] show ?thesis using ds-union by auto
qged
lemma grid-base-dim-add: assumes ds’ C ds and b-spg: b € sparsegrid’ dm and
p-grid: p € grid (base ds’ b) ds’
shows p € grid (base ds b) ds
proof —
have ds-eq: ds’ U ds = ds using assms by auto

have p € sparsegrid’ dm using base-grid|OF b-spg| p-grid by auto

hence p € grid (base ds p) ds using baseE by auto

from grid-base-union|OF b-spg p-grid this]

show ?thesis using ds-eq by auto
qged
lemma grid-replace-dim: assumes d < length b’ and d < length b and p-grid: p
€ grid b ds and p’-grid: p’ € grid b’ ds

shows p[d := p'! d] € grid (b[d := b’ ! d]) ds (is - € grid ?b ds)

using p’-grid and p-grid
proof induct

case (Child p' d’ dir)

hence p'’-grid: p[d := p"' ! d] € grid ?b ds and d < length p’’ using assms by
auto

have d < length p using p-grid assms by auto

thus ?case

proof (cases d’ = d)
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case True
from grid.Child[OF p"-grid <d’' € ds]
show ?thesis unfolding child-def iz-def lv-def list-update-overwrite <d' = d»
nth-list-update-eq|OF «d < length p'"y] nth-list-update-eq[OF <d < length p] .
next
case Fulse
show ?thesis unfolding child-def nth-list-update-neq| OF False] using Child by
auto
qed
qed (rule grid-change-dim)
lemma grid-shift-base:
assumes ds-dj: ds N ds’ = {} and b-spg: b € sparsegrid’ dm and p-grid: p €
grid (base (ds’ U ds) b) (ds' U ds)
shows base ds’ p € grid (base (ds U ds’) b) ds
proof —
from grid-split|OF p-grid)
obtain z where z-grid: x € grid (base (ds’ U ds) b) ds and p-zgrid: p € grid x
ds’ by auto
from grid-union-dims[OF - this(1)]
have z-spg: © € sparsegrid’ dm using base-grid[OF b-spg] by auto

have b-len: length (base (ds’ U ds) b) = dm using base-length[OF b-spg] by auto

define d’ where d' = dm
moreover have d’' < dm = z € grid (start dm) ({0..<dm} — {d € ds". d <
d’y)
proof (induct d’)
case (Suc d’)
with b-len have d’-b: d’ < length (base (ds' U ds) b) by auto
show ?Zcase
proof (cases d’ € ds’)
case True hence d’' ¢ ds and d’ € ds’ U ds using ds-dj by auto
have {0..<dm} — {d € ds’. d < d'} = ({0..<dm} — {d € ds". d < d'}) —
{d'} U {d'} using <Suc d’ < dm» by auto
also have ... = ({0..<dm} — {d € ds". d < Suc d'}) U {d’} by auto
finally have z-¢: © € grid (start dm) ({d'} U ({0..<dm} — {d € ds’. d <
Suc d'})) using Suc by auto
from grid-invariant|OF d'-b <d' ¢ ds» x-grid] base-in[OF - «d’ € ds’ U ds»
b-spg] «Suc d’ < dmy»
have z ! d’' = start dm ! d’ by auto
from grid-dim-remove|OF z-g this| show ?thesis .
next
case Fulse
hence {d € ds". d < Suc d'y ={d € ds’. d < d’' Vv d = d'} by auto
also have ... = {d € ds’. d < d'} using Fualse by auto
finally show ?thesis using Suc by auto
qed
next
case 0 show ?case using z-spg[unfolded sparsegrid’-def] by auto
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qed
moreover have {0..<dm} — ds' = {0..<dm} — {d € ds’. d < dm} by auto
ultimately have z € grid (start dm) ({0..<dm} — ds’) by auto
from basel[OF this p-zgrid] and z-grid
show ?thesis by (auto simp: Un-ac(3))
qed

2.8 Lift Operation over all Grid Points

definition lift :: (nat = nat = grid-point = vector = vector) = nat = nat =
nat = vector = vector
where lift f dm Im d = foldr (X p. f d (Im — level p) p) (gridgen (start dm) ({ 0
.<dm}—{d}) im)

lemma [ift:
assumes d < dm and p € sparsegrid dm Im
and Fintro: A 1bp a. [ b € lgrid (start dm) ({0..<dm} — {d}) Im ;
I+ level b =lm ; p € sparsegrid dm Im |
= Fdlbap=(if b= base {d} p
then (> p' € lgrid b {d} Im. S (o p’) p )
else a p)
shows lift F dm Im d « p = (3 p' € lgrid (base {d} p) {d} Im. S (a p") p p’)
(is ?lift = 25 p «)
proof —
let Zgridgen = gridgen (start dm) ({0..<dm} — {d}) Im
let 2%fp = F d (lm — level p) p

{fixbspBb
assume set bs C set ?gridgen and distinct bs and p € sparsegrid dm Im
hence foldr ?f bs § p = (if base {d} p € set bs then 2S p [ else B p)
proof (induct bs arbitrary: p)
case (Cons b bs)
hence b € Igrid (start dm) ({0..<dm} — {d}) Im
and (Im — level b) + level b = Im
and b-grid: b € grid (start dm) ({0..<dm} — {d})
using lgrid-def gridgen-lgrid-eq by auto
note F' = Fintro[OF this(1,2) <p € sparsegrid dm Im)]

have b ¢ set bs using <distinct (b#bs)> by auto

show ?Zcase
proof (cases base {d} p € set (b#bs))
case True note base-in-set = this

show ?thesis
proof (cases b = base {d} p)
case True
moreover
{ fix p’ assume p’ € lgrid b {d} Im
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hence p’ € grid b {d} and level p’ < Im unfolding lgrid-def by auto
from grid-transitive] OF this(1) b-grid, of {0..<dm}] «d < dm»
baseI[OF b-grid <p’ € grid b {d}>] <b ¢ set bs
Cons.prems Cons.hyps[of p’] this(2)
have foldr ?f bs 8 p’ = B p’ unfolding sparsegrid-def lgrid-def by auto

ultimately show ¢thesis
using F base-in-set by auto
next
case Fulse
with base-in-set have base {d} p € set bs by auto
with Cons.hyps[of p| Cons.prems
have foldr ?fbs B p = 25 p 8 by auto
thus ?thesis using F base-in-set False by auto
qed
next
case Fulse
hence b # base {d} p by auto
from False Cons.hyps|of p| Cons.prems
have foldr ?f bs 8 p = B p by auto
thus ?thesis using False F <b # base {d} p> by auto
qed
qed auto
}
moreover have base {d} p € set ?gridgen
proof —
have p € grid (base {d} p) {d}
using «p € sparsegrid dm Im)[THEN sparsegrid-subset] by (rule baseE)
from grid-level[OF this] baseE(1)[OF sparsegrid-subset|OF <p € sparsegrid dm
Im>])
show ?thesis using <p € sparsegrid dm Im»
unfolding gridgen-lgrid-eq sparsegrid’-def lgrid-def sparsegrid-def
by auto
qed
ultimately show ?thesis unfolding lift-def
using gridgen-distinct <p € sparsegrid dm Im» by auto
qed

2.9 Parent Points

definition parents :: nat = grid-point = grid-point = grid-point set
where parents d bp = { v € grid b {d}. p € grid z {d} }

lemma parents-split: assumes p-grid: p € grid (child b dir d) {d}
shows parents d b p = { b } U parents d (child b dir d) p
proof (intro set-eql iffI)
let ?chd = child b dir d and ?chid = child b (inv dir) d
fix z assume z € parents d b p
hence z € grid b {d} and p € grid x {d} unfolding parents-def by auto
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hence z-split: x € {b} U grid ?chd {d} U grid ?chid {d} using grid-onedim-split[where
ds={} and b=0b] and grid-empty-ds
by (cases dir, auto)
thus z € {b} U parents d (child b dir d) p
proof (cases x = b)
case Fulse
have d < length b
proof (rule ccontr)
assume — d < length b hence empty: {d’ € {d}. d’ < length b} = {} by
auto
have z = b using <z € grid b {d}»
unfolding grid-dim-remove-outer[where ds={d} and b=b] empty
using grid-empty-ds by auto
thus Fulse using <— x = b by auto
qed
have z ¢ grid ?chid {d}
proof (rule ccontr)
assume — z ¢ grid ?chid {d}
hence p € grid ?chid {d} using grid-transitive]OF «p € grid x {d}>, where
ds'={d}]
by auto
hence p ¢ grid ?chd {d} using grid-disjunct[OF <d < length b] by (cases
dir, auto)
thus Fualse using <p € grid ?chd {d}> ..
qed
with False and z-split
have z € grid ?chd {d} by auto
thus ?thesis unfolding parents-def using «p € grid x {d}> by auto
qged auto
next
let ?chd = child b dir d and ?chid = child b (inv dir) d
fix x assume z-in: x € {b} U parents d ?chd p
thus = € parents d b p
proof (cases z = b)
case Fulse
hence x € parents d ?chd p using z-in by auto
thus ?thesis unfolding parents-def using grid-child[where b=b] by auto
next
from p-grid have p € grid b {d} using grid-child|where b=>5] by auto
case True thus ?thesis unfolding parents-def using <p € grid b {d}» by auto
qed
qed

lemma parents-no-parent: assumes d < length b shows b ¢ parents d (child b dir
d) p (is - ¢ parents - ?ch -)
proof

assume b € parents d ?ch p hence b € grid ?ch {d} unfolding parents-def by
auto

from grid-level[OF this]
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have level b + 1 < level b unfolding child-level|OF «d < length b] .
thus Fulse by auto
qed

lemma parents-subset-lgrid: parents d b p C lgrid b {d} (level p + 1)
proof
fix z assume z € parents d b p
hence z € grid b {d} and p € grid x {d} unfolding parents-def by auto
moreover hence level x < level p using grid-level by auto
hence level x < level p + 1 by auto
ultimately show z € Igrid b {d} (level p + 1) unfolding lgrid-def by auto
qed

lemma parents-finite: finite (parents d b p)
using finite-subset| OF parents-subset-lgrid lgrid-finite] .

lemma parent-sum: assumes p-grid: p € grid (child b dir d) {d} and d < length
b

shows (" x € parents dbp. Fz) = F b+ (3. x € parents d (child b dir d) p.
F 1)

unfolding parents-split[OF p-grid] using parents-no-parent|OF <d < length b,
where dir=dir and p=p| using parents-finite

by auto

lemma parents-single: parents d b b ={ b }
proof

have parents d b b C lgrid b {d} (level b + (Suc 0)) using parents-subset-lgrid
by auto

also have ... = {b} unfolding gridgen-lgrid-eq[symmetric] gridgen.simps Let-def
by auto

finally show parents db b C {b}.
next

have b € parents d b b unfolding parents-def by auto
thus { b } C parents d b b by auto
qed

lemma grid-single-dimensional-specification:
assumes d < length b
and odd i
andlvbd+1'=1
and i < (izbd+ 1)* 277
and i > (izbd— 1) x* 277
shows b[d := (1,i)] € grid b {d}
using assms proof (induct I’ arbitrary: b)
case ()
hence i = ix b d and | = lv b d by auto
thus “case unfolding iz-def lv-def by auto
next

case (Suc l')
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have d € {d} by auto

show ?Zcase
proof (rule linorder-cases)
assume ¢ = iz b d * 27(Suc ')
hence even i by auto
thus ?thesis using <odd 7> by blast
next
assume *: { < iz b d * 27 (Suc 1)

let ?b = child b left d

have d < length ?b using Suc by auto
moreover note <odd 7>
moreover have lv ?b d + I’ = |
and i < (iz ?bd + 1) % 270
and (ix ?bd — 1) %« 271" < 3
unfolding child-iz-left|OF Suc.prems(1)]
using Suc.prems x child-lv by (auto simp add: field-simps)
ultimately have ?b[d := (1,7)] € grid ?b {d}
by (rule Suc.hyps)
thus ?thesis
by (auto introl: grid-child[OF <d € {d}», of - b left]
simp add: child-def)
next
assume *: iz b d *x 27 (Sucl’) < i

let 2b = child b right d

have d < length ?b using Suc by auto
moreover note <odd 7>
moreover have lv ?b d + I’ = |
and i < (iz ?bd + 1) % 270
and (iz ?bd — 1) * 271" < i
unfolding child-iz-right| OF Suc.prems(1)]
using Suc.prems x child-lv by (auto simp add: field-simps)
ultimately have ?b[d := (1,7)] € grid ?b {d}
by (rule Suc.hyps)
thus ?thesis
by (auto intro!: grid-child[OF «d € {d}», of - b right]
simp add: child-def)
qed
qed

lemma grid-multi-dimensional-specification:
assumes dm < length b and length p = length b
and A d. d < dm =
odd (ix p d) A
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wbd<lvpdA
irpd<(izbd+ 1)+« 2(lwpd—Ilwbd) A
ixpd>(izbd—1)«x 2 (lvpd — lwbd)
(is A\ d. d < dm = ?bounded p d)
and Ad.[dn<d;d<lengthb] = pld=0'!d
shows p € grid b {0..<dm}
using assms proof (induct dm arbitrary: p)
case ()
hence p = b by (auto introl: nth-equalityl)
thus ?case by auto
next
case (Suc dm)
hence dm < length b
and dm < length p by auto

let ?p = p[dm = b ! dm]

note <dm < length b»
moreover have length ?p = length b using <length p = length b> by simp
moreover
{
fix d assume d < dm
hence *: d < Suc dm and dm # d by auto
have ?p ! d=p! d
by (rule nth-list-update-neqOF «dm # d»])
hence ?bounded ?p d
using Suc.prems(3)[OF x| lv-def iz-def
by simp
}
moreover
{
fix d assume dm < d and d < length b
have ?p ! d =b!d
proof (cases d = dm)
case True thus ?thesis using <d < length by <length p = length b> by auto
next
case Fulse
hence Suc dm < d using <dm < d> by auto
thus ?thesis using Suc.prems(4) «d < length b> by auto
qed
}
ultimately
have x: %p € grid b {0..<dm}
by (auto introl: Suc.hyps)

have lv b dm < lv p dm using Suc.prems(3)[OF lessI| by simp
have [simp]: lv ?p dm = lv b dm using lv-def <dm < length p» by auto

have [simp]: iz %p dm = iz b dm using iz-def <«dm < length p)> by auto
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have [simp]: p[dm = (lv p dm, iz p dm)] = p
using [v-def iz-def <dm < length p> by auto
have dm < length ?p and
[simpl: v b dm + (lwp dnm — b dm) =l p dn
using «dm < length p> <lv b dm < lv p dm> by auto
from grid-single-dimensional-specification|OF this(1),
where [=lv p dm and i=iz p dm and l'=lv p dm — v b dm, simplified]
have p € grid ?p {dm}
using Suc.prems(3)[OF lessI| by blast
from grid-transitive| OF this x|
show ?case by auto
qed

lemma sparsegrid:
sparsegrid dm Im = {p.
length p = dm A level p < Im A
Vd<dm.oodd (ixpd) N0 <izpdANizpd< 2 (lwpd+ 1))}

(is - = Zset)
proof (rule equalityl[OF subsetl subsetl])
fix p

assume *: p € sparsegrid dm Im
hence length p = dm and level p < Im unfolding sparsegrid-def by auto
moreover
{ fix d assume d < dm
hence xx: p € grid (start dm) {0..<dm} and d < length (start dm)
using * unfolding sparsegrid-def by auto
have odd (iz p d)
proof (cases p ! d = start dm ! d)
case True
thus ?thesis unfolding start-def using «d < dm> iz-def by auto
next
case Fulse
from grid-odd[OF - this ]
show ?thesis using «d < dm) by auto
qed
hence odd (ixp d) N0 <izpdANixzpd< 2({lwpd+ 1)
using grid-estimate[OF <d < length (start dm)) x|
unfolding iz-def lv-def start-def using «d < dm» by auto
}
ultimately show p € ?set
using sparsegrid-def lgrid-def by auto
next
fix p
assume p € Zset
with grid-multi-dimensional-specification|of dm start dm p]
have p € grid (start dm) {0..<dm} and level p < Im
by auto
thus p € sparsegrid dm Im
unfolding sparsegrid-def lgrid-def by auto
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qed

end

3 Hat Functions

theory Triangular-Function

imports
HOL— Analysis. Equivalence- Lebesgue- Henstock-Integration
Grid

begin

lemma continuous-on-maz|continuous-intros|:
fixes [ :: - = 'a::linorder-topology
shows continuous-on S f = continuous-on S g = continuous-on S (Az. mazx

(fz) (92)

by (auto simp: continuous-on-def intro: tendsto-maz)

definition ¢ :: (nat x int) = real = real where
o= Ai) xz. max 0 (1 — | zx 21+ 1) — real-of-int i |))

definition @ :: (nat x int) list = (nat = real) = real where
O px=([[d<lengthp. ¢ (p!d) (z d))

definition [2-p where
12-0 p1 p2 = ([ 2. ¢ pl z * ¢ p2 x Olborel)

definition /2 where
2ab=([z.®axzx*® bz d(ly de{..<length a}. lborel))

lemma measurable-p[measurable]: ¢ p € borel-measurable borel
by (cases p) (simp add: @-def)

lemma @-nonneg: 0 < ¢ p x
by (simp add: p-def split: prod.split)

lemma p-zero-iff:

o (i) =0 «— x ¢ {real-of-int ({ — 1)/ 27U+ 1) <..< real-of-int (i + 1)
/2 + 1))

by (auto simp: @-def field-simps split: split-max)

lemma @-zero: x ¢ {real-of-int (i — 1) / 27 (1 + 1) <..< real-of-int (i + 1) / 27(I
+ 1)} =9 (i)z=0
unfolding ¢-zero-iff by simp

lemma p-eq-0: assumes z: z < 0 V 1 < z and i: 0 < i1 < 2 Suc [ shows ¢
(LLiyz=0

using z
proof
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assume z < (
also have 0 < real-of-int (i — 1) / 27 (1 + 1)
using ¢ by (auto simp: field-simps)
finally show ?thesis
by (auto introl: @-zero simp: field-simps)
next
have real-of-int (i + 1) / 27 (1 + 1) < 1
using i by (subst divide-le-eq-1-pos) (auto simp del: of-int-add power-Suc)
also assume 1 < z
finally show ?thesis
by (auto introl: @-zero simp: field-simps)
qed

lemma iz-lt: p € sparsegrid dmlm —= d < dm = izpd < 2 (wpd + 1)
unfolding sparsegrid-def lgrid-def
using grid-estimate[of d start dm p {0 ..< dm}] by auto

lemma iz-gt: p € sparsegrid dm lm — d < dm = 0 < iz p d
unfolding sparsegrid-def lgrid-def
using grid-estimate|of d start dm p {0 ..< dm}] by auto

lemma ®-eg-0: assumes z: Id<lengthp. zd < 0V 1 < x d and p: p € sparsegrid
dm Im shows ® pz = 0
unfolding ®-def
proof (rule prod-zero)
from z obtain d where d < lengthp A (zd < 0V 1 < zd) ..
with p[THEN iz-lt, of d] p|THEN iz-gt, of d] p
show Jae{..<length p}. ¢ (p!a) (za) =0
apply (cases pld)
apply (intro bexI|of - d])
apply (auto introl: p-eq-0 simp: sparsegrid-length iz-def lv-def)
done
qed simp

lemma @-left-support”:

z € {real-of-int (i — 1) / 27 (1 + 1) .. real-of-int i / 27 (1 + 1)} = ¢ (l,i) z =
14+ zx*x 2+ 1) — real-of-int i

by (auto simp: @-def field-simps split: split-max)

lemma p-left-support: © € {—1 .. O:real} = ¢ (1,0) ((x + real-of-int ©) / 27(I
+1)=1+z
by (auto simp: @-def field-simps split: split-max)

lemma -right-support’:

z € {real-of-int i / 271+ 1) .. real-of-int (i + 1) / 271+ 1)} = ¢ (I,i) z =
1 —z% 2+ 1)+ real-of-int i

by (auto simp: p-def field-simps split: split-mazx)

lemma -right-support:
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ze{0 .. 1ureal} = ¢ (i) (z + real i) / 21+ 1) =1 —=x
by (auto simp: @-def field-simps split: split-max)

lemma integrable-p: integrable lborel (¢ p)
proof (induct p)

case (Pair 1)

have integrable lborel (A\z. indicator {real-of-int (i — 1) / 27(l + 1) .. real-of-int
(i+ 1)/ 270+ )} oo (L) 2)

unfolding ¢-def by (intro borel-integrable-compact) (auto intro!: continuous-intros)

then show ?Zcase

by (rule Bochner-Integration.integrable-cong| THEN iffD1, rotated —1]) (auto

simp: p-zero-iff)
qed

lemma integrable-p2: integrable lborel (Az. ¢ p x * ¢ q x)
proof (cases p q rule: prod.ezhaust]case-product prod.ezhaust])
case (Pair-Pair 1 i1 i)
have integrable lborel
(Az. indicator {real-of-int (i — 1) / 27(l + 1) .. real-of-int (i + 1) / 27(1 +
D}z xr (@ (I, i) xx @ (I, i) )
unfolding ¢-def by (intro borel-integrable-compact) (auto intro!: continuous-intros)
then show ?thesis unfolding Pair-Pair
by (rule Bochner-Integration.integrable-cong| THEN iffD1, rotated —1]) (auto
simp: p-zero-iff)
qed

lemma 12-pI-DERIV:
assumes n: A\ z. z € { (real-of-int i’ — 1) / 27°(I' + 1) .. real-of-int i’ / 27(I' +
1)} =
DERIV ®-nz:>(p (I, iz x @ (I,i) z) (is \ z. x € {?a..2b} = DERIV -
-:> 7P x)
and p: A\ z. ¢ € { real-of-int i’ / 27(I' + 1) .. (real-of-int i' + 1) / 27(I' + 1)
=
DERIV ®px:>(p (I,iYz*xp (I,i) x) s \ z. z € {?b..2¢} = -)
shows 12-p (I, ') (I, i) = (®-n 20 — ®-n %a) + (P-p ?2c — P-p D)
proof —
have has-bochner-integral lborel
(Az. 2P z * indicator {?a..2b} © + 2P x % indicator {%b..%c} x)
((®-n 20 — &-n %a) + (P-p %c — ®-p %b))
by (intro has-bochner-integral-add has-bochner-integral-FTC-Icc-nonneg n p)
(auto simp: @-nonneg field-simps)
then have has-bochner-integral lborel?P ((®-n 2b — ®-n 2a) + (P-p ¢ — P-p
%)
by (rule has-bochner-integral-discrete-difference[where X={%b}, THEN iffD1,
rotated —1])
(auto simp: power-add introl: p-zero integral-cong split: split-indicator)
then show ?thesis by (simp add: has-bochner-integral-iff 12-p-def)
qed
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lemma [2-eq: length a = length b = 12 a b = ([] d<length a. 12-¢ (ald) (b!d))
unfolding (2-def 12-p-def O-def
apply (simp add: prod.distrib[symmetric])

proof (rule product-sigma-finite.product-integral-prod)
show product-sigma-finite (Ad. lborel) ..

qed (auto intro: integrable-p2)

lemma [2-when-disjoint:

assumes [ < [/

defines d == 1" — |

assumes ({ + 1)« 27d < i’V i' < (i — 1) % 27d (is right V ?left)

shows 2-p (I',4)) (I,i) =0
proof —

let ?sup = Al i. {real-of-int (i — 1) / 27 (1 4+ 1) <..< real-of-int (i + 1) / 27l
1)}

have I l'=1+ d
using assms by simp

have x: Ai l. 2 71 = real-of-int (2 ~ l:wint)
by simp

have [arith]: 0 < (27d::int)
by simp

from «?right V ?lefty <I < 1’y have empty-support: Zsup i N Zsup I’ i’ = {}
by (auto simp add: min-def max-def divide-simps ' power-add * of-int-mult[symmetric|
simp del: of-int-diff of-int-add of-int-mult of-int-power)
(simp-all add: field-simps)
then have Az. o (I, i)z x ¢ (I, i) x = 0
unfolding y-zero-iff mult-eq-0-iff by blast
then show ?thesis
by (simp add: 12-p-def del: mult-eq-0-iff vector-space-over-itself .scale-eq-0-iff)
qed

lemma [2-commutative: 12-p p g = 12-¢ q p
by (simp add: 12-p-def mult.commute)

lemma [2-when-same: 12-p (1, i) (I, 9)=1/3 ) 271
proof (subst 12-pI-DERIV)

let 20 = (2 :: real) (I + 1)

let ?in = real-of-int i — 1

let %ip = real-of-int i + 1

let 2o = ¢ (1,i)

let 202 = Xz. %pzx %p x

{ fix z assume z € {%n / ?I .. real-of-int i / 2}
hence g-eq: %p © = 2l x x — %in using p-left-support’ by auto
show DERIV (Az. 278 / 3 % 2172 + x % 2in"2 — 272/2 x 2 % 2l x %in) z :>
%02 x
by (auto intro!: derivative-eg-intros simp add: power2-eq-square field-simps
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p-eq) }

{ fix z assume z € {real-of-int i / 21 .. %ip | 2}
hence p-eq: %o x = %ip — ?l x z using @-right-support’ by auto
show DERIV (Ax. 273 / 8 % 2172 4+ x % 2ip 2 — " 2/2 % 2 x 21 x %ip) © :>
%02 x
by (auto introl: derivative-eg-intros simp add: power2-eq-square field-simps
p-eq) }
qed (simp-all add: field-simps power-eq-if [of - 2] power-eq-if [of - 3])

lemma [2-when-left-child:

assumes | < [

and i"-bot: i’ > (i — 1)« 27°(I' = 1)

and i'-top: i’ < i*x 27(I' = 1)

shows 2-¢ (I', i) (I, ©) = (1 + real-of-int i" /| 27(1' — 1) — real-of-int i) / 27(I'
+ 1)
proof (subst 12-pI-DERIV)

let 2" = (2 :: real) (I' + 1)

let %in’ = real-of-int i’ — 1

let 2ip’ = real-of-int i’ + 1

let 20 = (2 rea) (1 + 1)

let 9 = real-of-int i — 1

let 20" = ¢ (I',i")

let %0 = ¢ (I, ©)

let 2p2 1 = 20"z % % x

define ®-n where ®-nz =173/ 3% 2l x 21+ x % 2% 2in' — 272 / 2 * (%in’
x 2l + 2 x ?l') for z

define ®-p where ®-pz =272/ 2 % (%ip’x 21+ 2 ?21') — 273 /] 3 % 2" %
2l —x % 2 % ?ip’' for x

have level-diff: 27(I' — 1) = 271" / (271 :: real) using power-diff[of 2::real 1 1]
<l < Iy by auto

{ fix z assume z: z € {%in’ / 21" .. %ip’ | 2}
have 2i x 27(I' — 1) < %in’
using i’-bot int-less-real-le by auto
hence 2 / 21 < %in’ | U
using level-diff by (auto simp: field-simps)
hence ?i / ?] < z using z by auto
moreover
have ?%ip’ < real-of-int i « 27(I' — 1)
using i’-top int-less-real-le by auto
hence ip’-le-i: %ip’ | ?l' < real-of-int i | 21
using level-diff by (auto simp: field-simps)
hence z < real-of-int ¢ / ?l using z by auto
ultimately have %p z = 2] x x — ?i using @-left-support’ by auto
} note p-eq = this

{ fix z assume z: x € {%n’ / ?2l' .. real-of-int i’ | ?U'}
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hence p’-eq: 2o’z = ?l' x x — ?2in’ using p-left-support’ by auto

from z have z”: z € {%in’ / 2" .. 2ip’ | ?l'} by (auto simp add: field-simps)
show DERIV ®-n x :> %p2 z unfolding ¢-eq[OF z'] p'-eq ®-n-def

by (auto intro!: derivative-eq-intros simp add: power2-eq-square algebra-simps)

{ fix z assume z: z € {real-of-int i’ / ?2l' .. %ip’ | 2"}
hence p’-eq: 2%’ x = ?ip’ — ?l' x z using p-right-support’ by auto
from x have z”: z € {%in’ / 2l' .. 2ip’ / 21"} by (simp add: field-simps)
show DERIV ®-p z :> %2 z unfolding p-eq[OF x| ¢'-eq ®-p-def
by (auto introl: derivative-eg-intros simp add: power2-eq-square algebra-simps)
}
qed (simp-all add: field-simps power-eq-if[of - 2] power-eq-if[of - 3] power-diff[of
2::real, OF - <1 < I[THEN less-imp-le]] )

lemma [2-when-right-child:

assumes | < [

and i"-bot: i’ > i x 27(I' — 1)

and i'-top: i’ < (i + 1)« 27(I' = 1)

shows 12-¢ (I', i') (I, i) = (I — real-of-int i’ /| 27(I' — 1) + real-of-int i) / 27U
+1)
proof (subst 12-pI-DERIV)

let 21" = (2 :: real) (I' + 1)

let %in’ = real-of-int i’ — 1

let 2ip’ = real-of-int i’ + 1

let 20 = (2 ::rea) (1 + 1)

let ?i = real-of-int i + 1

let 20" = ¢ (I',i")

let %0 = ¢ (I, ©)

let 202 = Mz, 20"z % %o x

define ®-n where ®-naz =272/ 2 x (%in" % 2L+ 2 x 21y — 278 /] 3 = 2" %
2l — x x 2 % %in’ for x

define ®-p where ®-px =273 / 3 % 2U'x 2l + x % %% 2ip' — 272 | 2 x (%ip’
x 21 + 21 x ?1') for x

have level-diff: 27(I' — 1) = 271’ / (271 :: real) using power-diff[of 2::real I 1]
I < 1"y by auto

{ fix z assume z: z € {%n’ /] 71" .. Zip’ /] 2}

have real-of-int i * 27(I' — 1) < ?in’

using i’-bot int-less-real-le by auto
hence real-of-int i / 21 < %in’ /| 2l

using level-diff by (auto simp: field-simps)
hence real-of-int i / 21 < z using z by auto
moreover
have %ip’ < 2i x 27(I' = 1)

using i’-top int-less-real-le by auto
hence ip'-le-i: ?ip’ | 21! < 2 ] 21

using level-diff by (auto simp: field-simps)
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hence z < % / ¢l using z by auto
ultimately have %o © = % — 2] x x using p-right-support’ by auto
} note p-eq = this

{ fix z assume z: x € {%n’ / ?l' .. real-of-int i’ | ?U'}
hence p’-eq: 2o’z = ?l' x z — ?2in’ using p-left-support’ by auto

from z have z”: z € {%in' / 2’ .. 2ip’ | 21"} by (simp add: field-simps)
show DERIV ®-n x :> %p2 z unfolding ®-n-def p-eq[OF z'] p’-eq
by (auto introl: derivative-eg-intros simp add: simp add: power2-eq-square
algebra-simps) }

{ fix z assume z: z € {real-of-int i’ / 21" .. %ip’ | 2}
hence p’-eq: 2%’ x = ?ip’ — ?l' x z using p-right-support’ by auto
from z have z”: z € {%in’ / 21’ .. 2ip’ / ?U'} by (auto simp: field-simps)
show DERIV ®-p z :> %2 z unfolding ¢-eq[OF 2’| ¢'-eq ®-p-def
by (auto introl: derivative-eg-intros simp add: power2-eq-square algebra-simps)

qed (simp-all add: field-simps power-eg-if[of - 2] power-eq-if [of - 3] power-diff|of
2::real, OF - <l < I»[THEN less-imp-le]] )

lemma level-shift: lc > | => (z = real) / 2 " (lc — Sucl) =z 2/ 2 " (lc — 1)
by (auto simp add: power-diff)

lemma [2-child: assumes d < length b
and p-grid: p € grid (child b dir d) ds (is p € grid ?child ds)
shows 2-p (p! d) (b! d) = (1 — real-of-int (sgn dir) = (real-of-int (ix p d) /
2 (wpd—lwbd) — real-of-int (ix b d))) /
2(wpd+ 1)
proof —
have [v ?child d < lv p d using «d < length b> and p-grid
using grid-single-level by auto
hence lv b d < lv p d using «d < length b> and p-grid
using child-lv by auto

let 2i-¢c = iz ?child d and ?l-c = v ?child d
let ?2i-p=ixpdand ?-p=Ilvpd
let 9%-b=ixbdand 2I-b =1l bd

have (2::int) * 27(?l-p — ?l-¢c) = 27Suc (?l-p — ?I-c) by auto
also have ... = 27(Suc ?l-p — ?l-c)
proof —

have Suc (?l-p — ?l-¢) = Suc ?l-p — ?l-c

using <lv ?child d < lv p d> by auto

thus ?thesis by auto
qed
also have ... = 27(%l-p — ?I-b)

using «d < length by and <lv b d < lvp d>

by (auto simp add: child-def lv-def)
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finally have level: 27(?l-p — 2I-b) = (2::int) * 27 (%l-p — ?l-c) ..

from «d < length b> and p-grid
have range-left: ?i-p > (%i-c — 1) x 27(?l-p — ?l-¢) and
range-right: 2i-p < (%i-c + 1) = 27(?l-p — ?l-¢)
using grid-estimate by auto

show ?thesis
proof (cases dir)
case left
with child-iz-left[OF «d < length b
have (%i-b — 1) * 27(%-p — ?2I-b) = (%i-c — 1) * 27(?l-p — ?l-c) and
2i-b x 27(?l-p — 21-b) = (%i-c + 1) * 27(?l-p — ?l-c) using level by auto
hence ?i-p > (%i-b — 1) x 27(?l-p — 2I-b) and
%i-p < %i-b x 27(?l-p — ?I-b)
using range-left and range-right by auto
with «2l-b < ?l-p»
have 12-¢ (?l-p, %i-p) (?I-b, %i-b) =
(1 + real-of-int %i-p | 27(?l-p — ?I-b) — real-of-int %i-b) / 27 (%l-p + 1)
by (rule 12-when-left-child)
thus ?thesis using left by (auto simp add: iz-def lv-def)
next
case right
hence ?%i-c = 2 x 2i-b + 1 using child-iz-right and <d < length b» by auto
hence ?i-b x 27(?l-p — ?1-b) = (%i-c — 1) * 27(?l-p — ?l-¢) and
(2i-b+ 1) % 27(?l-p — 2I-b) = (%i-c + 1) % 27(%l-p — ?l-c) using level by
auto
hence %i-p > %i-b x 27(?l-p — ?I-b) and
%i-p < (%2i-b + 1) * 27(?l-p — ?1-b)
using range-left and range-right by auto
with <?2l-b < ?lI-p»
have 2-p (?l-p, %i-p) (?I-b, %i-b) =
(1 — real-of-int ?i-p | 27(%l-p — ?I-b) + real-of-int ?i-b) / 27 (?l-p + 1)
by (rule [2-when-right-child)
thus ?thesis using right by (auto simp add: iz-def lv-def)
qed
qed

lemma [2-same: 12-¢ (p!d) (pld) = 1/3 / 2 (lv p d)
proof —
have 12-¢ (p!d) (p'd) =12~ (lvp d,ixpd) (lwpd, izpd)
by (auto simp add: lv-def iz-def)
thus ?thesis using [2-when-same by auto
qed

lemma [2-disjoint: assumes d < length b and p € grid b {d} and p' € grid b {d}
and p' ¢ gridp {d} and lvp’ d > lvp d
shows 12-p (p'1d) (p'd) =0

proof —
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have range: iz p’d > (ixpd + 1)« 2 (wp'd—lwpd)Vizp' d < (ixpd—
)« 2(lwp'd—Ilpd)
proof (rule ccontr)
assume — ?thesis
hence izp'd < (ixpd+ 1)* 2 (lwp'd —lwpd) and iz p'd > (izpd —
1)« 2(lwp'd— lpd) by auto
with <p’ € grid b {d}» and «p € grid b {d}> and v p' d > lvp d> and «d <
length by
have p’ € grid p {d} using grid-part[where p=p and b=b and d=d and
p'=p’] by auto
with «p’ ¢ grid p {d}» show Fulse by auto
qed

have 12-p (p’ ! d) (p! d) = 12-¢ (lwp' d, iz p’ d) (lvpd, iz p d) by (auto simp
add: iz-def lv-def)

also have ... = 0 using range and v p’ d > lv p d> and [2-when-disjoint by
auto

finally show ?thesis .
qed

lemma [2-down?2:

fixes pc pd p

assumes d < length pd

assumes pc-in-grid: pc € grid (child pd dir d) {d}

assumes pd-is-child: pd = child p dir d (is pd = ?pd)

shows 2-p (pc ! d) (pd!d) /) 2=12-p (pc!d) (p!d)
proof —

have d < length p using pd-is-child «d < length pd> by auto

moreover

have pc € grid ?pd {d} using pd-is-child and grid-child and pc-in-grid by auto

hence lv p d < lv pc d using grid-child-level and <d < length pd> and pd-is-child
by auto

moreover
have real-of-int (sgn dir) * real-of-int (sgn dir) = 1 by (cases dir, auto)

ultimately show %thesis
unfolding [2-child[OF <d < length pd> pc-in-grid)
12-child[OF <d < length py <pc € grid ?pd {d}]
using child-lv and child-ix and pd-is-child and level-shift
by (auto simp add: algebra-simps diff-divide-distrib add-divide-distrib)
qed

lemma [2-zigzag:
assumes d < length p and p-child: p = child p-p dir d
and p’-grid: p’ € grid (child p (inv dir) d) {d}
and ps-intro: child p (inv dir) d = child ps dir d (is ?c-p = 2c-ps)
shows 2-p (p' ! d) (p-p!d) =120 (p'!d) (ps!'d)+12-p(p''d)(pld)/ 2
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proof —
have length p = length ?c-p by auto
also have ... = length ?c-ps using ps-intro by auto
finally have length p = length ps using ps-intro by auto
hence d < length p-p using p-child and «d < length p» by auto

moreover
from ps-intro have ps = p[d := (lvp d, iz p d — sgn dir)] by (rule child-neighbour)
hence lv ps d = lv p d and real-of-int (iz ps d) = real-of-int (iz p d) — real-of-int
(sgn dir)
using lv-def and iz-def and <length p = length ps> and «d < length p> by
auto

moreover
have d < length ps and «: p’ € grid (child ps dir d) {d}
using p’-grid ps-intro <length p = length ps» «d < length p> by auto

have p’ € grid p {d} using p’-grid and grid-child by auto
hence p-p-grid: p’ € grid (child p-p dir d) {d} using p-child by auto
hence v p’ d > lv p-p d using grid-child-level and <d < length p-p> by auto

moreover
have real-of-int (sgn dir) x real-of-int (sgn dir) = 1 by (cases dir, auto)

ultimately show ?thesis
unfolding 12-child[OF «d < length p» p'-grid] 12-child|OF <d < length ps) |
12-child[OF «d < length p-p> p-p-grid)
using child-lv and child-ixz and p-child level-shift
by (auto simp add: add-divide-distrib algebra-simps diff-divide-distrib)
qed

end

4 UpDown Scheme

theory UpDown-Scheme
imports Grid
begin

fun down’ :: nat = nat = grid-point = real = real = vector = vector
where
down’ d 0 pfifra=a«a
| down’ d (Sucl) p fi fr o = (let
fm= e+ 1)/ 2+ (ap)
a=alp:=((fi+F) )4+ /3)%@p) /2" (wp d)
a = down' d 1 (child p left d) fi fm o
a = down' d 1 (child p right d) fm fr «
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definition down :: nat = nat = nat = vector = wvector where
down = lift (A dlp. down’ d1p 00)

fun up’ :: nat = nat = grid-point = vector = (real x real) * vector where
up’ d 0pa=((0,0),«)
| up’ d (Sucl) p a= (let
((f1, fmi), @) = up’ d 1 (child p left d)
((fmrs fr), @) = up’ d 1 (child p right d) «;
result = (fmi + fmr + (@p) / 2 " (lupd)/ 2)/ 2
in ((f1 + result, fr + result), a(p := fmi + fmr)))

definition up :: nat = nat = nat = vector = vector where
up = lift (A dIm p a. snd (up’ d lm p a))

fun updown’ :: nat = nat = nat = vector = vector where
updown’ dm Im 0 a = «
| updown’ dm Im (Suc d) o =
(sum-vector (updown’ dm Im d (up dm Im d «)) (down dm Im d (updown’ dm
Im d «)))

definition updown :: nat = nat = vector = vector where
updown dm Im o« = updown’ dm Im dm «

end

5 Up Part

theory Up
imports UpDown-Scheme Triangular-Function
begin

lemma up’-inplace:
assumes p’-in: p’ ¢ grid p ds and d € ds
shows snd (up’ dlp a) p’'=ap’
using p’-in
proof (induct [ arbitrary: p «)
case (Suc )
let ?ch dir = child p dir d
let ?up dir o = up’ d 1 (?ch dir) «
let 2upl = snd (?up left «)

from contrapos-nn[OF <p’ & grid p ds> grid-child[OF <d € ds)]]
have left: p' ¢ grid (?ch left) ds and
right: p' & grid (?ch right) ds by auto

have p # p’ using grid.Start Suc.prems by auto

with Suc.hyps[OF left, of o] Suc.hyps|OF right, of ?upl]
show ?Zcase
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by (cases ?up left «, cases Pup right 2upl, auto simp add: Let-def)
qed auto

lemma up’-fl-fr:
[ d < length p ; p = (child p-r right d) ; p = (child p-l left d) ]
= fst (up’ dlmp a) =
> p' € lgrid p {d} (Im + level p). (a p’) * 12 (p'! d) (p-r! d),
> p' € lgrid p {d} (Im + level p). (a p’) * 12-¢ (p'! d) (p-1! d))
proof (induct Im arbitrary: p p-l p-r «)
case (Suc Im)
note «d < length p)[simp]

from child-ex-neighbour

obtain pc-r pc-l
where pe-r-def: child p right d = child pc-r (inv right) d
and pe-l-def: child p left d = child pc-1 (inv left) d by blast

define pc where pc dir = (case dir of right = pc-r | left = pc-l) for dir
{ fix dir have child p (inv dir) d = child (pc (inv dir)) dir d

by (cases dir, auto simp add: pc-def pc-r-def pc-l-def) } note pc-child = this
{ fix dir have child p dir d = child (pc dir) (inv dir) d

by (cases dir, auto simp add: pc-def pc-r-def pe-l-def) } note pe-child-inv =

this

hence !! dir. length (child p dir d) = length (child (pc dir) (inv dir) d) by auto
hence !! dir. length p = length (pc dir) by auto
hence [simp]: I dir. d < length (pc dir) by auto

let ¢l = As. Im + level s

let 2C = Ap p’. (ap) x 12« (p! d) (p'! d)

let Zsum’ = As p”. > p’ € lgrid s {d} (Suc Ilm + level p). ?C p' p”

let ?sum = As dir p. Y p' € lgrid (child s dir d) {d} (%l (child s dir d)). 2C p’

let ¢ch = M\dir. child p dir d

let 2f = \dir. ?sum p dir (pc dir)

let ?fm = A\dir. ?sum p dir p

let ?result = (2fm left + 2fm right + (o p) / 2 " (lwpd) ]/ 2)/ 2
let 2up=ANlmp a. up’ dimp o

define 8l where 51 = snd (Zup Ilm (2ch left) a)
define fr where 8r = snd (Zup Im (?ch right) Bl)

define p-d where p-d dir = (case dir of right = p-r | left = p-l) for dir
have p-d-child: p = child (p-d dir) dir d for dir
using Suc.prems p-d-def by (cases dir) auto
hence A dir. length p = length (child (p-d dir) dir d) by auto
hence A dir. d < length (p-d dir) by auto

{ fix dir
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{ fix p’ assume p’ € lgrid (ch (inv dir)) {d} (7] (¢ch (inv dir)))
hence ?C p’ (pc (inv dir)) + (2Cp’' p) / 2 = 2C p’ (p-d dir)
using 12-zigzag|OF - p-d-child|of dir] - pc-child|of dir]]
by (cases dir) (auto simp add: algebra-simps) }
hence inv-dir-sum: ?sum p (inv dir) (pc (inv dir)) + (?sum p (inv dir) p) / 2
= %sum p (inv dir) (p-d dir)
by (auto simp add: sum.distrib[symmetric] sum-divide-distrib)

have ?sum p dir p / 2 = %sum p dir (p-d dir)
using [2-down2[OF - - <p = child (p-d dir) dir d»]
by (force intro: sum.cong simp add: sum-divide-distrib)
moreover
have ?C p (p-d dir) = (ap) /2 " (lvpd) / 4
using [2-child[OF «d < length (p-d dir)s, of p dir {d}] p-d-child|of dir]
«d < length (p-d dir)y child-lv child-iz grid.Start[of p {d}]
by (cases dir) (auto simp add: add-divide-distrib field-simps)
ultimately
have ?sum’ p (p-d dir) =
Zsum p (inv dir) (pc (inv dir)) +
(2sum p (inv dir) p) / 2 + sumpdirp / 2+ (ap)/ 2 " (wpd) /4
using lgrid-sum[where b=p] and child-level and inv-dir-sum
by (cases dir) auto
hence ?sum p (inv dir) (pc (inv dir)) + Zresult = 2sum’ p (p-d dir)
by (cases dir) auto }
note this|of left] this[of right]
moreover
note eq = up’-inplace[OF grid-not-child[OF «d < length p>], of d {d} Im)]
{ fix p’ assume p’ € lgrid (?ch right) {d} (Im + level (?ch right))
with grid-disjunct|of d p] up’-inplacelof p’ ?ch left {d} d Im «] Bl-def
have 8l p’ = a p’ by auto }
hence fst (?up (Suc lm) p ) = (9f left + Zresult, ?f right + ?result)
using fSl-def pe-child-inv|of left] pc-child-inv|of right]
Suc.hyps[of ?ch left pe left p o eqlof left «|
Suc.hypslof ?ch right p pc right Bl] eqof right Bl
by (cases ?up Im (?ch left) «, cases Zup lm (?ch right) Bl) (simp add: Let-def)
ultimately show ?case by (auto simp add: p-d-def)
next
case (
show ?case by simp
qed

lemma up’-G:
[ d < length b; 1+ level b= 1m ; b € sparsegrid’ dm ; p € sparsegrid’ dm |
_
(snd (up’ d1ba)) p=
(if p € lgrid b {d} Im
then > p' € (lgrid p {d} Im) — {p}. a p’ % 12-p (p’ ! d) (p! d)
else a p)
(is[-:-35-5-]= (%g0al lbp )
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proof (induct | arbitrary: b p «)
case (Suc )

let 2l = child b left d and ?r = child b right d

obtain p-l where p-l-def: ?r = child p-l left d using child-ex-neighbour[where
dir=right] by auto

obtain p-r where p-r-def: ¢l = child p-r right d using child-ex-neighbour[where
dir=left] by auto

let 2ul = up’ dl ?l «
let ur = up’ d 1 ?r (snd ?ul)

let 2Cp'=ap' 12« (p'!d) (p!d)
let 2s s =Y p’ € (lgrid s {d} Im). ?2C p’

from <b € sparsegrid’ dm»> have length b = dm unfolding sparsegrid’-def
start-def
by auto
hence d < dm using «d < length b» by auto

{ fix p’ assume p’ € grid ?r {d}
hence p’ ¢ grid ?l {d}
using grid-disjunct[OF «d < length b] by auto
hence snd ?ul p’ = « p’ using up’-inplace by auto
} note eq = this

show ?goal (Sucl) b p «
proof (cases p = b)
case True

let 2Cp'=ap x12-¢ (p'!d) (b!d)
let ?ss =75 p' € (lgrid s {d} Im). ?C p’

have d < length ?l using <d < length b> by auto
from up’-fl-fr[OF this p-r-def)
have fml: snd (fst 2ul) = (3. p’ € lgrid 21 {d} (I + level ?1). ?C p’) by simp

have d < length ?r using <d < length b> by auto

from up’-fl-fr[OF this - p-l-def, where a=snd ?ul)

have fmr: fst (fst 2ur) = (3. p’ € lgrid ?r {d} (I + level ?r).
((snd ?ul) p") = 12-p (p’ ! d) (b! d)) by simp

have level b < Im using «Suc | + level b = Im> by auto
hence { b } C lgrid b {d} Im unfolding lgrid-def by auto
from sum-diff [OF lgrid-finite this]
have (3 p’ € (lgrid b {d} Im) — {b}. 2Cp’) = 2sb — 2C b by simp
also have ... = %s 2] + %s or

using lgrid-sum and <level b < Im> and «d < length b> by auto
also have ... = snd (fst ?ul) + fst (fst ?ur) using fml and fmr
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and «Suc | + level b = Im» and child-level|OF «d < length b]
using eq unfolding True lgrid-def by auto

finally show ?thesis unfolding up’.simps Let-def and fun-upd-def lgrid-def
using <p = b> and <level b < Im»
by (cases ?ul, cases ?ur, auto)
next
case Fulse

have ?r € sparsegrid’ dm and 7] € sparsegrid’ dm
using b € sparsegrid’ dm» and «d < dm» unfolding sparsegrid’-def by auto
from Suc.hyps[OF - - this(1)] Suc.hyps|OF - - this(2)]
have ?goal | ?l p a and ?goal | ?r p (snd ?ul)
using <d < length b» and «Suc | + level b = Im» and «p € sparsegrid’ dm»
by auto

show ?thesis
proof (cases p € lgrid b {d} Im)
case True
hence level p < Im and p € grid b {d} unfolding lgrid-def by auto
hence p € grid ?l {d} V p € grid ?r {d}
unfolding grid-partition[of b] using <p # b» by auto
thus ?thesis
proof (rule disjE)
assume p € grid (child b left d) {d}
hence p ¢ grid (child b right d) {d}
using grid-disjunct[OF <«d < length b] by auto
thus ?thesis
using <%goal | 2l p cv» and <%goal Il ?r p (snd Zul)>
using «p # b <p € lgrid b {d} Im>
unfolding lgrid-def grid-partition|of b]
by (cases ?ul, cases ?ur, auto simp add: Let-def)
next
assume *: p € grid (child b right d) {d}
hence p ¢ grid (child b left d) {d}
using grid-disjunct|OF <d < length b] by auto
moreover
{ fix p’ assume p’ € grid p {d}
from grid-transitive] OF this | eq[of p’]
have snd ?ul p’ = a p’ by simp
}
ultimately show ?thesis
using <%goal | 2l p cv» and <%goal l ?r p (snd Zul)>
using p # b <p € lgrid b {d} Im> x
unfolding lgrid-def
by (cases ?ul, cases ?ur, auto simp add: Let-def)
qed
next
case Fulse
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then have p ¢ lgrid 9l {d} Im and p ¢ lgrid ?r {d} Im
unfolding lgrid-def and grid-partition[where p=>b] by auto
with Fualse show ?thesis using <?goal | 2l p a» and < ?goal | 71 p (snd ?ul)>
using <p # b «p ¢ lgrid b {d} Im»
unfolding lgrid-def
by (cases ?ul, cases ?ur, auto simp add: Let-def)
qed
qed
next
case (
then have Igrid b {d} Im = {}
using lgrid-empty’[where p=b and Im=Im and ds={d}| by auto
with 0 show ?case unfolding up’.simps by auto
qed

lemma up:

assumes d < dm and p € sparsegrid dm Im

shows (up dm Im d o) p = (> p’ € (lgrid p {d} Im) — {p}. a p’ * 12-¢ (p’! d)
(n! d))
proof —

let 2S =Xzpp’ ifp’ € grid p {d} — {p} then z = 12-¢ (p''d) (p!d) else 0

let 2F =X dimp «. snd (up’ dlm p a)

{ fix p b assume p € grid b {d}
from grid-transitive| OF - this subset-refl subset-refl]
have lgrid b {d} Im N (grid p {d} — {p}) = lgrid p {d} Im — {p}
unfolding lgrid-def by auto
} note lgrid-eq = this

{fixlbpa
assume b: b € lgrid (start dm) ({0..<dm} — {d}) Im
hence b € sparsegrid’ dm and d < length b using sparsegrid’-start «d < dm)
by auto
assume [: | + level b = Ilm and p: p € sparsegrid dm Im
note sparsegrid E[OF p]

note up’ = up’-B[OF «d < length b> 1 <b € sparsegrid’ dm) <p € sparsegrid’
dmy]

have ?Fdlbap=
(if b = base {d} p then (3  p'€lgrid b {d} Im. 25 (a p’) p p’) else a p)
proof (cases b = base {d} p)
case True with baseE(2)[OF <p € sparsegrid’ dm»] <level p < lm»
have p € lgrid b {d} Im and p € grid b {d} by auto
show ?thesis
using lgrid-eq[OF <p € grid b {d}>]
unfolding up’ if-P[OF True] if-P[OF «<p € lgrid b {d} Im)]
by (intro sum.mono-neutral-cong-left lgrid-finite) auto
next
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case Fulse
moreover have p ¢ lgrid b {d} Im
proof (rule ccontr)
assume — ?Zthesis
hence base {d} p = b using b by (auto introl: basel)
thus Fulse using Fualse by auto
qed
ultimately show ?thesis unfolding up’ by auto
qed }
with liftjwhere F = ?F, OF «d < dm» <p € sparsegrid dm Im))
have lift-eq: lift ?F dm Im d o p =
(- plelgrid (base {d} p) {d} Im. ?S (o p) p p’) by auto
from lgrid-eq|OF baseE(2)[OF sparsegrid-subset|OF <p € sparsegrid dm Im>]]]
show ?thesis
unfolding up-def lift-eq by (intro sum.mono-neutral-cong-right lgrid-finite) auto
qed

end

6 Down part

theory Down
imports Triangular-Function UpDown-Scheme
begin

lemma sparsegrid’-parents:
assumes b: b € sparsegrid’ dm and p”: p’ € parents d b p
shows p’ € sparsegrid’ dm
using assms parents-def sparsegrid’l by auto

lemma down’-B: [ d < length b ; 1 + level b = Im ; b € sparsegrid’ dm ; p €
sparsegrid’ dm | =
down’ d1bflfrap=(ifp € lgrid b {d} Im
then
(A4 (fr —f1) ] 2 (real-of-int (ixp d) /] 2 (lwp d — lvbd) — real-of-int (ix
bd)+ 1) /2 (wpd+ 1)+
(3> p’ € parents d b p. (o p) x 12-p (p! d) (p'! d))
else o p)
proof (induct | arbitrary: b « fl fr p)
case (Suc )

let 2l = child b left d and ?r = child b right d

let Zresult = ((l+ fr) /4 +(1/ 3) (b)) /2 (lwbd)
let fm = (fl + fr) / 2 4+ (a b)

let ?down-l = down’ d 1 (child b left d) fl 2fm (a(b := ?result))

have length b = dm using <b € sparsegrid’ dm>»

unfolding sparsegrid’-def start-def by auto
hence d < dm using «d < length b> by auto
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have !dir. d < length (child b dir d) using «d < length b by auto
have !dir. | + level (child b dir d) = Im

using «d < length b> and <Suc | + level b = Im> and child-level by auto
have !ldir. (child b dir d) € sparsegrid’ dm

using «b € sparsegrid’ dmy and «d < dm> and sparsegrid’-def by auto
note hyps = Suc.hyps|OF ! dir. d < length (child b dir d)»

Ndir. 1 + level (child b dir d) = Im»

Ndir. (child b dir d) € sparsegrid’ dmy]

show ?Zcase
proof (cases p € lgrid b {d} im)
case Fulse
moreover hence p # b and p ¢ lgrid 21 {d} Im
and p ¢ lgrid ?r {d} Im unfolding lgrid-def
unfolding grid-partition|where p=»b] using «Suc | + level b = Im» by auto
ultimately show ¢thesis
unfolding down’.simps Let-def fun-upd-def hyps|OF <p € sparsegrid’ dmy)
by auto
next
case True hence level p < Im and p € grid b {d} unfolding lgrid-def by auto
let 2Ib =l bd and %b = real-of-int (iz b d)
let ?lp =1lvpd and %p = real-of-int (ix p d)
show ?thesis
proof (cases 3 dir. p € grid (child b dir d){d})
case True
obtain dir where p-grid: p € grid (child b dir d) {d} using True by auto
hence p € lgrid (child b dir d) {d} Im using <level p < Im» unfolding
lgrid-def by auto
have lv b d < lv p d using child-l|OF «d < length b)) and grid-single-level|OF
p-grid <d < length (child b dir d))] by auto

let 2ch = child b dir d
let %ich = child b (inv dir) d

show ?thesis
proof (cases dir)
case right
hence p € lgrid %r {d} Im and p € grid ?r {d}
using «p € grid ?ch {d}> and <level p < Im> unfolding lgrid-def by auto

{ fix p’ fix fl fr x assume p”: p’ € parents d (child b right d) p
hence p’ € grid (child b right d) {d} unfolding parents-def by simp
hence p’ ¢ lgrid (child b left d) {d} Im and p’ # b
unfolding lgrid-def
using grid-disjunct|OF <d < length b)] grid-not-child by auto

from hyps|OF sparsegrid’-parents|OF <child b right d € sparsegrid’ dm»
p']] this

95



have down’ d 1 (child b left d) fl fr (a(b := z)) p' = a p’ by auto }
thus %thesis
unfolding down’.simps Let-def hyps|OF <p € sparsegrid’ dmy)
parent-sum[OF «p € grid ?r {d}>» «d < length b))
12-child[OF «d < length by <p € grid ?r {d}]
using child-ix child-lv <d < length by level-shift[OF <lv b d < lv p d»]
sgn.simps <p € lgrid b {d} lmy <p € lgrid ?r {d} lm»
by (auto simp add: algebra-simps diff-divide-distrib add-divide-distrib)
next
case left
hence p € lgrid ?l {d} Im and p € grid 71 {d}
using «p € grid ?ch {d}> and <level p < Im> unfolding lgrid-def by auto
hence - p € lgrid ?r {d} Im
using grid-disjunct|OF «d < length b] unfolding lgrid-def by auto
{ fix p’ assume p": p’ € parents d (child b left d) p
hence p’ € grid (child b left d) {d} unfolding parents-def by simp
hence p’ # b using grid-not-child[OF <d < length b)] by auto }
thus ?thesis
unfolding down’.simps Let-def hyps|OF <p € sparsegrid’ dmy)
parent-sum[OF «p € grid 21 {d}> «d < length b]
12-child[OF <d < length by <p € grid 2l {d}>] sgn.simps
if-P[OF «p € lgrid b {d} Imy] if-P[OF <p € lgrid ?l {d} Im»]
if-not-P[OF «p ¢ lgrid ?r {d} Im)]
using child-iz child-lv «d < length by level-shift|OF <lv b d < lv p d)]
by (auto simp add: algebra-simps diff-divide-distrib add-divide-distrib)
qed
next
case Fulse hence not-child: ! dir. = p € grid (child b dir d) {d} by auto
hence p = b using grid-onedim-splitfwhere ds={} and d=d and b=b] p €
grid b {d}> unfolding grid-empty-ds[where b=0b] by auto
from not-child have Inot-child: ! dir. — p € lgrid (child b dir d) {d} Im
unfolding lgrid-def by auto
have result: (A +fr) /4 +1/3*xab) /2 wbd=(fl+ (fr—fl)/ 2)
/2 (wbd+ 1)+ abxi2-p(b!ld) (b!d)
by (auto simp: 12-same diff-divide-distrib add-divide-distrib times-divide-eq-left[symmetric]
algebra-simps)
show ?thesis
unfolding down’.simps Let-def fun-upd-def hyps[OF <p € sparsegrid’ dm)]
if-P[OF <p € lgrid b {d} Im>] if-not-P[OF Inot-child] if-P[OF <p = b]
unfolding <p = b parents-single unfolding result by auto
qed
qed
next
case ()
have p ¢ lgrid b {d} Im
proof (rule ccontr)
assume — p ¢ lgrid b {d} Im
hence p € grid b {d} and level p < Im unfolding lgrid-def by auto
moreover from grid-level|OF «p € grid b {d}»] and <0 + level b = Im> have

o6



Im < level p by auto
ultimately show Fulse by auto
qed
thus ?case unfolding down'.simps by auto
qed

lemma down: assumes d < dm and p: p € sparsegrid dm Im

shows (down dm Im d «) p = (3. p’ € parents d (base {d} p) p. (o p’) * 12~
(p!d) (p'!d)
proof —

let ?Fdlp=down’" dlp00

let Sz pp’ = if p’ € parents d (base {d} p) p then x x [2-p (p ! d) (p'! d) else
0

{ fix p o assume p € sparsegrid dm Im
from le-less-trans[OF grid-level sparsegridE(2)[OF this])
have parents d (base {d} p) p C lgrid (base {d} p) {d} Im
unfolding lgrid-def parents-def by auto
hence (> p'elgrid (base {d} p) {d} Im. 25 (a p') pp) =
(53" p’eparents d (base {d} p) p. a p' * 12-p (p ! d) (p’! d))
using lgrid-finite by (intro sum.mono-neutral-cong-right) auto
} note sum-eq = this

{fixipba
assume b: b € lgrid (start dm) ({0..<dm} — {d}) Im and [ + level b = Im
and p € sparsegrid dm Im
hence b-spg: b € sparsegrid’ dm and p-spg: p € sparsegrid’ dm and
d < length b and level p < Im
using sparsegrid’-start sparsegrid-subset «d < dm> by auto
have ?F dlbap= (if b = base {d} p then > p'clgrid b {d} Im. 25 (o p’) p
p’ else a p)
proof (cases b = base {d} p)
case True
have p € lgrid (base {d} p) {d} Im
using baseE(2)[OF p-spg] and «<level p < Im»
unfolding lgrid-def by auto
thus ?thesis unfolding if-P[OF True)
unfolding True sum-eq[OF <p € sparsegrid dm Im)]
unfolding down’-B[OF «d < length by <l + level b = Im) b-spg p-spg,
unfolded True] by auto
next
case False
have p ¢ lgrid b {d} Im
proof (rule ccontr)
assume — ?thesis hence p € grid b {d} by auto
from b this have b = base {d} p using basel by auto
thus Fualse using Fulse by simp
qed
thus ?thesis
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unfolding if-not-P[OF False]
unfolding down’-3[OF «d < length by <l + level b = Im> b-spg p-spy]
by auto
qed }
from lift[OF «d < dm» <p € sparsegrid dm Im), where F = ?F and S = ¢S,
OF this)
show ?thesis
unfolding down-def
unfolding sum-eq[OF p] by simp
qed

end

7 UpDown

theory Up-Down
imports Up Down
begin

lemma updown”: [ d < dm; p € sparsegrid dm Im |

= (updown’ dm Im d ) p = (3. p’ € lgrid (base {0 ..< d} p) {0 .< d} Im.
ap' x([] de{0.<d}. 2-p (p'td)(p!d)))

(is[-;-]=-=0_ p' € %subgrid d p. a p’ * ?prod d p’ p))
proof (induct d arbitrary: « p)

case 0 hence ?subgrid 0 p = {p} using base-empty unfolding lgrid-def and
sparsegrid-def sparsegrid’-def by auto

thus ?case unfolding updown’.simps by auto
next

case (Suc d)

let ?leafs p = (lgrid p {d} Im) — {p}

let ?parents = parents d (base {d} p) p

let 2b = base {0..<d} p

have d < dm using «Suc d < dm) by auto

have p-spg: p € grid (start dm) {0..<dm} and p-spg”: p € sparsegrid’ dm and
level p < Im using <p € sparsegrid dm Im)»
unfolding sparsegrid-def and sparsegrid’-def and lgrid-def by auto
have p’-in-spg: I! p’. p’ € ?subgrid d p = p’ € sparsegrid dm Im
using base-grid[OF p-spg’| unfolding sparsegrid’-def sparsegrid-def lgrid-def
by auto

from baseE[OF p-spg’, where ds={0..<d}]

have ?b € grid (start dm) {d..<dm} and p-bgrid: p € grid ?b {0..<d} by auto
hence d < length ?b using <Suc d < dm» by auto

have p ! d = ?b ! d using base-out[OF - - p-spg’] <Suc d < dm» by auto

have length p = dm using «p € sparsegrid dm Im> unfolding sparsegrid-def

lgrid-def by auto
hence d < length p using <d < dm» by auto

o8



have updown’ dm Im d (up dm Im d o) p =
(3" p’ € ?subgrid d p. (up dm lm d &) p’ * (?prod d p’ p))
using Suc by auto
also have ... = (). p’ € %subgrid d p. (3. p'' € ?leafs p’. a p”’ * ?prod (Suc d)
p" p))
proof (intro sum.cong refl)
fix p’ assume p’ € Zsubgrid d p
hence d < length p’ unfolding lgrid-def using base-length|OF p-spg’] «Suc d
< dm> by auto

have up dm Im d a p’ x ?prod d p’ p =
> p” e Peafs p’. a p' x 12-p (p”' 1 d) (p’! d)) * Pprod d p’' p
using «p’ € ?subgrid d p> up «Suc d < dm> p’-in-spg by auto
also have ... = (> p” € Zeafs p’. a p"" * 12-p (p” ! d) (p’! d) * ?prod d p’
p)
using sum-distrib-right by auto
also have ... = (3 p” € ?leafs p’. a p"' * ?prod (Suc d) p”' p)
proof (intro sum.cong refl)
fix p’’ assume p’’ € ?leafs p’
have ?prod d p’ p = ?prod d p’' p
proof (intro prod.cong refl)
fix d’ assume d’ € {0..<d}
hence d-lt-p: d’ < length p’ and d’-not-d: d’ ¢ {d} using «d < length p’
by auto
hence p’ ! d' = p” | d’' using <p" € ?leafs p’» grid-invariant]OF d-lt-p
d’-not-d] unfolding lgrid-def by auto
thus 12-¢ (p'ld’) (pld") = 12-¢ (p'"d’) (p!d’) by auto
qed
moreover have p’! d =p ! d
using «p’ € Zsubgrid d p» and grid-invariant[OF <d < length ?by, where
p=p’ and ds={0..<d}] unfolding lgrid-def <p ! d = ?b ! d> by auto
ultimately have 2-p (p”' ! d) (p'! d) * ?prod d p’ p =
120 (p"”" 1 d) (p! d) * ?prod d p"” p by auto
also have ... = ?prod (Suc d) p"' p
proof —
have insert d {0..<d} = {0..<Suc d} by auto
moreover from prod.insert
have prod (A d’. 12-¢ (p” 1 d’) (p! d") (insert d {0..<d}) =
(Ad 12 (p""1d) (p!d)) dxprod (Nd' 12- (p"!d) (p!d)) {0..<d}
by auto
ultimately show ?thesis by auto
qed
finally show « p”’ * (2-p (p” ! d) (p’! d) x Zprod d p’ p = « p"' x ?prod (Suc
d) p" p by auto
qed
finally show (up dm Im d «) p’ % (%prod d p’ p) = (> p” € ?leafs p’. a p"’ *
?prod (Suc d) p”' p) by auto
qed
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also have ... = (> (p/, p”) € Sigma (?subgrid d p) (Ap’. (?leafs p’)). (o p”’) *
(#prod (Suc d) p" p))
by (rule sum.Sigma, auto simp add: lgrid-finite)
also have ... = (> p""" € (U p’ € Zsubgrid d p. (I p" € ?leafs p’. { (p’, p”)
1)-
(X p". a p” * ?prod (Suc d) p”’ p) o snd) p’”’) ) unfolding Sigma-def by
(rule sum.cong|OF refl], auto)
also have ... = (3 p” € snd * (J p’ € ?subgrid d p. (J p” € ?leafs p’. { (p’,
b 1),
a p' * (?prod (Suc d) p”’ p)) unfolding lgrid-def
by (rule sum.reindex[symmetric],
rule subset-inj-on|OF grid-grid-inj-on[OF ivl-disj-int(15)[where (=0 and
m=d and u=d|, where b="?b]))

auto
also have ... = (3 p” € (U p’ € Zsubgrid d p. (U p" € ?leafs p'. snd ‘ { (p/,
) 1),
a p' x (?prod (Suc d) p” p)) by (auto simp only: image-UN)
also have ... = (> p"”" € (U p’ € ?subgrid d p. ?leafs p’). a p” * (?prod (Suc

d) p" p)) by auto
finally have up-part: updown’ dm Im d (up dmiIm d o) p= (>, p"" € (U p’ €

2subgrid d p. ?leafs p’). a p”’ * (?prod (Suc d) p" p)) .

have down dm Im d (updown’ dm Im d o) p = (3. p’ € ?parents. (updown’ dm
Imdap)xI12¢(p!d (p'!d)
using «Suc d < dm> and down and <p € sparsegrid dm Im> by auto
also have ... = (3. p’ € ?parents. >, p'" € Zsubgrid d p’. a p”’ * ?prod (Suc d)
p" p)
proof (rule sum.cong[OF refl])
fix p’ let b’ = base {d} p
assume p’ € ?parents
hence p-lgrid: p’ € lgrid ?b’ {d} (level p + 1) using parents-subset-lgrid by
auto
hence p' € sparsegrid dm Im and p’-spg”: p’ € sparsegrid’ dm using <level p
< Ilm> base-grid|OF p-spg’| unfolding sparsegrid-def lgrid-def sparsegrid’-def by
auto
hence length p’ = dm unfolding sparsegrid-def lgrid-def by auto
hence d < length p’ using (Suc d < dm> by auto

from p-lgrid have p’-grid: p’ € grid ?b’ {d} unfolding lgrid-def by auto
have (updown’ dm Im d a p’) x 12-p (p! d) (p'! d) = (3. p"' € ?subgrid d p’.

ap'x ?prod d p" p’) x 12-p (p! d) (p'! d)
using «p’ € sparsegrid dm Im) Suc by auto

also have ... = (> p” € %subgrid d p’. a p”" x Zprod d p" p' x 12-¢ (p ! d)
(b1 d))
using sum-distrib-right by auto
also have ... = (}_ p” € %subgrid d p'. a p"" * ?prod (Suc d) p”’ p)

proof (rule sum.cong[OF refi])
fix p’’ assume p’’ € ?Zsubgrid d p’
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have ?prod d p"' p' = ?prod d p"’ p
proof (rule prod.cong, rule refl)
fix d’ assume d’ € {0..<d}
hence d’ < dm and d’ ¢ {d} using «Suc d < dm> by auto
from grid-base-out[OF this p-spg’ p’-grid]
show 12-¢ (p"ld’) (p'd’) = 12-¢ (p''d") (pld’) by auto

qed
moreover
have 12-p (p! d) (p'! d) =12« (p"”"!d) (p!d)
proof —
have d < dm and d ¢ {0..<d} using <Suc d < dm> base-length p’-spg’ by
auto
from grid-base-out| OF this p’-spg’] <p'"’ € ?subgrid d p"»[unfolded lgrid-def]
show ?thesis using [2-commutative by auto
qed
moreover have %prod d p” p x 12-p (p”' 1 d) (p! d) = ?prod (Suc d) p" p
proof —

have insert d {0..<d} = {0..<Suc d} by auto
moreover from prod.insert
have (A d’. 12-p (p”" 1 d") (p! d") d x prod (A d". 12-¢ (p' ! d) (p! d))
{0..<d} =
prod (A d'. 12-¢ (p” 1 d") (p! d’)) (insert d {0..<d})
by auto
hence (prod (A d’. 12-¢ (p”" 1 d’) (p! d) {0..<d}) x (A d". 12-p (p”'! d')
(pld))d=
prod (A d'. 12-¢ (p” 1 d") (p! d’)) (insert d {0..<d})
by auto
ultimately show ?thesis by auto
qed
ultimately show « p”’ x ?prod d p”’ p' x 12-¢ (p ! d) (p’! d) = a p” x ?prod
(Suc d) p” p by auto
qed
finally show (updown’ dm Im d o p’) x 12~ (p! d) (p'! d) = (3 p” € ?subgrid
dp'. ap”x ?prod (Suc d) p"” p) by auto

qed
also have ... = (3 (p/, p"") € (Sigma ?parents (?subgrid d)). a p"' * ?prod (Suc
d) p" p)
by (rule sum.Sigma, auto simp add: parents-finite lgrid-finite)
also have ... = (3> p”" € (U p’ € ?parents. (J p”’ € %subgrid d p'. { (p/, p”)
H)-

(((Ap" ap'* ?prod (Suc d) p" p) o snd) p'"’) ) unfolding Sigma-def by
(rule sum.cong|OF refl], auto)
also have ... = (3 p” € snd ‘* (U p’ € Pparents. (U p” € ?subgrid d p’. { (p’,
p") })). a p” x (Zprod (Suc d) p"' p))
proof (rule sum.reindex[symmetric], rule inj-onl)
fix z y
assume z € (|Jp'Eparents d (base {d} p) p. Up''€lgrid (base {0..<d} p’)
{0..<d} Im. {(s', p")})
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hence z-snd: snd z € grid (base {0..<d} (fst z)) {0..<d} and fst z € grid
(base {d} p) {d} and p € grid (fst z) {d}
unfolding parents-def lgrid-def by auto
hence z-spg: fst x € sparsegrid’ dm using base-grid|OF p-spg’| by auto

assume y € (|Jp'Eparents d (base {d} p) p. Up''€lgrid (base {0..<d} p’)
{0..<d} Im. {(s', p")})
hence y-snd: snd y € grid (base {0..<d} (fst y)) {0..<d} and fst y € grid
(base {d} p) {d} and p € grid (fst y) {d}
unfolding parents-def lgrid-def by auto
hence y-spg: fst y € sparsegrid’ dm using base-grid|OF p-spg’] by auto
hence length (fst y) = dm unfolding sparsegrid’-def by auto

assume snd ¢ = snd y
have fst x = fst y
proof (rule nth-equalityl)
show [-eq: length (fst ) = length (fst y) using grid-length|OF <p € grid (fst
y) {d}] grid-length|OF «p € grid (fst z) {d}]
by auto
show fst x| i = fst y | i if i < length (fst z) for i
proof —
have i < length (fst y) and { < dm using that l-eq and <length (fst y) =
dm» by auto
show fstx ! i = fsty!i
proof (cases i = d)
case Fulse hence { ¢ {d} by auto
with grid-invariant[OF <i < length (fst z)» this <p € grid (fst z) {d}]
grid-invariant[OF <i < length (fst y)» this «<p € grid (fst y) {d}]
show ?thesis by auto
next
case True with grid-base-out|OF i < dm) - y-spg y-snd] grid-base-out| OF
i < dmy - x-spg x-snd)
show ?thesis using «snd x = snd > by auto
qed
qed
qed
show z = y using prod-eqI[OF <fst x = fst y» <snd x = snd ] .
qed

also have ... = (3> p” € (U p’ € parents. (J p”’ € Zsubgrid d p'. snd “{ (p’,
") 1),
a p' * (?prod (Suc d) p”’ p)) by (auto simp only: image-UN)
also have ... = (3 p"" € (U p’ € ?parents. ?subgrid d p’). a p"’ % ?prod (Suc

d) p” p) by auto
finally have down-part: down dm Im d (updown’ dm Im d o) p =
5> p” e (U p’ € ?parents. ?subgrid d p’). a p'’ * ?prod (Suc d) p”' p) .

have updown’ dm Im (Suc d) o p =

(> p" e (U p' € ?subgrid d p. ?leafs p’). a p” * ?prod (Suc d) p” p) +
> p”" € (U p’ € ?parents. ?subgrid d p’). a p"’ * Zprod (Suc d) p”’ p)
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unfolding sum-vector-def updown’.simps down-part and up-part ..
also have ... = (3 p” € (U p’ € Zsubgrid d p. ?leafs p’) U (I p’ € ?Pparents.

Zsubgrid d p’). a p” x ?prod (Suc d) p" p)

proof (rule sum.union-disjoint[symmetric], simp add: lgrid-finite, simp add:
lgrid-finite parents-finite,

rule iff D2[OF disjoint-iff-not-equal], rule balll, rule balll)

fix x y

assume z € (|J p’ € ?subgrid d p. ?leafs p’)

then obtain pz where pz € grid (base {0..<d} p) {0..<d} and z € grid px
{d} and z # pz unfolding lgrid-def by auto

with grid-base-out|OF - - p-spg’ this(1)] <Suc d < dm> base-length|OF p-spg’|
grid-level-d

have lvprd < lvx dand pz ! d = p! d by auto

hence lv p d < lv z d unfolding lv-def by auto

moreover

assume y € (|J p’ € Pparents. Zsubgrid d p’)

then obtain py where y-grid: y € grid (base {0..<d} py) {0..<d} and py €
?parents unfolding lgrid-def by auto

hence py € grid (base {d} p) {d} and p € grid py {d} unfolding parents-def
by auto

hence py-spg: py € sparsegrid’ dm using base-grid|OF p-spg’] by auto

have y ! d = py ! d using grid-base-out[OF - - py-spg y-grid] <Suc d < dmy»
by auto

hence lv y d < lv p d using grid-single-level[OF <p € grid py {d}>] «Suc d <
dm»y and sparsegrid’-length|OF py-spg] unfolding lv-def by auto

ultimately
show z # y by auto
qed
also have ... = (> p’ € %subgrid (Suc d) p. a p’ x prod (Suc d) p’ p) (is (O

z € %in. ?Fz) = (3, z € %out. 2F x))
proof (rule sum.mono-neutral-left, simp add: lgrid-finite)
show ?%in C Zout (is ?children U ?siblings C -)
proof (rule subsetl)
fix x assume z € %in
show z € Zout
proof (cases x € ?children)
case Fulse hence € ?siblings using <x € %in» by auto
then obtain pz where px € parents d (base {d} p) p and = € lgrid (base
{0..<d} pz) {0..<d} Im by auto
hence level x < Im and pzx € grid (base {d} p) {d} and z € grid (base
{0..<d} pz) {0..<d} and {d} U {0..<d} = {0..<Suc d} unfolding Igrid-def
parents-def by auto
with grid-base-union[OF p-spg’ this(2) this(3)] show ?thesis unfolding
lgrid-def by auto
next
have d-eq: {0..<Suc d} U {d} = {0..<Suc d} by auto
case True
then obtain pz where pz € Zsubgrid d p and z € lgrid pz {d} Im and z
# pz by auto
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hence pz € grid (base {0..<d} p) {0..<d} and z € grid pz {d} and level
z < Im and {d} U {0..<d} = {0..<Suc d} unfolding lgrid-def by auto
from grid-base-dim-add[OF - p-spg’ this(1)]
have pz € grid (base {0..<Suc d} p) {0..<Suc d} by auto
from grid-transitive|OF «x € grid pz {d}» this]
show ?thesis unfolding lgrid-def using <level z < Im> d-eq by auto
qed
qed

show V z € %out — %in. ?Fx = 0
proof
fix z assume z € 2out — %in

hence z € %out and up-ps”: ! p’. p’ € Psubgrid d p = = ¢ lgrid p’ {d} Im
- {r}
and down-ps ! p’. p’ € parents = x ¢ ?subgrid d p’ by auto
hence z-eq: © € grid (base {0..<Suc d} p) {0..<Suc d} and level z < Im
unfolding lgrid-def by auto
hence up-ps: !! p'. p’ € ?subgrid d p = z ¢ grid p’ {d} — {p'} and
down-ps: I p’. p’ € Pparents = = ¢ grid (base {0..<d} p’) {0..<d}
using up-ps’ down-ps’ unfolding Igrid-def by auto

have ds-eq: {0..<Suc d} = {0..<d} U {d} by auto
have = ¢ grid (base {0..<d} p) {0..<Suc d} — grid (base {0..<d} p) {0..<d}
proof
assume z € grid (base {0..<d} p) {0..<Suc d} — grid (base {0..<d} p)
{0..<d}
hence z € grid (base {0..<d} p) ({d} U {0..<d}) and z-ngrid: « ¢ grid
(base {0..<d} p) {0..<d} using ds-eq by auto
from grid-split|OF this(1)] obtain pz where pz-grid: pz € grid (base
{0..<d} p) {0..<d} and z € grid pz {d} by auto
from grid-level[OF this(2)] «level z < Im» have level px < Im by auto
hence pzr € ?subgrid d p using pzx-grid unfolding lgrid-def by auto
hence z ¢ grid pz {d} — {pz} using up-ps by auto
moreover have = # pz proof (rule ccontr) assume — ¢ # pr with pz-grid
and z-ngrid show Fualse by auto qed
ultimately show Fulse using <z € grid pz {d}» by auto
qed
moreover have p € ?parents unfolding parents-def using baseE(2)[OF
p-spg’] by auto
hence z ¢ grid (base {0..<d} p) {0..<d} by (rule down-ps)
ultimately have z-ngrid: © ¢ grid (base {0..<d} p) {0..<Suc d} by auto

have z-spg: © € sparsegrid’ dm using base-grid[OF p-spg’] z-eq by auto
hence length x = dm using grid-length by auto

let ?bz = base {0..<d} z and ?bp = base {0..<d} p and ?bxl = base {d} z
and ?bpl = base {d} p and Ppz = p[d := z ! d]
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have z-nochild-p: ?bx ¢ grid ?bp {d}

proof (rule ccontr)
assume — base {0..<d} = ¢ grid (base {0..<d} p) {d}
hence base {0..<d} = € grid (base {0..<d} p) {d} by auto
from grid-transitive] OF baseE(2)[OF x-spg| this]
have z € grid (base {0..<d} p) {0..<Suc d} using ds-eq by auto
thus Fulse using z-ngrid by auto

qed

have d < length ?bx and d < length ?bp and d < length ?bxl and d < length
?bp1 using base-length|OF x-spg| base-length|OF p-spg’] and «d < dm» by auto
have p-nochild-z: ?bp ¢ grid ?bz {d} (is Zassm)
proof (rule ccontr)
have ds: {0..<d} U {0..<Suc d} = {d} U {0..<d} by auto
have d-sub: {d} C {0..<Suc d} by auto
assume — assm hence b-in-bx: base {0..<d} p € grid ?bx {d} by auto

have d ¢ {0..<d} and d € {d} by auto
from grid-replace-dim[OF <d < length ?bx) «d < length p> grid.Start[where
b=p and ds={d}] b-in-bz]
have p € grid ?pz {d} unfolding base-out|OF <«d < dm) «d ¢ {0..<d}
x-spg| base-out|OF «d < dmy «d ¢ {0..<d}> p-spg’] list-update-id .
moreover
from grid-replace-dim|OF «d < length ?bx1) <d < length ?bp1» baseE(2)[OF
p-spg’, where ds={d}| baseE(2)[OF z-spg, where ds={d}]|
have ?pz € grid ?bp1 {d} unfolding base-in[OF «d < dm» «d € {d}> x-spg]
unfolding base-in[OF «d < dm> «d € {d}» p-spg’, symmetric] list-update-id .
ultimately
have z ¢ grid (base {0..<d} ?pz) {0..<d} using down-ps[unfolded
parents-def, where p'=?pz| by (auto simp only:)
moreover
have base {0..<d} ?px = %bx
proof (rule nth-equalityl)
from «%pz € grid ?bpl {d}> have pz-spg: ?px € sparsegrid’ dm using
base-grid| OF p-spg’] by auto
from base-length[OF this] base-length|OF x-spg] show l-eq: length (base
{0..<d} ?px) = length ?bx by auto
show base {0..<d} ?px i = 2bx ! iif i < length (base {0..<d} ?px) for i
proof —
have i < length ?bz and i < dm using that l-eq and base-length|OF
pz-spg] by auto
show base {0..<d} ?px ! i = %bx !4
proof (cases i < d)
case True hence ¢ € {0..<d} by auto
from base-in[OF «i < dm> this] show ?thesis using pz-spg z-spg by
auto
next
case Fulse hence i ¢ {0..<d} by auto
have %pz!i=z!1
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proof (cases i > d)
have i-le: i < length (base {0..<Suc d} p) using base-length[OF
p-spg’] and < < dm) by auto
case True hence i ¢ {0..<Suc d} by auto
from grid-invariant[OF i-le this z-eq] base-out|OF <«i < dm» this
p-s5pg’]
show ?thesis using list-update-id and True by auto
next
case Fulse hence d = 7 using <— 7 < d> by auto
thus ?thesis unfolding «d = > using «i < dm> <length p = dm»
nth-list-update-eq by auto
qed
thus ?thesis using base-out[OF «i < dmy «i ¢ {0..<d}> pz-spg]
base-out[OF <i < dm» «i ¢ {0..<d}» z-spg] by auto
qed
qed
qged
ultimately have z ¢ grid ?bx {0..<d} by auto
thus False using baseE(2)[OF z-spg] by auto
qed

have z-grid: ?bx € grid (base {0..<Suc d} p) {d} using grid-shift-base| OF -
p-spg’ z-eqlunfolded ds-eq]] unfolding ds-eq by auto

have p-grid: ?bp € grid (base {0..<Suc d} p) {d} using grid-shift-base[OF -
p-spg’ baseE(2)[OF p-spg’, where ds={0..<d} U {d}]] unfolding ds-eq by auto

have 12-¢p (?bp ! d) (%bz ! d) = 0
proof (cases lv ?bz d < lv ?bp d)
case True from [2-disjoint|OF - x-grid p-grid p-nochild-z this] «d < dmy
and base-length[OF p-spg’]
show ?thesis by auto
next
case Fulse hence v ?bxz d > v ?bp d by auto
from [2-disjoint| OF - p-grid x-grid z-nochild-p this] «d < dm» and base-length| OF
p-spg]
show ?thesis by (auto simp: 12-commutative)
qed
hence 12-p (p! d) (z ! d) = 0 using base-out|OF «d < dmy] p-spg’ z-spg by
auto
hence 3 d € {0..<Suc d}. 12-p (p! d) (z! d) = 0 by auto
from prod-zero[OF - this]
show ?F z = 0 by (auto simp: 12-commutative)
qed
qed
finally show ?Zcase .
qed

theorem updown:
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assumes p-spg: p € sparsegrid dm Im
shows updown dm Im o p = (3 p’ € sparsegrid dm Im. a p’ * 12 p’ p)
proof —
have p € sparsegrid’ dm using p-spg unfolding sparsegrid-def sparsegrid’-def
lgrid-def by auto
have llp’. p’ € lgrid (base {0..<dm} p) {0..<dm} Im = length p’' = dm
proof —
fix p’ assume p’ € Igrid (base {0..<dm} p) {0..<dm} Im
with base-grid|OF <p € sparsegrid’ dm»] have p’ € sparsegrid’ dm unfolding
lgrid-def by auto
thus length p’ = dm by auto
qed
thus ?thesis
unfolding updown-def sparsegrid-def base-start-eq|OF p-spg]
using updown'|OF - p-spg, where d=dm] p-spg[unfolded sparsegrid-def lgrid-def]
by (auto simp: atLeastOLessThan p-spg| THEN sparsegrid-length] 12-eq)
qed

corollary
fixes «
assumes p: p € sparsegrid dm Im
defines f, = \z. (3. p€sparsegrid dm Im. a p x ® p z)
shows updown dm Im o p = ([ z. fo © % ® p z O(Ilp de{..<dm}. lborel))
unfolding updown|OF p| 12-def f-def sum-distrib-right
apply (intro has-bochner-integral-integral-eq[symmetric] has-bochner-integral-sum)
apply (subst mult.assoc)
apply (intro has-bochner-integral-mult-right)
apply (simp add: sparsegrid-length)
apply (rule has-bochner-integral-integrable)
using p
apply (simp add: sparsegrid-length ®-def prod.distrib[symmetric))
proof (rule product-sigma-finite.product-integrable-prod)
show product-sigma-finite (Ad. lborel) ..
qed (auto intro: integrable-p2)

end

8 Imperative Version

theory Imperative
imports UpDown-Scheme Separation-Logic-Imperative-HOL.Sep-Main
begin

type-synonym pointmap = grid-point = nat
type-synonym impgrid = rat array

instance rat :: heap ..

primrec rat-pair where rat-pair (a, b) = (of-rat a, of-rat b)
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declare rat-pair.simps [simp del]

definition
zipWithA :: ('a::heap = 'b::heap = 'a::heap) = 'a array = 'b array = 'a array
Heap
where
zipWithA fa b = do {
n < Array.len a;
Heap-Monad.fold-map (An. do {
x < Array.nth a n ;
y < Array.nth b n ;
Array.upd n (fz y) a
1) [0..<n];

return a

}

theorem zip WithA [sep-heap-rules]:

fixes zs ys :: ‘a::heap list

assumes length s = length ys

shows < a —, xs * b >, ys > zipWithA fa b < Ar. (a —4 map (case-prod f)
(zip zs ys)) x b4 ys * Ma=1) >
proof —

{ fix n and zs :: ‘a list

let ?part-res = An zs. (map (case-prod f) (zip (take n zs) (take n ys)) @ drop
n xs)

assume n < length xs length xs = length ys

then have < a >, zs x b+, ys > Heap-Monad.fold-map (An. do {
x < Array.nth a n ;
y < Array.nth b n ;
Array.upd n (fz y) a
B [0..<n] < Ar. a v~ Ppart-res n xs x b g ys >
proof (induct n arbitrary: xs)
case ( then show ?case by sep-auto
next
case (Suc n)
note Suc.hyps [sep-heap-rules]
have «: (?part-res n xs)[n := f (?part-res n zs ! n) (ys ! n)] = Zpart-res (Suc
n) s

using Suc.prems by (simp add: nth-append take-Suc-conv-app-nth upd-conv-take-nth-drop)
from Suc.prems show ?case

by (sep-auto simp add: fold-map-append x)
qed }
note this[sep-heap-rules]
show ?thesis
unfolding zip WithA-def
by (sep-auto simp add: assms)
qed
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definition copy-array :: 'a::heap array = (‘a::heap array) Heap where
copy-array a = Array.freeze a >= Array.of-list

theorem copy-array [sep-heap-rules]:
< A g TS > COPY-arTay 4 < AT. @ =g TS X T g TS >
unfolding copy-array-def
by sep-auto

definition sum-array :: rat array = rat array = unit Heap where
sum-array a b = zipWithA (+) a b > return ()

theorem sum-array [sep-heap-rules]:

fixes xs ys :: rat list

shows length xs = length ys = < a >, @s * b —, ys > sum-array a b < Ar.
(a —q map (A(a, b). a + b) (zip x5 ys)) * b >, ys >

unfolding sum-array-def by sep-auto

locale linearization =

fixes dm Im :: nat

fixes pm :: pointmap

assumes pm: bij-betw pm (sparsegrid dm Im) {..< card (sparsegrid dm Im)}
begin

lemma linearizationD:
p € sparsegrid dm Im = pm p < card (sparsegrid dm Im)
using pm by (auto simp: bij-betw-def)

definition gridl :: impgrid = (grid-point = real) = assn where
gridl a v =
(4 zs. a g xs x T((VpEsparsegrid dm Im. v p = of-rat (zs ! pm p)) A length
xs = card (sparsegrid dm Im)))

lemma gridI-nth-rule [sep-heap-rules]:

g € sparsegrid dm Ilm —> < gridl a v > Array.nth a (pm g) <Ar. gridl a v * 1
(of-rat r = v g)>

using pm by (sep-auto simp: bij-betw-def gridI-def)

lemma gridl-upd-rule [sep-heap-rules|:
g € sparsegrid dm Im —>
< gridl a v > Array.upd (pm g) z a <Xa’. gridl a (fun-upd v g (of-rat x)) *
ta' = a)>
unfolding gridl-def using pm
by (sep-auto simp: bij-betw-def inj-onD introl: nth-list-update-eq[symmetric] nth-list-update-neq[symmetric])

primrec upl’ :: nat = nat = grid-point = impgrid = (rat * rat) Heap where
upl’ d 0pa= return (0, 0) |
upl’ d (Sucl) p a = do {
(fl, fml) < upl’ d 1 (child p left d) a ;
(fmr, fr) <= upI’ d 1 (child p right d) a ;

69



val < Array.nth a (pm p) ;

Array.upd (pm p) (fml + fmr) a ;

let result = ((fml + fmr + val / 2 " (lvp d) [/ 2) /] 2);
return (fl + result, fr + result)

}

lemma upl’ [sep-heap-rules]:
assumes lin[simp]: d < dm
and [: level p + 1l =1Im 1= 0V p € sparsegrid dm Im
shows < gridl a v > upl’ d 1l p a <Ar.let (r', v") = up’ d 1 p v in gridl a v’ *
1(rat-pair r = r') >
using [
proof (induct 1 arbitrary: p v)
note rat-pair.simps [simp
case () then show ?case by sep-auto
next
case (Suc )
from Suc.prems <d < dmy»
have [simp]: level (child p left d) + | = Im level (child p right d) + |l = Im p €
sparsegrid dm Im
by (auto simp: sparsegrid-length)

have [simp]: child p left d ¢ sparsegrid dm Im = | = 0 child p right d ¢
sparsegrid dm Ilm = | = 0
using Suc.prems by (auto simp: sparsegrid-def lgrid-def)

note Suc(1)[sep-heap-rules]

show ?Zcase

by (sep-auto split: prod.split simp: of-rat-add of-rat-divide of-rat-power of-rat-mult
rat-pair-def Let-def)
qed

primrec downl’ :: nat = nat = grid-point = impgrid = rat = rat = unit Heap
where
downl’ d 0paflfr=return () |
downI’ d (Sucl) p a fl fr = do {
val < Array.nth a (pm p) ;
let fm = ((fl + fr) / 2 + wal) ;
Array.upd (pmp) (L + Jr) /4 + (1 / 8) % val) / 2~ (lop d)) a;
downlI’ d 1 (child p left d) a fl fm ;
downl’ d 1 (child p right d) a fm fr
¥

lemma downl’ [sep-heap-rules]:
assumes lin[simp]: d < dm
and [: level p + 1l =Im 1= 0V p € sparsegrid dm Im
shows < gridl a v > downl’ dlp a fl fr <Ar. gridl a (down’ d I p (of-rat f)
(of-rat fr) v) >

using [
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proof (induct | arbitrary: p v fl fr)

note rat-pair.simps [simp]

case ( then show ?case by sep-auto
next

case (Suc )

from Suc.prems «d < dm>

have [simp]: level (child p left d) + | = Im level (child p right d) + | = Ilm p €
sparsegrid dm Im

by (auto simp: sparsegrid-length)

have [simp]: child p left d ¢ sparsegrid dm Im = | = 0 child p right d ¢
sparsegrid dm Ilm — | = 0
using Suc.prems by (auto simp: sparsegrid-def lgrid-def)

note Suc(1)[sep-heap-rules]

show Zcase

by (sep-auto split: prod.split simp: of-rat-add of-rat-divide of-rat-power of-rat-mult
rat-pair-def Let-def fun-upd-def)
qed

definition lift] :: (nat = nat = grid-point = impgrid = unit Heap) = nat =
impgrid = unit Heap where
Lftl fd a =
foldr (A pn.n> fd (Im — level p) p a) (gridgen (start dm) ({ 0 .< dm } —
{d})Im) (return ())

theorem lift] [sep-heap-rules]:
assumes d < dm
and f[sep-heap-rules]: Av p. p € lgrid (start dm) ({0..<dm} — {d}) Im =
< gridlav>fd (Im — level p) p a <Ar. gridl a (f' d (Im — level p) p v) >
shows < gridl a v > lift] f d a <Ar. gridl a (Grid.lift f' dm Im d v) >
proof —
let ?ds = {0..<dm} — {d} and %9 = gridl a
{ fix ps assume set ps C set (gridgen (start dm) ?ds Im) and distinct ps
then have < %9 v >
foldr (Ap n. (n :: unit Heap) > fd (Im — level p) p a) ps (return ())
<Ar. 2g (foldr (Ap . f' d (Im — level p) p ) psv) >
by (induct ps arbitrary: v) (sep-auto simp: gridgen-lgrid-eq)+ }
from this[OF subset-refl gridgen-distinct]
show ?thesis
by (simp add: liftI-def Grid.lift-def)
qged

definition upl where upl = liftl (Ad lp a. upI’ d 1 p a > return ())
theorem upl [sep-heap-rules]:
assumes [simp]: d < dm

shows < gridl a v > upl d a <Ar. gridl a (up dm Im d v) >
unfolding up-def upl-def
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by (sep-auto simp: lgrid-def sparsegrid-def lgrid-def split: prod.split
intro: grid-union-dimslof {0..<dm} — {d} {0..<dm}])

definition downl where downl = liftl (Ad lp a. downI’ d1p a 00)

theorem downl [sep-heap-rules]:
assumes [simp]: d < dm
shows < gridl a v > downl d a <Ar. gridl a (down dm Im d v) >
unfolding down-def downl-def
by (sep-auto simp: lgrid-def sparsegrid-def lgrid-def split: prod.split
intro: grid-union-dims[of {0..<dm} — {d} {0..<dm}])

theorem copy-array-gridl [sep-heap-rules]:
< gridl a v > copy-array a < Ar. gridl a v x gridl r v >
unfolding gridI-def
by sep-auto

theorem sum-array-gridl [sep-heap-rules:

< gridl a v % gridl b w > sum-array a b < Ar. gridl a (sum-vector v w) x gridl
bw >

unfolding gridI-def

by (sep-auto simp: sum-vector-def nth-map linearizationD of-rat-add)

primrec updownl’ :: nat = impgrid = unit Heap where
updownlI’ 0 a = return () |
updownl’ (Suc d) a = do {
b < copy-array a ;
upl d a ;
updownl’ d a ;
updownl’ d b ;
downl d b ;
sum-array a b

}

theorem updownl’ [sep-heap-rules):

d < dm = < gridl a v > updownl’ d a <Ar. gridl a (updown’ dm Im d v) >;
proof (induct d arbitrary: a v)

case (Suc d)

note Suc.hyps [sep-heap-rules]

from Suc.prems show ?Zcase

by sep-auto

qed sep-auto

definition updownl where updownl a = updownl’ dm a
theorem updownl [sep-heap-rules|:

< gridl a v > updownl a <Ar. gridl a (updown dm Im v) >
unfolding updown-def updownl-def by sep-auto
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end

end
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