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Abstract

Timed automata are a widely used formalism for modeling real-
time systems, which is employed in a class of successful model checkers
such as UPPAAL [LPY97], HyTech [HHWt97] or Kronos [Yov97]. This
work formalizes the theory for the subclass of diagonal-free timed au-
tomata, which is sufficient to model many interesting problems. We
first define the basic concepts and semantics of diagonal-free timed au-
tomata. Based on this, we prove two types of decidability results for
the language emptiness problem.

The first is the classic result of Alur and Dill [AD90, AD94], which
uses a finite partitioning of the state space into so-called regions.

Our second result focuses on an approach based on Difference Bound
Matrices (DBMs), which is practically used by model checkers. We
prove the correctness of the basic forward analysis operations on DBMs.
One of these operations is the Floyd-Warshall algorithm for the all-
pairs shortest paths problem. To obtain a finite search space, a widen-
ing operation has to be used for this kind of analysis. We use Patricia
Bouyer’s [Bou04] approach to prove that this widening operation is
correct in the sense that DBM-based forward analysis in combination
with the widening operation also decides language emptiness. The in-
teresting property of this proof is that the first decidability result is
reused to obtain the second one.
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theory Floyd-Warshall
imports Main
begin

1 Floyd-Warshall Algorithm for the All-Pairs Short-
est Paths Problem

Auxiliary lemma distinct-list-single-elem-decomp: {zs. set xs C {0} A
distinct zs} = {{[], [0]}
(proof )

1.1 Cyecles in Lists
abbreviation cnt z zs = length (filter (Ay. x = y) zs)

fun remove-cycles :: 'a list = 'a = 'a list = 'a list
where
remove-cycles [| - acc = rev acc |
remove-cycles (x#xs) y acc =
(if x = y then remove-cycles zs y [z] else remove-cycles zs y (z#acc))

lemma cnt-rev: ent x (rev zs) = cnt x xs (proof)
value as @ [z] @Q bs @Q [z] @ ¢s @ [z] @ ds

lemma remove-cycles-removes: ent x (remove-cycles xs x ys) < max 1 (ent
T ys)
(proof)

lemma remove-cycles-id: © ¢ set xs = remove-cycles xs © ys = rev ys Q
xs

(proof)

lemma remove-cycles-cnt-id:
T # y = cnt y (remove-cycles zs x ys) < cnt y ys + cnt y s

(proof)

lemma remove-cycles-ends-cycle: remove-cycles xs © ys # rev ys Q rs =
T € set xs

(proof )

lemma remove-cycles-begins-with: © € set xs = 3 zs. remove-cycles xs x
ys = # 28 N x ¢ set zs



(proof)

lemma remove-cycles-self:
T € set xs = remove-cycles (remove-cycles ts & ys) x zs = remove-cycles
TS T YS

(proof )

lemma remove-cycles-one: remove-cycles (as Q x # xs) x ys = remove-cycles
(z#xs) x ys
(proof )

lemma remove-cycles-cycles:
T € set s = I xzxs as. as Q concat (map (A zs. x # xs) zxs) Q re-
move-cycles xs T ys = xs A\ © ¢ set as

(proof )

fun start-remove :: 'a list = 'a = 'a list = 'a list
where
start-remove [| - acc = rev acc |
start-remove (z#xs) y acc =
(if x = y then rev acc Q remove-cycles xs y [y| else start-remove zs y (x

# acc))

lemma start-remove-decomp:
x € set xs = 3 as bs. xs = as Q x # bs A start-remove xS x ys = rev ys
@ as @ remove-cycles bs z [z]

(proof)

lemma start-remove-removes: cnt x (start-remove xs x ys) < Suc (cnt z ys)
(proof )

lemma start-remove-id[simp|: x ¢ set s = start-remove s T ys = rev ys
Q@ zs

(proof)

lemma start-remove-cnt-id:
T # y = cnt y (start-remove zs x ys) < cnt y ys + cnt y s

(proof)

fun remove-all-cycles :: 'a list = 'a list = 'a list
where
remove-all-cycles [| zs = xs |
remove-all-cycles (x # xs) ys = remove-all-cycles zs (start-remove ys x [])



lemma cnt-remove-all-mono:cnt y (remove-all-cycles zs ys) < max 1 (ent
Y ys)
(proof)

lemma cnt-remove-all-cycles: © € set xs => cnt x (remove-all-cycles s ys)
<1

(proof )

lemma cnt-mono:
ent a (b # xzs) < ent a (b # ¢ # xs)
(proof)

lemma cnt-distinct-intro: ¥V x € set xs. ent x ©s < 1 — distinct zs

(proof )

lemma remove-cycles-subs:
set (remove-cycles zs x ys) C set xs U set ys

(proof)

lemma start-remove-subs:
set (start-remove zs x ys) C set zs U set ys

(proof)

lemma remove-all-cycles-subs:
set (remove-all-cycles s ys) C set ys

(proof)

lemma remove-all-cycles-distinct: set ys C set xs = distinct (remove-all-cycles
xS Ys)

(proof )

lemma distinct-remove-cycles-inv: distinct (xs Q ys) = distinct (remove-cycles
xS T YS)

(proof)

definition remove-all © xs = (if © € set xs then tl (remove-cycles zs x |[])
else xs)

definition remove-all-rev x s = (if x € set xs then rev (¢l (remove-cycles
(rev xs) x [])) else xs)

lemma remove-all-distinct:
distinct ©s = distinct (x # remove-all T xs)



(proof)

lemma remove-all-removes:
z ¢ set (remove-all x xs)

(proof)

lemma remowve-all-subs:
set (remove-all x xs) C set xs

(proof )

lemma remove-all-rev-distinct: distinct xs == distinct (x # remove-all-rev
x z8)

(proof )

lemma remove-all-rev-removes: x ¢ set (remove-all-rev x zs)

(proof)

lemma remove-all-rev-subs: set (remove-all-rev x zs) C set xs
(proof)

abbreviation rem-cycles i j xs = remove-all i (remove-all-rev j (remove-all-cycles
xs 15))

lemma rem-cycles-distinct”: i # j = distinct (i # j # rem-cycles i j xs)

(proof)

lemma rem-cycles-removes-last: j ¢ set (rem-cycles i j xs)

(proof )

lemma rem-cycles-distinct: distinct (rem-cycles i j xs)

(proof )

lemma rem-cycles-subs: set (rem-cycles i j zs) C set xs
(proof)

1.2 Definition of the Algorithm

We formalize the Floyd-Warshall algorithm on a linearly ordered abelian
semigroup. However, we would not need an abelian monoid if we had the
right type class.

class linordered-ab-monoid-add = linordered-ab-semigroup-add +
fixes neutral :: 'a (1)
assumes neutl[simp]: 1 + x = z



assumes neutr[simpl]: z + 1 =z
begin

lemmas assoc = add.assoc

type-synonym ’c mat = nat = nat = 'c

definition (in —) upd :: 'c mat = nat = nat = 'c = 'c mat
where

upd mzxyv=m(z:=(mz) (y:=v))

definition fw-upd :: 'a mat = nat = nat = nat = ’'a mat where
fw-upd mkij=wupdmij(min (mij)(mik+ mkj))

lemma fw-upd-mono:
fw-upd mkiji’j < mij’

(proof )

fun fw :: '‘a mat = nat = nat = nat = nat = ’'a mat where
fummn0 0 0 = fw-upd m 00 0 |
fwmn (Suck) 0 0 = fw-upd (fw m n knn) (Suck) 00 |
fummnk (Suc i) 0 = fw-upd (fw m n kin)k (Suc ) 0 |
fwmmnk i (Suc j) = fw-upd (fw m n kij) ki (Sucj)

lemma fw-invariant-auz-1:
j"<j=i<n=j<n=k<n=fumnkiji'j’<fumnk
-a,/ n/ o/

ty vy

(proof )

lemma fw-invariant-auz-2:
i<n=j<n=k<n=i"<i=j"<j
= fumnkiji'j’<fwummnki j"i;j
(proof )

lemma fw-invariant:
F<k=i<n=j<n=k<n=j"<j=i"<i
= fumnkiji'j’'<fwumnk’ i"j"ij

(proof)

lemma single-row-inv:
j'<i=ji<n=i<n= fumnki'ji'j’'=fomnkijij

(proof )

lemma single-iteration-inv'":



i'<i=j<n=j<n=i<n= fumnkiji'j’'=fumnk
<) s 21 )
vy vy

(proof)

lemma single-iteration-inv:

i'<i=j'<j=i<n=j<n= fumnkiji'j'=fomnki
j/ ,L'/j/
(proof)

lemma fw-innermost-id:
i<n=j<n=ji'<n=i<i= fumn0ij ij=mij
(proof )

lemma fw-middle-id:
i<n=j<n=j'<j=i<i=fumn0i'j ij=mij

(proof)

lemma fw-outermost-mono:
i<n=ji<n=fumn0ijij<mij
(proof)

lemma Suc-innermost-id1:
i<n=j<n=j<n=i'<i= fumn (Suck)i'j ij=fuw
mnkijij

(proof)

lemma Suc-innermost-id2:
i<n=j<n=j'<j=i<i= fumn (Suck)i'j ij=fw

mnkijij

(proof)

lemma Suc-innermost-id1":
i<n=j<n=j<n=i'<i= fumn (Suck)i'j ij=fuw
mnknmnij

(proof)

lemma Suc-innermost-id2"
i<n=j<n=j'<j=i<i= fumn (Suck)i'j ij=fw
mnknnij

(proof)

lemma Suc-innermost-mono:
i<n=j<n= fuomn (Suck)ijij<fumnkijij
(proof )



lemma fw-mono”:
i<n=jij<n=fumnkijij<mij

(proof )

lemma fw-mono:
i<n=j<n=i'<n=j'<n= fumnkiji'j <mij
(proof )

lemma add-mono-neutr:
assumes 1 < b
shows a < a + b

(proof )

lemma add-mono-neutl:
assumes 1 < b
shows a < b + ¢

(proof)

lemma fuw-step-0:
m00>1=i<n=—j<n=fumn0ijij=min(mij) (mi
0+ m0j7)

(proof )

lemma fw-step-Suc:

VE<n fumnknnk’'k'>1=i<n=—j<n=— Suck<n
= fumn (Suck)ijij=min (fumnknnij) (fummnknni(Suc

k) + fwmnknmn (Suck) j)

(proof)

1.2.1 Length of Paths

fun len :: ‘a mat = nat = nat = nat list = 'a where
lenmuv]]=muuv]|
len m u v (wH#ws) = mu w + len m w v ws

lemma len-decomp: s = ys Q y # zs = len mzx zxs = len m x y ys +
len m y z zs

(proof )

lemma len-comp: len m a ¢ (xs Q b # ys) = len m a b xs + len m b c ys

(proof)
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1.2.2 Shortening Negative Cycles

lemma remove-cycles-neg-cycles-auz:
fixes i xs ys
defines zs’' = i # ys
assumes i ¢ set ys
assumes ¢ € set zs
assumes s = as @ concat (map ((#) i) xss) Q zs’
assumes len m i j ys > len m ¢ j xs
shows 3 ys. set ys C set xs A len m i i ys < 1 (proof)

lemma add-lt-neutral: a + b< b= a < 1

(proof )

lemma remove-cycles-neg-cycles-auz':
fixes j zs ys
assumes j ¢ set ys
assumes j € set zs
assumes s = ys @ j # concat (map (X xs. xs Q [j]) xss) Q as
assumes len m i j ys > len m ¢ j xs
shows 3 ys. set ys C set xs A len m j j ys < 1 (proof)

lemma add-le-impl: a + b< a+c= b < ¢

(proof )

lemma start-remove-neg-cycles:
len m i j (start-remove xs k [|) > len m i j xs => 3 ys. set ys C set xs A
lenmkkys <1

(proof )

lemma remove-all-cycles-neg-cycles:
len m i j (remove-all-cycles ys xs) > len m i j xs
= J ys k. setys C setas ANk € setas ANlenmkkys <1

(proof)

lemma (in —) concat-map-cons-rev:
rev (concat (map ((#) j) xss)) = concat (map (A zs. xzs Q [j]) (rev (map
rev ss)))

(proof)

lemma negative-cycle-dest: len m i j (rem-cycles i j xs) > len m i j xs
= 3 ' ys. len m i’ i’ ys < 1L A set ys C set zs N i’ € set (i # j #
xs)

(proof )

11



1.3 Definition of Shortest Paths

definition D :: ‘a mat = nat = nat = nat = 'a where
Dmijk= Min {len mijxs| zs. setws C {0..k} Ni ¢ set xs \j ¢ set
xs A distinct xs}

lemma (in —) distinct-length-le:finite s = set xs C s = distinct xs =
length xs < card s

(proof )

lemma (in —) finite-distinct: finite s = finite {zs . set zs C s A distinct
xs}

(proof )

lemma D-base-finite:
finite {len m i j xs | xs. set xs C {0..k} A distinct zs}

(proof )

lemma D-base-finite”:
finite {len m i j xs | zs. set xs C {0..k} A distinct (i # j # zs)}
(proof)

lemma D-base-finite'":
finite {len m i j xs |zs. set xs C {0..k} N i & set zs N\ j & set xs A\ distinct
xs}

(proof )

definition cycle-free :: 'a mat = nat = bool where
cycle-free mn =V ias. i < n A set s C {0..n} —
(Vj.j<n-—lenmij(rem-cycles ijxzs) <lenmijaxs) N\lenmii
zs > 1

lemma D-eql:

fixes mnijk

defines A = {len m i j zs | xs. set xs C {0..k}}

defines A-distinct = {len m i j xs |xs. set s C {0..k} N i ¢ set xzs N\ j ¢
set s A distinct xs}

assumes cycle-frre mn i <nj<nk<n(A\y. y e A-distinct = z <
y)rze A

shows D m i j k = x (proof)

lemma D-base-not-empty:
{len m i j xs |xs. set s C {0..k} N i & set xs N\ j ¢ set xs N distinct xs}

7 {}
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(proof)

lemma Min-elem-dest: finite A — A # {} = 2= Min A —= z € A
(proof)

lemma D-dest: t =D mijk —=
z € {len m i j xs |zs. set xs C {0..Suc k} N i ¢ set xs N\ j & set xs A
distinct s}

(proof )

lemma D-dest" t = Dmijk = z € {len mijus|zs. set zs C {0..Suc

k}}
(proof )

lemma D-dest”: t = Dmijk = z € {len mijuxs |xs. set xs C {0..k}}
(proof)

lemma cycle-free-loop-dest: i < n = set zs C {0..n} = cycle-free m n
— lenmiixzs>1
(proof)

lemma cycle-free-dest:
cycle-free mn = i < n = j < n = set zs C {0..n}
= len m i j (rem-cycles i j xs) < len m i j xs
(proof)

definition cycle-free-up-to :: 'a mat = nat = nat = bool where
cycle-free-up-to mkn =V iaxs. i < n A set zs C {0..k} —
(Vj.j<n-—lenmij(rem-cyclesijuzs) <lenmijaxs) Alenmii
s > 1

lemma cycle-free-up-to-loop-dest:
i < n= setazs C{0..k} = cycle-free-up-tomkn = lenmiizs>1
(proof )

lemma cycle-free-up-to-diag:
assumes cycle-free-up-to mkni < n
shows mi7>1

(proof )

lemma D-eql2:
fixes mnijk
defines A = {len m i j xs | zs. set zs C {0..k}}
defines A-distinct = {len m i j xs | xzs. set xs C {0..k} N i ¢ set zs N\ j

13



¢ set xs A distinct zs}
assumes cycle-frec-up-tomkni<nj<nk<mn
(Ay. y € A-distinct =z < y)z € A
shows D m i j k = x (proof)

1.4 Result Under The Absence of Negative Cycles

This proves that the algorithm correctly computes shortest paths under the
absence of negative cycles by a standard argument.

theorem fw-shortest-path-up-to:
cycle-free-up-tomkn — i'<i—= j'<j=i<n=—j<n=—k
<n
= Dmi'j'k=fwmnkijij

(proof )

lemma cycle-free-cycle-free-up-to:
cycle-free m n = k < n = cycle-free-up-to m k n
(proof)

lemma cycle-free-diag:
cycle-free mn —= i <n=—=1<mii

(proof)

corollary fw-shortest-path:
cycle-freemn —= i'<i—=j'<j—=i<n=j<n=%k<n
= Dmi' j'k=fwmnkijij
(proof)

corollary fw-shortest:

assumes cycle-free mni < nj<nk<mn

shows fumnnnnij<fomnnnnik+ fumnnnnkj
(proof)

1.5 Result Under the Presence of Negative Cycles

lemma not-cylce-free-dest: = cycle-free m n = 3 k < n. = cycle-free-up-to
mkn

(proof)

lemma D-not-diag-le:

(z :: 'a) € {len m i j xs |zs. set s C {0..k} N i & set xs N j & set xs N
distinct xs}

= Dmijk <z (proof)

14



lemma D-not-diag-le”. set xs C {0..k} = i ¢ set s — j ¢ set xs —>
distinct xs
= Dmijk <len mijuxs (proof)

lemma (in —) nat-upto-subs-top-removal”:
S C{0..Sucn} = Sucn¢ S= S C{0.n}
(proof)

lemma (in —) nat-upto-subs-top-removal:
SC{0.n:nat} = n¢ S=— S C{0.n— 1}
(proof)

lemma fw-Suc:
i<n=j<n=i<n=ji<n= fumn (Suck)i' j ij<fuw
mnknnitj

(proof)

lemma negative-len-shortest:
lengthzs =n = lenmiizs <1
= 3 jys. distinct (j # ys) Nlenm jjys <1 Aj € set (i # xs) N set
ys C set xs
(proof)

theorem F'W-neg-cycle-detect:
= ceycle-free mn = 3 i< n.fumnnnnii<l

(proof )

end

end

theory Timed-Automata
imports Main

begin

2 Basic Definitions and Semantics

2.1 Time

class time = linordered-ab-group-add +
assumes dense: t < y = Jz. z <z Az <y
assumes non-trivial: 3 x. x # 0

begin

lemma non-trivial-neg: 3 z. x < 0

15



(proof)

end

datatype (’c, 't :: time) cconstraint =
AND (’e, 't) cconstraint ('c, 't) cconstraint |
LT 'c 't |
LE 'c 't |
EQ 'c 't |
GT 'c 't |
GE 'c 't

2.2 Syntactic Definition

For an informal description of timed automata we refer to Bengtsson and
Yi [BY03]. We define a timed automaton A

type-synonym
('c, "time, 's) invassn = 's = ('c, 'time) cconstraint

type-synonym
('a, 'c, "time, 's) transition = 's x ('c, 'time) cconstraint x 'a x 'c list * 's

type-synonym
(‘a, 'c, "time, 's) ta = ('a, 'c, "time, 's) transition set x ('c, 'time, 's)
nuassn

definition trans-of :: (‘a, 'c, 'time, 's) ta = ('a, 'c, 'time, 's) transition set
where
trans-of = fst
definition inv-of :: (‘a, 'c, 'time, 's) ta = ('c, 'time, 's) invassn where
inv-of = snd

abbreviation transition ::

(‘a, 'c, 'time, 's) ta = 's = (‘c, 'time) cconstraint = 'a = 'c list = 's =
bool
(- F - —s>> - [61,61,61,61,61,61] 61) where

(AF 1 —9%" 1) = (l,g,a,m,l") € trans-of A

2.2.1 Collecting Information About Clocks

fun collect-clks :: ('c, 't :: time) cconstraint = 'c set
where

collect-clks (AND ccl cc2) = collect-clks cc1 U collect-clks cc2 |
collect-clks (LT ¢ -) = {c} |

16



collect-clks (LE ¢ -) = {c} |
collect-clks (EQ ¢ -) = {c} |
collect-clks (GE ¢ -) = {c} |
collect-clks (GT ¢ -) = {c}

fun collect-clock-pairs :: ('c, 't :: time) cconstraint = ('c x 't) set
where

collect-clock-pairs (LT x m) = {(z, m)} |
collect-clock-pairs (LE x m) = {(z, m)} |
collect-clock-pairs (EQ x m) = {(z, m)} |
collect-clock-pairs (GE © m) = {(z, m)} |
collect-clock-pairs (GT x m) = {(x, m)} |
collect-clock-pairs (AND ccl cc2) = (collect-clock-pairs cc1 U collect-clock-pairs

cc2)

definition collect-clkt :: (‘a, 'c, 't::time, 's) transition set = ('c *'t) set
where

collect-clkt S = |J {collect-clock-pairs (fst (snd t)) | t.t € S}

definition collect-clki :: (‘c, 't :: time, 's) invassn = ('c x't) set
where
collect-clki I = \J {collect-clock-pairs (I z) | z. True}

definition clkp-set :: (‘a, 'c, 't :: time, 's) ta = ('c *'t) set
where
clkp-set A = collect-clki (inv-of A) U collect-clkt (trans-of A)

definition collect-clkvt :: ('a, 'c, 't::time, 's) transition set = 'c set
where
collect-clkvt S = |J {set ((fst o snd o snd o snd) t) |t .t € S}

abbreviation clk-set where clk-set A = fst ¢ clkp-set A U collect-clkut
(trans-of A)

inductive valid-abstraction
where

IV(z,m) € clkp-set A. m < kxz ANz € X AN m e N; collect-clkvt (trans-of
A) C X; finite X]

— walid-abstraction A X k

2.3 Operational Semantics

type-synonym (¢, 't) cval = 'c = 't
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definition cval-add :: ('c,'t) cval = 't::time = ('c,'t) cval (infixr @ 64)
where
udd=Nz. vz + d)

inductive clock-val :: ('c, 't) cval = (c, 't::time) cconstraint = bool (-
- 162, 62] 62)
where
[ut ccl; ut cc2] = ut AND ccl cc? |
ve<dl = uk LT cd|
ve<dl= ubkLEcd]
ve=d] = ut EQcd |
| =
=

S

uc> uk GE cd |
uc>d utk GT cd

ISelaeielisela
S

declare clock-val.intros[intro]

inductive-cases[elim!]: v = AND ccl cc2
inductive-cases|elim!]: v = LT ¢ d
inductive-cases[elim!]: u - LE ¢ d
inductive-cases[elim!]: v - EQ c d
inductive-cases[elim!]: u - GE ¢ d
inductive-cases[elim!]: u - GT ¢ d

fun clock-set :: 'c list = "t::time = ('¢,’t) cval = ('c,'t) cval
where

clock-set || - u = u |

clock-set (c#cs) t u = (clock-set cs t u)(c:=t)

abbreviation clock-set-abbrv :: ‘¢ list = 't::time = ('¢,’t) cval = ('c,’t)
cval
([-—-]- [65,65,65] 65)
where
[r — tlu = clock-set r t u

inductive step-t :
('a, ‘e, 't, 's) ta = 's = (‘e, 't) cval = ("t::time) = 's = ('c, 't) cval =
bool
(-F (- -) = (-, -) [61,61,61] 61)
where
[ut inv-of Al; u@® dF inv-of Al;d > 0] = AF (I, u) =% (I, u® d)

declare step-t.intros[intro!]
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inductive-cases[elim!]: A F (I, u) =% (I’ /)

lemma step-t-determinacyl:
AF (L u) = () = AF (L uy =4 1wy = 1'=1"
(proof)

lemma step-t-determinacy?:
AF(Luy =T (V) = AF(,u) =% (1"u") = u' = u”
(proof)

lemma step-t-contl:
d>0=e>0= AF (I, u) =% ('u) = A+ (', u) = 1" u"
= A+ (l, u) —yd+e ("'

(proof)

inductive step-a ::

(‘a, 'c, 't, 's) ta = 's = ('c, ("t::time)) cval = 'a = 's = (‘e, 't) cval =
bool
(- F (= =) = (-, ) [61,61,61] 61)
where

[AF 1 —9%" 1 ut g; u' b inv-of Al u' = [r — 0Ju] = (AF (I, u)
—q (I, u))

inductive step ::

(‘a, 'c, 't, 's) ta = 's = ('c, ("t::time)) cval = 's = (‘c, 't) cval = bool
(-F (- -) = (-,-) [61,61,61] 61)
where

step-a: A F (I, u) =4 (U'u)) = (A F (I, u) = (I"u)) |

step-t: A F (I, u) =% (I'uy = (A F (I, u) — (I'u'))

inductive-cases[elim!]: A+ (I, u) — (I',u’)
declare step.intros[intro]
inductive
steps = (Ya, ‘e, 't, 's) ta = ‘s = (‘e, (t::itime)) cval = 's = (e, 't) cval
= bool
(_ - <_a _> —k <_7 _> [61761561] 61)
refl: AF (I, u) —* (I, u) |
step: A (L, u) = (I, u) = A+ (', u) =« (I", v") = A+ (I, u) —x

declare steps.intros|intro]
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2.4 Zone Semantics

type-synonym (’c, 't) zone = (‘c, 't) cval set

definition zone-delay :: ('c, ('t::time)) zone = ('c, 't) zone
(- [71] 71)
where

Z'={uddud uec Znd>(0:")}

definition zone-set :: ('c, 't::time) zone = 'c list = ('c, 't) zone

(-0 [71] 71)
where
zone-set Zr = {[r — (0:"t)]u | u.u € Z}

inductive step-z ::

(‘a, 'c, 't, 's) ta = 's = ('c, ("t::time)) zone = 's = (', 't) zone = bool
(- F (= =) ~ (-, -) [61,61,61] 61)
where

step-t-z: A (I, Z) ~ (I, (Z N {u. uF inv-of A IN)T N {u. u b inv-of A
1) |

step-a-z: [AF 1 —9%7 1]

= (AF (I, Z) ~ (U, zone-set (Z N {u. ut g}) r N {u ut

inv-of A 1'}))

inductive-cases[elim!]: A+ (I, u) ~ (I', u’)
declare step-z.intros|intro)

lemma step-z-sound:
AL, Z)y ~ (7= NVueZ. FueZ AFr{ u — (I'u))
(proof)

lemma step-z-complete:
AF{Lu = uv)=uweZ=3FZ A, Z)~(,Z)ANu' € Z
{proof)

Corresponds to version in old papers — not strong enough for inductive proof
over transitive closure relation.

lemma step-z-completel :
A Luy = (U u) =3 Z A (,{u}) ~ (I, Zy Nu' € Z
(proof )

Easier proof.

lemma step-z-complete2:
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A (Lbu)y = (I u)=3 Z. A (|, {u}) ~ U, Z) Nu' € Z
(proof )

inductive

steps-z :: (Ya, ‘e, 't, 's) ta = 's = (‘c, ("t::time)) zone = 's = ('c, 't) zone
= bool
(- (- =) ~x (-, -) [61,61,61] 61)
where

refl: AbF (I, Z) ~x (l, Z) |

step: A (1, Z) ~> (I, 2y = A (I, Z)) ~x (1", Z") = A+ (l, Z)
e (11 771

declare steps-z.intros[intro]

lemma steps-z-sound:
AL Z) (I Z) = v eZ = F ue Z At (I, u) = (I, u)
(proof )
lemma steps-z-complete:
A {Lu) =« (u)=uweZ =3 Z A, Z) ~x (I, Z"y Nu' €
Z/
(proof)
end
theory DBM

imports Floyd-Warshall Timed-Automata
begin

3 Difference Bound Matrices

3.1 Definitions

Difference Bound Matrices (DBMs) constrain differences of clocks (or more
precisely, the difference of values assigned to individual clocks by a valua-
tion). The possible constraints are given by the following datatype:

datatype ('t::time) DBMFEntry = Le 't | Lt 't | INF (o0)
This yields a simple definition of DBMs:
type-synonym 't DBM = nat = nat = 't DBMFEntry

To relate clocks with rows and columns of a DBM, we use a clock number-
ing v of type ‘c = nat to map clocks to indices. DBMs will regularly be
accompanied by a natural number n, which designates the number of clocks
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constrained by the matrix. To be able to represent the full set of clock con-
straints with DBMs, we add an imaginary clock 0, which shall be assigned
to 0 in every valuation. In the following predicate we explicitly keep track
of 0.

inductive dbm-entry-val :: ('c, 't) cval = 'c option = 'c option = ("t::time)

DBMEntry = bool

where
ur < d= dbm-entry-val u (Some r) None (Le d) |
—u ¢ < d = dbm-entry-val u None (Some ¢) (Le d) |
ur < d= dbm-entry-val u (Some r) None (Lt d) |
—u ¢ < d = dbm-entry-val u None (Some c) (Lt d) |
ur —uc<d= dbm-entry-val u (Some r) (Some ¢) (Le d) |
ur —uc<d= dbm-entry-val u (Some r) (Some c) (Lt d) |
dbm-entry-val - - - 0o

declare dbm-entry-val.intros[intro]

dbm-entry-val u None (Some c)
dbm-entry-val u (Some ¢) None
dbm-entry-val uw None (Some c) (Lt d)
dbm-entry-val u (Some c¢) None (Lt d)
dbm-entry-val u (Some r) (Some ¢) (Le d)
dbm-entry-val u (Some r) (Some ¢) (Lt d)

inductive-cases|elim!]
inductive-cases|elim!]
inductive-cases[elim!]
inductive-cases[elim!]
inductive-cases[elim!]

[elim!]

Le d)
Le d)

A~~~

inductive-cases|elim/!

fun dbm-entry-bound :: ('t::time) DBMEntry = 't
where

dbm-entry-bound (Le t) = t |

dbm-entry-bound (Lt t) =t |

dbm-entry-bound co = 0

inductive dbm-lt :: ("t::time) DBMFEntry = 't DBMFEntry = bool
(- < - [51, 51] 50)
where
dbm-lt (Lt -) oo |
dbm-lt (Le -) oo |
a<b = dbm-lt
a<b = dbm-lt
= dbm-lt
= dbm-lt

Le a) (Le b) |
Le a) (Lt b) |
Lt a) (Le b) |
Lt a) (Lt b)

A~~~

declare dbm-lt.intros|intro)

definition dbm-le :: ('t::time) DBMEntry = 't DBMEntry = bool
(- X -[51, 51] 50)
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where
dbm-leab=(a<b)Va=1b

Now a valuation is contained in the zone represented by a DBM if it fulfills
all individual constraints:

definition DBM-val-bounded :: ('c = nat) = ('c, 't) cval = ("t::time) DBM
= nat = bool
where
DBM-val-bounded vummn=Le 0 < m00 A
(V ¢c. v e <n— (dbm-entry-val u None (Some ¢) (m 0 (v ¢))
A dbm-entry-val u (Some ¢) None (m (v ¢) 0)))

NNV clc2. vel <nAwvc2 <n— dom-entry-val u (Some c1) (Some

c2) (m (vel) (ve2)))

abbreviation DBM-val-bounded-abbrev ::
(e, 't) cval = ('c = nat) = nat = ('t::time) DBM = bool

(-F---)
where
u tyn M = DBM-val-bounded v u M n

abbreviation
dmin a b = if a < b then a else b

lemma dbm-le-dbm-min:
a =2 b= a = dmin a b (proof)

lemma dbm-lt-asym:
assumes ¢ < f
shows ~ f < e

(proof )

lemma dbm-le-dbm-min2:
a3b=— a=dmin b a
(proof)

lemma dmb-le-dbm-entry-bound-inf:
a=b=—=a=00— b=

(proof)

lemma dbm-not-lt-eq: ~a < b= b <a=a=1»
(proof)

lemma dbm-not-lt-impl: = a < b= b < a V a = b (proof)
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lemma dmin a b = dmin b a

(proof )

lemma dbm-lt-trans: a < b — b < c— a < ¢
(proof)

lemma quz-3: ~"a < b= -"b<c=a<c= c=a
(proof )

inductive-cases[elim!]: oo < z

lemma dbm-lt-asymmetric[simp|: v < y = y < © = False
(proof)

lemma le-dbm-le: Le a < Le b = a < b (proof)

lemma le-dbm-lt: Le a < Lt b = a < b (proof)

lemma lt-dbm-le: Lt a < Le b = a < b (proof)

lemma [t-dbm-lt: Lt a < Lt b = a < b (proof)

lemma not-dbm-le-le-impl: = Le a < Le b = a > b (proof)

lemma not-dbm-lt-le-impl: = Lt a < Le b = a > b (proof)

lemma not-dbm-lt-lt-impl: = Lt a < Lt b = a > b (proof)

lemma not-dbm-le-lt-impl: = Le a < Lt b = a > b (proof ) (proof ) (proof ) (proof ) {(proof ) {proof ) (proo,
theory Paths-Cycles

imports Floyd-Warshall Timed-Automata
begin

4 Library for Paths, Arcs and Lengths

lemma length-eq-distinct:
assumes set xs = set ys distinct xs length xs = length ys
shows distinct ys

(proof)

4.1 Arcs

fun arcs :: nat = nat = nat list = (nat * nat) list where
arcs a b [| = [(a,b)] |
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arcs a b (x # zs) = (a, ) # arcs © b xs

definition arcs’ :: nat list = (nat * nat) set where
arcs’ xs = set (arcs (hd zs) (last zs) (butlast (¢l zs)))

lemma arcs’-decomp:
length xs > 1 = (i, j) € arcs’ s = 3 zs ys. xs = zs Q § # j # ys
(proof )

lemma arcs-decomp-tail:
arcs j 1 (ys @Q [i]) = arcs j i ys @ [(4, )]
(proof )

lemma arcs-decomp: s = ys Q y # zs = arcs x z xs = arcs x y ys Q
arcs y z zs

(proof)

lemma distinct-arcs-ex:
distinct xs = i ¢ set s => xs # [| = 3 a b. a # z A (a,b) € set (arcs
ijxs)

(proof)

lemma cycle-rotate-2-auz:
(i, 7) € set (arcs a b (xs Q [c])) = (i,§) # (¢,b) = (4, j) € set (arcs a
c 5)

(proof )

lemma arcs-set-elem1:
assumes j # k k € set (i # xs)
shows 3 1. (k, I) € set (arcs i j xs) (proof)

lemma arcs-set-elem2:
assumes i # k k € set (j # ws)
shows 3 1. (I, k) € set (arcs i j xs) (proof)

4.2 Length of Paths

lemmas (in linordered-ab-monoid-add) comm = add.commute

lemma len-add:

fixes M :: ('a :: linordered-ab-monoid-add) mat

shows len M ijxs + len Mijazs =1len (Nij. Mij+ Mij)ijuas
(proof)

25



4.3 Canonical Matrices

abbreviation
canonical Mn =V ijk.i<nAj<nAk<n—Mik<Mij+ M
ik

lemma fw-canonical:
cycle-free m n = canonical (fw m nnnn) n

(proof )

lemma canonical-len:

canonical Mn —= i <n = j<n=—= setzs C {0..n} = Mij<len
Mijaxs
(proof)

4.4 Cycle Rotation

lemma cycle-rotate:
fixes M :: ('a :: linordered-ab-monoid-add) mat
assumes length s > 1 (i, j) € arcs’ zs
shows 3 ys zs. len Maaxs=1len Mii (j # ys Q a # 25) N xs = zs Q

i # j # ys (proof)

lemma cycle-rotate-2:

fixes M :: ('a :: linordered-ab-monoid-add) mat

assumes zs # [| (i, j) € set (arcs a a xs)

shows 3 ys. len M a a xs = len M i1 (j # ys) A set ys C set (a # xs)
A length ys < length xs

(proof )

lemma cycle-rotate-len-arcs:
fixes M :: ('a :: linordered-ab-monoid-add) mat
assumes length zs > 1 (i, j) € arcs’ xs
shows 3 ys zs. len M a a xs = len M ii (j # ys Q a # zs)
A set (arcs a a xs) = set (arcs i i (j # ys Q a # 28)) N\ xs =
28 Q¢ # j# ys
(proof)

lemma cycle-rotate-2":
fixes M :: ('a :: linordered-ab-monoid-add) mat
assumes zs # [| (i, j) € set (arcs a a xs)
shows 3 ys. len M a a s = len M i i (j # ys) N\ set (i # j # ys) = set
(a # xs)
A 1 + length ys = length xs A set (arcs a a zs) = set (arcs i i (j

26



# ys))
(proof )

4.5 Equivalent Characterizations of Cycle-Freeness

lemma negative-cycle-dest-diag:
= cycle-free Mn = 3 ixzs. i < n A setws C{0.n} ANlen Miizs <1

(proof)

abbreviation cyc-free :: ('a::linordered-ab-monoid-add) mat = nat = bool
where
cyc-free mmn =V ixs. i < n A setxzs C{0.n} — lenmiixs>1

lemma cycle-free-diag-intro:
cyc-free M n = cycle-free M n
(proof)

lemma cycle-free-diag-equiv:
cyc-free M n <— cycle-free M n (proof)

lemma cycle-free-diag-dest:
cycle-free M n = cyc-free M n

(proof)

lemma cyc-free-diag-dest:
assumes cyc-free M n i < n set zs C {0..n}
shows len M 7¢xzs > 1

(proof)

lemma cycle-free-0-0:
fixes M :: ('a::linordered-ab-monoid-add) mat
assumes cycle-free M n
shows M 00 > 1

(proof)

4.6 More Theorems Related to Floyd-Warshall

lemma D-cycle-free-len-dest:
cycle-free m n
—=Vi<nViji<nDmijn=m'ij=—i<n=—j<n=— set
zs C {0..n}
= 3 ys. set ys C{0.n} Nlenm'ijxzs=1lenmijys
(proof)
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lemma D-cyc-free-preservation:
cyc-free mn =V i< n.V j<n. Dmijn=m'ij= cyc-free m'n

(proof)

abbreviation FW mn =fwumnnnn

lemma FW-cyc-free-preservation:
cyc-free m n = cyc-free (FW m n) n
(proof)

lemma cyc-free-diag-dest’:
cyc-frre mnm = i <n=mii>1
(proof)

lemma FW-diag-neutral-preservation:
Vi<n Mii=1= cyc-free Mn =V i<n. (FWMn)ii=1
(proof )

lemma FW-fized-preservation:

fixes M :: ('a::linordered-ab-monoid-add) mat

assumes A: i <n M Oi+ Mi0 =1 canonical (FW M n) n cyc-free
(FW Mn)n

shows FWMn 0i+ FW Mni0 =1 (proof)

lemma diag-cyc-free-neutral:
cyc-free Mn = Vk<n. Mkk <1 = Vi<n. Mii=1
(proof)

lemma fw-upd-canonical-id:
canonical Mn — i <n—= j<n=k<n= fw-upd Mkij=M

(proof)

lemma fw-canonical-id:
canonical Mn —= i <n—=j<n=k<n= fuMnkij=M
(proof)

lemmas FW-canonical-id = fw-canonical-id|OF - order.refl order.refl or-
der.refl]

4.7 Helper Lemmas for Bouyer’s Theorem on Approxima-
tion

lemma aquzl: i <n = j<n= setas C {0..n} = (a,b) € set (arcs i
jrzs) = a<nAb<n
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(proof)

lemma arcs-distinct1:
i ¢ set xs => j ¢ set xs = distinct s = s # [| = (a,b) € set (arcs
ijxs) = a#b

(proof )

lemma arcs-distinct2:

i ¢ set xs = j ¢ set xs = distinct xs = i # j = (a,b) € set (arcs i
jrs) = a#b
(proof)

lemma arcs-distinct3: distinct (a # b # ¢ # xs) = (i,j) € set (arcs a b
xS) =i # cNj#c
(proof)

lemma arcs-elem:

assumes (a, b) € set (arcs i j xs) shows a € set (i # xs) b € set (j #
xs)
(proof)

lemma arcs-distinct-dest1:
distinct (i # a # zs) = (b,c) € set (arcs a j zs) = b # i
(proof)

lemma arcs-distinct-fiz:
distinct (a # = # zs Q [b]) = (a,c) € set (arcs a b (v # xs)) = c ==
(proof )

lemma disjE3: AV BV C —= (A= () = (B= G) = (C = G)
= G

(proof)

lemma arcs-predecessor:
assumes (a, b) € set (arcs i jzs) a # i
shows 3 c. (¢, a) € set (arcs i j xs) (proof)

lemma arcs-successor:
assumes (a, b) € set (arcs i jzs) b # j
shows 3 c. (b,c) € set (arcs i j xs) (proof)

lemma arcs-predecessor’:

assumes (a, b) € set (arcs i j (z # xs)) (a,b) # (i, )
shows 3 c. (¢, a) € set (arcs i j (z # xs)) (proof)
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lemma arcs-cases:
assumes (a, b) € set (arcs i j xs) xs # ||
shows (3 ys. zs=b# ys AN a=1)V (I ys. xs = ys Q [a] A b = j)
V(3 cdys. (a,b) € set (arcs ¢ d ys) N xs = ¢ # ys Q [d])
(proof )

lemma arcs-cases”:

assumes (a, b) € set (arcs i j xs) xs # |]

shows (3 ys.as =b# ysANa=10) V(I ys.zs = ys Q [a]) A b=j)V
(3 ys zs. xs = ys Q a # b # 25)
(proof)

lemma arcs-successor’:
assumes (a, b) € set (arcs i jxs) b # j
shows 3 c.as=[bJNa=iV (T ysszs=bH# cHysNa=1) V(I ys
zs = ys @ [a,b] A ¢ = j)
V(3 ys zs. xs = ys Q a # b # ¢ # 25)
(proof)

lemma list-last:
s =1V (3 yys s = ys Q[y])
{proof)

lemma arcs-predecessor’”:
assumes (a, b) € set (arcs i jzs) a # i
shows 3 c.as =[a] V (3 ys. xs =a # b # ys) V (I ys. zs = ys Q [c,a]
Ab=j)
V(3 yszs. xs =ys Q c # a # b # 2s)
(proof )

lemma arcs-ez-middle:
3 0. (a, b) € set (arcs i j (ys Q@ a # xs))
(proof)

lemma arcs-ez-head:
3 b. (i, b) € set (arcs i j xs)
(proof)

4.7.1 Swuccessive

fun successive where
successive - [| = True |
successive P [-] = True |
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successive P (x # y # xs) «— — P y A successive P zs V =~ P x A\
successive P (y # xs)

lemma — successive (A z. x > ( nat)) [Suc 0, Suc 0] (proof)

lemma successive (A z. z > (0 = nat)) [Suc 0] (proof}

lemma successive (A z. z > (0 :: nat)) [Suc 0, 0, Suc 0] (proof)

lemma — successive (A z. x > (0 :: nat)) [Suc 0, 0, Suc 0, Suc 0] (proof)
lemma — successive (A z. x > (0 :: nat)) [Suc 0, 0, 0, Suc 0, Suc 0]
(proof )

lemma successive (A z. z > (0 :: nat)) [Suc 0, 0, Suc 0, 0, Suc 0] {proof)
lemma — successive (A z. x > (0 :: nat)) [Suc 0, Suc 0, 0, Suc 0] (proof)
lemma successive (A z. x > (0 :: nat)) [0, 0, Suc 0, 0] {proof)

lemma successive-step: successive P (x # zs) => = P x = successive P
s

(proof)

lemma successive-step-2: successive P (z # y # zs) = - P y = suc-
cessive P zs

(proof)

lemma successive-stepl:
successive P xs = = P © = successive P (x # xs)

(proof )

theorem list-two-induct|case-names Nil Single Cons|:
fixes P :: 'a list = bool
and list :: 'a list
assumes Nil: P ||
assumes Single: )\ z. P [z]
and Cons: Nzl 22 zs. P xs = P (22 # zs) = P (x1 # 22 # xs)
shows P zs

(proof )

lemma successive-end-1:
successive P s = = P x = successive P (zs Q [z])

(proof )

lemma successive-ends-1:

successive P xs => = P 1 = successive P ys => successive P (zs Q x
# ys)
(proof)

lemma successive-ends-1"
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successive P xs = - Px =— Py =— — P z = successive P ys —
successive P (zs Q © # y # 2z # ys)

(proof)

lemma successive-end-2:
successive P s => = P x = successive P (zs Q [z,y])

(proof)

lemma successive-end-2":
successive P (rs Q [z]) = — P x = successive P (zs Q [z,y])

(proof )

lemma successive-end-3:

successive P (zs Q [z]) = - P2 = Py = - P z = successive P
(zs Q [z,y,2])
(proof)

lemma successive-step-rev:
successive P (zs Q [z]) = = P x = successive P xs

(proof )

lemma successive-glue:
successive P (zs Q [z]) = successive P (x # xs) = - PzV -~ Pz —
successive P (zs Q [z] @ z # xs)

(proof)

lemma successive-glue':
successive P (zs Q [y]) A = P z \V successive P zs N = Py
= successive P (z # zs) N = P w V successive P xs N = P x
= = P2zV — Pw= successive P (zs Q y # 2z # w # x # xs)

(proof )

lemma successive-dest-head:
xs = w # x # ys = successive P 1s = successive P (x # zs) N = P w
V successive P xs N = P x

(proof)

lemma successive-dest-tail:
zs = zs Q [y,z] = successive P ts = successive P (zs Q [y]) A = P z
V successive P zs AN~ Py

(proof)

lemma successive-split:
xs = ys Q zs = successive P xs = successive P ys N\ successive P zs
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(proof)

lemma successive-decomp:

zs = x # ys Q zs Q [z] = successive P xs = - Pz V - P z =
successive P (zs Q [z] @Q (z # ys))
(proof )

lemma successive-predecessor:
assumes (a, b) € set (arcs i j xs) a # i successive P (arcs i j zs) P (a,b)
s # ||
shows 3 ¢. (zs = [a] A ¢
ys. xs = ys Q [c,a] A b = 7)
V(T yszs.xs=ysQc# a# b# zs)) A= P (ca)
(proof)

=iV 3ysazs=a#bH#ysNc=1) V(3

thm (IT’CS—S’LLCC@SSOT’/

lemma successive-successor:
assumes (a, b) € set (arcs i j xs) b # j successive P (arcs i j xs) P (a,b)
s # ||
shows 3 c. (zs =[] AN c=3V (3 ys.as=bF# c# ys) V(I ys. s = ys
Q [a,b] A ¢ =7)
V(3 yszs.zs=ysQa# b# c# 25)) A= P (bye)
(proof )

lemmas add-mono-right = add-mono|OF order-refi]
lemmas add-mono-left = add-mono[OF - order-refi

Obtaining successive and distinct paths lemma canonical-successive:
fixes A B
defines M = X i j. min (A ij) (Bij)
assumes canonical A n
assumes set s C {0..n}
assumes 1 < nj<n
shows 3 ys. len M i jys < len M ijas A set ys C {0..n}
A successive (A (a, b). Ma b= A ab) (arcs i j ys)
(proof)

lemma canonical-successive-distinct:
fixes A B
defines M = X\ i j. min (A ij) (B1ij)
assumes canonical A n
assumes set zs C {0..n}
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assumes 1 < nj<n
assumes distinct zs i ¢ set xs j ¢ set xs
shows 3 ys. len M ijys < len M ijxzs N\ set ys C set xs
A successive (A (a, b). M a b= A ab) (arcs ijys)
A distinct ys N\ i ¢ set ys \ j & set ys
(proof )

lemma successive-snd-last: successive P (zs Q [z, y]) = Py = - Pz
(proof)

lemma canonical-shorten-rotate-neg-cycle:
fixes A B
defines M = X\ i j. min (A ij) (Bij)
assumes canonical A n
assumes set zs C {0..n}
assumes < n
assumes len M iizs <1
shows 3 j ys. lenMj]ys<1/\set(j#ys) C set (i # wxs)
A successive (X (a, b). M a b= A ab) (arcs jjys)
A distinct ys N\ j & set ys A
(ys # ] — Mj (hd ys) # A j (hd ys) V M (last ys) j # A
(last s) )
(proof )

lemma successive-arcs-extend-last:
successive P (arcs i j xs) => = P (i, hd zs) V = P (last s, j) => x5 # |
= successive P (arcs i j xs @ [(4, hd zs)])

(proof)

lemma cycle-rotate-arcs:
fixes M :: ('a :: linordered-ab-monoid-add) mat
assumes length zs > 1 (i, j) € arcs’ zs
shows 3 ys zs. set (arcs a a xs) = set (arcs i1 (j # ys Q a # 2s)) A s

=25 Qi # j # ys (proof)

lemma cycle-rotate-len-arcs-successive:
fixes M :: ('a :: linordered-ab-monoid-add) mat
assumes length zs > 1 (i, j) € arcs’ xs successive P (arcs a a xs) = P
(a, hd zs) V = P (last zs, a)
shows 3 ys zs. len M a a xs = len Mii (j # ys Q a # 2s5)
A set (arcs a a zs) = set (arcs i1 (j # ys Q a # zs)) N\ zs =

2s Qi # j # ys
A successive P (arcs i1 (j # ys Q a # zs))
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(proof)

lemma successive-successors:

zs = ys Q a # b # ¢ # zs = successive P (arcs i j xs) = = P (a,b)
V = P (b, ¢

(proof)

lemma successive-successors':
xs = ys Q a # b # 2s = successive Pxs = ~ PaV - Pb
(proof )

lemma cycle-rotate-len-arcs-successive':
fixes M :: ('a :: linordered-ab-monoid-add) mat
assumes length xs > 1 (i, j) € arcs’ xs successive P (arcs a a xs)
= P (a, hd zs) V = P (last s, a)
shows 3 ys zs. len M a a xs = len M ii (j # ys Q a # zs)
A set (arcs a a zs) = set (arcs i1 (j # ys Q a # zs)) N\ zs =
zs Q 1 # j # ys
A successive P (arcs i1 (j # ys Q a # zs) Q [(4,§)])
(proof)

lemma cycle-rotate-3:
fixes M :: ('a :: linordered-ab-monoid-add) mat
assumes zs # [| (i, j) € set (arcs a a xs) successive P (arcs a a xs) = P
(a, hd zs) V = P (last zs, a)
shows 3 ys. len M a a s = len M i i (j # ys) N\ set (i # j # ys) = set
(a # xs) A 1 + length ys = length xs
A set (arcs a a xs) = set (arcs i i (§ # ys))
N successive P (arcs i1 (j # ys))

(proof )

lemma cycle-rotate-3":
fixes M :: ('a :: linordered-ab-monoid-add) mat
assumes zs # [| (i, j) € set (arcs a a zs) successive P (arcs a a xs) = P
(a, hd zs) V = P (last zs, a)
shows 3 ys. len M a a zs = len M i i (j # ys) N\ set (i # j # ys) = set
(a # zs) N 1 + length ys = length xs
A set (arcs a a xs) = set (arcs i i (§ # ys))
A successive P (ares i1 (j # ys) @ [(4, j)])
(proof)

end
theory DBM-Basics
imports DBM Paths-Cycles
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begin

fun get-const where
get-const (Le ¢) = ¢ |
get-const (Lt c) = ¢ |
get-const oo = undefined

4.7.2 Discourse on updating DBMs

abbreviation DBM-update :: ("t::time) DBM = nat = nat = ('t DBMEn-
try) = ("t::time) DBM
where

DBM-update M mnv=Azy. ifm=2x A n=ythen velse M zy)

fun DBM-upd :: ('t::time) DBM = (nat = nat = 't DBMEntry) = nat
= nat = nat = 't DBM
where

DBM-upd M f 0 0 - = DBM-update M 0 0 (f 0 0) |

DBM-upd M f (Suc i) 0 n = DBM-update (DBM-upd M f i n n) (Suc 7)
0 (f (Suci) 0)

DBM-upd M fi (Suc j) n = DBM-update (DBM-upd M fijn) i (Suc j)
(i (Suc )

lemma upd-1:

assumes j < n

shows DBM-upd M1 f (Suc m) n N (Suc m) j = DBM-upd M1 f (Suc m)
j N (Suc m)j

{proof )

lemma upd-2:
assumes 7 < m
shows DBM-upd M1 f (Suc m) n N ij = DBM-upd M1 f (Suc m) 0 Nij

(proof )

lemma upd-3:

assumes m < Nn< Nj<ni<m

shows (DBM-upd M1 fmn N) ij= (DBM-upd M1 fijN)ij
(proof )

lemma upd-id:
assumes m < Nn<Ni<mj<n
shows (DBM-upd M1 fmn N)ij=fij
(proof)
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4.7.3 Zones and DBMs

definition DBM-zone-repr :: ('t::time) DBM = (‘¢ = nat) = nat = (’c,
't 2 time) zone

([H-- [72,72,72] 72)

where

[M]y.n = {u . DBM-val-bounded v u M n}

lemma dbm-entry-val-mono-1:
dbm-entry-val u (Some ¢) (Some ¢') b = b < b’ = dbm-entry-val u
(Some ¢) (Some ¢') b’

(proof)

lemma dbm-entry-val-mono-2:

dbm-entry-val uw None (Some ¢) b = b < b’ = dbm-entry-val u None
(Some ¢) b’
(proof)

lemma dbm-entry-val-mono-3:
dbm-entry-val u (Some ¢) None b = b < b’ = dbm-entry-val u (Some
¢) None b’

(proof )

lemma DBM-le-subset:
v ij.ign—>j§n—>Miij’ij:>u€[M]v,n:>uE[M’]v7n

(proof )

4.7.4 DBMs Without Negative Cycles are Non-Empty

We need all of these assumptions for the proof that matrices without negative
cycles represent non-negative zones: * Abelian (linearly ordered) monoid *
Time is non-trivial * Time is dense

lemmas (in linordered-ab-monoid-add) comm = add.commute

lemma sum-gt-neutral-dest’:

(a :: (('a :: time) DBMEntry)) > 1= a+b>1= 3 d. Led < a A
Le (—d) < bANd>0
(proof)

lemma sum-gt-neutral-dest:
(a :: (("a :: time) DBMEntry)) + b>1= 3 d. Led < a A\ Le (—d) <
b

(proof)
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4.7.5 Negative Cycles in DBMs

lemma DBM-val-bounded-neg-cyclel :
fixes 7 zs assumes

bounded: DBM-val-bounded v u M n and A:i < n set xs C {0..n} len M
iixs <1 and

surj-on: ¥ k < n. k>0 — (3 c. vec=k)and at-most: i # 0 cnt 0 s
<1
shows False
(proof)

lemma cnt-0-1:
r ¢ setxs = cntx xs = 0

(proof)

lemma distinct-cnt: distinct xs — cnt v xs < 1

(proof)

lemma DBM-val-bounded-neg-cycle:
fixes 7 rs assumes
bounded: DBM-val-bounded v w M n and A:i < n set zs C {0..n} len M
11xs <1 and
surj-on: ¥V k<n. k>0 -— (3 ccvc=k)
shows Fulse

(proof)

4.7.6 Floyd-Warshall Algorithm Preservers Zones

lemma D-dest: t = D mijk —

z € {lenmijuxs|zs. set ws C {0..k} N i & set xs N\ j & set xs N distinct
xs}
(proof)

lemma FW-zone-equiv:
VE<nk>0— 3 covc=k = [Myn=[FWMnlypn
(proof)

lemma new-negative-cycle-auz”:
fixes M :: ('a :: time) DBM
fixes i j d
defines M’ = X i'j" if (i' =14 N j' = j) then Le d
else if (i"=j A j' = i) then Le (—d)
else M i’ j'
assumes i < nj < n set xs C {0..n} cycle-free M n length xs = m
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assumes len M' i (j # zs) <1 Vien M'jj (i # xs) <1
assumes i # j
shows Juzs. set s C {0..n} A j & set xs N\ i ¢ set s

A (len M"ii (5 # zs) <1V len M'jj (i # xs) < 1) (proof)

lemma new-negative-cycle-auz:

fixes M :: ('a :: time) DBM
fixes i d
defines M' =\ i'j. if (i'’=19 AN j' = 0) then Le d

else if (i"= 0 A j' = 1) then Le (—d)

else M i’ j'
assumes i < n set s C {0..n} cycle-free M n length xs = m
assumes len M’ 00 (i # xs) <1 Vien M ii (0 # zs) <1
assumes 7 # 0
shows Jzs. set xs C {0..n} A 0 ¢ set zs N\ i ¢ set xs

A (len M" 00 (i # zs) <1 Vien M'ii (0 # zs) < 1) (proof)

4.8 The Characteristic Property of Canonical DBMs

theorem fiz-index”:
fixes M :: (('a :: time) DBMEntry) mat
assumes Ler < M ij Le (—r) < M j i cycle-free M n canonical M n i <
nj<ni#j
defines M’ = X i'j". if (i' =14 N j' = j) then Le r
else if (i"=j A j' = 1) then Le (—1)
else M i’ j'
shows (V u. DBM-val-bounded v w M’ n — DBM-val-bounded v u M n)
A cycle-free M’ n
(proof)

lemma fiz-indez:
fixes M :: (('a :: time) DBMEntry) mat
assumes M 0i + M i 0 > 1 cycle-free M n canonical Mn i < ni# 0
shows
3 (M’ :: ('a DBMFEntry) mat). ((3 u. DBM-val-bounded v v M’ n) —
(3 w. DBM-val-bounded v u M n))
AM 0i+ M'i0=1A cycle-free M' n
ANNVGi#EjAMOj+Mjo=1— M 0j+Mj0=1)
ANVJIi£FAMOj+Mjo0>1—MO0j+Mjo>1)
(proof )

Putting it together lemma FW-not-empty:
DBM-val-bounded v u (FW M’ n) n = DBM-val-bounded v u M’ n

(proof)
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lemma fiz-indices:
fixes M :: (('a :: time) DBMEntry) mat
assumes set zs C {0..n} distinct s
assumes cyc-free M n canonical M n
shows
3 (M’ :: ('a DBMEntry) mat). ((3 uw. DBM-val-bounded v u M’ n) —
(3 w. DBM-val-bounded v u M n))
ANV i€esetzs.i#0— M 0i+ M'i0=1) A cyc-free M'n
ANV i<n i¢setas NMOi+Mi0=1— M 0i+ M i0=1)
(proof)

lemma cyc-free-obtains-valuation:
cyc-free Mn =V c.vc<n— vc>0 = 3 u. DBM-val-bounded v
uMn

(proof)

4.8.1 Floyd-Warshall and Empty DBMs

theorem FW-detects-empty-zone:
Vi<n. 0 <k — (Jecve=k =Vcve<n—uve>0
= [FW M n]yn ={} — (3 i<n. (FW Mmn) ii < Le 0)
(proof)

hide-const D

4.8.2 Mixed Corollaries

lemma cyc-free-not-empty:
assumes cyc-free M nVec.ve<n— 0<wvc
shows [(M :: (‘a :: time) DBM)]y.n # {}
(proof)

lemma empty-not-cyc-free:
assumes Vc. ve<n— 0 <vc|[M:('a: time) DBM)]yn = {}
shows = cyc-free M n

(proof)

lemma not-empty-cyc-free:
assumes Vi<n. 0 <k — (3 c.vec=Fk) [(M == ("a :: time) DBM)]yn

# {}
shows cyc-free M n (proof)
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lemma neg-cycle-empty:

assumes Vik<n. 0 <k — (3 ccvec=k) setas C{0..n} i <nlen Mi
1xs < 1

shows [(M :: (‘a :: time) DBM)]y.n = {} (proof)

abbreviation clock-numbering’ :: ('c = nat) = nat = bool
where

clock-numbering’ vn =V c.ve> 0N NVz.Vy vz <nAvy<nAwv
rT=0vy —x=1y)

lemma non-empty-dbm-diag-set:

clock-numbering’ vn = [Mlyn # {} = [M]on = [(A i j. if i = j then
1 else M i j)]on
(proof)

lemma non-empty-cycle-free:
assumes [M], , # {}
and Vk<n. 0 < k — (Jc. vec=k)
shows cycle-free M n

(proof )

lemma neg-diag-empty:
assumes Vik<n. 0 <k — (e ve=k)i<nMii<1
shows [M],, = {}

(proof)

lemma canonical-empty-zone:
assumes Vi<n. 0 < k — (Je.ve=k) Ve ve<n—0<vwvc
and canonical M n
shows [M]yn = {} «+— (Fi<n. M ii < 1)
(proof)

end

5 Forward Analysis on DBMs

theory DBM-Operations
imports DBM-Basics

begin

5.1 Auxiliary

lemma gt-swap:

fixes a b c :: 't :: time
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assumes c < a + b
shows ¢ < b + a

(proof)

lemma le-swap:
fixes a b c :: 't :: time
assumes c < a + b
shows ¢ < b + a

(proof )

abbreviation clock-numbering :: ('c = nat) = bool
where
clock-numbering v =V c. vec > 0

5.2 Time Lapse

definition up :: ("t::time) DBM = ('t::time) DBM
where
up M =
A ij.if i > 0 then if j = 0 then oo else min (dbm-add (M i 0) (M 0 7))
(Mij) else Mij

lemma dbm-entry-dbm-lt:
assumes dbm-entry-val u (Some c1) (Some ¢2) a a < b
shows dbm-entry-val u (Some c1) (Some c2) b

(proof)

lemma dbm-entry-dbm-min2:
assumes dbm-entry-val u None (Some ¢) (min a b)
shows dbm-entry-val u None (Some c) b

(proof )

lemma dbm-entry-dbm-min3:
assumes dbm-entry-val u (Some c¢) None (min a b)
shows dbm-entry-val u (Some ¢) None b

(proof )

lemma dbm-entry-dbm-min:
assumes dbm-entry-val u (Some c1) (Some ¢2) (min a b)
shows dbm-entry-val u (Some c1) (Some c2) b

(proof)

lemma dbm-entry-dbm-min3":
assumes dbm-entry-val u (Some ¢) None (min a b)
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shows dbm-entry-val u (Some ¢) None a

(proof )

lemma dbm-entry-dbm-min2':
assumes dbm-entry-val u None (Some c¢) (min a b)
shows dbm-entry-val u None (Some c) a

(proof)

lemma dbm-entry-dbm-min'”:
assumes dbm-entry-val u (Some c1) (Some c2) (min a b)
shows dbm-entry-val u (Some c1) (Some c2) a

(proof)

lemma DBM-up-complete”: clock-numbering v = u € ([M]yn)! = u €
[UP M]U,n
(proof)

fun theLe :: ("t::time) DBMEntry = 't where
theLe (Le d) = d |
theLe (Lt d) = d |
theLe co = 0

lemma DBM-up-sound”:
assumes clock-numbering’ v n u € [up Mlyn
shows u € ([M]yn)"

(proof )

5.3 From Clock Constraints to DBMs

fun And :: ('t :: time) DBM = 't DBM = 't DBM where
And M1 M2 = (\ i j. min (M1 4 j) (M2 i 7))

fun abstr :: ('c, 't::time) cconstraint = 't DBM = ('c = nat) = 't DBM
where
abstr (AND ccl cc2) M v = And (abstr cc1 M v) (abstr cc2 M v) |
abstr (EQ ¢ d) M v =
(Nij.ifi=0Nj=wvcthen Le (—d) else if i = v ¢ A j = 0 then Le
d else M i j) |
abstr (LT ¢ d) M v =
(MNij.ifi=0Nj=vcthen oo elseifi=wvcAj= 0then Lt d else
Mij) |
abstr (LE ¢ d) M v =
Nij.ifi=0Nj=wvcthenooelseifi =vcAj= 0then Le d else
Mij) |
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abstr (GT ¢ d) M v =

ANij.ifi=0Nj=wvcthen Lt (— d) elseif i = vc A j= 0then oo
else M i j) |

abstr (GE ¢ d) M v =

(Nij.ifi=0Nj=wvcthen Le (— d) elseif i = v ¢ A j = 0 then
else M i j)

lemma abstr-id1:
¢ & collect-clks cc = clock-numbering’ vn =V ¢ € collect-clks cc. v ¢
<n
= abstr cc Mv 0 (ve)= MO (vc)
(proof)

lemma abstr-id2:
¢ ¢ collect-clks cc = clock-numbering’ vn =V ¢ € collect-clks cc. v ¢
<n
= abstr cc Mv (ve) 0 =M (ve) 0
(proof)

This lemma is trivial because we constrained our theory to difference con-
straints.

lemma abstr-id3:
clock-numbering v => abstr cc M v (v cl) (ve2) =M (vecl) (v c2)

(proof )

lemma dbm-abstr-soundness :
[u b cc; clock-numbering’ v n; ¥ ¢ € collect-clks cc. v ¢ < nl
— DBM-val-bounded v u (abstr cc (A i j. 00) v) n

(proof)

lemma dbm-abstr-completeness:

[DBM-val-bounded v w (abstr cc (A i j. 00) v) n; ¥Ye. ve> 0;V ¢ €
collect-clks cc. v ¢ < n

= u bk cc

(proof )

lemma dbm-abstr-zone-eq:
assumes clock-numbering’ v n ¥ c€collect-clks cc. v ¢ < n
shows [abstr cc (Aij. 00) v]yn = {u. u b cc}

(proof)

5.4 Zone Intersection

lemma DBM-and-complete:
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assumes DBM-val-bounded v w M1 n DBM-val-bounded v u M2 n
shows DBM-val-bounded v u (And M1 M2) n

(proof)

lemma DBM-and-sound1:
assumes DBM-val-bounded v v (And M1 M2) n
shows DBM-val-bounded v v M1 n

(proof )

lemma DBM-and-sound?2:
assumes DBM-val-bounded v v (And M1 M2) n
shows DBM-val-bounded v u M2 n

(proof )

5.5 Clock Reset

definition

DBM-reset :: ('t :: time) DBM = nat = nat = 't = 't DBM = bool
where

DBM-reset M n k d M' =

Vi<n O0<jANk#j— M©kj= coANMjk= co) AM'k0 =
Led AM' 0k = Le (— d)

AM kk=MEkEk

ANNVi<nVji<n.

i A ENjEk — M ij=min (dbm-add (Mik) (Mkj)) (M)

lemma DBM-reset-mono:
assumes DBM-reset MnkdM'i <nj<ni#kj+#k
shows M'ij < Mij

(proof )

lemma DBM-reset-len-mono:

assumes DBM-reset Mnkd M'k ¢ set xsi # kj # k set (i # j # xs)
C {0..n}

shows len M’ ijxs < len M ijzs
(proof )

lemma DBM-reset-neg-cycle-preservation:
assumes DBM-reset M n 'k d M'len M iixs < Le 0 set (k # i # xs) C

{0..n}
shows 3 j. 3 ys. set (j # ys) C{0.n} Alen M jjys < Le 0

(proof)
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Implementation of DBM reset

definition reset :: ('t::time) DBM = nat = nat = 't = 't DBM
where
reset Mnk d=
(A ij.
ifi =kNj= 0then Le d
else if i = 0 N\ j = k then Le (—d)
else if i = k N\ j # k then oo
else if i # k N j =k then oo
else ifi = kN j=kthen M kk
else min (dbm-add (M i k) (M kj)) (M ij)
)

fun reset’:: ("t::time) DBM = nat = 'c list = (¢ = nat) = 't = 't DBM
where

reset’ Mn [|vd= M|

reset’ M n (¢ # cs) v d = reset (reset’ M n csvd) n (ve)d

lemma DBM-reset-reset:
0 < k= k <n= DBM-reset M nk d (reset M n k d)
(proof)

lemma DBM-reset-complete:

assumes clock-numbering’ v n v ¢ < n DBM-reset M n (v ¢) d M’
DBM-val-bounded v v M n

shows DBM-val-bounded v (u(c := d)) M'n
(proof)

lemma DBM-reset-sound-empty:
assumes clock-numbering’ vn v ¢ < n DBM-reset M n (v ¢) d M’
V u . = DBM-val-bounded v u M’ n
shows = DBM-val-bounded v u M n

(proof)

lemma DBM-reset-diag-preservation:
Vk<n. M kk <1= DBM-reset MnidM' = Vk<n. M'kk <1

(proof )

lemma FW-diag-preservation:
Vk<n. Mkk <1=Vk<n. (FWMn)kk<1
(proof )

lemma DBM-reset-not-cyc-free-preservation:
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assumes — cyc-free M n DBM-reset M nkd M'k < n
shows — cyc-free M’ n

(proof)

lemma DBM-reset-complete-empty’:
assumes Vi<n. k > 0 — (Jc. v ¢ = k) clock-numbering vk < n
DBM-reset Mn'k d M'V u .- DBM-val-bounded v u M n
shows — DBM-val-bounded v u M’ n

(proof )

lemma DBM-reset-complete-empty:
assumes Vk<n. k > 0 — (Fc. v ¢ = k) clock-numbering v
DBM-reset (FW M n) n (ve) d M'V u .- DBM-val-bounded v u
(FW Mn)n
shows = DBM-val-bounded v u M' n
(proof)

lemma DBM-reset-complete-emptyl :
assumes Vk<n. k > 0 — (3c. v ¢ = k) clock-numbering v
DBM-reset (FW M n) n (ve)dM'Y u.— DBM-val-bounded v u
Mn
shows — DBM-val-bounded v u M’ n

(proof)

Lemma FW-canonical-id allows us to prove correspondences between reset
and canonical, like for the two below. Can be left out for the rest because
of the triviality of the correspondence.

lemma DBM-reset-empty’":
assumes Vk<n. k > 0 — (Jc. v ¢ = k) clock-numbering’ vn v e <n
DBM-reset M n (v ¢) d M’
shows [M]yn = {} «— [Mo,n = {}
(proof)

lemma DBM-reset-empty:
assumes Vk<n. k > 0 — (Jc. v ¢ = k) clock-numbering’ vnvec < n
DBM-reset (FW M n) n (ve) dM'
shows [FW M n)yn = {} «— [Myn = {}
(proof)

lemma DBM-reset-empty’:
assumes canonical M nVk<n. k > 0 — (Fc. v ¢ = k) clock-numbering’
vnvec<n
DBM-reset (FW M n) n (vc)dM'
shows [M]ypn = {} «— [Myn = {}
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(proof)

lemma DBM-reset-sound”:
assumes clock-numbering’ v n v ¢ < n DBM-reset M n (v ¢) d M’
DBM-val-bounded v u M' n
DBM-val-bounded v u"” M n
obtains d’ where DBM-val-bounded v (u(c := d")) M n

(proof )

lemma DBM-reset-sound?2:
assumes v ¢ < n DBM-reset M n (v ¢) d M' DBM-val-bounded v u M’ n
shows v ¢ = d

(proof )

lemma DBM-reset-sound”:
fixes Mvecnd
defines M’ = reset M n (v ¢) d
assumes clock-numbering’ v n v ¢ < n DBM-val-bounded v v M’ n
DBM-val-bounded v u” M n
obtains d’ where DBM-val-bounded v (u(c := d")) M n

(proof)

lemma DBM-reset-sound:
fixes Mvend
defines M’ = reset M n (v ¢) d
assumes Vk<n. k > 0 — (Jc. v ¢ = k) clock-numbering’ vnvec <n
u € [Myn
obtains d’ where u(c:= d’) €[M],n
(proof)

lemma DBM-reset’-complete”:

assumes DBM-val-bounded v u M n clock-numbering’ vn ¥V ¢ € set ¢s. v
c<n

shows 3 u’. DBM-val-bounded v u’ (reset’ M n cs v d) n
(proof )

lemma DBM-reset’-complete:

assumes DBM-val-bounded v u M n clock-numbering’ vn ¥V c € set cs. v
c<n

shows DBM-val-bounded v ([cs — d|u) (reset’ M n cs v d) n
(proof)

lemma DBM-reset’-sound-empty:
assumes clock-numbering’ vn V¢ € set cs. vec < n
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V w . = DBM-val-bounded v u (reset’ M n cs v d) n
shows — DBM-val-bounded v u M n

(proof)

fun set-clocks :: 'c list = 't::time list= ('c,’t) cval = ('c,'t) cval
where

set-clocks || - u = u |

set-clocks - [| u = u |

set-clocks (c#cs) (t#ts) u = (set-clocks cs ts (u(c:=t)))

lemma DBM-reset’-sound”:
fixes Mvendcs
assumes clock-numbering’ vn ¥V ¢ € set ¢cs. vec < n
DBM-val-bounded v u (reset’ M n cs v d) n DBM-val-bounded v u"
Mn
shows Jts. DBM-val-bounded v (set-clocks cs ts u) M n

(proof )

lemma DBM-reset’-resets:
fixes Mvcndecs
assumes Vk<n. k > 0 — (Fc. v ¢ = k) clock-numbering’ vn ¥V ¢ € set
cs.ve<n
DBM-val-bounded v u (reset’ M n cs v d) n
shows V¢ € set cs. uc=d

(proof)

lemma DBM-reset’-resets”:
fixes M vcndecs
assumes clock-numbering’ vn ¥ ¢ € set cs. v ¢ < n DBM-val-bounded v
u (reset’ M n csvd)n
DBM-val-bounded v u"" M n
shows Vc € set cs. uc=d

(proof )

lemma DBM-reset’-neg-diag-preservation’”:
assumes k<n M k k < 1 clock-numbering vV ¢ € set cs. vec < n
shows reset’ M n cs v d kk <1 (proof)

lemma DBM-reset’-complete-empty’:
assumes Vk<n. k > 0 — (Jc. v ¢ = k) clock-numbering’ v n
Veesetes.ve<nV u.—- DBM-val-bounded v uw M n
shows V u . = DBM-val-bounded v u (reset’ M n cs v d) n (proof)

lemma DBM-reset’-complete-empty:
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assumes Vk<n. k > 0 — (Jc. v ¢ = k) clock-numbering’ v n
Vcesetes.ve<nV u.—- DBM-val-bounded v u M n
shows V u . = DBM-val-bounded v u (reset’ (FW M n) n cs v d) n (proof)

lemma DBM-reset’-empty’:

assumes Vk<n. k > 0 — (ec. v ec = k) clock-numbering’ vn ¥V ¢ € set
cs.vec<n

shows [M]yn = {} «— [reset’ (FW M n) n cs v don = {}
(proof)

lemma DBM-reset’-empty:

assumes Vk<n. k > 0 — (Fc. v ¢ = k) clock-numbering’ vn ¥ ¢ € set
cs.ve<n

shows [M]yn = {} «— [reset’ M n cs v dyn = {}
(proof )

lemma DBM-reset’-sound:
assumes Vk<n. k > 0 — (Jc. v ¢ = k) clock-numbering’ v n
and Vceset cs. ve < n
and u € [reset’ M n cs v d]yn
shows Jts. set-clocks cs ts u € [M]yn

(proof) |

5.6 Misc Preservation Lemmas

lemma get-const-sum|[simpl:

a # 0o = b # oo = get-const a € Z. = get-const b € Z —> get-const
(a+0)eZ
(proof)

lemma sum-not-inf-dest:
assumes a + b #
shows a # 00 A b # o0

(proof)

lemma sum-not-inf-int:
assumes a + b # oo get-const a € Z. get-const b € Z.
shows get-const (a + b) € Z

(proof)

lemma int-fw-upd:

Vi<nVji<n mij#oo— get-const(mij)eZ—=k<n=—1
<n=j<n

= i'<n=j' <n= (fwupd mkijij)# o
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= get-const (fw-upd m kiji'j') € Z
{proof)

lemma fw-int-auz-c:
assumes V i < n.V j<n Mij+# oo — get-const (Mij) €Z a<n
b<nc<n
i<nj<n((fuMn)00c)ij+# o
shows get-const (((fwu M n) 00 ¢) ij) € Z
(proof)

lemma fuw-int-auz-Suc-b:
assumes V i < n.V j<n. (fwMn)abnij# oo — get-const ((fw
Mn)abnij) eZ
a<nSucb<nc<ni<nj<n((fuMn)a (Sucbh)c)ij#oco
shows get-const (((fw M n) a (Suc b) ¢) ij) € Z
(proof)

lemma fw-int-aux-b:
assumes V i < n.V j<n Mij+# oo — get-const (Mij) €Z a<n
b<nc<n
i<nji<n((fuMmn)0bc)ij# oo
shows get-const (((fw M n) 0b ¢) ij) € Z (proof)

lemma fw-int-auz-Suc-a:
assumes V i < n.V j<n. (fu Mn) annij# oo — get-const ((fw
Mn)annij) €Z
Suca<nb<nc<ni<nji<n((fwMn)(Suca)bc)ij#oco
shows get-const (((fw M n) (Suc a) bc)ij) € Z
(proof)

lemma fw-int-preservation:
assumes V i < n.V j<n Mij+# oo — get-const (Mij) €Z a<n
b<nc<n
i<nj<n((fuMn)abc)ij# o
shows get-const (((fw M n) a bc) ij) € Z
(proof)

lemma FW-int-preservation:
assumes V i < n.V j<n. Mij+# oo— get-const (M ij) €Z
showsV i <n.V j<n FWMnij+# oo — get-const (FW M n i j)
e’

(proof )

abbreviation dbm-int M n =V i<n.V j<n. M ij # oo — get-const (M
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ij) €Z

lemma And-int-preservation:
assumes dbm-int M1 n dbm-int M2 n
shows dbm-int (And M1 M2) n

(proof )

lemma up-int-preservation:
dbm-int M n => dbm-int (up M) n
(proof)

lemma DBM-reset-int-preservation”:
assumes dbm-int M n DBM-reset Mnkd M'd e Z k < n
shows dbm-int M' n

(proof)

lemma DBM-reset-int-preservation:
assumes dbm-int Mnd € Z 0 <kk<n
shows dbm-int (reset M n k d) n

(proof)

lemma DBM-reset’-int-preservation:
assumes dbm-int Mnd e ZVec.ve>0V c€ setcs.ve<n
shows dbm-int (reset’ M n cs v d) n (proof)

lemma int-zone-dbm:
assumes clock-numbering’ v n
V (-,d) € collect-clock-pairs cc. d € Z N ¢ € collect-clks cc. ve < n
obtains M where {u. u t cc} = [M]yn
and Vi<nVji<n Mij# oco— get-const (M ij)eZ
(proof)

lemma reset-setl:
Ve € set cs. ([es—dlu) c = d

(proof)

lemma reset-setl1:
Ve ¢ ¢ set cs — ([es—dlu) c =wuc

(proof)

lemma reset-set2:
Ve ¢ ¢ set cs — (set-clocks ¢cs ts u)c = u ¢

(proof )
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lemma reset-set:
assumes V c € set cs. uc = d
shows [cs— d|(set-clocks cs ts u) = u

(proof)

abbreviation global-clock-numbering ::
('a, e, 't iz time, 's) ta = (¢ = nat) = nat = bool
where
global-clock-numbering A v n =
clock-numbering’ vn A (V ¢ € clk-set A.ve<n) A (Vk<n. k>0 —
(Fe.ve=k)

lemma dbm-int-abstr:
assumes YV (z, m) € collect-clock-pairs g. m € Z.
shows dbm-int (abstr g (A\i j. 00) v) n

(proof )

lemma dbm-int-inv-abstr:

assumes Y (z,m) € clkp-set A. m € N

shows dbm-int (abstr (inv-of A1) (Aij. o0) v) n
(proof)

lemma dbm-int-guard-abstr:
assumes valid-abstraction A X k A+ 1 —9%" ]’
shows dbm-int (abstr g (Aij. co) v) n

(proof)

lemma collect-clks-id: collect-clks cc = fst ¢ collect-clock-pairs cc (proof)

5.6.1 Unused theorems

lemma canonical-cyc-free:
canonical Mn = Vi< n. Mii>1= cyc-free M n

(proof )

lemma canonical-cyc-free2:
canonical M n = cyc-free Mn <— (Vi <n. Mii>1)

(proof )

lemma DBM-reset’-diag-preservation:
assumes Vk<n. Mk k < 1 clock-numbering vV c € set cs. vec < n
shows V k<n. reset’ M n cs v d k k < 1 (proof)
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end

5.6.2 Semantics Based on DBMs

theory DBM-Zone-Semantics
imports DBM-Operations
begin

5.6.3 Single Step

inductive step-z-dbm ::
('a, e, 't, 's) ta = 's = ('t::time) DBM
= (¢ = nat) = nat = 's = ('t::time) DBM = bool
(-F (- =) ~».- (- -) [61,61,61] 61)
where
step-t-z-dbm:
D-inv = abstr (inv-of A 1) (Xij. 00) v = A F ([,D) ~>yn (I,And (up
(And D D-inv)) D-inv) |
step-a-z-dbm:
AF1l—9%" ]
= A+ (D) ~yn (I'/And (reset’ (And D (abstr g (Aij. c0) v)) nro
0)
(abstr (inv-of A 1) (Aij. 00) v))
inductive-cases step-z-cases: A & (I, D) ~+y 5 (I', D)

declare step-z-dbm.intros[intro)

lemma step-z-dbm-preserves-int:
assumes A & ([,D) ~ , (I',D’) global-clock-numbering A v n valid-abstraction
AXEk
dbm-int D n
shows dbm-int D' n

(proof )

lemma And-correct:
(proof )

lemma up-correct:

assumes clock-numbering’ v n
shows [up M|y = [M]yn'
(proof )

lemma step-z-dbm-sound:
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assumes A = (I, D) ~»y (I, D) global-clock-numbering A v n
shows A & (I, [D]yn) ~ (U, [D)o,n)
(proof)

lemma step-z-dbm-DBM:
assumes A - (I, [D]yn) ~ (I, Z) global-clock-numbering A v n
obtains D’ where A t (I, D) ~>yp (I, D") Z = [D']yn

(proof )

lemma step-z-computable:
assumes A - (I, [D]yn) ~ (I',Z) global-clock-numbering A v n
obtains D’ where Z = [D'],

(proof )

lemma step-z-dbm-complete:
assumes global-clock-numbering A vn A+ (I, u) — (I',u’)
and u € [(D)lun
shows 3 D". A+ (I, D) ~»yn (ID") AN u' € [D]yn
(proof)

5.6.4 Multi Step

inductive steps-z-dbm ::

(‘a, 'c, 't, 's) ta = 's = ('t::time) DBM

= ('c = nat) = nat = 's = ("t::time) DBM = bool

(- b (= )~ (-, -) [61,61,61] 61)
where

refl: A F (1,D) ~>xyq (I,D) |

step: A F (I,D) ~>yp (I,D") = At (I',D’) ~xyq (I",D") =

A F (1,D) ~syn (I".D")

declare steps-z-dbm.intros[intro]

lemma steps-z-dbm-sound:
assumes A - (I,D) ~xy p (I',D)
and global-clock-numbering A v n
and u’ € [D)yp
shows 3 u € [D]yn. AF (I, u) == (I';u’) (proof)

lemma steps-z-dbm-complete:
assumes A - (I, u) —x* (I',u')
and global-clock-numbering A v n
and u € D]y
shows 3 D". A (I, D) ~>xyp (I', D) A u' € [D']yn (proof)
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end

{proof )(proof ) (proof ) (proof ) (proof ) (proof ) (proof ) (proof ) (proof ) {proof ) (proof ) (proof ) (proof ) (proof

5.7 Normalization of DBMs

theory DBM-Normalization
imports DBM-Basics
begin

This is the implementation of the common approximation operation.

fun norm-upper :: ('t::time) DBMEntry = 't = ('t::time) DBMEntry
where
norm-upper e t = (if Le t < e then oo else e)

fun norm-lower :: ('t::time) DBMEntry = 't = ('t::time) DBMEntry
where
norm-lower e t = (if e < Lt t then Lt t else e)

Note that literature pretends that 0 would have some (presumably infinite
bound) in k£ and thus defines normalization uniformly. The easiest way to
get around this seems to explicate this in the definition as below.

definition norm :: ('t::time) DBM = (nat = 't) = nat = 't DBM
where
norm Mkn=X1j.
let ub = if i > 0 then (k ©) else 0 in
let b =if j > 0 then (— k j) else 0 in
if i < n A j<nthen norm-lower (norm-upper (M i j) ub) lb else M i j

5.8 Normalization is a Widening Operator

lemma norm-mono:

assumes Vc. v ¢ > 0u € [Myp,

shows u € [norm M k n]y p (is v € [2M2]y.n)
(proof )

end

theory Regions-Beta

imports Misc DBM-Normalization DBM-Operations
begin
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6 Refinement to [-regions

6.1 Definition

type-synonym ’c ceiling = (¢ = nat)

datatype intv =
Const nat |
Intv nat |
Greater nat

datatype intv’ =
Const’ int |
Intv’ int |
Greater' int |
Smaller’ int

type-synonym t = real

instantiation real :: time
begin

instance (proof)
end

inductive valid-intv :: nat = intv = bool
where
0 < d= d < ¢ = valid-intv ¢ (Const d) |
0 <d= d < ¢ = valid-intv ¢ (Intv d) |
valid-intv ¢ (Greater c)

inductive valid-intv’ :: int = int = intv’ = bool
where
valid-intv" | - (Smaller’ (=1)) |
-1 <d= d < u=> valid-intv’ l u (Const’ d) |
-1 <d= d < u = valid-intv’ | u (Intv’ d) |
valid-intv’ - u (Greater’ u)

inductive intv-elem :: 'c = ('c,t) cval = intv = bool
where
uz = d = intv-elem x u (Const d) |
d<uzr= uz<d+ 1= intv-elem z u (Intv d) |
¢ < uz = intv-elem = u (Greater c)

inductive intv’-elem :: 'c = ¢ = ('c,t) cval = intv’ = bool
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where
uzr —uy < c= intv'-elem z y u (Smaller’ c¢) |
ur —uy=d= intv-elem x y u (Const’ d) |
d<ur—uwy=uz—uy<d+ 1= intv'-elem x y u (Intv’ d) |
c<uz—uy= intv-elem x y u (Greater' c)

abbreviation total-preorder r = refl r A trans r

inductive isConst :: intv = bool
where
isConst (Const -)

inductive isIntv :: intv = bool
where
isIntv (Intv -)

inductive isGreater :: intv = bool
where
isGreater (Greater -)

declare isIntv.intros[intro!| isConst.intros[introl] isGreater.intros|intro!]
declare isIntv.cases[elim!] isConst.cases[elim!] isGreater.cases|elim!]

inductive wvalid-region :: 'c set = ('c = nat) = ('c = intv) = ('c = 'c
= intv’) = ‘¢ rel = bool
where
[Xo ={z € X.3 d. Iz = Intv d}; refl-on Xg r; trans r; total-on Xo r;
V z € X. valid-intv (k z) (I z);
V ze X.V ye X. isGreater (I z) V isGreater (I y) — wvalid-intv’ (k

y) (k) (Jzy)]
= wvalid-region X kI J r

inductive-set region for X I J r
where

VeeX urx>0=V ze€ X. intvelemzu (I 2) = Xo = {z € X.
3d. Iz=Intvd} =

VzelXoVyeXo (z,y) €r+— frac (uz) < frac (uy) =

V xe X.V ye X. isGreater (I z) V isGreater (I y) — intv’-elem z y
u (Jzy)

== u € region XIJr

Defining the unique element of a partition that contains a valuation

definition part ([-]- [61,61] 61) where part v R = THER. R€ R AN v €
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R

First we need to show that the set of regions is a partition of the set of all
clock assignments. This property is only claimed by P. Bouyer.

inductive-cases|elim!]: intv-elem = u (Const d)
inductive-cases|elim!]: intv-elem = u (Intv d)
intv-elem = u (Greater d)
valid-intv ¢ (Greater d)
valid-intv ¢ (Const d)
valid-intv ¢ (Intv d)
intv’-elem x y u (Const’ d)
intv’-elem z y u (Intv’ d)
intv’-elem x y u (Greater’ d)
:intv’-elem z y u (Smaller’ d)
valid-intv’ | u (Greater' d)
valid-intv’ [ uw (Smaller’ d)
valid-intv’ | u (Const’ d)
valid-intv’ [ u (Intv’ d)

inductive-cases|elim!]:
mll:
! .

]
]
]
]
]
]
]
]
]
]
]

inductive-cases|eli
inductive-cases|eli
inductive-cases|eli
inductive-cases|eli

[
[
[
[
[
[
[
inductive-cases|eli
[
[
[
[
[
[

S 333

inductive-cases|eli
inductive-cases|eli
inductive-cases|elim!|:
inductive-cases|elim!|:
inductive-cases|elim!|:
inductive-cases|elim!|:

3

3

declare valid-intv.intros|intro]
declare valid-intv’.intros|intro]
declare intv-elem.intros|intro]
declare intv’-elem.intros|introl

declare region.cases|elim)]
declare valid-region.cases|elim]

6.2 Basic Properties

First we show that all valid intervals are distinct

lemma valid-intv-distinct:

valid-intv ¢ I = valid-intv ¢ I' = intv-elem z v I = intv-elem z u I’
= I =1
(proof)

lemma valid-intv’-distinct:

—c¢ < d = wvalid-intv’ ¢ d I = valid-intv’ ¢ d I' = intv’-elem z y u I
— intv’-elem z y u I’

= I =17

(proof )
From this we show that all valid regions are distinct

lemma valid-regions-distinct:
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valid-region X k I J r = wvalid-region X k I' J' v’ = v € region X I J
r = v € region X I' J'r’

= region X I Jr = region X ' J' r’
(proof )

locale Beta-Regions =
fixes X k R and V :: (¢, t) cval set
defines R = {region X I Jr | I J r. valid-region X kI J r}
defines V={v.Vze X. vz >0}
assumes finite: finite X
assumes non-empty: X # {}
begin

lemma R-regions-distinct:
[ReR,veER, RReR;R#R]| = v¢ R’
(proof)

Secondly, we also need to show that every valuations belongs to a region
which is part of the partition.

definition intv-of :: nat = t = intv where
intv-of c v =
if (v > c) then Greater ¢
else if (3 z :: nat. z = v) then (Const (nat (floor v)))
else (Intv (nat (floor v)))

definition intv’-of :: int = int = t = intv’ where
intv’-of luv =
if (v > u) then Greater' u
else if (v < 1) then Smaller’1
else if (3 z :: int. x = v) then (Const’ (floor v))
else (Intv' (floor v))

lemma region-cover:
VeeX. ve>0=—3d1R ReRANvER

(proof )

lemma region-cover-V: v € V=3 R. R € R A v € R (proof)

Note that we cannot show that every region is non-empty anymore. The
problem are regions fixing differences between an ’infeasible’ constant.

We can show that there is always exactly one region a valid valuation belongs
to. Note that we do not need non-emptiness for that.

lemma regions-partition:
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VeeX.0<vr=3JIReR.vER
(proof )

lemma region-unique:
vER=ReceR = [vJr =R

(proof )

lemma regions-partition”:
VeeX. 0 <vz = VzeX. 0 <v'z= v € [vJg = [V]|r
(proof )

I
=
S

lemma regions-closed:
ReER=—veER=t>0=[vdtr R

(proof)

lemma regions-closed:
RER=—veER=1t>0= (v®t)cvdir

(proof)

lemma valid-regions-I-cong:

valid-region X kI Jr =V ze X. Iz =1"zx

= Ve X Vye X (isGreater (I x) V isGreater (I y)) — Jzy =
J'zy

= region X I J r = region X I' J' r A valid-region X k1" J' r
(proof )

fun intv-const :: intv = nat
where
intv-const (Const d) = d |
intv-const (Intv d) = d |
intv-const (Greater d) = d

fun intv’-const :: intv’ = int

where
intv’-const
intv’-const
intv’-const
intv’-const

Smaller’ d) = d |
Const’ d) = d |
Intv’ d) = d |
Greater' d) = d

A~~~

lemma finite-R-aux:
fixes P A B assumes finite {z. A z} finite {z. B z}
shows finite {({, J) | IJ.PIJr NAI A BJ}

(proof)
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lemma finite-R:
notes [[simproc add: finite-Collect]]
shows finite R

(proof )

end

6.3 Approximation with g-regions

locale Beta-Regions’ = Beta-Regions +

fixes v n not-in-X

assumes clock-numbering: ¥ c.ve > 0N Vz.Vy vz <nAvy<nA
VT =0y — T =Y)

Vk:nat <n. k>0 — 3ceX. ve=kV ce€

X.ve<n

assumes not-in-X: not-in-X ¢ X
begin

definition v' = X\ i. if i < nthen (THE c. ¢ € X A v ¢ = i) else not-in-X

lemma v-v":
VeeX. v(ve) =c¢
(proof)

abbreviation
vabstr (S :: ('a, t) zone) M = S = [M]yn A (VY i<n. V j<n. M ij # oo
— get-const (M i j) € Z)

definition normalized:
normalized M =
(Vij0<iNi<nAO<jAj<nAMij#oo—
Lt (— ((kov) ) <MijnNMij< Le ((kov) 1)
AV i<ni>0— (Mi0<Le((kov')i)VMiO=o0)ALt(—
(kowv')i) < MO0

definition apz-def:
Approzg Z = {S. 3 UM.S=J UNUCRANZCS A vabstr S M
A normalized M}

lemma apz-min:

S=UU=UCR= 8§=[Myn=Vi<nV j<n. Mij# oo
— get-const (M i j) € Z

= normalized M = Z C § = Approzg Z C S

(proof )
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lemma U # {} = ze (| U= 3 Se U.zeS (proof)
lemma R-union: |J R = V (proof)

lemma all-dbm: 3 M. vabstr (JR) M A normalized M
(proof)

lemma R-int:
ReR=— R € R=— R# R'— RN R = {} (proof)

lemma auzi:
uweER=ReR=UCR=uelJ U= RCU U (proof)

lemma quz2: z € (| U= U #{} =3 S € U.z e S (proof)
lemma auz2:z € (| U= U #{} =V Se€ U.z €S (proof)
lemma apz-subset: Z C Approxg Z (proof)

lemma aux3:
VXeUVYeUXNYeU=SCU=S8#{} = finite S
= SeU

(proof )

lemma empty-zone-dbm:
3 M :: t DBM. vabstr {} M A normalized M N (NVk < n. Mkk < Le 0)

(proof )

lemma valid-dbms-int:
VXe{S. IM. vabstr S M}. VY Ye{S. IM. vabstr S M}. X N'Y € {S.
I M. vabstr S M}

(proof )
print-statement split-min
lemma split-min”:

P(minij)=((minij=14i— Pi)AN(minij=j— Pj))
(proof )

lemma normalized-and-preservation:
normalized M1 = normalized M2 = normalized (And M1 M2)

(proof)
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lemma valid-dbms-int'":
VXe{S. IM. vabstr S M A normalized M}. ¥V Ye{S. I M. vabstr S M A
normalized M}.
XNYe{S IM. vabstr S M A normalized M}

(proof)

lemma apz-in:

ZCV = Approzg Z€{S.3 UM.S=J UNUCRAZCSA
vabstr S M A normalized M}
(proof)

lemma apz-empty:
Approzg {} = {}
(proof)

end

6.4 Computing [S-Approximation

context Beta-Regions’
begin

lemma dbm-regions:

vabstr S M = normalized M = M)y n #{} = M|y CV =3 U
CR.S=U U
(proof)

lemma dbm-regions'”:
vabstr S M = normalized M — S C V=3 UCR.S= U

(proof)

lemma dbm-regions'”

dbm-int M n = normalized M = [M]y, C V = 3 U C R. [M]yn
= U U
(proof )

lemma canonical-saturated-1:

assumes Le r < M (vecl) 0
and Le (—r) < M0 (vel)
and cycle-free M n
and canonical M n
and vel <n
and v cl > 0
andVecve<n—0<uwvc
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obtains u where v € [M]yp, ucl =71

(proof )

lemma canonical-saturated-2:

assumes Le r < M 0 (v c2)
and Le (—r) < M (ve2) 0
and cycle-free M n
and canonical M n
and v c2 <n
and v c2 > 0
andVecve<n—0<vwvc

obtains v where v € [M]yp u c2 = — 7

(proof )

lemma canonical-saturated-3:

assumes Le r < M (v cl) (v c2)
and Le (— ) < M (v c2) (vel)
and cycle-free M n
and canonical M n
and vcl <nwvc2<n
and v ¢l # v c2
andVecve<n—0<vwvc

obtains u where v € [M]yp ucl —uc2 =r

(proof )

lemma DBM-canonical-subset-le:
notes any-le-inf[intro]
fixes M :: t DBM
assumes canonical M n [M]ypn C [Myn [Mlon #{} i <nj<ni#j
shows M ij < M'ij
(proof)

lemma DBM-set-diag:

assumes [M]y, # {}

shows [M]yn, = [(X i j. if i = j then Le 0 else M i j)]y.n
(proof)

lemma DBM-le-subset”:
assumes Vi< n.V j<mi#j—Mij<Mij
andV i<n. M'ii> Le 0
and u € My
shows u € [M",
(proof )
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lemma neg-diag-empty-spec:
assumes | < nMii <1
shows [M]yn = {}
(proof)

lemma canonical-empty-zone-spec:

assumes canonical M n

shows [M]yp = {} «+— (Fi<n. M ii < 1)
(proof )

lemma norm-set-diag:

assumes canonical M n [M]yn # {}

obtains M’ where [M]y n = [M']yn [norm M (k o v') nlyn = [norm M’
(ko) nlyn

(proof)

Vi<n M'ii=1 canonical M' n

lemma norm-normalizes:

notes any-le-inf[intro]

shows normalized (norm M (k o v') n)
(proof)

lemma norm-int-preservation:
assumes dbm-int M ni < nj<nnorm M (kov') nij+# oo
shows get-const (norm M (ko v') nij) € Z

(proof )

lemma norm-V-preservation':
notes any-le-inf[intro]
assumes [M]y, , C V canonical M n [M]yn # {}
shows [norm M (ko v') nlyn C V

(proof)

lemma norm-V-preservation:

assumes [M], , C V canonical M n

shows [norm M (k o v') nlyn C V (is [?M]yn C V)
(proof)

lemma norm-min:
assumes normalized M1 [M)yn C [M1]yn
canonical M n [M], v F {} [M ]Wl cv
shows [norm M (k o v') n]yn C [M1]yn (is |

(proof)

IM2]o,n © [M1]y,n)
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lemma apz-norm-eq:
assumes canonical M n [M]yn C V dbm-int M n
shows Approzg ([M]y,n) = [norm M (k o v') n]yn
(proof )

end

6.5 Auxiliary S-boundedness Theorems

context Beta-Regions’
begin

lemma S-boundedness-diag-lt:
fixes m :: int
assumes — ky<mm<kzrzzrxe Xye X
shows3 UCR.J U={ueV.uzr—uy<m}
(proof)

lemma [-boundedness-diag-eq:
fixes m :: int
assumes — ky<mm<kzxzrze XyeX
shows3 UCR. YU U={ueV.uzx—uy=m}
(proof)

lemma (-boundedness-It:
fixes m :: int
assumes m < kzzx € X
shows 3 UCR.J U={uve V.uzr <m}

(proof )

lemma [S-boundedness-gt:
fixes m :: int
assumes m < krzzx e X
shows3 UCR. | U={ueV.uz>m}

(proof )

lemma [-boundedness-eq:

fixes m :: int

assumes m < kzzx € X

shows 3 UCR.|J U={ue V.uzx=m}
(proof)

lemma (§-boundedness-diag-le:
fixes m :: int
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assumes — ky<mm<kzrxrze XyeX
shows3 UCR. YU U={ueV.uzx—uy<m}
(proof)

lemma [-boundedness-le:
fixes m :: int
assumes m < kzzx € X
shows 3 UCR.|J U={ue V.uzx <m}

(proof )

lemma (§-boundedness-ge:

fixes m :: int

assumes m < krzx e X

shows 3 UCR.J U={ue V.uz>m}
(proof )

lemma (-boundedness-diag-It':
fixes m :: int
shows
—ky<(m:uint) = m<kr=—=zecX=yecX=2Z2C{ucV.
ur —uy < m}
= Approzg Z C{u e V.uz —uy < m}
(proof)

lemma [-boundedness-diag-le”:
fixes m :: int
shows
—ky<(m:uint) = m<kr—=zcX=yecX=7C{ueclV.
ur —uy < m}
= Approag Z C{u e V.uz —uy < m}

(proof )

lemma [-boundedness-It":
fixes m :: int
shows
m<kr=2ecX=7ZC{uecV.uz<m}= Approzg Z C {u €
V.uz < m}

(proof)

lemma [-boundedness-gt':
fixes m :: int
shows
m<kr=z2ecX=72C{uecV.uz>m}= Approzg Z C {u €
V.uz > m}
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(proof)

lemma obtains-dbm-le:
fixes m :: int
assumes r € X m < kzx
obtains M where vabstr {u € V. vz < m} M normalized M

(proof)

lemma [S-boundedness-le”:
fixes m :: int
shows
m<kr=zre€X=7C{uecV.uzx<m}= Approzg Z C {u €
V.uz < m}
(proof )

lemma obtains-dbm-ge:
fixes m :: int
assumes z € Xm < kz
obtains M where vabstr {u € V. vz > m} M normalized M

(proof)

lemma S-boundedness-ge':

fixes m :: int

shows m < ks =2 X = 2Z2C{uecV.uz>m} = Approzg Z
C{ue V.uz>m}

(proof)

end

end

7 The Classic Construction for Decidability

theory Regions
imports Timed-Automata Misc
begin

The following is a formalization of regions in the correct version of Patricia

Bouyer et al.

7.1 Definition of Regions

type-synonym ’c ceiling = ('c = nat)
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datatype intv =
Const nat |
Intv nat |
Greater nat

type-synonym t = real

instantiation real :: time
begin

instance (proof)
end

inductive valid-intv :: nat = intv = bool
where
0 < d= d < ¢ = valid-intv ¢ (Const d) |
0 <d= d < ¢ = valid-intv ¢ (Intv d) |
valid-intv ¢ (Greater c)

inductive intv-elem :: 'c = ('c,t) cval = intv = bool
where
uz = d = intv-elem z u (Const d) |
d<uzx = uzx<d+ 1 = intv-elem z u (Intv d) |
¢ < ux = intv-elem = u (Greater c)

abbreviation total-preorder r = refl r A trans r

inductive wvalid-region :: 'c set = ('c = nat) = ('c = intv) = 'c rel =
bool
where

[Xo ={z € X.3 d. Iz = Intvd}; refl-on Xg r; trans r; total-on X¢ r;
V z € X. valid-intv (k z) (I z)]

= wvalid-region X k I r

inductive-set region for X I r
where

VeeX uex>0=V ze X intvelemzu ([ z) = Xo = {z € X.
3d. Iz = Intvd} =

VozeXoVyeXo (z,y) € r+— frac (uz) < frac (u y)

— u € region X I r

Defining the unique element of a partition that contains a valuation

definition part ([-]- [61,61] 61) where part v R=THER. R€ R AN v €
R
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inductive-set Succ for R R where
tuER=—=ReER=—=R eER=t>0= R =[udtljr = R €
Succ R R

First we need to show that the set of regions is a partition of the set of all
clock assignments. This property is only claimed by P. Bouyer.

intv-elem = u (Const d)
intv-elem z u (Intv d)
intv-elem z u (Greater d)
valid-intv ¢ (Greater d)
valid-intv ¢ (Const d)
valid-intv ¢ (Intv d)

inductive-cases[elim!]
inductive-cases|elim!]
inductive-cases[elim!]
inductive-cases|elim!]
inductive-cases|elim!]

[elim!]

inductive-cases|elim/!

declare valid-intv.intros[intro]
declare intv-elem.intros|intro]
declare Succ.intros|intro]

declare Succ.cases|elim)]

declare region.cases[elim]
declare valid-region.cases|elim]

7.2 Basic Properties

First we show that all valid intervals are distinct.

lemma valid-intv-distinct:
valid-intv ¢ I = valid-intv ¢ I’ = intv-elem z v I = intv-elem x u I’
— [ =17

(proof)

From this we show that all valid regions are distinct.

lemma valid-regions-distinct:

valid-region X k I r = wvalid-region X k I' r’' = v € region X I r = v
€ region X I' r’

= region X I r = region X I' r’
(proof )

lemma R-regions-distinct:

[R = {region X I r | I r. valid-region X k I r}; R € R; v € R; R' € R;
R#R] = v¢ R
(proof)

71



Secondly, we also need to show that every valuations belongs to a region
which is part of the partition.

definition intv-of :: nat = t = intv where
intv-of k ¢ =
if (¢ > k) then Greater k
else if (3 z :: nat. = ¢) then (Const (nat (floor c)))
else (Intv (nat (floor c)))

lemma region-cover:
VeeX uz>0= 3 R. R € {region X Ir|Ir. valid-region X k I r}
ANu€ER

(proof)

lemma intv-not-empty:
obtains d where intv-elem z (v(z := d)) (I )

(proof)
fun get-intv-val :: intv = real = real
where

get-intv-val (Const d) - =4d |

get-intv-val (Intv d) f=d+ f |
get-intv-val (Greater d) - = d + 1

lemma region-not-empty-auz:

assumes 0 < ff<10<gg<1

shows frac (get-intv-val (Intv d) f) < frac (get-intv-val (Intv d’) g) +—
f<y
(proof)

lemma region-not-empty:
assumes finite X valid-region X k I r
shows 3 u. u € region X I'r

(proof)

Now we can show that there is always exactly one region a valid valuation
belongs to.

lemma regions-partition:

R = {region X I r | I r. valid-region X k[ r} —=Vzre X. 0 <uz—
FI'ReR. ueR
(proof)

lemma region-unique:
R = {region X I r | I r. valid-region X kIr} = u € R=— R € R =
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[ulr = R
(proof )

lemma regions-partition”:

R = {region X I r | I r. valid-region X kI r} —= VzeX. 0 < vz =
VeX. 0 <v'z= v € [vg

= [vlr = [vlr
(proof )

lemma regions-closed:

R = {region X I v | I r. valid-region X kIr} = R€ R = v € R =
t>0=vdtlr €R
(proof )

lemma regions-closed:

R = {region X I v | I r. valid-region X kIr} — R€ R — v € R —
t>0= (v t)evdir
(proof)

lemma valid-regions-I-cong:

valid-region X kI r =V z € X. I © = I' © = region X I r = region
X I'r A valid-region X k I’ r
(proof )

fun intv-const :: intv = nat
where
intv-const (Const d) = d |
intv-const (Intv d) = d |
intv-const (Greater d) = d

lemma finite-R:
notes [[simproc add: finite-Collect]] finite-subset[intro]
fixes X k
defines R = {region X I r | I r. valid-region X k I r}
assumes finite X
shows finite R

(proof )

lemma Succl?2:

R = {region X I v | I r. valid-region X kIr} —= v€ R— R € R —
t>0=R'=[ve iz

— R’ € Succ R R
(proof)
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7.3 Set of Regions
The first property Bouyer shows is that these regions form a ’set of regions’.

For the unbounded region in the upper right corner, the set of successors
only contains itself.

lemma Succ-refi:
R = {region X I r |I r. valid-region X k [ r} = finite X = R € R =
R € Succ R R

(proof)

lemma Succ-refl”:

R = {region X I r |I r. valid-region X k I r} = finite X =V z € X.
3 ¢. I x = Greater c

= region X I r € R = Succ R (region X I r) = {region X I r}

(proof )

Defining the closest successor of a region. Only exists if at least one interval
is upper-bounded.

definition

succ R R =

(SOME R R'"€ Succ RRAN vue€ RV t>0. (udt)¢g R— (3¢
<t (udtheR ANO<L)))

inductive isConst :: intv = bool
where
isConst (Const -)

inductive isIntv :: intv = bool
where
isIntv (Intv -)

inductive isGreater :: intv = bool
where
isGreater (Greater -)

declare isIntv.intros[intro!| isConst.intros[intro!] isGreater.intros|intro!]

declare isIntv.cases[elim!] isConst.cases[elim!] isGreater.cases|elim!]

What Bouyer states at the end. However, we have to be a bit more precise
than in her statement.

lemma closest-prestable-1:
fixes [ X kr
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defines R = {region X I r |I r. valid-region X k I r}

defines R = region X I r

defines Z = {z € X . 3 ¢. [z = Const ¢}

assumes Z # {}

defines I'= X\ z. if © ¢ Z then I x else if intv-const (I x) = k z then
Greater (k ) else Intv (intv-const (I x))

defines r'=r U {(z,y) .z € Z ANy € X A intv-const (I z) < kz A isIntv
(1" y))

assumes finite X

assumes valid-region X k I r

shows V v € RV t>0. 3t'<t. (v & t) € region XI'"r' Nt' > 0

and VYV veregion XI'r'.V t>0.(v®t)¢ R

and V z € X. - isConst (I'z)

and VoveRVi<I1I.Vit'>0 (vt e region XTI r'

—{r.zeXNFecle=htvchve+t>c+ 1)}
={z.zeXNFcl'z=htvch(vdthes+ (t—-1t)>

c+ 1)}
(proof)

lemma closest-valid-1:

fixes [ X kr

defines R = {region X I r |I r. valid-region X k I r}

defines R = region X I r

defines 7 = {z € X . 3 ¢. [z = Const ¢}

assumes 7 # {}

defines I'= \ z. if x ¢ Z then I x else if intv-const (I ) = k z then
Greater (k ) else Intv (intv-const (I x))

defines r'=r U {(z,y) .z € Z ANy € X A intv-const (Iz) < kz A isIntv
(1" )}

assumes finite X

assumes valid-region X k I r

shows wvalid-region X k1" r'

(proof )

lemma closest-prestable-2:
fixes I X kr
defines R = {region X I r |I r. valid-region X k I r}
defines R = region X I r
assumes V z € X. - isConst (I x)
defines Xy = {z € X. isIntv (I z)}
defines M = {z € Xo.V y € Xo. (z,y) € r — (y, z) € 1}
defines I'= \ z. if « ¢ M then I x else Const (intv-const (I x) + 1)
defines r' = {(z,y) e r.a ¢ M Ny ¢ M}
assumes finite X
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assumes valid-region X k I r
assumes M # {}
shows V v e RV t>0. (v t)¢ R— (Ft'<t. (v @ t') € region X
I'r' At > 0)
and VY ove€region XI'r'.V t>0. (vdt)¢ R
and VoeveRV Ut {z.zeXNBecl'z=hntvch(vdthaz+(t
—t")y > real (¢ + 1))}
={z.zce XANFeclz =IntvcANvz+t>rel (c+

) - M
and 3z e X. isConst (I'z)
(proof )

lemma closest-valid-2:
fixes I X kr
defines R = {region X I r |I r. valid-region X k I r}
defines R = region X I r
assumes V z € X. - isConst (I x)
defines Xy = {z € X. isIntv (I z)}
defines M = {z € Xo.V y € Xo. (z,y) € r — (y, z) € 1}
defines I'= X\ z. if ¢ ¢ M then I x else Const (intv-const (I z) + 1)
defines r' = {(z,y) e r.a ¢ M Ny ¢ M}
assumes finite X
assumes valid-region X k I r
assumes M # {}
shows wvalid-region X k1" r'

(proof )

7.3.1 Putting the Proof for the ’Set of Regions’ Property To-
gether

Misc lemma total-finite-trans-mazx:

X # {} = finite X = total-on X r = transr = J z € X.V y €
Xz#y— (y,z) €r
(proof )

lemma card-mono-strict-subset:
finite A = finite B = finite C —= ANB#{} = C=A—- B—=
card C < card A

(proof )

Proof First we show that a shift by a non-negative integer constant means
that any two valuations from the same region are being shifted to the same
region.
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lemma int-shift-equiv:
fixes X k fixes t :: int
defines R = {region X I r |I r. valid-region X k I r}
assumes v € Rv e RReERt>0
shows (v' & t) € [v @ t|g (proof)

Now, we can use the 'immediate’ induction proposed by P. Bouyer for shifts
smaller than one. The induction principle is not at all obvious: the induction
is over the set of clocks for which the valuation is shifted beyond the current
interval boundaries. Using the two successor operations, we can see that
either the set of these clocks remains the same (Z =) or strictly decreases
(Z=).
lemma set-of-regions-lt-1:

fixes X kIrto

defines R = {region X I r |I r. valid-region X k I r}

defines C ={z.c e XN S clo=IntvcANvs+t>c+ 1)}

assumes valid-region X k I r v € region X I r v’ € region X I r finite X
0<tt< 1

shows 3 t>0. (v ® t) € [v @ t|gr (proof)

Finally, we can put the two pieces together: for a non-negative shift ¢, we
first shift |¢] and then frac t.

lemma set-of-regions:
fixes X k
defines R = {region X I r |I r. valid-region X k I r}
assumes R € R v € R R’ € Succ R R finite X
shows 3 t>0. [v @ t|g = R’ (proof)

7.4 Compability With Clock Constraints
definition ccval ({-} [100]) where ccval cc = {v. v F cc}

definition ccompatible
where
ccompatible R cc =V R € R. R C ccval cc V ccval cc N R = {}

lemma ccompatiblel :
fixes X k fixes ¢ :: real
defines R = {region X I r |I r. valid-region X k I r}
assumes c < krxce Nz e X
shows ccompatible R (EQ x ¢) (proof)

lemma ccompatible2:
fixes X k fixes c :: real
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defines R = {region X I r |I r. valid-region X k I r}
assumes c < kzrxce Nz e X
shows ccompatible R (LT z c¢) (proof)

lemma ccompatible3:
fixes X k fixes c :: real
defines R = {region X I r |I r. valid-region X k I r}
assumes c < krce Nz e X
shows ccompatible R (LE x c) (proof)

lemma ccompatible/:
fixes X k fixes c :: real
defines R = {region X I r |I r. valid-region X k I r}
assumes c < krxce Nz e X
shows ccompatible R (GT z ¢) (proof)

lemma ccompatibles:
fixes X k fixes c :: real
defines R = {region X I r |I r. valid-region X k I r}
assumes c < krxce Nz e X
shows ccompatible R (GE x c) (proof)

lemma ccompatible:
fixes X k fixes ¢ :: nat
defines R = {region X I r |I r. valid-region X k I r}
assumes VY (z,m) € collect-clock-pairs cc. m < kx ANz € X Am € N
shows ccompatible R cc (proof)

7.5 Compability with Resets

definition region-set
where
region-set R © ¢ = {v(z := ¢) | v. v € R}

lemma region-set-id:

fixes X k

defines R = {region X I r |I r. valid-region X k I r}

assumes R € Rv e R finite X0 < cc<kzzxelX

shows [v(z := ¢)|g = region-set R x ¢ [v(z := ¢)]g € R v(z := ¢) € [v(z
= c)|r

(proof)

definition region-set’
where
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region-set’ R r ¢ = {[r = cJv | v. v € R}

lemma region-set’-id:
fixes X k and c :: nat
defines R = {region X I r |I r. valid-region X k I r}
assumes R € Rv € R finite X0 < cV x€setr.c<kzsetr CX
shows [[r — c|u|gr = region-set’ R rc A [[r — cJojg € R A [r — cJv €
[[r — c]vlr (proof)

7.6 A Semantics Based on Regions
7.6.1 Single step

inductive step-r :
(‘a, 'c, t,'s) ta = (‘c, t) zone set = 's = (c, t) zone = 's = ('c, t) zone
= bool
(.- F (- ) ~ (-, -) [61,61,61,61] 61)
where
step-t-r:
[R = {region X I r |I r. valid-region X k I r}; valid-abstraction A X k; R
€ R; R' € Succ R R;
R C {inv-of A I}; R' C {inv-of A I}] = AR+ (,R) ~ (,R") |
step-a-r:
[R = {region X I r |I r. valid-region X k I r}; valid-abstraction A X k; A
Fl—9%" 1" ReR]
— ARt (l,R) ~ (l';region-set’ (R N {u. ut g}) r 0 N {u. u - inv-of
A

inductive-cases|elim!]: AR F (I, u) ~ (I, u')
declare step-r.intros[intro]

lemma region-cover":

assumes R = {region X I r |I r. valid-region X k I r} and YzeX. 0 <
VT

shows v € [v]g [v]r € R

(proof)

lemma step-r-complete-auz:
fixes RrAlyg
defines R’ = region-set’ (R N {u. u F g}) r 0 N {u. u t inv-of A 1"}
assumes R = {region X I r |I r. valid-region X k I r}
and valid-abstraction A X k
and v € R
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and R € R
and A+ | —9%" [
and u - ¢
and [r—0]u - inv-of A1’
shows R = RN {u. uk g} AN R" = region-set’ Rr 0 N R' € R
(proof )

lemma step-r-complete:

[AF (1, uy = ("u"); R = {region X I r |I r. valid-region X k I r};
valid-abstraction A X k;

VeeX uz>0]=3 R.ARF (I, ([ulg)) ~ (I'’'R) Nu" € R' A
R'eR
(proof )

Compare this to lemma step-z-sound. This version is weaker because for
regions we may very well arrive at a successor for which not every valuation
can be reached by the predecessor. This is the case for e.g. the region with
only Greater (k x) bounds.

lemma step-r-sound:
ARGE (I, R) ~ (I'R") = R = {region X I r |I r. valid-region X k I r}
= R #{}= VMueRIuveR A, u — (I'u))

(proof)

7.6.2 Multi Step

inductive

steps-r :: (Ya, ‘e, t, 's) ta = (‘c, t) zone set = ‘s = (‘¢, t) zone = 's =
(e, t) zone = bool
(o b (=, 2~k (-, 2 [61,61,61,61,61,61] 61)
where

refl: AR (I, R) ~x (I, R) |

step: AR F (I, R) ~x (I', RY = AR F (I, R ~ (I", R") = AR F
(L, R ~ (1", R)

declare steps-r.intros|intro]
lemma steps-alt:
A (L u) =+ (U'uw) = AF {1, uy = (I"u"y = AF (I, u) = (1" u")
(proof)
lemma emptiness-preservance: AR + (I, Ry ~ (I'R"Y = R = {} = R’

={}
(proof )
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lemma emptiness-preservance-steps: AR = (I, R) ~x (I'R") = R = {}
— R'={}
(proof)

Note how it is important to define the multi-step semantics "the right way
round". This also the direction Bouyer implies for her implicit induction.

lemma steps-r-sound:

AR F (I, R) ~x (I',/ Ry = R = {region X I r |I r. valid-region X k I
r}

— R #{}—=ueR=3F v eR.AF (I, uy == (I, u)
(proof)

lemma steps-r-sound”:

AR (I, R) ~x (I, Ry = R = {region X I r |I r. valid-region X k I
r}

= R #{}= 3 v eR.Fue R At (l,u) = u))
(proof)

lemma single-step-r:
ARFE (I, R) ~ (I'/ Ry = AR F (I, R) ~x* (I, R
(proof)

lemma steps-r-alt:

ARE (') Ry ~x (I") R") = ARF (I, R) ~ (I, R) = AR+ (I, R)
5k <l//, R//)

(proof )

lemma single-step:
1l F (22, x3) — (v4,25) = x1 F (22, 28) —* (z},z5)
(proof)

lemma steps-r-complete:

[AF (I, u)y == (I''u’); R = {region X I r |I r. valid-region X k I r};
valid-abstraction A X k;

VeeX uzx>0]= 3 R.ARF (I, ([ulr)) ~* (I'"R) Nu" € R’
(proof )

end

theory Closure
imports Regions

begin
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7.7 Correct Approximation of Zones with a-regions

locale AlphaClosure =
fixes X k R and V :: (¢, t) cval set
defines R = {region X I r | I r. valid-region X k I r}
defines V={v.Vze X. vz >0}
assumes finite: finite X
begin

lemmas set-of-regions-spec = set-of-regions|OF - - - finite, of - k, folded
R-def]

lemmas region-cover-spec = region-cover|of X - k, folded R-def]

lemmas region-unique-spec = region-unique[of R X k, folded R-def, sim-
plified)

lemmas regions-closed’-spec = regions-closed’[of R X k, folded R-def, sim-
plified)

lemma valid-regions-distinct-spec:
ReR=R eR=veR=veER = R=R'
(proof)

definition cla (Closure, - [71] 71)
where
caZ=J {ReR RN Z+{}}

The nice and easy properties proved by Bouyer lemma closure-constraint-id:
Y (z, m)€collect-clock-pairs g. m < real (kz) Nz € X AN m € N =

Closureq {g} = {9} NV

(proof)

lemma closure-id":
Z#{} = ZCR= ReR = Closureo, Z =R
(proof )

lemma closure-id:
Closure, Z #{} = Z C R = R € R = Closure, Z = R

(proof)

lemma closure-update-mono:

Z CV = setr C X = zone-set (Closure, Z) r C Closureq(zone-set
Zr)
(proof)

lemma Succl3:
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RER—=veR=—=t>0—= (v®t)€ R"— R'€ R = R’ € Succ
R R

(proof)

lemma closure-delay-mono:
7Z C V = (Closure, Z)' C Closure, (Z1)
(proof)

lemma region-V: R € R = R C V (proof)

lemma closure-V:
Closure, Z C V

(proof )

lemma closure-V-int:
Closure, Z = Closureq (Z N'V)

(proof )

lemma closure-constraint-mono:
Closureq g = g => g N (Closure Z) C Closureq (g N Z)
(proof )

lemma closure-constraint-mono’:
assumes Closure, g =g NV
shows g N (Closure, Z) C Closure, (g N Z)

(proof )

lemma cla-empty-iff:
Z CV = Z={} «— Closure, Z = {}
(proof )

lemma closure-involutive-auz:
UCR= Closure, |J U= U
(proof)

lemma closure-involutive-aux":

3 U. UCRA Closure, Z =) U
(proof)

lemma closure-involutive:
Closure, Closure, Z = Closure,, Z

(proof )

lemma closure-involutive”:
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Z C Closure, W —> Closure, Z C Closure, W

(proof )

lemma closure-subs:
Z CV = Z C Closure, Z

(proof )

lemma cla-mono”:
7'CV = Z C Z' = Closurey, Z C Closurey, Z'

(proof)

lemma cla-mono:
7 C 7' = Closure, Z C Closure, 7'

(proof)

7.8 A New Zone Semantics Abstracting with Closure,
7.8.1 Single step

inductive step-z-alpha ::
(‘a, 'c, t, 's) ta = 's = (¢, t) zone = 's = ('c, t) zone = bool
(- F (= ) ~q (- ) [61,61,61] 61)
where
step-alpha: A (l, Z) ~ (I', Z") = A+ (I, Z) ~4 (I, Closureq Z')

inductive-cases|elim!]: A F (I, u) ~o (I',u)
declare step-z-alpha.intros|intro)

lemma up-V: Z C V = Ztcv
(proof )

lemma reset-V: Z C V = (zone-set Zr) C V

(proof)

lemma step-z-V: A (I, Z) ~ (7)) = ZCV = Z'CV
(proof)
Single-step soundness and completeness follows trivially from cla-empty-iff.

lemma step-z-alpha-sound:

AL, Z) > (U2 = ZCV =2'"#4#{} =3 Z" A+ (I, Z) ~
(15z2") N Z"#{}

(proof )

lemma step-z-alpha-complete:
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AR (L 2) > (2N = Z2C V= 2'#4{} =3 2" A+ (I, Z) ~q
(152" N 2" #{}
(proof)

lemma zone-set-mono:
A C B = zone-set A r C zone-set B r

(proof)

lemma zone-delay-mono:
ACB= ATC B!
(proof)

7.8.2 Multi step

inductive

steps-z-alpha :: ('a, 'c, t, 's) ta = 's = (‘c, t) zone = 's = (‘¢, t) zone
= bool
(- (= =) ~ax (- -) [61,61,61] 61)
where

refl: Ab (I, Z) ~qox (I, Z) |

step: A (1, Z) ~soi (I, ZY = A b (I, Z') ~o (1", 2" = A+ (I, Z)
ok <l”, Z”)

declare steps-z-alpha.intros[intro]

lemma subset-int-mono: A C B= AN C C BnN C (proof)
P. Bouyer’s calculation for Post (Closure, Z, e) C Closure, Post (Z, e)

This is now obsolete as we argue solely with monotonicty of steps-z w.r.t
Closureq

lemma calc:
valid-abstraction A X k = Z C V. = A+ (I, Closure, Z) ~ (', Z")
— 327 AF A, Z) ~a (U, 2 AN Z'C 2

(proof)

Turning P. Bouyers argument for multiple steps into an inductive proof is not
direct. With this initial argument we can get to a point where the induction
hypothesis is applicable. This breaks the "information hiding" induced by
the different variants of steps.

lemma steps-z-alpha-closure-involutive’-au:

A, Z) ~ (I'Z"y = Closure,, Z C Closure, W = valid-abstraction
AXk=—ZCV

=3 W. A (I, W) ~ "Wy A Closure, Z' C Closure, W'
(proof)
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lemma steps-z-alpha-closure-involutive’-auz:

A, Z) ~ (I'Z"y = Closure,, Z C Closure, W = valid-abstraction
AXk=Z7CV=WCZ

— 3 WL A (I, W) ~ (I',/ W) A Closureq, Z' C Closureq, W' N W' C
ZI
(proof)

lemma steps-z-alt:

AEAl, Z) ~x (12 = A (I, Z) ~ (I"Z") = A (I, Z) ~x
<l”,Z//>
(proof )

lemma steps-z-alpha-V: A& (I, Z) ~ox (7)) = Z CV = Z'CV
(proof)

lemma steps-z-alpha-closure-involutive:

AE A, Z) ~ox (7)) = A (I, Z) ~ (I",Z") = walid-abstraction
AXk=ZCV

= 3 Z". AF(l, Z) ~x (I",Z"") N\ Closureq, Z" C Closureq Z'"" N Z'"
C Z//
(proof)

Old proof using Bouyer’s calculation

lemma steps-z-alpha-closure-involutive’:

AE A, Z) ~ox (7)) = A (I, Z) ~ (I",Z") = valid-abstraction
AXk= ZCV

= 3 Z" A (I, Z) ~x (1" 2"y N Closure, Z" C Closure, Z'""

(proof)

lemma steps-z-alpha-closure-involutive:

AE (I, Z) ~ox (I',Z) = valid-abstraction A X k = Z C V

— 3 Z". AtE (I, Z) ~x (I, Z"y N Closure, Z' C Closure, Z"' N Z" C
Z/
(proof)

lemma steps-z-V:
AL, Z) >+ (') = ZCV=2'CV
(proof)

lemma steps-z-alpha-sound:
AF(l, Z) ~ox (I',Z") = valid-abstraction A X k = Z C V = Z' #

{}
— 32" A, Z) ~x (ILZNVANZ" £ AN Z"C 7
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(proof)

lemma step-z-mono:

AL, Z)y ~('ZY = ZC W =3 W. A, W)~ {'W) N Z'
cw’
(proof )

lemma step-z-alpha-mono:

AL, Z) > (7)) = ZC W= WCV=3W.AF(l, W)
oo (VWY NZC W
(proof)

lemma steps-z-alpha-mono:

AL Z)y »ox (V7)) = ZC W= WC V=3 W.AF(, W)
~ax (LW NZTC W
(proof )

lemma steps-z-alpha-alt:

AL, Z) ~o (U, 2 = A (U, Z7) ~oox (I, Z7) = AF (I, Z) ~q%
<l//’ Z//>
(proof)

lemma steps-z-alpha-complete:

Ar (1, Z) ~x (I'\Z")y = valid-abstraction A X k —= Z CV = Z' #
{}

= 3 Z" A, Z) ~ox (I, Z"Y NZ'C Z"
(proof)

lemma steps-z-alpha-complete’:

A (l, Z) ~x (I,Z") = walid-abstraction A X k = Z CV = Z' #
{}

=3 2" AF (I, Z) ~ox (I,2") N 2" # {}
(proof)

end

end
theory Approz-Beta

imports DBM-Zone-Semantics Regions-Beta Closure
begin
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8 Correctness of f-approximation from a-regions

Instantiating real

instantiation real :: linordered-ab-monoid-add
begin

definition
neutral-real: 1 = (0 :: real)

instance (proof)

end

Merging the locales for the two types of regions

locale Regions =

fixes X and % :: ‘c = nat and v :: ‘c = nat and n :: nat and not-in-X

assumes finite: finite X

assumes clock-numbering: clock-numbering’ vn Vk<n. k> 0 — (Jc €
X.ve=k)

VeeX ve<n

assumes not-in-X: not-in-X ¢ X

assumes non-empty: X # {}
begin

definition R-def: R = {Regions.region X I r | I r. Regions.valid-region X

k1Ir}

definition Rg-def: Rz = { Regions-Beta.region X I Jr | I J r. Regions-Beta.valid-region
XkIJr}

definition V-def: V={v.Vze X.va> 0}

sublocale alpha-interp: AlphaClosure X k'R 'V (proof)

sublocale beta-interp: Beta-Regions’ X k Rg V v n not-in-X
(proof)

abbreviation Approrg = beta-interp. Approxg

8.1 Preparing Bouyer’s Theorem

lemma region-dbm:
assumes R € R
defines v =\Ni. THEc. c€ X Nvec=1
obtains M
where[M], , = R
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andV i<n.Vji<n MiO=ccAj>0Ni#tj— Mij=c0cANM
ji =00
andV i <n Mii=Le0
andV i <n.Vji<ni>0ANj>0ANMi0#coANMjl # oo —
(3 d :: int.
k(i) NMij=LedNMji= Le (—d))
ANd<k@iANMij=LtdANMji=Lt
(—d + 1))
andV i <n.i>0AMi0 # oco—
Fduint.d<k@i)ANd>0
ANMiO=LedNMOi=1Le(—d)VMiO=LtdANMO0Oi=
Lt (—d + 1)))
andV i<n.i>0— 3 duint. — k(i) <dANd<OANMOi=
LedV M0i= Lt d))
andV .V j. M ij # oo — get-const (M ij) € Z
andV i<nVji<n Mij£coAi>0Nj>0—
(3 dint. (Mij=LedV Mij=Ltd)AN(—k (v'j)<dANd<k
(o' 9)
(proof)

lemma len-inf-elem:
(a, b) € set (arcs ijas) = M ab=o00=len M ijzs= 00
(proof)

lemma dbm-add-strict-right-mono-neutral: a < Le d = a + Le (—d) <
Le 0

(proof)
lemma dbm-lt-not-inf-less[intro]: A # co = A < oo (proof)

lemma add-inf[simp]:
a6+ 00 =000+ a =0
(proof)

lemma inf-lt[simp,dest!]:
oo < ¢ = Fulse

(proof )

lemma zone-diag-lt:
assumes ¢ < nb<nand C:vcl =avc2=>band notl: a > 0b> 0
shows [(A i j. if i = a A j = bthen Lt d else 00)|yn = {u. u c1 — u c2
< d}
(proof)
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lemma zone-diag-le:
assumes a < nb<nand C:vcl =avec2=>band notl: a > 0b> 0
shows [(A i j. if i = a A j = b then Le d else 00)]yn = {u. u c1 — u c2
< d}
(proof )

lemma zone-diag-lt-2:

assumes ¢ < nand C: v ¢ = a and not0: a > 0

shows [(A i j. if i = a N j = 0 then Lt d else o))y n = {u. uc < d}
(proof )

lemma zone-diag-le-2:

assumes ¢ < nand C: v ¢ = a and not0: a > 0

shows [(A i j. ifi = a N j = 0 then Le d else o0)]y,n = {u. v c < d}
(proof)

lemma zone-diag-lt-3:

assumes ¢ < nand C: v ¢ = a and not0: a > 0

shows [(A i j. ifi = 0 A j = athen Lt d else 00)]yn = {u. — v c < d}
(proof)

lemma len-int-closed:
Vij.(Mij:real) €Z = len Mijzs €Z
(proof )

lemma get-const-distr:
a # 00 = b # oo = get-const (a + b) = get-const a + get-const b

(proof )

lemma len-int-dbm-closed:
V (i, j) € set (arcs i j xs). (get-const (M i j) :: real) € Z N M ij # o0
= get-const (len M ijxs) € Z N len M ijxs # oo

(proof)

lemma zone-diag-le-3:

assumes ¢ < nand C: v ¢ = a and not0: a > 0

shows [(A i j. ifi = 0 A j = a then Le d else 00)]y.n = {u. — u ¢ < d}
(proof)

lemma dbm-It":

assumes My, C VMab< Ltda<nb<nwvcl=avc2=0ba>
0b>20

shows [M]yn, C{ue V.ucl —uc2 <d}

(proof )
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lemma dbm-It'2:
assumes My, C VMa0<Ltda<nvcl =aa>0
shows [M]yn, C{ue V. ucl <d}

(proof)

lemma dbm-it'3:
assumes My, C VMOa<Ltda<nvcl =aa>0
shows [M]yn C{ue V.- ucl <d}

(proof)

lemma dbm-le”:

assumes (M), , C VMab<Leda<nb<nvecl=avc2=ba>
0b>20

shows [M]y, C{ue V.ucl —uc2 <d}

(proof)

lemma dbm-le’2:
assumes My, C VMa0<Leda<nvcl=aa>0
shows [M]yn C{ue V.ucl < d}

(proof )

lemma dbm-le’3:
assumes My, C VMOa<Leda<nwvcl =aa>0
shows [M]yn C{ue V. —ucl <d}

(proof )

lemma int-zone-dbm:

assumes V (-,d) € collect-clock-pairs cc. d € ZN ¢ € collect-clks cc. v ¢
<n

obtains M where {u. u F cc} = [M],,, and dbm-int M n
(proof)

lemma non-empty-dbm-diag-set’:

assumes clock-numbering’ v n ¥ i<n.Vj<n. M ij # oo — get-const (M
ij) €Z

(Mo # {}

obtains M’ where [M],, = [M']yn A (Vi<n. Vj<n. M'ij # oo —

get-const (M' i j) € Z)
AV i<n Mii=1)

(proof)

lemma dbm-entry-int:
T # 00 =get-constx € Z =3I d:int.z=LedVz=1Ltd
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(proof)

abbreviation vabstr = beta-interp.vabstr

8.2 Bouyer’s Main Theorem

theorem region-zone-intersect-empty-approz-correct:
assumes R € R Z C VRN Z = {} vabstr Z M
shows R N Approzg Z = {}

(proof)

8.3 Nice Corollaries of Bouyer’s Theorem

lemma R-V:|J R = V (proof)
lemma regions-beta-V: R € Rg = R C V (proof)

lemma apz-V: Z C V = Approzg Z C V
(proof )

corollary approz-f-closure-a:
assumes Z C V vabstr Z M
shows Approzg Z C Closure, Z

(proof)

definition V'={Z. Z C V A (3 M. vabstr Z M)}

corollary approz-f3-closure-a”: Z € V' = Approxg Z C Closurey Z
(proof)

We could prove this more directly too (without using Closure, Z), obviously

lemma apz-empty-iff:

assumes Z C V vabstr Z M

shows Z = {} «— Approzg Z = {}
(proof)

lemma apz-empty-iff "
assumes Z € V’'shows Z = {} «— Approzg Z = {}
(proof)

lemma apz-V"
assumes Z C V shows Approzg Z € V'

(proof)
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8.4 A New Zone Semantics Abstracting with Approzs

lemma step-z-V".

assumes A - (1,Z) ~ (I',Z') valid-abstraction A X k ¥V c€clk-set A. v ¢
<nzZecV

shows 7' € V'

(proof )

lemma steps-z-V":
AF (1,Z) ~x (I'\Z") = walid-abstraction A X k = V c€clk-set A. v ¢
<n=ZecV = 2'cV

(proof)

8.4.1 Single Step

inductive step-z-beta ::

(‘a, 'c, t, 's) ta = 's = (¢, t) zone = 's = ('c, t) zone = bool
(-F {9 B (- -) [61,61,61] 61)
where

step-beta: A& (1, Z) ~ (I', Z) = A\ (I, Z) ~p (I, Approzs Z')
inductive-cases|elim!]: A+ (I, u) ~3 (I';u’)
declare step-z-beta.intros[intro)

lemma step-z-alpha-sound:

At (l, Z) ~g (I',Z") = walid-abstraction A X k = V ceclk-set A. v ¢
<n=ZecV = Z'#{}

= 3 Z" A, Z) ~ U Z"Y N Z" £ {}

(proof)

lemma step-z-alpha-complete:

AF(l, Z) ~ (I,Zy = valid-abstraction A X k = V c€clk-set A. v ¢ <
n=2¢ecV = Z'"#{}

=3 Z" A, Z) ~p (U, Z"y N Z" # {}

(proof)

8.4.2 Multi step

inductive
steps-z-beta :: (‘a, 'c, t,'s) ta = 's = (‘e, t) zone = 's = (‘c, t) zone =
bool
(- F () ~gx (-, -) [61,61,61] 61)
where
refli A& (l, Z) ~px (l, Z) |

93



step: At (I, Z) ~px (I, Z) = A (I, Z) ~p (I, Z"y = AF (I, Z)
M—)B* <l//, Z//>

declare steps-z-beta.intros[intro]
lemma V'-V: Z € V! = Z C V (proof)

lemma steps-z-beta- V"

AF(l, Z) ~px (!, Z') = walid-abstraction A X k =V ceclk-set A. v ¢
<n=ZecV =27V’
(proof)

lemma alpha-beta-step:

AF(l, Z) ~5 (', Z') = wvalid-abstraction A X k = V c€clk-set A. v c
<n=ZecV'

— 3 2V A (I, Z) ~a (U, 2" A Z'C 2"

{proof )

Soundness lemma alpha-beta-step’:

At (l, Z) ~5 (I', Z') = valid-abstraction A X k = V ceclk-set A. v ¢
<n=2Z€cV = WCV

= ZCW=3 W.AE{, W)~ {, W)ANZ' C W

(proof)

lemma alpha-beta-steps:

AF (I, Z) ~px (!, Z') = walid-abstraction A X k = V ceclk-set A. v
c<n=Z¢cV'

— 3 2" A (I, Z) wax (I, ZN AN Z'C 2"
(proof)

corollary steps-z-beta-sound:

AF (I, Z) ~px (I, Z) = VY ceclk-set A. v ¢ < n = valid-abstraction
AXk=Zec¢V = Z7"#{}

= 32" AR, Z) ~x (U, 2" AN 2" £}
(proof)

Completeness lemma apz-mono:
Z7'CV = Z C 7' = Approzg Z C Approzg Z'
(proof)

lemma step-z-beta-mono:

AL Z)y (I Z) = Z2ZC W= WC V=3 W.AF (1, W)
g (I, WY A Z'C W
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(proof)

lemma steps-z-beta-V: A& (I, Z) ~px (I, Z) = Z C V= 72'CV
(proof)

lemma steps-z-beta-mono:

AF(LZ) wpx (I Z) = ZC W= WC V=3 W.AF({, W)
~gx (U, WHY N ZNC W
(proof )

lemma steps-z-beta-alt:

A Z) ~p (I, 2y = AF (I, Z)) ~px (1", Z") = A F (I, Z) ~px
<l//, Z//>
(proof )

lemma steps-z-beta-complete:
A (l, Z) ~x (', Z') = wvalid-abstraction A X k = Z C V
=3 Z" A, Z) ~px (U,Z"YNZ'C Z"

(proof)

lemma steps-z-beta-complete”:
At (l, Z) ~x (I',Z")y = valid-abstraction A X k —= Z CV = Z' #

{
— 3 Z" AR (I, Z) ~px (12" N 2" # {}

(proof)

end

end

9 Forward Analysis with DBMs and Widening

theory Normalized-Zone-Semantics
imports DBM-Zone-Semantics Approz-Beta
begin

9.1 DBM-based Semantics with Normalization

9.1.1 Single Step

inductive step-z-norm ::

('a, 'c, t, 's) ta = 's = t DBM = (nat = nat) = ('c = nat) = nat =
's = t DBM = bool
(-F (- ) ~ (-, -y [61,61,61,61,61] 61)
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where step-z-norm:

A AL,D) ~yp (I', D'y = AF (I,D) ~p 4 (', norm (FW D' n) k n)

inductive steps-z-norm ::

(‘a, 'c, t,'s) ta = 's = t DBM = (nat = nat) = ('c = nat) = nat =
's = t DBM = bool
(- b (= =)~ (- -) [61,61,61,61,61] 61)
where

refli At (l, Z) ~pon* (L, Z) |

step: A (l, Z) ~pynx (I, Z20) = AE(U, Z7) ~pn (U, Z27)

= AF(l, Z) ~pppx (I, Z")

context Regions
begin

abbreviation v’ = beta-interp.v’

abbreviation step-z-norm’ (- &+ (-, -) ~>n (-, -) [61,61,61] 61)
where

AFE (I, D) ~x (I, D'y = AF (I, D) (ko v'),0,n (I', D)

abbreviation steps-z-norm’ (- (-, =) ~>prx (-, -) [61,61,61] 61)
where

AF (I, DY ~ops (I DY) = AF (L D)~ g oy (15 DY)

inductive-cases|elim!]: A = (I, u) ~x (I';u’)
declare step-z-norm.intros|intro
lemma apz-empty-iff "
assumes canonical M1 n [M1]y, € V dbm-int M1 n

shows [M1]yn = {} «— [norm M1 (k o v') nlyn = {}
(proof )

inductive valid-dbm where
(M]y,n € V = dbm-int M n = valid-dbm M

inductive-cases valid-dbm-cases[elim]: valid-dbm M
declare valid-dbm.intros[intro]
lemma step-z-valid-dbm:

assumes A = (I, D) ~», , (I, D)
and global-clock-numbering A v n valid-abstraction A X k valid-dbm D
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shows walid-dbm D’
(proof )

lemma F'W-zone-equiv-spec:
ShOWS [M]an — [FWM n:l/u’n
(proof)

lemma cn-weak: YVk<n. 0 < k — (Jc. v c = k) (proof)

lemma valid-dbm-non-empty-diag:
assumes valid-dbm M [M]y n # {}
showsVY k<n Mkk>1

(proof )

lemma non-empty-cycle-free:
assumes M|y, # {}
shows cycle-free M n

(proof)

lemma norm-empty-diag-preservation:
assumes < n
assumes M i i < Le 0
shows norm M (kov') nii< Le 0

(proof )

lemma norm-FW-empty:

assumes valid-dbm M

assumes [M], , = {}

shows [norm (FW M n) (k o v') nlyn = {} (is [?M]yn = {})
(proof )

lemma apz-norm-eq-spec:
assumes valid-dbm M
and [M]y,n # {}
shows beta-interp. Approzs ([Mly.n) = [norm (FW M n) (k o v') nly.n
(proof)

print-statement step-z-norm.inducts

lemma step-z-norm-induct[case-names - step-z-norm step-z-refl]:
assumes 1 b (22, 3) ~(} o o) p.p (27,78)
and step-z-norm:
NAIDI D'
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At (l, D) ~yn (I'D"y =
PAIDI (norm (FW D' n) (ko v') n)
shows P z1 z2 z8 x7 x8
(proof )

lemma FW-valid-preservation:
assumes valid-dbm M
shows valid-dbm (FW M n)

(proof )
Obsolete

lemma norm-diag-preservation:
assumes Vi<n. M111<1
shows VI<n. (norm M1 (kov')n) 11 <1 (isV I<n ¢MI1l<1)

(proof )

lemma norm-FW-valid-preservation-non-empty:
assumes valid-dbm M [M]yn # {}
shows valid-dbm (norm (FW M n) (k o v’) n) (is valid-dbm ?M)

(proof )

lemma norm-FW-valid-preservation-empty:
assumes valid-dbm M [M]y, = {}
shows wvalid-dbm (norm (FW M n) (k o v') n) (is valid-dbm ?M)

(proof)

lemma norm-FW-valid-preservation:
assumes valid-dbm M
shows wvalid-dbm (norm (FW M n) (k o v') n)

(proof )

lemma norm-beta-sound:

assumes A+ (1,D) ~x (I',D") global-clock-numbering A v n valid-abstraction
AXE

and valid-dbm D

shows A (1,[D]y,n) ~pg (I',[D]o,n) (proof)

lemma step-z-norm-valid-dbm:

assumes A+ (I, D) ~ (I',D) global-clock-numbering A v n valid-abstraction
A X k valid-dbm D

shows wvalid-dbm D’ (proof)

lemma norm-beta-complete:
assumes A & (1,[D]y n) ~35 (I',Z) global-clock-numbering A v n valid-abstraction
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AXEk

and valid-dbm D

obtains D’ where A - (I,D) ~»x (I',D") [D'|y,n = Z valid-dbm D’
(proof )

9.1.2 Multi step

declare steps-z-norm.intros|intro]

lemma steps-z-norm-induct[case-names - refl step:
assumes z1 b (22, 13) ~( * (x7,28)
and NAIZ. PAILZIZ
and
NALZU Z"1" 7"
AFAl, Z) (ko v'),0,0* (17" =
PAIZI 7 =
A, 77 (ko v')0,n ("72" = PAILZI"Z"
shows P z1 z2 z3 x7 z8
(proof )

kowv')un

lemma norm-beta-sound-multi:

assumes A+ (I,D) ~»xx (I',D) global-clock-numbering A v n valid-abstraction
A X k valid-dbm D

shows A & (1,[D]yn) ~p* (I',[D]y,n) A valid-dbm D' (proof)

lemma norm-beta-complete-multi:

assumes A & (1,[D]y.n) ~p* (I, Z) global-clock-numbering A v n valid-abstraction
AXEk

and valid-dbm D

obtains D’ where A - (I,D) ~»nx (I',D’) [D'|y,n, = Z valid-dbm D'
(proof)

lemma norm-beta-equiv-multi:

assumes global-clock-numbering A v n valid-abstraction A X k

and valid-dbm D

shows (3 D". At (I,D) ~pnx (I'D") N Z = [D'|y.n) — A F (L,[D]y,n)
'\/‘—)ﬂ* <l/,Z>
(proof )

9.1.3 Connecting with Correctness Results for Approximating
Semantics

lemma steps-z-norm-complete’:
assumes A & (1,[D]y pn) ~* (I, Z) global-clock-numbering A v n valid-abstraction
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AXEk

and wvalid-dbm D

shows 3 D". A+ (I, D) ~sa* (I!,D) N Z C [Dyn
(proof )

lemma valid-dbm- V"
assumes valid-dbm M
shows [M]y, € V'

(proof)

lemma steps-z-norm-sound’:
assumes A F (I,D) ~»x« (I',D’)
and global-clock-numbering A v n
and valid-abstraction A X k
and wvalid-dbm D
and [D'yn # {}
shows 3Z. A+ (1,[D]y,n) ~* (I,.Z) N Z # {}
(proof)

9.2 The Final Result About Language Emptiness

lemma steps-z-norm-complete:
assumes A - (I, u) == (I', ') v € [D]yn
and global-clock-numbering A v n valid-abstraction A X k valid-dbm D
shows 3 D". A (I, D) ~ax (I'"D") AN u' € [D]yn
(proof )

lemma steps-z-norm-sound:
assumes A = (I,D) ~px (I',D)
and global-clock-numbering A v n valid-abstraction A X k valid-dbm D
and [D7,n # {}
shows 3 w € [D]ypn. 3 v AF (I, u) —* (I, u')
(proof)

theorem steps-z-norm-decides-emptiness:
assumes global-clock-numbering A v n valid-abstraction A X k valid-dbm
D
shows (3 D'. A+ (I, D) ~ax (I,D") A [Dyn #{})
«—— (Fue Dyp I u. AF (I, u)y == (I, u')
(proof)
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9.3 Finiteness of the Search Space
abbreviation dbm-defoult M = (¥ i >n.V j. Mij=1) A (VY j>n.V
i Mij=1)

lemma ¢ € Z = 3 b. a = real-of-int b (proof)

lemma norm-default-preservation:
dbm-default M = dbm-default (norm M (k o v’) n)

(proof)

lemma normalized-integral-dbms-finite:
finite {norm M (k o v') n | M. dbm-int M n A\ dbm-default M}

(proof)

end

9.4 Appendix: Standard Clock Numberings for Concrete Mod-
els

locale Regions’ =
fixes X and k :: 'c = nat and v :: ‘c = nat and n :: nat and not-in-X
assumes finite: finite X
assumes clock-numbering"V c€ X. ve> 0V c.c¢ X —ve>n
assumes bij: bij-betw v X {1..n}
assumes non-empty: X # {}
assumes not-in-X: not-in-X ¢ X

begin

lemma inj: inj-on v X (proof)

lemma cn-weak: ¥V c. v ¢ > 0 (proof)

lemma in-X: assumes v z < n shows z € X (proof)

end

sublocale Regions’ C Regions

(proof)

lemma standard-abstraction:
assumes finite (clkp-set A) finite (collect-clkvt (trans-of A)) ¥ (-,m::real)

101



€ clkp-set A. m € N
obtains k :: ‘c = nat where valid-abstraction A (clk-set A) k

(proof)

definition
finite-ta A = finite (clkp-set A) A finite (collect-clkvt (trans-of A))
A (Y (-,m:real) € clkp-set A. m € N) A clk-set A # {} A
—clk-set A # {}

lemma finite-ta-Regions'”:
fixes A :: ('a, 'c, real, 's) ta
assumes finite-ta A
obtains v n z where Regions’ (clk-set A) v n x

(proof)

lemma finite-ta-RegionsD:

assumes finite-ta A

obtains & :: 'b = nat and v n z where

Regions’ (clk-set A) v n x valid-abstraction A (clk-set A) k global-clock-numbering
Avn

(proof)

definition valid-dbm where valid-dbm M n = dbm-int M n A (¥ i < n. M
0i<1)

lemma dbm-positive:
assumes M 0 (vc) <1 v e < n DBM-val-bounded v u M n
shows uw ¢ > 0

(proof)

lemma valid-dbm-pos:
assumes valid-dbm M n
shows [M]yn C{u.V c.cve<n—uc>0}

(proof)

lemma (in Regions’) V-alt-def:
shows {u.V ccvec>0ANve<n—uc>0}=V

(proof )

An example of obtaining concrete models from our formalizations.

lemma steps-z-norm-sound-spec:
assumes finite-ta A
obtains k£ v n where
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A (1,D) ~p g px (U.D") A valid-dbm D n A [D')yn # {}
— (3Z. AF (I, [Dlyy) ~x (ILZ) N Z # {})

(proof)

end
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