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Abstract

We extend the ZF-Constructibility library by relativizing theories of
the Isabelle/ZF and Delta System Lemma sessions to a transitive class.
We also relativize Paulson’s work on Aleph and our former treatment
of the Axiom of Dependent Choices. This work is a prerequisite to our
formalization of the independence of the Continuum Hypothesis.
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1 Introduction

Relativization of concepts is a key tool to obtain results in forcing, as it is
explained in [1, Sect. 3] and elsewhere.

In this session, we cast some theories in relative form, in a way that they
now refer to a fixed class M as the universe of discourse. Whenever it was
possible, we tried to minimize the changes to the structure and proof scripts
of the absolute concepts. For this reason, some comments of the original
text as well as outdated apply commands appear profusely in the following
theories.

A repeated pattern that appears is that the relativized result can be proved
mutatis mutandis, with remaining proof obligations that the objects con-
structed actually belong to the model M. Another aspect was that the
management of higher order constructs always posed some extra problems,
already noted by Paulson [3, Sect. 7.3].

In the theory Lambda_Replacement we introduce a new locale assuming two
instances of separation and six instances of “lambda replacements” (i.e.,
replacements using definable functions of the form Azy.y = (x, f(x))) that
allow some form of compositionality of further instances of separations and
replacements.

We proceed to enumerate the theories that were “ported” to relative form,
briefly commenting on each of them. Below, we refer to the original theories
as the source and, correspondingly, call target the relativized version. We
omit the .thy suffixes.

1. From ZF:

(a) Univ. Here we decided to relativize only the term Vfrom that
constructs the cumulative hierarchy up to some ordinal length
and starting from an arbitrary set.

(b) Cardinal. There are two targets for this source, Least and
Cardinal_Relative. Both require some fair amount of prepa-
ration, trying to take advantage of absolute concepts. It is not



straightforward to compare source and targets in a line-by-line
fashion at this point.

(c) CardinalArith. The hardest part was to formalize the cardinal
successor function and ordertypes. We also disregarded the part
treating finite cardinals since it is an absolute concept. Apart
from that, the relative version closely parallels the source.

(d) Cardinal_AC. After some boilerplate, porting was rather straight-
forward, excepting cardinal arithmetic involving the higher-order
union operator.

2. From ZF-Constructible:

(a) Normal. The target here is Aleph_Relative since that is the only
concept that we ported. Instead of porting all the machinery of
normal functions (since it involved higher-order variables), we
particularized the results for the Aleph function. We also used
an alternative definition of the latter that worked better with our
relativization discipline.

3. From Delta_ System__Lemma:

(a) ZF_Library. The target includes a big section of auxiliary lem-
mas and commands that aid the relativization. We needed to
make explicit the witnesses (mainly functions) in some of the ex-
istential results proved in the source, since only in that way we
would be able to show that they belonged to the model.

(b) Cardinal_Library. Porting was relatively straightforward; most
of the extra work laid in adjusting locale assumptions to obtain
an appropriate context to state and prove the theorems.

(c) Delta_System. Same comments as in the case of Cardinal_Library
apply here.

4. From Forcing:

(a) Pointed_DC. This case was similar to Cardinal_AC above, al-
though a bit of care was needed to handle the recursive construc-
tion. Also, a fraction of the theory AC from ZF was ported here
as it was a prerequisite. A complete relativization of AC would be
desirable but still missing.

Finally, there are some repetitions from ZF-Constructible in the present
project. We had to duplicate some material from Relative in our the-
ory M_Basic_No_Repl in order to eliminate one replacement instance ap-
pearing in the locale M_Basic. The same goes for theories DPow_absolute,
Datatype_absolute, Internalizations, Internalize, Rank_Separation,



Rec_Separation, Recursion_Thms, Relativization, and Satisfies_absolute,
that were modified to remodularize the locale structure (namely, by elimi-
nating the dependence of locale M_eclose on M_datatypes, which defines
lists and formulas). In order to get the rest of the top-level theories of

ZF-Constructible to work, we added a new theory called Eclose_Absolute.
theory Utils

imports ZF-Constructible. Formula
begin

This theory encapsulates some ML utilities

(ML)

end

2 Auxiliary results on arithmetic
theory Nat_Miscellanea
imports
Delta_ System__Lemma.ZF _Library
begin

hide__const (open) Order.pred
notation add (infixl <+, 65)
notation diff (infixl -, 65)

Most of these results will get used at some point for the calculation of arities.

lemmas nat_succl = Ord_succ_mem__iff [THEN iffD2,0F nat_into_ Ord]

lemma nat_succD : m € nat => succ(n) € succ(m) = n € m

(proof )

lemmas zero_in_succ = ItD [OF nat_0_le]

lemma in_n_in _nat: m € nat = n € m = n € nat
(proof )

lemma lt] neg:r€nut = j<zs—=j#r=j<uzx

{proof)

lemma succ_pred eq : m € nat = m # 0 = succ(pred(m)) = m

(proof)

lemma succ_ItI : succ(j) < n=j<n
{proof)

lemmas succ_leD = succ_leE[OF lel]

lemma succpred_lel : n € nat = n < succ(pred(n))



{proof)

lemma succpred_n0 : succ(n) € p = p#0
{proof)

lemmas natEin = natE [OF It_nat_in_nat]
lemmas Un_least_lt_iffn = Un_least_lt_iff [OF nat_into_ Ord nat_into_ Ord]

lemma pred_type : m € nat = n < m = n€nat

{proof)

lemma pred _le : m € nat = n < succ(m) = pred(n) < m
{proof)

lemma pred_le2 : n€ nat = m € nat = pred(n) < m = n < suce(m)

{proof)

lemma Un_leD1: Ord(i)= Ord(j)== Ord(k)= iU j< k= 1<k
{proof)

lemma Un_leD2 : Ord(i)=— Ord(j)= Ord(k)=— iU j<k = j <k
(proof)

lemma gtl :n€nat = ien—=i# 0= i # 1 = I<i
(proof )

lemma pred_mono : m € nat = n < m = pred(n) < pred(m)

{proof)

lemma succ_mono : m € nat = n < m = suce(n) < suce(m)

(proof )

lemma union absi :
[i<jl=iUj=]j
(proof )

lemma union_abs2 :
[i<j]=jui=3j
(proof)

lemma ord_un_maz : Ord(i) = Ord(j) = i U j = max(i,j)

{proof)

lemma ord _max_ty : Ord(i) = Ord(j) = Ord(maz(i,j))
{proof)

lemmas ord__simp__union = ord_un_maz ord_maz_ty max_ def

10



lemma le_succ : z€nat = x<succ(z) (proof)

lemma le_pred : z€nat = pred(z)<z

{proof)

lemma not_le_anti sym : z€nat = y € nat — - <y — —y<zr = y=c
(proof)

lemma Un_le compat: 0 < p = ¢ < r = Ord(0) = Ord(p) = Ord(q) =
Ord(r) = oUq¢<pUr
{proof)

lemma Un_le:p<r=— ¢<r—=
Ord(p) = Ord(q) = Ord(r) =
pUgsr
(proof)

lemma Un_lel3:0<r=p<r= q¢q<r—
Ord(0) = Ord(p) = Ord(q) = Ord(r) =
oUpUgq<r

(proof)

lemma diff mono :
assumes m € nat n€nat p € nat m < n p<m
shows m#-p < n#-p

(proof)

lemma pred Un:
z € nat = y € nat = pred(succ(z) U y) = = U pred(y)
T € nat = y € nat = pred(z U succ(y)) = pred(z) U y
(proof )

lemma le_natl : j < n = n € nat = jenat
{proof )

lemma le_natFE : n€nat = j < n = jen

(proof)

lemma leD : assumes nenat j < n
shows j<n|j=n

{proof)

lemma pred nat_eq :
assumes nenat
shows pred(n) = n
(proof )

11



2.1 Some results in ordinal arithmetic

The following results are auxiliary to the proof of wellfoundedness of the
relation frecR

lemma maz_cong :
assumes z < y Ord(y) Ord(z)
shows maxz(z,y) < maz(y,z)

(proof)

lemma maz__commutes :
assumes Ord(z) Ord(y)
shows max(z,y) = maz(y,z)

{proof)

lemma maz_cong?2 :
assumes z < y Ord(y) Ord(z) Ord(x)
shows max(z,z) < maz(y,z)

(proof)

lemma maz D1 :
assumes ¢z = y w < z Ord(z) Ord(w) Ord(z) maz(z,w) = maz(y,z)
shows <y

(proof )

lemma max D2 :

assumes w =y V w=zz <y Ord(z) Ordlw) Ord(y) Ord(z) maz(z,w) =
maz(y,z)

shows z<w

(proof)

lemma oadd It _mono?2 :
assumes Ord(n) Ord(a) Ord(f) a < Bz <ny<n0<n
shows n #x a + z < n *xxf + y

(proof)
end

3 Various results missing from ZF.

theory ZF Miscellanea
imports
ZF
Nat__Miscellanea
begin

lemma rexz _mono :
assumes 3 d € A . P(d) ACB
shows 3 d € B. P(d)

(proof)

12



lemma function_subset:
function(f) = gCf = function(g)
(proof )

lemma converse_refl : refl(A,r) = refl(A,converse(r))
(proof)

lemma Ord_It_subset : Ord(b) = a<b = aCb
(proof)

lemma funcl : fe A>B=—=a€ A= b=f‘a= (a,b) €f
(proof )

lemma vimage fun_ sing:
assumes fcA—B beB
shows {acA . fla=b} = f-*{b}
(proof)

lemma image_fun_subset: SEA—B — CCA=— {S ‘z . z€ C} = S“C
(proof )

lemma inj range Diff:
assumes [ € inj(A,A’)
shows f“A - f“T = f*(A - T)
(proof)

lemma subset_Diff Un: X C A= A= (A-X)UX (proof)

lemma Diff bij:
assumes VAeF. X C A shows (MeF. A-X) € bij(F, {A-X. AeF})

(proof)

lemma function__space_nonempty:
assumes beB
shows (Az€A.b): A — B

(proof)

lemma lam_constant_eq cartprod: (A_€A. y) = A x {y}
{proof)

lemma vimage_lam: (A\z€A. f(z)) -“ B ={z€A . f(z) € B}
{proof)

lemma range fun_subset__codomain:
assumes h:B — C
shows range(h) C C
(proof )

13



lemma Pi rangeD:
assumes f€Pi(A,B) b € range(f)
shows JacA. fa=1
{proof)

lemma Pi_range_eq: f € Pi(A,B) = range(f) = {f ‘z .z € A}
(proof)

lemma Pi_vimage_subset : f € Pi(A,B) = f-“C C A
(proof)

definition
minimum :: ¢ = 1 = 1 where
minimum(r,B) = THE b. first(b,B,r)

lemma minimum_in": minimum(r,B) € B U {0}

{proof)

lemma minimum,__in: [ well _ord(A,r); BCA; B#0 | = minimum(r,B) € B
{proof)

lemma well ord _surj imp_inj inverse:

assumes well _ord(A,r) h € surj(A,B)

shows (AbeB. minimum(r, {a€A. h‘a=b})) € inj(B,A)
(proof)

lemma well _ord _surj imp_lepoll:
assumes well _ord(A,r) h € surj(A,B)
shows B<A

(proof)
lemma surj_imp_well ord:

assumes well _ord(A,r) h € surj(A,B)
shows Js. well ord(B,s)

{proof)

lemma Pow_sing : Pow({a}) = {0,{a}}
(proof)

lemma Pow cons:
shows Pow(cons(a,A)) = Pow(A) U {{a} U X . X: Pow(A)}
{proof)

lemma app nm :
assumes nenat menat feEn—m x € nat
shows fz € nat

(proof)

lemma Upair_eq_cons: Upair(a,b) = {a,b}

{proof)
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lemma converse__apply eq : converse(f) ‘z = J(f-* {z})
{proof)

lemmas app_fun = apply_iff[THEN iffD1]

lemma Finite__imp_ lesspoll nat:
assumes Finite(A)
shows A < nat

(proof)

definition curry :: [i,i,i] = 7 where
curry(A,B.f) = Az€A . \yeB . f{xz,y)

lemma curry_type :
assumes f € AxB — C
shows curry(A,B,f) € A — (B — C)

{proof)

end

4 Renaming of variables in internalized formulas

theory Renaming
imports
ZF-Constructible. Formula
ZF  Miscellanea
begin

4.1 Renaming of free variables

definition
union__fun :: [i,i,4,i] = 7 where
union__fun(f,g,m,p) = A\j € m U p . if jem then [ else g%

lemma union_ fun_ type:
assumes f € m — n
geEDP—(Q
shows union_ fun(f,g,m,p) € mUp — nU q
{proof)

lemma union__fun__action :
assumes
env € list(M)
env’ € list(M)
length(env) = m U p
Vi.i€m— nth(f%env’) = nth(i,env)
YV j.j€p— nth(g9,env’) = nth(j,env)
showsV i.i e mUp —

15



nth(i,env) = nth(union_fun(f,g,m,p) i,env’)
(proof)

lemma id_fn_ type :
assumes n € nat
shows id(n) € n — n

{proof)

lemma id_fn_action:

assumes n € nat env€list(M)

shows A j.j < n = nth(j,env) = nth(id(n)‘j,env)
(proof)

definition
rsum :: [i,i,4,4,i]] = { where
rsum(f,g,m,mp) = Aj € mwp . if j<m then f9 else (g(#-m))+un

lemma sum_inl:
assumes m € nat nc€nat
fem—-nzem
shows rsum(f,g,m,n,p)‘c = fz

(proof)

lemma sum__inr:
assumes m € nat n€nat pcnat
geEp—qm < xx < my,p
shows rsum(f,g,m,n,p)‘c = g(x#-m)+wun

(proof)

lemma sum__action :
assumes m € nat n€nat pcnat gcnat
f € m—n gep—q
env € list(M)
env’ € list(M)
envl € list(M)
env2 € list(M)
length(env) = m
length(envl) = p
length(env’) = n
N i . i< m = nth(i,env) = nth(f‘,env’)
N j. 7 < p = nth(j,envl) = nth(g%,env2)
shows V ¢ .7 < m+,p —
nth(i,env@envl) = nth(rsum(f,g,m,n,p) ‘i,env’Qenv2)

{(proof)

lemma sum__type :
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assumes m € nat n€nat penat genat
f € m—n gEp—q
shows rsum(f,g,m,n,p) € (m+up) = (n+,9)
(proof )

lemma sum_ type_id :
assumes
I € length(env)—length(env’)
env € list(M)
env’ € list(M)
envl € list(M)
shows
rsum(f,id(length(envl)),length(env),length(env’),length(envl)) €
(length(env)+,length(envl)) — (length(env’)+,length(envl))
(proof )

lemma sum_ type_id_auz2 :
assumes
f e m—n
m € nat n € nat
envl € list(M)
shows
rsum(f,id(length(envl)),m,n,length(envl)) €
(m+ylength(envl)) — (n+ylength(envl))
{proof)

lemma sum__action_id :
assumes
env € list(M)
env’ € list(M)
f € length(env)—length(env’)
envl € list(M)
N\ i . < length(env) = nth(i,env) = nth(fé,env’)
shows A i . < length(env)+, length(envl) =
nth(i,env@envl) = nth(rsum(f,id(length(envl)),length(env),length(env’),length(envl)) 4, env’Qenvl)
(proof)

lemma sum__action_id__aux :
assumes
f e m—n
env € list(M)
env’ € list(M)
envl € list(M)
length(env) = m
length(env’) = n
length(envl) = p
N i . i< m = nth(i,env) = nth(f,env’)
shows A i .17 < m+,length(envl) =
nth(i,envQenvl) = nth(rsum(f,id(length(envl)),m,n,length(envl)) ‘i,env'Qenvi)
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{proof)

definition
sum__id :: [i,i] = i where
sum__id(m,f) = rsum(Az€l.z,f,1,1,m)

lemma sum_id0 : menat=—=sum__id(m,f)‘0 = 0
(proof)

lemma sum__idS : penat = q€nat = feEp—q =z € p = sum__id(p,f) (succ(x))
= suce(f‘x)

{proof)

lemma sum_id_tc_aux :
pEnat = q€nat=f€p—q= sum_id(p,f) € I+,p — 1+,4q

{proof)

lemma sum_id_tc :
n € nat = m € nat = f € n - m = sum_id(n,f) € succ(n) — succ(m)

(proof)

4.2 Renaming of formulas

consts ren :: i=1
primrec
ren(Member(z,y)) =
(An € nat . A m € nat. \f € n — m. Member (f‘z, f‘y))

ren( Equal(z,y)) =
(An € nat . A m € nat. A\f € n — m. Equal (fz, f*y))

ren(Nand(p,q)) =
(A n € nat . A m € nat. A\f € n — m. Nand (ren(p) ‘n‘m*f, ren(q) ‘n‘m*f))

ren(Forall(p)) =
(An € nat. A m e nat. \f € n — m. Forall (ren(p) ‘succ(n) ‘succ(m) ‘sum__id(n,f)))

lemma arity _meml : | € nat = Member(z,y) € formula = arity(Member(z,y))
<l=zxz€l

(proof)
lemma arity _memr : | € nat = Member(z,y) € formula = arity(Member(z,y))
<l=yel

(proof )
lemma arity_eql : | € nat = Equal(z,y) € formule = arity(Fqual(z,y)) < I
=z €l

(proof )
lemma arity_eqr : | € nat = Equal(z,y) € formula = arity(Equal(z,y)) < 1
=y €l
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(proof )

lemma nand_arl : p € formula = q€formula =>arity(p) < arity(Nand(p,q))
(proof )

lemma nand_ar2 : p € formula = q€formula =>arity(q) < arity(Nand(p,q))

(proof )

lemma nand_ariD : p € formula = g€formula = arity(Nand(p,q)) < n =
arity(p) < n

(proof )
lemma nand_ar2D : p € formula = q€formula = arity(Nand(p,q)) < n =
arity(q) < n

(proof)

lemma ren_tc: p € formula =
(Anmf.né€nit= mée€ nat = f € n—om= ren(p)n‘m’f € formula)

{proof)

lemma arity ren :

fixes p

assumes p € formula

shows A nm f.n € nat = m € nat = f € n—>m = arity(p) < n =
arity(ren(p) ‘n‘m‘f)<m

{proof)

lemma arity_forallE : p € formula = m € nat = arity(Forall(p)) < m =
arity(p) < suce(m)

{proof)

lemma env_coincidence__sum__id :
assumes m € nat n € nat
o € list(A) o' € list(A)
feEn—->m
N i. i< n= nth(i,0) = nth(f,0’)
a € Aje suce(n)
shows nth(j,Cons(a,p)) = nth(sum_id(n,f)‘j,Cons(a,0"))
(proof)

lemma sats iff sats ren :
assumes ¢ € formula
shows [ n € nat; m € nat ; g € list(M) ; o' € list(M) ; f € n = m
arity(p) < n;
N i.i<n= nth(i,0) = nth(f4,0) | =
sats(M,p,0) «— sats(M,ren(p) ‘n‘m‘f,o’)
(proof )

end
theory Renaming_Auto

19



imports
Utils
Renaming
keywords
rename :: thy decl % ML
and
simple__rename :: thy decl % ML
and
sre
and
tgt
abbrevs
simple__rename =

begin
hide__const (open) Order.pred

lemmas nat_succl = nat_succ_iff[THEN iffD2]
(ML)

end

theory M Basic_No_ Repl
imports ZF-Constructible. Relative
begin

This locale is exactly M__basic without its only replacement instance.

locale M basic_no_repl = M__trivial +
assumes Inter_separation:
M(A) ==> separation(M, \x. V y[M]. y¢A — z€y)
and Diff separation:
M(B) ==> separation(M, \z. x ¢ B)
and cartprod__separation:
[| M(A); M(B) |]
==> separation(M, \z. Jz[M]. xz€A & (Fy[M]. yeB & pair(M,z,y,2)))
and image__separation:
[ M(A); M(r) |
==> separation(M, \y. Ap[M]. per & (Fz[M]. z€A & pair(M,z,y,p)))
and converse__separation:
M(r) ==> separation(M,
Az. Ap[M]. per & (Fz[M]. y[M]. pair(M,z,y,p) & pair(M,y,z,2)))
and restrict_separation:
M(A) ==> separation(M, \z. Jz[M]. z€A & (Fy[M]. pair(M,z,y,2)))
and comp__separation:
[| M(r); M(s) ]
==> separation(M, Azz. 3z[M]. Jy[M]. 3 2[M]. Fzy[M]. T yz[M].
pair(M,z,z,12) & pair(M,z,y,zy) & pair(M,y,z,y2) &
zyes & yzer)
and pred__separation:
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[| M(r); M(z) |] ==> separation(M, \y. Ip[M]. per & pair(M,y,z,p))
and Memrel _separation:
separation(M, Az. Iz[M]. Jy[M]. pair(M,z,y,2) & = € y)
and is_recfun__separation:
— for well-founded recursion: used to prove is_recfun__equal
[| M(r); M(f); M(g); M(a); M(b) |]
==> separation(M,
Az. Jza[M]. I xb[M].
pair(M,z,a,za) & za € r & pair(M,z,b,2b) & zb € r &
(3 fz[M]. 3 gz[M]. fun_apply(M.f,z,fx) & fun_apply(M,g,z,92) &
fr # gz))

and power__az: power_ax(M)

lemma (in M_ basic_no_repl) cartprod__iff:
| M(A); M(B); M(C) |
==> cartprod(M,A,B,C) «—
(I p1[M]. A p2[M]. powerset(M,A U B,pl) & powerset(M,pl,p2) &
C ={z€ p2 Jz€A. JyeB. z = <z,y>})

(proof)
lemma (in M_basic_no_repl) cartprod__closed_lemma:
[| M(A); M(B) |] ==> 3 C[M]. cartprod(M,A,B,C)

(proof)

All the lemmas above are necessary because Powerset is not absolute. I
should have used Replacement instead!

lemma (in M__basic_no_repl) cartprod__closed [intro,simp]:

[| M(A); M(B) || ==> M(A*B)
(proof)
lemma (in M_basic_no_repl) sum__closed [intro,simp):
[| M(A); M(B) || ==> M(A+B)
(proof)
lemma (in M_basic_no_repl) sum__abs [simp]:
(| M(A); M(B); M(Z) || ==> is_sum(M,A,B,Z) +— (Z = A+B)
(proof )
lemma (in M_basic_no_repl) M__converse__iff:
M(r) ==>
converse(r) =
{zeUWUM) *UWU().
Iper. Jz[M]. Fy[M]. p = {(z,y) & z = (y,z)}
(proof)

lemma (in M_basic_no_repl) converse_closed [intro,simp]:
M(r) ==> M(converse(r))
{proof)
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lemma (in M_ basic_no_repl) converse__abs [simp):
[| M(r); M(2) |] ==> is_converse(M,r,z) <— z = converse(r)
{proof)

4.2.1 image, preimage, domain, range

lemma (in M_basic_no_repl) image__closed [intro,simp):

[| M(A); M(r) || ==> M(r“A)
(proof)
lemma (in M__basic_no_repl) vimage__abs [simp]:
[| M(r); M(A); M(z) || ==> pre_image(M,r,A,z) <— z = r-“A
(proof
lemma (in M_basic_no__repl) vimage__closed [intro,simpl:
[| M(A); M(r) |} ==> M(r-“A)
(proof)

4.2.2 Domain, range and field

lemma (in M__basic_no__repl) domain__closed [intro,simp]:
M(r) ==> M(domain(r))
(proof)

lemma (in M_basic_no__repl) range_ closed [intro,simp):
M(r) ==> M(range(r))

{proof)

lemma (in M_ basic_no_repl) field abs [simp]:
[| M(r); M(2) || ==> is_field(M,r,z) <— z = field(r)
(proof )

lemma (in M_basic_no_repl) field closed [intro,simp]:
M(r) ==> M(field(r))
{proof)

4.2.3 Relations, functions and application

lemma (in M_basic_no_repl) apply closed [intro,simp]:
(1M (f); M(a)|] ==> M(fa)

(proof)

lemma (in M__basic_no_repl) apply__abs [simp]:
[| M(f); M(z); M(y) || ==> fun_apply(M,.f,z,y) «— f'z =y
(proof)

lemma (in M_basic_no__repl) injection__abs [simp):
[| M(A); M(f) |] ==> injection(M,A,B,f) «— f € inj(A,B)
(proof)
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lemma (in M_ basic_no__repl) surjection__abs [simp]:

| M(A); M(B); M(f) || ==> surjection(M,A,B.f) < f € surj(A,B)
(proof)

lemma (in M__basic_no__repl) bijection__abs [simp]:
[| M(A); M(B); M(f) |] ==> bijection(M,A,B.f) «— f € bij(A,B)
(proof)

4.2.4 Composition of relations

lemma (in M_basic_no_repl) M__comp_iff:
(| M(r); M(s) ]
==>r0s=
{zz € domain(s) * range(r).
Jz[M]. Fy[M]. F2[M]. 2z = (2,2) & (z,y) € s & (y,2) € r}
(proof )

lemma (in M_basic_no_repl) comp__closed [intro,simp]:
[| M(r); M(s) || ==> M(r O )
{proof)

lemma (in M_basic_no_repl) composition__abs [simp]:
[| M(r); M(s); M(t) || ==> composition(M,r,s,t) «— t =10 s
{proof)

no longer needed

lemma (in M_basic_no_ repl) restriction_is_function:
[| restriction(M,f,A,z); function(f); M(f); M(A); M(z) ||
==> function(z)

(proof)

lemma (in M_basic_no__repl) restrict_closed [intro,simpl:
[| M(A); M(r) || ==> M(restrict(r,A))
{proof)

lemma (in M__basic_no_repl) Inter_closed [intro,simp):

M(A) ==> M(((4))

(proof)

lemma (in M_basic_no__repl) Int_closed [intro,simp):
[| M(A); M(B) |] ==> M(AnN B)
(proof)

lemma (in M_basic_no_repl) Diff closed [intro,simp]:

[|[M(A); M(B)|] ==> M(A-B)
(proof)

4.2.5 Some Facts About Separation Axioms

lemma (in M_ basic_no_repl) separation__conj:
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[|separation(M,P); separation(M,Q)|] ==> separation(M, \z. P(z) & Q(z))
(proof )

lemma (in M_basic_no_repl) separation__disj:
[|separation(M,P); separation(M,Q)|] ==> separation(M, Az. P(z) | Q(z))
(proof)

lemma (in M_ basic_no_repl) separation_neg:
separation(M,P) ==> separation(M, \z. ~ P(z))
(proof )

lemma (in M_basic_no_repl) separation__imp:
[|separation(M,P); separation(M,Q)|]
==> separation(M, A\z. P(z) — Q(2))
{proof)

This result is a hint of how little can be done without the Reflection The-
orem. The quantifier has to be bounded by a set. We also need another
instance of Separation!
lemma (in M_basic_no_ repl) separation__rall:

[|M(Y); Yy[M]. separation(M, \z. P(z,y));

Y z[M]. strong_replacement(M, Az y. y = {u € z . P(u,z)})|]
==> separation(M, Az. Vy[M]. y¢Y — P(z,y))
(proof )

4.2.6 Functions and function space

lemma (in M_basic_no_repl) succ_fun_eq2:
[[M(B); M(n->B)|] ==>
suce(n) -> B =
U{z p € (n->B)xB, 3f[M]. Ib[M]. p = <f,b> & z = {cons(<n,b>, f)}}
(proof)

lemma (in M_basic_no__repl) list_case’_closed [intro,simp]:
IM(k); M(a); ¥ alM]. ¥ y[M]. M(b(z.y))l) ==> M(ist._case(a,b4))
(proof)

lemma (in M_basic_no_repl) tl’_closed: M(z) ==> M(#l'(z))
{proof)

sublocale M _basic C mbnr:M__basic_no__repl

{proof)

end

5 Absoluteness Properties for Recursive Datatypes

theory FEclose_ Absolute imports ZF-Constructible. Formula ZF-Constructible. WF _absolute
begin
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5.1 The lfp of a continuous function can be expressed as a
union

definition
directed :: i=>0 where
directed(A) == A#0 & (VzeA. VycA. z Uy e A)

definition
contin :: (i=>1) => o where
contin(h) == (V A. directed(A) — h(J A) = (U Xe€A. h(X)))

lemma bnd_mono_iterates__subset: [|bnd_mono(D, h); n € nat|]] ==> h™n (0)
cD
(proof)
lemma bnd_mono__increasing [rule_format):
[|i € nat; j € nat; bnd_mono(D,h)|] ==> i < j — h7I(0) C h7j(0)
(proof)

lemma directed iterates: bnd_mono(D,h) ==> directed({h"n (0). nEnat})
(proof)

lemma contin__iterates eq:

[[bnd_mono(D, h); contin(h)|]

==> h(Jnenat. h™n (0)) = (Unenat. h™n (0))
(proof)

lemma Ifp subset_ Union:
[|[bnd_mono(D, h); contin(h)|] ==> Ifp(D,h) C (U nenat. h™n(0))
(proof)

lemma Union__subset_Ifp:
bnd_mono(D,h) ==> (|Jnenat. h™n(0)) C Ifp(D,h)
(proof)

lemma Ifp eq Union:
[lbnd_mono(D, h); contin(h)|] ==> Ifp(D,h) = (|Jnenat. h™n(0))
(proof)

5.1.1 Some Standard Datatype Constructions Preserve Continu-
ity

lemma contin_imp_mono: [|[XCY; contin(F)|] ==> F(X) C F(Y)

(proof )

lemma sum__contin: [|contin(F); contin(G)|] ==> contin(AX. F(X) + G(X))
(proof)

lemma prod_ contin: [|contin(F); contin(G)|] ==> contin(AX. F(X) * G(X))
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(proof)

lemma const__contin: contin(AX. A)

(proof)

lemma id_ contin: contin(AX. X)
(proof)

5.2 Absoluteness for ”Iterates”

definition
iterates_MH :: [i=>o, [i,i]]=>0, i, i, i, i] => o where
iterates MH (M isF,v,n,g,2) ==
is_nat_case(M, v, Am uw. 3 gm[M]. fun__apply(M,g,m,gm) & isF(gm,u),
n, z)

definition
is_iterates :: [i=>o, [i,i]=>o0, i, i, i| => o where
is_iterates(M,isF,o,n,7) ==
Isn[M]. Imsn[M]. successor(M,n,sn) & membership(M,sn,msn) &
is_wfrec(M, iterates MH(M isF,v), msn, n, Z)

definition
iterates _replacement :: [i=>o, [i,i]=>0, i| => o where
iterates__replacement(M ,isF,v) ==
YV n[M]. nenat —
wfrec_replacement(M, iterates  MH (M ,isF,v), Memrel(succ(n)))

lemma (in M_basic) iterates_ MH__abs:

[| relationl(M,isF,F); M(n); M(g); M(z) |]

==> iterates MH(M isF,v,n,g,2) +— z = nat__case(v, Am. F(g‘m), n)
(proof)

lemma (in M_trancl) iterates__imp_wfrec_replacement:
[|relation1(M,isF,F); n € nat; iterates_replacement(M isF,v)|
==> wfrec_replacement(M, An [ z. z = nat__case(v, Am. F(f‘m), n),
Memprel(suce(n)))
(proof)

theorem (in M _trancl) iterates abs:
[| iterates_replacement(M ,isF,v); relationl(M,isF,F);
n € nat; M(v); M(z); Ya[M]. M(F(z)) |]
==> is_iterates(M,isF',v,n,z) «— z = iterates(F ,n,v)
(proof)

lemma (in M_trancl) iterates_closed [intro,simp):
[| iterates_replacement(M isF,v); relation1(M,isFF);
n € nat; M(v); Va[M]. M(F(z)) |]
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==> M(iterates(F,n,v))
{(proof)

5.3 lists without univ

lemmas datatype univs = Inl_in_univ Inr_in_ univ
Pair_in_univ nat_into_univ A__into__univ

lemma list_fun_bnd_mono: bnd_mono(univ(A), AX. {0} + AxX)
(proof)

lemma list_fun_contin: contin(AX. {0} + AxX)
(proof)

Re-expresses lists using sum and product

lemma list_eq Ifp2: list(A) = lfp(univ(A), AX. {0} + AxX)
(proof)

Re-expresses lists using "iterates”, no univ.

lemma list _eq Union:
list(4) = (Unenat. (A X. {0} + AxX) “n (0))
(proof )

definition
is_list_functor :: [i=>o0,i,i,i] => o where
is_list_functor(M,A,X,7) ==
Ini[M]. IAX[M).
numberl(M,n1) & cartprod(M,A, X, AX) & is_sum(M,n1,AX,7)

lemma (in M_ basic) list_functor__abs [simp]:

[| M(A); M(X); M(Z) || ==> is_list_functor(M,A,X,Z) +— (Z = {0} +
AxX)
(proof)

5.4 formulas without univ

lemma formula_ fun_bnd_mono:
bnd_mono(univ(0), AX. ((natxnat) + (natxnat)) + (XX + X))

(proof)

lemma formula__fun__ contin:
contin(AX. ((natxnat) + (natxnat)) + (X*X + X))

(proof)

Re-expresses formulas using sum and product

lemma formula_eq lfp2:
formula = Ifp(univ(0), AX. ((natxnat) + (natxnat)) + (XX + X))
(proof)
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Re-expresses formulas using “iterates”, no univ.

lemma formula__eq Union:
formula =
(Unenat. (AX. ((natxnat) + (natxnat)) + (X+xX + X)) " n (0))
(proof )

definition
is_formula_ functor :: [i=>o0,i,i] => o where
is_formula_functor(M,X,Z) ==
Inat’[M]. 3 natnat[M]. I natnatsum[M]. 3 XX[M]. 3 X3[M].
omega(M,nat’) & cartprod(M,nat’,nat’,natnat) &
is__sum(M natnat,natnat,natnatsum) &
cartprod( M, X, X, XX) & is_sum(M, XX, X, X3) &
is_sum(M natnatsum,X3,7)

lemma (in M_trancl) formula_functor_abs [simp):
(| M(X); M(Z) |]
==> is_formula_ functor(M,X,Z) +—
Z = ((natxnat) + (natxnat)) + (XxX + X)
(proof )

5.5 M Contains the List and Formula Datatypes

definition
list_ N :: [i,i] => i where
list. N(An) == (AX. {0} + A * X)™n (0)

lemma Nil_in_list_N [simp]: [| € list_N(A,succ(n))
(proof)

lemma Cons_in_list_ N [simp]:
Cons(a,l) € list_N(A,succ(n)) +— acA & | € list_N(A,n)
(proof)
These two aren’t simprules because they reveal the underlying list represen-
tation.
lemma list N_0: list. N(A,0) = 0
(proof)

lemma list N _succ: list_N(A,succ(n)) = {0} + A = (list_N(A,n))
(proof)

lemma list N _imp_ list:
[| 1 € list N(An); n € nat || ==> 1 € list(A)
(proof)

lemma list N_imp_length_ It [rule_format]:
n € nat ==> V1 € list._ N(A,n). length(l) < n

28



(proof)

lemma list_imp_list_ N [rule_format]:
l € list(A) ==> Vnenat. length(l) < n — 1 € list_N(A, n)
(proof)

lemma list_ N _imp__eq length:
[In € nat; 1 ¢ list. N(A4, n); | € list_N(A, suce(n))|]
==> n = length(l)

{(proof)

Express list__rec without using rank or Vset, neither of which is absolute.

lemma (in M_trivial) list_rec_eq:

l € list(A) ==>

list_rec(a,g,l) =

transrec (succ(length(l)),

Az h. Lambda (list(A),
list__case’ (a,
Aa l. g(a, 1, b succ(length(l)) “1)))) ‘1

(proof)

definition
is_list N :: [i=>o0,i,i,i] => o where
is_list. N(M,An,Z) ==
Jzero[M]. empty(M,zero) &
is_iterates(M, is_list_functor(M,A), zero, n, Z)

definition
mem,__list :: [i=>o0,i,i]] => o where
mem,__list(M,A,l) ==
In[M]. Ilistn[M].
finite__ordinal(M,n) & is_list N(M,A,n,listn) & | € listn

definition
is_list :: [i=>0,i,i] => o where
is_list(M,A,Z) == VI[M]. |l € Z «— mem_list(M,A,l)

5.5.1 Towards Absoluteness of formula_rec

consts depth :: i=>1
primrec
depth(Member(z,y)) = 0
depth(Equal(z,y)) = 0
depth(Nand(p,q)) = succ(depth(p) U depth(q))
depth(Forall(p)) = succ(depth(p))

lemma depth_type [TC]: p € formula ==> depth(p) € nat
(proof)
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definition
formula__N :: i => i where
formula_N(n) == (AX. ((natxnat) + (natxnat)) + (XxX + X)) " n (0)

lemma Member in_ formula_N [simp]:
Member(z,y) € formula_N(succ(n)) +— x € nat & y € nat

(proof)

lemma Fqual_in_formula_ N [simp]:
Equal(z,y) € formula_N(succ(n)) «— = € nat & y € nat
(proof)

lemma Nand_in_formula_ N [simp]:
Nand(z,y) € formula_ N(succ(n)) <— x € formula_ N(n) & y € formula_ N(n)
(proof)

lemma Forall _in_ formula_N [simp]:
Forall(z) € formula_N(succ(n)) «— = € formula_N(n)

(proof)

These two aren’t simprules because they reveal the underlying formula rep-
resentation.

lemma formula_ N_0: formula_N(0) = 0
(proof)

lemma formula_ N _succ:

formula__N(suce(n)) =

((natxnat) + (natxnat)) + (formula_N(n) * formula_N(n) + formula_N(n))
(proof)

lemma formula_N_imp_ formula:
[| p € formula_N(n); n € nat || ==> p € formula
(proof)

lemma formula_N_imp_depth_ It [rule_format]:
n € nat ==> Vp € formula_N(n). depth(p) < n
(proof)

lemma formula_imp_ formula_N [rule_format]:
p € formula ==> YV nenat. depth(p) < n — p € formula_N(n)

(proof)

lemma formula_N_imp_eq depth:
[|n € nat; p & formula_N(n); p € formula_ N (succ(n))|]
==> n = depth(p)

(proof)

This result and the next are unused.
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lemma formula_N_mono [rule_format]:

[| m € nat; n € nat || ==> m<n — formula_N(m) C formula_N(n)
(proof )
lemma formula_N__ distrib:
[| m € nat; n € nat || ==> formula_ N(m U n) = formula_N(m) U formula_ N(n)
(proof )
definition

is_formula_N :: [i=>o0,i,i] => o where
is_formula_N(M,n,7Z) ==
Jzero[M]. empty(M,zero) &
is_iterates(M, is_formula_ functor(M), zero, n, Z)

definition
mem,_formula :: [i=>0,i] => o where
mem,__formula(M,p) ==

In[M]. 3 formn[M].
finite__ordinal(M,n) & is_formula_ N(M,n,formn) & p € formn

definition
is_formula :: [i=>0,i]] => o where
is_formula(M,Z) ==V p[M]. p € Z +— mem__formula(M,p)

5.5.2 Absoluteness of the List Construction
5.5.3 Absoluteness of Formulas

5.6 Absoluteness for e-Closure: the eclose Operator

Re-expresses eclose using "iterates”

lemma eclose _eq Union:
eclose(A) = (U nenat. Union™n (A))
(proof)

definition
is_eclose_n :: [i=>o0,i,i,i] => o where
is_eclose_n(M,An,Z) == is_iterates(M, big_union(M), A, n, Z)

definition
mem,__eclose :: [i=>o0,i,i] => o where
mem,__eclose(M,A,l) ==
In[M]. Jeclosen[M].
finite__ordinal(M,n) & is_eclose_n(M,A,n,eclosen) & | € eclosen

definition

is_eclose :: [i=>0,i,i] => o where
is_eclose(M,A,Z) ==V u[M]. w € Z +— mem__eclose(M,A,u)
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locale M eclose = M _trancl +
assumes eclose__replacementl:
M(A) ==> iterates_replacement(M, big_union(M), A)
and eclose__replacement2:
M(A) ==> strong_replacement(M,
An y. nenat & is_iterates(M, big_union(M), A, n, y))

lemma (in M__eclose) eclose_replacement2’:
M(A) ==> strong_replacement(M, An y. n€nat & y = Union"n (4))
{proof)

lemma (in M__eclose) eclose_closed [intro,simpl]:
M(A) ==> M(eclose(A))
(proof)

lemma (in M__eclose) is_eclose_n__abs [simp:
[|M(A); nenat; M(Z)|] ==> is_eclose_n(M,A,n,Z) «— Z = Union"n (A)
(proof)

lemma (in M__eclose) mem__eclose__abs [simp]:
M(A) ==> mem__eclose(M,A,l) «— [ € eclose(A)
(proof )

lemma (in M__eclose) eclose__abs [simp]:
[|M(A); M(Z)|] ==> is_eclose(M,A,Z) «+— Z = eclose(A)
(proof)

5.7 Absoluteness for transrec

transrec(a, H) = wfrec(Memrel(eclose({a})), a, H)

definition
is_transrec :: [i=>o0, [i,i,i]=>0, i, i| => o where
is_transrec(M ,MH ,a,z) ==
I sa[M]. Jesa[M]. ImesalM].
upair(M,a,a,sa) & is_eclose(M,sa,esa) & membership(M,esa,mesa) &
is_wfrec(M,MH mesa,a,z)

definition
transrec__replacement :: [i=>o, [i,i,i]]=>0, {] => o where
transrec__replacement(M,MH ,a) ==
I sa[M]. Fesa[M]. ImesalM].
upair(M,a,a,sa) & is__eclose(M,sa,esa) & membership(M,esa,mesa) &
wfrec__replacement( M ,MH ,mesa)

The condition Ord(7) lets us use the simpler trans wfrec_abs rather than
trans__wfrec__abs, which I haven’t even proved yet.

theorem (in M _eclose) transrec__abs:
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[|transrec__replacement(M,MH i); relation2(M,MH H);
Ord(i); M(i); M(2);
YV z[M]. V g[M]. function(g) — M(H(z,9))|]

==> is_transrec(M ,MH,i,z) +— z = transrec(i,H)

(proof)

theorem (in M _eclose) transrec_ closed:
[|transrec_replacement(M,MH i); relation2(M,MH, H);
Ord(i); M{(i);
YV z[M]. ¥ g[M]. function(g) — M(H(x,9))]]
==> M(transrec(i,H))
(proof)

Helps to prove instances of transrec_replacement

lemma (in M__eclose) transrec__replacementl:
(| M(a);
strong_replacement (M,
Az z. Fy[M]. pair(M, z, y, 2) &
is_wfrec(M,MH , Memrel(eclose({a})),z,y))|]
==> transrec_replacement(M ,MH a)

(proof)

5.8 Absoluteness for the List Operator length

But it is never used.

definition
is_length :: [i=>o0,i,i,i] => o where
is_length(M,A,l,n) ==
Fsn[M]. Flist_n[M]. Ilist_sn[M].
is_list N(M,Anlist_n) & | ¢ list_ n &
successor(M,n,sn) & is_list N(M,A,sn,list_sn) & 1 € list_sn

Proof is trivial since length returns natural numbers.

lemma (in M__trivial) length__closed [intro,simp):
l € list(A) ==> M(length(l))
(proof )

5.9 Absoluteness for the List Operator nth

lemma nth_eq hd_iterates_tl [rule_format):
zs € list(A) ==> Vn € nat. nth(n,zs) = hd’ (tI'™n (zs))
(proof)

lemma (in M_ basic) iterates_tl'_closed:
[[n € nat; M(z)|] ==> M(H'™n (z))
(proof)

Immediate by type-checking
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lemma (in M_trancl) nth__closed [intro,simp):
[lzs € list(A); n € nat; M(A)|] ==> M(nth(n,xs))
(proof)

5.10 Relativization and Absoluteness for the formula Con-
structors

definition
is_Member :: [i=>o0,i,i,i] => o where
— because Member(z, y) = Inl(Inl({z, y)))
is_Member(M,z,y,7) ==
Ip[M]. FulM]. pair(M,z,y,p) & is_Inl(M,p,u) & is_Inl(M,u,Z)

lemma (in M_trivial) Member_abs [simp]:
[[M(z); M(y); M(Z)|] ==> is_Member(M,z,y,Z) +— (Z = Member(z,y))
(proof)

lemma (in M_ trivial) Member _in_ M __iff [iff]:
M(Member(z,y)) «— M(z) & M(y)
(proof)

definition
is_Fqual :: [i=>o0,i,i,i] => o where
— because Fqual(z, y) = Inl(Inr({z, y)))
is_Equal(M,x,y,7) ==
Ip[M]. Fu[M]. pair(M,x,y,p) & is_Inr(M,p,u) & is_Inl(M,u,Z)

lemma (in M_trivial) Equal_abs [simp]:
(1M (z); M(y); M(Z)|] ==> is_Equal(M,z,y,2) «— (Z = Equal(z.y))
(proof)

lemma (in M__trivial) Equal_in_M__iff [iff]: M(Equal(z,y)) +— M(z) & M(y)
(proof)

definition
is_Nand :: [i=>0,i,i,i] => o where
— because Nand(z, y) = Inr(Inl({z, y)))
is_Nand(M,z,y,Z) ==
Ip[M]. Fu[M]. pair(M,z,y,p) & is_Inl(M.p,u) & is_Inr(M,u,Z)

lemma (in M_trivial) Nand_abs [simp]:
(1M (z); M(y); M(2)|] ==> is_Nand(M,z,y,2) «— (Z = Nand(z,y))
(proof )

lemma (in M_trivial) Nand_in_ M __iff [iff]: M(Nand(z,y)) <— M(z) & M(y)
(proof)

definition
is_Forall :: [i=>o0,i,i] => o where
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— because Forall(z) = Inr(Inr(p))
is_Forall(M,p,Z) == Ju[M]. is_Inr(M,p,u) & is_Inr(M,u,Z)

lemma (in M__trivial) Forall abs [simp]:
[|M(z); M(Z)|] ==> is_Forall(M,x,7) «— (Z = Forall(z))
(proof)

lemma (in M_trivial) Forall in_M_iff [iff]: M(Forall(z)) +— M(z)
(proof)

5.11 Absoluteness for formula_rec

definition
formula_rec_case :: [[i,i]=>1, [i,i|=>1, [i,4,1,i]=>1, [i,i]]=>1, %, ] => { where
— the instance of formula_ case in formula_ rec
formula__rec__case(a,b,c,d,h) ==
formula__case (a, b,
Au v, ¢(u, v, b * suce(depth(u)) ‘ u,
h ¢ succ(depth(v)) ‘ v),

Au. d(u, b © succ(depth(u)) ©u))

Unfold formula_rec to formula_rec_ case. Express formula_rec without
using rank or Vset, neither of which is absolute.

lemma (in M_trivial) formula_rec_eq:
p € formula ==>
formula__rec(a,b,c,d,p) =
transrec (succ(depth(p)),
Az h. Lambda (formula, formula_rec_case(a,b,c,d,h))) ‘p

(proof)

5.11.1 Absoluteness for the Formula Operator depth

definition
is_depth :: [i=>o0,i,i] => o where
is_depth(M,p,n) ==
Isn[M]. I formula_n[M]. 3 formula__sn[M].
is_formula_ N(M,n,formula_n) & p ¢ formula_n &
successor(M,n,sn) & is_formula_N(M,sn,formula_sn) & p € formula_sn

Proof is trivial since depth returns natural numbers.

lemma (in M _trivial) depth_ closed [intro,simp):
p € formula ==> M(depth(p))
(proof)

end
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6 Some enhanced theorems on recursion

theory Recursion_Thms
imports Eclose Absolute

begin
hide__const (open) Order.pred

— Removing arities from inherited simpset
declare arity_And [simp del] arity_Or[simp del] arity_Implies[simp del]

arity_ Exists[simp del| arity_Iff[simp del]

arity__subset__fm [simp del] arity_ordinal_fm[simp del] arity_transset_fm[simp
del]

We prove results concerning definitions by well-founded recursion on some
relation R and its transitive closure R %

lemma fld_restrict_eq: a € A = (r N AxA)-‘“{a} = (r-“{a} N A)
(proof)

lemma fld_restrict_mono : relation(r) = A C B = r N AxA C r N BxB
(proof)

lemma fid_restrict_dom :
assumes relation(r) domain(r) C A range(r)C A
shows rN AxA =r

(proof )

definition tr_down :: [i,i] = @
where tr_down(r,a) = (r’+)-‘“{a}

lemma tr_downD : z € tr_down(r,a) = (z,a) € r’+
{proof)

lemma pred__down : relation(r) = r-‘{a} C tr_down(r,a)
(proof)

lemma tr_down_mono : relation(r) = z € r-‘“{a} = tr_down(r,z) C tr_down(r,a)
{proof)

lemma rest_eq :
assumes relation(r) and r-‘{a} C Band a € B
shows r-‘{a} = (rNBxB)-‘“{a}

(proof)

lemma wfrec_restr_eq : v’ = r N AxA = wfrec[A](r,a,H) = wfrec(r’,a,H)
{proof)

lemma wfrec_restr :
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assumes rr: relation(r) and wfr:wf(r)
shows a € A = tr_down(r,a) C A = wfrec(r,a,H) = wfrec[A](r,a,H)
(proof)

lemmas wfrec_tr_down = wfrec_restr|OF _ __ __ subset_refi]

lemma wfrec_trans_restr : relation(r) = wf(r) = trans(r) = r-‘{a}CA =
ac A=

wfree(r, a, H) = wfrec[A](r, a, H)

{proof)

lemma field trancl : field(r™+) = field(r)
(proof)
definition
Rrel :: [i=i=>0,i] = i where
Rrel(R,A) = {2z€AxA. Fzy. 2 = (z, y) N R(z,y)}

lemma Rrell : z € A= y € A = R(z,y) = (x,y) € Rrel(R,A)
{proof)

lemma Rrel _mem: Rrel(mem,x) = Memrel(x)

{proof )

lemma relation_ Rrel: relation(Rrel(R,d))
(proof )

lemma field Rrel: field(Rrel(R,d)) C d
{proof)

lemma Rrel _mono : A C B = Rrel(R,A) C Rrel(R,B)
{proof )

lemma Rrel restr_eq : Rrel(R,A) N BxB = Rrel(R,ANDB)
{proof)

lemma field Memrel : field(Memrel(A)) C A
(proof )

lemma restrict trancl Rrel:
assumes R(w,y)
shows restrict(f,Rrel(R,d)-‘“{y}) ‘w
= restrict(f,(Rrel(R,d) +)-‘“{y}) ‘w
(proof)

lemma restrict_trans_eq:
assumes w € y
shows restrict(f,Memrel(eclose({x}))-“{y}) ‘w
= restrict(f,(Memrel(eclose({z})) ™+)-“4{y}) ‘w
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{proof)

lemma wf eq trancl:

assumes A fy . H(y,restrict(f,R-‘{y})) = H(y,restrict(f,R™+-{y}))

shows wfrec(R, z, H) = wfrec(R™+, x, H) (is wfrec(?r,_, ) = wfrec(?r’',_,_))
(proof)

lemma transrec__equal on__ Ord:
assumes
Nz f . Ord(z) = foo(x,f) = bar(z,f)
Ord(«)
shows
transrec(c, foo) = transrec(a, bar)
(proof)
lemma (in M__eclose) transrec__equal_on_M:
assumes
Ao f . M(z) = M(f) = foo(w.f) = bar(s,f)
N\B. M(8) = transrec_replacement(M,is_foo,3) relation2(M,is_foo,foo)
strong_replacement(M, Az y. y = (z, transrec(z, foo)))
YV z[M]. V g[M]. function(g) — M(foo(z,qg))
M(a) Ord(a)
shows
transrec(c, foo) = transrec(a, bar)

(proof)

lemma ordermap_restr_eq:
assumes well _ord(X,r)
shows ordermap(X, r) = ordermap(X, r N XxX)

(proof)

end

7 Absoluteness Properties for Recursive Datatypes

theory Datatype absolute imports Eclose Absolute begin

locale M_datatypes = M__trancl +
assumes list_replacementl:
M(A) ==> iterates_replacement(M, is_list_functor(M,A), 0)
and list_replacement?2:
M(A) ==> strong_replacement(M,
An y. nenat & is_iterates(M, is_list _functor(M,A), 0, n, y))
and formula__replacementl:
iterates__replacement(M, is_formula_functor(M), 0)
and formula__replacement2:
strong__replacement(M,
An y. nenat & is_iterates(M, is_formula_functor(M), 0, n, y))
and nth__replacement:
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M(l) ==> iterates_replacement(M, %l t. is_tI(M,l,t), )

7.0.1 Absoluteness of the List Construction

lemma (in M_ datatypes) list_replacement2’:

M(A) ==> strong_replacement(M, An y. n€nat & y = (AX. {0} + A« X)™n
(0))
(proof)

lemma (in M__datatypes) list__closed [intro,simp]:
M(A) ==> M(list(A))
(proof)

WARNING: use only with dest: or with variables fixed!
lemmas (in M__datatypes) list_into_M = transM [OF __ list_closed]

lemma (in M_ datatypes) list_N__abs [simp]:

(|M(A); n€nat; M(Z)|]

==> is_list N(M,An,Z) +— Z = list_N(A,n)
(proof)

lemma (in M_ datatypes) list N _closed [intro,simp):
[|M(A); nenat|]] ==> M(list_N(A,n))
(proof)

lemma (in M__datatypes) mem,__list_abs [simp):
M(A) ==> mem_list(M,A,l) «— | € list(A)
(proof )

lemma (in M_datatypes) list_abs [simp]:
| M(A); M(Z)|]| ==> is_list(M,A,Z) «— Z = list(A)
(proof)

7.0.2 Absoluteness of Formulas

lemma (in M_ datatypes) formula__replacement2’:

strong__replacement(M, An y. nenat & y = (AX. ((nat*nat) + (nat*nat)) +
(XxX + X)) n (0))
(proof )

lemma (in M__datatypes) formula__closed [intro,simp):
M (formula)

(proof)
lemmas (in M_ datatypes) formula_into_ M = transM [OF __ formula__closed)
lemma (in M_datatypes) formula_N__abs [simp]:

[In€nat; M(Z)|]

==>is_formula_ N(M,n,Z) «+— Z = formula_N(n)
(proof)
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lemma (in M_ datatypes) formula_N_closed [intro,simp]:
nenat ==> M (formula_ N(n))
(proof )

lemma (in M_ datatypes) mem__formula__abs [simp]:
mem,__formula(M,l) «+— [ € formula
(proof)

lemma (in M_datatypes) formula__abs [simp]:
| M(Z)|] ==> is_formula(M,Z) «— Z = formula
(proof)

lemma (in M__datatypes) length__abs [simpl:
[[M(A); I € list(A); n € nat|]] ==> is_length(M,A,l,n) <— n = length(l)
(proof)

definition
is_nth :: [i=>o0,i,i,i] => o where
is_nth(M,n,l,Z) ==
IX[M)]. is_iterates(M, is_tI(M), I, n, X) & is_hd(M,X,Z)

lemma (in M__datatypes) nth__abs [simp]:
[[M(A); n € nat; | € list(A); M(Z)]]
==> is_nth(M,n,0,Z) «— Z = nth(n,l)
(proof)

lemma (in M_ datatypes) depth__abs [simp]:
[lp € formula; n € nat|] ==> is_depth(M,p,n) +— n = depth(p)
(proof)

7.0.3 is_formula__case: relativization of formula_ case

definition
is__formula__case ::
[i=>o0, [i,i,i]]=>0, [i,i,i]=>0, [i,i,i]]=>0, [i,i]=>0, i, i| => o where
— no constraint on non-formulas
is_formula_case(M, is_a, is_b, is_c, is_d, p, z) ==
(Vz[M]. Yy[M]. finite_ordinal(M,z) — finite_ordinal(M,y) —
is_Member(M,x,y,p) — is_a(z,y,2)) &
(Vz[M]. ¥V y[M]. finite_ordinal(M,z) — finite__ordinal(M,y) —
is_Equal(M,x,y,p) — is_b(z,y,2)) &
(Vz[M]. Y y[M]. mem__formula(M,z) — mem__formula(M,y) —

40



is_Nand(M,z,y,p) — is_c(z,y,2)) &
(Vz[M]. mem__formula(M,z) — is_Forall(M,z,p) — is_d(z,z))

lemma (in M_datatypes) formula__case__abs [simp]:
[| Relation2(M ,nat,nat,is_a,a); Relation2(M,nat,nat,is_b,b);
Relation2( M ,formula,formula,is_c,c); Relation1(M ,formula,is_d,d);
p € formula; M(z) |]
==> is_formula_case(M,is_a,is_bjis c,is_d,p,z) «—
z = formula__case(a,b,c,d,p)

{(proof)

lemma (in M_ datatypes) formula__case_closed [intro,simp]:
[lp € formula;
Va[M]. Vy[M]. z€nat — yenat — M(a(z,y));
Vz[M]. Vy[M]. z€nat — yenat — M(b(z,y));
YV z[M]. Vy[M]. z€formula — yEformula — M(c(z,y));
YV z[M]. x€formula — M(d(z))|] ==> M(formula__case(a,b,c,d,p))
(proof)

7.0.4 Absoluteness for formula_rec: Final Results

definition
is_formula_rec :: [i=>o, [i,i,i]=>0, i, i]| => o where
— predicate to relativize the functional formula_rec
is_formula_rec(M,MH p,z) ==
Idp[M]. Fi[M]. 3f[M]. finite_ordinal(M,dp) & is_depth(M,p,dp) &
successor(M,dp,i) & fun__apply(M,f,p,z) & is_transrec(M,MH i.f)

Sufficient conditions to relativize the instance of formula_ case in formula_ rec

lemma (in M_ datatypes) Relationl_formula_rec_ case:
[|Relation2(M, nat, nat, is_a, a);
Relation2(M, nat, nat, is_b, b);
Relation2 (M, formula, formula,
is_c, Au v. c(u, v, h'succ(depth(u)) ‘u, hsucc(depth(v))v));
Relation1(M, formula,
is_d, Au. d(u, h ‘ succ(depth(u)) ‘ u));
M) |
==> Relation1(M, formula,
is_formula_case (M, is_a, is_b, is_c, is_d),
formula__rec__case(a, b, ¢, d, h))
(proof)

This locale packages the premises of the following theorems, which is the
normal purpose of locales. It doesn’t accumulate constraints on the class M,
as in most of this development.

locale Formula_ Rec = M__eclose + M__datatypes +
fixes a and is g and b and is b and c and is ¢ and d and is d and MH

defines
MH (u::i,f,2) ==
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Y fml[M)]. is_formula(M,fml) —
1s_lambda
(M, fml, is_formula_case (M, is_a, is_b, is_c(f), is_d(f)), 2)

assumes a_ closed: [|z€nat; yenat|] ==> M(a(z,y))
and a_rel:  Relation2(M, nat, nat, is_a, a)
and b_ closed: [|x€nat; yenat|] ==> M (b(z,y))
and b_rel:  Relation2(M, nat, nat, is_b, b)
and c_closed: [|z € formula; y € formula; M(gz); M(gy)|]
==> M(c(z, y, gz, g9y))

and c_rel:

M(f) ==>

Relation2 (M, formula, formula, is_c(f),

Au v e(u, v, f ¢ succ(depth(u)) “u, [ succ(depth(v)) v))

and d_closed: [|z € formula; M(gz)|] ==> M(d(z, gz))
and d_rel:

M(f) ==>

Relation1(M, formula, is_d(f), Au. d(u, f ¢ succ(depth(u)) ‘ u))
and fr_replace: n € nat ==> transrec_replacement(M,MH n)
and fr_lam_ replace:

M(g) ==>
strong__replacement
(M, Az y. z € formula &
y = {(z, formula_rec_case(a,b,c,d,g,z)))

lemma (in Formula_ Rec) formula_rec_case__closed:
[IM(9); p € formula|]] ==> M(formula_rec_case(a, b, ¢, d, g, p))
(proof)

lemma (in Formula_Rec) formula_rec_lam_ closed:
M(g) ==> M(Lambda (formula, formula_rec_case(a,b,c,d,g)))

(proof)

lemma (in Formula_ Rec) MH_rel2:
relation2 (M, MH,
Az h. Lambda (formula, formula_rec_case(a,b,c,d,h)))

(proof)

lemma (in Formula Rec) fr_transrec_ closed:
n € nat
==> M(transrec
(n, Az h. Lambda(formula, formula_rec_case(a, b, ¢, d, h))))

(proof)

The main two results: formula_rec is absolute for M.

theorem (in Formula_Rec) formula_rec_ closed:
p € formula ==> M (formula_rec(a,b,c,d,p))
(proof)
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theorem (in Formula_Rec) formula_rec__abs:
| p € formula; M(z)]
==> is_formula_rec(M,MH,p,z) <— z = formula_rec(a,b,c,d,p)

(proof)

end

theory Internalize imports ZF-Constructible.L,_azxioms Eclose_Absolute begin

7.1 Internalized Forms of Data Structuring Operators

7.1.1 The Formula is Inl, Internalized

definition
Inl_fm :: [i,i]=>i where
Inl_fm(a,z) == Exists(And(empty_ fm(0), pair_fm(0,succ(a),succ(z))))

lemma Inl_type [TC]:
[| z € nat; z € nat || ==> Inl_fm(z,z) € formula

{(proof)

lemma sats_Inl_fm [simp]:

[| z € nat; z € nat; env € list(A)|]

==> sats(A, Inl_fm(xz,z), env) <— is_Inl(##A, nth(z,env), nth(z,env))
(proof)

lemma Inl_iff sats:
[| nth(i,env) = z; nth(k,env) = z;
i € nat; k € nat; env € list(A4)|]
==> is_Inl(##A, z, z2) «— sats(4, Inl_fm(i,k), env)
(proof)

theorem Inl_reflection:
REFLECTS[Az. is_Inl(L,f(x),h(z)),

i m. is_Inl(## Lset(i),f(z),h(z))]
(proof)

7.1.2 The Formula is Inr, Internalized

definition
Inr_fm :: [i,i|=>1 where
Inr_fm(a,z) == Exists(And(numberl_fm(0), pair_fm(0,succ(a),succ(z))))

lemma Inr_type [TC):
[| z € nat; z € nat || ==> Inr_fm(z,z) € formula
(proof)

lemma sats_Inr_fm [simp]:
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[| © € nat; z € nat; env € list(A4)]]
==> sats(A, Inr_fm(z,z), env) <— is_Inr(##A, nth(z,env), nth(z,env))
(proof)

lemma Inr_iff sats:
[| nth(i,env) = x; nth(k,env) = z;
i € nat; k € nat; env € list(A4)|]
==> is_Inr(##A, z, z) +— sats(A, Inr_fm(i,k), env)
(proof )

theorem Inr_reflection:
REFLECTS[Az. is_Inr(L.f(x),h(z)),
At x. is_Inr(## Lset(i),f(z),h(z))]
(proof)

7.1.3 The Formula is Nil, Internalized

definition
Nil_fm :: i=>1% where
Nil_fm(z) == FEuzists(And(empty_fm(0), Inl_fm(0,succ(z))))

lemma Nil_type [TC]: © € nat ==> Nil_fm(z) € formula
(proof)

lemma sats_Nil _fm [simp]:

[| z € nat; env € list(A)|]

==> sats(A, Nil_fm(x), env) «— is_Nil(##A, nth(z,env))
(proof )

lemma Nil_iff sats:

[| nth(i,env) = z; i € nat; env € list(A4)|]

==>is_ Nil(##A, x) «<— sats(A, Nil_fm(i), env)
(proof )

theorem Nil reflection:
REFLECTS[\z. is_Nil(L.f(z)),
i x. is_ Nil(## Lset(i),f(z))]
(proof)

7.1.4 The Formula is Cons, Internalized

definition
Cons__fm :: [i,i,i]=>7 where
Cons_fm(a,l,Z) ==
Ezists(And(pair_fm(succ(a),succ(l),0), Inr_fm(0,succ(Z))))

lemma Cons_type [TC):

[| z € nat; y € nat; z € nat || ==> Cons_fm(x,y,z) € formula

(proof)
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lemma sats_Cons_fm [simp]:
[| z € nat; y € nat; z € nat; env € list(A4)|]
==> sats(A, Cons_fm(z,y,2), env) <—
is_Cons(##A, nth(x,env), nth(y,env), nth(z,env))
(proof)

lemma Cons_iff sats:
[| nth(i,env) = z; nth(j,env) = y; nth(k,env) = z;
i € nat; j € nat; k € nat; env € list(A)|]
==>is_Cons(##A, x, y, z) +— sats(A, Cons_fm(i,j,k), env)
(proof)

theorem Cons_reflection:
REFLECTS[Az. is_Cons(L,f(x),9(z),h

(2)),
Xi m. is_Cons(#4# Lset(i),f(z),9

(z),h(z))]
(proof)
7.1.5 The Formula is_quasilist, Internalized
definition
quasilist_fm :: i=>1 where
quasilist_fm(z) ==

Or(Nil_fm(z), Exists(Exists(Cons_fm(1,0,succ(succ(x))))))

lemma quasilist_type [TC): © € nat ==> quasilist_fm(z) € formula

(proof)

lemma sats quasilist_fm [simp]:

[| z € nat; env € list(A)]]

==> sats(A, quasilist_fm(zx), env) <— is_quasilist(##A, nth(z,env))
(proof)

lemma quasilist_iff sats:
[| nth(i,env) = z; i € nat; env € list(A4)|]
==> is_quasilist(#H#A, x) «— sats(A, quasilist_fm(7), env)
(proof)
theorem quasilist_reflection:
REFLECTS[Az. is_quasilist(L,f(x))

i 2. is_quasilist(##Lset(z'):f(x))]
(proof)

7.2 Absoluteness for the Function nth

7.2.1 The Formula is hd, Internalized
definition
hd_fm :: [i,i]]=>7 where
hd_fm(xzs,H) ==
And(Implies(Nil_fm(zs), empty_fm(H)),
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And(Forall(Forall(Or(Neg(Cons__fm(1,0,xs#+2)), Equal(H#+2,1)))),
Or(quasilist_fm(zs), empty_fm(H))))

lemma hd_ type [TC]:
[| z € nat; y € nat || ==> hd__fm(z,y) € formula

(proof)

lemma sats_hd_fm [simp]:

[| z € nat; y € nat; env € list(A4)]]

==> sats(A, hd_fm(z,y), env) +— is_hd(##A, nth(z,env), nth(y,env))
(proof )

lemma hd_iff sats:
[| nth(i,env) = z; nth(j,env) = y;
i € nat; j € nat; env € list(A)|]
==> is_ hd(##A, z, y) «— sats(A, hd_fm(i,j), env)
(proof )

theorem hd_ reflection:
REFLECTS[Ax. is_hd(L,f(z),9(x)),
i x. is_hd(## Lset(i),f(z),9(z))]
(proof )

7.2.2 The Formula is tl, Internalized

definition
tl_fm :: [(,9]=>( where
tl fm(xs, T) ==
And(Implies(Nil_fm(zs), Equal(T,zs)),
And(Forall(Forall(Or(Neg(Cons_ fm(1,0,2s#+2)), Equal( T#+2,0)))),
Or(quasilist__fm(zs), empty_fm(T))))

lemma ¢ type [TC]:
[| z € nat; y € nat || ==> tl_fm(z,y) € formula
(proof)

lemma sats_tl_fm [simp]:

[| z € nat; y € nat; env € list(A)]]

==> sats(A, tl_fm(z,y), env) «— is_tl(#H#A, nth(z,env), nth(y,env))
(proof)

lemma tl_iff sats:
[| nth(i,env) = z; nth(j,env) = y;
i € nat; j € nat; env € list(A)[]
==>is_tl(#H#A, z, y) +— sats(A, tl_fm(i,j), env)
(proof)

theorem ¢l refiection:
REFLECTS[Az. is_tl(L,f(x),9(x)),
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Ai . is_tl(#H# Lset(7),f(z),9(x))]
{(proof)

7.2.3 The Operator is_bool_of o

The formula p has no free variables.

definition
bool_of _o_fm :: [i, i|=>7 where
bool_of o_fm(p,z) ==
Or(And(p,numberl_fm(z)),
And(Neg(p),empty_fm(2)))

lemma is_bool_of o_type [TC]:
[| p € formula; z € nat || ==> bool_of o_fm(p,z) € formula
(proof)

lemma sats_bool_of o fm:
assumes p_ iff sats: P +— sats(A, p, env)
shows
[|z € nat; env € list(A)]]
==> sats(A, bool_of o_fm(p,z), env) <—
is_bool_of o(##A, P, nth(z,env))
(proof)

lemma is_bool_of o iff sats:

[| P +— sats(4, p, env); nth(k,env) = z; k € nat; env € list(A)]]

==> is_bool_of o(##A, P, z) +— sats(A, bool_of o_fm(p,k), env)
(proof)

theorem bool_of_o_reﬂection
REFLECTS [P(L), M. P(##Lset(i))] =
REFLECTS[Az. zsibool of _o(L, P(L,
Ai x. is_bool _of (##Lset(z),

=>

z), f(x)),
P(### Lset(i),x), f(x))]
(proof)

7.3 More Internalizations

7.3.1 The Operator is lambda

The two arguments of p are always 1, 0. Remember that p will be enclosed
by three quantifiers.

definition
lambda__fm :: [i, i, i]=>i where
lambda__fm(p,A,z) ==
Forall(Iff (Member(0,succ(z)),
Ezists(Exists(And(Member(1,A#+3),
And(pair_fm(1,0,2), p))))))
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We call p with arguments x, y by equating them with the corresponding
quantified variables with de Bruijn indices 1, 0.

lemma is_lambda__type [TC:
[| p € formula; x € nat; y € nat |]
==> lambda_ fm(p,z,y) € formula
(proof)

lemma sats_lambda__fm:
assumes is_b_iff sats:
a0 al a2.
[|[a0€4; aled; a2€ A
==> is_b(al, a0) «— sats(4, p, Cons(a0,Cons(al,Cons(a2,env))))
shows
[|z € nat; y € nat; env € list(A4)]]
==> sats(A, lambda_ fm(p,z,y), env) «—
is_lambda(##A, nth(z,env), is_b, nth(y,env))
(proof)

theorem is_lambda_ reflection:
assumes is_b_ reflection:
Wf g h. REFLECTS [ z. is_b(L, f(z), g(z), h(z)),
Xi 3. is_b(##Lset(i), £(2), o(x), h(z))
shows REFLECTS[Az. is_lambda(L, A(x), is_b(L,x), f(x)),
i z. is_lambda(#+# Lset(i), A(x), is_b(#4# Lset(i),z), f(z))]
(proof)

7.3.2 The Operator is Member, Internalized

definition
Member_fm :: [i,i,i]]=>i where
Member_fm(z,y,Z) ==
Ezists( Bxists(And(pair_fm(x#+2,y#+2,1),
And(Inl_fm(1,0), Inl_fm(0,Z#+2)))))

lemma is_Member_type [TC]:
[| z € nat; y € nat; z € nat || ==> Member_fm(z,y,2) € formula
(proof )

lemma sats Member _fm [simp]:
[| © € nat; y € nat; z € nat; env € list(A4)|]
==> sats(A, Member_fm(x,y,z), env) «—
is__Member(#+#A, nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma Member iff sats:
[| nth(i,env) = x; nth(j,env) = y; nth(k,env) = z;
i € nat; j € nat; k € nat; env € list(A)|]
==> is_Member(##A, z, y, 2) <— sats(A, Member_fm(i,j,k), env)
(proof)
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theorem Member reflection:
REFLECTS|Az. is_Member(L,f(x),g(z),h

(2)),
i z. is__Member(#+# Lset(7),f(x),9(x

(2),h(z))]
(proof)

7.3.3 The Operator is FEqual, Internalized

definition
Equal_fm :: [i,i,i]]=>{ where
Equal_fm(z,y,Z) ==
Ezists( Ezists(And(pair_fm(z#+2,y#+2,1),
And(Inr_fm(1,0), Inl_fm(0,Z#+2)))))

lemma is_Equal_type [TC):
[| z € nat; y € nat; z € nat || ==> Equal_fm(z,y,z) € formula

(proof)

lemma sats_FEqual_fm [simp]:
[| z € nat; y € nat; z € nat; env € list(A)|]
==> sats(A, Equal_fm(z,y,z), env) «—
is__FEqual(##A, nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma Equal iff sats:
[| nth(i,env) = x; nth(j,env) = y; nth(k,env) = z;
i € nat; j € nat; k € nat; env € list(A)]]
==>is_Equal(##A, z, y, z) +— sats(A, Equal_fm(i,j,k), env)
(proof)

theorem FEqual reflection:
REFLECTS[Az. is_Equal(L,f(z),9(z),h(z)),
i z. is_Equal(## Lset(7),f(x),9(z),h(x))]
(proof)

7.3.4 The Operator is Nand, Internalized

definition
Nand__fm :: [i,i,i]=>¢ where
Nand_fm(z,y,2) ==
Ezists( Exists(And(pair_fm(z#+2,y#+2,1),
And(Inl_fm(1,0), Inr_fm(0,Z#+2)))))

lemma is_Nand_type [TC):
[| z € nat; y € nat; z € nat || ==> Nand_fm(z,y,z) € formula

(proof)

lemma sats_Nand_fm [simp]:
[| z € nat; y € nat; z € nat; env € list(A4)|]
==> sats(A, Nand_fm(z,y,z), env) +—
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is__Nand(##A, nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma Nand_iff sats:
[| nth(i,env) = x; nth(j,env) = y; nth(k,env) = z;
i € nat; j € nat; k € nat; env € list(A)]
==>is_Nand(##A, z, y, z) +— sats(A, Nand_fm(i,j,k), env)
(proof)

theorem Nand_reflection:
REFLECTS[Az. is_Nand(L,f(z),9(x),h(z)),
Ai x. is__Nand(#4# Lset(i),f(z),9(z),h(z))]
(proof)

7.3.5 The Operator is_Forall, Internalized

definition
Forall_fm :: [i,i]=>% where
Forall_fm(z,2) ==
Exzsts(And(]ner(succ( ),0), Inr_fm(0,succ(Z))))

lemma is_Forall type [TC):
[| z € nat; y € nat || ==> Forall_fm(x,y) € formula
(proof )

lemma sats_Forall _fm [simp]:
[| z € nat; y € nat; env € list(A)]]
==> sats(A, Forall _fm(z,y), env) «—
is__Forall(##A, nth(z,env), nth(y,env))
(proof)

lemma Forall iff sats:
[| nth(i,env) = z; nth(j,env) = y;
i € nat; j € nat; env € list(A)[]
==> is_Forall(##A, z, y) <— sats(A, Forall_fm(i.j), env)
(proof)

theorem Forall reflection:
REFLECTS[Mz. is_Forall(L,f(z),9(z)),

9(
i x. is Fomll(##Lset( ).f(z),9(z))]
(proof)

7.3.6 The Operator is _and, Internalized

definition
and_fm :: [i,i,i]=>1 where
and_fm(a,b,z) ==
Or(And(number! _fm(a), Equal(z,b)),
And(Neg(numberl__fm(a)),empty_fm(z)))
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lemma is_and_type [TC]:
[| z € nat; y € nat; z € nat || ==> and_fm(z,y,2) € formula
(proof)

lemma sats_and_fm [simp):
[| z € nat; y € nat; z € nat; env € list(A)|]
==> sats(A, and_fm(z,y,z), env) «—
is_and(##A, nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma is and_iff sats:
[| nth(i,env) = z; nth(j,env) = y; nth(k,env) = z;
i € nat; j € nat; k € nat; env € list(A)]
==>is_and(##A, z, y, z) <— sats(A, and_fm(i,j,k), env)
(proof)

theorem is and_ reflection:

REFLECTS[Mz. is_and(L,.f(z),g9(x),h(x)),
gy R 0) (2 )
Proo,

7.3.7 The Operator is_or, Internalized

definition
or_fm :: [i,i,i]=>i where
or_fm(a,b,z) ==
Or(And(numberl _fm(a), numberl_fm(z)),
And(Neg(numberl__fm(a)), Equal(z,b)))

lemma is_or_type [TC):
[| z € nat; y € nat; z € nat || ==> or_fm(z,y,2) € formula

(proof)

lemma sats_or_fm [simp):
[| z € nat; y € nat; z € nat; env € list(A)|]
==> sats(A, or_fm(z,y,z), env) +—
is_or(##A, nth(z,env), nth(y,env), nth(z,env))
(proof )

lemma is_or iff sats:
[| nth(i,env) = x; nth(j,env) = y; nth(k,env) = z;
i € nat; j € nat; k € nat; env € list(A)|]
==>is_or(##A, z, y, 2) +— sats(A, or_fm(i,j,k), env)
(proof )

theorem is_or_reflection:
REFLECTS[Az. is_or(L,f(z),9(z),h

(z),h(z))
i x. is_or(## Lset(i),f(x),9(z

(2),h(2))]
(proof)
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7.3.8 The Operator is_not, Internalized

definition
not_fm :: [i,i]=>7 where
not_fm(a,z) ==

Or(And(numberl _fm(a), empty_fm(z)),
And(Neg(numberl_fm(a)), numberl _fm(z)))

lemma is_not_type [TC:
[| z € nat; z € nat || ==> not_fm(z,z) € formula

(proof)

lemma sats _is _not_fm [simp]:

[| z € nat; z € nat; env € list(A)]]

==> sats(A, not_fm(xz,z), env) +— is_not(##A, nth(z,env), nth(z,env))
(proof)

lemma is not_iff sats:
[| nth(i,env) = z; nth(k,env) = z;
i € nat; k € nat; env € list(A)|]
==> is_not(##A, x, z) «— sats(4, not_fm(i,k), env)
(proof)

theorem is_not_reflection:
REFLECTS[Az. is_not(L,f(x),9(x)),
Az s not(##Lset( N.f(2),9(x))]
(proof )

lemmas extra_ reflections =
Inl__reflection Inr_reflection Nil _reflection Cons_reflection
quasilist__reflection hd__reflection tl_reflection bool of o_ reflection
is_lambda__reflection Member _reflection Equal reflection Nand__reflection
Forall_reflection is__and_reflection is_or_reflection is_not_reflection

7.4 Well-Founded Recursion!
7.4.1 The Operator M is recfun

Alternative definition, minimizing nesting of quantifiers around MH

lemma M _is_recfun_ iff:
M __is_recfun(M,MH,ra,f) +—
(Vz[M]. z € f +—
(Fz[M]). 3f_r_sz[M]. Fy[M].
MH(z, f_r_sz, y) & pair(M,z,y,2) &
(Fza[M]. Fsz[M]. Fr_sz[M].
pair(M,z,a,za) & upair(M,z,z,sz) &
pre_image(M,r,sx,r_sz) & restriction(M,f,r_sz,f r sz) &
za € 1)))
(proof)
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The three arguments of p are always 2, 1, 0 and z

definition
is_recfun_fm :: [i, i, 4, i|=>7 where
is_recfun_fm(p,r,a.f) ==
Forall(Iff (Member(0,succ(f)),
Exists( Exists( Exists(
And(p,

And(pair_fm(2,0,3),

Ezists( Exists( Exists(
And(pair_fm(5,a#+7,2),
And(upair_fm(5,5,1),

And(pre_image_fm(r#+7,1,0),
And(restriction_fm(f#+7,0,4), Member(2,74#+7)))))))))))))))

lemma is_recfun__type [TC]:
[| p € formula; x € nat; y € nat; z € nat ||
==> is_recfun_fm(p,z,y,2) € formula
(proof)

lemma sats_is recfun_ fm:
assumes MH iff sats:
a0 al a2 a3.
[|[a0€A; aleA; a2€A; a3€Al]
==> MH (a2, al, a0) +— sats(A, p, Cons(a0,Cons(al,Cons(a2,Cons(a3,env)))))
shows
[|z € nat; y € nat; z € nat; env € list(A)|]
==> sats(A4, is_recfun_fm(p,z,y,z), env) +—
M _is_recfun(##A, MH, nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma is recfun_iff sats:
assumes MH iff sats:
a0 al a2 a3.
[|la0€A; al€A; a2€ A; a3€ A
==> MH (a2, al, a0) «— sats(A, p, Cons(a0,Cons(al,Cons(a2,Cons(a3,env)))))
shows
[| nth(i,env) = z; nth(j,env) = y; nth(k,env) = z;
i € nat; j € nat; k € nat; env € list(A)]]
==> M_is_recfun(##A, MH, z, y, z) +— sats(A, is_recfun_fm(p,i,j,k), env)
(proof)

The additional variable in the premise, namely f’, is essential. It lets MH
depend upon z, which seems often necessary. The same thing occurs in
is_wfrec_reflection.
theorem is_recfun_reflection:
assumes MH refiection:
"' fgh. REFLECTS[Mz. MH(L, f'(z), f(z), g(z), h(z)),
Xi 5. MH (4 Lset(2), f/(x), f(2), g(z), h(z))
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shows REFLECTS[Az. M__is_recfun(L, MH(L,x), f(z), g(z), h(z)),
oo Nix. M_is_recfun(#+# Lset(i), MH (#+4 Lset(i),z), f(z), g(z), h(z))]
proo

7.4.2 The Operator is_wfrec

The three arguments of p are always 2, 1, 0; p is enclosed by 5 quantifiers.

definition
is_wfrec_fm :: [i, i, i, i]=>7 where
is_wfrec_fm(p,r,a,z) ==
Ezists(And(is_recfun_ fm(p, succ(r), succ(a), 0),
Ezists( Exists( Exists( Exists(
And(Equal(2,a#+5), And(Equal(1,4), And(Equal(0,z4#+5), p))))))))

We call p with arguments a, f, z by equating them with the corresponding
quantified variables with de Bruijn indices 2, 1, 0.

There’s an additional existential quantifier to ensure that the environments
in both calls to MH have the same length.

lemma is_wfrec_type [TCI:
[| p € formula; x € nat; y € nat; z € nat ||
==> is_wfrec_fm(p,x,y,2) € formula

(proof)

lemma sats_is_wfrec_fm:
assumes MH iff sats:
a0 al a2 a8 a4.
[|la0€A; al€A; a2€ A; a3€A; aleA]
==> MH (a2, al, a0) «— sats(4, p, Cons(a0,Cons(al,Cons(a2,Cons(a3,Cons(a4,env))))))
shows
[|z € nat; y < length(env); z < length(env); env € list(A)]]
==> sats(4, is_wfrec_fm(p,z,y,2), env) +—
is_wfrec(## A, MH, nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma is wfrec iff sats:
assumes MH iff sats:
a0 al a2 a8 a4.
[|la0€A; al€A; a2€ A; a3€A; a4eAl]
==> MH(a2, al, a0) <— sats(A, p, Cons(a0,Cons(al,Cons(a2,Cons(a3,Cons(a4,env))))))
shows
[|nth(i,env) = z; nth(j,env) = y; nth(k,env) = z;
i € nat; j < length(env); k < length(env); env € list(A)|]
==> is_wfrec(##A, MH, x, y, z) <— sats(A, is_wfrec_fm(p,i,j,k), env)
(proof)

theorem is wfrec_reflection:
assumes MH _reflection:
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"' fgh REFLECTS[Mz. MH(L, f( ), f(2), g(x), h(z)),

Xi 3. ME(##Lset(), 1(z), £(2), 9(2), h(z)

shows REFLECTS|\z. is_wfrec(L, MH(L,z), f(x), g(x), h

(oroof) Ni z. is_wfrec(## Lset(i), MH(## Lset(i),x), f(z), g(x), h(z))]
Proo

7.5 For Datatypes
7.5.1 Binary Products, Internalized

definition
cartprod__fm :: [i,i,i]=>% where

cartprod_fm(A,B,z) ==
Forall(Iff (Member(0,succ(z)),
Ezists(And(Member(0,succ(succ(A))),
Ezists(And(Member(0,succ(succ(succ(B)))),

pair_fm(1,0,2)))))))

lemma cartprod_type [TC):
[| z € nat; y € nat; z € nat || ==> cartprod_fm(z,y,z) € formula

{(proof)

lemma sats _cartprod_ fm [simp]:
[| z € nat; y € nat; z € nat; env € list(A)|]
==> sats(A, cartprod_fm(z,y,z), env) <—
cartprod(## A, nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma cartprod_iff sats:
[| nth(i,env) = z; nth(j,env) = y; nth(k,env) = z;
i € nat; j € nat; k € nat; env € list(A)|]
==> cartprod(##A, x, y, z) +<— sats(A, cartprod_fm(i,j,k), env)
{proof)

theorem cartprod_reflection:
REFLECTS|Az. cartprod(L,f(x),9(z),h(z)),
i z. cartprod(#+# Lset(i),f(x),g9(z),h(z))]
(proof)

7.5.2 Binary Sums, Internalized

definition

sum__fm :: [i,4,i]]=>i where
sum__fm(A,B,Z) ==

Exists( Bxists( Exists( Exists(

And(numberl_fm(2),

And(cartprod_fm(2,A#+4,3),
And(upair_fm(2,2,1),
And(cartprod__fm(1,B#+4,0), union__fm(3,0,Z#+4)))))))))
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lemma sum_ type [TC]:
[| € nat; y € nat; z € nat || ==> sum_ fm(z,y,2) € formula

(proof)

lemma sats _sum__fm [simp]:
[| z € nat; y € nat; z € nat; env € list(A4)|]
==> sats(A, sum_fm(z,y,z), env) <—
is_sum(##A, nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma sum__iff sats:
[| nth(i,env) = z; nth(j,env) = y; nth(k,env) = z;
i € nat; j € nat; k € nat; env € list(A)|]
==> is_sum(##A, z, y, z) «— sats(4, sum_fm(i,j,k), env)
(proof)

theorem sum__ reflection:
REFLECTS[\z. is_sum(L,f(z),9(z )7h( ),
i z. is_sum(## Lset(i),f(x),9(x),h(x)))
(proof)

7.5.3 The Operator quasinat

definition
quasinat_fm :: i=>17 where
quasinat_fm(z) == Or(empty_fm(z), Ezists(succ_ fm(0,succ(z))))

lemma quasinat_type [TC):
x € nat ==> quasinat_fm(z) € formula

(proof)

lemma sats quasinat__fm [simp]:

[| € nat; env € list(A)]]

==> sats(A, quasinat_fm(z), env) <— is_quasinat(##A, nth(z,env))
(proof)

lemma quasinat_iff sats:
[| nth(i,env) = z; nth(j,env) = y;
i € nat; env € list(A)|]
==> is_quasinat(##A, ) +— sats(A, quasinat_fm(i), env)
(proof)

theorem quasinat_reflection:

REFLECTS[Mz. is_quasinat(L,f(z)),

X . is quasmat(##Lset(z) J(2))]
(proof)
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7.5.4 The Operator is nat_case

I could not get it to work with the more natural assumption that is b takes
two arguments. Instead it must be a formula where 1 and 0 stand for m and
b, respectively.

The formula is b has free variables 1 and 0.

definition
is_nat_case_fm :: [i, i, i, i|=>7 where
is_nat_case_fm(a,is_bk,z) ==
And(Implies(empty_fm(k), Equal(z,a)),
And(Forall(Implies(succ_ fm(0,succ(k)),
Forall(Implies( Equal(0,succ(succ(z))), is_b)))),
Or(quasinat__fm(k), empty_fm(z))))

lemma is_nat_case_type [TC):
[| is_b € formula;
z € nat; y € nat; z € nat |]
==> is_nat_case_fm(z,is_b,y,z) € formula

(proof)

lemma sats is nat_case_fm:
assumes is_b_iff sats:
Na. a € A ==> is_b(a,nth(z, env)) —
sats(A, p, Cons(nth(z,env), Cons(a, env)))
shows
[|z € nat; y € nat; z < length(env); env € list(A)]]
==> sats(4, is_nat_case_fm(z,p,y,z), env) «—
is_nat_case(#H#A, nth(z,env), is_b, nth(y,env), nth(z,env))
(proof)

lemma is nat_case iff sats:
[| MNa. a € A==>1is bla,2) +—
sats(A, p, Cons(z, Cons(a,env))));
nth(i,env) = z; nth(j,env) = y; nth(k,env) = z;
i € nat; j € nat; k < length(enw); env € list(A)|]
==> is_nat_case(##A, x, is_b, y, z) «<— sats(A, is_nat_case_fm(i,p,jk),
env)
(proof)

The second argument of s b gives it direct access to z, which is essential for
handling free variable references. Without this argument, we cannot prove
reflection for iterates MH.

theorem is nat_case reflection:
assumes is_b_reflection:
"h fg. REFLECTS[ z. is_b(L, h(z), f(z), g(z)),
Ai x. is_b(## Lset(i), h(z), f(z), g(
shows REFLECTS[Az. is_nat_case(L, f(z), i
i z. is_nat_case(#4 Lset(7), f(x), is_b(##Lset(i), x), g(z), h(z))]
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(proof)

7.6 The Operator iterates MH, Needed for Iteration

definition
iterates MH__fm :: [i, i, i, 4, i{|=>7 where
iterates MH__fm(isF,v,n,g,2) ==
is_nat_case_fm(v,
Ezists(And(fun__apply_fm(succ(succ(suce(yg))),2,0),
Forall(Implies(Equal(0,2), isF)))),
n, z)

lemma iterates MH__type [TC]:
[| p € formula;
v € nat; ¢ € nat; y € nat; z € nat |]
==> iterates_ MH_fm(p,v,z,y,2) € formula
(proof)

lemma sats iterates MH_fm:
assumes is_Fiff sats:
Nabcecd [[a€ A be A ce A; d e Al
==> is_F(a,b) +—
sats(A, p, Cons(b, Cons(a, Cons(c, Cons(d,env)))))
shows
[|[v € nat; z € nat; y € nat; z < length(env); env € list(A)|]
==> sats(4, iterates MH_fm(p,v,z,y,2), env) +—
iterates MH (##A, is_F, nth(v,env), nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma iterates  MH_iff sats:
assumes is Fiff sats:
Nabced [Ja€ A be A ce A; d e Al
==> is_F(a,b) +—
sats(A, p, Cons(b, Cons(a, Cons(c, Cons(d,env)))))
shows
[| nth(i’,env) = v; nth(i,env) = z; nth(j,env) = y; nth(k,env) = z;
i' € nat; © € nat; § € nat; k < length(env); env € list(A)|]
==> iterates MH(##A, is_F, v, z, y, z) +—
sats(A, iterates._ MH_fm(p,i’,i,j,k), env)
(proof)

The second argument of p gives it direct access to x, which is essential for
handling free variable references. Without this argument, we cannot prove
reflection for list N.

theorem iterates MH reflection:
assumes p_reflection:
Wf g h. REFLECTS[Az. p(L, h(z), f(z), 9(x)),
Ni o, p(##Lset(i), h), f(2), 9(2))]
shows REFLECTS[)z. iterates_ MH(L, p(L,x), e(z), f(z), g(x), h(z)),
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(oroof) i z. iterates MH (#4# Lset(7), p(#+#Lset(i),x), e(z), f(x), g(z), h(zx))]
Proo

7.6.1 The Operator is_iterates

The three arguments of p are always 2, 1, 0; p is enclosed by 9 (7?) quantifiers.

definition

is_iterates_fm :: [i, i, i, i|=>i where
is_iterates _fm(p,o,n,Z) ==

Exists( Exists(

And(succ_fm(n#+2,1),

And(Memrel_fm(1,0),

is_wfrec_fm(iterates MH_fm(p, v#+7, 2, 1, 0),
0, n#+2, Z#+2)))))

We call p with arguments a, f, z by equating them with the corresponding
quantified variables with de Bruijn indices 2, 1, 0.

lemma is_iterates_type [TC:
[| p € formula; x € nat; y € nat; z € nat ||
==> is_iterates_fm(p,x,y,z) € formula
(proof)

lemma sats is iterates_fm:
assumes is_ Fiff sats:
"abedefghijk.
[a€ A;be A;ce A;de A ec A; f € A
geE A he A;ie A;je A ke Al
==> is_F(a,b) +—
sats(A, p, Cons(b, Cons(a, Cons(c, Cons(d, Cons(e, Cons(f,
Cons(g, Cons(h, Cons(i, Cons(j, Cons(k, env))))))))))))
shows
[|z € nat; y < length(env); z < length(env); env € list(A)]]
==> sats(A, is_iterates_fm(p,z,y,z), env) «—
is_iterates(#4#A, is_F, nth(z,env), nth(y,env), nth(z,env))
(proof )

lemma is_iterates iff sats:
assumes is_Fiff sats:
"abedefghijk.
[a€ A; b€ A;ce A;de A e A; f € A
geE A he A;ie Ay je A ke Al
==> is_F(a,b) +—
sats(A, p, Cons(b, Cons(a, Cons(c, Cons(d, Cons(e, Cons(f,
Cons(g, Cons(h, Cons(i, Cons(j, Cons(k, env))))))))))))
shows
[| nth(i,env) = z; nth(j,env) = y; nth(k,env) = z;
i € nat; j < length(env); k < length(env); env € list(A)|]
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==> is_iterates(#H#A, is_F, z, y, z) +—
sats(A, is_iterates_fm(p,i,j,k), env)
(proof)

The second argument of p gives it direct access to z, which is essential for
handling free variable references. Without this argument, we cannot prove
reflection for list N.

theorem is iterates reflection:
assumes p_ reflection:
Wf g h. REFLECTS|Az. p(L, h(z), f(z), 9(x)),
Xi 3. p(AELset(i), h(o), 1(z), 9(2))
shows REFLECTS|\z. is_iterates(L, p(L,x), f(z), g(z), h(z)),
Ni z. is_iterates(## Lset(i), p(##Lset(i),z), f(z), g(x), h(x))]
(proof)

7.6.2 The Formula is_eclose_n, Internalized

definition
eclose_n_fm :: [i,i,i]]=>i where
eclose_n_fm(A,n,Z) == is_iterates_fm(big_union_fm(1,0), A, n, Z)

lemma eclose_n_fm_ type [TC]:
[| € nat; y € nat; z € nat || ==> eclose_n_ fm(z,y,2) € formula

(proof)

lemma sats _eclose_n__fm [simp]:
[| z € nat; y < length(env); z < length(env); env € list(A)]]
==> sats(A, eclose_n_fm(z,y,2), env) +—
is_eclose_n(##A, nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma eclose _n__iff sats:
[| nth(i,env) = z; nth(j,env) = y; nth(k,env) = z;
i € nat; j < length(env); k < length(env); env € list(A)|]
==> is_eclose_n(##A, x, y, z) +— sats(A, eclose_n_fm(i,j,k), env)

(proof)

theorem eclose_n_ reflection:
REFLECTS|Az. is_eclose_n(L, f(z), g(z), h(z)),
i z. is_eclose__n(#+#Lset(7), f(z), g(z), h(z))]
(proof)

7.6.3 Membership in eclose(A)

definition
mem,__eclose__fm :: [i,i]=>i where
mem,__eclose__fm(z,y) ==
Exists( Exists(
And(finite_ordinal_fm(1),
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And(eclose_n_ fm(z#+2,1,0), Member(y#+2,0)))))

lemma mem__eclose__type [TC]:
[| z € nat; y € nat || ==> mem__eclose_fm(z,y) € formula

(proof)

lemma sats _mem__eclose_fm [simp):

[| z € nat; y € nat; env € list(A)]]

==> sats(A4, mem__eclose_fm(x,y), env) «— mem__eclose(##A, nth(z,env),
nth(y,env))
(proof)

lemma mem__eclose_iff sats:
[| nth(i,env) = z; nth(j,env) = y;
i € nat; j € nat; env € list(A)]]
==> mem__eclose(##A, x, y) +— sats(A, mem__eclose_fm(i,j), env)

(proof)

theorem mem__eclose__reflection:
REFLECTS[Az. mem__eclose(L,f(z),9(z)),
i x. mem__ eclose(##Lset( D.f(x),9(x))]
(proof )

7.6.4 The Predicate “Is eclose(A)”

definition
is_eclose_fm :: [i,i]=>7 where
is_eclose_fm(A,Z) ==
Forall(Iff (Member(0,succ(Z)), mem__eclose_fm(succ(A),0)))

lemma is_eclose_type [TC:
[| z € nat; y € nat || ==> is_eclose_fm(x,y) € formula

(proof)

lemma sats_is_eclose_fm [simp]:

[| z € nat; y € nat; env € list(A)]]

==> sats(A, is_eclose_fm(x,y), env) «— is_eclose(##A, nth(xz,env), nth(y,env))
(proof )

lemma is_eclose_iff sats:
[| nth(i,env) = z; nth(j,env) = y;
i € nat; j € nat; env € list(A)]]
==> is_eclose(#H#A, z, y) +— sats(A, is_eclose_fm(i,j), env)
(proof)

theorem is eclose_reflection:
REFLECTS[Az. is_eclose(L,f(x),9(x)),

i x. s eclose(##Lset( ).f(x),9(x))]
(proof)
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7.6.5 The List Functor, Internalized

definition
list_functor_fm :: [i,i,i]=>i where

list_functor_fm(A,X,Z) ==
Exists( Exists(
And(numberl_fm(1),
And(cartprod_fm(A#+2,X#+2,0), sum_fm(1,0,Z#+2)))))

lemma list_functor_type [TC]:
[| z € nat; y € nat; z € nat || ==> list_functor_fm(z,y,z) € formula
(proof)

lemma sats_list_functor_fm [simp]:
[| © € nat; y € nat; z € nat; env € list(A)|]
==> sats(A, list_functor_fm(z,y,z), env) +—
is_list_functor(##A, nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma list_functor iff sats:
[| nth(i,env) = x; nth(j,env) = y; nth(k,env) = z;
i € nat; j € nat; k € nat; env € list(A)]]
==> is_list_functor(##A, z, y, z) «— sats(A, list_functor_fm(i,j,k), env)
(proof)

theorem list_functor_reflection:
REFLECTS[Az. is_list_functor(L,f(z),g9(x),h(z)),
x

i m. is_list_functor(#+4 Lset(i),f(z),g(z),h())]
{(proof )

7.6.6 The Formula is list N, Internalized

definition
list._ N_fm :: [i,i,i{]=>i where
list. N_fm(An,Z) ==
Ezists(
And(empty_ fm(0),
is_iterates_fm(list_functor _fm(A#+9#+3,1,0), 0, n#+1, Z#+1)))

lemma list_ N_fm_ type [TC):
[| z € nat; y € nat; z € nat || ==> list._ N_fm(z,y,2) € formula

(proof)

lemma sats list N_fm [simp]:
[| z € nat; y < length(env); z < length(env); env € list(A)|]
==> sats(A, list_N_fm(z,y,2), env) +—
is_list N(##A, nth(z,env), nth(y,env), nth(z,env))
(proof )
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lemma list N_iff sats:
[| nth(i,env) = z; nth(j,env) = y; nth(k,env) = z;
i € nat; j < length(env); k < length(env); env € list(A)|]
==> is_list N(##A, z, y, z) «— sats(4A, list_N_fm(i,j,k), env)
(proof)

theorem list N _refiection:
REFLECTS|Az. is_list_N(L, f(z), g(z), h(z)),
Xi z. is_list N(##Lset(i), f(z), g(z), h(z))]
{(proof)

7.6.7 The Predicate “Is A List”

definition
mem,__list_fm :: [i,i]]=>i where
mem,__list_fm(x,y) ==
Exists( Erists(
And(finite__ordinal_fm(1),
And(list_N_fm(z#+2,1,0), Member(y#+2,0)))))

lemma mem__list__type [TC]:
[| z € nat; y € nat || ==> mem__list_fm(z,y) € formula
(proof)

lemma sats_mem,__list_fm [simp]:

[| z € nat; y € nat; env € list(A)|]

==> sats(A, mem__list_fm(z,y), env) <— mem_ list(## A, nth(z,env), nth(y,env))
(proof)

lemma mem_ list iff sats:
[| nth(i,env) = x; nth(j,env) = y;
i € nat; j € nat; env € list(A)[]
==> mem_list(##A, x, y) +— sats(A, mem_list_fm(i,j), env)
(proof)

theorem mem,_ list_reflection:
REFLECTS[Az. mem_list(L,f(x),9(x)),

Xi x. mem__list(#4# Lset(i),f(z),9(x))]
{(proof)

7.6.8 The Predicate “Is list(A)”

definition
is_list_fm :: [i,i]=>% where
is_list_fm(A,Z) ==
Forall(Iff (Member(0,succ(Z)), mem_list_fm(succ(4),0)))

lemma is_list_type [TC):

< I :>I: € nat; y € nat || ==> is_list_fm(z,y) € formula
proof
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lemma sats is list_fm [simp]:

[| z € nat; y € nat; env € list(A)]]

==> sats(A, is_list_fm(z,y), env) +— is_list(#+#A, nth(z,env), nth(y,env))
(proof)

lemma is list iff sats:
[| nth(i,env) = z; nth(j,env) = y;
i € nat; j € nat; env € list(A4)]]
==> is_list(##A, x, y) +— sats(A, is_list_fm(i,j), env)
(proof)

theorem is_[list_reflection:
REFLECTS|Az. is_list(L,f(x),9(x)),
i x. is_list(#4# Lset(i),f(z),9(x))]
{proof)

7.6.9 The Formula Functor, Internalized

definition formula_functor_fm :: [i,i{]J=>i where

formula__functor_fm(X,Z) ==
Ezists( Bxists( Exists( Exists( Exists(
And(omega__fm(4),
And(cartprod_fm(4,4,3),
And(sum__fm(3,3,2),
And(cartprod_fm(X#+5,X#+5,1),
And(sum__fm(1,X#+5,0), sum_fm(2,0,Z4#+5))))))))))

lemma formula_ functor_type [TC]:
[| © € nat; y € nat || ==> formula__functor_fm(z,y) € formula

(proof)

lemma sats_formula_ functor_fm [simp]:
[| z € nat; y € nat; env € list(A4)]]
==> sats(A, formula_functor_fm(z,y), env) +—
is_formula__functor(#4# A, nth(zx,env), nth(y,env))
(proof)

lemma formula_ functor iff sats:
[| nth(i,env) = z; nth(j,env) = y;
i € nat; j € nat; env € list(A)|]
==> is_formula_functor(##A, x, y) +— sats(A, formula_functor_fm(i.j),
env
)

(proof)

theorem formula_functor_reflection:
REFLECTS[Az. is_formula__functor(L,f(z),9(x)),

9l
Al . szormulaJunctor(##Lset( ). (2),9(x))]
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(proof)

7.6.10 The Formula is formula_ N, Internalized

definition
formula_N_fm :: [i,i]=>i where
formula_N_fm(n,Z) ==
Exists(
And(empty_ fm(0),
is_iterates_fm(formula_ functor_fm(1,0), 0, n#+1, Z#+1)))

lemma formula_N_fm_ type [TC]:
[| z € nat; y € nat || ==> formula_N_fm(z,y) € formula
(proof)

lemma sats_formula_N_fm [simp]:
[| z < length(env); y < length(env); env € list(A)|]
==> sats(A, formula_N_fm(z,y), env) «—
is_formula_ N(##A, nth(z,env), nth(y,env))
(proof)

lemma formula_N_iff sats:
[| nth(i,env) = z; nth(j,env) = y;
i < length(env); j < length(env); env € list(A)|]
==> is_formula_ N(##A, z, y) +— sats(A, formula_N_fm(i.j), env)
(proof)

theorem formula_ N _refiection:
REFLECTS[Az. is_formula_N(L, f(z), g(x)),

i m. is_formula_ N(#+4Lset(i), f(z), g(z))]

{proof )
7.6.11 The Predicate “Is A Formula”
definition
mem,__formula__fm :: i=>i where
mem,__formula__fm(z) ==
Exists( Exists(

And(finite_ordinal_fm(1),
And(formula_N_fm(1,0), Member(z#+2,0)))))
lemma mem,__formula__type [TC):
x € nat ==> mem,__formula_fm(z) € formula

(proof)

lemma sats_mem__formula__fm [simp):

[| z € nat; env € list(A)]]

==> sats(A, mem__formula_fm(z), env) «— mem__formula(## A, nth(x,env))
(proof)
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lemma mem_ formula_iff sats:

[| nth(i,env) = z; i € nat; env € list(A4)|]

==> mem__formula(##A, z) +— sats(A, mem__formula_fm(i), env)
(proof )

theorem mem_ formula_ reflection:
REFLECTS[Az. mem__formula(L,f(x)),

i x. mem__formula(#4 Lset(i),f(z)))
(proof)

7.6.12 The Predicate “Is formula”

definition
is__formula_ fm :: i=>7 where
is_formula_fm(Z) == Forall(Iff (Member(0,succ(Z)), mem_ formula_ fm(0)))

lemma is_formula_type [TC]:
x € nat ==> is_formula_fm(z) € formula

(proof)

lemma sats is_formula_ fm [simp]:

[| z € nat; env € list(A)|]

==> sats(A, is_formula_fm(x), env) «— is_formula(##A, nth(xz,env))
(proof)

lemma is_formula_iff sats:

[| nth(i,env) = z; i € nat; env € list(A4)|]

==> is_formula(##A, ) +— sats(A, is_formula_fm(i), env)
(proof)

theorem is_formula__reflection:
REFLECTS[Az. is_formula(L,f(z))

i . isJormula(##Lset(i),,f(a:))]
(proof)

7.6.13 The Operator is transrec

The three arguments of p are always 2, 1, 0. It is buried within eight
quantifiers! We call p with arguments a, f, z by equating them with the
corresponding quantified variables with de Bruijn indices 2, 1, 0.

definition
is_transrec_fm :: [i, i, ij=>¢ where
is_transrec_fm(p,a,z) ==
Ezists(Exists( Exists(
And(upair_fm(a#+3,a#+3,2),
And(is__eclose_fm(2,1),
And(Memprel_fm(1,0), is_wfrec_fm(p,0,a#+3,24#+3)))))))
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lemma is_transrec_type [TC):
[| p € formula; z € nat; z € nat ||
==> is_transrec_fm(p,z,z) € formula

(proof)

lemma sats_is transrec_ fm:
assumes MH iff sats:
a0 al a2 a8 a4 a5 a6 a7.
[|la0€A; al€A; a2€ A; a3€A; a4€A; ab5€A; abEA; aTEA
==> MH(a2, al, a0) +—
sats(A, p, Cons(a0,Cons(al,Cons(a2,Cons(a3,
Cons(a4,Cons(a5,Cons(a6,Cons(a7,env)))))))))
shows
[|z < length(env); z < length(env); env € list(A)|]
==> sats(4, is_transrec_fm(p,z,2), env) +—
is_transrec(##A, MH, nth(z,env), nth(z,env))
(proof)

lemma is_transrec_iff sats:
assumes MH_iff sats:
a0 al a2 a3 a4 ab a6 a7.
[|la0€A; al€A; a2€A; aS3€A; a4€A; a5€A; abEA; aTEA|]
==> MH(a2, al, a0) <—
sats(A, p, Cons(a0,Cons(al,Cons(a2,Cons(as,
Cons(a4,Cons(a5,Cons(a6,Cons(a7,env)))))))))
shows
[|nth(i,env) = z; nth(k,env) = z;
i < length(env); k < length(env); env € list(A)]]
==> is_transrec(##A, MH, z, z) +— sats(A, is_transrec_fm(p,i,k), env)
(proof)

theorem is_transrec_reflection:
assumes MH refiection:

/" f g h. REFLECTS|\z. MH(L, f( ), £(2), 9(x), h(x))

T

Aiw. MH (## Lset(i), f'(z), f(x), g(x), h(
shows REFLECTS|Az. is_transrec(L, MH(L z), f(x), h(x)),
i x. is_transrec(#4 Lset (1), MH(##Lset(i),z), f(z), h(z))]
(proof)
end

8 Separation for Facts About Recursion

theory Rec_Separation imports ZF-Constructible.Separation Internalize Datatype__absolute
begin

This theory proves all instances needed for locales M__trancl and M__datatypes

lemma eq succ_imp lt: [|i = succ(f); Ord(7)|]] ==> j<i
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(proof)

8.1 The Locale M trancl

8.1.1 Separation for Reflexive/Transitive Closure

First, The Defining Formula

definition
rtran__closure_mem__fm :: [i,i,i]=>i where
rtran__closure_mem_ fm(A,r,p) ==
Exists( Exists( Exists(
And(omega_ fm(2),
And(Member(1,2),
And(succ__fm(1,0),
Ezists(And(typed_function_fm(1, A#+4, 0),
And(Ezists( Exists( Exists(
And(pair_fm(2,1,p#+7),
And(empty_ fm(0),
And(fun_apply_fm(3,0,2), fun_apply_fm(3,5,1))))))),
Forall(Implies(Member(0,3),
Exists( Exists( Exists( Exists(
And(fun_apply_fm(5,4,3),
And(succ_fm(4,2),
And(fun__apply_fm(5,2,1),
And(pair_fm(3,1,0), Member(0,r#+9))))))))))))))))))))

lemma rtran_ closure__mem__type [TC]:
[| z € nat; y € nat; z € nat || ==> rtran_ closure_mem_ fm(z,y,2) € formula

(proof)

lemma sats rtran__closure_mem__fm [simp]:
[| z € nat; y € nat; z € nat; env € list(A)|]
==> sats(A, rtran__closure_mem_ fm(z,y,z), env) +—
rtran__closure_mem(## A, nth(x,env), nth(y,env), nth(z,env))
(proof)

lemma rtran_closure_mem__iff _sats:
[| nth(i,env) = x; nth(j,env) = y; nth(k,env) = z;
i € nat; j € nat; k € nat; env € list(A)|]
==> riran__closure_mem(#H#A, x, y, z) «— sats(A, rtran__closure_mem__fm(i,j,k),
env
)

(proof)

lemma rtran_ closure__mem__reflection:
REFLECTS[Az. rtran__closure_mem(L,f(x),g9(x),h(z)),
Ai z. rtran__closure_mem(## Lset(i),f(z),9(z),h(x))]

(proof)
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Separation for r .

lemma rtrancl_separation:
[| L(r); L(A) |] ==> separation (L, rtran_ closure_mem(L,A,r))
(proof)

8.1.2 Reflexive/Transitive Closure, Internalized

definition
rtran__closure__fm :: [i,i]J=>i where
rtran__closure_fm(r,s) ==
Forall(Implies(field__fm(succ(r),0),
Forall(Iff (Member(0,succ(succ(s))),
rtran__closure_mem__fm(1,succ(succ(r)),0)))))

lemma rtran__closure_type [TC]:
[| z € nat; y € nat || ==> rtran__closure__fm(z,y) € formula

(proof)

lemma sats_rtran__closure_fm [simp]:
[| © € nat; y € nat; env € list(A)]]
==> sats(A, rtran__closure_fm(z,y), env) +—
rtran__closure(## A, nth(x,env), nth(y,env))
(proof)

lemma rtran_ closure iff sats:
[| nth(i,env) = x; nth(j,env) = y;
i € nat; j € nat; env € list(A)[]
==> rtran__closure(##A, z, y) +— sats(A, rtran__closure_ fm(i,j), env)
(proof)

theorem rtran_ closure reflection:
REFLECTS[Az. rtran__closure(L,f(z),9(z)),
Ai z. rtran__closure(## Lset(i),f(x),g9(x))]

(proof)

8.1.3 Transitive Closure of a Relation, Internalized

definition
tran__closure_fm :: [i,i]=>1 where
tran__closure_ fm(r,s) ==
Ezists(And(rtran__closure__fm(succ(r),0), composition__fm(succ(r),0,succ(s))))

lemma tran_ closure type [TC):
[| z € nat; y € nat || ==> tran__closure_ fm(z,y) € formula

(proof)
lemma sats_tran__closure_fm [simp]:

[| z € nat; y € nat; env € list(A)]]
==> sats(A, tran_closure_fm(z,y), env) <—
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tran__closure(#4# A, nth(z,env), nth(y,env))
(proof)

lemma tran_ closure iff sats:
[| nth(i,env) = x; nth(j,env) = y;
i € nat; j € nat; env € list(A)[]
==> tran__closure(##A, x, y) +— sats(A, tran__closure_fm(i,j), env)
(proof)

theorem tran_ closure__reflection:
REFLECTS[Az. tran__closure(L,f(z),g(x)),
Ai x. tran__closure(## Lset(7),f(z),9(x))]

(proof)

8.1.4 Separation for the Proof of wellfounded_on_ trancl

lemma wellfounded__trancl_reflects:
REFLECTS[Az. 3w[L]. 3wz[L]. 3 rp[L].
w € Z & pair(Lw,z,wz) & tran__closure(L,r,rp) & wz € rp,
Xiz. Jw € Lset(i). Jwe € Lset(i). Irp € Lset(7).
w € Z & pair(#4# Lset(i),w,z,wz) & tran__closure(#+ Lset(i),r,rp) &
wr € 1P|
(proof)

lemma wellfounded_trancl_separation:
1 L(r); L(2) || ==>
separation (L, \z.
Fw[L]. Jwz[L]. T rp[L].
w € Z & pair(Lw,z,wr) & tran_closure(L,r,rp) & wz € 1p)
(proof)

8.1.5 Instantiating the locale M trancl

lemma M _trancl _azioms L: M_trancl axioms(L)
(proof)

theorem M__trancl _L: M__trancl(L)
(proof )

interpretation L: M_ trancl L (proof)

8.2 L is Closed Under the Operator [ist

8.2.1 Instances of Replacement for Lists

lemma list_replacementl _Reflects:
REFLECTS
[Az. Ju[L]. w € B A (Fy[L]. pair(Lu,y,z) A
is_wfrec(L, iterates_ MH(L, is_list_functor(L,A), 0), memsn, u, y)),
Xixz. Ju € Lset(i). u € B A (y € Lset(i). pair(##Lset(i), u, y, ) A
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is_wfrec(## Lset (i),
iterates_ MH (## Lset (i),
is_list_functor(##Lset(i), A), 0), memsn, u, y))]

(proof)

lemma list _replacementl:
L(A) ==> iterates_replacement(L, is_list_functor(L,A), 0)
(proof)

lemma list_replacement2 Reflects:
REFLECTS
[Az. Ju[L]. u € B & u € nat &
is_iterates(L, is_list_functor(L, A), 0, u, x),
Miz. Ju € Lset(i). u € B & u € nat &
is_iterates(## Lset (i), is_list_functor(## Lset(i), A), 0, u, z)]
(proof)

lemma list_replacement?2:
L(A) ==> strong__replacement(L,
An y. ne€nat & is_iterates(L, is_list_functor(L,A), 0, n, y))
(proof)

8.3 L is Closed Under the Operator formula

8.3.1 Instances of Replacement for Formulas

lemma formula_replacementl Reflects:
REFLECTS
[Az. Ju[L]. w € B & (Fy[L]. pair(L,u,y,x) &
is_wfrec(L, iterates._ MH(L, is_formula_functor(L), 0), memsn, u, y)),
Aiz. Ju € Lset(i). u € B & (Jy € Lset(i). pair(##Lset(i), u, y, z) &
is_wfrec(## Lset (i),
iterates MH (#+# Lset(i),
is_formula_ functor(#+#Lset(7)), 0), memsn, u, y))]
(proof)

lemma formula_ replacementl:
iterates__replacement(L, is_formula_functor(L), 0)

(proof)

lemma formula_replacement2 Reflects:
REFLECTS
[Az. Ju[L]. v € B& u € nat &
is_iterates(L, is_formula_ functor(L), 0, u, x),
X z. Ju € Lset(i). u € B& u € nat &
is_iterates(#4# Lset (i), is_formula_functor(##Lset(i)), 0, u, )]
(proof)
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lemma formula_replacement2:
strong__replacement(L,
An y. nenat & is_iterates(L, is_formula_ functor(L), 0, n, y))
(proof )

NB The proofs for type formula are virtually identical to those for list(A).
It was a cut-and-paste job!

8.3.2 The Formula is nth, Internalized

definition
nth__fm :: [i,i,i]=>i where
nth_fm(n,l,Z) ==
Ezists(And(is_iterates fm(tl_fm(1,0), succ(l), succ(n), 0),
hd_fm(0,succ(Z))))

lemma nth_fm__type [TC]:
[| z € nat; y € nat; z € nat || ==> nth_fm(x,y,z) € formula
(proof)

lemma sats_nth_fm [simp]:
[| z < length(env); y € nat; z € nat; env € list(A)|]
==> sats(A, nth_fm(x,y,z), env) «—
is_nth(##A, nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma nth_iff sats:
[| nth(i,env) = x; nth(j,env) = y; nth(k,env) = z;
i < length(env); j € nat; k € nat; env € list(A)|]
==>is_nth(##A, z, y, z) «— sats(A, nth_fm(ijk), env)
(proof)

theorem nth_reflection:
REFLECTS[Az. is_nth(L, f(z), g(z), h(z)),
Ai . is_nth(## Lset(7), f(z), g(z), h(z))]
(proof)

8.3.3 An Instance of Replacement for nth

lemma nth_ replacement__Reflects:
REFLECTS
[Az. Ju[L]. v € B & (Fy[L]. pair(L,u,y,x) &
is_wfrec(L, iterates_ MH(L, is_tl(L), z), memsn, u, y)),
Xiz. Ju € Lset(i). u € B & (Jy € Lset(q). pair(#4#Lset(i), u, y, x) &
is_wfrec(## Lset(1),
iterates MH (#+# Lset(1),
is_tl(##Lset(i)), z), memsn, u, y))]
(proof )
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lemma nth_replacement:
L(w) ==> iterates_replacement(L, is_tl(L), w)
(proof)

8.3.4 Instantiating the locale M datatypes

lemma M _datatypes azioms_L: M__datatypes_azioms(L)
(proof)

theorem M_ datatypes L: M__datatypes(L)
(proof)

interpretation L: M_ datatypes L {proof)

8.4 L is Closed Under the Operator eclose

8.4.1 Instances of Replacement for eclose

lemma eclose_replacementl__Reflects:
REFLECTS
[Az. Ju[L]. u € B & (Fy[L]. pair(Lu,y,z) &
is_wfrec(L, iterates_ MH (L, big_union(L), A), memsn, u, y)),
Xixz. Ju € Lset(i). u € B & (Jy € Lset(7). pair(#+#Lset(i), u, y, z) &
is_wfrec(#4# Lset(i),
iterates MH (#+# Lset (i), big_union(#+# Lset(i)), A),
memsn, u, y))]
(proof)

lemma eclose replacement1:
L(A) ==> iterates_replacement(L, big_union(L), A)
(proof)

lemma eclose__replacement2_Reflects:
REFLECTS
[Az. Jul[l]. u € B& u € nat &
is_iterates(L, big_union(L), A, u, z),
Xixz. Ju € Lset(i). u € B & u € nat &
is_iterates(#4 Lset (i), big_union(#4Lset(7)), A, u, )]
(proof)

lemma eclose__replacement?:
L(A) ==> strong_replacement(L,
An y. nenat & is_iterates(L, big_union(L), A, n, y))
(proof )

8.4.2 Instantiating the locale M _eclose

lemma M __eclose__axioms L: M__eclose__axioms(L)

{proof)
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theorem M _eclose L: M__eclose(L)
(proof)

interpretation L: M__eclose L (proof)

end

9 Absoluteness for the Satisfies Relation on For-
mulas

theory Satisfies absolute imports Datatype absolute Rec_ Separation begin

9.1 More Internalization

9.1.1 The Formula s depth, Internalized

definition
depth__fm :: [i,i]J=>% where
depth_fm(p,n) ==

Ezists(Exists( Exists(

And(formula_ N_fm(n#+3,1),
And(Neg(Member(p#+3,1)),
And(succ_fm(n#+3,2),
And(formula_N_fm(2,0), Member(p#+3,0))))))))

lemma depth_fm__type [TC):
[| z € nat; y € nat || ==> depth__fm(z,y) € formula
(proof)

lemma sats_depth_fm [simp]:
[| z € nat; y < length(env); env € list(A)]]
==> sats(A, depth_fm(z,y), env) +—
is_depth(##A, nth(z,env), nth(y,env))
(proof)

lemma depth_iff sats:
[| nth(i,env) = x; nth(j,env) = y;
i € nat; j < length(env); env € list(A)[]
==> is_depth(##A, z, y) «— sats(A, depth_fm(i,j), env)
(proof)

theorem depth_ reflection:
REFLECTS[Axz. is_depth(L, f(z), g(x)),
i z. is_depth(#4 Lset (i), f(z), g(z))]
(proof)
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9.1.2 The Operator is_formula_case

The arguments of is_a are always 2, 1, 0, and the formula will be enclosed
by three quantifiers.

definition
formula__case_fm :: [i, i, i, i, i, i|=>i where
formula__case_fm(is_a, is_b, is_c, is_d, v, z) ==
And(Forall( Forall(Implies(finite__ordinal_fm(1),
Implies(finite__ordinal_fm(0),
Implies(Member_fm(1,0,0#+2),
Forall(Implies(Equal(0,2#+3), is_a))))))),
And(Forall( Forall(Implies(finite__ordinal _fm(1),
Implies(finite__ordinal_fm(0),
Implies(Equal_fm(1,0,v#+2),
Forall(Implies( Equal(0,2#+3), is_b))))))),
And(Forall( Forall(Implies(mem,__formula__fm(1),
Implies(mem__formula__fm(0),
Implies(Nand__fm(1,0,0#+2),
Forall(Implies(Equal(0,2#+3), is_c))))))),
Forall(Implies(mem__formula__fm(0),
Implies(Forall_fm(0,succ(v)),
Forall(Implies(Equal(0,2#+2), is_d))))))))

lemma is_formula_case_type [TCY:
[| is_a € formula; is_b € formula; is_c € formula; is_d € formula;
T € nat; y € nat ||
==> formula__case_fm(is_a, is_b, is_c, is_d, z, y) € formula

(proof)

lemma sats_formula__case_fm:
assumes is_a_iff sats:
a0 al a2.
[|la0€A; aleA; a2€ A
==> [SA(a2, al, a0) <— sats(A, is_a, Cons(a0,Cons(al,Cons(a2,env))))
and is_b_iff sats:
a0 al a2.
[la0cA; aleA; a2€ A
==> ISB(a2, al, a0) <— sats(A, is_b, Cons(a0,Cons(al,Cons(a2,env))))
and is_c_iff sats:
a0 al a?.
[la0€A; aleA; a2€ A
==> [5C(a2, al, a0) +— sats(A, is_c, Cons(a0,Cons(al,Cons(a2,env))))
and is_d_iff sats:
a0 al.
[|a0€4; ale ]
==> ISD(al, a0) +— sats(A, is_d, Cons(a0,Cons(al,env)))
shows
[|z € nat; y < length(env); env € list(A)|]
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==> sats(A, formula_case fm(is_a,is_byis_c,is_d,z,y), env) «—
is_formula_case(##A, ISA, ISB, ISC, ISD, nth(z,env), nth(y,env))
(proof)

lemma formula_ case_iff sats:
assumes is_a_iff sats:
a0 al a2.
[|[a0€4; aled; a2€ A
==> ISA(a2, al, a0) «— sats(4, is_a, Cons(a0,Cons(al,Cons(a2,env))))
and is_b_iff sats:
a0 al a2.
[la0€A; al€A; a2€ A
==> ISB(a2, al, a0) <— sats(A, is_b, Cons(a0,Cons(al,Cons(a2,env))))
and is_c_iff sats:
a0 al a?2.
[la0€A; aleA; a2€ A
==> ISC(a2, al, a0) <— sats(A, is_c, Cons(a0,Cons(al,Cons(a2,env))))
and is_d_iff sats:
a0 al.
[|la0€A; al€Al]
==> ISD(al, a0) +— sats(A, is_d, Cons(a0,Cons(al,env)))
shows
[|nth(i,env) = x; nth(j,env) = y;
i € nat; j < length(env); env € list(A)|]
==> is_formula_ case(##A, ISA, ISB, ISC, ISD, z, y) «—
sats(A, formula__case_fm(is_a,is_byis_cyis_d,i,j), env)
(proof )

The second argument of is_a gives it direct access to x, which is essen-
tial for handling free variable references. Treatment is based on that of
is_mnat_case_reflection.

theorem is_formula_case reflection:
assumes is_a_ reflection:
"hfgg'. REFLECTS[Az. is_a(L, h(z), f(z), 9(x), g'(z)),
Xi x. is_a(## Lset(i), h(z), f(z), 9(z), g'(x))]
and is_b_ reflection:
"h fgg'. REFLECTS[Az. is_b(L, h(z), f(z), 9(x), g'(x)),
Xi 1. is_b(#Lset(i), h(z), £(z), 9(z), g'()]
and is_c_reflection:
"hfgg'. REFLECTS|\z. is_c(L, h(z), f(z), g(z), ¢'(z)),
Ni . is_c(##Lset(i), h(z), £(z), 9(z), g'()]
and is_d_reflection:
"hfgg'. REFLECTS[Az. is_d(L, h(z), f(z), g(z)),
Xi 3. is_d(#Lset(i), h@), f(2), 9(z))
shows REFLECTS[Az. is_formula_ case(L, is_
is_d(L,z), g(z), h(z)),
Ai x. is__formula__case(## Lset(7), is_a(#F# Lset(i), z), is_b(## Lset(i),
x), is_c(##Lset(i), x), is_d(##Lset(i), x), g(x), h(z))]
(proof)
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9.2 Absoluteness for the Function satisfies

definition
is_depth__apply :: [i=>o0,i,i,i] => o where
— Merely a useful abbreviation for the sequel.
is_depth__apply(M,h,p,z) ==
3 dp[M]. I sdp[M]. 3 hsdp[M].
finite__ordinal(M ,dp) & is_depth(M,p,dp) & successor(M,dp,sdp) &
fun_apply(M h,sdp,hsdp) & fun__apply(M hsdp,p,z)

lemma (in M__datatypes) is_depth_apply abs [simp]:

[[M(h); p € formula; M(z)]]

==> is_depth_apply(M,h,p,z) <— z = h ‘ succ(depth(p)) ‘p
(proof)

There is at present some redundancy between the relativizations in e.g.
satisfies _is _a and those in e.g. Member__replacement.

These constants let us instantiate the parameters a, b, ¢, d, etc., of the locale
Formula Rec.

definition
satisfies_a :: [i,4,i]]=>1 where
satisfies_a(A) ==
Az y. Aenv € list(A). bool_of o (nth(z,env) € nth(y,env))

definition
satisfies_is_a :: [i=>o0,i,i,i,i]=>0 where
satisfies_is_a(M,A) ==
Az y zz. VIA[IM]. is_list(M,A,lA) —
is_lambda(M, A,
Aenv z. is_bool _of o(M,
Inx[M]. Iny[M].
is_nth(M,z,env,nz) & is_nth(M,y,env,ny) & nx € ny, z),
22)

definition
satisfies b :: [i,i,i]=>% where
satisfies _b(A) ==
Az y. Aenv € list(A). bool_of o (nth(z,env) = nth(y,env))

definition
satisfies_is_b :: [i=>o0,i,i,i,i]=>0 where
— We simplify the formula to have just nz rather than introducing ny with nz
satisfies _is_b(M,A) ==
Aty zz. VIA[IM]. is_list(M,A,lA) —
is_lambda(M, IA,
Aenv z. is_bool _of o(M,
Inx[M]. is_nth(M,z,env,nz) & is_nth(M,y,env,nzx), 2),
22)
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definition

satisfies_c(A) == Ap q rp rq. Aenv € list(A). not(rp ‘ env and rq * env)

definition
satisfies_is_c(M,Ah) ==
Ap q zz. VIA[M). is_list(M,A,lA) —
is_lambda(M, A, Xenv z. I hp[M]. I hq[M].

(Frp[M)]. is_depth__apply(M h,p,rp) & fun__apply(M,rp,env,hp))
(Frq[M]. is_depth__apply(M,h,q,rq) & fun__apply(M,rq,env,hq))
(3pq[M]. is_and(M,hp,hq,pq) & is_not(M,pq,z)),
22)

&
&

definition
satisfies_d :: [i,i,i]=>7 where
satisfies__d(A)
== Ap mp. Aenw € list(A). bool _of o (Vxz€A. rp ‘ (Cons(z,env)) = 1)

definition
satisfies_is_d :: [i=>o0,i,i,i,i]=>0 where
satisfies_is_d(M,Ah) ==
Ap zz. VIA[M)]. is_list(M,AJA) —
is_lambda(M, A,
Aenv z. Frp[M]. is_depth__apply(M h,p,rp) &
is_bool_of o(M,
Y z[M]. V zenv[M]. ¥ hp[M].
z€A — is_Cons(M,x,env,zenv) —
fun__apply(M ,rp,zenv,hp) — number1(M hp),
z),

22)

definition
satisfies MH :: [i=>o0,i,i,i,i]]=>0 where
— The variable u is unused, but gives satisfies MH the correct arity.
satisfies MH ==
AM A uf 2.
Y fml[M)]. is_formula(M,fml) —
is_lambda (M, fml,
is_formula__case (M, satisfies_is_a(M,A),
satisfies_is_b(M,A),
satisfies_is_c(M,A.f), satisfies_is_d(M,A.f)),
)
definition
is_satisfies :: [i=>o0,i,i,i]=>0 where

is_satisfies(M,A) == is_formula_rec (M, satisfies_MH(M,A))

This lemma relates the fragments defined above to the original primitive
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recursion in satisfies. Induction is not required: the definitions are directly
equal!

lemma satisfies eq:
satisfies(A,p) =
formula__rec (satisfies_a(A), satisfies_b(A),
satisfies _c(A), satisfies_d(A), p)
(proof )

Further constraints on the class M in order to prove absoluteness for the con-
stants defined above. The ultimate goal is the absoluteness of the function
satisfies.

locale M _satisfies = M__eclose + M__datatypes +
assumes
Member__replacement:
[|[M(A); z € nat; y € nat|]
==> strong_replacement
(M, Xenv z. 3bo[M]. I nz[M]. I ny[M].
env € list(A) & is_nth(M,z,env,nz) & is_nth(M,y,env,ny) &
is_bool_of o(M, nz € ny, bo) &
pair(M, env, bo, z))
and
FEqual_replacement:
[|[M(A); z € nat; y € nat|]
==> strong_replacement
(M, Xenv z. 3bo[M]. I nz[M]. I ny[M].
env € list(A) & is_nth(M,x,env,nz) & is_nth(M,y,env,ny) &
is_bool _of o(M, nz = ny, bo) &
pair(M, env, bo, 2))
and
Nand__replacement:
[[M(A); M(rp); M(rq)]
==> strong_replacement
(M, Xenv z. Frpe[M]. Frge[M]. 3 andpg[M]. 3 notpg[M].
fun_apply(M rp,env,rpe) & fun__apply(M,rq,env,rge) &
is_and(M,rpe,rqe,andpq) & is_not(M,andpq,notpq) &
env € list(A) & pair(M, env, notpq, z))
and
Forall_replacement:
M (A, M(rp)|
==> strong_replacement
(M, Xenv z. 3 bo[M].
env € list(A) &
is_bool _of o (M,
Y a[M]. V eo[M]. ¥ rpco| M].
a€A — is_Cons(M,a,env,co) —
fun__apply(M ,rp,co,rpco) — numberl(M, rpco),
bo) &
pair(M,env,bo,z))
and
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formula__rec__replacement:
— For the transrec
[|n € nat; M(A)|] ==> transrec_replacement(M, satisfies MH(M,A), n)
and
formula__rec_lambda__replacement:
— For the A-abstraction in the transrec body
[1M(g); M(A)]] ==>
strong__replacement (M,
Az y. mem__formula(M,z) &

(3 c[M]. is_formula_case(M, satisfies_is_a(M,A),
satisfies_is_b(M,A),
satisfies_is_c¢(M,A,qg),
satisfies_is_d(M,A,g), =, ¢) &

pair(M, s, ¢, 1)))

lemma (in M_ satisfies) Member _replacement’:
[|[M(A); z € nat; y € nat|]
==> strong_replacement
(M, Xenv z. env € list(A) &
z = (env, bool_of o(nth(z, env) € nth(y, env))))
(proof)

lemma (in M_satisfies) Equal_replacement”:
[|M(A); = € nat; y € natl]
==> strong_replacement
(M, denv z. env € list(A) &
z = (enw, bool _of o(nth(z, env) = nth(y, env))))
(proof)

lemma (in M__satisfies) Nand__replacement”:
[|[M(A); M(rp); M(rq)|]
==> strong__replacement
(M, Xenv z. env € list(A) & z = (env, not(rp‘env and r¢‘env)))

(proof)

lemma (in M_ satisfies) Forall_replacement”:
[[M(A); M(rp)|]
==> strong_replacement
(M, Aenv z.
env € list(A) &
z = (env, bool_of o (Ya€A. rp ¢ Cons(a,env) = 1)))
(proof )

lemma (in M_ satisfies) a_ closed:
[|M(A); zenat; yenat|]] ==> M (satisfies_a(A,z,y))
(proof)

lemma (in M__satisfies) a__rel:
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M(A) ==> Relation2(M, nat, nat, satisfies_is_a(M,A), satisfies_a(A))
(proof)

lemma (in M__satisfies) b__closed:
[|M(A); zenat; yenat|]] ==> M (satisfies b(A,z,y))
(proof )

lemma (in M_ satisfies) b_rel:
M(A) ==> Relation2(M, nat, nat, satisfies is b(M,A), satisfies b(A))
(proof)

lemma (in M_ satisfies) ¢_closed:
[(|M(A); z € formula; y € formula; M(rz); M(ry)|]
==> M(satisfies_c(A,z,y,rz,ry))

(proof)

lemma (in M_ satisfies) ¢_rel:
1M(4); M(f)]| ==>
Relation2 (M, formula, formula,
satisfies_is_c(M,A,f),
Au v. satisfies_c(A, u, v, f ¢ succ(depth(u)) * u,
f ¢ suce(depth(v)) “wv))
(proof)

lemma (in M_ satisfies) d_ closed:
[|M(A); z € formula; M(rz)|] ==> M(satisfies _d(A,z,rz))
(proof )

lemma (in M_satisfies) d_rel:
(1M (A); M(f)]] ==>
Relation1(M, formula, satisfies _is_d(M,A.f),
Au. satisfies_d(A, u, f ¢ succ(depth(u)) © u))
(proof )

lemma (in M__satisfies) fr_replace:
[|n € nat; M(A)|] ==> transrec_replacement(M satisfies MH(M,A),n)

(proof)

lemma (in M_satisfies) formula_ case_satisfies closed:

|M(g); M(A); « € formula|] ==>

M (formula__case (satisfies_a(A), satisfies_b(A),
Au v. satisfies_c(A, u, v,

g ‘ succ(depth(u)) ‘ u, g ¢ succ(depth(v)) ‘),

Au. satisfies_d (A, u, g ¢ succ(depth(u)) © u),
7))

(proof)

lemma (in M_ satisfies) fr_lam__replace:
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[1M(g); M(A)] ==>
strong_replacement (M, Az y. x € formula &
y = (z,
formula__rec__case(satisfies_a(A),
satisfies_b(A),
satisfies_c(A),
satisfies _d(A), g, z)))
(proof)

Instantiate locale Formula_Rec for the Function satisfies

lemma (in M_ satisfies) Formula_ Rec__azioms M:
M(A) ==>
Formula__Rec__axioms(M, satisfies_a(A), satisfies_is_a(M,A),
satisfies_b(A), satisfies_is_ b(M,A),
satisfies_c(A), satisfies_is_c(M,A),
satisfies _d(A), satisfies_is_d(M,A))
(proof)

theorem (in M _satisfies) Formula_Rec M:
M(A) ==>
Formula_ Rec(M, satisfies _a(A), satisfies_is_a(M,A),
satisfies_b(A), satisfies_is b(M,A),
satisfies__c(A), satisfies_is_c(M,A),
satisfies__d(A), satisfies_is_d(M,A))
(proof )

lemmas (in M_satisfies)
satisfies__closed’ = Formula_ Rec.formula_rec_closed [OF Formula_ Rec_ M)
and satisfies_abs’ = Formula_ Rec.formula_rec__abs [OF Formula_Rec__ M)

lemma (in M_ satisfies) satisfies_closed:
[|[M(A); p € formulal]] ==> M(satisfies(A,p))
(proof)

lemma (in M_ satisfies) satisfies _abs:

[[M(A); M(2); p € formulal]

==> is_satisfies(M,A,p,z) +— z = satisfies(A,p)
(proof)

9.3 Internalizations Needed to Instantiate M satisfies

9.3.1 The Operator is_depth_apply, Internalized

definition
depth__apply_fm :: [i,i,i]=>7 where
depth__apply_ fm(h,p,z) ==
Ezists( Erists( Exists(
And(finite_ordinal_fm(2),
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And(depth_fm(p#+3,2),
And(succ_fm(2,1),
And(fun_apply_fm(h#+3,1,0), fun_apply_fm(0,p#+3,2#+3))))))))

lemma depth__apply_type [TC]:
[| z € nat; y € nat; z € nat || ==> depth__apply_fm(z,y,2) € formula
(proof)

lemma sats_depth__apply_fm [simp]:
[| z € nat; y € nat; z € nat; env € list(A)|]
==> sats(A, depth_apply fm(x,y,z), env) «—
is_depth__apply(##A, nth(x,env), nth(y,env), nth(z,env))
(proof)

lemma depth__apply iff sats:
[| nth(i,env) = x; nth(j,env) = y; nth(k,env) = z;
i € nat; j € nat; k € nat; env € list(A)|]
==> is_depth_apply(##A, x, y, z) +— sats(A, depth__apply fm(ij,k), env)
(proof)

lemma depth__apply reflection:
REFLECTS[Ax. is_depth__apply(L,f(z),9(x),h(z)),
Ai . is_depth__apply(## Lset(7),f(z),9(x),h(z))]
(proof )

9.3.2 The Operator satisfies is a, Internalized

definition
satisfies_is_a_ fm :: [i,i,4,i]=>¢ where
satisfies_is_a_ fm(A,z,y,2) ==
Forall(
Implies(is_list_fm(succ(A),0),
lambda__fm(
bool_of o_ fm(Exists(
Ezists(And(nth_fm(z#+6,3,1),
And(nth_fm(y#+6,3,0),
Member(1,0))))), 0),
0, succ(z2))))

lemma satisfies_is_a_type [TC):
[| A € nat; z € nat; y € nat; z € nat ||
==> satisfies is_a_fm(A,x,y,z) € formula

(proof)

lemma sats_satisfies _is_a_ fm [simp]:
[| w € nat; z < length(env); y < length(env); z € nat; env € list(A)|]
==> sats(A, satisfies_is_a_fm(u,z,y,z), env) +—
satisfies__is_a(##A, nth(u,env), nth(z,env), nth(y,env), nth(z,env))
(proo)
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lemma satisfies is _a_iff sats:
[| nth(u,env) = nu; nth(z,env) = nz; nth(y,env) = ny; nth(z,env) = nz;
u € nat; x < length(env); y < length(env); z € nat; env € list(A)|]
==> satisfies_is_a(##A,nu,nz,ny,nz) «—
sats(A, satisfies_is_a_fm(u,z,y,2), env)
(proof )

theorem satisfies is a_ reflection:
REFLECTS[Az. satisfies_is_a(L,f(x),9(x),h(z),9'(x)),
i z. satisfies_is_a(## Lset(i),f(z),9(x),h(z),q9'(z))]
(proof)

9.3.3 The Operator satisfies is b, Internalized

definition
satisfies_is_b_fm :: [i,i,i,i]=>1 where
satisfies_is_b_fm(A,x,y,z) ==
Forall(
Implies(is_list_fm(succ(A),0),
lambda__fm(
bool__of _o__fm(FExists(And(nth__fm(z#+5,2,0), nth_fm(y#+5,2,0))), 0),
0, suce())))

lemma satisfies _is_b_type [TC]:
[| A € nat; z € nat; y € nat; z € nat |]
==> satisfies_is_b_fm(A,x,y,z) € formula
(proof)

lemma sats_satisfies _is_b_fm [simp]:
[| w € nat; z < length(env); y < length(env); z € nat; env € list(A)|]
==> sats(A, satisfies_is_b_fm(u,z,y,2), env) +—
satisfies_is_b(##A, nth(u,env), nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma satisfies is b _iff sats:
[| nth(u,env) = nu; nth(z,env) = nx; nth(y,env) = ny; nth(z,env) = nz;
u € nat; x < length(env); y < length(env); z € nat; env € list(A)|]
==> salisfies_is b(#H#A,nu,nz,ny,nz) «—
sats(A, satisfies_is_b_fm(u,z,y,2), env)
(proof)

theorem satisfies is b _reflection:
REFLECTS[Az. satisfies_is_b(L,f(z),9(z),h(z),q9'(z)),
i z. satisfies_is_ b(##Lset(i),f(z),9(z),h(z),9'(z))]
(proof)
9.3.4 The Operator satisfies is ¢, Internalized

definition
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satisfies _is_c_fm :: [i,i,i,4,i]=>1 where
satisfies_is_c_fm(A,h,p,q,22) ==
Forall(
Implies(is_list_fm(succ(A),0),
lambda__fm(
Exists(Exists(

And(Erists(And(depth_apply fm(hft+7,p#+7,0), fun_apply fm(0,4,2))
And(Erists(And(depth_apply fm(h#t+7,q#+7,0), fun_apply fm(0,4,1))

Exists(And(and_fm(2,1,0), not_fm(0,3))))))),
0, succ(z2))))

lemma satisfies_is_c_type [TC]:
[| A € nat; h € nat; ¢ € nat; y € nat; z € nat |]
==> satisfies_is_c_fm(A,h,x,y,2) € formula

(proof)

lemma sats_satisfies _is_c_fm [simp]:
[| w € nat; v € nat; © € nat; y € nat; z € nat; env € list(A)|]
==> sals(A, satisfies_is_c_fm(u,v,2,y,2), env) «—
satisfies _is_c(##A, nth(u,env), nth(v,env), nth(z,env),
nth(y,env), nth(z,env))
(proof)

lemma satisfies is ¢ iff sats:
[| nth(u,env) = nu; nth(v,env) = nv; nth(z,env) = nz; nth(y,env) = ny;
nth(z,env) = nz;
u € nat; v € nat; T € nat; y € nat; z € nat; env € list(A)]]
==> satisfies_is_c(#H#A,nu,nv,nz,ny,nz) +—
sats(A, satisfies_is_c_fm(u,v,z,y,2), env)
(proof)

theorem satisfies is c_reflection:
REFLECTS[z. satisfies_is_c(L,f(x),q(z),h(
Ai . satisfies_is_c(## Lset(i),f(x),g
(proof)

9.3.5 The Operator satisfies is d, Internalized

definition
satisfies _is_d_fm :: [i,i,i,i]=>i where
satisfies_is_d_fm(A,h,p,zz) ==
Forall(
Implies(is_list_fm(succ(A),0),
lambda__fm(
Exists(
And(depth__apply_fm(h#+5,p#+5,0),
bool _of o_fm(
Forall(Forall( Forall(
Implies(Member(2,A#+8),
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Implies(Cons_fm(2,5,1),
(f”;il)ies(fun_apply_fm(&la0), numberl_fm(0))))))), 1))),
0, succ(zz

lemma satisfies_is_d_type [TC):
[| A € nat; h € nat; x € nat; z € nat |]
==> satisfies_is_d_fm(Ah,z,2) € formula
(proof)

lemma sats_satisfies _is_d_fm [simp]:
[| v € nat; x € nat; y € nat; z € nat; env € list(A)|]
==> sats(A, satisfies_is_d_fm(u,z,y,z), env) +—
satisfies_is_d(##A, nth(u,env), nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma satisfies is _d_iff sats:
[| nth(u,env) = nu; nth(z,env) = nx; nth(y,env) = ny; nth(z,env) = nz;
u € nat; x € nat; y € nat; z € nat; env € list(A)]]
==> salisfies_is_d(##A,nu,nz,ny,nz) «—
sats(A, satisfies_is_d_fm(u,z,y,z), env)
(proof)

theorem satisfies is d_ reflection:
REFLECTS|Az. satisfies_is_d(L,f(z),9(x),h(z),9'(x)),
i z. satisfies_is_d(##Lset(i),f(z),9(x),h(z),9'(z))]
(proof)

9.3.6 The Operator satisfies MH, Internalized

definition
satisfies  MH_fm :: [i,i,i,i]=>7 where
satisfies. MH _fm(A,u,f,zz) ==
Forall(
Implies(is_formula_ fm(0),
lambda__fm(
formula__case_fm(satisfies_is_a_fm(A#+7,2,1,0),
satisfies_is_b_fm(A#+7,2,1,0),
satisfies_is_c_fm(A#+7,f#+7,2,1,0),
satisfies_is_d_ fm(A#+6,f#+6,1,0),
1, 0),
0, succ(22))))

lemma satisfies MH__type [TC]:
[| A € nat; u € nat; x € nat; z € nat ||
==> satisfies MH_fm(A,u,z,2) € formula
(proof)

lemma sats_satisfies MH__fm [simp]:
[| v € nat; x € nat; y € nat; z € nat; env € list(A)|]
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==> sats(A, satisfies MH_fm(u,z,y,2), env) <—
satisfies MH(## A, nth(u,env), nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma satisfies MH_iff sats:
[| nth(u,env) = nu; nth(z,env) = nx; nth(y,env) = ny; nth(z,env) = nz;
u € nat; x € nat; y € nat; z € nat; env € list(A)]]
==> salisfies MH(##A,nu,nz,ny,nz) <—
sats(A, satisfies. MH_fm(u,z,y,2), env)
(proof )

lemmas satisfies reflections =
is__lambda__reflection is_formula_reflection
is__formula__case__reflection
satisfies _is_a_ reflection satisfies is b _reflection

satisfies _is_c_reflection satisfies is_d_ reflection

theorem satisfies MH reflection:
REFLECTS|Az. satisfies. MH(L,f(x),9(z),h(z),9'(z)),
i z. satisfies MH (#+# Lset(7),f(x),9(x),h(z),9'(x))]
(proof)

9.4 Lemmas for Instantiating the Locale M _satisfies

9.4.1 The Member Case

lemma Member Reflects:
REFLECTS[Au. 3v[L]. v € B A (Fbo[L]. Inz[L]. I ny[L].
v € IstA A is_nth(L,z,v,nz) A is_nth(L,y,v,ny) A
is_bool_of o(L, nz € ny, bo) A pair(L,v,bo,u)),
A u. v € Lset(i). v € B A (Fbo € Lset(i). Inz € Lset(i). Iny € Lset (7).
v € IstA N is_nth(##Lset(i), z, v, nx) A
is_nth(##Lset(i), y, v, ny) A
is_bool__of _o(##Lset(i), nx € ny, bo) N pair(##Lset(i), v, bo, u))]
(proof)

lemma Member replacement:
[|L(A); z € nat; y € nat|]
==> strong__replacement
(L, Xenv z. Fbo[L]. Inz[L]. Iny[L)].
env € list(A) & is_nth(L,x,env,nz) & is_nth(L,y,env,ny) &
is_bool_of o(L, nz € ny, bo) &
pair(L, env, bo, z))
(proof )

9.4.2 The Equal Case

lemma FEqual Reflects:
REFLECTS[Au. 3v[L]. v € B A (3bo[L]. Inz[L]. I ny[L].
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v € IstA A is_nth(L, z, v, nz) A is_nth(L, y, v, ny) A
is_bool_of o(L, nz = ny, bo) A pair(L, v, bo, u)),
A u. v € Lset(i). v € B A (Fbo € Lset(i). Inz € Lset(i). Any € Lset (7).
v € IstA A is_nth(##Lset(i), z, v, nx) A
is_nth(##Lset(i), y, v, ny) A
is_bool_of o(#+4Lset(i), nx = ny, bo) A pair(#4#Lset(i), v, bo, u))]
(proof)

lemma FEqual replacement:
[|[L(A); z € nat; y € nat|]
==> strong_replacement
(L, Xenv z. Fbo[L]. Inz[L]. Iny[L].
env € list(A) & is_nth(L,z,env,nz) & is_nth(L,y,env,ny) &
is_bool_of o(L, nz = ny, bo) &
pair(L, env, bo, z))
(proof)

9.4.3 The Nand Case

lemma Nand__ Reflects:
REFLECTS [\z. 3u[L]. u € B A
(3 rpe[L]. Irge[L]. Fandpq[L]. I notpq[L].
fun__apply(L, rp, u, rpe) A fun__apply(L, rq, u, rge) A
is_and(L, rpe, rqe, andpq) A is_not(L, andpq, notpq) A
u € list(A) A pair(L, u, notpg, x)),
Miz. Ju € Lset(i). u € B A
(I rpe € Lset(i). Arge € Lset(i). andpg € Lset(i). Inotpg € Lset().
fun_apply(#+# Lset(4), rp, u, rpe) A fun_apply(#+f Lset(i), rq, u, rge) A
is_and(##Lset(i), rpe, rge, andpq) A is_not(## Lset(i), andpq, notpq) A
u € list(A) A pair(##Lset(i), u, notpq, x))]
{proof)

lemma Nand_replacement:
[|1L(A); L(rp); L(rq)l]
==> strong_replacement
(L, Xenv z. Frpe[L]. Frqe[L]. I andpg[L]. I notpg|L).
fun__apply(L,rp,env,rpe) & fun__apply(L,rq,env,rqe) &
is_and(L,rpe,rqe,andpq) & is_not(L,andpg,notpq) &
env € list(A) & pair(L, env, notpq, z))
(proof)

9.4.4 The Forall Case

lemma Forall Reflects:
REFLECTS [Az. Ju[L]. w € B A (Fbo[L]. u € list(A) A
is_bool_of o (L,
Y a[L]. ¥V co[L]. VrpeolL]. a € A —
is_Cons(L,a,u,co) — fun__apply(L,rp,co,rpco) —
number1(L,rpco),
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bo) A pair(L,u,bo,z)),
Aiz. Ju € Lset(i). w € B A (Fbo € Lset(i). u € list(A) A
is_bool _of o (#+#Lset(i),

Va € Lset(i). Vco € Lset(i). Vrpco € Lset(i). a € A —

is_Cons(## Lset(i),a,u,co) — fun__apply(## Lset(i),rp,co,rpco) —

numberl(#+# Lset(i),rpco),

bo) A pair(#4 Lset(i),u,bo,z))]

(proof)

lemma Forall replacement:
[IL(A); L(rp)]]
==> strong_replacement
(L, Aenv z. Fbo[L].
env € list(A) &
is_bool_of o (L,
Y a[L]. ¥ co[L]. V rpco[ L].
a€A — is_Cons(L,a,env,co) —
fun__apply(L,rp,co,rpco) — numberl(L, rpco),
bo) &
pair(L,env,bo,z))
(proof )

9.4.5 The transrec_replacement Case

lemma formula_rec_replacement_Reflects:
REFLECTS [Az. Ju[L]. w € B A (Jy[L). pair(L, u, y, ) A
is_wfrec (L, satisfies MH(L,A), mesa, u, y)),
Xiz. Ju € Lset(i). uw € B A (3y € Lset(i). pair(##Lset(i), u, y, ) A
is_wfrec (#4 Lset(), satisfies  MH (## Lset(i),A), mesa, u, y))]
(proof)

lemma formula_rec_replacement:
— For the transrec
[In € nat; L(A)|] ==> transrec_replacement(L, satisfies MH(L,A), n)

(proof)

9.4.6 The Lambda Replacement Case

lemma formula_ rec_lambda__replacement__Reflects:
REFLECTS [Mz. Ju[Ll]. u € B &
mem,__formula(L,u) &
(FclL].
is__formula__case
(L, satisfies_is_a(L,A), satisfies_is b(L,A),
satisfies_is_c(L,A,q), satisfies_is_d(L,A,q),
u, ¢) &
pair(Lyu,c,z)),
Aiz. Ju € Lset(i). u € B & mem__formula(#+# Lset(i),u) &
(3¢ € Lset(i).
is_formula__case
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(## Lset (i), satisfies _is_a(## Lset(i),A), satisfies _is_b(##Lset(i),A),
satisfies_is_c(##Lset(i),A,q), satisfies_is_d(#F# Lset(i),A,q),
u, ¢) &
pair(#+# Lset(i),u,c,z))]
(proof)

lemma formula_rec_lambda__replacement:
— For the transrec
[1L(g); L(A)|] ==>
strong__replacement (L,
Az y. mem__formula(L,x) &

(3 ¢[L). is_formula_case(L, satisfies_is_a(L,A),
satisfies_is_b(L,A),
satisfies_is_c(L,A,qg),
satisfies_is_d(L,A,g), z, ¢) &

pair(L, z, ¢, y)))

(proof)

9.5 Instantiating M satisfies

lemma M _satisfies _axioms_L: M_satisfies _azxioms(L)
(proof)

theorem M _satisfies L: M__satisfies(L)
(proof )

Finally: the point of the whole theory!
lemmas satisfies _closed = M__satisfies.satisfies__closed [OF M__satisfies L)
and satisfies_abs = M__satisfies.satisfies_abs [OF M__satisfies_ L]

end

10 Absoluteness for the Definable Powerset Func-
tion

theory DPow_absolute imports Satisfies _absolute begin

10.1 Preliminary Internalizations

10.1.1 The Operator is_formula_ rec

The three arguments of p are always 2, 1, 0. It is buried within 11 quanti-
fiers!!

definition
formula__rec_fm :: [i, i, i|=>i where
formula__rec_ fm(mh,p,z) ==
Exists( Exists( Exists(
And(finite__ordinal__fm(2),
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And(depth_fm(p#+3,2),
And(succ_fm(2,1),
And(fun__apply _fm(0,p#+ 3,24+ 3), is_transrec_fm(mh,1,0))))))))

lemma is_formula_rec_type [TC]:

[| p € formula; x € nat; z € nat ||

==> formula_rec_fm(p,x,z) € formula
(proof)

lemma sats formula_rec_ fm:
assumes MH _iff sats:
a0 al a2 a8 a4 a5 a6 a7 a8 a9 al0.
[la0€A; al€A; a2€A; a3€A; a4€A; a5€A; ab6EA; aTEA; a8€A; a9€A;

alOc Al
==> MH(a2, al, a0) +—
sats(A, p, Cons(a0,Cons(al,Cons(a2,Cons(a3,
Cons(a4,Cons(ad,Cons(ab,Cons(a’,
Cons(a8,Cons(a9,Cons(al0,env))))))))))))
shows

[|z € nat; z € nat; env € list(A)]]
==> sats(A, formula_rec_fm(p,z,z), env) «—
is_formula_rec(## A, MH, nth(z,env), nth(z,env))
(proof)

lemma formula_rec_iff sats:
assumes MH _iff sats:
a0 al a2 a8 a4 ab a6 a7 a8 a9 al0.
[la0€A; al€A; a2€A; a3€A; a4€A; a5€A; abEA; aTEA; a8€A; a9€A;

alOeAl|
==> MH(a2, al, a0) <—
sats(A, p, Cons(a0,Cons(al,Cons(a2,Cons(as,
Cons(a4,Cons(ad,Cons(ab,Cons(a’,
Cons(a8,Cons(a9,Cons(al0,env))))))))))))
shows

[|nth(i,env) = z; nth(k,env) = z;
i € nat; k € nat; env € list(A)]
==> is_formula_rec(##A, MH, z, z) +— sats(A, formula_rec_fm(p,ik),
env)
(proof)

theorem formula_rec_reflection:
assumes MH _reflection:
" f g h. REFLECTS[Ax. MH(L, f( ), f(x), g(z), h(z)),
X . MH(#4Lset(3), f/(z), £(z), 9(x), h(2)))
shows REFLECTS[Az. is_formula_rec(L, MH(L,z), f(z), h(z)),
At . is_formula__rec(#4# Lset(1), MH(##Lset( ),2), f(z), h(z))]
(proof)
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10.1.2 The Operator is_satisfies

definition
satisfies_fm :: [i,i,i]J=>i where
satisfies_fm(z) == formula_rec_fm (satisfies_MH_fm(z#+5#+6, 2, 1, 0))

lemma is_satisfies type [TC]:
[| z € nat; y € nat; z € nat || ==> satisfies_fm(x,y,2) € formula
(proof)

lemma sats_satisfies_fm [simp]:
[| z € nat; y € nat; z € nat; env € list(A4)|]
==> sals(A, satisfies_fm(z,y,z), env) +—
is_satisfies(## A, nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma satisfies iff sats:
[| nth(i,env) = z; nth(j,env) = y; nth(k,env) = z;
i € nat; j € nat; k € nat; env € list(A)|]
==> is_satisfies(##A, x, y, z) < sats(A, satisfies_fm(i,j.k), env)
(proof)

theorem satisfies refiection:
REFLECTS[Az. is_satisfies(L,f(x),9(z),h(x)),
i z. is_satisfies(## Lset(i),f(z),9(x),h(x))]
(proof)

10.2 Relativization of the Operator DPow’

lemma DPow’ eq:
DPow'(A) = {z . ep € list(A) * formula,
Jenv € list(A). Ip € formula.
ep = <env,p> & z = {z€A. sats(A, p, Cons(z,env))}}

(proof)

Relativize the use of AA p env. sats(A, p, env) within DPow’ (the compre-
hension).

definition
is_DPow__sats :: [i=>o0,i,i,i,i] => o where
is_DPow_sats(M,A,env,p,z) ==
Vni[M]. ¥V e[M]. ¥ sp[M].
is_satisfies(M,A,p,sp) — is_Cons(M,z,env,e) —
fun_apply(M, sp, e, nl) — number1(M, nl)

lemma (in M_ satisfies) DPow__sats__abs:

[| M(A); env € list(A); p € formula; M(z) |]

==> 4s_DPow_sats(M,A,env,p,x) +— sats(A, p, Cons(z,env))
(proof)

lemma (in M_ satisfies) Collect DPow_sals_abs:
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[| M(A); env € list(A); p € formula |]
==> Collect(A, is_DPow_sats(M,A,env,p)) =
{z € A. sats(A, p, Cons(z,env))}
(proof)

10.2.1 The Operator is DPow _sats, Internalized

definition
DPow__sats_fm :: [4,i,i,i]=>i where
DPow__sats_fm(A,env,p,x) ==
Forall(Forall( Forall(
Implies(satisfies _fm(A#+3,p#+3,0),
Implies(Cons_fm(z#+3,env#+3,1),
Implies(fun__apply_fm(0,1,2), number1_fm(2)))))))

lemma is_DPow__sats_type [TC]:
[| A € nat; © € nat; y € nat; z € nat ||
==> DPow_sats_fm(A,x,y,z) € formula
(proof)

lemma sats_DPow__sats_fm [simp]:
[| v € nat; x € nat; y € nat; z € nat; env € list(A)|]
==> sats(A, DPow_sats_fm(u,z,y,2), env) <—
is_DPow__sats(##A, nth(u,env), nth(z,env), nth(y,env), nth(z,env))
(proof)

lemma DPow _sats_iff sats:
[| nth(u,env) = nu; nth(z,env) = nx; nth(y,env) = ny; nth(z,env) = nz;
u € nat; x € nat; y € nat; z € nat; env € list(A)]]
==> is_DPow_sats(##A,nu,nz,ny,nz) +—
sats(A, DPow__sats_fm(u,z,y,2), env)
(proof)

theorem DPow sats reflection:
REFLECTS|Az. is_DPow_sats(L,f(z),9(x),h(
i . is_DPow__sats(#+# Lset(7),f(x),g
(proof)

10.3 A Locale for Relativizing the Operator DPow’

locale M__DPow = M__satisfies +
assumes sep:
[| M(A); env € list(A); p € formula |]
==> separation(M, Az. is_DPow_sats(M,A,env,p,x))
and rep:
M(A)
==> strong_replacement (M,
Aep z. Fenv[M]. I p[M]. mem_ formula(M,p) & mem_ list(M,A,env) &
pair(M,env,p,ep) &
is_Collect(M, A, Ax. is_DPow_sats(M,A,env,p,z), 2))

93



lemma (in M_DPow) sep”

[| M(A); env € list(A); p € formula ||

==> separation(M, \z. sats(A, p, Cons(z,env)))
(proof)

lemma (in M__DPow) rep”
M(A)
==> strong_replacement (M,
Aep z. Fenvelist(A). I peformula.
ep = <enu,p> & z = {z € A . sats(4, p, Cons(z, env))})
(proof)

lemma univalent_pair_eq:
ungvalent (M, A, Ay z. Jz€B. JyeC. zy = (z,y) N z = f(z,y))
(proof)

lemma (in M_DPow) DPow’_closed: M(A) ==> M(DPow'(4))
(proof)

Relativization of the Operator DPow’

definition
is_DPow' :: [i=>0,i,i] => o where
is_DPow'(M,A,Z) ==
VX[M]. X € Z
subset(M,X,A) &
(3 env[M]. Ip[M]. mem__formula(M,p) & mem__list(M,A,env) &
is_Collect(M, A, is_DPow_sats(M,A,env,p), X))

lemma (in M__DPow) DPow’_abs:
(|M(A); M(Z)|]| ==> is_DPow'(M,A,Z) +— Z = DPow’(A)
(proof)

10.4 Instantiating the Locale M DPow
10.4.1 The Instance of Separation

lemma DPow _separation:

[| L(A); env € list(A); p € formula |]

==> separation(L, A\z. is_DPow_sats(L,A,env,p,))
(proof)

10.4.2 The Instance of Replacement

lemma DPow _replacement_ Reflects:
REFLECTS [M\z. 3u[l]. u € B &
(3 env[L]. I p[L].
mem,__formula(L,p) & mem_ list(L,A,env) & pair(L,env,p,u) &
is_Collect (L, A, is_DPow_sats(L,A,env,p), z)),
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Xiz. Ju € Lset(i). u € B &
(3 env € Lset(i). Ip € Lset(q).
mem,__formula(## Lset(i),p) & mem_ list(#4# Lset(i),A,env) &
pair(#+4 Lset(i),env,p,u) &
is_Collect (##Lset(i), A, is_DPow_sats(#4# Lset(i),A,env,p), z))]
(proof )

lemma DPow _replacement:
L(A)
==> strong_replacement (L,
Aep z. Fenv[L]. Ip[L]. mem__formula(L,p) & mem__list(L,A,env) &
pair(L,env,p,ep) &
is_Collect(L, A, Ax. is_DPow_sats(L,A,env,p,x), z))
(proof)

10.4.3 Actually Instantiating the Locale

lemma M _DPow_azioms_L: M_DPow_axioms(L)
(proof)

theorem M__DPow_L: M_DPow(L)
(proof)

lemmas DPow’_closed [intro, simp] = M__DPow.DPow’__closed [OF M_DPow__L|
and DPow’_abs [intro, simp] = M_DPow.DPow’_abs [OF M__DPow_L)

10.4.4 The Operator is_Collect

The formula is P has one free variable, 0, and it is enclosed within a single
quantifier.

definition
Collect_fm :: [i, i, i|=>i where
Collect_fm(A,is_P,z) ==
Forall(Iff (Member(0,succ(z)),
And(Member(0,succ(A)), is_P)))

lemma is_ Collect__type [TC]:
[| is_P € formula; © € nat; y € nat |]
==> Collect_fm(z,is_P,y) € formula
(proof)

lemma sats Collect fm:
assumes is_P_iff sats:
Na. a € A ==> is_P(a) <— sats(A, p, Cons(a, env))
shows
[lz € nat; y € nat; env € list(A)]]
==> sats(A, Collect_fm(z,p,y), env) +—
is_ Collect(##A, nth(xz,env), is_ P, nth(y,env))
(proof)
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lemma Collect iff sats:
assumes is_P_iff sats:
Na. a € A ==> is_P(a) +— sats(A, p, Cons(a, env))
shows
[| nth(i,env) = z; nth(j,env) = y;
i € nat; j € nat; env € list(A)|]
==> is_Collect(##A, z, is_P, y) «— sats(A4, Collect_fm(i,p,j), env)
(proof)

The second argument of is P gives it direct access to z, which is essential
for handling free variable references.

theorem Collect reflection:
assumes is_P_reflection:
"h fg. REFLECTS[\z. is_P(L, f(z), g9(x)),
i x. is_ P(#+4Lset(7), f(x), g(z))]
shows REFLECTS[Az. is_Collect(L, f(z), is_P(L,z), g(x)),
i z. is_ Collect(#4# Lset (i), f(x), is_P(##Lset(i), z), g(x))]
(proof)

10.4.5 The Operator is_Replace

BEWARE! The formula is P has free variables 0, 1 and not the usual 1, 0!
It is enclosed within two quantifiers.

definition
Replace__fm :: [i, i, i|=>% where
Replace_fm(A,is_P,z) ==
Forall(Iff (Member(0,succ(z)),
Ezists(And(Member(0,A#+2), is_P))))

lemma is_Replace_type [TC]:
[| is_P € formula; © € nat; y € nat ||
==> Replace_ fm(x,is_P,y) € formula
(proof)

lemma sats Replace fm:
assumes is_P_iff sats:
Na b. [la € 4; b e Al
==>is_P(a,b) +— sats(A, p, Cons(a,Cons(b,env)))
shows
[|z € nat; y € nat; env € list(A)]]
==> sats(A, Replace_fm(z,p,y), env) +—
is_Replace(## A, nth(z,env), is_ P, nth(y,env))
(proof)

lemma Replace_iff sats:
assumes is_P_iff sats:
Na b. [la € 4; b e Al

96



==>is_P(a,b) +— sats(A, p, Cons(a,Cons(b,env)))
shows
[| nth(i,env) = x; nth(j,env) = y;
i € nat; j € nat; env € list(A)]]
=> is_Replace(##A, x, is_P, y) <— sats(A, Replace_fm(i,p,j), env)
(proof)

The second argument of is P gives it direct access to x, which is essential
for handling free variable references.

theorem Replace reflection:
assumes is_P_reflection:
"h fg. REFLECTS[Az. is_P(L, f(z), g(x), h(x)),
Ni 3. is_ P(##Lsei(i), f(x), 9(z), h(z))
shows REFLECTS|[Az. is_Replace(L, f(z), is_P(L,z), g(x)),
i z. is__Replace(## Lset(i), f(x), is P(##Lset() z), g(z))]
(proof)

10.4.6 The Operator is DPow’, Internalized

definition
DPow’_fm :: [i,z]:>z where
DPow'_fm(A,Z) =

Forall(

Iff (Member(0,succ(Z)),
And(subset_fm(0,succ(A)),
Exists(Exists(

And(mem__formula__fm(0),
And(mem__list_fm(A#+3,1),
Collect_fm(A#+3,
DPow_sats fm(A#+4, 2, 1, 0), 2))))))))

lemma is_DPow’_type [TC]:
[| z € nat; y € nat || ==> DPow’_fm(z,y) € formula
(proof )

lemma sats_DPow’_fm [simp]:
[| z € nat; y € nat; env € list(A)]]
==> sats(A, DPow’_fm(z,y), env) +—
is_DPow'(#+#A, nth(z,env), nth(y,env))
(proof)

lemma DPow’ iff sats:
[| nth(i,env) = x; nth(j,env) = y;
i € nat; j € nat; env € list(A)|]
==>is_DPow'(##A, z, y) «— sats(A, DPow’_fm(i,j), env)
(proof)

theorem DPow’_reflection:
REFLECTS[Mz. is_DPow'(L,f(x),9(x)),
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Ai x. is_DPow'(## Lset(i),f(x),g(x))]
{(proof)

10.5 A Locale for Relativizing the Operator Lset

definition
transrec__body :: [i=>0,i,i,i,i] => o where
transrec__body(M ,g,z) ==
Ay z. JgyM]. y € z & fun__apply(M,g,y,9y) & is_DPow'(M,gy,z)

lemma (in M__DPow) transrec__body__abs:

[[M(z); M(g); M(2)[]

==> transrec_body(M,g,z,y,2) +— y € © & z = DPow'(g‘y)
(proof)

locale M Lset = M__DPow +
assumes strong_rep:
(|M(z); M(g)|]] ==> strong_replacement(M, \y z. transrec_body(M,g,z,y,2))
and transrec_rep:
M(i) ==> transrec_replacement(M, Az f u.
3r[M]. is_Replace(M, z, transrec_body(M.f,x), r) &
big_union(M, r, u), ©)

lemma (in M_ Lset) strong_rep”:

([ M(z); M(g)l]
==> strong_replacement(M, \y z. y € z & z = DPow'(g‘y))

(proof)

lemma (in M Lset) DPow__apply closed:
[[M(f); M(z); yez|] ==> M(DPow'(f'y))
(proof)

lemma (in M_ Lset) RepFun_DPow_apply_closed:
(1M (f); M(z)|]] ==> M({DPow'(fy). yex})
(proof)

lemma (in M_ Lset) RepFun_ DPow_abs:
[[M(z); M(f); M(r) ]
==> is_Replace(M, xz, Ay z. transrec_body(M f,x,y,z), r) +—
r = {DPow'(f*). yez}
(proof)

lemma (in M_Lset) transrec_rep”:
M(i) ==> transrec_replacement(M, Az fu. v = ({Jy€z. DPow'(f ‘ y)), i)
(proof)

Relativization of the Operator Lset

definition

98



is_Lset :: [i=>o0, 1, i| => o where
— We can use the term language below because is_Lset will not have to be
internalized: it isn’t used in any instance of separation.
is_Lset(M,a,z) == is_transrec(M, %z f u. uw = ((Jyez. DPow'(fy)), a, 2)

lemma (in M_ Lset) Lset_abs:
[|0rd(i); M(i); M(2)]]
==> is Lset(M,i,z) «— z = Lset(%)
(proof)

lemma (in M Lset) Lset_ closed:
[|Ord(7); M(i)|] ==> M(Lset(i))
(proof)

10.6 Instantiating the Locale M Lset
10.6.1 The First Instance of Replacement

lemma strong rep_ Reflects:
REFLECTS [Au. 3v[L]. ve B & (3gy[L].
v € z & fun_apply(L,g,v,9y) & is_DPow’(L,gy,u)),
Xiu. Jv € Lset(i). v € B & (Fgy € Lset(i).
v € z & fun__apply(## Lset(i),g,v,9y) & is_DPow'(#4 Lset(i),gy,u))]
(proof)

lemma strong_rep:
[|L(z); L(g)|] ==> strong_replacement(L, Ay z. transrec_body(L,q,2,y,z))
(proof)

10.6.2 The Second Instance of Replacement

lemma transrec_rep Reflects:
REFLECTS [\a. 3v[L]. v € B &
(Fy[L]. pair(L,v,y,z) &
is_wfrec (L, Az fu. Ir[L].
is_Replace (L, z, My z.
gylL]. y € z & fun_apply(L.f,y,9y) &
is_DPow'(L,gy,z), ) & big_union(L,r,u), mr, v, y)),
Mz Jv € Lset(i). ve B&
(y € Lset(i). pair(#4#Lset(i),v,y,z) &
is_wfrec (#4Lset(i), Az fu. Ir € Lset(7).
is_Replace (#+4 Lset(i), z, Ay z.

Jgy € Lset(i). y € z & fun__apply(## Lset(i),f,y,9y) &
is_DPow’(##Lset(i),9y,2), r) &
big_union(##Lset(i),r,u), mr, v, y))]

(proof)

lemma transrec_rep:

[ILG)]
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==> transrec_replacement(L, Az f u.
3r[L]. is_Replace(L, z, transrec_body(L,f,x), r) &
big_union(L, r, u), j)
(proof )

10.6.3 Actually Instantiating M Lset

lemma M _Lset axioms_L: M_Lset axioms(L)
(proof )

theorem M Lset L: M Lset(L)
(proof)

Finally: the point of the whole theory!

lemmas Lset closed = M__Lset.Lset_closed [OF M__Lset L]
and Lset_abs = M__Lset.Lset_abs [OF M__Lset_ L]

10.7 The Notion of Constructible Set

definition
constructible :: [i=>o0,i] => o where
constructible(M,z) ==
J4[M]. 3 Li[M]. ordinal(M,i) & is_Lset(M,i,Li) & x € Li

theorem V_equals L in_L:
L(x) +— constructible(L,z)

(proof)

end

11 Automatic synthesis of formulas

theory Synthetic_ Definition

imports
Utils

keywords
synthesize :: thy_decl % ML
and
synthesize__notc :: thy_decl % ML
and
generate__schematic :: thy_decl % ML
and
arity_theorem :: thy decl % ML
and
manual__schematic :: thy goal stmt % ML
and
manual__arity :: thy_goal stmt % ML
and
from__schematic

100



and

for

and
from__definition
and

assuming

and
intermediate

begin

named__theorems fm_ definitions Definitions of synthetized formulas.
named__theorems iff sats Theorems for synthetising formulas.
named__theorems arity Theorems for arity of formulas.
named__theorems arity aux Auxiliary theorems for calculating arities.
(ML)

The synthetic_def function extracts definitions from schematic goals. A
new definition is added to the context.

end

12 Aids to internalize formulas

theory Internalizations
imports
DPow __absolute
Synthetic_ Definition
Nat_ Miscellanea
begin

hide__const (open) Order.pred

definition
infinity_ax 2 (i = 0) = o where
infinity_ax(M) =
(FIM]. (32[M]. empty(M,z) N zel) A (Yy[M]. yeI — (3 sy[M]. succes-
sor(M,y,sy) A syel)))

definition
wellfounded__trancl :: [i=>0,i,i,i] => o where
wellfounded__trancl(M,Z,r,p) =
Jw[M]. Jwz[M]. Irp[M].
w € Z & pair(M,w,p,wx) & tran__closure(M,r,rp) & wz € 1p

lemma empty_intf :
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infinity_ax(M) =
(3z[M]. empty(M,2))
{proof)

lemma Transset_intf :
Transset(M) = yex =z € M = ye M
(proof)

definition
choice__az :: (i=0) = o where
choice__ax(M) = ¥V z[M]. a[M]. If[M]. ordinal(M,a) A surjection(M,a,z,f)

lemma (in M_ basic) choice _ax_abs :
choice_ax(M) +— (Vz[M]. Fa[M]. 3f[M]. Ord(a) A f € surj(a,z))
(proof )

Setting up notation for internalized formulas

abbreviation

dec10 :: i (<10)) where 10 = succ(9)
abbreviation

decll :: i («11>) where 11 = succ(10)
abbreviation

dec12 i (<12)) where 12 = succ(11)
abbreviation

dec18 i (<1%) where 13 = succ(12)
abbreviation

decl) ::i («14») where 1/ = succ(13)
abbreviation

decl5 :: i («15)) where 15 = succ(14)
abbreviation

decl6 :: i (<16>) where 16 = succ(15)
abbreviation

decl7 i («17>) where 17 = succ(16)
abbreviation

dec18 i (<18) where 18 = succ(17)
abbreviation

dec19 i (<19) where 19 = succ(18)
abbreviation

dec20 i (<20)) where 20 = succ(19)
abbreviation

dec21 :: i («21y) where 21 = succ(20)
abbreviation

dec22 i («22)) where 22 = succ(21)
abbreviation

dec23 i («23)) where 23 = succ(22)
abbreviation

dec24 i (<24) where 24 = succ(23)
abbreviation

dec25 i («25)) where 25 = succ(24)
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abbreviation

dec26 :: i (<26>) where 26 = succ(25)
abbreviation

dec27 i («27)) where 27 = succ(26)
abbreviation

dec28 i (<28)) where 28 = succ(27)
abbreviation

dec29 i (<29) where 29 = succ(28)

notation Member («-__ €/ _ )
notation Equal (- =/ _-)
notation Nand («-—='(_ A/ "))
notation And («_ N/ _»)
notation Or («-__ V/ _ )
notation Iff (< </ )
notation Implies (¢ —/ _ )
notation Neg (¢-—_ )
notation Forall (<'(:¥(/_)-")»)
notation Ezists (<'(-3(/_)-"))

notation subset_fm («-_ C/ _)
notation succ_fm (¢-succ’(_") is _-»)
notation empty_fm («-__ is empty-»)
notation fun_apply fm («-_‘ is _ )
notation big_union_fm (¢\J__ is _-»)
notation upair_fm («{_,_} is _ )
notation ordinal _fm («-__ is ordinal-»)

>
>

notation pair_fm (¢(_, ) is_ )
notation composition_fm (<-_ o __is _ )
notation domain_fm (<-dom'(_") is _ )
notation range_fm (<-ran'(_") is _ )
notation union_fm («__ U _is_ )
notation image_fm («-__ “__is_ )
notation pre_image fm (¢_ -*
notation field fm («fld'(_") is _ )

notation cons_fm (<-cons’(_, ") is _ )
notation numberl fm («-__is the number one-)
notation function_fm («-__ is funct-y)

notation relation_fm («-__ is relat-)

notation restriction_fm («_ | _ is_ )
notation transset_fm («-__ is transitive:)
notation limit_ordinal _fm («__ is limit-)
notation finite_ordinal_fm («-__ is finite ord-»)
notation omega_ fm (<-__ is w)

notation cartprod_fm (¢_ X __is _+)
notation Memrel fm (<-Memrel'(_") is __+»)
notation quasinat_fm («__ is qnat-»)
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notation Inl_fm («-Inl'(__") is _ )
notation Inr_fm («-Inr’(_") is _ )
notation pred_set fm («-__-predecessors of __ are _-»)

abbreviation
fm_typedfun :: [i,i,d) = ¢ (< : _ — _-) where
fm_typedfun(f,A,B) = typed_function_fm(A,B,f)

abbreviation
fm__surjection :: [i,i,i] = ¢ («-__ surjects _ to _-») where
fm__surjection(f,A,B) = surjection_fm(A,B,f)

abbreviation
fm__injection :: [i,i,i] = i («-_ injects _ to _-») where
fm_injection(f,A,B) = injection_ fm(A,B,f)

abbreviation
fm__bijection :: [i,i,i] = i (<-__ bijects _ to _-») where
fm_bijection(f,A,B) = bijection_fm(A,B,f)

We found it useful to have slightly different versions of some results in ZF-
Constructible:

lemma nth closed :
assumes envelist(4) 0€A
shows nth(n,env)€A

{proof)

lemma conj_setclass_model iff sats [iff _sats]:

[| 0 € A; nth(i,env) = z; env € list(A);

P +— sats(A,p,env); env € list(A) |]

==> (P N (##A)(z)) <— sats(A, p, env)
[| 0 € A; nth(i,env) = z; env € list(A);

P «— sats(A,p,env); env € list(A) |]

==> ((##4)(z) A P) «— sats(4, p, env)
(proof )

lemma conj _mem__model iff sats [iff _sats]:
[| 0 € A; nth(i,env) = z; env € list(A);
P +— sats(A,p,env); env € list(A) |]
==> (P Az € A) +— sats(A, p, env)
[| 0 € A; nth(i,env) = z; env € list(A);
P «— sats(A,p,env); env € list(A) |]
==> (z € A A P) < sats(4, p, env)
(proof)
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lemma mem__model_iff sats [iff _sats]:
[| 0 € A; nth(i,env) = x; env € list(A)[]
==> (z€A) <— sats(A, Ezists(Equal(0,0)), env)

{proof)

lemma subset_iff sats[iff _sats]:
nth(i, env) = © = nth(j, env) = y = i€nat = jenat =
env € list(A) = subset(##A, z, y) <— sats(A, subset_fm(i, j), env)

{proof)

lemma not_mem_model _iff _sats [iff _sats]:
[| 0 € A; nth(i,env) = x; env € list(A)[]
==> (VY 2.z ¢ A) < sats(A, Neg(Ezxists(Equal(0,0))), env)

{proof)

lemma top_iff _sats [iff _sats]:
env € list(A) = 0 € A = sats(A, Erists(Equal(0,0)), env)

{proof)

lemma prefizl__iff sats[iff _sats]:

assumes
z € nat env € list(A) 0 € Aa€ A

shows
a = nth(z,env) <— sats(A4, Equal(0,2+,1), Cons(a,env))
nth(z,env) = a «— sats(A4, Equal(z+,1,0), Cons(a,env))
a € nth(z,env) +— sats(A, Member(0,2+,1), Cons(a,env))
nth(z,env) € a +— sats(A, Member(z+,1,0), Cons(a,env))

{proof)

lemma prefiz2_iff _sats[iff _sats|:

assumes
z € nat env € list(A) 0 e Aac Abe A

shows
b = nth(z,env) <— sats(A, Equal(1,2+,2), Cons(a,Cons(b,env)))
nth(z,env) = b <— sats(A, Fqual(z+,2,1), Cons(a,Cons(b,env)))
b € nth(z,env) «— sats(A, Member(1,2+,2), Cons(a,Cons(b,env)))
nth(z,env) € b +— sats(A, Member(z+,2,1), Cons(a,Cons(b,env)))

{proof)

lemma prefiz3_iff _sats[iff _sats|:
assumes
z € nat env € list(A) 0 e Aae Abe Ace A
shows
¢ = nth(z,env) <— sats(A, Equal(2,2+,3), Cons(a,Cons(b,Cons(c,env))))
nth(z,env) = ¢ <— sats(A, Equal(z+,3,2), Cons(a,Cons(b,Cons(c,env))))
¢ € nth(z,env) «— sats(A, Member(2,z+,3), Cons(a,Cons(b,Cons(c,env))))
nth(z,env) € ¢ «— sats(A, Member(z+,,3,2), Cons(a,Cons(b,Cons(c,env))))

(proof)
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lemmas FOL_ sats iff = sats_Nand__iff sats_Forall_iff sats_Neq_ iff sats _And__iff
sats _Or__iff sats Implies iff sats Iff iff sats Fxists iff

lemma nth_Consl: [nth(n,l) = z; n € nat] = nth(succ(n), Cons(a,l)) = =

(proof )

lemmas nth_rules = nth_ 0 nth__Consl nat_0I nat_succl

lemmas sep rules = nth__0 nth__Consl FOL__iff sats function_iff sats
fun__plus_iff sats successor iff sats
omega,__iff _sats FOL__sats iff Replace iff sats

Also a different compilation of lemmas (termsep_rules) used in formula
synthesis

lemmas fm_ defs =

omega__fm__def limit_ordinal_fm_ def empty_fm_ def typed function_fm_ def
pair_fm__def upair_fm__def domain__fm__def function_fm__ def succ_fm_ def
cons_fm__def fun__apply_fm__defimage_fm__def big _union_fm__ def union_ fm_ def
relation__fm__def composition__fm__def field_fm__def ordinal _fm__ def range_ fm__def
transset__fm__def subset_fm_ def Replace_ fm__def

lemmas formulas def [fm_ definitions] = fm__defs
is_iterates_fm,_ def iterates MH fm_ def is_wfrec_fm_ def is_recfun_fm__def
is__transrec_fm,__ def
is_nat_case_fm_ def quasinat_fm__def numberl_fm_ def ordinal_fm__ def finite_ordinal_fm__def
cartprod__fm__def sum__fm__def Inr_fm_ def Inl_fm_ def
formula__functor_fm__ def
Memrel _fm__def transset_fm_ def subset fm__def pre image fm_ def restric-
tion__fm__def
list_functor_fm_ def tI_fm_ def quasilist__fm__def Cons_fm_ def Nil_fm_ def

lemmas sep_ rules’ [iff _sats] = nth_0nth_ConsI FOL_iff sats function_iff _sats
fun__plus_iff sats omega_iff sats

lemmas more_iff _sats [iff _sats] = rtran__closure_iff _sats tran__closure_iff _sats
is_eclose_iff sats Inl_iff sats Inr_iff _sats fun__apply_iff sats cartprod_iff sats
Collect_iff sats

end

13 The binder Least

theory Least
imports
Internalizations

begin

We have some basic results on the least ordinal satisfying a predicate.
lemma Least_Ord: (n a. R(a)) = (g a. Ord(a) A R(«))
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{proof)

lemma Ord_Least_cong:
assumes Ay. Ord(y) = R(y) +— Q(y)
shows (u a. R(a)) = (p a. Q(«)

(proof )

definition
least :: [i=0,i=>0,i] = o where
least(M,Q,i) = ordinal(M,i) A (
(empty(M,i) A (VY b[M]. ordinal(M,b) — —=Q(D)))
V (Q(i) A (VB[M]. ordinal(M,b) A bei— —Q(D))))

definition
least_fm :: [i,i] = i where
least_fm(q,i) = And(ordinal_fm(%),
Or(And(empty__fm(i),Forall(Implies(ordinal__fm(0),Neg(q)))),
And(Ezists(And(q,Equal(0,succ(?)))),
Forall(Implies(And(ordinal_fm(0),Member(0,succ(7))),Neg(q))))))

lemma least_fm__type[TC] :i € nat = q<€formula = least_fm(q,i) € formula

{proof)

lemmas basic_fm__simps = sats_subset_fm’' sats_transset_fm’ sats_ordinal_fm’

lemma sats least fm :

assumes p_iff sats:

Na. a € A = P(a) «— sats(A, p, Cons(a, env))
shows

[y € nat; env € list(A) ; 0€A]

= sats(A, least_fm(p,y), env) +—

least(##A, P, nth(y,env))

(proof)

lemma least_iff sats [iff _sats]:
assumes is_Q_iff sats:
Na. a € A = is_Q(a) +— sats(A, q, Cons(a,env))
shows
[nth(j,env) = y; j € nat; env € list(A); 0€A]
= least(#H#A, is_Q, y) <— sats(A, least_fm(q,j), env)
(proof )

lemma least__conj: a€ M = least(##M, Ax. t€M A Q(x),a) +— least(##M,Q,a)
(proof)

context M _trivial
begin

107



13.1 Uniqueness, absoluteness and closure under Least

lemma unique_least:
assumes M(a) M(b) least(M,Q,a) least(M,Q,b)
shows a=b

(proof)

lemma least abs:
assumes Az. Q(z) = Ord(z) = Jy[M]. Q(y) A Ord(y) M(a)
shows least(M,Q,a) +— a = (p z. Q(x))
(proof )

lemma Least closed:
assumes Az. Q(z) = Ord(z) = Jy[M]. Q(y) A Ord(y)
shows M(u z. Q(x))
{proof)

Older, easier to apply versions (with a simpler assumption on Q).
lemma least _abs”:

assumes Az. Q(z) = M(z) M(a)

shows least(M,Q,a) +— a = (p z. Q(z))

(proof)

lemma Least closed:
assumes Az. Q(z) = M(x)
shows M(p z. Q(z))
(proof)

end — M _trivial

end

14 Fully relational versions of higher order con-
structs

theory Higher Order_Constructs
imports
Recursion_Thms
Least
begin

syntax

_sats =i, i, 1 = o («(_,_E_) [36,36,36] 25)
syntax__consts

__sats = sats
translations

(M,env |= @) = CONST sats(M,p,env)

definition
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is_If = [i=0,0,i,i,i] = o where
is If(M,bt,f,r) = (b — r=t) A (b — r=f)

lemma (in M_trans) If _abs:
is_If(M,b,t,f,r) «— r = If(b,t,f)
(proof)

definition
is_If fm :: [i,4,i,i] = ¢ where
is _If fm(p,t.f,r) = Or(And(p,Equal(t,r)),And(Neg(p), Equal(f,r)))

lemma is If fm_type [TC]: ¢ € formula = t € nat = f € nat = r € nat
_—

is_If _fm(p,t.f,r) € formula

(proof )

lemma sats is If fm:

assumes Qsats: @ <— A, env = ¢ env € list(A)

shows is If(##A, Q, nth(t, env), nth(f, env), nth(r, env)) +— A, env E
is_If _fm(p,t.f,r)

(proof )

lemma is If fm_iff sats [iff _sats]:
assumes Qsats: Q +— A, env = ¢ and
nth(t, env) = ta nth(f, env) = fa nth(r, env) = ra
t € nat f € nat r € nat env € list(A)
shows is_If (##A,Q,ta,fa,ra) +— A, env |= is_If fm(p,t.f,r)
(proof)

lemma arity_is If fm [arity):
@ € formula =t € nat = f € nat = r € nat =
arity(is_If _fm(e, t, f, r)) = arity(p) U succ(t) U suce(r) U succ(f)
(proof)

definition
is_The :: [i=0,i=>0,i] = o where
is_The(M,Q,i) = (Q(i) A Bz[M]. Qz) A (Vy[M]. Qly) — y = 1)) V
(=(3=[M]. Q(z) A (Yy[M]. Qy) — y = 2))) N empty(M i)

lemma (in M__trans) The__abs:

assumes Az. Q(z) = M(z) M(a)

shows is_The(M,Q,a) +— a = (THE z. Q(x))
(proof)
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definition
is_recursor :: [i=0,1,[i,i,i]=0,i,i] =0 where
is_recursor(M,a,is_b,k,r) = is_transrec(M, An f nic. is_nat_case(M,a,
Am bmfm.
I fm[M]. fun_apply(M,f,m,fm) A is_b(m,fm,bmfm),n,ntc),k,r)

lemma (in M__eclose) recursor_abs:
assumes Ord(k) and
types: M(a) M(k) M(r) and
b_iff: Am fomf. M(m) = M(f) = M(bmf) = is_b(m,f,bmf) <— bmf
= b(m,f) and
b_closed: Am fbmf. M(m) = M(f) = M(b(m,f)) and
repl: transrec_replacement(M, An f nte. is_nat_case(M, a,
Am bmfm. 3 fm[M]. fun__apply(M, f, m, fm) A is_b( m, fm, bmfm), n, ntc),
k)
shows
is_recursor(M,a,is_bk,r) «— r = recursor(a,bk)
(proof)

definition
is_wfrec_on :: [i=>o0,[4,i,i|=>0,i,i,i, i]| => o where
is_wfrec_on(M,MH A,r,a,z) == is_wfrec(M,MH r,a,z)

lemma (in M_ trancl) trans_wfrec_on__abs:
[lwf(r); trans(r); relation(r); M(r); M(a); M(z);
wfrec__replacement(M,MH,r); relation2(M,MH ,H);
YV z[M]. V g[M]. function(g) — M(H(z,9));
r-‘“{a}CA; a € A
==> is_wfrec_on(M,MH A r a,z) < z=wfrec[A|(r,a,H)
{proof)

end

15 Automatic relativization of terms and formulas

Relativization of terms and formulas. Relativization of formulas shares rel-
ativized terms as far as possible; assuming that the witnesses for the rela-
tivized terms are always unique.

theory Relativization
imports
FEclose__Absolute
Higher _Order__Constructs

keywords
relativize :: thy decl % ML
and
relativize__tm :: thy_decl % ML
and

reldb__add :: thy decl % ML
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and

reldb_rem :: thy decl % ML

and

relationalize :: thy decl % ML
and

rel_closed :: thy_goal_stmt % ML
and

is_iff rel :: thy goal stmt % ML
and

univalent :: thy goal_stmt % ML
and

absolute

and

functional

and

relational

and

external

and

for
begin
(ML)

lemmas relative abs =
M __trans.empty__abs
M __trans.pair__abs
M __trivial.cartprod__abs
M _trans.union__abs
M _trans.inter _abs
M __trans.setdiff _abs
M _trans.Union__abs
M trivial.cons _abs

M trivial.successor _abs
M trans.Collect abs

M __trans.Replace__abs
M trivial.lambda__abs2
M __trans.image__abs

M _trivial.nat_case__abs

M __trivial.omega__abs
M _basic.sum__abs

M trivial.Inl _abs

M trivial.Inr _abs

M _basic.converse__abs
M __basic.vimage__abs
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M _trans.domain__abs
M __trans.range__abs
M __basic.field__abs

M __basic.composition__abs
M _trans.restriction__abs
M _trans.Inter abs
M__trivial.bool_of o _abs
M _trivial.not__abs

M _trivial.and__abs

M _trivial.or__abs

M trivial. Nil_abs

M trivial. Cons_abs

M __trivial.list_case _abs

M _trivial.hd__abs

M trivial.tl _abs

M trivial.least _abs’

M _eclose.transrec__abs

M __trans.If _abs

M _trans.The _abs

M _eclose.recursor __abs

M __trancl.trans _wfrec__abs

M__trancl.trans_wfrec_on__abs

lemmas datatype__abs =

M eclose.is_eclose_n__abs
M _eclose.eclose _abs

M trivial. Member _abs

M __trivial. Fqual _abs

M __trivial. Nand__abs

M _trivial. Forall abs

declare relative__abs[absolut)]
(ML)

declare relative__abs[Rel]
declare datatype_abs|Rel]
()

end

theory Discipline Base
imports

ZF-Constructible. Rank
M _Basic_No_Repl
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Relativization

ZF  Miscellanea
begin

hide__const (open) Order.pred
declare [[syntax__ambiguity warning = false]]

15.1 Discipline of relativization of basic concepts

definition
is_singleton :: [i=0,i,i] = o where
is_singleton(A,x,z) = I c[A]. empty(A,c) A is_cons(A,x,c,z)

lemma (in M__trivial) singleton__abs[simp] :
[ M(z); M(s) | = is_singleton(M,z,s) «— s = {z}
{proof)

(ML)
notation singleton_fm («-{_} is _»)

lemmas (in M_trivial) singleton_ closed = singleton_in_ MI

lemma (in M__trivial) Upair_closed[simp]: M(a) = M(b) = M(Upair(a,b))
{proof)

The following named theorems gather instances of transitivity that arise
from closure theorems

named__theorems trans closed

definition
is_hcomp :: [i=0,i=i=>0,i=i=>0,i,i] = o where
is_hcomp(M,is_f,is_g,a,w) = Iz[M]. is_g(a,z) N is_f(zw)

lemma (in M__trivial) is_hcomp__abs:

assumes
is_f _abs:\a z. M(a) M(z) = is_f(a,2) «— z = f(a) and
is_g_abs:N\a z. M(a) M(z) = is_g(a,z) +— z = g(a) and
g_closed:N\a. M(a) = M(g(a))
M(a) M(w)

shows
is_hcomp(M,is_f,is _g,a,w) <— w = f(g(a))

(proof)

=
—

definition
hcomp__fm :: [i=i=1i,i=i=>1,i,i]] = { where
hcomp__fm(pf,pg,a,w) = Exists(And(pg(succ(a),0),pf(0,succ(w))))

lemma sats hcomp_ fm:
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assumes
f_iff _sats:\a b z. a€nat = bEnat — 2e M —
is_f(nth(a,Cons(z,env)),nth(b,Cons(z,env))) <— sats(M,pf(a,b),Cons(z,env))
and
g_iff_sats:\a b z. a€nat = benat —= 2eM =
is_g(nth(a,Cons(z,env)),nth(b,Cons(z,env))) +— sats(M,pg(a,b),Cons(z,env))
and
aenat wenat envelist(M)
shows
sats(M ,hecomp__fm(pf,pg,a,w),env) «— is_hcomp(#+#Mis_f,is_g,nth(a,env),nth(w,env))
(proof)

definition
hecomp_r :: [i=o,[i=0,i,i]=0,[i=0,i,i|=0,i,i] = o where
heomp_r(Mis_f,is_g,a,w) = I 2[M]. is_g(M,a,z) N is_f(M,z,w)

definition
is_hcomp2_ 2 :: [i=o,[i=0,i,i,i|=0,[i=0,i,i,i|=0,[i=0,i,i,i|=0,i,i,i]] = o where
is_hcomp2 2(M,is_f,is gljis ¢2,a,b,w) = 3 glab[M]. 3 g2ab[M].
is_gl(M,a,b,glab) A is_g2(M,a,b,g2ab) A is_f(M,glab,g2ab,w)

lemma (in M_trivial) hcomp__abs:
assumes
is_f abs:\a z. M(a) = M(z2) = is_f(M,a,2) «<— z = f(a) and
is_g_absiN\a z. M(a) = M(z) = is_g(M,a,z) +— z = g(a) and
g_closed:Na. M(a) = M(g(a))

M(a) M(w)
shows
heomp_r(M,is_f,is_g,a,w) +— w = f(g(a))
(proof )
lemma hcomp_uniqueness:
assumes
uniq_is_f:
Ardd. M(r) = M(d) = M(d) = is f(M,r,d) = is f(M,r, d)=
d=4d’
and
uniq_1is_g:
Ardd. M(r) = M(d) = M(d) = is_g(M, r, d) = is_gM, r,d) =
d=4d’
and

M(a) M(w) M(w’)

hcomp_r(M,is_f,is_g,a,w)

hecomp_r(M,is_f,is _g,a,w’)
shows

w=w'

(proof)
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lemma hcomp_witness:
assumes
wit_is_f: Ar. M(r) = 3d[M].
wit_is_g: \r. M(r) = 3d[M].
M(a)
shows
Jw[M]. hcomp_r(M,is_f,is_g,a,w)
(proof)
lemma (in M__trivial) hcomp2 2 _abs:
assumes
is_f _abss\rl 12 z. M(rl) = M(r2) = M(z) = is_f(M,r1,r2,z) +— 2z =
f(r1,r2) and
is_gl_abssA\rl 12 z. M(rl) = M(r2) = M(z) = is_gl(M,r1,r2,z) <—
z = g1(rl,r2) and
is_g2_abss\r1 12 z. M(rl) = M(r2) = M(z) = is_g2(M,r1,r2,z) +—
z = ¢2(r1,r2) and
types: M(a) M(b) M(w) M(gi(a,8)) M(g2(a,b))
shows
is_hcomp2_2(M,is_f,is_gljis g¢2,a,b,w) «— w = f(g1(a,b),92(a,b))
(proof )

is_f(M,r,d) and
is_g(M,r,d) and

lemma hcomp2 2 uniqueness:
assumes
uniq_is_f:
Arlr2dd. M(rl) = M(r2) = M(d) = M(d) =
is f(M,r1,r2,d) = is_f(M,rl, r2, d) = d=d’
and
uniq_1s_gl:
Arl r2 d d'. M(rl) = M(r2)=— M(d) = M(d") = is_g1(M, r1,r2, d)
= is_gI(M, ri,r2, d) =
d=d’
and
uniq_is_g2:
Arl r2 d d. M(rl) = M(r2)— M(d) = M(d) = is_g2(M, r1,r2, d)
= is_g2(M, r1,r2, d') =
d=d’
and
M(a) M(b) M(w) M(w’)
is_hcomp2_ 2(M,is_f,is_gljis g2,a,b,w)
is_hcomp2_2(M,is_f,is_gl,is_g2,a,b,w’)
shows
w=w'

(proof)

lemma hcomp2 2 witness:
assumes
wit_is_f: Arl r2. M(rl) = M(r2) = 3d[M]. is_f(M,r1,r2,d) and
wit_is_gl: \rl r2. M(rl) = M(r2) = 3d[M]. is_g1(M,r1,r2,d) and
wit_is_g2: \rl 2. M(rl) = M(r2) = 3d[M]. is_g2(M,r1,r2,d) and
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M(a) M(b)
shows
Jw[M)]. is_hcomp2_2(M,is_f,is_gl,is_g2,a,b,w)
{proof)

lemma (in M_trivial) extensionality trans:
assumes
M(d) N (Vz[M]. zed +— P(z))
M(@d) A (Vz[M]. z€d’ +— P(x))
shows
d=d’
(proof)

definition
It_rel :: [i=0,i,i] = o where
It _rel(M,a,b) = acb A ordinal(M,b)

lemma (in M_trans) lt__abs[absolut]: M(a) = M(b) = It_rel(M,a,b) +— a<b
{proof)

definition
le_rel :: [i=0,i,i] = o where
le_rel(M,a,b) = 3 sb[M]. successor(M,b,sb) A lt_rel(M,a,sb)

lemma (in M_ trivial) le_abs[absolut]: M(a) = M(b) = le_rel(M,a,b) +—
a<b
(proof )

15.2 Discipline for Pow

definition
is_Pow :: [i=0,i,i]] = o where
is_Pow(M,A,z) = M(z) AN (Vz[M]. z € z +— subset(M,z,A))

definition
Pow_rel :: [i=0,i] = i (<Pow—"(_")>) where
Pow_rel(M,r) = THE d. is_Pow(M,r,d)

abbreviation
Pow_r_set :: [i,i] = i (<Pow—"(_")>) where
Pow 1 _set(M) = Pow_rel(##M)

context M _basic_mno_ repl
begin

lemma is Pow uniqueness:
assumes
M(r)
is_Pow(M,r,d) is_Pow(M,r,d’)
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shows
d=d’
(proof )

lemma is_Pow_witness: M(r) = 3 d[M]. is_Pow(M,r,d)
{proof)

lemma is Pow_closed : [ M(r);is_Pow(M,r,d) | = M(d)
{proof)

lemma Pow_rel_closed[intro,simp|: M(r) = M(Pow_rel(M,r))

{proof)

lemmas trans_Pow_rel_closed[trans_closed] = transM[OF __ Pow_rel_closed]

The proof of f rel iff lemma is schematic and it can reused by copy-paste
replacing appropriately.
lemma Pow rel iff:
assumes M(r) M(d)
shows is_Pow(M,r,d) «+— d = Pow_rel(M,r)
(proof)

The next ”def ” result really corresponds to Pow__iff

lemma def Pow_rel: M(A) = M(r) = A€Pow_rel(M,r) +— AC r

{proof)

lemma Pow_rel_char: M(r) = Pow_rel(M,r) = {A€Pow(r). M(A)}
(proof)

lemma mem_ Pow_rel_abs: M(a) = M(r) = a € Pow_rel(M,r) +— a €
Pow(r)
(proof)

end — M _basic_no_repl

15.3 Discipline for PiP

definition
PiP_rel:: [i=o0,i,i]=0 where
PiP_rel(M,A,f) = 3df[M]. is_domain(M,f,df) N subset(M,A,df) N
is_function(M,f)

context M _basic
begin

lemma def PiP_rel:
assumes
M(A) M()
shows
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PiP_rel(M,A,f) «— A C domain(f) A function(f)
{proof)

end — M _basic

definition
Sigfun :: [i,i=i]=17 where
Sigfun(z,B) = UyeB(). {(z,y)}

lemma SigFun_ char : Sigfun(z,B) = {z}x B(x)
{proof)

lemma Sigma_ Sigfun: Sigma(A,B) = |J {Sigfun(z,B) . z€A}
{proof)

definition — Note that B below is a higher order argument
is_Sigfun :: [i=0,i,i=1i,i]]=0 where
is_Sigfun(M,z,B,Sd) = M(Sd) A (3 RB[M]. is_Replace(M,B(z),\y z. 2={{x,y) },RB)
A big_union(M,RB,Sd))

context M trivial
begin

lemma is Sigfun_abs:
assumes
strong__replacement(M Ay z. z={(z,y)})
M(z) M(B(z)) M(Sd)
shows
is_Sigfun(M,z,B,Sd) +— Sd = Sigfun(z,B)
(proof)

lemma Sigfun_ closed:
assumes
strong_replacement(M, Ay z. y € B(z) AN z = {(z, y)})
M(z) M(B(z))
shows
M(Sigfun(z,B))
{proof)

lemmas trans_ Sigfun_ closed[trans_closed| = transM[OF __ Sigfun__closed)]
end — M _trivial
definition
is_Sigma :: [i=0,i,i=1,i]]=0 where
is_Sigma(M,A,B,S) = M(S) A (3 RSf[M].
is_Replace(M, A z z. z=Sigfun(z,B),RSf) A big_union(M,RSf,S))

locale M Pi = M basic +
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assumes

Pi_separation: M(A) = separation(M, PiP_rel(M,A))
and
Pi_replacement:
M(z) = M(y) =

strong_replacement(M, Aya z. ya € y A z = {{z, ya)})
M(y) =

strong_replacement(M, Az z. z = (J za€y. {{z, za)}))

locale M Pi assumptions = M__Pi +
fixes A B
assumes
Pi__assumptions:
M(A)
Nz. €A = M(B(z))
VzeA. strong_replacement(M, Ay z. y € B(z) A z = {{z, y)})
strong__replacement(M Az z. z=Sigfun(z,B))
begin

lemma Sigma__abs[simp]:
assumes
M(S)
shows
is_Sigma(M,A,B,S) «+— S = Sigma(A,B)
(proof)

lemma Sigma__closed[intro,simpl: M (Sigma(A,B))
(proof)

lemmas trans_Sigma__closed[trans_closed] = transM[OF __ Sigma__closed)

end — M _Pi_assumptions

15.4 Discipline for P:

definition — completely relational
is_Pi :: [i=o0,i,i=1,i]=0 where
is_Pi(M,A,B,I) = M(I) A (3S[M]. 3PS[M]. is_Sigma(M,A,B,S) N
is_Pow(M,S,PS) A
is_Collect(M,PS,PiP_rel(M,A),I))

definition
Pi_rel :: [i=o,ii=1i] = ¢ («Pi—'(_,_")) where
Pi_rel(M,A,B) = THE d. is_Pi(M,A,B,d)

abbreviation

Pi_r_set : [i,i,i=1] = i («Pi—'(_,__")») where
Pi_r_set(M,A,B) = Pi_rel(##M, A,B)
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context M basic
begin

lemmas Pow_rel iff = mbnr.Pow_rel_iff

lemmas Pow_rel _char = mbnr.Pow_rel _char

lemmas mem__Pow_rel _abs = mbnr.mem__Pow_rel abs
lemmas Pow rel closed = mbnr.Pow rel closed

lemmas def Pow rel = mbnr.def Pow_rel

lemmas trans Pow rel closed = mbnr.trans _Pow rel closed

end — M _basic

context M Pi assumptions
begin

lemma is Pi uniqueness:
assumes
is_Pi(M,A,B,d) is_Pi(M,A,B,d")
shows
d=d’
(proof )

lemma is_Pi_witness: 3d[M]. is_Pi(M,A,B,d)

(proof )
lemma is Pi closed : is_Pi(M,A,B,d) = M(d)
(proof)
lemma Pi_rel_closed[intro,simp): M(Pi_rel(M,A,B))
(proof)
lemmas trans_Pi_rel closed[trans closed] = transM[OF __ Pi_rel closed]

lemma Pi_rel iff:

assumes M (d)

shows is_Pi(M,A,B,d) «— d = Pi_rel(M,A,B)
(proof)

lemma def Pi rel:
Pi_rel(M,A,B) = {fePow_rel(M,Sigma(A,B)). ACdomain(f) A function(f)}
(proof)

lemma Pi_rel_char: Pi_rel(M,A,B) = {fePi(A,B). M(f)}
{proof)

lemma mem_Pi_rel abs:

assumes M(f)
shows f € Pi_rel(M,A,B) «— f € Pi(A,B)
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{proof)

end — M__Pi_assumptions

The next locale (and similar ones below) are used to show the relation-
ship between versions of simple (i.e. 21ZF , leF ) concepts in two different
transitive models.
locale M__N_Pi assumptions = M:M__Pi_assumptions + N:M__Pi_assumptions
N for N +

assumes

M imp_ N:M(z) = N(z)

begin

lemma Pi_rel_transfer: PiM(A,B) C Pi¥(A,B)
{proof)

end — M _N_Pi assumptions

locale M Pi _assumptions 0 = M__Pi_assumptions __ 0
begin

This is used in the proof of AC_Pi_rel
lemma Pi_rel_emptyl[simp]: PiM(0,B) = {0}
{proof )

end — M _Pi_assumptions 0

context M _Pi assumptions
begin

15.5 Auxiliary ported results on Pi rel, now unused

lemma Pi_rel iff":
assumes types: M (f)
shows
f € Pi_rel(M,A,B) «— function(f) A f C Sigma(A,B) N A C domain(f)
(proof)

lemma lam_ type_ M:
assumes M(A) Az. z€ A = M(B(x))
Nz. z € A = b(z)eB(z) strong_replacement(M Az y. y=(z, b(z)))
shows (Az€A. b(z)) € Pi_rel(M,A,B)
(proof)

end — M _Pi_assumptions

locale M Pi assumptions2 = M__Pi_assumptions +
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PiC: M_Pi_assumptions _ __ C for C
begin

lemma Pi_rel_type:
assumes f € PiM(A,C) \z. z € A = fz € B(x)
and types: M(f)
shows f € PiM(A,B)
(proof)
lemma Pi_rel weaken_ type:
assumes f € PiM(A,B) \z. z € A = B(z) C C(z)
and types: M(f)
shows f € PiM(A,C)
(proof)

end — M _Pi_assumptions2

end

16 Arities of internalized formulas

theory Arities

imports
Discipline__Base
begin
lemmas FOL__ arities [simp del, arity] = arity_And arity_Or arity_Implies ar-

ity Iff arity_ Exists
declare pred_ Un_ distriblarity _auz]

context
notes FOL__arities|simp]
begin

lemma arity upair_fm [arity] : [ t1€nat ; t2€nat ; upEnat | =
arity(upair_fm(t1,t2,up)) = |J {succ(t1),succ(t2),succ(up)}
{proof)

end
lemma Un_ trasposition_auzl: r U s U r =1 U s (proof)
lemma Un_ trasposition__aux2:

rU(sU(rUu)=ru(sUu)
rU(sU (U (rUwu))=rU(sU(tUwu)) (proof)

We use the previous lemmas to guide automatic arity calculations.

context
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notes Un__assoc[symmetric,simp] Un__trasposition__aux1[simp)
begin

(ML)
end — context

context
notes FOL__arities|simp]
begin

lemma arity is_recfun_fm [arity]:
[p€formula ; vEnat ; n€Enat; Zenat;icnat] = arity(p) = i =
arity(is_recfun_ fm(p,v,n,Z)) = succ(v) U succ(n) U suce(Z) U (pred 4(i))
(proof)

lemma arity is_wfrec_fm [arity]:
[p€formula ; vEnat ; nEnat; Z€nat ; i€nat] = arity(p) = i =
arity(is_wfrec_fm(p,v,n,Z)) = succ(v) U succ(n) U succ(Z) U (pred”5(1))
{proof)

lemma arity is _nat_case_fm [arity]:
[peformula ; vEnat ; nEnat; Zenat; i€nat] = arity(p) = i =
arity(is_nat_case_fm(v,p,n,Z)) = succ(v) U succ(n) U succ(Z) U pred(pred(7))
(proof )

lemma arity_iterates_ MH__fm [arity]:
assumes isF'eformula vEnat nEnat genat z€nat i€nat
arity(isF) = i
shows arity(iterates MH_fm(isF,v,n,9,2)) =
suce(v) U suce(n) U suce(g) U suce(z) U (pred (7))

(proof)

lemma arity is iterates_fm [arity]:
assumes peEformula vEnat nEnat ZEnat i€nat
arity(p) = i
shows arity(is_iterates_fm(p,v,n,Z)) = succ(v) U succ(n) U succ(Z) U
(pred”11(%))
(proof)

lemma arity_eclose_n_fm [arity]:

assumes Aenat re€nat tenat

shows arity(eclose_n_fm(A,z,t)) = succ(A) U succ(x) U succ(t)
(proof)

lemma arity_mem__eclose_fm [arity]:
assumes rcnat t€nat
shows arity(mem__eclose__fm(z,t)) = suce(x) U suce(t)

(proof)
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lemma arity is_eclose_fm [arity]:
[z€nat ; tenat] = arity(is_eclose_fm(z,t)) = succ(z) U suce(t)
{proof)

lemma arity Collect _fm [arity]:
assumes z € nat y € nat peformula
shows arity(Collect_fm(z,p,y)) = succ(z) U succ(y) U pred(arity(p))

{proof)

schematic__goal arity_least_fm’:

assumes
i € nat q¢ € formula
shows
arity(least_fm(q,7)) = %ar
(proof )
lemma arity least fm [arity]:
assumes
i € nat q € formula
shows
arity(least _fm(q,i)) = succ(i) U pred(arity(q))
(proof)

lemma arity_Replace_fm [arity]:
[p€formula ; vEnat ; nEnat; i€nat] = arity(p) = | =
arity(Replace _fm(v,p,n)) = succ(n) U succ(v) U pred(pred(7))
(proof )

lemma arity_lambda_fm [arity]:
[p€formula; vEnat ; nEnat; i€nat] = arity(p) = | =
arity(lambda__fm(p,u,n)) = suce(n) U (succ(v) U (pred”3(7)))
(proof )

lemma arity_transrec_fm [arity|:
[peformula ; venat ; neEnat; i€nat] = arity(p) = i =
arity(is_transrec_fm(p,v,n)) = succ(v) U succ(n) U (pred”8(i))
(proof)

lemma arity wfrec_replacement_fm :
[p€formula ; vEnat ; n€Enat; Z€nat ; i€nat] = arity(p) = i =
arity( Bxists(And(pair_fm(1,0,2),is_wfrec_fm(p,v,n,Z))))
=2UvUnUZ U (pred”6(7))
(proof)

end — FOL _arities

declare arity__subset_fm [simp del] arity_ordinal_fm[simp del, arity] arity_transset__fm[simp
del]
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context
notes Un__assoc[symmetric,simp] Un__trasposition_ auzl|simp]
begin
(ML)
end

context
notes Un__assoc[simp] Un__trasposition__aux2[simp
begin
(ML)
end

(ML)

end

17 Basic relativization of function spaces

theory Discipline_Function
imports
Arities
begin

17.1 Discipline for fst and snd

(ML)
definition
is_fst :: (i=0)=i=i=0 where
is_fst(M,x,t) = (3 2[M]. pair(M,t,z,x)) V
(=(3 2[M]. Fw[M]. pair(M,w,z,x)) N empty(M,t))
(M)
notation fst_fm («fst'(_") is _)

(ML)

definition fst_rel :: [i=o0,i]] = i where
fst_rel(M,p) = THE d. M(d) A is_fst(M,p,d)

(ML)

definition
is_snd :: (i=0)=i=i=>0 where
is_snd(M,z,t) = (3 z[M]. pair(M,z,t,x)) V
(=(32[M]. Fw[M]. pair(M,z,w,z)) N empty(M,t))
(M)
notation snd_fm (<-snd’'(_") is _)
(ML)
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definition snd_rel :: [i=0,i] = i where
snd_rel(M,p) = THE d. M(d) A is_snd(M,p,d)

(ML)

context M trans
begin

lemma fst_snd_closed:
assumes M (p)
shows M(fst(p)) A M(snd(p))

{proof)

lemma fst_ closed[intro,simpl: M(z) = M (fst(z))
(proof )

lemma snd_closed[intro,simp]: M(z) = M(snd(z))
{proof)

lemma fst_abs [absolut]:
[M(p); M(z) | = is_fst(M,p,z) «— @ = fst(p)
{proof )

lemma snd_abs [absolut]:
[M(p); M(y) | = is_snd(M,p,y) «— y = snd(p)
(proof)

lemma empty_rel_abs : M(z) = M(0) = z = 0 <— = = (THE d. M(d) A
empty(M, d))
{proof)

lemma fst_rel abs:
assumes M(p)
shows fst_rel(M,p) = fst(p)
(proof )

lemma snd_rel _abs:
assumes M(p)
shows snd_rel(M,p) = snd(p)

(proof )
end — M _trans

17.2 Discipline for minimum

(ML)
context M trans
begin
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lemma minimum,__closed[simp,intro]:
assumes M(A)
shows M (minimum(r,A))
{proof)

lemma first _abs :
assumes M (B)
shows first(z,B,r) <— first_rel(M,z,B,r)
{proof)

lemma minimum__abs:

assumes M (B)

shows minimum(r,B) = minimum__rel(M,r,B)
(proof)

end — M _trans

17.3 Discipline for A\A B. A —+ B

definition
is_function__space :: [i=0,i,i,i] = o where
is_function__space(M,A,B,fs) = M(fs) A is_funspace(M,A,B,fs)

definition
function__space_rel :: [i=0,i,i] = i where
function__space_rel(M,A,B) = THE d. is_function__space(M,A,B,d)

(ML)

abbreviation
function_space_r :: [i,i=0,i] = i («_ —— _» [61,1,61] 60) where
A =M B = function_ space_rel(M,A,B)

abbreviation
function__space_r_set i [i,i,i] = i (<_ —— _» [61,1,61] 60) where
function__space_r_set(A,M) = function__space__rel(#+#M,A)

context M Pi
begin

lemma is_function__space__uniqueness:
assumes
M(r) M(B)
is_function_space(M,r,B,d) is_function__space(M,r,B,d")
shows
d=d’
(proof)

lemma is_function_space_witness:
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assumes M(A) M(B)
shows 3 d[M]. is_function_space(M,A,B,d)
(proof)

lemma is_function_space_ closed :
is_function__space(M,A,B,d) = M (d)

(proof)
lemma function_space_rel closed|intro,simpl:

assumes M(z) M(y)
shows M (function__space_rel(M,x,y))

(proof)

lemmas trans_function_space_rel closed[trans closed] = transM[OF __ func-
tion__space__rel_closed)

lemma is_function_space__iff:

assumes M (z) M(y) M(d)

shows is_function_space(M,z,y,d) <— d = function__space_rel(M,x,y)
(proof)

lemma def function__space__rel:

assumes M(A) M(y)

shows function_space_rel(M,A,y) = Pi_rel(M,A\_. y)
(proof)

lemma function_space_rel_char:

assumes M(A) M(y)

shows function_space_rel(M,Ayy) = {f € A — y. M(f)}
(proof)

lemma mem,__ function__space__rel abs:
assumes M(A) M(y) M(f)
shows [ € function_space_rel(M,Ayy) +— fe€ A —y
(proof)
end — M Pi
locale M N Pi= M:M Pi+ N:M Pi N for N +
assumes
M _imp N:M(z) = N(x)
begin

lemma function_space_rel_transfer: M(A) = M(B) =
function__space_rel(M,A,B) C function_space_rel(N,A,B)
(proof)

end — M N Pji

abbreviation
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is_apply = fun__apply
— It is not necessary to perform the Discipline for is apply since it is absolute
in this context

17.4 Discipline for Collect terms.

We have to isolate the predicate involved and apply the Discipline to it.

definition — completely relational
ingP_rel:: [i=>0,i,i]=0 where
ingP_rel(M,A,f) = Y w[M]. Vz[M]. ¥V fw[M]. V fx[M]. weA N z€A A
is_apply(M.,f w,fw) A is_apply(M.f,z,fx) N\ fu=fr— w=z

(ML)

context M basic
begin

— I’'m undecided on keeping the relative quantifiers here. Same with surjP below.
It might relieve from changing exl alll to rexl ralll in some proofs. I wonder if this
escalates well. Assuming that all terms appearing in the ”def " theorem are in M
and using transM, it might do.
lemma def injP_rel:
assumes
M(A) M(f)
shows
ingP_rel(M,A,f) «— (Yw[M]. Vz[M]. weA N z€A A fu=fr — w=z)
(proof)

end — M _basic

17.5 Discipline for inj
definition — completely relational
is_inj :: [i=o0,i,i,i]=0 where
is_inj(M,A,B, 1) = M(I) N (3 F[M]. is_function_space(M,A,B,F) A
is_Collect(M ,F,injP_rel(M,A),I))
declare typed_function_iff _sats Collect iff sats [iff _sats]

(v)
notation is_function_space_fm (¢ — __is _+))

(ML)
notation is_inj fm («inj'(_,_") is _-»)

(ML)

lemma arity_is_inj fm[arity]:
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A € nat =
B € nat = I € nat = arity(is_inj_fm(A, B, I)) = succ(A) U succ(B) U
suee([)
{proof)

definition
ing_rel == [i=0,i,i] = i (<inj—'(_,_")>) where
inj_rel(M,A,B) = THE d. is_inj(M,A,B,d)

abbreviation
ing_r_set:: [i,4,4] = ¢ (ving—'(_,__")>) where
inj_r_set(M) = inj_rel(##M)

locale M_inj = M__Pi +
assumes
injP_separation: M(r) => separation(M ,injP_rel(M, r))
begin

lemma is _inj uniqueness:
assumes
M(r) M(B)
is_inj(M,r,B,d) is_inj(M,r,B,d’)
shows
d=d’
(proof )

lemma is_inj_witness: M(r) = M(B)= 3d[M]. is_inj(M,r,B,d)
(proof)

lemma is_inj closed :
is_inj(M,z,y,d) = M(d)
(proof)

lemma inj _rel closed[intro,simp]:
assumes M(z) M(y)
shows M (inj_rel(M,z,y))
(proof)

lemmas trans _inj rel closed[trans closed] = transM[OF __ inj rel closed)

lemma inj rel iff:

assumes M (z) M(y) M(d)

shows is_inj(M,z,y,d) «— d = inj_rel(M,z,y)
(proof)

lemma def inj rel:
assumes M(A) M(B)
shows inj_rel(M,A,B) =
{f € function_space_rel(M,A,B). VY w[M]. Va[M]. weA AN z€A N fw =
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fo — w=z}
(is _ = Collect(_,?P))
(proof )

lemma inj rel char:

assumes M(A) M(B)

shows inj rel(M,A,B) = {f € inj(A,B). M(f)}
(proof)

end — M_inj

locale M N _inj = M:M_inj + N:M_inj N for N +
assumes
M imp_ N:M(z) = N(x)
begin

lemma inj_rel_transfer: M(A) = M(B) = inj_rel(M,A,B) C inj_rel(N,A,B)
{proof)

end — M_N_inj

17.6 Discipline for surj

definition
surjP_rel:: [i=0,i,i,{]= 0 where
suriP_rel(M,A,B,f) =
Vy[M]. 3z[M]. 3fz[M]. ye¢B — z€A A is_apply(M.f,z.fr) N fr=y

(ML)

context M basic
begin

lemma def surjP_rel:
assumes
M(A) M(B) M(f)
shows
surjP_rel(M,A,B,f) +— (Yy[M]. 3z[M]. y¢B — z€A A fo=y)
(proof )

end — M _basic

17.7 Discipline for surj

definition — completely relational
is_surj : [i=o0,i,i,i=0 where
is_surj(M,A,B,I) = M(I) A (3 F[M]. is_function__space(M,A,B,F) A
is_Collect(M ,F,surjP_rel(M,A,B),I))
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(ML)
notation is_surj fm (¢surj’(_,_ ") is _ )

definition
surj_rel = [i=0,i,i] = i («surj—'(_,__")») where
surj_rel(M,A,B) = THE d. is_surj(M,A,B,d)

abbreviation
surj_r_set :: [i,i,4] = i («surj—'(_,__")») where
surj_r_set(M) = surj_rel(##M)

locale M_surj = M__Pi +
assumes
surjP_separation: M(A)= M (B)=>separation(M Az. surjP_rel(M,A,B,z))
begin

lemma is surj uniqueness:
assumes
M(r) M(B)
is_surj(M,r,B,d) is_surj(M,r,B,d’)
shows
d=d’
(proof)

lemma is surj witness: M(r) = M(B)= 3 d[M]. is_surj(M,r,B,d)
{proof)

lemma is surj closed :
is_surj(M,z,y,d) = M(d)
(proof )

lemma surj_rel_closed[intro,simp):
assumes M (z) M(y)
shows M (surj_rel(M,z,y))
(proof)

lemmas trans_surj_rel closed[trans_closed] = transM[OF __ surj_rel_closed)

lemma surj rel iff:

assumes M (z) M(y) M(d)

shows is_surj(M,z,y,d) +— d = surj_rel(M,z,y)
{proof)

lemma def surj rel:
assumes M(A) M(B)
shows surj_rel(M,A,B) =
{f € function__space_rel(M,A,B). ¥V y[M]. Jz[M]. yeB — z€A A fa=y }
(is _ = Collect(__,?P))
(proof)
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lemma surj_rel char:

assumes M(A) M(B)

shows surj rel(M,A,B) = {f € surj(A,B). M(f)}
(proof)

end — M _surj

locale M N _surj = M:M_surj + N:M_surj N for N +
assumes
M_imp_N:M(z) = N(z)
begin

lemma surj_rel_transfer: M(A) = M(B) = surj_rel(M,A,B) C surj_rel(N,A,B)
{proof)

end — M _N_surj

17.8 Discipline for Inter

definition
is_Int :: [i=0,1,i,i]]=0 where
is_Int(M,A,B,]) = M(I) AN (Vz[M]. 2 € [ +— z € AN x € B)

(ML)
notation is_Int_fm (<_ N __ is_»)

context M basic
begin

lemma is Int closed :
is_Int(M,A,B,]) = M(I)
(proof )

lemma is Int abs:
assumes
M(A) M(B) M(I)
shows
is_Int(M,A,B,]) +— I =ANB
(proof )

lemma is Int_uniqueness:
assumes
M(r) M(B)
is_Int(M,r,B,d) is_Int(M,r,B,d")
shows
d=d’
(proof)

Note: Int_closed already in ZF-Constructible. Relative.
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end — M _basic

17.9 Discipline for bij

(1)
notation is_bij fm (¢bij’'(_,_ ") is _ )
abbreviation
bij_r_class :: [i=0,i,i] = i (<bij—'(_,_")») where
bij_r class = bij_rel

abbreviation
bij_r_set :: [i,i,i] = i (<bij—'(__,_")») where
bij 1 _set(M) = bij_rel(##M)

locale M__Perm = M_Pi + M_inj + M__surj
begin

lemma is_bij_closed : is_bij(M,f,y,d) = M(d)
(proof )

lemma bij_rel_closed[intro,simp]:
assumes M(z) M(y)
shows M (bij_rel(M,z,y))
(proof)

lemmas trans_bij rel closed[trans closed] = transM[OF __ bij_rel_closed)

lemma bij rel iff:
assumes M(z) M(y) M(d)
shows is_bij(M,x,y,d) «— d = bij_rel(M,z,y)
(proof)

lemma def bij rel:
assumes M(A) M(B)
shows bij_rel(M,A,B) = inj_rel(M,A,B) N surj_rel(M,A,B)
(proof)
lemma bij rel_char:
assumes M(A) M(B)
shows bij_rel(M,A,B) = {f € bij(A,B). M(f)}
(proof)

end — M _Perm

locale M N _Perm = M_N_Pi + M_N _inj + M_N_surj + M:M_Perm +
N:M _Perm N

begin
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lemma bij_rel transfer: M(A) = M(B) = bij_rel(M,A,B) C bij_rel(N,A,B)
{proof)

end — M _N_Perm

context M Perm
begin

lemma mem._bij _rel: [f € bijM(A,B); M(A); M(B)] = febij(A,B)
(proof)

lemma mem._inj_rel: [f € inj™(A,B); M(A); M(B)] = fc€inj(A,B)
{proof)

lemma mem_surj rel: [f € suriM(A,B); M(A); M(B)] = fesurj(A,B)
(proof)

end — M _Perm

17.10 Discipline for (=)

(ML)
notation is_egpoll_fm (-~ _ )

context M Perm begin

(ML)
(proof )

end — M_Perm

abbreviation
egpoll_r :: [i,i=o0,i] => o (x_ ~— _» [51,1,51] 50) where
A~MB= eqpoll_rel(M,A,B)

abbreviation
egpoll_r_set :: [i,i,i] = o («_ ~— _» [561,1,51] 50) where
eqpoll_r_set(A,M) = eqpoll_rel(##M,A)

context M _Perm
begin

lemma def egpoll rel:
assumes
M(A) M(B)
shows
eqpoll_rel(M,A,B) «— (3f[M]. f € bij_rel(M,A,B))
(proof)
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end — M_Perm

context M N _ Perm
begin

The next lemma is not part of the discipline

lemma egpoll_rel_transfer: assumes A ~M B M(A) M(B)
shows A ~V B

(proof)

end — M N _Perm

17.11 Discipline for (<)
(ML)

notation is_lepoll fm (¢« < _ )
(ML)

context M _inj begin

(ML)
(proof)

end — M _inj

abbreviation
lepoll_r = [i,i=0,i] => o («_ <— _» [51,1,51] 50) where
A <M B = lepoll_rel(M,A,B)

abbreviation
lepoll_r_set :: [i,i,i] = o (x_ <— _» [51,1,51] 50) where
lepoll_r_set(A,M) = lepoll rel(##M,A)

context M Perm
begin

lemma def lepoll rel:
assumes
M(A) M(B)
shows
lepoll_rel(M,A,B) <— (3f[M]. f € inj_rel(M,A,B))
(proof )

end — M _Perm

context M N _ Perm
begin
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— This lemma is not part of the discipline.
lemma lepoll_rel _transfer: assumes A <M B M(A) M(B)
shows A <N B

(proof)

end — M _N_Perm

17.12 Discipline for (<)

(ML)
notation is_lesspoll _fm (¢ < _ )
(ML)

context M__Perm begin

(ML)
(proof)

end — M _Perm

abbreviation
lesspoll_r :: [i,i=0,i] => o0 («_
A <M B = lesspoll_rel(M,A,B)

<— _» [51,1,51] 50) where

abbreviation
lesspoll_r_set = [i,i,i] = o («_ <— _» [51,1,51] 50) where
lesspoll_r_set(A,M) = lesspoll_rel(## M, A)

Since lesspoll rel is defined as a propositional combination of older terms,
there is no need for a separate “def” theorem for it.

Note that lesspoll_rel is neither ©#F nor II#¥) so there is no “transfer”
theorem for it.

definition
Powapply :: [i,i] = i where
Powapply(f,y) = Pow(fy)
(ML)

declare Replace_iff _sats[iff _sats]
(ML)

notation Powapply rel (<Powapply—'(__, "))

context M basic
begin

(ML)
(proof )
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(ML)
(proof)

end — M _basic

end

18 Replacements using Lambdas

theory Lambda_Replacement
imports
Discipline__ Function
begin

In this theory we prove several instances of separation and replacement in
M__basic. Moreover we introduce a new locale assuming two instances of
separation and six instances of lambda replacements (ie, replacement of the
form Azy. y = (z, f(x))) and we prove a bunch of other instances.

definition
lam__replacement :: [i=o0,i=i] = o where
lam__replacement(M,b) = strong_replacement(M, Az y. y = (z, b(x)))

lemma separation__univ :
shows separation(M,M)

{proof)

context M _trivial
begin

lemma lam__replacement_iff lam_ closed:
assumes YV z[M]. M(b(z))
shows lam__replacement(M, b) +— (Y A[M]. M(A\z€A. b(z)))

(proof)

lemma lam_ replacement_imp_ lam__closed:
assumes lam_ replacement(M, b) M(A) YzeA. M(b(x))
shows M(Az€A. b(z))

{proof)
lemma lam_ replacement_cong:
assumes lam_ replacement(M,f) Vz[M]. f(z) = g(z) Vz[M]. M(f(z))

shows lam__replacement(M ,g)

(proof )
end — M _trivial

context M basic
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begin

lemma separation_iff":
assumes separation(M Az . P(z)) separation(M, z . Q(x))
shows separation(M, \z . P(z) +— Q(z))
(proof )

lemma separation__in__constant :
assumes M(a)
shows separation(M,\z . z€a)

(proof)

lemma separation__equal :
shows separation(M, \x . =a)

(proof)

lemma (in M_ basic) separation__in_ rev:
assumes (M)(a)
shows separation(M ,\z . a€x)

(proof)

lemma lam__replacement__imp_strong_replacement__auz:
assumes lam__replacement(M, b) ¥V z[M]. M(b(z))
shows strong _replacement(M, Az y. y = b(z))

(proof)

lemma strong_lam__replacement__imp__strong_replacement :
assumes strong_replacement( M\ x z . P(fst(z),snd(x)) A z=(z,f(fst(z),snd(z))))

NA . M(A) = VzeA. P(X,z) — M(f(X,r)) M(X)

shows strong_replacement(M .\ z z . P(X,x) A z=f(X,z))
(proof)

lemma lam_replacement_imp_RepFun__ Lam:
assumes lam__replacement(M, f) M(A)
shows M({y . z€¢A , M(y) A y={(z,f(2))})
(proof)

lemma lam_ closed_imp_ closed:
assumes V A[M]. M(\z€A. f(z))
shows Vz[M]. M(f(x))

(proof)

lemma lam__replacement_if:
assumes lam__replacement(M,f) lam_replacement(M,g) separation(M,b)

Va[M]. M(f(z)) V2[M]. M(g())
shows lam__replacement(M, Az. if b(z) then f(z) else g(x))

(proof)

lemma lam__replacement__constant: M(b) = lam__replacement(M,\__. b)

(proof)
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18.1 Replacement instances obtained through Powerset

The next few lemmas provide bounds for certain constructions.

lemma not_ functional _Replace_ 0:
assumes ~(Vy y’. P(y) A P(y) — y=v)
shows {y .2z € A, P(y)} =0
(proof )

lemma Replace_in_ Pow _rel:
assumes Az b. x € A= P(z,b) = be UVz€A. Vyy' Plz,y) A\ P(z,y) —
y=y’
separation(M, Ay. Jz[M]. © € A A P(z, y))
M(U) M(A)
shows {y . z € A, P(z, y)} € Pow™(U)
(proof)

lemma Replace_sing 0 _in_ Pow _rel:
assumes Ab. P(b) = be U
separation(M, Ay. P(y)) M(U)
shows {y . = € {0}, P(y)} € Pow™(U)
(proof)

lemma The in_ Pow rel Union:
assumes \b. P(b) = b € U separation(M, Ay. P(y)) M(U)
shows (THE i. P(i)) € Pow™ (| U)

(proof)

lemma separation_least: separation(M, Ay. Ord(y) A P(y) A (Vj. j <y — =

P(4)))

(proof)

lemma Least in_Pow rel Union:
assumes A\b. P(b) = be U
M(U)
shows (u i. P(i)) € Pow™(|J U)
(proof)

lemma bounded__lam,__replacement:
fixes U
assumes V X[M]. VzeX. f(z) € U(X)
and separation_f:N A[M]. separation(M,\y. Jz[M]. z€A A y = (z, f(z)))
and U_ closed [intro,simp]: ANX. M(X) = M(U(X))
shows lam__replacement(M, f)
(proof)

lemma fst_in_double Union:
assumes r€X
shows fst(z) € {0} U UUX
(proof)
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lemma snd_in_double_ Union:
assumes r€X
shows snd(z) € {0} U UUX
(proof)

lemma bounded__lam,__replacement__binary:
fixes U
assumes V X[M]. VzeX. VyeX. f(z,y) € U(X)
and separation_f:¥ A[M]. separation(M ,\y. 3z[M]. z€A A y = (z, f(fst(z),snd(x))))
and U__closed [intro,simp]: AX. M(X) = M(U(X))
shows lam__replacement(M, Ar . f(fst(r),snd(r)))
(proof)
lemma lam_ replacement_ fst”:
assumes V A[M]. separation(M, \y. Fz[M]. z€A N y = (x, fst(z)))
shows lam__replacement(M,fst)

{proof)

lemma lam__replacement__snd’:
assumes V A[M]. separation(M, \y. Fz[M]. z€A N y = (x, snd(x)))
shows lam__replacement(M ,snd)
{proof )
lemma lam_ replacement_restrict:
assumes V A[M]. separation(M, \y. Iz[M]. z€A A y = (z, restrict(z,B))) M(DB)
shows lam__replacement(M, Ar . restrict(r,B))

(proof)

lemma lam_ replacement_ Union’ :
assumes Y A[M]. separation(M, Ay. 3z[M]. x € ANy = (z, Uz))
shows lam_ replacement(M,Union)

{(proof)

lemma Image in_ Pow_rel Union3:
assumes z€X ye X M(X)
shows Image(z,y) € Pow™M(JUU X)

(proof)

lemma lam__replacement_ Image’:
assumes
YV A[M)]. separation(M,\y. Iz[M]. z€A A y = (z, Image(fst(z),snd(z))))
shows
lam__replacement(M, Ar . Image(fst(r),snd(r)))

{proof)

lemma minimum__in_ Union:
assumes z€X ye X
shows minimum(z,y) € {0} UUX
(proof )
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lemma lam_ replacement__minimum':
assumes
YV A[M)]. separation(M,\y. Jz[M]. z€A A y = (z, minimum(fst(z),snd(z))))
shows
lam__replacement(M, Ar . minimum(fst(r),snd(r)))

{proof)

lemma lam_ replacement_Pow _rel:
assumes V A[M]. separation(M, \y. Fz[M]. z € A A y = (x, Pow_rel(M,x)))
shows lam__replacement(M,Pow_rel(M))

(proof)
end — M _basic

definition
middle _del :: i=i=1 where
middle_del(z,y) = (fst(z),snd(y))

(ML)

context M basic
begin

lemma middle_del_in__cartprod:
assumes z€X ye X M(X)
shows middle del(z,y) € {0} U UUX) x {0} uUUX)
(proof )

lemma lam_ replacement_middle_del”:
assumes
Y A[M]. separation(M \y. Fz[M]. z€A A y = (x, middle_del(fst(x),snd(z))))
shows
lam__replacement(M, Ar . middle_del(fst(r),snd(r)))

(proof )
end — M _basic

definition
prodRepl :: i=i=-i where
prodRepl(z,y) = (snd(2),{fst(z),snd(y)))

(ML)

context M basic
begin

lemma prodRepl_in__cartprod:
assumes z€X yeX M(X)

shows prodRepl(z,y) € ({0} U JUUX) x ({0} u UUX) x ({0} u UUX)
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{proof)

lemma lam,__replacement__prodRepl’:
assumes
Y A[M]. separation(M \y. Fz[M]. z€A N y = (x, prodRepl(fst(z),snd(x))))
shows
lam__replacement(M, Ar . prodRepl(fst(r),snd(r)))

{proof)

end — M _basic

context M Perm
begin

lemma inj rel in_ Pow_ rel Pow rel:
assumes z€X yeX M(X)
shows inj™(z,y) € PowM(PowM(JX x X))
(proof)

lemma lam_replacement_inj rel”:
assumes
Y A[M]. separation(M \y. 3z[M]. €A A y = (z, ing™ (fst(x),snd(z))))
shows
lam,_replacement(M, Ar . ing™ (fst(r),snd(r)))
(proof)

end — M _Perm

locale M replacement = M__basic +
assumes

lam__replacement__fst: lam__replacement(M fst)

and

lam__replacement__snd: lam__replacement(M ,snd)

and

lam__replacement__Union: lam__replacement(M ,Union)

and
lam__replacement__middle__del: lam__replacement(M, \r. middle__del(fst(r),snd(r)))
and

lam__replacement__prodRepl: lam__replacement(M, Ar. prodRepl(fst(r),snd(r)))
and

lam__replacement__Image:lam__replacement(M, Ap. fst(p) *“ snd(p))

and

middle__separation: separation(M, Ax. snd(fst(x))=fst(snd(z)))

and

separation_ fst_in_snd: separation(M, \y. fst(snd(y)) € snd(snd(y)))
begin

— This lemma is similar to strong_lam_ replacement_imp_ strong replacement
and lam__replacement_imp_ strong_replacement aux but does not require g to be
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closed under M.

lemma lam__replacement__imp__strong replacement:
assumes lam_replacement(M, f)
shows strong_replacement(M, Az y. y = f(z))

(proof)

lemma Collect _middle: {p € (Az€A. f(z)) x (A\ze{f(z) . z€A}. g(x)) . snd(fst(p))=fst(snd(p))}
= { ((&:f(2)),(f(2),9(f(2)))) - zeA '}

{proof)

lem?fa]‘, f%epFunfmiddlefdel: { (fst(fst(p)),snd(snd(p))) - p € { ((z.f(2)).{f(2),9(f(2))))
. xe
= { (z,9(f(2))) . z€A }
(proof)

lemma lam_ replacement_imp_ RepFun:
assumes lam__replacement(M, f) M(A)
shows M({y . z€A , M(y) A y=f(z)})
(proof)

lemma lam__replacement_product:
assumes lam__replacement(M,f) lam_replacement(M,g)
shows lam__replacement(M, Az. {f(z),9(x)))

(proof)

lemma lam__replacement__hcomp:
assumes lam__replacement(M.,f) lam__replacement(M,g) ¥ z[M]. M(f(z))
shows lam__replacement(M, Az. g(f(z)))

(proof)

lemma lam_ replacement _hcomp2:
assumes lam__replacement(M,f) lam_replacement(M,g)
VoM. M(F(z)) ¥ 2{M]. M(g(x))
lam__replacement(M, Ap. h(fst(p),snd(p)))
shows lam__replacement(M, Az. h(f(z),9(z)))
(proof)

lemma lam_replacement _identity: lam__replacement(M Ax. x)

(proof)

lemma strong_replacement__separation__auz :
assumes strong_replacement(M )\ z y . y=f(x)) separation(M,P)
shows strong replacement(M, Az y . P(x) A y=f(z))

(proof)

lemma separation__in:
assumes Vz[M]. M(f(z)) lam_replacement(M.,f)
YV z[M]. M(g(x)) lam__replacement(M,g)
shows separation(M \x . f(z)€g(x))

144



(proof)

lemma lam_replacement _swap: lam__replacement(M, Az. (snd(z),fst(z)))
{proof)

lemma relation_separation: separation(M, Az. Iz y. z = {(z, y))
(proof )

lemma separation_ Pair:
assumes separation(M, Ay . P(fst(y), snd(y)))
shows separation(M, Ay. 3 u v . y=(u,v) A P(u,))
(proof)

lemma lam_replacement__separation :
assumes lam__replacement(M.f) separation(M,P)
shows strong_replacement(M, Az y . P(z) N y=(z,f(x)))

{proof)

lemmas strong_replacement__separation =
strong__replacement__separation__auz[OF lam__replacement__imp__strong__replacement)

lemma id_ closed: M(A) = M (id(A))
{proof)

lemma lam_ replacement_Pair:
shows lam__replacement(M, Az. (fst(x), snd(z)))
(proof)

lemma lam_replacement_ Upair: lam__replacement(M, Ap. Upair(fst(p), snd(p)))
(proof)

lemma lam_replacement_Un: lam__replacement(M, \p. fst(p) U snd(p))
(proof )

lemma lam__replacement__cons: lam__replacement(M, Ap. cons(fst(p),snd(p)))
(proof )

lemma lam_ replacement_sing fun:
assumes lam_ replacement(M, ) YV z[M]. M(f(z))
shows lam__replacement(M, \z. {f(z)})

(proof)

lemma lam_replacement _sing: lam__replacement(M, Ax. {x})
{proof)

lemma lam_ replacement CartProd:
assumes lam__replacement(M,f) lam_replacement(M,g)

Va[M]. M(f(z)) vV 2[M]. M(g())
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shows lam__replacement(M, Az. f(z) x g(z))
(proof)

lemma lam_ replacement_RepFun :
assumes lam__replacement(M Az . f(fst(z),snd(z))) lam_replacement(M,g)
Vz[M].Vyeg(z). M (f(z,y)) Vz[M].M(g(z))
shows lam_ replacement(M  x . {f(z,2z) . z€g(z)})
(proof )

lemma lam_ replacement_Collect :
assumes lam__replacement(M,f) V z[M].M(f(z))
separation(M \x . F(fst(z),snd(z)))
shows lam_ replacement(M  z. {yef(z) . F(z,y)})
(proof)

lemma separation__eq:
assumes VY z[M]. M(f(z)) lam_replacement(M.,f)
Vz[M]. M(g(x)) lam_replacement(M,q)
shows separation(M,\x . f(z) = g(x))
(proof)

lemma separation_comp :
assumes separation(M,P) lam_ replacement(M.f) ¥ z[M]. M(f(z))
shows separation(M , z. P(f(z)))

{proof)

lemma lam_replacement__domain: lam_ replacement(M ,domain)

(proof)

lemma separation_in_domain : M(a) = separation(M, Az. acdomain(z))

(proof )

lemma separation__all:
assumes separation(M, Az . P(fst(fst(z)),snd(z)))
lam__replacement(M.,f) lam__replacement(M,g)
v alM]. M(f(z)) ¥ a[M]. M(g(z))
shows separation(M, Az. Vz€f(z). P(g(z),z))
(proof)

lemma separation ex:
assumes separation(M, Az . P(fst(fst(z)),snd(z)))
lam__replacement(M.f) lam__replacement(M,qg)
v alM). M(f(x)) ¥ a[M]. M(g(z))
shows separation(M, Az. Jzef(z). P(g(2),x))
{proof)

lemma lam__replacement _converse: lam__replacement(M ,converse)

(proof)
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lemma lam_replacement Diff: lam__replacement(M, Az . fst(z) - snd(z))
(proof)

lemma lam__replacement_range : lam__replacement(M range)

{proof)

lemma separation_in_range : M(a) = separation(M, \z. a€range(z))
{proof)

lemmas tag_replacement = lam,__replacement__constant[unfolded lam__replacement__def]

lemma tag lam_replacement : M(X) = lam__replacement(M  zx. <X,z>)
(proof )

lemma strong lam__replacement _imp__lam__replacement_RepFun :
assumes strong_replacement(M ) x z . P(fst(z),snd(x)) A z=(z,f(fst(z),snd(z))))
lam__replacement(M ,g)
NAy. M(y) = M(A) = VzcA. P(y,z) — M(f(y,z))
Va{M]. M(g(z)
separation(M, Az. P(fst(z),snd(z)))
shows lam__replacement(M, Az. {y . r€ g(z) , P(z,r) A y=f(x,)})
(proof)

lemma lam__replacement_ Collect’ :

assumes M (A) separation(M,\p . F(fst(p),snd(p)))
shows lam__replacement(M,Az. {yeA . F(z,y)})

{proof)

lemma lam_replacement_id2: lam_replacement(M, Az. (z, x))

(proof )

lemmas id_replacement = lam__replacement__id2[unfolded lam__replacement__def]

lemma lam__replacement__apply2:lam__replacement(M, Ap. fst(p) ¢ snd(p))
(proof )

lemma lam_replacement _apply:M(S) = lam__replacement(M, \z. S ‘ x)
(proof)

lemma apply replacement: M (S) = strong_replacement(M, Az y. y = S ‘ )
(proof )

lemma lam_replacement_id__const: M(b) = lam__replacement(M, \z. (z, b))

(proof )
lemmas pospend__replacement = lam__replacement__id__const[unfolded lam__replacement__def]

lemma lam__replacement__const_id: M(b) = lam__replacement(M, \z. (b, z))
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(proof)
lemmas prepend_replacement = lam__replacement__const__id[unfolded lam__replacement__def]

lemma lam__replacement__apply_const_id: M(f) = M(z) =
lam__replacement(M, Az. f “ (z, )
(proof )

lemmas apply_replacement2 = lam__replacement__apply__const_id[unfolded lam__replacement__def)

lemma lam_replacement_Inl: lam__replacement(M, Inl)

{proof)

lemma lam_replacement Inr: lam__replacement(M, Inr)

(proof)

lemmas Inl_replacement] = lam__replacement__Inl[unfolded lam__replacement__def]

lemma lam_replacement_Diff = M(X) = lam_ replacement(M, Az. z - X)
{proof)

lemmas Pair_diff replacement = lam__replacement_ Diff '[unfolded lam__replacement__def]

lemma diff Pair_replacement: M(p) = strong__replacement(M, Az y . y={(x,z-{p}))
(proof )

lemma swap__replacement:strong_replacement(M, Az y. y = (x, (AN (z,y). (y, z))(z)))
(proof )

lemma lam_replacement_Un__const: M (b) = lam__replacement(M, Az. z U b)

(proof )

lemmas tag_union_replacement = lam__ replacement_ Un__const[unfolded lam__replacement__def]

lemma lam__replacement__csquare: lam__replacement(M Ap. {fst(p) U snd(p), fst(p),

snd(p)))
(proof)

lemma csquare lam_replacement:strong _replacement(M, Az y. y = (z, (A (z,y).

(z Uy, z,y)(2))
{proof)

lemma lam_ replacement__assoc:lam__replacement(M Nz (fst(fst(z)), snd(fst(z)),

(proof)

lemma assoc__replacement:strong_replacement(M, Az y. y = (x, (AN {z,y),2). (z,

y: 2))(x)))
(proof )
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lemma lam__replacement_prod_ fun: M(f) = M(g) = lam__replacement(M ,\z.
(f “ fst(x), g * snd(z)))
(proof )

lemma prod_fun_ replacement: M (f) = M(g) =
strong_replacement(M, Az y. y = (z, (Mw,y). {f ‘w, g ‘ y))(x)))
(proof )

lemma separation_subset:
assumes Vz[M]. M(f(z)) lam_replacement(M.,f)
YV z[M]. M(g(x)) lam_replacement(M,q)
shows separation(M, z . f(z) C g(x))
(proof)

lemma lam__replacement__twist: lam__replacement( M, {((z,y),2). (2,y,2))

{proof)

lemma twist_closed[intro,simpl: M(z) = M((A{{z,y),2). (2,y,2))(z))
{proof)

lemma lam__replacement__vimage :
shows lam__replacement(M, Az. fst(x)-“‘snd(x))

{proof)

lemma lam__replacement__vimage__sing: lam__replacement(M, Ap. fst(p) -“{snd(p)})

{proof)

lemma lam_ replacement_vimage__sing_fun: M(f) = lam__replacement(M, \z.
f-Aa})
(proof )

lemma lam_replacement _image_sing _fun: M(f) = lam__replacement(M, Az. f
“{z})
{proof )

lemma converse__apply_projs: ¥ z[M]. U (fst(z) -*“ {snd(z)}) = converse(fst(z))
‘ (snd(z))
{proof )

lemma lam__replacement__converse__app: lam__replacement(M, Ap. converse(fst(p))
* snd(p))
(proof)

lemmas cardinal_lib__assms/ = lam__replacement_vimage__sing__fun[unfolded lam__replacement__def]
lemma lam_ replacement sing_const_id:

M(z) = lam_replacement(M, Ay. {{z, y)})
(proof)
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lemma tag singleton_closed: M(z) = M(z) = M{{{{(z, v)} . y € z})
{proof)

lemma separation_ ball:
assumes separation(M, Ay. f(fst(y),snd(y))) M(X)
shows separation(M, Ay. VueX. f(y,u))

{proof)

lemma separation_ bex:
assumes separation(M, y. f(fst(y),snd(y))) M(X)
shows separation(M, Ay. JueX. f(y,u))

{proof)

lemma lam_replacement_Lambda:
assumes lam__replacement(M, \y. b(fst(y), snd(y)))
YV w[M]. Vy[M]. M(b(w, y)) M(W)
shows lam__replacement(M, Az. Awe W. b(z, w))
(proof)

lemma lam__replacement__apply Pair:
assumes M(y)
shows lam__replacement(M, Az. y * (fst(z), snd(z)))

{proof)

lemma lam__replacement__apply fst_snd:
shows lam__replacement(M, Aw. fst(w) * fst(snd(w)) ‘ snd(snd(w)))
(proof)

lemma lam__replacement_RepFun__apply :
assumes M(f)
shows lam__replacement(M, Az . {fy . y € z})
(proof )

lemma separation_snd_in_ fst: separation(M, Az. snd(z) € fst(z))
{proof)

lemma lam_ replacement_if mem:
lam__replacement(M, Az. if snd(z) € fst(x) then 1 else 0)

{proof)

lemma lam_ replacement_Lambda__apply fst_snd:
assumes M(X)
shows lam__replacement(M, A\x. AweX. z ¢ fst(w) © snd(w))

(proof )
lemma lam_ replacement_Lambda__apply_Pair:

assumes M(X) M(y)
shows lam,__replacement(M, Az. AweX. y ‘ (z, w))
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{proof)

lemma lam__replacement_Lambda__if mem:
assumes M(X)
shows lam__replacement(M, Ax. Aza€X. if za € z then 1 else 0)

{proof)

lemma case closed :
assumes Vz[M]. M(f(z)) Va[M]. M(g(z))
shows V z[M]. M(case(f,g,z))
(proof )

lemma separation_fst_equal : M(a) = separation(M \z . fst(x)=a)
{proof)

lemma lam__replacement_case :
assumes lam__replacement(M,f) lam_replacement(M,g)
Va[M]. M(f(z)) Vz[M]. M(g(z))
shows lam__replacement(M, Az . case(f,g,z))
{proof)

lemma Pi_replacementl: M(z) = M(y) = strong_replacement(M, Aya z. ya
€y z={({z ya)})
(proof)

lemma surj_imp_inj replacementl:
M(f) = M(z) = strong_replacement(M, Ay z. y € f-“{z} N z = {{(z, ¥)})
(proof )

lemmas domain__replacement = lam__replacement__domain[unfolded lam__replacement__def]

lemma domain_ replacement__simp: strong_replacement(M, Az y. y=domain(x))

{proof)

lemma un__Pair_replacement: M(p) = strong__replacement(M, Az y . y = 2U{p})
(proof )

lemma diff replacement: M(X) = strong_replacement(M, Az y. y = z - X)
(proof)

lemma lam_ replacement succ:
lam__replacement(M Az . succ(z))

{proof)

lemma lam_ replacement _hcomp__Least:
assumes lam_ replacement(M, g) lam_replacement(M Az p i. x€F(i,x))
shows lam__replacement(M Az p i. g(x)EF(i,9(x)))
(proof)
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lemma domain_mem__separation: M(A) = separation(M, Az . domain(z)€A)
{proof)

lemma domain__eq_separation: M(p) = separation(M, Az . domain(x) = p)

{proof)

lemma lam_ replacement_Int:
shows lam__replacement(M, Ax. fst(z) N snd(x))

{(proof)

lemma restrict_eq _separation”: M(B) =V A[M]. separation(M, Ay. z[M]. z€ A
Ay = (z, restrict(z, B)))
(proof)

lemmas lam__replacement__restrict’ = lam__replacement__restrict| OF restrict__eq _separation’]

lemma restrict_strong_replacement: M(A) = strong_replacement(M, Az y. y=restrict(z,A))
(proof )

lemma restrict_eq _separation: M(r) = M(p) = separation(M, Az . restrict(x,r)
=p)
(proof)

lemma separation_equal_fst2 : M(a) = separation(M Az . fst(fst(z))=a)
{proof)

lemma separation__equal _apply: M(f) = M(a) = separation(M \z. f‘z=a)
(proof )

lemma lam__apply_replacement: M(A) = M(f) = lam__replacement(M, Az .
An€A. f ¢ {z, n))
(proof)

lemma lam_ replacement__comp :
lam__replacement(M, Az . fst(z) O snd(x))
(proof )

lemma lam_ replacement__comp':
M(f) = M(g9) = lam__replacement(M, Az . f O z O g)

{proof)

lemma RepFun_ SigFun_ closed: M(z)=— M(z) = M{{{z, )} . u € x})
{proof)

lemma separation_orthogonal: M(z) = M(Q) = separation(M, \a . Vs€z.
(s, a) € Q)
{proof)

lemma separation__Transset: separation(M,Transset)

{proof)

152



lemma separation_Ord: separation(M,0rd)

{proof)

lemma ord_iso_separation: M(A) = M(r) = M(s) =
separation(M, \f. Vz€A. VyeA. (z,y) € r+— (f ‘z, f ‘y) € s)
(proof)

lemma separation__dist: separation(M, X x . Ja. 3b . x={a,b) A a#Db)
(proof)

lemma separation__imp_lam_ closed:
assumes Vz€A. F(z) € B separation(M, Xz,y). F(z) = y)
M(A) M(B)
shows M(Az€A. F(x))
(proof)

lemma curry_closed :
assumes M(f) M(A) M(B)
shows M (curry(A,B,f))
(proof )

end — M_replacement

definition
RepFun__cons :: i=1=1 where
RepFun__cons(x,y) = RepFun(z, Az. {{y,2)})

context M replacement
begin

lemma lam_ replacement_RepFun__cons’”:
shows lam,_ replacement(M, Az . RepFun__cons(fst(z),snd(x)))

{proof)

lemma RepFun__cons_replacement: lam__replacement(M, \p. RepFun(fst(p), Az.

{(snd(p),z)}))
(proof)

lemma lam__replacement_ Sigfun:
assumes lam__replacement(M,f) V y[M]. M(f(y))
shows lam__replacement(M, Ax. Sigfun(z,f))
(proof)

lemma phrank_repl:
assumes

M(f)

shows
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strong__replacement(M, Az y. y = succ(fc))
{proof)

lemma lam__replacement_Powapply_rel:
assumes V A[M]. separation(M, \y. Fz[M]. z € A A y = (x, Pow_rel(M,x)))
M(f)
shows
lam__replacement(M, Powapply_rel(M,f))

{proof)

lemmas Powapply_rel _replacement = lam__replacement__Powapply__rel[ THEN
lam__replacement__imp__strong _replacement]

lemma surj_imp_inj replacement2:
M(f) = strong_replacement(M, Az z. z = Sigfun(z, Ay. f - {y}))
(proof )

lemma lam_replacement_Pi: M(y) = lam_replacement(M, \z. |Jzacy. {{z,

wa)})
{proof)

lemma Pi_replacement2: M(y) = strong_replacement(M, Az z. z = (|J za€y.

{{z, wa)}))
(proof)

lemma if then_Inj replacement:
shows M(A) = strong_replacement(M, Az y. y = (x, if x € A then Inl(z) else

Inr(z)))
(proof)

lemma lam_if then_ replacement:
M(b) =
M(a) = M(f) = strong_replacement(M, Ay ya. ya = {y, if y = a then b
else f * 1))
(proof)

lemma if then_ replacement:

M(A) = M(f) = M(g) = strong_replacement(M, Az y. y = {(z, if z € A
then f “ z else g ‘ z))

(proof)

lemma ifr replacement:
M(f) =
M(b) = strong_replacement(M, Az y. y = {(z, if © € range(f) then converse(f)
‘x else by)
{proof)

lemma if then_range replacement2:
M(A) = M(C) = strong_replacement(M, Az y. y = (z, if v = Inl(A) then C
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else x))
{proof)

lemma if then_range replacement:
M(f) =
strong__replacement
(o,
Az y. y = {z if z = u then f “ 0 else if z € range(f) then f ¢ succ(converse(f)
‘2) else z))

{proof)

lemma Inl_replacement?:
M(A) =
strong__replacement(M, Az y. y = {(x, if fst(x) = A then Inl(snd(z)) else Inr(zx)))
{proof)

lemma case replacementI:
strong_replacement(M, Az y. y = (z, case(Inr, Inl, 2)))
{proof)

lemma case replacement2:
strong_replacement(M, Az y. y = (z, case(case(Inl, \y. Inr(Inl(y))), Ay. Inr(Inr(y)),

2)))
(proof )

lemma case replacementy:
M(f) = M(g9) = strong_replacement(M, Az y. y = (z, case(Aw. Inl(f ‘ w),

Ay. Inr(g “y), 2)))
(proof )

lemma case_replacements:
strong_replacement(M, Az y. y = (z, (Mx,2). case(\y. Inl({y, 2)), Ay. Inr({y,
2)), ©))(2)))
(proof)
end — M _replacement
locale M Pi replacement = M__Pi + M _replacement
begin
lemma curry_rel _exp :
assumes M(f) M(A) M(B) M(C) fe A x B— C

shows curry(A,B,f) € A =M (B =M ()
{proof)

end — M _Pi replacement

— To be used in the relativized treatment of Cohen posets
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definition
— ”domain collect F”
dC F :: i = 1= i where
dC_F(A,d) = {p € A. domain(p) = d }

definition

— ”domain restrict SepReplace Y”

drSR_Y i = i = i = 1= i where

drSR_Y(B,D,A,x) = {y . reA , restrict(r,B) = z A\ y = domain(r) A domain(r)
€ D}

lemma drSR_Y equality: drSR_Y(B,D,A;x) = { dreD . (3reA . restrict(r,B)
=z A dr=domain(r)) }
{proof)

context M _replacement
begin

lemma separation_ restrict_eq dom__eq:¥ z[M].separation(M, Adr. 3reA . restrict(r,B)
=z A dr=domain(r))

if M(A) and M(B) for A B

{proof)

lemma separation_is_insnd_restrict _eq dom : separation(M, Ap. (IreA. re-
strict(r, B) = fst(p) A snd(p) = domain(r)))

if M(B) M(D) M(A) for A B D

(proof)

lemma lam__replacement_drSR_Y:
assumes M(B) M(D) M(A)
shows lam__replacement(M, drSR__Y(B,D,A))
(proof)

lemma drSR_ Y closed:
assumes M(B) M (D) M(A) M(f)
shows M(drSR_Y(B,D,A.f))
{proof)

lemma lam_if then_apply_replacement: M(f) = M(v) = M(u) =
lam__replacement(M, Az. if f ‘x = vthen f ‘uelse f ‘x
(proof)

lemma lam_if then apply replacement2: M(f) = M(m) = M(y) =
lam__replacement(M, Az . if f  z = m then y else [ * 2)
(proof )

lemma lam__if then_replacement2: M(4) = M(f) =
lam__replacement(M, Az . if x € A then f ‘ x else x)
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{proof)

lemma lam_if then_replacement_apply: M(G) = lam__replacement(M, Az. if
M(z) then G * z else 0)

(proof )

lemma lam_ replacement _dC'_F:
assumes M(A)
shows lam__replacement(M, dC_F(A))
{(proof)

lemma dCF _closed:
assumes M(A) M(f)
shows M(dC_F(A.f))

(proof)

lemma lam_ replacement__Collect_ball _Pair:

assumes M(G) M(Q)

shows lam_ replacement(M, Az . {a € G . Vs€x. (s, a) € Q})
(proof)

lemma surj_imp_inj replacements:

assumes M(G) M(Q) M(z)

shows strong_replacement(M, Ay z. y € {a € G . Vs€x. (s, a) € Q} A z = {(z,
v}
{proof)

lemmas replacements = Pair__diff _replacement id__replacement tag replacement
pospend__replacement prepend__replacement
Inl_replacement! diff Pair_replacement
swap__replacement tag union_replacement csquare__lam__replacement
assoc__replacement prod__fun__replacement
cardinal_lib__assms4 domain__replacement
apply__replacement
un__Pair_replacement restrict_strong _replacement diff _replacement
if _then_Inj replacement lam__if then_ replacement if then replacement
ift_replacement if then_range replacement2 if then_range replacement
Inl_replacement2
case__replacementl case_replacement? case_replacements case replacementd

lemma zermelo_separation: M(Q) = M(f) = separation(M, AX. Q U f “ X

c X)
(proof)

end — M_replacement

18.2 Some basic replacement lemmas

lemma (in M_ trans) strong_replacement _conj:
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assumes \A. M(A) = univalent(M,A,P) strong_replacement(M,P)
separation(M, Ax. 3b[M]. Q(z,b) A P(z,b))
shows strong _replacement(M, Az z. Q(z,z) N P(z,z))
(proof)

lemma strong replacement_iff bounded_M:

strong__replacement(M,P) <— strong_replacement(M A x z . M(z) A M(z) A
P(z,z))

{proof)

end

19 Basic relativization of cardinality

theory Discipline Cardinal
imports
Discipline__Function
begin

(ML)
notation is_cardinal_fm (<cardinal’(__") is _»)

abbreviation
cardinal_r :: [i,i=0] = i (x| _|—) where
\z|M = cardinal_rel( M ,z)

abbreviation
cardinal_r_set = [i,i]=1 (<|_|—) where
|z|M = cardinal _rel(##M z)

context M trivial
begin
(ML)
(proof)
end — M _trivial

(ML)
(proof )

(ML)
lemma arity_is_surj_fm [arity] :
A € nat = B € nat = I € nat = arity(is_surj_fm(4, B, I)) = succ(A) U

suce(B) U suce()
{proof)

(ML)
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lemma arity is_inj fm [arity]:

A € nat = B € nat = I € nat = arity(is_inj_fm(A, B, I)) = succ(A) U
suce(B) U suce(l)

{proof)

(ML)

context M Perm
begin
(ML)

(proof)
end — M _Perm

(ML)
notation It _rel_fm (¢ < _ )
(ML)

lemma arity It _rel fmlarity]: a € nat = b € nat = arity(lt_rel_fm(a, b)) =
suce(a) U suce(b)
{proof)

(ML)

notation is_Card_fm (<-Card'(__")-»)
(ML)

notation Card_rel («Card—'(__")»)

lemma (in M_Perm) is_Card_iff: M(A) = is_Card(M, A) <— CardM(A)
{proof)

abbreviation
Card_r_set :: [i,i]|=0 («Card—'(_"))) where
CardM (i) = Card_rel(#4M i)
(ML)
notation is InfCard_fm (<-InfCard’(_")-»)
(M)
notation InfCard_rel (<InfCard—"(__"))
abbreviation

InfCard_r_set :: [i,i]=o0 (<InfCard—'(_"))) where
InfCard™ (i) = InfCard_rel(##M i)

19.1 Disicpline for (@)
(ML)

abbreviation
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cadd_r :: [i,i=o0,i] = i («_ &— _» [66,1,66] 65) where
A oM B = cadd_rel(M,A,B)

context M basic
begin
(ML)
(proof)
end — M _basic

(ML)

{proof )
(ML)

context M Perm
begin
(ML)

(proof)

end — M _ Perm

19.2 Disicpline for (®)

(ML)
abbreviation
emult_r :: [i,i=0,i] = i («_ ®— _» [66,1,66] 65) where

A @M B = cmult_rel(M,A,B)
(ML)
declare cartprod_iff sats [iff _sats]
(ML)
context M _Perm
begin
(ML)

(proof )

(ML)
(proof)

end — M_Perm

end

20 Relativization of the cumulative hierarchy

theory Univ_ Relative
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imports
ZF-Constructible. Rank
ZF. Univ
Discipline__Cardinal

begin
declare arity_ordinal_fm|arity)

context M trivial
begin
declare powerset__abs[simp]

lemma family_union_ closed: [strong_replacement(M, Az y. y = f(z)); M(A);
VzeA. M(f(x))]
= M(UzcA. f(x))
(proof)

lemma family union_closed”: [strong_replacement(M, Az y. z€A N y = f(z));
M(A); VzeA. M(f(x))]
= M(Uz€A. f(x))
(proof )

end — M _trivial

definition
HVfrom :: [i,i,i] = ¢ where
HVfrom(A,z,f) = AU (U yez. Powapply(f,y))

(ML)

lemma arity is HVfrom_ fm:
A € nat =
T € nat =
f € nat =
d € nat =
arity(is_HVfrom_fm(A, z, f, d)) = succ(A) U succ(d) U (suce(z) U suce(f))
(proof)

notation HVfrom_rel (<HVfrom—'(_, _, '))

locale M__HVfrom = M__eclose +
assumes
Powapply _replacement:
M(f) = strong_replacement(M,\y z. z = Powapply™(f,y))
begin

(ML)
(proof)
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(ML)
(proof)

end — M__HVfrom

definition
Vfrom__rel :: [i=0,i,i] = i («Vfrom—'(__,_')») where
ViromM(A,i) = transrec(i, HVfrom_rel(M,A))

definition
is_Vfrom :: [i=0,i,i,i] = o where
is_ Vfrom(M,A,i,z) = is_transrec(M,is_HVfrom(M,A),i,z)

definition
Hrank :: [i,i]] = i where
Hrank(z,f) = (Jyex. suce(fy))

definition
rrank :: ¢ = 1 where
rrank(a) = Memrel(eclose({a})) ™+

(ML)

lemma arity is Hrank fm : z € nat =
f € nat =
d € nat =
arity(is_Hrank_fm(z, f, d)) =
suce(d) U suce(z) U suce(f)
(proof )

locale M Vfrom = M__HVfrom +

assumes

trepl _HVfrom : [ M(A);M (i) | = transrec__replacement(M is_HVfrom(M,A),7)
and
Hrank__replacement : M(f) = strong_replacement(M Az y . y = suce(f‘z))
and

is__Hrank__replacement : M(x) = wfrec_replacement(M ,is__Hrank(M),rrank(z))
and
HVfrom__replacement : [ M(i) ; M(A) | =

transrec__replacement(M ,is_ HVfrom(M,A),7)

begin
lemma Vfrom_ rel iff :
assumes M(A) M(i) M(z) Ord(i)

shows is Vfrom(M,A,i,z) «— z = VfromM(A,i)

(proof)
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lemma relation2 HVfrom: M(A) = relation2(M,is_HVfrom(M,A),HVfrom_rel(M,A))
{proof)

lemma HVfrom_ closed :
M(A) = Vz[M]. V g[M]. function(g) — M(HVfrom_rel(M,A,z,qg))
(proof )

lemma Vfrom_rel closed:
assumes M(A) M(i) Ord(7)
shows M (transrec(i, HVfrom_rel(M, A)))
(proof )

lemma transrec_ HVfrom:

assumes M(A)

shows Ord(i) = M(i) = {z€ Vfrom(A,i). M(z)} = transrec(i,HVfrom__rel(M,A))
(proof)

lemma Vfrom__abs: [ M(A)
V = {zeVfrom(A,i). M(z)}
{proof)

s M(4); M(V); Ord(3) | = is_Vfrom(M,A,i,V) +—

le<mm%}>Vfromiclosed: [ M(A); M(%); Ord(i) | = M({z€Vfrom(A,i). M(z)})
proo

end — M_Vfrom

20.1 Formula synthesis

context M__ Vfrom
begin

(ML)
(proof)

(ML)
{proof)

lemma relation2_Hrank :
relation2(M is__Hrank(M ), Hrank)
(proof )

lemma Hrank closed :
YV z[M]. ¥ g[M]. function(g) — M(Hrank(z,g))
(proof)

end — M _basic
context M eclose

begin
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lemma wf rrank : M(z) = wf(rrank(z))
{proof)

lemma trans_rrank : M(z) = trans(rrank(z))

{proof)

lemma relation_rrank : M(z) = relation(rrank(z))
{proof)

lemma rrank_in_ M : M(z) = M(rrank(z))

{proof)

end — M _eclose

lemma Hrank__trancl: Hrank(y, restrict(f,Memrel(eclose({z}))-‘{y}))
= Hrank(y, restrict(f,(Memrel(eclose({z})) ™)-‘“{y}))

{proof)

lemma rank_trancl: rank(z) = wfrec(rrank(z), z, Hrank)

(proof)

definition
Vset’ :: [i] = i where
Vset'(A) = Vfrom(0,4)

(ML)

schematic__goal sats is Vset fm__auto:
assumes
i€nat venat envelist(A) 0eA
i < length(env) v < length(env)
shows
is_ Vset(##A,nth(i, env),nth(v, env)) «— sats(A,%ivs_fm(i,v),env)
(proof)

(ML)
context M_ Vfrom
begin

lemma Vset _abs: [ M(2); M(V); Ord(i) | = is_ Vset(M,i,V) «— V = {z€ Vset(i).
M(z)}
{proof)

lemma Vset_closed: | M(3); Ord(i) | = M({z€ Vset(i). M(z)})
{proof)

lemma rank_closed: M(a) = M (rank(a))

{proof)
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lemma M into Vset:

assumes M (a)

shows Fi[M]. 3 V[M]. ordinal(M,i) A is_Vset(M,i,V) A a€V
(proof)

end — M_HVfrom

end

21 Relative, Choice-less Cardinal Numbers

theory Cardinal__Relative
imports
Lambda__Replacement
Univ_Relative
begin

The following command avoids that a commonly used one-letter variable be cap-
tured by the definition of the constructible universe L.

hide__const (open) L
We also return to the old notation for (+) to preserve the old Constructibility code.

no__notation oadd (infixl «+» 65)
notation sum (infixr «+> 65)

definition
Finite_rel :: [i=o0,i]l=>0 where
Finite_rel(M,A) = 3 om[M]. In[M]. omega(M,om) A n€om A egpoll_rel(M,A,n)

definition
banach__functor :: [i,i,i,i,i] = i where
banach__functor(X,Y f,g, W) = X - g*(Y - f*W)

lemma banach_functor__subset: banach_ functor(X,Y f,g, W) C X
(proof )

definition

is_banach__functor(M,X,Y f,q,W,b) =
IfWM]. 3 YFW[M]. 3 gYfW[M). image(M.f,W fW) A setdiff (M, Y fW,YfW)
N
image(M,g, YfW gYfW) A setdiff (M, X,gYfWb)

lemma (in M_ basic) banach__functor _abs :
assumes M(X) M(Y) M(f) M(g)
shows relation1(M is_banach_functor(M,X,Y,f,g),banach_ functor(X,Y.f,9))
(proof )
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lemma (in M_ basic) banach__functor _closed:
assumes M(X) M(Y) M(f) M(g)
shows V W[M]. M(banach_ functor(X,Y f,g,W))
(proof )

context M trancl
begin

lemma iterates banach_functor _closed:
assumes new M(X) M(Y) M(f) M(g)
shows M (banach_functor(X,Y.f,q) "n(0))

{proof)

lemma banach_repl iter':
assumes
NA. M(A) = separation(M, Ab. z€A. © € w A b = banach_functor(X, Y,

[, 9) 7% (0))
M(X) M(Y) M(f) M(g)
shows
strong__replacement(M, Az y. x€nat A\ y = banach_functor(X, Y, f, g) "z (0))

{proof)

end — M _trancl

context M _Perm
begin

lemma mem_ Pow_rel: M(r) = a € Pow_rel(M,r) = a € Pow(r) AN M(a)
{proof)

lemma mem._bij abs: [M(f);M(A);M(B)] = f € bijM(A,B) «— febij(A,B)
(proof)

lemma mem_inj_abs: [M(f);M(A);M(B)] = f € injM(A,B) < fcinj(A,B)
{proof)

lemma mem._surj abs: [M(f);M(A);M(B)] = f € surj™(A,B) «— fesurj(A,B)
(proof)

end — M _Perm

locale M _cardinals = M__ordertype + M__trancl + M__Perm + M__replacement
Jr
assumes
radd__separation: M(R) = M(S) =
separation(M, Az.
(Fz y. z = (Inl(z), Inr(y))) V
(Fz' z. 2 = (Inl(z’), Inl(x)) A {z', z) € R) V
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Gy y. 2 = (Inr(y)), Inr(y)) A (y', y) € 9))
and
rmult_separation: M(b) = M(d) = separation(M,
Az. 3"y zy 2= () y), 2 y) A2 w) bV =aA(y, y € d)

begin

lemma rvimage_separation: M(f) = M(r) =
separation(M, Xz. 3z y. z={x, y) AN {f ‘z, f ‘y) € r)
{proof)

lemma radd__closed[intro,simp]: M(a) = M(b) = M(c) = M(d) = M(radd(a,b,c,d))
{proof)

lemma rmult_closed[intro,simp): M(a) = M(b) = M(c) = M(d) = M (rmult(a,b,c,d))
{proof)

end — M _cardinals

lemma (in M__cardinals) is_cardinal_iff _Least:
assumes M(A) M(k)
shows is_cardinal(M,A,rx) «— k = (u i. M(i) A i =M A)
(proof)

21.1 The Schroeder-Bernstein Theorem

See Davey and Priestly, page 106

context M cardinals
begin

21.2 Banach’s Decomposition Theorem

lemma bnd_mono__banach_functor: bnd_mono(X, banach_functor(X,Y f,q))
(proof )

lemma inj_Inter:
assumes g € nj(Y,X) AAO0VacA. a C Y
shows ¢g‘(A) = (N acA. g*a)

(proof)

lemma contin__banach__functor:
assumes g € inj(Y,X)
shows contin(banach_functor(X,Y f,q))
(proof)

lemma Ifp banach_ functor:
assumes geinj(Y,X)
shows Ifp(X, banach_ functor(X,Y,f,g)) =
(Unenat. banach_functor(X,Y,f,g) "n (0))
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{proof)

lemma Ifp banach_functor_closed:
assumes M(g) M(X) M(Y) M(f) ginj(Y,X)
and banach_repl_iter: M(X) = M(Y) = M(f) = M(y) =
strong_replacement(M, Az y. z€nat A y = banach_functor(X, Y, f,
97 (0))
shows M(ifp(X, banach_functor(X,Y,f,9)))

(proof)

lemma banach__decomposition__rel:
assumes
banach_repl_iter: M(f) = M(g9) = M(X) = M(Y) =
strong__replacement(M, Az y. z€nat N y = banach_functor(X, Y, f,
9) "z (0))
shows
[| M(f); M(g); M(X); M(Y); f € X->Y; g€ inj(Y.X) [] ==>
I XA[M]. 3XB[M]. 3 YA[M]. 3 YB[M].
(XANXB=0)& (XAU XB=X)&
(YANYB=0)& (YAUYB=Y)&
f4XA=YA & ¢*“YB=XB
(proof)

lemma schroeder bernstein_closed:
assumes
banach_repl_iter: M(X) = M(Y) = M(f) = M(y) =
strong_replacement(M, Az y. z€nat N\ y = banach__functor(X, Y, f,
g9) z (0))

shows

[| M(f); M(g); M(X); M(Y); f € inj(X,Y); g € inj(Y,X) [] ==> Fh[M]. h €
bij(X,Y)

(proof)

The previous lemmas finish our original, direct relativization of the material
involving the iterative proof (as appearing in ZF.Cardinal) of the Schroder-
Bernstein theorem. Next, we formalize Zermelo’s proof that replaces the
recursive construction by a fixed point represented as an intersection [2,
Exr. x4.27]. This allows to avoid at least one replacement assumption.

lemma dedekind__zermelo:
assumes
A'CBBCAARMY
and types: M(A") M(B) M(A)
shows
A~MpB
(proof)

lemma schroeder _bernstein__closed':
assumes f € injM(A,C) g € injM(C,A)
and types:M(A) M(C)
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shows A ~M ¢
(proof)

Relative equipollence is an equivalence relation

declare mem_ bij _abs[simp] mem__inj _abs[simp)

lemma bij imp_eqpoll_rel:
assumes [ € bij(A,B) M(f) M(A) M(B)
shows A ~M B
(proof)

lemma egpoll_rel_refl: M(A) = A ~M 4
(proof)

lemma eqpoll_rel_sym: X ~M Y — M(X) = M(Y) = Y <M X
{proof)

lemma egpoll_rel_trans [trans]:
XMy, vy =Mz MX);MY); MZ)|==>X~xMz
(proof )

Relative le-pollence is a preorder

lemma subset_imp_lepoll_rel: X C YV = M(X) = M(YV) = X <M v
{proof)

lemmas lepoll_rel_refl = subset_refl [THEN subset_imp__lepoll_rel, simp]
lemmas le_imp lepoll rel = le_imp_subset [THEN subset_imp_ lepoll rel]

lemma eqpoll_rel imp lepoll rel: X My ——> MX)= M(Y) = X §M
Y
(proof )

lemma lepoll _rel trans [trans]:
assumes
X<Myy <MzMmX)MY)MZ)
shows
X <Mz
(procf)

lemma eq_lepoll _rel trans [trans|:
assumes
XMy v <MzMX)MY)MZ)
shows
X <Myz
(proof )

lemma lepoll_rel_eq_trans [trans]:
assumes X <MY v &M 7 M(X) M(Y) M(Z)
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shows X <M 7z
(proof )

lemma egpoll_rell: [ X <MV, v <M X, M(X) ; M(Y) ] = X =M v
(proof)

lemma egpoll_relE:
[ X~y | XMy vy SMX || ==>P; M(X); M(Y) || ==>P
(proof )

lemma eqpoll_rel iff: M(X) = M(Y) = X~M Yy ¢+ X <My g v <Mx
{proof)

lemma lepoll_rel 0 is 0: A §M 0= M(A) = A=0

(proof)
lemmas empty_lepoll_rell = empty_subset] [THEN subset_imp__lepoll_rel, OF

nonempty|

lemma lepoll_rel 0 iff: M(A) = A <M 0 «— A=0

(proof)
lemma Un_ lepoll rel Un:

| A<M B, ¢ <M D: Bn D=0, M(A); M(B); M(C); M(D) || ==> AU C
<MpuD

(proof)

lemma egpoll rel 0 is 0: A ~M ) — M(A) = A=0
(proof)

lemma egpoll_rel 0 _iff: M(A) = A ~M ) A=0
(proof)

lemma egpoll_rel disjoint_Un:
[A=M B, ¢ca~™ D, AnC=0;, BnD=0; M(A); M(B); M(C) ; M(D) ||
—=>AUuC~MBUD
(proof )

21.3 lesspoll: contributions by Krzysztof Grabczewski

lemma lesspoll_rel_not_refl: M(i) = ~ (i <M 7)

(proof)

lemma lesspoll_rel_irrefl: i <M i ==> M(i) = P
{proof)

lemma lesspoll _rel_imp__lepoll_rel: [A <M . M(A); M(B)]|— A SJM B
(proof)

lemma rvimage_ closed [intro,simp):
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assumes
M(A) M(f) M(r)
shows
M (rvimage(A,f,r))
(proof)

lemma lepoll_rel_well_ord: [| A <M B; well_ord(B,r); M(A); M(B); M(r) ||
==> Fs[M]. well_ord(A,s)
{proof)

lemma lepoll_rel_iff legpoll rel: [M(A); M(B)] = A <M B«— A<M B| A
~M B

{proof)

end — M _cardinals

context M cardinals
begin

lemma inj_rel_is_fun M: f € injM(A,B) = M(f) = M(A) = M(B) = f
cA-=Mp

{proof )
lemma inj rel_not_surj rel succ:

notes mem__inj_abs[simp del]

assumes fi: f € inj™(A, succ(m)) and fns: f ¢ suriM(A, succ(m))

and types: M(f) M(A) M(m)
shows 3f[M]. f € inj™(A,m)

(proof)

lemma lesspoll _rel_trans [trans]:
[ X <My, v <Mz MX); M(Y); M(Z) || ==> X <M z
{proof)

lemma lesspoll_rel transi [trans:
| X SMy; v <Mz M(X); M(Y) 5 M(2) || ==> X <M 7
{proof)

lemma lesspoll_rel_trans2 [trans]:
| X <My, v <Mz MX); M(Y); M(Z)|] ==> X <M z
(proof)

lemma eq_lesspoll _rel_trans [trans]:

X =My, y <Mz M(X); M(Y) ; M(2) || ==> X <M Z
(proof )

lemma lesspoll_rel_eq trans [trans]:
[ X <My, vy =Mz MX); M(Y); M(Z)|] ==> X <M 7z
(proof)
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lemma is cardinal_cong:

assumes X ~M Y M(X) M(Y)

shows Jk[M]. is_cardinal(M,X,x) A is_cardinal(M,Y k)
(proof )

lemma cardinal_rel_cong: X My — MX) = M(Y) = \X|M = |Y|M

{proof)

lemma well _ord_is cardinal__eqpoll_rel:
assumes well_ord(A,r) shows is_cardinal(M,A,r) = M(A) = M(k) =
M(r) = k=M A

(proof)

lemmas Ord_is_cardinal__eqpoll_rel = well _ord _Memrel[ THEN well _ord_is_cardinal__egpoll_rel)

22 Porting from ZF.Cardinal

The following results were ported more or less directly from ZF.Cardinal

lemma well _ord_cardinal_rel__eqpoll_rel:
assumes 7: well_ord(A,r) and M(A) M(r) shows |A|M ~M A
(proof )

lemmas Ord_cardinal_rel__egpoll_rel = well _ord_Memrel| THEN well _ord__cardinal_rel _eqpoll_rel]

lemma Ord_cardinal_rel_idem: Ord(A) = M(A) = ||[A|MM = |A|M
{proof)

lemma well _ord_cardinal_rel__eqE:
assumes woX: well _ord(X,r) and woY: well _ord(Y,s) and eq: | X|M = |Y|M
and types: M(X) M(r) M(Y) M(s)
shows X ~M vy

(proof)
lemma well ord_cardinal__rel _eqpoll_rel iff:
[| well_ord(X,r); well_ord(Y,s); M(X); M(r); M(Y); M(s) || ==> |X|M =
YIM e X =My
(proof )
lemma Ord_cardinal_rel_le: Ord(i) = M(i) ==> [i|M < i
(proof)
lemma Card rel cardinal _rel eq: CardM(K) ==> M(K) = |K|M =K
(proof)
lemma Card_rell: || Ord(i); . j<i = M(j) ==> ~(j =M i); M(i) || ==>
CardM (i)
(proof )

lemma Card_rel_is_Ord: CardM (i) ==> M(i) = Ord(i)
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{proof)

lemma Card rel cardinal rel le: CardM(K) ==> MK) = K < |K|M
(proof )

lemma Ord_cardinal_rel [simp,intro!]: M(A) = Ord(|A|M)
(proof)

lemma Card_rel iff initial: assumes types:M(K)
shows Card"(K) «— Ord(K) & (Vj[M]. j<K — ~ (j &M K))
(proof)

lemma It_Card_rel_imp_lesspoll_rel: || Card™(a); i<a; M(a); M(i) || ==> i
M
<" a

(proof)

lemma Card_rel_0: Card™(0)
(proof)

lemma Card_rel_Un: [| Card™(K); Card™(L); M(K); M(L) || ==> Card"(K
U L)
{proof)

lemma Card_rel_cardinal_rel [iff]: assumes types:M(A) shows Card™ (| A|M)
{proof)

lemma cardinal_rel _eq lemma:
assumes i:|i|M < j and j: j < i and types: M (i) M(j)
shows |j|M = |iM

(proof )

lemma cardinal _rel _mono:
assumes ij: i < j and types:M(i) M(j) shows |i|M < |j|M
(proof )

lemma cardinal_rel It _imp It: [| |{™ < [j|M; Ord(i); Ord(5); M(3); M(5) ||
——> i<

{proof)

lemma Card_rel It _imp_It: || |iiM < K; Ord(i); CardM(K); M(i); M(K)|]
==> i< K
{proof)

lemma Card_rel It iff: || Ord(i); CardM(K); M(i); M(K) || ==> (]ilM < K)
— (i < K)
{proof)

lemma Card_rel_le_iff: || Ord(i); Card™(K); M(i); M(K) || ==> (K < |i|M)
— (K <9)
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{proof)

lemma well _ord_lepoll rel _imp__cardinal_rel_le:
assumes wB: well_ord(B,r) and AB: A <M B
and
types: M(B) M(r) M(A)
shows |A|M < |BM

{proof )
lemma lepoll rel cardinal_rel_le: [| A <M i Ord(i); M(A); M(i) || ==> |A|M
<z
{proof )
lemma lepoll_rel_Ord_imp__eqpoll_rel: || A <M i; Ord(i); M(A); M(4) || ==>
|AM =M A
{proof)
lemma lesspoll_rel_imp_eqpoll_rel: || A <M i; Ord(i); M(A); M(i) || ==> |A|M
~M A
{proof)
lemma lesspoll_cardinal_lt_rel:
shows [| A <M 4: Ord(i); M(i); M(A) || ==> |AIM < i
(proof )
lemma cardinal _rel_subset Ord: [|[A<=i; Ord(i); M(A); M(i)]] ==> |A|M C i
(proof )
lemma cons_lepoll_rel consD:
[| cons(u,A) <M cons(v,B); u¢A; vgB; M(u); M(A); M(v); M(B) || ==> A
<M B
{proof)

lemma cons_eqpoll_rel_consD: || cons(u,A) =™ cons(v,B); u¢A; v¢B; M(u);
M(A); M(v); M(B) || ==> A~M B

{proof )
lemma succ_lepoll rel suceD: succ(m) <M succ(n) = M(m) = M(n) ==>
m <My

{proof )

lemma nat_lepoll _rel _imp_le:
m € nat ==>n € nat = m <M n = M(m) = M(n) = m < n

(proof)

lemma nat_eqpoll_rel iff: [| m € nat; n € nat; M(m); M(n) || ==> m ~" n
S m=n
{proof)

lemma nat_into Card_rel:
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assumes n: n € nat and types: M(n) shows Card™(n)
{proof)

lemmas cardinal_rel 0= nat_0I [THEN nat_into_Card_rel, THEN Card_rel_cardinal_rel_eq,
simplified, iff)
lemmas cardinal_rel 1= nat_11 [THEN nat_into__Card_rel, THEN Card_rel_cardinal_rel_eq,
sitmplified, iff]

M

lemma succ_lepoll_rel_natE: || succ(n) <™ n; n € nat || ==> P

(proof)

lemma nat_lepoll _rel _imp_ex_eqpoll_rel n:
| n € nat; nat <M X5 M(n); M(X)] ==>3Y[M. Y C X &n~MY
(proof )

lemma lepoll_rel_suce: M (i) = i <M suce(d)

{proof)

lemma lepoll_rel _imp_lesspoll_rel succ:
assumes A: A <M m and m: m € nat
and types: M(A) M(m)
shows A <M suce(m)

(proof)
lemma lesspoll_rel succ__imp_ lepoll rel:

(| A <M succ(m); m € nat; M(A); M(m) || ==> A <M m
(proof)

lemma lesspoll_rel_succ_iff: m € nat => M(A) ==> A <M succ(m) +— A
<M

(proof )

lemma lepoll rel succ_disj: [| A SM succ(m); m € nat; M(A) ; M(m)|] ==>
A<M m | A =M suce(m)
(proof )

lemma lesspoll_rel cardinal _rel It: [| A <™ i; Ord(i); M(A); M(i) || ==> |A|M
<1
(proof )

lemma It _not_lepoll rel:
assumes n: n<in € nat
and types:M(n) M(i) shows ~ i <M p
(proof)

A slightly weaker version of nat__eqpoll rel iff

lemma Ord_nat__eqpoll_rel iff:
assumes i: Ord(7) and n: n € nat
and types: M (i) M(n)
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shows i ~M n «— i=n

{proof)

lemma Card_rel nat: CardM(nat)

(proof)

lemma nat_le cardinal_rel: nat < i = M(i) ==> nat < |z|M

{proof)

lemma n_lesspoll rel nat: n € nat ==> n <M pat
(proof )
lemma cons_lepoll_rel cong:
[ A<M B; b¢ By M(A); M(B); M(b); M(a) || ==> cons(a,A) <M cons(b,B)
(proof)
lemma cons_eqpoll_rel cong:
| A~MB; a¢ A; b¢ By M(A); M(B); M(a) ; M(b) || ==> cons(a,A) ~M
cons(b,B)
(proof)
lemma cons_lepoll_rel cons_iff:
lag¢ A; b¢ B; M(a); M(A); M(b); M(B) || ==> cons(a,A) <M cons(b,B)
«—3 A<MB
(proof)
lemma cons__eqpoll_rel cons_iff:
[ a¢ A; b¢ B; M(a); M(A); M(b); M(B) || ==> cons(a,A) ~™ cons(b,B)
s AxMB
(proof)

lemma singleton__egpoll_rel_1: M(a) = {a} ~M q

{proof)

lemma cardinal_rel_singleton: M(a) = [{a}|M = 1
{proof)

lemma not_0_is lepoll_rel 1: A # 0 ==> M(A) = 1 §M A
(proof )

lemma succ_eqpoll_rel_cong: A ~™ B = M(A) = M(B) ==> succ(A) =M
suce(B)
{proof)

The next result was not straightforward to port, and even a different state-
ment was needed.

lemma sum_ bij rel:
(| f € bif™(A,C); g € big™(B,D); M(f); M(A); M(C); M(g); M(B); M(D)|]
==> (A\2€A+B. case(%x. Inl(fz), %y. Inr(g%y), 2)) € bijM(A+B, C+D)
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(proof)

lemma sum_ bij rel”:
assumes f € bijM(A,C) g€ b
M(A) M(C) M(g) M(B) M(
shows
(Az€A+B. case(Az. Inl(fz), \y. Inr(g%y), 2)) € bij(A+B, C+D)
M(AzeA+B. case(Az. Inl(f‘c), Ay. Inr(g‘y), 2))
(proof)

i (B,D) M(f)
D)

lemma sum__eqpoll rel cong:
assumes A <M ¢ B~ D M(A) M(C) M(B) M(D)
shows A+B ~M C+D
(proof )

lemma prod_bij_rel”:
assumes f € bijM(A,C) g€ b
M(4) M(C) M(g) M(B) M{(
shows
A<z, y>€AxB. <fz, gy>) € bij(AxB, CxD)
M(\<z,y>€AxB. <f‘z, g'y>)
(proof)

i"(B,D) M(f)
D)

lemma prod__eqpoll_rel cong:
assumes A ~M ¢ B~ D M(A) M(C) M(B) M(D)
shows AxB ~M CxD

(proof)
lemma inj rel disjoint_eqpoll_rel:

| f e m™(AB); An B = 0;M(f); M(A);M(B) || ==> A U (B - range(f))
~M B

(proof )
lemma Diff sing lepoll rel:

| ac A; A<M suce(n); M(a); M(A); M(n) | ==> A - {a} <M n

(proof)

lemma lepoll rel Diff sing:
assumes A: succ(n) <M A
and types: M(n) M(A) M(a)
shows n <M 4 - {a}

(proof)

lemma Diff sing_eqpoll_rel: [| a € A; A =M succ(n); M(a); M(A); M(n) || ==>
A-{a} =M p
{proof)

lemma lepoll_rel 1 _is sing: [| A <M 1; 0 € A ;M(a); M(A) || ==> A = {a}
{proof)
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lemma Un_lepoll rel sum: M(A) = M(B) = AU B §M A+B
(proof )

lemma well _ord Un_M:
assumes well _ord(X,R) well_ord(Y,S)
and types: M(X) M(R) M(Y) M(S)
shows 3 T[M]. well_ord(X U Y, T)
(proof)

lemma disj Un__eqpoll_rel _sum: M(A) = M(B) = ANB=0=— AUB
~M A+ B
(proof)

lemma eqpoll_rel _imp_Finite_rel iff: A ~Mp_——> M(A) = M(B) = Fi-
nite_rel(M,A) «— Finite_rel(M,B)
(proof )

lemma Finite__abs[simp]:
assumes M(A)
shows Finite_rel(M,A) +— Finite(A)
{proof)

lemma lepoll_rel _nat_imp_ Finite rel:
assumes A: A <M p and n: n € nat
and types: M(A) M(n)
shows Finite_rel(M,A)
(proof )

lemma lesspoll_rel _nat_is Finite rel:
A <M pnat — M(A) = Finite_rel(M,A)
(proof)

lemma lepoll_rel Finite rel:
assumes Y: Y <M X and X: Finite_rel(M,X)
and types:M(Y) M(X)
shows Finite_rel(M,Y)
(proof)

lemma succ_lepoll_rel_imp_not_empty: succ(z) <M y ==> M(z) = M(y)
= y#F0
{proof)

lemma eqpoll_rel_succ_imp_not_empty: © ~™ succ(n) ==> M(z) = M(n)
=z #£0

{proof)

lemma Finite__subset_closed:
assumes Finite(B) BCA M(A)
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shows M(B)
(proof)

lemma Finite  Pow abs:
assumes Finite(A) M(A)
shows Pow(A) = Pow_rel(M,A)
(proof)

lemma Finite Pow rel:
assumes Finite(A) M(A)
shows Finite(Pow__rel(M,A))
(proof)

lemma Pow_rel 0 [simp]: Pow_rel(M,0) = {0}
{proof)

lemma egpoll_rel_imp_ Finite: A ~™ B = Finite(A) = M(A) = M(B) =
Finite(B)
(proof)

lemma eqpoll_rel_imp_Finite_iff: A ~™ B = M(A) = M(B) = Finite(A)
+— Finite(B)
(proof)

end — M _cardinals

end

23 Relative, Choice-less Cardinal Arithmetic
theory CardinalArith_Relative

imports

Cardinal _Relative

begin
(ML)
definition

csquare__lam :: i=1 where

esquare_lam(K) = Mz, y)eKxK. (z U y, , y)
— Can’t do the next thing because split is a missing HOC
(ML)
definition

is_csquare_lam :: [i=o0,i,i]= 0 where
is_csquare_lam(M,K,l) = 3 K2[M]. cartprod(M,K,K,K2) A
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is_lambda(M,K2,is_csquare_lam__body(M),l)

definition jump_ cardinal_body :: [i,i] = i where
Jump_cardinal_body(U,X) =
{z.r e U, well_ord(X, r) A z = ordertype(X, r)}

lemma jump_ cardinal__body char :
Jump__cardinal_body(U,X) = {ordertype(X, r) . r € {reU . well _ord(X, r)}}
(proof)

definition jump_cardinal _body’ where
Jump__cardinal _body'(x) = jump__cardinal _body(Pow(zxx),z)

lemma (in M _ cardinals) csquare_lam__closed[intro,simp|: M(K) = M (csquare_lam(K))
{proof)

locale M pre cardinal__arith = M __cardinals +
assumes
wfrec__pred_replacement: M(A) = M(r) =
wfrec_replacement(M, Az f z. z = f ** Order.pred(A, z, r), T)

(ML)

lemma (in M__trivial) rmultP_abs [absolut]: [ M (r); M(s); M(z) | = is_rmultP(M,s,r,z)
—
Bz’ y' zy. 2=z, y),z, ) AN (g, x) erVva' =z Ay, y €s))
(proof)

definition
is_csquare_rel :: [i=0,i,i]=0 where
is_csquare_rel(M,K,cs) = I K2[M]. la[M]. I memK[M].
FrmKK[M]. 3rmKK2[M].
cartprod(M,K K ,K2) A is_csquare_lam(M,K la) A
membership(M,K,memK) A is_rmult(M,K ,memK,K ,memK,rmKK) A
is_rmult(M,K memK K2, rmKK ,rmKK2) A is_rvimage(M,K2,la,rmKK2,cs)

context M basic
begin

lemma rvimage _abs[absolut]:
assumes M(A) M(f) M(r) M(z
shows is_rvimage(M,A,f,r,z) +— z = rvimage(A,f,r)
(proof)

lemma rmult_abs [absolut]: [ M(A); M(r); M(B); M(s); M(z) | =
is_rmult(M,A,r,B,s,z) «— z=rmult(A,r,B,s)
{proof)

lemma csquare_lam__body__abs[absolut]: M(z) = M(z) =
is_csquare_lam__body(M,z,z) «— z = <fst(z) U snd(z), fst(x), snd(z)>
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{proof)

lemma csquare_lam__abs[absolut]: M(K) = M(l) =
is_csquare_lam(M,K,l) +— 1 = (Aze Kx K. (fst(x) U snd(x), fst(z), snd(z)))
{proof)

lemma csquare _lam__eq lam:csquare_lam(K) = (Az€KxK. <fst(z) U snd(z),
fst(z), snd(z)>)
(proof)

end — M _basic

context M pre cardinal__arith
begin

lemma csquare__rel_closed[intro,simp]: M(K) = M (csquare__rel(K))

{proof)

lemma csquare_rel _abs[absolut]: [ M(K); M(cs)] =
is_csquare_rel(M,K,cs) +— cs = csquare_rel(K)
(proof )

end — M_pre_cardinal__arith

23.1 Discipline for csucc
(ML)
abbreviation
csucc_r i [ii=o] = i (</(_*')—) where
csuce_r(z,M) = csucc_rel(M,z)
abbreviation
csucc_r_set :: [i,i] = i (</(_T")—) where

csucc_r_set(x,M) = csucc_rel(##M,x)

context M Perm
begin

(ML)
(proof)

(ML)
(proof)

end — M_Perm

notation csucc_rel (<csuce—"(__"))
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context M cardinals
begin

lemma Card_rel_Union [simp,intro, TC|:
assumes A: \z. 2€A = Card™(z) and
types: M (A)
shows Card™(|J(A))
(proof)

We are not relativizing directly the results involving unions of (ordinal)
indexed families (namely, Card_UN and Card__OUN, respectively) because
of their higher order nature.
lemma in_ Card_imp_lesspoll: || CardM(K); b € K; M(K); M(b) || ==> b <M
K

(proof)

23.2 Cardinal addition

Note (Paulson): Could omit proving the algebraic laws for cardinal addi-
tion and multiplication. On finite cardinals these operations coincide with
addition and multiplication of natural numbers; on infinite cardinals they
coincide with union (maximum). Either way we get most laws for free.

23.2.1 Cardinal addition is commutative
lemma sum__commute__egpoll_rel: M(A) = M(B) — A+B ~M By A
(proof)

lemma cadd_rel_commute: M(i) = M(j) = i eMj=jeM;
(proof)

23.2.2 Cardinal addition is associative
lemma sum,_ assoc_eqpoll_rel: M(A) = M(B) = M(C) = (A+B)+C =M
A+(B+C)

(proof )

Unconditional version requires AC

lemma well ord cadd rel assoc:
assumes i: well _ord(i,ri) and j: well ord(j,rj) and k: well _ord(k,rk)
and
types: M (i) M(ri) M(5) M(rj) M(k) M(rk)
shows (i &M j) &M k = i &M (j &M k)
(proof)

23.2.3 0 is the identity for addition

lemma case_id_eq: z€sum(A,B) = case(Az . z, Az. z ,x) = snd(z)
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{proof)

lemma lam_case_id: (A\z€0 + A. case(Az. z, Ay. y, 2)) = (Az€0 + A . snd(z))
{proof)

lemma sum_0_eqpoll_rel: M(A) = 0+A ~M 4
(proof )

lemma cadd_rel_0 [simp]: CardM(K) = M(K) = 0 oM K = K
{proof)

23.2.4 Addition by another cardinal
lemma sum_ lepoll rel_self: M(A) = M(B) = A gM A+B
(proof)

lemma cadd_rel le self:
assumes K: Card”(K) and L: Ord(L) and
types:M(K) M(L)
shows K < (K oM L)
(proof)

23.2.5 Monotonicity of addition

lemma sum__lepoll_rel _mono:

| A<M e, BSM D; M(A); M(B); M(C); M(D) | ==>A+B<MC+ D
(proof )

lemma cadd_rel le mono:
| K'< K; L' < LiM(K);M(K);M(L');M(L) | ==> (K' &M L) < (K @M 1)
(proof )

23.2.6 Addition of finite cardinals is ”ordinary” addition

lemma sum_ succ_eqpoll_rel: M(A) => M(B) = succ(A)+B ~M succ(A+B)
{proof)

lemma cadd_succ_lemma:
assumes Ord(m) Ord(n) and
types: M(m) M(n)
shows succ(m) @M n = |succ(m &M n)|
(proof )

M

lemma nat_cadd_rel _eq add:
assumes m: m € nat and [simp|: n € nat showsm aMp=m+,n

{proof)
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23.3 Cardinal multiplication

23.3.1 Cardinal multiplication is commutative

lemma prod_commute__eqpoll_rel: M(A) = M(B) = AxB ~M BxA
(proof )

lemma cmult_rel_commute: M (i) = M(j) = i QM j=joM;
(proof )

23.3.2 Cardinal multiplication is associative

lemma prod_assoc_eqpoll_rel: M(A) = M(B) = M(C) = (AxB)xC =M
Ax(BxC)
{proof)

Unconditional version requires AC
lemma well ord cmult _rel assoc:
assumes i: well _ord(i,ri) and j: well _ord(j,rj) and k: well _ord(k,rk)
and
types: M (i) M(ri) M(j) M(rj) M(k) M(rk)
shows (i @M j) @M k = i @M (j @M k)
(proof )

23.3.3 Cardinal multiplication distributes over addition

lemma sum__prod__distrib__eqpoll_rel: M(A) = M(B) = M(C) = (A+B)*xC
~M (A% C)+(BxC)
{proof)

lemma well _ord _cadd__cmult_ distrib:
assumes i: well_ord(i,ri) and j: well ord(j,rj) and k: well_ord(k,rk)
and
types: M (i) M(ri) M(5) M(rj) M(k) M(rk)
shows (i ®M j) @M k = (i @M k) oM (j oM k)
(proof)

23.3.4 Multiplication by 0 yields 0

lemma prod_0_eqpoll rel: M(A) = 0xA =M ¢
(proof )

lemma cmult_rel 0 [simp): M(i) = 0 @M i =0
{proof)

23.3.5 1 is the identity for multiplication

lemma prod__singleton__eqpoll_rel: M(z) = M(A) = {z}xA ~M 4
(proof)

lemma cmult_rel_1 [simp]: Card"(K) = M(K) = 1 oM K = K
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{proof)

23.4 Some inequalities for multiplication
lemma prod_square_lepoll _rel: M(A) = A SM AxA
(proof)

lemma cmult _rel square_le: CaTdM(K) = M(K) = K< K oM K

{proof)

23.4.1 Multiplication by a non-zero cardinal

lemma prod_lepoll rel_self: b € B = M(b) = M(B) = M(A) = A <M
AxB

(proof)

lemma cmult_rel le self:
| CardM(K); Ord(L); 0<L; M(K);M(L) || ==> K < (K @M L)
(proof)

23.4.2 Monotonicity of multiplication

lemma prod_lepoll rel _mono:
| A<M c; B <M Dy M(A); M(B); M(C); M(D)) ==> A+ B <M Cx D
(proof )

lemma cmult rel le mono:
| K'< K; L' < LiM(K);M(K);M(L'):;M(L) || ==> (K' @M L) < (K @M 1)
(proof )

23.5 Multiplication of finite cardinals is ”"ordinary” multipli-
cation

lemma prod_succ_eqpoll_rel: M(A) = M(B) = succ(A)xB ~M B + AxB
{proof)

lemma cmult rel succ lemma:

| Ord(m); Ord(n) ; M(m); M(n) || ==> succ(m) @M n = n &M (m oM n)
(proof)

lemma nat_cmult_rel_eq_mult: [| m € nat; n € nat || ==> m @M n = m#xn
(proof )

lemma cmult_rel_2: CardM(n) = M(n) = 2 n=naoMn

(proof )

lemma sum_ lepoll el prod:
assumes C: 2 <M ¢ and
types:M(C) M(B)
shows B+B <M CxB
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(proof)

lemma lepoll_imp_sum_lepoll_prod: || A <M B; 2 <M A; M(A) ;M(B) || ==>
A+B <M AxB
{proof)

end — M _cardinals

23.6 Infinite Cardinals are Limit Ordinals

context M pre cardinal__arith
begin

lemma nat_cons_lepoll_rel: nat <M A = M(A) = M(u) ==> cons(u,A) <M
A
{proof)

lemma nat_cons_eqpoll_rel: nat <M A ==> M(A) = M(u) = cons(u,A) =~
A

{proof)

lemma nat_succ_eqpoll_rel: nat € A ==> M(A) = succ(A) ~M A

{proof)

lemma InfCard_rel_nat: InfCard™(nat)
(proof)

lemma InfCard_rel_is_Card_rel: M(K) = InfCard™(K) = Card™(K)
{proof)

lemma InfCard_rel Un:
| InfCardM(K); Card™(L); M(K); M(L) || ==> InfCard"(K U L)
(proof)

lemma InfCard_rel_is Limit: InfCardM(K) ==> M(K) = Limit(K)
(proof)

end — M_pre_ cardinal__arith

lemma (in M_ordertype) ordertype__abs[absolut]:
assumes wellordered(M,A,r) M(A) M(r) M(7)
shows otype(M,A,r,i) +— i = ordertype(A,r)
(proof)

lemma (in M__ordertype) ordertype_closed|intro,simp]: [ wellordered(M,A,r);M(A);M(r)]
= M(ordertype(A,r))
(proof )

(ML)

186



lemma (in M_trivial) is_transitive_iff transitive_rel:
M(A)= M(r) = transitive_rel(M, A, r) <— is_transitive(M,A, r)
(proof )

(ML)

lemma (in M_ trivial) is_linear _iff linear _rel:
M(A)= M(r) = is_linear(M,A, r) <— linear_rel(M, A, r)
(proof )

(ML)

lemma (in M__trivial) is_wellfounded on__iff wellfounded_on:
M(A)= M(r) = is_wellfounded_on(M,A, r) +— wellfounded_on(M, A, r)
(proof )

definition
is_well ord :: [i=>o0,i,i]=>0 where
— linear and wellfounded on A
is_well _ord(M,A,r) ==
is_transitive(M,A,r) A is_linear(M,A,r) A is_wellfounded_on(M,A,r)

lemma (in M_trivial) is_well ord_iff wellordered:
M(A)= M(r) = is_well_ord(M,A, r) <— wellordered(M, A, r)
(proof )

(ML)

context M pre cardinal__arith
begin

(ML)
(proof )

(ML)
(proof)

end — M _pre_cardinal__arith
(ML)

lemma trans_on__iff trans: trans[A](r) <— trans(r N AxA)

{proof)

lemma trans_on_ subset: trans[A](r) = B C A = trans[B](r)

(proof )

lemma relation__Int: relation(r N Bx B)
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{proof)

Discipline for ordermap

(ML)

lemma wfrec_on_ pred__eq:

assumes r € Pow(AxA)

shows wfrec[A](r, z, Az f. f * Order.pred(A, z, r)) = wfrec(r, , Az f. f
Order.pred(A, x, 1))
(proof)

context M pre_cardinal _arith
begin

lemma wfrec_on_ pred_closed:
assumes wf[A](r) trans[A)(r) r € PowM(AxA) M(A) z € A
shows M (wfrec(r, z, Az f. f * Order.pred(A, z, r)))

{(proof)

lemma wfrec_on_pred_ closed’:
assumes wf[A](r) trans[A)(r) r € PowM(AxA) M(A) z € A
shows M (wfrec[A|(r, z, Az f. f * Order.pred(A, z, r)))
{proof)

lemma ordermap__rel__closed[intro,simp]:
assumes wf[A](r) trans[A](r) r € PowM(AxA) M(A)
shows M (ordermap_rel(M, A, r))

(proof)

lemma is ordermap_ iff:
assumes r € PowM(AxA) wf[A](r) trans[A](r)
M(A) M(res)
shows is_ordermap(M, A, r, res) «— res = ordermap_rel(M, A, r)
{proof )

end — M_pre_cardinal__arith

Discipline for ordertype

(ML)

definition is_order_body
where is_order_body(M,p,z) = 3 X[M].3r[M].3 A[M]. is_fst(M,p,X) N\ is_snd(M,p,r)
N
cartprod(M,X,X,A) N subset(M,r,A) A M(z) A M(r) A is_well_ord(M,X,r)
A is_ordertype(M, X r,z)

context M pre cardinal__arith
begin
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lemma is ordertype iff:

assumes r € PowM(AxA) well_ord(A,r)

shows M(A) = M(res) = is_ordertype(M, A, r, res) «<— res = order-
type_rel(M, A, r)

(proof )

lemma ordertype_rel abs:
assumes wellordered(M,X,r) M(X) M(r)
shows ordertype_rel(M,X,r) = ordertype(X,r)
{proof)

lemma (in M_pre_cardinal _arith) is_order _body__abs :
M(Xr) = M(z) = is_order_body(M, Xr, z) +—
snd(Xr)e PowM (fst(Xr)x fst(Xr)) A well _ord(fst(Xr), snd(Xr)) A z = order-
type(fst(Xr), snd(Xr))
(proof )

lemma well_ord_restr: well _ord(X, r) = well_ord(X, r N XxX)
(proof)

lemma ordertype restr_eq :
assumes well _ord(X,r)
shows ordertype(X, r) = ordertype(X, r N XxX)

{proof)

lemma ordertype__rel_closed[intro,simp]:
assumes well_ord(A,r) r € PowM(AxA) M(A)
shows M (ordertype rel(M,A,r))

{proof)

end — M _pre_cardinal__arith
(ML)

Notice that this is not quite the same as jump__cardinal: observe Pow(X x
X).

definition
jump__cardinal’ :: i=1 where

Jump__cardinal (K) =
U XePow(K). {z. r € Pow(X*X), z = jump__cardinal_body(Pow(X+X),X)}

(ML)
lemma (in M_ ordertype) ordermap__closed[intro,simp):

assumes wellordered(M,A,r) and types:M(A) M(r)
shows M (ordermap(A,r))

(proof)
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context M pre cardinal__arith
begin

lemma def jump_ cardinal _body:

MX) = M(U) =

Jjump__cardinal_body(U,X) = {z . r € U, M(2) A well_ord(X, r) A z = order-
type(X, 1)}

(proof)

lemma jump_cardinal body_abs:
shows M(A) = jump__cardinal_body_rel(M,PowM(Ax A),A) = jump_ cardinal_body(Pow™(Ax A),A)
(proof)

end — M_pre_ cardinal__arith

locale M cardinal__arith = M__pre_ cardinal _arith +
assumes

is__ordertype__replacement :

strong__replacement(M X z z . y[M]. is_order_body(M,z,y) N z=(x,y))

and

pow__rel__separation : ¥ A[M]. separation(M, \y. Jz[M]. z € A N y = (z,

Pow™(z)))

and

separation_is_well ord : separation(M, Az . is_well _ord(M ,fst(z),snd(z)))
begin

lemmas Pow__rel_replacement = lam__replacement__Pow__rel[OF pow__rel__separation]

lemma ordtype replacement :
strong_replacement(M , Az z . (snd(x) € PowM (fst(z)x fst(z)) A well_ord(fst(z),snd(z)))
A
z =(x, ordertype(fst(z),snd(x))))
(proof)

lemma separation_well ord : separation(M, Az . well _ord(fst(z),snd(z)))
{proof)

lemma jump_cardinal_body_lam__replacement :
shows lam_ replacement(M, \X _jump__ cardinal _body(Pow™(X x X),X)) and
M(X) = M (jump__cardinal_body(Pow™(X x X), X))
(proof)

lemmas jump__cardinal _body_ closed = jump__cardinal _body_lam__replacement(2)
lemma jump__ cardinal_closed:

assumes M(K)
shows M ({jump_ cardinal_body(PowM(X x X),X) . X € PowM(K)})

(proof)
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end — M _cardinal_arith

context M pre cardinal__arith
begin

lemma ordermap__eqpoll pred:

[| well_ord(A,r); = € A ; M(A);M(r);M(z)|]] ==> ordermap(A,r)‘c ~™ Or-
der.pred(A,z,r)

(proof )

Kunen: ”each (z, y) € K x K has no more than z x z predecessors...” (page
29)

lemma ordermap__csquare_le:
assumes K: Limit(K) and z: 2<K and y: y<K
and types: M(K) M(z) M(y)
shows |ordermap(K x K, csquare_rel(K)) * (z,y)|M < |succ(suce(z U y))|M @M

|suce(suce(z U y))|M
{proof )
Kunen: ”... so the order type is < K”

lemma ordertype_csquare_le M:
assumes [K: InfCardM(K) and eq: \y. ye K = InfCard™(y) — M(y) —
yoMy=y
— Note the weakened hypothesis egq
and types: M(K)
shows ordertype( KK, csquare_rel(K)) < K
(proof)

lemma InfCard_rel csquare__eq:
assumes [K: InfCardM(K) and
types: M(K)
shows K oM K = K
(proof )

lemma well _ord InfCard_rel_square__eq:
assumes 7: well_ord(A,r) and I: InfCard™(|A|™) and
types: M(A) M(r)
shows 4 x A ~M 4
(proof)

lemma InfCard_rel square__eqpoll:
assumes InfCard(K) and types:M(K) shows K x K ~M K

{proof)
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lemma Inf Card_rel_is_InfCard_rel: || CardM(i); ~ Finite_rel(M i) ; M(7) |]
==> InfCardM (i)
{proof)

23.6.1 Toward’s Kunen’s Corollary 10.13 (1)
lemma InfCard_rel_le cmult _rel eg: [| InfCardM(K); L < K; 0<L; M(K) ;
ML) |==>KeML=K

(proof)

lemma InfCard_rel_cmult_rel_eq: || InfCard™(K); InfCardM(L); M(K) ; M(L)
|=>KeML=KuL
{proof)

lemma InfCard_rel_cdouble_eq: InfCard"(K) = M(K) = K &M K = K
(proof)

lemma InfCard_rel le_cadd_rel eq: [| InfCard™(K); L < K ; M(K) ; M(L)|]
==>KeML=K
{proof )

lemma InfCard_rel_cadd_rel_eq: || InfCardM(K); InfCard™(L); M(K) ; M(L)
|=>KoML=KuL
{proof)

end — M_pre_ cardinal__arith

23.7 For Every Cardinal Number There Exists A Greater
One

This result is Kunen’s Theorem 10.16, which would be trivial using AC

locale M cardinal__arith__jump = M__cardinal__arith + M__ordertype
begin

lemma defJump cardinal__rel_aux:
X € Pow (K):>M( ) =
{z.r e PowM (X x X), M(z) N well_ord(X, r) N z = ordertype(X, 1)} =
{z.r e PowM(K x K), M(2) A well_ord(X, r) A z = ordertype(X, )}
(proof)

lemma def jump_ cardinal rel aux2:

assumes X € Pow™(K) M(K)

shows jump__cardinal_body(Pow™ (K x K),X) = jump_ cardinal_body( Pow™ (X x X),X)
(proof)
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lemma def jump_cardinal rel:
assumes M(K)
shows jump__cardinal_rel(M,K) =
(U {jump__cardinal_body(Pow™(K*K),X) . X& PowM(K)})
(proof )

lemma Ord_jump_ cardinal_rel: M(K) = Ord(jump__cardinal_rel(M,K))
{proof)

declare conj_cong [cong del]
— incompatible with some of the proofs of the original theory

lemma jump cardinal_rel iff old:
M(i) = M(K) = i € jump__cardinal_rel(M,K) +—
(FrM]. IX[M]. r C K«K & X C K & well_ord(X,r) & i = ordertype(X,r))
{proof)

lemma K It jump_cardinal_rel: Ord(K) ==> M(K) = K < jump__cardinal_rel(M,K)
{proof)

lemma def jump_ cardinal_rel:
assumes M(K)
shows jump_cardinal_rel(M,K) =
(UXePowM(K). {z. r € PowM(XxX), well ord(X,r) A z = order-
type(X,r)})
(proof)

(ML)
(proof )

lemma Card_rel jump_ cardinal rel lemma:
[| well_ord(X,r); rC K x K; X C K;
f € bij(ordertype(X,r), jump__cardinal_rel(M,K));
M(X); M(r); M(K); M(f) |]
==> jump__cardinal_rel(M,K) € jump__cardinal_rel(M,K)
(proof)

lemma Card_rel_jump_ cardinal_rel: M(K) = Card_rel(M ,jump__cardinal_rel(M,K))
(proof)

23.8 Basic Properties of Successor Cardinals

lemma csucc_rel_basic: Ord(K) ==> M(K) = Card_rel(M,csucc_rel(M,K))
& K < csuce_rel(M,K)
(proof)
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lemmas Card_rel_csucc_rel = csucc_rel_basic [THEN conjunctl]
lemmas It csucc_rel = csucc_rel_basic [THEN conjunct2)

lemma Ord_0_lt_csucc_rel: Ord(K) ==> M(K) = 0 < csucc_rel(M,K)
(proof)

lemma csucc_rel_le: || Card_rel(M,L); K<L; M(K); M(L) || ==> csucc_rel(M,K)
<L

(proof)
lemma [t csucc_rel iff: [| Ord(i); Card_rel(M,K); M(K); M(9)|]] ==> i <
esuce_rel(M,K) «— |i|M < K

{proof)

lemma Card_rel It csucc_rel iff:

[| Card_rel(M,K"); Card_rel(M,K); M(K'); M(K) || ==> K' < csucc_rel(M,K)
+—— K'< K

{proof )

lemma InfCard_rel_csucc_rel: InfCard_rel(M,K) = M(K) ==> InfCard_rel(M,csucc_rel(M,K))
{proof)

23.8.1 Theorems by Krzysztof Grabczewski, proofs by lcp

lemma nat_sum__eqpoll_rel sum:
M

assumes m: m € nat and n: n € nat shows m + n =" m +, n

(proof)

lemma Ord_nat_subset_into_ Card_rel: [| Ord(i); i C nat || ==> Card™(i)
(proof )

end — M_ cardinal__arith__jump

end
theory Aleph_ Relative
imports
CardinalArith__Relative
begin

definition
HAleph ::

[¢,i]] = i where
HAleph(i,r) =

if (=(0rd(4)),i,if (i=0, nat, if (=Limit() A i#£0,
csuce(r( U 7)),
UJjei. r9)))
(ML)

lemma arity_is HAleph_ fm_ aux:
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assumes
1 € nat r € nat
— NOTE: assumptions are not used, but if omitted, next lemma fails!
shows
arity(Replace_fm(8 +, @, -10 +, 0 is 1-, 3)) = 9 +,, @ U pred(pred(11 +,
r))
(proof )

lemma arity is HAleph_ fm[arity]:
assumes
i€ natr € natl € nat
shows
arity(is_HAleph_fm(i, r, 1)) = succ(?) U succ(l) U suce(r)
(proof )

definition
Aleph’ :: i => i where
Aleph’(a) == transrec(a,\i r. HAleph(i,r))

(ML)

The extra assumptions a < length(env) and ¢ < length(env) in this schematic
goal (and the following results on synthesis that depend on it) are imposed by
is__transrec_iff sats.

schematic__goal sats is Aleph fm__auto:
a € nat = ¢ € nat = env € list(A) =
a < length(env) = ¢ < length(env) = 0 € A =
is_Aleph(#4#A, nth(a, env), nth(c, env)) +— A, env = ?fm(a, )
{proof)

(M)
notation is_Aleph_fm (<-N'(_7) is _-)

lemma is_Aleph_fm_type [TC]: a € nat = ¢ € nat = is_Aleph_fm(a, c) €
formula
(proof )

lemma sats is Aleph_ fm:
assumes fenat re€nat env € list(A) 0€A f < length(env) r< length(env)
shows is_ Aleph(##A, nth(f, env), nth(r, env)) +— A, env |=is_ Aleph_ fm(f,r)
(proof)

lemma is_Aleph_iff sats [iff _sals]:
assumes
nth(f, env) = fa nth(r, env) = ra f < length(env) r< length(env)
f € nat r € nat env € list(A) 0€A
shows is_Aleph(##A,fa,ra) «— A, env = is_Aleph_fm(f,r)
(proof)
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(ML)

lemma (in M__cardinal_arith_jump) is_ Limit_iff:
assumes M/(a)
shows is_Limit(M,a) +— Limit(a)
(proof)

lemma HAleph_eq Aleph_recursive:
Ord(i) = HAleph(i,r) = (if i = 0 then nat
else if 4. i = succ(j) then csucc(r ‘ (THE j. i = succ(j))) else |Jj<i.
")
(proof)
lemma Aleph’ _eq Aleph: Ord(a) = Aleph'(a) = Aleph(a)
(proof )

(ML)

abbreviation
Aleph_r :: [iji=o0] = i (\X_—>) where
Aleph_r(a,M) = Aleph_rel(M,a)

abbreviation
Aleph_r_set :: [i,i] = i («R_—») where
Aleph_r_set(a,M) = Aleph_rel(#+M a)

lemma Aleph_rel def’. Aleph_rel(M,a) = transrec(a, \i r. HAleph_rel(M, i, r))
(proof )

lemma succ_mem_ Limit: Limit(j) = ¢ € j = succ(i) € j

(proof)

locale M_pre aleph = M__eclose + M__cardinal__arith__jump +
assumes
haleph__transrec__replacement: M(a) = transrec__replacement(M ,is_HAleph(M),a)

begin

lemma aux_ex Replace funapply:

assumes M(a) M(f)

shows Jz[M]. is_Replace(M, a, \jy. f ‘j =y, )
(proof)

lemma is HAleph_zero:
assumes M(f)
shows is_HAleph(M,0,f,res) +— res = nat

(proof)
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lemma is HAleph_succ:
assumes M(f) M(z) Ord(z) M(res)
shows is_HAleph(M ,succ(x),f,res) <— res = csucc_rel(M,f‘x)
{proof)

lemma is HAleph limit:

assumes M (f) M(x) Limit(z) M(res)

shows is_ HAleph(M ,z.f,res) <— res = (U{y . i€z ,M (i) N M(y) Ay = f})
(proof)

lemma is HAleph_iff:

assumes M (a) M(f) M(res)

shows is_HAleph(M, a, f, res) «— res = HAleph_rel(M, a, f)
(proof)

lemma HAleph_rel_closed [intro,simp]:
assumes function(f) M(a) M(f)
shows M (HAleph_rel(M,a,f))

{proof)

lemma Aleph__rel_closed[intro, simp):
assumes Ord(a) M(a)
shows M(Aleph_rel(M,a))

(proof)

lemma Aleph_rel_zero: NOM = nat
{proof)

lemma Aleph_rel_succ: Ord(a) = M(a) = NSUCC(Q)M = (RMH)M
{proof)

lemma Aleph_rel limit:
assumes Limit(a) M(«)
shows R, M = J{XM . j € a}
(proof )

lemma is_Aleph_iff:

assumes Ord(a) M(a) M(res)

shows is_Aleph(M, a, res) «+— res = R,M
(proof )
end — M _pre_aleph
locale M _aleph = M_pre_aleph +

assumes

aleph_rel_separation: Ord(z) => M(z) = separation(M, \y. 3 zex. y = R, M)

begin

lemma Aleph_rel_cont: Limit(l) = M(l) = ¥,M = (Ji<l. ®;M)
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{proof)

lemma Ord_Aleph_ rel:
assumes Ord(a)
shows M(a) = Ord(R,M)
(proof )

lemma Aleph_rel increasing:
assumes a < b and types: M(a) M(b)
shows XM < N, M

(proof)

lemma Card_rel Aleph_rel [simp, introl:
assumes Ord(a) and types: M(a) shows Card™(R,M)
(proof)

lemmas nat_subset_Aleph rel 1 =
Ord_It _subset|OF Ord__Aleph__rel[of 1] Aleph__rel increasing|of 0 1,simplified],simplified]

end — M__aleph

end

24 Relative, Cardinal Arithmetic Using AC

theory Cardinal _AC _Relative
imports
CardinalArith__Relative

begin

locale M _AC =
fixes M
assumes
choice__ax: choice_ax(M)

locale M _cardinal AC = M _cardinal arith + M_AC +
assumes
lam__replacement__minimum:lam__replacement(M, \p. minimum(fst(p),snd(p)))
begin

lemma lam_ replacement__minimum_ vimage:
M(f) = M(r) = lam_replacement(M, \zx. minimum(r, f - {z}))

{proof)

lemmas surj _imp_inj replacement] = lam__replacement_minimum_ vimage[unfolded
lam__replacement__def]

lemmas surj_imp_inj replacement =
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surj_imp__inj_replacementl surj imp_inj_replacement2 surj_imp_inj replacement
lam__replacement_vimage__sing_fun[ THEN lam__replacement__imp__strong__replacement]

lemma well _ord__surj _itmp_lepoll_rel:
assumes well_ord(A,r) h € surj(A,B) and
types:M(A) M(r) M(h) M(B)
shows B <M A
(proof)

lemma surj imp_well _ord M:
assumes wos: well_ord(A,r) h € surj(4,B)
and
types: M(A) M(r) M(h) M(B)
shows 3 s[M]. well _ord(B,s)
(proof )

lemma choice_az_well _ord: M(S) = I r[M]. well_ord(S,r)
{proof)

lemma Finite__cardinal_rel Finite:
assumes Finite(|i|M) M)
shows Finite(7)

(proof)

end — M _cardinal AC

locale M Pi_assumptions choice = M__Pi _assumptions + M__cardinal AC +
assumes

B__replacement: strong_replacement(M, Az y. y = B(z))

and

— The next one should be derivable from (some variant) of B_ replacement.
Proving both instances each time seems inconvenient.

minimum,__replacement: M(r) = strong_replacement(M, Az y. y = (x, mini-
mum(r, B())))
begin

lemma AC M:
assumes a € A A\z. 2 € A = Jy. y € B(x)
shows 32[M]. z € PiM(A, B)

(proof)

lemma AC_Pi_rel: assumes Az. z € A = Jy. y € B(x)
shows 32[M]. z € PiM(A, B)

(proof)

end — M _Pi assumptions_choice
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context M _cardinal AC
begin

24.1 Strengthened Forms of Existing Theorems on Cardinals
lemma cardinal _rel_eqpoll_rel: M(A) = |A|M =M 4

(proof)

lemmas cardinal _rel_idem = cardinal _rel_eqpoll rel [THEN cardinal_rel cong,
simp|

lemma cardinal_rel_eqE: | X|M = |Y|M =—=> M(X) = M(Y) = X <My
{proof)

lemma cardinal _rel_egpoll_rel iff: M(X) = M(Y) = |X|M = |Y|M «— X
~M 'y

(proof)

lemma cardinal_rel_disjoint_Un:
[ [AM=[BIM; |CIM=[DIM; AN C =0; BN D= 0; M(A); M(B); M(C);
M(D)|]
==>|Au CM=|BuU DM
(proof )

lemma lepoll_rel _imp_ cardinal_rel_le: A <M B ==> M(A) = M(B) = |A\M
< |BIM
(proof )

lemma cadd_rel_assoc: [M(i); M(j); M(k)] = (i @M j) oM k = i oM (j oM
k)
(proof)

lemma cmult_rel_assoc: [M(i); M(5); M(k)] = (i @M j) @M k = i @M (j oM
k)
{proof)

lemma cadd_cmult_distrib: [M(i); M(5); M(k)] = (i @™ j) oM k = (i @M k)
oM (j @M k)
(proof )

lemma InfCard_rel_square_eq: InfCardM(|AIM) = M(A) = AxA ~M A
{proof)

24.2 The relationship between cardinality and le-pollence

lemma Card_rel le imp_lepoll rel:
assumes |A|M < |B|M
and types: M(A) M(B)
shows A <M B
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(proof)

lemma le_ Card_rel_iff: Card™(K) ==> M(K) = M(A) = |AIM < K +—
A<ME
(proof)

lemma cardinal_rel_0_iff 0 [simp]: M(A) = |[AM =0+ A=0
{proof)

lemma cardinal_rel It iff lesspoll rel:
assumes i: Ord(7) and
types: M (i) M(A)
shows i < |[A|M «— i <M A
(proof)

lemma cardinal _rel_le _imp lepoll rel: i < |A\M ==> M(i) = M(A) =i
<M 4
(proof)

24.3 Other Applications of AC

We have an example of instantiating a locale involving higher order variables
inside a proof, by using the assumptions of the first order, active locale.
lemma surj_rel _implies inj rel:
assumes f: f € surj™(X,Y) and
types: M(f) M(X) M(Y)
shows 3 g[M]. g € injM(Y,X)
(proof)

Kunen’s Lemma 10.20

lemma surj_rel _implies cardinal_rel le:
assumes f: f € surj™(X,Y) and
types:M(f) M(X) M(Y)
shows |Y|M < |x|M
(proof)

end — M _cardinal AC

The set-theoretic universe.

abbreviation
Universe :: i=0 (<)) where
V(z) = True

lemma separation__absolute: separation(V, P)
{proof)

lemma univalent absolute:
assumes univalent(V, A, P) P(z, b) z € A
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shows P(z, y) = y =1
(proof )

lemma replacement__absolute: strong_replacement(V, P)
(proof )

lemma Union_az_absolute: Union__ax(V)
(proof)

lemma upair_ax_absolute: upair_az(V)
(proof)

lemma power _ax_absolute:power _az (V)

(proof)

locale M cardinal UN = M __Pi_assumptions_choice _ K X for K X +
assumes
— The next assumption is required by Least closed
X witness_in_M: w € X(z) = M(z)
and
lam__m__replacement: M (f) = strong__replacement(M,
Ay y=(z,pize X)), [f (pi ze X(Q) ‘x))
and
inj_replacement:
M(z) = strong_replacement(M, \y z. y € injM(X(z), K) A z = {{z, y)})
strong_replacement(M, Az y. y = inj™(X(z), K))
strong__replacement(M,
Az 2.z = Sigfun(z, Mi. infM(X(7), K)))
M(r) = strong_replacement(M,
ey, y = (z, minimum(r, infM(X(z), K))))

begin

lemma UN_closed: M(|Ji€K. X (7))
(proof)

Kunen’s Lemma 10.21

lemma cardinal _rel UN_le:

assumes K: InfCard"(K)

shows (A\i. icK — |X()|M < K) = |JieK. X)) < K
(proof)

end — M _cardinal UN

end

25 Relativization of Finite Functions

theory FiniteFun__ Relative
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imports
Lambda__Replacement
begin

lemma FiniteFunl :
assumes feFin(AxB) function(f)
shows f € A -||> B

{proof)

25.1 The set of finite binary sequences

We implement the poset for adding one Cohen real, the set 2<% of finite
binary sequences.

definition
seqspace :: [i,i] = i («_<—) [100,1]100) where
B<% = |Jnea. (n—B)

lemma segspacel[intro]: nea = fin—B = feB<%

{proof)

lemma segspaceD|dest]: feB<% = Inea. fin—B
(proof )

locale M_pre seqspace = M __trancl + M __replacement + M__Pi
begin

lemma function_space_subset Pow _rel:
assumes ncw M(B)
shows n—B C PowM(|J (w—MB))

(proof)

lemma seqspace__subset__Pow_ rel:
assumes M (B)
shows B<% C Pouw™(|J (w—MB))

(proof)

lemma seqspace__imp_M:
assumes z € B<“ M(B)
shows M(z)

(proof)

lemma segspace _eq Collect:

assumes M (B)

shows B<“ = {2z € Pow™(J(w—MB)). Jz[M]. In[M]. n € w Az €z Nz =
n —M B}

{proof)

end — M_pre_segspace
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locale M seqspace = M __pre_seqspace +
assumes
segspace__separation: M(B) = separation(M , z. 3z[M]. In[M]. n € w A z €
z A z=n—MB)
begin

lemma segspace_closed:
M(B) = M(B<Y)
(proof )

end — M _segspace

25.2 Representation of finite functions

A function f € A =5, B can be represented by a function g € |f| = A x B.
It is clear that f can be represented by any ¢’ = g-m, where 7 is a permutation
7 € dom(g) — dom(g). We use this representation of A —5, B to prove
that our model is closed under _ —g,

A function ¢ € n — A x B that is functional in the first components.

definition cons like :: i = o where
cons_like(f) =V i€domain(f) . Vi€i . fst(f) # fst(f%)

FiniteFun__iso(A,B,n,g.f) = (V ien . g% € f) A (VY abef. (3 ien. gi=ab))
From a function g € n —+ A x B we obtain a finite function in A4 -||> B.
definition to_FiniteFun :: i = i where

to_ FiniteFun(f) = {f. i€domain(f)}

definition FiniteFun_ Repr :: [i,i] = i where
FiniteFun_Repr(A,B) = {f € (AxB)<% . cons_like(f) }
locale M FiniteFun = M_seqspace +
assumes
separation__is_function : separation(M, is_function(M))
begin

lemma cons_like separation : separation( M, Af. cons_like(f))
(proof )

lemma supset_separation: separation(M, X\ x. 3a. 3b. z = (a,b) A b C a)

{proof)

lemma to_ finiteFun_ replacement: strong_replacement(M, Az y. y = range(z))
(proof )

lemma fun_range eq: feA—B = {f‘ . i€domain(f) } = range(f)
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{proof)

lemma FiniteFun_ fst_type:
assumes h€A-||>B peh
shows fst(p)€domain(h)
(proof)

lemma FinFun_closed:
M(A) = M(B) = M(U{n—AxB . ncw})
(proof )

lemma cons_like It :
assumes new fesuce(n)—AxB cons_like(f)
shows restrict(f,n)en—Ax B cons_like(restrict(f,n))

(proof)

A finite function f € A -||> B can be represented by a function g € n —
A x B, with n = |f].
lemma FiniteFun_iso__introl:

assumes f € (A -||> B)

shows dncw . gen—AXB. FiniteFun_iso(A,B,n,g.f) A cons_like(qg)

(proof )

All the representations of f € A -||> B are equal.

lemma FiniteFun_isoD :
assumes n€w gen—Ax B feA-||>B FiniteFun_iso(A,B,n,qg.f)
shows to_ FiniteFun(g) = f

(proof)

lemma to_ FiniteFun_ succ_eq :
assumes new fesuce(n) — A
shows to_ FiniteFun(f) = cons(f‘n,to_ FiniteFun(restrict(f,n)))
{proof)

If g € n — Ax B is cons__like, then it is a representation of to_ FiniteFun(g).

lemma FiniteFun_iso_intro_to:
assumes n€w gen—Ax B cons_like(g)
shows to_ FiniteFun(g) € (A -||> B) A FiniteFun_iso(A,B,n,g,to_ FiniteFun(g))
{proof)

lemma FiniteFun_iso__intro2:
assumes n€w fen—AxB cons_like(f)
shows 3 g € (A -||> B) . FiniteFun_iso(A,B,n.f,g)
{proof)

lemma FiniteFun_eq range Repr :

shows {range(h) . h € FiniteFun_ Repr(A,B) } = {to_ FiniteFun(h) . h € Finite-
Fun_ Repr(A,B) }

{proof)
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lemma FiniteFun_eq to_ FiniteFun_ Repr :
shows A-||>B = {to_ FiniteFun(h) . h € FiniteFun_Repr(A,B) }
(is ?Y=7X)
(proof)

lemma FiniteFun_ Repr closed :
assumes M(A) M(B)
shows M (FiniteFun_ Repr(A,B))
(proof )

lemma to FiniteFun closed:
assumes M(A) feA
shows M (range(f))

(proof )

lemma To FiniteFun_ Repr closed :
assumes M(A) M(B)
shows M ({range(h) . h € FiniteFun_ Repr(A,B) })
(proof)

lemma FiniteFun_ closed[intro,simp) :
assumes M(A) M(B)
shows M(A -||> B)
{proof)

end — M _FiniteFun

end

26 Library of basic ZF results

theory ZF Library_Relative
imports
Aleph__Relative — must be before Transitive Models. Cardinal_AC _Relative!
Cardinal _AC _Relative
FiniteFun__Relative
begin

locale M Pi _assumption_repl = M__Pi_replacement +
fixes A f
assumes A__in_M: M(A) and
f_repl : lam__replacement(M,f) and
f_closed : ¥V z[M]. M(f(x))
begin

sublocale M__Pi_assumptions M A f
(proof )
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end — M __Pi_assumption__repl

no__notation sum (infixr +» 65)
notation oadd (infixl +) 65)

lemma (in M_ cardinal _arith__jump) csucc_rel cardinal_rel:
assumes Ord(k) M(k)
shows (|k|MH)M = (5)M

{(proof)

lemma (in M__cardinal _arith__jump) csucc_rel _le_mono:

assumes k < v M(k) M(v)
shows (kt)M < ()M

(proof)
lemma (in M _cardinal AC) cardinal_rel_succ_not_0: |A|M = succ(n) =
M(A) = M(n) = A#0
(proof)
(ML)
notation Finite to_one_rel (<Finite’_to’_one—'(__, "))
abbreviation
Finite_to_one_r_set :: [i,i,i] = © (<Finite’_to’ _one—'(_,_')») where

Finite_to_one™(X,Y) = Finite_to_one_rel(##M,X,Y)

locale M ZF library = M__aleph + M__FiniteFun
begin

lemma Finite_ Collect _imp: Finite({z€X . Q(z)}) = Finite({z€X . M(z) A
Q()})

(is Finite(?A) = Finite(?B))

(proof )

lemma Finite_to_one_rell[intro]:
assumes f: X MY Ay. ye¢Y = Finite({z€X . fo = y})
and types:M(f) M(X) M(Y)
shows f € Fim'teitoioneM(X,Y)

{proof)

lemma Finite_to_one_rell [intro):
assumes f: X—MY Ay. yeY = Finite({z€X . M(z) A fz = y})
and types:M(f) M(X) M(Y)
shows [ € FiniteitoioneM(X,Y)

{proof)
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lemma Finite_to_one_relD[dest]:

fe FiniteitoioneM(X,Y) :>f:X—>MY

f € Finite_to_one™(X,Y) = ye€Y = M(Y) = Finite({z€X . M(z) A f
=y})

(proof)

lemma Diff bij rel:
assumes VAcF. X C A
and types: M(F) M(X) shows (\A€F. A-X) € bijM(F, {A-X. AcF})
(proof)

lemma function_space_rel__nonempty:

assumes beB and types: M(B) M(A)
shows (A\z€A. b): A =M B

(proof)

lemma mem,__function__space_ rel:
assumes f € A =M y M(A) M(y)
shows fe A — vy
(proof )

lemmas range_ fun_rel subset _codomain = range_ fun_subset _codomain[OF mem__ function__space__rel]
end — M_ZF library

context M Pi assumptions
begin

lemma mem_Pi_rel: f € PiM(A,B) = f € Pi(A, B)
{proof)

lemmas Pi_rel _rangeD = Pi_rangeD[OF mem_ Pi_rel]

lemmas rel_apply Pair = apply_ Pair|OF mem__Pi_rel]

lemmas rel_apply_rangel = apply_rangeI[OF mem__Pi_rel]

lemmas Pi_rel range eq = Pi_range_eq[OF mem_ Pi_rel]

lemmas Pi_rel vimage_subset = Pi_vimage_ subset[OF mem__Pi_rel]
end — M _Pi_assumptions

context M ZF library
begin

lemmas rel_apply_in_range = apply_in__codomain__Ord[OF __ __ mem__function__space__rel]
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lemmas rel_range eq image = ZF _Library.range__eq _image[OF mem__function__space_ rel]
lemmas rel_Image__sub__codomain = Image__sub__codomain|OF mem__function__space_ rel]

lemma rel_inj to_Image: [[f:A—>MB; f e injM(A,B); M(A); M(B)] = f €
infM(A,fA)
(proof )

lemma inj_rel _imp_surj rel:
fixes f b
defines [simp]: ifr(z) = if c€range(f) then converse(f)‘x else b
assumes f € inj™(B,A) be B and types: M(f) M(B) M(A)
shows (\z€A. ifr(zx)) € surjM(A,B)

(proof)

lemma function_space_rel_disjoint_ Un:
assumes f € A-MBgec C-MD AnC =0
and types:M(A) M(B) M(C) M(D)
shows f U g € (AU C)=M (B U D)
(proof )

lemma restrict_eq imp_Un__into_function__space_ rel:
assumes f € A>MB g e C=MD restrict(f, AN C) = restrict(g, A N C)
and types:M(A) M(B) M(C) M(D)
shows f U g (AU O)=M (B U D)
(proof )

lemma lepoll_relD[dest]: A <M B — 3 f[M]. f € injM(A, B)
{proof)
lemma lepoll_rell[intro]: f € injM(A, B) = M(f) = A <M B

(proof )

lemma egpollD[dest]: A ~M B — 3f[M]. f € bijM(A, B)
(proof )

lemma bij_rel_imp_eqpoll_rellintro]: f € bij™(A,B) = M(f) = A~M B
(proof )

lemma restrict _bij rel:— Unused
assumes f € injM(A,B) CCA
and types:M(A) M(B) M(C)
shows restrict(f,C)€ bij™(C, fC)
(proof )

lemma range of subset eqpoll_rel:
assumes f € injM(X,Y) S C X
and types:M(X) M(Y) M(S)
shows S ~M [« g

(proof)
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lemmas inj rel is fun = inj _is_fun[OF mem__inj rel]

lemma inj_rel_bij rel_range: f € injfM(A,B) = M(A) = M(B) = f €
bij " (A, range(f))
{proof)

lemma bij_rel_is_inj_rel: f € bijM(A,B) = M(A) = M(B) = f € injM(A,B)
(proof)
lemma inj rel weaken type: || f € inj™(A,B); BCD; M(A); M(B); M(D) |
==> f ¢ injM(A,D)
(proof)
lemma bij _rel_converse_bij_rel [TC): f € bij™(A,B) = M(A) = M(B) ==>
converse(f): bij™(B,A)
{proof)

lemma bij_rel_is_fun_rel: f € bij™(A,B) = M(A) = M(B) = f € A—MB
(proof)

lemmas bij_rel_is_fun = bij_rel_is_fun_rel[ THEN mem__function__space_rel]

lemma comp_bij rel:

g € bijM(A,B) = f € bijM(B,C) = M(A) = M(B) = M(C) = (f O g)
€ bii™M(A4,0)

{proof)
lemma inj_rel_converse_fun: f € inj™(A,B) = M(A) = M(B) = con-
verse(f) € range(f)—MA

(proof)

lemma fg_imp_ bijective_rel:
assumes f € A +MB ge B-MA f0O g=id(B) g Of = id(A) M(A) M(B)
shows f € bij™(A,B)
{proof )

end — M_ZF library
26.1 Discipline for cexp
(ML)

context M ZF library
begin

(ML)
(proof )

(ML) (proof)
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end — M_ZF library

(ML)
notation is_cexp fm (<~7Tf is )
(ML)

abbreviation
cexp_r = [iyiyi=o] = i (1) where
cexp_r(z,y,M) = cexp_rel(M,z,y)

abbreviation
cexp_r_set = [i)ii] = i («_T——) where
cexp_r_set(z,y,M) = cexp_rel(##M,x,y)

context M__ZF library
begin

lemma Card_rel_cexp_rel: M(k) = M(v) = Card™ (kM)

(proof)
declare conj_cong|cong]

lemma eq csucc_rel_ord:
Ord(i) = M(i) = (i)™ = (|i|MH)M
(proof )

lemma lesspoll__succ_rel:
assumes Ord(k) M(k)
shows k <M (xT)M
(proof )

lemma lesspoll_rel csucc_rel:
assumes Ord(k)
and types:M (k) M(d)
shows d <M (k)M «— d <M ¢
(proof)

lemma Infinite _imp_ nats_lepoll:
assumes Infinite(X) n € w
shows n < X

{proof)

lemma nepoll _imp_nepoll rel :
assumes — z ~ X M(z) M(X)
shows - (z &M X)
(proof )

lemma Infinite_imp_ nats_lepoll rel:
assumes Infinite(X) n € w
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and types: M(X)
shows n <M X
{proof )

lemma lepoll_rel_imp_lepoll: A <M B = M(A) = M(B) = A < B
(proof )

lemma zero_lesspoll_rel: assumes 0<x M(x) shows 0 <M k
{proof)

lemma lepoll_rel_nat_imp_ Infinite: w §M X = M(X) = Infinite(X)

{proof)

lemma InfCard_rel_imp_ Infinite: InfCardM(x) = M(k) = Infinite(r)
{proof)

lemma It surj rel empty imp Card_rel:
assumes Ord(k) \o. o < k = suriM(a,x) = 0
and types: M (k)
shows Card™ (k)

(proof)

end — M_ZF library

(ML)
notation mono_map_ rel (<mono’_map—"(__, , , '»)
abbreviation
mono_map_r_set :: [i,i,0,4,i)/=1 (<mono’_map—'(_,_, , ')») where

mono_mapM(a,r,b,s) = mono_map_rel(##M,a,r,b,s)

context M ZF library
begin

lemma mono_map_rel_char:
assumes M(a) M(b)
shows mono_map™(a,r,b,s) = {femono_map(a,r,b,s) . M(f)}
(proof)

Just a sample of porting results on mono__map

lemma mono_map_ el _mono:
assumes
f € mono_map™(A,r,B,s) B C C
and types:M(A) M(B) M(C)
shows
f € mono_map™(A,r,C,s)
(proof)
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lemma nats _le InfCard_rel:
assumes n € w InfCard™ (k)
shows n < k

{proof)

lemma nat_into InfCard_rel:
assumes 7 € w InfCard™ (k)
shows n €

{proof)

lemma Finite_lesspoll rel nat:
assumes Finite(z) M(x)
shows z <M nat

(proof)

lemma Finite__cardinal_rel__in_nat [simp]:
assumes Finite(A) M(A) shows [A|M € w
(proof)

lemma Finite_cardinal_rel _eq cardinal:
assumes Finite(A) M(A) shows |A|M = |A|
(proof)

lemma Finite_imp_ cardinal _rel_cons:
assumes FA: Finite(A) and a: a¢ A and types:M(A) M(a)
shows |cons(a,A)|M = succ(|A|M)

{proof)

lemma Finite_imp_ succ_cardinal__rel_Diff:
assumes Finite(A) a € A M(A)
shows succ(|A-{a}|M) = |A|M

{proof)

lemma InfCard_rel Aleph rel:
notes Aleph_rel_zero[simp]
assumes Ord(a)
and types: M ()
shows InfCard™(R,M)
(proof)

lemmas Limit_ Aleph_rel = InfCard_rel_Aleph_rel| THEN InfCard_rel_is Limit)

bundle Ord_dests = Limit_is_Ord[dest] Card_rel_is_Ord[dest]

bundle Aleph_rel dests = Aleph_rel_cont|dest]

bundle Aleph_rel_intros = Aleph_rel increasing[intro!]

bundle Aleph_rel _mem__dests = Aleph_rel_increasing|OF ItI, THEN ItD, dest]

lemma f imp_ injective_rel:
assumes f € A -M BVacA. d(f ‘z) = = M(A) M(B)
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shows f ¢ inj™(A, B)
{proof)

lemma lam__injective rel:
assumes Az. z € A = c¢(z) € B
Ne. 2 € A= d(c(z)) =z
Vz[M]. M(c(z)) lam_replacement(M ,c)
M(A) M(B)
shows (A\z€A. c(z)) € inj™(A, B)
(proof )

lemma f imp surjective_ rel:
assumes f € A M BAy.ye B= d(y) c ANy.y€ B= f‘d(y) =y
M(A) M(B)
shows f € surjM(A, B)
(proof )

lemma lam__surjective_ rel:

assumes Az. 2 € A = ¢(z) € B
Ny.ye B=d(y) e A
Ny y € B= c(d(y)) =y
Vx[M]. M(c(z)) lam__replacement(M ,c)
M(A) M(B)

shows (\z€A. c¢(z)) € surjM(A, B)

(proof)

lemma lam__ bijective_rel:

assumes Az. z € A = ¢(z) € B
Ny.y€ B= d(y) € A
Nz. 2 € A= d(c(z)) ==
Ny y € B= c(d(y)) =y
Vz[M]. M(c(z)) lam__replacement(M ,c)
M(A) M(B)

shows (Az€A. ¢(z)) € bijM(A, B)

(proof)

lemma function_space_rel _eqpoll_rel_cong:
assumes
AxM A" B~M B" M(A) M(A’) M(B) M(B’)
shows
A M BM g M B

(proof)

lemma curry_egpoll_rel:
fixes viv2 k
assumes M(v1) M(v2) M(x)
shows v1 =M (V2 =M ) M 1 x V2 —

(proof)

My
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lemma Pow_rel_egpoll el function_space_rel:
fixes d X
notes bool_of o_def [simp]
defines [simp]:d(A) = (A\x€X. bool_of o(z€A))
— the witnessing map for the thesis:
assumes M(X)
shows PowM(X) ~M x =M 2
(proof)

lemma Pow_rel _bottom: M(B) = 0 € PowM(B)

{proof)

lemma cantor_surj_rel:
assumes M(f) M(A)
shows f ¢ surjM(A,PowM(A))
(proof )

lemma cantor_inj_rel: M(f) => M(A) = f ¢ inj™(PowM(A),A)
{proof)

end — M_ZF library

end

27 Lambda-replacements required for cardinal in-
equalities

theory Replacement Lepoll
imports
ZF _Library_ Relative
begin

definition

lepoll__assumptions1(M,A,F.S,fa, K x.f,r) = Vxz€S. strong_replacement(M, Ay
2.y € F(A o) Nz = {(z, y)})

definition

lepoll _assumptions2(M,A,F,S, fa, K ,x,f,r) = strong_replacement(M, Az z. z =
Sigfun(z, F(A)))

definition

lepoll__assumptions3(M,A,F,S fa,K ,x,f,r) = strong_replacement(M, Az y. y =
F(A, 1))

definition
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lepoll__assumptionsf(M,A,F.S fa, K x.f,r) = strong_replacement(M, Az y. y =
(z, minimum(r, F(A, z))))

definition

lepoll _assumptions5(M,AF.S fa, K, z.f,r) =
strong_replacement(M, A y. y = (z, p i. x € F(A, i), f “(n i. x € F(A, 7)) ‘x))

definition

lepoll__assumptions6(M,AF,S fa, K, x,f,r) = strong_replacement(M, Ay z. y €
infM(F(A, 2),8) A z = {(z, y)})

definition

lepoll _assumptions7(M,AF .S fa, K x.f,r) = strong_replacement(M, Az y. y =
i (F(4, z),8))

definition

lepoll _assumptions8(M,A,F,S fa, K x.f,r) = strong_replacement(M, Az z. z =
Sigfun(z, Ni. infM(F(A, i),5)))

definition

lepoll__assumptions9(M,A,F,S fa, K, x.f,r) = strong_replacement(M, Xz y. y =
(z, minimum(r, infM(F(A, z),5))))

definition

lepoll__assumptions10(M,A,F,S fa,K x.f,r) = strong_replacement
(M, Az z. z = Sigfun(z, A\k. if k € range(f) then F(A, converse(f) ‘ k)
else 0))

definition

lepoll__assumptions11(M,A,F .S, fa, K x.f,r) = strong_replacement(M, A\x y. y =
(if x € range(f) then F(A, converse(f) ‘ z) else 0))

definition

lepoll__assumptions12(M,A,F.,S fa,K ,x,f,r) = strong_replacement(M, Ay z. y €
F(A, converse(f) ‘z) A z = {(z, y)})

definition

lepoll _assumptions13(M,A,F.,S fa,K x.f,r) = strong_replacement
(M, Az y. y = (x, minimum(r, if © € range(f) then F(A,converse(f) * x)
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else 0)))

definition

lepoll _assumptions1f(M,A,F,S fa,K x.f,r) = strong_replacement
(M, Mz y. y = {z, ui z€ (if i € range(f) then F(A, converse(f) ‘i) else

0),

fa ‘< (ui. x € (if i € range(f) then F(A, converse(f) ‘i) else
0)) *z))
definition

lepoll _assumptions15(M,A,F .S fa,K x.f,r) = strong_replacement
(M, \y z. y € ing™(if x € range(f) then F(A, converse(f) ‘z) else 0,K) A
z={(z, 9)})

definition
lepoll__assumptions16(M,AF,S fa,K x.f,r) = strong_replacement(M, Az y. y =
ingM(if = € range(f) then F(A, converse(f) ‘ z) else 0,K))

definition
lepoll _assumptions17(M,A,F,S.fa,K x,f,r) = strong_replacement
(M, Mz z. z = Sigfun(z, Xi. ing™M(if i € range(f) then F(A, converse(f)
“14) else 0,K)))

definition
lepoll_assumptions18(M,A,F,S,fa,K ,z,f,r) = strong_replacement
(M, Az y. y = (x, minimum(r, inf™ (if € range(f) then F(A, converse(f)
‘) else 0,K))))

lemmas lepoll _assumptions _defs[simp] = lepoll _assumptionsl _def
lepoll _assumptions2__def lepoll _assumptions3 _def lepoll _assumptionss__def
lepoll__assumptionss__def lepoll _assumptions6__def lepoll _assumptions7? _def
lepoll__assumptions8__def lepoll _assumptions9 _def lepoll _assumptions10 _def
lepoll__assumptions11_def lepoll _assumptions12_ def lepoll _assumptions13__def
lepoll _assumptions1/_def lepoll assumptions15 def lepoll assumptions16_def
lepoll _assumptions17 _def lepoll _assumptions18 _def

definition if range F where
[simp]: if _range_F(H,f,i) = if i € range(f) then H(converse(f) ‘i) else 0

definition if range F else F where
if _range F _else F(H,b,f,i) = if b=0 then if range F(H.f,i) else H(7)

lemma (in M_ basic) lam__ Least__assumption__general:
assumes
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separations:

YV A'[M]. separation(M, \y. dz€A’. y=(x, pi. z € if _range_F _else_ F(F(A),b,f,i)))
and
mem__F_bound:\z c. x€F(A,c) = ¢ € range(f) U U(A)
and
types:M(A) M(5) M(f) M(U(A))

shows lam__replacement(M,\x . p i. x € if _range F__else F(F(A),b,f,i))

(proof)

lemma (in M_basic) lam__Least_assumption__ifM__b0:

fixes F

defines F = \__ z. if M(x) then z else 0

assumes
separations:

YV A'[M]. separation(M, \y. Jz€A’. y=(x, pi. x € if _range_F_else_ F(F(A),0,f,i)))
and
types:M(A) M(f)

shows lam_ replacement(M \x . p i. x € if _range F__else F(F(A),0,f,i))
(is lam__replacement(M Az . Least(?P(z))))

(proof)

lemma (in M_ replacement) lam__Least _assumption__if M__bnot0:
fixes F
defines F = )\ z. if M(z) then z else 0
assumes

lam__replacement__minimum:lam__replacement(M, Ap. minimum(fst(p),snd(p)))
and
separations:

YV A'[M]. separation(M, \y. Jz€A’. y=(x, pi. z € if _range_F _else_ F(F(A),b,f,7)))
separation(M,Ord)
and
types:M(A) M(f)
and
b#0

shows lam_ replacement(M Az . p i. © € if _range F_else_ F(F(A),b.f,7))
(is lam__replacement(M Az . Least(?P(x))))

(proof )

lemma (in M_replacement) lam__Least _assumption_drSR_Y:
fixes Fr' D
defines F = drSR_Y(r',D)
assumes V A'[M]. separation(M, Ay. Jz€A’. y= (z, pi. x € if_range_F_else_ F(F(A),b,f,i)))
M(A) M(b) M(f) M(r)
and
lam__replacement__minimum:lam__replacement(M, A\p. minimum(fst(p),snd(p)))
shows lam_ replacement(M Az . p i. © € if _range F _else F(F(A),b.f,7))
(proof)

locale M _replacement_lepoll = M _replacement + M__inj +
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fixes F

assumes
F_type[simp]: M(A) = Vz[M]. M(F(A,z))
and
lam__lepoll _assumption_F:M(A) = lam__replacement(M,F(A))
and

— Here b is a Boolean.

lam__Least__assumption:M(A) = M(b) = M(f) =
lam__replacement(M \x . 1 i. x € if _range F_else F(F(A),b,f,i))

and

F_args_closed: M(A) = M(z) = z € F(A,i) = M(i)

and

lam,_replacement_inj_rel:lam,__replacement(M, Ap. inj™ (fst(p),snd(p)))

and

lam__replacement__minimum:lam__replacement(M, Ap. minimum(fst(p),snd(p)))

begin

declare if range F _else F _def[simp]

lemma lepoll__assumptionsi:
assumes types[simp]: M (A4) M(S)
shows lepoll__assumptions1(M,A,F.S fa,K x.f,r)
(proof )

lemma lepoll__assumptions2:
assumes types[simp]:M(A) M(S)
shows lepoll _assumptions2(M,A,F,S,fa, K z.f,r)
(proof )

lemma lepoll assumptions3:
assumes types[simp|: M (A)
shows lepoll _assumptions3(M,AF,S, fa,K x.f,r)
(proof )

lemma lepoll__assumptions/:
assumes types[simp]:M(A) M(r)
shows lepoll _assumptionsf(M,A,F.S fa,K x.f,r)
(proof )

lemma lam_Least closed :

assumes M(A) M(b) M(f)

shows Vz[M]. M(p i. z € if range F else F(F(A),b,f,i))
(proof )

lemma lepoll assumptionss:
assumes
types[simpl: M (A) M(f)
shows lepoll _assumptionss(M,AF,S fa,K x.f,r)
(proof )
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lemma lepoll assumptions6:
assumes types[simp|:M(A) M(S) M(z)
shows lepoll _assumptions6(M,A,F,S,fa, K x,f,r)
(proof )

lemma lepoll assumptions7:
assumes types[simp]: M(A) M(S) M(x)
shows lepoll _assumptions7(M,A,F,S,fa, K ,z.f,r)
(proof )

lemma lepoll assumptionss:
assumes types[simp]:M(A) M(S)
shows lepoll _assumptions8(M,A,F,S fa,K,zf,r)
(proof )

lemma lepoll assumptions9:
assumes types[simp]:M(A) M(S) M(r)
shows lepoll _assumptions9(M,A,F,S. fa, K ,x.f,r)
(proof )

lemma lepoll assumptions10:
assumes types[simp]: M(A) M(f)
shows lepoll _assumptions10(M,A,F.,S,fa, K x.f,r)
(proof )

lemma lepoll__assumptions11:
assumes types[simp]: M(A) M(f)
shows lepoll _assumptions11(M, A, F, S, fa, K, z, f, 1)
(proof)

lemma lepoll__assumptionsi?2:
assumes types[simp]: M (A) M(z) M(f)
shows lepoll _assumptions12(M,A,F.,S,fa,K x.f,r)
(proof )

lemma lepoll _assumptions13:
assumes types[simp]:M(A) M(r) M(f)
shows lepoll _assumptions13(M,A,F.S fa,K x.f,r)
(proof)

lemma lepoll _assumptionsl4:
assumes types[simp]:M(A4) M(f) M(fa)
shows lepoll _assumptions1f(M,A,F.S fa,K x.f,r)
(proof)

lemma lepoll assumptionsis:

assumes types[simp]: M (A) M(z) M(f) M(K)
shows lepoll__assumptions15(M,A,F.S, fa,K x.f,r)
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{proof)

lemma lepoll assumptions16:
assumes types[simp]:M(A) M(f) M(K)
shows lepoll__assumptions16(M,A,F,S, fa, K x,f,r)
(proof )

lemma lepoll assumptions17:
assumes types[simp|:M(A) M(f) M(K)
shows lepoll _assumptions17(M,A,F,S,fa, K ,z.f,r)
(proof )

lemma lepoll assumptions18:
assumes types[simp]: M(A) M(K) M(f) M(r)
shows lepoll _assumptions18(M,A,F,S fa, K ,x.f,r)
(proof )

lemmas lepoll assumptions = lepoll _assumptions! lepoll _assumptions?2
lepoll__assumptions3 lepoll__assumptionss lepoll _assumptionsd
lepoll__assumptions6 lepoll _assumptions7 lepoll _assumptions8
lepoll _assumptions9 lepoll _assumptions10 lepoll _assumptionsl1
lepoll _assumptions12 lepoll _assumptions18 lepoll _assumptionsl
lepoll__assumptions15 lepoll _assumptions16
lepoll__assumptions17 lepoll _assumptions18

end — M _replacement_lepoll

end

28 Cardinal Arithmetic under Choice

theory Cardinal _Library Relative
imports
Replacement__Lepoll
begin

locale M_library = M__ZF library + M__cardinal_AC +
assumes
separation__cardinal_rel_lesspoll_rel: M(r) = separation(M, Az . © <™ k)
begin

declare egpoll_rel_refl [simp]

28.1 Miscellaneous

lemma cardinal_rel_RepFun__apply le:
assumes S € A—B M(S) M(A) M(B)
shows |{S‘a . ac A} M < |AIM

(proof)

221



lemma cardinal_rel _RepFun_ le:
assumes Irf:lam_ replacement(M,f) and f closed:V z[M]. M(f(z)) and M(X)
shows |{f(z) .z € X}M < |x|M
{proof)

lemma subset_imp_le_cardinal_rel: A C B = M(A) = M(B) = |A|M <
|BIM
{proof)

lemma It_cardinal _rel_imp_not_subset: |A|M < |BJM — M(A) = M(B) =
-~ BCA
{proof)

lemma cardinal_rel It csucc__rel_iff:
Card_rel(M,K) = M(K) = M(K') = |K''M < (KM «— |[K'M < K
(proof )

end — M_ library

locale M _cardinal UN_nat = M_cardinal UN _w X for X
begin
lemma cardinal _rel UN _le nat:
assumes \i. icw = | X(i)|M < w
shows ||Jicw. X(i)|M < w
(proof)

end — M _cardinal UN_nat

locale M cardinal UN__inj = M_ library +
j:M__cardinal _UN __ J +
y:M__cardinal _UN _ K M\k. if k€range(f) then X (converse(f)‘k) else 0 for J K
f+
assumes
f_inj: f € inj_rel(M,J,K)
begin

lemma inj rel imp cardinal_rel UN_le:
notes [dest] = InfCard_is_Card Card_is_Ord
fixes Y
defines Y (k) = if kerange(f) then X(converse(f)‘k) else 0
assumes InfCard™(K) N\i. icJ = |[X())|M < K
shows |JicJ. X(i)|M < K
(proof)

end — M_cardinal _UN__inj

locale M cardinal UN__lepoll = M__library + M__replacement_lepoll _ A_. X +
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j:M__cardinal _UN __ J for J
begin

lemma lepoll_rel _imp _cardinal_rel _UN__le:
notes [dest] = InfCard_is_Card Card_is_Ord
assumes InfCard"(K) J <M K Ni. ieJ = |X()|M < K
shows |JicJ. X())|M < K

(proof)

end — M _cardinal_UN__lepoll

context M _library
begin

lemma cardinal_rel_lt_csucc_rel iff":
includes Ord_dests
assumes Card_rel(M,k)
and types:M (k) M(X)
shows k < |X|M «— (xH)M < |X|M
(proof )

lemma lepoll_rel _imp subset bij rel:

assumes M(X) M(Y)

shows X <MY «— 3Z[M]. ZC Y A Z2MX)
(proof)

The following result proves to be very useful when combining cardinal rel
and egpoll_rel in a calculation.

lemma cardinal_rel_Card_rel eqpoll_rel iff:
Card_rel(M,x) = M(x) = M(X) = |X|M = s +— X =M g
(proof )

lemma lepoll_rel _imp _lepoll_rel cardinal rel:
assumesX <M Y M(X) M(Y)
shows X <M |y|M
(proof )

lemma lepoll_rel Un:
assumes InfCard_rel(M,x) A <M x B <M x M(A) M(B) M(x)
shows 4 U B <M ¢

(proof)

lemma cardinal _rel Un_le:
assumes InfCard_rel(M,x) |[A/M < k |BIM < k M(x) M(A) M(B)
shows [A U BIM < &
{proof)

il

lemma Finite_cardinal _rel iff": M(i) = Finite(|i|") «— Finite(7)
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{proof)

lemma cardinal_rel_subset_of Card_rel:
assumes Card_rel(M,y) a C v M(a) M(7)
shows |a|M <y V |a|M = 4

(proof)

lemma cardinal rel cases:
includes Ord_dests
assumes M(y) M(X)
shows Card_rel(My) = |X|M < v +— = |X|M > 4
(proof)

end — M_library

28.2 Countable and uncountable sets
(ML)

notation countable rel (<countable—"(__")»)

abbreviation
countable_r_set :: [i,i]=0 (<countable—'(__")») where
countableM (i) = countable_rel(## M i)

context M _library
begin

lemma countablel[intro]: X <M w = countable_rel(M,X)

(proof)

lemma countableD[dest]: countable rel(M,X) = X <M w
{proof)

lemma countable_rel_iff cardinal_rel_le_nat: M(X) = countable_rel(M,X)
— XM <w

{proof)

lemma lepoll rel countable_rel: X §M Y = countable_rel(M,Y) = M(X)
= M(Y) = countable_rel(M,X)

(proof)

lemma surj_rel countable rel:

countable_rel(M,X) = f € surj_rel(M,X,Y) = M(X) = M(Y) = M(f)
= countable_rel(M,Y)

{proof)

lemma Finite_imp__countable rel: Finite_rel(M,X) = M(X) = countable_rel(M,X)
(proof)
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end — M_library

lemma (in M__cardinal _UN__lepoll) countable_rel_imp__countable rel UN:
assumes countable_rel(M,J) \i. i€J = countable__rel(M,X(¢))
shows countable rel(M,|JicJ. X (1))

{proof)

locale M cardinal_library = M__library + M__replacement +
assumes
lam,__replacement_inj _rel:lam__replacement(M, \z. ian(fst(x),snd(m)))
and
cardinal_lib _assmsl1:
M(A) = M(b) = M(f) =
separation(M, \y. Jz€A. y = (z, p i. x € if_range_F_else F(Az. if M(z)
then x else 0,b,f,i)))
and
cardinal_lib__assms2:
M(A) = M(G) = M(b) = M(f) =
separation(M, Ay. Jz€A’. y = (z, p i. © € if _range_F_else_F(\a. if M(a)
then G‘a else 0,b,f,7)))
and
cardinal_lib_assms3:
M(A) = M(b) = M(f) = M(F) =
separation(M, Ay. Jz€A’. y = (z, p i. © € if _range F_else _F(\a. if M(a)
then F-‘{a} else 0,b,f,i)))
and
cardinal__rel__separation :
separation(M, Xz,y). cardinal_rel(M,x) = y)
and
separation__cardinal__rel It :
M(vy) = separation(M, A\Z . cardinal_rel(M,Z) < =)

begin

lemma cdlt _assms: M(z) = M(Q) = separation(M, Aa . Vs€x. (s, a) € Q)
{proof)

lemma countable _rel _union__countable rel:
assumes A\z. z € C = countable_rel(M,z) countable rel(M,C) M(C)
shows countable_rel(M,|J C)

(proof)

end — M_ cardinal_library
abbreviation
uncountable_rel :: [i=o0,i]=0 where

uncountable_rel(M,X) = — countable_rel(M,X)

context M__library
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begin

lemma uncountable rel iff mat It cardinal rel:
M(X) = uncountable_rel(M,X) +— w < | X|M
(proof)

lemma uncountable rel not_empty: uncountable rel(M,X) — X # 0
(proof)

lemma uncountable_rel_imp_ Infinite: uncountable_rel(M,X) = M(X) = In-
finite(X)
(proof)

lemma uncountable rel not subset countable rel:
assumes countable rel(M,X) uncountable rel(M,Y) M(X) M(Y)
shows - (Y C X)
(proof)

28.3 Results on Aleph_ rels

lemma nat It Aleph_rell: w < N]M
(proof)

lemma zero It _Aleph_rell: 0 < NZM

{proof)

lemma le_ Aleph_rell _nat: M(k) = Card_rel(M,k) = E<NM — k<w
(proof )

lemma lesspoll _rel Aleph rel succ:
assumes Ord(«)
and types:M(a)) M(d)
shows d <M X M g <My M
(proof)

suce(a)

lemma cardinal_rel_Aleph_rel [simp]: Ord(a) = M(a) = [RM|M = R, M

(proof )
lemma Aleph_ rel lesspoll_rel increasing:
includes Aleph_rel_intros
assumes M (b) M(a)
shows a < b = R, M <M N, M

(proof )

lemma uncountable_rel_iff subset__eqpoll rel Aleph rell:
includes Ord_dests
assumes M(X)
notes Aleph_rel_zero[simp] Card_rel _nat[simp] Aleph_rel_succ|[simp]
shows uncountable rel(M,X) «— (3S[M]. § C X A § =M ¥ ;M)
(proof)
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lemma UN_if zero: M(K) = (Jz€K. if M(z) then G ‘z else 0) =(JzeK. G
¢ :L')

{proof)

lemma mem_F boundl:
fixes F' G
defines F = \__ z. if M(z) then Gz else 0
shows z€F(A,c) = ¢ € (range(f) U domain(Q) )
(proof )

end — M _library

context M cardinal_library
begin

lemma it Aleph_rel _imp_cardinal_rel UN_le_nat: function(G) = domain(G)
<My =

Vnedomain(G). |Gn|M<¥ ;M — M(G) = |Jne€domain(G). Gn|M<w
(proof)

My — Inew. |f-4n}M

lemma Aleph_rell__eq cardinal_rel _vimage: f:N]M—>
=n,M

(proof)

lemma egpoll_rel _Aleph_rell_cardinal_rel _vimage:
assumes Z ~M (8, M) f e 7 =M o M(2)
shows Jncw. |f-{n}M =n,M

(proof)

end — M_ cardinal_library

28.4 Applications of transfinite recursive constructions

locale M _ cardinal_library_extra = M__cardinal_library +
assumes
replacement__trans__apply__image:
M(f) = M(8) — Ord(8) —
strong__replacement(M, Az y. z€8 A y = (x, transrec(z, Aa g. f * (g  a))))
begin

lemma rec_constr_type_ rel:
assumes f:Pow_rel(M,G)—=M G Ord(a) M(G)
shows M (a) = rec_constr(f,a) € G
{proof)

lemma rec__constr_closed :

assumes f:Pow_rel(M,G)—=M G Ord(a) M(G) M(«)
shows M (rec_constr(f,a))
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{proof)

lemma lambda_rec__constr closed :
assumes Ord(y) M(y) M(f) f:Pow_rel(M,G)—=M G M(G)
shows M (Aa€y . rec_constr(f,a))
(proof )

The next lemma is an application of recursive constructions. It works under
the assumption that whenever the already constructed subsequence is small
enough, another element can be added.

lemma bounded_cardinal rel selection:
includes Ord_ dests
assumes
NZ. |ZM < v = Z C G = M(Z) = 3aeG. Vs€Z. <s,a>€Q beC
Card_rel(My)
M(G) M(Q) M()
shows
IS[M]. S : v M g A Vaenr. VB ey a<f — <Sa,58>€Q)
(proof)

The following basic result can, in turn, be proved by a bounded-cardinal_ rel
selection.

lemma Infinite_iff lepoll_rel_nat: M(Z) = Infinite(Z) +— w SM Z

(proof)

lemma Infinite_InfCard_rel_cardinal_rel: Infinite(Z) = M(Z) = InfCard_rel(M,|Z|M)
{proof)

lemma (in M_trans) mem__F_bound2:
fixes F' A
defines F = )\ z. if M(x) then A-“{z} else 0
shows z€F(A,c) = ¢ € (range(f) U range(A))
{proof)

lemma Finite_to_one_rel _surj_rel _imp_ cardinal_rel_eq:

assumes F' € Finite_to_one_rel(M,Z,Y) N surj_rel(M,Z,Y) Infinite(Z) M(Z)
M(Y)

shows |Y|M = |z|M

(proof)

lemma cardinal_rel_map Un:
assumes Infinite(X) Finite(b) M(X) M(b)
shows [{a Ub.ac X}M = |x|M
(proof)

end — M_ cardinal_library__extra

context M _library
begin
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28.5 Results on relative cardinal exponentiation

lemma cexp_rel egpoll rel cong:

assuimes

A~=M A" B~M B M(A) M(A") M(B) M(B’)
shows

ATB:M _ g1B\M
{proof)

lemma cexp rel cexp rel cmult:
assumes M (k) M(v1) M(v2)

M
shows (KTVLM)TVQ,M _ HTVQ Q" vi,M

(proof)

lemma cardinal_rel_Pow_rel: M(X) = |Pow_rel(M,X)|M = 21%M __ Perhaps
it’s better with |X|
{proof)

lemma cantor__cexp_rel:
assumes Card_rel(M,v) M(v)
shows v < 2""M

{proof)

lemma countable_iff lesspoll_rel Aleph_rel_one:
notes iff trans[trans
assumes M(C)
shows countableM(C) «+— C <M ;M

(proof )

lemma countable iff le rel Aleph rel one:
notes iff _trans[trans]
assumes M(C)
shows countableM(C) «— |C|M <M w, M

(proof)

end — M _library

lemma (in M__cardinal_library) countable_ fun_imp__countable image:
assumes f:C —M B countableM(C) N\c. c€C = countableM(fc)
M(C) M(B)
shows countableM (| J (f“C))
(proof )

end
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29 The Delta System Lemma, Relativized

theory Delta_System__Relative
imports
Cardinal__Library__Relative
begin

(ML)

locale M _delta = M__cardinal_library__extra +
assumes
countable__lepoll _assms:
M(G) = M(A) = M(b) = M(f) = separation(M, \y. Jz€A.
y=(x, pi x€if range F else. F(Az. {za € G . z € za},

b, f, 9))
begin

lemma disjoint_separation: M(c) = separation(M, X\ . 3a. 3b. z={a,b) A a N
b=c)
(proof)

lemma (in M_trans) mem_F_boundG:

fixes FF G

defines F = \__ z. Collect(G, (€)(x))

shows z€F(G,c) = ¢ € (range(f) U J G)

(proof)
lemma delta_ system__Aleph_rell:

assumes YV AcF. Finite(A) F ~M XM M(F)

shows 3D[M]. D C F A delta_system(D) A D ~M x M
(proof)

lemma delta__system__uncountable rel:
assumes V AcF. Finite(A) uncountable_rel(M,F) M(F)
shows 3D[M]. D C F A delta_system(D) A D =M x M

(proof)

end — M delta

end

30 Relative DC

theory Pointed DC' _Relative
imports
Cardinal__Library__Relative

begin
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consts dc_witness :: i = i => (= 1= 1= 1
primrec
wit0  : dc_witness(0,A,a,5,R) = a
witrec : de__witness(suce(n),A,a,s,R) = s{z€A. (dc_witness(n,A,a,s,R),x)ER}

lemmas dc_witness _def = dc_ witness_nat_def
(ML)

schematic__goal sats is dc_witness_fm__auto:
assumes na < length(env) e < length(env)
shows
nao € w —
Aecw=
a€w=—
S € w—
Rew=
e cw—
env € list(Aa) =
0€ A =
is_dc_witness(##Aa, nth(na, env), nth(A4, env), nth(a, env), nth(s, env),
nth(R, env), nth(e, env)) +—
Aa, env = ?fm(nat, A, a, s, R, e)
(proof)

(ML)
(proof )

dewit_body(A,a,g,R) = Ap. snd(p) = dc_witness(fst(p), A, a, g, R)
(ML)

context M _replacement
begin

lemma dc_witness__closed[intro,simp]:
assumes M(n) M(A) M(a) M(s) M(R) nEnat
shows M (dc_witness(n,A,a,s,R))
(proof)

lemma dc_witness _rel char:

assumes M(A)

shows dc_witness_rel(M,n,A,a,s,R) = dc_witness(n,A,a,s,R)
(proof)

lemma (in M_basic) first_section__closed:

assumes
M(A) M(a) M(R)
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shows M({z € A . (a, T) € R})
(proof)

lemma witness_into_A [TC]:
assumes acA
VX[M]. X£0 A XCA — sX€A
VyecA. {z€A. (y,z)eR } # 0 nenat
M(A) M(a) M(s) M(R)
shows dc_witness(n, A, a, s, R)eA
(proof )

end — M _replacement

locale M__DC = M_trancl + M__replacement + M__eclose +
assumes
separation__is__dcwit_body:
M(A) = M(a) = M(g) = M(R) = separation(Mis_dcwit_body(M, A,
a, g, R))
and
dewit__replacement: Ord(na) =
M(na) =
M(A) =
M(a) =
M(s) =
M(R) =
transrec__replacement
(M, An f ntc.
is_nat_case
(M, a,
Am bmfm.
3 fm[M]. 3 cp[M].
is_apply(M, f, m, fm) A
is_Collect(M, A, Ax. 3 fmz[M]. (M (z) A fmz € R) A pair(M, fm,
z, fmx), cp) A
is_apply(M, s, cp, bmfm),
n, ntc),na)
begin

lemma is dc_ witness iff:

assumes Ord(na) M(na) M(A) M(a) M(s) M(R) M(res)

shows is_dc_witness(M, na, A, a, s, R, res) +— res = dc_witness_rel(M, na,
A, a, s, R)
(proof)

lemma dcwit_body__abs:
fst(z) € w = M(A) = M(a) = M(g) = M(R) = M(z) =
is_dcwit_body(M,A,a,9,R,x) «— dcwit_body(A,a,q9,R,x)
(proof )
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lemma Lambda_dc_ witness closed:
assumes g € PowM(A)-{0} - A acAVycA. {z € A.(y,z) € R} # 0
M(g) M(A) M(a) M(R)
shows M(Ane€nat. dc_witness(n,A,a,q,R))
(proof)

lemma witness related:
assumes a€A
VX[M]. X£0 A XCA — s'XeX
VyeA. {z€A. (y,x)€R } # 0 nEnat
M(a) M(A) M(s) M(R) M(n)
shows (dc_witness(n, A, a, s, R),dc_witness(succ(n), A, a, s, R))ER
(proof)

lemma witness_funtype:
assumes acA
VX[M]. X£0 A XCA — sX € A
VyeA. {z€A. (y,z)eR} # 0
M(A) M(a) M(s) M(R)
shows (An€nat. dc_witness(n, A, a, s, R)) € nat - A (is ?f € _ — _)

(proof)

lemma witness to_ fun:
assumes a€A
VX[M]. X£0 N XCA — s‘XeA
VyeA. {z€A. (yx)eR } # 0
M(A) M(a) M(s) M(R)
shows 3f € nat—A. Vnenat. f'n =dc_witness(n,A,a,s,R)
(proof)

end — M DC

locale M library DC = M_library + M_DC
begin

lemma AC_M_func:
assumes Az. 2 € A = (Jy. y € ) M(A)
shows 3f € A -M |J(A). Yz e A frcx
(proof)

lemma non_empty family: || 0 ¢ A; x € A||==>3y.y€x
(proof )

lemma AC_M func0: 0 ¢ A= M(A) = 3fc A M J(A).Vz e A frex
{proof)

lemma AC_ M _func_Pow _rel:
assumes M(C)
shows 3f € (PowM(C)-{0}) =M C.Vz € PowM(C)-{0}. fz € x
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(proof)

theorem pointed DC"
assumes VzeA. FyeA. (z,y)e R M(A) M(R)
shows VacA. 3f € nat—™ A. f0 = a A (Vn € nat. (fn,fsucc(n))ER)

(proof)

lemma auz_DC _on_AxzNat2 : ¥ z€Axnat. 3ycA. (z,(y,succ(snd(z)))) € R =
VazeAxnat. JycAxnat. (z,y) € {(a,b)eR. snd(b) = succ(snd(a))}

(proof)

lemma infer_snd : c€ AXB = snd(c) = k = c=(fst(c),k)
{proof)

corollary DC _on_ A x nat :
assumes (Vz€Axnat. ycA. (z,(y,succ(snd(z)))) € R) acA M(A) M(R)
shows 3f € nat—=MA. f0 = a A (Vn € nat. ({(fn,n),(fsucc(n),succ(n)))ER) (is
Jze_.?P(z))
(proof)

lemma auz_sequence_DC :
assumes Vz€A. Vnenat. JycA. (z,y) € Sn
R={{{z,n),(y,m)) € (Axnat)x(Axnat). (z,y)€S‘m }
shows V z€Axnat . JycA. (z,(y,succ(snd(z)))) € R
(proof)

lemma aux_sequence_DC2 : YV zeA. Vnenat. AycA. (z,y) € S‘n =
VzeAxnat. JycA. (z,(y,succ(snd(x)))) € {{{z,n),{y,m))E(Axnat)x (Axnat).
(zy)eSm }
(proof )

lemma sequence_DC"
assumes Vz€A. Vnenat. JycA. (z,y) € Sn M(A) M(S)
shows VacA. (3f € nat—=M A. f0=a A (Vn € nat. (fn,f'succ(n))€S succ(n)))

(proof)

end — M_library DC

end

31 Cohen forcing notions

theory Partial_Functions_Relative
imports
Cardinal__Library__Relative
begin

In this theory we introduce bounded partial functions and its relative ver-
sion; for historical reasons the relative version is based on a proper definition
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of partial functions.

We note that finite partial functions are easier and are used to prove some
lemmas about finite sets in the theory Transitive Models.ZF __Library__ Relative.

definition
Fn :: [4,4,i] = ¢ where
Fn(k,1,J) = U{y . d € Pow(I), y=(d—J) N d<k}

lemma domain_ function_lepoll :
assumes function(r)
shows domain(r) < r

(proof)

lemma function_ lepoll:
assumes r:d—J
shows r < d

(proof)

lemma function__eqpoll :
assumes 7:d—J
shows r ~ d

(proof)

lemma Fn_ char : Fn(k,I,J) = {f € Pow(IxJ) . function(f) A f < k} (is YL=?R)
(proof)

lemma zero in_ Fn:
assumes () < kK
shows 0 € Fn(k, I, J)
(proof)

lemma Fn_nat_eq FiniteFun: Fn(nat,I,J) = I -||> J
(proof)

lemma Fn_nat_subset Pow: Fn(k,I,J) C Pow(IxJ)
(proof)

lemma Fnl:
assumes p:d - JdCIld=<=«k
shows p € Fn(k,I,J)
(proof)

lemma FnD[dest]:
assumes p € Fn(k,1,J)
shows3d.p:d - JAdCITANd<kK
(proof)

lemma Fn_is_function: p € Fn(k,I,J) = function(p)
(proof)
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lemma Fn_csucc:
assumes Ord(k)
shows Fn(csucc(k),I,J) = J{y . d € Pow(I), y=(d—J) N d<k}
(proof )

definition
FnleR :: i = i = o (infix]l <D» 50) where
f29=9¢<f

lemma FnleR__iff subset [iff]: f 2 g<— g C f
(proof)

definition
Fnlerel :: i = i where
Fnlerel(A) = Rrel(Ax y. z 2 y,A)

definition
Fnle :: [i,i,i]] = i where
Fnle(k,I1,J) = Fnlerel(Fn(x,I,J))

lemma Fnlel[intro]:
assumes p € Fn(k,1,J) q € Fn(k,1,J) p 2 ¢
shows (p,q) € Fnle(k,I,J)
(proof )

lemma FnleD[dest]:
assumes (p,q) € Fnle(k,I,J)
shows p € Fn(k,I,J) q € Fn(k,1,J) p D q
(proof)

definition PFun_Space_Rel :: [iji=o0, {] = i («<_——_)
where A =M B = {f € Pow(AxB) . M(f) A function(f)}

lemma (in M_ library) PFun_ Space__subset_Powrel :
assumes M(A) M(B)
shows A =M B = {f € PowM(AxB) . function(f)}
(proof)

lemma (in M_ library) PFun_ Space_ closed :
assumes M(A) M(B)
shows M(A =M B)
(proof)

lemma pfun_is function :
f e A=M B — function(f)

(proof )

lemma pfun_range :
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feA-MPpB— range(f) C B
{proof)

lemma pfun_domain :
feA—-MB— domain(f) C A

{proof)

lemma Un_ filter fun_ space_ closed:
assumes G C I - J A\ fg.feG@ = geG = 3del—>J . dDfANdDyg
shows | J G € Pow(IxJ) function( G)

(proof)

lemma Un_ filter is_fun :
assumes G C I > J A\ fg.feG@ = geG = Fdel— J . dDOf N dDg G#£0
shows | JG eI — J

(proof )

context M Pi
begin

lemma mem__ function__space__relD:
assumes f € function__space_rel(M,A,y) M(A) M(y)
shows f € A — y and M(f)
(proof)

lemma pfunl :
assumes CCA f € C =M B M(C) M(B)
shows fe A ~M B

(proof)

lemma zero in_ PFun_rel:
assumes M(I) M(J)
shows 0 ¢ I =M J
(proof)

lemma pfun_subsetl :
assumes f € A —~M B ¢Cf M(g)
shows gc A ~M B

{proof)

lemma pfun_ Un_ filter closed:
assumes G CI—~M J A\ fg.feG = gcG = FdeI—-M J . dDf A dDg
shows | J G € Pow(IxJ) function( G)

(proof)

lemma pfun_ Un_ filter closed’":
assumes G CI—-M J A\ fg.feG = gcG = IdeCG . dOf A dDg
shows | J G € Pow(IxJ) function( G)

(proof)
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lemma pfun_ Un_ filter_closed:
assumes G CI—-M J A fg.feG = geG = IdeCG . dOf A dDg M(G)
shows |G € =M J
(proof )

lemma pfunD :
assumes f € A~M" B
shows 3C[M]. CCAA f € C—B

{(proof)

lemma pfunD _closed :
assumes f € A~M B
shows M(f)

(proof)

lemma pfun_singletonl :
assumes z € A b€ B M(A) M(B)
shows {(z,b)} € A~M B
{proof)

lemma pfun_unionl :
assumes f € A~M B g ¢ A—~M B domain(f)Ndomain(g)=0
shows fUg € A—~M B
{proof)

lemma (in M_ library) pfun_restrict_eq imp__compat:
assumes f € [—~M Jge 1-M JM(J)
restrict(f, domain(f) N domain(g)) = restrict(g, domain(f) N domain(g))
shows f U g e =M J
(proof)

lemma FiniteFun_pfunl :
assumes f € A-||> B M(A) M(B)
shows f ¢ A =M B
{proof)

lemma PFun_FiniteFunl :
assumes f € A =M B Finite(f)
shows f € A-||> B

(proof )
end — M _Pi
definition
FPn_rel :: [i=o,i,i,d) = i («(Fn—"(_,_,_')») where

Fn_rel(M,x,1,J) = {f € =M J . f<Mg}
— Eventually we can define Fn_ rel as the relativization of Fn
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context M library
begin

lemma Fn_rel subset PFun_rel : FnM(F;,I,J) C I—-M g

(proof )

lemma Fn_ rell[intro]:
assumes f: d — Jd C If <"k M(d) M(J) M(f)
shows f € Fn_rel(M,x,1,J)
(proof )

lemma Fn_ relD[dest]:
assumes p € Fn_rel(M,x,1,J)
shows 3C[M]. CCIAp:C — JAp=<Mg
(proof )

lemma Fn_rel is_function:
assumes p € Fn_rel(M,x,1,J)
shows function(p) M(p) p <M k pe =M J
(proof)

lemma Fn_rel _mono:
assumes p € Fn_rel(Mk,1,J) k <M k' M(k) M ()
shows p € Fn_rel(M,x"1,J)
(proof )

lemma F'n_rel _mono”
assumes p € Fn_rel(Mk,1,J) k <M k" M(k) M ()
shows p € Fn_rel(M,x'1,J)

(proof)

lemma Fn_ csucc:
assumes Ord(k) M(k)
shows Fn_rel(M,(n*)M,I,J) = {pe -M g p <M k} (is ?L=7R)
(proof)

lemma Finite_imp_lesspoll nat:
assumes Finite(A)
shows A < nat

{proof)

lemma FinD_Finite :
assumes a€ Fin(A)
shows Finite(a)

{proof)

lemma Fn_rel nat eq FiniteFun:
assumes M(I) M(J)
shows I -||> J = Fn_rel(M,w,I,J)
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(proof)

lemma Fn_nat _abs:
assumes M(I) M(J)
shows Fn(nat,I,J) = Fn_rel(Mw,I,J)
(proof)

lemma Fn_ rel singletonl:
assumes z € [j € J 1 <M x M(k) M(I) M(J)
shows {(z,)} € FnM(k,1,J)
(proof )

end — M _library

definition
Fnle_rel :: [i=0,i,i,i] = @ (<Fnle—"(_,_,_')>) where

Fnle_rel(M,k,1,J) = Falerel(FnM(k,1,J))

abbreviation
Fn_r_set:: [iii4 = i («Fn—"(_,_, ")) where
Fn_r_set(M) = Fn_rel(##M)

abbreviation
Fnle_r_set :: [i,ii,i] = i (<Fnle—="(_,_, ')») where
Fnle_r_set(M) = Fnle_rel(##M)

context M _library
begin

lemma Fnle_relllintro):
assumes p € Fn_rel(M,x,1,J) g € Fn_rel(M,x,1,J) p D q
shows (p, q) € Fnle_rel(M,x,I,J)
(proof)

lemma Fnle_relD[dest]:
assumes (p, q) € Fnle rel(M,x.1,J)
shows p € Fn_rel(M,x,1,J) ¢ € Fn_rel(M,x,1,J) p D q
(proof)

lemma Fn_ rel_closed[intro,simp]:
assumes M (k) M(I) M(J)
shows M(FnM(k,1,J))
(proof)

lemma Fn_rel subset Pow:
assumes M (k) M(I) M(J)
shows FnM(k,I,J) € Pow(Ix.J)
{proof)
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lemma Fnle rel closed[intro,simp]:
assumes M (k) M(I) M(J)
shows M (FnleM(k,I,J))
(proof )

lemma zero in_ Fn_rel:
assumes 0<x M(k) M(I) M(J)
shows 0 € FnM(x, I, J)
(proof)

lemma zero_top Fn_ rel:
assumes pcFnM(k, I, J) 0<k M(x) M(I) M(J)
shows (p, 0) € FnleM(x, I, J)
{proof)

lemma preorder _on_ Fnle_rel:
assumes M (k) M(I) M(J)
shows preorder_on(Fn™(k, I, J), FnleM(x, 1, J))
{proof)

end — M _library

context M cardinal_library
begin

lemma lesspoll_nat__imp_lesspoll rel:
assumes A < w M(A)
shows A <M

(proof)

lemma Finite_imp_lesspoll rel nat:
assumes Finite(A) M(A)
shows 4 <M o
(proof)

end — M _ cardinal_library

context M cardinal_library extra
begin

lemma InfCard_rel_lesspoll _rel Un:
includes Ord_dests
assumes InfCard_rel(M,x) A <M k B <M g,
and types: M (k) M(A) M(B)
shows 4 U B <M g

{(proof)

lemma Fn_rel unionl:
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assumes p € FnM(k,1,J) qe FnM(k,1,J) InfCard™ (k)
M(k) M(I) M(J) domain(p) N domain(q) = 0
shows pUq € FnM(k,1,J)
(proof)

lemma restrict_eq imp_compat_rel:
assumes p € FnM(k, I, J) g € Fn™(k, I, J) InfCardM(x) M(J) M(k)
restrict(p, domain(p) N domain(q)) = restrict(q, domain(p) N domain(q))
shows p U ¢ € FnM(k, I, J)
(proof)

lemma InfCard_rel _imp n_ lesspoll rel :
assumes InfCard™ (k) M(k) ncw
shows n <™ Kk

(proof)

lemma cons _in_Fn_ rel:
assumes = ¢ domain(p) p € FaM(k,1,J) z € 1j € J InfCardM (k)
M(r) M(I) M(J)
shows cons((z,7), p) € FnM(k,1,.J)
{proof)

lemma dense dom _dense:
assumes z € [ InfCard™ (k) M(I) M(J) z€J M(x) pcFnM(x, I, J)
shows 3de{ p € FaM(k, I, J) . x € domain(p) }. (d,p) € FnleM(k, I, J)
(proof)

lemma (in M_ cardinal library) domain_lepoll_rel :
assumes function(r) M(r)
shows domain(r) <M r

(proof)

lemma dense_surj_dense:
assumes z € J InfCard™ (k) M(I) M(J) M (k) pe Fn™(k, I, J) k <M T
shows 3de{ p € FaM(k, I, J) . = € range(p) }. (d,p) € FnleM(k, I, J)
(proof)

end — M_ cardinal_library__extra

end
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