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Abstract

The Descartes test based on Bernstein coefficients and Descartes’
rule of signs effectively (over-)approximates the number of real roots of
a univariate polynomial over an interval. In this entry we formalise the
theorem of three circles (Theorem 10.50 in [1]), which gives sufficient
conditions for when the Descartes test returns 0 or 1. This is the first
step for efficient root isolation.
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6 Acknowledgements 86

1 Misc results about polynomials

theory RRI-Misc imports
HOL— Computational-Algebra. Computational-Algebra
Budan-Fourier. BF-Misc
Polynomial-Interpolation. Ring-Hom-Poly

begin

1.1 Misc

declare pcompose-pCons[simp del]

lemma Setcompr-subset: Nf PS. {fz|z. P2} CS=N 2. Pz — foz el
by blast

lemma map-cong”:
assumes zs = map h ysand Ay. y € set ys = f (hy) =gy
shows map f xs = map g ys
using assms map-replicate-trivial by simp

lemma nth-default-replicate-eq:
nth-default dfit (replicate n x) i = (if i < n then x else dfit)
by (auto simp: nth-default-def)

lemma square-bounded-less:
fixes a b::'a :: linordered-ring-strict
shows —a < b A b < a = bxb < axa
by (metis (no-types, lifting) leD lel minus-less-iff minus-mult-minus mult-strict-mono’
neg-less-eq-nonneg neg-less-pos verit-minus-simplify(4 ) zero-le-mult-iff zero-le-square)

lemma square-bounded-le:
fixes a b::'a :: linordered-ring-strict
shows —a < b A b < a=— bxb < axa
by (metis le-less minus-mult-minus square-bounded-less)

context vector-space
begin

lemma card-le-dim-spanning:
assumes BV: BC V
and VB: V C span B
and fB: finite B
and dVB: dim V > card B
shows independent B
proof —

{

fix a



assume a: a € B a € span (B — {a})
from a fB have c0: card B # 0
by auto
from a fB have cb: card (B — {a}) = card B — 1
by auto
{
fix z
assume z: ¢ € V
from a have eq: insert a (B — {a}) = B
by blast
from z VB have z”: z € span B
by blast
from span-trans|OF a(2), unfolded eq, OF z]
have z € span (B — {a}) .

then have thi: V C span (B — {a})
by blast
have th2: finite (B — {a})
using B by auto
from dim-le-card[OF thl th2]
have c: dim V < card (B — {a}) .
from c c0 dVB cb have Fulse by simp
}
then show ?thesis
unfolding dependent-def by blast
qed

end

1.2 Misc results about polynomials

lemma smult-power: smult (z™n) (p™n) = smult xp " n
apply (induction n)
subgoal by fastforce
by (metis smult-power)

lemma reflect-poly-monom: reflect-poly (monom n i) = monom n 0
apply (induction 1)
by (auto simp: coeffs-eq-iff coeffs-monom coeffs-reflect-poly)

lemma poly-eq-by-eval:
fixes P @ :: 'a::{comm-ring-1,ring-no-zero-divisors,ring-char-0} poly
assumes h: Az. poly P x = poly @ z shows P = @
proof —
have poly P = poly Q using h by fast
thus ?thesis by (auto simp: poly-eq-poly-eq-iff)
qed

lemma poly-binomial:



[:(1:a::comm-ring-1), 1:]"n = (O k<n. monom (of-nat (n choose k)) k)
proof —
have [:(1::'a::comm-ring-1), 1:]"n = (monom 1 1 + 1)™n
by (metis (no-types, lifting) add.left-neutral add.right-neutral add-pCons
monom-altdef pCons-one power-one-right smult-1-left)

also have ... = (3 k<n. of-nat (n choose k) x monom 1 1 " k)
apply (subst binomial-ring)
by force

also have ... = (3 k<n. monom (of-nat (n choose k)) k)

by (auto simp: monom-altdef of-nat-poly)
finally show ?thesis .
qed

lemma degree-0-iff: degree P = 0 <— (Ja. P = [:a:])
by (meson degree-eq-zeroE degree-pCons-0)

interpretation poly-vs: vector-space smult
by (simp add: vector-space-def smult-add-right smult-add-left)

lemma degree-subspace: poly-vs.subspace {x. degree z < n}
by (auto simp: poly-vs.subspace-def degree-add-le)

lemma monom-span:
poly-vs.span {monom 1 z | z. z < p} = {(x::'a::field poly). degree z < p}

(is ?L = ?R)
proof
show ?L C 2R
proof

fix z assume z € ?L

moreover have hfin: finite {P. 3z € {..p}. P = monom 1 x}
by auto

ultimately have
x € range (Au. > ve{monom 1 z | z. x € {..p}}. smult (u v) v)
by (simp add: poly-vs.span-finite)

hence 3 u. z = (3 ve{monom 1 z | z. z € {..p}}. smult (u v) v)
by (auto simp: image-iff)

then obtain u
where p" x = (3 ve{monom 1 z | z. z € {..p}}. smult (u v) v)
by blast

have Av. v € {monom 1 z | z. x € {..p}} = degree (smult (u v) v) <p
by (auto simp add: degree-monom-eq)

hence degree x < p using hfin
apply (subst p’)
apply (rule degree-sum-le)
by auto

thus z € {z. degree = < p} by force

qed
next
show R C ?L



proof
fix z assume z € ?R
hence degree x < p by force
hence z = (> i<p. monom (coeff © i) i)
by (simp add: poly-as-sum-of-monoms’)
also have
o= (02 i<p. smult (coeff x (degree (monom (1::'a) 7))) (monom 1 1))
by (auto simp add: smult-monom degree-monom-eq)
also have
e = o ve{monom 1 z | z. x € {..p}}. smult ((Av. coeff x (degree v)) v) v)
proof (rule sum.reindex-cong)
show inj-on degree {monom (1::'a) = |z. z € {..p}}
proof
fix z
assume z € {monom (1::'a) = |z. z € {..p}}
hence 3 a. £ = monom 1 a by blast
then obtain a where hz: £ = monom 1 a by blast
fix y
assume y € {monom (1:'a) = |z. z € {..p}}
hence 3 b. y = monom 1 b by blast
then obtain b where hy: y = monom 1 b by blast
assume degree x = degree y
thus z = y using hx hy by (simp add: degree-monom-eq)

qed
show {..p} = degree * {monom (1::'a) = |z. z € {..p}}
proof
show {..p} C degree ‘ {monom (1::'a) z |z. z € {..p}}
proof

fix x assume z € {..p}
hence monom (1::'a) z € {monom I z |z. z € {..p}} by force
moreover have degree (monom (1::'a) z) = x
by (simp add: degree-monom-eq)
ultimately show z € degree ‘ {monom (1::'a) z |z. z € {..p}} by auto
qed
show degree ‘ {monom (1::'a) z |z. z € {..p}} C {..p}
by (auto simp add: degree-monom-eq)
qed
next
fix y assume y € {monom (1::a) z |z. x € {..p}}
hence 3z € {..p}. y = monom (1::'a) z by blast
then obtain z where y = monom (1::’a) z by blast
thus
smult (coeff © (degree (monom (1::'a) (degree y)))) (monom (1::'a) (degree
y) =

smult (coeff x (degree y)) y
by (simp add: smult-monom degree-monom-eq)
qed
finally have z = (3 ve{monom 1 z | z. € {..p}}.
smult ((Av. coeff z (degree v)) v) v) .



thus z € ?L by (auto simp add: poly-vs.span-finite)
qed
qed

lemma monom-independent:
poly-vs.independent {monom (1::'a::field) z | x. x < p}
proof (rule poly-vs.independent-if-scalars-zero)
fix f::'a poly = 'a
assume h: (> z€{monom 1 z |z. z < p}. smult (fz) z) = 0
have h": (> i<p. monom (f (monom (1::'a) 7)) i) =
> ze{monom (1::'a) z |x. x < p}. smult (f z) x)
proof (rule sum.reindex-cong)
show inj-on degree {monom (1::a) z |z. x < p}
by (smt (verit) degree-monom-eq inj-on-def mem-Collect-eq zero-neq-one)
show {..p} = degree * {monom (1::'a) z |z. z < p}
proof
show {..p} C degree ‘ {monom (1::'a) z |z. z < p}
proof
fix z assume z € {..p}
then have z = degree (monom (1::'a) z) ANz < p
by (auto simp: degree-monom-eq)
thus z € degree ‘ {monom (1::'a) z |z. z < p}
by blast
qed
show degree ‘ {monom (1::'a) x |z. z < p} C {..p}
by (force simp: degree-monom-eq)
qed
qed (auto simp: degree-monom-eq smult-monom)

fix z::'a poly

assume z € {monom I z |z. z < p}

then obtain y where y < p and = = monom 1 y by blast

hence fz = coeff (3 ze{monom 1 z |z. x < p}. smult (fz) z) y
by (auto simp: coeff-sum h'[symmetric])

thus fz =0
using h by auto
qed force

lemma dim-degree: poly-vs.dim {z. degree v < n} = n + 1
using poly-vs.dim-eq-card-independent| OF monom-independent]
by (auto simp: monom-span|[symmetric] card-image image-Collect[symmetric]
ing-on-def monom-eq-iff )

lemma degree-div:
fixes p ¢::('a::idom-divide) poly
assumes ¢ dvd p
shows degree (p div q) = degree p — degree q using assms
by (metis (no-types, lifting) add-diff-cancel-left’ degree-0 degree-mult-eq
diff-add-zero diff-zero div-by-0 dvd-div-eq-0-iff dvd-mult-div-cancel)



lemma lead-coeff-div:
fixes p ¢::('a::{idom-divide, inverse}) poly
assumes ¢ dvd p
shows lead-coeff (p div q) = lead-coeff p / lead-coeff ¢ using assms
by (smt (23) div-by-0 dvd-div-mult-self lead-coeff-mult leading-coeff-0-iff
nonzero-mult-div-cancel-right)

lemma complex-poly-eq:
r = map-poly of-real (map-poly Re r) + smult 1 (map-poly of-real (map-poly Im

r))

by (auto simp: poly-eq-iff coeff-map-poly complex-eq)

lemma complex-poly-cong:
(map-poly Re p = map-poly Re ¢ A map-poly Im p = map-poly Im q) = (p = q)
by (metis complez-poly-eq)

lemma map-poly-Im-of-real: map-poly Im (map-poly of-real p) = 0
by (auto simp: poly-eq-iff coeff-map-poly)

lemma mult-map-poly-imp-map-poly:
assumes map-poly complex-of-real ¢ = r * map-poly complez-of-real p
p#0
shows r = map-poly complez-of-real (map-poly Re 1)
proof —
have h: Im o (%) i o complez-of-real = id by fastforce
have map-poly complex-of-real ¢ = r * map-poly complex-of-real p
using assms by blast
also have ... = (map-poly of-real (map-poly Re r) +
smult i (map-poly of-real (map-poly Im r))) *
map-poly complex-of-real p
using complez-poly-eq by fastforce
also have ... = map-poly of-real (map-poly Re r * p) +
smult i (map-poly of-real (map-poly Im r x p))
by (simp add: mult-poly-add-left)
finally have map-poly complex-of-real ¢ =
map-poly of-real (map-poly Re r * p) +
smult 1 (map-poly of-real (map-poly Im r x p)) .
hence 0 = map-poly Im (map-poly of-real (map-poly Re r x p) +
smult 1 (map-poly of-real (map-poly Im r x p)))
by (auto simp: complez-poly-cong[symmetric] map-poly-Im-of-real)
also have ... = map-poly of-real (map-poly Im r * p)
apply (rule poly-eql)
by (auto simp: coeff-map-poly coeff-mult)
finally have 0 = map-poly complex-of-real (map-poly Im r) *
map-poly complex-of-real p
by auto
hence map-poly complex-of-real (map-poly Im r) = 0 using assms by fastforce
thus ?thesis apply (subst complex-poly-eq) by auto



qed

lemma map-poly-dvd:
fixes p q:real poly
assumes hdvd: map-poly complez-of-real p dvd
map-poly complex-of-real q q # 0
shows p dvd q
proof —
from hdvd obtain r
where h:map-poly complex-of-real ¢ = r * map-poly complezx-of-real p
by fastforce
hence r = map-poly complezx-of-real (map-poly Re r)
using mult-map-poly-imp-map-poly assms by force
hence map-poly complex-of-real ¢ = map-poly complez-of-real (p * map-poly Re

r)
using h by auto
hence ¢ = p *x map-poly Re r using of-real-poly-eq-iff by blast
thus p dvd q by force
qed

lemma div-poly-eq-0:
fixes p ¢::('a::idom-divide) poly
assumes ¢ dvd p poly (p div qg) z =0 q # 0
shows poly p z = 0
using assms by fastforce

lemma poly-map-poly-of-real-cnj:
poly (map-poly of-real p) (cnj z) = cnj (poly (map-poly of-real p) z)
apply (induction p)
by auto

An induction rule on real polynomials, if P # 0 then either (X — z)|P or
(X — 2)(X — enjz)|P, we induct by dividing by these polynomials.

lemma real-poly-roots-induct:
fixes P::real poly = bool and p::real poly
assumes [H-real: Ap z. Pp = P (p * [i—z, 1:])
and TH-complez: A\p a b. b# 0 = Pp
= P (p * [: axa + bxb, —2xa, 1 :])
and HO: Aa. P [:a]
defines d = degree p
shows P p
using d-def
proof (induction d arbitrary: p rule: less-induct)
fix p::real poly
assume [H: (\q. degree ¢ < degree p = P q)
show P p
proof (cases 0 = degree p)
fix p::real poly assume 0 = degree p
hence 3 a. p = [:a]]



by (simp add: degree-0-iff)
thus P p using HO by blast
next
assume hdeg: 0 # degree p
hence — constant (poly (map-poly of-real p))
by (metis (no-types, opaque-lifting) constant-def constant-degree of-real-eq-iff
of-real-poly-map-poly)
then obtain z::complez where h: poly (map-poly of-real p) z = 0
using fundamental-theorem-of-algebra by blast
show P p
proof cases
assume Im z = 0
hence z = Re z by (simp add: complex-is-Real-iff)
moreover have [:—z, 1:] dvd map-poly of-real p
using h poly-eq-0-iff-dvd by blast
ultimately have [:—(Re z), 1:] dvd p
by (smt (28) dvd-iff-poly-eq-0 h of-real-0 of-real-eq-iff of-real-poly-map-poly)
hence 2:P (p div [:—Re z, 1:])
apply (subst IH)
using hdeg by (auto simp: degree-div)
moreover have 1:p = (p div [:— Re z, 1:]) * —Re z, 1]
by (metis <[:— Re z, 1:] dvd p> dvd-div-mult-self)
ultimately show P p
apply (subst 1)
by (rule IH-real|OF 2])
next
assume Im z # 0
hence heng: cnj z # z by (metis cnj.simps(2) neg-equal-zero)
have h2: poly (map-poly of-real p) (cnj z) = 0
using h poly-map-poly-of-real-cnj by force
have [:—z, 1:] * :—cnj 2z, 1:] dvd map-poly of-real p
proof (rule divides-mult)
have Ac. ¢ dvd [:—z, 1:] = ¢ dvd [:— ¢cnj z, 1:] = is-unit c
proof —
fix ¢
assume h:c dvd [:—z, 1:] hence degree ¢ < [ using divides-degree by
fastforce
hence degree ¢ = 0 V degree ¢ = 1 by linarith
thus c dvd [:— cnj z, 1:] = is-unit ¢
proof
assume degree ¢ = ()
moreover have ¢ # ( using h by fastforce
ultimately show is-unit ¢ by (simp add: is-unit-iff-degree)

next
assume hdeg: degree ¢ = 1
then obtain z where I:[:—z, 1:] = zxc using h by fastforce
hence degree [:—z, 1:] = degree x + degree ¢

by (metis add.inverse-neutral degree-mult-eq mult-cancel-right
mult-poly-0-left pCons-eq-0-iff zero-neg-neg-one)



hence degree © = 0 using hdeg by auto
then obtain z’ where 2: z = [:z"] using degree-0-iff by auto
assume c dvd [:—cnj z, 13
then obtain y where 3: [:—cnj 2z, 1:] = yxc by fastforce
hence degree [:—cnj z, 1:] = degree y + degree c
by (metis add.inverse-neutral degree-mult-eq mult-cancel-right
mult-poly-0-left pCons-eq-0-iff zero-neg-neg-one)
hence degree y = 0 using hdeg by auto
then obtain y’ where 4: y = [:y":] using degree-0-iff by auto
moreover from hdeg obtain a b where 5:¢ = [:a, b:] and 6: b # 0
by (meson degree-eq-oneE)
from 1 2 5 6 have z’ = inverse b by (auto simp: field-simps)
moreover from 3 4 5 6 have y’ = inverse b by (auto simp: field-simps)
ultimately have x = y using 2 4 by presburger
then have z = c¢nj z using 1 8 by (metis neg-equal-iff-equal pCons-eq-iff)
thus is-unit ¢ using hcnj by argo
qed
qed
thus coprime [:— z, 1:] :— cnj 2z, 1:] by (meson not-coprimeF)
show [:— z, 1:] dvd map-poly complez-of-real p
using h poly-eq-0-iff-dvd by auto
show [:— c¢nj z, 1:] dvd map-poly complex-of-real p
using h2 poly-eq-0-iff-dvd by blast
qed
moreover have [:— z, 1:] x [:(— enj 2z, 1:] =
map-poly of-real [:Re zxRe z + Im z«xIm z, —2xRe z, 1]
by (auto simp: complex-eql)
ultimately have hdvd:
map-poly complex-of-real [:Re zxRe z + Im zxIm z, —2xRe z, 1:] dvd
map-poly complex-of-real p
by force
hence [:Re z«Re z + Im zxIm z, —2xRe z, 1:] dvd p using map-poly-dvd
by blast
hence 2:P (p div [:Re z«xRe z + Im z+xIm z, —2xRe z, 1:])
apply (subst IH)
using hdeg by (auto simp: degree-div)
moreover have I:
p = (p div [:Re zxRe z + Im zxIm z, —2%Re z, 1:]) *
[[Re z%Re z + Im zxIm z, —2xRe z, 1:]
apply (subst dvd-div-mult-self)
using <[:Re zxRe z + Im zxIm z, —2xRe z, 1:] dvd p> by auto
ultimately show P p
apply (subst 1)
apply (rule IH-complex[of Im z - Re z])
apply (meson «(Im z # 0»)
by blast
qed
qged
qed
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1.3 The reciprocal polynomial

definition reciprocal-poly :: nat = 'a::zero poly = 'a poly
where reciprocal-poly p P =
Poly (rev ((coeffs P) Q (replicate (p — degree P) 0)))

lemma reciprocal-0: reciprocal-poly p 0 = 0 by (simp add: reciprocal-poly-def)

lemma reciprocal-1: reciprocal-poly p 1 = monom 1 p
by (simp add: reciprocal-poly-def monom-altdef Poly-append)

lemma coeff-reciprocal:
assumes hi: i < p and hP: degree P < p
shows coeff (reciprocal-poly p P) i = coeff P (p — 1)
proof cases
assume i < p — degree P
hence degree P < p — i using hP by linarith
thus coeff (reciprocal-poly p P) i = coeff P (p — i)
by (auto simp: reciprocal-poly-def nth-default-append coeff-eq-0)
next
assume h: =i < p — degree P
show coeff (reciprocal-poly p P) i = coeff P (p — 1)
proof cases
assume P = (
thus coeff (reciprocal-poly p P) i = coeff P (p — )
by (simp add: reciprocal-0)
next
assume hP": P # 0
have degree P > p — i using h hP by linarith
moreover hence (i — (p — degree P)) < length (rev (coeffs P))
using hP’ hP hi by (auto simp: length-coeffs)
thus coeff (reciprocal-poly p P) i = coeff P (p — 1)
by (auto simp: reciprocal-poly-def nth-default-append coeff-eq-0 hP hP’
nth-default-nth rev-nth calculation coeffs-nth length-coeffs-degree)
qed
qed

lemma coeff-reciprocal-less:
assumes hn: p < i and hP: degree P < p
shows coeff (reciprocal-poly p P) i = 0
proof cases
assume P = 0
thus ?thesis by (auto simp: reciprocal-0)
next
assume P # 0
thus ?thesis
using hn
by (auto simp: reciprocal-poly-def nth-default-append
nth-default-eq-dfit-iff hP length-coeffs)
qed

11



lemma reciprocal-monom:
assumes n < p
shows reciprocal-poly p (monom a n) = monom a (p—n)
proof (cases a=0)
case True
then show %thesis by (simp add: reciprocal-0)
next
case Fulse
with «n<p» show ?thesis
apply (rule-tac poly-eql)
by (metis coeff-monom coeff-reciprocal coeff-reciprocal-less
diff-diff-cancel diff-le-self lead-coeff-monom not-le-imp-less)
qed

lemma reciprocal-degree: reciprocal-poly (degree P) P = reflect-poly P
by (auto simp add: reciprocal-poly-def reflect-poly-def)

lemma degree-reciprocal:
fixes P :: (‘a::zero) poly
assumes hP: degree P < p
shows degree (reciprocal-poly p P) < p
proof (auto simp add: reciprocal-poly-def)
have degree (reciprocal-poly p P) <
length (replicate (p — degree P) (0::'a) @ rev (coeffs P))
by (metis degree-Poly reciprocal-poly-def rev-append rev-replicate)
thus degree (Poly (replicate (p — degree P) 0 @ rev (coeffs P))) < p
by (smt Suc-le-mono add-Suc-right coeffs-Poly degree-0 hP le-SucE le-Sucl
le-add-diff-inverse2 le-zero-eq length-append length-coeffs-degree
length-replicate length-rev length-strip-while-le reciprocal-0
reciprocal-poly-def rev-append rev-replicate)
qed

lemma reciprocal-0-iff:
assumes hP: degree P < p
shows (reciprocal-poly p P = 0) = (P = 0)
proof
assume h: reciprocal-poly p P = 0
show P = 0
proof (rule poly-eql)
fix n
show coeff P n = coeff 0 n
proof cases
assume hn: n < p
hence p — n < p by auto
hence coeff (reciprocal-poly p P) (p — n) = coeff P n
using hP hn by (auto simp: coeff-reciprocal)
thus ?thesis using h by auto
next

12



assume hn: - n < p
thus ?thesis using hP by (metis coeff-0 dual-order.trans le-degree)
qed
qed
next
assume P = (
thus reciprocal-poly p P = 0 using reciprocal-0 by fast
qed

lemma poly-reciprocal:
fixes P::'a::field poly
assumes hp: degree P < p and hz: x # 0
shows poly (reciprocal-poly p P) x = " p * (poly P (inverse z))
proof —
have poly (reciprocal-poly p P) x
= poly ((Poly ((replicate (p — degree P) 0) Q rev (coeffs P)))) x
by (auto simp add: hx reflect-poly-def reciprocal-poly-def)
also have ... = poly ((monom 1 (p — degree P)) * (reflect-poly P)) x
by (auto simp add: reflect-poly-def Poly-append)
also have ... = 27 (p — degree P) x x ~ degree P * poly P (inverse x)
by (auto simp add: poly-reflect-poly-nz poly-monom hir)
also have ... = 7 p * poly P (inverse z)
by (auto simp add: hp power-add[symmetric])
finally show ?thesis .
qed

lemma reciprocal-fcompose:
fixes P::(‘a::{ring-char-0,field}) poly
assumes hP: degree P < p
shows reciprocal-poly p P = monom 1 (p — degree P) x fcompose P 1 [:0, 1:]
proof (rule poly-eq-by-eval, cases)
fix z::'a
assume hz: z = 0
hence poly (reciprocal-poly p P) © = coeff P p
using kP by (auto simp: poly-0-coeff-0 coeff-reciprocal)
moreover have poly (monom 1 (p — degree P)
* fcompose P 1 [:0, 1:]) © = coeff P p
proof cases
assume degree P = p
thus ?thesis
apply (induction P arbitrary: p)
using hz by (auto simp: poly-monom degree-0-iff fcompose-pCons)
next
assume degree P # p
hence degree P < p using hP by auto
thus ?thesis
using hz by (auto simp: poly-monom coeff-eq-0)
qged
ultimately show poly (reciprocal-poly p P) x = poly (monom 1 (p — degree P)
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* fcompose P 1 [:0, 1:])
by presburger
next
fix z::'a assume z # 0
thus poly (reciprocal-poly p P) © =
poly (monom 1 (p — degree P) x fcompose P 1 [:0, 1:]) =
using AP
by (auto simp: poly-reciprocal poly-fcompose inverse-eg-divide
poly-monom power-diff)
qed

lemma reciprocal-reciprocal:
fixes P :: 'a:{field,ring-char-0} poly
assumes hP: degree P < p
shows reciprocal-poly p (reciprocal-poly p P) = P
proof (rule poly-eg-by-eval)
fix z
show poly (reciprocal-poly p (reciprocal-poly p P)) © = poly P x
proof cases
assume z = (
thus poly (reciprocal-poly p (reciprocal-poly p P)) x = poly P x
using hP
by (auto simp: poly-0-coeff-0 coeff-reciprocal degree-reciprocal)
next
assume hz: © # 0
hence poly (reciprocal-poly p (reciprocal-poly p P)) x
=1z " px (inverse x " p * poly P z) using hP
by (auto simp: poly-reciprocal degree-reciprocal)
thus poly (reciprocal-poly p (reciprocal-poly p P)) z = poly P x
using hP hx left-right-inverse-power right-inverse by auto
qed
qed

lemma reciprocal-smult:

fixes P :: 'a::idom poly

assumes h: degree P < p

shows reciprocal-poly p (smult n P) = smult n (reciprocal-poly p P)
proof cases

assume n = 0

thus ?thesis by (auto simp add: reciprocal-poly-def)
next

assume n # 0

thus ?thesis

by (auto simp add: reciprocal-poly-def smult-Poly coeffs-smult
rev-map|symmetric|)

qed

lemma reciprocal-add:
fixes P @ :: 'a::comm-semiring-0 poly

14



assumes degree P < p and degree Q) < p
shows reciprocal-poly p (P + Q) = reciprocal-poly p P + reciprocal-poly p Q

(is 7L = ?R)
proof (rule poly-eql, cases)
fix n

assume n < p
then show coeff 7L n = coeff ?R n
using assms by (auto simp: degree-add-le coeff-reciprocal)
next
fix n assume —n < p
then show coeff 7L n = coeff R n
using assms by (auto simp: degree-add-le coeff-reciprocal-less)
qed

lemma reciprocal-diff:
fixes P Q :: 'a::comm-ring poly
assumes degree P < p and degree Q < p
shows reciprocal-poly p (P — Q) = reciprocal-poly p P — reciprocal-poly p Q
by (metis (no-types, lifting) ab-group-add-class.ab-diff-conv-add-uminus assms
add-diff-cancel degree-add-le degree-minus diff-add-cancel reciprocal-add)

lemma reciprocal-sum:
fixes P :: 'a = 'b::comm-semiring-0 poly
assumes hP: Ak. degree (P k) < p
shows reciprocal-poly p (> k€A. P k) = (3. k€ A. reciprocal-poly p (P k))
proof (induct A rule: infinite-finite-induct)
case (infinite A)
then show ?case by (simp add: reciprocal-0)
next
case empty
then show ?Zcase by (simp add: reciprocal-0)
next
case (insert z F)
assume z ¢ F
and reciprocal-poly p (sum P F) = (Y. k€F. reciprocal-poly p (P k))
and finite F
moreover hence reciprocal-poly p (sum P (insert z F'))
= reciprocal-poly p (P x) + reciprocal-poly p (sum P F)
by (auto simp add: reciprocal-add hP degree-sum-le)
ultimately show reciprocal-poly p (sum P (insert z F'))
= (3" keinsert x F. reciprocal-poly p (P k))
by (auto simp: Groups-Big.comm-monoid-add-class.sum.insert-if )
qed

lemma reciprocal-mult:
fixes P Q::'a::{ring-char-0,field} poly
assumes degree (P x Q) < p
and degree P < p and degree Q < p
shows monom 1 p * reciprocal-poly p (P * Q) =
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reciprocal-poly p P * reciprocal-poly p @
proof (cases P=0 V Q=0)
case True
then show ?thesis using assms(1)
by (auto simp: reciprocal-fcompose feompose-mult)
next
case Fulse
then show ?thesis
using assms
by (auto simp: degree-mult-eq mult-monom reciprocal-fcompose feompose-mult)
qged

lemma reciprocal-reflect-poly:
fixes P::'a::{ring-char-0,field} poly
assumes hP: degree P < p
shows reciprocal-poly p P = monom 1 (p — degree P) x reflect-poly P
proof (rule poly-eql)
fix n
show coeff (reciprocal-poly p P) n =
coeff (monom 1 (p — degree P) x reflect-poly P) n
proof cases
assume n < p
thus ?thesis using hP
by (auto simp: coeff-reciprocal coeff-monom-mult coeff-reflect-poly coeff-eq-0)
next
assume - n < p
thus ?thesis using hP
by (auto simp: coeff-reciprocal-less coeff-monom-mult coeff-reflect-poly)
qed
qed

lemma map-poly-reciprocal:
assumes degree P < pand f0 = 0
shows map-poly f (reciprocal-poly p P) = reciprocal-poly p (map-poly f P)
proof (rule poly-eql)
fix n
show coeff (map-poly f (reciprocal-poly p P)) n =
coeff (reciprocal-poly p (map-poly f P)) n
proof (cases n<p)
case True
then show ?thesis
apply (subst coeff-reciprocal|OF True))
subgoal by (meson assms(1) assms(2) degree-map-poly-le le-trans)
by (simp add: assms(1) assms(2) coeff-map-poly coeff-reciprocal)
next
case Fulse
then show ?thesis
by (metis assms(1) assms(2) coeff-map-poly coeff-reciprocal-less
degree-map-poly-le dual-order.trans lel)
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qed
qed

1.4 More about proots-count

lemma proots-count-monom:
assumes ( ¢ A
shows proots-count (monom 1 d) A =0
using assms by (auto simp: proots-count-def poly-monom)

lemma proots-count-reciprocal:
fixes P::'a::{ring-char-0,field} poly
assumes hP: degree P < p and h0: P # 0 and h0": 0 ¢ A
shows proots-count (reciprocal-poly p P) A = proots-count P {x. inverse x € A}
proof —
have proots-count (reciprocal-poly p P) A =
proots-count (feompose P 1 [:0, 1:]) A
apply (subst reciprocal-fcompose| OF hP], subst proots-count-times)
subgoal using h0 by (metis hP reciprocal-0-iff reciprocal-fcompose)
subgoal using h0' by (auto simp: proots-count-monom)
done

also have ... = proots-count P {z. inverse z € A}
proof (rule proots-fcompose-bij-eq|symmetric])
show bij-betw (Az. poly 1 x / poly [:0, 1:] ) A {z. inverse x € A}
proof (rule bij-betw-imagel)
show inj-on (Az. poly I x / poly [:0, 1:] z) A
by (simp add: inj-on-def)

show (Az. poly 1 x / poly [:0, 1:] ) * A = {x. inverse x € A}

proof
show (Az. poly 1 x / poly [:0, 1:] ) * A C {z. inverse z € A}
by force
show {z. inverse x € A} C (Az. poly 1 = / poly [:0, 1:] z) ‘ A
proof

fix x assume z € {z::'a. inverse x € A}
hence z = poly 1 (inverse x) / poly [:0, 1:] (inverse z) A inverse z € A
by (auto simp: inverse-eq-divide)
thus z € (A\z. poly 1 x / poly [:0, 1:] ) * A by blast
qged
qed
qed
next
show Ve. 1 # smult ¢ [:0, 1]
by (metis coeff-pCons-0 degree-1 lead-coeff-1 pCons-0-0 pcompose-0’
peompose-smult smult-0-right zero-neg-one)
qed (auto simp: assms infinite-UNIV-char-0)
finally show ?thesis by linarith
qed
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lemma proots-count-reciprocal:
fixes P::real poly
assumes hP: degree P < p and h0: P # 0
shows proots-count P {z. 0 <zt ANz < 1} =
proots-count (reciprocal-poly p P) {x. 1 < z}
proof (subst proots-count-reciprocal)
show proots-count P {z. 0 < z Nz < 1} =
proots-count P {x. inverse x € Collect ((<) 1)}
apply (rule arg-cong|of - - proots-count P])
using one-less-inverse-iff by fastforce
qed (use assms in auto)

lemma proots-count-pos:
assumes proots-count P S > 0
shows 3z € S. poly Pz = 0
proof (rule ccontr)
assume - (Fz€S. poly Pz = 0)
hence Az. x € S = poly P x # 0 by blast
hence Az. x € S = order x P = (0 using order-0I by blast
hence proots-count P S = 0 by (force simp: proots-count-def)
thus Fulse using assms by presburger
qed

lemma proots-count-of-root-set:
assumes P # 0 R C S and Az. z€R = poly Pz = 0
shows proots-count P S > card R
proof —
have card R < card (proots-within P S)
apply (rule card-mono)
subgoal using assms by auto
subgoal using assms(2) assms(3) by (auto simp: proots-within-def)
done
also have ... < proots-count P S
by (rule card-proots-within-leqOF assms(1)])
finally show ?thesis .
qed

lemma proots-count-of-root: assumes P # 0 z€S poly P x = 0
shows proots-count P S > 0
using proots-count-of-root-set[of P {z} S] assms by force
1.5 More about changes

lemma changes-nonneg: 0 < changes s
apply (induction xs rule: changes.induct)
by simp-all

lemma changes-replicate-0: shows changes (replicate n 0) = 0
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apply (induction n)
by auto

lemma changes-append-replicate-0: changes (xs Q replicate n 0) = changes xs
proof (induction xzs rule: changes.induct)
case (2 uu)
then show ?case
apply (induction n)
by auto
qged (auto simp: changes-replicate-0)

lemma changes-scale-Cons:
fixes zs:: real list assumes hs: s > 0
shows changes (s * © # zs) = changes (z # xs)
apply (induction s rule: changes.induct)
using assms by (auto simp: mult-less-0-iff zero-less-mult-iff)

lemma changes-scale:
fixes zs:('a::linordered-idom) list
assumes hs: \i. i < n = si> 0 and hn: length zs < n
shows changes [s i * (nth-default 0 zs i). i + [0..<n]] =
using assms
proof (induction xs arbitrary: s n rule: changes.induct)
case I
show ?case by (auto simp: map-replicate-const changes-replicate-0)
next
case (2 uu)
show ?Zcase
proof (cases n)
case (
then show #“thesis by force
next
case (Suc m)
hence map (N\i. s i x nth-default 0 [uu] i) [0..<n] = [s 0 * wu] Q replicate m 0
proof (induction m arbitrary: n)
case (Suc m n)
from Suc have map (Ai. s i * nth-default 0 [uu] ©) [0..<Suc m] =
[s 0 * uu] Q replicate m 0
by meson
hence map (\i. s i * nth-default 0 [uu] ©) [0..<n] =
[s 0 % uu] Q replicate m 0 Q [0]
using Suc by auto
also have ... = [s 0 * uu] Q replicate (Suc m) 0
by (simp add: replicate-append-same)
finally show ?case .
qed fastforce
then show ?thesis
by (metis changes.simps(2) changes-append-replicate-0)
qed

changes xs
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next
case (3 a b s sn)
obtain m where hn: n = m + 2
using 3(5)
by (metis add-2-eq-Suc’ diff-diff-cancel diff-le-self length-Suc-conv
nat-arith.sucl ordered-cancel-comm-monoid-diff-class. add-diff-inverse)
hence h:
map (Xi. s © * nth-default 0 (a # b # xs) ©) [0..<n] =
s0xafs1xb# map (M.
(X i. s (i+2)) i x nth-default 0 (zs) i) [0..<m]
apply (induction m arbitrary: n)
by auto
consider (neg)axb<0 | (nil)b=0 | (pos)—axb<0 N =b=0 by linarith
then show ?case
proof (cases)
case neg
hence
changes (map (Ni. s © * nth-default 0 (a # b # zs) i) [0..<n]) =
1 + changes (s 1 * b # map (Ai. (A 1. s (1+2)) ¢
« nth-default 0 (zs) 1) [0..<m])
apply (subst h)
using 3(4)[of 0] 3(4)[of 1] hn
by (metis (no-types, lifting) changes.simps(3) mult-less-0-iff pos2
mult-pos-pos one-less-numeral-iff semiring-norm(76) trans-less-add2)
also have

... = 1 + changes (map (Mi. s (Suc i) * nth-default 0 (b # xs) i) [0..<Suc

m])
apply (rule arg-cong[of - - X\ z. 1 + changes z])
apply (induction m)
by auto
also have ... = changes (a # b # xs)

apply (subst 3(1)[OF neg])
using 3 neg hn by auto
finally show ?thesis .
next
case nil
hence changes (map (Ai. s i * nth-default 0 (a # b # xs) i) [0..<n]) =
changes (s 0 * a # map (Ai. (X i. s (i+2)) @ * nth-default 0 (zs) 7)
[0..<m])
apply (subst h)
using 3(4)[of 0] 3(4)[of 1] hn
by auto
also have
.. = changes (map
(Xi. s (if i = 0 then 0 else Suc ©) x nth-default 0 (a # zs) 7)
[0..<Suc m])
apply (rule arg-cong[of - - X z. changes z])
apply (induction m)
by auto
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also have ... = changes (a # b # xs)
apply (subst 3(2))
using 3 nil hn by auto

finally show ?thesis .

next
case pos
hence changes (map (Ai. s i * nth-default 0 (a # b # xs) i) [0..<n]) =
changes (s 1 * b # map (Mi. (X i. s (i+2)) i % nth-default 0 (zs) 1)
[0..<m])
apply (subst h)
using 3(4)[of 0] 3(4)[of 1] hn
by (metis (no-types, lifting) changes.simps(3) divisors-zero
mult-less-0-iff nat-1-add-1 not-square-less-zero one-less-numeral-iff
semiring-norm(76) trans-less-add2 zero-less-mult-pos zero-less-two)

also have
.. = changes (map (N\i. s (Suc 7) * nth-default 0 (b # zs) i) [0..<Suc m])
apply (rule arg-cong[of - - A z. changes z])
apply (induction m)
by auto

also have ... = changes (a # b # xs)
apply (subst 3(3))
using 3 pos hn by auto

finally show ?thesis .

qed
qed

lemma changes-scale-const: fixes xs::’a::linordered-idom list
assumes hs: s # 0
shows changes (map ((x) s) zs) = changes zs
apply (induction xs rule: changes.induct)
apply (simp, force)
using hs by (auto simp: mult-less-0-iff zero-less-mult-iff)

lemma changes-snoc: fixes zs::’a::linordered-idom list
shows changes (zs @ [b, a]) = (if a * b < 0 then 1 + changes (xzs @ [b])
else if b = 0 then changes (xs @ [a]) else changes (zs @ [b]))
apply (induction xs rule: changes.induct)
subgoal by (force simp: mult-less-0-iff)
subgoal by (force simp: mult-less-0-iff)
subgoal by force
done

lemma changes-rev: fixes zs:: 'a:linordered-idom list
shows changes (rev zs) = changes xs
apply (induction xs rule: changes.induct)
by (auto simp: changes-snoc)

lemma changes-rev-about: fixes zs:: 'a:linordered-idom list
shows changes (replicate (p — length zs) 0 @ rev xs) = changes s
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proof (induction p)
case (Suc p)
then show ?case
proof cases
assume —Suc p < length xs
hence Suc p — length zs = Suc (p — length xzs) by linarith
thus ?case using Suc.IH changes-rev by auto
qed (auto simp: changes-rev)
qed (auto simp: changes-rev)

lemma changes-add-between:
assumes ¢ < zand z < b
shows changes (as @Q [a, b] @ bs) = changes (as Q [a, x, b] @ bs)
proof (induction as rule: changes.induct)
case I
then show ?case using assms
apply (induction bs)
by (auto simp: mult-less-0-iff)
next
case (2 ¢)
then show ?case
apply (induction bs)
using assms by (auto simp: mult-less-0-iff)
next
case (3 y z as)
then show ?case
using assms by (auto simp: mult-less-0-iff)
qed

lemma changes-all-nonneg: assumes Ai. nth-default 0 zs i > 0 shows changes
x5 = 0
using assms
proof (induction xs rule: changes.induct)
case (3 z1 22 xs)
moreover assume (\i. 0 < nth-default 0 (z1 # 2 # xs) 7)
moreover hence (Ai. 0 < nth-default 0 (z1 # xs) i)
and (A¢. 0 < nth-default 0 (22 # xs) i)
and z1 * 22 > 0
proof —
fix i
assume h:(\i. 0 < nth-default 0 (z1 # 22 # xs) 7)
show 0 < nth-default 0 (z1 # xs) i
proof (cases 1)
case (
then show %thesis using hlof 0] by force
next
case (Suc nat)
then show ?thesis using h[of Suc (Suc nat)] by force
qed
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show 0 < nth-default 0 (z2 # xs) i using h[of Suc i] by simp
show z1xz2 > 0 using h[of 0] hlof 1] by simp
qed
ultimately show ?case by auto
qed auto

lemma changes-pCons: changes (coeffs (pCons 0 f)) = changes (coeffs f)
by (auto simp: cCons-def)

lemma changes-increasing:
assumes Ai. i < lengthzs — 1 = xzs! (i + 1) > zs ! i
and length zs > 1
and hd zs < 0
and last zs > 0
shows changes xs = 1
using assms
proof (induction xs rule:changes.induct)
case (3 = y xs)
consider (neg)zxy<0 | (nil)y=0 | (pos)—xxy<0 A —y=0 by linarith
then show ?case
proof cases
case neg
have changes (y # xzs) = 0
proof (rule changes-all-nonneg)
fix ¢
show 0 < nth-default 0 (y # xs) i
proof (cases i < length (y # xs))
case True
then show ?thesis using 3(4)[of 7]
apply (induction 1)
subgoal using 3(6) neg by (fastforce simp: mult-less-0-iff)
subgoal using 3(4) by (auto simp: nth-default-def)
done
next
case Fulse
then show ?thesis by (simp add: nth-default-def)
qed
qed
thus changes (x # y # zs) = 1
using neg by force
next
case nil
hence zs # [] using 3(7) by force
have h: Ni. i < length (x # xs) — 1 = (x # xs) 1 i < (z # zs) ! (i + 1)
proof —
fix ¢ assume ¢ < length (z # xs) — 1
thus (x # xs) ! i < (x # 2s) ! (i + 1)
apply (cases i = 0)
subgoal using 3(4)[of 0] 3(4)[of 1] <zs # []> by force
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using 3(4)[of i+1] by simp
qed
have changes (x # zs) = 1
apply (rule 3(2))
using nil b <xs # [» 3(6) 3(7) by auto
thus ?thesis
using nil by force
next
case pos
hence zs # [ using 3(6) 3(7) by (fastforce simp: mult-less-0-iff)
have changes (y # xzs) = 1
proof (rule 3(3))
show ~zxy < 0y +# 0
using pos by auto
show Ai. i < length (y # xs) — 1
= (y# ) i< (y#as)! (i + 1)
using 3(4) by force
show 1 < length (y # xs)
using <zs # [|» by force
show hd (y # xs) < 0
using 3(6) pos by (force simp: mult-less-0-iff)
show 0 < last (y # xs)
using 3(7) by force
qed
thus ?thesis using pos by auto
qged
qed auto

end

2 Bernstein Polynomials over the interval [0, 1]

theory Bernstein-01
imports HOL— Computational-Algebra. Computational-Algebra
Budan-Fourier. Budan-Fourier
RRI-Misc
begin

The theorem of three circles is a statement about the Bernstein coefficients
of a polynomial, the coefficients when a polynomial is expressed as a sum of
Bernstein polynomials. These coefficients behave nicely under translations
and rescaling and are the coefficients of a particular polynomial in the [0, 1]
case. We shall define the [0, 1] case now and consider the general case later,
deriving all the results by rescaling.

2.1 Definition and basic results

definition Bernstein-Poly-01 :: nat = nat = real poly where
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Bernstein-Poly-01 j p = (monom (p choose j) j)
% (monom 1 (p—j) op [:1, —1:])

lemma degree-Bernstein:
assumes hb: j < p
shows degree (Bernstein-Poly-01 j p) = p
proof —
have ha: monom (p choose j) j # (0::real poly) using hb by force
have hb: monom 1 (p—j) o, [:1, —1:] # (0::real poly)
proof
assume monom 1 (p—j) o, [:1, —1:] = (0::real poly)
hence lead-coeff (monom 1 (p — j) op [:1, —1:]) = (0::real)
apply (subst leading-coeff-0-iff)
by simp
moreover have lead-coeff (monom (1::real) (p — j)
op [i1, 1) = (= 1) ~(p — j))sreal)
by (subst lead-coeff-comp, auto simp: degree-monom-eq)
ultimately show Fulse by auto
qed
from ha hb show ?thesis
by (auto simp add: Bernstein-Poly-01-def degree-mult-eq
degree-monom-eq degree-pcompose)
qed

lemma coeff-gt:
assumes hb: j > p
shows Bernstein-Poly-01 jp = 0
by (simp add: hb Bernstein-Poly-01-def)

lemma degree-Bernstein-le: degree (Bernstein-Poly-01 j p) < p
apply (cases j < p)
by (simp-all add: degree-Bernstein coeff-gt)

lemma poly-Bernstein-nonneg:
assumes ¢ > ( and 1 > x
shows poly (Bernstein-Poly-01 jp) © > 0
using assms by (simp add: poly-monom poly-pcompose Bernstein-Poly-01-def)

lemma Bernstein-symmetry:
assumes j < p
shows (Bernstein-Poly-01 j p) o, [:1, —1:] = Bernstein-Poly-01 (p—j) p
proof —
have (Bernstein-Poly-01 j p) o, [:1, —1]
= ((monom (p choose j) j) * (monom 1 (p—j) op [:1, —1:])) op [:1, —1:]
by (simp add: Bernstein-Poly-01-def)
also have ... = (monom (p choose (p—j)) j *
(monom 1 (p—j) op [:1, —1:])) o, [:1, —1]
by (fastforce simp: binomial-symmetric|OF assms))
also have ... = monom (p choose (p—j)) j op [:1, —1:] *
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(monom 1 (p=3)) op ([:1, —13] o, [:1, —1:)
by (force simp: pcompose-mult pcompose-assoc)

also have ... = (monom (p choose (p—j)) j op [:1, —1:]) * monom 1 (p—j)
by (force simp: pcompose-pCons)
also have ... = smult (p choose (p—j)) (monom 1 j o, [:1, —1:])

x monom 1 (p—j)
by (simp add: assms smult-monom pcompose-smult[symmetric])
also have ... = (monom 1 j o, [:1, —1:]) x monom (p choose (p—j)) (p—j)
apply (subst mult-smult-left)
apply (subst mult-smult-right[symmetric])
apply (subst smult-monom)
by force
also have ... = Bernstein-Poly-01 (p—j) p using assms
by (auto simp: Bernstein-Poly-01-def)
finally show ?thesis .
qed

2.2 Bernstein-Poly-01 and reciprocal-poly

lemma Bernstein-reciprocal:
reciprocal-poly p (Bernstein-Poly-01 i p)
= smult (p choose i) ([:—1, 1:] (p—1))
proof cases
assume i < p
hence reciprocal-poly p (Bernstein-Poly-01 i p) =
reciprocal-poly (degree (Bernstein-Poly-01 i p)) (Bernstein-Poly-01 i p)
by (auto simp: degree-Bernstein)

also have ... = reflect-poly (Bernstein-Poly-01 i p)
by (rule reciprocal-degree)
also have ... = smult (p choose i) ([:—1, 1:] (p—1))

by (auto simp: Bernstein-Poly-01-def reflect-poly-simps monom-altdef
pcompose-pCons reflect-poly-pCons’ hom-distribs)
finally show ?thesis .
next
assume h:— i < p
hence reciprocal-poly p (Bernstein-Poly-01 i p) = (0::real poly)
by (auto simp: coeff-gt reciprocal-poly-def)
also have ... = smult (p choose i) ([:—1, 1:] (p — i)) using h
by fastforce
finally show ?thesis .
qged

lemma Bernstein-reciprocal-translate:
reciprocal-poly p (Bernstein-Poly-01 i p) o, [:1, 1] =
monom (p choose i) (p — 7)
by (auto simp: Bernstein-reciprocal pcompose-smult pcompose-pCons monom-altdef
hom-distribs)

lemma coeff-Bernstein-sum-01: fixes b::nat = real assumes hi: p > i
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shows
coeff (reciprocal-poly p
(>-x = 0..p. smult (b z) (Bernstein-Poly-01 z p)) o, [:1, 1:])
(p — i) = (p choose ©) x (b i) (is ?L = ?R)
proof —
define P where P = (> z = 0..p. (smult (b x) (Bernstein-Poly-01 x p)))

have Az. degree (smult (b x) (Bernstein-Poly-01 z p)) < p
proof —
fix z
show degree (smult (b x) (Bernstein-Poly-01 x p)) < p
apply (cases x < p)
by (auto simp: degree-Bernstein coeff-gt)
qed
hence reciprocal-poly p P =
(3" = 0..p. reciprocal-poly p (smult (b z) (Bernstein-Poly-01 z p)))
apply (subst P-def)
apply (rule reciprocal-sum)
by presburger
also have
=02z = 0..p. (smult (b z x (p choose 1)) (:—1, 1:] (p—=1))))
proof (rule sum.cong)
fix z assume z € {0..p}
hence z < p by simp
thus reciprocal-poly p (smult (b z) (Bernstein-Poly-01 x p)) =
smult ((b x) x (p choose x)) ([—1, 1:] (p—x))
by (auto simp add: reciprocal-smult degree-Bernstein Bernstein-reciprocal)
qed (simp)
finally have
reciprocal-poly p P =
Oz = 0..p. (smult (b ) x (p choose x)) ([:—1, 1:] (p—1x)))) .
hence
(reciprocal-poly p P) o, [:1, 1:] =
Oz = 0..p. (smult (b ) * (p choose z)) (—1, 1:] (p—x))) op [:1, 1:])
by (simp add: pcompose-sum pcompose-add)
also have ... = (3 z = 0..p. (monom ((b z) = (p choose z)) (p — x)))
proof (rule sum.cong)
fix z assume z € {0..p}
hence z < p by simp
thus smult (b z * (p choose z)) (— 1, 1:] ~(p — x)) op [:1, 1:] =
monom (b x * (p choose z)) (p — )
by (simp add: hom-distribs pcompose-smult pcompose-pCons monom-altdef)
qed (simp)
finally have (reciprocal-poly p P) o, [:1, 1:] =
-z = 0..p. (monom ((b z) x (p choose z)) (p — z))) .
hence ?L = (> xz = 0..p. if p — © = p — i then b x * real (p choose z) else 0)
by (auto simp add: P-def coeff-sum)
also have ... = (D 2 = 0..p. if x = i then b x x real (p choose z) else 0)
proof (rule sum.cong)
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fix z assume z € {0..p}
hence z < p by simp
thus (if p — 2 = p — @ then b © * real (p choose z) else 0) =
(if . = i then b x % real (p choose z) else 0) using hi
by (auto simp add: lel)

qed (simp)
also have ... = ?R by simp
finally show ?thesis .

qed

lemma Bernstein-sum-01: assumes hP: degree P < p
shows
P=( j=0.p. smult
(inverse (real (p choose j)) *
coeff (reciprocal-poly p P o, [:1, 1:]) (p—7))
(Bernstein-Poly-01 j p))
proof —
define @) where @) = reciprocal-poly p P o, [:1, 1:]
from hP Q-def have hQ: degree Q < p
by (auto simp: degree-reciprocal degree-pcompose)
have reciprocal-poly p (>_j = 0..p.
smult (inverse (real (p choose j)) * coeff Q (p—j))
(Bernstein-Poly-01 j p)) op [:1, 1:] = Q
proof (rule poly-eql)
fix n
show coeff (reciprocal-poly p (37 = 0..p.
smult (inverse (real (p choose j)) * coeff Q (p—j))
(Bernstein-Poly-01 j p)) o, [:1, 1:]) n = coeff Q n
(is ?L = ?R)
proof cases
assume hn: n < p
hence ?L = coeff (reciprocal-poly p (3.5 = 0..p.
smult (inverse (real (p choose j)) x coeff @ (p—7))
(Bernstein-Poly-01 j p)) o, [:1, 1:]) (p — (p — n))
by force
also have ... = (p choose (p—n)) *
(inverse (real (p choose (p—n))) *
coeff Q (p—(p—n)))
apply (subst coeff-Bernstein-sum-01)
by auto
also have ... = 7R using hn
by fastforce
finally show 7L = ?R .
next
assume hn: - n < p
have degree (3.7 = 0..p.
smult (inverse (real (p choose j)) * coeff Q (p — 7))
(Bernstein-Poly-01 j p)) < p
proof (rule degree-sum-le)
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fix ¢ assume q € {0..p}
hence ¢ < p by fastforce
thus degree (smult (inverse (real (p choose q)) *
coeff @ (p — q)) (Bernstein-Poly-01 q p)) < p
by (auto simp add: degree-Bernstein degree-smult-le)
qed simp
hence degree (reciprocal-poly p (3. j = 0..p.
smult (inverse (real (p choose j)) = coeff @ (p — j))
(Bernstein-Poly-01 j p)) o, [:1, 1:]) < p
by (auto simp add: degree-pcompose degree-reciprocal)
hence ?L = 0 using hn by (auto simp add: coeff-eq-0)
thus L = R using hQ hn by (simp add: coeff-eq-0)
qed
qed
hence reciprocal-poly p P o, [:1, 1] =
reciprocal-poly p (37 = 0..p.
smult (inverse (real (p choose 7)) *
coeff (reciprocal-poly p P o, [:1, 1:]) (p—3))
(Bernstein-Poly-01 j p)) op [:1, 1:]
by (auto simp: degree-reciprocal degree-pcompose Q-def)
hence reciprocal-poly p P o, ([:1, 1] o, [—1, 1:]) =
reciprocal-poly p (3.7 = 0..p. smult (inverse (real (p choose j)) *
coeff (reciprocal-poly p P o, [:1, 1:]) (p—3))
(Bernstein-Poly-01 j p)) o, ([:1, 1:] o, [:—1, 1:])
by (auto simp: pcompose-assoc)
hence reciprocal-poly p P = reciprocal-poly p (> 7 = 0..p.
smult (inverse (real (p choose 7)) *
coeff (reciprocal-poly p P o, [:1, 1:]) (p—j)) (Bernstein-Poly-01 j p))
by (auto simp: pcompose-pCons)
hence reciprocal-poly p (reciprocal-poly p P) =
reciprocal-poly p (reciprocal-poly p (3. j = 0..p.
smult (inverse (real (p choose 7)) *
coeff (reciprocal-poly p P o, [:1, 1:]) (p—j)) (Bernstein-Poly-01 j p)))
by argo
thus P = (3§ = 0..p. smult (inverse (real (p choose 7)) x
coeff (reciprocal-poly p P o, [:1, 1:]) (p—j)) (Bernstein-Poly-01 j p))
using AP by (auto simp: reciprocal-reciprocal degree-sum-le degree-smult-le
degree-Bernstein degree-add-le)
qed

lemma Bernstein-Poly-01-spanli :
assumes hP: degree P < p
shows P € poly-vs.span {Bernstein-Poly-01 x p | z. © < p}
proof —
have Bernstein-Poly-01 x p
€ poly-vs.span { Bernstein-Poly-01 = p |z. © < p}
if x € {0..p} for z
proof —
have dn. Bernstein-Poly-01 © p = Bernstein-Poly-01 np A n < p
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using that by force
then show
Bernstein-Poly-01 = p € poly-vs.span {Bernstein-Poly-01 n p |n. n < p}
by (simp add: poly-vs.span-base)
qged
thus ?thesis
apply (subst Bernstein-sum-01[OF hP))
apply (rule poly-vs.span-sum)
apply (rule poly-vs.span-scale)
by blast
qged

lemma Bernstein-Poly-01-span:
poly-vs.span {Bernstein-Poly-01 z p | z. © < p}
= {x. degree © < p}
apply (subst monom-span|[symmetric])
apply (subst poly-vs.span-eq)
by (auto simp: monom-span degree-Bernstein-le
Bernstein-Poly-01-spanl degree-monom-eq)

2.3 Bernstein coefficients and changes

definition Bernstein-coeffs-01 :: nat = real poly = real list where
Bernstein-coeffs-01 p P =
[(inverse (real (p choose 7)) *
coeff (reciprocal-poly p P o, [:1, 1:]) (p—j)). 7 + [0..<(p+1)]]

lemma length-Bernstein-coeffs-01: length (Bernstein-coeffs-01 p P) = p + 1
by (auto simp: Bernstein-coeffs-01-def)

lemma nth-default- Bernstein-coeffs-01: assumes degree P < p
shows nth-default 0 (Bernstein-coeffs-01 p P) i =
inverse (p choose i)  coeff (reciprocal-poly p P o, [:1, 1:]) (p—7)
apply (cases p = i)
using assms by (auto simp: Bernstein-coeffs-01-def nth-default-append
nth-default-Cons Nitpick.case-nat-unfold binomial-eq-0)

lemma Bernstein-coeffs-01-sum: assumes degree P < p
shows P = (> j = 0..p. smult (nth-default 0 (Bernstein-coeffs-01 p P) )
(Bernstein-Poly-01 j p))
apply (subst nth-default-Bernstein-coeffs-01[OF assms])
apply (subst Bernstein-sum-01[OF assms))
by argo

definition Bernstein-changes-01 :: nat = real poly = int where
Bernstein-changes-01 p P = nat (changes (Bernstein-coeffs-01 p P))

lemma Bernstein-changes-01-def’:
Bernstein-changes-01 p P = nat (changes [(inverse (real (p choose 7)) *
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coeff (reciprocal-poly p P o, [:1, 1:]) (p—34)). j < [0..<p + 1]])
by (simp add: Bernstein-changes-01-def Bernstein-coeffs-01-def)

lemma Bernstein-changes-01-eq-changes:
assumes hP: degree P < p
shows Bernstein-changes-01 p P =
changes (coeffs ((reciprocal-poly p P) o, [:1, 1:]))
proof (subst Bernstein-changes-01-def’)
have h:
map (Aj. inverse (real (p choose j)) *
coeff (reciprocal-poly p P o, [:1, 1:]) (p — j)) [0.<p + 1] =
map (Aj. inverse (real (p choose j)) *
nth-default 0 [nth-default 0 (coeffs (reciprocal-poly p P o, [:1, 1:]))
(p—3). 5« [0.<p+ 1] j) [0.<p + 1]
proof (rule map-cong)
fix z
assume z € set [0..<p+1]
hence hz: © < p by fastforce
moreover have I:
length (map (N\j. nth-default 0
(coeffs (reciprocal-poly p P o, [:1, 1:])) (p — j)) [0..<p + 1]) < Suc p
by force
moreover have length (coeffs (reciprocal-poly p P o, [:1, 1:])) < Suc p
proof (cases P=0)
case Fulse
then have reciprocal-poly p P o, [:1, 1:] # 0
using hP by (simp add: pcompose-eq-0-iff reciprocal-0-iff)
moreover have Suc (degree (reciprocal-poly p P o, [:1, 1:])) < Suc p
using hP by (auto simp: degree-reciprocal)
ultimately show ?thesis
using length-coeffs-degree by force
qed (auto simp: reciprocal-0)
ultimately have h:
nth-default 0 (map (Nj. nth-default 0 (coeffs
(reciprocal-poly p P o, [:1, 13])) (p — j)) [0..<p + 1]) z =
nth-default 0 (coeffs (reciprocal-poly p P o, [:1, 1:])) (p — x)
(is 7L = 7R)
proof —
have 7L = (map (N\j. nth-default 0 (coeffs
(reciprocal-poly p P oy, [:1, 1:])) (p — ) [0.<p + 1]) L @
using hz by (auto simp: nth-default-nth)
also have ... = nth-default 0
(coeffs (reciprocal-poly p P o, [:1, 1:])) (p — [0..<p + 1] ! z)
apply (subst nth-map)
using hx by auto
also have ... = 7R
apply (subst nth-upt)
using hx by auto
finally show ?thesis .
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qed
show inverse (real (p choose x)) *
coeff (reciprocal-poly p P o, [:1, 1:]) (p — ) =
inverse (real (p choose x)) *
nth-default 0 (map (N\j. nth-default 0
(coeffs (reciprocal-poly p P o, [:1, 1:])) (p — j)) [0..<p + 1]) z
apply (subst h)
apply (subst nth-default-coeffs-eq)
by blast
ged auto

have 1:
rev (map (Aj. nth-default 0 (coeffs (reciprocal-poly p P o, [:1, 1:]))
(p—5) [0..<p + 1]) = map (Nj. nth-default 0 (coeffs
(reciprocal-poly p P o, [:1, 1:])) §) [0..<p + 1]
proof (subst rev-map, rule map-cong’)
have Aq. (¢ > p — rev [q—p..<q+1] = map ((—) ¢) [0..<p+1])
proof (induction p)
case (
then show ?Zcase by simp
next
case (Suc p)
have IH: Nq. (¢ > p — rev [qg—p..<q+1] = map ((—) q) [0..<p+1])
using Suc.IH by blast
show ?case
proof
assume hq: Suc p < q
then have h: rev [¢ — p..<q + 1] = map ((—) (¢)) [0..<p + 1]
apply (subst IH)
using hq by auto
have [¢ — Suc p.<q+ 1] = (¢ — Suc p) # [q — p..<q + 1]
by (simp add: Suc-diff-Suc Suc-le-lessD hq upt-conv-Cons)
hence rev [¢ — Suc p..<q + 1] = rev [¢ — p..<q + 1] @ [g — Suc p]

by force
also have ... = map ((—) (¢)) [0..<p + 1] @ [¢ — Suc p]
using h by blast
also have ... = map ((=) q) [0..<Suc p + 1]
by force
finally show rev [¢ — Suc p..<q + 1] = map ((—) q) [0..<Suc p + 1] .
qed
qed
thus rev [0..<p + 1] = map ((—=) p) [0..<p + 1]
by force
next
fix y

assume y € set [0..<p + 1]

hence y < p by fastforce

thus nth-default 0 (coeffs (reciprocal-poly p P o, [:1, 1:])) (p — (p — y)) =
nth-default 0 (coeffs (reciprocal-poly p P o, [:1, 1:])) y
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by fastforce
qed

have 2: \ f. f # 0 — degree f < p —
map (nth-default 0 (coeffs f)) [0..<p + 1] =
coeffs f Q replicate (p — degree f) 0
proof (induction p)
case 0
then show Zcase by (auto simp: degree-0-iff)
next
fix f
case (Suc p)
hence IH: (f # 0 —
degree f < p —
map (nth-default 0 (coeffs f)) [0.<p + 1] =
coeffs f @Q replicate (p — degree f) 0) by blast
then show ?case
proof (cases)
assume h': Suc p = degree f
hence h: [0..<Suc p + 1] = [0..<length (coeffs f)]
by (metis add-is-0 degree-0 length-coeffs plus-1-eq-Suc zero-neq-one)
thus ?thesis
apply (subst h)
apply (subst map-nth-default)
using h’ by fastforce
next
assume h': Suc p # degree f
show ?thesis
proof
assume hf: f # 0
show degree f < Suc p —
map (nth-default 0 (coeffs f)) [0..<Suc p + 1] =
coeffs f Q replicate (Suc p — degree f) 0
proof
assume degree f < Suc p
hence 1: degree f < p using h' by fastforce
hence 2: map (nth-default 0 (coeffs f)) [0.<p + 1] =
coeffs f Q replicate (p — degree f) 0 using IH hf by blast
have map (nth-default 0 (coeffs f)) [0..<Suc p + 1] =
map (nth-default 0 (coeffs f)) [0..<p + 1] @
[nth-default 0 (coeffs f) (Suc p)]
by fastforce

also have
.. = coeffs f Q replicate (p — degree f) 0 Q [coeff f (Suc p)]
using 2
by (auto simp: nth-default-coeffs-eq)
also have ... = coeffs f @ replicate (p — degree f) 0 Q [0]
using «degree f < Suc p» h' le-antisym le-degree by blast
also have ... = coeffs f @ replicate (Suc p — degree f) 0 using 1
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by (simp add: Suc-diff-le replicate-app-Cons-same)
finally show map (nth-default 0 (coeffs f)) [0..<Suc p + 1] =
coeffs f Q replicate (Suc p — degree f) 0
qed
qed
qed
qed

(p choose j)) *
) [0.<p + 1)) =
, 1:]))

thus int (nat (changes (map (Aj. inverse (real
coeff (reciprocal-poly p P o, [:1, 1:]) (p —
changes (coeffs (reciprocal- poly p Po, |1
proof cases

assume hP: P = 0

show int (nat (changes (map (Aj. inverse (real (p choose j)) x*
coeff (reciprocal-poly p P o, [:1, 1:]) (p — 4)) [0..<p + 1]))) =
changes (coeffs (reciprocal- poly p Po, [:1, 13])) (is ?L = ?R)

proof —

have ?L = int (nat (changes (map (\j. 0::real) [0..<p+1])))
using hP by (auto simp: reciprocal-0 changes-nonneg)
also have ... = 0
by (induction p) (auto simp: map-replicate-trivial changes-nonneg repli-
cate-app-Cons-same)
also have 0 = changes ([]::real list) by simp

also have ... = YR using hP by (auto simp: reciprocal-0)
finally show ?Zthesis .
qged
next

assume hP": P # 0
thus ?thesis
apply (subst h)
apply (subst changes-scale)
apply auto[2]
apply (subst changes-rev[symmetric])
apply (subst 1)
apply (subst 2)
apply (simp add: hP pcompose-eq-0-iff reciprocal-0-iff)
apply (simp add: pcompose-eq-0 hP reciprocal-0-iff )
using assms apply (auto simp: degree-reciprocal)[1]
by (auto simp: changes-append-replicate-0 changes-nonneg)
qed
qed

lemma Bernstein-changes-01-test: fixes P::real poly
assumes hP: degree P < p and h0: P # 0
shows proots-count P {z. 0 < z A © < 1} < Bernstein-changes-01 p P A
even (Bernstein-changes-01 p P — proots-count P {z. 0 < z Nz < 1})
proof —
let Q) = (reciprocal-poly p P) o, [:1, 1:]
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have 7Q) # 0
using Bernstein-sum-01 h0 hP by fastforce
then have 1: changes (coeffs ?Q)) > proots-count ?Q {z. 0 < x} A
even (changes (coeffs 2Q) — proots-count ?Q {z. 0 < z})
by (metis descartes-sign)

have ((+) (1::real) ¢ Collect ((<) (0::real))) = {z. (1::real)<z}
proof
show {z::real. 1 < 2} C (+) I ¢ Collect ((<) 0)
proof
fix z::real assume z € {z. 1 < z}
hence I < z by simp
hence —1 + z € Collect ((<) 0) by auto
hence I + (=1 + z) € (+) 1 * Collect ((<) 0) by blast
thus = € (+) 1 “ Collect ((<) 0) by argo
qed
qged auto
hence 2: proots-count P {z. 0 < x A x < 1} = proots-count ?Q {z. 0 < x}
using assms
by (auto simp: proots-pcompose reciprocal-0-iff proots-count-reciprocal’)

show ?thesis
apply (subst Bernstein-changes-01-eq-changes|OF hP])
apply (subst Bernstein-changes-01-eq-changes|OF hP])
apply (subst 2)
apply (subst 2)
by (rule 1)
qed

2.4 Expression as a Bernstein sum

lemma Bernstein-coeffs-01-0: Bernstein-coeffs-01 p 0 = replicate (p+1) 0
by (auto simp: Bernstein-coeffs-01-def reciprocal-0 map-replicate-trivial
replicate-append-same)

lemma Bernstein-coeffs-01-1: Bernstein-coeffs-01 p 1 = replicate (p+1) 1
proof —
have Bernstein-coeffs-01 p 1 =
map (Nj. inverse (real (p choose j)) *
coeff (O k<p. smult (real (p choose k)) ([:0, 1:] k) (p — 7)) [0..<(p+1)]
by (auto simp: Bernstein-coeffs-01-def reciprocal-1 monom-altdef
hom-distribs pcompose-pCons poly-0-coeff-0[symmetric] poly-binomial)
also have ... = map (\j. inverse (real (p choose j)) *
real (p choose (p — 7))) [0..<(p+1)]
by (auto simp: monom-altdef[symmetric] coeff-sum binomial)
also have ... = map (Aj. 1) [0..<(p+1)]
apply (rule map-cong)
subgoal by argo
subgoal apply (subst binomial-symmetric)
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by auto
done
also have ... = replicate (p+1) 1
by (auto simp: map-replicate-trivial replicate-append-same)
finally show ?thesis .
qed

lemma Bernstein-coeffs-01-x: assumes p # 0
shows Bernstein-coeffs-01 p (monom 1 1) = [i/p. i + [0..<(p+1)]]
proof —
have
Bernstein-coeffs-01 p (monom 1 1) = map (N\j. inverse (real (p choose j)) *
coeff (monom 1 (p — Suc 0) o, [:1, 1:]) (p — 4)) [0..<(p+1)]
using assms by (auto simp: Bernstein-coeffs-01-def reciprocal-monom)
also have
.. = map (Aj. inverse (real (p choose j)) *
(3" k<p — Suc 0. coeff (monom (real (p — 1 choose k)) k) (p — 7)) [0..<(p+1)]
by (auto simp: monom-altdef hom-distribs pcompose-pCons poly-binomial co-

eff-sum)

also have... = map (\j. inverse (real (p choose j)) *
real (p — 1 choose (p — j))) [0..<(p+1)]
by auto
also have ... = map (A\j. j/p) [0..<(p+1)]

proof (rule map-cong)
fix z assume z € set [0..<(p+1)]
hence z < p by force
thus inverse (real (p choose z)) * real (p — 1 choose (p — x)) =
real x / real p
proof (cases z = 0)
show z = 0 = ?thesis
using assms by fastforce
assume [: z < pand 2: z # 0
hence p — z < p — 1 by force
hence (p — 1 choose (p — z)) = (p — 1 choose (z — 1))
apply (subst binomial-symmetric)
using 1 2 by auto
hence z * (p choose ©) = p * (p — 1 choose (p — x))
using 2 times-binomial-minusi-eq by simp
hence real © * real (p choose x) = real p % real (p — 1 choose (p — x))
by (metis of-nat-mult)
thus “thesis using 1 2
by (auto simp: divide-simps)
qed
qed blast
finally show ?thesis .
qed

lemma Bernstein-coeffs-01-add:
assumes degree P < p and degree Q) < p
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shows nth-default 0 (Bernstein-coeffs-01 p (P + Q)) i =
nth-default 0 (Bernstein-coeffs-01 p P) i +
nth-default 0 (Bernstein-coeffs-01 p Q) ©
using assms by (auto simp: nth-default-Bernstein-coeffs-01 degree-add-le
reciprocal-add pcompose-add algebra-simps)

lemma Bernstein-coeffs-01-smult:
assumes degree P < p
shows nth-default 0 (Bernstein-coeffs-01 p (smult a P)) i =
a * nth-default 0 (Bernstein-coeffs-01 p P) i
using assms
by (auto simp: nth-default-Bernstein-coeffs-01 reciprocal-smult
pcompose-smult)

end

3 Bernstein Polynomials over any finite interval

theory Bernstein
imports Bernstein-01
begin

3.1 Definition and relation to Bernstein Polynomials over [0,
1]

definition Bernstein-Poly :: nat = nat = real = real = real poly where
Bernstein-Poly j p ¢ d = smult ((p choose j)/(d — ¢) p)
(((monom 1 j) op [:—c¢, 1:]) * (monom 1 (p—j) op [:d, —1:]))

lemma Bernstein-Poly-altdef:
assumes ¢ # d and j < p
shows Bernstein-Poly j p ¢ d = smult (p choose j)
(b—c/(d—c), 1/(d—c)] 7 * [:d/(d—c), —1/(d—c)] (p—3)
(is 2L = ?R)
proof —
have ?L = smult (p choose j) (smult ((1/(d — ¢))7)
(smadt (1/(d — ) p—1)) (—c, 117 + [, — 11 (=)
using assms by (auto simp: Bernstein-Poly-def monom-altdef hom-distribs
pcompose-pCons smult-eq-iff field-simps power-add|symmetric))
also have ... = 7R
apply (subst mult-smult-right[symmetric])
apply (subst mult-smult-left[symmetric))
apply (subst smult-power)
apply (subst smult-power)
by auto
finally show ?thesis .
qed

lemma Bernstein-Poly-nonneg:
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assumes ¢ < zand z < d
shows poly (Bernstein-Poly jp ¢ d) © > 0
using assms by (auto simp: Bernstein-Poly-def poly-pcompose poly-monom)

lemma Bernstein-Poly-01: Bernstein-Poly j p 0 1 = Bernstein-Poly-01 j p
by (auto simp: Bernstein-Poly-def Bernstein-Poly-01-def monom-altdef)

lemma Bernstein-Poly-rescale:
assumes a # b
shows Bernstein-Poly j p ¢ d o, [:a, 1] o, [:0, b—a!]
= Bernstein-Poly j p ((c—a)/(b—a)) ((d—a)/(b—a))
(is 7L = ?R)
proof —
have ?R = smult (real (p choose j)
/((d—=a)/(b—a)—(c—a)/(b—a)) p)
(b= ((c — a) / (b — a)), 1] ~j
f[(d=a) ) (b—a)— 1 ~(p— )
by (auto simp: Bernstein-Poly-def monom-altdef hom-distribs
pcompose-pCons)
also have ... = smult (real (p choose j) / ((d — ¢) / (b — a)) " p)
(= ((c—a) / (b—a), 1] ~j+ [(d—a) / (b— a), — 1]
T —9)
by argo
also have ... = smult (real (p choose j) / (d — ¢) " p)
(smult (b — a) ~ (p — )) (smult (b — a) ")
(= ((c=a) / (b—a)), 1:] "jx[(d—a)/ (b= a) — I
“(p =)
by (auto simp: power-add[symmetric] power-divide)
also have ... = smult (real (p choose j) / (d — ¢) " p)
(= (c— ), b—a] ~j+[d—a —(b—a)] ~(p— )
apply (subst mult-smult-left[symmetric))
apply (subst mult-smult-right[symmetric])
using assms by (auto simp: smult-power)
also have ... = 7L
using assms
by (auto simp: Bernstein-Poly-def monom-altdef pcompose-mult
pcompose-smult hom-distribs pcompose-pCons)
finally show ?thesis by presburger
qed

lemma Bernstein-Poly-rescale-01:
assumes ¢ # d
shows Bernstein-Poly jp ¢ d o, [:¢, 1:] o, [:0, d—c!]
= Bernstein-Poly-01 j p
apply (subst Bernstein-Poly-rescale)
using assms by (auto simp: Bernstein-Poly-01)

lemma Bernstein-Poly-eq-rescale-01:
assumes ¢ # d
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shows Bernstein-Poly j p ¢ d = Bernstein-Poly-01 j p
op [:0, 1/(d—c):] op [:—¢, 1]
apply (subst Bernstein-Poly-rescale-01[symmetric])
using assms by (auto simp: pcompose-pCons pcompose-assoc[symmetric])

lemma coeff-Bernstein-sum:
fixes b::nat = real and p::nat and c d::real
defines P = (>_j = 0..p. (smult (b j) (Bernstein-Poly j p ¢ d)))
assumes 7 < p and ¢ # d
shows coeff ((reciprocal-poly p (P o, [:c, 1:]
op [:0, d—c])) op [:1, 1:]) (p — i) = (p choose ©) * (b ©)
proof —
have h: P o, [:¢, 1:] o, [:0, d—c]
= (>2j = 0.p. (smult (b j) (Bernstein-Poly-01 j p)))
using assms
by (auto simp: P-def pcompose-sum pcompose-smult
pcompose-add Bernstein-Poly-rescale-01)
then show ?thesis
using coeff-Bernstein-sum-01 assms by simp
qed

lemma Bernstein-sum:
assumes ¢ # d and degree P < p
shows P = (>_j = 0..p. smult (inverse (real (p choose j))
« coeff (reciprocal-poly p (P o, [:c, 1:] o, [:0, d—c:])
op [:1, 1:]) (p—34)) (Bernstein-Poly j p ¢ d))
apply (subst Bernstein-Poly-eq-rescale-01)
subgoal using assms by blast
subgoal
apply (subst pcompose-smult[symmetric])
apply (subst pcompose-sum[symmetric])
apply (subst pcompose-smult[symmetric])
apply (subst pcompose-sum[symmetric])
apply (subst Bernstein-sum-01[symmetric))
using assms by (auto simp: degree-pcompose pcompose-assoc|symmetric]
pcompose-pCons)
done

lemma Bernstein-Poly-spani:
assumes ¢ # d and degree P < p
shows P € poly-vs.span {Bernstein-Poly x p ¢ d | z. © < p}
proof (subst Bernstein-sum[OF assms], rule poly-vs.span-sum)
fix z :: nat
assume z € {0..p}
then have I n. Bernstein-Poly x p ¢ d = Bernstein-Polynpcd An <p
by auto
then have
Bernstein-Poly x p ¢ d € poly-vs.span { Bernstein-Poly n p ¢ d |n. n < p}
by (simp add: poly-vs.span-base)
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thus smult (inverse (real (p choose x)) *
coeff (reciprocal-poly p (P o, [:c, 1:] op [:0, d — ¢:]) op [:1, 11])
(p — z)) (Bernstein-Poly x p ¢ d)
€ poly-vs.span {Bernstein-Poly x p ¢ d |z. x < p}
by (rule poly-vs.span-scale)
qed

lemma Bernstein-Poly-span:
assumes ¢ # d
shows poly-vs.span { Bernstein-Poly x p ¢ d | z. © < p} = {x. degree © < p}
proof (subst Bernstein-Poly-01-span[symmetric], subst poly-vs.span-eq, rule congl)
show {Bernstein-Poly x p ¢ d |z. © < p}
C poly-vs.span {Bernstein-Poly-01 z p |z. © < p}
apply (subst Setcompr-subset)
apply (rule alll, rule impl)
apply (rule Bernstein-Poly-01-spanl)
using assms by (auto simp: degree-Bernstein-le Bernstein-Poly-eq-rescale-01
degree-pcompose)

show { Bernstein-Poly-01 z p |z. x < p}
C poly-vs.span {Bernstein-Poly z p ¢ d |z. z < p}
apply (subst Setcompr-subset)
apply (rule alll, rule impI)
apply (rule Bernstein-Poly-spanl)
using assms by (auto simp: degree-Bernstein-le)
qged

lemma Bernstein-Poly-independent: assumes ¢ # d
shows poly-vs.independent {Bernstein-Poly xp ¢ d | z. x € {..p}}
proof (rule poly-vs.card-le-dim-spanning)
show {Bernstein-Poly z p ¢ d |z. z € {.. p}} C {x. degree z < p}
using assms
by (auto simp: degree-Bernstein Bernstein-Poly-eg-rescale-01 degree-pcompose)
show {z. degree © < p} C poly-vs.span {Bernstein-Poly x p ¢ d |z. z € {..p}}
using assms by (auto simp: Bernstein-Poly-spanl)
show finite { Bernstein-Poly z p ¢ d |z. z € {..p}} by fastforce
show card {Bernstein-Poly x p ¢ d |x. x € {..p}} < poly-vs.dim {z. degree © <
p}
apply (rule le-trans)
apply (subst image-Collect[symmetric], rule card-image-le, force)
by (force simp: dim-degree)
qged

3.2 Bernstein coefficients and changes over any interval

definition Bernstein-coeffs ::
nat = real = real = real poly = real list where
Bernstein-coeffs p ¢ d P =
[(inverse (real (p choose j)) *
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coeff (reciprocal-poly p (P o, [:c, 1:] o [:0, d—c:]) op [:1, 1:]) (p—j)).
j < [0..<(p+1)]]

lemma Bernstein-coeffs-eq-rescale: assumes ¢ # d
shows Bernstein-coeffs p ¢ d P = Bernstein-coeffs-01 p (P o, [:¢, 1:] o, [:0,
d—c:])
using assms by (auto simp: pcompose-pCons pcompose-assoc|symmetric]
Bernstein-coeffs-def Bernstein-coeffs-01-def)

lemma nth-default- Bernstein-coeffs: assumes degree P < p
shows nth-default 0 (Bernstein-coeffs p ¢ d P) i =
inverse (p choose i) * coeff
(reciprocal-poly p (P o, [ic, 1:] op [:0, d—c:]) op [:1, 1:]) (p—1)
apply (cases p = i)
using assms by (auto simp: Bernstein-coeffs-def nth-default-append
nth-default-Cons Nitpick.case-nat-unfold binomial-eq-0)

lemma Bernstein-coeffs-sum: assumes ¢ # d and hP: degree P < p
shows P = (3. j = 0..p. smult (nth-default 0 (Bernstein-coeffs p ¢ d P) j)
(Bernstein-Poly j p ¢ d))
apply (subst nth-default- Bernstein-coeffs|OF hP])
apply (subst Bernstein-sum[OF assms))
by argo

definition Bernstein-changes :: nat = real = real = real poly = int where
Bernstein-changes p ¢ d P = nat (changes (Bernstein-coeffs p ¢ d P))

lemma Bernstein-changes-eq-rescale: assumes ¢ # d and degree P < p
shows Bernstein-changes p ¢ d P =
Bernstein-changes-01 p (P o, [:c, 1] o, [:0, d—c:])
using assms by (auto simp: Bernstein-coeffs-eg-rescale Bernstein-changes-def
Bernstein-changes-01-def)

This is related and mostly equivalent to previous Descartes test [3]

lemma Bernstein-changes-test:
fixes P::real poly
assumes degree P < pand P # 0 and ¢ < d
shows proots-count P {z. ¢ < z A x < d} < Bernstein-changes p ¢ d P A\
even (Bernstein-changes p ¢ d P — proots-count P {z. ¢ < © Az < d})
proof —
define ) where Q=P o, [:¢, 1] o, [:0, d — ¢]

have int (proots-count Q {z. 0 <z ANz < 1})
< Bernstein-changes-01 p Q@ A
even (Bernstein-changes-01 p Q —
int (proots-count Q {z. 0 < x ANz < 1}))
unfolding Q-def
using assms by (intro Bernstein-changes-01-test) (auto simp: pcompose-eq-0-iff)
moreover have proots-count P {z. ¢ < z Nz < d} =
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proots-count Q {z. 0 <z ANz < 1}
unfolding Q-def

proof (subst proots-pcompose)
have poly [:c, 1:] ‘poly [:0,d — ¢] ‘{z. 0 <z Az <1} =
{z. e <z ANz <d} (is 2L = ?R)
proof

have c + z %« (d — ¢) < difz < 1 for z
proof —
have z % (d — ¢) < 1 = (d — ¢)
using «c < d» that by force
then show ?thesis by fastforce
qed
then show ?L C ?R
using assms by auto
next
show ?R C 2L
proof
fix z::real assume z € 7R
hence ¢ < z and z < d by auto
thus z € 7L
proof (subst image-eql)
show z = poly [:¢, 1:] (z — ¢) by force
assume ¢ < z and z < d
thusz — c € poly [:0,d — ;] ‘{z. 0 <z Az< 1}
proof (subst image-eql)
show z — ¢ = poly [:0, d — ¢:] ((z — ¢)/(d — ¢))
using assms by fastforce
assume ¢ < z and z < d
thus (z —¢) /(d—c¢)e{z. 0 <z ANz <1}
by auto
qged fast
qed fast
qed
qed
then show proots-count P {z. ¢ < z Az < d} =
proots-count (P o, [:¢, 1:])
(poly [:0,d — ¢:] “{z. 0 <z ANz<1})
using assms by (auto simp:proots-pcompose)
show P o, [:c, 1:] # 0
by (simp add: pcompose-eq-0-iff assms(2))
show degree [:0, d — ¢:] = 1
using assms by auto
qed

moreover have Bernstein-changes p ¢ d P = Bernstein-changes-01 p @
unfolding Q-def
apply (rule Bernstein-changes-eg-rescale)
using assms by auto

ultimately show ?thesis by auto
qed

42



3.3 The control polygon of a polynomial

definition control-points ::
nat = real = real = real poly = (real x real) list
where
control-points p ¢ d P =
[(((real i)xd + (real (p — i))%c)/p,
nth-default 0 (Bernstein-coeffs p ¢ d P) ).
i+ [0.<(p+1)]]

lemma line-above:
fixes a b ¢ d :: real and p :: nat and P :: real poly
assumes hline: Ni. i < p = a * (((real ©)xd + (real (p — i))xc)/p) + b >
nth-default 0 (Bernstein-coeffs p ¢ d P) @
and hp: p # 0 and hed: ¢ # d and hP: degree P < p
shows A\z. c <z = 2 <d= axx + b > poly Px
proof —
fix z
assume he: ¢c < zand hd: z < d

have bern-eq: Bernstein-coeffs p ¢ d [:b, a:] =
[ax(real i x d + real (p — i) * ¢)/p + b. i < [0..<(p+1)]]
proof —
have Bernstein-coeffs p ¢ d [:b, a:] = map (nth-default 0
(Bernstein-coeffs-01 p ([:b, a:] op [:¢, 1:] o, [:0, d — ¢])))
[0.<p+1]
apply (subst Bernstein-coeffs-eg-rescale[OF hed))
apply (subst map-nth-default[symmetric])
apply (subst length-Bernstein-coeffs-01)
by blast
also have
.=map (Ai. a x (real i x d + real (p — 7) * ¢) [ real p + b) [0..<p + 1]
proof (rule map-cong)
fix © assume hz: © € set [0..<p + 1]
have nth-default 0 (Bernstein-coeffs-01 p
([:b, @] op [ic, 1:] 0p [:0, d — ¢])) z =
nth-default 0 (Bernstein-coeffs-01 p
(smult (b 4+ axc) 1 + smult (ax(d — ¢)) (monom 1 1)))
proof—
have [:b, a:] o, [:c, 1:] o, [:0, d — ] =
smult (b + axc) 1 + smult (ax(d — ¢)) (monom 1 1)
by (simp add: monom-altdef pcompose-pCons)
then show ?thesis by auto
qed
also have ... =
nth-default 0 (Bernstein-coeffs-01 p (smult (b + a x ¢) 1)) = +
nth-default 0 (Bernstein-coeffs-01 p (smult (a x (d — ¢)) (monom 1 1)))
apply (subst Bernstein-coeffs-01-add)
using hp by (auto simp: degree-monom-eq)
also have ... =
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(b + axc) x nth-default 0 (Bernstein-coeffs-01 p 1) © +
(ax(d — ¢)) * nth-default 0 (Bernstein-coeffs-01 p (monom 1 1)) z

apply (subst Bernstein-coeffs-01-smult)
using hp by (auto simp: Bernstein-coeffs-01-smult degree-monom-eq)

also have ... =
(b+axc)x(ife <p+ 1then I else 0) +
a* (d — ¢) % (real (nth-default 0 [0..<p + 1] x) / real p)
apply (subst Bernstein-coeffs-01-1, subst Bernstein-coeffs-01-z[OF hp])

apply (subst nth-default-replicate-eq, subst nth-default-map-eq[of - 0])

by auto
also have ... =
(b+axc)«* (ifr <p+ 1then 1 else 0) +
ax* (d—c)x (real ([0..<p + 1] ! z) / real p)

apply (subst nth-default-nth)

using hx by auto
also have ... = (b+ a *x ¢) x (ifx < p + I then 1 else 0) +

ax (d— c)* (real (0 + ) / real p)
apply (subst nth-upt)
using hx by auto
also have ... = a % (real z x d + real (p — x) *x ¢) / real p + b
apply (subst of-nat-diff)
using hz hp by (auto simp: field-simps)
finally show nth-default 0 (Bernstein-coeffs-01 p
([:d, az] op [c, 1:] op [:0, d — ¢])) z =
a* (real x « d + real (p — ) % ¢) [ real p + b .
qged blast
finally show ?%thesis .
qed

have nth-default-geq:nth-default 0 (Bernstein-coeffs p ¢ d [:b, a]) © >
nth-default 0 (Bernstein-coeffs p ¢ d P) i for i
proof —
show nth-default 0 (Bernstein-coeffs p ¢ d [:b, a:]) i >
nth-default 0 (Bernstein-coeffs p ¢ d P) i
proof cases
define p! where p1 = p+1

assume h: ¢ < p
hence nth-default 0 (Bernstein-coeffs p ¢ d P) i <

a * (((real ©)xd 4+ (real (p — ©))*xc)/p) + b

by (rule hline)
also have ... = nth-default 0 (map (Ai. a * (real i x d

+real (p — i) xc¢)/realp+b)[0.<p+ 1]) i

apply (subst p1-def[symmetric))
using h apply (auto simp: nth-default-def)

by (auto simp: p1-def)
also have ... = nth-default 0 (Bernstein-coeffs p ¢ d [:b, a]) ¢

using bern-eq by simp
finally show ?thesis .
next
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assume h: 7 < p
thus ?thesis
using assms
by (auto simp: nth-default-def Bernstein-coeffs-eq-rescale
length-Bernstein-coeffs-01)
qed
qed

have poly Px = (3> k = 0..p.
poly (smult (nth-default 0 (Bernstein-coeffs p ¢ d P) k)
(Bernstein-Poly k p ¢ d)) x)
apply (subst Bernstein-coeffs-sum[OF hcd hP])
by (rule poly-sum)
also have ... < (3 k = 0..p.
poly (smult (nth-default 0 (Bernstein-coeffs p ¢ d [:b, a:]) k)
(Bernstein-Poly k p ¢ d)) x)
apply (rule sum-mono)
using mult-right-mono[OF nth-default-geq] Bernstein-Poly-nonneg[OF hc hd)
by auto
also have ... = poly [:b, a:]
apply (subst(2) Bernstein-coeffs-sum[of ¢ d [:b, a:] p])
using assms apply auto[2]
by (rule poly-sum[symmetric])

also have ... = axx + b by force
finally show poly P x < axz + b .
qged
end

4 Normal Polynomials

theory Normal-Poly
imports RRI-Misc
begin

Here we define normal polynomials as defined in Basu, S., Pollack, R., Roy,
M.-F.: Algorithms in Real Algebraic Geometry. Springer Berlin Heidelberg,
Berlin, Heidelberg (2016).

definition normal-poly :: ('a::{comm-ring-1,0rd}) poly = bool where
normal-poly p =
(p# 0) A
(V i. 0 < coeffpi) A
(V 4. coeff p i * coeff p (i+2) < (coeff p (i+1))72) A
Vijk i <j—j<k— 0<coeffpi
— 0 < coeff p k — 0 < coeff p j)

lemma normal-non-zero: normal-poly p = p # 0
using normal-poly-def by blast
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lemma normal-coeff-nonneg: normal-poly p = 0 < coeff p i
using normal-poly-def by metis

lemma normal-poly-coeff-mult:
normal-poly p = coeff p i * coeff p (i+2) < (coeff p (i+1)) 2
using normal-poly-def by blast

lemma normal-poly-pos-interval:
normal-poly p = i < j=—=j< k= 0 < coeff pi = 0 < coeff p k
= 0 < coeff pj
using normal-poly-def by blast

lemma normal-polyl:
assumes (p # 0)
and (A i. 0 < coeff p i)
and (A . coeff p i x coeff p (i+2) < (coeff p (i+1))72)
and (A ijk i<j—=j<k=0<coeffpi—=— 0<coeffpk—= 0<
coeff p §)
shows normal-poly p
using assms by (force simp: normal-poly-def)

lemma linear-normal-iff:
fixes z::real
shows normal-poly [:—z, 1:] +— z < 0
proof
assume normal-poly [:—z, 1:]
thus z < 0 using normal-coeff-nonneg[of [:—z, 1:] 0] by auto
next
assume z < (
then have 0 < coeff [:— =z, 1:] i for ¢
by (cases i) (simp-all add: pCons-one)
moreover have 0 < coeff [:— z, 1] j
ifi<jj<koO<coeff [—=x 1:] i
0 < coeff [:— x, 1:] k for i j k
apply (cases k=0 V i=0)
subgoal using that
by (smt (23) bot-nat-0.extremum-uniquel degree-pCons-eq-if
le-antisym le-degree not-less-eq-eq)
subgoal using that
by (smt (23) One-nat-def degree-pCons-eq-if le-degree less-one
not-le one-neg-zero pCons-one verit-la-disequality)
done
ultimately show normal-poly [:—x, 1:]
unfolding normal-poly-def by auto
qed

lemma quadratic-normal-iff:
fixes z::complex
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shows normal-poly [:(cmod 2)%, —2xRe 2, 1]
> Rez< 0 A 4x(Re z)"2 > (cmod z) "2
proof
assume normal-poly [:(cmod 2)?, — 2 x Re z, 1:]
hence —2«Re z > 0 A (cmod 2) 72 > 0 AN (—2xRe z) "2 > (cmod 2) "2
using normal-coeff-nonneglof - 1] normal-poly-coeff-mult[of - 0]
by fastforce
thus Re 2 < 0 A 4*(Re z) "2 > (cmod z) 72
by auto
next
assume asm:Re z < 0 A 4x(Re z) "2 > (cmod 2) "2
define P where P=[:(cmod 2)?, — 2 * Re z, 1]

have 0 < coeff P i for i

unfolding P-def using asm

apply (cases i=0Vi=1Vi=2)

by (auto simp:numeral-2-eq-2 coeff-eq-0)
moreover have coeff P i x coeff P (i + 2) < (coeff P (i + 1)) for i

apply (cases i=0Vi=1Vi=2)

using asm

unfolding P-def by (auto simp:coeff-eq-0)
moreover have 0 < coeff P j

if 0 <coeff PkEO < coeff Pij<ki<yj

for i j k

using that unfolding P-def

apply (cases k=0 V k=1 V k=2)

subgoal using asm

by (smt (23) One-nat-def Suc-1 bot-nat-0.extremum-uniquel
coeff-pCons-0 coeff-pCons-Suc le-Suc-eq
zero-less-power2)

subgoal by (auto simp:coeff-eq-0)

done
moreover have P#( unfolding P-def by auto
ultimately show normal-poly P

unfolding normal-poly-def by blast

qed

lemma normal-of-no-zero-root:
fixes f::real poly
assumes hzero: poly f 0 # 0 and hdeg: i < degree f
and hnorm: normal-poly f
shows 0 < coeff f i
proof —
have coeff f 0 > 0 using hzero normal-coeff-nonneg[ OF hnorm)
by (metis eq-iff not-le-imp-less poly-0-coeff-0)
moreover have coeff f (degree f) > 0 using normal-coeff-nonneg|OF hnorm]
normal-non-zero| OF hnorm]
by (meson dual-order.irrefl eq-iff eq-zero-or-degree-less not-le-imp-less)
moreover have 0 < i by simp
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ultimately show 0 < coeff f i using hdeg normal-poly-pos-interval| OF hnorm]
by blast
qed

lemma normal-divide-z:
fixes f::real poly
assumes hnorm: normal-poly (fx[:0,1:])
shows normal-poly f
proof (rule normal-polyl)
show f #£ 0
using normal-non-zero[OF hnorm] by auto
next
fix ¢
show 0 < coeff f i
using normal-coeff-nonneg|OF hnorm, of Suc i] by (simp add: coeff-pCons)
next
fix 7
show coeff fi x coeff f (i + 2) < (coeff f (i + 1))?
using normal-poly-coeff-mult| OF hnorm, of Suc i] by (simp add: coeff-pCons)
next
fixijk
show i < j= j< k= 0 < coeff fi = 0 < coeff fk = 0 < coeff fj
using normal-poly-pos-interval]of - Suc © Suc j Suc k, OF hnorm]
by (simp add: coeff-pCons)
qed

lemma normal-mult-x:
fixes f::real poly
assumes hnorm: normal-poly f
shows normal-poly (f * [:0, 1:])
proof (rule normal-polyl)
show f x [:0, 1:] # 0
using normal-non-zerolOF hnorm] by auto
next
fix ¢
show 0 < coeff (f = [:0, 1:]) ¢
using normal-coeff-nonneg|OF hnorm, of i—1] by (cases i, auto simp: co-
eff-pCons)
next
fix ¢
show coeff (f * [:0, 1:]) i * coeff (f = [:0, 1]) (i + 2) < (coeff (f * [:0, 1:]) (4
+ 1))
using normal-poly-coeff-mult|OF hnorm, of i—1] by (cases i, auto simp: co-
eff-pCons)
next
fix ijk
show i < j = j < k= 0 < coeff (f % [:0, 1:]) i = 0 < coeff (f = [:0, 1:])
k= 0 < coeff (f % [:0, 11]) j
using normal-poly-pos-interval|of - i—1 j—1 k—1, OF hnorm]
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apply (cases i, force)

apply (cases j, force)

apply (cases k, force)

by (auto simp: coeff-pConys)
qed

lemma normal-poly-general-coeff-mult:
fixes f::real poly
assumes normal-poly f and h < j
shows coeff f (h+1) * coeff f (j+1) > coeff f h * coeff f (j+2)
using assms proof (induction j)
case ()
then show ?case
using normal-poly-coeff-mult by (auto simp: power2-eq-square)[1]
next
case (Suc j)
then show ?case
proof (cases h = Suc )
assume h = Suc j normal-poly f
thus ?thesis
using normal-poly-coeff-mult by (auto simp: power2-eg-square)
next
assume (normal-poly f =
h<j= coeff fh*coeff f (j + 2) < coeff f (h+ 1) * coeff f (j + 1))
normal-poly f and h: h < Suc j h # Suc j
hence ITH: coeff fh * coeff f (j + 2) < coeff f (h + 1) % coeff f (j + 1)
by linarith
show ?thesis
proof (cases coeff f (Suc j+ 1) = 0, cases coeff f (Sucj+ 2) = 0)
show coeff f (Sucj+ 1) =0 = coeff f (Sucj + 2) = 0 =
coeff f h x coeff f (Suc j+ 2) < coeff f (h + 1) % coeff f (Sucj+ 1)
by (metis assms(1) mult-zero-right normal-coeff-nonneg)
next
assume 1: coeff f (Sucj+ 1) = 0 coeff f (Sucj+ 2) # 0
hence coeff f (Suc j + 2) > 0 —coeff f (Sucj+ 1) > 0
using normal-coeff-nonneg|of f Suc j + 2] assms(1) by auto
hence coeff fh > 0 = Fulse
using normal-poly-pos-interval[of f h Suc § + 1 Suc j + 2] assms(1) h by
force
hence coeff fh = 0
using normal-coeff-nonneg|OF assms(1)] less-eq-real-def by auto
thus coeff f h x coeff f (Sucj + 2) < coeff f (h+ 1) x coeff f (Sucj + 1)
using 1 by fastforce
next
assume 1: coeff f (Sucj+ 1) # 0
show coeff f h x coeff f (Sucj + 2) < coeff f (h+ 1) x coeff f (Sucj+ 1)
proof (cases coeff f (Suc j) = 0)
assume 2: coeff f (Suc j) = 0
hence coeff f (Suc j + 1) > 0 —coeff f (Suc j) > 0
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using normal-coeff-nonneg[of f Suc j + 1] assms(1) 1 by auto
hence coeff f h > 0 = False
using normal-poly-pos-interval[of f h Suc j Suc j + 1] assms(1) h by force
hence coeff fh = 0
using normal-coeff-nonneg[OF assms(1)] less-eg-real-def by auto
thus coeff f h * coeff f (Sucj + 2) < coeff f (h + 1) * coeff f (Suc j+ 1)
by (simp add: assms(1) normal-coeff-nonneg)
next
assume 2: coeff f (Suc j) # 0
from normal-poly-coeff-mult|OF assms(1), of Suc j] normal-coeff-nonneg|OF
assms(1), of Suc j]
normal-coeff-nonneg|OF assms(1), of Suc (Suc j)] 1 2
have 3: coeff f (Suc j + 1) / coeff f (Suc j) > coeff f (Sucj + 2) / coeff f
(Sucj+ 1)
by (auto simp: power2-eq-square divide-simps algebra-simps)
have (coeff f h * coeff f (j + 2)) * (coeff f (Suc j + 2) / coeff f (Suc j +
1)) < (coeff f (h+ 1) % coeff § (j + 1)) * (coeff f (Suc j + 1) / coeff f (Sue )
apply (rule mult-mono|OF IH))
using 3 by (simp-all add: assms(1) normal-coeff-nonneg)
thus coeff f h * coeff f (Sucj + 2) < coeff f (h + 1) * coeff f (Suc j+ 1)
using 1 2 by fastforce
qed
qed
qed
qed

lemma normal-mult:
fixes f g::real poly
assumes hf: normal-poly f and hg: normal-poly g
defines df = degree f and dg = degree g
shows normal-poly (f*g)
using df-def hf proof (induction df arbitrary: f)

We shall first show that without loss of generality we may assume poly f 0
= (), this is done by induction on the degree, if 0 is a root then we derive
the result from f/[:0,1:].

fix f::real poly fix i::nat
assume 0 = degree f and hf: normal-poly f
then obtain o« where [ = [:a:] using degree-0-iff by auto
then show normal-poly (f*g)
apply (subst normal-polyl)
subgoal using normal-non-zero|OF hf] normal-non-zero|OF hg] by auto
subgoal
using normal-coeff-nonneg|of - 0, OF hf] normal-coeff-nonneg| OF hg|
by simp
subgoal
using normal-coeff-nonneg[of - 0, OF hf] normal-poly-coeff-mult[OF hg]
by (auto simp: algebra-simps power2-eq-square mult-left-mono)|[1]
subgoal
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using normal-non-zero|OF hf] normal-coeff-nonneglof - 0, OF hf] nor-
mal-poly-pos-interval| OF hg]
by (simp add: zero-less-mult-iff)
subgoal by simp
done
next
case (Suc df)
then show ?case
proof (cases poly f 0 = 0)
assume poly f 0 = 0 and hf:normal-poly f
moreover then obtain f’ where hdiv: f = f*[:0,1:]
by (smt (verit) dvdE mult.commute poly-eq-0-iff-dvd)
ultimately have Aif’: normal-poly ' using normal-divide-z by blast
assume Suc df = degree f
hence degree f' = df using hdiv normal-non-zero|OF hf'] by (auto simp:
degree-mult-eq)
moreover assume Af. df = degree f = normal-poly f{ = normal-poly (f =
9)
ultimately have normal-poly (f'«xg) using hf’ by blast
thus normal-poly (f+g) using hdiv normal-mult-x by fastforce
next
assume hf: normal-poly f and hf0: poly f 0 # 0
define dg where dg = degree g
show normal-poly (f * g)
using dg-def hg proof (induction dg arbitrary: g)

Similarly we may assume poly g 0 # 0.

fix g::real poly fix i::nat
assume () = degree g and hg: normal-poly g
then obtain ¢ where g = [:a:] using degree-0-iff by auto
then show normal-poly (fxg)
apply (subst normal-polyl)
subgoal
using normal-non-zero[OF hg] normal-non-zero| OF hf] by auto
subgoal
using normal-coeff-nonneglof - 0, OF hg] normal-coeff-nonneg| OF hf]
by simp
subgoal
using normal-coeff-nonneg[of - 0, OF hg] normal-poly-coeff-mult| OF hf]
by (auto simp: algebra-simps power2-eq-square mult-left-mono)
subgoal
using normal-non-zero[OF hf] normal-coeff-nonneg[of - 0, OF hy]
normal-poly-pos-interval| OF hf]
by (simp add: zero-less-mult-iff)
by simp
next
case (Suc dg)
then show ?case
proof (cases poly g 0 = 0)
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assume poly g 0 = 0 and hg:normal-poly g
moreover then obtain ¢’ where hdiv: g = g'[:0,1:]
by (smt (verit) dvdE mult.commute poly-eq-0-iff-dvd)

ultimately have hg”: normal-poly ¢’ using normal-divide-z by blast

assume Suc dg = degree g

hence degree g’ = dg using hdiv normal-non-zero[OF hg’] by (auto simp:
degree-mult-eq)

moreover assume Ag. dg = degree ¢ = normal-poly ¢ = normal-poly
(f = g)

ultimately have normal-poly (fxg’) using hg’ by blast

thus normal-poly (f+g) using hdiv normal-mult-z by fastforce

next

It now remains to show that (fg); > 0. This follows by decomposing
{(h,j) € Z*|h > j} = {(h,j) € Z*|h < j}U{(h,h — 1) € Z?|h € Z}.
Note in order to avoid working with infinite sums over integers all these sets
are bounded, which adds some complexity compared to the proof of lemma
2.55 in Basu, S., Pollack, R., Roy, M.-F.: Algorithms in Real Algebraic Ge-
ometry. Springer Berlin Heidelberg, Berlin, Heidelberg (2016).

assume hg0: poly g 0 # 0 and hg: normal-poly g
have f x g # 0 using hf hg by (simp add: normal-non-zero Suc.prems)
moreover have Ai. coeff (f*xg) i > 0
apply (subst coeff-mult, rule sum-nonneg, rule mult-nonneg-nonneg)
using normal-coeff-nonneg|OF hf] normal-coeff-nonneg|OF hg] by auto
moreover have
coeff (fxg) @ * coeff (f*xg) (i+2) < (coeff (fxg) (i+1)) 2 for i

proof —

(fg)12+1 (fg) (fg)z-i-? (Za: fx9i+1—x)2 - (Zz fxgi-i-?—x) (Zg; focgi—x)
have (coeff (f*g) (i+1))72 — coeff (fxg) @ * coeff (f*g) (i+2) =
O z<i+1. coeff fr *x coeff g (i + 1 — z)) *
O z<i+1. coeff fx * coeff g (i + 1 — x)) —
- z<i+2. coeff fx * coeff g (i + 2 — x)) *
(3" z<i. coeff fx * coeff g (i — x))

by (auto simp: coeff-mult power2-eg-square algebra-simps)

c= Dy JaGiri—a fyGiv1—y — gy fuGiv2—afyGi—y
also have ... =
O z<it+1. > y<i+1. coeff fz % coeff g (1 + 1 — z) *
coeff fy * coeff g (i + 1 — 3)) —
O z<i+2. > y<i. coeff fx x coeff g (i + 2 — z) %
coeff fy = coeff g (i — y))

by (subst sum-product, subst sum-product, auto simp: algebra-simps)

—Zh<] fhgz-H hfjgz+1 ]+Zh>] fhgz-i-l hfjngrl —j Zh<] fhgz+2 hfjgz i
Zh>] fhg’L+2 hfjgz —j

also have ... =
(X (h, ))e{(h, j). i+1 > j A j > h}.
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coeff fh = coeff g (i + 1 — h) x coeff fj * coeff g (i + 1 — j)) +
(5 (h el (h, 4)- i+1 > h A b > j).
coeff fh x coeff g (1 + 1 — h) x coeff fj * coeff g (i + 1 — 7)) —
(2 (B, DE{(h, 4). i > N j = h}.
coeff fh x coeff g (i + 2 — h) * coeff f 7 * coeff g (i — 7)) +
(S (hy j)e{(hyj).- i+ 2>hAh>jAi>j}
coeff fh x coeff g (i + 2 — h) x coeff fj * coeff g (i — 7)))
proof —
have (> z<i + 1.> y<i + 1. coeff fx x coeff g (i + 1 — z) * coeff f
yxcoeff g (i + 1 —y)) =
(5 (b, f)ef(h j)- < i+ 1 Ah<j)
coeff fh x coeff g (i + 1 — h) = coeff fj * coeff g (i + 1 — j)) +
o (hy He{(h, §). h < i+ 1 ANj<h}.
coeff fh x coeff g (i + 1 — h) * coeff f 7 * coeff g (i + 1 — j))
proof (subst sum.union-disjoint[symmetric])
have H:{(h, j).j < i+ 1 Ah<j}C{.it1} x {.i+1}
{(h,5). h<i4+ 1 ANj<h}C{.i+1} x {..i+1}
finite ({..i+1} x {..i+1})
by (fastforce, fastforce, fastforce)
show finite {(h, j). 7 < i+ 1 A h < j}
apply (rule finite-subset) using H by (blast, blast)
show finite {(h, j). h < i+ 1 ANj < h}
apply (rule finite-subset) using H by (blast, blast)
show {(h, /). j<i+ 1 AL<jnN{(hj).rh<i+1ANj<h}={}
by fastforce
show (D a<i+ 1.> y<i+ 1. coeff fa x coeff g (i + 1 — x) x coeff
fyxcoeffg(i+1—y))=
O (hy e{(h, §). < i+ 1 ANh<jFU{(hj). h<i+1NAj<h}
coeff fh x coeff g (1 + 1 — h) x coeff fj * coeff g (i + 1 — j))
apply (subst sum.cartesian-product, rule sum.cong)
apply force by blast
qed
moreover have (> z<i + 2. Y y<i. coeff fx x coeff g (i + 2 — ) *
coeff fy + coeff g (i — 1)) =
(2 (b, H)e{(hy 5)- j < i A B < g}
coeff fh x coeff g (i + 2 — h) x coeff f 7 * coeff g (¢ — 7)) +
(X (h, He{(h, j). i+ 2>hAh>jAi>j}
coeff fh x coeff g (i + 2 — h) x coeff fj * coeff g (i — 7))
proof (subst sum.union-disjoint[symmetric])
have H:{(h, j). j < i A h < j} C {.i+2} x {.i}
{(hyj). i+ 2>hAh>jNi>jtC{.i+2} x {.i}
finite ({..i+2} x {..i})
by (fastforce, fastforce, fastforce)
show finite {(h, j). j < i A h < j}
apply (rule finite-subset) using H by (blast, blast)
show finite {(h, j). it + 2 > h AN h>jANi>j}
apply (rule finite-subset) using H by (blast, blast)
show {(h, j). j<iAh<}N{(hj).i+2>hAh>jAi>j}=
{}
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by fastforce
show (> x<i + 2. > y<i. coeff fz *x coeff g (i + 2 — ) * coeff fy *
coeff g (i — y)) =
Q2 (b, e{(h, )< i AR <} U{(hj).i+22hAh>jNi
> j}-
coeff fh x coeff g (i + 2 — h) x coeff fj * coeff g (i — 7))
apply (subst sum.cartesian-product, rule sum.cong)
apply force by blast
qed
ultimately show ?thesis by presburger
qed

oo = 2n<g nGit1-nfiGi1-t 2 h<j fit19i—j fn—29iv2-nt22p frGiv1-nfn—19i+2-n—
>on<j [nGiva-nligi—j—>n<; fi+19i41—j fn—29i+1-n—=2"p fnGi+2—nfn-19i+1-n
also have ... =
(X2 (hy H)e{(hy 4)- j < i+ 1 AR <G}
coeff fh x coeff g (i + 1 — h) * coeff fj * coeff g (i + 1 — j)) +
(2 (b, f){(h, ). j < i Ah<jAO<h}.
coeff f (j+1) * coeff g (i — j) * coeff f (h—1) x coeff g (i + 2 — h))

_l’_
O-he{1..i+1}.
coeff fh* coeff g (i + 1 — h) = coeff f (h—1) = coeff g (i + 2 — h))
(2 (h, )e{(h, 5). j < i AR < j}.
coeff fh x coeff g (i + 2 — h) * coeff fj * coeff g (i — j)) +
Ooh, )e{h, 7). j<i+1ANR<jFjAO<h}
coeff f (j+1) * coeff g (i + 1 — j) * coeff f (h—1) * coeff g (i + 1
—h)) +
> he{1..i+1}.
coeff fh x coeff g (i + 2 — h) * coeff f (h—1) * coeff g (i + 1 — h)))
proof —
have (> (h, )e{(h, 7). h<i+ 1 ANj<h}
coeff fh x coeff g (1 + 1 — h) x coeff fj * coeff g (i + 1 — j)) =
(> (hy 5)e{(h, 4). < i AR <jAO<h}
coeff f (j + 1) * coeff g (i — j) x coeff f (h — 1) * coeff g (i + 2
—h) +

O h=1.0+1.coeff fh=*coeff g (i+ 1 — h) * coeff f (h — 1) %
coeff g (i + 2 — h))
proof —
have 1: (3" (h, j)e{(h, j). j < i ANh <jA O < h}
coeff f (j+ 1) % coeff g (i — j) * coeff f (h — 1) % coeff g (i + 2
_h) =

Sohye{(hyj). h<i4+ 1ANj<hANh#j+ 1}
coeff fh = coeff g (1 + 1 — h) x coeff fj * coeff g (i + 1 — 7))
proof (rule sum.reindex-cong)
show {(h, 7). 5 < i Ah<jA0<h} = ). (i+1, h=1)) * {(h,
NDh<i+IANj<hANR#j+ 1}
proof
show (A(h,j). G+ 1, h—1)) ‘{(h,j). h<i+I1ANj<hAh#
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G 1Y C{(hi)i<inh<jAO0<h)

by fastforce

show {(h,§). j<iAh<jAO<hC(\hj). G+ 1, h—1))°
{(h,j). h<i4+1ANj<hANh#j+ 1}

proof

fix z

assume z € {(h, j). j <iAh<jAO0<h}

then obtain h j where z = (h, j) j < i h < j 0 < h by blast

hence j+ 1 <i+ 1 ANh—1<j+1ANj+1F#h—-—1+1A

p=((h— 1)+ 1,G+1) - 1)
by auto
thusz € (A(h, j). G+ 1, h—1)) “{(h,§). h<i+ 1 ANjF<hA
h#j+ 1}
by (auto simp: image-iff)
qed
qed
show inj-on (A(h, j). G+ 1, h — 1)) {(h,j)-h<i+ 1 ANjF<hA
h#j+ 1}

proof
fix = y::natxnat
assume z € {(h, j). h<i+ 1 ANj<hANh#j+ 1} ye<{(h ).
h<i+1ANj<hAh#j+ 1}
thus (case z of (h,j) = (j+ 1, h — 1)) = (case y of (h, j) = (4
+1,h—1)=z=y
by auto
qged
show Az. 2 € {(h,j). h<i4+ I Nj<hANh#j+1} =
(case case x of (h,j) = (j+ 1, h— 1) of
(hy, §) = coeff f (j + 1) * coeff g (i — j) * coeff f (h — 1) x coeff g
(i+2—-h)=
(case z of (h, j) = coeff fh * coeff g (i + 1 — h) = coeff fj * coeff g
(i+1—-17))
by fastforce
qed
have 2: (D h=1..i+ 1. coeff fh * coeff g (i + 1 — h) * coeff f (h
— 1) *xcoeff g (i + 2 — h)) =
Qo (b, j)e{(h, j). h<i+1ANj<hANh=j+ 1}
coeff fh x coeff g (i + 1 — h) % coeff fj * coeff g (1 + 1 — j))
proof (rule sum.reindex-cong)
show {1..i+ 1} =fst ‘{(h,j). h<i+1ANj<hANh=j+ 1}
proof
show {1.i+ 1} Cfst ‘{(h,j). h<i+1Aj<hAh=j+ 1}
proof
fix z
assume z € {I1..i + 1}
hencez < i+ 1 ANz —-—1<zAhz=z—-1+1ANz=fst(z,

by auto
thus z € fst ‘{(h,j). h<i+ I ANj<hAh=j+1}
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by blast
qed
show fst “{(h, 7). h<i+ I ANj<hAh=j+1}C{1.i+ 1}
by force
qged
show inj-on fst {(h, 7). h<i+ 1 ANj<hANh=j+ 1}
proof
fixzy
assume z € {(h, ). h<i+ 1 ANj<hAh=j+ 1}
ye{(h,j)h<i+1INj<hANh=j+ 1}
hence z = (fstx, fstx — 1) y= (fsty, fsty — 1) fstx > 0 fst y
>0
by auto
thus fst © = fst y = x = y by presburger
qed
show Az. 2 € {(h,j). h<i4+ I ANj<hAh=j+1} =
coeff f (fst x) * coeff g (i + 1 — fst x) * coeff [ (fst x — 1) * coeff
g(i+2—fstz) =
(case x of (h, j) = coeff fh x coeff g (i + 1 — h) = coeff fj x coeff
g+ 1)
by fastforce
qged
have H: {(h,j). h<i+ I ANj<hAh#j+ 1} C{0..i+1}x{0..i+1}
{(h, ) h<i+INj<hANh=j+1} C{0..i+1}x{0..i+1}
finite ({0..i+1}x{0..i+1})
by (fastforce, fastforce, fastforce)
have finite {(h, j). h< i+ 1 ANj<hANh#j+ 1}
finite {(h, j). h< i+ 1 ANj<hANh=j+ 1}
apply (rule finite-subset) using H apply (simp, simp)
apply (rule finite-subset) using H apply (simp, simp)
done
thus ?thesis
apply (subst 1, subst 2, subst sum.union-disjoint[symmetric])
apply auto[3]
apply (rule sum.cong)
by auto
qed
moreover have (3 (h, j)e{(h, 7). h< i+ 2 ANj<hANj<i}
coeff fh x coeff g (i + 2 — h) x coeff fj * coeff g (i — j)) =
Oohyf)e{h, 7). j<i+1ANR<jAO<h}
coeff f (+ 1) * coeff g (i + 1 — j) * coeff f (h — 1) * coeff g (i +
1 —h)) +
O"h=1..i+ 1. coeff fhx*coeff g (i+ 2 — h)xcoeff f (h — 1) %
coeff g (1 + 1 — h))
proof —
have 1: (Y (h, j)€{(h, j). j<i+ 1 AR<jAO<h}
coeff f (j+ 1) % coeff g (i + 1 — j) % coeff f (h — 1) * coeff g (i
+1—h)=
Oo(hy Ne{(h, ). h<i+ 2ANj<hAj<iANh#j+ 1}
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coeff fh x coeff g (i + 2 — h) x coeff fj * coeff g (i — 7))
proof (rule sum.reindex-cong)

show {(h,j). j<i+1Ah<jAO<h}=(\h,j).(j+1, h—1))
{(h, ). h<i+2ANj<hANj<IiANhR#j+ 1}
proof
show (\(h, j). G+ 1, h— 1)) “{(hj). h<i+ 2Aj<hAj<
iNh#£j+ 1 C{(hj).j<i+1AR<jAO<h}
by fastforce
show {(h, j). j<i+ I ANR<FjANO<h}C(Ah 7). G+1,h-
D) A §). h<i4+ 2ANj<hANj<iNh#£j+ 1}
proof
fix z
assume z € {(h, j). j<i+ 1 ANh<jAO<h}
then obtain h j where z = (h, j) j < i+ 1 h < j0 < h by blast
hence j+ 1 <i+2ANh—-1<j4+1ANR—1<IiNj+1#
h—1+1Az=(h—-1)+1,(G+1)—1)
by auto
thusz € (A(h,j). G+ 1, h—1)) “{(h,§). h<i+2ANj<hA
J<iAh#j+ 1)
by (auto simp: image-iff)
qed
qed
show inj-on (A(h, 7). G+ 1, h— 1)) {(h,j)- h< i+ 2ANF<hAj
<iANh#j+ 1}
proof
fix = y::natxnat
assume z € {(h, §). h< i+ 2ANj<hAj<iANh#£j+1}yE€
{(hyj). h<i+2ANj<hAj<iAh#j+ 1}
thus (case z of (h, j) = (j+ 1, h — 1)) = (case y of (h, j) = (4
+1,h—1)=z=y
by auto
qed
show Az. 2 € {(h, ). h< i+ 2ANj<hANj<iANh#j+ 1} =
(case case x of (h,j) = (j+ 1, h — 1) of
(hyj) = coeff f (j+ 1)« coeff g (i + 1 — j)* coeff f (h—1) =%
coeff g (1 + 1 — h)) =
(case z of (h, j) = coeff f h * coeff g (i + 2 — h) * coeff fj * coeff
9 (i —174)

by fastforce
qed
have 2: (D h = 1..i+ 1. coeff fh * coeff g (i + 2 — h) * coeff f (h
— 1) *xcoeffg (i +1 — h)) =
Sohye{(h,j). h<i+2ANj<hAj<iANh=j+ 1}
coeff fh = coeff g (i + 2 — h) x coeff fj * coeff g (i — 7))
proof (rule sum.reindezx-cong)
show {1..i+ 1} =fst ‘{(h,j). h<i+2ANj<hANj<iANh=]
+ 1}
proof
show {1..i+ 1} C fst ‘{(h,j). h<i+ 2Aj<hAj<iANh=
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j+ 1)
proof
fix z
assume ¢ € {1..i + 1}
hencez<i+ 2Nz —-—1<zANz—1<iANz=z—1+1AN
x = fst (z, z—1)

by auto
thus z € fst “{(h,j). h<i+ 2ANj<hAj<iAh=j+ 1}
by blast
qed
show fst ‘{(h,j). h< i+ 2ANj<hANj<iANh=j+1}C{1.i
+ 1}
by force
qed
show inj-on fst {(h,§). h< i+ 2ANj<hANj<iANh=j+ 1}
proof
fix z y
assume z € {(h,j). h< i+ 2ANj<hAj<iANh=j+ 1}
ye{(hj)h<i+2ANj<hAj<iNh=j+ 1}
hence z = (fstz, fstx — 1) y = (fsty, fsty — 1) fstx > 0 fsty
>0
by auto
thus fst © = fst y = = = y by presburger
qed

show Az. 2 € {(h, ). h< i+ 2ANj<hAj<iANh=j4+1} =
coeff f (fst z) % coeff g (i + 2 — fst ) * coeff f (fst x — 1) * coeff
gi+1—fstz)=
(case x of (h, j) = coeff fh x coeff g (i + 2 — h) x coeff fj * coeff
g9 (i =17))

by fastforce
qed
have H: {(h, j). h< i+ 2ANj<hAj<iAh#j+1}C
{0..i+2}x{0..i}
{(hy§) h<i+2ANj<hANj<iNh=j+ 1} C{0..i+2}x{0..i}
finite ({0..i4+2}x{0..i})
by (fastforce, fastforce, fastforce)
have finite {(h, j). h< i+ 2ANj<hAjFj<iANh#j+ 1}
finite {(h, j). h< i+ 2ANj<hAj<iAh=j+ 1}
apply (rule finite-subset) using H apply (simp, simp)
apply (rule finite-subset) using H apply (simp, simp)
done
thus ?thesis
apply (subst 1, subst 2, subst sum.union-disjoint[symmetric])
apply auto[3]
apply (rule sum.cong)
by auto
qed
ultimately show ?thesis
by algebra
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qed

oo = 2on<g Sn ki (Gir1-nGiv1—j — Giva-—nGi—i)+>n<j fi+1fn-1(9i—jGiv2—n — Git+1-jfiGir1-n)
Note we have to also consider the edge cases caused by making these sums
finite.

also have ... =
coeff fh x coeff f7* (coeff g (i + 1 — h) * coeff g (i + 1 — j))) +
(> (hy H)e{(h, 4). 5 < i A h <}
coeff fh * coeff fj x (coeff g (i + 1 — h) x coeff g (i + 1 — j) —
coeff g (4 + 2 — h) * coeff g (i — j))) +
o (hy He{(hy §). §<iANKh<jFAO<h}
coeff f (j+1) * coeff f (h—1) * (coeff g (i — j) * coeff g (i + 2 — h)
—coeffg (i +1 —j) xcoeffg (i +1 — h))) —
(C(h, Ne{(h, §).j=i+ 1 ANh<jAO<h}
coeff f (j4+1) * coeff g (i + 1 — j) * coeff f (h—1) * coeff g (i + 1
— h))) (is ?L = ?R)
proof —
have 7R =
(> (b, He{(h, j). j=1+ 1 Nh<j}
coeff fh x coeff fj * (coeff g (i + 1 — h) * coeff g (i + 1 — 7)) +
(2 (hy DE{(hy §)-§ < i N B <j}
coeff fh x coeff f7* coeff g (i + 1 — h) * coeff g (i + 1 — j)) —
(32 (hy )E{(h, §). j < i N b < j}.
coeff fh x coeff fj * coeff g (i + 2 — h) * coeff g (i — 7)) +
(2 (hy Ne{(h, §). j<iANh<jAO<h}
coeff f (j+1) * coeff f (h—1) * coeff g (i — j) * coeff g (i + 2 — h))

(Z(h,j)e{(h,j).jfi/\ h<jiANO< h}.
coeff f (j+1) * coeff f (h—1) * coeff g (i + 1 — j) * coeff g (i + 1

— h))) -
(S (h Delh ). =i+ 1 AR<jAO0<h).
coeff f (j4+1) * coeff g (i + 1 — §) * coeff f (h—1) * coeff g (i + 1
— h)))
apply (subst sum-subtractf[symmetric], subst sum-subtractf[symmetric])
by (auto simp: algebra-simps split-beta)
also have ... =
(2 (hy e, ). G =i+ 1 A b < j).
coeff fh x coeff fj * (coeff g (i + 1 — h) x coeff g (i + 1 — 7)) +
(5 (h E{(h )G < i Ah <}
coeff fh x coeff fj * (coeff g (i + 1 — h) x coeff g (i + 1 — §)))) —
(2 (h, DEf(h, j). G < i N h<j}
coeff fh % coeff fj * coeff g (i + 2 — h) * coeff g (i — 7)) +
o (hy H)e{(h, §). 5 <iNR<FANO<h}
coeff f (j + 1) * coeff f (h — 1) x coeff g (i — j) * coeff g (i + 2
— b)) -
(32 (hy )e{(hy 5). G < i AR <jAO<h}
coeff f (j+ 1) % coeff g (i + 1 — j) * coeff f (h — 1) * coeff g (i
+1—h)+
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O (hy j)ef(h, j). j=i+ 1 ANh<jAO<h}
coeff f (j+ 1) % coeff g (i + 1 — j) * coeff f (h — 1) * coeff g (i

+ 1 —h))
by (auto simp: algebra-simps)
also have ... = 7L
proof —

have (3 (h, ))e{(h, 7). i =1+ 1 N h < j}.
coeff fh x coeff f7x (coeff g (1 + 1 — h) x coeff g (1 + 1 —

M)+
(2 (b, DE{(h, j). j < i Nk <j}.
coeff fh x coeff f7 = (coeff g (1 + 1 — h) x coeff g (1 + 1 —
M) =
(5 (h el ). 5 < i+ 1 A D<),
coeff fh * coeff fj* (coeff g (i + 1 — h) = coeff g (i + 1 — j)))
proof (subst sum.union-disjoint[symmetric])
have {(h, j). j =i+ 1 ANh<j} C{i+ 1} x {i+ 1}
{(h, ). j<iANh<j}C{i+1}x{.i+ 1}
by (fastforce, fastforce)
thus finite {(h, j). j =i+ 1 A h < j} finite {(h, j). j < i AN h <j}
by (auto simp: finite-subset)
show {(h, j).j=i+ 1 AR Nn{(hj)j<inh<j}={}
by fastforce
qed (rule sum.cong, auto)
moreover have (> (h, j)e{(h, 7). j <iAh<j A0 <h}
coeff f (j+ 1) xcoeff g (i 4+ 1 —j) = coefff (h—1)x coeff g (i
+1—h)+
O (hy De{(hyg).j=i+ 1 ANh<jAO<h}.
coeff f (5 + 1) * coeff g (i + 1 — j) * coeff f (h — 1) % coeff g (i
+1—h)=
Oohy j)e{(h, 9).<i+1ANR<jAO<h}
coeff f (j+ 1) = coeff g (i + 1 — ) * coeff f (h — 1) x coeff g (i
+ 1 —h)

proof (subst sum.union-disjoint[symmetric])
have {(h,j). j < iAR<jAO<h}C{.i+1}x{.i+1}
{((hyj)j=i+1AR<jAO<h}C{i+1}x{i+1}
by (fastforce, fastforce)
thus finite {(h, 7). 1 < i A h < j A0 < h} finite {(h, j). j =1+ 1
ANh<jANO<h}
by (auto simp: finite-subset)
show {(h, 7). j<iAR<jAO<hIN{(hj).j=i+1AhR<j
ANO<h}={}
by fastforce
qed (rule sum.cong, auto)
ultimately show ?thesis
by (auto simp: algebra-simps)
qed
finally show ?thesis by presburger
qed

oo = 2oneg (nfi = fivrfn-1) (Giv1-nGiv1—j — Gira—nGi-j)
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also have ... =
(5 (h e{(h ). F<iAR<iAO<h).
—(coeff fh * coeff fj — coeff f (j+1) * coeff f (h—1)) * (coeff g (i
— ) xcoeffg(i+ 2 —h)—coeff g(i+ 1 —j) *coeffg(i+1—h))+
coeff fh x coeff f7x (coeff g (1 + 1 — h) x coeff g (i + 1 — j) —
coeff g (i + 2 — h) x coeff g (i — j))) +
(5 (hy HEL(hy ). j =1+ 1 Ah< ).
coeff fh x coeff f7* (coeff g (i + 1 — h) * coeff g (i + 1 — j))) —
(X (h, )e{(h, j).j=i+ 1 ANR<jAO<h}
coeff f (j+1) * coeff g (i + 1 — j) * coeff f (h—1) * coeff g (i + 1
— h))) (is ?L = ?R)
proof —
have (3 (h, j)e{(h, 7). 7 < i AN h < j}.
coeff f h * coeff 7 *
(coeff g (i + 1 — h) * coeff g (¢ + 1 — j) — coeff g (i + 2 — h) *
coeff g (i — j))) =
(S (h, §)e{(h, §). < iAR<jAO<h}
coeff f h x coeff fj
(coeff g (i + 1 — h) * coeff g (i + 1 — j) — coeff g (i + 2 — h)
coeff g (i — j))) +
(> (hy j)e{(h, 4)- < i AR <jAO=h}
coeff f h *x coeff fj *
(coeff g (i + 1 — h) * coeff g (i + 1 — j) — coeff g (i + 2 — h) x
coeff g (i — j)))
proof (subst sum.union-disjoint[symmetric])
have {(h, j). j < i Ah < jA 0 <h}C{iyx{i} {(h,j).j<iAh
<jA0=h}C{.i}x{.i}
by (force, force)
thus finite {(h, j). 7 < i A h <j A0 < h} finite {(h, ). 7<iANh<
jANO=h}
by (auto simp: finite-subset)
show {(h, 7). j<iAR<iAO<hyN{(hj).j<iAh<jAO=

by fast
qed (rule sum.cong, auto)

moreover have (3 (h, j)e{(h, 7). j <iANh<jA 0 < h}
(—coeff fh = coeff fj + coeff f (j + 1) * coeff f (h — 1)) =
(coeff g (i — 7) x coeff g (i + 2 — h) — coeff g (i + 1 — j) = coeff g (i
+1—h)))=
(X (hy e{(h, 4)- § < iAh<GAO0<h}
coeff fh = coeff fj* (coeff g (i + 1 — h) * coeff g (i + 1 — j) —
coeff g (i + 2 — h) = coeff g (i — 7)) +
(Z(hy)é{(hJ)J<Mh JANO < h}
coeff f (j + 1) * coeff f (h — 1) *
(coeﬁg(z—])*coeﬁg(z—i—?—h)—coeﬁg(z—i—] — j) * coeff
g (i+1—h))

by (subst sum.distrib[symmetric], rule sum.cong, fast, auto simp:
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algebra-simps)

ultimately show ?thesis
by (auto simp: algebra-simps)
qed

... > 0 by normal-poly-general-coeff-mult

also have ... > 0
proof —
have 0 < (3 (h, ))€{(h, j). j<iAh<jA 0 < h}
— (coeff fh x coeff fj — coeff f (j + 1) *x coeff f (h — 1)) %
(coeff g (i — j) * coeff g (¢ + 2 — h) — coeff g (i + 1 — j) *
coeff g (1 + 1 — h)))
proof (rule sum-nonneg)
fix x assume z € {(h, j). j <iAh<jAO0<h}
then obtain h j where H: z = (h, j) j < ih < j0 < h by fast
hence h — 1 < j — 1 by force
hence 1: coeff fh x coeff fj — coeff f (j + 1) * coeff f (h — 1) > 0
using normal-poly-general-coeff-mult[OF hf, of h—1 j—1] H
by (auto simp: algebra-simps)
from H have i — j < i — h by force
hence 2: coeff g (i — j) = coeff g (i + 2 — h) — coeff g (i + 1 — j) =
coeff g (i+ 1 —h) <0
using normal-poly-general-coeff-mult[OF hg, of i — j ¢ — h] H
by (smt (verit, del-insts) Nat.add-diff-assoc2 le-trans)
show 0 < (case = of
(h, ) =
— (coeff fh* coeff fj — coeff f (j + 1) x coeff f (h — 1)) %
(coeff g (i — j) * coeff g (i + 2 — h) —
coeff g (1 + 1 — j) % coeff g (i + 1 — h)))
apply (subst H(1), subst split, rule mult-nonpos-nonpos, subst
neg-le-0-iff-le)
subgoal using 1 by blast
subgoal using 2 by blast
done
qed
moreover have 0 < (3 (h, j)e{(h, 7). j<iANh<jAh=0}
coeff f h * coeff [ j *
(coeff g (i + 1 — h) *xcoeff g (i + 1 — j) — coeff g (i + 2 —
h) x coeff g (i — j)))
proof (rule sum-nonneg)
fix x assume z € {(h, j). j <iAh<jAh=0}
then obtain h j where H: 2 = (h, j) j < ih < jh = 0 by fast
have 1: coeff fh * coeff fj > 0
by (simp add: hf normal-coeff-nonneq)
from H have i — j < i — h by force
hence 2: coeff g (i — j) * coeff g (i + 2 — h) — coeff g (¢ + 1 — j) *
coeffg (i +1 —h) <0
using normal-poly-general-coeff-mult[OF hg, of i — ji — h] H
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by (smt (verit, del-insts) Nat.add-diff-assoc2 le-trans)
show 0 < (case = of
(h, ) =
coeff f h * coeff fj *
(coeff g (i + 1 — h) *x coeff g (i + 1 — j) —
coeff g (i + 2 — h) * coeff g (i — J)))
apply (subst H(1), subst split, rule mult-nonneg-nonneg)
subgoal using 1 by blast
subgoal using 2 by argo
done
qed
moreover have 0 < (3 (h, j)e{(h, j). j=1i+ 1 AN h < j}. coeff fh *
coeff fj* (coeff g (i + 1 — h) * coeff g (i + 1 — j))) —
O (h, j)e{(h, §). =i+ 1 ANR<jAO<h}
coeff f (j+ 1) = coeffg (i 4+ 1 —j)«coefff (h— 1) x coeff g (i
+ 1 —h)
proof —
have (> (h, j)e{(h, j). j =1+ 1 AN h < j}. coeff fh * coeff fj = (coeff
=) -
o (hy He{(hyj).j=i+ 1 ANR<jAO<h}
1) % coeff g (i + 1 — 7) * coeff f (h — 1) * coeff g (i
+1-—h)=

o (hy )ef{(hy§).j=i+ 1 ANh<jANh=0}. coeff fh coeff fj =
(coeff g (i + 1 — B x coeffg (i + 1 — 1)) +
Oo(hy He{(h, §). =i+ 1 NKh<jANO<h}. coeff fh* coeff fj =
(coeff g (i + 1 — h) x coeff g (i + 1 — j))) —
O (hy De{(hyg).j=i+ 1 ANh<jAO<h}.
coeff f (5 + 1) % coeff g (i + 1 — j) * coeff f (h — 1) x coeff g (i
+ 1 — h))
proof (subst sum.union-disjoint[symmetric])
have {(h,j). j=i+ I ANhR<jANh=0}={(0,i+ 1)}
{(h,j).j=i+1AR<FAO<h}={l.i+1} x {i+ 1}
by (fastforce, force)
thus finite {(h, j). j=i+ 1 ANh<jAh=20}
finite {(h,j). j=i+ 1 ANhR<jAO<h}
by auto
show {(h,j).j=i+1Ah<jAh=0}N{(hj).j=i+1ANh
SN0 <h}={}
by fastforce
have {(h,j). j=i+ 1 ANh<jAh=0}U{(h,j).j=i+1ANh
<jAnO<ht=A{(hj).j=i4+1ANh<j}
by fastforce
thus (3 (h, j)e{(h, §). j =17+ 1 N h < j}. coeff fh x coeff [ 7 =
(coeff g (i + 1 — h) x coeff g (i1 + 1 — 7)) —
(S (h E{(h ) =i+ 1 AB<jAO<h.
coeff f (4 1) % coeff g (i + 1 — j) % coeff f (h — 1) * coeff g
(i+1—-n)=

(Z(h,])E{(h,j)]:Z—‘rl/\hS]/\h:O}U{(h,j)j:Z
+ 1 Ah<jAO<h}
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coeff fh = coeff {7« (coeff g (i + 1 — h) * coeff g (1 + 1 —

) -
Oohyj)e{h,f).j=i+ 1 ANR<jFjA0<h}
coeff f (j+ 1) x coeff g (i + 1 — j) % coeff f (h — 1) % coeff g
(i+1—h)
by presburger
qed
also have ... =

Oo(h, j)e{(h, §).- =i+ 1 ANh<jAh=0} coefffhx coeff fjx*
(coeff g (i + 1 — h) x coeff g (i + 1 — j))) +
Oo(hy Ne{(h,§). =i+ 1 ANh<jANO<h}
(coeff fh x coeff f7 — coeff f (j + 1) * coeff f (h — 1)) * (coeff g
(i+ 1 —h)*coeffg(i+1—37))
by (subst add-diff-eq[symmetric], subst sum-subtractf[symmetric], subst
add-left-cancel, rule sum.cong, auto simp: algebra-simps)
also have ... > 0
proof (rule add-nonneg-nonneg)
show 0 < (3" (h, j)e{(h,j). j=i+ 1 ANhR<jAO<h}
(coeff fh x coeff fj — coeff f (j + 1) % coeff f (h — 1)) %
(coeff g (i + 1 — h)  coeff g (i + 1 — j)))
proof (rule sum-nonneg)
fix r assume z € {(h, j).j=i+ 1 AR<jAO<h}
then obtain h j where H: t = (h,j) j=4i+4+ 1 h < j 0 < h by fast
hence h — 1 < j — 1 by force
hence 1: coeff f h * coeff fj — coeff f (j + 1) x coeff f (h — 1) > 0
using normal-poly-general-coeff-mult|OF hf, of h—1 j—1] H
by (auto simp: algebra-simps)
hence 2: 0 < coeffg (i + 1 — h) x coeff g (i + 1 — j)
by (meson hg mult-nonneg-nonneg normal-coeff-nonneg)
show 0 < (case = of
(h, ) =
(coeff fh x coeff fj — coeff f (j + 1) = coeff f (h — 1))
(coeff g (i + 1 — h) x coeff g (i + 1 — j)))
apply (subst H(1), subst split, rule mult-nonneg-nonneg)
subgoal using 1 by blast
subgoal using 2 by blast
done
qed
qed (rule sum-nonneg, auto simp: hf hg normal-coeff-nonneg)[1]
finally show ?thesis .
qed
ultimately show ?thesis by auto
qed
finally show coeff (f * g) i * coeff (f * g) (i + 2) < (coeff (f x g) (i +
1))? by (auto simp: power2-eq-square)
qed
moreover have \ijk i <j = j< k= 0 < coeff (fxg) i = 0 <

coeff (fxg) k = 0 < coeff (f*g) j
proof —
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fix j k
assume 0 < coeff (f * g) k
hence k < degree (f * g) using le-degree by force
moreover assume j < k
ultimately have j < degree (f * g) by auto
hence 1: j < degree f + degree g
by (simp add: degree-mult-eq hf hg normal-non-zero)
show 0 < coeff (f * g) j
apply (subst coeff-mult, rule sum-pos2[of - min j (degree f)], simp, simp)
apply (rule mult-pos-pos, rule normal-of-no-zero-root, simp add: hf0,
sitmp)
using hf apply auto|[1]
apply (rule normal-of-no-zero-root)
apply (simp add: hg0)
using 1 apply force
using hg apply auto[1]
by (simp add: hf hg normal-coeff-nonneg)
qed
ultimately show normal-poly (f*g)
by (rule normal-polyl’)
qed
qed
qed
qed

lemma normal-poly-of-roots:
fixes p::real poly
assumes A z. poly (map-poly complex-of-real p) z = 0
= Re 2 < 0 N 4x(Re 2) "2 > (cmod z) "2
and lead-coeff p = 1
shows normal-poly p
using assms
proof (induction p rule: real-poly-roots-induct)
fix p::real poly and x::real
assume lead-coeff (p * [— z, 1:]) = 1
hence 1: lead-coeff p = 1
by (metis coeff-degree-mult lead-coeff-pCons(1) mult-cancel-left! pCons-one
zero-neq-one)
assume h: (\z. poly (map-poly complez-of-real (p x [:— z, 1:])) z = 0 =
Re 2 < 0 A (cmod 2)* < 4 * (Re 2)?)
hence 2: (Az. poly (map-poly complez-of-real p) z = 0 =
Re 2 < 0 A (cmod 2)* < 4 * (Re 2)?)
by (metis four-z-squared mult-zero-left of-real-poly-map-mult poly-mult)
have 3: normal-poly [:—z, 1:]
apply (subst linear-normal-iff,
subst Re-complex-of-real[symmetric|, rule conjunctl)
by (rule hlof z], subst of-real-poly-map-poly[symmetric], force)
assume (Az. poly (map-poly complex-of-real p) z = 0
= Re 2 < 0 A (cmod 2)? < J * (Re 2)?) =
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lead-coeff p = 1 = normal-poly p
hence normal-poly p using 1 2 by fast
then show normal-poly (p * [:—z, 1:])
using 3 by (rule normal-mult)
next
fix p::real poly and a b::real
assume lead-coeff (p * [faxa+ bxb, — 2 xa, 1}]) =1
hence 1: lead-coeff p = 1

by (smt (verit) coeff-degree-mult lead-coeff-pCons(1) mult-cancel-left1 pCons-eq-0-iff
pCons-one)

assume h: (Az. poly (map-poly complex-of-real (p * [a * a + b x b, — 2 % a,
1)) z=0 =
Re 2 < 0 A (cmod 2)* < 4 * (Re 2)?)
hence 2: (Az. poly (map-poly complez-of-real p) z = 0 =
Re 2 < 0 A (cmod 2)* < 4 * (Re 2)?)
proof —
fix z :: complex
assume poly (map-poly complez-of-real p) z = 0
then have V q. 0 = poly (map-poly complez-of-real (p % q)) z
by simp
then show Re z < 0 A (cmod 2)? < 4 x (Re 2)?
using h by presburger
qed
have 3: fjax a + bx b, — 2 % a, 1:] = [:cmod (a + ixb) ~ 2, —2 % Re (a +
ixb), 1:]
by (force simp: cmod-def power2-eq-square)
interpret map-poly-idom-hom complez-of-real ..
have 4: normal-poly [:a * a + b x b, — 2 * a, 1:]
apply (subst 3, subst quadratic-normal-iff)
apply (rule h, unfold hom-mult poly-mult)
by (auto simp: algebra-simps)
assume (Az. poly (map-poly complez-of-real p) z = 0 = Re z < 0 A (cmod
2)2 < 4 * (Re 2)?) =
lead-coeff p = 1 = normal-poly p
hence normal-poly p using 1 2 by fast
then show normal-poly (p * [;a x a + b x b, — 2 % a, 1:])

using 4 by (rule normal-mult)
next

fix a::real
assume lead-coeff [ra:] = 1
moreover have \i j k.
lead-coeff [:a:)] = 1 =
i<j—
J<k= 0 < coeff [[a:] i = 0 < coeff [:a:] k = 0 < coeff [:a:] j
by (metis bot-nat-0.extremum-uniquel coeff-eq-0 degree-pCons-0 lel
less-numeral-extra(3))
ultimately show normal-poly [:a:]
apply (subst normal-polyl)
by (auto simp:pCons-one)
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qed

lemma normal-changes:
fixes f::real poly
assumes hf: normal-poly f and hz: © > 0
defines df = degree f
shows changes (coeffs (f*[:—xz,1:])) = 1
using df-def hf
proof (induction df arbitrary: f)
case (
then obtain a where f = [:a:] using degree-0-iff by auto
thus changes (coeffs (fx[:—z, 1:])) = 1
using normal-non-zero[OF <normal-poly f+] hx
by (auto simp: algebra-simps zero-less-mult-iff mult-less-0-iff)
next
case (Suc df)
then show ?case
proof (cases poly f 0 = 0)
assume poly f 0 = 0 and hf:normal-poly f
moreover then obtain f’ where hdiv: f = f«[:0, 1]
by (smt (verit) dvdE mult.commute poly-eq-0-iff-dvd)
ultimately have hf’: normal-poly f’ using normal-divide-z by blast
assume Suc df = degree f
hence degree f' = df using hdiv normal-non-zero|OF hf'] by (auto simp:
degree-mult-eq)
moreover assume Af::real poly. df = degree f = normal-poly f = changes
(coeffs (f x [i— =z, 13])) = 1
ultimately have changes (coeffs (f' * [:— z, 1:])) = 1 using hf' by fast
thus changes (coeffs (f x [:(— z, 1:])) = 1
apply (subst hdiv, subst mult-pCons-right, subst smult-0-left, subst add-0)
apply (subst mult-pCons-left, subst smult-0-left, subst add-0)
by (subst changes-pCons, auto)
next
assume hf:normal-poly f and poly f 0 # 0
hence h’: A\i. i < degree f = coeff fi > 0
by (auto simp: normal-of-no-zero-root)
hence Ai. i < degree f — 1 = (coeff f)/(coeff f (i+1)) < (coeff f (i+1))/(coeff
f(i+2))
using normal-poly-coeff-mult| OF hf] normal-coeff-nonneg[OF hf]
by (auto simp: divide-simps power2-eq-square)
hence h': \i. i < degree f — 1 = (coeff f i)/ (coeff f (i+1)) — x < (coeff f
(i+1))/(coeff f (i+2)) — =
by fastforce
have hdeg: degree (pCons 0 f — smult x f) = degree f + 1
apply (subst diff-conv-add-uminus)
apply (subst degree-add-eg-left)
by (auto simp: hf normal-non-zero)

let 2f = X\ z w. Mi. if i=0 then z/(z * coeff f 0) else (if i = degree (pCons 0 f
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— smult x f) then w/(lead-coeff f) else inverse (coeff f 7))

have 1: Nz w. 0 < 2z = 0 < w = changes (coeffs (f * [—=, 1:])) =
changes (—z # map (Ai. (coeff f (i—1))/(coeff fi) — z) [1..<degree (pCons
0f — smult z f)] Q [w])
proof —
fix z w :: real
assume hz: 0 < z and hw: 0 < w

have —z # map (Ai. (coeff f (i—1))/(coeff fi) — x) [1..<degree (pCons 0 f
— smult z f)] @ [w] =
map (Mi. if i = 0 then —z else if i = degree (pCons 0 f — smult  f) then
w else
(coeff f (i—1))/(coeff fi) — x) [0..<degree (pCons 0 f — smult x f) +
1
proof (rule nth-equalityl)
fix ¢ assume ¢ < length (— z # map (Ni. coeff f (i — 1) / coeff fi — x)
[1..<degree (pCons 0 f — smult = f)] Q [w])
hence i < degree (pCons 0 f — smult x f)
using hdeg Suc.hyps(2) by auto
then consider (a)i = 0 | (b)(0 < i A i < degree (pCons 0 f — smult z f)) |
(¢)i = degree (pCons 0 f — smult x f)
by fastforce
then show (— z #
map (Ai. coeff f (i — 1) / coeff fi — x)
[1..<degree (pCons 0 f — smult z f)] @
[w]) i =
map (Ai. if i = 0 then — 2
else if i = degree (pCons 0 f — smult z f) then w
else coeff f (i — 1) / coeff fi — x)
[0..<degree (pCons 0 f — smult  f) + 1] !4
apply (cases)
by (auto simp: nth-append)
qged (force simp: hdeg)

also have ... = [?f z w i * (nth-default 0 (coeffs (f x [:—z, 1:])) ©).
i + [0..<Suc (degree (pCons 0 f — smult x f))]]
proof (rule map-cong)
fix 7 assume ¢ € set [0..<Suc (degree (pCons 0 f — smult x f))]
then consider (a)i = 0 | (b)(0 # i A i < degree (pCons 0 f — smult z f)) |
(¢)i = degree (pCons 0 f — smult z f)
by fastforce
then show (if { = 0 then — z
else if i = degree (pCons 0 f — smult x f) then w
else coeff f (i — 1) [ coeff fi — z) =
(if i = 0 then z [ (x % coeff f 0)
else if i = degree (pCons 0 f — smult x f) then w / lead-coeff f
else inverse (coeff f 1)) *
nth-default 0 (coeffs (f * [— z, 1:])) i
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proof (cases)
case (a)
thus ?thesis using hx <poly f 0 # 0> by (auto simp: nth-default-coeffs-eq
poly-0-coeff-0)
next
case (b)
thus ?thesis using hx h'[of i] hdeg
by (auto simp: field-simps nth-default-coeffs-eq coeff-pCons nat.split
poly-0-coeff-0)
next
case (¢)
thus ?thesis using hdeg by (auto simp: nth-default-coeffs-eq coeff-eq-0)
qged
qed force

finally have 1: — z #
map (Ni. coeff f (i — 1) / coeff fi — x) [1..<degree (pCons 0 f — smult x
1@ ] =

map (Ai. (if i = 0 then z / (x = coeff f 0)

else if i = degree (pCons 0 f — smult x ) then w / lead-coeff f
else inverse (coeff f 1)) *

nth-default 0 (coeffs (f * [:— z, 1:])) 7)

[0..<Suc (degree (pCons 0 f — smult x f))] .

have f * [:—z, 1:] # 0 using hdeg by force

show changes (coeffs (f * [:— z, 1:])) =
changes
(— 2 #
map (Ai. coeff f (i — 1) / coeff fi — x)
[1..<degree (pCons 0 f — smult z f)] Q
[w])
apply (subst 1)
apply (rule changes-scale[symmetric])
subgoal using hz hw hz h' hdeg by auto
subgoal using hdeg <f * [(—z, 1:] # O»
by (auto simp: length-coeffs)
done
qed

hence changes (coeffs (f * [:— z, 1:])) =
changes
(= (ma 1 (—(coeff f 0 / coelf f 1 — ) #
map (Ni. coeff f (i — 1) / coeff fi — x)
[1..<degree (pCons 0 f — smult = f)] Q
[maz 1 (coeff f (degree f — 1) / lead-coeff f — z)])
by force

also have ... = 1
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proof (rule changes-increasing)
fix ¢
assume i < length
(— maz 1 (— (coeff f O ) coeff f1 — x)) #
map (Ai. coeff f (i — 1) / coeff fi — z) [1..<degree (pCons 0 f —
smult z )] @
[maz 1 (coeff [ (degree f — 1) / lead-coeff f — z)]) — 1
hence ¢ < degree (pCons 0 f — smult x f)
using hdeg Suc.hyps(2) by fastforce
then consider (a)i = 0 | ()0 # i A i < degree (pCons 0 f — smult z f) —
1
(¢)i = degree (pCons 0 f — smult z f) — 1
by fastforce
then show (— maz 1 (— (coeff f 0 / coeff f 1 — x)) #
map (Ni. coeff f (i — 1) / coeff fi — x)
[1..<degree (pCons 0 f — smult z )] Q

[maz 1 (coeff f (degree f — 1) / lead-coeff f — z)]) !
i
< (= maz 1 (— (coeff fO [ coeff f1 — x)) #
map (Ni. coeff f (i — 1) / coeff fi — x)
[1..<degree (pCons 0 f — smult z f)] Q
[maz 1 (coeff f (degree f — 1) / lead-coeff f — z)]) !
(i+1)
proof (cases)
case a
then show ?thesis by (auto simp: nth-append)
next
case b
have coeff f (i — 1) * coeff f (i — 1 + 2) < (coeff f (i — 1 + 1))?
by (rule normal-poly-coeff-mult|OF hf, of i — 1])
hence coeff f (i — 1) / coeff fi < coeff fi / coeff f (i + 1)
using h'[of i| h'[of i+1] h'[of i—1] h' b hdeg
by (auto simp: power2-eq-square divide-simps)
then show ?thesis
using b by (auto simp: nth-append)
next
case ¢
then show %thesis using hdeg by (auto simp: nth-append not-le)
qed
qed auto

finally show changes (coeffs (f * [:—z, 1:])) = 1 .
qed
qed

end
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5 Proof of the theorem of three circles

theory Three-Circles
imports Bernstein Normal-Poly
begin

The theorem of three circles is a result in real algebraic geometry about the
number of real roots in an interval. It says if the number of roots in certain
circles in the complex plane are zero or one then the number of roots in
the circles is equal to the sign changes of the Bernstein coefficients on that
interval for which the circles intersect the real line. This can then be used
to determine if an interval has a real root in the bisection procedure, which
is more efficient than Descartes’ rule of signs.

The proof here follows Theorem 10.50 in Basu, S., Pollack, R., Roy, M.-F.:
Algorithms in Real Algebraic Geometry. Springer Berlin Heidelberg, Berlin,
Heidelberg (2016).

This theorem has also been fomalised in Coq [4]. The relationship between
this theorem and root isolation has been elaborated in Eigenwillig’s PhD
thesis [2].

5.1 No sign changes case

declare degree-pcompose[simp del]

corollary descartes-sign-zero:

fixes p::real poly

assumes Az:complezx. poly (map-poly of-real p) © = 0 = Re z < 0
and lead-coeff p = 1

shows coeff p i > 0

using assms

proof (induction p arbitrary: i rule: real-poly-roots-induct)

case (1 pz)

interpret map-poly-idom-hom complez-of-real ..

have h: \ i. 0 < coeff p i
apply (rule 1(1))
using 1(2) apply (metis lambda-zero of-real-poly-map-mult poly-mult)
using 1(8) apply (metis lead-coeff-1 lead-coeff-mult lead-coeff-pCons(1)

mult-cancel-right2 pCons-one zero-neg-one)

done

have z < 0
apply (subst Re-complex-of-real[symmetric])
apply (rule 1(2))
apply (subst hom-mult)
by (auto)

thus ?case
apply (cases 1)
subgoal using h[of ] h[of i—1]

by (fastforce simp: coeff-pCons mult-nonneg-nonpos2)
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subgoal using h[of i] h[of i—1] mult-left-mono-neg
by (fastforce simp: coeff-pCons)
done
next
case (2pab)
interpret map-poly-idom-hom complez-of-real ..
have h: A\ i. 0 < coeff p i
apply (rule 2(2))
using 2(%) apply (metis lambda-zero of-real-poly-map-mult poly-mult)
using 2(4) apply (metis lead-coeff-1 lead-coeff-mult lead-coeff-pCons(1)
mult-cancel-right2 pCons-one zero-negq-one)
done
have Re (a + b xi) < 0
apply (rule 2(3))
apply (subst hom-mult)
by (auto simp: algebra-simps)
hence 1: 0 < — 2 % a by fastforce
have 2: 0 < a % a + b * b by fastforce
have A\ 2. 0 < coeff f[axa+ bx b, — 2 xa, I:]x
proof —
fix z
show 0 < coeff faxa+ bx*xb, — 2 x%a, 1:]x
using 2 apply (cases z = 0, fastforce)
using ! apply (cases © = 1, fastforce)
apply (cases © = 2, fastforce simp: coeff-pCons)
by (auto simp: coeff-eq-0)
qed
thus ?case
apply (subst mult.commute, subst coeff-mult)
apply (rule sum-nonneg, rule mult-nonneg-nonneg|OF - h])
by auto
next
case (3 a)
then show ?case
by (smt (23) bot-nat-0.extremum-uniquel degree-1 le-degree
lead-coeff-pCons(2) pCons-one)
qed

definition circle-01-diam :: complex set where
circle-01-diam =
{z. emod (x — (of-nat 1 :: complex)/(of-nat 2)) < (real 1)/(real 2)}

lemma pos-real-map:
{z::complex. 1 /| z € (Ax. x + 1) ‘{x. 0 < Re z}} = circle-01-diam
proof
show {z. 1 /z € (Az. 2 + 1) ‘{x. 0 < Re z}} C circle-01-diam
proof

fix vassume z € {z. 1 /z € (Az. z + 1) ‘{z. 0 < Re z}}

then obtain y where h: 1 / =y + 1 and hy: 0 < Re y by blast
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hence hy: y =1 / © — 1 by fastforce
hence hy': y + 1 # 0 using h hy by fastforce
hence z =1/ (y + 1) using h
by (metis div-by-1 divide-divide-eq-right mult.left-neutral)
have |Re y — 1| < |Re y + 1| using hy by simp
hence cmod (y — 1) < emod (y + 1)
by (smt (23) ¢mod-Re-le-iff minus-complex.simps(1) minus-complex.simps(2)
one-complex.simps plus-complex.simps(1) plus-complex.simps(2))
hence cmod ((y — 1)/(y + 1)) < 1
by (smt (verit) divide-less-eq-1-pos nonzero-norm-divide zero-less-norm-iff)
thus z € circle-01-diam using hy’ hy'"’
by (auto simp: field-simps norm-minus-commaute circle-01-diam-def)
qed
show circle-01-diam C {z. 1 / z € (Az. z + 1) ‘{z. 0 < Re z}}
proof
fix  assume z € circle-01-diam
hence cmod (z — 1 / 2) % 2 < 1 by (auto simp: circle-01-diam-def)
hence h: z # 0 and cmod (z — 1 / 2) * cmod 2 < 1 by auto
hence cmod (2xz — 1) < 1
by (smt (verit) dbl-simps(3) dbl-simps(5) div-self times-divide-eq-left
left-diff-distrib-numeral mult.commute mult-numeral-1
norm-eq-zero norm-mult norm-numeral norm-one numeral-One)
hence cmod (((1/z — 1) — 1)/(1/x — 1)+ 1)) < 1
by (auto simp: divide-simps norm-minus-commute)
hence cmod (((1/xz — 1) — 1)/ cmod ((I/z — 1) + 1)) < 1
by (metis (no-types, lifting) abs-norm-cancel norm-divide norm-of-real)
hence cmod ((1/x — 1) — 1) < ¢cmod ((1/x — 1) + 1) using h
by (smt (verit) diff-add-cancel divide-eg-0-iff divide-less-eq-1-pos
norm-divide norm-of-real zero-less-norm-iff zero-neg-one)
hence |Re (1/z — 1) — 1| < |Re (1/z — 1) + 1]
by (smt (23) cmod-Re-le-iff minus-complex.simps(1) minus-complex.simps(2)
one-complex.simps plus-complex.simps(1) plus-complex.simps(2))
hence 0 < Re (1/x — 1) by linarith
moreover have 1 /2= (1/z — 1) + 1 by simp
ultimately have 0 < Re (1/z — 1) N1 /z=(1/x — 1)+ 1 by blast
hence Jza. 0 < Rexza A 1 / = za + 1 by blast
thusz € {z. 1 /Jz € (M. 2+ 1) ‘{z. 0 < Re z}} by blast
qed
qed

lemma one-circle-01: fixes P::real poly assumes hP: degree P < p and P # 0
and proots-count (map-poly of-real P) circle-01-diam = 0
shows Bernstein-changes-01 p P = 0
proof —
let 2Q) = (reciprocal-poly p P) o, [:1, 1:]
have hQ: ?Q) # 0
using assms
by (simp add: pcompose-eq-0-iff reciprocal-0-iff)
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hence 1: changes (coeffs ?Q) > proots-count ?Q {z. 0 < z} A
even (changes (coeffs ?Q) — proots-count 7Q) {z. 0 < z})
by (rule descartes-sign)

have hdeg: degree (map-poly complex-of-real P) < p
by (rule le-trans, rule degree-map-poly-le, auto simp: assms)
have hz: A\z. 1 + 2 = 0 = 0 < Re © = False
proof —
fix z::compler assume 1 + z = 0
hence x = —1 by algebra
thus 0 < Re v+ = Fualse by auto
qed

have 2: proots-count (map-poly of-real P) circle-01-diam =
proots-count (map-poly of-real ?Q) {x. 0 < Re x}

apply (subst pos-real-map[symmetric])
apply (subst of-real-hom.map-poly-pcompose)
apply (subst map-poly-reciprocal) using assms apply auto[2]
apply (subst proots-pcompose)
using assms apply (auto simp: reciprocal-0-iff degree-map-poly)[2]
apply (subst proots-count-reciprocal)
using assms apply (auto simp: degree-map-poly inverse-eq-divide)[2]
using hx apply fastforce
by (auto simp: inverse-eq-divide algebra-simps)

hence 3:proots-count (map-poly of-real ?Q) {z. 0 < Re x} = 0
using assms(3) by presburger

hence Az:complez.
poly (map-poly of-real (smult (inverse (lead-coeff ?Q)) 7Q)) z = 0 =
Rex <0
proof cases
fix z::complexr show Re x < 0 = Re = < 0 by fast
assume —Re z < 0 hence h:0 < Re x by simp
assume poly (map-poly of-real (smult (inverse (lead-coeff ?Q)) ?Q)) x = 0
hence h2:poly (map-poly of-real ?Q)) x = 0 by fastforce
hence order © (map-poly complezx-of-real (reciprocal-poly p P o, [:1, 1:])) > 0
using assms by (fastforce simp: order-root pcompose-eq-0-iff reciprocal-0-iff)
hence proots-count (map-poly of-real ?Q) {z. 0 < Re z} # 0
proof —
have h3: finite {x. poly (map-poly complex-of-real
(reciprocal-poly p P o, [:1, 1:])) = = 0}
apply (rule poly-roots-finite)
using assms by (fastforce simp: order-root pcompose-eq-0-iff reciprocal-0-iff)
have 0 < order z (map-poly complex-of-real (reciprocal-poly p P o, [:1, 1:]))
using h2 assms by (fastforce simp: order-root pcompose-eq-0-iff recipro-
cal-0-iff)
also have ... < (3 - re{z. 0 < Rexz A
poly (map-poly complex-of-real (reciprocal-poly p P o, [:1, 11])) z =
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0}.
order r (map-poly complex-of-real (reciprocal-poly p P o, [:1, 11])))
apply (rule member-le-sum) using h h2 h3 by auto
finally have
0< (O re{z. 0 < Rex A
poly (map-poly complez-of-real (reciprocal-poly p P o, [:1, 11]))
order r (map-poly complex-of-real (reciprocal-poly p P oy [:1, 1
thus
0 < order x (map-poly complex-of-real (reciprocal-poly p P o, [:1, 13])) =
proots-count (map-poly complez-of-real (reciprocal-poly p P o, [:1, 1:]))
{z. 0 < Rez} # 0
by (auto simp: proots-count-def proots-within-def)
qed
thus Re z < 0 using 3 by blast
qed
hence Ai. coeff (smult (inverse (lead-coeff ?Q)) ?Q) i > 0
apply (frule descartes-sign-zero)
using assms by (fastforce simp: pcompose-eq-0-iff reciprocal-0-iff)
hence changes (coeffs (smult (inverse (lead-coeff 2Q)) 7Q)) = 0
by (subst changes-all-nonneg, auto simp: nth-default-coeffs-eq)
hence changes (coeffs ?Q) = 0
using hQ by (auto simp: coeffs-smult changes-scale-const)

thus ?thesis
apply (subst Bernstein-changes-01-eq-changes|OF hP])
by blast

qged

definition circle-diam :: real = real = compler set where
circle-diam | r = {z. emod ((z — 1) — (r = 1)/2) < (r — 1)/ 2}

lemma circle-diam-rescale: assumes [ < r
shows circle-diam I v = (A z . (xx(r — 1) + 1)) ¢ circle-01-diam
proof
show circle-diam [ r C (Az. x * (complex-of-real r — complez-of-real l) +
complex-of-real 1) * circle-01-diam
proof
fix  assume z € circle-diam I r
hence cmod ((x — 1) — (r — 1)/2) < (r — 1)/ 2 by (auto simp: circle-diam-def)
hence cmod ((r — 1) * ((z — ))/(r = 1) — 1/2)) < (r — 1)/2 using assms
by (subst right-diff-distrib, fastforce)
hence (r — ) x emod ((z = 0)/(r = 1) — 1/2) < (r = 1) % 1/2
apply (subst(2) abs-of-pos[symmetric])
subgoal using assms by argo
subgoal
apply (subst norm-scaleR[symmetric])
by (simp add: scaleR-conv-of-real)
done
hence cmod ((z — 1)/(r — 1) — 1/2) < 1/2
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apply (subst mult-less-cancel-left-pos[of r—1,symmetric])
using assms by auto
hence
emod ((z=1)/(r=1) — 1/ 2)*x 2 < 1A
z = (z=1)/(r=1) * (complez-of-real v — complex-of-real 1) + complezx-of-real |
by force
thus z € (A\z. z * (complex-of-real v — complez-of-real l) + complex-of-real 1)
circle-01-diam
by (force simp: circle-01-diam-def)
qged
show (Az. z x (complex-of-real v — complex-of-real 1) + complex-of-real 1) *
circle-01-diam C circle-diam [ r
proof
fix z::complex
assume
x € (Az. z * (complez-of-real v — complex-of-real 1) + complex-of-real 1) *
circle-01-diam
then obtain y::complex where z = y * (r — 1) + lecmod (y — 1/2) < 1/2
by (fastforce simp: circle-01-diam-def)
moreover hence y = (x — ) / (r — 1) using assms by force
ultimately have cmod ((z — 1) / (r — 1) — 1/2) < 1/2 by presburger
hence (r — 1) x (ecmod ((z = 1) / (r—=1) —1/2)) < (r = 1) % (1/2)
apply (subst mult-less-cancel-left-pos)
using assms by auto
hence cmod ((z — 1) — (r = 1)/2) < (r = 1)/2
apply (subst(asm) (2) abs-of-pos[symmetric])
using assms apply argo
apply (subst(asm) norm-scaleR[symmetric])
by (smt (verit, del-insts)
<z =y % complex-of-real (r — 1) + complez-of-real Iy
<y = (z — complex-of-real 1) / complex-of-real (r — 1))
add-diff-cancel divide-divide-eq-right divide-numeral-1 mult.commute
of-real-1 of-real-add of-real-divide one-add-one scaleR-conv-of-real
scale-right-diff-distrib times-divide-eq-right)
thus z € circle-diam I r
by (force simp: circle-diam-def)
qged
qged

lemma one-circle: fixes P::real poly assumes [ < r
and proots-count (map-poly of-real P) (circle-diam 1l r) = 0
and P # 0
and degree P < p
shows Bernstein-changes p l r P = 0
proof (subst Bernstein-changes-eg-rescale)
show [ # r using assms(1) by force
show degree P < p using assms(4) by blast
show Bernstein-changes-01 p (P o, [:l, 1:] o, [:0, 7 — I]) = 0
proof (rule one-circle-01)
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show degree (P oy, [:l, 1:] op [:0, 7 — I]) < p
using assms(4) by (force simp: degree-pcompose)
show P o, [:l, 1:] o, [:0, 7 — 1] # 0
using assms by (smt (23) degree-0-iff gr-zerol pCons-eq-0-iff pCons-eq-iff
pcompose-eq-0)

have proots-count (map-poly of-real P) (circle-diam [ r) =

proots-count (map-poly complex-of-real (P oy [:l, 1:] o, [:0, r — []))
circle-01-diam

apply (subst of-real-hom.map-poly-pcompose)

apply (subst proots-pcompose)

using «P o, [:l, 1:] o, [:0, r — I:] # 0> apply force

using assms(1) apply fastforce

apply (subst of-real-hom.map-poly-pcompose)

apply (subst proots-pcompose)

apply (auto simp: assms(3))[2]

apply (subst circle-diam-rescale[OF assms(1)])

apply (rule arg-cong[of - - proots-count (map-poly complez-of-real P)])

by fastforce

thus proots-count (map-poly complex-of-real (P o, [:l, 1:] o, [:0, 7 — 1]))
circle-01-diam = 0
using assms(2) by presburger
qed
qed

5.2 One sign change case

definition upper-circle-01 :: complex set where
upper-circle-01 = {x. cmod (x — (1/2 + sqrt(8)/6 * 1)) < sqrt 3 | 3}

lemma upper-circle-map:
{z::complex. 1 /| x € Az. x + 1) ‘{x. Im x < sqrt 3 * Re x}} = upper-circle-01
proof
show {z::complex. 1 /| x € (Ax. ¢ + 1) ‘{z. Im = < sqrt 3 = Re z}} C
upper-circle-01
proof
fix z
assume z € {z. 1 /x € Ax.z + 1) ‘{z. Imx < sqrt 8 x Re z}}
then obtain y where 1 / x =y + 1 and h: Im y < sqrt 3 * Re y by fastforce
hence hy: y = 1/x — 1 by simp
hence hz: z = 1/(y+1) by auto
from h have hyl: y # —1 by fastforce
hence hz0: © # 0 using hy by fastforce
from h have 0 < Re ((i + sqrt 8) x y) by fastforce
hence cmod (1 + sqrt 8) x y — 1) < cmod ((i + sqrt 3) =y + 1)
by (auto simp: cmod-def power2-eq-square algebra-simps)
hence 1: cmod (14 sqrt 8) xy — 1)/((1 + sqrt 3) x y + 1)) < 1
by (auto simp: norm-divide divide-simps)
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also have cmod (((i + sqrt 3) xy — 1)/((i + sqrt 3) x y + 1)) =
cmod ((1+ sqrt 3) xyxz — x)/(1 + sqrt 8) x y x © + x))
apply (subst mult-divide-mult-cancel-right[symmetric, OF hz0))
apply (subst ring-distribs(2)[of - - x])
apply (subst left-diff-distrib[of - - z])
by simp
also have ... = cmod
(((=1 — complex-of-real (sqrt 8) — i) * = + (complex-of-real (sqrt 3) + 1)) /
(( 1 — complez-of-real (sqrt 3) — i) * z + (complez-of-real (sqrt 3) + i)))
by (auto simp: hy algebra-simps hz0)

also have
.. = cmod ((—1 — complex-of-real (sqrt 3) — 1) * x +
(complex-of-real (sqrt 3) + 1)) /
emod ((( 1 — complex-of-real (sqrt 3) — i) x © +
(complex-of-real (sqrt 3) + 1))
by (auto simp: norm-divide)

finally have
ecmod ((—1 — complex-of-real (sqrt 3) — i) * x + (complez-of-real (sqrt 3) +
1))
< emod ((1 — complex-of-real (sqrt 3) — i) x x + (complex-of-real (sqrt 3)
+ 1))

proof (subst divide-less-eq-1-pos[symmetric], subst zero-less-norm-iff)
show (1 — complez-of-real (sqrt 3) — i) *  + (complex-of-real (sqrt 8) + i)

#£ 0
proof
have —i + 1 # complez-of-real (sqrt 8) by (auto simp: complex-eq-iff)
moreover assume
(1 — complez-of-real (sqrt 8) — i) * x + (complex-of-real (sqrt 3) +1) = 0
ultimately have
x = (—complez-of-real (sqrt 3) —1)/(1 — complez-of-real (sqrt 8) — i)
by (auto simp: divide-simps algebra-simps)
thus Fulse
using h by (auto simp: hy field-simps Im-divide Re-divide)
qed
qged

hence cmod (z — (1/2 + sqrt(8)/6 * 1)) < sqrt 8 / 3
apply (subst(3) abs-of-pos[symmetric, of 3]) apply auto[1]
apply (subst real-sqrt-abs2[symmetric], subst real-sqrt-divide[symmetric])
apply (subst cmod-def, subst real-sqrt-less-iff)
apply (rule mult-right-less-imp-less|of - sqrt 3 /3])
by (auto simp: cmod-def power2-eq-square algebra-simps)

thus z € upper-circle-01

by (auto simp: upper-circle-01-def)
qged
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show upper-circle-01 C{z. 1 Jxz € (Az. .+ 1) ‘{z. sqrt 3 x Rex > Im z}}
proof
fix z assume z € upper-circle-01
hence cmod (z — (1/2 + sqrt(3)/6 1)) < sqrt 3 | 8
by (force simp: upper-circle-01-def)
hence sqrt ((Rexz — 1/2)72 + (Im z — sqrt(3)/6)72) < sqrt (1/3)
by (auto simp: cmod-def sqrt-divide-self-eq real-sqrt-inverse[symmetric])
hence 1: — Imz x sqgrt 3 + (Imz x (Imz * 8) + Rexz x (Re x x 3)) < Re x
* 3
by (auto simp: power2-eq-square algebra-simps)
have 2: — Imz 4+ (Imz * (Im © * sqrt 8) + Re x * (Re x x sqrt 3)) < Re z
* sqrt 3
apply (rule mult-right-less-imp-less|[of - sqrt 3])
apply (subst mult.assoc|of - sqrt 3], subst real-sqrt-mult-self)
using 1 by (auto simp: algebra-simps)
have sqrt 3 + (—=Imz) / (Imx * Im z + Re z * Re x) <
Rex % sqrt 8 / (Im z x Im z + Re z * Re x)
apply (rule mult-right-less-imp-less[of - (Im z x Im © + Re = * Re z)])
apply (rule subst, rule arg-cong2[of - - - - (<)])
prefer 3 apply (rule 2)
apply (subst distrib-right)
using 2 apply auto
by (auto simp: algebra-simps)

hence 0 < — Im (1/x—1) + sqrt 8 = Re (1/z—1)
by (auto simp: power2-eq-square algebra-simps Re-divide Im-divide)

hence sqrt 3 x Re (1/z—1) > Im (1/x—1)
by argo

hence (1/z—1) € {z. sqrt 3 x Re x > Im z} by fast

moreover have 1/z = (1/x—1) + 1 by simp

ultimately show z € {2. 1 /2 € (Az. 2 + 1) ‘{z. sqrt 3 * Re x > Im z}}
by blast

qed
qed

definition lower-circle-01 :: complex set where
lower-circle-01 = {x. ecmod (x — (1/2 — sqrt(8)/6 1)) < sqrt 8 | 3}

lemma cnj-upper-circle-01: cnj ‘ upper-circle-01 = lower-circle-01
proof
show cnj ‘ upper-circle-01 C lower-circle-01
proof
fix z assume z € cnj ‘ upper-circle-01
then obtain y where y € upper-circle-01 and x = cnj y by blast
thus z € lower-circle-01
apply (subst lower-circle-01-def, subst complez-mod-cnj[symmetric])
by (auto simp add: upper-circle-01-def del: complex-mod-cnj)
qged
show lower-circle-01 C cnj ¢ upper-circle-01
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proof
fix  assume z € lower-circle-01
hence cnj x € upper-circle-01 and =z = cnj (cnj x)
apply (subst upper-circle-01-def, subst complex-mod-cnj[symmetric])
by (auto simp add: lower-circle-01-def del: complex-mod-cnj)
thus z € cnj ¢ upper-circle-01
by blast
qed
qed

lemma lower-circle-map:
{z::complex. 1 /| x € (Az. x+ 1) ‘{z. Imz > — sqrt 3 * Re z}} = lower-circle-01
proof (subst cnj-upper-circle-01[symmetric], subst upper-circle-map[symmetric|)
have {z. 1 /z € (M. x + 1) ‘{x. — sqrt 8 * Rex < Im z}} =
{z. 1 Jx e (Az.x+ 1) ‘{z. sqrt 8 x Re (cenj z) > Im (cnj z)}}
by auto
alsohave ... ={z. 1 Jz € (Ax.x+ 1) ‘cnj ‘{x. sqrt 3 x Re x > Im x}}
apply (subst(2) bij-image-Collect-eq)
apply (metis bijI’ complex-cnj-cnj)
by (auto simp: inj-def inj-imp-inv-eqlof - cnj])
alsohave ... ={z. 1 Jz € cnj ‘“(Az. x4+ 1) ‘{x. sqrt 3 x Re x > Im x}}
by (auto simp: image-image)
also have ... = {z. enj (1 /) € Az. x4+ 1) ‘{x. sqrt 3 *x Re x > Im z}}
by (metis (no-types, lifting) complex-cnj-cnj image-iff)
also have ... = cnj ‘{z. 1 /z € (Az. 2+ 1) ‘{x. sqrt 3 *x Re x > Im x}}
apply (subst(2) bij-image-Collect-eq)
apply (metis bijl’ complex-cnj-cnj)
by (auto simp: inj-def inj-imp-inv-eq[of - cnj))
finally show {z. I /z € (Az. 2 + 1) ‘{x. — sqrt 3 * Re x < Im z}} =
enj ‘{x. 1 /ze€ Mx.x+ 1) “{z. Imz < sqrt 3  Re z}} .
qed

lemma two-circles-01:
fixes P::real poly
assumes hP: degree P < p and hP0: P # 0 and hp0: p # 0
and h: proots-count (map-poly of-real P)
(upper-circle-01 U lower-circle-01) = 1
shows Bernstein-changes-01 p P = 1
proof (subst Bernstein-changes-01-eq-changes|OF hP])
let ?Q = reciprocal-poly p P o, [:1, 1]
have hQ0: ?Q # 0 using hP0
by (simp add: pcompose-eq-0-iff hP reciprocal-0-iff)

from h obtain z’ where hroot”: poly (map-poly of-real P) =z’ = 0
and hz':x’ € upper-circle-01 U lower-circle-01

using proots-count-pos by (metis less-numeral-extra(1))

obtain = where hzz’: z’ = complex-of-real x
proof (cases Im ' = 0)
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assume Im 2z’ = 0 and h: \z. ' = complez-of-real © = thesis
then show thesis using h[of Re z’] by (simp add: complex-is- Real-iff)
next
assume hz': Im x’' # 0
have 1: card {z’, cnj z'} = 2
proof (subst card-2-iff)
from hz' have z' # cnj 2’ and {z’/, enj '} = {z’, enj =’}
by (metis cnj.simps(2) neg-equal-zero, argo)
thus 3z y. {2/, enj 2’} = {z, y} N z # y by blast
qed
moreover have {z’, c¢nj '} C upper-circle-01 U lower-circle-01 using hz’
apply (rule UnE)
by (auto simp: cnj-upper-circle-01 [symmetric])
moreover have A\z. z € {2, cnj 2’} = poly (map-poly of-real P) z = 0
using hroot’ poly-map-poly-of-real-cnj by auto
ultimately have
proots-count (map-poly of-real P) (upper-circle-01 U lower-circle-01) > 2
apply (subst 1[symmetric])
apply (rule proots-count-of-root-set)
using assms(2) of-real-poly-eq-0-iff by (blast, blast, blast)
thus thesis using assms(4) by linarith
qed
hence hroot: poly P x = 0
using hroot’ by (metis of-real-0 of-real-eq-iff of-real-poly-map-poly)
have that: 3 * sqrt (x x z + 1 / 8 — x) < sqrt 3 using hz'
apply (rule UnFE)
by (auto simp: cmod-def power2-eq-square algebra-simps upper-circle-01-def
lower-circle-01-def hzx’)
have hz: 0 <z ANz < 1
proof —
have S xsqgrt (xxxz+1 /3 —xz)=sqt (9« (zxx+1 /8 — 1))
by (subst real-sqrt-mult, simp)
hence 9 x (z * z + 1 / 3 — x) < 3 using that real-sqrt-less-iff by metis
hence zxx — =z < 0 by auto
thus 0 <z ANz <!
using mult-eq-0-iff mult-less-cancel-right-disj by fastforce
qged

let %y = 1/x — 1
from hroot hz assms have poly ?Q %y = 0

by (auto simp: poly-pcompose poly-reciprocal)
hence [:—?y, 1:] dvd ?Q using poly-eq-0-iff-dvd by blast
then obtain R where hR: ?Q) = R * [:—?y, 1:] by auto
hence hR0O: R # 0 using hQ0 by force
interpret map-poly-idom-hom complez-of-real ..

have normal-poly (smult (inverse (lead-coeff (reciprocal-poly p P o, [:1, 1:])))
R)
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proof (rule normal-poly-of-roots)
show Az. poly (map-poly complex-of-real
(smult (inverse (lead-coeff (reciprocal-poly p P oy [:1, 1:]))) R)) z = 0 =
Re 2 < 0 A (cmod 2)* < 4 * (Re z)?
proof —
fix z
assume
poly (map-poly complex-of-real
(smult (inverse (lead-coeff (reciprocal-poly p P o, [:1, 1:]))) R)) 2 =0
hence hroot2: poly (map-poly complez-of-real R) z = 0
by (auto simp: map-poly-smult hQ0)
show Re z < 0 A (cmod 2)? < 4 x (Re 2)?
proof (rule ccontr)
assume — (Re z < 0 A (cmod 2)?
hence 1: 0 < Re z V 4 x (Re z)?
hence hz: z # —1 by force
have Im z > — sqrt 8 «x Re 2z V sqrt 8 « Re z > Im z
proof (cases Im z > sqrt 8 * Re z, cases — sqrt 3 x Re z > Im 2)
assume 2: sqrt 3 * Re z < Im zIm z < — sqrt 3 * Re z
hence sqrt 3 x Re z < sqrt 3 * — Re z by force
hence Re z < — Re 2
apply (rule mult-left-le-imp-le)
by fastforce
hence Re z < 0 by simp
moreover have (Im z) 72 < (—sqrt 3 * Re 2)"2
apply (subst power2-eq-square, subst power2-eq-square)
apply (rule square-bounded-le)
using 2 by auto
ultimately have Fulse using 1
by (auto simp: power2-eq-square cmod-def algebra-simps)
thus ?thesis by fast
qed auto

4 * (Re 2)?)

<
< (emod z)* by linarith

hence z € {z. — sqrt 3 * Re z < Im 2z} U {z. Im z < sqrt 3 * Re z}
by blast

hence 1: inverse (1 + z) € upper-circle-01 U lower-circle-01
by (force simp: inverse-eg-divide upper-circle-map|symmetric]
lower-circle-map[symmetric])

have hRdeg': degree R < p
apply (rule less-le-trans[of degree R degree ?Q)])
apply (subst hR, subst degree-mult-eq[OF hRO0], fastforce, fastforce)
by (auto simp: degree-pcompose degree-reciprocal hP)

hence hRdeg: degree R < p by fastforce

have 2: map-poly complez-of-real (reciprocal-poly p (R o, [:—1, 1:])) # 0
apply (subst of-real-poly-eq-0-iff, subst reciprocal-0-iff)
apply (force simp: hRdeg degree-pcompose)
using hR0 pcompose-eq-0
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by (metis degree-eg-zeroE gr-zerol pCons-eg-iff pCons-one zero-neg-one)
have 3:

poly (map-poly complez-of-real (reciprocal-poly p (R oy, [:—1, 1:])))
(inverse (1 + z)) = 0

apply (subst map-poly-reciprocal)

using hRdeg apply (force simp: degree-pcompose)

apply auto[1]

apply (subst poly-reciprocal)

using hRdeg apply (force simp: degree-map-poly degree-pcompose)

using hz apply (metis inverse-nonzero-iff-nonzero neg-eq-iff-add-eq-0)

by (auto simp: of-real-hom.map-poly-pcompose poly-pcompose hroot2)

have proots-count (map-poly of-real (reciprocal-poly p (R o, [:—1, 1:])))
(upper-circle-01 U lower-circle-01) > 0
by (rule proots-count-of-root|OF 2 1 3])
moreover have proots-count
(map-poly complex-of-real
(reciprocal-poly p ([:1 — 1 [ x, 1:] op [:— 1, 13])))
(upper-circle-01 U lower-circle-01) > 0
apply (subst map-poly-reciprocal)
using hp0 less-eq-Suc-le apply (simp add: degree-pcompose)
apply simp
apply (subst proots-count-reciprocal)
using hp0 less-eq-Suc-le
apply (simp add: degree-pcompose degree-map-poly)
apply (auto simp: pcompose-pCons)[1]
apply (auto simp: cmod-def power2-eq-square real-sqri-divide
real-div-sqrt upper-circle-01-def lower-circle-01-def)[1]
apply (subst of-real-hom.map-poly-pcompose)
apply (subst proots-pcompose, fastforce, force)
apply (subst lower-circle-map[symmetric])
apply (subst upper-circle-map[symmetric])
apply (rule proots-count-of-root[of - of-real (1/z — 1)])
apply simp
apply (auto simp: bij-image-Collect-eq bij-def inj-def image-iff
inverse-eg-divide inj-imp-inv-eqof - X z. x+1] hx simp del:
surj-plus-right)[1]
by force

ultimately have proots-count
(map-poly complex-of-real (reciprocal-poly p (R o, [:— 1, 13])))
(upper-circle-01 U lower-circle-01) +
proots-count
(map-poly complex-of-real
(reciprocal-poly p ([:1 — 1 [ x, 1:] op [:— 1, 11])))
(upper-circle-01 U lower-circle-01) > 1
by fastforce
also have ... = proots-count (map-poly complex-of-real
(monom 1 p * reciprocal-poly p (?Q op [:— 1, 11])))
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(upper-circle-01 U lower-circle-01)
apply (subst eq-commute, subst hR, subst pcompose-mult)
apply (subst reciprocal-mult, subst degree-mult-eq)
using hR0 apply (fastforce simp: pcompose-eq-0)
apply (fastforce simp: pcompose-pCons)
using hRdeg’ apply (simp add: degree-pcompose)
using hRdeg apply (simp add: degree-pcompose)
using hp0 apply (auto simp: degree-pcompose)|1]
apply (subst hom-mult)
apply (subst proots-count-times)
using hp0 hRdeg’ hRO
apply (fastforce simp: reciprocal-0-iff degree-pcompose pcompose-eq-0
pcompose-pCons)
by simp
also have ... = proots-count
(map-poly complex-of-real
(reciprocal-poly p (reciprocal-poly p P o, [:1, 1] o, [(— 1, 1:])))
(upper-circle-01 U lower-circle-01)
apply (subst hom-mult)
apply (subst proots-count-times)
using hp0 hP hP0O
apply (auto simp: map-poly-reciprocal degree-pcompose
degree-reciprocal of-real-hom.map-poly-pcompose
reciprocal-0-iff degree-map-poly pcompose-eq-0-iff )[1]
apply (subst map-poly-monom, fastforce)
apply (subst of-real-1, subst proots-count-monom)
apply (auto simp: cmod-def power2-eq-square real-sqrit-divide
real-div-sqrt upper-circle-01-def lower-circle-01-def)[1]
by presburger
also have ... = 1
by (auto simp: pcompose-assoc|symmetric] pcompose-pCons
reciprocal-reciprocal hP h)
finally show Fulse by blast
qed
qed
show lead-coeff
(smult (inverse (lead-coeff (reciprocal-poly p P o, [:1, 1:]))) R) = 1
by (auto simp: hR degree-add-eq-right hRO coeff-eq-0)
qed

hence changes (coeffs (smult (inverse (lead-coeff ?Q)) ?Q)) = 1
apply (subst hR, subst mult-smult-left[symmetric], rule normal-changes)
by (auto simp: hz)

moreover have changes (coeffs (reciprocal-poly p P oy, [:1, 11])) =
changes (coeffs (smult (inverse (lead-coeff (reciprocal-poly p P o, [:1, 1:])))
(reciprocal-poly p P o, [:1, 1:])))
by (auto simp: pcompose-eq-0 reciprocal-0-iff hP hP0 coeffs-smult
changes-scale-const[symmetric])
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ultimately show changes (coeffs (reciprocal-poly p P o, [:1, 1:])) = 1 by argo
qed

definition upper-circle :: real = real = complex set where
upper-circle | r = {z::complex.

cmod ((x—of-real 1)/ (of-real (r—1)) — (1/2 + of-real (sqrt(3))/6 * 1)) < sqrt 3
/ 3}

lemma upper-circle-rescale: assumes | < r
shows upper-circle l r = (A z . (zx(r — 1) + 1)) ¢ upper-circle-01
proof
show upper-circle I r C
(Az. z x (of-real 1 — of-real 1) + of-real 1) * upper-circle-01
apply (rule subsetl)
apply (rule image-eql[of - - (- — of-real 1)/ (of-real r — of-real 1)])
using assms apply (auto simp: divide-simps)[1]
by (auto simp: upper-circle-01-def upper-circle-def)
show (Az. z x (of-real r — of-real 1) + of-real l) © upper-circle-01 C
upper-circle | r
apply (rule subsetl, subst(asm) image-iff)
using assms by (auto simp: upper-circle-01-def upper-circle-def)
qed

definition lower-circle :: real = real = complex set where

lower-circle | r = {x::complex.

cmod ((z—of-real 1)/ (of-real (r—1)) — (1/2 — of-real (sqrt(3))/6 1)) < sqrt 3 /
3}

lemma lower-circle-rescale:
assumes | < r
shows lower-circle l v = (A . (zx(r — 1) + 1)) ¢ lower-circle-01
proof
show lower-circle | v C (Az. x x (of-real r — of-real 1) + of-real I)
lower-circle-01
apply (rule subsetl)
apply (rule image-eql[of - - (- — of-real 1)/ (of-real r — of-real 1)])
using assms apply (auto simp: divide-simps)|[1]
by (auto simp: lower-circle-01-def lower-circle-def)
show (Az. z x (of-real r — of-real 1) + of-real 1) ¢ lower-circle-01 C
lower-circle I r
apply (rule subsetl, subst(asm) image-iff)
using assms by (auto simp: lower-circle-01-def lower-circle-def)
qed

lemma two-circles:
fixes P::real poly and [ r::real
assumes hlr: [ < r
and hP: degree P < p
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and hP0O: P # 0
and hp0: p # 0
and h: proots-count (map-poly of-real P)
(upper-circle I r U lower-circle 1 r) = 1
shows Bernstein-changes p lr P = 1
proof —
have 1: Bernstein-changes p l r P =
Bernstein-changes-01 p (P o, [:l, 1:] o, [:0, r — L])
using assms by (force simp: Bernstein-changes-eg-rescale)
have proots-count (map-poly complex-of-real (P o, [:l, 1:] o, [:0, 7 — 1]))
(upper-circle-01 U lower-circle-01) = 1
using assms
by (auto simp: upper-circle-rescale lower-circle-rescale proots-pcompose im-
age-Un
of-real-hom.map-poly-pcompose pcompose-eq-0-iff image-image algebra-simps)
thus ?thesis
apply (subst 1)
apply (rule two-circles-01)
using hP apply (force simp: degree-pcompose)
using hP0 hir apply (fastforce simp: pcompose-eq-0-iff)
using hp0 apply blast
by blast
qed

5.3 The theorem of three circles

theorem three-circles:
fixes P::real poly and [ r::real
assumes [ <
and hP: degree P < p
and hP0: P # 0
and hp0: p # 0
shows proots-count (map-poly of-real P) (circle-diam [ r) = 0 =
Bernstein-changes p lr P = 0
and proots-count (map-poly of-real P)
(upper-circle I v U lower-circle [ ) = 1 =
Bernstein-changes p lr P = 1
apply (rule one-circle)
using assms apply auto[/]
apply (rule two-circles)
using assms by auto

end
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