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Abstract

Superposition is an efficient proof calculus for reasoning about first-
order logic with equality that is implemented in many automatic the-
orem provers. It works by saturating the given set of clauses and is
refutationally complete, meaning that if the set is inconsistent, the
saturation will contain a contradiction. In this formalization, we re-
structured the completeness proof to cleanly separate the ground (i.e.,
variable-free) and nonground aspects. We relied on the IsaFoR library
for first-order terms and on the Isabelle saturation framework. A paper
describing this formalization was published at the 15th International
Conference on Interactive Theorem Proving (ITP 2024) [1].
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theory Ground-Critical-Pairs

imports First-Order-Clause. Term-Rewrite-System
begin



definition ground-critical-pairs :: 'f gterm rel = 'f gterm rel where
ground-critical-pairs R = {(ctxt{ra)q, m1) | ctat I ry ro. (ctat(l)q, r1) € R A (1,
’1“2) (S R}

locale ground-critical-pair-theorem =
fixes f-type :: 'f itself
assumes ground-critical-pair-theorem:
AR :: 'f gterm rel.
WCR (rewrite-inside-gctat R) +— ground-critical-pairs R C (rewrite-inside-gctat
R)*

end
theory Ground-Superposition
imports

Ground-Critical-Pairs
First-Order-Clause.Selection- Function
First-Order-Clause. Ground-Order
First-Order-Clause. Ground-Clause

begin

1 Superposition Calculus

locale ground-superposition-calculus =
ground-order-with-equality where less; = less; +
selection-function select +
ground-critical-pair-theorem TYPE('f)
for
lessy 2 'f gterm = 'f gterm = bool and
select :: 'f gatom clause = 'f gatom clause
begin

1.1 Ground Rules

inductive superposition ::
'f gatom clause = 'f gatom clause = 'f gatom clause = bool
where
superpositionl:
E = add-mset Ly E' —
D = add-mset Lp D' =
D <. F =
P € {Pos, Neg} =
Lg =P (Upai'r I$<t>G u) -
Lp =t~ t =
u =< K{t)g =
t! <yt =
(P = Pos A select E = {#} A is-strictly-mazimal Ly F) V
(P = Neg A (select E = {#} A is-maximal Lg E V is-mazimal Lg (select E)))
_—
select D = {#} =



is-strictly-mazimal Lp D =
C = add-mset (P (Upair k(t¢ u)) (E'+ D) =
superposition D E C

inductive eg-resolution :: 'f gatom clause = 'f gatom clause = bool where
eq-resolutionl:
D = add-mset L D' —
L=tlxt=
select D = {#} A is-maximal L D V is-mazimal L (select D) =
C=D =
eq-resolution D C

inductive eg-factoring :: 'f gatom clause = 'f gatom clause = bool where
eq-factoringl:
D = add-mset Ly (add-mset Ly D) =
L=t~ t =
Ly =t~ t =
select D = {#} =
is-maximal L1 D =
t! <t =
C = add-mset (t' = t") (add-mset (t = t"") D) =
eq-factoring D C

abbreviation eg-resolution-inferences where
eq-resolution-inferences = {Infer [D] C | D C. eg-resolution D C}

abbreviation eq-factoring-inferences where
eq-factoring-inferences = {Infer [D] C | D C. eg-factoring D C}

abbreviation superposition-inferences where
superposition-inferences = {Infer [D, E] C | D E C. superposition D E C}

1.1.1 Alternative Specification of the Superposition Rule

inductive superposition’ :
'f gatom clause = 'f gatom clause = 'f gatom clause = bool
where
superposition’I:
P, = add-mset L; P’ =
Py = add-mset Ly Py' —>
Py <. P =
P € {Pos, Neg} =
Ly = P (Upair s(t)g ') =
Ly =t~ t =
s =<y s(tyg =
=<t =
(P = Pos — select Py = {#} A is-strictly-mazimal I, P1) =
(P = Neg — (select Py = {#} A is-mazimal Ly Py V is-mazimal Ly (select
Py))) =



select Py = {#} =

is-strictly-maximal Ly Py =

C = add-mset (P (Upair s(t) g ")) (P1’ + P3/) =
superposition’ Py P1 C

lemma superposition’ = superposition
proof (intro ext iffI)
fix P1 P2 C
assume superposition’ P2 P1 C
thus superposition P2 P1 C
proof (cases P2 P1 C rule: superposition’.cases)
case (superposition’] Ly Py’ Ly Py' P sts't’)
thus ?thesis
using superpositionl
by force
qged
next
fix P1 P2 C
assume superposition P1 P2 C
thus superposition” P1 P2 C
proof (cases P1 P2 C rule: superposition.cases)
case (superpositionl Ly Py’ Ly Py' P st s't’)
thus ?thesis
using superposition’l
by (metis literals-distinct(2))
qged
qged

inductive pos-superposition ::
'f gatom clause = 'f gatom clause = 'f gatom clause = bool

where
pos-superpositionl :

Py = add-mset L1 P/ =

Py = add-mset Ly Py' —>

Py <. P =

L = s(tyg = s’ =

Ly =t~ t =

s' =<t s{t)g =

<yt =

select Py = {#} =

is-strictly-mazximal Ly Py =

select Py = {#} =

is-strictly-mazximal Ly Py —>

C = add-mset (s(t"\¢ = s') (P1' + Py’) =

pos-superposition Py Py C

lemma superposition-if-pos-superposition:
assumes step: pos-superposition Py Py C
shows superposition Py Py C



using step
proof (cases Py P1 C rule: pos-superposition.cases)
case (pos-superposition] Ly Py’ Ly Py’ st s’ t')
thus %thesis
using superpositionl
by (metis insert-iff)
qed

inductive neg-superposition ::
'f gatom clause = 'f gatom clause = 'f gatom clause = bool
where
neg-superpositionl :
P, = add-mset L; P, =
Py = add-mset Ly Py =
Py <. P =
L = s{t)yg I= ' =
Ly =t~ t =
s =<y s(tye =
<t =
select Py = {#} A is-maximal Ly Py V is-mazimal Ly (select P1) =
select Py = {#} =
is-strictly-mazximal Ly Py —>
C = add-mset (Neg (Upair s(t¢ s')) (P1' + Py)) =
neg-superposition Po Py C

lemma superposition-if-neg-superposition:
assumes neg-superposition Py Py C
shows superposition Po P, C
using assms
proof (cases Py Py C rule: neg-superposition.cases)
case (neg-superposition] Ly Py’ Ly Ps' st s’ t')
then show ?thesis
using superpositionl
by (metis insert-iff)
qed

lemma superposition-iff-pos-or-neg:
superposition Py Py C +—
pos-superposition Py P1 C'V neg-superposition Py P; C
proof (rule iff)
assume superposition Py P; C
thus pos-superposition Po P1 C V neg-superposition Po P, C
proof (cases Py Py C rule: superposition.cases)
case (superposition] Ly Py’ Ly Py’ P st s’ t))
then show %thesis
using pos-superpositionI[of P1 Ly Py’ Py Ly Py’ st s’ t/]
using neg-superpositionl[of Py L1 P1' Py Ly Py’ st s’ t]
by metis
qed



next
assume pos-superposition Po Py C V neg-superposition Py P; C
thus superposition Py P; C
using
superposition-if-neg-superposition
superposition-if-pos-superposition
by metis
qed

1.2 Ground Layer

definition G-Inf :: 'f gatom clause inference set where
G-Inf =
{Infer [P, P1] C | Py Py C. superposition Ps Py C} U
{Infer [P] C'| P C. eg-resolution P C} U
{Infer [P] C'| P C. eg-factoring P C}

abbreviation G-Bot :: 'f gatom clause set where

G-Bot = {{#}}

definition G-entails :: 'f gatom clause set = 'f gatom clause set = bool where
G-entails Ny No +— (V (I :: 'f gterm rel). refl I — trans I — sym I —
compatible-with-getat I — upair ‘I |=s Ny — upair ‘I |=s Na)

lemma superposition-smaller-conclusion:
assumes
step: superposition P1 P2 C
shows C <. P2
using step
proof (cases P1 P2 C rule: superposition.cases)
case (superposition] L1 Py’ Ly Py’ P st s't))

have Py’ + add-mset (P (Upair s(t")a¢ s’)) P2’ <. P1" 4+ {#P (Upair s(t)c
4}
unfolding less.-def
proof (intro one-step-implies-multp balll)
fix K assume K €# add-mset (P (Upair s(t"¢ s')) Py’

moreover have P (Upair s(t')a s') <i P (Upair s(t)a s’)
proof —
have s(t')g <: s(t)c
using «t' <; ¥
by simp

hence multp (<¢) {#s(t")a, s#} {#s(t)a, s'#}

by (simp add: add-mset-commute multp-cancel-add-mset)

have ?thesis if P = Pos
unfolding that less;-def



using «multp (<) {#s(tNa, s'#} {#s(t)a, s'#}b
by simp

moreover have ?thesis if P = Neg
unfolding that less;-def
using «multp (<) {#s(t"a, s'#} {#s(t)a, s'#} multp-double-doublel
by force

ultimately show ?Zthesis
using <P € {Pos, Neg}»
by auto
qed

moreover have VK €# Py'. K <; P (Upair s(t)g s’)
proof —
have is-strictly-maximal Ly P1
using superpositionl
by argo

hence VK €# Py'. = Pos (Upair t t') <; K A Pos (Upair t t') # K
unfolding
is-strictly-mazimal-def
«P1 = add-mset Ly Py'y <Ly = t =~ t’
by simp

hence VK €# Py'. K <; Pos (Upair t t')
by auto

have thesis-if-Neg: Pos (Upair t t') <; P (Upair s(t)a s’)
if P = Neg
proof —
have ¢ <, s(t)¢
using term.order.less-eq-subterm-property .

hence multp (<,) {#t, %} {#s(t), s s(t), 54}
unfolding reficlp-iff

proof (elim disjE)
assume ¢ <; s{t)g

moreover hence ¢’ <; s{t)g
using superpositionl (8)
by order

ultimately show ?thesis
by (auto intro: one-step-implies-multp[of - - - {#}, simplified])
next
assume ¢t = s{t)g
thus ?thesis
using ¢’ <y



by simp
qged
thus Pos (Upair t t') <; P (Upair s(t)a s’)
using (P = Neg»
by (simp add: less;-def)
qed

have thesis-if-Pos: Pos (Upair t t') =, P (Upair s(t)a s')
if P = Pos and is-maximal Ly P2
proof (cases s)
case Hole
show ?thesis
proof (cases t’ =; s')
case True

hence (multp (<4))== {#t, t'#} {#s(t)a, s'#}
unfolding Hole
by (simp add: multp-cancel-add-mset)

thus ?thesis
unfolding Hole <P = Pos)
by (auto simp: less;-def)
next
case Fulse
hence s’ <; t’
by order

hence multp (<) {#s(t)a, s'#} {#t, t'#}
by (simp add: Hole multp-cancel-add-mset)

hence P (Upair s(t)g s’) <; Pos (Upair t t')
using <P = Pos»
by (simp add: less;-def)

moreover have VK €# P,'. K <, P (Upair s(t)g s’)
using that
unfolding superpositionl is-mazimal-def
by auto

ultimately have VK €# P;'. K <; Pos (Upair t t’)
by auto

hence P2 <. P1
using
(P (Upair s(t)g s') <i Pos (Upair t t')»
one-step-implies-multp[of P1 P2 (<;) {#}, simplified]
literal.order.multp-if-mazimal-less-that-maximal
superpositionl
that



unfolding less.-def
by blast

hence Fulse
using (P! <. P2) by order

thus ?thesis ..
qed
next
case (More f ts1 ctat ts2)
hence t <; s(t)¢
using term.order.subterm-propertylof s t]
by simp

moreover hence t’' <; s(t)g
using <t/ <y &
by order

ultimately have multp (<) {#t, t'#} {#s(t)a, s'#}
using one-step-implies-multplof {#s(t)a, s'#} {#t, t'#} (<) {#}]
by simp

hence Pos (Upair t t') <; P (Upair s{t)g s')
using <P = Pos»
by (simp add: less;-def)

thus ?thesis
by order
qed

have P = Pos V P = Neg
using <P € {Pos, Neg}»
by simp

thus ?thesis
proof (elim disjE; intro balll)
fix K assume P = Pos K €# Py’
have K <; t ~ t’
using \WKe#Py'. K < t = th (K €# Py)
by metis

also have t ~ t' <; P (Upair s(t)g s')
proof (rule thesis-if-Pos[OF <P = Pos}))

have is-strictly-maximal Ly P2
using <P = Pos» superpositionl

by simp

thus is-maximal Ly P2



by blast
qged

finally show K <; P (Upair s(t)g s') .
next
fix K assume P = Neg K €# P>’

have K <; t =~ t’
using \VKe#Py. K <, t ~ th (K e# Py)
by metis

also have t = t' <; P (Upair s(t)c s')
using thesis-if-Neg|OF <P = Neg]| .

finally show K <; P (Upair s(t)g s') .
qed
qed

ultimately show 3j €# {#P (Upair s(t)c s)#}. K <, j
by auto
qged simp

moreover have C' = add-mset (P (Upair s(t")a s’)) (P1' + P2)
unfolding superpositionl ..

moreover have P2 = Py’ + {#P (Upair s(t)g s')#}
unfolding superpositionl by simp

ultimately show ?thesis
by simp
qed

lemma ground-eq-resolution-smaller-conclusion:
assumes step: eq-resolution P C
shows C <. P
using step
proof (cases P C rule: eg-resolution.cases)
case (eg-resolutionl L t)
then show ?thesis
unfolding less.-def
by (metis add.left-neutral add-mset-add-single empty-not-add-mset multi-member-split
one-step-implies-multp union-commute)
qed

lemma ground-eq-factoring-smaller-conclusion:
assumes step: eg-factoring P C
shows C <. P
using step

proof (cases P C rule: eq-factoring.cases)
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case (eg-factoringl Ly Ly P’ t t't")
have is-maximal L; P

using eq-factoringl

by simp

hence V K €# add-mset (Pos (Upair t t"')) P’. = Pos (Upair t t') <; K
unfolding eq-factoringl is-mazximal-def
by auto

hence — Pos (Upair t t') <; Pos (Upair t t'’)
by simp

hence Pos (Upair t t"') <, Pos (Upair t t’)
by order

hence t"" <; t’
unfolding reficlp-iff
by (auto simp: less;-def multp-cancel-add-mset)

have C = add-mset (Neg (Upair t' t")) (add-mset (Pos (Upair t t'")) P’)
using eq-factoringl
by argo

moreover have add-mset (Neg (Upair t’ t'')) (add-mset (Pos (Upair ¢ t'')) P’)
<c P
unfolding eq-factoringl less.-def
proof (intro one-step-implies-multp[of {#-#} {#-#}, simplified))
have t"" <; t
using «t' <y £ <t =<y th
by order

hence multp (<:) {#t/, t", t/, t'"#} {#t, t'#}
using one-step-implies-multplof - - - {#}, simplified]
by (metis <t' < t» diff-empty id-remove-1-mset-iff-notin insert-iff
set-mset-add-mset-insert)

thus Neg (Upair t’ t"') <, Pos (Upair t t')
by (simp add: less;-def)
qed

ultimately show ?thesis
by argo
qed

sublocale consequence-relation where Bot = G-Bot and entails = G-entails
proof unfold-locales
show G-Bot # {}
by simp
next
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show AB N. B € G-Bot = G-entails {B} N
by (simp add: G-entails-def)
next
show AN2 NI1. N2 C NI = G-entails NI N2
by (auto simp: G-entails-def elim!: true-clss-mono[rotated))
next
fix N1 N2 assume ball-G-entails: ¥ C € N2. G-entails N1 {C}
show G-entails NI N2
unfolding G-entails-def
proof (intro alll impI)
fix I :: 'f gterm rel
assume refl I and trans I and sym I and compatible-with-gctzt I and
Mz, y). Upair zy) ‘I |=s N1

hence VC € N2. (\(=z, y). Upair z y) ‘I |=s {C}
using ball-G-entails
by (simp add: G-entails-def)

then show (A(z, y). Upair z y) ‘1 |=s N2
by (simp add: true-clss-def)
qged
next
show AN1 N2 N3. G-entails NI N2 = G-entails N2 N3 = G-entails N1 N3
using G-entails-def
by simp
qged

1.3 Redundancy Criterion

sublocale calculus-with-finitary-standard-redundancy where
Inf = G-Inf and
Bot = G-Bot and
entails = G-entails and
less = (<)
defines GRed-I = Red-I and GRed-F = Red-F
proof unfold-locales
show transp (<)
by simp
next
show wfP (<.)
by auto
next
show Ai. ¢ € G-Inf = prems-of + # ]
by (auto simp: G-Inf-def)
next
fix ¢
have concl-of + <. main-prem-of ¢
if t-def: « = Infer [P2, P1] C and
infer: superposition Py P; C
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for P2 P1 C

unfolding ¢-def

using infer

using superposition-smaller-conclusion
by simp

moreover have concl-of + <. main-prem-of ¢
if ¢-def: v = Infer [P] C and
infer: eg-resolution P C
for P C
unfolding ¢-def
using infer
using ground-eg-resolution-smaller-conclusion
by simp

moreover have concl-of + <. main-prem-of ¢
if ¢-def: « = Infer [P] C and
infer: eq-factoring P C
for P C
unfolding ¢-def
using infer
using ground-eg-factoring-smaller-conclusion
by simp

ultimately show ¢ € G-Inf = concl-of ¢ <. main-prem-of ¢
unfolding G-Inf-def
by fast
qed

lemma redundant-infer-singleton:
assumes 3 DEN. G-entails (insert D (set (side-prems-of t))) {concl-of 1} N D
< main-prem-of
shows redundant-infer N ¢
proof—
obtain D where D:
DeN
G-entails (insert D (set (side-prems-of 1))) {concl-of ¢}
D <. main-prem-of ¢
using assms
by blast

show ?thesis
unfolding redundant-infer-def
by (rule exI[of - {D}]) (auto simp: D)
qed

end

end
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theory Abstract-Rewriting-Extra
imports
First-Order-Clause. Transitive- Closure- Extra
Abstract— Rewriting. Abstract- Rewriting
begin

lemma mem-join-union-iff-mem-join-lhs:
assumes
Nz. (z, 2) € A* = z ¢ Domain B and
Nz. (y, 2) € A* = z ¢ Domain B
shows (z, y) € (AU B)¥ «— (z, y) € At
proof (rule iff)
assume (z, y) € (A U B)¥
then obtain z where
(z, z) € (AU B)* and (y, 2z) € (AU B)*
by auto

show (z, y) € A
proof (rule joinI)
from assms(1) show (z, z) € A*
using «(z, z) € (4 U B)*» mem-rtrancl-union-iff-mem-rtrancl-ths[of x A B 2]
by simp
next
from assms(2) show (y, z) € A*
using ¢(y, 2) € (A U B)*» mem-rtrancl-union-iff-mem-rtrancl-lhslof y A B 2]
by simp
qed
next
show (z, y) € At = (1, y) € (AU B)}
by (metis UnCI join-mono subset-Un-eq sup.left-idem)
qed

lemma mem-join-union-iff-mem-join-rhs:
assumes
Nz. (z, 2) € B* = 2z ¢ Domain A and
Nz (y, 2) € B* = z ¢ Domain A
shows (z, y) € (AU B)Y < (z, y) € B
using mem-join-union-iff-mem-join-lhs
by (metis assms(1) assms(2) sup-commute)

lemma refi-join: refl (r%)
by (simp add: joinl-right refll)

lemma trans-join:
assumes strongly-norm: SN r and confluent: WCR r
shows trans (1)
proof —
from confluent strongly-norm have CR r
using Newman by metis
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hence r<* = rt
using CR-imp-conversionlff-join by metis
thus ?thesis
using conversion-trans by metis
qed

end

theory Relation-FEaxtra
imports Main

begin

lemma partition-set-around-element:
assumes tot: totalp-on N R and z-in: © € N
shows N={ye N.Ryz} U{z}U{y€e N. Rz y}
proof (intro Set.equalityl Set.subsetl)
fix z assume z € N
hence RzzVz=zV Rzz
using tot[THEN totalp-onD] z-in by auto
thus ze {y e N.Ryz}U{z} U{y € N. Rzy}
using <z € N» by auto
next
fix zassume z € {y e N. Ryz} U{z} U{y e N. Rz y}
hence z e NV z=1z
by auto
thus z ¢ N
using z-in by auto
qged

end
theory Ground-Superposition-Completeness
imports
Ground-Superposition

First-Order-Clause. HOL-Extra
Abstract-Rewriting-Extra
Relation-FExtra

begin

1.4 Model Construction

context ground-superposition-calculus begin

function epsilon :: - = 'f gatom clause = 'f gterm rel where
epsilon N C = {(s, t)| st C".
CeNA

C = add-mset (Pos (Upair s t)) C' A
select C = {#} A

is-strictly-mazimal (Pos (Upair s t)) C A
t =<t 8 A
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(let Re =(UD € {D € N.D <. C}. epsilon {E € N. E <. D} D) in
= upair ¢ (rewrite-inside-gctzt Ro)* |= C A
- upair * (rewrite-inside-gctzt (insert (s, t) Ro))¥ |= C' A
s € NF (rewrite-inside-gctat Rc))}
by auto

termination epsilon
proof (relation {((z1, z2), (y1, y2)). 22 <. y2})
define f :: 'c x 'f gterm uprod literal multiset = 'f gterm uprod literal multiset
where
f=(=z1, 22). 22)
have wfp (A\(z1, 22) (yI, y2). 22 <. y2)
proof (rule wfp-if-convertible-to-wfp)
show Az y. (case z of (x1, z2) = Myl, y2). 22 <. y2) y = (snd z) <. (snd
0)
by auto
next
show wfp (<)
by auto
qed
thus wf {((z1, 22), (y1, y2)). 22 <. y2}
by (simp add: wfp-def)
next
show AN C z za zb zc 2d. xd € {D € N. D <. C} = ({F € N. E =, zd},
zd), N, C) € {((=1, 22), y1, y2). 22 <. y2}
by simp
qged

declare epsilon.simps[simp del]

lemma epsilon-filter-le-conv: epsilon {D € N. D <. C} C = epsilon N C
proof (intro subset-antisym subrell)
fix zy
assume (z, y) € epsilon {D € N. D <. C} C
then obtain C’ where
C € N and
C = add-mset (z = y) C' and
select C = {#} and
is-strictly-mazimal (z ~ y) C and
y <¢ ¢ and
(let Re = Jze{D € N. (D <. CV D=C)AD =<, C}. epsilon {E € N. (E
<. CVE=C)ANE=.2}xin
— upair ¢ (rewrite-inside-gctzt Ro)v |= C A
= upair ¢ (rewrite-inside-gctzt (insert (z, y) Ro))¥ |= C' A
xz € NF (rewrite-inside-gctzt Rc))
unfolding epsilon.simps[of - C] mem-Collect-eq
by auto

moreover have ((Jze{D € N. (D <. CV D= C) A D <. C}. epsilon {E €
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N.(E<. CVE=C)NE=.z}z)=(De{D e N. D <. C}. epsilon {E €
N. E <. D} D)
proof (rule SUP-cong)
show {De N.(D<., CVvVD=C)AND<,C}={DeN.D <. C}
by metis
next
show A\z. 2 € {De€ N. D <, C} = epsilon {E € N. (E<.CV E=C)A
E <.z} 2= epsilon {E € N. E =<, z} z
by (metis (no-types, lifting) clause.order.dual-order.strict-trans2 mem-Collect-eq)
qged

ultimately show (z, y) € epsilon N C
unfolding epsilon.simps[of - C| by simp
next
fixzy
assume (z, y) € epsilon N C
then obtain C’ where
C € N and
C = add-mset (z ~ y) C’ and
select C = {#} and
is-strictly-mazimal (z ~ y) C and
y <+ z and
(let Re = Jze{D € N. D <. C}. epsilon {E € N. E <. z} zin
= wpair * (rewrite-inside-gctzt Ro)Y |= C A
- upair ¢ (rewrite-inside-gctat (insert (z, y) Ro))* |= C' A
x € NF (rewrite-inside-gctrt Rc))
unfolding epsilon.simps|of - C] mem-Collect-eq
by auto

moreover have (| Jze{D € N. (D <. CV D= C) A D <. C}. epsilon {E €
N.(E<.CVE=C)NE=.z}z)=(JDe{D € N. D <. C}. epsilon {E €
N. E <. D} D)
proof (rule SUP-cong)
show {De N.(D<., CVD=C)AND<.C}={De N.D =<, C}
by metis
next
show Az. 2 € {De N. D <. C} = epsilon {E € N. (E <. CV E=C) A
E <.z} z = epsilon {E € N. E <.z} z
by (metis (mono-tags, lifting) clause.order.dual-order.strict-trans2
mem-Collect-eq)
qed

ultimately show (z, y) € epsilon {D € N. (<.)== D C} C
unfolding epsilon.simps|of - C| by simp
qed

end

lemma (in ground-superposition-calculus) epsilon-eg-empty-or-singleton:
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epsilon N C = {} V (Is t. epsilon N C = {(s, t)})
proof —
have 3«1 (z, y). 3C".
C = add-mset (Pos (Upair x y)) C' A is-strictly-mazimal (Pos (Upair z y)) C
Ny <t
by (rule Unig-prodl)
(metis Upair-inject add-mset-remove-trivial insert-iff is-strictly-mazimal-def
literal.inject(1) literal.order.nle-le set-mset-add-mset-insert
term.order.dual-order.asym)

hence Unig-epsilon: 3<1 (z, y). 3C".

CeNA

C = add-mset (Pos (Upair z y)) C' A select C = {#} A

is-strictly-mazimal (Pos (Upair z y)) C Ny <y & A

(let Re =\UD € {D € N. D <. C}. epsilon {E € N. E <. D} D in
- upair ¢ (rewrite-inside-gctat Ro)* |= C A
= upair ¢ (rewrite-inside-gctzt (insert (z, y) Ro))¥ |= C' A
xz € NF (rewrite-inside-gctrt Rc))

using Unig-antimono’

by (smt (verit) Uniq-def Unig-prodl case-prod-conv)

show ?thesis
unfolding epsilon.simps[of N C)|
using Collect-eq-if-Uniq-prod| OF Unig-epsilon]
by (smt (verit, best) Collect-cong Collect-empty-eq Unig-def Unig-epsilon case-prod-conv
insertCI mem-Collect-eq)
qged

lemma (in ground-superposition-calculus) card-epsilon-le-one:
card (epsilon N C) < 1
using epsilon-eq-empty-or-singleton[of N C]
by auto

definition (in ground-superposition-calculus) rewrite-sys where
rewrite-sys N C = (|JD € {D € N. D <. C}. epsilon {E € N. E <. D} D)

definition (in ground-superposition-calculus) rewrite-sys’ where
rewrite-sys’ N = (|J C € N. epsilon N C)

lemma (in ground-superposition-calculus) rewrite-sys-alt: rewrite-sys’ {D € N. D
<. C} = rewrite-sys N C
unfolding rewrite-sys’-def rewrite-sys-def
proof (rule SUP-cong)
show {De N.D <. C}={De N.D<.C} ..
next
show Az. 2 € {D € N. D <. C} = epsilon {D € N. D <, C} = = epsilon
{E€N. (=)= Ez}x
using epsilon-filter-le-conv
by (smt (verit, best) Collect-cong clause.order.le-less-trans mem-Collect-eq)
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qed

lemma (in ground-superposition-calculus) mem-epsilonE:
assumes rule-in: rule € epsilon N C
obtains | r C'/ where
C € N and
rule = (I, r) and
C = add-mset (Pos (Upair [ v)) C' and
select C = {#} and
is-strictly-mazximal (Pos (Upair I 1)) C and
r <; [ and
= upair ‘ (rewrite-inside-gctzt (rewrite-sys N C))¥ |= C and
= upair * (rewrite-inside-gctat (insert (1, r) (rewrite-sys N C)))* |= C' and
I € NF (rewrite-inside-gctzt (rewrite-sys N C'))
using rule-in
unfolding epsilon.simps[of N C] mem-Collect-eq Let-def rewrite-sys-def
by (metis (no-types, lifting))

lemma (in ground-superposition-calculus) mem-epsilon-iff:
(I, ) € epsilon N C +—
(3C". C € N A C = add-mset (Pos (Upair 1 r)) C' A select C = {#} A
is-strictly-maximal (Pos (Upair I r)) C AN r <y LA
= upair ¢ (rewrite-inside-gctzt (rewrite-sys’ {D € N. D <. C}H)¥ |= C A
— upair ‘ (rewrite-inside-gctzt (insert (I, r) (rewrite-sys’ {D € N. D <. C})))*
= ¢ A
I € NF (rewrite-inside-gctzt (rewrite-sys’ {D € N. D <. C})))
(is 7LHS «— ?RHS)
proof (rule iff)
assume ?LHS
thus ?RHS
using rewrite-sys-alt
by (auto elim: mem-epsilonE)
next
assume ?RHS
thus ?LHS
unfolding epsilon.simps[of N C] mem-Collect-eq
unfolding rewrite-sys-alt rewrite-sys-def by auto
qged

lemma (in ground-superposition-calculus) rhs-lt-lhs-if-mem-rewrite-sys:
assumes (t1, t2) € rewrite-sys N C
shows t2 <; t1
using assms
unfolding rewrite-sys-def
by (smt (verit, best) UN-iff mem-epsilonE prod.inject)

lemma (in ground-superposition-calculus) rhs-less-trm-lhs-if-mem-rewrite-inside-gctrt-rewrite-sys:

assumes rule-in: (t1, t2) € rewrite-inside-gctat (rewrite-sys N C')
shows t2 <; t1
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proof —
from rule-in obtain ctzt t1’ t2’ where
(t1, t2) = (ctet(tl Vg, ctat(t2)g) N (117, t2') € rewrite-sys N C
unfolding rewrite-inside-gctzt-def mem-Collect-eq
by auto
thus ?thesis
using rhs-lt-lhs-if-mem-rewrite-sys[of t1' t2]
by (metis Pair-inject term.order.context-compatibility)
qed

lemma (in ground-superposition-calculus) rhs-lesseq-trm-lhs-if-mem-rtrancl-rewrite-inside-gctzt-rewrite-sys:
assumes rule-in: (1, t2) € (rewrite-inside-gctat (rewrite-sys N C'))*
shows t2 <; t1
using rule-in
proof (induction t2 rule: rtrancl-induct)
case base
show ?Zcase
by order
next
case (step t2 t3)
from step.hyps have t3 <; t2
using rhs-less-trm-lhs-if-mem-rewrite-inside-gctxt-rewrite-sys by metis
with step.IH show Zcase
by order
qed

lemma singleton-eq-CollectD: {z} = {y. Py} = Pz
by blast

lemma subset-Union-mem-Collect]: Pz = fz C (Jy € {2. P z}. fy)
by blast

lemma (in ground-superposition-calculus) rewrite-sys-subset-if-less-cls:

C <. D = rewrite-sys N C' C rewrite-sys N D

unfolding rewrite-sys-def

unfolding epsilon-filter-le-conv

by (smt (verit, del-insts) SUP-mono clause.order.dual-order.strict-trans mem-Collect-eq
subset-eq)

lemma (in ground-superposition-calculus) mem-rewrite-sys-if-less-cls:
assumes D € N and D <, C and (u, v) € epsilon N D
shows (u, v) € rewrite-sys N C
unfolding rewrite-sys-def UN-iff
proof (intro bexl)
show D € {D € N. D <. C}
using <D € N» <D <. C) by simp
next
show (u, v) € epsilon {E € N. E <. D} D
using «(u, v) € epsilon N D) epsilon-filter-le-conv by simp
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qed

lemma (in ground-superposition-calculus) less-trm-iff-less-cls-if-lhs-epsilon:
assumes F¢: epsilon N C = {(s, t)} and Ep: epsilon N D = {(u, v)}
shows u <; s «— D <. C
proof —
from Ec have (s, t) € epsilon N C
by simp
then obtain C’ where
C € N and
C-def: C = add-mset (Pos (Upair s t)) C’ and
is-strictly-mazimal (Pos (Upair s t)) C and
t <; s and
s-irreducible: s € NF (rewrite-inside-gctzt (rewrite-sys N C'))
by (auto elim!: mem-epsilonE)
hence VL €# C'. L <; Pos (Upair s t)
unfolding is-strictly-mazimal-def
by auto

from Ep obtain D’ where

D € N and

D-def: D = add-mset (Pos (Upair u v)) D’ and

is-strictly-mazimal (Pos (Upair u v)) D and

v <t U

by (auto simp: elim: epsilon.elims dest: singleton-eg-CollectD)
hence VL €# D'. L <; Pos (Upair u v)

by (auto simp: is-strictly-maximal-def)

show ?thesis
proof (rule iff)
assume u <; §

moreover hence v <; s
using v <; w
by order

ultimately have multp (<:) {#u, v#} {#s, t#}
using one-step-implies-multp|of {#s, t#} {#u, v#} - {#}]
by simp

hence Pos (Upair u v) <; Pos (Upair s t)
by (simp add: less;-def)

moreover hence VL €# D’. L <; Pos (Upair s t)
using VL €# D'. L <; Pos (Upair u v)»
by (meson literal.order.transp-on-less transpD)
ultimately show D <. C
using one-step-implies-multplof C' D - {#}] less.-def
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by (simp add: D-def C-def)
next
assume D <. C

have (u, v) € rewrite-sys N C
using Fp <D € N» <D <. C» mem-rewrite-sys-if-less-cls
by auto

hence (u, v) € rewrite-inside-gctxt (rewrite-sys N C)
by blast

hence s # u
using s-irreducible
by auto

moreover have — (s <; u)
proof (rule notl)
assume s <; u

moreover hence ¢t <; u
using <t <; &
by order

ultimately have multp (<¢) {#s, t#} {#u, v#}
using one-step-implies-multp[of {#u, v#} {#s, t#} - {#}]
by simp

hence Pos (Upair s t) <; Pos (Upair u v)
by (simp add: less;-def)

moreover hence VL €# C'. L <, Pos (Upair u v)
using VL €# C'. L <, Pos (Upair s t)
by (meson literal.order.transp-on-less transpD)

ultimately have C <. D
using one-step-implies-multp[of D C - {#}] less.-def
by (simp add: D-def C-def)

thus Fulse
using <D <. C»
by order
qed
ultimately show u <; s
by order
qed
qed

lemma (in ground-superposition-calculus) termination-rewrite-sys: wf ((rewrite-sys
NC)™)
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proof (rule wf-if-convertible-to-wf)
show uf {(z, y). 7 <. y}
using term.order.wfp
by (simp add: wfp-def)
next
fix ts
assume (t, s) € (rewrite-sys N C')~1
hence (s, t) € rewrite-sys N C
by simp
then obtain D where D <. C and (s, t) € epsilon N D
unfolding rewrite-sys-def using epsilon-filter-le-conv by blast
hence t <; s
by (auto elim: mem-epsilonE)
thus (¢, s) € {(z, y). = <; y}
by (simp add: )
qed

lemma (in ground-superposition-calculus) termination- Union-rewrite-sys:
wf ((UD € N. rewrite-sys N D)™1)
proof (rule wf-if-convertible-to-wf)
show wf {(z, y). = <; y}
using term.order.wfp
by (simp add: wfp-def)
next
fix ts
assume (¢, s) € (UD € N. rewrite-sys N D)~!

hence (s, t) € (UD € N. rewrite-sys N D)
by simp

then obtain C where C' € N (s, t) € rewrite-sys N C
by auto

then obtain D where D <. C and (s, t) € epsilon N D
unfolding rewrite-sys-def using epsilon-filter-le-conv
by blast

hence t <; s
by (auto elim: mem-epsilonE)

thus (¢, s) € {(z, y).  <; y}
by simp
qed

lemma (in ground-superposition-calculus) no-crit-pairs:
{(t1, t2) € ground-critical-pairs (|J (epsilon N2 * N)). t1 # t2} = {}
proof (rule ccontr)
assume {(t1, t2).
(t1, t2) € ground-critical-pairs (|J (epsilon N2 * N)) A t1 # 2} # {}
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then obtain cizt [ r1 2 where
(ctxt(r2)q, r1) € ground-critical-pairs ({J (epsilon N2 ¢ N)) and
ctet(r2)q # r1 and
rulel-in: (ctat(l)g, r1) € |J (epsilon N2 ‘ N) and
rule2-in: (I, r2) € |J (epsilon N2 ‘ N)
unfolding ground-critical-pairs-def mem-Collect-eq by blast

from rulel-in rule2-in obtain C1 C2 where
C1 € N and rulel-in" (ctzt(l)g, r1) € epsilon N2 C1 and
C2 € N and rule2-in". (I, r2) € epsilon N2 C2
by auto

from rulel-in’ obtain C1’ where
Cl-def: C1 = add-mset (Pos (Upair ctzt{l)c r1)) C1' and
C1-maz: is-strictly-maximal (Pos (Upair ctat{l)g r1)) C1 and
rl <y ctzt{l)e and
l1-irreducible: ctxt(l)q € NF (rewrite-inside-gctzt (rewrite-sys N2 C1))
by (auto elim: mem-epsilonE)

from rule2-in’ obtain C2’ where
C2-def: C2 = add-mset (Pos (Upair 1 r2)) C2' and
C2-maz: is-strictly-maximal (Pos (Upair 1 r2)) C2 and
T2 <t l
by (auto elim: mem-epsilonE)

have epsilon N2 C1 = {(ctat{l)c, r1)}
using rulel-in’ epsilon-eq-empty-or-singleton by fastforce

have epsilon N2 C2 = {(I, r2)}
using rule2-in’ epsilon-eq-empty-or-singleton by fastforce

show Fulse
proof (cases ctzt = O)
case True
hence — (ctzt(l)¢ <¢ 1) and = (I < ctzt(l)q)
by (simp-all add: irreflpD)

hence - (C1 <. C2) and - (C2 <. C1)
using <epsilon N2 C1 = {(ctzt(l)q, r1)}> <epsilon N2 C2 = {(I, r2)}
less-trm-iff-less-cls-if-lhs-epsilon
by simp-all

hence C1 = C2
by order

hence r1 = r2

using <epsilon N2 C1 = {(ctzt(l)g, r1)}> <epsilon N2 C2 = {(I, r2)}
by simp
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moreover have r! # r2
using «<ctet(r2)q # ri»
unfolding «ctxt = [
by simp

ultimately show %thesis
by contradiction
next
case Fulse
hence | <, ctzt(l)¢
by (metis term.order.subterm-property)

hence C2 <. C1
using <epsilon N2 C1 = {(ctzt{l)g, r1)}> <epsilon N2 C2 = {(I, r2)}
less-trm-iff-less-cls-if-lhs-epsilon
by simp

have (I, r2) € rewrite-sys N2 C1
by (metis «C2 <. C1» <epsilon N2 C2 = {(l, r2)}> mem-epsilonE mem-rewrite-sys-if-less-cls
singleton)

hence (ctzt(l)g, ctat(r2)q) € rewrite-inside-gctat (rewrite-sys N2 C1)
by auto

thus Fualse
using [1-irreducible
by auto
qed
qed

lemma (in ground-superposition-calculus) WCR-Union-rewrite-sys:
WCR (rewrite-inside-gctzt ((JD € N. epsilon N2 D))
unfolding ground-critical-pair-theorem
proof (intro subsetl balll)
fix tuple
assume tuple-in: tuple € ground-critical-pairs (|J (epsilon N2 ¢ N))

then obtain ¢ t2 where tuple-def: tuple = (t1, t2)
by fastforce

moreover have (t1, t2) € (rewrite-inside-gctzt (| (epsilon N2 * N)))¥ if t1 =
t2
using that by auto

moreover have Fulse if t1 # t2
using that tuple-def tuple-in no-crit-pairs by simp

ultimately show tuple € (rewrite-inside-gctzt (| (epsilon N2 < N)))+
by (cases t1 = t2) simp-all
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qed

lemma (in ground-superposition-calculus)
assumes
D <. C and
Ec-eq: epsilon N C = {(s, t)} and
L-in: L €# D and
topmost-trms-of-L: mset-uprod (atm-of L) = {#u, v#}
shows
lesseq-trm-if-pos: is-pos L = u =; s and
less-trm-if-neg: is-neg L = u < s
proof —
from Ec-eq have (s, t) € epsilon N C
by simp
then obtain C’ where
C-def: C = add-mset (Pos (Upair s t)) C’ and
C-maz-lit: is-strictly-mazimal (Pos (Upair s t)) C and
t <t S
by (auto elim: mem-epsilonE)

have Pos (Upair s t) <; L if is-pos L and — u =<; s
proof —
from that(2) have s <; u
by order

hence multp (<:) {#s, t#} {#u, v#}
using <t <; &
by (smt (verit, del-insts) add.right-neutral empty-iff insert-iff one-step-implies-multp
set-mset-add-mset-insert set-mset-empty transpD term.order.transp
union-mset-add-mset-right)

with that(1) show Pos (Upair s t) <; L
using topmost-trms-of-L
by (cases L) (simp-all add: less;-def)
qed

moreover have Pos (Upair s t) <; L if is-neg L and — u <; s
proof —
from that(2) have s <; u
by order

hence multp (<:) {#s, t#} {#u, v, u, v#}
using <t <; &
by (smt (23) add-mset-add-single add-mset-remove-trivial add-mset-remove-trivial-iff
empty-not-add-mset insert-Diff M insert-noteq-member one-step-implies-multp
reficlp-iff

transp-def term.order.transp union-mset-add-mset-left union-mset-add-mset-right)

with that(1) show Pos (Upair s t) <; L
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using topmost-trms-of-L
by (cases L) (simp-all add: less;-def)
qed

moreover have Fualse if Pos (Upair s t) <; L
proof —
have C <. D
unfolding less.-def
proof (rule multp-if-mazimal-of-lhs-is-less)
show Pos (Upair s t) e# C
by (simp add: C-def)
next
show L €# D
using L-in
by simp
next
show is-maximal (Pos (Upair s t)) C
using is-mazximal-if-is-strictly-mazimal| OF C-maz-lit].
next
show Pos (Upair s t) <; L
using that .
qed simp-all

with «D <. C» show Fulse
by order
qged

ultimately show is-pos L =— u <Xy s and is-neg L = u <4 s
by argo+
qed

lemma (in ground-order) less-trm-const-lhs-if-mem-rewrite-inside-gctt:
fixes t t1 t2 r
assumes
rule-in: (t1, t2) € rewrite-inside-gctet r and
ball-lt-lhs: N\t1 t2. (t1, t2) € r = t <y 1
shows t <; t1
proof —
from rule-in obtain ctzt t1' t2’ where
rule-in’: (t17, t2) € r and
l-def: t1 = ctat(t1')g and
r-def: t2 = ctzt(t2')q
unfolding rewrite-inside-gctzt-def by fast

show ?thesis
using ball-lt-lhs[OF rule-in’] term.order.less-eq-subterm-propertylof t1' ctat]
l-def
by order
qed
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lemma (in ground-superposition-calculus) split-Union-epsilon:
assumes D-in: D € N
shows (|J C € N. epsilon N C) =
rewrite-sys N D U epsilon ND U (lJC € {C € N. D <. C}. epsilon N C)
proof —
have N={C e N. C <. D}u{D}u{C e N.D <. C}
proof (rule partition-set-around-element)
show totalp-on N (<.)
using clause.order.totalp-on-less .
next
show D € N
using D-in
by simp
qed
hence (|JC € N. epsilon N C) =
(UC € {C e N. C <. D}. epsilon N C) U epsilon NDU (|JC € {C € N.
D <. C}. epsilon N C)
by auto

thus (|JC € N. epsilon N C) =
rewrite-sys N D U epsilon ND U (|JC € {C € N. D <. C}. epsilon N C)
using epsilon-filter-le-conv rewrite-sys-def
by simp
qed

lemma (in ground-superposition-calculus) split-Union-epsilon’:

assumes D-in: D € N

shows (|J C € N. epsilon N C) = rewrite-sys NDU (|JC € {C € N. D <. C}.
epsilon N C)

using split-Union-epsilon|OF D-in| D-in

by auto

lemma (in ground-superposition-calculus) split-rewrite-sys:

assumes C € N and D-in: D € N and D <. C

shows rewrite-sys N C' = rewrite-sys ND U ((JC' € {C'e N. D <. C'N C’
<. C}. epsilon N C")
proof —

have {D € N. D <. C} =

{lye{DeN.D<.C}y=<.D}u{D}u{ye{DeN.D=<.C}. D=,

y}

proof (rule partition-set-around-element)
show totalp-on {D € N. D <. C} (<)
using clause.order.totalp-on-less .
next
from D-in <D <. C» show D € {D € N. D <. C}
by simp
qged
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alsohave ... ={z e N. 2 <. CAhz <. D}U{D}U{z e N.D <.z ANz <,
C}

by auto

alsohave ... ={z e N.z <. D} U{D}U{z e N.D <.z ANz C}
using <D <. C» clause.order.less-trans
by blast

finally have Collect-N-it-C: {x € N. 2 <, C} ={z € N. 2z <. D} U {z € N.
D=.zNz<.C}
by auto

have rewrite-sys N C = ((JC' € {D € N. D <. C}. epsilon N C")
using epsilon-filter-le-conv
by (simp add: rewrite-sys-def)

also have ... = (UC' € {z € N. 2 <. D}. epsilon NC') U (UC'€ {r € N. D
=cz A x <. C}. epsilon N C)
unfolding Collect-N-it-C
by simp

finally show rewrite-sys N C' = rewrite-sys N D U |J (epsilon N ‘ {C’' € N. D
<. C'ANC' <. C})
using epsilon-filter-le-conv
unfolding rewrite-sys-def
by simp
qged

lemma (in ground-order) mem-join-union-iff-mem-join-lhs":
assumes
ball-Ry-rhs-lt-lhs: \t1 t2. (t1, t2) € Ry = t2 <; tI and
ball-Ro-lt-lhs: /\t] t2. (tl, t?) € Ry = s <4 t1 Nt <t
shows (s, t) € (R1 U Ra)¥ «— (s, t) € Ryt
proof —
have ball-Ry-rhs-lt-lhs” (1, t2) € R1* = t2 =<, t1 for t1 t2
proof (induction t2 rule: rtrancl-induct)
case base
show ?case
by order
next
case (step y 2)
thus ?case
using ball-Ry-rhs-lt-lhs
by (metis reflclp-iff transpD term.order.transp)
qed

show “thesis

proof (rule mem-join-union-iff-mem-join-lhs)
fix u assume (s, u) € Ry*
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hence u =<; s
using ball-R1-rhs-lt-lhs’ by metis

show u ¢ Domain Ry
proof (rule notl)
assume u € Domain Rs
then obtain u’ where (u, u’) € Ry
by auto

hence s <; u
using ball-Rs-lt-lhs
by simp

with (u <; s» show Fulse
by order
qed
next

fix u assume (¢, u) € Ry*

hence u <; ¢t
using ball-R-rhs-lt-lhs’
by simp

show u ¢ Domain Ry
proof (rule notl)
assume u € Domain Ro
then obtain «’ where (u, u’) € Ra
by auto

hence t <; u
using ball-Rs-lt-lhs
by simp

with (u <; t» show Fulse
by order
qed
qed
qed

lemma (in ground-order) mem-join-union-iff-mem-join-rhs":
assumes
ball-Ry-rhs-lt-lhs: \t1 t2. (t1, t2) € Ry = t2 <; t1 and
ball-Roy-lt-lhs: /\tl t2. (tl, t?) ER = s=<¢t1 Nt < tl
shows (s, t) € (Ry U Ry)¥ <— (5, t) € Ro*
using assms mem-join-union-iff-mem-join-lhs’
by (metis (no-types, opaque-lifting) sup-commute)

lemma (in ground-order) mem-join-union-iff-mem-join-lhs’"

assumes
Range-Ry-lt-Domain-Ro: A\t1 t2. t1 € Range Ry = t2 € Domain Ry = t1
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<t t2 and
s-lt-Domain-Rao: N\t2. t2 € Domain Ry = s <; t2 and

t-lt-Domain-Ry: \t2. t2 € Domain Ry = t <; t2
shows (s, t) € (R1 U Ro)¥ «— (s, t) € Ryt
proof (rule mem-join-union-iff-mem-join-lhs)
fix u assume (s, u) € R1*
hence u = s V u € Range Ry
by (meson Range.intros rtrancl.cases)

thus v ¢ Domain Ry
using Range-R1-lt-Domain-Rs s-lt-Domain-Ro
by (metis irreflpD term.order.irreflp-on-less)
next
fix u assume (¢, u) € Ry*
hence u =t V u € Range R;
by (meson Range.intros rtrancl.cases)

thus u ¢ Domain Ry
using Range-R;-lt-Domain-Ry t-lt-Domain-Rs
by (metis irreflpD term.order.irreflp-on-less)

qed

lemma (in ground-superposition-calculus) lift-entailment-to-Union:
fixes N D
defines Rp = rewrite-sys N D
assumes

D-in: D € N and
Rp-entails-D: upair * (rewrite-inside-gctat Rp)* |= D
shows
upair ¢ (rewrite-inside-gctzt (|J D € N. epsilon N D))¥ |= D and
NC. C € N = D <. C = upair ‘ (rewrite-inside-gctzt (rewrite-sys N C))¥

ED

proof —
from Rp-entails-D obtain L s t where

L-in: L €# D and

L-eq-disj-L-eq: L = Pos (Upair s t) A (s, t) € (rewrite-inside-gctzt Rp)* Vv

L = Neg (Upair s t) A (s, t) ¢ (rewrite-inside-gctzt Rp)*

unfolding true-cls-def true-lit-iff

by (metis (no-types, opaque-lifting) image-iff prod.case surj-pair uprod-ezhaust)

from L-eq-disj-L-eq show
upair * (rewrite-inside-gctzt ((JD € N. epsilon N D))* |= D and
ANC. C € N = D <. C = upair ‘ (rewrite-inside-gctzt (rewrite-sys N C))¥
)
unfolding atomize-all atomize-conj atomize-imp
proof (elim disjE conjE)
assume L-def: L = Pos (Upair s t) and (s, t) € (rewrite-inside-gctzt Rp)*
have Rp C (IUD € N. epsilon N D) and
vVC.Ce N — D <, C — Rp C rewrite-sys N C
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unfolding Rp-def rewrite-sys-def

using D-in clause.order.transp-on-less| THEN transpD]
using epsilon-filter-le-conv

by (auto intro: Collect-mono)

hence rewrite-inside-gctat Rp C rewrite-inside-gctzt ((JD € N. epsilon N D)
and
vVC. C e N — D <. C — rewrite-inside-gctzt Rp C rewrite-inside-gctxt
(rewrite-sys N C')
by (auto intro!: rewrite-inside-gctat-mono)

hence (s, t) € (rewrite-inside-gctrt ((JD € N. epsilon N D))+ and
VC.C €N — D=<.C — (s, t) € (rewrite-inside-gctzt (rewrite-sys N C'))¥
by (auto intro!: join-mono intro: set-mp[OF - «(s, t) € (rewrite-inside-gctat
Rp)h])

thus upair ‘ (rewrite-inside-gctat (| (epsilon N * N)))¥ |= D A

(VC. C € N — D <, C — upair ‘ (rewrite-inside-gctzt (rewrite-sys N
) = D)
unfolding true-cls-def true-lit-iff
using L-in L-def by blast
next

have (t1, t2) € Rp = t2 <; t1 for t1 t2

by (auto simp: Rp-def rewrite-sys-def elim: mem-epsilonE)

hence ball-Rp-rhs-lt-lhs: (t1, t2) € rewrite-inside-gctat Rp —> t2 <; tI for
t1t2
by (smt (verit, ccfo-SIG) Pair-inject term.order.context-compatibility mem-Collect-eq
rewrite-inside-gctrt-def)

assume L-def: L = Neg (Upair s t) and (s, t) ¢ (rewrite-inside-gctzt Rp)*

have (s, t) € (rewrite-inside-gctzt Rp U rewrite-inside-gctat (| J C € {C € N.
D <. C}. epsilon N C))¥ «—
(s, t) € (rewrite-inside-gctzt Rp)*
proof (rule mem-join-union-iff-mem-join-lhs’)
show At1 t2. (t1, t2) € rewrite-inside-gctat Rp = 12 <, tI
using ball-Rp-rhs-lt-lhs by simp
next
have ball-Rinf-minus-lt-lhs: s <; fst rule N t <y fst rule
if rule-in: rule € ((JC € {C € N. D <. C}. epsilon N C)
for rule
proof —
from rule-in obtain C' where
C € N and D <. C and rule € epsilon N C
by auto

have epsilon-C-eq: epsilon N C' = {(fst rule, snd rule)}
using <rule € epsilon N C) epsilon-eq-empty-or-singleton by force

32



show ?thesis
using less-trm-if-neg|OF <D <. C» epsilon-C-eq L-in]
by (simp add: L-def)
qed

show At1t2. (t1, t2) € rewrite-inside-gctxt (|J (epsilon N ‘{C € N. (<.)==
D C}) —
S < t1 Nt <t t1
using less-trm-const-lhs-if-mem-rewrite-inside-gctxt
using ball-Rinf-minus-lt-lhs
by force
qed

moreover have
(s, t) € (rewrite-inside-gctzt Rp U rewrite-inside-gctat ((J C' € {C' € N. D
= C' A C' <. C}. epsilon N C'))¥ +—
(s, t) € (rewrite-inside-gctrt Rp)*
if Ce Nand D <, C
for C
proof (rule mem-join-union-iff-mem-join-lhs’)
show Atl t2. (t1, t2) € rewrite-inside-gctat Rp = t2 < t1
using ball-Rp-rhs-lt-lhs by simp
next
have ball-lt-lhs: s <; t1 Nt <4 t1
if C € Nand D <. C and
rule-in: (t1,t2) e (JC' € {C'e N. D <. C' A C" <. C}. epsilon N C)
for C t1t2
proof —
from rule-in obtain C'’ where
C'e Nand D <. C'and C' <. C and (1, t2) € epsilon N C’
by (auto simp: rewrite-sys-def)

have epsilon-C’-eq: epsilon N C' = {(¢1, t2)}
using «(t1, t2) € epsilon N C'y epsilon-eq-empty-or-singleton by force

show ?thesis
using less-trm-if-neg|OF <D <. C") epsilon-C'-eq L-in]
by (simp add: L-def)
qed

show At1 t2. (t1, t2) € rewrite-inside-gctzt ({J (epsilon N ‘{C’' € N. (<.)==
DC'ANC' <. C})) =
s <¢ t1 Nt <y tl
using less-trm-const-lhs-if-mem-rewrite-inside-gctxt
using ball-lt-Ihs|OF that(1,2)]
by (metis (no-types, lifting))
qed
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ultimately have (s, t) ¢ (rewrite-inside-gctat Rp U rewrite-inside-getat (| C
€ {C € N. D <. C}. epsilon N C))* and
vC.Ce N —D<.C—
(s, t) & (rewrite-inside-gctrt Rp U rewrite-inside-gctxt (|J C' € {C’' € N. D
<. C'A C' <. C}. epsilon N C"))¥
using ((s, t) ¢ (rewrite-inside-gctat Rp)%» by simp-all

hence (s, t) ¢ (rewrite-inside-gctzt ((JD € N. epsilon N D))¥ and
VC.CeN — D =.C — (s, t) ¢ (rewrite-inside-gctrt (rewrite-sys N C))+
using split-Union-epsilon'|OF D-in, folded Rp-def]
using split-rewrite-sys|OF - D-in, folded Rp-def]
by (simp-all add: rewrite-inside-gctrt-union)

hence (Upair s t) ¢ upair * (rewrite-inside-gctzt ((JD € N. epsilon N D))¥
and
VC. C e N — D <. C — (Upair s t) ¢ upair * (rewrite-inside-gctxt
(rewrite-sys N C))¥
unfolding atomize-conj
by (meson sym-join true-lit-simps(2) true-lit-uprod-iff-true-lit-prod(2))

thus upair ¢ (rewrite-inside-gctat (| (epsilon N * N)))¥ |= D A
(VC.C € N — D <. C — upair * (rewrite-inside-gctzt (rewrite-sys N C))¥
= D)
unfolding true-cls-def true-lit-iff
using L-in L-def by metis
qged
qged

lemma (in ground-superposition-calculus)
assumes productive: epsilon N C' = {(l, r)}
shows
true-cls-if-productive-epsilon:
upair * (rewrite-inside-gctzt (|JD € N. epsilon N D))¥ |= C
AD. D € N = C <. D = upair ‘ (rewrite-inside-gctzt (rewrite-sys N D))+
= C and
false-cls-if-productive-epsilon:
- upair ¢ (rewrite-inside-gctzt (JD € N. epsilon N D))* |= C — {#Pos
(Upair | )4}
AD. D € N = C <. D = — upair ‘ (rewrite-inside-gctzt (rewrite-sys N
D) | C — {#Pos (Upair L r)#}
proof —
from productive have (I, r) € epsilon N C
by simp

then obtain C’ where
C-in: C € N and
C-def: C = add-mset (Pos (Upair I )) C' and
select C = {#} and
is-strictly-mazximal (Pos (Upair 1)) C and
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r <¢ [ and

e: = upair ¢ (rewrite-inside-gctat (rewrite-sys N C))¥ |= C and

f: = upair ¢ (rewrite-inside-gctat (insert (I, r) (rewrite-sys N C)))* |= C' and
I € NF (rewrite-inside-gctat (rewrite-sys N C))

by (rule mem-epsilonE) blast

have (I, r) € (rewrite-inside-gctzt (JD € N. epsilon N D))¥
using C-in (I, r) € epsilon N C» mem-rewrite-inside-gctzt-if-mem-rewrite-rules
by blast

thus upair ‘ (rewrite-inside-gctzt ((JD € N. epsilon N D))¥ |= C
using C-def
by blast

have rewrite-inside-gctat (D € N. epsilon N D) =
rewrite-inside-gctzt (rewrite-sys N C'U epsilon N C U (UD € {D € N. C
< D}. epsilon N D))
using split-Union-epsilon|OF C-in]
by simp

also have ... =
rewrite-inside-gctxt (rewrite-sys N C' U epsilon N C) U
rewrite-inside-gctzt ((JD € {D € N. C <. D}. epsilon N D)
by (simp add: rewrite-inside-gctazt-union)

finally have rewrite-inside-gctzt-Union-epsilon-eq:
rewrite-inside-gctzt (| JD € N. epsilon N D) =
rewrite-inside-gctzt (insert (I, r) (rewrite-sys N C)) U
rewrite-inside-gctzt (|JD € {D € N. C <. D}. epsilon N D)
unfolding productive
by simp

have mem-join-union-iff-mem-lhs:(t1, t2) € (rewrite-inside-gctzt (insert (I, r)
(rewrite-sys N C')) U
rewrite-inside-gctzt (JD € {D € N. C <. D}. epsilon N D))¥ «—
(t1, t2) € (rewrite-inside-gctat (insert (I, r) (rewrite-sys N C)))*
if t1 jt { and t2 jt l
for t1 t2
proof (rule mem-join-union-iff-mem-join-lhs’)
fix s1 s2 assume (s1, s2) € rewrite-inside-gctzt (insert (I, r) (rewrite-sys N

)

moreover have s2 <; sI if (s1, s2) € rewrite-inside-gctzt {(I, r)}
proof (rule rhs-lt-lhs-if-rule-in-rewrite-inside-gctxt[ OF that])
show Asi s2. (s1, s2) € {(I, )} = s2 <, s
using «r < I
by simp
qed simp-all
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moreover have s2 <; s1 if (s1, s2) € rewrite-inside-gctat (rewrite-sys N C)
proof (rule rhs-lt-lhs-if-rule-in-rewrite-inside-gctat[ OF that])
show AsI s2. (s, s2) € rewrite-sys N C = s2 <y sl
by (simp add: rhs-lt-lhs-if-mem-rewrite-sys)
qed simp

ultimately show s2 <; si
using rewrite-inside-gctzt-unionfof {(I, r)}, simplified] by blast
next
have ball-lt-lhs: t1 <; s1 A t2 <; sl
if rule-in: (s1, s2) € (UD € {D € N. C <. D}. epsilon N D)
for s1 s2
proof —
from rule-in obtain D where
D e N and C <. D and (s1, s2) € epsilon N D
by (auto simp: rewrite-sys-def)

have Ep-eq: epsilon N D = {(s1, s2)}
using «(s1, s2) € epsilon N D) epsilon-eq-empty-or-singleton by force

have [ <; s1
using «C' <. D»
using less-trm-iff-less-cls-if-lhs-epsilon|OF E p-eq productive]
by metis

with «t1 <; I «t2 <X; > show ?Zthesis
by (metis reflclp-iff transpD term.order.transp)
qed
thus Al r. (I, r) € rewrite-inside-gctat (|J (epsilon N ‘{D € N. C <. D}))
= t1 < INt2 < 1
using rewrite-inside-gctxt- Union-epsilon-eq
using less-trm-const-lhs-if-mem-rewrite-inside-gctzt
by presburger
qed

have neg-concll: = upair * (rewrite-inside-gctst ((J D € N. epsilon N D))t |= C’
unfolding true-cls-def Set.bezx-simps
proof (intro balll)
fix L assume L-in: L c¢# C'
hence L €# C
by (simp add: C-def)

obtain ¢/ t2 where
atm-L-eq: atm-of L = Upair t1 t2
by (metis uprod-ezhaust)

hence trms-of-L: mset-uprod (atm-of L) = {#t1, t2#}
by simp
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hence t1 <; l and t2 =<; I
unfolding atomize-conj
using less-trm-if-neg| OF reflclp-refl productive <L €# C)]
using lesseq-trm-if-pos[ OF reflclp-refl productive <L €# C)]
by (metis (no-types, opaque-lifting) add-mset-commute sup2CI)

have (t1, t2) ¢ (rewrite-inside-gctzt (\JD € N. epsilon N D))+ if L-def: L =
Pos (Upair t1 t2)
proof —
from that have (t1, t2) ¢ (rewrite-inside-gctat (insert (I, r) (rewrite-sys N
O)N)*
using f <L €# C"
by blast

thus “thesis
using rewrite-inside-gctzt- Union-epsilon-eq mem-join-union-iff-mem-lhs[OF
1 = by <2 =3¢ D]
by simp
qed

moreover have (t1, t2) € (rewrite-inside-gctzt ((JD € N. epsilon N D))+
if L-def: L = Neg (Upair t1 t2)
proof —
from that have (t1, t2) € (rewrite-inside-gctat (insert (I, r) (rewrite-sys N
)
using f <L €# C"
by (meson true-lit-uprod-iff-true-lit-prod(2) sym-join true-cls-def true-lit-simps(2))

thus ?thesis
using rewrite-inside-gctat- Union-epsilon-eq
mem-join-union-iff-mem-ths[OF «t1 =; D «t2 =<; 1]
by simp
qed

ultimately show — upair ‘ (rewrite-inside-gctzt (| (epsilon N * N)))* |=1 L
using atm-L-eq true-lit-uprod-iff-true-lit-prod[ OF sym-join] true-lit-simps
by (smt (verit, ccfv-SIG) literal.exhaust-sel)

qed

then show — upair * (rewrite-inside-gctzt (JD € N. epsilon N D))¥ |= C —

{#Pos (Upair | r)#}
by (simp add: C-def)

fix D
assume D € N and C <. D

have (I, r) € rewrite-sys N D

using C-in (I, r) € epsilon N C» «C <. D) mem-rewrite-sys-if-less-cls
by metis
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hence (I, r) € (rewrite-inside-gctzt (rewrite-sys N D))+
by auto

thus upair ¢ (rewrite-inside-gctzt (rewrite-sys N D))* |= C
using C-def
by blast

from «D € N» have rewrite-sys N D C ((JD € N. epsilon N D)
by (simp add: split-Union-epsilon’)

hence rewrite-inside-gctzt (rewrite-sys N D) C rewrite-inside-gctzt ((JD € N.
epsilon N D)
using rewrite-inside-gctxt-mono
by metis

hence (rewrite-inside-gctst (rewrite-sys N D))¥ C (rewrite-inside-gctst (|J D €
N. epsilon N D))¥
using join-mono
by metis

have — upair ‘ (rewrite-inside-gctat (rewrite-sys N D))* |[= O
unfolding true-cls-def Set.bex-simps
proof (intro balll)
fix L assume L-in: L €# C’
hence L €# C
by (simp add: C-def)

obtain ¢! t2 where
atm-L-eq: atm-of L = Upair t1 t2
by (metis uprod-exhaust)

hence trms-of-L: mset-uprod (atm-of L) = {#t1, t2#}
by simp

hence t1 <; l and t2 <; [
unfolding atomize-conj
using less-trm-if-neg| OF reficlp-refl productive <L €# C)]
using lesseq-trm-if-pos| OF reflclp-refl productive <L €# C))
by (metis (no-types, opaque-lifting) add-mset-commute sup2CI)

have (t1, t2) ¢ (rewrite-inside-gctxt (rewrite-sys N D))* if L-def: L = Pos
(Upair t1 t2)
proof —
from that have (t1, t2) ¢ (rewrite-inside-gctat (insert (I, r) (rewrite-sys N
O))*
using f <L €# C’ by blast
thus ?thesis
using rewrite-inside-gctxt- Union-epsilon-eq
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using mem-join-union-iff-mem-ths|OF «t1 < Iy <12 =<y D]

using ((rewrite-inside-gctat (rewrite-sys N D))¥ C (rewrite-inside-gctzt (|J
(epsilon N “ N)))%» by auto
qed

moreover have (t1, t2) € (rewrite-inside-gctzt (rewrite-sys N D))V if L-def:
L = Neg (Upair t1 t2)

using e
proof (rule contrapos-np)
assume (t1, t2) ¢ (rewrite-inside-gctat (rewrite-sys N D))+

hence (t1, t2) ¢ (rewrite-inside-gctzt (rewrite-sys N C))¥
using rewrite-sys-subset-if-less-cls|OF <C <. D]
by (meson join-mono rewrite-inside-gctzt-mono subsetD)

thus upair ¢ (rewrite-inside-gctzt (rewrite-sys N O))¥ |= C
using neg-literal-notin-imp-true-cls[of Upair t1 t2 C upair < -]
unfolding uprod-mem-image-iff-prod-mem|[OF sym-join]
using L-def L-in C-def
by simp

qed

ultimately show — upair ‘ (rewrite-inside-gctzt (rewrite-sys N D))¥ |=l L
using atm-L-eq true-lit-uprod-iff-true-lit-prod[ OF sym-join] true-lit-simps
by (smt (verit, ccfv-SIG) literal.exhaust-sel)

qged
thus — upair * (rewrite-inside-gctzt (rewrite-sys N D))¥ |= C — {#Pos (Upair |

r)#}

by (simp add: C-def)
qed

lemma from-neq-double-rtrancl-to-eqkE:

assumes z # y and (z, z) € r* and (y, 2) € *
obtains

w where (z, w) € r and (w, 2) € 7* |
w where (y, w) € r and (w, 2) € r*
using assms

by (metis converse-rtranclE)

lemma ex-step-if-joinable:

assumes asymp R (z, z) € r* and (y, 2z) € r*
shows

RP=zy= Ryz = Jw. (z, w) €rA(w, z) €r*
R== 2z = Rzy= Jw. (y,w) €r A (w, 2) € r*
using assms

by (metis asympD converse-rtranclE reflclp-iff )+
lemma (in ground-superposition-calculus) trans-join-rewrite-inside-gctxt-rewrite-sys:

trans ((rewrite-inside-gctrt (rewrite-sys N C))¥)
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proof (rule trans-join)
have wf ((rewrite-inside-gctzt (rewrite-sys N C))~1)
proof (rule wf-converse-rewrite-inside-gctzt)
fix st
assume (s, t) € rewrite-sys N C

then obtain D where (s, t) € epsilon N D
unfolding rewrite-sys-def
using epsilon-filter-le-conv
by auto

thus t <; s
by (auto elim: mem-epsilonE)
qed auto
thus SN (rewrite-inside-gctat (rewrite-sys N C))
by (simp only: SN-iff-wf)
next
show WCR (rewrite-inside-gctat (rewrite-sys N C'))
unfolding rewrite-sys-def epsilon-filter-le-conv
using WCR-Union-rewrite-sys
by (metis (mono-tags, lifting))
qged

lemma (in ground-order) true-cls-insert-and-not-true-clsE:
assumes
upair * (rewrite-inside-gctzt (insert r R))* |= C and
- upair ¢ (rewrite-inside-gctzt R)* |= C
obtains ¢ ¢’ where
Pos (Upair t t') €# C and
t <; t' and
(t, t') € (rewrite-inside-gctat (insert r R))* and
(t, t") ¢ (rewrite-inside-gctat R)Y
proof —
assume hyp: A\t t". Pos (Upairtt’) e# C = t <4 t' = (¢, t') € (rewrite-inside-gctat
(insert r R))¥ =
(t, t") ¢ (rewrite-inside-gctat R)Y = thesis

from assms obtain L where
L e# C and
entails-L: upair * (rewrite-inside-gctzt (insert r R))* =1 L and
doesnt-entail-L: — upair * (rewrite-inside-gctzt R)* |=1 L
by (meson true-cls-def)

have totalp-on (set-uprod (atm-of L)) (<¢)
by simp

then obtain ¢ t' where atm-of L = Upair t t' and ¢ =; t’
using ez-ordered-Upair by metis
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show ?thesis
proof (cases L)
case (Pos A)

hence L-def: L = Pos (Upair t t')
using <atm-of L = Upair t t"
by simp

moreover have (t, t') € (rewrite-inside-gctzt (insert r R))¢
using entails-L
unfolding L-def
unfolding true-lit-uprod-iff-true-lit-prod| OF sym-join]
by (simp add: true-lit-def)

moreover have (t, t') ¢ (rewrite-inside-gctat R)*
using doesnt-entail-L
unfolding L-def
unfolding true-lit-uprod-iff-true-lit-prod| OF sym-join]
by (simp add: true-lit-def)

ultimately show ¢thesis
using hyp <L €# C» <t =; t» by auto
next
case (Neg A)
hence L-def: L = Neg (Upair t t')
using <atm-of L = Upair t t"» by simp

have (t, t) ¢ (rewrite-inside-gctrt (insert r R))*
using entails-L
unfolding L-def
unfolding true-lit-uprod-iff-true-lit-prod| OF sym-join]
by (simp add: true-lit-def)

moreover have (t, t') € (rewrite-inside-gctzt R)*
using doesnt-entail-L
unfolding L-def
unfolding true-lit-uprod-iff-true-lit-prod| OF sym-join]
by (simp add: true-lit-def)

moreover have (rewrite-inside-gctzt R)¥ C (rewrite-inside-getat (insert r R))*
using join-mono rewrite-inside-gctxt-mono
by (metis subset-insertl)

ultimately have Fulse
by auto

thus ?thesis ..

qged
qed
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lemma (in ground-superposition-calculus) model-preconstruction:
fixes
N :: 'f gatom clause set and
C :: 'f gatom clause
defines
entails = A\E C. upair * (rewrite-inside-gctzt E)* |= C
assumes saturated N and {#} ¢ N and C-in: C € N
shows
epsilon N C = {} +— entails (rewrite-sys N C') C
AD. D € N = C <. D = entails (rewrite-sys N D) C
unfolding atomize-all atomize-conj atomize-imp
using clause.order.wfp C-in
proof (induction C rule: wfp-induct-rule)
case (less C)
note IH = less.IH

from ({#} ¢ N> <C € N> have C # {#}
by metis

define [ where
I = (rewrite-inside-gctat (rewrite-sys N C))+

have refl I
by (simp only: I-def refl-join)

have trans I
unfolding I-def
using trans-join-rewrite-inside-gctat-rewrite-sys .

have sym I
by (simp only: I-def sym-join)

have compatible-with-gctxt T
by (simp only: I-def compatible-with-gctzt-join compatible-with-gctrt-rewrite-inside-gctat)

note I-interp = <refl 1> <trans I» <sym 1> <compatible-with-gctxt I»

have i: (epsilon N C = {}) <— entails (rewrite-sys N C') C
proof (rule iff)
show entails (rewrite-sys N C) C = epsilon N C = {}
unfolding entails-def rewrite-sys-def
by (metis (no-types) empty-iff equalityl mem-epsilonE rewrite-sys-def subsetl)
next
assume epsilon N C = {}

have cond-conv: (3L. L €# select C V (select C = {#} A is-mazimal L C' A

is-neg L)) +—
(3A. Neg A €# C A (Neg A €4 select C V select C = {#} N is-mazimal
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(Neg A) C))
by (metis (no-types, opaque-lifting) is-pos-def literal.order.is-mazimal-in-mset-iff
literal.disc(2) literal.exzhaust mset-subset-eqD select-negative-literals se-
lect-subset)

show entails (rewrite-sys N C) C
proof (cases 3 L. is-mazimal L (select C) V (select C = {#} A is-mazimal L
C A is-neg L))
case ex-neg-lit-sel-or-max: True

hence 3 A. Neg A €# C A (is-mazimal (Neg A) (select C) V select C = {#}
A is-maximal (Neg A) C)
by (metis is-pos-def literal. exhaust literal.order.is-maximal-in-mset-iff mset-subset-eqD
select-negative-literals select-subset)

then obtain s s’ where
Neg (Upair s s') €# C and
sel-or-maz: select C = {#} A is-maximal (Neg (Upair s s')) C V is-mazimal
(Neg (Upair s s')) (select C)
by (metis uprod-exhaust)

then obtain C’ where
C-def: C = add-mset (Neg (Upair s s’)) C’
by (metis mset-add)

show ?Zthesis
proof (cases upair * (rewrite-inside-gctzt (rewrite-sys N C))* |=1 Pos (Upair
s 5'))
case True
hence (s, s') € (rewrite-inside-gctat (rewrite-sys N C))¢
by (meson sym-join true-lit-simps(1) true-lit-uprod-iff-true-lit-prod(1))

have s = s'V s <; 'V s’ <;s
by auto

thus %thesis
proof (rule disjE)
assume s = s’
define ¢ :: 'f gatom clause inference where

v = Infer [C] C’

have eg-resolution C C'
proof (rule eg-resolutionl)
show C = add-mset (Neg (Upair s s’)) C’
by (simp only: C-def)
next
show Neg (Upair s s') = Neg (Upair s s)
by (simp only: s = s”)
next
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show select C = {#} A is-mazimal (s = s') C V is-mazimal (s !~ s’)
(select C)
using sel-or-max .
qed simp

hence ¢ € G-Inf
by (auto simp only: t-def G-Inf-def)

moreover have At. t € set (prems-of 1) =t € N
using <C € N»
by (simp add: t-def)

ultimately have ¢ € Inf-from N
by (auto simp: Inf-from-def)

hence ¢ € Red-I N
using <saturated N)»
by (auto simp: saturated-def)

then obtain DD where
DD-subset: DD C N and
finite DD and
DD-entails-C": G-entails DD {C'} and
ball-DD-it-C: ¥ D € DD. D <. C
unfolding Red-I-def redundant-infer-def
by (auto simp: t-def)

moreover have V DeDD. entails (rewrite-sys N C) D
using IH[THEN conjunct2, rule-format, of - C|
using «C € N> DD-subset ball-DD-1t-C
by blast

ultimately have entails (rewrite-sys N C) C’
using [-interp DD-entails-C"’
unfolding entails-def G-entails-def
by (simp add: I-def true-clss-def)

then show entails (rewrite-sys N C) C

using C-def entails-def
by simp

next

from «(s, ') € (rewrite-inside-gctzt (rewrite-sys N C))%> obtain u where
s-u: (s, u) € (rewrite-inside-gctzt (rewrite-sys N C))* and
s'-u: (s', u) € (rewrite-inside-gctzt (rewrite-sys N C))*
by auto

moreover hence v <; s and u <; s’

using rhs-lesseq-trm-lhs-if-mem-rtrancl-rewrite-inside-gctxt-rewrite-sys
by simp-all
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moreover assume s <; s’V s’ <; s

ultimately obtain vy where
s' <t 8 = (s, ug) : rewrite-inside-gctzt (rewrite-sys N C)
s <¢ 8 => (8, wg) : rewrite-inside-gctat (rewrite-sys N C) and
(up, w) : (rewrite-inside-gctzt (rewrite-sys N C))*
using ez-step-if-joinable[OF - s-u s’-u]
by (metis asympD term.order.asymp)

then obtain ctzt ¢t t’ where
s-eq-if: s' <y s = s = ctat(t)¢ and
s'-eq-if: s <y 8" = s’ = ctzt(t)c and
up = ctzt(t’)q and
(t, t') € rewrite-sys N C
by (smt (verit) Pair-inject <s <¢ s’V s’ < & asympD term.order.asymp
mem-Collect-eq
rewrite-inside-gctrt-def)

then obtain D where
(t, t) € epsilon ND and D € N and D <. C
unfolding rewrite-sys-def epsilon-filter-le-conv
by auto

then obtain D’ where
D-def: D = add-mset (Pos (Upair ¢t t")) D' and
sel-D: select D = {#} and
maz-t-t" is-strictly-mazimal (Pos (Upair t t’)) D and
=<t
by (elim mem-epsilonE) fast

have superl: neg-superposition D C (add-mset (Neg (Upair s1{t")¢ s1"))
(¢’ + DY)
if {s, s'} = {s1(t)q, 51’} and s1’ <¢ s1(t)a
for s s1’
proof (rule neg-superpositionl)
show C = add-mset (Neg (Upair s s’)) C’
by (simp only: C-def)
next
show D = add-mset (Pos (Upair t t')) D’
by (simp only: D-def)
next
show D <. C
using <D <. C» .
next
show select C = {#} A is-mazimal (Neg (Upair s s")) C V is-mazimal
(s = s') (select C)
using sel-or-mazx .
next
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DY)

show select D = {#}
using sel-D .
next
show is-strictly-mazimal (Pos (Upair t t')) D
using maz-t-t’ .
next
show t' <; t
using «t' <; b .
next
from that(1) show Neg (Upair s s’) = Neg (Upair s1{t)c s1”)
by fastforce
next
from that(2) show s1’ <; s1(t)g -
qed simp-all

have neg-superposition D C (add-mset (Neg (Upair ctzt{ta s') (C' +

if <8/ < &
proof (rule superl)
from that show {s, s’} = {ctat(t)q, s’}
using s-eq-if
by simp
next
from that show s’ <; ctzt(t)q
using s-eq-if
by simp
qed

moreover have neg-superposition D C (add-mset (Neg (Upair ctzt(t) g

s)) (C'+ D)

if (s <; sh
proof (rule superl)
from that show {s, s’} = {ctzt(t)g, s}
using s’-eq-if
by auto
next
from that show s <; ctat(t)c
using s’-eq-if
by simp
qed

ultimately obtain CD where
super: neg-superposition D C CD and
CD-eql: s' <y s = CD = add-mset (Neg (Upair ctzt(th e s')) (C' +

D’) and

CD-eq2: s <y ' = CD = add-mset (Neg (Upair ctxt(t) g s)) (C'+ D)
using s <; s’V s’ <¢ & s'-eq-if s-eq-if
by metis
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define ¢ :: 'f gatom clause inference where

v = Infer [D, C] CD

have « € G-Inf
using superposition-if-neg-superposition| OF super]
by (auto simp only: t-def G-Inf-def)

moreover have A\t. t € set (prems-of 1) =t € N
using «C' € Ny <D € N»
by (auto simp add: t-def)

ultimately have ¢ € Inf-from N
by (auto simp: Inf-from-def)

hence ¢ € Red-I N
using <saturated N>
by (auto simp: saturated-def)

then obtain DD where
DD-subset: DD C N and
finite DD and
DD-entails-CD: G-entails (insert D DD) {CD} and
ball-DD-lt-C: ¥ DeDD. D <. C
unfolding Red-I-def redundant-infer-def mem-Collect-eq
by (auto simp: t-def)

moreover have V D€ insert D DD. entails (rewrite-sys N C') D
using [H[THEN conjunct2, rule-format, of - C|
using «C € N» <D € Ny <D <. C» DD-subset ball-DD-It-C
by (metis in-mono insert-iff)

ultimately have entails (rewrite-sys N C) CD
using I-interp DD-entails-CD
unfolding entails-def G-entails-def
by (simp add: I-def true-clss-def)

moreover have — entails (rewrite-sys N C') D’
unfolding entails-def
using false-cls-if-productive-epsilon(2)[OF - «C € Ny <D <. C)]
by (metis D-def «(t, t') € epsilon N Dy add-mset-remove-trivial empty-iff
epsilon-eq-empty-or-singleton singletonD)
moreover have — upair ‘ (rewrite-inside-gctzt (rewrite-sys N C))¥ |=1
(Neg (Upair ctxt(t" g s"))
if s <; s
using «(ug, u) € (rewrite-inside-gctat (rewrite-sys N C))*» <up = ctat{t )¢

by blast
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moreover have — upair ‘ (rewrite-inside-gctrt (rewrite-sys N C))* |=1
(Neg (Upair ctat(t) g s))
if s <4 s’

using «(ug, u) € (rewrite-inside-gctazt (rewrite-sys N C))*> <ug = ctat(t ) o>

S
by blast
ultimately show entails (rewrite-sys N C) C
unfolding entails-def C-def
using s <; s’V s’ <; s» CD-eql CD-eq2
by fast
qed
next
case Fulse
thus ?thesis
using «Neg (Upair s s') e# C»
by (auto simp add: entails-def true-cls-def)
qed
next
case Fulse

hence select C' = {#}
using literal. order.ex-mazimal-in-mset by blast

from False obtain A where Pos-A-in: Pos A €# C and maz-Pos-A:
is-mazimal (Pos A) C

using <select C' = {#}> literal.order.ez-maximal-in-mset[OF <C # {#}]

by (metis is-pos-def literal.order.is-mazimal-in-mset-iff )

then obtain C’ where C-def: C' = add-mset (Pos A) C’
by (meson mset-add)

have totalp-on (set-uprod A) (<)
by simp

then obtain s s’ where A-def: A = Upair s s’ and s’ <; s
using ex-ordered-Upair[of A (<t)] by fastforce

show ?thesis
proof (cases upair * (rewrite-inside-gctzt (rewrite-sys N C))¥ |= C'V s = s')
case True
then show %thesis
using <epsilon N C = {}»
using A-def C-def entails-def
by blast
next
case Fulse

from Fulse have — upair ‘ (rewrite-inside-gctrt (rewrite-sys N C))* = C’
by simp
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from False have s’ <; s
using s’ =; &> term.order.asymp| THEN asympD]
by auto

then show ?thesis
proof (cases is-strictly-mazimal (Pos A) C)
case strictly-maximal: True
show ?thesis
proof (cases s € NF (rewrite-inside-gctzt (rewrite-sys N C)))
case s-irreducible: True

hence e-or-f-doesnt-hold: upair * (rewrite-inside-gctxt (rewrite-sys N C))¥

= CvV
upair * (rewrite-inside-getzt (insert (s, s') (rewrite-sys N C)))* |= C’
using <epsilon N C' = {}»[unfolded epsilon.simps[of N C]]
using «C' € N» C-def ¢select C = {#}» strictly-mazimal <s’ < $»
unfolding A-def rewrite-sys-def
by (smt (verit, best) Collect-empty-eq)
show ?thesis
proof (cases upair * (rewrite-inside-gctzt (rewrite-sys N C))* |= O)
case e-doesnt-hold: True
thus ?thesis
by (simp add: entails-def)
next
case e-holds: Fulse
hence R-C-doesnt-entail-C': — upair ¢ (rewrite-inside-gctat (rewrite-sys
N ) = ¢
unfolding C-def
by simp

show ?thesis
proof (cases upair ‘ (rewrite-inside-gctzt (insert (s, s') (rewrite-sys N
ON = )
case f-doesnt-hold: True
then obtain C'' t ¢’ where C’-def: C' = add-mset (Pos (Upair t
t’)) C"" and
t’ <; t and
(t, t') € (rewrite-inside-gctat (insert (s, s') (rewrite-sys N C)))* and
(t, t") ¢ (rewrite-inside-gctat (rewrite-sys N C))¥
using f-doesnt-hold R-C-doesnt-entail-C"’
using true-cls-insert-and-not-true-clsE
by (metis insert-Diff M join-sym Upair-sym)

have Pos (Upair t t') <; Pos (Upair s s’)
using strictly-mazimal literal.order.not-less-iff-gr-or-eq
unfolding literal.order.is-strictly-mazimal-in-mset-iff A-def C'-def
C-def
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by auto
have = (¢t <; )
proof (rule notl)

assume t <; S

have (¢, t') € (rewrite-inside-gctat (insert (s, s') (rewrite-sys N

O +—
(t, t') € (rewrite-inside-gctxt (rewrite-sys N C))¥
unfolding rewrite-inside-gctzt-union[of {(s, s")} rewrite-sys N C,
simplified)
proof (rule mem-join-union-iff-mem-join-rhs’)
show AtI ¢2. (1, t2) € rewrite-inside-gctat {(s, s')} = t < t1
At =<y tl

using <t <; & <t/ <y &
by (smt (verit, ccfu-threshold) fst-conv singletonD
less-trm-const-lhs-if-mem-rewrite-inside-gctzt transpD
term.order.transp)
next
show AtI t2. (t1, t2) € rewrite-inside-gctat (rewrite-sys N C)

= 12 < t1
using rhs-less-trm-lhs-if-mem-rewrite-inside-gctzt-rewrite-sys by
force
qed
thus Fulse
using «(t, t) € (rewrite-inside-gctzt (insert (s, s') (rewrite-sys N
a)))h
using ((t, t') ¢ (rewrite-inside-gctat (rewrite-sys N C))%»
by metis
qed

moreover have — (s <; t)
proof (rule notl)
assume s <; t
hence multp (<) {#s, "%} {#1, 1%}
using s’ <; & <t/ <y &
using one-step-implies-multp[of - - - {#}, simplified]
by (metis (mono-tags, opaque-lifting) empty-not-add-mset insert-iff
set-mset-add-mset-insert set-mset-empty singletonD transpD
term.order.transp)

hence Pos (Upair s s’) <; Pos (Upair t t')
by (simp add: less;-def)

thus Fulse
using <t ~ t' <; s ~ s)
by order
qed
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ultimately have ¢ = s
by order
hence t’ <; s’
using ¢’ <y & s’ < &
using <Pos (Upair t t") <; Pos (Upair s s’)»
unfolding less;-def
by (simp add: multp-cancel-add-mset term.order.transp)

obtain ¢’ where
(t, t") € rewrite-inside-gctat (insert (s, s') (rewrite-sys N C')) and
(t", t') € (rewrite-inside-gctzt (insert (s, s') (rewrite-sys N C)))*
using «(t, t') € (rewrite-inside-gctzt (insert (s, s') (rewrite-sys N
C)))YH[THEN joinD]
using ez-step-if-joinable[OF term.order.asymp - - - <t' <; ]
by (smt (verit, ccfv-threshold) <t = $» converse-rtranclE insertCI
joinl-right
join-sym r-into-rtrancl mem-rewrite-inside-gctxt-if-mem-rewrite-rules
rtrancl-join-join)

have t"" <, t

proof (rule predicate-holds-of-mem-rewrite-inside-gctrt[of - - - Az y.
y < 7))
show (t, t') € rewrite-inside-gctat (insert (s, s’) (rewrite-sys N C))
using «(t, t") € rewrite-inside-gctazt (insert (s, s’) (rewrite-sys N
)
next
show At1 t2. (t1, t2) € insert (s, s') (rewrite-sys N C) = t2 <
t1
by (metis <s' <y s» insert-iff old.prod.inject rhs-lt-lhs-if-mem-rewrite-sys)
next
show At t2 ctat o. (t1, t2) € insert (s, s') (rewrite-sys N C') =
t2 <t t1 = ctet(t2)q < ctet(tl)g
by (simp only: term.order.context-compatibility)
qed
have (¢, t"') € rewrite-inside-gctxt {(s, s’)}
using «(t, t") € rewrite-inside-gctzt (insert (s, s') (rewrite-sys N
C))»

using <t = s» s-irreducible mem-rewrite-step-union-NF
using rewrite-inside-gctat-insert
by blast

hence Jctat. s = ctat(s)g N t"" = ctat(s))a
by (simp add: <t = $) rewrite-inside-gctat-def)

hence t" = s’
by (metis gctrt-ident-iff-eq- GHole)

moreover have (t", t') € (rewrite-inside-gctzt (rewrite-sys N C'))*
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N C)))®

12 < t1

At =<y tl

proof (rule mem-join-union-iff-mem-join-rhs | THEN iffD1])
show (t", t') € (rewrite-inside-gctat {(s, s")} U
rewrite-inside-gctzt (rewrite-sys N C))¥
using «(t", t') € (rewrite-inside-gctzt (insert (s, s') (rewrite-sys

using rewrite-inside-gctat-union|of {-}, simplified)
by metis
next
show At1 ¢2. (t1, 12) € rewrite-inside-gctat (rewrite-sys N C') =

using rhs-less-trm-lhs-if-mem-rewrite-inside-gctzt-rewrite-sys .
next
show AtI t2. (t1, t2) € rewrite-inside-gctat {(s, s")} = t"" <, t1

using «t’ <4 © <t" <4 &
unfolding <t = s
using less-trm-const-lhs-if-mem-rewrite-inside-gctzt
by fastforce
qed

ultimately have (s’, t') € (rewrite-inside-gctrt (rewrite-sys N C))+
by simp

let Zconcl = add-mset (Neg (Upair s’ t')) (add-mset (Pos (Upair t

define ¢ :: 'f gatom clause inference where
v = Infer [C] Zconcl

have eq-fact: eq-factoring C ?concl
proof (rule eq-factoringl)
show C = add-mset (Pos (Upair s s')) (add-mset (Pos (Upair t t'))

by (simp add: C-def C'-def A-def)
next
show select C = {#}
using «select C = {#} .
next
show is-maximal (Pos (Upair s s')) C
by (metis A-def maz-Pos-A)
next
show s’ <; s
using s’ <; & .
next
show Pos (Upair t t') = Pos (Upair s t')
unfolding «t = s ..
next
show add-mset (Neg (Upair s’ t')) (add-mset (Pos (Upair tt") C'')
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add-mset (Neg (Upair s’ t)) (add-mset (Pos (Upair s t')) C'')
by (auto simp add: <t = )
qed simp-all

hence : € G-Inf
by (auto simp: t-def G-Inf-def)

moreover have A\t. t € set (prems-of 1) =t € N
using <C € N»
by (auto simp add: t-def)

ultimately have ¢ € Inf-from N
by (auto simp: Inf-from-def)

hence ¢ € Red-I N
using <saturated N>
by (auto simp: saturated-def)

then obtain DD where
DD-subset: DD C N and
finite DD and
DD-entails-C". G-entails DD {?concl} and
ball-DD-lt-C: ¥ DeDD. D <. C
unfolding Red-I-def redundant-infer-def
by (auto simp: -def)

have V DeDD. entails (rewrite-sys N C') D
using IH[THEN conjunct2, rule-format, of - C|
using «C € Ny DD-subset ball-DD-1t-C
by blast

hence entails (rewrite-sys N C) ?concl
unfolding entails-def I-def[symmetric]
using DD-entails-C’[unfolded G-entails-def]
using [l-interp
by (simp add: true-clss-def)

thus entails (rewrite-sys N C) C
unfolding entails-def I-def[symmetric]
unfolding C-def C’-def A-def
using I-def ((s', t') € (rewrite-inside-gctat (rewrite-sys N C))
by blast

next

case f-holds: False

hence Fulse
using e-or-f-doesnt-hold e-holds
by metis

thus ?2thesis ..
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qed
qed
next
case s-reducible: False

hence Jss. (s, ss) € rewrite-inside-gctzt (rewrite-sys N C)
unfolding NF-def
by auto

then obtain ctxt t t' D where
D e N and
D <. C and
(¢, t') € epsilon N D and
s = ctzt(t)
using epsilon-filter-le-conv
by (auto simp: rewrite-inside-gctat-def rewrite-sys-def)

obtain D’ where
D-def: D = add-mset (Pos (Upair t t’)) D’ and
select D = {#} and
maz-t-t": is-strictly-mazimal (¢t ~ t') D and
t’ < t
using «(t, t’) € epsilon N D»
by (elim mem-epsilonE) simp

let ?concl = add-mset (Pos (Upair ctzt(t’) e s')) (C' + D)

define ¢ :: 'f gatom clause inference where

v = Infer [D, C] ?concl

have super: pos-superposition D C ?concl
proof (rule pos-superpositionI)
show C' = add-mset (Pos (Upair s s')) C’
by (simp only: C-def A-def)
next
show D = add-mset (Pos (Upair t t')) D’
by (simp only: D-def)
next
show D <. C
using <D <. C» .
next
show select D = {#}
using «select D = {#}» .
next
show select C = {#}
using «select C = {#}» .
next
show is-strictly-mazimal (s = s") C
using A-def strictly-mazimal
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by simp
next
show is-strictly-mazimal (t ~ t') D
using maz-t-t’ .

next
show t/ <, ¢
using <t/ <; © .
next

show Pos (Upair s s') = Pos (Upair ctat(t)g s')
by (simp only: <s = ctxt(t)e>)
next
show s’ <; ctzt(t) ¢
using s’ <; s»
unfolding s = ctzt(t)g) .
qed simp-all

hence ¢ € G-Inf
using superposition-if-pos-superposition
by (auto simp: i-def G-Inf-def)

moreover have At. t € set (prems-of 1) =t € N
using <C' € Ny <D € N»
by (auto simp add: t-def)

ultimately have ¢ € Inf-from N
by (auto simp only: Inf-from-def)

hence ¢ € Red-I N
using <saturated N)
by (auto simp only: saturated-def)

then obtain DD where
DD-subset: DD C N and
finite DD and
DD-entails-concl: G-entails (insert D DD) {?concl} and
ball-DD-t-C: ¥ DeDD. D <. C
unfolding Red-I-def redundant-infer-def mem-Collect-eq
by (auto simp: t-def)

moreover have V De insert D DD. entails (rewrite-sys N C) D
using TH[THEN conjunct2, rule-format, of - C]
using <C' € Ny <D € N» <D <. C» DD-subset ball-DD-It-C
by (metis in-mono insert-iff)

ultimately have entails (rewrite-sys N C) ?concl
using [l-interp DD-entails-concl
unfolding entails-def G-entails-def
by (simp add: I-def true-clss-def)
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moreover have — entails (rewrite-sys N C') D’
unfolding entails-def
using false-cls-if-productive-epsilon(2)[OF - <C € N» «D <. )]
by (metis D-def «(t, t') € epsilon N D> add-mset-remove-trivial empty-iff
epsilon-eq-empty-or-singleton singletonD)

ultimately have entails (rewrite-sys N C') {#Pos (Upair ctzt(t')c s")#}
unfolding entails-def
using «— upair ‘ (rewrite-inside-gctzt (rewrite-sys N C))¥ |= C"
by fastforce

hence (ctzt(t') g, s') € (rewrite-inside-gctzt (rewrite-sys N C))+
by (simp add: entails-def true-cls-def uprod-mem-image-iff-prod-mem|OF
sym-join])

moreover have (ctat(t)q, ctet(t’)g) € rewrite-inside-getxt (rewrite-sys
N CO)
using «(t, t’) € epsilon N Dy <D € N» <D <. C» rewrite-sys-def
epsilon-filter-le-conv
by (auto simp: rewrite-inside-gctat-def)

ultimately have (ctat(t)q, s') € (rewrite-inside-gctxt (rewrite-sys N
o))

using r-into-rtrancl rtrancl-join-join

by metis

hence entails (rewrite-sys N C) {#Pos (Upair ctzt(t)e s')#}
unfolding entails-def true-cls-def
by auto

thus ?thesis
using A-def C-def <s = ctzt(t)g> entails-def
by fastforce
qed
next
case Fulse
hence 2 < count C (Pos A)
using mazx-Pos-A
by (meson is-strictly-mazimal-def
literal. order. count-ge-2-if-maximal-in-mset-and-not-greatest-in-mset
literal.order.is-greatest-in-mset-iff literal.order.leD)

then obtain C’ where C-def: C' = add-mset (Pos A) (add-mset (Pos A)
)
using two-le-countE
by metis

define ¢ :: 'f gatom clause inference where
v = Infer [C] (add-mset (Pos (Upair s s")) (add-mset (Neg (Upair s’ s’))
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let ?concl = add-mset (Pos (Upair s s')) (add-mset (Neg (Upair s’ s')) C)

have eq-fact: eq-factoring C ?concl
proof (rule eq-factoringl)
show C = add-mset (Pos A) (add-mset (Pos A) C”)
by (simp add: C-def)
next
show Pos A = Pos (Upair s s’)
by (simp add: A-def)
next
show Pos A = Pos (Upair s s’)
by (simp add: A-def)
next
show select C = {#}
using «¢select C = {#}> .
next
show is-mazimal (Pos A) C
using max-Pos-A .
next
show s’ <; s
using s’ <; s .
qed simp-all

hence ¢ € G-Inf
by (auto simp: t-def G-Inf-def)

moreover have \t. t € set (prems-of 1) =t € N
using <C € N»
by (auto simp add: t-def)

ultimately have ¢ € Inf-from N
by (auto simp: Inf-from-def)

hence ¢ € Red-I N
using <saturated N>
by (auto simp: saturated-def)

then obtain DD where
DD-subset: DD C N and
finite DD and
DD-entails-concl: G-entails DD {?concl} and
ball-DD-lt-C: ¥ DeDD. D <. C
unfolding Red-I-def redundant-infer-def mem-Collect-eq
by (auto simp: -def)

moreover have V DeDD. entails (rewrite-sys N C') D
using IH[THEN conjunct2, rule-format, of - C|
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using <C' € N» DD-subset ball-DD-lt-C
by blast

ultimately have entails (rewrite-sys N C) ?concl
using I-interp DD-entails-concl
unfolding entails-def G-entails-def
by (simp add: I-def true-clss-def)

then show ?thesis
by (simp add: entails-def A-def C-def joinI-right pair-imagel)
ged
qed
qed
qed

moreover have iib: entails (rewrite-sys N D) C if D € N and C <. D for D
using epsilon-eg-empty-or-singleton[of N C, folded ]
proof (elim disjE exFE)
assume epsilon N C' = {}
hence entails (rewrite-sys N C) C
unfolding i by simp
thus ?thesis
using lift-entailment-to-Union(2)[OF <C € N» - that]
by (simp only: entails-def)
next
fix | r assume epsilon N C = {(, r)}
thus ?thesis
using true-cls-if-productive-epsilon(2)[OF <epsilon N C' = {(l, r)}> that]
by (simp only: entails-def)
qed

ultimately show ?case
by metis
qed

lemma (in ground-superposition-calculus) model-construction:
fixes
N :: 'f gatom clause set and
C :: 'f gatom clause
defines
entails = A\E C. upair * (rewrite-inside-gctzt E)* |= C
assumes saturated N and {#} ¢ N and C-in: C € N
shows entails ((JD € N. epsilon N D) C
using epsilon-eq-empty-or-singleton[of N C]
proof (elim disjE exE)
assume epsilon N C' = {}

hence entails (rewrite-sys N C) C
using model-preconstruction(1)[OF assms(2,3,4)]
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by (metis entails-def)

thus ?thesis
using lift-entailment-to-Union(1)[OF <C € N»)
by (simp only: entails-def)
next
fix | r assume epsilon N C = {(I, r)}
thus ?thesis
using true-cls-if-productive-epsilon(1)[OF <epsilon N C = {(I, r)}»]
by (simp only: entails-def)
qed

1.5 Static Refutational Completeness

lemma (in ground-superposition-calculus) statically-complete:
fixes N :: 'f gatom clause set
assumes saturated N and G-entails N {{#}}
shows {#} € N
using «G-entails N {{#}}>
proof (rule contrapos-pp)
assume {#} ¢ N

define I :: 'f gterm rel where
I = (rewrite-inside-gctzt ((JD € N. epsilon N D))

show — G-entails N G-Bot
unfolding G-entails-def not-all not-imp
proof (intro exl conjI)
show refl I
by (simp only: I-def refl-join)
next
show trans I
unfolding I-def
proof (rule trans-join)
have wf ((rewrite-inside-gctzt (JD € N. epsilon N D))~ 1)
proof (rule wf-converse-rewrite-inside-gctxt)
fix st
assume (s, t) € (D € N. epsilon N D)
then obtain C where C' € N (s, t) € epsilon N C
by auto

thus t <; s
by (auto elim: mem-epsilonE)

qed auto

thus SN (rewrite-inside-gctat ((JD € N. epsilon N D))
unfolding SN-iff-wf .

next

show WCR (rewrite-inside-gctazt ((JD € N. epsilon N D))

using WCR-Union-rewrite-sys .
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qed
next
show sym I
by (simp only: I-def sym-join)
next
show compatible-with-gctxt 1
unfolding I-def
by (simp only: I-def compatible-with-gctzt-join compatible-with-gctzt-rewrite-inside-gctat)
next
show upair ‘I |=s N
unfolding I-def
using model-construction[OF <saturated N> <{#} ¢ N)»]
by (simp add: true-clss-def)
next
show — upair ‘I |=s G-Bot
by simp
qed
qed

sublocale ground-superposition-calculus C statically-complete-calculus where
Bot = G-Bot and
Inf = G-Inf and
entails = G-entails and
Red-1 = Red-1 and
Red-F = Red-F
using statically-complete
by unfold-locales simp

end

theory Ground-Superposition-Soundness
imports Ground-Superposition

begin

lemma (in ground-superposition-calculus) soundness-ground-superposition:
assumes
step: superposition P1 P2 C
shows G-entails {P1, P2} {C}
using step
proof (cases P1 P2 C rule: superposition.cases)
case (superposition] Ly Py’ Ly Py’ P st s't))

show ?thesis
unfolding G-entails-def true-clss-singleton
unfolding true-clss-insert
proof (intro alll impl, elim conjE)
fix I :: 'f gterm rel
let 2" = (A\(t1, t). Upair t; t) ‘1
assume refl I and trans I and sym I and compatible-with-gctzt I and
?I' |= P1 and ?I' |= P2
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then obtain K1 K2 : 'f gatom literal where
K1 €# P1 and ?I' |=1 K1 and K2 €# P2 and ?I' |-l K2
by (auto simp: true-cls-def)

show ?I' |= C
proof (cases K2 = P (Upair s(t)g s’))
case Ki-def: True
hence ?I' |=l P (Upair s(t)g s’)
using < ?I’ |=1 K2» by simp

show ?thesis
proof (cases K1 = Pos (Upair t t'))
case K2-def: True
hence (¢, t') € I
using «?I' |=l K1 true-lit-uprod-iff-true-lit-prod[ OF <sym )] by simp

have ?thesis if P = Pos
proof —
from that have (s(t)g, s’) € I
using < ?I' |l K2) K1-def true-lit-uprod-iff-true-lit-prod[OF <sym I)] by
stmp
hence (s(t")q, s’) € I
using (¢, t") € D
using <compatible-with-gctxt Iy <refl Iy <sym I> <trans I»
by (meson compatible-with-gctatD refl-onD1 symD trans-onD)
hence ?I’ |=l Pos (Upair s(t")¢ s')
by blast
thus ?thesis
unfolding superpositionl that
by simp
qed

moreover have ?thesis if P = Neg
proof —
from that have (s(t)q, s') ¢ I
using < ?I' |=l K2) K1-def true-lit-uprod-iff-true-lit-prod[OF <sym I)] by
stmp
hence (s(t")q, s’) ¢ I
using (¢, t") € D
using <compatible-with-gctat Iy <trans I»
by (metis compatible-with-gctxtD transD)
hence ?I’ |=l Neg (Upair s(t')g s')
by (meson <sym I true-lit-simps(2) true-lit-uprod-iff-true-lit-prod(2))
thus ?thesis
unfolding superpositionl that by simp
qed

ultimately show ?thesis
using <P € {Pos, Neg}> by auto
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next
case Fulse
hence K1 €# Py’
using <K1 €# P1»
unfolding superpositionl by simp
hence ¢I' |= Py’
using «?I’ |=l K1) by blast
thus %thesis
unfolding superpositionl by simp
qed
next
case Fulse
hence K2 €# P’
using (K2 e€# P2)
unfolding superpositionl by simp
hence ?I' |= P;’
using < ?I' |=1 K2» by blast
thus ?thesis
unfolding superpositionl by simp
qed
qged
qed

lemma (in ground-superposition-calculus) soundness-ground-eg-resolution:
assumes step: eq-resolution P C
shows G-entails {P} {C}
using step
proof (cases P C rule: eg-resolution.cases)
case (eg-resolution] L D' t)
show ?thesis
unfolding G-entails-def true-clss-singleton
proof (intro alll impl)
fix I :: 'f gterm rel
assume refl I and (A(t1, t2). Upair t; t2) ‘I |= P
then obtain K where K €# P and (A(t1, t2). Upair ¢ t2) ‘I |-l K
by (auto simp: true-cls-def)
hence K # L
by (metis <refl I eg-resolutionl(2) pair-imagel reflD true-lit-simps(2))
hence K €# C
using (K €# P» (P = add-mset L D"» «C = D> by simp
thus (A(t1, t2). Upair ¢ t2) ‘I |= C
using «(A(t1, t2). Upair t; ta2) ‘I |l K> by blast
qed
qed

lemma (in ground-superposition-calculus) soundness-ground-eq-factoring:
assumes step: eq-factoring P C
shows G-entails {P} {C}
using step
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proof (cases P C rule: eg-factoring.cases)
case (eg-factoringl Ly Ly P’ tt't")
show ?thesis
unfolding G-entails-def true-clss-singleton
proof (intro alll impl)
fix I :: 'f gterm rel
let 2I' = (A\(t1, t). Upairt; t) ‘1
assume trans I and sym [ and ?I' |= P
then obtain K :: 'f gatom literal where
Ke# Pand ?I' =l K
by (auto simp: true-cls-def)

show ?I' |= C
proof (cases K = L1 V K = Ly)
case True
hence I |=l Pos (t, t') vV I |=l Pos (t, t")
unfolding eq-factoringl

using «?I' |=l K> true-lit-uprod-iff-true-lit-prod[OF <sym I)] by metis

hence I |=l Pos (t, t') vV I |=l Neg (t', t")
proof (elim disjE)
assume I |=l Pos (t, t')
then show ?thesis
unfolding true-lit-simps
by (metis <trans I transD)
next
assume [ |=l Pos (t, t”)
then show ?thesis
by simp
qed
hence ?I' |=l Pos (Upair t t"') Vv 2I' |=l Neg (Upair t' t")
unfolding true-lit-uprod-iff-true-lit-prod| OF «sym I»] .
thus ?thesis
unfolding eg-factoringl
by (metis true-cls-add-mset)
next
case Fulse
hence K €# P’
using <K €# P»
unfolding eq-factoringl
by auto
hence K €# C
by (simp add: eg-factoringI (1,2,7))
thus ?thesis
using <(A\(t1, t). Upair t1 t) ‘I |=l K> by blast
qed
qed
qed

sublocale ground-superposition-calculus C sound-inference-system where
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Inf = G-Inf and
Bot = G-Bot and
entails = G-entails
proof unfold-locales
show At. v € G-Inf = G-entails (set (prems-of 1)) {concl-of ¢}
unfolding G-Inf-def
using soundness-ground-superposition
using soundness-ground-eq-resolution
using soundness-ground-eq-factoring
by (auto simp: G-entails-def)
qged

end
theory Ground-Superposition- Welltypedness-Preservation
imports
Ground-Superposition
First-Order-Clause. Ground-Typing
begin

context ground-superposition-calculus
begin

sublocale ground-typing where F = F :: ('f, 'ty) fun-types
by unfold-locales

context
fixes F :: ('f, 'ty) fun-types
begin

lemma ground-superposition-preserves-typing:
assumes
superposition D E C
clause.is-welltyped D
clause.is-welltyped E
shows clause.is-welltyped C
using assms
by (cases rule: superposition.cases) (auto 4 3)

lemma ground-eq-resolution-preserves-typing:
assumes eq-resolution D C clause.is-welltyped D
shows clause.is-welltyped C
using assms
by (cases rule: eq-resolution.cases) auto

lemma ground-eg-factoring-preserves-typing:
assumes eq-factoring D C
shows clause.is-welltyped D <— clause.is-welltyped C
using assms
by (cases rule: eg-factoring.cases) auto
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end
end

end
theory Superposition
imports

First-Order-Clause. Nonground-Order
First-Order-Clause. Nonground-Selection- Function
First-Order-Clause. Nonground- Typing
First-Order-Clause. Typed- Tiebreakers
First-Order-Clause. Welltyped-IMG U

Ground-Superposition
begin

2 Nonground Layer

locale superposition-calculus =
nonground-inhabited-typing F +
nonground-equality-order less; +
nonground-selection-function select +
typed-tiebreakers tiebreakers +
ground-critical-pair-theorem TYPE('f)
for
select == ('f, 'v :: infinite) select and
lessy = ('f, 'v) term = (’f, 'v) term = bool and
F = ('f, 'ty) fun-types and
tiebreakers :: ('f, 'v) tiebreakers +
assumes
types-ordLeq-variables: |UNIV :: 'ty set| <o |UNIV :: 'v set|
begin

interpretation term-order-notation.

inductive eg-resolution :: ('f, v, 'ty) typed-clause = ('f, 'v, 'ty) typed-clause =
bool where
eq-resolutionl:
D = add-mset | D' =
l=tl=t =
welltyped-imgu-on (clause.vars D) V ¢t t' n =
select D = {#} A is-mazximal (I -l p) (D - p) V is-mazimal (I -1 p) (select D -
p) =
C=D p=
eg-resolution (D, V) (C, V)

inductive eq-factoring :: ('f, 'v, "ty) typed-clause = ('f, 'v, 'ty) typed-clause =
bool where
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eq-factoringl:
D = add-mset Iy (add-mset Iy D) =
ll =1 = tll —
lo = tog = tgl -
select D = {#} =
is-maximal (I; -l p) (D - p) =
- (tl T = tll't ‘LL) —
welltyped-imgu-on (clause.vars D) V t1 to up =
C = add-mset (t1 = t2') (add-mset (1’ '~ t3') D) - p =
eq-factoring (D, V) (C, V)

inductive superposition ::
('f, 'v, 'ty) typed-clause = ('f, 'v, "ty) typed-clause = ('f, 'v, 'ty) typed-clause =
bool
where
superpositionl :
infinite-variables-per-type Vi —
infinite-variables-per-type Vo —>
term-subst.is-renaming 01 =
term-subst.is-renaming go —
clause.vars (E - 1) N clause.vars (D - p3) = {} =
E = add-mset |} £/ =
D = add-mset Iy D/ =
P € {Pos, Neg} =
li = P (Upair c1{t1) t1) =
l2 =ty & t2/ -
- is-Var t1 =
welltyped-imgu-on (clause.vars (E - p1) U clause.vars (D - 02)) V3 (t1 -t 01) (t2
't 02) =
Yz € clause.vars E. V1 x = V3 (term.rename 01 ) =
Vi € clause.vars D. Vo x = V3 (term.rename g2 ) =
term.subst.is-welltyped-on (clause.vars E) V1 91 =
term.subst.is-welltyped-on (clause.vars D) Vo 09 =
(AT 7/ typed Vo to 7 = typed Vo o' 7/ = 7 =7') =
“(E-000p=2D 00pu =
(P = Pos = select E = {#}) =
(P = Pos = is-strictly-mazimal (11 -l o1 © ) (E - 01 O p)) =
(P = Neg = select E = {#} = is-mazximal (I1 -l 01 © p) (F - 01 O p)) =
(P = Neg = select E # {#} = is-mazimal (I; -l o1 © p) ((select E) - o1 ©
w) =
select D = {#} =
is-strictly-mazimal (Io -1 g2 © p) (D - 02 O p) =
S (e{ty) torOp =3t tor Op) =
S (ta t 02 O p 2t t o O p) =
C = add-mset (P (Upair (c¢1 -tc 01){t2’ -t 02) (t17 -t 01))) (E' - 01 + D'+ 02) -
p=
superposition (D, Va) (E, V1) (C, V3)

abbreviation eq-factoring-inferences where
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eq-factoring-inferences = { Infer [D] C | D C. eg-factoring D C' }

abbreviation eg-resolution-inferences where
eq-resolution-inferences = { Infer [D] C | D C. eg-resolution D C' }

abbreviation superposition-inferences where
superposition-inferences = { Infer [D, E] C' | D E C. superposition D E C}

definition inferences :: ('f, 'v, 'ty) typed-clause inference set where
inferences = superposition-inferences U eq-resolution-inferences U eq-factoring-inferences

abbreviation bottomp :: ('f, "v, "ty) typed-clause set (Lr) where
bottomp = {({#}, V) | V. infinite-variables-per-type V }

2.0.1 Alternative Specification of the Superposition Rule

inductive superposition’ :
('f, 'v, 'ty) typed-clause = ('f, 'v, "ty) typed-clause = ('f, 'v, 'ty) typed-clause =
bool
where
superposition’I:
infinite-variables-per-type Vi —>
infinite-variables-per-type Vo —>
term-subst.is-renaming 01 =
term-subst.is-renaming go —
clause.vars (E - 1) N clause.vars (D - p3) = {} =
E = add-mset || B/ =
D = add-mset ly D' =
P € {Pos, Neg} —>
h=7P (Upaz’r Cl<ﬁ1> tll) —
l2 =ty & tg/ -
- is-Var t1 =
welltyped-imgu-on (clause.vars (E - p1) U clause.vars (D - 02)) V3 (t1 -t 01) (t2
't 02) =
Yz € clause.vars E. V1 x = V3 (term.rename 01 ) =
Vi € clause.vars D. Vo x = V3 (term.rename 92 1) =
term.subst.is-welltyped-on (clause.vars E) V1 91 =
term.subst.is-welltyped-on (clause.vars D) Vo 0o =
(AT 7' typed Vo to 7 = typed Vo o' 7/ = T =7') =
“(E-000pn=cD 0 06p =
(P = Pos A select E = {#} A is-strictly-mazimal (I -l 01 © p) (E - 01 ©® pu) V
P = Neg A (select E = {#} A is-mazimal (Iy -1 or @ p) (E - 01 © p) V
is-maximal (I; -1 01 ©® p) ((select E) - 01 © p))) =
select D = {#} =
is-strictly-mazimal (lIz -1 02 © p) (D - 02 © p) =
S (e{t) tor Op =t tor Op) =
S (ta t 02 O p 2t t o O p) =
C = add-mset (P (Upair (c1 -t. 01){t2" -t 02) (t1" -t 01))) (E'- 01 + D'+ 02) -
n=
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superposition’ (D, V3) (E, V1) (C, V3)

lemma superposition-eq-superposition’: superposition = superposition’
proof (intro ext iffT)

fix DEC

assume superposition D E C

then show superposition’ D E C

proof (cases D E C rule: superposition.cases)
case (superposition] V1 Va3 01 02 ED 1y E'la D' P ¢ t1 t1' t2 82" V3 o C)

show ?thesis
proof (unfold superpositionI (1—38), rule superposition’I[of V1 Va2 01 02]; (rule
superpositionl) %)

show P = Pos A select E = {#} A is-strictly-mazimal (I; -1 01 © p) (E - 01
O p) Vv
P = Neg A (select E = {#} A is-mazimal (I1 -l o1 © p) (E - 01 © p) V
is-mazimal (I1 -l 01 © p) (select E - 01 © p))
using superpositionl (11,22—25)
by fastforce
qed
qed
next
fix DEC
assume superposition’ D E C
then show superposition D E C
proof (cases D E C rule: superposition’.cases)
case (superposition’I V1 Vo 01 02 ED Iy E'la D' P ¢y ty 11" t2 t2' V3 pu O)

show ?thesis
proof (unfold superposition'I(1—3), rule superpositionI[of V1 Va2 01 02]; (rule
superposition'T) ?)

show

P = Pos = select E = {#}
P = Pos = is-strictly-mazimal (I; -1 01 © p) (E - 01 © )
P = Neg = select E = {#} = is-maximal (I; -1 01 © p) (E - 01 © p)
P = Neg = select E # {#} = is-mazximal (I; -l o1 © p) (select E - 01

© )
using superposition’I(22) is-mazimal-not-empty
by auto

qed
qed
qed

inductive pos-superposition ::

('f, v, "ty) typed-clause = ('f, 'v, 'ty) typed-clause = ('f, 'v, "ty) typed-clause =
bool

68



where
pos-superpositionl:

infinite-variables-per-type V1 —>

infinite-variables-per-type Vo —>

term-subst.is-renaming 01 =

term-subst.is-renaming 03 =

clause.vars (E - 1) N clause.vars (D - g3) = {} =

E = add-mset || B —>

D = add-mset ly D' —

1 = Cl<t1> ~ t1/:>

lo =ty =ty =

- is-Var t1 =

welltyped-imgu-on (clause.vars (E - p1) U clause.vars (D - 02)) V3 (t1 -t 01) (t2
't 02) =

Vi € clause.vars E. V1 © = V3 (term.rename 01 ©) =

Vx € clause.vars D. Vo x = V3 (term.rename g2 ) =

term.subst.is-welltyped-on (clause.vars E) V1 91 =

term.subst.is-welltyped-on (clause.vars D) Vo 09 =

(AT 7/ typed Vo to 7 = typed Vo o' 7/ = 7 =7) =

(B0 0Op=2D- 00 p =

select E = {#} =

is-strictly-mazimal (I; -l g1 © p) (E - 01 © p) =

select D = {#} =

is-strictly-mazimal (Iz -1 02 © ) (D - 02 © p) =

S (ei(t) tor Op =2t tor Op) =

S (tat 02 O p 2t t o O p) =

C = add-mset ((c1 ‘te 01){t2’" -t 02) = (t1" -t 01)) (E'- 01 + D' - 02) - p =

pos-superposition (D, Va) (E, V1) (C, V3)

lemma superposition-if-pos-superposition:
assumes pos-superposition D E C
shows superposition D E C
using assms
proof (cases rule: pos-superposition.cases)
case (pos-superposition] V1 Vo 01 02 ED 1y E'ly D' ¢1 t1 t1't2 t2' u Vs C)
then show ?thesis
using superpositionl[of V1 V2 01 02 ED 1y E'ly D' Pos ¢y t1 t1' t2 t2' u V3
]
by fast
qed

inductive neg-superposition ::
('f, v, "ty) typed-clause = ('f, 'v, 'ty) typed-clause = ('f, 'v, "ty) typed-clause =
bool
where
neg-superpositionl:
infinite-variables-per-type V1 —>
infinite-variables-per-type Vo —>
term-subst.is-renaming o1 =
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term-subst.is-renaming po =

clause.vars (E - 1) N clause.vars (D - g3) = {} =

E = add-mset || B/ —>

D = add-mset ly D' =

l1 = Cl<t1> I~ tl/:>

lo = tg =~ tg/ —

- is-Var t1 =

welltyped-imgu-on (clause.vars (E - p1) U clause.vars (D - 02)) V3 (t1 -t 01) (t2
't o2) =

Vx € clause.vars E. V1 x = V3 (term.rename 91 ) =

Vx € clause.vars D. Vo x = V3 (term.rename g2 ) =

term.subst.is-welltyped-on (clause.vars E) V1 99 =

term.subst.is-welltyped-on (clause.vars D) Vo 09 =

(AT 7/ typed Vo to 7 = typed Vo o' 7/ = 17 =7) =

(B0 0p=2D- 00 p =

(select E = {#} = is-mazimal (I -l o1 © p) (E- 01 O p)) =

(select E # {#} = is-maximal (I1 -l o1 © p) ((select E) - o1 © p)) =

select D = {#} =

is-strictly-mazimal (lz -1 02 © p) (D - 02 © p) =

S (alt) tor Op =it tor Op) =

S (ta t 02 O p 2t t o O p) =

C = add-mset ((c1 “tc 01){ta’ -t 02) = (t1" -t 01)) (B’ - 01 + D'+ 02) - p =

neg-superposition (D, Va) (E, V1) (C, V3)

lemma superposition-if-neg-superposition:
assumes neg-superposition E D C
shows superposition E D C
using assms
proof (cases E D C rule: neg-superposition.cases)
case (neg-superposition] V1 Vo 01 02 ED 1y E'lys D' ¢y t1 t1" ta ta' p V3 C)
then show ?thesis
using
superpositionI[of V1 Vo 01 02 E Dl E'ly D' Neg ¢1 t1 t1' ta ta’ u Vs C]
literals-distinct(2)
by blast
qed

lemma superposition-iff-pos-or-neg:
superposition D E C <— pos-superposition D E C' V neg-superposition D E C
proof (rule iff)
assume superposition D E C
thus pos-superposition D E C' V neg-superposition D E C
proof (cases D E C rule: superposition.cases)
case (superposition] V1 Vo 01 02 ED 1y E'ls D'P ¢y t1 t1' t2 82" V3 pu C)

show ?thesis
proof(cases P = Pos)
case True
then have pos-superposition (D, Vs) (E, V1) (C, V3)
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using

superpositionl

pos-superpositionl [of V1 Vo 01 02 ED 1y E'ly D' ¢y t1 t1 ta t2' V3 p C]
by argo

then show ?thesis
unfolding superpositionl(1—38)
by simp

next
case Fulse

then have P = Neg
using superpositionl (11)
by blast

then have neg-superposition (D, V2) (E, V1) (C, V3)
using
superpositionl
neg-superpositionI[of V1 Vo 01 02 ED 1y E'ls D’ ¢y t1 t17 ta t2' V3 o C)]
by argo

then show ?thesis
unfolding superpositionl(1—3)
by simp
qged
qed
next
assume pos-superposition D E C V neg-superposition D E C
thus superposition D E C
using superposition-if-neg-superposition superposition-if-pos-superposition
by metis
qed

end

end
theory Grounded-Superposition
imports
Superposition
Ground-Superposition

First-Order-Clause. Grounded-Selection-Function

First-Order-Clause. Nonground-Inference

Saturation- Framework. Lifting-to-Non- Ground- Calculi
begin

locale grounded-superposition-calculus =
superposition-calculus where select = select and F = F +
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grounded-selection-function where select = select and F = F
for
select 2 ('f, 'v :: infinite) select and
F = ('f, 'ty) fun-types
begin

sublocale nonground-inference.

sublocale ground: ground-superposition-calculus where

less; = (<:q) and select = selectq
rewrites

multiset-extension.multiset-extension (<iq) mset-lit = (<;¢) and

multiset-extension.multiset-extension (<;q) (Az. ) = (<.¢) and

AL C. ground.is-mazimal |l C +— is-mazximal (literal.from-ground l) (clause.from-ground
C) and

Al C. ground.is-strictly-mazimal | C' +—

is-strictly-mazimal (literal.from-ground 1) (clause.from-ground C)
by unfold-locales simp-all

abbreviation is-inference-ground-instance-one-premise where
is-inference-ground-instance-one-premise D C 1 v =
case (D, C) of (D, V'), (C,V)) =
inference.is-ground (Infer [D] C -t v) A
Lq = inference.to-ground (Infer [D] C - v) A
clause.is-welltyped V D N
term.subst.is-welltyped-on (clause.vars C) V v A
clause.is-welltyped V C A
V=V'A
infinite-variables-per-type V

abbreviation is-inference-ground-instance-two-premises where

is-inference-ground-instance-two-premises D E C vg v 01 02 =
case (D, E, C) of (D, Va2), (E, V1), (C, V3)) =

term-subst.is-renaming o1

term-subst.is-renaming oo

clause.vars (E - 1) N clause.vars (D - p2) = {}
inference.is-ground (Infer [D - 02, E - 01] C -t 7)

tq = inference.to-ground (Infer [D - g2, E - 01] C -t )
clause.is-welltyped V1 E

clause.is-welltyped Vo D

term.subst.is-welltyped-on (clause.vars C) V3
clause.is-welltyped V3 C

infinite-variables-per-type V1

infinite-variables-per-type Vo

infinite-variables-per-type Vs

>>>>>>>>> > >

abbreviation is-inference-ground-instance where
is-inference-ground-instance ¢ g 7 =
(case v of
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Infer [D] C = is-inference-ground-instance-one-premise D C 1g 7y
| Infer [D, E] C = 301 02. is-inference-ground-instance-two-premises D E C
LG 7Y 01 02
| - = False)
A g € ground.G-Inf

definition inference-ground-instances where
inference-ground-instances + = { 1q | tq 7. is-inference-ground-instance v 1q 7y }

lemma is-inference-ground-instance:
is-inference-ground-instance v g v => g € inference-ground-instances ¢
unfolding inference-ground-instances-def
by blast

lemma is-inference-ground-instance-one-premise:
assumes is-inference-ground-instance-one-premise D C g v ¢ € ground.G-Inf
shows (¢ € inference-ground-instances (Infer [D] C')
using assms
unfolding inference-ground-instances-def
by auto

lemma is-inference-ground-instance-two-premises:

assumes is-inference-ground-instance-two-premises D E C 1 v 01 02 tg €
ground. G-Inf

shows (g € inference-ground-instances (Infer [D, E] C)

using assms

unfolding inference-ground-instances-def

by auto

lemma ground-inference- concl-in-welltyped-ground-instances:
assumes (g € inference-ground-instances t
shows concl-of 1q € clause.welltyped-ground-instances (concl-of )
proof—
obtain premises C'V where
v: v = Infer premises (C, V)
using Calculus.inference.exhaust
by (metis prod.collapse)

show ?thesis
using assms
unfolding ¢ inference-ground-instances-def clause.welltyped-ground-instances-def
by (cases premises rule: list-4-cases) auto
qged

lemma ground-inference-red-in-welltyped-ground-instances-of-concl:
assumes (g € inference-ground-instances t
shows (¢ € ground.Red-1 (clause.welltyped-ground-instances (concl-of ())
proof—
from assms have tq € ground.G-Inf
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unfolding inference-ground-instances-def
by blast

moreover have concl-of 1q € clause.welltyped-ground-instances (concl-of )
using assms ground-inference- concl-in-welltyped-ground-instances
by auto

ultimately show tg € ground.Red-I (clause.welltyped-ground-instances ( concl-of
1))
using ground.Red-I-of-Inf-to-N
by blast
qed

thm option.sel

sublocale lifting:
tiebreaker-lifting
1lr
inferences
ground.G-Bot
ground. G-entails
ground. G-Inf
ground.GRed-I
ground.GRed-F
clause.welltyped-ground-instances
Some o inference-ground-instances
typed-tiebreakers
proof (unfold-locales; (intro impl typed-tiebreakers.wfp typed-ticbreakers.transp)?)

show Lp # {}
using ezists-infinite-variables-per-type| OF types-ordLeg-variables]
by blast
next
fix bottom
assume bottom € L p

then show clause.welltyped-ground-instances bottom # {}
unfolding clause.welltyped-ground-instances-def
by auto
next
fix bottom
assume bottom € L g

then show clause.welltyped-ground-instances bottom C ground.G-Bot
unfolding clause.welltyped-ground-instances-def
by auto
next
fix C :: ('f, 'v, 'ty) typed-clause
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assume clause.welltyped-ground-instances C N ground.G-Bot # {}

moreover then have fst C = {#}
unfolding clause.welltyped-ground-instances-def
by simp

then have C = ({#}, snd C)
by (metis split-pairs)

ultimately show C € lp
unfolding clause.welltyped-ground-instances-def
by blast
next
fix ¢ ('f, v, "ty) typed-clause inference

show the ((Some o inference-ground-instances) t) C
ground.GRed-1 (clause.welltyped-ground-instances (concl-of t))
using ground-inference-red-in-welltyped-ground-instances-of-concl
by auto
qed

end

context superposition-calculus
begin

sublocale
lifting-intersection
inferences
{{#1}}
selecta s
ground-superposition-calculus. G-Inf (<:q)
A-. ground-superposition-calculus. G-entails
ground-superposition-calculus. GRed-1 (<)
A-. ground-superposition-calculus. GRed-F (<)
1lr
A-. clause.welltyped-ground-instances
Aselectg. Some o (grounded-superposition-calculus.inference-ground-instances
(<¢) selectg F)
typed-tiebreakers
proof (unfold-locales; (intro balll)?)
show selectqs # {}
using selectq-simple
unfolding selectqs-def
by blast
next
fix selectq
assume selectg € selectq
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then interpret grounded-superposition-calculus
where selectg = selectq
by unfold-locales (simp add: selectcs-def)

show consequence-relation ground.G-Bot ground.G-entails
using ground.consequence-relation-azioms.

show tiebreaker-lifting
Llr
inferences
ground.G-Bot
ground. G-entails
ground.G-Inf
ground.GRed-1
ground.GRed-F
clause.welltyped-ground-instances
(Some o inference-ground-instances)
typed-tiebreakers

by unfold-locales
qed

end

end

theory Superposition- Welltypedness-Preservation
imports Superposition

begin

context superposition-calculus
begin

lemma eg-resolution-preserves-typing:
assumes eq-resolution (D, V) (C, V)
shows clause.is-welltyped V D <— clause.is-welltyped V C
using assms
by (cases (D, V) (C, V) rule: eg-resolution.cases) auto

lemma eg-factoring-preserves-typing:
assumes eq-factoring (D, V) (C, V)
shows clause.is-welltyped V D <— clause.is-welltyped V C
using assms
by (cases (D, V) (C, V) rule: eq-factoring.cases) fastforce

lemma superposition-preserves-typing-C"
assumes
superposition: superposition (D, Va) (E, V1) (C, V3) and
D-is-welltyped: clause.is-welltyped Vo D and
E-is-welltyped: clause.is-welltyped V1 E
shows clause.is-welltyped V3 C
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using superposition
proof (cases (D, V3) (E, V1) (C, V3) rule: superposition.cases)
case (superposition] 01 g2 11 E'los D'P ¢y t1 t1' ta t2' p)

then have welltyped-p:
term.subst.is-welltyped-on (clause.vars (E - 01) U clause.vars (D - g2)) V3 u
by meson

have clause.is-welltyped V3 (E - 01)
using E-is-welltyped clause.is-welltyped.typed-renaming[OF superpositionl (3,
13)]
by blast

then have Fpu-is-welltyped: clause.is-welltyped Vs (E - 01 © )
using welltyped-u
by simp

have clause.is-welltyped V3 (D - 02)
using D-is-welltyped clause.is-welltyped.typed-renaming|OF superpositionl (4,

14)]
by blast

then have Du-is-welltyped: clause.is-welltyped Vs (D - g2 © )
using welltyped-p
by simp

have imgu: t1 -t 01 © p=1ta -t 02 O p
using superpositionl (12) term.is-imgu-unifies-pair
by auto

from literal-cases|OF superpositionI (8)] Ep-is-welltyped Du-is-welltyped imgu
show ?thesis
unfolding superpositionl
by cases auto
qed

lemma superposition-preserves-typing-D:
assumes
superposition: superposition (D, Va) (E, V1) (C, V3) and
C-is-welltyped: clause.is-welltyped Vs C
shows clause.is-welltyped Vo D
using superposition
proof (cases (D, V2) (E, V1) (C, V3) rule: superposition.cases)
case (superposition] 01 02 l1 E'lo D' P ¢y t1 t1 ta ta’ )

have p-is-welltyped:
term.subst.is-welltyped-on (clause.vars (E - 01) U clause.vars (D - 02)) V3 p
using superpositionl (12)
by blast
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show ?thesis
proof—

have clause.is-welltyped Vo D’
proof—
have clause.is-welltyped Vs (D' - 02)
using C-is-welltyped p-is-welltyped
unfolding superpositionl
by auto

moreover have Vzeclause.vars D'. Vo © = V3 (clause.rename g2 )
using superpositionl (14)
unfolding superpositionl
by simp

ultimately show ?thesis
using clause.is-welltyped.typed-renaming| OF superpositionl (4 )]
unfolding superpositionl
by blast
qed

moreover have [iteral.is-welltyped Vs Iy
proof—

have Vy-V3: Va € literal.vars ls. Vo x = V3 (clause.rename 92 )
using superpositionl (14)
unfolding superpositionl
by auto

have literal.is-welltyped V3 (l2 -1 02)
proof—
obtain 7 where 7: welltyped V3 (ts -t 02) T
using superpositionl (12)

by force
moreover obtain 7’ where 7" welltyped V3 (t2’ -t 02) 7'
proof—
have p-is-welltyped: term.subst.is-welltyped-on (term.vars ((¢1 -t. 01)(t2’
't 02))) Vs p

using p-is-welltyped superpositionl (8)
unfolding superpositionl
by auto

have term.is-welltyped Vs ((c1 te 01){t2’ -t 02) -t p)
using C-is-welltyped superpositionl (8)
unfolding superpositionl
by auto
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then show ?thesis
unfolding term.welltyped.explicit-subst-stability| OF p-is-welltyped)
using that term.welltyped.subterm
by meson
qged

moreover have 7 = 7/
proof—
have welltyped Vo to T welltyped Vo to’ 7'
using
77!
superpositionI (12, 14)
term.welltyped. explicit-typed-renaming| OF superpositionl (4)]
unfolding superpositionl
by (auto simp: Set.ball-Un)

then show ?thesis
using superpositionl (17)
by (simp add: term.typed-if-welltyped)
qed

ultimately show ?thesis
unfolding superpositionl
by auto
qed

then show ?thesis
using literal.is-welltyped.typed-renaming| OF superpositionI (4) Va-V3)
unfolding superpositionl
by simp
qed

ultimately show ¢thesis
unfolding superpositionl
by simp
qed
qed

lemma superposition-preserves-typing-E:
assumes
superposition: superposition (D, V2) (E, V1) (C, V3) and
C-is-welltyped: clause.is-welltyped V3 C
shows clause.is-welltyped V1 E
using superposition
proof (cases (D, V3) (E, V1) (C, V3) rule: superposition.cases)
case (superposition] 01 g2 11 E'lo D'P ¢y t1 t1/ ta t2' p)

have [simp]: NAao. P a-lo =P (a-ao0)
using superpositionl (8)
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by auto

have [simp]: AV a. literal.is-welltyped V (P a) <— atom.is-welltyped V a
using superpositionl (8)
by (auto simp: literal-is-welltyped-iff-atm-of)

have [simp]: Aa. literal.vars (P a) = atom.vars a
using superpositionl (8)
by auto

have p-is-welltyped:
term.subst.is-welltyped-on (clause.vars (E - p1) U clause.vars (D - 02)) V3 {1
using superpositionl (12)
by blast

show ?thesis
proof—
have clause.is-welltyped V1 E’
proof—
have clause.is-welltyped V3 (E' - 01)
using C-is-welltyped p-is-welltyped
unfolding superpositionl
by auto

moreover have Vz€clause.vars E'. V1 x = V3 (clause.rename 01 x)
using superpositionl(13)
unfolding superpositionl
by simp

ultimately show ?thesis
using clause.is-welltyped.typed-renaming| OF superpositionl (3)]
unfolding superpositionl
by blast
qed

moreover have literal.is-welltyped V1 14
proof—

have V1-V3: Vz € literal.vars l1. V1 © = V3 (clause.rename g1 )
using superpositionl (13)
unfolding superpositionl
by auto

have literal.is-welltyped Vs (P (Upair (c1 -t. 01){t1 -t 01) (t1” -t 01)))
proof—

have p-is-welltyped:

term.subst.is-welltyped-on
(clause.vars (add-mset (P (Upair (c1 -te 01)(t2’ -t 02) (t1' -t 01))) (B’ -
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o1 + D' 02)))
Vs p
using u-is-welltyped
unfolding superpositionl
by auto

have atom.is-welltyped Vs (Upair (t2’ -t 02) (t1 -t 01))

using
superpositionl (12)
superposition-preserves-typing-D[OF superposition C-is-welltyped)]

clause.is-welltyped.typed-renaming| OF superpositionl (4) superposi-
tionI(14)]
unfolding superpositionl
by auto

moreover have literal.is-welltyped V3 (P (Upair (c1 -t. 01){ta’ -t 02) (t1’
't 01)))
using C-is-welltyped
unfolding superpositionI clause.is-welltyped.subst-stability| OF p-is-welltyped]
by simp

ultimately show ?thesis
by auto
qed

then show ?thesis
using literal.is-welltyped.typed-renaming| OF superpositionI (3) V1-Vs)
unfolding superpositionl
by simp
qed

ultimately show ?thesis
unfolding superpositionl
by simp
qed
qed

lemma superposition-preserves-typing:
assumes superposition (D, Va) (E, V1) (C, V3)
shows clause.is-welltyped Vo D A clause.is-welltyped V1 E <— clause.is-welltyped
Vs C
using
superposition-preserves-typing-C
superposition-preserves-typing-D
superposition-preserves-typing-FE
assms
by blast

end
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end
theory Superposition-Completeness
imports
Grounded-Superposition
Ground-Superposition-Completeness
Superposition- Welltypedness-Preservation

First-Order-Clause. Nonground-Entailment
begin

3 Completeness

context grounded-superposition-calculus
begin

3.1 Liftings

lemma eg-resolution-lifting:

fixes
Dg Cg :: 'f ground-atom clause and
D C :: ('f, 'v) atom clause and
v i ('f, ') subst

defines
[simp]: Dg = clause.to-ground (D - «) and
[simp]: Ce = clause.to-ground (C - )

assumes
ground-eq-resolution: ground.eq-resolution Dg Cg and
D-grounding: clause.is-ground (D - 7) and
C-grounding: clause.is-ground (C - ) and
select: clause.from-ground (selectqc Dg) = (select D) - v and
D-is-welltyped: clause.is-welltyped V D and
~-is-welltyped: term.subst.is-welltyped-on (clause.vars D) V v and
V: infinite-variables-per-type V

obtains C’

where
eg-resolution (D, V) (C', V)
Infer [Dg| Cq € inference-ground-instances (Infer [(D, V)] (C’, V))
C'v=0C "~

using ground-eq-resolution

proof(cases Dg Cgq rule: ground.eg-resolution.cases)
case ground-eq-resolutionl: (eg-resolutionl lg D¢’ tg)

let ?selectq-empty = selectq Do = {#}
let ?selectg-not-empty = selectq Da # {#}

obtain [ where

I-y: 1 -l v = term.from-ground tg '~ term.from-ground tc and
l-in-D: | e# D and
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l-selected: ?selectg-not-empty = is-mazimal | (select D) and
l-y-selected: ?selectq-not-empty = is-maximal (I -1 7) (select D - v) and
l-is-maximal: ?selectg-empty = is-mazimal | D and
l-y-is-mazimal: ?selecte-empty = is-mazimal (I -1 ) (D - )
proof—
obtain maz-l where
is-maximal max-1 D and
is-max-in-D-y: is-mazimal (maz-l -1 ) (D - )
proof—
have D # {#}
using ground-eg-resolutionl (1)
by auto

then show ?thesis
using that D-grounding obtain-maximal-literal
by blast
qed

moreover then have maz-l €# D
unfolding is-maximal-def
by blast

moreover have maz-l -l v = term.from-ground tg =~ term.from-ground tg if
?selectg-empty
proof (rule unique-mazimal-in-ground-clause| OF D-grounding is-maz-in-D-y))
have ground-is-mazimal l¢ Dg
using ground-eg-resolutionl(3) that
unfolding is-maximal-def
by simp

then show is-mazimal (term.from-ground tg = term.from-ground tg) (D -
7)
using D-grounding
unfolding ground-eg-resolutionI(2)
by simp
qed

moreover obtain selected-! where
selected-1 -1 v = term.from-ground tg = term.from-ground tg and
is-mazximal selected-1 (select D)
is-mazimal (selected-1 -1 ) (select D - ~)
if Zselectg-not-empty
proof—
have is-mazimal (term.from-ground tg = term.from-ground tg) (select D -
7)
if Zselectq-not-empty
using ground-eg-resolutionl(3) that select
unfolding ground-eq-resolutionI(2)
by simp
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then show ?thesis
using
that
obtain-mazximal-literal| OF - select-ground-subst|OF D-groundingl]
unique-mazximal-in-ground-clause[ OF select-ground-subst[OF D-groundingl]
by (metis is-mazimal-not-empty clause.magma-subst-empty)
qed

moreover then have selected-l €# D if ?selects-not-empty
by (meson that mazimal-in-clause mset-subset-eqD select-subset)

ultimately show #thesis
using that
by blast
qged

obtain C’ where D: D = add-mset [ C'
using multi-member-split| OF l-in-D]
by blast

obtain ¢t t' where [: | = t !~ ¢’
using [y obtain-from-neg-literal-subst
by meson

obtain p o where v: v = p ©® o and imgu: welltyped-imgu-on (clause.vars D)
Vit p
proof—
have unified: t -t v =t' -t v
using [y
unfolding [
by simp

moreover obtain 7 where welltyped: welltyped V t T welltyped V t’ T
using D-is-welltyped
unfolding D |
by auto

show ?thesis
using obtain-welltyped-imgu-on| OF unified welltyped] that
by metis
qed

show ?thesis
proof (rule that)

show eg-resolution: eg-resolution (D, V) (C'- pu, V)

proof (rule eq-resolutionl, rule D, rule I, rule imgu)
show select D = {#} A is-mazimal (I -l p) (D - p) V is-mazimal (I -1 p)
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((select D) - )
proof (cases ?selectg-empty)
case True

moreover have is-mazimal (I -l p) (D - p)
proof—
have l -l pe# D - pu
using [l-in-D
by blast

then show ?thesis
using [~y-is-mazimal|OF True] is-mazimal-if-grounding-is-mazimal
D-grounding
unfolding ~
by simp
qged

ultimately show ?thesis
using select
by simp
next
case Fulse

have | -l yn €# select D - p
using [-selected[OF False] mazimal-in-clause
by blast

then have is-mazimal (I -1 p) (select D - p)
using
select-ground-subst| OF D-grounding)
l-y-selected[OF False]
is-maximal-if-grounding-is-maximal
unfolding ~
by auto

then show ?thesis
using select
by blast
qed
qed (rule refl)

show C'-uvy: C'-p-v=0C -~
proof—
have term.is-idem p
using imgu
unfolding term-subst.is-imgu-iff-is-idem-and-is-mgu
by blast

then have p-v: t © v =1~
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unfolding v term-subst.is-idem-def subst-compose-assoc[symmetric]
by argo

have D - v = add-mset (I -1 ) (C - )
proof—
have clause.to-ground (D - ) = clause.to-ground (add-mset (I -1 ) (C -
7))
using ground-eg-resolutionl (1)
unfolding ground-eg-resolutionl(2) l-y ground-eg-resolutionl (4)[symmetric]
by simp

moreover have clause.is-ground (add-mset (I -1 ) (C - 7))
using C-grounding clause.to-set-is-ground-subst|OF' l-in-D D-grounding]
by simp

ultimately show ?thesis
using clause.to-ground-eq[OF D-grounding|
by blast
qed

then have C' - v = C - v
unfolding D
by simp

then show ?thesis
unfolding clause.subst-comp-subst[symmetric] p-y.
qed

show Infer [Dg] Cq € inference-ground-instances (Infer [(D, V)] (C' - u, V))
proof (rule is-inference-ground-instance-one-premise)

show is-inference-ground-instance-one-premise (D, V) (C' - u, V) (Infer [D¢g]
Ca) v
proof (unfold split, intro conjI; (rule D-is-welltyped refl V) )
show inference.is-ground (Infer [D] (C'- p) -t )
using D-grounding C-grounding C'-p-y
by auto
next
show Infer [Dg] Cq = inference.to-ground (Infer [D] (C' - u) v 7)
using C'-p-y
by simp
next
have clause.vars (C' - ) C clause.vars D
using clause.variables-in-base-imgu imgu
unfolding D [
by auto

then show term.subst.is-welltyped-on (clause.vars (C'- p)) V v
using D-is-welltyped ~-is-welltyped
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by blast
next
show clause.is-welltyped V (C' - u)
using D-is-welltyped eq-resolution eq-resolution-preserves-typing
by blast
qed

show Infer [Dg| Cq € ground.G-Inf
unfolding ground.G-Inf-def
using ground-eg-resolution
by blast
qed
qed
qed

lemma eg-factoring-lifting:

fixes
Dg Cg :: 'f ground-atom clause and
D C :: ('f, 'v) atom clause and
v i ('f, ') subst

defines
[simp]: Dg = clause.to-ground (D - v) and
[simp]: Co = clause.to-ground (C - )

assumes
ground-eq-factoring: ground.eq-factoring Dg Cg and
D-grounding: clause.is-ground (D - 7) and
C-grounding: clause.is-ground (C - ) and
select: clause.from-ground (selectg Dg) = (select D) - v and
D-is-welltyped: clause.is-welltyped V D and
~-is-welltyped: term.subst.is-welltyped-on (clause.vars D) V v and
V: infinite-variables-per-type V

obtains C’

where
eq-factoring (D, V) (C', V)
Infer [Dg| Cq € inference-ground-instances (Infer [(D, V)] (C', V))
C'y=0C "~

using ground-egq-factoring

proof(cases Dg Cg rule: ground.eq-factoring.cases)
case ground-eq-factoringl: (eq-factoringl lg1 lg2 Da' tg1 tae tas)

have D # {#}
using ground-eg-factoringl (1)
by auto

then obtain /; where
l1-1s-maximal: is-mazximal 1; D and
Iy -y-is-maximal: is-mazimal (I -1 ) (D - 7)
using that obtain-maximal-literal D-grounding
by blast
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obtain ¢; ¢;’ where
lli ll =1 = tl'and
ly-y: I -l v = term.from-ground tg1 =~ term.from-ground tgo and
t1-y: t1 -t v = term.from-ground tg, and
t1/=y: t1’ -t v = term.from-ground tgs
proof—
have is-mazimal (literal.from-ground lg1) (D - )
using ground-eg-factoringl (5) D-grounding
by simp

then have [} [ v = term.from-ground tg1 =~ term.from-ground tgo
unfolding ground-eg-factoringl (2)
using unique-mazximal-in-ground-clause[OF D-grounding 1y -y-is-mazimal)
by simp

then show ?thesis
using that
unfolding ground-eg-factoringl (2)
by (metis obtain-from-pos-literal-subst)
qged

obtain [y D’ where
lo-y: Iy -l v = term.from-ground tgy = term.from-ground tgs and
D: D = add-mset l; (add-mset Iy D’)
proof—
obtain D’ where D: D = add-mset l; D"
using mazimal-in-clause[OF 1 -is-mazimal]
by (meson multi-member-split)

moreover have D - v = clause.from-ground (add-mset lg1 (add-mset lg2 Dg’))
using ground-eq-factoringl (1) Dg-def
by (metis D-grounding clause.to-ground-inverse)

ultimately have D' - v = add-mset (literal.from-ground lg2) (clause.from-ground
D¢)
using [;-v
by (simp add: ground-eq-factoringI(2))

then obtain [, where [> [ v = term.from-ground tg, = term.from-ground
tas lo E# D"

unfolding clause.subst-def ground-eq-factoringl

using msed-map-invR

by force

then show ?thesis
using that
unfolding D
by (metis mset-add)
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qed

then obtain t; ¢’ where
Iyt Iy = tg =~ t3’ and
to-y: to -t v = term.from-ground tg, and
to'=y: to! -t v = term.from-ground tgs
unfolding ground-eq-factoringl (3)
using obtain-from-pos-literal-subst
by metis

have D’-y: D' - v = clause.from-ground D¢’
using D D-grounding ground-eg-factoringl (1,2,3) l1-y la-y
by force

obtain p o where v: v = p ® o and imgu: welltyped-imgu-on (clause.vars D)
% If1 tg 12
proof—
have unified: t1 -t v = ty -t v
unfolding ¢1-y t2-v ..

then obtain 7 where welltyped V (t; -t v) 7 welltyped V (t2 -t v) T
using D-is-welltyped ~y-is-welltyped
unfolding D [y I
by auto

then have welltyped: welltyped V t1 T welltyped V to T
using y-is-welltyped
unfolding D [y I
by simp-all

then show ?thesis
using obtain-welltyped-imgu-on| OF unified welltyped] that
by metis
qed

let 7C"" = add-mset (t1 = t2') (add-mset (t1' = t37) D)
let 7C" = 2C"" -

show ?thesis
proof (rule that)

show eq-factoring: eq-factoring (D, V) (2C7, V)
proof (rule eq-factoringl; (rule D 1y Iy imgu refl) ?)
show select D = {#}
using ground-eg-factoringl (4 ) select
by simp
next
have Iy lpe# D - u
using [y -is-maximal clause.subst-in-to-set-subst maximal-in-clause
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by blast

then show is-mazimal (I3 -l p) (D - p)
using is-mazimal-if-grounding-is-mazximal D-grounding li-y-is-mazximal
unfolding ~
by auto

next

have groundings: term.is-ground (t1’ -t p -t o) term.is-ground (t; -t u -t o)
using t1'-y t1-y
unfolding ~
by simp-all

have t1/ -t v <; t1 -t v
using ground-eq-factoringl (6)
unfolding ¢’y t1-y term.order.lessg-def.

then show — &1 -t pu =Xy 1/t
unfolding ~
using term.order.ground-less-not-less-eq[ OF groundings]
by simp
qed

show C'-y: 2C" - v = C -~
proof—
have term.is-idem p
using imgu
unfolding term-subst.is-imgu-iff-is-idem-and-is-mgu
by blast

then have p-v: pt © v =7
unfolding v term-subst.is-idem-def subst-compose-assoc[symmetric]
by argo

have C - v = clause.from-ground (add-mset (tge '~ tgs) (add-mset (tg1 =~
tas) Da'))
using ground-eq-factoringl (7) clause.to-ground-eq|OF C-grounding clause.ground-is-ground)
unfolding Cg-def
by (metis clause.from-ground-inverse)

also have ... = 2C" - v
using t1-y t1'-y t2'-y D'y
by simp

also have ... = 2C"' - v

unfolding clause.subst-comp-subst[symmetric] p-y ..

finally show ?thesis ..
qed
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show Infer [Dg| Cq € inference-ground-instances (Infer [(D, V)] (?C’, V))
proof (rule is-inference-ground-instance-one-premise)

show is-inference-ground-instance-one-premise (D, V) (2C', V) (Infer [Dg]
Ca) v
proof (unfold split, intro conjI; (rule D-is-welltyped refl V) ?)
show inference.is-ground (Infer [D] 2C" -1 )
using C-grounding D-grounding C’-y
by auto
next
show Infer [Dg] Cq = inference.to-ground (Infer [D] 2C7 -1 )
using C'-y
by simp
next
have imgu: term.is-imgu p {{t1, t2}}
using imgu
by blast

have clause.vars ?C’ C clause.vars D
using clause.variables-in-base-imgu[OF imgu, of ?C"']
unfolding D I Iy
by auto

then show term.subst.is-welltyped-on (clause.vars C") V ~
using D-is-welltyped ~-is-welltyped
by blast
next
show clause.is-welltyped V 2C'
using D-is-welltyped eq-factoring eq-factoring-preserves-typing
by blast
qed

show Infer [Dg] Cq € ground.G-Inf
unfolding ground.G-Inf-def
using ground-eg-factoring
by blast
qged
qed
qed

lemma superposition-lifting:

fixes
Eg Dg Cg :: 'f ground-atom clause and
E D C :: ('f, 'v) atom clause and
v o1 02 = ('f, 'v) subst and
Vi Vs i ('v, 'ty) var-types

defines
[simp]: Eq = clause.to-ground (E - o1 ® 7) and
[simp]: Dg = clause.to-ground (D - g2 ® v) and
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[simp]: Ce = clause.to-ground (C - ) and
[simp]: Ng = clause.welltyped-ground-instances (E, V1) U
clause.welltyped-ground-instances (D, V3) and
[simp]: t¢ = Infer [Dg, Eg] Ca
assumes
ground-superposition: ground.superposition Dg Eg C¢ and
o1: term-subst.is-renaming p; and
02: term-subst.is-renaming oo and
rename-apart: clause.vars (E - 1) N clause.vars (D - p3) = {} and
E-grounding: clause.is-ground (E - 91 ® ) and
D-grounding: clause.is-ground (D - g2 ® 7) and
C-grounding: clause.is-ground (C - ) and
select-from-E: clause.from-ground (selectg Fg) = (select E) - 01 ® v and
select-from-D: clause.from-ground (selectg Dg) = (select D) - 0o © v and
FE-is-welltyped: clause.is-welltyped V1 E and
D-is-welltyped: clause.is-welltyped Vo D and
01-v-is-welltyped: term.subst.is-welltyped-on (clause.vars E) V1 (01 ® 7) and
02-v-is-welltyped: term.subst.is-welltyped-on (clause.vars D) Vo (02 ® 7) and
01 -is-welltyped: term.subst.is-welltyped-on (clause.vars E) V1 o1 and
02-is-welltyped: term.subst.is-welltyped-on (clause.vars D) Vo 02 and
V1: infinite-variables-per-type V1 and
Va: infinite-variables-per-type Vo and
not-redundant: v ¢ ground.Red-I Ng
obtains C’ V;
where
superposition (D, Vo) (E, V1) (C’, V3)
tg € inference-ground-instances (Infer [(D, Va), (E, V1)] (C', V3))
C'y=0C -~
using ground-superposition
proof(cases Dg Eq Cq rule: ground.superposition.cases)
case ground-superpositionl: (superpositionl lc1 E¢'lge Do’ Pa ca tei taz tas)

have E-v: F - 91 ® v = clause.from-ground (add-mset lg1 Eg’)
using ground-superpositionI (1)
unfolding Eg-def
by (metis E-grounding clause.to-ground-inverse)

have D-y: D - 9o ® v = clause.from-ground (add-mset lg2 Dg”)
using ground-superpositionI(2) Dg-def
by (metis D-grounding clause.to-ground-inverse)

let ?selectq-empty = selectq (clause.to-ground (E - g1 © 7)) = {#}
let ?selectg-not-empty = selecte (clause.to-ground (E - 01 @ 7)) # {#}
obtain [; where
ly-y: Iy -l o1 ® v = literal.from-ground lg1 and
ly-1s-strictly-mazimal: Pg = Pos = is-strictly-mazimal l; F and
ly-is-mazimal: Pg = Neg = ?selectg-empty — is-mazximal Iy F and
l1-selected: Pg = Neg = ?selectg-not-empty = is-maximal l; (select E) and
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li-in-E: Iy e# FE
proof—

have E-not-empty: E # {#}
using ground-superpositionl (1)
by auto

have is-strictly-mazimal (literal.from-ground lg1) (E - 01 ® 7) if Pg = Pos
using ground-superpositionl (9) that E-grounding
by simp

then obtain positive-l; where
is-strictly-mazimal positive-l; E
positive-l1 -l o1 ® v = literal.from-ground lg,
if Pg = Pos
using obtain-strictly-mazimal-literal|OF E-grounding)
by metis

moreover then have positive-l; €# E if Pg = Pos
using that strictly-maximal-in-clause
by blast

moreover then have is-mazimal (literal.from-ground lg1) (E - 01 © 7) if
?selectg-empty

using that ground-superpositionI(9) is-mazimal-not-empty E-grounding

by auto

then obtain negative-mazimal-l; where
is-mazximal negative-maximal-ly F
negative-maximal-ly -1 o1 © v = literal.from-ground I,

if P = Neg ?selectg-empty
using
obtain-mazimal-literal] OF E-not-empty E-grounding[folded clause.subst-comp-subst]|
unique-mazximal-in-ground-clause]| OF E-grounding[folded clause.subst-comp-subst
by metis

moreover then have negative-mazimal-ly €# E if Pg = Neg ?selects-empty
using that mazimal-in-clause
by blast

moreover have ground-is-maximal lgy (selectq Eq) if Pg = Neg ?selectg-not-empty
using ground-superpositionl (9) that
by simp

then obtain negative-selected-l; where
is-mazximal negative-selected-1; (select E)
negative-selected-ly -1 o1 ® v = literal.from-ground lgy
if Pg = Neg %selectg-not-empty
using

93



select-from-FE
unique-mazximal-in-ground-clause
obtain-mazximal-literal
unfolding Fq-def
by (metis (no-types, lifting) clause.ground-is-ground clause.from-ground-empty’
clause.magma-subst-empty)

moreover then have negative-selected-l; €# E if Pg = Neg ?selectg-not-empty
using that
by (meson mazimal-in-clause mset-subset-eqD select-subset)

ultimately show ¢thesis
using that ground-superpositionI(9)
by (metis literals-distinct(1))
qed

obtain E’ where E: E = add-mset l; E’
by (meson ly-in-E multi-member-split)

then have E'-y: E' - o1 ® v = clause.from-ground Eg’
using [,y E-y
by auto

let ?P = if Pg = Pos then Pos else Neg

have [simp]: Pg # Pos +— Pg = Neg Pg # Neg +— Pg = Pos
using ground-superpositionl (4)
by auto

have [simp]: Na o. ?P a-lo = ?P (a -a 0)
by auto

have [simp]: AV a. literal.is-welltyped V (2P a) <— atom.is-welltyped V a
by (auto simp: literal-is-welltyped-iff-atm-of)

have [simp]: Aa. literal.vars (?P a) = atom.vars a
by auto

have [;-y:
li 1l o1 © v = 2P (Upair (context.from-ground cg)(term.from-ground ta1)
(term.from-ground tg2))
unfolding ground-superpositionl I -y
by simp

obtain c¢; t; t;’ where
Ii: Iy = 2P (Upair ¢1{t1) t;) and
t1’=y: t1’ -t 01 ® v = term.from-ground tgo and
t1-y: t1 -t o1 © v = term.from-ground tg1 and
c1-y: €1 -te 01 © v = context.from-ground cg and
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t1-1s-Fun: is-Fun t;
proof—

obtain c¢;-t; t;’ where
li: Iy = 2P (Upair c1-t1 t1) and
t1/-y: t1' -t 01 ©® v = term.from-ground tgo and
c1-t1-y: ¢1-t1 -t o1 ©® v = (context.from-ground cg){term.from-ground tg1)
using [ -y
by (smt (verit) obtain-from-literal-subst)

let Zinference-into-Fun =
3 C1 tl.
Cl—tl = Cl<t1> AN
t1 -t 01 ® v = term.from-ground tgy A
c1 te 01 © v = context.from-ground cg A
is-Fun t1

have — ?inference-into-Fun = ground.redundant-infer Ng 1g
proof—
assume — ?inference-into-Fun

with Cl-tl-’y
obtain t; ¢; cg’ where

Cl—tli Cl—tl = Cl<t1> and

t1-1s-Var: is-Var t; and

cg: cq = context.to-ground (c1 ‘te 01 @ ) oc ¢’
proof (induction cq-t1 arbitrary: cg thesis)

case (Var z)

show Zcase
proof(rule Var.prems)
show Var z = O(Var z)
by simp

show is-Var (Var x)
by simp

show cg = context.to-ground (O -t. 01 ® 7) o, cg
by (simp add: context.to-ground-def)
qed
next
case (Fun [ ts)

have cg # O
using Fun.prems(2,3)
unfolding context.from-ground-def

by (metis actxt.simps(8) intp-actat.simps(1) is-Funl)

then obtain tsg; cg’ tsg2 where
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cq: cg = More [ tsg1 cg’ tsga
using Fun.prems
by (cases cg) (auto simp: context.from-ground-def)

have
map (At. t -t g ®@ ) ts =
map term.from-ground tsg1 @ (context.from-ground cg’)(term.from-ground
te) #
map term.from-ground tsgs
using Fun(3)
unfolding cg context.from-ground-def
by simp

moreover then obtain ts; t tsy where
ts: ts = tsg Q t # tso and
ts1-y: map (Aterm. term -t g1 @ ) tsy = map term.from-ground tsg1 and
tso-y: map (Aterm. term -t 01 © ) tse = map term.from-ground tsgo
by (smt append-eq-map-conv map-eq-Cons-D)

ultimately have t-y: t -t 91 ® v = (context.from-ground cg'){term.from-ground

tg1)
by simp

obtain t; ¢; cg’ where
t = c¢1(t1) and
is-Var t; and
ce' = context.to-ground (c1 ‘t. 01 ® ) o cg”’
proof—
have t € set ts
by (simp add: ts)

moreover have
ﬂCl tl. t = Cl<t1> A
t1 -t o1 ® v = term.from-ground tg1 A
c1 ‘te 01 ® v = context.from-ground cg’ A
is-Fun tq
proof(rule notl, elim exE conjFE)
fix C1 tl
assume
t = Cl<t1>
t1 -t 01 ©® v = term.from-ground tgq
c1 -te 01 ® v = context.from-ground cg’
is-Fun t1

moreover then have
Fun f ts = (More f ts1 ¢1 ts2){t1)
(More f tsy c1 ts3) -t. 01 © v = context.from-ground cg
unfolding contezt.from-ground-def cg ts
using ts;-y tsa-y
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by auto

ultimately show Fulse
using Fun.prems(3)
by blast
qed

ultimately show #thesis
using Fun(1) t-y that
by blast
ged

moreover then have
Fun fts = (More f tsy ¢1 ts2)(t1)
cg = context.to-ground (More f ts; ¢1 tsa -te 01 @ ) oc ca”’
using ts;-y tsy-y
unfolding context.to-ground-def cq ts
by auto

ultimately show ?case
using Fun.prems(1)
by blast
qed

obtain z where t1-01: t1 -t 01 = Varzx
using t;-is- Var term.id-subst-rename[OF o]
unfolding is- Var-def
by auto

have vg-parts:
set (side-prems-of 1¢) = {Dg}
main-prem-of 1¢ = FEq
concl-of 1 = Cg
by simp-all

show ?thesis
proof (rule ground.redundant-infer-singleton, unfold vq-parts, intro bexl congl)

let %t = (context.from-ground cg’){term.from-ground tas)

define v/ where
v =(z = %tg)

let E¢’ = clause.to-ground (E - 01 ® ')

have t;-y: t; -t 01 ® v = (context.from-ground cg’){term.from-ground tc1)
proof —

have context.is-ground (c1 “t. 01 © 7)
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using ci-t1-y

unfolding c;-t; context.safe-unfolds

by (metis context.ground-is-ground context.term-with-context-is-ground
term.ground-is-ground)

then show ?thesis
using ci-t1-y
unfolding c;-t1 c1-t1-y ca
by auto
qged

have t1-v": t1 -t o1 © 7' = (context.from-ground cg')(term.from-ground tgs)
unfolding ~'-def
using t1-01
by simp

show ?Eg’ € Ng
proof—

have ?Eq’ € clause.welltyped-ground-instances (E, V1)
proof (unfold clause.welltyped-ground-instances-def mem-Collect-eq fst-conv
snd-conv,
intro exl conjl E-is-welltyped V1,
rule refl)

show clause.is-ground (E - 01 ® v)
unfolding ~'-def
using FE-grounding
by simp

show term.subst.is-welltyped-on (clause.vars E) V1 (01 ® v)
proof (intro term.welltyped.typed-subst-compose o1 -is-welltyped)

have welltyped V1 ?t¢ (V1 )
proof—

have welltyped V1 (context.from-ground cg’)(term.from-ground tg1)
(V1 2)
proof—

have welltyped V1 (t1 -t 01) (V1 z)
using t1-01
by auto

then have welltyped V1 (t1 -t 01 © v) (V1 2)
using o1 -is-welltyped o1-y-is-welltyped
unfolding E ci-t1 l; subst-compose-def
by simp
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moreover have context.is-ground (c1 -t. 01 © 7)
using ci-t1-y
unfolding c¢;-t; context.safe-unfolds
by (metis context.ground-is-ground context.term-with-context-is-ground
term.ground-is-ground)

then have ¢, -t 91 ® v = (context.from-ground cg’){term.from-ground
te1)
using ci-t1-y
unfolding c;-t1 ¢1-t1-v cq
by auto

ultimately show ¢thesis
by argo
qed

moreover obtain 7 where
welltyped V1 (term.from-ground tg1)
welltyped V1 (term.from-ground tgs)
proof—
have clause.is-welltyped Vs (clause.from-ground Dg)
using D-is-welltyped
unfolding
Dg—def
clause.to-ground-inverse[OF D-grounding)
clause.is-welltyped. subst-stability|OF oo-y-is-welltyped].

T
T

then obtain 7 where
welltyped Vo (term.from-ground ta1)
welltyped Vo (term.from-ground tas)
unfolding ground-superpositionl
by auto

T
T

then show ?thesis
using that term.welltyped.explicit-replace-V-iff [of - Vo V1]
by simp
qged

ultimately show ¢thesis
by auto
qed
moreover have term.subst.is-welltyped-on (|J (term.vars < o1 °
clause.vars E)) V1 v
by (intro term.welltyped.renaming-subst-compose p1-y-is-welltyped
01 -is-welltyped 01)

ultimately show
term.subst.is-welltyped-on (|J (term.vars ‘ o1 ¢ clause.vars E)) V1 '
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unfolding ~'-def
by simp
qed
qed

then show ?thesis
by simp
qed

show ground.G-entails {?E¢’, Dg} {Cq}
proof(unfold ground.G-entails-def, intro alll impI)
fix I :: 'f gterm rel
let 21 = upair ‘I

assume
refl-I: refl I and
trans-1: trans I and
sym-1I: sym I and
compatible-with-gctzt-1: compatible-with-gctxt I and
premise: ?I |=s {?Eq’, Dg}

then interpret clause-entailment I
by unfold-locales

have ~y-z-is-ground: term.is-ground (v x)
using t1-y t1-01
by auto

show ?I |=s {C¢}
proof(cases ?I |= Dg”)
case True

then show ?thesis
unfolding ground-superpositionl
by auto
next
case Fulse

then have tg1-tg3: Upair tg1 tags € 21
using premise sym
unfolding ground-superpositionl
by auto

have ¢1 “:l CG/<tG1>G ~ CG/<tg3>G
using upair-compatible-with-gctatl [OF tg1-tgs)
by auto

then have ?I |=l term.to-ground (t1 -t 01 © ) & term.to-ground (t1 -t
01 © 7))
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unfolding ¢y t1-y'
by simp

then have (term.to-ground (v z), ca'(tas)a) € 1
unfolding ~'-def
using t1-01
by (auto simp: sym)

moreover have ?] |= ?Eq’
using premise
by simp

ultimately have I |= Eq
unfolding ~'-def
using
clause.symmetric-congruence|of - vy, OF - y-x-is-ground)
E-grounding
by simp

then have ?I |= add-mset (Pg (Upair cq{tas)e ta2)) Ea'
unfolding ground-superpositionl
using symmetric-literal-context-congruence[OF tg1-tas)
by (cases Pg = Pos) simp-all

then show ?thesis
unfolding ground-superpositionl
by blast
qed
qed

show ?EG/ <ea Ea
proof—

have yz =1t -t o1 ©
using t1-01
by simp

then have tg-smaller: ?tg <y v z
using ground-superpositionl(8)
unfolding t,-v term.order.lessg-def
by simp

have add-mset (I; -l 01 © 7') (E'- 01 ©® v') <. add-mset (I; -l 01 © 7)

(E"- 01 ©7)
proof (rule less.-add-mset)

have z € literal.vars (I -1 01)

unfolding [y ci-t1 literal.vars-def atom.vars-def
using t1-01
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by auto

moreover have literal.is-ground (I1 -l 01 ©® 7)
using F-grounding
unfolding F
by simp

ultimately show [y -l o © ' < 11 'l o1 ©® 7~
unfolding ~'-def
using literal.order.subst-update-stability tc-smaller
by simp
next

have clause.is-ground (E' - 01 ® 7)
using E'-y
by simp

then show E’ - o1 © v/ 2. E'- 01 ©® «
unfolding ~'-def
using clause.order.subst-update-stability to-smaller
by (cases z € clause.vars (E' - p1)) simp-all
qed

then have F - 01 © v <. E - 01 ® 7
unfolding F
by simp

moreover have clause.is-ground (E - 01 ® 7')
unfolding ~’-def
using F-grounding
by simp

ultimately show ?thesis
using F-grounding
unfolding clause.order.lessg-def
by simp
qged
qed
qed

then show ?thesis
using not-redundant ground-superposition that Iy t1'-y c1-t1-y
unfolding ground.Red-I-def ground.G-Inf-def
by auto
qed

obtain [, where

lo-y: s -l g2 ® v = literal.from-ground lg2 and
ly-is-strictly-maximal: is-strictly-mazimal lo D
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proof—
have is-strictly-mazimal (literal.from-ground lg2) (D - 02 ® 7)
using ground-superpositionl(11) D-grounding
by simp

then show ?thesis
using obtain-strictly-mazimal-literal] OF D-grounding| that
by metis
qed

then have Ily-in-D: o €# D
using strictly-mazimal-in-clause
by blast

from [y have ly-v: I3 -l 0o ® v = term.from-ground tg1 = term.from-ground
tGs
unfolding ground-superpositionl
by simp

then obtain t; t»’ where
Iyt lg = ty =~ ty' and
to-y: to -t o2 © v = term.from-ground tg1 and
to'=y: ta’ -t 0o ® v = term.from-ground tgs
using obtain-from-pos-literal-subst
by metis

obtain D’ where D: D = add-mset ly D’
by (meson ly-in-D multi-member-split)

then have D'-y: D’ oo ® v = clause.from-ground Dg’
using D-vy ly-y
unfolding ground-superpositionl
by auto

obtain V3 where
V1-V3: Va€clause.vars E. V1 x = V3 (clause.rename 91 z) and
Vo-V3: Vz€clause.vars D. Vo x = V3 (clause.rename g2 ) and
V3: infinite-variables-per-type Vs
using clause.obtain-merged-V[OF 01 902 rename-apart Vo clause.finite-vars].

have v-is-welltyped:
term.subst.is-welltyped-on (clause.vars (E - p1) U clause.vars (D - 02)) V3
proof(unfold Set.ball-Un, intro conjl)

show term.subst.is-welltyped-on (clause.vars (E - p1)) Vs 7y
using clause.is-welltyped.renaming-grounding| OF o1 01-v-is-welltyped E-grounding
Vi-V3).

next
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show term.subst.is-welltyped-on (clause.vars (D - 02)) V3 7y
using clause.is-welltyped.renaming-grounding| OF 0o 02-v-is-welltyped D-grounding
Va-V3].
qed

obtain p o where
¥y =pu ® o and
imgu: welltyped-imgu-on (clause.vars (E - p1) U clause.vars (D - p2)) V3 (1 -t

01) (t2 -t 02) p
proof—

have unified: t1 -t o1 -t v =t3 -t 02 -ty
using t1-y to-y
by simp

obtain 7 where welltyped: welltyped V3 (t1 -t 01) T welltyped V3 (to -t 02) T
proof—
have clause.is-welltyped Vo (D - 02 © =)
using gs-v-is-welltyped D-is-welltyped
by (metis clause.is-welltyped.subst-stability)

then obtain 7 where
welltyped Vo (term.from-ground tgy1) T
unfolding D-vy ground-superpositionl
by auto

then have welltyped Vs (term.from-ground tg1) T
using term.welltyped.is-ground-typed
by (meson term.ground-is-ground term.welltyped.explicit-is-ground-typed)

then have welltyped V3 (t1 -t 01 © ) 7 welltyped V3 (t2 -t 02 ©® ¥) T
using t;-y ta-y
by presburger+

moreover have
term.vars (t1 -t 01) C clause.vars (E - 01)
term.vars (ta -t 02) C clause.vars (D - g2)
unfolding F [ clause.add-subst D Iy
by auto

ultimately have welltyped V3 (t1 -t 01) T welltyped Vs (t2 -t 02) T
using v-is-welltyped
by (simp-all add: subsetD)

then show ?thesis
using that
by blast
qed
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show ?thesis
using obtain-welltyped-imgu-on|OF unified welltyped] that
by metis
qed

define C’/ where
C'": C' = add-mset (?P (Upair (c1 tc 01)(t2’ -t 02) (11"t 01))) (E'- 01 + D’

show ?thesis
proof(rule that)

show superposition: superposition (D, Va) (E, V1) (C’, V3)
proof (rule superpositionl
((rule 01 02 E D Iy ly ti-is-Fun imgu rename-apart o1-is-welltyped
o2-is-welltyped V1 Vo C'
Vi-V3 Va-V3)+)?9)

show ?P € {Pos, Neg}
by simp
next

show = E - 01 Opu = D020 p
proof (rule clause.order.ground-less-not-less-eq)

show clause.vars (D - o2 ® p - o) = {}
using D-grounding
unfolding ~
by simp

show clause.vars (E - 01 ©® p - o) = {}
using F-grounding
unfolding ~
by simp

show D - 0o O p-0 <. F-000u-o
using ground-superpositionl (3) D-grounding E-grounding
unfolding Eg-def Dg-def clause.order.lessg-def ~
by simp
qed
next
assume ?P = Pos

then show select E = {#}
using ground-superpositionI(9) select-from-E

by fastforce

next
assume Pos: ?P = Pos
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show is-strictly-mazimal (11 -1 01 © p) (E - 01 © p)
proof (rule is-strictly-mazimal-if-grounding-is-strictly-mazimal)

show Iy -l ot Ope# E-01 O p
using [y -in-FE
by blast

show clause.is-ground (E - 01 © p - o)
using E-grounding[unfolded ~]
by simp

show is-strictly-mazimal (I -l 01 © p-lo) (E- 01 © - 0)
using Pos l;-y E-y ground-superpositionl(9)
unfolding ~ ground-superpositionl
by fastforce
qed
next
assume Neg: ?P = Neg select E = {#}

show is-mazimal (I -l 01 © p) (E - 01 © p)
proof (rule is-maximal-if-grounding-is-mazimal)

show [y 1oy O ue# E -0 Op
using l;-in-F
by blast
next

show clause.is-ground (E - 01 ® p - 0)
using FE-grounding
by auto
next

show is-mazimal (I 1l oy O u-lo)(E- 01 Ou- o)
using l1-y v E-y ground-superpositionl (5,9) is-mazimal-not-empty Neg
select-from-FE
by auto
qed
next
assume Neg: 7P = Neg select E # {#}

show is-mazimal (11 -1 01 © p) ((select E) - o1 © p)
proof (rule is-maximal-if-grounding-is-mazimal)

show l; -l 0y ® p €# select E - p1 O p
using ground-superpositionl (9) ly-selected mazimal-in-clause Neg se-
lect-from-E
by force
next
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show clause.is-ground (select E - 01 ©® p + 0)
using select-ground-subst|OF E-grounding)
unfolding v
by simp
next
show is-mazimal (I1 -l 01 © p -l o) (select E - 01 ©® p - 0)
using v ground-superpositionI (5,9) l1-y that select-from-E Neg
by fastforce
qed
next

show select D = {#}
using ground-superpositionI (10) select-from-D
by simp
next

show is-strictly-mazimal (I3 -l g2 © ) (D - 02 © )
proof (rule is-strictly-mazimal-if-grounding-is-strictly-mazimal)

show Iy -l oo O p €# D - 02 O p
using ly-in-D
by blast
next

show clause.is-ground (D - g2 © u - 0)
using D-grounding
unfolding ~
by simp
next

show is-strictly-mazimal (ly -1 02 ©® p -1 o) (D02 ® p - o)
using lo-y v D-vy ground-superpositionl (6,11)
by auto
qed
next

show - ¢i(t1) ‘t 01 O pu =2 ti' -t o1 O p
proof (rule term.order.ground-less-not-less-eq)

show term.is-ground (t1’ -t 01 ©® p -t o)
using ¢’y v
by simp
next

show term.is-ground (c1(t1) -t 01 © p -t o)
using t1-y c1-y
by simp
next
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show t1” -t 01 O pto < ci{t1) tor Ou-to
using ground-superpositionI (7) c1-y t1'-y t1-y
unfolding term.order.lessg-def ~y
by auto
qed
next

show — ty -t 02 © pp =4 t2' -t 02 O
proof (rule term.order.ground-less-not-less-eq)

show term.is-ground (t3' -t g3 ® p -t o)
using to'-y
by simp
next

show term.is-ground (ty -t g2 ® p -t o)
using to-y ¥
by simp
next

show to' t 9o O -t o <4 ta t 0o O p-to
using ground-superpositionI (8) to-y to'-y
unfolding ~ term.order.lessg-def
by simp
qed
next

have 7. welltyped Vo ta T A welltyped Vo ta’ T
using D-is-welltyped
unfolding D Iy
by auto

then show A7 7'. [typed Vo to 7; typed Vo to' 7] = 7 =7’
using term.typed-if-welltyped
by blast
qged

show C'-y: C'-~v=C -~
proof—

have term-subst.is-idem p
using imgu term.is-imgu-iff-is-idem-and-is-mgu
by blast

then have py-v: pt © v =7~

unfolding ~ term-subst.is-idem-def
by (metis subst-compose-assoc)
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have C' - v =
add-mset
(2P (Upair (context.from-ground cg){term.from-ground tgs)
(term.from-ground tg2)))
(clause.from-ground Eg' + clause.from-ground D¢g')
using ground-superpositionlI (4, 12) clause.to-ground-inverse[OF C-grounding)
by auto

then show ?thesis

unfolding
C/
E’'-v[symmetric]
D'-~[symmetric]
t1’-y[symmetric]
to'-y[symmetric]
c1-y[symmetric]
clause.subst-comp-subst[symmetric]
p-y

by simp

qed

show 1g € inference-ground-instances (Infer [(D, V), (E, V1)] (C’, V3))
proof (rule is-inference-ground-instance-two-premises)

show is-inference-ground-instance-two-premises (D, V) (E, V1) (C', V3) ta
Y 01 02
proof (unfold split, intro conjl;
(rule 01 02 rename-apart D-is-welltyped E-is-welltyped refl V1
Va V3)?)

show inference.is-ground (Infer [D - g2, E - 01] C' -1 )
using D-grounding E-grounding C-grounding C'-y
by auto
next

show 1 = inference.to-ground (Infer [D - g2, E - 01] C’ -t 7)
using C'-y
by simp
next

show term.subst.is-welltyped-on (clause.vars C') Vs v
proof (rule term.is-welltyped-on-subset| OF ~y-is-welltyped))

show clause.vars C' C clause.vars (E - 01) U clause.vars (D - p3)
proof (unfold subset-eq, intro balll)

fix z

have is-imgu: term.is-imgu p {{t1 -t 01, t2 -t 02}}

using imgu
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by blast
assume z € clause.vars C'

then consider
(t2) z € term.vars (to2' -t o2 © u) |
(c1) = € context.vars (c1 t. 01 © ) |
(t1') z € term.vars (t1' -t 01 ® p) |
(E') z € clause.vars (E'- 01 ® p) |
(D) z € clause.vars (D’ - p2 ® p)
unfolding C’
by auto

then show z € clause.vars (E - p1) U clause.vars (D - g2)
proof cases
case to’

then show ?thesis
using term.variables-in-base-imgu| OF is-imgu]
unfolding EI; D [,
by auto
next
case ¢

then show ?Zthesis
using context.variables-in-base-imgu| OF is-imgu)
unfolding E I; D [,
by force
next
case t;’

then show ?Zthesis
using term.variables-in-base-imgu| OF is-imgu]
unfolding F clause.add-subst 1 D Il
by auto
next
case E'

then show ?thesis
using clause.variables-in-base-imgu[ OF is-imgu]
unfolding E I; D [,
by auto
next
case D’

then show ?thesis
using clause.variables-in-base-imgu[ OF is-imgu]
unfolding E I; D [,
by auto
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qed
qed
qed
next

show clause.is-welltyped V3 C’
using superposition superposition-preserves-typing E-is-welltyped D-is-welltyped
by blast
qed

show g € ground.G-Inf
unfolding ground.G-Inf-def
using ground-superposition
by simp
qed
qged
qed

3.2 Ground instances

context
fixes t.¢ N
assumes
subst-stability: subst-stability-on N and
ta-Inf-from: 1 € ground.Inf-from-q selects (| (clause.welltyped-ground-instances
‘)
begin

lemma single-premise-ground-instance:
assumes
ground-inference: v € {Infer [D] C | D C. ground-inference D C'} and
lifting: AD v C V thesis. |
ground-inference (clause.to-ground (D - v)) (clause.to-ground (C' - v));
clause.is-ground (D - 7);
clause.is-ground (C - 7);
clause.from-ground (selecta (clause.to-ground (D - v))) = select D - ~;
clause.is-welltyped V D; term.subst.is-welltyped-on (clause.vars D) V ~;
infinite-variables-per-type V;
AC". [
inference (D, V) (C’, V);
Infer [clause.to-ground (D - 7)] (clause.to-ground (C - 7))
€ inference-ground-instances (Infer [(D, V)] (C’, V));
C'-~v=C"~v] = thesis]
—> thesis and
inference-eq: inference = eq-factoring V inference = eg-resolution
obtains ¢ where
v € Inf-from N
Lg € inference-ground-instances t
proof—
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obtain Dgs Cg where
ta: tg = Infer [Dg] Ce and
ground-inference: ground-inference Do Cg
using ground-inference
by blast

have Dg-in-groundings: Dg € | (clause.welltyped-ground-instances “ N)
using tq-Inf-from
unfolding tq ground.Inf-from-q-def ground.Inf-from-def
by simp

obtain D v V where
D-grounding: clause.is-ground (D - ~) and
D-is-welltyped: clause.is-welltyped V D and
~-is-welltyped: term.subst.is-welltyped-on (clause.vars D) V ~ and
V: infinite-variables-per-type V and
D-in-N: (D, V)eN and
selectqg D = clause.to-ground (select D - )
D - v = clause.from-ground D¢
using subst-stability[rule-format, OF Dg-in-groundings)
by blast

then have
D¢: De = clause.to-ground (D - ) and
select: clause.from-ground (selectg Dg) = select D - v
by (simp-all add: select-ground-subst)

obtain C where
Cq: Cg = clause.to-ground (C - ) and
C-grounding: clause.is-ground (C - )
by (metis clause.all-subst-ident-iff-ground clause.from-ground-inverse
clause. ground-is-ground)

obtain C’ where
inference: inference (D, V) (C', V) and
inference-ground-instances: v € inference-ground-instances (Infer [(D, V)] (C,
V)) and
c-¢c.C"-yv=0C -«
using
lifting[OF
ground-inference[unfolded Dg C¢]
D-grounding
C-grounding
select[unfolded D¢
D-is-welltyped
~v-is-welltyped
Vi
unfolding Dg Cg tg.
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let 9 = Infer [(D, V)] (C', V)

show ?thesis
proof (rule that[OF - inference-ground-instances])

show % € Inf-from N
using D-in-N inference inference-eq
unfolding Inf-from-def inferences-def inference-system.Inf-from-def
by auto
qged
qged

lemma eg-resolution-ground-instance:
assumes ground-eq-resolution: g € ground.eq-resolution-inferences
obtains ¢ where
v € Inf-from N
Lq € inference-ground-instances t
using eg-resolution-lifting single-premise-ground-instance[ OF ground-eg-resolution]
by blast

lemma eg-factoring-ground-instance:
assumes ground-eq-factoring: vq € ground.eq-factoring-inferences
obtains ¢« where
v € Inf-from N
Lg € inference-ground-instances t
using eq-factoring-lifting single-premise-ground-instance| OF ground-eq-factoring]
by blast

lemma superposition-ground-instance:
assumes
ground-superposition: g € ground.superposition-inferences and
not-redundant: vq ¢ ground.GRed-1 (| (clause.welltyped-ground-instances ‘ N))
obtains ¢« where
v € Inf-from N
Lg € inference-ground-instances t
proof—
obtain Fg Dg Cg where
tg : t¢ = Infer [Dg, E¢] Cg and
ground-superposition: ground.superposition Dg Eg Cg
using assms(1)
by blast

have
Eg-in-groundings: Eq € |J (clause.welltyped-ground-instances ¢ N) and
Dg-in-groundings: Dg € |J (clause.welltyped-ground-instances © N)
using tg-Inf-from
unfolding o ground.Inf-from-q-def ground.Inf-from-def
by simp-all
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obtain F V; v; where
E-grounding: clause.is-ground (E - 1) and
E-is-welltyped: clause.is-welltyped V1 E and
~1-is-welltyped: term.subst.is-welltyped-on (clause.vars E) V1 v, and
V1: infinite-variables-per-type V1 and
E-in-N: (E, V1)eN and
selecte Eq = clause.to-ground (select E - 1)
E - v1 = clause.from-ground Eq
using subst-stability[rule-format, OF Eg-in-groundings)
by blast

then have
Eqg: Eg = clause.to-ground (E - 1) and
select-from-E: clause.from-ground (selectq Eg) = select E - v,
by (simp-all add: select-ground-subst)

obtain D Vs v5 where
D-grounding: clause.is-ground (D - 2) and
D-is-welltyped: clause.is-welltyped Vo D and
~Ya-is-welltyped: term.subst.is-welltyped-on (clause.vars D) Vo v and
Vso: infinite-variables-per-type Vo and
D-in-N: (D, V3)eN and
selectq D = clause.to-ground (select D - 72)
D - v9 = clause.from-ground D¢
using subst-stability[rule-format, OF Dg-in-groundings)
by blast

then have
D¢: De = clause.to-ground (D - ~2) and
select-from-D: clause.from-ground (selectq Dg) = select D - o
by (simp-all add: select-ground-subst)

obtain g1 g2 v :: (f, 'v) subst where
o1: term-subst.is-renaming o1 and
02: term-subst.is-renaming oo and
rename-apart: clause.vars (E - 01) N clause.vars (D - g2) = {} and
01-is-welltyped: term.subst.is-welltyped-on (clause.vars E) V1 p1 and
02-is-welltyped: term.subst.is-welltyped-on (clause.vars D) Vo 0o and
v1-v: VX C clause.vars E.Vze X. v1 2 = (01 ©® 7) = and
Yo-v: VX C clause.vars D.Vz€ X. v9 z = (02 ©® ) @
using
clause.is-welltyped.obtain-merged-grounding| OF ~1-is-welltyped ~y2-is-welltyped
E-grounding
D-grounding V4 clause.finite-vars].

have E-grounding: clause.is-ground (E - 91 © 7)

using clause.subst-eq v1-v E-grounding
by fastforce

114



have Eqg: Eq = clause.to-ground (E - 01 ©® 7)
using clause.subst-eq y1-y FEq
by fastforce

have D-grounding: clause.is-ground (D - g2 ® =)
using clause.subst-eq yo2-y D-grounding
by fastforce

have Dg: Dg = clause.to-ground (D - 02 ® )
using clause.subst-eq vo-y Dg
by fastforce

have g1 -y-is-welltyped: term.subst.is-welltyped-on (clause.vars E) V1 (01 ©@ 7)
using 1 -is-welltyped v1-y
by fastforce

have g -v-is-welltyped: term.subst.is-welltyped-on (clause.vars D) Va (02 © 7)
using ys-is-welltyped ~vo-y
by fastforce

have select-from-FE:
clause.from-ground (selectg (clause.to-ground (E - 01 ® 7))) = select E - 91 ®

Y
proof—
have F -y =E - 01 © v
using v1-y clause.subst-eq
by fast
moreover have select F - v, = select E - o1 -
using clause.subst-eq v1-v select-vars-subset
by (metis clause.comp-subst.left. monoid-action-compatibility)
ultimately show ¢thesis
using select-from-FE
unfolding Fq
by simp
qged

have select-from-D:
clause. from-ground (selectq (clause.to-ground (D - g2 ® 7)) = select D - g2 ®
Y
proof —
have D - v =D - po ©® 7
using v2-y clause.subst-eq
by fast

moreover have select D - v = select D - g5 - v

using clause.subst-eq y2-y select-vars-subset
by (metis clause.comp-subst.left. monoid-action-compatibility)
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ultimately show ¢thesis
using select-from-D
unfolding D¢
by simp
qed

obtain C where
C-grounding: clause.is-ground (C - v) and
Cg: Cg = clause.to-ground (C - 7)
by (metis clause.all-subst-ident-if-ground clause.from-ground-inverse clause.ground-is-ground)

have clause.welltyped-ground-instances (E, V1) U clause.welltyped-ground-instances
(D7 V?) c
U (clause.welltyped-ground-instances ‘ N)
using FE-in-N D-in-N
by blast

then have (g-not-redundant:
tq ¢ ground.GRed-I
(clause.welltyped-ground-instances (E, V1) U clause.welltyped-ground-instances
(D7 V2))
using not-redundant ground.Red-I-of-subset
by blast

obtain C’ V3 where
superposition: superposition (D, V) (E, V1) (C’, V3) and
inference-groundings: v € inference-ground-instances (Infer [(D, Va), (E, V1)]
(C’, V3)) and
C'y-Cv: C"-v=C -~
using
superposition-lifting OF
ground-superposition[unfolded Dg Eq Cg]
01 02
rename-apart
E-grounding D-grounding C-grounding
select-from-F select-from-D
E-is-welltyped D-is-welltyped
01-v-is-welltyped go-v-is-welltyped
o1-ts-welltyped o02-is-welltyped
V1 Vo
tg-not-redundant[unfolded ¢ Dg Eq Cg]

]

unfolding . Cq E¢ D¢ .
let 2o = Infer [(D, Vs), (E, V1)] (C’, V3)
show ?thesis

proof (rule that[OF - inference-groundings])
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show 2. € Inf-from N
using F-in-N D-in-N superposition
unfolding Inf-from-def inferences-def inference-system.Inf-from-def
by auto
qed
qed

lemma ground-instances:
assumes not-redundant: v¢ ¢ ground.Red-I (|J (clause.welltyped-ground-instances
“N))
obtains ¢« where
v € Inf-from N
Lg € inference-ground-instances t
proof—
consider
(superposition) g € ground.superposition-inferences |
(eg-resolution) g € ground.eg-resolution-inferences |
(eg-factoring) va € ground.eg-factoring-inferences
using tg-Inf-from
unfolding
ground.Inf-from-q-def
ground. G-Inf-def
inference-system. Inf-from-def
by fastforce

then show ?thesis
proof cases
case superposition

then show ?thesis
using that superposition-ground-instance not-redundant
by blast
next
case eg-resolution

then show ?thesis
using that eg-resolution-ground-instance
by blast
next
case eg-factoring

then show ?thesis
using that eq-factoring-ground-instance
by blast
qed
qed

end
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end

context superposition-calculus
begin

lemma overapproximation:
obtains select; where
ground-Inf-overapproximated selectg premises
is-grounding selectg
proof—
obtain select; where
subst-stability: select-subst-stability-on select selectg premises and
is-grounding selecta
using obtain-subst-stable-on-select-grounding
by blast

then interpret grounded-superposition-calculus
where selectg = selectg
by unfold-locales

show thesis
proof(rule that[OF - selectg])

show ground-Inf-overapprozimated selectg premises
using ground-instances|OF subst-stability]
by auto
qed
qed

sublocale statically-complete-calculus 1 inferences entails-G Red-1-G Red-F-G
proof (unfold static-empty-ord-inter-equiv-static-inter,
rule stat-ref-comp-to-non-ground-fam-inter,
rule balll)
fix selecta
assume selectg € selectgs
then interpret grounded-superposition-calculus
where selectg = selecta
by unfold-locales (simp add: selectqs-def)

show statically-complete-calculus

ground.G-Bot
ground.G-Inf

ground. G-entails
ground.Red-1

ground. Red-F

by unfold-locales
next
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show AN. Jselecte € selectgs. ground-Inf-overapproximated selectg N
using overapproximation
unfolding selectqs-def
by (smt (verit, best) mem-Collect-eq)
qed

end

end
theory Superposition-Soundness
imports
First-Order-Clause. Nonground- Entailment

Grounded-Superposition
Superposition- Welltypedness- Preservation
begin

3.3 Soundness

context grounded-superposition-calculus
begin

notation lifting.entails-G (infix |[=r 50)

lemma eg-resolution-sound:
assumes eg-resolution: eq-resolution D C
shows {D} |=r {C}
using eq-resolution

proof (cases D C rule: eg-resolution.cases)
case (eg-resolution] DI D"t t'V u C)

{

fix I :: 'f ground-term rel and ~ :: ('f, 'v) subst
let 1 = upair ‘1

assume

refl-I: refl I and

entails-ground-instances: ¥V Dg € clause.welltyped-ground-instances (D, V). 21
= D¢ and

C-is-ground: clause.is-ground (C - ) and

C-is-welltyped: clause.is-welltyped V C and

~v-is-welltyped: term.subst.is-welltyped-on (clause.vars C) V v and

V: infinite-variables-per-type V

obtain 7’ where
~'-is-ground-subst: term-subst.is-ground-subst v’ and
~'-is-welltyped: term.subst.is-welltyped V v’ and
v'v:Vz € clausevars C. vz ="z
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using clause.is-welltyped.ground-subst-extension| OF C-is-ground ~y-is-welltyped)].

let ?D¢g = clause.to-ground (D - p - 77)
let ?lg = literal.to-ground (I -l p -1 ~')
let D¢’ = clause.to-ground (D' - p - ~")
let ?tg = term.to-ground (t -t p -t ")
let ?tq’ = term.to-ground (t' -t p -t /)

have u-is-welltyped: term.subst.is-welltyped-on (clause.vars D) V p
using eg-resolutionl
by meson

have ?D¢ € clause.welltyped-ground-instances (D, V)
proof (unfold clause.welltyped-ground-instances-def mem-Collect-eq fst-conv snd-conv,
intro exl conjl V)
show clause.to-ground (D - u - v') = clause.to-ground (D - u ® v/
by simp
next
show clause.is-ground (D - p ® v
using ~y'-is-ground-subst clause.is-ground-subst-is-ground
by auto
next
show clause.is-welltyped V D
using C-is-welltyped
unfolding
eq-resolution-preserves-typing| OF eg-resolution[unfolded eg-resolutionl (1,
2]l

next
show term.subst.is-welltyped-on (clause.vars D) V (u ® v')
using ~v'-is-welltyped p-is-welltyped
by (simp add: subst-compose-def)
qed

then have ¢ |= ?Dg
using entails-ground-instances
by auto

then obtain lg where lg-in-D: lg €# ?Dg and I-models-lg: ?I =l g
by (auto simp: true-cls-def)

have g # ?lg
proof (rule notl)
assume lg = ?lg
then have [simp]: ¢ = 7tg !~ ?ig’
unfolding eg-resolutionl

by simp

moreover have atm-of g € ?I
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proof—
have ?tqg = ?%tq’
using eg-resolutionl (5) term-subst.is-imgu-unifies-pair
by metis

then show ?thesis
using reflD[OF refl-1, of %]
by auto
qed

ultimately show Fulse
using [-models-lg
by auto
qed

then have lg €# clause.to-ground (C - v')
using lq-in-D
unfolding eg-resolutionl
by simp

then have ?I |= clause.to-ground (C - v)
using clause.subst-eq[OF ~'-y[rule-format]] I-models-lg
by auto

}

then show ?thesis

unfolding
true-clss-def
eq-resolutionl(1,2)
clause.welltyped-ground-instances-def
ground. G-entails-def

by auto

qed

lemma eq-factoring-sound:
assumes eq-factoring: eq-factoring D C
shows {D} |=r {C}
using eq-factoring
proof (cases D C rule: eg-factoring.cases)
case (eg-factoringl D 1y lo D' t1 1" t2 t2' p V C)

{

fix I :: 'f ground-term rel and ~ :: ('f, 'v) subst
let 2 = upair ‘I
assume

trans-1: trans I and
sym-I: sym I and
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entails-ground-instances: ¥ Dg € clause.welltyped-ground-instances (D, V). 21
= D¢ and

C-is-ground: clause.is-ground (C - 7) and

C-is-welltyped: clause.is-welltyped V C and

~-is-welltyped: term.subst.is-welltyped-on (clause.vars C) V v and

V: infinite-variables-per-type V

obtain v’ where
~'-is-ground-subst: term-subst.is-ground-subst v' and
~'-is-welltyped: term.subst.is-welltyped V v’ and
v'v:Vx € clause.vars C. v x =~z
using clause.is-welltyped.ground-subst-extension| OF C-is-ground ~y-is-welltyped)].

let ?Dg = clause.to-ground (D - p - 77)
let D¢’ = clause.to-ground (D' - p - ~")
let ?lgy = literal.to-ground (Iy -l p -1 ')
let ?lgo = literal.to-ground (ly -l p -1 v')
let ?tg1 = term.to-ground (t1 -t p -t ')
let i1’ = term.to-ground (t1' -t p -t ')
let ?tgo = term.to-ground (ta -t p -t ')
let ?tgo’ = term.to-ground (to’ -t p -t ')
let ?Cq = clause.to-ground (C - v')

have p-is-welltyped: term.subst.is-welltyped-on (clause.vars D) V p
using eg-factoringl(9)
by blast

have ?D¢ € clause.welltyped-ground-instances (D, V)
proof (unfold clause.welltyped-ground-instances-def mem-Collect-eq fst-conv snd-conv,
intro exl conjl V)
show clause.to-ground (D - p - v') = clause.to-ground (D - p © 7')
by simp
next
show clause.is-ground (D - p ® v
using ~y'-is-ground-subst clause.is-ground-subst-is-ground
by auto
next
show clause.is-welltyped V D
using C-is-welltyped
unfolding eq-factoring-preserves-typing|OF eq-factoring|unfolded eg-factoringl (1,
2)]]-
next
show term.subst.is-welltyped-on (clause.vars D) V (u © v')
using p-is-welltyped ~'-is-welltyped
by (simp add: subst-compose-def)
qed

then have ?I |= ?Dg
using entails-ground-instances
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by blast

then obtain lg where lg-in-Dg: lg €# ?Dg and I-models-lg: ?I |l g
by (auto simp: true-cls-def)

have [simp]: Ptga = %t
using eq-factoringl (9) term-subst.is-imgu-unifies-pair
by metis

have [simp]: ?lg1 = %tg1 = Ptg1’
unfolding eq-factoringl
by simp

have [simp]: ?lgs = %tge ~ Ptga’
unfolding eg-factoringl
by simp

have [simp]: ?Cq = add-mset (?tg1 =~ ?tg2’) (add-mset (?tg1’ !~ ?tge’) ?Dg’)
unfolding eq-factoringl
by simp

have ?I |= clause.to-ground (C - )
proof(cases lg = ?lg1 V lg = ?lg2)
case True

then have 1 ”:l ?tGl ~ ?tGll 74 “:l ?tG’l ~ .?tgg/
using I-models-lg sym-1
by (auto elim: symE)

then have ?I [=l %tgy = %tga’ V 21 |El %tgy’ 1= Ptgs’
using sym-I trans-1
by (auto dest: transD)

then show ?thesis
using clause.subst-eq[OF ~'-y[rule-format]] sym-I
by auto
next
case Fulse

then have g €# ?Dg’
using lg-in-Dg
unfolding eq-factoringl
by simp

then have lg €# clause.to-ground (C - 7)
using clause.subst-eq[OF ~'-y[rule-format]]
by simp

then show ?thesis
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using I-models-lg
by blast
qed

}

then show ?thesis

unfolding
eq-factoringl (1, 2)
ground. G-entails-def
true-clss-def
clause.welltyped-ground-instances-def

by auto

qed

lemma superposition-sound:
assumes superposition: superposition D E C
shows {E, D} |=r {C}
using superposition
proof (cases D E C rule: superposition.cases)
case (superposition] V1 Vo 01 02 ED 1y E'lo D' P ¢y t1 t1' t2 t2' V3 u C)

{

fix I :: 'f gterm rel and v :: 'v = ('f, 'v) Term.term
let I = (M(z, y). Upair z y) ‘1

assume

refl-I: refl I and

trans-1: trans I and

sym-I: sym I and

compatible-with-ground-context-1: compatible-with-gctat I and

E-entails-ground-instances: ¥V Eg € clause.welltyped-ground-instances (E, V1).
?] |= F¢ and

D-entails-ground-instances: ¥ Dg € clause.welltyped-ground-instances (D, Vs).
?I |= D¢ and

C-is-ground: clause.is-ground (C - v) and

C-is-welltyped: clause.is-welltyped V3 C and

~-is-welltyped: term.subst.is-welltyped-on (clause.vars C) V3 v

obtain v’ where
~'-is-ground-subst: term-subst.is-ground-subst v' and
~'-is-welltyped: term.subst.is-welltyped V3 ~v' and
v'v:Vx € clause.vars C. v x =~z
using clause.is-welltyped.ground-subst-extension| OF C-is-ground ~y-is-welltyped).

let ?E¢ = clause.to-ground (E - 01 - p - ')
let ?Dg = clause.to-ground (D - g3 - v - ")

let ?lgy = literal.to-ground (I; -l o1 -l p -1 v")
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let ?lgo = literal.to-ground (ly -l oo -l u -1 v")

let ?E¢’ = clause.to-ground (E'- 01 - - ')
let ?D¢g’ = clause.to-ground (D' - 02 - - )

let ?cq1 = context.to-ground (¢1 -te 01 “te it -te Y')
let %t = term.to-ground (t1 -t o1 -t p -t ")

let ?tg1’ = term.to-ground (t1' -t o1 -t u -t 77)

let ?tgo = term.to-ground (ta -t o3 -t p -t ')

let ?tgo’ = term.to-ground (t2' -t 02 -t -t 77)

let ?Pg = if P = Pos then Pos else Neg
let ?C¢ = clause.to-ground (C - v')

have P-subst [simp]: Aao. P a-lo =P (a-ao0)
using superpositionl (11)
by auto

have [simp]: AV a. literal.is-welltyped V (P a) <— atom.is-welltyped V a
using superpositionl (11)
by (auto simp: literal-is-welltyped-iff-atm-of)

have [simp]: Aa. literal.vars (P a) = atom.vars a
using superpositionl (11)
by auto

have p-vy'-is-ground-subst:
term-subst.is-ground-subst (u © ')
using term.is-ground-subst-comp-right|OF ~'-is-ground-subst).

have p-is-welltyped:
term.subst.is-welltyped-on (clause.vars (E - p1) U clause.vars (D - 02)) V3 i
using superpositionl (15)
by blast

have D-is-welltyped: clause.is-welltyped Vo D
using superposition-preserves-typing-D[OF
superposition[unfolded superpositionI (1—3)]
C-is-welltyped).

have E-is-welltyped: clause.is-welltyped V1 E
using superposition-preserves-typing-E[OF
superposition[unfolded superpositionI (1—3)]
C-is-welltyped).

have is-welltyped-p-v:

term.subst.is-welltyped-on (clause.vars (E - 1) U clause.vars (D - g2)) V3 (u
© )
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using ~'-is-welltyped p-is-welltyped
by (simp add: term.welltyped.typed-subst-compose)

note is-welltyped-o-u-y = term.welltyped.renaming-ground-subst| OF - - - u-y'-is-ground-subst)]

have ?Eq € clause.welltyped-ground-instances (E, V1)
proof (
unfold clause.welltyped-ground-instances-def mem-Collect-eq fst-conv snd-conv,
intro exl conjl E-is-welltyped superpositionl)

show clause.to-ground (E - 01 - p - v') = clause.to-ground (E - 01 ® p ® v')
by simp
next

show clause.is-ground (E - 01 © p ® v)
using ~'-is-ground-subst clause.is-ground-subst-is-ground
by auto
next

show term.subst.is-welltyped-on (clause.vars E) V1 (01 © 1 © 7')
using
is-welltyped-p-y
is-welltyped-o-u-y[OF
superpositionl (6) - superpositionI (18, 16)[unfolded clause.vars-subst]]
by (simp add: subst-compose-assoc clause.vars-subst)
qged

then have entails-Eqg: ?I |= ?Eq
using FE-entails-ground-instances
by blast

have ?D¢g € clause.welltyped-ground-instances (D, Vs)
proof (
unfold clause.welltyped-ground-instances-def mem-Collect-eq fst-conv snd-conv,
intro exl conjl D-is-welltyped superpositionl)

show clause.to-ground (D - o3 - u - v') = clause.to-ground (D - 02 © pp © )
by simp
next
show clause.is-ground (D - 02 ©® u ® v7)
using ~y'-is-ground-subst clause.is-ground-subst-is-ground
by auto
next

show term.subst.is-welltyped-on (clause.vars D) Vo (g2 © p @ v')
using
is-welltyped-p-y
is-welltyped-o-p-y[OF
superpositionl (7) - superpositionl (19, 17)[unfolded clause.vars-subst]]
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by (simp add: subst-compose-assoc clause.vars-subst)
qed

then have entails-Dg: ?I |= ?Dg
using D-entails-ground-instances
by blast

have ?I |= clause.to-ground (C - v)
proof(cases ?I |=l literal.to-ground (P (Upair (c1 -te 01)(t2’ -t 02) (t1' -t 01))
1)
case True
then show ?thesis
unfolding superpositionl
by simp
next
case Fulse

have imgu: term.is-imgu p {{t1 -t o1, t2 -t 02}}
using superpositionl (15)
by blast

interpret clause-entailment I
by unfold-locales (rule trans-I sym-I compatible-with-ground-context-I)+

note unfolds =
superpositionl
context.safe-unfolds
clause-safe-unfolds
literal-entails-unfolds
term.is-imgu-unifies-pair| OF imgu)

from literal-cases|OF superpositionI (11)]
have — 21 ":l g1 VvV - 21 ”:l 2o
proof cases

case Pos: 1

show ?thesis
using False symmetric-upair-context-congruence
unfolding Pos unfolds
by blast
next
case Neg: 2

show ?thesis
using False symmetric-upair-context-congruence
unfolding Neg unfolds
by blast
qed
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then have ?I |= ?E¢’V ¢ |= ?D¢g’
using entails-Dg entails-Fq
unfolding superpositionl
by auto

then show ?thesis
unfolding superpositionl
by simp
qed

then have ?I |= clause.to-ground (C - 7)
by (metis 7'~y clause.subst-eq)
}

then show %thesis
unfolding
ground.G-entails-def clause.welltyped-ground-instances-def true-clss-def super-
positionI (1—3)
by auto
qed

end

sublocale grounded-superposition-calculus C sound-inference-system inferences 1 g

(Fr)

proof unfold-locales
fix ¢

assume ¢ € inferences

then show set (prems-of 1) |=r {concl-of ¢}
using
eq-factoring-sound
eq-resolution-sound
superposition-sound
unfolding inferences-def ground.G-entails-def
by auto
qged

sublocale superposition-calculus C sound-inference-system inferences L g entails-G
proof unfold-locales

obtain selectg where selectqg: selectq € selecta s
using @Q-nonempty by blast

then interpret grounded-superposition-calculus

where selectg = selectg
by unfold-locales (simp add: selectqs-def)
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fix ¢
assume . € inferences

then show entails-G (set (prems-of )) {concl-of ¢}
unfolding entails-def
using sound
by blast
qed

end

4 Integration of IsaFoR Terms and the Knuth-
Bendix Order

This theory implements the abstract interface for atoms and substitutions
using the IsaFoR library.

theory IsaFoR-Term-Copy
imports
First-Order-Terms. Unification
HOL- Cardinals. Wellorder- Extension
Knuth-Bendiz-Order. KBO
begin

This part extends and integrates and the Knuth—-Bendix order defined in
IsaFoR.

record 'f weights =
w: 'f X nat = nat
w0 :: nat
pr-strict :: 'f X nat = 'f X nat = bool
least :: 'f = bool
scf :: 'f X mnat = nat = nat

class weighted =

fixes weights :: 'a weights

assumes weights-adm:

admissible-kbo
(w weights) (w0 weights) (pr-strict weights) ((pr-strict weights)==) (least

weights) (scf weights)

and pr-strict-total: fi = gj V pr-strict weights fi gj V pr-strict weights gj fi

and pr-strict-asymp: asymp (pr-strict weights)

and scf-ok: i < n => scf weights (f, n) i < 1

instantiation unit :: weighted begin
definition weights-unit :: unit weights where weights-unit =

(w = Suc o snd, w0 = 1, pr-strict = X(-, n) (-, m). n > m, least = A-. True,

sef = A- - 1)
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instance
by (intro-classes, unfold-locales) (auto simp: weights-unit-def SN-iff-wf irreflp-def
introl: wf-subset| OF wf-inv-image[OF wf], of - snd)])
end

global-interpretation KBO:
admisstble-kbo
w (weights :: 'f :: weighted weights) w0 (weights :: 'f :: weighted weights)
pr-strict weights ((pr-strict weights)==) least weights scf weights
defines weight = KBO.weight
and kbo = KBO.kbo
by (simp add: weights-adm)

lemma kbo-code[code]: kbo s t =
(let wt = weight t; ws = weight s in
if vars-term-ms (KBO.SCF t) C# vars-term-ms (KBO.SCF s) A wt < ws
then
(if wt < ws then (True, True)
else
(case s of
Var y = (Fulse, case t of Var x = True | Fun g ts = ts = [| A least weights
9)
| Fun f ss =
(case t of
Var x = (True, True)
| Fun g ts =
if pr-strict weights (f, length ss) (g, length ts) then (True, True)
else if (f, length ss) = (g, length ts) then lez-ext-unbounded kbo ss ts
else (False, False))))
else (False, False))
by (subst KBO.kbo.simps) (auto simp: Let-def split: term.splits)

definition less-kbo s t = fst (kbo t s)

lemma less-kbo-gtotal: ground s = ground t = s = t V less-kbo s t \V less-kbo
ts

unfolding less-kbo-def using KBO.S-ground-total by (metis pr-strict-total sub-
set-UNIV)

lemma less-kbo-subst:
fixes o :: ('f :: weighted, 'v) subst
shows less-kbo s t = less-kbo (s - o) (t - o)
unfolding less-kbo-def by (rule KBO.S-subst)

lemma wfP-less-kbo: wfP less-kbo
proof —
have SN {(z, y). fst (kbo z y)}
using pr-strict-asymp by (fastforce simp: asympl irreflp-def intro!: KBO.S-SN
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scf-ok)
then show ?thesis
unfolding SN-iff-wf wfp-def by (rule wf-subset) (auto simp: less-kbo-def)
qed

end
theory Superposition-Example
imports
Superposition
IsaFoR-Term-Copy
VeriComp. Well-founded
begin

sublocale nonground-term-with-context C
nonground-term-order less-kbo :: ('f :: weighted,’v) term = ('f,’v) term = bool
proof unfold-locales
show transp less-kbo
using KBO.S-trans
unfolding transp-def less-kbo-def
by blast
next
show asymp less-kbo
using wfp-imp-asymp wfP-less-kbo
by blast
next
show wfp-on (range term.from-ground) less-kbo
using wfp-on-subset| OF wfP-less-kbo subset-UNIV] .
next
show totalp-on (range term.from-ground) less-kbo
using less-kbo-gtotal
unfolding totalp-on-def Term.ground-vars-term-empty term.is-ground-iff-range-from-ground
by blast
next
fix
¢ ('f, 'v) context and
t1 to = ('f, 'v) term

assume less-kbo t1 to

then show less-kbo c(t1) c(t2)
using KBO.S-ctxt less-kbo-def
by blast
next
fix
t1 to :: ('f, 'v) term and
v i ('f, 'v) subst

assume less-kbo t1 to
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then show less-kbo (t1 -t v) (to -t )

using less-kbo-subst by blast
next

fix
t: ('f, 'v) term and
¢ ('f, ') context

assume
term.is-ground t

context.is-ground c
c# 0O

then show less-kbo t ¢(t)
by (simp add: KBO.S-supt less-kbo-def nectzt-imp-supt-ctzt)
qed

abbreviation trivial-tiebreakers ::
'f gatom clause = ('f,’v) atom clause = ('f,’'v) atom clause = bool where
trivial-tiebreakers - - - = False

lemma trivial-tiebreakers: wellfounded-strict-order (trivial-tiebreakers Cg)
by unfold-locales auto

locale trivial-superposition-example =
ground-critical-pair-theorem TYPE('f :: weighted)
begin

sublocale nonground-term-with-context.

abbreviation trivial-select :: 'a clause = ’a clause where
trivial-select - = {#}

abbreviation unit-types where
unit-types - = ([, ())

sublocale selection-function trivial-select
by unfold-locales auto

sublocale
superposition-calculus
trivial-select :: ('f , 'v it infinite) select
less-kbo
unit-types
trivial-tiebreakers
by unfold-locales (auto simp: UNIV-unit)

end
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context nonground-equality-order
begin

abbreviation select-mazr where
select-max C =
if le#C. is-maximal | C' A is-neg |
then {#SOME . is-mazimal | C' A is-neg [#}
else {#}

sublocale select-maz: selection-function select-max
proof unfold-locales
fix C

{

assume 3 le#C. is-mazimal | C' N is-neg [

then have 3. is-mazimal | C' A is-neg [
by blast

then have (SOMFE I. is-mazimal | C N is-neg l) €# C

by (rule somel2-ex) (simp add: mazimal-in-clause)

then show select-max C C# C
by auto
next

fix C'1

{

assume 3 le#C. is-mazimal | C N is-neg [

then have 31!. is-mazimal | C A is-neg |
by blast

then have is-neg (SOME I. is-mazimal | C A is-neg 1)
by (rule somel2-ex) simp
}
then show [ €# select-mazr C = is-neg [

by (smt (verit, ccfo-threshold) ex-in-conv set-mset-add-mset-insert set-mset-eq-empty-iff

singletonD)
qed

end

datatype type = A | B
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lemma UNIV-type [simp]: (UNIV :: type set) = {A, B}
using type.exhaust by blast

lemma UNIV-type-ordLeq-UNIV-nat: |UNIV :: type set| <o |UNIV :: nat set|
by (simp add: ordLeq3-finite-infinite)

definition pr-strict :: ('f :: wellorder X nat) = - = bool where
pr-strict = lex-prodp ((<) == 'f = 'f = bool) ((<) :: nat = nat = bool)

lemma wfp-pr-strict: wfp pr-strict
by (simp add: lez-prodp-wfP pr-strict-def)

lemma transp-pr-strict: transp pr-strict
proof (rule transpl)
show Az y z. pr-strict x y = pr-strict y z = pr-strict © z
unfolding pr-strict-def lex-prodp-def
by force
qed

definition least where
least z +— (Vy. z < y)

definition weight :: 'f X nat = nat where
weight p = 1

abbreviation weights where weights =
(w = weight, w0 = 1, pr-strict = pr-strict =171, least = least, scf = \- -. 1))

interpretation weighted weights
proof (unfold-locales, unfold weights.select-convs weight-def least-def pr-strict-def
lex-prodp-def)

show SN {(fn :: ('b :: wellorder) x nat, gm).
Az y. fsta < fstyV fstx = fsty A sndz < sndy) =1 fn gm}
proof (fold lex-prodp-def pr-strict-def, rule wf-imp-SN)
show wf ({(fn, gm). pr-strict 1= fn gm}~1)
using wfp-pr-strict
by (simp add: wfp-pr-strict converse-def wfp-def)
qed
qed (auto simp: order.order-iff-strict)

instantiation nat :: weighted begin
definition weights-nat :: nat weights where weights-nat = weights
instance

using weights-adm pr-strict-total pr-strict-asymp
by (intro-classes, unfold weights-nat-def) auto
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end
instantiation nat :: infinite begin

instance
by intro-classes simp

end

fun repeat :: nat = 'a = 'a list where
repeat 0 - = ||
| repeat (Suc n) © = x # repeat n x

abbreviation types :: nat = type list x type where
types n =
let type = if even n then A else B
in (repeat (n div 2) type, type)

lemma types-inhabited: 3 f. types f = ([], 7)
proof (cases 7)
case A
show ?thesis
unfolding A
by (rule exI[of - 0]) auto
next
case B
show ?thesis
unfolding B
by (rule exI[of - 1]) auto
qed

locale superposition-example =
ground-critical-pair-theorem TYPE(nat)
begin

sublocale wellfounded-strict-order trivial-tiebreakers Cg
using trivial-tiebreakers.

sublocale nonground-term-with-context .

sublocale nonground-equality-order less-kbo
by unfold-locales

sublocale
superposition-calculus
select-maz :: (nat, nat) select
less-kbo

types
trivial-tiebreakers
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proof unfold-locales
fix 7
show 3f. types f = ([], 7)
using types-inhabited .
next
show |UNIV :: type set| <o |UNIV :: nat set|
using UNIV-type-ordLeq-UNIV-nat .
qed

end

end
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