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Abstract

We formalize the Legendre’s three squares theorem and its conse-
quences, in particular the following results:

1. A natural number can be represented as the sum of three squares
of natural numbers if and only if it is not of the form 4%(8k + 7),
where a and k are natural numbers.

2. If n is a natural number such that n =3 (mod 8), then n can
be be represented as the sum of three squares of odd natural
numbers.

Consequences include the following:

1. An integer n can be written as n = 22 4+ y? + 22 + 2, where z, y,
z are integers, if and only if n > 0.

2. The Legendre’s four squares theorem: any natural number can
be represented as the sum of four squares of natural numbers.

We follow the book of Melvyn B. Nathanson ‘Additive Number Theory:
The Classical Bases’ [1].

We plan to make use of the first consequence mentioned above in an
upcoming AFP entry on Diophantine equations. More concretely, we intend
to formalize universal pairs over the integers which requires expressing a
natural number as a polynomial in integers while only using few variables.
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1 Properties of residues, congruences, quadratic
residues and the Legendre symbol

theory Residues-Properties
imports HOL— Number-Theory.Quadratic- Reciprocity
begin

1.1 Properties of residues and congruences

lemma mod-diff-eq-nat:
fixes a b m :: nat
assumes a > b
shows (a — b) mod m = (m + (a mod m) — (b mod m)) mod m

(proof)

lemma prime-invertible-int:
fixes a p :: int
assumes prime p
assumes — p dvd a
shows 3b. [a x b = ] (mod p)

(proof )

lemma power-cong:
fixes x y a m :: nat
assumes coprime a m
assumes [z = y| (mod totient m)
shows [a "~z = a " y] (mod m)

(proof)

lemma power-cong-alt:
fixes z a m :: nat
assumes coprime a m
shows a ~z mod m = a ~ (z mod totient m) mod m

{proof)

1.2 Properties of quadratic residues

lemma QuadRes-cong:
fixes a b p :: int
assumes [a = b] (mod p)
assumes QuadRes p a
shows QuadRes p b

{proof)



lemma QuadRes-mult:
fixes a b p :: int
assumes QuadRes p a
assumes QuadRes p b
shows QuadRes p (a * b)

{proof)

lemma QuadRes-inv:
fixes a b p :: int
assumes prime p
assumes [a *x b = 1] (mod p)
assumes QuadRes p a
shows QuadRes p b

(proof)

1.3 Properties of the Legendre symbol

lemma Legendre-cong:
fixes a b p :: int
assumes [a = b] (mod p)
shows Legendre a p = Legendre b p

{proof)

lemma Legendre-one:
fixes p :: int
assumes p > 2
shows Legendre 1 p = 1

{proof)

lemma Legendre-minus-one:

fixes p :: int

assumes prime p

assumes p > 2

shows Legendre (— 1) p =1 +— [p = 1] (mod 4)
(proof)

lemma Legendre-minus-one-alt:
fixes p :: int
assumes prime p
assumes p > 2
shows Legendre (— 1) p = (if [p = 1] (mod 4) then 1 else — 1)
(proof)

lemma Legendre-two:

fixes p :: int

assumes prime p

assumes p > 2

shows Legendre 2 p =1 <— [p = 1] (mod 8) V [p = 7] (mod 8)
(proof)



lemma Legendre-two-alt:
fixes p :: int
assumes prime p
assumes p > 2
shows Legendre 2 p = (if [p = 1] (mod 8) V [p = 7] (mod 8) then 1 else — 1)
(proof)

lemma Legendre-mult:
fixes a b p :: int
assumes prime p
shows Legendre (a * b) p = Legendre a p x Legendre b p

(proof)

lemma Legendre-power:

fixes a :: int

fixes n :: nat

fixes p :: int

assumes prime p

assumes p > 2

shows Legendre (a ~n) p = (Legendre a p) " n
(proof)

lemma Legendre-prod:

fixes A :: 'a set

fixes f :: 'a = int

fixes p :: int

assumes prime p

assumes p > 2

shows Legendre (prod f A) p = ([[x€A. Legendre (f z) p)
(proof)

lemma Legendre-equal:
fixes p q :: int
assumes prime p prime q
assumes p > 2 g > 2
assumes p # ¢
assumes [p = 1] (mod 4) V [¢ = 1] (mod 4)
shows Legendre p ¢ = Legendre q p
(proof)

lemma Legendre-opposite:

fixes p q :: int

assumes prime p prime q

assumes p > 2 g > 2

assumes p # ¢

assumes [p = 8] (mod 4) A [¢ = 8] (mod 4)

shows Legendre p ¢ = — Legendre q p
(proof)



end

2 Vectors and matrices, determinants and their
properties in dimensions 2 and 3

theory Low-Dimensional-Linear-Algebra
imports Main
begin

datatype vec2 =
vec?
(vec2y : int)
(vec2s : int)

datatype vec3 =
vecs
(vec3y : int)
(vec3q : int)
(vec8s : int)

datatype mat2 =
mat2
(mat211 : int) (mat212 : int)
(mat2a7 : int) (mat2a9 : int)

datatype mat3 =
mat3
(mat311 @ int) (mat312 @ int) (mat313 : int)
(mat3a1 : int) (mat3ag @ int) (mat3zs : int)
(mat3sy : int) (mat3ss : int) (mat3ss : int)

instantiation vec?2 :: ab-group-add
begin

definition zero-vec2 where
zero-vec2 =

vec?

0

0

definition uminus-vec2 where
uminus-vec?2 v =

vec?
(— vec2y v)
(— vec2s v)

definition plus-vec2 where



plus-vec2 vl v2 =
vec?2
(vec2q vl + vec2y v2)
(vec2o vl + vecl2q v2)

definition minus-vec2 where
minus-vec?2 vl v2 =
vec?
(vec2y vl — vec2y v2)
(vec2o vl — vecls v2)

instance
(proof )

end

instantiation vec3 :: ab-group-add
begin

definition zero-vec8 where
zero-vec3 =

vecs

0

0

0

definition uminus-vec3 where
uminus-vecd v =

vecs

(— veel1 v)
(— vec8y v)
(— vecds v)

definition plus-vec3 where
plus-vecd vl v2 =
vecs
(vec31 vl + vec8y v2)
(vec8s vl + vec3o v2)
(vec3s vl + vec83 v2)

definition minus-vecs where
minus-vecs vl v2 =
vecs
(vec81 vl — vec3y v2)
(vec8y vl — vec3q v2)
(vec3s vl — vec8s v2)

instance

{proof)



end

instantiation mat2 :: ring-1
begin

definition zero-mat2 where
zero-mat2 =

mat2

00

00

definition one-mat2 where
one-mat2 =

mat2

10

01

definition uminus-mat2 where
uminus-mat2 m =
mat2
(— mat211 m) (— mat212 m)
(— mat221 m) (— mat222 m)

definition plus-mat2 where

plus-mat2 m1 m2 =
mat2
(mat211 m1 + mat211 m2) (mat219 m1 + mat2i9
(mat221 m1 + mat221 m2) (mat229 ml1 + mat299

definition minus-mat2 where

minus-mat2 m1 m2 =
mat2
(mat211 m1 — mat211 m2) (mat212 m1 — mat219
(mat221 m1 — mat221 m2) (mat229 ml — mat299

definition times-mat2 where
times-mat2 m1 m2 =

mat2

(mat211 m1 *x mat211 m2 + mat212 ml * mat29;
m2 + mat212 m1 * mat2s5 m2)

(mat221 m1 * mat211 m2 + mat229 mi1 * mat2s;
m2 + mat292 ml1 * mat2s0 m2)

instance
(proof)

end

m2)
m2

~—

m2)
m2

~—

m2) (mat211 m1 * mat2io

m2) (mat291 m1 * mat2io



instantiation mat3 :: ring-1
begin

definition zero-mat3 where
zero-mat3 =

mat3

000

000

000

definition one-mat3 where
one-mat3 =

matd

100

010

001

definition uminus-mat3 where
uminus-mat3 m =
mat3

(— mat311 m) (— mat312 m) (— mat313 m)
(— mat321 m) (— mat8aa m) (— mat3az m)
(— mat331 m) (— mat332 m) (— mat3sz m)

definition plus-mat3 where
plus-mat3 m1 m2 =

mat3

(mat311 m1 + mat311 m2) (mat3q2
m2)

(mat321 m1 + mat321 m2) (mat3a9
m2)

(mat331 m1 + mat3s31 m2) (mat3so
m2)

definition minus-mat3 where
minus-mat3 m1 m2 =

matd

(mat311 m1 — mat311 m2) (mat3q2
m2)

(mat321 m1 — mat321 m2) (mat3ag
m2)

(mat331 m1 — mat3s31 m2) (mat3so
m2)

definition times-mat3 where
times-mat3 m1 m2 =
mat3

ml + mat31s
ml 4+ mat3ao

ml + mat8so

ml — mat81o
ml — mat3ag

ml — mat8so

m2) (mat313
m2) (mat3as

m2) (mat8s3

m2) (mat813
m2) (mat3a3

m2) (mat3ss

ml + mat33
ml + mat3qg

ml + mat333

ml — mat3q3
ml — mat3a3

ml — mat8ss

(mat311 ml *x mat311 m2 + mat31o m1 * mat3a1 m2 + mat313 m1 * mat3s;
m2) (mat311 ml x mat812 m2 + matd12 ml x matle2 m2 + matdi3 mi



mat3se m2) (mat311 ml * mat313 m2 + matd12 ml x mat323 m2 + mat313 ml
* mat333 m,?)

(mat321 m1 % mat311 m2 + mat89a m1 * mat321 m2 + mat3a3 m1 * mat3s;
m2) (mat321 ml % mat312 m2 + mat3a2 ml * mat3a2 m2 + mat3az ml x*
mat3s2 m2) (mat321 ml x mat313 m2 + mat322 ml * mat3a3 m2 + mat3a3 ml
* mat3sz m2)

(mat331 m1 % mat311 m2 + mat332 ml x matls1 m2 + mat3ss ml x mat3s;
m2) (mat331 ml x mat812 m2 + mat332 ml x matla2 m2 + mat3ss ml x*
mat3za m2) (matds; ml * matS13 m2 + mat3ze mil x mat3a3 m2 + mat3zz ml
* mat3sz m2)

instance
(proof )

end
consts vec-dot :: 'a = 'a = int («<-| > 65)

definition vec2-dot :: vec2 = vec2 = int where
vec2-dot vl v2 = wvec21 vl x vec21 v2 + veclq vl * vec2o v2

adhoc-overloading vec-dot = vec2-dot

definition vec3-dot :: vecd = vec8 = int where
vec3-dot vl v2 = vecdq vl * vecd1 v2 + vecly vl * vecdy v2 + vec83 vl * vecSs
v2

adhoc-overloading vec-dot = vec3-dot

lemma vec2-dot-zero-left [simp]:
fixes v :: vec?
shows <0 | v> =0

{proof)

lemma vec2-dot-zero-right [simp:
fixes v :: vec?
shows <v | 0> = 0

{proof)

lemma vec$-dot-zero-left [simp):
fixes v :: vecs
shows <0 | v> =0

{proof)

lemma vec3-dot-zero-right [simp]:
fixes v :: vecs
shows <v | 0> = 0

(proof)



consts mat-app :: 'a = 'b = ‘b (infixr <$) 65)

definition mat2-app :: mat2 = vec2 = vec?2 where
mat2-app m v =
vecl
(mat211 m x vec21 v + mat212 m x vec2q v)
(mat221 m x vec21 v + mat2q2 m x vec2q v)

adhoc-overloading mat-app = mat2-app

definition mat3-app :: matd = vecd = vec3 where

mat3-app m v =
vecd
(mat311 m * vecd1 v + mat312 m * vec3a v + mat313 m * vec3s v)
(mat321 m x vecd1 v + mat3a2 m x vec3y v + mat3a3 m x vecls v)
(mat331 m x vecd1 v + mat3za m x vecda v + mat3zz m * vec3s v)

adhoc-overloading mat-app = mat3-app

lemma mat2-app-zero [simp]:
fixes m :: mat2
shows m $ 0 = 0

{proof)

lemma mat3-app-zero [simp]:
fixes m :: mat3
shows m $ 0 = 0

{proof)

lemma mat2-app-one [simp):
fixes v :: vec2
shows 1 $ v =1

{proof)

lemma mat3-app-one [simp):
fixes v :: vecd
shows 1 $ v =1

{proof)

lemma mat2-app-mul [simp]:
fixes m1 m2 :: mat2
fixes v :: vec2
shows mI s m2$v=mI$m2%v

{proof)

lemma mat3-app-mul [simp]:
fixes m1 m2 :: mat8
fixes v :: vecd
shows m1 * m2 $v=ml $m28$v

10



(proof)
consts mat-det :: 'a = int

definition mat2-det where
mat2-det m = mat211 m * matlo0 m — mat21o m * matl91 M

adhoc-overloading mat-det = mat2-det
definition mat3-det where

mat3-det m =
mat311 m * matSso m x mat333 m

+ mat312 m *x mat323 m * mat831 m
+ mat813 m *x mat3o1 m * matdzo m
— mat311 m * mat3a3 m * mat3zo m
— mat812 m *x matlo1 m * matSz3 m
— mat813 m x matSos m * mat8z1 m

adhoc-overloading mat-det = matS3-det

lemma mat2-mul-det [simp]:
fixes m1 m2 :: mat2
shows mat-det (m1 * m2) = mat-det m1 * mat-det m2

{proof)

lemma mat3-mul-det [simp]:
fixes m1 m2 :: mat3
shows mat-det (m1 x m2) = mat-det m1 * mat-det m2

{proof)

consts mat-sym :: 'a = bool

definition mat2-sym :: mat2 = bool where
mat2-sym m = (mat212 m = mat241 m)

adhoc-overloading mat-sym = mat2-sym

definition mat3-sym :: mat3 = bool where

mat3-sym m = (mat312 m = mat321 m A mat313 m = mat3z1 m A mat3o3 m =
mat3za m)

adhoc-overloading mat-sym = mat3-sym

consts mat-transpose :: 'a = 'a (<-T» [91] 90)

definition mat2-transpose :: mat2 = mat2 where

mat2-transpose m =

mat2
(mat211 m) (mat221 m)

11



(mat212 m) (mat222 m)
adhoc-overloading mat-transpose = mat2-transpose

definition mat3-transpose :: mat3 = mat3 where
mat3-transpose m =

mat3

(mat311 m) (mat321 m) (mat3sz1 m)

(mat312 m) (mat322 m) (mat3za m)

(mat313 m) (mat323 m) (mat3szz m)

adhoc-overloading mat-transpose = mat3-transpose

lemma mat2-transpose-involution [simp):
fixes m :: mat2
shows (mT)T = m
{proof )

lemma mat3-transpose-involution [simpl:
fixes m :: mat3
shows (mT)T = m
(proof )

lemma mat2-sym-criterion:
fixes m :: mat2
shows mat-sym m +— m? = m

{proof)

lemma mat3-sym-criterion:
fixes m :: mat3
shows mat-sym m +— m? = m

(proof)

lemma mat2-transpose-one [simp): (1 :: mat2)T = 1
{proof)

lemma mat3-transpose-one [simp): (1 :: mat3)T = 1
{proof)

lemma mat2-transpose-mul [simp):
fixes a b :: mat2
shows (a x b)T = b7 x T

{proof)

lemma mat3-transpose-mul [simp]:
fixes a b :: mats
shows (a x b)T = b7 x T
(proof )
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lemma vec2-dot-transpose-left:
fixes m :: mat2
fixes u v :: vec?
shows <m® $u | v>=<u|m$ v>
(proof )

lemma vec2-dot-transpose-right:
fixes m :: mat2
fixes u v :: vec2
shows <u | mT $v>=<m$ u| v>
(proof)

lemma vec3-dot-transpose-left:
fixes m :: mat3
fixes u v :: vecd
shows <mT $ u | v>=<u|m$ v>
(proof)

lemma vec3-dot-transpose-right:
fixes m :: mat3
fixes u v :: vecd
shows <u | mT $ v>=<m $ u | v>
(proof)

lemma mat2-det-tranpose [simp):
fixes m :: mat2
shows mat-det (m”) = mat-det m

{proof)

lemma mat$-det-tranpose [simp):
fixes m :: mat3
shows mat-det (m”) = mat-det m

{proof)
consts mat-inverse :: 'a = 'a (-~ [91] 90)

definition mat2-inverse :: mat2 = mat2 where
mat2-inverse m =
mat2
(mat222 m) (— mat212 m)
(— mat221 m) (mat211 m)

adhoc-overloading mat-inverse = mat2-inverse
definition mat3-inverse :: mat3 = mat3 where
mat3-inverse m =

matd
(mat322 m * matlzz m — mat3a3 m * mat3szo m) (matdi13 m x matlss m —
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mat312 m * matdzz m) (matd12 m * mat3eg m — mat313 m * mat3os m)
(mat323 m * mat831 m — mat321 m * mat3ss m) (mat11 m x matls3 m —

mat313 m * mat8s1 m) (matd13 m * mat3s1 m — mat311 m * mat3a3 m)
(mat821 m * mat33a m — mat3a2 m x mat3z; m) (matd12 m x mat3z; m —

mat311 m * matfzs m) (mat311 m * mat3aa m — mat312 m * mat3a1 m)

adhoc-overloading mat-inverse = mat3-inverse
lemma mat2-inverse-cancel:

fixes m :: mat2
assumes mat-det m = 1

shows msxmt=1mlsm=1
(proof )
lemma mat3-inverse-cancel:
fixes m :: mat3
assumes mat-det m = 1
shows ms«mt=1mlsm=1

{proof)

lemma mat2-inverse-cancel-left:
fixes m a :: mat2
assumes mat-det m = 1
shows m * (m~ ! xa) =am™ % (m*a) =a
(proof )

lemma mat3-inverse-cancel-left:
fixes m a :: mat3
assumes mat-det m = 1
shows m * (m~ ! xa)=am ' x (mx*a)=a
(proof )

lemma mat2-inverse-cancel-right:
fixes m a :: mat2
assumes mat-det m = 1

shows a x (m*m™1) =aa*x (m™ ' *m)=a
(proof)
lemma mat3-inverse-cancel-right:
fixes m a :: mat3
assumes mat-det m = 1
shows a x (m* m~Y) =aax*x (m™ ' xm)=a

{proof)

lemma mat2-inversable-cancel-left:
fixes m al a2 :: mat2
assumes mat-det m = 1
assumes m * al = m * a2

14



shows al = a2
(proof )

lemma mat3-inversable-cancel-left:
fixes m al a2 :: mat3
assumes mat-det m = 1
assumes m * al = m * a2
shows al = a2

{proof)

lemma mat2-inversable-cancel-right:
fixes m al a2 :: mat2
assumes mat-det m = 1
assumes al * m = a2 x m
shows al = a2

(proof)

lemma mat3-inversable-cancel-right:
fixes m al a2 :: mat3
assumes mat-det m = 1
assumes al * m = a2 x m
shows a1l = a2

{proof)

lemma mat2-inverse-det [simp]:
fixes m :: mat2
shows mat-det (m~—') = mat-det m

{proof)

lemma mat3-inverse-det [simp]:
fixes m :: mat3
shows mat-det (m=') = (mat-det m)?
(proof)

lemma mat2-inverse-transpose:
fixes m :: mat2
shows (mT)~! = (m~1)T

{proof)

lemma mat3-inverse-transpose:
fixes m :: mat3
shows (mT)~! = (m=1)T

{proof)

lemma mat2-special-preserves-zero:
fixes u :: mat2
fixes v :: vec2
assumes mat-det u = 1
shows u$v=0+«—v=20

15



(proof)

lemma mat3-special-preserves-zero:
fixes u :: mat3
fixes v :: vecd
assumes mat-det u = 1
shows u$v=0<«—v=20

(proof)

end

3 Properties of quadratic forms and their equiva-
lences
theory Quadratic-Forms
imports Complex-Main Low-Dimensional-Linear-Algebra
begin
consts gf-app :: 'a = 'b = int (infixl $$> 65)

definition ¢f2-app :: mat2 = vec2 = int where
qf2-app mv = <v| m$ v>

adhoc-overloading ¢f-app = qf2-app

definition ¢f3-app :: mat3 = vecd = int where
qf3-app mv = <v | m$ v>

adhoc-overloading ¢f-app = qf3-app
lemma gf2-app-zero [simp]:

fixes m :: mat2

shows m $$ 0 = 0
(proof)

lemma qf3-app-zero [simp]:

fixes m :: mat3
shows m $$ 0 = 0

(proof)
consts ¢f-positive-definite :: 'a = bool

definition ¢f2-positive-definite :: mat2 = bool where
qf2-positive-definite m = (Yv. v # 0 — m 3% v > 0)

adhoc-overloading ¢f-positive-definite = qf2-positive-definite

definition ¢f3-positive-definite :: mat3 = bool where
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qf3-positive-definite m = (Vv. v # 0 — m $$ v > 0)
adhoc-overloading ¢f-positive-definite = qf3-positive-definite

lemma ¢f2-positive-definite-positive:
fixes m :: mat2
assumes qf-positive-definite m
shows Vv. m $$ v > 0

{proof)

lemma ¢f3-positive-definite-positive:
fixes m :: mat3
assumes ¢f-positive-definite m
shows Yv. m $$ v > 0

{proof)
consts gf-action :: 'a = 'a = 'a (infix] <> 55)

definition ¢f2-action :: mat2 = mat2 = mat2 where

qf2-action a u = u? * a * u

adhoc-overloading ¢f-action = qf2-action

definition ¢f3-action :: mat3 = mat3 = mat3 where

qf3-action a u = u? * a * u

adhoc-overloading gf-action = qf3-action

lemma ¢f2-action-id:
fixes a :: mat2
shows a - 1 = a

(proof)

lemma ¢f3-action-id:
fixes a :: mat3
shows a - 1 = a

(proof)

lemma gf2-action-mul [simp]:
fixes a u v :: mat2
shows a - (u*v) = (a - u) - v
(proof )

lemma ¢f3-action-mul [simp]:
fixes a u v :: mat3
shows a - (uxv) = (a-u) - v

(proof)

consts gf-equiv :: 'a = 'a = bool (infix ™> 65)
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definition ¢f2-equiv :: mat2 = mat2 = bool where
qf2-equiv a b = (Ju. mat-det wu =1 AN a - u =0)

adhoc-overloading ¢f-equiv = qf2-equiv

definition ¢f3-equiv :: mat3 = mat3 = bool where
qf3-equiv a b = (Ju. mat-det wu =1 AN a - u=10)

adhoc-overloading ¢f-equiv = qf3-equiv

lemma ¢f2-equiv-sym-impl:
fixes a b :: mat2
shows a ~ b= b" a

(proof)

lemma ¢f3-equiv-sym-impl:
fixes a b :: mat3
shows a ¥~ b= b"~ a

(proof)

lemma ¢f2-equiv-sym:
fixes a b :: mat2
shows a ~“ b+— b~ a

{proof)

lemma ¢f3-equiv-sym:
fixes a b :: mat3
shows a ¥ b+— 0"~ a

{proof)

lemma ¢f2-equiv-trans:
fixes a b ¢ :: mat2
assumes a ~ b
assumes b ~ ¢
shows a ~ ¢

(proof)

lemma ¢f3-equiv-trans:
fixes a b ¢ :: mats
assumes a ~ b
assumes b ™~ ¢
shows a ™~ ¢

{proof)

lemma qf2-action-app [simpl:

fixes a u :: mat2
fixes v :: vec?

shows (a - u) 38 v = a 88 (u $ v)
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{proof)

lemma ¢f3-action-app [simpl:
fixes a u :: mats
fixes v :: vecd
shows (a - u) $$ v = a 3% (u $ v)
(proof )

lemma ¢f2-equiv-preserves-positive-definite:
fixes a b :: mat2
assumes a ~ b
shows ¢f-positive-definite a <— qf-positive-definite b
(proof)

lemma ¢f3-equiv-preserves-positive-definite:
fixes a b :: mat3
assumes a ~ b
shows ¢f-positive-definite a <— qf-positive-definite b
(proof)

lemma ¢f2-equiv-preserves-sym:
fixes a b :: mat2
assumes a ~ b
shows mat2-sym a <— mat2-sym b

(proof)

lemma ¢f3-equiv-preserves-sym:
fixes a b :: mat3
assumes a ~ b
shows mat3-sym a <— mat3-sym b

{(proof)

lemma ¢f2-equiv-preserves-det:
fixes a b :: mat2
assumes a ~ b
shows mat-det a = mat-det b

(proof)

lemma ¢f3-equiv-preserves-det:
fixes a b :: mat3
assumes a ~ b
shows mat-det a = mat-det b

{proof)

lemma ¢f2-equiv-preserves-range-subset:
fixes a b :: mat2
assumes a ~ b
shows range (($3) b) C range ((33%) a)
{proof)
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lemma ¢f3-equiv-preserves-range-subset:
fixes a b :: mat3
assumes a ~ b
shows range (($3) b) C range ((33%) a)
(proof)

lemma gf2-equiv-preserves-range:
fixes a b :: mat2
assumes a ~ b
shows range (($%) a) = range (($$) b)
(proof )

lemma ¢f3-equiv-preserves-range:
fixes a b :: mat3
assumes a ~ b
shows range (($$) a) = range (($%) b)
(proof)

Lemma 1.1 from [1].

lemma ¢f2-positive-definite-criterion:
fixes a
assumes mat-sym a
shows ¢f-positive-definite a <— mat211 a > 0 N\ mat-det a > 0

(proof)

lemma congruence-class-close:

fixes k m :: int

assumes m > (

shows 3t. 2 x [k + mx t| < m (is 3 t. ?P t)
(proof)

Lemma 1.2 from [1].

lemma lemma-1-2:
fixes b :: mat2
assumes mat-sym b
assumes ¢f-positive-definite b
shows Ja. a ™~ b A
2 x |mat212 a| < mat211 a A
mat211 a < (2 / sqrt 3) * sqrt (mat-det a) (is Ja. 7P a)
(proof)

Theorem 1.2 from [1].

theorem ¢f2-det-one-equiv-canonical:
fixes f :: mat2
assumes mat-sym f
assumes qf-positive-definite f
assumes mat-det f = 1
shows f ~ 1
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(proof)

Lemma 1.3 from [1].

lemma lemma-1-3:
fixes a :: mat3
assumes mat-sym a
defines o' =
mat2
(mat311 a x mat3ae a — (mat312 a)?) (mat311 a * mat323 a — mat312 a *
mat313 a)
(mat311 a x mat3a3 a — mat312 a * mat313 a) (matd11 a * matdss a —
(mat313 a)?)

defines d’' =
mat-det (
mat2
(mat311 a) (mat3q12 a)
(mat312 a) (mat3s2 a)

)

shows
mat-det o’ = mat311 a x mat-det a (is ?P)
Az. mat311 a * (a $$ z) =
(mat311 a x vecd1 x + mat312 a * vecds  + mat313 a * vecIs x)Q +
(a’ 8% (vec2 (vecls z) (vec3s x))) (is Az. 7Q )
qf-positive-definite a = qf-positive-definite a’
qf-positive-definite a +— mat311 a > 0 A d' > 0 A mat-det a > 0

(proof)

Lemma 1.4 from [1].

lemma lemma-1-4:
fixes b :: mat3
fixes v’ :: mat2
fixes r s :: int
assumes mat-sym b
assumes ¢f-positive-definite b
assumes mat-det v’/ = 1
defines b’ =
mat2
(mat311 b * mat3aa b — (mat3y12 b)?) (mat311 b * mat3e3 b — mat3io b *
mat5’13 b)
(mat811 b * matSa3 b — mat312 b * mat313 b) (mat311 b * mat333 b —
(mat313 b)2)

defines a’ = b’ - v’
defines v =
mat3
1rs
0 (mat211 v’) (mat212 v’)
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0 (mat221 v’) (mat229 v’

defines a = b - v
shows
Ay. mat311 b * (b $$ y) =
(mat311 b * vecd1 y + mat312 b * vecds y + mat3yz b * vec3z y)? +
(b" 8% (vec2 (vecls y) (vec3s y))) (is Ay. 7P y)
mat311 a = mat311 b
Az. mat311 a * (a $$ z) =
(mat311 a x vec31 T + matd1a a * vecSs T + mat3z a * vecds x)% +
(a’ 8% (vec2 (vecls z) (vec3s x))) (is Az. 7Q )
(proof)

Lemma 1.5 from [1].

lemma lemma-1-5:

fixes U1l U21 U371

assumes Ged {u11, us1, uz1} = 1

shows Ju. mat311 v = w1 A matds1 u = ugy A mat3z1 u = uz1 A mat-det u
=1
(proof)

Lemma 1.6 from [1].

lemma lemma-1-6:
fixes c :: mat3
assumes mat-sym c
assumes ¢f-positive-definite ¢
shows Ja. a ™~ ¢ A
2 x (max |mat312 a| [mat313 a|) < mat311 a A
mat311 a < (4 / 8) * root 3 (mat-det a)
(proof)

Theorem 1.3 from [1].

theorem ¢f3-det-one-equiv-canonical:
fixes f :: mat3
assumes mat-sym f
assumes ¢f-positive-definite f
assumes mat-det f = 1
shows f ~ 1

(proof)

end

4 Legendre’s three squares theorem and its con-

sequences
theory Three-Squares

imports Dirichlet-L. Dirichlet- Theorem Residues-Properties Quadratic-Forms
begin
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4.1 Legendre’s three squares theorem

definition quadratic-residue-alt :: int = int = bool where
quadratic-residue-alt m a = (3z y. 22 —a =7y x m)

lemma quadratic-residue-alt-equiv: quadratic-residue-alt = QuadRes
(proof)

lemma sg-nat-abs: (nat |v|)? = nat (v?)
{proof)

Lemma 1.7 from [1].

lemma three-squares-using-quadratic-residue:
fixes n d’ :: nat
assumes n > 2
assumes d’' > 0
assumes QuadRes (d'* n — 1) (— d’)
shows 321 z3 z3. n = 212 + 222 + 232

(proof)

lemma prime-linear-combination:

fixes a m :: nat

assumes m > 1

assumes coprime a m

obtains j :: nat where prime (a + m x j) A j # 0
(proof)

Lemma 1.8 from [1].

lemma three-squares-using-mod-four:
fixes n :: nat
assumes n mod 4 = 2
shows 3z z3 z3. n = 212 + 222 + 232
(proof)

lemma three-mod-eight-power-iff:
fixes n :: nat
shows (3 :: int) ~n mod 8 = (if even n then 1 else 3)

(proof)

Lemma 1.9 from [1].

lemma three-squares-using-mod-eight:
fixes n :: nat
assumes n mod 8 € {1, 3, 5}
shows 321 z3 z3. n = 212 + 222 + 232

(proof)

lemma power-two-mod-eight:
fixes n :: nat
shows n? mod 8 € {0, 1, 4}
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(proof)

lemma power-two-mod-four:
fixes n :: nat
shows n? mod 4 € {0, 1}
(proof)

Theorem 1.4 from [1].

theorem three-squares-iff:
fixes n :: nat
shows (32 72 73. 1 = 212 + 2% + 132) ¢— Pak. n=4 "ax (8xk+ 7))

(proof)
Theorem 1.5 from [1].

theorem odd-three-squares-using-mod-eight:

fixes n :: nat

assumes n mod 8 = 8

shows 3z 9 23. odd 1 A odd 9 A odd 3 A n = 212 + 92 + 32
(proof)

4.2 Consequences

lemma four-decomposition:

fixes n :: nat

shows 3z y z. n =22+ y> + 22 + 2
(proof)

theorem four-decomposition-int:

fixes n :: int

shows (Fzyz.n=2>+y>* + 22 +2)«—>n>0
(proof)
theorem four-squares:

fixes n :: nat

shows 321 z9 23 24. 1 = 212 + T2° + 3% + 4>
(proof)

end
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