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Abstract

In [19, 21], Ondfej Kuncar and Andrei Popescu propose an extension of the logic Isabelle/HOL
and an associated algorithm for the relativization of type-based theorems to more flexible set-
based theorems, collectively referred to as Types-To-Sets. One of the aims of their work was
to open an opportunity for the development of a software tool for applied relativization in the
implementation of the logic Isabelle/HOL in the proof assistant Isabelle [27]. In this document,
we provide a prototype of a software framework for the interactive automated relativization
of definitions and theorems in Isabelle/HOL, developed as an extension of the proof language
Isabelle/Isar [31, 32]. The software framework incorporates the implementation of the proposed
extension of the logic and associated tools provided in [19] and improved further in [14] by Fabian
Immler and Bohua Zhan, and builds upon some of the ideas for further work expressed in [14]
and [21].
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Chapter 1

ETTS: Reference Manual

1.1 Introduction

1.1.1 Background

The standard library that is associated with the object logic Isabelle/HOL and provided as a part
of the standard distribution of Isabelle [1] contains a significant number of formalized results
from a variety of fields of mathematics (e.g., order theory, algebra, topology). Nevertheless, using
the argot that was promoted in the original publication of Types-To-Sets [19], the formalization
is performed using a type-based approach. Thus, for example, the carrier sets associated with
the algebraic structures and the underlying sets of the topological spaces, effectively, consist of
all terms of an arbitrary type. This restriction can create an inconvenience when working with
mathematical objects induced on a subset of the carrier set/underlying set associated with the
original object (e.g., see [14]).

To address this limitation, several additional libraries were developed upon the foundations
of the standard library (e.g., HOL-Algebra [5] and HOL-Analysis [2]). In terms of the argot
associated with Types-To-Sets, these libraries provide the set-based counterparts of many type-
based theorems in the standard library, along with a plethora of additional results. Nonetheless,
the proofs of the majority of the theorems that are available in the standard library are restated
explicitly in the libraries that contain the set-based results. This unnecessary duplication of
efforts is one of the primary problems that the framework Types-To-Sets is meant to address.

The framework Types-To-Sets offers a unified approach to structuring mathematical knowledge
formalized in Isabelle/HOL: potentially, every type-based theorem can be converted to a set-
based theorem in a semi-automated manner and the relationship between such type-based and
set-based theorems can be articulated clearly and explicitly [19]. In this document, we describe a
particular implementation of the framework Types-To-Sets in Isabelle/HOL that takes the form
of a further extension of the language Isabelle/Isar with several new commands and attributes
(e.g., see [34]).

1.1.2 Prerequisites and conventions

A reader of this document is assumed to be familiar with the proof assistant Isabelle, the
proof language Isabelle/Isar, the meta-logic Isabelle/Pure and the object logic Isabelle/HOL,
as described in, [27, 34], [31, 32, 34], [28, 34] and [20], respectively. Familiarity with the content
of the original articles about Types-To-Sets [19, 21] and the first large-scale application of
Types-To-Sets (as described in [14]) is not essential but can be useful.

The notational conventions that are used in this document are approximately equivalent to the
conventions that were suggested in [19], [20] and [21]. However, a disparity comes from our use
of explicit notation for the schematic variables. In Isabelle/HOL, free variables that occur in the
theorems at the top-level in the theory context are generalized implicitly, which may be expressed
by replacing fixed variables by schematic variables [35]. In this article, the schematic variables
will be prefixed with the question mark “?”, like so: 7a. Nonetheless, explicit quantification over
the type variables at the top-level is also allowed: Ya.¢ [«]. Lastly, the square brackets may be
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used either for the denotation of substitution or to indicate that certain types/terms are a part
of a term: t[7a].

1.1.3 Previous work

Relativization Algorithm

Let (8 ~ U)’,';}E; denote

(Vag.Rep z € U) A
(Vzg.Abs (Rep z) = z) A ,
(Vya-y € U —> Rep (Abs y) = y)

let ~ denote the constant/type dependency relation (see subsection 2.3 in [19]), let ~' be
a substitutive closure of the constant/type dependency relation, let R* denote the transitive
closure of the binary relation R, let A. denote the set of all types for which ¢ is overloaded and
let o £ .S mean that o is not an instance of any type in S (see [19] and [20]).

The framework Types-To-Sets extends Isabelle/HOL with two axioms: Local Typedef Rule (LT)
and the Unoverloading Rule (UO). The consistency of Isabelle/HOL augmented with the LT
and the UO is proved in Theorem 11 in [20].

The LT is given by

I'-U#@ T+ (3Abs Rep.o(8~ Uk — )

o B U6.T

Thus, if 5 is fresh for the non-empty set U, set, the formula ¢ and the context I', then ¢ can be
proved in I by assuming the existence of a type S isomorphic to U.

The UO is given by

¢
ng.qb [‘TU/CU]

Thus, a constant-instance c, may be replaced by a universally quantified variable z, in ¢, if all
types and constant-instances in ¢ do not semantically depend on ¢, through a chain of constant
and type definitions and there is no matching definition for c,.

Vuin ¢.-(u~*"¢,); o ¢ A,

The statement of the original relativization algorithm (ORA) can be found in subsection 5.4
n [19]. Here, we present a variant of the algorithm that includes some of the amendments
that were introduced in [14], which will be referred to as the relativization algorithm (RA). The
differences between the ORA and the RA are implementation-specific and have no effect on
the output of the algorithm, if applied to a conventional input. Let @ denote a finite sequence
ai,...,a, for some positive integer n; let T be a type class [26, 30, 10] that depends on the
overloaded constants * and let U | f be used to state that U is closed under the operations f;
then the RA is given by

= [Tar] (1)
= Gwith [Ty, *] _ (@)
= Twith ?f [7a] — Buwith [?047 7f]
U#3,a(Bw U)Abs - Twith ?f [Ta] — dwith [?047 7]—0]

(3)
Rep

= = 4
U+ Q’a(ﬂ N U)élej; = Twith 7f [B] — Puwith [/67 ?f] ( )
U#8,a(B~ Ul = U [a] — T30, U 7 — 0 [0, U, 2]

Uaset¢®'_U‘L?]_c[ ] Talr:th U?f_) Wlth[a U f]
F? Uy et # @ —>2U V2f [2a] — Y0, 20U 7f — ¢, [70, 27U, ?f]

with

(5)
(6)
(7)
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The input to the RA is assumed to be a theorem + ¢ [?a~y]. Step 1 will be referred to as the
first step of the dictionary construction (subsection 5.2 in [19]); step 2 as unoverloading of the
type ?ax: it includes class internalization (subsection 5.1 in [19]) and the application of the
UO (it corresponds to the application of the attribute unoverload-type [14]); step 3 provides the
assumptions that are the prerequisites for the application of the LT; step 4 is reserved for the
concrete type instantiation; step 5 is the application of Transfer (section 6 in [19]); step 6 refers
to the application of the LT; step 7 is the export of the theorem from the local context [33].

Implementation of Types-To-Sets

In [19], the authors extended the implementation of Isabelle/HOL with the LT and UO. Also,
they introduced the attributes internalize-sort, unoverload and cancel-type-definition that al-
lowed for the execution of steps 1, 3 and 7 (respectively) of the ORA. Other steps could be
performed using the technology that already existed. In [14], the implementation was aug-
mented with the attribute unoverload-type, which largely subsumed the functionality of the
attributes internalize-sort and unoverload.

The examples of the application of the ORA to theorems in Isabelle/HOL that were developed
in [19] already contained an implicit suggestion that the constants and theorems needed for the
first step of the dictionary construction in step 2 of the ORA and the transfer rules [18] needed
for step 6 of the ORA can and should be obtained prior to the application of the algorithm.
Thus, using the notation from subsection 1.1.3, for each constant-instance ¢, that occurs in the
type-based theorem + ¢ [?a~ ] prior to the application of the ORA with respect to (8~ U )égg,
the users were expected to provide an unoverloaded constant cyitn such that c, = cwitn *, and
a relativized constant c0r, such that R[Ta_,g_,g] (e Ua set) Cwith (B denotes the built-in
Isabelle/HOL type bool [18]) is a conditional transfer rule (e.g., see [11]), with T being a binary
relation that is at least right-total and bi-unique, assuming the default order on predicates in

Isabelle/HOL (see [18]).

The unoverloading [17] and relativization of constants for the application of the RA was per-
formed manually in [19, 21, 14]. Nonetheless, unoverloading could be performed using the
classical overloading elimination algorithm proposed in [17], but it is likely that an imple-
mentation of this algorithm was not publicly available at the time of writing of this docu-
ment. In [12], an alternative algorithm was implemented and made available via the command
unoverload-definition, although it suffers from several limitations in comparison to the al-
gorithm in [17]. The transfer rules for the constants that are conditionally parametric can be
synthesized automatically using the command parametric-constant [9] from the standard dis-
tribution of Isabelle; the framework autoref [22] allows for the synthesis of transfer rules R ¢ t/,
including both the parametricity relation [18] R and the term ¢, based on ', under favorable
conditions; lastly, in [22] and [14], the authors suggest an outline of another feasible algorithm
for the synthesis of the transfer rules based on the functionality of the framework Transfer [11],

but do not provide an implementation.

Finally, the assumption (8 ~ U )éle’; can be stated using the constant type-definition from

the standard library of Isabelle/HOL as type-definition Rep Abs U; the instantiation of types
required in step 4 of the RA can be performed using the standard attributes of Isabelle; step 6
can be performed using the attribute cancel-type-definition developed in [19]; step 7 is expected
to be performed manually by the user.

1.1.4 Purpose and scope

The extension of the framework Types-To-Sets that is described in this manual adds a further
layer of automation to the existing implementation of the framework Types-To-Sets. The pri-
mary functionality of the extension is available via the following Isar commands: tts-context,
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tts-lemmas and tts-lemma (and the synonymous commands tts-corollary, tts-proposition
and tts—theoreml). The commands tts-lemmas and tts-lemma, when invoked inside an ap-
propriately defined tts-context provide the functionality that is approximately equivalent to
the application of all steps of the RA and several additional steps of pre-processing of the input
and post-processing of the result (collectively referred to as the extended relativization algorithm
or ERA).

As part of our work on the ETTS, we have also designed the auxiliary framework Conditional
Transfer Rule (CTR). The framework CTR provides the commands ud and ctr for the automa-
tion of unoverloading of definitions and synthesis of conditional transfer rules from definitions,
respectively. Further information about this framework can be found in its reference manual
[24]. In this context, we also mention that both the CTR and the ETTS were tested using the
framework SpecCheck [16].2

The extension was designed under a policy of non-intervention with the existing implementation
of the framework Types-To-Sets. Therefore, it does not reduce the scope of the applicability of
the framework. However, the functionality that is provided by the commands associated with
the extension is a proper subset of the functionality provided by the existing implementation.
Nevertheless, the author of the extension believes that there exist very few practical applications
of the relativization algorithm that can be solved using the original interface but cannot be
solved using the commands that are introduced within the scope of the extension.

'In what follows, any reference to the command tts-lemma should be viewed as a reference to the entire
family of the commands with the identical functionality.
*Some of the elements of the content of the tests are based on the elements of the content of [6].
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1.2 ETTS and ERA

1.2.1 Background

In this section, we describe our implementation of the prototype software framework ETTS that
offers the integration of Types-To-Sets with the Isabelle/Isar infrastructure and full automation
of the application of the ERA under favorable conditions. The design of the framework rests
largely on our interpretation of several ideas expressed by the authors of [21] and [14].

It has already been mentioned that the primary functionality of the ETTS is available via
the Isabelle/Isar [31, 32] commands tts-context, tts-lemmas and tts-lemma. There also
exist secondary commands aimed at resolving certain specific problems that one may encounter
during relativization: tts-register-sbts and tts-find-sbts. More specifically, these commands
provide means for using transfer rules stated in a local context during the step of the ERA that
is similar to step 5 of the RA. The functionality of these commands is explained in more detail
in subsection 1.2.3 below.

It is important to note that the description of the ETTS presented in this subsection is only a
simplified model of its programmatic implementation in Isabelle/ML [25, 33].

1.2.2 Preliminaries

The ERA is an extension of the RA that provides means for the automation of a design pattern
similar to the one that was proposed in [14], as well as several additional steps for pre-processing
of the input and post-processing of the result of the relativization. In a certain restricted sense
the ERA can be seen as a localized form of the RA, as it provides additional infrastructure
aimed specifically at making the relativization of theorems stated in the context of Isabelle’s
locales [15, 3, 4] more convenient.

In what follows, assume the existence of an underlying well-formed theory D that contains all
definitional axioms that appear in the standard library of Isabelle/HOL. If I' + (5 ~ U )étg; and
B, Ua set; Repg_,q; Absg g € I', then the 4-tuple (Uy set; 3, Reps_,q; Absap), will be referred to
as a relativization isomorphism (RI) with respect to T’ (or RI, if " can be inferred). Given the RI
(Ua set, B, Repg_.q, Absa_ ), the term Uy set will be referred to as the set associated with the RI,
B will be referred to as the type variable associated with the RI, Repg_,, will be referred to as the
representation associated with the RI and Abs,_,z will be referred to as the abstraction associated
with the RI. Moreover, any typed term variable T, g such that I' = T'= (Az y. Rep y = )
will be referred to as the transfer relation associated with the RI. T'+ Domainp T = (Ax. z € U)
that holds for this transfer relation will be referred to as the transfer domain rule associated
with the RI, I' + bi-unique T and I" + right-total T will be referred to as the side conditions
assoctated with the RI. For brevity, the abbreviation dbr[ Ts-, -8, Us set] Will be used to mean
that Domainp T = (Az. x € U), bi—unique T and right_total T for any a, 3, To—p-p and Uy set.

1.2.3 Set-based terms and their registration

Perhaps, one of the most challenging aspects of the automation of the relativization process is
related to the application of Transfer during step 5 of the RA: a suitable transfer rule for a
given constant-instance may exist only under non-conventional side conditions: an important
example that showcases this issue is the built-in constant € (see [21] and [14] for further infor-
mation). Unfortunately, the ETTS does not offer a fundamental solution to this problem: the
responsibility for providing suitable transfer rules for the application of the ERA remains at the
discretion of the user. Nonetheless, the ETTS does provide additional infrastructure that may
improve the user experience when dealing with the transfer rules that can only be conveniently
stated in an explicitly relativized local context (usually a relativized locale): a common problem
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that was already explored in [14].

The authors of [14] choose to perform the relativization of theorems that stem from their
specifications in a locale context from within another dedicated relativized locale context. The
relativized operations that are represented either by the locale parameters of the relativized
locale or remain overloaded constants associated with a given class constraint are lifted to the
type variables associated with the RlIs that are used for the application of a variant of the
relativization algorithm. This variant includes a step during which the variables introduced
during unoverloading are substituted (albeit implicitly) for the terms that represent the lifted
locale parameters and constants. The additional infrastructure and the additional step are
needed, primarily, for the relativization of the constants whose transfer rules can only be stated
conveniently in the context of the relativized locale.

A similar approach is used in the ETTS. However, instead of explicitly declaring the lifted
constants in advance of the application of the RA, the user is expected to perform the registration
of the so-called set-based term (sbterm) for each term of interest that is a relativization of a
given concept.

The inputs to the algorithm that is associated with the registration of the sbterms are a context
I, aterm t: o K (K, applied using a postfix notation, contains all information about the type
constructors of the type & K) and a sequence of n distinct typed variables U with distinct types
of the form « set, such that & is also of length n, all free variables and free type variables that
occur in t: & K also appear free in T and U; : &y set for all 4, 1 <4 < n.

Firstly, a term 3b. R[;l]& Ko KoB

associated with some type 7 K for 4 of length n, such that the sets of the elements of &, 8 and
~ are pairwise disjoint, A and B are both of length n, the elements of A, § and ~ are fresh for I’
and ;1,- tQy > Bz — B for all 4 such that 1 < 7 < n. Secondly, the context I'' is built incrementally
starting from I’ by adding the formulae dbr[A;, U;] for each i such that 1 < i < n. The term
presented above serves as a goal that is meant to be discharged by the user in I, resulting in
the deduction

t b is formed, such that R [;l] is a parametricity relation

I'+dbr[?4;, U;] — 3b. R[?4] tb

a K-?3 K-B

(the index 7 is distributed over n) after the export to the context I'. Once the proof is completed,
the result is registered in the so-called sbt-database allowing a lookup of such results by the
sbterm ¢ (the terms and results are allowed to morph when the lookup is performed from within
a context different from I' [7]).

1.2.4 Parameterization of the ERA

Assuming the existence of some context I', the ERA is parameterized by the RI specification,
the sbterm specification, the rewrite rules for the set-based theorem, the known premises for the
set-based theorem, the specification of the elimination of premises in the set-based theorem and
the attributes for the set-based theorem. A sequence of the entities in the list above will be
referred to as the FRA-parameterization for I'.

The RI Specification is a finite non-empty sequence of pairs of variables (77, Uy set), such
that Uy set € I The individual elements of the RI specification will be referred to as the
RI specification elements. The first element of the RI specification element will be referred to
as the schematic type variable associated with the RI specification element, the second element
will be referred to as the set associated with the RI specification element.

The sbterm specification is a finite sequence of pairs (t:?a K, u: 3 K), where t is either a
constant-instance or a schematic typed term variable and u is an sbterm with respect to I'. The
notation for the elements of the sbterm specification follows a convention similar to the one
introduced for the RI specification elements.
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The rewrite rules for the set-based theorem can be any set of valid rules for the Isabelle simplifier
[34]; the known premises for the set-based theorem can be any finite sequence of deductions
in I'; the specification of the elimination of premises in the set-based theorem is a pair (¢, m),
where t is a sequence of formulae and m is a proof method; the attributes for the set-based
theorem is a sequence of attributes of Isabelle (e.g., see [34]).

1.2.5 Definition of the ERA

The relativization is performed inside a local context I' with an associated ERA-
parameterization (such a context-parameterization pair will be called a tts context). The
ERA provides explicit support for handling the transfer rules local to the context through the
infrastructure for the registration of sbterms, as explained in subsection 1.2.3. Apart from
this, the main part of the ERA largely follows the outline of the RA. However, the ERA also
provides several tools for post-processing of the raw result of the relativization. The ERA also
has an initialization stage, but this stage is largely hidden from the end-user. Thus, the ERA
can be divided in three distinct parts: initialization of the relativization context, kernel of the
ERA (KERA) and post-processing.

Assume that the context I' contains the variable U, st and the finite sequences of variables g
and f indexed by I and J, respectively, such that g; : o K; and ]_‘j e Ej forall el and jeJ
for some sequences of functions K and L also indexed by I and J, respectively, representing
the type constructors. Also, assume that the input to the relativization algorithm is the type-
based theorem + ¢ [?aT, ?h [?ar]] such that ?% is indexed by I and Y depends on the overloaded
constants * indexed by J. Finally, assume that the ERA is parameterized by the RI specification
(?ar, Uy set) and the sbterm specification elements (?h;, g;) and (ij,fj) for all i€ I and je J.

Initialization of the relativization context. Prior to the application of the relativization

algorithm, the formula IRep Abs. (8 ~ U )ég; is added to the context I', with the type variable /3

being fresh for T', resulting in a new context I’ such that I' € TV and 3Rep Abs. (8~ U ég; el
Then, the properties of the Hilbert choice e are used for the definition of Rep and Abs such that
I oW(Br U égg (e.g., see [18]). In this case, (Us set; 3, Reps_,q, Absa5) is an RI with respect to
I'". Furthermore, a fresh T,,_,3_p (for I') is defined as a transfer relation associated with the RI.
Finally, the transfer domain rule associated with the RI and the side conditions associated with
the RI are proved for T with respect to I'’. For each g; such that i € I, the sbt-database contains
a deduction I' - dbr[?A, U] — 3a. R[?A], g, .2 i, 9i a- Thence, for each i € I, 74 is instan-
tiated as B and ?A,_7s_p is instantiated as T(,—3-p. The resulting theorems are used for the
definition of a fresh (for I') sequence of variables @ such that IV + R [ Ta—’ff—’ﬁ]a Ko KioB gi 0.
Similar deductions are also established for the sequence f, with the sequence of the variables ap-
pearing on the right-hand side of the transfer rules denoted by b. These deductions are meant to
be used by the transfer infrastructure during the step of the ERA that is equivalent to step 5 of
the RA, as shown below. Thus, at the end of the initialization of the relativization context, the
theorem is transformed into a deduction of the form IV + ¢ [?O[T, ?h [?ay]], where the context
I (called the relativization context) is such that I' € T and it has an associated relativization
isomorphism (Uy set, 3, Repg_.q; Abs,,_,3) for some fresh /3, the associated fresh transfer relation
T and fresh variables @ and b indexed by I and J (with freshness being assessed with respect
to I'). Also, the following transfer rules are provided for all i € I and j e J: I+ R;[T] ¢; &
and IV + R/; [ T] fj ?)j (R and R’ are sequences of parametricity relations indexed by I and J,

respectively).
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Kernel of ERA. The KERA is similar to the RA:

T+ gb[%zr ?h [70@]]
IV - Gwith [7C¥T ?h[?ar], ] M
I’ = Yuien 2f [70] — Guinn [?ar, 2h[?0], /] 3)

I = Yyith ?f [8] — dwith [/Ba?h (8], f] (4)

I’ + Ywith b —> bwith [, @, b] 5)

P ULGS— Yo Uf— éoin [0, U, 9. ]

T+ 3Rep Abs.a(ﬂw URE — ULg,f— T, U f— ¢ [, U, 3. f]

Rep
TrU#0— ULg,f— Yo, Uf— ¢, [ U3, f]

(2)

(6)
(7)

Thus, step 1 will be referred to as the first step of the dictionary construction (similar to step
1 of the RA); step 2 will be referred to as unoverloading of the type 7ay: it includes class
internalization and the application of the UO (similar to step 2 of the RA); in step 3, 7«
is instantiated as [ using the RI specification (similar to step 4 in the RA); in step 4, the
sbterm specification is used for the instantiation of ?h as a and ?f as b; step 5 refers to the
application of transfer, including the transfer rules associated with the sbterms (similar to step
5 in the RA); in step 6, the result is exported from IV to T', providing the additional premise
JRep Abs. (B~ U égs; step 7 is the application of the attribute cancel-type-definition (similar
to step 6 in the RA).

The RI specification and the sbterm specification provide the information that is necessary to
perform the type and term substitutions in steps 3 and 4 of the KERA. If the specifications
are viewed as finite maps, their domains morph along the transformations that the theorem
undergoes until step 4.

Post-processing. The deduction that is obtained in the final step of the KERA can often be
simplified further. The following post-processing steps were created to allow for the presenta-
tion of the set-based theorem in a format that is both desirable and convenient for the usual
applications:

1. Simplification. The rewriting is performed using the rewrite rules for the set-based theo-
rem: the implementation relies on the functionality of the Isabelle’s simplifier.

2. Substitution of known premises. The known premises for the set-based theorem are
matched with the premises of the set-based theorem, allowing for their elimination.

3. Elimination of premises. Each premise is matched against each term in the specification
of the elimination of premises in the set-based theorem; the associated method is applied
in an attempt to eliminate the matching premises (this can be useful for the elimination
of the premises of the form U + @).

4. Application of the attributes for the set-based theorem. The attributes for the set-based
theorem are applied as the final step during post-processing.

Generally, the desired form of the result after a successful application of post-processing is similar
to I' = i [a U, g,f] with the premises U # @, U | g,f and IO, U f eliminated completely
(these premises can often be inferred from the context I').
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1.3 Syntax
1.3.1 Background

This section presents the syntactic categories that are associated with the commands
tts-context, tts-lemmas, tts-lemma, and several other closely related auxiliary commands.
It is important to note that the presentation of the syntax is approximate.

1.3.2 Registration of the set-based terms

tts-register-sbts : local-theory — proof(prove)
tts-find-sbts : context —

—Gts-register-sbts}—{ term “
'.

—Gts_ﬁnd_sbts term
(and)

tts-register-sbts t | U; and ... and U, allows for the registration of the set-based terms
in the sbt-database. Generally, U; (1<i<n) must be distinct fixed variables with distinct
types of the form ‘a set, with the set of the type variables that occur in the types of U;
equivalent to the set of the type variables that occur in the type of t.

tts-find-sbts ¢; and ... and ¢, prints the templates for the transfer rules for the set-based
terms t1... t, for some positive integer n. If no arguments are provided, then the templates
for all sbterms in the sbt-database are printed.

1.3.3 Relativization of theorems

tts-context : theory — local-theory
tts-lemmas : local-theory — local-theory
tts-lemma : local-theory — proof (prove)
tts-theorem : local-theory — proof(prove)
tts-corollary : local-theory — proof(prove)
tts-proposition : local-theory — proof(prove)

The relativization of theorems should always be performed inside an appropriately parameter-
ized tts context. The tts context can be set up using the command tts-context. The framework
introduces two types of interfaces for the application of the extended relativization algorithm:
tts-lemmas and the family of the commands with the identical functionality: tts-lemma,
tts-theorem, tts-corollary, tts-proposition. Nonetheless, the primary purpose of the com-
mand tts-lemmas is the experimentation and the automated generation of the relativized
results stated using the command tts-lemma.

—Gts_contex‘a—{ param ’—@egi@i
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—{(tts_lemmas ) tts_facts ’—
tts.theorem
—

tts_proposition

tts short statement

tts _long statement

param

—{ sets H var H rewriting H subst H eliminating H app ’—

sets

- O L} o |-
(and)

\and )

var

sbterms ° vars

vars

(O-Lterm |-(0)-Lierm |-

and

rewriting

I—G'ewriting)—{ thm J

subst

substituting

eliminating

“—( eliminating ) Cthroug@—‘ method J

15
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elpat

app

L(applying}—‘ attributes J

tts _short_statement

—{ short _statement H tts _addendum ’—

tts _long statement

{ context H tts__conclusion ’—

tts conclusion

props H tts _addendum % ]
{ and

obtains}—‘ obtain_ clauses H tts addendum

tts addendum

tts_facts
® i
(and)

tts-context param begin provides means for the specification of a new (unnamed) tts context.
tts : (?a; to U;) and ... and (?a, to U,) provides means for the declaration of the
RI specification. For each 7 (1<i<n, n — positive integer), ?a; must be a schematic
type variable that occurs in each theorem provided as an input to the commands
tts-lemmas and tts-lemma invoked inside the tts context and U; can be any term
of the type 'a set, where ’a is a fixed type variable.
sbterms : (tbcv; to sbt;) and ... and (tbcv, to sbt,) can be used for the declaration of
the sbterm specification. For each individual entry 4, such that 1<i<n with n being
a non-negative integer, tbcv; has to be either an overloaded operation that occurs in
every theorem that is provided as an input to the extended relativization algorithm
or a schematic variable that occurs in every theorem that is provided as an input to
the command, and sbt; has to be a term registered in the sbt-database.
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rewriting thm provides means for the declaration of the rewrite rules for the set-based

theorem.

substituting thm; and ... and thm, (n — non-negative integer) provides means for
the declaration of the known premises for the set-based theorem.

eliminating term; and ... and term, through method (n — non-negative integer)

provides means for the declaration of the specification of the elimination of premises
in the set-based theorem.

applying [attry, ..., attr,] (n — non-negative integer) provides means for the declara-
tion of the attributes for the set-based theorem.

tts-lemmas applies the ERA to a list of facts and saves the resulting set-based facts in the
context. The command tts-lemmas should always be invoked from within a tts context.
If the statement of the command is followed immediately by the optional keyword !, then
it operates in the verbose mode, printing the output of the application of the individual
steps of the ERA. If the statement of the command is followed immediately by the optional
keyword 2, then the command operates in the active mode, outputting the set-based facts
in the form of the “active areas” that can be embedded in the Isabelle theory file inside
the tts context from which the command tts-lemmas was invoked. There is a further
minor difference between the active mode and the other two modes of operation that is
elaborated upon within the description of the keyword in below.

in sbf1 = tbf1 and ... and sbf, = tbf, is used for the specification of the type-based
theorems and the output of the command. For each individual entry i, such that
1<i<n with n being a positive integer, tbf; is used for the specification of the input of
the extended relativization algorithm and sbf; is used for the specification of the name
binding for the output of the extended relativization algorithm. The specification of
the output is optional: if sbf; is omitted, then a default specification of the output
is inferred automatically. tbf; must be a schematic fact available in the context,
whereas sbf; can be any fresh name binding. Optionally, it is possible to provide
attributes for each individual input and output, e.g., sbf;[sbf-attrb] = tbf;[ tbf-attrd].
In this case, the list of the attributes tbf-attrb is applied to tbf; during the first part
(initialization of the relativization context) of the ERA. If the command operates in
the active mode, then the attributes sbf-attrd are included in the active area output,
but not added to the list of the set-based attributes. For other modes of operation,
the attributes sbf-attrb are added to the list of the set-based attributes and applied
during the third part (post-processing) of the ERA.

tts-lemma a: ¢ tts-addendum, enters proof mode with the main goal formed by an application
of a tactic that depends on the settings specified in tts-addendum to . Eventually, this
results in some fact ~p to be put back into the target context. The command should
always be invoked from within a tts context.

A tts-long-statement is similar to the standard long-statement in that it allows to
build up an initial proof context for the subsequent claim incrementally. Sim-
ilarly, tts-short-statement can be viewed as a natural extension of the standard
short-statement.

tts-addendum is used for the specification of the pre-processing strategy of the goal .
@ is thm applies the extended relativization algorithm to thm. If the term that is
associated with the resulting set-based theorem is a-equivalent to the term associ-
ated with the goal ¢, then a specialized tactic solves the main goal, leaving only
a trivial goal in its place (the trivial goal can be solved using the terminal proof
step .). ¢ given thm also applies the extended relativization algorithm to thm, but
the resulting set-based theorem is merely added as a premise to the goal .
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1.4 ETTS by example
1.4.1 Background

In this section, some of the capabilities of the extension of the framework Types-To-Sets are
demonstrated by example. The examples that are presented in this section are expected to
be sufficient to begin an independent exploration of the extension, but do not cover the entire
spectrum of its functionality.

1.4.2 First steps

Problem statement

Consider the task of the relativization of the type-based theorem topological-space-class.closed-Un
from the standard library of Isabelle/HOL:

[closed S; closed T]| = closed (S u T),

where S::'aztopological-space set and T::'a:topological-space set.

Unoverloading

The constant closed that occurs in the theorem is an overloaded constant defined as
closed S = open (- S) for any S:'a:topological-space set. The constant may be unoverloaded
with the help of the command ud that is provided as part of the framework CTR:

ud <topological-space.closed»
ud closed’ «closed>

This invocation declares the constant closed.with that is defined as
closed.with = Aopen S. open (- S)
and provides the theorems closed.with given by
topological-space.closed = closed.with
and closed’. with given by
closed = closed.with open

These theorems are automatically added to the dynamic fact ud-with.

Conditional transfer rules

Before the relativization can be performed, the transfer rules need to be available for each con-
stant that occurs in the type-based theorem immediately after step 4 of the KERA. All binary re-
lations that are used in the transfer rules must be at least right total and bi-unique (assuming the
default order on predicates in Isabelle/HOL). For the theorem topological-space-class.closed-Un,
there are two such constants: class.topological-space and closed.with. The transfer rules can be
obtained with the help of the command ctr from the framework CTR. The process may in-
volve the synthesis of further relativized constants, as described in the reference manual for the
framework CTR.

ctr
relativization
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synthesis ctr-simps

assumes [transfer-domain-rule]: Domainp A = (Az. z € U)
and [transfer-rule]: right-total A bi-unique A

trp (?'a A)

in topological-space-ow: class.topological-space-def
and closed-ow: closed.with-def

Relativization

As mentioned previously, the relativization of theorems can only be performed from within a
suitable tts context. In setting up the tts context, the users always need to provide the RI
specification elements that are compatible with the theorems that are meant to be relativized
in the tts context. The set of the schematic type variables that occur in the theorem topologi-
cal-space-class.closed-Un is { ?'a}. Thus, there needs to be exactly one RI specification element
of the form (?'a, U:'a set):
tts-context

tts: (?'a to «U:'a sety)
begin

The relativization can be performed by invoking the command tts-lemmas in the following
manner:

tts-lemmas ? in closed-Un' = topological-space-class.closed-Un

In this case, the command was invoked in the active mode, providing an active area that can
be used to insert the following theorem directly into the theory file:

tts-lemma closed-Un":

assumes U # {}
and VzeS. z € U
and VzeT. z € U
and topological-space-ow U opena
and closed-ow U opena S
and closed-ow U opena T

shows closed-ow U opena (S u T)
is topological-space-class. closed- Un{proof)

The invocation of the command tts-lemmas in the active mode can be removed with no effect
on the theorems that were generated using the command.

end

While our goal was achieved, that is, the theorem closed-Un’ is, indeed, a relativization of the
theorem topological-space-class.closed-Un, something does not appear right. Is the assumption
U # {} necessary? Is it possible to simplify V z€S. z € U? Is it necessary to use such a contrived
name for the denotation of the open set predicate? Of course, all of these issues can be resolved
by restating the theorem in the form that we would like to see and using closed-Un'in the proof
of this theorem, e.g.
lemma closed-Un'"
assumes S ¢ U

and T c U

and topological-space-ow U T

and closed-ow U T §

and closed-ow U 7 T
shows closed-ow U T (Su T)

{proof)

However, having to restate the theorem presents a grave inconvenience. This can be avoided by
using a different format of the tts-addendum:
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tts-context
tts: (?a to <U:'a sety)
begin
tts-lemma closed-Un''":
assumes S ¢ U
and T c U
and topological-space-ow U T
and closed-ow U 7 S
and closed-ow U 7 T
shows closed-ow U 7 (Su T)
given topological-space-class.closed-Un

{proof)
end

Nevertheless, could there still be some space for improvement? It turns out that instead of
having to state the theorem in the desired form manually, often enough, it suffices to provide
additional parameters for post-processing of the raw set-based theorem, as demonstrated in the
code below:

tts-context
tts: (?'a to «U:'a sety)
rewriting ctr-simps
eliminating < ?U#{}> through (auto simp: topological-space-ow-def)
applying[of - - - 7]
begin
tts-lemma closed-Un'"""
assumes S ¢ U
and T c U
and topological-space-ow U T
and closed-ow U T §
and closed-ow U 7 T
shows closed-ow U 7 (Su T)
is topological-space-class. closed- Un{proof)

end

Finding the most suitable set of parameters for post-processing of the result of the relativization
is an iterative process and requires practice before fluency can be achieved.



Chapter 2

ETTS Case Studies: Introduction

2.1 Background

2.1.1 Purpose

The remainder of this document presents several examples of the application of the extension of
the framework Types-To-Sets and provides the potential users of the extension with a plethora
of design patterns to choose from for their own applied relativization needs.

2.1.2 Related work

Since the publication of the framework Types-To-Sets in [19], there has been a growing interest
in its use in applied formalization. Some of the examples of the application of the framework
include [8], [23] and [14]. However, this list is not exhaustive. Arguably, the most significant
application example was developed in [14], where Fabian Immler and Bohua Zhan performed
the relativization of over 200 theorems from the standard mathematics library of Isabelle/HOL.
Nonetheless, it is likely that the work presented in this document is the first significant applica-
tion of the ETTS: unsurprisingly, the content of this document was developed in parallel with
the extension of the framework itself. Also, perhaps, it is the largest application of the frame-
work Types-To-Sets at the time of writing: only one of the three libraries (SML Relativization)
presented in the context of this work contains the relativization of over 800 theorems from the
standard library of Isabelle/HOL.

2.2 Examples: overview

2.2.1 Background

The examples that are presented in this document were developed for the demonstration of
the impact of various aspects of the relativization process on the outcome of the relativization.
Three libraries of relativized results were developed in the context of this work:

o SML Relativization: a relativization of elements of the standard mathematics library of
Isabelle/HOL

o TTS Vector Spaces: a renovation of the set-based library that was developed in [14] using
the ETTS instead of the existing interface for Types-To-Sets

e TTS Foundations: a relativization of a miniature type-based library with every constant
being parametric under the side conditions compatible with Types-To-Sets

2.2.2 SML Relativization

The standard library that is associated with the object logic Isabelle/HOL and provided as
a part of the standard distribution of Isabelle [1] contains a significant number of formalized
results from a variety of fields of mathematics. However, the formalization is performed using
a type-based approach: for example, the carrier sets associated with the algebraic structures

21
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and the underlying sets of the topological spaces consist of all terms of an arbitrary type. The
ETTS was applied to the relativization of a certain number of results from the standard library.

The results that are formalized in the library SML Relativization are taken from an array of
topics that include order theory, group theory, ring theory and topology. However, only the
results whose relativization could be nearly fully automated using the frameworks UD, CTR
and ETTS with almost no additional proof effort are included.

2.2.3 TTS Vector Spaces

The TTS Vector Spaces is a remake of the library of relativized results that was developed in
[14] using the ETTS. The theorems that are provided in the library TTS Vector Spaces are
nearly identical to the results that are provided in [14].

A detailed description of the original library has already been given in [14] and will not be
restated. The definitional frameworks that are used in [14] and the TTS Vector Spaces are
similar. While the unoverloading of most of the constants could be performed by using the
command ud, the command ctr could not be used to establish that the unoverloaded constants
are parametric under a suitable set of side conditions. Therefore, like in [14], the proofs of the
transfer rules were performed manually. However, the advantages of using the ETTS become
apparent during the relativization of theorems: the complex infrastructure that was needed for
compiling out dependencies on overloaded constants, the manual invocation of the attributes
related to the individual steps of the relativization algorithm, the repeated explicit references
to the theorem as it undergoes the transformations associated with the individual steps of the
relativization algorithm, the explicitly stated names of the set-based theorems were no longer
needed. Furthermore, the theorems synthesized by the ETTS in T'TS Vector Spaces appear in
the formal proof documents in a format that is similar to the canonical format of the Isabelle/Isar
declarations associated with the standard commands such as lemma.

2.2.4 TTS Foundations

The most challenging aspect of the relativization process, perhaps, is related to the availability
of the transfer rules for the constants in the type-based theorems. Nonetheless, even if the
transfer rules are available, having to use the relativized constants in the set-based theorems
that are different from the original constants that are used in the type-based theorems can be
seen as unnatural and inconvenient. Unfortunately, the library SML Relativization suffers from
both of the aforementioned problems. The library that was developed in [14] (hence, also the
library TTS Vector Spaces) suffers, primarily, from the former problem, but, arguably, due to
the methodology that was chosen for the relativization, the library has a more restricted scope
of applicability.

The library TTS Foundations provides an example of a miniature type-based library such that all
constants associated with the operations on mathematical structures (effectively, this excludes
the constants associated with the locale predicates) in the library are parametric under the
side conditions compatible with Types-To-Sets. The relativization is performed with respect
to all possible type variables; in this case, the type classes are not used in the type-based
library. Currently, the library includes the results from the areas of order theory and semigroups.
However, it is hoped that it can be seen that the library can be extended to include most of the
content that is available in the main library of Isabelle/HOL.

The library TTS Foundations demonstrates that the development of a set-based library can
be nearly fully automated using the existing infrastructure associated with the UD, CTR and
ETTS, and requires almost no explicit proofs on behalf of the users of these frameworks.
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SML Relativization

3.1 Extension of the theory Set
lemma set-comp-pair: {ftr|tr. Ptr} ={x. 3tr. PtrAaz=(ftr)}

{proof)

lemma image-iff = (VzeA. fz € B) = (f * A ¢ B) (proof)
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3.2 Extension of the theory Lifting-Set

context
includes lifting-syntax
begin

lemma set-pred-eg-transfer| transfer-rule]:
assumes right-total A
shows
((rel-set A ===> (=)) ===> (rel-set A ===> (=)) ===> (=))
(AX Y. VscCollect (Domainp A). X s =Y s)
((=)=["b set = bool, 'b set = bool] = bool)
(proof) lemma vimage-fst-transfer-h:

pred-prod (Domainp A) (Domainp B) x =
(z € Collect (Domainp A) x Collect (Domainp B))

{proof)

lemma vimage-fst-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A right-total B
shows
((rel-prod A B ===> A) ===> rel-set A ===> rel-set (rel-prod A B))
(AfS. (f =< 8) n ((Collect (Domainp A)) x (Collect (Domainp B))))
vimage

{proof)

lemma vimage-snd-transfer|transfer-rule]:
assumes [transfer-rule]: right-total A bi-unique B right-total B
shows
((rel-prod A B ===> B) ===> rel-set B ===> rel-set (rel-prod A B))
(AfS. (f =< 8) n ((Collect (Domainp A)) x (Collect (Domainp B))))
vimage

{proof)

lemma vimage-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique B right-total A
shows
((A ===> B) ===> (rel-set B) ===> rel-set A)
(Af s. (vimage [ s) n (Collect (Domainp A))) (=)
(proof)

lemma pairwise-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A
shows ((A4 ===> A ===> (=)) ===> rel-set A ===> (=)) pairwise pairwise

(proof)

lemma disjnt-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A
shows (rel-set A ===> rel-set A ===> (=)) disjnt disjnt
{proof)

lemma bij-betw-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A bi-unique B
shows ((A4 ===> B) ===> rel-set A ===> rel-set B ===> (=)) bij-betw bij-betw
(proof)
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end

25
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3.3 Extension of the theory Product-Type-Fxt

context
includes lifting-syntax
begin

lemma Sigma-transfer|transfer-rule]:
assumes [transfer-rule]: right-total A
shows
(rel-set A ===> (A ===> rel-set B) ===> rel-set (rel-prod A B))
Sigma Sigma
(proof)

end
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3.4 Extension of the theory Transfer

lemma bi-unique-intersect-r:
assumes bi-unique T
and rel-set T a a’
and rel-set T b b’
and rel-set T (a n b) zr
shows a’ n b’ = ar

{proof)

lemma bi-unique-intersect-I:
assumes bi-unique T
and rel-set T a a’
and rel-set T b b’
and rel-set T al (a’ N b’)
shows a n b = al

(proof)

lemma bi-unique-intersect:
assumes bi-unique T and rel-set T a o’ and rel-set T b b’
shows rel-set T (a n b) (a’ N b)

{proof)

lemma bi-unique-union-r:
assumes bi-unique T
and rel-set T a a’
and rel-set T b b’
and rel-set T (a U b) zr
shows a’ U b’ = ar

(proof)

lemma bi-unique-union-I:
assumes bi-unique T
and rel-set T a a’
and rel-set T b b’
and rel-set T xl (a’ U b’)
shows a U b = xl

(proof)

lemma bi-unique-union:
assumes bi-unique T and rel-set T a o’ and rel-set T b b’
shows rel-set T (a U b) (a’ U b’)

{proof)

lemma bi-unique-Union-r:
fixes T = ['a, 'b] = bool and K
defines K K'= {(z, y). rel-set Tx y} “ K
assumes bi-unique T
and UK ¢ Collect (Domainp T)
and rel-set T (UK) ar
shows UK’ = zr
{proof)

lemma bi-unique-Union-I:
fixes T = ['a, 'b] = bool and K’
defines K: K = {(x, y). rel-set (A yz. Tz y) zy} “ K’
assumes bi-unique T
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and U K’ ¢ Collect (Rangep T)
and rel-set T 2l (UK')
shows UK = 2l

{proof)

context
includes lifting-syntax
begin

The lemma Domainp-applyl was adopted from the lemma with the identical name in the theory
Types-To-Sets| Group-on- With.thy.

lemma Domainp-applyl:
includes lifting-syntax
shows (A ===> B) fg = A z y = Domainp B (f z)
(proof)

lemma Domainp-fun:
assumes left-unique A
shows
Domainp (rel-fun A B) =
(Af. f < (Collect (Domainp A)) c (Collect (Domainp B)))
{proof)

lemma Bez-fun-transfer|transfer-rule]:
assumes bi-unique A right-total B
shows
(A ===> B) ===> (=) ==> (=)
(Bez (Collect (Mf. f ¢ (Collect (Domainp A)) < (Collect (Domainp B)))))
Ezx

{proof)

end
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3.5 Relativization of the results about relations

3.5.1 Definitions and common properties

context
notes [[inductive-internals]]
begin
inductive-set trancl-on = ['a set, (a x 'a) set] = ('a x 'a) set
(von -/ (-*)> [1000, 1000] 999)
for U = 'a set and r = (‘a x 'a) set
where
r-into-trancl|intro, Pure.intro]:
[aeU;beU;(a, b)er]] = (a,b)eonUrt
| trancl-into-trancl| Pure.intro):

faeU;beU;ceU;(a,b)yeconUrt;(bc)er]] =
(a, ¢) € on U r*
abbreviation tranclp-on (<on -/ (-**)» [1000, 1000] 1000) where
tranclp-on = trancl-onp
declare trancl-on-def[nitpick-unfold del]
lemmas tranclp-on-def = trancl-onp-def
end

definition transp-on = ['a set, ['a, 'a] = bool] = bool
where transp-on U = (Ar. (VaeU. VyeU. V2eU. rcy — ryz — rzz))

definition acyclic-on == ['a set, (a x 'a) set] = bool
where acyclic-on U = (Ar. (VzeU. (z, z) ¢ on U r"))

lemma trancl-on-eq-tranclp-on:
on P Az y. (z,y) er)™ zy=((z, y) € on (Collect P) r*)
(proof)

lemma trancl-on-imp-U: (z, y) € on Urt = (z,y) ¢ U x U
(proof)

lemmas tranclp-on-imp-P = trancl-on-imp-U|[to-pred, simplified]

lemma trancl-on-imp-trancl: (z, y) € on U rt = (z, y) € r*

(proof)
lemmas tranclp-on-imp-tranclp = trancl-on-imp-trancl|to-pred]

lemma tranclp-eg-tranclp-on: r** = on (Az. True) r**

{proof)

lemma trancl-eq-trancl-on: r* = on UNIV r*

{proof)
lemma transp-on-empty[ simp]: transp-on {} r (proof)

lemma transp-eq-transp-on: transp = transp-on UNIV

29
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(proof)
lemma acyclic-on-empty[ simp]: acyclic-on {} r {proof)

lemma acyclic-eq-acyclic-on: acyclic = acyclic-on UNIV

{proof)

3.5.2 Transfer rules I: [fp transfer

The following context contains code from [13].

context
includes lifting-syntax
begin

lemma Inf-transfer|transfer-rule]:
(rel-set (A ===> (=)) ===> A ===> (=)) Inf Inf
{proof)

lemma less-eq-pred-transfer|transfer-rule]:
assumes [transfer-rule]: right-total A
shows
(A ===> () ===> (4 ===> (<)) ===> (=)
(Af g- Y xeCollect(Domainp A). fz < g z) (L)
{proof)

lemma Ifp-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
defines R = (4 ===> (=)) ===> (A ===> (=))) ===> (4 ===> (=)))
shows R (\f. Ifp (Au z. if Domainp A x then f u x else bot)) Ifp
{proof)

lemma Inf2-transfer|transfer-rule]:
(rel-set (T ===> T ===> (=)) ===> T ===> T ===> (=)) Inf Inf
{proof)

lemma less-eq2-pred-transfer| transfer-rule]:
assumes [transfer-rule]: right-total T
shows
((T ===> T ===> (:)) ===> (T ===> T ===> (:)) ===> (:))
(M g. ¥ 2eCollect(Domainp T). ¥ yeCollect(Domainp T). fxy < gz y) (L)
(proof)

lemma [fp2-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
defines
R =
(4 ===> A =225 (2)) ===> (4 ===> A ===> (=) ===> (4 ===> 4 ===> (=)))
shows

R

(
A Ufp
(
Au T y.
if Domainp A x
then if Domainp A y then (f u) z y else bot
else bot
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)
lfp
(proof)

end

3.5.3 Transfer rules II: application-specific rules

context
includes lifting-syntax
begin

lemma transp-rt-transfer|transfer-rule]:
assumes| transfer-rule]: right-total A
shows
((A ===> A ===> (=)) ===> (=)) (transp-on (Collect (Domainp A))) transp
(proof)

lemma tranclp-rt-bu-transfer|transfer-rule]:
assumes| transfer-rule]: bi-unique A right-total A
shows
(A ===> A ===> (=)) ===> (A ===> 4 ===> (=))
(tranclp-on (Domainp A)) tranclp
(proof)

lemma trancl-rt-bu-transfer|transfer-rule]:
assumes| transfer-rule]: bi-unique A right-total A
shows
(rel-set (rel-prod A A) ===> rel-set (rel-prod A A))
(trancl-on (Collect (Domainp A))) trancl
{proof)

lemma acyclic-rt-bu-transfer| transfer-rule]:
assumes| transfer-rule]: bi-unique A right-total A
shows
((rel-set (rel-prod A A)) ===> (=))
(acyclic-on (Collect (Domainp A))) acyclic
(proof)

end
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3.6 Relativization of the results about orders

3.6.1 Class ord

Definitions and common properties

locale ord-ow =
fixes U = ‘ao set
and le :: ['ao0, 'ao] = bool (infix <,y 50)
and Is :: ['a0, 'ao] = bool (infix <<, 50)
begin

notation le (<'(<,4")?)
and le (infix <<, 50)
and Is (<"(<ow’)?)
and Is (infix <<,y» 50)

abbreviation (input) ge (infix <25, 50) where = 2,4 ¥y = ¥ <o T
abbreviation (input) gt (infix «>,,> 50) where x >,, ¥ = ¥ <o T

notation ge (¢'(>,4")?)
and ge (infix (>,,> 50)
and gt (<'(>,w")")
and ¢t (infix (>,,> 50)

tts-register-sbts (<, ) | U
{proof)

tts-register-sbts (<, ) | U
(proof)

end

locale ord-pair-ow = ordy: ord-ow Uy ley lsy + ords: ord-ow Us les Iso
for U; = 'ao set and ley ls; and Us = ‘bo set and ley sy
begin

notation le; (¢<'(<ow.1"))
and le; (infix <<y 1> 50)
and Is; (</(<ow.1")?)
and Is; (infix <<, .10 50)
and les ('(Low.2"))
and ley (infix (<,4.2) 50)
and Iso (<I(<ow.2,)>)
and Isy (infix <<,q .20 50)

notation ordy.ge (<'(2ow.1"))
and ord;.ge (infix <>,q,.1> 50)
and ordy.gt (<'(>00.17)%)
and ord;.gt (infix <>,,.1> 50)
and ords.ge (<'(Zow.2")?)
and ords.ge (infix <>,,.2> 50)
and ords.gt (<(>01.2")%)
and ordy.gt (infix <>, 50)

end

ud <ord.lessThany («(with - : ({..<-}))» [1000] 10)
ud lessThan' <lessThan»
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ud (ord.atMost> («(with - : ({..-}))> [1000] 10)

ud atMost’ <atMost»

ud <ord.greaterThany («(with - : ({-<..}))» [1000] 10)

ud greaterThan’ «greaterThan)

ud <ord.atLeast) («(with -: ({-..}))> [1000] 10)

ud atLeast’ <atLeast)

ud <ord.greater ThanLessThany («(with - : ({-<..<-}))» [1000, 999, 1000] 10)
ud greaterThanLessThan' «greater ThanLessThan»

ud <ord.atLeastLessThany (<(with - - : ({-..<-}))» [1000, 999, 1000, 1000] 10)
ud atLeastLessThan’ <atLeastLessThan)

ud <ord.greaterThanAtMost) («(with - - : ({-<..-}))» [1000, 999, 1000, 999] 10)
ud greaterThanAtMost' «greater ThanAtMost»

ud <ord.atLeastAtMosty («(with - : ({-..-}))» [1000, 1000, 1000] 10)

ud atLeastAtMost’ <atLeastAtMost

ud <ord.miny (<(with - : «miny» - -)» [1000, 1000, 999] 10)

ud min’ «min)

ud <ord.mazx> («(with - : «maz» - -)» [1000, 1000, 999] 10)

ud maz’ <maxn>

ctr relativization
synthesis ctr-simps
assumes [transfer-domain-rule, transfer-rule]: Domainp A = (\z. z € U)
and [transfer-rule]: right-total A
trp (?'a A)
in lessThan-ow: less Than.with-def
(«(on - with - : ({..<-}))» [1000, 1000, 1000] 10)
and atMost-ow: atMost. with-def
(«(on - with - : ({..-}))» [1000, 1000, 1000] 10)
and greaterThan-ow: greater Than.with-def
(«(on - with - ({-<..}))» [1000, 1000, 1000] 10)
and atLeast-ow: atLeast.with-def
(«(on - with - : ({-..}))» [1000, 1000, 1000] 10)

ctr relativization
synthesis ctr-simps
assumes [transfer-domain-rule, transfer-rule]: Domainp A = (Az. x € U)
and [transfer-rule]: bi-unique A right-total A
trp (?'a A)
in greaterThanLessThan-ow: greaterThanLess Than.with-def
(«(on - with - : ({-<..<-}))» [1000, 1000, 1000, 1000] 10)
and atLeastLessThan-ow: atLeastLessThan.with-def
(«(on - with - - : ({-..<-}))» [1000, 1000, 999, 1000, 1000] 10)
and greaterThanAtMost-ow: greater ThanAtMost.with-def
(«(on - with - - : ({-<..-}))» [1000, 1000, 999, 1000, 1000] 10)
and atLeastAtMost-ow: atLeastAtMost.with-def
(«(on - with - : ({-..-}))» [1000, 1000, 1000, 1000] 10)

ctr parametricity
in min-ow: min.with-def
and maz-ow: mazx.with-def

context ord-ow
begin

abbreviation lessThan = ‘a0 = ‘a0 set (<(1{..<ow-}))
where {..<,, u} = on U with (<o) : {..<u}

abbreviation atMost = ‘a0 = ‘a0 set (<(1{..ow-})?)
where {..,, u} = on U with (<o) : {..u}
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abbreviation greaterThan :: ‘ao = a0 set (<(1{-<ow-.})?)
where {l<,y..} = on U with (<oy) : {I<..}

abbreviation atLeast :: ‘a0 = 'ao set (<(1{-..ow})?)
where atLeast | = on U with (<,4) : {l..}

abbreviation greaterThanLessThan :: ‘a0 = ‘a0 = ‘a0 set (((1{-<ow--<ow-})*)
where {I<,y..<owt} = on U with (<o) @ {I<..<u}

abbreviation atLeastLessThan :: ‘a0 = ‘a0 = ‘a0 set (<(1{-..<ow-})*)
where {l..<,, u} = on U with ($o0) (<ow) : {I<..u}

abbreviation greaterThanAtMost = ‘a0 = 'ao = 'ao set («(1{-<ow---})*)
where {l<,y..u} = on U with (Xow) (<ow) : {I<..u}

abbreviation atLeastAtMost :: 'ao = 'ao = 'ao set (<(1{-..0w-})?)
where {l..,,u} = on U with (<,4) : {l..u}

abbreviation min :: ‘a0 = ‘a0 = 'ao where min = min.with (<,y)

abbreviation maz : ‘a0 = 'ao = 'ao where maz = maz.with (<,y)

end

context ord-pair-ow
begin

notation ord;.lessThan (<(1{..<ow.1-})?)

notation ord;.atMost (<(1{..0w.1-})*)

notation ord;.greaterThan (<(1{-<gw.1.-})*)

notation ord;.atLeast (<(1{-..0w.1})’)

notation ord;.greaterThanLessThan (<(1{-<ow.1--<ow.1-})>)
notation ord;.atLeastLessThan (<(1{-..<ow.1-})?)
notation ord;.greater ThanAtMost (<(1{-<ow.1---})?)
notation ord;.atLeastAtMost (<(1{-..0w.1-})*)

notation ordy.lessThan (<(1{..<ow.2-}))

notation ords.atMost (<(1{..ow.2-})*)

notation ordy.greaterThan (<(1{-<ow.2..})?)

notation ords.atLeast (<(1{-..ow.2})?)

notation ords.greater ThanLessThan (<(1{-<,uw.2.-<ow.2-})?)
notation ords.atLeastLessThan (<(1{-..<ow.2-}))
notation ords.greater ThanAtMost (<(1{-<ow.2---})?)
notation ordy.atLeastAtMost (<(1{-..ow.2-})")

end

3.6.2 Preorders

Definitions and common properties

locale partial-preordering-ow =
fixes U = ‘a0 set
and le = ‘a0 = ‘a0 = bool (infix <<,,» 50)
assumes refl: a € U = a <,y a
and trans: [ a € U; be U; ce U; a <o b; b <o ¢ J]] = a<ou ¢
begin

notation le (infix (<, 50)
end
locale preordering-ow = partial-preordering-ow U le

for U = 'ao set
and le = ‘a0 = "ao = bool (infix <<, 50) +
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fixes Is = <'ao = 'ao = bool> (infix <,y 50)
assumes strict-iff-not:
[aeU;be U]l = a<ow b+ a<ou bA-D<oy a

locale preorder-ow = ord-ow U le ls
for U = 'ao set and le Is +
assumes less-le-not-le:
[zeU;ye U]l = 2 <ouw ¥y <= 2 <ow Y A~ (Y Sow 7)
and order-refi[iff]: t € U = z <op T
and order-trans: [ z € U; y € U; 2 € U; T <ow U; Y Sow 2 || = T <ou
begin

sublocale
order: preordering-ow U (<o) ((<ow)> +
dual-order: preordering-ow U (Zou)> ((>ow)’
(proof)

end

locale ord-preorder-ow =
ordy: ord-ow Uy ley Isy + ords: preorder-ow Usg leg Isy
for U; = 'ao set and ley ls; and Us = ‘bo set and ley sy
begin

sublocale ord-pair-ow (proof)
end

locale preorder-pair-ow =

ordy: preorder-ow Uy ley lsy + ords: preorder-ow Us ley sy

for U; = 'ao set and le; and Ils; and Us = 'bo set and le; and sy
begin

sublocale ord-preorder-ow (proof)
end

ud <preordering-bdd.bdd>
ud <preorder.bdd-above)
ud bdd-above’ <bdd-above)
ud <preorder.bdd-belowy
ud bdd-below’ «bdd-below>

ctr relativization

synthesis ctr-simps

assumes [transfer-domain-rule, transfer-rule]: Domainp A = (Az. x € U)
and [transfer-rule]: right-total A

trp (?a A)

in bdd-ow: bdd.with-def
(«(on - with - : «bdd» -)» [1000, 1000, 1000] 10)
and bdd-above-ow: bdd-above.with-def
(«(on - with - : «bdd’-above» -)» [1000, 1000, 1000] 10)
and bdd-below-ow: bdd-below.with-def
(«(on - with - : «bdd’-below» -)» [1000, 1000, 1000] 10)

declare bdd.with[ud-with del]

context preorder-ow

z
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begin

abbreviation bdd-above :: 'ao set = bool
where bdd-above = bdd-above-ow U (<44)

abbreviation bdd-below :: 'ao set = bool
where bdd-below = bdd-below-ow U (<44)

end

Transfer rules

context
includes lifting-syntax
begin

lemma partial-preordering-transfer|transfer-rule]:
assumes [transfer-rule]: right-total A
shows

(4 ===> 4 ===> () ===> (=)

(partial-preordering-ow (Collect (Domainp A))) partial-preordering

{proof)

lemma preordering-transfer|transfer-rule]:
assumes [transfer-rule]: right-total A
shows

(A ===> A ===> (2)) ===> (A ===> 4 ===> (=) ==> (=)

(preordering-ow (Collect (Domainp A))) preordering
{proof)

lemma preorder-transfer| transfer-rule]:
assumes [transfer-rule]: right-total A
shows
((A ===> A ===> (=)) ===> (A ===> A ===> (=)) ===
(preorder-ow (Collect (Domainp A))) class.preorder
(proof)

end

Relativization

context preordering-ow
begin

tts-context
tts: (?a to U)
rewriting citr-simps
substituting preordering-ow-azrioms
eliminating through auto
begin

tts-lemma strict-implies-order:
assumes a € U and be U and a <, b
shows a <, b
is preordering.strict-implies-order(proof)

tts-lemma irrefi:
assumes a € U
shows -a <, a

> (=)
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is preordering.irrefl(proof)

tts-lemma asym:
assumes ¢ € U and be U and a <,,, band b <, a
shows Fulse
is preordering.asym(proof)

tts-lemma strict-transl:
assumes ¢ € Uand be Uand ce U and a <, band b <,y ¢
shows a <, ¢
is preordering.strict-trans1{proof)

tts-lemma strict-trans2:
assumes a € Uand be Uand ce U and a <,, band b <,y ¢
shows a <, ¢
is preordering.strict-trans2(proof)

tts-lemma strict-trans:
assumes ¢ € Uand be Uand ce U and a <,y band b <,y ¢
shows a <, ¢
is preordering.strict-trans(proof)

end
end

context preorder-ow
begin

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting preorder-ow-axioms
eliminating through auto
begin

tts-lemma less-irrefi:
assumes z € U
shows — = <, T
is preorder-class.less-irrefl{proof)

tts-lemma bdd-below-Ioc:
assumes a € U and be U
shows bdd-below {a<,,..b}
is preorder-class.bdd-below-Toc(proof)

tts-lemma bdd-above-Ioc:
assumes a € U and be U
shows bdd-above {a<,,..b}
is preorder-class.bdd-above-Ioc(proof )

tts-lemma bdd-above-Iic:
assumes b € U
shows bdd-above {..,,b}
is preorder-class.bdd-above-Tic{proof)

tts-lemma bdd-above-Iio:
assumes b e U

37
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shows bdd-above {..<,,b}
is preorder-class.bdd-above-Tio(proof)

tts-lemma bdd-below-Ici:
assumes a € U
shows bdd-below {a..,}
is preorder-class.bdd-below-Ici{proof)

tts-lemma bdd-below-Ioi:
assumes a € U
shows bdd-below {a<yy..}
is preorder-class.bdd-below-Ioi{proof)

tts-lemma bdd-above-Icc:
assumes a € U and b e U
shows bdd-above {a..,q,b}
is preorder-class.bdd-above-Icc{proof)

tts-lemma bdd-above-Ioo:
assumes a € U and b€ U
shows bdd-above {a<,qy..<ouwb}
is preorder-class.bdd-above-Ioo{proof)

tts-lemma bdd-below-Icc:
assumes a € U and b e U
shows bdd-below {a..,,b}
is preorder-class.bdd-below-Icc{proof)

tts-lemma bdd-below-Ioo:
assumes a € U and b e U
shows bdd-below {a<,uy..<owb}
is preorder-class.bdd-below-Ioo{proof)

tts-lemma bdd-above-Ico:
assumes g € U and be U
shows bdd-above (on U with (L) (<ow) : {a..<b})
is preorder-class.bdd-above-Ico{proof)

tts-lemma bdd-below-Ico:
assumes g € U and be U
shows bdd-below (on U with (<o) (<ow) : {a@..<b})
is preorder-class.bdd-below-Ico{proof)

tts-lemma Iloi-le-Ico:
assumes a € U
shows {a<,y..} € {@-.0w}
is preorder-class.loi-le-Ico(proof)

tts-lemma eg-refi:
assumes y € Uand z =y
shows = <, ¥
is preorder-class.eq-refl{proof)

tts-lemma less-imp-le:
assumes z € U and y € U and z <, ¥
shows z <, ¥
is preorder-class.less-imp-le(proof)
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tts-lemma less-not-sym:
assumes x € U and y ¢ U and z <,y ¥
shows - y <, =
is preorder-class.less-not-sym{proof)

tts-lemma less-imp-not-less:
assumes x € U and y € U and z <, ¥

shows (= y <,u 2) = True
is preorder-class.less-imp-not-less(proof)

tts-lemma less-asym”:
assumes a € U and be U and a <,, b and b <,y a
shows P
is preorder-class.less-asym'(proof)

tts-lemma less-imp-triv:
assumes z € U and y € U and z <, ¥
shows (y <,w © —> P) = True
is preorder-class.less-imp-triv(proof)

tts-lemma less-trans:
assumes r € Uand ye Uand z¢€ U and z <., ¥y and y <y 2
shows z <, 2
is preorder-class.less-trans{proof)

tts-lemma less-le-trans:
assumes r € Uand ye Uand z€ U and = <., ¥y and y <,y 2
shows z <, 2
is preorder-class.less-le-trans{proof)

tts-lemma le-less-trans:
assumes r € Uand ye Uand z¢€ U and z <., ¥y and y <, 2
shows = <, 2
is preorder-class.le-less-trans(proof)

tts-lemma bdd-abovel:
assumes Ac Uand M e Uand Az. [z e U;z € A]] = z <o M
shows bdd-above A
is preorder-class.bdd-abovel (proof )

tts-lemma bdd-belowl:
assumes Ac Uand me Uand Az. [t € U;ze A]l = m<op @
shows bdd-below A
is preorder-class.bdd-belowI(proof)

tts-lemma less-asym:
assumes z € Uand ye€ U and z <, yand - P = y <,y T
shows P
is preorder-class.less-asym{proof)

tts-lemma bdd-above-Intl:
assumes A € U and B ¢ U and bdd-above A
shows bdd-above (A n B)
is preorder-class.bdd-above-Int1(proof)

tts-lemma bdd-above-Int2:
assumes B ¢ U and A ¢ U and bdd-above B
shows bdd-above (A n B)
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is preorder-class.bdd-above-Int2(proof )

tts-lemma bdd-below-Intl:
assumes A € U and B ¢ U and bdd-below A
shows bdd-below (A n B)
is preorder-class.bdd-below-Int1{proof)

tts-lemma bdd-below-Int2:
assumes B ¢ U and A ¢ U and bdd-below B
shows bdd-below (A n B)
is preorder-class.bdd-below-Int2{proof)

tts-lemma bdd-above-mono:
assumes B ¢ U and bdd-above B and A € B
shows bdd-above A
is preorder-class.bdd-above-mono(proof)

tts-lemma bdd-below-mono:
assumes B ¢ U and bdd-below B and A ¢ B
shows bdd-below A

is preorder-class.bdd-below-mono(proof)

tts-lemma atLeastAtMost-subseteq-atLeastLess Than-iff:
assumes a € Uand be Uand cec Uand d € U
shows ({a..o0b} S (on U with (<o) (<ow) : {c..<d})) =
(@ Sow b — b <o d A <oy a)
is preorder-class.atLeastAtMost-subseteq-atLeastLess Than-iff { proof )

tts-lemma atMost-subset-iff:
assumes z € U and y e U

shows ({..ocwz} € {..ow¥y}) = ( <ow ¥)
is Set-Interval.atMost-subset-iff (proof)

tts-lemma single-Diff-lessThan:
assumes k € U
shows {k} — {..<,wk} = {k}
is Set-Interval.single-Diff-less Than{proof)

tts-lemma atLeast-subset-iff:
assumes r € U and ye U

shows ({Z..ow} € {y-.ow}) = (¥ <ow )
is Set-Interval.atLeast-subset-iff (proof)

tts-lemma atLeastatMost-psubset-iff:
assumes a € Uand be Uand ce Uand d e U
shows

({a"owb} c {C~-0wd}) =

(c<ow dA (= a<ou bV <o aAb<ow dA(C<ow aV b<yy d)))

is preorder-class.atLeastatMost-psubset-iff (proof )

tts-lemma not-empty-eq-Ilic-eq-empty:
assumes h € U

shows {} # {..owh}
is preorder-class.not-empty-eq-Tic-eq-empty(proof )

tts-lemma atLeastatMost-subset-iff:
assumes ¢ € Uand be Uand ce U and d e U
shows ({a..ouwb} € {Cowd}) = (= @ <ow DV b <o d A <oy a)
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is preorder-class.atLeastatMost-subset-iff { proof )

tts-lemma Icc-subset-Ici-iff:
assumes [ € Uand he Uand I'e U
shows ({l..owh} € {l"ow}) = (= 1 <o BV I <oy 1)
is preorder-class.Icc-subset-Ici-iff {proof )

tts-lemma Icc-subset-Ilic-iff:
assumes [ € Uand he Uand h'e U
shows ({l..ouwh} € {.owh’}) = (5 1 <ow BV h <o h')
is preorder-class.Icc-subset-Tic-iff {proof )

tts-lemma not-empty-eq-Ici-eq-empty:
assumes [ € U

shows {} # {l..ow}

is preorder-class.not-empty-eq-Ici-eq-empty(proof)

tts-lemma not-Ici-eq-empty:
assumes [ € U

shows {l..ou} # {}

is preorder-class.not-Ici-eq-empty{proof)

tts-lemma not-Ilic-eq-empty:
assumes h € U

shows {..,,h} # {}

is preorder-class.not-Iic-eq-empty(proof )

tts-lemma atLeastatMost-empty-iff 2:
assumes a € Uand b e U
shows ({} = {a..owb}) = (= a <o D)
is preorder-class.atLeastatMost-empty-iff 2{ proof)

tts-lemma atLeastLess Than-empty-iff2:
assumes a € U and be U
shows ({} = (on U with (Low) (<ow) : {a..<b})) = (= a <o b)
is preorder-class.atLeastLess Than-empty-iff 2(proof)

tts-lemma greaterThanAtMost-empty-iff2:
assumes k€ Uand [ € U
shows ({} = {k<ow..l}) = (= k <ou 1)
is preorder-class. greater ThanAtMost-empty-iff 2{proof )

tts-lemma atLeastatMost-empty-iff:
assumes a € U and be U
shows ({a..o00} = {}) = (= a <ou )
is preorder-class.atLeastatMost-empty-iff (proof)

tts-lemma atLeastLessThan-empty-iff:
assumes a € U and be U
shows ((on U with (<ou) (<ow) : {a..<b}) = {}) = (= a <ou D)
is preorder-class.atLeastLess Than-empty-iff (proof)

tts-lemma greater ThanAtMost-empty-iff:
assumes k€ Uand [ € U
shows ({k<,u--l} = {}) = (= k <ou 1)
is preorder-class.greater ThanAtMost-empty-iff ( proof )

end
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tts-context

tts: (?a to U)

substituting preorder-ow-axioms
begin

tts-lemma bdd-above-empty:
assumes U # {}
shows bdd-above {}
is preorder-class.bdd-above-empty(proof)

tts-lemma bdd-below-empty:
assumes U # {}
shows bdd-below {}
is preorder-class.bdd-below-empty(proof)

end

tts-context

tts: (?'a to U) and (2'b to «Usy:'a sety)

rewriting ctr-simps

substituting preorder-ow-axioms

eliminating through (auto intro: bdd-above-empty bdd-below-empty)
begin

tts-lemma bdd-belowl?2:
assumes A ¢ U,
and me U
and VzelUs. fz e U
and A\z. 1€ A = m <,y f2
shows bdd-below (f “ A)
given preorder-class.bdd-belowl2

{proof)

tts-lemma bdd-abovel2:
assumes A ¢ U,y
and VzeUs. fz e U
and M ¢ U
and A\z. 1€ A = fz <, M
shows bdd-above (f < A)
given preorder-class.bdd-abovel2

{proof)

end

end

3.6.3 Partial orders

Definitions and common properties

locale ordering-ow = partial-preordering-ow U le
for U = ‘a0 set and le : ‘a0 = "ao = bool (infix <<, 50) +
fixes Is = ‘a0 = 'ao = bool (infix (<,y,» 50)
assumes strict-iff-order: [[ a € U; b e U]] = a<ouw b« a <o bAa# b
and antisym: [[ a € U; be U; a <oy b; b<opa]] = a=b
begin
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notation le (infix <, 50)
and /s (infix (<, 50)

sublocale preordering-ow U (<o)} ((<ow)?

{proof)

end

locale order-ow = preorder-ow U le Is for U :: 'ao set and le Is +
assumes antisym: [ 2 € U; y e U; <0 ¥ YSow T || =z =y
begin

sublocale
order: ordering-ow U (<o) ((<ow)> +
dual-order: ordering-ow U <(2510)> <(>ow)?
{proof)

no-notation le (infix <<, 50)
and Is (infix <<, 50)

end

locale ord-order-ow = ordy: ord-ow Uy ley ls1 + ords: order-ow Usy leg lsy
for U; = 'ao set and le; Is; and Us = 'bo set and ley Isy

sublocale ord-order-ow <€ ord-preorder-ow {proof)

locale preorder-order-ow =
ordy: preorder-ow Uy ley Is1 + ords: order-ow Us les lso
for U; = 'ao set and le; Is; and Us = 'bo set and ley Isy

sublocale preorder-order-ow ¢ preorder-pair-ow (proof)

locale order-pair-ow = ordy: order-ow Uy ley lsy + ords: order-ow Us les lso
for U; = ‘a0 set and le; Is; and Us = 'bo set and ley sy

sublocale order-pair-ow ¢ preorder-order-ow (proof)
ud «<monoseqy («(with - : «monoseg» -)» [1000, 1000] 10)

ctr relativization
synthesis ctr-simps
assumes [transfer-domain-rule, transfer-rule]:
Domainp (B:'c="'d=bool) = (Az. x € U3)
and [transfer-rule]: right-total B
trp (2'b <A:'a="b=booly) and (?'a B)
in monoseq-ow: monoseq.with-def

Transfer rules

context
includes lifting-syntax
begin

lemma ordering-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows

(A ===> A ===> (2)) ===> (A ===> 4 ===> (=) ==> (=)
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(ordering-ow (Collect (Domainp A))) ordering
{proof)

lemma order-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(A ===> A ===> () ===> (A ===> A ===> (=)) ===> (=))
(order-ow (Collect (Domainp A))) class.order
(proof)

end

Relativization

context ordering-ow
begin

tts-context
tts: (?a to U)
rewriting cir-simps
substituting ordering-ow-azrioms
eliminating through simp
begin

tts-lemma strict-implies-not-eq:
assumes a € U and be U and a <, b
shows a #£ b
is ordering.strict-implies-not-eq{proof)

tts-lemma order-iff-strict:
assumes a € U and b€ U
shows (a <, ) = (a <o bV a=10)
is ordering.order-iff-strict(proof)

tts-lemma not-eq-order-implies-strict:
assumes ¢ € Uand be Uand a # band a <,y b
shows a <, b
is ordering.not-eq-order-implies-strict{proof)

tts-lemma eq-iff:
assumes g € U and be U
shows (a =b) = (a <o b A D<oy a)
is ordering.eg-iff (proof)

end
end

context order-ow
begin

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting order-ow-axioms
eliminating through clarsimp
begin
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tts-lemma atLeastAtMost-singleton:
assumes a € U
shows {a..,na} = {a}
is order-class.atLeast AtMost-singleton(proof)

tts-lemma less-imp-neq:
assumes y € U and = <,y ¥
shows z # y
is order-class.less-imp-neq(proof)

tts-lemma atLeastatMost-empty:
assumes be Uand ae€ U and b <, a
shows {a..,,b} = {}
is order-class.atLeastatMost-empty(proof)

tts-lemma less-imp-not-eq:
assumes y € U and z <,y ¥
shows (z = y) = False
is order-class.less-imp-not-eq{proof)

tts-lemma less-imp-not-eq2:
assumes y € U and z <,y ¥
shows (y = x) = False
is order-class.less-imp-not-eq2(proof)

tts-lemma atLeastLess Than-empty:
assumes be Uand a€ U and b <, a
shows (on U with (Xow) (<ow) : {a..<b}) = {}
is order-class.atLeastLess Than-empty{proof)

tts-lemma greaterThanAtMost-empty:
assumes [ € Uand ke U and [ <, k
shows {k<,y..l} = {}
is order-class.greater ThanAtMost-empty{proof)

tts-lemma antisym-convl:
assumes z € U and y € U and -~ x <,y ¥
shows (z <, y) = (z = y)
is order-class.antisym-convl{proof)

tts-lemma antisym-conv2:
assumes z € U and ye€ U and z <,y ¥y
shows (= z <,y y) = (z = y)
is order-class.antisym-conv2{proof)

tts-lemma greaterThanLessThan-empty:
assumes [ € Uand ke U and | <, k
shows {k<,y..<owl} = {}
is order-class.greater ThanLess Than-empty(proof)

tts-lemma atLeastLess Than-eq-atLeast AtMost-diff:
assumes g € U and be U
shows (on U with (Low) (<ow) : {a..<b}) = {a..ouwb} — {b}
is order-class.atLeastLess Than-eq-atLeastAtMost-diff (proof)

tts-lemma greaterThanAtMost-eq-atLeast AtMost-diff:
assumes ¢ € U and be U
shows {a<,y..b} = {a..owb} — {a}
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is order-class.greater ThanAtMost-eq-atLeast AtMost-diff ( proof )

tts-lemma less-separate:
assumes z € U and y € U and = <,y ¥y
shows
Jz'eU. Fy'eU. z € {.<ouz’} A Y€ {y<ow-} AN { . <owz} N {y<ow--} = {}
is order-class.less-separate{proof)

tts-lemma order-iff-strict:
assumes a € Uand b€ U
shows (a <,y b) = (a <o bV a =0)
is order-class.order.order-iff-strict{proof)

tts-lemma le-less:
assumes z € U and y € U
shows (2 <o y) = (T <o YV T = ¥)
is order-class.le-less{proof)

tts-lemma strict-iff-order:
assumes a € U and b€ U
shows (a <, b) = (a <o DA a # D)
is order-class.order.strict-iff-order{proof)

tts-lemma less-le:
assumes z € U and y € U

shows (2 <ouw ¥) = (T <o YA T # Y)
is order-class.less-le{proof)

tts-lemma atLeastAtMost-singleton”:
assumes b e U and a = b
shows {a..,,b} = {a}
is order-class.atLeast AtMost-singleton'(proof)

tts-lemma le-imp-less-or-eq:
assumes z € Uand y € U and = <.y, ¥
shows z <., y VI =y
is order-class.le-imp-less-or-eq(proof)

tts-lemma antisym-conv:
assumes y € Uand z ¢ U and y <,y «
shows (z <,y ¥) = (z = y)
is order-class.antisym-conv(proof)

tts-lemma le-neq-trans:
assumes ¢ € U and be U and a <., band a # b
shows a <, b
is order-class.le-neq-trans(proof)

tts-lemma neq-le-trans:
assumes a € Uand be Uand a # band a <,y b
shows a <, b
is order-class.neq-le-trans(proof)

tts-lemma [io-Int-singleton:
assumes k€ U and z € U
shows {..<,wk} N {x} = (if © <ou k then {z} else {})
is order-class.Iio-Int-singleton(proof )
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tts-lemma atLeastAtMost-singleton-iff:
assumes a € Uand be Uand ce U
shows ({a..,ub} = {c}) =(a=bAb=c)
is order-class.atLeast AtMost-singleton-iff (proof)

tts-lemma Icc-eq-Icc:
assumes [ € Uand he Uand I'’e Uand h' € U
shows ({l..owh} = {I"owh”}) = (h = h' A L= 1"V = I' <y h' A = | <o h)
is order-class.Icc-eq-Icc{proof)

tts-lemma [lift-Suc-mono-less-iff:
assumes range f € U and An. fn <,y [ (Suc n)
shows (fn <y fm) = (n < m)
is order-class.lift-Suc-mono-less-iff (proof)

tts-lemma [lift-Suc-mono-less:
assumes range f € U and An. fn <,y f (Suc n) and n < n’
shows fn <,y fn'
is order-class.lift-Suc-mono-less(proof)

tts-lemma [lift-Suc-mono-le:
assumes range f € U and An. fn <,y f (Suc n) and n < n’
shows fn <, fn'
is order-class.lift-Suc-mono-le(proof)

tts-lemma lift-Suc-antimono-le:
assumes range f € U and An. f (Suc n) <,y fnand n < n'
shows fn' <,u f 7
is order-class.lift-Suc-antimono-le(proof)

tts-lemma jvl-disj-int-two:

assumes [ € Uand me U and u € U

shows
{I<ow--<owm} N (on U with (Lou) (<ow) : {m..<u}) = {}
{I<ow--m} 0 {m<op-<onu} = {}
(on U with (Low) (<ow) : {l..<m}) n (on U with (<ou) (<ow) : {m..<u}) = {}
{le.owm} N {m<yp-<owu} = {}
{lI<ow--<owm} N {m..,pu} = {}
{l<ow--m} N {m<yp..u} = {}
(on U with (<ow) (Kow) : {l.<m}) n {m..ouu} = {}
{l..owm} N {m<yp-.u} = {}
is Set-Interval.ivl-disj-int-two(proof )

tts-lemma ivl-disj-int-one:

assumes [ € U and v € U

shows
{rvowl} N {l<ow--<owu} = {}
{-<owl} 0 (on U with (Low) (<ow) : {l.<u}) = {}
{ecowl} N {l<ow-u} = {}
{.<owl} N {l..owu} = {}
{I<ow--u} N {u<pop..} = {}
{I<ow--<owt} N {Uepw} = {}
{lowtu} N {u<oy..} = {}
(on U with (<ow) (<ow) : {l.<u}) N {t..ow} = {}
is Set-Interval.ivl-disj-int-one(proof)

tts-lemma min-absorb2:
assumes y € Uand z € U and y <,y *
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shows local.min x y =y
is Orderings.min-absorb2{proof)

tts-lemma maz-absorbl:
assumes y € Uand z € U and y <, T
shows local.max z y = x
is Orderings.max-absorbl{proof)

tts-lemma atMost-Int-atLeast:
assumes n € U
shows {..;un} N {n..ow} = {n}
is Set-Interval.atMost-Int-atLeast(proof)

tts-lemma monoseq-Suc:
assumes range X ¢ U
shows
(with (<ow) : «monoseqn X) =

((Vz. X2 <o X (Sucz)) v (Va. X (Suc z) <pw X 1))

is Topological-Spaces.monoseq-Suc{proof)

tts-lemma mono-Sucl2:
assumes range X € U and V2. X (Suc ) <o X ©
shows with (<,4) : «monoseqn X
is Topological-Spaces.mono-Sucl2(proof)

tts-lemma mono-Sucll:
assumes range X € U and V2. X z <5y X (Suc )
shows with (<,4) : «monoseqn X
is Topological-Spaces.mono-SucI1{proof)

tts-lemma monol2:
assumes range X C Uand Vo y. 2 <y — Xy <op X 2
shows with (<,y) : «monoseqy X
is Topological-Spaces.monol2(proof)

tts-lemma monoll:
assumes range X C Uand Voz y. 2 <y — X x <oy X ¥y
shows with (<o) @ «monoseg» X
is Topological-Spaces.monol1{proof)

end

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting order-ow-axioms
eliminating through clarsimp
begin

tts-lemma ex-min-if-finite:
assumes S ¢ U
and finite S
and S # {}
shows JzeS. = (JyeS. y <ow )
is Lattices-Big.ex-min-if-finite(proof)

end
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tts-context
tts: (?a to U)

sbterms: («(<)=['azorder, 'azorder] = bool) to «(<oy)?)

and («(<)z['azorder, 'azorder] = bool> to «(<yy)?)

substituting order-ow-azioms
eliminating through clarsimp
begin

tts-lemma ztl:
shows

[[a=10; ¢ <ow b]] = ¢ <ow a
b <ow a; b =c]] = ¢ <ou a
a=b; ¢ <on b]]
b<owa b=c]] = c<ow a
‘TEUy<owx13<owy]]:> =Y
reU;ze Uy <ou Z<owy:|:|
zeU;z2e U; y<ow T 2 <ou Y]] =
e U ze U y<ow T 2 <ow Y]] =
a€U; b<oy a; a <oy b]] = P

— C Zopw @

€
€
a €

a € U;bgmu a;a%bﬂ:}b<owaf
beUs;atb;b<oy a]] = b<oua

@ssgssss

r_|7*7_17_17_!r_|7*7*7_17_!r_!l_|

|
|
|
[y
[y
[y
[y
b
[y
(b
|
|

be U,
ce U,
a=fb
¢ <ow b;

<
<ow T
Z<ow T

N

Oﬂ)x

N

reU; z€e U Y <ow T 2 <ow Y]] = 2 <ouw T

Ney. [[zeUsye U y<owz]] = fy<ouwfz

] = fec<owa
([

be U,

ae U

b <ow @;

fb=g¢

/\iﬂy [[$€U;y€U;y<ow$]]:>fy<owf'r

] = c<ow fa
I

beU;

ce U;

a=fb

¢ <ow b

Az y. [[IEU;yEU;ygowz]]::’fysowfz

] = fc<ouwa
[

be U,

a€ U,

b <ow @

fb=c¢

Ney [[zeUsyeUs y<owz]] = fy <owfo

] = c<ouwfa
is Orderings.xt1{proof)

end
end

context ord-order-ow
begin
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tts-context
tts: (?a to Us) and (?'b to U;)
sbterms: («(<):[?'azorder, ?'a:order] = bool> to «((<ow.2)?)
and («(<)z[ ?'azorder, ?'azorder] = bool> to «(<ow.2)?)
and («(<)=[ #b:ord, ?'bord] = bool) to (<pw.1)?)
and («(<)=[ ?'bzord, ?'b:ord] = bool> t0 «(<pw.1)?)
rewriting ctr-simps
substituting ords.order-ow-azxioms
eliminating through clarsimp
begin

tts-lemma zt2:
assumes YzeU;. fz e Uy
and b e U,
and a € Us
and c e U,
and fb<,u2 a
and ¢ <,p.1 b
and Az y. [z e Uy ye Ur; Yy <owt 2]l = fy <owo fx
shows fc <,p.2 a
is Orderings.zt2(proof)

tts-lemma zt6:
assumes VzelU;. fz € Us
and b e U,
and a € Uy
and ce U,
and f b Sow.2 @
and ¢ <,y.1 b
and Az Y- [[37 € Uy ye Us; Y <ow.1 I]] = fy <ow.2 f&?
shows fc <,p.2 @
is Orderings.xt6{proof)

end
end

context order-pair-ow
begin

tts-context
tts: (?’a to Uy) and (b to Us)
sbterms: («(<)=[ azorder, ?'azorder] = booly to «(<oup.1)?)
and («(<)x=[ ?azorder, ?'azorder] = bool) to (<pw.1)?)
and («(<)=[ ?'border, ?'b:order] = bool> to «(<,u.2)))
and («(<)z[ #'bzorder, ?'b:zorder] = bool> to «(<yuy.2)%)
rewriting ctr-simps
substituting ord;.order-ow-axioms and ords.order-ow-azxioms
eliminating through clarsimp
begin

tts-lemma zt3:
assumes b € U;
and a € Uy
and c e Uy
and YzeU;. fz e Uy
and b <,,.1 @
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and ¢ <,p0 fb

and Az y. [z € U;ye Ut Yy Sowa 2]] = [y Sowa [z
shows ¢ <,p2 fa

is Orderings.at3(proof)

tts-lemma zt4:
assumes YV xzelUs. fz e U,
and b e Uy
and a € Uy
and c € Uy
and fb<,y.1 a
and ¢ <,42 b
and Az y. [z € Us; y € Uss y Sowz 7]l = [y Sow [
shows fc <,u1 a
is Orderings.at4(proof)

tts-lemma zt5:
assumes b € U,
and a € Uy
and c € U,
and VzeU;. fz e Us
and b <,,.1 G
and ¢ <,p0 fb
and Az y. [t € U ye Ut Yy <ow1 2]] = [y <ow2 [z
shows ¢ <,p2 fa
is Orderings.at5(proof)

tts-lemma zt7:
assumes b € U,
and a € Uy
and c € U,
and VzeU;. fz e Us
and b <,,1 G
and ¢ <,p0 fb
and Az y. [t e Ui;ye U Yy Sowa 2]] = fy <owa fz
shows ¢ <,p.2 fa
is Orderings.at7(proof)

tts-lemma zt8:
assumes YV zeUs. fz e Uy
and b e Uy
and a € Uy
and c e Uy
and fb<,u1 a
and ¢ <,p.2 b
and Az y. [[z € Us; y € Uz y <ow2 7]l = [y <ow1 [ 7
shows fc <,u.1 a
is Orderings.xt8(proof)

tts-lemma zt9:
assumes b € Uy
and a € Uy
and c € Uy
and VzeU;. fz e Uy
and b <,,.1 G
and ¢ <,p0 fb
and Az Y. [[33 € Ul; Y€ Ul; Y <ow.1 .73:“ = fy <ow.2 f.T
shows ¢ <,p.2 fa
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is Orderings.xt9{proof)
end

tts-context
tts: (?’a to Up) and (b to Us)
sbterms: («(<):[?'azorder, ?'a:order] = bool> to (Low.1)?)
and («(<)=[ ?'azorder, ?'azorder] = bools t0 <(<puw.1)?)
and («(<)=[ ?'border, ?'b:order] = bool> to (<py.2)?)
and («(<)z[ #'bzorder, ?'biorder] = booly to «(<yu.2)?)
rewriting ctr-simps
substituting ord;.order-ow-axioms and ords.order-ow-azxioms
eliminating through simp
begin

tts-lemma order-less-substl:
assumes a € U;
and VzeUs. fz e U,
and b e U,y
and c € U,
and a <,yp.1 f b
and b <,u.2 C
and Az y. [[z€ Us; ye Us;  <ow2 Y]] = f2 <ow1 [¥
shows a <441 fC
is Orderings.order-less-subst1{proof)

tts-lemma order-substl:
assumes a € U;
and VzeUs. fz e U,
and b e U,y
and c € U,
and a <,p.1 f b
and b <,,0 C
and Az y. [z € Us; ye Uz 2 <ouw2 y]] = fZ <ow1 [¥
shows a <,4.1 fC
is Orderings.order-subst1{proof)

end

tts-context
tts: (?'a to Uy) and (?'c to Us)
sbterms: («(<):[?'azorder, ?'a:order] = bool> to ((<ow.1)?)
and («(<)z[ ?a:order, ?’azorder] = booly to (<pw.1)?)
and («(<)=[ ?'czorder, ?'czorder] = booly t0 (<ow.2))
and («(<)z[?'czorder, ?'czorder] = booly to (<ow.2)?)
rewriting ctr-simps
substituting ord.order-ow-axioms and ords.order-ow-azxioms
eliminating through simp
begin

tts-lemma order-less-le-subst2:

assumes a € U,
and b e U,
and VzeU;. fz e Uy
and c € U,
and a <,,.1 b
and fb Sow.2 €
and Az y. [t e U; ye Ur; 2 <ow Y]] = f2Z <ow2 [y
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shows fa <,u.2 C
is Orderings.order-less-le-subst2(proof)

tts-lemma order-le-less-subst2:
assumes a € U;
and be U,
and VzeU;. fz e Uy
and c € Uy
and a <,p.1 b
and fb <,y C
and Az y. [[z€ Ui ye Ur; T <owa Y]] = f2 <owa [¥
shows fa <,up.2 C
is Orderings.order-le-less-subst2(proof)

tts-lemma order-less-subst2:
assumes a € U;
and be U,
and VzeU;. fz e Uy
and c € U,y
and a <gp.1 b
and f b <ow.2 €
and Az y. [[z€ U ye Ur; T <owa Y]] = f2 <owa [¥
shows fa <,up.0 C
is Orderings.order-less-subst2{proof)

tts-lemma order-subst2:
assumes a € U;
and b e U,
and V:UGUl. fx € U2
and c € Uy
and a <,p.1 b
and fb<,,2 C
and Az y. [[z€ U y€e Ur; T <owa Y]] = f2 <owa [¥
shows fa <,p.0 C
is Orderings.order-subst2({proof)

end

end

3.6.4 Dense orders

Definitions and common properties

locale dense-order-ow = order-ow U le Is
for U = 'ao set and le Is +
assumes dense: [ z € U; y e U; £ <o y [] = (F2€U. T <o 2 A 2 <o Y)

Transfer rules

context
includes lifting-syntax
begin

lemma dense-order-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(A ==2> A ===> (=)) ===> (A ===> A ===> (=) ===> (=))
(dense-order-ow (Collect (Domainp A))) class.dense-order
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{proof)

end

54

3.6.5 Partial orders with the greatest element and partial orders with the

least elements

Definitions and common properties

locale ordering-top-ow = ordering-ow U le ls

for U = ‘a0 set and le Is +

fixes top :: ‘a0 (‘Touw?)

assumes top-closed[simp]: Ty € U

assumes eztremum[simp]: a € U = a <o Tow
begin

notation top (Tyy?)
end

locale bot-ow =
fixes U :: ‘ao set and bot (<Lyy>)
assumes bot-closed[simp]: Loy € U
begin

notation bot (<1yy)
end

locale bot-pair-ow = ordy: bot-ow Uy boty + ords: bot-ow Us boty
for U; = 'ao set and bot; and Usy = 'bo set and bots
begin

notation bot; (<Loy.1%)
notation bots (<Lyy.2%)

end

locale order-bot-ow = order-ow U le ls + bot-ow U bot
for U = 'ao set and bot le ls +
assumes bot-least: a € U = 1,4 <ow G

begin

sublocale bot: ordering-top-ow U (2,4)> (>ow)’ (Low’

{proof)

no-notation le (infix (<., 50)
and Is (infix (<, 50)
and top (<Tow)

end

locale order-bot-pair-ow =
ordy: order-bot-ow Uy boty ley lsy + ords: order-bot-ow Us bots les lso
for U; = 'ao set and bot; le; ls; and U, :: 'bo set and bots ley lse

begin

sublocale bot-pair-ow {proof)
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sublocale order-pair-ow (proof)

end

locale top-ow =
fixes U :: ‘ao set and top (<Tow)
assumes top-closed[simp]: Tow € U
begin

notation top (<Tyy?)
end

locale top-pair-ow = ordy: top-ow Uy topy + ords: top-ow Us tops
for Uy :: 'ao set and top; and Uy :: 'bo set and topo
begin

notation top; ({Tow.1%)
notation topy ({Tow.2})

end

locale order-top-ow = order-ow U le ls + top-ow U top
for U :: 'ao set and le Is top +
assumes top-greatest: a € U == a <,y Tow

begin

sublocale top: ordering-top-ow U ((<ow)> ((<ow)® (Tow’

{proof)

no-notation le (infix «<,,» 50)
and Is (infix (<, 50)
and top (Tow’)

end

locale order-top-pair-ow =
ordy: order-top-ow Uq ley lsy topy + orda: order-top-ow Us les lsy topo
for U, = 'ao set and ley ls; top; and Usy = 'bo set and ley lsy tops
begin

sublocale top-pair-ow (proof)
sublocale order-pair-ow (proof)

end

Transfer rules

context
includes lifting-syntax
begin

lemma ordering-top-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(A ==2> A ===> (=)) ===> (A ===> A ===> (=) ===> 4 ===> (=)
(ordering-top-ow (Collect (Domainp A))) ordering-top
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(proof)

lemma order-bot-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(A ===> (A ==> 4 ==> (=) ===> (A ===> 4 ==> () ===> (=))
(order-bot-ow (Collect (Domainp A))) class.order-bot
(proof )

lemma order-top-transfer(transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(A ===> A ===> (2)) ===> (4 ===> A ===> (<)) ===> 4 ===> (=))
(order-top-ow (Collect (Domainp A))) class.order-top
{proof)

end

Relativization

context ordering-top-ow
begin

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting ordering-top-ow-azrioms
eliminating through simp
applying [ OF top-closed]

begin

tts-lemma eztremum-uniquel:
assumes T,y Zow Tow
shows T,w = Tow
is ordering-top.extremum-uniquel (proof)

tts-lemma ezrtremum-unique:
shows (Tow Sow Tow) = (Tow = Tow)
is ordering-top.extremum-unique(proof )

tts-lemma extremum-strict:
shows - Tou <ow Tow
is ordering-top.extremume-strict{proof)

tts-lemma not-eq-extremum:
shows (Tow # Tow) = (Tow <ow Tow)
is ordering-top.not-eg-extremum(proof)
end

end

context order-bot-ow
begin

tts-context
tts: (?'a to U)
rewriting ctr-simps
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substituting order-bot-ow-axioms
eliminating through simp
begin

tts-lemma bdd-above-bot:
assumes A ¢ U
shows bdd-below A
is order-bot-class.bdd-below-bot{proof)

tts-lemma not-less-bot:
assumes a € U
shows - a <,4 Low
is order-bot-class.not-less-bot{proof)

tts-lemma maz-bot:
assumes z € U
shows mazx L, ¢ = 2
is order-bot-class.maz-bot{proof)

tts-lemma max-bot2:
assumes € U
shows maz x L,y = %
is order-bot-class.maz-bot2{proof)

tts-lemma min-bot:
assumes ¢ € U
shows min Loy T = Low
is order-bot-class.min-bot{proof)

tts-lemma min-bot2:
assumes r € U
shows min = Loy = Low
is order-bot-class.min-bot2({proof)

tts-lemma bot-unique:
assumes a € U
shows (a <ou Low) = (@ = Low)
is order-bot-class.bot-unique{proof)

tts-lemma bot-less:
assumes a € U
shows (a # Low) = (Low <ow @)
is order-bot-class.bot-less{proof)

tts-lemma atLeast-eq- UNIV-iff:
assumes z € U
shows ({Z..ow} = U) = (& = Low)

is order-bot-class.atLeast-eq- UNIV-iff (proof )

tts-lemma le-bot:
assumes a € U and a <, Low
shows a = 1,4
is order-bot-class.le-bot(proof)

end

end
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context order-top-ow
begin

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting order-top-ow-axioms
eliminating through simp
begin

tts-lemma bdd-above-top:
assumes A ¢ U
shows bdd-above A
is order-top-class.bdd-above-top{proof)

tts-lemma not-top-less:
assumes a € U
shows = T,y <ow @
is order-top-class.not-top-less(proof)

tts-lemma mazx-top:
assumes z € U
shows max Tow T = Tow
is order-top-class.maz-top{proof)

tts-lemma mazx-top2:
assumes z € U
shows maz = Tow = Tow
is order-top-class.mazx-top2(proof)

tts-lemma min-top:
assumes z € U
shows min T,y =
is order-top-class.min-top(proof)

tts-lemma min-top2:
assumes z € U
shows min x T,y =
is order-top-class.min-top2{proof)

tts-lemma top-unique:
assumes a € U
shows (T, <ow @) = (a = Tow)
is order-top-class.top-unique(proof)

tts-lemma less-top:
assumes a € U
shows (a‘ 74 Tow) = (a <ow Tow)
is order-top-class.less-top{proof)

tts-lemma atMost-eq- UNIV-iff:
assumes z € U
shows ({..owz} = U) = (z = Tow)

is order-top-class.atMost-eq- UNIV-iff {proof)

tts-lemma top-le:
assumes a € U and T, <ouw @
shows a = T,y
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is order-top-class.top-le(proof)
end

end
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3.7 Relativization of the results about semigroups

3.7.1 Simple semigroups
Definitions and common properties
locale semigroup-ow =
fixes U :: ‘ag set and [ = ['ag, 'ag] = 'ag (infixl «*,,> 70)
assumes f-closed: [ a € Uy be U] = a %5y be U
assumes assoc: [[ a € U; be U; c€ U = a *ou b %0 €= a %0 (b %4y €)
begin
notation [ (infix] <*,,» 70)
lemma f-closed[simp]: Y 2eU. V yeU. & *,y y € U (proof)
tts-register-sbts (%) | U (proof)

end

lemma semigroup-ow: semigroup = semigroup-ow UNIV

{proof)

locale plus-ow =
fixes U :: ‘ag set and plus :: ['ag, 'ag] = 'ag (infix] <+,,> 65)
assumes plus-closed[simp, intro]: [[ a € U be U]l = a 4oy be U
begin
notation plus (infixl <+,,> 65)
lemma plus-closed'[simp]: YV 2eU. YV yeU. & +,4 y € U (proof)
tts-register-sbts (+,4, ) | U (proof)
end
locale times-ow =
fixes U :: ‘ag set and times :: ['ag, 'ag] = ‘ag (infix] ¢* 5, 70)
assumes times-closed[simp, intro]: [[ a € U; be U] = a #4y be U
begin
notation times (infixl <x,,» 70)
lemma times-closed'[simp]: YV xeU. Y yeU. x *,, y € U (proof)
tts-register-sbts «(*,,)> | U (proof)
end
locale semigroup-add-ow = plus-ow U plus
for U = 'ag set and plus +
assumes plus-assoc:
faeUybeUyce U] = a+ow b +ow €= @ +ou (b 404 €)

begin

sublocale add: semigroup-ow U «(+ow)>

{proof)

end
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lemma semigroup-add-ow: class.semigroup-add = semigroup-add-ow UNIV

{proof)

locale semigroup-mult-ow = times-ow U times
for U = 'ag set and times +
assumes mult-assoc:
[aeUjbeUsce Ul = a%ow b *ow €= @ %oy (b #0q €)
begin

sublocale mult: semigroup-ow U <(*5y)?

{proof)

end

lemma semigroup-mult-ow: class.semigroup-mult = semigroup-mult-ow UNIV

{proof)

Transfer rules

context
includes lifting-syntax
begin

lemma semigroup-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(A ===> A ===> 4) ===> (=)
(semigroup-ow (Collect (Domainp A))) semigroup
{proof)

lemma semigroup-add-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(4 ===> A4 ===> 4) ===> (=)
(semigroup-add-ow (Collect (Domainp A))) class.semigroup-add
(proof)

lemma semigroup-mult-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(A ===> A ===> ) ===> (=)
(semigroup-mult-ow (Collect (Domainp A))) class.semigroup-mult
(proof)

end

3.7.2 Cancellative semigroups

Definitions and common properties

locale cancel-semigroup-add-ow = semigroup-add-ow U plus
for U : 'ag set and plus +
assumes add-left-imp-eq:
[aeUybeUsceU;a+opb=a+opc]]=b=c
assumes add-right-imp-eq:
[beU;aecU;ceU;b+oy a=cHopal]] =b=c

lemma cancel-semigroup-add-ow:
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class.cancel-semigroup-add = cancel-semigroup-add-ow UNIV

{proof)

Transfer rules

context
includes lifting-syntax
begin

lemma cancel-semigroup-add-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(A ===> A ===> 4) ===> (=)
(cancel-semigroup-add-ow (Collect (Domainp A)))
class.cancel-semigroup-add

(proof)

end

Relativization

context cancel-semigroup-add-ow
begin

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting cancel-semigroup-add-ow-axioms
eliminating through simp
begin

tts-lemma add-right-cancel:
assumes be Uand aec U and ce U
shows (b 4,4 @ = ¢ +oyp a) = (b = ¢)
is cancel-semigroup-add-class.add-right-cancel{proof)

tts-lemma add-left-cancel:
assumes a € Uand be Uand ce U
shows (a +ou b= a 4oy ¢) = (b= ¢)
is cancel-semigroup-add-class.add-left-cancel{proof)

tts-lemma bij-betw-add:
assumes a € Uand Ac Uand Bc U
shows bij-betw ((+ow) @) A B = ((+ow) a A = B)
is cancel-semigroup-add-class.bij-betw-add(proof)

tts-lemma inj-on-add:
assumes a € Uand Ac U
shows inj-on ((+,4) a) A
is cancel-semigroup-add-class.inj-on-add{proof)

tts-lemma inj-on-add”
assumes a € Uand Ac U
shows inj-on (Ab. b +,, a) A
is cancel-semigroup-add-class.inj-on-add’{ proof)

end
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end

3.7.3 Commutative semigroups
Definitions and common properties

locale abel-semigroup-ow =

semigroup-ow U f for U = 'ag set and | +

assumes commute: [ a € U; be U]l = a %50 b= b %0y a
begin

lemma fun-left-comm:
assumes r € Uand ye U and z¢ U
ShowSs ¥ %,y (T *ow 2) = T *ou (Y *ow 2)

(proof)

end

lemma abel-semigroup-ow: abel-semigroup = abel-semigroup-ow UNIV

{proof)

locale ab-semigroup-add-ow =

semigroup-add-ow U plus for U = 'ag set and plus +

assumes add-commute: [[ a € Uy be U] = a +ou b= b 4oy a
begin

sublocale add: abel-semigroup-ow U «(+,4)>

{proof)

end

lemma ab-semigroup-add-ow: class.ab-semigroup-add = ab-semigroup-add-ow UNIV

{proof)

locale ab-semigroup-mult-ow =

semigroup-mult-ow U times for U = 'ag set and times+

assumes mult-commute: [[ a € U; b e U ] = a %00 b= b *,yp a
begin

sublocale mult: abel-semigroup-ow U (%)

{proof)

end

lemma ab-semigroup-mult-ow:
class.ab-semigroup-mult = ab-semigroup-mult-ow UNIV

(proof)

Transfer rules

context
includes lifting-syntax
begin

lemma abel-semigroup-transfer|transfer-rule]:
assumes| transfer-rule]: bi-unique A right-total A
shows
(A ===> A ===> 4) ===> (=)
(abel-semigroup-ow (Collect (Domainp A))) abel-semigroup
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{proof)

lemma ab-semigroup-add-transfer|transfer-rule]:
assumes| transfer-rule]: bi-unique A right-total A
shows
(A ===> 4 ===> 4) ===> (=)
(ab-semigroup-add-ow (Collect (Domainp A))) class.ab-semigroup-add
(proof)

lemma ab-semigroup-mult-transfer|transfer-rule]:
assumes| transfer-rule]: bi-unique A right-total A
shows
(A ===> A ===> A) ===> (=)
(ab-semigroup-mult-ow (Collect (Domainp A))) class.ab-semigroup-mult

{proof)

end

Relativization

context abel-semigroup-ow
begin

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting abel-semigroup-ow-axioms
eliminating through simp
begin

tts-lemma left-commute:
assumes be Uand ae€ U and ce U
Shows b #,4 (@ %54 €) = @ %5y (b %5y C)
is abel-semigroup.left-commute(proof)

end
end

context ab-semigroup-add-ow
begin

tts-context
tts: (?’a to U)
rewriting ctr-simps
substituting ab-semigroup-add-ow-azxioms
eliminating through simp
begin

tts-lemma add-ac:
shows [[a € U; be U; ce U] = a +ow b +ow €= @ +ouw (b +ou €)
is ab-semigroup-add-class.add-ac(1)
and [[ae U; be U]] = a +ouw b=b+,p a
is ab-semigroup-add-class.add-ac(2)
and [[be U;ac U;ce Ul] = b +ow (@ +ow €¢) = @ +ouw (b +ouw €)
is ab-semigroup-add-class.add-ac(3){proof)

end
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end

context ab-semigroup-mult-ow
begin

tts-context
tts: (?a to U)
rewriting ctr-simps
substituting ab-semigroup-mult-ow-axioms
eliminating through simp
begin

tts-lemma mult-ac:
shows [[ae U; be U; ce U]l = a %00 b *ouw €= @ %44 (b *4y €)
is ab-semigroup-mult-class.mult-ac(1)
and [[a e U; be U] = a #ou b= b %0y a
is ab-semigroup-mult-class.mult-ac(2)
and [[be U;aec U;ce Ul]] = b *ouw (G *ow €) = @ %o (b #4y €)
is ab-semigroup-mult-class.mult-ac(3){proof)

end

end

3.7.4 Cancellative commutative semigroups

Definitions and common properties

locale minus-ow =
fixes U : ‘ag set and minus :: ['ag, ‘ag] = ‘ag (infix] <—,,> 65)
assumes minus-closed[simp,intro]: [ a € U; be U ]| = a —py b e U
begin

notation minus (infixl <—,,» 65)

lemma minus-closed’[simp]: YV zeU. Y yeU. £ —, y € U {proof)
tts-register-sbts «(—,)> | U {proof)

end

locale cancel-ab-semigroup-add-ow =
ab-semigroup-add-ow U plus + minus-ow U minus
for U = 'ag set and plus minus +
assumes add-diff-cancel-left'[ simp]:
[acU;beUJ = (a+ow b) —owa=0b
assumes diff-diff-add:
[aecU;beU;ceU] = a—owb—0owc=0a-pw (b+ou ¢)
begin

sublocale cancel-semigroup-add-ow U <(+,4)>

{proof)

end

lemma cancel-ab-semigroup-add-ow:
class.cancel-ab-semigroup-add = cancel-ab-semigroup-add-ow UNIV
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{proof)

Transfer rules

context
includes lifting-syntax
begin

lemma cancel-ab-semigroup-add-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> A) ===> (A ===> A ===> A) ===> (=))
(cancel-ab-semigroup-add-ow (Collect (Domainp A)))
class.cancel-ab-semigroup-add

{proof)

end

Relativization

context cancel-ab-semigroup-add-ow
begin

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting cancel-ab-semigroup-add-ow-azxioms
eliminating through simp
begin

tts-lemma add-diff-cancel-right”:
assumes a € U and be U
shows a +,4 b —ow b = a
is cancel-ab-semigroup-add-class.add-diff-cancel-right’( proof)

tts-lemma add-diff-cancel-right:
assumes a € Uand ce Uand be U
Shows a +,4 ¢ —ow (b +ow €) = a 0w b
is cancel-ab-semigroup-add-class.add-diff-cancel-right{proof)

tts-lemma add-diff-cancel-left:
assumes c€ Uand ae Uand be U
Shows ¢ +5u @ —ow (€ +ow D) = a 0y b
is cancel-ab-semigroup-add-class.add-diff-cancel-left{ proof )

tts-lemma diff-right-commute:
assumes a € Uand ce Uand be U
Sshows a —yy4 € —ow 0= @ =9 b —ow €
is cancel-ab-semigroup-add-class.diff-right-commute(proof )

tts-lemma diff-diff-eq:
assumes a € Uand be Uand ce U
shows a —py b —ow ¢ = @ —ou (b +ow C)

is diff-diff-eq{proof)
end

end
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3.8 Relativization of the results about monoids

3.8.1 Simple monoids

Definitions and common properties
locale neutral-ow =
fixes U :: ‘ag set and z = ‘ag («1,4))
assumes z-closed[simp]: 1,4, € U
begin
notation z (<1,,))
tts-register-sbts <1,, | U (proof)
lemma not-empty[simp]: U # {} (proof)
lemma neutral-map: (Ay. 1,4) <A € U {proof)
end
locale monoid-ow = semigroup-ow U f + neutral-ow U z
for U : 'ag set and [ z +
assumes left-neutral-mow[simpl: a € U => (1,4 *ow ) = a
and right-neutral-mow[simp]: a € U = (a * oy 1ow) = @
locale zero-ow = zero: neutral-ow U zero
for U = 'ag set and zero :: 'ag (¢0pqy)
begin
notation zero (<0,4)
lemma zero-closed: 0,,, € U {proof)

end

lemma monoid-ow: monoid = monoid-ow UNIV

{proof)

locale one-ow = one: neutral-ow U one
for U = ‘ag set and one == ‘ag (¢1,4))
begin

notation one (<1,4?)
lemma one-closed: 1,,, € U (proof)
end

locale power-ow = one-ow U one + times-ow U times
for U = 'ag set and one :: ‘ag (¢1,4>) and times (infix] <*,,,) 70)

primrec power-with :: ['a, ['a, 'a] = 'a, 'a, nat] = 'a
(<(Jwith - - : - "5 -/")» [1000, 999, 1000, 1000] 10)
where

power-0: power-with one times a 0 = one for one times
| power-Suc: power-with one times a (Suc n) =
times a (power-with one times a n) for one times
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lemma power-with[ud-with]: power = power-with 1 (*)

{proof)

context power-ow
begin

abbreviation power (<(- ", -)» [81, 80] 80) where
power = power-with 1,4 (*ow)

end

locale monoid-add-ow =
semigroup-add-ow U plus + zero-ow U zero for U : 'ag set and plus zero +
assumes add-0-left: a € U = (0py +ow @) = a
assumes add-0-right: a € U = (a +ou Opw) = a

begin

sublocale add: monoid-ow U ((+,w)> (0w

{proof)

end

lemma monoid-add-ow: class.monoid-add = monoid-add-ow UNIV

(proof)

locale monoid-mult-ow = semigroup-mult-ow U times + one-ow U one
for U = 'ag set and one times +
assumes mult-1-left: a € U = (1o *ow @) = a
assumes mult-1-right: a € U = (a *oyp low) = a

begin

sublocale mult: monoid-ow U ((*54)> 1ouw>

(proof)
sublocale power-ow (proof)
end

lemma monoid-mult-ow: class.monoid-mult = monoid-mult-ow UNIV

(proof)

Transfer rules

context
includes lifting-syntax
begin

lemma monoid-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> A) ===> 4 ===> (=))
(monoid-ow (Collect (Domainp A))) monoid
(proof)

lemma monoid-add-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows

((A ===> A ===> A) ===> 4 ===> (=))
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(monoid-add-ow (Collect (Domainp A))) class.monoid-add
(proof)

lemma monoid-mult-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(A ===> (A ===> A ===> A) ===> (=))
(monoid-mult-ow (Collect (Domainp A))) class.monoid-mult
{proof)

lemma power-with-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(A ===> (A ===> A ===> A) ===> A ===> (=) ===> A) power-with power-with
(proof)

end

Relativization

context power-ow
begin

tts-context
tts: (?'a to U)
sbterms: (<(*):[ ?’azpower, ?'a:power] = ?'azpower) to ((*44)?)
and («1:?azpowers to <1,4)
rewriting ctr-simps
substituting power-ow-azrioms and one.not-empty
begin

tts-lemma power-Suc:
assumes a € U
shows a ", SUC L = a %oy @ o M
is power-class.power.power-Suc({proof)

tts-lemma power-0:
assumes a € U
shows a ", 0= 1,4
is power-class.power.power-0{proof)

tts-lemma power-eq-if:
assumes p € U
shows p T, m = (if m =0 then 1,y €lse P *ouw P 0w (M — 1))
is power-class.power-eq-if (proof)

tts-lemma simps:
assumes a € U
shows a ", 0= 1,4
is power-class.power.simps(1)
and a L,y SUC T = G %oy @ ou N
is power-class.power.simps(2){proof)

end

end



CHAPTER 3. SML RELATIVIZATION

context monoid-mult-ow
begin

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting monoid-mult-ow-axioms and one.not-empty
applying [ OF one-closed mult.f-closed’]
begin

tts-lemma power-commuting-commutes:
assumes r € Uand ye Uand  *,4 Y = Y *ouw T
Shows & "6y N %ow Y = Y *ouw T ow T
is monoid-mult-class.power-commuting-commutes(proof )

tts-lemma left-right-inverse-power:
assumes r € Uand y e U and z *,4 ¥y = 1oy
shows z Aow n *ow Y Aow n=low
is monoid-mult-class.left-right-inverse-power{proof )

tts-lemma power-numeral-even:
assumes z € U
shows z ", numeral (num.Bit0 w) = (let w = 2z ",y numMeral w in w *,y, W)
is monoid-mult-class.power-numeral-even{proof )

tts-lemma power-numeral-odd:
assumes z € U
shows z 7, numeral (num.Bitl w) = (let w = z "oy numeral W in z %,y W * oy W)
is monoid-mult-class.power-numeral-odd{proof )

tts-lemma power-minus-mult:
assumes ¢ € U and 0 < n
shows a 5y (R = 1) %oy a=a T,y n
is monoid-mult-class. power-minus-mult{proof)

tts-lemma power-Suc0-right:
assumes a € U
shows a ", Suc 0 =a
is monoid-mult-class. power-Suc0-right{proof )

tts-lemma power2-eq-square:
assumes a € U
shows a ",y 2= a %4y a
is monoid-mult-class.power2-eq-square(proof )

tts-lemma power-one-right:
assumes a € U
shows ¢ ,, 1=a
is monoid-mult-class.power-one-right{proof)

tts-lemma power-commutes:
assumes a € U
ShOWS @ "oy T %o G = @ %oy G 0w N
is monoid-mult-class.power-commutes{proof )

tts-lemma power3-eq-cube:
assumes a € U
Shows a ", 3 = a %oy @ *ou G
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is monoid-mult-class.power3-eq-cube(proof )

tts-lemma power-even-eq:
assumes a € U
shows a 5y (2 % n) = (a Huw n) ow 2
is monoid-mult-class.power-even-eq(proof )

tts-lemma power-odd-eq:
assumes a € U
shows a ",y Suc (2 * n) = a %44 (@ o 1) ow 2
is monoid-mult-class.power-odd-eq(proof )

tts-lemma power-mult:
assumes a € U
shows a 5y (m * 1) = (@ o M) 0w n
is monoid-mult-class.power-mult(proof)

tts-lemma power-Suc2:
assumes a € U
shows a ", Sucn=a ,u N %oy G
is monoid-mult-class.power-Suc2(proof)

tts-lemma power-one: 1, 0w 1 = low
is monoid-mult-class.power-one{proof)

tts-lemma power-add:
assumes a € U
Shows a "5y (M + N) = @ 5o M *o @ o 1
is monoid-mult-class.power-add{proof)

tts-lemma power-mult-numeral:
assumes a € U
shows (a ", numeral m) ",y numeral n = a ",q numeral (m * n)
is Power.power-mult-numeral{proof)

tts-lemma power-add-numeral2:
assumes a € U and b e U
shows
a "o numeral m %oy (@ "o numeral n %, b) = a "o numeral (M o+ n) %44 b
is Power.power-add-numeral2{proof)

tts-lemma power-add-numeral:
assumes a € U
shows a ",y numeral m %, a "oy numeral n = a oy numeral (m + n)
is Power.power-add-numeral{proof)

end

end

3.8.2 Commutative monoids

Definitions and common properties

locale comm-monoid-ow =
abel-semigroup-ow U f + neutral-ow U z for U :: 'ag set and f z +
assumes comm-neutral: a € U = (a %, 1ow) = a

begin
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sublocale monoid-ow U <(*,4)} (Low’

{proof)

end

lemma comm-monoid-ow: comm-monoid = comm-monoid-ow UNIV

{proof)

locale comm-monoid-set-ow = comm-monoid-ow U f z for U :: 'ag set and f z
begin

tts-register-sbts ((*,4) | U (proof)
end

lemma comm-monoid-set-ow: comm-monoid-set = comm-monoid-set-ow UNIV

{proof)

locale comm-monoid-add-ow =
ab-semigroup-add-ow U plus + zero-ow U zero
for U = 'ag set and plus zero +
assumes add-0[simp]: a € U = 0oy +ow @ = @
begin

sublocale add: comm-monoid-ow U «(+,4)> (Opu?
(proof)

sublocale monoid-add-ow U «(+44)> (0> {proof)
sublocale sum: comm-monoid-set-ow U <(+,4)> 0o (proof)
notation sum.F (<«sum»»)

abbreviation Sum (<Y 5.,/ - [1000] 1000)
where Y ,, 4 = («sum» (Az. z) A)

notation Sum (<3 ..,/ - [1000] 1000)
end

lemma comm-monoid-add-ow: class.comm-monoid-add = comm-monoid-add-ow UNIV
(proof)

locale dvd-ow = times-ow U times
for U : 'ag set and times

ud «dvd.dvd»
ud dvd’ <dvd-class.dvd>

ctr relativization
synthesis ctr-simps
assumes [transfer-domain-rule, transfer-rule]: Domainp A = (Az. x € U)
and [transfer-rule]: bi-unique A right-total A
trp (?'a A)
in dvd-ow" dvd.with-def
(«(on - with - - «dvd» -)» [1000, 1000, 1000, 1000] 50)
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ctr parametricity
in dvd-ow’: dvd-ow'-def

context dvd-ow
begin

abbreviation dvd (infixr <«dvd»> 50) where a «dvd» b = dvd-ow’ U (*,4) a b
notation dvd (infixr («dvd»» 50)

end

locale comm-monoid-mult-ow =
ab-semigroup-mult-ow U times + one-ow U one
for U : 'ag set and times one +
assumes mult-1[simp]: a € U = 1,y *ow @ = a
begin

sublocale dvd-ow (proof)

sublocale mult: comm-monoid-ow U <(*,4)> low’

(proof)
sublocale monoid-mult-ow U 1,4 <(*ou)> {proof)
sublocale prod: comm-monoid-set-ow U <(*44)> (1ou> (proof)
notation prod.F (<«prod»»)

abbreviation Prod (<], -» [1000] 1000)
where [],w A = («prod» (Az. z) A)

notation Prod (<I] o« -» [1000] 1000)
end

lemma comm-monoid-mult-ow: class.comm-monoid-mult = comm-monoid-mult-ow UNIV

{proof)

Transfer rules

context
includes lifting-syntax
begin

lemma bij-betw-transfer| transfer-rule]:
assumes [transfer-rule]:
bi-unique A right-total A bi-unique B right-total B
shows
((A ===> B) ===> rel-set A ===> rel-set B ===> (=)) bij-betw bij-betw
(proof)

lemma comm-monoid-transfer[transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> A) ===> A ===> (=))
(comm-monoid-ow (Collect (Domainp A))) comm-monoid
{proof)
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lemma comm-monoid-set-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> A) ===> A ===> (=))
(comm-monoid-set-ow (Collect (Domainp A))) comm-monoid-set

{proof)

lemma comm-monoid-add-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> A) ===> A ===> (=))
(comm-monoid-add-ow (Collect (Domainp A))) class.comm-monoid-add
(proof)

lemma comm-monoid-mult-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> A) ===> A ===> (=))
(comm-monoid-mult-ow (Collect (Domainp A))) class.comm-monoid-mult
{proof)

lemma dvd-with-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> A) ===> A ===> 4 ===> (=))
(dvd-ow” (Collect (Domainp A))) dvd.with
(proof)

end

Relativization

context dvd-ow
begin

tts-context
tts: (?'a to U)
sbterms: («<(*):[ ?'aztimes, ?'a:times] = ?'a:times) to ((*44)>)
rewriting ctr-simps
substituting dvd-ow-axioms
eliminating through simp
begin

tts-lemma dvdl:
assumes be Uand ke U and a = b %,y k
shows b «dvd» a
is dvd-class.dvdI{proof)

tts-lemma dvdE:
assumes b e U
and a € U
and b «dvdy» a
and Ak. [[ke U; a=10b %,y k]] = P
shows P
is dvd-class.dvdE{proof)

end
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end

context comm-monoid-mult-ow
begin

tts-context
tts: (?a to U)
rewriting ctr-simps
substituting comm-monoid-mult-ow-azioms and one.not-empty
applying [ OF mult.f-closed” one-closed]
begin

tts-lemma strict-subset-divisors-dvd:
assumes g € U and be U
shows
({z e U. z «dvd» a} c {z € U. z «dvd» b}) = (a «dvd» b A = b «dvd» a)
is comm-monoid-mult-class. strict-subset-divisors-dvd{proof )

tts-lemma subset-divisors-dvd:
assumes ¢ € U and be U
shows ({z € U. z «dvd» a} € {z € U. z «dvd» b}) = (a «dvd» b)
is comm-monoid-mult-class. subset-divisors-dvd{proof)

tts-lemma power-mult-distrib:
assumes a € U and b e U
Shows (a %00 b) o M =0 0w N *ow b 0w N
is Power.comm-monoid-mult-class. power-mult-distrib{ proof )

tts-lemma dvd-triv-right:
assumes ¢ € U and be U
shows a «dvd» b %, a
is comm-monoid-mult-class. dvd-triv-right(proof)

tts-lemma dvd-mult-right:
assumes a € Uand be U and c € U and a *,, b «dvd» ¢
shows b «dvd» ¢
is comm-monoid-mult-class. dvd-mult-right(proof)

tts-lemma mult-dvd-mono:

assumes a € U
and be U
and ce U
and d e U
and a «dvd» b
and c «dvd» d

shows a *,q ¢ «dvd» b *4q d
is comm-monoid-mult-class.mult-dvd-mono(proof)

tts-lemma dvd-triv-left:
assumes g € U and be U
shows a «dvd» a *,4 b
is comm-monoid-mult-class. dvd-triv-left{ proof )

tts-lemma dvd-mult-left:
assumes a € Uand b e U and c € U and a *,, b «dvd» ¢
shows a «dvd» c
is comm-monoid-mult-class. dvd-mult-left{proof)
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tts-lemma dvd-trans:
assumes a € U and be U and c € U and a «dvd» b and b «dvd» c
shows a «dvd» c
is comm-monoid-mult-class. dvd-trans{proof)

tts-lemma dvd-mult2:
assumes a € U and be U and c € U and a «dvd» b
shows a «dvd» b %, ¢
is comm-monoid-mult-class. dvd-mult2{proof)

tts-lemma dvd-refi:
assumes a € U
shows a «dvd» a
is comm-monoid-mult-class. dvd-refl{proof)

tts-lemma dvd-mult:
assumes a € U and ce U and b€ U and a «dvd» ¢
shows a «dvd» b %, c
is comm-monoid-mult-class. dvd-mult(proof)

tts-lemma one-dvd:
assumes a € U
shows 1, «dvd» a
is comm-monoid-mult-class.one-dvd{proof)

end

end

3.8.3 Cancellative commutative monoids

Definitions and common properties

locale cancel-comm-monoid-add-ow =
cancel-ab-semigroup-add-ow U plus minus +
comm-monoid-add-ow U plus zero
for U : 'ag set and plus minus zero

lemma cancel-comm-monoid-add-ow:
class.cancel-comm-monoid-add = cancel-comm-monoid-add-ow UNIV

{proof)

Transfer rules

context
includes lifting-syntax
begin

lemma cancel-comm-monoid-add-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> A) ===> (A ===> A ===> A) ===> A ===> (=))
(cancel-comm-monoid-add-ow (Collect (Domainp A)))
class. cancel-comm-monoid-add

{proof)

end
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Relativization

context cancel-comm-monoid-add-ow
begin

tts-context
tts: (?’a to U)
rewriting ctr-simps
substituting cancel-comm-monoid-add-ow-azrioms and zero.not-empty
applying [OF add.f-closed” minus-closed’ zero-closed)]
begin

tts-lemma add-cancel-right-right:
assumes g € U and be U
shows (a = a +44 b) = (b =0,y)

is cancel-comm-monoid-add-class.add-cancel-right-right(proof)

tts-lemma add-cancel-right-left:
assumes a € U and be U
shows (a = b +44 @) = (b = 054)

is cancel-comm-monoid-add-class.add-cancel-right-left(proof)

tts-lemma add-cancel-left-right:
assumes g € U and be U
shows (a +44 b= a) = (b =0,y)
is cancel-comm-monoid-add-class.add-cancel-left-right(proof)

tts-lemma add-cancel-left-left:
assumes be Uand a € U
shows (b +,4 a = a) = (b =0,y)
is cancel-comm-monoid-add-class.add-cancel-left-left{proof)

tts-lemma add-implies-diff:
assumes c€ Uand be Uand ae€ U and ¢ +,, b= a
shows c=a —,4 b
is cancel-comm-monoid-add-class.add-implies-diff (proof )

tts-lemma diff-cancel:
assumes a € U
shows a —,, a = 0y
is cancel-comm-monoid-add-class. diff-cancel{proof)

tts-lemma diff-zero:
assumes a € U
shows a —,4 0oy = @
is cancel-comm-monoid-add-class. diff-zero{proof)

end

end
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3.9 Relativization of the results about groups

3.9.1 Simple groups

Definitions and common properties

locale group-ow = semigroup-ow U f for U = 'ag set and f +
fixes z (<1,4)
and inverse :: 'ag = 'ag
assumes z-closed[simp]: 1,4 € U
and inverse-closed[simp]: a € U = inverse a € U
and group-left-neutral: a € U = 1,4 %04 @ = a
and left-inverse[simp]: a € U = inverse a *,q4 a = 14y,
begin

notation z («1,4)

lemma inverse-closed”: inverse * U ¢ U (proof)
lemma inverse-closed’: ¥ zeU. inverse x € U {proof)

lemma left-cancel:
assumes ¢ € Uand be U and ce U
shows a *,, b=a %,, c«— b=c¢c
{proof)

sublocale monoid-ow U <(*44)" (Low>
{proof)

lemma inverse-image[simp]: inverse * U € U (proof)
end

lemma group-ow: group = group-ow UNIV
{proof)

locale uminus-ow =
fixes U :: ‘ag set and uminus = ‘ag = 'ag (<—oy -+ [81] 80)
assumes uminus-closed: a € U = —,, a € U

begin

notation uminus (<, - [81] 80)

lemma uminus-closed”: uminus * U € U (proof)
lemma uminus-closed’: ¥V aeU. -, a € U (proof)

tts-register-sbts uminus | U (proof)
end

locale group-add-ow =
minus-ow U minus + uminus-ow U uminus + monoid-add-ow U plus zero
for U : 'ag set and minus plus zero uminus +
assumes left-inverse: a € U = (=, @) +ow @ = Opy
and add-inv-conv-diff: [[ a € U; be UJ] = a +ow (mow ) = @ —ow b
begin

sublocale add: group-ow U «(+,4)> Qo> uminus

{proof)
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lemma inverse-unique:
assumes a € Uand be U and a +,4 b = 0,y
shows —,, a = b

{proof)

lemma inverse-neutral[ simp]: = Oow = Oow

{proof)

lemma inverse-inverse:
assumes a € U
shows —,.,, (—ow @) = a

{proof)

lemma right-inverse:
assumes a € U
shows a +,4 (—ow @) = 0oy
{proof)

sublocale cancel-semigroup-add-ow U <(+44)?
{proof)

end

lemma group-add-ow: class.group-add = group-add-ow UNIV
(proof)

Transfer rules

context
includes lifting-syntax
begin

lemma group-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows ((A ===> A ===> A) ===> A ===> (A ===> A) ===> (=))
(group-ow (Collect (Domainp A))) group
{proof)

lemma group-add-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> A) ===> (A ===> A ===> A) ===> A ===> (A ===> A) ===> (=))
(group-add-ow (Collect (Domainp A))) class.group-add
(proof)

end

Relativization

context group-ow
begin

tts-context
tts: (?’a to U)
rewriting ctr-simps
substituting group-ow-axioms and not-empty
applying [OF f-closed’ z-closed inverse-closed'’]
begin
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tts-lemma inverse-neutral: inverse 1,, = 1,4
is group.inverse-neutral{proof)

tts-lemma inverse-inverse:
assumes a € U
shows inverse (inverse a) = a
is group.inverse-inverse{proof)

tts-lemma right-inverse:
assumes a € U
shows a *,,, tnverse a = 1,4,
is group.right-inverse(proof )

tts-lemma inverse-distrib-swap:
assumes a € Uand be U
shows inverse (a *,4, b) = inverse b *,,, inverse a
is group.inverse-distrib-swap(proof)

tts-lemma right-cancel:
assumes be Uand ae U and ce U
Shows (b #,y 0 = ¢ %5y a) = (b= ¢)
is group.right-cancel{proof)

tts-lemma inverse-unique:
assumes a € Uand be U and a *,, b= 1,4
shows inverse a = b
is group.inverse-unique(proof)
end

end

context group-add-ow
begin

tts-context

tts: (?'a to U)

rewriting ctr-simps

substituting group-add-ow-axioms and zero.not-empty

applying [ OF minus-closed’ plus-closed’ zero-closed add.inverse-closed’]
begin

tts-lemma diff-0:
assumes a € U
shows 0,0 —ow @ = —ow @
is group-add-class.diff-0{proof)

tts-lemma diff-0-right:
assumes a € U
shows a —,4 0oy = @
is group-add-class.diff-0-right{proof)

tts-lemma diff-self:
assumes a € U
shows a —, a = 0pq
is group-add-class. diff-self (proof)

tts-lemma group-left-neutral:
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assumes a € U
shows 0,4 +ow 0 = a
is group-add-class.add.group-left-neutral{proof)

tts-lemma minus-minus:
assumes a € U
shows —,4 (—ow @) = a
is group-add-class.minus-minus(proof)

tts-lemma right-minus:
assumes a € U
shows a +,4 —ow @ = Opy
is group-add-class.right-minus{proof)

tts-lemma left-minus:
assumes a € U
shows —,, @ +ouw @ = 0py
is group-add-class.left-minus(proof)

tts-lemma add-diff-cancel:
assumes a € Uand b e U
shows a +,4 b —ow b= a
is group-add-class.add-diff-cancel{proof)

tts-lemma diff-add-cancel:
assumes a € Uand b e U
shows a —,4 b +ouw b= a
is group-add-class.diff-add-cancel{proof)

tts-lemma diff-conv-add-uminus:
assumes a € U and b e U
shows a —,4, b= a +ow —ow 0
is group-add-class. diff-conv-add-uminus{proof)

tts-lemma diff-minus-eq-add:
assumes a € U and b€ U
Shows a —,y4 —ow 0= @ +oy b
is group-add-class. diff-minus-eq-add{proof)

tts-lemma add-uminus-conv-diff:
assumes g € U and be U
Sshows a +oup —ow 0= @ —gy b
is group-add-class.add-uminus-conv-diff (proof)

tts-lemma minus-diff-eq:
assumes ¢ € U and be U
shows —, (@ =g ) = b =y a
is group-add-class.minus-diff-eq(proof)

tts-lemma add-minus-cancel:
assumes a € Uand b e U
shows a +oup (0w @ +ow b) = b
is group-add-class.add-minus-cancel{proof)

tts-lemma minus-add-cancel:
assumes a € U and be U
Shows — 4 @ +ou (@ +ou D) = b
is group-add-class.minus-add-cancel{proof)
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tts-lemma neg-0-equal-iff-equal:
assumes a € U
shows (0py = —ow @) = (0pw = a)
is group-add-class.neg-0-equal-iff-equal{proof)

tts-lemma neg-equal-0-iff-equal:
assumes a € U
shows (=, @ = 05y) = (a = 054)
is group-add-class.neg-equal-0-iff-equal{proof)

tts-lemma eq-iff-diff-eq-0:
assumes a € Uand b e U
shows (a = b) = (a —ow b = 05y)
is group-add-class.eq-iff-diff-eq-0{ proof)

tts-lemma equation-minus-iff:
assumes g € U and be U
shows (a = = b) = (b= -0y a)
is group-add-class.equation-minus-iff (proof)

tts-lemma minus-equation-iff:
assumes a € Uand b e U
shows (=, @ =b) = (—ow b = a)
is group-add-class.minus-equation-iff (proof)

tts-lemma neg-equal-iff-equal:
assumes a € U and be U
shows (=, @ = oy b) = (a = 1)
is group-add-class.neg-equal-iff-equal{proof)

tts-lemma right-minus-eq:
assumes a € U and be U
shows (a —yy b = 0,y) = (a = b)
is group-add-class.right-minus-eq(proof)

tts-lemma minus-add:
assumes a € Uand be U
shows —,4 (@ +ow 0) = —ow b +ow —ow @
is group-add-class.minus-add(proof)

tts-lemma eq-neg-iff-add-eq-0:
assumes a € U and be U
shows (a = —,y b) = (@ +ou b = 05y)
is group-add-class. eq-neg-iff-add-eq-0{proof)

tts-lemma neg-eq-iff-add-eq-0:
assumes a € U and be U
shows (=5 @ =0) = (a +ouw b = 05y)
is group-add-class.neg-eq-iff-add-eq-0{ proof)

tts-lemma add-eq-0-iff2:
assumes a € U and b e U
shows (a +4u b = 04y) = (a = 4w b)
is group-add-class.add-eq-0-iff 2{proof)

tts-lemma add-eq-0-iff:
assumes a € U and be U
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shows (a +ou b= 04y) = (b= =5 @)
is group-add-class.add-eq-0-iff (proof)

tts-lemma diff-diff-eq2:
assumes a € Uand be Uand ce U
shows a =4 (b —ow €) = @ 40w € —ow b
is group-add-class. diff-diff-eq2(proof)

tts-lemma diff-add-eq-diff-diff-swap:
assumes a € Uand be Uand ce U
shows a =4 (b +ow €) = @ —ow € —ow b
is group-add-class. diff-add-eq-diff-diff-swap{proof )

tts-lemma add-diff-eq:
assumes a € Uand be U and ce U
Shows a +,4 (b —ow €) = @ +ouw b —ow €
is group-add-class.add-diff-eq{proof)

tts-lemma eq-diff-eq:
assumes a € Uand ce Uand b e U
shows (a = ¢ =y b) = (a +ou b =€)
is group-add-class.eq-diff-eq(proof )

tts-lemma diff-eq-eq:
assumes a € Uand be U and ce U
shows (a = b=¢) = (a = ¢ 4,y D)
is group-add-class.diff-eq-eq{proof )

tts-lemma left-cancel:
assumes ¢ € Uand be Uand ce U
shows (a +44 b= a +ou ¢) = (b = ¢)
is group-add-class.add.left-cancel{proof)

tts-lemma right-cancel:
assumes be Uand aec U and ce U
shows (b 4,4 @ = ¢ +oy a) = (b = ¢)
is group-add-class.add.right-cancel(proof)

tts-lemma minus-unique:
assumes a € Uand be U and a +,, b = 0,y
shows —,, a = b
is group-add-class.minus-unique(proof)

tts-lemma diff-eq-diff-eq:
assumes a € Uand be Uand ce Uand de Uand a —,, b=¢ —y d
shows (a = b) = (¢ = d)
is group-add-class.diff-eq-diff-eq(proof)

end
end

3.9.2 Abelian groups

Definitions and common properties

locale ab-group-add-ow =
minus-ow U minus + uminus-ow U uminus + comm-monoid-add-ow U plus zero
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for U = 'ag set and plus zero minus uminus +
assumes ab-left-minus: a € U = —,4, @ +ow & = Opy
assumes ab-diff-conv-add-uminus:
LaeUsbeUl = a—ouwb=a+ou (0w bd)
begin

sublocale group-add-ow

{proof)

sublocale cancel-comm-monoid-add-ow
(proof)

end

lemma ab-group-add-ow: class.ab-group-add = ab-group-add-ow UNIV
(proof)

lemma ab-group-add-ow-UNIV-azxioms:
ab-group-add-ow (UNIV:'a:ab-group-add set) (+) 0 (=) uminus
(proof)

Transfer rules

context
includes lifting-syntax
begin

lemma ab-group-add-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((A===> A===>A) ===> A ===> (A ===> A ===> A) ===> (A ===> A) ===> (=))
(ab-group-add-ow (Collect (Domainp A))) class.ab-group-add
{proof)

end

Relativization

context ab-group-add-ow
begin

tts-context

tts: (?’a to U)

rewriting ctr-simps

substituting ab-group-add-ow-arioms and zero.not-empty

applying [ OF plus-closed’ zero-closed minus-closed’ add.inverse-closed'’]
begin

tts-lemma uminus-add-conv-diff:
assumes a € Uand be U
shows —,, @ +ouw 0 =0 —py @
is ab-group-add-class.uminus-add-conv-diff (proof)

tts-lemma diff-add-eq:
assumes ¢ € Uand be Uand ce U
shows a —,4 b +ow €= G 4o C —ow b
is ab-group-add-class. diff-add-eq(proof)
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end

end
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3.10 Relativization of the results about semirings

3.10.1 Semirings

Definitions and common properties

locale semiring-ow =
ab-semigroup-add-ow U plus + semigroup-mult-ow U times
for U :: 'ag set and plus times +
assumes distrib-right[simp]:
[[G,E U,bG U;CG U]]:(a+ow b) *owcza*owc"'owb*owc
assumes distrib-left[ simp]:
[aeU;beUs;ce Ul = a*ow (b +ow €)

a4 *ow b Fow @ %oy C

lemma semiring-ow: class.semiring = semiring-ow UNIV

{proof)

Transfer rules

context
includes lifting-syntax
begin

lemma semiring-transfer|transfer-rule):
assumes| transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> A) ===> (A ===> A ===> A) ===> (=))
(semiring-ow (Collect (Domainp A))) class.semiring

{proof)

end

Relativization

context semiring-ow
begin

tts-context
tts: (?'a to U)
substituting semiring-ow-axioms
eliminating through simp
begin

tts-lemma combine-common-factor:
assumes a € Uand ec Uand be Uand ce U
ShOws @ *,4 € +ouw (b *ow € +ouw €) = (@ +ouw D) *ow € +ouw €
is semiring-class.combine-common-factor{proof)

end

end

3.10.2 Commutative semirings

Definitions and common properties

locale comm-semiring-ow =
ab-semigroup-add-ow U plus + ab-semigroup-mult-ow U times
for U :: 'ag set and plus times +
assumes distrib:
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[aec U;be U;ce U] = (a +ow D) *ow €= @ %o C +ow b *0q C
begin

sublocale semiring-ow
(proof)

end

lemma comm-semiring-ow: class.comm-semiring = comm-semiring-ow UNIV

{proof)

Transfer rules

context
includes lifting-syntax
begin

lemma comm-semiring-transfer|transfer-rule):
assumes| transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> A) ===> (A ===> A ===> A) ===> (=))
(comm-semiring-ow (Collect (Domainp A))) class.comm-semiring
(is ?PR (comm-semiring-ow ( Collect (Domainp A))) class.comm-semiring)

(proof)

end

3.10.3 Semirings with zero
Definitions and further results

locale mult-zero-ow = times-ow U times + zero-ow U zero
for U = 'ag set and times zero +
assumes mult-zero-left[ simp]: a € U = Qo4 *ow @ = 0oy
assumes mult-zero-right[simp]: a € U = a * 44 0pw = Oow

lemma mult-zero-ow: class.mult-zero = mult-zero-ow UNIV

{proof)

locale semiring-0-ow =
semiring-ow U plus times +
comm-monoid-add-ow U plus zero +
mult-zero-ow U times zero
for U : 'ag set and plus zero times

lemma semiring-0-ow: class.semiring-0 = semiring-0-ow UNIV

(proof)

Transfer rules

context
includes lifting-syntax
begin

lemma semiring-0-transfer|transfer-rule]:
assumes| transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> A) ===> A ===> (A ===> A ===> A) ===> (=))
(semiring-0-ow (Collect (Domainp A))) class.semiring-0
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(is ?PR (semiring-0-ow (Collect (Domainp A))) class.semiring-0)
(proof)

end

3.10.4 Commutative semirings with zero

Definitions and common properties

locale comm-semiring-0-ow =
comm-semiring-ow U plus times +
comm-monoid-add-ow U plus zero +
mult-zero-ow U times zero
for U = ‘ag set and plus zero times
begin

sublocale semiring-0-ow (proof)
end

lemma comm-semiring-0-ow: class.comm-semiring-0 = comm-semiring-0-ow UNIV
(proof)

Transfer rules

context
includes lifting-syntax
begin

lemma comm-semiring-0-transfer|transfer-rule]:
assumes| transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> A) ===> A ===> (A ===> A ===> A) ===> (=))
(comm-semiring-0-ow (Collect (Domainp A))) class.comm-semiring-0
(is ?PR (comm-semiring-0-ow ( Collect (Domainp A))) class.comm-semiring-0)
(proof)

end

3.10.5 Cancellative semirings with zero

Definitions and common properties

locale semiring-0-cancel-ow =
semiring-ow U plus times + cancel-comm-monoid-add-ow U plus minus zero
for U :: 'ag set and plus minus zero times

begin

sublocale semiring-0-ow
{proof)

end

lemma semiring-0-cancel-ow:
class.semiring-0-cancel = semiring-0-cancel-ow UNIV

{proof)
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Transfer rules

context
includes lifting-syntax
begin

lemma semiring-0-cancel-transfer|transfer-rule]:
assumes| transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
(A ===> A ===> A) ===>
A ===>
(A ===> A ===> A) ===>
(=)
) (semiring-0-cancel-ow (Collect (Domainp A))) class.semiring-0-cancel

{proof)

end

3.10.6 Commutative cancellative semirings with zero

Definitions and common properties

locale comm-semiring-0-cancel-ow =
comm-semiring-ow U plus times +
cancel-comm-monoid-add-ow U plus minus zero
for U : 'ag set and plus minus zero times
begin

sublocale semiring-0-cancel-ow {proof)
sublocale comm-semiring-0-ow {proof)
end

lemma comm-semiring-0-cancel-ow:
class.comm-semiring-0-cancel = comm-semiring-0-cancel-ow UNIV

{proof)

Transfer rules

context
includes lifting-syntax
begin

lemma comm-semiring-0-cancel-transfer|transfer-rule]:
assumes| transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
(A ===> A ===> A) ===>
A ===>
(A ===> A ===> A) ===>
(=)
)
(comme-semiring-0-cancel-ow (Collect (Domainp A)))
class.comm-semiring-0-cancel

{proof)
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end

3.10.7 Class zero-neq-one

Definitions and common properties

locale zero-neq-one-ow =
zero-ow U zero + one-ow U one
for U = 'ag set and one (<1,,) and zero (<0,40) +
assumes zero-neg-onelsimpl: 0y # Low

lemma zero-neg-one-ow: class.zero-neq-one = zero-neq-one-ow UNIV

{proof)

ud <zero-neg-one.of-booly («(with - - : «of-bool» -)» [1000, 999, 1000] 10)
ud of-bool’ <of-bools

ctr parametricity
in of-bool.with-def

context zero-neg-one-ow
begin

abbreviation of-bool where of-bool = of-bool. with 1,y 044

end

Transfer rules

context
includes lifting-syntax
begin

lemma zero-neg-one-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(4 ===> A ===> ()
(zero-neg-one-ow (Collect (Domainp A))) class.zero-neg-one
(is ?PR (zero-neg-one-ow (Collect (Domainp A))) class.zero-negq-one)

(proof)

end

Relativization

context zero-neg-one-ow
begin

tts-context
tts: (?’a to U)
rewriting ctr-simps
substituting zero-neg-one-ow-azxioms
eliminating through simp
begin

tts-lemma split-of-bool-asm:
shows P (of-bool p) = (= (pA =P loyVapA=P0sy))
is zero-neg-one-class.split-of-bool-asm(proof )
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tts-lemma of-bool-eg-iff:
shows (of-bool p = local.of-bool q) = (p = q)
is zero-neg-one-class.of-bool-eq-iff (proof)

tts-lemma split-of-bool:
shows P (Of'bOOZ p) = ((p — P 1071)) A (_' p— P Oow))
is zero-neg-one-class.split-of-bool(proof )

tts-lemma one-neg-zero: 1,4 # 0oy
is zero-neg-one-class.one-neg-zero{proof)

tts-lemma of-bool-eq:
shows of-bool False = 0,4,
is zero-neg-one-class.of-bool-eq(1)
and of-bool True = 1,4,
is zero-neg-one-class.of-bool-eq(2){proof)

end

end

3.10.8 Semirings with zero and one (rigs)

Definitions and commmon properties

locale semiring-1-ow =
zero-neg-one-ow U one zero +
semiring-0-ow U plus zero times +
monoid-mult-ow U one times
for U :: 'ag set and one times plus zero

lemma semiring-1-ow: class.semiring-1 = semiring-1-ow UNIV
{proof)

ud <semiring-1.of-nat> (<(with - - - : «of -nat» -)» [1000, 999, 998, 1000] 10)
ud of-nat’ <of-nat»

ud «semiring-1.Nats» («(with - - - : N)» [1000, 999, 998] 10)
ud Nats’ < Nats)

ctr parametricity
in of-nat-ow: of-nat.with-def
and Nats-ow: Nats.with-def

context semiring-1-ow
begin

abbreviation of-nat where of-nat = of-nat.with 1,4 (+ow) Oow
abbreviation Nats (<«N»») where «N» = Nats.with 1,4 (+ow) Oow
notation Nats (<«N»»)

end

context semiring-1
begin

lemma Nat-ss-UNIV: N ¢ UNIV (proof)
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end

Transfer rules

context
includes lifting-syntax
begin

lemma semiring-1-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(A ===> (A ===> A ===> A) ===> (A ===> A ===> A) ===> A ===> (=))
(semiring-1-ow (Collect (Domainp A))) class.semiring-1

{proof)

end

Relativization

context semiring-1-ow
begin

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting semiring-1-ow-azioms and zero.not-empty
eliminating through simp
begin

tts-lemma Nat-ss-UNIV[simp]:
shows «IN» ¢ U
is Nat-ss-UNIV (proof)

end
lemma Nat-closed[ simp, intro]: a € «\N» = a € U (proof)

tts-context
tts: (?a to U)
rewriting ctr-simps
substituting semiring-1-ow-axioms and zero.not-empty
eliminating through auto
begin

tts-lemma mult-of-nat-commute:
assumes y € U
shows of-nat © *,4 Y = Y *ou 0f-nat x
is semiring-1-class.mult-of-nat-commute(proof)

tts-lemma of-bool-conj: of-bool (P A Q) = of-bool P *,,, of-bool Q
is semiring-1-class.of-bool-conj(proof)

tts-lemma power-0-left: 0,1 0w 1 = (if n = 0 then 1,4, else 0,4)
is semiring-1-class.power-0-left{proof)

tts-lemma of-nat-power: of-nat ((with 1 (*) : m "o 1)) = of-nat m ",y n
is semiring-1-class.of-nat-power(proof)
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tts-lemma of-nat-of-bool: of-nat (with 1 0 : «of-bool» P) = of-bool P
is semiring-1-class.of-nat-of-bool{proof)

tts-lemma of-nat-in-Nats: of-nat n € «IN»
is semiring-1-class.of-nat-in-Nats(proof)

tts-lemma zero-power2: 0u ow 2 = Opw
is semiring-1-class.zero-power2(proof)

tts-lemma power-0-Suc: 044 0w Suc n = 044
is semiring-1-class.power-0-Suc(proof)

tts-lemma zero-power:
assumes 0 < n
shows 0,0 “ow 7 = 0pu
is semiring-1-class.zero-power(proof)

tts-lemma one-power2: 1,4 ow 2 = low
is semiring-1-class.one-power2(proof)

tts-lemma of-nat-simps:
shows of-nat 0 = 0,4,
is semiring-1-class.of-nat-simps(1)
and of-nat (Suc m) = 1,y +ow 0f-nat m
is semiring-1-class.of-nat-simps(2){proof)

tts-lemma of-nat-mult: of-nat (m * n) = of-nat m *,,, of-nat n
is semiring-1-class.of-nat-mult{proof)

tts-lemma Nats-induct:
assumes z € «N» and An. P (of-nat n)
shows P z
is semiring-1-class. Nats-induct{proof)

tts-lemma of-nat-add: of-nat (m + n) = of-nat m +,, of-nat n
is semiring-1-class.of-nat-add(proof)

tts-lemma of-nat-Suc: of-nat (Suc m) = 1,4 +ow of-nat m
is semiring-1-class. of-nat-Suc(proof )

tts-lemma Nats-cases:
assumes z € «IN»
obtains (of-nat) n where z = of-nat n
given semiring-1-class. Nats-cases (proof)

tts-lemma Nats-mult:
assumes a € «N» and b € «IN»
shows a *,, b € «N»
is semiring-1-class. Nats-mult{proof)

tts-lemma of-nat-1: of-nat 1 = 1,,
is semiring-1-class.of-nat-1{proof)

tts-lemma of-nat-0: of-nat 0 = 0,4,
is semiring-1-class.of-nat-0{proof)

tts-lemma Nats-add:



CHAPTER 3. SML RELATIVIZATION

assumes a € «N» and b € «N»
shows a +,, b € «IN»
is semiring-1-class. Nats-add(proof)

tts-lemma Nats-1: 1,,, € «IN»
is semiring-1-class. Nats-1{proof)

tts-lemma Nats-0: 0, € «IN»
is semiring-1-class. Nats-0(proof)

end

end

3.10.9 Commutative rigs

Definitions and common properties

locale comm-semiring-1-ow =
zero-neg-one-ow U one zero +
comm-semiring-0-ow U plus zero times +
comm-monoid-mult-ow U times one
for U : 'ag set and times one plus zero
begin

sublocale semiring-1-ow (proof)

end

lemma comm-semiring-1-ow: class.comm-semiring-1 = comm-semiring-1-ow UNIV

(proof)

Transfer rules

context
includes lifting-syntax
begin

lemma comm-semiring-1-transfer|transfer-rule]:
assumes]| transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> A) ===> A ===> (A ===> A ===> A) ===> A ===> (=))
(comm-semiring-1-ow (Collect (Domainp A))) class.comm-semiring-1

{proof)

end

Relativization

context comm-semiring-1-ow
begin

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting comm-semiring-1-ow-axioms and zero.not-empty
applying [OF times-closed’ one-closed plus-closed’ zero-closed]
begin
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tts-lemma semiring-normalization-rules:
shows
[[CLE U;mE U7 be U]]:>a'*owm+owb*owm:(a'+ow b) *ow M
[[CLG U; me U]]:>a*owm+owm:(a+ow low) *ow ™M
[[m € Ua a € U]] == M tow @ *oy M = (a tow low) *ow M
me U= m -+, M= 1ow +ow Low) *ow M
a€ U —=— Oupy tow & =
a€ U = a4,y 0o = @
[ae U;be Ul]] = a %50 b =0 %oy a
[aeU;beU;ce Ul]] = (a+ow b) *ow €= 0 %o € +ow b %04 €
a€ U = Oupw *ow @ = 0y
a€ U= a *pyp 0pw = Opuw
a€ U= 1,4 *ow @ = a
a€ U= a %,y Llow = a
[lxeU;lye Uyrae U;rye U] =
lx *ow ly *ow (TSL’ *ow T’y) =l *ow TT *ow (ly *ow T’y)
[lxe Ujlye Uyre e U;ry e U] =
Iz %60 Iy *ouw (1T *ou TY) = 1T %o (IY *ow (1T %64 TY))
[lxeU;lye Uyrze U;rye U] =
Ir *ow Iy *ow (TJ; *ow Ty) =TT *ow (ZJI *ouw 1Y *ow Ty)
[l e Uslye Us re e U] = 1T %ow WY *ow 7T = 1T %oy T2 %04 ly
[lzeUslye Uyrz e U] = It %ow W *ow 72 = 1T %54 (ly %00 7T)
[lxeUsreeU;rye U] = Iz %90 (1T *ou 1Y) = 1T %o 1T %oy 7Y
[ ]
([

)

lxeUsree Usry e Ul = & o0 (1T *ou 1Y) = 7T %50 (1T %50 TY)
acU;beU;ceU;de Ul] =

a +ow b +ouw (C tow d):a+o11}c+ow (b tow d)

[ae U;beU;ce U] = a+ow b +ow €= a oy (b +ou C)

[ae U;ceU;de U] = a +ow (¢ +ow d) = ¢ +ow (a +ou d)
[aecU;beU;ce Ul = a+ow b +ow €= @ +ou C+ou b
[aeU;ceU]] = a+ow €= ¢C+ouw a

[ae U;ceU;de Ul] = a +ow (Ctow d) = @ +ouw C +ou d
xeU:>$Aowp*owaowq:onw(p+Q)

T € U:w*owx/\owq:onwSucq

Te€U =12 40 *ow T =2 ou Suc q

TEU = T %, T=0 ou 2

[[$€U;yEU]]:>($*owy) Aoquonwq*O'wonwq

T € U::’(-'E Amu P) Aow q:IAow (P* Q)

€U =12 ,u0=1,yp

2elU =1z ,p1l=2

[zeU;yeU;ze U] = T %ow (Y tow 2) =T *ow Y Tow T *ouw 2
TeU =0 5u SUCG=T %00 T ow q

TEe€U =2 u (2% M) =2 0N *ow T ow N

is comm-semiring-1-class.semiring-normalization-rules{proof)

tts-lemma le-imp-power-duvd:
assumes ¢ € U and m < n
shows a “,, m «dvd» a .4 1
is comm-semiring-1-class.le-imp-power-dvd(proof )

tts-lemma dvd-0-left-iff:
assumes a € U
shows (0,4 «dvd» a) = (a = 0,y)
is comm-semiring-1-class.dvd-0-left-iff (proof )

tts-lemma dvd-power-same:
assumes z € U and y € U and z «dvd» y
shows = T, 1 «dvd» y o 1
is comm-semiring-1-class.dvd-power-same(proof)
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tts-lemma power-le-duvd:
assumes ¢ € Uand b e U and a ", n «dvd» band m < n
shows a ~,, m «dvd» b
is comm-semiring-1-class.power-le-dvd(proof)

tts-lemma dvd-0-right:
assumes g € U
shows a «dvd» 0,4
is comm-semiring-1-class.dvd-0-right{proof)

tts-lemma dvd-0-left:
assumes a € U and 0,,, «dvd» a
shows a = 0,4
is comm-semiring-1-class.dvd-0-left{proof)

tts-lemma dvd-power:
assumes € Uand 0 < n Vv o =1,y
shows z «dvd» =z ", 1
is comm-semiring-1-class.dvd-power(proof)

tts-lemma dvd-add:
assumes a € U and be U and ¢ € U and a «dvd» b and a «dvd» c
shows a «dvd» b +,, ¢
is comm-semiring-1-class.dvd-add{proof)

end

end

3.10.10 Cancellative rigs

Definitions and common properties

locale semiring-1-cancel-ow =
semiring-ow U plus times +
cancel-comm-monoid-add-ow U plus minus zero +
zero-negq-one-ow U one zero +
monoid-mult-ow U one times
for U = 'ag set and plus minus zero one times
begin

sublocale semiring-0-cancel-ow (proof)
sublocale semiring-1-ow (proof)

end

lemma semiring-1-cancel-ow:
class.semiring-1-cancel = semiring-1-cancel-ow UNIV

{proof)

Transfer rules

context
includes lifting-syntax
begin

lemma semiring-1-cancel-transfer|transfer-rule]:
includes lifting-syntax
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assumes| transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
(A ===> A ===> A) ===>
A ===>
A ===>
(A ===> A ===> A) ===>
(=)
) (semiring-1-cancel-ow (Collect (Domainp A))) class.semiring-1-cancel

{proof)

end

3.10.11 Commutative cancellative rigs

Definitions and common properties

locale comm-semiring-1-cancel-ow =

comm-semiring-ow U plus times +

cancel-comm-monoid-add-ow U plus minus zero +

zero-negq-one-ow U one zero +

comm-monoid-mult-ow U times one

for U = 'ag set and plus minus zero times one +

assumes right-diff-distrib| algebra-simps]:

[aecU;beUsceUl = a*ow (b —ow €) =@ %0y b —ow @ %oy C

begin

sublocale semiring-1-cancel-ow {proof)
sublocale comm-semiring-0-cancel-ow {proof)
sublocale comm-semiring-1-ow {proof)

end

Transfer rules

context
includes lifting-syntax
begin

lemma comm-semiring-1-cancel-transfer|transfer-rule]:
assumes| transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
(A ===> A ===> A) ===>

A ===>
(A ===> 4 ===> 4) ===>
A ===>

(=)
)
(comm-semiring-1-cancel-ow (Collect (Domainp A)))
class.comm-semiring-1-cancel

{proof)

end
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Relativization

context comm-semiring-1-cancel-ow
begin

tts-context
tts: (?’a to U)
rewriting ctr-simps
substituting comm-semiring-1-cancel-ow-axioms and zero.not-empty
applying [ OF plus-closed’ minus-closed’ zero-closed times-closed’ one-closed)]
begin

tts-lemma dvd-add-times-triv-right-iff:
assumes ¢ € Uand be Uand ce U
shows (a «dvd» b +44 € %oy @) = (a «dvd» b)
is comm-semiring-1-cancel-class.dvd-add-times-triv-right-iff (proof )

tts-lemma dvd-add-times-triv-left-iff:
assumes a € Uand ce Uand be U
shows (a «dvd» ¢ %44 @ +04 b) = (a «dvd» b)
is comm-semiring-1-cancel-class.dvd-add-times-triv-left-iff (proof )

tts-lemma dvd-add-triv-right-iff:
assumes g € U and be U
shows (a «dvd» b +,4 a) = (a «dvd» b)
is comm-semiring-1-cancel-class.dvd-add-triv-right-iff (proof )

tts-lemma dvd-add-triv-left-iff:
assumes a € U and be U
shows (a «dvd» a +,4 b) = (a «dvd» b)
is comm-semiring-1-cancel-class. dvd-add-triv-left-iff (proof )

tts-lemma left-diff-distrib”:
assumes be Uand ce Uand a € U
Shows (b —ouw €) *ow @ = b %00 @ 0w C *ou @
is comm-semiring-1-cancel-class.left-diff-distrib’(proof )

tts-lemma dvd-add-right-iff:
assumes a € U and be U and c € U and a «dvd» b
shows (a «dvd» b +,4 ¢) = (a «dvdy ¢)
is comm-semiring-1-cancel-class.dvd-add-right-iff (proof )

tts-lemma dvd-add-left-iff:
assumes a € U and ce U and b € U and a «dvd» ¢
shows (a «dvd» b +,4 ¢) = (a «dvd» b)
is comm-semiring-1-cancel-class.dvd-add-left-iff (proof )

end

end
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3.11 Relativization of the results about rings

3.11.1 Rings

Definitions and common properties

locale ring-ow =
semiring-ow U plus times + ab-group-add-ow U plus zero minus uminus
for U = 'ag set and plus zero minus uminus times

begin

sublocale semiring-0-cancel-ow (proof)
end

lemma ring-ow: class.ring = ring-ow UNIV

{proof)

lemma ring-ow-UNIV-azioms: ring-ow (UNIV:'azring set) (+) 0 (=) uminus (*)
{proof)

Transfer rules

context
includes lifting-syntax
begin

lemma ring-transfer|transfer-rule]:
assumes| transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
A ===>
(A ===> A ===> A) ===>
(A ===> A) ===>
(A ===> A ===> A) ===>
)
)

(ring-ow (Collect (Domainp A))) class.ring
{proof)

end

Relativization

context ring-ow
begin

tts-context
tts: (?’a to U)
rewriting ctr-simps
substituting ring-ow-axioms and zero.not-empty
applying
[
OF
plus-closed’
zero-closed
minus-closed’
add.inverse-closed’’
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times-closed’

]

begin

tts-lemma right-diff-distrib:
assumes a € Uand be U and ce U
ShoWS a *44 (b —ow €) = @ %00 b —0w @ %oy C
is Rings.ring-class.right-diff-distrib(proof)

tts-lemma minus-mult-commute:
assumes a € U and be U
Shows —4u @ %oy b= @ %oy —ow b
is Rings.ring-class.minus-mult-commute(proof)

tts-lemma left-diff-distrib:
assumes a € Uand be Uand ce U
Shows (@ —ouw D) *ow €= G %oy C—op b *ou C
is Rings.ring-class.left-diff-distrib{proof)

tts-lemma mult-minus-right:
assumes a € Uand b e U
Shows @ %44 —ow b = —ow (@ %4 D)
is Rings.ring-class.mult-minus-right(proof)

tts-lemma minus-mult-right:
assumes a € Uand b e U
shows —, (@ %o 0) = @ %o —ow b
is Rings.ring-class.minus-mult-right(proof)

tts-lemma minus-mult-minus:
assumes a € U and be U
Shows —,,, @ *ouw —ow D = @ %oy b
is Rings.ring-class.minus-mult-minus{proof)

tts-lemma mult-minus-left:
assumes a € U and b€ U
shows “ow @ *ouw b= “ow (a *ow b)
is Rings.ring-class.mult-minus-left(proof)

tts-lemma minus-mult-left:
assumes a € U and b€ U
shows -, (a *ow b) = —ow @ %oy b
is Rings.ring-class.minus-mult-left(proof)

tts-lemma ring-distribs:

assumes ¢ € Uand be Uand ce U

shows
a *ouw (b +ou €) =
(@ +ow b) *ouw € =
(Cl, “ow b) *ow C
a *ow (b “ow C) = a *op b —ow A *ouw
is Rings.ring-class.ring-distribs(proof)

ow b +07l) a *O'LU

*
*DU) c +O’ll} b *OU}
*

Q2

ow € Tow b *ow

O O O o

tts-lemma eqg-add-iff2:
assumes a € Uand ee Uand ce Uand be U and d € U
ShoWS (0 *oy € +ow €= b %oy € +ouw d) = (¢ = (b —pw @) *ou € +ou d)
is Rings.ring-class.eq-add-iff 2(proof)
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tts-lemma eqg-add-iff1:
assumes a € Uand ee Uand ce Uand be U and d € U
Shows (a *oy € +ouw €= b %oy € +ouw d) = ((a@ —ow D) *ow € +ou ¢ = d)
is Rings.ring-class.eq-add-iff 1{proof)

tts-lemma mult-diff-mult:
assumes r € Uand ye Uand ac€ U and b e U
shows z *ow Y Tow @ *ow b= *ow (Zl/ Tow b) tow (.Z' Tow Cl) *ow b
is Real.mult-diff-mult(proof)

end

end

3.11.2 Commutative rings

Definitions and common properties

locale comm-ring-ow =
comm-semiring-ow U plus times + ab-group-add-ow U plus zero minus uminus
for U : 'ag set and plus zero minus uminus times

begin

sublocale ring-ow (proof)
sublocale comm-semiring-0-cancel-ow {proof)

end

lemma comm-ring-ow: class.comm-ring = comm-ring-ow UNIV

{proof)

Transfer rules

context
includes lifting-syntax
begin

lemma comm-ring-transfer|transfer-rule]:
assumes| transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
A ===>
(A ===> A ===> A) ===>
(A ===> A) ===>
(A ===> A ===> A) ===>
(=)
)
(comm-ring-ow (Collect (Domainp A))) class.comm-ring
(proof )

end

Relativization

context comm-ring-ow
begin

tts-context
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tts: (?'a to U)
rewriting ctr-simps
substituting comm-ring-ow-axioms and zero.not-empty
applying
[
OF
plus-closed’
zero-closed
minus-closed’
add.inverse-closed’
times-closed’

]

begin

tts-lemma square-diff-square-factored:
assumes z € U and y € U

shows z *ow T ~ow Y *ow Y = (Z‘ tow Z/) *ow ({17 “ow y)
is comm-ring-class.square-diff-square-factored(proof)

end

end

3.11.3 Rings with identity

Definitions and common properties

locale ring-1-ow =
ring-ow U plus zero minus uminus times +
zero-neg-one-ow U one zero +
monoid-mult-ow U one times
for U : 'ag set and one times plus zero minus uminus
begin

sublocale semiring-1-cancel-ow {proof)
end

lemma ring-1-ow: class.ring-1 = ring-1-ow UNIV

{proof)

lemma ring-1-ow-UNIV-azioms:
ring-1-ow (UNIV:'azring-1 set) 1 (*) (+) 0 (=) wminus
(proof)

ud «(ring-1.iszeror («(with - : «iszero» -)» [1000, 1000] 10)
ud iszero’ <iszeroy
ud «<ring-1.of-int>

(<(with - - - -+ «of ™~int» -)» [1000, 999, 998, 997, 1000] 10)

ud of-int’ (of-int»

ud «ring-1.Intsy («(with - - - - : Z)» [1000, 999, 998, 997] 10)

ud Ints’ <Ints

ud «diffs) (<(with - - - - : «diffs» -)» [1000, 999, 998, 997, 1000] 10)

ctr parametricity
in iszero-ow: iszero.with-def
and of-int-ow: of-int.with-def
and Ints-ow: Ints.with-def
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and diffs-ow: diffs.with-def

context ring-1-ow
begin

abbreviation iszero where iszero = iszero.with 0,4,

abbreviation of-int where of-int = of-int.with 1,4 (+ow) Oow (ow)
abbreviation Ints (<«Z»)) where «Z» = Ints.with 1,4 (+ow) Oow (—ow)
notation Ints (<«Z»»)

end

context ring-1
begin

lemma Int-ss-UNIV: Z < UNIV (proof)

end

Transfer rules

context
includes lifting-syntax
begin

lemma ring-1-transfer|transfer-rule]:
assumes| transfer-rule]: bi-unique A right-total A
shows
(
A ===>
(A ===> A ===> A) ===>
(A ===> A ===> A) ===>
A ===>
(A ===> A ===> A) ===>
(A ===> A) ===>
(=)
)
(ring-1-ow (Collect (Domainp A))) class.ring-1
(proof)

end

Relativization

declare dvd.with[ud-with del]
declare dvd’.with[ud-with del]

context ring-1-ow
begin

tts-context
tts: (?'a to U)
substituting ring-1-ow-azxioms and zero.not-empty
eliminating through simp

begin

tts-lemma Int-ss-UNIV[simp]: «Z» ¢ U
is Int-ss-UNIV (proof)
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end
lemma Int-closed[ simp,intro]: a € «Z» = a € U (proof)

tts-context
tts: (?a to U)
rewriting ctr-simps
substituting ring-1-ow-axioms and zero.not-empty
eliminating through auto
begin

tts-lemma iszero-0: iszero 0,4,
is ring-1-class.iszero-0{proof)

tts-lemma not-iszero-1: = iszero 1,,,
is ring-1-class.not-iszero-1{proof)

tts-lemma Nats-subset-Ints: «IN» C «Z»
is Int.ring-1-class. Nats-subset-Ints(proof)

tts-lemma Ints-1: 1,,, € «Z»
is Int.ring-1-class.Ints-1{proof)

tts-lemma Ints-0: 0, € «Z»
is Int.ring-1-class.Ints-0(proof)

tts-lemma not-iszero-neg-1: = iszero (= ouw low)
is Num.ring-1-class.not-iszero-neg-1{proof)

tts-lemma of-int-1: of-int 1 = 1,4,
is Int.ring-1-class.of-int-1{proof)

tts-lemma of-int-0: of-int 0 = 04y
is Int.ring-1-class.of-int-0{proof)

tts-lemma Ints-of-int: of-int z € «Z»
is Int.ring-1-class. Ints-of-int(proof)

tts-lemma Ints-of-nat: of-nat n € «Z»
is Int.ring-1-class.Ints-of-nat{proof)

tts-lemma of-int-of-nat-eq:
shows local.of-int (with 1 (+) 0 : «of-nat» n) = local.of-nat n
is Int.ring-1-class.of-int-of-nat-eq{proof)

tts-lemma of-int-of-bool:
of-int (with 1 0 : «of-bool» P) = of-bool P
is Int.ring-1-class.of-int-of-bool{proof)

tts-lemma of-int-minus: of-int (- 2) = —4y of-int z
is Int.ring-1-class.of-int-minus(proof)

tts-lemma mult-minusl-right:
assumes z € U
shows z %44 —ow low = —ow 2
is Num.ring-1-class.mult-minusl-right(proof)
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tts-lemma mult-minusl:
assumes z € U
shows —ow Low *ow 2= —ow 2
is Num.ring-1-class.mult-minus1{proof)

tts-lemma eq-iff-iszero-diff:
assumes z € U and y € U
shows (z = y) = iszero (L —ow Y)
is Num.ring-1-class. eq-iff-iszero-diff (proof)

tts-lemma minus-in-Ints-iff:
assumes z € U
shows (=, T € «Z») = (x € «Z»)
is Int.ring-1-class.minus-in-Ints-iff (proof)

tts-lemma mult-of-int-commudte:
assumes y € U
shows of-int & %44 Yy = Y *ouw of-int
is Int.ring-1-class.mult-of-int-commute(proof)

tts-lemma of-int-power:
of-int ((with 1 (%) : 2z "o m)) = of-int 2 "o 0
is Int.ring-1-class.of-int-power{proof)

tts-lemma Ints-minus:
assumes a € «Z»
shows —,,, a € «Z»
is Int.ring-1-class.Ints-minus{proof)

tts-lemma of-int-diff: of-int (w — 2) = of-int w —,qy of-int z

is Int.ring-1-class.of-int-diff (proof)

tts-lemma of-int-add: of-int (w + 2z) = of-int w +,4 of-int z

is Int.ring-1-class.of-int-add{proof)

tts-lemma of-int-mult: of-int (w * 2) = of-int w *,y of-int z

is Int.ring-1-class.of-int-mult{proof)

tts-lemma power-minusl-even: (—ow low) ow (2 % 1) = 1oy

is Power.ring-1-class.power-minusl-even(proof)

tts-lemma Ints-power:
assumes a € «Z»
shows a “,, n € «Z»
is Int.ring-1-class.Ints-power{proof)

tts-lemma of-nat-nat:
assumes 0 < z
shows of-nat (nat z) = of-int z
is Int.ring-1-class.of-nat-nat(proof)

tts-lemma power2-minus:
assumes a € U
shows (=, @) w2 =0 ou 2
is Power.ring-1-class.power2-minus(proof )

tts-lemma power-minusl-odd:
shows (—ou low) ow Suc (2 * n) = =54 Loy
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is Power.ring-1-class.power-minusl-odd{proof)

tts-lemma power-minus:
assumes a € U
shows (_ow CL) ow N = (_ow 1011)) ow M *ow @ ow N
is Power.ring-1-class.power-minus{proof)

tts-lemma square-diff-one-factored:
assumes z € U
shows z %54 T —ow low = (I tow 1ow) *ow (I “ow 10111)
is Rings.ring-1-class.square-diff-one-factored{proof)

tts-lemma neg-one-even-power:
assumes even n
shows (_ow low) ow M = loy
is Parity.ring-1-class.neg-one-even-power{proof)

tts-lemma minus-one-power-iff:
(mow low) “ow m = (if even n then 1,4 else —oup low)
is Parity.ring-1-class.minus-one-power-iff (proof)

tts-lemma Nats-altdef1: «N» = {z € U. 34y>0. z = of-int y}
is Int.ring-1-class. Nats-altdef1{proof)

tts-lemma Ints-induct:
assumes ¢ € «Z» and Az. P (of-int z)
shows P ¢
is Int.ring-1-class. Ints-induct{proof)

tts-lemma of-int-of-nat:
shows
of-int k = (if k < 0 then —oy of-nat (nat (- k)) else of-nat (nat k))
is Int.ring-1-class.of-int-of-nat{proof)

tts-lemma Ints-diff:
assumes a € «Z» and b € «Z»
shows a —,,, b € «Z»
is Int.ring-1-class.Ints-diff (proof)

tts-lemma Ints-add:
assumes a € «Z» and b € «Z»
shows a +,, b € «Z»
is Int.ring-1-class.Ints-add{proof)

tts-lemma Ints-mult:
assumes a € «Z» and b € «Z»
shows a *,,, b € «Z»
is Int.ring-1-class.Ints-mult{proof)

tts-lemma power-minus-even”
assumes a € U and even n
shows (=, @) ow N =0 ou n
is Parity.ring-1-class.power-minus-even(proof )

tts-lemma power-minus-even:
assumes a € U
Shows (—ou @) 0w (2% 1) = a 4y (2 * n)
is Power.ring-1-class.power-minus-even(proof)
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tts-lemma power-minus-odd:
assumes a € U and odd n
shows (_ow G,) Tow M= —ow (CL Tow n)

is Parity.ring-1-class.power-minus-odd{proof)

tts-lemma uminus-power-if:
assumes a € U
shows (—,u @) ow 17 = (if even n then a ",y 1 else —oyp (@ ou 1))
is Parity.ring-1-class.uminus-power-if (proof )

tts-lemma neg-one-power-add-eq-neg-one-power-diff:
assumes k < n
shows (_ow 1071)) Aow (n + k) = (_ow 1ow) Aow (TL - k)
is Parity.ring-1-class.neg-one-power-add-eg-neg-one-power-diff ( proof )

tts-lemma neg-one-odd-power:
assumes odd n
shows (_ow 1ow) Aow n=—ow low
is Parity.ring-1-class.neg-one-odd-power{proof )

tts-lemma Ints-cases:
assumes ¢ € «Z» and Az. ¢ = of-int z = thesis
shows thesis
is Int.ring-1-class.Ints-cases(proof)

end
end

lemmas [ud-with] = dvd.with dvd’ with

3.11.4 Commutative rings with identity

Definitions and common properties

locale comm-ring-1-ow =
comm-ring-ow U plus zero minus uminus times +
zero-neg-one-ow U one zero +
comm-monoid-mult-ow U times one
for U = 'ag set and times one plus zero minus uminus
begin

sublocale ring-1-ow {proof)
sublocale comm-semiring-1-cancel-ow

{proof)

end

lemma comm-ring-1-ow: class.comm-ring-1 = comm-ring-1-ow UNIV

{proof)

lemma comm-ring-1-ow-UNIV-axioms:
comm-ring-1-ow (UNIV:'a:comm-ring-1 set) () 1 (+) 0 (=) uminus
(proof)

Transfer rules

context
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includes lifting-syntax
begin

lemma comm-ring-1-transfer| transfer-rule]:
assumes| transfer-rule]: bi-unique A right-total A
shows

(
(A ===> A ===> A) ===>

A ===>
(A ===> A ===> A) ===>
A ===>

(A ===> A ===> A) ===>
(A ===> A) ===>
(=)
) (comm-ring-1-ow (Collect (Domainp A))) class.comm-ring-1
(proof)

end

Relativization

context comm-ring-1-ow
begin

tts-context

tts: (?'a to U)

rewriting ctr-simps

substituting comm-ring-1-ow-axioms and zero.not-empty

applying

[
OF

times-closed’
one-closed
plus-closed’
zero-closed
minus-closed’
add.inverse-closed’

]

begin

tts-lemma ring-normalization-rules:
assumes z € U
shows —, T = —uw Llow *ow T Y € Uz”x_owyzx+ow —ow Y
is comm-ring-1-class.ring-normalization-rules(proof )

tts-lemma left-minus-one-mult-self:
assumes a € U
shows (_ow low) Aow n *ow ((_ow low) Aow n *ow a) =a
is Power.comm-ring-1-class.left-minus-one-mult-self (proof)

tts-lemma minus-power-mult-self:
assumes a € U
shows (_ow a) Tow M *ow (_ow a) Tow M =0 ow (2 * ’I’L)
is Power.comm-ring-1-class.minus-power-mult-self(proof )

o~

tts-lemma minus-one-mult-self: (—ow low) ow M *ow (—ow low) ow 7 = low

is comm-ring-1-class.minus-one-mult-self (proof )
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tts-lemma power2-commute:
assumes r € U and y e U
shows (z —ow ¥) ow 2= (Y —ow Z) ow 2
is comm-ring-1-class.power2-commute(proof )

tts-lemma minus-dvd-iff:
assumes z € U and y € U
shows (=, z «dvd» y) = (z «dvd» y)
is comm-ring-1-class.minus-dvd-iff (proof)

tts-lemma dvd-minus-iff:
assumes z € U and y € U
shows (z «dvd» —,y y) = (z «dvdy» y)
is comm-ring-1-class.dvd-minus-iff (proof)

tts-lemma dvd-diff:
assumes z € U and y € U and 7z € U and z «dvd» y and x «dvd» z
shows z «dvd» y —ou 2
is comm-ring-1-class.dvd-diff (proof)

end

end
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3.12 Relativization of the results about semilattices

3.12.1 Commutative bands

Definitions and common properties

locale semilattice-ow = abel-semigroup-ow U f
for U = ‘al set and f +
assumes idem[simpl: € U => T %, T = &

locale semilattice-set-ow =
semilattice-ow U f for U = 'al set and f (infix] <*,,, 70)

Transfer rules

context
includes lifting-syntax
begin

lemma semilattice-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(A ===> A ===> 4) ===> (=)
(Af. semilattice-ow (Collect (Domainp A)) f) semilattice
{proof)

lemma semilattice-set-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(4 ===> A =—==> 4) ===> ()
(Mf. semilattice-set-ow (Collect (Domainp A)) f) semilattice-set
(proof)

end

Relativization

context semilattice-ow
begin

tts-context
tts: (?a to U)
substituting semilattice-ow-axioms
eliminating through simp

begin

tts-lemma left-idem:
assumes g € U and be U
Shows a *,y (@ %54 b) = @ %5y b
is semilattice.left-idem{proof)

tts-lemma right-idem:
assumes ¢ € U and be U
shows a *,4 b %00 b= a %5 b
is semilattice.right-idem(proof)

end

end
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3.12.2 Simple upper and lower semilattices

Definitions and common properties

locale semilattice-order-ow = semilattice-ow U f
for U :: 'al set and f +
fixes le = ['al, 'al] = bool (infix <<, 50)
and Is = [al, 'al] = bool (infix (<4y» 50)
assumes order-iff: [ a € U; be U]l = a <o b« a=a %5y b
and strict-order-iff: [ a € U; be U]l = a<ow b<—>a=a %,y bAa#bd
begin

sublocale ordering-ow U «((<ou)> <((<ow)?
{proof)

notation le (infix <<,,» 50)
and Is (infix <<,,> 50)

end

locale semilattice-order-set-ow =
semilattice-order-ow U f le Is + semilattice-set-ow U f
for U : 'al set and f le s

locale inf-ow =

fixes U = 'al set and inf (infix] <n,,» 70)

assumes inf-closed[simp: [ 2 e U;ye U] = 2 Mo y € U
begin

notation inf (infixl <1, 70)
lemma inf-closed’[simp]: VxeU. V yeU. z Moy y € U {proof)
end

locale inf-pair-ow = infy: inf-ow Uy infy + infs: inf-ow Usg infa
for U; = 'al set and inf,
and Uj = bl set and infs
begin

notation inf; (infixl (M, 1> 70)
notation infs (infixl (M, 2> 70)

end

locale semilattice-inf-ow = inf-ow U inf + order-ow U le ls
for U = ‘al set and infle Is +
assumes inf-lel{simp]: [z € U; y e U]] = 2 Moy Y Sow T
and inf-le2[simp: [z € U; y e U] = Z Mow ¥ Sow ¥
and inf-greatest:
[reU;yelUs 2€ U T<ouw ¥ T Sow 2 ]| = T <ow Y Mow 2
begin

sublocale inf: semilattice-order-ow U «((Mow)? (Low)? ((<ow)?
{proof)

sublocale Inf-fin: semilattice-order-set-ow U «(Myw)> ((Sow)? (<ow)> {proof)

end
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locale semilattice-inf-pair-ow =
sl-infq: semilattice-inf-ow Uy infy lep lsp +
sl-info: semilattice-inf-ow Us info les sy
for U, = 'al set and inf; ley Is;
and Uj = 'bl set and infy ley Isy
begin

sublocale inf-pair-ow (proof)
sublocale order-pair-ow (proof)

end

locale sup-ow =
fixes U :: ‘ao set and sup :: ['ao0, 'ao] = 'ao (infix] U, 70)
assumes sup-closed[simpl: [z € U; ye U]] = supzye U
begin

notation sup (infixl (U, 70)
lemma sup-closed’[simp]: Y 2eU. Y yeU. x Uyy y € U (proof)
end

locale sup-pair-ow = supy: sup-ow Uy supy + sups: sup-ow Us sups
for U, = 'al set and sup,
and Uj = 'bl set and sups
begin

notation sup; (infixl <, 1> 70)
notation supy (infixl <L, 2> 70)

end

locale semilattice-sup-ow = sup-ow U sup + order-ow U le ls
for U :: 'al set and sup le Is +
assumes sup-gel[simp]: [z € U; ye U]] = = <ow T Uow ¥
and sup-ge2[simp): [y e U;x € U] = ¥ <ow T Uow ¥
and sup-least:
[lyeUsze U z€ U Yy<ouw® 2 Sow T ]] = Y Uow 2 Sow T
begin

sublocale sup: semilattice-order-ow U <(Uow)> ((Zow)? <(>ow)?
(proof)

sublocale Sup-fin: semilattice-order-set-ow U sup (2ow) (>ow) (proof)

end

locale semilattice-sup-pair-ow =
sl-supy: semilattice-sup-ow Uy supy ley lsy +
sl-supo: semilattice-sup-ow Usg sups les [so
for Up = 'al set and sup; le; Isq
and Uj = bl set and supsy ley Iso
begin

sublocale sup-pair-ow (proof)
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sublocale order-pair-ow (proof)

end

Transfer rules

context
includes lifting-syntax
begin

lemma semilattice-order-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
(A ===> A ===> (=)) ===>
(A ===> A ===> (=)) ===>
=)
) (semilattice-order-ow (Collect (Domainp A))) semilattice-order

{proof)

lemma semilattice-order-set-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
(A ===> A ===> (=)) ===>
(A ===> A ===> (=)) ===>
(=)
) (semilattice-order-set-ow (Collect (Domainp A))) semilattice-order-set

{proof)

lemma semilattice-inf-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
(A ===> A ===> (=)) ===>
(A ===> A ===> (=)) ===>
(=)
) (semilattice-inf-ow (Collect (Domainp A))) class.semilattice-inf
(proof)

lemma semilattice-sup-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
(A ===> A ===> (=)) ===>
(A ===> A ===> (=)) ===>
)
) (semilattice-sup-ow (Collect (Domainp A))) class.semilattice-sup
(proof)

end



CHAPTER 3. SML RELATIVIZATION

Relativization

context semilattice-order-ow
begin

tts-context
tts: (?’a to U)
rewriting ctr-simps
substituting semilattice-order-ow-axioms
eliminating through simp
begin

tts-lemma coboundedl:
assumes g € U and be U
shows a *,, b <, @
is semilattice-order.cobounded1{proof)

tts-lemma cobounded?2:
assumes a € Uand b e U
shows a %, b <gw b
is semilattice-order.cobounded2({proof)

tts-lemma absorb-iff1:
assumes g € U and be U
shows (a <, 0) = (a %04 b = a)
is semilattice-order.absorb-iff 1{ proof)

tts-lemma absorb-iff2:
assumes be U and a € U
shows (b <,y @) = (a %5y b =b)
is semilattice-order.absorb-iff 2(proof)

tts-lemma strict-coboundedl1:

assumes a € Uand ce Uand be U and a <,y ¢

shows a *,4 b <,y €

is semilattice-order.strict-coboundedI 1{proof)

tts-lemma strict-coboundedl?2:

assumes be Uand ce Uand a € U and b <,y ¢

shows a *,,4 b <,y €

is semilattice-order.strict-coboundedI2{proof)

tts-lemma absorbl:
assumes a € Uand be U and a <, b
shows a *,, b= a
is semilattice-order.absorbl{proof)

tts-lemma coboundedl1:

assumes a € Uand ce Uand be U and a <,y ¢

shows a *,, b <o C
is semilattice-order.coboundedI1{proof)

tts-lemma absorb2:
assumes be Uand a€ U and b <, a
shows a *,, b =0
is semilattice-order.absorb2{proof)

tts-lemma coboundedl2:
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assumes be Uand ce Uand a€ U and b <, ¢
shows a %, b <o C
is semilattice-order.coboundedI2{proof)

tts-lemma orderl:
assumes a € Uand be Uand a = a %, b
shows a <, b
is semilattice-order.orderI(proof)

tts-lemma bounded-iff:
assumes a € Uand be Uand ce U
Shows (a <o b #04 €) = (@ <o b A a <pyy €)
is semilattice-order.bounded-iff (proof)

tts-lemma boundedI:
assumes a € Uand be Uand ce U and a <,, band a <, ¢
shows a <, b *,y C
is semilattice-order.boundedI{proof)

tts-lemma orderE:
assumes ¢ € Uand be U and a <,, band a = a *,, b = thesis
shows thesis
is semilattice-order.orderE(proof)

tts-lemma mono:

assumes a € U
and ce U
and be U
and d e U
and a <, C
and b <, d

Shows a *,4 b <o € %0 d
is semilattice-order.mono(proof)

tts-lemma strict-boundedE:
assumes a € U
and be U
and ce U
and a <,y b %44 C
obtains a <,, b and a <, ¢
given semilattice-order.strict-boundedE (proof)

tts-lemma boundedE:
assumes a € U
and be U
and ce U
and a <,y b *,y C
obtains a <,, band a <, ¢
given semilattice-order.boundedE (proof)

end
end

context semilattice-inf-ow
begin

tts-context
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tts: (?’a to U)
rewriting ctr-simps
substituting semilattice-inf-ow-axioms
eliminating through simp
begin

tts-lemma le-iff-inf:
assumes r € U and ye U
shows (2 <oy ¥) = (2 Mow ¥ = 7)
is semilattice-inf-class.le-iff-inf(proof)

tts-lemma less-infl1:
assumes a € Uand z € Uand be U and a <,y ¢
shows a Myy b <pw T
is semilattice-inf-class.less-infI1{proof)

tts-lemma less-infl2:
assumes be Uand z € Uand ae U and b <,y =
shows a Myy b <puw T
is semilattice-inf-class.less-infI2(proof)

tts-lemma le-infI1:
assumes a € Uand z € Uand be U and a <,y
shows a My b <ow T
is semilattice-inf-class.le-infI1{proof)

tts-lemma le-infl2:
assumes be Uand z€ Uand a€ U and b <, T
shows a My, b <ow T
is semilattice-inf-class.le-infI2(proof)

tts-lemma le-inf-iff:
assumes r € Uand ye U and z¢ U
Shows (2 <ow ¥ Mow 2) = (T Sow Y A T <o 2)
is semilattice-inf-class.le-inf-iff (proof)

tts-lemma le-infl:
assumes £ € Uand ae€ Uand be U and z <,, a and z <, b
shows © <, @ Myqy b
is semilattice-inf-class.le-infI{proof)

tts-lemma le-infE:
assumes z € U
and a € U
and be U
and x <,y @ My b
and [z <o @5 T <oy b]] = P
shows P
is semilattice-inf-class.le-infE{proof)

tts-lemma inf-mono:
assumes a € U
and ce U
and be U
and d € U
and a <, €
and b <, d
shows a My b <oy € My d
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is semilattice-inf-class.inf-mono(proof)
end
end

context semilattice-sup-ow
begin

tts-context
tts: (?’a to U)
rewriting ctr-simps
substituting semilattice-sup-ow-axioms
eliminating through simp
begin

tts-lemma le-iff-sup:
assumes z € U and y e U
shows (2 <ou y) = (T Uow ¥ = )
is semilattice-sup-class.le-iff-sup(proof)

tts-lemma less-supll:

assumes £ € Uand ae€ Uand be U and z

shows = <, a Uy b
is semilattice-sup-class.less-supI1{proof)

tts-lemma less-supl2:

assumes £ € Uand be Uand a € U and z

shows © <, a Uy b
is semilattice-sup-class.less-supI2(proof)

tts-lemma le-supll:

assumes £ € Uand ae€ Uand be U and z

shows © <,y @ Ugqy b
is semilattice-sup-class.le-supI1{proof)

tts-lemma le-supl2:

assumes £ € Uand be Uand a € U and z

shows © <, @ Uyqy b
is semilattice-sup-class.le-supI2{proof)

tts-lemma le-sup-iff:
assumes r € Uand ye U and z¢ U

shows (Z Upw ¥ Sow 2) = (T Sow 2 A Y Sow 2)

is semilattice-sup-class.le-sup-iff (proof )

tts-lemma le-supl:

assumes a € Uand z € Uand be U and a <,, z and b <,y =

shows a U,y b <o T
is semilattice-sup-class.le-supI{proof)

tts-lemma le-supF:
assumes a € U
and be U
and z ¢ U
and a U,y b <ou T
and [[a <ou %5 b <oy z]] = P
shows P

N

A
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is semilattice-sup-class.le-sup E{proof)

tts-lemma sup-unique:
assumes VzeU. VyeU. frye U

and z € U

and y e U

and Az y. [[ze U;ye U]l = z<ouw f2y

and Az y. [[reU;ye U]l = y<ouw f2y

and Az yz. [[zeU;yeU;2€ U; Y<Sow® 2<ow )] = [y 2<ow T

shows z Uy, y=fzy
is semilattice-sup-class.sup-unique(proof)

tts-lemma sup-mono:

assumes a € U
and ce U
and be U
and d € U
and a <,y ¢
and b <,y d

shows a Uy b <o € Upy d
is semilattice-sup-class.sup-mono(proof)

end

end

3.12.3 Bounded semilattices

Definitions and common properties

locale semilattice-neutral-ow = semilattice-ow U f + comm-monoid-ow U f z
for U : 'al set and f z

locale semilattice-neutral-order-ow =
sl-neut: semilattice-neutral-ow U f z +
sl-ord: semilattice-order-ow U fle Is
for U : 'al set and f z le Is

begin

sublocale order-top-ow U <(<ow)> (<ow)? (Lowd

{proof)

end

locale bounded-semilattice-inf-top-ow =
semilattice-inf-ow U inf le Is + order-top-ow U le ls top
for U : 'al set and inf le Is top

begin

sublocale inf-top: semilattice-neutral-order-ow U <(Mow)> Tow’ (Low)? ((<ow)?

{proof)

end

locale bounded-semilattice-sup-bot-ow =
semilattice-sup-ow U sup le Is + order-bot-ow U bot le Is
for U = 'al set and sup le Is bot

begin
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sublocale sup-bot: semilattice-neutral-order-ow U <((Uow)> Low’ ((Zow)? ((Gow)?

{proof)

end

Transfer rules

context
includes lifting-syntax
begin

lemma semilattice-neutral-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> A) ===> A ===> (=))
(semilattice-neutral-ow (Collect (Domainp A))) semilattice-neutr

{proof)

lemma semilattice-neutr-order-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
A ===>
(A ===> A ===> (=)) ===>
(A ===> A ===> (=)) ===>
(=)
)
(semilattice-neutral-order-ow (Collect (Domainp A)))
semilattice-neutr-order

{proof)

lemma bounded-semilattice-inf-top-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
(A ===> A ===> (=)) ===>
(A ===> A ===> (=)) ===>
A ===>
(=)
)
(bounded-semilattice-inf-top-ow (Collect (Domainp A)))
class.bounded-semilattice-inf-top

{proof)

lemma bounded-semilattice-sup-bot-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
(A ===> A ===> (=)) ===>
(A ===> A ===> (=)) ===>
A ===>
=)
)

(bounded-semilattice-sup-bot-ow (Collect (Domainp A)))
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class.bounded-semilattice-sup-bot

{proof)

end
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3.13 Relativization of the results about lattices

3.13.1 Simple lattices

Definitions and common properties

locale lattice-ow =
semilattice-inf-ow U inf le Is + semilattice-sup-ow U sup le s
for U : 'al set and inf le Is sup

locale lattice-pair-ow =
lattice: lattice-ow Uy infy ley lsy supy +
lattices: lattice-ow Us info les Iss supo
for Uy = 'al set and infq ley ls; sup;
and Usj = 'bl set and infy ley Isy sups
begin

sublocale semilattice-inf-pair-ow (proof)
sublocale semilattice-sup-pair-ow (proof)

end

Transfer rules

context
includes lifting-syntax
begin

lemma lattice-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
(A ===> A ===> (:)) ===>
(A ===> A ===> (:)) ===>
(A ===> A ===> A) ===>
(=)
)

(lattice-ow (Collect (Domainp A))) class.lattice
{proof)

end

Relativization

context lattice-ow
begin

tts-context
tts: (?’a to U)
rewriting ctr-simps
substituting lattice-ow-azrioms
eliminating through simp
begin

tts-lemma inf-sup-aci:
assumes r € U and y € U
shows
z How y = y l_low z
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2€ U = Z Moy Y Mow 2 =2 Moy (Y Mow 2)
2€ U =2 Now (Y Mow 2) =Y Mow (T Moy 2)
T Mow (-77 Mow y) =T Now Y

TUow Y=Y UowT

z2e U=z Uow Y Uow 2 = T Upw (y Uow Z)

Z € U:xuow(yuowz):yuow(xl—lowz)
T Uow (.CL' Uow y) =2 Uow Y

is lattice-class.inf-sup-aci(proof)

tts-lemma inf-sup-absord:
assumes z € U and y € U
shows = Myy (2 Ugy ¥) = 2
is lattice-class.inf-sup-absorb(proof)

tts-lemma sup-inf-absorb:
assumes z € U and y € U
shows z U,y (2 Moy y) = @
is lattice-class.sup-inf-absorb{proof)

tts-lemma bdd-above-insert:
assumes ¢ € Uand Ac U
shows local.bdd-above (insert a A) = local.bdd-above A
is lattice-class.bdd-above-insert{proof)

tts-lemma bdd-below-insert:
assumes g € Uand Ac U
shows local.bdd-below (insert a A) = local.bdd-below A
is lattice-class.bdd-below-insert(proof)

tts-lemma distrib-sup-le:
assumes z € U and y € U and z € U
shows = Uy (Y Mow 2) Sow T Uow Y Mow (T Uy 2)
is lattice-class.distrib-sup-le(proof)

tts-lemma distrib-inf-le:
assumes z € U and y € U and z € U
shows 2z Mow Y Uow (I Mow Z) Sow T Mow (y Uow Z)
is lattice-class.distrib-inf-le{ proof)

tts-lemma distrib-impl:
assumes z € U
and y e U
and z ¢ U
and
ANeyz[[teUyyeU;ze U] =
T Mow (y Uow Z) =X Mow Y Uow (I Mow Z)
shows = Uy (Y Mow 2) = T Ugw Y Mow (T Uy 2)
is lattice-class.distrib-impl{proof)

tts-lemma distrib-imp2:
assumes z € U
and y e U
and z € U
and
Neyz[[teUyyeU;ze U] =
T Uow (y Mow Z) =2 Uow Y Mow (aj Uow Z)
shows z Myy (Y Uow 2) = Z Mow Y Uow (T Moy 2)
is lattice-class.distrib-imp2(proof)
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tts-lemma bdd-above-Un:
assumes A C Uand Bc U
shows local.bdd-above (A U B) = (local.bdd-above A A local.bdd-above B)
is lattice-class.bdd-above- Un{proof)

tts-lemma bdd-below-Un:
assumes A C Uand Bc U
shows local.bdd-below (A U B) = (local.bdd-below A A local.bdd-below B)
is lattice-class.bdd-below-Un{proof)

tts-lemma bdd-above-image-sup:
assumes range f € U and range g € U
shows local.bdd-above (A\z. fx Uy g ) < A) =
(local.bdd-above (f < A) A local.bdd-above (g ¢ A))
is lattice-class.bdd-above-image-sup(proof)

tts-lemma bdd-below-image-inf:
assumes range f € U and range g € U
shows local.bdd-below ((Az. fx Moy gz) ‘A) =
(local.bdd-below (f < A) A local.bdd-below (g * A))
is lattice-class.bdd-below-image-inf(proof)

end

tts-context
tts: (?’a to U)
rewriting cir-simps
substituting lattice-ow-azrioms
eliminating through simp
begin

tts-lemma bdd-above- UN:
assumes U # {} and range A ¢ Pow U and finite I
shows bdd-above (U (A ‘1)) = (V zel. bdd-above (A z))
is lattice-class.bdd-above-UN (proof)

tts-lemma bdd-below-UN:
assumes U # {} and range A ¢ Pow U and finite I
shows local.bdd-below (U (A ‘1)) = (Y zel. local.bdd-below (A z))
is lattice-class.bdd-below-UN (proof)

tts-lemma bdd-above-finite:
assumes U # {} and 4 ¢ U and finite A
shows local.bdd-above A
is lattice-class.bdd-above-finite(proof)

tts-lemma bdd-below-finite:
assumes U # {} and 4 ¢ U and finite A
shows local.bdd-below A
is lattice-class.bdd-below-finite(proof)

end

end
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3.13.2 Bounded lattices

Definitions and common properties

locale bounded-lattice-bot-ow =
lattice-ow U inf le Is sup + order-bot-ow U bot le Is
for U : 'al set and inf le Is sup bot

begin

sublocale bounded-semilattice-sup-bot-ow U «((Upw)» ((Low)? ((<ow)? (Low? {proof)
end

locale bounded-lattice-bot-pair-ow =
blby: bounded-lattice-bot-ow Uy infq ley lsy supy boty +
blbs: bounded-lattice-bot-ow Us info les lso sups boto
for U :: 'al set and infy ley ls; sup; boty
and Uy = bl set and infy ley Isy sups bots
begin

sublocale lattice-pair-ow (proof)
sublocale order-bot-pair-ow U; boty ley lsy Usg boty les lsa {proof)

end

locale bounded-lattice-top-ow =
lattice-ow U inf le ls sup + order-top-ow U le Is top
for U : 'al set and inf le Is sup top

begin

sublocale bounded-semilattice-inf-top-ow U <(Mow)? (Sow)? ((<ow)? (Tow> {proof)
end

locale bounded-lattice-top-pair-ow =
blb1: bounded-lattice-top-ow Uy infq ley lsy supy topr +
blbs: bounded-lattice-top-ow Usg info lea lss sups tops
for Uy :: 'al set and inf, ley Is; supy top;
and Uj = bl set and infy les lsy sups topo
begin

sublocale lattice-pair-ow (proof)
sublocale order-top-pair-ow Uy ley lsy top1 Us les sy tops (proof)

end

locale bounded-lattice-ow =
lattice-ow U inf le Is sup +
order-bot-ow U bot le ls +
order-top-ow U le ls top
for U : 'al set and inf le Is sup bot top
begin

sublocale bounded-lattice-bot-ow U «(Myyw)> ((Low ) (<ow)? ((Uow)? (Low? {proof)
sublocale bounded-lattice-top-ow U «(Mpw)> ((Low)? (Kow)? ((Uow)? (Tow> {proof)

end

locale bounded-lattice-pair-ow =
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bly: bounded-lattice-ow Uy infy ley lsy supy boty topy +
bly: bounded-lattice-ow Usg info les Iso sups bots tops
for U :: 'al set and infq ley Is; supy boty topy
and Usj = bl set and infy les lsy sups bots topo
begin

sublocale bounded-lattice-bot-pair-ow (proof)
sublocale bounded-lattice-top-pair-ow (proof)

end

Transfer rules

context
includes lifting-syntax
begin

lemma bounded-lattice-bot-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
(A ===> A ===> (=)) ===>
(A ===> A ===> (=)) ===>
(A ===> A ===> A) ===>
A ===>
(=)
)
(bounded-lattice-bot-ow (Collect (Domainp A)))
class.bounded-lattice-bot

{proof)

lemma bounded-lattice-top-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows

(
(A ===> A ===> A) ===>
(A ===> A ===> (=)) ===>
(A ===> A ===> (=)) ===>
(A ===> A ===> A) ===>
===>

(=)

(bounded-lattice-top-ow (Collect (Domainp A)))
class.bounded-lattice-top

{proof)

lemma bounded-lattice-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(

(A ===> A ===> A) ===>

(A ===> A ===> (=)) ===>

(A ===> A ===> (=)) ===>

(A ===> A ===> A) ===>

A ===>

A ===>
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(=)
)

(bounded-lattice-ow (Collect (Domainp A))) class.bounded-lattice
(proof)

end

Relativization

context bounded-lattice-bot-ow
begin

tts-context
tts: (?a to U)
rewriting ctr-simps
substituting bounded-lattice-bot-ow-axioms and sup-bot.sl-neut.not-empty
applying [ OF inf-closed’ sup-closed’ bot-closed]
begin

tts-lemma inf-bot-left:
assumes z € U
shows 1,4 Mow T = Low
is bounded-lattice-bot-class.inf-bot-left(proof)

tts-lemma inf-bot-right:
assumes z € U
shows z Myy Low = Low
is bounded-lattice-bot-class.inf-bot-right{proof )

end
end

context bounded-lattice-top-ow
begin

tts-context
tts: (?’a to U)
rewriting ctr-simps
substituting bounded-lattice-top-ow-azxioms and inf-top.sl-neut.not-empty
applying [ OF inf-closed’ sup-closed’ top-closed)]
begin

tts-lemma sup-top-left:
assumes z € U
shows T,y Uow T = Tow
is bounded-lattice-top-class.sup-top-left{proof)

tts-lemma sup-top-right:
assumes z € U
shows = Usy Tow = Tow
is bounded-lattice-top-class.sup-top-right(proof)
end

end

context bounded-lattice-ow
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begin

tts-context

tts: (?'a to U)

rewriting ctr-simps

substituting bounded-lattice-ow-axioms

applying [ OF sup-bot.sl-neut.not-empty, simplified]
begin

tts-lemma atLeastAtMost-eq- UNIV-iff:
assumes z € U and y € U
shows ({Z..ouwy} = U) = (T = Low A ¥ = Tow)
is bounded-lattice-class.atLeast AtMost-eq- UNIV-iff ( proof)

end

end

3.13.3 Distributive lattices

Definitions and common properties

locale distrib-lattice-ow =
lattice-ow U inf le Is sup for U = 'al set and inf le Is sup +
assumes sup-inf-distribl:
[zeU,yeU;z€ U]l = 7 Upw (¥ Mow 2) = (T Upw Y) Mow (T Ugy 2)

Transfer rules

context
includes lifting-syntax
begin

lemma distrib-lattice-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> A) ===>
(A ===> A ===> (=)) ===>
(A ===> A ===> (=)) ===>
(A ===> A ===> A) ===>
)
)

(distrib-lattice-ow (Collect (Domainp A))) class.distrib-lattice
{proof)

end

Relativization

context distrib-lattice-ow
begin

tts-context
tts: (?'a to U)
rewriting cir-simps
substituting distrib-lattice-ow-axioms
eliminating through simp
begin
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tts-lemma inf-sup-distribl:
assumes z € U and y € U and z € U
shows z Myy (Y Uow 2) = Z Mow Y Uow (T Moy 2)
is distrib-lattice-class.inf-sup-distribl{proof)

tts-lemma inf-sup-distrib2:
assumes y € Uand z¢ Uand z € U
ShOWS ¥ Uy 2 Mow T = Y Moy T Ugy (2 Moy T)
is distrib-lattice-class.inf-sup-distrib2{proof )

tts-lemma sup-inf-distrib2:
assumes y € Uand z¢€ Uand z € U
shows Y Mow 2 Uow T =Y Uow T Moy (Z Uow I)
is distrib-lattice-class.sup-inf-distrib2{proof)

end

end
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3.14 Relativization of the results about complete lattices

3.14.1 Simple complete lattices
Definitions and common properties

locale Inf-ow =

fixes U = ‘al set and Inf (<M ow?)

assumes Inf-closed[simp]: Mow ¢ Pow U € U
begin

notation Inf (<M ow’)
lemma Inf-closed[simp]: Y 2€U. oy © € U (proof)
end

locale Inf-pair-ow = Infi: Inf-ow Uy Inf1 + Infa: Inf-ow Us Infs
for U; :: 'al set and Inf; and U, :: ‘bl set and Infs
begin

notation Infi (<7 ow.1)
notation Info (<[ow.2>)

end

locale Sup-ow =

fixes U = ‘al set and Sup (<L ow?)

assumes Sup-closed[simp]: | ‘ Pow U € U
begin

notation Sup (< ow?)
lemma Sup-closed’[simp]: ¥V zCU. [ ow x € U (proof)
end

locale Sup-pair-ow = Supi: Sup-ow Uy Supy + Sups: Sup-ow Us Sups
for U; = 'al set and Sup; and Uj = ‘bl set and Sups
begin

notation Sup; (<L ow.1?)
notation Sups (Ll ow.2?)

end

locale complete-lattice-ow =
lattice-ow U inf le ls sup +
Inf-ow U Inf +
Sup-ow U Sup +
bot-ow U bot +
top-ow U top
for U : 'al set and Inf Sup inf le ls sup bot top +
assumes Inf-lower: [ AC Us;z e Al = MMow A Sow @
and Inf-greatest:
[AcU;zeUj (At 2€ A= 2<0u, %) ]| = 2 <ow [ow A
and Sup-upper: [z € A; AC U ]| = 2 <ou Uow 4
and Sup-least:
[NAcU;zeU (ANt 2€ A= <50 2) ]] = Uow 4 Sow 2
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and Inf-empty[simp]: Mow {} = Tow
and Sup-empty[simp]: Uow {} = Low
begin

sublocale bounded-lattice-ow U (M) (Sow)? ((<ow)? (Uow)? (Low> <Tow?

{proof)

tts-register-sbts <1, | U
{proof)

tts-register-sbts T, | U
(proof )

end

locale complete-lattice-pair-ow =
cly: complete-lattice-ow Uy Infy Supy inf1 ley Isy supy boty top +
cly: complete-lattice-ow Us Info Sups info les Iss sups bots tops
for U :: 'al set and Inf, Supy inf1 le; Isy supy boty top;
and Ug = bl set and Info Sups infs les lsy sups boty tops
begin

sublocale bounded-lattice-pair-ow (proof)
sublocale Inf-pair-ow {proof)
sublocale Sup-pair-ow (proof)

end

Transfer rules

context
includes lifting-syntax
begin

lemma complete-lattice-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(
(rel-set A ===> A) ===>
(rel-set A ===> A) ===>
(A ===> A ===> A) ===>
(A ===> A ===> (=)) ===>
(A ===> A ===> (=)) ===>
(A ===> A ===> A) ===>
A ===> A ===>
(=)
)

(complete-lattice-ow (Collect (Domainp A))) class.complete-lattice
(proof)

end

Relativization

context complete-lattice-ow
begin

tts-context
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tts: (?’a to U)
rewriting ctr-simps
substituting complete-lattice-ow-azxioms and sup-bot.sl-neut.not-empty
eliminating <%a € 24y and <?A ¢ ?B) through auto
applying [OF Inf-closed’ Sup-closed’ inf-closed’ sup-closed’]
begin

tts-lemma Inf-atLeast:
assumes z € U
shows [y {T..ow} = =
is complete-lattice-class. Inf-atLeast{proof)

tts-lemma Inf-atMost:
assumes z € U
shows [ {-owZ} = Low
is complete-lattice-class. Inf-atMost(proof)

tts-lemma Sup-atLeast:
assumes z € U
shows | ow {Z--ow} = Tow
is complete-lattice-class.Sup-atLeast{proof)

tts-lemma Sup-atMost:
assumes y € U

shows o {--owy} = ¥
is complete-lattice-class.Sup-atMost{proof)

tts-lemma Inf-insert:
assumes a € Uand Ac U
shows [, (insert a A) = a Moy Mow A
is complete-lattice-class. Inf-insert(proof)

tts-lemma Sup-insert:
assumes a € Uand A c U
shows |, (insert a A) = a Upy L ow A
is complete-lattice-class.Sup-insert{proof )

tts-lemma Inf-atMostLessThan:
assumes z € U and T,y <ouw T
shows [ow {-<owT} = Low
is complete-lattice-class. Inf-atMostLess Than{proof)

tts-lemma Sup-greaterThanAtLeast:
assumes z € U and z <,y Tow
shows | ow {2<ow--} = Tow
is complete-lattice-class.Sup-greater ThanAtLeast(proof)

tts-lemma le-Inf-iff:
assumes be Uand Ac U
shows (b <,y Mow A) = Ball A ((<ow) b)
is complete-lattice-class.le-Inf-iff (proof)

tts-lemma Sup-le-iff:
assumes A c Uand be U
shows (Llow A <ow b) = (V2€A. T <oy D)
is complete-lattice-class.Sup-le-iff (proof )

tts-lemma Inf-atLeastLessThan:
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assumes z € U and y € U and z <, ¥
shows [, (on U with (<o0) (<ow) : {z.<y}) =z
is complete-lattice-class. Inf-atLeastLess Than{proof)

tts-lemma Sup-greater ThanAtMost:
assumes z € U and y e U and z <, ¥

shows ||, {Z<ow--y} = ¥
is complete-lattice-class.Sup-greater ThanAtMost(proof)

tts-lemma Inf-atLeastAtMost:
assumes z € U and ye U and = <, ¥

shows [Mow {Z.owy} =
is complete-lattice-class. Inf-atLeast AtMost(proof )

tts-lemma Sup-atLeastAtMost:
assumes z € U and ye U and = <., ¥

shows |y {Z.0wy} = ¥
is complete-lattice-class.Sup-atLeastAtMost{proof)

tts-lemma Inf-lower2:
assumes AC Uand ve Uand ue A and u <, v
shows [ ow A <ow v
is complete-lattice-class. Inf-lower2{proof)

tts-lemma Sup-upper2:
assumes A c Uand ve Uand ue Aand v <,y u
shows v <, Llow 4
is complete-lattice-class.Sup-upper2(proof)

tts-lemma Inf-less-eq:
assumes A c Uand ue Uand Av. ve A = v <, uand A # {}
shows [1ow A <ow U
given complete-lattice-class.Inf-less-eq {proof)

tts-lemma less-eq-Sup:
assumes A ¢ Uand v e Uand Av. ve A = u <, vand A # {}
shows u <,y ow 4
given complete-lattice-class.less-eq-Sup (proof)

tts-lemma Sup-eql:
assumes A c U
and z € U
and A\y. ye A = y<ou T
and Ay. [ye Uy Az. 2€ A = 2 <50 Y]] = 2 <ouw ¥
shows | |, A =2
given complete-lattice-class.Sup-eql

{proof)

tts-lemma Inf-eql:
assumes A ¢ U
and z € U
and A\i. 1 € A = x <y @
and Ay. [ye U; Ni. i e A = y<,p t]] = Yy <ow T
shows [ow A = 2
given complete-lattice-class.Inf-eql

(proof)

tts-lemma Inf-union-distrib:
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assumes A ¢ U and Bc U
shows My (A U B) = Mow A Mow Mow B
is complete-lattice-class. Inf-union-distrib{proof)

tts-lemma Sup-union-distrib:
assumes A ¢ U and Bc U
shows Uow (A U B) = Uow A Uow U ow B
is complete-lattice-class.Sup-union-distrib(proof)

tts-lemma Sup-inter-less-eq:
assumes A € U and Bc U
shows | ow (AN B) <ow Uow A Now Uow B
is complete-lattice-class.Sup-inter-less-eq{proof)

tts-lemma less-eq-Inf-inter:
assumes A € U and Bc U
shows [Mow A Uow [Mow B <ow Mow (A N B)
is complete-lattice-class.less-eq-Inf-inter(proof)

tts-lemma Sup-subset-mono:
assumes Bc U and A ¢ B
shows Ll ow 4 <ow Uow B
is complete-lattice-class.Sup-subset-mono(proof)

tts-lemma Inf-superset-mono:
assumes A c U and Bc 4
shows Mow A <ow Mow B
is complete-lattice-class. Inf-superset-mono{proof)

tts-lemma Sup-bot-conuv:
assumes A c U
shows
(Uow A = Low) = (VzeA. £ = Loy)
(Low = Uow A) = (VzeA. = L,y)
is complete-lattice-class.Sup-bot-conv{proof)

tts-lemma Inf-top-conv:
assumes A ¢ U
shows
(Mow A =Tow) = (VaeA. 1 = Tyy)
(Tow =Mow A) = (V€A T = Tou)
is complete-lattice-class. Inf-top-conv(proof)

tts-lemma Inf-le-Sup:
assumes A ¢ U and A # {}
shows [Mow A Sow Low 4
is complete-lattice-class. Inf-le-Sup(proof)

tts-lemma INF-UNIV-bool-expand:
assumes range A ¢ U
shows [, (range A) = A True Ny A False
is complete-lattice-class. INF-UNIV-bool-expand(proof)

tts-lemma SUP-UNIV-bool-expand:
assumes range A ¢ U
shows |, (range A) = A True U, A False
is complete-lattice-class.SUP-UNIV-bool-expand(proof)
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tts-lemma Sup-mono:
assumes A ¢ U and B¢ U and Aa. a € A = Bex B ((<,w) @)
shows | |,w A <ow Uow B
given complete-lattice-class.Sup-mono (proof)

tts-lemma Inf-mono:
assumes B c U
and Ac U
and Ab. be B= Fz€A. 2 <,y b
shows [Mow A <ow [Mow B
given complete-lattice-class.Inf-mono {proof)

tts-lemma Sup-Inf-le:
assumes A ¢ Pow U
shows ||,
(
MNow ‘{z.2c UA@fe{f. fPowUcU}l.z=f AA(VYeA. fY eY))}
) <ow |—|ow (Uow ‘A)
is complete-lattice-class.Sup-Inf-le{proof)

end

tts-context
tts: (?a to U)
rewriting ctr-simps
substituting complete-lattice-ow-azxioms and sup-bot.sl-neut.not-empty
applying [
OF Inf-closed’ Sup-closed’ inf-closed’ sup-closed’ bot-closed top-closed

]

begin

tts-lemma Inf-UNIV:[N,0 U = Loy
is complete-lattice-class. Inf-UNIV{proof)

tts-lemma Sup-UNIV: | |,0 U = Tow
is complete-lattice-class.Sup-UNIV (proof)

end

context
fixes Uy = 'b set
begin

lemmas [transfer-rule] =
image-transfer[where ?'a='b]

tts-context
tts: (?’a to U) and (2'b to «Usz:'b sety)
rewriting ctr-simps
substituting complete-lattice-ow-axioms and sup-bot.sl-neut.not-empty
eliminating through (insert Sup-least, auto)
begin

tts-lemma SUP-upper2:
assumes A ¢ U,
and v e U
and VaeUsy. fo e U
and i€ A
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and u <, f 1
shows 4 <,y Low (f “A)
is complete-lattice-class.SUP-upper2(proof)

tts-lemma INF-lower2:

assumes A ¢ U,
and VaeUs. fox e U
and v e U
and i € A
and fi <,y u

shows [N, (f € 4) <ow u

is complete-lattice-class. INF-lower2{proof)

tts-lemma less-INF-D:

assumes y € U
and VzeUs. fz e U
and A c U,
and Y <ow Mow (f ‘ A)
and i€ A

shows y <, f 1

is complete-lattice-class.less-INF-D{proof )

tts-lemma SUP-lessD:

assumes VzelUs. fz e U
and A c U,
and y e U
and oy (f “4) <ow ¥
and i€ A

shows fi <,y ¥

is complete-lattice-class.SUP-lessD(proof)

tts-lemma SUP-le-iff:
assumes VzelUs. frz e Uand Ac Uy and ue U
shows (U ow (f ‘ A) <ow u) = (VxEA filf Sow u)
is complete-lattice-class.SUP-le-iff (proof)

end
end

tts-context
tts: (?'a to U) and (?'b to <Usz:'b sely)
rewriting ctr-simps
substituting complete-lattice-ow-axioms and sup-bot.sl-neut.not-empty
eliminating through (auto dest: top-le)
begin

tts-lemma INF-eql:
assumes A ¢ Uy
and z € U
and VzeUs. fz e U
and Ai. [[i € Ug; i€ A]] = x <ou [0
and Ay. [ye U; ANi. [[i€ Ug; i€ A]] = y <ow fi]] = ¥y <ow =
shows [, (f ‘4) =z
is complete-lattice-class. INF-eql {proof)

end
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tts-context
tts: (?7a to U) and (?'b to «Us:'b sety)
rewriting ctr-simps
substituting complete-lattice-ow-arioms and sup-bot.sl-neut.not-empty
eliminating through (auto simp: order.eq-iff)
begin

tts-lemma SUP-eql:
assumes A € U,y
and VazeUsy. fo e U
and z € U
and Ai. [[i € Ug; i€ A]l = fi<ow @
and Ay. [[ye U; Ni. [i € Ug; i€ All = fi<ow y]] = T <ow ¥
shows |, (f ‘4) = 2z
is complete-lattice-class.SUP-eql {proof)

end

tts-context
tts: (?'a to U) and (?'b to <Usy:'b sety)
rewriting ctr-simps
substituting complete-lattice-ow-axioms and sup-bot.sl-neut.not-empty
eliminating through simp
begin

tts-lemma INF-le-SUP:
assumes A ¢ Us and VzeUs. fz € U and A # {}

shows Moy (f “4) <ow Uow (f £ A)
is complete-lattice-class. INF-le-SUP{proof)

tts-lemma INF-inf-constl:
assumes [ € Uy and z € U and VzeUs. fz e Uand I # {}
shows [ (M. Moy f7) ‘1) = 2 Mow Mow (f < 1)
is complete-lattice-class. INF-inf-const1{proof)

tts-lemma INF-inf-const2:
assumes [ ¢ Uy and VzeUs. fo e Uand z € U and I # {}
shows [ (M. fiMow ) ‘1) =Mow (f 1) Now
is complete-lattice-class. INF-inf-const2{proof)

end

tts-context
tts: (?’a to U) and (2'b to «Usz:'b sety)
rewriting ctr-simps
substituting complete-lattice-ow-azrioms and sup-bot.sl-neut.not-empty
eliminating through auto
begin

tts-lemma INF-eg-const:
assumes [ € U,
and VzeUs. fz e U
and [ # {}
and A\i. 1€ ]l = fi=1z
shows [y (f 1) = x
given complete-lattice-class.INF-eq-const
{proof)
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tts-lemma SUP-eg-const:
assumes [ ¢ U,
and VzeUs. fz e U
and [ # {}
and \i.ie ]l = fi==x
shows |, (f ‘1) =z
given complete-lattice-class.SUP-eq-const
(proof )

tts-lemma SUP-eq-iff:
assumes [ ¢ U,
and ce U
and VzeUs. fz e U
and [ # {}
and Ni. 1€ [ = ¢ <o [
shows (Uow (f ‘1) =¢) = (Vael. fz = ¢)
given complete-lattice-class.SUP-eq-iff
{proof)

tts-lemma INF-eq-iff:
assumes [ € U,
and VaeUs. fx e U
and ce U
and I # {}
and Ai. 1€ Il = fi<,y C
shows (Mew (f ‘1) =¢) = (Vzel. fz = ¢)
given complete-lattice-class. INF-eq-iff
{proof)

end

context
fixes Usy = 'b set
begin

lemmas [transfer-rule] =
image-transfer[where ?'a='b]

tts-context
tts: (?'a to U) and (b to <Usy:'b sety)
rewriting citr-simps
substituting complete-lattice-ow-axioms and sup-bot.sl-neut.not-empty
eliminating through (auto simp: sup-bot.top-unique top-le intro: Sup-least)
begin

tts-lemma INF-insert:
assumes VzelUs. fz € Uand ae Uy and A ¢ U,

shows [, (f “insert a A) = fa Moy Mow (f ©A)
is complete-lattice-class. INF-insert(proof)

tts-lemma SUP-insert:
assumes VzelUs. fz € Uand ae Uy and A € U,

shows |4 (f “insert a A) = fa Upy Low (f ©A)
is complete-lattice-class.SUP-insert(proof )

tts-lemma le-INF-iff:
assumes v € U and VzeUs. fx € Uand A € Uy
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shows (u <oy [Mow (f € A4)) = (VazeA. u <,y [ )
is complete-lattice-class.le-INF-iff { proof)

tts-lemma INF-union:
assumes VzeUy. Mz e Uand Ac Uy and B € U,
shows [y (M ‘(AU B)) =ow (M “A) Now Mow (M ¢ B)
is complete-lattice-class. INF-union{proof)

tts-lemma SUP-union:
assumes VzeUy. Mz € Uand Ac Uy and B € Usg
shows |,y (M ‘(AU B)) = Uow (M “A) Upw Uow (M ¢ B)
is complete-lattice-class.SUP-union(proof)

tts-lemma SUP-bot-conv:
assumes VzeUy. Bz e U and A c U,y
shows
(Uow (BA) = 1ow) =(VazeA. Bz = 1ow)
(Low =Uow (B “A)) = (VacA. Bx = Lyy)
is complete-lattice-class.SUP-bot-conv(proof)

tts-lemma INF-top-conv:
assumes VzelUsy. Bz e Uand A c U,y
shows
(Mow (B “A) = Tow) = (VaeA. Bx = Tuy)
(Tow =Mow (B “A)) = (VaeA. Bx = Tuy)
is complete-lattice-class. INF-top-conv(proof)

tts-lemma SUP-upper:
assumes A € Uy and VazeU,. fz e Uand i€ A
shows [ <, Llow (f ¢ A)
is complete-lattice-class.SUP-upper{proof)

tts-lemma INF-lower:
assumes A ¢ Uy and VzeUsy. fze Uand ¢ € A
shows [N (f € A4) <ow [
is complete-lattice-class. INF-lower{proof)

tts-lemma INF-inf-distrib:
assumes VzelUs. for e Uand A<C Uy and VzelUsy. gz e U

shows Mow (f “A4) Mow Mow (9 “ 4) = Mow ((Aa. fa Mgy g a) “A)
is complete-lattice-class. INF-inf-distrib{proof

tts-lemma SUP-sup-distrib:
assumes VzelUs. foz e Uand Ac Uy and VzeUsy. gz e U
shows | ow (f “4) Uow Low (9 “4) = ow ((Aa. faUyy ga) “A)
is complete-lattice-class.SUP-sup-distrib(proof)

tts-lemma SUP-subset-mono:
assumes B ¢ U,y
and VaeUs. fo e U
and VYzeUs. gz e U
and A c B
and A\z. 1€ A = fx<,p gz
shows | ow (f “4) <ow Uow (9 * B)
given complete-lattice-class.SUP-subset-mono
{proof)

tts-lemma INF-superset-mono:
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assumes A ¢ U,

and VaeUs. fx e U

and VzeUs. gz e U

and Bc A

and Az. [t e Us;z e B]] = fz<ow gz
shows [Mow (f “A) <ow Mow (9 * B)

given complete-lattice-class. INF-superset-mono

(proof )

tts-lemma INF-absorb:
assumes [ € Uy and VzeUy. Az e Uand ke ]
shows A k Moy Mow (A 1) =ow (A “ 1)
is complete-lattice-class. INF-absorb{proof)

tts-lemma SUP-absord:
assumes [ € Uy and VzeUy. Az € Uand ke ]
shows A k Uy Uow (A ‘1) = Uow (A4 “ 1)
is complete-lattice-class.SUP-absorb{proof)

end
end
context
fixes f = 'b = 'al and Us :: 'b set
assumes f[transfer-rule]: Vo € Us. fz = Loy

begin

tts-context
tts: (?'a to U) and (b to <Usz:'b sety)

sbterms: (< Orderings.bot:?'a::complete-lattices t0 <Lyy))

rewriting ctr-simps

substituting complete-lattice-ow-axioms and sup-bot.sl-neut.not-empty

eliminating through simp
begin

tts-lemma SUP-bot:
assumes A ¢ U,y
shows |ow (f “A4) = Low

is complete-lattice-class.SUP-bot[ folded const-fun-def]{proof)

end
end

context

fixes f = 'b = 'al and Us :: 'b set

assumes f[transfer-rule]: Vz € Us. f 2 = Tou
begin

tts-context
tts: (?'a to U) and (b to <Usz:'b sety)

sbterms: (< Orderings.top: ?'a::complete-lattices t0 (T yq))

rewriting ctr-simps

substituting complete-lattice-ow-axioms and sup-bot.sl-neut.not-empty

eliminating through simp
begin
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tts-lemma INF-top:
assumes A ¢ U,y
shows [,y (f € 4) = Touw
is complete-lattice-class. INF-top[ folded const-fun-def](proof)

end
end

context
fixes f :: ‘0 = ’al and c and F and Us :: b set
assumes c-closed[transfer-rule]: ¢ € U
assumes f[transfer-rule]: Vo € Us. fo = ¢
begin

tts-register-sbts o> | U
{proof)

tts-context
tts: (?'a to U) and (?'b to <Usy:'b sety)
sbterms: (< ?c:?'a:complete-latticer to <c»)
rewriting ctr-simps
substituting complete-lattice-ow-axioms and sup-bot.sl-neut.not-empty
eliminating through simp
begin

tts-lemma INF-constant:
assumes A ¢ U,
shows Moy (f “A) = (if A = {} then T, else ¢)
is complete-lattice-class. INF-constant[ folded const-fun-def]{proof)

tts-lemma SUP-constant:
assumes A ¢ U,
shows |,y (f “A) = (if A = {} then Ly, else ¢)
is complete-lattice-class.SUP-constant| folded const-fun-def]{proof)

end

tts-context
tts: (?a to U) and (b to «Us:'b sety)
sbterms: (< 2f:?'a:complete-latticer to «c»)
rewriting citr-simps
substituting complete-lattice-ow-axioms and sup-bot.sl-neut.not-empty
eliminating through simp
begin

tts-lemma INF-const:
assumes A ¢ Up and 4 # {}
shows [, ((Ai. ¢) 4) = ¢
is complete-lattice-class. INF-const{proof)

tts-lemma SUP-const:
assumes A ¢ Uy and A # {}
shows |, (M. ¢) 4) = ¢
is complete-lattice-class.SUP-const{proof)

end
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end
end

context complete-lattice-ow
begin

tts-context
tts: (?’a to U) and (2'b to «Us:'b sety) and (?'c to <Us:'c sety)
rewriting ctr-simps
substituting complete-lattice-ow-axioms and sup-bot.sl-neut.not-empty
eliminating <?U # {}> through (force simp: subset-iff INF-top equalsOD)
applying [
OF Inf-closed’ Sup-closed’ inf-closed’ sup-closed’ bot-closed top-closed

]

begin

tts-lemma SUP-eq:
assumes A € U,
and B ¢ Uj
and VzeUs. f (z:'a) € U
and VzeUs. gz e U
and Ai. 1€ A = JzeB. fi<,, g
and Aj. j€ B== 3z€Ad. gj<oun [z
shows |y (f “4) = Uow (g ‘B)
given complete-lattice-class.SUP-eq
{proof)

tts-lemma INF-eq:
assumes A ¢ U,y
and B c Uj
and VzeUs. gz e U
and VzeUs. f (z:'a) e U
and N\i. i€ A = J2€B. g2 <o [ 1
and Aj. j€ B= 3z€A. frx <ou gJ
shows [,y (f “4) =Mow (g *B)
given complete-lattice-class.INF-eq
{proof)

end
end

context complete-lattice-ow
begin

context
fixes Uy = 'b set and Us = ‘c set
begin

lemmas [transfer-rule] =
image-transfer[where ?'a="b]
image-transfer[where ?'a='c]

tts-context
tts: (?a to U) and (b to «Us:'b sety) and (?'c to <Usz:'c sety)
rewriting ctr-simps
substituting complete-lattice-ow-azxioms and sup-bot.sl-neut.not-empty
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applying [
OF - - Inf-closed’ Sup-closed’ inf-closed’ sup-closed’ bot-closed top-closed

]
begin

tts-lemma ne-INF-commute:
assumes Us # {}
and Uz # {}
and VzeUsy. VyeUs. [ (a2'b) ye U
and B c Uj
and A c U,
shows Mo (M. Mow (fi “B)) “A) = Mow (M. Mow ((Mi. fij) “A)) ‘B)

is complete-lattice-class. INF-commute(proof)

tts-lemma ne-SUP-commute:
assumes Us # {}
and Us # {}
and VzeUsy. VyeUs. [ (2:'b) ye U
and B ¢ Us
and A c U,
shows ||, (()\Z Ll ow (fl ‘B)) ‘A) =Uow (()\7 L ow ((AZ fZ]) ‘ A)) ‘B)

is complete-lattice-class.SUP-commute{proof)

tts-lemma ne-SUP-mono:
assumes Us # {}
and Us # {}
and A c U,
and B c Ujs
and VzeU,y. f (z:'0) e U
and VzeUsz. gz e U
and An. [ne Ug; ne A]] = Ja€B. fn<,u g
shows | ow (f “A4) <ow Uow (9  B)
is complete-lattice-class.SUP-mono(proof)

tts-lemma ne-INF-mono:
assumes Us # {}
and Us # {}
and B ¢ U,
and A c Us
and VzeUs. fz e U
and VzeUsy. g (2:'0) € U
and Am. [[m e Ug; m e B]] = JacA. fz <o gm
shows Mow (f “A4) <ow Mow (9 ‘ B)
is complete-lattice-class. INF-mono(proof)

end
end

lemma INF-commute:
assumes VzeUsy. VyeUs. frye Uand B< Us and A ¢ Us
shows
Mow (()\I MMow (fZL’ ‘B)) ‘A) =[ow ((A] [Mow (()\Z fZ]) ‘ A)) ‘B)
{proof)

lemma SUP-commute:
assumes VzelUsy. VyeUs. frye Uand B< Us and A ¢ Us
shows
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( I_IJ?;U ((Az. Uow (fz *B)) “A) = Uow (M- Uow ((Ai. fij) “A)) *B)
proo,

lemma SUP-mono:
assumes A ¢ U,
and B ¢ Ujs
and VaeUs. fox e U
and VzeUs. gx e U
and An. ne€ A = AmeB. fn <oy gm
shows I_low (f ‘ A) <ow |_|0'w (g ‘ B)
{proof)

lemma INF-mono:
assumes B ¢ U,
and A ¢ Uy
and VzeUs. fx e U
and VzeUs. gz e U
and Am. me€ B= 3neA. fn<,, gm
ShOWS |_|O’LU (f ‘ A) Sow I_low (g ‘ B)
{proof)

end

context complete-lattice-pair-ow
begin

context
fixes Us = ‘c set

begin

lemmas [transfer-rule] =
image-transfer[where ?'a='c|

end

end
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3.15 Relativization of the results about linear orders

3.15.1 Linear orders

Definitions and further properties

locale linorder-ow = order-ow +
assumes linear: [z € U; y e U]l = 2 <o YV Y Sow T
begin

sublocale min:
semilattice-order-ow U «(Az y. (with ($ow) @ «miny z y))» (Sow)? (<ow)®

{proof)

sublocale maz:
semilattice-order-ow U <(Az y. (with (<o) @ «maz» z Y)) (Zow)> ((>ow)?

{proof)

end
locale ord-linorder-ow =
ord? ord-ow Uq ley lsy + lo? linorder-ow Usy leg lso
for U; = ‘a0 set and le; Is; and Us = 'bo set and ley Isy
begin
sublocale ord-order-ow (proof)
end
locale preorder-linorder-ow =
po?: preorder-ow Uy ley lsy + lo% linorder-ow Us leg lso
for U; = 'ao set and le; Is; and Us == 'bo set and ley sy
begin
sublocale preorder-order-ow {proof)
end
locale order-linorder-ow =
order?: order-ow Uj ley Isy + lo? linorder-ow Usqg ley lsy
for U; = 'ao set and le; Is; and Us = 'bo set and lesy Isy
begin
sublocale order-pair-ow (proof)
end
locale linorder-pair-ow =
lo1 % linorder-ow Uy ley lsy + log % linorder-ow Usy leg lso
for U; = 'ao set and ley ls; and Us = ‘bo set and ley sy
begin

sublocale order-linorder-ow (proof)

end

Transfer rules

context
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includes lifting-syntax
begin

lemma linorder-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((A ===> A ===> (:)) ===> (A ===> A ===> (:)) ===> (:))
(linorder-ow (Collect (Domainp A))) class.linorder

{proof)

end

Relativization

context linorder-ow
begin

tts-context
tts: (?a to U)
rewriting cir-simps
substituting linorder-ow-azxioms
eliminating through simp
begin

tts-lemma le-less-linear:
assumes z € U and y € U
shows z <, Yy V Y <ouw T
is linorder-class.le-less-linear(proof)

tts-lemma not-less:
assumes z € U and y € U
shows (= = <, ¥) = (¥ <ow T)
is linorder-class.not-less(proof )

tts-lemma not-le:
assumes z € U and y € U
shows (= = <40 ¥) = (¥ <ow T)
is linorder-class.not-le(proof )

tts-lemma lessThan-minus-lessThan:
assumes n € U and me U

shows {..<,un} — {..<ouwm} = (on U with (<ow) (<ow) : {m..<n})

is linorder-class.less Than-minus-less Than{proof )

tts-lemma Ici-subset-Ioi-iff:
assumes g € U and be U
shows ({a..ouw} S {b<ow--}) = (b <o a)

is linorder-class.Ici-subset-loi-iff (proof)

tts-lemma [lic-subset-Iio-iff:
assumes g € U and be U
shows ({..owa} € {.<owb}) = (a <oy b)

is linorder-class.Iic-subset-Tio-iff (proof)

tts-lemma lel:
assumes x € U and y € U and - & <,y ¥
shows y <,y =
is linorder-class.lel{proof)
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tts-lemma not-le-imp-less:
assumes y € Uand z € U and - y <,y T
shows z <,y ¥y
is linorder-class.not-le-imp-less(proof)

tts-lemma Int-atMost:
assumes a € Uand be U
shows {..opa} N {..owb} = {..owmin a b}
is linorder-class.Int-atMost{proof)

tts-lemma lessThan-Int-lessThan:
assumes a € U and be U
shows {a<,y..} N {b<py..} = {Mmaz a b<yy..}
is linorder-class.less Than-Int-less Than{proof)

tts-lemma greaterThan-Int-greaterThan:
assumes a € Uand b e U
shows {..<,pa} N {.<owd} = {..<owmin a b}
is linorder-class.greater Than-Int-greater Than{proof)

tts-lemma less-linear:
assumes z € U and y € U
shows 2 <,y Y VZ =y V y<oy T
is linorder-class.less-linear(proof)

tts-lemma Int-atLeastAtMostR2:
assumes a € Uand ce Uand d € U
shows {a..ou} N {C.cowd} = {maz a c..onpd}
is linorder-class.Int-atLeast AtMostR2(proof )

tts-lemma Int-atLeastAtMostR1:
assumes be Uand ce Uand d e U
shows {..,,b} N {c..owd} = {c..onwmin b d}
is linorder-class.Int-atLeastAtMostR1{proof)

tts-lemma Int-atLeastAtMostL2:
assumes ¢ € Uand be Uand ce U
shows {a..,ub} N {c..ow} = {maz a c..,q,b}
is linorder-class.Int-atLeastAtMostL2(proof)

tts-lemma Int-atLeastAtMostL1:
assumes g € Uand be Uand de U
shows {a..,ub} N {..ouwd} = {a..cumin b d}
is linorder-class.Int-atLeastAtMostL1{proof)

tts-lemma neq-iff:
assumes z € U and y € U
shows (:C ?é y) = ({f <ow Y V Y <ow :L')
is linorder-class.neg-iff (proof)

tts-lemma not-less-iff-gr-or-eq:
assumes r € U and y € U
shows (= = <40 y) = (Y <ow TV T =y)
is linorder-class.not-less-iff-gr-or-eq(proof

tts-lemma max-min-distrib2:
assumes a € Uand be Uand ce U

146



CHAPTER 3. SML RELATIVIZATION

shows maz a (min b ¢) = min (maz a b) (maz a c)
is linorder-class.maz-min-distrib2{proof)

tts-lemma maz-min-distribl:
assumes be Uand ce Uand a e U
shows maxz (min b ¢) a = min (maz b a) (maz c a)
is linorder-class.maz-min-distribl{proof)

tts-lemma min-maz-distrib2:
assumes ¢ € Uand be Uand ce U
shows min a (maz b ¢) = maz (min a b) (min a c)
is linorder-class.min-maz-distrib2{proof)

tts-lemma min-maz-distribl:
assumes be Uand ce Uand a € U
shows min (maz b ¢) a = maz (min b a) (min c a)
is linorder-class.min-maz-distribl{proof)

tts-lemma atLeastAtMost-diff-ends:
assumes g € U and be U
shows {a..,,0} — {a, b} = {a<ow.-<owb}
is linorder-class.atLeast AtMost-diff-ends{proof )

tts-lemma less-max-iff-disj:
assumes z € Uand z € U and y e U
shows (2 <, maz T y) = (2 <ow TV 2 <ouw Y)
is linorder-class.less-maz-iff-disj{proof)

tts-lemma min-less-iff-cony:
assumes z € Uand z € U and y e U
shows (2 <, min 2 y) = (2 <ow T A 2 <ow V)
is linorder-class.min-less-iff-conj{proof)

tts-lemma maz-less-iff-cony:
assumes z € U and y € U and z € U
shows (maz x Y <ow 2) = (T <ow 2 N Y <ow 2)
is linorder-class.mazx-less-iff-conj(proof)

tts-lemma min-less-iff-disj:
assumes r € Uand ye U and z¢ U
shows (min =y <,w 2) = (T <ow 2 V Y <ow 2)
is linorder-class.min-less-iff-disj{proof)

tts-lemma le-max-iff-disj:
assumes z € Uand z ¢ U and y e U
shows (2 <o maz T Y) = (2 Sow TV 2 <ouw Y)
is linorder-class.le-max-iff-disj{proof)

tts-lemma min-le-iff-disj:
assumes r € Uand ye Uand z¢ U
shows (min z Yy <ow 2) = (T <ow 2V Y Sow 2)
is linorder-class.min-le-iff-disj(proof)

tts-lemma antisym-conv3:
assumes y € Uand z € U and - y <,y @
shows (= 2 <oy y) = (z = y)
is linorder-class.antisym-conv3{proof)
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tts-lemma Int-atLeastAtMost:
assumes a € Uand be Uand ce Uand de U
shows {a..,,b} N {c..ond} = {maz a c..oymin b d}
is linorder-class.Int-atLeast AtMost(proof)

tts-lemma Int-atLeastLessThan:
assumes ¢ € Uand be Uand ce Uand d € U
shows
(on U with (<ow) (Kow) : {a..<b}) n (on U with (<o) (<ow) : {c..<d}) =
(on U with (<ow) (<ow) : {(maz a ¢)..<(min b d)})
is linorder-class.Int-atLeastLess Than(proof)

tts-lemma Int-greater ThanAtMost:
assumes a € Uand be Uand ce Uand d ¢ U
shows {a<,4y..b} N {c<onp..d} = {maz a c<yp..min b d}
is linorder-class.Int-greater ThanAtMost{proof)

tts-lemma Int-greaterThanLessThan:
assumes a ¢ Uand be Uand ce Uand d ¢ U
shows {a<,y.-<owb} N {c<ou--<owd} = {Mmaz a c<ouyp..<ouwmin b d}
is linorder-class.Int-greater ThanLess Than{proof)

tts-lemma le-cases:
assumes r € Uand yec Uand z <,, y = Pand y <,p, t = P
shows P
is linorder-class.le-cases(proof)

tts-lemma split-max:
assumes i € U and j e U
shows P (maz ij) = ((1 <ow j — PJ) A (=i <owj— P1i))
is linorder-class.split-maz(proof)

tts-lemma split-min:
assumes i € U and j e U
shows P (min ij) = (({ Sow j — P i) A (=i <ow j — PJ))
is linorder-class.split-min{proof)

tts-lemma loc-subset-iff:
assumes a € Uand be Uand ce Uand de U
shows ({a<pyw.-b} € {c<ow--d}) = (b <o @V b <o d A € <oy a)
is linorder-class.Ioc-subset-iff (proof)

tts-lemma atLeastLessThan-subset-iff:
assumes a € U
and be U
and ce U
and d e U
and (on U with (Low) (<ow) : {a..<b}) € (on U with (Low) (<ow) * {c..<d})
shows b <,y @V b<ou d A C<oy a
is linorder-class.atLeastLess Than-subset-iff (proof )

tts-lemma Joc-inj:
assumes a € Uand be Uand ce Uand d e U
shows ({a<py..b} = {c<ow--d}) = (b <ow aAd <oy cVa=cAb=d)
is linorder-class.loc-inj{proof)

tts-lemma negF:
assumes z € U
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and y e U
and z # y
and z <,y y =— R
and y <,y T = R
shows R
is linorder-class.neqE(proof)

tts-lemma Joc-disjoint:
assumes a € Uand be Uand ce U and d € U
shows
({a<ouw--b} N {c<ow--d} ={}) = (b <ow @V d <oy ¢V b <oy ¢V d <oy a)
is linorder-class.loc-disjoint{proof)

tts-lemma linorder-cases:

assumes z € U
and y e U
and = <,y y =— P
andz=y=— P
and y <,y T = P

shows P
is linorder-class.linorder-cases(proof)

tts-lemma le-cases3:
assumes z € U
and y e U
and z ¢ U
and [z <ouw ¥; Y Sow 2]] = P
[Y Sow @5 T <on 2]] = P
[2 <ow 2} 2 Sow y]] = P
[z <ow Y5 Y Sow z]] = P
[y Sow %5 2 Sow I]] = P
[2 Sow T; T Sow Y]] = P

is linorder-class.le-cases3{proof)
end

end

3.15.2 Dense linear orders

Definitions and further properties

locale dense-linorder-ow = linorder-ow U le ls + dense-order-ow U le s
for U :: ‘a0 set and le (infix ¢<,,» 50) and s (infix <<, 50)

Transfer rules

context
includes lifting-syntax
begin

lemma dense-linorder-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(4 ===> 4 ===> (=) ===> (4 ===> A ===> (=) ===> (=)
(dense-linorder-ow (Collect (Domainp A))) class.dense-linorder
(proof)
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end

Relativization

context dense-linorder-ow
begin

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting dense-linorder-ow-axioms
eliminating through simp
begin

tts-lemma infinite-Icc:
assumes a € Uand be U and a <,y b
shows infinite {a..,,b}
is dense-linorder-class.infinite-Icc(proof )

tts-lemma infinite-Ico:
assumes a € Uand be U and a <,y b
shows infinite (on U with (<o) (<ow) * {a..<b})
is dense-linorder-class.infinite-Ico{proof)

tts-lemma infinite-Iloc:
assumes ¢ € Uand be U and a <, b
shows infinite {a<,qy..b}
is dense-linorder-class.infinite-Toc(proof )

tts-lemma infinite-Ioo:
assumes ¢ € U and be U and a <, b
shows infinite {a<oy..<owb}
is dense-linorder-class.infinite-Ioo{proof)

tts-lemma atLeastLess Than-subseteq-atLeastAtMost-iff:
assumes ¢ € Uand be Uand ce U and d e U
shows
((on U with (Low) (<ow) : {a..<b}) € {c..ond}) =
(a <ow b — b <o d A C<py a)
is dense-linorder-class.atLeastLess Than-subseteq-atLeast AtMost-iff (proof )

tts-lemma greaterThanAtMost-subseteq-atLeastAtMost-iff:
assumes a € Uand be Uand ce Uand de U
shows ({a<,y..b} S {Cooowd}) = (a <oy b —> b <oy d A € <oy @)
is dense-linorder-class.greater ThanAtMost-subseteq-atLeast AtMost-iff (proof )

tts-lemma greaterThanAtMost-subseteq-atLeastLess Than-iff:

assumes a € U
and be U
and ce U
and d € U

shows ({a<,y..0} € (on U with (Low) (<ow) : {c..<d})) =
(a' <ow b = b <o d A C <oy a)
is dense-linorder-class.greater ThanAtMost-subseteq-atLeastLess Than-iff ( proof )

tts-lemma greaterThanLessThan-subseteq-atLeastAtMost-iff:
assumes ¢ € Uand be Uand ce U and d e U
shows ({a<ow--<owb} € {Ciowd}) = (@ <o b —> b <oy d A ¢ <oy @)
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is dense-linorder-class.greater ThanLess Than-subseteq-atLeast AtMost-iff ( proof )

tts-lemma greaterThanLessThan-subseteq-atLeastLess Than-iff:
assumes ¢ € Uand be Uand ce Uand d e U
shows
({a<ow--<owb} € (on U with (Low) (<ow) : {c..<d})) =
(a <ow b —b<op dAc<op a)
is dense-linorder-class.greater ThanLess Than-subseteq-atLeastLess Than-iff ( proof)

tts-lemma greaterThanLessThan-subseteq-greaterThanAtMost-iff:
assumes a € Uand be Uand ce Uand d e U
shows ({a<ow--<owb} € {c<ow-.d}) = (a <o b —> b <oy d A ¢ <oy Q)
is dense-linorder-class.greater ThanLess Than-subseteq-greater Than AtMost-iff ( proof )

tts-lemma greaterThanLessThan-subseteq-greaterThanLessThan:
assumes a € Uand be Uand ce Uand d e U
shows ({a<,u--<owb} € {c<ow--<owd}) = (@ <o b —> b <ouy d A € <oy a)
is dense-linorder-class.greater ThanLess Than-subseteq-greater ThanLess Than{proof )

end

end
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3.16 Relativization of the results about simple topological
spaces

3.16.1 Definitions and common properties

Some of the entities that are presented in this subsection were copied from the theory
HOL- Types-To-Sets/ Examples| T2-Spaces.

locale topological-space-ow =
fixes U : ‘at set and 7 :: 'at set = bool
assumes open-UNIV[simp, intro]: 7 U
assumes open-Int[intro]:
[ScU; TcU;787T]|=7(5nT)
assumes open-Union[intro]:
[ K< PowU; VSeK. 7 S]] = 7 (UK)
begin

context
includes lifting-syntax
begin

tts-register-sbts 7 | U
{proof)

end
end

locale topological-space-pair-ow =
ts1: topological-space-ow Uy T1 + tse: topological-space-ow Usg To
for U, = 'at set and 71 and U, = 'bt set and 79

locale topological-space-triple-ow =
ts1: topological-space-ow Uy 71 +
tso: topological-space-ow Us To +
tss: topological-space-ow Us T3
for U, = 'at set and 7
and Uj, : 'bt set and 79
and Us : ‘ct set and 73
begin

sublocale tsp;: topological-space-pair-ow Uy 71 Ug T2 (proof)
sublocale tsp;3: topological-space-pair-ow Uy 71 Us T3 {proof)
sublocale tspa3: topological-space-pair-ow Us 1o Us T3 (proof)
sublocale tspy1: topological-space-pair-ow Us 79 Uy 71 )
sublocale tsp31: topological-space-pair-ow Us 73 Uy 71 (proof)
sublocale tspss: topological-space-pair-ow Uz 73 Ug To (proof)

end

inductive generate-topology-on :: ['at set set, 'at set, ‘at set] = bool
(
«(in'-topology'-generated’-by - on - : «openy -)»
[1000, 1000, 1000] 10
)
for S :: 'at set set
where
UNIV: (in-topology-generated-by S on U : «openy U)
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| Int: (in-topology-generated-by S on U : «openy (a N b))
if (in-topology-generated-by S on U : «open» a)
and (in-topology-generated-by S on U : «openy b)
and a ¢ U
and bc U
| UN: (in-topology-generated-by S on U : «openy (UK))
if K ¢ Pow U
and (Ak. k € K = (in-topology-generated-by S on U : «open» k))
| Basis: (in-topology-generated-by S on U : «open» s)
ifseSand sc U

lemma gto-imp-ss: (in-topology-generated-by S on U : «openy A) = Ac U

{proof)

lemma gt-eq-gto: generate-topology = (AS. generate-topology-on S UNIV')
{proof)

ud <topological-space.closed) («(with - : «closed» -)» [1000, 1000] 10)

ud closed’ <closed)

ud <topological-space.compact) («(with - : «compact» -)» [1000, 1000] 10)

ud compact’ <compact)

ud <topological-space.connected) (<(with - : «connected» -)» [1000, 1000] 10)
ud connected’ «connected)

ud <topological-space.islimpty (<(with - : - «islimpt» -)» [1000, 1000, 1000] 60)
ud islimpt’ <topological-space-class.islimpts

ud <interiory («(with - : «interior» -)» [1000, 1000] 10)

ud <closures («(with - : «closure» -)» [1000, 1000] 10)

ud «frontier> («(with - : «frontier» -)» [1000, 1000] 10)

ud <countably-compacty («(with - : «countably’-compact» -)» [1000, 1000] 10)

definition topological-basis-with :: ['a set = bool, 'a set set] = bool
(«(with - : «topological’-basis» -)» [1000, 1000] 10)
where
(with T : «topological-basis» B) =
(UB=UNIVA(VbeB.7b) A (Vg 7q— (3BCB. UB' = q)))

ctr relativization
synthesis ctr-simps
assumes [transfer-domain-rule, transfer-rule]: Domainp A = (\z. z € U)
and [transfer-rule]: bi-unique A right-total A
trp (?'a A)
in closed-ow: closed.with-def
(«(on - with - : «closed» -)» [1000, 1000] 10)
and compact-ow: compact.with-def
(«(on - with - : «compact» -)» [1000, 1000, 1000] 10)
and connected-ow: connected.with-def
(«(on - with - : «connected» -)> [1000, 1000, 1000] 10)
and islimpt-ow: islimpt.with-def
(«(on - with - : - «islimpt» -)> [1000, 1000, 1000, 1000] 10)
and interior-ow: interior.with-def
(«(on - with - : «interior» -)» [1000, 1000, 1000] 10)
and closure-ow: closure.with-def
(«(on - with - : «closure» -)» [1000, 1000, 1000] 10)
and frontier-ow: frontier. with-def
(«(on - with - : «frontier» -)» [1000, 1000, 1000] 10)
and countably-compact-ow: countably-compact.with-def
(«(on - with - : «countably’-compact» -)» [1000, 1000, 1000] 10)
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context topological-space-ow
begin

abbreviation closed where closed = closed-ow U T
abbreviation compact where compact = compact-ow U T
abbreviation connected where connected = connected-ow U T
abbreviation islimpt (infixr <«islimpt»» 60)

where = «islimpt» S = on U with T : x «islimpty S
abbreviation interior where interior = interior-ow U T
abbreviation closure where closure = closure-ow U T
abbreviation frontier where frontier = frontier-ow U T
abbreviation countably-compact

where countably-compact = countably-compact-ow U T

end

context
includes lifting-syntax
begin

private lemma Domainp-fun-rel-eq-subset:
fixes A = ['a, 'c] = bool
fixes B : ['b, 'd] = bool
assumes bi-unique A bi-unique B
shows
Domainp (A ===> B) =
(Af. f“ (Collect (Domainp A)) < (Collect (Domainp B)))
(proof) lemma Fz-rt-bu-transfer[transfer-rule]:
fixes A = ['a, '¢c] = bool
fixes B = ['b, 'd] = bool
assumes [transfer-rule]: bi-unique A right-total A bi-unique B
shows
(B ===> 4) ==> () ===> (=)
(Bez (Collect (M\f. f ¢ (Collect (Domainp B)) ¢ (Collect (Domainp A)))))
Ezx

{proof)

end

definition topological-basis-ow ::
[‘a set, 'a set = bool, 'a set set] = bool
(«(on - with - : «topological’-basis» -)» [1000, 1000, 1000] 10)
where
(on U with T : «topological-basisy B) =
(UB=UA(NbeB.7b)A(NqecU.7q— (IB'c B.UB'=q)))

context topological-space
begin

lemma topological-basis-with| ud-with]:

topological-basis = topological-basis-with open

{proof)

end

3.16.2 Transfer rules

Some of the entities that are presented in this subsectionwere copied from HOL- Types-To-Sets/ Examples/ T2-Sp



CHAPTER 3. SML RELATIVIZATION

context
includes lifting-syntax
begin

lemmas vimage-transfer|transfer-rule] = vimage-transfer

lemma topological-space-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((rel-set A ===> (=)) ===> (=))
(topological-space-ow (Collect (Domainp A))) class.topological-space
(proof)

lemma generate-topology-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((rel-set (rel-set A)) ===> (rel-set A ===> (=)))
(AB. generate-topology-on B (Collect (Domainp A))) generate-topology
{proof)

lemma topological-basis-with-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((rel-set A ===> (=)) ===> (rel-set (rel-set A)) ===> (=))
(topological-basis-ow (Collect (Domainp A))) topological-basis-with
(proof)

end

3.16.3 Relativization

tts-context
tts: (?’a to «Uq:'a sety) and (2'b to «Usg:'b sety)
rewriting ctr-simps

begin

tts-lemma generate-topology- Union:
assumes U; # {}
and U; # {}
and [ ¢ U,
and S ¢ Pow U,y
and VzeU;. K (2:'a) € Ug
and
Ak. [k e Uy kel]] =
in-topology-generated-by S on Usg : «openy (K k)
shows in-topology-generated-by S on Usg : «openy (U (K ‘1))
is generate-topology- Union{proof)

end

tts-context
tts: (?'a to «U:'a sety)
rewriting ctr-simps
eliminating through
(unfold topological-space-ow-def; auto intro: generate-topology-on.intros)
begin

tts-lemma topological-space-generate-topology:
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shows topological-space-ow U (generate-topology-on S U)
is topological-space-generate-topology(proof)

end

context topological-space-ow
begin

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting topological-space-ow-axioms
eliminating through (metis open-UNIV)
begin

tts-lemma open-empty[ simp]:
shows 7 {}
is topological-space-class.open-empty(proof)

end

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting topological-space-ow-azxioms
eliminating through
(
unfold
closed-ow-def
compact-ow-def
connected-ow-def
interior-ow-def
closure-ow-def
frontier-ow-def,
auto

)

begin

tts-lemma closed-empty[simp]: closed {}
is topological-space-class. closed-empty(proof)

tts-lemma closed-UNIV [simp]: closed U
is topological-space-class.closed-UNIV {proof)

tts-lemma compact-empty[ simp]: compact {}
is topological-space-class.compact-empty(proof)

tts-lemma connected-empty[simp]: connected {}
is topological-space-class.connected-empty(proof )

tts-lemma interior-empty[ simp]: interior {} = {}
is interior-empty(proof)

tts-lemma closure-empty[ simp]: closure {} = {}
is closure-empty(proof)

tts-lemma closure-UNIV|[simp]: closure U = U
is closure-UNIV (proof)
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tts-lemma frontier-empty[ simp]: frontier {} = {}
is frontier-empty(proof)

tts-lemma frontier-UNIV [simp]: frontier U = {}
is frontier-UNIV{proof)

end

tts-context
tts: (?’a to U)
rewriting ctr-simps
substituting topological-space-ow-axioms
eliminating through (auto simp: UNIV inj-on-def)
begin

tts-lemma connected-Union:
assumes S € Pow U and As. s € S = connected sand N S n U # {}
shows connected (U S)
given Topological-Spaces.connected-Union

{proof)

tts-lemma connected-Un:

assumes s € U
and t ¢ U
and connected s
and connected t
and snt # {}

shows connected (s U t)
is Topological-Spaces.connected-Un{proof)

end

tts-context
tts: (?a to U)
rewriting ctr-simps
substituting topological-space-ow-axioms
eliminating <?U # {}» and (%4 ¢ ?B»
through (auto simp: UNIV inj-on-def)
begin

tts-lemma connected-sing:
assumes z € U
shows connected {z}
is topological-space-class.connected-sing(proof)

tts-lemma topological-basisE:
assumes B € Pow U
and O'c U
and z ¢ U
and on U with T : «topological-basisy B
and 7 O’
and z € O’
and AB'. [[B'c U; B’ e B; x € B'; B'c O']] = thesis
shows thesis
is topological-space-class.topological-basisE(proof)

tts-lemma islimptE:
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assumes z € U

and Sc U

and Tc U

and z «islimpt» S

and x ¢ T

and 7 T

and Ay. [ye U;ye S; ye T; y # x]] = thesis
shows thesis

is Elementary-Topology.islimptE{proof)

tts-lemma islimpt-subset:
assumes z € U and T ¢ U and z «islimpt» Sand S c T
shows z «islimpty T
is Elementary-Topology.islimpt-subset{proof)

tts-lemma islimpt-UNIV-iff:
assumes z € U
shows z «islimpty U = (= 7 {z})
is Elementary-Topology.islimpt- UNIV-iff (proof)

tts-lemma islimpt-punctured:
assumes z € Uand Sc U
shows z «islimpty S = z «islimpty S - {z}
is Elementary-Topology.islimpt-punctured(proof)

tts-lemma islimpt-EMPTY:
assumes z € U
shows - z «islimpty {}
is Elementary-Topology.islimpt-EMPTY (proof )

tts-lemma islimpt-Un:
assumes r € Uand Sc Uand T c U
shows z «islimpty S U T = (z «islimpty S v z «islimpty T)
is Elementary-Topology.islimpt- Un{proof)

tts-lemma interiorl:
assumes z € Uand Sc Uand 7 Tand z € Tand T c S
shows z € interior S
is Elementary-Topology.interiorI{proof)

tts-lemma islimpt-in-closure:
assumes z € Uand Sc U
shows z «islimpty S = (z € closure (S — {z}))
is Elementary- Topology.islimpt-in-closure(proof )

tts-lemma compact-sing:
assumes a € U
shows compact {a}
is Elementary- Topology.compact-sing(proof)

tts-lemma compact-insert:
assumes s € U and z € U and compact s
shows compact (insert x s)
is Elementary- Topology.compact-insert{proof)

tts-lemma open-Un:
assumes SC Uand Tc Uand 7 Sand 7 T
shows 7 (Su T)
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is topological-space-class.open-Un{proof)

tts-lemma open-Inter:
assumes S ¢ Pow U and finite S and Ball S 7
shows 7 (N S n U)
is topological-space-class.open-Inter{proof)

tts-lemma openl:
assumes S C Uand Az. [z e U;ze S]] = JycU.TyAnyc SAzey
shows 7 §
given topological-space-class.openl (proof)

tts-lemma closed-Un:
assumes S € U and T ¢ U and closed S and closed T
shows closed (S u T)
is topological-space-class. closed- Un{proof)

tts-lemma closed-Int:
assumes S € U and T ¢ U and closed S and closed T
shows closed (S n T)
is topological-space-class. closed-Int(proof)

tts-lemma open-Collect-cony:
assumes 7 {z. Pz Az e Utand 7 {2. Qz Aze U}
shows 7 {z € U. Px A Q z}
is topological-space-class. open-Collect-conj{proof)

tts-lemma open-Collect-disj:
assumes 7 {z. Px A z € U}
and 7 {z. Qx Az e U}
shows 7 {zr e U. Pz v Q z}
is topological-space-class.open-Collect-disj(proof)

tts-lemma open-Collect-imp:
assumes closed {z. Pz Az € U}
and 7 {z. Qzx Az e U}
shows 7 {z € U. Pz — Q 1}
is topological-space-class.open-Collect-imp(proof )

tts-lemma open-Collect-const: 7 {x. P A z € U}
is topological-space-class.open-Collect-const{proof )

tts-lemma closed-Collect-conj:
assumes closed {z. Pz A 2z € U} and closed {z. Q z A z € U}
shows closed {z € U. Pz A Q z}
is topological-space-class. closed- Collect-conj{proof)

tts-lemma closed-Collect-disj:
assumes closed {z. Pz A 2z € U} and closed {z. Q z A z € U}
shows closed {z € U. Pz v Q z}
is topological-space-class. closed-Collect-disj{proof )

tts-lemma closed-Collect-imp:
assumes 7 {z. Px A z € U} and closed {z. Q x A z € U}
shows closed {z ¢ U. Pz — Q z}
is topological-space-class. closed-Collect-imp(proof)

tts-lemma compact-Int-closed:
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assumes S € U and T ¢ U and compact S and closed T
shows compact (S n T)
is topological-space-class.compact-Int-closed(proof)

tts-lemma compact-diff:
assumes S € U and T ¢ U and compact S and 7 T
shows compact (S — T)
is topological-space-class.compact-diff {proof )

tts-lemma connectedD:
assumes U c U

and Vc U

and connected A
and 7 U

and 7 V

and Un (VnA)={}
and AcUuV

shows UnA={} v VnAd={}
is topological-space-class.connected D{proof)

tts-lemma topological-basis-open:
assumes B ¢ Pow U and on U with T : «topological-basis» B and X € B
shows 7 X
is topological-space-class.topological-basis-open{proof )

tts-lemma topological-basis-imp-subbasis:
assumes B ¢ Pow U and on U with T : «topological-basis» B
shows VscU. 7 s = (in-topology-generated-by B on U : «open» s)
is topological-space-class.topological-basis-imp-subbasis{proof )

tts-lemma connected-closedD:

assumes A ¢ U
and Bc U
and connected s
and An (Bns)={}
and sc Au B
and closed A
and closed B

shows Ans={}vBns={}
is Topological-Spaces.connected-closedD{proof)

tts-lemma connected-diff-open-from-closed:

assumes u ¢ U
and sc ¢
and t C u
and 7 s
and closed t
and connected u
and connected (t — s)

shows connected (u — s)
is Topological-Spaces.connected-diff-open-from-closed(proof)

tts-lemma interior-mazximal:
assumes SC Uand T <€ Sand 7 T
shows T ¢ interior S
is Elementary- Topology.interior-mazximal{proof)

tts-lemma open-subset-interior:
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assumes SCc Uand Tc Uand 7 S
shows (S ¢ interior T) = (S < T)
is Elementary-Topology.open-subset-interior{proof )

tts-lemma interior-mono:
assumes T'c Uand Sc T
shows interior S € interior T
is Elementary-Topology.interior-mono(proof)

tts-lemma interior-Int:
assumes S € Uand T ¢ U
shows interior (S n T) = interior S n interior T
is Elementary-Topology.interior-Int{proof)

tts-lemma interior-closed- Un-empty-interior:

assumes S € U and T ¢ U and closed S and interior T = {}

shows interior (S u T) = interior S

is Elementary- Topology.interior-closed- Un-empty-interior{proof )

tts-lemma countably-compact-imp-acc-point:
assumes local.countably-compact s
and countable t
and infinite ¢
and t c s

shows Jzes. YV UePow U. 7 U Az € U — infinite (U n t)
is Elementary-Topology.countably-compact-imp-acc-point(proof )

end

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting topological-space-ow-axioms
eliminating <?U # {}
through (auto simp: UNIV inj-on-def)
begin

tts-lemma first-countablel:
assumes A ¢ Pow U
and z € U
and countable A
and NA. [[Ae Al =z € A
and NA. [[Ae A =71 A
and AS. [[7 S;z € S]] = FAcA. Ac S
shows 3 Ae{f. range f € Pow U}.
(Vi.7 (A (iznat)) Az e Ad) A
(VSePow U. 1 SAnzeS— (3i. Aic§))
given topological-space-class.first-countablel (proof)

tts-lemma islimptl:
assumes z € U
and Sc U
and AT. [[ze T;7 T]] = JyeS. ye Trytzx
shows z «islimpt» S
given FElementary-Topology.islimptl

(proof)

tts-lemma interiork:
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assumes z € U

and Sc U

and z € interior S

and AT.[TcU;7 T;zeT; Tc S]] = thesis
shows thesis

is Elementary-Topology.interiorE{proof)

tts-lemma closure-iff-nhds-not-empty:
assumes z € Uand X ¢ U
shows
(z € closure X) =
(VycU.V2cU.zCy—T172—z€z— Xny#{})
given Elementary-Topology. closure-iff-nhds-not-empty {proof)

tts-lemma basis-dense:
assumes B ¢ Pow U
and VzcU. fzx e U
and on U with T : «topological-basisy B
and AB". [[B'c U; B'"#{}]] = fB' ¢ B’
shows VacU. 712 — z # {} — (JyeB. fy € z)
given topological-space-class.basis-dense (proof)

tts-lemma inj-setminus:
assumes A ¢ Pow U
shows inj-on (AS. - SnU) A

is topological-space-class.inj-setminus(proof)

end

tts-context
tts: (?’a to U)
rewriting ctr-simps
substituting topological-space-ow-axioms
eliminating <?U # {}> and «?S ¢ U» through
(
unfold
closed-ow-def
compact-ow-def
connected-ow-def
interior-ow-def
topological-basis-ow-def
closure-ow-def
frontier-ow-def
countably-compact-ow-def,
auto

)

begin

tts-lemma closed-Inter:
assumes K ¢ Pow U and Buall K closed
shows closed (N K n U)

is topological-space-class. closed-Inter{proof)

tts-lemma closed- Union:
assumes S ¢ Pow U and finite S and Ball S closed
shows closed (U 9)
is topological-space-class. closed-Union{proof)
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tts-lemma open-closed:
assumes S ¢ U
shows 7 S = closed (- S n U)

is topological-space-class.open-closed(proof)

tts-lemma closed-open:
shows closed S =7 (- Sn U)
is topological-space-class. closed-open{proof)

tts-lemma open-Diff:
assumes S € Uand T ¢ U and 7 S and closed T
shows 7 (§ - T)
is topological-space-class.open-Diff ( proof)

tts-lemma closed-Diff:
assumes S € U and T ¢ U and closed S and 7 T
shows closed (S — T)
is topological-space-class. closed-Diff (proof )

tts-lemma open-Compl:
assumes closed S
shows 7 (- S n U)
is topological-space-class.open-Compl(proof )

tts-lemma closed-Compl:
assumes S € U and 7 §
shows closed (- S n U)
is topological-space-class. closed- Compl{proof)

tts-lemma open-Collect-neg:
assumes closed {z € U. P z}
shows 7 {z ¢ U. -~ Pz}
given topological-space-class.open-Collect-neg

{proof)

tts-lemma closed-Collect-neg:
assumes 7 {zeU. P z}
shows closed {zeU. = P z}
given topological-space-class.closed-Collect-neg

{proof)

tts-lemma closed-Collect-const: closed {x € U. P}
given topological-space-class.closed-Collect-const

(proof )
tts-lemma connectedl:
assumes
NA B.
([

Ac U,
BcU;
T A;
T B;
AnU#{h
BnU#{}

An(BnU)={)
UcAuB
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]| = False
shows connected U
is topological-space-class.connectedIproof)

tts-lemma topological-basis:
assumes B € Pow U
shows (on U with T : «topological-basisy B) =
(VzePow U. 7z = (3 B'ePow (Pow U). B'c BAa U B’ =1x))
is topological-space-class.topological-basis{proof )

tts-lemma topological-basis-iff:
assumes B ¢ Pow U and AB’. [B'c U; B'e B]]| = 7 B’
shows (on U with T : «topological-basisy B) =
(VO'ePow U. 7 O' — (VzeO'. IB'eB. B'c O' A z € B'))
is topological-space-class.topological-basis-iff (proof)

tts-lemma topological-basisl:
assumes B ¢ Pow U
and AB". [[B'c U; B'e Bl = 7 B’
and ANO' z. [O'c U;ze U;7 052 O] = JyeB.yc O' Az ey
shows on U with 7 : «topological-basisy B
is topological-space-class.topological-basisI{proof)

tts-lemma closed-closure:
assumes S ¢ U
shows closed (closure S)
is Elementary- Topology.closed-closure{proof)

tts-lemma closure-subset: S € closure S
is Elementary-Topology.closure-subset{proof)

tts-lemma closure-eq:
assumes S ¢ U
shows (closure S = S) = closed S
is Elementary-Topology.closure-eq{proof)

tts-lemma closure-closed:
assumes S ¢ U and closed S
shows closure S = S
is Elementary-Topology.closure-closed{proof)

tts-lemma closure-closure:
assumes S ¢ U
shows closure (closure S) = closure S
is Elementary-Topology.closure-closure{proof)

tts-lemma closure-mono:
assumes T'c Uand Sc T
shows closure S ¢ closure T
is Elementary-Topology.closure-mono{proof )

tts-lemma closure-minimal:
assumes T ¢ U and S ¢ T and closed T
shows closure S ¢ T
is Elementary-Topology.closure-minimal{proof )

tts-lemma closure-unique:
assumes T ¢ U
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and Sc T

and closed T

and AT [[T'c U; Sc T closed T'| = T < T’
shows closure S = T
is Elementary-Topology.closure-unique{proof)

tts-lemma closure-Un:
assumes SC Uand T c U
shows closure (S U T) = closure S U closure T
is Elementary-Topology.closure- Un{proof)

tts-lemma closure-eq-empty: (closure S = {}) = (S = {})
is Elementary-Topology.closure-eq-empty(proof)

tts-lemma closure-subset-eq:
assumes S ¢ U
shows (closure S ¢ S) = closed S
is Elementary-Topology.closure-subset-eq(proof)

tts-lemma open-Int-closure-eq-empty:
assumes Sc Uand Tc Uand 7 S
shows (S n closure T = {}) = (Sn T ={})
is Elementary- Topology.open-Int-closure-eq-empty(proof )

tts-lemma open-Int-closure-subset:
assumes Sc Uand Tc Uand 7 S
shows S n closure T < closure (S n T)
is Elementary- Topology.open-Int-closure-subset{proof)

tts-lemma closure- Un-frontier: closure S = S U frontier S
is Elementary-Topology.closure- Un-frontier(proof)

tts-lemma compact-imp-countably-compact:
assumes compact U
shows countably-compact U
is Elementary- Topology.compact-imp-countably-compact{proof )

end

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting topological-space-ow-axioms
eliminating through auto
begin

tts-lemma Heine-Borel-imp-Bolzano- Weierstrass:
assumes s € U
and compact s
and infinite ¢
and ¢t C s
shows Jzes. x «islimpty t
is Elementary- Topology. Heine-Borel-imp-Bolzano- Weierstrass(proof )

end

tts-context
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tts: (?’a to U)

rewriting ctr-simps

substituting topological-space-ow-azxioms
eliminating <?U # {}> through

unfold
closed-ow-def
compact-ow-def
connected-ow-def
interior-ow-def
topological-basis-ow-def
closure-ow-def
frontier-ow-def
countably-compact-ow-def,

auto simp: connected-iff-const

)

begin

tts-lemma connected-closed:
assumes s ¢ U
shows connected s =
(
~(3 AePow U. 3 BePow U.
closed A A
closed B A
sc Au B~
An(Bns)={}na
Ans#{} A
S postiD

is Topological-Spaces.connected-closed({proof)

tts-lemma closure-complement:
assumes S ¢ U
shows closure (- S n U) = — interior S n U
is Elementary-Topology.closure-complement(proof)

tts-lemma interior-complement:
assumes S ¢ U
shows interior (- S n U) = - closure S n U
is Elementary-Topology.interior-complement(proof)

tts-lemma interior-diff:
assumes S < Uand T c U
shows interior (S — T) = interior S — closure T
is Elementary-Topology.interior-diff (proof )

tts-lemma connected-imp-connected-closure:
assumes S ¢ U and connected S
shows connected (closure S)
is Elementary- Topology.connected-imp-connected-closure(proof)

tts-lemma frontier-closed:
assumes S ¢ U
shows closed (frontier S)
is FElementary-Topology.frontier-closed{proof)

tts-lemma frontier-Int:

166



CHAPTER 3. SML RELATIVIZATION 167

assumes Sc Uand T c U
shows frontier (S n T) = closure (S n T) n (frontier S U frontier T)
is FElementary-Topology.frontier-Int{proof)

tts-lemma frontier-closures:
assumes S ¢ U
shows frontier S = closure S n closure (- S n U)
is Elementary-Topology.frontier-closures(proof)

tts-lemma frontier-Int-subset:
assumes S € Uand T ¢ U
shows frontier (S n T) € frontier S U frontier T
is Elementary-Topology.frontier-Int-subset({proof)

tts-lemma frontier-Int-closed:
assumes S ¢ U and T ¢ U and closed S and closed T
shows frontier (S n T) = frontier S0 T u S n frontier T
is Elementary-Topology.frontier-Int-closed{proof)

tts-lemma frontier-subset-closed:
assumes S ¢ U and closed S
shows frontier S ¢ S
is Elementary-Topology.frontier-subset-closed{proof)

tts-lemma frontier-subset-eq:
assumes S ¢ U
shows (frontier S ¢ S) = closed S
is Elementary-Topology.frontier-subset-eq{proof)

tts-lemma frontier-complement:
assumes S ¢ U
shows frontier (- S n U) = frontier S
is Elementary- Topology.frontier-complement(proof )

tts-lemma frontier- Un-subset:
assumes SC Uand T c U
shows frontier (S U T) C frontier S U frontier T
is Elementary-Topology.frontier- Un-subset{proof)

tts-lemma frontier-disjoint-eq:
assumes S ¢ U
shows (frontier Sn S={})=715
is Elementary-Topology.frontier-disjoint-eq{proof)

tts-lemma frontier-interiors:

assumes s € U

shows frontier s = — interior s 0 U — interior (- sn U)
is Elementary-Topology.frontier-interiors(proof)

tts-lemma frontier-interior-subset:
assumes S ¢ U
shows frontier (interior S) < frontier S
is Elementary-Topology.frontier-interior-subset(proof)

tts-lemma compact-Un:
assumes s € U and ¢t ¢ U and compact s and compact t
shows compact (s U t)
is Elementary-Topology.compact-Un{proof)
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tts-lemma closed-Int-compact:
assumes s € U and t ¢ U and closed s and compact t
shows compact (s N t)
is FElementary-Topology.closed-Int-compact{proof)

tts-lemma countably-compact-imp-compact:
assumes U c U
and B ¢ Pow U
and countably-compact U
and countable B
and Ball BT
and ATz [TcU;zeU;t TyxeT;0e U]l = JyeB.zeynynUcT
shows compact U
is Elementary-Topology.countably-compact-imp-compact{proof )

end

tts-context

tts: (?'a to U)

rewriting ctr-simps

substituting topological-space-ow-axioms

eliminating <?U # {}> through (insert closure-eq-empty, blast)
begin

tts-lemma closure-interior:
assumes S ¢ U
shows closure S = — interior (- Sn U)n U
is Elementary-Topology.closure-interior(proof)

end

tts-context
tts: (?a to U)
rewriting ctr-simps
substituting topological-space-ow-azxioms
eliminating <?U # {}
through (insert compact-empty, fastforce dest: subset-singletonD)
begin

tts-lemma compact-Union:
assumes S ¢ Pow U
and finite S
and AT. [T c U; T € S]] = compact T
shows compact (U S)
is FElementary- Topology.compact-Union(proof)

end

tts-context
tts: (?a to U)
rewriting ctr-simps
substituting topological-space-ow-axioms
eliminating <?U # {}> through
(
insert
interior-empty
closure-ow-def
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closed-UNIV

compact-empty

compact-ow-def,
auto

)

begin

tts-lemma compactl:
assumes s ¢ U
and AC. [[C c Pow U; Ball C 13 s < U C]] =
JacPow U. x € C A finitex A sC U x
shows compact s
given topological-space-class.compact] (proof)

tts-lemma compactE:
assumes S ¢ U
and 7 € Pow U
and compact S
and ScU T
and AB. BeT =— 1B
and AT [[T'c Pow U; T' < T; finite T'; S c U T']]| = thesis
shows thesis
given topological-space-class.compactF

{proof)

tts-lemma compact-fip:
assumes U c U
shows compact U =
(
YV zSPow U.
Ball © closed —
(VycPow U. ycz — finitey — Un (N ynU)+{}) —
Un(NznU)#{}
)

given topological-space-class.compact-fip {proof)

tts-lemma compact-imp-fip:
assumes S ¢ U
and Fa € Pow U
and compact S
and AT. [[T ¢ U; T € Fa]] = closed T
and AF'. [[F' < Pow U; finite F'; F' ¢ Fol] = Sn (N F'nU) # {}
shows Sn (N Fan U) # {}
is topological-space-class.compact-imp-fip(proof )

tts-lemma closed-limpt:
assumes S ¢ U
shows closed S = (YzeU. z «islimpty S — x € S)
is Elementary-Topology.closed-limpt{proof)

tts-lemma open-interior:
assumes S ¢ U
shows 7 (interior S)
is Elementary- Topology.open-interior(proof)

tts-lemma interior-subset:
assumes S ¢ U
shows interior S ¢ S
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is Elementary- Topology.interior-subset(proof)

tts-lemma interior-open:
assumes S c U and 7 §
shows interior S = S
is Elementary-Topology.interior-open(proof )

tts-lemma interior-eq:
assumes S ¢ U
shows (interior S = 5) =718
is Elementary- Topology.interior-eq({proof )

tts-lemma interior-UNIV: interior U = U
is Elementary-Topology.interior-UNIV (proof)

tts-lemma interior-interior:
assumes S ¢ U
shows interior (interior S) = interior S
is FElementary-Topology.interior-interior(proof)

tts-lemma interior-closure:
assumes S ¢ U
shows interior S = — closure (- Sn U) n U
is Elementary-Topology.interior-closure(proof)

tts-lemma finite-imp-compact:
assumes s € U and finite s
shows compact s
is Elementary-Topology.finite-imp-compact{proof)

tts-lemma countably-compactE:
assumes s € U
and C ¢ Pow U
and countably-compact s
and Ball C 7
and sc U C
and countable C
and AC'. [[C' c Pow U; C' < C; finite C'; s < U C']] = thesis
shows thesis
is Elementary- Topology.countably-compactE{proof)

end

tts-context

tts: (?a to U)

rewriting ctr-simps

substituting topological-space-ow-azxioms

eliminating <?U # {}> and «?A ¢ U> through (insert interior-empty, auto)
begin

tts-lemma interior-unique:
assumes S ¢ U
and T c S
and 7 T
and AT [[T'cS;7T|=T'cT
shows interior S = T
given Elementary-Topology.interior-unique

{proof)
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end

tts-context

tts: (9'a to U) and (?'b to <Usz:'b setly)

rewriting ctr-simps

substituting topological-space-ow-axioms

eliminating «?U # {}» through (simp add: subset-iff filterlim-iff)
begin

tts-lemma open-UN:
assumes A ¢ U,
and VzeUy. Bz c U
and VzeA. 7 (B 1)
shows 7 (U (B ‘ 4))
is topological-space-class.open-UN (proof)

tts-lemma open-Collect-ex:
assumes Ai. i € Up =7 {z. PizAze U}
shows 7 {z € U. 3ieUs. Pix}
is open-Collect-ex(proof)

end

tts-context

tts: (?'a to U) and (?'b to <Usz:'b sely)

rewriting ctr-simps

substituting topological-space-ow-axioms

eliminating <?U # {}> through (unfold closed-ow-def finite-def, auto)
begin

tts-lemma open-INT:
assumes A ¢ Us and VY zeUsy. Bz ¢ U and finite A and V zeA. 7 (B )
shows 7 (N (B “A) n U)
is topological-space-class.open-INT(proof)

tts-lemma closed-INT:
assumes A ¢ Us and YzeUsz. Bz € U and VzeA. closed (B x)
shows closed (N (B “A) n U)
is topological-space-class.closed-INT{proof)

tts-lemma closed-UN:
assumes A ¢ U,
and VzeUsy. Bz c U
and finite A
and V zeA. closed (B x)
shows closed (U (B ‘ A))
is topological-space-class.closed-UN (proof)

end

tts-context

tts: (?'a to U) and (?'b to <Usz:'b sety)

rewriting ctr-simps

substituting topological-space-ow-axioms

eliminating <?U # {}» through (insert closed-empty, auto)
begin
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tts-lemma closed-Collect-all:
assumes Ai. i € Uy = local.closed {x. Pixz Az e U}
shows local.closed {x € U. VieUy. P iz}
is topological-space-class.closed-Collect-all{ proof)

tts-lemma compactE-image:
assumes S ¢ U
and C c U,
and YzeUs. fz c U
and compact S
and AT.[[TeUyx TeCll=r71(7T)
and ScU (f“C)
and AC'. [[C'c Ug; C'c C; finite C'; S c U (f * C")]] = thesis
shows thesis
is topological-space-class.compactE-image(proof )

end

tts-context
tts: (?'a to U) and (?'b to <Usy:'b sety)
rewriting ctr-simps
substituting topological-space-ow-axioms
eliminating <?U # {}» through (simp, blast | simp)
begin

tts-lemma ne-compact-imp-fip-image:
assumes s € U
and [ ¢ U,
and VzeUs. fz c U
and compact s
and Ai. [[i € Ug; i € I]]| = closed (f 7)
and AI'. [[I'c Uy; finite I I'c Il = sn (N (f*I)nU)+{}
shows sn (N (f* 1) nU) #{}

is topological-space-class.compact-imp-fip-image(proof )
end

end

3.16.4 Further results

lemma topological-basis-closed:
assumes topological-basis-ow U T B
shows B ¢ Pow U

{proof)

lemma ts-open-eq-ts-open:
assumes topological-space-ow U 7"and As. sc U = 7's=17 s
shows topological-space-ow U T

{proof)

lemma (in topological-space-ow) topological-basis-closed:
assumes topological-basis-ow U T B
shows B ¢ Pow U

{proof)
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3.17 Relativization of the results related to the countability
properties of topological spaces

3.17.1 First countable topological space

Definitions and common properties

locale first-countable-topology-ow =
topological-space-ow U 7 for U :: 'at set and T +
assumes first-countable-basis:

(
VaelU.

(
3 B:nat = 'at set.
(Vi.BicUAzxzeBinT (Bi))A
(VS.ScUnTtSAnzeS— (3i.Biclk))
)
)

locale ts-fct-ow =
ts: topological-space-ow Uy 11 + fet: first-countable-topology-ow Us To
for U; = 'at set and 71 and Us :: 'bt set and 79

begin

sublocale topological-space-pair-ow Uy 71 Us 7o {proof)
end

locale first-countable-topology-pair-ow =

fety: first-countable-topology-ow Uy 71 +

feto: first-countable-topology-ow Usg T2

for U; = 'at set and 71 and U, : ‘bt set and 79
begin

sublocale ts-fet-ow Uy 71 Us 7o {proof)

end

Transfer rules

context
includes lifting-syntax
begin

private lemma first-countable-topology-transfer-h:

(Vi. Bic Collect (Domainp A) Ax € BinT (Bi)) =
(B ¢ Collect top € {Aa. Aa c Collect (Domainp A)} A
(Vi.ze BinT (B1i)))

(proof)

lemma first-countable-topology-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((rel-set A ===> (=)) ===> (=))
(first-countable-topology-ow (Collect (Domainp A)))
class. first-countable-topology

{proof)
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end

Relativization

context first-countable-topology-ow
begin

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting first-countable-topology-ow-axioms
eliminating <?U # {}» through simp
begin

tts-lemma countable-basis-at-decseq:
assumes z € U
and AA.
I
range A ¢ Pow Uj;
Ni. 7 (A 9);
Ni. z € A
AS. [[Sc U;T 8S;zeS]]| = Vriinsequentially. Aic S
]| = thesis
shows thesis
is first-countable-topology-class.countable-basis-at-decseq{proof)

tts-lemma first-countable-basisE:
assumes z € U
and AA.
[
A <€ Pow U,
countable A,
NA. [Ac U; Ae Al = z € 4;
NA. [[Ac U; Ae All = 7 4;
ANS. [[ScU;T8;zeS]] = FJAcA. A c S]] = thesis
shows thesis
is first-countable-topology-class. first-countable-basisE(proof)

tts-lemma first-countable-basis-Int-stableE:
assumes z € U
and AA.
I
A ¢ Pow U,
countable A,
NA.[[AcU; Ae Al = z € 4;
NA. [Ac U; Ae Al] = 7 4
ANS. [[ScU;7T 8S;2eS]] = FAecA. Ac S;
AN B. [[AcU;BcU;AcA;Be Al = AnBeA
]] = thesis
shows thesis

is first-countable-topology-class. first-countable-basis-Int-stableE(proof)

end

end
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3.17.2 Topological space with a countable basis

Definitions and common properties

locale countable-basis-ow =
topological-space-ow U 7 for U :: 'at set and T +
fixes B = 'at set set
assumes is-basis: topological-basis-ow U T B
and countable-basis: countable B
begin

lemma B-ss-PowU[simp]: B ¢ Pow U
(proof)

end

Transfer rules

context
includes lifting-syntax
begin

lemma countable-basis-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((rel-set A ===> (=)) ===> rel-set (rel-set A) ===> (=))
(countable-basis-ow (Collect (Domainp A))) countable-basis
{proof)

end

Relativization

context countable-basis-ow
begin

tts-context
tts: (?a to U)
rewriting ctr-simps
substituting countable-basis-ow-axioms
eliminating <?U # {}» through auto
applying [ OF B-ss-PowU]

begin

tts-lemma open-countable-basis-ex:
assumes X ¢ U and 7 X
shows 3 B'ePow (Pow U). B'’c Ba X =U B’
is countable-basis.open-countable-basis-ex{proof)

tts-lemma countable-dense-exists:
3 DePow U.
countable D A

(VXePow U. 7 X — X # {} — (3deD. d € X))
is countable-basis.countable-dense-exists(proof)

tts-lemma open-countable-basisE:
assumes X ¢ U
and 7 X
and AB'. [[B'c Pow U; B'c B; X =U B']] = thesis



CHAPTER 3. SML RELATIVIZATION 176

shows thesis
is countable-basis.open-countable-basisE(proof)

tts-lemma countable-dense-setE:
assumes AD.
[D c U; countable D; AX. [[X ¢ U; 7 X; X # {}]] = FzeD. z € X]| = thesis
shows thesis
is countable-basis.countable-dense-setE(proof)

end

end

3.17.3 Second countable topological space

Definitions and common properties

locale second-countable-topology-ow =
topological-space-ow U 7 for U = 'at set and 7 +
assumes second-countable-basis:
3 BcPow U. countable B A (Y ScU. 7 S = generate-topology-on B U S)

Transfer rules

context
includes lifting-syntax
begin

lemma second-countable-topology-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
((rel-set A ===> (=)) ===> (=))
(second-countable-topology-ow (Collect (Domainp A)))
class.second-countable-topology

{proof)

end

Relativization

context second-countable-topology-ow
begin

tts-context

tts: (?'a to U)

rewriting ctr-simps

substituting second-countable-topology-ow-axioms

eliminating «?U # {}» through (unfold topological-basis-ow-def, auto)
begin

tts-lemma ex-countable-basis:
3 BePow (Pow U). countable B A (on U with T : «topological-basis» B)
is Elementary-Topology.ex-countable-basis{proof )

end
tts-context

tts: (?a to U)
rewriting ctr-simps
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substituting second-countable-topology-ow-axioms
eliminating <?U # {}> through (auto simp: countable-subset)
begin

tts-lemma countable-dense-exists:
3DePow U. countable D A (Y XePow U. 7 X — X # {} — (3 deD. d € X))
is Elementary-Topology.countable-dense-exists(proof)

tts-lemma countable-dense-setE:
assumes AD.
I
DcU;
countable D:;
AX. [[XcU;TX; X#{}]] = 3deD. de X
]| = thesis
shows thesis
is Elementary- Topology.countable-dense-setE{proof)

tts-lemma univ-second-countable:
assumes AB.
[
B c Pow U;
countable B,
AC.[[Cc U; CeB]] =7 C,
AS. [[ScU;7 S]] = F3UecPow (Pow U). USBAS=U U
]| = thesis
shows thesis
is Elementary- Topology.univ-second-countable{proof)

tts-lemma Lindelof:
assumes F ¢ Pow U
and AS. [[ScU; SeF]]=—=r71S
and AF'. [[F'c Pow U; F' ¢ F; countable F'; U F' = U F]| = thesis
shows thesis
is FElementary-Topology. Lindelof {proof)

tts-lemma countable-disjoint-open-subsets:
assumes F € Pow U and AS. [[Sc U; S € F]] = 7 S and disjoint F
shows countable F
is Elementary-Topology.countable-disjoint-open-subsets(proof)

end

end
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3.18 Relativization of the results about ordered topological
spaces

3.18.1 Ordered topological space
Definitions and common properties

locale order-topology-ow =
order-ow U le Is for U : 'at set and le Is +
fixes 7 = 'at set = bool
assumes open-generated-order: s € U =

T s=
(
(
in-topology-generated-by
(
(Aa. (on U with (<o) : {.< a})) ‘U U
(Aa. (on U with (<o) :{a<..})) ‘U
)
on U : «open» s
)
)
begin

sublocale topological-space-ow
{proof)

end

locale ts-ot-ow =
ts: topological-space-ow Ui 71 + ot: order-topology-ow Us les Iso 7o
for U; = 'at set and 71 and Uy = ‘bt set and ley lsy 7o

begin

sublocale topological-space-pair-ow Uy 71 Us 7o {proof)
end

locale order-topology-pair-ow =
ot1: order-topology-ow Uy ley Isy T1 + ota: order-topology-ow Us leg lsy To
for U; = 'at set and le; Is; 71 and Uy = 'bt set and leg lsy 7o

begin

sublocale ts-ot-ow Uy 71 Us leg lsa T2 (proof)

end

Transfer rules

context
includes lifting-syntax
begin

lemma order-topology-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows

(
(4 222> A ===> (=) ===>
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(A ===> A ===> (:)) ===>
(rel-set A ===> (=)) ===>
(=)
) (order-topology-ow (Collect (Domainp A))) class.order-topology
(proof)

end

Relativization

context order-topology-ow
begin

tts-context
tts: (?'a to U)
substituting order-topology-ow-axioms
eliminating <?U # {}» through simp
begin

tts-lemma open-greaterThan:
assumes a € U
shows 7 {a<,4..}
is order-topology-class.open-greater Than{proof )

tts-lemma open-lessThan:
assumes a € U
shows 7 {..<,ya}
is order-topology-class.open-less Than{proof )

tts-lemma open-greaterThanLess Than:
assumes g € U and be U
shows 7 {a<,y..<owb}
is order-topology-class.open-greater ThanLess Than{proof)

end

end

3.18.2 Linearly ordered topological space
Definitions and common properties

locale linorder-topology-ow =
linorder-ow U le ls + order-topology-ow U le Is T
for U = ‘at set and le Is T

locale ts-lt-ow =
ts: topological-space-ow Uy T1 + lt: linorder-topology-ow Us les lsy T2
for U; = 'at set and 71 and Ujy = ‘bt set and leg lsy 7o

begin

sublocale ts-ot-ow Uy 71 Usy leg lsy T2 {proof)
end
locale ot-lt-ow =
ot: order-topology-ow Uy ley Isy 71 + lt: linorder-topology-ow Us les lso T2

for U; = 'at set and le; Is; 71 and Uy = 'bt set and ley lsy 7o
begin
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sublocale ts-lt-ow Uy 71 Usg leg sy T2 (proof)
sublocale order-topology-pair-ow Uy ley lsy 71 Us les sy To (proof)

end

locale linorder-topology-pair-ow =
lt1: linorder-topology-ow Uy ley sy 71 + lta: linorder-topology-ow Us les lsy To
for U, = 'at set and le; Is; 71 and Us = 'bt set and ley sy T2

begin

sublocale ot-lt-ow Uy ley sy 71 Us leg lsa T2 {proof)

end

Transfer rules

context
includes lifting-syntax
begin

lemma linorder-topology-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(
(A ===> A ===> (=)) ===>
(A ===> A ===> (=)) ===>
(rel-set A ===> (=)) ===>
=)
)

(linorder-topology-ow ( Collect (Domainp A))) class.linorder-topology
(proof)

end

Relativization

context linorder-topology-ow
begin

tts-context
tts: (?'a to U)
rewriting ctr-simps
substituting linorder-topology-ow-axioms
eliminating < ?U # {}» through clarsimp
begin

tts-lemma open-right:

assumes S ¢ U
and z € U
and y e U
and 7 S
and z € S
and = <,y Y

shows 32eU. & <4y 2 A (0on U with (Lon) (<ow) : {z..<2}) € S
is linorder-topology-class.open-right{proof)

tts-lemma open-left:
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assumes S ¢ U
and z € U
and y e U
and 7 S
and z ¢ S
and y <,y T
shows 32eU. 2z <,y T A {2<0.. 2} C S
is linorder-topology-class.open-left{proof)

tts-lemma connectedD-interval:
assumes U c U
and z ¢ U
and y ¢ U
and z € U
and connected U
and z ¢ U
and y e U
and z <,y 2
and z <, ¥
shows z € U
is linorder-topology-class.connected D-interval{proof)

tts-lemma connected-contains-Icc:

assumes A ¢ U
and a € U
and be U
and connected A
and a € A
and be A

shows {a..,,b} € A
is Topological-Spaces.connected-contains-Icc(proof)

tts-lemma connected-contains-Ioo:

assumes A ¢ U
and a € U
and be U
and connected A
and a € A
and be A

shows {a<,y..<,uwb} € A
is Topological-Spaces.connected-contains-Ioo(proof)

end

tts-context
tts: (?a to U)
rewriting ctr-simps
substituting linorder-topology-ow-azxioms
eliminating <?U # {}» through clarsimp
begin

tts-lemma not-in-connected-cases:
assumes S ¢ U
and z ¢ U
and connected S
and z ¢ S
and S # {}
and [[bdd-above S; Ay. [[y € U; y € S]] = y <ow z]] = thesis
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and [[bdd-below S; Ay. [[y € U; y € S]] = x <o y]] = thesis
shows thesis
is linorder-topology-class.not-in-connected-cases(proof)

tts-lemma compact-attains-sup:
assumes S ¢ U
and compact S
and S # {}
shows JzeS. VyeS. y <op T
is linorder-topology-class.compact-attains-sup(proof)

tts-lemma compact-attains-inf:
assumes S ¢ U
and compact S
and S # {}
shows JzeS. Ball S ((<ow) )
is linorder-topology-class.compact-attains-inf{proof)

end

end
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3.19 Relativization of the results about product topologies

3.19.1 Definitions and common properties

udc«
open-prod-inst.open-prod::
('ax:topological-space x 'b:topological-space) set = -
>
ud<open:('a:topological-space x "b:topological-space) set = bools

ctr relativization
synthesis ctr-simps
assumes [transfer-domain-rule, transfer-rule]:
Domainp B = (Az. x € Uy) Domainp A = (Az. x € Usg)
and [transfer-rule]: bi-unique A right-total A
bi-unique B right-total B
trp (?'a A) and (?'b B)
in open-ow: open-prod.with-def
(<'(Jon - - with - - : «open» -/")» [1000, 999, 1000, 999, 1000] 10)

locale product-topology-ow =
ts1: topological-space-ow Uy 71 + tso: topological-space-ow Us To
for U; = 'at set and 71 :: 'at set = bool
and U, : ‘bt setand 749 = 'bt set = bool +
fixes 7 = (‘at x 'bt) set = bool
assumes open-prod|tts-implicit]: 7 = open-ow Uy Us T9 T1
begin

sublocale topological-space-ow «Ui x Ugy T
(proof )

end

3.19.2 Transfer rules

lemma (in product-topology-ow) open-with-oo-transfer|transfer-rule]:

includes lifting-syntax

fixes A = ['at, 'a] = bool
and B : ['bt, 'b] = bool

assumes tdr-U;[transfer-domain-rule]: Domainp A = (Az. z € Uy)
and [transfer-rule]: bi-unique A right-total A
and tdr-Us[transfer-domain-rule]: Domainp B = (Ax. x € Us)
and [transfer-rule]: bi-unique B right-total B

and 7171 [transfer-rule]: (rel-set A ===> (=)) 71 71’

and 7,75 [transfer-rule]: (rel-set B ===> (=)) 7o T2’
shows (rel-set (rel-prod A B) ===> (=)) 7 (open-prod.with o' T1")
(proof)

3.19.3 Relativization

context product-topology-ow
begin

tts-context
tts: (?'a to Uy) and (?'b to Us)
rewriting ctr-simps
substituting ts;.topological-space-ow-azxioms
and tsy.topological-space-ow-axioms
eliminating <?U # {}> through (fold tts-implicit, insert closed-empty, simp)
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applying [folded tts-implicit]
begin

tts-lemma open-prod-intro:
assumes S € U; x U,y
and Az. [[z € Uy x Uy; z € S]] =
JAePow Uy. 3BePow Uy. 71 ANT9 BAAxBcSAnzeAxB
shows 7 §
is open-prod-intro(proof)

tts-lemma open-Times:
assumes SC U;and T ¢ Uy and 7y Sand 79 T
shows 7 (§ x T)
is open-Times{proof)

tts-lemma open-vimage-fst:
assumes S ¢ U; and 71 S

shows 7 (fst =S n Uy x Us)
is open-vimage-fst(proof)

tts-lemma closed-vimage-fst:
assumes S ¢ U; and ts1.closed S
shows closed (fst =S n Uy x Us)
is closed-vimage-fst(proof)

tts-lemma closed-Times:
assumes S ¢ U; and T ¢ U,y and ¢s1.closed S and tsy.closed T
shows closed (S x T)
is closed-Times(proof)

tts-lemma open-image-fst:
assumes Sc U; x Usand 7 S
shows 71 (fst < 5)
is open-image-fst(proof)

tts-lemma open-image-snd:
assumes S c U; x Usand 7 S
shows 73 (snd ¢ S)
is open-image-snd(proof)

end

tts-context
tts: (?'a to Uy) and (?'b to Us)
rewriting ctr-simps
substituting ts;.topological-space-ow-azxioms
and tso.topological-space-ow-axioms
eliminating <?U # {}
through (fold tts-implicit, unfold connected-ow-def, simp)
applying [folded tts-implicit]
begin

tts-lemma connected-Times:
assumes S € U; and T ¢ Uy and ts1.connected S and tsy.connected T
shows connected (S x T)
is connected-Times(proof)

tts-lemma connected- Times-eq:
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assumes S ¢ U; and T ¢ U,
shows

connected (S x T) = (S ={} v T ={} v tsy.connected S A tss.connected T)
is connected-Times-eq(proof)

end

tts-context
tts: (b to Uy) and (?'a to Us)
rewriting ctr-simps
substituting ts;.topological-space-ow-axioms
and tsy.topological-space-ow-axioms
eliminating <?U # {}> through (fold tts-implicit, insert closed-empty, simp)
applying [folded tts-implicit)
begin

tts-lemma open-vimage-snd:
assumes S ¢ Uy and 75 S

shows 7 (snd =S n Uy x Us)
is open-vimage-snd(proof)

tts-lemma closed-vimage-snd:
assumes S € Uy and tsy.closed S
shows closed (snd =S n Uy x Us)
is closed-vimage-snd(proof)

end

end



Chapter 4

TTS Vector Spaces

4.1 Introduction

4.1.1 Background

The content of this chapter is an adoption of the applied relativization study presented in [14]
to the ETTS. The content of this chapter incorporates many elements of the content of the
aforementioned relativization study without an explicit reference. Nonetheless, no attempt was
made to ensure that the theorems obtained as a result of this work are identical to the theorems
obtained in [14].

4.1.2 Prerequisites

ctr parametricity
in bij-betw-ow: bij-betw-def

lemma bij-betw-parametric'| transfer-rule]:
includes lifting-syntax
assumes bi-unique A
shows ((A ===> A) ===> rel-set A ===> rel-set A ===> (=))
bij-betw bij-betw
(proof)

lemma vimage-transfer|transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: bi-unique B right-total A
shows
((A ===> B) ===> (rel-set B) ===> rel-set A)
(Af s. (vimage f s) n (Collect (Domainp A))) (=)
(proof)

lemma Eps-unique-transfer-lemmas:
includes lifting-syntax
assumes [transfer-rule]:
right-total A (A ===> (=)) fg (A ===>(=)) f' ¢’
and holds: 3x. Domainp A z A fx
and unique-g: Az y. [ ga; gy ] = g z=¢g"y
shows f’ (Eps (Ax. Domainp A x A fz)) = g' (Eps g)
(proof)

186
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4.2 Groups

4.2.1 Definitions and elementary properties

locale semigroup-add-ow =
fixes S :: ‘a set and pls :: 'a = 'a = 'a (infix] (@,,> 65)
assumes add-assoc:
[[aeS;beS;cES]]:(a@ow b)eaowcza@ow (beaow C)
and add-closed: [ a€ S;be S ]| = a @y be S
begin

lemma add-closed’[simp]: V zeS. V yeS. & @,y y € S (proof)
end

locale ab-semigroup-add-ow = semigroup-add-ow +
assumes add-commute: [ a € S; b€ S]] = a @py b =0y a

locale comm-monoid-add-ow = ab-semigroup-add-ow +
fixes z
assumes add-zero: a € S = 2 Doy a4 = a
and zero-closed[simp]: z € S
begin

lemma carrier-ne[simp]: S # {} (proof)
end
definition sum-with pls z f S =

if 3C. f<S < C A comm-monoid-add-ow C pls z
then Finite-Set.fold (pls o f) z S
else z

)

lemma sum-with-empty[ simp]: sum-with pls z f {} = z

{proof)

lemma sum-with-cases| case-names comm zero]:
assumes AC. [[ f S ¢ C; comm-monoid-add-ow C pls z || —
P (Finite-Set.fold (pls o f) z S)
and (AC. comm-monoid-add-ow C pls z = (3seS. fs ¢ C)) = Pz
shows P (sum-with pls z  S)
(proof)

context comm-monoid-add-ow
begin

lemma sum-with-infinite: infinite A = sum-with (®,4) 29 A = 2

{proof)

context
begin

abbreviation pls’: ‘a = 'a = 'a
where pls’ = Az y. (if x € S then x else z) oy (if y € S then y else z)

lemma fold-pls’-closed: Finite-Set.fold (pls’o g) zAe Sifg‘AcS
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(proof)

lemma fold-pls’-eq:
assumes g ‘A c S
shows Finite-Set.fold (pls' o g) z A = Finite-Set.fold (pls o g) z A
(proof)

lemma sum-with-closed:
assumes g ‘A c S
shows sum-with pls z g A € S

(proof)

lemma sum-with-insert:
assumes g-into: gr € Sg ‘Ac S
and A: finite A
and z: 2z ¢ A
shows sum-with pls z g (insert x A) = (g ) @ (sum-with pls z g A)
{proof)

end
end

locale ab-group-add-ow = comm-monoid-add-ow +
fixes mns um
assumes ab-left-minus: a € S = (um a) Gy a = 2
and ab-diff-conv-add-uminus:
[aeS;beS]] = mnsab=a®y, (umb)
and uminus-closed: a € S = um a € S

4.2.2 Instances (by type class constraints)

lemma semigroup-add-ow-Ball-def:
semigroup-add-ow S pls «—
(VaeS. VbeS. VY ceS. pls (pls a b) ¢ =
pls a (pls b ¢)) A (V aeS. Y beS. pls a b € S)

{proof)

lemma ab-semigroup-add-ow-Ball-def:
ab-semigroup-add-ow S pls «—
semigroup-add-ow S pls A (¥ aeS. VY beS. pls a b = pls b a)
(proof)

lemma comm-monoid-add-ow-Ball-def:
comm-monoid-add-ow S pls z «—
ab-semigroup-add-ow S pls A (V aeS. pls za=a) A z€e S

{proof)

lemma comm-monoid-add-ow[ simp]:
comm-monoid-add-ow UNIV (+) (0:'a:comm-monoid-add)

{proof)

lemma ab-group-add-ow-Ball-def:
ab-group-add-ow S pls z mns um «—
comm-monoid-add-ow S pls z A
(Y aeS. pls (um a) a = z) A
(VaeS. YbeS. mns a b= pls a (um b)) A
(VaeS. um a € S)

188
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{proof)

lemma sum-with[ ud-with]: sum = sum-with (+) 0
{proof)

lemmas [tts-implicit] = sum-with[ symmetric]

4.2.3 Transfer rules

context
includes lifting-syntax
begin

lemma semigroup-add-on-with-transfer|transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: bi-unique A
shows (rel-set A ===> (A ===> A ===> A) ===> (=))
semigroup-add-ow semigroup-add-ow

{proof)

lemma Domainp-applyl:
includes lifting-syntax
shows (A ===> B) fg = A z y = Domainp B (f 1)
(proof)

lemma Domainp-apply21:
includes lifting-syntax
shows (A ===> B===> () fg=— Az y = Bz’ y' = Domainp C (fz z')
(proof)

lemma ab-semigroup-add-on-with-transfer|transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: bi-unique A
shows
(rel-set A ===> (A ===> A ===> A) ===> (=))
ab-semigroup-add-ow ab-semigroup-add-ow

{proof)

lemma right-total-semigroup-add-transfer|transfer-rule]:
assumes [transfer-rule]: right-total A bi-unique A
shows ((4 ===> A ===> A) ===> (=))
(semigroup-add-ow ( Collect (Domainp A))) class.semigroup-add
{proof)

lemma comm-monoid-add-on-with-transfer| transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: bi-unique A
shows
(rel-set A ===> (A ===> A ===> A) ===> A ===> (=))
comm-monoid-add-ow comm-monoid-add-ow

{proof)

lemma right-total-ab-semigroup-add-transfer|transfer-rule]:
assumes [transfer-rule]: right-total A bi-unique A
shows
(A ===> A ===> 4) ===> (<))
(ab-semigroup-add-ow (Collect (Domainp A))) class.ab-semigroup-add
(proof)
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lemma right-total-comm-monoid-add-transfer| transfer-rule]:
assumes [transfer-rule]: right-total A bi-unique A
shows ((A ===> A ===> A) ===> A ===> (=))
(comm-monoid-add-ow (Collect (Domainp A))) class.comm-monoid-add
(proof)

lemma ab-group-add-transfer|transfer-rule]:
assumes [transfer-rule]: right-total A bi-unique A
shows
((A===> A ===>A) ===> A ===> (A ===> A ===> A) ===> (A ===> A)===> (=))
(ab-group-add-ow (Collect (Domainp A))) class.ab-group-add
{proof)

lemma ex-comm-monoid-add-around-imagek:

assumes ex-comm: 3C. f 5 ¢ C A comm-monoid-add-ow C pls zero
and transfers:
(A ===> A ===> A) pls pls’
A zero zero’
Domainp (rel-set B) S
and in-dom: Az. x € S = Domainp A (f z)

obtains C where
comm-monoid-add-ow C pls zero f S € C Domainp (rel-set A) C

(proof)

lemma Domainp-sum-with:
includes lifting-syntax
assumes Az. ¢ € t = Domainp A (r z) t ¢ Collect (Domainp A)
and transfer-rules[transfer-rule]: (A ===> A ===> A) pp' A z 2’
shows DsI: Domainp A (sum-with p z 1 t)
{proof)

lemma sum-with-transfer(transfer-rule]:
assumes [transfer-rule]: right-total A bi-unique A bi-unique B
shows ((A ===> A ===> A) ===> A ===> (B ===> A) ===> rel-set B ===> A)
sum-with sum-with
(proof)

end

4.2.4 Relativization.

context ab-group-add-ow
begin

tts-context
tts: (?'a to S)
rewriting ctr-simps
substituting comm-monoid-add-ow-azxioms
eliminating ¢S # {}» through auto
applying [ OF add-closed’ zero-closed)
begin

tts-lemma mono-neutral-cong-left:
assumes range h € S
and range g € S
and finite T
and Sac T
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and VaeT - Sa. hz = 2
and Az. x € Sa = gz =hzx

shows sum-with (,,) 2 g Sa = sum-with (®,y) 2h T
is sum.mono-neutral-cong-left{proof)

end

end
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4.3 Modules

4.3.1 module-with

locale module-with = ab-group-add plusp; zeroy minusy, uminusyy
for plusy = ['m, 'm] = 'm (infixl <+, 65)
and zerops (Opp))
and minusy (infix] <—pp 65)
and uminusy (<= - [81] 80) +
fixes scale :: ['crlicomm-ring-1, 'm] = 'm (infixr <*Syp> 75)
assumes scale-right-distrib[ algebra-simps]:
a *Syith (T +M Y) = @ *Swith T +M @ *Swith Y
and scale-left-distrib| algebra-simps]:
(@ + b) *Swith T =G *Swith T +M b *Syih T
and scale-scale[ simp]: a *Syitn (b *Switn ) = (a * b) *Syitn T
and scale-one[simpl: 1 *Syith T = T

lemma module-with-overloaded| ud-with]: module = module-with (+) 0 (=) uminus

{proof)

locale module-pair-with =

My: module-with pluspr-1 zerop-1 minusy-1 uminusy-1 scale; +
My: module-with plusyi-o zerop-o minusy-o umMinusy-o scales
for pluspy-1 = ['m-1, 'm-1] = 'm-1 (infix] <+p;/-1> 65)

and zeropr-1 (<Opgr-1%)

and minusy-1 (infixl <—p7:-1> 65)

and uminusy-1 (<—pr-1 - [81] 80)

and scale; (infixr +Sy,;¢p-1) 75)

and plusys-o = ['m-2, 'm-2] = 'm-2 (infixl <+,7:-2> 65)

and zeropr—o (<Opzr-2%)

and minusy-2 (infixl ;-2 65)

and uminusp-o2 (<—pr-2 - [81] 80)

and scales (infixr «*s,:4p1-2) 75)

lemma module-pair-with-overloaded| ud-with]:
module-pair =
(
Ascale; scales.
module-pair-with (+) 0 (=) uminus scale; (+) 0 (=) uminus scales
)
(proof)

locale module-hom-with =
M+: module-with pluspr-1 zerop-1 minusy-1 uminusy-1 scale; +
Mo: module-with plusyi-o zeroy-o minusy-o uminusy-o scales
for pluspy-1 = ['m-1, 'm-1] = 'm-1 (infix] <+5;/-1> 65)
and zeropr-1 (<Opgr-1%)
and minusy-1 (infixl (—p7-1> 65)
and uminusp-1 (<=1 - [81] 80)
and scale; (infixr +Sy¢p-1) 75)
and plusys-o = ['m-2, 'm-2] = 'm-2 (infixl <+,7:-2> 65)
and zeropr—o (<Opzr-2%)
and minusy-o (infixl <—p7/-2> 65)
and uminusy-o2 (<—pr-2 - [81] 80)
and scales (Infixr +sy¢p-2> 75) +
fixes f :: 'm-1 = 'm-2
assumes add: f (bl +p-1 02) = f bl +p-2 f b2
and scale: f (7 *Swith-1 ) = 7 *Swith-2 [ b
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begin
sublocale module-pair-with (proof)
end

lemma module-hom-with-overloaded| ud-with]:
module-hom =
(
Ascaley scales.
module-hom-with (+) 0 (=) uminus scale; (+) 0 (=) uminus scales

)

{proof)
ud <module.subspaces («(with - - - : «subspace» -)» [1000, 999, 998, 1000] 10)
ud <module.spany («(with - - - : «spany -)» [1000, 999, 998, 1000] 10)
ud <module.dependent»

(¢«(with - - - - : «dependent» -)» [1000, 999, 998, 997, 1000] 10)

ud <module.representation)

(

«(with - - - - : «representationy - -)»
[1000, 999, 998, 997, 1000, 999] 10

)

abbreviation independent-with
(«(with - - - - : «independent» -)» [1000, 999, 998, 997, 1000] 10)
where
(with zerocry1 zeroy  scaleys plusyy : «independenty s) =
—(with zeroc g1 zeroy scaleps plusys = «dependenty s)

lemma span-with-transfer|transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: right-total A bi-unique A
shows
(

A ===>

(A ===> A ===> A) ===>

((2) ===> A ===> A) ===>

rel-set A ===>
rel-set A
) span.with span.with
(proof )

lemma dependent-with-transfer| transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: right-total A bi-unique A
shows

(
(=) ===>

A ===>
(A ===> A ===> A) ===>
((z) ===> A ===> A) ===>

rel-set A ===>
(=)
) dependent.with dependent.with
(proof)

ctr relativization
synthesis ctr-simps
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assumes [transfer-rule]: is-equality A bi-unique B
trp (?'a A) and (?'b B)
in subspace-with: subspace.with-def

4.3.2 module-ow

Definitions and common properties

Single module.

locale module-ow = ab-group-add-ow U s plusys zerop minusy, uminus
for Uy = 'm set
and plusy; (infixl <+ 65)
and zeropr (<0pp)
and minusy; (infixl <—yp 65)
and uminusy (<— - [81] 80) +
fixes scale :: ['crlizcomm-ring-1, 'm] = 'm (infixr <xspp 75)
assumes scale-closed[simp, intro]: x € Uy = a *spy x € Uy
and scale-right-distrib| algebra-simps]:
fzeUpm;ye Uy ]l = a*sy (T +3 y) = a *#Spr T+ a #5371 Y
and scale-left-distrib[ algebra-simps]:
xeUpy=>(a+b)*spyx=a*spr T +p b*sy
and scale-scale[ simp]:
e Uy = axrsy (brsyyx)=(axb) *syx
and scale-one[simpl: z € Upyy = 1 *spy z =z
begin

lemma scale-closed’[simp]: ¥V a. VaeUyp. a *spyr x € Uy (proof)

lemma minus-closed’[ simp]: Y xeUp. VyeUpy. x —pp y € Uy
(proof)

lemma uminus-closed’[simp]: ¥V xeUps. —pr x € Uy (proof)

tts-register-sbts «(xsy ) | Un
(proof)

tts-register-sbts plusy | Uy

{proof)

tts-register-sbts zeroy | Uy

{proof)

end

Pair of modules.

locale module-pair-ow =
My: module-ow U p-1 pluspi-1 zeropr-1 minusy-1 uminusy-1 scale; +
Mo: module-ow U p-o pluspr-o zerop-o minusp-o uminusy-o scales
for Up-q = 'm-1 set
and plusy-1 (infixl <+p7-1> 65)
and zeropr—1 (<Opgr-1%)
and minusy-; (infixl <—p7-1> 65)
and uminusp-1 (<—p-1 - [81] 80)
and scaley = ['erlicomm-ring-1, 'm-1] = 'm-1 (infixr <*spr-1> 75)
and Ujpo = 'm-2 set
and plusy-o (infixl <+p7-9> 65)
and zeropr—o (<Opzr-2%)
and minusy-o (infixl - ;-2 65)
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and uminusy—2 (<—pr-2 - [81] 80)
and scales == ['erl:icomm-ring-1, 'm-2] = 'm-2 (infixr <*spr-9> 75)

Module homomorphisms.

locale module-hom-ow =
M1: module-ow U p-1 pluspi-1 zeropr-1 minusy-1 uminusy-1 scaley +
Mo: module-ow U pp-o plusp-o zeropr-o minusyi-o uminusy-o scales
for Uy = 'm-1 set
and plusy-1 (infix] <+p7/-1> 65)
and zeropr—1 (<Opgr-1%)
and minusy-1 (infixl <—p7-1> 65)
and uminusy-1 (<—p-1 - [81] 80)
and scaley = ['erlicomm-ring-1, 'm-1] = 'm-1 (infixr (*spr-1> 75)
and Ujpe = 'm-2 set
and plusp-2 (infixl <+ -2 65)
and zeropr—o (<Opgr-2%)
and minusy-o (infixl <—jp7-9» 65)
and uminusp-2 (<—p-2 - [81] 80)
and scales == ['erl:icomm-ring-1, 'm-2] = 'm-2 (infixr <*spr-9> 75) +
fixes f = 'm-1 = 'm-2
assumes f-closed[simp]: f  Up-1 € Upp-a
and add: [[ bl € Uppo1; 02 € Uppor [ = f (b1 +pp-1 02) = f b1 +p4-0 f 12
and scale: [[ 1€ Ugri; be Upy-1 J] = f (r #sp-1 b) =7 *#spp-2 f b
begin

tts-register-sbts f | <Up-1> and «Up-2» (proof)
lemma f-closed'[simp]: Y zeUpr-1. fz € Upr-o (proof)
sublocale module-pair-ow (proof)

end

Transfer.

lemma module-with-transfer|transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: bi-unique B right-total B
fixes PP lhs
defines
PP =
(
(B ===> B ===> B) ===>
B ===>
(B ===> B ===> B) ===>
(B ===> B) ===>
((z) ===> B ===> B) ===>
)
)
and
lhs =
(

A plusy zeropyr minusy; uminusy; scale.

module-ow (Collect (Domainp B)) plusys zeroy minusy uminusy scale

shows PP lhs (module-with)
(proof)

195
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lemma module-pair-with-transfer| transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]:
bi-unique By Tight-total By bi-unique By right-total Bs
fixes PP lhs
defines
PP =
(
(By ===> By ===> B;) ===>
By ===>
(Bl ===> Bl ===> Bl) ===>
(Bl ===> Bl ===>
(=) == By —=> By) —=>
(Bg ===> By ===> Bj) ===>
By ===>
(BQ ===> Bg ===> BQ) ===>
(BQ ===> Bg) ===>
((=) ===> By ===> By) ===>
(=)
)
and
lhs =
(
A
pluspr-1 zeroy-1 minusy-1 uminusy-1 Scaley
pluspr-o zeropr-o MINUS -2 UMINUS \f-2 Scales.
module-pair-ow
(Collect (Domainp By)) pluspr-1 zeropr-1 minuspyr-1 uminusy-1 Scaley
(Collect (Domainp B2)) pluspr-2 zerop-o minuspi-o uminusy-o scales

shows PP lhs module-pair-with
(proof)

lemma module-hom-with-transfer| transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]:
bi-unique By right-total By bi-unique By right-total By
fixes PP lhs
defines
PP =
(
(Bl ===> Bl ===> Bl) ===>
Bl ===>
(Bl ===> Bl ===> Bl) ===>
(By ===> By) ===>
(=) ===> By ===> By) ===>
(Bg ===> By ===> Bj) ===>
B2 ===>
(B2 ===> By ===> BQ) ===>
(Bg ===> By) ===>
(=) ===> By ===> By) ===>
(By ===> By) ===>
=)
)
and
lhs =

(
A
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pluspr-1 zerop-1 minusy-1 uminusy-1 scaley
pluspr-o zeropr-o Minusy-o uMInuUS -2 Scales
module-hom-ow
(Collect (Domainp B1)) pluspy-1 zerop-1 minusp-1 uminusy-1 scaley
(Collect (Domainp By)) pluspy-2 zerop-o minusp-o uminusy-o scales
shows PP lhs module-hom-with
(proof)

4.3.3 module-on

Definitions and common properties

locale module-on =
fixes Uy
and scale :: 'azcomm-ring-1 = 'b:ab-group-add = 'b (infixr (xs» 75)
assumes scale-right-distrib-on[ algebra-simps]:
[zeUmsyeUyl=ax*s(z+y)=a*sc+ax*sy
and scale-left-distrib-on[ algebra-simps]:
xeUpy = (a+d)*szx=a*sz+bxrsz
and scale-scale-on[simp]: € Upyy = a *s (b *sx) = (a * b) *sx
and scale-one-on[simp]: x € Upy => 1 *sz =z
and closed-add: [z e Up;ye Uy ] =z +ye Uy
and closed-zero: 0 € Uy
and closed-scale: t € Upyy == a sz e Uy
begin

lemma S-ne: Uy # {} (proof)

lemma scale-minus-left-on:
assumes z € Uy,
shows scale (- a) z = — scale a z

{proof)

lemma closed-uminus:
assumes z € Uy
shows -z € Uy,

{proof)

sublocale implicityr: ab-group-add-ow Uy <«(+)> 0 <(=)» uminus

{proof)

sublocale implicityr: module-ow Uy <«(+)» 0 «(=)> uminus <(*s)>

{proof)

definition subspace :: 'b set = bool
where subspace-on-def: subspace T «—
0eTAVaeT.VyeT. 2+ ye T) A (Ve. VaeT. cxsxz e T)

definition span = 'b set = 'b set
where span-on-def: span b = {sum (Aa. r a *s a) t |t r. finite t A ¢ C b}

definition dependent :: 'b set = bool
where dependent-on-def: dependent s «—
(Ftu. finitet At CsA (sum (Av. uv*sv)t=0n (Jvet. uwv#0)))
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lemma implicit-subspace-with| tts-implicit]: subspace.with (+) 0 (*s) = subspace

{proof)

lemma implicit-dependent-with|[ tts-implicit]:
dependent.with 0 0 (+) (*s) = dependent
(proof)

lemma implicit-span-with[ tts-implicit]: span.with 0 (+) (*s) = span

{proof)

end

lemma implicit-module-ow| tts-implicit]:
module-ow Uy (+) 0 (=) uminus = module-on Uy
{proof)

locale module-pair-on =
Mq: module-on U p-1 scaler + Ma: module-on U p-o scales
for Ups-1:: 'biab-group-add set
and U y-9:'c:ab-group-add set
and scaley:'a::comm-ring-1 = - = - (infixr (+s1> 75)
and scales::'az:comm-ring-1 = - = - (infixr «*s9> 75)
begin

sublocale implicit;: module-pair-ow
Un-1 <(+)> 0 «(=)> uminus scaley Upr-2 <(+)> 0 <(=)> uminus scaleg
{proof)

end

lemma implicit-module-pair-ow][ tts-implicit]:
module-pair-ow Upr-q (+) 0 (=) uminus scaley Upr-o (+) 0 (=) uminus scales =
module-pair-on U -1 Up-2 scaley scales

{proof)

locale module-hom-on = M1: module-on U p-1 scaley + My: module-on U -9 scales
for Ups-1 = 'buab-group-add set and U oo :: 'ciab-group-add set
and scaley = ‘azcomm-ring-1 = ‘b = 'b (infixr <+s1» 75)
and scales = ‘azcomm-ring-1 = ‘c = ‘¢ (infixr <+sy> 75) +
fixes f = b= ¢
assumes hom-closed: f  Up-1 € Upr-2
and add: AbL b2. [[ bl € Up-1; 02 € Upyy J] = f (b1 + b2) = f bl + f b2
and scale: Ab. be Upyog = f (r %51 b) =1 59 fb
begin

sublocale module-pair-on Upr-1 Up-o scaley scales (proof)

sublocale implicit;: module-hom-ow
Unr-1 <(+)> 0 «(=)> uminus scaley Up-o <(+)> 0 <«(=)> uminus scaleg

{proof)

end

lemma implicit-module-hom-ow| tts-implicit]:
module-hom-ow Upr-1 (+) 0 (=) uminus scale; Upr-o (+) 0 (=) uminus scales =
module-hom-on U -1 Up-o scale; scales

(proof)



CHAPTER 4. TTS VECTOR SPACES

4.3.4 Relativization.

context module-on
begin

tts-context
tts: (70 to «Ups'b sety)
rewriting ctr-simps
substituting implicit y;.module-ow-axioms
and implicitys.ab-group-add-ow-azxioms
eliminating <%a € Uy;» and <?B ¢ Uy through auto
applying
[
OF
implicit ;. carrier-ne
implicit yr.add-closed’
implicit p;.minus-closed’
implicit py . uminus-closed’
implicityr.scale-closed’,
unfolded tts-implicit
]

begin

tts-lemma scale-left-commudte:
assumes z € Uy
shows a *s b sz =bx*sax*sz
is module.scale-left-commute(proof)

tts-lemma scale-zero-left:
assumes ¢ € Uy,
shows 0 sz =0
is module.scale-zero-left(proof)

tts-lemma scale-minus-left:
assumes z € Uy,
shows — a *s x = — (a *s )
is module.scale-minus-left(proof)

tts-lemma scale-left-diff-distrib:
assumes z € Uy,
shows (a —b) *sz=a*sx — b*sz
is module.scale-left-diff-distrib{proof)

tts-lemma scale-sum-left:
assumes z € Uy,
shows sum f A xs z = (X acA. fa *s 1)
is module.scale-sum-left(proof)

tts-lemma scale-zero-right: a *s 0 = 0
is module.scale-zero-right{proof)

tts-lemma scale-minus-right:
assumes z € Uy,
shows a *s — z = — (a *s )
is module.scale-minus-right({proof)

tts-lemma scale-right-diff-distrib:
assumes z € Uy and y € Uy
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shows a *s (z —y) =a*sz —a*sy
is module.scale-right-diff-distrib(proof)

tts-lemma scale-sum-right:
assumes range f € Uy
shows a xs sum f A = (Y xcA. a *s [ z)
is module.scale-sum-right(proof)

tts-lemma sum-constant-scale:
assumes y € Uy
shows (Y zeA. y) = of-nat (card A) *s vy
is module.sum-constant-scale{proof)

tts-lemma subspace-def:
assumes S ¢ Uy
shows subspace S =

(0eSA(Va. VyeS. x +syeS) A (VaeS. VyeS. o+ y e 5))

is module.subspace-def{proof)

tts-lemma subspacel:
assumes S ¢ Uy
and 0 e S

and Az y. [[te Upsye Upys; e S;ye S =z +yel
and Acz. [t e Uy;ze S]] = cxsxzeS

shows subspace S
is module.subspacel (proof)

tts-lemma subspace-single-0: subspace {0}
is module.subspace-single-0{proof)

tts-lemma subspace-0:
assumes S € Uy, and subspace S
shows 0 € S
is module.subspace-0{proof)

tts-lemma subspace-add:

assumes S € Uy and subspace S and z € S and y € S

shows z + y € S
is module.subspace-add(proof)

tts-lemma subspace-scale:

assumes S ¢ Uy, and subspace S and z € S

shows ¢ xsz € S
is module.subspace-scale{proof)

tts-lemma subspace-neg:

assumes S € Uy and subspace S and z € S

shows — z ¢ §
is module.subspace-neg(proof)

tts-lemma subspace-diff:

assumes S ¢ U); and subspace S and z € S and y € S

shows z — ye §
is module.subspace-diff (proof)

tts-lemma subspace-sum:
assumes A € Uy,
and range f € Uy
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and subspace A

and A\z. x€e B=— fzec A
shows sum f B e A

is module.subspace-sum(proof)

tts-lemma subspace-inter:
assumes A € Uy; and B ¢ Uy, and subspace A and subspace B
shows subspace (A n B)
is module.subspace-inter{proof)

tts-lemma span-ezplicit”:
assumes b € Uy
shows span b =
{
T € UM E|f
z=(Xve{x e Uy. fx#0}. foxsv) A
finite {x € Upr. fz 40} A
(VzeUp. fz #0 — z € b)
}

is module.span-explicit'(proof)

tts-lemma span-finite:
assumes S € Uy, and finite S
shows span S = range (Au. Y veS. u v *s v)
is module.span-finite(proof)

tts-lemma span-induct-alt:
assumes z € Uy,
and S c Uy
and z € span S
and h 0
and Aczy. [[re Uy ye Up; z € S; hy]] = h (c*sx+ y)
shows h z
is module.span-induct-alt(proof)

tts-lemma span-mono:
assumes BC Uy and A c B
shows span A ¢ span B
is module.span-mono(proof)

tts-lemma span-base:
assumes S € Uy and a € §
shows a € span S
is module.span-base(proof)

tts-lemma span-superset:
assumes S ¢ Uy,
shows S ¢ span S
is module.span-superset(proof )

tts-lemma span-zero:
assumes S ¢ Uy,
shows 0 € span S
is module.span-zero(proof)

tts-lemma span-add:
assumes z € Uy
and S c Uy
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and y € Uy
and x € span S
and y € span S
shows z + y € span S
is module.span-add(proof)

tts-lemma span-scale:
assumes z € Uy and S € Uy and z € span S
shows ¢ *s x € span S
is module.span-scale{proof)

tts-lemma subspace-span:
assumes S € Uy,
shows subspace (span S)
is module.subspace-span{proof)

tts-lemma span-neg:
assumes z € Uy and S € Uy and z € span S
shows — z € span S
is module.span-neg(proof)

tts-lemma span-diff:
assumes z € Uy,
and S c Uy
and y e Uy
and z € span S
and y € span S
shows z — y € span S
is module.span-diff (proof)

tts-lemma span-sum:
assumes range f € Upyand S ¢ Uy and Az. 1 € A = fz € span S
shows sum f A € span S
is module.span-sum{proof)

tts-lemma span-minimal:
assumes T ¢ Uy and S € T and subspace T
shows span S ¢ T
is module.span-minimal(proof )

tts-lemma span-subspace-induct:
assumes z € Uy,
and S c Uy
and P c Uy
and z € span S
and subspace P
and A\z. x € S =z € P
shows z € P
given module.span-subspace-induct

{proof)

tts-lemma span-induct:
assumes z € Uy,
and S c Uy
and z € span S
and subspace {z. Px Az € Uy}
and Az. z€ S =— Pz
shows P z
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given module.span-induct (proof)

tts-lemma span-empty: span {} = {0}
is module.span-empty(proof)

tts-lemma span-subspace:
assumes B ¢ Uy and A ¢ B and B ¢ span A and subspace B
shows span A = B
is module.span-subspace(proof)

tts-lemma span-span:
assumes A ¢ Uy,
shows span (span A) = span A
is module.span-span{proof)

tts-lemma span-add-eq:
assumes z € Uyyand S € Uy and y € Uy and z € span S
shows (z + y € span S) = (y € span S)
is module.span-add-eq(proof)

tts-lemma span-add-eq2:
assumes y € Upyyand S € Uy and z € Uy and y € span S
shows (z + y € span S) = (z € span S)
is module.span-add-eq2(proof)

tts-lemma span-singleton:
assumes z € Uy,
shows span {z} = range (\k. k *s x)
is module.span-singleton{proof)

tts-lemma span-Un:
assumes S C Uyyand T ¢ Uy
shows span (Su T) =
{z e Up.FaeUp. Jb0eUpy. 2 =a+bAacspanSAbespan T}
is module.span- Un{proof)

tts-lemma span-insert:
assumes a € Upyyand S c Uy
shows span (insert a S) = {x € Up. Jy. x — y *s a € span S}
is module.span-insert{proof)

tts-lemma span-breakdown:
assumes S € Uy and a € Uy and b € S and a € span S
shows 3. a — x *s b € span (S - {b})
is module.span-breakdown{proof)

tts-lemma span-breakdown-eq:
assumes z € Uyyand ae€ Uyyand S ¢ Uy,
shows (z € span (insert a S)) = (3y.  — y *s a € span S)
is module.span-breakdown-eq(proof)

tts-lemma span-clauses:
[ScUpm;aecS]] = acspan S
Sc Uy = 0c¢€span S
[zeUpn; SSCUp;ye Upy; zespanS;ye span S]] = = + y € span S
[ze Un; ScUpsxespan S]] = ¢ *s x € span S
is module.span-clauses{proof)
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tts-lemma span-eq-iff:
assumes s C Uy,
shows (span s = s) = subspace s
is module.span-eq-iff (proof)

tts-lemma span-eq:
assumes S C Upyyand T € Uy,
shows (span S = span T) = (S € span T A T € span S)
is module.span-eq{proof)

tts-lemma eq-span-insert-eq:
assumes z € Upyyand ye Upyyand S € Uy and z — y € span S
shows span (insert x S) = span (insert y S)
is module.eg-span-insert-eq(proof)

tts-lemma dependent-mono:
assumes A ¢ U),; and dependent B and B ¢ A
shows dependent A
is module.dependent-mono(proof)

tts-lemma independent-mono:
assumes A ¢ U); and - dependent A and B ¢ A
shows - dependent B
is module.independent-mono{proof)

tts-lemma dependent-zero:
assumes A C Upyand 0 € A
shows dependent A
is module.dependent-zero(proof)

tts-lemma independent-empty: — dependent {}
is module.independent-empty{proof)

tts-lemma independentD:
assumes s € Uy
and - dependent s
and finite t
and t C s
and (Y vet. uv *sv) =0
and v et
shows v v =0
is module.independentD{proof)

tts-lemma independent- Union-directed:
assumes C € Pow Uy
and Acd. [cec Upy;dc Upy;ce C;deCl]=ccdvdce
and Ac. [[c € Uy ¢ € C]] = - dependent ¢
shows - dependent (U C)
is module.independent- Union-directed(proof )

tts-lemma dependent-finite:
assumes S ¢ Uy and finite S
shows dependent S = (3z. (JyeS. zy # 0) A (L veS. z v *sv) =0)
is module.dependent-finite{proof)

tts-lemma independentD-alt:
assumes B ¢ Uy
and z € Uy
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and - dependent B

and finite {z € Up. X x # 0}

and {z e Uy. X2 #0} S B

and (Xz|ze Uy nrnXz#0. Xzxsx)=0
shows X z =0

is module.independentD-alt(proof)

tts-lemma spanning-subset-independent:
assumes A € Uy, and B ¢ A and - dependent A and A ¢ span B
shows A = B
is module.spanning-subset-independent(proof )

tts-lemma unique-representation:
assumes basis € Uy
and - dependent basis
and Av. [[ve Upy; fou# 0]] = v e basis
and Av. [[ve Uy; gv # 0]] = v € basis
and finite {z € Up. fz # 0}
and finite {x € Up. gz # 0}
and
(Cve{z e Upy. fz 40} fuxsv) = (Xve{z e Uy. gx # 0}. gv *sv)
shows VzeUy. fr =gz
is module.unique-representation unfolded fun-eq-iff ]{proof)

tts-lemma independentD-unique:
assumes B ¢ Uy,
and - dependent B
and finite {z € Upy. X z # 0}
and {zr e Uy. X2 #0} € B
and finite {x € Up. Yz # 0}
and {z e Uy. Yz #0} S B
and (Xz|ze Uy A X240 Xzxsx) =
(Xz|2eUpyAYz#0. YVzsrsz)
shows VazeUy. X2 =Yz
is module.independentD-unique[ unfolded fun-eq-iff |{ proof)

tts-lemma subspace-UNIV: subspace U ps
is module.subspace- UNIV {proof)

tts-lemma span-UNIV: span Uy = Uy
is module.span-UNIV (proof)

tts-lemma span-alt:
assumes B ¢ U,
shows
span B =
{
X € UMHf
z=z|zeUynfzt0 fozrsz)A
finite {x € Ups. fz 40} A
{reUy.fz#0}cB
}

is module.span-alt(proof)

tts-lemma dependent-alt:
assumes B ¢ Uy,
shows dependent B =

(
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3f.
finite {v e Upy. fv#0} A
{veUpy.fv+0}CBA
(JveUp. fv#0) A

: Xz|lzeUynfet0 faoxsz)=0

is module.dependent-alt{proof)

tts-lemma independent-alt:
assumes B ¢ Uy,
shows
(- dependent B) =
(
v f.
finite {x € Up. fo # 0} —
{reUy.fz#+0}cB—

Xz|zeUyAnfzt0.fzrsz)=0—

(V.’L‘EUM.fI = 0)
)

is module.independent-alt{proof)

tts-lemma subspace-Int:

assumes range s € Pow Uy and Ai. i € I = subspace (s )

shows subspace (N (s ‘1) n Upy)
is module.subspace-Int({proof)

tts-lemma subspace-Inter:
assumes f ¢ Pow Uy and Ball f subspace
shows subspace (N f N Uypy)
is module.subspace-Inter{proof)

tts-lemma module-hom-scale-self: module-hom-on Upr Upp (#5) (xs) ((*s) ¢)

is module.module-hom-scale-self {proof)

tts-lemma module-hom-scale-left:
assumes z € Uy

shows module-hom-on UNIV Ups (x) (*s) (Ar. r *s x)

is module.module-hom-scale-left{proof)

tts-lemma module-hom-id: module-hom-on Ujpr Upr (#s) (*s) id

is module.module-hom-id{proof)

tts-lemma module-hom-ident: module-hom-on Upr Upp (*s) (xs) (Az. z)

is module.module-hom-ident{proof)

tts-lemma module-hom-uminus: module-hom-on Uy Upp (x8) (*8) uminus

is module.module-hom-uminus(proof)
end

tts-context
tts: (90 to «Ups'b sety)
rewriting ctr-simps
substituting implicit ;. module-ow-axioms
and implicit yr.ab-group-add-ow-axioms

eliminating <%a € Uyp;» and <?B ¢ Uy through clarsimp

applying

[
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OF
implicitpr.carrier-ne
implicityr.add-closed’
implicit . minus-closed’
implicit ;. uminus-closed’
implicit y;.scale-closed’,

unfolded tts-implicit

]

begin

tts-lemma span-explicit:
assumes b € Uy
shows span b =
{r e Up.JycUpy. 3f. (finite y Ay b) Az =(Xacy. fa*sa)}
given module.span-explicit (proof)

tts-lemma span-unique:
assumes S € Uy
and T ¢ Uy
and Sc T
and subspace T
and AT [[T'c Upy; S c T subspace T']] = T c T’
shows span S = T
is module.span-unique{proof)

tts-lemma dependent-explicit:
assumes V ¢ Uy
shows dependent V =
(30U . 3f. finite UANU SV A(FueU. fo#0) A (Zvel. fo*swv)=0)
given module.dependent-explicit (proof)

tts-lemma independent-explicit-module:
assumes V ¢ Uy
shows (- dependent V) =
(
VUCUp. Yf. YuelUy.
finite U —
UcV —
(XueU. fu*su)=0—
ve U —
fv=0
)

given module.independent-explicit-module {proof)
end
end

context module-pair-on
begin

tts-context
tts: (2b to «Upy-1:'b sety) and (?'c to «Up-a:'c sety)
rewriting ctr-simps
substituting M, .implicityr.module-ow-axioms
and Ms.implicit ;. module-ow-azxioms
and M .implicitys.ab-group-add-ow-azxioms
and Ms.implicitys.ab-group-add-ow-azioms
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and implicit pr. module-pair-ow-axioms
eliminating through auto
applying [unfolded tts-implicit]
begin

tts-lemma module-hom-zero: module-hom-on Upr-1 Upp-a (*51) (*s2) (Az. 0)
is module-pair.module-hom-zero{proof)

tts-lemma module-hom-add:
assumes VzeUy1. fox € Up-o
and VzeUpyq. gz € Upy-o
and module-hom-on Upoy Upreo (#81) (*82) f
and module-hom-on U -1 Upr-o (*s1) (*82) g
shows module-hom-on U -y Upr-o (#81) (*82) (Az. fz + g x)
is module-pair.module-hom-add(proof)

tts-lemma module-hom-sub:
assumes YV zeUy_1. fx € Upy-o
and VaeUp-1. gxe Unr-2
and module-hom-on Up-1 Upoo (*s1) (*s2) f
and module-hom-on U -1 Upr-a (*s1) (*82) g
shows module-hom-on Upr-y Upr-2 (#s1) (*s2) (Az. fz — g )
is module-pair.module-hom-sub{proof)

tts-lemma module-hom-neg:
assumes V xe€U 1. fx € Up-o and module-hom-on Upry Upp-g (*81) (*82) f
shows module-hom-on Upr-1 Upr-2 (*#51) (*s2) (Az. — fx)
is module-pair.module-hom-neg{proof)

tts-lemma module-hom-scale:
assumes V xe€U 1. fx € Up-o and module-hom-on Upry Upp-o (*81) (*82) f
shows module-hom-on U o1 Upr-o (%81) (*52) (Az. ¢ *s2 f )
is module-pair.module-hom-scale{proof)

tts-lemma module-hom-compose-scale:
assumes c¢ € Ujp-o and module-hom-on U p-1 UNIV (xs1) (%) f
shows module-hom-on U -1 Upr-o (%81) (*52) (Az. fz %55 ¢)
is module-pair.module-hom-compose-scale{proof )

tts-lemma module-hom-sum:
assumes Y u. YveUpi1. fuve Upy-o
and Ai. i € I = module-hom-on U -1 Upr-a (*s1) (*s2) (f 7)
and I = {} = module-on Up-1 (*s1) A module-on U p-2 (*s2)
shows module-hom-on Upr-y Upr-o (#51) (*82) (Az. Y iel. fiz)
is module-pair.module-hom-sum{proof)

tts-lemma module-hom-eq-on-span:

assumes VaeUp-1. fr € Upy-o
and VzeUpyq. gz € Up-o
and B ¢ Ujy-1
and z € Uy
and module-hom-on Upp-1 Up-o (*s1) (*82) f
and module-hom-on U -1 Upr-a (*s1) (*82) g
and Az. [z € Uy-152€ Bl = fz=9gux
and z € Mq.span B

shows fz =gz
is module-pair.module-hom-eq-on-span{proof)
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end

end
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4.4 Vector spaces

4.4.1 wvector-space-with

locale vector-space-with = ab-group-add plusy s zeroys minusy s uminusy g
for plusy g = ['vs, "vs] = 'vs (infix]l <+y g> 65)
and zeroys (Oygs))
and minusy g (infixl <—yg» 65)
and uminusys (<—vs - [81] 80) +
fixes scale :: ['f:field, 'vs] = 'vs (infixr *Syi1p) 75)
assumes scale-right-distrib[ algebra-simps]:
a *Syith (T +vs Y) = @ *Swith T +VS @ *Swith Y
and scale-left-distrib| algebra-simps]:
(@ + D) *Swith T = a *Swith T +vs b *Syin T
and scale-scale[ simp]: a *Syitn (b *Switn ) = (a * b) *Syitn T
and scale-one[simpl: 1 *Syith T = T
begin

notation plusy s (infixl <+ 5> 65)
and zeroygs (Oyg»)
and minusy s (infixl «(—yg> 65)
and uminusy s (<—yg - [81] 80)
and scale (infixr <*sy;4p) 75)

end

lemma vector-space-with-overloaded| ud-with]:
vector-space = vector-space-with (+) 0 (=) uminus

{proof)

locale vector-space-pair-with =

VS1: vector-space-with plusy s-1 zeroys-1 minusy s-1 uminusy s-1 scale; +
VSa: vector-space-with plusy g-o zeroy g-o minusy g-o UmMinusy s-o scales
for plusys-1 = ['vs-1, 'vs-1] = 'vs-1 (infix] <+ g:-1> 65)

and ZETOV S-1 (<0vsr—1>)

and minusy g-1 (infixl <—y g/-1> 65)

and uminusy s-1 (<—ys-1 - [81] 80)

and scaley = ['f:field, 'vs-1] = ‘vs-1 (infixr <*Syitp-1> 75)

and plusy g-o = ['vs-2, 'vs-2] = "vs-2 (infixl +y g-25 65)

and ZETOV S-2 (<0vg/—2>)

and minusy g-2 (infixl <—y g/-9> 65)

and uminusyg-2 (<—y g2 - [81] 80)

and scales = ['f:field, 'vs-2] = 'vs-2 (infixr <*Syi¢n-2> 75)

lemma vector-space-pair-with-overloaded| ud-with]:
vector-space-pair =
(
Ascaley scales.
vector-space-pair-with (+) 0 (=) uminus scale; (+) 0 (=) uminus scales
)

{proof)

locale linear-with =
11 vector-space-wi USY §-1 Z€Tr0y 5-1 MINUSY §-1 UMINuUSy g-1 Sscaley
Vs t th pl ler +
9t vector-space-wi USY §-2 Z€T0Yy §-2 MINUSY §-2 UMINUSY g-2 Scales
VSy: t th pl leg +
module-hom-with
plusy s-1 zeroy s-1 minusy g-1 uminusy s-1 scaley
plusy s-2 zeroy s-o minusy g-2 uminusy s-o scales
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f

for plusys-1 = ['vs-1, 'vs-1] = 'vs-1 (infix] <+ g/-1> 65)
and zeroys-1 (Oygr-1?)
and minusy -1 (infixl <—y g/-1> 65)
and uminusyg-1 (<—ys-1 - [81] 80)
and scaley = ['f=field, 'vs-1] = 'vs-1 (infixr <*Syi¢n-1> 75)
and plusyg-o = ['vs-2, 'vs-2] = 'vs-2 (infixl +y /-2 65)
and zeroy -2 (0ygr-2))
and minusy g-2 (infixl <—y g/-9) 65)
and uminusyg-2 (<—yg-2 - [81] 80)
and scales = ['f:field, 'vs-2] = 'vs-2 (infixr <*sy;¢p-2) 75)
and f = 'vs-1 = 'vs-2

lemma linear-with-overloaded| ud-with]:
Vector-Spaces.linear =
(
Ascaley scales.
linear-with (+) 0 (=) uminus scale; (+) 0 (=) uminus scales
)

{proof)

locale finite-dimensional-vector-space-with =

vector-space-with plusy s zeroys minusy s uminusy g scale

for plusyg = ['vs, "vs] = vs
and zeroy g
and minusy g
and uminusy g
and scale :: ['fufield, 'vs] = "vs +

fixes basis : 'vs set

assumes finite-basis: finite basis
and independent-basis: independent-with 0 Oy s (+vs) (*Switn) basis
and span-basis: span.with Oys (+vs) (*Switn) basis = UNIV

lemma finite-dimensional-vector-space-with-overloaded| ud-with]:
finite-dimensional-vector-space =
finite-dimensional-vector-space-with (+) 0 (=) uminus

{proof)

locale finite-dimensional-vector-space-pair-1-with =
VS1: finite-dimensional-vector-space-with
plusy g-1 zeroy s-1 minusy g-1 uminusy s-1 scale; basisy +
VSs: vector-space-with
plusy s-2 zeroy s-o minusy g-2 uMinusy s-o scales
for plusys-1 = ['vs-1, ‘vs-1] = 'vs-1 (infix] <+ g/-1> 65)
and zeroys-1 (0ygr-1?)
and minusy -1 (infixl <—y g/-1> 65)
and uminusys-1 (<—vg-1 - [81] 80)
and scaley = ['f:field, 'vs-1] = 'vs-1 (infixr <+syi¢-1> 75)
and basis;
and plusy g-o = ['vs-2, 'vs-2] = 'vs-2 (infixl +y /9> 65)
and zeroy -2 (0ygr-2))
and minusy g-2 (infixl <—y g/-9) 65)
and uminusy g-2 (<—ys-2 - [81] 80)
and scales == ['f:field, 'vs-2] = 'vs-2 (infixr <*Syi¢p-2) 75)

lemma finite-dimensional-vector-space-pair-1-with-overloaded| ud-with]:
finite-dimensional-vector-space-pair-1 =

(
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Ascaley basisy scales.
finite-dimensional-vector-space-pair-1-with
(+) 0 (=) uminus scaley basisy (+) 0 (=) uminus scales

)
{proof)

locale finite-dimensional-vector-space-pair-with =
VS1: finite-dimensional-vector-space-with
plusy g-1 zeroy s-1 minusy g-1 uminusy s-1 scale; basisy +
VSs: finite-dimensional-vector-space-with
plusy s-2 zeroy s-o minusy g-2 uminusy s-o scales basisg
for plusys-1 = ['vs-1, ‘vs-1] = 'vs-1 (infix] <+ g/-1> 65)
and zeroys-1 (Oygr-1?)
and minusy -1 (infixl <—y g/-1> 65)
and uminusys-1 (<—vg-1 - [81] 80)
and scaley = ['f:field, 'vs-1] = 'vs-1 (infixr <*syi¢n-1> 75)
and basis;
and plusyg-o = ['vs-2, 'vs-2] = 'vs-2 (infixl +yg/-9> 65)
and zeroy -2 (0ygr-2))
and minusy s-2 (infixl <—y g/-9) 65)
and uminusy g-2 (<—ys-2 - [81] 80)
and scales = ['f:field, 'vs-2] = 'vs-2 (infixr <*Syi¢p-2) 75)
and basisy

lemma finite-dimensional-vector-space-pair-with-overloaded| ud-with]:
finite-dimensional-vector-space-pair =
(
Ascaley basisy scales basiss.
finite-dimensional-vector-space-pair-with
(+) 0 (=) uminus scaley basisy (+) 0 (=) uminus scaley basiss

{proof)

4.4.2  vector-space-ow

Definitions and common properties

Single vector space.

locale vector-space-ow = ab-group-add-ow Uy g plusy g zeroys minusys uminusy s
for Uyg = 'vs set
and plusy s (infixl (+yg> 65)
and zeroys (Oygs»)
and minusy g (infixl <—y 5> 65)
and uminusys (<—vs - [81] 80) +
fixes scale :: ['fufield, "vs] = "vs (Infixr s, 75)
assumes scale-closed[ simp, intro]: z € Uys = a *Souy 2 € Uyg
and scale-right-distrib| algebra-simps]:
[zeUvsiye Uvs ] = a %S00 (T +vs Y) = @ *Sou T +v5 G *Sou ¥
and scale-left-distrib[ algebra-simps]:
2 € Uys = (a+ D) #Sou T = @ *Spuy T +y g b *Sou T
and scale-scale[ simp]:
€ Uyg = a *#Sou (b %S T) = (a * b) #8504 T
and scale-one[simpl: € Uyg => 1 #s5yy T =
begin

lemma scale-closed’[simp]: YV a. VzeUvyg. a *Sou x € Uyg (proof)

lemma minus-closed’[simp]: VzeUygs. VyeUvygs. z -yvs y € Uyg
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(proof)
lemma uminus-closed'[simp]: VzeUvys. —vgs z € Uyg (proof)

tts-register-sbts <(*s,, ) | Uys

{proof)

sublocale implicity g: module-ow Uy g plusy g zeroys minusy s uminusy g scale

{proof)

end

ud <wvector-space.dim»
ud dim’ «dim»

Pair of vector spaces.

locale vector-space-pair-ow =
VS1: vector-space-ow Uy g-1 plusy s-1 zeroy g-1 minusy g-1 uminusy g-1 scale; +
VSs: vector-space-ow Uy g-o plusy g-o2 zeroy g-o minusy g-o uminusy s-o scales
for Uyg-q = 'vs-1 set
and plusy s-1 (infixl <+ g-1> 65)
and zeroygs-1 (Oygr-1?)
and minusy g-1 (infixl <—y g/-1> 65)
and uminusy s-1 (<—ys-1 - [81] 80)
and scaley = ['f:field, 'vs-1] = 'vs-1 (infixr (*$5q/-1> 75)
and Uy g-9 = "vs-2 set
and plusy s-o (infixl <+ g2 65)
and ZETOV S-2 (<OVS"2>)
and minusy -2 (infixl <—y g/-9> 65)
and uminusy g-2 (<—ys-2 - [81] 80)
and scaleg == ['f:field, 'vs-2] = 'vs-2 (infixr (*$5q/-2> 75)
begin

sublocale implicity s: module-pair-ow
Uvygs-1 plusys-1 zeroy g-1 minusy g-1 uminusy g-1 scaley
Uvyg-2 plusy s-2 zeroy g-o minusy g-2 uminusy g-s scales

(proof)

end

Linear map.

locale linear-ow =
VS1: vector-space-ow Uy g-1 plusyg-1 zeroys-1 minusy s-1 uminusy s-1 scale; +
VSo: vector-space-ow Uy g-o plusy g-o2 zeroy g-o minusy g-2 uminusy s-o scales +
module-hom-ow
Uvys-1 plusyg-1 zeroy g-1 minusy g-1 uminusy g-1 scaley
Uvys-2 plusy g-2 zeroy s-o minusy g-2 uminusy s-2 scales
f
for Uyg-1 = 'vs-1 set
and plusys-1 (infixl <+ g-1> 65)
and zeroys-1 (Oygr-1?)
and minusy -1 (infixl <—y g/-1> 65)
and uminusy s-1 (<—ys-1 - [81] 80)
and scaley = ['f:field, 'vs-1] = 'vs-1 (infixr (*$54/-1> 75)
and Uy g9 = "vs-2 set
and plusy s-o (infixl <+ g2 65)
and ZETOV S-2 (‘OVS"2>)
and minusy -2 (infixl <—y g/-9> 65)
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and uminusyg-2 (<—y g2 - [81] 80)
and scaley == ['f:field, 'vs-2] = 'vs-2 (infixr (*$5q/-2> 75)
and f = 'vs-1 = 'vs-2

begin

sublocale implicity g: vector-space-pair-ow
Uvygs-1 plusys-1 zeroyg-1 minusy g-1 uminusy s-1 scaley
Uvys-o plusyg-o zeroy g-o minusy s-2 uminusy s-o scales

{proof)

end

Single finite dimensional vector space.

locale finite-dimensional-vector-space-ow =
vector-space-ow Uy g plusy g zeroys minusy g uminusy g scale
for Uyg = 'vs set
and plusy g (infixl +yg» 65)
and ZETOV S ((Ovs>)
and minusy g (infixl -y 5> 65)
and uminusys (<—vs - [81] 80)
and scale = ['fufield, 'vs] = "vs (Infixr <*s,,> 75) +
fixes basis :: 'vs set
assumes basis-closed: basis € Uy g
and finite-basis: finite basis
and independent-basis: independent-with 0 zeroy g plusy s scale basis
and span-basis: span.with zeroy g plusy s scale basis = Uy g

Pair of finite dimensional vector spaces.

locale finite-dimensional-vector-space-pair-1-ow =
VS1: finite-dimensional-vector-space-ow
Uvys-1 plusys-1 zeroy g-1 minusy g-1 uminusy g-1 scale; basisy +
VSa: vector-space-ow
Uvygs-2 plusy s-2 zeroy g-o minusy g-2 uminusy g-2 scales
for Uyg-q = 'vs-1 set
and pZUSVS-l (il’lﬁXl (+tysr-1? 65)
and ZETOV S-1 (<0VS"1>)
and minusy g-1 (infixl <—y g/-1> 65)
and uminusyg-1 (<—vs-1 - [81] 80)
and scaley = ['f:field, 'vs-1] = 'vs-1 (infixr <*$5q4/-1> 75)
and basis;
and Uy g-9 = "vs-2 set
and plusy s-o (infix] <+ 5:-2) 65)
and zeroyg-2 (0ygr-2))
and minusy s-o (infixl <~y g/-2) 65)
and uminusys-2 (<—vg-2 - [81] 80)
and scaleg = ['f:field, 'vs-2] = 'vs-2 (infixr (*$5q47-2> 75)

locale finite-dimensional-vector-space-pair-ow =

VS1: finite-dimensional-vector-space-ow

Uvys-1 plusys-1 zeroyg-1 minusy s-1 uminusy s-1 scale; basisy +
VSs: finite-dimensional-vector-space-ow

Uvygs-2 plusy g-2 zeroy s-o minusy g-2 uminusy s-2 scales basiso
for Uy g-1 = 'vs-1 set

and plusys-1 (infix] <+yg:,-1> 65)

and zeroys-1 (Oygr-1?)

and minusy -1 (infixl <—y g/-1> 65)

and uminusys-1 (<—vg-1 - [81] 80)

and scaley == ['fufield, 'vs-1] = 'vs-1 (infixr <*$,4,-1> 75)
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and basis;
and Uy g9 = "vs-2 set

and plusy s-o (infixl <+ g2 65)

and zeroy -2 (0ygr-2))

and mZ'TL’U,SVS_Q (inﬁxl (—vs§r-27 65)
and uminusy s-2 (<—ys-2 - [81] 80)

and scales == ['f:field, 'vs-2] = 'vs-2 (infixr (*$45q/-2> 75)

and basisy

Transfer.

lemma vector-space-with-transfer|transfer-rule]:

includes lifting-syntax

assumes [transfer-rule]: bi-unique B right-total B

fixes PP lhs
defines
PP =

(

)

(B ===> B ===> B) ===>
B ===>

(B ===> B ===> B) ===>
(B ===> B) ===>

((=) ===> B ===> B) ===>
(=)

and
lhs =

(

Aplusy s zeroys minusy s uminusy s scale.

vector-space-ow

(Collect (Domainp B)) plusys zeroys minusy s uminusy s scale

)

shows PP lhs vector-space-with
{proof)

lemma vector-space-pair-with-transfer| transfer-rule]:

includes lifting-syntax
assumes [transfer-rule]:

bi-unique By right-total By bi-unique Bo right-total Bo

fixes PP lhs
defines
PP =

)

(

(Bl ===> By ===> Bl) ===>
Bl ===>

(By ===> By ===> By) ===>
(By ===> By) ===>

((=) ===> By ===> B;) ===>
(B2 ===> B2 ===> BQ) ===>
BQ ===>

(By ===> By ===> B,) ===>
(By ===> By) ===>

((=) ===> By ===> B,) ===>
)

and
lhs =

(

215
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A
plusy s-1 zeroy s-1 minusy s-1 uminusy s-1 scaley
plusy g-o zeroy s-o Minusy s-2 UMinusy s-o scales.
vector-space-pair-ow
(Collect (Domainp By)) plusy g-1 zeroy s-1 minusy s-1 uminusy s-1 scaley
(Collect (Domainp By)) plusy g-o zeroy s-2 minusy s-o uminusy s-o scales

)

shows PP lhs vector-space-pair-with

{proof)

lemma linear-with-transfer| transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]:
bi-unique By Tight-total By bi-unique Bo right-total Bs
fixes PP lhs
defines
PP =
(
(By ===> By ===> By) ===>
By ===>
(Bl ===> Bl ===> Bl) ===>
(Bl ===> Bl) ===>
((=) ===> By ===> By) ===>
(By ===> By ===> B,) ===>
By ===>
(BQ ===> Bg ===> Bz) ===>
(BQ ===> BQ ===>
((:) ===> BQ ===> Bg) ===>
(By ===> By) ===>
)

plusy g-1 zeroy s-1 minusy s-1 uminusy s-1 scaley
plusy s-2 zeroy s-o Minusy s-2 UMinusSy s-o scaleg
linear-ow
(Collect (Domainp B1)) plusyg-1 zeroyg-1 minusy s-1 uminusy s-1 scaley
(Collect (Domainp By)) plusy g-o zeroy s-2 minusy s-o uminusy s-o scales

f
)

shows PP lhs linear-with

{proof)

lemma linear-with-transfer'[ transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: bi-unique B right-total B
fixes PP lhs
defines
PP =
(
(B ===> B ===> B) ===>
B ===>
(B ===> B ===> B) ===>
(B ===> B) ===>

216
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((=) ===> B ===> B) ===>
(B ===> B ===> B) ===>
B ===>
(B ===> B ===> B) =—==>
(B ===> B) ===>
((=) ===> B ===> B) ===>
(B ===> B) ===>
(=)
)
and
lhs =
(
A
plusy g-1 zeroy s-1 minusy s-1 uminusy s-1 scaley
plusy s-2 zeroy s-o minusy g-2 uminusy s-o scaleg
3
linear-ow
(Collect (Domainp B)) plusys-1 zeroys-1 minusy s-1 uminusy s-1 scaley
(Collect (Domainp B)) plusy s-2 2eroy s-2 minusy s-2 uminusy s-o scales

f
)

shows PP lhs linear-with

(proof)

lemma finite-dimensional-vector-space-with-transfer| transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: bi-unique B right-total B
fixes PP lhs
defines
PP =
(
(B ===> B ===> B) ===>
B ===>
(B ===> B ===> B) ===>
(B ===> B) ===>
((=) ===> B ===> B) ===>
rel-set B ===>
(=)
)
and
lhs =
(
Aplusy s zeroys minusy s uminusy s scale basis.
finite-dimensional-vector-space-ow
(Collect (Domainp B)) plusy s zeroys minusy s uminusy s scale basis
)

shows PP lhs finite-dimensional-vector-space-with
{proof)

lemma finite-dimensional-vector-space-pair-1-with-transfer| transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]:
bi-unique By right-total By bi-unique Bo right-total Bo
fixes PP lhs
defines
PP =

(
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(Bl ===> Bl ===> Bl) ===>
Bl ===>

(By ===> By ===> By) ===>
(By ===> By) ===>

((=) ===> By ===> By) ===>

rel-set By ===>
(B2 ===> B2 ===> B2) ===>
By ===>

(Bg ===> By ===> Bj) ===>
(Bg ===> By) ===>
((=) ===> By ===> By) ===>
(=)
)
and
lhs =
(
A
plusy s-1 zeroy s-1 minusy s-1 uminusy s-1 scaley basisy
plusy g-o zeroy s-o Minusy s-2 UMinusy -2 scales.
finite-dimensional-vector-space-pair-1-ow
(Collect (Domainp By))
plusy g-1 zeroy s-1 minusy s-1 uminusy s-1 scale; basisy
(Collect (Domainp Bs))
plusy g-o 2eroy g-o MiNUSy -9 UMINUSy s-2 Scales

shows PP lhs finite-dimensional-vector-space-pair-1-with

{proof)

lemma finite-dimensional-vector-space-pair-with-transfer| transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]:
bi-unique By right-total By bi-unique Bo right-total Bo
fixes PP lhs
defines
PP =
(
(Bl ===> Bl ===> Bl) ===>
Bl ===>
(Bl ===> B1 ===> Bl) ===>
(By ===> By) ===>
((=) ===> By ===> By) ===>

rel-set By ===>
(BQ ===> 32 ===> BQ) ===>
32 ===>

(B2 ===> By ===> Bz) ===>
(Bg ===> By) ===>
((=) ===> By ===> By) ===>
rel-set By ===>
(=)
)
and
lhs =
(
A
plusy s-1 zeroy s-1 minusy s-1 uminusy s-1 scaley basisy
plusy g-o zeroy g-o Minusy g-2 UMinusy s-o scales basiss.
finite-dimensional-vector-space-pair-ow
(Collect (Domainp By))

218
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plusy s-1 zeroy s-1 minusy s-1 uminusy s-1 scale; basisy
(Collect (Domainp Bs))
plusy g-o zeroy g-o MinusSy s-2 umMinusy s-o scales basisy

shows PP lhs finite-dimensional-vector-space-pair-with

{proof)

4.4.3 vector-space-on

locale vector-space-on = module-on Uy g scale
for Uygs and scale = 'a:field = 'b:ab-group-add = b (infixr (*xs) 75)
begin

notation scale (infixr s> 75)

sublocale implicity s: vector-space-ow Uy s <(+)» 0 <(=)> uminus scale

{proof)

lemmas ab-group-add-ow-azxioms = implicits.ab-group-add-ow-axioms
lemmas vector-space-ow-axioms = implicity g.vector-space-ow-axioms

definition dim = 'b set = nat
where dim V = (if 3bcUvygs. - dependent b A span b = span V
then card (SOME b. b€ Uyg A - dependent b A span b = span V')
else 0)

end

lemma vector-space-on-alt-def: vector-space-on Uy g = module-on Uy g

{proof)

lemma implicit-vector-space-ow| tts-implicit]:
vector-space-ow Uy g (+) 0 (=) uminus = vector-space-on Uy g
{proof)

locale linear-on =
VS1: vector-space-on U -1 scale; +
VSs: vector-space-on U p-o scales +
module-hom-on Upj-1 Up-o scaley scales f
for Ujp-1 Upy-2 and scaley:'az:field = 'b = 'b:ab-group-add
and scaley:’azfield = '¢c = 'crab-group-add
and f

lemma implicit-linear-on|[ tts-implicit]:
linear-ow U p-1 (+) 0 minus uminus scaley Up-o (+) 0 (=) uminus scaley =
linear-on U p-1 U -9 scaley scaleg

{proof)

locale finite-dimensional-vector-space-on =
vector-space-on Uy g scale
for Uyg = 'biab-group-add set
and scale : 'azfield = 'b = b +
fixes basis = 'b set
assumes finite-basis: finite basis
and independent-basis: - dependent basis
and span-basis: span basis = Uy g
and basis-subset: basis € Uy g
begin
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sublocale implicity g:
finite-dimensional-vector-space-ow Uy g <(+)» 0 <«(=)> uminus scale basis

{proof)

end

lemma implicit-finite-dimensional-vector-space-on[ tts-implicit]:
finite-dimensional-vector-space-ow Uy g (+) 0 minus uminus scale basis =
finite-dimensional-vector-space-on Uy g scale basis

{proof)

locale vector-space-pair-on =
VSy: vector-space-on U pr-1 scale; +
VSa: vector-space-on U ps-o scales
for Up-1: ‘bab-group-add set and U py-o::'c:ab-group-add set
and scaley:'azfield = - = - (infixr <+sp) 75)
and scales::'a = - = - (infixr <*s9) 75)
begin

notation scale; (infixr «xs;» 75)
notation scaley (infixr <*sg» 75)

sublocale module-pair-on Upr-1 Upr-2 scaley scales (proof)

sublocale implicity g:

vector-space-pair-ow
Up-1 <«(+) 0 <«(=)» uminus scaley
Unr-2 <(+)> 0 <«(=)> uminus scales

{proof)

end

lemma implicit-vector-space-pair-on[ tts-implicit]:
vector-space-pair-ow
Upnr-1 (+) 0 (=) uminus scaley
Up-2 (+) 0 (=) uminus scaley =
vector-space-pair-on U1 Up-o Scaley scales

{proof)

locale finite-dimensional-vector-space-pair-1-on =
VS1: finite-dimensional-vector-space-on U p-1 scale; basisl +
VSa: vector-space-on U p-o scales
for UM_1 UM—2
and scale;:'a:field = 'b:ab-group-add = b
and scales:’a:field = 'c:ab-group-add = 'c
and basisl
begin

sublocale vector-space-pair-on U -1 U p-o scaley scales (proof)
sublocale implicity g:
finite-dimensional-vector-space-pair-1-ow

Unr-1 <(+)> 0 <(=)> uminus scaley; basisl Upp-o <(+)> 0 <(=)» uminus scales

{proof)

end
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lemma implicit-finite-dimensional-vector-space-pair-1-on[ tts-implicit]:
finite-dimensional-vector-space-pair-1-ow
Unr-1 (+) 0 minus uminus scaley basisl Upr-o (+) 0 (=) uminus scaley =
finite-dimensional-vector-space-pair-1-on Up-1 Up-2 scaley scaley basisl

{proof)

locale finite-dimensional-vector-space-pair-on =
VS1: finite-dimensional-vector-space-on U p-1 scale; basisl +
VSs: finite-dimensional-vector-space-on U p-o scales basis2
for UM_1 UM_2
and scaleq:'a:field = 'b:ab-group-add = 'b
and scales:'azfield = 'c:ab-group-add = 'c
and basisl basis2
begin

sublocale finite-dimensional-vector-space-pair-1-on Upr-1 Upr-o scaley scalesg

{proof)

sublocale implicity g:
finite-dimensional-vector-space-pair-ow
Upnr-1 <«(+)> 0 <(=)» uminus scale; basisl
Upnr-2 <«(+)> 0 <(=)» uminus scaley basis2

{proof)

end

lemma implicit-finite-dimensional-vector-space-pair-on| tts-implicit]:
finite-dimensional-vector-space-pair-ow
Upr-1 (+) 0 minus uminus scale; basisl
Unr-2 (+) 0 (=) uminus scaley basis2 =
finite-dimensional-vector-space-pair-on
Up-1 Upr-o scaley scales basisl basis2

{proof)

4.4.4 Relativization : part I

context vector-space-on
begin

tts-context
tts: (2'b to <Uyg:'b sety)
rewriting ctr-simps
substituting ab-group-add-ow-azioms
and vector-space-ow-axrioms
and implicit pr.module-ow-azxioms
applying
[
OF
implicit py.carrier-ne
implicityr.add-closed’
implicit ;. zero-closed
implicity g.minus-closed’
implicity g.uminus-closed’
implicity g.scale-closed’,
unfolded tts-implicit
]

begin
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tts-lemma linear-id: linear-on Uygs Uyg (*s) (*s) id
is vector-space.linear-id{proof )

tts-lemma linear-ident: linear-on Uygs Uyg (*s) (xs) (Az. z)
is wector-space.linear-ident(proof)

tts-lemma linear-scale-self: linear-on Uyg Uygs (*s) (xs) ((*s) ¢)
is vector-space.linear-scale-self ( proof )

tts-lemma linear-scale-left:
assumes z € Uyg
shows linear-on UNIV Uvyg (*) (*s) (Ar. r *s x)
is vector-space.linear-scale-left{proof)

tts-lemma linear-uminus: linear-on Uygs Uyg (*8) (*s) uminus
is vector-space.linear-uminus(proof)

tts-lemma linear-imp-scale[ consumes — 1, case-names 1]:
assumes range D € Uyg
and linear-on UNIV Uyg (%) (*s) D
and Ad. [[d € Uygs; D = (Az. © *s d)]] = thesis
shows thesis
is vector-space.linear-imp-scale{proof)

tts-lemma scale-eq-0-iff:
assumes z € Uyg
shows (a *sz=0)=(a=0vVv z=0)
is vector-space.scale-eq-0-iff (proof)

tts-lemma scale-left-imp-eq:
assumes € Uygand y € Uygand a # 0 and a *sz = a *s y
shows z = y
is vector-space.scale-left-imp-eq{proof)

tts-lemma scale-right-imp-eq:
assumes z € Uygand z # 0 and a *s x = b *s z
shows a = b
is vector-space.scale-right-imp-eq(proof )

tts-lemma scale-cancel-left:
assumes z € Uygand ye€ Uyg
shows (a *sz=a*sy)=(x=y Vv a=0)
is vector-space.scale-cancel-left{proof)

tts-lemma scale-cancel-right:
assumes z € Uyg
shows (a *sz=b*sxz)=(a=bvz=0)
is vector-space.scale-cancel-right{proof )

tts-lemma injective-scale:
assumes ¢ # 0
shows inj-on ((*s) ¢) Uvys
is wvector-space.injective-scale(proof)

tts-lemma dependent-def:
assumes P c Uyg
shows dependent P = (3z€P. x € span (P - {z}))
is wector-space.dependent-def (proof)
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tts-lemma dependent-single:
assumes z € Uyg
shows dependent {z} = (z = 0)
is vector-space.dependent-single(proof)

tts-lemma in-span-insert:

assumes a € Uyg
and be Uyg
and Sc Uyg
and a € span (insert b S)
and a ¢ span S

shows b € span (insert a S)
is wector-space.in-span-insert{proof )

tts-lemma dependent-insertD:
assumes ¢ € Uyg and S € Uyg and a ¢ span S and dependent (insert a S)
shows dependent S
is wector-space.dependent-insertD{proof )

tts-lemma independent-insertl:
assumes a € Uygand S € Uyg and a ¢ span S and - dependent S
shows - dependent (insert a S)
is vector-space.independent-insertl (proof)

tts-lemma independent-insert:
assumes a € Uygand S ¢ Uyg
shows (- dependent (insert a S)) =
(if a € S then — dependent S else - dependent S A a ¢ span S)
is wector-space.independent-insert(proof)

tts-lemma mazimal-independent-subset-extend| consumes — 1, case-names 1]:

assumes S C Uyg

and V ¢c Uyg

and Sc V

and - dependent S

and AB. [[Bc Uygs; S c B; B< V; - dependent B; V € span B]] = thesis
shows thesis

is vector-space.mazimal-independent-subset-extend(proof)

tts-lemma mazimal-independent-subset| consumes — 1, case-names 1]:
assumes V € Uyg
and AB. [[B< Uvys; B < V; - dependent B; V ¢ span B]] = thesis
shows thesis
is vector-space.mazimal-independent-subset{proof)

tts-lemma in-span-delete:

assumes a € Uy g
and S c Uyg
and be Uyg
and a € span S
and a ¢ span (S - {b})

shows b € span (insert a (S — {b}))
is vector-space.in-span-delete(proof )

tts-lemma span-redundant:
assumes z € Uygand S € Uyg and z € span S
shows span (insert z S) = span S
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is vector-space.span-redundant{proof)

tts-lemma span-trans:
assumes z € Uyg
and Sc Uyg
and y € Uyg
and z € span S
and y € span (insert x S)
shows y € span S
is wector-space.span-trans(proof)

tts-lemma span-insert-0:
assumes S € Uyg
shows span (insert 0 S) = span S
is wector-space.span-insert-0{proof)

tts-lemma span-delete-0:
assumes S ¢ Uyg
shows span (S - {0}) = span S
is wector-space.span-delete-0{proof)

tts-lemma span-image-scale:

assumes S ¢ Uyg and finite S and Az. [t € Uys; 2 € S]] = cz#0

shows span ((A\z. ¢ z *s x) *S) = span S
is vector-space.span-image-scale{proof )

tts-lemma ezchange-lemma:
assumes T € Uyg
and Sc Uyg
and finite T
and —dependent S
and S ¢ span T
shows 3t’cePow Uvyg.

card t' = card T A finite t' A Sct'At'c SuTASCspant’

is wvector-space.exchange-lemma(proof)

tts-lemma independent-span-bound:
assumes T ¢ Uyg
and Sc Uyg
and finite T
and - dependent S
and S ¢ span T
shows finite S A card S < card T

is vector-space.independent-span-bound(proof)

tts-lemma independent-explicit-finite-subsets:
assumes A c Uyg
shows (- dependent A) =
(
VacUvyg.
rC A —
finite v —

(Vf. (Zvex. fo*swv) =0 — (Vzex. fz =0))

)

given vector-space.independent-explicit-finite-subsets (proof)

tts-lemma independent-if-scalars-zero:
assumes A ¢ Uyg
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and finite A

and Afz. [z € Uyg; (SzeA. frxsz)=0;2¢€¢ A]l = fz =0
shows - dependent A

is wvector-space.independent-if-scalars-zero{proof)

tts-lemma subspace-sums:
assumes S € Uyg and T ¢ Uygs and subspace S and subspace T
shows subspace {x € Uyg. 3aeUvyg. 3beUyg. x=a+bAraecSAnbeT}
is wector-space.subspace-sums(proof)

tts-lemma bij-if-span-eq-span-bases:

assumes B<S Uyg
and C ¢ Uyg
and —dependent B
and —dependent C
and span B = span C'

shows Jz. bij-betw x B C A (VaeUys. za€ Uyg)
given vector-space.bij-if-span-eq-span-bases (proof)

end

end

4.4.5 Transfer: dim

context vector-space-on
begin

lemma dim-eq-card:
assumes B< Uyg
and V c Uyg
and BV: span B = span V
and B: —dependent B
shows dim V = card B

{proof)

lemma dim-transfer|transfer-rule]:
includes lifting-syntax
assumes [transfer-domain-rule]: Domainp A = (\z. x € Uyg)
and [transfer-rule]: right-total A bi-unique A
and [transfer-rule]: (A ===> A ===> A) plus plus’
and [transfer-rule]: ((=) ===> A ===> A) scale scale’
and [transfer-rule]: A 0 zero’
shows (rel-set A ===> (=)) dim (dim.with plus’ zero’ 0 scale’)
{proof)

end

4.4.6 Relativization: part II

context vector-space-on
begin

tts-context
tts: (9'b to «Uyg:'b setr)
sbterms: (¢(+):?'b:ab-group-add=>?"b=?"by to «(+):'b="b="b))
and

(
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«?scale: ?'azfield = 2'b:ab-group-add=>?'b::ab-group-add) to
«(%8):"a="b="b»
)
and (<0:9'b:ab-group-add> to <0:'by)
rewriting ctr-simps
substituting ab-group-add-ow-azioms
and vector-space-ow-axioms
and implicit ;. module-ow-azxioms
eliminating <%a € ?4) and (?B ¢ ?(C) through auto
applying
[
OF
implicitpr.carrier-ne
implicity g.minus-closed’
implicity g.uminus-closed’,
unfolded tts-implicit
]

begin

tts-lemma dim-unique:

assumes V ¢ Uyg
and Bc V
and V ¢ span B
and - dependent B
and card B =n

shows dim V = n
is vector-space.dim-unique(proof)

tts-lemma basis-card-eq-dim:
assumes V ¢ Uygand B< V and V ¢ span B and - dependent B
shows card B = dim V
is vector-space.basis-card-eq-dim(proof)

tts-lemma dim-eq-card-independent:
assumes B € Uyg and - dependent B
shows dim B = card B
is wector-space.dim-eq-card-independent(proof)

tts-lemma dim-span:
assumes S € Uyg
shows dim (span S) = dim S
is wector-space.dim-span(proof)

tts-lemma dim-span-eq-card-independent:
assumes B ¢ Uyg and - dependent B
shows dim (span B) = card B
is wector-space.dim-span-eq-card-independent(proof)

tts-lemma dim-le-card:
assumes V ¢ Uygand W c Uyg and V € span W and finite W
shows dim V < card W
is wector-space.dim-le-card(proof)

tts-lemma span-eq-dim:
assumes S € Uygand T € Uyg and span S = span T
shows dim S = dim T
is wector-space.span-eq-dim{proof)
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tts-lemma dim-le-card”:
assumes s € Uy g and finite s
shows dim s < card s
is wector-space.dim-le-card’(proof)

tts-lemma span-card-ge-dim:

assumes V ¢ Uygand B< V and V ¢ span B and finite B

shows dim V < card B
is wector-space.span-card-ge-dim(proof)

end

tts-context
tts: (20 to «Uyg:'d sety)

sbterms: (¢(+):#'b:ab-group-add=>2"b=>2'by to «(+)='b="b="b)
and («?scale:?'azfield = ?'b:ab-group-add=>?2'b) to «(*s):'a="b="b)

and (<0:?'b:ab-group-add> to <0:'by)
rewriting ctr-simps
substituting ab-group-add-ow-azxioms
and vector-space-ow-axioms
and implicit pr.module-ow-azxioms
applying
[
OF
implicit ;. carrier-ne
implicity g.minus-closed’
implicity g.uminus-closed’,
unfolded tts-implicit
]

begin

tts-lemma basis-exists:
assumes V ¢ Uyg
and AB.
I
Bc Uys;
BcV,
- dependent B;
V ¢ span B;
card B = dim V
]| = thesis
shows thesis
is vector-space.basis-exists{proof)

end
end

context finite-dimensional-vector-space-on
begin

tts-context
tts: (7'b to «Uyg:'b setr)

sbterms: (¢(+):?'b:ab-group-add=>?"b=?"by to «(+):'b="b="b))
and («?scale:?'az:field = ?'b:ab-group-add=>?'b) to «(*s):'a="b="b))

and (<0: ?'b:ab-group-add> to <0:'by)
rewriting ctr-simps
substituting ab-group-add-ow-azioms
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and vector-space-ow-axioms
and implicity g.finite-dimensional-vector-space-ow-axioms
and implicit pr.module-ow-axioms
eliminating <%aq € 24y and <?B ¢ ?C» through auto
applying
[
OF
implicit py.carrier-ne
implicity g.minus-closed’
implicity g.uminus-closed’
basis-subset,
unfolded tts-implicit
]

begin

tts-lemma finitel-independent:
assumes B ¢ Uyg and - dependent B
shows finite B
is finite-dimensional-vector-space.finiteI-independent(proof)

tts-lemma dim-empty: dim {} = 0
is finite-dimensional-vector-space.dim-empty(proof)

tts-lemma dim-insert:
assumes z € Uygand S ¢ Uyg
shows dim (insert x S) = (if z € span S then dim S else dim S + 1)
is finite-dimensional-vector-space.dim-insert(proof)

tts-lemma dim-singleton:
assumes z € Uyg
shows dim {z} = (if x = 0 then 0 else 1)
is finite-dimensional-vector-space.dim-singleton(proof)

tts-lemma choose-subspace-of-subspace| consumes — 1, case-names 1]:
assumes S € Uyg
and n < dim S
and AT. [T ¢ Uvyg; subspace T; T < span S; dim T = n]] = thesis
shows thesis
is finite-dimensional-vector-space.choose-subspace-of-subspace(proof )

tts-lemma basis-subspace-exists| consumes — 1, case-names 1]:
assumes S € Uyg
and subspace S
and AB.
i
Bc Uys;
finite B;
BcS;
- dependent B;
span B = S;
card B = dim S
]| = thesis
shows thesis
is finite-dimensional-vector-space.basis-subspace-exists{proof)

tts-lemma dim-mono:
assumes V ¢ Uygand W ¢ Uygand V € span W
shows dim V < dim W

228
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is finite-dimensional-vector-space.dim-mono{proof)

tts-lemma dim-subset:
assumes 7' ¢ Uygand Sc T
shows dim S < dim T
is finite-dimensional-vector-space.dim-subset{proof)

tts-lemma dim-eq-0:
assumes S € Uyg
shows (dim S = 0) = (S ¢ {0})
is finite-dimensional-vector-space.dim-eq-0{proof)

tts-lemma dim-UNIV: dim Uy s = card basis
is finite-dimensional-vector-space.dim-UNIV proof)

tts-lemma independent-card-le-dim:
assumes V ¢ Uyg and B € V and - dependent B
shows card B < dim V
is finite-dimensional-vector-space.independent-card-le-dim(proof)

tts-lemma card-ge-dim-independent:
assumes V ¢ Uyg and B € V and - dependent B and dim V < card B
shows V ¢ span B
is finite-dimensional-vector-space.card-ge-dim-independent(proof)

tts-lemma card-le-dim-spanning:

assumes V ¢ Uyg
and Bc V
and V ¢ span B
and finite B
and card B < dim V

shows - dependent B
is finite-dimensional-vector-space.card-le-dim-spanning{proof )

tts-lemma card-eq-dim:
assumes V ¢ Uygand B ¢ V and card B = dim V and finite B
shows (- dependent B) = (V < span B)
is finite-dimensional-vector-space.card-eq-dim(proof)

tts-lemma subspace-dim-equal:

assumes T' € Uyg
and subspace S
and subspace T
and Sc T
and dim T < dim S

shows S =T
is finite-dimensional-vector-space.subspace-dim-equal({proof)

tts-lemma dim-eq-span:
assumes T ¢ Uygand Sc T and dim T < dim S
shows span S = span T
is finite-dimensional-vector-space.dim-eq-span{proof )

tts-lemma dim-psubset:
assumes S € Uygand T € Uyg and span S c span T
shows dim S < dim T
is finite-dimensional-vector-space.dim-psubset(proof)
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tts-lemma indep-card-eq-dim-span:
assumes B ¢ Uyg and - dependent B
shows finite B A card B = dim (span B)
is finite-dimensional-vector-space.indep-card-eq-dim-span{proof)

tts-lemma independent-bound-general:
assumes S ¢ Uyg and - dependent S
shows finite S A card S < dim S
is finite-dimensional-vector-space.independent-bound-general{proof )

tts-lemma independent-explicit:
assumes B<S Uyg
shows (- dependent B) =
(finite BA (Vx. (Y veB. z v *sv) =0 — (VaeB. z a =0)))
is finite-dimensional-vector-space.independent-explicit(proof)

tts-lemma dim-sums-Int:
assumes S € Uyg and T ¢ Uyg and subspace S and subspace T
shows
dim{ze Uys. JyeUyg. 32eUys. 2=y +2AyeSAzeTt+dim (SnT)-=
dim S + dim T
is finite-dimensional-vector-space.dim-sums-Int{proof)

tts-lemma dependent-biggerset-general:
assumes S ¢ Uyg and finite S = dim S < card S
shows dependent S
is finite-dimensional-vector-space.dependent-biggerset-general{proof )

tts-lemma subset-le-dim:
assumes S € Uygand T <€ Uygand S € span T
shows dim S < dim T
is finite-dimensional-vector-space.subset-le-dim{proof)

tts-lemma linear-inj-imp-surj:
assumes VzeUyg. frz e Uyg
and linear-on Uys Uyg (xs) (*s) f
and inj-on f Uyg
shows f “ Uys = Uvyg
is finite-dimensional-vector-space.linear-inj-imp-surj{ proof )

tts-lemma linear-surj-imp-ing:
assumes VzeUyg. fr e Uyg
and linear-on Uygs Uyg (*s) (*s) f
and f ‘Uygs = Uys
shows inj-on f Uy g
is finite-dimensional-vector-space.linear-surj-imp-inj{ proof)

tts-lemma linear-inverse-left:
assumes VzeUyg. fz e Uyg
and VzeUyg. f'z€e Uyg
and linear-on Uys Uyg (*s) (*s) f
and linear-on Uygs Uyg (xs) (*s) f’
shows (VzeUygs. (fof)z=idx) = (VzeUyg. (f o f) z = id x)
is finite-dimensional-vector-space.linear-inverse-left[ unfolded fun-eq-iff](proof)

tts-lemma left-inverse-linear:
assumes VzeUyg. fr e Uyg
and V:L‘EUvs. gzxTe UVS
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and linear-on Uyg Uyg (xs) (*s) f
and VzeUvyg. (go f) z=id x
shows linear-on Uygs Uvys (*s) (*8) g
is finite-dimensional-vector-space.left-inverse-linear[ unfolded fun-eq-iff |(proof)

tts-lemma right-inverse-linear:
assumes VzeUyg. fz e Uyg
and VzeUygs. gz e Uyg
and linear-on Uys Uyg (xs) (*s) f
and VzeUyg. (fog) z=idx
shows linear-on Uygs Uyg (*s) (*s) g
is finite-dimensional-vector-space.right-inverse-linear| unfolded fun-eq-iff ]{proof)

end
end

context vector-space-pair-on
begin

tts-context
tts: (70 to «Up-1:'b setr) and (?'c to «Up-a:'c sety)
sbterms: (¢(+):?'b:ab-group-add=>2"b=?"b» to «(+):'b="b="b))
and («%s1.0:?"ax:field = ?'bab-group-add=-?"b> to «(x*s1):'a="b="b))
and (<0:?'b:ab-group-add> to <0:'by)
and («(+):?ciab-group-add=?'c=?'c) to «(+):'c="c="0))
and (¢ 952.0:?'azfield = ?'c:ab-group-add=>?'c) to <(*s3):'a="c="cy)
and (<0:?'c:ab-group-adds to <0:'cy)
rewriting ctr-simps
substituting VS;.ab-group-add-ow-azxioms
and VS;.vector-space-ow-axioms
and VS5.ab-group-add-ow-axioms
and VSs.vector-space-ow-azioms
and implicity s.vector-space-pair-ow-axioms
and VSy.implicityr.module-ow-axioms
and VSs.implicitys.module-ow-axioms
eliminating «?a € Uy-1> and <?B ¢ Uy-1> and <%a € Up-o> and «?B € Upp-o»
through auto
applying
[
OF
VS1.implicit ;. carrier-ne VSs.implicit ;. carrier-ne
VS1.implicit ;. minus-closed’ VS1.implicit pr. uminus-closed’
VSq.implicity s.minus-closed’ VSs.implicity g.uminus-closed’,
unfolded tts-implicit
]

begin

tts-lemma linear-add:
assumes YV zeUy_1. fx € Upy-o
and b1 € Uy
and b2 € Uyp-q
and linear-on Upo1 Up-o (*51) (*82) f
shows f (b1 + 02) = fbl + f b2
is vector-space-pair.linear-add{proof)

tts-lemma linear-scale:
assumes VzeUy1. fx € Upy-o
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and b e Upq

and linear-on Up-1 Up-o (#51) (%82) f
shows [ (r #sy b) = r xs9 f b

is wector-space-pair.linear-scale(proof )

tts-lemma linear-neg:
assumes VzeUy_1. fx € Upy-o
and z € Uy
and linear-on Upr-1 Upp-o (#51) (*82) f
shows f (- z) =- fz
is vector-space-pair.linear-neg{proof)

tts-lemma linear-diff:
assumes YV zeUy_1. fx € Upy-o
and z € Uy
and y € Uy
and linear-on Up-1 Upp-o (*s1) (*s2) f
shows f (z-y)=fz-fy
is wvector-space-pair.linear-diff (proof )

tts-lemma linear-sum:
assumes YV zeUy-1. fx € Upy-o
and range g € Ujp-q
and linear-on Up-1 Up-o (#51) (*82) f
shows f (sum g §) = (X aeS. f (g a))

is vector-space-pair.linear-sum{proof)

tts-lemma linear-ingj-on-iff-eq-0:
assumes YV zeUy_1. fx € Upy-o
and s € Ujp-1
and linear-on Up-1 Up-o (*51) (*82) f
and VS;.subspace s

shows inj-on fs=(Vzes. fz =0 — z=0)
is wvector-space-pair.linear-inj-on-iff-eq-0{ proof

tts-lemma linear-inj-iff-eq-0:
assumes VaxeUp-1. fr € Upy-o
and linear-on Up-1 Upp-o (*s1) (*s2) f

shows inj-on f Upr-1 = (VaeUpo1. f2 =0 — 2 =0)
is wector-space-pair.linear-ing-iff-eq-0{ proof )

tts-lemma linear-subspace-image:
assumes VaeUp-1. fr e Upy-o
and S € Up-q
and linear-on Up-1 Up-o (#51) (%82) f
and VSy.subspace S
shows VSs.subspace (f “S)

is vector-space-pair.linear-subspace-image(proof)

tts-lemma linear-subspace-kernel:
assumes YV zeUy_1. fx € Up-o
and linear-on Up-1 Up-o (#51) (*82) f
shows VSi.subspace {z € Up-1. fz =0}

is vector-space-pair.linear-subspace-kernel{proof)

tts-lemma linear-span-image:
assumes YV zeUy-1. fx € Upy-o
and S € Uy

232
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and linear-on Uproy Upp-a (#81) (%82) f
shows VSs.span (f ©S) = f ¢ VS1.span S
is wvector-space-pair.linear-span-image(proof )

tts-lemma linear-dependent-inj-imageD:

assumes YV zeU 1. fx € Upy-o
and s € Up-q
and linear-on Up-1 Up-o (#51) (*82) f
and VSs.dependent (f ¢ s)
and inj-on f (VSi.span s)

shows VS;.dependent s
is vector-space-pair.linear-dependent-inj-imageD{proof )

tts-lemma linear-eq-0-on-span:

assumes YV zeUy1. fx € Upy-o
and b S Ujp-q
and z € Uy
and linear-on Up-1 Up-o (#51) (*82) f
and Az. [t € Upy-1;2€b]] = fz=0
and z € VSi.span b

shows fz =0
is vector-space-pair.linear-eq-0-on-span{proof)

tts-lemma linear-independent-injective-image:

assumes YV zeUy-1. fx € Upy-o
and s € Up-q
and linear-on Up-1 Upr-o (*s1) (*82) f
and - VS;.dependent s
and inj-on f (VS1i.span s)

shows - VSs.dependent (f ¢ s)
is wector-space-pair.linear-independent-injective-image(proof)

tts-lemma linear-inj-on-span-independent-image:

assumes YV zeUy_1. fx € Upy-o
and B ¢ Uy
and linear-on Up-1 Up-o (#51) (*82) f
and - VSy.dependent (f * B)
and inj-on f B

shows inj-on f (VS;.span B)
is vector-space-pair.linear-inj-on-span-independent-image(proof )

tts-lemma linear-inj-on-span-iff-independent-image:
assumes VaeUp-1. fr e Upy-o
and B € Ujy-1
and linear-on Up-1 Up-o (#51) (%82) f
and - VSy.dependent (f © B)
shows inj-on f (VSi.span B) = inj-on f B
is vector-space-pair.linear-inj-on-span-iff-independent-image(proof )

tts-lemma linear-subspace-linear-preimage:
assumes YV zeUy_1. fx € Up-o
and S € Up-9
and linear-on Upo1 Up-o (*51) (*82) f
and VSs5.subspace S
shows VS;.subspace {x € Up-1. fz € S}
is vector-space-pair.linear-subspace-linear-preimage(proof )

tts-lemma linear-spans-image:

233



CHAPTER 4. TTS VECTOR SPACES

assumes VzeUy-1. fx € Upy-o
and V ¢ Uy
and B ¢ Uy
and linear-on Up-1 Up-o (*81) (*82) f
and V ¢ VS,.span B
shows [ V ¢ VSy.span (f ¢ B)
is vector-space-pair.linear-spans-image{proof)

tts-lemma linear-spanning-surjective-image:
assumes VzeUy1. fox € Up-o
and S ¢ Up-q
and linear-on Uproy Upp-a (#81) (%82) f
and Upi-1 € VSy.span S
and [ Upy-1 = Upn-2
shows Ujps-2 € VSa.span (f ©5)

is vector-space-pair.linear-spanning-surjective-image{proof )

tts-lemma linear-eq-on-span:

assumes YV zeUy_1. fx € Upy-o
and YzeUy-1. gz € Up-o
and B ¢ Ujps-1
and z € Uy
and linear-on Upoy Upp-o (#81) (%82) f
and linear-on Up-1 Upr-o (#s1) (*82) g
and Az. [t € Uy-1;2€ Bl = fa=gx
and z € VSy.span B

shows fz =gz
is vector-space-pair.linear-eq-on-span{proof)

tts-lemma linear-compose-scale-right:
assumes YV zeUy1. fx € Upy-o
and linear-on Up-1 Upp-g (*51) (*82) f
shows linear-on Up-1 Up-2 (#51) (%82) (Az. ¢ *s9 fx)
is vector-space-pair.linear-compose-scale-right(proof )

tts-lemma linear-compose-add:
assumes VaxeUp-1. fr € Upy-o
and VzeUpyq. gz € Upy-o
and linear-on Uproy Upp-o (#81) (%82) f
and linear-on Upr-1 Upr-o (#s1) (*82) g
shows linear-on Up-1 Up-o (*s1) (*s2) (Az. fz + g )
is wector-space-pair.linear-compose-add{proof )

tts-lemma linear-zero:
shows linear-on Up-1 Upr-2 (*s1) (*s2) (Az. 0)
is wvector-space-pair.linear-zero(proof)

tts-lemma linear-compose-sub:
assumes YV zeU 1. fx € Upy-o
and VzeUpy-q. gz € Up-o
and linear-on Up-1 Up-o (#51) (*82) f
and linear-on Up-1 Upr-o (*s1) (*82) g
shows linear-on Upr-1 Up-o (*51) (*s2) (Az. foz - g )
is vector-space-pair.linear-compose-sub{proof)

tts-lemma linear-compose-neg:
assumes YV zeUy-1. fx € Upy-o
and linear-on Up-1 Up-o (*51) (*82) f
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shows linear-on Upr-y Up-a (#81) (#82) (Az. — fx)
is vector-space-pair.linear-compose-neg{proof )

tts-lemma linear-compose-scale:
assumes c € U)o
and linear-on Upr-1 UNIV (xs1) (%) f
shows linear-on Upoy Upp-o (*81) (#82) (Az. f2 %55 ¢)
is wector-space-pair.linear-compose-scale{proof)

tts-lemma linear-indep-image-lemma:
assumes VaeUp-1. fr € Upy-o
and B ¢ Ujp-1
and z € Uy
and linear-on Up-1 Up-o (#51) (*82) f
and finite B
and - VSy.dependent (f © B)
and inj-on f B
and z € VSy.span B
and fz =0
shows z =0
is wvector-space-pair.linear-indep-image-lemma{proof )

tts-lemma linear-eq-on:
assumes YV zeUy_1. fx € Up-o
and YzeUypy-1. gz € Up-o
and z € Ujps-q
and B ¢ Ujps-1
and linear-on Uproy Upp-o (#81) (%82) f
and linear-on Upr-1 Upr-o (#s1) (*82) g
and z € VSi.span B
and Ab. [[be Upy-1;beB]] = fb=gb
shows fzr =gz
is vector-space-pair.linear-eq-on{proof)

tts-lemma linear-compose-sum:
assumes V. VyeUp-1. fry e Upy-o
and V zeS. linear-on Up-y Upr-2 (*s1) (*s2) (f z)
shows linear-on Up-1 Upp-a (*#s1) (*s2) (Az. Y aeS. fa )
is vector-space-pair.linear-compose-sum{proof)

tts-lemma linear-independent-extend-subspace:
assumes B ¢ Ujp-1
and VzeUjpyi-1. fx e Up-o
and - VS;.dependent B
shows
dz.
(VaeUp-1. za € Upy-g) A
linear-on Up-1 Up-o (*s1) (*82) © A
(VaeB. za=fa) A
x “ Up-1 = VSa.span (f “ B)
given vector-space-pair.linear-independent-extend-subspace (proof)

tts-lemma linear-independent-extend:
assumes B ¢ Uy
and VzeUy-1. fx € Upy-2
and - VSi.dependent B
shows
Jz.
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(VaeUpr-1. za € Up-a) A
(VaeB. za=fa) A
linear-on Up-1 Up-o (*s1) (*82)
given vector-space-pair.linear-independent-extend (proof)

tts-lemma linear-ezists-left-inverse-on:
assumes VzeUy_1. fx € Upy-o
and V ¢ Uy,
and linear-on Upr-1 Upp-o (#51) (*82) f
and VS;.subspace V
and inj-on f V
shows
Jz.
(VaeUp-a. za € Upy-q) A
z Up-2 S VA
(VaeV.z (fa) =a) A
linear-on Upr—o Upr-1 (#52) (*81) z
given vector-space-pair.linear-ezists-left-inverse-on (proof)

tts-lemma linear-ezists-right-inverse-on:
assumes VaxeUpi-1. fr € Upy-o
and V ¢ Uy
and linear-on Upoy Upp-o (#81) (%82) f
and VSy.subspace V
shows
dz.
(VaeUp-o. za € Upy-1) A
Tz Up-2 S VA
(Vaef V. f(xa)=a)A
linear-on Upp-g Upr-1 (%82) (*81)

given vector-space-pair.linear-exists-right-inverse-on (proof)

tts-lemma linear-inj-on-left-inverse:
assumes YV zeUy_1. fx € Upy-o
and S ¢ Uy
and linear-on Up-1 Up-o (#51) (*82) f
and inj-on f (VSi.span S)
shows
dz.
(VaeUp-o. za € Up-q) A
z ‘ Up-9 € VSyi.span S A
(VaeVSyi.span S. z (fa) = a) A
linear-on Upp-o Up-1 (*s2) (%81) @
given vector-space-pair.linear-inj-on-left-inverse (proof)

tts-lemma linear-surj-right-inverse:
assumes YV zeUy-1. fx € Upy-o
and T € Uyp-o
and S ¢ Up-q
and linear-on Up-1 Up-o (#51) (%82) f
and VSg.span T € f ¢ VSi.span S
shows
Jz.
(VaeUp-o. za € Upy-1) A
z  Up-o € VSi.8pan S A
(VaeVSy.span T. f (z a) = a) A
linear-on Upp-o Upr-1 (*82) (*81)
given vector-space-pair.linear-surj-right-inverse (proof)
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tts-lemma finite-basis-to-basis-subspace-isomorphism:
assumes S € Uy

and T € U2

and VS;.subspace S

and VS,.subspace T

and VSi.dim S = VSy.dim T

and finite B

and B¢c S

and - VS;.dependent B

and S ¢ VSy.span B

and card B = VSy.dim S

and finite C

and Cc T

and - VSs.dependent C

and T ¢ VSy.span C

and card C = VSyo.dim T

shows

dz.
(VaeUp-1- 2 a € Upy-g) A
linear-on Up-1 Up-o (*81) (*82) z A
z‘B=Cnh
imj-onzx SAx‘S=T

given vector-space-pair.finite-basis-to-basis-subspace-isomorphism {proof)

tts-lemma linear-subspace-vimage:
assumes VaeUp-1. fr € Upy-o
and S € Up-o
and linear-on Up-1 Up-o (#51) (%82) f
and VSs.subspace S
shows VSi.subspace (f =S n Up-1)
is vector-space-pair.linear-subspace-vimage(proof )

tts-lemma linear-injective-left-inverse:
assumes YV zeUy_1. fx € Upy-o
and linear-on Up-1 Up-o (#51) (*82) f
and inj-on f Up-q
shows
dz.
(VaeUp-o. za € Up-q) A
(VaeUpr-1- (o f) a=1ida) A
linear-on Upp-g Upr-1 (*82) (*81)
given vector-space-pair.linear-injective-left-inverse[ unfolded fun-eq-iff]

{proof)

tts-lemma linear-surjective-right-inverse:
assumes YV zeUy-1. fx € Upy-o
and linear-on Upo1 Upp-o (*s1) (*82) f
and [ ‘ Up-1 = Upn-2
shows
dz.
(VaeUp-a. za € Upy-q) A
(VaeUpr-2. (foz) a=ida) A
linear-on Upp-o Upr-1 (*s2) (x81) @
given vector-space-pair.linear-surjective-right-inverse[ unfolded fun-eq-iff |

(proof)

end
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end

context finite-dimensional-vector-space-pair-1-on
begin

tts-context
tts: (2b to «Upy-1:'b sety) and (¢ to «Up-o:'c sety)
sbterms: («(+):#'b:ab-group-add=>2"b=>2"by to «(+)='b="b="b)
and («%s1.0:?"azfield = ?'bab-group-add=-?"by to «(*s1)='a="b="b))
and (:0:2'b:ab-group-add) to <0:'by)
and («(+):?'cab-group-add=>?'¢=?"c) to «(+):'c="c=>"0))
and («?s2.0:?"az:field = ?'c:ab-group-add=?'c» to «(*s2):'a="c="cy)
and («0:?'c:ab-group-addy to <0:'cy)
rewriting ctr-simps
substituting VS;.ab-group-add-ow-azxioms
and VS;.vector-space-ow-azioms
and VSs.ab-group-add-ow-axioms
and VSs.vector-space-ow-azxioms
and implicity g.vector-space-pair-ow-axioms
and VSy.implicitys.module-ow-axioms
and VSsy.implicity;.module-ow-azxioms
and implicity g.finite-dimensional-vector-space-pair-1-ow-azxioms
applying
[
OF
VS1.implicit pr.carrier-ne V.Sso.implicit pr.carrier-ne
VS1.implicity s.minus-closed’ VS .implicity g.uminus-closed’
VSa.implicity s.minus-closed’ VSy.implicity g.uminus-closed’
VS1.basis-subset,
unfolded tts-implicit
]

begin

tts-lemma [t-dim-image-eq:
assumes YV zeUy-1. fx € Up-o
and S ¢ Uy
and linear-on Up-1 Upp-o (*s1) (*s2) f
and inj-on f (VS.span S)
shows VSs.dim (f ¢ S) = VSy.dim S
is finite-dimensional-vector-space-pair-1.dim-image-eq{proof)

tts-lemma li-dim-image-le:
assumes YV zeU 1. fx € Upy-o
and S € Up-q
and linear-on Up-1 Upp-o (#51) (*82) f
shows VSa.dim (f ©S) < VSy.dim S

is finite-dimensional-vector-space-pair-1.dim-image-le{proof)
end
end

context finite-dimensional-vector-space-pair-on
begin

tts-context
tts: (20 to «Upy-12'b sety) and (¢ to «Up-a:'c sety)
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sbterms: (¢(+):?'b:ab-group-add=>2"b=?"by to «(+):'b="b="b)
and («?s1.0:?"ax:field = ?'b:ab-group-add=?"b> to «(*s1):'a="b="b))
and (<0:?'b:ab-group-add> to <0:'by)
and («(+):9czab-group-add=?"c=%"c» to «(+):'c="c="ey)
and («%s2.0:?'azfield = ?'cab-group-add=?'c» to «(*s2):'a="c="cy)
and (<0:?'c:ab-group-adds to <0:'cy)
rewriting ctr-simps
substituting VS;.ab-group-add-ow-azxioms
and VSy.vector-space-ow-axioms
and VS5.ab-group-add-ow-axioms
and VSs.vector-space-ow-azioms
and implicity s.vector-space-pair-ow-axioms
and VSy.implicity . module-ow-azxioms
and VSs.implicityr.module-ow-axioms
and implicity g.finite-dimensional-vector-space-pair-ow-azioms
applying
[
OF
VS1.implicit ;. carrier-ne VSs.implicit yr.carrier-ne
VS .implicity s.minus-closed’ VS .implicity g.uminus-closed’
VSa.implicity g.minus-closed’ VSo.implicity g.uminus-closed’
VS1.basis-subset VSq.basis-subset,
unfolded tts-implicit
]

begin

tts-lemma linear-surjective-imp-injective:
assumes YV zeUy-1. fx € Upy-o
and linear-on Up-1 Up-o (#51) (%82) f
and [ ‘ Upy-1 = Upn-2
and VSg.dim UM—2 = VS1.dim UM_1
shows inj-on f Ujpr-1
is finite-dimensional-vector-space-pair.linear-surjective-imp-injective(proof )

tts-lemma linear-injective-imp-surjective:
assumes YV zeUy-1. fx € Up-o
and linear-on Up-1 Upp-o (*51) (*82) f
and inj-on f Up-q
and VSQd’Lm UM_Q = VSldzm UM_1
shows f ¢ UM_1 = UM_2
is finite-dimensional-vector-space-pair.linear-injective-imp-surjective(proof )

tts-lemma linear-injective-isomorphism:
assumes YV zeU 1. fx € Upy-o
and linear-on Up-1 Up-o (#51) (%82) f
and inj-on f Up-q
and VSg.di’m UM—2 = VS1.dim UM_1
shows
dz.
(V acUpy-o. x a € UM—I) N
linear-on Upp-o Upr-1 (%82) (*81) T A
(VaeUpr-1. z (fa) = a) A
(VaeUp-2. f (za) = a)
given finite-dimensional-vector-space-pair.linear-injective-isomorphism

{proof)

tts-lemma linear-surjective-isomorphism:
assumes VzeUy1. fx € Upy-o
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and linear-on Uproy Upp-a (#81) (%82) f
and [ Up-1 = Upn-2
and VSgd’Lm UM_2 = VSlem UM_1
shows
Jz.
(VaeUp-2. za € Upy-1) A
linear-on Upro Upro1 (#82) (*51) A
(VaeUp-1. z (fa) = a) A
(VaeUp-a. f (z a) = a)
given finite-dimensional-vector-space-pair.linear-surjective-isomorphism

{proof)

tts-lemma basis-to-basis-subspace-isomorphism:
assumes S € Uy
and T € Uy
and B ¢ Ujps-1
and C ¢ Ujp-o
and VS;.subspace S
and VSsy.subspace T
and VSy.dim S = VSqo.dim T
and B¢ S
and - VS;.dependent B
and S ¢ VSy.span B
and card B = VSi.dim S
and Cc T
and - VSs.dependent C
and T ¢ VSy.span C
and card C = VSo.dim T
shows
dzx.
(VaeUp-1. za € Upy-g) A
linear-on Up-1 Up-o (*s1) (*82) © A

z‘B=Cnh
inj-on xS A
z‘S=T

given finite-dimensional-vector-space-pair.basis-to-basis-subspace-isomorphism

{proof)

tts-lemma subspace-isomorphism:
assumes S € Uy
and T € Uy-2
and VS;.subspace S
and VSs.subspace T
and VSi.dim S = VSs.dim T
shows Jz.
(VaeUp-1. za € Upy-2) A
(injronz S Az S=T)A
linear-on Up-1 Up-o (*s1) (*82) @
given finite-dimensional-vector-space-pair.subspace-isomorphism (proof)

end

end



Chapter 5

TTS Foundations

5.1 Extension of the theory Set

lemma FEzl-transfer|transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: bi-unique A right-total A
shows ((A ===> (=)) ===> (=)) (AP. (3!ze(Collect (Domainp A)). P z)) Fzl
(proof)
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5.2 Definite description operator

5.2.1 Definition and common properties

definition The-on
where The-on U P =
(if 3lz. € U A Pz then Some (THE x. x € U A P x) else None)

syntax
-The-on :: pttrn = 'a set = bool = 'a option
(«(THE - on -./ -)» [0, 0, 10] 10)
syntax-consts
-The-on = The-on
translations THE z on U. P = CONST The-on U (A\z. P)

print_translation <

[
(
const_syntaxr<The_on>,
fn ctxt => fn [Ut, Abs abs] =>
let val (x, t) = Syntax_Trans.atomic_abs_tr' ctxt abs
in Syntax.const syntax-const<_The_on> $ x $ Ut $ t end
)
]
>{ML)

lemma The-on-UNIV-eq-The:
assumes Jlz. Pz
obtains z where (THE z on UNIV. P z) = Some z and (THE z. P z) = x

{proof)

lemma The-on-UNIV-None:
assumes -(3!z. P )
shows (THE x on UNIV. P x) = None

{proof)

lemma The-on-eq-The:
assumes J!z. e UA Pz
obtains r where (THE z on U. P z) = Some x and (THE z. x € U A P2z) =x

{proof)

lemma The-on-None:
assumes —(3!z. z€ U A P 1)
shows (THE x on U. P x) = None

{proof)

lemma The-on-Some-equality[ intro]:
assumes a € Uand Paand Az. 2¢e U — Pz — z =0
shows (THE xz on U. P x) = Some a

{proof)

lemma The-on-equality[intro]:
assumes a € Uand Paand Az. 2¢e U — Pz — z =10
shows the (THE z on U. P 1) = a

{proof)

lemma The-on-Somel:
assumes a € Uand Paand Az. 2¢e U — Pz —=— z =10
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obtains © where (THE z on U. P z) = Some z and P z
{proof)

lemma The-onl:
assumes a € Uand Paand A\z. 1€ U — Pz — z =a
shows P (the (THE z on U. P x))

{proof)

lemma The-on-Somel":
assumes Ilz. z e UA Pz
obtains = where (THE z on U. P z) = Some z and P z

{proof)

lemma The-onl":
assumes 3lz. z€e UA Pz
shows P (the (THE z on U. P z))

{proof)

lemma The-on-Somel2:
assumes a € U
and P a
and Az. 2¢e U — Pz =— z =20
and A\z. 2¢ U — Pz — Q=
obtains r where (THE x on U. P z) = Some x and Q x

{proof)

lemma The-on-12:
assumes a € U
and P a
and A\z. z2€ U =— Px=—2z=0a
and A\z. 1€ U — Pzr— Q=
shows @ (the (THE z on U. P 1))
(proof )

lemma The-on-Somell2:
assumes !z. e UAPrzand A\z. 2€e U= Pz =— Q=
obtains z where (THE z on U. P z) = Some z and Q =

{proof)

lemma The-onll2:
assumes !lz. e UAPrzand A\z. 2€¢ U= Pz =— Q=
shows @ (the (THE z on U. P z))

{proof)

lemma The-onl-equality [elim?]:
assumes J!z. Pz and a€ U and P a
shows (THE z on U. P z) = Some a

{proof)

lemma the-sym-eq-trivial:
assumes z € U
shows (THE y on U. z = y) = Some z

{proof)

5.2.2 Transfer rules

lemma The-on-transfer|transfer-rule]:
includes lifting-syntax
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assumes [transfer-rule]: bi-unique A right-total A
shows (rel-set A ===> (A ===> (=)) ===> rel-option A) The-on The-on
{proof)
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5.3 Auxiliary
5.3.1 Methods

method ow-locale-transfer uses locale-defs =

(
unfold locale-defs,

(
(simp only: all-simps(6) all-comm, fold Ball-def)
| (fold Ball-def)
| tacticcall-tacy

),

transfer-prover-start,

transfer-step+,

rule refl
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5.4 Abstract orders on types
5.4.1 Background

The results presented in this section were ported (with amendments and additions) from the
theories Orderings and Set-Interval in the main library of Isabelle/HOL.

5.4.2 Order operations

Abstract order operations.

locale ord =
fixes le Is :: ['a, 'a] = bool

locale ord-syntax = ord le s for le Is = ['a, 'a] = bool
begin

notation
le (+'(<.")>) and
le (infix <<,» 50) and
Is (<'(<,")) and
Is (infix (<> 50)

abbreviation (input) ge (infix (>, 50)
where z >, y = y <, 2

abbreviation (input) gt (infix <>, 50)
where z >, y= y <,z

notation
ge (/(2,")) and
ge (infix ¢>,> 50) and
gt (<'(>,")) and
gt (infix >,> 50)

end

locale ord-dual = ord le Is for le ls :: ['a, 'a] = bool
begin

interpretation ord-syntax (proof)
sublocale dual: ord ge gt (proof)

end

Pairs.
locale ord-pair = ord,: ord le, ls, + ordy: ord ley sy
for le, sy : ['a, 'a] = bool and ley Isy, == ['b, 'b] = bool
begin
sublocale rev: ord-pair ley sy, le, ls, (proof)
end
locale ord-pair-syntax = ord-pair le, lsq ley lsp
for le, Isy = ['a, 'a] = bool and ley Isp = ['b, 'b] = bool

begin

sublocale ord,: ord-syntax le, ls, + ordy: ord-syntax ley, s, (proof)
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notation le, (¢'(<,')»)
and le, (infix (<, 50)
and Is, (<'(<4)»)
and Is, (infix <<, 50)
and lep (¢'(<p)2)
and le, (infix ¢<p» 50)
and Is, (<'(<p"))
and Is;, (infix (<3 50)

notation ord,.ge (<'(2,")»)
and ord,.ge (infix <>, 50)
and ord,.gt (<'(>.")»)
and ord,.gt (infix <>,» 50)
and ordy.ge (<'(2p"))
and ordy.ge (infix <> 50)
and ordy.gt (<'(>p")»)
and ordy.gt (infix <> 50)

end

locale ord-pair-dual = ord-pair le, s, lep sy
for le, Isq = ['a, 'a] = bool and ley Isp = ['b, 'b] = bool
begin

interpretation ord-pair-syntax (proof)

sublocale ord-dual: ord-pair <(<4)> «(<q)> «(2p)> <(>p)> (proof)
sublocale dual-ord: ord-pair «(24)> <(>4)> «(<p)> <(<p)» {proof)
sublocale dual-dual: ord-pair «(2,)» <«(>4)> «(2p)> <(>p)» (proof)

end

5.4.3 Preorders

Definitions

Abstract preorders.

locale preorder = ord le Is for le ls = ['a, 'a] = bool +
assumes less-le-not-le: ls z y < le x y A = (le y z)
and order-refi[iff]: le z x
and order-trans: lex y = ley z = le z 2

locale preorder-dual = preorder le Is for le ls :: ['a, 'a] = bool
begin

interpretation ord-syntaz (proof)
sublocale ord-dual (proof)

sublocale dual: preorder ge gt

{proof)

end

Pairs.

locale ord-preorder = ord-pair le, ls, ley lsy + ordy: preorder ley sy
for le, sy = ['a, 'a] = bool and ley Isp = ['b, 'b] = bool



CHAPTER 5. TTS FOUNDATIONS 248

locale ord-preorder-dual = ord-preorder le, ls, ley lsy
for le, sy = ['a, 'a] = bool and ley sy, == ['b, 'b] = bool
begin

interpretation ord-pair-syntax (proof)

sublocale ord-pair-dual (proof)
sublocale ord-dual: ord-preorder <(<,)» (<) <«(2p)> <(>p)>

{proof)

sublocale dual-ord: ord-preorder <(>4)» <(>4)> <(<p)» <(<p)

{proof)

sublocale dual-dual: ord-preorder <(24)> <(>4) <(2p) <(>p)

{proof)

end

locale preorder-pair = ord-preorder le, s, ley Isy + ordy: preorder le, s,
for le, sy = ['a, 'a] = bool and ley Isy, == ['b, 'b] = bool
begin

sublocale rev: preorder-pair ley lsy le, lsq (proof)
end

locale preorder-pair-dual = preorder-pair le, s, ley lsy
for le, sy = ['a, 'a] = bool and ley Isp = ['b, 'b] = bool
begin

interpretation ord-pair-syntax (proof)

sublocale ord-preorder-dual {proof)
sublocale ord-dual: preorder-pair <«(<.)» <«(<o)» <(2p)> <«(>p)> {proof)
sublocale dual-ord: preorder-pair <(24)» «(>4)> <«(<p)> <(<p)>

{proof)

sublocale dual-dual: preorder-pair <(24)> «(>4)» <«(2p)> <(>p)> (proof)

end

Results

context preorder
begin

interpretation ord-syntaz (proof)

Reflexivity.

lemma eg-refi:
assumes z = y
shows z <, y

{proof)
lemma less-irrefl[iff |: = © <, x {proof)

lemma less-imp-le:
assumes z <, ¥
shows z <, y

{proof)
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lemma strict-implies-not-eq:
assumes a <, b
shows a # b

(proof)
Asymmetry.

lemma less-not-sym:
assumes z <, Y
shows - (y <4 1)

{proof)

lemma asym:
assumes a <, band b <, a
shows Fulse

{proof)

lemma less-asym:
assumes z <, y and (- P = y <, )
shows P

(proof)
Transitivity.

lemma less-trans:
assumes z <, y and y <, 2
shows z <, z

{proof)

lemma le-less-trans:
assumes z <, y and y <, z
shows z <, 2

{proof)

lemma less-le-trans:
assumes z <, y and y <, 2z
shows = <, 2

{proof)

lemma less-imp-not-less:
assumes = <, Y
shows (- y <, ) «<— True

(proof)

lemma less-imp-triv:
assumes z <, Y
shows (y <, £ — P) «— True

{proof)

lemma less-asym”:
assumes a <, band b <, a
shows P

{proof)

end

249



CHAPTER 5. TTS FOUNDATIONS 250

5.4.4 Partial orders

Definitions

Abstract partial orders.

locale order = preorder le ls for le Is :: ['a, 'a] = bool +
assumes antisym: lex y = leyxr = =y

locale order-dual = order le Is for le ls :: ['a, 'a] = bool
begin

interpretation ord-syntaz (proof)
sublocale preorder-dual (proof)

sublocale dual: order ge gt

{proof)

end

Pairs.

locale ord-order = ord-preorder le, ls, ley lsy + ordy: order ley sy
for le, Is, = 'a = 'a = bool and ley Isy = 'b = 'b = bool

locale ord-order-dual = ord-order le, ls, ley lsp
for le, ls, = 'a = 'a = bool and ley Isp = 'b = b = bool
begin

interpretation ord-pair-syntaxz (proof)

sublocale ord-preorder-dual {proof)
sublocale ord-dual: ord-order <(<q)> «(<q)» <«(2p)r <(>p)

{proof)

sublocale dual-ord: ord-order «(24)> «(>4) <«(<p)r «(<p)

{proof)

sublocale dual-dual: ord-order «(>4)) <(>4)» «(2p) <(>p)

(proof)

end

locale preorder-order = ord-order le, s, ley Isy + ordy: preorder le, s,
for le, Isq = ['a, 'a] = bool and ley Isp = ['b, 'b] = bool
begin

sublocale preorder-pair (proof)

end

locale preorder-order-dual = preorder-order le, ls, ley lsy
for le, sy : ['a, 'a] = bool and ley sy, == ['b, 'b] = bool

begin

interpretation ord-pair-syntax (proof)

sublocale ord-order-dual {proof)

sublocale preorder-pair-dual (proof)

sublocale ord-dual: preorder-order «(<4)> «(<q)> «(2p)> <(>p)» (proof)
sublocale dual-ord: preorder-order «(2,) <(>a)> «(<p)> «(<p)> {proof)
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sublocale dual-dual: preorder-order <(24)» «(>a)> <«(2p)> <(>p)> (proof)
end

locale order-pair = preorder-order le, ls, ley lsy + ord,: order le, ls,
for le, s, = ['a, 'a] = bool and ley Isp = ['b, 'b] = bool
begin

sublocale rev: order-pair ley lsy leg lsq (proof)
end

locale order-pair-dual = order-pair le, ls, ley lsp
for le, sy = ['a, 'a] = bool and ley Isy, == ['b, 'b] = bool
begin

interpretation ord-pair-syntax (proof)

sublocale preorder-order-dual {proof)
sublocale ord-dual: order-pair <«(<,)> «((<q)> <«(2p)> <(>p)> (proof)
sublocale dual-ord: order-pair <«(24)> «(>4) <«(<p)r «(<p)

{proof)

sublocale dual-dual: order-pair «(24)> <(>4)» «(2p)> <(>p)» {proof)

end

Results

context order
begin

interpretation ord-syntaz (proof)

Reflexivity.

lemma less-le: © <, y«—> 2 <, yAT# Y

{proof)

lemma le-less: © <, y < x <4 y V = = y (proof)

lemma le-imp-less-or-eq:
assumes z <, ¥y
shows z <, yvz=y

{proof)

lemma less-imp-not-eq:
assumes z <, ¥
shows (z = y) «— False

{proof)

lemma less-imp-not-eq2:
assumes z <, Y
shows (y = z) «— False

(proof)
Transitivity.

lemma neg-le-trans:
assumes a # band a <, b
shows a <, b
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{proof)

lemma le-neg-trans:
assumes a <, band a # b
shows a <, b

{proof)
Asymmetry.

lemma eg-iff: © =y < x <, y A y <o x (proof)
lemma antisym-conv:

assumes y <, T
shows z <, y«— z =y

(proof )
Other results.

lemma antisym-convl:
assumes - 1 <, Y
shows z <, y«— z =1y

{proof)

lemma antisym-conv2:
assumes <, Y
shows -z <, y«— 2z =y

{proof)

lemma leD:
assumes y <, T
shows - z <, y

{proof)

end

5.4.5 Dense orders

Abstract dense orders.

locale dense-order = order le Is for le ls :: ['a, 'a] = bool +
assumes dense: sz y = (Fz. lsz 2 A ls 2 y)

locale dense-order-dual = dense-order le Is for le ls = ['a, 'a] = bool
begin

interpretation ord-syntax (proof)
sublocale order-dual (proof)

sublocale dual: dense-order ge gt

{proof)

end

Pairs.
locale ord-dense-order = ord-order le, ls, ley lsy + ordy: dense-order ley sy

for le, ls, = 'a = 'a = bool and ley Isy = 'b = b = bool

locale ord-dense-order-dual = ord-dense-order le, ls, ley lsy
for le, ls, = 'a = 'a = bool and ley Isp = 'b = b = bool
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begin
interpretation ord-pair-syntax (proof)

sublocale ord-order-dual {proof)

sublocale ord-dual: ord-dense-order «(<,)> <«(<q)» <(2p)> <(>p)
{proof)

sublocale dual-ord: ord-dense-order «(24) <«(>4)> «(<p)> <((<p)
{proof)

sublocale dual-dual: ord-dense-order «(24)> <(>4)> <(2p)» ((>p)
{proof)

end

locale preorder-dense-order =

ord-dense-order le, s, ley lsy + ordy: preorder le, s,

for le, ls, = 'a = 'a = bool and ley Isp = 'b = b = bool
begin

sublocale preorder-order (proof)
end

locale preorder-dense-order-dual = preorder-dense-order le, ls, ley lsy
for le, ls, = 'a = 'a = bool and ley Isy = 'b = b = bool
begin

interpretation ord-pair-syntax (proof)

sublocale ord-dense-order-dual {proof)

sublocale preorder-order-dual (proof)

sublocale ord-dual: preorder-dense-order <(<q)» <(<q)» <«(2p)> <(>p)> {proof)
sublocale dual-ord: preorder-dense-order <(>4)) <(>4) <(<p)» <(<p)» (proof)
sublocale dual-dual: preorder-dense-order «(>4)) <(>4)» «(2p)> <(>p)» (proof)

end

locale order-dense-order =
preorder-dense-order le, s, ley Isy + ordy: order leg ls,
for le, ls, = 'a = 'a = bool and ley Isy = 'b = b = bool
begin

sublocale order-pair (proof)
end

locale order-dense-order-dual = order-dense-order le, ls, ley lsp
for le, ls, = 'a = 'a = bool and ley Isp = 'b = b = bool
begin

interpretation ord-pair-syntax (proof)

sublocale preorder-dense-order-dual {proof)

sublocale order-pair-dual {proof)

sublocale ord-dual: order-dense-order «(<q)> <(<q)» <(2p)> <(>)» {proof)
sublocale dual-ord: order-dense-order «(>4)> <(>4)» <«(<p)» <(<p)» {proof)
sublocale dual-dual: order-dense-order «(24) <«(>4)> «(2p)> <(>p)» (proof)
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end

locale dense-order-pair =
order-dense-order le, lsg ley lsy + ord,: dense-order le, s,
for le, ls, = 'a = 'a = bool and ley Isy == 'b = 'b = bool

locale dense-order-pair-dual = dense-order-pair leq ls, ley lsp
for le, ls, = 'a = 'a = bool and ley Isy = 'b = b = bool
begin

interpretation ord-pair-syntax (proof)

sublocale order-dense-order-dual {proof)
sublocale ord-dual: dense-order-pair «(<.)» «(<q)» «(2p)» <(>p)» (proof)
sublocale dual-ord: dense-order-pair <(24,)> <«(>4)> «(<p)» <«(<p)

{proof)
sublocale dual-dual: dense-order-pair <(>4,) <(>a)> <(25)> <(>p)» (proof)

end

5.4.6 (Unique) top and bottom elements

Abstract extremum.

locale extremum =

fixes extremum :: 'a

locale ord-extremum = ord le ls + extremum extremum
for le Is = 'a = 'a = bool and extremum : 'a

Concrete syntax.

locale bot = extremum bot for bot :: 'a
begin

notation bot (<1)
end

locale top = extremum top for top :: 'a
begin

notation top («T»)

end

5.4.7 (Unique) top and bottom elements for partial orders

Definitions

Abstract partial order with extremum.

locale order-extremum = ord-extremum le ls extremum + order le ls
for le Is = 'a = 'a = bool
and exstremum :: ‘a +
assumes extremum|simpl: le a extremum

Concrete syntax.

locale order-bot =
order-dual le ls +
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dual: order-extremum <Az y. le y x> <Az y. Is y > bot +
bot bot
for le ls = 'a = 'a = bool and bot :: 'a

locale order-top = order-dual le Is + order-extremum le ls top + top top
for le Is :: 'a = 'a = bool and top = 'a

Results

context order-ertremum
begin

interpretation ord-syntax (proof)

lemma extremum-uniquel:
assumes extremum <, a
shows a = extremum

{proof)

lemma extremum-unique: extremum <, a «— a = extremum

{proof)

lemma extremum-strict[simp]: - (extremum <, a)

{proof)

lemma not-eq-extremum: a # extremum <— a <, extremum

(proof)

end

5.4.8 Partial orders without top or bottom elements

Abstract partial orders without top or bottom elements.

locale no-extremum = order le Is for le Is = 'a = 'a = bool +
assumes gt-ex: 3y. Isz y

Concrete syntax.

locale no-top = order-dual le ls + no-extremum le ls
for le ls = 'a = 'a = bool

locale no-bot =
order-dual le ls +
dual: no-extremum Az y. le y x> Az y. Is y
for le ls = 'a = 'a = bool

5.4.9 Least and greatest operators

definition Least :: ['a set, ['a, 'a] = bool, 'a = bool] = 'a option
(«(on - with - : «Least» -)» [1000, 1000, 1000] 10)
where
on U with op : «Leasty P = (THE x on U. Pz A (NyeU. Py — op z y))

ctr relativization
synthesis ctr-simps
assumes [transfer-domain-rule, transfer-rule]: Domainp A = (\x. z € U)
and [transfer-rule]: bi-unique A right-total A
trp (?'a A)
in Least-def
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context ord-syntax
begin

abbreviation Least where Least = Type-Simple-Orders.Least UNIV (<,)
abbreviation Greatest where Greatest = Type-Simple-Orders.Least UNIV (>,)

lemmas Least-def = Least-def[of UNIV «(<4)]
end

context order
begin

interpretation ord-syntax (proof)

lemma Least-equality:
assumes Prand A\y. Py=— x <, ¥
shows Least P = Some x

{proof)

lemma LeastI2-order:
assumes P z
and A\y. Py=— z <, vy
and A\z. Pr —= Vy. Py—z2<,y— Q=
obtains z where Least P = Some z and @ z
(proof)

lemma Least-exl:
assumes Ilz. Pz A (Vy. Py — 2 <, %)
obtains z where Least P = Some x and Prand P z = x <, 2

(proof)
end

5.4.10 min and max

definition min = [['a, 'a] = bool, ‘a, 'a] = 'a where
min le a b = (if le a b then a else b)

ctr parametricity
in min-def

context ord-syntax
begin

abbreviation min where min = Type-Simple-Orders.min (<,)
abbreviation maz where maz = Type-Simple-Orders.min (2,)

end

context ord
begin

interpretation ord-syntax (proof)

lemma min-absorbl: x <, y == minzy = x

{proof)
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end

context order

begin

interpretation ord-syntaz (proof)
lemma min-absorb2:

assumes y <, T
shows minxy =y

{proof)

end

context order-extremum
begin

interpretation ord-syntax (proof)

lemma maz-top[simp]: max extremum z = extremum

{proof)

lemma max-top2[simp]: mazx x extremum = extremum

{proof)

lemma min-top[simp]: min extremum x = x (proof)

lemma min-top2[simp]: min x extremum = x (proof)

end

5.4.11 Monotonicity

definition mono =

['a set, ['a, 'a] = bool, ['b, 'b] = bool, 'a = 'b] = bool
(«(on - with - - : «mono» -)» [1000, 1000, 999, 1000] 10)

where

on U, with opy ops : «monoy f=VaeU,. YyeU,. op1 zy — op2 (fz) (fy)

ctr parametricity
in mono-def

context ord-pair-syntaz
begin

abbreviation mono,y

where mono,, = Type-Simple-Orders.mono UNIV (<,) (<p)

abbreviation monoy,

where monoy, = Type-Simple-Orders.mono UNIV (<p) (<4)

abbreviation antimonogy

where antimono,, = Type-Simple-Orders.mono UNIV (<,) (2p)

abbreviation antimonoy,

where antimonoy, = Type-Simple-Orders.mono UNIV (<) (24)

abbreviation strict-monogy

where strict-monog, = Type-Simple-Orders.mono UNIV (<,) (<p)

abbreviation strict-monoy,
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where strict-monoy, = Type-Simple-Orders.mono UNIV (<) (<q)
abbreviation strict-antimonogyp

where strict-antimonog, = Type-Simple-Orders.mono UNIV (<4) (>3)
abbreviation strict-antimonoy,

where strict-antimonoy, = Type-Simple-Orders.mono UNIV (<3) (>,)

end

context ord-pair
begin

interpretation ord-pair-syntax (proof)

lemma monol[intro?]:
assumes Az y. z <, y = fz < fy
shows monog; f

{proof)

lemma monoD[dest?]:
assumes monog f and x <, y
shows fz < fy

{proof)

A

lemma monokE:
assumes monog f and x <, y
obtains fz <, fy
(proof)

A

lemma strict-monol[intro?]:
assumes AT Y. £ <, y = [z <p fy
shows strict-monogy f

{proof)

lemma strict-monoD[dest?]:
assumes strict-monog, f and © <, y
shows fz < fy

{proof)

lemma strict-monokE:
assumes strict-monog, f and © <, y
obtains fz <, fy

{proof)

end

context order-pair
begin

interpretation ord-pair-syntax (proof)
lemma strict-mono-mono[ dest?]:

assumes strict-monogy f
shows monog; f

(proof)

end
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5.4.12 Set intervals

definition ray = ['a set, ['a, 'a] = bool, 'a] = 'a set
(«(on - with - = {..=-})» [1000, 1000, 1000] 10)
where on U with op : {.cu} = {x € U. op = u}
definition interval =
['a set, ['a, 'a] = bool, ['a, 'a] = bool, 'a, 'a] = 'a set
(«(on - with - -+ {-c..c-})» [1000, 1000, 999, 1000, 1000] 10)
where on U with opy ops : {lc..cu} =
(on U with (Az y. op1 y z) : {..cl}) n (on U with opy : {..cu})

lemma ray-transfer|transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: bi-unique A right-total A
shows (rel-set A ===> (A ===> A ===> (=)) ===> A ===> rel-set A) ray ray
(proof)

ctr relativization
assumes [transfer-rule]: right-total A bi-unique A
trp (?'a A)
in interval-def

lemma interval-ge-le:
(on UNIV with (Az y. leq y x) (Az y. lep y ) : {lc..ch}) =
(on UNIV with ley le, : {he..cl})
(proof)

context ord-syntax
begin

abbreviation lessThan («{..<4-}»)

where {..<qu} = on UNIV with (<) : {..cu}
abbreviation atMost (¢{..<q-}»)

where {..<,u} = on UNIV with (<,) : {..cu}
abbreviation greaterThan (<{-<4..}»)

where {l<,..} = on UNIV with (>,) : {..cl}
abbreviation atLeast (¢{-<4..}»)

where {i<,..} = on UNIV with (2,) : {..cl}
abbreviation greaterThanLessThan (<{-<q..<q-}>)

where {l<,..<,u} = on UNIV with (<,) (<,) : {le..cu}
abbreviation atLeastLessThan (<{-<4..<q-}»)

where {l<,..<,u} = on UNIV with (<,) (<4) @ {le..cu}
abbreviation greaterThanAtMost (<{-<4..<4-}?)

where {I<,..<,u} = on UNIV with (<,) (<4) : {lc..cu}
abbreviation atLeastAtMost (<{-<4..<4-}?)

where {I<,..<,u} = on UNIV with (<,) (<,) : {le..cu}
abbreviation lessThanGreaterThan (<{->4..>a-})

where {l>,..>,u} = on UNIV with (>,) (>,) : {le..cu}
abbreviation lessThanAtLeast (¢<{->4..>4-}>)

where {l>,..>,u} = on UNIV with (>,) (>,) : {lc..cu}
abbreviation atMostGreaterThan (<{->4..24-})

where {l>,..2,u} = on UNIV with (>,) (2,) : {lc..cu}
abbreviation atMostAtLeast (<{-24..24-}>)

where {I>,..>,u} = on UNIV with (2,) (2,) : {lc..cu}

end

context ord
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begin
interpretation ord-syntax (proof)

lemma lessThan-iff[iff ]: (i € {..<.k}) = (i <q k)
{proof)

lemma atLeast-iff [iff ]: (i € {k<q..}) = (k <4 1)
(proof)

lemma greaterThanLess Than-iff[simp]: (i € {I<q..<qu}) = (I <q i A i <4 u)

{proof)

lemma atLeastLessThan-iff [ simp]: (i € {I<q..<qu}) = (I <q @ A i <4 u)

{proof)

lemma greater ThanAtMost-iff [simp]: (i € {I<q..<qu}) = (I <4 @ A T <4 w)
{proof)

lemma atLeastAtMost-iff [simp]: (i € {I<q..<qu}) = (I <4 T AT <, u)
(proof)

lemma greaterThanLessThan-eq: {a<q..<ob} = {a<q..} N {..<,b}

(proof)

end

context ord-pair-syntax
begin

notation ord,.lessThan (<{..<q-}»)
and ord,.atMost (<{..<q-}»)
and ord,.greaterThan (<{-<4..}»)
and ord,.atLeast (¢<{-<q..})
and ord,.greaterThanLessThan (<{-<4..<q-})
and ord,.atLeastLessThan (<{-<4..<q-}*)
and ord,.greaterThanAtMost (<{-<4..<q-})
and ord,.atLeastAtMost (¢{-<4..<q-}>)
and ord,.lessThanGreaterThan (<{->4..>4-})
and ord,.lessThanAtLeast (<{->4.->4-}})
and ord,.atMostGreater Than (¢<{->4..24-}>)
and ord,.atMostAtLeast (<{-24..24-}>)
and ordy.lessThan (<{..<p-}>)
and ordy.atMost (<{..<p-}>)
and ordy.greaterThan (<{-<p..}»)
and ordy.atLeast (<{-<p..}»)
and ordy.greaterThanLessThan (<{-<p..<p-}>)
and ordy.atLeastLessThan (<{-<p..<p-}>)
and ordy.greater ThanAtMost (<{-<p..<p-}>)
and ordy.atLeastAtMost (¢{-<p..<p-}»)
and ordy.lessThanGreaterThan (<{->p..>p-})
and ordy.lessThanAtLeast (<{->p..>p-}>)
and ordy.atMostGreaterThan (<{->p..2p-}>)
and ordy.atMostAtLeast (<{->p..2p-}>)

end

context preorder
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begin
interpretation ord-syntax (proof)

lemma Joi-le-Ico: {a<,..} € {a<,..}

{proof)

end

context preorder
begin

interpretation ord-syntaz (proof)

interpretation preorder-dual le ls
(proof)

lemma single-Diff-lessThan[simp]: {k} — {..<.k} = {k} (proof)

lemma atLeast-subset-iff [iff |: ({#<q..} € {y<a--}) = (¥ <o @)
(proof)

lemma atLeastatMost-empty[ simp]:
assumes b <, a
shows {a<,..<.b0} = {}
(proof )

lemma atLeastatMost-empty-iff [ simp]: {a<,..<ab} = {} <= (= a <4 b)
{proof)

lemma atLeastatMost-empty-iff2[ simp]: {} = {a<,..<ob} «— (= a <, b)
{proof)

lemma atLeastLess Than-empty[ simp]:
assumes b <, a
shows {a<,..<,b} = {}
(proof )

lemma atLeastLess Than-empty-iff [simp]: {a<q..<.b} = {} «— (= a <4 D)
(proof)

lemma atLeastLess Than-empty-iff2[ simp]: {} = {a<4..<,b} «<— (= a <4 b)
{proof)

lemma greaterThanAtMost-empty[ simp]:
assumes [ <, k
shows {k<,..<,I} = {}
(proof )

lemma greaterThanAtMost-empty-iff [ simp]: {k<q..<ol} = {} <= =k <4 |
{proof)

lemma greaterThanAtMost-empty-iff2[ simp]: {} = {k<q..<al} «— =k <, 1
{proof)

lemma greaterThanLess Than-empty[ simp]:
assumes [ <, k
shows {k<,..<,l} = {}
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{proof)

lemma atLeastatMost-subset-iff[ simp]:
{a<4..200} < {c<p.<od} = (ma< b)) Ve<aanbs,d

{proof)

lemma atLeastatMost-psubset-iff:
{ag4..<4b} < {cLq..S0d} «—
((ma<gb)ve<ganbsagda(e<gavb<,d)ncs,d

{proof)

lemma Icc-subset-Ici-iff [ simp]:
{Ig.<ah} c {I'<e .} = (1 <a hviz, 1)
{proof)

lemma Icc-subset-Tic-iff [ simp]:
{lI<g..<oh} € {<oh'} = (= 1<, h Vv h<, b))
{proof)

lemma not-Ici-eg-empty[ simp: {iI<,..} # {} (proof)
lemmas not-empty-eq-Ici-eq-empty|[ simp] = not-Ici-eq-empty[ symmetric]
lemma Fio-Int-singleton: {..<.k} n {z} = (if x <4 k then {z} else {}) (proof)

lemma vl-disj-int-one:

{..al} n {l<q.<qu} = {}
{.<al} n {l<q.<qu} = {}
{-gal} N {i<qe..<qu} = {}
{i<al} n {i<e. <qu} = {}
{l<g--<qu} N {u<,..} = {}
{l<g-.<qu} N {ug,..} = {}
{l£q4..<qu} N {u<,..} = {}
{l<q..<qu} N {ug,..} = {}
{proof)

lemma dvl-disj-int-two:
{l<g..<am} N {m<,..<qu} = {}
{l<g..<am} N {m<q4..<qu} = {}
{lg..<agm} N {m<,..<qu} = {}
{I<g--<am} N {m<q4..<qu} = {}
{l<g-.<gm} N {m<,y..<qu} = {}
{l<g..<am} N {m<gy..<qu} = {}
{I<g..<am} N {m<,y..<ou} = {}
{lg..<am} N {m<,..<qu} = {}

{proof)

end

context order
begin

interpretation ord-syntax (proof)

interpretation order-dual le Is

(proof)

lemma atMost-Int-atLeast: {..<,n} N {n<,..} = {n}
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{proof)

lemma atLeast-eq-iff [iff ]: ({2<a-.} = {y<a-.}) = (x = ¥)
(proof)

lemma atLeastLess Than-eq-atLeastAtMost-diff: {a<,..<qb} = {a<,..<ob} — {b}
{proof)

lemma greaterThanAtMost-eq-atLeastAtMost-diff: {a<q..<,b} = {a<,..<.b} — {a}
(proof)

lemma atLeastAtMost-singleton|simp]: {a<q..<qa} = {a}

{proof)

lemma atLeastAtMost-singleton”:
assumes a = b
shows {a<,..<,b} = {a}

{proof)

lemma Icc-eq-Icc[simp:
(I<anSah} = {I'Sasahy = (L= U AR =h'V = L <g h A =1 <4 )
{proof)

lemma atLeastAtMost-singleton-iff [simp]: {a<q..<00} = {c} «—> a=bAb=c
{proof)

end

context order-ertremum
begin

interpretation ord-syntaz (proof)

lemma atMost-eq-UNIV=-iff: {..<qz} = UNIV «— z = extremum
{proof)

end

context no-extremum
begin

interpretation ord-syntax (proof)

interpretation order-dual le Is

{proof)

lemma not-UNIV-le-Icc[simp]: = UNIV ¢ {I<,..<,h}
(proof)

lemma not- UNIV-le-Tic[simp]: = UNIV ¢ {..<,h}
(proof)

lemma not-Ici-le-Icc[ simp]: = {I<,..} € {I'Sq..<oh'}

{proof)

lemma not-Ici-le-Tic[ simp]: = {I<,..} € {..<.h"}
(proof)
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lemma not-UNIV-eg-Icc[simp]: UNIV # {I'<,..<.h'}
(proof)

lemmas not-Icc-eq-UNIV [ simp] = not-UNIV-eg-Icc| symmetric]

lemma not-UNIV-eq-Tic[simp]: UNIV # {..<,h'}
(proof)

lemmas not-Tic-eq-UNIV [ simp] = not-UNIV-eq-Tic[ symmetric]

lemma not-Icc-eq-Ici[ simp]: {I<q..<ah} # {U'<4..}
(proof)

lemmas not-Ici-eq-Icc[ simp] = not-Icc-eq-Ici[ symmetric]

lemma not-lic-eq-Ici[ simp]: {..<,h} # {lI'<q..}
(proof)

lemmas not-Ici-eq-Tic[ simp] = not-Tic-eq-Ici[ symmetric]

lemma greaterThan-non-empty[ simp]: {z<4..} # {}

(proof )
end

context order
begin

interpretation ord-syntaz (proof)
interpretation order-pair le s le ls {proof)
interpretation ord-pair-syntaz le Is le ls (proof)

lemma mono-image-least:
assumes f-mono: monogy f
and f-img: f  {m<,..<qn} = {m'<,..<on'}
and m <, n
shows fm = m/’
{proof)

end

5.4.13 Bounded sets

definition bdd = ['a set, ['a, 'a] = bool, 'a set] = bool
(«(on - with - : «bdd» -)> [1000, 1000, 1000] 10)
where bdd U op A «— (IMeU. Vze A opxz M)

ctr parametricity
in bdd-def

context ord-syntax
begin

abbreviation bdd-above where bdd-above = bdd UNIV (<,)
abbreviation bdd-below where bdd-below = bdd UNIV (>,)

end



CHAPTER 5. TTS FOUNDATIONS

context preorder
begin

interpretation ord-syntax (proof)
interpretation preorder-dual (proof)

lemma bdd-abovel[intro]:
assumes A\z. t € A = 2 <, M
shows bdd-above A

{proof)

lemma bdd-belowlI[intro]:
assumes Az. t € A = m <, =
shows bdd-below A

{proof)

lemma bdd-abovel2:
assumes A\z. t € A = fz <, M
shows bdd-above (f < A)

{proof)

lemma bdd-belowl2:
assumes A\r. 1€ A = m <, fx
shows bdd-below (f < A)

{proof)

lemma bdd-above-empty[ simp, intro]: bdd-above {}

{proof)

lemma bdd-below-empty| simp, intro]: bdd-below {}

{proof)

lemma bdd-above-mono:
assumes bdd-above B and A ¢
shows bdd-above A

{proof)

n
Sy

lemma bdd-below-mono:
assumes bdd-below B and A ¢
shows bdd-below A

{proof)

n
Sy

lemma bdd-above-Int1{simp]:
assumes bdd-above A
shows bdd-above (A n B)

{proof)

lemma bdd-above-Int2[ simp]:
assumes bdd-above B
shows bdd-above (A n B)

{proof)

lemma bdd-below-Int1[simp]:
assumes bdd-below A
shows bdd-below (A n B)

(proof)
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lemma bdd-below-Int2[ simp):
assumes bdd-below B
shows bdd-below (A n B)

{proof)

lemma bdd-above-Ioo[ simp, intro]: bdd-above {a<,..<,b}

{proof)

lemma bdd-above-Ico[ simp, intro]: bdd-above {a<,..<,b}

{proof)

lemma bdd-above-Iio[ simp, intro]: bdd-above {..<,b}

{proof)
lemma bdd-above-Toc[simp, intro]: bdd-above {a<,..<.b} (proof)

lemma bdd-above-Icc[ simp, intro]: bdd-above {a<,..<.b}

{proof)

lemma bdd-above-Iic[ simp, intro]: bdd-above {..<,b}

{proof)

lemma bdd-below-Ioo[ simp, intro]: bdd-below {a<,..<,b}

(proof)

lemma bdd-below-Ioc[ simp, intro]: bdd-below {a<,..<,b}
{proof)

lemma bdd-below-Ioi[ simp, intro]: bdd-below {a<,..}

{proof)

lemma bdd-below-Ico[ simp, intro]: bdd-below {a<,..<,b} {proof)
lemma bdd-below-Icc[simp, intro]: bdd-below {a<,..<.b} (proof)

lemma bdd-below-Ici[ simp, intro]: bdd-below {a<,..}

(proof)
end

context order-pair
begin

interpretation ord-pair-syntax (proof)

lemma bdd-above-image-mono:
assumes monoy, f and ord,.bdd-above A
shows ordy,.bdd-above (f < A)

{proof)

lemma bdd-below-image-mono:
assumes monogy;, f and ord,.bdd-below A
shows ordy,.bdd-below (f < A)

{proof)

lemma bdd-above-image-antimono:
assumes antimonog, [ and ord,.bdd-below A
shows ordy.bdd-above (f < A)
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{proof)

lemma bdd-below-image-antimono:
assumes antimonog, [ and ord,.bdd-above A
shows ordy,.bdd-below (f < A)

{proof)

end

context order-extremum
begin

interpretation ord-syntaz (proof)
interpretation order-dual (proof)

lemma bdd-above-top[ simp, intro!]: bdd-above A

{proof)

end
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5.5 Abstract orders on explicit sets

5.5.1 Background

Some of the results presented in this section were ported (with amendments and additions) from
the theories Orderings and Set-Interval in the main library of Isabelle/HOL.

5.5.2 Order operations

locale ord-ow =
fixes U = ‘a set and le Is :: ['a, 'a] = bool
begin

tts-register-sbts le | U
(proof)

tts-register-sbts Is | U
(proof)

end

locale ord-syntaz-ow = ord-ow U le ls
for U :: ‘a set and le Is = ['a, 'a] = bool
begin

notation
le (</(<,")) and
le (infix <<,» 50) and
Is (</(<,")) and
Is (infix <<4» 50)

abbreviation (input) ge (infix <>, 50)
where z >, y= y <, T

abbreviation (input) gt (infix <>, 50)
where z >, y= y <,

notation
ge (<'(2,")) and
ge (infix <>,> 50) and
gt (<'(>,")) and
gt (infix ¢>,» 50)

abbreviation Least where Least = Type-Simple-Orders.Least U (<)
abbreviation Greatest where Greatest = Type-Simple-Orders.Least U (>,)

abbreviation min where min = Type-Simple-Orders.min (<,)
abbreviation maz where max = Type-Simple-Orders.min (2,)

abbreviation lessThan (<{..<,-}») where {..<,u} = on U with (<,) : {..cu}
abbreviation atMost (<{..<,-}>) where {..<,u} = on U with (<,) : {..cu}
abbreviation greaterThan (<{-<,..}>) where {I<,..} = on U with (>,) : {..cl}
abbreviation atLeast (¢{-<,..})>) where {I<,..} = on U with (>,) : {..cl}
abbreviation greaterThanLessThan (<{-<q..<q-}>)

where {l<,..<,u} = on U with (<,) (<) : {Ic..cu}
abbreviation atLeastLessThan (<{-<4..<q-}*)

where {I<,..<,u} = on U with (<) (<) : {l=..cu}
abbreviation greaterThanAtMost (<{-<4..<4-}*)

where {l<,..<,u} = on U with (<,) (<) : {lc..cu}
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abbreviation atLeastAtMost (<{-<4..<4-}>)
where {I<,..<,u} = on U with (<,) (<,) : {le..cu}
abbreviation lessThanGreaterThan (<{->4..>a-})
where {l>,..>,u} = on U with (>,) (>4) : {Ic..cu}
abbreviation lessThanAtLeast (¢({->4..>4-}>)
where {[>,..>,u} = on U with (2,) (>4) : {l=..cu}
abbreviation atMostGreaterThan (<{->4..24-}")
where {l>,..>2,u} = on U with (>,) (24) : {lc..cu}
abbreviation atMostAtLeast (<{-24..24-}*)
where {[>,..>,u} = on U with (2,) (2,) : {l=..cu}

abbreviation bdd-above where bdd-above
abbreviation bdd-below where bdd-below

bdd U (<q)

bdd U (>,)

end

locale ord-dual-ow = ord-syntax-ow U le s
for U = 'a set and le Is = ['a, 'a] = bool

begin

sublocale dual: ord-ow U ge gt (proof)

end

locale ord-pair-ow = ord,: ord-ow U, le, Is, + ordy: ord-ow Uy ley sy
for U, :: 'a set and le, Is, and Uy = ‘b set and ley, Isp

begin

sublocale rev: ord-pair-ow Uy ley lsy U, leg lsq (proof)

end

locale ord-pair-syntaz-ow = ord-pair-ow U, leg lsq Uy ley sy

for U, = 'a set and le, ls, and Uy = 'b set and ley s
begin

sublocale ord,: ord-syntax-ow U, le, ls, + ordy: ord-syntaz-ow Uy ley lsy (proof)

notation le, (<'(<,')»)
and le, (infix (<, 50)
and Is, (¢'(<4))
and Is, (infix <<, 50)
and lep, (¢/(<p)»)
and le, (infix (<5 50)
and Is, (<'(<p"))
and Is, (infix ¢<p» 50)

notation ord,.ge (¢<'(>."))
and ord,.ge (infix >,» 50)
and ord,.gt (<'(>.")»)
and ord,.gt (infix <>, 50)
and ordy.ge (<'(2p"))
and ordy.ge (infix <> 50)
and ordy.gt (<'(>p")»)
and ordy.gt (infix <>5 50)

abbreviation monog
where mono,, = Type-Simple-Orders.mono U, (<,) (<p)
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abbreviation monoy,

where monoy, = Type-Simple-Orders.mono Uy (<3) (£q)
abbreviation antimono,y

where antimono,, = Type-Simple-Orders.mono U, (<) (2p)
abbreviation antimonoy,

where antimonoy, = Type-Simple-Orders.mono Uy (<p) (24)
abbreviation strict-monogyp

where strict-monog, = Type-Simple-Orders.mono U, (<q) (<p)
abbreviation strict-monog,

where strict-monoy, = Type-Simple-Orders.mono Uy (<p) (<q)
abbreviation strict-antimono,yp

where strict-antimonog, = Type-Simple-Orders.mono U, (<4) (>p)
abbreviation strict-antimonoy,

where strict-antimonoy, = Type-Simple-Orders.mono Uy (<p) (>4)

notation ord,.lessThan (<{..<4-}»)
and ord,.atMost (<{..<q.-})
and ord,.greaterThan (<{-<4..}»)
and ord,.atLeast (¢<{-<4..})
and ord,.greaterThanLessThan (<{-<q..<q-})
and ord,.atLeastLessThan (¢{-<4..<q-})
and ord,.greater ThanAtMost (¢{-<q..<q-}>)
and ord,.atLeastAtMost (¢{-<4..<q-}>)
and ord,.lessThanGreaterThan (<{->4..>4-}*)
and ord,.lessThanAtLeast (<{-24..>4-}*)
and ord,.atMostGreaterThan (<{->4..24-}*)
and ord,.atMostAtLeast (<{->4..24-}>)
and ordy.lessThan («{..<p-})
and ordy.atMost (<{..<p-}>)
and ordy.greaterThan (<{-<p..}»)
and ordy.atLeast (<{-<p..}»)
and ordy.greaterThanLessThan (<{-<p..<p-}»)
and ordy.atLeastLessThan (<{-<p..<p-}>)
and ordy.greater ThanAtMost (<{-<p..<p-}>)
and ordy.atLeastAtMost (¢<{-<p..<p-}>)
and ordy.lessThanGreater Than (<{->p..>p-}>)
and ordy.lessThanAtLeast (¢<{->p..>p-}>)
and ordy.atMostGreaterThan (<{->p..2p-}»)
and ordy.atMostAtLeast (¢{->p..>p-}»)

end

locale ord-pair-dual-ow = ord-pair-syntax-ow U, leg lsq Uy ley lsp
for U, :: 'a set and le, Is, and Uy = b set and ley Isp

context ord-pair-dual-ow
begin

sublocale ord-dual: ord-pair-ow U, «(<.)» (<o) Up <(2p)> <(>p)» (proof)
sublocale dual-ord: ord-pair-ow U, <(24)» <(>a)> Up «(<p)> <«(<p)» (proof)
sublocale dual-dual: ord-pair-ow U, «(2,)> «(>4)> Up <«(2p)> <(>p)> {proof)

end

Relativization

context ord-ow
begin
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interpretation ord-syntaz-ow (proof)

tts-context
tts: (?'a to U)
sbterms: («?ls:?'a = ?'a = bools to ls)
rewriting ctr-simps
eliminating through auto
begin

tts-lemma lessThan-iff:
assumes i € U and ke U
shows (7 € {.<.k}) = (i <q k)
is ord.lessThan-iff (proof)

tts-lemma greaterThanLessThan-iff:
assumes i € Uand [ € U and u e U
shows (7 € {l<g..<qu}) = (i <q u A 1 <4 0)
is ord.greaterThanLess Than-iff (proof)

tts-lemma greaterThanLessThan-eq:
assumes a € U and be U
shows {a<,..<.b} = {a<q..} N {.<,b}
is ord.greaterThanLess Than-eq{proof)

end

tts-context
tts: (?a to U)
sbterms: («?le:x?'a = ?'a = bool) to le)
rewriting ctr-simps
eliminating through auto
begin

tts-lemma min-absorbl:
assumes z € Uand ye€ U and z <, y
shows minzy =z
is ord.min-absorb1{proof)

tts-lemma atLeast-iff:
assumes i € U and ke U
shows (i € {k<,..}) = (k <4 1)
is ord.atLeast-iff (proof)

tts-lemma atLeastAtMost-iff:
assumes i € Uand [ € U and u € U
shows (7 € {l<,..<qu}) = (1 <q u A1 <4 0)
is ord.atLeastAtMost-iff (proof)

end

tts-context
tts: (?'a to U)
sbterms: (< ?lex:?'a = ?'a = bool) to le)
and («?ls:?'a = ?'a = bools to ls)
rewriting ctr-simps
eliminating through auto
begin
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tts-lemma atLeastLess Than-iff:
assumes i € Uand [ € U and v € U
shows (7 € {I<,..<qu}) = (I <o i A Q<4 w)
is ord.atLeastLess Than-iff (proof)

tts-lemma greaterThanAtMost-iff:
assumes i€ Uand [ ¢ U and u e U
shows (i € {l<,..<qu}) = (i <4 u Al <, 1)
is ord.greater ThanAtMost-iff (proof)

end
end

context ord-pair-ow
begin

interpretation ord-pair-syntaz-ow (proof)

tts-context
tts: (?’a to U,) and (2'b to U,)
sbterms: (< ?ley:?'a=?'a=bool) to le,) and («?ley:?'b=2"b=bool) to leyp)
rewriting ctr-simps
eliminating through (simp add: Type-Simple-Orders.mono-def)
begin

tts-lemma monoD:
assumes z € U, and y € U, and monoy, f and = <, y
shows fz <y fy
is ord-pair.monoD{proof)

tts-lemma monol:
assumes Az y. [z e Uy ye Uz <oyl = fa < fy
shows monoyp f
is ord-pair.monol (proof)

tts-lemma monokE:

assumes z € U,

and y € U,

and monogy f

and z <, ¥

and fz < fy = thesis
shows thesis

is ord-pair.monoE(proof)

end

tts-context
tts: (?’a to U,) and (b to Uy)
sbterms: (< ?ls,:?'a=?"a=>bool> to le,) and (« ?lsp:?'b=2"b=>bool) to le;)
rewriting ctr-simps
eliminating through (simp add: Type-Simple-Orders.mono-def)
begin

tts-lemma strict-monoD:
assumes z € U,
and y e U,
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and monogy f
and z <, ¥
shows fz <y fy
is ord-pair.strict-monoD(proof)

tts-lemma strict-monol:
assumes Az y. [z € Uy;ye Uz <, y]] = fx <o fuy
shows monogy f
is ord-pair.strict-monol(proof)

tts-lemma strict-monokE:

assumes z € U,

and y € U,

and monogy f

and z <, y

and fz < fy = thesis
shows thesis

is ord-pair.strict-monoE(proof)

end

end

5.5.3 Preorders

Definitions and common properties

locale preorder-ow = ord-ow U le ls
for U = 'a set and le Is +
assumes less-le-not-le: [z e Uy ye U]l = lszy<«—lexzyn- (leyx)
and order-refi[iff]: 1 ¢ U = lez x
and order-trans: [z € U; ye U; ze Uslexy; ley 2z || = lex 2

locale preorder-dual-ow = preorder-ow U le Is for U = 'a set and le s
begin

sublocale ord-dual-ow (proof)

sublocale dual: preorder-ow U ge gt

{proof)

end

locale ord-preorder-ow =
ord-pair-ow U, leg Isq Uy ley sy + ordy: preorder-ow Uy ley sy
for U, : 'a set and le, Is, and Uy = b set and ley Isp

locale ord-preorder-dual-ow = ord-preorder-ow U, le, lsq Uy ley lsp
for U, :: 'a set and le, Is, and Uy = ‘b set and ley Isp
begin

sublocale ord-pair-dual-ow {proof)

sublocale ord-dual: ord-preorder-ow U, <«(<4)> <(<q)> Up <(Zp)> <(>p)>
{proof)

sublocale dual-ord: ord-preorder-ow U, <(24)> <(>a)> Up <(<p)> <«(<p)>
{proof)

sublocale dual-dual: ord-preorder-ow U, <«(24) <«(>a)> Up <«(2p) <(>p)

{proof)
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end

locale preorder-pair-ow =
ord-preorder-ow U, leg ls, Uy ley lsy + ordy: preorder-ow U, legy s,
for U, :: 'a set and le, Is, and Uy = b set and ley Isp

begin

sublocale rev: preorder-pair-ow Uy ley lsy U, leg lsq (proof)
end

locale preorder-pair-dual-ow = preorder-pair-ow U, leg Isq Uy ley lsy
for U, = 'a set and le, ls, and Uy = 'b set and ley sy,
begin

sublocale ord-preorder-dual-ow (proof)

sublocale ord-dual: preorder-pair-ow U, (<) <«(<q)> Up <«(2p)> <(>p)> (proof)

sublocale dual-ord: preorder-pair-ow U, <(24)y «(>4)> Up (<o) <(<p)»
(proof)

sublocale dual-dual: preorder-pair-ow U, <«(24) <(>4)> Up <«(2p)> <(>p)> {proof)

end

Transfer rules

lemma preorder-ow|[ud-with]: preorder = preorder-ow UNIV

{proof)

lemma ord-preorder-ow|ud-with]: ord-preorder = ord-preorder-ow UNIV

{proof)

lemma preorder-pair-ow| ud-with]:
preorder-pair =
(Meq lsq ley lsy. preorder-pair-ow UNIV le, ls, UNIV ley lsy)
(proof )

context
includes lifting-syntax
begin

lemma preorder-ow-transfer|transfer-rule]:
assumes [transfer-rule]: right-total A
shows
(rel-set A ===> (A ===> A ===> (=)) ===> (A ===> A ===> (=)) ===> (=))
preorder-ow preorder-ow

{proof)

lemma ord-preorder-ow-transfer|transfer-rule]:
assumes [transfer-rule]: right-total A
shows
(rel-set A ===> (A ===> A ===> (=)) ===> (A ===> A ===> (=)) ===> (=))
ord-preorder-ow ord-preorder-ow

{proof)

lemma preorder-pair-ow-transfer| transfer-rule]:
assumes [transfer-rule]: right-total A right-total B
shows
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(
T@l-set A ===> (A ===> A ===> (:)) ===> (A ===> A ===> (:)) ===>
rel-set B ===> (B ===> B ===> (=)) ===> (B ===> B ===> (=)) ===>
(=)

) preorder-pair-ow preorder-pair-ow

{proof)

end

Relativization

context preorder-ow
begin

interpretation ord-syntax-ow (proof)

tts-context
tts: (?a to U)
sbterms: («?ls:%'a = ?'a = bools to ls)

and («?lex?'a = ?'a = bool> to le)

rewriting ctr-simps
substituting preorder-ow-axioms
eliminating through auto

begin

tts-lemma less-irrefi:
assumes z € U
shows - z <, z
is preorder.less-irrefl(proof)

tts-lemma eg-refi:
assumes y € U and z = y
shows z <, y
is preorder.eq-refl{proof)

tts-lemma less-imp-le:
assumes z € U and ye U and = <, y
shows z <, y
is preorder.less-imp-le{proof)

tts-lemma strict-implies-not-eq:
assumes b e U and a <, b
shows a # b
is preorder.strict-implies-not-eq(proof)

tts-lemma less-not-sym:
assumes z € U and y € U and = <, y
shows - y <, z
is preorder.less-not-sym(proof )

tts-lemma not-empty-eq-Ici-eq-empty:
assumes [ € U

shows {} # {I<,..}
is preorder.not-empty-eq-Ici-eq-empty(proof )

tts-lemma not-Ici-eq-empty:
assumes [ € U
shows {i<,..} # {}
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is preorder.not-Ici-eq-empty(proof)

tts-lemma asym:
assumes ¢ € Uand be U and a <, band b <, a
shows Fulse
is preorder.asym{proof)

tts-lemma less-asym”:
assumes ¢ € Uand be U and a <, band b <, a
shows P
is preorder.less-asym’(proof)

tts-lemma less-imp-not-less:
assumes r € Uand ye U and z <, y
shows (- y <, z) = True
is preorder.less-imp-not-less(proof)

tts-lemma single-Diff-lessThan:
assumes k € U
shows {k} — {..<.k} = {k}
is preorder.single-Diff-less Than{proof)

tts-lemma less-imp-triv:
assumes z € Uand ye U and z <, y
shows (y <,  — P) = True
is preorder.less-imp-triv(proof)

tts-lemma ivl-disj-int-one:

assumes € U and u € U

shows
{..gal} n {I<q.<qu} = {}
{..<al} n {I<q..<qu} = {}
{..gal} n {l<q..gqu} = {}
{..<al} 0 {I<q.<qu} = {}
{l<g..<qu} N {u<,..} = {}
{l<g..<qu} N {ug,..} = {}
{I<g-<qu} N {u<y..} = {}
{l<qg.<qu} N {ug,..} = {}

is preorder.ivl-disj-int-one{proof)

tts-lemma atLeastatMost-empty-iff 2:
assumes a € U and b€ U
shows ({} = {a<,..<4b}) = (- a <4 b)
is preorder.atLeastatMost-empty-iff 2{ proof )

tts-lemma atLeastLess Than-empty-iff2:
assumes g € U and be U
shows ({} = {a<,..<4b}) = (= a <4 D)
is preorder.atLeastLess Than-empty-iff 2{ proof)

tts-lemma greaterThanAtMost-empty-iff2:
assumes ke Uand [ € U
shows ({} = {k<4..<ol}) = (k<o 1)
is preorder.greater ThanAtMost-empty-iff 2{ proof )

tts-lemma atLeastatMost-empty-iff:
assumes ¢ € U and be U
shows ({a<,..<eb} = {}) = (- a <4 D)
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is preorder.atLeastatMost-empty-iff (proof)

tts-lemma atLeastLess Than-empty-iff:
assumes g € U and be U
shows ({a<,..<ab0} = {}) = (- a <4 b)
is preorder.atLeastLess Than-empty-iff (proof)

tts-lemma greater ThanAtMost-empty-iff:
assumes ke Uand [ € U
shows ({k<,..<.0l} ={}) = (= k<o 1)
is preorder.greater ThanAtMost-empty-iff (proof )

tts-lemma atLeastLess Than-empty:
assumes be Uand ae U and b <, a
shows {a<,..<,b} = {}
is preorder.atLeastLess Than-empty(proof)

tts-lemma greaterThanAtMost-empty:
assumes [ € Uand ke U and [ <, k
shows {k<,..<,I} = {}
is preorder.greater ThanAtMost-empty(proof)

tts-lemma greaterThanLessThan-empty:
assumes [ € Uand ke U and [ <, k
shows {k<,..<,l} = {}
is preorder.greater ThanLess Than-empty(proof)

tts-lemma le-less-trans:
assumes x € Uand ye Uand z € U and z <, y and y <, 2
shows z <, z
is preorder.le-less-trans(proof)

tts-lemma atLeastatMost-empty:
assumes be Uand ae U and b <, a
shows {a<,..<,b} = {}
is preorder.atLeastatMost-empty(proof)

tts-lemma less-le-trans:
assumes r € Uand ye Uand z¢ U and = <, y and y <, 2
shows z <, 2
is preorder.less-le-trans{proof)

tts-lemma less-trans:
assumes r € Uand ye Uand z¢€ U and = <, y and y <, 2
shows z <, 2
is preorder.less-trans(proof)

tts-lemma ivi-disj-int-two:

assumes [ € Uand me U and ue U

shows
{l<g..<gm} N {m<,..<qu} = {}
{l<g-.<am} N {m<,4..<qu} = {}
{lI<g-.<am} N {m<,4..<qu} = {}
{l4..<gm} N {m<,.<qu} = {}
{l<g..<am} N {m<,..<qu} = {}
{l<g-.<am} N {m<qy..<qu} = {}
{I<q..<gm} N {m<,..<qu} = {}
{I<g-.<am} N {m<,..<qu} = {}
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is preorder.ivl-disj-int-two(proof)

tts-lemma less-asym:
assumes r € Uand ye Uand z <, yand - P = y <,
shows P
is preorder.less-asym(proof)

tts-lemma [io-Int-singleton:
assumes k€ U and z € U
shows {..<,k} n {z} = (if v <, k then {z} else {})
is preorder.lio-Int-singleton(proof)

tts-lemma Joi-le-Ico:
assumes a € U
shows {a<,..} ¢ {a<,..}
is preorder.loi-le-Ico(proof)

tts-lemma Icc-subset-ITic-iff:
assumes [ € Uand he Uand h' e U
shows ({I<,..<h} € {.<ah'}) = (= 1<, h v h <, B
is preorder.Icc-subset-Tic-iff (proof )

tts-lemma atLeast-subset-iff:

assumes z € U and ye U
shows ({z<,..} € {y<a..}) = (y <q @)
is preorder.atLeast-subset-iff (proof)

tts-lemma Icc-subset-Ici-iff:
assumes [ € Uand he Uand I'e U
shows ({I<,..<oh} € {l'<.}) = (= 1<, hv I <))
is preorder.Icc-subset-Ici-iff (proof )

tts-lemma atLeastatMost-subset-iff:
assumes a € Uand be Uand ce Uand de U
shows ({a<,..<4b} € {c<4..%0d}) = (ma <o bV b <, dAc<, a)
is preorder.atLeastatMost-subset-iff (proof)

tts-lemma atLeastatMost-psubset-iff:
assumes a € Uand be Uand ce Uand de U
shows ({a<,..<ab} c {c<q..<0d}) =
(c<odn(ma<,bve<gsanb<,dn(c<qavb<,d)))
is preorder.atLeastatMost-psubset-iff (proof)

tts-lemma bdd-above-empty:
assumes U # {}
shows bdd-above {}
is preorder.bdd-above-empty(proof)

tts-lemma bdd-above-Iic:
assumes b € U
shows bdd-above {..<,b}
is preorder.bdd-above-Tic{proof)

tts-lemma bdd-above-Iio:
assumes b e U
shows bdd-above {..<,b}
is preorder.bdd-above-Tio(proof)
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tts-lemma bdd-below-empty:
assumes U # {}
shows bdd-below {}
is preorder.bdd-below-empty(proof)

tts-lemma bdd-above-Icc:
assumes a € U and be U
shows bdd-above {a<,..<,b}
is preorder.bdd-above-Icc{proof)

tts-lemma bdd-above-Ico:
assumes g € U and be U
shows bdd-above {a<,..<,b}
is preorder.bdd-above-Ico(proof)

tts-lemma bdd-above-Ioc:
assumes a € U and be U
shows bdd-above {a<,..<,b}
is preorder.bdd-above-Ioc(proof)

tts-lemma bdd-above-Ioo:
assumes a € U and be U
shows bdd-above {a<,..<,b}
is preorder.bdd-above-Ioo(proof)

tts-lemma bdd-above-Intl:
assumes A € U and B ¢ U and bdd-above A
shows bdd-above (A n B)
is preorder.bdd-above-Int1{proof)

tts-lemma bdd-above-Int2:
assumes B ¢ U and A ¢ U and bdd-above B
shows bdd-above (A n B)
is preorder.bdd-above-Int2{proof)

tts-lemma bdd-below-Icc:
assumes a € Uand b e U
shows bdd-below {a<,..<,b}
is preorder.bdd-below-Icc{proof)

tts-lemma bdd-below-Ico:
assumes a € U and b€ U
shows bdd-below {a<,..<,b}
is preorder.bdd-below-Ico(proof)

tts-lemma bdd-below-Ioc:
assumes a € U and b€ U
shows bdd-below {a<,..<.b}
is preorder.bdd-below-Ioc{proof)

tts-lemma bdd-below-Ioo:
assumes a € U and b€ U
shows bdd-below {a<,..<.b}
is preorder.bdd-below-Ioo(proof )

tts-lemma bdd-below-Ici:
assumes a € U
shows bdd-below {a<,..}
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is preorder.bdd-below-Ici(proof)

tts-lemma bdd-below-Ioi:
assumes a € U
shows bdd-below {a<,..}
is preorder.bdd-below-Ioi{proof)

tts-lemma bdd-above-mono:
assumes B ¢ U and bdd-above B and A ¢ B
shows bdd-above A
is preorder.bdd-above-mono{proof)

tts-lemma bdd-abovel:
assumes AC Uand M e Uand Az. [x e Uz e Al = 2 <, M
shows bdd-above A
is preorder.bdd-abovel (proof)

tts-lemma bdd-abovel2:
assumes range f S Uand M ¢ Uand A\z. 2 € A = fz <, M
shows bdd-above (f < A)
is preorder.bdd-abovel2(proof)

tts-lemma bdd-below-Intl:
assumes A ¢ U and B € U and bdd-below A
shows bdd-below (A n B)
is preorder.bdd-below-Int1{proof)

tts-lemma bdd-below-Int2:
assumes B € U and A € U and bdd-below B
shows bdd-below (A n B)
is preorder.bdd-below-Int2{proof)

tts-lemma bdd-belowl:
assumes Ac Uand me Uand Az. [z e U;z e Al = m <, @
shows bdd-below A
is preorder.bdd-belowl{proof)

tts-lemma bdd-below-mono:
assumes B ¢ U and bdd-below B and A ¢ B
shows bdd-below A
is preorder.bdd-below-mono{proof)

tts-lemma bdd-belowl2:
assumes m € U and range f € U and Az. 1€ A = m <, fz
shows bdd-below (f “ A)
is preorder.bdd-belowl2[where 'b="d]{proof)

end

end

5.5.4 Partial orders

locale order-ow = preorder-ow U le Is
for U = 'a set and le Is +
assumes antisym: t € U = ye U = lexy=—=leyr =z =y

locale order-dual-ow = order-ow U le ls
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for U = 'a set and le s
begin

sublocale preorder-dual-ow (proof)

sublocale dual: order-ow U ge gt

{proof)

end

locale ord-order-ow =
ord-preorder-ow U, leg lsq Uy ley lsy + ordy: order-ow Uy ley sy,
for U, = 'a set and le, ls, and Uy = 'b set and ley s

locale ord-order-dual-ow = ord-order-ow U, le, lsq Uy ley lsy
for U, : 'a set and le, ls, and Uy = b set and ley Isp
begin

sublocale ord-preorder-dual-ow (proof)
sublocale ord-dual: ord-order-ow U, (<o) (<) Up <(2p)> <(>p)

{proof)

sublocale dual-ord: ord-order-ow Uy <«(24)> <«(>4)> Up <«(<p)> «(<p)

{proof)

sublocale dual-dual: ord-order-ow U, <(24)y «(>4)> Up «(Z)> <(>p)»

{proof)

end

locale preorder-order-ow =
ord-order-ow Uy, leg s, Uy ley lsy + ordy: preorder-ow U, le, s,
for U, :: 'a set and le, Is, and Uy = 'b set and ley, Isp

begin

sublocale preorder-pair-ow {proof)

end

locale preorder-order-dual-ow = preorder-order-ow U, leq lsq Uy ley sy

for U, :: 'a set and le, Is, and Uy = b set and ley Isp
begin

sublocale ord-order-dual-ow (proof)
sublocale preorder-pair-dual-ow (proof)

sublocale ord-dual: preorder-order-ow U, <«(<q)» <(<q)» Up <(2p)> <(>p)» {(proof)
sublocale dual-ord: preorder-order-ow U, <(24)) <(>4)» Up <«(<p)> <(<p)> {proof)
sublocale dual-dual: preorder-order-ow U, <(24)y <(>4)> Up <(Zp)> <(>p)> {proof)

end

locale order-pair-ow =
preorder-order-ow U, leg lsq Uy ley lsy + ordy: order-ow U, le, s,
for U, = 'a set and le, ls, and Uy = 'b set and ley, sy

begin

sublocale rev: order-pair-ow Uy ley lsy U, leq lsq {proof)

end
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locale order-pair-dual-ow = order-pair-ow U, leg lsq Uy ley lsp
for U, = 'a set and le, ls, and Uy = 'b set and ley s,
begin

sublocale preorder-order-dual-ow (proof)
sublocale ord-dual: order-pair-ow U, <«(<4)» <«(<o)> Up <«(2p)> <(>p)> {proof)
sublocale dual-ord: order-pair-ow U, <(24) <(>a)> Up (<) <«(<p)

(proof)

sublocale dual-dual: order-pair-ow U, «(24)y «((>4)> Up <(Zp)> <(>)> (proof)

end

Transfer rules

lemma order-ow[ud-with]: order = order-ow UNIV
(proof)

lemma ord-order-ow[ud-with]: ord-order = ord-order-ow UNIV

{proof)

lemma preorder-order-ow[ ud-with]:
preorder-order =
(Meq lsq ley Isy. preorder-order-ow UNIV le, lsq UNIV ley lsy)

(proof)

lemma order-pair-ow[ ud-with]:
order-pair = (Me, ls, ley lsy. order-pair-ow UNIV le, ls, UNIV ley lsy)
(proof)

context
includes lifting-syntax
begin

lemma order-ow-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(rel-set A ===> (A ===> A ===> (=)) ===> (A ===> A ===> (=)) ===> (=))
order-ow order-ow

{proof)

lemma ord-order-ow-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows

T@l-set A ===> (A ===> A ===> (:)) ===> (A ===> A ===> (:)) ===>
(=)
) ord-order-ow ord-order-ow

{proof)

lemma preorder-order-ow-transfer|transfer-rule]:
assumes [transfer-rule]: right-total A bi-unique B right-total B
shows
(
Tel_set A ===> (A ===> A ===> (:)) ===> (A ===> A ===> (:)) ===>
T‘el-set B ===> (B ===> B ===> (:)) ===> (B ===> B ===> (:)) ===>
(=)
) preorder-order-ow preorder-order-ow

{proof)
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lemma order-pair-ow-transfer|transfer-rule]:
assumes [transfer-rule]:
bi-unique A right-total A bi-unique B right-total B
shows
(
Tel-set A ===> (A ===> A ===> (:)) ===> (A ===> A ===> (:)) ===>
rel-set B ===> (B ===> B ===> (=)) ===> (B ===> B ===> (=)) ===>
(=)
) order-pair-ow order-pair-ow
(proof)

end

Relativization

context order-ow
begin

interpretation ord-syntax-ow (proof)

tts-context
tts: (?’a to U)
sbterms: («?ls:%'a = ?'a = bools to ls)

and («?lex?'a = ?'a = bool> to le)

rewriting ctr-simps
substituting order-ow-axioms
eliminating through auto

begin

tts-lemma atLeastAtMost-singleton:
assumes a € U
shows {a<,..<.a} = {a}
is order.atLeastAtMost-singleton{proof)

tts-lemma less-imp-not-eq:
assumes y € U and = <, y
shows (z = y) = False
is order.less-imp-not-eq{proof )

tts-lemma less-imp-not-eq2:
assumes y € U and z <, y
shows (y = z) = False
is order.less-imp-not-eq2{proof)

tts-lemma eq-iff:
assumes z € U and y € U
shows (z = y) = (£ <, y A Yy <o T)
is order.eq-iff (proof)

tts-lemma le-less:
assumes z € U and y € U
shows (z <, y) = (z <,y Vv a=y)
is order.le-less(proof)

tts-lemma min-absorb2:
assumes y € Uand z ¢ U and y <, z
shows minzy =y
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is order.min-absorb2(proof)

tts-lemma less-le:
assumes z € U and y € U
shows (z <, y) = (z <, y Az #y)
is order.less-le{proof)

tts-lemma le-imp-less-or-eq:
assumes z € Uand ye U and z <, y
shows z <, yvz =y
is order.le-imp-less-or-eq{proof)

tts-lemma antisym-conv:
assumes y € Uand z € U and y <, ©
shows (z <, y) = (z = y)
is order.antisym-conv{proof)

tts-lemma le-neq-trans:

assumes ¢ € Uand be Uand a <, band a # b

shows a <, b
is order.le-neg-trans({proof)

tts-lemma neq-le-trans:

assumes ¢ € Uand be Uand a # band a <, b

shows a <, b
is order.neg-le-trans{proof)

tts-lemma atLeastAtMost-singleton’:
assumes b€ U and a = b
shows {a<,..<,b} = {a}
is order.atLeastAtMost-singleton’(proof)

tts-lemma atLeastLess Than-eq-atLeast AtMost-diff:

assumes a € U and be U
shows {a<,..<,b} = {a<,..<. b} — {b}

is order.atLeastLess Than-eq-atLeast AtMost-diff (proof)

tts-lemma greaterThanAtMost-eq-atLeast AtMost-diff:

assumes ¢ € Uand be U
shows {a<,..<zb} = {a<,..<,0} — {a}

is order.greater ThanAtMost-eq-atLeast AtMost-diff ( proof )

tts-lemma atMost-Int-atLeast:
assumes n € U
shows {..<,n} n {n<,..} = {n}
is order.atMost-Int-atLeast{proof)

tts-lemma atLeast-eq-iff:
assumes z € U and y € U
shows ({z<,..} = {9y<4--}) = (z = y)
is order.atLeast-eq-iff (proof)

tts-lemma Least-equality:
assumes z € U and Pz
and Ay. [ye U; Pyll =z <, ¥
shows Least P = Some z
is order. Least-equality(proof)
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tts-lemma Icc-eq-Icc:
assumes [ € Uand he Uand I’e Uand h' € U
shows ({I<,..<h} = {l'<4..<00"}) =
(h=h'Al=1UVv-l"<,h"A=1%,h)
is order.Icc-eq-Icc(proof)

tts-lemma Least]2-order:
assumes z € U
and Pz
and Ay. [[ye U; Pyll =z <, ¥
and Az. [z e U; Pz; VyeU. Py — z <, y]l = Qz
and Az. [z € U; Least P = Some z; Q z]] = thesis
shows thesis
is order.LeastI2-order(proof)

tts-lemma mono-image-least:
assumes VzelU. fz e U
and me U
and ne U
and m' e U
and n' e U
and on U with (<,) (<q) : «monoy f
and f ‘ {m<,..<,n} = {m'<q..<en'}
and m <, n
shows fm = m/’
is order.mono-image-least{proof)

tts-lemma antisym-convl:
assumes z € Uand ye U and -z <, gy
shows (z <, y) = (z = y)
is order.antisym-convl(proof)

tts-lemma antisym-conv2:
assumes r € Uand ye U and z <, y
shows (- 1 <, y) = (z = y)
is order.antisym-conv2(proof)

tts-lemma leD:
assumes y € Uand z € Uand y <, ©
shows - = <, ¥
is order.leD{proof)

end

tts-context
tts: (?a to U)
rewriting ctr-simps
substituting order-ow-axioms
eliminating <74 # {}» through auto
begin

tts-lemma atLeastAtMost-singleton-iff:
assumes a € U
and be U
and ce U
shows ({a<,..<40} ={c})=(a=bAb=c)
is order.atLeastAtMost-singleton-iff (proof)
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end

tts-context
tts: (?'a to U)
sbterms: («?ls:%'a = ?'a = bools to ls)

and («?lez?'a = ?'a = bool> to le)

rewriting ctr-simps
substituting order-ow-axioms
eliminating through auto

begin

tts-lemma Least-ex1:
assumes z € U
and 3lz. x e UAPx A (VyeU. Py — 1<, y)
and Az. [[z € U; Least P = Some x; P x; P 2 = 1 <, z]] = thesis
shows thesis
is order.Least-ex1{proof)

end
end

context order-pair-ow
begin

interpretation ord-pair-syntaz-ow (proof)

tts-context
tts: (?'a to U,) and (b to Uy)
sbterms: («%ls,:%'a = ?'a = bools to ls,)
and («?le,:?'a = ?'a = bools to le,)
and («?lsp:2'b = 2'b = bool> to lsp)
and («?lep:2'b = 2'b = bools to ley)
rewriting ctr-simps
substituting order-pair-ow-azxioms
eliminating through (auto simp: mono-def bdd-def)
begin

tts-lemma strict-mono-mono:
assumes YV zeU,. fzx € U, and strict-monog; f
shows monogy f
is order-pair.strict-mono-mono(proof)

tts-lemma bdd-above-image-mono:
assumes VzeU,. fzx € Uy, and A ¢ U, and mono,, f and ord,.bdd-above A
shows ordy.bdd-above (f < A)
is order-pair.bdd-above-image-mono{proof)

tts-lemma bdd-below-image-mono:
assumes VzeU,. fzx € Uy and A ¢ U, and mono, [ and ord,.bdd-below A
shows ordy,.bdd-below (f < A)
is order-pair.bdd-below-image-mono(proof)

tts-lemma bdd-below-image-antimono:
assumes VzeU,. fx e Uy
and Ac U,
and antimonogy f
and ord,.bdd-above A
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shows ordy.bdd-below (f < A)
is order-pair.bdd-below-image-antimono(proof)

tts-lemma bdd-above-image-antimono:
assumes VaelU,. fr e Uy
and Ac U,
and antimonogyy f
and ord,.bdd-below A
shows ordy.bdd-above (f < A)

is order-pair.bdd-above-image-antimono(proof)
end

end

5.5.5 Dense orders

Definitions and common properties

locale dense-order-ow = order-ow U le Is
for U = 'a set and le ls +
assumes dense: [z € U; ye Uslszy J] = (F2eU. sz 2 A ls 2 y)

locale dense-order-dual-ow = dense-order-ow U le Is
for U = 'a set and le s
begin

interpretation ord-syntaz-ow (proof)
sublocale order-dual-ow {proof)

sublocale dual: dense-order-ow U ge gt

{proof)

end

locale ord-dense-order-ow =
ord-order-ow U, leg Is, Uy ley lsy + ordy: dense-order-ow Uy ley sy
for U, :: 'a set and le, Is, and Uy = b set and ley Isp

locale ord-dense-order-dual-ow = ord-dense-order-ow U, le, ls, Uy ley sy
for U, = 'a set and le, ls, and Uy = 'b set and ley sy
begin

sublocale ord-order-dual-ow {proof)

sublocale ord-dual: ord-dense-order-ow U, «(<4)> <(<a)» Up <(Zp)> «(>p)
(proof)

sublocale dual-ord: ord-dense-order-ow U, <(24) <(>4)> Up «(<p)> <(<p)»
{proof)

sublocale dual-dual: ord-dense-order-ow Uy <(24)> <«(>4)> Up <(2p)> <(>p)

{proof)

end

locale preorder-dense-order-ow =
ord-dense-order-ow U, leg Is, Uy ley lsy + ord,: preorder-ow U, ley lsq
for U, :: 'a set and le, ls, and Uy = 'b set and ley s

begin

287
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sublocale preorder-order-ow (proof)
end

locale preorder-dense-order-dual-ow =
preorder-dense-order-ow U, leg ls, Uy ley sy
for U, = 'a set and le, ls, and Uy = 'b set and ley s
begin

sublocale ord-dense-order-dual-ow (proof)

sublocale preorder-order-dual-ow {proof)

sublocale ord-dual: preorder-dense-order-ow U, «(<,)y <(<a)> Up <(2p)r <(>p)
{proof)

sublocale dual-ord: preorder-dense-order-ow U, <(24) <(>a)> Up <(<p)r <(<p)
(proof)

sublocale dual-dual: preorder-dense-order-ow U, <(24)» <(>a)> Up <(2p)> <(>p)

{proof)

end

locale order-dense-order-ow =
preorder-dense-order-ow U, leg lsq Uy ley lsy + ord,: order-ow U, le, s,
for U, = 'a set and le, ls, and Uy = 'b set and ley sy,

begin

sublocale order-pair-ow (proof)
end

locale order-dense-order-dual-ow = order-dense-order-ow U, leg ls, Uy ley sy
for U, : 'a set and le, Is, and Uy = b set and ley Isp
begin

sublocale preorder-dense-order-dual-ow {proof)

sublocale order-pair-dual-ow (proof)

sublocale ord-dual: order-dense-order-ow U, <(<.)> (<o) Up <«(2p)r <(>p)» (proof)
sublocale dual-ord: order-dense-order-ow U, <(24)) <(>a)> Up <«(<p)» <(<p)» {proof)
sublocale dual-dual: order-dense-order-ow U, <(24)> <(>4)» Up <(Zp)> <(>p)> {proof)

end

locale dense-order-pair-ow =
order-dense-order-ow U, le, s, Uy ley lsp + ord,: dense-order-ow U, le, s,
for U, = 'a set and le, ls, and Uy = 'b set and ley sy

locale dense-order-pair-dual-ow = dense-order-pair-ow U, ley ls, Uy ley sy
for U, :: 'a set and le, Is, and Uy = 'b set and ley Isp
begin

sublocale order-dense-order-dual-ow (proof)

sublocale ord-dual: dense-order-pair-ow U, <«(<4)y «((<o)» Up «(Zp)> <(>p)> (proof)

sublocale dual-ord: dense-order-pair-ow U, <«(24)> <(>4)> Up <(<p)> <«(<p)>
(proof)

sublocale dual-dual: dense-order-pair-ow Uy <(24)> <(>4)> Up «(2p)> <(>p)> (proof)

end
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Transfer rules

lemma dense-order-ow[ud-with]: dense-order = dense-order-ow UNIV

{proof)

lemma ord-dense-order-ow[ud-with]: ord-dense-order = ord-dense-order-ow UNIV
{proof)

lemma preorder-dense-order-ow[ ud-with]:
preorder-dense-order =

(Aleq lsq ley lsy. preorder-dense-order-ow UNIV le, ls, UNIV ley lsp)
(proof)

lemma order-dense-order-ow[ ud-with]:

order-dense-order =
(Mleq lsq ley lsy. order-dense-order-ow UNIV le, ls, UNIV ley lsy)

{proof)

lemma dense-order-pair-ow| ud-with]:
dense-order-pair =
(Mleg lsq ley lsy. dense-order-pair-ow UNIV le, ls, UNIV ley lsp)
(proof )

context
includes lifting-syntax
begin

lemma desne-order-ow-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(rel-set A ===> (A ===> A ===> (=)) ===> (A ===> A ===> (=)) ===> (=))
dense-order-ow dense-order-ow

{proof)

lemma ord-dense-order-ow-transfer[ transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(
Tel-set A ===> (A ===> A ===> (:)) ===> (A ===> A ===> (:)) ===>
=)
) ord-dense-order-ow ord-dense-order-ow

{proof)

lemma preorder-dense-order-ow-transfer| transfer-rule]:
assumes [transfer-rule]: right-total A bi-unique B right-total B
shows
(
rel-set A ===> (A ===> A ===> (=)) ===> (A ===> A ===> (=)) ===>
rel-set B ===> (B ===> B ===> (=)) ===> (B ===> B ===> (=)) ===>
=)
) preorder-dense-order-ow preorder-dense-order-ow

{proof)

lemma order-dense-order-ow-transfer| transfer-rule]:
assumes [transfer-rule]:
bi-unique A right-total A bi-unique B right-total B
shows

(
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Tel_set A ===> (A ===> A ===> (:)) ===> (A ===> A ===> (:)) ===>
T@l-set B ===> (B ===> B ===> (:)) ===> (B ===> B ===> (:)) ===>
=)

) order-dense-order-ow order-dense-order-ow

{proof)

lemma dense-order-pair-ow-transfer|transfer-rule]:
assumes [transfer-rule]:
bi-unique A right-total A bi-unique B right-total B
shows

(
Tel-set A ===> (A ===> A ===> (:)) ===> (A ===> A ===> (:)) ===>
T@l-set B ===> (B ===> B ===> (:)) ===> (B ===> B ===> (:)) ===>
=)
) dense-order-pair-ow dense-order-pair-ow
{proof)

end

5.5.6 (Unique) top and bottom elements

locale extremum-ow =
fixes U = 'a set and extremum
assumes extremum-closed[simp]: extremum € U

locale bot-ow = extremum-ow U bot for U : 'a set and bot
begin

notation bot (<1)
end

locale top-ow = extremum-ow U top for U = 'a set and top
begin

notation top (<T»)
end

locale ord-extremum-ow = ord-ow U le ls + extremum-ow U extremum
for U = 'a set and le ls extremum

locale order-extremum-ow = ord-extremum-ow U le ls extremum + order-ow U le ls
for U = 'a set and le ls extremum +
assumes extremum[simpl: a € U = le a extremum

locale order-bot-ow =
order-dual-ow U le s + dual: order-extremum-ow U ge gt bot + bot-ow U bot
for U :: 'a set and le Is bot

locale order-top =
order-dual-ow U le ls + order-extremum-ow U le Is top + top-ow U top
for U = 'a set and le Is top

Transfer rules

lemma order-extremum-ow|ud-with]: order-extremum = order-extremum-ow UNIV

{proof)
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context
includes lifting-syntax
begin

lemma extremum-ow-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A
shows (rel-set A ===> A ===> (=)) extremum-ow extrernum-ow

{proof)

lemma ord-eztremum-ow-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A
shows (rel-set A ===> A ===> (=)) ord-extremum-ow ord-extremum-ow

{proof)

lemma order-eztremum-ow-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(
rel-set A ===> (A ===> A ===> (=)) ===> (A ===> A ===> (=)) ===> A ===>
(=)
) order-extremum-ow order-extremum-ow

{proof)

end

Relativization

context order-extremum-ow
begin

interpretation ord-syntaz-ow (proof)

tts-context
tts: (?a to U)
sbterms: («?le:?'a = ?'a = bool) to le)

and («?ls:%'a = ?'a = bools to ls)

rewriting ctr-simps
substituting order-extremum-ow-axioms
eliminating through force

begin

tts-lemma extremum-strict:
assumes a € U
shows - extremum <, a
is order-extremum.extremum-strict{proof)

tts-lemma bdd-above-top:
assumes A ¢ U
shows bdd-above A
is order-extremum.bdd-above-top{proof)

tts-lemma min-top:
assumes z € U
shows min extremum r = x
is order-extremum.min-top{proof)

tts-lemma min-top2:
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assumes z € U
shows min x extremum = x
is order-extremum.min-top2(proof)

tts-lemma ezrtremum-unique:

assumes a € U

shows (extremum <, a) = (a = extremum)
is order-extremum.extremum-unique(proof )

tts-lemma not-eq-extremum:
assumes a € U
shows (a # extremum) = (a <, extremum)
is order-extremum.not-eg-extremum(proof)

tts-lemma eztremum-uniquel:
assumes a € U and extremum <, a
shows a = extremum
is order-extremum.extremum-uniquel (proof)

tts-lemma mazx-top:
assumes € U
shows mazx extremum x = extremum
is order-extremum.maz-top(proof)

tts-lemma maz-top2:
assumes z € U
shows maz = extremum = extremum
is order-extremum.maz-top2(proof)

tts-lemma atMost-eq- UNIV-iff:
assumes z € U
shows ({..<,z} = U) = (z = extremum)
is order-extremum.atMost-eq- UNIV-iff (proof )

end

end

5.5.7 Absence of top or bottom elements
locale no-extremum-ow = order-ow U le Is for U :: 'a set and le Is +

assumes gt-ex: x € U == JyelU. sz y

locale no-top-ow = order-dual-ow U le Is + no-extremum-ow U le Is
for U :: 'a set and le Is

locale no-bot-ow = order-dual-ow U le ls + dual: no-extremum-ow U ge gt
for U = 'a set and le Is

Transfer rules

lemma no-ezstremum-ow|ud-with]: no-extremum = no-extremum-ow UNIV

{proof)

context
includes lifting-syntax
begin
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lemma no-eztremum-ow-azioms-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(rel-set A ===> (A ===> A ===> (=)) ===> (=))
no-extremum-ow-arioms no-extremum-ow-axrioms

{proof)

lemma no-extremum-ow-transfer| transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(rel-set A ===> (A ===> A ===> (=)) ===> (A ===> A ===> (=)) ===> (=))
no-extremum-ow no-extremume-ow

{proof)

end

Relativization

lemma right-total- UNIV-transfer'[ transfer-rule]:
assumes right-total A and Domainp A = (Az. x € U)
shows rel-set A U UNIV

{proof)

context no-extremum-ow
begin

interpretation ord-syntaz-ow (proof)

tts-context
tts: (?a to U)
sbterms: («?le:?'a = ?'a = bool) to le)

and («?ls:?'a = ?'a = bool) to Is)

rewriting ctr-simps
substituting no-extremum-ow-axioms
eliminating through force

begin

tts-lemma not-UNIV-eg-Iic:
assumes h'e U
shows U # {..<,h'}
is no-extremum.not-UNIV-eq-Tic(proof)

tts-lemma not-lic-eq-UNIV:
assumes h'e U
shows {..<,h'} # U
is no-extremum.not-Iic-eq-UNIV (proof)

tts-lemma not- UNIV-le-Tlic:
assumes h € U
shows - U ¢ {..<,h}
is no-extremum.not-UNIV-le-Tic(proof)

tts-lemma not-UNIV-eg-Icc:
assumes [’ ¢ U and h'e U
shows U # {l'<,..<,h'}
is no-extremum.not-UNIV-eq-Icc{proof)

tts-lemma not-Icc-eq-UNIV:
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assumes [’ ¢ U and h'e U
shows {I'<,..<,h'} # U
is no-extremum.not-Icc-eq- UNIV (proof)

tts-lemma not- UNIV-le-Icc:
assumes [ € Uand he U
shows - U ¢ {I<,..<,h}
is no-extremum.not-UNIV-le-Icc(proof)

tts-lemma greater Than-non-empty:
assumes z € U

shows {z<,..} # {}
is no-extremum.greater Than-non-empty(proof)

tts-lemma not-lic-eq-Ici:
assumes h € Uand ['e U
shows {..<,h} # {I'<q..}
is no-extremum.not-Iic-eq-Ici{proof)

tts-lemma not-Ici-eq-Iic:
assumes ['€ Uand he U
shows {l'<,..} # {..<.h}
is no-extremum.not-Ici-eq-Tic{proof)

tts-lemma not-Ici-le-Iic:
assumes [ € U and h' e U
shows - {I<,..} ¢ {.<,h'}
is no-extremum.not-Ici-le-Tic{proof)

tts-lemma not-Icc-eq-Ici:
assumes [ € Uand he Uand I'e U
shows {I<,..<,h} # {l'<q..}
is no-extremum.not-Icc-eg-Ici{proof)

tts-lemma not-Ici-eq-Icc:
assumes ['e Uand l e Uand he U
shows {l'<,..} # {I<,..<.h}
is no-extremum.not-Ici-eq-Icc{proof)

tts-lemma not-Ici-le-Icc:
assumes [ € Uand ['¢ Uand h' e U
shows - {I<,..} ¢ {I'<q..<.h"}
is no-extremum.not-Ici-le-Icc{proof)
end

end

declare right-total-UNIV-transfer'[ transfer-rule del]
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5.6 Abstract semigroups on types
5.6.1 Background

The results presented in this section were ported (with amendments and additions) from the
theory Groups in the main library of Isabelle/HOL.

5.6.2 Preliminaries

named-theorems tts-ac-simps assoc. and comm. simplification rules
and tts-algebra-simps algebra simplification rules
and tts-field-simps algebra simplification rules for fields

5.6.3 Binary operations

Abstract operation.

locale binary-op =
fixes f:'a = 'a="a

locale binary-op-syntax = binary-op f for f = 'a = 'a = 'a
begin

notation f (infixl <@, 65)

end

Concrete syntax.

locale plus = binary-op plus for plus :: 'a = 'a = a
begin

notation plus (infixl <+, 65)
end

locale minus = binary-op minus for minus = 'a = 'a = 'a
begin

notation minus (infixl -, 65)
end

locale times = binary-op times for times :: 'a = 'a = a
begin

notation times (infixl <+, 70)
end

locale divide = binary-op divide for divide :: 'a = 'a = 'a
begin

notation divide (infixl <'/,» 70)

end

Pairs.

locale binary-op-pair = alg,: binary-op f. + algy: binary-op fy
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for fo, : '"a="a='aand f, = 'b="b="b
locale binary-op-pair-syntax = binary-op-pair f, fp
for fo, s '"a="a='aand f, = b= "b="b

begin

notation [, (infixl <@, 65)
notation [, (infixl «®;> 65)

end

5.6.4 Simple semigroups

Definitions

Abstract semigroups.

locale semigroup = binary-op f for f = 'a = 'a = 'a +
assumes assoc[ tts-ac-simps, tts-algebra-simps]: f (fa db) ¢=fa (fb ¢)

locale semigroup-syntax = binary-op-syntaz f for f = 'a = 'a = 'a

Concrete syntax.

locale semigroup-add = semigroup plus for plus = 'a = 'a = 'a
begin

sublocale plus plus (proof)
end

locale semigroup-mult = semigroup times for times : 'a = 'a = 'a
begin

sublocale times times (proof)

end

Pairs.

locale semigroup-pair = alg,: semigroup f, + algy: semigroup fp
for fo, : '"a="a='aand f, = b= "b="b
begin

sublocale binary-op-pair f, fi {proof)
sublocale rev: semigroup-pair fy fo (proof)

end

locale semigroup-pair-syntax = binary-op-pair-syntax
5.6.5 Commutative semigroups
Definitions

Abstract commutative semigroup.

locale comm-semigroup = semigroup [ for f = 'a = 'a = 'a +
assumes commute[tts-ac-simps, tts-algebra-simps]: fa b= fba

locale comm-semigroup-syntaz = semigroup-syntax

296
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Concrete syntax.

locale comm-semigroup-add = comm-semigroup plus for plus = ‘a = 'a = 'a
begin

sublocale semigroup-add plus (proof)
end

locale comm-semigroup-mult = comm-semigroup times for times = 'a = 'a = 'a
begin

sublocale semigroup-mult times {proof)

end

Pairs.

locale comm-semigroup-pair = alg,: comm-semigroup f, + algy: comm-semigroup fy
for fo, :'"a="a='aand f, = 'b="b="b
begin

sublocale semigroup-pair f, f, {proof)
sublocale rev: comm-semigroup-pair [y f, {(proof)

end

locale comm-semigroup-pair-syntax = semigroup-pair-syntax

Results

context comm-semigroup
begin

interpretation comm-semigroup-syntax f (proof)

lemma left-commute[tts-ac-simps, tts-algebra-simps, field-simps]:
b@®, (a @y ¢)=0ad, (b, )
{proof)

end

5.6.6 Cancellative semigroups

Definitions

Abstract cancellative semigroup.

locale cancel-semigroup = semigroup f for f : 'a = 'a = 'a +
assumes add-left-imp-eq: fab=fac= b=c
assumes add-right-imp-eq: fba=fca=— b=c

locale cancel-semigroup-syntax = semigroup-syntaz f for f = 'a = 'a = 'a

Concrete syntax.

locale cancel-semigroup-add = cancel-semigroup plus
for plus : 'a = 'a = 'a
begin

sublocale semigroup-add plus (proof)
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end

locale cancel-semigroup-mult = cancel-semigroup times
for times = 'a = 'a = 'a
begin

sublocale semigroup-mult times {proof)

end

Pairs.

locale cancel-semigroup-pair =
algq: cancel-semigroup fo + algy: cancel-semigroup fy
for fo, : '"a="a='aand f, = b= "b="b
begin

sublocale semigroup-pair f, fp (proof)
sublocale rev: cancel-semigroup-pair fy, fq (proof)

end

locale cancel-semigroup-pair-syntax = semigroup-pair-syntax fo fp
for fo, : '"a="a='aand f, = 'b="b="b

Results

context cancel-semigroup
begin

interpretation cancel-semigroup-syntaz f (proof)

lemma add-left-cancel[simp]: a @, b=a &, c«— b=c

{proof)

lemma add-right-cancel[simp]: b @, a = ¢ ®, a < b = ¢

(proof)
lemma inj-on-add[simp]: inj-on ((®,) a) A (proof)

lemma inj-on-add’[ simp]: inj-on (Ab. b &, a) A (proof)

lemma bij-betw-add[ simp]: bij-betw ((&,) a) A B «— (&,) a ‘A=B

(proof)

end

5.6.7 Cancellative commutative semigroups

Definitions

Abstract cancellative commutative semigroups.

locale cancel-comm-semigroup = comm: comm-semigroup f + binary-op fi

for ffi=z'a= "a= "a+

assumes add-diff-cancel-left [simp]: fi (fa b) a =0
and diff-diff-add[tts-algebra-simps, tts-field-simps]:
fi(fiab) c=fia(fbec)

298



CHAPTER 5. TTS FOUNDATIONS 299

locale cancel-comm-semigroup-syntax = comm-semigroup-syntax f + binary-op fi
for ffiz'a= 'a="a
begin

notation fi (infixl (e,) 65)

end

Concrete syntax.

locale cancel-comm-semigroup-add = cancel-comm-semigroup plus minus
for plus minus :: 'a = 'a = ’a
begin

sublocale comm-semigroup-add plus (proof)
sublocale minus minus (proof)

end

locale cancel-comm-semigroup-mult = cancel-comm-semigroup times divide
for times divide = 'a = 'a = 'a
begin

sublocale comm-semigroup-mult times (proof)
sublocale divide divide (proof)

end

Pairs.

locale cancel-comm-semigroup-pair =
algq: cancel-comm-semigroup f, fia + algy: cancel-comm-semigroup fy fip
for fo fio ='a="a= "aand fy fi, = b= "b="b

begin

sublocale comm-semigroup-pair f, fu (proof)
sublocale rev: cancel-comm-semigroup-pair fy fip fo fia {proof)

end

locale cancel-comm-semigroup-pair-syntax =
comm-semigroup-pair-syntaz fo f» + binary-op fi, + binary-op fiy

for fa .ﬁa fb ﬁb
begin

notation fi, (infixl <6, 65)
notation fi, (infixl <) 65)

end

Results

context cancel-comm-semigroup
begin

interpretation cancel-comm-semigroup-syntax (proof)

lemma add-diff-cancel-right’[simp]: (a ®, b) €, b = a

{proof)
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sublocale cancel: cancel-semigroup
{proof)

lemmas cancel-semigroup-axioms = cancel.cancel-semigroup-axioms

lemma add-diff-cancel-left[ simp]: (¢ ®4 a) 64 (¢ ®g b) = a 64 b

{proof)

lemma add-diff-cancel-right[simp]: (a @, ¢) ©4 (b @4 ¢) = a 6,4 b
(proof)

lemma diff-right-commute: a ©, ¢ ©, b =a 64 b 6, ¢

{proof)

end

context cancel-comm-semigroup-pair
begin

sublocale cancel: cancel-semigroup-pair {proof)
lemmas cancel-semigroup-pair-axioms = cancel.cancel-semigroup-pair-axioms

end
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5.7 Extension of the theory Lifting-Set

context
includes lifting-syntax
begin

lemma set-pred-eg-transfer| transfer-rule]:
assumes [transfer-rule]: right-total A
shows
((rel-set A ===> (=)) ===> (rel-set A ===> (=)) ===> (=))
(AX Y. VscCollect (Domainp A). X s =Y s)
((=)=["b set = bool, 'b set = bool] = bool)
(proof) lemma vimage-fst-transfer-h:

pred-prod (Domainp A) (Domainp B) x =
(z € Collect (Domainp A) x Collect (Domainp B))

{proof)

lemma vimage-fst-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A right-total B
shows
((rel-prod A B ===> A) ===> rel-set A ===> rel-set (rel-prod A B))
(AfS. (f =< 8) n ((Collect (Domainp A)) x (Collect (Domainp B))))
vimage

{proof)

lemma vimage-snd-transfer|transfer-rule]:
assumes [transfer-rule]: right-total A bi-unique B right-total B
shows
((rel-prod A B ===> B) ===> rel-set B ===> rel-set (rel-prod A B))
(AfS. (f =< 8) n ((Collect (Domainp A)) x (Collect (Domainp B))))
vimage

{proof)

lemma vimage-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique B right-total A
shows
((A ===> B) ===> (rel-set B) ===> rel-set A)
(Af s. (vimage [ s) n (Collect (Domainp A))) (=)
(proof)

lemma pairwise-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A
shows ((A4 ===> A ===> (=)) ===> rel-set A ===> (=)) pairwise pairwise

(proof)

lemma disjnt-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A
shows (rel-set A ===> rel-set A ===> (=)) disjnt disjnt
{proof)

lemma bij-betw-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A bi-unique B
shows ((A4 ===> B) ===> rel-set A ===> rel-set B ===> (=)) bij-betw bij-betw
(proof)
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end
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5.8 Abstract semigroups on sets

5.8.1 Background

The results presented in this section were ported (with amendments and additions) from the
theory Groups in the main library of Isabelle/HOL.

5.8.2 Binary operations

Abstract binary operation.

locale binary-op-base-ow =
fixes U : ‘asetand f :: 'a = 'a = "a

locale binary-op-ow = binary-op-base-ow U f for U = 'a set and f +
assumes op-closed: t € U = ye U = frzye U

locale binary-op-syntaz-ow = binary-op-base-ow U f for U = 'a set and f
begin

notation f (infixl @, 70)

end

Concrete syntax.

locale plus-ow = binary-op-ow U plus for U :: 'a set and plus
begin

notation plus (infixl <+, 65)
end

locale minus-ow = binary-op-ow U minus for U = 'a set and minus
begin

notation minus (infixl -,» 65)
end

locale times-ow = binary-op-ow U times for U = 'a set and times
begin

notation times (infixl ¢<x,» 70)
end

locale divide-ow = binary-op-ow U divide for U :: 'a set and divide
begin

notation divide (infixl <'/,» 70)

end

Pairs.

locale binary-op-base-pair-ow =
algq: binary-op-base-ow U, f, + algy: binary-op-base-ow Uy f
for U, :: 'a set and f, and U, :: ‘b set and f,
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locale binary-op-pair-ow = alg,: binary-op-ow U, fq + algy: binary-op-ow Uy fy
for U, :: 'a set and f, and U, == ‘b set and f,
begin

sublocale binary-op-base-pair-ow U, fo Uy fu (proof)
sublocale rev: binary-op-base-pair-ow Uy f, Uy fo {proof)

end

locale binary-op-pair-syntaz-ow = binary-op-base-pair-ow U, fq Uy fo
for U, = 'a set and f, and Uy == ‘b set and f,

begin

notation f, (infixl «®,» 70)
notation f, (infixl «®;> 70)

end

Results

context binary-op-ow
begin

interpretation binary-op-syntaz-ow (proof)

lemma op-closed'[simp]: VzeU. YV yeU. z &, y € U (proof)
tts-register-sbts «(@,)) | U (proof)

end

5.8.3 Simple semigroups

Definitions

Abstract semigroup.

locale semigroup-ow = binary-op-ow U f for U = 'a set and [ +
assumes assoc| tts-ac-simps]:
[aceUybeUjceU]=f(fab)c=fa(fbc)

locale semigroup-syntaz-ow = binary-op-syntaz-ow U f for U = 'a set and f

Concrete syntax.

locale semigroup-add-ow = semigroup-ow U plus for U :: 'a set and plus
begin

sublocale plus-ow U plus (proof)
end

locale semigroup-mult-ow = semigroup-ow U times for U : 'a set and times
begin

sublocale times-ow U times (proof)

end

Pairs.
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locale semigroup-pair-ow = alg,: semigroup-ow U, f, + algy: semigroup-ow Uy fy
for U, :: 'a set and f, and U, == ‘b set and f,
begin

sublocale binary-op-pair-ow U, fo Uy fu (proof)
sublocale rev: semigroup-pair-ow Uy f, U, fo {proof)

end

locale semigroup-pair-syntaz-ow = binary-op-pair-syntax-ow U, fo Uy fp
for U, = 'a set and f, and Uy == ‘b set and f,

Transfer rules

lemma semigroup-ow|[ud-with]: semigroup = semigroup-ow UNIV

(proof)

lemma semigroup-pair-ow[ud-with]:
semigroup-pair = (Ao fu. semigroup-pair-ow UNIV f, UNIV f;)
(proof)

context
includes lifting-syntax
begin

lemma semigroup-ow-transfer( transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(rel-set A ===> (A ===> A ===> A) ===> (=)) semigroup-ow semigroup-ow

{proof)

lemma semigroup-pair-ow-transfer|transfer-rule]:
assumes [transfer-rule]:
bi-unique A right-total A bi-unique B right-total B
shows

rel-set A ===> (A ===> A ===> A) ===>
rel-set B ===> (B ===> B ===> B) ===>
=)

)

SeEMIGroup-pair-ow Semigroup-pair-ow

{proof)

end

5.8.4 Commutative semigroups
Definitions

Abstract commutative semigroup.

locale comm-semigroup-ow = semigroup-ow U f for U = 'a set and f +
assumes commute[tts-ac-simps]: a€e U = be U= fab=fba

locale comm-semigroup-syntax-ow = semigroup-syntaz-ow U f
for U = 'a set and f

Concrete syntax.

locale comm-semigroup-add-ow = comm-semigroup-ow U plus
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for U = 'a set and plus
begin

sublocale semigroup-add-ow U plus {proof)
end

locale comm-semigroup-mult-ow = comm-semigroup-ow U times
for U :: 'a set and times
begin

sublocale semigroup-mult-ow U times (proof)

end

Pairs.

locale comm-semigroup-pair-ow =
alg,: comm-semigroup-ow U, f, + algy: comm-semigroup-ow Uy fy
for U, = 'a set and f, and Uy, == ‘b set and f,

begin

sublocale semigroup-pair-ow U, fo Uy fp (proof)
sublocale rev: comm-semigroup-pair-ow Uy fy U, fo (proof)

end

locale comm-semigroup-pair-syntax-ow = semigroup-pair-syntaz-ow U, fo Uy fp
for U, :: 'a set and f, and U, :: ‘b set and f,

Transfer rules

lemma comm-semigroup-ow[ud-with]: comm-semigroup = comm-semigroup-ow UNIV

{proof)

lemma comm-semigroup-pair-ow[ ud-with]:
comm-semigroup-pair = (Afq fo. comm-semigroup-pair-ow UNIV f, UNIV f3)
(proof)

context
includes lifting-syntax
begin

lemma comm-semigroup-ow-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(rel-set A ===> (A ===> A ===> A) ===> (=))
COMM-SEMIGrouUp-ow COMM-SEMIGroup-ow

{proof)

lemma comm-semigroup-pair-ow-transfer|transfer-rule]:
assumes [transfer-rule]:
bi-unique A right-total A bi-unique B right-total B
shows
(
rel-set A ===> (A ===> A ===> A) ===>
rel-set B ===> (B ===> B ===> B) ===>
(=)
)
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COMM-SEMIGrouP-pPair-ow COMMm-Semigroup-pair-ow

{proof)

end

Relativization

context comm-semigroup-ow
begin

interpretation comm-semigroup-syntax-ow (proof)

tts-context
tts: (?’a to U)
substituting comm-semigroup-ow-axioms
eliminating through auto

begin

tts-lemma left-commute:
assumes b € U
and a e U
and ce U
shows b @, (a ®, ¢) = a &, (b @, ¢)
is comm-semigroup.left-commute(proof)

end

end

5.8.5 Cancellative semigroups

Definitions

Abstract cancellative semigroup.

locale cancel-semigroup-ow = semigroup-ow U f for U :: 'a set and [ +
assumes add-left-imp-eq:
[aeUybeU;ceU;fab=fac]]=b=c
assumes add-right-imp-eq:
[beU;aecU;ceU;fba=fca]]=b=c

locale cancel-semigroup-syntaz-ow = semigroup-syntaz-ow U f
for U = 'a set and f

Concrete syntax.

locale cancel-semigroup-add-ow = cancel-semigroup-ow U plus
for U :: 'a set and plus

begin

sublocale semigroup-add-ow U plus {proof)

end

locale cancel-semigroup-mult-ow = cancel-semigroup-ow U times
for U = 'a set and times

begin

sublocale semigroup-mult-ow U times (proof)
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end

Pairs.

locale cancel-semigroup-pair-ow =
algq: cancel-semigroup-ow U, fq + algy: cancel-semigroup-ow Uy fy
for U, :: 'a set and f, and U, :: 'b set and f,

begin

sublocale semigroup-pair-ow U, f, Uy fp (proof)
sublocale rev: cancel-semigroup-pair-ow Uy fy Uq fa (proof)

end

locale cancel-semigroup-pair-syntax-ow = semigroup-pair-syntaz-ow Uy fo Uy fo
for U, = 'a set and f, and Uy, == ‘b set and f,

Transfer rules

lemma cancel-semigroup-ow[ ud-with]:
cancel-semigroup = cancel-semigroup-ow UNIV

(proof)

lemma cancel-semigroup-pair-ow| ud-with]:
cancel-semigroup-pair = (M4 fp. cancel-semigroup-pair-ow UNIV f, UNIV f;)
(proof)

context
includes lifting-syntax
begin

lemma cancel-semigroup-ow-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
(rel-set A ===> (A ===> A ===> A) ===> (=))
cancel-semigroup-ow cancel-semigroup-ow

{proof)

lemma cancel-semigroup-pair-ow-transfer| transfer-rule]:
assumes [transfer-rule]:
bi-unique A right-total A bi-unique B right-total B
shows

(
rel-set A ===> (A ===> A ===> A) ===>
rel-set B ===> (B ===> B ===> B) ===>
(=)
) cancel-semigroup-pair-ow cancel-semigroup-pair-ow

{proof)

end

Relativization

context cancel-semigroup-ow
begin

interpretation cancel-semigroup-syntaz-ow {proof)

tts-context
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tts: (?’a to U)
rewriting ctr-simps
substituting cancel-semigroup-ow-axioms
eliminating through auto
begin

tts-lemma add-right-cancel:
assumes be Uand ae¢ U and ce U
shows (b @, a=c®, a) =(b=rc)
is cancel-semigroup.add-right-cancel{proof)

tts-lemma add-left-cancel:
assumes ¢ € Uand be Uand ce U
shows (a @, b=a ®, ¢) = (b=1c¢)
is cancel-semigroup.add-left-cancel{proof)

tts-lemma inj-on-add”
assumes a € Uand Ac U
shows inj-on (Ab. b &, a) A
is cancel-semigroup.inj-on-add’(proof)

tts-lemma inj-on-add:
assumes a € Uand Ac U
shows inj-on ((&,) a) A
is cancel-semigroup.inj-on-add(proof)

tts-lemma bij-betw-add:
assumes a € Uand Ac Uand Bc U
shows bij-betw ((®,) a) A B=((®,) a ‘A =B)
is cancel-semigroup. bij-betw-add(proof)

end

end

5.8.6 Cancellative commutative semigroups

Definitions

Abstract cancellative commutative semigroups.

locale cancel-comm-semigroup-ow = comm-semigroup-ow U f + binary-op-ow U fi
for U = 'a set and [ fi +
assumes add-diff-cancel-left'[simp]: [ a € U; be U]l = fi (fab) a=1b
and diff-diff-add[tts-algebra-simps, tts-field-simps]:
[aceU;beU;ceUll=fi(fiad)c=fia(fbc)

locale cancel-comm-semigroup-syntaz-ow =
comm-semigroup-syntaz-ow U f + binary-op-base-ow U fi
for U :: 'a set and f fi

begin

notation fi (infixl (¢,) 65)

end

Concrete syntax.

locale cancel-comm-semigroup-add-ow = cancel-comm-semigroup-ow U plus minus
for U : 'a set and plus minus
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begin

sublocale comm-semigroup-add-ow U plus {proof)
sublocale minus-ow U minus (proof)

end

locale cancel-comm-semigroup-mult = cancel-comm-semigroup-ow U times divide
for U : 'a set and times divide
begin

sublocale comm-semigroup-mult-ow U times {proof)
sublocale divide-ow U divide (proof)

end

Pairs.

locale cancel-comm-semigroup-pair-ow =

alg,: cancel-comm-semigroup-ow U, fq fia +

algy: cancel-comm-semigroup-ow Uy [y fip

for U, :: 'a set and f, fi, and Uy = 'b set and f fiy,
begin

sublocale comm-semigroup-pair-ow U, fo, Uy fp (proof)
sublocale rev: cancel-comm-semigroup-pair-ow Uy [y fiy Uq fa fia {proof)

end

locale cancel-comm-semigroup-pair-syntaz-ow =
comm-semigroup-pair-syntaz-ow U, fo Uy fp +
binary-op-ow U, fi, +
binary-op-ow Uy fip
for U, :: 'a set and [, fi, and Uy = 'b set and [ fiy,
begin

notation fi, (infixl <6, 65)
notation fi, (infixl <) 65)

end

Transfer rules

lemma cancel-comm-semigroup-ow[ ud-with]:
cancel-comm-semigroup = cancel-comm-semigroup-ow UNIV

{proof)

lemma cancel-comm-semigroup-pair-ow| ud-with]:
cancel-comm-semigroup-pair =
(Ma fia o fi. cancel-comm-semigroup-pair-ow UNIV f, fi, UNIV fy fip)
(proof)

context
includes lifting-syntax
begin

lemma cancel-comm-semigroup-ow-transfer|transfer-rule]:
assumes [transfer-rule]: bi-unique A right-total A
shows
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(""el_set A ===> (A ===> A ===> A) ===> (A ===> A ===> A) ===> (:))
cancel-comm-semigroup-ow cancel-comm-semigroup-ow

{proof)

lemma cancel-comm-semigroup-pair-ow-transfer| transfer-rule]:
assumes [transfer-rule]:
bi-unique A right-total A bi-unique B right-total B
shows
(
rel-set A ===> (A ===> A ===> A) ===> (A ===> A ===> A) ===>
rel-set B ===> (B ===> B ===> B) ===> (B ===> B ===> B) ===>
)
) cancel-comm-semigroup-pair-ow cancel-comm-semigroup-pair-ow

{proof)

end

Relativization

context cancel-comm-semigroup-ow
begin

interpretation cancel-comm-semigroup-syntax-ow {proof)

tts-context
tts: (?'a to U)
sbterms: (< 7f:%'a = ?'a = ?'a» to f)
and («?fiz?'a = ?'a = ?’a» to fi)
rewriting ctr-simps
substituting cancel-comm-semigroup-ow-azxioms
eliminating through auto
begin

tts-lemma add-diff-cancel-right”:
assumes ¢ € U and be U
shows a ®, bo, b=a
is cancel-comm-semigroup.add-diff-cancel-right’( proof)

tts-lemma add-diff-cancel-right:
assumes a € Uand ce Uand be U
shows a &, c6, b®, c=a 6, b
is cancel-comm-semigroup. add-diff-cancel-right{proof)

tts-lemma add-diff-cancel-left:
assumes c€ Uand ae€ Uand b e U
shows ¢ ®, a 6, c®, b=a 6, b
is cancel-comm-semigroup.add-diff-cancel-left(proof)

tts-lemma diff-right-commute:
assumes a € Uand ce Uand b e U
shows a 6, c6, b=a6, b6, c
is cancel-comm-semigroup. diff-right-commute(proof)

tts-lemma cancel-semigroup-azxioms:
assumes U # {}
shows cancel-semigroup-ow U (&,)
is cancel-comm-semigroup. cancel-semigroup-azioms(proof )
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end

sublocale cancel-semigroup-ow

{proof)

end

context cancel-comm-semigroup-pair-ow
begin

sublocale cancel-semigroup-pair-ow {proof)

end



Bibliography

1]

[2]

Isabelle/HOL Standard Library, 2020. URL https://isabelle.in.tum.de/website-Isabelle2020/
dist/library/HOL/HOL /index.html.

Isabelle/HOL Analysis, 2020. URL https://isabelle.in.tum.de/website-Isabelle2020/dist /
library /HOL/HOL- Analysis/index.html.

C. Ballarin. Locales and Locale Expressions in Isabelle/Isar. In S. Berardi, M. Coppo, and
F. Damiani, editors, Types for Proofs and Programs, volume 3085, pages 34-50. Springer,
Heidelberg, 2004. ISBN 978-3-540-22164-7.

C. Ballarin. Locales: A Module System for Mathematical Theories. Journal of Automated
Reasoning, 52(2):123-153, 2014.

C. Ballarin, editor. The Isabelle/HOL Algebra Library. 2020. URL https://isabelle.in.tum.
de/website-Isabelle2020/dist /library /HOL /HOL- Algebra/document.pdf.

A. J. Cain. Nine Chapters on the Semigroup Art. Lisbon, 2019.

A. Chaieb and M. Wenzel. Context Aware Calculation and Deduction: Ring Equalities
Via Grobner Bases in Isabelle. In M. Kauers, M. Kerber, R. Miner, and W. Windsteiger,

editors, Towards Mechanized Mathematical Assistants, volume 4573, pages 27-39. Springer,
Heidelberg, 2007. ISBN 978-3-540-73083-5.

J. Divasén, O. Kuncar, R. Thiemann, and A. Yamada. Perron-Frobenius Theorem for
Spectral Radius Analysis. Archive of Formal Proofs, 2016.

J. Gilcher, A. Lochbihler, and D. Traytel. Conditional Parametricity in Isabelle/HOL. In
TABLEAUX/FroCoS/ITP, Brasilia, Brazil, 2017.

F. Haftmann and M. Wenzel. Constructive Type Classes in Isabelle. In T. Altenkirch and
C. McBride, editors, Types for Proofs and Programs, volume 4502, pages 160—174. Springer,
Heidelberg, 2007. ISBN 978-3-540-74464-1.

B. Huffman and O. Kuncar. Lifting and Transfer: A Modular Design for Quotients in
Isabelle/HOL. In G. Gonthier and M. Norrish, editors, Certified Programs and Proofs,
volume 8307, pages 131-146. Springer, Heidelberg, 2013. ISBN 978-3-319-03545-1.

F. Immler. Automation for unverloading definitions, 2019. URL http://isabelle.in.tum.de/
repos/isabelle/rev/ab5a8a2519b0.

F. Immler. Re: [isabelle] Several questions in relation to a use case for "types to sets”, 2019.
URL https://lists.cam.ac.uk/pipermail /cl-isabelle-users/2019-January /msg00072.html.

F. Immler and B. Zhan. Smooth Manifolds and Types to Sets for Linear Algebra in
Isabelle/HOL. In A. Mahboubi and M. O. Myreen, editors, Proceedings of the 8th ACM
SIGPLAN International Conference on Certified Programs and Proofs, CPP 2019, Cascais,
Portugal, CPP 2019, pages 65-77. ACM, New York, 2019. ISBN 978-1-4503-6222-1.

313


https://isabelle.in.tum.de/website-Isabelle2020/dist/library/HOL/HOL/index.html
https://isabelle.in.tum.de/website-Isabelle2020/dist/library/HOL/HOL/index.html
https://isabelle.in.tum.de/website-Isabelle2020/dist/library/HOL/HOL-Analysis/index.html
https://isabelle.in.tum.de/website-Isabelle2020/dist/library/HOL/HOL-Analysis/index.html
https://isabelle.in.tum.de/website-Isabelle2020/dist/library/HOL/HOL-Algebra/document.pdf
https://isabelle.in.tum.de/website-Isabelle2020/dist/library/HOL/HOL-Algebra/document.pdf
http://isabelle.in.tum.de/repos/isabelle/rev/ab5a8a2519b0
http://isabelle.in.tum.de/repos/isabelle/rev/ab5a8a2519b0
https://lists.cam.ac.uk/pipermail/cl-isabelle-users/2019-January/msg00072.html

BIBLIOGRAPHY 314

[15]

F. Kammiiller, M. Wenzel, and L. C. Paulson. Locales A Sectioning Concept for Isabelle.
In Y. Bertot, G. Dowek, L. Théry, A. Hirschowitz, and C. Paulin-Mohring, editors, Theo-
rem Proving in Higher Order Logics, Lecture Notes in Computer Science, pages 149-165,
Heidelberg, 1999. Springer. ISBN 978-3-540-48256-7.

K. Kappelmann, L. Bulwahn, and S. Willenbrink. SpecCheck - Specification-Based Testing
for Isabelle/ML. Archive of Formal Proofs, 2021.

A. Krauss and A. Schropp. A Mechanized Translation from Higher-Order Logic to Set
Theory. In M. Kaufmann and L. C. Paulson, editors, Interactive Theorem Proving, volume
6172, pages 323—-338. Springer, Heidelberg, 2010. ISBN 978-3-642-14051-8.

O. Kuncar. Types, Abstraction and Parametric Polymorphism in Higher-Order Logic. PhD
thesis, Technische Universitat Miinchen, Munich, 2015.

O. Kuncar and A. Popescu. From Types to Sets by Local Type Definitions in Higher-Order
Logic. In J. C. Blanchette and S. Merz, editors, Interactive Theorem Proving, volume 9807,
pages 200-218. Springer, Heidelberg, 2016. ISBN 978-3-319-43144-4.

O. Kunc¢ar and A. Popescu. Comprehending Isabelle/HOL’s Consistency. In H. Yang,
editor, Programming Languages and Systems, volume 10201, pages 724-749. Springer, Hei-
delberg, 2017. ISBN 978-3-662-54433-4.

O. Kuncar and A. Popescu. From Types to Sets by Local Type Definition in Higher-Order
Logic. Journal of Automated Reasoning, 62(2):237-260, 2019.

P. Lammich. Automatic Data Refinement. In S. Blazy, C. Paulin-Mohring, and
D. Pichardie, editors, Interactive Theorem Proving, pages 84-99, Heidelberg, 2013.
Springer. ISBN 978-3-642-39634-2.

A. Maletzky. Hilbert’s Nullstellensatz. Archive of Formal Proofs, 2019.
M. Milehins. Conditional Transfer Rule. Archive of Formal Proofs, 2021.

R. Milner, M. Tofte, R. Harper, and D. MacQueen. The Definition of Standard ML (re-
vised). MIT Press, Cambridge, Massachusetts, 1997. ISBN 978-0-262-63181-5.

T. Nipkow and G. Snelting. Type Classes and Overloading Resolution via Order-Sorted
Unification. In J. Hughes, editor, Functional Programming Languages and Computer Archi-
tecture, volume 523 of Lecture Notes in Computer Science, pages 1-14. Springer, Heidelberg,
1991. ISBN 978-3-540-47599-6.

L. C. Paulson. Natural Deduction as Higher-Order Resolution. The Journal of Logic
Programming, 3(3):237-258, 1986.

L. C. Paulson. The Foundation of a Generic Theorem Prover. Journal of Automated
Reasoning, 5(3):363-397, 1989.

C. Urban. The Isabelle Cookbook: A Gentle Tutorial for Programming Isabelle/ML. 2019.

M. Wenzel. Type Classes and Overloading in Higher-Order Logic. In E. L. Gunter and
A. P. Felty, editors, Theorem Proving in Higher Order Logics, Lecture Notes in Computer
Science, pages 307-322. Springer, Heidelberg, 1997. ISBN 978-3-540-69526-4.

M. Wenzel. Isar — A Generic Interpretative Approach to Readable Formal Proof Docu-
ments. In Y. Bertot, G. Dowek, L. Théry, A. Hirschowitz, and C. Paulin-Mohring, editors,
Theorem Proving in Higher Order Logics, volume 1690, pages 167-183. Springer, Heidel-
berg, 1999. ISBN 978-3-540-66463-5.



BIBLIOGRAPHY 315

[32] M. Wenzel. Isabelle/Isar — a Generic Framework for Human-Readable Proof Documents.
Studies in Logic, Grammar and Rhetoric, 10(23):277-297, 2007.

[33] M. Wenzel. The Isabelle/Isar Implementation. 2019.
[34] M. Wenzel. The Isabelle/Isar Reference Manual. 2019.

[35] M. M. Wenzel. Isabelle/Isar — A Versatile Environment for Human-Readable Formal
Proof Documents. PhD thesis, Technische Universitdt Miinchen, Munich, 2001.



	ETTS: Reference Manual
	Introduction
	Background
	Prerequisites and conventions
	Previous work
	Purpose and scope

	ETTS and ERA
	Background
	Preliminaries
	Set-based terms and their registration
	Parameterization of the ERA
	Definition of the ERA

	Syntax
	Background
	Registration of the set-based terms
	Relativization of theorems

	ETTS by example
	Background
	First steps


	ETTS Case Studies: Introduction
	Background
	Purpose
	Related work

	Examples: overview
	Background
	SML Relativization
	TTS Vector Spaces
	TTS Foundations


	SML Relativization
	Extension of the theory 42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 Set
	Extension of the theory 42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 Lifting-Set
	Extension of the theory 42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 Product-Type-Ext
	Extension of the theory 42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 Transfer
	Relativization of the results about relations
	Definitions and common properties
	Transfer rules I: 42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 lfp transfer
	Transfer rules II: application-specific rules

	Relativization of the results about orders
	Class 42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 ord
	Preorders
	Partial orders
	Dense orders
	Partial orders with the greatest element and partial orders with the least elements

	Relativization of the results about semigroups
	Simple semigroups
	Cancellative semigroups
	Commutative semigroups
	Cancellative commutative semigroups

	Relativization of the results about monoids
	Simple monoids
	Commutative monoids
	Cancellative commutative monoids

	Relativization of the results about groups
	Simple groups
	Abelian groups

	Relativization of the results about semirings
	Semirings
	Commutative semirings
	Semirings with zero
	Commutative semirings with zero
	Cancellative semirings with zero
	Commutative cancellative semirings with zero
	Class 42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 zero-neq-one
	Semirings with zero and one (rigs)
	Commutative rigs
	Cancellative rigs
	Commutative cancellative rigs

	Relativization of the results about rings
	Rings
	Commutative rings
	Rings with identity
	Commutative rings with identity

	Relativization of the results about semilattices
	Commutative bands
	Simple upper and lower semilattices
	Bounded semilattices

	Relativization of the results about lattices
	Simple lattices
	Bounded lattices
	Distributive lattices

	Relativization of the results about complete lattices
	Simple complete lattices

	Relativization of the results about linear orders
	Linear orders
	Dense linear orders

	Relativization of the results about simple topological spaces
	Definitions and common properties
	Transfer rules
	Relativization
	Further results

	Relativization of the results related to the countability properties of topological spaces
	First countable topological space
	Topological space with a countable basis
	Second countable topological space

	Relativization of the results about ordered topological spaces
	Ordered topological space
	Linearly ordered topological space

	Relativization of the results about product topologies
	Definitions and common properties
	Transfer rules
	Relativization


	TTS Vector Spaces
	Introduction
	Background
	Prerequisites

	Groups
	Definitions and elementary properties
	Instances (by type class constraints)
	Transfer rules
	Relativization.

	Modules
	42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 module-with
	42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 module-ow
	42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 module-on
	Relativization.

	Vector spaces
	42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 vector-space-with
	42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 vector-space-ow
	42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 vector-space-on
	Relativization : part I
	Transfer: 42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 dim
	Relativization: part II


	TTS Foundations
	Extension of the theory 42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 Set
	Definite description operator
	Definition and common properties
	Transfer rules

	Auxiliary
	Methods

	Abstract orders on types
	Background
	Order operations
	Preorders
	Partial orders
	Dense orders
	(Unique) top and bottom elements
	(Unique) top and bottom elements for partial orders
	Partial orders without top or bottom elements
	Least and greatest operators
	min and max
	Monotonicity
	Set intervals
	Bounded sets

	Abstract orders on explicit sets
	Background
	Order operations
	Preorders
	Partial orders
	Dense orders
	(Unique) top and bottom elements
	Absence of top or bottom elements

	Abstract semigroups on types
	Background
	Preliminaries
	Binary operations
	Simple semigroups
	Commutative semigroups
	Cancellative semigroups
	Cancellative commutative semigroups

	Extension of the theory 42 1000 63 1000 33 1000 58 1000 59 1000 44 1000 Lifting-Set
	Abstract semigroups on sets
	Background
	Binary operations
	Simple semigroups
	Commutative semigroups
	Cancellative semigroups
	Cancellative commutative semigroups


	Bibliography

