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Abstract

This entry provides all cardinality theorems of the Twelvefold Way.
The Twelvefold Way [1, 5, 6] systematically classifies twelve related
combinatorial problems concerning two finite sets, which include count-
ing permutations, combinations, multisets, set partitions and number
partitions. This development builds upon the existing formal develop-
ments [2, 3, 4] with cardinality theorems for those structures. It pro-
vides twelve bijections from the various structures to different equiva-
lence classes on finite functions, and hence, proves cardinality formulae
for these equivalence classes on finite functions.
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18 The Twelvefold Way

1 Preliminaries

theory Preliminaries
imports
Main
HOL— Library. Multiset
HOL- Library. FuncSet
HOL— Combinatorics. Permutations
HOL— ex. Birthday-Paradox
Card-Partitions. Card-Partitions
Bell-Numbers-Spivey. Bell-Numbers
Card-Multisets. Card-Multisets
Card-Number-Partitions. Card-Number-Partitions
begin

1.1 Additions to Finite Set Theory

lemma subset-with-given-card-ezists:
assumes n < card A
shows 4B C A. card B =n
using assms proof (induct n)
case ()
then show ?case by auto
next
case (Suc n)
from this obtain B where B C A card B = n by auto
from this <B C Ay (card B = n» have card B < card A
using Suc.prems by linarith
from <Suc n < card Ay card.infinite have finite A by force
from this <B C A finite-subset have finite B by blast
from <card B < card A <B C A obtain a where a« € A a ¢ B
by (metis less-irrefl subsetl subset-antisym,)
have insert a B C A card (insert a B) = Suc n
using «finite By <a € Ay <a ¢ B> <B C A ¢<card B = n» by auto
then show ?case by blast
qed

1.2 Additions to Equiv Relation Theory

lemmas univ-commute’ = univ-commute[unfolded Equiv-Relations.proj-def]



lemma univ-predicate-impl-forall:
assumes equiv A R
assumes P respects R
assumes X € A // R
assumes univ P X
shows VzeX. Pz
proof —
from assms(1,3) obtain = where z € X
by (metis equiv-class-self quotientE)
from <z € X» assms(1,3) have X = R “ {z}
by (metis Image-singleton-iff equiv-class-eq quotientE)
from assms(1,2,4) this show ?thesis
using equiv-class-eq-iff univ-commute’ by fastforce
qed

lemma univ-preserves-predicate:
assumes equiv A r
assumes P respects r
shows {r € A. Pa} //r={X € A// r. univ P X}
proof
show {r € A. Pz} // rC{X € A// r. univP X}
proof
fix X
assume X € {r € A. Pz} [/ r
from this obtain z where z € {x € A. Pz} and X = r “ {z}
using quotientE by blast
have X € A // r
using <X =r “{azp «x e {x € A. Pza}p
by (auto intro: quotientl)
moreover have univ P X
using <X = r “{z} «x € {x € A. P z}» assms
by (simp add: proj-def[symmetric] univ-commute)
ultimately show X € {X € A // r. univ P X} by auto
qed
next
show {X € A//r.univP X} C{z e A Pz} [/ r
proof
fix X
assume X € {X € A // r. univ P X}
from this have X € A // r and univ P X by auto
from <X € A // r» obtain z where x € A and X = r “ {z}
using quotientE by blast
have z € {zr € A. Pz}
using <z € A «X = r “{z} «univ P X> assms
by (simp add: proj-def[symmetric] univ-commute)
from this show X € {z € A. Pz} // r
using <X = r “ {z}> by (auto intro: quotientl)
qed



qed

lemma Union-quotient-restricted:
assumes equiv A T
assumes P respects r
shows | J{z € A. Pz} // r)={z € A. Pz}
proof
show |J{z € A. Pz} // r) C{z € A. Pua}
proof
fix z
assume z € |J({z € A. Pz} // 1)
from this obtain X where z € X and X € {z € A. Pz} // r by blast
from this obtain 2’ where X = r “{z'} and 2z’ € {z € A. P x}
using quotientE by blast
from this <z € X» have z € A
using <equiv A m by (simp add: equiv-class-eq-iff)
moreover from «X =r “{z'} <z € X> <a’ € {x € A. Pz}» have Pz
using <P respects ry congruentD by fastforce
ultimately show z € {z € A. P z} by auto
qed
next
show {r € A. Pz} CU{z € A. Px} // 1)
proof
fix
assume z € {z € A. P z}
from this have z € r ““ {z}
using <equiv A > equiv-class-self by fastforce
from«<x € {z € A. Pzp haver “{z} e {z € A. Pz} // r
by (auto intro: quotientl)
from this <z € r “ {z}> show 2z € |J({z € A. Pz} // r) by auto
qed
qed

lemma finite-equiv-implies-finite-carrier:
assumes equiv A R
assumes finite (A // R)
assumes VX € A // R. finite X
shows finite A
proof —
from <equiv A R> have A = |J(A // R)
by (simp add: Union-quotient)
from this <finite (A // R)» VX € A // R. finite X» show finite A
using finite-Union by fastforce
qed

lemma finite-quotient-iff:
assumes equiv A R
shows finite A <— (finite (A // R) A (VX € A // R. finite X))

using assms by (meson equiv-type finite-equiv-class finite-equiv-implies-finite-carrier



finite-quotient)

1.2.1 Counting Sets by Splitting into Equivalence Classes

lemma card-equiv-class-restricted:
assumes finite {zx € A. P z}
assumes equiv A R
assumes P respects R
shows card {x € A. P 2} = sum card ({x € A. Pz} // R)
proof —
have card {z € A. Pz} = card (J({z € A. Pz} // R))
using <equiv A Ry <P respects Ry by (simp add: Union-quotient-restricted)
also have card (J({z € A. Pz} // R)) = (3. Ce{x € A. Pz} // R. card C)
proof —
from «finite {x € A. P z}> have finite ({xr € A. Pz} // R)
using <equiv A R) by (metis finite-imagel proj-image)
moreover from «(finite {x € A. P z}> have VCe{z € A. Pz} // R. finite C
using <equiv A Ry <P respects Ry Union-quotient-restricted
Union-upper finite-subset by fastforce
moreover have VCI! € {r € A. Pz} // RVC2€e€{x € A. Pz} // R. C1 #
C2 — C1nC2={}
using <equiv A Ry quotient-disj
by (metis (no-types, lifting) mem-Collect-eq quotientE quotientl)
ultimately show #thesis
by (subst card-Union-disjoint) (auto simp: pairwise-def disjnt-def)
qed
finally show ?thesis .
qed

lemma card-equiv-class-restricted-same-size:
assumes equiv A R
assumes P respects R
assumes A\F. Fe{r € A. Pz} // R= card F =k
shows card {x € A. Pz} =k * card ({x € A. Pz} // R)
proof cases
assume finite {x € A. P z}
have card {z € A. Pz} = sum card ({x € A. Pz} // R)
using «finite {x € A. P z}> <equiv A R) <P respects R»
by (simp add: card-equiv-class-restricted)
also have sum card ({x € A. Pz} // R) =k % card ({z € A. Pz} // R)
by (simp add: <\ANF. F € {zr € A. Pz} // R = card F = k)
finally show ?thesis .
next
assume infinite {xr € A. P z}
from this have infinite ((J ({a € A. P a} // R))
using <equiv A Ry <P respects Ry by (simp add: Union-quotient-restricted)
from this have infinite ({z € A. Pz} // R)V (3X € {x € A. Pz} // R.
infinite X)
by auto



from this show ?thesis
proof
assume infinite ({z € A. Pz} // R)
from this <infinite {x € A. P z}> show ?thesis by simp
next
assume 31X € {z € A. Pz} // R. infinite X
from this <infinite {x € A. P z}> show ?thesis
using <AF. F € {x € A. Pz} // R = card F = k» card.infinite by auto
qed
qed

lemma card-equiv-class:

assumes finite A

assumes equiv A R

shows card A = sum card (A // R)
proof —

have (Az. True) respects R by (simp add: congruentl)

from <finite A <equiv A R) this show ?thesis

using card-equiv-class-restricted[where P=Az. True] by auto

qed

lemma card-equiv-class-same-size:

assumes equiv A R

assumes A\F. F€e A// R= card FF =k

shows card A = k * card (A // R)
proof —

have (Az. True) respects R by (simp add: congruentl)

from <equiv A Ry <\AF. F € A // R = card F' = k> this show ?thesis

using card-equiv-class-restricted-same-sizelwhere P=Az. True] by auto

qed

1.3 Additions to FuncSet Theory

lemma finite-same-card-bij-on-ext-funcset:
assumes finite A finite B card A = card B
shows 3f. f € A -5 B A bij-betw f A B
proof —
from assms obtain f’ where f”: bij-betw f' A B
using finite-same-card-bij by auto
define f where A\z. fz = (if z € A then f' x else undefined)
have f € A - B
using [’ unfolding f-def by (auto simp add: bij-betwE)
moreover have bij-betw f A B
proof —
have bij-betw f' A B +— bij-betw f A B
unfolding f-def by (auto intro!: bij-betw-cong)
from this <bij-betw f' A B> show ?thesis by auto
qed
ultimately show #¢thesis by auto



qed

lemma card-extensional-funcset:
assumes finite A
shows card (A —g B) = card B ~ card A
using assms by (simp add: card-PiE prod-constant)

lemma bij-betw-implies-inj-on-and-card-eq:
assumes finite B
assumes f € A - B
shows bij-betw f A B «— inj-on f A A card A = card B
proof
assume bij-betw f A B
from this show inj-on f A N\ card A = card B
by (simp add: bij-betw-imp-inj-on bij-betw-same-card)
next
assume nj-on f A A card A = card B
from this have inj-on f A and card A = card B by auto
from <«f € A - B> have f * A C B by auto
from <inj-on f A» have card (f * A) = card A by (simp add: card-image)
from «f ‘A C By <card A = card B> this have f ‘A = B
by (simp add: <finite B> card-subset-eq)
from <inj-on f Ay this show bij-betw f A B by (rule bij-betw-imagel)
qed

lemma bij-betw-implies-surj-on-and-card-eq:
assumes finite A
assumes f € A —»g B
shows bij-betw fA B <+— f ‘A= B A card A = card B
proof
assume bij-betw f A B
show f ‘A= B A card A = card B
using <bij-betw f A By bij-betw-imp-surj-on bij-betw-same-card by blast
next
assume f ‘A = B A card A = card B
from this have f * A = B and card A = card B by auto
from this have inj-on f A
by (simp add: <finite Ay inj-on-iff-eq-card)
from this <f ‘A = B> show bij-betw f A B by (rule bij-betw-imagel)
qed

1.4 Additions to Permutations Theory

lemma

assumes f € A »gp Bf‘A=B

assumes p permutes B (V. f'x = p (f z))

shows (\b. {z€A. fz =b}) ‘B= (\b. {z€A. f'z=10}) ‘B
proof

show (M\b. {z € A. fz=10b}) ‘BC (Ab. {z € A. f'z=10}) ‘B



proof
fix X
assume X € (\b. {zx € A. fz =10b}) ‘B
from this obtain b where X-eq: X = {z € A. fz = b} and b € B by blast
from assms(3, 4) have Az. fo = b «— f' o = p b by (metis permutes-def)
from <p permutes By X-eq this have X = {z € A. f' z = p b}
using Collect-cong by auto
moreover from b € B) (p permutes B> have p b € B
by (simp add: permutes-in-image)
ultimately show X € (Ab. {x € A. f' 2 = b}) ‘ B by blast
qed
next
show (M\b. {z € A. f'z=10}) ‘BC (M. {z € A fz=10}) ‘B
proof
fix X
assume X € (Ab. {z € A. f'z=1b}) ‘B
from this obtain b where X-eq: X = {z € A. f' x = b} and b € B by blast
from assms(3, 4) have Az. f'z=b+— fz=invpbd
by (auto simp add: permutes-inverses(1, 2))
from «p permutes By X-eq this have X = {x € A. fz = inv p b}
using Collect-cong by auto
moreover from b € B) <p permutes B> have invp b € B
by (simp add: permutes-in-image permutes-inv)
ultimately show X € (Ab. {x € A. fz = b}) ‘ B by blast
qed
qed

1.5 Additions to List Theory

The theorem card-lists-length-eq contains the superfluous assumption finite
A. Here, we derive that fact without that unnecessary assumption.
lemma lists-length-eq-Suc-eq-image-Cons:

{zs. set zs C A A length xs = Suc n} = (M(z, x3). a#xs) ‘ (A x {zs. set zs C A
A length s = n})

(is A = ?B)
proof
show ?A C ?B
proof
fix s

assume zs € 74
from this show zs € 7B by (cases xs) auto
qed
next
show ?B C ?A by auto
qed

lemma lists-length-eq-Suc-eq-empty-iff:

{zs. set s C A A length xs = Suc n} = {} +— A = {}
proof (induct n)

10



case (
have {zs. set xs C A A length s = Suc 0} = {a#[] |z. v € A}
proof
show {[z] |z. x € A} C {xs. set zs C A A length xs = Suc 0} by auto
next
show {zs. set zs C A A length zs = Suc 0} C {[z] |z. x € A}
proof
fix zs
assume zs € {xs. set xs C A A length xs = Suc 0}
from this have set zs C A A length xs = Suc 0 by simp
from this have Jz. zs = [z]) Az € A
by (metis Suc-length-conv insert-subset length-0-conv list.set(2))
from this show zs € {[z] |z. © € A} by simp
qed
qed
then show ?Zcase by simp
next
case (Suc n)
from this show ?Zcase by (auto simp only: lists-length-eq-Suc-eq-image-Cons)
qed

lemma lists-length-eq-eq-empty-iff:
{zs. set zs C A Nlengthaxs =n} ={} +— (A={} An>0)
proof (cases n)
case ()
then show ?thesis by auto
next
case (Suc n)
then show %thesis by (auto simp only: lists-length-eq-Suc-eq-empty-iff)
qed

lemma finite-lists-length-eq-iff:
finite {zs. set s C A A length xs = n} <— (finite AV n = 0)
proof
assume finite {xs. set s C A A length zs = n}
from this show finite AV n =0
proof (induct n)
case (
then show Zcase by simp
next
case (Suc n)
have inj (A(z, zs). z#txs)
by (auto intro: inj-onl)
from this Suc(2) have finite (A x {zs. set xzs C A A length s = n})
using finite-imageD inj-on-subset subset-UNIV lists-length-eq-Suc-eq-image-Cons|of
A n]
by fastforce
from this have finite A
by (cases A = {})

11



(auto simp only: lists-length-eq-eq-empty-iff dest: finite-cartesian-productD1)
from this show Zcase by auto
qed
next
assume finite AV n = 0
from this show finite {xs. set zs C A A length zs = n}
by (auto intro: finite-lists-length-eq)
qed

lemma card-lists-length-eq:
shows card {xs. set zs C B A length zs = n} = card B " n
proof cases
assume finite B
then show %thesis by (rule card-lists-length-eq)
next
assume infinite B
then show ?thesis
proof cases
assume n = (
from this have {zs. set zs C B A length zs = n} = {[]} by auto
from this <n = 0> show ?thesis by simp
next
assume n # 0
from this <infinite By have infinite {zs. set zs C B A length xs = n}
by (simp add: finite-lists-length-eq-iff)
from this <infinite B> show ?thesis by auto
qed
qed

1.6 Additions to Disjoint Set Theory

lemma bij-betw-congl:
assumes bij-betw f A A’
assumes Va € A. fa=ga
shows bij-betw g A A’
using assms bij-betw-cong by fastforce

lemma disjoint-family-onl[intro]:
assumes A\mn.meS=neS=m#n=AmnNAn=1{}
shows disjoint-family-on A S

using assms unfolding disjoint-family-on-def by simp

The following lemma is not needed for this development, but is useful and
could be moved to Disjoint Set theory or Equiv Relation theory if translated
from set partitions to equivalence relations.
lemma infinite-partition-on:

assumes infinite A

shows infinite {P. partition-on A P}
proof —

12



from <infinite A> obtain = where z € A
by (meson finite.intros(1) finite-subset subsetl)
from <infinite A) have infinite (A — {z})
by (simp add: infinite-remove)
define singletons-except-one
where singletons-except-one = (Aa’. (Aa. if a = a’ then {a, z} else {a}) ¢ (A
~ (=)
have infinite (singletons-except-one ‘ (A — {z}))
proof —
have inj-on singletons-except-one (A — {z})
unfolding singletons-except-one-def by (rule inj-onl) auto
from <infinite (A — {z})» this show ?thesis
using finite-imageD by blast
qed
moreover have singletons-except-one ‘ (A — {z}) C {P. partition-on A P}
proof
fix P
assume P € singletons-except-one ‘ (A — {z})
from this obtain o’ where o’ € A — {z} and P: P = singletons-except-one
a’ by blast
have partition-on A ((Aa. if a = a’ then {a, z} else {a}) ‘(A — {z}))
using <z € A <o’ € A — {z}» by (auto intro: partition-onl)
from this have partition-on A P
unfolding P singletons-except-one-def .
from this show P € {P. partition-on A P} ..
qged
ultimately show ?thesis by (simp add: infinite-super)
qed

lemma finitely-many-partition-on-iff:
finite {P. partition-on A P} +— finite A
using finitely-many-partition-on infinite-partition-on by blast

1.7 Additions to Multiset Theory

lemma mset-set-subseteg-mset-set:
assumes finite BA C B
shows mset-set A C# mset-set B
proof —
from <A C B» (finite B> have finite A using finite-subset by blast
{
fix z
have count (mset-set A) x < count (mset-set B) z
using <finite A> <finite By <A C B)
by (metis count-mset-set(1, 3) eq-iff subsetCE zero-le-one)
}
from this show mset-set A C# mset-set B
using mset-subset-eql by blast
qed

13



lemma mset-set-set-mset:
assumes M C# mset-set A
shows mset-set (set-mset M) = M
proof —
{
fix z
from <M C# mset-set Ay have count M z < count (mset-set A) x
by (simp add: mset-subset-eq-count)
from this have count (mset-set (set-mset M)) x = count M x
by (metis count-eq-zero-iff count-greater-eq-one-iff count-mset-set
dual-order.antisym dual-order.trans finite-set-mset)
}
from this show ?thesis by (simp add: multiset-eq-iff)
qed

lemma mset-set-set-mset”:
assumes Vz. count Mz < 1
shows mset-set (set-mset M) = M
proof —
{
fix x
from assms have count M x = 0 V count M x = 1 by (auto elim: le-SucE)
from this have count (mset-set (set-mset M)) x = count M z
by (metis count-eq-zero-iff count-mset-set(1,3) finite-set-mset)
}

from this show ?thesis by (simp add: multiset-eq-iff)
qed

lemma card-set-mset:

assumes M C# mset-set A

shows card (set-mset M) = size M
using assms
by (metis mset-set-set-mset size-mset-set)

lemma card-set-mset”:

assumes Vz. count M ¢ < 1

shows card (set-mset M) = size M
using assms
by (metis mset-set-set-mset’ size-mset-set)

lemma count-mset-set-leq:
assumes finite A
shows count (mset-set A) z < 1
using assms by (metis count-mset-set(1,3) eq-iff zero-le-one)

lemma count-mset-set-leq’:

assumes finite A
shows count (mset-set A) z < Suc 0

14



using assms count-mset-set-leq by fastforce

lemma msubset-mset-set-iff:
assumes finite A
shows set-mset M C A N (Vz. count Mz < 1) «— (M C# mset-set A)
proof
assume set-mset M C AN (V. count Mz < 1)
from this assms show M C# mset-set A
by (metis count-inl count-mset-set(1) le0 mset-subset-eql subsetCE)
next
assume M CH# mset-set A
from this assms have set-mset M C A
using mset-subset-eqD by fastforce
moreover {
fix z
from <M C# mset-set Ay have count M x < count (mset-set A) x
by (simp add: mset-subset-eq-count)
from this <finite A> have count M z < 1
by (meson count-mset-set-leq le-trans)
}

ultimately show set-mset M C A N (Vz. count Mz < 1) by simp
qed

lemma image-mset-fun-upd:

assumes z ¢# M

shows image-mset (f(z := y)) M = image-mset f M
using assms by (induct M) auto

1.8 Additions to Number Partitions Theory

lemma Partition-diag:
shows Partition n n = 1
by (cases n) (auto simp only: Partition-diag Partition.simps(1))

1.9 Cardinality Theorems with Iverson Function

definition ‘werson :: bool = nat
where
werson b = (if b then 1 else 0)

lemma card-partition-on-sizel-eq-iverson:
assumes finite A
shows card {P. partition-on A P A card P < k N (VX€EP. card X = 1)} =
werson (card A < k)
proof (cases card A < k)
case True
from this «finite A> show ?thesis
unfolding iverson-def
using card-partition-on-sizel-eq-1 by fastforce
next
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case Fulse
from this <finite A> show ?thesis
unfolding verson-def
using card-partition-on-sizel-eq-0 by fastforce
qed

lemma card-number-partitions-with-only-parts-1:
card {N. (Yn. ne# N — n = 1) A number-partition n N A size N < z} =
werson (n < x)
proof —
show ?thesis
proof cases
assume n < z
from this show ?thesis
using card-number-partitions-with-only-parts-1-eq-1
unfolding iverson-def by auto
next
assume W n < T
from this show ?thesis
using card-number-partitions-with-only-parts-1-eq-0
unfolding iverson-def by auto
qed
qed

end

2 Main Observations on Operations and Permu-
tations

theory Twelvefold- Way-Core
imports Preliminaries
begin

2.1 Range Multiset
2.1.1 Existence of a Suitable Finite Function

lemma obtain-function:
assumes finite A
assumes size M = card A
shows 3 f. image-mset f (mset-set A) = M
using assms
proof (induct arbitrary: M rule: finite-induct)
case empty
from this show ?case by simp
next
case (insert z A)
from insert(1,2,4) have size M > 0
by (simp add: card-gt-0-iff)
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from this obtain y where y €# M
using gr0-implies-Suc size-eq-Suc-imp-elem by blast
from insert(1,2,4) this have size (M — {#y#}) = card A
by (simp add: Diff-insert-absorb card-Diff-singleton-if insertI1 size-Diff-submset)
from insert.hyps this obtain f’ where image-mset f' (mset-set A) = M —
{#y#} by blast
from this have image-mset (f'(z := y)) (mset-set (insert x A)) = M
using «finite Ay «x ¢ Ay <y €# M)> by (simp add: image-mset-fun-upd)
from this show ?case by blast
qed

lemma obtain-function-on-ext-funcset:
assumes finite A
assumes size M = card A
shows 3f € A —g set-mset M. image-mset f (mset-set A) = M
proof —
obtain f where range-eq-M: image-mset f (mset-set A) = M
using obtain-function <finite Ay <size M = card A> by blast
let 9f = Ax. if x € A then f z else undefined
have ?f € A — g set-mset M
using range-eq-M <finite A> by auto
moreover have image-mset ?f (mset-set A) = M
using range-eq-M <finite Ay by (auto intro: multiset.map-cong0)
ultimately show #?thesis by auto
qed

2.1.2 Existence of Permutation

lemma image-mset-eq-implies-bij-betw:
fixes f:: 'al = 'band f':: a2 = b
assumes finite A finite A’
assumes mset-eq: image-mset f (mset-set A) = image-mset f' (mset-set A”)
obtains bij where bij-betw bij A A’ and VzeA. fz = f' (bij x)

proof —
from <finite A> have [simp]: finite {a € A. fa = (b::'b)} for b by auto
from «<finite A"y have [simp]: finite {a € A’ f' a = (b::b)} for b by auto
have f ‘A= f" ‘A’

proof —
have f ‘ A = f ¢ (set-mset (mset-set A)) using «finite A> by simp
also have ... = f' ‘ (set-mset (mset-set A'))
by (metis mset-eq multiset.set-map)
also have ... = f’ * A’ using «finite A"y by simp
finally show ?%thesis .
qed
have Vbe(f ¢ A). 3 bij. bij-betw bij {a € A. fa =10} {a€ A" f' a=10b}
proof
fix b

from mset-eq have
count (image-mset f (mset-set A)) b = count (image-mset f' (mset-set A')) b
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by simp
from this have card {a € A. fa =0b} = card {a € A" ' a = b}
using «finite A <finite A"
by (simp add: count-image-mset-eq-card-vimage)
from this show 3 bij. bij-betw bij {a € A. fa =b} {a € A" f' a = b}
by (intro finite-same-card-bij) simp-all
qed
from bchoice [OF this]
obtain bij where bij: Vbef © A. bij-betw (bij b) {a € A. fa=0b} {a€ A" f'a
= b}
by auto
define bij’ where bij’ = (Aa. bij (f a) a)
have bij-betw bij’ A A’
proof —
have disjoint-family-on (Ai. {a € A’. f' a =1i}) (f * A)
unfolding disjoint-family-on-def by auto
moreover have bij-betw (Aa. bij (fa) a) {a € A. fa=0b} {a€ A" f'a= b}
if b befeAforb
using bij b by (subst bij-betw-cong[where g=bij b]) auto
ultimately have bij-betw (Aa. bij (fa) a) (Ubef ‘4. {a € A. fa=10}) (Jbef
‘A {ac A fla=1b})
by (rule bij-betw-UNION-disjoint)
moreover have (|Jbef ‘ A. {a € A. fa = b}) = A by auto
moreover have (Jbef ‘A. {a € A" f'a=10}) = A'using «f ‘A =f" A
by auto
ultimately show bij-betw bij’ A A’
unfolding bij’-def by (subst bij-betw-conglwhere g=(Aa. bij (f a) a)]) auto
qed
moreover from bij have VzeA. fz = f' (bij’ x)
unfolding bij’-def using bij-betwE by fastforce
ultimately show ?thesis by (rule that)
qed

lemma image-mset-eq-implies-permutes:
fixes f : 'a = 'b
assumes finite A
assumes mset-eq: image-mset f (mset-set A) = image-mset f' (mset-set A)
obtains p where p permutes A and VzeA. fz = f' (p )
proof —
from assms obtain b where bij-betw b A A and VzeA. fz = f' (b z)
using image-mset-eq-implies-bij-betw by blast
define p where p = (Aa. if a € A then b a else a)
have p permutes A
proof (rule bij-imp-permutes)
show bij-betw p A A
unfolding p-def by (simp add: <bij-betw b A A bij-betw-cong)
next
fix z
assume z ¢ A
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from this show p z =z
unfolding p-def by simp
qed
moreover from Vz€A. fz = f' (b x)> have Va€A. fz = f' (p z)
unfolding p-def by simp
ultimately show ?thesis by (rule that)
qed

2.2 Domain Partition

2.2.1 Existence of a Suitable Finite Function

lemma obtain-function-with-partition:
assumes finite A finite B
assumes partition-on A P
assumes card P < card B
shows 3f € A g B. MAb. {z € A. fz=0b}) ‘B—{{}} =P
proof —
obtain ¢’ where bij-betw g’ P (¢’ ‘P) and ¢’ ‘P C B
by (meson assms card-le-inj finite-elements inj-on-imp-bij-betw)
define f where Aa. fa = (ifa € A then ¢' (THE X. a € X AN X € P) else
undefined)
have f € A - B
unfolding f-def
using «¢’ ‘ P C B) assms(8) partition-on-the-part-mem by fastforce
moreover have (\b. {z € A. fz =10b}) ‘B—-{{}} =P
proof
show (\b. {z € A. fe=0}) ‘B—-{{}} CP
proof
fix X
assume X:X € (\b. {z € A. fz =10}) ‘B — {{}}
from this obtain b where b € Band X = {2’ € A. fz' = b} by auto
from this X obtain a where ¢ € A and a € X and fa = b by blast
have (THEX.a € X ANX € P)e P
using <a € A» (partition-on A P> by (simp add: partition-on-the-part-mem)
from <X = {2z’ € A. fz' = b}» have X-eql: X = {2’ € A. ¢' (THE X. 2’ €
XANXeP)=0b}
unfolding f-def by auto
also have ... ={z'€ A. (THE X. z' € X AN X € P) = inv-into P ¢’ b}
proof —
{
fix z’
assume z’' € A
have (THEX.z'€e X N X € P) € P
using <partition-on A Py «x’ € Ay by (simp add: partition-on-the-part-mem,)
from X-eql <a € X> have g’ (THEX. a€e X N X € P) =)
unfolding f-def by auto
from this «(THE X. a € X AN X € P) € P> have b € ¢’ ‘ P by auto
have (¢ (THEX. 2’ €e X AX € P)=b)+— (THEX.z2' € X N X €
P) = inv-into P ¢’ b)
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proof —
from (THEX. z'e X NX € P)e P
have (¢’ (THE X. 2’ € X AN X € P) = b) <— (inv-into P g’ (¢’ (THE
X.2'e X N X € P)) = inv-into P g’ b)
using <b € ¢’ ¢ P) by (auto intro: inv-into-injective)
moreover have inv-into P ¢’ (¢’ (THE X. 2’ € X AN X € P)) = (THE
X.2’e XANXeP)
using <bij-betw ¢’ P (¢’ * P «(THEX.z' € X N X € P) e P»
by (simp add: bij-betw-inv-into-left)
ultimately show ?thesis by simp
qed
}
from this show ?thesis by auto
qed
finally have X-eq: X = {z' € A. (THE X. 2z’ € X AN X € P) = inv-into P
g’ b} .
moreover have inv-into P g’ b € P
proof —
from X-eq have eq: inv-into P g’ b= (THE X. a € X N X € P)
using <a € X» <a € Ay by auto
from this show ?thesis
using «(THE X. a € X AN X € P) € P» by simp
qed
ultimately have X = inv-into P g’ b
using partition-on-all-in-part-eq-part| OF <partition-on A P] by blast
from this <inv-into P ¢’ b € P> show X € P by blast
qed
next
show P C (A\b. {z € A. fz =b}) ‘B — {{}}
proof
fix X
assume X € P
from assms(3) this have X # {}
by (auto elim: partition-onE)
moreover have X € (Ab. {z € A. fx =b}) ‘B
proof
show ¢’ X € B
using <X € Py <g’ ‘' P C B) by blast
show X = {z € A. fz = ¢’ X}
proof
show X C{z € A. fz =¢' X}
proof
fix z
assume r € X
from this have z € A
using <X € P) assms(3) by (fastforce elim: partition-onFE)
have (THEX. € X N X e P)=X
using <X € P <z € X» assms(3) partition-on-the-part-eq by fastforce
from this <z € A> have fz = ¢’ X
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unfolding f-def by auto
from this <z € A show z € {z € A. fz = g’ X} by auto
qed
next
show {r € A. fz =¢' X} C X
proof
fix z
assume z € {z € A. fz = ¢’ X}
from this have r € A and g-eq: ¢ (THEX. 1 € X N X € P)=¢' X
unfolding f-def by auto
from «x € A» have (THEX.z € X ANX € P)e P
using assms(3) by (simp add: partition-on-the-part-mem)
from this g-eq have (THE X. 2 €¢ X N X € P) =X
using <X € P» <bij-betw g’ P (¢’ * P)»
by (metis bij-betw-inv-into-left)
from this <z € Ay assms(3) show z € X
using partition-on-in-the-unique-part by fastforce
qed
qed
qed
ultimately show X € (Ab. {z € A. fz =1b}) ‘B — {{}}
by auto
qed
qed
ultimately show ¢thesis by blast
qed

2.2.2 Equality under Permutation Application

lemma permutes-implies-inv-image-on-eq:
assumes p permutes B
shows (Ab. {z € A. p (fz) =b}) ‘B=(Nb.{z € A fz=0b}) ‘B
proof —
have Vbe B.Vz € A.p (fz) =b<+— fz=1dnvpb
using «p permutes By by (auto simp add: permutes-inverses)
from this have (A\b. {x € A. p (fz) =b}) ‘B = (Ab. {z € A. fz =invpbd})
B
using image-cong by blast

also have ... = (A\b. {z € A. fz =b}) ‘invp ‘B
by (auto simp add: image-comp)
also have ... = (\b. {zr € A. fz =0b}) ‘B

by (simp add: <p permutes By permutes-inv permutes-image)
finally show ?thesis .
qed

2.2.3 Existence of Permutation

lemma the-elem:
assumes f € A »g Bf'€e A —»g B
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assumes partitions-eq: (Ab. {x € A. fz =0b}) ‘B - {{}}=X\b. {z € A f'z
=b) B - {{}}

assumes z € A
shows the-elem (f ‘{za € A. f'xa = f'2}) = fux

proof —
from <z € A) have z: z € {z' € A. f' ' = [’ z} by blast
have 'z € B

using <z € A «f' € A —g B> by blast
from this have {z' € A. f'z'=f'z} e Ab. {z € A. f'z=1b}) ‘B — {{}}
using <x € A) by blast
from this have {z' € A. f'z' =f'z} € Ab. {z € A. fz =10b}) ‘B — {{}}
using partitions-eq by blast
from this obtain b where eq: {z' € A. f'z' = f' 2} = {2’ € A. fz' = b} by
blast
also from z this show the-elem (f ‘{z’ € A. f' a2’ = f'z}) = fx
by (metis (mono-tags, lifting) empty-iff mem-Collect-eq the-elem-image-unique)
qed

lemma the-elem-eq:

assumes f € A —»p B

assumes b € f ‘ A

shows the-elem (f ‘{2’ € A. fz'=b}) =b
proof —

from b € f ° A) obtain a where a € A and b = f a by blast

from this show the-elem (f ‘{z'€ A. fz'=0b}) =10

using the-elem[OF «f € A —-g By «f € A =g B)] by simp

qged

lemma partitions-eq-implies:
assumes f € A g Bf' € A —»g B
assumes partitions-eq: (Ab. {x € A. fz =10b}) ‘B —-{{}}=Nb.{z € A f'z
— B} B - {1
assumes z € Az’ € A
assumes fzr = fx’
shows f 'z = f'z'
proof —
have fr e Bandz € {a € A. fa=fa}and 2’ € {a € A. fa = [z}
using «f € A g By«xx € A <z’ € A «fx = fz'» by auto
moreover have {a € A. fa=fz} € (Ab. {z € A. fz=10}) ‘B — {{}}
using <fz € By «<x € {a € A. fa = fz}> by auto
ultimately obtain b where z € {a € A. f'a=0b}and z' € {a € A. f' a = b}
using partitions-eq by (metis (no-types, lifting) Diff-iff imageE)
from this show [’ z = [’ z' by auto
qed

lemma card-domain-partitions:
assumes f € A —-p B
assumes finite B
shows card (Ab. {z € A. fz =1b}) ‘B — {{}}) = card (f * A)
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proof —
note [simp] = the-elem-eq[OF «f € A —g B]
have bij-betw (AX. the-elem (f * X)) (Ab. {z € A. fz=10}) ‘B — {{}}) (f “4)
proof (rule bij-betw-imagel)
show inj-on (AX. the-elem (f * X)) (Ab. {z € A. fz =10b}) ‘B — {{}})
proof (rule inj-onI)
fix X X'
assume X: X € (Ab. {z € A. fz =b}) ‘B — {{}}
assume X" X' € (A\b. {z € A. fz=10}) ‘B — {{}}
assume eq: the-elem (f * X) = the-elem (f * X
from X obtain b where b € B and X-eq: X = {z € A. fz = b} by blast
from X this have b€ f ‘ A
using Collect-empty-eq Diff-iff image-iff insertCI by auto
from X' obtain b’ where b’ € B and X’-eq: X' = {z € A. fz = b’} by
blast
from X' this have b’ € f‘ A
using Collect-empty-eq Diff-iff image-iff insertCI by auto
from X-eq X'-eq eq <\b. b € f * A = the-elem (f ‘{z' € A. fz' = b}) = b
hefAdbefhd
have b = b’ by auto
from this show X = X’
using X-eq X'-eq by simp
qed
show (AX. the-elem (f X)) ‘(MNb.{z € A. fa=0}) ‘B-{{}})=f‘4
proof
show (AX. the-elem (f ‘X)) ‘(M\b. {x € A. fa=0}) ‘B-—{{}}))Cf‘4
using <A\b. b € f A = the-elem (f ‘{2’ € A. fz' = b}) = b> by auto
next
show f ‘A C (AX. the-elem (f * X)) ‘((Ab. {z € A. fz =10b}) ‘B — {{}})
proof
fix b
assume b € f ‘ A
from this have b = the-clem (f ‘{z € A. fz = b})
using (A\b. b € f * A = the-elem (f ‘{2z’ € A. fz' = b}) = b» by auto
moreover from <b € f“A> have {z € A. fr=0b} € M\b. {z € A. fz =
b}) B — {{}}
using «f € A —g B» by auto
ultimately show b € (AX. the-elem (f * X)) ‘((\b. {z € A. fz =1b}) ‘B

- {1 -
qed

qed
qed
from this show ?Zthesis by (rule bij-betw-same-card)
qed

lemma partitions-eq-implies-permutes:
assumes f € A g Bf' € A - B
assumes finite B

assumes partitions-eq: (Ab. {x € A. fz =1b}) ‘B - {{}} =X\b. {z € A f'z
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— ) B - {{}}
shows 3 p. p permutes B A (Vz€A. fz = p (f' z))
proof —
have card-eq: card (f' ¢ A) = card (f © A)
using card-domain-partitions|OF «f € A —g B> «finite B)]
using card-domain-partitions|OF <f' € A —g By (finite B)]
using partitions-eq by simp
have f“ACBf‘ACRB
using «f € A —g B> «f' € A —g B> by auto
from this card-eq have card (B — f' ' A) = card (B — f  A)
using <finite By by (auto simp add: card-Diff-subset finite-subset)
from this obtain p’ where bij-betw p’' (B — f' * A) (B — f “ A)
using «finite By by (metis finite-same-card-bij finite-Diff)
from this have p’ ‘(B — f' “A) = (B — f “ A)
by (simp add: bij-betw-imp-surj-on)
define p where A\b. p b = (if b € B then
(if b e f' A then the-elem (f ‘{x € A. f' x = b}) else p’ b) else b)
have VzeA. fz = p (f' z)
proof
fix z
assume z € A
from this partitions-eq have the-elem (f ‘{zxa € A. f'za = f'2}) = f=z
using the-elem[OF «f € A —g By «f' € A - B)] by auto
from this show fz = p (f' z)
using «z € A> p-def <f' € A =g B> by auto
qged
moreover have p permutes B
proof (rule bij-imp-permutes)
let ?invp = Xb. if b € f ¢ A then the-elem (f' ‘{z € A. fz = b}) else b
note [simp] = the-elem[OF «f € A =g By «f' € A =g B> partitions-eq|
show bij-betw p B B
proof (rule bij-betw-imagel)
show p ‘B =B
proof
have (Ab. the-elem (f ‘{z € A. f'z=10})) ‘(f' “A) CB
using <f € A =g B» by auto
from <p’ ‘(B — f' “A) = (B — f“A) thisshow p ‘B C B
unfolding p-def «f € A —g B> by force
next
show BC p ‘B
proof
fix b
assume b € B
show b € p ‘B
proof (cases b € f“A)
assume b ¢ f ‘A
note <p’ ‘(B — f'“A)=(B—f*‘A)p
from this <b € By <b ¢ f “ A)> show ?thesis
unfolding p-def by auto
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next
assume b € f ‘A
from this Vz€A. fx = p (f' z)» <b € B> show ?thesis
using «f' € A —g B> by auto
qed
qged

qed

next

show inj-on p B
proof (rule inj-onI)

fix b b’
assume b€ Bb'e Bpb=pb’
have be f' “A+— b ef ‘A
proof —
have be f' “A+—pbef‘A
unfolding p-def using <b € B> <p’ ‘(B — f' *A) = B — f ‘ A by auto
alsohavepbe f‘A«—pbef‘A
using «<p b = p b"» by simp
alsohave pb'e f‘A«— b ef ‘A
unfolding p-def using b’ € By <p’ ‘(B — f' “A) = B — f* A) by auto
finally show ?thesis .
qged
from this have (be f' “ANDbD € f AV (b f “ANb & f A by

blast
from this show b = b’
proof
assume be f' “AND ef ‘A
from this obtain ¢ a’ where a € A b= f"aand o' € A b’ = f' a’ by
auto
from this <b € B> <b’€ B havepb=fapb' =fa’
unfolding p-def by auto
from this <p b = p b"» have fa = fa’ by simp
from this have f' a = f’ a’
using partitions-eq-implies|OF «f € A —g By «f' € A —g B> partitions-eq|
using <a € 4> <a’ € A> by blast
from this show b = b’
using b’ = ' a”» <b = f' @) by simp
next
assume b ¢ f' ANV & f A
from this <b € By <b’€ B> have pb'=p'b'pb=1p'b
unfolding p-def by auto
from this <p b = p b"» have p’ b = p’ b’ by simp
moreover have be B— f'“Ab e B—f' ‘A
using <b € By b’ e By <b ¢ f' “AND & f A by auto
ultimately show b = b’
using <bij-betw p’ - -» by (metis bij-betw-inv-into-left)
qed
qed
qed
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next

fix z

assume z ¢ B

from this show p z = =

using «f' € A —g B> p-def by auto
qed
ultimately show ?thesis by blast
qed

2.3 Number Partition of Range
2.3.1 Existence of a Suitable Finite Function

lemma obtain-partition:
assumes finite A
assumes number-partition (card A) N
shows 3 P. partition-on A P A image-mset card (mset-set P) = N
using assms
proof (induct N arbitrary: A)
case empty
from this have A = {}
unfolding number-partition-def by auto
from this have partition-on A {} by (simp add: partition-on-empty)
moreover have image-mset card (mset-set {}) = {#} by simp
ultimately show ?case by blast
next
case (add z N)
from add.prems(2) have 0 ¢# add-mset x N and sum-mset (add-mset z N) =
card A
unfolding number-partition-def by auto
from this have z < card A by auto
from this obtain X where X C A and card X = z
using subset-with-given-card-exists by auto
from this have X # {}
using <0 ¢# add-mset x N> <finite A> by auto
have sum-mset N = card (A — X)
using «sum-mset (add-mset & N) = card Ay <card X = 2> <X C A
by (metis add.commute add.prems(1) add-diff-cancel-right’ card-Diff-subset
infinite-super sum-mset.add-mset)
from this <0 ¢# add-mset © Ny have number-partition (card (A — X)) N
unfolding number-partition-def by auto
from this obtain P where partition-on (A — X) P and eq-N: image-mset card
(mset-set P) = N
using add.hyps «finite A> by auto
from <partition-on (A — X) P> have finite P
using <finite A finite-elements by blast
from «<partition-on (A — X) P> have X ¢ P
using <X # {}> partition-onD1 by fastforce
have partition-on A (insert X P)
using «partition-on (A — X) P» <X C » <X # {p
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by (rule partition-on-insert’)
moreover have image-mset card (mset-set (insert X P)) = add-mset x N
using eg-N <card X = x» (finite Py <X ¢ P> by simp
ultimately show ?case by blast
qed

lemma obtain-extensional-function-from-number-partition:
assumes finite A finite B
assumes number-partition (card A) N
assumes size N < card B
shows 3f€A —p B. image-mset (AX. card X) (mset-set (A\b. {z € A. fz =
b)) B — {{}}) = N
proof —
obtain P where partition-on A P and eq-N: image-mset card (mset-set P) =
N
using assms obtain-partition by blast
from eq-N[symmetric] <size N < card B> have card P < card B by simp
from <partition-on A P) this obtain f where f € A - B
and eg-P: (Ab. {z € A. fe=0b}) ‘B-{{}} =P
using obtain-function-with-partition| OF «finite A> <finite B>] by blast
have image-mset (AX. card X) (mset-set ((A\b. {x € A. fz =b})) ‘B — {{}}))
=N
using eq-P eq-N by simp
from this <f € A —g B» show ?thesis by auto
qed

2.3.2 Equality under Permutation Application

lemma permutes-implies-multiset-of-partition-cards-eq:
assumes py permutes A pp permutes B
shows image-mset card (mset-set (A\b. {x € A. pp (f' (pa z)) = b}) ‘B —
{{}})) = image-mset card (mset-set (Ab. {z € A. f'z=1b}) ‘B — {{}}))
proof —
have inj-on ((¥) (inv pa)) (Ab. {z € A. f'2=10}) ‘B — {{}})
by (meson (pa permutes A inj-image-eq-iff inj-onl permutes-surj surj-imp-inj-inv)
have image-mset card (mset-set (A\b. {z € A. pp (f' (pa z)) =0b}) ‘B — {{}}))

image-mset card (mset-set (AX. invpag ‘X) * (Ab. {z € A. f'z=10}) ‘B —
{)

proof —
have (Ab. {z € A. pp (' (pa z)) = b}) *B = {{}} = (Ab. {z € A. [’ (pa z)
=b}) ‘B —{{}}

using permutes-implies-inv-image-on-eq[OF <pp permutes By| by metis

also have ... = (\b. invps ‘{x € A. f'2=10}) ‘B — {{}}
proof —
have {x € A. f' (pa z) = b} =invps ‘{x € A f 2 =10} for b
proof
show {z € A. f' (pa z) = b} Cinvpas ‘{x € A flz=10}
proof
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fix x
assume z € {z € A. f' (pa z) = b}
from this have © € A f' (pa z) = b by auto
moreover from this <py permutes A> have py x € A by (simp add:
permutes-in-image)
moreover from <p permutes A> have © = inv pa (pa )
using permutes-inverses(2) by fastforce
ultimately show z € inv py ‘{z € A. f' z = b} by auto
qed
next
show invps ‘{x € A. fle=0b} C{zx € A f'(pa z) = b}
proof
fix z
assume z € inv py ‘{z € A. f'z = b}
from this obtain z’ where z: z = invpy 2’ z' € A f' ' = b by auto
from this <pa permutes A> have © € A by (simp add: permutes-in-image
permutes-inv)
from «z = inv pa =" <f' z' = b have f' (pa z) = b
using «pa permutes Ay permutes-inverses(1) by fastforce
from this <z € A show z € {z € A. f' (pa z) = b} by auto

qged
qed
from this show ?thesis by blast
qed
also have ... = (AX. invpa ‘X) “((Ab. {z € A. f'z=10}) ‘B — {{}}) by
auto
finally show ?thesis by simp
qed
also have ... = image-mset (AX. card (inv pa ‘X)) (mset-set (\b. {z € A. [’

z=10}) "B —{{}})
using <inj-on ((9) (inv pa)) (Mb. {z € A. f'z=10b}) ‘B — {{}})»
by (simp only: image-mset-mset-set[symmetric] image-mset.compositionality)
(meson comp-apply)
also have ... = image-mset card (mset-set (A\b. {x € A. f'x=1b}) ‘B — {{}}))
using (pa permutes A> by (simp add: card-image inj-on-inv-into permutes-sury)
finally show ?thesis .
qed

2.3.3 Existence of Permutation

lemma partition-implies-permutes:
assumes finite A
assumes partition-on A P partition-on A P’
assumes image-mset card (mset-set P') = image-mset card (mset-set P)
obtains p where p permutes A P'= (AX.p ‘X) ‘P
proof —
from <partition-on A P> (partition-on A P’y have finite P finite P’
using «(finite Ay finite-elements by blast+
from this <image-mset card (mset-set P') = image-mset card (mset-set P)»
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obtain bij where bij-betw bij P P’ and V Xe€P. card X = card (bij X)
using image-mset-eq-implies-bij-betw by metis
have V XeP. Jp’. bij-betw p’ X (bij X)
proof
fix X
assume X € P
from this have X C A
using <partition-on A P) partition-onD1 by fastforce
from this have finite X
using <finite A> rev-finite-subset by blast
from <X € P» have bij X € P’
using (bij-betw bij P P’y bij-betwE by blast
from this have bij X C A
using <partition-on A P’y partition-onD1 by fastforce
from this have finite (bij X)
using «finite A> rev-finite-subset by blast
from «X € P have card X = card (bij X)
using <V Xe€P. card X = card (bij X)) by blast
from this show 3 p’. bij-betw p’ X (bij X)
using «finite (bij X)» <finite X> finite-same-card-bij by blast
qged
from this have dp’. V XeP. bij-betw (p’ X) X (bij X) by metis
from this obtain p’ where p”: V Xe€P. bij-betw (p’ X) X (bij X) ..
define p where Aa. p a = (if a € A then p' (THE X. a € X AN X € P) a else
)
have p permutes A
proof —
have bij-betw p A A
proof —
have disjoint-family-on bij P
proof
fix X X'
assume XX X e PX' e PX # X'
from this have bij X € P’ bij X' € P’
using «bij-betw bij P P’y bij-betwE by blast+
moreover from XX’ have bij X # bij X'
using <bij-betw bij P P> by (metis bij-betw-inv-into-left)
ultimately show bij X N bij X' = {}
using <partition-on A P’ by (meson partition-onFE)
qed
moreover have bij-betw (Aa. p’ (THE X. a € X AN X € P) a) X (bij X) if
X € Pfor X
proof —
from <X € P» have bij-betw (p’ X) X (bij X)
using Y XeP. bij-betw (p’ X) X (bij X)» by blast
moreover from <X € P> have VaeX. (THEX. a € X N X € P) =X
using <partition-on A P) partition-on-the-part-eq by fastforce
ultimately show ?thesis by (auto intro: bij-betw-congl)
qed
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ultimately have bij-betw (Aa. p’ (THE X. a € X A X € P) a) (UX€P. X)
(UXeP. bij X)
by (rule bij-betw-UNION-disjoint)
moreover have (|JXeP. X) = A (JXeP. X)=A
using (partition-on A P) <partition-on A P> partition-onD1 by auto
moreover have (|JXeP. bij X) = (UXeP' X)
using <bij-betw bij P P’y bij-betw-imp-surj-on by force
ultimately have bij-betw (Aa. p’ (THE X. a € X A X € P) a) A A by simp
moreover have Va € A. p/ (THEX. ae X ANX € P)a=pa
unfolding p-def by auto
ultimately show ?thesis by (rule bij-betw-congl)
qed
moreover have pz =z if z ¢ A for z
using <z ¢ A p-def by auto
ultimately show ?thesis by (rule bij-imp-permutes)
qged
moreover have P/ = (A\X.p ‘X) ‘P
proof
show P/ C (A\X.p ‘X) ‘P
proof
fix X
assume X € P’
have in-P: the-inv-into P bij X € P
using «X € P’y <bij-betw bij P P"y bij-betwE bij-betw-the-inv-into by blast
have eq-X: bij (the-inv-into P bij X) = X
using «X € P (bij-betw bij P P’
by (meson f-the-inv-into-f-bij-betw)
have X = p ¢ (the-inv-into P bij X)
proof
from in-P have the-inv-into P bij X C A
using <partition-on A P) partition-onD1 by fastforce
have (Aa. p' (THE X. a € X AN X € P) a) ‘ the-inv-into P bij X = X
proof
show (Aa. p’ (THE X. a € X N X € P) a) ‘ the-inv-into P bij X C X
proof
fix z
assume z € (Aa. p' (THE X. a € X N X € P) a) ‘ the-inv-into P bij X
from this obtain a where a-in: a € the-inv-into P bij X
and z-eq: z = p' (THE X. a € X AN X € P) a by blast
have (THE X. a € X A X € P) = the-inv-into P bij X
using a-in in-P <partition-on A P> partition-on-the-part-eq
by fastforce
from this z-eq have z-eq: © = p’ (the-inv-into P bij X) a
by auto
from this have = € bij (the-inv-into P bij X)
using a-in in-P bij-betwE p’ by blast
from this eq-X show z € X by blast
qed
next
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show X C (Aa. p' (THE X. a € X AN X € P) a) ‘ the-inv-into P bij X
proof
fix z
assume z € X
let 2X’ = the-inv-into P bij X
define z’ where ' = the-inv-into ?X' (p’ ?X’)
from in-P p’ eg-X have bij-betw: bij-betw (p’ ¢X’) ?X’ X by auto
from bij-betw <z € X»> have 2’ € 2X’
unfolding z’-def
using bij-betwkE bij-betw-the-inv-into by blast
from this in-P have (THE X. 2z’ € X N X € P) = ?X’
using <partition-on A P) partition-on-the-part-eq by fastforce
from this <z € X» have ¢t = p' (THE X. 2’ € X N X € P) ¢’
unfolding z’-def
using bij-betw f-the-inv-into-f-bij-betw by fastforce
from this <z’ € ?X’y show z € (Aa. p' (THEX. a € X N X € P)a) ¢
the-inv-into P bij X ..
qed
qed
from this <the-inv-into P bij X C A> show X C p ‘ the-inv-into P bij X
unfolding p-def by auto
next
show p ¢ the-inv-into P bij X C X
proof
fix z
assume z € p ‘ the-inv-into P bij X
from this obtain z’ where z = p z’ and z’ € the-inv-into P bij X
by auto
have 7’ € A
using <z’ € the-inv-into P bij X> assms(2) in-P partition-onD1 by
fastforce
have eq: (THE X. 2z’ € X A X € P) = the-inv-into P bij X
using <z’ € the-inv-into P bij X» assms(2) in-P partition-on-the-part-eq
by fastforce
have p”: p’ (the-inv-into P bij X) z' € X
using <z’ € the-inv-into P bij X» bij-betwE eq-X in-P p’ by blast
from <z =pzxh '€ A eqp’ show z € X
unfolding p-def by auto
qed
qed
moreover from <X € P’ (bij-betw bij P P’> have the-inv-into P bij X € P
using bij-betwE bij-betw-the-inv-into by blast
ultimately show X € (AX.p ‘X) ‘P ..
qed
next
show (A\X.p ‘X)) ‘P C P’
proof
fix X'
assume X' € (A\X.p ‘X) ‘P
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from this obtain X where X'-¢q: X'=p ‘X and X € P ..
from <X € Py have X C A
using assms(2) partition-onD1 by force
from (X € P> p’ have bij: bij-betw (p’ X) X (bij X) by auto
have p ‘ X € P’
proof —
from <X € P) (bij-betw bij P P’y have bij X € P’
using bij-betwE by blast
moreover have (Aa. p' (THEX. a € X AN X € P)a) ‘X =0bij X
proof
show (Aa. p’ (THEX. a € X NX € P)a) ‘X Cbyj X
proof
fix z’
assume z' € (Aa. p’ (THEX. a e X NX € P)a) ‘X
from this obtain « where z € X and z’-eq: 2’ = p' (THE X. z € X A
XeP)z..
from «X € Py <x € X> have e¢-X: (THEX. 2 € X ANX € P)=X
using assms(2) partition-on-the-part-eq by fastforce
from bij «x € X» z'-eq eq-X show z’ € bij X
using bij-betwE by blast
qed
next
show bij X C (Ma. p’ (THEX. a € X AN X € P)a) ‘X
proof
fix z’
assume z’ € bij X
let %z = inv-into X (p’ X) z’
from <z’ € bij X> bij have %z € X
by (metis bij-betw-imp-surj-on inv-into-into)
from this <X € P have (THEX. %t € X N X € P) =X
using assms(2) partition-on-the-part-eq by fastforce
from this <z’ € bij X»> bij have z'=p' (THEX. %x € X N X € P) %z
using bij-betw-inv-into-right by fastforce
moreover from <z’ € bij X» bij have %2 € X
by (metis bij-betw-imp-surj-on inv-into-into)
ultimately show 2z’ € (Aa. p' (THEX. a €e X N X € P)a) ‘X ..
qged
qed
ultimately have (Aa. p’ (THE X. a € X AN X € P) a) ‘X € P’ by simp
have (Aa. p' (THE X. a € X N X € P) a) ‘X = (Xa. if a € A then p’
(THEX.a e X ANX € P)acelsea) ‘X
using <X C A» by (auto intro: image-cong)
from this show ?thesis
using <(Aa. p' (THE X. a € X N X € P) a) * X € P’y unfolding p-def
by auto
qed
from this X'-eq show X' € P’ by simp
qed
qed
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ultimately show thesis using that by blast
qed

lemma permutes-domain-partition-eq:
assumes f € A — B
assumes py permutes A
assumes b € B
shows ps ‘{z € A. fe=0b} ={z € A. f (invpa z) = b}
proof
show py ‘{z € A fz=0} C{z € A f (invps z) = b}
using <pa permutes Ay permutes-in-image permutes-inverses(2) by fastforce
next
show {z € A. f (invpa z) = b} Cpy ‘{z €A fz=>}
proof
fix z
assume z € {z € A. f (inv pa z) = b}
from this have z € A f (inv pa z) = b by auto
from «z € A» have © = py (inv pa x)
using «pa permutes Ay permutes-inverses(1) by fastforce
moreover from <f (inv pa ) = by <z € A> have invps x € {x € A. fx = b}
by (simp add: <pa permutes Ay permutes-in-image permutes-inv)
ultimately show =z € py ‘{z € A. fz = b} ..
qed
qed

lemma image-domain-partition-eq:
assumes f € A —-p B
assumes py permutes A
shows (AX. pa “X) ‘(Ab. {z € A. fz=1b}) ‘B) = (Ab. {z € A. f (invpa z)
=1b}) ‘B
proof
from «f € A —g B> have f € A — B by auto
note eq = permutes-domain-partition-eq[OF <f € A — B> <pa permutes A»)
show (AX. pg ‘X) ‘M. {z € A fa=0b}) ‘BC(Ab.{x € A. f (invpasx)=
b}) ‘B
proof
fix X
assume X € (AX. ps ‘X) ‘(Nb. {z € A. fz=10}) ‘B
from this obtain b where b € B and X-eq: X = ps ‘{z € A. fz = b} by
auto
from this eq have X = {z € A. f (inv pa z) = b} by simp
from this <b € B> show X € (A\b. {z € A. f (inv pa z) = b}) ‘B ..
qed
next
from <f € A - B> have f € A — B by auto
note eq = permutes-domain-partition-eq(OF «f € A — B) <pa permutes A,
symmetric]
show (Ab. {z € A. f (invpag ) =b}) ‘BC (AX.pa ‘X) “(MNb. {z € A fa=
b}) ‘B
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proof
fix X
assume X € (\b. {z € A. f (inv py z) = b}) ‘B
from this obtain b where b € B and X-eq: X = {z € A. f (inv ps z) = b}
by auto
from this eq have X = py ‘{z € A. fz = b} by simp
from this <b € B> show X € (AX. py ‘X) ‘(Mb. {z € A. fz =b}) ‘B by
auto
qed
qed

lemma multiset-of-partition-cards-eq-implies-permutes:
assumes finite A finite Bf € A g Bf'€e A -g B
assumes eq: image-mset card (mset-set (Ab. {x € A. fz =10b}) ‘B — {{}})) =
image-mset card (mset-set (Ab. {z € A. f'z =b}) ‘B — {{}}))
obtains p4 pp where pa permutes A pp permutes BV z€A. fx = pp (f' (pa
7))
proof —
have partition-on A (Ab. {z € A. fz =b}) ‘B — {{}})
using «f € A =g B> by (auto introl: partition-onl)
moreover have partition-on A (Ab. {z € A. f'x =0b}) ‘B — {{}})
using «f' € A —g B> by (auto intro!: partition-onl)
moreover note partition-implies-permutes|OF «finite Ay - - eq]
ultimately obtain p4 where ps permutes A and
inv-image-eq: (A\b. {x € A. fz =0b}) ‘B — {{}} =
() pa “((Ab.{z € A. f'z = b}) * B = {{}}) by blast
from <«pa permutes A> have inj ((*) pa)
by (meson injl inj-image-eq-iff permutes-inj)
have inv-image-eq”: (Ab. {z € A. fx =1b}) ‘B — {{}} = (\b. {z € A. f' (inv
paz)=1b}) ‘B —{{}}
proof —
note inv-image-eq
also have (A\X. pa ‘X)) “(Ab. {z € A. f'z=10b}) ‘B — {{}}) = (\b. {z €
AL f' (ino pa ©) = b)) * B — {{}}
using image-domain-partition-eq|OF «f' € A —g B> <pa permutes A»]
by (simp add: image-set-diff[OF <inj ((¥) pa)])
finally show ?thesis .
qed
from <pu permutes A> have inv pa permutes A
using permutes-inv by blast
have (A\z. f' (inv pa z)) € A - B
using «f' € A —g B> ¢inv py permutes Ay permutes-in-image by fastforce
from «f € A —g B> this «finite B obtain pp
where pg permutes B and eq’: Vz€A. fz = pg (f' (inv pa z))
using partitions-eg-implies-permutes|OF - - - inv-image-eq’] by blast
from <inv py permutes A> <pp permutes B> eq’’ that show thesis by blast
qed
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2.4 Bijections on Same Domain and Range

2.4.1 Existence of Domain Permutation

lemma obtain-domain-permutation-for-two-bijections:
assumes bij-betw f A B bij-betw f' A B
obtains p where p permutes A and VacA. fa = f' (p a)
proof —
let ?p = Aa. if a € A then the-inv-into A f' (f a) else a
have ?p permutes A
proof (rule bij-imp-permutes)
show bij-betw %p A A
proof (rule bij-betw-imagel)
show inj-on ?p A
proof (rule inj-onlI)
fix a o’
assume a € Aa’'€ A% a=%a
from this have the-inv-into A f’ (f a) = the-inv-into A f' (f a’)
using <a € A <a’ € A> by simp
from this have fa = fa’
using <a € A) <a’ € Ay assms
by (metis bij-betwE f-the-inv-into-f-bij-betw)
from this show a = a’
using <a € A <a’ € A> assms
by (metis bij-betw-inv-into-left)
qed
next
show %p ‘A=A
proof
show ?p ‘A C A
proof
fix a
assume a € ?p ‘A
from this obtain o’ where o’ € A and a = the-inv-into A ' (f a’) by
auto
from this assms show a € A
by (metis bij-betwE bij-betw-imp-inj-on bij-betw-imp-surj-on subset-iff
the-inv-into-into)
qed
next
show A C ?p ‘ A
proof
fix a
assume a € A
from this assms have the-inv-into A f (f' a) € A
by (meson bij-betwE bij-betw-the-inv-into)
moreover from <a € Ay assms have a = the-inv-into A f' (f (the-inv-into
AT a))
by (metis bij-betwE bij-betw-imp-ing-on f-the-inv-into-f-bij-betw the-inv-into-f-eq)
ultimately show a € ?p ¢ A by auto
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qged
qed
qed
next
fix a
assume a ¢ A
from this show ?p a = a by auto
qed
moreover have VacA. fa = f' (% a)
using «bij-betw f A B> <bij-betw f' A B>
using bij-betwkE f-the-inv-into-f-bij-betw by fastforce
moreover note that
ultimately show thesis by auto
qed

2.4.2 Existence of Range Permutation

lemma obtain-range-permutation-for-two-bijections:
assumes bij-betw f A B bij-betw f' A B
obtains p where p permutes B and Va€A. fa = p (f' a)
proof —
let 9p = Ab. if b € B then f (inv-into A f' b) else b
have ?p permutes B
proof (rule bij-imp-permutes)
show bij-betw ?p B B
proof (rule bij-betw-imagel)
show inj-on ?p B
proof (rule inj-onl)
fix b b’
assume b € Bb'e B% b= ?p b’
from this have f (inv-into A f' b) = f (inv-into A f' b’)
using (b € B) <b' € B> by simp
from this have inv-into A f' b = inv-into A f' b’
using «<b € B <b’ € B» assms
by (metis bij-betw-imp-surj-on bij-betw-inv-into-left inv-into-into)
from this show b = b’
using <b € By <b’ € By assms(2)
by (metis bij-betw-inv-into-right)
qed
next
show ?p ‘B =B
proof
from assms show ?p ‘ B C B
by (auto simp add: bij-betwE bij-betw-def inv-into-into)
next
show B C % ‘B
proof
fix b
assume b € B
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from this assms have f’ (inv-into A fb) € B
by (metis bij-betwE bij-betw-imp-surj-on inv-into-into)
moreover have b = ?p (f’ (inv-into A [ b))
using assms <f’ (inv-into A fb) € By <b € B>
by (auto simp add: bij-betw-imp-surj-on bij-betw-inv-into-left bij-betw-inv-into-right
inv-into-into)
ultimately show b € ?p ‘ B by auto
qed
qed
qed
next
fix b
assume b ¢ B
from this show ?p b = b by auto
qed
moreover have Vac€A. fa = 9 (f' a)
using «bij-betw f' A B bij-betw-inv-into-left bij-betwE by fastforce
moreover note that
ultimately show thesis by auto
qed

end

3 Definition of Equivalence Classes

theory FEquiv-Relations-on-Functions
imports

Preliminaries

Twelvefold- Way-Core
begin

3.1 Permutation on the Domain

definition domain-permutation
where

domain-permutation A B = {(f, f') € (A —g B) x (A —g B). 3p. p permutes
ANWNVze A fz=Ff" (p2)}

lemma equiv-domain-permutation:
equiv (A — g B) (domain-permutation A B)
proof (rule equivl)
show refl-on (A —g B) (domain-permutation A B)
proof (rule refl-onl)
show domain-permutation A B C (A —g B) x (A =g B)
unfolding domain-permutation-def by auto
next
fix f
assume f € A -5 B
from this show (f, f) € domain-permutation A B
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using permutes-id unfolding domain-permutation-def by fastforce
qed
next
show sym (domain-permutation A B)
proof (rule syml)
fix ff’
assume (f, f') € domain-permutation A B
from this obtain p where p permutes A and VzeA. fz = f' (p z)
unfolding domain-permutation-def by auto
from «(f, f’) € domain-permutation A B> have f € A - Bf'€ A g B
unfolding domain-permutation-def by auto
moreover from (p permutes Ay have inv p permutes A
by (simp add: permutes-inv)
moreover from (p permutes Ay Vz€A. fz = f' (p x)> have VzeA. f'z = f
(inv p x)
using permutes-in-image permutes-inverses(1) by (metis (mono-tags, opaque-lifting))
ultimately show (f’, f) € domain-permutation A B
unfolding domain-permutation-def by auto
qed
next
show trans (domain-permutation A B)
proof (rule transl)
ﬁx ff/ f//
assume (f, f') € domain-permutation A B (f', f'') € domain-permutation A B
from «(f, f’) € -» obtain p where p permutes A and Vz€A. fz = f' (p z)
unfolding domain-permutation-def by auto
from «(f’, f”) € -» obtain p’ where p’ permutes A and Vz€A. f 'z = " (p’

unfolding domain-permutation-def by auto

from «(f, /') € domain-permutation A B> have f € A - B
unfolding domain-permutation-def by auto

moreover from «(f’, ') € domain-permutation A By have f"" € A —-g B
unfolding domain-permutation-def by auto

moreover from <p permutes Ay <p’ permutes A> have (p’ o p) permutes A
by (simp add: permutes-compose)

moreover have VzeA. fz = f" ((p' o p) x)
using «VzeA. fx = f' (pa) ~Va€A. f'x = f" (p’ x) <p permutes A>
by (simp add: permutes-in-image)

ultimately show (f, /")) € domain-permutation A B
unfolding domain-permutation-def by auto

qed
qed

3.1.1 Respecting Functions

lemma inj-on-respects-domain-permutation:
(Mf. inj-on f A) respects domain-permutation A B
proof (rule congruentl)

fix ff’
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assume (f, f') € domain-permutation A B
from this obtain p where p: p permutes AVzeA. fz = f' (p z)
unfolding domain-permutation-def by auto
have inv-p: Vz€A. f' z = f (inv p x)
using p by (metis permutes-inverses(1) permutes-not-in)
show inj-on f A +— inj-on f' A
proof
assume inj-on [ A
show inj-on f’ A
proof (rule inj-onI)
fix a a’
assume a € Aa' € Afla=f"a
from this <p permutes A> have invpa € Ainvpa’ € A
by (simp add: permutes-in-image permutes-inv)+
have f (inv p a) = f (inv p a’)
using «f' a = f’ a’» <a € A a’ € A inv-p by auto
from <inj-on f A this <invp a € Ay <invp a’ € A> have inv p a = invp a’
using inj-on-contraD by fastforce
from this show a = o’
by (metis <p permutes A> permutes-inverses(1))
qed
next
assume inj-on f' A
from this p show inj-on f A
unfolding inj-on-def
by (metis inj-on-contraD permutes-in-image permutes-inj-on)
qed
qed

lemma image-respects-domain-permutation:
(M. [ ¢ A) respects (domain-permutation A B)
proof (rule congruentl)
fix ff
assume (f, f') € domain-permutation A B
from this obtain p where p: p permutes A and f-eq: Vz€A. fz = f' (p )
unfolding domain-permutation-def by auto
show f“A=f"‘A
proof
from p f-eg show f*AC f' ‘A
by (auto simp add: permutes-in-image)
next
from «p permutes A ~Vaz€A. fz = f' (p z)> have VzeA. f'z = f (inv p z)
using permutes-in-image permutes-inverses(1) by (metis (mono-tags, opaque-lifting))
from this show f/ ‘A C f‘A
using «p permutes A> by (auto simp add: permutes-inv permutes-in-image)
qed
qed

lemma surjective-respects-domain-permutation:
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(M. f ¢ A = B) respects domain-permutation A B
by (metis image-respects-domain-permutation congruentD congruentl)

lemma bij-betw-respects-domain-permutation:
(M. bij-betw f A B) respects domain-permutation A B
proof (rule congruentl)
fix ff'
assume (f, f') € domain-permutation A B
from this obtain p where p permutes A and Vz€A. fz = f' (p z)
unfolding domain-permutation-def by auto
have bij-betw f A B <— bij-betw (f' o p) A B
using Vz€A. fz = f' (p z)»
by (metis (mono-tags, opaque-lifting) bij-betw-cong comp-apply)
also have ... «— bij-betw f' A B
using <p permutes A»
by (auto intro!: bij-betw-comp-iff [symmetric] permutes-imp-bij)
finally show bij-betw f A B «— bij-betw f' A B .
qed

lemma image-mset-respects-domain-permutation:
shows (\f. image-mset f (mset-set A)) respects (domain-permutation A B)
proof (rule congruentl)
fix [ f/
assume (f, f") € domain-permutation A B
from this obtain p where p permutes A and VzeA. fz = f' (p z)
unfolding domain-permutation-def by auto
from this show image-mset f (mset-set A) = image-mset f' (mset-set A)
using permutes-implies-image-mset-eq by fastforce
qed

3.2 Permutation on the Range

definition range-permutation
where

range-permutation A B = {(f, f') € (A =g B) x (A —g B). Ip. p permutes B
N(VTEA fz=p(f )}

lemma equiv-range-permutation:
equiv (A =g B) (range-permutation A B)
proof (rule equivl)
show refl-on (A —g B) (range-permutation A B)
proof (rule refl-onl)
show range-permutation A B C (A —g B) x (A —g B)
unfolding range-permutation-def by auto
next
fix f
assume f € A - B
from this show (f, f) € range-permutation A B
using permutes-id unfolding range-permutation-def by fastforce
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qed
next
show sym (range-permutation A B)
proof (rule symlI)
fix ff'
assume (f, f) € range-permutation A B
from this obtain p where p permutes B and Vz€A. fz = p (f' x)
unfolding range-permutation-def by auto
from «(f, /') € range-permutation A B> have f € A - Bf' € A - B
unfolding range-permutation-def by auto
moreover from (p permutes By have inv p permutes B
by (simp add: permutes-inv)
moreover from <p permutes B> <~Vz€A. fz = p (f' z)» have Vz€A. f' x =
inv p (f z)
by (simp add: permutes-inverses(2))
ultimately show (f’, f) € range-permutation A B
unfolding range-permutation-def by auto
qed
next
show trans (range-permutation A B)
proof (rule transl)
ﬁx ff/ f//
assume (f, ') € range-permutation A B (f', f"') € range-permutation A B
from «(f, f’) € -» obtain p where p permutes B and Vz€A. fz = p (f z)
unfolding range-permutation-def by auto
from «(f’, f”') € -» obtain p’ where p’ permutes B and Vz€A. f' z = p' (f"

unfolding range-permutation-def by auto

from «(f, /') € range-permutation A B> have f € A - B
unfolding range-permutation-def by auto

moreover from «(f’, f'") € range-permutation A B> have f"’ € A - B
unfolding range-permutation-def by auto

moreover from <p permutes By <p’ permutes B) have (p o p') permutes B
by (simp add: permutes-compose)

moreover have VzeA. fz = (p o p’) (f" )
using «Vz€A. fz =p (f z)» ~VzeA. f 'z = p' (f" z)» by auto

ultimately show (f, ') € range-permutation A B
unfolding range-permutation-def by auto

qed
qed

3.2.1 Respecting Functions

lemma inj-on-respects-range-permutation:
(M. inj-on f A) respects range-permutation A B
proof (rule congruentl)
fix ff
assume (f, f) € range-permutation A B
from this obtain p where p: p permutes BV z€A. fz = p (f' )
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unfolding range-permutation-def by auto
have inv-p: Vz€A. f'z = inv p (fz)
using p by (simp add: permutes-inverses(2))
show inj-on f A +— inj-on f' A
proof
assume inj-on f A
from this p show inj-on [’ A
unfolding inj-on-def by auto
next
assume inj-on f' A
from this inv-p show inj-on f A
unfolding inj-on-def by auto
qed
qed

lemma surj-on-respects-range-permutation:
(M. f ¢ A = B) respects range-permutation A B
proof (rule congruentl)
fix ff'
assume a: (f, f’) € range-permutation A B
from this have f ¢ A g Bf'€¢ A g B
unfolding range-permutation-def by auto
from a obtain p where p: p permutes BVz€A. fx = p (f' z)
unfolding range-permutation-def by auto
have 1: f ‘A= (Az.p (f'z)) ‘A
using p by (meson image-cong)
have 2: invp “((Az. p (f'z)) “A)=f"“A
using p by (simp add: image-image image-inv-f-f permutes-inyj)
show (f*A=B)=(f'*A=DB)
proof
assume f ‘A =B
from this 1 2 show f' ‘A =B
using p by (simp add: permutes-image permutes-inv)
next
assume f' ‘A =B
from this 1 2 show f ‘A =B
using p by (metis image-image permutes-image)
qed
qed

lemma bij-betw-respects-range-permutation:
(M. bij-betw f A B) respects range-permutation A B
proof (rule congruentl)
fix f f/
assume (f, f') € range-permutation A B
from this obtain p where p permutes B and Vz€A. fx = p (f' z)
and f'e A »g B
unfolding range-permutation-def by auto
have bij-betw f A B «— bij-betw (p o f') A B
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using Vz€A. fz =p (f x)
by (metis (mono-tags, opaque-lifting) bij-betw-cong comp-apply)
also have ... «— bij-betw f' A B
using «f' € A —g B> <p permutes B»
by (auto introl: bij-betw-comp-iff2[symmetric] permutes-imp-bij)
finally show bij-betw f A B «— bij-betw f' A B .
qed

lemma domain-partitions-respects-range-permutation:
(M. (Ab. {z € A. fz=1b}) ‘B — {{}}) respects range-permutation A B
proof (rule congruentl)
fix ff'
assume (f, f) € range-permutation A B
from this obtain p where p: p permutes BVz € A. fz = p (f' x)
unfolding range-permutation-def by blast
have {} e M\b. {z € A. f'z=10b}) ‘B+— -~ (Vbe B.dz € A. f'z =) by
auto
also have (Vbe B. 3z € A. f'z=0) +— (Vbe B. 3z € A p (f' z) = b)
proof
assume VbeB. dz€A. f'z =10
from this show VbeB. Jz€A. p (f'z) = b
using «p permutes By unfolding permutes-def by metis
next
assume VbeB. Jzcd. p (f'z) = b
from this show VbeB. zcA. f'z=b
using «p permutes By by (metis bij-betwE permutes-imp-bij permutes-inverses(2))

qed

also have - (VbeB. Fz€A. p (f'z) =b) +— {} € (A\b. {z € A. p (f' z) = b})
‘B by auto

finally have {} € (\b. {z € A. f'z=10}) ‘B+— {} € (Xb. {z € A p (f'z)
= b}

moreover have (A\b. {zr € A. f'2=1b}) ‘B=Ab. {z € A. p(f'z)=10b}) ‘B
using <p permutes B> permutes-implies-inv-image-on-eq by blast
ultimately have (Ab. {z € A. f'z=10}) ‘B—{{}} =Ab. {z € A p(f'z) =
b}) * B — {{}} by auto
also have ... = (\b. {zr € A. fz =0b}) ‘B — {{}}
using «Vz € A. fz = p (f' z)» Collect-cong image-cong by auto
finally show (A\b. {z € A. fa=10b}) ‘B—{{}} =\b. {z € A f'z=10}) ‘B
{0 -
qed

3.3 Permutation on the Domain and the Range

definition domain-and-range-permutation
where

domain-and-range-permutation A B = {(f, ') €

Ipa pB. pa permutes A N\ pp permutes B N (V
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=
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lemma equiv-domain-and-range-permutation:
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equiv (A =g B) (domain-and-range-permutation A B)
proof (rule equivl)
show refl-on (A —g B) (domain-and-range-permutation A B)
proof (rule refl-onl)
show domain-and-range-permutation A B C (A —g B) x (A —g B)
unfolding domain-and-range-permutation-def by auto
next
fix f
assume f € A g B
from this show (f, f) € domain-and-range-permutation A B
using permutes-id[of A] permutes-id|of B]
unfolding domain-and-range-permutation-def by fastforce
qed
next
show sym (domain-and-range-permutation A B)
proof (rule syml)
fix f f'
assume (f, ) € domain-and-range-permutation A B
from this obtain p4 pp where p4 permutes A pp permutes B and Vz€A. f
z=pg (f' (pa 7))
unfolding domain-and-range-permutation-def by auto
from «(f, f) € domain-and-range-permutation A B> have f: f € A —g B f’
€ A—g B
unfolding domain-and-range-permutation-def by auto
moreover from <pa permutes A> <pp permutes By have inv pa permutes A
v pg permutes B
by (auto simp add: permutes-inv)
moreover from Vz€A. fr = pp (f’' (pa z)) have Vz€A. f' z = inv pp (f
(im0 pa 2))
using «pa permutes Ay <pp permutes B> <inv p4 permutes Ay <inv pg permutes
B»
by (metis (no-types, lifting) bij-betwE bij-inv-eq-iff permutes-bij permutes-imp-bij)
ultimately show (f’, f) € domain-and-range-permutation A B
unfolding domain-and-range-permutation-def by auto
qed
next
show trans (domain-and-range-permutation A B)
proof (rule transl)
ﬁx ff/ f//
assume (f, ') € domain-and-range-permutation A B
assume (f', f'") € domain-and-range-permutation A B
from «(f, ) € -» obtain p4 pp where
pa permutes A pp permutes B and VzeA. fz = pp (f' (pa 1))
unfolding domain-and-range-permutation-def by auto
from «(f’, /) € -» obtain p’4 p’p where
p’a permutes A p'p permutes B and Vz€A. 'z = p's (f" (p'a x))
unfolding domain-and-range-permutation-def by auto
from «(f, f') € domain-and-range-permutation A By have f € A —g B
unfolding domain-and-range-permutation-def by auto
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moreover from «(f’, f') € domain-and-range-permutation A By have f" € A
—E B
unfolding domain-and-range-permutation-def by auto
moreover from <py permutes A> <p’4 permutes A> have (p'4 o pa) permutes
A
by (simp add: permutes-compose)
moreover from (pp permutes By <p’'p permutes B> have (pp o p’'g) permutes
B
by (simp add: permutes-compose)
moreover have Vz€A. fz = (pp o p'B) (f"" ((p’'a © pa) 1))
using Vz€A. 'z = p'p (f" (p'a ) Va€A. fz = pp (f' (pa ) pa
permutes A>
by (simp add: permutes-in-image)
ultimately show (f, /') € domain-and-range-permutation A B
unfolding domain-and-range-permutation-def by fastforce
qged
qed

3.3.1 Respecting Functions

lemma inj-on-respects-domain-and-range-permutation:
(M. inj-on f A) respects domain-and-range-permutation A B
proof (rule congruentl)
fix ff
assume (f, f") € domain-and-range-permutation A B
from this obtain p4 pp where pa permutes A pg permutes B and Vz€A. fx
=pp (' (pa 2))
unfolding domain-and-range-permutation-def by auto
from «(f, ') € domain-and-range-permutation A B> have f' ‘A C B
unfolding domain-and-range-permutation-def by auto
from <p4 permutes A» have py ‘ A = A by (auto simp add: permutes-image)
from «p permutes A> have inj-on py A
using bij-betw-imp-inj-on permutes-imp-bij by blast
from <pp permutes B) have inj-on pgp B
using bij-betw-imp-inj-on permutes-imp-bij by blast
show inj-on f A +— inj-on f' A
proof —
have inj-on f A <— inj-on (Az. pp (f' (pa z))) A
using «Vz€A. fz = pp (f' (pa ) inj-on-cong comp-apply by fastforce
have inj-on f A +— inj-on (pg o f 0o pa) A
by (simp add: ~Vz€A. fz = pp (f' (pa ) inj-on-def)
also have inj-on (pp o f' 0 pa) A < inj-on (pp o f') A
using <inj-on pa A> <pa ‘A=A
by (auto dest: inj-on-imagel intro: comp-inj-on)
also have inj-on (pg o f’) A +— inj-on f' A
using «inj-on pg By «f' ‘A C B
by (auto dest: inj-on-imagel?2 intro: comp-inj-on subset-inj-on)
finally show ?%thesis .
qed
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qed

lemma surjective-respects-domain-and-range-permutation:

(M. f ¢ A = B) respects domain-and-range-permutation A B
proof (rule congruentl)

fix f f'

assume (f, f') € domain-and-range-permutation A B
from this obtain p4 pp where

permutes: pa permutes A pp permutes B and Va€A. fz = pp (f' (pa ))
unfolding domain-and-range-permutation-def by auto
from permutes have psy ‘A = A pp ‘B = B by (auto simp add: permutes-image)
from <pp permutes B) have inj pg by (simp add: permutes-inj)
show (f ‘A= B)+— (f' “A = B)
proof —
have f ‘A = B +— (Az. pp (f' (pa z))) ‘A=B
using Vz€A. fz = pp (f' (pa z))> by (metis (mono-tags, lifting) image-cong)
also have (Az. pp (f' (pa 2))) ‘A= B<+— (Az. pp (f'z)) “A=DB
using <pg ‘' A = Ay by (metis image-image)
also have (\z. pp (f'z)) “A=B+— (f' “A = B)

using «pp ‘ B = B> <inj pp> by (metis image-image image-inv-f-f)
finally show ?thesis .

qed
qed

lemma bij-betw-respects-domain-and-range-permutation:

(M. bij-betw f A B) respects domain-and-range-permutation A B
proof (rule congruentl)

fix [ f’

assume (f, f') € domain-and-range-permutation A B

from this obtain ps pp where ps permutes A pg permutes B
and VzeA. fz =pp (f' (pa z)) and f' € A - B
unfolding domain-and-range-permutation-def by auto

have bij-betw f A B «— bij-betw (pp o f' 0 pa) A B

using Vz€A. fz = pp (f' (pa x))» bij-betw-congl by fastforce
also have ... «— bij-betw (pp o f') A B

using <pa permutes A»

by (auto intro!: bij-betw-comp-iff [symmetric] permutes-imp-bij)
also have ... +— bij-betw f' A B

using «f' € A —g B> <pp permutes B>
by (auto intro!: bij-betw-comp-iff2[symmetric] permutes-imp-bij)

finally show bij-betw f A B «— bij-betw f' A B .
qged

lemma count-image-mset’:

count (image-mset f A) x = sum (count A) {z' € set-mset A. fz' = z}
proof —

have count (image-mset f A) x = sum (count A) (f —*{x} N set-mset A)
unfolding count-image-mset ..

also have ... = sum (count A) {z’ € set-mset A. fz’' = z}
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proof —
have (f —‘{z} N set-mset A) = {2’ € set-mset A. fz' = z} by blast
from this show ?thesis by simp
qed
finally show ?thesis .
qed

lemma multiset-of-partition-cards-respects-domain-and-range-permutation:
assumes finite B
shows (\f. image-mset (AX. card X) (mset-set ((Ab. {z € A. fz =b})) ‘B —
{{}}))) respects domain-and-range-permutation A B
proof (rule congruentl)
fix ff'
assume (f, f") € domain-and-range-permutation A B
from this obtain ps pp where p4 permutes A pg permutes BV z€A. fz = pp
(f" (pa 7))
unfolding domain-and-range-permutation-def by auto
have (\b. {zr € A. fz=1b}) ‘B=(\b. {z € A. pg (f' (pa z)) =b}) ‘B
using Vz€A. fz = pp (f' (pa z))» by auto
from this have image-mset card (mset-set (Ab. {z € A. fz =1b}) ‘B — {{}}))

image-mset card (mset-set (Ab. {z € A. ps (f' (pa z)) = b}) ‘B — {{}})) by
stmp
also have image-mset card (mset-set (A\b. {z € A. pg (f' (pa z)) =b}) ‘B —
{{3h) =
image-mset card (mset-set (Ab. {z € A. f' (pa z) = b}) ‘B — {{}}))
using permutes-implies-inv-image-on-eq[OF <pp permutes B), of A] by metis
also have image-mset card (mset-set (A\b. {z € A. f' (pa z) = b}) ‘B — {{}}))

image-mset card (mset-set (A\b. {z € A. f'z =b}) ‘B — {{}}))
proof (rule multiset-eql)
fix n
have bij-betw (AX. pa “ X) {X € (\b. {z € A. f' (pa z) = b}) ‘B — {{}}.
card X =n} {X € (M. {z € A. f'x=0}) ‘B — {{}}. card X = n}
proof (rule bij-betw-by Witness)
show VXe{X € (\b. {z € A. ' (pa z) = b}) ‘B — {{}}. card X = n}. inv
pa ‘pa X=X
by (meson <pa permutes A image-inv-f-f permutes-inj)
show VXe{X € (A\b. {z € A. f'z=10b}) ‘B — {{}}. card X = n}. pa ‘inv
pa ‘X=X
by (meson <pa permutes A> image-f-inv-f permutes-surj)
show (AX. py ‘X) ‘{X € (Ab. {z € A. f' (pa z) =0b}) ‘B —{{}}. card X
=n}C{XeN.{zed ffe=0}) ‘B—{{}}. card X = n}
proof —
have card (pa ‘{z € A. f' (pa z) = b}) = card {z € A. f' (pa z) = b} for

proof —

have inj-on pa {x € A. f' (pa z) = b}
by (metis (no-types, lifting) <pa permutes A injD inj-onl permutes-inyj)
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from this show ?thesis by (simp add: card-image)
qged
moreover have py ‘{z € A. f' (paz) =b} ={z € A f 'z = b} for b
proof
show py ‘{x € A. f'(paz) =0} C{ze€ A f'z=0}
by (auto simp add: <pa permutes A> permutes-in-image)
show {z € A. f'z =0b} Cpa ‘{x € A f'(pa z) = 0b}
proof
fix z
assume ¢ € {z € A. f' z = b}
moreover have pa (inv pa z) = x
using «pa permutes Ay permutes-inverses(1) by fastforce
moreover from <z € {z € A. f'z = b} have invps z € A
by (simp add: <pa permutes Ay permutes-in-image permutes-inv)
ultimately show 2z € py ‘{z € A. f' (pa z) = b}
by (auto intro: image-eql [where z=inv ps ))
qed
qed
ultimately show ?thesis by auto
qed
show (A\X. invps ‘X) ‘{X e (ANb. {z €A ffe=1b}) ‘B—-{{}}. card X
=n} C{X e \b.{ze€ A f'(pax)=0}) ‘B —{{}}. card X = n}
proof —
have card (invpy ‘{x € A. f' 2 =1b}) = card {x € A. f'x = b} for b
proof —
have inj-on (inv pa) {z € A. f' 'z = b}
by (metis (no-types, lifting) <pa permutes A injD inj-onl permutes-surj
surj-imp-ing-inv)
from this show ?Zthesis by (simp add: card-image)
qed
moreover have invps ‘{x € A. f'z=b} ={z € A f'(pa z) = b} for b
proof
show invps ‘{z € A. f'e=0b} C{x € A f'(pa z) = b}
using <pa permutes A>
by (auto simp add: permutes-in-image permutes-inv permutes-inverses(1))
show {z € A. f' (pa ) = b} Cinvps ‘{z € A f 'z =0}
proof
fix z
assume ¢ € {z € A. f' (pa z) = b}
moreover have inv py (pa z) = x
by (meson <pa permutes Ay permutes-inverses(2))
moreover from «z € {x € A. ' (pa ) = b}» have py z € A
by (simp add: <pa permutes Ay permutes-in-image)
ultimately show = € invpy ‘{z € A. f'x = b}
by (auto intro: image-eql [where z=p4 z|)
qed
qed
ultimately show ?thesis by auto
qed

48



qed
from this have card {z' € (A\b. {z € A. f' (pa z) = b}) ‘B — {{}}. card 2’ =
ny = card {z' € Ab. {z € A. f'z=10b}) ‘B — {{}}. card 2’ = n}
by (rule bij-betw-same-card)
from this show count (image-mset card (mset-set (A\b. {z € A. f' (pa z) =
b}) *B —{{}}) n=
count (image-mset card (mset-set (A\b. {x € A. f'x =1b}) ‘B — {{}}))) n
using «finite B> by (simp add: count-image-mset’)
qed
finally show image-mset card (mset-set (Ab. {z € A. fa =1b}) ‘B — {{}})) =
image-mset card (mset-set (Ab. {z € A. f'x =b}) ‘B — {{}})) .
qed

end

4 Functions from A to B

theory Twelvefold- Way-Entryl
imports Preliminaries
begin

Note that the cardinality theorems of both structures, lists and finite func-
tions, are already available. Hence, this development creates the bijection
between those two structures and transfers the one cardinality theorem to
the other structures and vice versa, although not strictly needed as both
cardinality theorems were already available.

4.1 Definition of Bijections

definition sequence-of :: ‘a set = (nat = 'a) = (‘a = 'b) = 'b list
where
sequence-of A enum f = map (An. f (enum n)) [0..<card A]

definition function-of :: ‘a set = (nat = 'a) = 'b list = (‘a = 'b)
where

function-of A enum xzs = (Aa. if a € A then xzs ! inv-into {0..<length zs} enum
a else undefined)

4.2 Properties for Bijections

lemma nth-sequence-of:

assumes i < card A

shows (sequence-of A enum f) ! i = f (enum 1)
using assms unfolding sequence-of-def by auto

lemma nth-sequence-of-inv-into:

assumes bij-betw enum {0..<card A} A
assumes g € A
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shows (sequence-of A enum f) ! (inv-into {0..<card A} enum a) = f a
proof —
have inv-into {0..<card A} enum a € {0..<card A}
using assms bij-betwE bij-betw-inv-into by blast
from this assms show (sequence-of A enum f) ! (inv-into {0..<card A} enum a)
= fa
unfolding sequence-of-def by (simp add: bij-betw-inv-into-right)
qed

lemma set-sequence-of:
assumes bij-betw enum {0..<card A} A
assumes f € A - B
shows set (sequence-of A enum f) C B
using PiE bij-betwE assms
unfolding sequence-of-def by fastforce

lemma length-sequence-of:
assumes bij-betw enum {0..<card A} A
assumes f € A —»g B
shows length (sequence-of A enum f) = card A
using assms unfolding sequence-of-def by simp

lemma function-of-enum:
assumes bij-betw enum {0..<card A} A
assumes length xs = card A
assumes { < card A
shows function-of A enum zs (enum i) = xs ! i
using assms unfolding function-of-def
by (auto simp add: bij-betw-inv-into-left bij-betwE)

lemma function-of-in-extensional-funcset:
assumes bij-betw enum {0..<card A} A
assumes set s C B length s = card A
shows function-of A enum zs € A —g B
proof
fix =
assume z € A
have inv-into {0..<length zs} enum z € {0..<length xs}
using <z € A assms(1, 3) by (metis bij-betw-def inv-into-into)
from this have zs | inv-into {0..<length zs} enum x € set zs by simp
from this <set xzs C B> show function-of A enum zs x € B
using <z € A) unfolding function-of-def by auto
next
fix z
assume z ¢ A
from this show function-of A enum zs x = undefined
unfolding function-of-def by simp
qed
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lemma sequence-of-function-of:
assumes bij-betw enum {0..<card A} A
assumes set s C B length s = card A
shows sequence-of A enum (function-of A enum xs) = xs
proof (rule nth-equalityl)
have function-of A enum xs € A —g B
using assms by (rule function-of-in-extensional-funcset)
from this show length (sequence-of A enum (function-of A enum zs)) = length
xs
using assms(1,3) by (simp add: length-sequence-of)
from this show Ai. i < length (sequence-of A enum (function-of A enum xs))
= sequence-of A enum (function-of A enum xs) ! i = zs ! i
using assms by (auto simp add: nth-sequence-of function-of-enum)
qed

lemma function-of-sequence-of:
assumes bij-betw enum {0..<card A} A
assumes f € A —»g B
shows function-of A enum (sequence-of A enum f) = f
proof
fix z
show function-of A enum (sequence-of A enum f) x = fz
using assms unfolding function-of-def
by (auto simp add: length-sequence-of nth-sequence-of-inv-into)
qed

4.3 Bijections

lemma bij-betw-sequence-of:
assumes bij-betw enum {0..<card A} A
shows bij-betw (sequence-of A enum) (A —g B) {zs. set zs C B A length zs =
card A}
proof (rule bij-betw-by Witness[where f'=function-of A enum])
show VfeA —g B. function-of A enum (sequence-of A enum f) = f
using assms by (simp add: function-of-sequence-of)
show V zse{zs. set xs C B A length xs = card A}. sequence-of A enum (function-of
A enum zs) = xs
using assms by (auto simp add: sequence-of-function-of)
show sequence-of A enum ‘(A —g B) C {xs. set zs C B A length s = card A}
using assms set-sequence-of [OF assms] length-sequence-of by auto
show function-of A enum ‘ {zs. set xs C B A length s = card A} C A - B
using assms function-of-in-extensional-funcset by blast
qed

lemma bij-betw-function-of:

assumes bij-betw enum {0..<card A} A

shows bij-betw (function-of A enum) {zs. set s C B A length s = card A} (A
proof (rule bij-betw-by Witness[where f'=sequence-of A enum))
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show Vf€eA —g B. function-of A enum (sequence-of A enum f) = f
using assms by (simp add: function-of-sequence-of)
show V zse{xs. set xs C B A length xs = card A}. sequence-of A enum (function-of
A enum zs) = xs
using assms by (auto simp add: sequence-of-function-of)
show sequence-of A enum ‘ (A —g B) C {xs. set zs C B A length zs = card A}
using assms set-sequence-of [OF assms| length-sequence-of by auto
show function-of A enum ‘ {xs. set xs C B A length s = card A} C A —-g B
using assms function-of-in-extensional-funcset by blast
qed

4.4 Cardinality

lemma
assumes finite A
shows card (A —g B) = card B "~ card A
proof —
obtain enum where bij-betw enum {0..<card A} A
using «(finite Ay ex-bij-betw-nat-finite by blast
have bij-betw (sequence-of A enum) (A —g B) {xs. set zs C B A length zs =
card A}
using <bij-betw enum {0..<card A} A> by (rule bij-betw-sequence-of)
from this have card (A —g B) = card {zs. set zs C B A length xs = card A}
by (rule bij-betw-same-card)
also have card {zs. set s C B A length xs = card A} = card B ~ card A
by (rule card-lists-length-eq)
finally show ?thesis .
qed

lemma card-sequences:
assumes finite A
shows card {xs. set xs C B A length s = card A} = card B ~ card A
proof —
obtain enum where bij-betw enum {0..<card A} A
using «(finite Ay ex-bij-betw-nat-finite by blast
have bij-betw (function-of A enum) {zs. set s C B A length zs = card A} (A
using <bij-betw enum {0..<card A} A by (rule bij-betw-function-of)
from this have card {xs. set xs C B A length zs = card A} = card (A =g B)
by (rule bij-betw-same-card)
also have card (A —g B) = card B ™ card A
using «finite A by (rule card-extensional-funcset)
finally show ?thesis .
qed

lemma
shows card {xs. set zs C A A length zs = n} = card A " n
proof —
have card {zs. set zs C A A length zs = n} = card {zs. set xs C A A length zs
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= card {0..<n}}

by auto
also have ... = card A ~ card {0..<n} by (subst card-sequences) auto
also have ... = card A ~ n by auto
finally show ?thesis .
qed
end

5 Injections from A to B

theory Twelvefold- Way-Entry2
imports Twelvefold- Way-Entry1
begin

Note that the cardinality theorems of both structures, distinct lists and finite
injective functions, are already available. Hence, this development creates
the bijection between those two structures and transfers the one cardinality
theorem to the other structures and vice versa, although not strictly needed
as both cardinality theorems were already available.

5.1 Properties for Bijections

lemma inj-on-implies-distinct:
assumes bij-betw enum {0..<card A} A
assumes f € A - B
assumes inj-on f A
shows distinct (sequence-of A enum f)
proof —
{
fix ij
assume bounds: i < length (sequence-of A enum f) j < length (sequence-of A
enum f)
assume i # j
from bounds assms(1, 2) have bounds” i < card A j < card A
using length-sequence-of by fastforce+
from this assms(1) have in-A: enum i € A enum j € A
using bij-betwE by fastforce+
from «i # j» bounds’ assms(1) have enum i # enum j
by (metis bij-betw-inv-into-left lessThan-iff atLeastOLessThan)
from this have f (enum i) # f (enum j)
using assms(3) in-A inj-onD by fastforce
from this bounds’ have sequence-of A enum f ! i # sequence-of A enum f ! j
by (simp add: nth-sequence-of)
}

from this show ?thesis

by (auto simp add: distinct-conv-nth)
qed
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lemma distinct-implies-inj-on:
assumes bij-betw enum {0..<card A} A
assumes length xs = card A
assumes distinct xs
shows inj-on (function-of A enum xs) A
proof (rule inj-onlI)
let ?idz-of = Az. inv-into {0..<length xzs} enum x
fix zy
assume z € A y € A function-of A enum xs x = function-of A enum xs y
from this have zs ! %idz-of x = xs | %idx-of y
unfolding function-of-def by simp
have ?idz-of x = ?idx-of y
proof —
have ?idz-of © < length xs
using <z € A assms(1,2)
by (metis atLeastOLessThan bij-betw-imp-surj-on inv-into-into less Than-iff)
moreover have ?idz-of y < length xs
using y € Ay assms(1,2)
by (metis atLeastOLessThan bij-betw-imp-surj-on inv-into-into less Than-iff)
moreover note <«zs ! Zidr-of x = xs | Zidz-of y» <distinct z$
ultimately show Zthesis
by (auto dest: nth-eq-iff-indez-eqwhere i=?idz-of x and j=?idz-of y|)
qed
from this <bij-betw - - -» show z = y
by (metis <z € Ay <y € A length xs = card A bij-betw-inv-into-right)
qged

lemma image-sequence-of-ing:
assumes bij-betw enum {0..<card A} A
shows sequence-of A enum ‘{f € A —g B. inj-on f A} C {zs. set zs C B A
length xs = card A A distinct xs}
proof
fix s
assume zs € sequence-of A enum ‘{f € A —g B. inj-on f A}
from this obtain f where zs: s = sequence-of A enum f and f: f € A - B
inj-on f A by auto
moreover from zs f «bij-betw - - -» have set s C B
using set-sequence-of subsetCE by blast
moreover from zs f <bij-betw - - -» have length xs = card A
using length-sequence-of by auto
moreover from zs f <bij-betw - - -» have distinct xs
using inj-on-implies-distinct by simp
ultimately show xs € {zs. set zs C B A length zs = card A A distinct xs} by
auto
qed

lemma image-function-of-distinct:
assumes bij-betw enum {0..<card A} A

54



shows function-of A enum ‘ {zs. set xs C B A length xs = card A A distinct xs}
C{f e A—g B. inj-on f A}
proof
fix f
assume f: f € function-of A enum ¢ {zs. set xs C B A length xs = card A A
distinct xs}
from f assms have f € A - B
using function-of-in-extensional-funcset by blast
moreover from f assms have inj-on f A
by (auto simp add: assms distinct-implies-inj-on)
ultimately show f € {f € A —g B. inj-on f A} by auto
qed

5.2 Bijections

lemma bij-betw-sequence-of:
assumes bij-betw enum {0..<card A} A
shows bij-betw (sequence-of A enum) {f. f € A =g B A inj-on f A} {xs. set xs
C B A length zs = card A N distinct xs}
proof (rule bij-betw-by Witness[where f'=function-of A enum))
show V fe{f € A —g B. inj-on f A}. function-of A enum (sequence-of A enum
=17
using assms by (auto simp add: function-of-sequence-of)
show V zse{zs. set xzs C B A length xs = card A N distinct xzs}. sequence-of A
enum (function-of A enum zs) = xs
using assms by (auto simp add: sequence-of-function-of)
show sequence-of A enum ‘ {f € A —g B. inj-on f A} C {xs. set xs C B A
length xs = card A N distinct xs}
using assms by (simp add: image-sequence-of-inj)
show function-of A enum * {zs. set xzs C B A length xs = card A N\ distinct zs}
C{f € A—pg B.inj-on f A}
using assms by (simp add: image-function-of-distinct)
qed

lemma bij-betw-function-of:
assumes bij-betw enum {0..<card A} A
shows bij-betw (function-of A enum) {zs. set zs C B A length xs = card A A
distinct zs} {f € A —g B. inj-on f A}
proof (rule bij-betw-by Witness[where f'=sequence-of A enum))
show Vfe{f € A —g B. inj-on f A}. function-of A enum (sequence-of A enum
HN=r
using assms by (auto simp add: function-of-sequence-of)
show Vzsc{xzs. set xs C B A length s = card A N\ distinct zs}. sequence-of A
enum (function-of A enum zs) = xs
using assms by (auto simp add: sequence-of-function-of)
show sequence-of A enum ‘ {f € A —g B. inj-on f A} C {zs. set zs C B A
length xs = card A N distinct xs}
using assms by (simp add: image-sequence-of-iny)
show function-of A enum * {zs. set xzs C B A length xs = card A N\ distinct zs}
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C{f € A—pg B.inj-on f A}
using assms by (simp add: image-function-of-distinct)
qed

5.3 Cardinality

lemma
assumes finite A finite B card A < card B
shows card {f € A —g B. inj-on f A} = [[{card B — card A + 1..card B}
proof —
obtain enum where bij-betw enum {0..<card A} A
using <finite A) ex-bij-betw-nat-finite by blast
have bij-betw (sequence-of A enum) {f € A =g B. inj-on f A} {xs. set xzs C B
A length s = card A A distinct zs}
using <bij-betw enum {0..<card A} Ay by (rule bij-betw-sequence-of)
from this have card {f € A —g B. inj-on f A} = card {zs. set s C B A length
xs = card A N distinct zs}
by (rule bij-betw-same-card)
also have card {xs. set xs C B A length s = card A A distinct xs} = card {zs.
length xs = card A A distinct xs N set zs C B}
by meson
also have card {zs. length s = card A A distinct xs A set xs C B} = [[{card
B — card A + 1..card B}
using «finite By «card A < card By by (rule List.card-lists-distinct-length-eq)
finally show ?thesis .
qed

lemma card-sequences:
assumes finite A finite B card A < card B
shows card {zs. set s C B A length s = card A N\ distinct zs} = fact (card B)
div fact (card B — card A)
proof —
obtain enum where bij-betw enum {0..<card A} A
using <finite A> ex-bij-betw-nat-finite by blast
have bij-betw (function-of A enum) {zs. set s C B A length xs = card A A
distinct xs} {f € A —g B. inj-on f A}
using <bij-betw enum {0..<card A} Ay by (rule bij-betw-function-of)
from this have card {zs. set s C B A length zs = card A A distinct xs} = card
{f € A =g B. inj-on f A}
by (rule bij-betw-same-card)
also have card {f € A —g B. inj-on f A} = fact (card B) div fact (card B —
card A)
using «finite Ay «finite By <card A < card By by (rule card-extensional-funcset-inj-on)
finally show ?thesis .
qged

end
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6 Functions from A to B, up to a Permutation of

A

theory Twelvefold- Way-Entry4
imports Fquiv-Relations-on-Functions
begin

6.1 Definition of Bijections

definition msubset-of :: 'a set = (‘a = 'b) set = 'b multiset
where
msubset-of A F = univ (Af. image-mset f (mset-set A)) F

definition functions-of :: 'a set = 'b multiset = ('a = 'b) set
where
functions-of A B = {f € A —g set-mset B. image-mset f (mset-set A) = B}

6.2 Properties for Bijections

lemma msubset-of:
assumes F' € (A —g B) // domain-permutation A B
shows size (msubset-of A F) = card A
and set-mset (msubset-of A F) C B
proof —
from <F € (A —g B) // domain-permutation A B) obtain f where f € A —g
B
and F-eq: F = domain-permutation A B ““ {f} using quotientE by blast
have msubset-of A F = univ (Af. image-mset f (mset-set A)) F
unfolding msubset-of-def ..
also have ... = univ (Af. image-mset f (mset-set A)) (domain-permutation A B
“Arh
unfolding F-eq ..
also have ... = image-mset f (mset-set A)
using equiv-domain-permutation image-mset-respects-domain-permutation <f €
A —E B
by (subst univ-commute’) auto
finally have msubset-of-eq: msubset-of A F = image-mset f (mset-set A) .
show size (msubset-of A F) = card A
proof —
have size (msubset-of A F) = size (image-mset f (mset-set A))
unfolding msubset-of-eq ..
also have ... = card A
by (cases «finite Ay) auto
finally show ?thesis .
qed
show set-mset (msubset-of A F) C B
proof —
have set-mset (msubset-of A F') = set-mset (image-mset f (mset-set A))
unfolding msubset-of-eq ..
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also have ... C B
using «f € A —g B> by (cases finite A) auto
finally show ?thesis .
qed
qed

lemma functions-of:
assumes finite A
assumes set-mset M C B
assumes size M = card A
shows functions-of A M € (A —g B) // domain-permutation A B
proof —
obtain f where f € A — g set-mset M and image-mset f (mset-set A) = M
using obtain-function-on-ext-funcset <finite Ay «size M = card A> by blast
from <f € A —g set-mset M> have f € A —g B
using <set-mset M C B) PiE-iff subset-eq by blast
have functions-of A M = (domain-permutation A B) ““ {f}
proof
show functions-of A M C domain-permutation A B ““ {f}
proof
fix f'
assume [’ € functions-of A M
from this have M = image-mset f’ (mset-set A) and f' € A —g f' ‘A
using «<finite A> unfolding functions-of-def by auto
from this assms(1, 2) have f' € A —-g B
by (simp add: PiE-iff image-subset-iff)
obtain p where p permutes A AN Vaz€A. fz = f' (p z))
using <finite A> <image-mset f (mset-set A) = M> <M = image-mset f’
(mset-set A)»
image-mset-eq-implies-permutes by blast
from this show f’ € domain-permutation A B ““ {f}
using «f € A - B) «f' € A —g B
unfolding domain-permutation-def by auto
qed
next
show domain-permutation A B ““ {f} C functions-of A M
proof
fix f'
assume [’ € domain-permutation A B ““{f}
from this have (f, f') € domain-permutation A B by auto
from this <image-mset f (mset-set A) = M» have image-mset f' (mset-set A)
=M
using congruentD[OF image-mset-respects-domain-permutation] by metis
moreover from this «(f, f') € domain-permutation A B> have f' € A —p
set-mset M
using «finite A> unfolding domain-permutation-def by auto
ultimately show [’ € functions-of A M
unfolding functions-of-def by auto
qed
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qed
from this <f € A —g B> show ?thesis by (auto intro: quotientl)
qed

lemma functions-of-msubset-of:
assumes finite A
assumes F € (A —g B) // domain-permutation A B
shows functions-of A (msubset-of A F) = F
proof —
from (F € (A —»g B) // domain-permutation A By obtain f where f € A —p
B
and F-eq: F = domain-permutation A B ““ {f} using quotientE by blast
have msubset-of A F = univ (Af. image-mset f (mset-set A)) F'
unfolding msubset-of-def ..
also have ... = univ (Af. image-mset f (mset-set A)) (domain-permutation A B
“A{hH
unfolding F-eq ..
also have ... = image-mset f (mset-set A)
using equiv-domain-permutation image-mset-respects-domain-permutation <f €
A —r B
by (subst univ-commute’) auto
finally have msubset-of-eq: msubset-of A F = image-mset f (mset-set A) .
show ?thesis
proof
show functions-of A (msubset-of A F) C F
proof
fix f/
assume [’ € functions-of A (msubset-of A F)
from this have f’: f' € A —g [ ¢ set-mset (mset-set A)
image-mset f' (mset-set A) = image-mset f (mset-set A)
unfolding functions-of-def by (auto simp add: msubset-of-eq)
from «f €¢ A —g B> have f ‘' A C B by auto
note <f € A —»p B
moreover from /(1) <finite A> <f “ A C B> have f' € A —g B by auto
moreover obtain p where p permutes A A (Vz€A. fz = f' (p z))
using «finite A> «<image-mset f’ (mset-set A) = image-mset f (mset-set A)»
by (metis image-mset-eq-implies-permutes)
ultimately show f’' € F
unfolding F-eq domain-permutation-def by auto
qed
next
show F C functions-of A (msubset-of A F)
proof
fix [/
assume f' € F
from this have f'€ A —g B
unfolding F-eq domain-permutation-def by auto
from «f’ € F) obtain p where p permutes A N (Vz€A. fz = f' (p z))
unfolding F-eq domain-permutation-def by auto
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from this have eq: image-mset f' (mset-set A) = image-mset f (mset-set A)
using permutes-implies-image-mset-eq by blast

moreover have f' € A —g set-mset (image-mset f (mset-set A))
using <finite A> «f' € A =g B> eq[symmetric] by auto

ultimately show f’ € functions-of A (msubset-of A F)
unfolding functions-of-def msubset-of-eq by auto

qed
qed
qed

lemma msubset-of-functions-of:
assumes set-mset M C B size M = card A finite A
shows msubset-of A (functions-of A M) = M
proof —
from assms have functions-of A M € (A —g B) // domain-permutation A B
using functions-of by fastforce
from this obtain f where f € A — g B and functions-of A M = domain-permutation
A B {f}
by (rule quotientE)
from this have f € functions-of A M
using equiv-domain-permutation equiv-class-self by fastforce
have msubset-of A (functions-of A M) = univ (\f. image-mset f (mset-set A))
(functions-of A M)
unfolding msubset-of-def ..
also have ... = univ (Af. image-mset f (mset-set A)) (domain-permutation A B
A
unfolding «functions-of A M = domain-permutation A B “{f}» ..
also have ... = image-mset f (mset-set A)
using equiv-domain-permutation image-mset-respects-domain-permutation <f €
A —g B
by (subst univ-commute’) auto
also have image-mset f (mset-set A) = M
using «f € functions-of A M> unfolding functions-of-def by simp
finally show ?thesis .
qed

6.3 Bijections

lemma bij-betw-msubset-of:
assumes finite A
shows bij-betw (msubset-of A) (A —g B) // domain-permutation A B) {M.
set-mset M C B A size M = card A}
proof (rule bij-betw-by Witness[where f'=AM. functions-of A M])
show V Fe(A —g B) // domain-permutation A B. functions-of A (msubset-of
AF)=F
using <finite A by (auto simp add: functions-of-msubset-of)
show V Me{M. set-mset M C B A size M = card A}. msubset-of A (functions-of
AM)y=M
using «finite A by (auto simp add: msubset-of-functions-of)
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show msubset-of A ‘ (A —g B) // domain-permutation A B) C {M. set-mset
M C B A size M = card A}
using msubset-of by blast
show functions-of A ‘ {M. set-mset M C B A size M = card A} C (A —g B)
// domain-permutation A B
using functions-of <finite Ay by blast
qed

6.4 Cardinality

lemma
assumes finite A finite B
shows card ((A —g B) // domain-permutation A B) = card B + card A — 1
choose card A
proof —
have bij-betw (msubset-of A) ((A —g B) // domain-permutation A B) {M.
set-mset M C B A size M = card A}
using «finite A) by (rule bij-betw-msubset-of)
from this have card ((A —g B) // domain-permutation A B) = card {M.
set-mset M C B A size M = card A}
by (rule bij-betw-same-card)
also have card {M. set-mset M C B A size M = card A} = card B + card A —
1 choose card A
using «finite B> by (rule card-multisets)
finally show ?thesis .
qed

end

7 Injections from A to B up to a Permutation of

A

theory Twelvefold- Way-Entry5
imports

FEquiv-Relations-on-Functions
begin

7.1 Definition of Bijections

definition subset-of :: ‘a set = ('a = 'b) set = b set
where
subset-of A F = univ (A\f. f “A) F

definition functions-of :: ‘a set = 'b set = (‘a = 'b) set

where
functions-of AB={f € A—g B.f‘A= B}
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7.2 Properties for Bijections

lemma functions-of-eq:
assumes finite A
assumes f € {f € A —»g B. inj-on f A}
shows functions-of A (f * A) = domain-permutation A B “ {f}
proof
have bij: bij-betw f A (f < A)
using assms by (simp add: bij-betw-imagel)
show functions-of A (f ¢ A) C domain-permutation A B ““ {f}
proof
fix [/
assume [’ € functions-of A (f * A)
from this have f'€ A »g f‘Aand f' “A=f‘A
unfolding functions-of-def by auto
from this assms have f' € A —g B and inj-on f A
using PiE-mem by fastforce+
moreover have 3p. p permutes A N (Vz€A. fz = f'(p 1))
proof
let ?p = Az. if x € A then inv-into A ' (f z) else
show ?p permutes A N (Vz€A. fz = f' (?p x))
proof
show ?p permutes A
proof (rule bij-imp-permutes)
show bij-betw ?p A A
proof (rule bij-betw-imagel)
show inj-on ?p A
proof (rule inj-onlI)
fix a o
assume a € Aa’'€ A% a=%a
from this have inv-into A f' (f a) = inv-into A f' (f a’) by auto
from this <a € Ay <a’ € A «f' “A=f‘A have fa = fa’
using inv-into-injective by fastforce
from this <a € A> <a’ € A) show a = a’
by (metis bij bij-betw-inv-into-left)
qed
next
show ?%p ‘A=A
proof
show ?p A C A
using «f' ‘A = f ‘A by (simp add: image-subsetl inv-into-into)
next
show A C ?p ‘A
proof
fix a
assume a € A
have inj-on f’ A
using <finite A «f' ‘A = f A <inj-on f A>
by (simp add: card-image eq-card-imp-inj-on)

from <a € A «f' A= f*A have inv-into A f (f' a) € A
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by (metis image-eql inv-into-into)
moreover have a = inv-into A f' (f (inv-into A f (f' a)))
using <a € A «f' ‘A = f A «inj-on f' A
by (metis f-inv-into-f image-eql inv-into-f-f)
ultimately show a € ?p ‘¢ A by auto
qed
qed
qed
next
fix =
assume z ¢ A
from this show ?p © = z by simp
qged
next
from «f’' ‘A =f*‘A show Vze€A. fo=f" (% x)
by (simp add: f-inv-into-f)
qed
qed
moreover have f € A — B using assms by auto
ultimately show f’ € domain-permutation A B ““ {f}
unfolding domain-permutation-def by auto
qed
next
show domain-permutation A B ““ {f} C functions-of A (f * A)
proof
fix f/
assume f’ € domain-permutation A B ““ {f}
from this obtain p where p: p permutes AVzeA. foz = f'(px)
and f € A —»g B]NE A—g B
unfolding domain-permutation-def by auto
have f' “A=f‘A
proof
show f/“ACf‘A
proof
fix z
assume z € f' ‘ A
from this obtain z’ where z = f' z’and z’ € A ..
from this have ©z = f (inv p ')
using p by (metis (mono-tags, lifting) permutes-in-image permutes-inverses(1))
moreover have invp ' € A
using p <z’ € Ay by (simp add: permutes-in-image permutes-inv)
ultimately show z € f < A ..
qed
next
show f‘ACf ‘A
using p permutes-in-image by fastforce
qed
moreover from this <f' € A - B> have f' € A —g f ‘A by auto
ultimately show f’ € functions-of A (f ¢ A)
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unfolding functions-of-def by auto
qed
qed

lemma subset-of:
assumes F € {f € A —»g B. inj-on f A} // domain-permutation A B
shows subset-of A F C B and card (subset-of A F) = card A
proof —
from assms obtain f where F-eq: F = (domain-permutation A B) “ {f}
and f: f € A - Binj-on fA
using mem-Collect-eq quotientE by force
from this have subset-of A (domain-permutation A B “ {f}) =f*‘A
using equiv-domain-permutation image-respects-domain-permutation
unfolding subset-of-def by (intro univ-commute’) auto
from this f F-eq show subset-of A F C B and card (subset-of A F) = card A
by (auto simp add: card-image)
qed

lemma functions-of:
assumes finite A finite B X C B card X = card A
shows functions-of A X € {f € A —g B. inj-on f A} // domain-permutation A
B
proof —
from assms obtain f where f: f € A - X A bij-betw fA X
using <(finite Ay <finite B> by (metis finite-same-card-bij-on-ext-funcset fi-
nite-subset)
from this have X = f * A by (simp add: bij-betw-def)
from f <X C B> have f € {f € A —g B. inj-on f A}
by (auto simp add: bij-betw-imp-inj-on)
have functions-of A X = domain-permutation A B ““ {f}
using «<finite A» <X = f A «f € {f € A = B. inj-on f A}
by (simp add: functions-of-eq)
from this show functions-of A X € {f € A —g B.inj-on f A} // domain-permutation
A B
using «f € {f € A =g B. inj-on f A} by (auto intro: quotientl)
qed

lemma subset-of-functions-of:
assumes finite A finite X card A = card X
shows subset-of A (functions-of A X) = X
proof —
from assms obtain f where f € A — g X and bij-betw f A X
using finite-same-card-bij-on-ext-funcset by blast
from this have subset-of: subset-of A (domain-permutation A X “{f}) =f‘A
using equiv-domain-permutation image-respects-domain-permutation
unfolding subset-of-def by (intro univ-commute’) auto
from <bij-betw f A X»> have inj-on fAand f ‘A =X
by (auto simp add: bij-betw-def)
have subset-of A (functions-of A X) = subset-of A (functions-of A (f < A))
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using <f ‘ A = X» by simp
also have ... = subset-of A (domain-permutation A X ““ {f})
using «finite A> <inj-on f Ay <f € A — g X» by (auto simp add: functions-of-eq)
also have ... =f A
using <inj-on f Ay «f € A —g X» by (simp add: subset-of)
also have ... = X
using <f ‘ A = X by simp
finally show ?thesis .
qed

lemma functions-of-subset-of:
assumes finite A
assumes F € {f € A —g B. inj-on f A} // domain-permutation A B
shows functions-of A (subset-of A F) = F
using assms(2) proof (rule quotientE)
fix f
assume f: f € {f € A —g B. inj-on f A}
and F-eq: F = domain-permutation A B “ {f}
from this have subset-of A (domain-permutation A B “{f}) =f*‘A
using equiv-domain-permutation image-respects-domain-permutation
unfolding subset-of-def by (intro univ-commute’) auto
from this f F-eq <finite Ay show functions-of A (subset-of A F) = F
by (simp add: functions-of-eq)
qed

7.3 Bijections

lemma bij-betw-subset-of:
assumes finite A finite B
shows bij-betw (subset-of A) ({f € A =g B. inj-on f A} // domain-permutation
AB){X. X C BA card X = card A}
proof (rule bij-betw-by Witness[where f'=functions-of A])
show VFe{f € A —g B. inj-on f A} // domain-permutation A B. functions-of
A (subset-of A F) = F
using «(finite Ay functions-of-subset-of by auto
show VXe{X. X C B A card X = card A}. subset-of A (functions-of A X) = X
using subset-of-functions-of «finite Ay <finite B>
by (metis (mono-tags) finite-subset mem-Collect-eq)
show subset-of A “ ({f € A =g B. inj-on f A} // domain-permutation A B) C
{X. X C BA card X = card A}
using subset-of by fastforce
show functions-of A ‘{X. X C BA card X = card A} C {f € A —»g B. inj-on
f A} // domain-permutation A B
using <finite A) <finite By functions-of by auto
qged

lemma bij-betw-functions-of:

assumes finite A finite B
shows bij-betw (functions-of A) {X. X C B A card X = card A} ({f € A =g
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B. inj-on f A} // domain-permutation A B)
proof (rule bij-betw-by Witness[where f'=subset-of A])
show VFe{f € A —g B. inj-on f A} // domain-permutation A B. functions-of
A (subset-of A F) = F
using «(finite Ay functions-of-subset-of by auto
show V Xe{X. X C B A card X = card A}. subset-of A (functions-of A X) = X
using subset-of-functions-of «finite Ay <finite B>
by (metis (mono-tags) finite-subset mem-Collect-eq)
show subset-of A “ ({f € A =g B. inj-on f A} // domain-permutation A B) C
{X. X C BA card X = card A}
using subset-of by fastforce
show functions-of A ‘{X. X C B A card X = card A} C {f € A —»g B. inj-on
f A} // domain-permutation A B
using <finite A) <finite B> functions-of by auto
qed

lemma bij-betw-mset-set:
shows bij-betw mset-set {A. finite A} {M.Vxz. count Mz < 1}
proof (rule bij-betw-by Witnessjwhere f'=set-mset])
show V Ac{A. finite A}. set-mset (mset-set A) = A by auto
show V Me{M. Vx. count M z < 1}. mset-set (set-mset M) = M
by (auto simp add: mset-set-set-mset’)
show mset-set ‘ {A. finite A} C {M.Vz. count Mz < 1}
using nat-le-linear by fastforce
show set-mset ‘ {M.Vz. count M x < 1} C {A. finite A} by auto
qged

lemma bij-betw-mset-set-card:
assumes finite A
shows bij-betw mset-set {X. X C A A card X = k} {M. M C# mset-set A A
size M = k}
proof (rule bij-betw-by Witness[where f'=set-mset])
show VXe{X. X C A A card X = k}. set-mset (mset-set X) = X
using «finite Ay rev-finite-subset[of A] by auto
show V Me{M. M C# mset-set A A size M = k}. mset-set (set-mset M) = M
by (auto simp add: mset-set-set-mset)
show mset-set ‘{X. X C AN card X =k} C {M. M C# mset-set A N size M
— k)
using «finite Ay rev-finite-subset[of A]
by (auto simp add: mset-set-subseteq-mset-set)
show set-mset “ {M. M C# mset-set A A size M = k} C{X. X C AN card X
-
using assms mset-subset-eqD card-set-mset by fastforce
qed

lemma bij-betw-mset-set-card:

assumes finite A

shows bij-betw mset-set {X. X C A A card X = k} {M. set-mset M C A A size
M=kA Nz count Mz < 1)}
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proof (rule bij-betw-by Witness[where f'=set-mset])
show VXe{X. X C A A card X = k}. set-mset (mset-set X) = X
using «finite Ay rev-finite-subset[of A] by auto
show V Me{M. set-mset M C A A size M =k N (Vz. count Mz < 1)}. mset-set
(set-mset M) = M
by (auto simp add: mset-set-set-mset’)
show mset-set ‘{X. X C AN card X =k} C {M. set-mset M C A N size M =
kAN (V. count Mz < 1)}
using «finite Ay rev-finite-subset[of A] by (auto simp add: count-mset-set-leq’)
show set-mset ‘ {M. set-mset M C A A size M = k A (Vz. count Mz < 1)} C
{X. X C AN card X = k}
by (auto simp add: card-set-mset’)
qed

7.4 Cardinality

lemma card-injective-functions-domain-permutation:
assumes finite A finite B
shows card ({f € A —g B. inj-on f A} // domain-permutation A B) = card B
choose card A
proof —
have bij-betw (subset-of A) ({f € A —g B. inj-on f A} // domain-permutation
A B){X. X C BA card X = card A}
using «finite Ay <finite B> by (rule bij-betw-subset-of)
from this have card ({f € A —g B. inj-on f A} // domain-permutation A B)
= card {X. X C B A card X = card A}
by (rule bij-betw-same-card)
also have card {X. X C B A card X = card A} = card B choose card A
using «finite B> by (rule n-subsets)
finally show ?thesis .
qed

lemma card-multiset-only-sets:
assumes finite A
shows card {M. M C# mset-set A A size M = k} = card A choose k
proof —
have bij-betw mset-set {X. X C A A card X =k} {M. M C# mset-set A A size
M =k}
using «(finite A) by (rule bij-betw-mset-set-card)
from this have card {M. M C# mset-set A N size M =k} = card {X. X C A
A card X = k}
by (simp add: bij-betw-same-card)
also have card {X. X C A A card X = k} = card A choose k
using «finite A> by (rule n-subsets)
finally show ?thesis .
qged

lemma card-multiset-only-sets’:
assumes finite A
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shows card {M. set-mset M C A A size M =k N (V. count Mz < 1)} = card
A choose k
proof —
from «finite A» have {M. set-mset M C A A size M = k N (Vz. count M z <
1} =
{M. M C# mset-set A N size M = k}
using msubset-mset-set-iff by auto
from this <finite Ay card-multiset-only-sets show ?thesis by simp
qed

end

8 Surjections from A to B up to a Permutation on
A

theory Twelvefold- Way-Entry6
imports Twelvefold- Way-Entry/
begin

8.1 Properties for Bijections

lemma set-mset-eq-implies-surj-on:
assumes finite A
assumes size M = card A set-mset M = B
assumes [ € functions-of A M
shows f‘A =B
proof —
from «f € functions-of A M have image-mset f (mset-set A) = M
unfolding functions-of-def by auto
from <image-mset f (mset-set A) = M»> show f ‘A =B
using (set-mset M = B» (finite A finite-set-mset-mset-set set-image-mset by
force
qed

lemma surj-on-implies-set-mset-eq:
assumes finite A
assumes F' € (A —g B) // domain-permutation A B
assumes univ (Af. f ‘A= B) F
shows set-mset (msubset-of A F) = B
proof —
from <F € (A —g B) // domain-permutation A By obtain f where f € A —g
B
and F-eq: F = domain-permutation A B ““ {f} using quotientE by blast
have msubset-of A F = univ (Af. image-mset f (mset-set A)) F
unfolding msubset-of-def ..
also have ... = univ (Af. image-mset f (mset-set A)) (domain-permutation A B

“Afh
unfolding F-eq ..
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also have ... = image-mset f (mset-set A)
using equiv-domain-permutation image-mset-respects-domain-permutation <f €
A —g B
by (subst univ-commute’) auto
finally have eq: msubset-of A F = image-mset [ (mset-set A) .
from iffD1[OF univ-commute’, OF equiv-domain-permutation, OF surjective-respects-domain-permutation,
OF «f € A =g B]
cuniv (Af. f “A = B) F» have f * A = B by (simp add: F-eq)
have set-mset (image-mset f (mset-set A)) = B
proof
show set-mset (image-mset [ (mset-set A)) C B
using <finite A> <f * A = B> by auto
next
show B C set-mset (image-mset f (mset-set A))
using «finite A> by (simp add: «f * A = B)[symmetric] in-image-mset)
qged
from this show set-mset (msubset-of A F) = B
unfolding eq .
qed

lemma functions-of-is-surj-on:
assumes finite A
assumes size M = card A set-mset M = B
shows univ (Af. f ¢ A = B) (functions-of A M)
proof —
have functions-of A M € (A —g B) // domain-permutation A B
using functions-of <finite A> <size M = card Ay <set-mset M = B> by fastforce
from this obtain f where eq-f: functions-of A M = domain-permutation A B
“{ftand fe A > B
using quotientE by blast
from eq-f have [ € functions-of A M
using «f € A —g B» equiv-domain-permutation equiv-class-self by fastforce
have f ‘A =B
using «f € functions-of A M)» assms set-mset-eq-implies-surj-on by fastforce
from this show ?thesis
unfolding eq-f using equiv-domain-permutation surjective-respects-domain-permutation
<f €A —g B
by (subst univ-commute’) assumption+
qed

8.2 Bijections

lemma bij-betw-msubset-of:
assumes finite A
shows bij-betw (msubset-of A) ({f € A =g B. f ‘A = B} // domain-permutation
A B)
{M. set-mset M = B A size M = card A}
(is bij-betw - ?FSet ?MSet)
proof (rule bij-betw-by Witness[where f'=AM. functions-of A M))
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have quotient-eq: ?FSet = {F € ((A —g B) // domain-permutation A B). univ
(M. f“A=DB) F}
using equiv-domain-permutation|of A B] surjective-respects-domain-permutation|of
A B
by (simp only: univ-preserves-predicate)
show V fe ?FSet. functions-of A (msubset-of A f) = f
using «finite A» by (auto simp only: quotient-eq functions-of-msubset-of)
show V M€ ?MSet. msubset-of A (functions-of A M) = M
using <finite A> msubset-of-functions-of by blast
show msubset-of A ¢ ?FSet C ?MSet
using <finite A> by (auto simp add: quotient-eq surj-on-implies-set-mset-eq
msubset-of)
show functions-of A ¢ ?MSet C ?FSet
using <finite A> by (auto simp add: quotient-eq intro: functions-of func-
tions-of-is-surj-on)
qed

8.3 Cardinality

lemma card-surjective-functions-domain-permutation:
assumes finite A finite B
assumes card B < card A
shows card ({f € A —-g B. f ‘A = B} // domain-permutation A B) = (card A
— 1) choose (card A — card B)
proof —
let ?FSet = {f € A g B. f ‘A = B} // domain-permutation A B
and ?MSet = {M. set-mset M = B A size M = card A}
have bij-betw (msubset-of A) ?FSet ?MSet
using «finite Ay by (rule bij-betw-msubset-of)
from this have card ?FSet = card ?MSet
by (rule bij-betw-same-card)
also have card ?MSet = (card A — 1) choose (card A — card B)
using «finite By «card B < card Ay by (rule card-multisets-covering-set)
finally show ?thesis .
qed

end

9 Functions from A to B up to a Permutation on
B

theory Twelvefold- Way-Entry7
imports Fquiv-Relations-on-Functions
begin

9.1 Definition of Bijections

definition partitions-of :: 'a set = 'b set = ('a = 'b) set = 'a set set
where
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partitions-of A B F = univ (Af. (A\b. {x € A. fz=1b}) ‘B —-{{}}) F

definition functions-of :: 'a set set = 'a set = 'b set = ('a = 'b) set
where
functions-of PA B ={f € A—g B. (Ab. {z € A. fr =10b}) ‘B — {{}} = P}

9.2 Properties for Bijections

lemma partitions-of:
assumes finite B
assumes F' € (A —g B) // range-permutation A B
shows card (partitions-of A B F) < card B
and partition-on A (partitions-of A B F)
proof —
from «F' € (A —g B) // range-permutation A B> obtain f where f € A —g
B
and F-eq: F = range-permutation A B “ {f} using quotientE by blast
have partitions-of A B F = univ (A\f. (\b. {xr € A. fz=b}) ‘B - {{}}) F
unfolding partitions-of-def ..

also have ... = univ (\f. (A\b. {z € A. fz =b}) ‘B — {{}}) (range-permutation
A B “{f})
unfolding F-eq ..
also have ... = (Ab. {z € A. fz =0b}) ‘B — {{}}

using equiv-range-permutation domain-partitions-respects-range-permutation <f
€A —g B
by (subst univ-commute’) auto
finally have partitions-of-eq: partitions-of A BF = (Ab. {x € A. fz =b}) ‘B
- {{}}-
show card (partitions-of A B F) < card B
proof —
have card (partitions-of A B F) = card (Ab. {zx € A. fz =b}) ‘B — {{}})
unfolding partitions-of-eq ..
also have ... < card (A\b. {z € A. fz = b}) ‘ B)
using «finite B> by (auto intro: card-mono)
also have ... < card B
using «finite By by (rule card-image-le)
finally show ?thesis .
qed
show partition-on A (partitions-of A B F)
proof —
have partition-on A (Ab. {z € A. fz =10b}) ‘B — {{}})
using «f € A —g B> by (auto intro!: partition-onl)
from this show ?thesis
unfolding partitions-of-eq .
qed
qed

lemma functions-of:
assumes finite A finite B
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assumes partition-on A P
assumes card P < card B
shows functions-of P A B € (A —g B) // range-permutation A B
proof —
obtain f where f € A g Band r1: (A\b. {r € A. fr=1b}) ‘B—-{{}} =P
using obtain-function-with-partition| OF «finite Ay <finite By <partition-on A P>
<card P < card B)]
by blast
have functions-of P A B = range-permutation A B “ {f}
proof
show functions-of P A B C range-permutation A B ““ {f}
proof
fix f'
assume [’ € functions-of P A B
from this have f'€ A —g B and r2: (A\b. {z € A. f'2=1b}) ‘B — {{}}
=P
unfolding functions-of-def by auto
from r1 r2
obtain p where p permutes B A (Vz€A. fz = p (f' z))
using partitions-eq-implies-permutes|OF «f € A —g By «f' € A -5 B]
finite B> by metis
from this show [’ € range-permutation A B ““ {f}
using «f € A —»g B) «f'€ A > B
unfolding range-permutation-def by auto
qed
next
show range-permutation A B ““ {f} C functions-of P A B
proof
fix f'
assume [’ € range-permutation A B ““ {f}
from this have (f, f) € range-permutation A B by auto
from this have f'€ A —g B
unfolding range-permutation-def by auto
from «(f, f') € range-permutation A B> have
M. {zeA fz=0b}) ‘B-—{{}}=0b.{ze A f'z=0b}) ‘B - {{}}
using congruentD|[OF domain-partitions-respects-range-permutation] by blast
from «f' € A —g B) this r1 show f' € functions-of P A B
unfolding functions-of-def by auto
qed
qed
from this <f € A —g B> show ?Zthesis by (auto intro: quotientl)
qged

lemma functions-of-partitions-of:
assumes finite B
assumes F' € (A —g B) // range-permutation A B
shows functions-of (partitions-of A BF) A B=F
proof —
from «F' € (A —g B) // range-permutation A B» obtain f where f € A —g
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B
and F-eq: F = range-permutation A B ““ {f} using quotientE by blast
have partitions-of-eq: partitions-of A B F = (Ab. {z € A. fx =b}) ‘B — {{}}
unfolding partitions-of-def F-eq
using equiv-range-permutation domain-partitions-respects-range-permutation
f € A—g B
by (subst univ-commute’) auto
show ?thesis
proof
show functions-of (partitions-of A BF) ABCF
proof
fix [/
assume [ ' € functions-of (partitions-of A BF) A B
from this have (\b. {z € A. fz =b}) ‘B —{{}} = (A\b. {z € A. f'z=1})
‘B - {{}}
unfolding functions-of-def by (auto simp add: partitions-of-eq)
note «f € A —»p B
moreover from ' have f'€ A —g B
unfolding functions-of-def by auto
moreover obtain p where p permutes B A (Vz€A. fz = p (f' z))
using partitions-eq-implies-permutes|OF «f € A —g B> «f' € A - B
finite B>
(A {ze A fe=0}) ‘B-—{{}}=Xb.{z e A fla=0b}) ‘B—-{{}}]
by metis
ultimately show ' € F
unfolding F-eq range-permutation-def by auto
qed
next
show F C functions-of (partitions-of A B F) A B
proof
fix f'
assume f' € F
from this have f'€ A - B
unfolding F-eq range-permutation-def by auto
from «f’ € F) obtain p where p permutes BVz€A. fz = p (f' z)
unfolding F-eq range-permutation-def by auto
have eq: (A\b. {z € A. f'z=10}) ‘B-—{{}}=b. {z € A fz=10b}) ‘B —
{{}}
proof —
have (M\b. {z € A. f'z=0b}) ‘B-—{{}}=b.{z €A p(f'z)=0}) ‘B
- {}}

stmp

using permutes-implies-inv-image-on-eq[OF <p permutes By, of A f'] by

also have ... = (M\b. {z € A. fz =10b}) ‘B — {{}}
using «Vz€A. fz = p (f' z)) by auto
finally show ?thesis .
qed
from this <f' € A —g By show [’ € functions-of (partitions-of A B F) A B
unfolding functions-of-def partitions-of-eq by auto
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qed
qed
qed

lemma partitions-of-functions-of:
assumes finite A finite B
assumes partition-on A P
assumes card P < card B
shows partitions-of A B (functions-of P A B) = P
proof —
have functions-of P A B € (A —g B) // range-permutation A B
using <finite Ay <finite B> (partition-on A P> <card P < card B) by (rule
functions-of)
from this obtain f where f € A —p B and functions-of-eq: functions-of P A
B = range-permutation A B ““ {f}
using quotientE by metis
from functions-of-eq <f € A —g B> have f € functions-of P A B
using equiv-range-permutation equiv-class-self by fastforce
have partitions-of A B (functions-of P A B) = univ (Af. (Ab. {z € A. fz = b})
‘B — {{}}) (functions-of P A B)
unfolding partitions-of-def ..

also have ... = univ (\f. (A\b. {z € A. fz =b}) ‘B — {{}}) (range-permutation
A B {f)
unfolding <functions-of P A B = range-permutation A B “ {f}> ..
also have ... = (\b. {z € A. fz =0b}) ‘B — {{}}

using equiv-range-permutation domain-partitions-respects-range-permutation <f
c A —E B
by (subst univ-commute’) auto
also have (A\b. {r € A. fz =1b}) ‘B - {{}} =P
using <f € functions-of P A B> unfolding functions-of-def by simp
finally show ?thesis .
qed

9.3 Bijections

lemma bij-betw-partitions-of:
assumes finite A finite B
shows bij-betw (partitions-of A B) (A —g B) // range-permutation A B) {P.
partition-on A P A card P < card B}
proof (rule bij-betw-by Witness[where f'=AP. functions-of P A B])
show VFe(A —g B) // range-permutation A B. functions-of (partitions-of A
BF)AB=F
using «finite By by (simp add: functions-of-partitions-of)
show V P€{P. partition-on A P A\ card P < card B}. partitions-of A B (functions-of
PAB) =P
using «finite A» <finite B> by (auto simp add: partitions-of-functions-of)
show partitions-of A B * (A —g B) // range-permutation A B) C {P. parti-
tion-on A P A card P < card B}
using <finite B> partitions-of by auto
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show (AP. functions-of P A B) ‘ {P. partition-on A P A card P < card B} C
(A —g B) // range-permutation A B
using functions-of <finite Ay <finite B> by auto
qed

9.4 Cardinality

lemma
assumes finite A finite B
shows card (A —g B) // range-permutation A B) = (. j<card B. Stirling
(card A) j)
proof —
have bij-betw (partitions-of A B) ((A —g B) // range-permutation A B) {P.
partition-on A P A card P < card B}
using «finite A <finite By by (rule bij-betw-partitions-of)
from this have card (A —g B) // range-permutation A B) = card {P. parti-
tion-on A P A card P < card B}
by (rule bij-betw-same-card)
also have card {P. partition-on A P A card P < card B} = (> j<card B.
Stirling (card A) 7)
using «finite Ay by (rule card-partition-on-at-most-size)
finally show ?thesis .
qed

end

10 Injections from A to B up to a Permutation on
B

theory Twelvefold- Way-Entry8
imports Twelvefold- Way-Entry7
begin

10.1 Properties for Bijections

lemma inj-on-implies-partitions-of:
assumes F' € (A —g B) // range-permutation A B
assumes univ (Af. inj-on f A) F
shows V X € partitions-of A B F. card X = 1
proof —
from «F' € (A —g B) // range-permutation A B» obtain f where f € A —g
B
and F-eq: F = range-permutation A B “ {f} using quotientE by blast
from this <univ (Af. inj-on f A) F» have inj-on f A
using univ-commute’|OF equiv-range-permutation inj-on-respects-range-permutation
«f € A —g B by simp
have VXec(\b. {z € A. fez=b}) ‘B —{{}}. card X = 1
proof
fix X
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assume X € (Ab. {z € A. fz =10b}) ‘B — {{}}
from this obtain z where X = {za € A. fza = fz} z € A by auto
from this have X = {z}
using <inj-on f Ay by (auto dest!: inj-onD)
from this show card X = 1 by simp
qed
from this show ?thesis
unfolding partitions-of-def F-eq
using equiv-range-permutation domain-partitions-respects-range-permutation <f
e A - B
by (subst univ-commute’) assumption+
qed

lemma unique-part-eq-singleton:
assumes partition-on A P
assumes V X€P. card X = 1
assumes z € A
shows (THE X. 2z € X N X € P) = {z}
proof —
have (THEX.z € X ANX € P)e P
using <partition-on A P> <x € Ay by (simp add: partition-on-the-part-mem)
from this have card (THEX. z € X N X € P) = 1
using <V X€P. card X = 1) by auto
moreover have v € (THE X. z € X N X € P)
using «partition-on A P <x € As by (simp add: partition-on-in-the-unique-part)
ultimately show “thesis
by (metis card-1-singletonE singleton-iff)
qed

lemma functions-of-is-inj-on:
assumes finite A finite B partition-on A P card P < card B
assumes V X€P. card X = 1
shows univ (\f. inj-on f A) (functions-of P A B)
proof —
have functions-of P A B € (A —g B) // range-permutation A B
using functions-of <finite Ay <finite B> <partition-on A P) <card P < card B>
by blast
from this obtain f where eq-f: functions-of P A B = range-permutation A B
“{ftand f € A - B
using quotientE by blast
from eq-f have f € functions-of P A B
using «f € A - B> equiv-range-permutation equiv-class-self by fastforce
from this have eq: (A\b. {z € A. fr =10b}) ‘B—{{}} =P
unfolding functions-of-def by auto
have inj-on f A
proof (rule inj-onl)
fix z y
assumezr € Ayc Afz=fy
from «x € A have z € {z' € A. fz' = fz} by auto
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moreover from «y € A» «fz = fy have y € {z' € A. fz' = fz} by auto
moreover have card {z' € A. fz' = fz} = 1
proof —
from <z € A «f € A - B have fz € B by auto
from this <x € A> have {z' € A. fa'=fz} e (Nb. {z € A. fx =1D}) ‘B —
{{}} by auto
from this <V X€P. card X = 1) eq show ?thesis by auto
qed
ultimately show 2 = y by (metis card-1-singletonE singletonD)
qged
from this show ?thesis
unfolding eq-f using equiv-range-permutation inj-on-respects-range-permutation
(f €eA—g B
by (subst univ-commute’) assumption+
qed

10.2 Bijections

lemma bij-betw-partitions-of:
assumes finite A finite B
shows bij-betw (partitions-of A B) ({f € A =g B. inj-on f A} // range-permutation
A B) {P. partition-on A P A card P < card B N (VX€P. card X = 1)}
proof (rule bij-betw-by Witness[where f'=AP. functions-of P A B])
have quotient-eq: {f € A —g B. inj-on f A} // range-permutation A B = {F €
((A —g B) // range-permutation A B). univ (Af. inj-on f A) F}
by (simp add: equiv-range-permutation inj-on-respects-range-permutation univ-preserves-predicate)
show VFe{f € A =g B. inj-on f A} // range-permutation A B. functions-of
(partitions-of A BF) A B=F
using «finite B> by (simp add: quotient-eq functions-of-partitions-of)
show YV Pe{P. partition-on A P A card P < card B N (VX€P. card X = 1)}.
partitions-of A B (functions-of P A B) = P
using «finite Ay <finite B> by (simp add: partitions-of-functions-of)
show partitions-of A B “ ({f € A =g B. inj-on f A} // range-permutation A B)
C {P. partition-on A P A card P < card B A (VXEP. card X = 1)}
using «finite By quotient-eq partitions-of inj-on-implies-partitions-of by fastforce
show (AP. functions-of P A B) ‘ {P. partition-on A P A card P < card B A
(VXeP. card X = 1)} C{f € A —g B. inj-on f A} // range-permutation A B
using «finite Ay <finite B> by (auto simp add: quotient-eq intro: functions-of
functions-of-is-inj-on)
qed

10.3 Cardinality

lemma card-injective-functions-range-permutation:
assumes finite A finite B
shows card ({f € A =g B. inj-on f A} // range-permutation A B) = iverson
(card A < card B)
proof —
obtain enum where bij-betw enum {0..<card A} A
using <finite A) ex-bij-betw-nat-finite by blast

77



have bij-betw (partitions-of A B) ({f € A —g B. inj-on f A} |/ range-permutation
A B) {P. partition-on A P A card P < card B N (Y X€P. card X = 1)}
using «finite Ay <finite B> by (rule bij-betw-partitions-of)
from this have card ({f € A —g B. inj-on f A} // range-permutation A B) =
card {P. partition-on A P A card P < card B N (VX€P. card X = 1)}
by (rule bij-betw-same-card)
also have card {P. partition-on A P A card P < card B N (Y X€P. card X =
1)} = dverson (card A < card B)
using «(finite Ay by (rule card-partition-on-sizel-eq-iverson)
finally show ?thesis .
qed

end

11 Surjections from A to B up to a Permutation
on B

theory Twelvefold- Way-Entry9
imports Twelvefold- Way-Entry7
begin

11.1 Properties for Bijections

lemma surjective-on-implies-card-eq:
assumes f ‘A = B
shows card (Ab. {z € A. fo =10b}) ‘B — {{}}) = card B
proof —
from «f ‘A = B> have {} ¢ (\b. {z € A. fz = b}) ‘ B by auto
from «f * A = B> have inj-on (Ab. {z € A. fz = b}) B by (fastforce intro:

inj-onl)
have card (Ab. {z € A. fz =0b}) ‘B — {{}}) = card (M\b. {z € A. fz =1b}) °
B)
using ({} ¢ (\b. {z € A. fz =b}) ‘B> by simp
also have ... = card B

using <inj-on (Ab. {z € A. fz = b}) B> by (rule card-image)
finally show ?thesis .
qed

lemma card-eq-implies-surjective-on:
assumes finite Bf € A - B
assumes card-eq: card (A\b. {x € A. fz =1b}) ‘B — {{}}) = card B
shows f ‘A =B
proof
from <f € A - B> show f “ A C B by auto
next
show BC f A
proof
fix z
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assume z € B
have {} ¢ (\b. {zr € A. fz =10b}) ‘B
proof (cases card B > 1)
assume — card B > 1
from this have card B = 0 by simp
from this <finite B> have B = {} by simp
from this show ?thesis by simp
next
assume card B > 1
show ?thesis
proof (rule ccontr)
assume - {} ¢ (\b. {zr € A. fz =b}) ‘B
from this have {} € (A\b. {z € A. fz = b}) ‘ B by simp
moreover have card ((Ab. {z € A. fz =b}) ‘B) < card B
using <finite By card-image-le by blast
moreover have finite (Ab. {z € A. fz = b}) ‘' B)
using «<finite B> by auto
ultimately have card (Ab. {z € A. fz =10}) ‘B — {{}}) < card B — 1
by (auto simp add: card-Diff-singleton)
from this card-eq <card B > 1) show Fulse by auto
qed
qed
from this <x € B> show z € f ‘A by force
qed
qed

lemma card-partitions-of:

assumes F' € (A —g B) // range-permutation A B

assumes univ (Af. f‘A=B) F

shows card (partitions-of A B F') = card B
proof —

from «F € (A —g B) // range-permutation A B» obtain f where f € A —p
B

and F-eq: F = range-permutation A B ““ {f} using quotientE by blast

from this <univ (A\f. f*A = B) F» have f ‘A =B

using univ-commute’|OF equiv-range-permutation surj-on-respects-range-permutation
«f € A =g B by simp

have card (partitions-of A B F) = card (univ (A\f. (A\b. {z € A. fz =1b}) ‘B —
{0 F)

unfolding partitions-of-def ..

also have ... = card (univ (Af. (Ab. {z € A. fx =b}) ‘B — {{}}) (range-permutation
AB“{f}))
unfolding F-eq ..
also have ... = card ((\b. {x € A. fz =b}) ‘B — {{}})

using equiv-range-permutation domain-partitions-respects-range-permutation <f
€A —g B
by (subst univ-commute’) auto
also from «f * A = B> have ... = card B

using surjective-on-implies-card-eq by auto
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finally show ?thesis .
qed

lemma functions-of-is-surj-on:
assumes finite A finite B
assumes partition-on A P card P = card B
shows univ (Af. f * A = B) (functions-of P A B)
proof —
have functions-of P A B € (A —g B) // range-permutation A B
using functions-of <finite Ay <finite B> <partition-on A P) <card P = card B>
by fastforce
from this obtain f where eq-f: functions-of P A B = range-permutation A B
“{ftand fe A —g B
using quotientE by blast
from eq-f have [ € functions-of P A B
using «f € A - B» equiv-range-permutation equiv-class-self by fastforce
from «f € functions-of P A By have eq: (Ab. {r € A. fa =0b}) ‘B-{{}} =P
unfolding functions-of-def by auto
from this have card ((A\b. {z € A. fx =1b}) ‘B — {{}}) = card B
using <card P = card B) by simp
from «finite B> <f € A - B> thishave f ‘A = B
using card-eg-implies-surjective-on by blast
from this show ?thesis
unfolding eq-f using equiv-range-permutation surj-on-respects-range-permutation
(feAd—g B
by (subst univ-commute’) assumption+
qged

11.2 Bijections

lemma bij-betw-partitions-of:
assumes finite A finite B
shows bij-betw (partitions-of A B) ({f € A —g B. f A= B} // range-permutation
A B) {P. partition-on A P A card P = card B}
proof (rule bij-betw-by Witness[where f'=AP. functions-of P A B])
have quotient-eq: {f € A —-g B. f ‘A = B} // range-permutation A B = {F €
((A —g B) // range-permutation A B). univ (Af. f ‘A = B) F}
using equiv-range-permutation|of A B] surj-on-respects-range-permutation]of A
B] by (simp only: univ-preserves-predicate)
show VFe{f € A —g B. f * A = B} // range-permutation A B. functions-of
(partitions-of A BF) A B=F
using «finite By by (simp add: functions-of-partitions-of quotient-eq)
show V Pe{P. partition-on A P A card P = card B}. partitions-of A B (functions-of
PAB) =P
using «finite Ay <finite B> by (auto simp add: partitions-of-functions-of)
show partitions-of A B * ({f € A —-g B. f *A = B} // range-permutation A B)
C {P. partition-on A P A card P = card B}
using <finite By quotient-eq card-partitions-of partitions-of by fastforce
show (AP. functions-of P A B) ‘ {P. partition-on A P A card P = card B} C
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{f € A —g B. f*A= B} // range-permutation A B

using «(finite Ay <finite B> by (auto simp add: quotient-eq intro: functions-of
functions-of-is-surj-on)
qed

11.3 Cardinality

lemma card-surjective-functions-range-permutation:
assumes finite A finite B
shows card ({f € A —g B. f ‘A = B} // range-permutation A B) = Stirling
(card A) (card B)
proof —
have bij-betw (partitions-of A B) ({f € A =g B. f ‘A= B} // range-permutation
A B) {P. partition-on A P A card P = card B}
using <finite Ay <finite B> by (rule bij-betw-partitions-of)
from this have card ({f € A —g B. f * A = B} // range-permutation A B) =
card {P. partition-on A P A card P = card B}
by (rule bij-betw-same-card)
also have card {P. partition-on A P A card P = card B} = Stirling (card A)
(card B)
using «finite A by (rule card-partition-on)
finally show ?thesis .
qed

end

12 Surjections from A to B

theory Twelvefold- Way-Entry3
imports

Twelvefold- Way-Entry9
begin

lemma card-of-equiv-class:
assumes finite B
assumes F € {f € A —g B. f * A = B} // range-permutation A B
shows card F = fact (card B)
proof —
from <F € {f € A g B. f * A = B} // range-permutation A B» obtain f
where
f€eA—-pBand f‘A=1B
and F-eq: F = range-permutation A B ““ {f} using quotientE by blast
have set-eq: range-permutation A B “{f} = (Ap z. if € A then p (f z) else
undefined) ‘{p. p permutes B}
proof
show range-permutation A B “{f} C (Ap z. if x € A then p (fz) else undefined)
“{p. p permutes B}
proof

fix f/
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assume [’ € range-permutation A B ““ {f}
from this obtain p where p permutes BVz€A. fz = p (f' z)
unfolding range-permutation-def by auto
from «f’ € range-permutation A B ““{f}» have f' € A g B
unfolding range-permutation-def by auto
have f' = (Az. if € A then inv p (f z) else undefined)
proof
fix z
show [’z = (if z € A then inv p (f z) else undefined)
using <f € A - By «f' € A - B> NVz€A. fx=p (f )
<p permutes B> permutes-inverses(2) by fastforce
qed
moreover have inv p permutes B using <p permutes B> by (simp add:
permutes-inv)
ultimately show ' € (Ap. (Az. if € A then p (f z) else undefined)) ‘ {p.
p permutes B}
by auto
qed
next
show (Ap z. if z € A then p (f x) else undefined) ‘ {p. p permutes B} C
range-permutation A B “ {f}
proof
fix [/
assume f' € (A\p z. if z € A then p (f z) else undefined) * {p. p permutes B}
from this obtain p where p permutes B and f’-eq: f' = (A\x. if z € A then
p (f z) else undefined) by auto
from this have f'€ A —g B
using «f € A —g B> permutes-in-image by fastforce
moreover have inv p permutes B using <p permutes B> by (simp add:
permutes-inv)
moreover have VzcA. fz = inv p (f' z)
using «f € A =g B> «f' € A —g B> f'-eq
<p permutes B> permutes-inverses(2) by fastforce
ultimately show f’ € range-permutation A B “ {f}
using <f € A —g B> unfolding range-permutation-def by auto
qed
qged
have inj-on (A\p z. if x € A then p (f z) else undefined) {p. p permutes B}
proof (rule inj-onlI)
fix p p’
assume p € {p. p permutes B} p’ € {p. p permutes B}

and eq: (Az. if x € A then p (f ) else undefined) = (A\x. if x € A then p’ (f
x) else undefined)

{

fix z
have pz = p' =z
proof cases
assume zr € B
from this obtain y where y € A and z = fy
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using <f ‘ A = B) by blast
from eq this have p (f y) = p’ (f y) by meson
from this <z = f 1> show p z = p’ x by simp
next
assume z ¢ B
from this show pxz = p' z
using <p € {p. p permutes B}» <p’ € {p. p permutes B})
by (simp add: permutes-def)
qed
}
from this show p = p’ by auto
qed
have card F' = card ((A\p z. if x € A then p (f z) else undefined) ‘ {p. p permutes
B})
unfolding F-eq set-eq ..
also have ... = card {p. p permutes B}
using <inj-on (Ap z. if x € A then p (f x) else undefined) {p. p permutes B}»
by (simp add: card-image)
also have ... = fact (card B)
using «finite By by (simp add: card-permutations)
finally show ?thesis .
qed

lemma card-extensional-funcset-surj-on:
assumes finite A finite B
shows card {f € A —»g B. f * A = B} = fact (card B) * Stirling (card A) (card
B) (is card ?F = -)
proof —
have card ?F = fact (card B) % card (?F // range-permutation A B)
using «finite B)
by (simp only: card-equiv-class-restricted-same-size| OF equiv-range-permutation
surj-on-respects-range-permutation card-of-equiv-class])
also have ... = fact (card B) x Stirling (card A) (card B)
using <finite A) (finite B»
by (simp only: card-surjective-functions-range-permutation)
finally show ?thesis .
qed

end

13 Functions from A to B up to a Permutation on
A and B

theory Twelvefold-Way-Entryl0
imports Equiv-Relations-on-Functions
begin
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13.1 Definition of Bijections

definition number-partition-of :: 'a set = 'b set = ('a = 'b) set = nat multiset
where
number-partition-of A B F = univ (\f. image-mset (AX. card X) (mset-set ((Ab.

{zed fa=1b}) B—{{(}})F

definition functions-of :: '‘a set = 'b set = nat multiset = ('a = 'b) set
where
functions-of A BN = {f € A - B. image-mset (AX. card X) (mset-set ((\b.

{reA fz=10}) B-{{}}) =N}

13.2 Properties for Bijections

lemma card-setsum-partition:
assumes finite A finite Bf € A - B
shows sum card (A\b. {z € A. fe =10b}) ‘B — {{}}) = card A
proof —
have finite (A\b. {x € A. fz =1b}) ‘B — {{}})
using «finite B> by blast
moreover have VXe(\b. {z € A. fz = b}) ‘B — {{}}. finite X
using <finite A) by auto
moreover have | J((Ab. {z € A. fe =0b}) ‘B—-—{{}}) =4
using «f € A - B> by auto
ultimately show #thesis
by (subst card-Union-disjoint[symmetric]) (auto simp: pairwise-def disjni-def)
qed

lemma number-partition-of:
assumes finite A finite B
assumes F € (A —g B) // domain-and-range-permutation A B
shows number-partition (card A) (number-partition-of A B F')
and size (number-partition-of A B F) < card B

proof —

from <F € (A —g B) // domain-and-range-permutation A B> obtain f where
f € A—g B

and F-eq: F = domain-and-range-permutation A B ““ {f} using quotientE by
blast

have number-partition-of-eq: number-partition-of A B F = image-mset card
(mset-set (Ab. {z € A. fz=10b}) ‘B — {{}}))

proof —

have number-partition-of A B F = univ (Af. image-mset card (mset-set ((Ab.
{sed fo=0}) B—{{}h) F
unfolding number-partition-of-def ..
also have ... = univ (\f. image-mset card (mset-set (Ab. {z € A. fz =b}) ¢
B — {{}}))) (domain-and-range-permutation A B * {f})
unfolding F-eq ..
also have ... = image-mset card (mset-set (A\b. {z € A. fz = b}) ‘B —

{H)

using «finite B> equiv-domain-and-range-permutation multiset-of-partition-cards-respects-domain-and-rang
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«(f € A —g B
by (subst univ-commute’) auto
finally show ?thesis .
qed
show number-partition (card A) (number-partition-of A B F)
proof —
have sum-mset (number-partition-of A B F) = card A
using number-partition-of-eq <finite A <finite B> <f € A —g B>
by (simp only: sum-unfold-sum-mset[symmetric|] card-setsum-partition)
moreover have 0 ¢# number-partition-of A B F
proof —
have VX € (\b. {z € A. fz = b}) ‘ B. finite X
using «<finite A> by simp
from this have VX € (Ab. {z € A. fz =b}) ‘B — {{}}. card X # 0 by
auto
from this show ?thesis
using number-partition-of-eq <finite By by (simp add: image-iff)
qed
ultimately show ?thesis unfolding number-partition-def by simp
qed
show size (number-partition-of A B F) < card B
using number-partition-of-eq <finite Ay <finite B>
by (metis (no-types, lifting) card-Diff1-le card-image-le finite-imagel le-trans
size-image-mset size-mset-set)
qed

lemma functions-of:
assumes finite A finite B
assumes number-partition (card A) N
assumes size N < card B
shows functions-of A BN € (A —g B) // domain-and-range-permutation A B
proof —
obtain f where f € A —g B and eg-N: image-mset (AX. card X) (mset-set
(Ab. {z € A fa=b}) “B—{{}) = N
using obtain-extensional-function-from-number-partition <finite A <finite B>
<number-partition (card A) N» <size N < card By by blast
have functions-of A B N = (domain-and-range-permutation A B) ““ {f}
proof
show functions-of A B N C domain-and-range-permutation A B ““ {f}
proof
fix f/
assume [’ € functions-of A B N
from this have e¢-N": N = image-mset (AX. card X) (mset-set ((A\b. {z €
A frm=bh) ¢ B - {{1})
and f'€ A —»g B
unfolding functions-of-def by auto
from <finite As <finite By <f € A - B) «f' € A =g B>
obtain p4 pp where ps permutes A pp permutes BV x€A. fz = pp (f' (pa

z))
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using eq-N eq-N' multiset-of-partition-cards-eq-implies-permutes[of A B f f]
by blast
from this show f’ € domain-and-range-permutation A B ““ {f}
using «f € A - B) «f' € A =g B>
unfolding domain-and-range-permutation-def by auto
qed
next
show domain-and-range-permutation A B “ {f} C functions-of A B N
proof
fix f/
assume [’ € domain-and-range-permutation A B ““ {f}
from this have in-equiv-relation: (f, f') € domain-and-range-permutation A
B by auto
from eq-N «<finite B> have image-mset (AX. card X) (mset-set ((A\b. {z €
Afla=b1) B - {{}}) = N
using congruentD|OF multiset-of-partition-cards-respects-domain-and-range-permutation
in-equiv-relation)
by metis
moreover from «(f, f') € domain-and-range-permutation A By have f’' € A
—g B
unfolding domain-and-range-permutation-def by auto
ultimately show f’ € functions-of A B N
unfolding functions-of-def by auto
qed
qed
from this <f € A —g B> show ?2thesis by (auto intro: quotientl)
qged

lemma functions-of-number-partition-of:
assumes finite A finite B
assumes F € (A =g B) // domain-and-range-permutation A B
shows functions-of A B (number-partition-of A B F) = F

proof —
from «F € (A —g B) // domain-and-range-permutation A B> obtain f where
feAd—-gB
and F-eq: F = domain-and-range-permutation A B ““ {f} using quotientE by
blast

have number-partition-of A B F = univ (Af. image-mset card (mset-set ((\b. {z
€A fr=1b}) B—{{1})F
unfolding number-partition-of-def ..
also have ... = univ (\f. image-mset card (mset-set ((A\b. {z € A. fz = b}) ¢
B — {{}}))) (domain-and-range-permutation A B * {f})
unfolding F-eq ..
also have ... = image-mset card (mset-set (Ab. {x € A. fz =b}) ‘B — {{}}))
using «finite B)
using equiv-domain-and-range-permutation multiset-of-partition-cards-respects-domain-and-range-permutati
«(fe A—-g B
by (subst univ-commute’) auto
finally have number-partition-of-eq: number-partition-of A B F = image-mset
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card (mset-set (A\b. {zx € A. fz =b}) ‘B — {{}})) .
show ?thesis
proof
show functions-of A B (number-partition-of A BF) C F
proof
fix f/
assume [’ € functions-of A B (number-partition-of A B F)
from this have f' € A —g B
and eq: image-mset card (mset-set (A\b. {z € A. f'z =b}) ‘B — {{}}))
= image-mset card (mset-set (Ab. {z € A. fz =10b}) ‘B — {{}}))
unfolding functions-of-def by (auto simp add: number-partition-of-eq)
note <(f ¢ A - By (f'€ A —-g B>
moreover obtain py pp where py permutes A pp permutes B Y z€A. fz
=ps (' (pa 2))
using <finite Ay <finite By «f € A g B> «f' € A -5 B eq
multiset-of-partition-cards-eg-implies-permutes[of A B f f]
by metis
ultimately show ' € F
unfolding F-eq domain-and-range-permutation-def by auto
qed
next
show F C functions-of A B (number-partition-of A B F)
proof
fix f/
assume f' € F
from <f’ € F) obtain py pg where p permutes A pg permutes B ¥V z€A.
fz=pp (' (pa z))
unfolding F-eq domain-and-range-permutation-def by auto
have eq: image-mset card (mset-set (Ab. {x € A. fz =b}) ‘B — {{}})) =
image-mset card (mset-set (Ab. {x € A. f'z =1b}) ‘B — {{}}))
proof —
have (Ab. {z € A. fz =1b}) ‘B=(Ab. {zx € A. pp (f' (pa x)) =b}) ‘B
using Vz€A. fz = pp (f' (pa z))» by auto
from this have image-mset card (mset-set (A\b. {zx € A. fz =b}) ‘B —
{1 =
image-mset card (mset-set (A\b. {z € A. pp (f' (pa z)) =b}) ‘B — {{}}))
by simp
also have ... = image-mset card (mset-set (Ab. {z € A. f'z=10}) ‘B —
1)

using <pa permutes Ay <pp permutes B> permutes-implies-multiset-of-partition-cards-eq
by blast

finally show ?thesis .

qed

moreover from <«f' € F» have f'€ A - B
unfolding F-eq domain-and-range-permutation-def by auto

ultimately show f’ € functions-of A B (number-partition-of A B F)
unfolding functions-of-def number-partition-of-eq by auto

qed
qed
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qed

lemma number-partition-of-functions-of:
assumes finite A finite B
assumes number-partition (card A) N size N < card B
shows number-partition-of A B (functions-of A B N) = N
proof —
from assms have functions-of A BN € (A —g B) // domain-and-range-permutation
A B
using functions-of assms by fastforce
from this obtain f where f € A —g B and functions-of A B N = do-
main-and-range-permutation A B “ {f}
by (meson quotientFE)
from this have f € functions-of A B N
using equiv-domain-and-range-permutation equiv-class-self by fastforce
have number-partition-of A B (functions-of A B N) = univ (\f. image-mset card
(mset-set (Ab. {z € A. fz=10b}) ‘B — {{}}))) (functions-of A B N)
unfolding number-partition-of-def ..
also have ... = univ (A\f. image-mset card (mset-set (A\b. {z € A. fz = b})
B — {{}}))) (domain-and-range-permutation A B * {f})
unfolding «functions-of A B N = domain-and-range-permutation A B ““ {f}

also have ... = image-mset card (mset-set (Ab. {x € A. fz =b}) ‘B — {{}}))

using <finite By «f € A —g B> equiv-domain-and-range-permutation
multiset-of-partition-cards-respects-domain-and-range-permutation

by (subst univ-commute’) auto

also have image-mset card (mset-set (Ab. {z € A. fz=1b}) ‘B - {{}})) =N
using «f € functions-of A B N> unfolding functions-of-def by simp

finally show ?thesis .

qed

13.3 Bijections

lemma bij-betw-number-partition-of:
assumes finite A finite B
shows bij-betw (number-partition-of A B) ((A —g B) // domain-and-range-permutation
A B) {N. number-partition (card A) N A size N < card B}
proof (rule bij-betw-by Witness[where f'=AM. functions-of A B M])
show VFe(A —g B) // domain-and-range-permutation A B. functions-of A B
(number-partition-of A B F) = F
using «(finite Ay <finite By by (auto simp add: functions-of-number-partition-of)
show V Ne{N. number-partition (card A) N A size N < card B}. number-partition-of
A B (functions-of A BN) =N
using «finite A> <finite By by (auto simp add: number-partition-of-functions-of)
show number-partition-of A B * (A —g B) // domain-and-range-permutation
A B) C {N. number-partition (card A) N A size N < card B}
using number-partition-of [of A B| <finite As <finite B) by auto
show functions-of A B < {N. number-partition (card A) N A size N < card B}
C (A =g B) // domain-and-range-permutation A B
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using functions-of <finite Ay <finite B> by blast
qed

13.4 Cardinality

lemma card-domain-and-range-permutation:
assumes finite A finite B
shows card ((A —g B) // domain-and-range-permutation A B) = Partition
(card A + card B) (card B)
proof —
have bij-betw (number-partition-of A B) (A —g B) // domain-and-range-permutation
A B) {N. number-partition (card A) N A size N < card B}
using «finite Ay <finite B> by (rule bij-betw-number-partition-of)
from this have card (A —g B) // domain-and-range-permutation A B) = card
{N. number-partition (card A) N A size N < card B}
by (rule bij-betw-same-card)
also have card {N. number-partition (card A) N A size N < card B} = Partition
(card A + card B) (card B)
by (rule card-number-partitions-with-atmost-k-parts)
finally show ?thesis .
qed

end

14 Injections from A to B up to a permutation on
A and B

theory Twelvefold-Way-Entryl1
imports Twelvefold- Way-Entry10
begin

14.1 Properties for Bijections

lemma all-one-implies-inj-on:
assumes finite A finite B
assumes Vn. n€# N — n = 1 number-partition (card A) N size N < card B
assumes [ € functions-of A B N
shows inj-on f A
proof —
from «f € functions-of A B N> have f € A - B
and N = image-mset card (mset-set (Ab. {x € A. fz =b}) ‘B — {{}}))
unfolding functions-of-def by auto
from this <Vn. ne# N — n = 1) have parts: Vb € B. card {x € A. fz = b}
=1Vv{zed fz=0}={}
using <finite B> by auto
show inj-on f A
proof
fix x y
assume a: x € Aye Afx=fy
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from «f € A - By <z € A> have fz € B by auto
from o have I: z € {z' € A. fz' = fz} ye {z' € A. fz' = fz} by auto
from this have 2: card {z' € A. fa'=fz} =1
using parts «f © € By by blast
from this have is-singleton {z' € A. fz' = fx}
by (simp add: is-singleton-altdef)
from 1 this show = = y
by (metis is-singletonE singletonD)
qed
qed

lemma inj-on-implies-all-one:
assumes finite A finite B
assumes F' € (A —g B) // domain-and-range-permutation A B
assumes univ (\f. inj-on f A) F
shows V n. ne# number-partition-of A BF — n = 1
proof —
from «F € (A —g B) // domain-and-range-permutation A B> obtain f where
feAd—-gB
and F-eq: F = domain-and-range-permutation A B ““ {f} using quotientE by
blast
have number-partition-of A B F = univ (A\f. image-mset card (mset-set ((\b. {z
€A fu=0b) B {{})F
unfolding number-partition-of-def ..
also have ... = univ (Af. image-mset card (mset-set (\b. {z € A. fx = b}) °
B — {{}}))) (domain-and-range-permutation A B * {f})
unfolding F-eq ..
also have ... = image-mset card (mset-set (Ab. {x € A. fz =b}) ‘B — {{}}))
using «finite B> equiv-domain-and-range-permutation multiset-of-partition-cards-respects-domain-and-range-
(feAd—g B
by (subst univ-commute’) auto
finally have eq: number-partition-of A B F = image-mset card (mset-set ((\b.
{se A fo=1b}) B {{}})-
from iffD1[OF univ-commute’;, OF equiv-domain-and-range-permutation, OF
inj-on-respects-domain-and-range-permutation, OF «f € A —g B)]
assms(4) have inj-on f A by (simp add: F-eq)
have YV n. n €# image-mset card (mset-set (Ab. {zx € A. fx =10b}) ‘B — {{}}))
—n =1
proof —
haveVbe B.card {zr € A. fr=b} =1V {z € A fz =0} ={}
proof
fix b
assume b € B
show card {r € A. fe=b} =1V {z € A fo=0b}={}
proof (cases b € f ‘< A)
assume b € f ‘A
from <inj-on f A» this have is-singleton {z € A. fz = b}
by (auto simp add: inj-on-eq-iff intro: is-singletonl’)
from this have card {zx € A. fz = b} = 1
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by (subst is-singleton-altdef[symmetric])
from this show ?thesis ..
next
assume b ¢ f ‘A
from this have {z € A. fz = b} = {} by auto
from this show ?thesis ..
qed
qed
from this show ?thesis
using <finite B> by auto
qed
from this show V n. n€# number-partition-of A BF — n =1
unfolding eq by auto
qed

lemma functions-of-is-inj-on:
assumes finite A finite B
assumes Vn. ne# N — n = 1 number-partition (card A) N size N < card B
shows univ (Af. inj-on f A) (functions-of A B N)
proof —
have functions-of A BN € (A —g B) // domain-and-range-permutation A B
using assms functions-of by auto
from this obtain f where eq-f: functions-of A B N = domain-and-range-permutation
AB“{ftand fe A —g B
using quotientE by blast
from eq-f have f € functions-of A B N
using «f € A —g B> equiv-domain-and-range-permutation equiv-class-self by
fastforce
have inj-on f A
using <f € functions-of A B N> assms all-one-implies-inj-on by blast
from this show ?thesis
unfolding eq-f using equiv-domain-and-range-permutation inj-on-respects-domain-and-range-permutation
f € A—g B
by (subst univ-commute’) assumption+
qed

14.2 Bijections

lemma bij-betw-number-partition-of:

assumes finite A finite B

shows bij-betw (number-partition-of A B) ({f € A —g B. inj-on f A} // do-
main-and-range-permutation A B) {N. (V¥ n. n€e# N — n = 1) A number-partition
(card A) N A size N < card B}
proof (rule bij-betw-by Witness[where f'=functions-of A B])

have quotient-eq: {f € A —g B. inj-on f A} // domain-and-range-permutation
A B={F € ((A —g B) // domain-and-range-permutation A B). univ (Af. inj-on
1 4) F}

using equiv-domain-and-range-permutation[of A B| inj-on-respects-domain-and-range-permutation|[of
A B] by (simp only: univ-preserves-predicate)
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show VFe{f € A —g B. inj-on f A} // domain-and-range-permutation A B.
functions-of A B (number-partition-of A B F) = F
using «finite A «finite B> by (auto simp only: quotient-eq functions-of-number-partition-of)
show VNe {N. (Vn. ne# N — n = 1) A number-partition (card A) N A size
N < card B}. number-partition-of A B (functions-of A B N) = N
using «(finite Ay <finite B> number-partition-of-functions-of by auto
show number-partition-of A B ‘({f € A —g B. inj-on f A} // domain-and-range-permutation
A B)
C{N. (Vn. ne#t N — n = 1) A\ number-partition (card A) N A size N <
card B}
using <finite A <finite B»
by (auto simp add: quotient-eq number-partition-of inj-on-implies-all-one simp
del: One-nat-def)
show functions-of A B ‘{N. (Vn. ne# N — n = 1) A number-partition (card
A) N A size N < card B}
C{f € A —g B. inj-on f A} // domain-and-range-permutation A B
using «(finite Ay <finite B> by (auto simp add: quotient-eq intro: functions-of
functions-of-is-inj-on)
qed

lemma bij-betw-functions-of:
assumes finite A finite B
shows bij-betw (functions-of A B) {N. (Yn. ne# N — n = 1) A num-
ber-partition (card A) N A size N < card B} ({f € A —g B. inj-on f A} //
domain-and-range-permutation A B)
proof (rule bij-betw-by Witness[where f'=number-partition-of A B])
have quotient-eq: {f € A —g B. inj-on f A} // domain-and-range-permutation
A B={F € ((A—g B) // domain-and-range-permutation A B). univ (Af. inj-on
1 4) F}
using equiv-domain-and-range-permutation[of A B] inj-on-respects-domain-and-range-permutation|of
A B] by (simp only: univ-preserves-predicate)
show VFe{f € A —g B. inj-on f A} // domain-and-range-permutation A B.
functions-of A B (number-partition-of A B F) = F
using «finite A «finite B> by (auto simp only: quotient-eq functions-of-number-partition-of)
show VNe {N. (Vn. ne# N — n = 1) A number-partition (card A) N A size
N < card B}. number-partition-of A B (functions-of A B N) = N
using <finite A> <finite B> number-partition-of-functions-of by auto
show number-partition-of A B ‘({f € A —g B. inj-on f A} // domain-and-range-permutation
A B)
C{N. (Yn. ne## N — n = 1) A\ number-partition (card A) N A size N <
card B}
using «finite A> <finite B»
by (auto simp add: quotient-eq number-partition-of inj-on-implies-all-one simp
del: One-nat-def)
show functions-of A B ‘{N. (Vn. ne# N — n = 1) A number-partition (card
A) N A size N < card B}
C{f € A =g B. inj-on f A} // domain-and-range-permutation A B
using «(finite Ay <finite B> by (auto simp add: quotient-eq intro: functions-of
functions-of-is-inj-on)
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qed

14.3 Cardinality

lemma card-injective-functions-domain-and-range-permutation:
assumes finite A finite B
shows card ({f € A —g B. inj-on f A} // domain-and-range-permutation A B)
= qverson (card A < card B)
proof —
have bij-betw (number-partition-of A B) ({f € A —g B. inj-on f A} // do-
main-and-range-permutation A B) {N. (Vn. ne# N — n = 1) A number-partition
(card A) N A size N < card B}
using «finite A> «finite B> by (rule bij-betw-number-partition-of)
from this have card ({f € A —g B. inj-on f A} // domain-and-range-permutation
A B) = card {N. (Vn. ne# N — n = 1) A number-partition (card A) N A size
N < card B}
by (rule bij-betw-same-card)
also have card {N. (Vn. ne# N — n = 1) A number-partition (card A) N A
size N < card B} = iverson (card A < card B)
by (rule card-number-partitions-with-only-parts-1)
finally show ?thesis .
qed

end

15 Surjections from A to B up to a Permutation
on A and B

theory Twelvefold-Way-Entryl2
imports Twelvefold-Way-Entry9 Twelvefold- Way-Entry10
begin

15.1 Properties for Bijections

lemma size-eq-card-implies-surj-on:
assumes finite A finite B
assumes size N = card B
assumes [ € functions-of A B N
shows f‘A =B
proof —
from «f € functions-of A B N> have f € A - B and
N = image-mset card (mset-set (Ab. {z € A. fz =10b}) ‘B — {{}}))
unfolding functions-of-def by auto
from this <size N = card B> have card (Ab. {x € A. fz =1b}) ‘B — {{}}) =
card B by simp
from this <finite By <f € A - B> show f ‘A =B
using card-eq-implies-surjective-on by blast
qed
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lemma surj-on-implies-size-eq-card:
assumes finite A finite B
assumes F' € (A —g B) // domain-and-range-permutation A B
assumes univ (Af. f‘A=B) F
shows size (number-partition-of A B F) = card B
proof —
from «F € (A —g B) // domain-and-range-permutation A B> obtain f where
feAd—-gB
and F-eq: F = domain-and-range-permutation A B ““ {f} using quotientE by
blast
have number-partition-of A B F = univ (\f. image-mset card (mset-set ((Ab. {z
€A fr=1b}) B—{{}})F
unfolding number-partition-of-def ..
also have ... = univ (Af. image-mset card (mset-set (\b. {z € A. fz = b})
B — {{}}))) (domain-and-range-permutation A B * {f})
unfolding F-eq ..
also have ... = image-mset card (mset-set (Ab. {x € A. fz =b}) ‘B — {{}}))
using «finite B) equiv-domain-and-range-permutation multiset-of-partition-cards-respects-domain-and-range-
(feAd—g B
by (subst univ-commute’) auto
finally have eq: number-partition-of A B F = image-mset card (mset-set ((Ab.
{se A fo=b}) B—{{}})-
from iffD1[OF univ-commute’, OF equiv-domain-and-range-permutation, OF
surjective-respects-domain-and-range-permutation, OF «f € A —g B)]
assms(4) have f * A = B by (simp add: F-eq)
have size (number-partition-of A B F) = size (image-mset card (mset-set ((Ab.
{ze A fz=10}) " B-{{}})
unfolding eq ..
also have ... = card (A\b. {z € A. fz =b}) ‘B — {{}}) by simp
also from «f ‘A = B» have ... = card B
using surjective-on-implies-card-eq by auto
finally show ?thesis .
qed

lemma functions-of-is-surj-on:
assumes finite A finite B
assumes number-partition (card A) N size N = card B
shows univ (Af. f * A = B) (functions-of A B N)
proof —
have functions-of A BN € (A —g B) // domain-and-range-permutation A B
using functions-of <finite Ay «<finite B> <number-partition (card A) N » «<size N
= card B»
by fastforce
from this obtain f where eq-f: functions-of A B N = domain-and-range-permutation
AB“{ftand fe A - B
using quotientE by blast
from eq-f have [ € functions-of A B N
using «f € A —g B> equiv-domain-and-range-permutation equiv-class-self by
fastforce
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have f ‘A =B
using «f € functions-of A B Ny assms size-eq-card-implies-surj-on by blast
from this show ?thesis
unfolding eq-f using equiv-domain-and-range-permutation surjective-respects-domain-and-range-permutatic
<f €A —g B
by (subst univ-commute’) assumption+
qed

15.2 Bijections

lemma bij-betw-number-partition-of:
assumes finite A finite B
shows bij-betw (number-partition-of A B) ({f € A —-g B. f *A = B} // do-
main-and-range-permutation A B) {N. number-partition (card A) N A size N =
card B}
proof (rule bij-betw-by Witness[where f'=functions-of A B])
have quotient-eq: {f € A —g B. f * A = B} // domain-and-range-permutation
A B ={F € ((A =g B) // domain-and-range-permutation A B). univ (A\f. f * A
= B) F}
using equiv-domain-and-range-permutation|[of A B] surjective-respects-domain-and-range-permutation|of
A B] by (simp only: univ-preserves-predicate)
show VFe{f € A g B. f * A = B} // domain-and-range-permutation A B.
functions-of A B (number-partition-of A B F) = F
using «finite A> <finite By by (auto simp only: quotient-eq functions-of-number-partition-of)
show V Ne{N. number-partition (card A) N A size N = card B}. number-partition-of
A B (functions-of A BN) =N
using «finite Ay <finite B) by (simp add: number-partition-of-functions-of)
show number-partition-of A B *({f € A —g B. f A= B} // domain-and-range-permutation
A B)
C {N. number-partition (card A) N A size N = card B}
using «finite Ay <finite B> by (auto simp add: quotient-eq number-partition-of
surj-on-implies-size-eq-card)
show functions-of A B {N. number-partition (card A) N A size N = card B}
C{fe€eAd—g B.f°A= B} // domain-and-range-permutation A B
using «(finite Ay <finite B> by (auto simp add: quotient-eq intro: functions-of
functions-of-is-surj-on)
qed

lemma bij-betw-functions-of:

assumes finite A finite B

shows bij-betw (functions-of A B) {N. number-partition (card A) N A size N =
card B} ({f € A »g B. f ‘A = B} // domain-and-range-permutation A B)
proof (rule bij-betw-by Witness[where f'=number-partition-of A B])

have quotient-eq: {f € A —-g B. f * A = B} // domain-and-range-permutation
A B ={F € ((A —g B) // domain-and-range-permutation A B). univ (\f. f ‘ A
= B) F}

using equiv-domain-and-range-permutation|[of A B] surjective-respects-domain-and-range-permutation|of
A B] by (simp only: univ-preserves-predicate)

show VFe{f € A g B. f “ A = B} // domain-and-range-permutation A B.
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functions-of A B (number-partition-of A B F) = F
using «finite A «finite B> by (auto simp only: quotient-eq functions-of-number-partition-of)
show V Ne{N. number-partition (card A) N A size N = card B}. number-partition-of
A B (functions-of A B N) = N
using «finite A> <finite B> by (simp add: number-partition-of-functions-of)
show number-partition-of AB “‘({f € A —g B. f ‘A= B} // domain-and-range-permutation
A B)
C {N. number-partition (card A) N A size N = card B}
using «finite Ay <finite B> by (auto simp add: quotient-eq number-partition-of
surj-on-implies-size-eq-card)
show functions-of A B ‘ {N. number-partition (card A) N A size N = card B}
C{fe€eA—g B. f‘A= B} // domain-and-range-permutation A B
using «(finite Ay <finite B> by (auto simp add: quotient-eq intro: functions-of
functions-of-is-surj-on)
qed

15.3 Cardinality

lemma card-surjective-functions-domain-and-range-permutation:
assumes finite A finite B
shows card ({f € A —g B. f * A = B} // domain-and-range-permutation A B)
= Partition (card A) (card B)
proof —
have bij-betw (number-partition-of A B) ({f € A —-g B. f A = B} // do-
main-and-range-permutation A B) {N. number-partition (card A) N A size N =
card B}
using «finite Ay «(finite B> by (rule bij-betw-number-partition-of)
from this have card ({f € A —g B. f ‘A = B} // domain-and-range-permutation
A B) = card {N. number-partition (card A) N A size N = card B}
by (rule bij-betw-same-card)
also have card {N. number-partition (card A) N A size N = card B} = Partition
(card A) (card B)
by (rule card-partitions-with-k-parts)
finally show ?thesis .
qed

end

16 Cardinality of Bijections

theory Card-Bijections

imports
Twelvefold- Way-Entry2
Twelvefold- Way-Entry3
Twelvefold- Way-Entrys
Twelvefold- Way- Entry6
Twelvefold- Way-Entry8
Twelvefold- Way-Entry9
Twelvefold- Way-Entryl1

96



Twelvefold- Way-Entry12
begin

16.1 Bijections from A to B

lemma bij-betw-set-is-empty:

assumes finite A finite B

assumes card A # card B

shows {f € A —g B. bij-betw f A B} = {}
using assms bij-betw-same-card by blast

lemma card-bijections-eq-zero:
assumes finite A finite B
assumes card A # card B
shows card {f € A —g B. bij-betw f A B} = 0
using bij-betw-set-is-empty| OF assms] by (simp only: card.empty)

Two alternative proofs for the cardinality of bijections up to a permutation
on A.

lemma
assumes finite A finite B
assumes card A = card B
shows card {f € A —g B. bij-betw f A B} = fact (card B)

proof —
have card {f € A —g B. bij-betw f A B} = card {f € A —g B. inj-on f A}
using «finite By <card A = card B> by (metis bij-betw-implies-inj-on-and-card-eq)
also have ... = fact (card B)
using «finite Ay «finite B> <card A = card By by (simp add: card-extensional-funcset-inj-on)
finally show ?thesis .

qed

lemma card-bijections:
assumes finite A finite B
assumes card A = card B
shows card {f € A —g B. bij-betw f A B} = fact (card B)
proof —
have card {f € A —g B. bij-betw f A B} = card {f € A - B. f ‘A = B}
using <finite A) <card A = card B»
by (metis bij-betw-implies-surj-on-and-card-eq)
also have ... = fact (card B)
using «<finite A> <finite B> <card A = card B>
by (simp add: card-extensional-funcset-surj-on)
finally show ?thesis .
qed

16.2 Bijections from A to B up to a Permutation on A

lemma bij-betw-quotient-domain-permutation-eq-empty:
assumes card A # card B
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shows {f € A —g B. bij-betw f A B} // domain-permutation A B = {}
using <card A # card B> bij-betw-same-card by auto

lemma card-bijections-domain-permutation-eq-0:

assumes card A # card B

shows card ({f € A —g B. bij-betw f A B} // domain-permutation A B) = 0
using bij-betw-quotient-domain-permutation-eq-empty[OF assms] by (simp only:
card.empty)

Two alternative proofs for the cardinality of bijections up to a permutation
on A.

lemma
assumes finite A finite B
assumes card A = card B
shows card ({f € A =g B. bij-betw f A B} // domain-permutation A B) = 1
proof —
from assms have {f € A —g B. bij-betw f A B} // domain-permutation A B
={f € A =g B. inj-on f A} // domain-permutation A B
by (metis (no-types, lifting) PiE-cong bij-betw-implies-inj-on-and-card-eq)
from this show ?thesis
using assms by (simp add: card-injective-functions-domain-permutation)
qged

lemma card-bijections-domain-permutation-eq-1:
assumes finite A finite B
assumes card A = card B
shows card ({f € A —g B. bij-betw f A B} // domain-permutation A B) = 1
proof —
from assms have {f € A —g B. bij-betw f A B} // domain-permutation A B
={fe€e A—g B. f‘A= B} // domain-permutation A B
by (metis (no-types, lifting) PiE-cong bij-betw-implies-surj-on-and-card-eq)
from this show ?thesis
using assms by (simp add: card-surjective-functions-domain-permutation)
qed

lemma card-bijections-domain-permutation:
assumes finite A finite B
shows card ({f € A —g B. bij-betw f A B} // domain-permutation A B) =
werson (card A = card B)
using assms card-bijections-domain-permutation-eq-0 card-bijections-domain-permutation-eq-1
unfolding iverson-def by auto

16.3 Bijections from A to B up to a Permutation on B

lemma bij-betw-quotient-range-permutation-eq-empty:

assumes card A # card B

shows {f € A —g B. bij-betw f A B} // range-permutation A B = {}
using <card A # card B> bij-betw-same-card by auto
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lemma card-bijections-range-permutation-eq-0:
assumes card A # card B
shows card ({f € A —g B. bij-betw f A B} // range-permutation A B) = 0
using bij-betw-quotient-range-permutation-eq-empty| OF assms] by (simp only: card.empty)

Two alternative proofs for the cardinality of bijections up to a permutation
on B.

lemma
assumes finite A finite B
assumes card A = card B
shows card ({f € A —g B. bij-betw f A B} // range-permutation A B) = 1
proof —
from assms have {f € A —g B. bij-betw f A B} // range-permutation A B =
{f € A —»g B. inj-on f A} /] range-permutation A B
by (metis (no-types, lifting) PiE-cong bij-betw-implies-inj-on-and-card-eq)
from this show ?thesis
using assms by (simp add: iverson-def card-injective-functions-range-permutation)
qed

lemma card-bijections-range-permutation-eq-1:
assumes finite A finite B
assumes card A = card B
shows card ({f € A —g B. bij-betw f A B} // range-permutation A B) = 1
proof —
from assms have {f € A —g B. bij-betw f A B} // range-permutation A B =
{f € A —g B. f*A = B} // range-permutation A B
by (metis (no-types, lifting) PiE-cong bij-betw-implies-surj-on-and-card-eq)
from this show ?thesis
using assms by (simp add: card-surjective-functions-range-permutation)
qed

lemma card-bijections-range-permutation:
assumes finite A finite B
shows card ({f € A —g B. bij-betw f A B} // range-permutation A B) = iverson
(card A = card B)
using assms card-bijections-range-permutation-eq-0 card-bijections-range-permutation-eq-1
unfolding iverson-def by auto

16.4 Bijections from A to B up to a Permutation on A and
B

lemma bij-betw-quotient-domain-and-range-permutation-eq-empty:
assumes card A # card B
shows {f € A —g B. bij-betw f A B} // domain-and-range-permutation A B =

{

using <card A # card B) bij-betw-same-card by auto

lemma card-bijections-domain-and-range-permutation-eq-0:
assumes card A # card B
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shows card ({f € A —g B. bij-betw f A B} // domain-and-range-permutation
AB)=0
using bij-betw-quotient-domain-and-range-permutation-eq-empty| OF assms| by (simp
only: card.empty)

Two alternative proofs for the cardinality of bijections up to a permutation
on A and B.

lemma
assumes finite A finite B
assumes card A = card B
shows card ({f € A =g B. bij-betw f A B} // domain-and-range-permutation
AB)=1
proof —
from assms have {f € A —g B. bij-betw f A B} // domain-and-range-permutation
A B=
{f € A —»g B. inj-on f A} // domain-and-range-permutation A B
by (metis (no-types, lifting) PiE-cong bij-betw-implies-inj-on-and-card-eq)
from this show ?thesis
using assms by (simp add: iverson-def card-injective-functions-domain-and-range-permutation)
qed

lemma card-bijections-domain-and-range-permutation-eq-1:
assumes finite A finite B
assumes card A = card B
shows card ({f € A —g B. bij-betw f A B} // domain-and-range-permutation
AB)=1
proof —
from assms have {f € A —g B. bij-betw f A B} // domain-and-range-permutation
AB=
{f € A—g B. f*A= B} // domain-and-range-permutation A B
by (metis (no-types, lifting) PiE-cong bij-betw-implies-surj-on-and-card-eq)
from this show ?thesis
using assms by (simp add: card-surjective-functions-domain-and-range-permutation
Partition-diag)
qged

lemma card-bijections-domain-and-range-permutation:
assumes finite A finite B
shows card ({f € A —g B. bij-betw f A B} // domain-and-range-permutation
A B) = iverson (card A = card B)
using assms card-bijections-domain-and-range-permutation-eq-0 card-bijections-domain-and-range-permutatios
unfolding iverson-def by auto

end

17 Direct Proofs for Cardinality of Bijections

theory Card-Bijections-Direct
imports
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FEquiv-Relations-on-Functions
Twelvefold- Way-Core
begin

17.1 Bijections from A to B up to a Permutation on A
17.1.1 Equivalence Class

lemma bijections-in-domain-permutation:
assumes finite A finite B
assumes card A = card B
shows {f € A —p B. bij-betw f A B} € {f € A —g B. bij-betw f A B} //
domain-permutation A B
proof —
from assms obtain f where f: f € {f € A =g B. bij-betw f A B}
by (metis finite-same-card-bij-on-ext-funcset mem-Collect-eq)
moreover have proj-f: {f € A —g B. bij-betw f A B} = domain-permutation
4B {f)
proof
from f show {f € A —g B. bij-betw f A B} C domain-permutation A B ““ {f}
unfolding domain-permutation-def
by (auto elim: obtain-domain-permutation-for-two-bijections)
next
show domain-permutation A B ““ {f} C {f € A —g B. bij-betw f A B}
proof
fix f/
assume f’ € domain-permutation A B ““ {f}
have (f’, f) € domain-permutation A B
using «f’ € domain-permutation A B ““ {f}> equiv-domain-permutation|of
A B]
by (simp add: equiv-class-eq-iff)
from this obtain p where p permutes AVazeA. f'z = f (p z)
unfolding domain-permutation-def by auto
from this have bij-betw (f o p) A B
using bij-betw-comp-iff f permutes-imp-bij by fastforce
from this have bij-betw f' A B
using Vz€A. f 'z =f (p z)»
by (metis (mono-tags, lifting) bij-betw-cong comp-apply)
moreover have f' € A —»g B
using «f’ € domain-permutation A B “ {f}
unfolding domain-permutation-def by auto
ultimately show f’' € {f € A —p B. bij-betw f A B} by simp
qed
qed
ultimately show ?thesis by (simp add: quotientl)
qed

lemma bij-betw-quotient-domain-permutation-eq:

assumes finite A finite B
assumes card A = card B
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shows {f € A —g B. bij-betw f A B} // domain-permutation A B = {{f € A
— g B. bij-betw f A B}}
proof
show {{f € A =g B. bij-betw f A B}} C {f € A —»g B. bij-betw f A B} //
domain-permutation A B
by (simp add: bijections-in-domain-permutation| OF assms))
next
show {f € A —g B. bij-betw f A B} // domain-permutation A B C {{f € A
—pg B. bij-betw f A B}}
proof
fix F
assume F-in: F € {f € A —g B. bij-betw f A B} // domain-permutation A B
have {f € A —g B. bij-betw f A B} // domain-permutation A B = {F € ((A
—g B) // domain-permutation A B). univ (Af. bij-betw f A B) F}
using equiv-domain-permutation|of A B] bij-betw-respects-domain-permutation|of
A B] by (simp only: univ-preserves-predicate)
from F-in this have F € (A —g B) // domain-permutation A B
and univ (Af. bij-betw f A B) F

by blast+
have F = {f € A —»g B. bij-betw f A B}
proof

haveVfe F.fe A —»g B
using <F € (A —g B) // domain-permutation A B>
by (metis ImageE equiv-class-eg-iff equiv-domain-permutation quotientE)
moreover have Vf € F. bij-betw f A B
using univ-predicate-impl-forall| OF equiv-domain-permutation bij-betw-respects-domain-permutation]
using <F € (A —g B) // domain-permutation A By <univ (Af. bij-betw f A
B) F)
by auto
ultimately show F C {f € A - B. bij-betw f A B} by auto
next
show {f € A —g B. bij-betw fA B} C F
proof
fix [/
assume [’ € {f € A —g B. bij-betw f A B}
from this have f' € A —g B bij-betw f' A B by auto
obtain f where f € A - B and F = domain-permutation A B ““ {f}
using «<F € (A —g B) // domain-permutation A B> by (auto elim:
quotientE)
have bij-betw f A B
using univ-commute’|OF equiv-domain-permutation bij-betw-respects-domain-permutation)
using «f € A =g B» <F = domain-permutation A B “ {f}> cuniv (\f.
bij-betw f A B) F»
by auto
obtain p where p permutes AVzeA. fz = f' (p z)
using obtain-domain-permutation-for-two-bijections
using <bij-betw f A By <bij-betw f' A By by blast
from this «f € A —»g By f' € A - B
have (f, f') € domain-permutation A B
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unfolding domain-permutation-def by auto
from this show f' € F
using «F = domain-permutation A B ““ {f}> by simp
qed
qed
from this show F € {{f € A —g B. bij-betw f A B}} by simp
qed
qed

17.1.2 Cardinality

lemma

assumes finite A finite B

assumes card A = card B

shows card ({f € A =g B. bij-betw f A B} // domain-permutation A B) = 1
using bij-betw-quotient-domain-permutation-eq OF assms] by auto

17.2 Bijections from A to B up to a Permutation on B

17.2.1 Equivalence Class

lemma bijections-in-range-permutation:
assumes finite A finite B
assumes card A = card B
shows {f € A —g B. bij-betw f A B} € {f € A —g B. bij-betw f A B} //
range-permutation A B
proof —
from assms obtain f where f: f € {f € A —g B. bij-betw f A B}
by (metis finite-same-card-bij-on-ext-funcset mem-Collect-eq)
moreover have proj-f: {f € A =g B. bij-betw f A B} = range-permutation A
B {f)
proof
from f show {f € A —g B. bij-betw f A B} C range-permutation A B ““ {f}
unfolding range-permutation-def
by (auto elim: obtain-range-permutation-for-two-bijections)
next
show range-permutation A B “{f} C {f € A =g B. bij-betw f A B}
proof
fix f'
assume [’ € range-permutation A B ““ {f}
have (f’, f) € range-permutation A B
using «(f’ € range-permutation A B “{f}> equiv-range-permutation[of A B]
by (simp add: equiv-class-eq-iff)
from this obtain p where p permutes BV zeA. f'x = p (f z)
unfolding range-permutation-def by auto
from this have bij-betw (p o f) A B
using bij-betw-comp-iff f permutes-imp-bij by fastforce
from this have bij-betw f' A B
using VzeA. f'z =p (fz)
by (metis (mono-tags, lifting) bij-betw-cong comp-apply)
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moreover have f' € A - B
using «f' € range-permutation A B “ {f}
unfolding range-permutation-def by auto
ultimately show f’' € {f € A —p B. bij-betw f A B} by simp
qed
qed
ultimately show ?thesis by (simp add: quotientl)
qed

lemma bij-betw-quotient-range-permutation-eq:
assumes finite A finite B
assumes card A = card B
shows {f € A —g B. bij-betw f A B} // range-permutation A B = {{f € A =g
B. bij-betw f A B}}
proof
show {{f € A —g B. bij-betw f A B}} C {f € A —g B. bij-betw f A B} //
range-permutation A B
by (simp add: bijections-in-range-permutation| OF assms|)
next
show {f € A =g B. bij-betw f A B} // range-permutation A B C {{f € A =g
B. bij-betw f A B}}
proof
fix F
assume F-in: F € {f € A —g B. bij-betw f A B} // range-permutation A B
have {f € A —g B. bij-betw f A B} // range-permutation A B = {F € ((4
—pg B) // range-permutation A B). univ (Af. bij-betw f A B) F'}
using equiv-range-permutation[of A B] bij-betw-respects-range-permutation|of
A B] by (simp only: univ-preserves-predicate)
from this F-in have F' € (A —g B) // range-permutation A B
and univ (Af. bij-betw f A B) F by blast+
have F = {f € A —g B. bij-betw f A B}
proof
haveVfec F.fe€ A —g B
using <F € (A —g B) // range-permutation A B>
by (metis ImageE equiv-class-eq-iff equiv-range-permutation quotientE)
moreover have Vf € F. bij-betw f A B
using univ-predicate-impl-forall| OF equiv-range-permutation bij-betw-respects-range-permutation]
using «F € (A —g B) // range-permutation A B> <univ (\f. bij-betw f A
B) )
by auto
ultimately show F C {f € A —g B. bij-betw f A B} by auto
next
show {f € A —g B. bij-betw fA B} C F
proof
fix f/
assume f' € {f € A —g B. bij-betw f A B}
from this have f' € A —g B bij-betw f' A B by auto
obtain f where f € A —»g B and F = range-permutation A B * {f}
using «F € (4 —g B) // range-permutation A B> by (auto elim: quotientE)
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have bij-betw f A B
using univ-commute’|OF equiv-range-permutation bij-betw-respects-range-permutation)
using «f € A =g B) (F = range-permutation A B ““ {f}> «univ (\f.
bij-betw f A B) F»
by auto
obtain p where p permutes BVz€A. fz = p (f' x)
using obtain-range-permutation-for-two-bijections
using «bij-betw f A B> «bij-betw f' A B> by blast
from this «f € A —g By «f' € A —»g B
have (f, f') € range-permutation A B
unfolding range-permutation-def by auto
from this show f' € F
using <F' = range-permutation A B ““ {f}»> by simp
qed
qed
from this show F' € {{f € A —g B. bij-betw f A B}} by simp
qed
qed

17.2.2 Cardinality

lemma card-bijections-range-permutation-eq-1:

assumes finite A finite B

assumes card A = card B

shows card ({f € A —g B. bij-betw f A B} // range-permutation A B) = 1
using bij-betw-quotient-range-permutation-eq(OF assms| by auto

17.3 Bijections from A to B up to a Permutation on A and
B

17.3.1 Equivalence Class

lemma bijections-in-domain-and-range-permutation:
assumes finite A finite B
assumes card A = card B
shows {f € A —g B. bij-betw f A B} € {f € A —»g B. bij-betw f A B} //
domain-and-range-permutation A B
proof —
from assms obtain f where f: f € {f € A - B. bij-betw f A B}
by (metis finite-same-card-bij-on-ext-funcset mem-Collect-eq)
moreover have proj-f: {f € A —g B. bij-betw f A B} = domain-and-range-permutation
A B “{f}
proof
have id permutes A by (simp add: permutes-id)
from f this show {f € A — B. bij-betw f A B} C domain-and-range-permutation
A B {f}
unfolding domain-and-range-permutation-def
by (fastforce elim: obtain-range-permutation-for-two-bijections)
next
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show domain-and-range-permutation A B “{f} C {f € A —g B. bij-betw f A
B}
proof
fix f/
assume [’ € domain-and-range-permutation A B ““ {f}
have (f’, f) € domain-and-range-permutation A B
using «f' € domain-and-range-permutation A B “{f}» equiv-domain-and-range-permutation|of
A B
by (simp add: equiv-class-eq-iff)
from this obtain p4 pg where py permutes A pg permutes B
and VzeA. f 2 = pp (f (pa 1))
unfolding domain-and-range-permutation-def by auto
from this have bij-betw (pp o f o pa) A B
using bij-betw-comp-iff f permutes-imp-bij
by (metis (no-types, lifting) mem-Collect-eq)
from this have bij-betw f' A B
using Vz€A. f'z = pp (f (pa 2))
by (auto intro: bij-betw-congl)
moreover have f' € A —g B
using «f’ € domain-and-range-permutation A B “ {f}
unfolding domain-and-range-permutation-def by auto
ultimately show f’' € {f € A —g B. bij-betw f A B} by simp
qed
qed
ultimately show ?thesis by (simp add: quotientl)
qged

lemma bij-betw-quotient-domain-and-range-permutation-eq:
assumes finite A finite B
assumes card A = card B
shows {f € A =g B. bij-betw f A B} // domain-and-range-permutation A B =
{{f € A —g B. bij-betw f A B}}
proof
show {{f € A —g B. bij-betw f A B}}
C{f € A =g B. bij-betw f A B} // domain-and-range-permutation A B
using bijections-in-domain-and-range-permutation|OF assms| by auto
next
show {f € A —»g B. bij-betw f A B} // domain-and-range-permutation A B C
{{f € A —g B. bij-betw f A B}}
proof
fix F
assume F-in: F € {f € A - B. bij-betw f A B} // domain-and-range-permutation
A B
have {f € A —g B. bij-betw f A B} // domain-and-range-permutation A B =
{F € ((A —g B) // domain-and-range-permutation A B). univ (Af. bij-betw f A
B) F}
using equiv-domain-and-range-permutation|of A B] bij-betw-respects-domain-and-range-permutation|of
A B] by (simp only: univ-preserves-predicate)
from F-in this have F € (A —g B) // domain-and-range-permutation A B
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and univ (\f. bij-betw f A B) F by blast+
have F = {f € A —»g B. bij-betw f A B}
proof
haveVfe F.fe A —g B
using «F € (A —g B) // domain-and-range-permutation A B>
by (metis ImageE equiv-class-eq-iff equiv-domain-and-range-permutation
quotientE)
moreover have Vf € F. bij-betw f A B
using univ-predicate-impl-forall|OF equiv-domain-and-range-permutation
bij-betw-respects-domain-and-range-permutation)
using <F € (A —g B) // domain-and-range-permutation A By <univ (Af.
bij-betw f A B) F»
by auto
ultimately show F C {f € A - B. bij-betw f A B} by auto
next
show {f € A —g B. bij-betw fA B} C F
proof
fix [/
assume [’ € {f € A —g B. bij-betw f A B}
from this have f' € A —g B bij-betw f' A B by auto
obtain f where f € A —g B and F = domain-and-range-permutation A
B {f)
using <F € (A —g B) // domain-and-range-permutation A B> by (auto
elim: quotientFE)
have bij-betw f A B
using univ-commute’|OF equiv-domain-and-range-permutation bij-betw-respects-domain-and-range-perm
using «f € A —p By <F = domain-and-range-permutation A B ““ {f}»
cuniv (Nf. bij-betw f A B) I
by auto
obtain p where p permutes AVz€A. fz = f' (p z)
using obtain-domain-permutation-for-two-bijections
using <bij-betw f A By <bij-betw f' A By by blast
moreover have id permutes B by (simp add: permutes-id)
moreover note <f € A g By (f' € A —»p B>
ultimately have (f, f/) € domain-and-range-permutation A B
unfolding domain-and-range-permutation-def id-def by auto
from this show f' € F
using «F = domain-and-range-permutation A B ““ {f}» by simp
qed
qed
from this show F € {{f € A —g B. bij-betw f A B}} by simp
qed
qed

17.3.2 Cardinality

lemma card-bijections-domain-and-range-permutation-eq-1:
assumes finite A finite B
assumes card A = card B
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shows card ({f € A —g B. bij-betw f A B} // domain-and-range-permutation
AB)=1
using bij-betw-quotient-domain-and-range-permutation-eq[ OF assms| by auto

end

18 The Twelvefold Way

theory Twelvefold-Way

imports
Preliminaries
Twelvefold- Way-Core
Equiv-Relations-on-Functions
Twelvefold- Way-Entry1
Twelvefold- Way-Entry2
Twelvefold- Way- Entry4
Twelvefold- Way-Entry5
Twelvefold- Way-Entry6
Twelvefold- Way-Entry7
Twelvefold- Way-Entry8
Twelvefold- Way-Entry9
Twelvefold- Way-Entry3
Twelvefold- Way-Entry10
Twelvefold- Way-Entryl11
Twelvefold- Way-Entry12
Card-Bijections
Card-Bijections-Direct

begin

end

References

[1] K. P. Bogart. Combinatorics Through Guided Discovery. 2004.

[2] L. Bulwahn. Cardinality of set partitions. Archive of Formal Proofs, Dec.
2015. http://isa-afp.org/entries/Card_ Partitions.shtml, Formal proof
development.

[3] L. Bulwahn. Cardinality of multisets. Archive of Formal Proofs, June
2016. http://isa-afp.org/entries/Card Multisets.shtml, Formal proof
development.

[4] L. Bulwahn. Cardinality of number partitions. Archive of Formal Proofs,
Jan. 2016. http://isa-afp.org/entries/Card__Number_ Partitions.shtml,
Formal proof development.

108


http://isa-afp.org/entries/Card_Partitions.shtml
http://isa-afp.org/entries/Card_Multisets.shtml
http://isa-afp.org/entries/Card_Number_Partitions.shtml

[5] R.P. Stanley. Enumerative Combinatorics. Volume 1. Cambridge studies
in advanced mathematics. Cambridge University Press, Cambridge, New
York, second edition, 2012.

[6] Wikipedia. Twelvefold way — wikipedia, the free encyclopedia, 2016.
[Online; accessed 4-October-2016].

109



	Preliminaries
	Additions to Finite Set Theory
	Additions to Equiv Relation Theory
	Counting Sets by Splitting into Equivalence Classes

	Additions to FuncSet Theory
	Additions to Permutations Theory
	Additions to List Theory
	Additions to Disjoint Set Theory
	Additions to Multiset Theory
	Additions to Number Partitions Theory
	Cardinality Theorems with Iverson Function

	Main Observations on Operations and Permutations
	Range Multiset
	Existence of a Suitable Finite Function
	Existence of Permutation

	Domain Partition
	Existence of a Suitable Finite Function
	Equality under Permutation Application
	Existence of Permutation

	Number Partition of Range
	Existence of a Suitable Finite Function
	Equality under Permutation Application
	Existence of Permutation

	Bijections on Same Domain and Range
	Existence of Domain Permutation
	Existence of Range Permutation


	Definition of Equivalence Classes
	Permutation on the Domain
	Respecting Functions

	Permutation on the Range
	Respecting Functions

	Permutation on the Domain and the Range
	Respecting Functions


	Functions from A to B
	Definition of Bijections
	Properties for Bijections
	Bijections
	Cardinality

	Injections from A to B
	Properties for Bijections
	Bijections
	Cardinality

	Functions from A to B, up to a Permutation of A
	Definition of Bijections
	Properties for Bijections
	Bijections
	Cardinality

	Injections from A to B up to a Permutation of A
	Definition of Bijections
	Properties for Bijections
	Bijections
	Cardinality

	Surjections from A to B up to a Permutation on A
	Properties for Bijections
	Bijections
	Cardinality

	Functions from A to B up to a Permutation on B
	Definition of Bijections
	Properties for Bijections
	Bijections
	Cardinality

	Injections from A to B up to a Permutation on B
	Properties for Bijections
	Bijections
	Cardinality

	Surjections from A to B up to a Permutation on B
	Properties for Bijections
	Bijections
	Cardinality

	Surjections from A to B
	Functions from A to B up to a Permutation on A and B
	Definition of Bijections
	Properties for Bijections
	Bijections
	Cardinality

	Injections from A to B up to a permutation on A and B
	Properties for Bijections
	Bijections
	Cardinality

	Surjections from A to B up to a Permutation on A and B
	Properties for Bijections
	Bijections
	Cardinality

	Cardinality of Bijections
	Bijections from A to B
	Bijections from A to B up to a Permutation on A
	Bijections from A to B up to a Permutation on B
	Bijections from A to B up to a Permutation on A and B

	Direct Proofs for Cardinality of Bijections
	Bijections from A to B up to a Permutation on A
	Equivalence Class
	Cardinality

	Bijections from A to B up to a Permutation on B
	Equivalence Class
	Cardinality

	Bijections from A to B up to a Permutation on A and B
	Equivalence Class
	Cardinality


	The Twelvefold Way

