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Abstract

This entry contains the accompanying formalisation of the paper “Transport
via Partial Galois Connections and Equivalences” (APLAS 2023) [2]. It
contains a theoretical framework to transport programs via equivalences,
subsuming the theory of Isabelle’s Lifting package [1]. It also contains a
prototype to automate transports using this framework in Isabelle/HOL, but
this prototype is not yet ready for production. Finally, it contains a library
on top of Isabelle/HOL’s axioms, including various relativised concepts on
orders, functions, binary relations, and Galois connections and equivalences.
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Chapter 1

HOL-Basics

theory HOL-Basics-Base
imports
HOL.HOL
begin

end

1.0.1 Lattice Syntax

theory HOL-Syntaz-Bundles-Lattices
imports
HOL. Lattices
begin

open-bundle lattice-syntar — copied from theory Main
begin
notation bot («L»)
and top (<T»)
and inf (infixl <> 70)
and sup (infixl <L» 65)
end

end

1.0.2 Lattice

theory Predicates-Lattice
imports
HOL-Syntaz-Bundles-Lattices
HOL.Boolean-Algebras
begin

lemma inf-predl [introl:
assumes P z
and Q z



shows (P M Q)
{proof)

lemma inf-predE [elim]:
assumes (PN Q) z
obtains Pz Q =

{proof)

lemma inf-predD:
assumes (PN Q) z
shows P z and Q z

{proof)

end

1.0.3 Bounded Quantifiers

theory Bounded-Quantifiers
imports
HOL-Basics-Base
Predicates-Lattice
ML-Unification. ML- Unification-HOL-Setup
begin

consts ball :: 'a = ('b = bool) = bool

open-bundle ball-syntax

begin

syntax
-ball :: <[idts, 'a, bool] = booly (<(2V-:-./ -)» 10)
-ball2 :: «[idts, 'a, bool] = bool

notation ball (<V(.))

end

syntax-consts
-ball -ball2 = ball
translations
Vzas: P. Q = CONST ball P (Az. -ball2 zs P Q)
-ball2z P Q —Vzx:P. Q
Vz: P. Q= CONST ball P (Az. Q)

consts bex :: ‘a = ('b = bool) = bool

open-bundle bex-syntax

begin

syntax
-bex :: «[idts, 'a, bool] = booly (+(23-:-./ -) 10)
-bex2 :: <[idts, 'a, bool] = bool



notation bex (<3(.)»)
end

syntax-consts
-bex -bex2 = bex
translations
Jzas: P. @ = CONST bex P (Az. -bex2 zs P Q)
“bex2 x P Q — Jx: P. @
Jz: P. Q@ = CONST bex P (Az. Q)

consts bex! :: 'a = ('b = bool) = bool

open-bundle bex!-syntax

begin

syntax
-bexl :: <[idts, 'a, bool] = booly («(23!-:-./ -)» 10)
-bex12 :: <[idts, 'a, bool] = bools

notation bex! («3!(_))

end

syntax-consts
-bexl -bex12 = berl
translations
Iz as: P. Q — CONST bexl P (Ax. -bex12 zs P Q)
“bex12x P Q — Flz: P. Q
Iz : P. @ = CONST bexl P (\z. Q)

bundle bounded-quantifier-syntax

begin

unbundle ball-syntaxr and bez-syntax and bexI-syntax
end

definition ball-pred P Q =Vz. Px — Q
adhoc-overloading ball = ball-pred

definition bex-pred P Q = 3dz. Pz A Q
adhoc-overloading bex = bex-pred

definition bexl-pred P Q = 3lz. Px N Q x
adhoc-overloading bex! = bexl-pred

(ML)

lemma balll [intro!]:
assumes A\z. Pz = Q=
shows Vz: P. Qz

(proof)



lemma ballE [elim]:
assumes Vz : P. Qz
obtains Az. Pz = Q =z

{proof)

lemma ballE":
assumes Vz : P. Q x
obtains ~(Pz) | Pz Q x
(proof )

lemma ballD: Vz: P. Qv — Prx— Q=
(proof)

lemma ball-cong: [P = P A\z. P'2 = Q2 +— Q' z] = (Vz: P. Q z) +—
Vz: P. Q" x)
{proof)

lemma ball-cong-simp [cong]:

[P=P; Az. P'o=simp=>Quz+— Q' 2] = Vaz:P. Qz)+— (Vz: P
Q' x)

(proof)

(ML)

lemma atomize-ball: (Az. P x = Q x) = Trueprop (Vz : P. Q x)
(proof)

declare atomize-ball[symmetric, rulify]
declare atomize-ball[symmetric, defn)

lemma bexI [introl]:

assumes Jz. Qz AN Px
shows 3z : P. Qz

{proof)

lemma bezE [elim!]:
assumes Jdz : P. Q x
obtains z where Pz Q x

{proof)

lemma bezD:
assumes Jdz : P. Q x
shows Jz. Px A Qz

{proof)

lemma bez-cong:
[P=Pi;Ne. PPo = Quz<+— Q' z] = (32z:P. Qz) +— (z: P. Q' x)



{proof)

lemma bez-cong-simp [cong|:

[P=P; Az Plao=simp=>Quz+— Q' 2] = (3z:P. Qz)+— (3z: P
Q' z)

(proof )

lemma bez!l [introl:

assumes Jlz. Qx AN Px
shows 3!z : P. Q z

{proof)

lemma bex1D [dest!]:
assumes 3!z : P. Q
shows 3lz. Pz A Q =

(proof)

lemma bexl-cong: [P = P Nz. Pz = Qz+— Q' z] = (3lz: P. Qz) +—
(Flz: P. Q' x)
(proof )

lemma bexI-cong-simp [cong]:

[P=P; Ne. Pz =simp=>Quz+— Q' z] = 3la:P. Qz)+— (Ilz: P
Q')

(proof )
lemma ball-iff-ex-pred [iff]: (Vz : P. Q) «+— ((3z. Pz) — Q)

(proof)

lemma bex-iff-exz-and [iff]: 3z : P. Q) +— ((3z. Pz) A Q)
(proof )

lemma ball-eq-imp-iff-imp [iff]: Vx: P.z =y — Qz) +— (Py — Q)
(proof )

lemma ball-eq-imp-iff-imp’ [iff]: Vz: P.y=2 — Q) +— (Py — Qy)
{proof)

lemma bez-eq-iff-pred [iff]: 3z : P.z =y) +— Py
(proof)

lemma bex-eq-iff-pred’ [iff]: (3z: P.y=2x) «— Py
(proof )

lemma bez-eq-and-iff-pred [iff]: (z: P.2 =y AN Qz)+— PyA Quy
(proof )

lemma bex-eg-and-iff-pred’ [iff|: Qz: P.y=2z AN Qz)+— PyANQuy



{proof)

lemma ball-and-iff-ball-and-ball: ¥z : P. Qz AN Uz) «— (Vz: P. Qz) N Va:
P. Uzx)
(proof)

lemma bez-or-iff-bex-or-bex: (3z: P. Qx VvV Uzx) «— (3z: P. Qz)V 3z : P.
U z)
{proof)

lemma ball-or-iff-ball-or [iff]: Yz : P. Qz VvV U) +— (Vz: P. Qz) VvV U)
(proof)

lemma ball-or-iff-or-ball [iff]: ¥z : P. QV Uz) +— (QV (Vz : P. Ux))
{proof)

lemma ball-imp-iff-imp-ball [iff]: Vz : P. Q — Uz) +— (@ — (Vz : P. U
z))
{proof)

lemma bez-and-iff-bex-and [iff|: 3z : P. Qxz AN U) +— ((3z: P. Qz) A U)
{proof)

lemma bez-and-iff-and-bez [iff]: 3z : P. Q AN Uz) +— (Q A (3z: P. Ux))
{proof)

lemma ball-imp-iff-bex-imp [iff]: Vz : P. Qz — U) «— (3z : P. Q z) —
U)
(proof)

lemma not-ball-iff-bex-not [iff]: (-(Vz : P. Qz)) +— (Fz : P. 7(Q z))
(proof )

lemma not-bez-iff-ball-not [iff]: (=(3z : P. Q@ z)) +— (Vz : P. =(Q x))
{proof)

lemma bexI-iff-bez-and [iff]: (3lz : P. Q) +— ((Flz. Px) A Q)
(proof)

lemma ball-bottom-eg-top [simp]: ¥V | = T (proof)
lemma bex-bottom-eg-bottom [simp]: 3 | = L (proof)
lemma bex1-bottom-eg-bottom [simp]: 3! | = L (proof)

lemma ball-top-eq-all [simp): V4 = All (proof)
lemma ball-top-eq-all-uhint [uhint]:

assumes P = (T :: 'a = bool)
shows V p = All

{proof)

10



lemma bez-top-eq-ex [simp|: 31 = Ex (proof)

lemma bex-top-eq-ex-uhint [uhint]:
assumes P = (T :: 'a = bool)
shows 3 p = Ez

(proof )
lemma bexI-top-eq-exl [simpl: !4 = Exl (proof)

lemma bexI-top-eg-exl-uhint [uhint]:
assumes P = (T :: 'a = bool)
shows J!p = Ezil

{proof)

end

1.1 Binary Relations
1.1.1 Basic Functions

theory Binary-Relation-Functions
imports
Bounded-Quantifiers
ML-Unification. Unify-Resolve- Tactics
begin

Summary Basic functions on binary relations.

Domain, Codomain, and Field

definition in-dom R x = dy. Rz y

lemma in-doml [intro]:
assumes R z y
shows in-dom R x

{proof)

lemma in-domFE [elim]:
assumes in-dom R z
obtains y where R z y

{proof)

lemma in-dom-bottom-eq-bottom [simp|: in-dom L = L (proof)
lemma in-dom-top-eg-top [simpl: in-dom T = T (proof)

lemma in-dom-sup-eg-in-dom-sup-in-dom [simp]: in-dom (R U S) = in-dom R U
in-dom S (proof)

11



consts in-codom-on :: 'a = 'b = '¢c = bool

definition in-codom-on-pred (P :: 'a = bool) Ry =3z : P. Rzy
adhoc-overloading in-codom-on = in-codom-on-pred

lemma in-codom-onl [intro]:
assumes R z y
and Pz
shows in-codom-on P R y

(proof)

lemma in-codom-onE [elim]:
assumes in-codom-on P R y
obtains z where Pz R = y

(proof)

lemma in-codom-on-pred-iff-bex-rel: in-codom-on P R y <— (3z : P. R z y)
(proof )

lemma in-codom-bottom-pred-eq-bottom [simp]: in-codom-on L = L (proof)
lemma in-codom-bottom-rel-eq-bottom [simp|: in-codom-on P L = L (proof)
lemma in-codom-top-top-eq [simp]: in-codom-on T T = T (proof)

lemma in-codom-on-eg-pred-eq [simp|: in-codom-on ((=) P) R =R P
{proof)

lemma in-codom-on-sup-pred-eq-in-codom-on-sup-in-codom-on [simp]:
in-codom-on (P U Q) = in-codom-on P U in-codom-on Q
(proof )

lemma in-codom-on-sup-rel-eq-in-codom-on-sup-in-codom-on [simp):
in-codom-on P (R U S) = in-codom-on P R Ll in-codom-on P S

(proof)
definition in-codom = in-codom-on (T :: 'a = bool)
lemma in-codom-eq-in-codom-on-top: in-codom = in-codom-on T (proof)
lemma in-codom-eq-in-codom-on-top-uhint [uhint]:

assumes P = (T :: 'a = bool)
shows in-codom = in-codom-on P

(proof )

lemma in-codoml [intro:
assumes R z y
shows in-codom R y

(proof)

lemma in-codomFE [elim]:

12



assumes in-codom R y
obtains z where R z y

{proof)

definition in-field R x = in-dom R x V in-codom R x

lemma in-field-if-in-dom:
assumes in-dom R z
shows in-field R x

(proof)

lemma in-field-if-in-codom:
assumes in-codom R x
shows in-field R x

(proof)

lemma in-fieldE [elim]:
assumes in-field R x
obtains (in-dom) z’ where R z ¢’ | (in-codom) =’ where R z’
{proof)

lemma in-fieldE":
assumes in-field R z
obtains (in-dom) in-dom R z | (in-codom) in-codom R x
{proof)

lemma in-fieldl [intro]:
assumes R z y
shows in-field R x in-field R y

{proof)

lemma in-field-iff-in-dom-or-in-codom:
in-field R x <— in-dom R x V in-codom R z
(proof)

lemma in-field-eq-in-dom-if-in-codom-eq-in-dom:
assumes in-codom R = in-dom R
shows in-field R = in-dom R
(proof)

lemma in-field-bottom-eq-bottom [simpl: in-field L = L (proof)
lemma in-field-top-eq-top [simp]: in-field T = T (proof)

lemma in-field-sup-eq-in-field-sup-in-field [simp]: in-field (R U S) = in-field R U

in-field S
(proof )

13



Composition

consts rel-comp :: 'a = b = 'c

open-bundle rel-comp-syntax
begin

notation rel-comp (infixl ooy 55)
end

definition rel-comp-rel R Szy=32z. RxzANSzy
adhoc-overloading rel-comp = rel-comp-rel

lemma rel-compl [intro):
assumes R z y
and Sy z
shows (R oo S) z z

{proof)

lemma rel-compFE [elim]:
assumes (R oo S) z y
obtains z where Rz z S z y

{proof)

lemma rel-comp-assoc: R oo (S oo T) = (R oo §) oo T
(proof )

lemma in-dom-if-in-dom-rel-comp:
assumes in-dom (R oo §) x
shows in-dom R x

{proof)

lemma in-codom-if-in-codom-rel-comp:
assumes in-codom (R oo S) y
shows in-codom S y

{proof)

lemma in-field-compFE [elim]:
assumes in-field (R oo S) z
obtains (in-dom) in-dom R z | (in-codom) in-codom S x
(proof)

Inverse

consts rel-inv 1 'a = b

open-bundle rel-inv-syntax
begin

notation rel-inv («(-=1)» [1000])
end

14



definition rel-inv-rel :: ("a = 'b = bool) = 'b = 'a = bool
where rel-inv-rel Rz y =Ry«
adhoc-overloading rel-inv = rel-inv-rel

lemma rel-invl [intro:
assumes R z y
shows R~! y x

{proof)

lemma rel-invD [dest]:
assumes R~! 7y
shows R y x

{proof)

lemma rel-inv-iff-rel [simp]: R"' 2y +— Ry«
{proof)

lemma in-dom-rel-inv-eq-in-codom [simp): in-dom R~ = in-codom R
{proof)

lemma in-codom-rel-inv-eq-in-dom [simp): in-codom R~! = in-dom R
{proof)

lemma in-field-rel-inv-eq-in-field [simp): in-field R=' = in-field R
(proof)

lemma rel-inv-comp-eq [simp): (R oo )™t = §71 oo B!
(proof )

lemma rel-inv-inv-eq-self [simp]: R~171 = R

(proof)

lemma rel-inv-eq-iff-eq [iff]: R~' = S +— R= 28
{proof)

lemma rel-inv-le-rel-inv-iff [iff]: R~ < S~ ' «— R< S
(proof)

lemma rel-inv-top-eq [simp]: T = T (proof)
lemma rel-inv-bottom-eq [simp]: L= = L (proof)
Restrictions

consts rel-if :: bool = 'a = 'a

open-bundle rel-if-syntax

begin

notation (output) rel-if (infixl (— 50)
end

15



definition rel-if-rel BRxy=B — Rz y
adhoc-overloading rel-if = rel-if-rel

lemma rel-if-eq-rel-if-pred [simp]:
assumes B
shows (rel-if B R) = R
(proof)

lemma rel-if-eg-top-if-not-pred [simp):
assumes - B
shows (rel-if B R) = (A- -. True)
(proof)

lemma rel-if-if-impl [intro):
assumes B— Rz y
shows (rel-if BR) z y
{proof )

lemma rel-ifE [elim]:
assumes (rel-if BR) z y
obtains -B | BRzy
{proof )

lemma rel-ifD:
assumes (rel-if BR) z y
and B
shows R z y

{proof)

consts rel-restrict-left :: 'a = 'b = 'a
consts rel-restrict-right :: 'a = 'b = 'a
consts rel-restrict :: 'a = 'b = 'a

open-bundle rel-restrict-syntax

begin

notation rel-restrict-left (<(-)[(-)» [1000])
notation rel-restrict-right (<(-)1(-)» [1000])
notation rel-restrict (<(-)1(-)» [1000])

end

definition rel-restrict-left-pred R Pxy=Px AN Rzxy
adhoc-overloading rel-restrict-left = rel-restrict-left-pred
definition rel-restrict-right-pred RPxy=Py A Rzy
adhoc-overloading rel-restrict-right = rel-restrict-right-pred
definition rel-restrict-pred R P = R|p|p
adhoc-overloading rel-restrict = rel-restrict-pred

lemma rel-restrict-leftI [intro]:

16



assumes R z y
and Pz
shows Rlp z y

{proof)

lemma rel-restrict-leftE [elim]:
assumes R[p z y
obtains Pz Rz y

{proof)

lemma rel-restrict-left-cong:
assumes Az. Pz «— P’z
and A\zy. PP = Rzy+— R'zy
shows R[p = R'[ p/
(proof )

lemma rel-restrict-left-restrict-left-eq-restrict-left [simp]: Rl plp = R[p
(proof)

lemma rel-restrict-left-top-eq [simp]: (R =2 'a = 'b = bool) [+ .. 1, = poot = R
{proof)
lemma rel-restrict-left-top-eq-uhint [uhint]:
assumes P = (T :: 'a = bool)
shows (R :: ‘a = 'b = bool)[p = R
(proof)
lemma rel-restrict-left-bottom-eq [simp]: (R :: 'a = 'b = bool)[ | . 1y _ poor =L

{proof)

lemma bottom-restrict-left-eq [simp]: LIp .. 1, — poor = L
(proof)
lemma rel-restrict-left-le-self: (R :: 'a = 'b = bool)[(P "4 = bool) <R

{proof)

lemma le-rel-restrict-left-self-if-in-dom-le:
assumes in-dom R < P
shows R< (R :'a = "b = bool)[(P

{proof)

it 'a = bool)

corollary rel-restrict-left-eq-self-if-in-dom-le [simp]:
assumes in-dom R < P
shows Rlp = R
(proof )

lemma ez-rel-restrict-left-iff-in-codom-on [iff]: (3z. Rlp © y) <— (in-codom-on
P R y) (proof)
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lemma in-dom-rel-restrict-leftl [intro]:
assumes R z y
and Pz
shows in-dom R[p x

(proof)

lemma in-codom-rel-restrict-leftI [introl:
assumes R z y
and Pz
shows in-codom Rlp y

(proof)

lemma rel-restrict-rightl [intro):
assumes R z y
and Py
shows Rlp zy

{proof)

lemma rel-restrict-rightE [elim]:
assumes Rlp z y
obtains Py Rz y

{proof)

lemma rel-restrict-right-cong:
assumes A\y. Py «— P’y
and A\zy. PPy=—= Rzy+— R'zy
shows R|p = Rl p
(proof)

lemma rel-restrict-right-restrict-right-eq-restrict-right [simp]: R1plp = Rlp
(proof)

lemma rel-restrict-right-top-eq [simp]: (R :: 'a = 'b = bool)|1 ..ny — oot = B
(proof )

lemma rel-restrict-right-top-eq-uhint [uhint]:
assumes P = (T ::'b = bool)
shows (R :: 'a = 'b = bool)|p = R
{proof)

lemma rel-restrict-right-bottom-eq [simp]: (R :: 'a = 'b = bool)] |
1

{proof)

= 'b = bool —

lemma bottom-restrict-right-eq [simp]: L1 p L

(proof)

= 'b = bool —

lemma rel-restrict-right-le-self: (R :: 'a = 'b = bool)W(P b = bool) = R
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{proof)

lemma le-rel-restrict-right-self-if-in-codom-le:
assumes in-codom R < P
shows R< (R:'a= b= bool)1(P b = bool)

(proof)

corollary rel-restrict-right-eq-self-if-in-codom-le [simp]:
assumes in-codom R < P
shows Rlp =R

(proof)

context
fixes R :: 'a = 'b = bool
begin

lemma rel-restrict-right-eq: Rl p .. 1 s po01 = (R7)[p) 7"
(proof)

lemma rel-inv-restrict-right-rel-inv-eg-restrict-left [simp]: (R™')] p
= R[P
(proof)

—1
wa = bool)

lemma rel-restrict-right-iff-restrict-left: Rlp .. 1 — poo1 T Y <— (R YHYlpyx
(proof )

end

lemma rel-inv-rel-restrict-left-inv-rel-restrict-left-eq:
fixes R :: ‘a = 'b = bool and P :: 'a = bool and Q :: 'b = bool
shows (((RIp)"Y)Ig)™' = ((R7H)Ig) "ip
(proof )

lemma rel-restrict-left-right-eq-restrict-right-left:
fixes R :: ‘a = 'b = bool and P :: 'a = bool and Q :: 'b = bool
shows R[p]Q = R]Q[p
(proof)

lemma rel-restrict] [intro:
assumes R[plp zy
shows Rtp zy
{proof )

lemma rel-restrictD [dest!]:
assumes Rip z y
shows R[plpzy
{proof)

lemma rel-restrict-eg-restrict-left-right [simp]: Rtp = Rlplp
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{proof)

lemma rel-restrict-cong:
assumes A\y. Py «— P’y
and Az y. PPo —= P'y=— Rzxy<+— R'zy
shows Rtp = Rl p/
(proof)

lemma rel-restrict-restrict-eq-restrict [simp]: RtpTp = RTp
(proof)

lemma rel-restrict-top-eq [simp]: (R :: 'a = 'a = bool)t .. R

{proof)

‘a = bool —

lemma rel-restrict-top-eq-uhint [uhint):
assumes P = (T ::'a = bool)
shows (R :: 'a = 'a = bool)Tp = R
{proof)

lemma rel-restrict-bottom-eq [simp]: (R :: 'a = 'a = bool)T | .. i

(proof)

'a = bool —

lemma bottom-restrict-eq [simp]: LTp .. 1, - poor = L
(proof )
lemma rel-restrict-le-self: (R :: 'a = 'a = bool)T(P + 'a = bool) <R

(proof)

lemma le-rel-restrict-self-if-in-field-le:
assumes in-field R < P
shows R < (R:: 'a = 'a = bool)T(P

{proof)

i 'a = bool)

corollary rel-restrict-eq-self-if-in-field-le [simp]:
assumes in-field R < P
shows Rtp = R

{proof)

Mappers
definition rel-bimap f g (R :: 'a = 'b = bool) xy = R (f z) (9 v)

lemma rel-bimap-eq [simpl: rel-bimap fg Rz y =R (fz) (9y)
(proof )

definition rel-map f R = rel-bimap f f R

lemma rel-bimap-self-eq-rel-map [simp): rel-bimap f f R = rel-map f R

(proof)
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lemma rel-map-eq [simp]: rel-map fRzy = R (fz) (fy)
(proof )

end

1.1.2 Order

theory Binary-Relations-Order-Base
imports
Binary-Relation- Functions
HOL.Orderings
begin

lemma le-rell [introl:
assumes A\zy. Rzy = Szy
shows R < §

(proof)

lemma le-relD [dest]:
assumes R < S
and Rz y
shows S z y

(proof)

lemma le-relF:
assumes R < §
obtains Az y. Rzy=— Szy
(proof )

end

1.2 Functions

1.2.1 Basic Functions

theory Functions-Base
imports
Binary-Relation- Functions
begin

definition id z = z

lemma id-eq-self [simp]: id z = z
(proof )

lemma rel-map-id-eq-self [simp]: rel-map id R = R {proof)

consts comp :: 'a = 'b = 'c
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open-bundle comp-syntax
begin

notation comp (infixl o) 55)
end

definition comp-fun f gz = f (g x)
adhoc-overloading comp = comp-fun

lemma comp-eq [simpl: (f o g) z = f (g )
(proof )

lemma id-comp-eq [simp]: id o f = f
(proof )

lemma comp-id-eq [simp]: f o id = f
(proof )

lemma bottom-comp-eq [simp]: L o f = L (proof)
lemma top-comp-eq [simp]: T o f = T (proof)

definition dep-fun-map fghz =gz (fz) (h (fx))
definition fun-map f g h = dep-fun-map f (M- -. g) h

open-bundle dep-fun-map-syntax
begin
notation fun-map (infixr <~ 40)
syntax
-dep-fun-map :: idt = (‘la = b)) = (‘e = 'd) = (b= 'c¢) =
('a'="d) ((-/ : | =) ~ () [41. 41, 40] 40)
end
syntax-consts -dep-fun-map = dep-fun-map
translations
(z: f) ~ g = CONST dep-fun-map f (Az. g)

lemma fun-map-eq-dep-fun-map: (f ~ g) = ((-: f) ~ (A~ g))
{proof)

lemma fun-map-eq-dep-fun-map-uhint [uhint):
assumes f = [/
and g’ = (A- -. g)
shows (f ~ g) = ((z: f') ~ g"x)
(proof )

lemma dep-fun-map-eq [simpl: ((z : f) ~ gz) hx =gz (fz) (h (fz))
(proof )
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lemma fun-map-eqg-comp [simpl: (f ~ g) h=go ho f
{proof )

lemma fun-map-eq [simp]: (f ~ g) hz = g (h (f z))
(proof)

lemma fun-map-id-eqg-comp [simpl: fun-map id = (o)
(proof )

lemma fun-map-id-eq-comp’ [simp]: (f ~> id) h = ho f
(proof )

consts has-inverse-on :: 'a = 'b = 'c = bool

definition has-inverse-on-pred (P :: 'a = bool) f = in-codom-on P ((=) o f)
adhoc-overloading has-inverse-on = has-inverse-on-pred

lemma has-inverse-on-pred-eq-in-codom-on: has-inverse-on. P = in-codom-on P o
((¢) (=)

(proof)

lemma has-inverse-onl [introl:
assumes P z
shows has-inverse-on P f (f )

(proof)

lemma has-inverse-on-if-pred-if-eq:
assumes y = fz
and Pz
shows has-inverse-on P fy

(proof)

lemma has-inverse-onE [elim]:
assumes has-inverse-on P [y
obtains z where Pz y = fx

(proof)

context
notes has-inverse-on-pred-eg-in-codom-on[simp)
begin

lemma has-inverse-on-bottom-eq [simpl: has-inverse-on L = L
{proof)

lemma has-inverse-on-eq-pred-eq-eq-app [simp): has-inverse-on ((=) P) f = (=) (f
P)
{proof)
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lemma has-inverse-on-sup-eg-has-inverse-on-sup-has-inverse-on [simp):
has-inverse-on (P U @) = has-inverse-on P U has-inverse-on @
{proof )

end
definition has-inverse = has-inverse-on T

lemma has-inverse-eq-has-inverse-on-top: has-inverse = has-inverse-on T
(proof )

lemma has-inverse-eg-has-inverse-on-top-uhint [uhint]:
assumes P =T
shows has-inverse = has-inverse-on P

(proof)

lemma has-inverse-iff-has-inverse-on-top: has-inverse f y <— has-inverse-on T f

y
{proof)

lemma has-inversel [intro]:
assumes y = fz
shows has-inverse f y

{proof)

lemma has-inverseE [elim]:
assumes has-inverse f y
obtains z where y = fz

{proof)

end

1.2.2 Relators

theory Function-Relators
imports

Binary-Relation- Functions

Functions-Base

Predicates-Lattice

ML-Unification. ML- Unification-HOL-Setup

ML- Unification. Unify-Resolve- Tactics
begin

Summary Introduces the concept of function relators. The slogan of func-
tion relators is "related functions map related inputs to related outputs”.

consts Dep-Fun-Rel :: 'a = 'b = ¢ = 'd = bool
consts Fun-Rel :: 'a = 'b = ‘¢ = 'd = bool

open-bundle Dep-Fun-Rel-syntaz
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begin
notation Fun-Rel (infixr =) 50)
syntax
-Dep-Fun-Rel-rel :: idt = idt = 'a = 'b = 'c = 'd = bool
((-/ -/ ==/ =) = (- [51, 51, 50, 50] 50)
-Dep-Fun-Rel-rel-if :: idt = idt = 'a = bool = 'b = "¢ = 'd = bool
(/= =) -1 -) = (p (91, 51, 50, 50, 50] 50)
-Dep-Fun-Rel-pred :: idt = 'a = 'b = 'c = 'd = bool
((-) ) =) = () [51, 50, 50] 50)
-Dep-Fun-Rel-pred-if :: idt = 'a = bool = 'b = 'c = 'd = bool
(/-1 = () [51, 50, 50, 50] 50)
end
syntax-consts
-Dep-Fun-Rel-rel -Dep-Fun-Rel-rel-if -Dep-Fun-Rel-pred -Dep-Fun-Rel-pred-if =
Dep-Fun-Rel
translations
(xy R) = S = CONST Dep-Fun-Rel R (Az y. S)
(xy: R| B)= S = CONST Dep-Fun-Rel R (Ax y. CONST rel-if B S)
(z: ) 3 R = CONST Dep-Fun-Rel P (Az. R)
(z: P| B) = R = CONST Dep-Fun-Rel P (Axz. CONST rel-if B R)

definition Dep-Fun-Rel-rel R Sfg=Vzy. Rzy — Szy (fz) (gy)
adhoc-overloading Dep-Fun-Rel = Dep-Fun-Rel-rel

definition Fun-Rel-rel (R :: 'a = 'b = bool) (S :: 'c = 'd = bool) =
((--2R)=S9):(la="¢) = ('b = 'd) = bool
adhoc-overloading Fun-Rel = Fun-Rel-rel

definition Dep-Fun-Rel-pred PR fg=Vz. Pz — Rz (fz) (g x)
adhoc-overloading Dep-Fun-Rel = Dep-Fun-Rel-pred

definition Fun-Rel-pred (P :: 'a = bool) (R :: 'b = "¢ = bool) =
(-:P)=R):('a="b) = (la= "c) = bool
adhoc-overloading Fun-Rel = Fun-Rel-pred

lemma Fun-Rel-rel-eq-Dep-Fun-Rel-rel:
((R::'a= "b= bool) = (S ::'c="d= bool)) = ((--: R)=S)
(proof)

lemma Fun-Rel-rel-eq-Dep-Fun-Rel-rel-uhint [uhint]:
assumes R = R’
andS’E()\( i a) (- 7'h). 9)
shows (R :: 'a = b = bool) = (S:'c="'d= bool)) = ((zy: R)=> 85" zvy)
(proof)

lemma Fun-Rel-rel-iff-Dep-Fun-Rel-rel:
((R:'a= "b= bool) = (S:'c="'d=bool)) fg+— ((--=R)=S8) fyg
(proof)
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lemma Fun-Rel-pred-eq-Dep-Fun-Rel-pred:
((P :: 'a = bool) = (R :: 'b='c = bool)) = ((-: P) = R)
(proof)

lemma Fun-Rel-pred-eq-Dep-Fun-Rel-pred-uhint [uhint]:
assumes P = P’
and R’ = (A\(- = 'a). R)
shows ((P :: 'a = bool) = (R :: 'b = ‘¢ = bool)) = ((z : P') = R’ z)
(proof )

lemma Fun-Rel-pred-iff-Dep-Fun-Rel-pred:

((P:a= bool) = (R:'b="c=bool)) fg<— ((-: P)= R) (f :: '"a="b)
(g 'a="c)

(proof)

lemma Dep-Fun-Rel-rell [intro]:
assumes A\zy. Rzy = Szy (fz) (gy)
shows ((zy == R)= Szvy) fg
{proof )

lemma Dep-Fun-Rel-relD [dest]:
assumes ((zy:: R)= Szvy) fg
and Rz y
shows Sz y (fz) (9y)
(proof)

lemma Dep-Fun-Rel-relE:
assumes ((zy = R) = Szy) fyg
obtains Azy. Rzy = Szy (fz) (9y)
(proof )

lemma Dep-Fun-Rel-rel-cong [cong]:
assumes R = R’
and Azy. Rlzy= Szy=S8"zy
shows (zy = R) = Szy)=(zy=R)= 5" zvy)
(proof)

lemma Fun-Rel-rell [intro]:
assumes Az y. Rzy = S (fz) (gy)
shows (R= 5) fg
{proof)

lemma Fun-Rel-relD [dest]:
assumes (R= 9) fg
and Rz y
shows S (fz) (g y)
(proof )

lemma Fun-Rel-relE:
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assumes ((ry = R) = Szy)fg
obtains Azy. Rzy = Szy (fz) (9y)
(proof)

lemma Dep-Fun-Rel-predl [intro]:
assumes A\z. Pz = Rz (fz) (g z)
shows ((z: P)= Rz) fg
{proof )

lemma Dep-Fun-Rel-predD [dest]:
assumes ((z: P)= Rz) fg
and Pz
shows R z (fz) (g x)

{proof)

lemma Dep-Fun-Rel-predE:
assumes ((z: P)= Rz) fg
obtains Az. Pz = Rz (fz) (g x)

{proof)

lemma Dep-Fun-Rel-pred-cong [cong]:
assumes P = P’
and A\z. P’z = Rz =R’z
shows ((z: P)= Rz) = ((z: P') = R’ x)
(proof )

lemma Fun-Rel-predl [intro]:
assumes Az. Pz = R (fz) (g z)
shows (P = R) fg
{proof)

lemma Fun-Rel-predD [dest]:
assumes (P = R) fg
and Pz
shows R (fz) (g z)

{proof)

lemma Fun-Rel-predE:
assumes (P = R) fg
obtains Az. Pz = R (fz) (g z)

{proof)

lemma rel-inv-Dep-Fun-Rel-rel-eq [simp]:
fixes R :: ‘a = 'b = bool and S :: 'a = 'b = ¢ = 'd = bool
shows (zy= R) = Szy) '=(yz:RYH=(Szy™)
(proof )

lemma rel-inv-rel-inv-Dep-Fun- Rel-rel-iff-Dep- Fun-Rel-rel [iff]:
(zy=R Y= (Szy) ) fge—(zy=R) = (Syx)gf
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{proof)

lemma rel-inv-Dep-Fun-Rel-pred-eq [simp):
fixes P :: ‘a = bool and R :: 'a = 'b = 'c = bool
shows ((z: P)= Rz)™' = ((z: P) = (R2)™Y)
(proof )

lemma rel-inv-Dep-Fun-Rel-pred-iff-Dep- Fun-Rel-pred [iff]:
(z:P)= (Ra) ) fge— ((z:P)= (Ra) gf
(proof)

lemma Dep-Fun-Rel-pred-eq-Dep-Fun-Rel-rel:
fixes P :: ‘a = bool and R :: 'a = 'b = 'c = bool
shows ((z: P)= Rz)=((z (- "a) = (M) P) o (=) = R z)
(proof )

lemma Fun-Rel-eq-eg-eq [simp]: (=) = (=)) = (=)
{proof)

Composition lemma Dep-Fun-Rel-rel-compl:
assumes ((zy = R) = Szy) fyg
and A\zy. Rey = ((¢'y' = Tzy) = Uzya'y) f g
and A\zy. Rzy = Szy (fz) (9y) = Tzy (fz)(gy)
shows ((zy = R)= Uzy (fz) (gy) (f'of) (9 0g)
(proof)

corollary Dep-Fun-Rel-rel-compl ":
assumes ((zy = R) = Szvy) fyg
and Avy. Rey = ((¢'y' = Szy)=> Tzyz'y) f g
shows ((zy = R) = Txy (fz) (9y) (F'of) (9" 09)
(proof)

lemma Dep-Fun-Rel-pred-comp-Dep-Fun-Rel-rel-compl:
assumes ((z: P) = Rz) fg
and A\z. Pz = ((¢'y' = Sz)=> Tazz'y') f' g
and A\z. Pz = Rz (fz) (92) = Sz (fz) (g x)
shows ((z: P) = Tz (fz) (gx)) (f'ef) (90 g)
(proof)

corollary Dep-Fun-Rel-pred-comp-Dep-Fun-Rel-rel-compl ":
assumes ((z: P)= Rz) fg
and A\z. Pz = ((z'y' = Rz)= Sza'y) f' g
shows ((z: P) = Sz (fz) (gz)) (f'of) (9"09g)
(proof)

Restrictions lemma Dep-Fun-Rel-restrict-left-restrict-left-eq:
assumes A\fzy. Qf = Rzy=— Pzy (fx)
shows ((zy = R) = (Szy)lpgylg=((zy: R)= Szy)lg
(proof)
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lemma Dep-Fun-Rel-restrict-right-restrict-right-eq:
assumes A\fzy. Qf = Rzy=— Pzy (fy)
shows ((zy :: R) = (Szy)lpyy)lg=(((zy: R) = Szy)lg)
(proof )

end

1.2.3 Functions on Predicates

theory Predicate-Functions
imports
Functions-Base
begin

definition pred-map f (P :: 'a = bool) z = P (f z)

lemma pred-map-eq [simp]: pred-map f P x = P (f )
(proof)

lemma comp-eg-pred-map [simp]: P o f = pred-map f P
(proof)

consts pred-if :: bool = 'a = 'a

open-bundle pred-if-syntax

begin

notation (output) pred-if (infixl (—» 50)
end

definition pred-if-pred BPx =B — Px
adhoc-overloading pred-if = pred-if-pred

lemma pred-if-eq-pred-if-pred [simp):
assumes B
shows (pred-if B P) = P
(proof)

lemma pred-if-eg-top-if-not-pred [simpl:
assumes — 5
shows (pred-if B P) = (A-. True)
(proof )

lemma pred-if-if-impl [intro):
assumes B = Pz
shows (pred-if B P) z
(proof)
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lemma pred-ifE [elim):
assumes (pred-if B P) x
obtains -B | B Pz

{proof)

lemma pred-ifD:
assumes (pred-if B P) x
and B
shows P z

(proof)

end

1.2.4 Orders

theory Predicates-Order
imports
HOL.Orderings
begin

lemma le-predl [intro):
assumes A\z. Pz = Q«
shows P < @

(proof)

lemma le-predD [dest):
assumes P < @)
and Pz
shows @ =

{proof)

lemma le-predE:
assumes P < (@
and Pz
obtains @ x

{proof)

declare le-boolD[dest] and le-booll [intro]

end

Monotonicity

theory Functions-Monotone
imports

Binary-Relations-Order-Base

Function-Relators
Predicate-Functions
Predicates-Order
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begin

Summary Introduces the concept of monotone functions. A function is
monotone if it is related to itself - see Dep-Fun-Rel.

declare le-funl[intro]
declare le-funE|elim)

consts dep-mono-wrt :: 'a = 'b = 'c
consts mono-wrt :: 'a = 'b = c

open-bundle dep-mono-wrt-syntax
begin
notation mono-wrt (infixr <= 50)
syntax
-dep-mono-wrt-rel :: idt = idt = 'a = 'b = 'c
() -/ =) -1y = (- [561, 51, 50, 50] 50)
-dep-mono-wrt-rel-if :: idt = idt = 'a = bool = 'b = ¢
() -] =) -] 1) ) = () [51, 51, 50, 50, 50] 50)
-dep-mono-wrt-pred :: idt = 'a = b = 'c (3'(-/ :/ ) = (-)» [51, 50, 50] 50)
-dep-mono-wrt-pred-if :: idt = ’'a = bool = b = 'c
(/< /1)) = () [81, 50, 50, 50] 50)
end
syntax-consts
-dep-mono-wrt-rel -dep-mono-wrt-rel-if -dep-mono-wrt-pred -dep-mono-wrt-pred-if
= dep-mono-wrt
translations
(xy: R) = S = CONST dep-mono-wrt R (Az y. S)
(xy:: R| B)= S = CONST dep-mono-wrt R (Ax y. CONST rel-if B S)
(z : P) = @ = CONST dep-mono-wrt P (Az. Q)
(z: P| B) = Q = CONST dep-mono-wrt P (Ax. CONST pred-if B Q)

definition dep-mono-wri-rel (R :: 'a = 'a = bool)
(S:’a='a="b="b=bool) (f::'a="b)=(xzy::R) = Szy) ff
adhoc-overloading dep-mono-wrt = dep-mono-wrt-rel

definition mono-wrt-rel (R :: 'a = 'a = bool) (S :: 'b = b = bool) =
((--=:R)=29): ("a= "b) = bool
adhoc-overloading mono-wrt = mono-wrt-rel

definition dep-mono-wrt-pred (P :: 'a = bool) (Q :: 'a = b = bool) (f :: 'a =
b) =
((z:P) = (-5 ). Qu)) f1
adhoc-overloading dep-mono-wrt = dep-mono-wrt-pred
definition mono-wrt-pred (P :: 'a = bool) (Q :: 'b = bool) =
(((-:"a) : P) = Q) :: ("la = 'b) = bool

adhoc-overloading mono-wrt = mono-wrt-pred

lemma mono-wrt-rel-eq-dep-mono-wrt-rel:
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((R::"a = "'a= bool) = (S ::'b="b= bool)) = ((--:: R) = 5)
{proof)

lemma mono-wrt-rel-eq-dep-mono-wrt-rel-uhint [uhint]:
assumes R = R’
and S’ = (A(- = 'a) (- = 'a). S
shows ((R :: ‘a = 'a = bool) = (S :: 'b = b= bool)) = ((zy:: R') = Sz y)
(proof)

lemma mono-wrt-rel-iff-dep-mono-wrt-rel:
((R::'a= "a= bool) = (S ::'b="b= bool)) f +—
dep-mono-wrt R (A(- :: 'a) (- 'a). S) (f =t 'la = 'b)
(proof)

lemma mono-wrt-pred-eq-dep-mono-wrt-pred:
((P :: 'a = bool) = (Q :: 'b= bool)) = (((- :: 'a) : P) = Q)
(proof )

lemma mono-wrt-pred-eq-dep-mono-wrt-pred-uhint [uhint):
assumes P = P’

and A\z. Q= Q' z

shows ((P :: 'a = bool) = (Q :: 'b = bool)) = (((x : P) = Q' x) :: (Yla="b)
= bool)

(proof)

lemma mono-wrt-pred-iff-dep-mono-wrt-pred:
((P::'a = bool) = (Q :: 'b=bool)) f +— (((-::7a) : P) = Q) (f = 'a="b)
(proof )

lemma dep-mono-wrt-rell [intro:
assumes Az y. Rey = Szy (fz) (fy)
shows ((zy: R)= Szy) f
(proof)

lemma dep-mono-wrt-relF:
assumes ((zy = R) = Szy) f
obtains Azy. Rzy = Szy (fz) (fy)
(proof )

lemma dep-mono-wrt-relD [dest]:
assumes ((zy = R) = Szvy) f
and Rz y
shows Sz y (fz) (fy)
(proof )

lemma dep-mono-wrt-rel-cong [cong]:
assumes R = R’
and Avy. Rlzy = Szy=S"zy
shows ((zy == R)= Szy)=((zy: R)=S"zy)
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{proof)

lemma mono-wrt-rell [intro]:
assumes Az y. Rzy = S (fz) (fy)
shows (R = 9) f

{proof)

lemma mono-wrt-relE:
assumes (R = 9) f
obtains Azy. Rzy = S (fz) (fy)
(proof )

lemma mono-wrt-relD [dest]:
assumes (R = 9) f
and Rz y
shows 5 (f ) ()
(proof)

lemma dep-mono-wrt-predl [introl:
assumes A\z. Pz = Q z (f )
shows ((z: P)= Qu) f
(proof )

lemma dep-mono-wrt-predE:
assumes ((z: P) = Qz) f
obtains Az. Pz = Q z (fz)
(proof)

lemma dep-mono-wrt-predD [dest):
assumes ((z: P) = Qz) f
and Pz
shows @ z (f z)
(proof)

lemma dep-mono-wrt-pred-cong [congl:
assumes P = P’
and A\z. P2 = Qz=Q =z
shows ((z: P)= Quz) = ((z: P)= Q' z)
(proof)

lemma dep-mono-wrt-pred-codom-iff-cong:
assumes P = P’
and A\z. P’z = Qz (fz) «— Q' z (f' z)
shows ((z: P)= Quz) f+— ((z: P)= Q' z) f'
(proof)

lemma mono-wrt-predI [introl:

assumes Az. Pz = Q (fz)
shows (P = Q) f
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{proof)

lemma mono-wrt-predFE:
assumes (P = Q) f
obtains Az. Pz = @ (f )

{proof)

lemma mono-wrt-predD [dest]:
assumes (P = Q) f
and Pz
shows @ (f z)
(proof)

context
fixes R:: 'a = 'a = booland S :: 'a = 'a = b= b= bool and f :: 'a = b
and P :: ‘a = bool and Q :: 'a = 'b = bool

begin

lemma dep-mono-wrt-rel-if-Dep-Fun-Rel-rel-self :
assumes ((zy = R)= Szvy) ff
shows ((zy = R) = Szvy)f
(proof)

lemma dep-mono-wrt-pred-if-Dep-Fun- Rel-pred-self:
assumes ((z: P) = (M. Qu)) ff
shows ((z: P) = Qu) f
(proof)

lemma Dep-Fun-Rel-rel-self-if-dep-mono-wrt-rel:
assumes ((zy = R) = Szvy) f
shows ((zy:: R)= Szvy) ff
(proof )

lemma Dep-Fun-Rel-pred-self-if-dep-mono-wrt-pred:
assumes ((z: P) = Qz) f
shows ((z: P) = (M. Q) ff
(proof )

corollary Dep-Fun-Rel-rel-self-iff-dep-mono-wrt-rel:
(zy=R)= Szy) ffe—= ((zy=R)= Szy)f
(proof )

corollary Dep-Fun-Rel-pred-self-iff-dep-mono-wrt-pred:
(z:P)= (M-2). Qa)) ff+— ((z:P)= Quz)f
(proof)

lemma dep-mono-wrt-rel-inv-eq [simp):

(yz R )= (Szy)")=((zy:R) = Szy)
(proof)
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lemma in-dom-if-rel-if-dep-mono-wrt-rel:
assumes ((zy = R) = Szvy) f
and Rz y
shows in-dom (S z y) (f z)

{proof)

end

context
fixes R:: ‘a = 'a = bool and f :: 'a = 'b
begin

corollary in-dom-if-in-dom-if-mono-wrt-rel:
assumes (R = 9) f
shows (in-dom R = in-dom S) f

(proof)

lemma in-codom-if-rel-if-dep-mono-wrt-rel:
assumes ((zy = R) = Szy) f
and Rz y
shows in-codom (S z y) (fy)

{proof)

corollary in-codom-if-in-codom-if-mono-wrt-rel:
assumes (R = 9) f
shows (in-codom R = in-codom S) f

{proof)

corollary in-field-if-in-field-if-mono-wrt-rel:
assumes (R = 9) f
shows (in-field R = in-field S) f
(proof)

lemma le-rel-map-if-mono-wrt-rel:
assumes (R = 9) f
shows R < rel-map f S

{proof)

lemma le-pred-map-if-mono-wrt-pred:
assumes (P = Q) f
shows P < pred-map f Q

{proof)

lemma mono-wrt-rel-if-le-rel-map:
assumes R < rel-map f S
shows (R = 9) f

(proof)
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lemma mono-wrt-pred-if-le-pred-map:
assumes P < pred-map f Q
shows (P = Q) f

{proof)

corollary mono-wrt-rel-iff-le-rel-map: (R = S) f +— R < rel-map [ S
(proof )

corollary mono-wrt-pred-iff-le-pred-map: (P = Q) f +— P < pred-map [ Q
(proof )

end

lemma dep-mono-comp-iff-dep-mono-if-all-app-eq:
assumes A\z. Az = f (mz)=gux
shows ((z : (A :: -= bool)) = Bz) (fom)+— ((z: A) = Buzx)yg
(proof)

lemma dep-mono-pred-map-comp-iff-dep-mono-if-all-app-eq:
assumes Az y. Ae = Brzy= fzx(my) =gzy
shows ((z : A) = pred-map (A\f. fom) (y: Bz)= Cuzy))f
+— ((z:A)= (y:(Bx:-=bool) = Cuzy)g
(proof )

definition mono :: ((‘a :: ord) = ('b :: ord)) = bool
=((() = 'a= "a = bool) = ((£) = 'b = b = bool))

lemma mono-eq-mono-wrt-le [simp]: (mono = (('a :: ord) = ('b :: ord)) = bool)
(<) :: 'a = "a = bool) = ((<) :: 'b = "b = bool))

(proof)

lemma mono-eg-mono-wrt-le-uhint [uhint):
assumes R = (<) :: 'a = 'a = bool
and S = (<) :: 'b = 'b = bool
shows mono :: (("a :: ord) = (b :: ord)) = bool = (R = 5)
(proof)

lemma mono-iff-mono-wrt-le [iff]: mono f +— (<) = (L)) f (proof)

lemma monol [intro):
assumes Az y. 2 < y= fzx < fy
shows mono f
(proof)

lemma monoFE [elim]:
assumes mono f
obtains A\zy. 2 <y= fz < fy

{proof)
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lemma monoD:
assumes mono f
and z < y
shows fz < fy
(proof )

definition antimono :: ((‘a :: ord) = ('b :: ord)) = bool
= (((L) s 'a = "a = bool) = ((>) = 'b = b = bool))

lemma antimono-eg-mono-wrt-le-ge [simpl: (antimono :: (('a :: ord) = ('b :: ord))
= bool) =

(<) =z 'a = "a = bool) = ((>) :: 'b = "b = bool))

(proof)

lemma antimono-eqg-mono-wrt-le-ge-uhint [uhint]:
assumes R = (<) :: 'a = 'a = bool
and S = (>) = 'b = 'b = bool
shows antimono :: (("a :: ord) = ('b :: ord)) = bool = (R = S)
{proof)

lemma antimono-iff-mono-wrt-le-ge [iff]: antimono f +— (<) = (>)) f (proof)

lemma antimonol [intro:
assumes A\zy. 2 < y= fz > fy
shows antimono f
(proof)

lemma antimonokE [elim]:
assumes antimono f
obtains Az y. 2 <y= fz > fy
(proof )

lemma antimonoD:
assumes antimono f
and z < y
shows fz > fy
(proof)

lemma antimono-Dep-Fun-Rel-rel-left: antimono (A(R :: 'a = b = bool). ((z y ::
R) = Szy))
(proof)

lemma antimono-Dep-Fun-Rel-pred-left: antimono (A(P :: 'a = bool). ((z : P) =
Q x))
{proof)

lemma antimono-dep-mono-wrt-rel-left: antimono (A(R :: 'a = 'a = bool). ((z y
tR)= Szvy)
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{proof)

lemma antimono-dep-mono-wrt-pred-left: antimono (A(P :: 'a = bool). ((z : P)
= Q1))
(proof)

lemma Dep-Fun-Rel-rel-if-le-left-if- Dep- Fun-Rel-rel:
fixes R R':: 'a = 'b = bool
assumes ((zy = R)= Szy) fyg
and R’ < R
shows ((zy = R) = Szy) fyg
(proof)

lemma Dep-Fun-Rel-pred-if-le-left-if- Dep- Fun-Rel-pred:
fixes P P’ :: 'a = bool

assumes ((z: P) = Q) fg
and P/ < P

shows ((z: P')= Q) fyg
(proof)

lemma dep-mono-wrt-rel-if-le-left-if-dep-mono-wrt-rel:
fixes R R':: 'a = 'a = bool
assumes ((zy = R) = Sz y) f
and R' < R
shows ((zy:: R)= Szy)f
(proof )

lemma dep-mono-wrt-pred-if-le-left-if-dep-mono-wrt-pred:
fixes P P’ :: 'a = bool
assumes ((z: P) = Qz) f
and P’ < P
shows ((z: P)= Quz) f
(proof)

lemma mono-Dep-Fun-Rel-rel-right: mono (A(S :: ‘a = 'b = "¢ = 'd = bool). ((x
y: R) = Sz y)
(proof)

lemma mono-Dep-Fun-Rel-pred-right: mono (AM(Q :: 'a = b = ‘¢ = bool). ((z
P)= Q7))
{proof)

lemma mono-dep-mono-wrt-rel-right: mono (A(S :: 'a = 'a = b = b = bool).
((zy = R)= Szvy))
(proof)

lemma mono-dep-mono-wrt-pred-right: mono (A(Q :: 'a = ‘b = bool). ((z : P) =

Q1))
(proof )
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lemma Dep-Fun-Rel-rel-if-le-right-if-Dep-Fun- Rel-rel:
assumes ((zy = R) = Szy) fyg
and Azy. Rzy= Szy(fz) (9gy) = Tzy (fz) (9y)
shows ((zy = R)= Tzy) fg
(proof)

lemma Dep-Fun-Rel-pred-if-le-right-if-Dep- Fun-Rel-pred:
assumes ((z: P)= Quz) fyg
and A\z. Pz = Qz (fz) (9z) = Tz (fz) (g 2)
shows ((z: P)= Tx) fg
(proof)

lemma dep-mono-wrt-rel-if-le-right-if-dep-mono-wrt-rel:
assumes ((zy = R) = Szy) f
and \zy. Rezy = Szy(fz) (fy)= Tzy(fz) (fy)
shows ((zy == R)= Tzy)f
(proof)

lemma dep-mono-wrt-pred-if-le-right-if-dep-mono-wrt-pred:
assumes ((z: P) = Qz) f
and A\z. Pz = Quz (fz) = Tz (fx)
shows ((z: P) = Tux) f
(proof)

Composition lemma dep-mono-wrt-rel-compl:
assumes ((zy = R) = Szy) f
and A\vy. Rey = ((¢'y' = Tay) = Uzyax'y)f
and \zy. Rey = Szy(fz) (fy) = Tzy(fz)(fy)
shows ((zy = R) = Uzy (fz) (fy) (f of)
(proof )

corollary dep-mono-wrt-rel-compl "
assumes ((zy:: R) = Szy) f
and Azy. Rey= (¢’ y' = Szy)= Tzyz'y) [
shows ((zy == R)= Tzy (fz) (fy) (f'of)
(proof )

lemma dep-mono-wrt-pred-comp-dep-mono-wrt-rel-compl :
assumes ((z: P) = Q) f
and A\z. Pz = ((z'y' = Rz) = Sza'y) [’
and A\z. Pz = Qz (fz) = Rz (fz) (fz)
shows ((z: P) = (\p. S (f2) (f2) y ) (f' o )
(proof)

lemma dep-mono-wrt-pred-comp-dep-mono-wrt-pred-compl:
assumes ((z: P) = Qz) f
and A\z. Pz = ((z': Rz) = Szz') f'
and A\z. Pz = Qz (fz) = Rz (fz)
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shows ((z: P) = Sz (fz)) (f o f)
{proof)

corollary dep-mono-wrt-pred-comp-dep-mono-wrt-pred-compl "
assumes ((z: P) = Qz) f
and Az. Pz = ((¢': Qz) = Szz) f’
shows ((z: P) = Sz (fz)) (f' o f)
(proof)

lemma mono-wrt-rel-top [iff]:
fixes R:: ‘a = 'a = bool and f :: 'a = 'b
shows (R = (T 1 'b = b = bool)) f
{proof )

lemma mono-wrt-pred-top [iff]:
fixes P :: 'a = bool and f :: ‘a = 'b
shows (P = (T :: 'b = bool)) f

{proof)

Instantiations lemma mono-wrt-rel-self-id:
fixes R :: 'a = 'a = bool
shows (R = R) (id :: 'a = 'a)
(proof )

lemma mono-wrt-pred-self-id:
fixes P :: 'a = bool
shows (P = P) (id :: 'a = 'a)
(proof )

lemma mono-dep-mono-wrt-dep-mono-wrt-comp:
(((x:(B:'b=1bool)) = Cz)=(f: A= B)=(z: A) = C (fz)) (o)
(proof )

lemma mono-wrt-dep-mono-wrt-dep-fun-map:
fixes A :: ‘a = bool
shows (f: A= B)=((z:A) = (y:B)=(2:C (fz)) = Dzyz) =
(h:(x:B)=Czx)= (z:A4) =Dz (fz) (h(fz))) dep-fun-map
(proof )

lemma mono-wrt-dep-mono-wrt-fun-map:

fixes A4 :: 'a = bool

shows (f : A= B)=(z:C)=Dz)=(h:B=C)=(x:A) =D (f
x))) fun-map

(proof )

lemma mono-in-dom: mono in-dom (proof)

lemma mono-in-codom: mono in-codom (proof)

lemma mono-in-field: mono in-field {proof)

lemma mono-rel-comp: (<) = (<) = (X)) (o0) (proof)
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lemma mono-rel-inv: mono rel-inv (proof)

lemma mono-rel-restrict-left:

(L) = (L) = (X)) (rel-restrict-left :: ('a = 'b = bool) = ('a = bool) = 'a =
b = bool)

(proof )

lemma mono-rel-restrict-right:

(L) = (L) = (X)) (rel-restrict-right :: (‘a = 'b = bool) = ('b = bool) = a
= 'b = bool)

(proof)

(<)
(<)

(<)) ball {proof)
(<)) bex (proof)

lemma mono-ball: ((>)
lemma mono-bex: ((<)

= =
= =

end

theory Reverse-Implies

imports Binary-Relation-Functions
begin
definition rev-implies = (—)~*
open-bundle rev-implies-syntax
begin
notation rev-implies (infixr «+—» 25)
end

lemma rev-imp-eq-imp-inv [simp): (+—) = (—)~!
{proof)
lemma rev-impl [intro!:

assumes ) =— P
shows P +— @

{proof)
lemma rev-impD [dest!]:

assumes P «— @
shows ) =— P

(proof)
lemma rev-imp-iff-imp: (P +— Q) +— (Q — P) (proof)

end

Injective

theory Binary-Relations-Injective
imports
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Functions-Monotone
Reverse-Implies
begin

consts rel-injective-on :: ‘a = 'b = bool

overloading

rel-injective-on-pred = rel-injective-on :: (‘a = bool) = (‘a = 'b = bool) = bool
begin

definition rel-injective-on-pred PR =Vzz': PVy. Rt yANRz'y — z =1’
end

lemma rel-injective-onl [intro]:
assumes A\zz2'y. Pt = P12’ = Rzy— Ra2'y—=— z =12’
shows rel-injective-on P R

(proof)

lemma rel-injective-onD:
assumes rel-injective-on P R
and Pz Pz’
and RzyRz'y
shows z = z’

{proof)

lemma antimono-rel-injective-on:
(L) = (L) = () (rel-injective-on :: (a = bool) = ('a = 'b = bool) = bool)
(proof )

consts rel-injective-at :: 'a = 'b = bool

overloading

rel-injective-at-pred = rel-injective-at :: ('a = bool) = ('b = 'a = bool) = bool
begin

definition rel-injective-at-pred P R =Vzz'y. PyARzyANRz'y — =1’
end

lemma rel-injective-atl [introl:
assumes A\zz'y. Py— Rzy— Ra'y— z =2’
shows rel-injective-at P R
(proof )

lemma rel-injective-atD:
assumes rel-injective-at P R
and Py
and RzyRz'y
shows z = z’

(proof)
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lemma rel-injective-on-if-Fun- Rel-imp-if-rel-injective-at:
assumes rel-injective-at (Q :: 'b = bool) (R :: 'a = 'b = bool)
and (R= (—)) P Q
shows rel-injective-on P R
(proof )

lemma rel-injective-at-if- Fun- Rel-rev-imp-if-rel-injective-on:
assumes rel-injective-on (P :: 'a = bool) (R :: 'a = 'b = bool)
and (R= (+—)) P Q
shows rel-injective-at Q R
(proof)

consts rel-injective :: 'a = bool

overloading

rel-injective = rel-injective :: (‘a = 'b = bool) = bool
begin

definition (rel-injective :: ('a = 'b = bool) = bool) = rel-injective-on (T ::
= bool)
end

lemma rel-injective-eq-rel-injective-on:
(rel-injective :: (‘a = 'b = bool) = -) = rel-injective-on (T :: 'a = bool)
(proof)

lemma rel-injective-eq-rel-injective-on-uhint [uhint]:
assumes P = (T :: 'a = bool)
shows rel-injective :: (‘a = 'b = bool) = - = rel-injective-on P
{proof)

lemma rel-injectivel [intro]:
assumes Az z'y. Rry=— Rz’ y—=— z =1’
shows rel-injective R
{proof )

lemma rel-injectiveD:
assumes rel-injective R
and RzyRz'y
shows z = z’

{proof)

lemma rel-injective-eq-rel-injective-at:
(rel-injective :: (‘a = 'b = bool) = bool) = rel-injective-at (T :: 'b = bool)
{proof )

lemma rel-injective-eqg-rel-injective-at-uhint [uhint]:

assumes P = (T :: 'b = bool)
shows rel-injective :: ('a = 'b = bool) = bool = rel-injective-at P
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{proof)

lemma rel-injective-on-if-rel-injective:
fixes P :: 'a = bool and R :: 'a = 'b = bool
assumes rel-injective R
shows rel-injective-on P R

{proof)

lemma rel-injective-at-if-rel-injective:
fixes P :: 'a = bool and R :: 'b = 'a = bool
assumes rel-injective R
shows rel-injective-at P R

{proof)

lemma rel-injective-if-rel-injective-on-in-dom:
assumes rel-injective-on (in-dom R) R
shows rel-injective R
(proof)

lemma rel-injective-if-rel-injective-at-in-codom:
assumes rel-injective-at (in-codom R) R
shows rel-injective R
(proof)

corollary rel-injective-on-in-dom-iff-rel-injective [simp):
rel-injective-on (in-dom R) R <— rel-injective R
(proof)

corollary rel-injective-at-in-codom-iff-rel-injective [iff]:
rel-injective-at (in-codom R) R <— rel-injective R

(proof)

lemma rel-injective-on-compl:
fixes P :: 'a = bool
assumes rel-injective (R :: 'a = 'b = bool)
and rel-injective-on (in-codom R T in-dom S) (S :: 'b = ‘¢ = bool)
shows rel-injective-on P (R oo S)

(proof)

end

1.2.5 Agreement

theory Binary-Relations-Agree
imports
Functions-Monotone
begin
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consts rel-agree-on :: 'a = 'b = bool

overloading
rel-agree-on-pred = rel-agree-on :: (‘a = bool) = (('a = 'b = bool) = bool) =
bool
begin
definition rel-agree-on-pred (P :: 'a = bool) (R :: ('a = 'b = bool) = bool) =
VRR':R.Rlp=R'lp
end

lemma rel-agree-onl [intro]:
assumes ARR'zy RR— RR — Pz — Rzy— R'zy
shows rel-agree-on P R

{proof)

lemma rel-agree-onkE:
assumes rel-agree-on P R
obtains ARR" R R— R R'=— Rlp=R/lp
(proof)

lemma rel-restrict-left-eq-if-rel-agree-onl:
assumes rel-agree-on P R

and R R R R’
shows Rlp = R'|p
{proof)

lemma rel-agree-onD:
assumes rel-agree-on P R
and R R R R’
and Pz
and Rz y
shows R’z gy

{proof)

lemma antimono-rel-agree-on:

(L) = (L) = (2)) (rel-agree-on :: ('a = bool) = (('a = 'b = bool) = bool) =
bool)

(proof)

lemma le-if-in-dom-le-if-rel-agree-onl:
assumes rel-agree-on A R
and R R R R’
and in-dom R < A
shows R < R’
(proof)

lemma eg-if-in-dom-le-if-rel-agree-onl:

assumes rel-agree-on A R
and R RR R’
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and in-dom R < A in-dom R' < A
shows R = R’
(proof )

end

1.2.6 Dependent Binary Relations

theory Dependent-Binary-Relations
imports
Binary-Relations-Agree
begin

consts dep-bin-rel :: 'a = ('b = '¢) = 'd
consts bin-rel :: 'a = 'b = 'c

open-bundle bin-rel-syntax

begin

syntax -dep-bin-rel :: <idt = 'a = b = ‘v (({D_}-: -/ > [51, 50, 50] 51)
notation bin-rel (infixr «{x}> 51)

end

syntax-consts
-dep-bin-rel = dep-bin-rel
translations
{3 >}z : A. B = CONST dep-bin-rel A (A\z. B)

definition dep-bin-rel-pred (A :: 'a = bool) (B :: 'a = 'b = bool) (R :: 'a = 'b
= bool) =

Vey. Rxy— Az ANBuzy
adhoc-overloading dep-bin-rel = dep-bin-rel-pred

definition bin-rel-pred (A :: 'a = bool) (B :: 'b = bool) :: ('a = 'b = bool) =
bool =

$oY-='"a): A B

adhoc-overloading bin-rel = bin-rel-pred

lemma bin-rel-pred-eq-dep-bin-rel-pred: A {x} B={>_}-: A. B
{proof)

lemma bin-rel-pred-eq-dep-bin-rel-pred-uhint [uhint]:
assumes A = A’
and A\z. B= B’z
shows A {x} B={>_}z: A" B'z
(proof )

lemma bin-rel-pred-iff-dep-bin-rel-pred: (A {x} B) R +— ({d>_}-: A. B) R
{proof)
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lemma dep-bin-rell [introl:
assumes A\zy. Rzy = Az
and Azy. Rey=— Az = Buzy
shows ({> }z: A. Bz) R

(proof)

lemma dep-bin-rel-if-bin-rel-and:
assumes A\zvy. Rty=—= Az ANBzy
shows ({>_}z: A. Bz) R

(proof)

lemma dep-bin-relE [elim]:
assumes ({d }z: A. Bz) R
and Rz y
obtains Az Bz y

(proof)

lemma dep-bin-relE":
assumes ({dD }z: A. Bz) R
obtains Az y. Rey = Az ANBuzy

(proof)

lemma bin-rell [introl:
assumes A\zy. Rzy — Az
and Az y. Rxy— Az = By
shows (A {x} B) R
(proof)

lemma bin-rel-if-bin-rel-and:
assumes A\zy. Rxy = Az A By
shows (A {x} B) R
(proof )

lemma bin-relE [elim):
assumes (A {x} B) R
and Rz y
obtains A z B y

{proof)

lemma bin-relE":
assumes (A {x} B) R
obtains Az y. Rxy = Az A By
(proof)

lemma dep-bin-rel-cong [cong]:
[A=ANe. A2 = Bz=B'z] = ({D }z: A Bz)={>}z: A" B'x
(proof )

lemma le-dep-bin-rel-if-le-dom:
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assumes A < A4’

shows ({D }z: A. Bz) < ({d_}z: A" Bx)
{proof)

lemma dep-bin-rel-covariant-codom:
assumes ({dD .}z : A. Bz) R
and Azy. Rey— Aax—=— Baxy— B'zy
shows ({>D .}z : A. B'z) R
(proof)

lemma mono-dep-bin-rel: ((<) = (<) = (=) = (X)) dep-bin-rel
(proof)

lemma mono-bin-rel: ((<) = (<) = (>) = (<)) ({x})
(proof)

lemma in-dom-le-if-dep-bin-rel:
assumes ({d }z: A. Bz) R
shows in-dom R < A

{proof)

lemma in-codom-le-in-codom-on-if-dep-bin-rel:
assumes ({d .}z : A. Bz) R
shows in-codom R < in-codom-on A B

{proof)

lemma rel-restrict-left-eq-self-if-dep-bin-rel [simp]:
assumes ({d }z: A. Bz) R
shows R[4 = R

{proof)

lemma dep-bin-rel-bottom-dom-iff-eq-bottom [iff]: ({d }z: L. Bz) R+— R= 1
{proof)

lemma dep-bin-rel-bottom-codom-iff-eq-bottom [iff]: ({D }z: A. L) R+— R=1
{proof)

lemma mono-bin-rel-dep-bin-rel-bin-rel-in-codom-on-rel-comp:
(A{x} B= ({D_}z: B. Cz) = A {x} in-codom-on B C) (00)
(proof)

lemma mono-bin-rel-bin-rel-bin-rel-rel-comp: (A {x} B= B {x} C = A {x} C)
(00)

{proof)
lemma mono-dep-bin-rel-bin-rel-rel-inv: (({>_}z : A. B ) = in-codom-on A B
{x} A) rel-inv

{proof)
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lemma mono-bin-rel-rel-inv: (A {x} B = B {x} A) rel-inv
{proof)

lemma mono-dep-bin-rel-top-dep-bin-rel-inf-rel-restrict-left:
({>}x: A Bz)=(P:T)= ({>}z: AN P. Bx)) rel-restrict-left
(proof)

lemma mono-dep-bin-rel-top-dep-bin-rel-inf-rel-restrict-right:
({>>}z: A Bz)=(P:T)= ({D}z: A. Bz P)) rel-restrict-right
(proof )

lemma mono-dep-bin-rel-top-dep-bin-rel-inf-rel-restrict:
({>}x: A Bz)=(P:T)=({> }zr: AN P. Bz N P)) rel-restrict
(proof)

lemma le-if-rel-agree-on-if-dep-bin-rell:
assumes ({dD .}z : A. Bz) R
and rel-agree-on A R
and R R R R’
shows R < R’

(proof)

lemma eq-if-rel-agree-on-if-dep-bin-rell :
assumes ({dD}z: A. Bz) R ({3 }z: A. B'z) R’

and rel-agree-on A R

and R R R R’
shows R = R’
(proof)

end

1.2.7 Extensions

theory Binary-Relations-FExtend
imports
Dependent-Binary-Relations
begin

consts extend :: 'a = b = 'c = ¢

definition eztend-relz y Rz’ y'=(z=2z'ANy=y" )V Rz’ y’
adhoc-overloading extend = extend-rel

lemma extend-left] [iff]: (extend x y R) x y
(proof )

lemma extend-rightl [intro:
assumes R z’ y’
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/

shows (extend x y R) =’y
{proof)

lemma extendE [elim):
assumes (extend x y R) =’ y’
obtainsz=z'y=y' |z#z'Vy#y Rz'y'
(proof )

lemma extend-eg-self-if-rel [simp]: R x y = extend t y R = R
(proof )

context
fixes z:: ‘aand y :: 'band R :: 'a = ‘b = bool
begin

lemma in-dom-extend-eq: in-dom (extend z y R) = in-dom R U (=) z
(proof)

lemma in-dom-extend-iff: in-dom (extend z y R) z’ +— in-dom R 2’V z = z'
{proof)

lemma codom-extend-eq: in-codom (extend x y R) = in-codom R U (=) y
(proof)

lemma in-codom-extend-iff: in-codom (extend z y R) y’ +— in-codom R y' V y
= y/
(proof )

end

lemma in-field-extend-eq: in-field (extend x y R) = in-field R U (=) z U (=) y
(proof)
lemma in-field-extend-iff: in-field (extend z y R) z «— in-field R 2V z =2 V 2
=Y
(proof )

lemma mono-extend: mono (extend z y :: ('a = 'b = bool) = 'a = 'b = bool)
(proof)

lemma dep-mono-dep-bin-rel-extend:
((z:A)=Bz= {dD}z: A B z)= ({D}x: AU A" (BU B') z)) extend
(proof)

consts glue :: ‘a = b

definition glue-rel (R :: (‘a = 'b = bool) = bool) © = in-codom-on R (AR. R z)
adhoc-overloading glue = glue-rel
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lemma glue-rel-eg-in-codom-on: glue R x = in-codom-on R (AR. R )
{proof)

lemma gluel [introl:
assumes R R
and Rz y
shows glue R z y

{proof)

lemma glueE [eliml]:
assumes glue R z y
obtains R where R R Rz y

{proof)

lemma glue-bottom-eq [simp]: glue (L :: ("a = 'b = bool) = bool) = L
{proof)

lemma glue-eq-rel-eg-self [simp]: glue ((=) R) = (R :: 'a = 'b = bool)
{proof)

lemma glue-sup-eq-glue-sup-glue [simpl: glue (A U B) = glue A U glue B
(proof )

lemma mono-glue: mono (glue :: ((‘a = 'b = bool) = bool) = ('a = 'b = bool))
{proof)

lemma dep-bin-rel-gluel:
fixes R defines [simp]: D = in-codom-on R in-dom
assumes AR. R R = 3A. {d_}z: A Bz) R
shows ({>_}z: D. B x) (glue R)

(proof)

end

Right Unique

theory Binary-Relations-Right-Unique
imports
Binary-Relations-Injective
Binary-Relations- Fxtend
begin

consts right-unique-on :: ‘a = 'b = bool
overloading
right-unique-on-pred = right-unique-on :: (‘a = bool) = (‘a = 'b = bool) = bool

begin
definition right-unique-on-pred PR =Vz: P.Vyy . RzyANRzy —y=1vy'
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end

lemma right-unique-onl [introl:
assumes Az yy. Pr—= Ray=— Rzy = y =1y’
shows right-unique-on P R
(proof )

lemma right-unique-onD:
assumes right-unique-on P R
and Pz
and Rzy Rzy'
shows y = ¢’
(proof)

lemma antimono-right-unique-on:
(L) = (L) = () (right-unique-on :: (Ya = bool) = ('a = 'b = bool) = bool)
{proof )

lemma mono-right-unique-on-top-right-unique-on-inf-rel-restrict-left:
((R : right-unique-on P) = (P': T) = right-unique-on (P M P’)) rel-restrict-left
(proof)

lemma mono-right-unique-on-comp:

((R : right-unique-on P) = right-unique-on (in-codom (R|p)) = right-unique-on
P) (o0)

(proof)

context
fixes P :: ‘a = bool and R :: (‘a = 'b = bool) = bool
begin

lemma right-unique-on-glue-if-right-unique-on-sup:
assumes AR R R R = R R’ = right-unique-on P (R L R’)
shows right-unique-on P (glue R)

{proof)

lemma right-unique-on-if-right-unique-on-glue:
assumes right-unique-on P (glue R)
and R R
shows right-unique-on P R

{proof)

end
consts right-unique-at :: 'a = 'b = bool
overloading

right-unique-at-pred = right-unique-at :: ('a = bool) = ('b = 'a = bool) = bool
begin
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definition right-unique-at-pred PR =Vzyy . PyAPy'  ARzyANRzy —
y=y'
end

lemma right-unique-atl [intro]:
assumes Az yy . Py=— Py = Rzy= Rzy = y=1y’
shows right-unique-at P R
{proof)

lemma right-unique-atD:
assumes right-unique-at P R
and Py
and Py’
and Rzy Rzy'
shows y = g’
(proof )

lemma right-unique-at-rel-inv-iff-rel-injective-on [iff]:

right-unique-at (P :: 'a = bool) (R™! = 'b = 'a = bool) +— rel-injective-on P
R

(proof)

lemma rel-injective-on-rel-inv-iff-right-unique-at [iff]:

rel-injective-on (P :: 'a = bool) (R™! :: 'a = 'b = bool) +— right-unique-at P
R

(proof)

lemma right-unique-on-rel-inv-iff-rel-injective-at [iff]:

right-unique-on (P :: 'a = bool) (R™! 2 'a = 'b = bool) +— rel-injective-at P
R

(proof)

lemma rel-injective-at-rel-inv-iff-right-unique-on [iff]:

rel-injective-at (P :: 'b = bool) (R~ :: 'a = 'b = bool) +— right-unique-on P
R

{proof)

lemma right-unique-on-if-Fun-Rel-imp-if-right-unique-at:
assumes right-unique-at (Q :: 'b = bool) (R :: 'a = 'b = bool)
and (R= (—)) P Q
shows right-unique-on P R
(proof )

lemma right-unique-at-if- Fun- Rel-rev-imp-if-right-unique-on:
assumes right-unique-on (P :: 'a = bool) (R :: 'a = 'b = bool)
and (R= (+—)) P Q
shows right-unique-at @ R
(proof )

93



consts right-unique :: 'a = bool

overloading
right-unique = right-unique :: (‘a = 'b = bool) = bool
begin
definition (right-unique :: (‘a = b = bool) = bool) = right-unique-on (T ::
= bool)
end

lemma right-unique-eq-right-unique-on:
(right-unique :: ('"a = 'b = bool) = -) = right-unique-on (T :: 'a = bool)
{proof )

lemma right-unique-eq-right-unique-on-uhint [uhint]:
assumes P = (T :: 'a = bool)
shows right-unique :: ('a = 'b = bool) = - = right-unique-on P
(proof)

lemma right-uniquel [intro]:
assumes Az yy . Rzy— Rzy = y=1y’
shows right-unique R
(proof)

lemma right-uniqueD:
assumes right-unique R
and Rzy Rzy'
shows y = ¢’
(proof)

lemma right-unique-eq-right-unique-at:
(right-unique :: (‘a = 'b = bool) = bool) = right-unique-at (T :: 'b = bool)

{proof)

lemma right-unique-eq-right-unique-at-uhint [uhint]:
assumes P = (T :: 'b = bool)
shows right-unique :: ('a = 'b = bool) = - = right-unique-at P
(proof)

lemma right-unique-on-if-right-unique:
fixes P :: ‘a = bool and R :: 'a = b = bool
assumes right-unique R
shows right-unique-on P R

{proof)

lemma right-unique-at-if-right-unique:
fixes P :: ‘/a = bool and R :: 'b = 'a = bool
assumes right-unique R
shows right-unique-at P R
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{proof)

lemma right-unique-if-right-unique-on-in-dom:
assumes right-unique-on (in-dom R) R
shows right-unique R
(proof)

lemma right-unique-if-right-unique-at-in-codom:
assumes right-unique-at (in-codom R) R
shows right-unique R

(proof)

corollary right-unique-on-in-dom-iff-right-unique [iff]:
right-unique-on (in-dom R) R <— right-unique R

(proof)

corollary right-unique-at-in-codom-iff-right-unique [iff]:
right-unique-at (in-codom R) R <— right-unique R
(proof)

lemma right-unique-rel-inv-iff-rel-injective [iff]:

right-unique R~ +— rel-injective R
(proof)

lemma rel-injective-rel-inv-iff-right-unique [iff):
rel-injective R~ +— right-unique R
(proof )

Instantiations lemma right-unique-eq: right-unique (=)
{proof )

end

1.2.8 Evaluation of Functions as Binary Relations

theory Binary-Relations-Function-Evaluation
imports
Binary-Relations-Right- Unique
Binary-Relations- Fxtend
begin

consts eval :: 'a = b= 'c

definition eval-rel R xt = THE y. R x y
adhoc-overloading eval = eval-rel

open-bundle eval-syntaz
begin
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notation eval (¢'(“)»)
notation eval (<(-%)> [999, 1000] 999)
end

lemma eval-eq-if-right-unique-onl:
assumes right-unique-on P R
and Pz
and Rz y
shows Rx = y
(proof )

lemma eval-eq-if-right-unique-on-eql:
assumes right-unique-on ((=) =) R
and Rz y
shows Rx = y
(proof )

lemma rel-eval-if-ex1:
assumes Jly. Rz y
shows R z (R‘z)

(proof)

lemma rel-if-eval-eq-if-in-dom-if-right-unique-on-eq:
assumes right-unique-on ((=) z) R
and in-dom R z

and Re =y
shows Rz y
(proof)

corollary rel-eval-if-in-dom-if-right-unique-on-eq:
assumes right-unique-on ((=) z) R
and in-dom R z
shows R z (R‘z)

{proof)

lemma eg-app-eval-eq-eq [simp]: (Az. (=) (fz))‘c = fz
(proof )

lemma extend-eval-eq-if-not-in-dom [simpl:
assumes —(in-dom R z)
shows (extend x y R)‘c = y
(proof )

corollary extend-bottom-eval-eq [simpl:
fixes z :: ‘aand y :: 'b

shows (extend z y (L :: 'a = 'b = bool))‘c =y

(proof)

lemma glue-eval-eql:
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assumes right-unique-on P (glue R)
and R R

and Pz

and Rz y

shows (glue R)‘c = y

(proof )

lemma glue-eval-eq-evall:

assumes right-unique-on P (glue R)

and R R

and Pz

and in-dom R x

shows (glue R)‘c = Rz

(proof)

Note: the following rest on the definition of extend and eval:

lemma extend-eval-eq-if-neq [simp):

fixes R :: 'a = b = bool

shows z # y = (extend y z R)‘c = Rz

(proof )

lemma sup-eval-eg-left-eval-if-not-in-dom [simp]:
fixes RS :: 'a = 'b = bool
shows —(in-dom S z) = (R U S)c = Rz

(proof)

lemma sup-eval-eg-right-eval-if-not-in-dom [simp]:
fixes R S :: 'a = 'b = bool
shows —(in-dom R z) = (RU S)z = S«
(proof)

lemma rel-restrict-left-eval-eq-if-pred [simp]:
fixes R :: ‘a = 'b = bool

assumes P z
shows (R[p)‘c = Rz

(proof)

end

Left Total
theory Binary-Relations-Left-Total

imports
Functions-Monotone
begin
consts left-total-on :: 'a = 'b = bool

overloading
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left-total-on-pred = left-total-on :: (‘a = bool) = ('a = 'b = bool) = bool
begin

definition left-total-on-pred P R =V z : P. in-dom R z
end

lemma left-total-onl [intro]:
assumes A\z. Pz = in-dom R x
shows left-total-on P R

{proof)

lemma left-total-onE [elim]:
assumes left-total-on P R
and Pz
obtains y where R = y

(proof)

lemma le-in-dom-if-left-total-on:
assumes left-total-on P R
shows P < in-dom R

{proof)

lemma left-total-on-if-le-in-dom:
assumes P < in-dom R
shows left-total-on P R

{proof)

lemma mono-left-total-on:
((>) = (<) = (X)) (left-total-on :: ("'a = bool) = ('a = 'b = bool) = bool)
(proof )

lemma le-in-dom-iff-left-total-on: P < in-dom R <— left-total-on P R
(proof )

lemma mono-left-total-on-top-left-total-on-inf-rel-restrict-left:
((R : left-total-on P) = (P': T) = left-total-on (P 1 P’)) rel-restrict-left
(proof)

lemma mono-left-total-on-comp:
((R : left-total-on P) = left-total-on (in-codom (R|p)) = left-total-on P) (0o)
(proof)

consts left-total :: 'a = bool

overloading

left-total = left-total :: ("a = 'b = bool) = bool
begin

definition (left-total :: (‘a = 'b = bool) = bool) = left-total-on (T :: 'a = bool)
end
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lemma left-total-eq-left-total-on:
(left-total :: ('a = 'b = bool) = -) = left-total-on (T = 'a = bool)
{proof)

lemma left-total-eg-left-total-on-uhint [uhint]:
assumes P = T :: 'a = bool
shows left-total :: ('a = 'b = bool) = - = left-total-on P
{proof)

lemma left-totall [introl:
assumes Az. in-dom R x
shows left-total R

{proof)

lemma left-totalF:
assumes left-total R
obtains y where R z y

{proof)

lemma in-dom-if-left-total:
assumes left-total R
shows in-dom R x

{proof)

lemma left-total-on-if-left-total:
fixes P :: ‘/a = bool and R :: 'a = 'b = bool
assumes left-total R
shows left-total-on P R

(proof)
end

1.3 Functions as Binary Relations

theory Binary-Relations-Function-Base
imports
Binary-Relations- Function- Evaluation
Binary-Relations-Left-Total
begin

Relational functions may contain further elements outside their specifi-
cation.
consts rel-dep-mono-wrt :: 'a = 'b = 'c

consts rel-mono-wrt :: 'a = b = 'c

open-bundle rel-mono-wrt-syntax
begin
notation rel-mono-wrt (infixr «(—» 40)
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syntax
-rel-dep-mono-wrt-pred :: idt = 'a = 'b = 'c = bool ('(-/ :/ -)) = (-» [41, 41,
40] 40)
end
syntax-consts -rel-dep-mono-wrt-pred = rel-dep-mono-wrt
translations
(z : A) - B = CONST rel-dep-mono-wrt A (Az. B)

definition rel-dep-mono-wrt-pred (A :: 'a = bool) (B :: 'a = 'b = bool) (R :: 'a
= 'b = bool) =

left-total-on A R A right-unique-on A R A ((z : A) = B z) (eval R)
adhoc-overloading rel-dep-mono-wrt = rel-dep-mono-wrt-pred

definition rel-mono-wrt-pred (A :: 'a = bool) (B :: 'b = bool) :: ('a = b = bool)
= bool =

rel-dep-mono-wrt-pred A (\(- :: 'a). B)
adhoc-overloading rel-mono-wrt = rel-mono-wrt-pred

lemma rel-mono-wrt-pred-eg-rel-dep-mono-wrt-pred:

(((A :: 'a = bool) = (B :: 'b = bool)) :: (Ya = b = bool) = bool) = (((- :: 'a) :
A) = B)

(proof)

lemma rel-mono-wrt-pred-eg-rel-dep-mono-wrt-pred-uhint [uhint]:
assumes (A :: ‘a = bool) = A’
and Az. B:: 'b = bool = B’z
shows (A — B) = ((z : A") —» B’ 1)
(proof)

lemma rel-mono-wrt-pred-iff-rel-dep-mono-wrt-pred:

((A :: 'a = bool) = (B :: 'b = bool)) (R :: 'a = 'b = bool) +— (((- :: 'a) : A)
— B) R

(proof)

lemma rel-dep-mono-wrt-predl [intro):
assumes left-total-on A R
and right-unique-on A R
and ((z : A) = B z) (eval R)
shows ((z: A) - Bz) R
(proof)

lemma rel-dep-mono-wrt-predE [elim]:
assumes ((z: A) - Bz) R
obtains left-total-on A R right-unique-on A R ((z : A) = B z) (eval R)

{proof)
lemma rel-dep-mono-wrt-pred-cong [cong|:

assumes A = A’
and A\vy. A’z = Bz =Bz

60



shows ((z: A) - Bz) = ((z: A") —» B’ x)
{proof)

lemma rel-mono-wrt-predl [introl:
assumes left-total-on A R
and right-unique-on A R
and (A = B) (eval R)
shows (A — B) R

{proof)

lemma rel-mono-wrt-predE [elim]:
assumes (A — B) R
obtains left-total-on A R right-unique-on A R (A = B) (eval R)

{proof)

lemma mono-rel-dep-mono-wrt-pred-dep-mono-wrt-pred-eval: (((z : A) — B x) =
(z: A) = Bz) eval
(proof)

lemma ex1-rel-right-if-rel-dep-mono-wrt-predl:
assumes ((z: A) > Bz) R
and A z
shows Jly. Rz y

{proof)

lemma eg-if-rel-if-rel-if-rel-dep-mono-wrt-predI :
assumes ((z: A) - Bz) R
and A z
and RzyRuzy'
shows y = g’

(proof)

lemma eval-eq-if-rel-if-rel-dep-mono-wrt-predl [simp]:
assumes ((z: A) - Bz) R
and A z
and Rz y
shows Rz = y
(proof )

lemma rel-if-eval-eq-if-rel-dep-mono-wrt-predl :
assumes ((z: A) > Bz) R

and A z
and Rz =y
shows Rz y
(proof)

corollary rel-eval-if-rel-dep-mono-wrt-predl:
assumes ((z: A) - Bz) R
and A z
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shows R z (R‘z)
{proof)

corollary rel-iff-eval-eq-if-rel-dep-mono-wrt-predl’:
assumes ((z: A) - Bz) R
and A z
shows Rz y <— Rz =y
(proof)

lemma rel-dep-mono-wrt-pred-relE:
assumes ((z: A) - Bz) R
and A z
and Rz y
obtains Bz y Re =y
(proof)

lemma rel-dep-mono-wrt-pred-relE’:
assumes ((z: A) - Bz) R
obtains Az y. Azx = Rzy=— BzyARz=y
(proof )

lemma rel-codom-if-rel-if-pred-if-rel-dep-mono-wrt-pred:
assumes ((z: A) - Bz) R
and A z
and Rz y
shows Bz y

{proof)

lemma rel-dep-mono-wrt-pred-contravariant-dom:
assumes ((z: A) - Bz) R
and [dest]: Az. A’z = Az
shows ((z: A) - Bz) R
(proof)

lemma rel-dep-mono-wrt-pred-covariant-codom:
assumes ((z: A) > Bz) R
and A\z. Az = Bz (Rz) = B’z (R¢)
shows ((z: A) —» B'z) R
(proof)

lemma rel-mono-wrt-pred-in-codom-on-if-rel-dep-mono-wrt-pred:
assumes ((z: A) > Bz) R
shows (4 — in-codom-on A B) R
(proof)

lemma eq-comp-eval-restrict-left-le-if-rel-dep-mono-wrt-pred:
assumes ((z: A) > Bz) R
shows ((=) o eval R)[ 4 < R[4
(proof)
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lemma restrict-left-le-eq-comp-eval-restrict-left-if-rel-dep-mono-wrt-pred:
assumes ((z: A) - Bz) R
shows R[4 < ((=) o eval R)| 4
(proof )

corollary restrict-left-eq-eq-comp-eval-if-rel-dep-mono-wrt-pred:
assumes ((z: A) - Bz) R
shows R[4 = ((=) o eval R)| 4
(proof )

lemma eval-eq-if-rel-dep-mono-wrt-predl .
fixes R :: 'a = 'b = bool
assumes ((z: A) > Bz) R ((z: A") —» B’ z) R’
and R < R’
and (AN Az
shows R‘c = R'‘x
(proof)

lemma rel-agree-on-if-eval-eq-if-rel-dep-mono-wrt-pred:
assumes rel-dep-mono-wrt-pred: AR. R R = 3B. ((z: A) - Bz) R
and ARR'z. RR=— R R — Az —=— Rc =R’z
shows rel-agree-on A R

(proof)

lemma mono-rel-dep-mono-wrt-pred-top-rel-dep-mono-wrt-pred-inf-rel-restrict-left:
(((z:A) > Bzx)= (A": T)= ((z: AN A") — B x)) rel-restrict-left
(proof )

end

1.3.1 Clean Functions

theory Binary-Relations-Clean-Functions
imports
Binary-Relations-Function-Base
begin

Clean relational functions may not contain further elements outside their
specification.

consts crel-dep-mono-wrt :: 'a = 'b = 'c
consts crel-mono-wrt :: 'a = b = 'c

open-bundle crel-mono-wrt-syntax
begin
notation crel-mono-wrt (infixr <—.» 50)
syntax
-crel-dep-mono-wrt :: idt = 'a = b = ‘¢ = bool (<'(-/ :/ -) = (-)» [61, 50,
50] 50)
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end
syntax-consts

-crel-dep-mono-wrt = crel-dep-mono-wrt
translations

(z: A) =, B = CONST crel-dep-mono-wrt A (A\z. B)

definition crel-dep-mono-wrt-pred (A :: 'a = bool) BR = ((z : A) - Bzx) R A
in-dom R = A
adhoc-overloading crel-dep-mono-wrt = crel-dep-mono-wrt-pred

definition crel-mono-wrt-pred (A :: 'a = bool) B = (((- :: 'a) : A) —. B)
adhoc-overloading crel-mono-wrt = crel-mono-wrt-pred

lemma crel-mono-wrt-pred-eq-crel-dep-mono-wrt-pred:

(((A =2 'a = bool) = (B :: 'b = bool)) :: ('a = 'b = bool) = bool) = (((- :: 'a)
: A) =, B)

(proof)

lemma crel-mono-wrt-pred-eq-crel-dep-mono-wrt-pred-uhint [uhint]:
assumes (A :: ‘a = bool) = A’
and Az. B= B’z
shows (4 —. B) = ((z : A") =, B’ )
(proof)

lemma crel-mono-wrt-pred-iff-crel-dep-mono-wrt-pred:

((A :: 'a = bool) = (B :: 'b = bool)) (R :: 'a = b = bool) +— (((-:: 'a) : A)
—. B) R

(proof)

lemma crel-dep-mono-wrt-predl [introl:
assumes ((z: A) > Bz) R
and in-dom R < A
shows ((z : A) —». Bz) R
(proof)

lemma crel-dep-mono-wrt-predl .
assumes left-total-on A R
and right-unique-on A R
and ({dD }z: A. Bz) R
shows ((z : A) —». Bz) R
(proof)

lemma crel-dep-mono-wrt-predE:
assumes ((z: A) . Bz) R
obtains ((z : A) - Bz) R in-dom R = A
(proof)

lemma crel-dep-mono-wrt-predE’ [elim]:
notes crel-dep-mono-wrt-predE[elim]
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assumes ((z : A) —. B z)
obtains ((z: A) - Bz) R
(proof)

R
{>>}tz:A. Bzx) R

lemma crel-dep-mono-wrt-pred-cong [congl:
assumes A = A’
and A\vy. A’z = Bz =Bz
shows ((z : A) =». Bz) = ((z: A") —». B' 1)
{proof)

lemma in-dom-eg-if-crel-dep-mono-wrt-pred [simp]:
assumes ((z: A) . Bz) R
shows in-dom R = A
(proof )

lemma in-codom-le-in-codom-on-if-crel-dep-mono-wrt-pred:
assumes ((z: A) ». Bz) R
shows in-codom R < in-codom-on A B
(proof)

lemma crel-mono-wrt-predl [intro]:
assumes (A — B) R
and in-dom R < A
shows (4 —. B) R
{proof)

lemma crel-mono-wrt-predl ”:
assumes left-total-on A R
and right-unique-on A R
and (A {x} B) R
shows (4 —. B) R
(proof )

lemma crel-mono-wrt-predFE:
assumes (A —. B) R
obtains (A — B) R in-dom R = A
(proof)

lemma crel-mono-wrt-predE’ [elim]:
assumes (A —. B) R
obtains (A — B) R (A {x} B) R
(proof)
lemma in-dom-eq-if-crel-mono-wrt-pred [simp):

assumes (A —. B) R
shows in-dom R = A

(proof)

lemma eg-if-rel-if-rel-if-crel-dep-mono-wrt-predI :
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assumes ((z: A) . Bz) R
and RzyRuzy'

shows y = v’

(proof )

lemma eval-eq-if-rel-if-crel-dep-mono-wrt-predI [simp):
assumes ((z : A) ». Bz) R
and Rz y
shows Rx = y
(proof )

lemma crel-dep-mono-wrt-pred-relE:
assumes ((z: A) . Bz) R
and Rz y
obtains Az BzxyRx=y
(proof )

lemma crel-dep-mono-wrt-pred-relE":
assumes ((z : A) . Bz) R
obtains Az y. Rey—= Az ANBzyANRax=y
(proof )

lemma rel-restrict-left-eq-self-if-crel-dep-mono-wrt-pred [simpl:
assumes ((z : A) . Bz) R
shows R[4 = R
(proof )

Note: clean function relations are not contravariant on their domain.

lemma crel-dep-mono-wrt-pred-covariant-codom:
assumes ((z : A) . Bz) R
and Az. Az = Bz (R2) = B’z (R%)
shows ((z : A) —. B’ z) R
(proof)

lemma eg-comp-eval-restrict-left-le-if-crel-dep-mono-wrt-pred:
assumes [vhint]: ((z: A) - Bz) R
shows ((=) o eval R)[ 4 < R
(proof)

lemma le-eq-comp-eval-restrict-left-if-rel-dep-mono-wrt-pred:
assumes [vhint]: ((z: A) ». Bz) R
shows R < ((=) o eval R)[ 4
(proof )

corollary restrict-left-eq-eq-comp-eval-if-crel-dep-mono-wrt-pred:
assumes ((z: A) . Bz) R
shows R = ((=) o eval R)[ 4
(proof )
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lemma eval-eg-if-crel-dep-mono-wrt-pred-if-rel-dep-mono-wrt-predl :
fixes R :: 'a = 'b = bool
assumes ((z: 4) - Bz) R((z: A") —». B'z) R’
and R < R’
and A z
shows R = R’z
(proof)

lemma crel-dep-mono-wrt-pred-ext:
assumes ((z: A) ». Bz) R ((z: A) —». B'z) R’
and A\z. Az = Rc =R’
shows R = R’
(proof)

lemma eg-if-le-if-crel-dep-mono-wrt-pred-if-rel-dep-mono-wrt-pred:
assumes ((z: A) - Bz) R ((z: A) —». B'z) R’
and R < R’
shows R = R’

(proof )

lemma ex-dom-crel-dep-mono-wrt-pred-iff-crel-dep-mono-wrt-pred-in-dom:
(3(A :: 'a = bool). ((z : A) = Bz) R) +— (((z : in-dom R) —. B z) R)
(proof )

lemma crel-mono-wrt-pred-bottom-bottom: ((L :: ‘a = bool) —. A) (L ::'a="b
= bool)

{proof)

lemma crel-dep-mono-wrt-pred-bottom-iff-eq-bottom [iff]: ((z : (L = 'a = bool))
—.Bz)R+— R=1
{proof)

lemma mono-crel-dep-mono-wrt-pred-top-crel-dep-mono-wrt-pred-inf-rel-restrict-left:
(((z:A) . Bz)=(4":T) = (z: AN A') =, B x) rel-restrict-left
(proof)

lemma mono-rel-dep-mono-wrt-pred-ge-crel-dep-mono-wrt-pred-rel-restrict-left:
(((z: A) - Bzx)= (A": (>) A) = (z: A') =, B x) rel-restrict-left
(proof)

lemma crel-dep-mono-wrt-pred-eg-restrict: ((z : (A :: 'a = bool)) —. (=) z) (=) 4
(proof)

end

Symmetric

theory Binary-Relations-Symmetric
imports
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Functions-Monotone
begin

consts symmetric-on :: 'a = 'b = bool

overloading

symmetric-on-pred = symmetric-on :: ('a = bool) = (‘a = 'a = bool) = bool
begin

definition symmetric-on-pred PR =Vzy: P. Rxy — Ryx
end

lemma symmetric-onl [intro]:
assumes A\vy. P — Py— Razy—=— Ruyz
shows symmetric-on P R

(proof)

lemma symmetric-onD:
assumes symmetric-on P R
and Px Py
and Rz y
shows R y x

{proof)

lemma symmetric-on-rel-inv-iff-symmetric-on [iff]:
symmetric-on P R~! +— symmetric-on (P :: 'a = bool) (R :: 'a = 'a = bool)
(proof)

lemma antimono-symmetric-on: antimono (symmetric-on :: ('a = bool) = ('a =
'a = bool) = bool)

{proof)

lemma symmetric-on-if-le-pred-if-symmetric-on:
fixes P’ :: 'a = bool and R :: 'a = 'a = bool
assumes symmetric-on P R
and P/ < P
shows symmetric-on P’ R
(proof )

consts symmetric :: 'a = bool

overloading

symmetric = symmetric :: ('a = 'a = bool) = bool
begin

definition (symmetric :: (‘a = 'a = bool) = -) = symmetric-on (T == 'a = bool)
end

lemma symmetric-eq-symmetric-on:

(symmetric :: ('a = 'a = bool) = -) = symmetric-on (T :: 'a = bool)

{proof)
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lemma symmetric-eq-symmetric-on-uhint [uhint]:

P = (T :'a= bool) = (symmetric :: ('a = 'a = bool) = -) = symmetric-on
P

(proof)

lemma symmetricl [intro]:
assumes A\zy. Rrty = Ryzx
shows symmetric R

(proof)

lemma symmetricD:
assumes symmetric R
and Rz y
shows R y x

(proof)

lemma symmetric-on-if-symmetric:
fixes P :: ‘a = bool and R :: 'a = ’a = bool
assumes symmetric R
shows symmetric-on P R

{proof)

lemma symmetric-rel-inv-iff-symmetric [iff]: symmetric R~1 <— symmetric (R :
'a = 'a = bool)
(proof )

lemma rel-inv-eq-self-if-symmetric [simp):
assumes symmetric R
shows R~! = R
(proof)

lemma rel-iff-rel-if-symmetric:
assumes symmetric R
shows Rzy<+— Ryzx

{proof)

lemma symmetric-if-rel-inv-eq-self:
assumes R~!' = R
shows symmetric R

{proof)

lemma symmetric-iff-rel-inv-eg-self: symmetric R +— R™' = R
(proof)

lemma symmetric-if-symmetric-on-in-field:
assumes symmetric-on (in-field R) R
shows symmetric R

{proof)
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corollary symmetric-on-in-field-iff-symmetric [iff]:
symmetric-on (in-field R) R «— symmelric R

{proof)

Instantiations lemma symmetric-eq [iff]: symmetric (=)
(proof)

lemma symmetric-top: symmetric (T :: 'a = 'a = bool)
(proof)

end

Reflexive

theory Binary-Relations-Reflexive
imports
Functions-Monotone
ML-Unification. ML- Unification- HOL-Setup
ML-Unification. Unify-Resolve-Tactics
begin

consts reflexive-on :: 'a = 'b = bool

overloading

reflezive-on-pred = reflezive-on :: (‘a = bool) = ('a = 'a = bool) = bool
begin

definition reflexive-on-pred P R =Vz. Px — Rz
end

lemma reflexive-onl [intro]:
assumes A\z. Pz = Rzx
shows refiexive-on P R

{proof)

lemma reflezive-onD [dest]:
assumes reflexive-on P R
and Pz
shows R z z

{proof)

context
fixes R :: 'a = 'a = bool and P :: 'a = bool
begin

lemma le-in-dom-if-reflexive-on:
assumes reflexive-on P R
shows P < in-dom R

(proof)
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lemma [le-in-codom-if-reflexive-on:
assumes reflexive-on P R
shows P < in-codom R

(proof)

lemma in-codom-eq-in-dom-if-reflexive-on-in-field:
assumes reflexive-on (in-field R) R
shows in-codom R = in-dom R
(proof )

lemma reflezive-on-rel-inv-iff-reflexive-on [iff]:
reflexive-on P R~ <— reflexive-on P R
(proof )

lemma mono-reflexive-on:
((>) = (L) = (X)) (reflexive-on :: ('a = bool) = ('a = 'a = bool) = bool)
{proof )

lemma reflexive-on-if-le-pred-if-reflexive-on:
fixes P’ :: 'a = bool
assumes reflezive-on P R
and P/ < P
shows reflexive-on P’ R
(proof )

end

lemma reflezive-on-sup-eq [simp]:
(reflexive-on :: (‘a = bool) = (‘a = 'a = bool) = bool) (P U Q)
= reflexive-on P T reflexive-on @
(proof )

lemma reflexive-on-iff-eq-restrict-le:
reflexive-on (P :: 'a = bool) (R :: 'a = -) +— ((=)[p < R)
(proof)

consts reflexive :: 'a = bool

overloading

reflexive = reflexive :: ('a = 'a = bool) = bool
begin

definition reflexive :: (‘a = 'a = bool) = bool = reflexive-on (T :: 'a = bool)
end

lemma reflexive-eq-reflexive-on:

(reflezive :: ('a = 'a = bool) = -) = reflexive-on (T :: 'a = bool)

{proof)
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lemma reflezive-eq-reflexive-on-uhint [uhint]:
P = (T :: 'a = bool) = (reflexive :: ('a = 'a = bool) = -) = reflexive-on P
(proof )

lemma reflexivel [introl:
assumes A\z. Rz x
shows reflexive R

{proof)

lemma reflexiveD:
assumes reflerive R
shows R z z

{proof)

lemma reflexive-on-if-reflexive:
fixes P :: 'a = bool and R :: 'a = 'a = bool
assumes reflerive R
shows reflexive-on P R

{proof)

lemma reflezive-rel-inv-iff-reflexive [iff]:
reflevive (R :: 'a = 'a = bool)™ <— reflexive R
(proof)

lemma reflexive-iff-eq-le: reflexive R +— ((=) < R)
(proof )

Instantiations lemma reflexive-eq: reflexive (=)
(proof)

lemma reflexive-top: reflexive (T :: 'a = ‘a = bool)
(proof )

end

Transitive

theory Binary-Relations- Transitive
imports
Functions-Monotone
begin

consts transitive-on :: ‘a = 'b = bool
overloading

transitive-on-pred = transitive-on :: (‘a = bool) = ('a = 'a = bool) = bool
begin

72



definition transitive-on-pred PR =Vzyz: P. RtyANRyz— Ruzz
end

lemma transitive-onl [introl:
assumes Az yz2. Pt = Py— Pz— Rzy— Ryz— Rz z
shows transitive-on P R

{proof)

lemma transitive-onD:
assumes transitive-on P R
and Pz Py Pz
and RzyRyz
shows R z z
(proof )

lemma transitive-on-if-rel-comp-self-imp:
assumes A\zy. Pr = Py—=— (Roo R)zy=— Rzxy
shows transitive-on P R

(proof)

lemma transitive-on-rel-inv-iff-transitive-on [iff]:
transitive-on P R™! «— transitive-on (P :: 'a = bool) (R :: 'a = 'a = bool)
{proof )

lemma antimono-transitive-on: antimono (transitive-on :: (‘a = bool) = ('a =
'a = bool) = bool)

{proof)

lemma transitive-on-rel-map-if-mono-wrt-pred-if-transitive-on:
fixes P :: ‘a = bool and R :: 'a = ’a = bool
assumes transitive-on P R
and (Q = P) f
shows transitive-on @ (rel-map f R)

(proof )
consts transitive :: 'a = bool

overloading
transitive = transitive :: (‘a = 'a = bool) = bool
begin
definition (¢ransitive :: (‘a = 'a = bool) = bool) = transitive-on (T :
bool)
end

'a =

lemma transitive-eq-transitive-on:
(transitive :: ('a = 'a = bool) = -) = transitive-on (T :: 'a = bool)

(proof)

lemma transitive-eg-transitive-on-uhint [uhint]:
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P = (T :: 'a = bool) = (transitive :: ("a = 'a = bool) = -) = transitive-on P

{proof)

lemma transitivel [intro]:
assumes A\zyz. Rry— Ryz=— Rzz
shows transitive R

{proof)

lemma transitiveD [dest]:
assumes transitive R
and RzyRyz
shows R z z
(proof)

lemma transitive-on-if-transitive:
fixes P :: 'a = bool and R :: 'a = 'a = bool
assumes transitive R
shows transitive-on P R

{proof)

lemma transitive-if-rel-comp-le-self:
assumes R oo R < R
shows transitive R

{proof)

lemma rel-comp-le-self-if-transitive:
assumes transitive R
shows R oo R < R

{proof)

corollary transitive-iff-rel-comp-le-self: transitive R «<— R oo R < R
(proof )

lemma transitive-if-transitive-on-in-field:
assumes transitive-on (in-field R) R
shows transitive R

(proof)

corollary transitive-on-in-field-iff-transitive [iff]:
transitive-on (in-field R) R <— transitive R
(proof )

lemma transitive-rel-inv-iff-transitive [iff]: transitive R=1 <— transitive (R ::
= 'a = bool)
{proof)

Instantiations lemma transitive-eq: transitive (=)
{proof)
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lemma transitive-top: transitive (T :: 'a = 'a = bool)
{proof)

end

1.3.2 Preorders

theory Preorders
imports
Binary-Relations-Reflexive
Binary-Relations- Transitive
begin

definition preorder-on = refiexive-on M transitive-on

lemma preorder-onl [intro):
assumes reflexive-on P R
and transitive-on P R
shows preorder-on P R

{proof)

lemma preorder-onE [elim]:
assumes preorder-on P R
obtains reflezive-on P R transitive-on P R

(proof)

lemma reflexive-on-if-preorder-on:
assumes preorder-on P R
shows reflexive-on P R

{proof)

lemma transitive-on-if-preorder-on:
assumes preorder-on P R
shows transitive-on P R

{proof)

lemma transitive-if-preorder-on-in-field:
assumes preorder-on (in-field R) R
shows transitive R

{proof)

corollary preorder-on-in-fieldE [elim]:
assumes preorder-on (in-field R) R
obtains reflexive-on (in-field R) R transitive R

{proof)

lemma preorder-on-rel-inv-if-preorder-on [iff]:
preorder-on P R™! «— preorder-on (P :: 'a = bool) (R :: 'a = 'a = bool)
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{proof)

lemma rel-if-all-rel-if-rel-if-reflexive-on:
assumes reflexive-on P R
and A\2. Pz—= Rzz—=— Ryz
and Pz
shows R y x

{proof)

lemma rel-if-all-rel-if-rel-if-reflexive-on:
assumes reflexive-on P R
and A\2. Pz= Rzz = Rzy
and Pz
shows R z y

(proof)

consts preorder :: 'a = bool

overloading

preorder = preorder :: (‘a = 'a = bool) = bool
begin

definition (preorder :: (‘a = 'a = bool) = bool) = preorder-on (T :: 'a = bool)
end

lemma preorder-eq-preorder-on:
(preorder :: ('a = 'a = bool) = bool) = preorder-on (T :: 'a = bool)

{proof)

lemma preorder-eq-preorder-on-uhint [uhint]:
assumes P = T :: 'a = bool
shows (preorder :: (‘a = 'a = bool) = bool) = preorder-on P

(proof)

context
fixes R :: 'a = 'a = bool
begin

lemma preorder! [intro]:
assumes reflerive R
and transitive R
shows preorder R

(proof )

lemma preorderE [elim):
assumes preorder R
obtains reflezive R transitive R

(proof)

lemma preorder-on-if-preorder:
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fixes P :: 'a = bool
assumes preorder R
shows preorder-on P R

{proof)

end

Instantiations lemma preorder-eq: preorder (=)
(proof )

end

1.3.3 Partial Equivalence Relations

theory Partial-Equivalence-Relations
imports
Binary-Relations-Symmetric
Preorders
begin

definition partial-equivalence-rel-on = transitive-on M symmetric-on

lemma partial-equivalence-rel-onl [intro):
assumes transitive-on P R
and symmetric-on P R
shows partial-equivalence-rel-on P R

{proof)

lemma partial-equivalence-rel-onE [elim):
assumes partial-equivalence-rel-on P R
obtains transitive-on P R symmetric-on P R

{proof)

lemma partial-equivalence-rel-on-rel-self-if-rel-dom:
assumes partial-equivalence-rel-on (P :: 'a = bool) (R :: 'a = 'a = bool)
and Pz Py
and Rz y
shows R z z

{proof)

lemma partial-equivalence-rel-on-rel-self-if-rel-codom:
assumes partial-equivalence-rel-on (P :: 'a = bool) (R :: 'a = 'a = bool)
and Pz Py
and Rz y
shows R y y

(proof)

lemma partial-equivalence-rel-on-rel-inv-iff-partial-equivalence-rel-on [iff]:
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partial-equivalence-rel-on P R™1 «— partial-equivalence-rel-on (P :: 'a = bool)
(R :: 'a = 'a = bool)
(proof)

consts partial-equivalence-rel :: 'a = bool

overloading
partial-equivalence-rel = partial-equivalence-rel :: ('a = 'a = bool) = bool
begin
definition (partial-equivalence-rel :: (‘a = 'a = bool) = bool) = partial-equivalence-rel-on
(T :: 'a = bool)
end

lemma partial-equivalence-rel-eq-partial-equivalence-rel-on:
(partial-equivalence-rel :: ('a = 'a = bool) = bool) = partial-equivalence-rel-on
(T :: 'a = bool)
(proof)

lemma partial-equivalence-rel-eq-partial-equivalence-rel-on-uhint [uhint]:

assumes P = T :: 'a = bool

shows (partial-equivalence-rel :: ('a = 'a = bool) = bool) = partial-equivalence-rel-on
P

{proof)

context
fixes R :: 'a = 'a = bool
begin

lemma partial-equivalence-rell [introl:
assumes transitive R
and symmetric R
shows partial-equivalence-rel R

{proof)

lemma reflexive-on-in-field-if-partial-equivalence-rel:
assumes partial-equivalence-rel R
shows reflezive-on (in-field R) R
(proof)

lemma partial-equivalence-relE [elim]:
assumes partial-equivalence-rel R
obtains preorder-on (in-field R) R symmetric R
(proof)

lemma partial-equivalence-rel-on-if-partial-equivalence-rel:
fixes P :: 'a = bool
assumes partial-equivalence-rel R
shows partial-equivalence-rel-on P R

{proof)
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lemma partial-equivalence-rel-rel-inv-iff-partial-equivalence-rel [iff]:
partial-equivalence-rel R~ <— partial-equivalence-rel R
(proof )

corollary in-codom-eq-in-dom-if-partial-equivalence-rel:
assumes partial-equivalence-rel R
shows in-codom R = in-dom R

{proof)

lemma partial-equivalence-rel-rel-comp-self-eq-self :
assumes partial-equivalence-rel R
shows (R oo R) = R
(proof)

lemma partial-equivalence-rel-if-partial-equivalence-rel-on-in-field:
assumes partial-equivalence-rel-on (in-field R) R
shows partial-equivalence-rel R
(proof)

corollary partial-equivalence-rel-on-in-field-iff-partial-equivalence-rel [iff]:
partial-equivalence-rel-on (in-field R) R +— partial-equivalence-rel R
(proof )

end

Instantiations lemma partial-equivalence-rel-eq: partial-equivalence-rel (=)
(proof)

lemma partial-equivalence-rel-top: partial-equivalence-rel (T :: 'a = 'a = bool)
(proof )

end

1.3.4 Equivalences

theory FEquivalence-Relations
imports
Partial- Equivalence-Relations
begin

definition equivalence-rel-on = partial-equivalence-rel-on M reflexive-on

lemma equivalence-rel-onl [introl:
assumes partial-equivalence-rel-on P R
and reflezive-on P R
shows equivalence-rel-on P R

{proof)
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lemma equivalence-rel-onE [elim]:
assumes equivalence-rel-on P R
obtains partial-equivalence-rel-on P R reflexive-on P R

(proof)

lemma equivalence-rel-on-in-field-if-partial-equivalence-rel:
assumes partial-equivalence-rel R
shows equivalence-rel-on (in-field R) R

(proof)

corollary partial-equivalence-rel-iff-equivalence-rel-on-in-field:
partial-equivalence-rel R <— equivalence-rel-on (in-field R) R
(proof )

consts equivalence-rel :: 'a = bool

overloading
equivalence-rel = equivalence-rel :: ('a = 'a = bool) = bool
begin
definition (equivalence-rel :: (‘a = 'a = bool) = bool) = equivalence-rel-on (T
2 'a = bool)
end

lemma equivalence-rel-eq-equivalence-rel-on:
(equivalence-rel :: ('a = 'a = bool) = bool) = equivalence-rel-on (T :: 'a = bool)
(proof )

lemma equivalence-rel-eq-equivalence-rel-on-uhint [uhint]:
assumes P = T :: 'a = bool
shows equivalence-rel :: (‘a = 'a = bool) = bool = equivalence-rel-on P

(proof)

context
fixes R :: 'a = 'a = bool
begin

lemma equivalence-rell [introl:
assumes partial-equivalence-rel R
and reflezive R
shows equivalence-rel R

(proof )

lemma equivalence-relE [elim]:
assumes equivalence-rel R
obtains partial-equivalence-rel R reflexive R

(proof)

lemma equivalence-rel-on-if-equivalence:
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fixes P :: 'a = bool
assumes equivalence-rel R
shows equivalence-rel-on P R

{proof)

end

Instantiations lemma equivalence-eq: equivalence-rel (=)
(proof )

lemma equivalence-top: equivalence-rel (T :: 'a = 'a = bool)
(proof)

end

Antisymmetric

theory Binary-Relations-Antisymmetric
imports
Binary-Relation- Functions
Functions-Monotone
begin

consts antisymmetric-on :: 'a = b = bool

overloading

antisymmetric-on-pred = antisymmetric-on :: ('a = bool) = ('a = 'a = bool)
= bool
begin

definition antisymmetric-on-pred PR =V2xy: P RzyARyx — =y
end

lemma antisymmetric-onl [intro]:
assumes A\vy. Pr=—= Py— Razy— Ryz— z =y
shows antisymmetric-on P R

{proof)

lemma antisymmetric-onD:
assumes antisymmetric-on P R
and Pz Py
and RzyRyzx
shows z = y
(proof )

lemma antisymmetric-onk:
assumes antisymmetric-on P R
obtains Az y. P = Py— Rrzy— Ryz =z =y

(proof)
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lemma antimono-antisymmetric-on:

(L) = (L) = (2)) (antisymmetric-on :: (‘a = bool) = ('a = 'a = bool) =
bool)

{proof)

consts antisymmetric :: 'a = bool

overloading
antisymmetric = antisymmetric :: ('a = 'a = bool) = bool
begin
definition antisymmetric :: ('a = 'a = bool) = - = antisymmetric-on (T :: 'a
= bool)
end

lemma antisymmetric-eq-antisymmetric-on:
(antisymmetric :: ('a = 'a = bool) = -) = antisymmetric-on (T = 'a = bool)
(proof)

lemma antisymmetric-eq-antisymmetric-on-uhint [uhint]:

P = (T : 'a = bool) = (antisymmetric :: ('a = 'a = bool) = -) = antisym-
metric-on P

(proof)

lemma antisymmetricl [intro]:
assumes A\zy. Rxy = Ryzx =z =1y
shows antisymmetric R
(proof)

lemma antisymmetricD:
assumes antisymmetric R
and Rzy Ry«
shows z = y

{proof)

lemma antisymmetrick:
assumes antisymmetric R
obtains Az y. Rey —= Ryx =z =1y
(proof)

lemma antisymmetric-on-if-antisymmetric:
fixes P :: ‘a = bool and R :: 'a = ’a = bool
assumes antisymmetric R
shows antisymmetric-on P R

{proof)

lemma antisymmetric-if-antisymmetric-on-in-field:
assumes antisymmetric-on (in-field R) R
shows antisymmetric R

{proof)
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corollary antisymmetric-on-in-field-iff-antisymmetric [iff]:
antisymmetric-on (in-field R) R <— antisymmetric R
(proof )

end

1.3.5 Partial Orders

theory Partial-Orders
imports
Binary-Relations- Antisymmetric
Preorders
begin

definition partial-order-on = preorder-on M antisymmetric-on

lemma partial-order-onl [intro]:
assumes preorder-on P R
and antisymmetric-on P R
shows partial-order-on P R

{proof)

lemma partial-order-onE [elim]:
assumes partial-order-on P R
obtains preorder-on P R antisymmetric-on P R

{proof)

lemma transitive-if-partial-order-on-in-field:
assumes partial-order-on (in-field R) R
shows transitive R

{proof)

lemma antisymmetric-if-partial-order-on-in-field:
assumes partial-order-on (in-field R) R
shows antisymmetric R

(proof)
consts partial-order :: 'a = bool

overloading

partial-order = partial-order :: (‘a = 'a = bool) = bool
begin

definition (partial-order :: (‘a = 'a = bool) = bool) = partial-order-on (T ::
= bool)
end

lemma partial-order-eq-partial-order-on:
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(partial-order :: ('a = 'a = bool) = bool) = partial-order-on (T :: 'a = bool)
{proof)

lemma partial-order-eq-partial-order-on-uhint [uhint]:
assumes P = T :: 'a = bool
shows (partial-order :: (‘a = 'a = bool) = bool) = partial-order-on P

{proof)

context
fixes R :: 'a = 'a = bool
begin

lemma partial-orderI [intro]:
assumes preorder R
and antisymmetric R
shows partial-order R

(proof)

lemma partial-orderE [elim]:
assumes partial-order R
obtains preorder R antisymmetric R

{proof)

lemma partial-order-on-if-partial-order:
fixes P :: 'a = bool
assumes partial-order R
shows partial-order-on P R

(proof )
end

end

1.3.6 Restricted Equality

theory Restricted-Equality
imports
Binary-Relations-Order-Base
Binary-Relation- Functions
Equivalence-Relations
Partial-Orders
begin

Summary Introduces notations and theorems for restricted equalities. An
equality (=) can be restricted to only apply to a subset of its elements. The
restriction can be formulated, for example, by a predicate or a set.
open-bundle eg-rel-restrict-syntax

begin

syntax
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-eg-restrict-infix :: 'a = 'b = 'a = bool («(-) =(-) (-)» [61,51,51] 50)
-eg-restrict :: 'b = 'a = bool ((=(-)"))
end

syntax-consts
-eq-restrict-inficr = rel-restrict-left and
-eq-restrict = rel-restrict-left
translations
(=p) = CONST rel-restrict-left (=) P
z =p y = CONST rel-restrict-left (=) Pz y

lemma in-dom-eg-restrict-eq [simp]: in-dom (=p) = P (proof)
lemma in-codom-eq-restrict-eq [simp): in-codom (=p) = P (proof)
lemma in-field-eg-restrict-eq [simp): in-field (=p) = P (proof)

Order Properties context
fixes P :: 'a = bool
begin

context

begin

lemma reflexive-on-eg-restrict: reflexive-on P ((=p) :: 'a = -) (proof)
lemma transitive-eg-restrict: transitive ((=p) :: 'a = -) (proof)

lemma symmetric-eq-restrict: symmetric ((=p) = 'a = -) (proof)
lemma antisymmetric-eq-restrict: antisymmetric ((=p) == 'a = -) (proof)
end

context
begin
lemma preorder-on-eg-restrict: preorder-on P ((=p) :: 'a = -)
(proof)
lemma partial-equivalence-rel-eq-restrict: partial-equivalence-rel ((=p) =

(proof)
end

'a = -)

lemma partial-order-on-eq-restrict: partial-order-on P ((=p) =’

(proof)
lemma equivalence-rel-on-eq-restrict: equivalence-rel-on P ((=p) ::

(proof)
end

a=-)

'a = -)

end

1.3.7 Composing Functions

theory Binary-Relations-Function-Composition
imports
Binary-Relations-Clean- Functions
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Restricted- Equality
begin

lemma dep-bin-rel-eval-rel-comp-if-dep-bin-rel-if-crel-dep-mono-wrt-pred:
assumes ((z: A) ». Bz) R
and A\z. Az = ({3 }ly:Bz. Czy) R’
shows ({d>_}z: A. Cz (R‘c)) (R oo R)
(proof)

lemma crel-dep-mono-wrt-pred-eval-rel-comp-if-rel-dep-mono-wrt-pred-if-crel-dep-mono-wrt-pred:
assumes ((z: A) . Bz) R
and Az. Az = ((y: Bz) > Czy) R’
shows ((z : A) —». Cxz (R‘z)) (R oo R)

(proof)

corollary mono-crel-mono-rel-mono-crel-mono-rel-comp: ((A —. B) = (B — C)
= A —. C) (oo)
(proof)

lemma rel-comp-eval-eq-if-rel-dep-mono-wrt-pred-if-crel-dep-mono-wrt-predI [simp):
assumes ((z : A) -, Bz) R
and A\z. Az = ((y: Bz) > Czy) R’
and A z
shows (R oo R’)c = R'"{(R‘z)
(proof)

lemma eg-restrict-comp-eq-if-crel-dep-mono-wrt-pred [simp):
assumes ((z: A) . Bz) R
shows (=4) co R=R
(proof)

lemma comp-eg-restrict-if-crel-dep-mono-wrt-pred [simp):
assumes (A —. B) R
shows R oo (=) = R
(proof )

end

1.3.8 Extending Functions

theory Binary-Relations-Function-Extend
imports
Binary-Relations-Clean-Functions
begin

lemma left-total-on-eq-sup-extend-if-left-total-on:
assumes left-total-on A R
shows left-total-on ((=) © U A) (extend z y R)

{proof)
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lemma right-unique-on-eq-sup-extend-if-not-in-dom-if-right-unique-on:
assumes right-unique-on A R
and —(in-dom R )
shows right-unique-on ((=) z U A) (extend z y R)
(proof)

lemma rel-dep-mono-wrt-eq-sup-if-extend-if-rel-dep-mono-wrt-predl :
assumes ((z: A) > Bz) R
and —(in-dom R )
shows ((z': (=) 2 U A) — (if ' = z then (=) y else B z")) (extend x y R)
{proof )

lemma rel-dep-mono-wrt-eq-sup-extend-if-rel-dep-mono-wrt-predl :
assumes ((z: A) > Bz) R
and —(in-dom R x)
and Bz y
shows ((z': (=) 2 U A) — B x’) (extend z y R)
(proof)

lemma crel-dep-mono-wrt-eq-sup-if-extend-if-crel-dep-mono-wrt-predl :
assumes ((z: A) ». Bz) R
and —(in-dom R )
shows ((z': (=) 2 U A) =, (if 2’ = z then (=) y else B z')) (extend z y R)
(proof)

lemma crel-dep-mono-wrt-eq-sup-extend-if-rel-dep-mono-wrt-predI :
assumes ((z: A) . Bz) R
and —(in-dom R )
and Bzry
shows ((z': (=) z U A) —. Bz') (extend z y R)
(proof )

context

fixes R :: (‘a = 'b = bool) = bool and A :: (‘a = 'b = bool) = 'a = bool and
D

defines [simp]: D = in-codom-on R A
begin

lemma rel-dep-mono-wrt-pred-glue-if-right-unique-if-rel-dep-mono-wrt-pred:
assumes funs: AR. R R—=— ((z: AR) — Bz) R
and runique: right-unique-on D (glue R)
shows ((z : D) — B z) (glue R)

(proof)

lemma crel-dep-mono-wrt-pred-glue-if-right-unique-if-crel-dep-mono-wrt-pred:
assumes AR. R R= ((x: AR) ».Bz) R
and right-unique-on D (glue R)
shows ((z : D) =, B z) (glue R)
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{proof)

end

lemma right-unique-on-sup-if-rel-agree-on-sup-if-right-unique-on:
assumes right-unique-on P R right-unique-on P R’
and rel-agree-on (P M in-dom R M in-dom R’) ((=) R U (=) R’)
shows right-unique-on P (R U R’)

(proof)

lemma crel-dep-mono-wrt-pred-sup-if-eval-eq-if-crel-dep-mono-wrt-pred:
assumes dep-funs: ((z : A) . Bz) R ((z: A') . Bz) R’

and A\z. Az —= A’z = Rc=R's
shows ((z: AU A') —». Bz) (RUR
(proof)
end

1.3.9 Lambda Abstractions

theory Binary-Relations-Function-Lambda
imports Binary-Relations-Clean-Functions
begin

consts rel-lambda :: 'a = ('b = '¢) = 'd

definition rel-lambda-pred A fry= Az AN fz =1y
adhoc-overloading rel-lambda = rel-lambda-pred

open-bundle rel-lambda-syntax
begin
syntax
-rel-lambda :: pttrns = ‘a = b = 'c ((2X-: -/ -)» 60)
end

syntax-consts
-rel-lambda = rel-lambda

translations
Az zs : A. f — CONST rel-lambda A (Az. (Azs : A. f))
Az : A. f = CONST rel-lambda A (Mz. f)

lemma rel-lambdal [intro):
assumes A z
and fz =y
shows (Az: A. fz) zy
(proof)

lemma rel-lambda-appl:
assumes A z
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shows (A\z : A. fz) z (fz)
{proof)

lemma rel-lambdaE [elim!]:
assumes (Az: A. fz)zy
obtains Az y = fz
(proof)

lemma rel-lambda-cong [cong]:
Ne. Azs— Ay Nz Al e = fo=fz] = Mz A fz)=Xx: A" f'z
{proof)

lemma in-dom-rel-lambda-eq [simp]: in-dom (Az : A. fz) = A
{proof)

lemma in-codom-rel-lambda-eq-has-inverse-on [simp]: in-codom (Az : A. f z) =
has-inverse-on A f
{proof )

lemma left-total-on-rel-lambda: left-total-on A (Az : A. f z)
(proof )

lemma right-unique-on-rel-lambda: right-unique-on A (Az : A. f )
(proof)

lemma crel-dep-mono-wrt-pred-rel-lambda: ((z : A) —¢ (=) (fz))) Az : A. fzx)
{proof)

Compare the following with (rel-dep-mono-wrt ?A ?B = dep-mono-wrt
24 2B) (¥).
lemma mono-dep-mono-wrt-pred-crel-dep-mono-wrt-pred-rel-lambda:
(A:T)=((z:A) = Bz)= (z: A) = Bx) rel-lambda
(proof )

lemma rel-lambda-eval-eq [simp):
assumes A z
shows (A\z: A. fx)z =fz
(proof )

lemma app-eq-if-rel-lambda-eql :
assumes (Az : A. fz) = (Az: A. g )
and A z
shows fz =gz
(proof)

lemma crel-dep-mono-wrt-pred-inf-rel-lambda-inf-if-rel-dep-mono-wrt-pred:
assumes ((z: A) - Bz) R
shows ((z: AN A) —.Bz) (Az: AN A" R)
(proof )
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corollary crel-dep-mono-wrt-pred-rel-lambda-if-le-if-rel-dep-mono-wrt-pred:
assumes ((z: A) - Bz) R
and [uhint]: A’ < A
shows ((z : A") =, Bz) (Ax: A" R‘x)
(proof)

lemma rel-lambda-ext:
assumes ((z: A) »>. Bz) R
and A\z. Az = fz = R%
shows (Az: A. fz) = R
{proof )

lemma rel-lambda-eval-eq-if-crel-dep-mono-wrt-pred [simpl: ((z : A) —. B z) R
= (Az: A. R2)=R
{proof)

Every element of crel-dep-mono-wrt A B may be expressed as a lambda
abstraction.

lemma eg-rel-lambda-if-crel-dep-mono-wrt-predE:
assumes ((z: A) »>. Bz) R
obtains f where R = (Az : A. fz)

(proof)

lemma rel-restrict-left-eq-rel-lambda-if-le-if-rel-dep-mono-wrt-pred:
assumes ((z: A) - Bz) R
and A’ < A
shows R[4/ = (A\z : A". R‘r)

(proof)

lemma mono-rel-lambda: mono (AA. Az : A. f x)
{proof)

end

theory Binary-Relations-Functions
imports

Binary-Relations-Clean- Functions
Binary-Relations-Function-Base
Binary-Relations- Function- Composition
Binary-Relations- Function- Evaluation
Binary-Relations- Function- Extend
Binary-Relations- Function-Lambda

begin

end
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theory Binary-Relations-Order
imports
Binary-Relations-Order-Base
Binary-Relations- Reflexive
Binary-Relations-Symmetric
Binary-Relations- Transitive
begin

Summary Basic results about the order on binary relations.

lemma in-dom-if-rel-if-rel-comp-le:
assumes (R oo §) < (S oo R)
and RzySyz
shows in-dom S x
(proof)

lemma in-codom-if-rel-if-rel-comp-le:
assumes (R oo §) < (S oo R)
and RzySyz
shows in-codom R z
(proof)

lemma rel-comp-le-rel-inv-if-rel-comp-le-if-symmetric:
assumes symms: symmetric R1 symmetric R2
and le: (RI1 oo R2) < R3
shows (R2 oo R1) < R3~1

(proof)

lemma rel-inv-le-rel-comp-if-le-rel-comp-if-symmetric:
assumes symms: symmetric R1 symmetric R2
and le: R3 < (R1 oo R2)
shows R3~! < (R2 oo RI)

(proof)

corollary rel-comp-le-rel-comp-if-rel-comp-le-rel-comp-if-symmetric:

assumes symmetric (R1 :: 'a = 'a = bool) symmetric R2 symmetric R3 sym-
metric R4

and (R1 oo R2) < (R3 oo RY)

shows (R2 oo R1) < (R4 oo RS)
(proof )

corollary rel-comp-le-rel-comp-iff-if-symmetric:

assumes symmetric (R1 :: 'a = 'a = bool) symmetric R2 symmetric R3 sym-
metric R4

shows (RI oo R2) < (R8 oo R4) +— (R2 oo R1) < (R4 oo R3)

(proof )

corollary eq-if-le-rel-if-symmetric:

assumes symmetric R symmetric S
and (R oo S) < (S oo R)
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shows (R oo §) = (S oo R)
{proof)

lemma rel-comp-le-rel-comp-if-le-rel-if-reflexive-on-in-codom-if-transitive:
assumes trans: transitive S
and refl-on: reflexive-on (in-codom S) R
and le-rel: R < S
shows Roo § < S oo R
(proof)

end

Irreflexive

theory Binary-Relations-Irreflexive
imports
Functions-Monotone
begin

consts irreflezive-on :: 'a = 'b = bool

overloading

irreflexive-on-pred = irreflexive-on :: (‘a = bool) = (‘a = 'a = bool) = bool
begin

definition irreflexive-on-pred P R =Vz : P. =(R z z)
end

lemma irreflezive-onl [intro|:
assumes A\z. Pz = —(R z z)
shows irreflexive-on P R

{proof)

lemma irreflexive-onD [dest]:
assumes irreflexive-on P R
and Pz
shows —(R z z)

{proof )

lemma antimono-irreflexive-on:
(<) = (<) = () (irreflexive-on :: ('a = bool) = ('a = 'a = bool) = bool)
(proof)

consts irreflexive :: 'a = bool

overloading

irreflexive = irreflexive :: ('a = 'a = bool) = bool
begin
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definition (irreflexive :: ('a = 'a = bool) = bool) = irreflexive-on (T ::
bool)
end

lemma irreflexive-eq-irreflexive-on:
(irreflexive :: ('a = 'a = bool) = -) = irreflexive-on (T :: 'a = bool)
(proof)

lemma irreflezive-eq-irreflexive-on-uhint [uhint]:
assumes P = (T :: 'a = bool)
shows irreflexive :: ('a = 'a = bool) = - = irreflexive-on P
(proof)

lemma irreflexivel [intro):
assumes Az. ~(R z z)
shows irreflexive R

(proof)

lemma irreflexiveD:
assumes irrefiexive R
shows —(R z z)

{proof)

lemma irreflexive-on-if-irreflexive:
fixes P :: ‘a = bool and R :: 'a = ’a = bool
assumes irrefliexive R
shows irreflexive-on P R

{proof)

end

theory Binary-Relations-Asymmetric
imports
Binary-Relations-Irreflexive
Binary-Relations- Antisymmetric
Functions-Monotone
begin

consts asymmetric-on :: 'a = 'b = bool

overloading
asymmetric-on-pred = asymmetric-on :: ('a = bool) = (‘a = 'a = bool) = bool
begin
definition asymmetric-on-pred (P :: 'a = bool) (R :: 'a = 'a = bool)
=Vzy:P.Rzy — (R yx)
end
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lemma asymmetric-onl [intro]:
assumes Az y. Pr =—= Py—=— Rz y = —~(Ryx)
shows asymmetric-on P R
(proof )

lemma asymmetric-onD [dest]:
assumes asymmetric-on P R
and Pz Py
and Rz y
shows —(R y z)
(proof)

lemma asymmetric-onk:
assumes asymmetric-on P R
obtains Az y. Pt = Py = Rzrzy = (R yx)
(proof )

lemma asymmetric-on-le-irreflexive-on:
(asymmetric-on :: (a = bool) = ('a = 'a = bool) = -) < irreflezive-on
(proof)

lemma asymmetric-on-le-antisymmetric-on:
(asymmetric-on :: (‘a = bool) = ('a = 'a = bool) = -) < antisymmetric-on
{proof )

lemma antimono-asymmetric-on:
(L) = () = (2)) (asymmetric-on :: ("a = bool) = (‘a = 'a = bool) = bool)
{proof)

lemma asymmetric-on-rel-map-if-mono-wrt-pred-if-asymmetric-on:
fixes P :: ‘/a = bool and R :: 'a = 'a = bool
assumes asymmetric-on P R
and (Q = P) f

shows asymmetric-on @ (rel-map f R)
(proof )

consts asymmetric :: 'a = bool

overloading
asymmetric = asymmetric :: (‘a = 'a = bool) = bool
begin
definition asymmetric :: (‘la = 'a = bool) = - = asymmetric-on (T :
bool)
end

lemma asymmetric-eq-asymmetric-on:

(asymmetric :: ('a = 'a = bool) = -) = asymmetric-on (T :: 'a = bool)
{proof)
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lemma asymmetric-eq-asymmetric-on-uhint [uhint]:

P = (T = 'a = bool) = (asymmetric :: ('a = 'a = bool) = -) = asymmetric-on
P

{proof)

lemma asymmetricl [introl:
assumes Az y. Rz y = ~(R y z)
shows asymmetric R
(proof)

lemma asymmetricD [dest]:
assumes asymmetric R
and Rz y
shows —(R y z)
(proof )

lemma asymmetricE:
assumes asymmetric R
obtains Az y. Rz y = (R y z)
(proof)

lemma asymmetric-on-if-asymmetric:
fixes P :: ‘a = bool and R :: 'a = 'a = bool
assumes asymmetric R
shows asymmetric-on P R

(proof)

lemma asymmetric-if-asymmetric-on-in-field:
assumes asymmetric-on (in-field R) R
shows asymmetric R

(proof)

corollary asymmetric-on-in-field-iff-asymmetric [iff]:
asymmetric-on (in-field R) R «— asymmetric R
(proof)

lemma asymmetric-on-if-asymmetric-restrict:
assumes asymmetric RT p
shows asymmetric-on P R

{proof)

lemma asymmetric-restrict-if-asymmetric-on:
assumes asymmetric-on P R
shows asymmetric Rt p

(proof)
corollary asymmetric-restrict-iff-asymmetric-on [iff]: asymmetric Rt p «— asym-

metric-on P R

{proof)
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lemma asymmetric-le-irreflexive:
(asymmetric :: ('a = 'a = bool) = -) < irreflexive
(proof)

lemma asymmetric-le-antisymmetric:
(asymmetric : ('a = 'a = bool) = -) < antisymmetric
{proof)

lemma antimono-asymmetric: antimono (asymmetric :: ('a = 'a = bool) = -)
(proof)

end

Surjective

theory Binary-Relations-Surjective
imports
Binary-Relations-Left-Total
HOL-Syntaz-Bundles- Lattices
begin

consts rel-surjective-at :: 'a = 'b = bool

overloading
rel-surjective-at-pred = rel-surjective-at :: ('a = bool) = ('b = 'a = bool) =
bool
begin
definition rel-surjective-at-pred P R =V y : P. in-codom R y
end

lemma rel-surjective-atl [intro):
assumes Ay. Py = in-codom R y
shows rel-surjective-at P R

(proof)

lemma rel-surjective-atE [elim]:
assumes rel-surjective-at P R
and Py
obtains r where R = y

(proof)

lemma in-codom-if-rel-surjective-at:
assumes rel-surjective-at P R
and Py
shows in-codom R y

(proof)
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lemma rel-surjective-at-rel-inv-iff-left-total-on [iff]:
rel-surjective-at (P :: 'a = bool) (R~ :: 'b = 'a = bool) +— left-total-on P R
{proof )

lemma left-total-on-rel-inv-iff-rel-surjective-at [iff]:
left-total-on (P :: 'a = bool) (R™* :: 'a = 'b = bool) +— rel-surjective-at P R
(proof)

lemma mono-rel-surjective-at:
(>) = (L) = (X)) (rel-surjective-at :: ('b = bool) = ('a = 'b = bool) = bool)
(proof)

lemma rel-surjective-at-iff-le-codom:
rel-surjective-at (P :: 'b = bool) (R :: 'a = 'b = bool) «— P < in-codom R

(proof)

lemma rel-surjective-at-compl:
fixes P :: ‘c = bool and R :: ‘a = 'b = bool and S :: 'b = "¢ = bool
assumes surj-R: rel-surjective-at (in-dom S) R
and surj-S: rel-surjective-at P S
shows rel-surjective-at P (R oo S)

(proof)

consts rel-surjective :: 'a = bool

overloading
rel-surjective = rel-surjective :: ('b = 'a = bool) = bool
begin
definition (rel-surjective :: (b = 'a = bool) = -) = rel-surjective-at (T ::
bool)
end

'a =

lemma rel-surjective-eqg-rel-surjective-at:
(rel-surjective :: ('b = 'a = bool) = -) = rel-surjective-at (T :: 'a = bool)
{proof)

lemma rel-surjective-eq-rel-surjective-at-uhint [uhint]:
assumes P = (T :: 'a = bool)
shows (rel-surjective :: ('b = 'a = bool) = -) = rel-surjective-at P
(proof)

lemma rel-surjectivel:
assumes Ay. in-codom R y
shows rel-surjective R

(proof)
lemma rel-surjectiveE:

assumes rel-surjective R
obtains z where R z y
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{proof)

lemma in-codom-if-rel-surjective:
assumes rel-surjective R
shows in-codom R y

{proof)

lemma rel-surjective-rel-inv-iff-left-total [iff]: rel-surjective R=' «+— left-total R
(proof )

lemma left-total-rel-inv-iff-rel-surjective [iff]: left-total R=' «— rel-surjective R
(proof)

lemma rel-surjective-at-if-surjective:
fixes P :: ‘a = bool and R :: 'b = 'a = bool
assumes rel-surjective R
shows rel-surjective-at P R

{proof)

end

Bi-Total

theory Binary-Relations-Bi-Total
imports
Binary-Relations-Left-Total
Binary-Relations-Surjective
begin

definition bi-total-on P Q = left-total-on P M rel-surjective-at @

lemma bi-total-onl [intro]:
assumes left-total-on P R
and rel-surjective-at @ R
shows bi-total-on P Q R

(proof)

lemma bi-total-onE [elim]:
assumes bi-total-on P Q R
obtains left-total-on P R rel-surjective-at Q R

(proof)

lemma bi-total-on-restricts-if- Fun- Rel-iff-if-bi-total-on:
assumes bi-total-on P Q R
and (R= (+—)) P Q
shows bi-total-on P Q R pl 0
(proof )
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definition bi-total = bi-total-on (T = 'a = bool) (T :: 'b = bool) :: ('a = 'b =
bool) = bool

lemma bi-total-eq-bi-total-on:

(bi-total :: (Ya = 'b = bool) = bool) = bi-total-on (T :: 'a = bool) (T :: 'b =
bool)

(proof)

lemma bi-total-eg-bi-total-on-uhint [uhint]:
assumes P = (T :: 'a = bool)
and Q = (T :: b = bool)
shows (bi-total :: ("a = 'b = bool) = bool) = bi-total-on P Q
(proof)

lemma bi-totall [intro]:
assumes left-total R
and rel-surjective R
shows bi-total R

{proof)

lemma bi-totalE [elim]:
assumes bi-total R
obtains left-total R rel-surjective R

{proof)

end

Bi-Unique

theory Binary-Relations-Bi-Unique
imports
Binary-Relations-Injective
Binary-Relations-Right-Unique
begin

definition bi-unique-on = right-unique-on M rel-injective-on

lemma bi-unique-onl [introl:
assumes right-unique-on P R
and rel-injective-on P R
shows bi-unique-on P R

{proof)
lemma bi-unique-onFE [elim]:

assumes bi-unique-on P R
obtains right-unique-on P R rel-injective-on P R

(proof)

lemma bi-unique-on-rel-inv-if- Fun- Rel-iff-if-bi-unique-on:
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assumes bi-unique-on P R
and (R = (+—)) P Q
shows bi-unique-on Q R™1
(proof )

definition bi-unique = bi-unique-on (T :: 'a = bool) :: ('a = 'b = bool) = bool

lemma bi-unique-eq-bi-unique-on:
bi-unique = (bi-unique-on (T :: 'a = bool) :: ('a = 'b = bool) = bool)
(proof)

lemma bi-unique-eg-bi-unique-on-uhint [uhint]:
assumes P = (T :: 'a = bool)
shows bi-unique = (bi-unique-on P :: ('a = 'b = bool) = bool)
{proof)

lemma bi-uniquel [intro]:
assumes right-unique R
and rel-injective R
shows bi-unique R

(proof)

lemma bi-uniqueE [elim]:
assumes bi-unique R
obtains right-unique R rel-injective R

(proof)

end

Injective

theory Functions-Injective
imports
Bounded-Quantifiers
Functions-Monotone
HOL-Syntaz-Bundles-Lattices
begin

consts injective-on :: 'a = 'b = bool

overloading

injective-on-pred = injective-on :: (‘a = bool) = ('a = 'b) = bool
begin

definition injective-on-pred P f =Vzx': P. fz = f2' — x = 2’
end

lemma injective-onl [intro]:

assumes A\zz. Prx = Pz’ = fz=fa' =z =1z’
shows injective-on P f
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{proof)

lemma injective-onD:
assumes injective-on P f

and Pz Pz’

and fz = fz'
shows z = z’
(proof)

lemma injective-on-comp-if-injective-onl:
assumes injective-on (P :: 'a = bool) f injective-on @ g
and (P = Q) f
shows injective-on P (g o f)
(proof )

consts injective :: 'a = bool

overloading

injective = injective :: (‘a = 'b) = bool
begin

definition (injective :: ('a = 'b) = bool) = injective-on (T :: 'a = bool)
end

lemma injective-eq-injective-on:
(injective :: ('a = 'b) = bool) = injective-on (T :: 'a = bool)
(proof )

lemma injective-eg-injective-on-uhint [uhint]:
assumes P = (T :: 'a = bool)
shows injective :: (‘a = 'b) = bool = injective-on P
(proof )

lemma injectivel [intro]:
assumes Az z'. fz =fz' = 2z =
shows injective f
(proof)

8

lemma injectiveD:
assumes injective f

and fz = fz’
shows z = z’
(proof )

lemma injective-on-if-injective:
fixes P :: ‘a = bool and [ :: 'a = -
assumes injective f
shows injective-on P f

{proof)
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Instantiations lemma injective-id: injective id (proof)

end

Connected

theory Binary-Relations-Connected
imports
Binary-Relation- Functions
Functions-Injective
begin

consts connected-on :: 'a = 'b = bool

overloading

connected-on-pred = connected-on :: ('a = bool) = (‘a = 'a = bool) = bool
begin

definition connected-on-pred PR =Vzy:P.z#%2y— RxzyV Ryzx
end

lemma connected-onl [intro:
assumes A\vy. P —= Py—2#y— RazyVRyz
shows connected-on P R

(proof)

lemma connected-onE [elim]:
assumes connected-on P R
and Pz Py
obtainsz=y | Rzy| Ryx
(proof )

lemma connected-on-rel-inv-iff-connected-on [iff]:
connected-on (P :: 'a = bool) (R :: 'a = 'a = bool)™! +— connected-on P R

{proof)

lemma connected-on-rel-map-if-injective-on-if-mono-wrt-pred-if-connected-on:
fixes P :: ‘a = bool and R :: 'a = 'a = bool
assumes connected-on P R
and (Q = P) f
and injective-on Q f
shows connected-on @Q (rel-map f R)
(proof )

lemma antimono-connected-on: antimono (connected-on :: (‘a = bool) = (‘a =
'a = bool) = bool)

(proof)

lemma mono-connected-on:
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(L) = (=) = (2)) (connected-on :: ('a = bool) = ('a = 'a = bool) = bool)

(proof)

lemma in-field-restrict-eq-if-ex-ne-if-connected-on:
assumes conn: connected-on P R
and eg-ne: Az y: P.x £y
shows in-field Rtp = P

(proof)

consts connected :: 'a = bool

overloading
connected = connected :: ('a = 'a = bool) = bool
begin

definition connected :: (‘a = 'a = bool) = bool = connected-on (T :: 'a = bool)

end

lemma connected-eq-connected-on:

(connected :: (Ya = 'a = bool) = -) = connected-on (T ::

{proof)

lemma connected-eq-connected-on-uhint [uhint]:

'a = bool)

P = (T ::'a = bool) = (connected :: ('a = 'a = bool) = -) = connected-on P

{proof)

lemma connectedI [introl:
assumes A\zy. t#y=—= RzyV Ryzx
shows connected R

{proof)

lemma connectedE [elim]:
assumes connected R
and z # y
obtains Rzy | Ryz

{proof)

lemma connected-on-if-connected:
fixes P :: 'a = bool and R :: 'a = 'a = bool
assumes connected R
shows connected-on P R

{proof)

end
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Well-Founded Relations

theory Binary-Relations- Wellfounded
imports
Functions-Monotone
begin

consts wellfounded-on :: 'a = 'b = bool

overloading
wellfounded-on-pred = wellfounded-on :: (‘a = bool) = ('a = 'a = bool) = bool
begin
definition wellfounded-on-pred (P :: 'a = bool) (R :: 'a = 'a = bool)
=VQ. Fz:P.Qz) — @m:P.QmANMy: P.Rym — —(Qvy)))
end

lemma wellfounded-onl:
assumes AQz. Pz — Qz = 3Im:P.QmA NVy:P.Rym — —(Qy))
shows wellfounded-on P R

{proof)

lemma wellfounded-onkE:

assumes wellfounded-on PR Pz Q z

obtains m where Pm Q@ m A\y. Py = Rym = —-(Q y)
(proof)

lemma wellfounded-on-induct [consumes 1, case-names stepl:
assumes wellfounded-on P R P z
assumes step: A\o. Pz —= (A\y. Py —= Ryz — Qy) = Qz
shows @ z

(proof)

lemma wellfounded-on-rel-map-if-mono-wrt-pred-if-wellfounded-on:
fixes A :: 'a = bool and B :: 'b = bool
assumes wf: wellfounded-on A R
and (B= A) f
shows wellfounded-on B (rel-map f R)

(proof)

corollary wellfounded-on-if-le-pred-if-wellfounded-on:
fixes P :: ‘/a = bool and R :: 'a = 'a = bool
assumes wellfounded-on PR Q < P
shows wellfounded-on @Q R

(proof)

lemma wellfounded-on-if-le-rel-if-wellfounded-on:
fixes P :: ‘a = bool and R :: 'a = 'a = bool
assumes wellfounded-on P R S < R
shows wellfounded-on P S

(proof)
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corollary antimono-wellfounded-on:
(L) = (<) = (2)) (wellfounded-on :: ("a = bool) = ('a = 'a = bool) = bool)
(proof)

consts wellfounded :: 'a = bool

overloading
wellfounded = wellfounded :: ('a = 'a = bool) = bool
begin
definition (wellfounded :: ('a = 'a = bool) = bool) = wellfounded-on (T :: 'a
= bool)
end

lemma wellfounded-eq-wellfounded-on:
(wellfounded :: ('a = 'a = bool) = -) = wellfounded-on (T :: 'a = bool)
{proof )

lemma wellfounded-eq-wellfounded-on-uhint [uhint]:

P = (T :: 'a = bool) = (wellfounded :: ('a = 'a = bool) = -) = wellfounded-on
P

(proof)

lemma wellfoundedl [intro]:
assumes AQz. Qzr = (Im: Q.Vy. Rym — —(Q y))
shows wellfounded R
{proof)

lemma wellfoundedE:
assumes wellfounded R Q z
obtains m where Q@ m Ay. Ry m = —(Q y)
(proof)

lemma wellfounded-on-if-wellfounded:
fixes P :: ‘a = bool and R :: 'a = 'a = bool
assumes wellfounded R
shows wellfounded-on P R

{proof)

lemma wellfounded-induct [consumes 1, case-names step:
assumes wellfounded R
assumes Az. (Ay. Ryz = Qy) = Q=
shows @ =

(proof)
lemma wellfounded-rel-restrict-if-wellfounded-on:

assumes wellfounded-on P R
shows wellfounded Rt p
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(proof)

end

1.3.10 Basic Properties

theory Binary-Relation-Properties
imports

Binary-Relations- Antisymmetric
Binary-Relations- Asymmetric
Binary-Relations-Bi- Total
Binary-Relations-Bi- Unique
Binary-Relations-Connected
Binary-Relations-Injective
Binary-Relations-Irreflexive
Binary-Relations-Left-Total
Binary-Relations- Reflexive
Binary-Relations-Right- Unique
Binary-Relations-Surjective
Binary-Relations-Symmetric
Binary-Relations- Transitive
Binary-Relations- Wellfounded

begin

end

1.3.11 Bounded Definite Description

theory Bounded-Definite-Description
imports
Bounded-Quantifiers
begin

consts bthe :: ‘a = ('b = bool) = 'b

open-bundle bounded-the-syntax

begin

syntax -bthe :: [idt, ‘a, bool] = 'b («(8THE -: -./ -)» [0, 0, 10] 10)

end

syntax-consts -bthe = bthe
translations THE z : P. Q = CONST bthe P (\z. Q)

definition bthe-pred P Q = The (P M Q)
adhoc-overloading bthe = bthe-pred

lemma bthe-eql [intro):
assumes @ a
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and P a

and A\z. [Pz; Qz] = z=a
shows (THEz : P. Qz) = a
{proof)

lemma pred-bthe-if-ex1E:
assumes 3!z : P. Q
obtains P (THE z : P. Qz) Q (THE z: P. Q )
(proof)

lemma pred-bthel:
assumes 3!z : P. Q
shows P (THE z : P. Q )

{proof)

lemma pred-bthel .
assumes 3!z : P. Q
shows Q (THE z : P. Q x)

{proof)

end

1.3.12 Least Element With Respect To Some Relation

theory Binary-Relations-Least
imports
Binary-Relations- Antisymmetric
Bounded-Definite- Description
begin

definition is-minimal-wrt-rel R (P :: 'a = bool) t = Pz A (Vy: P. Rz y)

lemma is-minimal-wrt-rell [introl:
assumes P z
and A\y. Py=—= Rzy
shows is-minimal-wrt-rel R P x

{proof)
lemma is-minimal-wrt-relE [elim]:

assumes is-minimal-wrt-rel R P x
obtains Pz A\y. Py=— Rz y

{proof)
definition is-least-wrt-rel R (P :: 'a = bool) z =
is-minimal-wrt-rel R P x A (Yz'. is-minimal-wrt-rel R P ' — x' = )

lemma is-least-wrt-rell [intro:
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assumes is-minimal-wrt-rel R P x

and Az’ is-minimal-wrt-rel R Pz’ = z' =z
shows is-least-wrt-rel R P x

(proof )

lemma is-least-wrt-relE [elim]:
assumes is-least-wrt-rel R P x
obtains is-minimal-wrt-rel R P x Axz'. is-minimal-wrt-rel R P ' — 2’ =z
(proof)

lemma is-least-wrt-rel-if-antisymmetric-onl:
assumes antisymmetric-on P R
and is-minimal-wrt-rel R P x
shows is-least-wrt-rel R P x

(proof)

corollary is-least-wrt-rel-eg-is-minimal-wrt-rel-if-antisymmetric-on [simp]:
assumes antisymmetric-on P R
shows is-least-wrt-rel R P = is-minimal-wrt-rel R P

{proof)

definition least-wrt-rel R (P :: 'a = bool) = THE x. is-least-wrt-rel R P x

lemma least-wrt-rel-eql:
assumes is-least-wrt-rel R P x
shows least-wrt-rel R P = ¢

{proof)

lemma least-wrt-rel-eq-if-antisymmetric-onl:
assumes antisymmetric-on P R
and is-minimal-wrt-rel R P x
shows least-wrt-rel R P = «

{proof)

lemma pred-least-wrt-rell:
assumes is-least-wrt-rel R P x
shows P (least-wrt-rel R P)

{proof)

lemma pred-least-wrt-rel-if-antisymmetric-onl:
assumes antisymmetric-on P R
and is-minimal-wrt-rel R P z
shows P (least-wrt-rel R P)

{proof)

end
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1.3.13 Transitive Closure

theory Binary-Relations- Transitive-Closure
imports
Binary-Relations-Least
Binary-Relations- Transitive
begin

consts trans-closure-on :: 'a = 'b = b

definition trans-closure-on-pred (P :: 'a = bool) R z y =
V(R':: 'a = 'a = bool) : transitive-on P. R< R' — R’z y
adhoc-overloading trans-closure-on = trans-closure-on-pred

lemma trans-closure-on-if-all-trans-rell
assumes AR’ transitive-on PR'=— R< R'=— R’z y
shows trans-closure-on P R z y
(proof )

lemma all-rel-if-trans-closure-onk:
assumes trans-closure-on P R z y
obtains AR’ transitive-on PR'=— R< R'=— R’z y
(proof )

lemma transitive-on-trans-closure-on: transitive-on P (trans-closure-on P R)
{proof)

lemma trans-closure-on-le-if-le-if-transitive-on:
assumes transitive-on P S
and R < S

shows trans-closure-on P R < S
(proof )

lemma trans-closure-on-if-rel: R © y = trans-closure-on P R z y
(proof )

corollary le-trans-closure-on: R < trans-closure-on P R
(proof)

corollary is-least-wrt-rel-trans-closure-on:
is-least-wrt-rel (<) ((<) R N transitive-on P) (trans-closure-on P R)
(proof)

corollary trans-closure-on-eq-least-wrt-rel:
trans-closure-on P R = least-wrt-rel (<) ((<) R M transitive-on P)

(proof)

lemma trans-closure-on-le-sup:

109



fixes P R defines S= R U (Axy. Pz APy A (3z: P. trans-closure-on P R x
z AR zvy))
shows trans-closure-on P R < S

(proof)

lemma trans-closure-on-cases:
assumes trans-closure-on P R z y
obtains (rel) R z y | (step) z where P x P z P y trans-closure-on PRz z R z y

{proof)

lemma trans-closure-on-eg-rel-sup-trans-closure-on:
trans-closure-on P R = R U trans-closure-on P R|plp

(proof )
consts trans-closure :: 'a = 'a

definition trans-closure-rel = trans-closure-on T
adhoc-overloading trans-closure = trans-closure-rel

lemma trans-closure-eq-trans-closure-on: trans-closure = trans-closure-on T
(proof )

lemma trans-closure-eq-trans-closure-on-uhint [uhint]:
assumes P =T
shows trans-closure = trans-closure-on P

(proof)

lemma trans-closure-iff-trans-closure-on: trans-closure R = y = trans-closure-on
TRzy
(proof )

lemma all-rel-if-trans-closureE:
assumes trans-closure R x y
obtains AR’ transitive R"=— R< R'= R’z y
(proof)

lemma transitive-trans-closure: transitive (trans-closure R)
{proof)

lemma trans-closure-le-if-le-if-transitive:

assumes transitive S
and R < S
shows trans-closure R < S

{proof)

lemma trans-closure-if-rel: R © y = trans-closure R x y
(proof )

corollary trans-closure-eq-least-wrt-rel: trans-closure R = least-wrt-rel (<) (<) R

110



M transitive)
{proof)

lemma trans-closure-cases:
assumes trans-closure R x y
obtains (rel) R z y | (step) z where trans-closure R x z R z y

{proof)

end

theory Functions-Restrict
imports HOL-Basics-Base
begin

consts fun-restrict :: 'a = 'b = a

bundle fun-restrict-syntaz

begin

notation fun-restrict (<(-)[(-)» [1000])
end

definition fun-restrict-pred f P x = if P z then f = else undefined
adhoc-overloading fun-restrict = fun-restrict-pred

context
includes fun-restrict-syntax
begin

lemma fun-restrict-eq [simp):
assumes Pz
shows flpz = fz
(proof )

lemma fun-restrict-eq-if-not [simp):
assumes —(P z)
shows f[p z = undefined

(proof)

lemma fun-restrict-eq-if: flp x = (if P x then f z else undefined)
(proof )

lemma fun-restrict-cong [congl:
assumes P = P’
and A\z. P2 = fx=gux
shows flp = g[p:
(proof)

end
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end

1.3.14 Well-Founded Transitive Recursion

theory Wellfounded-Transitive- Recursion
imports
Binary-Relations- Transitive
Binary-Relations- Wellfounded
Binary-Relation- Functions
Functions-Restrict
begin

Summary Well-founded recursion on transitive, well-founded relations.
One can extend this to well-founded recursion on non-transitive, well-founded
relations since the transitive closure of a well-founded relation is well-founded.

context
includes fun-restrict-syntaxr and no rel-restrict-syntax
begin

definition fun-rel-restrict f R y = f[R_1 v 'a = bool
lemma fun-rel-restrict-eq [simp]:

assumes R z y

shows fun-rel-restrict f R yx = fz

(proof)

lemma fun-rel-restrict-if-not [simp]:
assumes —(R z y)
shows fun-rel-restrict f R y x = undefined

{proof)

lemma fun-rel-restrict-eq-fun-restrict: fun-rel-restrict f R y = f[R—1 y

{proof)

lemma fun-rel-restrict-cong [cong|:
assumes y = y’
and A\z. Rzy' +— R’z y’
and A\z. R'zy' = fa=gz
shows fun-rel-restrict f R y = fun-rel-restrict ¢ R' y
(proof )

lemma fun-rel-restrict-rel-restrict-eq-fun-restrict-fun-rel-restrictI [simp]:
assumes P z
shows fun-rel-restrict f (rel-restrict R P) x = (fun-rel-restrict f R x)|p

(proof)
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context
fixes R :: ‘a = 'a = bool and step :: (‘a = 'b) = ‘a = 'b
begin

definition wf-rec-step f x = step (fun-rel-restrict (f z) R z) x

lemma wf-rec-step-eq: wf-rec-step f © = step (fun-rel-restrict (f x) R z) x
(proof )

definition is-recfun X f = f = fun-rel-restrict (wf-rec-step (A-. f)) R X
definition the-recfun X = (THE f. is-recfun X f)

lemma is-recfunl [intro]:
assumes A\z. Rz X = fz = wf-rec-step (A-. f) z
and Az. (R z X) = fz = undefined
shows is-recfun X f
{proof)

lemma is-recfunE [elim)]:
assumes is-recfun X f
obtains Az. Rz X = fxz = wf-rec-step (\-. f) z
Nz. 7(R z X) = fz = undefined
(proof )

lemma eq-if-rel-if-is-recfun:
assumes is-recfun X f
and Rz X
shows f 1z = wf-rec-step (A-. f) z
(proof )

lemma eg-if-not-rel-if-is-recfun:
assumes is-recfun X f

and (R z X)
shows f x = undefined
(proof)

context

assumes wf: wellfounded R
and trans: transitive R
begin

lemma app-eq-app-if-is-recfuni:
assumes is-recfun X fis-recfun Y g
and RZXRZY
shows fZ =g Z

(proof)
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corollary eg-if-is-recfunl:
assumes is-recfun X fis-recfun X g
shows f = ¢

(proof )

corollary is-recfun-the-recfun-if-is-recfunl:
assumes is-recfun X f
shows is-recfun X (the-recfun X)

{(proof)

corollary fun-rel-restrict-eq-fun-rel-restrict-if-is-recfunli:
assumes recfuns: is-recfun x f is-recfun X g
and Rz X
shows fun-rel-restrict f R x = fun-rel-restrict ¢ R x

(proof)
definition wft-rec = wf-rec-step the-recfun

lemma ex-is-recfunl: 3 f. is-recfun X f

(proof)

corollary is-recfun-the-recfunI: is-recfun X (the-recfun X)
(proof)

theorem wft-rec-eq-wf-rec-stepl: wft-rec X = wf-rec-step (A-. wft-rec) X
(proof)

end
end
end

end

1.3.15 Well-Founded Recursion

theory Wellfounded-Recursion
imports
Binary-Relations- Transitive-Closure
Wellfounded- Transitive- Recursion
begin

Summary We use wft-rec to define well-founded recursion on non-transitive,
well-founded relations. The fact that the transitive closure of a well-founded
relation is itself well-founded can be used to remove the transitivity as-
sumption of [wellfounded ?R; transitive YR] —> wft-rec R %step X =
wf-rec-step ?R Zstep (A-. wft-rec 7R ?step) ?X.

114



lemma wellfounded-trans-closure-if-wellfounded:
assumes wellfounded R
shows wellfounded (trans-closure R)

(proof)
consts wf-rec :: ‘a = b= 'c

definition wf-rec-rel R step = wft-rec (trans-closure R) (Af. wf-rec-step R step (A-.

1)

adhoc-overloading wf-rec = wf-rec-rel

theorem wf-rec-eq-wf-rec-stepl:
assumes wellfounded R
shows wf-rec R step X = wf-rec-step R step (A-. wf-rec R step) X

(proof)
consts wf-rec-on :: 'a = b= ‘¢ = 'd

definition wf-rec-on-pred :: (‘a = bool) = ('a = 'a = bool) = (('a = 'b) = 'a
= 'b) = ‘a = 'b where

wf-rec-on-pred P R = wf-rec R p
adhoc-overloading wf-rec-on = wf-rec-on-pred

lemma wf-rec-on-eq-wf-rec-restrict: wf-rec-on P R = wf-rec R p
(proof )

theorem wf-rec-on-eq-wf-rec-step-restrictl:

assumes wellfounded-on P R

shows wf-rec-on P R step X = wf-rec-step RTp step (A-. wf-rec-on P R step) X
(proof)

lemma wf-rec-on-eq-app-fun-restrict-fun-rel-restrictl:

fixes step

assumes wf: wellfounded-on P R

and Pz

defines f = wf-rec-on P R step

shows f © = step (fun-restrict (fun-rel-restrict f R x) P) x
(proof)

end

1.3.16 Lattice

theory Binary-Relations-Lattice
imports
Binary-Relations-Order-Base
HOL.Boolean-Algebras
begin
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Summary Basic results about the lattice structure on binary relations.

lemma rel-infl [intro:
assumes R z y
and Sz y
shows (RM S) z y

{proof)

lemma rel-infE [elim]:
assumes (RM S) zy
obtains Rz y Sz y

(proof)

lemma rel-infD:
assumes (RM S) zy
shows Rz yand Sz vy

{proof)

lemma in-dom-rel-infl [intro]:
assumes R z y
and Sz y
shows in-dom (R S) z

{proof)

lemma in-dom-rel-infE [elim]:
assumes in-dom (RM S) z
obtains y where Rz y Sz y

{proof)

lemma in-codom-rel-infI [intro):
assumes R z y
and Sz y
shows in-codom (RN S) y

{proof)
lemma in-codom-rel-infE [elim):

assumes in-codom (R 1 S) y
obtains z where Rz y Sz y

{proof)

lemma in-field-eg-in-dom-sup-in-codom: in-field L = (in-dom L L in-codom L)
(proof )

lemma in-dom-rel-restrict-left-eq [simp]: in-dom R|p = (in-dom R 1 P)
(proof)

lemma in-codom-rel-restrict-left-eq [simp): in-codom R]p = (in-codom R M P)
{proof)

lemma rel-restrict-left-restrict-left-eq [simp]:
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fixes R :: ‘a = 'b = bool and P Q :: 'a = bool
shows R[p[g = R[p M R[g
(proof )

lemma rel-restrict-left-restrict-right-eq [simp]:
fixes R :: 'a = 'b = bool and P :: 'a = bool and @ :: 'b = bool
shows RFP]Q =Rlpn Rlg
(proof )

lemma rel-restrict-right-restrict-left-eq [simpl:
fixes R :: ‘a = 'b = bool and P :: 'b = bool and Q :: 'a = bool
shows RWP[Q =Rlpn R[Q

(proof)

lemma rel-restrict-right-restrict-right-eq [simpl:
fixes R :: ‘a = 'b = bool and P Q :: 'b = bool
shows RWP]Q =Rlpn R]Q

{proof)

lemma rel-restrict-left-sup-eq [simp]:
(R:'a="b=> bOOl)[((P i 'a = bool) U Q) = RipU R[Q
(proof)

lemma rel-restrict-left-inf-eq [simp]:
(R:'a="b= bool)F((P  'a = bool) M Q) = RIpMN Rlg
(proof)

lemma inf-rel-bimap-and-eq-restrict-left-restrict-right:
R 11 (rel-bimap P Q (N)) = Rlplg
(proof)

end

1.3.17 Reflexive Closure

theory Binary-Relations-Reflexive-Closure
imports
Binary-Relations-Reflexive
Restricted-Equality
begin

consts refl-closure-on :: 'a = 'b = b

overloading

refl-closure-on-pred = refl-closure-on :: (‘a = bool) = (‘a = ’'a = bool) = ('a
= 'a = bool)
begin

definition refil-closure-on-pred (P :: 'a = bool) (R :: 'a = 'a = bool) = R U
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(=p)

end

lemma refl-closure-on-if-pred [introl:
assumes P z
shows refl-closure-on P R x x

{proof)

lemma refl-closure-on-if-rel [introl:
assumes (R :: '‘a = 'a = bool) z y
shows refl-closure-on (P :: 'a = bool) R z y
{proof )

corollary le-refl-closure-on-self: (R :: 'a = 'a = bool) < refl-closure-on (P :: 'a
= bool) R
(proof )

lemma refl-closure-onFE [elim]:
assumes refi-closure-on P R x y
obtains Pzz =y | Rzy

(proof)

lemma reflexive-on-refi-closure-on:
reflexive-on (P :: 'a = bool) (refl-closure-on P (R :: 'a = 'a = bool))
(proof)

definition refl-closure-field R = refl-closure-on (in-field R) R

open-bundle refi-closure-field-syntax
begin

notation refl-closure-field («(-1)» [1000])
end

lemma refl-closure-fieldl [intro):
assumes refi-closure-on (in-field R) R z y
shows Rt z y

{proof)

lemma refl-closure-fieldD [dest]:
assumes R z y
shows refi-closure-on (in-field R) R x y

(proof)
lemma refl-closure-field-eq-refl-closure-on-in-field: R™ = refl-closure-on (in-field

R) R
(proof)
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end

theory LBinary-Relations
imports

Binary-Relations- Functions
Binary-Relations-Order
Binary-Relation- Properties
Wellfounded-Recursion
Wellfounded- Transitive- Recursion
Binary-Relation- Functions
Binary-Relations-Agree
Binary-Relations-Extend
Binary-Relations-Lattice
Binary-Relations-Least
Binary-Relations- Reflexive- Closure
Binary-Relations- Transitive-Closure
Dependent-Binary-Relations
Restricted-FEquality
Reverse-Implies

begin

Summary Basic concepts on binary relations.

end

Inverse

theory Functions-Inverse
imports
Functions-Injective
Binary-Relations- Function- Evaluation
Bounded-Definite- Description
begin

consts the-inverse-on :: 'a = b = ¢

definition the-inverse-on-pred P f = Ay. THE x : P. y = fx
adhoc-overloading the-inverse-on = the-inverse-on-pred

lemma the-inverse-on-eq-if-injective-onl:
assumes injective-on P f
and y = fz
and Pz
shows the-inverse-on P fy =«

{proof)

lemma the-inverse-on-app-eq-if-injective-onl [simp):
assumes injective-on P f
and Pz
shows the-inverse-on P f (fz) =z
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{proof)

consts the-inverse :: ‘a = 'b
definition the-inverse-fun = the-inverse-on (T :: 'a = bool)

adhoc-overloading the-inverse = the-inverse-fun

lemma the-inverse-eq-the-inverse-on:
the-inverse = the-inverse-on (T :: 'a = bool)

(proof)

lemma the-inverse-eq-the-inverse-on-uhint [uhint]:
assumes P = T :: ‘a = bool
shows the-inverse :: (‘a = 'b) = 'b = 'a = the-inverse-on P

(proof)

lemma the-inverse-eq-if-injectivel
assumes injective f

and y = fz
shows the-inverse fy = «
(proof )

lemma the-inverse-app-eq-if-injectivel [simp):
assumes injective f
shows the-inverse f (fz) = x

(proof)

consts inverse-on :: 'a = 'b = ‘¢ = bool

overloading

inverse-on-pred = inverse-on :: (‘a = bool) = (‘a = 'b) = ('b = 'a) = bool
begin

definition inverse-on-pred P fg=Vz: P. g (fz) =z
end

lemma inverse-onl [intro]:
assumes A\z. Pz = g (fz) =z
shows inverse-on P f g

{proof)

lemma inverse-onD:
assumes inverse-on P f g
and Pz
shows g (fz) =z
(proof)

lemma inverse-onk:

assumes inverse-on P f g
obtains A\z. Pz = ¢ (fz) =z
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{proof)

lemma injective-on-if-inverse-on:
assumes inv: nverse-on (P :: 'a = bool) (f :: 'a = 'b) (¢ :: 'b = 'a)
shows injective-on P f

(proof)

lemma inverse-on-the-inverse-on-if-injective-on;:
fixes P :: ‘a = bool and f :: 'a = 'b
assumes injective-on P f
shows inverse-on P f (the-inverse-on P f)

{proof)

lemma inverse-on-has-inverse-on-the-inverse-on-if-injective-on:
assumes injective-on P f
shows inverse-on (has-inverse-on P f) (the-inverse-on P f) f

(proof)

lemma antimono-inverse-on: antimono (inverse-on :: (‘a = bool) = ('a = 'b)
= (b = 'a) = bool)
{proof)

lemma inverse-on-compl:
fixes P :: ‘a = bool and P’ :: 'b = bool
and f::‘a= 'band g :: ‘b= ‘aand f':: ‘b= ‘cand g’ :: "¢ = 'b
assumes (P = P') f
and inverse-on P f g
and inverse-on P’ f' g’
shows inverse-on P (f' o f) (g o g’)

{proof)

consts inverse :: 'a = 'b = bool

overloading
inverse = inverse :: ('a = 'b) = ('b = 'a) = bool
begin
definition (inverse :: (‘la = 'b) = ('b = 'a) = bool) = inverse-on (T :: 'a =
bool)
end

lemma inverse-eg-inverse-on:
(inverse :: (Ya = 'b) = ('b = 'a) = bool) = inverse-on (T :: 'a = bool)
(proof )

lemma inverse-eq-inverse-on-uhint [uhint]:
assumes P = T :: 'a = bool
shows inverse :: ('a = 'b) = ('b = ’‘a) = bool = inverse-on P
(proof )
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lemma inversel [intro]:
assumes Az. g (fz) =z
shows inverse f g
{proof)

lemma inverseD:
assumes inverse [ g
shows g (fz) =z
(proof )

lemma inversekE:
assumes inverse f g
obtains Az. g (fz) =z
(proof )

lemma inverse-on-if-inverse:
fixes P :: ‘a = booland f :: 'a = 'band g :: 'b = 'a
assumes inverse f g
shows inverse-on P f g

{proof)

lemma injective-if-inverse:
assumes inverse (f :: '‘a = 'b) (g = 'b = 'a)
shows injective f
(proof )

lemma inverse-the-inverse-if-injective:
assumes injective f
shows inverse [ (the-inverse f)

{proof)

lemma inverse-on-has-inverse-the-inverse-if-injective:
assumes injective f
shows inverse-on (has-inverse f) (the-inverse f) f

(proof)
end

Bijections

theory Functions-Bijection
imports
Functions-Inverse
Functions-Monotone
begin

consts bijection-on :: 'a = 'b = 'c = 'd = bool

definition bijection-on-pred (P :: 'a = bool) (Q :: 'b = bool) f g =
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(P=Q)fA
(@=P)gn
inverse-on P f g A
inverse-on Q g f
adhoc-overloading bijection-on = bijection-on-pred

context
fixes P :: ‘a = bool and Q :: 'b = bool and [ :: ‘a = ‘b and g
begin

lemma bijection-onl [intro]:
assumes (P = Q) f
and (Q = P) g
and inverse-on P f g
and inverse-on Q g f
shows bijection-on P Q f g

(proof)

lemma bijection-onE [elim):
assumes bijection-on P Q f g
obtains (P = Q) f (Q= P) g
inverse-on P f g inverse-on Q g f
(proof)

lemma mono-wrt-pred-if-bijection-on-left:
assumes bijection-on P Q f g
shows (P = Q) f
(proof)

lemma mono-wrt-pred-if-bijection-on-right:
assumes bijection-on P Q f g
shows (Q = P) g
(proof)

lemma bijection-on-pred-right:
assumes bijection-on P Q f g
and Pz
shows @ (f z)
(proof)

lemma bijection-on-pred-left:
assumes bijection-on P Q f g
and Q y
shows P (g y)

(proof)
lemma inverse-on-if-bijection-on-left-right:

assumes bijection-on P Q f g
shows inverse-on P f g
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{proof)

lemma inverse-on-if-bijection-on-right-left:
assumes bijection-on P Q f g
shows inverse-on Q g f

{proof)

lemma bijection-on-left-right-eq-self:
assumes bijection-on P Q f g
and Pz
shows g (fz) =z
(proof)

lemma bijection-on-right-left-eq-self
assumes bijection-on P Q f g
and Q y
shows f (gy) =y
(proof)

end

lemma bijection-on-has-inverse-on-the-inverse-on-if-injective-on:
assumes injective-on P f
shows bijection-on P (has-inverse-on P f) f (the-inverse-on P f)

{proof)

context
fixes P :: ‘a = bool and Q :: 'b = booland f :: ‘a = ‘band g :: 'b = 'a
begin

lemma bijection-on-right-left-if-bijection-on-left-right:
assumes bijection-on P Q f g
shows bijection-on Q P g f

{proof)

lemma injective-on-if-bijection-on-left:
assumes bijection-on P Q f g
shows injective-on P f

(proof)
lemma injective-on-if-bijection-on-right:

assumes bijection-on P Q f g
shows injective-on @ g

{proof)

end

lemma bijection-on-compl:
fixes P :: ‘a = bool and P’ :: 'b = bool and Q :: 'c = bool
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assumes bijection-on P P’ f g

and bijection-on P’ Q [’ g’

shows bijection-on P Q (f' o f) (g o g")
(proof)

consts bijection :: 'a = 'b = bool

definition (bijection-rel :: ('a = 'b) = (b = 'a) = bool) =
bijection-on (T :: 'a = bool) (T :: 'b = bool)
adhoc-overloading bijection = bijection-rel

lemma bijection-eq-bijection-on:
(bijection :: ('a = 'b) = ('b = 'a) = bool) = bijection-on (T :: 'a = bool) (T ::

b = bool)
(proof )

lemma bijection-eq-bijection-on-uhint [uhint]:
assumes P = (T :: 'a = bool)
and @ = (T == 'b = bool)
shows (bijection :: (‘a = 'b) = ('b = 'a) = bool) = bijection-on P Q
(proof)

context
fixes P :: 'a = bool and Q :: 'b = booland f :: ‘a = ‘band g :: 'b = 'a
begin

lemma bijectionl [introl:
assumes inverse [ g
and inverse g f
shows bijection f g

(proof)

lemma bijectionE [elim]:
assumes bijection [ g
obtains inverse f g inverse g f

(proof)

lemma inverse-if-bijection-left-right:
assumes bijection [ g
shows inverse f g

(proof)
lemma inverse-if-bijection-right-left:

assumes bijection [ g
shows inverse g f

(proof)

end
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lemma bijection-right-left-if-bijection-left-right:
fixesf::'a='band g :: ‘b= "a
assumes bijection f g
shows bijection g f

{proof)

Instantiations lemma bijection-on-self-id: bijection-on (P ::

id
{proof)

end

Surjective

theory Functions-Surjective
imports
Functions-Base
begin

consts surjective-at :: 'a = 'b = bool

overloading

'a = bool) P id

surjective-at-pred = surjective-at :: (‘a = bool) = (b = 'a) = bool

begin

definition surjective-at-pred (P :: 'a = bool) (f :: 'b = 'a) =V y : P. has-inverse

fy

end

lemma surjective-atl [intro]:
assumes Ay. Py = has-inverse f y
shows surjective-at P f

{proof)

lemma surjective-atE [elim):
assumes surjective-at P f
and Py
obtains z where y = f

{proof)

lemma has-inverse-if-pred-if-surjective-at:
assumes surjective-at P f
and Py
shows has-inverse fy

{proof)

consts surjective :: 'a = bool
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overloading

surjective = surjective :: ('b = 'a) = bool
begin

definition (surjective :: ('b = 'a) = bool) = surjective-at (T :: 'a = bool)
end

lemma surjective-eq-surjective-at:
(surjective :: ('b = 'a) = bool) = surjective-at (T :: 'a = bool)
(proof)

lemma surjective-eq-surjective-at-uhint [uhint]:
assumes P = T :: 'a = bool
shows surjective :: ('b = 'a) = bool = surjective-at P
{proof)

lemma surjectivel [intro]:
assumes Ay. has-inverse [y
shows surjective f

{proof)

lemma surjectiveF:
assumes surjective f
obtains Ay. has-inverse fy

{proof)

lemma surjective-at-if-surjective:
fixes P :: ‘a = bool and f :: 'b = 'a
assumes surjective f
shows surjective-at P f

{proof)

end

1.3.18 Basic Properties

theory Function-Properties
imports
Functions-Bijection
Functions-Injective
Functions-Inverse
Functions-Monotone
Functions-Surjective
begin

Summary Basic properties on functions.

end

theory LFunctions
imports
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Function-Properties

Function-Relators

Functions-Restrict
begin

Summary Basic concepts on functions.

end

1.3.19 Functions On Orders

Basics

theory Order-Functions-Base
imports
Functions-Monotone
Binary-Relations- Antisymmetric
Binary-Relations-Symmetric
Preorders
begin

Bi-Relation consts bi-related :: 'a = 'b = 'b = bool

overloading

bi-related = bi-related :: ('a = 'a = bool) = 'a = ’'a = bool
begin

definition bi-related (R :: ‘a = 'a = bool) xry = Rzy AN Ryx
end

open-bundle bi-related-syntax
begin
syntax
-bi-related :: 'a = 'b = 'a = bool («(-) =) (-)» [51,51,51] 50)
notation bi-related (</(=(.)")»)
end

syntax-consts

-bi-related = bi-related
translations

z =p y = CONST bi-related R = y

lemma bi-relatedI [intro]:
assumes R z y
and Ry x
shows z =p y

{proof)

lemma bi-relatedE [elim):
assumes z =p Y
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obtains Rz y R yx
{proof )

context
fixes P :: ‘a = booland R S :: 'a = 'a = bool and z y :: 'a
begin

lemma symmetric-bi-related [iff]: symmetric (=g) = 'a = 'a = bool)

{proof)

lemma reflexive-bi-related-if-reflexive [introl:
assumes reflerive R
shows reflezive (=) :: ‘a = 'a = bool)
(proof )

lemma transitive-bi-related-if-transitive [intro]:
assumes transitive R
shows transitive ((=g) = 'a = 'a = bool)

{proof)

lemma mono-bi-related: mono (bi-related :: ('a = 'a = bool) = 'a = 'a = bool)
(proof)

lemma bi-related-if-le-rel-if-bi-related:
assumes T =p y

and R < S
shows z =g ¥
{proof )

lemma eg-if-bi-related-if-antisymmetric-on:
assumes antisymmetric-on P R
and z =p y
and Pz Py
shows z = y

{proof)

lemma eg-if-bi-related-if-in-field-le-if-antisymmetric-on:
assumes antisymmetric-on P R
and in-field R < P

and r =p y
shows z = y
(proof )

lemma bi-related-if-all-rel-iff-if-reflexive-on:
assumes reflexive-on P R
and A\z. Pz= Rz z2<+— Ryz

and Pz Py
shows z =p y
{proof )
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lemma bi-related-if-all-rel-iff-if-reflexive-on’:
assumes reflexive-on P R
and A\z. Pz= Rzz+— Rzy

and Pz Py
shows z =p y
{proof )

corollary eg-if-all-rel-iff-if-antisymmetric-on-if-reflexive-on:
assumes reflerive-on P R and antisymmetric-on P R
and Az. Pz= Rzz<+— Ryz

and Pz Py
shows z = y
(proof )

corollary eq-if-all-rel-iff-if-antisymmetric-on-if-reflexive-on’:
assumes reflexive-on P R and antisymmetric-on P R
and A\z. Pz= Rzz<+— Rzy

and Px Py
shows z = y
(proof )

end

lemma bi-related-le-eq-if-antisymmetric-on-in-field:
assumes antisymmetric-on (in-field R) (R :: 'a = 'a = bool)
shows ((=g) :: 'a = 'a = bool) < (=)
{proof )

Inflationary consts inflationary-on :: 'a = 'b = 'c = bool

overloading

inflationary-on-pred = inflationary-on :: (‘a = bool) = (‘a = 'b = bool) = ('a
= 'b) = bool
begin

Often also called "extensive".
definition inflationary-on-pred P (R :: 'a = 'b = bool) (f :: 'a = 'b) =Vz: P.
Rz (fx)

end

lemma inflationary-onl [intro):
assumes A\z. Pz = Rz (f x)
shows inflationary-on P R f

{proof)
lemma inflationary-onD [dest]:

assumes inflationary-on P R f
and Pz
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shows R z (f z)
{proof)

lemma inflationary-on-eq-dep-mono-wrt-pred: inflationary-on = dep-mono-wrt-pred
(proof )

lemma inflationary-on-if-le-rel-if-inflationary-on:
assumes inflationary-on P R f
and Az. Pz = Rz (fz) = R’z (fx)
shows inflationary-on P R’ f
(proof)

lemma mono-inflationary-on-rel:

((>) = () = (X)) (inflationary-on :: ('a = bool) = (‘a = 'b = bool) = ('a
= 'b) = bool)

(proof )

context
fixes P P’':: 'a = booland R :: 'a = 'b = bool and f :: 'a = 'b
begin

lemma inflationary-on-if-le-pred-if-inflationary-on:
assumes inflationary-on P R f
and P/ < P
shows inflationary-on P’ R f
(proof)

lemma le-in-dom-if-inflationary-on:
assumes inflationary-on P R f
shows P < in-dom R

(proof )
end

lemma inflationary-on-sup-eq [simpl:

(inflationary-on :: ('a = bool) = (‘a = 'b = bool) = (‘a = 'b) = bool) (P U
Q)

= inflationary-on P M inflationary-on Q

(proof )

consts inflationary :: 'a = 'b = bool

overloading
inflationary = inflationary :: (‘a = 'b = bool) = (‘a = 'b) = bool
begin
definition (inflationary :: ('a = 'b = bool) = (‘a = 'b) = bool) =
inflationary-on (T = 'a = bool)
end
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lemma inflationary-eg-inflationary-on:

(inflationary = (‘a = 'b = bool) = (‘a = 'b) = bool) = inflationary-on (T == 'a
= bool)

{proof)

lemma inflationary-eg-inflationary-on-uhint [uhint]:
assumes P = T :: ‘a = bool
shows inflationary :: ('a = 'b = bool) = (‘a = 'b) = bool = inflationary-on P
(proof )

lemma inflationaryl [intro|:
assumes A\z. R z (f z)
shows inflationary R f

{proof)

lemma inflationaryD:
assumes inflationary R f
shows R z (f z)

{proof)

lemma inflationary-on-if-inflationary:
fixes P :: ‘a = booland R :: 'a = 'b = bool and [ :: 'a = 'b
assumes inflationary R f
shows inflationary-on P R f

{proof)

lemma inflationary-eq-dep-mono-wrt-pred: inflationary = dep-mono-wrt-pred T
(proof)

Deflationary consts deflationary-on :: 'a = 'b = 'c¢ = bool

overloading

deflationary-on-pred = deflationary-on :: (‘a = bool) = ('b = 'a = bool) = ('a
= 'b) = bool
begin

definition deflationary-on-pred (P :: 'a = bool) (R :: 'b = 'a = bool) :: ('a =
'b) = bool =

inflationary-on P R™!

end

context
fixes P :: ‘a = bool and R :: 'b = 'a = bool and [ :: 'a = 'b
begin
lemma deflationary-on-eq-inflationary-on-rel-inv:
(deflationary-on P R :: ('a = 'b) = bool) = inflationary-on P R~1
(proof)

declare deflationary-on-eg-inflationary-on-rel-inv[symmetric, simp]
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lemma deflationary-onl [intro):
assumes A\z. Pz = R (fz) z
shows deflationary-on P R f

(proof)

lemma deflationary-onD [dest]:
assumes deflationary-on P R f
and Pz
shows R (fz) z

(proof)

end

context
fixes P P’'::'a = booland R :: 'b = 'a = bool and f :: 'a = b
begin

corollary deflationary-on-rel-inv-eq-inflationary-on [simp):

(deflationary-on P (S :: 'a = 'b = bool) ™! :: (‘a = 'b) = bool) = inflationary-on
PS

(proof)

lemma deflationary-on-eq-dep-mono-wrt-pred-rel-inv:
(deflationary-on P R :: ('a = 'b) = bool) = ((z : P) = R~ z)
(proof)

lemma deflationary-on-if-le-rel-if-deflationary-on:
assumes deflationary-on P R f
and Az. Pz = R (fz) 2 = R’ (fz) =
shows deflationary-on P R’ f
(proof )

lemma mono-deflationary-on:

(>) = (L) = (X)) (deflationary-on = ('a = bool) = ('b = 'a = bool) = ('a
= 'b) = bool)

(proof)

lemma deflationary-on-if-le-pred-if-deflationary-on:
assumes deflationary-on P R f
and P’ < P
shows deflationary-on P’ R f
(proof)

lemma le-in-dom-if-deflationary-on:
assumes deflationary-on P R f
shows P < in-codom R

{proof)
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lemma deflationary-on-sup-eq [simp]:

(deflationary-on :: ('a = bool) = ('b = 'a = bool) = (‘a = 'b) = bool) (P U
Q)

= deflationary-on P M deflationary-on Q

(proof)

end
consts deflationary :: 'a = 'b = bool

overloading
deflationary = deflationary :: ('b = 'a = bool) = ('a = 'b) = bool
begin
definition (deflationary :: (b = 'a = bool) = ('a = 'b) = bool) =
deflationary-on (T :: 'a = bool)
end

lemma deflationary-eq-deflationary-on:

(deflationary :: ('b = 'a = bool) = (‘a = 'b) = bool) = deflationary-on (T :
'a = bool)

(proof)

lemma deflationary-eq-deflationary-on-uhint [uhint]:
assumes P = T :: 'a = bool
shows deflationary :: ('b = 'a = bool) = (‘a = 'b) = bool = deflationary-on P
(proof )

lemma deflationaryl [intro:
assumes Az. R (fz) z
shows deflationary R f
(proof )

lemma deflationaryD:
assumes deflationary R f
shows R (fz) z
(proof )

lemma deflationary-on-if-deflationary:
fixes P :: ‘a = bool and R :: 'b = 'a = bool and [ :: 'a = 'b
assumes deflationary R f
shows deflationary-on P R f
(proof)

lemma deflationary-eq-dep-mono-wrt-pred-rel-inv:

deflationary R = dep-mono-wrt-pred T R~}
(proof )
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Relational Equivalence definition rel-equivalence-on = inflationary-on 11
deflationary-on

lemma rel-equivalence-on-eq:
rel-equivalence-on = inflationary-on M deflationary-on
(proof)

lemma rel-equivalence-onl [introl:
assumes inflationary-on P R f
and deflationary-on P R f
shows rel-equivalence-on P R f

{proof)

lemma rel-equivalence-onE [elim):
assumes rel-equivalence-on P R f
obtains inflationary-on P R f deflationary-on P R f

(proof)

lemma rel-equivalence-on-eq-dep-mono-wrt-pred-inf:
rel-equivalence-on P R = dep-mono-wrt-pred P (R 1 R~1)
(proof )

context
fixes P P’':: 'a = booland R :: 'a = 'a = bool and [ :: 'a = 'a
begin

lemma bi-related-if-rel-equivalence-on:
assumes rel-equivalence-on P R f
and Pz
shows z =p fz

(proof)

lemma rel-equivalence-on-if-all-bi-related:
assumes A\z. Pz = z =p fu
shows rel-equivalence-on P R f

{proof)

corollary rel-equivalence-on-iff-all-bi-related:
rel-equivalence-on P R f «— (Vz. Pz — 2z =p f )
(proof )

lemma rel-equivalence-onD [dest]:
assumes rel-equivalence-on P R f
and Pz
shows z =p fz
(proof )

lemma rel-equivalence-on-rel-inv-eq-rel-equivalence-on [simp]:
(rel-equivalence-on P R~ :: ("a = 'a) = bool) = rel-equivalence-on P R
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{proof)

lemma mono-rel-equivalence-on:

(=) = (L) = (X)) (rel-equivalence-on :: ('a = bool) = ('a = 'a = bool) = ('a
= 'a) = bool)

(proof)

lemma rel-equivalence-on-if-le-pred-if-rel-equivalence-on:
assumes rel-equivalence-on P R f
and P/ < P
shows rel-equivalence-on P’ R f
(proof)

lemma rel-equivalence-on-sup-eq [simp):

(rel-equivalence-on :: (‘a = bool) = ('a = 'a = bool) = ('a = 'a) = bool) (P
U Q)

= rel-equivalence-on P M rel-equivalence-on @

(proof)

lemma in-codom-eq-in-dom-if-rel-equivalence-on-in-field:
assumes rel-equivalence-on (in-field R) R f
shows in-codom R = in-dom R

{proof)

lemma reflexive-on-if-transitive-on-if-mon-wrt-pred-if-rel-equivalence-on:
assumes rel-equivalence-on P R f
and (P = P) f
and transitive-on P R
shows reflexive-on P R

(proof)

lemma inflationary-on-eq-rel-equivalence-on-if-symmetric:
assumes symmetric R
shows (inflationary-on P R :: (Ya = 'a) = bool) = rel-equivalence-on P R
{proof)

lemma deflationary-on-eq-rel-equivalence-on-if-symmetric:

assumes symmetric R
shows (deflationary-on P R :: ('a = 'a) = bool) = rel-equivalence-on P R

{proof)

end
consts rel-equivalence :: 'a = 'b = bool
overloading

rel-equivalence = rel-equivalence :: ('a = 'a = bool) = (‘a = 'a) = bool
begin
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definition (rel-equivalence :: ('a = 'a = bool) = ('a = 'a) = bool) =
rel-equivalence-on (T :: 'a = bool)
end

lemma rel-equivalence-eq-rel-equivalence-on:

(rel-equivalence :: ('a = 'a = bool) = ('a = 'a) = bool) = rel-equivalence-on
(T = 'a = bool)

(proof)

lemma rel-equivalence-eg-rel-equivalence-on-uhint [uhint]:
assumes P = T :: 'a = bool
shows rel-equivalence :: ("a = 'a = bool) = ('a = 'a) = bool = rel-equivalence-on

P
{proof)

context
fixes P :: ‘/a = bool and R :: 'a = 'a = bool and [ :: 'a = 'a
begin

lemma rel-equivalencel [introl:
assumes nflationary R f
and deflationary R f
shows rel-equivalence R f

{proof)

lemma rel-equivalenceE [elim]:
assumes rel-equivalence R f
obtains inflationary R f deflationary R f
(proof)

lemma inflationary-if-rel-equivalence:
assumes rel-equivalence R f
shows inflationary R f

{proof)

lemma deflationary-if-rel-equivalence:
assumes rel-equivalence R f
shows deflationary R f

{proof)

lemma rel-equivalence-on-if-rel-equivalence:
assumes rel-equivalence R f
shows rel-equivalence-on P R f

{proof)

lemma bi-related-if-rel-equivalence:
assumes rel-equivalence R f
shows z =p fx

{proof)
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lemma rel-equivalence-if-all-bi-related:
assumes \z. z =p fz
shows rel-equivalence R f

(proof)

lemma rel-equivalenceD:
assumes rel-equivalence R f
shows Rz (fz) R (fz) z
(proof )

lemma reflexive-on-in-field-if-transitive-if-rel-equivalence-on:
assumes rel-equivalence-on (in-field R) R f
and transitive R
shows reflezive-on (in-field R) R
(proof )

corollary preorder-on-in-field-if-transitive-if-rel-equivalence-on:
assumes rel-equivalence-on (in-field R) R f
and transitive R
shows preorder-on (in-field R) R

{proof)

end

end

1.3.20 Order Functors

Basic Setup and Results

theory Order-Functors-Base
imports
Functions-Inverse
Order-Functions-Base
begin

In the following, we do not add any assumptions to our locales but rather
add them as needed to the theorem statements. This allows consumers to
state preciser results; particularly, the development of Transport depends on
this setup.

locale orders =
fixes L :: 'a = 'b = bool
and R :: 'c = 'd = bool
begin

notation L (infix «<j) 50)
notation R (infix «<p» 50)

We call (<) the left relation and (<g) the right relation.
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abbreviation (input) ge-left = (<j)*

notation ge-left (infix >;» 50)
abbreviation (input) ge-right = (<p)~*
notation ge-right (infix <>p» 50)

end

Homogeneous orders

locale hom-orders = orders L R
for L :: 'a = 'a = bool
and R :: 'b = b = bool

locale order-functor = hom-orders L R
for L :: 'a = 'a = bool
and R :: 'b = 'b = bool
and [ :: 'a = b

begin

lemma left-right-rel-left-self-if-reflexive-on-left-if-mono-left:
assumes ((<y) = (<p)) !
and reflezive-on P (<)
and Pz
shows [z <p Iz

{proof)

lemma left-right-rel-left-self-if-reflexive-on-in-dom-right-if-mono-left:
assumes ((<y) = (<p)) !
and reflezive-on (in-dom (<R)) (<R)
and in-dom (<p) z
shows [z <pl=x
(proof)

lemma left-right-rel-left-self-if-reflexive-on-in-codom-right-if-mono-left:
assumes ((<) = (<)) !
and reflexive-on (in-codom (<g)) (<pg)
and in-codom (<y) x
shows [z <p lx
(proof )

lemma left-right-rel-left-self-if-reflexive-on-in-field-right-if-mono-left:
assumes ((<7) = (<p)) !
and reflexzive-on (in-field (<g)) (<R)
and in-field (<) =
shows [z <p lx
(proof )

lemma mono-wrt-rel-left-if-reflexive-on-if-le-eq-if-mono-wrt-in-field:
assumes (in-field (<;) = P) I
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and (<) < (=)

and reflezive-on P (<p)
shows ((<1) = (<p)) !
{proof)

end
locale order-functors = order-functor L R | + flip-of : order-functor R L r

for LRIr
begin

We call the composition r o [ the unit and the term [ o r the counit
of the order functors pair. This is terminology is borrowed from category
theory - the functors are an adjoint.

definition unit = r o [

notation unit («n»)

lemma unit-eq-comp: n = r o 1 (proof)
lemma unit-eq [simpl: n © = r (I ) (proof)

context
begin

Note that by flipping the roles of the left and rights functors, we obtain
a flipped interpretation of order-functors. In many cases, this allows us to
obtain symmetric definitions and theorems for free. As such, in many cases,
we do we do not explicitly state those free results but users can obtain them
as needed by creating said flipped interpretation.

interpretation flip : order-functors R L r 1 (proof)
definition counit = flip.unit

notation counit (<)

lemma counit-eg-comp: € =l o r (proof)

lemma counit-eq [simp]: € x = 1 (r x) {proof)

end

context
begin

interpretation flip : order-functors R L r 1 {proof)

lemma flip-counit-eq-unit: flip.counit = n
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{proof)

lemma flip-unit-eq-counit: flip.unit = €
(proof )

lemma inflationary-on-unit-if-left-rel-right-if-left-right-rell :
assumes ((<;) = (<p)) !
and reflezive-on P (<)
and \zy. P = lao <py=a<pry
shows inflationary-on P (<) n
(proof)

lemma deflationary-on-unit-if-right-left-rel-if-right-rel-leftI:
assumes ((<7) = (<p)) !
and reflexive-on P (<)
and Az y. P = y<ple=ry<pz
shows deflationary-on P (<y)n
(proof)

context
fixes P :: 'a = bool
begin

lemma rel-equivalence-on-unit-iff-inflationary-on-if-inverse-on:
assumes inverse-on Pl r
shows rel-equivalence-on P (<) n «— inflationary-on P (<) n

{proof)

lemma reflexive-on-left-if-inflationary-on-unit-if-inverse-on:
assumes inverse-on Pl r
and inflationary-on P (<) n
shows reflezive-on P (<)

{proof)

lemma rel-equivalence-on-unit-if-reflexive-on-if-inverse-on:
assumes inverse-on Pl r
and reflexive-on P (<)
shows rel-equivalence-on P (<p) n
(proof )

end

corollary rel-equivalence-on-unit-iff-reflexive-on-if-inverse-on:
fixes P :: 'a = bool
assumes inverse-on Pl r
shows rel-equivalence-on P (<) n <— reflexive-on P (<)

(proof)

end
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Here is an example of a free theorem.

notepad
begin

(proof)
end

end

end

1.4 Galois

1.4.1 Basic Abbreviations

theory Galois-Base
imports
Order-Functors-Base
begin

locale galois = order-functors
begin

The locale galois serves to define concepts that ultimately lead to the
definition of Galois connections and Galois equivalences. Galois connections
and equivalences are special cases of adjoints and adjoint equivalences, re-
spectively, known from category theory. As such, in what follows, we some-
times borrow vocabulary from category theory to highlight this connection.

A Galois connection between two relations (<) and (<p) consists of
two monotone functions (i.e. order functors) [ and r such that (z <y r y)
= (l z <p y). We call this the Galois property. 1 is called the left adjoint
and r the right adjoint. We call (<}) the left relation and (<pg) the right
relation. By composing the adjoints, we obtain the unit 7 and counit € of
the Galois connection.

end

end

1.4.2 Basics For Relator For Galois Connections

theory Galois-Relator-Base
imports
Galois-Base
begin

locale galois-rel = orders L R
for L :: 'a = 'b = bool
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and R :: 'c = 'd = bool
and r :: 'd = b
begin

Morally speaking, the Galois relator characterises when two terms z and
y are "similar".

definition Galois z y = in-codom (<g) y ANz <y ry

abbreviation left-Galois = Galois
notation left-Galois (infix <; 3> 50)

abbreviation (input) ge-Galois-left = (;,5)~!
notation ge-Galois-left (infix <> 50)

Here we only introduced the (left) Galois relator (;,<). All other variants
can be introduced by considering suitable flipped and inversed interpreta-
tions (see Half_Galois_Property.thy).

lemma left-GaloisI [intro]:
assumes in-codom (<p) y
and z < ry
shows z 1< v
{proof)

lemma left-GaloisE [elim]:
assumes z [ Y
obtains in-codom (<p) yx <p ry
{proof)

corollary in-dom-left-if-left-Galois:
assumes z [ Y
shows in-dom (<) z

(proof)

corollary left-Galois-iff-in-codom-and-left-rel-right:
T S Y in-codom (Sp)y ANz <pry
(proof)

lemma left-Galois-restrict-left-eq-left-Galois-left-restrict-left:
(LRP .. 74 = ool = galois-rel.Galois (<p)[p (<p) r
(proof)

lemma left-Galois-restrict-right-eq-left- Galois-right-restrict-right:
(LR P . 'd = boor = 9alois-rel.Galois (<1) (<p)Ip T
(proof)

end

end
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Equivalences

theory Order-Equivalences
imports
Order-Functors-Base
Partial-Equivalence-Relations
Preorders
begin

context order-functors
begin

definition order-equivalence =
((<p) = (€p) LA
(€p) = () r A
rel-equivalence-on (in-field (<r)) (<p) n A
rel-equivalence-on (in-field (<g)) (<g) €

notation order-functors.order-equivalence (infix «=,» 50)

lemma order-equivalencel [intro:
assumes ((<7) = (<p)) !
and (<) = (<)) r
and rel-equivalence-on (in-field (<1)) (<r1) n
and rel-equivalence-on (in-field (<p)) (<p) €
shows ((<1) =, (<g)) Ir
(proof)

lemma order-equivalenceE [elim]:
assumes ((<) =, (<p)) I r
obtains ((<;) = (<p)) L ((<p) = (<)) 7
rel-equivalence-on (in-field (<r)) (<1) n
rel-equivalence-on (in-field (<g)) (<g) €
(proof)

interpretation of : order-functors S T f g for S T f g (proof)

lemma rel-inv-order-equivalence-eg-order-equivalence [simp:
(£R) =0 (£1))7' = (L) =6 (SR))
(proof)

corollary order-equivalence-right-left-iff-order-equivalence-left-right:
(SR) =0 (£p)) rl+— ((SL) =o (SR)) I
(proof)

Due to the symmetry given by ((<g) =, (<)) 7l = order-equivalence,
for any theorem on (<), we obtain a corresponding theorem on (<p) by
flipping the roles of the two functors. As such, in what follows, we do not
explicitly state these free theorems but users can obtain them as needed by
creating a flipped interpretation of order-functors.
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lemma order-equivalence-rel-inv-eg-order-equivalence [simp]:
(=) =0 (=R)) = (L) =0 (<R))
(proof)

lemma in-codom-left-eq-in-dom-left-if-order-equivalence:
assumes ((<7) =, (<p)) I r
shows in-codom (<j) = in-dom (<)
(proof)

corollary preorder-on-in-field-left-if-transitive-if-order-equivalence:
assumes ((<y) =, (<p)) I r
and transitive (<y)
shows preorder-on (in-field (<1)) (<1)
(proof )

lemma order-equivalence-partial-equivalence-rel-not-reflexive-not-transitive:
assumes 3(y = D)y y £y’
shows 3 (L :: 'a = ‘a = bool) (R :: 'b = 'b = bool) I r.
(L =, R) I T A partial-equivalence-rel L A
—(reflexive-on (in-field R) R) A —(transitive-on (in-field R) R)
(proof)

end

end

1.4.3 Half Galois Property

theory Half-Galois-Property
imports
Galois-Relator-Base
Order-Equivalences
begin

As the definition of the Galois property also works on heterogeneous

relations, we define the concepts in a locale that generalises galois.

locale galois-prop = orders L R
for L :: 'a = 'b = bool
and R :: 'c = 'd = bool
and [ :: 'a = ¢
and 7 :: 'd = b
begin

sublocale galois-rel L R r (proof)
interpretation gr-flip-inv : galois-rel (>p) (>1) | (proof)

abbreviation right-ge-Galois = gr-flip-inv. Galois
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notation right-ge-Galois (infix «pZ» 50)

abbreviation (input) Galois-right = gr-flip-inv.ge-Galois-left
notation Galois-right (infix <S> 50)

lemma Galois-rightI [intro]:
assumes in-dom (<y)

and [z <p y
shows z Sp v
(proof)

lemma Galois-rightE [elim]:
assumes z SR Y
obtains in-dom (<y) zlz <p vy

(proof)

corollary Galois-right-iff-in-dom-and-left-right-rel:
Tt SR Y in-dom (<p)z ANlz<py
{proof)

Unlike common literature, we split the definition of the Galois property
into two halves. This has its merits in modularity of proofs and preciser
statement of required assumptions.

definition half-galois-prop-left =Vzy. 2 [Ty — lz <y
notation galois-prop.half-galois-prop-left (infix <, <0 50)

lemma half-galois-prop-leftl [introl:
assumes A\zy. z [Sy=lz<py
shows ((<p) nd (SR)) 17
(proof )

lemma half-galois-prop-leftD [dest]:
assumes ((<7) < (KR)) Ir
and z 1Sy
shows [z <p y
(proof )

Observe that the second half can be obtained by creating an appro-
priately flipped and inverted interpretation of galois-prop. Indeed, many
concepts in our formalisation are "closed" under inversion, i.e. taking their
inversion yields a statement for a related concept. Many theorems can thus
be derived for free by inverting (and flipping) the concepts at hand. In such
cases, we only state those theorems that require some non-trivial setup. All
other theorems can simply be obtained by creating a suitable locale inter-
pretation.

interpretation flip-inv : galois-prop (>g) (>) r 1 (proof)
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definition half-galois-prop-right = flip-inv.half-galois-prop-left
notation galois-prop.half-galois-prop-right (infix <<, 50)

lemma half-galois-prop-rightI [intro):
assumes \zy. 2 Spy =2 < ry
shows ((<p) <n (<Sp)) I
(proof )

lemma half-galois-prop-rightD [dest]:
assumes ((<7) 5 (<pg)) [ r
and z SRy
shows z < ry
(proof )

interpretation g : galois-prop S T f g for S T f g (proof)

lemma rel-inv-half-galois-prop-right-eq-half-galois-prop-left-rel-inv [simp]:
((SR) D (L)™' = ((=1) »2 (ZR))
(proof )

corollary half-galois-prop-left-rel-inv-iff-half-galois-prop-right [iff]:
() nd (ZR) fg+— (SR) In (S1) 9 f
(proof )
lemma rel-inv-half-galois-prop-left-eq-half-galois-prop-right-rel-inv [simp]:
(€R) w2 (<) ' = ((>1) <n (ZR))
(proof )
corollary half-galois-prop-right-rel-inv-iff-half-galois-prop-left [iff]:
(>1) S ZR) fo+— (SR) 2 (L) g f
(proof)

end

context galois
begin

sublocale galois-prop L R I r (proof)
interpretation flip : galois R L r 1 (proof)

abbreviation right-Galois = flip. Galois
notation right-Galois (infix «p<) 50)

abbreviation (input) ge-Galois-right = flip.ge-Galois-left
notation ge-Galois-right (infix <Zp» 50)

abbreviation left-ge-Galois = flip.right-ge-Galois
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notation left-ge-Galois (infix ;2> 50)

abbreviation (input) Galois-left = flip. Galois-right
notation Galois-left (infix <S> 50)

context
begin

interpretation flip-inv : galois (>pg) (>1) r I (proof)

lemma rel-unit-if-left-rel-if-mono-wrt-rell:
assumes ((<y) = (<p)) !
and z Sp la' =z <pna’
and z <j, z’
shows z <; n z’
(proof )

corollary rel-unit-if-left-rel-if-half-galois-prop-right-if-mono-wrt-rel:
assumes ((<y) = (<p)) !
and ((<g) I (Spg)) 17
and z <j, z’
shows z <; n '
(proof)

corollary rel-unit-if-reflexive-on-if-half-galois-prop-right-if-mono-wrt-rel:
assumes ((<) = (<p)) !
and ((<p) < (<p)) L7
and reflezive-on P (<)
and Pz
shows z <y n 2

(proof)

corollary inflationary-on-unit-if-reflexive-on-if-half-galois-prop-rightI
fixes P :: 'a = bool
assumes ((<1) = (<p)) !
and ((<g) S (<g)) Ir
and reflexive-on P (<)
shows inflationary-on P (<) n
(proof)

interpretation flip : galois-prop R L r I {proof)

lemma right-rel-if-Galois-left-right-if-deflationary-onl:
assumes ((<p) = (<)) r
and ((<g) < (<)) 7!
and deflationary-on P (<R) €
and transitive (<p)
and y 57y’
and Py’
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shows y <p y’
{proof )

lemma half-galois-prop-left-left-right-if-transitive-if-deflationary-on-if-mono-wrt-rel:
assumes ((<) = (<p)) !
and deflationary-on (in-codom (<pg)) (<pg) €
and transitive (<p)
shows ((<p) nd (<Sp)) I r
(proof )

end

interpretation flip-inv : galois (>pg) (>) 7!
rewrites flip-inv.unit = € and flip-inv.counit = n
and ARS. (R"!=SH=(R=2E)
and AR Sfg. (R <, S7Y) fg=(S
and ((Zg) nd (=) rl=((<g) < (
and A\R. R"1"1 =R
and A(P :: ‘¢ = bool) (R :: 'c = ¢ = bool).

(inflationary-on P R~ :: (c = '¢) = bool) = deflationary-on P R
and A(P :: ‘¢ = bool) (R :: 'c = 'c¢ = bool).
(deflationary-on P R=' :: ('c = '¢) = bool) = inflationary-on P R

nIR)gf
<gp)lr

and A(P :: 'b = bool). reflexive-on P (>p) = reflexive-on P (<pR)
and A\(R :: 'a = 'a = bool). transitive R~ = transitive R

and AR. in-codom R~' = in-dom R

(proof)

corollary counit-rel-if-right-rel-if-mono-wrt-rell:
assumes ((<p) = (<)) r
andry Sy = cy<py
and y <p y’
shows ¢ y <p ¥y’

{proof)

corollary counit-rel-if-right-rel-if-half-galois-prop-left-if-mono-wrt-rel:
assumes ((<p) = (<)) r
and ((<) n<d (<Spg)) I
and y <p y’
shows ¢ y <p y’

{proof)

corollary counit-rel-if-reflexive-on-if-half-galois-prop-left-if-mono-wrt-rel:
assumes ((<p) = (<)) r
and ((<p) nd (<p)) I
and reflexzive-on P (<p)
and Py
shows ¢ y <p y

(proof)
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corollary deflationary-on-counit-if-reflexive-on-if-half-galois-prop-left:
fixes P :: 'b = bool
assumes ((<p) = (<)) r
and ((<p) n<d (<p)) I
and reflexive-on P (<p)
shows deflationary-on P (<p) ¢
{proof )

corollary left-rel-if-left-right- Galois-if-inflationary-onl:
assumes ((<) = (<p)) !
and ((<p) a9 (<7)) 1
and inflationary-on P (<) n
and transitive (<)
and [z < o’
and Pz
shows z <[ z’
(proof)

corollary half-galois-prop-right-left-right-if-transitive-if-inflationary-on-if-mono-wrt-rel:
assumes ((<p) = (<)) r
and inflationary-on (in-dom (<)) (<1) n
and transitive (<p)
shows ((<y) <n (Kp)) Ir
(proof)

end

context order-functors
begin

interpretation g : galois L R I r {proof)
interpretation flip-g : galois R L r 1
rewrites flip-g.unit = ¢ and flip-g.counit = n
(proof)

lemma left-rel-if-left-right-rel-left-if-order-equivalencel :
assumes ((<y) =, (<p)) Ir
and transitive (<p)
and [z <p lz’
and in-dom (<)
and in-codom (<j) z’
shows z <j z’
(proof)

end

end
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1.4.4 Galois Property

theory Galois-Property
imports
Half-Galois-Property
begin

context galois-prop
begin

definition galois-prop = ((<1) 19 (<g)) 1 (<) < (<p))
notation galois-prop.galois-prop (infix «<» 50)

lemma galois-propl [intro):
assumes ((<7) < (<pR)) Ir

and ((<p) <p (<Spg)) I
shows ((<p) 9 (<g)) I

{proof)

lemma galois-propl”:

assumes Az y. in-dom (<) z => in-codom (<p) y =z <pry<+—lz <p
)

shows ((<z) 9 (<g)) I

{proof)

lemma galois-propE [elim]:
assumes ((<7) < (<R)) !
?bta}r;s ((£0) w2 (SR)) Ur ((Sp) Sn (SR)) U7
proo

interpretation g : galois-prop S T f g for S T f g(proof)

lemma galois-prop-eq-half-galois-prop-left-rel-inf-half-galois-prop-right:
((<p) 2 (<R)) = (£p) w2 (SR)) N (L) D (SR))
(proof )

lemma galois-prop-left-rel-right-iff-left-right-rel:
assumes ((<7) < (<p)) Ir
and in-dom (<y) z in-codom (<R) y
shows z <y ry<+—lz<py
(proof)

lemma rel-inv-galois-prop-eq-galois-prop-rel-inv [simp):
(£p) (<L) ' =((=1) 2 (=R))
(proof )

corollary galois-prop-rel-inv-iff-galois-prop [iff]:

(zp) 2 (zR)) fg«— (SR) 2 (<L) 9 f
(proof )
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end

context galois
begin

lemma galois-prop-left-right-if-transitive-if-deflationary-on-if-inflationary-on-if-mono-wrt-rel:
assumes ((<7) = (<g)) l and ((<p) = (<)) r
and inflationary-on (in-dom (<)) (<) n
and deflationary-on (in-codom (<R)) (<R) €
and transitive (<j) transitive (<p)
shows ((<z) 9 (<g)) I
(proof)

end

end

1.4.5 Galois Connections

theory Galois-Connections
imports
Galois-Property
begin

context galois
begin

definition galois-connection = (<) = (<p)) I A (Sp) = (<) r A (L) <
(SR Ir

notation galois.galois-connection (infix < 50)

lemma galois-connectionl [intro]:
assumes ((<r) = (<p)) land (<) = (<)) 7
and ((<g) < (<p)) Ir
shows ((<7) 4 (Zp)) Ir
{proof)

lemma galois-connectionE [elim]:
assumes ((<y) 4 (<p)) Ir
?bta}r;s ((£p) = (SR) L((gp) = (1) v (L) L (<) L
Proo

context
begin

interpretation ¢ : galois S T f g for S T f g(proof)
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lemma rel-inv-galois-connection-eq-galois-connection-rel-inv [simp):
(Kp) H (€)™ =(=1) 4 (ZR)
(proof )

corollary galois-connection-rel-inv-iff-galois-connection [iff]:
(zp) 4 (ZR) Ir«— (Sp) H (<) 7l
(proof)

lemma rel-unit-if-left-rel-if-galois-connection:
assumes ((<7) 4 (<p)) I r
and z <j z’
shows z <; n z’
(proof )

end

lemma counit-rel-if-right-rel-if-galois-connection:
assumes ((<y) 4 (<p)) Ir
and y <p y’
shows ¢ y <p v’
(proof)

lemma rel-unit-if-reflexive-on-if-galois-connection:
assumes ((<7) 4 (<p)) Ir
and reflexive-on P (<)
and Pz
shows z < n 2

{proof)

lemma counit-rel-if-reflexive-on-if-galois-connection:
assumes ((<7) 4 (<p)) I r
and reflezive-on P (<p)
and Py
shows ¢ y <p y

{proof)

lemma inflationary-on-unit-if-reflexive-on-if-galois-connection:
fixes P :: 'a = bool
assumes ((<y) 4 (<p))
and reflexive-on P (<L)
shows inflationary-on P (<) n

{proof)

lr

lemma deflationary-on-counit-if-reflexive-on-if-galois-connection:
fixes P :: 'b = bool
assumes ((<7) 4 (<p)
and reflezive-on P (<R
shows deflationary-on P (<pR) ¢

Yir
)
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{proof)

end

end

1.4.6 Galois Equivalences

theory Gualois-FEquivalences
imports
Galois-Connections
Order-Equivalences
Partial- Equivalence-Relations
begin

context galois
begin

In the literature, an adjoint equivalence is an adjunction for which the
unit and counit are natural isomorphisms. Translated to the category of
orders, this means that a Galois equivalence between two relations (<p)
and (<p) is a Galois connection for which the unit 7 is deflationary and the
counit ¢ is inflationary.

For reasons of symmetry, we give a different definition which next to ga-
lois-connection requires galois-prop I r. In other words, a Galois equivalence
is a Galois connection for which the left and right adjoints are also right
and left adjoints, respectively. As shown below, in the case of preorders, the
definitions coincide.

definition galois-equivalence = (<) 4 (<)) Lr A ((Kg) < (<))
notation galois. galois-equivalence (infix (=g 50)

lemma galois-equivalencel [intro:
assumes ((<y) 4 (<p)) Ir
and ((<p) < (<)) rl
shows ((SL) =c (SR)) lr
(proof )
lemma galois-equivalenceFE [elim]:
assumes ((<1) =¢ (<p)) Ir
obtains ((<r) 4 (<p)) Ir ((<p) 4 (<)) rl
(proof )

context
begin

interpretation ¢ : galois S T f g for S T f g(proof)
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lemma galois-equivalence-eq-galois-connection-rel-inf-galois-prop:
(<) =¢ (£R)) = () 4 (<r) N (ZL) 2 (ZR))
(proof )

lemma rel-inv-galois-equivalence-eq-galois-equivalence [simp]:
((£R) =¢ (=)' = ((£L) =¢ (£R))
(proof )

corollary galois-equivalence-right-left-iff-galois-equivalence-left-right:
(€p) =¢ (£p)) rl«— ((£1) =a (Sp) Ir
(proof)

lemma galois-equivalence-rel-inv-eq-galois-equivalence [simp):
(zL) =¢ (=zR)) = (<L) =¢ (<R))
(proof )

lemma inflationary-on-unit-if-reflexive-on-if-galois-equivalence:
fixes P :: 'a = bool
assumes ((<1) =¢ (<p)) Ir
and reflexive-on P (<p)
shows inflationary-on P (<) n
(proof)

end

lemma deflationary-on-unit-if-reflexive-on-if-galois-equivalence:
fixes P :: ‘a = bool
assumes ((<7) =¢ (Kp)) I r
and reflezive-on P (<)
shows deflationary-on P (<) n
(proof )

Every galois-equivalence on reflexive orders is a Galois equivalence in the
sense of the common literature.

lemma rel-equivalence-on-unit-if-reflexive-on-if-galois-equivalence:
fixes P :: 'a = bool
assumes ((<) =¢ (<p)) Ir
and reflexive-on P (<p)
shows rel-equivalence-on P (<) n
(proof)

lemma galois-equivalence-partial-equivalence-rel-not-reflexive-not-transitive:
assumes I(y = ')y y #y’
shows 3 (L :: 'a = 'a = bool) (R :: 'b = b = bool) | r.
(L =¢ R) Il r A partial-equivalence-rel L A
—(reflexive-on (in-field R) R) N —(transitive-on (in-field R) R)
(proof)

155



1.4.7 Equivalence of Order Equivalences and Galois Equiva-
lences

In general categories, every adjoint equivalence is an equivalence but not vice
versa. In the category of preorders, however, they are morally the same: the
adjoint zigzag equations are satisfied up to unique isomorphism rather than
equality. In the category of partial orders, the concepts coincide.

lemma half-galois-prop-left-left-right-if-transitive-if-order-equivalence:
assumes ((<7) =, (<p)) I r
and transitive (<) transitive (<p)
shows ((<p) nd (Sp)) I 7
(proof )

lemma half-galois-prop-right-left-right-if-transitive-if-order-equivalence:
assumes ((<;) =, (<p)) I r
and transitive (<) transitive (<pg)
shows ((<7) <n (<p)) Lr
(proof )

lemma galois-prop-left-right-if-transitive-if-order-equivalence:
assumes ((<7) =, (<p)) Ir
and transitive (<) transitive (<p)
shows ((<7) < (<g)) L7
(proof)

corollary galois-connection-left-right-if-transitive-if-order-equivalence:
assumes ((<1) =, (Sp)) Ir
and transitive (<p) transitive (<p)
shows ((<7) 4 (<R)) I r
(proof)

interpretation flip : galois R L r 1
rewrites flip.unit = ¢
(proof )

corollary galois-equivalence-left-right-if-transitive-if-order-equivalence:
assumes ((<7) =, (Sp)) I r
and transitive (<) transitive (<p)
shows ((<1) =¢ (SR)) I r
(proof)

lemma order-equivalence-if-reflexive-on-in-field-if-galois-equivalence:
assumes ((<7) =¢ (Kp)) I r
and reflexive-on (in-field (<y)) (<1) reflexive-on (in-field (<g)) (<g)
shows ((<1) =, (<R)) Ir
(proof)

corollary galois-equivalence-eq-order-equivalence-if-preorder-on-in-field:
assumes preorder-on (in-field (<r)) (<r,) preorder-on (in-field (<g)) (<g)
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shows ((<;) =¢ (<R))
{proof)

((£r) =0 (<p))

end

end

1.4.8 Relator For Galois Connections

theory Galois-Relator
imports
Galois-Relator-Base
Galois-Property
begin

context galois-prop
begin

interpretation flip-inv : galois-rel (>g) (>1,) | (proof)

lemma left- Galois-if-Galois-right-if-half-galois-prop-right:
assumes ((<7) 9, (<)) I r
and z SRy
shows z ;< v
(proof)

lemma Galois-right-if-left-Galois-if-half-galois-prop-left:
assumes ((<7) r< (<R)) I r
and z ;S ¥
shows z Sp v
(proof)

corollary Galois-right-iff-left-Galois-if-galois-prop [iff]:
assumes ((<7) < (<)) Ir
shows 2 Spy<+— 2z 3y
(proof)

lemma rel-inv-Galois-eq-flip- Galois-rel-inv-if-galois-prop [simp]:
assumes ((<7) < (<p)) I r
shows (21) = (5Z)
(proof)

corollary flip-Galois-rel-inv-iff-Galois-if-galois-prop [iff]:
assumes ((<7) < (<p)) I r

shows y pR z+— 2z S ¥
{proof)

corollary inv-flip-Galois-rel-inv-eq-Galois-if-galois-prop [simpl:
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assumes ((<y) < (<p)) Ir

shows (Sg) = (1<) — Note that (galois-rel.Galois (<p)~* (<p)~t )~! =
(galois-rel.Galois (<g)~' (<)~ )71

{proof)

end

context galois
begin

interpretation flip-inv : galois (>p) (>1) r 1 (proof)

context
begin

interpretation flip : galois R L r 1 (proof)

lemma left-Galois-left-if-left-rell:
assumes ((<y) = (<p)) !
and ((<z) du (Spg)) I
and z <j, z’
shows z [ < 1 2’
(proof )

corollary left-Galois-left-if-reflexive-on-if-half-galois-prop-rightI:
assumes ((<) = (<p)) !
and ((<p) < (<p)) L7
and reflezive-on P (<)
and Pz
shows z [ Sz

(proof)

lemma left- Galois-left-if-in-codom-if-inflationary-onl:
assumes ((<1) = (<p)) !
and inflationary-on P (<y) n
and in-codom (<) x
and Pz
shows z ;S Iz

{proof)

lemma left-Galois-left-if-in-codom-if-inflationary-on-in-codoml :
assumes ((<) = (<p)) !
and inflationary-on (in-codom (<)) (<1) 0
and in-codom (<) x
shows z [ Sz
{proof)

lemma left-Galois-left-if-left-rel-if-inflationary-on-in-fieldl :
assumes ((<7) = (<p)) !
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and inflationary-on (in-field (<)) (<) n
and z <j z

shows z [ Sz

(proof)

lemma right-left- Galois-if-right-rell:
assumes ((<p) = (<)) r
and y <p y’
shows ry 1Sy
(proof )

!/

corollary right-left- Galois-if-reflexive-onlI:
assumes ((<p) = (<)) r
and reflexive-on P (<p)
and Py
shows ry 1Sy

(proof)

lemma left-Galois-if-right-rel-if-left-GaloisI:
assumes ((<p) = (<)) r
and transitive (<y)
and z [y
and y <p z
shows z [ < 2
(proof)

lemma left-Galois-if-left- Galois-if-left-rell :
assumes transitive (<y)
and z <j y
and y < 2
shows z 15 2
(proof )

lemma left-rel-if-right- Galois-if-left- GaloisI:
assumes ((<pg) < (<)) 7
and transitive (<)
and z ;S ¥
and y ps #
shows z <, 2
(proof)

lemma Dep-Fun-Rel-left-Galois-right- Galois-if-mono-wrt-rel [intro):
assumes ((<7) = (<p)) !
shows ((13) = (gx)) I
(proof)

lemma left-ge-Galois-eq-left-Galois-if-in-codom-eqg-in-dom-if-symmetric:

assumes symmetric (<)
and in-codom (<pg) = in-dom (<pR)
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shows (72) = (1,5) — Note that galois-rel. Galois (<p) ! (SR)f1 r = ga-
lois-rel. Galois (<p)™' (<p)~t r
(proof)

end
interpretation flip : galois R L r 1 (proof)

lemma ge-Galois-right-eq-left- Galois-if-symmetric-if-in-codom-eq-in-dom-if-galois-prop:
assumes ((<7) < (<p)) I r
and in-codom (<) = in-dom (<p)
and symmetric (<g)
shows (Z ) = (1<) — Note that flip.left-Galois™ = flip.left-Galois™*
(proof )
interpretation gp : galois-prop (1.5) (rS) 1 (proof)
lemma half-galois-prop-left-left-Galois-right- Galois-if-half-galois-prop-leftl [introl:
assumes ((<7) < (KR)) Ir
shows ((1%) nd (X)) U1
(proof )

lemma half-galois-prop-right-left- Galois-right- Galois-if-half-galois-prop-rightl [intro]:
assumes ((<7) <, (KpR)) Ir
shows (1) 9 (%)) 11
(proof )
corollary galois-prop-left-Galois-right-Galois-if-galois-prop [intro]:
assumes ((<y) < (<p)) Ir
shows ((13) < (grR)) 11
(proof )

end

end
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Chapter 2

Transport

2.1 Basic Setup

theory Transport-Base
imports
Galois- Equivalences
Galois-Relator
begin

Summary Basic setup for commonly used concepts in Transport, includ-
ing a suitable locale.

locale transport = galois L R I r
for L :: 'a = 'a = bool
and R :: 'b = 'b = bool
and [ :: '"a = 'b
and 7 :: b= 'a
begin

2.1.1 Ordered Galois Connections

definition preorder-galois-connection =
(<p) AR I
A preorder-on (in-field (<1)) (<1)
N preorder-on (in-field (<g)) (XR)

notation transport.preorder-galois-connection (infix Hpre> 50)

lemma preorder-galois-connectionl [intro]:
assumes ((<y) 4 (<p)) Ir
and preorder-on (in-field (<)) (<r,)
and preorder-on (in-field (<g)) (<R)
shows ((<7) dpre (SR)) I 7
{proof)

lemma preorder-galois-connectionE [elim]:

161



assumes ((<y,) dpre (<R)) {
obtains ((<y) 4 (<p)) ! rpreorder on (in-field (<1)) (<)
preorder-on (in-field (<g)) (<g)

{proof)

context
begin

interpretation ¢ : transport S T f g for S T f g (proof)

lemma rel-inv-preorder-galois-connection-eq-preorder-galois-connection-rel-inv [simp:
((ZR) dpre (£1))7" = ((=1) Hpre (ZR))
(proof)

end

corollary preorder-galois-connection-rel-inv-iff-preorder-galois-connection [iff]:

(L) Apre (ZR)) I = (SR) dpre (L)) 71
(proof )

definition partial-equivalence-rel-galois-connection =

(<p) H(<g) I
A partial-equivalence-rel (<7)
A partial-equivalence-rel (<p)

notation transport.partial-equivalence-rel-galois-connection (infix <Hppp> 50)

lemma partial-equivalence-rel-galois-connectionl [introl:
assumes ((<y) 4 (<p)) Ir
and partial-equivalence-rel-on (in-field (<1)) (<p)
and partial-equivalence-rel-on (in-field (<g)) (<R)
shows ((<r) dpgr (Sg)) U7
(proof)

lemma partial-equivalence-rel-galois-connectionE [elim):

assumes ((<7) 4pgr (<p)) I r
obtains ((<7) dpre (<R)) I 7 symmetric (<p) symmetric (<p)
(proof)

context
begin

interpretation ¢t : transport S T f g for S T f g {proof)
lemma rel-inv-partial-equivalence-rel-galois-connection-eq-partial-equivalence-rel-galois-connection-rel-inv

[simp]: (<) dpgr (<1)7' = ((>1) 4pEr (ZR))
(proof)

end
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corollary partial-equivalence-rel-galois-connection-rel-inv-iff-partial-equivalence-rel-galois-connection
[iffl: (=) ApEr (ZR)) T <= ((SR) dppr (<)) 71
(proof )

lemma left- Galois-comp-ge-Galois-left-eq-left-if-partial-equivalence-rel-galois-connection:
assumes ((<r) "pgg (Sg)) I T
shows ((1,) o0 (Z1)) = (<)

(proof)

2.1.2 Ordered Equivalences

definition preorder-equivalence =
() =c¢ (SR) Ir
A preorder-on (in-field (<1)) (<1)
A preorder-on (in-field (<g)) (<R)

notation transport.preorder-equivalence (infix =pre> 50)

lemma preorder-equivalence-if-galois-equivalencel [introl:
assumes ((<;) =¢ (<p)) I r
and preorder-on (in-field (<1)) (<1)
and preorder-on (in-field (<g)) (<pg)
shows ((<1) =pre (SRg)) I T
(proof )

lemma preorder-equivalence-if-order-equivalencel :
assumes ((<) =, (<p)) I r
and transitive (<)
and transitive (<p)
shows ((<1) =pre (SR)) I
(proof)

lemma preorder-equivalence-galois-equivalenceE [elim]:
assumes ((<7) =pre (Sp)) I
obtains ((<;) =¢ (<pg)) I r preorder-on (in-field (<)) (<r)
preorder-on (in-field (<g)) (<R)
(proof )

lemma preorder-equivalence-order-equivalenceF:
assumes ((<7) =pre (Sp)) I 7
obtains ((<;) =, (<p)) I r preorder-on (in-field (<r)) (<)
preorder-on (in-field (<g)) (<R)
(proof)

context
begin

interpretation ¢ : transport S T f g for S T f g (proof)
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lemma rel-inv-preorder-equivalence-eq-preorder-equivalence [simp):
((R) =pre (<1)7" = (L) =pre (<R))
(proof )

end

corollary preorder-equivalence-right-left-iff-preorder-equivalence-left-right:
((SR) =pre (1)) 71— (SL) =pre (Sp)) I
(proof )

lemma preorder-equivalence-rel-inv-eq-preorder-equivalence [simp):
(=) =pre (ZR)) = (<L) =pre (<R))
(proof )

definition partial-equivalence-rel-equivalence =
((€p) =c¢ (Sp) U7
A partial-equivalence-rel (<y)
A partial-equivalence-rel (<p)

notation transport.partial-equivalence-rel-equivalence (infix <=ppp> 50)

lemma partial-equivalence-rel-equivalence-if-galois-equivalencel [intro]:
assumes ((<y) =¢ (Kp)) I r
and partial-equivalence-rel (<p)
and partial-equivalence-rel (<p)
shows ((<r) =pgp (<p)) I 7
{proof )

lemma partial-equivalence-rel-equivalence-if-order-equivalencel :
assumes ((<) =, (<p)) I r
and partial-equivalence-rel (<p)
and partial-equivalence-rel (<p)
shows ((<1) =pgr (<R)) I 7
(proof)

lemma partial-equivalence-rel-equivalenceE [elim):

assumes ((<7) =pgp (Sg)) Ir
obtains ((<1) =pre (<R)) [ 7 symmetric (<) symmetric (<p)

{proof)

context
begin

interpretation ¢t : transport S T f g for S T f g {proof)
lemma rel-inv-partial-equivalence-rel-equivalence-eqg-partial-equivalence-rel-equivalence

[simp]:
((£R) =per (£1)" = (L) =pEr (£R))
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{proof)

end

corollary partial-equivalence-rel-equivalence-right-left-iff-partial-equivalence-rel-equivalence-left-right:
((£R) =ppr () rl«— () =per (SR)) I
(proof)

lemma partial-equivalence-rel-equivalence-rel-inv-eq-partial-equivalence-rel-equivalence
[simp]:

(=) =per (ZR)) = (1) =pER (SR))

(proof)

end

end

2.2 Compositions With Agreeing Relations

2.2.1 Basic Setup

theory Transport-Compositions-Agree-Base
imports
Transport-Base
begin

locale transport-comp-agree =
gl : galois L1 R1 11 r1 + ¢2 : galois L2 R2 12 r2
for L1 :: 'a = 'a = bool
and R1 :: 'b = 'b = bool
and lI :: 'a = 'b
and 71 :: b= 'a
and L2 :: 'b = 'b = bool
and R2 :: 'c = 'c = bool
and 12 :: 'b = 'c
and 72 :: 'c = b

begin

This locale collects results about the composition of transportable com-
ponents under the assumption that the relations R1 and L2 agree (in one
sense or another) whenever required. Such an agreement may not necessar-
ily hold in practice, and the resulting theorems are not particularly pretty.
However, in the special case where R1 = L2, most side-conditions disappear
and the results are very simple.

notation L1 (infix «<j ;> 50)
notation R! (infix «<<p» 50)
notation L2 (infix << 4 50)
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notation R2 (infix «<<py 50)

notation gI.ge-left (infix <> ;> 50)
notation gI1.ge-right (infix <>p» 50)
notation g2.ge-left (infix <> 9 50)
notation g2.ge-right (infix <>pg» 50)

notation g1 .left-Galois (infix < ;<> 50)
notation gI.right-Galois (infix «p ;<> 50)
notation g2.left-Galois (infix <153 50)
notation g2.right-Galois (infix (ps< 50)

notation gI.ge-Galois-left (infix <Z > 50)
notation gI.ge-Galois-right (infix <X p > 50)
notation g2.ge-Galois-left (infix «Z 0 50)
notation ¢2.ge-Galois-right (infix Ty 50)

notation gI.right-ge-Galois (infix < ;2> 50)
notation gI.Galois-right (infix <Sp > 50)
notation ¢2.right-ge-Galois (infix <o2» 50)
notation g2.Galois-right (infix <Spe 50)

notation gI.left-ge-Galois (infix «j ;2> 50)
notation gI.Galois-left (infix g7 > 50)
notation ¢2.left-ge-Galois (infix «j 52> 50)
notation ¢2.Galois-left (infix «g10 50)
notation gI.unit («n1»)

notation ¢I.counit (s&1»)

notation g2.unit (sn2>)
notation g2.counit («e2)

abbreviation (input) L = L1
definition [ = [2 o [I

lemma left-eq-comp: | = 12 o 1
(proof)

lemma left-eq [simp]: | z = 12 (I )
{proof)

context
begin

interpretation flip : transport-comp-agree R2 L2 r2 12 R1 L1 r1 1 (proof)
abbreviation (input) R = flip.L

abbreviation r = flip.(
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lemma right-eq-comp: r = r1 o r2
(proof)

lemma right-eq [simpl: rz = r1 (12 2)
{proof)

lemmas transport-defs = left-eq-comp right-eq-comp
end

sublocale transport L R 1 r {proof)

notation L (infix «<j) 50)
notation R (infix «<p» 50)

end

locale transport-comp-same =
transport-comp-agree L1 R1 11 v1 R1 R2 12 r2
for L1 :: 'a = 'a = bool
and RI :: 'b = 'b = bool
and Il :: '"a="'b
and 71 b= 'a
and R2 :: 'c = 'c = bool
and 12 : b= 'c
and 72 :: 'c = b
begin

This locale is a special case of transport-comp-agree where the left and
right components both use (<p;) as their right and left relation, respec-
tively. This is the special case that is most prominent in the literature. The
resulting theorems are quite simple, but often not applicable in practice.

end

end

2.2.2 Monotonicity

theory Transport-Compositions-Agree-Monotone
imports
Transport-Compositions-Agree- Base
begin

context transport-comp-agree
begin
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lemma mono-wrt-rel-leftl:
assumes ((<r;) = (<pgy)) 1 (Sr2) = (SRro)) 12
and Az y. 2 <j;y=Ue<plly=lac<plly
shows (<) = (<)) |
(proof)

end

context transport-comp-same
begin

lemma mono-wrt-rel-leftl:
assumes ((<r;) = (<pgy)) i1 ((Spy) = (SRo)) 12
shows ((<1) = (<p)) !
{proof)

end

end

2.2.3 Galois Property

theory Transport-Compositions-Agree-Galois- Property
imports
Transport-Compositions-Agree- Base
begin

context transport-comp-agree
begin

lemma galois-propl:
assumes galoisl: (<) < (<py)) U r1
and galois2: ((<r9) < (Spa)) 1212
and mono-l1: (in-dom (<p;) = in-dom (<p9)) U
and mono-r2: (in-codom (<pg) = in-codom (<p;)) r2
and agree: (in-dom (<p ;) = in-codom (<pg) = (+—))

(rel-bimap 11 12 (<py)) (rel-bimap 11 12 (<[9))

shows (<) < (<p)) Lr

(proof)

end

context transport-comp-same
begin

corollary galois-propI:

assumes ((<77) < (<py)) U r1
and ((Sg;) < (Sgg)) 1212
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and (in-dom (<p,;) = in-dom (<py)) U1
and (in-codom (<pg) = in-codom (<py)) r2
shows ((<p) < (<g)) Ir

{proof)

end

end

2.2.4 Galois Connection

theory Transport-Compositions-Agree-Galois-Connection
imports
Transport-Compositions-Agree-Monotone
Transport-Compositions- Agree- Galois- Property
begin

context transport-comp-agree
begin

interpretation flip : transport-comp-agree R2 L2 r2 12 R1 L1 r1 11 (proof)

lemma galois-connectionl:
assumes galois: ((<ry) 4 (S<py) U 11 (S19) 7 (Spo)) 12712
and mono-L1-L2-l1: Az y. s <p;y= Uz <plly= Uz <pplly
and mono-R2-R1-r2: Noy. 2 Spagy =122 <1912y =122 <py 12y
and (in-dom (<py) = in-codom (<pg) = («—)) (rel-bimap I 12 (<py))
(rel-bimap 11 12 (<[9))
shows ((<7) 4 (<g)) L7
(proof)

lemma galois-connectionl ”:
assumes ((<7,) 4 (<)) U 11 ((9) 4 (Spy)) 1272
and ((<r7) = (<12) U ((Spo) = (Sgy) 2
and (in-dom (<p ;) = in-codom (<pg) = (+—))
(rel-bimap 11 12 (<py)) (rel-bimap 11 12 (<p9))
shows ((<7) 4 (<g)) L7

{proof)

end

context transport-comp-same
begin

corollary galois-connectionl:
assumes ((<p;) 1 (Sgy)) U rl (Spy) 1 (Spgo)) 1212
shows ((<7) 4 (<p)) I r
(proof )
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end

end

2.2.5 Galois Equivalence

theory Transport-Compositions-Agree-Galois- Equivalence
imports
Transport-Compositions-Agree-Galois- Connection
begin

context transport-comp-agree
begin

interpretation flip : transport-comp-agree R2 L2 r2 12 R1 L1 r1 1 (proof)

lemma galois-equivalencel:
assumes galois: ((<r;) =c¢ (Sryp) L rl ((L19) =¢ (<o) 1212
and mono-L1-L2-l1: Nz y. e <p;y= Uz <plly= U1z <pplly
and mono-R2-R1-r2: N y. 2 Spay =122 <1912y =122 <py 12y
and (in-dom (<p,7) = in-codom (<po) = (+—))
(rel-bimap 11 72 (<Ry)) (rel-bimap 11 2 (<[,9))
and mono-iff2: (in-dom (<pg) = in-codom (<p ;) = (+—))
(rel-bimap 12 11 (<py)) (rel-bimap 2 11 (<p9))
shows ((<1) =c¢ (<g)) Ir
(proof)

lemma galois-equivalencel .
assumes ((<p;) =¢ (Spy)) U rl (Spg) =c¢ (Sgo)) 12712

and ((<r7) = (Sp2)) U (Spe) = (SR1)) 72
and (in-dom (<p ) = in-codom (<pg) = (+—))

shows ((<) =c¢ (<g)) I
(proof )

end

context transport-comp-same
begin

lemma galois-equivalencel:

assumes ((<p;) =¢ (Spy)) U rl ((Sg1) =¢ (Spe)) 1272
shows ((<;) =¢ (KR)) I r

{proof)
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end

end

theory Galois-FEquivalent
imports
Transport-Compositions- Agree- Galois- Equivalence
begin

context
begin

interpretation galois L Rl r for L R I r {(proof)
definition galois-equivalent L R =31r. (L=g R) Il r

lemma galois-equivalentl [introl:
assumes (L =¢ R) I r
shows galois-equivalent L R
(proof )

lemma galois-equivalentE [elim]:
assumes galois-equivalent L R
obtains [ » where (L =¢ R) I r

(proof)

lemma galois-equivalent-if-galois-equivalent:
assumes galois-equivalent L R
shows galois-equivalent R L

(proof)

lemma galois-equivalent-trans [trans]:
assumes galois-equivalent L M
and galois-equivalent M R
shows galois-equivalent L R

(proof)

end
end

theory Galois
imports
Galois-Equivalences
Galois-Equivalent
Galois-Relator
begin
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Summary We define the concept of (partial) Galois connections, Galois
equivalences, and the Galois relator. For details refer to [2].

end

2.2.6 Linear Orders

theory Linear-Orders
imports
Binary-Relations-Connected
Partial-Orders
begin

definition linear-order-on = partial-order-on M connected-on

lemma linear-order-onl [intro:
assumes partial-order-on P R
and connected-on P R
shows linear-order-on P R

{proof)

lemma linear-order-onE [elim]:
assumes linear-order-on P R
obtains partial-order-on P R connected-on P R

{proof)

consts linear-order :: 'a = bool

overloading
linear-order = linear-order :: ('a = 'a = bool) = bool
begin
definition (linear-order :: (‘a = 'a = bool) = bool) = linear-order-on (T :: 'a
= bool)
end

lemma linear-order-eq-linear-order-on:
(linear-order :: ('a = 'a = bool) = bool) = linear-order-on (T :: 'a = bool)

(proof)

lemma linear-order-eg-linear-order-on-uhint [uhint]:
assumes P = T :: ‘a = bool
shows (linear-order :: ('a = 'a = bool) = bool) = linear-order-on P

(proof)
context

fixes R :: 'a = 'a = bool
begin

lemma linear-orderI [intro]:
assumes partial-order R
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and connected R
shows linear-order R

{proof)

lemma linear-orderE [elim):
assumes linear-order R
obtains partial-order R connected R

{proof)

lemma linear-order-on-if-linear-order:
fixes P :: 'a = bool
assumes linear-order R
shows linear-order-on P R

{proof)

end

end

Closure Operators

theory Closure-Operators
imports
Order-Functions-Base
begin

consts idempotent-on :: '‘a = 'b = 'c = bool
overloading

idempotent-on-pred = idempotent-on :: (‘a = bool) = (‘a = 'a = bool) = ('a
= 'a) = bool

begin
definition idempotent-on-pred (P :: 'a = bool) (R :: 'a = 'a = bool) (f :: 'a =
‘a) =
rel-equivalence-on P (rel-map f R) f
end
context

fixes P :: ‘a = bool and R :: 'a = 'a = bool and [ :: 'a = 'a

begin

lemma idempotent-onl [intro]:
assumes A\z. Pz = fz =p f (f2)
shows idempotent-on P R f

{proof)
lemma idempotent-onE [elim]:

assumes idempotent-on P R f
and Pz
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obtains fz =p f (f z)
{proof)

lemma rel-equivalence-on-rel-map-iff-idempotent-on [iff]:
rel-equivalence-on P (rel-map f R) f <— idempotent-on P R f
(proof)

lemma idempotent-onD:
assumes idempotent-on P R f
and Pz
shows fz =p f (fz)
(proof)

end
consts idempotent :: 'a = 'b = bool

overloading
idempotent = idempotent :: (‘a = 'a = bool) = ('a = 'a) = bool
begin
definition (idempotent :: ('a = 'a = bool) = ('a = 'a) = bool) = idempotent-on
(T :: 'a = bool)
end

lemma idempotent-eq-idempotent-on:

(idempotent :: ('a = 'a = bool) = ('a = 'a) = bool) = idempotent-on (T :: 'a
= bool)

(proof)

lemma idempotent-eq-idempotent-on-uhint [uhint]:
assumes P = (T :: 'a = bool)
shows idempotent :: ('a = 'a = bool) = ('a = 'a) = bool = idempotent-on P

{proof)

context
fixes P :: '‘a = bool and R :: 'a = 'a = bool and f :: 'a = 'a
begin

lemma idempotentI [intro]:

assumes A\z. fz =p f (fz)
shows idempotent R f

(proof )

lemma idempotentD [dest]:
assumes idempotent R f

shows fz =g f (f 2)
(proof)

lemma idempotent-on-if-idempotent:
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assumes idempotent R f
shows idempotent-on P R f

{proof)

end
consts closure-operator :: 'a = 'b = bool

overloading

closure-operator = closure-operator :: ('a = 'a = bool) = (‘a = 'a) = bool
begin
definition closure-operator (R :: 'a = 'a = bool) :: ('a = 'a) = bool =

(R = R) N inflationary-on (in-field R) R M idempotent-on (in-field R) R
end

lemma closure-operatorI [intro):
assumes (R = R) f
and inflationary-on (in-field R) R f
and idempotent-on (in-field R) R f
shows closure-operator R f
(proof )

lemma closure-operatorE [elim]:
assumes closure-operator R f
obtains (R = R) f inflationary-on (in-field R) R f
idempotent-on (in-field R) R f
(proof)

lemma mono-wrt-rel-if-closure-operator:
assumes closure-operator (R :: 'a = 'a = bool) f
shows (R = R) f

(proof)

context
fixes R :: '‘a = 'a = bool and [ :: 'a = 'a
begin

lemma inflationary-on-in-field-if-closure-operator:
assumes closure-operator R f
shows inflationary-on (in-field R) R f
(proof )

lemma idempotent-on-in-field-if-closure-operator:
assumes closure-operator R f
shows idempotent-on (in-field R) R f
(proof )

end
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end

theory Order-Functions
imports
Order-Functions-Base
Closure-Operators
begin

Summary Basic functions on orders.

end

2.3 Transport using Bijections

theory Transport-Bijections
imports
Restricted-Equality
Functions-Bijection
Transport-Base
Binary-Relations- Asymmetric
Binary-Relations-Connected
begin

Summary Setup for Transport using bijective transport functions.

locale transport-bijection =

fixes L :: 'a = 'a = bool

and R :: 'b = 'b = bool

and [ :: '"a = b

and r:: b= "a

assumes mono-wrt-rel-left: (L = R) 1

and mono-wrt-rel-right: (R = L) r

and inverse-left-right: inverse-on (in-field L) I r

and inverse-right-left: inverse-on (in-field R) r 1
begin

interpretation transport L R [ r (proof)
interpretation g-flip-inv : galois (>p) (>) r | (proof)

lemma bijection-on-in-field: bijection-on (in-field (<r)) (in-field (<R)) I r
{proof)

lemma half-galois-prop-left: (<) n< (<p)) I r
(proof)

lemma half-galois-prop-right: ((<r) < (<pg)) L7
(proof )

lemma galois-prop: (<) < (<p)) I r
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{proof)

lemma galois-connection: ((<y) 4 (<p)) I r
(proof )

lemma rel-equivalence-on-unitl:
assumes reflezive-on (in-field (<1)) (<1)
shows rel-equivalence-on (in-field (<1)) (<) n
(proof)

interpretation flip : transport-bijection R L r 1
rewrites order-functors.unit r | = ¢

{proof)

lemma galois-equivalence: ((<y) =¢ (<pg)) I r
(proof)

lemmas rel-equivalence-on-counitl = flip.rel-equivalence-on-unitl

lemma order-equivalencel:
assumes reflezive-on (in-field (<r)) (<)
and reflexive-on (in-field (<g)) (<R)
shows ((<1) =, (<p)) I+
(proof)

lemma preorder-equivalencel :
assumes preorder-on (in-field (<r)) (<)
and preorder-on (in-field (<g)) (<R)
shows ((<p) =pre (<g)) I T
(proof )

lemma partial-equivalence-rel-equivalencel :
assumes partial-equivalence-rel (<y)
and partial-equivalence-rel (<p)
shows ((<1) =pgr (<p)) LT
{proof)

end

locale transport-reflexive-on-in-field-bijection =
fixes L :: 'a = 'a = bool
and R :: 'b = 'b = bool
and [ ::'a="b
and r :: 'b = 'a
assumes reflexive-on-in-field-left: reflexive-on (in-field L) L
and reflezive-on-in-field-right: reflexive-on (in-field R) R
and transport-bijection: transport-bijection L R [ r
begin
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sublocale tbij? : transport-bijection L R I r
rewrites reflexive-on (in-field L) L = True
and reflezive-on (in-field R) R = True
and AP. (True = P) = Trueprop P
(proof )

lemmas rel-equivalence-on-unit = rel-equivalence-on-unitl
lemmas rel-equivalence-on-counit = rel-equivalence-on-counitl
lemmas order-equivalence = order-equivalencel

end

locale transport-preorder-on-in-field-bijection =
fixes L :: 'a = 'a = bool
and R :: 'b = 'b = bool
and [ ::'a="b
and r :: b= 'a
assumes preorder-on-in-field-left: preorder-on (in-field L) L
and preorder-on-in-field-right: preorder-on (in-field R) R
and transport-bijection: transport-bijection L R [ r
begin

sublocale trefi-bij? : transport-reflexive-on-in-field-bijection L R [ r
rewrites preorder-on (in-field L) L = True
and preorder-on (in-field R) R = True
and AP. (True = P) = Trueprop P
(proof )

lemmas preorder-equivalence = preorder-equivalencel
end

locale transport-partial-equivalence-rel-bijection =
fixes L :: 'a = 'a = bool
and R :: 'b = 'b = bool
and [ :: 'a="b
andr :: b= "a
assumes partial-equivalence-rel-left: partial-equivalence-rel L
and partial-equivalence-rel-right: partial-equivalence-rel R
and transport-bijection: transport-bijection L R I r
begin

sublocale tpre-bij? : transport-preorder-on-in-field-bijection L R I r
rewrites partial-equivalence-rel L = True
and partial-equivalence-rel R = True
and AP. (True = P) = Trueprop P
(proof )

lemmas partial-equivalence-rel-equivalence = partial-equivalence-rel-equivalencel
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end

locale transport-eqg-restrict-bijection =

fixes P :: 'a = bool

and Q :: 'b = bool

and [ :: 'a="b

andr:: b= "a

assumes bijection-on-in-field:

bijection-on (in-field ((=p) :: 'a = -)) (in-field ((=q) = b= -)) Ir

begin

interpretation transport (=p) (=) I r (proof)

sublocale tper-bij? : transport-partial-equivalence-rel-bijection (=p) (=q) I r
{proof)

lemma left-Galois-eq-Galois-eq-eg-restrict: (,5) = (galois-rel. Galois (=) (=) r)[ pl g
{proof)

end

locale transport-eqg-bijection =
fixes l::'a="b
and r :: b= 'a
assumes bijection-on-in-field:
bijection-on (in-field ((=) :: 'a = -)) (in-field (=) = b= -)) Ir
begin

sublocale teg-restr-bij? : transport-eq-restrict-bijection T T [
rewrites (=1 .. 7/, - pool) = ((7) e = -)
and (=7 .. 1 o poo) = (5) = 0= )
(proof)

end

lemma mono-wrt-rel-if-connected-on-if-asymmetric-if-mono-if-inverse-on:
assumes conn: connected-on (in-field L) L
and asym: asymmetric R
and monol: (L = R) I
and monor: (in-field R = in-field L) r
and inv: inverse-on (in-field R) r 1
shows (R = L) r
(proof)

context galois
begin

lemma transport-bijection-if-asymmetric-if-connected-on-if-mono-if-bijection-on:
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assumes bijection-on (in-field (<p)) (in-field (<g)) I r
and ((<1) = (<p)) |

and connected-on (in-field (<1)) (<1)

and asymmetric (<p)

shows transport-bijection (<p) (<) I r

(proof)

lemma inverse-on-if-connected-on-if-asymmetric-if-galois-connection:
assumes gconn: (<) 4 (<)) I r
and conn: connected-on (in-field (<r)) (<r)
and asym: asymmetric (<g)
shows inverse-on (in-field (<p)) I r
(proof)

interpretation flip : galois R L r 1 (proof)

corollary bijection-on-if-connected-on-if-asymmetric-if-galois-equivalence:
assumes ((<;) =¢ (<p)) I r
and asymmetric (<y) asymmetric (<g)
and connected-on (in-field (<p)) (<y) connected-on (in-field (<)) (<R)
shows bijection-on (in-field (<p)) (in-field (<R)) I r
{proof)

end
end

theory Order-Isomorphisms
imports
Transport-Bijections
begin

consts order-isomorphism-on :: 'a = 'b = ¢ = 'd = ‘e = 'f = bool

definition order-isomorphism-on-pred :: ('a = bool) = ('b = bool) =
('a = 'a = bool) = ('b = 'b = bool) = ('a = 'b) = (b = 'a) = bool where
order-isomorphism-on-pred P @ L R | r = bijection-on P Qlr N (NVzy: P. Lz
y— R (12) (i y))
adhoc-overloading order-isomorphism-on = order-isomorphism-on-pred

context order-functors
begin

lemma order-isomorphism-onl [intro):
assumes bij: bijection-on P Q Il r
and monol: (<)Tp = (<p)) 1
and monor: ((Sg)tg = (<)) r
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shows order-isomorphism-on P Q (<) (<g) lr
(proof )

lemma order-isomorphism-onk:
assumes order-isomorphism-on P Q (<r) (<g) I r
obtains bijection-on P Qlr Nz y. Pr = Py—=—= Lz y+— R (lz) (ly)
(proof)

context
notes order-isomorphism-onkE[elim!]
begin

lemma right-rel-right-if-right-rel-if-preds-if-order-isomorphism-on;:
assumes order-isomorphism-on P Q (<r) (<pg) I r
and Qy Qy’
and y <p y’
shows ry <j; ry’
(proof)

lemma order-isomorphism-on-right-left-if-order-isomorphism-on-left-right:
assumes order-isomorphism-on P Q (<r) (<g) I r
shows order-isomorphism-on Q P (<p) (<p) rl
(proof)

lemma mono-wrt-restrict-restrict-left-if-order-isomorphism-on:
assumes order-isomorphism-on P Q (<r) (<pg) I r

shows ((<p)tp = (SR)TQ) !
(proof )

end
end

context galois
begin

interpretation flip : galois R L r 1 (proof)

lemma order-isomorphism-onE [elim]:
assumes order-isomorphism-on P Q (<) (<g) Ir
obtains bijection-on P Q l'm ((<1)tp =c¢ (Sp)Tg) I

(proof)

lemma order-isomorphism-on-in-field-if-connected-on-if-asymmetric-if-galois-equivalence:
assumes ((<) =¢ (<p)) Ir
and asymmetric (<y) asymmetric (<pg)
and connected-on (in-field (<y)) (<1) connected-on (in-field (<p)) (<R)
shows order-isomorphism-on (in-field (<r)) (in-field (<R)) (<1) (Kg) I r
(proof )
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end

context order-functors
begin

interpretation of : order-functors A B a b for A B a b {proof)

lemma order-isomorphism-on-compl:

assumes order-isomorphism-on P Q L M 11 r1

and order-isomorphism-on Q U M R 12 r2

shows order-isomorphism-on P UL R (12 o I1) (rl o r2)
(proof)

lemma order-isomorphism-on-self-id: order-isomorphism-on P P R R id id

(proof)

end
consts order-isomorphic-on :: 'a = 'b = ‘¢ = 'd = bool

definition order-isomorphic-on-pred ::

('a = bool) = (b = bool) = (‘a = 'a = bool) = ('b = 'b = bool) = bool
where

order-isomorphic-on-pred P Q L R = 31 r. order-isomorphism-on P Q L R Il r
adhoc-overloading order-isomorphic-on = order-isomorphic-on-pred

lemma order-isomorphic-onl [intro]:
assumes order-isomorphism-on P Q L R [l r
shows order-isomorphic-on P Q L R

{proof)

lemma order-isomorphic-onE [elim]:
assumes order-isomorphic-on P Q) L R
obtains [ r where order-isomorphism-on P Q L Rl r

{proof)

lemma order-isomorphic-on-if-order-isomorphic-on:
assumes order-isomorphic-on P Q L R
shows order-isomorphic-on Q P R L

{proof)

lemma order-isomorphic-on-trans:
assumes order-isomorphic-on P Q L M
and order-isomorphic-on @ U M R
shows order-isomorphic-on P U L R

{proof)

lemma order-isomorphic-on-self: order-isomorphic-on P P R R

{proof)
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end

theory Order-Functors
imports
Order-Functors-Base
Order-FEquivalences
Order-Isomorphisms
begin

Summary Functors between orders aka. order-homomorphisms aka. mono-
tone functions.

end

2.3.1 Strict Partial Orders

theory Strict-Partial-Orders
imports
Binary-Relations- Asymmetric
Binary-Relations- Transitive
begin

definition strict-partial-order-on = transitive-on M asymmetric-on

lemma strict-partial-order-onl [intro]:
assumes transitive-on P R
and asymmetric-on P R
shows strict-partial-order-on P R

(proof)

lemma strict-partial-order-onE [elim]:
assumes strict-partial-order-on P R
obtains transitive-on P R asymmetric-on P R

(proof)

lemma transitive-if-strict-partial-order-on-in-field:
assumes strict-partial-order-on (in-field R) R
shows transitive R

(proof)

lemma asymmetric-if-strict-partial-order-on-in-field:
assumes strict-partial-order-on (in-field R) R
shows asymmetric R

{proof)

lemma antimono-strict-partial-order-on:
antimono (strict-partial-order-on :: (‘a = bool) = ('a = 'a = bool) = bool)

{proof)
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lemma strict-partial-order-on-rel-map-if-mono-wrt-pred-if-strict-partial-order-on:
fixes P :: ‘a = bool and R :: 'a = ’a = bool
assumes strict-partial-order-on P R
and (Q=P) f
shows strict-partial-order-on Q (rel-map f R)
(proof )

consts strict-partial-order :: 'a = bool

overloading
strict-partial-order = strict-partial-order :: ('a = 'a = bool) = bool
begin
definition (strict-partial-order :: ('a = 'a = bool) = bool) = strict-partial-order-on
(T = 'a = bool)
end

lemma strict-partial-order-eq-strict-partial-order-on:

(strict-partial-order :: ('a = 'a = bool) = bool) = strict-partial-order-on (T ::
'a = bool)

{proof)

lemma strict-partial-order-eq-strict-partial-order-on-uhint [uhint]:

assumes P = T :: ‘a = bool

shows (strict-partial-order :: ('a = 'a = bool) = bool) = strict-partial-order-on
P

(proof)

context
fixes R :: 'a = 'a = bool
begin

lemma strict-partial-orderI [intro]:
assumes transitive R
and asymmetric R
shows strict-partial-order R

{proof)

lemma strict-partial-orderE [elim]:
assumes strict-partial-order R
obtains transitive R asymmetric R

{proof)

lemma strict-partial-order-on-if-strict-partial-order:
fixes P :: 'a = bool
assumes strict-partial-order R
shows strict-partial-order-on P R

(proof)

end
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end

2.3.2 Strict Linear Orders

theory Strict-Linear-Orders
imports
Binary-Relations-Connected
Strict-Partial-Orders
begin

definition strict-linear-order-on = strict-partial-order-on M connected-on

lemma strict-linear-order-onl [introl:
assumes strict-partial-order-on P R connected-on P R
shows strict-linear-order-on P R

(proof)

lemma strict-linear-order-onE [elim]:
assumes strict-linear-order-on P R
obtains strict-partial-order-on P R connected-on P R

(proof)

lemma antimono-strict-linear-order-on:
antimono (strict-linear-order-on :: ('a = bool) = ('a = 'a = bool) = bool)

{proof)

lemma strict-linear-order-on-rel-map-if-injective-on-if-mono-wrt-pred-if-strict-linear-order-on:
fixes P :: ‘a = bool and R :: 'a = 'a = bool
assumes strict-linear-order-on P R
and (Q = P) f
and injective-on @ f
shows strict-linear-order-on @ (rel-map f R)

{proof)

consts strict-linear-order :: 'a = bool

overloading
strict-linear-order = strict-linear-order :: (‘a = 'a = bool) = bool
begin
definition (strict-linear-order :: (‘a = 'a = bool) = bool) = strict-linear-order-on
(T = 'a = bool)
end

lemma strict-linear-order-eq-strict-linear-order-on:

(strict-linear-order :: (a = 'a = bool) = bool) = strict-linear-order-on (T :: a
= bool)
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{proof)

lemma strict-linear-order-eq-strict-linear-order-on-uhint [uhint]:

assumes P = T :: ‘a = bool

shows (strict-linear-order :: ('a = 'a = bool) = bool) = strict-linear-order-on
P

{proof)

context
fixes R :: 'a = 'a = bool
begin

lemma strict-linear-orderl [intro]:
assumes strict-partial-order R
and connected R
shows strict-linear-order R

(proof)

lemma strict-linear-orderE [elim]:
assumes strict-linear-order R
obtains strict-partial-order R connected R

{proof)

lemma strict-linear-order-on-if-strict-linear-order:
fixes P :: 'a = bool
assumes strict-linear-order R
shows strict-linear-order-on P R

(proof )
end

end

Well-Orders

theory Wellorders
imports
Binary-Relations- Wellfounded
Strict-Linear-Orders
begin

definition wellorder-on = strict-linear-order-on M wellfounded-on
lemma wellorder-onl [introl:

assumes strict-linear-order-on P R wellfounded-on P R
shows wellorder-on P R

{proof)
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lemma wellorder-onE [elim]:
assumes wellorder-on P R
obtains strict-linear-order-on P R wellfounded-on P R

(proof)

lemma antimono-wellorder-on:
antimono (wellorder-on :: (‘a = bool) = (‘a = 'a = bool) = bool)

{proof)

lemma wellorder-on-rel-map-if-injective-on-if-mono-wrt-pred-if-wellorder-on:
fixes P :: 'a = bool
assumes wellorder-on P R (Q = P) f injective-on Q f
shows wellorder-on @ (rel-map f R)

(proof)

consts wellorder :: 'a = bool

overloading
wellorder = wellorder :: ('a = 'a = bool) = bool
begin
definition (wellorder :: (a = 'a = bool) = bool) = wellorder-on (T :
bool)
end

lemma wellorder-eq-wellorder-on:
(wellorder :: ('a = 'a = bool) = bool) = wellorder-on (T :: 'a = bool)

{proof)

lemma wellorder-eq-wellorder-on-uhint [uhint):
assumes P = T :: 'a = bool
shows (wellorder :: ('a = 'a = bool) = bool) = wellorder-on P

{proof)

context
fixes R :: 'a = 'a = bool
begin

lemma wellorderl [intro]:
assumes strict-linear-order R
and wellfounded R
shows wellorder R

{proof)

lemma wellorderE [elim]:
assumes wellorder R
obtains strict-linear-order R wellfounded R

{proof)
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lemma wellorder-on-if-wellorder:
fixes P :: 'a = bool
assumes wellorder R
shows wellorder-on P R

{proof)

end

end

2.4 Orders

theory Orders
imports

Equivalence-Relations
Linear-Orders
Order-Functions
Order-Functors
Partial-Equivalence-Relations
Partial-Orders
Preorders
Strict-Linear-Orders
Strict-Partial-Orders
Wellorders

begin

Summary Basic order-theoretic concepts.

end

2.5 Predicates

theory Predicates
imports

Bounded-Definite- Description
Bounded-Quantifiers
Predicate-Functions
Predicates-Lattice
Predicates-Order

begin

Summary Basic concepts on predicates.

end
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2.6 HOL-Basics

theory HOL-Basics
imports

LBinary-Relations
LFunctions
Galois
Orders
Predicates

begin

Summary Library on top of HOL axioms, as required for Transport [2].
Requires only the HOL axioms, nothing else. Includes:

1. Basic concepts on binary relations, relativised properties, and restricted
equalities e.g. left-total-on and eq-restrict.

2. Basic concepts on functions, relativised properties, and relators, e.g.
injective-on and dep-mono-wrt.

3. Basic concepts on orders and relativised order-theoretic properties, e.g.
partial-equivalence-rel-on.

4. Galois connections, Galois equivalences, order equivalences, and other
related concepts on order functors, e.g. galois.galois-equivalence.

5. Basic concepts on predicates.
6. Syntax bundles for HOL HOL_Syntax_Bundles.

7. Alignments for concepts that have counterparts in the HOL library -
see HOL_Alignments.

end

theory HOL-Mem-Of
imports
HOL.Set
ML-Unification. ML- Unification- HOL-Setup
begin

definition mem-of Az =2z € A
lemma mem-of-eq: mem-of = (A z. © € A) (proof)
lemma mem-of-iff [iff]: mem-of A x +— x € A (proof)

lemma mem-of-eq-mem-uhint [uhint]:
assumes z = z’
and A = A’
shows mem-of Az =12"€ A’
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{proof)

lemma mem-of-UNIV-eq-top [simp]: mem-of UNIV =T
(proof)

lemma mem-of-empty-eq-bot [simp]: mem-of {} = L
{proof)

end

2.6.1 Alignment With Binary Relation Definitions from HOL.Main

theory HOL-Alignment-Binary-Relations
imports
Main
HOL-Mem-Of
LBinary-Relations
begin

unbundle no relcomp-syntax and no converse-syntax

named-theorems HOL-bin-rel-alignment
Properties

Antisymmetric overloading
antisymmetric-on-set = antisymmetric-on :: 'a set = ('a = 'a = bool) = bool
begin
definition antisymmetric-on-set (S :: 'a set) :: (‘la = 'a = bool) = - =
antisymmetric-on (mem-of S)
end

lemma antisymmetric-on-set-eg-antisymmetric-on-pred [simp):

(antisymmetric-on (S :: 'a set) :: (‘a = 'a = bool) = bool) = antisymmetric-on
(mem-of S)

{proof)

lemma antisymmetric-on-set-eg-antisymmetric-on-pred-uhint [uhint]:

assumes P = mem-of S

shows antisymmetric-on (S :: 'a set) :: (Ya = 'a = bool) = bool = antisymmet-
ric-on P

{proof)

lemma antisymmetric-on-set-iff-antisymmetric-on-pred [iff]:

antisymmetric-on (S :: 'a set) (R = 'a = 'a = bool) <— antisymmetric-on
(mem-of S) R

(proof)
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lemma antisymp-on-eg-antisymmetric-on [HOL-bin-rel-alignment]:
antisymp-on = antisymmetric-on
{proof )

lemma antisymp-eq-antisymmetric [HOL-bin-rel-alignment):
antisymp = antisymmetric
(proof)

Asymmetric overloading

asymmetric-on-set = asymmetric-on :: 'a set = ('a = 'a = bool) = bool
begin

definition asymmetric-on-set (S :: ‘a set) :: (‘'a = 'a = bool) = - = asymmet-
ric-on (mem-of S)
end

lemma asymmetric-on-set-eq-asymmetric-on-pred [simpl:

(asymmetric-on (S :: 'a set) :: (Ya = ’'a = bool) = bool) = asymmetric-on
(mem-of S)

(proof)

lemma asymmetric-on-set-eq-asymmetric-on-pred-uhint [uhint)]:

assumes P = mem-of S

shows asymmetric-on (S :: 'a set) :: ('a = 'a = bool) = bool = asymmetric-on
pP

{proof)

lemma asymmetric-on-set-iff-asymmetric-on-pred [iff]:

asymmetric-on (S :: 'a set) (R :: 'a = 'a = bool) «— asymmetric-on (mem-of
S) R

(proof)

lemma asymp-on-eq-asymmetric-on [HOL-bin-rel-alignment]: asymp-on = asym-
metric-on
(proof)

lemma asymp-eq-asymmetric [HOL-bin-rel-alignment]: asymp = asymmetric
(proof )

Injective overloading
rel-injective-on-set = rel-injective-on :: 'a set = ('a = 'b = bool) = bool
rel-injective-at-set = rel-injective-at :: 'a set = (b = 'a = bool) = bool
begin
definition rel-injective-on-set (S :: 'a set) :: ('a = 'b = bool) = - =
rel-injective-on (mem-of S)
definition rel-injective-at-set (S :: 'a set) :: ('b = 'a = bool) = - =
rel-injective-at (mem-of S)
end

lemma rel-injective-on-set-eq-rel-injective-on-pred [simp):

191



(rel-injective-on (S :: 'a set) :: (‘a = 'b = bool) = bool) =
rel-injective-on (mem-of S)
{proof)

lemma rel-injective-on-set-eq-rel-injective-on-pred-uhint [uhint]:

assumes P = mem-of S

shows rel-injective-on (S :: 'a set) :: ('a = 'b = bool) = bool = rel-injective-on
p

{proof)

lemma rel-injective-on-set-iff-rel-injective-on-pred [iff]:

rel-injective-on (S :: 'a set) (R :: 'a = b = bool) <— rel-injective-on (mem-of
S) R

{proof)

lemma rel-injective-at-set-eq-rel-injective-at-pred [simp]:
(rel-injective-at (S :: 'a set) :: ('b = 'a = bool) = bool) =
rel-injective-at (mem-of S)
{proof)

lemma rel-injective-at-set-eq-rel-injective-at-pred-uhint [uhint]:

assumes P = mem-of S

shows rel-injective-at (S :: 'a set) :: ('b = 'a = bool) = bool = rel-injective-at
p

{proof)

lemma rel-injective-at-set-iff-rel-injective-at-pred [iff]:

rel-injective-at (S :: 'a set) (R :: 'b = 'a = bool) <— rel-injective-at (mem-of
S) R

{proof)

lemma left-unique-eg-rel-injective [HOL-bin-rel-alignment]:
left-unique = rel-injective
(proof)

Irreflexive overloading
irreflexive-on-set = irreflexive-on :: ‘a set = ('a = 'a = bool) = bool
begin
definition irreflezive-on-set (S :: ‘a set) :: (‘'a = 'a = bool) = bool =
irreflezive-on (mem-of S)
end

lemma irreflezive-on-set-eg-irreflexive-on-pred [simp):
(irreflexive-on (S :: 'a set) :: ('a = 'a = bool) = bool) =
irreflexive-on (mem-of S)
(proof)

lemma irreflexive-on-set-eg-irreflexive-on-pred-uhint [uhint]:
assumes P = mem-of S
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shows irreflexive-on (S :: 'a set) :: (Ya = 'a = bool) = bool = irreflexive-on P
{proof)

lemma irreflezive-on-set-iff-irreflexive-on-pred [iff]:

irreflexive-on (S :: 'a set) (R :: 'a = 'a = bool) +— irreflexive-on (mem-of S)
R

{proof )

lemma irreflp-on-eq-irreflexive-on [HOL-bin-rel-alignment): irreflp-on = irreflex-
1we-on
(proof)

lemma irreflp-eq-irreflexive [HOL-bin-rel-alignment]: irreflp = irreflexive
(proof )

Left-Total overloading
left-total-on-set = left-total-on :: 'a set = ('a = b = bool) = bool
begin
definition left-total-on-set (S :: ‘a set) :: ('a = 'b = bool) = - =
left-total-on (mem-of S)
end

lemma left-total-on-set-eq-left-total-on-pred [simp]:
(left-total-on (S :: 'a set) :: (Ya = 'b = bool) = bool) =
left-total-on (mem-of S)
(proof)

lemma left-total-on-set-eq-left-total-on-pred-uhint [uhint]:
assumes P = mem-of S
shows left-total-on (S :: 'a set) :: (‘a = 'b = bool) = bool = left-total-on P

{proof)

lemma left-total-on-set-iff-left-total-on-pred [iff]:
left-total-on (S :: 'a set) (R :: 'a = 'b = bool) +— left-total-on (mem-of S) R
(proof)

lemma Transfer-left-total-eq-left-total [HOL-bin-rel-alignment]:
Transfer.left-total = Binary-Relations-Left-Total.left-total
(proof)

Reflexive overloading
reflexive-on-set = reflexive-on :: 'a set = (‘a = 'a = bool) = bool
begin
definition reflezive-on-set (S :: 'a set) :: (‘a = 'a = bool) = - =
reflexive-on (mem-of S)
end

lemma reflezive-on-set-eq-reflexive-on-pred [simp]:
(reflexive-on (S :: 'a set) = (‘a = 'a = bool) = bool) = reflexive-on (mem-of S)
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{proof)

lemma reflezive-on-set-eq-reflexive-on-pred-uhint [uhint):
assumes P = mem-of S
shows reflezive-on (S :: 'a set) :: ('a = 'a = bool) = bool = reflexive-on P
(proof)

lemma reflezive-on-set-iff-reflexive-on-pred [iff]:
reflexive-on (S :: 'a set) (R :: 'a = 'a = bool) +— reflexive-on (mem-of S) R
(proof)

lemma reflp-on-eq-reflexive-on [HOL-bin-rel-alignment]:
reflp-on = reflexive-on
(proof )

lemma reflp-eq-reflexive [HOL-bin-rel-alignment]: reflp = reflexive
(proof)

Right-Unique overloading
right-unique-on-set = right-unique-on :: 'a set = ('a = 'b = bool) = bool
right-unique-at-set = right-unique-at :: 'a set = ('b = 'a = bool) = bool
begin
definition right-unique-on-set (S :: 'a set) :: ('a = 'b = bool) = - =
right-unique-on (mem-of S)
definition right-unique-at-set (S :: 'a set) = ('b = 'a = bool) = - =
right-unique-at (mem-of S)
end

lemma right-unique-on-set-eq-right-unique-on-pred [simp]:

(right-unique-on (S :: 'a set) :: (Ya = 'b = bool) = bool) = right-unique-on
(mem-of S)

{proof)

lemma right-unique-on-set-eq-right-unique-on-pred-uhint [uhint]:

assumes P = mem-of S

shows right-unique-on (S :: 'a set) :: ('a = 'b = bool) = bool = right-unique-on
P

(proof )

lemma right-unique-on-set-iff-right-unique-on-pred [iff):

right-unique-on (S :: 'a set) (R :: 'a = 'b = bool) «— right-unique-on (mem-of
S) R

{proof)

lemma right-unique-at-set-eq-right-unique-at-pred [simpl:
(right-unique-at (S = 'a set) :: ('b = "a = bool) = bool) =
right-unique-at (mem-of S)
(proof )
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lemma right-unique-at-set-iff-right-unique-at-pred [iff]:

right-unique-at (S :: 'a set) (R :: 'b = 'a = bool) «— right-unique-at (mem-of
S) R

(proof)

lemma Transfer-right-unique-eg-right-unique [HOL-bin-rel-alignment]:
Transfer.right-unique = Binary-Relations-Right-Unique.right-unique
{proof )

Surjective overloading
rel-surjective-at-set = rel-surjective-at :: 'a set = ('b = 'a = bool) = bool
begin
definition rel-surjective-at-set (S :: ‘a set) :: ('b = 'a = bool) = - =
rel-surjective-at (mem-of S)
end

lemma rel-surjective-at-set-eq-rel-surjective-at-pred [simp]:

(rel-surjective-at (S :: 'a set) :: ('b = 'a = bool) = bool) = rel-surjective-at
(mem-of S)

(proof)

lemma rel-surjective-at-set-eq-rel-surjective-at-pred-uhint [uhint]:

assumes P = mem-of S

shows rel-surjective-at (S :: 'a set) :: ('b = 'a = bool) = bool = rel-surjective-at
P

{proof)

lemma rel-surjective-at-set-iff-rel-surjective-at-pred [iff]:

rel-surjective-at (S :: 'a set) (R :: 'b = 'a = bool) «— rel-surjective-at (mem-of
S) R

{proof )

lemma Transfer-right-total-eg-rel-surjective [HOL-bin-rel-alignment]:
Transfer.right-total = rel-surjective
(proof)

Symmetric overloading
symmetric-on-set = symmetric-on :: 'a set = (‘a = 'a = bool) = bool
begin
definition symmetric-on-set (S :: 'a set) :: ('a = 'a = bool) = - =
symmetric-on (mem-of S)
end

lemma symmetric-on-set-eq-symmetric-on-pred [simp:

(symmetric-on (S :: 'a set) = ('a = 'a = bool) = bool) = symmetric-on (mem-of
S)

(proof)

lemma symmetric-on-set-eq-symmetric-on-pred-uhint [uhint]:
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assumes P = mem-of S
shows symmetric-on (S :: 'a set) = (‘la = 'a = bool) = bool = symmetric-on P

{proof)

lemma symmetric-on-set-iff-symmetric-on-pred [iff]:

symmetric-on (S :: 'a set) (R :: 'a = 'a = bool) +— symmetric-on (mem-of S)
R

(proof)

lemma symp-on-eq-symmetric-on [HOL-bin-rel-alignment]: symp-on = symmet-
ric-on
(proof)

lemma symp-eq-symmetric [HOL-bin-rel-alignment]: symp = symmetric

(proof)

Transitive overloading
transitive-on-set = transitive-on :: 'a set = (‘a = 'a = bool) = bool
begin
definition transitive-on-set (S :: 'a set) :: (‘a = 'a = bool) = - =
transitive-on (mem-of S)
end

lemma transitive-on-set-eg-transitive-on-pred [simp]:

(transitive-on (S = 'a set) = (‘a = ’'a = bool) = bool) = transitive-on (mem-of
S)

{proof)

lemma transitive-on-set-eq-transitive-on-pred-uhint [uhint]:
assumes P = mem-of S
shows transitive-on (S :: 'a set) :: ('a = 'a = bool) = bool = transitive-on P

{proof)

lemma transitive-on-set-iff-transitive-on-pred [iff]:
transitive-on (S = ’a set) (R :: 'a = 'a = bool) «— transitive-on (mem-of S) R
{proof)

lemma transp-on-eq-transitive-on [HOL-bin-rel-alignment]: transp-on = transitive-on
(proof )

lemma transp-eq-transitive [HOL-bin-rel-alignment]: transp = transitive
(proof)

Well-Founded overloading

wellfounded-on-set = wellfounded-on :: 'a set = ('a = 'a = bool) = bool
begin

definition wellfounded-on-set (S :: 'a set) :: (‘a = 'a = bool) = - = well-
founded-on (mem-of S)
end
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lemma wellfounded-on-set-eq-wellfounded-on-pred [simpl:

(wellfounded-on (S :: 'a set) = (‘a = 'a = bool) = bool) = wellfounded-on
(mem-of S)

(proof )

lemma wellfounded-on-set-eq-wellfounded-on-pred-uhint [uhint]:

assumes P = mem-of S

shows wellfounded-on (S :: 'a set) :: ('a = 'a = bool) = bool = wellfounded-on
P

(proof)

lemma wellfounded-on-set-iff-wellfounded-on-pred [iff]:

wellfounded-on (S :: 'a set) (R :: 'a = 'a = bool) «— wellfounded-on (mem-of
S) R

(proof )

lemma wfp-on-eg-wellfounded-on [HOL-bin-rel-alignment|: wfp-on = wellfounded-on
(proof)

lemma wfp-eq-wellfounded [HOL-bin-rel-alignment): wfp = wellfounded
(proof)

Bi-Total lemma bi-total-on-set-eq-bi-total-on-pred [simp]:
(bi-total-on (S = 'a set) (T :: 'b set) :: ('a = 'b = bool) = bool) =
bi-total-on (mem-of S) (mem-of T')
(proof )

lemma bi-total-on-set-eq-bi-total-on-pred-uhint [uhint]:

assumes P = mem-of S

and Q = mem-of T

shows bi-total-on (S :: 'a set) (T :: ‘b set) :: ("a = 'b = bool) = bool = bi-total-on
PQ

(proof )

lemma bi-total-on-set-iff-bi-total-on-pred [iff]:
bi-total-on (S :: 'a set) (T :: 'b set) (R :: 'a = 'b = bool) +—
bi-total-on (mem-of S) (mem-of T) R
(proof )

lemma Transfer-bi-total-eq-bi-total [HOL-bin-rel-alignment]:
Transfer.bi-total = Binary-Relations-Bi-Total.bi-total
(proof )

Bi-Unique lemma bi-unique-on-set-eq-bi-unique-on-pred [simp]:

(bi-unique-on (S :: 'a set) :: (‘a = 'b = bool) = bool) = bi-unique-on (mem-of
S)

(proof)
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lemma bi-unique-on-set-eq-bi-unique-on-pred-uhint [uhint]:
assumes P = mem-of S
shows bi-unique-on (S :: 'a set) :: ('a = 'b = bool) = bool = bi-unique-on P
(proof )

lemma bi-unique-on-set-iff-bi-unique-on-pred [iff]:
bi-unique-on (S :: 'a set) (R :: 'a = 'b = bool) <— bi-unique-on (mem-of S) R
(proof )

lemma Transfer-bi-unique-eq-bi-unique [HOL-bin-rel-alignment]:
Transfer.bi-unique = Binary-Relations-Bi- Unique.bi-unique
(proof)

Functions lemma Domainp-eg-in-dom [HOL-bin-rel-alignment|: Domainp =
in-dom
(proof )

lemma Rangep-eq-in-codom [HOL-bin-rel-alignment]: Rangep = in-codom

(proof)

lemma relcompp-eq-rel-comp [HOL-bin-rel-alignment]: relcompp = rel-comp
(proof )

lemma conversep-eg-rel-inv [HOL-bin-rel-alignment]: conversep = rel-inv
(proof)

lemma eg-onp-eq-eq-restrict [HOL-bin-rel-alignment]: eq-onp = rel-restrict-left (=)
(proof)

definition rel-restrict-left-set (R :: 'a = 'b = bool) (S :: 'a set) = R|
adhoc-overloading rel-restrict-left = rel-restrict-left-set

mem-of S

definition rel-restrict-right-set (R :: 'a = 'b = bool) (S = 'b set) = Rlpem-of §
adhoc-overloading rel-restrict-right = rel-restrict-right-set

definition rel-restrict-set (R :: 'a = 'a = bool) (S :: 'a set) = Rl yemof S
adhoc-overloading rel-restrict = rel-restrict-set

lemma rel-restrict-left-set-eq-restrict-left-pred [simp]:
Rlg = R{mem-ofS
(proof)

lemma rel-restrict-left-set-eq-restrict-left-pred-uhint [uhint]:
assumes R = R’
and P = mem-of S
shows Rl¢ = R'lp
(proof)

lemma rel-restrict-left-set-iff-restrict-left-pred [iff]: Rlg © y +— erem—of STY
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{proof)

lemma rel-restrict-right-set-eg-restrict-right-pred [simpl:
Rlg = R] mem-of S
(proof )

lemma rel-restrict-right-set-eg-restrict-right-pred-uhint [uhint]:
assumes R = R’
and P = mem-of S
shows Rlg= R'lp
(proof )

lemma rel-restrict-right-set-iff-restrict-right-pred [iff]: Rlg  y <— Rlpmem-of § ©
Y
(proof)

lemma rel-restrict-set-eg-restrict-pred [simp]:
Rtg = RTmem-ofS
(proof)

lemma rel-restrict-set-eq-restrict-pred-uhint [uhint]:
assumes R = R’
and P = mem-of S
shows Rtg¢ = R"p
(proof)

lemma rel-restrict-set-iff-restrict-pred [iff]: RTg z y +— Rl mem-of § T Y
(proof)

end

2.6.2 Function Syntax

theory HOL-Syntaz-Bundles-Functions
imports HOL.Fun
begin

bundle HOL-function-syntax
begin

notation comp (infixl (o) 55)
end

end

2.6.3 Alignment With Function Definitions from HOL.Main

theory HOL-Alignment-Functions
imports
HOL-Alignment- Binary-Relations
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HOL-Syntaz-Bundles-Functions
LFunctions
begin

unbundle no HOL-function-syntax

named-theorems HOL-fun-alignment
Functions

Bijection definition bijection-on-set (S :: 'a set) (S’ :: 'b set) :: ('a = 'b) =
('b = 'a) = bool =

bijection-on (mem-of S) (mem-of S”)
adhoc-overloading bijection-on = bijection-on-set

lemma bijection-on-set-eg-bijection-on-pred [simp]:
bijection-on (S :: 'a set) (S’ :: 'b set) = bijection-on (mem-of S) (mem-of S”)
(proof)

lemma bijection-on-set-eg-bijection-on-pred-uhint [uhint]:
assumes P = mem-of S
and Q = mem-of S’
shows bijection-on S S’ = bijection-on P Q
(proof )

lemma bijection-on-set-iff-bijection-on-pred [iff]:
bijection-on (S :: 'a set) (S’ :: b set) (f :: 'a="b) (g b= "a) +—
bijection-on (mem-of S) (mem-of S') f g
(proof )

lemma bij-betw-bijection-onk:
assumes bij-betw (f :: 'a = 'b) § S’
obtains g :: 'b = 'a where bijection-on S S’ f g

(proof)

lemma bij-betw-if-bijection-on:
assumes bijection-on S S’ (f : 'a = 'b) (g :: 'b = 'a)
shows bij-betw f S S’
{proof)

corollary bij-betw-iff-ex-bijection-on [HOL-fun-alignment]:
bij-betw (f :: 'a = 'b) S S' <— (I(g = 'b = 'a). bijection-on S S’ f g)
{proof )

Injective overloading
injective-on-set = injective-on :: 'a set = (‘a = 'b) = bool
begin
definition injective-on-set (S :: ‘a set) :: (‘a = 'b) = bool =
injective-on (mem-of S)
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end

lemma injective-on-set-eg-injective-on-pred [simp]:
(injective-on (S :: 'a set) :: ('a = 'b) = -) = injective-on (mem-of S)
(proof)

lemma injective-on-set-eq-injective-on-pred-uhint [uhint]:
assumes P = mem-of S
shows injective-on (S :: ‘a set) :: (‘la = 'b) = - = injective-on P
(proof)

lemma injective-on-set-iff-injective-on-pred [iff]:
ingective-on (S :: 'a set) (f :: 'a = 'b) +— injective-on (mem-of S) f
(proof)

lemma inj-on-iff-injective-on [HOL-fun-alignment]: inj-on f P <— injective-on P
f
(proof)

lemma inj-eg-injective [HOL-fun-alignment]: inj = injective
(proof )

Inverse overloading
inverse-on-set = inverse-on :: ‘a set = (‘a = 'b) = ('b = 'a) = bool
begin
definition inverse-on-set (S :: 'a set) = (‘a = 'b) = ('b = 'a) = bool =
inverse-on (mem-of S)
end

lemma inverse-on-set-eg-inverse-on-pred [simp):
(inverse-on (S :: 'a set) :: (Yfa = 'b) = ('b = 'a) = -) = inverse-on (mem-of S)
{proof)

lemma inverse-on-set-eg-inverse-on-pred-uhint [uhint]:
assumes P = mem-of S
shows inverse-on (S = 'a set) :: (‘la = 'b) = (b = 'a) = - = inverse-on P
{proof)

lemma inverse-on-set-iff-inverse-on-pred [iff]:

inverse-on (S :: 'a set) (f :: '7a = 'b) (g :: 'b = 'a) «— inverse-on (mem-of S)
fg

{proof)

Monotone lemma monotone-on-eq-mono-wrt-rel-restrict-left-right [HOL-fun-alignment]:
monotone-on S R = mono-wrt-rel R[gl g

(proof)

lemma monotone-eq-mono-wrt-rel [HOL-fun-alignment]: monotone = mono-wrt-rel
(proof )
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lemma pred-fun-eq-mono-wrt-pred [HOL-fun-alignment]: pred-fun = mono-wrt-pred
(proof)

lemma Fun-mono-eq-mono [HOL-fun-alignment]: Fun.mono = mono
{proof)

lemma Fun-antimono-eg-antimono [HOL-fun-alignment): Fun.antimono = anti-
mono

(proof)

Surjective overloading
surjective-at-set = surjective-at :: 'a set = ('b = 'a) = bool
begin
definition surjective-at-set (S :: 'a set) :: ('b = ’a) = bool =
surjective-at (mem-of S)
end

lemma surjective-at-set-eq-surjective-at-pred [simp]:
(surjective-at (S :: 'a set) :: ('b = 'a) = -) = surjective-at (mem-of S)
(proof)

lemma surjective-at-set-eq-surjective-at-pred-uhint [uhint]:
assumes P = mem-of S
shows surjective-at (S :: 'a set) :: ('b = 'a) = - = surjective-at P
(proof)

lemma surjective-at-set-iff-surjective-at-pred [iff]:
surjective-at (S :: 'a set) (f :: 'b = 'a) +— surjective-at (mem-of S) f
(proof)

lemma surj-eg-surjective [HOL-fun-alignment]: surj = surjective
(proof )

Functions lemma Fun-id-eq-id [HOL-fun-alignment]: Fun.id = Functions-Base.id
{proof)

lemma Fun-comp-eq-comp [HOL-fun-alignment]: Fun.comp = Functions-Base.comp
(proof )

lemma map-fun-eg-fun-map [HOL-fun-alignment]: map-fun = fun-map
(proof)

Relators lemma rel-fun-eq-Fun-Rel-rel [HOL-fun-alignment]: BNF-Def.rel-fun
= Fun-Rel
(proof )

end
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2.7 Order Syntax

theory HOL-Syntaz-Bundles-Orders
imports HOL.Orderings
begin

bundle HOL-order-syntaz
begin
notation
less-eq (</(<')) and
less-eq («(¢notation=<infix <»-/ < -)» [51, 51] 50) and
less (</(<’)») and
less («(xnotation=<infix <»»-/ < -)» [51, 51] 50)
notation (input) greater-eq (infix <>» 50)
notation (input) greater (infix <>» 50)
notation (ASCII)
less-eq (¢/(<=')) and
less-eq («(<notation=«infit <=»-/ <= -)» [51, 51] 50)
notation (input) greater-eq (infix «>=» 50)
end

end

2.7.1 Alignment With Order Definitions from HOL

theory HOL-Alignment-Orders
imports
HOL- Library. Preorder
HOL-Alignment-Binary-Relations
HOL-Syntaz-Bundles-Orders
Orders
begin

named-theorems HOL-order-alignment

Functions definition rel Rz y = (z, y) € R
lemma rel-of-eq [simp]: rel = (AR z y. (z, y) € R) (proof)
lemma rel-of-iff [iff]: rel R x y <— (x, y) € R (proof)

Bi-Related overloading

bi-related-set = bi-related :: 'a rel = 'a = 'a = bool
begin

definition bi-related-set (S :: 'a rel) = bi-related (rel S) :: 'a = 'a = bool
end

lemma bi-related-set-eq-bi-related-pred [simp]:

((ES = a rel) wle = e = bool) = (Erel S)
(proof)
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lemma bi-related-set-eq-bi-related-pred-uhint [uhint]:
assumes R = rel S
shows (=g .. 1, o)  'a = 'a = bool = (=p)
(proof )

lemma bi-related-set-iff-bi-related-pred [iff]: (z :: 'a) =(S = “a rel) (y = 'a) «— =z

=rel S Y
(proof )

lemma (in preorder-equiv) equiv-eq-bi-related [HOL-order-alignment]:
equiv = bi-related (<)
(proof)

Inflationary overloading

inflationary-on-set = inflationary-on :: 'a set = (‘a = 'b = bool) = ('a = 'b)
= bool
begin

definition inflationary-on-set (S :: 'a set) :: (Ya = 'b = bool) = (‘a = 'b) =
bool =

inflationary-on (mem-of S)

end

lemma inflationary-on-set-eg-inflationary-on-pred [simp):
(inflationary-on (S :: 'a set) :: (‘a = 'b = bool) = ('a = 'b) = bool) =
inflationary-on (mem-of S)
(proof )

lemma inflationary-on-set-eg-inflationary-on-pred-uhint [uhint):

assumes P = mem-of S

shows inflationary-on (S :: ‘a set) : ('a = 'b = bool) = (‘a = 'b) = bool =
inflationary-on P

(proof )

lemma inflationary-on-set-iff-inflationary-on-pred [iff):
inflationary-on (S :: 'a set) (R :: 'a = 'b = bool) (f :: 'a = 'b) «+—
inflationary-on (mem-of S) R f
(proof )

Deflationary overloading

deflationary-on-set = deflationary-on :: 'a set = ('b = 'a = bool) = ('a = 'b)
= bool
begin

definition deflationary-on-set (S :: 'a set) :: ('b = 'a = bool) = ('a = 'b) =
bool =

deflationary-on (mem-of S)

end

lemma deflationary-on-set-eq-deflationary-on-pred [simp:
(deflationary-on (S :: 'a set) :: ('b = 'a = bool) = ('a = 'b) = bool) = defla-
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tionary-on (mem-of S)
{proof)

lemma deflationary-on-set-eq-deflationary-on-pred-uhint [uhint]:

assumes P = mem-of S

shows deflationary-on (S :: 'a set) = ('b = 'a = bool) = ('a = 'b) = bool =
deflationary-on P

(proof)

lemma deflationary-on-set-iff-deflationary-on-pred [iff]:

deflationary-on (S :: 'a set) (R :: 'b = 'a = bool) (f :: 'a = 'b) +— deflation-
ary-on (mem-of S) R f

(proof)

Idempotent overloading

idempotent-on-set = idempotent-on :: 'a set = ('a = 'a = bool) = ('a = 'a) =
bool
begin

definition idempotent-on-set (S :: ‘a set) :: ('a = 'a = bool) = ('a = 'a) =
bool =

idempotent-on (mem-of S)

end

lemma idempotent-on-set-eq-idempotent-on-pred [simp]:
(idempotent-on (S :: 'a set) :: ('a = 'a = bool) = ('a = 'a) = bool) = idempo-
tent-on (mem-of S)

(proof)

lemma idempotent-on-set-iff-idempotent-on-pred [iff]:

idempotent-on (S :: 'a set) (R :: 'a = 'a = bool) (f :: 'a = 'a) +— idempotent-on
(mem-of S) R f

{proof)

Properties

Equivalence Relations lemma equiv-eg-equivalence-rel [HOL-order-alignment]:
equivp = equivalence-rel
(proof)

Partial Equivalence Relations lemma pari-equiv-eq-partial-equivalence-rel-if-rel
[HOL-order-alignment):

assumes R z y

shows part-equivp R = partial-equivalence-rel R

(proof )

Partial Orders lemma (in order) partial-order [HOL-order-alignment]: par-

tial-order (<)
{proof)
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Preorders lemma (in partial-preordering) preorder [HOL-order-alignment]: pre-
order (<)

{proof)

lemma partial-preordering-eq [HOL-order-alignment):
partial-preordering = Preorders.preorder

{proof)

Linear Orders lemma (in linorder) linear-order: linear-order (<)
{proof)

Strict Parital Orders lemma (in preordering) linear-order: strict-partial-order
(<)
(proof )

Strict Linear Orders lemma (in linorder) strict-linear-order: strict-linear-order
(<)
{proof)

Well-Orders lemma (in wellorder) wellorder: wellorder (<)
{proof)

end

2.7.2 Alignment With Predicate Definitions from HOL

theory HOL-Alignment-Predicates
imports
Main
HOL-Mem-Of
Predicates
begin

named-theorems HOL-predicate-alignment

Quantifiers adhoc-overloading ball = Ball
lemma Ball-eg-ball-pred [HOL-predicate-alignment]: V 4 =V pem_of 4 (proof)
lemma Ball-eq-ball-pred-uhint [uhint]:

assumes P = mem-of A

shows V 4 =V p
{proof)

lemma Ball-iff-ball-pred [HOL-predicate-alignment]: (Vz : A. @ z) +— (Vz :
mem-of A. Q x)
{proof)

adhoc-overloading bex = Bex
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lemma Bex-eq-bex-pred [HOL-predicate-alignment]: 3 4 = I mem-of A (proof)

lemma Bex-eq-bex-pred-uhint [uhint]:
assumes P = mem-of A
shows 3 4 =3p
(proof)

lemma Bex-iff-bex-pred [HOL-predicate-alignment): (3z : A. Q z) +— (3 : mem-of
A Q)
(proof )

end

2.8 HOL Alignments

theory HOL-Alignments
imports
HOL-Alignment-Binary-Relations
HOL-Alignment-Functions
HOL-Alignment-Orders
HOL-Alignment-Predicates
begin

Summary Alignment of concepts with HOL counterparts

end

2.8.1 Alignment With Order Definitions from HOL-Algebra

theory HOL-Algebra-Alignment-Orders
imports
HOL— Algebra.Order
HOL-Alignment-Orders
begin

named-theorems HOL-Algebra-order-alignment

context equivalence
begin

lemma reflexive-on-carrier [HOL-Algebra-order-alignment):
reflexive-on (carrier S) (.=)
(proof )

lemma transitive-on-carrier [HOL-Algebra-order-alignment]:
transitive-on (carrier S) (.=)
{proof)
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lemma preorder-on-carrier [HOL-Algebra-order-alignment]:
preorder-on (carrier S) (.=)

{proof)

lemma symmetric-on-carrier [HOL-Algebra-order-alignment]:
symmetric-on (carrier S) (.=)
(proof)

lemma partial-equivalence-rel-on-carrier [HOL-Algebra-order-alignment]:
partial-equivalence-rel-on (carrier S) (=)
{proof)

lemma equivalence-rel-on-carrier [HOL-Algebra-order-alignment):
equivalence-rel-on (carrier S) (.=)
(proof)

end

lemma equivalence-iff-equivalence-rel-on-carrier [HOL-Algebra-order-alignment]:
equivalence S <— equivalence-rel-on (carrier S) (.=g)

{proof)

context partial-order
begin

lemma reflexive-on-carrier [HOL-Algebra-order-alignment):
reflexive-on (carrier L) (C)
(proof)

lemma transitive-on-carrier [HOL-Algebra-order-alignment):
transitive-on (carrier L) (C)

{proof)

lemma preorder-on-carrier [HOL-Algebra-order-alignment]:
preorder-on (carrier L) (C)

(proof)

lemma antisymmetric-on-carrier [HOL-Algebra-order-alignment]:
antisymmetric-on (carrier L) (C)
(proof)

lemma partial-order-on-carrier [HOL-Algebra-order-alignment):
partial-order-on (carrier L) (C)

{proof)

end
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end

2.8.2 Alignment With Galois Definitions from HOL-Algebra

theory HOL-Algebra-Alignment-Galois
imports
HOL— Algebra. Galois-Connection
HOL-Algebra-Alignment-Orders
Galois
begin

named-theorems HOL-Algebra-galois-alignment

context galois-connection
begin

context
fixes LRIr

defines L = (Cx) !l corrier X1 carrier x and R = (E)i) [ carrier y1 carrier Y
and | = 7* and r = 7,

notes defs[simp] = L-def R-def I-def r-def and rel-restrict-right-eq[simp)
and rel-restrict-left] [introl] rel-restrict-leftE[elim!]
begin

interpretation galois L R I r (proof)

lemma mono-wrt-rel-lower [HOL-Algebra-galois-alignment]: (L = R) 1
{proof)

lemma mono-wrt-rel-upper [HOL-Algebra-galois-alignment]: (R = L) r
(proof )

lemma half-galois-prop-left [HOL-Algebra-galois-alignment]: (L pb<Q R) I r
(proof )

lemma half-galois-prop-right [HOL-Algebra-galois-alignment]: (L <, R) I r
{proof )

lemma galois-prop [HOL-Algebra-galois-alignment]: (L Q R) I r
(proof )

lemma galois-connection [HOL-Algebra-galois-alignment]: (L 4 R) I r
{proof)

end
end

context galois-bijection
begin
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context
fixes LRIr

defines L = (Cx)l cqrrier x'1carrier x @and R = (Ey) [ carrier )ﬂ carrier Y
and [ = 7* and r = 7,

notes defs[simp] = L-def R-def I-def r-def and rel-restrict-right-eq[simp)
and rel-restrict-leftl [intro!] rel-restrict-leftE|elim!] in-codomE]elim!]
begin

interpretation galois R L r 1 (proof)

lemma half-galois-prop-left-right-left [HOL-Algebra-galois-alignment]: (R ,< L) r
l
(proof )

lemma half-galois-prop-right-right-left [HOL-Algebra-galois-alignment]: (R < L)
rl
(proof )

lemma prop-right-right-left [HOL-Algebra-galois-alignment]: (R < L) r 1
(proof )

lemma galois-equivalence [HOL-Algebra-galois-alignment]: (L =g R) I r
(proof )

end
end

end

2.9 HOL-Algebra Alignments

theory HOL-Algebra-Alignments
imports
HOL-Algebra-Alignment-Galois
HOL-Algebra-Alignment-Orders
begin
Summary Alignment of concepts with HOL-Algebra counterparts

end

2.10 HOL Syntax Bundles

2.10.1 Basic Syntax

theory HOL-Syntaz-Bundles-Base
imports HOL-Basics-Base
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begin

bundle HOL-ascii-syntax
begin
notation (ASCII) Not («™ -» [40] 40)
and conj (infixr &) 35)
and disj (infixr <> 30)
and implies (infixr <(——>» 25)
and not-equal (infixl «¥=» 50)
syntax -Let :: [letbinds, 'a] = 'a (<(let (-)/ in (-))» 10)
end

end

2.10.2 Group Syntax

theory HOL-Syntaz-Bundles-Groups
imports HOL.Groups
begin

bundle HOL-groups-syntax

begin

notation Groups.zero (<0)

notation Groups.one (<1»)

notation Groups.plus (infixl <+ 65)

notation Groups.minus (infixl (—> 65)

notation Groups.uminus (<(<open-block notation=«prefit —»— -)» [81] 80)
notation Groups.times (infixl <) 70)

notation abs (¢|-|>)

end

end

theory HOL-Syntaz-Bundles
imports
HOL-Syntaz-Bundles-Base
HOL-Syntaz-Bundles-Functions
HOL-Syntaz- Bundles-Groups
HOL-Syntaz-Bundles-Lattices
HOL-Syntaz-Bundles-Orders
begin

Summary Bundles to enable and disable syntax from HOL.

end

2.10.3 Galois Relator

theory Transport-Compositions-Agree-Galois-Relator
imports
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Transport-Compositions-Agree- Base
begin

context transport-comp-agree
begin

lemma left-Galois-le-comp-left-GaloisI:
assumes in-codom-mono-r2: (in-codom (<pg) = in-codom (<py)) r2
and r2-L2-self-if-in-codom: N\z. in-codom (<pg) 2 =122 <[p 122
shows (13) < ((113) o0 (123))

(proof)

lemma comp-left-Galois-le-left-GaloisI:
assumes mono-rl: ((<py) = (<) 1
and trans-L1: transitive (< ;)
and RI-r2-if-in-codom: Ny z. in-codom (<pg) 2=y <jo122 =y <p; 12z
shows ((1;%) o (122)) < (LX)
(proof)

corollary left-Galois-eq-comp-left-GaloisI:
assumes ((<p;) = (<1y)) 71
and transitive (< ;)
and Az. in-codom (<pp) 2 =122 <1912z
and Ay z. in-codom (Spg) 2=y <1912 2=y <p; 122
shows (13) = ((113) °° (1.23))
(proof)

corollary left-Galois-eq-comp-left-Galoisl "
assumes ((<g;) = (<pq)) 7!
and transitive (<)
and ((Spg) = (<pg)) 2
and reflexive-on (in-codom (<pg)) (<Rga)
and Ay z. in-codom (Spg) 2 =y <[9r2z= y<p; 12z
shows (1,5) = ((113) °° (1,23))
(proof )

corollary left-Galois-eq-comp-left-Galoisl "
assumes ((<p;) = (<r7)) 1
and transitive (<)
and ((<pg) = (<rg)) 72
and reflexive-on (in-codom (<p9)) (<[.2)
and Ay z. in-codom (<pp) 2 = y <9122 =y <p;r2z
shows (13) = ((112) o0 (L2%))
(proof )

end

context transport-comp-same
begin
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lemma left-Galois-eq-comp-left-Galoisl:
assumes ((<py) = (<) rl
and transitive (<, ;)
and ((<pp) = (<Ry)) 2
and reflezive-on (in-codom (<pg)) (<Ro)
shows (1,35) = ((1,12) ©° (1,23))
(proof )

lemma left-Galois-eq-comp-left-Galoisl ':
assumes (<) = (<)) 1
and transitive (<y ;)
and reflezive-on (in-codom (<py)) (<Rr1)
and ((<pg) = (<py)) 2
shows (13) = ((113) °° (1.28))
{proof)

end

end

2.10.4 Order Equivalence

theory Transport-Compositions-Agree-Order- Equivalence
imports
Transport-Compositions-Agree-Monotone
begin

context transport-comp-agree
begin

Unit

Inflationary lemma inflationary-on-unitl:
assumes mono-l1: (P = P’') 1
and mono-r1: (<py) = (<)) 71
and inflationary-unitl: inflationary-on P (<) m
and trans-L1: transitive (< ;)
and inflationary-unit2: inflationary-on P’ (<1 9) 12
and L2-le-R1: N\o. Pz =1l 2 <jp 12 (lz) = Ul z <p;r2 (lz)
shows inflationary-on P (<g) n

(proof)

corollary inflationary-on-in-field-unitl:
assumes ((<r;) = (<r9)) i
and ((Sg;) = (<gq)) 7!
and inflationary-on (in-field (<7,1)) (<p7) m
and transitive (<, ;)
and inflationary-on (in-field (<19)) (<19) 12
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and Az. in-field (<p;)z = Uz <p97r2 (lz) = Il z <p; 12 (l2)
shows inflationary-on (in-field (<1)) (<1) n
(proof)

Deflationary context
begin

interpretation inv :
transport-comp-agree (>14) (>gy) 1l r1 (>12) (>Ra) 1212
rewrites AR S. (R™! = §71) = (R=9)
and A(P :: i = bool) (R :: 'j = "i = bool).
(inflationary-on P R= 2 (i = 'j) = bool) = deflationary-on P R
and A\(R :: 'i = "i = bool). transitive R~ = transitive R
and AR. in-field R~ = in-field R
(proof)

lemma deflationary-on-in-field-unitl:
assumes (<) = (<)) U
and ((<g;) = (<pq)) 7!
and deflationary-on (in-field (<r1)) (<r71) m
and transitive (<)
and deflationary-on (in-field (<19)) (<r2) n2
and Az. in-field (<p;) =12 (lz) <jollzc =12 (lz) <p; ll z
shows deflationary-on (in-field (<1)) (<1) n
(proof)

end

Relational Equivalence

corollary rel-equivalence-on-in-field-unitl:
assumes ((<7;) = (<r9)) i
and ((<py) = (<py1) 71
and rel-equivalence-on (in-field (<)) (<r1) m
and transitive (<)
and rel-equivalence-on (in-field (<r0)) (<r9) 12
and Az. in-field (<p;) v = Uz <p97r2 (lz) = Il z <p; 2 (I 2)
and Az. in-field (<) e =12 (lz) <jollzc =12 (lz) <p; ll z
shows rel-equivalence-on (in-field (<1)) (<) n
{proof)

Counit

Corresponding lemmas for the counit can be obtained by flipping the inter-
pretation of the locale.

Order Equivalence

interpretation flip : transport-comp-agree R2 L2 r2 12 R1 L1 r1 1
rewrites flip.gl.unit = e5 and flip.g2.unit = ¢, and flip.unit = ¢

214



{proof)

lemma order-equivalencel:
assumes ((<r,;) =, (<py)) U r1
and transitive (<p 1)
and ((<p9) =, (Sg2)) 1212
and transitive (<po)
and Az y. 2 <j,y=Ue<plly=lUac<plly
and Az y. 2 <poy= 122 <p9r2y =12z <p;r2y
and Az. in-field (<pq) 2 = 1 a <pp12 (lzx) = Il © <p; r2 (lz)

and Az. in-field (<) z =12 (lz) <jollzc =712 (lz) <p; ll z
and Az. in-field (Spg) 2 = 122 <p; Ul (rz) =122 <p9ll (rx)
and Az. in-field (Kpg) 2 = Ul (rz) <pym2z= 1 (rz) <ppr2c
shows ((<1) =, (<p)) Ir
(proof )

end

context transport-comp-same
begin

lemma order-equivalencel
assumes ((<r ) =, (<py)) U r1
and transitive (<y;)
and ((<g;) =, (Sgo)) 1212
and transitive (<po)
shows ((<;) =, (<p)) Ir
(proof)

end

end

theory Transport-Compositions-Agree
imports
Transport-Compositions- Agree- Galois- Equivalence
Transport-Compositions-Agree- Galois- Relator
Transport-Compositions-Agree- Order- Equivalence
begin

Summary The general - though probably not very useful - results for the
composition of transportable components under the condition of agreeing
middle relations can be found in transport-comp-agree. The special case of a
coinciding middle relation can be found in transport-comp-same. The latter
corresponds to the well-know result in the literature, generalised to partial

Galois connections and equivalences.

end
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2.11 Generic Compositions

2.11.1 Basic Setup

theory Transport-Compositions-Generic-Base
imports
FEquivalence-Relations
Transport-Base
begin

locale transport-comp =
t1 : transport L1 R1 11 r1 + t2 : transport L2 R2 12 r2
for L1 :: 'a = 'a = bool
and R1 :: 'b = 'b = bool
and I :: 'a = b
and 71 b= a
and L2 :: 'b = b = bool
and R2 :: 'c = 'c = bool
and 12 :: b= c
and 72 :: 'c = b

begin

This locale collects results about the composition of transportable com-
ponents under some generic compatibility conditions on RI and L2 (cf.
below). The composition is rather subtle, but in return can cover quite
general cases.

Explanations and intuition about the construction can be found in [2].

notation L1 (infix «<j ;> 50)
notation R1 (infix «<<p, 50)
notation L2 (infix <<j 4 50)
notation R2 (infix «<<pgy 50)

notation t1.ge-left (infix <>y ;» 50)
notation t1.ge-right (infix <>p» 50)
notation t2.ge-left (infix >4 50)
notation ¢2.ge-right (infix <>py 50)

notation t¢1.left-Galois (infix < ;<> 50)
notation t1.right-Galois (infix «p ;<> 50)
notation ¢2.left-Galois (infix <73y 50)
notation t2.right-Galois (infix (o< 50)

notation t1.ge-Galois-left (infix <X > 50)
notation t1.ge-Galois-right (infix > 50)
notation t2.ge-Galois-left (infix <10 50)
notation t2.ge-Galois-right (infix T py 50)

notation ¢1.right-ge-Galois (infix <p ;2> 50)
notation t1.Galois-right (infix <S> 50)
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notation ¢2.right-ge-Galois (infix <92 50)
notation t2.Galois-right (infix << pe 50)

notation t¢1.left-ge-Galois (infix < ;2> 50)
notation t1.Galois-left (infix <S> 50)
notation ¢2.left-ge-Galois (infix <92 50)
notation ¢2.Galois-left (infix <19 50)

notation ¢1.unit (<n1>)
notation ¢1.counit (¢e1)

notation ¢2.unit («ng>)
notation ¢2.counit (<e2»)

definition L = (},;5) oo (<19) o (g1X)

lemma left-rel-eq-comp: L = (1,;5) o0 (<r9) o0 (1)
(proof)

definition [ = [2 o [1

lemma left-eq-comp: | = 12 o 1
(proof)

lemma left-eq [simp]: | z = 12 (I )
{proof)

context
begin

interpretation flip : transport-comp R2 L2 r2 12 R1 L1 r1 11 {proof)

abbreviation R = flip.L
abbreviation r = flip.[

lemma right-rel-eq-comp: R = (Ra<) c0 (<py) 00 (,23)
{proof)

lemma right-eq-comp: r = r1 o r2
{proof )

lemma right-eq [simpl: rz = r1 (r2 2)
(proof)

lemmas transport-defs = left-rel-eq-comp left-eq-comp right-rel-eq-comp right-eq-comp
end

sublocale transport L R [ r {proof)
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notation L (infix «<;) 50)
notation R (infix «<p» 50)

lemma left-rell [intro]:
assumes z ;3 Y
and y <75y’
and y' g5 o’
shows z <j z’
(proof )

lemma left-relE [elim]:
assumes z <j z’
obtains y y’' where z ;S vy <72 vy' Yy pi< '

(proof)

context
begin

interpretation flip : transport-comp R2 L2 r2 12 R1 L1 r1 11 {(proof)
interpretation inv : transport-comp (>r,1) (Zgry) 1 71 (>19) (> R2) 12 r2 (proof)

lemma ge-left-rel-eq-left-rel-inv-if-galois-prop [simpl:
assumes ((<r;) 9 (Sgy)) 1 1 ((Sgy) D (Spy)) vl
shows (>1) = transport-comp.L (>,;) (Zpy) U1 11 (>[9)
(proof )

corollary left-rel-inv-iff-left-rel-if-galois-prop [iff):
assumes ((<r;) 9 (Spy)) 1 71 ((Sgy) 9 (Spy) vl
shows (transport-comp.L (>1,1) (>gy) 1 11 (>19) v 2’ +— 2’ <[ z

(proof)

Simplification of Relations

lemma left-rel-le-left-relll:
assumes ((<r7) <n (Spy)) U r1
and ((<py) n< (Spp) 71 U
and trans-L1: transitive (< ;)
and mono-l1: (<) = ((<py) o0 (<Ry)) U
shows (<) < (<)

(proof)

lemma left-rell-le-left-rell:
assumes ((<r7) <n (Lpy)) U 11
and mono-U1: (<p7) = ((Sgp) o0 (Spg) o0 (SRy))) U
shows (<) < (<)

(proof)

corollary left-rel-eq-left-rel1l:
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assumes ((<r7) <p (<py)) U 71

and ((<gy) nd (Spy)) 1l

and transitive (<p,;)

and ((<p) = ((Spgy) oo (Sgy)) U

and ((<r;) = ((Sgy) o0 (Spg) o0 (SRy))) U
shows (<) = (<)

(proof)

Note that we may not necessarily have flip.R = (<r), even in case of
equivalence relations. Depending on the use case, one thus may wish to use
an alternative composition operation.

lemma ex-order-equiv-left-rel-neg-left-rell:
I(L1 :: bool = -) (R1 :: bool = -) 1 rl

(L2 :: bool = -) (R2 :: bool = -) 12 r2.
(L1 =, R1) 11 11
A equivalence-rel L1 N equivalence-rel R1
A (L2 =, R2) 12 r2
A equivalence-rel L2 N equivalence-rel R2
A transport-comp.L L1 R111 r1 L2 # L1

(proof)

end

Generic Left to Right Introduction Rules

The following lemmas generalise the proof outline used, for example, when
proving monotonicity and the Galois property (cf. the paper [2]).

interpretation flip : transport-comp R2 L2 r2 12 R1 L1 r1 11 {proof)

lemma right-rel-if-left-rell :
assumes z <y z’
and [I-R1-if-L1-r1: Ny. in-codom (py) y =z <p;rly= 1z <p;y
and t-R1-if-l1-R1: Ny. 1 2 <p;y =ty <ps vy
and R2-12-if-t-L2-if-11-R1:
Nyy e <pry=ty<poy = 2<py 2y’
and RI1-b-if-R1-11-if-R1-11:
Ny y<pillae' = y' <p Uz’ = y' <p;by
and b-L2-r2-if-in-codom-L2-b-if-R1-11:
Ny y <p; Ul 2’ = in-codom (<pp) (by) = by <pgr22z
and in-codom-R2-if-in-codom-L2-b-if-R1-11:
Ny. y <p; Ul 2’ = in-codom (<p9) (b y) = in-codom (<pg) 2’
and rel-comp-le: (Spy) oo (<p9) o0 (Sgy) < (Sp2) o (SRy)
and in-codom-rel-comp-le: in-codom ((<py) oo (<19) oo (<py)) < in-codom
(<L2)
shows z <p 2’

(proof)

lemma right-rel-if-left-rell ":
assumes z <y 2’
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and lI-R1-if-L1-r1: Ny. in-codom (Spy) y =z <p;rly= 11z <p;y
and RI-b-if-R1-11: N\y. y <p; llz'= y<p; by
and L2-r2-if-L2-b-if-R1-11:
Ny y<prllae’' = y' <poby=y' <ppr22
and in-codom-R2-if-L2-b-if-R1-11:
ANyy y<pllz' = y' <pg9by= in-codom (<py) 2’
and t-R1-if-R1-l1-if-11-R1:
Ny y'" lle<pry=Uz<py=1ty<psy
and R2-12-t-if-in-dom-L2-t-if-11-R1:
Nyy' Uz <p;y=indom (<pp) (ty) = 2z <go I2 (L y)
and in-codom-L2-t-if-in-dom-L2-t-if-11-R1:
Ay y' Il z<p;y= in-dom (<9) (t y) = in-codom (<[9) (ty)
and rel-comp-le: ((SRyp) o0 (<p9) o0 (Sgy1)) < ((SRy) o0 (S19))
and in-dom-rel-comp-le: in-dom ((<py) oo (<g) 00 (<py)) < in-dom (<o)
shows z <p 2’

(proof)

Simplification of Monotonicity Assumptions

Some sufficient conditions for monotonicity assumptions that repeatedly
arise in various places.
lemma mono-in-dom-left-rel-left1-if-in-dom-rel-comp-le:

assumes ((<r7) n< (<py)) U 11

and in-dom ((<py) oo (<) oo (<py)) < in-dom (<p9)

shows (in-dom (<) = in-dom (<15)) U

(proof)

lemma mono-in-codom-left-rel-left1-if-in-codom-rel-comp-le:
assumes ((<r7) n< (Zpy)) U 11
and in-codom ((<p;) oo (<9) oo (<py)) < in-codom (<j9)
shows (in-codom (<p) = in-codom (<p,9)) U1
(proof )

Simplification of Compatibility Conditions

Most results will depend on certain compatibility conditions between (<p;)
and (<rp). We next derive some sufficient assumptions for these conditions.

end

lemma rel-comp-comp-le-rel-comp-if-rel-comp-comp-if-in-dom-lel :
assumes trans-R: transitive R
and refl-S: reflexive-on P S
and in-dom-le: in-dom (R oo S oo R) < P
and rel-comp-le: (S co R oo §) < (S oo R)
shows (R oo § oo R) < (S oo R)
(proof)

lemma rel-comp-comp-le-rel-comp-if-rel-comp-comp-if-in-codom-lel:
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assumes trans-R: transitive R
and refl-S: reflexive-on P S
and in-codom-le: in-codom (R oo S oo R) < P
and rel-comp-le: (S oo R oo §) < (R oo S)
shows (R oo S oo R) < (R oo S)

(proof)

thm mono-rel-comp

lemma rel-comp-comp-le-rel-comp-if-rel-comp-le-if-transitive:
assumes trans-R: transitive R
and R-S-le: (R oo S) < (S oo R)
shows (R oo S oo R) < (S oo R)

(proof)

lemma rel-comp-comp-le-rel-comp-if-rel-comp-le-if-transitive:
assumes trans-R: transitive R
and S-R-le: (S oo R) < (R oo §)
shows (R oo S oo R) < (R oo S)

(proof)

lemma rel-comp-eq-rel-comp-if-le-if-transitive-if-reflexive:
assumes refl-R: reflexive-on (in-field S) R
and trans-S: transitive S
and R-le: R < S U (=)
shows (R oo §) = (S oo R)
(proof)

lemma rel-comp-eq-rel-comp-if-in-field-le-if-le-eq:
assumes le-eq: R < (=)
and in-field-le: in-field S < in-field R
shows (R oo §) = (S oo R)

{proof)

context transport-comp
begin

lemma left2-right1-left2-le-left2-right1-if-right1-left2-right1-le-left2-right1
assumes reflezive-on (in-codom (<py)) (<R1)
and transitive (<)
and ((<py) oo (<p9) o0 (Sgy)) < ((L2) oo (SR1))
and in-codom ((<[,9) oo (<p;) o0 (<9)) < in-codom (<pg;)
shows ((<[) oo (Spgy) o0 (<L) < ((S12) oo (SR1))
(proof )

lemma left2-right1-left2-le-right1-left2-if-right1-left2-right1-le-right1-left2I:
assumes reflezive-on (in-dom (<g;)) (<Rgy1)
and transitive (<j,9)
and ((<pg) oo (Spg) o (SR1)) < (SRy1) o0 (<12))
and in-dom ((<p) oo (<Ry) oo ( 2) g in-dom (<p;)
shows ((<p9) oo (<py) o0 (<[9)) <
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—
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{proof)

lemma in-dom-right1-left2-right1-le-if-right1-left2-right1-le:

assumes ((<py) oo (<pg) o0 (Sgy)) < ((Spg) o0 (SRy))
shows in-dom ((SRI) 0o (SLQ) fele) (SR])) < in-dom (SL,?)

{proof)

lemma in-codom-right1-left2-right1-le-if-right1-left2-right1-le:

assumes ((<pj) oo (<pg) o0 (Sgy)) < ((Sgy) o0 (Spp))
shows in-codom ((<py) oo (<r2) o0 (Spy)) < in-codom (<p )

(proof)

Our main results will be derivable for two different sets of compatibility
conditions. The next two lemmas show the equivalence between those two
sets under certain assumptions. In cases where these assumptions are met,
we will only state the result for one of the two compatibility conditions. The
other one will then be derivable using one of the following lemmas.

definition middle-compatible-dom =

(SR1) o0 (Sp2) o0 (SR1) < (SRy) o0 (Sr9)
A in-dom ((SRp) oo (<) o0 (Spy)) < in-dom (<[p)

A ((Sp2) o0 (SRp) o0 (S12)) < ((Spg) o0 (SR1))
A in-dom ((< ) o0 (Spy) oo (Spg)) < in-dom (<py)

lemma middle-compatible-domlI [intro]:

assumes (<py) oo (<) 0o (Spy) < (Spy) o° (SL0)
and in-dom ((<p;) oo (<) 00 (<py)) < in-dom (<p)

and ((<pp) oo (Sgy) o0 (Sp9)) < ((Lg) °° (SRy))
and in-dom ((<p9) oo (<py) o0 (<19)) < in-dom (<p;)
shows middle-compatible-dom

{proof)

lemma middle-compatible-domE [elim]:
assumes middle-compatible-dom

obtains (<py) oo (<pg) oo (Spy) < (Spy) °° (SL2)
and in-dom ((<py) oo (<r9) 00 (<py)) < in-dom (<o)

and ((<p) oo (Spy) o0 (<r9)) < ((Sp2) o0 (SRy))
and in-dom ((<p,9) oo (SRy) oo (<pg)) < in-dom (<py)

(proof)

definition middle-compatible-codom =

((SR1) °0 (Sp2) o0 (SR1)) < ((SL2) o0 (SR1))
A in-codom ((<py) oo (<f9) oo (<py)) < in-codom (<p9)

A (£pg) o0 (SRy) o0 (S12) < (SRy) o0 (S19)
A in-codom ((SLQ) 00 (SRI) fee) (SLQ)) < in-codom (SRI)

lemma middle-compatible-codoml [intro]:

assumes ((<py) oo (<pg) o0 (Spy)) < ((Spg) oo (SRy))
and in-codom ((<p;) 00 (<) 00 (<py)) < in-codom (<p9)

and (<1,9) eo (Spy) o0 (<L) < (SRy) o0 (SL0)
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and in-codom ((<p,9) oo (<py) o0 (<[9)) < in-codom (<p;)
shows middle-compatible-codom

{proof)

lemma middle-compatible-codomE [elim):
assumes middle-compatible-codom
obtains ((<py) 00 (<) o0 (1) < (<12) 00 (<py)
and in-codom ((<gy) oo (<fp) oo (SRy)) < in-codom (<[)
and (<1,9) oo (<py) oo (<f2) < (Sgy) o0 (<L)
and in-codom ((<1,9) 00 (<27) 00 (S19)) < in-codom (<p)
(proof)

context
begin

interpretation flip : transport-comp R2 L2 r2 12 R1 L1 r1 11 (proof)

lemma rel-comp-comp-le-assms-if-in-codom-rel-comp-comp-lel:
assumes preorder-on (in-field (<py)) (<py)
and preorder-on (in-field (<r)) (<1,2)
and middle-compatible-codom
shows middle-compatible-dom

{proof)

lemma rel-comp-comp-le-assms-if-in-dom-rel-comp-comp-lel:
assumes preorder-on (in-field (<py)) (<Ry)
and preorder-on (in-field (<r,9)) (<[9)
and middle-compatible-dom
shows middle-compatible-codom

{proof)

lemma middle-compatible-dom-iff-middle-compatible-codom-if-preorder-on:
assumes preorder-on (in-field (<py)) (<py)
and preorder-on (in-field (<r,9)) (<19)
shows middle-compatible-dom <— middle-compatible-codom

{proof)

end

Finally we derive some sufficient assumptions for the compatibility con-

ditions.
lemma right1-left2-right1-le-assms-if-right1-left2-eql:

assumes transitive (<py)

and ((<py) o (S19)) = (Sp2) o0 (SRy))

shows ((<py) o0 (<pg) o0 (SRy)) < ((SL2) o0 (SR1))

and ((<gy) oo (S19) o0 (SRy)) < ((SR1) o0 (£19))

(proof)

interpretation flip : transport-comp R2 L2 r2 12 R1 L1 r1 1
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rewrites ((<z5) oo (Spy)) = (SRy) o0 (X12) = (SRy) 00 (L12) = (ZL2)
°0< (Sz%))
proo

lemma middle-compatible-codom-if-rel-comp-eq-if-transitive:
assumes transitive (<p ;) transitive (<o)

and ((<pj) oo (<r2)) = ((S12) o (<pgy))
shows middle-compatible-codom

{proof)

lemma middle-compatible-codom-if-right1-le-left2-eql:
assumes preorder-on (in-field (<py)) (<py) transitive (<)
and (<p;) < (<p9) U (=)
and in-field (<19) < in-field (<p;)
shows middle-compatible-codom
(proof )

lemma middle-compatible-codom-if-right1-le-eql:
assumes (<py) < (=)
and transitive (<[,9)
and in-field (<19) < in-field (<py)
shows middle-compatible-codom
(proof)

end

end

2.11.2 Galois Property

theory Transport-Compositions-Generic-Galois-Property
imports
Transport-Compositions-Generic-Base
begin

context transport-comp
begin

interpretation flip : transport-comp R2 L2 r2 12 R1 L1 r1 11
rewrites flip.t2.unit = 1 and flip.t1.counit = ns
(proof )

lemma half-galois-prop-left-left-rightl:
assumes ((<r7) nd (Spy)) U r1
and deflationary-counitl: deflationary-on (in-codom (<p;)) (<py) €1
and trans-R1: transitive (<py)

and ((<pg) = (Sgg)) 12
and reflexive-on (in-codom (<p,9)) (<1,2)
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and ((<py) oo (<pg) oo (Sgy)) < ((Sr2) o (SRy))
and in-codom ((<gy) oo (<pp) oo (SRy)) < in-codom (<[,)
and mono-in-codom-r2: (in-codom (<p) = in-codom (<py)) r2
shows ((<p) nd (<p)) L7

(proof)

lemma half-galois-prop-left-left-rightl "
assumes ((<r7) n< (Zpy)) U 11
and deflationary-counitl: deflationary-on (in-codom (<py)) (<) €1
and trans-R1: transitive (<gq)
and ((<z) = (<pg)) 12
and refl-L2: reflexive-on (in-dom (<19)) (<19)
and ((<pj) oo (<p9) oo (Sgy)) < ((SRy) o (<r2))
and in-dom ((Spy) o0 (<p) o0 (Sgy)) < in-dom (<)
and mono-in-codom-r2: (in-codom (<pg) = in-codom (<pgy)) r2
shows ((<p) nd (<p)) L7
(proof)

lemma half-galois-prop-right-left-rightl:
assumes (<) = (<11)) 1l
and (<) <n (Sgy)) 171
and inflationary-counitl: inflationary-on (in-codom (<p;)) (<gry) €1
and ((Sgg) nd (<pp)) r2 12
and inflationary-unit2: inflationary-on (in-dom (<y19)) (<r12) 12
and trans-L2: transitive (<)
and mono-in-dom-11: (in-dom (<) = in-dom (<pp)) U
and ((<p9) o (Spy) co (S2)) < ((Sgy) oo (<12))
and in-codom ((<p,9) oo (<py) o0 (<9)) < in-codom (<p;)
shows ((<p) <n (Spg)) I
(proof)

lemma half-galois-prop-right-left-rightl .
assumes ((<p;) = (1) 1
and inflationary-unit!: inflationary-on (in-dom (<)) (<r1) m
and inflationary-counitl: Ny z. y <gy r2z = y <py U (r 2)
and in-dom (<py) < in-codom (<py)
and ((<pg) nd (<)) 212
and inflationary-unit2: inflationary-on (in-dom (<)) (<r2) 12
and trans-L2: transitive (<)
and mono-in-dom-U1: (in-dom (<) = in-dom (<p9)) i
and ((<p,9) oo (Spy) oo (<r2)) < ((Spg) °© (<Ry))
and in-dom ((<pp) oo (<py) oo (<fp)) < in-dom (<pj)
shows (<) 2 (<)) | 7

(proof)

lemma galois-prop-left-rightl:
assumes ((<p) = (<11)) rl
and (<) < (Spy) U 1
and rel-equivalence-on (in-codom (<pgy)) (<py) €1
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and transitive (<pgy)

and ((<p9) = (Spge)) 12

and ((Spg) nd (<o) 12 12

and inflationary-on (in-dom (<r0)) (<r2) 12
and preorder-on (in-field (<r)) (<1,2)

and middle-compatible-codom

shows ((<1) < (<p)) |7

{proof )

lemma galois-prop-left-rightI "
assumes ((<p;) = (<)) 1
and ((<p7) n< (SRy) U 71
and inflationary-on (in-dom (<1 1)) (<r7) m
and rel-equiv-counitl : rel-equivalence-on (in-field (<py1)) (<pgy) €1
and trans-R1: transitive (<gq)
and ((<pg) = (Spgp)) 12
and ((Sgg) nd (<pp)) r2 12
and inflationary-on (in-dom (<19)) (<r9) N2
and preorder-on (in-field (<;,9)) (<19)
and middle-compatible-dom
shows ((<7) < (<p)) L7
(proof)

end

end

2.11.3 Monotonicity

theory Transport-Compositions-Generic-Monotone
imports
Transport-Compositions-Generic-Base
begin

context transport-comp
begin

lemma mono-wrt-rel-leftl:
assumes ((<r7) v (Spy)) U 1
and ((<pg) = (Spgo)) 12
and inflationary-unit2: inflationary-on (in-codom (<19)) (<r9) N2
and ((<py) oo (<) oo (SRy)) < ((Sp2) o (Spy))
and in-codom ((<p;) oo (<) 00 (<py)) < in-codom (<p9)
shows ((<1) = (<p)) |

(proof)

lemma mono-wrt-rel-leftl”:
assumes ((<r7) n< (Spy)) U 11
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and ((<rg) = (<pg)) 12
and ((<pp) dn (Spp)) 1212
and refl-L2: reflezive-on (in-dom (<19)) (<19)
and ((<pj) oo (<p2) °0 (Spy)) < (Sgy) 0 (SL2))
and in-dom ((SRI) 0o (SLQ) 00 (S 1)) < in-dom (SLQ)
shows ((<7) = (<p)) |

(proof)

end

end

2.11.4 Galois Connection

theory Transport-Compositions-Generic-Galois-Connection
imports
Transport-Compositions- Generic- Galois- Property
Transport-Compositions-Generic-Monotone
begin

context transport-comp
begin

interpretation flip : transport-comp R2 L2 r2 12 R1 L1 r1 1
rewrites flip.t2.unit = 1 and flip.t1.counit = nq
(proof)

lemma galois-connection-left-rightl:
assumes ((<p;) = (<)) 71
and ((<p;) < (<py)) U rl
and rel-equivalence-on (in-codom (<py)) (Xpy) €
and transitive (<py)
and ((<pg) = (Spgp)) 12
and ((<pg) nd (<)) 7212
and inflationary-on (in-field (<19)) (<r2) 12
and preorder-on (in-field (<;,9)) (<19)
and middle-compatible-codom
shows ((<7) 4 (<g)) 7
{proof)

lemma galois-connection-left-rightl "
assumes ((<py) = (<)) rl
and ((<z7) n< (SRy) U 71
and ((Spy) dn (Spq) 71 U
and inflationary-on (in-dom (<r;)) (<r1) m
and rel-equivalence-on (in-field (<py)) (_ 1) €
and transitive (<py)

and ((<r9) = (<o) 12
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and ((<pg) Jn (Spgo)) (272

and ((Sgg) nd (<pp)) r2 12

and inflationary-on (in-dom (<19)) (<r2) N2
and preorder-on (in-field (<r)) (<1,2)

and middle-compatible-dom

shows (<) + (<p)) | 7

(proof)

corollary galois-connection-left-right-if-galois-equivalencel :
assumes ((<r7) =¢ (<py)) U r1
and preorder-on (in-field (<p;)) (<gy1)
and ((<p9) =c¢ (Spe)) 1272
and preorder-on (in-field (<;,9)) (<19)
and middle-compatible-codom
shows ((<7) 4 (<R)) I r
(proof)

corollary galois-connection-left-right-if-order-equivalencel :
assumes ((<r7) =, (<py)) U r1
and transitive (<py)
and ((<19) =, (Spo)) 1272
and transitive (<j )
and middle-compatible-codom
shows ((<7) + (<p)) [T
(proof)

end

end

2.11.5 Galois Equivalence

theory Transport-Compositions-Generic-Galois- Equivalence
imports
Transport-Compositions- Generic- Galois- Connection
begin

context transport-comp
begin

interpretation flip : transport-comp R2 L2 r2 12 R1 L1 r1 1
rewrites flip.t2.unit = 1 and flip.t1.counit = 1y and flip.t1.unit = ¢4
(proof )

lemma galois-equivalencel:
assumes ((<p;) = (<)) 1
and ((<z7) < (Sgy)) U 1
and rel-equivalence-on (in-field (<py)) (SRpy) €1
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and transitive (<pgy)

and ((<p9) = (Spgg)) 12

and ((Spg) < (<pp)) 212

and rel-equivalence-on (in-field (<r0)) (<r2) N2
and transitive (<)

and middle-compatible-codom

shows ((<1) =c (<p)) L7

(proof)

lemma galois-equivalencel .
assumes ((<p;) = (<)) 1
and ((<p;) nd (Spgy)) U 11
and ((<gg) Sn (Spyg)) 1l
and inflationary-on (in-dom (<r;)) (<r1) m
and rel-equivalence-on (in-field (<p;)) (SR1) €1
and transitive (<p;)
and ((<pg) = (<pgo)) 12
and ((<pg) dn (Spo)) 1272
and ((<pg) nd (Spg)) 1212
and rel-equivalence-on (in-field (<r0)) (<19) N2
and inflationary-on (in-dom (<pg)) (<po) €2
and transitive (<)
and middle-compatible-dom
shows (<) =¢ (ZR)) I r
(proof)

corollary galois-equivalence-if-galois-equivalencel:
assumes ((<r ;) =q¢ (<py)) U 1
and preorder-on (in-field (<p;)) (Sgy1)
and ((<p9) =c¢ (Spe)) 1272
and preorder-on (in-field (<r)) (<1,2)
and middle-compatible-codom
shows ((<;) =¢ (Zp)) I r
(proof )

corollary galois-equivalence-if-order-equivalencel :
assumes ((<1,7) =, (<py)) U r1
and transitive (<pgy)
and ((<p9) =o (Spge)) 1272
and transitive (<j,9)
and middle-compatible-codom
shows ((<) =¢ (Sg)) I
(proof)

end

end
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2.11.6 Galois Relator

theory Transport-Compositions-Generic-Galois-Relator
imports
Transport-Compositions-Generic-Base
begin

context transport-comp
begin

interpretation flip : transport-comp R2 L2 r2 12 R1 L1 r1 1
rewrites flip.t2.unit = e,
(proof)

lemma left-Galois-le-comp-left-GaloisI:
assumes mono-rl: ((<p;) = (<)) 11
and galois-propl: (<ry) < (<py)) U r1
and preorder-R1: preorder-on (in-field (<g;)) (Sgy1)
and rel-comp-le: ((SRy) o0 (<p9) o0 (Sgy1)) < ((SRyp) o0 (S19))
and mono-in-codom-r2: (in-codom (<pg) = in-codom (<pgy)) r2
shows (1.5) < ((112) °° (£23))

(proof)

lemma comp-left-Galois-le-left-GaloisI:
assumes mono-rl: ((<py) = (<) 1
and half-galois-prop-left1: (<r1) v (SRy)) U
and half-galois-prop-rightl: (<p;) < (<,
and refl-R1: reflexive-on (in-codom (<py))
and mono-12: ((<19) = (Kpa)) 12
and refl-L2: reflexive-on (in-dom (<p9)) (<[.2)
and in-codom-rel-comp-le: in-codom ((<9) oo (<py) oo (<r9)) < in-codom
(<Rr1)
shows ((1;X) o (L2=%)) < (LR)
(proof)

11
))

1
(S)

corollary left-Galois-eq-comp-left-Galoisl:
assumes ((<p;) = (<1y)) 71
and ((<p;) < (Sgy) U r1
and ((<py) <n (Sgg)) 1l
and preorder-on (in-field (<p;)) (<gy1)
and ((<gg) = (<pgp)) 12
and reflexive-on (in-dom (<r,9)) (<r2)
and ((<pj) oo (<p9) o0 (Spy)) < ((SRy) o0 (S12))
and (in-codom (<pg) = in-codom (<py)) 2
and in-codom ((<L2) oo (<py) oo (L19)) < in-codom (<py)
shows (15) = (1) °© (145))
(proof )

corollary left-Galois-eq-comp-left-Galoisl "
assumes ((<p;) = (<)) 1
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and ((<p;) < (<py)) U rl
and ((<gy) In (Spy)) 1l

and preorder-on (in-field (<p;)) (Lg1)

and ((<p) = (Sgo)) 12

and ((<gg) nd (Sp2)) 1212

and reflexive-on (in-dom (<)) (<1,2)

and ((Spgg) oo (Spp) o0 (SRy)) < (SRp) o0 (S2))

and in-codom ((<f9) oo (Spy) o0 (<pp)) < in-codom (<py)
?hov‘}i (=) = ((L1=2) o0 (12%))

proo

theorem left- Galois-eq-comp-left- Galois-if-galois-connection-if-galois-equivalencel .
assumes ((<77) =q (Kpy)) U r1
and preorder-on (in-field (<p7)) (<g1)
and ((<pg) 1 (<p9) 1212
and reflexive-on (in-dom (<r9)) (<12)
and ((<py) oo (<p9) o0 (Spy)) < ((SRy) o (S12))
and in-codom ((<L2) 00 (<py) 00 (<9)) < in-codom (<p;)
shows (15) = ((112) o0 (12%))
(proof )

corollary left- Galois-eq-comp-left- Galois-if-galois-connection-if-galois-equivalencel :
assumes ((<r ;) =q¢ (Kpy)) U 1
and preorder-on (in-field (<p;)) (<g1)
and ((<pgg) 1 (<p9) 1212
and reflexive-on (in-field (<)) (<1,2)
and in-codom ((<p;) oo (<r9) 00 (<py)) < in-codom (<j )
and ((<pp) o0 (Spy) o0 (<12)) < ((SRy) o0 (SL2))
and in-codom ((<L2) oo (< Rz) oo (<)) < in-codom (<p)
shows (15) = ((£12) °° (L2=))
(proof )

<
° (L2

corollary left-Galois-eq-comp-left- Galois-if-preorder-equivalencel :
assumes ((<r,7) =pre (<py)) 1 11

and ((Spg) =pre (<19)) 1212
and in-codom ((<p;) oo (<) 00 (<pgy)) < in-codom (<p9)

and (<1,9) co (<py) o0 (<L) < (Sgy) o0 (SLe)
and in-codom (<) 0 (<py) o0 (<12)) < in“codom (<p)

shows (15) = ((118) °° (123))
(proof)

end

end

2.11.7 Basic Order Properties

theory Transport-Compositions-Generic-Order-Base
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imports
Transport-Compositions-Generic-Base
begin

context transport-comp
begin

interpretation flip! : galois R1 L1 r1 11 (proof)

Reflexivity

lemma reflexive-on-in-dom-leftl:
assumes galois-prop: ((<r;) < (Kpgy)) U rl
and in-dom-L1-le: in-dom (<[ ;) < in-codom (<)
and refl-R1: reflexive-on (in-dom (<py)) (SR1)
and refl-L2: reflexive-on (in-dom (<19)) (<19)
and mono-in-dom-U1: (in-dom (<) = in-dom (<pq)) U1
shows reflezive-on (in-dom (<1)) (<1)

(proof)

lemma reflexive-on-in-codom-leftI:
assumes LI-r1-l11I: Az. in-dom (<p;) z = Uz <p;llz= 2z <p;7l (Il )
and in-codom-L1-le: in-codom (<) < in-dom (<)
and refl-R1: reflexive-on (in-codom (<pr;)) (<Rry)
and refl-L2: reflexive-on (in-codom (<p)) (<1,2)
and mono-in-codom-11: (in-codom (<) = in-codom (<pg)) l1
shows reflexive-on (in-codom (<)) (<)

(proof)

corollary reflexive-on-in-field-leftI:
assumes ((<r7) < (<py)) U 1
and in-codom (< ;) = in-dom (<r;)
and reflezive-on (in-field (<g;)) (Sgy1)
and reflezive-on (in-field (<19)) (<19)
and (in-field (<) = in-field (<)) U1
shows reflezive-on (in-field (<r)) (<)

(proof)

Transitivity

There are many similar proofs for transitivity. They slightly differ in their
assumptions, particularly which of (<p;) and (<) has to be transitive
and the order of commutativity for the relations.

In the following, we just give two of them that suffice for many purposes.

lemma transitive-leftI:
assumes ((<r7) n< (<py)) U 11
and trans-L2: transitive (<)
and RI-L2-Ri-le: ((Sgy) oo (Sp9) o (Spy)) < ((Sp9) °° (SR1))
shows transitive (<p)
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(proof)

lemma transitive-leftl’:
assumes galois-prop: (<) < (<pyp)) 11 11
and trans-L2: transitive (<)
and RI-L2-Rl-le: (Spyg) o (Sp9) o0 (Sgy1)) < ((SRyp) o0 (S12))
shows transitive (<j)
(proof)

Preorders

lemma preorder-on-in-field-leftl:
assumes ((<77) < (<py)) U r1
and in-codom (< ;) = in-dom (<p;)
and reflexive-on (in-field (<p;)) (<R1)
and preorder-on (in-field (<r,9)) (<[9)
and mono-in-codom-l1: (in-codom (<) = in-codom (<pg)) U1
and RI-L2-Ri-le: (SRyg) o (<p9) o0 (Sgy1)) < ((Sp2) °© (k1))
shows preorder-on (in-field (<r)) (<)
(proof)

lemma preorder-on-in-field-leftl’:
assumes ((<77) < (<py)) UL r1
and in-codom (<p;) = in-dom (<pq)
and reflexive-on (in-field (<py)) (<R1)
and preorder-on (in-field (<r)) (<1,2)
and mono-in-dom-l1: (in-dom (<) = in-dom (<pq)) U1
and RI-L2-Ri-le: (SRyg) o (<p9) o0 (Sgy)) < ((SRyp) o0 (S12))
shows preorder-on (in-field (<1)) (<1)
(proof)

Symmetry

lemma symmetric-leftl:
assumes ((<r;) < (<py)) U r1
and in-codom (<) = in-dom (<r;)
and symmetric (<p;)
and symmetric (<rg)
shows symmetric (<)

(proof)

lemma partial-equivalence-rel-leftI:
assumes ((<7;) < (<py)) I r1
and in-codom (< ;) = in-dom (<pq)
and symmetric (<p;)
and partial-equivalence-rel (< )
and ((<py) oo (<pg) oo (Sgy)) < ((Sp2) oo (SRy))
shows partial-equivalence-rel (<)
{proof)
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lemma partial-equivalence-rel-leftl”:
assumes ((<7;) < (<py)) UL r1
and in-codom (<y;) = in-dom (<pq)
and symmetric (<py)
and partial-equivalence-rel (< o)
and ((<pgy) oo (<pg) o0 (Spy)) < (SRy) 00 (<12))
shows partial-equivalence-rel (<)
(proof)

end

end

2.11.8 Order Equivalence

theory Transport-Compositions-Generic-Order- Equivalence
imports
Transport-Compositions-Generic-Monotone
begin

context transport-comp
begin

context
begin

interpretation flip : transport-comp R2 L2 r2 12 R1 L1 r1 11 {(proof)

Unit

Inflationary lemma inflationary-on-in-dom-unitl:
assumes ((<p;) = (<) 71
and ((<p;) nd (Spy)) U 11
and inflationary-unitl: inflationary-on (in-dom (<)) (<,
and inflationary-counitl: inflationary-on (in-codom (<py))
and refl-R1: reflexive-on (in-dom (<py)) (<py)
and inflationary-unit2: inflationary-on (in-dom (<r9)) (<r9) N2
and refl-L2: reflexive-on (in-dom (<p,9)) (<12
and mono-in-dom-l1: (in-dom (<) = in-dom (<pq)) U1
and in-codom-rel-comp-le: in-codom ((<fg) oo (<py) oo (<19)) < in-codom
((<g1)
shows inflationary-on (in-dom (<)) (<g) n
(proof)

1) m
(<Rr1) &1

lemma inflationary-on-in-codom-unitl:
assumes ((<p;) = (1) 1
and inflationary-unit!: inflationary-on (in-codom (<r1)) (<r7) m
and inflationary-counitl: inflationary-on (in-codom (<py)) (Sgpy) €1
and refl-R1: reflexive-on (in-codom (<p¢)) (<R1)

234



and inflationary-unit2: inflationary-on (in-codom (<19)) (<r9) N2

and refl-L2: reflexive-on (in-codom (<p,9)) (<1,2)

and mono-in-codom-11: (in-codom (<) = in-codom (<pg)) U1

and in-codom-rel-comp-le: in-codom ((<9) oo (<py) oo (<)) < in-codom
((<R1)

shows inflationary-on (in-codom (<)) (<r) n
(proof )

corollary inflationary-on-in-field-unitl:
assumes ((<p;) = (<p7)) r1
and ((<p;) < (Sgy)) 1 11
and inflationary-on (in-field (<r 1)) (<) m
and inflationary-on (in-codom (<p;)) (<Rry) €1
and reflexive-on (in-field (<p;)) (<g1)
and inflationary-on (in-field (<19)) (<19) 12
and reflexive-on (in-field (<19)) (<r.9)
and (in-dom (<y) = in-dom (<pg)) U1
and (in-codom (<) = in-codom (<pg)) l1
and in-codom ((<15) 00 (<) 00 (<1)) < in-codom (<))
shows inflationary-on (in-field (<r)) (<r)n
(proof)

Deflationary

lemma deflationary-on-in-dom-unitl:
assumes ((<p;) = (Sgy)) U ((Sry) = (Sp1)) 71
and refl-L1: reflexive-on (in-dom (<r;)) (<r4)
and in-dom-R1-le-in-codom-R1: in-dom (<py) < in-codom (<py)
and deflationary-L2: deflationary-on (in-dom (<19)) (<r2) n2
and refl-L2: reflexive-on (in-dom (<p,9)) (<[.2)
and mono-in-dom-i1: (in-dom (<) = in-dom (<pg)) U1
and in-dom-rel-comp-le: in-dom ((<9) oo (<py) oo (<19)) < in-dom ((<py))
shows deflationary-on (in-dom (<)) (<) n
(proof)

lemma deflationary-on-in-codom-unitl:
assumes ((<r,1) = (Sgy)) U ((Sgry) = (Spyp)) 1
and refl-L1: reflexive-on (in-codom (<1;)) (<r71)
and in-dom-R1-le-in-codom-R1: in-dom (<p;) < in-codom (<py)
and deflationary-L2: deflationary-on (in-codom (<19)) (<12) N2
and refl-L2: reflexive-on (in-codom (<)) (<1,2)
and mono-in-codom-11: (in-codom (<) = in-codom (<pg)) l1
and in-dom-rel-comp-le: in-dom ((<p,9) oo (<p;) 0o (<r9)) < in-dom ((<pg;))
shows deflationary-on (in-codom (<1)) (<1) n
(proof)

corollary deflationary-on-in-field-unitl:
assumes ((<p;) = (Spy)) U (Sr1) = (L)) 71
and reflexive-on (in-field (<r;)) (<r14)
and in-dom (<p;) < in-codom (<py)
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and deflationary-on (in-field (<r9)) (<12) 12

and reflezive-on (in-field (<19)) (<r9)

and (in-dom (<j) = in-dom (<pp)) U1

and (in-codom (<p) = in-codom (<p9)) U1

and in-dom ((<pg) oo (<py) oo (<)) < in-dom ((<Ryp))

shows deflationary-on (in-field (<r)) (<1) n
(proof)

Relational Equivalence

corollary rel-equivalence-on-in-field-unitl:
assumes ((<p;) = (Spy)) U ((Sp1) = (Sp1)) 71
and ((<p7) n< (SRy)) U 11
and inflationary-on (in-field (<r1)) (Sn1) M
and inflationary-on (in-codom (<p;)) (<gry) €1
and reflexive-on (in-field (<r;)) (<r14)
and reflezive-on (in-field (<py)) (Sgy1)
and rel-equivalence-on (in-field (<r0)) (<r9) 12
and reflexive-on (in-field (<r)) (<1,2)
and (in-dom (<p) = in-dom (<pg)) U1
and (in-codom (<) = in-codom (<pg)) l1
and in-dom ((<p9) oo (<py) o0 (<)) < in-dom ((<py))
and in-codom ((SLQ) oo (SRJ) fele) (SL,Q)) < in-codom ((SRI))
shows rel-equivalence-on (in-field (<p)) (<1) n
{proof)

Counit

Corresponding lemmas for the counit can be obtained by flipping the inter-
pretation of the locale, i.e. interpretation flip : transport-comp R2 L2 r2 12
R1 L1111 rewrites flip.t2.unit = €1 and flip.t2.counit = ny and flip.t1.unit
= g9 and flip.t1.counit = no and flip.unit = € and flip.counit = n unfolding
transport-comp.transport-defs by (auto simp: order-functors. flip-counit-eq-unit)

end

Order Equivalence

interpretation flip : transport-comp R2 L2 r2 12 R1 L1 r1 1
rewrites flip.t2.unit = €1 and flip.t2.counit = my
and flip.t1.unit = e and flip.t1.counit = ns
and flip.counit = n and flip.unit = €
(proof)

lemma order-equivalencel:
assumes ((<r;) = (Sgq)) 11 (Sry) = (Spg) 71
and (<) < (Sgy)) 1 11
and inflationary-on (in-field (<r1)) (<r7) m
and rel-equiv-counitl: rel-equivalence-on (in-field (<pry)) (<gy) €1
and reflezive-on (in-field (<r)) (<r14)
and reflexive-on (in-field (<p7)) (<g1)
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and ((Sgg) = (<12) 72 ((Sp2) = (Sgo)) 12
and ((Sgg) nd (<pp)) r2 12
and rel-equiv-unit2: rel-equivalence-on (in-field (<r,9)) (<1,2) N2
and inflationary-on (in-field (<go)) (<Ro) €2
and reflexive-on (in-field (<r9)) (<1,2)
and reflexive-on (in-field (<pg)) (<Ra)
and middle-compatible: middle-compatible-codom
shows (<) =, (<g)) I 7
(proof)

corollary order-equivalence-if-order-equivalencel
assumes ((<p ;) =, (<py)) U r1
and reflexive-on (in-field (<r1)) (<r14)
and transitive (<py)
and (<) =o (<p2)) 2 12
and transitive (<j )
and reflexive-on (in-field (<ps)) (<Ra)
and middle-compatible-codom
shows (<) =, (<)) I
(proof )

corollary order-equivalence-if-galois-equivalencel :
assumes ((<r ;) =q¢ (Kpy)) U 1
and reflezive-on (in-field (<r;)) (<r14)
and reflexive-on (in-field (<p7)) (<Rg1)
and ((SLQ) =qa (SR,?)) 2 r2
and reflexive-on (in-field (<19)) (<r.9)
and reflezive-on (in-field (<ps)) (SRa)
and middle-compatible-codom
shows ((<1) =, (<p)) Ir
(proof )

end

end

theory Transport-Compositions-Generic
imports
Transport-Compositions-Generic- Galois- Equivalence
Transport-Compositions- Generic-Galois- Relator
Transport-Compositions-Generic-Order-Base
Transport-Compositions- Generic-Order- Equivalence
begin

Summary of Main Results

Closure of Order and Galois Concepts context transport-comp
begin
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interpretation flip : transport-comp R2 L2 r212 R1 L1 r1 11 {proof)

lemma preorder-galois-connection-if-galois-equivalencel:
assumes ((<7) =¢ (<py)) U r1
and reflexive-on (in-field (<r1)) (<r1)
and preorder-on (in-field (<p;)) (<gy1)
and ((<p9) =c¢ (Spe)) 1272
and preorder-on (in-field (<r)) (<1,2)
and reflexive-on (in-field (<)) (<R2)
and middle-compatible-codom
shows ((<7) "pre (SR)) I 7
(proof)

theorem preorder-galois-connection-if-preorder-equivalencel :
assumes ((<77) =pre (<py)) 11 11
and ((<p,9) =pre (o)) 1272
and middle-compatible-codom
shows ((<p) dpre (Sg)) I
(proof)

lemma preorder-equivalence-if-galois-equivalencel:
assumes ((<r ;) =q¢ (Kpy)) U 1
and reflezive-on (in-field (<r;)) (<r14)
and preorder-on (in-field (<py1)) (<g1)
and ((SLQ) =qa (SR,?)) 2 r2
and preorder-on (in-field (<r,9)) (<[9)
and reflezive-on (in-field (<ps)) (SRa)
and middle-compatible-codom
shows ((<1) =pre (<)) I T
(proof)

theorem preorder-equivalencel:
assumes ((<r,7) =pre (<py)) 1 11
and ((<p9) =pre (Spgp)) 1272
and middle-compatible-codom
shows ((<1) =pre (SRg)) I T
(proof)

theorem partial-equivalence-rel-equivalencel:

assumes ((<7;) =ppp (<py) U 1

and ((<7) =ppr (Spe)) 1212
and middle-compatible-codom

shows ((<) =pggr (SR)) I T
(proof)

Simplification of Galois relator theorem lefi- Galois-eq-comp-lefi-Galoisl:

assumes ((<7;) =pre (<py)) U 11
and ((<pg) dpre (Sp2)) 1212
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and middle-compatible-codom
shows (15) = ((112) °° (12%))
{proof )
For theorems with weaker assumptions, see [((<g;) = (<p;)) r1; t1.galois-prop
1 r1; flip.t2.half-galois-prop-right; preorder-on (in-field (<g;)) (<gr1); (L12)
= (<Ro)) 12; flip.t1.half-galois-prop-left; reflexive-on (in-dom (<r9)) (<r9);
(Sr1) o0 (Spg) o0 (Sg1) < (Sgi) o0 (Spg); in-codom ((Spg) o0 (Sg1)
oo (<r9)) < in-codom (<pg;)] = flip.right-Galois = flip.t2.right-Galois oo
flip.t1.right-Galois
[t1.galois-equivalence; preorder-on (in-field (<g;)) (Sgry1); flip.t1.galois-connection;
reflexive-on (in-field (<p2)) (Sp2); in-codom ((Spgy) o0 (Spg) o0 (Sgy)) <
in-codom (<ps); (Spg) o0 (SRy) o0 (<p2) < (Spgyp) oo (<pg); in-codom
((Spg) oo (Sgy) oo (Spg)) < in-codom (<py)] = flip.right-Galois =
flip.t2.right-Galois oo flip.t1.right-Galois.

Simplification of Compatibility Assumption See Transport. Transport-Compositions-Gener

end

end

2.12 Transport For Compositions

theory Transport-Compositions
imports
Transport-Compositions-Agree
Transport-Compositions-Generic
begin

Summary We provide two ways to compose transportable components:
a slightly intricate, generic one in transport-comp and another straightfor-
ward but less general one in transport-comp-agree. As a special case from
the latter, we obtain transport-comp-same, which includes the cases most
prominently covered in the literature.

Refer to [2] for more details.

end

2.13 Reflexive Relator

theory Refilexive-Relator
imports
Galois-Equivalences
Galois-Relator
begin
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definition Refl-Rel Rry=Rzx ANRyyANRzxy

open-bundle Refi-Rel-syntax
begin

notation Refl-Rel («(-®)» [1000])
end

lemma Refl-Rell [intro]:
assumes R z z
and R y y
and Rz y
shows R® z y

{proof)

lemma Refl-Rel-selfI [intro]:
assumes R z ©
shows R® z z

{proof)

lemma Refl-RelE [elim):
assumes R® 1y
obtains RzzRyyRzxy

{proof)

lemma Refl-Rel-reflexive-on-in-field [iff]:
reflexive-on (in-field R®) R®
(proof )

lemma Refl-Rel-le-self [iff]: R® < R {proof)

lemma Refl-Rel-eq-self-if-reflexive-on [simp]:
assumes reflexive-on (in-field R) R
shows R® = R
(proof )

lemma reflexive-on-in-field-if- Refl- Rel-eq-self
assumes RY = R
shows reflezive-on (in-field R) R
(proof)

corollary Refi-Rel-eq-self-iff-reflexive-on:
R® = R «— reflexive-on (in-field R) R
(proof)

lemma Refl-Rel-Refl-Rel-eq [simp]: (R®)® = R®
{proof)

lemma rel-inv-Refl-Rel-eq [simp]: (R®)™! = (R71)®
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{proof)

lemma Refl-Rel-transitive-onl [intro]:
assumes transitive-on (P :: 'a = bool) (R :: 'a = -)
shows transitive-on P R®

{proof)

corollary Refl-Rel-transitivel [intro]:
assumes transitive R
shows transitive R®

(proof)

corollary Refi-Rel-preorder-onl:
assumes transitive-on P R
and P < in-field R®
shows preorder-on P R®
(proof)

corollary Refl-Rel-preorder-on-in-fieldl [introl:
assumes transitive R
shows preorder-on (in-field R®) R®
(proof )

lemma Refl-Rel-symmetric-onl [intro]:
assumes symmetric-on (P :: 'a = bool) (R :: 'a = -)
shows symmetric-on P R®

{proof)

lemma Refl-Rel-symmetricl [intro]:
assumes symmetric R
shows symmetric R®

(proof)

lemma Refi-Rel-partial-equivalence-rel-onl [intro]:

assumes partial-equivalence-rel-on (P :: 'a = bool) (R ::

shows partial-equivalence-rel-on P R®
(proof )

lemma Refi-Rel-partial-equivalence-rell [introl:
assumes partial-equivalence-rel R
shows partial-equivalence-rel R®

(proof )

lemma Refl-Rel-app-leftl:
assumes R (fz) y
and in-field S® x
and in-field R® y
and (S= R) f
shows R?® (fz) y
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(proof)

corollary Refi-Rel-app-rightl:
assumes R z (fy)
and in-field S® y
and in-field R® z
and (S = R) f
shows R?® z (fy)

(proof)

lemma mono-wrt-rel-Refl- Rel-Refl- Rel-if-mono-wrt-rel [intro:
assumes (R = 9) f
shows (R® = §9) f
(proof )

context galois
begin

interpretation gR : galois (<)% (<g)® I r (proof)

lemma Galois-Refl-Rell:
assumes ((<p) = (<)) r
and in-field (<)% z
and in-field (<p)?® y
and in-codom (<p) y =z [T Y
shows (galois-rel. Galois ((<)®) (Sp)®) r) zy
(proof )

lemma half-galois-prop-left- Refl- Rel-left-rightl:
assumes ((<y) = (<p)) !
and ((<7) nd (Zp)) Ir
shows ((<1)® »< (<g)¥) Ir

{proof)

interpretation flip-inv : galois (>g) (>) 7
rewrites ((>p) = (=1)) = (Sg) = (<))
and AR. (R~1)® = (R®)~!
and AR S fg. (R 4,95 )fg=(S < R)gf
(proof)

lemma half-galois-prop-right- Refl- Rel-right-leftl:
assumes ((<p) = (<)) r
and ((<p) <1 (<g)) L7
shows ((<7)® i (SR)¥) Ir
(proof)

corollary galois-prop-Refl- Rel-left-rightI:

assumes ((<7) 4 (<p)) I r
shows (<)% < (<)) L7
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{proof)

lemma galois-connection-Refl-Rel-left-rightI:
assumes ((<7) 4 (<p)) Ir
shows (<)% - (<p)°) I 7
(proof)

lemma galois-equivalence-Refi-Rell:
assumes ((<1) =¢ (<p)) Ir
shows ((<1)® =¢ (Sp)¥) Ir

(proof)

end

context order-functors
begin

lemma inflationary-on-in-field-Refi- Rel-left:
assumes ((<y) = (<p)) !
and ((<p) = (<)) r
and inflationary-on (in-dom (<)) (<1) n
shows inflationary-on (in-field (<7)®) (<)% n
(proof)

lemma inflationary-on-in-field-Refl- Rel-left:
assumes ((<) = (<p)) !
and ((<p) = (<)) r
and inflationary-on (in-codom (<)) (<) n
shows inflationary-on (in-field (<7)®) (<)% n
(proof )

~—~

interpretation inv : galois (>1) (>g) I
rewrites ((>7) = (2p)) = ((<1) = (<p))
and ((>p) = (>7)) = (<1)
and A\R. (R71)® = (R®
and AR. in-dom R~! = in-codom R
and AR. in-codom R~ = in-dom R
and AR. in-field R~ = in-field R
and A(P :: ‘¢ = bool) (R :: 'd = "¢ = bool).

(inflationary-on P R=' 2 (c = 'd) = bool) = deflationary-on P R
{proof)

lemma deflationary-on-in-field-Refi- Rel-leftl:
assumes ((<7) = (<p)) !
and ((<p) = (<)) r
and deflationary-on (in-dom (<)) (<) n
shows deflationary-on (in-field (<7)®) (<)% n
(proof )
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lemma deflationary-on-in-field-Refl-Rell-left’:
assumes ((<y) = (<p)) !
and ((<p) = (<)) r
and deflationary-on (in-codom (<r)) (<1) n
shows deflationary-on (in-field (<7,)®) (<)% n
(proof)

lemma rel-equivalence-on-in-field-Refl- Rel-leftI:
assumes ((<7) = (<p)) !
and ((<p) = (<)) r
and rel-equivalence-on (in-dom (<p)) (<1) n
shows rel-equivalence-on (in-field (<7)®) (<)% n
(proof)

lemma rel-equivalence-on-in-field- Refl-Rel-left] ":
assumes ((<7) = (<p)) !
and ((<p) = (<)) r
and rel-equivalence-on (in-codom (<1)) (<1) n
shows rel-equivalence-on (in-field (<7)®) (<)% n
(proof)

interpretation oR : order-functors (<)% (<gr)® L r (proof)

lemma order-equivalence-Refil-Rell:
assumes ((<) =, (<p)) I r
shows (<) =, (<p)°) Lr

(proof)

end

end

2.14 Monotone Function Relator

theory Monotone-Function-Relator
imports
Reflexive-Relator
begin

abbreviation Mono-Dep-Fun-Rel (R :: 'a = 'a = bool) (S :: 'a = 'a= b= "b
= bool) =

(zy=R)= Szy)®
abbreviation Mono-Fun-Rel R S = Mono-Dep-Fun-Rel R (A- -. S)

open-bundle Mono-Dep-Fun-Rel-syntax
begin

notation Mono-Fun-Rel (infixr =@ 40)
syntax
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-Mono-Dep-Fun-Rel-rel :: idt = idt = (‘a = 'b = bool) = ('c = 'd = bool) =
(a=c) = (b = ‘d) = bool (<(-] f =/ ) =& () [41, 41, 41, 40] 40)
-Mono-Dep-Fun-Rel-rel-if :: idt = idt = ('a = 'b = bool) = bool = ('c = 'd
= bool) =
(0 = '¢) = (b= 'd) = bool (U -/ 5/ -/ 1] ) =& (D U1, 41, 41, 41,
40] 40)
end
syntax-consts
-Mono-Dep-Fun-Rel-rel -Mono-Dep-Fun-Rel-rel-if = Mono-Dep-Fun-Rel
translations
(zy: R)=®d S = CONST Mono-Dep-Fun-Rel R (\zx y. S)
(ry:: R|B)=® S = CONST Mono-Dep-Fun-Rel R (Ax y. CONST rel-if B S)

locale Dep-Fun-Rel-orders =

fixes L :: ‘a = 'b = bool

and R:: 'a = b= 'c = 'd = bool
begin

sublocale o : orders L R a b for a b (proof)

notation L (infix «<j) 50)
notation o.ge-left (infix <>1) 50)

notation R («(<p ) (_))> 50)
abbreviation right-infit ca bd = (<p ,3) cd
notation right-infix («(-) <p () () (-p [61,51,51,51] 50)

notation o.ge-right («(>p ) (_))> 50)

abbreviation (input) ge-right-infit d a b ¢ = (> 4 p) d ¢
notation ge-right-infix («(-) >p ) () (- [51,51,51,51] 50)

abbreviation (input) DFR = ((a b:: L) = R a b)
end

locale hom-Dep-Fun-Rel-orders = Dep-Fun-Rel-orders L R
for L :: 'a = 'a = bool
and R :: 'a = 'a = 'b = 'b = bool

begin

sublocale ho : hom-orders L R a b for a b (proof)

lemma Mono-Dep-Fun-Refl-Rel-right-eq-Mono-Dep- Fun-if-le-if-reflexive-onl :
assumes refl-L: reflexive-on (in-field (<r)) (<r)
and Azl 22. 21 <j, 22 = (<R 42 42) < (SR 21 22)
and Azl a2. xl <y, 12 = (SR 41 51) < (SR 21 2)
shows ((zy = (<L) 26 (SR 4 y)%) = (zy : (L) 2D (SR y))
(proof)
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lemma Mono-Dep-Fun-Refi-Rel-right-eq-Mono-Dep- Fun-if-mono-if-reflexive-onl :
assumes reflezive-on (in-field (<r)) (<r)
and ((z1 22 = (>7)) = (@324 = (<) |21 <, 23)= (<)) R
shows ((zy = (<L) 26 (SR 4 y)%) = (zy : (L) 2@ (SR y))
(proof )

end

context hom-orders
begin

sublocale fro : hom-Dep-Fun-Rel-orders L A- -. R (proof)

corollary Mono-Fun-Rel-Refl-Rel-right-eq-Mono-Fun-Rell :
assumes reflezive-on (in-field (<r)) (<)
shows ((<1) 2 (<g)?) = (L) 2® (SR))
(proof)

end

end

2.15 Transport For Functions

2.15.1 Basic Setup

theory Transport-Functions-Base
imports
Monotone-Function-Relator
Transport-Base
begin

Summary Basic setup for closure proofs. We introduce locales for the
syntax, the dependent relator, the non-dependent relator, the monotone
dependent relator, and the monotone non-dependent relator.

definition flip2 f z1 22 28 x4 = f 22 x1 x4 23

lemma flip2-eq: flip2 f x1 22 23 x4 = fx2 x1 x4 ©3
(proof)

lemma flip2-eqg-rel-inv [simp]: flip2 R vy = (R y 2)~*
(proof)

lemma flip2-flip2-eq-self [simp]: flip2 (flip2 f) = f
(proof)
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lemma flip2-eq-flip2-iff-eq [iff]: flip2 f = flip2 g+— f =g
(proof )

Dependent Function Relator locale transport-Dep-Fun-Rel-syntax =
t1 : transport L1 R1 11 r1 +
dfrol : hom-Dep-Fun-Rel-orders L1 L2 +
dfro2 : hom-Dep-Fun-Rel-orders R1 R2
for L1 :: 'al = 'al = bool
and RI :: ‘a2 = 'a2 = bool
and 1 :: 'al = 'a2
and r! :: a2 = 'al
and L2 :: 'al = 'al = 'b1 = 'b1 = bool
and R2 :: 'a2 = a2 = 'b2 = 'b2 = bool
and 12 :: 'a2 = 'al = b1 = b2
and 72 :: 'al = 'a2 = b2 = bl

begin

notation L1 (infix <<y, 50)
notation R1 (infix «<<p,» 50)

notation t¢1.ge-left (infix <>y ;> 50)
notation t1.ge-right (infix <>p» 50)

notation ¢1.left-Galois (infix < ;<> 50)
notation t1.ge-Galois-left (infix <1 > 50)
notation t1.right-Galois (infix «p ;<> 50)
notation t1.ge-Galois-right (infix T 50)
notation t1.right-ge-Galois (infix <p ;2> 50)
notation ¢1.Galois-right (infix <S> 50)
notation t¢1.left-ge-Galois (infix < ;2> 50)
notation t1.Galois-left (infix << > 50)

notation ¢1.unit (<n1»)
notation ¢1.counit (<e1»)

notation L2 («(<» ) (_))> 50)
notation R2 («(<py ) (_))> 50)

notation dfrol.right-infix («(-) <9 ) () (-)» [61,51,51,51] 50)

notation dfro2.right-infiz («(-) <ps ) () (- [51,51,51,51] 50)

notation dfrol.o.ge-right (((>14 ) (_))> 50)
) 90)

notation dfro2.o0.ge-right («(>ps )

notation dfrol.ge-right-infiz («(-) >4 () () (-)» [51,51,51,51] 50)
notation dfro2.ge-right-infiz («(-) > ps () () (- [51,51,51,51] 50)

notation [2 (<12(_) (_)>)
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notation 72 (<r2(_) (_)>)

sublocale t2 : transport (<, , (r1 z/)) (ko (i1 z) g 12y, 12, 0 for z '

T

(proof)

notation t2.left-Galois ((f,9 ) ( )§)> 50)

notation t2.right-Galois (<(ps ) (_)§)> 50)

abbreviation left2-Galois-infir y z 2" y' = (1,9 . /<) Y Y’
notation left2-Galois-infix («(-) L2 ) (- )é (-p [51,51,51,51] 50)
!/

abbreviation right2-Galois-infiz y' z x’' y = (RQ S S vy
notation right2-Galois-infiz («(-) gy (- ) (- )é (-)» [61,51,51,51] 50)

notation t2.ge-Galois-left («(Z], (
notation t2.ge-Galois-right ((Z o ) (_))> 50)

abbreviation (input) ge-Galois-left- left.? infiry' va'y = (Zrppqe) ¥ Y
notation ge-Galois-left-left2-infiz («(-) Z 1,9 ) () (- [51 51 51 51] 50)
abbreviation (input) ge-Galois-left- mght? infiryra'y' = (Zpopa) VY

Y
notation ge-Galois-left-right2-infiz («(-) Z o () () (-» [51, 51 51 51] 50)

notation t2.right-ge-Galois («( gy O (- Z) 50)
) o

0)

abbreviation left2-ge-Galois-left-infiv y v 2" y' = (15, ,/R) VY’
notation left2-ge-Galois-left-infix («(-) [ ( ) (- ),z (- [51,51,51,51] 50)
abbreviation right2-ge-Galois-left-infir y' v 2" y = (o , ,/2) V' Y
notation right2-ge-Galois-left-infiz («(-) g 2 (9) (- )g (- [51,51,51,51] 50)

)
notation t2.left-ge-Galois (<19 ) (- %

notation t2.Galois-right (<(Sps ) () 50)

notation t2.Galois-left («(Sp9 ) (_))> 50)

abbreviation (input) Galois- left? infiry' v’y = (Spope) ¥

notation Galois-left2-infiz («(-) Zro ) () (- [51 51,51,51] 50
abbreviation (input) Galois- rzght? infiryzr' y' = (Spope) VY
notation Galois-right2-infiz (<(-) Spo () () (-0 [51 51, 51 51] 50)

y
)

abbreviation t2-unit x z' = t2.unit z’ x
notation t2-unit (1, ) (- )>)
abbreviation t2-counit x ' = t2.counit '
notation t2-counit (<, ) (- )>)

end
locale transport-Dep-Fun-Rel =

transport-Dep-Fun-Rel-syntax L1 R1 11 r1 L2 R2 12 r2
for L1 :: 'al = 'al = bool
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and RI :: ‘a2 = 'a2 = bool
and I :: 'al = 'a2
and 7! :: ‘a2 = 'al
and L2 :: 'al = 'al = 'b1 = 'b1 = bool
and R2 :: 'a2 = a2 = 'b2 = 'b2 = bool
and 12 :: 'a2 = 'al = b1 = 'b2
and r2 :: ‘al = a2 = b2 = bl
begin

definition L = (.’L’] T2 (SL])) = (SLQ xl xg)

lemma left-rel-eq-Dep-Fun-Rel: L = ((z1 22 :: (<11)) = (<12 21 22)
{proof)

definition | = ((z': r1) ~ 12 2')

lemma left-eg-dep-fun-map: 1 = ((z': r1) ~ 12 z')
{proof)

lemma left-eq [simp]: | fz' =12, (r1 z) (f (r1 z")
(proof)

context
begin

interpretation flip : transport-Dep-Fun-Rel R1 L1 r1 11 R2 L2 r2 12 (proof)

abbreviation R = flip.L
abbreviation r = flip.[

lemma right-rel-eq-Dep-Fun-Rel: R = ((z1' 22" :: (SR1)) = (Spo 41/ 227)
(proof )

lemma right-eq-dep-fun-map: r = ((x : l1) ~ r2 z)
{proof)

end

lemma right-eq [simp]: r g x = 2, (1 2) (g (I1 x))
(proof)

lemmas transport-defs = left-rel-eq-Dep-Fun-Rel left-eq-dep-fun-map
right-rel-eq-Dep-Fun-Rel right-eq-dep-fun-map

sublocale transport L R [ r {proof)

notation L (infix «<;) 50)
notation R (infix «<p» 50)
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lemma left-rell [intro]:
assumes Azl 22. 21 <p; 22 = fal <[9 4140 [f 22
shows f <j f’
(proof )

lemma left-relE [elim]:
assumes [ <j f’
and z! <j; z2
obtains fﬂ?] SLQ z1 12 f/ 2

(proof)

interpretation flip-inv :
transport-Dep-Fun-Rel (>py) (>1,1) r1 U1 flip2 R2 flip2 L2 r2 12 (proof)

lemma flip-inv-right-eg-ge-left: flip-inv.R = (>1)
(proof )

interpretation flip : transport-Dep-Fun-Rel R1 L1 r1 11 R2 L2 r2 12 (proof)

lemma flip-inv-left-eq-ge-right: flip-inv.L = (>R)
(proof)

Useful Rewritings for Dependent Relation lemma left-rel2-unit-eqs-left-rel2I:
assumes \zl 22. 21 <p; 22 = (<1240 12) < (SL2 41 22)
and /\iL' z <L] T = (<L2 (771 Qj) 1‘) (<L2 .T{L‘)
and Azl 22. 21 <p; 22 = (<19 41 21) < (L2 21 2)
and /\IL’ xéle:(gLQx 7}11') (<L2$1‘)
and z <;; z
andz=;;m ¢
shows (SLQ (171 ,7:) x) = (SLQ x .’B)
and (<, , (

(proof)

M x)) = (S1224)

lemma left2-eq-if-bi-related-if-monol:

assumes mono-L2: ((z1 22 == (>1) = (2824 = (Spy) | 21 <pq 23) = (X))
L2

and z! <j; z2

and z1 =7 28

and 22 =y 4

and trans-L1: transitive (< ;)

shows (<19 41 22) = (12 23 24)
(proof )

end

Function Relator locale transport-Fun-Rel-syntax =
tdfrs : transport-Dep-Fun-Rel-syntax L1 R1 11 r1 A- -. L2 \- -. R2
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A- - 12 N--. 12
for L1 :: 'al = 'al = bool
and RI :: 'a2 = 'a2 = bool
and I :: 'al = 'a2
and r! :: ‘a2 = 'al
and L2 :: 'b1 = 'b1 = bool
and R2 :: 'b2 = b2 = bool
and 12 :: 'b1 = b2
and 72 :: b2 = b1
begin

notation L1 (infix «<j > 50)
notation R1 (infix «<<p,» 50)

notation tdfrs.t1.ge-left (infix <> > 50)
notation tdfrs.t1.ge-right (infix <>p;» 50)

notation tdfrs.t1.left-Galois (infix <, ;<> 50)
notation tdfrs.t1.ge-Galois-left (infix <1 > 50)
notation tdfrs.t1.right-Galois (infix «(p ;<> 50)
notation tdfrs.t1.ge-Galois-right (infix T 50)
notation tdfrs.t1.right-ge-Galois (infix <p;Z> 50)
notation tdfrs.t1.Galois-right (infix < 50)
notation tdfrs.t1.left-ge-Galois (infix < ;2> 50)
notation tdfrs.t1.Galois-left (infix <<y 50)

notation tdfrs.t1.unit (1)
notation tdfrs.t1.counit (ce1)

notation L2 (infix << 4 50)
notation R2 (infix «<<py 50)

notation tdfrs.t2.ge-left (infix <>y 9> 50)
notation tdfrs.t2.ge-right (infix <>py> 50)

notation tdfrs.t2.left-Galois (infix <5< 50)
notation tdfrs.t2.ge-Galois-left (infix «<Z 19> 50)
notation tdfrs.t2.right-Galois (infix (ps<> 50)
notation tdfrs.t2.ge-Galois-right (infix <Z gy 50)
notation tdfrs.t2.right-ge-Galois (infix (o> 50)
notation tdfrs.t2.Galois-right (infix (Lo 50)
notation tdfrs.t2.left-ge-Galois (infix ;92> 50)
notation tdfrs.t2.Galois-left (infix <S> 50)

notation t¢dfrs.t2.unit («n2>)
notation tdfrs.t2.counit (<e2)

end
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locale transport-Fun-Rel =
transport-Fun-Rel-syntax L1 R1 11 r1 L2 R2 12 r2 +
tdfr : transport-Dep-Fun-Rel L1 R1 11 r1 A- -. L2 X- -. R2
A== 12 N- - 12
for L1 :: 'al = 'al = bool
and RI :: 'a2 = 'a2 = bool
and /1 :: ‘al = a2
and 71 :: ‘a2 = 'al
and L2 :: 'b1 = b1 = bool
and R2 :: b2 = b2 = bool
and 12 :: 'bl = b2
and r2 :: b2 = bl
begin

notation tdfr.L («L»)
notation tdfr.R (<R»)

abbreviation | = tdfr.l
abbreviation r = tdfr.r

notation tdfr.L (infix «<j» 50)
notation tdfr.R (infix «<p» 50)

notation tdfr.ge-left (infix <>;» 50)
notation tdfr.ge-right (infix <>p» 50)

notation tdfr.left-Galois (infix ;< 50)
notation tdfr.ge-Galois-left (infix <Z > 50)
notation tdfr.right-Galois (infix <% 50)
notation tdfr.ge-Galois-right (infix «Z > 50)
notation tdfr.right-ge-Galois (infix <pZ» 50)
notation tdfr.Galois-right (infix <Jp> 50)
notation tdfr.left-ge-Galois (infix < 2> 50)
notation tdfr.Galois-left (infix <S> 50)

notation tdfr.unit (<n»)
notation tdfr.counit (<e»)

lemma left-rel-eq-Fun-Rel: (<1) = (L11) = (£19))
(proof )

lemma left-eq-fun-map: 1 = (r1 ~ 12)
(proof)

interpretation flip : transport-Fun-Rel R1 L1 r1 11 R2 L2 r2 12 (proof)
lemma right-rel-eq-Fun-Rel: (<p) = (1) = (LR2))
(proof)
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lemma right-eg-fun-map: v = (11 ~ r2)
(proof )

lemmas transport-defs = left-rel-eq- Fun-Rel right-rel-eq- Fun- Rel
left-eq-fun-map right-eq-fun-map

end

Monotone Dependent Function Relator locale transport-Mono-Dep-Fun-Rel

transport-Dep-Fun-Rel-syntax L1 R1 11 r1 L2 R2 12 r2
+ tdfr : transport-Dep-Fun-Rel L1 R1 11 r1 L2 R2 12 r2
for L1 :: 'al = 'al = bool
and R1 :: 'a2 = 'a2 = bool
and /7 :: ‘al = 'a2
and 7! :: ‘a2 = 'al
and L2 :: 'al = 'al = 'b1 = 'b1 = bool
and R2 :: a2 = a2 = b2 = 'b2 = bool
and 2 :: 'a2 = 'al = b1 = b2
and 72 :: 'al = a2 = b2 = b1
begin

definition L = tdfr.L®

lemma left-rel-eq-tdfr-left-Refl-Rel: L = tdfr.L®
(proof )

lemma left-rel-eq-Mono-Dep-Fun-Rel: L = ((z1 22 = (<r1)) 2@ (<12 21 22))
{proof)

lemma left-rel-eq-tdfr-left-rel-if-reflexive-on:

assumes reflexive-on (in-field tdfr.L) tdfr.L
shows L = tdfr.L

(proof)
abbreviation [ = tdfr.l
lemma left-eq-tdfr-left: | = tdfr.l {proof)
interpretation flip : transport-Mono-Dep-Fun-Rel R1 L1 1111 R2 L2 r2 12 (proof)
abbreviation R = flip.L

lemma right-rel-eq-tdfr-right-Refl-Rel: R = tdfr.R®
(proof)

lemma right-rel-eq-Mono-Dep-Fun-Rel: R = ((y1 y2 =: (Sgpy)) =@ (SRo y1 y2))
{proof)

253



lemma right-rel-eq-tdfr-right-rel-if-reflexive-on:
assumes reflexive-on (in-field tdfr.R) tdfr.R
shows R = tdfr.R

(proof)

abbreviation r = tdfr.r
lemma right-eq-tdfr-right: r = tdfr.r {proof)

lemmas transport-defs = left-rel-eq-tdfr-left- Refi- Rel
right-rel-eq-tdfr-right- Refi- Rel

sublocale transport L R [ r {proof)

notation L (infix «<;) 50)
notation R (infix «<p» 50)

end

Monotone Function Relator locale transport-Mono-Fun-Rel =
transport-Fun-Rel-syntax L1 R1 11 r1 L2 R2 12 r2 +
tfr . transport-Fun-Rel L1 R1 11 r1 L2 R2 12 r2 +
tpdfr : transport-Mono-Dep-Fun-Rel L1 R1 11 r1 A- -. L2 \- -. R2
A- - 02 N- -0 12
for L1 :: 'al = 'al = bool
and RI :: 'a2 = 'a2 = bool
and /1 :: ‘al = a2
and r1 :: ‘a2 = 'al
and L2 :: 'b1 = 'b1 = bool
and R2 :: 'b2 = b2 = bool
and 12 :: 'bl = b2
and r2 :: 'b2 = bl
begin

notation ¢pdfr.L (<L)
notation tpdfr.R (<R»)

abbreviation [ = tpdfr.l
abbreviation r = tpdfr.r

notation tpdfr.L (infix << 50)
notation tpdfr.R (infix «<<p» 50)

notation tpdfr.ge-left (infix <> 50)
notation tpdfr.ge-right (infix <>p> 50)
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notation tpdfr.left-Galois (infix <; 3> 50)
notation tpdfr.ge-Galois-left (infix «Z 1> 50)
notation tpdfr.right-Galois (infix «p<) 50)
notation tpdfr.ge-Galois-right (infix T p> 50)
notation tpdfr.right-ge-Galois (infix «pZ» 50)
notation {pdfr.Galois-right (infix << p» 50)
notation tpdfr.left-ge-Galois (infix ;2> 50)
notation tpdfr.Galois-left (infix <> 50)

notation ¢pdfr.unit («n>)
notation tpdfr.counit («e))

lemma left-rel-eq-Mono-Fun-Rel: (<1) = ((£11) 2@ (<19))
(proof )

lemma left-eq-fun-map: 1 = (r1 ~ 12)
(proof)

interpretation flip : transport-Mono-Fun-Rel R1 L1 r1 11 R2 L2 r2 12 (proof)

lemma right-rel-eq-Mono-Fun-Rel: (<) = ((gp1) =@ (Xpa))
{proof)

lemma right-eg-fun-map: v = (11 ~ r2)
(proof )

lemmas transport-defs = tpdfr.transport-defs

end

end

2.15.2 Monotonicity

theory Transport-Functions-Monotone
imports
Transport-Functions-Base
begin

Dependent Function Relator context transport-Dep-Fun-Rel
begin

interpretation flip : transport-Dep-Fun-Rel R1 L1 r1 11 R2 L2 r2 12 (proof)
lemma mono-wrt-rel-leftl:

assumes mono-rl: ((<py) = (<) 1
and mono-12: Nz1' 22’ z1' <p; 22’ =

((p2 (r1 z1") (r1 332/)) = (SRo (e1 x1") 227) (12590 (r1 x1 '))
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and R2-lel: \x1' 2" 1" <p; 12" = (<py (1 x1) 22" < (ZRo 41! 227
and R2-12-lel: N\z1' 22" y. 21’ <p; 22" = in-dom (<[, (r1 21’) (11 xQ’)) y
=
(SR2 1 227) (12400 (r1 z1") Y) < (SRo a1 22) Py (r1 z1") 0)
and ge-R2-12-le2: \x1' 12" y. 21’ <p; 12" = in-codom (<[, (r1 21" (r1 22 /))
y =
Croz1 a2 oo’ (r1 21 ¥) < (ZR2217 227) (Bgo (r1 227 ¥)
shows ((<1) = (<p)) |
{(proof)

lemma mono-wrt-rel-left-in-dom-mono-left-assm:
assumes (in-dom (<o (11 217 (r1 22) = (SR2 21’ 22) Por’ (r1 21)) oo’ (01 217)
and transitive (Spy .17 497)
and z1’' <p; 22’
and in-dom (<19 (r1 417 (r1 z2")) ¥
shows (Spo 417229 (Luo (r1 21 ¥) = (SR w17 227) Py (r1 217) Y)
(proof)

lemma mono-wrt-rel-left-in-codom-mono-left-assm:

assumes (in-codom (SLQ (r1 xz1") (r1 22 ')) = (SRQ z1’ xQ')) (lng' (r1 =1 '))
(1259 (r1 z2'))

and transitive (gRQ 21! 19 )

and z1’ <p; 22’

and in-codom (<, (r1 21") (r1 z,?’)) y

shows (Zpo 417 427 (Byor (r1 w1y ¥) = (2R w17 w27) (Pap’ (r1 227 )

(proof )

lemma mono-wrt-rel-left-if-transitivel :
assumes ((<p;) = (<1)) 1
and Az1’ 22’ 21’ <p; 22’ =
(L2 (r1 21 (r122")) = (SR2 (c) 217) 027) Bao (11 217))
and A\z1' 22" 21’ <p; 22" = (<py (1 x1%) 22 < (ZRo g1’ 207
and Az1’ 22’ 21’ <p; 22’ =
(in-dom (<19 (71 217) (r1 227) = (SR2 217 227) (P17 (r1 217)) Bag’ (71 217)
and Az1’ 22’ 21’ <p; 22’ =
(in-codom (1o (11 217 (r1 22) = (SR2 217 227) (P2 (r1 217)) (g’ (11 227)
and A\z1’ 22" 21’ <p; 12’ = transitive (Spy 177 107)
shows ((<) = (<pg)) !
(proof)

lemma mono-wrt-rel-left2-if-mono-wrt-rel-left2-if-left- GaloisI :
assumes ((<p;) = (<)) 1
and Az z’ 2 1S o' = (Spp, (r1 z’)) = (Spe (U1 z) o) 12y y)
shows Az1’ 22’ 21’ <p; 22’ =
(=12 (r1 21 (r122")) = (SR2 (c1 217) 027) Ba2 (r1 217))
(proof)
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interpretation flip-inv :

transport-Dep-Fun-Rel (>py) (>11) 1 11 flip2 R2 flip2 L2 r2 12

rewrites flip-inv.R = (>) and flip-inv.L = (>p)

and flip-inv.t1.counit = m

and ARzy. (flip2Rzy) '=Ryz

and AR z1 z2. in-dom (flip2 R x1 22) = in-codom (R z2 x1)

and AR z1 z2. in-codom (flip2 R z1 12) = in-dom (R z2 x1)

and ARS. (R"!=SH=(R=0E)

and Azl 22 x1' 22’ (flip2 R2 1’ 22’ = flip2 L2 z1 22) =
(Sp2 a2’ 217) = (1242 41))

and Azl 22 3 z4. flip2 L2 x1 22 < flip2 L2 23 ¢4 = (<19 40 z1) <

and Az1' z2' y1 y2.

(SL2 24 28)

flip-inv.dfro2.right-infix y1 x1’ 22’ < flip-inv.dfro2.right-infix y2 x1’ 22’ =

(212207 217) Y1 < (210407 217) V2

and A\(P :: 'f = bool) z1 22. (P = flip2 L2 21 22) = (P = (>[19 42 1))
and A\(P :: 'f = bool) (R :: 'g = 'g = bool). (P = R™')=(P= R)™!

and Azl z2. transitive (flip2 L2 x1 ©2) = transitive (<19 29 21)
{proof)

lemma mono-wrt-rel-rightl:
assumes ((<7;) = (<py)) U

and Azl 2. 21 <p; 22 = (SR2 (11 21) (11 22)) = (SL2 01 (1 22))) (P21 (11 42))

and Azl 22. 21 <p; 22 = (<19 44 (m xg)) < (L1221 22)

and Azl 22 y' 21 <p; 12 = in-codom (<py (1 z1) (i1 1,2)) y =

(Zr20122) (221 (11 22) ¥) < (ZL2 21 22) (202 (11 22) V)

)
and Azl 22y z1 <p; 22 = in-dom (<py (1 z1) (U1 x?)) y =
)

(Sr20122) (241 (11 22) ¥) < (S1201 02) (P01 (11 21) V)
shows ((<g) = (<)) r
(proof )

lemma mono-wrt-rel-right-if-transitivel :
assumes ((<p;) = (<p)) U

and Azl 2. 21 <p; 22 = (SR2 (11 21) (11 x?)) (Sr2a1 (i 22)) (201 (11 22))

and Azl 22. 21 <p; 22 = (<[ 4 (m xg)) (<12 21 z2)

and Azl z2. 21 <p; 22 = (in-codom (<py (11 21) (11 12)) = (<1221 22)

(1241 (11 3:2)) (242 (U1 2;2))

and /\1‘1 2. z1 SLZ 9 —> (in—dom (SRQ (ll II) (” x?)) = (SLQ zl 1,2))

(221 (11 21)) (221 (11 22))
and Azl z2. 1 < 22 = transitive (<19 11 42)
shows ((<p) = (<)) r
(proof)

lemma mono-wrt-rel-right2-if-mono-wrt-rel-right2-if-left- GaloisI:
assumes assmsl: ((<ry) = (Sgpy) U (Zr1) <n (Kgy)) U rl

and mono-r2: Az z'. z ;5 ' = ((Spy (i1 z) AT (r1 :z;’))) (r2, 1)
shows /\LCI z2. xl SLI 1l = ((SRQ (ll zl) (ll zg)) = (SLQ 1 (7]1 332)))
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(7221 (11 22))
(proof)

end

Function Relator context transport-Fun-Rel
begin

lemma mono-wrt-rel-leftl:
assumes ((<p;) = (<)) rl
and ((<z2) = (<pg)) 12
shows ((<1) = (<p)) !
(proof)

end

Monotone Dependent Function Relator context transport-Mono-Dep-Fun-Rel
begin

lemmas mono-wrt-rel-leftl = mono-wrt-rel- Refl- Rel- Refi- Rel-if-mono-wrt-rel
[of tdfr.L tdfr.R 1, folded transport-defs)

end

Monotone Function Relator context transport-Mono-Fun-Rel
begin

lemmas mono-wrt-rel-leftl = tpdfr.mono-wrt-rel-leftI| OF tfr.mono-wrt-rel-leftI]

end

end

2.15.3 Galois Property

theory Transport-Functions-Galois-Property
imports
Transport-Functions-Monotone
begin

Dependent Function Relator context transport-Dep-Fun-Rel
begin

context
begin

interpretation flip : transport-Dep-Fun-Rel R1 L1 r1 11 R2 L2 r2 12 (proof)
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lemma left-right-rel-if-left-rel-rightl’:

assumes mono-rl: ((<py) = (<)) 11

and half-galois-prop-leftl: ((<r;) v (SRy)) U 1

and refl-R1: reflexive-on (in-dom (<pq)) (<R1)

and half-galois-prop-left2: N\a'. 2’ <p; 2’ =
((SLQ (r1 z') (r1 x')) hs (SRQ (e1 z) 9:')) (12 z’ (r

and R2-lel: Nz’ 2" <p; v’ = (<py (e1 &) 2

and R2-le2: N\z1' 22" 21" <p; 22" = (Spo 41/ 21) < (SR2 21’ 227

!/

and ge-L2-r2-le2: Nz’ y'. 2’ <p; 2’ = in-codom (<p, (€1 ) )Y =

(Z12 (r1 z') (r1 x')) (TQ(TI z') (e1 z') y) < (Zps (r1 z') (r1 m')) (r'g(rl z') =’
y')
and trans-R2: N\z1' 22’ x1' <p; 12" = transitive (<py .17 207)
and g <p g
and f <y rg
shows [ f <p g
(proof)

lemma left-right-rel-if-left-rel-right-ge-left2-assml:
assumes mono-rl: ((<py) = (<)) 11

and ((<g7) n< (SRy) U 71

and ((in-codom (SRQ (1 ) x’)) = (SLQ (r1 2" (r x’)>)

(r'g(rl z') (21 x')) (r'g(rl z') z")

and Azl 22. z1 <p; 22 = transitive (<19 41 42)

and z' <p; z’

and in-codom (<py (e1 &) )Y
shows (>, (r1 z') (r1 1:’)) (7”2(” z') (e1 =) ¥) < (> (r1 z') (r1 x')) (r'g(rl z') z’
y')

(proof )

/

interpretation flip-inv :

transport-Dep-Fun-Rel (>py) (>11) 1 11 flip2 R2 flip2 L2 r2 12

rewrites flip-inv.L = (>p) and flip-inv.R = (>)

and flip-inv.t1.counit = m

and ARzy. (flip2Rzy) '=Ryz

and AR. in-dom R™! = in-codom R

and AR z1 z2. in-codom (flip2 R z1 12) = in-dom (R z2 x1)

and ARS. (R"!=SH=(R=0E)

and AR Sz 22 x1’ 22'. (flip2 R x1 22 p < flip2 S x1’ 22') = (S x2' 21’ <, R
12 x1)~?

and AR S. (R71 r] Sil) =(5 4, R)71

and Azl 22 23 x4. flip2 L2 x1 22 < flip2 L2 23 x4 = (<19 29 21) < (L2 4 23)

and A\(R :: 'z = 'z = bool) (P :: 'z = bool). reflexive-on P R~1 =
PR

and AR ! z2. transitive (flip2 R x1 22 :: 'z = 'z = bool) = transitive (R x2
xl)

and Az z. ((in-dom (<pg ./ (m z/))) = flip2 R2 (11 2') (I 2'))

= ((in-dom (<19 o (3, o)) 2 (SR2 (11 2" (11 2)))

reflexive-on
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{proof)

lemma left-rel-right-if-left-right-rell:
assumes ((<;,1) = (<py) I
and ((<z) Sn (SRy) U 71
and reflexive-on (in-codom (<r,7)) (<ry)
and A\z. 2 <p; 0= ((SL2 4 (g 2)) T (SR2 (11 2) (11 ) P11 2) ) (24 (11 2)
and Azl 22. 1 <p; 22 = (<19 29 29)
and/\my m<L1x:>md0m(<L2z( ))y:>

(SRe (l1 z) (U1 x)) (l?(” z) (mz) Y y) < (SRe (11 z) (U1 9:)) (lg(ll z) x y)
and Azl z2. 1 <p; 22 = transitive (<[ 47 :c,?)
and f <p f
and I f <pyg
shows f <j rg
(proof)

IN

m
(

lemma left-rel-right-if-left-right-rel-le-right2-assml
assumes ((<17) = (<pry)) U
and ((<g;) <n (Spy) "' r1 1
and ((in-dom (<p5 4 (4, 2)) = (SR2 (11 2) (11 2)) P12y 2) Bt o) (i o)
and A\z1’ 22" 21’ <p; 12’ = transitive (Spy 177 1207)
and z <;; z
and in-dom (<p, , (m :r)) Yy

shows (Sgro (11 2) (11 2) (P11 2) (m o) ¥) = (SR2 (11 2) (11 2) (P11 2) 2 9)
(proof )

end

lemma left-rel-right-iff-left-right-rell :

assumes ((<7;) 1 (<py)) L r1

and reflexive-on (in-codom (<r;)) (<r4)

and reflezive-on (in-dom (<py)) (<py)

and A\z'. 2’ <p; ' =

(<2 (r1 z") (r1 w')) (SR2 (e1 2') ) (12 z' (r1 z’)) (7“2(” z') z')

and A\z. 2 <pjz= (12, (m =) <n (SRo (i1 z) (U1 z))) (IQ(ZZ ) 2 (724 (1 3:))
and Aal a2. a1 <1y 02 — (<19 49 4) < (<L2 vl 12)

and \z. 2 <p; ¢ = (Sp2, mx) (Sr224

and Az’ 2’ <p; 2’ = (<py (. (e )x) < (ZRo 4 )

and Az’ 22’ 21’ <p; 22’ = (SRQ w1210 < (SRop1’ 297)

and A\ry. 2 <p; 2 = in-dom (<[4, (m z)) y =

(SR2(12) (12) Bura)y o) ¥ < (SR2 1) (112) Bz )
and Az’ y'. 2’ <p; 2’ = in-codom (<p, (e1 o) Y =

(>12 (r1 z") (r1 x')) (rg(rl z') (e1 z') y) < (Zps (r1 z") (r1 x')) (7"2(7,1 z') z’
y)
and Azl z2. 1 < 22 = transitive (<19 11 42)
and A\z1’ 22’ 21’ <p; 22’ = transitive (SRQ ﬂlzg/)
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and f <p f

and g <p ¢

shows f <y rg«—1f<pyg
(proof )

lemma half-galois-prop-left2-if-half-galois-prop-left2-if-left- GaloisI :
assumes ((<p;) = (<)) 1
and Az’ 7 1S v’ = (Spp, (r1 z’)) nd (Spo (1 z) o)) (1) (124 40)
and z' <p; z’
shows ((SLQ (r1 x') (r1 z’)) hs (SRQ (e1 z") :r')) (12 x' (r1 x')) (7“2(7,1 ) :r’)
(proof )

lemma half-galois-prop-right2-if-half-galois-prop-right2-if-left- GaloisI :
assumes ((<r;) = (<py)) i
and ((<p;) <n (Spy)) U 71
and \zz’. 7 1S v’ = (Spp, (r1 z’)) I (SRo (1 z) o)) (g1 g) (124 40)
and z <;; z
shows (<104 (g, 2)) T (SR2 (11 2) (11 ) 11 2) &) (722 (11 2)
(proof)

lemma left-rel-right-iff-left-right-rell
assumes ((<77) 4 (<pgy)) U 11
and reflexive-on (in-codom (<)) (<ry)
and reflezive-on (in-dom (<py)) (<py)
and galois-prop2: Nz 2. z ;5 o' =
Sry (r1 z’)) < (Sps (1 z) o)) (27 ) (12 40)
and Azl 22. 1 <p; 12 = (<12 22 22) < (S12 1 22)
and A\z. 2 <p; 2 = (<19, (m :r)) < (
and A\z'. ' <p; 2’ = (<py (1 ) ) < (Lpoy 2
and A\z1' 22" 21’ <p; 22" = (<po 21" 1) < (SRo 217 227)
and Az. z <j; v =
((in-dom (<L 4 (g, 2))) = (SR2 (1) (11 ) Br o) ) (201 2) (o 2)
and Az’ 2z’ <p; 2/’ =
((in-codom (< po (e1 z) )= (S (r1 z’) (r1 z’))) (1”2(7,1 z') (a1 1:')) (7”2(7,1 z') z')
and Azl z2. 1 < 22 = transitive (<19 11 42)
and A\z1’ 22’ 21’ <p; 22’ = transitive (SRQ mllzgl)
and f <p, f
and g <p g
shows f <y rg+—1f<pyg
(proof)

lemma left-rel-right-iff-left-right-rel-if-galois-prop-le-assms-leftI:
assumes galois-connl: (<) 4 (<py)) U r1
and refl-L1: reflexive-on (in-field (<r1)) (<r1)
and antimono-L2:
(el 22 = (Spp)) = (@324 = (Spg) | (02 <pg 23 ANzf <pgpm 23)) = (2))
L2
shows Azl 22. w1 <p; 22 = (<122 22) < (S12 21 22)
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and /\I] 22. zl <ri 2 = (SLQ z1 (m xg)) < (SLQ zl xQ)

(proof)

lemma left-rel-right-iff-left-right-rel-if-galois-prop-le-assms-rightl’:

assumes galois-connl: ((<ry) 4 (<py) i r1

and refl-R1: reflezive-on (in-field (<gy)) (SRry1)

and mono-R2:

(1" 22" =2 (SRpy) | €1 22" <pg al’) = (23" 24" 2 (Spy) | 22" <p; 23') =

(<)) k2

shows Az1' 32" 21" <p; 22" = (<py (1 x1%) 22 < (ZRo g1’ 207

and /\I]IIQ/. xl’ <R 22 — (SRQIZ,Z'II) < (gRgﬂle/)
(proof)

corollary left-rel-right-iff-left-right-rel-if-monol:

assumes ((<7;) 1 (<py)) L r1

and reflexive-on (in-field (<r1)) (<r1)

and reflezive-on (in-field (<g;)) (Sgy1)

and Az 2’ 2 ;5 7' = (S0, (r1 I/)) 1 (<po (i1 2) 21) (12,0 ) (12, 1)

and (a1 32 5 (S17)) = (83 of = (Sp) | (82 <pg 03 A af <ppm a9)) =
(2)) L2

and ((z1' 22" (Spy) le1 22" <ppal’) = (28" x4 = (Spy) | 22’ <p; 28') =
(<) B2

and Az. z <j; v =

((in-dom (<12 & (g, 2)) = (SR2 (1 2) (11 2)) 11 0) ©) Bt 2) (i @)

and Az’ z' <p; 2/’ =

((in-codom (< gy (e1 =) )= (S (r1z") (r1 x'))) (rg(rl z') (e1 x')) (7’2<r1 z') )

and Azl 22. 1 <p; 22 = transitive (<19 11 22)

and A\z1’ 22" 21’ <p; 12’ = transitive (<py 117 107)

and f < f

and g <p g

shows f <y rg«—1f<pg

(proof )

end

Function Relator context transport-Fun-Rel
begin

corollary left-right-rel-if-left-rel-rightI :
assumes ((<py) = (<ry)) 71
and ((<p7) nD (Spy)) U 7l
and reflezive-on (in-dom (<pr;)) (<py)
and ((<p0) nd (SR)) 1272
and transitive (<pgo)
and g <pyg
and f <y rg
shows [ f <p g
(proof )
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corollary left-rel-right-if-left-right-rell:
assumes (<) = (<py)) U
and ((<p7) 9u (Sgy)) U 11
and reflexive-on (in-codom (<p11)) (<r,1)
and ((<pg) < (SRg)) 1272
and transitive (< 9)
and [ <j f
and I f <p g
shows f <y rg
{proof)

corollary left-rel-right-iff-left-right-rell :
assumes ((<r;) 4 (<pgy) U 11
and reflexive-on (in-codom (<r1)) (<r,1)
and reflexive-on (in-dom (<py)) (<py)
and ((<p9) 9 (SRg)) 1272
and transitive (< 9)
and transitive (<po)
and f < f
and g <p g
shows f < rg+—1f<pyg
(proof)

end

Monotone Dependent Function Relator context transport-Mono-Dep-Fun-Rel
begin

lemma half-galois-prop-left-left-rightI:

assumes (tdfr.L = tdfr.R) |

and ((<py) = (<py))

and ((<p) n< (SRy) U 71

and reflexive-on (in-dom (<py)) (<py)

and Az’ 2z’ <p; 2/’ =

((p2 (r1 z') (r1 ZL'/)) nd (Spo (e1 3" 2)) (12 4 (r1 x/)) (702(7’1 z') )

and Az’ 2" <pj 2" = (Spy (¢, 4) ») = (Sp2 4’ o)

and /\I]IIQI. xl’ <R 22 — (SRQIZ,&’]/) < (gRgl,Z/xQ/)

and Az’ y'. 2’ <p; 2’ = in-codom (<p, (1 2') )Y =

) (Z12 (r1 z') (r1 x')) (7"2(” z') (e1 2') ¥) < (2 (r1 z') (r1 x')) (7"2(7,1 z') z’
)

and A\z1’ 22" 21’ <p; 12’ = transitive (Spy 177 107)

shows ((<1) 42 (<)) L7

(proof)

lemma half-galois-prop-right-left-rightl:
assumes (tdfr.R = tdfr.L) r
and ((<p7) = (Sgy) U
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and ((<L1) <]h (<R1)) l1r1
and reflexive-on (in-codom (<r;)) (<r1)
and A\z.z <pjz—= (12, (m =) ) <n (SRo (i1 z) (U1 z))) (lg(ll ) o) (124 (l1 x))
and Azl 22. x1 <p; 12 = (<1222 22) < (S12 21 22)
and Az. z <j; v = (<L2x (m x)g (<
and Az y. z <p; x = in-dom (<L2z (m
(SR2 (11 2) (1 2) Bura) (o) ¥ < (SR (112) (112) Prz) 2 )
and Azl z2. 1 <p; 22 = transitive (<19 41 :c,?)
shows ((<p) du (Sp)) L7
{proof)

2$x)
2) Y=

corollary galois-prop-left-rightI:
assumes (tdfr.L = tdfr.R) | and (tdfr.R = tdfr.L) r
and ((<p7) 4 (<py)) U 71
and reflexive-on (in-codom (<r,1)) (<p7)
and reflexive-on (in-dom (<pq)) (Xpy1)
and Az’ z' <p; 2/’ =

(<2 (r1 z") (r1 x')) (g2 (e1 2) ") (r1 x)) (7’2(” z') z')

(12
and A\z. 2 <p;0= (g2 4 (m z) ) n (SRe (l] z) (I x))) (lg(ll ) o) (724 (11 x))
and Azl 22. x1 <p; 12 = (<[2 22 29) < (S L2 21 22)
and \z. 2 <j; 2 = (<[5, 771$) (<192
and A\z'. 2’ <p; 2’ = (<py (e1 z") o) S (SRpoyt 2

and Azt' 22" x1" <py 22" == (Spo 41/ 417) < (SR2 41’ 227)
and Az y. 2 <p; 2 = in-dom (<, , (m z) ¥ =

(SRe (1 2) (11 2) a2y o) ¥) < (SR (1 2) (11 2) s z) 2 )
and A\z' y'. 2’ <p; 2’ = in-codom (<py (e1 o) )Y =

(>12 (r1 z") (r1 a:')) (7“2(7,] z') (e1 z) y) < (219 (r1 z') (r1 :v')) (7“2(” z') z’

y)

and Azl z2. z1 <p; 22 = transitive (<19 41 42)

and Azl 22" 21’ <p; 22’ = transitive (Spy 17 197)

shows ((<7) < (<p)) I r

{proof )

corollary galois-prop-left-rightI "
assumes (tdfr.L = tdfr.R) | and (tdfr.R = tdfr.L) r
and ((<r;) 4 (<gy)) U 1
and reflexive-on (in-codom (<r ;1)) (<r4)
and reflezive-on (in-dom (<py)) (Xpy)
and galois-prop2: Az z'. ¢ 115 2/ =
(124 (r1 x’)) < (<Ro (1 z) o) By y) (12, 40)
and Azl 22. x1 <p; 12 = (<L9 42 22) < (S12 21 22)
and A\z. ¢ <p; ¢ = (<24 (g, o) < (SL222)
and A\z". 2’ <p; 2’ = (<py (€1 ) ) < (Zpoy 2
and \z1' 22" 21" <p; 12" = (Xpo 41/ 21) < (SRo 21’ 227)
and A\z. z <j; 2 =
((in-dom (<12 & (g, )) = (SR2 (1 2) (11 ) P11 0) ©) 1 2) (o o)
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and Az’ z' <p; 2/’ =
((in-codom (< gy (e1 z) )= (S (r1 z’) (r1 z'))) (1”2(7,1 z') (e1 a:')) (rg(rl z') z")
and Azl z2. 1 <p; 22 = transitive (<19 11 42)
and A\z1’ 22’ 21’ <p; 22’ = transitive (gRQ .y 12’)
shows ((<1) < (<p)) I 7
(proof)

corollary galois-prop-left-right-if-mono-if-galois-propl:

assumes (tdfr.L = tdfr.R) | and (tdfr.R = tdfr.L) r

and ((<gy) 4 (Spgy)) U r

and reflexive-on (in-field (<r,1)) (<r1)

and reflexive-on (in-field (<p;)) (Sgy1)

and Az z’. 2 1S o' = (Spp, (r1 a:’)) < (Spge (1 z) o) (Byr ) (124 40)

and ((z1 22 = (<) = (@824 = (<pg) | (22 <p; 28 Nzd <p;m 28)) =
(2)) L2

and ((z1' 22" (<py) le1 22" <ppal’) = (28" x4 = (<py) | 22’ <p; 28') =
(<) R2

and A\z. 2z <;; z =

((in-dom (<12 & (g, 2)) = (SR2 (1 2) (11 ) 11 0) ©) Bz 2) (o o)

and A\z'. 2’ <p; ' =

((in-codom (< py (e1 z) )= (S (r1 z') (r1 x’))) (7"2(7,] z') (21 x’)) (7"2(” z') ')

and Azl z2. z1 < ; 22 = transitive (<19 41 42)

and Azl z2'. 21’ <p; 22’ = transitive (SRQ o1’ x?’)

shows ((<r) 9 (<g)) Ir

{proof )

Note that we could further rewrite [(tdfr.L = tdfr.R) [, (tdfr.R =
tdfr.L) r; t1.galois-connection; reflexive-on (in-field (<)) (<pq); reflez-
we-on (in-field (<gy)) (<r1); Nz z'. z 1< &' = t2.galois-prop z '
12,0, 12, .5 (21 22 = (S11) = (23 24 = (Sp1)) = (22 <p; 28 N 24
<prm oad) — Az y.y < ) L2y (a1 22" = (Spy)) = &1 22’ <py
zl" — (x3" x4’ = (Kpgy)) = 22/ <p; 3’ — (X)) R2; N\z. z <p; z
= (in-dom (Spgam o) = SR2uactie) Piios Ruan o A 2" <gy
a' = (in-codom (SRQ ez’ x') = <1214’ 1 2:') 24 z'er 1’ 201 o &
Nzl 22. z1 <p; 22 = transitive (<pp 41 42); Nel’ 22" 21" <p; 22’ =
transitive (<po 1 z07)] = galois-prop 1 r, as we will do later for Ga-
lois connections, by applying [((<gr;) = (<r1)) r1; ANzl 22’ 21’ <p;
02" = (Sp2vi w1’ vi02) = SR2 e a1’ w2) Pugrpg o1 Nol’ a2’ al’
<r1 22" = (Spo ey o1/ 027) S (Spoarr g2 Nal"a2"y. [al” <py 22"
in-dom (<o pp o1’ r1 22') Y] = dfro2.right-infix (12,51 4 10 y) 21’ 22" <
dfro2.right-infiz (12,1 pq 10 y) ©1"22% Na1' 22" y. [x1’ <p; 2'; in-codom
(Sportar a2 U = (SRoar 220 (oo rs 010 V) < (Spoar’ 029
(12,07 p1 200 Y)] = (tdfr.L = tdfr.R) | and [((<r;) = (Zgy) 5 Nzl
22. ¢l <p; 32 = ((SR2 11 2111 22) = <L2 a1 m 2) 201 11 525 N1 32. 21
<p122 = (Z1201 m 22) < (L1201 22); A7l 22 y' [21 <p; 32; in-codom
(SrRewr e 1142) Y1 = (Sp20122) 7" (120111 22 Y) < (1201 22) ™" (T20211 42
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y); Nl 22y’ [zl <p; 225 in-dom (<go i1 21 11 22) Y| = dfrol.right-infix
(1241 11 22 y) 1 2 < dfrol.right-infiz (r241 11 21 v') 21 22] = (tdfr.R =
tdfr.L) r to the first premises. However, this is not really helpful here. More-
over, the resulting theorem will not result in a useful lemma for the flipped
instance of transport-Dep-Fun-Rel since [((<pr;) = (<p1)) r1; Nzl 22"
zl ISRJ 12" = ((SLQ rl z1’ r1 a:,?') = SRQ €1 xl/x,?') lgx?' rl z1’ /\xllx’gl'
21" <p; 32" = (SRo ¢, w1’ 02") < (SRo 21 227); Nl 22"y [21" <p; 22
in-dom (<o p o1’ r1 22') Y] = dfro2.right-infix (12,51 4 o1 y) 21’ 22’ <
dfro2.right-infiz (12,47 .7 50 y) ©1’ 22" Na1' 22" y. [x1" <p; 22" in-codom
(Sporiatria2) W = (Spoarra2) ™ (Lagr g1 ¥) < (Spogra)
(12,07 r1 200 Y)] = (tdfr.L = tdfr.R) | and [((<r1) = (Zgy) U5 Nxl
22. 71 <p; 22 = ((SR2 11 21 11 22) = <1221 m 22) T2u1 11 225 \¥1 22. 71
<p122 = (S1201 m 22) < (L1201 22); A1 22 y' [21 <p; 325 in-codom
(SrRotro11122) Y] = (SL20102) 7 (20111 22Y) < (SL20102) 7" (P202 11
y); Nl 22y’ [zl <p; 22; in-dom (<go i1 21 11 22) Y] = dfrol.right-infix
(124111 22 ) z1 22 < dfrol.right-infiz (12,7111 21 ) 21 22] = (tdfr.R
= tdfr.L) r are not flipped dual but only flipped-inversed dual.

end

Monotone Function Relator context transport-Mono-Fun-Rel
begin

lemma half-galois-prop-left-left-rightl:
assumes ((<p;) = (<7)) rl
and ((<p;) n< (Sgy)) U 11
and reflezive-on (in-dom (<pr;)) (<py)
and ((<zg) = (Spge)) 12
and ((<z2) nd (Spg)) 1272
and transitive (<pgo)
shows ((<p) n (SR)) 17
(proof)

interpretation flip : transport-Mono-Fun-Rel R1 L1 r1 11 R2 L2 r2 12 (proof)

lemma half-galois-prop-right-left-rightl:
assumes ((<11) = (<) U
and ((<p;) <n (Spy)) U 11
and reflexive-on (in-codom (<r,7)) (<ry)
and ((Sgg) = (<pg)) 12
and ((<rp) dn (Spp)) 1212
and transitive (<j,9)
shows ((<1) < (<g)) Lr
(proof )

corollary galois-prop-left-rightI:

assumes ((<77) 1 (<py) U r1
and reflexive-on (in-codom (<r,7)) (<p7)
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and reflexive-on (in-dom (<py)) (<py)
and ((<p9) 4 (Spge)) 1272

and transitive (<j,9)

and transitive (<po)

shows ((<1) 9 (<p)) I+

{proof)

end

end

2.15.4 Galois Connection

theory Transport-Functions-Galois-Connection
imports
Transport-Functions-Galois- Property
Transport- Functions-Monotone
begin

Dependent Function Relator context transport-Dep-Fun-Rel
begin

Lemmas for Monotone Function Relator lemma galois-connection-left-right-if-galois-connection-m
assumes galois-connl: (<ry) 4 (Lpy) U r1
and refl-R1: reflexive-on (in-codom (<p;)) (<R1)
and R2-lel: N\z1' 22" 21" <p; 22" = (<py (1 21) 22) < (ZRo 41’ 227
and mono-12-2: ((z' : in-codom (<py)) = (z1 22 = (<py) | 22 ;1S ') =
(in-field (<9 21 (r1 2)) = (SR2 (11 21) 2") 2
shows Az1' 22’ 21’ <p; 22’ =
((in-codom (<19 (11 217 (r1 227) = (SR2 017 22)) (P2’ (11 217) P2’ (11 227))
and A\z. z <;; z =
((in-dom (<12 & (g, ))) = (SR2 (1 2) (11 ) 11 0) ©) i1 2) (o o)
(proof )

lemma galois-connection-left-right-if-galois-connection-mono-assms-leftl:
assumes galois-connl: ((<r ;) 4 (<pgy) U r1
and refl-R1: reflexive-on (in-field (<gy)) (SRy1)
and R2-lel: \z1' 22" 21" <p; 22’ = (<py (1 21) 22" < (SRo g1’ 227
and mono-12: ((z1' 22" (<py)) = (2l 22 = (<py) | 22 ;1S 1) =
in-field (Spg o1 (r1 22') = (SR2 (11 21) 227) 12
shows Az1’ 22’ 21’ <p; 22’ =
((in-dom (S 19 (r1 217 (r1 220)) = (SR2 217 227) a1 (r1 217)) Boo? (r1 217))
and ((z’: in-codom (<py)) = (21 22 == (<pq) | 22 15 =) =
(in-field (Spp o1 (r12/) = (SR2 (11 21) &) 12
(proof)

In theory, the following lemmas can be obtained by taking the flipped,
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inverse interpretation of the locale; however, rewriting the assumptions is
more involved than simply copying and adapting above proofs.

lemma galois-connection-left-right-if-galois-connection-mono-2-assms-rightl :
assumes galois-connl: ((<r;) 1 (<pgy) L r1
and refl-L1: reflexive-on (in-dom (<r;)) (<r4)
and L2-le2: Nal 22. 21 <p; 22 = (<[9 4 (m xQ)) < (<2 zl 22)
and mono-r2-2: ((z : in-dom (<p;)) = (z1' 22" = (<py) | z ;1S =1)) =
(in-field (Spo (11 2) 227) = (S122 (r1 221)) 72
shows Azl 22. 21 <j; 22 =
((in-dom (SRo (11 21) (11 22)) = (SL2 21 22) (P21 (11 21)) (241 (11 22))
and A\z". 2’ <p; ' =
((in-codom (< gy (e1 z) )= (Spe (r1 z') (r1 x’))) (TQ(TI z') (21 a:’)) (TQ(TI z') z')
(proof )

lemma galois-connection-left-right-if-galois-connection-mono-assms-rightl :
assumes galois-connl: (<) 4 (<py)) U r1
and refl-L1: reflexive-on (in-field (<r1)) (<r1)
and L2-le2: \vl 22. 21 <p; 12 = (<[, 41 (m )) (<L2 1 22)
and mono-r2: ((z1 22 = (<ry)) = (x1’ 22" = (<py) | 22 ;1S z1)) =
in-field (Spo (11 21) 22") = (SL2 21 (r1 227)) ™2
shows Azl 22. 21 <p; 22 =
((in-codom (SRo (11 21) (11 22)) = (SL201 22) (241 (11 22)) (7242 (11 22))
and ((z : in-dom (<p;)) = (1’ 22" (<gy) | =z ;1S =1)) =
(in-field (Spy (11 2y 22) = (SL24 (r1 227)) T2
(proof )

end

Monotone Dependent Function Relator context transport-Mono-Dep-Fun-Rel
begin

interpretation flip : transport-Mono-Dep-Fun-Rel R1 L1 1111 R2 L2 r2 12 (proof)

lemma galois-connection-left-rightl:
assumes (tdfr.L = tdfr.R) | and (tdfr.R = tdfr.L) r
and ((<p;) 4 (Sgy) U r1
and reflexive-on (in-codom (<r;)) (<r4)
and reflezive-on (in-dom (<py)) (Xpy)
and Az z'. z ;5 2’ = ((SLQ z (r1 x’)) g (SRQ (I1 z) :1:')) (wx’ z) (Tgx :1:')
and Azl 22. 21 <p; 12 = (<L2 42 22) < (SL2 41 22)
and \z. 7 <p; v = (<9, (m :r)) < (SL242)
and Az’ 2’ <p; x’:>(§R2( )z/)<( R2 2 2
and Az’ z2'. 21’ <p; x?’:>( rozt’ 21) < (SRo 21 427)
and Az. z <j; v =
((in-dom (<L 4 (g, 2)) = (SRe (1) (11 ) Br 2) ) (21 2) (o 2)
and Az’ z' <p; 2/’ =
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((in-codom (< gy (e1 =) )= (S (r1z") (r1 x'))) (rg(rl z') (e1 x')) (rg(rl z') )
and Azl z2. 1 <p; 22 = transitive (<19 11 22)

and A\z1’ 22" 21’ <p; 12’ = transitive (<py 177 207)

shows ((<7) 4 (Zp)) Ir

(proof)

lemma galois-connection-left-rightl":
assumes ((<7;) 1 (<pgy) U r1
and reflexive-on (in-codom (<r)) (<r4)
and reflezive-on (in-dom (<p;)) (<py1)
and A\z1’ 22’ 21’ <p;22' =
(12 (r1 217 (r1 227) = (SR2 (61 01 22)) (P27 (71 217)
and Awlz2. 21 <p; 22 = ((SR2 (11 21) (11 22) = (SL201 (i 22)) (221 (11 22))
and Az 2z’ o 115 ¢ = (S g (r12) 2 (SR (11 ) 27) By 5) (125 47)
and Azl 22. x1 <p; 22 = (<1932 22) < (S12 21 22)
and Azl 22. x1 <p; 12 = (SLQ zl (m xQ)) < (ZL2 21 22)
and A\z1’ 22" 21’ <p; 22’ = (<py (1 21) 22 < (ZRo g1’ 227
and A\z1' 22" 21" <p; 22" = (SRo 21" 21) < (SRo 217 227)
and Az1’ 22’ 21’ <p; 22’ =
((in-dom (Spo (r1 217 (r1 22)) = (SR2 217 22)) Bupr (r1 w17)) Pao’ (r1 217))
and Az1’ 22’ 21’ <p; 22' =
((in-codom (<15 (11 417y (r1 22))) = (SR2 21" 527) (Pag’ (11 217)) By’ (1 427)
and Az. z <j; v =
((n-dom (S 4 (5, ) = (SR (11 2) (11 2))) (B12) ) Bt 2y (g o))
and Azl 22. z1 <j; 12 =
((in-codom (S gy (11 21) (11 52))) = (SL2 21 22)) (P21 (11 22)) (202 (11 22))
and Azl z2. 21 < 12 =
((in-dom (Spo (11 21) (11 22)) = (SL2 21 42) (241 (11 21)) (221 (11 22))
and A\z". z' <p; ' =
((in-codom (< gy (e1 z) )= (Spe (r1 z') (r1 x’))) (rg(rl z') (21 a:’)) (TQ(TJ z') z')
and Azl z2. 1 <p; 22 = transitive (<19 11 22)
and Azl 22" 21’ <p; 22’ = transitive (Spy 17 197)
shows ((<1) 1 (<p)) 17
{proof)

lemma galois-connection-left-right-if-galois-connection:
assumes ((<7;) 1 (<py) L r1
and reflexive-on (in-codom (<r;)) (<r1)
and reflezive-on (in-dom (<py)) (Xpy)
and Az 2’ 7 ;5 7' = (S0, (r1 x’)> = (
and Azl 22. 21 <p; 22 = (<[9 22 22) < (
and Azl 22. 21 <p; 22 = (<[5 44 (n1 2) )
and A\z1’ 22" 21’ <p; 22" = (<py (1 21)
and A\z1’ 22" 21" <p; 12" = (<po 41/ 21")
and A\z1’ 22’ 21’ <p; 22’ =
((in-dom (<19 (r1 217 (r1 22))) = (SR2 217 227) a1 (r1 217)) Bao (r1 217))

(I1z) x 1)) (12,0 4) (12, 41)
xl x?)

<L2 x1 22)

2') < (SR2 41/ 52")

(< R2 z1’ x,?/)

<R2
<12zl
<(

I/\H
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and Az1’ 22’ 21’ <p; 22’ =
((in-codom (Sp9 (11 217) (r1 22)) = (SR2 217 227) (2 (r1 217)) (Bia’ (71 227)
and Az. z <j; v =
((in-dom (<10 4 (ny 2)) = (SR2 (11 2) (11 2)) P1 2) ) 1 2) (i 2))
and Azl 22. z1 <j; 12 =
((in-codom (Spo (11 21 (11 22))) = (SL2 21 22) (241 (11 22)) (T222 (11 22))
and Azl z2. 21 < 12 =
((in-dom (<o (11 21) (11 22))) = (SL2 21 22) (241 (11 21)) (241 (11 22))
and A\z'. 2’ <p; ' =
((in-codom (< pyo (e1 z) )= (S (r1 z') (r1 1:’))) (rg(rl z') (21 x’)) (rg(rl z') z')
and Azl z2. z1 < ; 22 = transitive (<19 41 42)
and Azl 22" 21’ <p; 22’ = transitive (Spy 17 197)
shows ((<1) 1 (<p)) 7
(proof)

corollary galois-connection-left-right-if-galois-connectionl .

assumes ((<7;) 1 (<py)) L r1

and reflexive-on (in-field (<)) (<r14)

and reflezive-on (in-field (<p;)) (Sgy1)

and Az z'. z ;5 v/ =
Sry (r1 z’)) 1 (<Spe (1 z) 2)) (237 ) (12 40)

and Azl 22. 21 <p; 12 = (<L0 42 22) < (12 41 22)

and Azl 22. x1 <p; 22 == (S1p 41 (5 22)) < (S0221 22)

and A\z1’ 22" 21’ <p; 22" = (<py (1 z1) 22 < (Lpo g1’ 22

and \z1’ 22" 21" <p; 12" = (Spo 41/ 21) < (SRo 21’ 227)

and A\z1’ 22’ 21’ <p; 22’ =

((in-dom (<15 (r1 217 (r1 22)) = (SR2 217 22) P17 (r1 217)) P2’ (71 217)

and ((z’: in-codom (<py)) = (1 22 = (<pq) | 22 1K =) =
(in-field (<19 21 (r1 29)) = (SR2 (11 21) 2") 2

and Azl 22. 21 <j; 22 =
((in-codom (<Ro (11 21 (11 22)) = (SL2 21 22)) (P21 (11 22)) (222 (11 22))

and ((z : in-dom (<p;)) = (1’ 22" (<gy) | = 1S =1)) =
(in-field (Spo (11 2) 227) = (S12 2 (r1 221)) ™2

and Azl z2. 1 < 22 = transitive (<19 11 42)

and A\z1’ 22’ 21’ <p; 22’ = transitive (SRQ mllzgl)

shows ((<7) 4 (<R)) I r

(proof)

corollary galois-connection-left-right-if-mono-if-galois-connectionl :
assumes ((<77) 1 (<py) U 1
and reflexive-on (in-field (<r1)) (<r1)
and reflexive-on (in-field (<p7)) (<R1)
and Az o’ v ;5 o' = ((Sp9, (r1 x’)) 1 (<Spe (I1 z) o)) (231 4) (24 41)
and Azl a2. w1 <p; 22 = (<12 22 22) < (SL12 21 22)
and Azl 22. 21 <p; 22 = (<19 4 (m xg)) < (Z12 21 22)

and A1’ a2’ 21" <py 22" = (SRo (¢, w17) 227) < (SR2 41" 227)
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and A\z1' 22" 21" <p; 22" = (SRo 21" 1) < (SRo 217 227)

and ((z1' 22" (<pyp) = (21 22 = (<pq) | 22 Jé )3
in-field (Spg o1 (r1 22') = (SR2 (11 21) 227) 12

and ((z1 22 == (<p7)) = (1’ 22’ = (SRJ) | x? Lis zl’) =
in-field (Spo (11 21) 22") = (SL2 21 (r1 227))) ™2

and Azl z2. 1 <, 22 = transitive (<19 11 42)

and A\z1’ 22’ 21’ <p; 22’ = transitive (SRQ zllzgl)

shows ((<7) 1 (<p)) 17

(proof)

corollary galois-connection-left-right-if-mono-if-galois-connectionl ”:
assumes ((<77) 1 (Lpy)) U 1
and reflexive-on (in-field (<r1)) (<r1)
and reflexive-on (in-field (<p7)) (<R1)
and Az o’ v ;5 o' = ((Sp9, (r1 2) 7 (SRo (11 z) o) By ) (724 47)
and ((- 22 = (Spg)) = @324 = (Spg) | (02 <pg a8 Aag <pypm 23)) = (2))
L2
and ((z1' 22" = (Spy) | e1 22" <pgal’) = (@3’ - (<py) | 22" <p; 23') =
(<)) R2
and ((z1' 22" (Spy)) = (1 22 = (<pg) | 22 1K ol =
in-field (Sr9 o1 (r1 22') = (SR2 (11 21) 227) 12
and ((z1 22 = (<p7)) = (21" 22" = (Spy) | 22 1K 2l =
in-field (Spo (11 1) 22") = (S1221 (r1 22))) 72
and Azl z2. z1 <p; 22 = transitive (<19 41 42)
and Azl z2'. 21’ <p; 22’ = transitive (SRQ o1’ x?’)
shows ((<7) 4 (<p)) I r
(proof)

end

Monotone Function Relator context transport-Mono-Fun-Rel
begin

interpretation flip : transport-Mono-Fun-Rel R1 L1 r1 11 R2 L2 r2 12 (proof)

lemma galois-connection-left-rightl:
assumes ((<7;) 1 (<py) L r1
and reflexive-on (in-codom (<r;)) (<r4)
and reflezive-on (in-dom (<py)) (<py)
and ((<p9) 4 (Spgp)) 1272
and transitive (<[,9)
and transitive (<po)
shows ((<1) +4(<p)) !

{proof)

end
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end

2.15.5 Basic Order Properties

theory Transport-Functions-Order-Base
imports
Transport-Functions-Base
begin

Dependent Function Relator context hom-Dep-Fun-Rel-orders
begin

lemma reflexive-on-in-domlI:
assumes refl-L: reflexive-on (in-codom (<)) (<r)
and R-le-R-if-L: Nzl 22. 21 <[ 22 = (<R 22 22) < (SR 21 22)
and pequiv-R: Nzl z2. z1 <[ z2 = partial-equivalence-rel (<R 51 22)
shows reflezive-on (in-dom DFR) DFR
(proof)

lemma reflexive-on-in-codoml:
assumes refl-L: reflexive-on (in-dom (<r)) (<)
and R-le-R-if-L: Nzl 22. 21 <j 22 = (<R 21 21) < (LR 21 22)
and pequiv-R: Nzl 22. x1 < 22 = partial-equivalence-rel (<g 51 22)
shows reflezive-on (in-codom DFR) DFR
(proof)

corollary reflexive-on-in-fieldl:
assumes reflezive-on (in-field (<1)) (<1)
and \zl a2. x1 <j, 12 = (<R 42 22) < (SR 21 22)
and Azl 22. 21 <[, 22 = (SR 41 21) < (SR 21 42)
and Azl z2. 21 <j, 22 = partial-equivalence-rel (<R 41 42)
shows reflezive-on (in-field DFR) DFR
(proof)

lemma transitivel:
assumes refl-L: reflexive-on (in-dom (<r)) (<)
and R-le-R-if-L: Nzl 22. 21 <j 22 = (<R 21 21) < (LR 21 22)

and trans: Azl 22. 1 < 22 = transitive (<R 41 29)
shows transitive DFR

(proof)

lemma transitivel "
assumes refl-L: reflexive-on (in-codom (<)) (<)
and R-le-R-if-L: Nzl 22. 21 < 22 = (<R 42 22) < (XR 21 22)
and trans: Nzl 22. x1 <j z2 = transitive (<R 11 42)
shows transitive DFR

(proof)

lemma preorder-on-in-fieldl:
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assumes reflexive-on (in-field (<1)) (<1)

and A\l 22. 21 <j, 12 == (SR 22 22) < (SR 21 22)

and Azl 22. 21 <j, 32 = (SR 31 41) < (SR 21 22)

and pequiv-R: Nzl z2. x1 <j, 22 = partial-equivalence-rel (<R 41 42)
shows preorder-on (in-field DFR) DFR

(proof )

lemma symmetricl:
assumes sym-L: symmetric (<p)
and R-le-R-if-L: Nzl 22. 21 <[ 22 = (<R 21 22) < (LR 22 1)
and sym-R: Nzl 22. z1 <j 22 = symmetric (<R ;1 42)
shows symmetric DFR

(proof)

corollary partial-equivalence-rell:
assumes reflezive-on (in-field (<r)) (<)
and sym-L: symmetric (<y)
and mono-R: ((z1 22 = (<1)) = (@3 x4 = (<) |21 <p 23) = (X)) R
and Azl z2. z1 < 22 = partial-equivalence-rel (<R 41 42)
shows partial-equivalence-rel DFR

(proof)

end

context transport-Dep-Fun-Rel
begin

lemmas reflexive-on-in-field-leftl = dfrol.reflexive-on-in-fieldl

[folded left-rel-eq-Dep-Fun-Rel]
lemmas transitive-left] = dfrol.transitivel [folded left-rel-eq-Dep-Fun-Rel)
lemmas transitive-left]’ = dfrol .transitivel '[folded left-rel-eq-Dep-Fun-Rel)]
lemmas preorder-on-in-field-leftl = dfrol.preorder-on-in-fieldl

[folded left-rel-eq-Dep-Fun-Rel]
lemmas symmetric-leftl = dfrol.symmetricl[folded left-rel-eq-Dep-Fun-Rel]
lemmas partial-equivalence-rel-leftl = dfrol.partial-equivalence-rell

[folded left-rel-eq-Dep-Fun-Rel)

Introduction Rules for Assumptions lemma transitive-left2-if-transitive-left2-if-left- Galoisl :
assumes (< ;) = (<py)) U
and ((<p;) <n (Sgy)) 1111
and L2-eq: (<19 51 z2) = (SLQ zl (m xQ))
and \z 2’z ;5 ' = transitive (<, (r1 x’))
and z1 <j; 22
shows transitive (<19 41 42)
(proof)

lemma symmetric-left2-if-symmetric-left2-if-left- GaloisI:

assumes ((<1;) = (<py)) U
and ((<p;) <n (Sgy)) U rl
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and L2-eq: (<12 41 22) = (X120 21 (m x?))

and \z 2’z ;5 »' = symmetric (<, , (r1 z")
and z! <j; z2

shows symmetric (<19 41 42)

(proof)

lemma partial-equivalence-rel-left2-if-partial-equivalence-rel-left2-if-left- Galoisl:
assumes ((<1;) = (<)) I
and ((<p;) Sn (Sgy) U 71
and L2-eq: (<1221 22) = (S12 21 (1 22))
and A\z 2’z ;5 ' = partial-equivalence-rel (<, (r1 a;’))
and z1 <j; 22
shows partial-equivalence-rel (<19 41 22)
(proof)

context
assumes galois-prop: ((<r;) < (Kpgy)) U r1
begin

interpretation flip-inv :

transport-Dep-Fun-Rel (>py) (>11) r1 U1 flip2 R2 flip2 L2 r2 12

rewrites flip-inv.t1.unit = e,

and ARzy. (flip2 Rzy) = (Ryx)!

and ARS.R°!=81=R=2S5

and ARS. (R"!=SH=(R=2E)

and Az z". z' g R e =252

and ((>py) <n (=) r1 11 = True

and A\(R :: 'z = 'z = bool). transitive R~' = transitive R

and A\(R :: 'z = 'z = bool). symmetric R~ = symmetric R

and \(R :: 'z = 'z = bool). partial-equivalence-rel R~ = partial-equivalence-rel
R

and AP. (True = P) = Trueprop P

and AP Q. (True = PROP P = PROP Q)) = (PROP P = True = PROP
Q)

{proof)

lemma transitive-right2-if-transitive-right2-if-left- GaloisI:
assumes ((<p;) = (<)) rl
and (<pg 41 22) = (Spo (e1 z1) z2)
and Az 2’z ;5 o' = transitive (<p, (i1 ) 2
and z1 <p; 22
shows transitive (<go 41 22)
(proof )

lemma symmetric-right2-if-symmetric-right2-if-left- GaloisI:
assumes ((<p;) = (<14)) 71
and (<Rp 41 22) = (SR2 (c) o1) 22)
and \z 2’z ;5 v' = symmelric (<p, (1 z) 2)
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and z1 <p; 22
shows symmetric (Spo 41 £2)

{proof)

lemma partial-equivalence-rel-right2-if-partial-equivalence-rel-right2-if-left- GaloisI :
assumes ((<p;) = (<)) 1
and (<pg 41 22) = (Spo (e1 z1) z2)
and Az 2’z ;5 ' = partial-equivalence-rel (<p, (i1 z) )
and z1 <p; 22
shows partial-equivalence-rel (<pg 41 29)
(proof)

end

lemma transitive-left2-if-preorder-equivalencel:
assumes pre-equivl: ((<r1) =pre (Spy)) 1 71
and ((z1 22 == (>11) = @324 = (<py) | 21 <p;23) = (L)) L2
and \zz’. 2 ;S 7' = ($p9, (r1 l,l)) =pre (Spo (i1 z) L)) (12,0 ) (12, 1)
and z1 <j; 22
shows transitive (<19 51 12)

(proof)

lemma symmetric-left2-if-partial-equivalence-rel-equivalencel:
assumes PER-equivl: ((<r;) =pgr (Xgry)) U 11
and ((z1 22 == (>1q) = (@824 = (<pp) |21 <p;23) = (<)) L2
and Azz’. 7 ;52" = (S, (r1 x’)) =pEr (Xpo (i1 z) 20 (12, ,) (12, 1)
and z1 <j; 22
shows symmetric (<19 31 22)
(proof )

lemma partial-equivalence-rel-left2-if-partial-equivalence-rel-equivalencel :
assumes PER-equivl: ((<r7) =pgr (Sgy1) U 11
and ((z1 22 = (>1q) = (2824 = (<pq) | 21 <p;23) = (L)) L2
and \zz' 2 115 2" = ((S19 4 (71 2) EPER (SR2 (11 2) 7)) By ) (25 40)
and vl <j; 22
shows partial-equivalence-rel (<19 51 22)

(proof)

interpretation flip : transport-Dep-Fun-Rel R1 L1 r1 11 R2 L2 r2 12
rewrites flip.t1.counit = n; and flip.t1.unit = &,
(proof)

lemma transitive-right2-if-preorder-equivalencel :
assumes pre-equivl: ((<r 1) =pre (Spy)) 1 71
and ((z1' 22" (ZRpy)) = (28" x4 = (Spy) | 21’ <p; x3') = (L)) R2
and \zz’. 2 ;S 7' = (L19, (r1 $/)) =pre (Spo (i1 z) 21) (12,0 ) (12, 1)
and z1' <p; 22’
shows transitive (<py .17 207)
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(proof)

lemma symmetric-right2-if-partial-equivalence-rel-equivalencel:
assumes PER-equivl: ((<r7) =ppr (Sg1) 11 11
and ((z1' 22" = (ZRy)) = (3" x4 = (SRy) | 21’ <pg 23') = (L)) R2
and \v o' o 1150 = (Sp 4 (11 1) =PER (S (11 0) ) (240 2) (12, 1)
and z1’ <p; 22’
shows symmetric (<py .17 497)
(proof)

lemma partial-equivalence-rel-right2-if-partial-equivalence-rel-equivalencel :
assumes PER-equivl: ((<r7) =prr (Sgy1) U 11
and ((z1' 22’ (ZRpy)) = (28" x4 = (Spy) | z1' <p; x3') = (L)) R2
and Avz’. v ;51" = (K10, (r1 x’)) =pER (<po (i1 2) o) (12,0 ) (12, ,7)
and z1’ <p; 22’
shows partial-equivalence-rel (< R2 21 2 /)

(proof)

end

Function Relator context transport-Fun-Rel
begin

lemma reflexive-on-in-field-leftl:
assumes reflezive-on (in-field (<r;)) (<p1)
and partial-equivalence-rel (<p,9)
shows reflezive-on (in-field (<1)) (<1)
(proof)

lemma transitive-leftl:
assumes reflezive-on (in-dom (<)) (<p71)
and transitive (<j )
shows transitive (<j)

{proof)

lemma transitive-leftl’:
assumes reflezive-on (in-codom (<r¢)) (<r1)
and transitive (<j )
shows transitive (<j)

{proof)

lemma preorder-on-in-field-leftl:
assumes reflezive-on (in-field (<y;)) (<r4)
and partial-equivalence-rel (<p )
shows preorder-on (in-field (<1)) (<1)
(proof)

lemma symmetric-leftl:
assumes symmetric (< ;)
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and symmetric (<r9)
shows symmetric (<)

{proof)

corollary partial-equivalence-rel-left:
assumes reflezive-on (in-field (<r;)) (<p1)
and symmetric (<y ;)
and partial-equivalence-rel (<p,9)
shows partial-equivalence-rel (<)
(proof )

end

Monotone Dependent Function Relator context transport-Mono-Dep-Fun-Rel
begin

lemmas reflexive-on-in-field-leftI = Refl-Rel-reflexive-on-in-field[of tdfr.L,
folded left-rel-eq-tdfr-left- Refl- Rel)]

lemmas transitive-leftl = Refl-Rel-transitivel
[of tdfr.L, folded left-rel-eq-tdfr-left-Refl- Rel]

lemmas preorder-on-in-field-leftI = Refl-Rel-preorder-on-in-fieldl|of tdfr.L,
folded left-rel-eq-tdfr-left- Refl- Rel]

lemmas symmetric-leftl = Refl-Rel-symmetricI[of tdfr.L,
OF tdfr.symmetric-leftl, folded left-rel-eq-tdfr-left- Refi-Rel)

lemmas partial-equivalence-rel-leftl = Refl-Rel-partial-equivalence-rell|of tdfr.L,
OF tdfr.partial-equivalence-rel-leftl, folded left-rel-eq-tdfr-left- Refl- Rel]

end

Monotone Function Relator context transport-Mono-Fun-Rel
begin

lemma symmetric-leftl:
assumes symmetric (<)
and symmetric (<rg)
shows symmetric (<)

{proof)

lemma partial-equivalence-rel-leftl:
assumes reflezive-on (in-field (<r;)) (<p1)
and symmetric (<r ;)
and partial-equivalence-rel (<p )
shows partial-equivalence-rel (<)
{proof)

end

end
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2.15.6 Galois Equivalence

theory Transport-Functions-Galois-Equivalence
imports
Transport-Functions-Galois-Connection
Transport-Functions-Order-Base
begin

Dependent Function Relator context transpori-Dep-Fun-Rel
begin

Lemmas for Monotone Function Relator lemma flip-half-galois-prop-left2-if-half-galois-prop-left2-i
assumes ((<r;) = (Spgy)) U
and ((<p7) du (Sgy)) U 11
and half-galois-prop-left2: Nz z'. © ;5 v/ =
((<Re (I1 z) o) (Spo g (r1 z/))) (124 57) (1251 4)
and (SLQ (771 :[) :1;) = (SLQ x 33)
and (<p9, (m x)) = (£1224)
and z <z
shows ((<ps (11 z) (I1 z)) (Lo (m =) 2) (12, (11 x)) (12(” z) 2
(proof)

lemma flip-half-galois-prop-right2-if-half-galois-prop-right2-if- GaloisI:

assumes ((<p;) = (<)) 1

and half-galois-prop-right2: Nz z'. z ;5 ¢/ =

((<Re (1 z) 2) I (Spoy (r1 z’))) (124 51) (1251 4)

and (<p,y (e1 z) o) = (SR2 g 1)

and (<py (e1 :r')) = (Spos 2"

and z' <p; z’

shows ((<pg 4/ (e1 z’)) D (S (r1 z") (r1 m/))) (Tg(rl z') o) (2 (r1 z’))
(proof)

interpretation flip : transport-Dep-Fun-Rel R1 L1 r1 11 R2 L2 r2 12
rewrites flip.t1.counit = n; and flip.t1.unit = &,
(proof)

lemma galois-equivalence-if-mono-if-galois-equivalence-mono-assms-leftI:
assumes galois-equivl: ((<r7) =¢ (<py)) U 11
and preorder-L1: preorder-on (in-field (<)) (<r1)
and mono-L2: ((z1 22 == (>1;)) = (23 x4 = (<pg) | 21 <p; 23) = (L)) L2
shows ((z1 22 == (<py) | m 22 <p; 1) = (234 = (<pg) | 22 <p; 23) =
(<)) L2 (is ?goall)
and ((z1 22 = (<pp) = @3z = (<pg) | (22 <p; x3 N z4 <p;m 23)) =
(>)) L2 (is %goal2)
{proof)

lemma galois-equivalence-if-mono-if-galois-equivalence- Dep- Fun-Rel-pred-assm-leftl:
assumes galois-equivl: ((<r7) =¢ (<py)) U 11
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and refl-L1: reflexive-on (in-field (<1;)) (<171)
and refl-R1: reflexive-on (in-field (<gy)) (Sgy1)

and mono-L2: ((z1 22 == (>1)) = (23 x4 = (<pp) | 1 <p; 23) = (L)) L2
and mono-R2: ((x1’ :c2" (>R1) = (@8" 24" 2 (SRpy) | 21" <p; x3') = (X))
R2
and mono-12: ((x1’ 22’ : (SRI)) (21 22 = (<pq) | 22 ;1S 2l') =
in-field (<19 o1 (r1 22') = (SR2 (11 21) 227) i

and z <;; z
shows (in-codom (<o (m =) o) = (SRe (i1 z) (U1 x))) (12(” z) (m z)) (12(” x) z)
(proof)

lemma galois-equivalence-if-mono-if-galois-equivalence- Dep- Fun-Rel-pred-assm-right:
assumes galois-equivl: ((<r7) =¢ (<py)) U 11

and refl-R1: reflexive-on (in-field (<gy)) (Sgy)

and mono-L2: ((z1 22 = (>1) = (23 x4 = (1) | =1 <L1 z3) = (<)) L
and mono-R2: ((z1' 22’ = (>gy)) = (28" 24’ = (Sgy) | z1’' <pgj 23') = (
R2

and mono-r2: ((z1 22 = (<)) = (x1' 22" 2 (Spy) | 22 1S 21') =

in-field (Spo (11 21) 22") = (SL221 (r1 227))) 72

and z' <p; z’

shows (in-dom (<py (e1 a:’)) = (<12 (r1 z') (r1 x’))) (7“2(7,1 z') z") (r'g(rl z') (21 x'))
(proof)

2
<))

end

Monotone Dependent Function Relator context transport-Mono-Dep-Fun-Rel
begin

context
begin

interpretation flip : transport-Mono-Dep-Fun-Rel R1 L1 r1 11 R2 L2 r2 12
rewrites flip.t1.counit = n; and flip.t1.unit = &,
{proof )

lemma galois-equivalence-if-galois-equivalencel :
assumes galois-equivl: (<1 ¢) =q (Spy)) U 11
and refl-L1: reflexive-on (in-field (<r,1)) (<r1)
and reflexive-on (in-field (<p1)) (<R1)
and galois-equiv2: Nz z'. = ;15 z' =
(124 (r1 ac')) =c¢ (Sgo (1 z) o)) () (125 40)
and Awl x2. x1 <p; 22 = (<942 22) < (S12 21 22)
and A\z. 2 <p; ¢ = (Sp2 (4, 2) o) < (S22 4)
and Awl 22. x1 <p; 22 = (<L9 51 21) < (12 21 22)
and Azl 22. 21 <p; 22 = (<[5 4 (m 22) ) < (L1221 22)
and A\z1’ 22" 21’ <p; 12" = (<py 4o xz) (< R,Qzl 22")
and Azl 22" 21’ <p; 22’ = (<p 2 (e1 21 )< (SRo 41! 227
and \z1’ 22" 21" <p; 22" = (Spo 21/ 21) < (SR2 21’ 227)

|/\§ IA A
IA
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and Az’ 2" <p; 2’ = (SRQ z' (e1 xl)> < (SRQ z’ 2:')
and Az1’ 22’ 21’ <p; 22’ =

(in-dom (<p, (r1 z1") (r1 22 /)) = (Spo g1’ 227) (2 (r1 =1 ')) (12497 (r1 z1 /))
and Az1’ 22’ 21’ <p; 22’ =

(in-codom (Spo (11 217 (r1 22) = (SR2 217 227) 27 (r1 217)) Bag’ (11 227)
and Az. z <j; v =

(in-dom (Spo & (g, 2)) = (SR2 (11 2) (11 ) P11 2) o) Bt 2) (o o)
and A\z. 2z <;; z =

(in-codom (1o (4, 2) o) = (SR2 (11 2) (11 ) 21 &) (m 2) (11 2) &)
and Azl z2. 21 < 12 =

(in-codom (SRo (11 21) (11 22)) = (SL221 22) (P21 (11 22)) (T242 (11 22))
and Azl 22. 21 <j; 12 =

(in-dom (SRo (11 21) (11 22)) = (SL2 31 22) (241 (11 21)) (P21 (11 22))
and A\z'. 2’ <p; ' =

(in-codom <§R2 (e1 z") :c') = <§L2 (r1 z') (r1 x'))) (7“2(” z') (e1 z’)) (r'g(r] z') x’>
and A\z'. 2’ <p; ' =

(in-dom (S gy 4 (e1 :v')) = (512 (r1 z') (r1 x'))) (r'g(rl z’) 2" (7”2(” z') (21 av’))
and Azl z2. z1 <p; 22 = transitive (<19 41 42)
and Azl 22" 21’ <p; 22’ = transitive (Spy 17 197)
shows ((<r) =c¢ (<g)) Ir

(proof)

corollary galois-equivalence-if-galois-equivalencel ":
assumes ((<17) =¢ (<py)) U r1
and reflexzive-on (in-field (<r1)) (<r1)
and reflezive-on (in-field (<g;)) (Sgy1)

and \zz’. = 1 ¢’ = ((<L2z rl z’) ) =c (Sp 2 (i1 ) o) 2y ) (124 40)
and Azl z2. 21 <p; 22 — (<L2 2 1:2) < (<L2 w1 z2)
and \z. 2 <p1 2= (Spo (g 2) o) < (SL22

and Azl a2. xl <p; 22 = (SLQ vt at) < (<L2 vl 72)
and Azl a2. w1 <p1 22 = (<9 41 (g, 22)) < (SL02 21 22)
and A\z1' 22" 21’ <p; 22" = (<Ro 407 497) < (L Rgxl 22")
and /\I] z2'. x1' <R1 22’ :>( ( 1 )232) (—RQ 1’ IQI)
and Az1’ :1:2’ zl’ <R1 z2' :>(<R2x1’ 21 S (LRo 41! 227
and \z". ' <p; ' = (<py . (@ m))§(<R2 )
and ((z1' 22" (Spy)) = (x1 22 = (<py) | 22 ;1S 1) =

in-field (<1 41 (r1 x?')) = (Sgo 2 (1 z1) x 2)) 12
and A\z. 2z <;; z =

(in-codom (<po (4, ) 2) & (SR2 (11 2) (11 ) Bt 2) (o 2) (201 2) 2)
and ((z1 22 = (<p7)) = (x1' 22" = (Spy) | 22 1K 2l =

in-field (Spo (11 21) 22”) = (SL221 (r1 227))) 72
and A\z". 2’ <p; ' =

(in-dom (<py o (e1 x')) = (<12 (r1 z') (r1 x'))) (7”2(” z') 2 (r'g(rl z') (e x'))
and Azl z2. 1 <p; z2 = transitive (<19 11 22)
and Azl 22" 21’ <p; 22’ = transitive (Spy 17 197)
shows ((<) =c¢ (<g)) I
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{proof)

corollary galois-equivalence-if-mono-if-galois-equivalencel :
assumes ((<17) =¢ (<py)) U r1
and reflexive-on (in-field (<)) (<r1)
and reflexive-on (in-field (<p;)) (Sgy1)
and Az’ @ 115 o' = ((Spa 4 (r1 2) =6 (SR (11 4) 27) (B4 5) (125 40)
and ((z1 22 == (Spg) | m 22 <pgal) = (2324 = (Spy) | 22 <pq 28) = ()
L2
and ((z1 22 = (<py) = @324 = (<py) | (22 <p; 23 AN 24 <p;m 23)) =
(2)) L2
and ((z1' 22" (Spy) le1 22’ <ggzl’) = (88" x4 = (Spy) | 22’ <p; x3') =
(<)) k2
and ((xl/xQ/:: (SRJ)) = (23/934/:2 (SRI) | (xQ/SRI 3" A $4/§R1 €1 ZEB’))
= (>)) R2
and ((z1' 22" (Spy)) = (21 22 = (<pg) | 22 1K 2l =
in-field (Sp9 o1 (r1 22') = (SR2 (11 21) 227) 12
and A\z. 2z <;; z =
(in-codom (<po (4, 2) o) = (SR2 (11 2) (11 2)) Bt 2) (o o) (1 2) o)
and ((z1 22 = (<p)) = (x1' 22" = (<py) | 22 1S 21) =
in-field (Spo (11 21) 22") = (S1221 (r1 227))) 72
and A\z'. 2’ <p; 2z’ =
(in-dom (S gy 4 (e1 :E')) = (512 (r1 z") (r1 w'))) <r2(r1 z’) 2 (7“2(” z') (21 z’)>
and Azl z2. z1 <p; 22 = transitive (<19 41 42)
and A\z1’ 22" 21’ <p; 12’ = transitive (Spy 117 207)
shows ((<;) =¢ (K<R)) I r
(proof )

end

interpretation flip : transport-Mono-Dep-Fun-Rel R1 L1 r1 11 R2 L2 r2 12
rewrites flip.t1.counit = n; and flip.t1.unit = &,
(proof)

lemma galois-equivalence-if-mono-if-preorder-equivalencel :

assumes ((<77) =pre (<py)) 11 11

and Az z' z 135 2" = (Spo 4 (r12) =6 (Sp2 (11 0) «

and ((z1 22 == (>11) = (@824 = (Spp) |21 <p;23) = (<

and ((z1' 22’ (>py)) = (28" 24" = (Spy) | 21’ <ps @

and ((z1' 22" = (Spy)) = (21 22 = (<pg) | 22 1S 21) =
in-field (<p9 21 (r1 22) = (SR2 (11 21) 227) 12

and ((z1 22 = (<py)) = (x1' 22" = (<py) | 22 1S =1) =
in-field (Spo (11 21) 22”) = (S1221 (r1 227))) 72

and Azl z2. 1 <p; 22 = transitive (<19 11 42)

and A\z1’ 22" 21’ <p; 12’ = transitive (<py 117 207)

shows ((<1) =¢ (SR)) I

{proof )
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theorem galois-equivalence-if-mono-if-preorder-equivalencel ":
assumes ((<r7) =pre (<py)) 1 11
and \zz". 2z ;S 7' = (L9, (r1 2)) =pre (SR (11 2) 27) By p) (724 40)
ond (a1 2.2 (>1.)) > (a9 f 5 (<) | 51 <1 ) S (<) 1
and ((z1' 22" = (>Rpy)) = (3" 24 = (Sgy) | =1’ <R1 z3") = (<)) R2
and ((z1' 22’ = (<Ry)) = (21 22 : (<L]) | 22 ;15 ©1)) =
in-field (Spp o1 (r1 42) = (<R2 (1 z1) z2") 2
and ((z1 22 = (<p7)) = (21" 22" = (Spy) | 22 1K 2l =
in-field (<R2 (1 21) 227 = (S1221 (r1 227))) T2
shows ((<7) = (<)) 17
(proof)

end

Monotone Function Relator context transport-Mono-Fun-Rel
begin

interpretation flip : transport-Mono-Fun-Rel R1 L1 r1 11 R2 L2 r2 12 (proof)

lemma galois-equivalencel:
assumes ((<r;) =¢ (<py)) U r1
and reflexive-on (in-field (<)) (<r1)
and reflexive-on (in-field (<p;)) (Sgy1)

and ((<p0) =¢ (<pg)) 1212
and transitive (<j,9)

and transitive (<pgy)
shows ((<1) =¢ (SR)) I r
{proof)

end

end

2.15.7 Simplification of Left and Right Relations

theory Transport-Functions-Relation-Simplifications
imports
Transport-Functions-Order-Base
Transport-Functions- Galois- Equivalence
begin

Dependent Function Relator context transport-Dep-Fun-Rel
begin

Due to reflezive-on (in-field (transport-Dep-Fun-Rel.L ?L1.0 ?L2.0))
(transport-Dep-Fun-Rel.L ?L1.0 ?L2.0) = transport-Mono-Dep-Fun-Rel.L
?L1.0 ?L2.0 = transport-Dep-Fun-Rel.L ?L1.0 ?L2.0, we can apply all re-
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sults from transport-Mono-Dep-Fun-Rel to transport-Dep-Fun-Rel whenever
(<p) and (<p) are reflexive.

lemma reflexive-on-in-field-left-rel2-le-assmlI:
assumes refl-L1: reflexive-on (in-dom (<r;)) (<r14)
and mono-L2: ((z1 : T) = (2223 == (<py) | 2l <p;22) = (<)) L2
and z! <j; z2
shows (<12 41 21) < (SL2 21 22)

(proof)

lemma refiexive-on-in-field-mono-assm-left21:

assumes mono-L2: ((z1 22 == (>1;) = (2824 = (<py) | 21 <p; 23) = (X))
L2

and refl-L1: reflexive-on (in-dom (<r 1)) (<r4)

shows ((z1 : T) = (2223 = (<) | 21 <p;22) = (L)) L2
(proof)

lemma reflexive-on-in-field-left-if-equivalencesl:
assumes ((<7;) =q¢ (<py)) U 1
and preorder-on (in-field (<r;)) (<r14)
and ((z1 22 == (>11) = @324 = (Spy) | 21 <p;23) = (L)) L2
and Azl z2. z1 <j; 22 = partial-equivalence-rel (<19 11 42)
shows reflezive-on (in-field (<r)) (<)
(proof )

end

Monotone Dependent Function Relator context transport-Mono-Dep-Fun-Rel
begin

lemma left-rel-eq-tdfr-left:
assumes reflezive-on (in-field (<)) (<p1)
and Azl 22. 21 <1712 = (<1042 42) < (S12 21 22)
and Azl a2. 21 <1712 = (<1941 1) < (SL2 21 22)
and Azl z2. 1 <j; 22 = partial-equivalence-rel (<19 11 +2)
shows (<) = tdfr.L
(proof )

lemma left-rel-eq-tdfr-lefti-if-equivalencesl:
assumes ((<r7) =q¢ (Kpy)) U r1
and preorder-on (in-field (<r;)) (<r14)
and ((z1 22 =2 (>1q) = (@8 x4 = (<pp) |21 <p;23) = (<)) L2
and Azl z2. z1 <p; 22 = partial-equivalence-rel (<19 41 42)
shows (<p) = tdfr.L
(proof)

end

Monotone Function Relator context transport-Mono-Fun-Rel
begin
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lemma left-rel-eq-tfr-leftl:
assumes reflezive-on (in-field (<r;)) (<r4)
and partial-equivalence-rel (< )
shows (<j) = tfr.tdfr.L
(proof )

end

end

2.15.8 Galois Relator

theory Transport-Functions-Galois-Relator
imports
Transport- Functions- Relation-Simplifications
begin

Dependent Function Relator context transport-Dep-Fun-Rel
begin

interpretation flip : transport-Dep-Fun-Rel R1 L1 r1 11 R2 L2 r2 12
rewrites flip.t1.counit = ny (proof)

lemma Dep-Fun-Rel-left-Galois-if-left-GaloisI:
assumes ((<r7) n< (<py)) U 11
and refl-L1: reflexive-on (in-dom (<r;)) (<r4)
and mono-r2: Az z'. z ;5 2’ = ((Spy (i1 z) AT (r1 x’))) (r2, .7
and L2-le2: \vl a2. w1 <p; 22 = (<12 51 21) < (SL2 21 22)
and ge-L2-r2-le2: Nz z' y' z ;5 2’ = in-dom (<py (i1 ) )Y =
Croq (r1 z’)) (24 (U1 z) ¥) < (Zros (r1 :1:')> (12 2 9")
and trans-L2: Nzl 22. 21 <[ 22 = transitive (<19 41 22)
and g <p g
and f 15 g
shows ((z 2" (113)) = (194 +R) 9
(proof)

lemma left-rel-right-if- Dep- Fun- Rel-left-GaloisI:

assumes mono-l1: ((<r,7) = (<py)) U

and half-galois-prop-rightl: (<) <n (<pgy)) i r1

and L2-unit-le2: Nzl 22. v1 <p; 12 = (<[,9 41 (m :p,@)) < (<12 21 22)

and ge-L2-r2-lel: Nxl 22y’ x1 <p; 22 = in-codom (<py (1 z1) (U1 :r,?)) y'
E—

(21201 22) (221 (11 22) ¥) < (ZL2 21 22) (P42 (11 22) V)
and rel-f-g: ((z 2" ([12)) = (L9 4 'R)) [ 9
shows f <y rg

(proof)
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lemma left-Galois-if-Dep-Fun-Rel-left-Galoisl:
assumes (1) = (<p;)) I
and ((<p;) <n (Spy)) U 11
and Azl 22. 21 <p; 22 = (<[5 4 (m mg)) (<12 21 22)
and Azl 22y z1 <p; 22 = in-codom (<py (1 z1) (i1 xQ)) Yy =

(Zr2 21 22) (241 (11 22) ¥) < (21221 22) (242 (11 02) V)
and in-codom (<p) g

and ((z 2" (1)) = (12, .R) f9
shows [ 1< ¢

{proof)

lemma left-right-rel-if- Dep- Fun- Rel-left-GaloisI:
assumes mono-rl: ((<py) = (<) 1
and half-galois-prop-left2: Nz1' 22’ 1’ <p; 12’ =
(<12 (r1 z1’) (r1 zQ')) nd (SR (e1 x1") z27) (12590 (r1 z1 ')) (Tg(rl z1’) 22")
and R2-lel: N\x1' 22" x1' <p; 12" = (<py (e1 1) 22 < (ZRo g1’ 207
and R2-12-lel: N\z1’ 22" y. x1' <p; 22" = in-dom (<[, (r1 21" (r x?’)) y
=
(SR2 017 22" (l%g (ri 21 Y = (SRo g1/ 22 Pop (r1 217 Y)

1
and rel-f-g: (2" = (112) = (104 2/R) f 9
shows [ f <p ¢
(proof)

lemma left-Galois-if-Dep-Fun-Rel-left-GaloisI ":

assumes ((<7;) = (<py)) U and ((Spy) = (<11)) 11
and ((<r;) In (Spy)) U 71

and A\z1’ 22’ 21’ <p; 22’ =
(12 (r1 217 (r1 227)) 22 (SR2 (o1 217) 227) oo (r1 217)) (2(11 017) 227)
and \al 22. 21 <p; 92 = (Spg 41 (g 22)) < (SL2 a1 22)
and /\I]IIQ/. zl’ SRZ 2 — (SRQ (51 xl') 1,2/) < (SRQ xllxgl)
and Azl 22 y' vl <p; 12 = in-codom (<py (11 z1) (11 x?)) y =
(ZL2 21 22) (P21 (11 22) ¥) < (ZL2 21 22) ("240 (17 22) V)
and Azl 22" y. 21’ <p; 22’ = in-dom (<, (r1 21" (r1 xQ’)) y =
(SR2 017 227) (12400 (r1 z1’) Y) < (SRo a1 22 (24 (r1 z1’) v)

and ((z 2" (118) = (12428 [9
shows [ 1< ¢

{proof)

lemma left-Galois-iff-Dep-Fun-Rel-left-GaloisI :
assumes ((<r;) = (<py)) I

and ((<p;) < (Spy) U 11
and reflexive-on (in-dom (<7 ;) (<r;)

and /\:C z'. x Ll’S z = ((< 2(lz)x ’) ( L2z (r1 x/))) (7”2$ :r’)
and Azl 22. 21 <p; 22 = (<1941 21) < (S12 21 22)
and Azl 22. 21 <p; 22 = (<[ 4 (m xg)) < (12 21 22)
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and Azl 22 y' vl <p; 12 = in-codom (<py (11 1) (i1 m2)) y =

r

(Zr2a122) (221 (11 22) ) < (20221 22) (202 (11 42) )
and \z 2" y' z ;5 2’ = in-dom (<py (i1 z) )Y =
L2 (r1 x')) (24 (1 z) ¥) < (12, (r1 x')) (12 4 ¥")
and Azl z2. 1 <p; z2 = transitive (<19 11 22)
and g <p g
shows [ 1S g «— (v 2" (£12) = (124 R)) [ 9
{proof)

lemma left-Galois-iff-Dep-Fun-Rel-left- Galois-ge-left-rel2-assml:
assumes Azl 22. 21 <p; 12 =
((in-codom (<o (11 21 (11 22)) = (SL2 21 22)) (P21 (11 22)) (242 (11 22))
and Azl z2. 21 <j; 22 = transitive (<19 11 42)
shows Azl 22 y' 1 <p; 12 = in-codom (<py (11 1) (11 x,?)) y =

(Zr2a122) (221 (11 22) ) < (20221 22) (202 (11 42) )
(proof )

lemma left-Galois-iff-Dep-Fun-Rel-left- Galois-ge-left-rel2-assml "
assumes Az z’. ¢ ;5 2/ =
((in—dam (SRQ (l] x) I,)) = (SLQ T (T‘] x’))) (Tgx (l] x)) (rgx xl)
and Azl 22. 1 <p; 22 = transitive (<19 11 42)
shows Az 2’ y'. 2 ;5 2’ = in-dom (<py (i1 z) )Y =
>r2q (r1 x’)) (r2, (i1 z) ¥) < (Zros (r1 a:')) (124 1 9')
{proof )

lemma left-Galois-iff-Dep-Fun- Rel-left- Galois-mono-assm-in-codom-rightl :

assumes mono-l1: ((<r;) = (<py)) U

and half-galois-prop-right1: ((<r7) <n (Spyp)) U 71

and refl-L1: reflexive-on (in-codom (<)) (<r71)

and L2-le-unit2: Nzl 22. x1 <p; 12 = (<19 41 (m x?)) < (L1221 22)

and mono-12: ((z1 22 = (<) = (21’ 22" = (Spy) | 22 1S 21') =

in-field (Spo (11 21) 22") = (S1221 (r1 227))) 72

and z1 <j; 22

shows ((in-codom (<po (17 21) (11 ¢2))) = (SL2 21 22) (P21 (11 22)) (202 (11 22))
(proof)

lemma left- Galois-iff-Dep-Fun- Rel-left- Galois-mono-assm-in-dom-rightI:

assumes mono-l1: (<ry) = (Xpy) U

and half-galois-prop-rightl: (<) < (<pgy)) U r1

and refl-L1: reflexive-on (in-dom (<r 1)) (<r1)

and mono-r2: ((z1 22 = (<)) = (21’ 22" = (Spy) | 22 1S v1') =

in-field (Spo (11 21) 22”) = (SL221 (r1 227))) 72

and z ;;S 2’

shows ((in-dom (<py (1 ) ) = (Spag (r1 x’))) (12, (i1 w)) (24 27)
(proof)
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lemma left-Galois-iff-Dep-Fun-Rel-left- Galois-if-monol:
assumes (<) = (<py))
and ((<p;) 9 (Spy)) U 71
and reflexive-on (in-field (<r1)) (<r1)
and Az 2’ 7 ;5 7' = ((Spy (i1 z) ) = (Z10, (1 x/))) (r2, 1)
and Awl 22. 21 <p; 22 = (<L9 g1 21) < (12 21 22)
and Azl z2. z1 <r1 2 = (SLQ zl (m m?)) < (SLQ 21 x?)
and ((z1 22 = (<py)) = (x1' 22" = (Spy) | 22 1S =1) =

in-field (Spo (11 21) 22") = (S1221 (r1 227))) 72

and Azl 22. 21 <p; 22 = transitive (<19 41 42)
and g <p g
shows f 1S g«— (2" = (1128) = (12, 22) [ 9
(proof)

lemma left-Galois-iff-Dep-Fun-Rel-left- Galois-left-rel2-le-assm1
assumes refl-L1: reflexive-on (in-dom (<p;)) (<r71)
and mono-L2: ((z1 : T) = (22 - (<py) | 21 <p; 22) = (<)) L2
and z1 <j; 22
shows (<19 31 21) < (12 21 22)

(proof)

lemma left-Galois-iff-Dep-Fun-Rel-left- Galois-left-rel2-unit1-le-assmlI:
assumes mono-l1: (<r7) = (<py) U
and half-galois-prop-rightl: (<) <n (Spgy)) i rl
and refl-L1: reflexive-on (in-codom (<r;)) (<r71)
and antimono-L2:
(1 :T)= (2228 = (<pp) | (x1 <p722 Nx3 <p;m 22)) = (>)) L2
and =1 <j; 22
shows (SLQ zl (771 x?)) < (SLQ rl xQ)
(proof)

lemma left-Galois-iff-Dep-Fun-Rel-left- Galois-if-monol -
assumes (<) = (<py))
and ((<p;) < (<pj)) U r1
and reflexive-on (in-field (<r,)) (<r1)
and Az 2" 7 ;5 2" = ((Spy (i1 z) ) = (Z10 . (1 x/))) (r2, 1)
and ((z1 : T) = (22 - (<py) |zl <p;22) = (<)) L2
and ((z1 : T) = (2223 = (<py) | (xl <p7 22 Nz3 <p;m z2)) = (>)) L2
and ((z1 22 = (<py)) = (x1’ 22" = (<py) | 22 1S =) =
in-field (Spo (11 21) 22) = (SL221 (r1 227)) 72
and Azl z2. 1 <p; 22 = transitive (<19 11 42)
and g <p g
shows f 1S g «— (2" (112) = (12, /R) 9
(proof )

corollary left-Galois-iff-Dep-Fun- Rel-left- Galois-if-mono-if-galois-connectionl :

assumes ((<r7) 1 (<py)) U r1
and reflexive-on (in-field (<r1)) (<r1)
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and Az z’. z 1S o' = ((Spy (U1 z) o) = (Speg (r1 x')» (24 47)
and ((z1 : T) = (22 - (<pyp) | 21 <p;22) = (L)) L2
and ((z1 : T) = (2223 == (<pq) | (x1 <p; 22 A28 <p;m 2z2)) = (>)) L2
and ((z1 22 = (<pg)) = (x1' 22" = (Spy) | 22 1S =) =
in-field (Spo (11 21) 22") = (S1221 (11 227))) 72
and Azl z2. 21 <p; z2 = transitive (<19 41 42)
and g <p g
shows [ 1S g+ ((z2' = (18) = (Lo z.R) 9
{proof )

interpretation flip-inv : galois (>py) (>11) rl1 11 (proof)

lemma left- Galois-iff- Dep- Fun- Rel-left- Galois-left-rel2-unit1-le-assm-if-galois-equivl :
assumes galois-equivl: ((<r¢) =q¢ (<py)) U 11
and refl-L1: reflexive-on (in-field (<r;)) (<171)
and mono-L2: ((z1 : T) = (22 - (<pq) | 21 <p;22) = (L)) L2
and z! <j; z2
shows (<10 41 () 22)) < (SL2 21 22)
(proof)

lemma left-Galois-iff-Dep-Fun-Rel-left- Galois-if-galois-equivalencel :

assumes ((<r;) =q¢ (<py)) U 1

and reflexive-on (in-field (<r;)) (<r14)

and \z 2z’ z ;5 2’ = (SR (1 z) )= Sy (r1 :r/))) (24 4)

and ((z1 : T) = (22 - (<pg) | 2l <p;22) = (L)) L2

and ((z1 22 == (<p7)) = (21’ 22" = (Spy) | 22 1K 21 =
in-field (Spo (11 21) 22" = (SL221 (11 227))) 72

and Azl z2. 21 <p; 22 = transitive (<19 41 42)

and g <p g

shows f 1< g «— (2" (112) = (125 2/2) 9

{proof )

corollary left-Galois-iff-Dep-Fun-Rel-left- Galois-if-galois-equivalencel "
assumes ((<7) =¢ (<py)) U r1
and reflexive-on (in-field (<r1)) (<r1)
and \z 2’ 7 ;5 2" = ((Spo (i1 ) 2N = (S0, (r1 x’))) (r2, 1)
and ((z1 22 == (>17) = @324 = (<py) | 21 <p;23) = (L)) L2
and ((z1 22 == (<pg)) = (x1' 22" = (<py) | 22 1S =1) =
in-field (Spo (11 21) 22") = (S1221 (r1 227))) 72
and Azl z2. 21 <p; 22 = transitive (<19 41 42)
and g <p g
shows f 1S g«— (2" = (1128) = (12, 22) [ 9
(proof)

corollary left-Galois-iff-Dep-Fun- Rel-left- Galois-if-preorder-equivalencel :
assumes ((<77) =pre (<py)) 11 11
and Az 2’ 7 ;5 7' = ((Spy (i1 z) 2= Ero s (r1 x/))) (r2, 1)
and ((z1 22 :: (>14) = (284 = (<pp) | 21 <p;23) = (L)) L2
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and ((z1 22 = (<py)) = (x1' 22" = (<py) | 22 1S =) =
in-field (Spy (11 21) 22) = (SL221 (r1 227)) 72

and Azl z2. 1 <p; 22 = transitive (<19 11 42)

and g <p g

shows f 1S g = ((z 2" (112) = (124 2/R)) f9

(proof)

corollary left-Galois-iff-Dep- Fun-Rel-left-Galois-if-preorder-equivalencel "
assumes ((<r7) =pre (Spy)) U 11
and Azz' 2 ;52" = (Spp (r? x')) =pre (SRo (il z) 2 ) (Z’Q ra) (124 )
and ((z1 22 == (2p1) = (w5 24 = (Spp) | 21 <py 965’) (<) L
and ((z1 22 : (<)) = (a1’ 02" (Sgp) |22 X 21) =
in-field (<R2 (11 z1) 22 9) = (S19 41 (r1 =2 ))) e
and g <p ¢
shows [ 15 g «— (w2 (112) = (o4 R)) [ 9
(proof )

Simplification of Restricted Function Relator lemma Dep-Fun-Rel-left-Galois-restrict-left-right-ec
assumes ((<r;) = (Sgy)) I and ((<py) = (<pg) 7!
and ((<p;) <n (Sgy)) 1 71
and A\z1’ 22" 21’ <p;22' =
(12 (r1 217 (r1 227) "2 (SR2 (61 w17 22) P2 (71 217) 201 217) 227)
and /\x] 22. 21 <14 22 — (SLQ 2l (m 22)) < (SLQ 21 1‘2)
and A\z1’ 22" 21’ <p; 22" = (<py (1 21) 22) < (ZRo g1’ 207
and A\z1’ 22" y. a1’ <p; 12’ = in-dom (<[, (r1 21" (r1 $2/)) y =
(SR2w1’22) Pas’ (11217 V) < (SR2 w1’ 227) Bop (r1 217) Y)
and Azl 22y z1 <p; 22 = in-codom (<py (11 1) (i1 1,2)) y =
(>L2 21 z?) (7‘%1 (11 22) V) < (ZL2 21 22) (2459 (11 22) V)
shows ((z z’ (LJN)) = (LQ T x’é))rin-dom (SL)1in-cod0m (<p)

((z 2’ (Lm)) = (192 2'%)
{proof)

lemma Dep-Fun-Rel-left-Galois-restrict-left-right-eq-Dep- Fun- Rel-left- GaloisI ':
assumes ((<7;) 1 (<py) L r1
and reflexive-on (in-field (<)) (<r4)
and reflezive-on (in-field (<g;)) (Sgy1)
and A\z1’ 22’ 21’ <p; 22’ =
(12 (r1 217 (r1 227)) 22 (SR2 (o1 217) 227) oo (r1 21) (2(11 217) 227)
and ((z1 22 = (<py) = @324 = (<py) | (22 <p7 23 N 24 <p;m 28)) =
(2)) L2
and ((z1' 22" (Spy) le1 22’ <ggzl’) = (88" x4 = (Spy) | 22’ <p; z3') =
(<)) k2
and ((z1' 22" (Spy)) = (¢l a2 : (Spg) |22 1S 21) =
in-field (Sp9 21 (r1 221) = (—Rg (i1 «1) 22") 12
and (a1 22 5 (€10) = (a1 52/ () | 02 1% a1 =
in-field (Spo (11 21) 22") = (SL2 21 (r1 227)) ™2
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and Azl z2. 1 <p; 22 = transitive (<19 11 42)

and A\z1’ 22" 21’ <p; 12’ = transitive (<py 177 107)

shows ((z 2" (1;8)) = (L2 z m’é))rin—dom (§L)1in—cod0m (<R)
= ((@2" = (L12) = (L2 5 2'R))

(proof)

Simplification of Restricted Function Relator for Nested Transports

lemma Dep-Fun-Rel-left- Galois-restrict-left-right-restrict-left-right-eq:
fixes S :: ‘al = ‘a2 = 'b1 = b2 = bool
assumes ((<r7) v (Spy)) U r1

shows ((z2":: (11R)) = (S22 lin-dom (<, , (ri o)) in-codom (Spo (11 ) o)

lin-dom (SL)1in-codom (Zp) —
(zz" = (11R) = Sz 2)in-dom (gLﬂrm-codom (<p) (is 2lhs = ?rhs)
(proof)

end

Function Relator context transport-Fun-Rel
begin

corollary Fun-Rel-left-Galois-if-left-GaloisI:
assumes ((<r7) n< (Zpy)) U 11
and reflexive-on (in-dom (<r 1)) (<r1)
and ((Spg) = (<L) 72
and transitive (<j )
and g <p g
and f < ¢
shows ((11) = (12X)) fy
(proof )

corollary left-Galois-if-Fun-Rel-left-GaloisI:
assumes ((<1;) = (<gy)) 11
and ((<p;) <n (Sgy)) 1 71
and in-codom (<pg) g

and ((173) = (123)) fg
shows [ 1< ¢

{proof)

lemma left-Galois-if-Fun-Rel-left-Galoisl "
assumes ((<r;) = (<py)) Il and ((<py) = (<)) 71
and ((<p;) <n (Spgy)) U 11
and ((<p9) nD (Spp)) 1272

and ((1;3) = (128)) fg
shows f ;1< ¢

(proof )

corollary left-Galois-iff- Fun-Rel-left-GaloisI:
assumes ((<p;) = (<py)) I
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and ((<p;) < (<py)) U rl

and reflexive-on (in-dom (<7 ) (<11)
and ((<pg) = (<rg)) 72

and transitive (<[,9)

and g <p g

shows f 1< g «— ((112) = (128)) f 9
(proof )

Simplification of Restricted Function Relator lemma Fun-Rel-left-Galois-restrict-left-right-eq-Fur
assumes ((<r;) = (<gy)) I and ((<g;) = (<L) 7!
and ((<p;) <n (Spgy)) U 11
and ((<pp) n< (Spp)) 1212
(proof )
Simplification of Restricted Function Relator for Nested Transports
lemma Fun-Rel-left-Galois-restrict-left-right-restrict-left-right-eq:
fixes S :: ‘b1 = 'b2 = bool

assumes ((<r7) n< (<py)) U 11
shows ((1,1%) = S

_ in-dom (SLQ)] in-codom (SRQ)) lin-dom (SL)1 in-codom (< p)
(212) = lin-dom (gL)1z’n—cod0m (£pR)
{proof)

end

Monotone Dependent Function Relator context transport-Mono-Dep-Fun-Rel
begin

lemma Dep-Fun-Rel-left-Galois-if-left-Galoisl:
assumes ((<r7) nd (Spy)) U rl
and reflexive-on (in-dom (<r,)) (<r1)
and Az z". 7 ;5 2" = ((Spo (i1 z) ) = (Z10, (r1 x/))) (r2, 1)
and Azl 22. x1 <p; 22 = (<1221 21) < (S12 21 22)
and \z 2" y' z ;5 2’ = in-dom (<py (i1 ) )Y =

L2 (r1 x')) (24 (1 z) ¥) < (212, (r1 x')) (12 4 ¥")
and Azl z2. 1 <p; 22 = transitive (<19 11 22)
and f 1T ¢
shows ((z 2" (118)) = (124 2'R)) 9
{proof)

lemma left-Galois-if-Dep-Fun-Rel-left-GaloisI:
assumes (tdfr.R = tdfr.L) r
and ((<;) = (Sgy) U
and ((<z7) < (Sgy) U 71
and Al 22. 21 <p; 22 = (Spg 41 (g 22) < (SL2 21 22)
and Azl 22 y' 21 <p; 12 = in-codom (<py (11 1) (i1 1,2)) y =

r

(ZL2 21 22) (241 (11 22) ¥) < (ZL2 21 22) (242 (11 22) V)
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and in-dom (<) f

and in-codom (<g) g

and ((z 2" (11%) = (1242 [9
shows f 1< ¢

(proof)

lemma left-Galois-iff-Dep-Fun-Rel-left-GaloisI:

assumes (tdfr.R = tdfr.L) r

and ((<r7) = (Spy) U

and ((<p;) < (Spy) U 1

and reflexive-on (in-field (<r1)) (<r1)

and Az 2’ z 1S o' = ((Spy (U1 z) o) = (Speg (r1 x')» (r2y 41)

and Aal 22. x1 <p; 22 = (<19 51 21) < (12 21 22)

and Azl 22. x1 <p; 32 == (S1p 41 (5 22)) < (SL221 22)

and ((z1 22 = (<p7)) = (21’ 22" = (Spy) | 22 1K ol =
in-field (Spo (11 21) 22”) = (SL221 (r1 227)) ™2

and Azl z2. 1 <p; 22 = transitive (<19 11 22)

and in-dom (<p) f

and in-codom (<g) g

shows [ 15 g+ ((z2' = (1R) = ([0 ./R) 9

{proof)

lemma left-Galois-iff-Dep-Fun-Rel-left- Galois-if-mono-if-galois-connectionl :
assumes galois-connl: ((<r;) 1 (<pgy) U r1
and refl-L1: reflexive-on (in-field (<r1)) (<r1)
and Az o’ 2 ;5 2" = ((Spy (i1 ) «") = (L2 (r1 ) (125 37)
and Al a2. w1 <p; 22 = (<1951 21) < (SL2 21 22)
and L2-le-unit2: Nzl 22. v1 <p; 12 = (<[ 41 (m :EQ)) < (12 21 22)
and mono-r2: ((z1 22 = (<py)) = (x1' 22" = (<py) | 22 ;1S z1) =
in-field (Spo (11 21) 22") = (SL221 (r1 227)) ™2
and trans-L2: Nzl 22. 21 <p; 22 = transitive (<19 11 22)
and in-dom (<) f
and in-codom (<p) g
shows [ 1S g+ ((z2' 2 (118) = (194 2/R)) fg (is ?lhs «— ?rhs)
(proof)

corollary left-Galois-iff-Dep- Fun-Rel-left- Galois-if-mono-if-galois-connectionl ":
assumes ((<r;) 4 (<py)) U 11
and reflexive-on (in-field (<)) (<r1)
and Az z". 7 ;5 2" = ((Spy (i1 z) ) = (Z10, (r1 x’))> (r2, 1)
and ((z1 : T) = (22 - (<py) | 21 <p;22) = (<)) L2
and ((z1 : T) = (2223 = (<pp) | (1 <p; 22 ANz8 <p;m 2z2)) = (>)) L2
and ((z1 22 = (<pg)) = (x1' 22" = (<py) | 22 1S =1) =
in-field (Spo (11 21) 22") = (SL2 21 (r1 227)) ™2
and Azl z2. 1 < 22 = transitive (<19 41 42)
and in-dom (<p) f
and in-codom (<pR) g
shows f 1S g «— (2" = (11%) = (10 4 /<)) [ 9 (s ?lhs < ?rhs)
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{proof)

corollary left-Galois-eq-Dep-Fun-Rel-left- Galois-restrict-if-mono-if-galois-connectionl :
assumes ((<7;) 4 (<py)) U 1t
and reflexive-on (in-field (<r1)) (<r1)
and Az 2’ 7 ;5 2" = (($po (i1 @) 2N = (Lo, (r1 x’))> (r2, .
and ((z1 : T) = (22 - (<pp) | =1 <p;22) = (L)) L2
and ((z1 : T) = (2223 == (<pg) | (1 <p; 22 ANz3 <p;m 2z2)) = (>)) L2
and ((z1 22 = (<pg)) = (x1' 22" = (<py) | 22 1S =) =
in-field (Spo (11 21) 22”) = (S1221 (r1 227))) 72
and Azl z2. z1 <p; 22 = transitive (<19 41 42)
shows (13) = (2" (£12) = (12 4 ') lin-dom (gL)1in—cod0m (ZpR)
{proof)

lemma left-Galois-iff-Dep-Fun-Rel-left- Galois-if-galois-equivalencel :
assumes ((<77) =q (Kpy) U r1
and reflexive-on (in-field (<r,1)) (<r1)
and Az 2’ 7 ;5 7' = ((Spy (i1 z) 2= Ero g (r1 x’))) (r2, 1)
and ((z1 22 == (>1q) = (@8 x4 = (<pp) | 21 <p;23) = (<)) L2
and ((z1 22 = (<pq)) = (21’ 22" = (<gy) | 22 ;1S 1) =
in-field (Spo (11 21) 22”) = (SL2 21 (r1 221))) 72
and Azl z2. 1 <p; 22 = transitive (<19 11 22)
and in-dom (<) f
and in-codom (<) g
shows f 15 g = ((z 2" (11R) = (124 2R)) [ 9
(proof)

theorem left-Galois-eq-Dep-Fun-Rel-left- Galois-restrict-if-galois-equivalencel :
assumes ((<17) =q (Kpy) U r1
and reflexive-on (in-field (<r1)) (<r1)
and Az 2’ 2 ;5 2" = ((Spe (11 z) o) = (Sp2e (r1 x'))) (124 41)
and ((z1 22 = (>1q) = (@824 = (<pq) | 21 <p;23) = (<)) L2
and ((z1 22 = (<pq)) = (21’ 22" = (<gy) | 22 ;1S 1) =
in-field (Spo (11 21) 22") = (SL221 (r1 221)) ™2
and Azl z2. 1 <p; 22 = transitive (<19 11 22)

shows (Lé) - ((‘T ‘,L./ :: (ng)) = (LQ T Qj/é)) rin_dom (SLﬂin_codom (SR)
(proof )

corollary left-Galois-iff- Dep- Fun- Rel-left- Galois-if-preorder-equivalencel :
assumes ((<7,7) =pre (<py)) 11 11
and Az z’. 2 1S 2" = ((Spy (U1 z) o) = (Speg (r1 x'))> (24 47)
and ((z1 22 == (>17) = (@324 = (<pq) | 21 <p;23) = (L)) L2
and ((z1 22 = (<pg)) = (x1’ 22" = (<py) | 22 1S =) =
in-field (Spo (11 21) 22") = (SL2 21 (r1 227)) ™2
and Azl z2. 1 < 22 = transitive (<19 41 42)
and in-dom (<p) f
and in-codom (<p) g
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shows f 1S g ¢— ((z2': (£12) = (p2 4 R)) f9
{proof)

corollary left-Galois-eq-Dep-Fun-Rel-left- Galois-restrict-if-preorder-equivalencel :
assumes ((<7) =pre (<py)) 11 11
and Az o'z ;S o' = ((Spy (51 o) ) = 1o (r1 2)) (12 )
and ((z1 22 :: (Zpq)) = (2324 = (Spg) | 21 <py $3) (<) L
and ((z1 22 == (<14)) = (IJ'IQ" (<pp) |22 1S 21 =
in-field (Spo (11 21) 22) = (SL221 (r1 227)) 72
and Azl z2. 1 <L1 2 = transitive (<19 41 42)
shows (13) = ((z 2" (£1R)) = (12 2 'R lin-dom (<) in-codom (< p)
(proof )

corollary left-Galois-iff-Dep- Fun-Rel-left-Galois-if-preorder-equivalencel *:
assumes ((<r,7) =pre (<py)) 1 11
and \zz". 2z ;S 7' = (L9, (r1 1:/)) =pre (Spo 2 (lz)x ) (12 1 g) (125 41)
and ((z1 22 :: (2p7)) = (23 24 : (<L1) | 1 <p; 953) (<) L
ond (132 = (S12) = (01722 () | 2 15 210 =
in-field (Spo (11 21) 22") = (—L2 ol (r1 22')) T2
and in-dom (SL) f
and in-codom (<g) g
shows [ 1< g« ((z 2= (11R) = (24 R) [ 9
(proof)

.'I/' /

corollary left-Galois-eq-Dep-Fun-Rel-left- Galois-restrict-if-preorder-equivalencel .
assumes ((<77) =pre (<py)) 11 11
and Az o’ 152" = (Spg, (r1 x')) =pre (SRo (Il ) z ) (12 o' o) (25 1)
and (21 42 = (>17) = (@324 = (<17) | o1 <17 98) > (<) L
and ((z1 22 = (<L1)) = (21" 22" = (Spy) |22 1S 2l)) =

in-field (<p (1 1:1) 22) = (S92 41 (r1 :52'))) re

shows (L%) = (( 2 (21R) 2 (12 2 o) in-dom (SL)1in—codom (£R)
(proof)

Simplification of Restricted Function Relator lemma Dep-Fun-Rel-left-Galois-restrict-left-right-ec
assumes reflexive-on (in-field tdfr.L) tdfr.L
and reflexive-on (in-field tdfr.R) tdfr.R
and ((<p;) 4 (Spgyg) U r1
and reflexzive-on (in-field (<r1)) (<r1)
and reflezive-on (in-field (<g;)) (Sgy1)
and A\z1’ 22 21’ <p; 22’ =
(12 (r1 217 (r1 227) 22 (SR2 (o1 217) 227) Pan (r1 21) (72(01 017) 227)
and ((z1 22 = (<pp) = @324 = (<py) | (22 <p; 23 N2 <p;m 23)) =
(=) L2
and ((z1' 22" (Spy) le1 22’ <ggzl’) = (8" x4 (Spy) | 22’ <p; z3') =
(<)) R2
and ((z1' 22’ = (<py)) = (x] 22 = (<py) |22 1S el’) =
in-field (Spg o1 (r1 22') = (SR2 (11 21) 227) 12
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and ((z1 22 = (<py)) = (x1' 22" = (<py) | 22 1S =) =
in-field (Spy (11 21) 22) = (SL221 (r1 227)) 72

and Azl z2. 1 <p; 22 = transitive (<19 11 42)

and A\z1’ 22’ 21’ <p; 22’ = transitive (gRQ .y 12’)

shows ((z 2’ (1)) = (122 22 Nin-dom (SL)“n—codom (<R)
= ((wa" = (L12) = (124 2'R))

(proof)

interpretation flip : transport-Dep-Fun-Rel R1 L1 r1 11 R2 L2 r2 12
rewrites flip.t1.unit = &1 (proof)

lemma Dep-Fun-Rel-left-Galois-restrict-left-right-eq-Dep- Fun- Rel-left- GaloisI :
assumes ((<1) =pre (<py)) 11 11
and Az1’ 22’ 21’ <p; 22’ =
(<12 (r1 z1") (r1 z2l)) nd (SR (e1 21" z27) (12490 (r1 =1 ')) (TQ(T] z1’) 2")
and ((z1 22 == (>11) = @324 = (<py) | 21 <p;23) = (L)) L2
and ((z1' 22" = (>Ry)) = (3" x4 = (Spy) | 21’ <p; 23') = (<)) R2
and ((z1' 22" = (Spy)) = (21 22 = (<pg) | 22 1S 21) =
in-field (<19 21 (r1 22) = (SR2 (11 21) 227) 12
and ((z1 22 = (<p7)) = (x1' 22" = (Spy) | 22 1S x1) =
in-field (Spo (11 21) 22") = (S1221 (11 227))) 72
and PERS: Nzl 22. x1 <[; 22 = partial-equivalence-rel (<19 11 42)
Nzl z2' 1’ <p; x2' = partial-equivalence-rel (SRZ 21’ 22 /)
shows ((z z’ :: (Llé)) = (LQ z x’é)) rm-dom (SL)1in—cod0m (<R)
= ((w2" = (L12) = (124 2'R)
(proof)

Simplification of Restricted Function Relator for Nested Transports

lemma Dep-Fun-Rel-left-Galois-restrict-left-right-restrict-left-right-eq:
fixes S :: ‘al = a2 = b1 = 'b2 = bool
assumes ((<r7) n< (Zpy)) U 11

shows (2”5 (112) 5 (52 lidom (<, (17 o) liv-codom (< (11 2y 27)

lin-dom (gL)1in—cod0m (£Rp) —
(2" = (118) = S 2) i dom (SL)Win—codom (<R)

(is ?lhsl2prl2cr = ?rhsleprlecr)
(proof)

end

Monotone Function Relator context transport-Mono-Fun-Rel
begin

corollary Fun-Rel-left-Galois-if-left-GaloisI:
assumes ((<r7) n< (<py)) U 11
and reflexive-on (in-dom (<)) (<11)

and ((<gg) = (<p2) (12)
and transitive (<)
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and f 1< g
shows ((1,13) = (123)) f 9
(proof)

interpretation flip : transport-Mono-Fun-Rel R1 L1 r1 11 R2 L2 r2 12 (proof)

lemma left-Galois-if-Fun-Rel-left- GaloisI:
assumes (< ;) = (<py))
and ((<p;) <n (Sgy)) U 71
and ((<pg) = (<rg)) 2
and in-dom (<p) f
and in-codom (<g) g
and ((1;) = (L2x)) fy
shows f ;< ¢

(proof)

corollary left-Galois-iff- Fun-Rel-left-GaloisI:
assumes (<) = (<py)) I
and ((<p;) < (<py)) U rl
and reflexive-on (in-dom (<r 1)) (<r¢)
and ((Sgg) = (Sp2)) (r2)
and transitive (<j )
and in-dom (<) f
and in-codom (<pg) g
shows f 1< g «— ((112) = (22%)) fy
(proof )

theorem left-Galois-eq-Fun-Rel-left- Galois-restrictl:
assumes ((<p,) = (<py)) U
and ((<r) 9 (Spy) U 11
and reflexive-on (in-dom (<r,)) (<r1)
and ((<pg) = (<rg)) 2
and transitive (<j )
shows (1.3) = ((112) = (L22)in-dom (<) lin-codom (<)
{proof )

Simplification of Restricted Function Relator lemma Fun-Rel-left-Galois-restrict-left-right-eq-Fun
assumes reflexive-on (in-field tfr.tdfr.L) tfr.tdfr.L
and reflexive-on (in-field tfr.tdfr.R) tfr.tdfr.R
and ((<r;) = (Sgy)) i and ((Sg;) = (<1g)) 71
and ((<p;) <n (Spy)) U 71
and ((<p9) n D (Spp)) 1272
shows ((1,15) = (£28)lin-dom (<) lin-codom (<) = (L12) = (L2%))
(proof )

lemma Fun-Rel-left- Galois-restrict-left-right-eq- Fun- Rel-left-GaloisI :
assumes ((<r;) = (<py)) i and ((<g;y) = (<py) 71
and ((<p,7) du (Spy)) U 7l
and reflexive-on (in-field (<r1)) (<r1)
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and reflexive-on (in-field (<g;)) (Sgy1)

and ((<zp) n< (Spp)) 1212

and partial-equivalence-rel (<p,9)

and partial-equivalence-rel (<po)

shows ((112) = (L23) lin-dom (SL)1in—codom (<Rp) = ((z12) = (123)
(proof )

Simplification of Restricted Function Relator for Nested Transports

lemma Fun-Rel-left-Galois-restrict-left-right-restrict-left-right-eq:
fixes S :: 'b1 = b2 = bool
assumes ((<r7) nd (Spy)) U r1
shows (%) = S|

_ in-dom (SLQ)1 in-codom (SRQ)) lin-dom (SL)1 in-codom (< p)
((Llé) = S)rin-dom (SL)1in-cod0m (<p)
{proof)

end

end

2.15.9 Order Equivalence

theory Transport-Functions-Order-Equivalence
imports
Transport-Functions-Monotone
Transport-Functions-Galois- Equivalence
begin

Dependent Function Relator context transport-Dep-Fun-Rel
begin

Inflationary lemma rel-unit-self-if-rel-selfI:
assumes inflationary-unitl: inflationary-on (in-codom (<r;)) (<17) m
and refl-L1: reflexive-on (in-codom (<r;)) (<r1)
and trans-L1: transitive (< ;)
and mono-12: N\z. z <p; 2 = (L1212 = (ZRo (1 z) (i1 z))> (12(11 ) ©)
and mono-r2: N\z. © <p; 2= ((<py (1 z) (i1 x)) = (L1294 (m x))) (r2, (i1 x))
and inflationary-unit2: Nz. z <p; t =
inflationary-on (in-codom (<19 1 +) (X122 2) (M9 4 (i1 x))
and L2-lel: N\el a2. x1 <pq 22 == (S1242 22) < (S12 a1 22)
and L2-unit-le2: Nzl 22. v1 <p; 12 = (<[9 41 (m 12)) < (<19 21 22)

and ge-R2-12-le2: Nz y. v <p; v = in-codom (<p, , (m z)) y =

(ZRre (11 2) (11 2) i z) %) < CRre (1 2) 11 2) 1 2) (g o) V)
and trans-L2: Azl 2. z1 <p; 22 = transitive (<19 1 22)
and f < f
shows f <y n f
(proof)
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Deflationary interpretation flip-inv :

transport-Dep-Fun-Rel (>py) (>11) 71 11 flip2 R2 flip2 L2 r2 12

rewrites flip-inv.L = (>p) and flip-inv.R = (>)

and flip-inv.unit = ¢

and flip-inv.t1.unit = &1

and Az y. flip-inv.t2-unit Ty = €9 4 1

and ARz y. (flip)2 Rzy) ' =Ryx

and AR. in-codom R~' = in-dom R

and AR z1 z2. in-codom (flip2 R z1 x2) = in-dom (R 22 x1)

and Azl 22 z1' 22" (flip2 R2 21" 22" = flip2 L2 21 22) = ((Spo 42’ 217) =
(<12 22 21))

and Azl 22 1’ 22'. (flip2 L2 z1 22 = flip2 R2 z1' 22') = (<19 49 21) =
(SR2 427 217)

and A(R :: 'z = "z = bool) (P :: 'z = bool).

(inflationary-on P R~! 2 (2 = 'z) = bool) = deflationary-on P R
and A(P :: b2 = bool)
(inflationary-on P (flip2 R2 z z) == (b2 = 'b2) = bool) = deflationary-on P

(SR24 )

and Az! z2 23 z4. flip2 R2 z1 2 < flip2 R2 x3 24 = (<R9 22 1) < (ZRo ) 23)

and A\(R :: 'z = 'z = bool) (P :: 'z = bool). reflexive-on P R~' = reflezive-on
PR

and A\(R :: 'z = 'z = bool). transitive R~' = transitive R

and A\z1’ 22’ transitive (flip2 R2 x1' 22") = transitive (<py 107 417)

(proof )

lemma counit-rel-self-if-rel-selfI’:

assumes deflationary-on (in-dom (<p;)) (LR €1

and reflezive-on (in-dom (<p;)) (<py)

and transitive (<py)

and Az’ 2" <p; 2" = ((Sp2 (412" (r1 07) & (SR2 (&1 o) o) € 27 (11 &)
and Az’ o' 2’ <pp o' = (SRpo o' o) = (S12 (1 2 (11 ) (P2(rt &) o)
and Az’ 2’ <p; 2’ = deflationary-on (in-dom (<pg . 1)) (Sgo 4/ 27) (52 ri o)
and A\z1’ 22" 21’ <p; 22" = (<py (1 z1) 22) < (ZRo g1’ 227

and \z1' 22" 21" <p; 22" = (Spo 21/ 21) < (SRo 21’ 227)

and Az’ y'" 2’ <p; 2’ = in-dom (<py (e1 o) )y =

(<12 (r1 z") (r1 w')) (7“2(” z') z’ y) < (S (r1 z") (r1 w')) (TQ(T’I z') (e1 z')

y)

and A\z1’ 22’ 21’ <p; 22’ = transitive (SR,? iy x?’)

and g <p g

shows e g <p g

{proof )

Relational Equivalence lemma bi-related-unit-self-if-rel-self-aux:
assumes rel-equiv-unitl: rel-equivalence-on (in-field (<r 1)) (<r1) m
and mono-r2: \v. x <p; v = ((<py (11 z) (i1 :r)) = (Zr22q2) (12, (i1 z))
and rel-equiv-unit2: \z. ¢ <j; v =
rel-equivalence-on (in-field (<5 5 1)) (X122 2) (Mg 4 (i1 :1:))
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and L2-lel: Nzl a2. w1 <y 22 = (<12 22 22) < (SL2 21 22)

and L2-le2: N\xl a2. w1 <p; 22 = (<[2 51 21) < (SL2 21 22)

and [iff]: z <p; z

shows ((Spso (11 2) (11 2) = (SL22 (0 2)) (24 (11 2))

and ((Sgo (11 ) (11 7)) = (SL02 (g1 2) o)) ("2 (11 2))

and deflationary-on (in-dom (<o 5 2) (S1222) M9 4 (11 2)

and inflationary-on (in-codom (<9 5 2) (S1244) Mo (1 2)
(proo)

interpretation flip : transport-Dep-Fun-Rel R1 L1 r1 11 R2 L2 r2 12
rewrites flip.counit = n and flip.t1.counit = m
and Az y. flip.t2-counit x y =12 y 4
{proof )

lemma bi-related-unit-self-if-rel-selfI:
assumes rel-equiv-unitl: rel-equivalence-on (in-field (<r 1)) (<r1) m
and trans-L1: transitive (< ;)
and A\z. 2 <p; ¢ = (S1222) = (SR2 (11 2) (11 2)) (201 2) 2)
and A\z. z <p; ¢ = ((Sp2 (11 2) (11 2) = (S1224) (™24 (11 2))
and A\z. 2 <;; 2 =
rel-equivalence-on (in-field (<15 5 1)) (X122 2) (N9 4 (1 :1:))
and Azl 22. x1 <p; 12 = (<1932 22) < (S12 21 22)
and Azl 22. 21 <p; 22 = (<[ (m xl) 22) < (512 21 22)
and Azl 22. x1 <p; 22 = (<1231 21) < (S12 21 22)
and Azl 22. 21 <p; 22 = (<[ 4 (m x?)) < (<12 21 22)

and Az y. z <p; x = in-dom (SLQ( 2 Y=

m x)
(Sro (1 0) (1 2) Rz o) 2 ¥ < (Spe (11 2) (1 z)) (211 2) (1 2) V)
and Az y. z <p; = in-codom (<, , (m x))

(> ko (11 2) (i1 x)) (12(11 z) y) < (ZRo (11 z) (U1 z)) (ZQ(U z) (m z) y)
and Azl z2. z1 <p; 22 = transitive (<[5 51 49)

and [ < |
shows f =r n f
(proof )

Lemmas for Monotone Function Relator lemma order-equivalence-if-order-equivalence-mono-assm
assumes order-equivl: ((<y ) =, (Spy)) U 11

and refl-R1: reflexive-on (in-field (<p;)) (i)

and R2-counit-lel: \z1'z2". 21" <p; 32’ = (<p, (g1 1) 22) < (SRo 21’ 227

and mono-12: ((z1' 22’ :: (<py)) = (a1 22 = (<py) | 22 ;1R 2l') =

in-field (<p9 21 (r1 22) = (SR2 (11 21) 227) 12

and [iff]: z1’ <p; x2’

shows ((in-dom (Spo (11 417 (r1 22)) = (SR2 217 22)) (P17 (r1 217)) P2’ (11 217))

and ((in-codom (S g (p1 517 (r1 22)) = (SR2 217 027) (Bag” (r1 011) (B’ (11 227)

(proof)

lemma order-equivalence-if-order-equivalence-mono-assms-rightl’:
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assumes order-equivl: ((<r ) =, (<py)) UL 11

and refl-L1: reflexive-on (in-field (<r;)) (<11)

and L2-unit-le2: \vl 22. v1 <p; 12 = (<[, 47 (m xQ)) < (L1221 22)

and mono-r2: ((z1 22 = (<py)) = (x1' 22" = (<py) | 22 1S =1') =

in-field (Spo (11 21) 22") = (SL2 21 (r1 227))) 72

and [iff]: =1 <p; 22

shows ((in-codom (<po (17 21) (11 22))) = (S02 21 22) (P21 (11 22)) (T202 (11 22))
and ((in-dom (Spo (11 21 (11 22))) = (L2 21 22)) (241 (11 21)) (Pu1 (11 22))
(proof)

lemma [2-unit-bi-rel-selfI:
assumes pre-equivl: ((<r1) =pre (Spy)) 1 71
and mono-L2:
(a1 22 5 (Sp0) = (@3 0 5 (Sp) | (@2 <pg a8 A ah <pgm a9) S (2))
L2
and mono-R2:
((x1' 22" (Sgp) = (@3 24’ = (Kpp) | (22" <p; 3" AN zf’' <pje1 z3') =
(=) R2
and mono-12: ((z1' 22’ (<py)) = (21 22 = (<py) | 22 ;1R 21') =
in-field (<p9 21 (r1 22) = (SR2 (11 21) 227) 12
and z <;; x
and in-field (<19 4 4) ¥

shows 12(11 z) (m z) Y =R2 (11 z) (Il z) Z'Q(ll z)z Y
(proof)

lemma r2-counit-bi-rel-selfl:
assumes pre-equivl: ((<p 1) =pre (Spyp)) 11 71
and mono-L2:
(el 22 (Spg)) = (@8 a4 = (Spg) | (02 <pg a8 AN af <ppm 23)) = (2))
L2
and mono-R2:
((x1' 22" (Kgp) = (@3 24" (Kpp) | (22" <p; 3" N zf' <pje1 23') =
(2)) R2
and mono-12: ((z1 22 = (<) = (x1’ 22" = (Spy) | 22 ;1S 21)) =
in-field (Spo (11 21) 22" = (S1221 (r1 227))) 72
and z' <p; z’
and in-field (<pg .7 1) Y
shows T’Q(rl z') (e1 z') v =12 (r1z') (r1 z') T’g(rl z)z' Y
(wroof)

/

/

end

Function Relator context transport-Fun-Rel
begin

corollary rel-unit-self-if-rel-selfI:

assumes inflationary-on (in-codom (<)) (<r;) m
and reflezive-on (in-codom (<r;)) (<r4)
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and transitive (<y ;)

and ((<pg) = (<gg)) 12

and ((Spg) = (<2)) 12

and inflationary-on (in-codom (<r9)) (<r2) 12
and transitive (<j9)

and f < f

shows f <y n f

{proof)

corollary counit-rel-self-if-rel-selfI’:
assumes deflationary-on (in-dom (<p;)) (<pgy) €
and reflexzive-on (in-dom (<py)) (<py)
and transitive (<py)
and ((<p9) = (<pgo)) 12
and ((Spg) = (<L) 72
and deflationary-on (in-dom (<pa)) (<ps) €2
and transitive (<pgo)
and g <p g
shows ¢ g <p g
(proof)

lemma bi-related-unit-self-if-rel-selfI:
assumes rel-equivalence-on (in-field (<7 ) (<r1) m
and transitive (<y;)
and ((<rg) = (<pp)) 12
and ((<pg) = (<p2)) 2
and rel-equivalence-on (in-field (<19)) (<r9) N2
and transitive (<j )

and f < f
shows f =y 1 f
(proof)

end

Monotone Dependent Function Relator context transport-Mono-Dep-Fun-Rel
begin

Inflationary lemma inflationary-on-unitl:
assumes (tdfr.L = tdfr.R) | and (tdfr.R = tdfr.L) r
and inflationary-on (in-codom (<r7)) (<r7) m
and reflexive-on (in-codom (<r7)) (<py)
and transitive (<y ;)
and Az. 2 <p; ¢ = (Sp224) = (SR (11 2) (11 2)) (211 a;) z)
and Az. 2 <p; ¢ = ((Sge (11 2) (1 2) = (SL20 (i o)) (12 (zz z))
and Az. z <[ ; 2 = inflationary-on (in-codom (<19 , x)) (1222 g4 (i1 :r))

and Azl z2. 21 <p,; 22 = (<19 20 z2) < (S12 21 22)

and Azl 22. 21 <p; 22 = (<19 44 (m xg)) < (212 21 22)

and Az y. ¢z <p; £ = in-codom (SLQI (m x)) Yy =
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CRre(12) (12) Bura)2¥) < CR2 (1) (112) Bt a) gy o) V)
and Azl z2. z1 <p; 22 = transitive (<19 41 22)
shows inflationary-on (in-field (<r)) (<) n
{proof)

Deflationary lemma deflationary-on-counitl:
assumes (tdfr.L = tdfr.R) | and (tdfr.R = tdfr.L) r
and deflationary-on (in-dom (<py)) (<gy) €1
and reflexive-on (in-dom (<p;)) (<Rpy1)
and transitive (<pgy)
and Az’ 2" <ps 2’ = (< (r1 z') (r1 z')) = (Spgo (e1 =) o)) (12 4 (r1 ac'))
and Az’ z' <p; 2/’ =
(SR2 4 :r) ( L2 (r]x)(r]x)))( (r1 z’) 2
and Az'. 2’ <p; 2’ = deflationary-on (in-dom (<py v 1) (Spo 4 4) (€9 (r1 z') 2
and \wl'z2'. w1" <p; 12" = (<py (51 x1’) 1‘2') < (<R2 o1’ 52")
and Az’ y'. 2/ <p; ¢’ = in-dom (<R2 (e1 o) x’)
(<12 (r1 z') (r1 x')) (rg(rl z') ' y) < (Spo 2 (r1 z') (r1 :v)) (rg(rl z') (e1 z')
y')
and Azl 22" 21’ <p; 22’ = transitive (Spy 17 197)
shows deflationary-on (in-field (<g)) (<pg) €
{proof )

Relational Equivalence context
begin

interpretation flip : transport-Mono-Dep-Fun-Rel R1 L1 r1 11 R2 L2 r2 12
rewrites flip.counit = n and flip.t1.counit = m
and Az y. flip.t2-counit x y = ng y 4
(proof )

lemma rel-equivalence-on-unitl:
assumes (tdfr.L = tdfr.R) | and (tdfr.R = tdfr.L) r
and rel-equiv-unitl: rel-equivalence-on (in-field (<r1)) (<p1) m
and trans-L1: transitive (< ;)
and A\z. 2 <p; 2= (Sp254) = (SR2 (1 2) (11 0)) 211 2) o)
and A\z. z <p; ¢ = ((SRg (11 2) (11 2) = (SL224) (724 (11 2))
and A\z. v <7 ¥ = rel-equivalence-on (in-field (<19 ) (12 1 1) (N9 4 (11 x))
and A\l 22. 21 <p; 22 = (1222 22) < (SL2 21 22)
and /\x] 22. 21 <14 22 — (SLQ (m z1) m,?) < (SLQ 21 1‘2)
and Al 22. z1 <p; 22 = (1941 21) < (SL2 21 22)
and Azl 2. x1 <p; 32 = (Spo 41 (5 22)) < (S0221 22)

and A\ry. 2 <p; = in-dom (<p, (m 2) 2 Y=

(SR (o) (12) Bura)2¥) < (SR2 (1a) 112) Bra) gy o) V)
and Az y. 2 <p; 2 = in-codom (<4, (m z)) y =

(ZRre (11 2) (11 2) i 2) %) < CRre (1 2) 11 2) 1 2) (o 2) V)
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and Azl z2. 1 <p; 22 = transitive (<19 11 42)
shows rel-equivalence-on (in-field (<1)) (<) n

(proof)

end

Order Equivalence interpretation flip : transport-Mono-Dep-Fun-Rel R1
Lir1ll R2L2r212

rewrites flip.unit = ¢ and flip.t1.unit = e

and flip.counit = n and flip.t1.counit =

and Az y. flip.t2-unit v y = €g y 4

(proof )

lemma order-equivalencel:
assumes (tdfr.L = tdfr.R) | and (tdfr.R = tdfr.L) r
and rel-equivalence-on (in-field (<r4)) (<r7) m
and rel-equivalence-on (in-field (<p;)) (SR1) €1
and transitive (< ;) and transitive (<py)
and A\z. 2 <p; ¢ = (Sp2242) = (SR2 (11 2) (11 2)) 211 2) o)
and Az’ 2" <p; 2’ = ((SLQ (r1 z') (r1 m’)) = (SRQ z’ x')) (l’gx' (r1 z’ )
and Az’ 2" <p; 2’ = ((SRQ x’ x') = (SLQ (r1 2') (r1 z’)» (T’Q(rl ) :c')
and A\z. 2 <j; 2 = ((<py (11 z) (U g;)) = (Sr212)) (2, (1 :1:))
and \z. z <p; 2 = rel-equivalence-on (in-field (<10, +)) (<12 5 2) (N9 4 (1 x))
and A\z'". 2’ <p; ' =
rel-equivalence-on (in-field (S<py .0 1) (Spo 47 27) (€9 (r1 z') )
and Azl 22. x1 <p; 12 = (<1222 22) < (S12 21 22)
and Azl 22. 21 <p; 22 = (<[ (m x]) 22) < (12 21 22)

and Azl z2. 21 <17 22 = (<10 21 1) < (X102 21 22)

and Azl 22. x1 <p; 32 = (Spo 41 (5 22)) < (SL2 21 22

and A\z1’ 22" 21" <p; 12" = (Spo 4o’ 29) < (SRo 21’ 227)
and A\z1’ 22" 21’ <p; 22" = (<py (1 21) 22) < (ZRo 21’ 227
and A\z1’ 22" 21" <p; 12" = (Spg o1/ 21) < (SRo 21’ 227)
and A\z1' 22" 21’ <p; 22" = (<py 417 (e x?')) < (SRo 41’ 22
and Az y. 2 <p; + = in-dom (<, 2 (1 ) 2 Y=

(SR2 (1 2) (11 2) Bz a) 2 ¥) < (<R2 (11 2) (11 z)) (201 2) (g 2) Y)
and Az y. z <p; £ = in-codom (<L2z( x))
ZRr2 (1 2) (112) Bra)2¥) < CR2 (1 2) (12 z)) (231 2) (i 2) Y)
€1 )
(<

U

and Az’ y'" 2’ <p; 2’ = in-dom (<p 2 ( Ny =

T
(gLQ (r1 z') (r1 x')) (TQ(T’I z') o’ y,) s (Sp2 (r1 z') (r1 x')) (1”2(7,1 z') (e1 o)
y)
and Az’ y' 2’ <p; 2’ = in-codom (<pg ./ (1 1:/)) y =
(ELQ (r1 z') (r1 x')) (rg(rl z') o’ y) < (ZLQ (r1 2') (r1 x')) (1”2(7,1 z') (e1 o)
y)
and Azl z2. 1 < 22 = transitive (<19 11 42)
and Azl 22. 21 <p; 22 = transitive (<Ro 41 42)
shows (<) =, (<p)) L+
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{proof)

lemma order-equivalence-if-preorder-equivalencel:
assumes pre-equivl: ((<p1) =pre (Spy)) 1 71
and order-equiv2: Az z'. z ;15 ¢ =
(124 (r1 x')) =0 (Spo (1 z) o)) U2y g) (125 40)
and L2-les: Azl 22. 1 <p; 22 = (<19 29 22) < (<19 21 22)
Nel z2.wl <pp 02 = (Spe (p 21) 22) < (SL2 21 22)
Nl z2. wl <p; 22 = (<1221 21) < (S12 21 22)
Nxt 2.zl <pp a2 = (Spo 41 (g 22) < (SL2 21 22)
and R/Q-le;s’: /\alvl' z2'. x/]’ <R1 72" = (Xpo o' 299 < (LRo 21’ 227
Awl' a2’ a1’ <py 32" = (Spy (¢ 517 22") < (SR2 w17 22/
/\x]img: xZ: <R1 x,?: = (Spog1’ 219 < (LRo g1’ 227
Nal’ a2’ al” <Spqa2' = (SRo g1 (e 221) = (SR2 w1/ 427)
and A\z1’ 22’ 21’ <p;22' =
((in-dom (<p5 (r1 217 (r1 22)) = (SR2 217 22)) P17 (r1 217)) P’ (71 217)
and A\z1’ 22" 21’ <p;22' =
((in-codom (<19 (11 217 (r1 22) = (SR2 017 22)) (P2’ (11 217) (P2’ (11 227))
and [2-bi-rel: Az y. © <p; v = in-field (<194 2) Yy =
Bty ma) Y =R2 (o) (1 2) RUa) 2 Y
and Azl 22. 21 < 12 =
((in-codom (S g (11 z1) (11 22)) = (SL221 22)) (P2a1 (11 22)) (222 (11 22))
and Azl 22. 21 <j; 12 =
((in-dom (SRo (11 21) (11 22)) = (SL2 21 22) (P21 (11 21)) (241 (11 22))
and r2-bi-rel: Az’ g//. 2’ <py v’ = in-field (<py Il,ﬂﬂl) y =
7’2(” ) (e1 2) Y =L2 (r1 2') (r1 z') T’Q(rl )z’ Y
and trans-L2: Nzl 22. 21 <[ 22 = transitive (<19 41 22)
and trans-R2: Nzl 22. x1 <p; 22 = transitive (<SR9 11 12)
shows (<) =, (<p)) Lr
(proof)

lemma order-equivalence-if-preorder-equivalencel .
assumes ((<17) =pre (<py)) 11 11
and A\zz". 7 ;52 = (K10, (r1 a:’)) =, (<poy (i1 z) 21) 12,0 ) (12, 1)
and Azl 22. ¢l <p; 22 = (<12 22 22) < (SL2 21 22)
and Azl z2. z1 <ri1 2 = (SLQ (m z1) 12) < (SLQ 1 x?)
and Azl 22. 21 <p; 22 = (<1947 21) < (
)

and Azl 22. x1 <p; 22 == (S1o 41 (5 22)) < (S0221 22)

and A\z1’ 22" 21" <p; 12" = (Xpo 4o’ 22) < (SRo 41’ 227)

and A\zl'a2'. 51" <py 12" = (SR (¢ w1 22") < (SR2 41 22")

and \z1’ 22" 21" <p; 22" = (Spo 41/ 21) < (SR2 21’ 227)

and Azl’ 22’ al" Spy 12" = (Spo 41/ (e 227) S (SR2 w1’ 22’

and ((z1' 22" = (Spy)) = (21 22 = (<pg) | 22 1S 21) =
in-field (<p9 21 (r1 22) = (SR2 (11 21) 227) 12

and Az y. 2 <p; 2 = infield (<p9,,) ¥y =
201 2) (m o) Y=R2 (i1 2) (1 2) P(12) 2 Y
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and ((z1 22 = (<py)) = (x1' 22" = (<py) | 22 1S =) =
in-field (Spo (11 21) 22") = (SL2 21 (r1 221))) ™2

and Az’ y'. 2’ <p; 2’ = in-field (<py ./ ,1) ¥ =
7”2(7,1 z') (e1 o) y’ =L2 (r1z') (r1z") TQ(T’I z') o’ y’

and Azl z2. 1 <p; 22 = transitive (<19 11 42)

and Azl 22. 21 <p; 22 = transitive (<Ro 41 42)

shows ((<7) =, (<p)) I 7

(proof)

lemma order-equivalence-if-mono-if-preorder-equivalencel :
assumes ((<77) =pre (<py)) 11 11
and Az 2’ 7 15 7' = (S0, (r1 x’)> =, (<py (i1 z) 21) 12,0 ) (12, 1)
and ((z1 22 == (Spg) |m 22 <pgal) = (2324 = (Spq) | 22 <pg 28) = ()
L2
and ((z1 22 = (<pp) = (@324 = (<py) | (22 <p; 23 N z4 <p;m 28)) =
(2)) L2
and ((z1' 22" (Spy) le1 22" <pgal’) = (28" 24" = (<py) | 22’ <p; 28) =
(<)) R2
and ((z1' 22" (SRy)) = (@3" x4 (SRy) | (22" <pg x3' N a4’ <pyer 23))
= (>)) k2
and ((z1' 22" = (<py)) = (21 22 = (<pq) | 22 15 =1) =
in-field (Sp5 o1 (r1227) = (SR2 (11 21) 227) 1
and ((z1 22 = (<pq)) = (21’ xQ’ = (Zpp) x? LIS 1) =
in-field (Spo (11 21) 22") = (SL2 21 (r1 221))) ™2
and Azl z2. 1 <p; 22 = transitive (<19 11 22)
and Azl 22. z1 <p; 22 = transitive (<Ro 41 12)
shows ((<7) = (<p)) I 7
(proof )

theorem order-equivalence-if-mono-if-preorder-equivalencel ":
assumes ((<r,7) =pre (<py)) 11 11

and A\zz’. z ;5 2/ = ((SLQ z (r1 x’)) =pre (SRQ (i1 z) 21) (12,0 ) (12, 1)
and ((z1 22 = (>17)) = (@324 = (<L1) | z1 <L1 z3) = (<)) L2
and ((z1' 22" (Zpy)) = (@8 24" = (S<py) | 21’ <R1 z3') = (<)) R2

in-field (Spp o1 (r1 227) = (<R2 (1 z1) z2") 2
and ((z1 22 == (<pg)) = (21" 22" = (SRy) | 22 ;5 21
in-field (Spo (11 21) 22") = (S1221 (11 227))) 72
shows ((<) =, (<R)) Ir
(proof)

)
and ((z1’' 22’ 2 (SRy)) = (21 22 : (SL]) | 22 15 ©1)) =
=

end

Monotone Function Relator context transport-Mono-Fun-Rel
begin

interpretation flip : transport-Mono-Fun-Rel R1 L1 r1 11 R2 L2 r2 12 (proof)
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lemma inflationary-on-unitl:
assumes (<) = (<p)) U
and ((Spy) = (<pg) 71
and inflationary-on (in-codom (<j,
and reflexive-on (in-codom (<))
and transitive (<y ;)
and ((<rg) = (<pgg)) 12
and ((<pg) = (<rg)) 2
and inflationary-on (in-codom (<)) (<r,2) 12
and transitive (<j )
shows inflationary-on (in-field (<1)) (<1) n
(proof)

1)) Sp)m
(<11)

lemma deflationary-on-counitl:
assumes ((<r;) = (<py)) 1
and ((<py) = (<ry) 71
and deflationary-on (in-dom (<py)) (<py) €1
and reflezive-on (in-dom (<py)) (Xpy)
and transitive (<py)
and ((<pg) = (<pgo)) 12
and ((<pg) = (<p2)) 2
and deflationary-on (in-dom (<pg)) (<po) €2
and transitive (<po)
shows deflationary-on (in-field (<g)) (<R) €
(proof )

lemma rel-equivalence-on-unitl:
assumes (< ;) = (<py)) U
and ((<p;) = (Spq)) 1
and rel-equivalence-on (in-field (<r4)) (<r7) m
and transitive (<p )
and ((<pp) = (<gg)) 12

and ((<pg) = (<pg)) 12
and rel-equivalence-on (in-field (<19)) (<r9) N2

and transitive (<[,9)
shows rel-equivalence-on (in-field (<)) (<) n
(proof)

lemma order-equivalencel:
assumes ((<77) =pre (<py)) U 11

and ((<zz) =pre (Sgo)) 1272
shows ((<) =, (Sg)) I

{proof)

end

end
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theory Transport-Functions
imports

Transport-Functions- Galois- Equivalence
Transport-Functions-Galois-Relator
Transport-Functions-Order-Base
Transport-Functions- Order- Equivalence
Transport- Functions- Relation-Simplifications

begin

Summary Composition under (dependent) (monotone) function relators.
Refer to [2] for more details.

2.15.10 Summary of Main Results

More precise results can be found in the corresponding subtheories.

Monotone Dependent Function Relator context transport-Mono-Dep-Fun-Rel
begin

interpretation flip : transport-Mono-Dep-Fun-Rel R1 L1 r1 11 R2 L2 r2 12
rewrites flip.t1.counit = n; and flip.t1.unit = &,
(proof)

Closure of Order and Galois Concepts theorem preorder-galois-connection-if-galois-connectionl:
assumes ((<r;) 4 (<pgy)) U 1t
and reflexive-on (in-field (<r1)) (<r1)
and reflexive-on (in-field (<p;)) (Sgy1)
and Az z’. z 1S o' = (Spp, (r1 ac')) H(<Spe (U1 z) o)) By ) (124 40)
and ((- 22 = (Spg)) = (@824 = (Spg) | (82 <pg @8 A wg <pgpm 23)) = (2))
L2
and ((z1' 22" = (Spy) | e1 22" <pgal’) = (@3’ - (SRy) | 22" <p; 23') =
(<)) R2
and ((z1' 22’ (S<py)) = (x1 22 = (<py) | 22 ;1S 1) =
in-field (Sp9 o1 (r1 22') = (SR2 (11 21) 227) 12
and ((z1 22 = (<p7)) = (21" 22" = (Spy) | 22 1K ol =
in-field (Spo (11 21) 22") = (S1221 (r1 221)) ™2
and Azl 22. 1 <p; 22 = transitive (<19 11 22)
and Azl 22" 21’ <p; 22’ = transitive (Spy 17 197)
shows ((<pr) pre (Sg)) 7
(proof)

theorem preorder-equivalencel:
assumes ((<r,7) =pre (Spy)) U 71

and ((#1”-:: (ZRy)) = (28" - (Spy) | 21" <pg 23) = (<)) R2
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and (51" 22"+ (gy) = (o1 22 = (<) | 22 11 1) =
in-field (<p9 41 (r1 227)) = (—R2 (1 z1) 22") 12
and ((z1 22 : (<L1)) = (21" 22" (Spy) | 22 X =1) =

in-field (<p (11 z1) 22 = (S0 41 (r1 z2 ))) r2
shows ((SL) =pre (<R)) Lr
(proof)

theorem partial-equivalence-rel-equivalencel :
assumes ((<r7) =pgr (Sry) U 71
and \zz'. w15 0" — ((SLQ v (r1 ) =PER (SRg (11 5) 27) (B 5) (125 )
and ((z1 - =: (7)) = (23 - (<L1) | 21 <p; 28) = (5)) L2
and ((z1’-:: (ZRpy) = (83" - (Spy) | w1" <p; 23") = (<)) R2
and ((z1' 22’ = (<py)) = (o1 xQ 2 (ZSpp) | 22 g xl
in-field (<p9 21 (r1 22) = (SR2 (11 21) 227) 12
and ((z1 22 = (<py)) = (21" 22" = (Spy) | 22 1< =)
in-field (Spo (11 21) 22") = (S1221 (r1 227))) 72
shows ((<1) =pgr (Sg)) I T
(proof)

Simplification of Left and Right Relations See [t1.galois-equivalence;
preorder-on (in-field (<p1)) (<p1); (21 22 = (Sp)7™h) = (23 24 = (Sp1))
=2l <p; 23 — (L)) L2; Azl 22. x1 <p; 2 = partial-equivalence-rel
(SL2 01 22)] = flip.R = flip-tdfr.R.

Simplification of Galois relator See [t1.galois-connection; reflex-
we-on (in-field (<11)) (<p1); Nxz’. flip.t1.right-Galois ' = ((Xpo 11 2 ')
= SLQQE rl z’) T‘Qm z’ ((‘TI : T) = (:1:2 - (SLI)) = zl <p; 22 —
(<) L2; ((z1 : T) = (22 23 = (Z1y) = (o1 <p; 22 N 28 <1 m
22) — Az y. y < z)) L2; ((x1 22 = (<py)) = (21’ 22" = (<py) =
flip.t1.right-Galois 2 x1" — (in-field (<po 11 21 227) = <12 21 r1 22")) T2;
Nzl z2. z1 <p; 22 = transitive (<941 42)] = flip.right-Galois =
(Dep-Fun-Rel flip.t1.right-Galois t2.left-Galois)| in-dom fiip. R in-codom flip.L
[t1.preorder-equivalence; Nz z'. flip.t1.right-Galois &' = ((<po 11 » 27)
= <pourt o) yen (@122 (Sp)7h) = (@824 = (<py) = @l <pp a3
— (L)) L2; ((x1 22 == (<1q)) = (x1' 22" 2 (<Ry)) = flip-t1.right-Galois
22 x1" — (in-field (Spo 11 21 227) = <L2 21 r1 2z2")) T2: Nl 22. x1 <7 22
= transitive (<p9 31 z2)] = flip.right-Galois = (Dep-Fun-Rel flip.t1.right-Galois
t2.left-Galois) | in-dom flip. R\ in-codom. flip.L
[t1.preorder-equivalence; Nz x'. flip.t1.right-Galois © ' = t2.preorder-equivalence
vt (#1025 (S00) ) = (904 5 (S10)) = ot <y 09 — (<) L (o1
22 (<) = (21’ 22" (KpRy)) = flip.tl.right-Galois x2 1’ — (in-field
(SR211 01 02") = <1201 r1 227) 721 = flip.right-Galois = (Dep-Fun-Rel
flip.t1.right-Galois t2.left-Galois) | in-dom fiip. Rl in-codom fiip.L
[t1.preorder-equivalence; Nzl 22’ x1" <p; 22" = (<10 rs 21’ 11 z27)
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hs (SRQ €1 x1/$2’)) 12000 r1 21" 7201 21’ 227 (21 22 = (SLI)_l) = (3 x4
(L) = 2l <pp a3 — (L) L2; (1! 22" = (Sp)™Y) = (28" x4’ =
(<) = 21 <gs 33" — (<)) B2 (21" 02"+ (<py)) = (a1 92 = (<)
= flip.t1.right-Galois x2 z1' — (in-field (<10 21 r1 22) = <p211 21 227)
12; (21 22 = (<py) = (x1' 22" 2 (<Ryp)) = flip.t1.right-Galois z2 z1' —
(in-field (SRQ 11 z1 a:,?/) = <1241 r1 x?')) r2; \el 22. x1 <p; 12 = par-
tial-equivalence-rel (<19 1 z2); Nxl' 22’ 21’ <p; 22’ = partial-equivalence-rel
(SR2 217 221)] = (Dep-Fun-Rel flip.t1.right-Galois t2.left-Galois) [ in-dom fiip. R in-codom flip.L
= Dep-Fun-Rel flip.t1.right-Galois t2.left-Galois
t1.half-galois-prop-left = ((x z':: flip.t1.right-Galois) = (S z ") [ i-dom (<1941 z,ﬂm_codom (<
= (Dep-Fun-Rel flip.t1.right-Galois ?5)|n.dom flip. R in-codom flip.L

end

Monotone Function Relator context transport-Mono-Fun-Rel
begin

interpretation flip : transport-Mono-Fun-Rel R1 L1 r1 11 R2 L2 r2 12 (proof)

Closure of Order and (Galois Concepts lemma preorder-galois-connection-if-galois-connectionl:
assumes ((<77) 4 (<py)) U 11
and reflexive-on (in-codom (<p)) (<1 1) reflezive-on (in-dom (<gy)) (<py)
and ((<p9) 4 (Spge)) 1272
and transitive (<) transitive (<pg)
shows ((<f) dpre (SR)) Ir
(proof )

theorem preorder-galois-connectionl:
assumes ((<7,7) Jpre (<py1)) 11 71
and (<) dpre (SRg)) 1272
shows ((<) dpre (<p)) 7
(proof)

theorem preorder-equivalence-if-galois-equivalencel:
assumes ((<17) =q (Kpy) U r1
and reflexive-on (in-field (<y ;1)) (<11) reflexive-on (in-field (<py)) (SR1)
and ((<pg) =¢ (Spgp)) 1212
and transitive (<) transitive (<o)
shows ((<1) =pre (SR)) 17
{proof )

theorem preorder-equivalencel:
assumes ((<77) =pre (<py)) 11 11
and ((<p,9) =pre (o)) 1272
shows ((<1) =pre (SR)) U7
(proof )

theorem partial-equivalence-rel-equivalencel:
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assumes ((<17) =pgr (<Ry)) 1 1l
and ((<p2) =pgr (Sgo)) 1212
shows ((<) =pggr (SR)) I 7
(proof)

Simplification of Left and Right Relations See [reflexive-on (in-field
(<1.1) (£11); partial-equivalence-rel (<) = flip.tpdfr.R = flip.tfr.tdfr.R.

Simplification of Galois relator See [((<7;) = (<py)) l1; tdfrs.t1.galois-prop
11 r1; reflexive-on (in-dom (<r;)) (<11); (SRp2) = (<r2)) r2; transitive
(<12)] = flip.tpdfr.right-Galois = (flip.tdfrs.t1.right-Galois = flip.tdfrs.t2.right-Galois) [ in-dom fiip.
(20 = (SR0) U5 (Sp) = (01)) 71 tdfrs.t1 half-galois-prop-right;
reflexive-on (in-field (<r1)) (<r1); reflexive-on (in-field (<py1)) (Spgyp); td-
frs.t2.half-galois-prop-left; partial-equivalence-rel (<p,9); partial-equivalence-rel
(SRr2)] = (flip-tdfrs.t1.right-Galois = flip.tdfrs.t2.right-Galois) | i-dom flip.tpdfr. R in-codom flip.tpdfr.I
= (flip.tdfrs.t1.right-Galois = flip.tdfrs.t2.right-Galois)
tdfrs.t1.half-galois-prop-left = (flip.tdfrs.t1.right-Galois = 25|, 4om (§L2)1 in-codom, (§R2)) lin-d
= (ﬂip.tdfT‘S.t] .right-Galois = ?S) lin-dom ﬂip.tpdfr.R1 in-codom flip.tpdfr.L-

end

Dependent Function Relator While a general transport of functions
is only possible for the monotone function relator (see above), the locales
transport-Dep-Fun-Rel and transport- Fun-Rel contain special cases to trans-
port functions that are proven to be monotone using the standard function
space.

Moreover, in the special case of equivalences on partial equivalence rela-
tions, the standard function space is monotone - see [galois. galois-equivalence
?L1.0 ?R1.0 ?11.0 ?r1.0; preorder-on (in-field ?L1.0) ?L1.0; ((z1 z2 :
?L1.07Y) = (28 x4 = 2L1.0) = ?L1.0 21 28 — (X)) ?L2.0; Nzl z2.
?L1.0 x1 2 = partial-equivalence-rel (?L2.0 x1 12)] = transport-Mono-Dep-Fun-Rel.L
¢L1.0 ?L2.0 = transport-Dep-Fun-Rel. L ?L1.0 ?L2.0 As such, we can de-
rive general transport theorems from the monotone cases above.

context transport-Dep-Fun-Rel
begin

interpretation tpdfr : transport-Mono-Dep-Fun-Rel L1 R1 11 r1 L2 R2 12 r2

(proof)
interpretation flip : transport-Mono-Dep-Fun-Rel R1 L1 1111 R2 L2 r2 12 {(proof)

theorem partial-equivalence-rel-equivalencel:
assumes ((<1,) =ppp (<py)) U 1
owd Ao’ 2 1158' = (12 0129) Zpom (S (1) o) (21 ) (1239
and ((z1 22 :: (>14) = (2824 = (<pq) | 2 <L1 503) (<) L
and ((z1’' 22’ (>Rpy)) = (28" x4 = (Spy) | x1' <p; 3') = (_)) R2
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and ((z1' 22" = (<py)) = (21 22 = (<pq) | 22 1S =1) =
in-field (Sp9 o1 (r1 22') = (SR2 (11 21) 227) 12
and ((z1 22 = (<pq)) = (¢1' 22" = (<gy) | 22 ;1S 1)) =
in-field (Spo (11 21) 22") = (SL2 21 (r1 221))) ™2
shows (<) =ppr (Sg)) I
{proof)

end

Function Relator context transport-Fun-Rel
begin

interpretation tpfr : transport-Mono-Fun-Rel L1 R1 11 1 L2 R2 12 r2 (proof)
interpretation flip-tpfr : transport-Mono-Fun-Rel R1 L1 r1 11 R2 L2 1212 {proof)

theorem partial-equivalence-rel-equivalencel :

assumes ((<17) =pgr (<Ry)) 1 11

and ((<p9) =pgr (Sgo)) 1212

shows ((<) =pggr (Sg)) I T
(proof)

end

end

2.16 Transport using Identity

theory Transport-Identity
imports
Transport-Bijections
begin
Summary Setup for Transport using the identity transport function.

locale transport-id =
fixes L :: 'a = 'a = bool
begin

sublocale tbij? : transport-bijection L L id id
(proof )

interpretation transport L L id id (proof)

lemma left-Galois-eg-left: (15) = (<)
(proof)

end
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locale transport-reflexive-on-in-field-id =

fixes L :: 'a = 'a = bool

assumes reflexive-on-in-field: reflexive-on (in-field L) L
begin

sublocale trefl-bij? : transport-reflexive-on-in-field-bijection L L id id
(proof)

end

locale transport-preorder-on-in-field-id =

fixes L :: 'a = 'a = bool

assumes preorder-on-in-field: preorder-on (in-field L) L
begin

sublocale tpre-bij? : transport-preorder-on-in-field-bijection L L id id
{proof )

end

locale transport-partial-equivalence-rel-id =

fixes L :: 'a = 'a = bool

assumes partial-equivalence-rel: partial-equivalence-rel L
begin

sublocale tper-bij? : transport-partial-equivalence-rel-bijection L L id id
(proof)

end

interpretation transport-eq-restrict-id :
transport-eq-restrict-bijection P P id id for P :: 'a = bool

{proof)

interpretation transport-eq-id : transport-eq-bijection id id
(proof )

end

theory Transport-Black-Box
imports
Transport-Bijections
Transport-Compositions
Transport-Functions
Transport-Identity
begin
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Summary The theory for black-box transports. For details, refer to [2].

end

2.17 White-Box Transport of (Restricted) Equal-
ity

theory Transport-Equality
imports
Restricted-FEquality
Binary-Relations-Bi- Unique
begin

Summary Theorems for white-box transports of (restricted) equalities.

context
fixes R :: ‘a = 'b = bool and P :: 'a = bool and Q :: 'b = bool
begin

lemma Fun-Rel-imp-eq-restrict-if-right-unique-onl:
assumes runique: right-unique-on P R
and rel: (R= (—)) P Q
shows (R = R = (—)) (=p) (=¢)

(proof)

lemma Fun-Rel-rev-imp-eq-restrict-if-rel-injective-atl:
assumes rinjective: rel-injective-at @ R
and rel: (R= (+—)) P Q
shows (R = R = («+—)) (=p) (=@

(proof)

corollary Fun-Rel-iff-eq-restrict-if-bi-unique-onl:
assumes bi-unique: bi-unique-on P R
and (R= (+—)) P Q
shows (R = R = (+—)) (=p) (=)

(proof)

lemma right-unique-on-if-Fun-Rel-imp-eq-restrict:
assumes (R = R = (—)) (=p) (=)
shows right-unique-on P R
(proof)

lemma Fun-Rel-imp-if- Fun- Rel-imp-eq-restrict:
assumes (R = R = (—)) (=p) (S b= b= bool)[ )
shows (R = (—)) P Q
(proof )
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corollary Fun-Rel-imp-eq-restrict-iff-right-unique-on-and- Fun- Rel-imp:
(R= R=(—)) (=p) (:Q) +— (right-unique-on P R A (R = (—)) P Q)
(proof)

lemma rel-injective-at-if- Fun- Rel-rev-imp-eq-restrict:
assumes (R = R = (+—)) (=) (=)
shows rel-injective-at @) R
(proof)

lemma Fun-Rel-rev-imp-if- Fun- Rel-rev-imp-eq-restrict:
assumes (R = R = (+—)) ((§:: 'a = "a = bool)[ p) (=()
shows (R = (+—)) P Q
(proof)

corollary Fun-Rel-rev-imp-eq-restrict-iff-rel-injective-at-and- Fun-Rel-rev-imp:
(R= R= («)) (=p) (=) «— (rel-injective-at @ R N (R = (+—)) P Q)
(proof )

lemma bi-unique-on-if- Fun- Rel-iff-eq-restrict:
assumes (R = R = (+—)) (=p) (=q)
shows bi-unique-on P R

{proof)

lemma Fun-Rel-iff-if- Fun- Rel-iff-eq-restrict:
assumes (R = R = («+—)) (=p) (=)
shows (R = («—)) P Q
(proof)

corollary Fun-Rel-iff-eq-restrict-iff-bi-unique-on-and-Fun- Rel-iff :
(R= R= () (=p) (=¢) «+— (bi-unique-on PR N (R = (+—)) P Q)
(proof )

end

context
fixes R :: 'a = 'b = bool
begin

corollary Fun-Rel-imp-eq-if-right-unique:
assumes right-unique R
shows (R = R = (—)) (=) (=)
(proof )

corollary Fun-Rel-rev-imp-eq-if-rel-injective:
assumes rel-injective R
shows (R = R = (+—)) (=) (=)
(proof )

corollary Fun-Rel-iff-eq-if-bi-unique:
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assumes bi-unique R
shows (R = R = (<)) (=) (=)
(proof)

corollary right-unique-if-Fun-Rel-imp-eq:
assumes (R = R = (—)) (=) (=)
shows right-unique R
(proof)

corollary Fun-Rel-imp-eq-iff-right-unique: (R = R = (—)) (=) (=) «— right-unique
R
{proof)

corollary rel-injective-if- Fun- Rel-rev-imp-eq:
assumes (R = R = (+—)) (=) (=)
shows rel-injective R
(proof)

corollary Fun-Rel-rev-imp-eq-iff-rel-injective: (R = R = (+—)) (=) (=) +—
rel-injective R
(proof )

corollary bi-unique-if-Fun-Rel-iff-eq:
assumes (R = R = (+—)) (=) (=)
shows bi-unique R
(proof )

corollary Fun-Rel-iff-eq-iff-bi-unique: (R = R = (+—)) (=) (=) +— bi-unique
R
{proof)

end

end

2.18 White-Box Transport of (Bounded) Univer-
sal Quantifier

theory Transport-Universal-Quantifier
imports
Bounded-Quantifiers
Binary-Relations-Bi- Total
Reverse-Implies
begin
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Summary Theorems for white-box transports of (bounded) universal quan-
tifiers.

context

fixes R :: ‘a = 'b = bool

and P :: ‘a = bool and Q :: 'b = bool
begin

lemma Fun-Rel-restricts-imp-ball-if-rel-surjective-atl:
assumes rel-surjective-at Q) R|p
shows ((Rlplg= (—)) = (—)) VpVy
(proof)

lemma Fun-Rel-restricts-rev-imp-ball-if-left-total-onl:
assumes left-total-on P R 0

shows ((R[p]Q > ()= () Vp Vo
(proof)

lemma Fun-Rel-restricts-iff-ball-if-left-total-on-if-rel-surjective-at:
assumes rel-surjective-at () R[p
and lefit-total-on P R] 0

shows ((Rlplg= (+—)) = (+=)Vp Vg
(proof )

corollary Fun-Rel-restricts-iff-ball-if-bi-total-on:
assumes bi-total-on P () R|p] Q
shows ((RIplg = («—)) > (<)) Vp V¥
(proof)

lemma rel-surjective-at-restrict-left-if- Fun- Rel-imp-ball:
assumes (R = (—)) = (—)) Vp Vg
shows rel-surjective-at @ R|p

(proof)

lemma Fun-Rel-Fun-Rel-if-le-left-if- Fun- Rel- Fun- Rel:
assumes (((0 = 'a= b= bool) = S)=T) UV
and O < O’
shows (0'= S)=T)UV

(proof)

corollary Fun-Rel-imp-ball-iff-rel-surjective-at-restrict-left:
(R= (—)) = (—)) V p Vg < rel-surjective-at Q R[p
(proof )

lemma left-total-on-restrict-right-if-Fun- Rel-rev-imp-ball:
assumes (R = («+—)) = (+—)) VpVg
shows left-total-on P R] 0

(proof)
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corollary Fun-Rel-rev-imp-ball-iff-left-total-on-restrict-right:
(R= () = (+—)) Vp Vg < left-total-on P R
{proof)

lemma bi-total-on-if- Fun- Rel-iff-ball:
assumes (R = (+—)) = (+—)) Vp Vg
shows bi-total-on P Q R

(proof)

corollary Fun-Rel-iff-ball-iff-bi-total-on-if- Fun- Rel-iff :
assumes (R = (+—)) P Q
shows ((R = («—)) = (+—)) Vp Vg ¢ bi-total-on P Q R

{proof)

end

context
fixes R :: 'a = b = bool
begin

corollary Fun-Rel-imp-all-if-rel-surjective:
assumes rel-surjective R
shows ((R = (—)) = (—)) All All

{proof)

corollary Fun-Rel-rev-imp-all-if-left-total:
assumes left-total R
shows ((R = (+—)) = (+—)) All All

{proof)

corollary Fun-Rel-iff-all-if-bi-total:
assumes bi-total R
shows ((R = (+—)) = (+—)) All All

(proof)

corollary rel-surjective-if-Fun- Rel-imp-all:
assumes (R = (—)) = (—)) All All
shows rel-surjective R

(proof)

corollary Fun-Rel-imp-all-iff-rel-surjective:
(R= (—)) = (—)) All All +— rel-surjective R
(proof)

corollary left-total-if- Fun- Rel-rev-imp-all:
assumes ((R = («—)) = (+—)) All All
shows left-total R

{proof)
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corollary Fun-Rel-rev-imp-all-iff-left-total:
(R= (+—)) = (+—)) All All +— left-total R
{proof )

corollary bi-total-if- Fun- Rel-iff-all:
assumes ((R = (+—)) = («—)) All All
shows bi-total R

{proof)

corollary Fun-Rel-iff-all-iff-bi-total:
((R= (+—)) = (+—)) All All +— bi-total R
(proof)

end

end

2.19 White-Box Transport of (Bounded) Existen-
tial Quantifier

theory Transport-FExistential-Quantifier
imports
Transport- Universal-Quantifier
begin

Summary Theorems for white-box transports of (bounded) existential
quantifiers.

context
fixes R :: ‘a = 'b = bool and P :: 'a = bool and Q :: 'b = bool
begin

lemma Fun-Rel-restricts-imp-bex-if-left-total-onl:
assumes left-total-on P R
shows ((Rlplg = (—)) = (—))IpIg
(proof)

lemma Fun-Rel-restricts-rev-imp-bez-if-rel-surjective-at:
assumes rel-surjective-at Q) R|p
shows ((Rlplg= («+—)) = (+—))IpIg
(proof)

lemma Fun-Rel-restricts-iff-bex-if-left-total-on-if-rel-surjective-at:

assumes rel-surjective-at () R|p
and left-total-on P R] 0
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shows ((Rlplg = (+—)) = («) IpIg
(proof)

corollary Fun-Rel-restricts-iff-bez-if-bi-total-on:
assumes bi-total-on P () Rl pl 0

shows ((Rlplg = (+—)) = (+—=)) Ip3Iq
(proof)

lemma left-total-on-restrict-right-if- Fun- Rel-imp-bex:
assumes (R = (—)) = (—)) IpIg
shows left-total-on P R] 0

(proof )

corollary Fun-Rel-imp-all-on-iff-left-total-on-restrict-right:
(R= (—)) = (—)) Ip I g < left-total-on P R
(proof)

lemma rel-surjective-at-restrict-left-if- Fun- Rel-rev-imp-bex:
assumes (R = (+—)) = (+—)) Ip3Ig
shows rel-surjective-at Q R[p

(proof)

corollary Fun-Rel-rev-imp-bex-iff-rel-surjective-at-restrict-left:
(R= (+—)) = (+—)) I p I g < rel-surjective-at Q R[p
(proof)

lemma bi-total-on-if- Fun- Rel-iff-bex:
assumes (R = (+—)) = (+—))Ip3Ig
shows bi-total-on P Q R

(proof)

corollary Fun-Rel-iff-bex-iff-bi-total-on-if- Fun- Rel-iff :
assumes (R = (+—)) P Q
shows ((R = («—)) = (+—)) I p I ¢— bi-total-on P Q R

(proof )
end

context
fixes R :: 'a = 'b = bool
begin

corollary Fun-Rel-imp-ex-if-left-total:
assumes left-total R
shows ((R = (—)) = (—)) Ez Ex
(proof)

corollary Fun-Rel-rev-imp-ez-if-rel-surjective:
assumes rel-surjective R
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shows (R = (+—)) = (+—)) Ez Ex
(proof)

corollary Fun-Rel-iff-ex-if-bi-total:
assumes bi-total R
shows ((R = (+—)) = (+—)) Ex Ex
(proof)

corollary left-total-if- Fun-Rel-imp-ex:
assumes ((R = (—)) = (—)) Ez Ex
shows left-total R

{proof)

corollary Fun-Rel-imp-ex-iff-left-total:
((R= (—)) = (—)) Ex Fx «— left-total R
(proof )

corollary rel-surjective-if-Fun-Rel-rev-imp-ex:
assumes (R = (+—)) = (+—)) Ez Ex
shows rel-surjective R

(proof)

corollary Fun-Rel-rev-imp-ez-iff-rel-surjective:
((R= (+—)) = («—)) Ezx Ex <— rel-surjective R
(proof)

corollary bi-total-if- Fun- Rel-iff-ex:
assumes ((R = («—)) = («—)) Ez Ex
shows bi-total R

{proof)

corollary Fun-Rel-iff-ex-iff-bi-total:
(R = (+—)) = (+—)) Ex Ex < bi-total R
(proof)

end

end

2.20 Properties of Galois Relator for White-Box
Transport Side Conditions

theory Transport-Galois-Relator-Properties
imports
Binary-Relations-Bi- Total
Binary-Relations-Bi- Unique
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Galois-Connections
Galois-Relator
begin

Summary Properties of Galois relator arising as side conditions for white-
box transport.

context galois
begin

Right-Uniqueness context
fixes P :: ‘a = bool and @ :: 'b = bool
begin

lemma right-unique-at-left- Galois-if-right-unique-at-rightl :
assumes right-unique-at Q (<p)
and ((<p) nd (<pg)) I
shows right-unique-at Q (1,3)
(proof )

lemma right-unique-at-right-if-right-unique-at-left- GaloisI:
assumes right-unique-at Q (1,3)
and ((<p) = (<)) r
shows right-unique-at Q (<p)
(proof )

corollary right-unique-at-left- Galois-iff-right-unique-at-rightl:
assumes ((<7) < (<R)) Ir
and ((<p) = (<)) r
shows right-unique-at Q (;5) <— right-unique-at Q (<p)
(proof )

corollary right-unique-on-left-Galois-if-right-unique-at-rightI:
assumes right-unique-at Q (<p)
and ((13) = (—)) P Q
and ((<p) n<d (<pg)) U7
shows right-unique-on P (1X)
(proof)

corollary right-unique-at-right-if-right-unique-on-left- Galoisl:
assumes right-unique-on P (1 X)
and ((15) = (+)) P Q
and ((<p) = (<)) 7
shows right-unique-at Q (<pg)

(proof)
corollary right-unique-on-left-Galois-iff-right-unique-at-rightl :

assumes ((;5) = (+—)) P Q
and ((<7) n< (Sp)) Ir
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and ((<p) = (<)) r
shows right-unique-on P (;5) «— right-unique-at Q (<pg)
{proof)

end

corollary right-unique-left- Galois-if-right-unique-rightI:
assumes right-unique (<p)
and ((<g) n<d (<p)) Ir
shows right-unique (;,3)
(proof )

corollary right-unique-right-if-right-unique-left-GaloisI:
assumes right-unique (1,5)
and ((<g) = (<)) r
shows right-unique (<pg)
(proof)

corollary right-unique-left- Galois-iff-right-unique-rightI:
assumes ((<7) n< (<R)) I r
and ((<g) = (<)) r
shows right-unique (;,5) «— right-unique (<g)
(proof)

Injectivity context
fixes P :: ‘a = bool and Q :: 'b = bool
begin

lemma injective-on-left-Galois-if-rel-injective-on-left:
assumes rel-injective-on P (<)
shows rel-injective-on P (1,5)
{proof)

lemma rel-injective-on-left-if-injective-on-left-GaloisI:
assumes rel-injective-on P (13)
and ((<r) = (<g)) !
and ((<g) S (Spg)) I
shows rel-injective-on P (<p)
(proof)

corollary injective-on-left- Galois-iff-rel-injective-on-leftl:
assumes ((<y) = (<p)) !
and ((<g) du (Sp)) I
shows rel-injective-on P (15) <— rel-injective-on P (<p)

{proof)

corollary injective-at-left-Galois-if-rel-injective-on-leftl:
assumes rel-injective-on P (<p)
and ((13) = («+—)) P Q

~
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shows rel-injective-at Q (13)
(proof)

corollary rel-injective-on-left-if-injective-at-left-GaloisI:
assumes rel-injective-at Q (1,5)
and ((15) = (—)) P Q
and (<) = (<p)) I
and ((<p) <n (Spg)) I
shows rel-injective-on P (<)
(proof )

corollary injective-at-left- Galois-iff-rel-injective-on-leftI:
assumes ((;5) = (+—)) P Q
and ((<1) = (<p) |
and ((<z) du (Spg)) I
shows rel-injective-at @ (1,S) «— rel-injective-on P (<)
(proof)

end

corollary injective-left- Galois-if-rel-injective-left:
assumes rel-injective (<)
shows rel-injective (1,5)
{proof )

corollary rel-injective-left-if-injective-left- GaloisI :
assumes rel-injective (1,5)
and (<)) = (<p)) |
and ((<p) <n (Spg)) I
shows rel-injective (<)

(proof)

corollary rel-injective-left- Galois-iff-rel-injective-leftI:
assumes ((<1) = (<p)) !
and ((<g) < (<pg)) L7
shows rel-injective (,5) «— rel-injective (<)
(proof)

Bi-Uniqueness context
fixes P :: ‘a = bool and @ :: 'b = bool
begin

corollary bi-unique-on-left- Galois-if-right-unique-at-right-if-rel-injective-on-leftI:
assumes rel-injective-on P (<p)
and right-unique-at @ (<pR)
and (1) = (—)) P Q
and ((<z) n9 (Spg)) Ir
shows bi-unique-on P (1,X)
(proof )
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corollary rel-injective-on-left-and-right-unique-at-right-if-bi-unique-on-left- GaloisI:
assumes bi-unique-on P (1X)
and ((15) = (<)) P Q
and (<) = (<p)) I
and (<) = (<) 7
and ((<p) <n (Spg)) I
shows rel-injective-on P (<) A right-unique-at @ (<pR)
(proof)

corollary bi-unique-on-left-Galois-iff-rel-injective-on-left-and-right-unique-at-rightI :
assumes ((15) = («—)) P Q
and ((<z) 4 (<g)) I
shows bi-unique-on P (;5) <— rel-injective-on P (<) A right-unique-at Q
(<p)
(proof )

end

corollary bi-unique-left-Galois-if-right-unique-right-if-rel-injective-left :
assumes rel-injective (<p)
and right-unique (<g)
and ((<p) nd (<pg)) I
shows bi-unique (1,5)
(proof )

corollary rel-injective-left-and-right-unique-right-if-bi-unique-left- GaloisI:
assumes bi-unique (LN)
and ((<r) = (<g)) !
and ((<p) = (<)) r
and ((<1) 91 (<p)) 17
shows rel-injective (<y) A right-unique (<pg)

{proof)

corollary bi-unique-left-Galois-iff-rel-injective-left-and-right-unique-rightl :
assumes ((<7) 4 (<p)) Ir
shows bi-unique (1,5) «— rel-injective (<) A right-unique (<Rg)
(proof)

Surjectivity context
fixes Q :: 'b = bool
begin

lemma surjective-at-left-Galois-if-rel-surjective-at-rightl:
assumes rel-surjective-at @ (<p)

and ((<p) = (<)) r
shows rel-surjective-at Q (13)

{proof)
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lemma rel-surjective-at-right-if-surjective-at-left- Galois:
assumes rel-surjective-at Q (1,5)
shows rel-surjective-at @ (<p)
{proof)

corollary rel-surjective-at-right-iff-surjective-at-left- GaloisI:
assumes ((<p) = (<)) r
shows rel-surjective-at Q (1) — rel-surjective-at @ (<p)

{proof)

end

corollary surjective-left-Galois-if-rel-surjective-rightl:
assumes rel-surjective (<)
and ((<g) = (<)) r
shows rel-surjective (1,5)
(proof)

corollary rel-surjective-right-if-surjective-left- Galois:
assumes rel-surjective (1,5)
shows rel-surjective (<p)
(proof)

corollary rel-surjective-right-iff-surjective-left-GaloisI:
assumes ((<p) = (<)) r
shows rel-surjective (1<) <— rel-surjective (<p)
(proof)

Left-Totality context
fixes P :: ‘a = bool
begin

lemma left-total-on-left- Galois-if-left-total-on-leftI:
assumes left-total-on P (<)
and ((<p) = (<pg)) !
and ((<p) <n (Spg)) I
shows left-total-on P (1,5)

(proof)

lemma left-total-on-left-if-left-total-on-left- GaloisI:
assumes left-total-on P (13)
shows left-total-on P (<)

(proof)

corollary left-total-on-left-Galois-iff-left-total-on-leftI:
assumes ((<y) = (<)) !

and ((<g) < (<p)) L7
shows left-total-on P (1,5) «— left-total-on P (<)

(proof)
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end

corollary left-total-left-Galois-if-left-total-leftI:
assumes left-total (<)
and ((<p) = (<pg)) |
and ((<7) < (Spg)) 7
shows left-total (1,5)
(proof)

corollary left-total-left-if-left-total-left- Galois:
assumes left-total (1,5)
shows left-total (<j)

{proof)

corollary left-total-left-Galois-iff-left-total-leftI:
assumes ((<7) = (<p)) !
and ((<p) <n (Spg)) I
shows left-total (;,5) «— left-total (<p)
(proof )

Bi-Totality context
fixes P :: 'a = bool and @ :: 'b = bool
begin

lemma bi-total-on-left-GaloisI:
assumes left-total-on P (<)
and rel-surjective-at Q (<pR)
and ((<p) = (<g)) !
and ((<g) = (<)) r
and ((<g) <n (Sp)) I
shows bi-total-on P Q (1,5)
(proof )

lemma left-total-on-left-rel-surjective-at-right-if-bi-total-on-left-GaloisE:
assumes bi-total-on P Q (1,3)
obtains left-total-on P (<) rel-surjective-at @ (<pg)
(proof )

corollary bi-total-on-left- Galois-iff-left-total-on-left-and-rel-surjective-on-rightI :
assumes ((<y) = (<p)) !
and ((<p) = (<)) r
and ((<7) < (Sp)) U7
shows bi-total-on P Q (;5) «— left-total-on P (<p) A rel-surjective-at @ (<R)

{proof)

end

corollary bi-total-left-GaloisI:
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assumes left-total (<)
and rel-surjective (<p)
and (<) = (<p)) |
and ((<p) = (<p)) 7
and ((SL) U (Zg
shows bi-total (15
{proof)

corollary left-total-left-rel-surjective-right-if-bi-total-left-GaloisE:
assumes bi-total (1,5)
obtains left-total (<) rel-surjective (<g)
(proof)

corollary bi-total-left-Galois-iff-left-total-left-and-rel-surjective-rightl :
assumes ((<) = (<p)) !
and ((<p) = (<)) r
and ((<p) 9n (Spg)) !
shows bi-total (1,3)
(proof)

— left total (<y,) A rel-surjective (<pg)

Function Relator lemma Fun-Rel-left-Galois-left-Galois-imp-left-rightI:
assumes monol: ((<y) = (<p)) 1
and half-gal: (<) nI (<p)) I 7
and perR: partial-equivalence-rel (<g)
shows ((12) = (1L2) = (—)) (1) (SR)
(proof)

lemma Fun-Rel-left- Galois-left-Galois-rev-imp-left-rightI:
assumes monor: ((<g) = (<)) r
and perL: partial-equivalence-rel (<y)
shows ((12) = (L) = (+—)) (1) (SR)

(proof)

corollary Fun-Rel-left-Galois-left-Galois-iff-left-rightI:
assumes ((<y) = (<p)) !
and ((<p) = (<)) r
and ((<g) n< (<p)) Ir
and partial-equivalence-rel (<p)
and partial-equivalence-rel (<p)
shows ((,5) = (19) = () (£1) (<p)
(proof)

end
end
theory Transport- White-Box

imports
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Transport-Equality

Transport- Existential- Quantifier

Transport-Galois- Relator-Properties

Transport- Universal-Quantifier
begin

Summary Theorems for white-box transports.

context galois
begin

notepad
begin
print-statement Fun-Rel-imp-eq-restrict-if-right-unique-onl
[of in-field (<1) (1S) in-field (<p)

(proof)
end

end
end

theory Transport
imports
Transport-Black-Box
Transport- White- Box
begin

Summary We formalise the theory for the Transport framework. The
Transport framework allows us to transport terms along (partial) Galois con-
nections (galois.galois-connection) and equivalences (galois. galois-equivalence).
For details, refer to [2].

end

2.21 Transport for Dependent Function Relator

with Non-Dependent Functions
theory Transport-Rel-If
imports

Transport-Black-Bozx
begin

Summary We introduce a special case of transport-Dep-Fun-Rel. The
derived theorem is easier to apply and supported by the current prototype.

context
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fixes P :: 'a = bool and R :: 'a = 'a = bool
begin

lemma reflexive-on-rel-if-if-reflexive-onl [intro]:
assumes B = reflexive-on P R
shows reflezive-on P (rel-if B R)
(proof)

lemma transitive-on-rel-if-if-transitive-onl [introl:
assumes B = transitive-on P R
shows transitive-on P (rel-if B R)

{proof)

lemma preorder-on-rel-if-if-preorder-onl [intro):
assumes B = preorder-on P R
shows preorder-on P (rel-if B R)

(proof)

lemma symmetric-on-rel-if-if-symmetric-onl [introl:
assumes B — symmetric-on P R
shows symmetric-on P (rel-if B R)

{proof)

lemma partial-equivalence-rel-on-rel-if-if-partial-equivalence-rel-onl [intro):
assumes B = partial-equivalence-rel-on P R
shows partial-equivalence-rel-on P (rel-if B R)
(proof)

lemma rel-if-dep-mono-wrt-rel-if-iff-if-dep-mono-wrt-rell :
assumes B=—= B' = ((zy = R)= Szy) f
and B +— B’
shows ((z y :: rel-if B R) = (rel-if B (S z y))) f
(proof)

corollary reflezive-rel-if-if-reflexivel [introl:
assumes B = reflexive R
shows reflexive (rel-if B R)
(proof )

corollary transitive-rel-if-if-transitivel [intro):
assumes B = transitive R
shows transitive (rel-if B R)

{proof)

end
context

fixes P :: 'a = bool and R :: 'a = 'a = bool
begin
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corollary preorder-rel-if-if-preorderl [introl:
assumes B = preorder R
shows preorder (rel-if B R)

(proof)

corollary symmetric-rel-if-if-symmetricl [introl:
assumes B = symmetric R
shows symmetric (rel-if B R)

(proof)

corollary partial-equivalence-rel-rel-if-if-partial-equivalence-rell [introl:
assumes B = partial-equivalence-rel R
shows partial-equivalence-rel (rel-if B R)

(proof)

end

context galois-prop
begin

interpretation rel-if : galois-prop rel-if B (<y) rel-if B’ (<g) I r (proof)
interpretation flip-inv : galois-prop (>g) (>r,) r 1 {proof)

lemma rel-if-half-galois-prop-left-if-iff-if-half-galois-prop-lefti:
assumes B = B' = ((<) v (<R)) I r
and B +— B’
shows ((rel-if B (<p)) n< (rel-if B’ (<g))) I r
(proof)

lemma rel-if-half-galois-prop-right-if-iff-if-half-galois-prop-rightI:
assumes B = B' = ((<y) <, (Kp)) Ir
and B +— B’
shows ((rel-if B (<r,)) < (rel-if B’ (<g))) I r
(proof)
lemma rel-if-galois-prop-if-iff-if-galois-propI:
assumes B = B' = ((<y) < (Kp)) I r
and B +— B’
shows ((rel-if B (<r,)) < (rel-if B’ (<R))) I r
(proof )

end

context galois
begin

interpretation rel-if : galois rel-if B (<) rel-if B’ (<g) I r (proof)
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lemma rel-if-galois-connection-if-iff-if-galois-connectionl:
assumes B = B' = ((<) 1 (<p)) I r
and B «— B’
shows ((rel-if B (<r,)) 4 (rel-if B' (<p))) I r
(proof)

lemma rel-if-galois-equivalence-if-iff-if-galois-equivalencel :
assumes B = B' = ((<) =¢ (<p)) I r
and B +— B’
shows ((rel-if B (<1)) =¢ (rel-if B' (<g))) I r
(proof)

end

context transport
begin

interpretation rel-if : transport rel-if B (<p) rel-if B’ (<g) I r (proof)

lemma rel-if-preorder-equivalence-if-iff-if-preorder-equivalencel :
assumes B — B’ = ((<1) =pre (<)) I 7
and B +— B’
shows ((rel-if B (<)) =pre (rel-if B' (<R))) I r
(proof)

lemma rel-if-partial-equivalence-rel-equivalence-if-iff-if-partial-equivalence-rel-equivalencel :
assumes B = B' = ((<) =pgg (<g)) I
and B <— B’
shows ((rel-if B (<y)) =pgg (rel-if B’ (<g))) Il r
(proof)

end

locale transport-Dep-Fun-Rel-no-dep-fun =
transport-Dep-Fun-Rel-syntax L1 R1 11 r1 L2 R2 A- -. 12 \- -. r2 +
tdfr : transport-Dep-Fun-Rel L1 R1 11 r1 L2 R2 \- -. 12 \- -. 12
for L1 :: 'al = 'al = bool
and RI :: 'a2 = 'a2 = bool
and /1 :: ‘al = a2
and 71 :: ‘a2 = 'al
and L2 :: ‘al = 'al = 'b1 = 'b1 = bool
and R2 :: 'a2 = 'a2 = 'b2 = 'b2 = bool
and 12 :: 'b1 = b2
and r2 :: b2 = bl
begin

notation ¢2.unit (1))
notation t2.counit (¢e2)
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abbreviation L = tdfr.L
abbreviation R = tdfr.R

abbreviation | = tdfr.l
abbreviation r = tdfr.r

notation t¢dfr.L (infix «<jp»> 50)
notation tdfr.R (infix «<p» 50)

notation tdfr.ge-left (infix <>p> 50)
notation tdfr.ge-right (infix <>p» 50)

notation tdfr.unit («n»)
notation tdfr.counit (<e»)

theorem partial-equivalence-rel-equivalencel :
assumes per-equivl: (<) =pgr (<py)) U 11
and per-equiv2: Nrz'. z ;5 2" = ((<p9, (r1 z/)) =prR (Xpo (i1 z) 2) 12
r2
and ((z1 22 :: (217)) = (23 24 : (<L1) |2l <y 23) = () L
and ((z1' e (ZR1) = (935’ w42 (Sgy) | w1’ <pg 23') = (< )) k2
(<

shows ((<1) =pgr (SR)) |
(proof)

end

end

2.22 Transport via Equivalences on PERs (Proto-
type)

theory Transport-Prototype
imports
Transport-Rel-If
ML-Unification. ML- Unification-HOL-Setup
ML- Unification. Unify-Resolve- Tactics
keywords trp-term :: thy-goal-defn
begin

Summary We implement a simple Transport prototype. The prototype
is restricted to work with equivalences on partial equivalence relations. It
is also not forming the compositions of equivalences so far. The support
for dependent function relators is restricted to the form described in [trans-
port.partial-equivalence-rel-equivalence ?L1.0 ?R1.0 ?11.0 ?r1.0; Nz x'. ga-
lois-rel.Galois ?L1.0 ?R1.0 ?r1.0 x x' = transport.partial-equivalence-rel-equivalence
(?L2.0 z (?r1.0 z)) (?R2.0 (?11.0 z) ') 212.0 #r2.0; (w1 22 == ?L1.07Y)
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= (28 x4 : 2L1.0) = ?L1.0x1 238 — (L)) 2L2.0; ((z1'x2':: ?R1.071) =
(28" 24":: ?R1.0) = ?R1.0z1" 28" — (<)) ?R2.0] = transport.partial-equivalence-rel-equivalence
(transport-Dep-Fun-Rel.L ?L1.0 ?L2.0) (transport-Dep-Fun-Rel.L ?R1.0 ?R2.0)
(transport-Dep-Fun-Rel.l ?r1.0 (A- -. ?12.0)) (transport-Dep-Fun-Rel.l ?11.0
(A- -. 2r2.0)): The relations can be dependent, but the functions must be
simple. This is not production ready, but a proof of concept.
The package provides a command trp-term, which sets up the required
goals to prove a given term. See the examples in this directory for some use
cases and refer to [2] for more details.

Theorem Setups context transport
begin

lemma left-Galois-left-if-left-rel-if-partial-equivalence-rel-equivalence:

assumes ((<7) =pgr (<)) I 7
and z <y z’
shows z ;S 1z

{proof)

definition transport-per x y = ((<1) =ppr (SR)) lr ANz [Zy
The choice of z’is arbitrary. All we need is in-dom (<p) .

lemma transport-per-start:

assumes ((<p) =pgp (Sp)) L7
and z <j, z’
shows transport-per x (1 x)

{proof)

lemma left-Galois-if-transport-per:
assumes transport-per x y
shows z [T v

(proof)
end
context transport-Fun-Rel
begin
Simplification of Galois relator for simple function relator.

corollary left-Galois-eq-Fun-Rel-left- Galois:
assumes ((<1;) =ppp (<gy)) U 1
and ((<12) =pgr (Sge)) 1212
shows (13) = (112) = (12%))

(proof)

end

lemmas related-Fun-Rel-combl = Fun-Rel-relD|[rotated]
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lemma related-Fun-Rel-lambdal:
assumes Az y. Rzy = S (fz) (g y)
and T = (R = 9)
shows T fg
(proof)

General ML setups (ML)

Unification Setup (ML)
declare [[trp-uhint where hint-preprocessor = « Unification- Hints- Base.obj-logic-hint-preprocessor
Q@Q{thm atomize-eq[symmetric]} (Conv.rewr-conv Q{thm eg-eq-True})»]]
declare [[trp-ucombine add = < Transport- Unification-Combine. eunif-data
(Transport-Unification-Hints.try-hints
|> Unification-Combinator.norm-unifier
( Unification- Util.inst-norm-term’
Transport-Mized- Unification.norms-first-higherp-decomp-comb-higher-unify)
> K)
(Transport-Unification-Combine.default-metadata Transport- Unification-Hints.binding)»]]

Prototype (ML)

declare
transport-Dep-Fun- Rel.transport-defs[trp-def]
transport-Fun- Rel.transport-defs[trp-def]

declare

transport-Fun- Rel.partial-equivalence-rel-equivalencel [rotated, per-intro]
transport-eq-id.partial-equivalence-rel-equivalencel [per-intro]
transport-eq-restrict-id. partial-equivalence-rel-equivalence|per-intro]

declare

transport-id.left-Galois-eq-left[trp-relator-rewrite]
transport-Fun-Rel.left- Galois-eq- Fun- Rel-left- Galois[trp-relator-rewrite)

end

2.23 Syntax Bundles for Transport

theory Transport-Syntax
imports
Transport-Base
begin
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abbreviation Galois-infir x L R r y = galois-rel.Galois L R r x y
abbreviation (input) ge-Galois R r L = galois-rel.ge-Galois-left L R r
abbreviation (input) ge-Galois-infir y R r L x = ge-Galois R r L y «

bundle galois-rel-syntax
begin
notation galois-rel. Galois (</((-)<( ) _))’)>)
notation Galois-infix (<(-) ()< (o) (- [61,51,51,51,51] 50)
(

)
notation ge-Galois-infiz («(-) ((_) (_))i() (-)» [51,51,51,51,51] 50)
end

bundle transport-syntax
begin

notation transport.preorder-equivalence (infix =pre’ 50)

notation transport.partial-equivalence-rel-equivalence (infix <=pgp> 50)
end

end

2.24 Example Transports for Dependent Function
Relator

theory Transport-Dep-Fun-Rel-Examples
imports
Transport-Prototype
Transport-Syntax
HOL-Alignment-Binary-Relations
HOL—Library.1Array
begin

Summary Dependent function relator examples from [2]. Refer to the
paper for more details.

context

includes galois-rel-syntaxr and transport-syntax

notes

transport.rel-if-partial-equivalence-rel-equivalence-if-iff-if-partial-equivalence-rel-equivalencel

[rotated, per-intro]
transport-Dep-Fun-Rel-no-dep-fun. partial-equivalence-rel-equivalencel
[ML-Krattr <Drule.rearrange-prems [1] #> Drule.rearrange-prems [2,3]»,

per-intro)
begin

interpretation transport L Rl r for L R I r (proof)

abbreviation Zpos = ((:(<)(0 N z’nt)) int = -)
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lemma Zpos-per [per-intro]: (Zpos =pgr (=)) nat int
{proof)

lemma sub-parametric [trp-in-dom]:
(i~ Zpos) = (- = Zpos | § < i) = Zpos) (=) ()
{proof)

trp-term nat-sub :: nat = nat = nat where z = (—) :: int = -
and L = (i - :: Zpos) = (j - = Zpos | j < i) = Zpos
and R=(n-=(=)=>(m-:(=)|m<n = (=)

{proof)

thm nat-sub-app-eq

Note: as of now, trp-term does not rewrite the Galois relator of depen-
dent function relators.

thm nat-sub-related’

abbreviation LRel = list-all2
abbreviation IARel = rel-iarray

lemma [per-introl:
assumes partial-equivalence-rel R

shows (LRel R =pgp IARel R) IArray.IArray IArray.list-of
(proof )

lemma [trp-in-dom):
((zs - LRel R) = (i -:: (=) | i < length zs) = R) (!) ()
{proof)

context
fixes R :: ‘a = 'a = bool assumes [per-intro|: partial-equivalence-rel R
begin

interpretation Rper : transport-partial-equivalence-rel-id R
(proof )

declare Rper.partial-equivalence-rel-equivalence [per-intro]

trp-term darray-index where z = (1) :: 'a list = -
and L = ((ws - LRel R) = (i - :: (=) | i < length xs) = R)
and R = ((ws - :: JARel R) = (i - :: (=) | i < IArray.length zs) = R)
(proof )

end
end

end
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2.25 Example Transports Between Lists and Sets

theory Transport-Lists-Sets-Examples
imports
Transport-Prototype
Transport-Syntax
HOL— Library.FSet
begin

Summary Introductory examples from [2]. Transports between lists and
(finite) sets. Refer to the paper for more details.

context

includes galois-rel-syntaxr and transport-syntax
begin

Introductory examples from paper Left and right relations.
definition LFSL zs zs' = fset-of-list xs = fset-of-list xs’
abbreviation (input) (LFSR :: 'a fset = -) = (=)

definition LSL xs zs’ = set s = set xs’

abbreviation (input) (LSR :: 'a set = -) = (:ﬁm'te o Ta set = bool)

interpretation ¢ : transport LSL R [ r for LSL R [ r (proof)

Proofs of equivalences.

lemma list-fset-PER [per-intro|: (LFSL =ppp LFSR) fset-of-list sorted-list-of-fset
(proof )

lemma list-set-PER [per-intro|: (LSL =pgpr LSR) set sorted-list-of-set
(proof)

We can rewrite the Galois relators in the following theorems to the relator
of the paper.

definition LFS zs s = fset-of-list s = s
definition LS zs s = set ©s = s

lemma LFSL-Galois-eq-LFS: (LFSL;LFSR sorted-list-of-fset) = LFS

{proof)
lemma LFSR-Galois-eq-inv-LFS: ([ FSRSLFSL fset-of-list) = LFS™!

(proof)
lemma LSL-Galois-eq-LS: (LSLSLSR sorted-list-of-set) = 1S

{proof)

declare LFSL-Galois-eq-LFS[trp-relator-rewrite, trp-uhint]
LFSR-Galois-eq-inv-LFS[trp-relator-rewrite, trp-uhint)
LSL-Galois-eq-LS[trp-relator-rewrite, trp-uhint]

definition max-list xs = foldr maz xs (0 :: nat)
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Proof of parametricity for maax-list.

lemma maz-maz-list-removeAll-eq-maxlist:
assumes ¢ € set xS
shows maxz x (maz-list (removeAll z xs)) = maz-list s

{proof)

lemma maz-list-parametric [trp-in-dom]: (LSL = (=)) maz-list maz-list
(proof)

lemma LFSL-eq-LSL: LFSL = LSL
(proof)

lemma maz-list-parametricfin [trp-in-dom]: (LFSL = (=)) maz-list maz-list
{proof)
Transport from lists to finite sets.

trp-term maz-fset :: nat fset = nat where x = maz-list
and L = (LFSL = (=))
(proof )

Use print-theorems to show all theorems. Here’s the correctness the-
orem:

lemma (LFS = (=)) max-list max-fset (proof)

lemma [trp-in-dom]: (LFSR = (=)) maz-fset maz-fset {proof)
Transport from lists to sets.
trp-term maz-set :: nat set = nat where r = max-list
(proof)
lemma (LS = (=)) maaz-list maz-set (proof)

The registration of symmetric equivalence rules is not done by default
as of now, but that would not be a problem in principle.

lemma list-fset-PER-sym [per-introl:
(LFSR =pgpr LFSL) sorted-list-of-fset fset-of-list
(proof )

Transport from finite sets to lists.
trp-term maz-list’ :: nat list = nat where x = max-fset
(proof )
lemma (LFS™! = (=)) maz-fset maz-list’ (proof)
Transporting higher-order functions.

lemma map-parametric [trp-in-dom):
(5) = (=) > LSL = LSL) map map
(proof )
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/

lemma [trp-uhint]: P
lemma [trp-uhint]: P

) = P = (=)= (=) (proof)

= (=
=T = ( Pl = bgol) = ((:) ta = _) <p7“00f>

trp-term map-set :: ('a :: linorder = 'b) = ‘a set = ('b :: linorder) set
where z = map :: (‘a = linorder = 'b) = 'a list = ('b :: linorder) list
{proof )

lemma (((=) = (=)) = LS = LS) map map-set {proof)

lemma filter-parametric [trp-in-dom):
(((=) = (+—)) = LSL = LSL) filter filter
(proof )

trp-term filter-set :: (‘a :: linorder = bool) = 'a set = 'a set
where z = filter :: (‘a :: linorder = bool) = 'a list = 'a list

{proof)
lemma (((=) = (=)) = LS = LS) filter filter-set (proof)

lemma append-parametric [trp-in-dom):
(LSL = LSL = LSL) append append
(proof )

trp-term append-set :: ('a :: linorder) set = 'a set = 'a set
where z = append :: ('a :: linorder) list = 'a list = 'a list
(proof)

lemma (LS = LS = LS) append append-set (proof)
The prototype also provides a simplified definition.

lemma append-set s s’ = set (sorted-list-of-set s) U set (sorted-list-of-set s’)
{proof)

lemma finite s = finite s’ = append-set s s’ = s U s’
(proof )

end

end

2.26 Transport for Partial Quotient Types
theory Transport-Partial-Quotient- Types

imports
HOL. Lifting
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Transport
begin

Summary Every partial quotient type Quotient, as used by the Lifting
package, is transportable.

context transport
begin

interpretation ¢t : transport L (=) I r {proof)

lemma Quotient-T-eq-Galois:
assumes Quotient (<) Ilr T
shows T = t.Galois

(proof)

lemma Quotient-if-preorder-equivalence:
assumes ((<r) =pre (=)) I 7
shows Quotient (<y) I r t.Galois

(proof)

lemma partial-equivalence-rel-equivalence-if-Quotient:
assumes Quotient (<p)Ilr T
shows ((<1) =pgr (=) Ir

(proof)

corollary Quotient-iff-partial-equivalence-rel-equivalence:
Quotient (<p) L rt.Galois «— (<) =pggr (=) I r
(proof )

corollary Quotient-T-eq-ge-Galois-right:
assumes Quotient (<p) lr T
shows T = t.ge-Galois-right
(proof )

end

end

2.27 Transport for HOL Type Definitions

theory Transport-Typedef-Base
imports
HOL-Alignment-Binary-Relations
Transport-Bijections
HOL. Typedef
begin
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context type-definition
begin

abbreviation (input) L :: 'a = 'a = bool = (=4)
abbreviation (input) R :: 'b = 'b = bool = (=)

sublocale transport? :
transport-eq-restrict-bijection mem-of A T :: 'b = bool Abs Rep
rewrites (=m0 4) = L
and (=7 .. 1 o poo) =
and (galois-rel. Galois (=) (=) Rep)lmem-of A1T .. b = bool =
(galois-rel. Galois (=) (=) Rep)
(proof)

interpretation galois L R Abs Rep (proof)

lemma Rep-left-Galois-self: Rep y 1.5y
(proof)

definition ARz y = x = Rep y

lemma left-Galois-eq-AR: left-Galois = AR
(proof )

end

end

theory Transport-Typedef
imports
HOL—Library.FSet
Transport- Typedef-Base
Transport- Prototype
Transport-Syntax
HOL-Alignment-Functions
begin

context
includes galois-rel-syntax and transport-syntaz

begin

typedef pint = {i :: int. 0 < i} (proof)

interpretation typedef-pint : type-definition Rep-pint Abs-pint {i :

{proof)

lemma [trp-relator-rewrite, trp-uhint]:

<(:Collect (<) (0 = mt)))é(:) Rep—pint) = typedef-pint AR
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(proof )
typedef ‘a fset = {s :: 'a set. finite s} (proof)

interpretation typedef-fset :
type-definition Rep-fset Abs-fset {s :: 'a set. finite
(proof )

9
—

lemma [trp-relator-rewrite, trp-uhint]:
<
((:{s i 'a set. finite s}) wla set = -R(=) Rep-fset)
(proof )

= typedef-fset. AR

lemma eg-restrict-set-eq-eq-uhint [trp-uhint]:
Nz. Pr=x€A) = ((54..74500) * 'a=-) =(=p)
(proof)

declare
typedef-pint.partial-equivalence-rel-equivalence[per-intro]
typedef-fset.partial-equivalence-rel-equivalence[per-intro]

lemma one-parametric [trp-in-dom]: typedef-pint.L 1 1 (proof)

trp-term pint-one :: pint where x = 1 :: int

(proof)

lemma add-parametric [trp-in-dom)]:
(typedef-pint.L = typedef-pint.L = typedef-pint.L) (+) (+)
(proof )

trp-term pint-add :: pint = pint = pint
where z = (+)  int = -
(proof )

lemma empty-parametric [trp-in-dom)]: typedef-fset.L {} {}
(proof )

trp-term fempty :: 'a fset where = = {} :: 'a set
(proof )

lemma insert-parametric [trp-in-dom):
((=) = typedef-fset.L = typedef-fset.L) insert insert
{proof )

trp-term finsert :: ‘a = ‘a fset = 'a fset where x = insert

and L = ((=) = typedef-fset.L = typedef-fset.L)
and R = ((=) = typedef-fset. R = typedef-fset.R)
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{proof)

context
notes refl[trp-related-intro)
begin

trp-term insert-add-int-fset-whitebox :: int fset
where z = insert (1 + (1 = int)) {} !
(proof)

lemma empty-parametric’ [trp-related-intro]: (rel-set R) {} {}

(proof)

lemma insert-parametric’ [trp-related-introl:
(R = rel-set R = rel-set R) insert insert

{proof)

context
assumes [trp-uhint]:

L = rel-set (L1 :: int = int = bool) = R = rel-set (R1 :: pint = pint = bool)
= r =1dmage rl = S = (,1ZR1 r1) = (SR ) = rel-set S
begin

trp-term insert-add-pint-set-whitebox :: pint set
where ¢ = insert (1 + (1 :: int)) {}!
(proof)

print-statement insert-add-int-fset-whiteboz-def insert-add-pint-set-whitebox-def

end
end

lemma image-parametric [trp-in-dom]:
(((=) = (=) = typedef-fset.L = typedef-fset.L) image image
{proof )

trp-term fimage :: (‘a = 'b) = ‘a fset = 'b fset where x = image
(proof )

lemma image-parametric’ [trp-related-intro):
((R = S) = rel-set R = rel-set S) image image
(proof)
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lemma Galois-id-hint [trp-uhint]:
(L:'a='a=bool)=R=—=r=id= E=L= (SR
{proof)

Il
&

lemma Freq [trp-uhint]: L = (=) = (=) = L
{proof)

—~
~—

context
fixes LI R1l1ri LRIr
assumes perl: (L1 =pgp R1) U1 r1
defines L = rel-set L1 and R = rel-set R1
and | = image I and r = image r1
begin

interpretation transport L R I r (proof)
context

assumes transport-per-set: (<r) =pgr (Lg)) I r
and compat: transport-comp.middle-compatible-codom R typedef-fset.L
begin

trp-term fempty-param :: 'b fset
where z = {} :: 'a set
and L = transport-comp.L ?L1 ?R1 (211 :: 'a set = 'b set) ?r1 typedef-fset.L
and R = transport-comp.L typedef-fset.R typedef-fset.L ?r2 212 ?R1
(proof)

definition set-succ = image ((+) (1 :: int))

lemma set-succ-parametric [trp-in-dom):
(typedef-fset.L = typedef-fset.L) set-succ set-succ
(proof)

trp-term fset-succ :: int fset = int fset
where r = set-succ
and L = typedef-fset.L = typedef-fset.L
and R = typedef-fset.R = typedef-fset.R
(proof)

trp-term fset-succ’ :: int fset = int fset
where z = set-succ
and L = typedef-fset.L = typedef-fset.L

and R = typedef-fset.R = typedef-fset.R
unfold set-succ-def !

(proof)

lemma pint-middle-compat:
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transport-comp.middle-compatible-codom (rel-set ((=) :: pint = -))

(=Collect (finite :: pint set = -))
(proof)

trp-term pint-fset-succ :: pint fset = pint fset
where r = set-succ :: int set = int set

(proof)

end
end
end

end

2.28 Transport for Natural Functors

2.28.1 Basic Setup

theory Transport-Natural-Functors-Base
imports
HOL.BNF-Def
HOL-Alignment-Functions
Transport-Base
begin

Summary Basic setup for closure proofs and simple lemmas.

In the following, we willingly use granular apply-style proofs since, in
practice, these theorems have to be automatically generated whenever we
declare a new natural functor.

Note that "HOL-Library" provides a command bnf-aziomatization which
allows one to axiomatically declare a bounded natural functor. However, we
only need a subset of these axioms - the boundedness of the functor is
irrelevant for our purposes. For this reason - and the sake of completeness
- we state all the required axioms explicitly below.

lemma Grp-UNIV-eg-eq-comp: BNF-Def.Grp UNIV f = (=) o f
(proof )

lemma eq-comp-rel-comp-eg-comp: (=) o f oo R=Ro f
(proof )

lemma Domain-Collect-case-prod-eq-Collect-in-dom:
Domain {(z, y). R z y} = {z. in-dom R z}
(proof)

lemma ball-in-dom-iff-ball-ex:
(Vz € S. in-dom R z) +— (Vz € S.3y. Rxy)
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{proof)

lemma pair-mem-Collect-case-prod-iff: (z, y) € {(z, y). Rz y} +— Rzy

(proof)
Natural Functor Axiomatisation typedecl ('d, ‘a, 'b, 'c) F

consts Fmap :: (al = 'a2) = ('b1 = 'b2) = ('cl = '¢2) =
(’d, 'al, 'b1, 'cl) F = ('d, ‘a2, 'b2, 'c2) F
Fsetl :: ('d, 'a, 'b, 'c) F = 'a set
Fset2 :: ('d, 'a, 'b, 'c) F = 'b set
Fset3 :: ('d, 'a, 'b, 'c) F = 'c set

axiomatization

where Fmap-id: Fmap id id id = id
and Fmap-comp: N\f1 f2 f3 g1 g2 ¢3.

Fmap (g1 o f1) (g2 o f2) (95 o f3) = Fmap g1 g2 g3 o Fmap f1 f2 f3
and Fmap-cong: \f1 f2 f3 g1 g2 g3 x.

(Azl. 21 € Fsetl x = f1 21 = gl z1) =

(A22. 22 € Fsel2 x = f2 22 = g2 22) —

(Az8. 28 € Fset8 ¢ = f3 23 = g8 18) =

Fmap f1 f2 f8 x = Fmap g1 g2 g3 «
and Fsetl-natural: \f1 f2 f3. Fsetl o Fmap f1 f2 f8 = image f1 o Fsetl
and Fset2-natural: \f1 f2 f3. Fset2 o Fmap f1 f2 f8 = image f2 o Fset2
and Fset3-natural: \f1 f2 f3. Fset8 o Fmap f1 f2 f8 = image f3 o Fset3

lemma Fmap-id-eq-self: Fmap id id id x = z
(proof)

lemma Fmap-comp-eq-Fmap-Fmap:
Fmap (g1 o f1) (g2 o f2) (93 o f3) © = Fmap g1 g2 g3 (Fmap f1 f2 {3 z)
{proof)

lemma Fsetl-Fmap-eq-image-Fsetl: Fsetl (Fmap f1 f2 f8 x) = f1 ¢ Fsetl x
(proof )

lemma Fset2-Fmap-eq-image-Fset2: Fset2 (Fmap f1 f2 f3 ) = f2 ¢ Fset2 x
(proof )

lemma Fset3-Fmap-eq-image-Fset3: Fset8 (Fmap f1 f2 f3 ) = [3 ¢ Fset3 x
(proof )

lemmas Fset-Fmap-eqs = Fsetl-Fmap-eq-image-Fset]l Fset2-Fmap-eq-image-Fset2
Fset3-Fmap-eq-image-Fset3

Relator definition Frel :: (‘al = ‘a2 = bool) = (b1 = b2 = bool) = ('c1
= 'c2 = bool) =

('d, 'al, 'b1, 'c1) F = ('d, 'a2, 'b2, 'c2) F = bool

where Frel R1 R2 R3zy = (3.
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z € {z. Fsetl v C {(z, y). R1 zy} N Fset2x C {(z, y). R2z y}
A Fset3 x C {(z, y). R3z y}}

A Fmap fst fst fst z = x

A Fmap snd snd snd z = y)

lemma Frell:
assumes Fset! z C {(z, y). R1 z y}
and Fset2 z C {(z, y). R2z y}
and Fset3 z C {(z, y). R3z y}
and Fmap fst fst fst z = x
and Fmap snd snd snd z = y
shows Frel R1 R2 R3 z y

{proof)

lemma FrelE:
assumes Frel R1 R2 R3 z y
obtains z where Fset! z C {(z, y). R1 z y} Fset2 z C {(z, y). R2 z y}
Fsetd z C {(z, y). R3 = y} Fmap fst fst fst z = © Fmap snd snd snd z = y

{proof)

lemma Grp-UNIV-Fmap-eq-Frel-Grp: BNF-Def.Grp UNIV (Fmap f1 f2 f3) =
Frel (BNF-Def.Grp UNIV f1) (BNF-Def.Grp UNIV f2) (BNF-Def.Grp UNIV
13)
(proof )

lemma Frel-Grp-UNIV-Fmap:
Frel (BNF-Def.Grp UNIV f1) (BNF-Def.Grp UNIV f2) (BNF-Def.Grp UNIV
13)
z (Fmap f1 f2 {3 )
(proof )

lemma Frel-Grp- UNIV-iff-eq-Fmap:
Frel (BNF-Def.Grp UNIV f1) (BNF-Def.Grp UNIV f2) (BNF-Def.Grp UNIV
13) zy +—
(y = Fmap f1 f2 {3 z)
(proof )

lemma Frel-eq: Frel (=) (=) (=) = (=)
{proof)

corollary Frel-eg-self: Frel (=) (=) (=) z z
(proof)

lemma Frel-mono-strong:
assumes Frel R1 R2 R3z y
and Azl yl. 21 € Fsetl x = yl € Fsetl y = RI1 z1 y1 = S1 z1 y1
and Az2 y2. 22 € Fset2 x = y2 € Fset2 y = R2 12 y2 —> 52 22 y2
and Az3 y3. 23 € Fset3 x = y3 € Fset3 y = R3 z3 y3 — 53 28 y3
shows Frel S1 52 S8z y
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{proof)

corollary Frel-mono:
assumes RI < S1 R2 < S2 R3 < 83
shows Frel R1 R2 R3 < Frel S1 S2 S3

{proof)

lemma Frel-refi-strong:
assumes Azl. zl1 € Fsetl x = RI zl zl
and Az2. 22 € Fset?2 1 — R2 22 12
and Az3. 3 € Fset3 © = RS 18 18
shows Frel R1 R2 R8 x «

{proof)

lemma Frel-cong:
assumes Azl yl. z1 € Fsetl © = yl € Fsetl y = R1 x1 yl +— R1' z1 yI
and Az2 y2. 22 € Fset2 v = y2 € Fset2 y = R2 22 y2 «— R2' 12 y2
and Az3 y3. 28 € Fset3 x = y3 € Fset3 y = RS 23 y3 +— R3' 23 y3
shows Frel R1 R2 R8xy = Frel R1' R2' R3' z y

{proof)

lemma Frel-rel-inv-eq-rel-inv-Frel: Frel R17Y R27! R3~! = (Frel R1 R2 R3)~!
(proof)

Given the former axioms, the following axiom - subdistributivity of the
relator - is equivalent to the (F, Fmap) functor preserving weak pullbacks.

axiomatization
where Frel-comp-le-Frel-rel-comp: AR1 R2 R3 S1 52 S5.
Frel R1 R2 R3 oo Frel S1 .52 S3 < Frel (R1 oo S1) (R2 oo 52) (R3 oo S3)

lemma fst-sndOp-eq-snd-fstOp: fst o BNF-Def.sndOp P Q = snd o BNF-Def.fstOp
PQ
(proof )

lemma Frel-rel-comp-le-Frel-comp:
Frel (R1 oo S1) (R2 oo S2) (R3 oo S3) < (Frel R1 R2 R3 oo Frel S1 52 53)
(proof)

corollary Frel-comp-eq-Frel-rel-comp:
Frel R1 R2 R3 oo Frel S1 .82 S8 = Frel (R1 oo S1) (R2 oo §2) (R3 oo S3)

{proof)

lemma Frel-Fmap-eql: Frel R1 R2 R8 (Fmap f1 f2 f3z) y =
Frel (Az. R1 (f1 z)) (Az. R2 (f2z)) (Az. R3 (f3z)) 2y
(proof )

lemma Frel-Fmap-eq2: Frel R1 R2 R3 x (Fmap g1 g2 93 y) =
Frel Az y. R1z (g1y)) (Azy. R2z (g2vy)) Az y. R3x2 (g3y)) zy
(proof)
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lemmas Frel-Fmap-eqs = Frel-Fmap-eql Frel-Fmap-eq2

Predicator definition Fpred :: (‘a = bool) = ('b = bool) = (‘¢ = bool) =
('d, 'a, 'b, 'c) F = bool
where Fpred P1 P2 P3 z = Frel ((=)Ipy) (=)Ip2) (=)p3) =z

lemma Fpred-mono-strong:
assumes Fpred P1 P2 P3 x
and Azl. zl € Fsetl © = Pl z1 = QI z1
and Az2. 22 € Fset2 1 = P2 12 = Q2 12
and A\z3. 23 € Fset3 1 = P3 23 = Q3 28
shows Fpred Q1 Q2 Q3 z
(proof)

lemma Fpred-top: Fpred T T T x
(proof )

lemma Fpredl:
assumes A\zl. z1 € Fsetl © = P1 z1
and Az2. 2 € Fset2 1 = P2 z2
and Az5. z3 € Fset8 © — P3 3
shows Fpred P1 P2 P3 z

{proof)

lemma FpredFE:
assumes Fpred P1 P2 P3 z
obtains Azl. 21 € Fsetl v = PI1 z1
Nz2. 22 € Fset2 x = P2 22
Nz3. z3 € Fset3 © = P3 z3

{proof)

lemma Fpred-eq-ball: Fpred P1 P2 P8 =
(Az. Ball (Fsetl x) P1 A Ball (Fset2 x) P2 A Ball (Fset3 x) P3)

{proof)

lemma Fpred-Fmap-eq:
Fpred P1 P2 P38 (Fmap f1 f2 f3 x) = Fpred (P1 o f1) (P2 o f2) (P30 f3) z
(proof)

lemma Fpred-in-dom-if-in-dom-Frel:
assumes in-dom (Frel R1 R2 R3) «
shows Fpred (in-dom R1) (in-dom R2) (in-dom R3) x
{proof)

lemma in-dom-Frel-if-Fpred-in-dom:
assumes Fpred (in-dom R1) (in-dom R2) (in-dom R3) x
shows in-dom (Frel R1 R2 R3) «

(proof)
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lemma in-dom-Frel-eq-Fpred-in-dom:
in-dom (Frel R1 R2 R3) = Fpred (in-dom R1) (in-dom R2) (in-dom R3)
(proof)

lemma in-codom-Frel-eq-Fpred-in-codom:
in-codom (Frel R1 R2 R3) = Fpred (in-codom R1) (in-codom R2) (in-codom R3)
{proof)

lemma in-field-Frel-eq-Fpred-in-in-field:
in-field (Frel R1 R2 R3) =
Fpred (in-dom R1) (in-dom R2) (in-dom R3) U
Fpred (in-codom R1) (in-codom R2) (in-codom R3)
{proof)

lemma Frel-restrict-left- Fpred-eq- Frel-restrict-left:

fixes R1 :: 'al = 'a2 = bool

and R2 :: 'b1 = 'b2 = bool

and R3 :: 'c1 = 'c2 = bool

and P1 :: 'al = bool

and P2 :: 'b1 = bool

and P3 :: 'c1 = bool

shows (Frel R1 R2R3 :: ('d, 'al, 'b1,'cl) F = _)erred P1 P2 P3 = (d, 'al, b1, 'cl) F = -

Frel (R1]p;) (R2]ps) (R3|p3)
(proof)

lemma Frel-restrict-right- Fpred-eq-Frel-restrict-right:

fixes R1 :: 'al = 'a2 = bool

and R2 :: 'b1 = b2 = bool

and R3 :: 'c1 = 'c¢2 = bool

and P1 :: ‘a2 = bool

and P2 :: 'b2 = bool

and P3 :: 'c2 = bool

shows (Frel R1 R2R3 :: - = ('d, 'a2, b2, 'c2) F = ) Fpred P1 P2 P3 :: ('d, ‘a2, b2, 'c2) F = -

Frel (R11p;) (R21ps) (R31p3)
{proof)

locale transport-natural-functor =
t1 : transport L1 R1 11 r1 + t2 : transport L2 R2 12 r2 +
t3 : transport L3 R3 13 r3
for L1 :: 'al = 'al = bool
and RI :: 'b1 = 'b1 = bool
and 1 :: 'al = bl
and ri : 'b1 = 'al
and L2 :: 'a2 = 'a2 = bool
and R2 :: 'b2 = b2 = bool
and 12 :: a2 = b2
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and r2 :: b2 = a2
and L3 :: ‘a3 = a3 = bool
and R3 :: 'b8 = b3 = bool
and 13 :: ‘a8 = b3
and 78 :: b8 = a3

begin

notation L1 (infix «<j ;> 50)
notation R! (infix «<<p» 50)
notation L2 (infix << 4 50)
notation R2 (infix «<<py 50)
notation L3 (infix «<y¢ 50)
notation R3 (infix «<<pg 50)

notation ¢1.ge-left (infix <>y > 50)
notation t1.ge-right (infix «>p» 50)
notation ¢2.ge-left (infix <> 9 50)
notation t2.ge-right (infix <> gy 50)
notation t3.ge-left (infix <>y 9 50)
notation t3.ge-right (infix <>pg» 50)

notation t1.left-Galois (infix «; ;5> 50)
notation ¢1.right-Galois (infix «p ;<> 50)
notation t2.left-Galois (infix <<y 50)
notation t2.right-Galois (infix (ps<» 50)
notation t3.left-Galois (infix <j 93> 50)
notation t3.right-Galois (infix <peS> 50)

notation t1.ge-Galois-left (infix <1 > 50)
notation t1.ge-Galois-right (infix T 50)
notation t2.ge-Galois-left (infix <10 50)
notation t2.ge-Galois-right (infix T gy 50)
notation ¢3.ge-Galois-left (infix 14 50)
notation t3.ge-Galois-right (infix T pg» 50)

notation t1.right-ge-Galois (infix <p ;2> 50)
notation t1.Galois-right (infix < 50)
notation ¢2.right-ge-Galois (infix <92 50)
notation ¢2.Galois-right (infix <<y 50)
notation t3.right-ge-Galois (infix <p92> 50)
notation t3.Galois-right (infix «<pge 50)

notation t¢1.left-ge-Galois (infix < ;2> 50)
notation ¢1.Galois-left (infix <S> 50)
notation ¢2.left-ge-Galois (infix <92 50)
notation t2.Galois-left (infix <Tr9 50)
notation t3.left-ge-Galois (infix <92 50)
notation t3.Galois-left (infix <S¢ 50)
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notation ¢1.unit (<)
notation ¢1.counit (<e1»)
notation t2.unit (<n2)
notation ¢2.counit (¢e2)
notation t3.unit (<ns>)
notation ¢3.counit (<e3»)

definition L = Frel (<) (<19) (Z19)

lemma left-rel-eq-Frel: L = Frel (<) (<r2) (£1,3)
(proof )

definition [ = Fmap 11 12 13

lemma left-eq-Fmap: | = Fmap 11 1213
(proof)

context
begin

interpretation flip :
transport-natural-functor R1 L1 r1 11 R2 L2 r2 12 R3 L8 r3 13 (proof)

abbreviation R = flip.L
abbreviation r = flip.l

lemma right-rel-eq-Frel: R = Frel (<py) (<pa) (LRr3)
(proof )

lemma right-eq-Fmap: r = Fmap r1 r2 r3

(proof)

lemmas transport-defs = left-rel-eq-Frel left-eq-Fmap
right-rel-eq-Frel right-eq-Fmap

end

sublocale transport L R I r {proof)
notation L (infix «<j) 50)
notation R (infix «<p» 50)

lemma unit-eq-Fmap: 1 = Fmap n1 12 13
{proof)

interpretation flip-inv : transport-natural-functor (>g¢) (>r1) r1 U

(ZRre) (ZL2) 7212 (ZR3) (Z13) 313
rewrites flip-inv.unit = € and flip-inv.t1.unit = ;
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and flip-inv.t2.unit = o and flip-inv.t3.unit = €3
(proof)

lemma counit-eq-Fmap: € = Fmap €1 €2 €3
(proof )

lemma flip-inv-right-eq-ge-left: flip-inv.R = (>)
(proof )

interpretation flip :
transport-natural-functor R1 L1 r1 11 R2 L2 r2 12 R3 L3 r8 13 (proof)

lemma flip-inv-left-eq-ge-right: flip-inv.L = (>g)
(proof )

lemma mono-wrt-rel-leftl:
assumes ((<r;) = (<py)) U
and ((<r9) = (Sgo)) 12
and ((<13) = (Spgg) I3
shows ((<) = (<p)) !
(proof )

end

end

2.28.2 Galois Concepts

theory Transport-Natural-Functors-Galois
imports
Transport-Natural-Functors-Base
begin

context transport-natural-functor
begin

lemma half-galois-prop-leftl:
assumes ((<r7) n<d (Spy)) U r1
and ((<r9) nd (SRo)) 1272
and ((<p3) n< (Sgg)) 1313
shows ((<p) nd (<p)) I
(proof)

interpretation flip-inv : transport-natural-functor (>g¢) (>r1) r1 U

(ZRe) (Z12) 212 (ZRs) (Z13) r3 13

rewrites flip-inv.R = (>)

and flip-inv.L = (>R)

and ARSfg. (RS V) fg=(S<wR)gf
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{proof)

lemma half-galois-prop-rightI:
assumes ((<r7) <n (Spy)) U r1
and ((<z) Jn (Spp)) 1212
and ((<p3) dn (Sgg)) 1313
shows ((<p) <n (<Sp)) I
(proof)

corollary galois-propI:
assumes ((<7;) < (<py)) UL r1
and ((<pp) 9 (<gp)) 1272
and ((<p3) < (<gg)) 1373
shows ((<7) < (<g)) L7
(proof )

interpretation flip :
transport-natural-functor R1 L1 r1 11 R2 L2 r2 12 R3 L3 r3 13 (proof)

corollary galois-connectionl:
assumes ((<77) 4 (<pgy)) U 11

and ((<p9) *(<pgo)) 1212
and ((<p3) 4 (<pgg)) 1373
shows ((<z) 4 (<p)) I

{proof)

corollary galois-equivalencel:
assumes ((<r ;) =q¢ (<py)) U 1
and ((<p9) =¢ (Sgg)) 1212
and ((<p3) =¢ (Sgg)) 15713
shows ((<1) =¢ (SR)) I r

(proof)

end

end

2.28.3 Galois Relator

theory Transport-Natural-Functors-Galois-Relator
imports
Transport-Natural-Functors-Base
begin

context transport-natural-functor
begin

lemma left-Galois-Frel-left-Galois: (1<) < Frel (1,1%) (1.9%) (13x)
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{proof)

lemma Frel-left-Galois-le-left- Galois:

Frel (118) (128) (£33) < (LR)
(proof)

corollary left-Galois-eg-Frel-left-Galois: (1,5) = Frel (1,13) (o) (133)
{proof)

end

end

2.28.4 Basic Order Properties

theory Transport-Natural-Functors-Order-Base
imports
Transport-Natural-Functors-Base
begin

context
fixes RI :: 'a = 'a = bool and R2 :: 'b = 'b = bool and R3S :: 'c = '¢c = bool
begin

lemma reflexive-on-in-field-Frell:
assumes reflexive-on (in-field R1) R1
and reflexive-on (in-field R2) R2
and reflexive-on (in-field R3) R3
defines R = Frel R1 R2 R3
shows reflezive-on (in-field R) R
(proof)

lemma transitive-Frell:
assumes transitive R1
and transitive R2
and transitive R3
shows transitive (Frel R1 R2 R3)

{proof)

lemma preorder-on-in-field-Frell:
assumes preorder-on (in-field R1) R1
and preorder-on (in-field R2) R2
and preorder-on (in-field R3) R3
defines R = Frel R1 R2 R3
shows preorder-on (in-field R) R

{proof)

lemma symmetric-Frell:
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assumes symmetric R1

and symmetric R2

and symmetric R3

shows symmetric (Frel R1 R2 RS3)

(proof)

lemma partial-equivalence-rel-Frell:
assumes partial-equivalence-rel R1
and partial-equivalence-rel R2
and partial-equivalence-rel RS
shows partial-equivalence-rel (Frel R1 R2 R3)

{proof)

end

context transport-natural-functor
begin

lemmas refiexive-on-in-field-leftl = reflexive-on-in-field-Frell
[of L1 L2 L3, folded transport-defs]

lemmas transitive-leftl = transitive-Frell[of L1 L2 L3, folded transport-defs]

lemmas preorder-on-in-field-leftl = preorder-on-in-field-Frell
[of L1 L2 L3, folded transport-defs]

lemmas symmetricl = symmetric-Frell[of L1 L2 L3, folded transport-defs)

lemmas partial-equivalence-rel-left]I = partial-equivalence-rel-Frell
[of L1 L2 L3, folded transport-defs]

end

end

2.28.5 Order Equivalence

theory Transport-Natural-Functors-Order- Equivalence
imports
Transport-Natural-Functors-Base
begin

context
fixes R1 :: 'a = 'a = bool and R2 :: 'b = 'b = bool and R3 :: 'c = 'c = bool
and f1 :'a = ‘aand f2 :: ‘b= 'band f3 :: 'c = ‘¢
and R :: ('d, 'a, 'b, '¢) F = ('d, 'a, 'b, '¢) F = bool
and f :: ('d, 'a, 'b, 'c) F = ('d, 'a, 'b, 'c) F
defines R = Frel R1 R2 R3 and f = Fmap f1 f2 f3
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begin

lemma inflationary-on-in-dom-Frell:
assumes inflationary-on (in-dom R1) R1 f1
and inflationary-on (in-dom R2) R2 f2
and inflationary-on (in-dom R3) R3 [3
shows inflationary-on (in-dom R) R f
(proof)

lemma inflationary-on-in-codom-Frell:
assumes inflationary-on (in-codom R1) R1 f1
and inflationary-on (in-codom R2) R2 f2
and inflationary-on (in-codom R3) R3 f3
shows inflationary-on (in-codom R) R f

(proof)

end

context
fixes R1 :: 'a = 'a = bool and R2 :: 'b = 'b = bool and R3 :: 'c = "¢ = bool
and fI :: ‘/a= ‘aand f2 :: 'b= band f3 :: 'c = 'c
and R :: ('d, 'a, 'b, '¢) F = ('d, 'a, 'b, '¢) F = bool
and f = ('d, 'a, b, 'c) F = ('d, 'a, 'b, 'c) F
defines R = Frel R1 R2 R3 and f = Fmap f1 f2 f3
begin

lemma inflationary-on-in-field-Frell:
assumes inflationary-on (in-field R1) R1 f1
and inflationary-on (in-field R2) R2 f2
and inflationary-on (in-field R3) R3 f3
shows inflationary-on (in-field R) R f
(proof )

lemma deflationary-on-in-dom-Frell:
assumes deflationary-on (in-dom R1) R1 f1
and deflationary-on (in-dom R2) R2 f2
and deflationary-on (in-dom R3) R3 f3
shows deflationary-on (in-dom R) R f
(proof )

lemma deflationary-on-in-codom-Frell:
assumes deflationary-on (in-codom R1) R1 f1
and deflationary-on (in-codom R2) R2 f2
and deflationary-on (in-codom R3) R3 f3
shows deflationary-on (in-codom R) R f
(proof )

end
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context
fixes R1 :: 'a = 'a = bool and R2 :: 'b = 'b = bool and R3 :: 'c = 'c = bool
and f1 = 'a = ‘aeand f2 :: ‘b= ‘band f3 :: 'c = ‘¢
and R :: ('d, 'a, 'b, '¢) F = ('d, 'a, 'b, 'c) F = bool
and f :: ('d, 'a, 'b, 'c) F = ('d, 'a, 'b, 'c) F
defines R = Frel R1 R2 R3 and f = Fmap f1 f2 f8
begin

lemma deflationary-on-in-field-Frell:
assumes deflationary-on (in-field R1) R1 f1
and deflationary-on (in-field R2) R2 f2
and deflationary-on (in-field R3) R3 f3
shows deflationary-on (in-field R) R f
(proof)

lemma rel-equivalence-on-in-field-Frell:
assumes rel-equivalence-on (in-field R1) R1 f1
and rel-equivalence-on (in-field R2) R2 f2
and rel-equivalence-on (in-field R3) R3 f3
shows rel-equivalence-on (in-field R) R f
(proof )

end

context transport-natural-functor
begin

lemmas inflationary-on-in-field-unit] = inflationary-on-in-field-Frell
[of L1 m L2 o L3 ns, folded transport-defs unit-eq-Fmap]

lemmas deflationary-on-in-field-unitl = deflationary-on-in-field-Frell
[of L1 m L2 no L3 ns, folded transport-defs unit-eq-Fmap]

lemmas rel-equivalence-on-in-field-unit] = rel-equivalence-on-in-field-Frell
[of L1 1 L2 no L3 ns, folded transport-defs unit-eq-Fmap]

interpretation flip :
transport-natural-functor R1 L1 r1 11 R2 L2 r2 12 R3 L3 r3 13
rewrites flip.unit = ¢ and flip.t1.unit = &,
and flip.t2.unit = e5 and flip.t3.unit = e3
(proof )

lemma order-equivalencel
assumes ((<p ) =, (<py)) U r1
and ((<p9) =, (Sgo)) 1212
and ((<p3) =, (Sgg)) 15913
shows ((<7) =, (<p)) L7
(proof )
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end

end

theory Transport-Natural-Functors
imports
Transport-Natural-Functors-Galois
Transport-Natural-Functors-Galois- Relator
Transport-Natural-Functors-Order-Base
Transport-Natural-Functors- Order- Equivalence
begin

Summary Summary of results for a fixed natural functor with 3 parame-
ters. All apply-style proofs are written such that they also apply to functors
with other arities. An automatic derivation of these results for all natural
functors needs to be implemented in the BNF package. This is future work.

context transport-natural-functor
begin

interpretation flip :
transport-natural-functor R1 L1 r1 11 R2 L2 r2 12 R3 L8 r3 13 (proof)

theorem preorder-equivalencel:
assumes ((<77) =pre (<py)) 11 11
and ((<19) =pre (Spo)) 1272
and ((<r3) =pre (Sgg) 13713
shows ((<p) =pre (<g)) I T
(proof)

theorem partial-equivalence-rel-equivalencel:

assumes ((<r7) =pgr (Sgpy)) U 71
and ((<p2) =pgr (Sgo)) 1212
and ((<p3) =pgr (Sg3y)) 13715
shows ((<) =pggr (SR)) I 7
(proof )

For the simplification of the Galois relator see flip.right-Galois = Frel
flip.t1.right-Galois flip.t2.right-Galois flip.t3.right-Galois.

end

end

2.29 Transport Paper Guide

theory Transport-Via-Partial-Galois-Connections- Equivalences-Paper
imports
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Transport-Black-Box
Transport-Natural-Functors
Transport- Partial-Quotient- Types
Transport-Prototype
Transport-Lists-Sets- Examples
Transport-Dep-Fun-Rel- Examples
Transport-Typedef-Base

begin

e Section 3.1: Order basics can be found in Transport. Binary-Relation- Properties,
Transport. Preorders, Transport. Partial- Equivalence-Relations, Trans-
port. Equivalence-Relations, and Transport. Order-Functions-Base. The-
orem

e Section 3.2: Function relators and monotonicity can be found in Trans-
port. Function-Relators and Transport. Functions-Monotone

Section 3.3: Galois relator can be found in Transport. Galois- Relator-Base.

— Lemma 1: Transport. Transport-Partial-Quotient-Types (*results
from Appendix*)

— Lemma 3: galois-prop.galois-prop ?L ?R ?l 9r —> (galois-rel. Galois
?R™Y 2L 27t 2x 2y = Galois-infiz ?x ?L 7R ?r ?y

Section 3.4: Partial Galois Connections and Equivalences can be found
in Transport. Half-Galois- Property, Transport.Galois-Property, Trans-
port. Galois-Connections, Transport. Galois-Equivalences, and Trans-
port.Order- Equivalences.

— Lemma 2: Transport. Transport-Partial-Quotient-Types (*results
from Appendix*)

— Lemma 4: [order-functors.order-equivalence ?L ¢R ¢l ?r; tran-
sitive ?L; transitive ?R] = galois.galois-equivalence ?L ¢R ¢l
or

— Lemma 5: [galois.galois-equivalence ?L ?R ?1 ?r; reflexive-on (in-field
?L) ?L; reflexive-on (in-field ?R) ?R] = order-functors.order-equivalence
L ?R ?1 ?r

o Section 4.1: Closure (Dependent) Function Relator can be found in
Black_Box/Functions.

— Monotone function relator Transport. Monotone-Function-Relator.
— Setup of construction Transport. Transport-Functions-Base.

— Theorem 1: see Transport. Transport-Functions
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— Theorem 2: see [transport.preorder-equivalence ?L1.0 ?R1.0 ?11.0
2r1.0; Nz z'. Galois-infix x ?L1.0 ?R1.0 ?r1.0 ' = trans-
port.preorder-equivalence (¢L2.0 z (?r1.0 z')) (?R2.0 (?11.0 z)
z') (212.0 ©' z) (2r2.0 x ); ((v1 22 == ?L1.07%) = (23 =4 =
?L1.0) = ?L1.0 z1 ©8 — (L)) ?L2.0; (1 22 :: ?L1.0) =
(1’ 22’ :: ?R1.0) = Galois-infix 2 ?L1.0 ?R1.0 ?r1.0 z1’
— (in-field (?R2.0 (?11.0 z1) 22") = ?L2.0 z1 (?r1.0 z2")))
2r2.0; in-dom (transport-Mono-Dep-Fun-Rel.L ?L1.0 ?L2.0) ?f;
in-codom (transport-Mono-Dep-Fun-Rel.L ?R1.0 ?R2.0) 9] —
Galois-infix ?f (transport-Mono-Dep-Fun-Rel.L ?L1.0 ?L2.0) (transport-Mono-Dep-Fun-F
?R1.0 ?R2.0) (transport-Dep-Fun-Rel.l 211.0 9r2.0) %9 = ((z
z' i galois-rel.Galois ?L1.0 ¢R1.0 ?r1.0) = galois-rel.Galois
(2L2.0 z (9r1.0 x)) (?R2.0 (?11.0 z) z') (?r2.0 z z')) ?f ?g
(*results from Appendix™*)

— Lemma 6: [galois.galois-connection ?L1.0 ?R1.0 ?11.0 ?r1.0; re-
flexive-on (in-codom ?L1.0) ?L1.0; reflexive-on (in-dom ?R1.0)
?R1.0; galois.galois-connection ?L2.0 ?R2.0 ?12.0 ?r2.0; transi-
tive 7L2.0; transitive R2.0] = galois.galois-connection (transport-Mono-Dep-Fun-Rel.I
?L1.0 (A- -. 2L2.0)) (transport-Mono-Dep-Fun-Rel.L ?R1.0 (\-
-. ?R2.0)) (transport-Dep-Fun-Rel.l ?r1.0 (\- -. 212.0)) (transport-Dep-Fun-Rel.l
21.0 (\- - 7r2.0))

— Lemma 7: [(?L1.0 = ?R1.0) ?11.0; galois-prop.galois-prop ¢L1.0
?R1.0 ?11.0 ?r1.0; reflexive-on (in-dom ?L1.0) ?L1.0; (?R2.0
= ?L2.0) ?r2.0; transitive ?L2.0; in-dom (transport-Mono-Dep-Fun-Rel.L
ZL1.0 (A--. L2.0)) ?f; in-codom (transport-Mono-Dep-Fun-Rel.L
?R1.0 (A--. ?R2.0)) ?9] = Galois-infix ?f (transport-Mono-Dep-Fun-Rel.L
7L1.0 (A- -. 2L2.0)) (transport-Mono-Dep-Fun-Rel.L ?R1.0 (\-
-. ?R2.0)) (transport-Dep-Fun-Rel.l ?11.0 (A- -. 2r2.0)) %9 =
(galois-rel.Galois ?L1.0 ?R1.0 ?r1.0 = galois-rel.Galois ?L2.0
?R2.0 ?r2.0) ?f %g

— Theorem T7: [galois.galois-connection ¢L1.0 ?R1.0 ?11.0 %r1.0;
reflezive-on (in-field ?L1.0) ?L1.0; reflexive-on (in-field ?R1.0)
?R1.0; Nz x'. Galois-infiz z ?L1.0 ?R1.0 ?r1.0 ' => galois.galois-connection
(2L2.0 z (9r1.0 z')) (?R2.0 (?11.0 z) ') (?12.0 =’ ) (9r2.0
zxz'); ((- 22 0 201.0) = (28 x4 = ?L1.0) = (?2L1.0 22 23 A
?L1.0 x4 (order-functors.unit ?11.0 ?r1.0z3)) — (Azy. y < x))
?L2.0; ((z1'22':: ?R1.0) = ?R1.0 (order-functors.counit ?11.0
1.0 22") 11’ — (23" - = ?R1.0) = ?R1.0 22’ 23’ —> (<))
?R2.0; ((x1' z2' :: ?R1.0) = (x1 22 :: ?L1.0) = Galois-infic
z2 ?L1.0 ?R1.0 9r1.0 21’ — (in-field (?L2.0 z1 (?r1.0 z2'))
= ?YR2.0 (?11.0 z1) x2")) ?12.0; ((x1 22 :: ?L1.0) = (x1' z2’
2 ?R1.0) = Galois-infix x2 ?L1.0 ?R1.0 ?r1.0 1’ — (in-field
(?R2.0 (?11.0x1) 22") = 2L2.0 x1 (9r1.0 22"))) 2r2.0; Nzl x2.
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?L1.0 z1 2 = transitive (?L2.0 z1 x2); Nzl z2'. ?R1.0 z1’

12" = transitive (?R2.0 z1’' x2")] = galois.galois-connection
(transport-Mono-Dep-Fun-Rel.L ?L1.0 ?L2.0) (transport-Mono-Dep-Fun-Rel.L
?R1.0 ?R2.0) (transport-Dep-Fun-Rel.l ?r1.0 ?12.0) (transport-Dep-Fun-Rel.l
211.0 2r2.0)

— Theorem 8: [galois.galois-connection ?L1.0 ¢R1.0 ?11.0 ?r1.0;
reflexive-on (in-field ?L1.0) ?L1.0; Nz z'. Galois-infix © ?L1.0
?R1.0 ?r1.0 2’ = (?R2.0 (?11.0 z) ' = 2L2.0 z (9r1.0 z'))
(2r2.0zz"); (21 : T)= (22-:: ?L1.0) = ?L1.0 21 22 — (<))
7L2.0; ((z1 = T) = (z2x8 :: L1.0) = (?L1.0x1 22 N ?L1.0 8
(order-functors.unit ?11.0 ?r1.0 22)) — (Az y. y < x)) ?L2.0;
((x1 22 2 ?L1.0) = (x1' 22" :: ?2R1.0) = Galois-infix 2 ?L1.0
?R1.0 ?r1.0 x1' — (in-field (?R2.0 (?11.0z1) z2") = ?L2.0 1
(2r1.0 22"))) 2r2.0; Nzl z2. ?L1.0 z1 22 = transitive (?L2.0
zl x2); in-dom (transport-Mono-Dep-Fun-Rel.L ?L1.0 ?L2.0)
?f; in-codom (transport-Mono-Dep-Fun-Rel.L ?R1.0 ?R2.0) %g]
= Galois-infix ?f (transport-Mono-Dep-Fun-Rel.L ?L1.0 ?L2.0)
(transport-Mono-Dep-Fun-Rel.L ?R1.0 ?R2.0) (transport-Dep-Fun-Rel.l
211.0 2r2.0) 29 = ((z 2’ :: galois-rel.Galois ?L1.0 ?R1.0 ?r1.0)
= galois-rel.Galois (?L2.0 = (9r1.0 z')) (?R2.0 (?11.0 z) z’)
(2r2.0 x x") ?f %9

— Lemma 8 [galois.galois-equivalence ?L1.0 ?R1.0 ?11.0 ?r1.0; Pre-
orders.preorder-on (in-field ?L1.0) ?L1.0; ((z1 22 = ?L1.071)
= (x84 = ?L1.0) = ?L1.0 1 23 — (L)) ?L2.0; Nzl z2.
?L1.0 x1 ©2 = partial-equivalence-rel (?L2.0 x1 12)] = trans-
port-Mono-Dep-Fun-Rel. L ?L1.0 ?L2.0 = transport-Dep-Fun-Rel.L
?2L1.0 ?L2.0

— Lemma 9: [reflexive-on (in-field ?L1.0) ?L1.0; partial-equivalence-rel
?L2.0] = transport-Mono-Dep-Fun-Rel.L ?L1.0 (- -. ?L2.0)
= transport-Dep-Fun-Rel.L ?L1.0 (\- -. 2L2.0)

e Section 4.2: Closure Natural Functors can be found in Black_Box/
Natural_ Functors.

— Theorem 3: see Transport. Transport-Natural-Functors

— Theorem 4: galois-rel. Galois (transport-natural-functor.L ?L1.0
?L2.0 ?L3.0) (transport-natural-functor.L YR1.0 ?R2.0 ?R3.0)
(transport-natural-functor.l 2r1.0 ?r2.0 ?r3.0) = Frel (galois-rel. Galois
?L1.0 ?R1.0 ?r1.0) (galois-rel. Galois ?L2.0 ?R2.0 ?r2.0) (galois-rel. Galois
?L3.0 ?R3.0 ?r3.0)

e Section 4.3: Closure Compositions can be found in Black_Box/Compositions.

— Setup for simple case in Transport. Transport-Compositions-Agree-Base
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— Setup for generic case in Transport. Transport-Compositions-Generic-Base

— Theorem 5: [transport.preorder-equivalence ¢L1.0 ?R1.0 ?11.0
?r1.0; transport.preorder-equivalence ?L2.0 ?R2.0 ?12.0 ?r2.0;
transport-comp.middle-compatible-codom ?R1.0 ?L2.0] = trans-
port.preorder-equivalence (transport-comp.L ?L1.0 ?R1.0 ?11.0
?r1.0 ?L2.0) (transport-comp.L ?R2.0 ?L2.0 7r2.0 ?12.0 ?R1.0)
(transport-comp.l 211.0 ?12.0) (transport-comp.l 2r2.0 ?r1.0) and
[transport.partial-equivalence-rel-equivalence ¢?L1.0 R1.0 ?11.0
2r1.0; transport.partial-equivalence-rel-equivalence ?L2.0 ?R2.0
212.0 ?r2.0; transport-comp.middle-compatible-codom ?R1.0 ?L2.0]
= transport.partial-equivalence-rel-equivalence (transport-comp.L
?L1.0 ?R1.0 ?11.0 ?r1.0 ?L2.0) (transport-comp.L ?R2.0 ?L2.0
7r2.0 212.0 ?R1.0) (transport-comp.l ?11.0 ?12.0) (transport-comp.l
?r2.0 7r1.0)

— Theorem 6: [transport.preorder-equivalence ?L1.0 ?R1.0 ?11.0
?r1.0; transport.preorder-galois-connection ?R2.0 ?L2.0 ?r2.0
212.0; transport-comp.middle-compatible-codom ?R1.0 ?L2.0] =
galois-rel. Galois (transport-comp.L ?L1.0 ?R1.0 ?11.0 9r1.0 ?L2.0)
(transport-comp.L ?R2.0 ?L2.0 ?r2.0 ?12.0 ?R1.0) (transport-comp.l
7r2.0 ?r1.0) = galois-rel.Galois ?L1.0 ?R1.0 ?r1.0 oo galois-rel. Galois
?2L2.0 ?R2.0 7r2.0
(*results from Appendix*)

— Theorem 9: see Black_Box/Compositions/Agree, results in
transport-comp-same.

— Theorem 10: [galois.galois-equivalence ?L1.0 ?R1.0 ?11.0 %r1.0;
Preorders.preorder-on (in-field R1.0) ?R1.0; galois.galois-equivalence
?L2.0 7R2.0 ?12.0 ?r2.0; Preorders.preorder-on (in-field ?L2.0)

?L2.0; transport-comp.middle-compatible-codom ¢R1.0 ?L2.0] =
galois.galois-connection (transport-comp.L ?L1.0 ?R1.0 ?11.0 ?r1.0

?L2.0) (transport-comp.L ?R2.0 ?L2.0 ?r2.0 ?12.0 ?R1.0) (transport-comp.l
211.0 ?12.0) (transport-comp.l 2r2.0 ?r1.0)

— Theorem 11: [(?R1.0 = ¢L1.0) 9r1.0; galois-prop.galois-prop
2L1.0 ?R1.0 ?11.0 ?r1.0; galois-prop.half-galois-prop-right ?R1.0
?L1.0 9r1.0 ?11.0; Preorders.preorder-on (in-field ?R1.0) ?R1.0;
(?L2.0 = ?R2.0) ?12.0; galois-prop.half-galois-prop-left ?R2.0
7L2.0 ?2r2.0 ?12.0; reflexive-on (in-dom ?L2.0) ?L2.0; ?R1.0 oo
7L2.0 oo ?R1.0 < ?R1.0 oo ?L2.0; in-codom (?L2.0 oo ?R1.0
oo ?L2.0) < in-codom ?R1.0] = galois-rel. Galois (transport-comp.L
?L1.0 ?R1.0 ?11.0 ?r1.0 ?L2.0) (transport-comp.L ?R2.0 ?L2.0
7r2.0 ?12.0 ?R1.0) (transport-comp.l ?r2.0 ?r1.0) = galois-rel. Galois
?L1.0 ?R1.0 ?r1.0 oo galois-rel. Galois ?L2.0 ?R2.0 ?r2.0

e Section 5:
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— Implementation Transport. Transport-Prototype: Note: the com-
mand "trp" from the paper is called trp-term and the method
"trprover" is called "trp_ term_ prover".

— Example 1: Transport. Transport-Lists-Sets- Examples
— Example 2: Transport. Transport-Dep-Fun-Rel- Examples

— Example 3: https://github.com/kappelmann /Isabelle-Set /blob/
fdf59444d9a53b5279080fb4d24893c9efa31160 /Isabelle_ Set/Integers/
Integers_ Transport.thy

e Proof: Partial Quotient Types are a special case: Transport. Transport- Partial- Quotient- Types
e Proof: Typedefs are a special case: Transport. Transport- Typedef-Base

o Proof: Set-Extensions are a special case: https://github.com /kappelmann/
Isabelle-Set /blob/{df59444d9a53b5279080fb4d24893c9efa31160/Isabelle_
Set /Set_ Extensions/Set_ Extensions_ Transport.thy

e Proof: Bijections as special case: Transport. Transport-Bijections

end
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Bibliography

[1] Huffman, Brian and Kuncar, Ondrej. Lifting and Transfer: A modular
design for quotients in Isabelle/HOL. In Certified Programs and Proofs:
Third International Conference, CPP 2013, Melbourne, VIC, Australia,
December 11-13, 2013, Proceedings 3, pages 131-146. Springer, 2013.

[2] K. Kappelmann. Transport via partial galois connections and equiv-
alences. In C.-K. Hur, editor, Programming Languages and Systems,
pages 225-245, Singapore, 2023. Springer Nature Singapore.

365



	HOL-Basics
	Lattice Syntax
	Lattice
	Bounded Quantifiers

	Binary Relations
	Basic Functions
	Order

	Functions
	Basic Functions
	Relators
	Functions on Predicates
	Orders
	Agreement
	Dependent Binary Relations
	Extensions
	Evaluation of Functions as Binary Relations

	Functions as Binary Relations
	Clean Functions
	Preorders
	Partial Equivalence Relations
	Equivalences
	Partial Orders
	Restricted Equality
	Composing Functions
	Extending Functions
	Lambda Abstractions
	Basic Properties
	Bounded Definite Description
	Least Element With Respect To Some Relation
	Transitive Closure
	Well-Founded Transitive Recursion
	Well-Founded Recursion
	Lattice
	Reflexive Closure
	Basic Properties
	Functions On Orders
	Order Functors

	Galois
	Basic Abbreviations
	Basics For Relator For Galois Connections
	Half Galois Property
	Galois Property
	Galois Connections
	Galois Equivalences
	Equivalence of Order Equivalences and Galois Equivalences
	Relator For Galois Connections


	Transport
	Basic Setup
	Ordered Galois Connections
	Ordered Equivalences

	Compositions With Agreeing Relations
	Basic Setup
	Monotonicity
	Galois Property
	Galois Connection
	Galois Equivalence
	Linear Orders

	Transport using Bijections
	Strict Partial Orders
	Strict Linear Orders

	Orders
	Predicates
	HOL-Basics
	Alignment With Binary Relation Definitions from HOL.Main
	Function Syntax
	Alignment With Function Definitions from HOL.Main

	Order Syntax
	Alignment With Order Definitions from HOL
	Alignment With Predicate Definitions from HOL

	HOL Alignments
	Alignment With Order Definitions from HOL-Algebra
	Alignment With Galois Definitions from HOL-Algebra

	HOL-Algebra Alignments
	HOL Syntax Bundles
	Basic Syntax
	Group Syntax
	Galois Relator
	Order Equivalence

	Generic Compositions
	Basic Setup
	Galois Property
	Monotonicity
	Galois Connection
	Galois Equivalence
	Galois Relator
	Basic Order Properties
	Order Equivalence

	Transport For Compositions
	Reflexive Relator
	Monotone Function Relator
	Transport For Functions
	Basic Setup
	Monotonicity
	Galois Property
	Galois Connection
	Basic Order Properties
	Galois Equivalence
	Simplification of Left and Right Relations
	Galois Relator
	Order Equivalence
	Summary of Main Results

	Transport using Identity
	White-Box Transport of (Restricted) Equality
	White-Box Transport of (Bounded) Universal Quantifier
	White-Box Transport of (Bounded) Existential Quantifier
	Properties of Galois Relator for White-Box Transport Side Conditions
	Transport for Dependent Function Relator with Non-Dependent Functions
	Transport via Equivalences on PERs (Prototype)
	Syntax Bundles for Transport
	Example Transports for Dependent Function Relator
	Example Transports Between Lists and Sets
	Transport for Partial Quotient Types
	Transport for HOL Type Definitions
	Transport for Natural Functors
	Basic Setup
	Galois Concepts
	Galois Relator
	Basic Order Properties
	Order Equivalence

	Transport Paper Guide


