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Abstract

In this work, I provide an abstract framework for proving the completeness of a logical calculus
using the synthetic method. The synthetic method is based on maximal consistent witnessed
sets (MCSs). A set of formulas is consistent (with respect to the calculus) when we cannot
derive a contradiction from it. It is maximally consistent when it contains every formula that is
consistent with it. For logics where it is relevant, it is witnessed when it contains a witness for
every existential formula. To prove completeness using these maximal consistent witnessed sets,
we prove a truth lemma: every formula in an MCS has a satisfying model. Here, saturated sets
provide a useful stepping stone. These can be seen as characterizations of the MCSs based on
simple subformula conditions rather than via the calculus. We then prove that every saturated
set gives rise to a satisfying model and that MCSs are saturated sets. Now, assume a valid
formula cannot be derived. Then its negation must be consistent and therefore satisfiable. This
contradicts validity and the original formula must be derivable.

To start, I build maximal consistent witnessed sets for any logic that satisfies a small set of
assumptions. I do this using a transfinite version of Lindenbaum’s lemma, which allows me to
support languages of any cardinality. I then prove useful abstract results about derivations and
refutations as they relate to MCSs. Finally, I show how saturated sets can be derived from the
logic’s semantics, outlining one way to prove the required truth lemma.

To demonstrate the versatility of the framework, I instantiate it with five different examples.
The formalization contains soundness and completeness results for: a propositional tableau
calculus, a propositional sequent calculus, an axiomatic system for modal logic, a labelled
natural deduction system for hybrid logic and a natural deduction system for first-order logic.
The tableau example uses custom Hintikka (downwards saturated) sets based on the calculus,
but the other four examples derive their notion of saturation from the semantics in the style of
the framework. The hybrid and first-order logic examples rely on witnessed MCSs. This places
requirements on the cardinalities of their languages to ensure that there are enough witnesses
available. In both cases, the type of witnesses must be infinite and have cardinality at least
that of the type of propositional /predicate symbols.
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Chapter 1

Maximal Consistent Sets

theory Maximal-Consistent-Sets imports HOL— Cardinals. Cardinal-Order-Relation begin

1.1 Utility

lemma Set-Diff-Un: <X — (YU Z)=X-Y - 2
{proof)

lemma infinite-Diff-fin-Un: <infinite (X — Y) = finite Z = infinite (X — (Z U Y))
{proof)

lemma infinite-Diff-subset: <infinite (X — A) = B C A = infinite (X — B)
(proof )

lemma finite-bound:
fixes X :: «((Ya :: size) set
assumes «(finite X» <X # {}
shows «(Jz € X.Vy € X. size y < size 1

(proof )

lemma infinite- UNIV-size:
fixes f :: «(‘a :: size) = '@
assumes (A\z. size © < size (f z)
shows <infinite (UNIV :: 'a set)

(proof)

context wo-rel begin

lemma underS-bound: <a € underS ¢ = b € underS ¢ = a € under b V b € under a>

{proof)

lemma finite-underS-bound:
assumes «(finite X» <X C underS ¢» <X # {}
shows (3a € X. Vb € X. b € under a»

(proof)

lemma finite-bound-under:
assumes «(finite p» <p C (Ja € Field r. f a)
shows <3b. p C (Ja € under b. f a)

(proof )



lemma underS-trans: <a € underS b = b € underS ¢ = a € underS c¢»

{proof)

end

lemma card-of-infinite-smaller- Union:
assumes Vz. |f z| <o |X]» «infinite X>
shows (|Jz € X. fz| <o |X)
(proof )

lemma card-of-params-marker-lists:
assumes <infinite (UNIV :: 'i set)y |UNIV :: 'm set| <o |UNIV :: nat set|>
shows ¢|UNIV :: (i + 'm x nat) list set| <o |UNIV :: 'i set|»

(proof)

1.2 Base Locales

locale MCS-Base =
fixes consistent :: <'a set = bool
assumes consistent-hereditary: <\S S'. consistent S = S’ C S = consistent S
and inconsistent-finite: <\S. = consistent S = 35’ C S. finite S’ A — consistent S’
begin

definition mazimal :: 'a set = bool> where
«mazimal S = ¥ p. consistent ({p} U S) — p € S

end

locale MCS-Witness = MCS-Base consistent
for consistent :: <'a set = booly +
fixes witness :: <'a = 'a set = 'a set>
and params :: 'a = 'i set>
assumes finite-params: </\p. finite (params p)»
and finite-witness-params: <A\p S. finite (| ¢ € witness p S. params q)»
and consistent-witness: <\p S. consistent ({p} U S)
= infinite (UNIV — (Uq € S. params q))
= consistent ({p} U S U witness p S)»
begin

definition witnessed :: ('a set = bool> where
(witnessed S =Vp e S. 38’ witness p S’ C S»

abbreviation MCS :: ('a set = bool> where
«MCS S = consistent S A maximal S N witnessed S»

end
locale MCS-No-Witness = MCS-Base consistent for consistent :: ('a set = bool)

sublocale MCS-No-Witness C MCS-Witness consistent <\- -. {}» «<A-. {p
(proof)

1.3 Ordinal Locale

locale MCS-Lim-Ord = MCS-Witness consistent witness params
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for consistent :: <’a set = bool»
and witness :: <'a = 'a set = 'a set»
and params :: (a = 'i set> +
fixes r :: <a reb
assumes Cinfinite-r: <Cinfinite r»
begin

lemma WELL: <« Well-order r»
(proof)

lemma wo-rel-r: <wo-rel r»

{proof)

lemma isLimOrd-r: <isLimOrd r»

{proof)

lemma nonempty-Field-r: <Field r # {}»
(proof)

1.3.1 Lindenbaum Extension

abbreviation paramss :: ('a set = 'i sety where
<paramss S = Jp € S. params p

definition extendS :: <‘a = 'a set = 'a set» where
cextendS a prev = if consistent ({a} U prev) then {a} U prev U witness a prev else prev)

definition extendL :: <('a = 'a set) = 'a = 'a sety where
cextendL rec a = |Jb € underS r a. rec b

definition extend :: <‘a set = 'a = 'a set>) where
cextend S a = worecZSL r S extendS extendL a»

lemma adm-woL-extendL: <adm-woL r extendL)

{proof)

definition Extend :: <'a set = 'a set> where
<Extend S = Ja € Field r. extend S a

lemma extend-subset: <a € Field r — S C extend S a»
(proof)

lemma Ezxtend-subset: <S C Extend S»

(proof)

lemma extend-underS: <b € underS r a = extend S b C extend S a»

(proof)

lemma extend-under: <b € under r a = extend S b C extend S a>

{proof)

1.3.2 Consistency

lemma params-origin:
assumes <z € paramss (extend S a)
shows (z € paramss S V (3b € underS r a. x € paramss ({b} U witness b (extend S b)))»



{proof)

lemma consistent-extend:
assumes (consistent S) <r <o |UNIV — paramss S|»
shows <(consistent (extend S a)»

{proof)

lemma consistent-Extend:
assumes <consistent S» «r <o |UNIV — paramss S|
shows <consistent (Extend S)»

{proof)

lemma Extend-bound: <a € Field r = extend S a C Extend S)

(proof)

1.3.3 Maximality

definition mazimal’ :: <‘a set = bool> where
<mazimal’ S =V p € Field r. consistent ({p} U S) — pe S

lemma mazimal’-Extend: <mazimal’ (Extend S)»

(proof )

1.3.4 Witnessing

definition witnessed’ :: 'a set = bool> where
<witnessed’ S =V p € Fieldr. p € S — (385, witness p S' C S)»

lemma witnessed’-Extend:
assumes (consistent (Extend S))
shows <witnessed’ (Extend S)»

{proof)

end

1.4 Locales for Universe Well-Order

locale MCS-Witness-UNIV = MCS-Witness consistent witness params
for consistent :: <'a set = bool»
and witness :: <'a = 'a set = 'a set»
and params :: (a = 'i set> +
assumes infinite-UNIV: <infinite (UNIV :: 'a set)»

sublocale MCS-Witness-UNIV C MCS-Lim-Ord consistent witness params <|UNIV|»
(proof)

context MCS-Witness-UNIV begin

lemma mazimal-mazimal’: <maximal S +— mazimal’ S»

{proof)

lemma maximal-Fxtend: <mazimal (Extend S)»

{proof)

lemma witnessed-witnessed”: <witnessed S +— witnessed’ S»



{proof)

lemma witnessed-Extend:
assumes (consistent (Ezxtend S)»
shows (witnessed (Extend S)»

{proof)

theorem MCS-Extend:
assumes <consistent S> | UNIV :: 'a set| <o |UNIV — paramss S|»
shows «MCS (Eztend S)»

{proof)

end

locale MCS-No-Witness-UNIV = MCS-No-Witness consistent
for consistent :: (a set = bool» +
assumes infinite-UNIV' [simp]: <infinite (UNIV :: 'a set)

sublocale MCS-No-Witness-UNIV C MCS-Witness-UNIV consistent <\- -. {}> <A~ {}
(proof)

context MCS-No-Witness-UNIV
begin

theorem MCS-Extend”
assumes <consistent S»

shows (MCS (Eztend S)»
{proof)

end

1.5 Truth Lemma

locale Truth-Base =
fixes semics :: <'model = (‘model = 'fm = bool) = 'fm = bool> («(- [-] -)» [55, 0, 55] 55)
and semantics :: <'model = 'fm = booly (infix &> 50)
and M :: <'a set = 'model set
and R :: ‘a set = 'model = 'fm = bool»
assumes semics-semantics: <M = p «— M [(E)] p
begin

abbreviation saturated :: <'a set = bool> where
<saturated S =Vp. VM € M(S). M [R(S)] p +— R(S) M p»

end

locale Truth- Witness = Truth-Base semics semantics M R + MCS-Witness consistent witness params
for semics :: <'model = ('model = 'fm = bool) = 'fm = bool> («(- [-] -)» [55, 0, 55] 55)
and semantics :: <'model = 'fm = bool> (infix <=> 50)
and M :: <'a set = 'model set»
and R :: (‘a set = 'model = 'fm = bool»
and consistent :: <'a set = bool»
and witness :: <'a = 'a set = 'a set»
and params :: 'a = 'i sety +
assumes saturated-semantics: <\S M p. saturated S = M € M(S) = M | p +— R(S) M p»



and MCS-saturated: <\S. MCS S = saturated S»
begin

theorem truth-lemma:
assumes (MCS S» «M € M(S)H
shows (M = p «— R(S) M p
(proof)

end

locale Truth-No-Witness = Truth- Witness semics semantics M R consistent <A- -. {}> <A-. {}
for semics :: <'model = ('model = 'fm = bool) = 'fm = bool
and semantics :: 'model = 'fm = bool»
and M :: (‘a set = 'model set)
and R :: 'a set = 'model = 'fm = bools
and consistent :: <'a set = bool

end
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Chapter 2

Derivations

theory Derivations imports Mazimal-Consistent-Sets begin

lemma split-finite-sets:
assumes <finite Ay <finite B>
and <A C BUS
shows «(3B’ C. finite CNA=B'"UCAB' =ANBACCS»

(proof)

lemma split-list:
assumes <set A C set BU S)»
shows <IB’ C. set (B'@Q C) = set A A set B’ = set AN set B A set C C S»

(proof)

2.1 Derivations

locale Derivations =
fixes derive :: 'fm list = 'fm = bool) (infix - 50)
assumes derive-assm [simpl: <NA p. p € set A= At p
and derive-set: ¢{NABr. Abr = set A=set B= BFn
begin

theorem derive-split:
assumes <set A C set BU X»> <A+ p»
shows (1B’ C. set B'=set ANset BAset C C X ANB' QC*HFp

{proof)

corollary derive-splitl:
assumes (set A C {q} U X»> <A+ p» <q € set A
shows (3C. set CC X ANg# CFp

{proof)

end

2.2 MCSs and Explosion

locale Derivations-MCS = MCS-Base consistent + Derivations derive
for consistent :: 'fm set = bool»
and derive :: <'fm list = 'fm = bool (infix <> 50) +
assumes consistent-underivable: <\S. consistent S +— (VA. set AC S — (¢q. - AF q))
begin
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theorem MCS-explode:
assumes <consistent S» <mazimal S»
shows <p ¢ S +— (A . set ACSANgp# AF Q)

(proof)

end

2.3 MCSs and Derivability

locale Derivations-Cut-MCS = Derivations-MCS consistent derive
for consistent :: 'fm set = bool»
and derive :: <'fm list = 'fm = bool> (infix <> 50) +
assumes derive-cut: <{N\ABpq. Abp=—p# Bkt q¢g=— AQB}F ¢
begin

theorem MCS-derive:
assumes <consistent Sy <mazximal S»
shows (p € S +— (FA. set ACSANAF pp

(proof)

end

2.4 Proof Rules

locale Derivations-Bot = Derivations-Cut-MCS consistent derive
for consistent :: <'fm set = bool)
and derive :: <fm list = 'fm = bool> (infix - 50) +
fixes bot :: 'fm («L»)
assumes botE: <\NAp. AL = At p
begin

corollary MCS-botE [elim]:
assumes <consistent S» <maximal S»
and <L € S5
shows (p € S»

{proof)

corollary MCS-bot [simp:
assumes <consistent S» <mazimal S»
shows <L ¢ S

{proof)

end

locale Derivations-Top = Derivations-Cut-MCS +
fixes top (<))
assumes topl: <(NA. A - T)

begin

corollary MCS-topl [simp]:
assumes <consistent S» <maximal S»
shows «T € )

{proof)
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end

locale Derivations-Not = Derivations-Bot consistent derive bot
for consistent :: 'fm set = bool»
and derive :: <'fm list = 'fm = booly (infix <> 50)
and bot :: 'fm (<L) +
fixes not :: 'fm = fmy (x—)
assumes
notl: \NAp.p# A+ L = A F - p and
notE: (NAp. Abkp=—= AF-p=— A+ L
begin

corollary MCS-not-zor:
assumes <consistent S» <mazimal S»
shows <(p € S «— " p ¢ S
(proof)

corollary MCS-not-both:
assumes <consistent S» <mazximal S»
shows «p ¢ SV p ¢ S
(proof)

corollary MCS-not-neither:
assumes <consistent Sy <mazximal S»
shows (p e SV = pe s

{proof)

end

locale Derivations-Con = Derivations-Cut-MCS consistent derive
for consistent :: 'fm set = bool
and derive :: <'fm list = 'fm = bool> (infix - 50) +
fixes con :: </fm = fm = fmy (<- A )
assumes
conl: \NApg Abp=—=AFq¢g= AF (p A q) and
conE:  \NApqr. A-(pNq = pH#q# Abr= At nr
begin

corollary MCS-conl [introl:
assumes <consistent S» <maximal S»
and <p € §» <g € S
shows «(p A q) € &
(proof)

corollary MCS-conE [dest]:
assumes <consistent S» <mazimal S»
and <(p A q) € S
shows (p e SAqge S
(proof)

corollary MCS-con:
assumes <consistent S» <mazximal S»
shows (pA g€ S+—peSAnged
(proof)

end
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locale Derivations-Dis = Derivations-Cut-MCS consistent derive
for consistent :: 'fm set = bool»
and derive :: <fm list = 'fm = bool> (infix - 50) +
fixes dis :: /fm = 'fm = 'fmy (- V =)
assumes
disll: <\ NApg AFp= AF (pV ¢) and
disI2: <\NApq AFqgq= AF (pV ¢) and
disE: «\NApqr.AF(pV g =p# A+ r=q# Abr= AFn
begin

corollary MCS-disI1 [intro):
assumes <consistent S» <maximal S»
and p € S»
shows «(p V ¢q) € &

{proof)

corollary MCS-disI2 [intro]:
assumes <consistent Sy <maximal S»

and «q € )
shows ¢«(p V ¢q) € &
{proof )

corollary MCS-disE [elim]:
assumes <consistent S» <mazximal S»
and <(pV q) € S
shows (p € SV q € S

(proof)

corollary MCS-dis:
assumes <consistent S» <maximal S»
shows «((pV ¢q) € S+—peSVagel

(proof)
end

locale Derivations-Imp = Derivations-Cut-MCS consistent derive
for consistent :: <'fm set = bool)
and derive :: fm list = 'fm = bool> (infix > 50) +
fixes imp = fm = 'fm = 'fm> (- —> )
assumes
impl: {NApqgp# A g=— AL (p — q) and
impE: c\NApqg Abp=—= Ak (p— q = AF ¢
begin

corollary MCS-impI [intro:
assumes <consistent S» <mazimal S»
and«xpe S —qe$
shows «((p — q) € &

(proof)

corollary MCS-impE [dest)]:
assumes <consistent S» <mazximal S»
and «(p > q) € S» (p € S
shows (¢ € S»

(proof )
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corollary MCS-imp:
assumes <consistent S» <mazimal S»
shows«(p > ¢) € S«— (pe S — qge S
(proof )

end

locale Derivations-Exi = MCS-Witness consistent witness params + Derivations-Cut-MCS consistent
derive
for consistent :: <'fm set = bool,
and witness params
and derive :: 'fm list = 'fm = bool) (infix > 50) +
fixes exi :: <fm = 'fmy («I))
and inst :: <t = 'fm = fmy (<(-))
assumes
exi-witness: «(\S S’ p. MCS S = witness (Ip) S’ C S = 3It. (t)p € S» and
exil: <\ NApt. A (H)p = A+ 3Ip
begin

corollary MCS-exil [intro]:
assumes <consistent S» <mazximal S»
and «(t)p € S
shows (3Ip € S

(proof)

corollary MCS-exiE [dest]:
assumes <consistent S» <maximal S» (witnessed S»
and <Ip € S
shows (Jt. (t)p € S

{proof)

corollary MCS-ezxi:
assumes <consistent Sy <maximal S» <witnessed S»
shows «(Ip € § «— (It. (t)p € S)

{proof)

end

locale Derivations-Uni = MCS-Witness consistent witness params + Derivations-Not consistent derive
bot not
for consistent :: <'fm set = bool
and witness params
and derive :: (fm list = 'fm = bool) (infix «F> 50)
and bot :: 'fm (<L)
and not :: <fm = 'fmy () +
fixes uni :: <'fm = 'fmy (\¥»)
and inst :: <t = fm = "fmy (<(-))
assumes
uni-witness: <\S S’ p. MCS S = witness (= (Vp)) S'C § = Jt. = ({t)p) € S» and
uniB: \NApt. AbLVp = AF (t)p
begin

corollary MCS-uniE [dest]:

assumes <consistent Sy <mazximal S»
and Vp e S

15



shows «((t)p € S»
(proof)

corollary MCS-unil [intro]:
assumes <consistent S» (mazimal S) (witnessed S»
and Vt. (t)p € S
shows Vp € S»

(proof)
corollary MCS-uni:
assumes <consistent Sy <mazimal S» <witnessed S»

shows «Vp € § «— (Vt. (t)p € S)
{proof)

end

end
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Chapter 3

Refutations

theory Refutations imports Maxzimal-Consistent-Sets begin

lemma split-finite-sets:
assumes <finite Ay <finite B>
and <A C BUS
shows «(3B’ C. finite CNA=B'"UCAB' =ANBACCS»

(proof)

lemma split-list:
assumes <set A C set BU S)»
shows <IB’ C. set (B'@Q C) = set A A set B’ = set AN set B A set C C S»

(proof)

3.1 Rearranging Refutations

locale Refutations =

fixes refute :: <'fm list = bool»

assumes refute-set: (\NA B. refute A = set A = set B = refute B»
begin

theorem refute-split:
assumes (set A C set B U X <refute A»
shows 3B’ C. set B’ = set AN set B A set C C X A refute (B’ @ C)»

{proof)

corollary refute-split!1:
assumes (set A C {q} U X <refute Ay <q € set A»
shows <3 C. set C C X A refute (¢ # C)»

{proof)

end

3.2 MCSs and Refutability

locale Refutations-MCS = MCS-Base + Refutations +
assumes consistent-refute: <\S. consistent S «— (VA. set A C S — — refute A)»
begin

theorem MCS-refute:
assumes <consistent S» <maximal S»

17



shows «p ¢ S +— (FA. set A C S A refute (p # A))»
(proof)

end

end

18



Chapter 4

Example: Propositional Tableau
Calculus

theory FExample-Propositional-Tableau imports Refutations begin

4.1 Syntax

datatype 'p fm
= Pro 'p («)
| Neg <'p fmy> (x= - [70] 70)
| Imp <'p fmy 'p fmy (infixr <(—> 55)

4.2 Semantics
type-synonym 'p model = <'p = bool

fun semantics :: <'p model = 'p fm = bool) (infix <=7 50) where
dlEp P+— IP

| dEr mpe— 1 FErp

| I Erp—q+— I Erp—IEro

4.3 Calculus

inductive Calculus :: <'p fm list = booly (<=7 -» [50] 50) where
Aziom [simp]: <bp P # — -P # A

| Negl [intro]: <kp p # A= tpr == p# A

| ImpP [introl: ¢kp mp# A= trq# A=tr(p — ¢ # A

| ImpN [intro]: —r p# —q# A= tFr = (p —> q) # A

| Weak: <7 A = set A C set B = b1 B»

lemma Weak?2:

assumes -7 p # A Fp ¢ # B>
shows <k p # AQ BAFr q# AQ B

{proof)

4.4 Soundness

theorem soundness: ++7 A = Ap € set A. = I =1 p

{proof)
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corollary soundness”: <7 [- p] = I Er p

(proof)

corollary <= b [

{proof)

4.5 Maximal Consistent Sets

definition consistent :: <'p fm set = bool> where
cconsistent S =VA. set ACS — = Fp A

interpretation MCS-No-Witness-UNIV consistent
(proof)

interpretation Refutations-MCS consistent Calculus
(proof)

4.6 Truth Lemma

abbreviation (input) canonical :: <'p fm set = 'p model> («Mr») where

Mp(S) = AP.-P e S

locale Hintikka =

fixes H :: <'a fm set)

assumes AziomH: <\A\P.-P € H = - :P € H = Fulse)
and NeglH: <A\p. "~ p€e H—=— pe H»
and ImpPH: <\A\pq.p—q€ H=— —-pe HV qge H
and ImpNH: <Apq. ~ (p—q € H=—=p € HA- g€ H

lemma Hintikka-model:
assumes < Hintikka H»
shows «(p € H — Mgp(H) Er p) A (mp € H— = Mr(H) Er p)
(proof)

lemma MCS-Hintikka:
assumes (MCS H»
shows <Hintikka H)»

(proof)

lemma truth-lemma:
assumes <MCS H» <p € H»
shows My (H) =r p»
(proof)

4.7 Completeness

theorem strong-completeness:
assumes (VM. Vge X. M =1 q) — M Er p
shows (FA. set AC X Abp —p # A

(proof)

abbreviation valid :: <'p fm = bool> where
walidp =V M. M Er p
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theorem completeness:
assumes <valid p>
shows <1 [— pp

{proof)

theorem main: <valid p <— Fr [0 p)

(proof)

end
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Chapter 5

Example: Propositional Sequent
Calculus

theory FExample-Propositional-SC imports Derivations begin

5.1 Syntax

datatype 'p fm
= Fls (xL)
| Pro 'p (<+»)
| Imp <'p fmy 'p fmy (infixr <(—> 55)

abbreviation Neg (<= -» [70] 70) where (- p =p — L»

5.2 Semantics
type-synonym 'p model = <'p = bool»

fun semantics :: <'p model = 'p fm = booly (infix (E=g> 50) where
- s L +— False

| <I Eg -P «— I P>

| TEsp—q—ITFEsp —TEso

5.3 Calculus

inductive Calculus :: <'p fm list = 'p fm list = bool) (infix +g» 50) where
Aziom [simpl: <p # Atgs p # B

| FIsL [simp]: <L # Atg B

| FIsR [elim]: <AtFs L # B=— Atg B

| ImpL [intro]: <Abs p# B— q# Ars B=— (p — q) # Ats B

| ImpR [intro]: <p # Abs q# B=— Atg (p — q) # B

| Cut: <Abs[pl = p# Ats B= Atg B

| WeakL: <AtFg B=— set AC set A’ = A'tg B>

| WeakR: <A ts B = set B C set B'= Atg B’

lemma Boole: <— p # Abg || = Atgs [pp
(proof)

22



5.4 Soundness

theorem soundness: <Abg B= Vg€ set A. I =5 ¢q = Ip € set B. I =5 p
(proof)

corollary soundness”: (|| ks [p] = I =5 p»

{proof)

corollary <= [| Fg [

(proof )

5.5 Maximal Consistent Sets

definition consistent :: <'p fm set = bool> where
<consistent S =V A. set AC S — - Akg [L]

interpretation MCS-No-Witness-UNIV consistent
(proof)

interpretation Derivations-Cut-MCS consistent <\A p. A Fg [p]»
(proof)

interpretation Derivations-Bot consistent <AA p. A kg [p) «L>
(proof)

interpretation Derivations-Imp consistent <A\A p. A Fg [p]» <A\p ¢. p —> @

(proof)

5.6 Truth Lemma

abbreviation canonical :: <'p fm set = 'p modely («Mg>) where
(Mg(S) = AP.-P e S

fun semics :: <'p model = ('p model = 'p fm = bool) = 'p fm = bool
(«<- [-]s - [55, 0, 55] 55) where
¢- [-]s L +— False)

| <I [-]s P <— I P»

| <I[Rlsp—q+— RIp—RIg

fun rel :: <'p fm set = 'p model = 'p fm = booly (\Rgs>) where
Rs(S) -p+—pe S

theorem saturated-model:
assumes (\p. VMe{Mg(S)}. M [Rs(S)]s p = Rs(S) M p» <M € {Mg(S)}
shows (Rg(S) M p «— M =5 p»

(proof)

theorem saturated-MCS:
assumes (MCS S) <M € {Mg(S)p
shows (M [Rs(5)]s p +— Rs(S) M p»
(proof)

interpretation Truth-No-Witness semics semantics <AS. {Mg(S)}> rel consistent

(proof)
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5.7 Completeness

theorem strong-completeness:
assumes (VM. Vge X. M s q) — M Es »
shows (3A. set AC X AN AFg [pp

(proof)

abbreviation valid :: <'p fm = bool> where
walidp =V M. M =g p

theorem completeness:
assumes <valid p)
shows <[] kg [p]

{proof)

theorem main: <valid p <— [| ks [p]

{proof)

end
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Chapter 6

Example: Modal Logic

theory Fxample-Modal-Logic imports Derivations begin

6.1 Syntax

datatype (i, 'p) fm
= Fls (xL»)
| Pro 'p (x+»)
| Imp <('i, 'p) fm> <("i, 'p) fm> (infixr «(—> 55)
| Box "i <("i, 'p) fmy (<)

abbreviation Neg (<= -» [70] 70) where
¢ap=p — L

6.2 Semantics

datatype (7, 'p, 'w) model =
Model (W: <'w sety) (R: <'i = 'w = "w setr) (V: <w = "p = bool>)

type-synonym (i, 'p, 'w) ctx = «('i, 'p, 'w) model x "w»

fun semantics :: «('7, 'p, 'w) ctx = (i, 'p) fm = bool> (infix <> 50) where
- Eo L +— Fualse

| «(M, w) Fg P +— VMuwP»

|<(M7w) ):Dp_>q<—>(Mvw) ':Dp—>(Mvw) ':El qQ

| «(M, w) FpOip+— Vove WMNRMiw (M, v) =g p)

6.3 Calculus

primrec eval :: <('p = bool) = (('i, 'p) fm = bool) = ('i, 'p) fm = bool» where
<eval - - L = Fualse»

| <eval g - (+P) = g P»

| <eval g h (p —> q) = (eval g h p — eval g h q)»

| <eval - h (O ip) =h (Oip)

abbreviation <tautology p =V g h. eval g h p>
inductive Calculus :: <«('i, 'p) fm = bool> (kg -» [50] 50) where

Al: <tautology p = b p
| A2:dpDi(p— ¢ —0Oip—0Oig
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|R1:<|—Dp:>|—gp—>q:>|—|jq>
| R2: g p=t+pgOip

primrec imply :: <('i, 'p) fm list = (i, 'p) fm = ('i, 'p) fm> (infixr <~»> 56) where
([ ~p=pm
| (g # A~ p)=(g—A~pp

abbreviation Calculus-assms (infix <> 50) where
<A|—DpE|—DAM—>p>

6.4 Soundness

lemma eval-semantics: <eval (g w) (Aqg. (Model Ws r g, w) =g q) p = (Model Ws r g, w) =g p)
(proof )

lemma tautology:
assumes <tautology p»
shows (M, w) =g p»

(proof)

theorem soundness: kg p = w € WM = (M, w) Ego p

{proof)

6.5 Admissible rules

lemma K-imply-head: <p # A o p
(proof)

lemma K-imply-Cons:
assumes (A Fo ¢
shows (p # A g ¢

{proof)

lemma K-right-mp:
assumes (A tg p Abgp — @
shows <A o ¢

(proof)

lemma deductl: <Atgp —q¢q=p# Ao ¢
(proof )

lemma imply-append [iff]: <(A Q B~ 1) = (A~ B~ 1)
{proof)

lemma imply-swap-append: <A Q BFgpr = BQ Atg nr
(proof)

lemma K-Impl: <p # Abgq= Abgp— ¢
(proof)

lemma imply-mem [simp]: <p € set A —= A tpg p»

{proof)

lemma add-imply [simp]: <+g ¢ = Ao @

{proof)
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lemma K-imply-weaken: <A b ¢ = set A C set A’ = A' g ¢

(proof)

lemma K-Boole:
assumes (- p) # A g L»
shows <A Fgo p»

(proof)

lemma K-distrib-K-imp:
assumes g O 7 (4 ~ g
shows ¢map (O i) AFg O ¢
(proof)

6.6 Maximal Consistent Sets

definition consistent :: <('i, 'p) fm set = bool> where
<consistent S =V A. set ACS — - Ablg L»

interpretation MCS-No-Witness-UNIV consistent
(proof)

interpretation Derivations-Cut-MCS consistent Calculus-assms

(proof)

interpretation Derivations-Bot consistent Calculus-assms <L

(proof)

interpretation Derivations-Imp consistent Calculus-assms <Ap q. p —> ¢

(proof)

theorem deriv-in-maximal:
assumes <consistent S» «mazximal S» <o p»
shows (p € S»

(proof )

6.7 Truth Lemma

abbreviation known :: «('i, 'p) fm set = i = (i, 'p) fm setr where
<known Si={p.0ip e Sh

abbreviation reach :: <i = ('i, 'p) fm set = (i, 'p) fm set set> where
<reach i S = {S’. known S i C S’ A MCS S’}

abbreviation canonical :: «('i, 'p) fm set = ('i, 'p, (i, 'p) fm set) ctx> («xMp>) where
(Mp(S) = (Model {S. MCS S} reach (AS P. -P € S), S)

fun semics ::
«('ty 'p, "w) etz = (('i, 'p, 'w) etz = (i, 'p) fm = bool) = (i, 'p) fm = bools
(- [-lo -)» [55, 0, 55] 55) where
- [[]lg L <— False

| «(M, w) [-]g P +— VMwP>

|<(M7w) HR]]D])—)(]<—)R(M,’LU)})4>R(M, w) qQ

| «(M, w) [RlpOip+— Vve WMNRMiw R (M, v) p)
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fun rel 2 «('i, 'p) fm set = (i, 'p, (i, 'p) fm set) ctz = ('i, 'p) fm = bool> (\Rp») where
Ro(-) (w)pes—pew

theorem saturated-model:
fixes S :: «('i, 'p) fm set>
assumes A\(S :: ("4, 'p) fm set) p. MCS S = Mg(S) [Ra(S)]op +— p e S
shows (MCS S = Mp(S) Eop+—pe S

(proof)

theorem saturated-MCS:

assumes (MCS S»

shows (Mn(S) [Ra(S)]o p +— Ra(S) (Ma(S)) p
(proof)

interpretation Truth-No-Witness semics semantics <A-. {Mp(S) |S. MCS S}» rel consistent
(proof)

lemma Truth-lemma:
assumes (MCS S»
shows (<Mp(S) Eop«—pe S

{proof)

6.8 Completeness

theorem strong-completeness:
assumes VM :: (i, 'p, (i, 'p) fm set) model. Vw € W M.

(Vq € X. (Mv w) ):D Q) — (Ma U)) ':D »
shows (3A. set AC X NAbFg p

(proof)

abbreviation wvalid :: <('i, 'p) fm = bool> where
walid p =Y (M = (4, 'p, (i, 'p) fm set) model). Yw € WM. (M, w) Eq p

corollary completeness: <valid p = o p»

(proof )

theorem main: <valid p +— g p»

{proof)

end
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Chapter 7
Example: Hybrid Logic

theory Fxample-Hybrid-Logic imports Derivations begin

7.1 Syntax

/

datatype (nominals-fm: 'i, 'p) fm

= Fls (xL»)

| Pro 'p (¢

| Nom i (<+»)

| Imp «('i, 'p) fm> <("i, 'p) fm» (infixr «(—> 55)
| Dia «('i, 'p) fmy (<O»)

| Sat "i <«('i, 'p) fmy (x@»)

| All <('3, 'p) fm> ((AY)

abbreviation Neg (<= -» [70] 70) where <= p=p — L»

abbreviation Con (infixr <A> 35) where (p A g == (p — — g

/

type-synonym (’i, 'p) Ibd = i x ('i, 'p) frmo

primrec nominals-lbd :: <('i, 'p) Ibd = 'i set> where
«nominals-lbd (i, p) = {i} U nominals-fm p»

abbreviation nominals :: <('i, 'p) lbd set = 'i sety where
«nominals S = |Jip € S. nominals-lbd ip>

lemma finite-nominals-fm [simpl: «finite (nominals-fm p)»
(proof )

lemma finite-nominals-lbd: <finite (nominals-lbd p)»

{proof)

7.2 Semantics

datatype (‘w, 'p) model =
Model (W: <'w sety) (R: <'w = "w sety) (V: <w = "p = bool)

type-synonym ('i, 'p, 'w) ctz = «('w, 'p) model x (i = 'w) x "w»

fun semantics :: «('i, 'p, "w) ctr = ('i, 'p) fm = booly (infix <E=q> 50) where
(M, g, w) EFa L +— False
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| «(M, -, w) Fa ‘P +— VMuwP

| <(-, g, w) Fa i +— w=gn

| «(M, g, w) Fap — qg+— (M, g, w) Fap — (M, g, w) Fa ¢
| «(M, g, w) Fa Op+— Bve WMNRMuw. (M,g,v) EFa p)
| (M, g, -) Fa @Qip<+— (M, g, g1) Fa p

| «(M, g,-) Fa Ap+— Yve WM. (M, g, v) Fa p)

lemma semantics-fresh: <i ¢ nominals-fm p = (M, ¢, w) EFa p — (M, g(i := v), w) EFa p
(proof)

lemma semantics-fresh-lbd:
<k ¢ nominals-lbd (i, p) = (M, g, w) Fa p +— (M, g(k = v), w) Fa p
(proof)

7.3 Calculus

inductive Calculus :: <«('i, 'p) Ibd list = ('i, 'p) Ibd = booly (infix <-@> 50) where
Assm [simp]: «(i, p) € set A = A ta (4, p)
| Ref [simp]: <A Fa (i, +i)
| Nom [dest]: <A ta (i, k) = Ata (i, p) = Ata (k, p)
| FIsE [elim]: <A tFa (i, L) = A tFa (k, p)
| ImplI [intro]: «(i, p) # Atae (4, ) = Atae (i, p — q)
| ImpFE [dest]: <A ta (i, p — ¢) = Ata (i, p) = Ata (4, q)
| Satl [intro]: <A Fa (i, p) = A ta (k, Qi p)»
| SatE [dest]: <A Fa (i, Qk p) = A Fa (k, p)
| Dial [intro]: <A ta (i, O (‘k)) = Ata (k, p) = Ata (i, O p)
| DiaE [elim): <A Fa (i, O p) = k ¢ nominals ({(7, p), (4, ¢)} U set A) =
(k, p) # (i, O (-k)) # Ata (4, 9) = Ala (§, qp
| AUI [intro]: <A Fa (k, p) = k ¢ nominals ({(i, p)} U set A) = A Fa (i, A p)
| AlIE [dest]: <A Fa (i, A p) = A Fa (k, p)
| Clas: «(i,p — q) # Ate (i, p)) = Ata (i, p)
( Fa

)
# Ata (i, p
| Cut: <Ata (k, q) = (k, q) # B (i, p) = A @Q Bta (i, p)

7.4 Soundness

theorem soundness: <A ba (i, p) = list-all (A (i, p). (M, g, g i) Fa p) A = range g C W M =
(M, g,91i) Fa p
(proof)

corollary soundness'”:
assumes <[] Fa (i, p)» <i ¢ nominals-fm p
and <range ¢ C W M» «w € W M»
shows (M, g, w) Fa p
(proof)

corollary <= ([] Fa (¢, L))
{proof)

7.5 Admissible Rules

lemma Assm-head [simp]: <(p, i) # A Fa (p, i)
(proof)

lemma SatE"
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assumes ((k, q) # A Fa (i, p)»
shows «(j, @k q) # A Fa (4, p)
(proof)

lemma Impl"
assumes ((k, q) # A ta (i, p)»
q)

shows <A Fq (i, (Qk ¢) — p)»
{proof)
lemma Weak” <A Fa (i, p)) = A Q Btq (i, p)
{proof )
lemma Weaken: <A tq (i, p) = set A C set B= B ta (i, p)
(proof)
lemma Weak: <A ta (i, p) = (k, q) # A Fa (4, p)
{proof )
lemma deductl: <Ata (i, p — q) = (i, p) # A ta (i, ¢
(proof )
lemma Boole: <(i, 7 p) # Ata (i, L) = Ata (i, p)»
{proof)

interpretation Derivations Calculus

(proof)

7.6 Maximal Consistent Sets

definition consistent :: «('i, 'p) lbd set = bool> where
<consistent S =V A a. set ACS — = Ala (a, L)

lemma consistent-add-diamond-witness:
assumes <consistent S> «(i, O p) € S» <k ¢ nominals S»
shows <consistent ({(k, p), (¢, O (-k))} U S)»

{proof)

lemma consistent-add-global-witness:
assumes (consistent S> «(i, = A p) € S» <k ¢ nominals S»
shows <consistent ({(k, - p)} U S)

{proof)

fun witness = «('é, 'p) lbd = ('i, 'p) lbd set = ('i, 'p) lbd set» where

cwitness (i, O p) S = (let k = SOME k. k ¢ nominals ({(i, p)} U S) in {(k, p), (i, O (-k))})»
| <witness (i, 7 A p) S = (let k = SOME k. k ¢ nominals ({(¢, p)} U S) in {(k, = p)})
| <witness (-, -) - ={}p

lemma consistent-witness”:
assumes <consistent ({(¢, p)} U S)» <infinite (UNIV — nominals S)»
shows <consistent (witness (i, p) S U {(i, p)} U )

(proof )

interpretation MCS-Witness-UNIV consistent witness nominals-lbd
(proof)
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lemma witnessed-diamond: <witnessed S = (i, O p) € S = k. (i, O (+k)) € S A (k, p) € S
{proof)

lemma witnessed-global: (witnessed S = (i, " A p) € S = Jk. (k, 7 p) € S

{proof)

interpretation Derivations-Cut-MCS consistent Calculus

(proof)

interpretation Derivations-Bot consistent Calculus «(i, L)
(proof)

interpretation Derivations-Not consistent Calculus «(i, L)» <\(Z, p). (¢, = p)»

(proof)

lemma MCS-impE’": <consistent S = mazimal S = (i, p —> ¢) € S = (i, p) € S — (i, ¢) € &

{proof)

interpretation Derivations-Uni consistent witness nominals-1bd Calculus «(i, L)y <A\(4, p). (4, = p)»
A4, p). (i, A p) <Ak (i, p). (K, p)»
(proof)

lemma conEl [elim]: <Ata (i, p A q) = Ata (4, p)
{proof)

lemma conE2 [elim]: <A ta (i, p A q) = Ata (4, q)
{proof)

lemma conl [intro]: <A ba (i, p) = Ata (i, ) = Ata (i, p A q)
{proof)

lemma MCS-con:
assumes (MCS S»
shows (i, p A q) € S +— (i,p) € SA (i, q) € S
(proof )

interpretation Derivations-Exi consistent witness nominals-lbd Calculus
A4, p). (4, O p) Ak (4, p). (i, @k p A O(-k))>
(proof)

corollary MCS-uni”:
assumes (MCS S» (witnessed S»
shows (i, A p) € S «— (Vk. (k, p) € S)
(proof)

corollary MCS-exi’:
assumes (MCS S) «witnessed S»
shows (i, O p) € S +— (k. (i, @k p A O (-k)) € S)
(proof)

7.7 Nominals

lemma MCS-Nom-refi:
assumes <consistent Sy <mazximal S»
shows «(i, -i) € )

32



{proof)

lemma MCS-Nom-sym:
assumes (consistent S» <maximal Sy (i, -k) € S
shows «(k, +i) € S»
(proof)

lemma MCS-Nom-trans:
assumes <(consistent S» <maximal S» <(i, +j) € S (4, k) € S
shows «(i, -k) € S

(proof)

7.8 Truth Lemma

fun semics :: «("i, 'p, 'w) ctx = (('i, 'p, 'w) ctz = (i, 'p) fm = bool) = ("i, 'p) fm = bools
(«(- [-Ja -)» [65, 0, 55] 55) where
¢- []Ja L +— False

| «(M, -, w) [-]Ja P +— VMuwP>

('7 9, ’LU) [H]@ M w =g D

| «(M, g, w) [Rle(p) — ¢ +— R (M, g, w) p — R (M, g, w) ¢

| «(M, g, w) [Rlae O p+— Bve WMNRMuw R (M, g, v)p)

| «(M, g, -) [Rle @ip<+— R (M, g, gi) p

| <«(M, g,-) [Rla Ap+— Vve WM. R (M, g, v) p)»

fun rel :: «('i, 'p) lbd set = ('i, 'p, "0) ctx = (i, 'p) fm = bool> ({Ra>) where
<R@(S) (_7 ] Z) p < (7’5 p) S

definition equiv-nom :: «('i, 'p) lbd set = 'i = 'i = bool) where
cequiv-nom S i k = (i, -k) € S

lemma equiv-nom-refip:
assumes <consistent S» (mazimal S»
shows <reflp (equiv-nom S)»

{proof)

lemma equiv-nom-symp:
assumes <consistent S» <mazimal S»
shows <symp (equiv-nom S)»

{proof)

lemma equiv-nom-transp:
assumes (consistent S» «mazimal S»
shows <transp (equiv-nom S)»

{proof)

lemma equiv-nom-equivp:
assumes <consistent S» <mazximal S»
shows <equivp (equiv-nom S)»

{proof)

definition assign :: <'i = ('i, 'p) Ibd set = "i» («[-]-» [0, 100] 100) where
(ils = minim ( |UNIV| ) {k. equiv-nom S i k}>

lemma equiv-nom-ne:
assumes <consistent Sy <mazximal S»
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shows ¢{k. equiv-nom S i k} # {p
{proof)

lemma equiv-nom-assign:
assumes <consistent S» <mazimal S»
shows <equiv-nom S i ([i]s)>
(proof )

lemma equiv-nom-Nom:
assumes <(consistent S» <mazimal S» <equiv-nom S i k> «(i, p) € S
shows «(k, p) € &

(proof)

definition reach :: «(i, 'p) lbd set = "i = 'i set) where
reach S i = {[k]s |k. (i, O (-k)) € Sp

primrec canonical :: «('i, 'p) Ibd set x 'i = ('i, 'p, i) ctr) («tMa>) where
«(Ma(S, i) = (Model {[k]s | k. True} (reach S) (\i P. (i, -P) € S), Ai. [i]s, [i]s)

theorem saturated-model:
assumes (\p i. Ma(S, 7) [Ra(S)]a(p) +— Ra(S) (Ma(S, i) p» <M € {Ma(S, i) |i. True}
shows (Ra(S) (Ma(S, 7)) p +— Ma(S, i) Fa p

(proof )

lemma reach-assign: <reach S ([{]s) C {[k]s | k. True}

{proof)

theorem saturated-MCS:

assumes (MCS S»

shows «Ma (9, i) [Ra(S5)]a(p) +— Ra(S) (Ma(S, i)) p»
(proof)

interpretation Truth- Witness semics semantics <AS. {Ma(S, ©) |i. True}> rel consistent witness nom-
inals-1bd
(proof)

lemma Truth-lemma:

assumes (MCS S

shows (Ma(S, i) Fa p «— (i, p) € &
(proof)

7.9 Cardinalities

datatype marker = FisM | ImpM | DiaM | SatM | AlIM
type-synonym (’i, 'p) enc = «('i + 'p) + marker x nat

abbreviation «<NOM i = Inl (Inl i)
abbreviation <PRO z = Inl (Inr x)»
abbreviation <FLS = Inr (FIsM, 0))
abbreviation <IMP n = Inr (FIsM, n))
abbreviation <DIA = Inr (DiaM, 0)
abbreviation (SAT = Inr (SatM, 0)
abbreviation «GLO = Inr (AlIM, 0)»
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primrec encode :: «('i, 'p) fm = ('i, 'p) enc list) where
<encode L = [FLS)

| <encode (-P) = [PRO P}

| <encode (+i) = [NOM i]»

| <encode (p —> q) = IMP (length (encode p)) # encode p @Q encode ¢

| <encode (O p) = DIA # encode p»

| <encode (@ i p) = SAT # NOM i # encode p»

| <encode (A p) = GLO # encode p»

lemma encode-ne [simp]: <encode p # [

{proof)

lemma inj-encode’: <encode p = encode ¢ = p = ¢

(proof)

primrec encode-lbd :: «('i, 'p) lbd = ('i, 'p) enc list) where

cencode-lbd (i, p) = NOM i # encode p»

lemma inj-encode-lbd’: <encode-lbd (i, p) = encode-lbd (k, ) = i =k Ap= ¢
(proof )

lemma inj-encode-lbd: <inj encode-Ibd»

{proof)

lemma finite-marker: <finite (UNIV :: marker set)»

(proof)

lemma card-of-lbd:

assumes <infinite (UNIV :: 'i set)»

shows ¢|UNIV :: ('i, 'p) lbd set| <o |UNIV :: 'i set| +c |[UNIV :: 'p set|»
(proof )

7.10 Completeness

theorem strong-completeness:
fixes p :: «('i, 'p) fm
assumes VY M :: (i, 'p) model. Vg.Vw € W M. range g C WM —
(V(k q) € X. (M, g, gk) Fa q) — (M, g, w) Fa p
<anfinite (UNIV :: 'i set)»
UNIV :: 'i set| +c |UNIV :: 'p set| <o |UNIV — nominals X|»
shows (JA. set A C X N Ata (4, p)
(proof)

abbreviation wvalid :: (i, 'p) fm = bool> where
walid p =Y (M =2 (i, 'p) model) g. Vw € WM. range g C WM — (M, g, w) Ea p

theorem completeness:
fixes p :: «('i, 'p) fmv
assumes (walid py <infinite (UNIV :: i set)y <JUNIV :: 'p set| <o |UNIV :: 'i set|»
shows <[] Fa (i, p)»

(proof)

corollary completeness’:
fixes p :: «('i, i) fmo
assumes (valid py <infinite (UNIV :: i set)»
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shows «[] Fa (i, p)»
{proof)

theorem main:
fixes p :: «('i, 'p) frv

assumes (i ¢ nominals-fm p> <infinite (UNIV ::

shows (walid p +— || Fa (i, p)

(proof)

corollary main’:
fixes p :: <('i, 1) frv>

assumes (i ¢ nominals-fm p» <infinite (UNIV ::

shows (wvalid p «— || Fa (i, p)

(proof)

end

'i set)y <JUNIV :: 'p set| <o |UNIV :: 'i set|s

'i set))
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Chapter 8

Example: First-Order Logic

theory FExample-First-Order-Logic imports Derivations begin

8.1 Syntax

datatype (params-tm: 'f) tm
= Var nat (x#»)
| Fun 'f <'f tm listy (<)

abbreviation Const («x») where (xa = -a [

datatype (params-fm: 'f, 'p) fm
= Fls (xL»)
| Pre 'p f tm listy (<+»)
| Imp <«('f, 'p) fm> <(’f, 'p) fm> (infixr (—> 55)
| Bxi <('f, 'p) fmy (x3>)

abbreviation Neg (<= -» [70] 70) where <= p=p — L

8.2 Semantics
type-synonym (’a, 'f, 'p) model = «(nat = 'a) x ('f = 'a list = 'a) x ('p = 'a list = bool)»

fun semantics-tm :: «(nat = 'a) x ('f = ‘a list = 'a) = 'ftm = ‘a> (<(-)») where
((E,-)) (#n) =En
| (((E, F)) (-f ts) = F [ (map ((E, F)) ts)

primrec add-env :: (‘a = (nat = 'a) = nat = ‘o> (infix <3 0) where
(tgs) 0=t
| <«(tgs) (Sucn)=smn

fun semantics-fm :: «(‘a, 'f, 'p) model = ('f, 'p) fm = bools (infix <=3 50) where
- B3 L +— Fulse

| «(E, F, G) |3 P ts +— G P (map ((E, F)| ts)»

| (B, F,G)Esp—q+— (E,F,G) = p— (E,F,G) E3 ¢

| «(E, F, G) 3 3p+— (Fz. (z s E, F, G) =3 pp»

8.3 Operations

primrec lift-tm :: <'f tm = 'f tm)> where
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ift-tm (#n) = #(n+1)
| <lift-tm (-f ts) = -f (map lift-tm ts)»

primrec sub-tm :: «(nat = 'f tm) = 'f tm = 'f tm)» where
csub-tm s (#n) = s w
| <sub-tm s (+f ts) = «f (map (sub-tm s) ts)>

primrec sub-fm :: «(nat = 'ftm) = ('f, 'p) fm = (’f, 'p) fm> where
<sub-fm - L = 1>

| <sub-fm s (+P ts) = -P (map (sub-tm s) ts)»

| <sub-fm s (p —> ¢) = sub-fm s p —> sub-fm s @

| <sub-fm s (I p) = I (sub-fm (F#0 g An. lift-tm (s n)) p)

abbreviation inst-single :: <'f tm = ('f, 'p) fm = (’f, 'p) fm> («{(-)») where
(ty = sub-fm (t § #)»

abbreviation «params S = |Jp € S. params-fm p»
abbreviation <params’ | = params (set l)»

lemma upd-params-tm [simp|: <f ¢ params-tm t = ((E, F(f :=z))) t = ((E, F)) ©
{proof)

lemma upd-params-fm [simp|: <f & params-fm p = (E, F(f .= z), G) F3 p +— (E, F, G)F3 p
(proof)

lemma finite-params-tm [simp]: <finite (params-tm t)»

{proof)

lemma finite-params-fm [simp]: <finite (params-fm p)»

{proof)

lemma env [simp]: <P ((z§ E) n) = (PzgAn. P (En)) m
{proof)

lemma lift-lemma: <((z § E, F))) (lift-tm t) = ((E, F))
(proof)

lemma sub-tm-semantics: <((E, F)) (sub-tm s t) = ((An. ((E, F)]) (s n), F)) ©
(proof )

lemma sub-fm-semantics [simpl: «(E, F, G) E3 sub-fm s p +— (An. ((E, F)) (sn), F, G) E3 »
{proof )

lemma sub-tm-Var [simp]: <sub-tm # t = t»

(proof)

lemma reduce-Var [simp]: «(# 0 § An. # (Suc n)) = #>
(proof)
lemma sub-fm-Var [simp]:
fixes p :: <('f, 'p) frv
shows <sub-fm # p = p
(proof)

lemma semantics-tm-id [simpl: <((#, )) t = ©
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{proof)

lemma semantics-tm-id-map [simp]: <map ((#, -)]) ts = ts»

{proof)

The built-in size is not invariant under substitution.

primrec size-fm :: «('f, 'p) fm = nat> where
<size-fm L = 1>

| <size-fm (- -) = 1>

| <size-fm (p —> q) = 1 + size-fm p + size-fm ¢

| <size-fm (I p) = 1 + size-fm p»

lemma size-sub-fm [simp]: <size-fm (sub-fm s p) = size-fm p>

{proof)

8.4 Calculus

inductive Calculus :: «('f, 'p) fm list = ('f, 'p) fm = bool> (infix -3 50) where
Assm [simp]: <p € set A = A b3 p
| FISE [elim]: <Ab3 L= AF3 »
| ImpI [introl: <p # Ab3 ¢ = AbF3 p — @
| ImpE [dest]: <Ab3 p— = A3 p= AF3 ¢
| Exil [intro]: <A 3 (t)p = A k3 IAp
| ExiE [elim]: <A b3 3p = a ¢ params (set (p # ¢ # A)) = (xa)p # A3 ¢ = AF3 @
| Clas: «(p —> q) # A p= A3 p

8.4.1 Weakening
abbreviation «psub f = map-fm f id>

lemma map-tm-sub-tm [simpl: <map-tm f (sub-tm g t) = sub-tm (map-tm f o g) (map-tm f t)

{proof)

lemma map-tm-lift-tm [simp]: <map-tm f (lift-tm t) = lift-tm (map-tm f t)»
(proof )

lemma psub-sub-fm: <psub f (sub-fm g p) = sub-fm (map-tm f o g) (psub f p)
(proof )

lemma map-tm-inst-single: <(map-tm f o (u g #)) t = (map-tm fu § #) &

(proof)

lemma psub-inst-single [simp]: <psub f ({t)p) = (map-tm [ t)(psub f p)»
(proof )

lemma map-tm-upd [simp]: <a ¢ params-tm t = map-tm (f(a := b)) t = map-tm f

{proof)

lemma psub-upd [simp]: <a ¢ params-fm p => psub (f(a := b)) p = psub [ p»
(proof )

class inf-univ =
fixes itself :: ('a itself>
assumes infinite-UNIV: <infinite (UNIV :: 'a set)»
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lemma Calculus-psub:

fixes f :: </f = 'g 1 inf-univs

shows (A k3 p = map (psub f) A F3 psub f p
(proof)

lemma Weaken:
fixes p :: «('f = inf-univ, 'p) fm>
shows <Abt3 p=— set A C set B— BF3 p

(proof)

8.5 Soundness

theorem soundness: <At p=Vqe€setA (E,F,G)F3 ¢g= (E, F, G) 3 »
(proof)

corollary soundness”: «[| 3 p = M =3 »

{proof)

corollary «— ([| F3 L)
{proof)

8.6 Admissible Rules

lemma Assm-head: <p # A b3 p
(proof )

lemma Boole: «(m p) # A3 L = AkF3 p
(proof )

corollary Weak:
fixes p :: «('f i inf-undv, 'p) fm>
shows (Abg p= q# A3 p»
(proof)

lemma deduct1:
fixes p :: «('f i1 inf-undv, 'p) fm>
shows (Abg p—qg=p# Al3 @
(proof)

lemma Weak’:
fixes p :: «('f :: inf-undv, 'p) fm>
shows (A3 p= BQ@Q Atg p
(proof)

interpretation Derivations «Calculus :: ('f :: inf-univ, 'p) fm list = -

(proof)

8.7 Maximal Consistent Sets

definition consistent :: <('f, 'p) fm set = bool> where
<consistent S =VA. set ACS — - AF3 Ly

fun witness :: <«('f, 'p) fm = ('’f, 'p) fm set = ('f, 'p) fm set» where
cwitness (3p) S = (let a = SOME a. a ¢ params ({p} U S) in {(xa)p})
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| «witness - - = {}»

lemma consistent-add-witness:
fixes p :: «('f :: inf-undv, 'p) fm>
assumes (consistent S <3 p € S» <a ¢ params S»
shows «(consistent ({(xa)p} U S)H

{proof)

lemma consistent-witness”:
fixes p :: «('f it inf-undv, 'p) fm>
assumes <consistent ({p} U S)» <infinite (UNIV — params S)»
shows (consistent (witness p S U {p} U )

{proof)

interpretation MCS-Witness-UNIV consistent witness <params-fm :: ('f :: inf-univ, 'p) fm = -
(proof)

interpretation Derivations-Cut-MCS consistent <Calculus :: ('f i inf-univ, 'p) fm list = -

(proof)

interpretation Derivations-Bot consistent Calculus <L :: ('f :: inf-univ, 'p) fm
(proof)

interpretation Derivations-Imp consistent Calculus <\p q. p — q == ('f = inf-univ, 'p) fm>

(proof)

interpretation Derivations-Ezi consistent witness params-fm Calculus <35 <\t p. (t)p = ('f 2 inf-univ,

'p) fm>
(proof)

8.8 Truth Lemma

abbreviation canonical :: <('f, 'p) fm set = ('f tm, 'f, 'p) model> («+M3>) where
M3 (S) = (#, -, \Pts. -Pts € S)

fun semics ::
«("a, 'f, 'p) model = (('a, 'f, 'p) model = ('f, 'p) fm = bool) = ('f, 'p) fm = bool
(- [-1z - [55, 0, 55] 55) where
- [-]la L «— False

| «(E, F, G) []z -Pts+— G P (map ((E, F)) ts)»

| «(E,F,G)[Rlzap—q+— R(E,F,G)p — R (E, F, G) ¢

| «(E, F, G)[R]z 3p <— (2. R (z g E, F, G) p)»

fun rel :: «(’f, 'p) fm set = ('f tm, 'f, 'p) model = ('f, 'p) fm = bool> (<R3>) where
R3(S) (E, -, -) p+— sub-fm Ep € S

theorem saturated-model:
assumes (A\p. VM € {M3(S)}. M [R3(S)]z p +— Ra(S) M p» <M € {M3(S)}p
shows (R3(S) M p «+— M =3 p

(proof)

theorem saturated-MCS:
fixes p :: «('f i inf-undv, 'p) fm>
assumes (MCS S
shows (R3(S5) (M3(S)) p «— M3(S) [R3(9)]z p»
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{proof)

interpretation Truth- Witness semics semantics-fm <\S. {Mz(S)}» rel consistent witness
<params-fm :: ('f :: inf-univ, 'p) fm = -

(proof)

8.9 Cardinalities

datatype marker = VarM | FunM | TmM | FisM | PreM | ImpM | EziM
type-synonym ('f, 'p) enc = «('f + 'p) + marker X nat»

abbreviation <FUNS f = Inl (Inl f)
abbreviation «PRES p = Inl (Inr p)»

abbreviation <VAR n = Inr (VarM, n)
abbreviation «FUN n = Inr (FunM, n)»
abbreviation «<TM n = Inr (TmM, n)»

abbreviation (PRE n = Inr (PreM, n)»
abbreviation <FLS = Inr (FIsM, 0))
abbreviation <(IMP n = Inr (FisM, n))
abbreviation <EXI = Inr (EziM, 0)»

primrec
encode-tm :: <'f tm = ('f, 'p) enc list» and
encode-tms :: 'f tm list = ('f, 'p) enc list» where
<encode-tm (#n) = [VAR n)»
| <encode-tm (-f ts) = FUN (length ts) # FUNS f # encode-tms ts
| <encode-tms [| = [
| <encode-tms (t # ts) = TM (length (encode-tm t)) # encode-tm t @ encode-tms ts)

lemma encode-tm-ne [simp]: <encode-tm t # []»

{proof)

lemma inj-encode-tm":
<(encode-tm t :: ('f, 'p) enc list) = encode-tm s = t = &
«(encode-tms ts = ('f, 'p) enc list) = encode-tms ss => ts = ss»
(proof)

lemma inj-encode-tm: <inj encode-tmy»

{proof)

primrec encode-fm :: <('f, 'p) fm = (’f, 'p) enc list> where
<encode-fm L = [FLS]
| <encode-fm (-P ts) = PRE (length ts) # PRES P # encode-tms ts)
| <encode-fm (p — q) = IMP (length (encode-fm p)) # encode-fm p @ encode-fm ¢
| <encode-fm (Ip) = EXI # encode-fm p>

lemma encode-fm-ne [simp]: <encode-fm p # []»

(proof )

lemma inj-encode-fm’: <encode-fm p = encode-fm ¢ =— p = ¢
(proof)
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lemma inj-encode-fm: <inj encode-fm>»

{proof)

lemma finite-marker: <finite (UNIV :: marker set))

(proof)

lemma card-of-fm:
(JUNIV :: ('f =t inf-univ, 'p) fm set| <o |UNIV :: 'f set| +¢ |UNIV :: 'p set|»
(proof )

8.10 Completeness

theorem strong-completeness:
assumes VY M :: ('f tm, 'f :: inf-univ, 'p) model. Vg € X. M |F3 ¢) — M =3 »
UNIV :: 'f set| +c |UNIV :: 'p set| <o |UNIV — params X|»
shows <(3A. set AC X AN A3 p
(proof)

abbreviation wvalid :: <(’f, 'p) fm = bool> where
walid p =V M :: ('f tm, -, -) model. M =3 p

theorem completeness:
fixes p :: «('f = inf-univ, 'p) fm>
assumes <walid p» <|UNIV :: 'p set| <o |UNIV :: 'f set|»
shows «[] F3 »

(proof)

corollary completeness':
fixes p = «('f = inf-undv, f) fmo
assumes <valid p)
shows <[] 3 p»

{proof)

theorem main:
fixes p = «('f = inf-univ, 'p) fm>
assumes (| UNIV :: 'p set| <o |UNIV :: 'f set|>
shows <valid p «+— [| F3 p

(proof)

corollary main”:
fixes p :: <('f :: inf-univ, 'f) fm
shows <valid p +— [| F3 p

{proof)

end
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