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Abstract

A suffix array [2] is a data structure that is extensively used in text
retrieval and data compression applications, including query sugges-
tion mechanisms in web search, and in bioinformatics tools for DNA
sequencing and matching. This wide applicability means that algo-
rithms for constructing suffix arrays are of great practical importance.
The Suffix Array by Induced Sorting (SA-IS) algorithm [3] is a concep-
tually complex yet highly efficient suffix array construction technique,
based on an earlier algorithm [1].

As part of this formalization, we have developed the SA-IS algo-
rithm in Isabelle/HOL and formally verified that it is equivalent to
a mathematical functional specification of suffix arrays. This required
verifying a wide range of underlying properties of lists and suffixes, that
could be reused in other contexts. We also used Isabelle’s code extrac-
tion facilities to extract an executable Haskell implementation of SAIS.
In particular, this entry includes the following: an axiomatic charac-
terisation of suffix array construction; a formally verified encoding of a
straightforward but inefficient suffix array construction algorithm (val-
idating the specification); and a formally verified encoding of the linear
time SA-IS algorithm.
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theory Nat-Util

imports Main
begin

1 HOL

lemma duplicate-assms:
([P Pl = Q)= (P = Q)
by simp

2 Natural Number Arithmetic

lemma div-2-eq-Suc:
[x div 2 = y div 2; © # y] = (y = Suc z) V (z = Suc y)
by linarith

lemma Suc-m-sub-n-div-2:
Suc ((m — n) div 2) > (m — Suc n) div 2
by (simp add: div-le-mono le-Suc-eq)

lemma Suc-div-2-less-Suc:
Suc z div 2 < Suc z
by simp

lemma nat-z-less-y-le-Suc-x:
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[z <y y < Sucz] = y= Sucz
by simp

lemma nat-sub-eq-add:
[(lanat) —b=c—d;b<al=a+d=c+b
by simp

end

theory Fun-Util
imports Main

begin

3 Monotonic Functions

lemma strict-mono-leD: strict-monor = m < n=—=rm<rn
by (erule (1) monoD [OF strict-mono-mono))

definition map-to-nat :: (‘a :: linorder list) = (‘a = nat)
where
map-to-nat xs = (Azx. card {yly. y € set xs N\ y < z})

lemma map-to-nat-strict-mono-on:
strict-mono-on (set xs) (map-to-nat xs)
unfolding strict-mono-on-def map-to-nat-def
proof safe
fixzy:'a
assume r < y T € set s y € set xs
have finite {a |a. a € set zs A a < y}
by auto
moreover
have {a |a. a € set xzs N a < z} C {a|a. a € set zs A a < y}
proof (intro psubsetl subsetl notl)
fix k
assume k € {a |a. a € set xs A a < z}
hence k < z k € set xs
by simp-all
hence k < y k € set zs
using x < y» by auto
then show k € {a |a. a € set xs A\ a < y}
by simp
next
assume {a |a. a € set xs A a < z} = {a |a. a € set zs A\ a < y}
moreover
have z € {a |a. a € set xs N\ a < y}
using <z < y» @ € set xs» by auto
moreover
have z ¢ {a |a. a € set xs N\ a < z}
by auto
ultimately show Fulse

10



by simp
qed
ultimately show card {a |a. a € set zs A a < z} < card {a |a. a € set zs A\ a
< y}
using psubset-card-monolof {a |a. a € set zs A a < y} {a |a. a € set zs N a <
z}]
by blast
qed

lemma strict-mono-on-map-set-ex:
3(f :: (Ya :: linorder = nat)). strict-mono-on (set xs) f
using map-to-nat-strict-mono-on by blast

locale Linorder-to-Nat-List =
fixes map-to-nat :: 'a :: linorder list = 'a = nat
and s :: ’a :: linorder list
assumes map-to-nat-strict-mono-on: strict-mono-on (set xs) (map-to-nat xs)

context Linorder-to-Nat-List begin

lemma strict-mono-on-Suc-map-to-nat:
strict-mono-on (set zs) (Az. Suc (map-to-nat zs x))
by (metis (mono-tags, lifting) Suc-mono ord.strict-mono-on-def map-to-nat-strict-mono-on)

end

lemma Linorder-to-Nat-List-ex:
Ja. Linorder-to-Nat-List o xs
by (meson Linorder-to-Nat-List.intro strict-mono-on-map-set-ex)

end

theory Set-Util
imports Main

begin

4 Sets

lemma pigeonhole-principle-advanced:
assumes finite A
and  finite B
and AnNB={}
and card A > card B
and  bi-betw f (AU B) (AU B)
shows JacA. fac A
proof (rule ccontr)
assume —(Ja€A. fa € A)
henceVaec A. fa¢ A
by blast

11



hence VacA. fa € B

using assms(5) bij-betw-apply by fastforce
hence f ‘A C B

by blast

have inj-on f A

by (meson assms(5) bij-betw-def inj-on-Un)
hence card (f * A) = card A

using card-image by blast
hence f ‘A =B

by (metis «f * A C B> assms(2,4) card-mono leD)
hence card B = card A

using <card (f * A) = card A> by blast
then show Fulse

using assms(4) by linarith

qed

lemma Suc-mod-n-bij-betw:

bij-betw (Az. Suc  mod n) {0..<n} {0..<n}
proof (intro bij-betwl’)

fix zy

assume z € {0..<n} y € {0..<n}

then show (Suc £ mod n = Suc y mod n) = (z = y)

by (simp add: mod-Suc)

next

fix z

assume z € {0..<n}

then show Suc x mod n € {0..<n}

by clarsimp

next

fix y

assume y € {0..<n}

then show 3z€{0..<n}. y = Suc x mod n

by (metis atLeastLess Than-iff bot-nat-0.extremum less-nat-zero-code mod-Suc-eq
mod-less

mod-less-divisor mod-self not-gr-zero old.nat.exhaust)

qed

lemma subset-upt-no-Suc:
assumes A C {I..<n}
and VzeA Sucz ¢ A
shows card A < n div 2
proof (rule ccontr)
assume — card A < n div 2
hence n div 2 < card A
by auto

12



have JacA. Suc a modn € A
proof (rule pigeonhole-principle-advanced[of A {0..<n} — A (Az. Suc z mod n),
simplified])
show finite A
using assms(1) finite-subset by blast
next
from card-Diff-subset
have card ({0..<n} — A) = card {0..<n} — card A
by (metis Diff-subset assms(1) dual-order.trans iwl-diff less-eq-nat.simps(1)
subset-eq-atLeast0-less Than-finite)
moreover
have card {0..<n} — card A < card A
using - card A < n div 2) assms by simp
ultimately show card ({0..<n} — A) < card A
by simp
next
have A U {0..<n} = {0..<n}
using assms(1) dual-order.trans by auto
with Suc-mod-n-bij-betw|of n)
show bij-betw (Az. Suc z mod n) (A U {0..<n}) (AU {0..<n})
by simp
qed
then obtain z where
ze A
Suc x mod n € A
by blast

show Fulse
proof (cases n)

case (

then show ?thesis

using «Suc x mod n € A> «x € A> assms(2) by force

next

case (Suc m)

assume n = Suc m

have z=mVz <m
using Suc «x € Ay assms(1) by auto
then show ?thesis
proof
assume z = m
then show Fulse
using Suc (Suc £ mod n € Ay assms(1) by auto
next
assume z < m
with mod-less[of Suc x Suc m)]
show Fulse
using Suc «Suc £ mod n € A> «x € A> assms(2) by force
qed

13



qed
qed

lemma in-set-mapD:
z € set (map fxs) = Ty € setxs. x = fy
by (simp add: image-iff)

4.1 From AutoCorres

lemma disjointl":
assumes \zy. [z € A;ye B] =z #y
shows AN B={}
using assms by fast

lemma disjoint-subset2:
assumes B'C Band AN B = {}
shows AN B ={}
using assms by fast

end

theory List-Util
imports Main

begin

5 General Lists

lemma list-cases-3:
T=[V@z T=[z))V 3abas. T =a# b# xs)
proof (cases T)
case Nil
then show ?thesis by simp
next
case (Cons a list)
then show ?thesis
proof (cases list)
case Nil
with «T = a # list»
show ?thesis
by simp
next
case (Cons o’ list”)
with «T = a # list
show ?thesis
by simp
qed
qed
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lemma length-cons-cons:
T=a#b# zs = In. length T = Suc (Suc n)
by simp

lemma length-Suc-Suc:
length T = Suc (Sucn) = Jabuxzs. T = a # b # xs
by (metis length-Suc-conv)

lemma length-Suc-0:
length zs = Suc 0 = Jz. zs = [x]
by (simp add: length-Suc-conv)

lemma map-eq-replicate:
Vz € set zs. fx =k = map fxs = replicate (length zs) k
by (metis map-eq-conv map-replicate-const)

lemma map-upt-eq-replicate:
V€ set [i.<j|. fo =k = map [ [i..<j] = replicate (j — ©) k
by (metis length-upt map-eq-replicate)

lemma in-set-list-update:
[x € set ws; xs | k # 2] = x € set (xs[k = y))
by (metis in-set-conv-nth length-list-update nth-list-update-neq)

lemma Maz-greD:
i < length s => Max (set 8) > s i
by clarsimp

lemma list-neq-rci:
(3zzs. xs = ys Q z # 28) = x5 # ys
by fastforce

lemma list-neg-rc2:
(Fz zs. ys = 25 Q 2 # 25) = xs # ys
by fastforce

lemma list-neq-rc3:
(Bzyasbscs.zs=asQax # bs ANys=asQy # cs Nz # y) = x5 £ ys
by fastforce

lemma list-neq-re:
(Fz zs. 1s = ys @Q z # 2s) V
(Fzzs. ys=axs Q z # z5) V
(Jzyasbscs.zs=asQz # bsANys=asQy # cs Nz #y) =

xs # ys
by (elim disjE conjE list-neg-rcl list-neg-rc2 list-neq-rc3)

lemma list-neq-fc:
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xS # ys =
(Fzzs. xs =ys Q z # z5) V
(Fzzs. ys = as Q z # zs) V
(Gzyasbscs.as=asQz # bs ANys=asQy# csAz#y)
proof (induct xs arbitrary: ys)
case Nil
then show ?case
by (metis append-Nil list.exhaust)
next
case (Cons a xs ys)
note IH = this
then show ?case
proof (cases ys)
case Nil
then show ?thesis
by simp
next
case (Cons b ys')
assume ys = b # ys’
show ?thesis
proof (cases a = b)
assume a # b
with (ys = b # ysh
show ?thesis
by blast
next
assume a = b
with IH(2) <ys = b # ysh
have zs # ys’
by simp
with IH(1)[of ys']
show ?thesis
by (metis Cons-eq-appendl <a = by local.Cons)
qed
qed
qed

lemma list-neg-cases:
xS #£ Ys —
(Fzzs. 2s = ys Q z # zs) V
(zzs. ys=as Q z # 2z8) V
(Gzyasbscs.as=asQz # bsAys=asQy# csAz#y)
using list-neq-fc list-neg-rc by blast

6 Find

lemma findSomeD:
find P xs = Some x => Pz A x € set xs
by (induct zs) (auto split: if-split-asm)
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lemma findNoneD:
find P xs = None = VYV € set zs. Pz
by (induct xzs) (auto split: if-split-asm)

7 Filter

lemma filter-update-nth-success:
[P v; i < length zs] =
filter P (zs[i := v]) = (filter P (take i xs)) Q [v] @Q (filter P (drop (Suc i) xs))
by (simp add: upd-conv-take-nth-drop)

lemma filter-update-nth-fail:
[P v; i < length xs] =
filter P (zs[i := v]) = (filter P (take i xs)) Q (filter P (drop (Suc i) xs))
by (simp add: upd-conv-take-nth-drop)

lemma filter-take-nth-drop-success:
[ < length xs; P (xs ! i)] =
filter P xs = (filter P (take i xzs)) Q [zs ! i] Q (filter P (drop (Suc i) xs))
by (metis filter-update-nth-success list-update-id)

lemma filter-take-nth-drop-fail:
[ < length xs; =P (zs ! 4)] =
filter P xs = (filter P (take i zs)) @ (filter P (drop (Suc i) xs))
by (metis filter-update-nth-fail list-update-id)

lemma filter-nth-1:
[ < length xs; P (zs ! i)] =
3¢’ i’ < length (filter P xs) A (filter P as) ! i’ = xs ! i
proof (induct zs arbitrary: i)
case Nil
then show ?case
by simp
next
case (Cons a xs 1)
note IH = this
show ?Zcase
proof (cases i)
case (
with IH(3)
show ?thesis
by fastforce
next
case (Suc n)
with TH(1)[of n] IH(2,3)
have Ji'<length (filter P zs). filter P xs! i’ = zs ! n
by fastforce
then show ?thesis

17



using Suc by auto
qed
qed

lemma filter-nth-2:
[¢ < length (filter P zs)] =
34’ 4" < length xs A (filter P as) ! ¢ = xs | ¢’
proof (induct xs arbitrary: 7)
case Nil
then show ?Zcase
by simp
next
case (Cons a xs 1)
note IH = this
then show ?case
proof (cases i)
case 0
then show ?thesis
using Cons.hyps Cons.prems by force
next
case (Suc n)
with TH(1)[of n] IH(2)
have 3 i'<length zs. filter Pxs ! n = xs! i’
by (metis filter.simps(2) length-Cons not-less-eq not-less-iff-gr-or-eq)
then show ?thesis
by (metis Cons.hyps Cons.prems Suc filter.simps(2) length-Cons not-less-eq
nth-Cons-Suc)
qed
qed

lemma filter-nth-relative-1:
[¢ < length xs; P (zs ! i); j < i; P (zs!j)] =
3i" §'. 0" < length (filter P xs) A j' < i’ A (filter Pxs) ! i' = xzs ! i A
(filter Pxs) ! j' = xs ! j
proof (induct xs arbitrary: i j)
case Nil
then show ?case
by simp
next
case (Cons a xs i j)
note IH = this
show ?Zcase
proof (cases i)
case 0
then show ?thesis
using [H(4) by blast
next
case (Suc n)
assume i = Suc n

18



show ?thesis
proof (cases j)
case ()
with filter-nth-1[of n xs P] IH(2,3) «i = Suc n» IH(4—)
show ?Zthesis
by (metis filter.simps(2) length-Cons not-less-eq nth-Cons-0 nth-Cons-Suc
zero-less-Suc)
next
case (Suc m)
with IH(1)[of n m] IH(2—) <i = Suc n
show ?thesis
by fastforce
qed
qed
qed

lemma filter-nth-relative-neg-1:
assumes i < length xs P (zs ! i) j < length zs P (zs ! j) i # j
shows 3¢’ j'. i’ < length (filter P xs) A j' < length (filter P xs) A (filter P zs) !
i'=xs i N
(filter Pas) ' j' =as ! jAi' #7
proof (cases i < j)
assume i < j
with filter-nth-relative-1[where P = P, OF assms(3,4) - assms(2)]
show ?thesis
by (metis (no-types, lifting) nat-neq-iff order-less-trans)
next
assume - i < j
with assms(5)
have j < i
by auto
with filter-nth-relative-1[where P = P, OF assms(1,2) - assms(4)]
show ?thesis
using order-less-trans by blast
qed

lemma filter-nth-relative-2:
[¢ < length (filter P xs); j < i] =
3’ j i < length xs N j' < i’ N (filter P xs) ! i = xs ! i’ A (filter P xs) ! j = xs
1g!
proof (induct zs arbitrary: i j)
case Nil
then show ?case
by simp
next
case (Cons a xs i j)
note IH = this

let ?goal = 34" j'. i’ < length (a # zs) N j' < i’ A filter P (a # xs) ! i = (a #
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xzs) L' A
filter P (a # zs) ' j = (a # zs) ! j’
show ?Zcase
proof (cases i)
case (
then show ?goal
using [H(3) by blast
next
case (Suc n)
assume ¢ = Suc n
show ?thesis
proof (cases j)
case (
assume j = (
from filter-nth-2[of n P xs] IH(2)
have Ji'<length zs. filter Pxs ! n = zs! i’
using Suc order-less-trans by fastforce

show ?goal
proof (cases P a)
assume P a
then show ?goal
by (metis 0 Suc «Fi'<length xs. filter P xs ! n = xzs | i’y filter.simps(2)
length-Cons not-less-eq nth-Cons-0 nth-Cons-Suc zero-less-Suc)
next
assume - P a
then show ?goal
using Cons.hyps IH(2,3) Suc-less-eq by fastforce
qed
next
case (Suc m)
with TH(1)[of n m] IH(2—) <i = Suc n»
have 37’ j'. i’ < length zs N j' < i’ A filter Paxs ! n=as! i A
filter Pxzs! m = xzs ! j’
by (metis filter.simps(2) length-Cons not-less-eq not-less-iff-gr-or-eq)
then obtain i’ j’ where
A: i’ < length zs j' < i’ filtker Pxs ! n = zs ! i’ filter Pazs ! m = zs ! j'
by blast
show ?goal
proof (cases P a)
assume P a
then show ?goal
using A Suc i = Suc n» by force
next
assume - P a
then show ?goal
using Cons.hyps IH(2,3) by fastforce
qed
qed
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qed
qed

lemma filter-nth-relative-neq-2:
assumes i < length (filter P zs) j < length (filter P xs) i # j
shows 3¢’ j". i’ < length xs A j' < length s A xs ! i’ = (filter P xzs) ! i A
xzs 1 j = (filter Pxs) ! j N i’ #j'
proof (cases i < j)
assume { < j
with filter-nth-relative-2[OF assms(2), of ]
show ?thesis
by (metis dual-order.strict-trans exists-least-iff)
next
assume - ¢ < j
with assms(3)
have j < i
by auto
with filter-nth-relative-2[OF assms(1), of j]
show ?thesis
by (metis nat-neq-iff order-less-trans)
qed

lemma filter-find:
filter P xs # [| = find P xs = Some ((filter P zs) ! 0)
by (induct zs; auto)

lemma filter-nth-update-subset:
set (filter P (zs[i == v])) C {v} U set (filter P xs)
proof
fix z
assume z € set (filter P (xs[i := v]))
with filter-set member-filter
have z € set (zs[i :==v]) Pz
by auto
hence 3k < length (xs[i :== v]). (zs[i :==v)) 1 k ==
by (simp add: in-set-conv-nth)
then obtain £ where
k < length (zs[i := v])
(zs[t =) k=1
by blast
hence k < length s
by simp

from «(zs[i := v]) | k = o <k < length (zs[i = v])»
have k=i =z =
by simp
moreover
have k # i = z € set (filter P xs)
using <P x» <k < length xzsy <as[i == v] | k = z» by auto
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ultimately
show z € {v} U set (filter P zs)
by blast
qed

8 Upt

lemma card-upt:
card {0..<n} = n
by simp

lemma bounded-distinct-subset-upt-length:
[distinct xs; Vi<length zs. xs | i < length xs] = set zs C {0..<length xs}
by (intro subsetl; clarsimp simp: in-set-conv-nth)

lemma bounded-distinct-eq-upt-length:
assumes distinct s
assumes Vi < length zs. xs | i < length zs
shows set zs = {0..<length zs}
proof (intro card-subset-eq finite-atLeastLessThan
bounded-distinct-subset-upt-length[OF assms] )
from distinct-card[OF assms(1)] card-upt|of length xs)
show card (set xs) = card {0..<length xs}
by simp
qed

lemma set-map-nth-subset:
assumes n < length xs
shows set (map (nth zs) [0..<n]) C set xs
using assms by clarsimp

lemma set-map-nth-eq:
set (map (nth zs) [0..<length zs]) = set xs
by (intro equalityl set-map-nth-subset subsetl; simp add: map-nth)

lemma distinct-map-nth:
assumes distinct s
assumes n < length zs
shows distinct (map (nth zs) [0..<n])
using assms by (simp add: distinct-conv-nth)
end
theory Sorting-Util
imports Main
begin

9 Lemmas about bijections

A convenient definition of an inverses between two sets
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definition
nverses-on
('a = 'b) = ('b = 'a) = 'a set = 'b set = bool
where
inverses-on f g A B +—
Mz e A g(fz)=1x) A
(Vz e B. f(gz) =x)

lemmas inverses-onD1 = inverses-on-def[ THEN iffD1, THEN conjunctl]
lemmas inverses-onD2 = inverses-on-def[THEN iffD1, THEN conjunct2]

The inverses relation over maps

lemma inverses-on-mapD:
assumes inverses-on (map f) (map g) {zs. set xs C A} {xs. set xs C B}
shows inverses-on f g A B
proof —
from inverses-onD1[OF assms, THEN bspec, of [-], simplified)
haveVz e A. g (fz) ==z
by blast
moreover
from inverses-onD2[OF assms, THEN bspec, of [-|, simplified]
haveVz € B. f (gz) ==z
by blast
ultimately show ?thesis
by (simp add: inverses-on-def)
qed

lemma inverses-on-map:
assumes inverses-on f g A B
shows inverses-on (map f) (map g) {xs. set xs C A} {xs. set s C B}
proof —
have Vz € {zs. set s C A}. map g (map fz) ==z
using list-eq-iff-nth-eq inverses-onD1 assms subsetD by fastforce
moreover
have Vz € {zs. set zs C B}. map f (map g z) = z
using list-eq-iff-nth-eq inverses-onD2 assms subsetD by fastforce
ultimately show ?thesis
by (simp add: inverses-on-def)
qed

Inverses are symmetric

lemma inverses-on-sym:
inverses-on f g A B = inverses-on g f B A
apply (simp add: inverses-on-def)
apply (subst conj.commute)
apply simp
done

Convenient theorem to obtain the inverse of a bijection between two sets

lemma bij-betw-inv-alt:
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assumes bij-betw f A B

shows Jg. bij-betw g B A A inverses-on f g A B

by (meson assms bij-betw-imp-inj-on bij-betw-inv-into inv-into-f-f
bij-betw-inv-into-right inverses-on-def[ THEN iffD2])

Bijections over maps

lemma bij-betw-map:
assumes bij-betw f A B
shows bij-betw (map f) {xs. set zs C A} {zs. set zs C B}
proof (rule bij-betwl’)
fix xy
assume z € {zs. set zs C A} y € {zs. set s C A}
hence P: set x C A set y C A
by blast+
note inj = inj-on-eq-iff[THEN iffD1, OF bij-betw-imp-inj-on[OF assms]]
from list.inj-map-strong[OF inj, simplified)
show (map f = = map f4) = (= = 3)
using P(1) P(2) by blast
next
fix z
assume z € {zs. set zs C A}
hence setz C A
by blast
then show map fz € {zs. set xzs C B}
using assms bij-betw-imp-surj-on by fastforce
next
fix y
assume y € {zs. set s C B}
hence set y C B
by blast

from bij-betw-inv-alt[OF assms, simplified inverses-on-def]
obtain g where

bij-betw g B A

VzeA. g (fz) ==

VzeB. f (gz) ==

by blast

have set (map g y) C A
using <bij-betw g B A» <set y C B> bij-betw-imp-surj-on
by fastforce
moreover
have y = map f (map g y)
proof —
have length y = length (map f (map g y))
by simp
moreover
have Vi < length y. y ! i = map f (map gy) ! i
using Vz€B. f (g x) = x» «set y C By subsetD by fastforce
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ultimately show ¢thesis
using list-eq-iff-nth-eq by blast

qed

ultimately have dz. set x C A Ay = map fx
by blast

then show Jze{zs. set xs C A}. y = map fz
by blast

qed

Eliminating the map from a bijection relation

lemma bij-betw-mapD:
assumes bij-betw (map f) {xs. set xs C A} {xs. set zs C B}
shows bij-betw f A B
proof (intro bij-betwl’ iffI)
fix zy
assume z € Ayc Afz=fy
with inj-onD[OF bij-betw-imp-ing-on|OF assms|, of [x] [y], simplified]
show z =y
by blast
next
fix z
assume z € A
with bij-betwE[OF assms, THEN bspec, of [z], simplified)
show fz € B
by blast
next
fix y
assume y € B
with bij-betw-imp-surj-on[OF assms, simplified]
have [y] € map f ‘ {zs. set xs C A}
by auto
with image-iff [ THEN iffD1, of [y] map f {xs. set xzs C A}]
obtain z’ where
z' € {xs. set zs C A}
[yl = map fz’
by meson
then show Jz€A. y = fx
by auto
next
qed(clarsimp)

Obtaining the inverse over map

lemma bij-betw-inv-map:
assumes bij-betw f A B
shows 3 g. bij-betw (map g) {zs. set xs C B} {xs. set zs C A} A
inverses-on (map f) (map g) {xs. set zs C A} {xs. set xs C B}
proof —
from bij-betw-inv-alt|OF assms, simplified inverses-on-def]
obtain g where
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bij-betw g B A
VzcA. g (fz) ==
VzeB. f (gz) =z
by blast

note bij-betw-map[OF <bij-betw g B A)]
moreover
{
have Vz. set  C A — map g (map fz) =z
proof safe
fix z
assume set z C A
then show map g (map fz) =z
by (clarsimp simp: list-eq-iff-nth-eq <V x€A. g (f x) = x> subsetD)
qed
moreover
have Vz. set t C B — map f (map gx) =z
proof safe
fix z
assume set ¢ C B
then show map f (map g x) = x
by (clarsimp simp: list-eg-iff-nth-eq <V z€B. f (g ©) = =) subsetD)
qed
ultimately have
inverses-on (map f) (map g) {xs. set zs C A} {xs. set s C B}
by (simp add: inverses-on-def)

ultimately show ?thesis
by blast
qed

10 Lemmas about monotone functions

Note that the base version of monotone is used as the sorts cause some issues
with the types

Essentially a general version of strict-mono ?f = (?f %x < ?f 2y) =
(%z < ?y)

lemma monotone-on-iff:
assumes monotone-on A orda ordb f
and asymp-on A orda
and totalp-on A orda
and asymp-on (f © A) ordb
and  totalp-on (f © A) ordb
and =z€ A4
and ye A
shows orda z y «— ordb (f z) (fv)
proof (safe)
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show orda © y = ordb (fz) (fy)
by (meson assms monotone-onD)
next
show ordb (fz) (fy) = ordaz y
by (metis (full-types) assms(1,3,4,6,7)
asymp-onD monotone-onD totalp-onD imagel)
qed

The inverse of a monotonic function is also monotonic

lemma monotone-on-bij-betw-inv:
assumes monotone-on A orda ordb f
and asymp-on A orda
and totalp-on A orda
and asymp-on B ordb
and totalp-on B ordb
and bij-betw f A B
and bij-betw g B A
and inverses-on f g A B
shows monotone-on B ordb orda g
proof (rule monotone-onl)
fix zy
assume z € By € Bordbz y
moreover
have gz € A
using <bij-betw g B A» bij-betwE calculation(1) by auto
moreover
have f (g z) =z
using assms(8) calculation(1) inverses-onD2 by blast
moreover
have gy € A
using <bij-betw g B Ay bij-betwE calculation(2) by auto
moreover
have f (gy) =y
using assms(8) calculation(2) inverses-onD2 by blast
ultimately show orda (g z) (g y)
using assms bij-betw-imp-surj-on monotone-on-iff by fastforce
qed

lemma monotone-on-bij-betw:
assumes monotone-on A orda ordb f
and  asymp-on A orda
and totalp-on A orda
and asymp-on B ordb
and totalp-on B ordb
and bij-betw f A B
shows Jg. bij-betw g B A A inverses-on f g A B A monotone-on B ordb orda g
using assms bij-betw-inv-alt monotone-on-bij-betw-inv by fastforce
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11 Sorting

11.1 General sorting

Intro for sorted-wrt

lemmas sorted-wrtl = sorted-wrt-iff-nth-less] THEN iffD2, OF alll, OF alll, OF
impl, OF impl|

lemma sorted-wrt-mapl:
(Nij. [i < j; j<length as) = P (f (zs!4)) (f (zs!j))) =
sorted-wrt P (map f xs)
by (metis (mono-tags, lifting) length-map nth-map order-less-trans sorted-wrtl)

lemma sorted-wrt-mapD:
(Ai j. [sorted-wrt P (map f xs); i < j; j < length xs] = P (f (zs ! 1)) (f (xzs!
)

by (metis (mono-tags, lifting) length-map nth-map order-less-trans sorted-wrt-iff-nth-less)

lemma monotone-on-sorted-wrt-map:
assumes monotone-on A orda ordb f
and sorted-wrt orda s
and set zs C A
shows sorted-wrt ordb (map f xs)
proof (rule sorted-wrt-mapl)
fix ij
assume i < jj < length zs
with sorted-wrt-nth-less|OF assms(2)]
have orda (zs! i) (ws ! j)
by blast
with monotone-onD[OF assms(1), of xs ! i zs ! j] assms(3)
show ordb (f (xs! %)) (f (zs!j))
by (meson «i < j» «j < length xs» nth-mem order-less-trans subsetD)
qed

lemma monotone-on-map-sorted-wrt:
assumes monotone-on A orda ordb f
and asymp-on A orda
and totalp-on A orda
and  asymp-on (f * A) ordb
and  totalp-on (f * A) ordb
and  sorted-wrt ordb (map f xs)
and set s C A
shows sorted-wrt orda xs
proof (rule sorted-wrtl)
fix ij
assume i < jj < length zs
with sorted-wrt-nth-less|OF assms(6)]
have ordb (f (zs! 1)) (f (ws!j))
by force
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with monotone-on-iff[OF assms(1—3), of xs ! i zs ! j]
show orda (zs! i) (ws! j)
using i < j» j < length xsy assms(4,5,7)
nth-mem order-less-trans by blast
qed

11.2 Sorting on linear orders

context linorder begin
abbreviation strict-sorted zs = sorted-wrt (<) xs

lemma sorted-nth-less-mono:
[sorted zs; i < length xs; j < length xs; i # j; sl i < azs!j] = i< j
by (meson linorder-neqE-nat not-less sorted-iff-nth-mono-less)

lemma strict-sorted-nth-less-mono:
[strict-sorted xs; © < length xs; j < length xs; i # j; as! i < azs!jl = i <j
using strict-sorted-iff sorted-nth-less-mono by blast

lemma strict-sorted-Min:
[strict-sorted zs; xs # [|]] = xs ! 0 = Min (set xs)
by (metis finite-set list.simps(15) Min-insert2 strict-sorted-imp-sorted
nth-Cons-0 sorted-wrt.elims(2))

lemma strict-sorted-take:
assumes strict-sorted xs
and i < length xs
shows set (take i zs) = {z. x € set xs N z < xs | i}
proof (safe)
fix z
assume z € set (take i zs)
then show z € set zs
by (meson in-set-takeD)
next
fix z
assume z € set (take i zs)
then show z < xs ! {
by (metis assms id-take-nth-drop list.set-intros(1) sorted-wrt-append)
next
fix z
assume z € set zsx < xs ! ¢
hence 3j < length xs. zs ! j =z
by (simp add: in-set-conv-nth)
then obtain j where
j < length xsxs!j=x
by blast
with strict-sorted-nth-less-mono[OF assms(1) - assms(2), of j] <x < zs !
have j < ¢
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by blast
then show z € set (take ¢ xs)
using <j < length xs) <xs | j = x> in-set-conv-nth by fastforce
qed

lemma strict-sorted-card-idx:
[strict-sorted xs; i < length xs] = card {z. z € set xs Nz < xzs | i} = {
by (metis (mono-tags, lifting) distinct-card distinct-take length-take strict-sorted-iff
ord-class.min-def order-class.leD strict-sorted-take)

lemmas strict-sorted-distinct-set-unique =
sorted-distinct-set-unique| OF strict-sorted-imp-sorted - strict-sorted-imp-sorted)

lemma sorted-and-distinct-imp-strict-sorted:
[sorted xs; distinct xs] = strict-sorted xs
using strict-sorted-iff
by blast

lemma filter-sorted:
sorted xs = sorted (filter P xs)
using sorted-wrt-filter by blast

lemma sorted-nth-eq:
assumes sorted xs
and Jj < length zs
and as!i=uas!lj
and 1<k
and k<j
shows zs | k= zs ! ¢
by (metis assms sorted-iff-nth-mono preorder-class.le-less-trans nle-le)

lemma sorted-find-Min:
sorted xs => Jx € set xs. P x = List.find P s = Some (Min {x€set zs. P z})
proof (induct xs)
case Nil then show ?Zcase by simp
next
case (Cons z zs) show ?case
proof (cases P x)
case True
with Cons show ?thesis by (auto intro: Min-eql [symmetric])
next
case Fualse then have {y. (y =z V y € set xs) A Py} = {y € set zs. Py}
by auto
with Cons False show ?thesis by (simp-all)
qed
qed

lemma sorted-cons-nil:
zs = [| = sorted (z # xs)
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by simp

lemma sorted-consl:
[xs # [); sorted zs; x < xs | 0] = sorted (z # xs)
by (metis list.exhaust sorted2-simps(2) nth-Cons-0)

end

11.3 Sorting on orders

context order begin

lemma strict-mono-strict-sorted-map-1:
assumes strict-mono o
and strict-sorted xs
shows strict-sorted (map « xs)
using assms(1) assms(2) monotone-on-sorted-wrt-map by blast

lemma strict-mono-sorted-map-2:
assumes strict-mono «
and  strict-sorted (map a xs)
shows strict-sorted xs
using assms(1) assms(2) monotone-on-map-sorted-wrt by fastforce

end

12 Mapping elements to natural numbers

This section contains a mapping from elements to natural numbers that
maintains ordering.

definition elm-rank :: (a = 'a = bool) = 'a set = 'a = nat
where
elm-rank ord A © = card {y. y € A A ord y z}

lemma monotone-on-elm-rank:

assumes finite A

and transp-on A ord

and irreflp-on A ord

shows monotone-on A ord (<) (elm-rank ord A)
proof (rule monotone-onl)

fix a b

assume a € A b€ Aordab

have {y. y€¢ ANordya} C{y.y € AN ord y b}
proof safe

fix z

assume z € A ord x a

then show ord z b
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by (meson <a € Ay <b € Ay <ord a by assms(2) transp-onD)
qed
moreover
have a € {y. y € A A ord y b}
by (simp add: <a € A <ord a by)
moreover
have a ¢ {y. y € A A ord y a}
using assms(3) irreflp-onD by fastforce
ultimately have {y. y € A A ordy a} C {y. y € A A ord y b}
by blast
then show elm-rank ord A a < elm-rank ord A b
by (simp add: elm-rank-def assms(1) psubset-card-mono)
qed

lemma elm-rank-insert-min:
assumes finite A
and =z¢ A
and Vye A ordzy
and z€ 4
shows elm-rank ord (insert z A) z = Suc (elm-rank ord A z)
unfolding elm-rank-def
proof —
have ord z z
by (simp add: assms(3,4))
hence {y € insert x A. ord y z} = insert x {y € A. ord y 2}
by safe
moreover
have z ¢ {y € A. ord y 2}
using assms(2) by auto
ultimately show card {y € insert x A. ord y z} = Suc (card {y € A. ord y z})
by (simp add: assms(1))
qed

definition (in order) elem-rank :: 'a set = 'a = nat
where
elem-rank = elm-rank (<)

lemma (in order) strict-mono-on-elem-rank:
assumes finite A
shows strict-mono-on A (elem-rank A)
by (simp add: assms elem-rank-def monotone-on-elm-rank)

lemma (in linorder) bij-betw-elem-rank-upt:
assumes finite A
shows bij-betw (elem-rank A) A {0..<card A}
proof —
have N\e. 1 e A= {y.ye ANy<z}CA
by blast
hence A\z.x € A = card {y. y € ANy <z} <card A
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by (meson assms psubset-card-mono)
hence Az. v € A = elem-rank A © € {0..<card A}
by (simp add: elm-rank-def elem-rank-def)
moreover
have Az y. [x € 4; y € A] = (elem-rank A © = elem-rank A y) = (x = y)
by (metis assms less-irrefl-nat antisym-conv3d ord.strict-mono-onD strict-mono-on-elem-rank)
moreover
{
let ?zs = sorted-list-of-set A
have strict-sorted ?zs
by simp
moreover
have Az. elem-rank A © = elem-rank (set ?zs) x
using assms by force
moreover
have Ay. y < length %2s = y = elem-rank (set ?zs) (?zs ! y)
by (metis (no-types, lifting) Collect-cong calculation(1) elem-rank-def elm-rank-def
strict-sorted-card-idz)
ultimately have Ay. y € {0..<card A} = Fz€A. y = elem-rank A z
by (metis assms length-sorted-list-of-set set-sorted-list-of-set nth-mem
ord-class.atLeastLess Than-iff)
}
ultimately show %thesis
using bij-betwl’ by blast
qed

lemma (in order) elem-rank-insert-min:
[finite A; z ¢ A; VyeA. z < y; z € A] = elem-rank (insert © A) z = Suc
(elem-rank A z)
by (simp add: elm-rank-insert-min elem-rank-def)
end
theory Repeat
imports Main
begin

13 Repeat Function At Most N Times

fun repeatatm :: nat = (‘a = 'b = bool) = (‘la = 'b='a) = 'a = b= "a
where

repeatatm 0 - - acc - = acc |

repeatatm (Suc n) f g acc obsv = (if f acc obsv then acc else repeatatm n f g (g acc

0bsv) obsv)

declare repeatatm.simps[simp del]

13.1 Step and early termination lemmas

lemma repeatatm-step-stop-Suc:
f (repeatatm n f g a b) b
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= repeatatm (Suc n) fg a b= repeatatm n fga b
proof (induct n arbitrary: a)
case ()
then show ?case
by (simp add: repeatatm.simps)
next
case (Suc n a)
note IH = this
show ?Zcase
proof (cases f a b)
assume fa b
then show ?case
by (simp add: repeatatm.simps)
next
assume - fa b
with TH(2)
have f (repeatatm n f g (g a b) b) b
by (simp add: repeatatm.simps)
with [H(1)
have repeatatm (Suc n) fg (g a b) b = repeatatm n f g (g a b) b
by blast
then show ?case
by (simp add: repeatatm.simps)
qed
qed

lemma repeatatm-step:
—f (repeatatm n f g a b) b
= repeatatm (Suc n) fga b= g (repeatatm n f g a b) b
proof (induct n arbitrary: a)
case ()
then show ?case
by (simp add: repeatatm.simps)
next
case (Suc n a)
note IH = this
show ?case
proof (cases f a b)
assume fa b
with [H(2)
show ?case
by (simp add: repeatatm.simps)
next
assume - fa b
with [H(2)
have - f (repeatatm n f g (g a b) b) b
by (simp add: repeatatm.simps)
with TH (1)
have repeatatm (Suc n) fg (g ab) b= g (repeatatm n fg (g ab) b) b
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by blast
then show ?case
by (simp add: repeatatm.simps <= f a by)
qed
qed

lemma repeatatm-step-forward:
—f a b = repeatatm (Suc n) fg a b= repeatatm n fg (g a b) b
by (induct n arbitrary: a; simp add: repeatatm.simps)

lemma repeatatm-stop-Suc:
[f (repeatatm n f g a b) b] = f (repeatatm (Suc n) fgab) b
proof (induct n arbitrary: a)
case ()
then show ?Zcase
by (simp add: repeatatm.simps)
next
case (Suc n a)
note IH = this
show ?Zcase
proof (cases f a b)
assume fa b
then show ?case
by (simp add: repeatatm.simps)
next
assume - fa b
with IH(2)
have f (repeatatm n fg (g a b) b) b
by (simp add: repeatatm.simps)
with TH(1)
have f (repeatatm (Suc n) fg (gab)b) b
by blast
then show ?case
by (simp add: repeatatm.simps)
qed
qed

lemma repeatatm-stop:
[f (repeatatm n f g a b) b; n < m] = f (repeatatm m f g a b) b
proof (induct m arbitrary: a n)
case ()
then show ?case
by simp
next
case (Suc m a n)
note IH = this
show ?case
proof (cases n < m)
assume n < m
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with repeatatm-stop-Suclof f m g a b] IH(1)[OF IH(2)]
show ?case
by simp
next
assume - n < m
with TH(2,3)
show ?case
using le-Suc-eq by blast
qed
qed

lemma repeatatm-step-stop:
If (repeatatm n f g a b) b; n < m] = repeatatm m f g a b = repeatatm n f g a b
proof (induct m arbitrary: a n)
case (
then show ?case
by simp
next
case (Suc m a n)
note IH = this
show ?Zcase
proof (cases n < m)
assume n < m
with repeatatm-step-stop-Suclof f m g a b] IH(2) IH(1)[OF IH(2)]
show ?Zcase
by simp
next
assume - n < m
then show ?case
using Suc.prems(2) le-SucE by blast
qed
qed

lemma repeatatm-not-stop-Suc:
—f (repeatatm (Suc n) fg ab) b = —f (repeatatm n f g a b) b
apply (rule contrapos-nn[where @ = f (repeatatm (Suc n) f g a b) b]; simp)
using repeatatm-stop-Suclof fn g a b] by simp

lemma repeatatm-maintain-inv:
assumes Aa. Pa = P (gabd)
shows P a = P (repeatatm n f g a b)
proof (induct n arbitrary: a)
case ()
then show ?case
by (simp add: repeatatm.simps)
next
case (Suc n a)
note IH = this
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from [H(1)[OF IH(2)]
have P (repeatatm n f g a b)
by assumption

with «Aa. Pa = P (g a b)
show ?Zcase
by (metis repeatatm-step repeatatm-step-stop-Suc)
qed

14 Repeat Function N Times

definition repeat :: nat = (‘a = b= 'a) = 'a = b= "a
where
repeat n f a b = repeatatm n (A\z y. False) fa b

lemma repeat-0:
repeat 0 fa b= a
by (simp add: repeat-def repeatatm.simps(1))

lemma repeat-step:
repeat (Suc n) fa b= f (repeat n fa b) b
unfolding repeat-def
by (simp add: repeatatm-step)

lemma repeat-step-forward:
repeat (Sucn) fa b= repeat n f (fad)b
unfolding repeat-def
by (simp add: repeatatm-step-forward)

lemma repeat-maintain-inv:
assumes Aa. Pa = P (fad)
shows P a = P (repeat n f a b)
by (simp add: assms repeat-def repeatatm-maintain-inv)

lemma repeat-eq-fold:
repeat n fa b = fold (M- a. fa b) [0..<n] a
apply (induct n)
apply (simp add: repeat-def repeatatm.simps)
apply (subst repeat-step)
apply simp
done

end

theory Continuous-Interval
imports Main

begin

37



15 Continuous Intervals

definition
continuous-list :: (nat x nat) list = bool
where
continuous-list xs =
(Vi. Suc i < length xs — fst (zs ! Suc i) = snd (ws ! 7))

lemma continuous-list-nil:
continuous-list ||
by (simp add: continuous-list-def)

lemma continuous-list-singleton:
continuous-list [x]
by (simp add: continuous-list-def)

lemma continuous-list-cons:
continuous-list (x # xs) = continuous-list s
by (simp add: continuous-list-def)

lemma continuous-list-app:

continuous-list (zs @Q ys) = continuous-list xs A continuous-list ys
proof (induct s)

case Nil

then show ?case

by (clarsimp simp: continuous-list-nil continuous-list-cons)

next

case (Cons zl xs)

note IH! = this(1) and

IH2 = this(2)

from continuous-list-cons TH2
have continuous-list (s @ ys)
by simp
with IH1
have continuous-list ys
by simp

have zs =[] V xs # ||
by simp
then show ?case
proof
assume zs = ||
with TH2 continuous-list-singleton
have continuous-list (z1 # xs)
by blast
with <continuous-list ys»
show ?thesis
by simp
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next
assume zs # ||
hence 3z zs’. s = © # zs’
using neq-Nil-conv by blast
then obtain z zs’ where
zs = x # x5’
by blast

have continuous-list (z1 # (z # xs’))
unfolding continuous-list-def
proof (intro alll impI)
fix ¢
assume Suc i < length (z1 # (z # zs))
have i =0V i# 0
by blast
then show fst ((z1 # z # xs) ! Suc i) = snd ((x1 # x # zs') ! 7)
proof
assume 7 = ()
then show ?thesis
using [H2 «xs = z # xs’y continuous-list-def by auto
next
assume i #
then show ?thesis
using TH1 <Suc i < length (z1 # z # xs')) <continuous-list (xs Q ys)» <xs
=z # x5
continuous-list-def
by auto
qed
qed
with <continuous-list ys> <xs = = # xs’
show ?thesis
by simp
qed
qed

lemma continuous-list-interval-1:
assumes continuous-list s
and  zs # ||
and  fst (hd xs) < i
and ¢ < snd (last zs)
shows 3j < length xs. fst (zs!j) < i A i< snd (zs!j)
using assms
proof (induct s)
case Nil
then show ?case
by simp
next
case (Cons z1 zs)
note IH = this
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have zs = [| — %case
proof
assume zs = ||
with IH({,5)
show ?case
by simp
qed

have zs # [| — %case
proof
assume zs # ||
hence Ja b zs’. xs = (a, b) # xs’
by (metis (full-types) list.exhaust surj-pair)
then obtain a b xs’ where
xs = (a, b) # xs’
by blast

from [H(2)
have continuous-list s
using continuous-list-cons by blast

from TH(5) <xs # [
have i < snd (last xs)
by simp

have a < iV i<a
by linarith
then show ?case
proof
assume a < ¢
with TH(1)
[OF <continuous-list s>
s # [y -
i < snd (last xs)»]
«xs = (a, b) # xsh
show ?thesis
by auto
next
assume ¢ < a
with TH(2) <xs = (a, b) # xs)
have i < snd =1
using continuous-list-def by auto
with IH(4)
show ?thesis
by auto
qed
qged
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with <zs =[] — ?2case)
show ?Zcase
by blast
qed

lemma continuous-list-interval-2:

assumes continuous-list s

and length xs = Suc n

and  fst (zs!0) <

and i< snd (zs! n)

shows 3j < length xs. fst (zs!j) < i N i < snd (zs! )
proof —

from <length s = Suc n»

have zs # [|

by auto

from «fst (zs! 0) < O «ws # [»
have fst (hd zs) < @
by (simp add: hd-conv-nth)

from «i < snd (xzs! n)»
length xs = Suc ny <xs # [
have i < snd (last zs)
by (simp add: last-conv-nth)

from continuous-list-interval-1
[OF <continuous-list zs»

s # [
fst (hd xs) < 0
i < snd (last xs))]

show ?thesis

by assumption
qed

end

theory List-Slice
imports Main

begin

16 List Slices

fun list-slice ::

‘a list = nat = nat = 'a list
where

list-slice xs © j = drop i (take j xs)

lemma length-list-slice[simp add):

length (list-slice xs i j) = (min j (length zs)) — i
by simp
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lemma list-slice-cons:
fixes i j :: nat
assumes i < j
assumes 7 > 0
shows list-slice (x # xs) i j = list-slice xs (1 — 1) (j — 1)
using assms gr0-implies-Suc[OF order.strict-trans2)
by (fastforce dest: gr0-implies-Suc)

lemma [list-slice-append:
fixes i j k :: nat
assumes ¢ < j
assumes j < k
shows list-slice xs i k = list-slice xs 1 j Q list-slice zs j k
using assms
proof (induct xs arbitrary: i j k)
case (Cons a zs i j k)
note IH = this
show Zcase
proof (cases i > 0)
assume — ¢ > (
hence i = 0
by simp
then show ?case
unfolding list-slice.simps
by (metis IH(3) append-take-drop-id drop0 min-def take-take)
next
assume i > 0
with list-slice-cons|of i k a xs]
have list-slice (a # zs) i k = list-slice zs (i — 1) (k — 1)
using TH(2) IH(3) dual-order.trans by blast
moreover
from list-slice-cons|of i j a ws]
have list-slice (a # xs) i j = list-slice zs (¢ — 1) (j — 1)
using IH(2) «i > 0> by blast
moreover
from list-slice-cons[of j k a xs]
have list-slice (a # xzs) j k = list-slice xs (j — 1) (k — 1)
using IH(2) IH(3) <0 < i> by blast
moreover
from IH(1)[of i—1j—1 k—1]
have list-slice zs (i — 1) (k — 1) =
list-slice xzs (i — 1) (j — 1) Q@ list-slice xs (j — 1) (k — 1)
using [H(2) IH(3) diff-le-mono by blast
ultimately show ?case
by presburger
qed
qed simp
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lemma list-slice-0-length:
fixes zs :: 'a list
fixes n :: nat
assumes length rs < n
shows list-slice xs 0 n = xs
using assms by simp

lemma list-slice-n-n[simp add):
fixes zs :: ‘a list
fixes n :: nat
shows list-slice s n n = ||
by simp

lemma list-slice-nth:
fixes 7 s e :: nat
fixes zs :: 'a list
assumes ¢ < length xs
assumes s < ¢
assumes ¢ < €
shows (list-slice xs s e) ! (i — s) = zs ! i
using assms by simp

lemma list-slice-start-gre-length:
fixes s :: ‘a list
fixes s :: nat
assumes length xs < s
shows list-slice zs s e = |]
using assms by simp

lemma list-slice-end-gre-length:
fixes s :: ‘a list
fixes e :: nat
assumes length xs < e
shows list-slice s s e = list-slice zs s (length xs)
using assms by simp

lemma fold-list-slice:
fixes 7 j :: nat
fixes B :: nat list
assumes ¢ < j
and j < length B
and sorted B
fixes T zs :: 'a list
shows
fold (A\z xs. xs Q list-slice T (B! z) (B! Suc x)) [i..<j] zs
= 25 Q (list-slice T (B! i) (B!}j))
using assms
proof (induct j arbitrary: 7)
case (
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then show ?case
by (simp del: list-slice.simps)
next
case (Suc j i)
note IH = this
show ?Zcase
proof (cases i < j)
assume i-leq-j: 7 < j

have fold (Axz xs. zs @Q list-slice T (B! ) (B! Suc z)) [i..<Suc j] zs =
fold (Az xs. xs Q list-slice T (B! x) (B! Suc x)) [i..<j] zs @Q
list-slice T (B! ) (B! Suc j)
using <7 < j» by force
moreover
from ITH(1)[OF «i < j» - IH(4)]
have fold (Az xs. zs Q list-slice T (B! ) (B! Suc 1)) [i..<j] 2zs =
28 @ list-slice T (B! i) (B! j)
using Suc.prems(2) Suc-lessD by blast
moreover
have list-slice T (B! i) (B! Suc j) = list-slice T (B! i) (B!j) @
list-slice T (B! j) (B! Suc j)
by (meson Suc.prems(2,3) Suc-lessD i-leq-j list-slice-append
sorted-iff-nth-Suc sorted-nth-mono)
ultimately show ?case
by (metis append.assoc)
next
assume — ¢ < j
then show ?case
using Suc.prems(1) le-SucE by fastforce
qed
qed

lemma nth-list-slice:
fixes i s e :: nat
fixes zs :: ‘a list
assumes i < length (list-slice xs s )
shows (list-slice xs s e) ! i = zs | (s + 1)
using assms less-diff-conv by auto

lemma [ist-slice-nth-eq-iff-index-eq:
fixes i s e j :: nat
fixes zs :: ‘a list
assumes distinct (list-slice xs s €)
assumes ¢ < length xs
assumes s < iand i < e
and s<jandj<e
shows (zs!i=uas!j) +— (i =1})
using assms
by (fastforce
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dest: nth-eg-iff-index-eq[where i = { — s and j = j — s|)

lemma distinct-list-slice:
fixes i j :: nat
fixes xs :: 'a list
assumes distinct s
shows  distinct (list-slice xs i §)
using assms by simp

lemma list-slice-nth-mem:

fixes e :: nat

fixes xs :: ‘a list

fixes s ¢ :: nat

assumes s < 7and i < e

assumes ¢ < length xs

shows zs | i € set (list-slice zs s €)

by (metis (no-types, opaque-lifting) assms nat-le-iff-add
add-diff-cancel-left’ diff-less-mono nth-mem
length-list-slice min-def nth-list-slice)

lemma nth-mem-list-slice:
fixes = :: 'a
fixes xs :: ‘a list
fixes s e :: nat
assumes z € set (list-slice zs s e)
shows 3¢ < length xs.
s<1iA
1< eAN
zsli=z
proof —
from in-set-conv-nth| THEN iffD1, OF «- € -]
obtain ¢ where
i < length (list-slice zs s e)
(list-slice zs s e) ! i = ¢
by auto
with nth-list-slice[of © xs s ]
have zs ! (s + i) =«
by auto
moreover
have s < s + ¢
by linarith
moreover
have s + i < length s
using <i < length (list-slice xs s €)» by auto
moreover
have s + i < e
using «i < length (list-slice zs s €)» by auto
ultimately show ?thesis
by blast
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qed

lemma list-slice-subset:
fixes i j :: nat
fixes xs :: 'a list
shows set (list-slice zs i j) C set s
using set-drop-subset set-take-subset by force

lemma [list-slice-Suc:

fixes i j :: nat

fixes xs :: ‘a list

assumes i < length xs

assumes ¢ < j

shows list-slice zs i j = xs | @ # list-slice xs (Suc ©) j

by (metis assms Cons-nth-drop-Suc Suc-diff-Suc
list-slice.simps take-Suc-Cons drop-take)

lemma list-slice-update-unchanged-1:
fixes zs :: ‘a list
fixes 7 j k :: nat
assumes i < j
shows list-slice (xs[i := x]) j k = list-slice zs j k
by (simp add: assms drop-take)

lemma list-slice-update-unchanged-2:
fixes 7 j k :: nat
fixes xs :: 'a list
assumes k < g
shows list-slice (zs[i := z]) j k = list-slice zs j k
by (metis assms list-slice.simps take-update-cancel)

lemma [list-slice-update-changed:
assumes i < length xs
assumes j < ¢
assumes i < k
shows list-slice (xzs[i := x]) j k = (list-slice zs j k)[i — j := 1]
using assms
by (fastforce
intro: list-eq-iff-nth-eq| THEN iffD2]
simp: nth-list-slice nth-list-update)

lemma [list-slice-map-nth-upt:
assumes j < length xs
shows list-slice zs i j = map (nth zs) [i..<j]
using assms
by (fastforce intro: list-eq-iff-nth-eq THEN iffD2])

lemma map-list-slice:
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map f (list-slice xs i j) = list-slice (map f zs) i j
by (simp add: drop-map take-map)

17 Sorted List Slice

lemma (in linorder) sorted-list-slice:
assumes sorted xs
shows sorted (list-slice zs i j)
by (simp add: assms sorted-wrt-drop sorted-wrt-take)

lemma (in linorder) sorted-map-list-slice:
assumes sorted (map f zs)
shows sorted (map f (list-slice zs i j))
by (metis assms drop-map list-slice.simps local.sorted-list-slice take-map)

lemma (in linorder) sorted-map-filter-list-slice:
assumes sorted (map f (filter P xs))
shows sorted (map f (filter P (list-slice xs i j)))
proof —
have i < jVj<i
using linorder-class.le-less-linear by blast
moreover
have j < i = ?thesis
proof —
assume j < ¢
hence list-slice zs i j = |]
by (simp add: drop-take)
then show ?thesis
by simp
qed
moreover
have i < j = ?thesis
proof —
let %as = list-slice xs 0 i and
?bs = list-slice xs i j and
Pcs = list-slice xs j (length xs)
assume ¢ < j
hence zs = %as Q ?bs Q %cs
by (metis le0 linorder-class.linear list-slice-0-length list-slice-append
list-slice-start-gre-length)
hence filter P xs = filter P ?as Q filter P ?bs Q filter P %cs
by (metis filter-append)
hence map f (filter P xs)
= (map [ (filter P %as)) @ (map f (filter P ?bs)) @ (map f (filter P %cs))
by simp
with «sorted (map f (filter P zs))»
show ?thesis
by (simp add: local.sorted-append)
qed
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ultimately show ?thesis
by blast
qed

lemma (in linorder) list-slice-sorted-nth-mono:
assumes sorted (list-slice xs s e)
and s <1
and 1<
and ji<e
and j < length s
shows zs ! i < xs!j
proof —
have 3¢’ i = s + i’
using assms(2) nat-le-iff-add by blast
then obtain i’ where
i=s+1i
by blast

have 3j’. j = s + j'

using assms(2) assms(8) nat-le-iff-add by auto
then obtain j’ where

j=s+j

by blast

have i’ < j’
using i = s + iy j = s + j assms(3) by auto

have j' < length (list-slice xs s €)

using j = s + j» assms(4) assms(5) by auto
with sorted-nth-mono[OF assms(1) «i’ < jh]
have list-slice zs s e | i’ < list-slice zs s e ! j'.
moreover
have zs ! i = list-slice zs s e ! i’

using i = s + i"» assms(3—5) by force
moreover
have zs ! j = list-slice s s e ! j'

using j = s + j» «j’ < length (list-slice zs s e)» nth-list-slice by force
ultimately show %thesis

by simp
qed
end
theory List-Lexorder-Util
imports
HOL— Library.List-Lexorder
begin

lemma same-equiv-def:
(Vi<n.s! (i +7)=s!Suc (i + 7)) = ji<n.s!(i+j)=s!1i
proof safe
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fix j
assume Vji<n. s! (i +j) =s! Suc (i +j)j<n
then show s ! (i + j) = s !
proof (induct n arbitrary: j)
case (
then show ?case
by simp
next
case (Suc n j)
note IH = this
show ?Zcase
proof (cases j)
case (
then show ?thesis
by simp
next
case (Suc m)
with IH(1)[of m] IH(2,3)
have s ! (i + m) = s !¢
by (meson Suc-le-mono less-Suc-eq)
then show ?thesis
using Suc Suc.prems(1) Suc.prems(2) by force
qed
qed
next
fix j
assume Vj<n. s! (i +j)=s'lij<n
then show s ! (i + j) = s ! Suc (i + j)
using less-eq-Suc-le by fastforce
qed

lemma list-less-ex:
s < Ys <—
(Jbcasbscs.zs=as Qb # bsANys=asQc# cs ANb<c)V
(ces ys =125 Q ¢ # cs)
by (clarsimp simp: List-Lexzorder.list-less-def lexzord-def; blast)

end
theory List-Permutation-Util

imports HOL— Combinatorics. List-Permutation ../ util/ List- Util
begin

lemma perm-distinct-set-of-upt-iff:
xs <~> [0..<n] «— distinct zs A set xs = {0..<n}
by (metis atLeastLess Than-upt distinct-upt perm-distinct-iff set-eq-iff-mset-eq-distinct)

lemma distinct-set-of-upto-length:

[distinct xs; set xs = {0..<n}] = length xs = n
apply (drule (1) iff D2]OF perm-distinct-set-of-upt-iff congI|)
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apply (drule perm-length; simp)
done

lemma set-perm-upt:
zs <~> [0..<n] = set xs = {0..<n}
using perm-distinct-set-of-upt-iff by blast

lemma perm-upt-length:
zs <~~> [0..<n] = length s = n
using distinct-set-of-upto-length perm-distinct-set-of-upt-iff by blast

lemma perm-nth-ex:
[ws <> [0.<nl;i<n] = Jk<n zs!i=k
using perm-upt-length set-perm-upt by fastforce

lemma ex-perm-nth:
[xs <~~> [0.<n]; k< n] = 3Fi<n as!i=k
by (metis atLeast-upt distinct-Ex1 distinct-upt less Than-iff perm-distinct-iff perm-set-eq
perm-upt-length)

lemma set-map-nth-perm-subset:
[ys <~~> [0..<n]; n < length zs] = set (map (nth zs) ys) C set zs
by (simp add: nth-image set-perm-upt set-take-subset)

lemma set-map-nth-perm-eq:
ys <~~> [0..<length xs] = set (map (nth zs) ys) = set s
by (metis perm-set-eq set-map set-map-nth-eq)

lemma distinct-map-nth-perm:
[distinct xs; n < length xs; ys <~~> [0..<n]] = distinct (map (nth zs) ys)
by (metis distinct-map distinct-map-nth perm-distinct-iff perm-set-eq)

theorem distinct-set-imp-perm:
assumes distinct s
and distinct ys
and set xs = set ys
shows zs <~~> ys
proof —
from set-eq-iff-mset-eq-distinct|OF assms(1,2), THEN iffD1, OF assms(3)]
show ?thesis
by simp
qged

theorem perm-nth:
assumes zs <~7> ys
and i < length xs
shows 3j < length ys. ys ! j = as i
by (metis assms(1) assms(2) in-set-conv-nth perm-set-eq)
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lemma sort-perm:
s <~7> sort xs
by simp

end
theory List-Lexorder-NS
imports
..Jutil/ Sorting- Util
..Jutil/ List-Slice
../ order [ List-Permutation- Util

begin

18 General Non-standard Lexicographical Com-
parison

This section is based on the lexord classical lexicographical definition in the
the List library but accounts for a variant of lexicographic order defined
below that we rely on for verifying sais. The main difference is that this
ordering preferences the original string over its prefix. For example, "aaa" is
less than "aa", which in turn is less than "a".

definition nslezord :: ('a x 'a) set = ('a list x 'a list) set where
nslezord r = {(z,y). av. z =y Q a # v) V
Buadbvw (e, ) eErNz=uQaHvAy=uQb# w}

definition nslezordp :: (‘a = 'a = bool) = 'a list = 'a list = bool
where

nslexordp cmp s ys <—
(3bcasbscs.zs =as Qb # bs AN ys=as@Qc# cs AN ecmp bc)V
(Fces. s =ys Q ¢ # cs)

lemma nslexord-eg-nslexordp:
(zs, ys) € nslexord {(x, y). emp x y} <— nslexordp cmp zs ys
(zs, ys) € nslexord r «— nslexordp (\z y. (z, y) € 1) xs ys
by (clarsimp simp: nslexord-def nslexordp-def; blast)+

definition nslexordeqp :: (‘a = 'a = bool) = 'a list = 'a list = bool
where
nslexordeqp cmp xs ys «— nslexordp cmp xs ys V (zs = ys)

18.1 Intro and Elimination

lemma nslexzordpll:

dbcasbscs. zs = as Qb # bs A ys = as Q c # cs N cmp b ¢ = nslexordp
cmp xs ys

by (simp add: nslexordp-def)
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lemma nslexordpl2:
Jces. xs = ys Q ¢ # ¢s = nslexordp cmp zs ys
by (simp add: nslezordp-def)

lemma nslexordpE:
nslexordp cmp xs ys =
(3bcasbscs.zs =as Qb # bs AN ys=as@Qc# cs A ecmpbc)V
(ces xzs=ys Q ¢ # cs)
by (simp add: nslexordp-def)

lemma nslexordp-imp-eq:
nslexordp cmp xs ys = nslexordeqp cmp xs ys
by (simp add: nslexordegp-def)

lemma nslexordeqp-imp-eq-or-less:
nslexordeqp cmp zs ys = xs = ys V nslexordp cmp xs ys
using nslexordegp-def by auto

18.2 Simplification

lemma nslezord-Nil-left[simp]: ([], y) ¢ nslexord r
by (unfold nslexord-def, induct y, auto)

lemma nslexord-Nil-right[simp]: (y, []) € nslexord r = (3a z. y = a # x)
by (unfold nslexord-def, induct y, auto)

lemma nslezord-cons-cons[simp]:
(a # z, b # y) € nslexord r <— (a, b) € rV (a = b A (z, y) € nslexord r) (is
?lhs = ?rhs)
proof
assume ?lhs
then show ?rhs
apply (simp add: nslezord-def)
apply (metis hd-append list.sel(1) list.sel(3) tl-append2)
done
qed (auto simp add: nslexord-def; (blast | meson Cons-eq-appendl))

lemma nslezordp-cons-cons[simpl:

nslexordp r (a # ) (b# y) +— rabV (a =0b A nslexordp r x y)

by (metis mem-Collect-eq nslexord-cons-cons nslexord-eq-nslexordp(1) prod.simps(2))
lemmas nslexord-simps = nslexord-Nil-left nslexord-Nil-right nslexord-cons-cons
lemma nslexord-same-pref-iff:

(zs Q ys, xs Q zs) € nslexord r «— (Fz € set xs. (z, x) € r) V (ys, 28) € nslexord
r

by (induction xs) auto

lemma nslezord-same-pref-if-irrefl[simp):
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irrefl 1 = (s Q ys, zs Q zs) € nslexord r <— (ys, zs) € nslexord r
by (simp add: irrefl-def nslexord-same-pref-iff)

lemma nslexord-append-leftI:
bz y=b# 2= (z Qy, z) € nslexord r
by (simp add: nslexordpI2 nslexzord-eq-nslexordp(2))

lemma nslexord-append-left-rightl:
(ab)er= (uQa#z,uQbH#y) € nslexord r
by (simp add: nslexord-same-pref-iff)

lemma nslexord-append-rightl:
(u, v) € nslexord r = (x Q u,  Q v) € nslezord r
by (simp add: nslexord-same-pref-iff)

lemma nslexord-append-rightD:
[(x @ u, z Q v) € nslexord r; (Va. (a,a) & 7) | = (u,v) € nslexord r
by (simp add: nslexord-same-pref-iff)

— nslexord is extension of partial ordering List.lex
lemma nslexord-lex:
(z,y) € lex r = ((z,y) € nslexord r A length x = length y)
proof (induction x arbitrary: y)
case (Cons a z y) then show ?case
by (cases y) (force+)
qged auto

18.3 Recursive version

fun nslezordrec :: (‘a = 'a = bool) = 'a list = 'a list = bool
where
nslexordrec P || - = False |
nslezordrec P - [| = True |
nslexordrec P (x#xs) (y#ys) = (if P z y then True else if x = y then nslexordrec
P zs ys else False)

lemma nslexordp-eq-nslexordrec:

nslexordp cmp s ys <— nslexordrec cmp xs ys
proof (induct zs arbitrary: ys)

case Nil

then show ?case

by (simp add: nslexordp-def)

next

case (Cons a xs)

note IH = this

then show ?Zcase

proof (cases ys)
case Nil
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then show ?thesis
by (simp add: nslexordp-def)
next
case (Cons b zs)
note P = [H|of zs]
have cmp a b = ?thesis
by (simp add: Cons)
moreover
have [-cmp a b; a = b] = ?thesis
by (simp add: P Cons)
moreover
have [-cmp a b; a # b] = ?thesis
by (simp add: local.Cons)
ultimately show #thesis
by blast
qged
qed

lemmas nslexordp-induct = nslexordrec.induct

18.4 Properties

Useful properties for proving things about relations, such as what type of
order is satisfied

lemma nslezord-total-on:
assumes total-on A R
shows total-on {zs. set zs C A} (nslexord R)
proof (intro total-onl)
fix zy
assume z € {zs. set s C A} y € {us. setzs C A} z # y
hence setz C Asety C Az #y
by blast+
then show (z, y) € nslexord R V (y, x) € nslexord R
proof (induct x arbitrary: y)
case Nil
then show “case
by (metis list.exhaust nslexord-Nil-right)
next
case (Cons a x)
note [H = this
then show ?case
proof (cases y)
case Nil
then show ?thesis
by auto
next
case (Cons b z)
then show ?thesis
by (metis Cons.hyps IH(2—4) assms list.set-intros(1,2) nslexord-cons-cons
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subset-code(1)
total-on-def)
qed
qed
qed

lemma total-on-totalp-on-eq:
total-on A {(z, y). R = y} = totalp-on A R
by (simp add: total-on-def totalp-on-def)

lemmas nslexordp-totalp-on =
nslexord-total-on[OF total-on-totalp-on-eq| THEN 1iffD2],
stmplified nslexord-eq-nslexordp(1) totalp-on-total-on-eq[symmetric||

lemma nslexord-total:
total r = total (nslexord r)
using nslexord-total-on by fastforce

lemma nslexordp-totalp:
totalp r = totalp (nslexordp r)
using nslexordp-totalp-on by fastforce

corollary nslexord-linear:

Vab. (a,b) erVa=0>bV (ba) €r) = (z,y) € nslexordr V z. =y V (y,z) €
nslexord r

using nslezord-total by (metis UNIV-I total-on-def)

lemma nslexord-irrefi-on:
assumes irrefl-on A R
shows irrefl-on {zs. set xs C A} (nslexord R)
proof (intro irrefl-onI)
fix z
assume z € {zs. set zs C A}
hence setz C A
by blast
then show (z, z) ¢ nslexord R
proof (induct x)
case Nil
then show “case
by auto
next
case (Cons a x)
then show “case
by (meson assms irrefl-onD list.set-intros(1) nslexord-cons-cons set-subset-Cons
subset-code(1))
qed
qed

lemma irrefi-on-irrefip-on-eq:
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irrefl-on A {(z, y). R z y} = irreflp-on A R
by (simp add: irrefl-on-def irreflp-on-def)

lemmas nslexordp-irrefip-on =
nslexord-irrefl-on| OF irrefl-on-irreflp-on-eq| THEN iffD2],
simplified nslexzord-eq-nslexordp(1) irreflp-on-irrefl-on-eq[symmetric]]

lemma nslexord-irreflezive:
Va. (z,2) ¢ 1 = (zs,28) & nslexord r
by (metis lez-take-index nslexord-lex)

lemma nslexord-irrefi:
irrefl R = irrefl (nslexord R)
by (simp add: irrefl-def nslexord-irreflexive)

lemma nslexordp-irrefip:
assumes irreflp R
shows irreflp (nslezordp R)
using assms nslexzordp-irrefip-on by force

lemma asym-on-asymp-on-eq:
asym-on A {(z, y). R z y} = asymp-on A R
by (simp add: asym-on-def asymp-on-def)

lemma nslexord-asym-on:
assumes asym-on A R
shows asym-on {zs. set xs C A} (nslexord R)
proof (intro asym-onl)
fix x y
assume z € {zs. set s C A} y € {zs. set s C A} (z, y) € nslexord R
hence set © C A set y C A (z, y) € nslexord R
by blast+
then show (y, z) ¢ nslexord R
proof (induct x arbitrary: y)
case Nil
then show ?case
by force
next
case (Cons a x)
note IH = this
then show ?case
proof (cases y)
case Nil
then show ?thesis
by simp
next
case (Cons b z)
hence (a # z, b # 2) € nslexord R
using [H (/) by blast
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with nslexord-cons-cons[of a © b z R]
have (a, b) € RV a = b A (z, 2) € nslezord R
by blast
moreover
have (a, b) € R = ?thesis
by (metis TH(2,3) assms asym-onD list.set-intros(1) local.Cons nslex-
ord-cons-cons
subset-code(1))
moreover
have a = b A (z, 2) € nslezord R = ?thesis
using Cons.hyps IH(2,3) calculation(2) local. Cons by auto
ultimately show ?thesis
by blast
qed
qed
qed

lemmas nslexordp-asymp-on =
nslezord-asym-on|OF asym-on-asymp-on-eq THEN iffD2],
simplified nslexord-eq-nslexordp(1) asymp-on-asym-on-eq|symmetric||

lemma nslexord-asym:
assumes asym R
shows asym (nslexord R)
using assms nslexord-asym-on by force

lemma nslexordp-asymp:
assumes asymp R
shows asymp (nslexordp R)
using assms nslexordp-asymp-on by force

lemma nslexord-asymmetric:
assumes asym R (a, b) € nslexord R
shows (b, a) ¢ nslexord R
by (simp add: assms asymD nslexord-asym)

lemma trans-on-transp-on-eq:
trans-on A {(z, y). R x y} = transp-on A R
by (simp add: trans-on-def transp-on-def)

lemma nslexord-trans-on:
assumes trans-on A R
shows trans-on {zs. set xs C A} (nslezord R)
proof (intro trans-onl)
fixzxyz
assume z € {zs. set s C A} y € {zs. set s C A} z € {s. set xs C A}
(z, y) € nslexord R (y, z) € nslexord R
hence set z C A set y C A set 2 C A (z, y) € nslexord R (y, z) € nslexord R
by blast+
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then show (z, z) € nslezord R
proof (induct x arbitrary: y z)
case Nil
then show ?case
by simp
next
case (Cons a x)
note [H = this
then show ?case
proof (cases y)
case Nil
then show ?thesis
using IH(6) by auto
next
case (Cons b y')
hence (a # z, b # y') € nslexord R
using IH(5) by blast
with nslexord-cons-cons[of a x b y' R]
have P: (a, b)) € RV a = b A (z, y') € nslezord R
by blast
then show %thesis
proof (cases z)
case Nil
then show ?thesis
by simp
next
case (Cons ¢ 2')
hence (b # y', ¢ # 2') € nslexord R
using [H(6) <y = b # y"» by auto
with nslexord-cons-cons[of b y’ ¢ 2’ R]
have (b, c) €e RV b= c A (y/, 2) € nslezord R
by blast
moreover
have a € A set x C A
using [H(2) by auto
moreover
have b € A set y' C A
using IH(3) <y = b # y"» by force+
moreover
have c € A set 2/ C A
using [H(/) <z = ¢ # z» by force+
moreover
from P
have (b, ¢) € R = ?thesis
by (metis assms calculation(2,4,6) local. Cons nslexord-cons-cons trans-onD)
moreover
from P
have b = ¢ A (y/, 2') € nslexord R = ?thesis
by (metis Cons.hyps calculation(3,5,7) local.Cons nslexord-cons-cons)
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ultimately show ?thesis
by blast
qed
qed
qed
qed

lemmas nslexordp-transp-on =
nslexord-trans-on|OF trans-on-transp-on-eq| THEN iffD2],
simplified nslexord-eq-nslexordp(1) transp-on-trans-on-eq[symmetric|]

lemma nslexord-trans:
assumes trans R
shows trans (nslexord R)
using assms nslexord-trans-on by force

lemma nslezordp-transp:
assumes transp R
shows transp (nslexordp R)
using assms nslexordp-transp-on by force

18.5 Monotonicity

Properties about monotonicity

lemma monotone-on-nslexordp:

assumes monotone-on A orda ordb f

shows monotone-on {zs. set xs C A} (nslexordp orda) (nslexordp ordb) (map f)
proof (rule monotone-onl)

fix x y

assume z € {zs. set s C A} y € {zs. set s C A} nslezordp orda x y

hence set x C A set y C A

by blast+

let c1 =3dbcasbscs.2=asQb#bsNy=asQcH# csNordabc
and %c2 =dccs.x =y Q ¢ # cs

let 2g = nslexordp ordb (map f x) (map fy)
from nslexordpE[OF <nslexordp orda x y]
have ?c1 Vv ?2¢2 .
moreover
have ?c2 — %g
using nslexordpl2 by fastforce
moreover
have %c1 = ¥%g
proof (rule nslexordpll)
assume ?cl
then obtain b ¢ as bs cs where
z=as Qb # bs
y=as Qc# cs
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orda b ¢
by blast
moreover
have map fz = map fas Q@ f b # map f bs
by (simp add: calculation(1))
moreover
have map fy = map fas Q fc # map f cs
by (simp add: calculation(2))
moreover
have ordb (f b) (f ¢)
by (metis <set x C Ay <set y C A> assms calculation(1—3) in-set-conv-decomp
monotone-on-def
subset-code(1))
ultimately show 30 ¢ as bs cs. map fx = as Q b # bs A map fy = as Q ¢
# cs A ordb b c
by blast
qed
ultimately show nslezordp ordb (map f ) (map fy)
by blast
qed

lemma monotone-on-bij-betw-inv-nslexordp:
assumes monotone-on A orda ordb f
and asymp-on A orda
and totalp-on A orda
and asymp-on B ordb
and totalp-on B ordb
and bij-betw f A B
and bij-betw g B A
and inverses-on f g A B
shows monotone-on {xs. set s C B} (nslexordp ordb) (nslexordp orda) (map g)
by (metis assms monotone-on-bij-betw-inv monotone-on-nslexordp)

lemma monotone-on-bij-betw-nslexordp:
assumes monotone-on A orda ordb f
and asymp-on A orda
and totalp-on A orda
and asymp-on B ordb
and totalp-on B ordb
and bij-betw f A B
shows 3 g. bij-betw (map g) {zs. set zs C B} {zs. set zs C A} A
inverses-on (map f) (map g) {xs. set xs C A} {zs. set zs C B} A
monotone-on {zs. set xs C B} (nslexordp ordb) (nslexordp orda) (map g)
by (metis assms bij-betw-inv-alt bij-betw-map inverses-on-map monotone-on-bij-betw-inv-nslexordp)

lemma monotone-on-iff-nslexordp:
assumes monotone-on A orda ordb f
and  asymp-on A orda
and totalp-on A orda
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and asymp-on B ordb

and totalp-on B ordb

and bij-betw f A B

and set zs C A

and setys C A
shows nslexordp orda s ys «— nslexordp ordb (map f xs) (map f ys)
proof

assume nslexordp orda xs ys

with monotone-onD|OF monotone-on-nslexordp|OF assms(1)], simplified, OF
assms(7,8)]

show nslexordp ordb (map f zs) (map f ys)

by blast

next

assume A: nslexordp ordb (map f xs) (map f ys)

from monotone-on-bij-betw-nslexordp| OF assms(1—06)]

obtain g where P:
bij-betw (map g) {zs. set xs C B} {xs. set zs C A}
inverses-on (map f) (map g) {xs. set xs C A} {zs. set zs C B}
monotone-on {zs. set xs C B} (nslexordp ordb) (nslexordp orda) (map g)
by blast

have Q: set (map fzs) C B
using assms(6,7) bij-betw-imp-surj-on by fastforce

have R: set (map fys) C B
using assms(6,8) bij-betw-imp-surj-on by fastforce

from monotone-onD[OF P(3), simplified, OF @ R A]
show nslexordp orda s ys
by (metis P(2) assms(7,8) inverses-on-def mem-Collect-eq)
qed

18.6 Other

lemma nslexordp-consi-exE:

assumes nslexordp cmp zs (v # xs)

shows Ja asbs. c # axs=asQa # a# bs AN cempaxz A (Vb € set as. b = x)

using assms
proof (induct zs arbitrary: x)

case Nil

then show ?case

using nslezord-Nil-left nslexzord-eq-nslexordp(1) by blast

next

case (Cons a xs)

note IH = this

have cmp a * = Pcase
by fastforce
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moreover
have [-cmp a z; a # 2] = ?case
using IH(2) by force
moreover
have [-cmp a z; a = 2] = Pcase
proof —
assume —cmp a T a = T
with [H(2)
have nslexordp ecmp zs (v # xs)
by simp
with TH(1)[OF -] <a = ©»
have 3k as bs. a # zs = as Q x # k # bs A cmp k z A (VbEset as. b = 1)
by simp
then obtain £ as bs where P:
a#H rs=asQx # kF# bs cmpkzVbEsetas. b=z
by blast
then show ?case
by (metis Cons-eq-appendl set-ConsD)
qed
ultimately show ?case
by blast
qged

lemma nslexordp-cons2-exE:
assumes nslexordp cmp (z # xs) zs
shows (Vk € setaws. k=12)V (Jaasbs. x #xs=asQz # a# bs AN cmpza
A (Vb€ set as. b= x))
using assms
proof (induct xs arbitrary: x)
case Nil
then show ?case
by simp
next
case (Cons a xs)
note IH = this

have cmp x a« = ?case
by (metis append-Nil empty-iff empty-set)
moreover
have [-emp z a; a = 2] = Pcase
proof —
assume —cmp T a a = T
with IH(2)
have nslexordp cmp (z # xs) xs
by simp
with TH(1)[of z] <a = >
have (Vkeset zs. k = z) V
(Fkasbs. a# zs=asQua # k# bs AN cmpzxk A (VbEset as. b = 1))
by simp
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then show ?thesis
proof
assume Vikeset xs. k =z
then show ?thesis
by (simp add: <a = x»)
next
assume Lk asbs. a # xs=asQx # k# bs AN ecmp x k A (VbEset as. b = x)
then obtain £ as bs where P:
a# xs=asQa #k# bscmpakVbesetas. b=z
by blast
then show ?thesis
by (metis Cons-eq-appendl set-ConsD)
qed
qed
moreover
have [-cmp z a; a # 2] = ?case
using Cons.prems by auto

ultimately show ?case
by blast
qed

19 Order definitions on lists of linorder elements

definition list-less-ns :: (‘a :: linorder) list = 'a list = bool
where
list-less-ns ws ys =
(In. n < length zs A n < length ys A
Vi<mn.oasli=ys!li)A
(length ys = n — n < length zs) A
(length ys # n —> length xs # n A xs ! n < ys ! n))

definition list-less-eq-ns :: ('a :: linorder) list = 'a list = bool
where
list-less-eq-ns s ys =
(3n. n < length xs A n < length ys A
Vi<mn.as!i=ys!i) A
(length ys = n — length s # n AN zs ! n < ys ! n))

— Alternative definition

definition list-less-ns-ex :: (‘a :: linorder) list = (‘a :: linorder) list = bool
where

list-less-ns-ex xs ys +—
(3bcasbscs.zs=as Qb # bsANys=asQc# cs ANb<c)V
(Fces. s =ys Q ¢ # cs)
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20 Helper list comparison theorems

lemma list-less-ns-alt-def:
list-less-ns xs ys = list-less-ns-ex s ys
proof
assume list-less-ns xs ys
with list-less-ns-def[THEN iffD1, of s ys]
obtain n where P:
n < length zs n < length ys Vi<n. xs !¢ = ys ! i length ys = n — n < length
xs
length ys # n — lengthzs #n Azs!n < ys!mn
by blast
show list-less-ns-ex zs ys
proof (cases length ys = n)
assume length ys = n
then show ?thesis
by (metis P(1,2,3,4) id-take-nth-drop list-less-ns-ex-def nth-take-lemma
take-all)
next
assume length ys # n
then show ?thesis
by (metis P(1,2,8,5) id-take-nth-drop le-neq-implies-less list-less-ns-ex-def
nth-take-lemma)
qed
next
assume list-less-ns-ex s ys
hence (3bcasbscs. zs=asQb# bsANys=asQcH# csANb<c)V (Jces.
xs = ys Q ¢ # cs)
using list-less-ns-ex-def by blast
then show list-less-ns xs ys
proof
assume dbcasbscs. zs = as Qb # bs ANys=as Q@ c# cs Nb<c
then obtain b ¢ as bs cs where P:
zs=as Qb# bsys=asQc# csb < c
by blast
hence length as < length zs
by simp
moreover
have length as < length ys
by (simp add: P(2))
moreover
have Vi < length as. xs ! i = ys | i
by (simp add: P(1) P(2) nth-append)
moreover
have zs ! length as < ys ! length as
by (simp add: P(1) P(2) P(3))
ultimately show list-less-ns zs ys
using list-less-ns-def[THEN iffD2, OF ezl of length as zs ys| by simp

next

64



assume Jc cs. zs = ys Q ¢ # cs

then obtain ¢ cs where
s = ys Q ¢ # cs
by blast

hence length ys < length xs
by simp

then show list-less-ns xs ys
using list-less-ns-def[THEN iffD2, OF exl, of length ys zs ys]
by (simp add: <xs = ys Q ¢ # cs» nth-append)

qged
qged

lemma nslexordp-eq-list-less-ns-ex:
nslezordp (<) = list-less-ns-ex
by (clarsimp simp: fun-eq-iff nslexordp-def list-less-ns-ex-def)

lemma nslexordp-eq-list-less-ns-ex-apply:
nslexordp (<) z y = list-less-ns-ex x y
by (simp add: nslexordp-eq-list-less-ns-ex)

lemma nslexordp-eq-list-less-ns:
nslezordp (<) = list-less-ns
by (clarsimp simp: fun-eg-iff list-less-ns-alt-def nslexordp-eq-list-less-ns-ex)

lemma nslexordp-eq-list-less-ns-app:
nslezordp (<) x y = list-less-ns x y
by (simp add: nslexordp-eq-list-less-ns)

lemma nslexordeqp-eq-list-less-eq-ns-apply:
nslexordeqp (<) x y = list-less-eq-ns z y
proof (cases z = y)
assume z = y
then show ?thesis
by (simp add: list-less-eq-ns-def nslexordegp-def)
next
assume z # y
hence nslexordeqp (<) z y = nslexordp (<) z y
by (simp add: nslexordegp-def)
moreover
have nslexordp (<) z y = list-less-ns z y
by (simp add: nslexordp-eq-list-less-ns)
moreover
have list-less-eq-ns x y = list-less-ns x y
unfolding list-less-eq-ns-def list-less-ns-def
proof (intro iffI; elim exE conjFE)
fix n
assume n < length x n < length y Vi<n.z!i=y!lq
lengthy #n — lengthz AnANz!n<yln
then show dn<length x. n < length y A Vi<n.z!i=y! i) A
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(length y = n — n < length z) A
(lengthy #n — lengthz #nAz!n<y!n)
by (metis <z # y> le-eq-less-or-eq nth-equalityl)
next
fix n
assume n < length x n < length y Vi<n. x ! i =y ! ilengthy =n — n <
length x
lengthy #n — lengthz #n ANz!ln<yln
then show In<length z. n < length y A Vi<n. z!i=y i) A
(length y #n — lengthz #n Az!ln<y!n)
by blast
qed
ultimately show ?thesis
by blast
qed

21 [list-less-ns helpers

lemma list-less-ns-cons-same:
list-less-ns (a # xs) (a # ys) = list-less-ns xs ys
by (metis nslexordp-cons-cons nslexordp-eq-list-less-ns order-less-irrefl)

lemma list-less-ns-cons-diff:
a < b= list-less-ns (a # ws) (b # ys)
using list-less-ns-def by fastforce

lemma list-less-ns-cons:
list-less-ns (a # xs) (b # ys) = (a < b A (a = b —> list-less-ns xs ys))
by (metis length-Cons list-less-ns-cons-diff list-less-ns-cons-same list-less-ns-def
nat.simps(3)
not-less-iff-gr-or-eq not-less-zero nth-Cons-0 order.strict-iff-order
order-class.order-eq-iff)

lemma list-less-eq-ns-cons-same:
list-less-eq-ns (a # zs) (a # ys) = list-less-eq-ns xs ys
by (metis list.inject list-less-ns-cons-same nslexordegp-def nslexordegp-eq-list-less-eq-ns-apply
nslexordp-eq-list-less-ns-app)

lemma list-less-eq-ns-cons:
list-less-eq-ns (a # zs) (b # ys) = (a < b A (a = b — list-less-eq-ns xs ys))
by (metis list.inject list-less-ns-cons nle-le nslexordegp-def
nslexordeqp-eq-list-less-eq-ns-apply nslexordp-eq-list-less-ns)

lemma list-less-ns-hd-same:

[hd zs = hd ys; xs # [|; ys # [|]] = list-less-ns xs ys = list-less-ns (tl xs) (tl ys)
by (metis list.collapse list-less-ns-cons-same)

lemma [list-less-ns-recurse:
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[zs # [l ys # Il =

(hd xs = hd ys — list-less-ns xs ys = list-less-ns (tl zs) (tl ys)) A
(hd xs # hd ys — list-less-ns xs ys = (hd s < hd ys))

by (metis list.collapse list-less-ns-cons list-less-ns-hd-same nless-le)

lemma list-less-ns-nil:
zs # [| = list-less-ns xs ||
using list-less-ns-def by auto

lemma list-less-ns-app:
bs # [| = list-less-ns (as @Q bs) as
by (metis list.collapse nslexordpI2 nslexordp-eq-list-less-ns)

22 Lists of linorder elements are linorders with a
bottom element

lemma list-less-ns-imp-less-eq-not-less-eq:

list-less-ns x y = (list-less-eq-ns © y N — list-less-eq-ns y x)

apply (clarsimp simp: nslexordp-eq-list-less-ns[symmetric]
nslexordeqp-eq-list-less-eq-ns-apply[symmetric]
nslexordegp-def
nslexord-eq-nslexordp(1)[symmetric])

apply (rule conjl)

apply (erule nslexord-asymmetric[rotated)], fastforce)

by (metis Product-Type. Collect-case-prodD fst-conv nslexord-irreflexive order-less-irrefl

snd-conv)

lemma list-less-eq-ns-not-less-eq-imp-less:
list-less-eq-ns x y N\ — list-less-eq-ns y x = list-less-ns x y
by (metis nslezordeqp-eq-list-less-eq-ns-apply nslexordegp-imp-eq-or-less
nslexordp-eq-list-less-ns)

lemma list-less-eq-ns-trans:

[list-less-eq-ns x y; list-less-eq-ns y z]] = list-less-eq-ns x z

apply (clarsimp simp: nslexordp-eq-list-less-ns[symmetric]
nslezordeqp-eq-list-less-eq-ns-apply|symmetric]
nslexordegp-def
nslexord-eq-nslexordp(1)[symmetric])

apply safe

apply (erule (1) transD[OF nslexord-trans, rotated))

by (metis order-less-trans transp-def transp-trans)

lemma list-less-eq-ns-anti-sym:
[list-less-eq-ns x y; list-less-eq-ns y 2] = = = y
by (metis list-less-ns-imp-less-eg-not-less-eq nslexordegp-eq-list-less-eq-ns-apply
nslezordeqp-imp-eq-or-less nslexordp-eq-list-less-ns)
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lemma list-less-eq-ns-linear:
list-less-eq-ns x© y V list-less-eq-ns y x
apply (simp add: nslexordp-eq-list-less-ns[symmetric)
nslexordeqp-eq-list-less-eq-ns-apply|symmetric]
nslexordegp-def
nslexord-eq-nslexordp(1)[symmetric))
by (metis case-prodl linorder-neqE mem-Collect-eq nslexord-linear)

interpretation ordlistns: linorder list-less-eq-ns list-less-ns
proof
fix zyz: alist
show list-less-ns © y = (list-less-eg-ns z y N\ — list-less-eq-ns y x)
using list-less-ns-imp-less-eq-not-less-eq list-less-eq-ns-not-less-eq-imp-less
by blast
show list-less-eq-ns T x
unfolding list-less-eq-ns-def
by simp
show [list-less-eq-ns x y; list-less-eq-ns y z]] = list-less-eq-ns x z
by (rule list-less-eq-ns-trans)
show [list-less-eq-ns x y; list-less-eq-ns y 2] = z =y
by (rule list-less-eq-ns-anti-sym)
show list-less-eq-ns x y V list-less-eq-ns y x
by (rule list-less-eq-ns-linear)
qed

interpretation ordlistns: order-top list-less-eq-ns list-less-ns []
proof
fix a :: 'a list
show list-less-eq-ns a []
unfolding list-less-eq-ns-def
by auto
qed

23 Recursive Definition

fun lt-ns = (‘a :: linorder) list = 'a list = bool

where
lt-ns [| [| = False |
lt-ns [| - = False |
lt-ns - [| = True |

lt-ns (a # as) (b # bs) =
(if a < b then True
else if a > b then False
else lt-ns as bs)

lemma list-less-ns-lt-ns:
list-less-ns ©s ys = lt-ns s ys
apply (induct rule: lt-ns.induct)
apply simp
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apply simp

apply (simp add: list-less-ns-nil)
apply (simp add: list-less-ns-cons)
apply (safe; simp)
done

24  [ist-less-ns-ex helpers

lemma list-less-ns-exl1:

Jbcasbscs. xzs =as Qb # bs Ays=asQc# cs N b < c= list-less-ns-ex
x8 Ys

by (simp add: list-less-ns-ez-def)

lemma list-less-ns-exI2:
dccs. xs = ys Q ¢ # cs = list-less-ns-ex xs ys
by (simp add: list-less-ns-ez-def)

lemma list-less-ns-exE:
list-less-ns-ex s ys =
(3bcasbscs.xs=as Qb H# bsAys=asQc# cs Nb<c)V
(e es. xs = ys @ ¢ # cs)
by (simp add: list-less-ns-ez-def)

lemma list-less-ns-app-same:
list-less-ns (as Q zs) (as @ ys) = list-less-ns xs ys
apply (induct as arbitrary: s ys)
apply simp
apply (simp add: list-less-ns-cons-same)
done

lemma list-less-eq-ns-app-same:
list-less-eq-ns (as @ xs) (as Q ys) = list-less-eq-ns xs ys
apply (induct as arbitrary: xs ys)
apply simp
apply (simp add: list-less-eq-ns-cons-same)
done

lemma list-less-ns-cons1-exE:
assumes list-less-ns zs (z # xs)
shows Jaasbs. e # azs=asQaz # a# bsANz>aN (Vb€ set as. b = x)
by (metis assms nslexordp-cons1-exzE nslexordp-eq-list-less-ns)

lemma list-less-ns-cons1-exI:
assumes Jaasbs. c # axs=asQaz # a# bsNz>aAN (VbE setas. b=x)
shows list-less-ns-ex xs (x # xs)
proof —
from assms
obtain a as bs where
xH# xs=as Qax # a# bs
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a <
Vbesetas. b=1
by blast

have as = [| = ?thesis
using <a < ) x # xs = as Q x # a # bs» list-less-ns-alt-def list-less-ns-cons-diff
by fastforce
moreover
have 3¢ cs. as = ¢s @ [¢] = ?thesis
proof —
assume J ¢ ¢s. as = ¢s Q []
then obtain ¢ cs where
as = ¢s @ []
by blast
with Vb € set as. b = o
have ¢ =z
by auto
hence x # s = ¢s Q z # x # a # bs
by (simp add: <as = ¢s Q [c]y <z # x5 = as Q x # a # bs)

have Vb € set cs. b ==z
by (simp add: <V bEset as. b = ) <as = ¢s @ [c]»)
hence dn. ¢s = replicate n x
by (meson replicate-eql)
then show ?thesis
by (metis <a < x <x # 18 = ¢s Q x # x # a # bs> list-less-ns-alt-def
list-less-ns-app-same
list-less-ns-cons-diff list-less-ns-cons-same replicate-app-Cons-same)
qed
ultimately show ?thesis
by (meson rev-ezhaust)
qed

lemma list-less-ns-cons2-ex:

assumes list-less-ns (z # xs) xs

shows (Vk € setxs. k=2)V (3aasbs. c #as=asQa# a# bsAx<aA
(Vb € set as. b = x))

by (metis assms nslexordp-cons2-exE nslexordp-eq-list-less-ns)

end
theory Valid-List

imports Main ../ util/ List-Util
begin

25 Valid List

definition
valid-list :: ('a :: {linorder, order-bot}) list = bool
where
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valid-list s = (length s > 0 A (Vi < length s — 1. s ! i # bot) A last s = bot)

lemma valid-list-ex-def:
fixes s ::('a :: {linorder, order-bot}) list
shows (valid-list s) =
(Fzs. s = zs Q [bot] A
(Vi < length zs. xs | i # bot))
unfolding valid-list-def
proof safe
assume
s # ]
Vi<length s — 1. s! i # bot
last s = bot
then
show Juzs. s = xs Q [bot] A
(Vi<length zs. xzs ! i # bot)
by (metis append-butlast-last-id length-butlast nth-butlast)
qed (simp add: nth-append)+

lemma valid-list-iff-butlast-app-last:

fixes s :: (‘a :: {linorder, order-bot}) list

shows walid-list s <—
s £ [ A
(Vz € set (butlast s). © # bot) A
last s = bot

by (metis append-butlast-last-id butlast-snoc in-set-conv-nth
valid-list-def valid-list-ex-def length-greater-0-conv)

lemma valid-list-consI:
fixes s :: (‘a :: {linorder, order-bot}) list
fixes a :: a
assumes valid-list s
and a # bot
shows valid-list (a # s)
using assms
by (simp add: valid-list-iff-butlast-app-last)

lemma valid-list-consD:
fixes s :: (‘a :: {linorder, order-bot}) list
fixes a :: a
assumes valid-list (a # s)
assumes s # [|
shows wvalid-list s
using assms

by (simp add: valid-list-iff-butlast-app-last)
lemma Min-valid-list:

fixes s :: (‘a :: {linorder, order-bot}) list
assumes valid-list s
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shows Min (set s) = bot
by (metis assms List.finite-set Min.in-idem last-in-set min-bot valid-list-iff-butlast-app-last)

lemma valid-list-length:
fixes s :: (‘a :: {linorder, order-bot}) list
assumes valid-list s
shows length s > 0
using assms
by (clarsimp simp: valid-list-ex-def)

lemma valid-list-length-ex:
fixes s :: (‘a :: {linorder, order-bot}) list
assumes valid-list s
shows dn. length s = Suc n
using assms
by (clarsimp simp: valid-list-ex-def)

lemma valid-list-not-nil:
fixes s :: (‘a :: {linorder, order-bot}) list
assumes valid-list s
shows s # ||
using assms by (simp add: valid-list-def)

lemma valid-list-Suc-mapping:
fixes f :: 'a = nat
fixes s :: ‘a list
shows walid-list ((map (Az. Suc (fz)) s) Q [bot])
proof (induct s)
case (Cons a s)
note IH = this
have map (A\z. Suc (f z)) (a # s) = (Suc (f a)) # map (Az. Suc (fx)) s
by simp
moreover
have Suc (f a) # bot
by (simp add: bot-nat-def)
hence valid-list ((Suc (f a)) # (map (Az. Suc (f x)) s) Q [bot])
by (simp add: IH valid-list-consI)
ultimately
show Zcase
by simp
qed (simp add: valid-list-ez-def)

lemma valid-list-app:
assumes valid-list (zs Q y # ys)
shows wvalid-list (y # ys)
using assms
by (induct xs) (simp add: valid-list-consD)+

lemma not-valid-list-app:
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assumes valid-list (zs Q y # ys)
shows —walid-list xs
using assms
proof (induct s)
case Nil
then show ?case
using valid-list-not-nil by auto
next
case (Cons a xs)
then show ?Zcase
by (metis Groups.add-ac(2) Nil-is-append-conv One-nat-def add-diff-cancel-left’
append-Cons
last-ConsL list.discl list.size(4 ) nth-Cons-0 valid-list-consD valid-list-def)
qed

lemma valid-list-neqE:
assumes valid-list xs valid-list ys xs # ys
shows Jz yasbscs.zs=as Qr # bsANys=as Qy# cs Nz # vy
proof —
note cases = list-neg-fc[OF assms(3)]
moreover
have =(3z zs. s = ys Q z # zs)
using assms(1) assms(2) not-valid-list-app by blast
moreover
have —(3z zs. ys = s Q z # 2s)
using assms(1) assms(2) not-valid-list-app by blast
ultimately show %thesis
by blast
qed

end
theory Valid-List-Util

imports List-Lezorder-Util List-Lexorder-NS Valid-List
begin

26 Order Equivalence

lemma valid-list-list-less-equiv-list-less-ns:
assumes valid-list s1
and valid-list s2
shows s1 < s2 = list-less-ns s1 s2
proof
assume sl < s2
hence s1 # s2
by simp
with valid-list-neqE[OF assms(1,2)]
obtain z y as bs cs where
sl =asQax # bss2=asQyH#HcszF#y
by blast
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hence z < y
by (metis <s1 < s2» linorder-less-linear list-less-ex order-less-imp-not-less)
then have list-less-ns-ex s1 s2
using <sl = as Q x # bs) <s2 = as Q y # cs» list-less-ns-ex-def by fastforce
then show list-less-ns s1 s2
by (simp add: list-less-ns-alt-def)
next
assume list-less-ns s1 s2
hence s1 # s2
by fastforce
with valid-list-neqE[OF assms(1,2)]
obtain z y as bs cs where
sl =asQax # bss2=asQyH#Hcsz#y
by blast
hence z < y
by (metis <list-less-ns s1 s2» list.distinct(1) list.sel(1) list-less-ns-app-same
list-less-ns-recurse)
then show s! < s2
using <sl = as Q@ x # bs» <s2 = as Q y # cs» list-less-ex by fastforce
qed

lemma valid-list-list-less-eq-equiv-list-less-eq-ns:
assumes valid-list s1
and valid-list s2
shows s1 < s2 = list-less-eq-ns s1 s2
by (simp add: assms order-le-less ordlistns.le-less valid-list-list-less-equiv-list-less-ns)

27 Classical Lexicographical Order

lemma valid-list-list-less-imp:
assumes valid-list (zs Q [bot])
and  walid-list (ys Q [bot])
and  (xs Q [bot]) < (ys @ [bot])
shows zs < ys
proof —
from assms(3)
have zs @ [bot] # ys Q [bot]
by fastforce
with valid-list-neqE[OF assms(1,2)]
obtain z y as bs cs where
zs Q [bot] = as Q z # bs ys Q [bot] = as Q y # csax # y
by blast
hence z < y
by (metis assms(8) linorder-less-linear list-less-ex order-less-imp-not-less)
then show ?thesis
by (metis <xs Q [bot] = as Q x # bsy <ys Q [bot] = as Q y # cs» append-self-conv
bot.extremum-strict butlast.simps(2) butlast-append last-snoc list-less-ex
list-neq-rcl)
qed
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lemma strict-mono-on-list-less-map:
fixes « :: ‘a :: preorder = 'b :: ord
assumes strict-mono-on A «
and set zs C A
and setys C A
and s < Y$
shows (map a zs) < (map a ys)
using assms(2—4)
proof (induct zs arbitrary: ys)
case Nil
then show ?case
using list-le-def by fastforce
next
case (Cons a xs)
note IH = this

have 3z z2s. a < 2z A ys =z # z2s
by (metis Cons-less-Cons IH(4) dual-order.refl dual-order.strict-iff-not neq-Nil-conv
not-less-Nil)
then obtain z zs where
a<zys=z# zs
by blast
then show ?case
using IH assms(1) strict-mono-onD by fastforce
qged

lemma strict-mono-list-less-map:
assumes strict-mono «
and s < Y$
shows map o s < map a ys
using assms(1) assms(2) strict-mono-on-list-less-map by blast

lemma strict-mono-on-map-list-less:
fixes « :: ‘a :: linorder = 'b :: order
assumes strict-mono-on A «
and set zs C A
and setys C A
and  (map o zs) < (map a ys)
shows zs < ys
using assms(2—4)
proof (induct xs arbitrary: ys)
case Nil
then show ?case
using list-le-def by fastforce
next
case (Cons a xs)
note IH = this
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have ys =[] V (3b zs. ys = b # zs)
using neq-Nil-conv by blast

moreover
have ys = [| = ?case

using Cons.prems by auto
moreover

have 3b zs. ys = b # zs = Pcase
by (metis IH(2—4) assms(1) linorder-neq-iff order-less-asym strict-mono-on-list-less-map)
ultimately show ?case
by blast
qed

lemma strict-mono-map-list-less:
fixes « :: ‘a :: linorder = 'b :: order
assumes strict-mono «
and  (map a zs) < (map a ys)
shows zs < ys
using assms(1) assms(2) strict-mono-on-map-list-less by blast

28 Non-standard Lexicographical Ordering

lemma sorted-list-less-ns:
assumes sorted (a # bs @ [c])
and c<d
shows list-less-ns (a # bs Q [e, d] Q xs) (bs Q [¢, d] Q ys)
using assms
proof (induct bs arbitrary: a)
case Nil
then show ?case
by (metis append-Cons append-Nil le-less list-less-ns-cons-diff list-less-ns-cons-same
sorted2)
next
case (Cons a bs 1)
note IH = this

from IH(2)
have sorted (a # bs Q [¢])
by simp
with TH(1)[OF - assms(2)]
have list-less-ns (a # bs Q [¢, d] @ zs) (bs Q [c, d] @ ys) .
with sorted-nth-mono[OF IH(2), of 0 Suc 0, simplified)
show Zcase
by (simp add: list-less-ns-cons)
qed

lemma rev-sorted-list-less-ns:
assumes sorted (rev (a # bs Q [c]))
and c¢>d
shows list-less-ns (bs @ [c, d] @ zs) (a # bs @Q [c, d] @ ys)
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using assms
proof (induct bs arbitrary: a)

case Nil

then show ?case

using list-less-ns-cons list-less-ns-cons-diff by fastforce

next

case (Cons a bs 1)

note IH = this

from IH(2)
have sorted (rev (a # bs Q [c]))
by (simp add: sorted-append)
with TH(1)[OF - assms(2)]
have list-less-ns (bs Q [¢, d] @Q zs) (a # bs Q [¢, d] @ ys) .
with sorted-rev-nth-mono[OF TH(2), of 0 Suc 0, simplified]
show ?case
using list-less-ns-cons by auto
qed

lemma sorted-cons-list-less-ns:
assumes sorted (a # bs)
shows list-less-ns (a # bs) bs
using assms
proof (induct bs arbitrary: a)
case Nil
then show “case
by (simp add: list-less-ns-nil)
next
case (Cons a bs 1)
note IH = this

from IH(2)
have sorted (a # bs)
by simp
with IH(1)
have list-less-ns (a # bs) bs .
with sorted-nth-mono[OF IH(2), of 0 Suc 0, simplified]
show ?case
by (simp add: list-less-ns-cons)
qed

end
theory Suffix

imports Main
begin

29 Suffix

abbreviation suffiz :: 'a list = nat = 'a list
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where
suffizx zs 1 = drop i xs

lemma suffizes-neq:
[¢ < length s; j < length s; i # j] = suffiz s i # suffiz s j
by (metis diff-diff-cancel length-drop less-or-eq-imp-le)

lemma distinct-suffizes:
[distinct zs; V€ set xs. © < length s] = distinct (map (suffix s) xs)
by (simp add: distinct-conv-nth suffizes-neq)

lemma suffiz-eq-index:
[¢ < length zs; j < length zs; suffix zs i = suffiz zs j] = i = j
by (metis diff-diff-cancel le-eq-less-or-eq length-drop)

lemma suffiz-neq-nil:
i < length s = suffix s i # ||
by simp

lemma suffiz-map:

suffix (map f xs) i = map f (suffix xs ©)
by (simp add: drop-map)

lemma set-suffiz-subset:
set (suffizx s i) C set s
by (simp add: set-drop-subset)
lemma suffiz-cons-suc:
suffic (a # xs) (Suc i) = suffiz xs i
by simp

lemma suffiz-app:
i < length s = suffix (zs Q ys) i = suffiz xs i Q ys
by simp

lemma suffiz-cons-ex:
i <length T = dxxs. suffit Ti=xH#axsNx=T!1
by (metis Cons-nth-drop-Suc)

lemma suffiz-cons-Suc:
i < length T = suffic Ti = T i # suffic T (Suc i)
by (metis Cons-nth-drop-Suc)

lemma suffiz-cons-app:
suffic T i = as Q bs = suffix T (i + length as) = bs
by (metis add.commute append-eq-conv-conj drop-drop)

lemma suffiz-0:

suffic T O =T
by simp
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end
theory Suffiz- Util
imports
../ util/ List-Slice
Suffiz
Valid-List
Valid-List- Util

begin

30 Valid Lists and Suffixes

lemma valid-suffix:
[valid-list s; © < length s] = wvalid-list (suffic s ©)
by (clarsimp simp: valid-list-ex-def)

lemma last-suffiz-index:
assumes valid-list s
and i < length s
shows hd (suffiz s i) = bot «— i = length s — 1
proof —
from iffD1[OF wvalid-list-ex-def <valid-list $)]
obtain zs where
s = xs Q [bot]
Vi < length xs. zs | i # bot
by blast
show ?thesis
proof
from «s = zs @ [bot]y Vi < length zs. xs ! i # bot)
show i = length s — 1 = hd (suffix s i) = bot
by simp
next
from «s = s @ [bot]> Vi < length zs. xs | i # bot> «i < length s
show hd (suffiz s i) = bot = i = length s — 1
by (clarsimp simp: hd-append hd-drop-conv-nth split: if-splits)
qed
qed

31 Prefixes and Suffixes

lemma suffiz-has-no-prefiz-suffix:
assumes valid-list: valid-list s
and i-less-len-s: i < length s
and j-less-len-s: j < length s

and i-neq-j: 1# ]
shows — (3. suffiz s i = (suffix s j) Q s
proof
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assume 3s’. suffiz s i = suffir s j Q s’
then obtain s’ where
pref: suffix s i = suffir s j Q s’
by blast
with i-neq-j i-less-len-s j-less-len-s
have i < j
by (metis diff-less-mono2 length-append length-drop less-Suc-eq not-add-less1
not-less-eq)
with pref i-less-len-s j-less-len-s
have s-not-nil: s’ # ||
by (metis append-Nil2 diff-less-mono2 length-drop less-irrefl-nat)

from wvalid-list i-less-len-s valid-suffiz
have valid-suf-i: valid-list (suffiz s ©)
by force

from walid-list j-less-len-s valid-suffiz
have valid-list (suffiz s j)
by force
with pref valid-list-ex-def
have Jzs. suffix s i = zs Q [bot] @ s’
using append-assoc by auto
then obtain zs where
suf-i: suffix s i = xs Q [bot] Q s’
by blast

from wvalid-suf-i valid-list-ez-def
have Jys. suffic s i = ys Q [bot] A (Vk < length ys. ys ! k # bot)
by blast
then obtain ys where
suffix s i = ys Q [bot] and
all-ys-not-0: ¥ k < length ys. ys | k # bot
by blast
with suf-i
have suf-i-eq: zs @ [bot] @ s’ = ys @ [bot]
by force
with s-not-nil
have length zs < length ys
by (metis (no-types, lifting) append-assoc append-eg-append-conv
length-append length-append-singleton less-trans-Suc
linorder-neqE-nat not-add-less1 self-append-conv)
with suf-i-eq all-ys-not-0
show Fulse
by (metis append-Cons butlast-snoc nth-append-length nth-butlast)
qed
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32 Suffix Comparisons

32.1 Lexicographical Ordering

lemma suffiz-less-ex:
fixes s :: (‘a :: {linorder, order-bot}) list
assumes valid-list s
and i < length s
and j < length s
and suffix s i < suffix s j
shows 3b ¢ as bs cs. suffic s i = as Q b # bs A
suffir sj=asQc# cs Nb<c
proof —
have valid-list (suffiz s i)
using assms(1) assms(2) valid-suffix by blast
moreover
have valid-list (suffiz s j)
using assms(1) assms(8) valid-suffix by blast
moreover
have suffiz s i # suffix s j
using assms(4) nless-le by blast
ultimately have
Jdbcasbscs. sufficsi=as Qb F# bs A suffitsj=asQc# cs \Nb#c
using wvalid-list-neqE by blast
then obtain b c as bs cs where
suffic s i = as Q b # bs suffix sj = as Q ¢ # ¢cs b # ¢
by blast
hence b < ¢
by (metis assms(4) linorder-less-linear list-less-ex order-less-imp-not-less)
then show ?thesis
using <suffiz s i = as Q b # bs) <suffiv s j = as Q ¢ # cs» by blast
qed

lemma suffiz-less-nth:
assumes valid-list s
and i < length s
and j < length s
and suffix s i < suffiz s j
shows
In. n < length (suffiz s i) A
n < length (suffix s j) A
(Vk < n. (suffixsi)l k= (suffitsj) ! k) A
(suffiz s i) ! n < (suffizsj) ! n
proof —
from suffiz-less-ex| OF assms]
obtain b ¢ as bs cs where
suf-i:  suffix s i = as @Q b # bs and
suf-j:  suffix s j = as Q ¢ # cs and
b-less-c: b < ¢
by blast
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hence length as < length (suffiz s i) and
length as < length (suffiz s j) and
(suffizx s ©) | length as = b  and
(suffiz s §) ! length as = ¢
by fastforce+
with b-less-c suf-i suf-j
show ?thesis
by (metis nth-append)
qed

lemma suffiz-less-butlast:
assumes valid-list s
and i < length s
and j < length s
and  suffir s i < suffiz s j
shows butlast (suffic s ©) < butlast (suffix s j)
by (metis append-butlast-last-id assms suffiz-neq-nil valid-list-def valid-list-list-less-imp
valid-suffiz)

32.2 Non-standard List Ordering

lemma suffiz-less-ns-ex:
assumes valid-list s
and i < length s
and j < length s
and  list-less-ns (suffiz s i) (suffiz s j)
shows 3b ¢ as bs cs.
suffic s 1= as Q b # bs A
sufficr sj=asQc# cs Nb<c
by (meson assms suffix-less-ex valid-suffiz
valid-list-list-less-equiv-list-less-ns)

lemma suffiz-less-ns-nth:

assumes valid-list s

and i < length s

and j < length s

and  list-less-ns (suffic s i) (suffiz s j)

shows

In. n < length (suffiz s i) A
n < length (suffix s j) A
(Vk < n. (suffixsi)l k= (suffitsj) ! k) A
(suffic s i) ! n < (suffixsj) ! n

by (meson assms suffiz-less-nth valid-list-list-less-equiv-list-less-ns valid-suffiz)

33 List Slice

declare list-slice.simps[simp del]
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lemma list-slice-to-suffiz:
list-slice T i j = take (j — 1) (suffiz T 1)
by (simp add: list-slice.simps drop-take)

lemma suffiz-eq-list-slice:
suffix T i = list-slice T i (length T)
by (simp add: list-slice.simps)

lemma list-slice-suffiz:
list-slice T i j = list-slice (suffic T i) 0 (j — ©)
by (metis drop0 drop-take list-slice.simps)
lemma suffiz-to-list-slice-app:
i < j = suffic T i= (list-slice T i j) Q (list-slice T j (length T))
apply (cases j < length T)
apply (subst list-slice-append|symmetric]; simp?)
apply (clarsimp simp: list-slice.simps)
apply (clarsimp simp: not-le)
apply (subst list-slice-end-gre-length, arith)
apply (simp add: list-slice-start-gre-length list-slice.simps)
done

34 Sorting

lemma ordlist-strict-mono-strict-sorted-1:
assumes strict-mono «
and  strict-sorted (map (suffiz (map « s)) s)
shows strict-sorted (map (suffix s) xs)
proof (intro sorted-wrt-mapl)
fix ij
assume i < jj < length zs
with sorted-wrt-nth-less|OF assms(2)]
have suffiz (map « s) (zs ! i) < suffix (map a s) (zs!j)
by auto
then show suffiz s (zs ! i) < suffiz s (zs!j)
by (metis assms(1) strict-mono-map-list-less suffiz-map)
qed

lemma ordlist-strict-mono-on-strict-sorted-1:
assumes strict-mono-on A «
and set s C A
and  strict-sorted (map (suffiz (map « 3)) xs)
shows strict-sorted (map (suffix s) xs)
proof (intro sorted-wrt-mapl)
fix ij
assume i < jj < length zs
with sorted-wrt-nth-less|OF assms(3)]
have suffiz (map « s) (zs! @) < suffix (map a s) (zs! j)
by auto
hence map a (suffix s (zs! 7)) < map o (suffiz s (xs! j))
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by (metis suffiz-map)
then show suffiz s (zs ! i) < suffiz s (zs!j)
by (meson assms(1,2) dual-order.trans set-suffiz-subset
strict-mono-on-map-list-less)
qed

lemma ordlist-strict-mono-strict-sorted-2:
assumes strict-mono «
and  strict-sorted (map (suffiz s) xs)
shows strict-sorted (map (suffix (map « s)) zs)
proof (intro sorted-wrt-mapl)
fix ij
assume i < jj < length zs
with sorted-wrt-nth-less|OF assms(2)]
have suffiz s (zs ! i) < suffiz s (zs ! j)
by auto
then show suffiz (map « s) (zs! i) < suffix (map o s) (s j)
by (metis assms(1) strict-mono-list-less-map suffiz-map)
qed

lemma ordlist-strict-mono-on-strict-sorted-2:
assumes strict-mono-on A «
and set s C A
and  strict-sorted (map (suffic s) xs)
shows strict-sorted (map (suffix (map a s)) zs)
proof (intro sorted-wrt-mapl)
fix ij
assume i < jj < length xs
with sorted-wrt-nth-less|OF assms(3)]
have suffiz s (zs ! i) < suffix s (zs ! j)
by auto
moreover
have set (suffix s (zs!i)) C A
by (meson assms(2) dual-order.trans set-suffiz-subset)
moreover
have set (suffiz s (zs!j)) C A
by (meson assms(2) dual-order.trans set-suffiz-subset)
ultimately show suffiz (map a s) (zs! i) < suffix (map a s) (zs ! j)
using strict-mono-on-list-less-map|OF assms(1)]
by (metis suffiz-map)
qed

lemma valid-list-ordlist-ordlistns-strict-sorted-eq:
assumes valid-list T
and  set zs C {0..<length T}
shows ordlistns.strict-sorted (map (suffic T) xzs) +—
strict-sorted (map (suffix T) xs)
using assms
proof (safe)
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assume A: valid-list T and
B: set xs C {0..<length T} and
C: sorted-wrt list-less-ns (map (suffic T) xs)
show sorted-wrt (<) (map (suffic T) xs)
proof (intro sorted-wrt-mapl)
fix ij
assume i < jj < length xs
with sorted-wrt-nth-less]OF C <i < j]
have R1: list-less-ns (suffix T (xs! 7)) (suffic T (zs! 7))
by auto

from B i < j» <j < length xs»
have zs ! i < length T
by (meson atLeastLessThan-iff less-trans nth-mem subsetD)
with valid-suffiz|OF A]
have R2: valid-list (suffic T (xzs ! 7))
by simp

from B ¢j < length xs)
have zs ! j < length T
by (meson atLeastLessThan-iff less-trans nth-mem subsetD)
with valid-suffiz[ OF A]
have R3: valid-list (suffic T (zs! 7))
by simp

from R valid-list-list-less-equiv-list-less-ns|OF R2 R3]
show suffiz T (zs! i) < suffiz T (zs!j)
by simp
qed
next
assume A: valid-list T and
B: set zs C {0..<length T} and
C: sorted-wrt (<) (map (suffizx T) xs)
show sorted-wrt list-less-ns (map (suffix T) xs)
proof (intro sorted-wrt-mapl)
fix ij
assume i < jj < length zs
with sorted-wrt-nth-less]OF C i < j]
have R1: suffic T (zs! i) < suffix T (zs! )
by auto

from B < < j» <j < length xs)
have zs ! i < length T
by (meson atLeastLess Than-iff less-trans nth-mem subsetD)
with valid-suffix[OF A]
have R2: valid-list (suffic T (xzs! 7))
by simp

from B (j < length xs»
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have zs ! j < length T

by (meson atLeastLessThan-iff less-trans nth-mem subsetD)
with valid-suffiz| OF A]
have R3: valid-list (suffic T (zs ! j))

by simp

from R wvalid-list-list-less-equiv-list-less-ns|OF R2 R3]
show list-less-ns (suffic T (zs! 7)) (suffix T (zs! j))
by simp
qged
qged

lemma Min-valid-suffix:
assumes valid-list T
and length T = Suc n
shows ordlistns. Min {suffic T i |i. i < length T} = suffic T n
proof —
from assms
have suffiz T n = [bot]
by (metis add-diff-cancel-left’ butlast-snoc length-butlast lessI list-slice-n-n
nth-append-length plus-1-eq-Suc suffix-cons-Suc suffiz-eq-list-slice valid-list-ex-def)

have Vi < n. (suffic T i) ! 0 # bot
by (metis add-diff-cancel-left’ assms last-suffiz-indez less-Sucl list.sel(1) nat-neg-iff
nth-Cons-0 plus-1-eq-Suc suffiz-cons-Suc)
hence A: Vi < n. bot < (suffic T4)! 0
using bot.not-eg-extremum by blast

have B: Vi < length T. length (suffix T i) > 0
by auto

show ?thesis
proof (intro ordlistns. Min-eql conjI)
show finite {suffic T i |i. i < length T}
by simp
next
fix ys
assume ys € {suffic T i |i. i < length T}
hence 37 < length T. ys = suffix T i
by blast
then obtain i where
i < length T
ys = suffic T i
by blast

with <ys = suffix T ©»

have R1: i = n = list-less-eq-ns (suffiz T n) ys
by simp
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from <i < length T> assms(2)
have R2-1: i # n= i< n
by linarith

from A «suffix T n = [bot]> «i < length T» <ys = suffix T ©
have R2-2: i < n = list-less-eq-ns (suffix T n) ys
by (metis list-less-ns-cons-diff nth-Cons-0 ordlistns.less-imp-le suffiz-cons-ex)

from R R2-2|OF R2-1]
show list-less-eq-ns (suffic T n) ys
by blast
next
show suffic T n € {suffic T i |i. ¢ < length T}
using assms(2) by auto
qed
qed

end

theory Prefix
imports Main

begin

35 Prefix Definition

abbreviation prefiz :: ‘a list = nat = 'a list
where
prefix xs © = take i xs

lemma prefiz-neq:
assumes i < length s
and j < length s
and i{#j
shows prefix s i # prefix s j
by (metis assms length-take less-imp-le min-absorb2)

lemma not-prefiz-app:
(VEk. s1 # prefiz s2 k) «— (Vs. s2 # s1 Q zs)
by (metis append-eg-conv-conj append-take-drop-id)

lemma not-prefiz-imp-not-nil:
Vk. sl # prefiz s2 k = sl # ]
by (metis take0)

end
theory Prefiz-Util

imports Prefix ../order/Suffiz- Util
begin

lemma prefix-suffiz-not-suffiz:
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assumes valid-list s

and i < length s

and Jj < length s

and 1%# ]

shows —(3 k. prefix (suffix s i) k = suffiz s j)
using suffiz-has-no-prefiz-suffiz assms

by (metis append-take-drop-id)

end
theory Suffiz-Array
imports
..Jutil/ Sorting- Util
../ order/ List-Lexorder- Util
../ order [ Suffiz
../ order [ Valid-List
../ order / List-Permutation- Util
begin

36 Axiomatic Suffix Array Specification

locale Suffiz-Array-General =
fixes sa :: (‘a :: {linorder, order-bot}) list = nat list
assumes sa-g-permutation: sa s <~~> [0..<length s
and sa-g-sorted: strict-sorted (map (suffix s) (sa s))

locale Suffiz-Array-Restricted =
fixes sa :: nat list = nat list
assumes sa-r-permutation: valid-list s = sa s <~~> [0..<length s
and sa-r-sorted: valid-list s = strict-sorted (map (suffiz s) (sa s))

37 Wrapper for Natural Number String only Al-
gorithm

definition sa-nat-wrapper ::

('a :: linorder list = 'a = nat) = (nat list = nat list) = ’a :: linorder list =
nat list
where

sa-nat-wrapper « sa TS =

tl (sa ((map (Az. Suc (« zs z)) xs) @ [bot]))

end
theory Suffiz- Array-Properties
imports
..Jutil/ Fun-Util
../ order | Suffiz- Util
Suffiz-Array

begin
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38 General Suffix Array Properties

context Suffiz-Array-General begin

lemma sa-length:
length (sa s) = length s
by (metis Suffiz-Array-General-axioms Suffiz-Array-General-def length-upt mi-
nus-nat. diff-0
perm-length)

lemma sa-distinct:
distinct (sa )
using Suffiz- Array-General.sa-g-permutation Suffiz-Array-General-axioms
perm-distinct-set-of-upt-iff by blast

lemma sa-set-upt:
set (sa s) = {0..<length s}
using Suffiz- Array-General.sa-g-permutation Suffiz-Array-General-axioms
perm-distinct-set-of-upt-iff by blast

lemma sa-nth-ex:
1 < length s = 3k < length s. sa s! i =k
by (metis atLeastLess Than-iff nth-mem sa-length sa-set-upt)

lemma ex-sa-nth:
k < length s = i < length s. sas! 1=k
by (metis atLeastOLessThan in-set-conv-nth lessThan-iff sa-length sa-set-upt)

end

lemma Suffiz- Array-General-determinism:
assumes Suffiz-Array-General f
and Suffiz-Array-General g
shows f = ¢
proof
fix s
from distinct-suffives| OF Suffiz-Array-General.sa-distinct| OF assms(1)], of s s]
Suffiz-Array-General.sa-set-upt[ OF assms(1), of s]
have distinct (map (suffix s) (f s))
using atLeastLessThan-iff by blast
moreover
from distinct-suffizes| OF Suffiz-Array-General.sa-distinct|OF assms(2)], of s s]
Suffiz-Array-General.sa-set-upt[ OF assms(2), of s]
have distinct (map (suffix s) (g s))
using atLeastLessThan-iff by blast
moreover
from Suffiz-Array-General.sa-set-upt[OF assms(1), of s]
Suffiz-Array-General.sa-set-upt[ OF assms(2), of s]
have set (map (suffiz s) (f s)) = set (map (suffiz s) (g s))
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by simp
ultimately have map (suffiz s) (f s) = map (suffiz s) (g s)
using strict-sorted-distinct-set-unique|
OF Suffiz-Array-General.sa-g-sorted|of f, OF assms(1)] -
Suffiz-Array-General.sa-g-sorted[of g, OF assms(2)],
of s s
by blast
moreover
from Suffiz-Array-General.sa-set-upt| OF assms(1), of s]
Suffiz-Array-General.sa-set-upt[ OF assms(2), of s]
have inj-on (suffix s) (set (fs) U set (g s))
by (simp add: inj-on-def suffiz-eq-index)
ultimately show fs = g s
using map-inj-on|of suffiz s f s g §|
by blast
qed

39 Properties of Suffix Arrays on Valid Lists

lemma wvalid-list-bot-min:

assumes valid-list (s @ [bot])

and  sa (s @ [bot]) <~~> [0..<length (s Q [bot])]

and  strict-sorted (map (suffiz (s @Q [bot])) (sa (s Q [bot])))
shows Jus. sa (s Q [bot]) = length s # xs
proof —

have suffiz (s @ [bot]) (length s) = [bot]

by simp

have P: Vi < length s. suffiz (s @ [bot]) (length s) < suffix (s @ [bot]) @
proof (safe)
fix i
assume i < length s
have Ja as. suffix (s Q [bot]) i = a # as A a # bot
by (metis Cons-nth-drop-Suc i < length sy assms(1) butlast-snoc length-append-singleton
less-Sucl nth-butlast valid-list-ex-def)
then obtain a as where
suffiz (s Q [bot]) ¢ = a # as A a # bot
by blast
moreover
from «suffiz (s @ [bot]) (length s) = [bot]
have suffiz (s @ [bot]) (length s) = bot # ||
by simp
ultimately show suffiz (s @ [bot]) (length s) < suffix (s @ [bot]) ¢
by (simp add: bot.not-eq-extremum)
qed

have Min (set (map (suffix (s @ [bot])) (sa (s Q [bot]))))

= suffiz (s @ [bot]) (length s)
proof (intro Min-eql)
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show finite (set (map (suffix (s @ [bot])) (sa (s @ [bot]))))
by blast
next
fix y
assume y € set (map (suffiz (s Q [bot])) (sa (s @ [bot])))
with set-perm-upt[OF assms(2)]
have 37 < length (s Q [bot]). y = suffiz (s Q [bot]) i
by auto
then obtain ¢ where
i < length (s Q [bot])
y = suffix (s @ [bot]) 4
by blast
hence i < length s V i = length s
by (simp add: less-Suc-eq)
moreover
have i < length s = suffiz (s @Q [bot]) (length s) < y
using P <y = suffiz (s @ [bot]) i> dual-order.strict-iff-order by blast
moreover
have i = length s = suffiz (s @ [bot]) (length s) < y
by (simp add: <y = suffix (s Q [bot]) i»)
ultimately show suffiz (s @ [bot]) (length s) < y
using nless-le by blast
next
from assms
have length s € set (sa (s @ [bot]))
by (metis ex-perm-nth length-append-singleton lessI nth-mem perm-upt-length)
then show suffiz (s Q [bot]) (length s) € set (map (suffix (s Q [bot])) (sa (s @
bot])))
by force
qed
hence map (suffiz (s Q [bot])) (sa (s @ [bot])) ! 0 = suffix (s Q [bot]) (length s)
using assms(2,3) strict-sorted-Min by fastforce
hence suffiz (s Q [bot]) ((sa (s Q [bot])) ! 0) = suffix (s Q [bot]) (length s)
by (metis assms(1,2) nth-map perm-upt-length valid-list-length)
hence (sa (s @ [bot])) ! 0 = length s
by (metis Suc-le-eq <suffix (s Q [bot]) (length s) = [bot]> assms(1) drop-all
last-suffiz-index
list.distinct(1) list.sel(1) not-less-eq-eq)
then show ?thesis
by (metis append-eq-Cons-conv assms(1,2) id-take-nth-drop perm-upt-length
take0
valid-list-length)
qged

lemma valid-list-bot-perm:

assumes valid-list (s @ [bot])

and  sa (s @ [bot]) <~~> [0..<length (s Q [bot])]

and  strict-sorted (map (suffiz (s Q [bot])) (sa (s @Q [bot])))
shows Jus. sa (s Q [bot]) = length s # xs A xs <~~> [0..<length ]
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proof —
from valid-list-bot-min[OF assms(1), of sa, OF assms(2,3)]
obtain zs where
sa (s Q [bot]) = length s # xs
by blast
with assms(2)
have length s # zs <~™~> [0..<length (s Q [bot])]
by simp
then show ?thesis
by (metis <sa (s @Q [bot]) = length s # xzs» assms(1) length-append-singleton
less-Suc-eq-le
perm-append2-eq perm-append-single upt-Suc valid-list-length)
qed

lemma valid-list-bot-perm-sort:
assumes valid-list (s @ [bot])
and  sa (s @ [bot]) <~~> [0..<length (s Q [bot])]
and  strict-sorted (map (suffiz (s @Q [bot])) (sa (s @ [bot])))
shows Jus. sa (s Q [bot]) = length s # xs N xs <~~> [0..<length s] A
strict-sorted (map (suffix s) xs)
proof —
from wvalid-list-bot-perm[OF assms(1), of sa, OF assms(2,3)]
obtain zs where
sa (s Q [bot]) = length s # xs
zs <~~> [0..<length s
by blast
with assms(3)
have strict-sorted (map (suffix (s Q [bot])) (length s # xs))
by simp
hence strict-sorted ((suffiz (s Q [bot]) (length s)) # map (suffiz (s Q [bot])) zs)
by simp
hence P: strict-sorted (map (suffiz (s @ [bot])) zs)
using strict-sorted-simps(2) by blast

have strict-sorted (map (suffiz s) xs)
proof (intro sorted-wrt-mapl)
fix ij
assume i < jj < length xs
with sorted-wrt-nth-less|OF P, of i j]
have suffiz (s @ [bot]) (zs ! i) < suffiz (s @ [bot]) (xs ! j)
by auto
moreover
have zs ! i < length s
using i < j» j < length sy <xs <~~> [0..<length s> perm-distinct-set-of-upt-iff
by auto
hence suffizx (s @ [bot]) (zs ! i) = suffix s (zs ! 7) Q [bot]
using suffiz-app by blast
moreover
have zs ! j < length s
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using «j < length xs» <xs <~~> [0..<length s> perm-distinct-set-of-upt-iff
by auto
hence suffiz (s @ [bot]) (zs ! j) = suffix s (zs ! ) Q [bot]
using suffiz-app by blast
moreover
have wvalid-list (suffix s (zs! i) Q [bot])
using <xs ! i < length ) assms valid-suffiz by fastforce
moreover
have valid-list (suffiz s (zs! j) Q [bot])
using <xs | j < length sy assms valid-suffix by fastforce
ultimately show suffiz s (zs ! 7)) < suffiz s (zs!j)
by (simp add: valid-list-list-less-imp)
qed
with <sa (s Q [bot]) = length s # zs» <xs <~~> [0..<length s
show ?thesis
by blast
qed

theorem Suffiz-Array-Restricted-valid-list-bot-perm-sort:
assumes valid-list (s @ [bot])
and Suffix- Array-Restricted sa
shows Jxs. sa (s Q [bot]) = length s # xs A xzs <~~> [0..<length s] A
strict-sorted (map (suffic s) xs)
proof (rule valid-list-bot-perm-sort|OF assms(1)])
from assms
show sa (s @ [bot]) <~~> [0..<length (s Q [bot])]
using Suffiz- Array-Restricted-def by blast
next
from assms
show strict-sorted (map (suffiz (s Q [bot])) (sa (s @Q [bot])))
using Suffix-Array-Restricted-def by blast
qed

lemma Suffiz- Array-Restricted-wrapper-permutation:
assumes Linorder-to-Nat-List o s
and Suffiz- Array-Restricted sa
shows sa-nat-wrapper o sa s <~~> [0..<length s
proof —
let %a = a s
let ?f = Az. Suc (%o x)
let 2s = map ?f s

have valid-list (?s Q [bot])
using valid-list-Suc-mapping by blast
with Suffiz- Array-Restricted-valid-list-bot-perm-sort| OF - < Suffiz- Array-Restricted
_):I
obtain zs where
sa (7s @Q [bot]) = length ?s # xs
zs <~> [0..<length ?s]
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strict-sorted (map (suffix 9s) xs)
by blast
then show ?thesis
by (simp add: sa-nat-wrapper-def)
qed

lemma Suffix- Array- Restricted-wrapper-sorted:

assumes Linorder-to-Nat-List « s

and Suffiz- Array-Restricted sa
shows strict-sorted (map (suffix ) (sa-nat-wrapper « sa s))
proof —

let 2a = «a s

let ?f = Az. Suc (%o x)

let 2s = map ?f s

have valid-list (?s Q [bot])
using wvalid-list-Suc-mapping by blast
with Suffiz- Array-Restricted-valid-list-bot-perm-sort| OF - < Suffiz- Array-Restricted
_)]
obtain xs where A:
sa (7s @Q [bot]) = length ?s # xs
xs <~™~> [0..<length ?s]
strict-sorted (map (suffix 9s) xs)
by blast
hence zs <~~> [0..<length s]
by simp
with ordlist-strict-mono-on-strict-sorted-1|
OF Linorder-to-Nat-List.strict-mono-on-Suc-map-to-nat[OF assms(1)] -
A(3)
show ?thesis
by (simp add: A(1) sa-nat-wrapper-def)
qed

40 Equivalence

lemma Suffiz- Array-General-imp-Restrict:
Suffiz-Array-General sa-nat —> Suffiz-Array-Restricted sa-nat
using Suffiz-Array-General-def Suffiz-Array-Restricted.intro by blast

interpretation Linorder-to-Nat-List map-to-nat
proof
show strict-mono-on (set xs) (map-to-nat xs)
by (simp add: map-to-nat-strict-mono-on)
qed

lemma Suffiz- Array-Restricted-imp-General:

Suffiz-Array-Restricted sa = Suffiz-Array-General (sa-nat-wrapper map-to-nat
sa)

using Linorder-to-Nat-List-axioms Suffiz- Array-General-def
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Suffix- Array- Restricted-wrapper-permutation Suffiz- Array- Restricted-wrapper-sorted
by blast

lemma Suffiz- Array-General-Restrict-determinism:

assumes Suffiz-Array-Restricted f

and Suffiz-Array-General g
shows sa-nat-wrapper map-to-nat f = g

by (simp add: Suffiz-Array-General-determinism Suffiz- Array-Restricted-imp-General
assms)

end
theory Simple-SACA
imports
../ order [ Suffiz
../ order/ List-Lexorder- Util
begin

fun gen-suffizes :: (‘a :: {linorder,order-bot}) list = 'a list list
where
gen-suffizes s = map (suffiz s) [0..<(length s)]

fun suffiz-ids :: ('a :: {linorder,order-bot}) list = 'a list list = nat list
where
suffiz-ids s ss = map (Az. length s — length z) ss

fun simple-saca :: (‘a :: {linorder,order-bot}) list = nat list
where
sitmple-saca s = suffiz-ids s (sort (gen-suffizes s))

end
theory Simple-SACA-Verification
imports
Simple-SACA
../ spec/ Suffiz-Array
begin

lemma suf-length-app:
i < length zs = length (suffiz (zs Q ys) ©) = length (suffix zs i) + length ys
apply (induct xs)
apply simp
apply simp
done

lemma distinct-natlist-add:
distinct (zs :: nat list) = distinct (map ((+) n) zs)
apply (induct xs arbitrary: n)
apply simp
apply clarsimp
done
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lemma nat-minus-cancel-right:
[(zznat) <n;y<mn—z=n—y|=z=y
apply (subst (asm) le-imp-diff-is-add, simp)
apply (subst (asm) add.commute)
apply (subst (asm) add-diff-assoc, simp)
apply (subst (asm) add.commute)
apply (drule sym)
apply (subst (asm) Nat.le-imp-diff-is-add, simp)
apply clarsimp
done

lemma distinct-natlist-sub:
[distinct (zs :: nat list); Va € set zs. © < n] = distinct (map ((—) n) xs)
by (meson distinct-map inj-onl nat-minus-cancel-right)

lemma map-suf-app:

n < length zs =

map (length o suffix (zs Q ys)) [0..<n] = map ((+) (length ys)) (map (length

o (suffiz zs)) [0..<n])

apply (induct xs)

apply simp

apply clarsimp

apply (subst add.commute)

apply simp

done

lemma distinct-map-length-gen-suffizes:
distinct (map length (gen-suffizes s))
apply (induct s rule: rev-induct)
apply simp
apply (simp only: gen-suffizes.simps map-map length-append)
apply (subst upt-add-eq-append; simp only: map-append)
apply (subst map-suf-app; simp only: distinct-append)
apply (rule conjI)
apply (rule distinct-natlist-add; simp)
apply (rule conjl; clarsimp)
done

PRy

lemma different-length-different-list:
length a ¢ length * set s = a ¢ set xs
apply blast
done

lemma distinct-map-length-sort:
distinct (map length xs) = distinct (map length (sort s))
apply (induct xs)
apply simp
apply clarsimp
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apply (rule card-distinct)

apply simp

apply (drule distinct-card)

apply clarsimp

apply (frule different-length-different-list)

apply (subst insort-insert-insort[symmetric]; simp)
apply (subst set-insort-insert)

apply simp

done

lemma suffiz-ids-def":
suffiz-ids s s = map (((—) (length s)) o length) xs
apply simp
done

lemma distinct-simple-saca:
distinct (simple-saca s)
apply (subst simple-saca.simps)
apply (subst suffiz-ids-def”)
apply (subst map-map|symmetric))
apply (rule distinct-natlist-sub)
apply (rule distinct-map-length-sort|OF distinct-map-length-gen-suffizes))
apply clarsimp
done

lemma suf-suffiz-id-suf:
i < length s = suffiz s (length s — length (suffiz s ©)) = suffix s @
apply (induct s arbitrary: i)
apply simp
apply clarsimp
done

lemma in-set-ordlist-sort:
(x € set xs) = (z € set (sort xs))
by simp

lemma ordlist-sort-conv-nth:
(Fi<length zs. zs ! i = z) = (i<length zs. (sort zs) ! i = x)
by (metis in-set-conv-nth length-sort set-sort)

lemma ordlist-sort-nth-before:
[¢ < length xs; (sort xs) ! i = 2] =
Jj<length xs. zs ! j = x
apply (subst ordlist-sort-conv-nth)
apply blast
done

lemma suf-sort-suf-nth:
i < length s =
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suffix s (length s — length ((sort (gen-suffizes s)) ! 7)) =
sort (gen-suffizes s) ! i

proof —
assume i < length s

have Jz. sort (gen-suffizes s) ! i = z
by blast
then obtain =z where
sort (gen-suffives s) | i = x
by blast
with ordlist-sort-nth-before|of i gen-suffizes s z]
have Jj<length (gen-suffizes s). gen-suffives s ! j = x
by (simp add: «i < length s»)
then obtain j where
j < length (gen-suffizes s)
gen-suffizes s | j = x
by blast
hence sort (gen-suffizes s) | i = gen-suffizes s ! j
using <sort (gen-suffizes s) | i = x> by blast
moreover
have j < length s
using «j < length (gen-suffizes s)» by auto
hence gen-suffizes s ! j = suffiz s j
by simp
ultimately show “thesis
by (metis <j < length s suf-suffiz-id-suf)
qed

lemma map-suf-simple-saca:
map (suffiz s) (simple-saca s) = sort (gen-suffizes s)
apply (simp only: simple-saca.simps suffiz-ids.simps)
apply (subst list-eq-iff-nth-eq)
apply (rule conjI)
apply simp
apply (clarsimp simp del: gen-suffizes.simps)
apply (rule suf-sort-suf-nth; simp)
done

interpretation simple-saca: Suffiz-Array-General simple-saca

proof
fix s :: (‘a :: {linorder, order-bot}) list

show simple-saca s <~~> [0..<length s]
proof —
have set (simple-saca s) = {0..<length s}
by force
with perm-distinct-set-of-upt-iff [ THEN iffD2, OF conjl, OF distinct-simple-saca)
show ?thesis
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by blast
qed

show strict-sorted (map (suffix s) (simple-saca s))
proof —
from «simple-saca s <~~> [0..<length s]»
have set (simple-saca s) = {0..<length s}
using perm-distinct-set-of-upt-iff by blast
hence Vz € set (simple-saca s). x < length s
using atLeastLess Than-iff by blast
with distinct-simple-saca distinct-suffizes
have distinct (map (suffix s) (simple-saca s))
by blast

have sorted (map (suffiz s) (simple-saca s))
by (metis map-suf-simple-saca sorted-sort)
with <distinct (map (suffiz s) (simple-saca s))> show ?thesis
using strict-sorted-iff by blast
qed
qed

end
theory List-Type
imports
../..]util/ Nat- Util
../ ../ util/ Set-Util
../ ../ util | Fun-Util
../ ../ util ] List-Util
../ ..] order [ Suffiz- Util
../ ../ order [ Valid-List- Util
../ ../ spec/ Suffiz-Array-Properties
begin

This theory file contains the background theory for the SAIS algorithm
(Nong et al., DCC 2009), which is essentially an optimisation of the KA
algorithm (Ko et al, JDA 2005).

41 Small and Large List Types
datatype SL-types = S-type | L-type

This section contains a generalisation of the suffix types to sequences of
any type and any element comparison function that satisfies certain prop-
erties given the theorem. Typical constraints involve either one or a combi-
nation of totalp-on, irrefip-on, transp-on and asymp-on.

definition
list-type :: ('a = 'a = bool) = 'a list = SL-types
where
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list-type cmp zs =
(if nslexordp ecmp zs (suffix xs (Suc 0))
then S-type
else L-type)

lemma list-type-cons-same:

[irreflp-on A cmp; x € A = list-type cmp (x # x # xs) = list-type cmp (x #
xs)

by (clarsimp simp: list-type-def irreflp-onD)

lemma list-type-nil:
list-type cmp [| = L-type
by (clarsimp simp: list-type-def nslexordp-def)

lemma list-type-singleton:
list-type cmp [z] = S-type
by (simp add: nslexordp-def list-type-def)

lemma list-type-s-type-eq:
list-type cmp xs = S-type +— nslexordp cmp xs (suffiz zs (Suc 0))
by (simp add: list-type-def)

lemma list-type-I-type-eq:
list-type cmp xs = L-type <— —nslexordp cmp zs (suffiz xs (Suc 0))
by (simp add: list-type-def)

lemma list-type-cons-diff1:
cmp x y = list-type ecmp (x # y # xs) = S-type
by (simp add: list-type-s-type-eq)

lemma list-type-cons-diff2:

[emp z y; x # y] = list-type cmp (x # y # xs) = L-type
by (clarsimp simp add: list-type-l-type-eq)

lemma list-type-s-neq-nil:
list-type cmp xs = S-type = xs # [
by (metis SL-types.simps(2) list-type-nil)

lemma list-type-s-hd-cmp:
list-type cmp (z # y # xs) = S-type = cmprzy V z =y
by (metis SL-types.simps(2) list-type-cons-diff2)

lemma list-type-I-hd-cmp:
list-type cmp (z # y # xs) = L-type = —ecmpzy V z =y
by (metis SL-types.simps(2) list-type-cons-diff1)

lemma list-type-repl:

[érreflp-on A cmp; x € A; set s = {z}] = list-type cmp (z # zs) = S-type
apply (induct xs; simp add: list-type-cons-same)
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using list-type-singleton subset-singletonD by fastforce

lemma list-type-s-ex:
assumes list-type cmp (x # xs) = S-type
shows (Va € setzs. a=xz)V (3basbs. s # xs=asQz # b# bsAcmpzbd
AN (VEk € set as. k = x))
proof —
from list-type-s-type-eq| THEN iffD1, OF assms(1)]
have nslexordp cmp (z # xs) s
by simp
with nslezordp-cons2-exE[of cmp x x|
show ?thesis
by blast
qed

lemma list-type-I-type-ex:
assumes list-type ecmp (x # xs) = L-type
and totalp-on A cmp
and re A
and set zs C A
shows Jbasbs. t # xs=asQuz # b# bsANcmpbx AN (Vk € set as. k = 1)
proof —
from list-type-I-type-eq| THEN iffD1, OF assms(1)]
have — nslezordp cmp (x # zs) xs
by simp
moreover
have z # zs # s
by fastforce
ultimately have nslexordp cmp zs (z # xs)
using totalp-onD|OF nslexordp-totalp-on[OF assms(2)]]
by (metis assms(8,4) insert-subset list.simps(15) mem-Collect-eq)
with nslexordp-consi-exE[of cmp xs ]
show ?thesis
by blast
qed

theorem [-less-than-s-type-list-type:
assumes list-type ecmp (a # s1) = S-type
and list-type cmp (a # s2) = L-type
and totalp-on A cmp
and transp-on A cmp
and a€c A
and set s1 C A
and set s2 C A
shows nslezordp cmp (a # s2) (a # s1)
proof —
from list-type-l-type-ex| OF assms(2,3,5,7)]
obtain b as bs where

a# s2 =as Qa # b # bs
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cmp b a
Vkeset as. k = a
by blast
hence S2: a # s2 = replicate (length as) a Q@ a # b # bs
by (simp add: replicate-length-same)

let ?c1 =Vz€setsl.z=a
and %c2 =3dcsds. a# sl =csQaF# d+# dsAcmpadA (Vk€sel cs. k=

a)

from list-type-s-ex[OF assms(1)]
have ?c1 v ?2¢2
by blast
moreover
have ?c1 = ?thesis
proof —
assume ?cl

have length s1 < length as =—> ?thesis
proof —
assume length s1 < length as
have a # sI = replicate (length s1) a @ [a]
by (metis <?c1» replicate-append-same replicate-length-same)
hence Jes. replicate (length as) a Q [a] = a # sI Q es
by (metis <length s1 < length as> le-add-diff-inverse list.simps(1) replicate-add
replicate-append-same)
then show ?thesis
by (metis S2 SL-types.simps(2) append.assoc append.right-neutral assms(1)
assms(2)
list.sel(3) neg-Nil-conv nslexordpl2 nslexordp-cons-cons repli-
cate-app-Cons-same)
qed
moreover
have length s1 > length as =—> ?thesis
proof —
assume length s1 > length as
hence Jes. s1 = replicate (length as) a @ a # es
by (metis <?cl> add-Suc-right less-iff-Suc-add replicate-Suc replicate-add
replicate-length-same)
then obtain es where
s1 = replicate (length as) a @ a # es
by blast
hence S1: a # sl = replicate (length as) a Q@ a # a # es
by (simp add: replicate-app-Cons-same)
then show ?thesis
by (metis S2 <cmp b a) nslexordpll nslexordp-cons-cons replicate-app-Cons-same)
qed
ultimately show %thesis
by linarith
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qed
moreover
have ?¢2 = ?thesis
proof —
assume ?c2
then obtain d cs ds where
a# sl =csQa#dH#ds
cmp a d
Vkeset cs. k= a
by blast
hence S1: a # s1 = replicate (length cs) a @ a # d # ds
by (simp add: replicate-length-same)

from transp-onD[OF assms(4) - assms(5) - <cmp b ay <cmp a d»]
have cmp b d
by (metis S1 S2 add-diff-cancel-left’ assms(6,7) length-Cons length-append
less-Suc-eq-le
list.simps(1) nth-append-length nth-mem replicate-app-Cons-same
subsetD zero-le
zero-less-diff)
hence length cs = length as = ?thesis
by (metis S1 S2 nslexordpll nslexordp-cons-cons replicate-app-Cons-same)
moreover
have length as < length cs = ?thesis
proof —
assume length as < length cs
hence Jes. replicate (length cs) a = replicate (length as) a @ a # es A
(VEk € set es. k = a)
by (metis (no-types, lifting) Cons-nth-drop-Suc S1 <a # s1 = ¢s Q@ a # d
# dsy add-Suc-right
add-diff-cancel-left’ append-same-eq drop-replicate
in-set-replicate less-iff-Suc-add nth-mem replicate-add)
then obtain es where
replicate (length cs) a = replicate (length as) a @ a # es
Vk € setes. k=a
by blast
then show ?thesis
by (metis S1 S2 <cmp b ay append.assoc append-Cons nslexordpll repli-
cate-app-Cons-same)
qed
moreover
have length cs < length as = ?thesis
proof —
assume length cs < length as
hence Jes. replicate (length as) a = replicate (length cs) a @ a # es A
(Vk € setes. k= a)
by (metis (no-types, lifting) Cons-nth-drop-Suc S2 <a # s2 = as Q a # b
# bs) add-Suc-right
add-diff-cancel-left’ append-same-eq drop-replicate
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in-set-replicate less-iff-Suc-add nth-mem replicate-add)
then obtain es where
replicate (length as) a = replicate (length cs) a @ a # es
Vk e setes. k=a
by blast
then show ?thesis
by (metis S1 S2 <cmp a d> append.assoc append-Cons nslexordpll repli-
cate-app-Cons-same)
qed
ultimately show ?Zthesis
by linarith
qed
ultimately show ?thesis
by blast
qed

lemma list-type-cons-diff-typel:
[list-type cmp (a # b # xs) = S-type; list-type cmp (b # zs) = L-type] =
cmp ab
by (simp add: list-type-I-type-eq list-type-s-type-eq)

lemma list-type-cons-diff-type2:
[list-type cmp (a # b # xs) = L-type; list-type cmp (b # zs) = S-type] =
—cempabAa#b
by (simp add: list-type-l-type-eq list-type-s-type-eq)

42 Suffix Type

This section contains the suffix type definition.
definition suffiz-type :: (‘a :: {linorder, order-bot}) list = nat = SL-types
where

suffiz-type s © =
(if list-less-ns (suffiz s i) (suffix s (Suc ©)) then S-type
else L-type)

lemma suffiz-type-list-type-eq:
suffiz-type xs i = list-type (<) (suffiz xs 1)
by (clarsimp simp: suffiz-type-def list-type-def nslexordp-eq-list-less-ns)

There are two types of suffixes (SL-types): S-type and L-type. An S-type
suffix is a suffix that is strictly less than the suffix that occurs immediately
after it, and an L-type suffix is a suffix that is strictly greater than the suffix
that occurs immediately after it. The definition of less than used here is
list-less-ns. Note that this definition of less than differs from lexicographical
order(list-less, i.e. dictionary order, but it is equivalent when the both lists
are valid (valid-list) as shown in [valid-list ?s1.0; valid-list ?s2.0] = (?s1.0
< ?52.0) = list-less-ns ?s1.0 ?s2.0. There are three reasons for using the
list-less-ns definition, and we explain in order of importance.
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The first reason is that the original suffix types definition required a
special case for the singleton suffix that only contains the sentinel symbol.
While this special case makes sense in regards to the algorithms, i.e. it is
necessary for the correctness of the algorithms, it does not naturally follow
from the intuition of suffix types. In fact, it contradicts the intuitive def-
inition that follows from the lexicographical order list-less. That is, a list
that only consists of one element is always strictly greater than the empty
list. With the alternate definition of less than list-less-ns, a proper prefix
is always strictly greater, and so, a singleton list will always be strictly less
than the empty list. Therefore, there is no need to have a special case for
the singleton suffix that only contains the sentinel.

The second reason is that the SAIS algorithm uses a sublist order that
depends on the suffix type definition (see Section SAIS Sublist Order). This
definition is perfectly valid for the algorithm, since the ordering is only used
for sublist of the same list. However, the ordering is not easily understand-
able when applied to arbitrary list, even though it is equivalent to list-less-ns,
which we prove in a later section. As an ordering, list-less-ns is much easier
to understand. It is also used within the definition of suffiz-type. There-
fore, it makes more sense to reuse list-less-ns, rather than having multiple
definitions of the same thing.

The third reason is that the original suffix types definition does not
handle the case where the suffix is not terminated by sentinel symbol. The
reason for this is that it is assumed that all lists are terminated by the
sentinel. This assumption is very important to the SAIS algorithm as it is
central to its correctness argument. That being said, in terms of elegance
and consistency, using list-less-ns requires the least amount of special cases.

42.1 General Suffix Type Simplifications

This section contains theorems that simplify the use of the definition suf-
fix-type.

lemma suffiz-type-cons-suc:

suffiz-type (a # s) (Suc ©) = suffiz-type s i
by (simp add: suffiz-type-def)

lemma suffiz-type-cons-same:

suffiz-type (x # = # xs) 0 = suffiz-type (x # xs) 0
by (simp add: list-less-ns-cons-same suffiz-type-def)

lemma suffiz-type-suffiz:
suffiz-type s i = suffiz-type (suffix s i) 0
by (simp add: suffiz-type-list-type-eq)

lemma suffiz-type-suffiz-gen:
suffiz-type (suffiz s n) i = suffiz-type s (i + n)
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by (simp add: suffiz-type-list-type-eq)

lemma suffiz-type-eq-Suc:
suffiz-type xs n = suffiz-type xs (Suc n) =
suffiz-type xs n = S-type V suffiz-type xs (Suc n) = L-type
using SL-types.exhaust by auto

42.2 S-Type Simplifications

This subsection contains theorems about facts that can be derived S-type
suffixes and vice versa.

lemma suffiz-is-bot:
suffizx s i = [bot] = suffiz-type s i = S-type
by (simp add: list-type-singleton suffiz-type-list-type-eq)

lemma suffiz-is-singleton:
suffic s i = [z] = suffiz-type s i = S-type
by (simp add: list-type-singleton suffiz-type-list-type-eq)

lemma suffiz-type-last:
length zs = Suc n = suffiz-type xs n = S-type
by (simp add: list-less-ns-nil suffiz-type-def)

lemma s-type-list-less-ns:
suffiz-type s i = S-type +— list-less-ns (suffiz s ©) (suffiz s (Suc 7))
by (metis SL-types.simps(2) suffiz-type-def)

lemma nth-less-imp-s-type:
[Suc i < length s; s ! i < s! Suc i] = suffiz-type s i = S-type
by (metis Cons-nth-drop-Suc Suc-lessD less-imp-le list-less-ns-cons neg-iff s-type-list-less-ns)

lemma sl-type-hd-less:
[Suc i < length s; hd (suffic s i) < hd (suffiz s (Suc 7))] =
suffix-type s i = S-type
by (simp add: hd-drop-conv-nth nth-less-imp-s-type)

lemma suffiz-type-cons-less:

z <y = suffix-type (x # y # xzs) 0 = S-type
by (clarsimp simp: suffiz-type-def list-less-ns-cons-diff)

lemma suffiz-type-s-bound:
suffix-type s i = S-type => i < length s
using ordlistns.less-asym s-type-list-less-ns by fastforce

lemma s-type-letter-le-Suc:
[Suc i < length T; suffiz-type T i = S-type] —
T!i< T! (Suci)
by (metis Cons-nth-drop-Suc Suc-lessD lel list-less-ns-cons-diff ordlistns.less-asym
s-type-list-less-ns)
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lemma s-type-ex:

assumes suffiz-type (z # xs) 0 = S-type

shows (Va € setzs. a=2z)V (Jbasbs. x #axs=asQa # bH# bsAz<bA
(VEk € set as. k = 1))

by (metis assms drop0 list-type-s-ex suffiz-type-list-type-eq)

42.3 L-Type Simplifications

This subsection contains theorems about facts that can be derived from
L-type suffixes and vice versa.
lemma suffiz-is-nil:

suffix s i = [| = suffiz-type s i = L-type

by (clarsimp simp: suffiz-type-def split: if-splits)

lemma [-type-list-less-ns:
suffiz-type s i = L-type <— list-less-ns (suffic s (Suc 7)) (suffic s ©) V suffic s i
=1
by (metis Cons-nth-drop-Suc SL-types.distinct(1) drop-Nil drop-eq-Nil linorder-le-less-linear
not-Cons-self2 ordlistns.less-imp-not-less ordlistns.neqE suffiz-type-def
suffiz-type-suffix)

lemma nth-gr-imp-I-type:

[Suc i < length s; s i > s! Suc i] = suffiz-type s i = L-type

by (metis Cons-nth-drop-Suc Suc-lessD list-less-ns-cons-diff ordlistns.less-asym
suffiz-type-def)

lemma sl-type-hd-greater:
[Suc i < length s; hd (suffiz s i) > hd (suffiz s (Suc 7))] =

suffiz-type s © = L-type
by (simp add: hd-drop-conv-nth nth-gr-imp-l-type)

lemma suffiz-type-cons-greater:

x>y = suffix-type (x # y # xs) 0 = L-type
by (simp add: list-type-cons-diff2 suffiz-type-list-type-eq)

lemma [-type-letter-gre-Suc:
[i < length T; suffiz-type T i = L-type] =
T!(Suci)<T!i
by (metis SL-types.distinct(1) Suc-lessl not-less nth-less-imp-s-type suffiz-type-last)

lemma [-type-ex:
assumes suffiz-type (z # xzs) 0 = L-type
shows Jbasbs. c # axs=asQuz # b# bs ANz >bA(Vk € set as. k = 1)

by (metis assms drop0 drop-Suc-Cons I-type-list-less-ns list.discl list-less-ns-cons1-exE)

An overlooked property, but one that is crucial for completeness of the
SAIS algorithm

lemma suffiz-max-hd-is-I-type:
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assumes valid-list s
and i < length s
and length s > Suc 0
and  hd (suffiz s i) = Max (set s)
shows suffiz-type s i = L-type
using assms
proof (induct s arbitrary: i)
case Nil
then show ?case
by simp
next
case (Cons a s i)
note IH = this
show ?Zcase
proof (cases s)
case Nil
then show ?thesis
using IH (/) by auto
next
case (Cons b xs)
assume s = b # zs
show ?thesis
proof (cases zs)
case Nil
hence s = [}]
by (simp add: local.Cons)
moreover
have b = bot
by (metis IH(2) last.simps local. Cons local.Nil not-Cons-self
valid-list-iff-butlast-app-last)
moreover
have a > b
by (metis IH(2,4) One-nat-def antisym-conv3 bot.extremum-strict nth-Cons-0
valid-list-def
zero-less-diff calculation(2))
ultimately show ?Zthesis
by (metis IH(2,3,5) Max-greD add-diff-cancel-left’ last-suffiz-index length-Cons
less-SucO
linorder-not-less list.size(3) not-less-eq not-less-iff-gr-or-eq nth-Cons-0
plus-1-eq-Suc suffiz-type-cons-greater)
next
case (Cons c ys)
hence s = b # ¢ # ys
by (simp add: <s = b # zs)
show ?thesis
proof (cases )
case (
hence a > b
by (metis IH(4,5) List.finite-set Maz-ge <s = b # xzs» drop0 list.sel(1)
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nth-Cons-0
nth-Cons-Suc nth-mem)
hence a > bV a=15
using antisym-convl by blast
then show ?thesis
proof
assume b < a
then show ?thesis
by (simp add: 0 <s = b # xs» suffiz-type-cons-greater)
next
assume g = b
hence Max (set s) = b
using 0 IH(5) <s = b # zs) by auto
with IH(1)[of 0]
have suffiz-type s 0 = L-type
by (metis IH(2) Suc-less-eq2 «s = b # xs» drop0 drop-Suc-Cons
length-Cons list.sel(1)
local. Cons valid-suffiz zero-less-Suc)
then show ?thesis
by (simp add: 0 <a = by <s = b # x$» suffiz-type-cons-same)
qged
next
case (Suc n)
assume i = Suc n
have valid-list s
using [H(2) «s = b # xzs> valid-list-consD by blast
moreover
have n < length s
using [H(3) Suc by auto
moreover
have Suc 0 < length s
by (simp add: <s = b # xs> local.Cons)
moreover
{
have hd (suffix s n) = hd (suffix (a # s) 1)
using Suc by fastforce
moreover
have hd (suffiz s n) € set s
by (simp add: <n < length ) hd-drop-conv-nth)
with TH(5)
have Maz (set (a # s)) € set s
using calculation by argo
hence Max (set (a # s)) = Max (set s)
using IH(5) maz.cobounded! [of a Mazx (set s)]
by (metis List.finite-set Maz-greD Maz-insert Suc-lessD «Suc 0 < length
s
«n < length s> calculation hd-drop-conv-nth length-greater-0-conv
list.set(2)
maz-def set-empty)
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ultimately have hd (suffix s n) = Mazx (set s)
using IH(5) by presburger

ultimately have suffiz-type s n = L-type
using Cons.hyps by blast

then show ?thesis
by (simp add: Suc suffiz-type-cons-suc)

qed
qed
qged
qged

42.4 General Suffix Type Theories

This subsection contains the background theory needed to prove that com-
puting the suffix types of a list can be achieved in linear time by starting
from the end of the list (lemma 1, Ko et al., JDA 2005).

The main intuition is that the suffix type of the (i+1)th suffix is known
and the ith suffix starts with same symbol of the (i+1)th suffix, then the ith
suffix will have the same type.

theorem si-type-hd-equal:

[Suc i < length s; hd (suffiz s ©) = hd (suffix s (Suc 7))] =

suffiz-type s i = suffiz-type s (Suc )

by (metis Cons-nth-drop-Suc Suc-lessD hd-drop-conv-nth I-type-letter-gre-Suc
list-less-ns-cons

suffiz-type-def)

corollary sl-type-prefiz-equal:
[i + n < length s; Vj < n. hd (suffiz s (i + j)) = hd (suffiz s 7)] =
Vi < n. suffix-type s (i + j) = suffiz-type s i
proof (induct n)
case ()
then show ?case
by blast
next
case (Suc n)
note IH = this
hence Vj<n. suffiz-type s (i + j) = suffiz-type s i
by (metis add-Suc-right less-Suc-eq linorder-not-less)
show ?Zcase
proof safe
fix j
assume j < Suc n
then show suffiz-type s (i + j) = suffiz-type s i
proof (cases j < n)
assume j < n
then show ?thesis
by (simp add: <V j<n. suffiz-type s (i + j) = suffiz-type s i)
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next
assume - j < n
hence j = n
using ¢j < Suc n» by auto
show ?thesis
proof (cases j)
case (
then show ?thesis
by simp
next
case (Suc m)
then show ?thesis
by (metis Suc.prems(1,2) Suc-lessD Suc-less-SucD <j < Suc ny <j = n»
add-Suc-right
N ij<n. suffiz-type s (i + §) = suffiz-type s i» le-imp-less-Suc
sl-type-hd-equal)
qed
qed
qed
qed

corollary si-type-prefiz-equal-nth:
[i + n < length s; Vi < n. (suffiz s i) ! j = (suffir s i) ! 0] =
Vi < n. suffix-type s (i + j) = suffiz-type s i
by (rule sl-type-prefiz-equal, assumption, clarsimp simp: hd-conv-nth)

corollary si-type-prefiz-replicate:
Vi < n. suffizx-type (replicate n a @ as) i = suffiz-type (replicate n a Q as) 0
by (rule sl-type-prefiz-equal-nthjwhere i = 0, simplified]; clarsimp simp: nth-append)

lemma suffiz-type-neq:
[suffiz-type T j # suffiz-type T (Suc j); Suc j < length T] = T 'j # T ! Suc j
by (metis Cons-nth-drop-Suc Suc-lessD I-type-letter-gre-Suc list-less-ns-cons suf-
fiz-type-def)

42.5 S/L-Type Ordering

This section contains the crucial theorem that L-type suffixes are always less
than S-type suffixes if they start with the same symbol (lemma 2, Ko et al.,
JDA 2005).

theorem [-less-than-s-type-general:
assumes suffiz-type (a # s1) 0 = S-type
and suffiz-type (a # s2) 0 = L-type
shows list-less-ns (a # s2) (a # s1)
proof —
from suffiz-type-list-type-eq[of a # s1 0]
have suffiz-type (a # s1) 0 = list-type (<) (a # s1)
by simp
hence list-type (<) (a # s1) = S-type
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using assms(1) by auto
moreover
from suffiz-type-list-type-eq[of a # s2 0]
have suffiz-type (a # s2) 0 = list-type (<) (a # s2)
by simp
hence list-type (<) (¢ # s2) = L-type
using assms(2) by auto
ultimately show ?thesis
using [l-less-than-s-type-list-type[of (<) a sl s2]
by (meson UNIV-I nslexzordp-eq-list-less-ns-app top-greatest totalp-on-less transp-on-less)
qged

corollary [-less-than-s-type-suffiz:
assumes i < length s
and j < length s
and sli=s!j
and suffix-type s i = S-type
and suffiz-type s j = L-type
shows list-less-ns (suffix s §) (suffiz s 7)
by (metis Cons-nth-drop-Suc assms l-less-than-s-type-general suffiz-type-suffix)

theorem I-less-than-s-type:
assumes valid-list s
and i < length s
and j < length s
and  hd (suffiz s i) = hd (suffiz s j)
and suffiz-type s © = S-type
and suffiz-type s j = L-type
shows list-less-ns (suffix s §) (suffiz s 7)
by (metis hd-drop-conv-nth assms(2—) l-less-than-s-type-suffiz)

corollary (in Suffiz-Array-General) same-hd-s-after-1:
assumes valid-list: valid-list s
and i-less-len-s: © < length s
and j-less-len-s: j < length s
and i-neq-j: 1% ]
and  suf-i-type:  suffiz-type s ((sa s)! i) = L-type
and  suf-j-type: suffiz-type s ((sa s)! j) = S-type

and  hd-eq: hd (suffix s ((sa s) ! 7)) = hd (suffix s ((sa s) ! 7))
shows i < j
proof —

have A: (sa s) ! i < length s
using i-less-len-s sa-nth-ex by auto

from sa-set-upt[where s = s| sa-length[where s = s| j-less-len-s
have B: (sa s) ! j < length s
by (metis atLeastOLessThan lessThan-iff nth-mem)

from [-less-than-s-type[OF valid-list B A hd-eq[symmetric] suf-j-type suf-i-type]
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have suf-i-less-suf-j: list-less-ns (suffiz s ((sa s)! 7)) (suffix s ((sa s)! 7))
by simp

from sorted-nth-less-mono[OF strict-sorted-imp-sorted| OF sa-g-sorted],
simplified length-map sa-length,
OF i-less-len-s j-less-len-s i-neq-j]
nth-map|where [ = suffix s and zs = sa s, simplified sa-length, OF i-less-len-s]
nth-map[where f = suffix s and zs = sa s, simplified sa-length, OF j-less-len-s]
valid-list-list-less-equiv-list-less-ns[ OF valid-suffiz,
OF valid-list A valid-suffix,
OF walid-list B,
THEN iffD2,
OF suf-i-less-suf-j]
show ?thesis by simp
qed

42.6 Implementation of Suffix Type Computation

This subsection contain a shallow embedding of a function that would com-
pute the suffix types for a list.

fun abs-get-suffiz-types :: (‘a :: {linorder, order-bot}) list = SL-types list
where
abs-get-suffiz-types [| = [] |
abs-get-suffiz-types ([-]) = [S-type] |
abs-get-suffiz-types (a # b # xs) =
(let ys = abs-get-suffiz-types (b # xs)
in
(if a < b then S-type # ys
else if a > b then L-type # ys
else hd (ys) # ys))

lemma length-abs-get-suffiz-types:
length (abs-get-suffiz-types s) = length s
by (induct s rule: abs-get-suffiz-types.induct; clarsimp simp: Let-def)

lemma abs-get-suffiz-types-correct-nth:
i < length s = abs-get-suffiz-types s | i = suffiz-type s i
proof (induct s arbitrary: i rule: abs-get-suffiz-types.induct)
case I
then show ?case
by simp
next
case (2 uu 1)
then show ?case
by (simp add: suffiz-is-singleton)
next
case (3 a b zs i)
note IH = this
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have i # 0 = ?case
proof —
assume i # 0
hence dn. i = Suc n
using not0-implies-Suc by blast
then obtain n where
i = Sucn
by blast
hence abs-get-suffiz-types (a # b # xs) | i = abs-get-suffiz-types (b # xs) ! n
by (clarsimp simp: Let-def)
moreover
have suffiz-type (a # b # xs) i = suffiz-type (b # zs) n
by (simp add: <i = Suc n) suffiz-type-cons-suc)
moreover
from IH(1)[of n] IH(2) <i = Suc n
have abs-get-suffiz-types (b # xs) ! n = suffiz-type (b # xs) n
by simp
ultimately show #thesis
by simp
qed
moreover
have i = 0 = %case
proof —
assume ¢ =

havea<bVb<aVa=1b
by fastforce
then show ?Zcase
proof (elim disjE)
assume a < b
then show Zcase
by (simp add: <i = 0) suffiz-type-cons-less)
next
assume b < a
then show ?Zcase
using <7 = 0» order-less-imp-triv suffiz-type-cons-greater by fastforce
next
assume a = b

have abs-get-suffiz-types (b # xs) # ||
by (metis Zero-neq-Suc length-Cons length-abs-get-suffiz-types list.size(3))
hence abs-get-suffiz-types (a # b # xs) | i = abs-get-suffiz-types (b # xzs) ! 0
unfolding abs-get-suffiz-types.simps(3)[of a b xs, simplified Let-def)
by (simp add: <a = b> <i = 0» hd-conv-nth)
moreover
have suffiz-type (a # b # zs) i = suffiz-type (b # zs) 0
by (simp add: <a = b <i = 0> suffiz-type-cons-same)
ultimately show Zcase
using IH(1)[of 0, simplified] by presburger
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qed
qed
ultimately show ?case
by blast
qed

lemma get-suffix-types-correct:
Vi < length s. (abs-get-suffiz-types s) | i = suffiz-type s i
by (simp add: abs-get-suffiz-types-correct-nth)

43 SAIS Sublist Order

This section contains the sublist ordering used in SAIS (definition 2.3, Nong
et al., DCC 2009). Note that this generalised so that it is not a ternary
relation but a binary relation.

fun ss-order-less :: (‘a :: {linorder, order-bot}) list = 'a list = bool

where
ss-order-less || - = False |
ss-order-less - [| = True |

ss-order-less (a # as) (b # bs) =
(if a < b then True
else if a > b then False
else if suffiz-type (a # as) 0 = suffiz-type (b # bs) 0 then ss-order-less as bs
else if suffiz-type (a # as) 0 = L-type then True
else False)

As described in section "Suffix Type", the SAIS sublist ordering (ss-order-less)
is equivalent to list-less-ns.

lemma ss-order-less-equiv-list-less-ns:
ss-order-less s1 s2 = list-less-ns s1 s2
proof (induct rule: ss-order-less.induct)
case (1 uu)
then show ?case
by simp
next
case (2 v va)
then show ?case
by (simp add: list-less-ns-nil)
next
case (3 a as b bs)
then show ?case
by (metis antisym-conv3 l-less-than-s-type-general list-less-ns-cons-diff list-less-ns-cons-same
ordlistns.less-asym ss-order-less.simps(3) suffiz-type-def)
qed

44 Sorting

lemma sorted-letters-s-types:
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assumes Vk>i. k < j — suffiz-type T k = S-type
and j < length T
shows sorted (list-slice T i j)

proof (intro sorted-iff-nth-mono| THEN 4ffD2] alll impI)
fix zy
assume z < y y < length (list-slice T i j)

have list-slice Tij!z =T (i + z)
by (meson <z < y <y < length (list-slice T i j)» dual-order.strict-trans2
nth-list-slice)
moreover
have list-slice Tij!y=T! (i + y)
using <y < length (list-slice T i j)» nth-list-slice
by blast
moreover
have i + y < j
using «y < length (list-slice T i j)»
by (simp add: assms(2))
have i + x < i+ y
by (simp add: <z < y»)
with < + y < j»
have T! (i +z) < T!(i+ y)
proof (induct y — z arbitrary: x y)
case (
then show ?case by simp
next
case (Suc z)
note IH = this
from [H(2)
have 3y’ y = Suc y’
by presburger
then obtain 3’ where
y = Sucy’
by blast
hence z = y' — x
using TH(2) by linarith
moreover
have i + y' < j
using Suc.prems(1) <y = Suc y'» by linarith
moreover
have i + z < i + y'
using Suc.hyps(2) <y = Suc y"» by linarith
ultimately have T'! (i + z) < T'! (i + y)
using Suc.hyps(1) by blast
moreover
from assms(1)
have suffiz-type T (i + y’) = S-type
by (simp add: <i + y' < j»)
hence T'! (i + y') < T! (i + y)
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using Suc.prems(1) <y = Suc y"» assms(2) less-le-trans s-type-letter-le-Suc
by fastforce
ultimately show ?Zcase
using order.trans by blast
qed
ultimately show list-slice T i j ! x < list-slice Tij !y
by simp
qed

lemma sorted-letters-I-types:
assumes Vk>i. k < j — suffiz-type T k = L-type
and j < length T
shows sorted ((rev (list-slice T i j)))
proof (intro sorted-rev-iff-nth-mono| THEN iffD2] alll impI)
fixzy
assume z < y y < length (list-slice T i j)

have length (list-slice Tij) =7 — @
by (simp add: assms(2))

have i + y < j
using «length (list-slice T i j) = j — > <y < length (list-slice T i j)» by linarith
with <z < o
have T'! (i + y) < T'! (i + =)
proof (induct y — z arbitrary: x y)
case (
then show Zcase by simp
next
case (Suc z z y)
note IH = this
have dy’. y=Sucy' Nz <y'ANz=y — =z
by (metis Suc.hyps(2) Suc.prems(1) add-Suc-right add-diff-cancel-left’ add-diff-cancel-right’
diff-le-self ordered-cancel-comm-monoid-diff-class.add-diff-inverse)
then obtain y’ where
y=Sucy' z<y 2=y —z
by blast
with TH (1) IH(4)
have T! (i +z) > T ! (i + y')
by simp
moreover
from assms(1)

have suffiz-type T (i + y’) = L-type
using Suc.prems(2) <y = Suc y'» by auto
hence T'! (i + y') > T (i + y)

A
)
using Suc.prems(2) <y = Suc y”» assms(2) nth-less-imp-s-type order-less-le-trans
by fastforce
ultimately show “case
by auto
qed
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moreover
have list-slice Tij!z= T! (i + x)
by (metis «x < y» <y < length (list-slice T i j)» nth-list-slice order-le-less-trans)
moreover
have list-slice Tij!y=T! (i + y)
using <y < length (list-slice T i j)» nth-list-slice by blast
ultimately show list-slice T i j ! y < list-slice T ij ! x
by presburger
qed

45 LMS-Types

This section contains the definition of an LMS-type; standing for large, mid-
dle and small. It also contains lemmas pertaining to these types.

definition
abs-is-lms :: ('a :: {linorder, order-bot}) list = nat = bool
where
abs-is-lms s i =
(suffiz-type s i = S-type) A
(3j. i = Sucj A
suffiz-type s j = L-type)

LMS-types are subtypes of S-type. This is because these are S-type, but
they are also immediately succeed L-type.

45.1 LMS-Type Simplifications

This subsection contains theorems about facts that can be derived from the
abs-is-lms definition and vice versa.

lemma Ims-type-list-less-ns:
abs-is-lms s i = (4. i = Suc j A list-less-ns (suffiz s i) (suffix s j) A
list-less-ns (suffiz s i) (suffiz s (Suc 7))
by (metis SL-types.simps(2) abs-is-lms-def I-type-list-less-ns ordlistns.antisym-conv3d

s-type-list-less-ns)

lemma abs-is-Ilms-0:
—abs-is-lms s 0
apply (clarsimp simp: abs-is-lms-def)
done

lemma abs-is-Ims-cons-suc:
i > 0 = abs-is-lms (a # s) (Suc 7) = abs-is-lms s i
apply (drule gro-implies-Suc; clarsimp)
apply (clarsimp simp: abs-is-lms-def suffiz-type-cons-suc)
done
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lemma i-s-type-imp-Suc-i-not-lms:
suffiz-type s i = S-type = —abs-is-lms s (Suc 1)
by (simp add: abs-is-lms-def)

lemma suffiz-type-same-imp-not-lms:
suffiz-type s i = suffiz-type s (Suc i) = —abs-is-lms s (Suc )
by (simp add: abs-is-lms-def)

lemma abs-is-Ims-consec:
abs-is-lms xs i => —abs-is-lms xs (Suc i)
abs-is-lms xs (Suc i) = —abs-is-lms s i
by (clarsimp simp: abs-is-lms-def)+

lemma abs-is-lms-gre-length:
n > length rs = —abs-is-lms s n
by (metis SL-types.distinct(1) drop-eq-Nil abs-is-lms-def I-type-list-less-ns)

lemma abs-is-Ims-suffix:
abs-is-lms (suffix s n) ¢ = abs-is-lms s (i + n)
by (clarsimp simp: abs-is-lms-def suffiz-type-suffiz-gen)

lemma abs-is-lms-i-gr-0:

i > 0 = abs-is-Ilms (suffizx s n) © = abs-is-lms s (i + n)

apply safe

apply (erule abs-is-lms-suffiz)

apply (clarsimp simp: abs-is-lms-def)

apply (rule conjI)

apply (subst suffiz-type-suffiz-gen; simp)

by (metis (no-types, opaque-lifting) add.commute add-Suc-right add-right-cancel
less-Suc-eq-le

less-iff-Suc-add ordered-cancel-comm-monoid-diff-class. diff-add suffiz-type-suffiz-gen)

lemma set-abs-is-Ims-suffix:
{i. abs-is-lms (suffiz s n) (i — n)} = {i. abs-is-Ims s i A i > n}
apply safe
apply (metis abs-is-lms-0 abs-is-lms-suffix le-less-linear nat-diff-split
ordered-cancel-comm-monoid-diff-class. diff-add)
apply (metis bot-nat-0.not-eg-extremum abs-is-lms-0 zero-less-diff)
apply (cases n)
apply clarsimp
by (metis (no-types, lifting) Suc-diff-le abs-is-lms-def less-Suc-eq-le less-or-eg-imp-le
ordered-cancel-comm-monoid-diff-class. diff-add suffiz-type-suffiz-gen)

lemma abs-is-Ims-set-less-length:
n > length xs = {i. abs-is-lms xs i A i < n} = {i. abs-is-lms zs i}
by (meson dual-order.trans abs-is-lms-gre-length le-less-linear)
lemma abs-is-Ims-suffix-Suc:

abs-is-lms (suffix s n) (Suc i) = abs-is-lms s (Suc (i + n))
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apply safe

apply (drule abs-is-lms-suffiz; simp)
apply (clarsimp simp: abs-is-lms-def)
apply (subst suffiz-type-suffiz-gen)+
apply simp

done

45.2 LMS-Type Sets and Subsets

This subsection contains lemmas about sets and subsets of LMS-types.

lemma set-lms-gr-0:
{i. abs-is-lms xs i A 0 < i} = {i. abs-is-lms zs i}
using bot-nat-0.not-eq-extremum abs-is-lms-0 by blast

lemma set-lms-n-subset:
{i. abs-is-lms xzs i N i > n} C {i. abs-is-lms zs i}
by blast

lemma set-lms-Suc-subset:
{i. abs-is-lms xzs i N i > Suc n} C {i. abs-is-lms xs i N i > n}
by (simp add: Collect-mono)

lemma set-Ims-Suc-insert:

abs-is-lms xs (Suc n) = {i. abs-is-lms zs i A i > n} = insert (Suc n) {i.
abs-is-lms xs i A i > Suc n}

using Collect-cong by auto

lemma Ims-finite:
finite {i. abs-is-lms xs i}
by (metis finite-nat-set-iff-bounded abs-is-Ims-def mem-Collect-eq suffiz-type-s-bound)

lemma Ims-set-empty:
[length zs = Suc n; m > n] = {i. abs-is-lms zs i A i > m } = {}
by (metis (no-types, lifting) Collect-empty-eq Suc-lel diff-diff-cancel abs-is-lms-gre-length
less-imp-diff-less)

45.3 Implementation of LMS-Types Computation

This section contains a shallow embedding of a function that would compute
all the LMS-types of an ordered list.

fun get-lms :: (‘a :: {linorder, order-bot}) list = nat = nat list
where
get-lms xs 0 =[] |
get-lms xs (Suc n) = (if abs-is-lms xs n then n # get-lms zs n else get-lms xs n)

lemma get-lms-correct:

get-lms xs n = rev (filter (abs-is-lms xs) [0..<n])
apply (induct n)
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apply simp
apply clarsimp
done

45.3.1 Properties

This subsection contains miscellaneous lemmas about facts that can be de-
rived from the shallow embedding and vice versa.

lemma get-lms-element-bound:
T € set (get-lmsxsn) =z <nAz>0
apply (induct n; simp)
apply (clarsimp split: if-splits)
apply (erule disjE; clarsimp)
apply (cases x; clarsimp simp: abs-is-lms-0)
done

lemma distinct-get-lms:
distinct (get-lms zs n)
apply (induct n; clarsimp)
apply (drule get-lms-element-bound)
by blast

lemma get-Ims-abs-is-lms:
z € set (get-lms xs n) <— abs-is-lms zs x N x < n
apply (subst get-lms-correct)
apply clarsimp
by blast

lemma Ims-le-length:
z € set (get-lms s n) => x < length zs
by (simp add: get-lms-abs-is-lms abs-is-lms-def suffiz-type-s-bound)

lemma get-lms-set:
set (get-lms xs n) = {i. abs-is-lms xs i A i < n}
apply (induct n)
apply simp
apply safe
using get-lms-abs-is-lms by blast+

lemma get-lms-set-n-gre-length:
n > length s = set (get-lms xs n) = {i. abs-is-lms s i}

apply (simp add: get-lms-set)
by (meson dual-order.trans abs-is-lms-gre-length not-less)

45.4 Cardinality LMS-Types

This section contains lemmas about how many LMS-types exist (lemma 2.1,
Nonge et al., DCC2009). These lemmas are particularly important when
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proving that the SAIS is O(n) in space (bytes) and time complexity (lemma
3.1, Nong et al., DCC 2009).

lemma num-ims-bound-1:
length (get-lms zs n) < n div 2
proof —
have card (set (get-lms xs n)) < n div 2
proof (intro balll subset-upt-no-Suc[of set (get-Ims xs n) n])
show set (get-lms zs n) C {1..<n}
by (simp add: Suc-lel get-lms-element-bound subset-code(1))
next
fix
assume z € set (get-lms xs n)
hence abs-is-lms zs «
by (simp add: get-lms-abs-is-lms)
then show Suc = ¢ set (get-lms zs n)
using get-lms-abs-is-lms abs-is-lms-consec(2) by blast
qed
with distinct-card[OF distinct-get-lms|of xs nl)
show ?thesis
by presburger
qed

lemma num-Iims-bound-2:
length (get-lms zs n) < length xs div 2
proof —
have card (set (get-lms xs n)) < length xs div 2
proof (intro balll subset-upt-no-Suclof set (get-lms xs n) length xs])
show set (get-lms zs n) C {1..<length s}
by (metis One-nat-def Suc-lel atLeastLessThan-iff get-lms-element-bound
Ims-le-length subsetl)
next
fix z
assume z € set (get-lms s n)
hence abs-is-Ilms zs z
by (simp add: get-lms-abs-is-lms)
then show Suc = ¢ set (get-lms zs n)
using get-lms-abs-is-lms abs-is-lms-consec(2) by blast
qed
with distinct-card[OF distinct-get-lms|of xs nl)
show ?thesis
by simp
qed

lemma card-abs-is-lms-bound:
zs # [| = card {i. abs-is-lms zs i} < length zs
by (metis (no-types, opaque-lifting) One-nat-def distinct-card distinct-get-lms
div-less-dividend
get-lms-set-n-gre-length le-less-linear le-less-trans length-greater-0-conv lessl
num-ims-bound-2 numeral-2-eq-2)
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lemma card-abs-is-lms-bound-length-div-2:
card {i. abs-is-lms zs i} < length s div 2
by (metis distinct-card distinct-get-lms get-lms-set-n-gre-length linear num-lms-bound-2)

lemma length-filter-Ims:
T # [| = length (filter (abs-is-lms T) [0..<length T]) < length T
by (metis diff-zero abs-is-lms-0 length-filter-less length-greater-0-conv length-upt
nth-Cons-0
nth-mem upt-rec)

45.5 General Properties about LMS-types

lemma abs-is-Ims-imp-le-nth:
[abs-is-lms T i; Suc i < length T] = T !¢ < T'! Suci
by (metis SL-types.simps(2) abs-is-lms-def not-less nth-gr-imp-Il-type)

lemma abs-is-lms-neq:
abs-is-lms T (Suc i) = T ! Suci < T !4
unfolding abs-is-Ims-def
proof (safe)
assume suffiz-type T (Suc 7) = S-type suffiz-type T i = L-type

from <suffiz-type T (Suc i) = S-type>
have Suc i < length T
by (simp add: suffiz-type-s-bound)
with suffiz-type-neq <suffiz-type T (Suc i) = S-type> <suffiz-type T ¢ = L-type>
show ?thesis
by (metis SL-types.simps(2) not-less-iff-gr-or-eq nth-less-imp-s-type)
qged

lemma abs-is-Ims-last:

[valid-list T; length T = Suc (Suc n)] = abs-is-lms T (Suc n)
proof (induct n arbitrary: T)

case 0

note IH = this

have T'! Suc 0 = bot
by (metis [H Zero-neg-Suc diff-Suc-1 last-conv-nth list.size(3) valid-list-def)
with TH(1)[simplified valid-list-ex-def]
have T! 0 > T! Suc 0
by (metis IH(2) One-nat-def bot.not-eg-extremum butlast-snoc diff-Suc-1" le-less-Suc-eq
length-butlast less-or-eq-imp-le nth-butlast)
with suffiz-type-last|OF IH(2)]
show ?Zcase
using abs-is-lms-def nth-gr-imp-I-type suffix-type-s-bound by blast
next
case (Suc n)
note IH = this
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show ?Zcase
proof (cases T)
case Nil
then show ?thesis
by (simp add: Suc.prems(1) valid-list-not-nil)
next
case (Cons a T')
with ITH valid-list-consD[of a T
have abs-is-lms T (Suc n)
by fastforce
then show ?thesis
by (simp add: abs-is-lms-def local. Cons suffiz-type-cons-suc)
qed
qed

lemma abs-is-lms-imp-less-length:
abs-is-lms T i = i < length T
using abs-is-lms-gre-length le-less-linear by blast

lemma s-type-and-not-lms-Suc:

[-abs-is-lms T (Suc ©); suffiz-type T (Suc i) = S-type] = suffiz-type T i =
S-type

by (meson abs-is-lms-def suffiz-type-def)

lemma no-lms-imp-all-s-type:
assumes j < length T
and 1 <]
and VEk>i. k < j — —abs-is-lms T k
and suffiz-type T j = S-type
and 1<k
and k<j

shows suffiz-type T k = S-type
using assms

proof (induct j — k arbitrary: j)
case ()
then show ?case

by auto

next
case (Suc )
note IH = this

have 3j'. j = Suc j’

using Suc.hyps(2) by presburger
then obtain j’ where

j = Sucj’

by blast
hence z = j' — k

using Suc.hyps(2) by linarith
moreover
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have j’ < length T

using Suc.prems(1) Suc-lessD «j = Suc j's by blast
moreover
have i < j’

using Suc.hyps(2) <j = Suc j"» assms(5) by linarith
moreover
have Vk>i. k < j' — = abs-is-lms T k

by (simp add: Suc.prems(3) <j = Suc j’)
moreover
from IH(5)
have —abs-is-lms T (Suc j')

by (simp add: <j = Suc j» calculation(3) le-imp-less-Suc)
with TH(6) <j = Suc j" s-type-and-not-lms-Suclof T j’]
have suffiz-type T j' = S-type

by blast
moreover
have k < j’

using Suc.hyps(2) <j = Suc j"» by linarith
ultimately show ?case

using IH(1)[of j'| assms(5) by blast

qed

lemma first-I-type-after-s-type:
assumes j < length T
and 1< j
and Vk>i. k< j— —abs-is-lms T k
and suffiz-type T j = L-type
and suffiz-type T i = S-type
shows 31>i. [ < j A (Vk<l. i < k — suffiz-type T k = S-type) A suffiz-type T 1
= L-type
using assms
proof (induct j — i arbitrary: j)
case (
then show ?case
by auto
next
case (Suc x)
note IH = this

have 35" j = Suc j’

by (metis SL-types.distinct(1) Suc.prems(2) Suc.prems(4) assms(5) diff-is-0-eq

diff-zero
less-imp-Suc-add neq0-conv)

then obtain j’ where

j = Sucj’

by blast
hence z = j' — i

using Suc.hyps(2) <j = Suc j"» by linarith
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have j’ < length T
using Suc.prems(1) Suc-lessD «j = Suc j's by blast

have i < j’
using Suc.hyps(2) <j = Suc j"» by linarith

have P: Vk>i. k < j' — — abs-is-lms T k
by (simp add: Suc.prems(3) <j = Suc j’)

have suffiz-type T j' = S-type V suffiz-type T j' = L-type
using SL-types.exhaust by blast
moreover
have suffiz-type T j' = S-type = ?case
proof —
assume suffiz-type T j' = S-type
hence Vk<j. i < k — suffiz-type T k = S-type
using P <j’ < length T» no-lms-imp-all-s-type <j = Suc j» less-Suc-eg-le by
auto
then show ?thesis
using Suc.prems(2) Suc.prems(4) by blast

qged
moreover
have suffiz-type T j' = L-type =—> ?case
proof —
assume suffiz-type T j' = L-type
with IH(1)[OF «x = - j' < - <« < j» P - assms(5)]
have 31>i. | < j' A (VEk<l. i < k — suffiz-type T k = S-type) N suffiz-type
T 1 = L-type .

then show ?thesis
using «j = Suc j» by auto
qed
ultimately show ?case
by blast
qed

lemma no-lms-imp-and-s-imp-all-s-below:
assumes Vk. i < kAN k < j— —abs-is-lms T k
and suffiz-type T k = S-type
and 1<k
and k<j
shows [i < k' k' < k] = suffiz-type T k' = S-type
proof (induct k — k' arbitrary: k')
case (
with assms
show ?Zcase
by auto
next
case (Suc x)
note IH = this
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from [H(2)
have z = k — Suc k'
by linarith

from IH(3)
have i < Suc k’
by simp

from IH(2)
have Suc k' < k
by linarith

from [H(1)[OF <z = k — Suc k> <i < Suc k> «Suc k' < k]
have suffiz-type T (Suc k') = S-type
by assumption
with assms(1) <i < k' <k’ < kb «Suc k' < k» «i < Suc ks assms(4)
show ?Zcase
by (meson SL-types.exhaust abs-is-lms-def order.strict-trans1)
qed

lemma no-Ims-imp-and-I-imp-all-l-above:
assumes Vk. i < k Ak < j—> —abs-is-lms T k
and suffiz-type T k = L-type
and 1<k
and k<j
shows [k < k', k' < j] = suffiz-type T k' = L-type
proof (induct k' — k arbitrary: k')
case (
with assms
show ?case
by auto
next
case (Suc )
note IH = this
from [H(2)
have dn. k' = Suc n
by (metis less-Suc-eq less-Suc-eq-0-disj zero-diff)
then obtain n where
k' = Sucn
by blast
with TH(2)
have z =n — k
by linarith

from [H(2) <k’ = Suc n»

have £t < n
by linarith
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from IH(4) <k’ = Suc n»
have n < j
by linarith

from IH(1)[OF <z =n — k» <k < m» «n < ]
have suffiz-type T n = L-type
by assumption
with assms(1) <k’ = Suc n» <k’ < j <k < k' assms(3)
show ?Zcase
by (meson SL-types.exhaust abs-is-Ims-def le-trans)
qged

lemma [Ims-sublist-helper:
assumes V k. suffiz-type T k = S-type — Suc k < n — i < k — suffiz-type
T (Suc k) # L-type
and suffiz-type T i = S-type
shows [i < k; k < n] = suffiz-type T k = S-type
proof (induct k — ¢ arbitrary: k)
case ()
then show ?case
using assms(2) by auto
next
case (Suc )
note IH = this
from [H(2)
have 3k’. k = Suc k’
by presburger
then obtain k£’ where
k = Suc k'
by blast
with TH(2)
have z = k' — ¢
by linarith

from [H(2) <k = Suc k"
have i < k'
by linarith

from IH(4) <k = Suc k"
have k' < n
by linarith

from TH(1)[OF «x = k' — ©» <i < k"» <k’ < m] assms(1) IH(4) <k = Suc k' «i
<k’
show ?Zcase
using SL-types.exhaust by blast
qed

end
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theory Buckets
imports
../ ../ util/ Continuous-Interval
List-Type
begin

46 Buckets

46.1 Entire Bucket

definition bucket :: (‘a :: {linorder,order-bot} = nat) = ’a list = nat = nat set
where
bucket o« T b= {k |k. k < length T Na (T k)= b}

definition bucket-size :: ('a :: {linorder,order-bot} = nat) = 'a list = nat = nat
where
bucket-size « T b = card (bucket o T b)

definition bucket-upt :: (‘a :: {linorder,order-bot} = nat) = 'a list = nat = nat
set

where
bucket-upt « T b = {k |k. k < length T N a (T ! k) < b}

definition bucket-start :: (‘a :: {linorder,order-bot} = nat) = ’a list = nat =
nat

where
bucket-start o« T b = card (bucket-upt o T b)

definition bucket-end :: ('a :: {linorder,order-bot} = nat) = 'a list = nat = nat
where
bucket-end o T b = card (bucket-upt o T (Suc b))

lemma bucket-upt-subset:
bucket-upt o T b C {0..<length T}
by (rule subsetl, simp add: bucket-upt-def)

lemma bucket-upt-subset-Suc:
bucket-upt o T b C bucket-upt o T (Suc b)
by (rule subsetl, simp add: bucket-upt-def)

lemma bucket-upt-un-bucket:
bucket-upt o« T b U bucket o« T b = bucket-upt o T (Suc b)
apply (clarsimp simp: bucket-upt-def bucket-def)
apply (intro equalityl subsetl; clarsimp)
apply (erule disjE; clarsimp)
done

lemma bucket-0:
assumes valid-list T a bot = 0 strict-mono « length T = Suc k
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shows bucket o T 0 = {k}
proof safe
fix z
assume z € bucket o T 0
then show z = k
by (metis (mono-tags, lifting) assms bucket-def diff-Suc-1 le-neq-trans le-simps(2)
mem-Collect-eq strict-mono-eq valid-list-def)
next
show k € bucket o T 0
by (metis (mono-tags, lifting) assms(1,2,4) bucket-def diff-Suc-1 last-conv-nth
lessI
list.size(8) mem-Collect-eq order-less-irrefl valid-list-def)
qed

lemma finite-bucket:
finite (bucket o T x)
by (clarsimp simp: bucket-def)

lemma finite-bucket-upt:
finite (bucket-upt o T b)
by (meson bucket-upt-subset subset-eq-atLeast0-less Than-finite)

lemma bucket-start-Suc:
bucket-start o T (Suc b) = bucket-start o T b + bucket-size o T b
apply (clarsimp simp: bucket-start-def bucket-size-def)
apply (subst card-Un-disjoint[symmetric])
apply (meson bucket-upt-subset subset-eq-atLeast0-less Than-finite)

apply (simp add: finite-bucket)

apply (rule disjointl”)
apply (metis (mono-tags, lifting) bucket-def bucket-upt-def less-irrefi-nat mem-Collect-eq)
apply (simp add: bucket-upt-un-bucket)
done

lemma bucket-start-le:
b < b’ = bucket-start o« T b < bucket-start o T b’
apply (clarsimp simp: bucket-start-def)
by (meson bucket-upt-subset bucket-upt-subset-Suc card-mono lift-Suc-mono-le
subset-eq-atLeast0-less Than-finite)

lemma bucket-start-Suc-eq-bucket-end:
bucket-start o T (Suc b) = bucket-end o T b
by (simp add: bucket-end-def bucket-start-def)

lemma bucket-end-le-length:
bucket-end o T b < length T
apply (clarsimp simp: bucket-end-def)
apply (insert card-mono[OF - bucket-upt-subset[of o T Suc b]])
apply (erule meta-impE, simp)
apply (erule order.trans)
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apply simp
done

lemma bucket-start-le-end:
bucket-start o« T b < bucket-end o« T b
by (metis Suc-n-not-le-n bucket-start-Suc-eq-bucket-end bucket-start-le nat-le-linear)

lemma le-bucket-start-le-end:
b < b’ = bucket-start o« T b < bucket-end o T b’
using bucket-start-le bucket-start-le-end le-trans by blast

lemma bucket-end-le:
b < b’ = bucket-end o T b < bucket-end o T b’
by (metis bucket-start-Suc-eq-bucket-end bucket-start-le-end lift-Suc-mono-le)

lemma less-bucket-end-le-start:
b < b = bucket-end o T b < bucket-start o« T b’
by (metis Suc-lel bucket-start-Suc-eq-bucket-end bucket-start-le)

lemma bucket-end-def’:
bucket-end o« T b = bucket-start o T b + bucket-size a T b
by (metis bucket-start-Suc bucket-start-Suc-eq-bucket-end)

lemma valid-list-bucket-start-0:
[valid-list T; strict-mono o; a bot = 0] =
bucket-start « T 0 = 0
by (clarsimp simp: bucket-start-def bucket-upt-def)

lemma bucket-upt-0:
bucket-upt o« T 0 = {}
by (clarsimp simp: bucket-upt-def)

lemma bucket-start-0:
bucket-start « T 0 = 0
by (clarsimp simp: bucket-start-def bucket-upt-def)

lemma valid-list-bucket-upt-Suc-0:
[valid-list T; strict-mono o; a bot = 0; length T = Suc n] =
bucket-upt oo T (Suc 0) = {n}
apply (clarsimp simp: bucket-upt-def)
apply (intro equalityl subsetl)
apply (clarsimp simp: valid-list-def)
apply (metis less-antisym strict-mono-eq)
apply (clarsimp simp: valid-list-ex-def)
done

lemma valid-list-bucket-end-0-:

[valid-list T strict-mono o; a bot = 0] =
bucket-end o« T 0 = 1
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apply (clarsimp simp: bucket-end-def)
apply (frule valid-list-length-ex)

apply clarsimp

apply (frule (3) valid-list-bucket-upt-Suc-0)
apply simp

done

lemma nth-Maz:
T#[=3i<length T. T i= Maz (set T)
by (metis List.finite-set Maz-in in-set-conv-nth set-empty)

lemma bucket-upt-Suc-Max:
strict-mono o = bucket-upt o T (Suc (o (Maz (set T)))) = {0..<length T}
apply (intro equalityl subsetl)
apply (erule bucket-upt-subset| THEN subsetD))
by (clarsimp simp: bucket-upt-def less-Suc-eq-le strict-mono-less-eq)

lemma bucket-end-Mazx:
strict-mono o = bucket-end o T (o (Mazx (set T))) = length T
apply (clarsimp simp: bucket-end-def)
apply (drule bucket-upt-Suc-Maz[where T = T))
apply clarsimp
done

lemma bucket-end-eq-length:
[strict-mono a; b < o (Max (set T)); T # []; bucket-end o T b = length T] =
b= a (Max (set T))
proof —
assume strict-mono a b < a (Max (set T)) bucket-end o T b = length T T # |]
show b = a (Maz (set T))
proof (rule ccontr)
assume b # o (Maz (set T))

with b < -

have b < a (Maz (set T))
by simp

hence 3b". b/ = a (Maz (set T))
by blast

then obtain b’ where
b = o (Maz (set T))
by blast
with b < -
have b < b’
by blast
hence bucket-end o T b < bucket-start o T b’
by (simp add: less-bucket-end-le-start)
moreover
from nth-Maz[OF <T # )]
obtain i where
i < length T
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T!i= Mazx (set T)
by blast
with b/ = a (Maz (set T))» <strict-mono a»
have i € bucket o T b’
by (simp add: bucket-def)
hence bucket-start « T b’ < bucket-end o T b’
by (metis add-diff-cancel-left’ bucket-end-def’ bucket-size-def bucket-start-le-end
card-gt-0-iff diff-is-0-eq’ empty-iff finite-bucket nat-less-le)
moreover
have bucket-end o T b' < length T
using bucket-end-le-length by blast
ultimately
show Fulse
using <bucket-end o T b = length T»
by linarith
qged
qed

46.2 L-types

definition l-bucket :: (‘a :: {linorder,order-bot} = nat) = 'a list = nat = nat set
where
l-bucket o« T b = {k |k. k € bucket « T b A suffiz-type T k = L-type}

definition [-bucket-size :: (‘a :: {linorder,order-bot} = nat) = 'a list = nat =
nat

where
l-bucket-size o« T b = card (I-bucket o T'b)

definition l-bucket-end :: (‘a :: {linorder,order-bot} = nat) = 'a list = nat =
nat

where
l-bucket-end o T' b = bucket-start o T b + l-bucket-size o T' b

lemma [-bucket-subset-bucket:
l-bucket o« T b C bucket o T b
by (rule subsetl, simp add: l-bucket-def)

lemma bucket-upt-int-I-bucket:
strict-mono a = bucket-upt a« T b N l-bucket o« T b = {}
apply (rule disjoint-subset2[where B = bucket a T b))
apply (simp add: I-bucket-def)
apply (simp add: bucket-def bucket-upt-def)
apply (rule disjointI”)
apply clarsimp
done

lemma subset-l-bucket:
[VE < length ls. Is | k < length T A suffiz-type T (Is ! k) = L-type A o (T ! (Is
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'k)) = z;
distinct ls] =
set ls C l-bucket o« T
apply (rule subsetl)
apply (clarsimp simp: l-bucket-def bucket-def in-set-conv-nth)
done

lemma finite-lI-bucket:
finite (I-bucket o T z)
apply (clarsimp simp: finite-bucket l-bucket-def)
done

lemma [-bucket-list-eq:

[VE < length ls. Is | k < length T A suffiz-type T (Is ! k) = L-type A o (T ! (Is
k) = @

distinct ls; length ls = l-bucket-size a T 1] =

set ls = l-bucket o T z

apply (frule (1) subset-l-bucket)

apply (frule distinct-card)

apply (insert finite-l-bucket[of o T z])

by (simp add: card-subset-eq l-bucket-size-def)

lemma [-bucket-le-bucket-size:
[-bucket-size o« T b < bucket-size o T b
apply (clarsimp simp: l-bucket-size-def bucket-size-def)
apply (rule card-mono[OF finite-bucket I-bucket-subset-bucket])
done

lemma [-bucket-not-empty:
[ < length T; suffiz-type T i = L-type] = 0 < l-bucket-size a T (a (T ! 7))
apply (clarsimp simp: l-bucket-size-def)
apply (subst card-gt-0-iff)
apply (intro conjI finite-l-bucket)
apply (clarsimp simp: l-bucket-def bucket-def)
apply blast
done

lemma I-bucket-end-le-bucket-end:
[-bucket-end o« T b < bucket-end o« T b
apply (clarsimp simp: l-bucket-end-def)
apply (rule order.trans[where b = bucket-start « T b + bucket-size o T b])
apply (simp add: l-bucket-le-bucket-size)
by (metis bucket-start-Suc bucket-start-Suc-eq-bucket-end le-refl)

lemma [-bucket-Maz:
assumes valid-list T
and Suc 0 < length T
and strict-mono «
shows [-bucket o T (o (Maz (set T))) = bucket o T (o (Maz (set T)))
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proof (intro subsetl equalityl)
let 20 = o (Mazx (set T))
fix
assume z € l-bucket o T %b
then show z € bucket a T %b
using [-bucket-subset-bucket by blast
next
let 20 = o (Maz (set T))
fix z
assume z € bucket o T ?b
hence = < length T o (T ! ) = b
using bucket-def by blast+
with suffiv-maz-hd-is-I-type[OF assms(1) - assms(2)]
have suffiz-type T © = L-type
by (metis Cons-nth-drop-Suc assms(3) list.sel(1) strict-mono-eq)
then show z € I-bucket a T ?b
using <z € bucket o T (o (Mazx (set T)))» l-bucket-def by blast
qed

46.3 LMS-types

definition Ims-bucket :: (‘a :: {linorder,order-bot} = nat) = 'a list = nat = nat
set

where
Ims-bucket o T b = {k |k. k € bucket o T b A abs-is-lms T k}

definition Ims-bucket-size :: ('a :: {linorder,order-bot} = nat) = 'a list = nat =
nat

where
Ims-bucket-size a T b = card (Ims-bucket o T b)

lemma [Ims-bucket-subset-bucket:
Ims-bucket o« T b C bucket o« T b
by (simp add: Ims-bucket-def)

lemma finite-lms-bucket:
finite (Ims-bucket o T b)
by (clarsimp simp: Ims-bucket-def finite-bucket)

lemma disjoint-lI-Ims-bucket:
l-bucket o T b N Ims-bucket « T b = {}
apply (rule disjointl”)
by (clarsimp simp: [-bucket-def Ims-bucket-def abs-is-lms-def)

46.4 S-types

definition s-bucket :: (‘a :: {linorder,order-bot} = nat) = 'a list = nat = nat
set

where
s-bucket a« T b = {k |k. k € bucket a« T b A suffiz-type T k = S-type}
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definition s-bucket-size :: (‘a :: {linorder,order-bot} = nat) = 'a list = nat =
nat

where
s-bucket-size a T b = card (s-bucket o T b)

definition s-bucket-start :: (‘a :: {linorder,order-bot} = nat) = 'a list = nat =
nat

where
s-bucket-start o T b = bucket-start o« T b + I-bucket-size o T b

lemma finite-s-bucket:
finite (s-bucket o T'b)
by (clarsimp simp: s-bucket-def finite-bucket)

lemma disjoint-l-s-bucket:
l-bucket a T b N s-bucket o« T b = {}
apply (rule disjointl’)
by (clarsimp simp: l-bucket-def s-bucket-def)

lemma [Ims-subset-s-bucket:
Ims-bucket o« T b C s-bucket o« T b
by (clarsimp simp: s-bucket-def Ims-bucket-def abs-is-lms-def)

lemma [-un-s-bucket:
bucket « T b = l-bucket o T b U s-bucket o T b
apply (rule equalityl; clarsimp simp: l-bucket-def s-bucket-def)
by (meson suffiz-type-def)

lemma s-bucket-Max:
assumes valid-list T
and length T > Suc 0

and strict-mono «
shows s-bucket o T (a (Maz (set T))) = {}
proof —

let 2b = o (Max (set T))
from I-bucket-Mazx[OF assms]
have [-bucket o T ?b = bucket o T ?b .
moreover
from [l-un-s-bucket
have bucket o T ?b = l-bucket o« T 2b U s-bucket o« T b .
hence s-bucket o« T 20 C bucket o« T 2b
by blast
moreover
from disjoint-l-s-bucket
have l-bucket o T ?b N s-bucket « T 2b = {} .
ultimately
show ?thesis
by blast
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qed

lemma s-bucket-0:
assumes valid-list T
and strict-mono o
and a bot = 0
and length T = Suc n
shows s-bucket o T 0 = {n}
proof —
have suffiz-type T n = S-type
using assms(4) suffiz-type-last by blast
moreover
have T'! n = bot
by (metis assms(1) assms(4) diff-Suc-1 last-conv-nth length-greater-0-conv
valid-list-def)
hence a (T ! n) =0
by (simp add: assms(3))
ultimately have n € s-bucket o T 0
by (simp add: assms(4) bucket-def s-bucket-def)
hence {n} C s-bucket « T 0
by blast
moreover
have s-bucket o T 0 C {n}
unfolding s-bucket-def
proof safe
fix k
assume k € bucket a T 0 suffiz-type T k = S-type
hence k£ < n
by (simp add: assms(4) bucket-def)
have o (T 1 k) =0
using <k € bucket a T 0» bucket-def by blast
hence T'! k = bot
by (metis assms(2) assms(3) strict-mono-eq)
show k = n
proof (rule ccontr)
assume k # n
hence k£ < n
by (simp add: <k < ny le-neq-implies-less)
then show Fulse
using <k € bucket a T 0> <k # n» assms bucket-0 by blast
qed
qed
ultimately show %thesis
by blast
qed

lemma s-bucket-successor:

[valid-list T; strict-mono o; a bot = 05 b # 0; x € s-bucket o T b =
Suc z € s-bucket o TV (3b". b < b’ A Suc z € bucket o T b')
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proof —
assume valid-list T strict-mono a « bot = 0b # 0 x € s-bucket o T b
hence suffiz-type T x = S-type
by (simp add: s-bucket-def)

from wvalid-list-length-ex[OF <valid-list -)]
obtain n where

length T = Suc n

by blast
moreover
from «x € s-bucket a T b»
have z < length T o (T ! z) = b

by (simp add: s-bucket-def bucket-def )+
ultimately have Suc z < length T

by (metis Suc-lessI <« bot = 0> <b # 0> «walid-list T»> diff-Suc-1 last-conv-nth

list.size(3)
valid-list-def)

have T'! 2 < T! Suc z

by (simp add: «Suc x < length T» <suffiz-type T x = S-type> s-type-letter-le-Suc)
hence T!'z < T!SucaxVv T'!'z=T! Suczx

using le-neq-trans by blast

moreover
have T'! 2 < T ! Suc v = ?thesis
proof —

assume 7!z < T! Suc z
hence o (T ! z) < o (T ! Suc z)
by (simp add: <strict-mono « strict-mono-less)
hence b < a (T ! Suc z)
by (simp add: <« (T ! ) = b»)
with «Suc © < length T
have Suc z € bucket « T (o (T ! Suc x))
by (simp add: bucket-def)
with b < a (T ! Suc z)»
show ?thesis
by blast
qged
moreover
have T ! z = T | Suc © = ?thesis
proof —
assume T !z =T ! Suc x
hence o (T ! Suc z) = b
using «a (T ! z) = b by auto
moreover
from «Suc z < length T)» «<T ! z = T ! Suc  <suffix-type T © = S-type>
have suffiz-type T (Suc z) = S-type
using suffiz-type-neq by force
ultimately show %thesis
by (simp add: «Suc z < length T) bucket-def s-bucket-def)
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qed
ultimately show ?thesis
by blast
qed

lemma subset-s-bucket-successor:
[valid-list T'; strict-mono «; o bot = 0; b # 0; A C s-bucket a T b; A # {}] =
Jz € A. Suc z € s-bucket « Tb— AV (b b < b’ A Sucz € bucket « T b')
proof —
assume valid-list T strict-mono o o bot = 0b # 0 A C s-bucket « T b A # {}

have finite A
using <A C s-bucket o T by finite-s-bucket finite-subset by blast

let 2B = s-bucket « Tb — A

have 3z € A. Sucz ¢ A
proof (rule ccontr)
assume - (Jz€A. Suc z ¢ A)
hence Vze€A. Sucz € A
by clarsimp
hence — finite A
using Maz.cobounded] Maz-in Suc-n-not-le-n <A # {}» by blast
with <finite A>
show Fulse
by blast
qed
then obtain z where
z €A
Suc z ¢ A
by blast
with s-bucket-successor[OF <wvalid-list - <strict-mono - <« - = - <b # -, of 1]
<A C s-bucket o T by
have Suc z € s-bucket « T bV (3b". b < b’ A Suc z € bucket o T b’)
by blast
moreover
have Suc z € s-bucket « T b = ?thesis
proof —
assume Suc ¢ € s-bucket oo T' b
with «Suc z ¢ A»
show ?thesis
using <z € A by blast
qed
moreover
have (3b". b < b’ A Suc z € bucket « T b') = ?thesis
using «x € A> by blast
ultimately show “thesis
by blast
qed
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lemma valid-list-s-bucket-start-0:
[valid-list T; strict-mono a; « bot = 0] =
s-bucket-start « T 0 = 0
apply (clarsimp simp: s-bucket-start-def bucket-start-0)
apply (frule valid-list-length-ex)
apply clarsimp
apply (frule (3) bucket-0)
apply (frule suffiz-type-last)
apply (clarsimp simp: l-bucket-size-def l-bucket-def)
done

definition pure-s-bucket :: ('a :: {linorder,order-bot} = nat) = 'a list = nat =
nat set

where
pure-s-bucket o« T b = {k |k. k € s-bucket o T b A k ¢ Ims-bucket o T b}

definition pure-s-bucket-size :: (‘a :: {linorder,order-bot} = nat) = 'a list = nat
= nat

where
pure-s-bucket-size o« T b = card (pure-s-bucket o T b)

lemma finite-pure-s-bucket:
finite (pure-s-bucket o T b)
by (clarsimp simp: pure-s-bucket-def finite-s-bucket)

lemma pure-s-subset-s-bucket:
pure-s-bucket o« T b C s-bucket o T b
by (clarsimp simp: s-bucket-def pure-s-bucket-def)

lemma disjoint-lms-pure-s-bucket:
Ims-bucket o« T b N pure-s-bucket o« T b = {}
apply (rule disjointl’)
by (clarsimp simp: Ims-bucket-def pure-s-bucket-def)

lemma disjoint-pure-s-lms-bucket:
pure-s-bucket o T b N Ims-bucket « T b = {}
apply (subst Int-commute)
by (rule disjoint-lms-pure-s-bucket)

lemma s-eq-pure-s-un-Ims-bucket:
s-bucket o T b = pure-s-bucket a« T b U Ims-bucket o T b
apply (intro equalityl; clarsimp simp: pure-s-subset-s-bucket Ims-subset-s-bucket)
apply (clarsimp simp: s-bucket-def lms-bucket-def pure-s-bucket-def)
done

lemma [-pl-pure-s-pl-lms-size:

bucket-size o T b = l-bucket-size o T b + pure-s-bucket-size a T b + Ims-bucket-size
aTh
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apply (clarsimp simp: bucket-size-def I-bucket-size-def pure-s-bucket-size-def
Ims-bucket-size-def)
apply (subst add.assoc)
apply (subst card-Un-disjoint[symmetric,
OF finite-pure-s-bucket finite-Ims-bucket disjoint-pure-s-lms-bucket])
apply (subst s-eq-pure-s-un-lms-bucket[symmetric])
apply (subst card-Un-disjoint[symmetric,
OF finite-l-bucket finite-s-bucket disjoint-I-s-bucket))
apply (clarsimp simp: l-un-s-bucket)
done

lemma s-bucket-start-eq-l-bucket-end:
s-bucket-start o T b = l-bucket-end o« T b
by (simp add: l-bucket-end-def s-bucket-start-def)

lemma s-eq-pure-pl-lms-size:
s-bucket-size a T b = pure-s-bucket-size o T b + Ims-bucket-size a T b
by (simp add: card-Un-disjoint disjoint-pure-s-lms-bucket finite-lms-bucket fi-
nite-pure-s-bucket
Ims-bucket-size-def pure-s-bucket-size-def s-bucket-size-def s-eq-pure-s-un-Ims-bucket)

lemma bucket-end-eq-s-start-pl-size:
bucket-end o T b = s-bucket-start o« T b + s-bucket-size o T b
by (simp add: bucket-end-def’ I-bucket-end-def I-pl-pure-s-pl-lms-size
s-bucket-start-eg-l-bucket-end s-eq-pure-pl-lms-size)

lemma bucket-start-le-s-bucket-start:
bucket-start o« T b < s-bucket-start o T b
by (simp add: s-bucket-start-def)

lemma bucket-0-sizel:
assumes valid-list T
and strict-mono a
and o bot = 0
shows bucket-size « T 0 = Suc 0 A l-bucket-size o T 0 = 0
proof —
from valid-list-length-ex| OF assms(1)]
obtain n where
length T = Suc n
by blast
with bucket-0[OF assms(1,3,2)]
have bucket « T 0 = {n}
by blast
hence bucket-size a T 0 = Suc 0
by (simp add: bucket-size-def)
moreover
have suffiz-type T n = S-type
by (simp add: <length T = Suc ny suffiz-type-last)
hence n ¢ I-bucket o T 0
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by (simp add: l-bucket-def)
hence [-bucket-size a« T 0 = 0
proof —
have l-bucket « T 0 C {n}
by (metis <bucket « T 0 = {n}> l-bucket-subset-bucket)
hence Vn. n ¢ l-bucket o T 0
using «n ¢ l-bucket « T 0> by blast
then show ?thesis
by (simp add: l-bucket-size-def)
qged
ultimately
show ?thesis
by blast
qed

lemma bucket-0-size2:

assumes valid-list T

and strict-mono «

and a bot = 0

and  length T = Suc (Suc n)
shows bucket-size o T 0 = Suc 0 A I-bucket-size o« T 0 = 0 A Ilms-bucket-size o
T0 = Suc 0 N

pure-s-bucket-size « T 0 = 0

proof —

from bucket-0[OF assms(1,3,2,4)]

have bucket a T 0 = {Suc n} .

have abs-is-lms T (Suc n)
using assms(1,4) abs-is-Ims-last by blast
hence Ims-bucket o« T 0 = {Suc n}
using Ims-bucket-subset-bucket[of o T 0] <bucket « T 0 = {Suc n}»
by (simp add: Ims-bucket-def subset-antisym)
hence Ims-bucket-size « T 0 = Suc 0
by (simp add: Ims-bucket-size-def)
moreover
from <bucket o T 0 = {Suc n}» <Ims-bucket o T 0 = {Suc n}>
have pure-s-bucket a« T 0 = {}
by (metis disjoint-insert(1) disjoint-lI-lms-bucket disjoint-Ims-pure-s-bucket
I-bucket-subset-bucket l-un-s-bucket pure-s-subset-s-bucket singletonl
subset-singletonD sup-bot.left-neutral)
hence pure-s-bucket-size a« T 0 = 0
by (simp add: pure-s-bucket-size-def)
moreover
from bucket-0-sizel [OF assms(1—3)]
have bucket-size o T 0 = Suc 0 N l-bucket-size « T 0 = 0 .
ultimately
show ?thesis
by blast
qed
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definition Ims-bucket-start :: (‘a :: {linorder,order-bot} = nat) = 'a list = nat
= nat

where
Ims-bucket-start o T b = bucket-start o T b + I-bucket-size a T b + pure-s-bucket-size
aThb

lemma [-bucket-end-le-Ims-bucket-start:
[-bucket-end o T b < Ims-bucket-start o« T b
by (simp add: I-bucket-end-def lms-bucket-start-def)

lemma [Ims-bucket-start-le-bucket-end:
Ims-bucket-start o« T b < bucket-end o« T b
by (simp add: bucket-end-def’ Ims-bucket-start-def I-pl-pure-s-pl-lms-size)

lemma [Ims-bucket-pl-size-eq-end:
Ims-bucket-start o T b + Ims-bucket-size o« T b = bucket-end o T b
by (simp add: bucket-end-def’ I-pl-pure-s-pl-lms-size Ims-bucket-start-def)

47 Continuous Buckets

lemma continuous-buckets:
continuous-list (map (Ab. (bucket-start o T b, bucket-end o T b)) [i..<j])
by (clarsimp simp: continuous-list-def bucket-start-Suc-eq-bucket-end)

lemma index-in-bucket-interval-gen:
[¢ < length T; strict-mono a] =
3b < a (Maz (set T)). bucket-start o T b < i A i < bucket-end oo T' b
apply (insert continuous-buckets[of o T 0 Suc (o (Max (set T)))])
apply (drule continuous-list-interval-2[where n = a (Maxz (set T)) and i = i])
apply clarsimp
apply (subst nth-map)
apply clarsimp
apply (clarsimp split: prod.split simp: upt-rec bucket-start-0)
apply (subst nth-map)
apply clarsimp
apply (clarsimp split: prod.split simp: nth-append bucket-end-Mazx)
apply clarsimp
apply (clarsimp simp: nth-append split: if-splits prod.splits)
apply (meson dual-order.order-iff-strict)
by blast

lemma indez-in-bucket-interval:
[i < length T; valid-list T; o bot = 0; strict-mono o] =
3b < a (Maz (set T)). bucket-start o T b < ¢ A i < bucket-end oo T b
using index-in-bucket-interval-gen by blast
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48 Bucket Initialisation

definition Ims-bucket-init :: (‘a :: {linorder,order-bot} = nat) = 'a list = nat list
= bool

where
Ims-bucket-init o« T B =

(o (Max (set T)) < length B A

(Vb < o (Max (set T)). B! b = bucket-end o T b))

lemma Ims-bucket-init-length:
Ims-bucket-init « T B = o (Maz (set T)) < length B
using Ims-bucket-init-def by blast

lemma Ims-bucket-initD:
[ims-bucket-init o T B; b < o (Maz (set T))] = B! b = bucket-end oo T b
using Ims-bucket-init-def by blast

definition I-bucket-init :: (‘a :: {linorder,order-bot} = nat) = 'a list = nat list
= bool

where
l-bucket-init « T B =

(o (Maz (set T)) < length B A

(Vb < a (Maz (set T)). B! b = bucket-start o T b))

lemma [-bucket-init-length:
l-bucket-init o« T B = o (Maz (set T)) < length B
using [-bucket-init-def by blast

lemma I-bucket-initD:
[l-bucket-init o T B; b < o (Max (set T))] = B! b = bucket-start oo T b
using [-bucket-init-def by blast

definition s-bucket-init
where
s-bucket-init o« T B =
(oo (Maz (set T)) < length B A
(Vo<a (Max (set T)).
(b >0 — B! b= bucket-end o T b) A
(b=0-—B!'b=0)
)
)

lemma s-bucket-init-length:
s-bucket-init « T B = o (Maz (set T)) < length B
using s-bucket-init-def by blast

lemma s-bucket-initD:

[s-bucket-init « T B; b < a (Maz (set T)); b > 0] = B! b = bucket-end o T
b
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[s-bucket-init « T B; b < o (Mazx (set T)); b=0] = B! b= 10
using s-bucket-init-def by auto

49 Bucket Range

definition in-s-current-bucket

where
in-s-current-bucket « TBbi= (b <« (Maz (set T)) AN B! b < i A i< bucket-end
a Tb)

lemma in-s-current-bucketD:
in-s-current-bucket « T Bbi = b < a (Maz (set T))
in-s-current-bucket « TBbi=— B! b <1
in-s-current-bucket o T B b i = i < bucket-end o T' b
by (simp-all add: in-s-current-bucket-def)

definition in-s-current-buckets
where
in-s-current-buckets a T B i = (3 b. in-s-current-bucket o« T B b 1)

lemma in-s-current-bucket-list-slice:
assumes length SA = length T
and in-s-current-bucket o« T B b ©
and SAli=x
shows z € set (list-slice SA (B! b) (bucket-end o T b))
by (metis assms bucket-end-le-length in-s-current-bucket-def list-slice-nth-mem)

definition in-I-bucket
where
in-l-bucket « T b i = (b < a (Maz (set T)) A bucket-start a« T b < i N i <
l-bucket-end « T b)
end
theory LMS-List-Slice-Util
imports List-Type
begin

50 Helpers

lemma filter-abs-is-lms-upt-0:
filter (abs-is-lms xzs) [0..<n] = filter (abs-is-lms xs) [Suc 0..<n]
by (metis filter.simps(2) abs-is-lms-0 tl-upt upt-0 upt-rec)

lemma filter-abs-is-Ims-upt-hd:
[abs-is-lms zs i; i < n] =
filter (abs-is-lms xs) [i..<n| = i # filter (abs-is-Ims xs) [Suc i..<n]
by (metis filter.simps(2) upt-rec)
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51 LMS Slice
51.1 Find the next LMS position

fun
abs-find-indezx’ :: ('a = bool) = 'a list = nat = nat
where
abs-find-indezx’ P zs 1 =
(case zs of
1=
| c#xs’ =
(if Pz
then @
else abs-find-index’ P xzs’ (Suc 7)))

definition
abs-find-next-lms :: ('a :: {linorder, order-bot}) list = nat = nat
where
abs-find-next-lms T i =
(case find (N\j. abs-is-lms T j) [Suc i..<length T| of
Some j = j
| - = length T)

lemma abs-find-next-lms-le-length:
abs-find-next-lms T i < length T
unfolding abs-find-next-lms-def
apply (clarsimp split: option.split)
by (metis find-Some-iff abs-is-lms-gre-length not-less order.order-iff-strict)

lemma abs-find-next-lms-abs-is-lms:
abs-is-lms T (Suc i) = abs-find-next-lms T i = Suc i
unfolding abs-find-next-ims-def
apply (frule abs-is-lms-imp-less-length)
apply (clarsimp split: option.split simp: upt-rec)
done

lemma Suc-not-lms-imp-abs-find-next-eq-Suc:
= abs-is-lms T (Suc i) = abs-find-nezt-lms T i = abs-find-next-Ims T (Suc )
unfolding abs-find-next-lms-def
by (simp add: upt-rec)

lemma abs-find-next-Ims-lower-bound-1:
1 < length T = i < abs-find-next-Ims T i
unfolding abs-find-next-lms-def
apply (clarsimp split: option.split)
using findSomeD by fastforce

lemma abs-find-next-Ims-lower-bound-2:

length T < i = length T < abs-find-next-Ims T i
unfolding abs-find-next-lms-def
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by (clarsimp split: option.split)

lemma abs-find-nezt-lms-le-Suc:
abs-find-next-lms T i < abs-find-next-lms T (Suc 7)
apply (cases Suc i < length T)
apply (metis find.simps(2) abs-find-next-Ims-def abs-find-next-lms-abs-is-lms
abs-find-next-lms-lower-bound- 1
le-less upt-rec)
by (simp add: abs-find-next-lms-def)

lemma no-lms-between-i-and-next:
[i < k; k < abs-find-next-Ims T i] = —abs-is-lms T k
unfolding abs-find-next-ims-def
apply (clarsimp split: option.splits)
apply (drule findNoneD)
apply (erule ballE[of - - k])
apply blast
apply simp
apply (drule find-Some-iff THEN iffD1])
apply clarsimp
apply (erule allE[of - k — Suc i])
apply clarsimp
done

lemma abs-find-next-lms-less-length-abs-is-Ims:

abs-find-next-lms T i < length T —>
abs-is-lms T (abs-find-next-lms T i)

unfolding abs-find-next-lms-def

apply (clarsimp split: option.splits)

apply (drule find-Some-iff THEN iffD1])

apply clarsimp

done

lemma abs-find-next-lms-strict-upper-imp-lower-bound:
abs-find-next-lms T i < length T —>
1 < abs-find-next-lms T i
unfolding abs-find-next-lms-def
apply (clarsimp split: option.splits)
using findSomeD by fastforce

lemma abs-find-next-lms-suffiz:
assumes i < length T
shows abs-find-next-lms T i =
i + abs-find-next-lms (suffix T i) 0
proof —
from abs-is-lms-i-gr-0[of - i T] no-lms-between-i-and-next[of i - T
have P: A\k. [0 < k; k < abs-find-next-lms T i — {] = —abs-is-lms (suffic T

by (meson less-add-same-cancel?2 less-diff-conv)
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have abs-find-next-lms T ¢ = length T V abs-find-next-ims T i < length T
using abs-find-next-lms-le-length le-neq-implies-less by blast
moreover
have abs-find-next-Ims T ¢ = length T —> ?thesis
proof —
assume abs-find-next-lms T i = length T
hence Ak. [0 < k; k < length T — i] = —abs-is-lms (suffic T i) k
using P by presburger
hence abs-find-next-lms (suffic T i) 0 = length T — i
by (metis abs-find-next-lms-le-length abs-find-next-lms-less-length-abs-is-lms
abs-find-next-lms-strict-upper-imp-lower-bound le-neq-implies-less
length-drop)
then show ?thesis
by (simp add: <abs-find-next-lms T i = length T» assms)
qged
moreover
have abs-find-next-lms T ¢ < length T = ?thesis
proof —
assume abs-find-next-lms T 7 < length T
hence abs-is-lms T (abs-find-next-lms T i)
using abs-find-next-lms-less-length-abs-is-lms by blast
hence abs-is-lms (suffiz T i) (abs-find-next-lms T i — 1)
by (simp add: abs-is-Ims-i-gr-0 <abs-find-next-lms T i < length T
abs-find-next-lms-strict-upper-imp-lower-bound less-or-eq-imp-le)
with P
show ?thesis
by (metis add.commute abs-find-next-lms-le-length abs-find-next-lms-less-length-abs-is-lms
abs-find-next-lms-strict-upper-imp-lower-bound abs-is-lms-imp-less-length
le-neq-implies-less length-drop less-or-eq-imp-le nat-neq-iff
no-Ims-between-i-and-next ordered-cancel-comm-monoid-diff-class. diff-add
zero-less-diff)
qed
ultimately show ?thesis
by blast
qed

lemma abs-find-nezt-lms-cons-Suc:
assumes i < length s
shows abs-find-next-lms (x # xs) (Suc i) =
Suc (abs-find-next-lms xs 7)
proof —
have abs-find-next-lms zs i = length zs V abs-find-next-lms xs i < length xs
using abs-find-next-lms-le-length le-neq-implies-less by blast
moreover
have abs-find-nezt-lms zs i = length s = ?thesis
by (metis Suc-le-mono add.assoc assms drop-Suc-Cons
abs-find-next-Ims-suffix length-Cons plus-1-eq-Suc)
moreover
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have abs-find-next-lms xs i < length rs = ?thesis
by (metis (no-types, lifting) Suc-le-mono add.assoc length-Cons
assms drop-Suc-Cons abs-find-next-lms-suffiz plus-1-eq-Suc)
ultimately show “thesis
by blast
qed

lemma abs-find-next-lms-funpow-Suc:
((abs-find-next-lms T) " (Suc k)) i =
abs-find-next-lms T (((abs-find-next-lms T) k) )
by simp

lemma abs-find-next-lms-funpow-Ile:
i < length T —
((abs-find-next-lms T) k) i <
((abs-find-next-lms T) " (Suc k)) 4
apply (induct k; clarsimp)
apply (simp add: abs-find-next-lms-lower-bound-1 less-or-eq-imp-le)
by (simp add: abs-find-next-lms-le-Suc lift-Suc-mono-le)

lemma no-Ims-between-i-and-next-funpow:
[((abs-find-next-lms T) k) i <
((abs-find-next-lms T) " (Suc k)) 1
((abs-find-next-lms T) k) i < 7,
j < ((abs-find-next-lms T) " (Suc k)) i] =
= abs-is-lms T j
by (simp add: no-lms-between-i-and-next)

lemma abs-find-next-lms-eq-Suc:
zs # [| = 3 k. abs-find-next-Ims xs i = Suc k
by (metis abs-find-next-lms-less-length-abs-is-lms
abs-is-lms-0 length-greater-0-conv not0-implies-Suc)

lemma filter-no-Ims1:
[abs-is-lms xzs i; @ < k; k < abs-find-next-lms zs i] =
filter (abs-is-lms xs) [Suc i..<k] = []
proof (induct k)
case (
then show ?case
by simp
next
case (Suc k)
then show ?case
by (metis Suc-leD Suc-le-eq append-Nil filter.simps(1,2)
upt-Suc filter-append no-lms-between-i-and-next)
qed

lemma filter-no-Ims2:
[—abs-is-lms xzs i; i < k; k < abs-find-next-lms zs i] =
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filter (abs-is-lms xs) [i..<k] = |]
proof (induct k)
case ()
then show ?Zcase
by simp
next
case (Suc k)
then show ?case
by (metis Suc-le-eq append-Nil filter.simps(1)
filter.simps(2) filter-append
not-less-eq-eq upt.simps(2) nle-le
no-lms-between-i-and-next upt-conv-Cons)
qed

51.2 LMS Prefix

fun
closest-Ims ::
("a :: {linorder, order-bot}) list = nat = nat
where
closest-lms T i =
(if abs-is-lms T i
then i
else abs-find-next-lms T )

definition
Ims-prefix ::
("a :: {linorder, order-bot}) list = nat = 'a list
where
Ims-prefix T i =
list-slice T i (Suc (closest-lms T 7))

lemma Ims-Ims-prefiz:
abs-is-lms T i = Ims-prefic T i = [T ! i
unfolding Ims-prefiz-def
by (simp add: abs-is-lms-imp-less-length list-slice-Suc)

lemma suffiz-to-lms-prefiz:

1 < length T —

suffic T i =

Ims-prefix T i Q

(list-slice T (Suc (closest-Ims T i)) (length T))

unfolding Ims-prefiz-def
apply clarsimp
apply (intro impl conjl)
apply (rule suffiz-to-list-slice-app)
apply linarith
by (meson abs-find-next-lms-lower-bound-1 less-Sucl
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less-or-eq-imp-le suffix-to-list-slice-app)

lemma abs-find-next-lms-funpow-all-Ims:
[abs-is-lms zs ((abs-find-next-lms xs ~ Suc k) z);
i <k =
abs-is-lms xs ((abs-find-next-lms xs = Suc i) )
proof (induct k arbitrary: 1)
case ()
then show ?case
by blast
next
case (Suc k)
note IH = this
hence (abs-find-next-lms xs = Suc (Suc k)) z < length zs
using abs-is-lms-imp-less-length by blast
moreover
have z < length zs
by (metis calculation abs-find-next-lms-funpow-Suc
abs-find-next-lms-le-length abs-find-nezt-lms-lower-bound-2
abs-find-next-lms-strict-upper-imp-lower-bound funpow-swapl
linorder-not-less nat-neg-iff)
ultimately
have (abs-find-next-lms zs =~ Suc k) © < length xs
using abs-find-next-Ims-funpow-le order.strict-trans1 by blast
hence P: abs-is-Ims zs ((abs-find-next-lms zs = Suc k) z)
by (simp add: abs-find-next-lms-less-length-abs-is-lms)

from IH(3)

have i < kV i = Suck
by (meson le-Suc-eq le-neg-implies-less)

moreover

from [H(1)[OF P, of ]

have i < k = ?case
by blast

moreover

from [H(2)

have i = Suc k = ?case
by simp

ultimately show ?case
by blast

qed

51.3 LMS Slice

definition

Ims-slice :: ('a :: {linorder, order-bot}) list = nat = 'a list
where

Ims-slice T ¢ =

list-slice T i (Suc (abs-find-next-lms T 7))
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lemma suffiz-to-Ims-slice:
i < length T —
suffic T i =
Ims-slice T i @
(list-slice T (Suc (abs-find-next-lms T 4)) (length T))
unfolding Ims-slice-def
apply (rule suffiz-to-list-slice-app)
by (simp add: abs-find-next-lms-lower-bound-1
le-Suc-eq less-or-eq-imp-le)

lemma suffiz-to-lms-slice-app-suffiz:
i < length T —
suffic T 1 =
Ims-slice T i Q
(suffix T (Suc (abs-find-next-lms T 17)))
by (metis suffiz-eq-list-slice suffiz-to-lms-slice)

lemma Ims-slice-cons:

[¢ < length T; suffix-type T i = S-type] =

Ims-slice T i =

T ! i # Ims-slice T (Suc i)

using abs-is-lms-def Suc-not-lms-imp-abs-find-next-eq-Suc
abs-find-next-lms-lower-bound-1 i-s-type-imp-Suc-i-not-Ims
list-slice-Suc Suc-not-lms-imp-abs-find-next-eq-Suc

by (clarsimp simp: Ims-slice-def) fastforce

lemma Ims-slice-hd:
i < length T —
Jas. Ims-slice Ti =T i # xs
by (simp add: abs-find-next-lms-lower-bound-1 less-Sucl list-slice-Suc Ims-slice-def)

lemma Ims-slice-suffiz:
assumes i < length T
shows Ims-slice (suffic T i) 0 =
Ims-slice T i
proof —
from list-slice-suffiz[of T i Suc (abs-find-next-lms T 7)]
Ims-slice-def[of T 1]
abs-find-next-lms-suffic|OF assms]
Ims-slice-def[of suffix T i 0]
show ?thesis
by (metis add-Suc-right add-diff-cancel-left’)
qed

lemma Ims-slice-suffiz-gen:
assumes i < length T
and j <length T — i
shows Ims-slice (suffizc T i) j =
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Ims-slice T (i + j)
proof —
have Ims-slice T (i + j) =
Ims-slice (suffix T (i + j)) 0
by (metis add.commute assms Ims-slice-suffix le-diff-conv2)
hence Ims-slice T (i + j) =
Ims-slice (suffix (suffic T ) j) 0
by (simp add: add.commute)
moreover
have Ims-slice (suffix T i) j = lms-slice (suffix (suffix T ) j) 0
by (metis assms(2) length-drop Ims-slice-suffiz)
ultimately show ?thesis
by simp
qed

lemma Ims-slice-cons-Suc:
i < length xs = lms-slice (z # xs) (Suc i) = Ims-slice s i
by (metis Suc-le-mono drop-Suc-Cons length-Cons Ims-slice-suffiz)

51.4 LMS Substring butlast

definition Ims-slice-butlast :: ('a :: {linorder, order-bot}) list = nat = 'a list
where
Ims-slice-butlast T i = list-slice T i (abs-find-next-Ims T 7)

lemma Ims-slice-to-butlast-app:
abs-find-next-lms T i < length T —>
Ims-slice T i = Ims-slice-butlast T i Q [T ! abs-find-next-Ims T 1]
unfolding Ims-slice-def lms-slice-butlast-def
apply (subst list-slice-append|of - abs-find-next-lms T i])
apply (simp add: abs-find-next-lms-strict-upper-imp-lower-bound order.strict-implies-order)
apply simp
by (simp add: list-slice-Suc)

lemma [Ims-slice-eq-butlast:
length T < abs-find-next-lms T i =
Ims-slice T i = Ims-slice-butlast T i
by (metis le-Sucl list-slice-end-gre-length Ims-slice-butlast-def Ims-slice-def)

lemma Ims-slice-eq-suffix:
length T < abs-find-next-lms T i —>
Ims-slice T i = suffix T i
by (simp add: list-slice.simps Ims-slice-butlast-def Ims-slice-eq-butlast)

lemma suffiz-abs-find-next-lms:

abs-find-next-lms T i < length T —>

suffix T i = lms-slice-butlast T i Q suffic T (abs-find-next-lms T i)

by (simp add: abs-find-next-lms-strict-upper-imp-lower-bound less-or-eq-imp-le
list-slice-append
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Ims-slice-butlast-def suffiz-eg-list-slice)

51.5 Suffix Types

lemma suffiz-type-Ims-slice-1-s:
assumes suffiz-type T i = L-type
and  suffiz-type T (Suc i) = S-type
shows  suffiz-type (Ims-slice T i) 0 = suffiz-type T i
proof —
have Suc i < length T
by (simp add: assms(2) suffiz-type-s-bound)

have abs-is-lms T (Suc 1)
by (simp add: assms abs-is-Ims-def)
hence abs-find-next-lms T ¢ = Suc @
by (simp add: abs-find-next-lms-abs-is-lms)
hence Ims-slice Ti = [T !4, T ! Suc i]
by (metis Suc-n-not-le-n <Suc i < length T) le-Suc-eq not-le
list-slice-Suc list-slice-n-n Ims-slice-def)
moreover
have T'! i > T ! Suc i
using <abs-is-lms T (Suc 1)) abs-is-lms-neq by blast
ultimately show ?thesis
by (simp add: <suffiz-type T i = L-type> suffiz-type-cons-greater)
qged

lemma abs-find-next-lms-same-types:
assumes Vk. i < k Ak < length T — suffiz-type T k = suffiz-type T i
and 1<j
shows abs-find-next-lms T j = length T
proof (cases find (abs-is-lms T) [Suc j..<length T))
assume find (abs-is-lms T) [Suc j..<length T] = None
then show abs-find-next-lms T j = length T
by (simp add: abs-find-next-lms-def)
next
fix z
assume find (abs-is-lms T) [Suc j..<length T] = Some x
hence z < length T Suc j < z abs-is-lms T x
using <find (abs-is-lms T) [Suc j..<length T] = Some x> findSomeD by force+
hence Jy. z = Suc y
using abs-is-lms-def by blast
then obtain y where
x = Sucy
by blast
hence suffiz-type T y = L-type suffiz-type T (Suc y) = S-type
using <abs-is-lms T x> abs-is-lms-def by auto

have i < y
using «Suc j < x» «x = Suc y» assms(2) le-trans by blast
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moreover
have y < length T

using Suc-lessD <z < length T» <z = Suc y» by blast
ultimately have suffiz-type T i = L-type

by (metis <suffiz-type T y = L-type> assms(1))

have i < Suc y
by (simp add: <i < y le-Sucl)
moreover
have Suc y < length T
using <x < length T «x = Suc y> by blast
ultimately have suffiz-type T i = S-type
by (metis <suffiz-type T (Suc y) = S-type> assms(1))
with <suffiz-type T 1 = L-type>
have =z = length T
by simp
then show ?thesis
using <z < length T by blast
qed

lemma Ims-slice-same-types:
assumes Vk. i < kA k < length T — suffiz-type T k = suffix-type T i
and 1<j
shows Ims-slice T j = suffiz T j
proof —
have abs-find-next-lms T j = length T
using assms abs-find-next-lms-same-types by blast
then show ?thesis
by (metis le0 le-add-same-cancel? list-slice-end-gre-length Ims-slice-def plus-1-eq-Suc
suffiz-eq-list-slice)
qed

lemma all-I-types-up-to-next-lms:
[i < k; k < abs-find-next-lms T i; suffiz-type T i = L-type] = suffiz-type T k
= L-type
proof (induct k — i arbitrary: k)
case (
then show Zcase by simp
next
case (Suc )
have 3k’ k = Suc k’
using Suc.hyps(2) Suc-le-D diff-le-self by presburger
then obtain k£’ where
k = Suc k'
by blast
hence z = k' — i
using Suc.hyps(2) by linarith
moreover
have i < k'’
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using Suc.hyps(2) <k = Suc k» by linarith
moreover
have k' < abs-find-next-lms T i

using Suc.prems(2) Suc-lessD <k = Suc k> by blast
ultimately have suffiz-type T k' = L-type

using Suc.hyps(1) Suc.prems(3) by blast

have i < k
by (simp add: <i <k <k = Suc k' le-imp-less-Suc)
with Suc.prems(2) no-lms-between-i-and-next[of i k T
have — abs-is-lms T k
by blast
with <suffiz-type T k' = L-typer <k = Suc k"
show ?Zcase
using SL-types.exhaust abs-is-Ims-def by blast
qed

lemma abs-find-next-lms-eq-length;:
assumes abs-find-next-lms T i = length T
and i < length T
shows suffiz-type T i = S-type
proof (rule ccontr)
assume suffiz-type T i # S-type
hence suffiz-type T i = L-type
using SL-types.exhaust by blast
moreover
have 3k. abs-find-next-lms T i = Suc k
by (metis assms(1) assms(2) not-lessO old.nat.exhaust)
then obtain £ where
abs-find-next-Ims T i = Suc k
by blast
moreover
have i < k
using assms(1,2) calculation by linarith
ultimately have suffiz-type T k = L-type
by (metis all-I-types-up-to-next-lms lessl)
moreover
have length T = Suc k
using <abs-find-next-lms T i = Suc k> assms(1) by auto
ultimately show Fulse
using suffiz-type-last[of T k]
by simp
qed

lemma abs-find-next-lms-eq-length-all-s-types:
assumes abs-find-next-lms T i = length T
and 1< j
and j < length T

shows suffiz-type T j = S-type
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by (metis assms abs-find-next-lms-eq-length abs-find-next-lms-le-length abs-find-next-lms-less-length-abs-is-lm.
abs-find-next-Ims-lower-bound-1 le-neg-implies-less no-lms-between-i-and-next
order.strict-trans1)

lemma abs-find-next-lms-first-l-after-s-type:
assumes abs-find-next-lms T ¢ < length T
and suffiz-type T i = S-type
shows Jj>i. j < abs-find-next-lms T i N (Vk<j. i < k — suffic-type T k =
S-type) A
suffiz-type T j = L-type
proof —
have 3j. abs-find-next-lms T i = Suc j
by (metis assms(2) abs-find-next-Ims-lower-bound-1 not-less0 old.nat.exhaust
suffiz-type-s-bound)
then obtain j where
abs-find-next-lms T i = Suc j
by blast
hence abs-is-lms T (Suc j)
using assms(1) abs-find-next-lms-less-length-abs-is-lms by fastforce
hence suffiz-type T j = L-type
using SL-types.exhaust i-s-type-imp-Suc-i-not-lms by auto
moreover
have j < length T
using <abs-find-next-lms T i = Suc j> assms(1) by linarith
moreover
have i < j
by (metis <abs-find-next-Ims T i = Suc j» assms(1) abs-find-next-lms-strict-upper-imp-lower-bound
less-Suc-eq-le)
moreover
have Vk>i. k < j — — abs-is-lms T k
by (simp add: <abs-find-next-Ims T i = Suc j» no-lms-between-i-and-next)
ultimately show ?thesis
using first-l-type-after-s-type[OF - - - -assms(2), of j]
by (metis SL-types.simps(2) <abs-find-next-lms T i = Suc j> assms(2) dual-order.order-iff-strict
le-imp-less-Suc)
qed

lemma Ims-slice-type:
assumes i < length T
shows suffiz-type (Ims-slice T i) 0 = suffiz-type T i
proof —
have 3k. abs-find-next-lms T i = Suc k
by (meson Nat.lessE assms abs-find-next-lms-lower-bound-1)
then obtain £ where
abs-find-next-Ims T i = Suc k
by blast

have suffiz-type T i = L-type V suffiz-type T i = S-type
using SL-types.exhaust by blast

157



moreover
have suffiz-type T i = L-type = ?thesis
proof —

assume suffiz-type T i = L-type

have suffiz-type T (Suc i) = L-type V suffiz-type T (Suc i) = S-type
using SL-types.exhaust by blast
moreover
have suffiz-type T (Suc i) = S-type = ?thesis
by (simp add: <suffiz-type T i = L-type> suffiz-type-lms-slice-I-s)
moreover
have suffiz-type T (Suc i) = L-type = ?thesis
proof —
assume suffiz-type T (Suc i) = L-type

from <abs-find-next-lms T i = Suc k»
have P: Vk>i. k' < Suc k — suffiz-type T k' = L-type
by (simp add: <suffiz-type T i = L-type> all-I-types-up-to-next-lms)

have Ims-slice T i = list-slice T i (Suc (Suc k))
by (simp add: lms-slice-def <abs-find-next-lms T i = Suc k»)
moreover
{
have i < k
by (metis SL-types.simps(2) Suc-lessl <abs-find-next-lms T i = Suc k>
<suffic-type T (Suc i) = L-typey <suffiz-type T i = L-type) assms
abs-find-next-lms-less-length-abs-is-lms abs-find-next-lms-lower-bound-1
less-antisym
suffiz-type-last suffiz-type-same-imp-not-lms)
hence list-slice T i (Suc (Suc k)) = list-slice T i k Q list-slice T k (Suc (Suc
k)
by (meson dual-order.order-iff-strict le-Suc-eq list-slice-append)
moreover
have list-slice T k (Suc (Suc k)) = [T ! k, T'! (Suc k)]
by (metis SL-types.simps(2) <abs-find-next-lms T i = Suc k> <suffiz-type
T i = L-type>
all-l-types-up-to-next-lms assms dual-order.order-iff-strict
abs-find-next-lms-le-length less-Suc-eg-le list-slice-Suc list-slice-n-n
not-less-eq suffiz-type-last)
moreover
have list-slice T i k = T | i # list-slice T (Suc i) k
using i < k> assms list-slice-Suc by blast
ultimately have
list-slice T ¢ (Suc (Suc k)) = T Vi # (list-slice T (Suc i) k) @ [T ! k, T
Suc k]
by simp
}
ultimately have
Ims-slice T i = T | i # (list-slice T (Suc i) k) Q [T !k, T ! Suc k]
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by simp

let ?bs = list-slice T (Suc @) k

have abs-is-lms T (Suc k)
by (metis SL-types.simps(2) <abs-find-next-Ims T i = Suc k> «suffiz-type T
i = L-type>
all-l-types-up-to-next-lms assms dual-order.order-iff-strict suffix-type-last
abs-find-next-lms-le-length abs-find-next-lms-less-length-abs-is-Ims
less-Suc-eq-le)
hence T'! k > T ! Suc k
using abs-is-Ims-neq by blast
moreover
from sorted-letters-l-types| OF P|[simplified <abs-find-next-lms T i = Suc k»]]
have sorted (rev (list-slice T i (Suc k)))
using <abs-is-lms T (Suc k)> abs-is-lms-gre-length linear by blast
moreover
have list-slice T i (Suc k) = T i # (list-slice T (Suc i) k) Q [T ! k]
by (metis SL-types.simps(2) <abs-find-next-lms T i = Suc k> <abs-is-lms T
(Suc k)
<suffiz-type T (Suc i) = L-type> assms dual-order.order-iff-strict
not-less-eq
abs-find-next-Ims-le-length abs-find-next-Ims-lower-bound-1 abs-is-Ims-def
list-slice-Suc not-less
list-slice-append list-slice-n-n )
ultimately have
list-less-ns (2bs @ [TV k, T'! Suc k]) (T i # 2bs Q[T ! k, T ! Suc k])
using rev-sorted-list-less-ns[of T 1 ¢ 2bs T 1k T ! Suc k [] []]
by simp
moreover
have suffiz (Ims-slice Ti) 0 = T i # 2bs Q [T 1 k, T'! Suc k]
by (simp add: <ms-slice Ti =T Vi # ?bs Q[T ! k, T ! Suc k]>)
moreover
have suffic (Ims-slice T i) (Suc 0) = 2bs @ [T ! k, T ! Suc k]
by (simp add: «Ims-slice T i = T ! i # list-slice T (Suc i) k@ [Tk, T!
Suc k]»)
ultimately show ?Zthesis
by (metis <suffiz-type T i = L-type> ordlistns.less-asym suffiz-type-def)
qed
ultimately show #thesis
by blast
qed
moreover
have suffiz-type T i = S-type = ?thesis
proof —
assume suffiz-type T i = S-type
hence Ims-slice T i = T ! i # Ims-slice T (Suc 1)
using assms Ims-slice-cons by blast
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have abs-find-next-lms T ¢ < length T V abs-find-next-lms T i = length T
by (simp add: abs-find-next-lms-le-length nat-less-le)
moreover
have abs-find-next-Ims T i < length T — ?thesis
proof —
assume abs-find-next-lms T ¢ < length T
with abs-find-next-lms-first-lI-after-s-type[ OF - <suffiz-type T i = S-type)]
obtain j where
1<j
j < abs-find-next-lms T i
VEk<j. i < k — suffiz-type T k = S-type
suffiz-type T j = L-type
by blast
hence sorted (list-slice T i j)
by (meson <abs-find-next-lms T i < length T) dual-order.order-iff-strict
order.strict-trans
sorted-letters-s-types)
have 3[. j = Suc
using <7 < j» less-imp-Suc-add by blast
then obtain [ where
j = Sucl
by blast

let %zs = list-slice T (Suc i) (Suc i)
and ?ys = list-slice T (Suc ((Suc 1)) (Suc (Suc k))

have Ims-slice T i = list-slice T i j Q list-slice T j (Suc (Suc k))
by (metis <abs-find-next-lms T i = Suc k» i < j» j < abs-find-next-lms T
0> less-Sucl
less-imp-le-nat list-slice-append Ims-slice-def)
moreover
have list-slice Tij= T i # %xs
using <7 < j» <j = Suc Iy assms list-slice-Suc by blast
moreover
have list-slice T j (Suc (Suc k)) = T! Suc |l # %ys
by (metis <abs-find-next-Ims T i < length T <abs-find-next-lms T i = Suc
ky <j < abs-find-next-lms T 0>
j = Suc Iy less-Sucl list-slice-Suc order.strict-trans)
ultimately have Ims-slice Ti = T ! i # ?2s Q [T ! Suc l] Q@ ?ys
by auto

have i =1V i<
using < < j» less-antisym <j = Suc > by blast

moreover
have i = | = ?thesis
proof —

assume 7 = [

hence ?zs = ||

160



using list-slice-n-n by blast
hence Ims-slice Ti =T ! i # [T ! Sucl] Q ?ys
using «ms-slice Ti =T ! i # %2s Q [T ! Suc l] Q@ ?ys»
by simp
moreover
have T'! i < T ! Sucl
by (metis SL-types.simps(2) <abs-find-next-lms T i < length T»> <i = 1) <j
< abs-find-next-lms T i»
<j = Suc b <suffiz-type T ¢ = S-type> <suffiz-type T j = L-type>
suffiz-type-neq
le-imp-less-or-eq order.strict-trans s-type-letter-le-Suc)
ultimately show ?thesis
by (simp add: <suffiz-type T i = S-type) suffiz-type-cons-less)
qed
moreover
have i < | = ?thesis
proof —
let %zs = list-slice T (Suc 7) 1
assume i < [
hence ?zs = %25 Q [T ! ]|
by (metis Suc-lel Suc-n-not-le-n <abs-find-next-Ims T i < length T»> j <
abs-find-next-lms T i
«j = Suc Iy lessl less-le-trans linear list-slice-Suc list-slice-append
list-slice-n-n)
hence Ims-slice Ti =T ! i# %2 Q[T 1], T! Sucl] @ %ys
using «ms-slice Ti =T ! i # ?2s Q [T ! Suc l] Q ?ys»
by simp
moreover
have suffiz-type T | = S-type
by (simp add: <~V k<j. i < k — suffiz-type T k = S-type> i < > <j = Suc
D) less-or-eq-imp-le)
hence T'! I < T'! Suc l
by (metis SL-types.simps(2) <abs-find-next-lms T i < length T» <j <
abs-find-next-Ims T 1>
<j = Suc Iy <suffiz-type T j = L-type> order.strict-iff-order or-
der.strict-trans
s-type-letter-le-Suc suffiz-type-neq)
ultimately show ?thesis
using <sorted (list-slice T i j)»
sorted-list-less-ns[of T i 2s T ! 1 T Suc l 2ys ?ys|
by (metis <?zs = 228 Q [T ! ]y «list-slice Tij= T i # %z suffiz-0
length-Cons
<suffiz-type T i = S-type> list.inject suffiz-0 suffiz-cons-Suc suffiz-type-def
zero-less-Suc)
qed
ultimately show ?Zthesis
by blast
qed
moreover
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have abs-find-next-lms T i = length T = ?thesis
proof —
assume abs-find-next-lms T ¢ = length T
hence P: Vk'>i. k' < length T — suffiz-type T k' = S-type
using abs-find-next-lms-eq-length-all-s-types by blast

have Ims-slice T i = T | i # list-slice T (Suc ) (length T)
by (metis <abs-find-next-lms T i = length T» assms lel less-not-refl
list-slice-Suc
Ims-slice-butlast-def lms-slice-eq-butlast)
with sorted-letters-s-types|OF P]
sorted-cons-list-less-ns[of T ! i list-slice T (Suc i) (length T)]
show ?thesis
by (metis assms list-slice-Suc suffiz-eq-list-slice suffiz-type-suffiz)
qed

ultimately show ¢thesis
by blast
qed
ultimately show ?thesis
by blast
qged

lemma Ims-slice-l-less-than-s-type-gen:
assumes suffiz-type (a # as) 0 = L-type
and  suffiz-type (a # bs) 0 = S-type
shows list-less-ns (Ims-slice (a # as) 0) (Ims-slice (a # bs) 0)
proof —
from Ims-slice-type[of 0 a # as] assms(1)
have suffiz-type (Ims-slice (a # as) 0) 0 = L-type
by simp
moreover
have Jzs. Ims-slice (a # as) 0 = a # xs
by (simp add: list-slice-Suc Ims-slice-def)
then obtain zs where
Ims-slice (a # as) 0 = a # s
by blast
moreover
from Ims-slice-type[of 0 a # bs] assms(2)
have suffiz-type (Ims-slice (a # bs) 0) 0 = S-type
by simp
moreover
have Jzs. Ims-slice (a # bs) 0 = a # xs
by (simp add: assms(2) Ims-slice-cons)
then obtain ys where
Ims-slice (a # bs) 0 = a # ys
by blast
ultimately show ?thesis
by (simp add: l-less-than-s-type-general)
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qed

lemma Ims-slice-I-less-than-s-type:

assumes i < length T

and j < length T

and T!i=T1!j

and suffir-type T i = L-type

and suffiz-type T j = S-type
shows list-less-ns (Ims-slice T i) (Ims-slice T j)

by (metis assms abs-find-next-lms-lower-bound-1 I-less-than-s-type-general less-Sucl
list-slice-Suc

Ims-slice-def Ims-slice-type)

lemma Ims-prefiz-type:
assumes i < length T
shows suffiz-type (Ims-prefix T i) 0 = suffiz-type T i
proof —
have abs-is-lms T i V —abs-is-lms T i
by blast
moreover
have —abs-is-lms T i = ?thesis
by (metis assms closest-lms.simps Ims-prefiz-def Ims-slice-def
Ims-slice-type)
moreover
have abs-is-lms T i = ?thesis
by (simp add: abs-is-Ims-def Ims-lms-prefix suffiz-type-last)
ultimately show %thesis
by blast
qed

lemma Ims-prefiz-l-less-than-s-type-gen:
assumes suffiz-type (a # as) 0 = L-type
and  suffiz-type (a # bs) 0 = S-type
shows list-less-ns (Ims-prefix (a # as) 0) (Ims-prefiz (a # bs) 0)
by (metis assms closest-lms.simps Ims-prefiz-def abs-is-lms-def lessI lms-slice-def
Ims-slice-l-less-than-s-type-gen not-gr-zero not-less-iff-gr-or-eq)

lemma Ims-prefiz-l-less-than-s-type:

assumes i < length T

and j < length T

and T!'i=T1j

and suffiz-type T i = L-type

and suffiz-type T j = S-type
shows list-less-ns (Ims-prefiz T i) (Ims-prefix T j)
proof —

let a =T 114

have Jas. Ims-prefic T i = ?a # as
by (simp add: assms(1) Ims-prefiz-def abs-find-next-lms-lower-bound-1 less-Sucl
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list-slice-Suc)
then obtain as where
Ims-prefix T i = %a # as
by blast
hence suffiz-type (?a # as) 0 = L-type
using assms(1,4) Ims-prefiz-type by fastforce

have 3 bs. Ims-prefix T j = %a # bs
by (simp add: assms(2,3) lms-prefiz-def abs-find-next-lms-lower-bound-1 less-Sucl
list-slice-Suc)
then obtain bs where
Ims-prefix T j = ?a # bs
by blast
hence suffiz-type (?a # bs) 0 = S-type
using assms(2) assms(5) Ims-prefiz-type by fastforce
with [-less-than-s-type-general| OF - «suffiz-type (%a # as) 0 = -», of bs]
have list-less-ns (?a # as) (%a # bs) .
then show ?thesis
by (simp add: <Ims-prefic T i = T ! i # as» dms-prefic Tj= T i # bs)
qed

lemma [-type-Ims-prefix-cons:
assumes suffiz-type T i = L-type
and i < length T
shows Ims-prefic T i = T ! i # Ims-prefix T (Suc 1)
proof —
have suffiz-type T (Suc i) = L-type V suffiz-type T (Suc i) = S-type
using SL-types.exhaust by blast
moreover
have suffiz-type T (Suc ) = L-type = ?thesis
proof —
assume suffiz-type T (Suc i) = L-type
hence —abs-is-Ims T (Suc )
by (simp add: <suffiz-type T i = L-types suffiz-type-same-imp-not-lms)
with Suc-not-Ims-imp-abs-find-next-eq-Suc
have abs-find-next-lms T i = abs-find-next-Ims T (Suc i) .
hence closest-lms T i = abs-find-next-lms T (Suc )
by (simp add: <suffiz-type T i = L-type> abs-is-lms-def)
hence Ims-prefix T i = list-slice T i (Suc (abs-find-next-lms T (Suc 7)))
by (simp add: Ims-prefiz-def)
moreover
have Suc i < Suc (abs-find-next-lms T (Suc 7))
using <abs-find-next-lms T i = abs-find-next-lms T (Suc ©)» assms(2) abs-find-next-lms-lower-bound-1
by force
ultimately have

Ims-prefic T ¢ = T | i # list-slice T (Suc ©) (Suc (abs-find-next-lms T (Suc
i)
by (simp add: assms(2) list-slice-Suc)
then show ?thesis
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by (simp add: <= abs-is-lms T (Suc i)> Ims-prefiz-def)
qed
moreover
have suffiz-type T (Suc i) = S-type => ?thesis
proof —
assume suffiz-type T (Suc i) = S-type
hence abs-is-lms T (Suc i)
by (simp add: assms(1) abs-is-lms-def)
hence abs-find-next-lms T ¢ = Suc ¢
by (simp add: abs-find-next-lms-abs-is-lms)
hence Ims-prefix T i = [T ! i, T ! Suc 1]

by (metis Suc-lessD <abs-is-lms T (Suc ©)> assms(2) closest-lms.simps Ims-prefiz-def

abs-is-lms-consec(1) lessI list-slice-Suc Ims-lms-prefix)
moreover
have Ims-prefic T (Suc i) = [T ! Suc 1]
by (simp add: <abs-is-lms T (Suc ©)> Ims-lms-prefix)
ultimately show ¢thesis
by simp
qed
ultimately show ?thesis
by blast
qged

52 Ordering LMS-substrings

This section contains theorems about how LMS-substrings and suffixes are
ordered.

lemma Ims-slice-eq-suffiz-less:
assumes Ims-slice T i = Ims-slice T j
shows list-less-ns (suffix T @) (suffic T j) «—
list-less-ns (suffic T (abs-find-next-lms T ©)) (suffix T (abs-find-next-Ims T
7))

proof —
have [abs-find-next-lms T i < length T; abs-find-next-lms T j < length T| =
?thesis
proof —
assume A: abs-find-next-lms T i < length T abs-find-next-Ims T j < length T
have suffiz T i = lms-slice-butlast T i Q suffic T (abs-find-next-lms T i)
using A(1) suffiz-abs-find-next-lms by blast
moreover
have suffic T j = Ims-slice-butlast T j Q suffiz T (abs-find-next-lms T j)
using A(2) suffiz-abs-find-next-lms by blast
moreover
have Ims-slice-butlast T ¢ = lms-slice-butlast T j
by (metis A(1) A(2) assms butlast-snoc Ims-slice-to-butlast-app)
ultimately show #thesis
by (simp add: list-less-ns-app-same)
qed
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moreover
have [abs-find-next-lms T i = length T; abs-find-next-lms T j = length T] =
?thesis
by (metis assms dual-order.refl lms-slice-eq-suffix ordlistns.less-irrefl)
moreover
have [abs-find-next-lms T ¢ = length T; abs-find-next-lms T j < length T] =
Zthesis
proof —
assume A: abs-find-next-lms T ¢ = length T abs-find-next-Ims T j < length T
have suffiz T i = Ims-slice T ©
by (simp add: A(1) Ims-slice-eq-suffix)
moreover
have suffic T j = lms-slice T j @ suffix T (Suc (abs-find-next-lms T 7))
by (meson A(2) abs-find-next-lms-lower-bound-2 linorder-not-less
suffiz-to-lms-slice-app-suffiz)
ultimately show #thesis
by (metis A(1) append.right-neutral assms cancel-comm-monoid-add-class. diff-cancel
length-0-conv length-drop list-less-ns-app ordlistns.not-less-iff-gr-or-eq
ordlistns.top.extremum-strict)
qed
moreover
have [abs-find-next-lms T i < length T; abs-find-next-lms T j = length T] =
?thesis
proof —
assume A: abs-find-next-lms T i < length T abs-find-next-Ims T j = length T
have suffic T i = Ims-slice T i Q suffiz T (Suc (abs-find-next-lms T 7))
by (meson A(1) abs-find-next-lms-lower-bound-2 linorder-not-less
suffiz-to-lms-slice-app-suffir)
moreover
have suffiz T j = Ims-slice T j
by (simp add: A(2) lms-slice-eq-suffiz)
ultimately show ?thesis
by (metis A append-Nil2 assms drop-eq-Nil2 abs-find-next-lms-lower-bound-2
linorder-le-less-linear
list-less-ns-app nless-le ordlistns.top.not-eq-extremum suffix-neq-nil
suffizes-neq)
qged
ultimately show %thesis
by (meson abs-find-next-lms-le-length le-negq-implies-less)
qed

lemma Ims-slice-eq-suffiz-less-funpow’:
assumes Yk < n. Ims-slice T (((abs-find-next-lms T) k) i) =
Ims-slice T (((abs-find-next-lms T) k) j)
and k<n
shows list-less-ns (suffizx T i) (suffix T j) +—
list-less-ns (suffiz T (((abs-find-next-lms T) k) 7)) (suffiz T (((abs-find-next-lms
)™ F) 7))

using assms
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proof (induct n arbitrary: k)
case (
then show ?Zcase

by blast

next
case (Suc n)
note IH = this
have k < n =— “case

by (simp add: Suc.hyps Suc.prems(1))

moreover
have k = n = “?case
proof —

assume k£ = n

have k = 0 = ?thesis
by auto
moreover
have I3m. k = Suc m = ?thesis
proof —
assume Im. k = Suc m
then obtain m where k = Suc m
by blast
hence m < n
using <k = n> by blast
with TH(1)[of m]
have list-less-ns (suffix T i) (suffic T j) =
list-less-ns (suffix T ((abs-find-next-Ims T ~" m) 1))
(suffix T ((abs-find-next-Ims T ~"m) j))
using Suc.prems(1) less-Suc-eg-le less-or-eq-imp-le by presburger
moreover
have list-less-ns (suffic T ((abs-find-next-lms T =" m) 1))
(suffix T ((abs-find-next-Ims T ~"m) j)) =
list-less-ns (suffic T (abs-find-next-Ims T ((abs-find-next-lms T ~" m)

(suffix T (abs-find-next-lms T ((abs-find-next-Ims T~ m) j)))
using Suc.prems(1,2) Suc-lessD <k = Suc m» Ims-slice-eq-suffiz-less by blast
ultimately show ?thesis

by (simp add: <k = Suc m»)
qed
ultimately show ?thesis
using not0-implies-Suc by blast

qed
ultimately show Zcase

using Suc.prems(2) less-Suc-eq by blast

qed

lemma Ims-slice-eq-suffiz-less-funpow:
assumes V& < n. Ims-slice T (((abs-find-next-lms T) k) i) =

Ims-slice T (((abs-find-next-lms T) k) §)
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shows list-less-ns (suffix T ©) (suffic T j) «—
list-less-ns (suffix T (((abs-find-next-Ims T) " n) 1)) (suffix T (((abs-find-next-lms
T)"n) 7))
proof (cases n)
case 0
then show ?thesis
by auto
next
case (Suc m)
then show ?thesis
by (metis assms abs-find-next-lms-funpow-Suc lessl Ims-slice-eq-suffiz-less
Ims-slice-eq-suffiz-less-funpow”)
qed

lemma list-slice-single:
i < length xs = list-slice xs i (Suc i) = [zs ! 1]
by (simp add: list-slice-Suc)

lemma less-Ims-slice-imp-suffiz:
assumes i < length T
and j < length T
and  list-less-ns (Ims-slice T i) (Ims-slice T )
shows list-less-ns (suffix T ©) (suffiz T j)
proof —

let ?c1 = 3b c as bs cs. lms-slice T i = as Q b # bs A
Ims-slice Tj=asQc# cs Nb<c
let c2 = dc cs. Ims-slice T i = Ims-slice T j @Q ¢ # cs

from list-less-ns-exE[OF assms(8)[simplified list-less-ns-alt-def]]
have ?c1 v 2¢2 .
moreover
have ?c1 = ?thesis
by (metis append.assoc append-Cons assms(1,2) list-less-ns-app-same list-less-ns-cons-diff
suffiz-to-lms-slice-app-suffiz)
moreover
have 7c2 — ?thesis
proof —
assume ?c¢2
then obtain ¢ cs where
Ims-slice T i = Ims-slice T j @Q ¢ # cs
by blast
moreover
from Ims-slice-hd[OF assms(2)]
obtain zs where
Sj: Ims-slice Tj = T j# zs
by blast
ultimately have Si: Ims-slice Ti = T ! j # xs Q ¢ # cs
by simp
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let 20 = abs-find-next-ims T i
let ?j = abs-find-next-ims T j
have 3k. 2j = Suc k
by (meson Nat.lessE assms(1) dual-order.strict-transl
abs-find-next-lms-strict-upper-imp-lower-bound linorder-not-less)
then obtain £ where
7] = Suc k
by blast
hence j < k&
using assms(2) abs-find-next-lms-lower-bound-1 by force

have ?j = length T = ?thesis
by (metis append-Nil2 assms(1,3) abs-find-next-lms-le-length list-less-ns-app
Ims-slice-eq-suffiz ordlistns.duval-order.strict-trans
suffiz-to-lms-slice-app-suffir)
moreover
have ?j < length T = ?thesis
proof —
assume ?j < length T
with Ims-slice-to-butlast-app
have lms-slice T j = lms-slice-butlast T 7 Q [T ! Suc k]
using < ?j = Suc k> by fastforce
moreover
have Jys. Ims-slice-butlast T j = ys Q [T | k]
proof (cases j = k)
case True
hence Ims-slice-butlast T j = list-slice T k (Suc k)
by (metis <%j = Suc k> Ims-slice-butlast-def)
moreover
have list-slice T k (Suc k) = [T ! k]
using True assms(2) list-slice-single by auto
ultimately show ?thesis
by simp
next
case Fulse
hence j < k
by (simp add: <j < k> le-neg-implies-less)
hence list-slice T j (Suc k) = list-slice T j k Q [T ! k]
by (metis «<?2j < length T» «%j = Suc k> <j < k» le-Sucl le-add?2
list-slice-append
list-slice-single not-less plus-1-eq-Suc)
then show ?thesis
by (simp add: <?j = Suc k» Ims-slice-butlast-def)
qed
then obtain ys where
Ims-slice-butlast T j = ys Q [T ! k]
by blast
ultimately have Sj" lms-slice Tj = ys Q [T ! k, T ! Suc k|
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by simp

have Si’: lms-slice Ti =ys Q@ T 'k # T ! Suck # ¢ # cs
using 57 Sj Sj’ by auto

have suffiz-type T k = L-type
by (metis <?j < length T» <?j = Suc k> abs-find-next-lms-less-length-abs-is-lms
abs-is-lms-neq nth-gr-imp-l-type)

have abs-is-lms T (Suc k)
by (metis < %j < length T» <%j = Suc k> abs-find-next-lms-less-length-abs-is-lms)
hence T'! k > T ! Suc k

using abs-is-Ims-neq by blast

have Si: suffic Ti=ys Q TV k# T ! Suck # ¢ # cs Q suffic T (Suc %)
by (simp add: Si’ assms(1) suffiz-to-lms-slice-app-suffix)
moreover
have suffict Tj=ysQ T ! k# T Suc k # suffic T (Suc %)
by (simp add: «ms-slice Tj = ys Q [T ! k, T ! Suc k]» assms(2)
suffiz-to-lms-slice-app-suffiz)
ultimately have list-less-ns (suffix T ©) (suffix T j) +—
list-less-ns (T 'k # T ! Suc k # ¢ # ¢s @ sufficx T (Suc %))
(T Vk# T Suck # suffic T (Suc %))
by (simp add: list-less-ns-app-same)
moreover
have suffiz-type (T ' k # T ! Suc k # ¢ # ¢s Q suffic T (Suc ?i)) (Suc 0)
= L-type = ?thesis
by (metis Cons-nth-drop-Suc <%j < length T» <%j = Suc k> <abs-is-lms T
(Suc k)» calculation
abs-is-lms-def I-less-than-s-type-general list-less-ns-cons-same
suffiz-type-cons-suc
suffiz-type-suffizr)
moreover
have suffiz-type (T ' k # T ! Suc k # ¢ # cs Q suffic T (Suc %)) (Suc 0)
= S-type = ?thesis
proof —
assume suffiz-type (T ! k # T ! Suc k # ¢ # cs Q suffix T (Suc 1)) (Suc
0) = S-type
with 57
have suffiz-type T (Suc (i + length ys)) = S-type
by (metis One-nat-def plus-1-eq-Suc suffiz-cons-app suffiz-type-suffiz-gen)
moreover
have suffiz-type (T ' k # T ! Suc k # ¢ # c¢s @ suffiz T (Suc %)) 0 =
L-type
using «T'! Suc k < T ! k> suffiz-type-cons-greater by blast
hence suffiz-type T (i + length ys) = L-type
by (simp add: Si suffiz-cons-app suffiz-type-list-type-eq)
ultimately have abs-is-lms T (Suc (i + length ys))
using abs-is-lms-def by blast
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moreover
{
have i < 7;
by (simp add: assms(1) abs-find-next-lms-lower-bound-1)

from «ms-slice Ti =ys@Q T ' k# T Suck # c # cs
have Suc (Suc (length ys)) < length (Ims-slice T 1)
by simp

have ?i = length T = Suc (i + length ys) < %
by (simp add: <abs-is-lms T (Suc (i + length ys))» abs-is-Ims-imp-less-length)
moreover
have % < length T = Suc (i + length ys) < %i
proof —
assume ?i < length T
hence length (Ims-slice T i) = Suc % — i
by (simp add: Ims-slice-def Suc-lel)
hence Suc (Suc (length ys)) < Suc % — i
using «Suc (Suc (length ys)) < length (Ims-slice T i)» by presburger
then show ?thesis
by linarith
qed
ultimately have Suc (i + length ys) < %
using abs-find-next-Ims-le-length le-neq-implies-less by blast
}
ultimately show ?thesis
using no-lms-between-i-and-next[of i Suc (i + length ys)] less-add-Sucl
by blast
qed
ultimately show ?thesis
using SL-types.exhaust by blast
qed
ultimately show ¢thesis
using abs-find-next-Ims-le-length le-neq-implies-less by blast
qed
ultimately show ?thesis
by blast
qged

lemma [ms-slice-list-less-ns-suffix:
assumes abs-is-Ims T i
and abs-is-lms T j
and  list-less-ns (Ims-slice T i) (Ims-slice T )
shows list-less-ns (suffix T ) (suffix T j)
by (simp add: assms abs-is-lms-imp-less-length less-lms-slice-imp-suffiz)

lemma less-suffiz-imp-lms-slice:

assumes i < length T
and j < length T
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and Ims-slice T i # Ims-slice T j
and  list-less-ns (suffiz T i) (suffix T j)
shows list-less-ns (Ims-slice T i) (Ims-slice T j)
by (meson assms less-lms-slice-imp-suffiz ordlistns.less-asym ordlistns.negE)

lemma not-lms-imp-next-eq-lms-prefix:
—abs-is-lms T © = Ims-slice T i = Ims-prefix T @
by (simp add: Ims-prefiz-def Ims-slice-def)

lemma Ims-slice-last:
assumes valid-list T
and length T = Suc n
shows Ims-slice T n = [bot|
by (metis add-diff-cancel-left’ assms butlast-snoc abs-find-next-Ims-lower-bound-1
le-Suc-eq
length-butlast less-Suc-eq list-slice-Suc list-slice-start-gre-length lms-slice-def
nth-append-length plus-1-eq-Suc valid-list-ex-def)

lemma Min-valid-lms-slice:

assumes valid-list T

and length T = Suc n
shows ordlistns. Min {Ilms-slice T i |i. ¢ < length T} = Ims-slice T n
proof —

from Ims-slice-last[OF assms]

have Ims-slice T n = [bot]

by assumption

have Vi < n. (Ims-slice T 7) ! 0 # bot
by (metis add-diff-cancel-left’ assms abs-find-next-Ims-lower-bound-1 less-Sucl
list-slice-Suc
Ims-slice-def nth-Cons-0 plus-1-eq-Suc valid-list-def)
hence A: Vi < n. bot < (Ims-slice T i) ! 0
using bot.not-eq-extremum by blast

have B: Vi < length T. length (Ims-slice T i) > 0
by (simp add: abs-find-next-lms-lower-bound-1 less-Sucl list-slice-Suc Ims-slice-def)

show ?thesis
proof (intro ordlistns. Min-eql conjI)
show finite {Ims-slice T i |i. i < length T}
using finite-image-set by blast
next
fix ys
assume ys € {Ims-slice T i |i. i < length T}
hence 37 < length T. ys = lms-slice T 1
by blast
then obtain i where
i < length T
ys = Ims-slice T i
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by blast

with <ys = Ims-slice T 1>
have R1: i = n = list-less-eq-ns (Ims-slice T n) ys
by simp

from <i < length T> assms(2)
have R2-1: i # n= i< n
by linarith

from A <Ims-slice T n = [bot]» <i < length T»> <ys = Ims-slice T >
have R2-2: i < n = list-less-eq-ns (Ims-slice T n) ys
using list-less-eq-ns-def by fastforce

from R R2-2|OF R2-1]
show list-less-eq-ns (Ims-slice T n) ys
by blast
next
show Ims-slice T n € {Ims-slice T i |i. i < length T}
using assms(2) by auto
qged
qged

lemma unique-valid-lms-slice:

assumes valid-list T

and length T = Suc n
shows Vi < n. Ims-slice T i # lms-slice T n
proof (intro alll impl)

fix ¢

assume i < n

from Ims-slice-last|OF assms)

have Ims-slice T n = [bot]

by assumption

have Vi < n. (Ims-slice T 7) ! 0 # bot
by (metis add-diff-cancel-left’ assms abs-find-next-lms-lower-bound-1 less-Sucl
list-slice-Suc
Ims-slice-def nth-Cons-0 plus-1-eq-Suc valid-list-def)
hence Vi < n. bot < (Ims-slice T 7) ! 0
using bot.not-eq-extremum by blast
with «ms-slice T n = [bot]> i < n»
show Ims-slice T i # Ims-slice T n
by auto
qed

lemma strict-Min-valid-Ims-slice:
assumes valid-list T
and length T = Suc n
shows Vi < n. list-less-ns (Ims-slice T n) (Ims-slice T 1)
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by (metis add-diff-cancel-left’ assms bot.not-eq-extremum abs-find-next-lms-lower-bound-1
less-Suc-eq
list-less-ns-cons-diff list-slice-Suc Ims-slice-def Ims-slice-last plus-1-eq-Suc
valid-list-def)

lemma ordlistns-lms-slice-imp-suffiz-strict-sorted:
assumes set s C {i. abs-is-lms T i} ordlistns.strict-sorted (map (Ilms-slice T)
xs)
shows ordlistns.strict-sorted (map (suffix T) xs)
proof (intro sorted-wrt-mapl)
fix ij
assume 7 < jj < length xs
with sorted-wrt-mapD][OF assms(2), of i j]
have list-less-ns (Ims-slice T (xs ! 7)) (Ims-slice T (xs! j))
by blast
moreover
have abs-is-lms T (xs ! i)
using i < j» «j < length xsy assms(1) subsetD by fastforce
hence zs ! i < length T
by (simp add: abs-is-lms-imp-less-length)
moreover
have abs-is-lms T (xzs ! j)
using <j < length zs> assms(1) nth-mem by auto
hence zs ! j < length T
by (simp add: abs-is-lms-imp-less-length)
ultimately show list-less-ns (suffic T (xs ! 7)) (suffic T (zs! 7))
using less-lms-slice-imp-suffix by blast
qed

53 Mapping from suffix to lists of LMS-Substrings

This section contains the mapping from LMS-type suffixes to suffixes of the
reduced sequence. The mapping is constructed in 3 major steps. 1) From
suffix ID to a sequence of LMS-type suffix IDs 2) From a sequence of LMS-
type suffix IDs to a sequence of LMS-substrings 3) From a LMS-type suffix
to a reduced suffix using the mappings 1, 2 and ordlistns.elem-rank The
mapping is also shown to be monotonic.

abbreviation Ims-substrs s = Ims-slice xs ‘ {i. abs-is-lms xs i}
abbreviation Ims-suffives zs = suffix xs ‘ {i. abs-is-lms zs i}

abbreviation nth-ims zs i = (abs-find-next-lms xs ~ Suc i) 0
abbreviation Ims0 zs = abs-find-next-Ims xs 0

abbreviation Ims0-suffix xs = suffiz zs (Ims0 zs)
abbreviation Ims0-substr zs = lms-slice zs (Ims0 xs)
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53.1 LMS Sequence

definition Ims-seq :: 'a :: {linorder,order-bot} list = nat = nat list
where
Ims-seq xs i = filter (abs-is-lms xs) [i..<length xs]

lemma Ims-seq-distinct:
distinct (Ims-seq s ©)
by (simp add: Ims-seq-def)

lemma Ims-seqg-sorted:
sorted (lms-seq xs 7)
by (simp add: filter-sorted lms-seq-def)

lemma Ims-seq-strict-sorted:
strict-sorted (Ilms-seq s i)
by (simp add: lms-seq-distinct lms-seg-sorted sorted-and-distinct-imp-strict-sorted)

lemma Ims-seq-abs-is-Ims-hd:
abs-is-lms xs i => Jys. lms-seq xs © = i # ys
by (simp add: filter-abs-is-lms-upt-hd abs-is-lms-imp-less-length Ims-seq-def)

lemma length-Ims-seq:
assumes abs-is-lms s i
shows length (Ims-seq xs i) = card {j. abs-is-lms zs j A i < j}
proof —
from distinct-length-filter[of [i..<length zs] abs-is-lms xs]
have length (Ims-seq zs i) = card ({z. abs-is-lms zs z} N {i..<length zs})
by (simp add: lms-seq-def)
moreover
have {z. abs-is-lms zs z} N {i..<length xs} = {x. abs-is-lms xs v N i < z}
by (safe; clarsimp simp: abs-is-lms-imp-less-length)
ultimately show ?thesis
by simp
qed

lemma length-lms-seg-less:
assumes abs-is-lms s i
and abs-is-lms xs j

and 1<3J
shows length (Ims-seq xs j) < length (Ims-seq xs i)
proof —

have {k. abs-is-lms zs k N j < k} C {j. abs-is-lms xzs j N\ i < j}
using assms(3) by force

moreover

have i € {j. abs-is-lms zs j N i < j}
using assms(1) less-or-eq-imp-le by blast

moreover

have i ¢ {k. abs-is-lms xzs k N\ j < k}
using assms(3) linorder-not-less by blast
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ultimately have {k. abs-is-Ims xs k N j < k} C {j. abs-is-lms xs j A i < j}
by blast
hence card {k. abs-is-lms zs k N j < k} < card {j. abs-is-lms xs j A i < j}
by (simp add: Ims-finite psubset-card-mono)
then show ?%thesis
by (simp add: assms(1) assms(2) length-lms-seq)
qed

lemma Ims-seq-nth-0:
Ims-seq xs (Suc k) # [| = Ims-seq xs (Suc k) | 0 = abs-find-next-lms xs k
unfolding Ims-seq-def
apply (simp add: abs-find-next-lms-funpow-Suc abs-find-next-lms-def)
apply (drule filter-find)
by (clarsimp split: option.splits)

lemma Ims-seq-eq-cons-Ims:
assumes abs-is-lms zs i 1 < k k < abs-find-next-lms zs i
shows Ims-seq xs i = i # Ims-seq xs k
proof —
have filter (abs-is-lms xs) [Suc i..<k] =[]
using assms(1) assms(2) assms(3) filter-no-lms1 by blast
moreover
have [i..<length zs] = i # [Suc i..<k] Q [k..<length xs]
by (metis Suc-lel assms dual-order.trans abs-find-next-lms-le-length abs-is-lms-imp-less-length
le-add-diff-inverse upt-add-eq-append upt-conv-Cons)
hence Ims-seq xs i = i # (filter (abs-is-lms xs) [Suc i..<k]) @ (filter (abs-is-lms
zs) [k..<length xs])
by (simp add: assms(1) Ims-seg-def)
ultimately show ?thesis
by (metis append-Nil Ims-seq-def)
qed

lemma [Ims-seq-not-lms:
assumes —abs-is-lms zs i i < k k < abs-find-next-lms zs i
shows [ms-seq xs i = lms-seq xs k
proof —
have filter (abs-is-lms xs) [i..<k] = ||
using assms filter-no-lms2 by blast
moreover
have [i..<length zs] = [i..<k] Q [k..<length zs]
by (metis assms(2,3) dual-order.trans abs-find-next-lms-le-length le-add-diff-inverse
less-or-eq-imp-le upt-add-eq-append)
ultimately show %thesis
by (simp add: lms-seq-def)
qed

lemma Ims-seq-eq-cons:

assumes Ims-seq zs (Suc ©) # ]
shows Ims-seq zs (Suc i) = abs-find-next-lms zs i # Ims-seq xs (Suc (abs-find-next-lms

176



xs 1))
proof —
from Ims-seq-nth-0[OF assms]
have Ims-seq zs (Suc i) ! 0 = abs-find-next-lms s i .
moreover
have i < abs-find-next-lms xs i
by (metis Suc-lessD assms filter.simps(1) abs-find-next-lms-lower-bound-1 Ilms-seq-def
upt-rec)
hence Suc ¢ < abs-find-next-lms xs @
by simp
hence Ims-seq xs (Suc i) = Ims-seq xs (abs-find-next-lms xs 1)
by (metis abs-find-next-lms-abs-is-lms abs-find-next-Ims-le-Suc Ims-seq-not-lms
order-le-imp-less-or-eq)
ultimately show ?thesis
by (metis Suc-lel assms filter.simps(1) abs-find-next-lms-less-length-abs-is-lms
abs-find-next-lms-lower-bound-1 lessl Ims-seq-def lms-seq-eq-cons-Ims
upt-rec)
qed

lemma Ims-seq-nth-abs-is-lms:
i < length (Ims-seq xs k) = abs-is-lms zs ((Ims-seq zs k) ! ©)
unfolding Ims-seq-def
using nth-mem by fastforce

lemma Ims-seq-0:
Ims-seq xs 0 = lms-seq zs (Suc 0)
by (metis filter-abs-is-lms-upt-0 lms-seq-def)

lemma Ims-seq-nth:
i < length (Ims-seq zs (Suc k)) = Ims-seq xs (Suc k) ! i = ((abs-find-next-lms
x8) " (Suc 7)) k
proof (induct i arbitrary: k)
case (
then show ?case
by (simp add: Ims-seq-nth-0)
next
case (Suc 17)
note IH = this
let ?j = abs-find-next-lms xs k
have Ims-seq xs (Suc k) = 2] # Ims-seq xs (Suc %j)
using Suc.prems Ims-seq-eq-cons by force
with TH(1)[of %j]
have Ims-seq xs (Suc %j) ! i = (abs-find-next-lms xs ~ Suc i) ?%j
using Suc.prems by fastforce
then show ?case
by (simp add: <Ims-seq zs (Suc k) = ?j # Ims-seq xs (Suc ?j)) funpow-swapl)
qed

lemma inj-on-Ims-seq:
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inj-on (lms-seq zs) {i. abs-is-lms xs i}
by (metis (mono-tags, lifting) inj-onl list.inject lms-seq-abs-is-lms-hd mem-Collect-eq)

lemma list-app-imp-suffiz:
zs = ys Q zs = suffiz xs (length ys) = zs
by auto

abbreviation nth-lms-seq zs i = lms-seq zs (nth-lms s 7)
abbreviation Ims0-seq s = Ims-seq zs (Ims0 xs)

lemma Ims-seq-0-zeroth-lms:
Ims-seq xs 0 = Ilms0-seq s
by (metis gr-zerol abs-is-lms-0 le-refl Ims-seq-not-Ims)

lemma Ims-seq-set:

set (Ims-seq zs i) = {k. abs-is-lms xs k N i < k}

by (intro equalityl subsetl; clarsimp simp add: abs-is-Ims-def suffiz-type-s-bound
Ims-seq-def)

lemma Ims-seq-last-eq-length:
length (Ims-seq xs i) = Suc n =
abs-find-next-lms xs ((Ims-seq zs i) ! n) = length xs
proof —
let 2k = (Ilms-seq xs i) ! n
assume length (Ims-seq xs i) = Suc n
hence ¢ < %
by (metis (no-types, lifting) lessl lms-seq-set mem-Collect-eq nth-mem,)
have Vj < length xs. 2k < j — —abs-is-lms xs j
proof safe
fix j
assume j < length zs %k < j abs-is-lms s j
hence j € set (Ims-seq xs 7)
using < < Ims-seq zs i ! ny Ims-seq-set by fastforce
hence 3j'< length (Ims-seq zs i). (Ims-seq xs i) ! j' = j
by (simp add: in-set-conv-nth)
then obtain j’ where
j' < length (Ims-seq s i)
(Ims-seq zs i) ! j' = j
by blast
with strict-sorted-nth-less-mono|OF lms-seq-strict-sorted|of zs i], of n j]
have n < j’
using <length (Ims-seq xs i) = Suc ny «ms-seq zs i | n < j» by fastforce
then show Fulse
using <j’ < length (Ims-seq xs i)) <length (Ims-seq zs i) = Suc n» by linarith
qed
then show ?thesis
by (meson abs-find-next-lms-le-length abs-find-next-lms-less-length-abs-is-lms
abs-find-next-lms-strict-upper-imp-lower-bound order.strict-iff-order)
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qed

lemma Ims0-seq-has-all-Ims:
set (Ims0-seq xs) = {i. abs-is-lms s i}
by (metis (mono-tags, lifting) Collect-cong linorder-le-less-linear Ims-seq-set mem-Collect-eq
no-lms-between-i-and-next set-lms-gr-0)

lemma Ims0-seq-length:
length (Ims0-seq xs) = card {i. abs-is-lms xs i}
by (metis distinct-card lms0-seq-has-all-lms Ims-seq-distinct)

lemma Ims0-seq-nth:
i < card {i. abs-is-lms xs i} = ImsO-seq xs | i = nth-lms xs i
by (metis Ims0-seq-length Ims-seq-0 lms-seq-0-zeroth-lms Ims-seq-nth)

lemma Ims-seq-Sucl:
assumes abs-is-lms s i
shows Ims-seq s © = i # Ims-seq xs (Suc )
by (simp add: assms filter-abs-is-Ims-upt-hd abs-is-lms-imp-less-length Ims-seq-def)

lemma Ims-seq-Suc2:
assumes —abs-is-lms xs i
shows Ims-seq xs i = lms-seq xs (Suc )
by (metis (no-types, lifting) assms dual-order.strict-trans2 filter.simps(2) lessl
less-or-eq-imp-le Ims-seq-def upt-rec)

lemma Ims-seq-suf:
i1 < j = Jys. Ims-seq xs i = ys Q Ims-seq s j
proof (induct j — i arbitrary: i j)
case ()
then show ?Zcase
by force
next
case (Suc )
note IH = this
hence 3j'. j = Suc j’
by (metis Suc-le-D diff-le-self)
then obtain j’ where
A: j = Suc j’
by blast
with TH(1)[of j' 4] IH(2,3)
have B: Jys. Ims-seq xs i = ys Q Ims-seq zs j'
by (metis Suc-diff-le Suc-eq-plusl add.commute add-left-imp-eq antisym-conv2
le-Suc-eq
zero-less-Suc zero-less-diff)
show ?Zcase
proof (cases abs-is-lms xs j')
assume abs-is-lms s j’
with A B lms-seq-Sucl [of zs j]
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show ?thesis
by auto
next
assume —abs-is-Ims s j'
with A B Ims-seq-Suc2|of xs j’]
show ?thesis
by simp
qed
qed

lemma Ims-lms-seq-is-suffix:

assumes abs-is-lms s i

shows 3k < length (Ims0-seq xs).

suffix (Ims0-seq xs) k = lms-seq s i

proof —

have Ims0 xs < i

by (metis assms bot-nat-0.not-eg-extremum abs-is-lms-0 linorder-not-less no-lms-between-i-and-next)

with Ims-seq-suf|of Ims0 xs i xs]

show ?thesis

by (metis assms length-Cons length-append length-greater-0-conv less-add-same-cancell

less-numeral-extra(1) list.size(3) list-app-imp-suffix Ims-seq-Sucl
plus-1-eq-Suc
zero-eq-add-iff-both-eq-0)

qed

lemma nth-lms:
i < card {i. abs-is-lms xs i} =
abs-is-lms xs (nth-lms xs i)
proof —
assume ¢ < card {i. abs-is-lms xs i}
hence i < length (Ims0-seq xs)
by (metis distinct-card Ims0-seg-has-all-lms Ims-seq-distinct)
moreover
have Jk. Ims0 xs = Suc k
by (metis calculation filter.simps(1) abs-find-next-lms-eq-Suc less-nat-zero-code
list.size(3)
Ims-seq-def upt.simps(1))
then obtain k£ where Ims0 zs = Suc k by blast
ultimately show ?thesis
by (metis Ims-seq-0 Ims-seq-0-zeroth-Ims Ims-seq-nth Ims-seq-nth-abs-is-Ims)
qed

lemma card-abs-find-next-Ims-funpow:
i < card {k. abs-is-lms zs k} =
card {k. abs-is-lms zs k N\ k < nth-lms xs i} = i
proof (induct 7)
case ()
then show ?case
by (metis (mono-tags, lifting) Collect-empty-eq card-eq-0-iff comp-apply fun-
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pow.simps(2)
Junpow-0 gr-zerol abs-is-lms-0 no-lms-between-i-and-next)

next

case (Suc 17)

note IH = this

let ?i = nth-lms zs i

let ?j = nth-lms xs (Suc i)

let ?A = {k. abs-is-lms zs k N\ k < ?i}

let B = {k. abs-is-lms zs k N\ k < ?%j}

from IH
have A: card ?A = i
using Suc-lessD by blast
moreover
have P: %i < ?j
by (metis Suc.prems Suc-lessD abs-find-next-Ims-funpow-Suc abs-find-next-lms-lower-bound-1
abs-is-lms-imp-less-length nth-lms)
with no-Ims-between-i-and-next-funpow
have B:Vj. % <jANj< % —j¢& ?B
by blast

have C: % € 7B
using P Suc.prems Suc-lessD nth-Ims by fastforce

have D: ?A C ¢B
using P by force

have ?B = insert %i ?A
using B nat-neg-iff C D
by (intro equalityl subsetl insert-iff[THEN iffD2]; auto)
moreover
have ?; ¢ 74
by blast
hence card (insert ?i ?A) = Suc (card ?A)
by simp
ultimately show ?case
by simp
qged

lemma [ms-seq-nth-suffiz:

i < card {i. abs-is-lms xs i} =

suffiz (Ims0-seq xs) i = nth-lms-seq xs @
proof —

let 9 = Ims0 xs

let 2j = nth-lms zs i

assume A: i < card {i. abs-is-lms zs i}

from nth-lms[OF A]

have abs-is-Ims xs ?j .

moreover
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have 7% < ?j
by (metis bot-nat-0.not-eg-extremum calculation abs-is-lms-0 linorder-not-less
no-lms-between-i-and-next)
hence [?i..<length xzs| = [?i..<?]] Q [?j..<length xs]
by (metis abs-find-next-lms-funpow-Suc abs-find-next-lms-le-length le-add-diff-inverse
upt-add-eg-append)
moreover
have length (filter (abs-is-lms xs) [%i..<?j]) = card {k. abs-is-lms zs k N k < %j}
proof —
from filter-no-lms2[of xs 0 ?i]
have filter (abs-is-lms zs) [0..<?%i] = ||
using abs-is-Ilms-0 by fastforce
moreover
have [0..<?%j] = [0..<?%i] Q [%i..< %]
by (metis < ?i < 2j» bot-nat-0.not-eq-extremum le-add-diff-inverse less-or-eq-imp-le
upt-add-eg-append)
ultimately have filter (abs-is-lms xs) [0..<?j] = filter (abs-is-lms xs) [?i..< ?j]
by fastforce
moreover
have length (filter (abs-is-lms xs) [0..<?j]) = card {k. abs-is-lms xs k N k <
7}
proof —
from length-filter-conv-card|of abs-is-lms xzs [0..<?j], simplified length-upt]
have length (filter (abs-is-lms xzs) [0..<?%j]) = card {k. k < 2j A abs-is-lms xs
([0.<2] ' k)}
by simp
moreover
have {k. k < % A abs-is-lms zs ([0..<?j] | k)} = {k. abs-is-Ims zs k N k <
)
by force
ultimately show ?Zthesis
by simp
qed
ultimately show #thesis
by presburger
qed
ultimately show ?thesis
by (metis (no-types, lifting) A Collect-cong card-abs-find-next-lms-funpow fil-
ter-append
list-app-imp-suffic Ims-seq-def)
qed

53.2 LMS-Substring Sequence

definition Ims-substr-seq :: 'a :: {linorder,order-bot} list = nat = 'a list list
where
Ims-substr-seq xs i = map (Ims-slice xs) (Ims-seq xs 1)

lemma Ims-substr-seq-length:
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length (Ims-substr-seq xs i) = length (Ims-seq xs ©)
by (simp add: Ims-substr-seq-def)

lemma inj-on-map-lms-slice-lms-seq:
inj-on (map (Ims-slice xs)) (Ims-seq xs * {i. abs-is-lms xs i})
proof (intro inj-onl)
fix z y
assume z € Ims-seq xs ‘ {i. abs-is-lms xs i}
y € lms-seq xs ‘ {i. abs-is-lms xs i}
map (Ims-slice xs) © = map (Ims-slice xs) y
then obtain i j where
x = Ilms-seq xs i y = Ims-seq xs j
map (Ims-slice zs) (Ims-seq zs i) = map (Ilms-slice zs) (Ims-seq s j)
abs-is-lms xs i abs-is-Ims xs j
by clarsimp+
then have Ims-seq s i = Ims-seq xs j
by (metis length-lms-seq-less length-map nat-neg-iff)
then show z = y
by (simp add: <x = lms-seq xs ©» <y = lms-seq xs j»)
qed

lemma inj-on-Ims-substr-seq:
inj-on (lms-substr-seq xzs) {i. abs-is-lms xs i}
unfolding Ims-substr-seq-def
using comp-inj-on[OF inj-on-lms-seq inj-on-map-lms-slice-Ims-seq, simplified o-def]
by blast

lemma Ims-substr-seq-nth:
i < length (Ims-substr-seq xs (Suc k)) =
Ims-substr-seq xs (Suc k) | i = Ims-slice xs ((abs-find-next-lms xs = Suc i) k)
by (simp add: Ims-seq-nth Ims-substr-seq-def)

lemma Ims-substr-seq-nth-abs-is-Ims:
i < length (Ims-substr-seq zs k) =
(Ims-substr-seq xs k) ! i € Ims-substrs zs
by (simp add: Ims-seq-nth-abs-is-lms Ims-substr-seq-def)

definition suffiz-to-id
where
suffiz-to-id xs ys = length xs — length ys

lemma suffiz-lengths-neq:
[i < j; 7 < length xs] = length (suffix zs i) > length (suffix s j)
by simp

lemma inj-on-suffiz-to-id:

inj-on (suffiz-to-id zs) (suffix xs ‘ {i. abs-is-lms zs i})
by (intro inj-onl; clarsimp simp: suffiz-to-id-def abs-is-lms-imp-less-length less-or-eq-imp-le)
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lemma suffiz-id-suffiz:
i < length s = suffiz-to-id zs (suffix zs i) = i
by (simp add: suffiz-to-id-def)

lemma suffiz-to-id-image:
suffiz-to-id xs ‘ suffiz xs ‘ {i. abs-is-lms xs i} = {i. abs-is-lms xs i}
proof safe
fix ¢
assume abs-is-lms s i
then show abs-is-lms s (suffiz-to-id xs (suffix xs 7))
by (simp add: abs-is-lms-imp-less-length suffiz-id-suffiz)
next
fix ¢
assume abs-is-lms s i
then show i € suffiz-to-id xs ‘ lms-suffizes xs
by (simp add: image-iff abs-is-lms-imp-less-length suffiz-id-suffix)
qed

abbreviation Ims-substr-seg-id xs = (Ims-substr-seq zs) o (suffiz-to-id xs)

lemma Ims-subtrs-seq-id-suffix:
Ims-substr-seq-id zs (suffix xs i) = Ims-substr-seq xs i
apply simp
apply (cases i < length xs)
apply (simp add: suffiz-id-suffiz)
by (simp add: lms-seq-def Ims-substr-seq-def suffiz-to-id-def)

lemma Ims-substr-seq-id-nth-abs-is-Ims:
i < length (Ims-substr-seq-id zs (suffix zs k)) =
(Ims-substr-seg-id zs (suffix zs k)) | i € Ims-substrs xs
by (simp add: Ims-seq-nth-abs-is-lms Ims-substr-seq-def)

lemma inj-on-lms-substr-seq-o-suffiz-to-id:
inj-on (Ims-substr-seq-id xs) (Ims-suffizes s)
proof —
have Ims-substr-seq xs = map (Ims-slice xzs) o Ims-seq xs
using Ims-substr-seq-def by fastforce
with comp-inj-on|OF inj-on-lms-seq inj-on-map-lms-slice-lms-seq, of s
have inj-on (Ims-substr-seq zs) {i. abs-is-lms xs i}
by simp
with comp-inj-on[OF inj-on-suffiz-to-id|of xs|, simplified suffiz-to-id-image[of xs]]
show ?thesis
by blast
qed

lemma [ist-less-ns-lms-substr-seq-suffix:
assumes abs-is-Ims s i
and abs-is-lms xs j
and  nslexordp list-less-ns (Ims-substr-seq xs ©) (Ims-substr-seq xs 7)
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shows list-less-ns (suffix zs 1) (suffix zs j)
proof —
have 34’ i = Suc i’
using assms(1) abs-is-lms-def by blast
then obtain i’ where
i = Suc i’
by blast
hence abs-find-next-lms xs i’ = i
using assms(1) abs-find-next-lms-abs-is-lms by blast

have A: \k. k < length (Ims-substr-seq zs i) =
Ims-substr-seq zs i | k = lms-slice xs ((abs-find-next-lms xs ~ k) )
by (simp add: <abs-find-next-Ims zs i’ = i» <i = Suc i’ funpow-swapl Ims-substr-seq-nth)

have 3j'. j = Suc j’
using assms(2) abs-is-lms-def by blast
then obtain j’ where
j = Sucj’
by blast
hence abs-find-next-Ims xs j' = j
using assms(2) abs-find-next-lms-abs-is-lms by blast

have B: \k. k < length (Ims-substr-seq zs j) =
Ims-substr-seq zs j | k = lms-slice xs ((abs-find-next-lms xs ~ k) j)
by (simp add: <abs-find-next-Ims xs j' = j» <j = Suc j" funpow-swapl Ims-substr-seq-nth)

let ?c1 = 3b ¢ as bs cs.
Ims-substr-seq xs i = as Q b # bs N Ims-substr-seq xs j = as Q ¢ # cs
N
list-less-ns b ¢
let 2c2 = dc cs. lms-substr-seq xs ¢ = lms-substr-seq s j Q ¢ # cs
from nslexordpE[OF assms(3)]
have ?c1 Vv ?2¢2 .
moreover
have ?c1 = ?thesis
proof —
assume ?cl
then obtain b ¢ as bs cs where
Ims-substr-seq xs i = as @Q b # bs
Ims-substr-seq xs j = as Q ¢ # cs
list-less-ns b ¢
by blast

let 2b = Ims-slice zs ((abs-find-next-lms xs ~ (length as)) 7)
from Ims-substr-seq-nth|of length as zs i'] <i = Suc i’
<Ims-substr-seq s i = as Q@ b # bs
have b = Ims-slice xs ((abs-find-next-lms xs = Suc (length as)) i’)
by simp
with <abs-find-next-lms zs i’ = O
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have b = 2b
by (simp add: funpow-swapl)

let ?c = Ims-slice zs ((abs-find-next-lms xs ~ (length as)) 7)
from Ims-substr-seq-nth|of length as xs j'] <j = Suc j"
<Ims-substr-seq xs j = as Q ¢ # cs»
have ¢ = Ims-slice zs ((abs-find-next-Ims xs = Suc (length as)) j')
by simp
with <abs-find-next-Ims xs j' =
have ¢ = Ims-slice zs ((abs-find-next-lms xzs = (length as)) j)
by (simp add: funpow-swapl)

have P: Vk<length as. Ims-slice zs ((abs-find-next-lms xs ~ k) i) =
Ims-slice zs ((abs-find-next-lms xs ~ k) j)
proof (safe)
fix k
assume k < length as
with <Ims-substr-seq xs i = as Q b # bs» Alof k|
have as | k = Ims-slice xs ((abs-find-next-lms zs ~ " k) 1)
by (simp add: nth-append)
moreover
from <Ims-substr-seq xs j = as Q ¢ # cs» <k < length as» Blof k]
have as ! k = Ims-slice xs ((abs-find-next-lms zs ~ " k) j)
by (simp add: nth-append)
ultimately show
Ims-slice zs ((abs-find-next-lms xs ~ " k) i) =
Ims-slice xs ((abs-find-next-Ims xs " k) j)
by simp
qed

have Q: list-less-ns (suffix xs ((abs-find-next-lms xzs ~ (length as)) i))
(suffix zs ((abs-find-next-lms xs ~ (length as)) 7))
by (metis <b = 2by <c = %¢» <list-less-ns b ¢ drop-eg-Nil abs-find-next-lms-lower-bound-2
less-Ims-slice-imp-suffiz list-less-ns-nil Ims-slice-eq-suffix
not-le-imp-less ordlistns.less-asym)

show ?thesis
proof (cases length as)
case (
then show ?thesis
using @ by force
next
case (Suc n)
assume length as = Suc n
moreover
from Ims-slice-eq-suffiz-less-funpow[ OF P]
have list-less-ns (suffix zs i) (suffix zs j) =
list-less-ns (suffiz xs ((abs-find-next-lms xs ~ (length as)) 7))
(suffix zs ((abs-find-next-lms xzs ~ (length as)) 7))
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using lessI by presburger
ultimately show ?thesis
using @ by blast
qed
qged
moreover
have ?c2 — ?thesis
proof —
assume 7c2
then obtain ¢ cs where
Ims-substr-seq xs i = lms-substr-seq xs j Q ¢ # cs
by blast

have Ims-substr-seq xs j # |]
by (metis assms(2) list.distinct(1) list.map-disc-iff Ims-seq-abs-is-lms-hd
Ims-substr-seq-def)

hence 3 n. length (Ims-substr-seq xs j) = Suc n

using not0-implies-Suc by auto
then obtain n where

length (Ims-substr-seq xs j) = Suc n

by blast

have P: Vk < Suc n. Ims-slice xs ((abs-find-next-lms zs ~" k) i) =
Ims-slice zs ((abs-find-next-lms xs ~ " k) j)
proof safe
fix k
assume k < Suc n
hence Ims-substr-seq xs j | k = lms-slice xs ((abs-find-next-lms xs " k) j)
by (simp add: B ¢length (Ims-substr-seq xs j) = Suc n»)
moreover
from <Ims-substr-seq xs i = Ims-substr-seq xs j Q ¢ # cs» <k < Suc m»
have lms-substr-seq xs i | k = Ims-slice xs ((abs-find-next-lms xs = k) j)
by (simp add: B <length (Ims-substr-seq zs j) = Suc n» nth-append)
moreover
have [ms-substr-seq xs i | k = Ims-slice zs ((abs-find-next-Ims zs ~ " k) 1)
using A <k < Suc n» «length (Ims-substr-seq zs j) = Suc n»
«Ims-substr-seq xs i = lms-substr-seq xs j Q ¢ # cs» by auto
ultimately show
Ims-slice zs ((abs-find-next-lms xs ~ k) i) =
Ims-slice xs ((abs-find-next-lms xs = k) j)
by simp
qed

have list-less-ns (suffix zs ©) (suffix zs j) =
list-less-ns (suffiz zs ((abs-find-next-lms s ~ Suc n) 7))
(suffix zs ((abs-find-next-lms xs = Suc n) 7))
using Ims-slice-eq-suffiz-less-funpow|[ OF P)
by blast
moreover
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from [ms-seg-last-eq-length[of xs j n]
have (abs-find-next-lms s =~ Suc n) j = length xs
by (metis <abs-find-next-lms zs j' = j» <j = Suc j» <length (Ims-substr-seq xs
j) = Suc m»
funpow-swap1 length-map lessl lms-seg-nth Ims-substr-seq-def)
hence suffix zs ((abs-find-next-lms xs ~ Suc n) j) = |]

by force
ultimately show ?thesis
by (metis P <Ims-substr-seq xs i = Ilms-substr-seq xs j Q ¢ # c¢s) ap-

pend-self-conv assms(1,2)
abs-is-lms-imp-less-length list.distinct(1) list-less-ns-nil suffiz-id-suffiz
Ims-slice-eq-suffiz-less-funpow ordlistns.not-less-iff-gr-or-eq)
qed
ultimately show ?thesis
by blast
qed

lemma monotone-on-lms-substr-seq-id:

monotone-on (Ims-suffizes xs) list-less-ns (nslexordp list-less-ns) (Ims-substr-seq-id
xs)

(is monotone-on ?A 2orda ?ordb ?f)
proof —

let B = 2f ¢ 24

from inj-on-imp-bij-betw| OF inj-on-lms-substr-seq-o-suffiz-to-id]
have A: bij-betw ?f ?A 7B .
with bij-betw-inv-alt
have Jg. bij-betw g B ?A A inverses-on ?f g ?A ?B
by blast
then obtain g where B:
bij-betw g ?B ?A
inverses-on ?f g ?A 7B
by blast

have C: monotone-on ?B ?ordb ?orda g
proof (intro monotone-onl)
fix z y
assume z € ?B y € 7B nslexordp list-less-ns © y
moreover
have J1i. abs-is-lms xs i N\ g v = suffix xs i
using <z € ?B) bij-betw-apply B(1) by fastforce
then obtain ¢ where
abs-is-lms xs i g v = suffix xs i
by blast
moreover
have 3j. abs-is-lms xs j A\ g y = suffix xs j
using <y € ?B» bij-betw-apply B(1) by fastforce
then obtain j where
abs-is-lms xs j g y = suffiz zs j
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by blast
ultimately show list-less-ns (g z) (g y)
using list-less-ns-lms-substr-seq-suffiz|of s i j]
by (metis (mono-tags, lifting) B(2) comp-def inverses-onD2 abs-is-lms-imp-less-length
suffiz-id-suffix)
qed

from nslexordp-asymp|of list-less-ns]
have asymp-on ?B ?2ordb
using asympD by fastforce

from totalp-on-subset[OF nslexordp-totalp|of list-less-ns]]
have totalp-on ?B ?ordb
using ordlistns.totalp-on-less by blast

note D = <asymp-on ?B ?ordby <totalp-on ?B ?ordb»

from monotone-on-bij-betw-inv[OF C' D - - B(1) A inverses-on-sym|THEN iffD1,
OF B(2),
simplified)
show ?thesis .
qged

lemma [list-less-ns-suffiz-Ims-substr-seq:
assumes abs-is-lms zs @
and abs-is-lms xs j
and  list-less-ns (suffiz xs i) (suffiz zs j)
shows nslexordp list-less-ns (Ims-substr-seq zs i) (Ims-substr-seq s j)
using monotone-onD]OF monotone-on-lms-substr-seq-id - - assms(3)]
assms(1,2) abs-is-lms-imp-less-length suffiz-id-suffiz by fastforce

lemma Ims-substr-seq-suf:
i < j = Jys. Ims-substr-seq xs i = ys Q Ims-substr-seq xs j
unfolding Ims-substr-seq-def
by (frule Ims-seq-suf|of - - zs; clarsimp)

lemma Ims-Ims-substr-seq-is-suffiz:
assumes abs-is-lms xs @
shows 3k < length (Ims-substr-seq zs (abs-find-next-lms xs 0)).
suffiz (Ims-substr-seq xs (abs-find-next-Ims xs 0)) k = Ims-substr-seq xs i
unfolding Ims-substr-seq-def
by (metis assms length-map Ims-lms-seq-is-suffiz|of xs i] suffix-map)

lemma Ims-substr-seq-nth-suffiz:
i < card {i. abs-is-lms xs i} =
suffiz (Ims-substr-seq zs (abs-find-next-lms xzs 0)) i =
Ims-substr-seq zs ((abs-find-next-Ims xs ~ Suc i) 0)
by (simp add: Ims-seq-nth-suffix Ims-substr-seq-def suffiz-map)
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53.3 LMS Map

lemma finite-lms-substrs:
finite (Ims-substrs xs)
by (simp add: Ims-finite)

definition Ims-map :: (‘a :: {linorder, order-bot}) list = 'a list = nat list
where
Ims-map xs = (map (ordlistns.elem-rank (Ims-substrs xs))) o (Ims-substr-seq-id xs)

lemma Ims-substr-seq-o-suffiz-to-id-range:

(Ims-substr-seq xs o suffiz-to-id xs) * Ims-suffizes xs C {ys. set ys C lms-substrs
xs}

unfolding Ims-substr-seq-def suffix-to-id-def

by (safe; clarsimp simp: Ims-seg-set)

lemma Ims-map-o-def:

Ims-map s ys = map (ordlistns.elem-rank (Ims-substrs xs)) (Ims-substr-seq-id xs
ys)

by (simp add: Ims-map-def)

lemma inj-on-lms-map:
inj-on (Ims-map xs) (Ims-suffizes zs)
proof —
note A = comp-inj-on[OF inj-on-lms-substr-seq-o-suffiz-to-id]
note B = inj-on-subset| OF bij-betw-imp-inj-on| OF bij-betw-map| OF ordlistns.bij-betw-elem-rank-upt]]]
from A[OF B, OF finite-lms-substrs lms-substr-seg-o-suffiz-to-id-range, of xs]
show ?thesis
by (simp add: Ims-map-def)
qed

lemma Ims-map-length:
length (Ims-map xs ys) = length (Ims-substr-seq zs (suffiz-to-id zs ys))
by (simp add: Ims-map-def)

lemma Ims-map-nth-suffiz:
i < card {i. abs-is-lms xs i} =
suffix (Ims-map zs (suffix xs (abs-find-next-lms xs 0))) i =
Ims-map zs (suffiz s ((abs-find-next-lms xs ~ Suc 7) 0))
by (simp add: abs-find-next-lms-le-length Ims-map-def lms-seq-nth-suffix Ims-substr-seq-def
suffiz-map
suffiz-to-id-def)

lemma Ims-Ims-map-is-suffix:
assumes abs-is-lms zs §
shows 3k < length (Ims-map zs (suffic zs (abs-find-next-Ims zs 0))).
suffi (Ims-map xs (suffic xs (abs-find-next-lms xs 0))) k = Ims-map xs

(suffix zs 1)

proof —
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have suffiz-to-id xzs (suffic s i) = @
by (simp add: assms abs-is-lms-imp-less-length suffiz-id-suffix)
moreover
have suffiz-to-id zs (suffix zs (abs-find-next-Ims xs 0)) = abs-find-next-lms zs 0
by (simp add: abs-find-next-lms-le-length suffiz-to-id-def)
moreover
from Ims-lms-substr-seq-is-suffix| OF assms]
obtain k£ where
k < length (Ims-substr-seq xs (abs-find-next-lms xs 0))
suffiz (Ims-substr-seq xs (abs-find-next-lms zs 0)) k = Ims-substr-seq xs i
by blast
moreover
have k < length (Ims-map zs (suffiz xs (abs-find-next-lms xs 0)))
by (simp add: calculation(2) calculation(3) Ims-map-length)
moreover
have suffiz (Ims-map zs (suffix zs (abs-find-next-lms zs 0))) k = Ilms-map s
(suffix zs 1)
by (simp add: Ims-map-def calculation suffiz-map)
ultimately show ?thesis
by blast
qged

lemma length-reduced-seq:
length (Ims-map zs (suffiz xs (abs-find-next-Ims xs 0))) = card (Ims-suffizes s)
apply (simp add: Ims-map-length Ims-substr-seq-length)
apply (cases abs-find-next-lms zs 0 < length xs)
apply (simp add: suffiz-id-suffiz)
apply (subst distinct-card[OF Ims-seq-distinct[of xs abs-find-next-lms xs 0], sym-
metric))
apply (simp add: Ims0-seq-has-all-Ims)
apply (metis card-image inj-on-suffiz-to-id suffiz-to-id-image)
by (metis card-eq-0-iff diff-diff-cancel empty-set filter.simps(1) abs-find-next-lms-le-length
Ims0-seq-has-all-lms image-is-empty length-drop linorder-le-less-linear
list.size(3)
Ims-seq-def suffiz-to-id-def upt-eq-Nil-conv)

corollary Ims-lms-map-in-suffizes:

abs-is-lms xs i =

Ims-map zs (suffiz s i) €

suffiz (Ims-map s (suffix zs (abs-find-next-lms xs 0))) ‘{0..<card (Ims-suffizes
as)}

by (metis atLeastLessThan-iff imagel length-reduced-seq Ims-lms-map-is-suffiz
zero-le)

lemma card-Ims-suffizes:
card (Ims-suffives xs) = card {i. abs-is-lms zs i}

by (metis card-image inj-on-suffiz-to-id suffiz-to-id-image)

lemma Ims-map-image:
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Ims-map zs * Ims-suffizes xs =
suffiz (Ims-map s (suffix zs (abs-find-next-lms xs 0))) ‘{0..<card (Ims-suffizes
2s)}
proof (safe)
fix ¢
assume abs-is-Ims s 4
then show Ims-map zs (suffix zs i) €
suffiz (Ims-map s (ImsO-suffiz zs)) “ {0..<card (Ims-suffizes xs)}
using Ims-Ims-map-in-suffizes by blast
next
fix 7
assume i € {0..<card (Ims-suffizes xs)}
with card-Ims-suffizes
have i < card {i. abs-is-lms xs i}
by (metis atLeastLess Than-iff)
with Ims-map-nth-suffiz|of i s]
have suffiz (Ims-map zs (ImsO-suffix xs)) i = Ims-map zs (suffiz zs (nth-Ims xs
)
by blast
moreover
have suffiz zs (nth-lms xs i) € Ims-suffizes xs
using «i < card {i. abs-is-lms xs i}> nth-lms by fastforce
ultimately show suffiz (Ims-map zs (ImsO-suffiz xs)) ¢ € lms-map xs ‘ lms-suffizes
z$
by blast
qged

lemma monotone-on-lms-map:
monotone-on (Ims-suffizes xs) list-less-ns list-less-ns (Ims-map xs)
proof (intro monotone-onl)
fix zy
assume z € Ims-suffives zs y € Ims-suffizes s list-less-ns © y
with monotone-onD[OF monotone-on-lms-substr-seq-id, of x s y]
have nslexordp list-less-ns (Ims-substr-seq-id xs x) (Ims-substr-seq-id zs y)
by blast
moreover
have Az. Ims-map zs © = map (ordlistns.elem-rank (Ims-substrs xs)) (Ims-substr-seq-id
xs 1)
by (simp add: Ims-map-def)
moreover
{
have set (Ims-substr-seq-id xs x) C Ims-substrs s
by (simp add: Collect-mono-iff image-mono Ims-seq-set Ilms-substr-seq-def)
moreover
have set (Ims-substr-seq-id zs y) C Ilms-substrs xs
by (simp add: Collect-mono-iff image-mono lms-seq-set Ims-substr-seq-def)
ultimately have
nslexordp list-less-ns (Ims-substr-seq-id zs x) (Ims-substr-seq-id xs y) =
nslezordp (<) (map (ordlistns.elem-rank (Ims-substrs xs)) (Ims-substr-seq-id

192



xs T))

Y))

using monotone-on-iff-nslexordp| OF ordlistns.strict-mono-on-elem-rank, sim-
plified,

(map (ordlistns.elem-rank (Ims-substrs xzs)) (Ims-substr-seq-id xs

OF finite-lms-substrs[of zs] ordlistns.bij-betw-elem-rank-upt,
OF finite-lms-substrs|of xs]
by blast
}
ultimately show list-less-ns (Ims-map xs ) (Ims-map zs y)
by (simp add: nslexordp-eq-list-less-ns)
qed

lemma [list-less-ns-lms-map-suffiz:

assumes abs-is-Ims s i

and abs-is-lms xs j

and  list-less-ns (Ims-map xs (suffix xs 7)) (Ims-map xs (suffix zs 7))
shows list-less-ns (suffix zs i) (suffix zs j)

using monotone-on-iff[OF monotone-on-lms-map, simplified] assms by blast

abbreviation
Ims0-map xs =
Ims-map zs (ImsO-suffiz xs)

lemma sorted-reduced-seq-imp-lms:

assumes ordlistns.strict-sorted (map (suffiz (Ims0-map s)) ys)

and Vy € set ys. y < card {i. abs-is-lms xs i}

shows ordlistns.strict-sorted (map (suffix zs) (map ((1) (Ims0-seq xs)) ys))

proof (intro sorted-wrt-mapl)

fix 7j

assume i < jj < length (map ((!) (Ims0-seq xs)) ys)

hence A: i < jj < length ys
by simp-all

with sorted-wrt-mapD[OF assms(1)]

have list-less-ns (suffix (ImsO-map xzs) (ys ! 7)) (suffic (ImsO-map zs) (ys ! 7)) .

moreover

from Ims-map-nth-suffiz[of ys | i xs]

have suffiz (ImsO-map xs) (ys ! i) = Ilms-map zs (suffix xs (nth-lms zs (ys ! 7)))
using A(1) A(2) assms(2) by fastforce

moreover

from Ims-map-nth-suffiz[of ys | j xs]

have suffiz (Ims0-map xzs) (ys ! j) = Ims-map xs (suffix xs (nth-lms zs (ys! j)))
using A(2) assms(2) by fastforce

moreover

have abs-is-lms xs (nth-lms zs (ys ! 7))
by (meson A(1) A(2) assms(2) nth-lms nth-mem order.strict-trans)

hence suffix zs (nth-lms zs (ys ! ©)) € Ims-suffizes xs
by blast

moreover
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have abs-is-lms xs (nth-lms zs (ys ! j))
by (meson A(2) assms(2) nth-lms nth-mem order.strict-trans)
hence suffix xs (nth-lms zs (ys ! j)) € Ims-suffizes xs
by blast
ultimately have
list-less-ns (suffix zs (nth-lms xs (ys ! 7)) (suffiz zs (nth-Ims zs (ys ! j)))
using monotone-on-iff[OF monotone-on-lms-map, simplified] by auto
moreover
from Ims0-seg-nth|of ys | i xs]
have Ims0-seq zs ! (ys ! i) = nth-lms zs (ys ! 7)
using A(1) A(2) assms(2) by force
moreover
from Ims0-seq-nth[of ys ! j xs]
have Ims0-seq zs | (ys ! j) = nth-lms xs (ys ! j)
using A(2) assms(2) by force
ultimately have
list-less-ns (suffiz xs (Ims0-seq xs ! (ys ! 7)) (suffix zs (Ims0-seq xs ! (ys ! j)))
by presburger
then show list-less-ns (suﬁix zs (map ((1) (Ims0-seq xs)) ys ! ©))
(suffiz zs (map ((!) (Ims0-seq xs)) ys ! j))
using A(1) A(2) by fastforce
qged

lemma sorted-distinct-Ims-substr:
assumes ordlistns.sorted (map (Ims-slice zs) ys)
and  distinct (map (Ims-slice zs) ys)
and Vy € set ys. y < length xs
shows ordlistns.sorted (map (suffic zs) ys)
proof (intro sorted-wrt-mapl)
fix 7j
assume i < jj < length ys
with sorted-wrt-mapD[OF assms(1)]
have list-less-eq-ns (Ims-slice zs (ys ! ©)) (Ims-slice zs (ys ! j)) .
moreover
have Ims-slice zs (ys | i) # Ims-slice zs (ys ! j)
using i < j» j < length ys» assms(2) nth-eq-iff-indezx-eq by fastforce
ultimately have list-less-ns (Ims-slice xs (ys ! 7)) (Ims-slice zs (ys ! §))
using ordlistns.nless-le by blast
then show list-less-eq-ns (suffix xs (ys ! i) (suffiz zs (ys ! 7))
by (metis <i < j» «j < length ys» less-lms-slice-imp-suffiz assms(3) dual-order.strict-trans
nth-mem ordlistns.dual-order.strict-implies-order)
qged

lemma distinct-lms0-map:
assumes distinct (Ims0-map zs)
shows distinct (map (Ims-slice xs) (Ims0-seq xs))
proof (intro distinct-conv-nth| THEN iffD2] alll impl)
fix ij
assume i < length (map (Ims-slice xs) (Ims0-seq xs))
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j < length (map (Ims-slice xzs) (Ims0-seq zs))
i # ]
hence A: i < length (Ims0-seq xs) j < length (Ims0-seq zs) i # j
by simp-all
with distinct-conv-nth[THEN iffD1, OF assms]
have B: ImsO-map xs ! i # IlmsO-map zs ! j
by (metis card-lms-suffizes length-reduced-seq lms0-seq-length)
moreover
have Ims-substr-seq-id xs (Ims0-suffix xs) = map (Ims-slice xs) (Ims0-seq xs)
by (metis Ims-substr-seq-def Ims-subtrs-seq-id-suffir)
hence Ims0-map xs = map (ordlistns.elem-rank (Ims-substrs xs)) (map (Ims-slice
xs) (Ims0-seq xs))
by (simp add: lms-map-o-def)
with 4
have Ims0-map s ! i = ordlistns.elem-rank (Ims-substrs xs) (Ims-slice xs (Ims0-seq
xs ! 7))
Ims0-map zs | j = ordlistns.elem-rank (Ims-substrs xs) (Ims-slice xs (Ims0-seq
75 1)
by auto
ultimately have Ims-slice xs (Ims0-seq xs | i) # Ims-slice xs (Ims0-seq zs ! j)
by fastforce
then show map (Ims-slice xs) (Ims0-seq xs) ! i # map (Ims-slice xs) (lms0-seq
xs) 1 j
by (simp add: A(1) A(2))
qed

lemma sorted-distinct-Ims-substr-perm:
assumes ordlistns.sorted (map (Ims-slice zs) ys)
and  distinct (ImsO-map xs)
and ys <~~> Ims0-seq xs
shows ordlistns.sorted (map (suffic zs) ys)
by (metis sorted-distinct-lms-substr[OF assms(1)] distinct-Ims0-map[OF assms(2)]
assms(3)
distinct-map abs-is-lms-imp-less-length Ims0-seq-has-all-lms mem-Collect-eq
perm-distinct-iff perm-set-eq)

lemma list-less-ns-suffiz-Ims-map:
assumes abs-is-lms xs @
and abs-is-lms xs j
and  list-less-ns (suffiz xs i) (suffic zs j)
shows list-less-ns (Ims-map xs (suffiz zs 7)) (Ims-map zs (suffix zs j))
using monotone-on-iff[OF monotone-on-lms-map, simplified] assms by blast

lemma valid-list-lms-map:

assumes valid-list (a # b # xs)

and  abs-is-lms (a # b # xs) i
shows walid-list (Ims-map (a # b # xs) (suffix (a # b # xs) ©))
proof —

let %xs = a # b # xs
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have Jn. length ?xs = Suc n
by simp
then obtain n where
length ?xs = Suc n
by blast
hence abs-is-lms ?xs n
using assms(1) abs-is-lms-last by fastforce

have Ims-slice ?zs n = [bot]
using <length ?xs = Suc ny assms(1) Ims-slice-last by blast

have dm. i = Sucm

using assms(2) Ims-type-list-less-ns by auto
then obtain m where

1= Sucm

by blast

have P: Vz € {k. abs-is-lms zs k}. v # n —>
list-less-ns (Ims-slice ?zs n) (Ims-slice ?zs x)
proof safe
fix z
assume abs-is-lms %xs x x £ n
hence 3 ys. Ims-slice ?xs © = %xs | © # ys
using abs-is-Ims-imp-less-length Ims-slice-hd by blast
then obtain ys where
Ims-slice %xs v = %xs | © # ys
by blast
moreover
have bot < %zs! z
by (metis <abs-is-lms ?xs x> <length ?zs = Suc ny <x # n» assms(1) bot.not-eq-extremum
diff-Suc-1 hd-drop-conv-nth abs-is-lms-imp-less-length last-suffiz-index)
ultimately show list-less-ns (Ims-slice ?xs n) (Ims-slice ?zs x)
by (simp add: <Ims-slice ?xs n = [bot]s list-less-ns-cons-diff)
qed

have Q: ordlistns.elem-rank (Ilms-substrs ?xs) (Ims-slice ?xs n) = 0
unfolding ordlistns.elem-rank-def elm-rank-def
proof —
have {y € Ims-substrs ?xs. list-less-ns y (Ims-slice ?zs n)} = {}
using P by auto
then show card {y € Ims-substrs ?zs. list-less-ns y (Ims-slice ?zs n)} = 0
by (metis card.empty)
qed

have R: Vz € Ims-substrs ?xs. list-less-ns (Ims-slice ?zs n) v —
ordlistns.elem-rank (Ims-substrs ?zs) x > 0
using <abs-is-Ims ?xs ny finite-lms-substrs ordlistns.strict-mono-onD
ordlistns.strict-mono-on-elem-rank by fastforce
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have [i..<length ?zs] = [i..<n] Q [n..<Suc n|
using <length ?zs = Suc n> assms(2) abs-is-lms-imp-less-length by fastforce
hence last (Ims-seq %xs i) = n
unfolding Ims-seq-def
by (simp add: <abs-is-lms ?xs n»)
hence last (Ims-substr-seq ?xs i) = lms-slice ?xs n
by (metis assms(2) last-map list.discl lms-seq-Sucl Ims-substr-seq-def)
hence last (Ims-substr-seq-id ?zs (suffiz ?xs ©)) = lms-slice ?xs n
by (metis Ims-subtrs-seq-id-suffiz)
hence last (Ims-map ?zs (suffix ?zs i) = 0
unfolding Ims-map-o-def
by (metis assms(2) Q last-map length-0-conv list.discl lms-seq-Sucl lms-substr-seq-length
Ims-subtrs-seq-id-suffix)
moreover
have butlast (Ims-seq ?xs i) = filter (abs-is-lms ?xs) [i..<n]
unfolding Ims-seq-def
using «<[i..<length ?xs] = [i..<n] @ [n..<Suc n]> <abs-is-lms ?xs n» by auto
hence Vz € set (butlast (Ims-seq ?zs i)). © # n A abs-is-lms %zs ©
by clarsimp
hence Vz € set (butlast (Ims-substr-seq ?xs 1)).
list-less-ns (Ims-slice %xs n) x
by (clarsimp simp: P map-butlast[symmetric] lms-substr-seq-def)
hence S: Vx € set (butlast (Ims-substr-seq-id ?zs (suffix ?zs i))).
list-less-ns (Ims-slice %zs n) x
by (metis Ims-subtrs-seq-id-suffiz)
have Vz € set (butlast (Ims-map ?zs (suffix ?zs ©))). © > 0
proof safe
fix z
assume z € set (butlast (Ims-map ?zs (suffic ?zs i)))
moreover
have butlast (Ims-map ?zs (suffiz %zs 7)) =
map (ordlistns.elem-rank (Ims-substrs ?xs)) (butlast (Ims-substr-seq-id ?xs
(suffix 2zs 1))
unfolding Ims-map-o-def
by (simp add: map-butlast)
ultimately have
Iy € set (butlast (Ims-substr-seq-id ?xs (suffix ?zs i))).
x = ordlistns.elem-rank (Ims-substrs ?zs) y
by (simp add: in-set-mapD)
then obtain y where A:
y € set (butlast (Ims-substr-seq-id ?zs (suffiz ?zs i)))
x = ordlistns.elem-rank (Ims-substrs ?zs) y
by blast
moreover
have y € Ims-substrs (a # b # xs)
by (metis calculation(1) in-set-butlastD in-set-conv-nth lms-substr-seq-id-nth-abs-is-lms)
ultimately show 0 < z
using S R by blast
qed
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moreover
have Ims-map ?xs (suffiz ?xs i) # ||
unfolding Ims-map-o-def
by (metis assms(2) list.discl list.map-disc-iff Ims-seq-Sucl Ims-substr-seq-def
Ims-subtrs-seq-id-suffix)
ultimately show %thesis
unfolding valid-list-iff-butlast-app-last
by (metis bot-nat-def less-numeral-extra(3))
qed

end
theory Abs-SAIS
imports ../prop/Buckets
../prop/ LMS- List-Slice- Util
../../ util/ Repeat
begin

54 Induce Sorting

54.1 Bucket Insert

fun abs-bucket-insert :
(("a :: {linorder, order-bot}) = nat) =
‘a list =
nat list =
nat list =
nat list =
nat list
where
abs-bucket-insert a« T - SA [| = SA |
abs-bucket-insert a« T B SA (v # xs) =
(let b=a (T ! z);
k=B!b— Suc0,
SA" = SA[k = z;
B’ = B[b := k]
in abs-bucket-insert o T B’ SA’ xs)

54.2 Induce L-types

fun abs-induce-I-step ::
nat list X nat list X nat =
(("a :: {linorder, order-bot}) = nat) x 'a list =
nat list X nat list X nat
where
abs-induce-l-step (B, S4, i) (o, T) =
(if i < length SA N SA i < length T
then
(case SA ! i of
Suc j =
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(case suffiz-type T j of

L-type =
(let k = (T!j);
l=Blk

in (B[k := Suc l], SA[l := j], Suc 1))
| - = (B, SA, Suc 1))
| - = (B, S4, Suc 1))
else (B, SA, Suc 7))

definition abs-induce-I-base ::

(("a :: {linorder, order-bot}) = nat) =

‘a list =

nat list =

nat list =

nat list X nat list X nat

where
abs-induce-lI-base o« T B SA = repeat (length T) abs-induce-l-step (B, SA, 0) (a,
T)

definition abs-induce-1 ::
(("a :: {linorder, order-bot}) = nat) =
‘a list =
nat list =
nat list =
nat list
where
abs-induce-l « T B SA =
(let (B', SA’, i) = abs-induce-lI-base « T B SA
in SA')

54.3 Induce S-types

fun abs-induce-s-step ::
nat list X nat list X nat =
(("a :: {linorder, order-bot}) = nat) x 'a list =
nat list x nat list X nat
where
abs-induce-s-step (B, SA, i) (a, T) =
(case i of
Suc n =
(if Suc n < length SA N SA ! Suc n < length T then
(case SA'! Suc n of
Suc j =
(case suffiz-type T j of
S-type =
(let b=« (T j);
k=B'!'b— Suc0
in (B[b:= k], SA[k :=j], n)
)
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| - = (B, SA4, n)
)
| -= (B, A, n)
)

else
(B, SA, n)
)
| - = (B, S4, 0)
)

definition abs-induce-s-base ::

(("a :: {linorder, order-bot}) = nat) =

‘a list =

nat list =

nat list =

nat list x nat list x nat

where
abs-induce-s-base o T B SA = repeat (length T) abs-induce-s-step (B, SA, length
7) (a, T)

definition abs-induce-s ::
(("a :: {linorder, order-bot}) = nat) =
‘a list =
nat list =
nat list =
nat list
where
abs-induce-s « T B SA =
(let (B, SA’, i) = abs-induce-s-base o« T B SA
in SA')

54.4 Induce Sorting

definition abs-sa-induce ::
(("a :: {linorder, order-bot}) = nat) =
‘a list =
nat list =
nat list
where
abs-sa-induce o« T LMS =
(let
B0 = map (bucket-end o T) [0..<Suc (oo (Maz (set T)))];
B1 = map (bucket-start o T) [0..<Suc (o (Mazx (set T)))];

— Initialise SA
SA = replicate (length T) (length T);

— Insert the LMS types into the suffix array
SA = abs-bucket-insert « T B0 SA (rev LMS);
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— Insert the L types into the suffix array
SA = abs-induce-l « T B1 SA

— Insert the S types into the suffix array
in abs-induce-s o T (BO[0 := 0]) SA)

55 Rename Mapping

fun abs-rename-mapping’ ::
("a :: {linorder, order-bot}) list =
nat list =
nat list =
nat =
nat list
where
abs-rename-mapping’ - [| names - = names |
abs-rename-mapping’ - [z] names i = names|[z := i] |
abs-rename-mapping’ T (a # b # xs) names i =
(if Ims-slice T a = Ims-slice T' b
then abs-rename-mapping’ T (b # xs) (names[a := 1)) ©
else abs-rename-mapping’ T (b # zs) (names[a = i]) (Suc 7))

definition abs-rename-mapping :: (‘a :: {linorder, order-bot}) list = nat list =
nat list

where
abs-rename-mapping T LMS = abs-rename-mapping’ T LMS (replicate (length T')
(length T)) 0

56 Rename String

fun rename-string :: nat list = nat list = nat list
where
rename-string [| - =[] |
rename-string (z#xzs) names = (names | z) # rename-string xs names

57 Order LMS

fun order-lms :: nat list = nat list = nat list
where
order-lms LMS [| =[] |
order-lms LMS (z # xs) = LMS ! x # order-lms LMS zs

58 Extract LMS

abbreviation abs-extract-lms :: ('a :: {linorder, order-bot}) list = nat list = nat
list
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where
abs-extract-lms = filter o abs-is-Ims

59 SAIS Definition

function abs-sais ::
nat list =
nat list

where
abs-sais || =[] |
abs-sais [z] = [0] |
abs-sais (a # b # xzs) =
(let

T =a# b# zs;

— Extract the LMS types
LMS0 = abs-extract-lms T [0..<length T];

— Induce the prefix ordering based on LMS
SA = abs-sa-induce id T LMSO0;

— Extract the LMS types
LMS = abs-extract-lms T SA;

— Create a new alphabet
names = abs-rename-mapping T LMS;

— Make a reduced string
T' = rename-string LMS0 names;

— Obtain the correct ordering of LMS-types
LMS = (if distinct T then LMS else order-lms LMSO (abs-sais T'))

— Induce the suffix ordering based of LMS
in abs-sa-induce id T LMS)
by pat-completeness blast+

end
theory Abs-Bucket-Insert- Verification
imports
../ abs—def | Abs-SAIS
../ ../ util ] List-Util
../ ../ util/ List-Slice

begin
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60 Bucket Insert with Ghost State

fun bucket-insert-abs’ ::
(('a :: {linorder, order-bot}) = nat) =
‘a list =
nat list =
nat list =
nat list =
nat list =
nat list X nat list x nat list
where
bucket-insert-abs’ o T B SA gs [| = (SA, B, gs) |
bucket-insert-abs’ « T B SA gs (x # xs) =
(let b=a (T z);
k=DB!b— Suc0;
SA' = SA[k = x;
B’ = B[b := k];
gs' = gs Q [a]
in bucket-insert-abs’ o T B’ SA’ gs' xs)

61 Simple Properties

lemma abs-bucket-insert-length:
length (abs-bucket-insert o T B SA xs) = length SA
by (induct zs arbitrary: B SA; simp add: Let-def)

lemma abs-bucket-insert-equiv:
abs-bucket-insert o T B SA xs = fst (bucket-insert-abs’ o T B SA gs xs)
by (induct zs arbitrary: B SA gs; simp add: Let-def)

62 Invariants

62.1 Defintions and Simple Helper Lemmas
62.1.1 Distinctness

definition Ims-distinct-inv ::
('a :: {linorder, order-bot}) list = nat list = nat list = bool
where
Ims-distinct-inv T SA LMS =
distinct ((filter (Az. © < length T') SA) @ LMS)

lemma [Ims-inv-distinct-inv-helper:
assumes Ims-distinct-inv T SA LMS
shows distinct (filter (Az. < length T) SA) A
distinct LMS N

set (filter (A\z. x < length T) SA) N set LMS = {}
using assms distinct-append Ims-distinct-inv-def by blast
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62.1.2 LMS Bucket Ptr

definition cur-ims-types ::
('a :: {linorder, order-bot} = nat) = 'a list = nat list = nat = nat set
where
cur-Ims-types a T SA b =
{i]i. i € set SA A
i € Ims-bucket « T b }

lemma cur-Ims-subset-SA:
cur-Ims-types o T SA b C set SA
using cur-lms-types-def by blast

lemma cur-lms-subset-lms-bucket:
cur-lms-types a T SA b C Ims-bucket o« T b
using cur-Ims-types-def by blast

definition num-Ims-types ::
('a :: {linorder, order-bot} = nat) = 'a list = nat list = nat = nat
where
num-Ims-types a T SA b =
card (cur-lms-types « T SA b)

lemma num-Ims-types-upper-bound:
num-Ims-types a T SA b < Ims-bucket-size o T b
by (metis not-le cur-lms-subset-lms-bucket num-Ims-types-def
finite-lms-bucket Ims-bucket-size-def card-mono)

definition Ims-bucket-ptr-inv ::
('a :: {linorder, order-bot} = nat) =
‘a list = nat list = nat list = bool
where
Ims-bucket-ptr-inv « T B SA =
(Vb < o (Max (set T)).
B! b + num-lms-types o T SA b = bucket-end o T b)

lemma [Ims-bucket-ptr-invD:
assumes Ims-bucket-ptr-inv o T B SA
and b < «a (Mazx (set T))
shows B! b + num-lms-types o T SA b = bucket-end o« T b
using assms Ims-bucket-ptr-inv-def by blast

lemma [Ims-bucket-ptr-lower-bound:
assumes [ms-bucket-ptr-inv a T B SA
and b <« (Maz (set T))
shows Ims-bucket-start o« T b < B! b
proof —
from Ims-bucket-ptr-invD[OF assms]
have B! b + num-Ims-types « T SA b = bucket-end o T' b .
then show ?thesis
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by (metis add.commute add-le-cancel-left Ims-bucket-pl-size-eq-end num-lms-types-upper-bound)
qed

lemma Ims-bucket-ptr-upper-bound:
assumes Ims-bucket-ptr-inv o T B SA
and b < «a (Mazx (set T))
shows B! b < bucket-end @ T b
by (metis assms le-iff-add Ims-bucket-ptr-inv-def)

62.1.3 Unknowns

definition Ims-unknowns-inv ::

('a :: {linorder, order-bot} = nat) =

‘a list = nat list = nat list = bool
where

Ims-unknowns-inv « T B SA =

(Vb < o (Max (set T)).
(Vi. Ims-bucket-start « T b < i A
i< Blb— SA!li=length T))

lemma [Ims-unknowns-invD:
assumes Ims-unknowns-inv o« T B SA
and b < «a (Maz (set T))
and Ims-bucket-start o« T b < 1
and 1< Bl!b
shows SA ! i = length T
using assms Ims-unknowns-inv-def by blast

62.1.4 Locations

definition [ms-locations-inv ::

('a :: {linorder, order-bot} = nat) =

‘a list = nat list = nat list = bool
where

Ims-locations-inv o« T B SA =

(Vb < a (Max (set T)).
(Vi. B!b<iA
i < bucket-end o T b — SA ! i € Ims-bucket o T b))

lemma [Ims-locations-invD:
assumes Ims-locations-inv a« T B SA
and b <« (Mazx (set T))
and B!b<g
and 1 < bucket-end o« T b
shows SA ! i € Ims-bucket o T b
using assms Ims-locations-inv-def by blast

62.1.5 Unchanged

definition [ms-unchanged-inv ::
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('a :: {linorder, order-bot} = nat) =
‘a list = nat list = nat list = nat list = bool
where
Ims-unchanged-inv o T B SA SA' =
(Vb < o (Max (set T)).
(Vi. bucket-start o T b < i A
i< B!b— SA'li=SA1%)

lemma Ims-unchanged-invD:
assumes [ms-unchanged-inv o T B SA SA’
and b < a (Mazx (set T))
and bucket-start « T b < i
and i< Blb
shows SA’'! i = SA 14
using assms Ims-unchanged-inv-def by blast

62.1.6 Inserted

definition Ims-inserted-inv ::
nat list = nat list = nat list = nat list = bool
where
Ims-inserted-inv LMS SA LMSa LMSb =
LMS = LMSa @ LMSb A
set LMSa C set SA

lemma Ims-inserted-invD:
NLMS SA LMSa LMSb. Ims-inserted-inv LMS SA LMSa LMSb = LMS =
LMSa @ LMSbH
ALMS SA LMSa LMSb. Ims-inserted-inv LMS SA LMSa LMSb = set LMSa
C set SA
unfolding Ims-inserted-inv-def by blast+

62.1.7 Sorted

definition Ims-sorted-inv :: ('a :: {linorder, order-bot}) list = nat list = nat list
= bool
where
Ims-sorted-inv T LMS SA =
(Vj < length SA.
Vi <j.

SA! 7 € set LMS N SA!j € set LMS —
(TV(SA'4) £ TV (SAlj) — T (SA! ) < T!(SA!j)) A
(T!'(SA'9) =TV (SA!j) —

(37" < length LMS. i’ < j'. LMS !i'= SA ! j A LMS!j = SA!%))
)

lemma Ims-sorted-invD:

[ims-sorted-inv T LMS SA; j < length SA; i < j; SA{ € set LMS; SA! j € set
LMS] =

(T!V(SA1') ATV (SA)) — T (SAVi) < T!1(SA!H) A
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(T!'(SA'9)=T!(SA!j) —
(3§’ < length LMS. 3¢’ < j'. LMS ! i’ = SA!j AN LMS!j = SA!1))
using [ms-sorted-inv-def by blast

lemma Ims-sorted-invD1:
[lms-sorted-inv T LMS SA; j < length SA; i < j;
SA i € set LMS; SA! j € set LMS,
T!(SA!'i)#T!(SA!j)] =
T!(SA!li)< T!(SA!j)
using [ms-sorted-inv-def by blast

lemma Ims-sorted-invD2:
[ims-sorted-inv T LMS SA; j < length SA; i < j; SA! i € set LMS; SA! j € set
LMS;
T!(SA!i)=T!(SA!j)] =
3’ < length LMS. 3¢’ < j'. LMS i’ = SA!jANLMS!j = SA!{
using Ims-sorted-inv-def by blast

62.2 Combined Invariant

definition Ims-inv :
('a :: {linorder, order-bot} = nat) =
‘a list =
nat list =
nat list =
nat list =
nat list =
nat list =
nat list =
bool
where
Ims-inv o« T B LMS LMSa LMSbh SAOQ SA =
Ims-distinct-inv T SA LMSb A
Ims-bucket-ptr-inv « T B SA N\
Ims-unknowns-inv a T B SA N\
Ims-locations-inv o T B SA A
Ims-unchanged-inv o« T B SAQ SA A
Ims-inserted-inv LMS SA LMSa LMSb A
Ims-sorted-inv T LMS SA N
strict-mono a N\
o (Maz (set T)) < length B A
set LMS C {i. abs-is-lms T i} A
length SAO = length T A
length SA = length T N
(Vi < length T. SA0 ! i = length T)

lemma Ims-invD:
Ims-inv « T B LMS LMSa LMSb SA0 SA — Ims-distinct-inv T SA LMSb
Ims-inv « T B LMS LMSa LMSb SA0 SA = Ims-bucket-ptr-inv o T B SA
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Ims-inv « T B LMS LMSa LMSb SA0 SA — Ims-unknowns-inv o T B SA

Ims-inv « T B LMS LMSa LMSb SA0 SA = Ims-locations-inv o T B SA

Ims-inv a T B LMS LMSa LMSb SA0 SA = Ims-unchanged-inv o T B SA0 SA

Ims-inv o T B LMS LMSa LMSb SAQ0 SA = Ims-inserted-inv LMS SA LMSa
LMSb

Ims-inv « T B LMS LMSa LMSb SA0 SA = Ims-sorted-inv T LMS SA

Ims-inv « T B LMS LMSa LMSb SA0 SA = strict-mono «

Ims-inv o« T B LMS LMSa LMSb SA0 SA = o (Maz (set T')) < length B

Ims-inv o« T B LMS LMSa LMSb SA0 SA = set LMS C {i. abs-is-lms T i}

Ims-inv « T B LMS LMSa LMSb SA0 SA = length SAO = length T

Ims-inv « T B LMS LMSa LMSb SAQ0 SA = length SA = length T

Ims-inv « T B LMS LMSa LMSbh SAQ SA => Vi < length T. SA0 ! i = length
T

unfolding Ims-inv-def by blast+

lemma [Ims-inv-Ilms-helper:
Ims-inv « T B LMS LMSa LMSb SAOQ SA —> Vx € set LMS. abs-is-lms T x
Ims-inv o T B LMS LMSa LMSb SAO0 SA — Vx € set LMSa. abs-is-lms T x
Ims-inv a T B LMS LMSa LMSb SA0Q SA = Vx € set LMSb. abs-is-lms T x
using Ims-invD(10) Ims-inserted-invD(1)[OF lms-invD(6)] by fastforce+

62.3 Helpers

lemma [Ims-distinct-bucket-ptr-lower-bound:
assumes b = a (T ! z)
and  Ims-distinct-inv T SA (x # LMS)
and Ims-bucket-ptr-inv a« T B SA
and strict-mono «
and Vi € set (z # LMS). abs-is-lms T i
shows Ims-bucket-start « T b < B! b
proof (rule ccontr)
assume — Ims-bucket-start o« T b < B! b
hence B! b < Ims-bucket-start o« T b
by simp
moreover
from Ims-bucket-ptr-invD[OF assms(3), of b] assms(1,4,5)
have B! b + num-Ims-types a« T SA b = bucket-end o T b
by (simp add: abs-is-lms-imp-less-length strict-mono-leD)
ultimately
have Ims-bucket-start o T b + num-Ilms-types a« T SA b > bucket-end o T b
by linarith
with Ims-bucket-pl-size-eq-end
have num-lms-types « T SA b > Ims-bucket-size o T b
by (metis add-le-cancel-left)
with card-seteq(OF finite-lms-bucket cur-Ims-subset-lms-bucket]
have cur-ims-types a T SA b = Ims-bucket o T b
by (simp add: Ims-bucket-size-def num-Ilms-types-def)
with cur-Ims-subset-SA
have Ims-bucket o« T b C set SA
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by blast
moreover
from assms(1,5)
have z € Ims-bucket o T b
by (simp add: bucket-def abs-is-lms-imp-less-length lms-bucket-def)
ultimately
have z € set SA
by blast
moreover
from assms(2,5)
have z ¢ set SA
by (simp add: abs-is-lms-imp-less-length Ims-distinct-inv-def)
ultimately
show Fulse
by blast
qed

lemma Ims-next-insert-at-unknown:
assumes b = a (T'! z)
and k= (B!b) — Suc0
and  Ims-distinct-inv T SA (x # LMS)
and Ims-bucket-ptr-inv « T B SA
and Ims-unknowns-inv o T B SA
and strict-mono «
and length SA = length T
and Vi € set (z # LMS). abs-is-lms T i
shows k < length SA AN SA | k = length T
proof —

from Ims-distinct-bucket-ptr-lower-bound[OF assms(1,3—4,6,8)]
have Ims-bucket-start « T b < B!b
by assumption
with assms(2)
have Ims-bucket-start « Tb < kk < B!b
by linarith+
with Ims-unknowns-invD[OF assms(5), of b k] assms(1,6,8)
have SA ! k = length T
by (simp add: abs-is-lms-imp-less-length strict-mono-less-eq)
moreover
from <k < B! b Ims-bucket-ptr-invD|OF assms(4), of b] assms(1,6,8)
have k < bucket-end oo T' b
by (simp add: assms(7) abs-is-lms-imp-less-length strict-mono-less-eq)
with assms(7)
have k < length SA
by (metis bucket-end-le-length dual-order.strict-trans1)
ultimately
show ?thesis
by blast
qed
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lemma Ims-distinct-slice:
assumes [ms-distinct-inv T SA LMS
and Ims-bucket-ptr-inv « T B SA
and Ims-locations-inv o T B SA
and  length SA = length T
and b <« (Mazx (set T))
shows distinct (list-slice SA (B! b) (bucket-end o T b))
proof —
from assms(4)
have bucket-end o T b < length SA
by (simp add: bucket-end-le-length)

from Ims-bucket-ptr-upper-bound|OF assms(2,5)]
have B! b < bucket-end o T b .

from Ims-locations-invD[OF assms(3,5)]

have Vi. B! b < i A i < bucket-end o« T b — SA ! i € Ims-bucket o« T b
by blast

hence Vi. B! b < i A i < bucket-end « T b — SA ! i < length T
by (simp add: abs-is-Ilms-imp-less-length Ims-bucket-def)

have Vz € set (list-slice SA (B! b) (bucket-end o« T'b)). z < length T
proof
fix x
assume A: z € set (list-slice SA (B! b) (bucket-end o T b))
from in-set-conv-nth|[ THEN 4iffD1, OF A]
obtain ¢ where
i < length (list-slice SA (B! b) (bucket-end a T b))
(list-slice SA (B! b) (bucket-end oo T b)) ! i =z
by blast
with nth-list-slice
have (list-slice SA (B! b) (bucket-end o T b)) ! i = SA! (B! b+ i)
by blast
moreover
from «i < length (list-slice SA (B! b) (bucket-end o T b))»
have B! b + 7 < bucket-end oo T' b
by (simp add: <bucket-end a T b < length SA)
length-list-slice)
with «Vi. B! b < i A i < bucket-end a« T b — SA ! i < length T
have SA! (B! b + i) < length T
by simp
ultimately
show z < length T
using «(list-slice SA (B! b) (bucket-end o« T b)) ! i = x> by simp
qed

from Ims-inv-distinct-inv-helper|OF assms(1)]
have distinct (filter (Az. © < length T') SA) distinct LMS
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set (filter (A\z. < length T) SA) N set LMS = {}
by blast+

have SA = list-slice SA 0 (length SA)
by (simp add: list-slice-0-length)
hence SA = list-slice SA 0 (B! b) Q list-slice SA (B! b) (length SA)
using append-take-drop-id
by (simp add: list-slice.simps)
moreover
from list-slice-append[OF <B ! b < bucket-end a T b» <bucket-end o T b < length
SA>, of SA]
have list-slice SA (B! b) (length SA)
= list-slice SA (B! b) (bucket-end a T b) Q list-slice SA (bucket-end o T
b) (length SA)
by assumption
ultimately
have SA = list-slice SA 0 (B! b) Q list-slice SA (B! b) (bucket-end o T b) @
list-slice SA (bucket-end o T b) (length SA)
by metis
with «distinct (filter (Az. < length T) SA)»
have distinct (filter (Az. x < length T) (list-slice SA (B! b) (bucket-end o T
b)))
by (metis distinct-append filter-append)
with Yz € set (list-slice SA (B! b) (bucket-end o T b)). © < length T
show distinct (list-slice SA (B! b) (bucket-end o T b))
by simp
qged

lemma Ims-slice-subset-Ims-bucket:
assumes Ims-locations-inv o T B SA
and length SA = length T
and b <« (Mazx (set T))
shows set (list-slice SA (B! b) (bucket-end @ T b)) C Ims-bucket o T b
proof
fix z
assume A: z € set (list-slice SA (B! b) (bucket-end o T b))
from in-set-conv-nth| THEN iffD1, OF A]
obtain i where
i < length (list-slice SA (B! b) (bucket-end o T b))
(list-slice SA (B! b) (bucket-end o T b)) ! i =z
by blast
with nth-list-slice
have (list-slice SA (B! b) (bucket-end o T b)) i =SA! (B! b+ i)
by blast
moreover
from <« < length (list-slice SA (B ! b) (bucket-end o T b))»
have B! b + i < bucket-end o« T b
by (simp add: assms(2) bucket-end-le-length length-list-slice)
moreover
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have B!'b< B! b+ 1
by simp
ultimately
show z € Ims-bucket o« T b
using «list-slice SA (B! b) (bucket-end o T b) ! i = x> assms(1,3) Ims-locations-invD
by fastforce
qed

lemma Ims-val-location:
assumes [ms-locations-inv a« T B SA
and Ims-unchanged-inv o« T B SA0 SA
and strict-mono a
and length SA = length T
and Vi <length T. SAO ! i = length T
and i < length SA
and SA i < length T
shows 3b < a (Maz (set T)). B! b < i A i < bucket-end « T b
proof —
from assms
have i < length T
by simp
with index-in-bucket-interval-gen[OF - assms(3)]
obtain b where
b < a (Maz (set T))
bucket-start o« T b < ¢
i < bucket-end o T b
by blast
moreover
have B! b < ¢
proof (rule ccontr)
assume B! b < g
hence i < B!b
by simp
with Ims-unchanged-invD[OF assms(2) <b < o (Maz (set T))» <bucket-start «
Tb< b
have SA !¢ = SA0 !¢
by blast
with assms(5) «i < length T
have SA ! i = length T
by auto
with assms(7)
show Fulse
by auto
qed
ultimately
show ?thesis
by auto
qed
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lemma [Ims-val-imp-abs-is-lms:
assumes [ms-locations-inv « T B SA
and Ims-unchanged-inv « T B SA0 SA
and strict-mono «
and length SA = length T
and Vi < length T. SA0 ! i = length T
and i < length SA
and SA i < length T
shows abs-is-lms T (SA ! @)
proof —
from Ims-val-location[OF assms(1—7)]
obtain b where
b < a (Maz (set T))
B!b<i
1 < bucket-end o« T' b
by blast
with Ims-locations-invD[OF assms(1)]
have SA ! i € Ims-bucket o T b
by blast
then show abs-is-Ims T (SA ! i)
using Ims-bucket-def by blast
qged

lemma [Ims-Ims-prefiz-sorted:
assumes Ims-bucket-ptr-inv o T B SA
and Ims-locations-inv a« T B SA
and Ims-unchanged-inv o« T B SA0 SA
and strict-mono a
and length SA = length T
and Vi <length T. SAO ! i = length T
and  set LMS = {i. abs-is-lms T i}
shows ordlistns.sorted (map (Ims-prefix T) (filter (Az. © < length T)) SA))
proof (intro sorted-wrt-mapl)
fix ij
let ?fs = filter (Az. z < length T') SA
let ?goal = list-less-eq-ns (Ims-prefic T (2fs ! i) (Ims-prefix T (2fs ! j))
assume i < jj < length ?fs

from filter-nth-relative-2[OF <j < length 2fs) <i < j»]
obtain i’ j' where
j' < length SA

i< g’
sl j=S8A!;
s i =SA i’
by blast

hence i’ < length SA
by linarith

have SA ! i’ < length T
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by (metis <?fs | i = SA 1 i)y <i < j» j < length ?fs) filter-set member-filter
nth-mem order.strict-trans)
with Ims-val-location|OF assms(2—6) i’ < length SA»]
obtain b where
b < a (Max (set T))
Blb<i
i’ < bucket-end a« T b
by blast
with Ims-locations-invD[OF assms(2)]
have SA ! i’ € Ims-bucket o T b
by blast
hence o (T'! (SA ! i’)) = b abs-is-lms T (SA ! i)
by (simp add: bucket-def Ims-bucket-def )+

from Ims-Ims-prefic|OF <abs-is-lms T (SA 1 i')»] «2fs!i=SA i)
have S1: Ims-prefic T (?fs i) = [T ! (SA! )
by simp

have SA ! j' < length T

using «?fs | j = SA ! j"» «j < length ?fs» nth-mem by fastforce
with Ims-val-location[OF assms(2—6) <j' < length SA»]
obtain b’ where

b < o (Mazx (set T))

Bl <

j' < bucket-end o T b’

by blast
with Ims-locations-invD[OF assms(2)]
have SA ! j’ € Ims-bucket a T b’

by blast
hence o (T ! (SA!j’) = b’ abs-is-lms T (SA ! j’)

by (simp add: bucket-def Ims-bucket-def )+

from Ims-lms-prefic|OF <abs-is-Ims T (SA ! j' )] «2fs1j = SA "
have S2: Ims-preficx T (?fs!j) = [T ! (SA! j')]
by simp

have b < b’
proof (rule ccontr)
assume —b < b’
hence b/ < b
by simp
hence bucket-end o T b’ < bucket-start o T b
by (simp add: less-bucket-end-le-start)
hence bucket-end o T b’ < Ims-bucket-start « T b
by (metis l-bucket-end-def l-bucket-end-le-lms-bucket-start le-add1 le-trans)
with Ims-bucket-ptr-lower-bound[OF assms(1) <b < a (Max (set T))]
have bucket-end « T b’ < B1b
by linarith
with <j’ < bucket-end o T b «<B! b < iy <i’ < jh
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show Fulse
by linarith
qed
moreover
have b < b/ = ?goal
proof —
assume b < b’
with <o (T'! (SA!3) = b a (T (SA! 7)) = b assms(4)
have T | (SA! i) < T (SA!j)
using strict-mono-less by blast
with S1 52
show ?goal
by (simp add: list-less-eq-ns-cons)
qed
moreover
have b = b/ = ?goal
proof —
assume b = b’
with «a (T! (SA! ) = b <a (T ! (SA! ) = b assms(4)
have T'! (SA! i) =T ! (SA!}j)
by (meson strict-mono-eq)
with S1 52
show ?goal
by simp
qed
ultimately
show ?goal
using less-le by blast
qed

lemma Ims-suffiz-sorted:
assumes Ims-bucket-ptr-inv o T B SA
and Ims-locations-inv a T B SA
and Ims-unchanged-inv « T B SA0 SA
and Ims-sorted-inv T LMS SA
and strict-mono «
and length SA = length T
and Vi < length T. SAQ ! i = length T
and  set LMS = {i. abs-is-lms T i}
and  ordlistns.sorted (map (suffic T) (rev LMS))
shows ordlistns.sorted (map (suffic T) (filter (Az. z < length T) SA))
proof (intro sorted-wrt-mapl)
fix ij
let 9fs = filter (Az. x < length T) SA
let ?goal = list-less-eq-ns (suffix T (9fs ! 7)) (suffic T (9fs!j))
assume i < jj < length ?fs

from filter-nth-relative-2[OF <j < length ?fs» <i < ]
obtain i’ j' where
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j' < length SA

i< g’
sV j=S8A!j
?fsli=SA! ¢’
by blast

hence i’ < length SA
by linarith

have SA ! i’ < length T
by (metis <?fs | i = SA 1 i)y <i < j» j < length ?fs> filter-set member-filter
nth-mem order.strict-trans)
with Ims-val-location|OF assms(2,3,5—7) «i’ < length SA»)
obtain b where
b < a (Max (set T))
Blb<i
i’ < bucket-end o T' b
by blast
with Ims-locations-invD[OF assms(2)]
have SA ! i’ € Ims-bucket o T b
by blast
hence a (T'! (SA ! i’) = b abs-is-lms T (SA ! i’
by (simp add: bucket-def Ims-bucket-def )+
hence SA ! i’ € set LMS
using assms(8)
by blast

have SA ! j’ < length T
using «?fs | j = SA ! j"» <j < length ?fs> nth-mem by fastforce
with Ims-val-location[OF assms(2,3,5—7) <j' < length SA»]
obtain b’ where
b < a (Maz (set T))
Blby <j
j' < bucket-end o T b’
by blast
with Ims-locations-invD[OF assms(2)]
have SA ! j’ € lms-bucket a T b’
by blast
hence o (T'! (SA ! j’) = b’ abs-is-lms T (SA!j")
by (simp add: bucket-def Ims-bucket-def )+
hence SA ! j' € set LMS
using assms(8)
by blast

have b < b’
proof (rule ccontr)
assume b < b’
hence b’ < b
by simp
hence bucket-end o T b' < bucket-start o« T b
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by (simp add: less-bucket-end-le-start)
hence bucket-end o T b’ < Ims-bucket-start o« T b
by (metis l-bucket-end-def l-bucket-end-le-lms-bucket-start le-add1 le-trans)
with Ims-bucket-ptr-lower-bound[OF assms(1) <b < o (Max (set T))]
have bucket-end o T b’ < B!b
by linarith
with ' < bucket-end o T b <B! b < iy i’ < j)
show Fulse
by linarith
qged
moreover
have b < b/ = ?goal
proof —
assume b < b’
with «a (T! (SA! i) = b <a (T (SA! 7)) = b assms(5)
have T'! (SA!i) < T ! (SA!j)
using strict-mono-less by blast
with «2fs 1 i = SA i «2fs ! j=8SA " j» «SA! i < length T> «SA ! j' <
length T»
show %goal
by (metis list-less-ns-cons-diff ordlistns.less-imp-le suffiz-cons-ex)
qed
moreover
have b = b/ = ?goal
proof —
assume b = b’
with <a (T ! (SA! i) = b «a (T ! (SA! 7)) = b" assms(H)
have T'! (SA! i) =T ! (SA!j)
by (meson strict-mono-eq)
with Ims-sorted-invD2[OF assms(4) <j' < length SA» i’ < j"» <SA ! i’ € set
LMS)
«SA ! j’ € set LMS)]
obtain m n where
n < length LMS
m<n
LMS!m=SA!j
LMS ! n=SA!q¢

by blast
hence rev LMS ! (length LMS — Suc m) = SA ! j' rev LMS ! (length LMS —
Sucn) = SA i

by (metis length-rev order.strict-trans rev-nth rev-rev-ident)+
moreover
from «<m < ny <n < length LMS)
have length LMS — Suc n < length LMS — Suc m
by linarith
moreover
have length LMS — Suc m < length (rev LMS)
using «n < length LMS»> by auto
ultimately
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have list-less-eq-ns (suffic T (SA ! 14") (suffic T (SA! j")
using ordlistns.sorted-nth-mono[OF assms(9)]
by fastforce

with <?fs | i = SA i «?fs!j=8A!j)

show ?goal
by simp

qed
ultimately
show %goal

using less-le by blast

qged

lemma next-indez-outside:
assumes b = a (T'! z)
and k=B!b— Suc0
and  Ims-distinct-inv T SA (z # LMS)
and Ims-bucket-ptr-inv a« T B SA
and strict-mono «
and Va € set (z # LMS). abs-is-lms T a
and b’ < a (Maz (set T))
and b#b
shows k < bucket-start a T b’V bucket-end o T b’ < k
proof —

from Ims-distinct-bucket-ptr-lower-bound|OF assms(1,5—6)]
have Ims-bucket-start « Tb < B! b.
hence k < B!

using assms(2) by linarith

from <«Ims-bucket-start o« T b < B! b
have [ms-bucket-start o« T b < k
using assms(2) by linarith

have z < length T

by (simp add: assms(6) abs-is-lms-imp-less-length)
hence b < a (Maz (set T))

by (simp add: assms(1,5) strict-mono-leD)

from assms(8)
have b < b’V b' < b
by linarith
moreover
have b < b/ = k < bucket-start a T b’
proof —
assume b < b’
hence bucket-end o T b < bucket-start o T b’
by (simp add: less-bucket-end-le-start)
with Ims-bucket-ptr-upper-bound|OF assms(4) <b < o (Max (set T))]
have B! b < bucket-start o T b’
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by linarith
with <k < B! b
show ?thesis
by linarith
qed
moreover
have b/ < b = bucket-end o« T b’ < k
proof —
assume b’ < b
hence bucket-end o« T b’ < bucket-start o T b
by (simp add: less-bucket-end-le-start)
hence bucket-end o T b’ < Ims-bucket-start « T b
by (metis l-bucket-end-def l-bucket-end-le-lms-bucket-start le-add1 le-trans)
with <Ims-bucket-start o« T b < k»
show ?thesis
using le-trans by blast
qed
ultimately show ?thesis
by blast
qed

62.4 Establishment and Maintenance Steps
62.4.1 Distinctness

lemma Ims-distinct-inv-established:
assumes distinct LMS
and Vi < length SA. SA ! i = length T
shows Ims-distinct-inv T SA LMS
proof —
from assms(2)
have filter (Az. z < length T) SA =[]
by (metis filter-False in-set-conv-nth nat-neq-iff)
then show ?thesis
unfolding Ims-distinct-inv-def
using distinct-append assms(1)
by simp
qed

lemma Ims-distinct-inv-maintained-step:
assumes Ims-distinct-inv T SA (z # LMS)
shows Ims-distinct-inv T (SA[k := z]) LMS
unfolding Ims-distinct-inv-def
proof (intro distinct-conv-nth| THEN iffD2] alll implI)
let %zs = filter (Az. z < length T') SA and
?ys = filter (A\z. z < length T) (SA[k = z])
fix 7j
assume i # j i < length (filter (Az. < length T) (SA[k := z]) @ LMS)
J < length (filter (Az. © < length T) (SA[k := z]) @ LMS)
hence i < length ?ys + length LMS j < length ?ys + length LMS
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by simp-all
let ?goal = (Pys @ LMS) ! i # (?ys @ LMS) ! j

from assms(1) distinct-append
have distinct LMS distinct ?zs x ¢ set %xzs x ¢ set LMS set ?xs N set LMS = {}
by (simp add: Ims-distinct-inv-def)+

from «<distinct LMS> «i < length ?ys + length LMS» <j < length ?ys + length
LMS)» i # j»

have R1: [length ?ys < i; length ?ys < j] = ?goal

by (metis le-Suc-ex nat-add-left-cancel-less nth-append-length-plus nth-eg-iff-index-eq)

have set 7ys C {a} U set ?xs
by (meson filter-nth-update-subset)

have R2:
Nij. [i < length ?ys; length ?ys < j; j < length ?ys + length LMS] =
(%ys @ LMS) ! i # (Pys @ LMS) ! j
proof —
fix ij
assume i < length ?ys length ?ys < jj < length ?ys + length LMS
hence ?ys ! i € {z} U set %zs
using «set ?ys C {z} U set %xs» nth-mem by blast
hence (?ys @ LMS) ! i € {z} U set ?zs
by (simp add: <i < length ?ys> nth-append)
moreover
from <length ?ys < j» «j < length ?ys + length LMS>
have (?ys @ LMS) ! j € set LMS
by (metis add.commute in-set-conv-nth leD less-diff-conv2 nth-append)
moreover
from «set ?zs N set LMS = {}> «x ¢ set LMS»
have ({z} U set ?zs) N set LMS = {}
by blast
ultimately
show (?ys @ LMS) ! i # (%ys @ LMS) ! j
by (metis disjoint-iff-not-equal)
qed

have R3: [i < length ?ys; j < length ?ys] = ?goal
proof —
assume 7 < length ?ys j < length ?ys
with filter-nth-relative-neq-2[OF - - <i # ]
obtain ¢’ j/ where
i’ < length (SA[k := z])
j' < length (SAlk = z])
(SA[k :=2)) Vi’ = 2ys ! i
(SAlk:=2z]) 1 j'= %ys!j
i #

|

{
- J
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by blast

have ?ys | i < length T

using <7 < length ?ys> nth-mem by fastforce
hence (SA[k := z]) ! i’ < length T

using «(SA[k :=z]) ! i’ = %ys ! O by simp

have ?ys | j < length T

using <j < length ?ys> nth-mem by fastforce
hence (SA[k := z]) ! j' < length T

using «(SA[k :=z]) ! i/ = %ys ! j» by simp

have Rj:
Nijg. [i £k j=k; i <length (SA[k := 2]); j < length (SA[k := z]);
(SA[k = 2)) ! i < length T] =
(SAlk :===z]) i # (SAlk :=x]) ! j
proof —
fix ij
assume i # kj = ki < length (SA[k := z]) j < length (SA[k := z])
(SA[k :=2)) ! i < length T

from j = k <j < length (SA[k := z])»
have (SA[k:==z]) ! j==x
by simp
moreover
from «i # k> «i < length (SA[k := z])
have (SA[k:=z]) i = SA 14
by simp
with «(SA[k := z]) ! ¢ < length T
have SA ! i < length T
by simp
with filter-nth-1[of i SA Az. x < length T| <i < length (SA[k := z])»
obtain i’ where
i’ < length ?xs
frs i’ = SA 14
by auto
with «((SA[k:=z]) ! i=SA! D
have (SA[k :=z]) ! ¢ € set Zxs
using nth-mem by fastforce
ultimately
show (SA[k :=z]|) ! i # (SA[k :=2]) ! j
using <z ¢ set ?zs» by auto
qed

have [i' # k; j' # k] = (SA[k := z]) ! i’ # (SAlk == z]) ! '
proof —
assume i’ # kj' # k
with «((SA[k :=z]) ! i’ = 2ys V0> «(SA[k :=2]) 1 ' = %ys ! p
have %ys! i = SA! i’ 2ys!j=SA!j’
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by auto
with «?ys | ¢ < length T» «?ys | j < length T» i’ < length (SA[k := z])»
j' < length (SA[k := z])»
filter-nth-relative-neg-1[of i’ SA Ax. x < length T j'; OF - - - - i’ # j]
obtain " j”/ where
1" < length ?zs
j'" < length ?xs
fes i = SA 7’
Zrs 1 j" = SA ! j
i// 3& j//
by auto
with «distinct ?zs»
have SA ! i’ # SA!j’
by (metis distinct-Ez1 in-set-conv-nth)
then show ?thesis
using <SAlk = z] ' i'= 2ys | & «Zys 1 i = SA 1 i <j' # k> by auto
qed
moreover
from i’ # j’
have [i' = k; j' = k] = False
by blast
ultimately
have (SA[k := z]) ! i/ # (SA[k == z]) ! j’
using R4 [of i’ j', OF - - «i’ < length (SA[k := z])» «j’' < length (SA[k := z])»
(SA[k = z]) ! i’ < length T)]
R4lof j" i, OF - - ¢j' < length (SA[k := z])» «i’ < length (SA[k := x])
(SA[k = z]) ! j' < length T)]
by metis
with «(SA[k := 2]) ! i’ = 2ys | i» <i < length %ys»
(SA[k :=z))  j' = 2ys | j» j < length Zys»
show ?goal
by (simp add: nth-append)
qed

from R1 R2[of i j, OF - - <j < length ?ys + length LMS))
R2[of j i, OF - - ¢i < length ?ys + length LMS>] R3
show %goal
by presburger
qed

lemma Ims-distinct-inv-maintained:
assumes Ims-distinct-inv T SA LMS
shows Ims-distinct-inv T (abs-bucket-insert o T B SA LMS) []
using assms
proof (induct rule: abs-bucket-insert.induct[of - « T B SA LMS])
case (I a T uu SA)
then show “case
by simp
next
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case (2 a T B SA z xs)

note IH = this

let 20 =a (T! z)

let 2%k = B! %0 — Suc 0

from TH(1)[OF - - - - lms-distinct-inv-maintained-step|OF IH(2), of ?k], of ?b
%k B[?b := ?k]]

show ?case

by (metis (full-types) One-nat-def abs-bucket-insert.simps(2))

qed

lemma abs-bucket-insert-lms-distinct-inv:
assumes distinct LMS
and Vi < length SA. SA ! i = length T

shows Ims-distinct-inv T (abs-bucket-insert o T B SA LMS) []
using assms Ims-distinct-inv-maintained Ims-distinct-inv-established
by blast

62.4.2 Bucket Ptr

lemma [Ims-bucket-ptr-inv-established:
assumes Ims-bucket-init « T B
and Vi < length SA. SA! i = length T
shows Ims-bucket-ptr-inv o T B SA
unfolding Ims-bucket-ptr-inv-def
proof (intro alll impI)
fix b
assume b < o (Maxz (set T))
with Ims-bucket-initD[OF assms(1)]
have B! b = bucket-end o T' b
by simp
moreover
from assms(2)
have Vi € set SA. —abs-is-lms T @
by (metis in-set-conv-nth abs-is-lms-imp-less-length less-not-refl2)
hence cur-lms-types o T SA b = {}
by (simp add: cur-lms-types-def Ims-bucket-def)
hence num-lms-types « T SA b = 0
by (simp add: num-Ims-types-def)
ultimately
show B! b + num-Ims-types a« T SA b = bucket-end o T b
by simp
qed

lemma Ims-bucket-ptr-inv-maintained-step:
assumes b = a (T'! z)
and k=B!b— Suc0
and  Ims-distinct-inv T SA (x # LMS)
and Ims-bucket-ptr-inv « T B SA
and Ims-unknowns-inv o T B SA
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and strict-mono o
and o (Mazx (set T)) < length B
and length SA = length T
and Va € set (z # LMS). abs-is-lms T a
shows Ims-bucket-ptr-inv o T (B[b := k]) (SA[k := x])
unfolding Ims-bucket-ptr-inv-def
proof (intro alll impl)
fix b’
assume b’ < a (Maz (set T))

let ?goal = B[b := k] ! b’ + num-Ims-types a« T (SA[k := z]) b’ = bucket-end «
T

from assms(1,9)
have z € Ims-bucket o T b
by (simp add: bucket-def abs-is-lms-imp-less-length lms-bucket-def)

from Ims-next-insert-at-unknown|OF assms(1—6,8,9)]
have k < length SA SA ! k = length T
by blast+

have b/ # b = ?goal
proof —
assume b’ # b
with <z € Ims-bucket o T b»
have z ¢ Ims-bucket o T b’
by (simp add: bucket-def Ims-bucket-def)
with cur-lms-subset-lms-bucket
have z ¢ cur-lms-types « T SA b’
by blast

have cur-lms-types a T (SA[k := z]) b’ = cur-lms-types o T SA b’
unfolding cur-lms-types-def
proof (intro equalityl subsetl)
fix y
assume y € {i |i. i € set (SA[k := z]) A i € Ims-bucket a« T b'}
hence y € set (SA[k := z]) y € Ims-bucket o T b’
by simp-all
with <z ¢ Ims-bucket « T b"
have y € set SA
by (metis in-set-conv-nth length-list-update nth-list-update-eq nth-list-update-neq)
then show y € {i |i. i € set SA A i € Ims-bucket a T b’}
by (simp add: <y € Ims-bucket o T b")
next
fix y
assume y € {i |i. i € set SA A i € Ims-bucket o T b'}
hence y € set SA y € Ims-bucket « T b’
by simp-all
with «z ¢ Ims-bucket a« T b"» <SA ! k = length T»
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have y € set (SAk := z])
using in-set-list-update abs-is-lms-imp-less-length Ims-bucket-def by fastforce
then show y € {i |i. i € set (SA[k := z]) A i € Ims-bucket « T b’}
using <y € Ims-bucket a T b’ by blast
qed
hence num-lms-types o T (SA[k := z]) b’ = num-Ims-types « T SA b’
by (simp add: num-Ims-types-def)
with Ims-bucket-ptr-invD[OF assms(4) b’ < a (Maz (set T))] <b’ # b
show ?thesis
by simp
qed
moreover
have b/ = b = ?goal
proof —
assume b’ = b
with b/ < a (Maz (set T))»
have b < a (Maz (set T))
by simp

from assms(3,9)
have z ¢ set SA
by (simp add: abs-is-Ims-imp-less-length Ims-distinct-inv-def)

from <k < length SA»
have z € set (SA[k := z])
by (simp add: set-update-memI)

have b < length B

using b < o (Max (set T))> assms(7) dual-order.strict-trans2 by blast
hence B[b:=Fk] ! b=k

by simp

have finite (cur-lms-types o T SA b)
by (meson List.finite-set cur-lms-subset-SA finite-subset)
moreover
from «x ¢ set SA>
have cur-lms-types a T SA b — {z} = cur-lms-types o T SA b
using cur-Ims-subset-SA by fastforce
moreover
have insert © (cur-lms-types o T SA b) = cur-Ims-types o T (SA[k := z]) b
unfolding cur-lms-types-def
proof (intro equalityl subsetl)
fix y
assume y € insert x {i |i. i € set SA A i € Ims-bucket o T b}
hence y =z V y € set SA N y € Ims-bucket « T b
by blast
with «SA ! k = length T» <z € Ims-bucket o T by <z € set (SA[k = z])»
have y € set (SA[k := z]) A y € Ims-bucket « T b
by (metis (no-types, lifting) in-set-list-update abs-is-lms-imp-less-length
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less-irrefl-nat
Ims-bucket-def mem-Collect-eq)
then show y € {i |i. i € set (SA[k := z]) A i € Ims-bucket o T b}
by blast
next
fix y
assume y € {i |i. i € set (SA[k := z]) A 7 € Ims-bucket o T b}
hence y € set (SA[k := z]) y € Ims-bucket o T b
by simp-all
moreover
have y € set SA = y € insert x {i |i. i € set SA A i € Ims-bucket o T b}
using calculation(2) by blast
moreover
from <k < length SA N SA ! k = length T
have y ¢ set SA = y € insert x {i |i. i € set SA N i € Ims-bucket o T b}
by (metis (no-types, lifting) calculation(1) in-set-conv-nth insert-iff length-list-update
nth-list-update)
ultimately show y € insert « {i |i. i € set SA A i € Ims-bucket oo T b}
by blast
qed
ultimately
have num-lms-types a T (SA[k := z]) b = Suc (num-Ims-types « T SA b)
by (metis num-Ims-types-def card.insert-remove)
with «b' = by <B[b:= k] ! b = k> assms(2)
have B[b := k] ! b/ + num-Ims-types a« T (SA[k := z]) b’
= B! b — Suc 0 + Suc (num-lms-types o T SA b)
by simp
hence B[b := k] ! b’ + num-lms-types o T (SA[k = z]) b’ = B! b +
num-ims-types o« T SA b
using add-Suc-shift assms less-nat-zero-code lms-distinct-bucket-ptr-lower-bound
neq-conv
by fastforce
with <0’ = b
have B[b := k] | b' + num-lms-types a« T (SA[k := z]) ¥' = B! b’ +
num-ims-types a T SA b’
by simp
with Ims-bucket-ptr-invD[OF assms(4) <b' < a (Mazx (set T))»)
show ?thesis
by simp
qed
ultimately
show %goal
by blast
qed

62.4.3 Unknowns

lemma [Ims-unknowns-inv-established:
assumes [ms-bucket-init o« T B
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and Vi < length SA. SA! i = length T
and length SA = length T
shows Ims-unknowns-inv o T B SA
unfolding Ims-unknowns-inv-def
proof (intro alll impI; elim conjE)
fix b1
assume b < o (Maxz (set T)) Ims-bucket-start o« Tb<ii < B!b
with Ims-bucket-initD[OF assms(1)]
have B! b = bucket-end o T' b
by simp
with i < B! b
have i < length T
by (simp add: bucket-end-le-length less-le-trans)
with assms(3)
have i < length SA
by simp
with assms(2)
show SA ! i = length T
by simp
qed

lemma Ims-unknowns-inv-maintained-step:
assumes b = a (T ! z)
and k=B!b— Suc0
and  Ims-distinct-inv T SA (x # LMS)
and Ims-bucket-ptr-inv o« T B SA
and  Ims-unknowns-inv a T B SA
and strict-mono «
and o (Mazx (set T)) < length B
and Va € set (z # LMS). abs-is-lms T a
shows Ims-unknowns-inv o T (B[b := k]) (SA[k := z])
unfolding Ims-unknowns-inv-def
proof (intro alll impI; elim conjFE)
fix b’ ¢
assume b’ < a (Maz (set T)) Ims-bucket-start « T b' < ii < Blb:=k] ! b’

let ?goal = SA[k := z] ! i = length T

have b/ # b = %goal
proof —
assume b’ # b
with ¢ < B[b:= k] ! b"
have i < B! b’
by simp
with Ims-unknowns-invD[OF assms(5) <b’' < o (Maz (set T))» <Ims-bucket-start
a Th < b
have SA ! i = length T
by simp
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from <b’ # b
have b/ < bV b < b’
by auto
then show ?thesis
proof
assume b’ < b
from [ms-distinct-bucket-ptr-lower-bound[OF assms(1,3,4,6,8)]
have Ims-bucket-start « T b < B! b .
hence bucket-start « Tbh < B! b
by (metis dual-order.strict-trans2 I-bucket-end-def I-bucket-end-le-Ims-bucket-start
le-addl)
moreover
from Ims-bucket-ptr-upper-bound|OF assms(4) «b' < o (Maz (set T))»]
have B! b/ < bucket-end o T b’ .
ultimately
have B! b’ < B! b
by (meson <b’ < by dual-order.strict-trans?2 less-bucket-end-le-start)
hence i # k
using assms(2,8) <i < B! b"
by linarith
with «SA ! i = length T»
show ?thesis
by auto
next
assume b < b’
from <Ims-bucket-start o T b" < ©
have bucket-start « T b’ < i
by (metis l-bucket-end-def l-bucket-end-le-lms-bucket-start le-add1 le-trans)
moreover
from Ims-bucket-ptr-upper-bound|OF assms(4), of b] assms(7)
have B! b < bucket-end oo T b
using «<b < b b’ < « (Max (set T))» by linarith
hence k < bucket-end o T b
using assms Ims-distinct-bucket-ptr-lower-bound by fastforce
ultimately
have i # k
by (meson <b < b’ leD le-trans less-bucket-end-le-start)
with «SA ! i = length T
show ?thesis
by auto
qed
qed
moreover
have b/ = b = ?goal
proof —
assume b’ = b
with <0/ < a (Maz (set T))» <Ims-bucket-start o T b’ < iy <i < B[b:= k] ! b
have b < o (Maz (set T)) Ims-bucket-start o Tb < ii < Blb:= k] !b
by simp-all
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hence i < B! b — Suc 0
using assms by auto
with Ims-unknowns-invD[OF assms(5) <b < a (Maz (set T))» «Ims-bucket-start
aTb<b]
have SA ! i = length T
by linarith
with i < B! b — Suc 0> assms(2)
show ?thesis
by simp
qged
ultimately
show ?goal
by blast
qed

62.4.4 Locations

lemma Ims-locations-inv-established:
assumes Ims-bucket-init « T B
shows Ims-locations-inv a« T B SA
unfolding Ims-locations-inv-def
proof (intro alll impI; elim conjFE)
fix b1
assume b < o (Maz (set T)) B! b < ii < bucket-end o T b
with Ims-bucket-initD[OF assms(1), of b
have Fulse
by linarith
then show SA ! ¢ € Ims-bucket o T b
by blast
qed

lemma [Ims-locations-inv-maintained-step:
assumes b = a (T ! z)
and k= (B!b) — Suc0
and  Ims-distinct-inv T SA (z # LMS)
and Ims-bucket-ptr-inv « T B SA
and Ims-locations-inv o T B SA
and strict-mono «
and o (Mazx (set T)) < length B
and length SA = length T
and Va € set (z # LMS). abs-is-lms T a
shows Ims-locations-inv a T (B[b := k]) (SA[k := x])
unfolding Ims-locations-inv-def
proof (intro alll impI; elim conjFE)
fix b’ i
assume b’ < a (Maz (set T)) B[b:= k] ! b’ < i i < bucket-end a T b’

let ?goal = SA[k := z] ! i € Ims-bucket « T b’
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have Ims-bucket-start « T b < B! b
using assms Ims-distinct-bucket-ptr-lower-bound by blast

have b’ # b = ?goal
proof —
assume b’ # b
with (B[b := k| ! b/ < i
have B! b/ < ¢
by simp

from <b’' # b
have b’ < bV b < b’
by auto
then show #thesis
proof
assume b’ < b
from <Ims-bucket-start « T b < B! b
have bucket-start « Tbh < B! b
by (metis dual-order.strict-trans2 I-bucket-end-def I-bucket-end-le-Ims-bucket-start

le-add1)
with i < bucket-end o T b <b' < b
have i # k

using assms(2,3)
by (metis Suc-lessI Suc-pred dual-order.strict-transi less-bucket-end-le-start
less-nat-zero-code not-less-iff-gr-or-eq)
hence SA[k :=z]!i=SA14
by auto
with Ims-locations-invD][OF assms(5) <b' < a (Mazx (set T))» <B1b" < i
(i < bucket-end a T b%)
show ?thesis
by simp
next
assume b < b’
from Ims-bucket-ptr-lower-bound|OF assms(4) <b' < a (Maz (set T))»]
have Ims-bucket-start « T b’ < B1b'.
hence bucket-start o« T b’ < B 1 b’
by (metis l-bucket-end-def l-bucket-end-le-Ims-bucket-start le-addl le-trans)
hence bucket-start « T b’ < i
using <B ! b’ < i le-trans by blast
moreover
from Ims-bucket-ptr-upper-bound|OF assms(4), of b] assms(7)
have B! b < bucket-end oo T b
using b < b b’ < « (Max (set T))» by linarith
with «ms-bucket-start o T b < B! b
have k < bucket-end o« T b
using assms(2) by linarith
ultimately
have i # k
by (meson <b < b"y leD le-less-trans less-bucket-end-le-start)
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hence SA[k :=z]!i=SA!4
by simp
with Ims-locations-invD[OF assms(5)¢b’ < a (Mazx (set T))» <B 1 b’ < i
i < bucket-end o T b%)
show ?thesis
by simp
qed
qed
moreover
have b’ = b = ?goal
proof —
assume b’ = b
with b/ < o« (Maz (set T))» «B[b := k| ! b/ < i <i < bucket-end o T b"
have b < o (Max (set T)) B[b:=k] ! b < ii < bucket-end o T b
by simp-all
hence k£ < ¢
by (simp add: assms(7) order.strict-transi)
hence k =iV B! b <
using assms(2) by linarith
then show ?thesis
proof
assume k = ¢
hence SA[k :=z] ! i =1z
using «i < bucket-end o T by assms(8) bucket-end-le-length order.strict-trans2
by fastforce
moreover
from assms(1,9)
have z € Ims-bucket o T' b
by (simp add: bucket-def abs-is-lms-imp-less-length Ims-bucket-def)
ultimately
show ?Zthesis
using «b’ = by by simp
next
assume B! b < ¢
with Ims-locations-invD[OF assms(5) <b < a (Max (set T))» - <i < bucket-end
a T b]
have SA ! i € Ims-bucket o« T b
by blast
moreover
from <B ! b < i» assms(2) <Ims-bucket-start « T b < B! b
have SA[k :=z]!i=SA !
by auto
ultimately
show ?thesis
using b’ = by by simp
qed
qed
ultimately
show ?goal
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by blast
qed

62.4.5 Unchanged

lemma Ims-unchanged-inv-established:
Ims-unchanged-inv o« T B SA SA
unfolding Ims-unchanged-inv-def
by blast

lemma Ims-unchanged-inv-maintained-step:
assumes b = a (T ! z)
and k= (B!b) — Suc0
and  Ims-distinct-inv T SA (x # LMS)
and Ims-bucket-ptr-inv « T B SA
and Ims-unchanged-inv o« T B SA0 SA
and strict-mono o
and o (Mazx (set T)) < length B
and length SA = length T
and Va € set (v # LMS). abs-is-lms T a
shows Ims-unchanged-inv o T (B[b := k]|) SA0 (SA[k := z])
unfolding Ims-unchanged-inv-def
proof (intro alll impI; elim conjFE)
fix b’ ¢
assume b’ < a (Maz (set T)) bucket-start « T b' < ii < B[b:= k]! b’

let ?goal = SA[k :=z]!i= SA0!{

have Ims-bucket-start « T b < B! b
using assms Ims-distinct-bucket-ptr-lower-bound by blast

have b/ # b = ?goal
proof —
assume b’ # b
with «i < B[b:= k] ! b"
have i < B! b’
by simp

from <0’ # b
have b/ < bV b < b’
by linarith
then show ?thesis
proof
assume b’ < b
from <Ims-bucket-start o« T b < B! by
have bucket-start « T b < B! b
by (simp add: Ims-bucket-start-def)
with assms(2)
have bucket-start o« T b < k
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by linarith
moreover
from Ims-bucket-ptr-upper-bound|OF assms(4) «b' < o (Maz (set T))»]
have B! b’ < bucket-end o T b’ .
with < < B! b%
have i < bucket-end o T b’
using less-le-trans by blast
ultimately
have i # k
using b’ < b
by (meson dual-order.strict-trans2 less-bucket-end-le-start order.strict-implies-not-eq)
hence SA[k :=z]!i=SA14
by simp
with Ims-unchanged-invD[OF assms(5) b’ < o (Max (set T))» <bucket-start
aTb <b
i < B1bh]
show ?thesis
by simp
next
assume b < b’
from <Ims-bucket-start o T b < B! b> assms(2)
have k < B! b
by linarith
with Ims-bucket-ptr-upper-bound[OF assms(4), of b] <b' < a (Max (set T))»
b < b assms(7)
have k < bucket-end o T b
by linarith
with <bucket-start o T b’ < iy <b < b’
have i # k
by (meson dual-order.strict-trans leD less-bucket-end-le-start)
hence SA[k := 2] ! i =841
by simp
with Ims-unchanged-invD[OF assms(5) b’ < o (Max (set T))» <bucket-start
aTb <b
i < B1bh]
show ?thesis
by simp
qed
qed
moreover
have b/ = b = ?goal
proof —
assume b’ = b
with b’ < « (Max (set T))» <bucket-start « T b' < @) <i < B[b:= k]! b"
have b < a (Maz (set T)) bucket-start « T b <ii < Blb:=k]!b
by simp-all
hence 7 < k
using assms(7) by auto
hencei < B!b
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using assms(2) by linarith
with Ims-unchanged-invD[OF assms(5) <b < o (Maz (set T))» <bucket-start «
Tb< b
have SA! i = SA0 !+
by simp
with < < k»
show ?thesis
by auto
qed
ultimately
show ?goal
by blast
qed

62.4.6 Inserted

lemma Ims-inserted-inv-established:
shows [ms-inserted-inv LMS SA [| LMS
unfolding Ims-inserted-inv-def
by simp

lemma [Ims-inserted-inv-maintained-step:
assumes b = a (T'! z)
and k= (B!b) — Suc0
and  Ims-distinct-inv T SA (x # LMSb)
and Ims-bucket-ptr-inv « T B SA
and Ims-unknowns-inv o T B SA
and  Ims-inserted-inv LMS SA LMSa (z # LMSb)
and strict-mono «
and length SA = length T
and Va € set LMS. abs-is-lms T a
shows Ims-inserted-inv LMS (SA[k := z]) (LMSa Q [z]) LMSb
proof —

from Ims-inserted-invD(1)[OF assms(6)] assms(9)
have Va € set (z # LMSbh). abs-is-lms T a

by auto
with Ims-nect-insert-at-unknown[OF assms(1—5,7,8)]
have k < length SA SA ! k = length T

by blast+

from Ims-inserted-invD(1)[OF assms(6)] assms(9)
have Va € set LMSa. abs-is-lms T a

by auto
hence Va € set LMSa. a < length T

using abs-is-lms-imp-less-length by blast

have set LMSa C set (SA[k := z])
proof (intro subsetl)
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fix y
assume y € set LMSa
with Va € set LMSa. a < length T
have y < length T
by blast
with «SA ! k = length T»
have SA!k # y
by simp
moreover
from Ims-inserted-invD(2)[OF assms(6)] <y € set LMSa»
have y € set SA
by blast
ultimately
show y € set (SA[k := z])
using in-set-list-update by fast
qged
moreover
from <k < length SA»
have z € set (SA[k := z])
by (simp add: set-update-meml)
ultimately
have set (LMSa Q [z]) C set (SA[k := z])
by simp
with Ims-inserted-invD(1)[OF assms(6)]
show ?thesis
by (simp add: Ims-inserted-inv-def)
qed

62.4.7 Sorted

lemma Ims-sorted-inv-established:
assumes Vi < length SA. SA! i = length T
and Va € set LMS. abs-is-lms T a
shows Ims-sorted-inv T LMS SA
unfolding Ims-sorted-inv-def
proof (intro alll impI; elim conjE)
fix ij
assume A: j < length SA i < j SA'!i € set LMS SA!j € set LMS
from A(1) assms(1)
have SA ! j = length T
by blast
moreover
from A(/) assms(2)
have SA ! j < length T
using abs-is-lms-imp-less-length by blast
ultimately
have Fulse
by auto
then show
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(TV(SAV) ATV (SA ) — TV (SAT) < TV (SA!) ) A
(T'(SA'i)=T!1(SA!j) —
(Fj'<length LMS. 3i'<j’. LMS i’ = SA!j AN LMS!j = SA! 1))
by blast
qed

lemma Ims-sorted-inv-maintained-step:
assumes b = a (T'! z)
and k= (B!b) — Suc0
and  Ims-distinct-inv T SA (x # LMSb)
and Ims-bucket-ptr-inv a« T B SA
and Ims-unknowns-inv o T B SA
and Ims-locations-inv a« T B SA
and Ims-unchanged-inv a« T B SA0 SA
and  Ims-inserted-inv LMS SA LMSa (x # LMSb)
and Ims-sorted-inv T LMS SA
and strict-mono a
and length SA = length T
and Vi <length T. SAO ! i = length T
and Va € set LMS. abs-is-lms T a
shows Ims-sorted-inv T LMS (SA[k := z])
unfolding Ims-sorted-inv-def
proof (intro alll impI; elim conjFE)
fix ij
assume A: j < length (SA[k :=z]) i < j SA[k :=z] ! i € set LMS
SAlk :=z] ! j € set LMS
let ?goall = T! (SAlk:=z] %) # T ! (SA[k :=x]!j) —
T!(SAk:=z] i) < T (SA[k = 2] !j)
and ?goal2 = T ! (SA[k = 2] 49) = T ! (SA[k :==z] ! j) —
(Fj'<length LMS. 3i'<j’.
LMS 'i'= SA[k := z] ! j A LMS! j' = SA[k := z] ! i)

let ?goal = ?goall N ?goal2

from assms(13) Ims-inserted-invD[OF assms(8)]
have Vacset (v # LMS)). abs-is-lms T a
by auto
with Ims-nect-insert-at-unknown[OF assms(1—5,10,11)]
have k < length SA SA ! k = length T
by blast+

from Ims-distinct-bucket-ptr-lower-bound[OF assms(1,3,4,10) <V a€set (x # LMSD).
abs-is-lms T a»]
have Ims-bucket-start « Tb < B! b .

from assms(1,10) <V a€set (z # LMSD). abs-is-lms T a»

have b < a (Maz (set T))
by (simp add: abs-is-lms-imp-less-length strict-mono-less-eq)
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have [k # @, k # j] = ?goal
proof —
assume k # i k # j
with A
have j < length SA SA ! i € set LMS SA ! j € set LMS
by simp-all
with Ims-sorted-invD[OF assms(9) - <& < p] <k # © <k # i
show ?goal
by simp
qged
moreover
have [k = i; k # j] = ?goal
proof —
assume k =ik #£ j
with A(1,4)
have j < length SA SA ! j € set LMS SA[k :=x]!j=SA!j
by simp-all

from «k = @ assms(2)
have i = B! b — Suc 0
by simp

from «SA ! j € set LMS) assms(13)
have SA ! j < length T
using abs-is-lms-imp-less-length by blast

from indez-in-bucket-interval-genlof § T, OF - assms(10)] assms(11) «j <
length SA»
obtain b’ where
b < a (Maz (set T))
bucket-start o T b’ < j
j < bucket-end o T b’
by auto

have B! b/ < j
proof (rule ccontr)
assume - B! b/ < j
hence j < B! b’
by simp
with Ims-unchanged-invD[OF assms(7) <b' < a (Maz (set T))» <bucket-start
a Tbh <Pl
assms(11,12) <j < length SA»
have SA ! j = length T
by auto
with (SA ! j < length T»
show Fulse
by auto
qed
with Ims-locations-invD[OF assms(6) <b' < a (Maxz (set T))» - <j < bucket-end
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a T bh]
have SA ! j € Ims-bucket o T b’
by blast
hence o (T ! (SA!j)) =¥’
by (simp add: bucket-def Ims-bucket-def)

from <Ims-bucket-start « T b < B! b <i = B! b — Suc 0»
have Ims-bucket-start o« T b < ¢
by linarith
hence bucket-start « T b < ¢
by (metis l-bucket-end-def I-bucket-end-le-lms-bucket-start le-add1 le-trans)

have b < b’
proof (rule ccontr)
assume — b < b’
hence b’ < b
by simp
hence bucket-end o T b’ < bucket-start o« T b
by (simp add: less-bucket-end-le-start)
with «j < bucket-end o T b
have j < bucket-start o T b
by linarith
with <bucket-start o« T b < 7>
have j < i
by linarith
with < < i
show Fulse
by linarith
qed

from assms(3)[simplified Ims-distinct-inv-def distinct-append] <SA ! j < length
T
<j < length SA»
have SA!j ¢ set (x # LMSD)
by (metis Intl empty-iff filter-set member-filter nth-mem)
with Ims-inserted-invD[OF assms(8)] «SA ! j € set LMS)»
have SA ! j € set LMSa
by auto
hence 3’ < length LMSa. LMSa ! j' = SA ! j
by (simp add: in-set-conv-nth)
then obtain j’ where
j' < length LMSa
LMSa ! j'= SA!j
by blast
with Ims-inserted-invD(1)[OF assms(8)] «SA[k :=z] ! j = SA ! j
have LMS ! j' = SAlk :=z] ! j
by (simp add: nth-append)

from «a (T! (SA!j)) = b «SA[k :=2] ! j= SA!j
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have o (T'! (SA[k :== 2] 1 j)) = b’
by simp

from Ims-inserted-invD(1)[OF assms(8)]
have length LMSa < length LMS
by simp

from assms(3)[simplified Ims-distinct-inv-def distinct-append] Ims-inserted-invD[OF
assms(8)]
have z ¢ set LMSa
using «Va€set (x # LMSD). abs-is-lms T as abs-is-lms-imp-less-length by
fastforce
with Ims-inserted-invD(1)[OF assms(8)]
have LMS ! length LMSa = x
by simp
hence LMS ! length LMSa = SA[k := z] ! i
using <k < length SAy <k = i> by auto

from <k = z> assms(1) «
have a (T ! (SA[k := ]
by auto

k< length SA»
i) =

have b = b/ = ?goal2
proof
from «(LMS ! j' = SA[k := 2] | j» <LMS ! length LMSa = SA[k := x] ! @ ¢’
< length LMSa»
<length LMSa < length LMS>
show 3 j'<length LMS. 3i'<j’. LMS ! i’ = SA[k := x] ! j A LMS ! j' = SA[k
=]l
by blast
qed
moreover
from «a (T! (SAlk := 2] 1 §)) = b <ca (T ! (SA[k := 2] ! {)) = b> assms(10)
have b = b/ = T | (SAlk :=z| ! i) = T ! (SA[k := 2] ! j)
using strict-mono-eq by auto
moreover
have b < b/ = ?Zgoall
proof
assume b < b’
with «a (7! (SA[k := 2] 1 4)) = b» <a (T (SA[k z] 1j)) = b" assms(10)
show T'! (SA[k == =] ! i) < T ! (SA[k := 2] ! j)
using strict-mono-less by blast
qed
moreover
from «a (T! (SA[k := 2] 1 j)) = b <a (T ! (SA[k := 2] ! z)) = b assms(10)
haveb<b’:>T!(SA[k::x].)#T'(S[k z] |
by auto
moreover
from <b < b’
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have b = b’V b < b’
by linarith
ultimately
show %goal
by blast
qed
moreover
have [k # i; k = j] = ?goal
proof —
assume k # i k= j
with «SA[k := z] | i € set LMS)
have SA[k := x| ! i=SA!iSA! i€ set LMS
by simp-all

from <k = j» assms(2)
have j = B! b — Suc 0
by simp

from <j < length (SA[k := z])» <i < j» assms(11)
have i < length T
by simp
with indez-in-bucket-interval-gen[of i T, OF - assms(10)]
obtain b’ where
b < a (Maz (set T))
bucket-start o T b’ < 4
i < bucket-end o T b’
by auto

from «SA ! i € set LMS) assms(13)
have SA ! i < length T
using abs-is-Ims-imp-less-length by blast

have B! b/ < ¢
proof (rule ccontr)
assume B! b/ < g
hence i < B! b’
by (simp add: not-le)
with Ims-unchanged-invD[OF assms(7) <b’ < o (Max (set T))» <bucket-start
a Ty < b
assms(12) <i < length T»
have SA ! i = length T
by simp
with «SA ! i < length T
show Fulse
by linarith
qed
with Ims-locations-invD[OF assms(6) «<b' < a (Max (set T))» - <i < bucket-end
a Tbh]
have SA ! i € Ims-bucket o T b’
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by blast
hence o (T ! (SA!4)) = b’

by (simp add: bucket-def Ims-bucket-def)
with «(SA[k :=z] ! i = SA ! &
have a (T ! (SAlk :=z] ! i) =10’

by simp

from < < j» ¢j = B! b — Suc 0) <Ims-bucket-start o« T b < B! b»
have i < B! b
using diff-le-self dual-order.strict-trans1 by blast

have i < bucket-start a T b
proof (rule ccontr)
assume —i < bucket-start o T b
hence bucket-start o T b < ¢
by (simp add: not-le)
with Ims-unchanged-invD[OF assms(7) <b < o (Max (set T))» - <i < B! b]
assms(12) <i < length T»
have SA ! i = length T
by auto
with <SA ! ¢ < length T»
show Fulse
by linarith
qed
with <bucket-start o T b’ < 0>
have bucket-start « T b’ < bucket-start « T b
by linarith
hence b’ < b
by (meson bucket-start-le leD lel)

from assms(1) <k = j» <k < length SA»
have o (T ! (SA[k:=x] ! ) =b
by simp
with <o (T'! (SA[k := 2] 1 9)) = b) b’ < b» assms(10)
have T | (SA[k :=z] i) < T ! (SAlk := z] ! j)
using strict-mono-less by blast
then show ?goal
by auto
qed
moreover
from i < j»
have [k = ; k = j] = ?goal
by blast
ultimately
show ?goal
by blast
qed
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62.5 Combined Establishment and Maintenance

lemma Ims-inv-established:
assumes Vi < length SA. SA! i = length T
and Vz € set LMS. abs-is-lms T x
and distinct LMS
and Ims-bucket-init « T B
and length SA = length T
and strict-mono o
shows Ims-inv o T B LMS [] LMS SA SA
unfolding Ims-inv-def
using Ims-distinct-inv-established[OF assms(3,1)]
Ims-bucket-ptr-inv-established| OF assms(4,1)
Ims-unknowns-inv-established| OF assms(4,1,
Ims-locations-inv-established| OF assms(4)]
Ims-unchanged-inv-established
Ims-inserted-inv-established
Ims-sorted-inv-established OF assms(1,2)]
Ims-bucket-init-length|OF assms(4 )]
assms
by auto

]
o)l

lemma [Ims-inv-maintained-step:
assumes Ims-inv « T B LMS LMSa (z # LMSb) SA0 SA
and b=a(T!2)
and k= (B!b) — Suc0
shows Ims-inv a T (B[b := k]) LMS (LMSa @ [z]) LMSb SA0 (SA[k := z])
unfolding Ims-inv-def
using Ims-distinct-inv-maintained-step| OF Ims-invD(1)[OF assms(1)]]
Ims-bucket-ptr-inv-maintained-step| OF assms(2—3)
Ims-invD(1—3,8,9,12)[OF assms(1)]
Ims-inv-Ims-helper(3)[OF assms(1)]]
Ims-unknowns-inv-maintained-step[ OF assms(2—3)
Ims-invD(1—3,8,9)[OF assms(1)]
Ims-inv-lms-helper(3)[OF assms(1)]]
Ims-locations-inv-maintained-step| OF assms(2—3)
Ims-invD(1—2,4,8,9,12)[OF assms(1)]
Ims-inv-lms-helper(3)[OF assms(1)]]
Ims-unchanged-inv-maintained-step| OF assms(2—3)
Ims-invD(1—-2,5,8,9,12)[OF assms(1)]
Ims-inv-lms-helper(3)[OF assms(1)]]
Ims-inserted-inv-maintained-step| OF assms(2—3)
Ims-invD(1—3,6,8,12)[OF assms(1)]
Ims-inv-Ims-helper(1)[OF assms(1)]]
Ims-sorted-inv-maintained-step| OF assms(2—3)
Ims-invD(1—8,12,18)[OF assms(1)]
Ims-inv-Ims-helper(1)[OF assms(1)]]
by (metis assms(1) length-list-update Ims-inv-def)

lemma Ims-inv-maintained:
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assumes bucket-insert-abs’ « T B SA gs xs = (SA’, B’, gs’)
and Ims-inv « T B LMS gs xs SA0 SA
shows Ims-inv o T B’ LMS gs' [| SA0 SA’
using assms
proof (induct arbitrary: SA’ B’ gs'" LMS SA0
rule: bucket-insert-abs’.induct[of - « T B SA gs zs])
case (I a T B SA gs)
note BC = this
from BC(1)[simplified]
have B’ = B SA’ = SA gs' = gs
by auto
with BC(2)
show ?Zcase
by simp
next
case (2 a T B SA gs x xs)
note IH = this
let %0 =a (T! z)
let %6 = B! ?b — Suc 0
from Ims-inv-maintained-step|OF IH(3), of ?b ?k]
have R1: Ims-inv o T (B[?b := %k]) LMS (gs Q [z]) s SAO (SA[%k := z])
by simp

from [H(2)[simplified, simplified Let-def]
have R2: bucket-insert-abs’ @ T (B[?b := %k]) (SA[%k := z]) (gs Q [z]) xs =
(SA/a Bla gS/) *

from IH(1)[of ?b %k SA[%k := x| B[?b := %k] gs Q [z] SA’ B’ g’ LMS SA0,
simplified,
OF R2 R1]
show ?case .
qed

lemma Ims-inv-holds:
assumes Vi < length SA. SA! i = length T
and Vuz € set LMS. abs-is-lms T x
and distinct LMS
and Ims-bucket-init « T B
and length SA = length T
and strict-mono «
and  bucket-insert-abs’ « T B SA [| LMS = (SA’, B’, gs’)
shows Ims-inv o T B’ LMS gs' [] SA SA’
using Ims-inv-maintained[OF assms(7) Ims-inv-established| OF assms(1—06)]] .

63 Exhaustiveness
definition Ims-type-exhaustive :: (‘a :: {linorder, order-bot}) list = nat list = bool

where
Ims-type-exhaustive T SA = (Vi < length T. abs-is-lms T { — i € set SA)
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lemma Ims-type-erhaustiveD:
[Ims-type-exhaustive T SA; i < length T; abs-is-lms T i = i € set SA
using Ims-type-exhaustive-def by blast

lemma Ims-all-inserted-imp-exhaustive:
assumes [ms-inserted-inv LMS SA LMS |]
and  set LMS = {i. abs-is-lms T i}
shows Ims-type-ezhaustive T SA
unfolding Ims-type-erhaustive-def
proof (intro alll impl)
fix ¢
assume i < length T abs-is-Ims T i
with assms(2)
have i € set LMS
by blast
with Ims-inserted-invD(2)[OF assms(1)]
show ¢ € set SA
by blast
qed

lemma Ims-type-erhaustive-imp-lms-bucket-subset:
assumes [ms-type-ezhaustive T SA
and b < «a (Maz (set T))
shows [Ims-bucket o« T b C set SA
proof (intro subsetl)
fix z
assume z € Ims-bucket a T b
hence z < length T
by (simp add: abs-is-lms-imp-less-length Ims-bucket-def)

from <z € Ims-bucket o T b»
have abs-is-lms T x
by (simp add: lms-bucket-def)

from Ims-type-exhaustiveD[OF assms(1) «x < length T» <abs-is-lms T x)]
show z € set SA .
qged

lemma Ims-B-val:
assumes Vi < length SA. SA! i = length T
and distinct LMS
and Ims-bucket-init « T B
and length SA = length T
and strict-mono «
and  set LMS = {i. abs-is-lms T i}
and  bucket-insert-abs’ a T B SA [| LMS = (SA’, B’, gs’)
and b < a (Maz (set T))

244



shows B'! b = Ims-bucket-start o T b
proof —
from assms(6)
have Vz € set LMS. abs-is-lms T z
by blast
with Ims-inv-holds[OF assms(1) - assms(2—5,7)]
have Ims-inv o T B" LMS gs' || SA SA'.
hence Ims-inserted-inv LMS SA' gs' ||
using Ims-inv-def by blast
hence gs’ = LMS
by (simp add: Ims-inserted-inv-def)
with (ms-inserted-inv LMS SA’ gs' []» Ims-all-inserted-imp-ezhaustive] OF - assms(6),
of SA']
have Ims-type-exhaustive T SA’
by simp
with Ims-type-exhaustive-imp-lms-bucket-subset assms(8)
have Ims-bucket o T b C set SA’
by blast
with cur-lms-subset-lms-bucket
have cur-lms-types a T SA’ b = Ilms-bucket o T b
by (simp add: cur-lms-types-def equalityl subset-eq)
hence num-lms-types o T SA’" b = card (Ims-bucket o T b)
by (simp add: num-Ims-types-def)
moreover
from <Ims-inv « T B’ LMS gs' [] SA SA"
have Ims-bucket-ptr-inv o T B’ SA’
using Ims-inv-def by blast
with Ims-bucket-ptr-invD assms(8)
have B’ ! b + num-Ims-types o T SA’ b = bucket-end o T b
by blast
ultimately
have B’ ! b + card (Ims-bucket o T b) = bucket-end o T b
by simp
then show B’! b = Ims-bucket-start o T' b
by (metis add-implies-diff Ims-bucket-pl-size-eq-end Ims-bucket-size-def)
qed

64 Postconditions

definition Ims-vals-post :: ('a :: {linorder, order-bot} = nat) = 'a list = nat list
= bool
where
Ims-vals-post a« T SA =

(Vb < o (Max (set T)).

Ims-bucket oo T b = set (list-slice SA (Ims-bucket-start o T b) (bucket-end o T

)

)

lemma Ims-vals-postD:
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[Ims-vals-post « T SA; b < o (Mazx (set T))] =
Ims-bucket o T b = set (list-slice SA (Ims-bucket-start o T b) (bucket-end o T

b))

using Ims-vals-post-def by blast

definition
Ims-pre :: ("a :: {linorder, order-bot} = nat) = 'a list = nat list = nat list =
nat list = bool
where
Ims-pre « T B SA LMS =
(Vi < length SA. SA! i = length T) A
length SA = length T A
Ims-bucket-init o« T B N
strict-mono o N\
distinct LMS N
set LMS = {i. abs-is-lms T i}

lemma Ims-pre-elims:
Ims-pre « T B SA LMS = Vi < length SA. SA| i = length T
Ims-pre « T B SA LMS = length SA = length T
Ims-pre « T B SA LMS — Ims-bucket-init « T B
Ims-pre a« T B SA LMS = strict-mono «
Ims-pre a« T B SA LMS = distinct LMS
Ims-pre o« T B SA LMS = set LMS = {i. abs-is-lms T i}
using Ims-pre-def by blast+

lemma [Ims-vals-post-holds:
assumes Vi < length SA. SA! i = length T
and distinct LMS
and Ims-bucket-init o T B
and length SA = length T
and strict-mono «
and  set LMS = {i. abs-is-lms T i}
and  bucket-insert-abs’ o T B SA [| LMS = (SA’, B’, gs’)
shows Ims-vals-post o T SA’
unfolding Ims-vals-post-def
proof (intro alll impl)
fix b
assume b < a (Maz (set T))

from assms(6)
have YV € set LMS. abs-is-lms T x
by blast
with Ims-inv-holds|OF assms(1) - assms(2—5,7)]
have R0O:lms-inv « T B’ LMS gs’ [] SA SA’.

from Ims-B-val[OF assms(1—"7) <b < a (Maz (set T))»)
have R1: B'! b = Ims-bucket-start a T b .
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have bucket-end o T b < length SA’
by (metis RO bucket-end-le-length Ims-inv-def)

have finite (Ims-bucket o T b)
by (simp add: finite-Ims-bucket)
moreover
from Ims-slice-subset-lms-bucket|OF Ims-invD(4,12)[OF RO] <b < o (Maz (set
7))
have set (list-slice SA’ (B’ ! b) (bucket-end « T b)) C Ims-bucket o T b .
with R1
have set (list-slice SA’ (Ims-bucket-start a T b) (bucket-end o T b)) C Ims-bucket
aTb
by simp
moreover
from Ims-distinct-slice[OF Ims-invD(1,2,4,12)[OF R0O] <b < « (Maz (set T))»]
have distinct (list-slice SA’ (B’ ! b) (bucket-end o T b)) .
with R1
have distinct (list-slice SA’ (Ims-bucket-start o« T b) (bucket-end o T b))
by simp
with distinct-card
have card (set (list-slice SA’ (Ims-bucket-start o T b) (bucket-end o T b)))
= length (list-slice SA’ (Ims-bucket-start o T b) (bucket-end o T b))
by blast
with <bucket-end o T b < length SA’
have card (set (list-slice SA’ (Ims-bucket-start o T b) (bucket-end o T b)))
= Ims-bucket-size o« T b
by (metis add-diff-cancel-left’ length-list-slice Ims-bucket-pl-size-eq-end min.absorb-iff1)
hence card (set (list-slice SA’ (Ims-bucket-start o T b) (bucket-end o T b)))
= card (Ims-bucket o T b)
by (simp add: Ims-bucket-size-def)

ultimately
show Ims-bucket a« T b = set (list-slice SA’ (Ims-bucket-start o T b) (bucket-end
a Tb))
using card-subset-eq by blast
qed

corollary abs-bucket-insert-vals:
assumes Ims-pre o T B SA LMS
shows Ims-vals-post oo T (abs-bucket-insert o T B SA LMS)
proof —
have 3SA’ B’ gs. bucket-insert-abs’ « T B SA [| LMS = (SA’, B’, gs)
by (meson prod-cases3)
then obtain SA’ B’ gs where
A: bucket-insert-abs’ o T B SA [] LMS = (SA’, B, gs)
by blast
hence abs-bucket-insert o T B SA LMS = SA’
by (metis abs-bucket-insert-equiv fst-conv)
with Ims-vals-post-holds[OF Ims-pre-elims(1,5,3,2,4,6)[OF assms] A]
show ?thesis
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by simp
qed

definition Ims-unknowns-post
where
Ims-unknowns-post o« T SA =
(Vb < o (Max (set T)).
(Vi. bucket-start o« T b < i A i < Ilms-bucket-start « T b — SA | { = length
T)
)

lemma Ims-unknowns-postD:
[ims-unknowns-post a T SA; b < o (Max (set T)); bucket-start o T b < 4;
i < lms-bucket-start a T b] =
SA 7= length T
using Ims-unknowns-post-def by blast

lemma Ims-unknowns-post-holds:

assumes Vi < length SA. SA! i = length T

and distinct LMS

and Ims-bucket-init « T B

and  length SA = length T

and strict-mono «

and  set LMS = {i. abs-is-lms T i}

and  bucket-insert-abs’ « T B SA [| LMS = (SA’, B’, gs’)
shows Ims-unknowns-post o« T' SA’

unfolding Ims-unknowns-post-def
proof (intro alll impl; elim conjE)

fix b1

assume b < a (Maz (set T)) bucket-start o T b < i < Ims-bucket-start o T b

from assms(6)
have Vz € set LMS. abs-is-Ims T z
by blast
with Ims-inv-holds|OF assms(1) - assms(2—5,7)]
have R0O:lms-inv o T B’ LMS gs’ [] SA SA’ .

from «i < Ims-bucket-start o T b>

have i < length SA

by (metis assms(4) bucket-end-le-length dual-order.strict-trans1 Ims-bucket-start-le-bucket-end)
moreover

from Ims-B-val[OF assms(1—7) <b < a (Mazx (set T))»)

have B'! b = Ims-bucket-start o T' b .

with « < Ims-bucket-start o T b»

have i < B’ b

by simp

with Ims-unchanged-invD[OF Ims-invD(5)[OF RO] <b < o (Max (set T))» <bucket-start
aTb<b]

have SA'!i= SA i
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by blast
ultimately
show SA'! i = length T
using assms(1) by auto
qed

corollary abs-bucket-insert-unknowns:
assumes Ims-pre « T B SA LMS
shows Ims-unknowns-post a T (abs-bucket-insert o T B SA LMS)
proof —
have 3 SA’ B’ gs. bucket-insert-abs’ a« T B SA [| LMS = (SA’, B’, gs)
by (meson prod-cases3)
then obtain SA’ B’ gs where
A: bucket-insert-abs’ o T B SA [| LMS = (SA’, B’, gs)
by blast
hence abs-bucket-insert « T B SA LMS = SA’
by (metis abs-bucket-insert-equiv fst-conv)
with Ims-unknowns-post-holds|OF Ims-pre-elims(1,5,8,2,4,6)[OF assms] A]
show ?thesis
by simp
qed

corollary abs-bucket-insert-values:

assumes Ims-pre « T B SA LMS

shows Vb < o (Maz (set T)).

(Vi. bucket-start « T b < i A i < lms-bucket-start o T b — (abs-bucket-insert
a T BSALMS)!i=length T) A
Ims-bucket o T b = set (list-slice (abs-bucket-insert o T B SA LMS)

(Ims-bucket-start o T b) (bucket-end o T b))

by (meson assms abs-bucket-insert-unknowns abs-bucket-insert-vals lms-unknowns-postD
Ims-vals-postD)

lemma Ims-Ims-prefiz-sorted-holds:

assumes Vi < length SA. SA! i = length T

and distinct LMS

and Ims-bucket-init o« T B

and length SA = length T

and strict-mono o

and  set LMS = {i. abs-is-lms T i}

and  bucket-insert-abs’ o T B SA [| LMS = (SA’, B’, gs’)
shows ordlistns.sorted (map (Ims-prefiz T) (filter (Az. z < length T) SA'))
proof —

from assms(6)

have Vz € set LMS. abs-is-lms T z

by blast
with Ims-inv-holds|OF assms(1) - assms(2—5,7)]
have R0:lms-inv o T B’ LMS gs’ [] SA SA’ .

from Ims-lms-prefiz-sorted| OF Ims-invD(2,4,5,8,12,13)[OF R0] assms(6)]
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show “thesis .
qed

lemma Ims-suffiz-sorted-holds:

assumes Vi < length SA. SA! i = length T

and distinct LMS

and Ims-bucket-init o« T B

and length SA = length T

and strict-mono o

and  set LMS = {i. abs-is-lms T i}

and  bucket-insert-abs’ a T B SA [| LMS = (SA’, B’, gs’)

and  ordlistns.sorted (map (suffic T) (rev LMS))
shows ordlistns.sorted (map (suffix T) (filter (A\z. z < length T) SA’))
proof —

from assms(6)

have Vx € set LMS. abs-is-lms T z

by blast
with Ims-inv-holds|OF assms(1) - assms(2—5,7)]
have R0O:lms-inv o T B’ LMS gs’ [] SA SA’.

from Ims-suffiz-sorted| OF Ims-invD(2,4,5,7,8,12,13)[OF R0O] assms(6) assms(8)]
show ?thesis .
qed

lemma Ims-bot-is-first:
assumes Vi < length SA. SA! i = length T
and distinct LMS
and Ims-bucket-init o T B
and length SA = length T
and strict-mono «
and  set LMS = {i. abs-is-lms T i}
and  bucket-insert-abs’ a T B SA [| LMS = (SA’, B’, gs’)
and valid-list T
and  length T = Suc (Suc n)
and a bot = 0
shows SA’! 0 = Suc n
proof —
have abs-is-lms T (Suc n)
by (simp add: assms(8,9) abs-is-lms-last)
moreover
have o (T ! (Suc n)) = 0
by (metis assms(8—10) diff-Suc-1 last-conv-nth length-greater-0-conv valid-list-def)
ultimately
have Suc n € Ims-bucket o T 0
by (simp add: assms(5,8—10) bucket-0 Ims-bucket-def)

have Ims-bucket-size o« T 0 = Suc 0 l-bucket-size o T 0 = 0 pure-s-bucket-size

aT0=20
using assms(5,8—10) bucket-0-size2 by blast+
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hence Ims-bucket a T 0 = {Suc n}
by (metis One-nat-def add.commute assms(5,8—10) atLeastLessThan-singleton
bucket-0
Ims-bucket-size-def Ims-bucket-subset-bucket plus-1-eq-Suc subset-card-intvl-is-intvl)

from assms(6)
have Vz € set LMS. abs-is-lms T z
by blast
with Ims-inv-holds|OF assms(1) - assms(2—5,7)]
have R0:lms-inv o T B’ LMS gs’ [] SA SA’ .

from <l-bucket-size a« T 0 = 0) <pure-s-bucket-size « T 0 = 0>
have Ims-bucket-start o T 0 = 0
by (simp add: bucket-start-0 lms-bucket-start-def)
moreover
from Ims-B-val[OF assms(1—7), of 0]
have B'! 0 = Ims-bucket-start o T 0
by simp
moreover
have 0 < bucket-end o T 0
by (simp add: assms(5,8,10) valid-list-bucket-end-0)
ultimately
show ?thesis
using Ims-locations-invD|[OF Ims-invD(4)[OF RO], of 0 0] «Ims-bucket o T 0
= {Suc n}
by auto
qed

corollary abs-bucket-insert-bot-first:
assumes Ims-pre « T B SA LMS
and valid-list T
and  length T = Suc (Suc n)
and o bot = 0
shows (abs-bucket-insert « T B SA LMS) ! 0 = Suc n
proof —
have 3SA’ B’ gs. bucket-insert-abs’ « T B SA [| LMS = (SA’, B’, gs)
by (meson prod-cases3)
then obtain SA’ B’ gs where
A: bucket-insert-abs’ o T B SA [| LMS = (SA’, B’, gs)
by blast
hence abs-bucket-insert « T B SA LMS = SA’
by (metis abs-bucket-insert-equiv fst-conv)
with Ims-bot-is-first| OF Ims-pre-elims(1,5,3,2,4,6)[OF assms(1)] A assms(2—)]
show ?thesis
by simp
qed

— Used in SAIS algorithm as part of inducing the prefix ordering based on LMS
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theorem Ims-prefiz-sorted-bucket:
assumes Ims-pre « T B SA LMS
and b < «a (Maz (set T))
shows ordlistns.sorted (map (Ims-prefiz T)
(list-slice (abs-bucket-insert « T B SA LMS) (Ims-bucket-start o T b)
(bucket-end o« T b)))
(is ordlistns.sorted (map ?f 25A))
proof —
have 3SA’ B’ gs. bucket-insert-abs’ « T B SA [| LMS = (SA’, B’, gs)
by (meson prod-cases3)
then obtain SA’ B’ gs where
A: bucket-insert-abs’ o T B SA [] LMS = (SA’, B, gs)
by blast
hence abs-bucket-insert o T B SA LMS = SA’
by (metis abs-bucket-insert-equiv fst-conv)

from Ims-vals-postD|OF abs-bucket-insert-vals|OF assms(1)] assms(2)]
have P: Vz € set 2SA . x < length T
using abs-is-lms-imp-less-length Ims-bucket-def by blast

from Ims-lms-prefiz-sorted-holds|OF Ims-pre-elims(1,5,3,2,4,6)[OF assms(1)]
4]

have ordlistns.sorted (map (Ims-prefic T) (filter (Az. x < length T') SA")) .

hence ordlistns.sorted (map (Ims-prefiz T) (filter (Az. © < length T) ?SA))

using <abs-bucket-insert « T B SA LMS = SA'y ordlistns.sorted-map-filter-list-slice

by blast
then show ?thesis
by (simp add: P)
qed

— Used in SAIS algorithm as part of inducing the suffix ordering based on LMS
theorem Ims-suffix-sorted-bucket:
assumes Ims-pre « T B SA LMS
and  ordlistns.sorted (map (suffic T) (rev LMS))
and b < a (Maz (set T))
shows ordlistns.sorted (map (suffix T)
(list-slice (abs-bucket-insert o T B SA LMS) (Ims-bucket-start o T b)
(bucket-end o« T b)))
(is ordlistns.sorted (map ?f ?25A))
proof —
have 3SA’ B’ gs. bucket-insert-abs’ « T B SA [| LMS = (SA’, B’, gs)
by (meson prod-cases3)
then obtain SA’ B’ gs where
A: bucket-insert-abs’ o T B SA [| LMS = (SA’, B’, gs)
by blast
hence abs-bucket-insert « T B SA LMS = SA’
by (metis abs-bucket-insert-equiv fst-conv)
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from Ims-vals-postD|OF abs-bucket-insert-vals|OF assms(1)] assms(3)]
have P: Vz € set 2SA . x < length T
using abs-is-lms-imp-less-length Ims-bucket-def by blast

from Ims-suffiz-sorted-holds| OF Ims-pre-elims(1,5,3,2,4,6)[OF assms(1)] A assms(2)]
have ordlistns.sorted (map (suffix T) (filter (Az. © < length T) SA")) .
hence ordlistns.sorted (map (suffic T) (filter (Az. © < length T) ?SA))
using <abs-bucket-insert o T B SA LMS = SA"y ordlistns.sorted-map-filter-list-slice
by blast
then show ?thesis
by (simp add: P)
qed

end

theory Abs-Induce-L-Verification
imports ../abs—def / Abs-SAIS

begin

65 Abstract Induce L-types Simple Properties

lemma abs-induce-I-step-ex:

3B’ SA’ i'. abs-induce-l-step a b = (B’, SA’, i)

by (cases a; cases b; clarsimp split: prod.splits nat.splits SL-types.splits simp:
Let-def)

lemma abs-induce-I-step-B-length:
abs-induce-l-step (B, SA, i) (a, T) = (B’, SA’, i") = length B’ = length B
by (clarsimp split: prod.splits nat.splits SL-types.splits if-splits simp: Let-def)

lemma abs-induce-I-step-SA-length:
abs-induce-l-step (B, SA, i) (o, T) = (B’, SA’, i') = length SA’ = length SA
by (clarsimp split: prod.splits nat.splits SL-types.splits if-splits simp: Let-def)

lemma abs-induce-I-step-Suc:
3B’ SA'. abs-induce-l-step (B, SA, i) («, T) = (B’, SA’, Suc 7)
by (clarsimp simp: Let-def split: prod.splits nat.splits SL-types.splits)

lemma abs-induce-I-step-B-val-1:
[length SA < i; abs-induce-l-step (B, SA, i) (o, T) = (B, SA’, i")] =
B'=B
[i < length SA; length T < SA ! i; abs-induce-l-step (B, SA, i) (o, T) = (B,
SA', )] =
B'=B
[i < length SA; SA ! i < length T; SA! i = 0;
abs-induce-lI-step (B, SA, i) (a, T) = (B', S4’, i')] =
B'=B
[¢ < length SA; SA ! i < length T; SA! i = Suc j; suffiz-type T j = S-type;
abs-induce-lI-step (B, SA, i) (o, T) = (B, SA’, i')] =
B'=B
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by (clarsimp simp: Let-def split: prod.splits nat.splits SL-types.splits if-splits)+

lemma abs-induce-I-step-B-val-2:
[strict-mono «;
a (Maz (set T)) < length B;
1 < length SA;
SA i < length T,
SA i = Sucy;
suffiz-type T j = L-type;
abs-induce-l-step (B, SA, i) (o, T) = (B, SA, i')] =
B'= Bla (T 'j) := Suc (B! a (T!}j))
by (clarsimp simp: Let-def split: prod.splits nat.splits SL-types.splits if-splits)

lemma repeat-abs-induce-I-step-index:
3B’ SA’. repeat n abs-induce-l-step (B, SA, m) (o, T) = (B’, SA’, n + m)
proof (induct n)
case (
then show ?case
by (simp add: repeat-0)
next
case (Suc n)
from this
obtain B’ SA’ where
A: repeat n abs-induce-lI-step (B, SA, m) (o, T) = (B', SA’, n + m)
by blast

from repeat-step|of n abs-induce-l-step (B, SA, m) (a, T)]
have B: repeat (Suc n) abs-induce-l-step (B, SA, m) (a, T) =
abs-induce-I-step (repeat n abs-induce-l-step (B, SA, m) (o, T)) (e, T)
by assumption

from abs-induce-l-step-Suclof B’ SA’n + m o T

obtain B’ SA” where
abs-induce-lI-step (B', SA’, n + m) (a, T) = (B", SA”, Suc (n + m))
by blast

with A B

show Zcase
by simp

qed

lemma abs-induce-l-step-lengths:
abs-induce-l-step (B, SA, i) (o, T) = (B’, SA’, i) =
length B’ = length B A length SA’ = length SA
by (clarsimp split: if-splits nat.splits SL-types.splits simp: Let-def)

lemma repeat-abs-induce-l-step-lengths:
repeat n abs-induce-l-step (B, SA, i) (o, T) = (B, SA', i') =
length B’ = length B A length SA’ = length SA

proof —
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let 7P = A(a, b, ¢). length a = length B A length b = length SA

from abs-induce-I-step-lengths
have A: Aa. ?P a = ?P (abs-induce-l-step a (o, T))
by (clarsimp simp: Let-def split: prod.splits if-splits nat.splits SL-types.splits)

assume repeat n abs-induce-l-step (B, SA, i) («, T) = (B, SA’, i)

with repeat-maintain-inv|of P abs-induce-l-step (o, T) (B, SA4, i) n,
OF A]
show ?thesis
by auto
qed

lemma abs-induce-l-index:
3B’ SA’. abs-induce-l-base o« T B SA = (B', SA’, length T)

by (metis add.right-neutral abs-induce-l-base-def repeat-abs-induce-l-step-inder)

lemma abs-induce-I-length:
length (abs-induce-l « T B SA) = length SA
unfolding abs-induce-I-def abs-induce-I-base-def
by (rule repeat-maintain-inv)
(fastforce
simp del: abs-induce-I-step.simps
split: prod.splits
dest: abs-induce-l-step-SA-length)+

66 Precondition Definitions

definition Ims-init :: (‘a :: {linorder,order-bot} = nat) = 'a list = nat list =
bool
where
Ims-init o T SA =
(Vb < o (Max (set T)).
Ims-bucket o« T b =
set (list-slice SA (Ims-bucket-start o T b) (bucket-end o T b))

)

lemma Ims-init-D:
[ims-init o T SA; b < o (Maz (set T))] =
Ims-bucket o T b = set (list-slice SA (Ims-bucket-start o T b) (bucket-end o T
b))

using Ims-init-def by blast

lemma [Ims-init-nth:
[Ims-init o T SA;
b < a (Mazx (set T));
Ims-bucket-start o T b < i,
i < bucket-end o T b;
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length SA = length T] =
abs-is-lms T (SA Vi) ANa (T (SA1Q) =10
by (fastforce
dest: Ims-init-D list-slice-nth-mem[where zs = SA]
simp: bucket-end-le-length Ims-bucket-def bucket-def)

lemma Ims-init-imp-distinct-bucket:
[lms-init o T S4;
b < a (Mazx (set T));
length SA = length T] =
distinct (list-slice SA (Ims-bucket-start o T b) (bucket-end o T b))
by (metis bucket-end-def’ min.absorbl diff-diff-add bucket-end-le-length
l-pl-pure-s-pl-lms-size Ilms-bucket-start-def length-list-slice
diff-add-inverse Ims-init-D  Ims-bucket-size-def card-distinct)

lemma Ims-init-imp-all-lms-in-SA:
assumes [ms-init o T SA
and strict-mono «
shows {k |k. abs-is-lms T k} C set SA
proof
fix z
assume z € {k |k. abs-is-lms T k}
hence z < length T
using abs-is-lms-gre-length le-less-linear by blast

from «x € {k |k. abs-is-lms T k}>

have abs-is-lms T z
by blast

with <z < length T»

have z € Ims-bucket o T (o (T ! ))
unfolding Ims-bucket-def bucket-def
by blast

from <strict-mono a» «x < length T)
have o (T ! z) < a (Maz (set T))
by (simp add: strict-mono-leD)

from Ims-init-D[OF <Ims-init o T SA> «a (T ! 2) < o (Maz (set T))]
@ € Ims-bucket « T (o (T ! z))»
show z € set SA
using list-slice-subset by force
qged

definition s-init :: (‘a :: {linorder,order-bot} = nat) = 'a list = nat list = bool
where
s-init o T SA =
(Vb < o (Max (set T)).
Vi < length SA. l-bucket-end o T b < i N © < Ims-bucket-start « T b — SA
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14 = length T

)
)
lemma s-init-D:
[s-init o T SA;
b < a (Max (set T));
i < length SA;
l-bucket-end o T b < 1
i < lms-bucket-start a T b] =
SA ! i = length T
using s-init-def by blast

definition [-init :: (‘a :: {linorder,order-bot} = nat) = 'a list = nat list = bool
where
l-init o T SA =
(Vb < o (Max (set T)).
Vi < length SA. bucket-start o« T b < i N i < [-bucket-end o« T b — SA ! i =
length T

)

lemma [-init-D:

[l-init o T SA;
b < a (Mazx (set T));
i < length SA;
bucket-start o T b < 1
i < l-bucket-end a T V] =
SA i = length T

using [l-init-def by blast

lemma init-imp-lms-range:

assumes Ims-init o T SA

and l-init « T SA

and s-init a« T SA

and length SA = length T

and strict-mono «

and i < length SA

and SAli=j

and j < length T

shows Ims-bucket-start o T (a (T !j)) < i A i < bucket-end o T (o (T ! §))
proof —

from <i < length SA» <length SA = length T>

have i < length T

by simp

from indez-in-bucket-interval-gen| OF i < length T <strict-mono
obtain b where

b < a (Max (set T))

bucket-start « T b < ¢

i < bucket-end o T b
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by blast

have i < l-bucket-end o« T b — False
proof
assume i < l-bucket-end o T b
with [-init-D[OF «-init o T SAy <b < a (Maz (set T))» <i < length SA]
<bucket-start o« T b < 1y

(SA Vi =
j < length T»
show Fulse
by simp

qed

have [-bucket-end o T b < i A 1 < lms-bucket-start o« T b — False
proof (intro impI; elim conjE)
assume [-bucket-end o« T b < 1 ¢ < Ims-bucket-start o« T b
with s-init-D[OF «<s-init « T SA» <b < o (Max (set T))» «i < length SA»]
SAVi=j
j < length T)
show Fulse
by simp
qed
with (i < [-bucket-end o« T b — Fulse)
b < o (Maz (set T))»
<i < bucket-end o T by
dms-init o« T SA»
<length SA = length T»
WSAVi=j
show ?thesis
by (metis Ims-init-nth not-less)
qed

lemma init-imp-only-Ims-types:
assumes Ims-init o« T SA
and l-init o T SA
and s-init a T SA
and length SA = length T
and strict-mono o
shows Vi < length SA. SA ! i < length T — abs-is-lms T (SA ! )
proof (intro alll impl)
fix ¢
assume i < length SA SA ! i < length T
with init-imp-lms-range[OF <ms-init « T SA»
<-init o T SA>
<s-init o T SA»
<length SA = length T»
<strict-mono
i < length SA»]
have Ims-bucket-start o T (o (T'! (SA14))) < i A i < bucket-end o T (e (T!
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(SA!1)))
by simp
with <SA ! i < length T) (Ims-init o T SA> <length SA = length T <strict-mono
a
show abs-is-lms T (SA ! 7)
by (meson Max-greD Ims-init-nth strict-mono-less-eq)
qed

lemma init-imp-only-s-types:
assumes Ims-init o T SA
and l-init « T SA
and s-init a« T SA
and length SA = length T
and strict-mono «
shows Vi < length SA. SA | i < length T — suffiz-type T (SA ! i) = S-type
using assms init-imp-only-lms-types abs-is-lms-def by blast

definition Ims-sorted-init ::
('a :: {linorder, order-bot} = nat) =
('a list = nat = 'a list) =
‘a list =
nat list =
bool
where
Ims-sorted-init o f T SA =
(Vb < o (Max (set T)).
ordlistns.sorted (map (f T) (list-slice SA (Ims-bucket-start o T b) (bucket-end
o T1)

)

lemma Ims-sorted-init-D:
[Ims-sorted-init o f T SA; b < a (Maz (set T))] =
ordlistns.sorted (map (f T) (list-slice SA (Ims-bucket-start o T b) (bucket-end
a Th))
using Ims-sorted-init-def by blast

definition [-suffiz-sorted-pre ::

('a :: {linorder, order-bot} = nat) = 'a list = nat list = bool

where
l-suffiz-sorted-pre o T SA =

(Vb < a (Mazx (set T)).

ordlistns.sorted (map (suffix T) (list-slice SA (Ims-bucket-start o T b) (bucket-end
a Tb)))

)

lemma [-suffiz-sorted-preD:

[l-suffiz-sorted-pre « T SA; b < o (Maz (set T))] =

ordlistns.sorted (map (suffiz T) (list-slice SA (Ims-bucket-start o T b) (bucket-end
a Tb)))
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using [-suffiz-sorted-pre-def by blast

definition [-prefix-sorted-pre ::
('a :: {linorder, order-bot} = nat) = ’a list = nat list = bool
where
l-prefiz-sorted-pre « T SA =
(Vb < o (Max (set T)).
ordlistns.sorted (map (Ims-prefic T) (list-slice SA (Ims-bucket-start o T b)
(bucket-end o T b)))

)

lemma [-prefix-sorted-preD:
[l-prefiz-sorted-pre o T SA; b < o (Maz (set T))] =
ordlistns.sorted (map (Ims-prefiz T) (list-slice SA (Ims-bucket-start o T b)
(bucket-end o T b)))
using [-prefix-sorted-pre-def by blast

definition [-perm-pre ::
('a :: {linorder, order-bot} = nat) =
‘a list =
nat list =
nat list =
bool
where
l-perm-pre « T B SA =
(Ims-init « T SA A
l-init o« T SA A
s-init o T SA A
l-bucket-init « T B A
T#[A
strict-mono o N\
length SA = length T A
a (Maz (set T)) < length B)

lemma [-perm-pre-elims:
l-perm-pre a« T B SA = Ims-init a T SA
l-perm-pre a« T B SA = l-init o T SA
l-perm-pre a« T B SA = s-init o T SA
l-perm-pre o T B SA = I-bucket-init « T B
l-perm-pre « T B SA = T # ||
l-perm-pre « T B SA = strict-mono «
l-perm-pre « T B SA = length SA = length T
l-perm-pre o T B SA = « (Max (set T)) < length B
unfolding I-perm-pre-def by blast+
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67 Invariant Definitions

This section contains all the various invariants that we need for the abs-induce-1
subroutine.

67.1 Distinctness

definition [-distinct-inv :: (‘a :: {linorder, order-bot}) list = nat list = bool
where
l-distinct-inv T SA = distinct (filter (A\x. x < length T) SA)

lemma [-distinct-inv-D:
assumes [-distinct-inv T SA
and i < length SA
and j < length SA
and 1# ]
and SA i < length T
and SA!'j < length T
shows SA i # SA!j
proof —
from filter-nth-relative-neq-1[where P = Az. z < length T,
OF' «i < length SA»
«SA Vi < length T
j < length SA»
«SA 1 j < length T
@ # ]
obtain i’ j' where
i’ < length (filter (A\z. x < length T) SA)
j’ < length (filter (Azx. x < length T) SA)
filter (A\z. & < length T) SA!i' = SA i
filter (A\z. x < length T) SA!lj' = SA!j
i'#
by blast

from distinct-conv-nth| THEN iffD1,
OF I-distinct-inv-def[THEN iffD1],
OF «l-distinct-inv T SA)]
filter (Az. x < length T) SAVi'= SA! D
filter (Az. © < length T) SA!j' = SA ! j
i’ < length (filter (Az. © < length T) SA)»
i’ £ 5N
j" < length (filter (Az. © < length T) SA)»
show ?thesis
by fastforce
qed

67.2 Predecessor

definition [-pred-inv :: (‘a :: {linorder, order-bot}) list = nat list = nat = bool

261



where
l-pred-inv T SA k =
(Vi < length SA. SA ! i < length T A suffiz-type T (SA ! i) = L-type —
(35 < length SA. SA!j= Suc (SA!' i) ANj<iNj<k))

lemma [-pred-inv-D:
[l-pred-inv T SA k; i < length SA; SA ! i < length T; suffiz-type T (SA ! i) =
L-type] =
3j < length SA. SA ! j = Suc (SAVi)ANSAVj<length TANj<iNj<k
by (metis SL-types.simps(2) Suc-lessI l-pred-inv-def suffiz-type-last)

67.3 L Bucket Ptr

We prove that the pointer for each bucket is related to the number of L-types
currently in SA. That is, if we subtract the original pointer with the current,
we should have the number of L-types currently in SA for each symbol.

definition cur-l-types :
('a :: {linorder, order-bot} = nat) = 'a list = nat list = nat = nat set
where

cur-l-types a« T SA b = {i|i. i € set SA N i € l-bucket &« T b }

definition num-I-types ::
('a :: {linorder, order-bot} = nat) = 'a list = nat list = nat = nat
where

num-l-types o T SA b = card (cur-l-types o T SA b)

definition [-bucket-ptr-inv ::
('a :: {linorder, order-bot} = nat) = 'a list = nat list = nat list = bool
where

l-bucket-ptr-inv a« T B SA =
(Vb < o (Max (set T)). B! b = bucket-start « T b + num-I-types o T SA b)

lemma [-bucket-ptr-inv-D:
[l-bucket-ptr-inv o T B SA; b < a (Maz (set T))] =
B! b = bucket-start o T b + num-I-types a« T SA b
using l-bucket-ptr-inv-def by blast

67.4 Unknowns

definition l-unknowns-inv ::
('a :: {linorder, order-bot} = nat) = 'a list = nat list = nat list = bool
where
l-unknowns-inv « T B SA =
(Va < a (Maz (set T)). Vk. Bl a <k Ak < l-bucket-end o T a — SA ' k =
length T')

lemma [-unknowns-inv-D:

[l-unknowns-inv a T B SA; b < o (Max (set T)); B! b < k; k < l-bucket-end «
TH =
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SA ! k = length T
using [~unknowns-inv-def by blast

67.5 Indexes

definition [l-indez-inv ::
(‘a :: {linorder, order-bot} = nat) = 'a list = nat list = nat list = bool
where
l-index-inv o T B SA =
(Vi < length SA.
(Vj. SA Vi = Sucj A Sucj < length T A suffiz-type T j = L-type —
i< B!l (a(T!'}))
)
)

lemma [-indezx-inv-D:
[l-indez-inv o T B SA; i < length SA; SA ! i = Suc j; Suc j < length T; suffiz-type
T j = L-type] =
i< B! (a(T!}j)
using l-indezx-inv-def by blast

67.6 Unchanged

definition [-unchanged-inv ::

('a :: {linorder,order-bot} = nat) = 'a list = nat list = nat list = bool

where
l-unchanged-inv o T SA SA'=

((length SA’ = length SA) A

(Vb < o (Max (set T)).

(Vi < length SA. l-bucket-end o T b < i N i < bucket-end o T b — SA i =

SA’ ! 9)

)

lemma [-unchanged-inv-trans:
[l-unchanged-inv o T SAO SA1; l-unchanged-inv o T SA1 SA2] =
l-unchanged-inv o T SA0 SA2
by (simp add: l-unchanged-inv-def)

lemma [-unchanged-inv-D:

[l-unchanged-inv o« T SA SA'; length SA’ = length SA; b < a (Mazx (set T));
i < length SA; l-bucket-end o T b < i; i < bucket-end o T b] =
SAli=8A"14

using [-unchanged-inv-def by blast

67.7 L Locations

definition [-locations-inv ::
("a :: {linorder,order-bot} = nat) = 'a list = nat list = nat list = bool
where

l-locations-inv « T B SA =
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(Vb < o (Max (set T)).
(Vi < length SA. bucket-start « Tb<iANi< Blb—
SA Vi <length T A suffiz-type T (SA ! i) = L-type N a (T ! (SA14)) =D
)
)

lemma [-locations-inv-D:
[Ilocations-inv o T B S4;
b < a (Mazx (set T));
i < length SA;
bucket-start o T b < 1
i< Bl =
SA Vi < length T A suffiz-type T (SA i) = L-type AN oo (T ! (SA1 %)) =D
using [-locations-inv-def by blast

lemma I-locations-list-slice:
assumes [-locations-inv o T B SA
and b < «a (Mazx (set T))
shows set (list-slice SA (bucket-start o T b) (B! b)) C l-bucket o T b
(is set ?xs C l-bucket o T b)
proof
fix z
assume z € set ?xs

from nth-mem-list-slice|OF «x € set ?xs)]
obtain { where
i < length SA
bucket-start « T b < g
i< B!b
SAli=z
by blast
with l-locations-inv-D[OF assms, of i
have z < length T suffiz-type T z = L-type o (T ! z) = b
by blast+
then show z € l-bucket o« T' b
by (simp add: bucket-def I-bucket-def)
qed

67.8 Seen

In this section, we prove that the seen invariant is maintained. In English,
this invariant states for all L-type suffixes, excluding the one that starts at
position 0, in the suffix array (SA) and that are less than the current index,
their left neighbour is also in SA.
definition I-seen-inv :: ('a :: {linorder, order-bot}) list = nat list = nat = bool
where

l-seen-inv T SA n =Vi < n.i<length SANSA! i <length T —

(Vj. SA Vi = Sucj A suffiz-type T j = L-type —

(3k < length SA. SA ! k = j))
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lemma [-seen-inv-nth-ex:
[l-seen-inv T SA n; i < n; i < length SA; SA | i < length T; SA! i = Suc j;
suffiz-type T j = L-type] =
Ik < length SA. SA ' k=
using [-seen-inv-def by blast

67.9 Sortedness

definition abs-induce-l-sorted ::
(('a :: {linorder,order-bot}) list = nat = 'a list) = 'a list = nat list = bool
where
abs-induce-l-sorted f T SA = ordlistns.sorted (map (f T) (filter (\z. z < length T)
54))

lemma abs-induce-I-sorted-nth:
assumes abs-induce-l-sorted f T SA
and 1<
and j < length SA
and SA i < length T
and SAlj < length T
shows list-less-eq-ns (f T (SA 1 %)) (f T (SA!j))
proof —
let 2SA = filter (Az. < length T) SA and
?le = (\z y. list-less-eq-ns (f T x) (f T y))
from filter-nth-relative-1[where P = (Az. x < length T),
OF <j < length SA»
«SA!j < length T
<
(SA i < length T)]
obtain ¢’ j' where
j' < length ?SA
i’ <
2SA 1 i =8A"j
2SA 1 i = SA
by blast

from ordlistns.sorted-map
<abs-induce-l-sorted f T SA»
have sorted-wrt ?le ?5A
unfolding abs-induce-I-sorted-def
by blast

from sorted-wrt-nth-less|OF <sorted-wrt ?le ?SA»
@’ < jh
j" < length 2SA4)]
have list-less-eq-ns (f T (?SA i) (f T (?SA ! j")
by assumption
with <2541 i’ = SA 1§ «?SA i/ = SA !
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show ?thesis
by simp
qed

definition [-suffiz-sorted-inv ::
(("a :: {linorder,order-bot}) = nat) = 'a list = nat list = nat list = bool
where
l-suffiz-sorted-inv o T B SA =
(Vb < o (Mazx (set T)).
ordlistns.sorted (map (suffix T) (list-slice SA (bucket-start o T b) (B! b))))

lemma [-suffix-sorted-invD:
[l-suffiz-sorted-inv « T B SA; b < a (Max (set T))] =
ordlistns.sorted (map (suffiz T) (list-slice SA (bucket-start o T b) (B! b)))
using [-suffiz-sorted-inv-def by blast

definition [-prefiz-sorted-inv ::
(('a :: {linorder,order-bot}) = nat) = 'a list = nat list = nat list = bool
where
l-prefiz-sorted-inv o T B SA =
(Vb < o (Max (set T)).
ordlistns.sorted (map (Ims-prefiz T) (list-slice SA (bucket-start o T b) (B! b))))

lemma [-prefiz-sorted-invD:
[l-prefiz-sorted-inv o T B SA; b < o (Maz (set T))] =
ordlistns.sorted (map (Ims-prefic T) (list-slice SA (bucket-start o T b) (B! b)))
using [-prefiz-sorted-inv-def by blast

67.10 Permutation

definition [-perm-inv ::
('a :: {linorder, order-bot} = nat) =
‘a list =
nat list =
nat list =
nat list =
nat =
bool
where

l-perm-inv o« T B SA SA' i =
o (Maz (set T)) < length B A
length SA = length T A
length SA’ = length SA A
I-distinct-inv T SA’ A
l-unknowns-inv o T B SA’ A
l-bucket-ptr-inv o T B SA’ A
l-indez-inv o« T B SA’ N\
l-unchanged-inv o T SA SA’ A
l-locations-inv o T B SA’' A
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l-pred-inv T SA’ i A
l-seen-inv T SA’ i A
strict-mono a A\
A

Ims-init « T SA A
s-init o« T SA

lemma [-perm-inv-elims:
l-perm-inv o« T B SA SA’ i = o (Maz (set T)) < length B
l-perm-inv a T B SA SA' i = length SA = length T
l-perm-inv o T B SA SA' i length SA’ = length SA
l-perm-inv o« T B SA SA' i l-distinct-inv T SA’
l-perm-inv o T B SA SA’ i l-unknowns-inv « T B SA’
l-perm-inv o T B SA SA' i l-bucket-ptr-inv o« T B SA'
l-perm-inv o« T B SA SA’ ¢ l-indez-inv o« T B SA’
l-perm-inv o T B SA SA' i l-unchanged-inv o T SA SA’
l-perm-inv o T B SA SA' i l-locations-inv o« T B SA'
l-perm-inv o« T B SA SA' i l-pred-inv T SA’ i
l-perm-inv o T B SA SA’ i l-seen-inv T SA’ i
l-perm-inv o T B SA SA' i strict-mono «

Y

l-perm-inv o T B SA SA’ i T # ]
l-perm-inv o T B SA SA' i Ims-init o T SA
l-perm-inv o« T B SA SA' i s-init a T SA

<
+

by (simp add: l-perm-inv-de

)

68 Invariant Helpers

68.1 Distinctness of New Insert

We prove that the next item to be inserted cannot already be in the suffix
array.

lemma [-distinct-pred-inv-helper:
assumes i < length SA
and SA i = Sucj
and Suc j < length T
and suffir-type T j = L-type
and l-distinct-inv T SA
and l-pred-inv T SA ¢
shows j ¢ set SA
proof
assume j € set SA
then obtain [ where
I < length SA
SAll=j
by (meson in-set-conv-nth)

from [-pred-inv-D[OF «l-pred-inv T SA @ <l < length SA)]
SAVL =5
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«SA i = Suc
«Suc j < length T»
<suffiz-type T j = L-type>
obtain i’ where

i’ < length SA

SA i = Sucj

i<

i<

by auto

from «(SA ! i = Suc j» «SA i’ = Suc i
have SA!i= SA !’
by simp

from «SA ! i’ = Suc j» «Suc j < length T»
have SA ! i’ < length T
by simp

from i’ <
have i # i’
by simp

from «SA ! i = Suc j» <Suc j < length T
have SA ! i < length T
by simp

from I-distinct-inv-D[OF «<l-distinct-inv T SA»
i < length SA»
i’ < length SA»
G £ i)
«SA ! i < length T
(SA i’ < length T)

(SAVi=SA!{)
show Fulse
by simp
qed

lemma I-distinct-slice:
assumes [-distinct-inv T SA
and l-locations-inv a« T B SA
and length SA = length T
and b < a (Maz (set T))
shows distinct (list-slice SA (bucket-start « T b) (B! b))
(is distinct ?zs)
proof (intro distinct-conv-nth| THEN iffD2] alll impl)
fix 7j
assume i < length ?zs j < length ?zs i # j

let 20 = bucket-start « T b + 1
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and %j = bucket-start « T b + j

have SA! %i = %zs ! ¢
using i < length ?xsy nth-list-slice by force

have SA! 2j = %zs!j
using <j < length ?xs» nth-list-slice by force

from «i # j»
have % # ?j
by auto
moreover
from i < length ?xs»
have ?i < length SA 20 < B!b
by auto
with [-locations-inv-D[OF assms(2.,4), of ?i]
have SA ! ?i < length T
using le-addl by blast
moreover
from <j < length ?xs»
have ?j < length SA 2j < B!b
by auto
with [-locations-inv-D[OF assms(2,4), of %j]
have SA! 9j < length T
using le-addl by blast
ultimately have SA ! %i £ SA ! ?j
using [-distinct-inv-D[OF assms(1) <% < length SAs <%j < length SA)]
by blast
with (SA! 20 = %as iy «SA % = Zzs | j»
show ?zs ! 7 # %xs!j
by simp
qed

68.2 Bucket Ranges

lemma num-I-types-le-l-bucket-size:
num-I-types o T SA b < l-bucket-size a T b
by (metis (no-types, lifting) card-mono cur-l-types-def finite-I-bucket l-bucket-size-def
mem-Collect-eq num-I-types-def subsetl)

lemma num-I-types-less-I-bucket-size:
[ ¢ set SA; suffiz-type T j = L-type; « (T ! j) = b; j < length T] =
num-I-types o T SA b < [-bucket-size a T b
apply (clarsimp simp: num-I-types-def cur-l-types-def l-bucket-size-def)
apply (rule psubset-card-mono)
apply (simp add: finite-l-bucket)
apply (rule psubsetl)
apply (rule subsetl)
apply blast
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apply clarsimp

apply (drule equalityD2)

apply (drule subsetD[where ¢ = j])
apply (simp add: bucket-def I-bucket-def)
apply blast

done

lemma [-bucket-ptr-inv-imp-le-l-bucket-end:
[l-bucket-ptr-inv o T B SA; b < « (Maz (set T))] =
B! b < l-bucket-end o« T b
apply (drule (1) l-bucket-ptr-inv-D)
by (simp add: l-bucket-end-def num-I-types-le-l-bucket-size)

lemma [-bucket-ptr-inv-imp-less-l-bucket-end:

[l-bucket-ptr-inv o T B SA; j < length T; suffiz-type T j = L-type; j ¢ set SA;
strict-mono o] =

B!l (a(T!j) < l-bucket-end o T (o (T ! j))

apply (frule num-Il-types-less-l-bucket-sizelwhere a« = o« and b = o« (T ! j)];
assumption?)

apply simp

apply (drule I-bucket-ptr-inv-Diwhere b = a (T ! j)])

apply (simp add: strict-mono-leD)

by (simp add: l-bucket-end-def)

lemma bucket-size-imp-less-length:

[l-bucket-ptr-inv o T B SA; j < length T; suffiz-type T j = L-type; j ¢ set SA;
strict-mono a] =

B!l (a(T!j) < length T

apply (drule (4) l-bucket-ptr-inv-imp-less-l-bucket-end)

apply (erule order.strict-trans2)

apply (rule order.trans|OF I-bucket-end-le-bucket-end bucket-end-le-length))

done

lemma [-bucket-ptr-inv-imp-ge-bucket-start:
[l-bucket-ptr-inv o T B SA; b < o (Maz (set T))] =
bucket-start « T b < B! b
by (simp add: I-bucket-ptr-inv-D)

lemma [-bucket-ptr-inv-le-bucket-pointers:
[l-bucket-ptr-inv o T B SA; a < b; b < o (Max (set T))] =
Bla<B!b
apply (frule l-bucket-ptr-inv-imp-le-lI-bucket-end[where b = a])
apply arith
apply (frule l-bucket-ptr-inv-D[where b = b])
apply assumption
apply simp
apply (erule order.trans)
apply (rule order.trans[where b = bucket-start o T b))
apply (erule order.trans[OF l-bucket-end-le-bucket-end less-bucket-end-le-start))
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apply simp
done

68.3 No Overwrite

We prove that the next location is set as unknown.

lemma [-unknowns-I-bucket-ptr-inv-helper:
[l-unknowns-inv o T B S4;
l-bucket-ptr-inv a« T B SA;
j < length T,
suffiz-type T j = L-type;
j & set SA;
strict-mono «;
k=a (T!j);
l=Blk =
SA !l = length T
apply (drule (4) I-bucket-ptr-inv-imp-less-l-bucket-end)
apply (drule l-unknowns-inv-D[where b = k and k = l]; simp add: strict-mono-leD)
done

lemma unchanged-slice:
assumes [-unchanged-inv o T SA0 SA
and length SA = length SA0
and length SA = length T
and b < a (Maz (set T))
and l-bucket-end o« T b < i
and j < bucket-end a T b
shows list-slice SA0 i j = list-slice SA i j
proof (intro list-eq-iff-nth-eq THEN iffD2] alll impI conjl)
from <length SA = length SA0)»
length-list-slice
show length (list-slice SAOQ i j) = length (list-slice SA i j)
by simp
next
fix k
assume k < length (list-slice SAQ i j)
with -bucket-end o T b < 0>
have [-bucket-end o« T b < ¢ + k
by simp

from <length SA = length T

have bucket-end o T b < length SA
by (simp add: bucket-end-le-length)

with j < bucket-end o T by

have j < length SA
by simp

with <length SA = length SA0>»

have length (list-slice SAQ i j) = j — i
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by simp
with <k < length (list-slice SAO i j)»
have i < j

by linarith

from «j < length SA»
<k < length (list-slice SAQ i j)»
length (list-slice SAO i j) = j — O
«length SA = length SA0>
have ¢ + k < length SAO
by linarith

from <j < bucket-end o T b»
<k < length (list-slice SA0 i j)»
length (list-slice SAO i j) =47 — D
have i + k < bucket-end o T b
by linarith

from l-unchanged-inv-D[OF <l-unchanged-inv o T SAOQ SA»
<length SA = length SA0>
b < a (Maz (set T))»
i + k < length SAO»
d-bucket-end o« T b < 7 + k»
i+ k < bucket-end o T by]
<k < length (list-slice SAO i j)»
«length SA = length SA0»
show list-slice SAQ i j | k = list-slice SA i j ! k
by (metis length-list-slice nth-list-slice)
qed

lemma Ims-init-unchanged:
assumes [-unchanged-inv o T SA0 SA
and length SA = length SAQ
and length SA = length T
and Ims-init « T SA0
shows Ims-init a« T SA
unfolding Ims-init-def
proof (intro alll impl)
fix b
assume b < a (Maz (set T))

have [-bucket-end o« T b < Ims-bucket-start o« T b
by (simp add: l-bucket-end-le-lms-bucket-start)

from unchanged-slice]OF <l-unchanged-inv o« T SAQ SA»
<length SA = length SAQ»
<length SA = length T»
b < a (Maz (set T))»
<d-bucket-end o T b < Ims-bucket-start o T b»

272



order.refl]
Ims-init-D[OF <ms-init o T SA0> <b < o (Max (set T))]
show Ims-bucket a T b = set (list-slice SA (Ims-bucket-start o T b) (bucket-end
a Tb))
by simp
qed

lemma s-init-unchanged:
assumes [-unchanged-inv o T SA0Q SA
and length SA = length SA0
and length SA = length T
and s-init o T SAQ
shows s-init « T SA
unfolding s-init-def
proof (intro alll impI; elim conjE)
fix b1
assume b < a (Maz (set T))
1 < length SA
l-bucket-end o« T b < 3
1 < Ims-bucket-start o T b

have Ims-bucket-start o« T b < bucket-end o« T b

by (simp add: bucket-end-def’ I-pl-pure-s-pl-lms-size Ims-bucket-start-def)
with (¢ < Ims-bucket-start o T by
have i < bucket-end o T b

by simp

from «i < length SA> <length SA = length SA0)>
have i < length SAO
by simp

from l-unchanged-inv-D[OF <l-unchanged-inv o T SAQ SA»
<length SA = length SA0>»
<b < a (Maz (set T))»
i < length SAQ»
-bucket-end o« T b < 9>
i < bucket-end o T b]

have SA0 !i= SA !

by assumption

from s-init-D[OF <s-init a T SA0»
b < a (Maz (set T))»
i < length SAO»
d-bucket-end o« T b < )
< < Ims-bucket-start o T )
have SA0 ! i = length T
by simp
with «SA0 ! i = SA! D
show SA ! i = length T
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by simp
qed

lemma [-suffiz-sorted-pre-maintained:
assumes [-unchanged-inv o T SA0 SA
and  length SA = length SA0
and length SA = length T
and l-suffiz-sorted-pre a« T SAO
shows [-suffiz-sorted-pre o T SA
unfolding I-suffiz-sorted-pre-def
proof (safe)
fix b
assume b < a (Maz (set T))
let %zs = list-slice SAO (Ims-bucket-start o T b) (bucket-end o T b) and
?ys = list-slice SA (Ims-bucket-start o T b) (bucket-end « T b)

have [-bucket-end o T b < Ims-bucket-start o« T b
using l-bucket-end-le-Ims-bucket-start by auto
with unchanged-slice]OF assms(1—3) b < -]
have %zs = %ys
by blast
then show ordlistns.sorted (map (suffix T) ?ys)
by (metis <b < a (Maz (set T))» assms(4) l-suffiz-sorted-pre-def)
qed

lemma [-prefiz-sorted-pre-maintained:
assumes [-unchanged-inv o T SA0 SA
and length SA = length SA0
and length SA = length T
and l-prefiz-sorted-pre a T SA0
shows [-prefiz-sorted-pre o T SA
unfolding [-prefiz-sorted-pre-def
proof (safe)
fix b
assume b < a (Maz (set T))
let %xs = list-slice SAO (Ims-bucket-start o T b) (bucket-end o T b) and
?ys = list-slice SA (Ims-bucket-start o T b) (bucket-end « T b)

have [-bucket-end o« T b < Ims-bucket-start o« T b
using l-bucket-end-le-Ims-bucket-start by auto
with unchanged-slice]OF assms(1—3) <b < -]
have %zs = %ys
by blast
then show ordlistns.sorted (map (Ims-prefix T) ?ys)
by (metis <b < a (Maz (set T))» assms(4) l-prefix-sorted-pre-def)
qed

lemma unknown-range-values:
assumes [-unchanged-inv o T SA0Q SA
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and l~unknowns-inv o T B SA
and length SA = length SA0
and length SA = length T
and Ims-init « T SA0
and  s-init o T SAO
and b < «a (Mazx (set T))
and B!b<g
and i < lms-bucket-start o« T b
shows SA ! i = length T
proof —
have i < length T
by (meson assms(9) bucket-end-le-length leD le-less-linear le-less-trans Ims-bucket-start-le-bucket-end)
hence i < length SA
by (simp add: assms(4))

have 7 < [-bucket-end o« T b V I-bucket-end o« T b < 3
using not-less by blast
moreover
have i < l-bucket-end o T b = ?thesis
proof —
assume i < l-bucket-end o« T' b
with [~unknowns-inv-D[OF assms(2,7,8)]
show ?thesis .
qed
moreover
have [-bucket-end o« T b < 7 = ?thesis
proof —
assume [-bucket-end o T b < ¢
with s-init-D[OF s-init-unchanged[OF assms(1,3—4,6)] assms(7) <i < length
SA» - assms(9)]
show ?thesis .
qed
ultimately show ?thesis
by blast
qed

68.4 Bucket Values

lemma same-bucket-same-hd:
assumes [-unchanged-inv o T SA0 SA
and l-locations-inv o« T B SA
and l-bucket-ptr-inv a« T B SA
and l-unknowns-inv o T B SA
and length SA = length T
and length SA = length SA0
and Ims-init o T SA0Q
and s-init o T SA0Q
and b < «a (Mazx (set T))
and i < length SA
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and SA i < length T
and bucket-start « T b < i
and 1 < bucket-end o T b
shows a (T ! (SA ') =1b
proof —
have i< B!'bV B!b< 1
by linarith
then show ?thesis
proof
assume 7 < B! b
from I-locations-inv-D[OF «<l-locations-inv o« T B SA»
b < a (Mazx (set T))»
i < length SA»
<bucket-start o T b < 9>
i < B! b]
show ?thesis
by blast
next
assume B! b < ¢

from <« < length SA> <length SA = length SA0>
have i < length SAQ
by simp

have Ims-bucket-start o« T b < ¢
proof —
have i < [-bucket-end o T b —> SA | i = length T
proof
assume i < [-bucket-end o T b
from l-unknowns-inv-D[OF -unknowns-inv oo T B SA»
b < a (Maz (set T))»
(B!'b <
4 < l-bucket-end o T by
show SA ! i = length T
by assumption
qed

have [-bucket-end o« T b < i A i < Ims-bucket-start o« T b — SA ! i = length
T
proof (intro impI; elim conjE)
assume 7 < Ims-bucket-start o« T b
l-bucket-end o« T b < ¢

from <s-init a« T SAO»
d-bucket-end o« T b < >
i < Ims-bucket-start o T by
b < a (Maz (set T))»
i < length SAO»

have SA0 ! i = length T
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by (metis s-init-def)
with [-unchanged-inv-D[OF ¢l-unchanged-inv o T SA0 SA»
<length SA = length SA0»
b < a (Maz (set T))»
i < length SAO»
-bucket-end o T b <
i < bucket-end o T by
show SA ! i = length T
by simp
qed

from <« < l-bucket-end o T b — SA ! i = length T
-bucket-end o T b < i A i < Ims-bucket-start « T b — SA ! i = length

«SA! i < length T
show [ms-bucket-start « T b < i
by auto
qed
hence [-bucket-end o« T b < g
using [-bucket-end-le-Ims-bucket-start le-trans by blast

from <length SA = length T»
have bucket-end o T b < length SA
by (simp add: bucket-end-le-length)
with «ms-init « T SA0»
<Ims-bucket-start o« T b < 1
<i < bucket-end o T b»
<b < a (Max (set T))»
<length SA = length SA0»
have SA0 ! i € Ims-bucket a T b
by (metis list-slice-nth-mem Ims-init-def)
with l-unchanged-inv-D]OF <l-unchanged-inv o T SA0 SA»
<length SA = length SAO0»
b < o (Mazx (set T))»
i < length SA0»
«I-bucket-end o« T b < 0>
< < bucket-end o T b))
have SA ! ¢ € Ims-bucket o T b
by simp
then show ?thesis
by (simp add: bucket-def Ims-bucket-def)
qed
qged

lemma same-hd-same-bucket:
assumes [-unchanged-inv o T SA0 SA
and l-locations-inv a« T B SA
and [-bucket-ptr-inv o T B SA
and l-unknowns-inv o« T B SA
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and strict-mono a
and length SA = length T
and length SA = length SA0
and Ims-init o T SAO
and  s-init o T SAO
and i < length SA
and SA i < length T
and b=a (T!(SA!Y)
shows bucket-start o« T b < i N ¢ < bucket-end o T b
proof —
from «<length SA = length T» «i < length SA»
have i < length T
by simp
from indez-in-bucket-interval-gen|OF <i < length T» <strict-mono o]
obtain b’ where
b < a (Mazx (set T))
bucket-start o T b’ < 4
i < bucket-end o T b’
by blast

from same-bucket-same-hd]OF <l-unchanged-inv o T SA0 SA»
l-locations-inv o T B SA»
<l-bucket-ptr-inv a« T B SA»
<~unknowns-inv a T B SA»
<length SA = length T»
<length SA = length SA0>»
<Ims-init o« T SA0»
<s-init o T SA0>»
b’ < a (Maz (set T))»
<i < length SA»
«SA 17 < length T
<bucket-start o T b' < 0>
i < bucket-end o T b%]
b=a (T!(SA!))
<bucket-start o T b' < 0>
<i < bucket-end o T b
show ?thesis
by blast
qed

lemma less-bucket-less-hd:
assumes [-unchanged-inv o T SA0 SA
and l-locations-inv « T B SA
and l-bucket-ptr-inv a« T B SA
and l-unknowns-inv o« T B SA
and strict-mono «
and length SA = length T
and length SA = length SAQ
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and Ims-init « T SAO
and s-init a T SAQ
and i < length SA
and SA i < length T
and i < bucket-start a T b
shows o (T! (SA'4) < b
proof —
from same-hd-same-bucket|OF <l-unchanged-inv o T SAQ SA»
<l-locations-inv o T B SA»
<I-bucket-ptr-inv o T B SA»
<l-unknowns-inv o T B SA»
¢strict-mono o
<length SA = length T»
<length SA = length SA0»
<Ims-init o T SA0»
<s-init o« T SAOD»
<i < length SA»
(SA Vi < length T>,
of a (T (SA! )]
have bucket-start « T (o (T ! (SA!14))) < i A i < bucket-end a T (a (T ! (SA
i)
by simp
then show ?thesis
by (meson i < bucket-start o T by bucket-start-le leD le-less-linear le-trans)
qed

lemma gr-bucket-gr-hd:

assumes [-unchanged-inv o T SA0 SA

and l-locations-inv a T B SA

and l-bucket-ptr-inv a« T B SA

and l-unknowns-inv a« T B SA

and strict-mono «

and length SA = length T

and length SA = length SA0

and Ims-init « T SA0

and s-init o« T SAO

and i < length SA

and SA i < length T

and bucket-end o T b < ¢

shows b < o (T'! (SA ! 7))

proof —

from same-hd-same-bucket| OF <l-unchanged-inv o« T SA0 SA»
l-locations-inv o T B SA»
<-bucket-ptr-inv o T B SA»
<~unknowns-inv a T B SA»
¢strict-mono
<length SA = length T»
<length SA = length SA0»
<Ims-init o T SA0»
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<s-init o T SA0»
<i < length SA»
«SA Vi < length T>,
of a (T (SA! )]
have bucket-start a T (o (T ! (SA114))) < i A i< bucket-end a T (a (T ! (SA
1))
by simp
then show ?thesis
by (meson <bucket-end a T b < 0> bucket-end-le leD le-less-linear less-le-trans)
qed

68.5 Seen

We have two helper lemmas in the case of updating the suffix array SA, and
in the case when the current index is incremented. The two lemmas are used
in conjunction in the case that the SA is updated and the current index is
incremented.
lemma [-seen-inv-upd:

assumes [-seen-inv T SA nn < kSA! k = length T

shows [-seen-inv T (SA[k := z]) n

unfolding [-seen-inv-def

proof safe
fix ij
assume A: i < n i < length (SA[k := z]) SA[k := z] ! i < length T SA[k := 1]
14 = Sucj
suffix-type T j = L-type
hence i # k

using assms(2) leD by blast
hence B: i < length SA SA ! i < length T SA ! i = Suc j
using A by auto
with [-seen-inv-nth-ex[OF assms(1) A(1) B A(5)]
have 3 k'<length SA. SA ' k' = j
by blast
then obtain k£’ where
k' < length SA SAV k' =j
by blast
then show 3 k'<length (SA[k = z]). SAlk :=2] k' =]
by (metis B(2,3) Suc-lessD assms(83) length-list-update less-irrefl-nat nth-list-update-neq)
qed

lemma [-seen-inv-Suc:
assumes [-seen-inv T SA n SA ! n = Suc jk < length SA SA! k=
shows [-seen-inv T SA (Suc n)
unfolding [-seen-inv-def
proof safe
fix i j’
assume A: i < Suc n i < length SA SA ! i < length T SA! i = Suc j’
suffiz-type T j' = L-type
have i < nV -i<n
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by blast
then show Jk<length SA. SA ! k = j'
proof
assume ¢ < n
with I-seen-inv-nth-ex|OF assms(1) - A(2-)]
show Jk<length SA. SA ! k = j'
by blast
next
assume - ¢ < 1
then show Jk<length SA. SA ! k = j’
using A(1) A(4) assms(2—) not-less-less-Suc-eq by force
qed
qed

69 Distinctness

lemma distinct-app3:
distinct (zs @Q ys @ zs) +—
distinct xs A\ distinct ys N distinct zs N\
set xs N set ys = {} A set xs N set zs = {} A set ys N set zs = {}
by auto

69.1 Establishment

lemma abs-is-Ims-imp-in-lms-bucket:
abs-is-lms T i = i € Ims-bucket « T (o (T ! 7))
apply (clarsimp simp: lms-bucket-def bucket-def)
by (simp add: abs-is-lms-def suffiz-type-s-bound)

lemma [-distinct-inv-established:
assumes Ims-init a« T SA
and l-init o« T SA
and s-init o« T SA
and length SA = length T
and strict-mono «
and l-bucket-init « T B
shows [-distinct-inv T SA
unfolding [-distinct-inv-def
proof (intro distinct-conv-nth| THEN iffD2] alll impI)
let 7P = (A\z. z < length T)
let 2SA = filter (Az. < length T) SA

fix ij
assume i < length ?SA j < length ?5A ¢ # j
from i < length 2SA>

have ?25SA ! i < length T
using mem-Collect-eq nth-mem by fastforce
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from «j < length ?SA»
have ?5A ! j < length T
using mem-Collect-eq nth-mem by fastforce

from filter-nth-relative-neq-2[OF <i < length 2SAy <j < length ?SA» <i # j]
obtain ¢’ j' where

i’ < length SA

j' < length SA

SAli'= 25414

SAlj = 2541

i'#

by blast

from <?SA ! i < length T» «SA ! i'= 2SA ! i
have SA ! i’ < length T
by simp

from «2SA ! j < length T» «SA!j = 25A ! j
have SA ! j' < length T
by simp

from init-imp-lms-range assms i’ < length SAy «(SA 1 i’ < length T>
have Ims-bucket-start o T (o (T ! (SA ! 3"))) < i’ i’ < bucket-end o T (o (T'!
(841 )
by blast+

from init-imp-lms-range assms <j' < length SAy «SA ! j'" < length T»
have Ims-bucket-start o T (o (T ! (SA ! ")) < 7' 7" < bucket-end o T (o (T'!
(S413)
by blast+

have a (T ! (SA!"i)) =a (T!(SA!'j)) Va (T!(SA!i) #a (T!(SA!
i)
by simp
then show 254 i # ?SA ! j
proof
assume o (T! (SA'!'i) =a (T ! (SA!j))
with <Ims-bucket-start o« T (« (T ! (SA i) < ih
have Ims-bucket-start o T (o (T ! (SA ! j"))) <@’
by simp

from «a (T (SA! ) =a (T ! (SA!j)

i’ < bucket-end a« T (o (T ! (SA ! i)

have i’ < bucket-end o T (o (T ! (SA ! j
by simp

)
)
)

with list-slice-nth-eq-iff-index-eq[ OF Ims-init-imp-distinct-bucket,
OF ms-init o T SA»
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<length SA = length T»
dms-bucket-start « T (o (T (SA 1)) < i)
dms-bucket-start « T (o (T (SA ")) < jb
j' < bucket-end o T (a (T ! (SA ! jN))]
i’ #£gh
<length SA = length T»
«SA!j" < length T»
<strict-mono oo
have SA ! i’ # SA!j'
by (simp add: bucket-end-le-length strict-mono-less-eq)
with «SA ! i’ = 25A i «SA ! j = 25A ! )
show ?thesis
by simp
next
assume o (T ! (SA'i) #a (T ! (SA!j))
with «SA ! i’ = 25A i «SAj = 254! j)
show ?thesis
by auto
qged
qged

corollary [-distinct-inv-perm-established:
assumes [-perm-pre « T B SA
shows [-distinct-inv T SA
using assms I-distinct-inv-established l-perm-pre-def by blast

69.2 Maintenance

lemma [-distinct-inv-maintained:
assumes i < length SA
and SA i = Sucj
and Suc j < length T
and suffiz-type T j = L-type
and l-distinct-inv T SA
and l-pred-inv T SA i
shows I-distinct-inv T (SA[l := j])
proof —
let 2P = (Az. z < length T)

from «Suc j < length T
have j < length T
by simp

— We case on whether the update occurs on an index within bounds
have [ < length SA v [ > length SA

by arith
then show ?thesis
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proof
assume [ < length SA

from [-distinct-pred-inv-helper|OF i < length SA»
«SA i = Suc
«Suc j < length T»
<suffix-type T j = L-typey
I-distinct-inv T SA»
-pred-inv T SA ]

have j ¢ set SA

by assumption

let ?zs = filter ?P (take | SA) and
?ys = filter 2P (drop (Suc l) SA)

— We have that j ¢ set SA and show that if we now add j to SA4, it will maintain
distinctness. This is straightforward but does require some massaging, i.e. casing
on whether SA | | < length T or not, due to the use of filter in the I-distinct-inv
7T 25A = distinct (filter (A\z. © < length ?T) 2SA) definition.

from <j < length T» <l < length SA»
have f-SA" filter 7P (SA[l := j]) = %xs Q [j] @ Zys
by (simp add: filter-update-nth-success)

from «j ¢ set SA»
have set ?zs N set [j] = {}
using in-set-takeD by fastforce

from «j ¢ set SA»
have set [j] N set ?ys = {}
using in-set-dropD by force

have SA !l < length TV SA !l > length T
by arith
then show ?thesis
proof
assume SA ! [ < length T
with <[ < length SA»
have f-SA: filter P SA = %25 Q [SA ! ]] @ %ys
by (meson filter-take-nth-drop-success)

from f-SA «l-distinct-inv T SAs distinct-app3[of ?zs [SA ! ] ?ys]
have distinct ?zs
distinct ?ys
set Zzs N set 2ys = {}
unfolding [-distinct-inv-def
by auto

with «set 2zs N set [j] = {p
set [1] N set 2ys = {}
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f-SA’
show ?thesis
unfolding [-distinct-inv-def
by auto
next
assume SA ! [ > length T
with « < length SA»
have f-SA: filter P SA = %zs Q %ys
by (simp add: filter-take-nth-drop-fail)

from f-SA «l-distinct-inv T SAs distinct-append|of ?xs ?ys]
have distinct ?zs
distinct ?ys
set 2zs N set 2ys = {}
unfolding [-distinct-inv-def
by auto
with «set 2zs N set [j] = {p
cset [1] N set 2ys = {}
f-SA’
show ?thesis
unfolding [-distinct-inv-def
by auto
qed
next
— We now handle the case length SA < [, which is straightforward. In the actual
abs-induce-l subroutine, | will always be less than length SA, but for this proof, we
make no such assumption, nor do we need to prove it.
assume [ > length SA
hence SA[l := j] = SA
by simp
with <[-distinct-inv T SA»
show ?thesis
by simp
qed
qed

corollary [-distinct-inv-perm-maintained:
assumes l-perm-inv o T B SA0Q SA i
and i < length SA
and SA i = Sucj
and Suc j < length T
and suffiz-type T j = L-type
shows [-distinct-inv T (SA[l := j])
by (meson assms I-distinct-inv-maintained I-perm-inv-elims(4,10))
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70 Unknowns
70.1 Establishment

lemma [-unknowns-inv-established:
assumes [-init « T SA
l-bucket-init o T B
length SA = length T
shows [-unknowns-inv « T B SA
unfolding l-unknowns-inv-def
proof (intro alll impI; elim conjFE)

fix a k
assume o < o (Maz (set T))
Bla<k

k < l-bucket-end oo T a

from «B ! a < k> l-bucket-initD[OF <l-bucket-init « T B> <a < a (Maz (set T'))»]
have bucket-start o« T a < k
by simp

from <length SA = length T <k < l-bucket-end o T a»
have k < length SA
by (metis bucket-end-le-length l-bucket-end-le-bucket-end less-le-trans)

from l-init-D[OF «l-init « T SA»
<a < a (Maz (set T))»
<k < length SA»
<bucket-start a« T a < k>
<k < l-bucket-end a T a]

show SA ! k = length T

by assumption
qed

corollary [l-unknowns-inv-perm-established:
assumes [-perm-pre o T B SA
shows [-unknowns-inv o T B SA
using assms l-perm-pre-elims(2,4,7) l-unknowns-inv-established by blast

70.2 Maintenance

lemma [-unknowns-inv-maintained:
assumes [-unknowns-inv « T B SA
and  length B > o (Maz (set T))
and i < length SA
and SA i = Sucj
and Suc j < length T
and suffiz-type T j = L-type
and k=a(T!j)
and =Bk

and strict-mono «
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and l-distinct-inv T SA
and l-pred-inv T SA i
and l-bucket-ptr-inv a« T B SA
shows l-unknowns-inv o T (Blk := Suc (B! k)]) (SA[l := j])
unfolding l-unknowns-inv-def
proof (intro alll impI; elim conjFE)
fix a k'
assume a < « (Maz (set T))
Blk := Suc (B'k)]!a <k’
k" < l-bucket-end a T a

from [-distinct-pred-inv-helper|OF <i < length SA»
«SA i = Suc
«Suc j < length T»
<suffiz-type T j = L-type>
<l-distinct-inv T SA»
-pred-inv T SA ]

have j ¢ set SA

by assumption

from «Suc j < length T»
have j < length T
by simp

from l-unknowns-I-bucket-ptr-inv-helper|OF <l-unknowns-inv o T B SA)
l-bucket-ptr-inv o T B SA»
j < length T»
<suffix-type T j = L-typey
j & set SA
<strict-mono o
k=a (T!j)p
(= B! k]

have SA ! [ = length T

by assumption

from «strict-mono a» <k = « (T ! j)» «j < length T»
have k < o (Maz (set T))
by (simp add: strict-mono-leD)

from l-unknowns-inv-D[OF «-unknowns-inv o« T B SA»
<a < a (Maz (set T))»
k' < l-bucket-end o T a»)
(Blk := Suc (B! k)] ! a <k’
<a < a (Maz (set T))»
(o (Max (set T)) < length B»
have SA ! k' = length T
by (metis Suc-le-mono le-Sucl le-less-trans nth-list-update nth-list-update-neq)
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from «j < length T» <strict-mono o> <l-bucket-ptr-inv « T B SA) <k = o (T !
jp«d=B'k

have bucket-start o« T k <

using Mazx-greD I-bucket-ptr-inv-imp-ge-bucket-start strict-mono-less-eq by blast

from <j < length T»
j & set SA
<strict-mono o
«I-bucket-ptr-inv o T B SA»
<suffiz-type T j = L-type>
k=a (T!jip
(d=DB!k

have [ < l-bucket-end o T k

using [-bucket-ptr-inv-imp-less-l-bucket-end by blast

have a = k V a # k
by simp
then show SA[l := j] | k' = length T
proof
assume a = k
hence k' # |
using (Blk := Suc (B! k)] ! a < k" <a < a (Maz (set T))> <« (Maz (set
T)) < length B»
<l = B!k by auto
then show ?thesis
using «SA ! k' = length T by auto
next
assume a # k
hence a < kV a >k
by arith
then show ?thesis
proof
assume a < k

from less-bucket-end-le-start[OF <a < k»]
have bucket-end o T a < bucket-start o« T k
by blast
with <bucket-start a T k < Iy
have bucket-end o« T a < [
by simp
with [-bucket-end-le-bucket-end
have [-bucket-end o« T a < |
using le-trans by blast
with <k’ < l-bucket-end o T a»
have k£’ < [
using less-le-trans by blast
then show ?thesis
using «(SA ! k' = length T by auto
next
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assume a > k

from B[k := Suc (B! k)] !a < k)
<a < a (Maz (set T))
<a # k>
<-bucket-ptr-inv o T B SA»
[-bucket-ptr-inv-imp-ge-bucket-start
have bucket-start « T a < k'
by force

from less-bucket-end-le-start[OF <k < a]

have bucket-end o« T k < bucket-start o« T a
by blast

with <bucket-start a T a < k'

have bucket-end o T k < k'
by simp

with [-bucket-end-le-bucket-end

have [-bucket-end o« T k < k'
using le-trans by blast

with «I < [-bucket-end o T k»

have [ < k'
using less-le-trans by blast

then show ?thesis
using «SA ! k' = length T» by auto

qed
qged
qged

corollary l-unknowns-inv-perm-maintained:
assumes [-perm-inv « T B SA0Q SA ¢
and i < length SA
and SA i = Sucj
and Suc j < length T
and suffiz-type T j = L-type
and k=« (T!j)
and =Bk
shows l-unknowns-inv o T (Blk := Suc (B! k)]) (SA[l := j])
by (metis assms I-perm-inv-elims(1,4—6,10,12) l-unknowns-inv-maintained)

71 Number of L-types

71.1 Establishment

We first prove that this invariant is established from the precondition, i.e.,
that initially, there are only LMS-types, which are just a special type of
S-types, and that the initial pointer is the start of the bucket.

lemma [-bucket-ptr-inv-established:
assumes Ims-init o T SA
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and l-init « T SA

and s-init o T SA

and length SA = length T

and strict-mono «

and l-bucket-init « T B

shows [-bucket-ptr-inv « T B SA

proof —

have Vb < a (Maz (set T)). cur-l-types o T SA b = {}
unfolding cur-I-types-def

proof (intro alll impI equalityl subsetl)
fix bz
assume z € {i |i. i € set SA A i € l-bucket o T b}
hence z € set SA z € l-bucket a T b

by blast+

have =z < length T V = > length T
using not-less by blast
then show z € {}
proof
assume z < length T
with <z € set SA) init-imp-only-s-types assms
have suffiz-type T © = S-type
by (metis in-set-conv-nth)
hence z ¢ l-bucket o T b
by (simp add: l-bucket-def)
with «x € l-bucket o T b»
show ?thesis
by blast
next
assume length T < z
hence z ¢ I-bucket a T b
by (simp add: bucket-def I-bucket-def)
with <z € [-bucket o T b»
show ?thesis

by blast
qed
next

fix b :: nat

fix z :: nat
assume z € {}
then show z € {i |i. i € set SA A i € l-bucket a T b}
by blast
qed
hence Vb < o (Mazx (set T)). num-l-types « T SA b = 0
by (simp add: num-Il-types-def)
with «l-bucket-init « T B>
show ?thesis
by (simp add: l-bucket-ptr-inv-def I-bucket-init-def)
qed
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corollary [-bucket-ptr-inv-perm-established:
assumes [-perm-pre « T B SA
shows [-bucket-ptr-inv « T B SA
using assms I-bucket-ptr-inv-established I-perm-pre-def by blast

71.2 Maintenance

We now prove that the invariant is maintained.

lemma set-update-mem-neql:
[x € set xs; xs | i # a] = z € set (xs[i := y])
by (metis in-set-conv-nth length-list-update nth-list-update-neq)

lemma cur-Il-types-update-1:

[SA !l =length T; 1 < length SA; j ¢ set SA; suffiz-type T j = L-type; j < length
T

a(T!j) =0t =

cur-l-types o T (SA[l := j]) b = insert j (cur-l-types a« T SA b)

apply (intro equalityl subsetl)

apply (metis (no-types, lifting) cur-l-types-def in-set-conv-nth insertCI length-list-update

mem-Collect-eq nth-list-update nth-list-update-neq)
by (metis (mono-tags, lifting) bucket-def cur-I-types-def insert-iff I-bucket-def
less-irrefl-nat mem-Collect-eq set-update-memlI

set-update-mem-neql )

lemma cur-Il-types-update-2:
assumes SA !l =length T o (T !'j) # b
shows cur-l-types a T (SA[l := j]) b = cur-l-types o T SA b
proof (cases | < length SA)
assume [ < length SA
show ?thesis
proof safe
fix z
assume z € cur-l-types o T (SA[l :=j]) b
show z € cur-l-types o T' SA b
proof (cases © = j)
assume r = j
then show ?thesis
using «x € cur-l-types o T (SA[l := j]) b> assms(2) bucket-def cur-l-types-def
l-bucket-def
by fastforce
next
assume z # j
then show ?thesis
by (metis (no-types, lifting) «x € cur-l-types o T (SA[l := j]) b> cur-l-types-def
in-set-conuv-nth length-list-update mem-Collect-eq
nth-list-update nth-list-update-neq)
qed
next
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fix z
assume z € cur-l-types o T SA b
then show z € cur-l-types o T (SA[l :=34]) b
by (simp add: assms(1) bucket-def cur-lI-types-def I-bucket-def set-update-mem-neql)
qed
next
assume - [ < length SA
then show ?thesis
by simp
qed

lemma num-I-types-update-1:
[SA !l =length T; 1 < length SA; j ¢ set SA; suffiz-type T j = L-type; j < length
T;
a(T!j) =1 =
num-l-types o T (SA[l := j]) b = Suc (num-I-types o T SA b)
apply (clarsimp simp: num-Il-types-def)
apply (subst cur-l-types-update-1; simp?)
apply (subst card-insert-disjoint)
apply (metis (no-types, lifting) List.finite-set cur-l-types-def finite-nat-set-iff-bounded
mem-Collect-eq)
apply (simp add: cur-l-types-def)
apply simp
done

lemma num-I-types-update-2:
[SAV 1l =length T; a (T ! j) # 0] =
num-l-types o T (SA[l := j]) b = num-l-types o« T SA b
apply (cases | < length SA; clarsimp?)
apply (clarsimp simp: num-I-types-def)
apply (intro arg-cong|where f = card))
by (erule (1) cur-lI-types-update-2)

lemma [-bucket-ptr-inv-maintained:
assumes [-bucket-ptr-inv o T B SA
and length SA = length T
and  length B > o (Maz (set T))
and i < length SA
and SA i = Sucj
and Suc j < length T
and suffiz-type T j = L-type
and k=oa(T!j)
and =Bk
and strict-mono a
and l-distinct-inv T SA
and l-pred-inv T SA i
and l~unknowns-inv a T B SA
shows [-bucket-ptr-inv o T (B[k := Suc (B! k)]) (SA[l := j])
unfolding I-bucket-ptr-inv-def
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proof safe
fix b
assume b < a (Maz (set T))

from I-distinct-pred-inv-helper[OF <i < length SA»
«SA i = Suc j
«Suc j < length T»
<suffiz-type T j = L-type>
<[-distinct-inv T SA>
-pred-inv T SA ]
have j ¢ set SA

by assumption

from «Suc j < length T»
have j < length T
by arith

from [-unknowns-I-bucket-ptr-inv-helper[OF <l-unknowns-inv o« T B SA»
<l-bucket-ptr-inv « T B SA»
j < length T»
<suffiz-type T j = L-type>
j ¢ set SA
¢strict-mono o
k=a (T!j)p
<l = B! k)]

have SA ! [ = length T

by assumption

let ?G = B[k := Suc (B! k)] ! b = bucket-start & T b + num-l-types o« T (SA[l
=)

have b=kV b#k

by blast
then show G
proof

assume b = k

hence B[k := Suc (B! k)]! b= Suc (B!k)

using b < a (Mazx (set T))> «length B > o« (Mazx (set T))» by auto

from num-Il-types-less-l-bucket-size|OF <j ¢ set SA»y <suffiz-type T j = L-type>]
«Suc j < length T)
b=k
k=a (T!j)p
have num-l-types « T SA b < l-bucket-size o« T' b
by simp

from <l-bucket-ptr-inv o T B SA» <b < o (Mazx (set T))»

have B! b = bucket-start a T b + num-I-types a T SA b
by (metis l-bucket-ptr-inv-def)

with <num-I-types o T SA b < l-bucket-size o T b»
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bucket-end-le-length l-bucket-le-bucket-size bucket-end-def’
have B! b < length T
by (metis add-less-cancel-left less-le-trans)
with <k =a (T ! j) <b =k <l = B! k> «ength SA = length T
have [ < length SA
by simp

from «SA !l = length T
b=k
b < a (Maz (set T))»
j & set SA»
<l < length SA»
k=a (T!j)
num-l-types-update-1
<suffiz-type T j = L-type>
«Suc j < length T)

Suc-lessD
have num-I-types o T (SA[l := j]) b = Suc (num-l-types o« T SA b)
by blast
from B[k := Suc (B! k)] ! b = Suc (B! k)
b =k

<b < a (Max (set T))»

<num-l-types o T (SA[l := j]) b = Suc (num-l-types o« T SA b)»

<l-bucket-ptr-inv a« T B SA»
l-bucket-ptr-inv-def
show ?thesis
by fastforce
next
assume b # k
hence B[k := Suc (B! k)] !b=B!b
by auto

from num-Il-types-update-2{OF «SA | | = length T)]
<b < a (Max (set T))»
b # k>
k=a (T!j)p
have num-I-types o T (SA[l := j]) b = num-Il-types « T SA b
by simp

from B[k := Suc (B! k)]!b=B!b
b < a (Maz (set T))»
«num-l-types o T (SA[l := j]) b = num-Il-types « T SA b
-bucket-ptr-inv a T B SA»
I-bucket-ptr-inv-def

show ?thesis

by fastforce
qed

qed
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corollary [-bucket-ptr-inv-perm-maintained:
assumes [-perm-inv « T B SA0Q SA ¢
and i < length SA
and SA ! i = Sucj
and Suc j < length T
and suffix-type T j = L-type
and k=« (T!))
and =Bk
shows [-bucket-ptr-inv o T (Blk := Suc (B! k)]) (SA[l := j])
by (metis assms l-bucket-ptr-inv-maintained l-perm-inv-elims(1,2,5—6,10,12))

72 L Locations

72.1 Establishment

lemma [-locations-inv-established:
assumes [-bucket-init « T B
shows [-locations-inv o T B SA
using assms [-bucket-initD I[-locations-inv-def by fastforce

corollary [-locations-inv-perm-established:
assumes [-perm-pre o T B SA
shows [-locations-inv o T B SA
using assms l-locations-inv-established l-perm-pre-elims(4) by blast

72.2 Maintenance

lemma [-locations-inv-maintained:
assumes [-locations-inv a T B SA
and  length B > o (Max (set T))
and i < length SA
and SA i = Sucj
and Suc j < length T
and suffiz-type T j = L-type
and k=oa(T!))
and l=Blk
and strict-mono «
and l-distinct-inv T SA
and l-pred-inv T SA i
and l-bucket-ptr-inv o T B SA
shows [-locations-inv o T (Blk := Suc (B! k)]) (SA[l := j])
unfolding [-locations-inv-def
proof (intro alll impI; elim conjFE)
fix b i’
assume b < a (Maz (set T))
i’ < length (SA[l := j]
bucket-start o« T b < ¢’
i’ < Blk := Suc (B! k)]!b
hence i’ < length SA
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by simp

have b=k V b # k
by blast
then
show SA[l := j] ! i’ < length T A suffiz-type T (SA[l := j] ! i’) = L-type A
a (T (SA[l:=4]1d)) =b
proof
assume b = k
with <bucket-start o T b < i’
have bucket-start o T k < i’
by simp

from «b = k> <i’ < Bk := Suc (B! k)] ! b
have i’ < Suc (B! k)
using «b < a (Max (set T))» «length B > « (Max (set T))» by auto
hence i’ < B!kVvi'=B!lk
by (simp add: less-Suc-eq)
then show ?thesis
proof
assume i’ < B! k
with <l = B!k b=k «b < o (Maz (set T))» <bucket-start « T k < i’y <i’
< length SA»
show ?thesis
using <[-locations-inv o« T B SA» l-locations-inv-def by fastforce
next
assume i’ = B! k
with </ = B! kb
have i’ = |
by simp

from i’ < length SA> <i' =D
have SA[l :=j]!i' =]
by simp
with «suffiz-type T j = L-typer <Suc j < length T»> <i’ < length SAy <b = k»
k=a (T!jp
show ?thesis
by auto
qed
next
assume b # k
hence B[k := Suc (B! k)] !b=B!b
by simp

from [-bucket-ptr-inv-imp-le-lI-bucket-end[OF <l-bucket-ptr-inv o T B SA»
<b < a (Maz (set T))»]
have B! b < [-bucket-end o« T b
by simp
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from «Suc j < length T»
have j < length T
by simp

from I-distinct-pred-inv-helper|OF i < length SA»
«SA i = Suc
«Suc j < length T»
<suffiz-type T j = L-type>
I-distinct-inv T SA»
-pred-inv T SA ]
have j ¢ set SA

by assumption

from [-bucket-ptr-inv-imp-less-l-bucket-end[OF <l-bucket-ptr-inv a« T B SA»
j < length T
<suffiz-type T j = L-type>
j & set SA»
¢strict-mono ]
k=a (T )
=Bk
have | < l-bucket-end o T k
by simp

from <k = o (T ! j) <j < length T <strict-mono o)
have k < o (Maz (set T))
by (simp add: strict-mono-less-eq)

from [-bucket-ptr-inv-imp-ge-bucket-start|OF <l-bucket-ptr-inv o T B SA»
<k < a (Maz (set T))]

(d=B'!'k
have bucket-start o« T k <
by simp

from «Blk := Suc (B'k)]!b=B!b
«i' < Blk := Suc (B! k)] ! b
l-bucket-ptr-inv-imp-le-l-bucket-end[ OF <l-bucket-ptr-inv « T B SA»
<b < a (Maz (set T))»]
l-bucket-end-le-bucket-end
have i’ < bucket-end o T b
by (metis less-le-trans)

from <b # k>
have b< kV k<D
by linarith
hence i’ # [
proof
assume b < k
hence bucket-end o« T b < bucket-start o« T k
by (simp add: less-bucket-end-le-start)
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with <’ < bucket-end o T by <bucket-start o« T k < Iy
have i’ < [
by linarith
then show ?thesis
by simp
next
assume k < b
hence bucket-end o« T k < bucket-start o« T b
by (simp add: less-bucket-end-le-start)
hence [-bucket-end o T k < bucket-start o« T b
using [-bucket-end-le-bucket-end le-trans by blast
with <bucket-start o« T b < i’y «I < l-bucket-end o T k>
have | < i’
by simp
then show ?thesis
by simp
qed
with <B[k := Suc (B! k)]!'b= B! b
<b < a (Maz (set T))»
<bucket-start o« T b < i’
«i' < B[k := Suc (B! k)] ! b
<" < length SA»
«I-locations-inv « T B SA»
show ?thesis
using [-locations-inv-D by fastforce
qged
qged

corollary [-locations-inv-perm-maintained:
assumes [-perm-inv « T B SA0Q SA ¢
and i < length SA
and SA i = Sucj
and Suc j < length T
and suffiz-type T j = L-type
and k=« (T!j)
and =Bk
shows [l-locations-inv o T (Blk := Suc (B! k)]) (SA[l := j])
by (metis assms l-locations-inv-maintained l-perm-inv-elims(1,4,6,9,10,12))

73 Unchanged

73.1 Establishment

lemma [-unchanged-inv-established:
l-unchanged-inv o T SA SA
using l-unchanged-inv-def by blast
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73.2 Maintenance

lemma [-unchanged-inv-maintained:
assumes [-unchanged-inv o T SA0 SA
and  length B > o (Maz (set T))
and i < length SA
and SA i = Sucj
and Suc j < length T
and suffiz-type T j = L-type
and k=oa(T!j))
and =Bk
and strict-mono «
and l-distinct-inv T SA
and l-pred-inv T SA ¢
and l-bucket-ptr-inv o T B SA
shows [-unchanged-inv o T SA0 (SA[l := j])
proof —
have l-unchanged-inv o T SA (SA[l := j])
unfolding [-unchanged-inv-def
proof safe
show length (SA[l := j]) = length SA
by simp
next
fix b i’
assume b < « (Maz (set T))
i’ < length SA
l-bucket-end o T b < 3’
i’ < bucket-end o T b

from <strict-mono >
<-bucket-ptr-inv o T B SA»
«Suc j < length T)
k=a (T!j)p
=Bk
have bucket-start o« T k <
by (metis Maz-greD Suc-lessD I-bucket-ptr-inv-imp-ge-bucket-start strict-mono-leD)

from «l-distinct-inv T SA>
-pred-inv T SA ©»
<i < length SA»
«SA ! i = Suc p
«Suc j < length T)
<suffiz-type T j = L-type>

have j ¢ set SA

using [-distinct-pred-inv-helper by blast

from <j ¢ set SA»
<strict-mono oo
-bucket-ptr-inv o T B SA»
«Suc j < length T»
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<suffiz-type T j = L-type>
k=a (T!j)
=Bk
have [ < l-bucket-end o T k
using Suc-lessD [-bucket-ptr-inv-imp-less-l-bucket-end by blast

have b=k VvV b#k
by blast
then show SA ! i/ = SA[l :=j] ! ¢’
proof
assume b = k
then show f?thesis
using «I < l-bucket-end o T k> <I-bucket-end o T b < i’y by auto
next
assume b # k
hence b < kV Ek<b
using less-linear by blast
then show ?thesis
proof
assume b < k
hence bucket-end oo T b < bucket-start o« T k
by (simp add: less-bucket-end-le-start)
with <’ < bucket-end o T by <bucket-start o« T k < Iy
have i’ < [
by linarith
then show ?thesis
by simp
next
assume k < b
hence bucket-end o« T k < bucket-start o« T b
by (simp add: less-bucket-end-le-start)
hence [-bucket-end o T k < bucket-start o« T b
using l-bucket-end-le-bucket-end le-trans by blast
hence [-bucket-end o T k < l-bucket-end o« T' b
by (simp add: l-bucket-end-def)
with <l < [-bucket-end o T k> <l-bucket-end o T b < "y
have [ < i’
by linarith
then show ?thesis
by simp
qed
qed
qed
with «l-unchanged-inv o T SA0 SA»
show ?thesis
using l-unchanged-inv-trans by blast
qed

corollary l-unchanged-inv-perm-maintained:

300



assumes [-perm-inv « T B SA0Q SA i
and i < length SA
and SA i = Sucj
and Suc j < length T
and suffiz-type T j = L-type
and k=oa(T!j)
and =Bk
shows l-unchanged-inv o T SAO0 (SA[l := j])
by (metis assms l-perm-inv-elims(1,4,6,8,10,12) l-unchanged-inv-maintained)

74 Invariant about the Current Index

74.1 Establishment

The first invariant is that current index is always less than the index where
the update will occur.

lemma [-indez-inv-established:
assumes [ms-init o T SA
and l-init « T SA
and s-init a« T SA
and length SA = length T
and strict-mono «
and l-bucket-init « T B
shows [-index-inv o T B SA
unfolding l-indez-inv-def
proof (intro alll impI; elim conjFE)
fix 7j
assume i < length SA SA | i = Suc j Suc j < length T suffiz-type T j = L-type
with init-imp-only-s-types|OF <Ims-init a T SA»
-init o T SA>
<s-init a« T SA>
<length SA = length T»
<strict-mono av,
THEN spec, of 1]
have suffiz-type T (Suc j) = S-type
by simp
with <suffiz-type T j = L-type> <Suc j < length T
have T'!j# T ! Sucj
by (simp add: suffiz-type-neq)
with <suffiz-type T j = L-type> <Suc j < length T»
have T'! Sucj < T !j
using nth-less-imp-s-type by fastforce
from same-hd-same-bucket|OF l-unchanged-inv-established
I-locations-inv-established|OF <l-bucket-init o T B»|
l-bucket-ptr-inv-established| OF <Ims-init o T SA»
-init o T SA»
<s-init o T SA»
<length SA = length T
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«strict-mono av]
l~unknowns-inv-established
< < length SA»]
assms
(SA! i = Suc
«Suc j < length T»
have bucket-start o T (o (T ! Suc j)) < i i < bucket-end o T (e (T ! Suc j))
by simp+
with «T ! Suc j < T j» <strict-mono a»
have i < bucket-start « T (o (T ! §))
by (meson less-bucket-end-le-start less-le-trans strict-mono-less)

from <l-bucket-init o T By <Suc j < length T» <strict-mono «»
have B! a (T !j) = bucket-start o T (o (T ! j))
by (simp add: Suc-lessD l-bucket-initD strict-mono-leD)
with i < bucket-start o T (o (T ! §))»
show i < B! a (T!j)
by simp
qed

corollary l-indez-inv-perm-established:
assumes [-perm-pre « T B SA
shows [-index-inv o« T B SA
using assms l-index-inv-established I-perm-pre-def by blast

74.2 Maintenance

lemma [-indez-inv-maintained:
assumes [-index-inv o T B SA
and  length B > o (Mazx (set T))
and i < length SA
and SA i = Sucj
and Suc j < length T
and suffiz-type T j = L-type
and k=oa(T!j)
and =Bk
and strict-mono «
and -distinct-inv T SA
and l-pred-inv T SA i
and l-bucket-ptr-inv o T B SA
and l~unknowns-inv a« T B SA
shows [-index-inv o T (B[k := Suc (B! k)]) (SA[l := j])
unfolding [-indez-inv-def

proof (intro impl alll; elim conjE)
fix I’ j'
assume [’ < length (SA[l := j])

SA[l == 4] 11 = Suc j’
Suc j' < length T
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suffiz-type T j' = L-type

from <’ < length (SA[l := j])»
have [’ < length SA
by simp

have I'=1V I'#1
by simp
then show !’ < B[k := Suc (B! k)] !a (T!j)
proof
assume [’ = |
with <SA[l := j] ! I' = Suc j» <’ < length SA>
have j = Suc j'
by simp
with <suffiz-type T j' = L-type) <Suc j' < length T»
have T! ;< T !j’
by (simp add: Suc-lessD I-type-letter-gre-Suc)
with <strict-mono a»
have o (T !'j) < a (T!j")
using strict-mono-less-eq by blast
hence a (T!j)=a (T!'j)Va(T!j)<a(T!j)
using le-imp-less-or-eq by blast
then show ?thesis
proof
assume o (T !j) =a (T !j)
with <k = o (T ! j)
«Suc j' < length T»
<j = Suc jh
¢strict-mono
<length B > o (Max (set T'))»
have B[k := Suc (B! k)] ' a (T ! j') = Suc (B! k)
by (metis Max-greD less-le-trans not-less nth-list-update-eq strict-mono-less)
with <l = B! k ' =D
show ?thesis
by simp
next
assume a (T'!j) < a (T!j)

from «a (T!'j) <a (T!jiN<k=a(T!j)
have B[k := Suc (B! k)] a (T'j)Y=Bla (T !j)
by simp

from [-distinct-pred-inv-helper|OF «i < length SA»
(SA! i = Suc
«Suc j < length T»
<suffiz-type T j = L-type>
«-distinct-inv T SA»
d-pred-inv T SA D]
have j ¢ set SA
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by assumption

from Suc-lessD|OF «Suc j < length T)]
have j < length T
by assumption

from [-bucket-ptr-inv-imp-less-l-bucket-end[OF «l-bucket-ptr-inv « T B SA»
<j < length T»
<suffiz-type T j = L-type>
j & set SA
strict-mono o]
have Bl a (T !j) < l-bucket-end a T (a (T ! 7))
by assumption
withd'=b <k =a (T!jH«d=B'!k
have I’ < l-bucket-end o T (a (T ! 7))
by simp
hence I’ < bucket-end o T (o (T ! j))
using l-bucket-end-le-bucket-end less-le-trans by blast
with less-bucket-end-le-start[OF <o (T ! ) < o (T ! j')]
have I’ < bucket-start « T (o (T ! "))
using less-le-trans by blast
with [-bucket-ptr-inv-imp-ge-bucket-start|OF «l-bucket-ptr-inv « T B SA)]
«Suc j' < length T
<strict-mono oo
have I’ < B! a (T !j)
by (meson Maz-greD Suc-lessD less-le-trans strict-mono-less-eq)
with «(Blk := Suc (B' k)] a (T!jYy=Bla (T!j)
show ?Zthesis
by simp
qed
next
assume [’ # |
with «SA[l := j] ! I’ = Suc j"
have SA ! I’ = Suc j’
by auto

from l-indez-inv-D[OF «<l-indez-inv o« T B SA»
I’ < length SA»
<SA 11l = Suc j"
<Suc j' < length T»
<suffic-type T j' = L-typey]

show ?thesis
by (metis Suc-lel Suc-le-lessD Suc-lessD list-update-beyond not-less nth-list-update-eq
nth-list-update-neq)
qed
qed

corollary [-index-inv-perm-maintained:
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assumes [-perm-inv « T B SA0Q SA i
and i < length SA
and SA i = Sucj
and Suc j < length T
and suffiz-type T j = L-type
and k=oa(T!j)
and =Bk
shows l-index-inv o T (B[k := Suc (B! k)]) (SA[l := j])
using assms l-index-inv-maintained l-perm-inv-def by blast

75 Predecessor Invariant

75.1 Establishment

The proof for the establishment is simple because initially, SA contains no
L-types.
lemma [-pred-inv-established:

assumes [ms-init o T SA

and linit « T SA

and s-init a T SA

and length SA = length T

and strict-mono «

shows [-pred-inv T SA 0

using assms init-imp-only-s-types l-pred-inv-def by fastforce

corollary [-pred-inv-perm-established:
assumes [-perm-pre o T B SA
shows [-pred-inv T SA 0
using assms l-perm-pre-def I-pred-inv-established by blast

75.2 Maintenance

In this section, we prove that the predecessor invariant [-pred-inv ?T ¢SA
%k = (Vi<length ?SA. 2SA | i < length ?T A suffix-type ?T (?SA ! i) =
L-type — (Fj<length ?SA. 25A 1 j = Suc (?SA i) Nj < iNj< %k))is
maintained. In English, this invariant states that for all L-type suffixes in
the suffix array (SA), their right neighbour is in SA and occurs before them.

We now prove that the invariant is maintained for each branch of the

abs-induce-l-step
lemma [-pred-inv-maintained-no-update:

assumes [-pred-inv T SA i

shows [-pred-inv T SA (Suc 1)

using assms

unfolding I-pred-inv-def

using less-Suc-eq by auto

lemma [-pred-inv-maintained:
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assumes [-pred-inv T SA i

and i < length SA

and SA i = Sucj

and Suc j < length T

and suffiz-type T j = L-type

and k=oa(T!j)

and =Bk

and strict-mono «

and -distinct-inv T SA

and l-bucket-ptr-inv o T B SA

and l~unknowns-inv o T B SA

and l-indez-inv o T B SA

shows [-pred-inv T (SA[l := j]) (Suc 1)
proof —

from I-distinct-pred-inv-helper[OF i < length SA»
«SA!1 7= Sucj
«Suc j < length T»
<suffiz-type T j = L-type>
<[-distinct-inv T SA»
-pred-inv T SA 9]

have j ¢ set SA

by assumption

from «Suc j < length T»
have j < length T
by simp

from [-unknowns-I-bucket-ptr-inv-helper[OF <l-unknowns-inv o« T B SA»
<l-bucket-ptr-inv « T B SA»
j < length T»
<suffiz-type T j = L-type>
j ¢ set SA»
¢strict-mono o
k=a (T!j)p
«l=B! k)]

have SA ! [ = length T

by assumption

from l-indez-inv-D[OF <l-indez-inv o« T B SA»
<t < length SA»
«SA! 7= Suc j
«Suc j < length T)
<suffiz-type T j = L-type>]

k=a (T!j)p
(d=DB!k
have [ > i
by simp
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show ?thesis
unfolding I-pred-inv-def
proof (intro impl alll; elim conjE)
fix 7/
assume i’ < length (SA[l := j])
SA[l := 4] Vi’ < length T
suffiz-type T (SA[l := j] ! i') = L-type
have i’ =1V i'#£ 1
by blast
then show
Jja<length (SA[l := j]). SA[l := j] ! ja = Suc (SA[l := 4] i) A ja < i' A ja
< Suc i
proof
assume i’ = |
with i’ < length (SA[l := j])»
have SA[l :=j] ! i'=j
by simp

from <l > @ «SA ! i = Suc j»
have SA[l :=j] ! i = Suc j
by simp
with <l > @ i/ =D «SA[l := 4] i’ = j» <i < length SA>
show ?thesis
by auto
next
assume i’ # [
with i’ < length (SA[l :== j])»
have i’ < length SA
by simp

from i’ # I «SA[l := j] ! i’ < length T»
have SA ! i’ < length T
by simp

from i’ # I «suffiz-type T (SA[l :=j] ! i") = L-type>
have suffiz-type T (SA ! i) = L-type
by simp

from (i’ < length SA» «SA ! i’ < length T» «suffiz-type T (SA ! i) = L-typer
-pred-inv T SA i [simplified l-pred-inv-def, THEN spec, of i’]
obtain j’ where
j' < length SA
SA ! j" = Suc (SA! i)
§'< i’
ji<i
by blast

with <SA ! | = length T»> i’ # 1 <suffiz-type T (SA ! i") = L-typer <i < I
show ?thesis
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by auto
qed
qed
qed

corollary [-pred-inv-perm-maintained:
assumes [-perm-inv « T B SA0Q SA ¢
and i < length SA
and SA ! i = Sucj
and Suc j < length T
and suffiz-type T j = L-type
and k=« (T!))
and l=Blk
shows [-pred-inv T (SA[l := j]) (Suc i)
by (metis assms l-perm-inv-elims(4—"7,10,12) l-pred-inv-maintained)

76 Seen Invariant

76.1 Establishment

We first show that the invariant is initially true, i.e. l-seen-inv T' SA 0.

lemma [-seen-inv-established:
l-seen-inv T SA 0
by (simp add: l-seen-inv-def)

76.2 Maintenance

We now show that the invariant is maintained after each call of abs-induce-I-step.

lemma [-seen-inv-maintained-no-update:

[l-seen-inv T SA i; length T < SA ! {] = l-seen-inv T SA (Suc i)

[l-seen-inv T SA i; length SA < i] = l-seen-inv T SA (Suc )

[l-seen-inv T SA i; SA ! i < length T; SA ! i = 0] = I-seen-inv T SA (Suc 7)

[l-seen-inv T SA i; SA ! i < length T; SA ! i = Suc j; suffiz-type T j = S-type]
_—

l-seen-inv T SA (Suc i)

unfolding [-seen-inv-def

using less-Suc-eq by auto

lemma [-seen-inv-maintained:
assumes [-seen-inv T SA i
and i < length SA
and SA i = Sucj
and Suc j < length T
and suffir-type T j = L-type
and k=a(T!j)
and =Bk
and length SA = length T
and strict-mono «

308



and l-distinct-inv T SA

and l-pred-inv T SA i

and l~unknowns-inv o T B SA

and l-bucket-ptr-inv o T B SA

and l-indez-inv o T B SA

shows l-seen-inv T (SA[l := j]) (Suc 7)

proof —

from [-distinct-pred-inv-helper|OF i < length SA»
«SA! i = Suc
«Suc j < length T»
<suffiz-type T j = L-type>
I-distinct-inv T SA»
<-pred-inv T SA ]

have j ¢ set SA

by assumption

from «Suc j < length T»
have j < length T
by simp

from bucket-size-imp-less-length|OF <l-bucket-ptr-inv a T B SA»
<j < length T»
<suffix-type T j = L-typer
j ¢ set SA
strict-mono av)
k=a (T!jp
«(d=DB!k
have | < length T
by simp

from l-indez-inv-D[OF «l-indez-inv o T B SA»
i < length SA»
«(SA i = Suc j
«Suc j < length T)
<suffiz-type T j = L-types)

k=a (T!jp
(d=B!k
have [ > ¢
by simp

from l-unknowns-I-bucket-ptr-inv-helper|OF <l-unknowns-inv o T B SA)
<I-bucket-ptr-inv o T B SA»
j < length T»
<suffix-type T j = L-type»
j ¢ set SA»
<strict-mono o
k=a (T!j)p
(=B b]
have SA ! [ = length T
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by assumption

with (SA ! ¢ = Suc j» «Suc j < length T i < Dy
have (SA[l :=j]) | i < length T
by auto

with (SA ! i = Sucj <t < D
have (SA[l :=j]) ! i = Suc j
by auto

from I-seen-inv-upd[OF <l-seen-inv T SA ©]
>
(SA V1 = length T
«I < length T»
<length SA = length T»
have I-seen-inv T (SA[l := j]) i
by auto
with [-seen-inv-Suc[OF - «(SA[l := j]) | i = Suc j]
«I < length T»
<length SA = length T»
show ?thesis
by (metis length-list-update nth-list-update-eq)
qed

corollary [-seen-inv-perm-maintained:

assumes [-perm-inv o« T B SA0 SA i

and i < length SA

and SA i = Sucj

and Suc j < length T

and suffiz-type T j = L-type

and k=a(T!))

and =Bk

shows [l-seen-inv T (SA[l := j]) (Suc 7)

by (metis assms l-perm-inv-elims(2,3—"7,10—12) l-seen-inv-maintained)

77 Permutation

77.1 Establishment

lemma [-perm-inv-established:
assumes [-perm-pre « T B SA
shows [-perm-inv o T B SA SA 0
unfolding I-perm-inv-def
by (simp add: l-perm-pre-elims[OF assms] I-distinct-inv-perm-established| OF assms]
l-unknowns-inv-perm-established[ OF assms| l-bucket-ptr-inv-perm-established] OF
assms]
l-indez-inv-perm-established| OF assms] l-unchanged-inv-established
I-locations-inv-perm-established| OF assms] I-pred-inv-perm-established| OF
assms|
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l-seen-inv-established)

77.2 Maintenance

lemma [-perm-inv-maintained:

assumes [-perm-inv « T B SA0Q SA ¢

and i < length SA

and SA i = Sucj

and Suc j < length T

and suffir-type T j = L-type

and k=« (T!j)

and =Bk
shows l-perm-inv o T (B[k := Suc (B! k)]) SA0 (SA[l := j]) (Suc 7)

unfolding [-perm-inv-def

by (simp add: l-perm-inv-elims[OF assms(1)] l-distinct-inv-perm-maintained| OF
assms(1—35)]

l-unknowns-inv-perm-maintained| OF assms] I-bucket-ptr-inv-perm-maintained| OF

assms|

l-indezx-inv-perm-maintained| OF assms] l-unchanged-inv-perm-maintained| OF
assms]

l-locations-inv-perm-maintained| OF assms| l-pred-inv-perm-maintained| OF
assms|

l-seen-inv-perm-maintained| OF assms])

lemma [-perm-inv-maintained-no-upd-1:

assumes [-perm-inv « T B SA0Q SA @

and length SA < i
shows l-perm-inv o T B SA0 SA (Suc i)

unfolding [-perm-inv-def

by (simp add: l-perm-inv-elims[OF assms(1)] l-pred-inv-maintained-no-update

l-seen-inv-maintained-no-update(2)[OF I-perm-inv-elims(11)[OF

assms(1)] assms(2)])

lemma [-perm-inv-maintained-no-upd-2:

assumes [-perm-inv « T B SA0Q SA i

and length T < SA ! i
shows l-perm-inv o T B SA0 SA (Suc i)

unfolding I-perm-inv-def

by (simp add: l-perm-inv-elims|OF assms(1)] l-pred-inv-maintained-no-update

l-seen-inv-maintained-no-update(1)[OF I-perm-inv-elims(11)[OF

assms(1)] assms(2)])

lemma [-perm-inv-maintained-no-upd-3:
assumes [-perm-inv o T B SA0Q SA i
and SA i < length T
and SA!{i=20
shows l-perm-inv o T B SA0 SA (Suc i)
unfolding I-perm-inv-def
by (simp add: l-perm-inv-elims|OF assms(1)] l-pred-inv-maintained-no-update
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l-seen-inv-maintained-no-update(3)[OF I-perm-inv-elims(11)[OF
assms(1)] assms(2—)])

lemma [-perm-inv-maintained-no-upd-4:

assumes l-perm-inv a T B SA0Q SA i

and SA i < length T

and SA i = Sucj

and suffiz-type T j = S-type
shows l-perm-inv o T B SA0 SA (Suc i)

unfolding I-perm-inv-def

by (simp add: l-perm-inv-elims[OF assms(1)] l-pred-inv-maintained-no-update

l-seen-inv-maintained-no-update(4)[OF I-perm-inv-elims(11)[OF

assms(1)] assms(2—)])

lemmas [-perm-inv-maintained-no-update =
[-perm-inv-maintained-no-upd-1 I-perm-inv-maintained-no-upd-2 l-perm-inv-maintained-no-upd-3
l-perm-inv-maintained-no-upd-4

lemma abs-induce-l-perm-step:
assumes l-perm-inv o T B SA0Q SA i
and  abs-induce-l-step (B, SA, i) (a, T) = (B, SA’, i)
shows l-perm-inv o T B’ SA0Q SA’ i’
proof (cases i < length SA AN SA ! i < length T)
assume A: i < length SA N SA ! ¢ < length T
show ?thesis
proof (cases SA ! 7)
case (
then show ?thesis
using A l-perm-inv-maintained-no-update(3)[OF assms(1)] assms(2)
by force
next
case (Suc j)
assume B: SA ! ¢ = Suc j
show ?thesis
proof (cases suffiz-type T 7)
case S-type
then show ?thesis
using A B l-perm-inv-maintained-no-update(4 )| OF assms(1)] assms(2)
by force
next
case L-type
then show ?thesis
using A B l-perm-inv-maintained[OF assms(1)] assms(2)
by (clarsimp simp: Let-def)
qed
qed
next
assume A: (i < length SA A SA ! i < length T')
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show ?thesis
using [-perm-inv-maintained-no-update(1,2)[OF assms(1)] A assms(2)
by force
qed

lemma abs-induce-I-base-perm-inv-maintained:
assumes [-perm-inv « T B SA0 SA 0
and  abs-induce-l-base « T B SA = (B', SA’, 7)
shows l-perm-inv o T B’ SA0Q SA’ i
proof —
let 2P = X(B, SA, i). l-perm-inv o T B SA0 SA i

from assms(2)

have repeat (length T) abs-induce-l-step (B, SA, 0) (o, T) = (B’, SA’, i)
by (simp add: abs-induce-l-base-def)

moreover

have Aa. ?P a = ?P (abs-induce-I-step a (o, T))
using abs-induce-l-perm-step by blast

ultimately show ?thesis
using repeat-maintain-inv[of ?P abs-induce-l-step (o, T) (B, SA, 0) length T)
using assms(1) by auto

qged

78 Sorted

lemma [-suffiz-sorted-inv-established:
assumes [-bucket-init o T B
shows [-suffiz-sorted-inv a T B SA
unfolding I-suffiz-sorted-inv-def
proof (intro alll impl)
fix b
assume b < o (Maxz (set T))
with [-bucket-initD[OF assms, of b]
have B! b = bucket-start o T b .
then
show ordlistns.sorted
(map (suffiz T)
(list-slice SA (bucket-start o T b) (B! b)))
by simp
qed

lemma [-prefiz-sorted-inv-established:
assumes [-bucket-init « T B
shows [-prefiz-sorted-inv o« T B SA
unfolding I-prefiz-sorted-inv-def
proof (intro alll impl)
fix b
assume b < o (Max (set T))
with [-bucket-initD[OF assms, of b]
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have B! b = bucket-start « T b .
then show ordlistns.sorted (map (Ims-prefic T) (list-slice SA (bucket-start o T
b) (B! b))
by simp
qed

lemma [-sorted-inv-maintained-step:

assumes [-perm-inv « T B SA0Q SA ¢

and i < length SA

and SA i = Sucj

and Suc j < length T

and suffir-type T j = L-type

and k=« (T!j)

and =Bk

and b < a (Maz (set T))

and b # k

and  ordlistns.sorted (map f (list-slice SA (bucket-start o T b) (B! b))
shows ordlistns.sorted (map f (list-slice (SA[l := j]) (bucket-start o T b) (Blk :=
Suc 1] 1'b)))
proof —

let %zs = list-slice (SA[l := j]) (bucket-start o T b) (B[k := Suc ] ! b) and

2ys = list-slice SA (bucket-start o T b) (B! b)

have i < length T
by (metis assms(1,2) l-perm-inv-def)
hence k < o (Max (set T))
using assms(1,4,6) l-perm-inv-def strict-mono-less-eq by fastforce

from «Suc j < length T
have j < length T
by simp

from [-distinct-pred-inv-helper|OF <i < length SA»
«SA i = Suc
«Suc j < length T»
<suffiz-type T j = L-type>
l-perm-inv-elims(4,10)[OF assms(1)]]
have j ¢ set SA
by assumption

from I-bucket-ptr-inv-imp-less-l-bucket-end[ OF I-perm-inv-elims(6)[OF assms(1)]
j < length T»
<suffiz-type T j = L-type>
j & set SA»
l-perm-inv-elims(12)[OF assms(1)]]
k=a (T!jp
=Bk
have | < l-bucket-end o T k
by simp
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hence [ < length SA
by (metis assms(1) bucket-end-le-length dual-order.strict-transi l-bucket-end-le-bucket-end

l-perm-inv-def)

have B[k := Sucl]!b=B!b
using assms(9) by auto

have | < bucket-start « TbV B! b <
proof —
have b < kV k<D
using «b # k> less-linear by blast
moreover
have b < k = ?thesis
proof —

assume b < k
hence bucket-end o« T b < bucket-start o« T k

by (simp add: less-bucket-end-le-start)
hence [-bucket-end o T b < bucket-start o T k
using [-bucket-end-le-bucket-end le-trans by blast
with [-bucket-ptr-inv-imp-le-l-bucket-end| OF I-perm-inv-elims(6)[OF assms(1)]
b < o]
have B! b < bucket-start o T k
by linarith
with [-bucket-ptr-inv-imp-ge-bucket-start| OF I-perm-inv-elims(6)[OF assms(1)]
k < )
show ?Zthesis
using assms(7) le-trans by blast
qed
moreover
have k < b = ?%thesis
proof —

assume k < b
hence bucket-end o T k < bucket-start o T b

by (simp add: less-bucket-end-le-start)
hence [-bucket-end o T k < bucket-start o« T b
using l-bucket-end-le-bucket-end le-trans by blast
with « < l-bucket-end o T k>
show ?thesis
using less-le-trans by blast
qed
ultimately show #thesis
by blast
qed
with «<B[k := Suc ]! b= B! b
list-slice-update-unchanged-1
list-slice-update-unchanged-2
have %zs = %ys
by auto
then show ?thesis
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using assms(10) by auto
qed

lemma [-suffiz-sorted-inv-maintained-step:
assumes l-perm-inv a T B SA0Q SA i
and l-suffiz-sorted-pre o T SA0O
and l-suffiz-sorted-inv o T B SA
and i < length SA
and SA ! i = Sucj
and Suc j < length T
and suffiz-type T j = L-type
and k=« (T!))
and l=Blk
shows [-suffiz-sorted-inv @ T (B[k := Suc l]) (SA[l := j])
unfolding I-suffiz-sorted-inv-def
proof (safe)
fix b
assume b < a (Maz (set T))
let %zs = list-slice (SA[l := j]) (bucket-start o T b) (B[k := Suc l] ! b) and
?ys = list-slice SA (bucket-start o T b) (B! b)

have i < length T
by (metis assms(1,4) l-perm-inv-def)
hence k < o (Maz (set T))
using assms(1,6,8) l-perm-inv-def strict-mono-less-eq by fastforce

from «Suc j < length T»
have j < length T
by simp

from [-distinct-pred-inv-helper|OF i < length SA»
«SA i = Suc
«Suc j < length T»
<suffiz-type T j = L-type>
l-perm-inv-elims(4,10)[OF assms(1)]]
have j ¢ set SA
by assumption

from I-bucket-ptr-inv-imp-less-l-bucket-end[ OF l-perm-inv-elims(6)[OF assms(1)]

j < length T)
<suffiz-type T j = L-type>
j & set SA»
l-perm-inv-elims(12)[OF assms(1)]]

k=a (T!j)p

«Il=B!k

have | < l-bucket-end o« T k
by simp
hence | < length SA
by (metis assms(1) bucket-end-le-length dual-order.strict-transi l-bucket-end-le-bucket-end
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l-perm-inv-def)

have b=k V b # k

by simp
moreover
have b # k = ordlistns.sorted (map (suffix T) ?zs)

using «b < a (Maz (set T))» assms l-sorted-inv-maintained-step l-suffiz-sorted-inv-def

by blast

moreover
have b = k = ordlistns.sorted (map (suffix T) %xs)
proof —

assume b = k

hence Blk := Sucl] ! b = Suc |

using <b < a (Maz (set T))» assms(1) l-perm-inv-elims(1) by fastforce

have SA[l :=j] ! 1=
by (simp add: <1 < length SA»)

from list-slice-update-unchanged-2[of B! b j - bucket-start o T b
have list-slice (SA[l := j]) (bucket-start o T b) (B! b) = 2ys
using b = k> assms(9)
by (simp add: list-slice-update-unchanged-2)
hence ?%xs = %ys Q list-slice (SA[l := j]) (B! b) (B[k := Suc ] ! k)
by (metis Suc-n-not-le-n <B[k := Suc I] ! b = Suc I» <b = k» <k < a (Maz
(set T))» assms(1,9)
l-bucket-ptr-inv-imp-ge-bucket-start l-perm-inv-elims(6) linear
list-slice-append)
moreover
have list-slice (SA[l := j]) (B! b) (B[k := Suc l] | k) = [j]
by (metis <B[k := Suc ] ! b = Suc b «SA[l :=j] ! 1= j
b=k <l < length SA> assms(9)
length-list-update lessI list-slice-Suc list-slice-n-n)
ultimately have %zs = %ys @ [j]
by simp
hence map (suffix T) ?xs = (map (suffix T) ?ys) @Q [suffix T j]
by simp
moreover
have ordlistns.sorted ((map (suffic T) ?ys) Q [suffiz T j])
proof —
from [-suffiz-sorted-invD[OF assms(3) <b < -]
have ordlistns.sorted (map (suffic T) 2ys) .
moreover
have ordlistns.sorted [suffiz T j]
by simp
moreover
have Vz € set (map (suffiz T) %ys).
Vy € set [suffiz T j].
list-less-eq-ns x y
proof (safe)
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fix zy

assume
z € set (map (suffix T) ?ys)
y € set [suffix T j]

hence y = suffiz T j
by simp

have A: length ?ys = B! b — bucket-start o T' b
using b = k> <l < length SAy assms(9) min-def by auto

from in-set-conv-nth| THEN iffD1, OF <z € set (map (suffix T) ?ys)»]
have 3¢’ © = suffic T (SA ! i) A
bucket-start o« Tb < i’ ANi' < B!b
by (metis A add.commute le-add1 length-map
less-diff-conv nth-list-slice nth-map)
then obtain j’ where j’-assms:
z = suffic T (SA!j"
bucket-start o« T b < j'
i'<Blb
by blast
hence j'-less: j' < length SA
using b = k> <l < length SAy assms(9) dual-order.strict-trans
by blast
with [-locations-inv-D
[OF l-perm-inv-elims(9)[OF assms(1)] <b < -» - j'-assms(2,3)]
have SA ! j’ < length T
suffiz-type T (SA! ') = L-type
a(T!'(SA!j) =1
by blast+
with [-pred-inv-D[OF Il-perm-inv-elims(10)[OF assms(1)] j'-less]
have dj<length SA.
SA ! j= Suc (SA!j) A
SAj < length T A
J<i'A
j<i
by blast
then obtain ¢’ where i’-assms:
i’ < length SA
SA ! i"= Suc (SA !5
SA!i' < length T
i’ <
i<
by blast

have o (T'!j) = b
using <b = k> assms(8) by blast
with «a (T! (SA!j)) = b
have T'!| (SA!jy=T!j
by (metis (no-types, lifting) assms(1) l-perm-inv-elims(12)
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less-le not-le strict-mono-less-eq)
moreover
have © = T ! (SA ! j') # suffiz T (SA! i)
using «SA | i' = Suc (SA! j')»
<SA 14" < length T»
«x = suffic T (SA ! ')
suffiz-cons-Suc
by auto
moreover
have y = T | j # suffix T (SA ! i)
using «j < length T» <y = suffiz T j
suffiz-cons-Suc
«SA i = Sucjp
by auto
ultimately
have list-less-eq-ns © y =
list-less-eq-ns (suffic T (SA ")) (suffic T (SA! 7))
using list-less-eq-ns-cons

[of T ! (SA !4
suffic T (SA ! i)
T
suffix T (SA ! 0)]
by simp
moreover
have list-less-eq-ns (suffic T (SA ! i")) (suffix T (SA! 1))

proof —
have i’ < length T
using i < length T) <i’ < i) order.strict-trans by blast
with index-in-bucket-interval-gen
[of i’ T a,
OF - l-perm-inv-elims(12)[OF assms(1)]]
obtain b0 where b0-assms:
b0 < o (Max (set T))
bucket-start o T b0 < ¢’
i’ < bucket-end o T b0
by blast
with same-bucket-same-hd
[OF l-perm-inv-elims(8,9,6,5)[OF assms(1)],
of b0 7]
I-perm-inv-elims(2,3,14,15)[OF assms(1)]
have o (T ! (SA! i) = b0
using «SA ! i’ < length T» <i’ < length SA> by auto

from index-in-bucket-interval-gen[OF <i < length T I-perm-inv-elims(12)[OF
assms(1)]]
obtain b1 where bI-assms:
bl < a (Max (set T))
bucket-start o« T b1 < 3
i < bucket-end o T b1
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by blast
with same-bucket-same-hd
[OF I-perm-inv-elims(8,9,6,5)[OF assms(1)],
of b1 i
l-perm-inv-elims(2,3,14,15)[OF assms(1)]
have o (T ! (SA ! Q) = b1
using assms(4—6) by auto

have b0 < b1
proof (rule ccontr)
assume — b0 < bl
hence 01 < b0
by auto
hence bucket-end o« T b1 < bucket-start o« T b0
by (simp add: less-bucket-end-le-start)
with «i < bucket-end o T b1» <bucket-start o T b0 < i’y i’ < i
show Fulse
by linarith
qed
hence b0 < b1 V b0 = b1
by linarith
moreover
have b0 < b1 = ?thesis
proof —
assume b0 < bl
with <a (T ! (SA ! i) = b0>»
a(T!(SA'D) =0l
have T'! (SA! i) < T ! (SA %)
using assms(1) I-perm-inv-elims(12) strict-mono-less by blast
moreover
have Jas. suffit T (SA i) =T ! (SA! i) # as
using «SA ! i’ < length T suffiz-cons-Suc by blast
then obtain as where as-assm:
suffic T (SA Vi) =T ! (SA' ) # as
by blast
moreover
have Jbs. suffic T (SA i) =T (SA! %) # bs
by (metis Cons-nth-drop-Suc assms(5,6))
then obtain bs where bs-assm:
suffic T (SAVi) =T (SA! %) # bs
by blast
ultimately show ?thesis
by (simp add: less-le list-less-eg-ns-cons)
qed
moreover
have b0 = b1 = ?thesis
proof —
assume b0 = b1
hence o (T ! (SA!i") =a (T ! (SA! 1))
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by (simp add: <o (T ! (SA i) = b0> <o (T ! (SA %)) = b1>)
hence T'! (SA! i) =T (SA %)
by (metis (no-types, opaque-lifting) assms(1) strict-mono-less
l-perm-inv-elims(12) not-less-iff-gr-or-eq )

have i < bucket-end o T b0
by (simp add: <b0 = b1> i < bucket-end o T b1»)

from unknown-range-values|OF l-perm-inv-elims(8,5)[OF assms(1)] - -
l-perm-inv-elims(14,15)[OF assms(1)]
b0 < o -]
l-perm-inv-elims(2,3)[OF assms(1)]
have i < B! b0 V Ims-bucket-start o« T b0 < i
using assms(5) assms(6) not-le by force

from unknown-range-values|OF l-perm-inv-elims(8,5)[OF assms(1)] - -
l-perm-inv-elims(14,15)[OF assms(1)]
b0 < a )
l-perm-inv-elims(2,3)[OF assms(1)]
<SA i’ < length T
have i' < B! b0 Vv
Ims-bucket-start o« T b0 < i’
using not-le by force
moreover
have i’ < B! b0 = ?thesis
proof —
assume i’ < B! b0
have i < B! b0 = ?thesis
proof —
assume 4-b0-assm: ¢ < B! b0
let ?zs = list-slice SA (bucket-start o T b0) (B! b0)

have i’ < ¢
by (simp add: i’ < 9> less-imp-le-nat)
from [-suffiz-sorted-invD[OF assms(3) <b0 < a -]
have ordlistns.sorted (map (suffiz T) ?xs) .
with ordlistns.list-slice-sorted-nth-mono
[OF - b0-assms(2) i’ < @ i-b0-assm,
of map (suffix T) SA]
show ?thesis
by (metis i’-assms(1) assms(4) length-map
map-list-slice nth-map)
qged
moreover
have Ims-bucket-start o« T b0 < i —> ?thesis
proof —
assume Ims-bucket-start o T b0 < 1
with [Ims-init-D
[OF lms-init-unchanged
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[OF l-perm-inv-elims(8)[OF assms(1)]],
OF - - l-perm-inv-elims(14)[OF assms(1)]
b0 < a -]
l-perm-inv-elims(2,3)[OF assms(1)]
i < bucket-end o T b0»
have SA ! i € Ims-bucket o T b0
by (metis bucket-end-le-length list-slice-nth-mem,)
hence suffiz-type T (SA ! i) = S-type
by (metis <b0 < o (Mazx (set T))»

i < bucket-end o T b0»
<length SA = length SA0>
<length SAQ = length T
<«Ims-bucket-start o« T b0 < >
dms-init a« T SA0»
assms(1) abs-is-lms-def l-perm-inv-elims(8)
Ims-init-nth Ims-init-unchanged)

moreover

from I-locations-inv-D

[OF I-perm-inv-elims(9)[OF assms(1)]

b0 < o -
i’-assms(1)
b0-assms(2)

i’ < B b0y]
have suffiz-type T (SA ! ") = L-type SA ! i’ < length T
by blast+

ultimately show “thesis
using [-less-than-s-type-suffix[of SA ! { T SA 17’
by (simp add: ordlistns.less-imp-le <« (T ! (SA i) = b0»
TV (SAV i)y =T1(SA! %) assms(5,6))
qed
ultimately
show ?thesis
using i < B! b0 V Ims-bucket-start o T b0 < 9>
by blast
qed
moreover
have Ims-bucket-start o T b0 < i’ = ?thesis
proof —
assume Ims-bucket-start o T b0 < i’

let %zs =
list-slice SA (Ims-bucket-start o T b0) (bucket-end o T b0)

from [-suffiz-sorted-pre-maintained
[OF l-perm-inv-elims(8)[OF assms(1)]]
l-perm-inv-elims(2,3)[OF assms(1)]
l-suffiz-sorted-preD[of o T SA b0, OF - <b0 < a -]
have ordlistns.sorted (map (suffiz T) ?xs)
by (simp add: assms(2))
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with ordlistns.list-slice-sorted-nth-mono
[of map (suffiz T) SA
Ims-bucket-start o T b0
bucket-end o T b0 i’ 1]
i < bucket-end o T b0»
@' < i
i’-assms(1)
«Ims-bucket-start o T b0 < i’
show ?thesis
by (metis assms(4) length-map map-list-slice
not-less not-less-iff-gr-or-eq nth-map)
qed
ultimately show ?thesis
by blast
qed
ultimately show ?thesis
by blast
qed
ultimately show list-less-eq-ns x y
by simp
qed
ultimately show ?Zthesis
using ordlistns.sorted-append|of map (suffiz T) ?ys [suffiz T j]]
by blast
qed
ultimately show ¢thesis
by simp
qed
ultimately show ordlistns.sorted (map (suffiz T) ?xs)
by blast
qed

lemma [-prefiz-sorted-inv-maintained-step:
assumes [-perm-inv « T B SA0Q SA ¢
and l-prefiz-sorted-pre a T SA0
and l-prefix-sorted-inv o T B SA
and i < length SA
and SA i = Sucj
and Suc j < length T
and suffiz-type T j = L-type
and k=a(T!))
and [=B!lk
shows [-prefiz-sorted-inv o T (B[k := Suc l]) (SA[l := j])
unfolding Il-prefiz-sorted-inv-def
proof (safe)
fix b
assume b < a (Maz (set T))
let %zs = list-slice (SA[l := j]) (bucket-start o T b) (B[k := Suc ] ! b)
and ?ys = list-slice SA (bucket-start o T b) (B! b)
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have i < length T
by (metis assms(1,4) l-perm-inv-def)
hence k < o (Max (set T))
using assms(1,6,8) l-perm-inv-def strict-mono-less-eq by fastforce

from <«Suc j < length T
have j < length T
by simp

from [-distinct-pred-inv-helper
[OF «i < length SA>
«SA i = Sucjp
«Suc j < length T)
<suffiz-type T j = L-type>
l-perm-inv-elims(4,10)[OF assms(1)]]
have j ¢ set SA
by assumption

from [-bucket-ptr-inv-imp-less-I-bucket-end
[OF l-perm-inv-elims(6)[OF assms(1)]
j < length T»
<suffix-type T j = L-type>
j & set SA»
l-perm-inv-elims(12)[OF assms(1)]]
k=a (T!j)p
«l=B!k
have [ < l-bucket-end o T k
by simp
hence | < length SA
by (metis bucket-end-le-length dual-order.strict-transi
assms(1) l-bucket-end-le-bucket-end I-perm-inv-def)

have b=k VvV b#k
by simp
moreover
have b # kF =
ordlistns.sorted (map (Ims-prefix T) ?xs)
using b < « (Max (set T))»
assms I-sorted-inv-maintained-step [-prefix-sorted-inv-def
by blast
moreover
have b = kF =
ordlistns.sorted (map (Ims-prefix T) 2zs)
proof —
assume b = k
hence B[k := Suc ] ! b = Suc
using b < o (Mazx (set T))> assms(1) l-perm-inv-elims(1)
by fastforce
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have SA[l :=j] !l =
by (simp add: <l < length SA»)

from list-slice-update-unchanged-2
have list-slice (SA[l := j]) (bucket-start a T b) (B! b) = 2ys
using b = k> assms(9)
by fast
hence ?xs = ?ys Q list-slice (SA[l := j]) (B! b) (B[k := Suc ] ! k)
by (metis <B[k := Suc l] ! b = Suc I> <b = k»
<k < a (Maz (set T))»
assms(1,9) Suc-n-not-le-n list-slice-append linear
l-bucket-ptr-inv-imp-ge-bucket-start l-perm-inv-elims(6))
moreover
have list-slice (SA[l := j]) (B! b) (B[k := Suc l] ! k) = [j]
by (metis <B[k := Suc I ! b = Suc D)
SA[L=4] V1=
b=k
I < length SA»
assms(9) length-list-update lessI list-slice-Suc list-slice-n-n)
ultimately
have %zs = %ys Q []
by simp
hence map (Ims-prefix T) ?zs = (map (Ims-prefiz T) 2ys) Q [Ims-prefiz T j)
by simp
moreover
have ordlistns.sorted ((map (Ims-prefiz T) ?ys) Q [Ims-prefiz T j))
proof —
from I-prefiz-sorted-invD[OF assms(8) <b < -]
have ordlistns.sorted (map (Ims-prefix T) ?ys) .
moreover
have ordlistns.sorted [Ims-prefiz T j]
by simp
moreover
have Vz € set (map (Ims-prefix T) ?ys). Vy € set [lms-prefix T j].
list-less-eq-ns x y
proof (safe)
fix zy
assume z € set (map (Ims-prefix T) ?ys) y € set [lms-prefiz T j]
hence y = Ims-prefix T j
by simp

have A: length ?ys = B! b — bucket-start o T b
using <b = k> <l < length SAy assms(9) min-def by auto

from in-set-conv-nth| THEN iffD1, OF «x € set (map (Ims-prefix T) ?ys)]
have 3¢’ x = Ims-prefizr T (SA ! i) A

bucket-start o« T b < i’ A

i"<B!b
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j<ut

by (metis A add.commute le-addl length-map less-diff-conv
nth-list-slice nth-map)
then obtain j’ where j’-assms:
z = Ims-prefiz T (SA ! j")
bucket-start o T b < j'
j’<B!b
by blast
hence j’ < length SA
using <b = k> <l < length SA»
assms(9) dual-order.strict-trans by blast
with [-locations-inv-D
[OF l-perm-inv-elims(9)[OF assms(1)]
b < o -
j'-assms(2,3)]
have SA ! j’ < length T
suffiz-type T (SA! ') = L-type
a(T!(SA!j) =1
by blast+
with [-pred-inv-D[OF l-perm-inv-elims(10)[OF assms(1)] <j' < length SA»]
have 3 j<length SA. SA!j = Suc (SA1jY AN SA!j <length T Nj<j A

by blast
then obtain i’ where
i’ < length SA
SA i = Suc (SA! 5"
SA ! i" < length T
i’ < g
i<
by blast

have a (T'!j) =b
using <b = k> assms(8) by blast
with «a (T'! (SA!j) = b
have T'! (SA!j)=T!'j
by (metis (no-types, lifting) assms(1) l-perm-inv-elims(12) less-le not-le

strict-mono-less-eq)

moreover
have z = T ! (SA ! j") # Ilms-preficr T (SA ! ')
by (simp add: <SA ! i’ = Suc (SA ! j)» «SA " < length T
suffiz-type T (SA ! j') = L-typer <x = Ilms-prefic T (SA ! j')»
I-type-lms-prefiz-cons)
moreover
have y = T ! j # Ims-prefiz T (SA ! 7)
by (simp add: <j < length T» <y = Ims-prefix T j> assms(5,7)
l-type-lms-prefiz-cons)
ultimately have
list-less-eq-ns ¢ y =
list-less-eq-ns (Ims-prefic T (SA ! ¢')) (Ims-prefix T (SA ! Q)
using list-less-eqg-ns-cons[of T ! (SA ! j) Ims-prefiz T (SA i) T !j
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Ims-prefic T (SA ! )]
by simp
moreover
have list-less-eq-ns (Ims-prefic T (SA ! ")) (Ims-prefix T (SA | 7))
proof —
have i’ < length T
using «i < length T) <i’ < i) order.strict-trans by blast
with index-in-bucket-interval-gen[of i’ T «, OF - l-perm-inv-elims(12)[OF
assms(1)]]
obtain b0 where
b0 < « (Mazx (set T))
bucket-start o T b0 < ¢’
i’ < bucket-end a T b0
by blast
with same-bucket-same-hd[OF l-perm-inv-elims(8,9,6,5)[OF assms(1)],
of b0 7]
l-perm-inv-elims(2,3,14,15)[OF assms(1)]
have o (T'! (SA ! i) = b0
using «SA ! i’ < length T» <i’ < length SA> by auto

from indez-in-bucket-interval-gen[OF i < length T I-perm-inv-elims(12)[OF
assms(1)]]
obtain b1 where
b1 < a (Mazx (set T))
bucket-start o« T b1 < 3
i < bucket-end o T b1
by blast
with same-bucket-same-hd[OF l-perm-inv-elims(8,9,6,5)[OF assms(1)],
of b1 {]
I-perm-inv-elims(2,3,14,15)[OF assms(1)]
have o (T ! (SA ! Q) = b1
using assms(4—6) by auto

have b0 < b1
proof (rule ccontr)
assume —b0 < bl
hence b1 < b0
by auto
hence bucket-end o T b1 < bucket-start o T b0
by (simp add: less-bucket-end-le-start)
with i < bucket-end o« T b1y <bucket-start o T b0 < i’y i’ < ©»
show Fualse
by linarith
qed
hence b0 < b1 V b0 = bl
by linarith
moreover
have b0 < b1 = ?thesis
proof —
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assume b0 < b1
with <o (T'! (SA ! i) = b0y <«a (T ! (SA %)) = bD»
have T'! (SA! i) < T ! (SA!4)
using assms(1) l-perm-inv-elims(12) strict-mono-less by blast
moreover
have Jas. Ims-prefic T (SA i) =T (SA! i) # as
by (metis <SA ! i’ < length T lms-slice-hd
Ims-Ims-prefiz not-Ims-imp-next-eq-lms-prefiz)
then obtain as where
Ims-prefic T (SA Vi) =T (SA! i) # as
by blast
moreover
have 3 bs. Ims-prefix T (SA i) = T ! (SA 7)) # bs
by (metis (full-types) SL-types.exhaust assms(5—7) abs-is-lms-def
I-type-lms-prefiz-cons Ims-lms-prefix)
then obtain bs where
Ims-prefic T (SA Vi) =T ! (SA! %) # bs
by blast
ultimately show ?thesis
by (simp add: less-le list-less-eq-ns-cons)
qed
moreover
have b0 = b1 = ?thesis
proof —
assume b0 = b1
hence o (T ! (SA!i) =a (T ! (SA! 1))
by (simp add: <o (T ! (SA i) = b0 <o (T ! (SA ! %)) = bl>)
hence T'! (SA! i) =T (SA %)
by (metis (no-types, opaque-lifting) assms(1) strict-mono-less
l-perm-inv-elims(12) not-less-iff-gr-or-eq)

have i < bucket-end o T b0
by (simp add: <b0 = b1> i < bucket-end o T b1»)

from unknown-range-values
[OF l-perm-inv-elims(8,5)[OF assms(1
l-perm-inv-elims(14,15)[OF assms(
l-perm-inv-elims(2,3)[OF assms(1)]
have i < B! b0 V Ims-bucket-start o T b0 < 1
using assms(5) assms(6) not-le by force

)] - -
1)] b0 < a -]

from unknown-range-values
[OF l-perm-inv-elims(8,5)[OF assms(1)] - -
l-perm-inv-elims(14,15)[OF assms(1)] <b0 < a -]
l-perm-inv-elims(2,3)[OF assms(1)]
SAVi" < length T»
have i’ < B! b0 V Ims-bucket-start o T b0 < i’
using not-le by force
moreover
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nth-map)

have i’ < B! b0 = ?thesis
proof —
assume i’ < B! b0
have i < B! b0 — ?thesis
proof —
assume 7 < B! b0
let %xs = list-slice SA (bucket-start « T b0) (B! b0)

have i’ < ¢
by (simp add: <i' < i less-imp-le-nat)
from I-prefiz-sorted-invD[OF assms(3) b0 < « -]
have ordlistns.sorted (map (Ims-prefix T) %xs) .
with ordlistns.list-slice-sorted-nth-mono
[OF - <bucket-start o T b0 < iy i’ < i
i < B! b0y,
of map (Ims-prefix T') SA]
show ?thesis
by (metis <i’ < length SA» assms(4) length-map map-list-slice

qed
moreover
have [ms-bucket-start o T b0 < { = ?thesis
proof —
assume Ims-bucket-start o T b0 < ¢
with Ims-init-D[OF Ims-init-unchanged
[OF l-perm-inv-elims(8)[OF assms(1)]],
OF - - l-perm-inv-elims(14)[OF assms(1)] <b0 < a -]
l-perm-inv-elims(2,3)[OF assms(1)]
i < bucket-end oo T b0»
have SA ! i € Ims-bucket o T b0
by (metis bucket-end-le-length list-slice-nth-mem)
hence suffiz-type T (SA ! i) = S-type
by (metis <b0 < a (Maz (set T))»
i < bucket-end oo T b0»
<length SA = length SA0»
<length SAO0 = length T»
<ms-bucket-start o T b0 < 7>
dms-init « T SA0» assms(1)
abs-is-lms-def I-perm-inv-elims(8) Ims-init-nth
Ims-init-unchanged)
moreover
from I-locations-inv-D[OF l-perm-inv-elims(9)[OF assms(1)] <b0 <

" < length SA» <bucket-start « T b0 < i
' < Bl by]
have suffiz-type T (SA ! i") = L-type SA | i’ < length T
by blast+
ultimately show ?thesis
using Ims-prefiz-l-less-than-s-type[of SA 1 i T SA ! i)
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by (simp add: <T ! (SA! i) =T (SA! %) assms(5—6)
Ims-prefiz-1-less-than-s-type
ordlistns.dual-order.strict-implies-order)
qed
ultimately show ?thesis
using i < B! b0 V Ims-bucket-start a T b0 < i> by blast
qed
moreover
have [lms-bucket-start o« T b0 < i’ = ?thesis
proof —
assume Ims-bucket-start o T b0 < i’

let %zs = list-slice SA (Ims-bucket-start o T b0) (bucket-end o T b0)

from I-prefiz-sorted-pre-maintained| OF l-perm-inv-elims(8)[OF assms(1)]]
l-perm-inv-elims(2,3)[OF assms(1)]
l-prefiz-sorted-preD[of o T SA b0, OF - <b0 < a -]
have ordlistns.sorted (map (Ims-prefix T) ?xs)
by (simp add: assms(2))
with ordlistns.list-slice-sorted-nth-mono
[of map (Ims-prefix T') SA
Ims-bucket-start o T b0
bucket-end o T b0 i’ i
i < bucket-end o T b0» i’ < i
i’ < length SA»
dms-bucket-start o T b0 < i’y
show ?thesis
by (metis assms(4) length-map map-list-slice
not-less not-less-iff-gr-or-eq nth-map)
qed
ultimately show ?thesis
by blast
qed
ultimately show ¢thesis
by blast
qed
ultimately show list-less-eq-ns = y
by simp
qed
ultimately show ?thesis
using ordlistns.sorted-append
[of map (Ims-prefix T) ?ys
[Ims-prefiz T j]]
by blast
qed
ultimately show #thesis
by simp
qged
ultimately show ordlistns.sorted (map (Ims-prefiz T) ?zs)
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by blast
qed

lemma abs-induce-I-suffiz-sorted-step:
assumes l-perm-inv a T B SA0Q SA i
and l-suffiz-sorted-pre o T SA0O
and l-suffiz-sorted-inv o T B SA
and  abs-induce-lI-step (B, SA, i) (o, T) = (B’, SA’, i')
shows [-suffiz-sorted-inv o T B’ SA’
proof (cases i < length SA A SA ! i < length T
assume - (i < length SA N SA ! i < length T)
then show ?thesis
using assms(3,4) by force
next
assume A: i < length SA N SA ! i < length T
show ?thesis
proof (cases SA ! 7)
case (
then show ?thesis
using assms(3,4) A by force
next
case (Suc j)
assume B: SA ! ¢ = Suc j
show ?thesis
proof (cases suffiz-type T j)
case S-type
then show ?thesis
using assms(3,4) A B by force
next
case L-type
then show ?thesis
using assms(3,4) A B
l-suffix-sorted-inv-maintained-step
[OF assms(1—3), of ja (T 'j) Bl o (T ! j)]
by (clarsimp simp: Let-def)
qed
qged
qged

lemma abs-induce-I-prefix-sorted-step:
assumes [-perm-inv o T B SA0Q SA i
and l-prefiz-sorted-pre o T SAOQ
and l-prefiz-sorted-inv o T B SA
and  abs-induce-l-step (B, SA, i) (a, T) = (B’, SA’, i’)
shows [-prefiz-sorted-inv o T B’ SA’
proof (cases i < length SA AN SA ! i < length T)
assume — (i < length SA N SA 1 i < length T)
then show ?thesis
using assms(3,4) by force
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next
assume A: i < length SA N SA ! i < length T
show ?thesis
proof (cases SA ! 7)
case (
then show ?thesis
using assms(3,4) A by force
next
case (Suc j)
assume B: SA! i = Sucj
show ?thesis
proof (cases suffiz-type T j)
case S-type
then show ?thesis
using assms(3,4) A B by force
next
case L-type
then show ?thesis
using assms(3,4) A B
l-prefiz-sorted-inv-maintained-step| OF assms(1—3), of j « (T ! §) B!
o (T1))
by (clarsimp simp: Let-def)
qed
qed
qed

lemma abs-induce-I-base-suffiz-sorted-inv-maintained:

assumes [-perm-inv « T B SA0 SA 0

and l-suffiz-sorted-pre o« T SAO

and l-suffiz-sorted-inv o T B SA

and  abs-induce-l-base « T B SA = (B', SA’, i)

shows [-suffiz-sorted-inv o T B’ SA’
proof —

let 2P = A(B, SA, i). l-perm-inv « T B SA0Q SA i N\ l-suffiz-sorted-inv « T B
SA

from assms(4)
have repeat (length T) abs-induce-l-step (B, SA, 0) (o, T) = (B’, SA’, 7)
by (simp add: abs-induce-l-base-def)
moreover
have Aa. ?P a = ?P (abs-induce-I-step a (o, T))
using abs-induce-l-perm-step abs-induce-l-suffiz-sorted-step assms(2) by blast
ultimately show %thesis
using repeat-maintain-inv|of ?P abs-induce-l-step (a, T) (B, SA, 0) length T
using assms(1,2,3) by auto
qed

lemma abs-induce-I-base-prefiz-sorted-inv-maintained:
assumes [-perm-inv « T B SA0Q SA 0
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and l-prefiz-sorted-pre a T SAO

and l-prefiz-sorted-inv a T B SA

and  abs-induce-l-base « T B SA = (B’, SA’, 1)

shows [-prefiz-sorted-inv o T B’ SA’
proof —

let 2P = \(B, SA, i). l-perm-inv o T B SA0 SA i A l-prefiz-sorted-inv « T B
SA

from assms(4)
have repeat (length T) abs-induce-l-step (B, SA, 0) (o, T) = (B’, SA’, i)
by (simp add: abs-induce-I-base-def)
moreover
have Aa. ?P o = ?P (abs-induce-I-step a (o, T))
using abs-induce-l-perm-step abs-induce-l-prefiz-sorted-step assms(2) by blast
ultimately show “thesis
using repeat-maintain-inv[of ?P abs-induce-l-step (o, T) (B, SA, 0) length T)
using assms(1,2,3) by auto
qed

79 L-type Exhaustiveness

The abs-induce-I function is exhaustive if it has inserted all the L-types

definition I-type-ezhaustive :: ('a :: {linorder, order-bot}) list = nat list = bool
where
l-type-exhaustive T SA = (Vi < length T. suffiz-type T i = L-type — i € set SA)

There two cases when the abs-induce-I function is not exhaustive: when
there is an L-type that is not in SA but its successor (right neighbour) is
in SA, and the other is when there is an L-type that is not in SA and its
successor is also not in SA. We will show that both cases will be False.

lemma not-Il-type-exrhaustive-imp-ex:
=l-type-ezhaustive T SA —>
(34 < length T. suffiz-type T i = L-type A i ¢ set SA A\ Suc i € set SA) V
((Fi < length T. suffix-type T i = L-type N i ¢ set SA) A
=(3i. @ < length T A suffiz-type T i = L-type N i ¢ set SA N Suc i € set SA))
using [-type-exhaustive-def
by blast

lemma [-type-ezhaustive-imp-I-bucket:
[strict-mono «; I-type-ezhaustive T SA; b < o (Max (set T))] =
{i. 1 € set SA N i € l-bucket a T b} = l-bucket o« T' b
by (intro equalityl subsetl; clarsimp simp add: bucket-def I-bucket-def I-type-exhaustive-def)

lemma [-type-ezhaustive-imp-all-I-types:

I-type-exhaustive T SA —>

{i. 7€ set SAN i€ l-bucket o T (o (T '14))} = {i. i <length T A suffiz-type
T i = L-type}

apply (intro equalityl subsetl; clarsimp)
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apply (simp add: bucket-def I-bucket-def)
by (simp add: I-type-ezhaustive-def bucket-def I-bucket-def)

79.1 Casel

In the case 1, we have that 3 k<length T. suffiz-type T k = L-type N k ¢
set SA A Suc k € set SA. From this, we know that 3 j<length SA. SA ! j =
Suc k

lemma
Suc k € set SA=—> 35 < length SA. SA ! j = Suc k
by (simp add: in-set-conv-nth)

After executing the abs-induce-I function, we know that we have seen

79.2 Case 2

In the case 2, we have that 3 k<length T. suffiz-type T k = L-type N\ k ¢
set SA A Suc k ¢ set SA.

lemma finite-and-Suc-imp-False:
assumes finite-A: finite A
and  not-empty: A # {}
and Suc-A:Va € A. Suca e A
shows Fulse

proof —
from Maz-in|OF finite-A not-empty]
have Max A € A by assumption

with Suc-A bspec
have Suc (Maz A) € A by blast

with «(Max A € A finite-A
show ?thesis
using Maz-ge Suc-n-not-le-n by blast
qed

lemma not-exhaustive-neighbour-is-I-type:
assumes A: A = {k |k. suffix-type T k = L-type N’k ¢ BA Suck ¢ BAk <
length T}
and  subset-B: {k |k. abs-is-lms T k} C B
and ke A
shows suffiz-type T (Suc k) = L-type
proof —
from A <k € A
have Suc k ¢ B
by blast
with subset-B
have —abs-is-lms T (Suc k)
by blast
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from A <k € A
have suffiz-type T k = L-type
by blast

with <~ abs-is-lms T (Suc k)
show ?thesis
by (meson abs-is-lms-def suffiz-type-def)
qed

lemma no-ezhausted-neighbour:

assumes A: A = {k |k. suffix-type T k = L-type N’k ¢ BN Suck ¢ BALk <
length T}

and  B: {k |k. abs-is-lms Tk} C B

and C:—~(3k. k < length T A suffiz-type T k = L-type A k ¢ B A Suc k € B)

and D: suffiz-type T i = L-type

and FE:i¢ B

and F: i < length T

shows 7 € A
proof —

from Clsimplified) D E F

have Suc i ¢ B

by blast

with A DEF
show ?thesis
by blast
qed

lemma [-type-less-length-imp-neightbour-less-length:
[suffiz-type T i = L-type; i < length T] = Suc i < length T
by (metis SL-types.simps(2) Suc-lessI suffiz-type-last)

lemma no-exhausted-neighbour-imp-False:
assumes A: A = {k |k. suffiz-type T k = L-type Nk ¢ BA Suck ¢ BAEk <
length T}
and  B: {k |k. abs-is-lms Tk} C B
and C: =3k k < length T N suffix-type T k = L-type A k ¢ B A Suc k € B)
and  nempty: A # {}
shows Fulse
proof —

from A
have finite A
by auto

have Va € A. Suca € A
proof
fix a
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assume a € A
with not-ezhaustive-neighbour-is-l-type[OF A B]
have suffiz-type T (Suc a) = L-type

by blast

from <a € Ay A
have Suc a < length T
by (simp add: I-type-less-length-imp-neightbour-less-length)

from <a € A» A
have Suc a ¢ B
by blast

from no-ezhausted-neighbour|OF A B C <suffiz-type T (Suc a) = L-types <Suc
a ¢ By <Suc a < length T)]
show Suc a € A
by blast
qed

with «finite A> nempty
show ?thesis
using finite-and-Suc-imp-False by blast
qed

79.3 Exhaustiveness Proof

lemma abs-induce-I-ezhaustive:
assumes [-seen-inv T SA (length SA)
and Ims-init o« T SAO
and length SA = length SA0
and length SA = length T
and strict-mono «
and l-unchanged-inv o T SA0 SA
shows [-type-exhaustive T SA

proof (rule ccontr)

let 2P = Ji<length T. suffiz-type T i = L-type A © ¢ set SA A Suc i € set SA
and
?Q1 = Ji<length T. suffiz-type T i = L-type A i ¢ set SA and
?Q2 = —(3i. i < length T A suffiz-type T i = L-type A © ¢ set SA A\ Suc i
€ set SA)

assume —l-type-exhaustive T SA
with not-Il-type-exhaustive-imp-ex
have ?P Vv (7Q1 A ?2Q2)

by blast
then show Fulse
proof

assume 7P
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then obtain i where
i < length T
suffiz-type T i = L-type
i ¢ set SA
Suc i € set SA
by blast

from «Suc i € set SA»
have 3k < length SA. SA ! k = Suc i
by (simp add: in-set-conv-nth)
then obtain £ where
k < length SA
SA !k = Suci
by blast

from [-type-less-length-imp-neightbour-less-length[ OF <suffiz-type T i = L-type>
@ < length T)]
have Suc i < length T
by assumption

from <l-seen-inv T SA (length SA)»
have Vi < length SA. SA | { < length T —
(Vj. SA Vi = Sucj A suffiz-type T j = L-type —
(k < length SA. SA ! k = 7))
using [-seen-inv-def by blast
with &k < length SA» <SA | k = Suc ©» <Suc i < length T
have Vj. SA ! k = Suc j A suffiz-type T j = L-type — (Fk<length SA. SA !
k=)
by auto
with <SA | k = Suc > <suffiz-type T i = L-type>
have JFk<length SA. SA 'k =1
by blast
with « ¢ set SA»
show ?thesis
using nth-mem by blast
next
assume ?Q1 N ?Q2
then have ?Q1 7Q2
by blast+
then have 3A4. A = {k |k. suffiz-type T k = L-type N\ k ¢ set SA N Suc k ¢
set SA N k < length T}
by blast
then obtain A where
A-eq: A = {k |k. suffiz-type T k = L-type N k ¢ set SA N\ Suc k ¢ set SA N\
k < length T}
by blast

from «?Q1> <?Q2) A-eq
have A # {}
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by blast

from Ims-init-unchanged|OF <l-unchanged-inv o T SA0 SA)
<length SA = length SA0>
<length SA = length T»
<Ims-init « T SA0»]
Ims-init-imp-all-Ims-in-SA[OF - <strict-mono ]
have Ims-subset-SA : {k |k. abs-is-lms T k} C set SA
by blast

from no-ezhausted-neighbour-imp-False[OF A-eq Ims-subset-SA <?Q2> <A #
{b]
show ?thesis
by assumption
qed
qed

80 Correctness and Exhaustiveness

lemma abs-induce-l-perm-inv-imp-exhaustiveness:
assumes abs-induce-l-base o T B SA = (B, SA’, i)
and l-perm-inv o T B’ SA SA’ i
shows [-type-exhaustive T SA’
proof —
from abs-induce-l-index[of o T B SA] assms(1)
have i = length T
by simp
hence i = length SA’
using assms(2) l-perm-inv-elims(2,3) by fastforce
hence P: l-perm-inv a T B’ SA SA’ (length SA")
using assms(2) by blast

have length SA’ = length T
using «i = length SA" «i = length T»> by blast
with abs-induce-l-ezhaustive| OF I-perm-inv-elims(11,14,3)[OF P] - I-perm-inv-elims(12,8)OF
P
show ?thesis .
qed

lemma abs-induce-I-perm-inv-B-val:
assumes abs-induce-l-base « T B SA = (B, SA’, 7)
and l-perm-inv o« T B’ SA SA’ i
and b <« (Mazx (set T))
shows B'! b = l-bucket-end o T b
proof —
from abs-induce-l-perm-inv-imp-exhaustiveness| OF assms(1—2))
have [-type-exhaustive T SA’
by assumption
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have strict-mono «
using assms(2) l-perm-inv-elims(12) by blast

from I-bucket-ptr-inv-D[OF I-perm-inv-elims(6)[OF assms(2)] assms(3)]
have B’ ! b = bucket-start a T b + num-I-types o T SA' b
by blast
moreover
from [-type-ezhaustive-imp-l-bucket| OF <strict-mono «» <l-type-exhaustive T SA’
assms(3)]
have cur-lI-types o T SA’ b = l-bucket o T b
unfolding cur-l-types-def
by blast
hence num-I-types o T SA’ b = I-bucket-size a T b
by (simp add: l-bucket-size-def num-I-types-def)
ultimately
show ?thesis
by (simp add: l-bucket-end-def)
qed

theorem abs-induce-I-distinct-I-bucket:
assumes [-perm-pre o« T B SA
and b <« (Mazx (set T))
shows distinct (list-slice (abs-induce-l o« T B SA) (bucket-start o T'b) (I-bucket-end
a Tb))
proof —
from abs-induce-l-index[of o« T B SA]
obtain B’ SA’ where
A: abs-induce-l-base o T B SA = (B’, SA’, length T)
by blast
with abs-induce-I-base-perm-inv-maintained| OF I-perm-inv-established| OF assms(1)],
of B SA" length T)
have B: I-perm-inv « T B’ SA SA’ (length T) .
with abs-induce-l-perm-inv-B-val[OF A - assms(2)]
have B’! b = l-bucket-end o« T' b .
with [-distinct-slice] OF l-perm-inv-elims(4,9)[OF B] - assms(2)] l-perm-inv-elims(2,3)[OF
B
have distinct (list-slice SA’ (bucket-start oo T b) (I-bucket-end o T b))
by simp
then show ?thesis
by (simp add: A abs-induce-I-def)
qed

theorem abs-induce-I-list-slice-lI-bucket:

assumes [-perm-pre « T B SA

and b < «a (Mazx (set T))
shows set (list-slice (abs-induce-l o T B SA) (bucket-start o T b) (I-bucket-end «
T b)) = l-bucket o T b

(is set ?xs = l-bucket o T b)
proof —
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from abs-induce-l-index[of o« T B SA]
obtain B’ SA’ where
A: abs-induce-lI-base o« T B SA = (B’, SA', length T)
by blast
with abs-induce-l-base-perm-inv-maintained| OF l-perm-inv-established|OF assms(1)],
of B" SA' length T)]
have B: I-perm-inv a T B’ SA SA' (length T') .
with abs-induce-l-perm-inv-B-val[OF A - assms(2)]
have B! b = l-bucket-end o« T b .
with [-locations-list-slice| OF l-perm-inv-elims(9)[OF B] assms(2)]

have set (list-slice SA’ (bucket-start o T b) (I-bucket-end o« T b)) C l-bucket «
Thb

by simp
hence set ?zs C [-bucket o« T b
by (simp add: A abs-induce-I-def)
moreover
from distinct-card]OF abs-induce-I-distinct-l-bucket[ OF assms])
have card (set ?zs) = length xs .
hence card (set ?zs) = l-bucket-end o« T b — bucket-start o T b
by (metis B bucket-end-le-length abs-induce-l-length l-bucket-end-le-bucket-end
l-perm-inv-elims(2)
le-trans length-list-slice min-def)
hence card (set ?zs) = card (l-bucket o T b)
by (simp add: l-bucket-end-def l-bucket-size-def)
ultimately show ?thesis
using card-subset-eq[OF finite-l-bucket)
by blast
qed

lemma abs-induce-l-unchanged:
assumes [-perm-pre o T B SA
and b < «a (Mazx (set T))
and s-bucket-start o T b < ¢
and i < bucket-end oo T b
shows (abs-induce-l o« T B SA) 1 i = SA !¢
proof —
from abs-induce-l-index[of o« T B SA]
obtain B’ SA’ where
A: abs-induce-l-base o T B SA = (B’; SA’, length T)
by blast
with abs-induce-l-base-perm-inv-maintained| OF I-perm-inv-established| OF assms(1)],
of B" SA" length T)
have B: I-perm-inv « T B’ SA SA’ (length T) .

have i < length SA

by (metis B assms(4) bucket-end-le-length l-perm-inv-elims(2) le-less-trans
not-less-eq)
moreover

have [-bucket-end o« T b < i
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by (metis assms(3) s-bucket-start-eq-lI-bucket-end)
ultimately have SA’! i = SA !
using l-unchanged-inv-D[OF I-perm-inv-elims(8,3)[OF B] assms(2) - - assms(4)]
by auto
then show ?thesis
by (simp add: A abs-induce-I-def)
qed

— Used in SAIS algorithm as part of inducing the suffix ordering based on LMS
theorem abs-induce-I-suffiz-sorted-I-bucket:

assumes [-perm-pre « T B SA

and l-suffiz-sorted-pre o« T SA

and b <« (Maz (set T))
shows ordlistns.sorted (map (suffiz T)

(list-slice (abs-induce-l o« T B SA) (bucket-start o T b) (I-bucket-end o« T

b))

proof —

from [l-perm-inv-established| OF assms(1)]
have A: [-perm-inv o« T B SA SA 0 .

from [-suffiz-sorted-inv-established| OF l-perm-pre-elims(4)[OF assms(1)], of SA]
have D: l-suffiz-sorted-inv o T B SA .

from abs-induce-l-indez[of o« T B SA]
obtain B’ SA’ where
B: abs-induce-l-base o T B SA = (B’, SA’, length T)
by blast
with abs-induce-l-base-perm-inv-maintained|OF A, of B’ SA’ length T
have C: l-perm-inv « T B’ SA SA’ (length T) .
with abs-induce-l-perm-inv-B-val[OF B - assms(3)]
have B'! b = l-bucket-end o T b .
moreover
from abs-induce-l-base-suffiz-sorted-inv-maintainedOF A assms(2) D B]
have [-suffiz-sorted-inv « T B’ SA’.
ultimately show ?thesis
using [l-suffiz-sorted-invD[of @ T B’ SA’, OF - assms(3)]
by (simp add: B abs-induce-l-def)
qed

— Used in SAIS algorithm as part of inducing the prefix ordering based on LMS
theorem abs-induce-l-prefiz-sorted-l-bucket:

assumes [-perm-pre « T B SA

and l-prefiz-sorted-pre o T SA

and b < «a (Mazx (set T))
shows ordlistns.sorted (map (Ilms-prefix T)

(list-slice (abs-induce-l o« T B SA) (bucket-start o T b) (l-bucket-end o« T

b))

proof —

341



from I-perm-inv-established| OF assms(1)]
have A: l-perm-inv o« T B SA SA 0 .

from [l-prefiz-sorted-inv-established[ OF l-perm-pre-elims(4)[OF assms(1)], of SA]
have D: l-prefix-sorted-inv « T B SA .

from abs-induce-l-index[of o T B SA4]
obtain B’ SA’ where
B: abs-induce-l-base o T B SA = (B’, SA’, length T
by blast
with abs-induce-l-base-perm-inv-maintained(OF A, of B' SA' length T)
have C: l-perm-inv « T B’ SA SA’ (length T) .
with abs-induce-l-perm-inv-B-val|[OF B - assms(3)]
have B’! b = l-bucket-end o T b .
moreover
from abs-induce-l-base-prefiz-sorted-inv-maintained| OF A assms(2) D B|
have [-prefiz-sorted-inv o T B’ SA’ .
ultimately show ?thesis
using [l-prefiz-sorted-invD[of o T B’ SA’, OF - assms(3)]
by (simp add: B abs-induce-l-def)
qged

end

theory Abs-Induce-S-Verification
imports ../abs—def / Abs-SAIS

begin

81 Abstract Induce S Simple Properties

lemma abs-induce-s-step-ex:
3B’ SA’ i'. abs-induce-s-step a b = (B’, SA’, i’)
by (meson prod-cases3)

lemma abs-induce-s-step-B-length:
abs-induce-s-step (B, SA, i) (a, T) = (B’, SA', i") = length B’ = length B
by (clarsimp split: prod.splits if-splits nat.splits SL-types.splits simp: Let-def)

lemma abs-induce-s-step-SA-length:
abs-induce-s-step (B, SA, i) (o, T) = (B’, SA', i") = length SA’ = length SA
by (clarsimp split: prod.splits if-splits nat.splits SL-types.splits simp: Let-def)

lemma abs-induce-s-step-Suc:
abs-induce-s-step (B, SA, Suc i) (o, T) = (B', SA", i") = i’ =i
by (clarsimp split: prod.splits if-splits nat.splits SL-types.splits simp: Let-def)

lemma abs-induce-s-step-0:

abs-induce-s-step (B, SA, 0) (o, T) = (B, SA4, 0)
by (clarsimp split: prod.splits if-splits nat.splits SL-types.splits simp: Let-def)
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corollary abs-induce-s-step-0-alt:
assumes abs-induce-s-step (B, SA4, i) (o, T) = (B', SA', ')
and i=0

shows B=B' A SA=S8SA"ANi'"=0
using assms(1) assms(2) by auto

lemma repeat-abs-induce-s-step-index:
3B’ SA’. repeat n abs-induce-s-step (B, SA, m) (o, T) = (B, SA’, m — n) A
length SA’ = length SA A length B’ = length B
proof (induct n arbitrary: m)
case ()
then show ?case by (clarsimp simp: repeat-0)
next
case (Suc n)
note IH = this

from IH][of m)|
obtain B’ SA’ where
repeat n abs-induce-s-step (B, SA, m) (o, T) = (B’, SA’, m — n)
length SA’ = length SA
length B" = length B
by blast
with repeat-step[of n abs-induce-s-step (B, SA, m) («, T)]
have repeat (Suc n) abs-induce-s-step (B, SA, m) («a, T) = abs-induce-s-step
(B, SA", m — n) (a, T)
by simp
moreover
have 3B"” SA”. abs-induce-s-step (B', SA', m — n) (a, T) = (B”, SA", m —
Suc n) A
length SA" = length SA’ N\ length B = length B’
proof (cases n < m)
assume n < m
hence 3k. m — n = Suc k
by presburger
then obtain k where
m — n = Suc k
by blast

from abs-induce-s-step-ez[of (B',SA’, m — n) (a, T)]
obtain B SA" i’ where
P: abs-induce-s-step (B'; SA’, m — n) (o, T) = (B”, SA”, i')
by blast
with «<m — n = Suc k> abs-induce-s-step-Suclof B’ SA’ k o« T B" SA"" i)
have " = m — Sucn
by auto
with <abs-induce-s-step (B, SA’, m — n) (a, T) = (B, SA", i’)
abs-induce-s-step-SA-length[ OF P)
abs-induce-s-step-B-length| OF P)
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show ?thesis
by simp
next
assume —n < m
hence m < n
by simp
hence m — n =0
by simp
with abs-induce-s-step-0[of B’ SA" o T
show ?thesis
by simp
qed
ultimately show ?case
by (simp add: <length SA’ = length SA> <length B’ = length B))
qed

lemma abs-induce-s-base-indez:
3B’ SA'. abs-induce-s-base « T B SA = (B', SA’, 0)
unfolding abs-induce-s-base-def
by (metis cancel-comm-monoid-add-class. diff-cancel repeat-abs-induce-s-step-index)

lemma abs-induce-s-length:
length (abs-induce-s « T B SA) = length SA
unfolding abs-induce-s-def abs-induce-s-base-def
apply (rule repeat-maintain-inv; simp add: Let-def)
apply (clarsimp split: prod.splits simp del: abs-induce-s-step.simps)
apply (drule abs-induce-s-step-SA-length; simp)
done

82 Preconditions

definition [-types-init
where
l-types-init « T SA =
(Vb < a (Maz (set T)).
set (list-slice SA (bucket-start o T b) (I-bucket-end o T b)) = l-bucket o« T b A
distinct (list-slice SA (bucket-start « T b) (I-bucket-end o T b))

)

lemma [-types-initD:
[l-types-init « T SA; b < o (Max (set T))] =
set (list-slice SA (bucket-start o T b) (I-bucket-end o T b)) = l-bucket o T b
[l-types-init « T SA; b < o (Mazx (set T))] =
distinct (list-slice SA (bucket-start oo T b) (I-bucket-end o T b))
using [-types-init-def by blast+

lemma [-types-init-nth:

assumes length SA = length T
and l-types-init o« T SA
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and b < «a (Mazx (set T))
and bucket-start « T b < i
and i < l-bucket-end o T' b
shows SA ! i € l-bucket o T b
proof —
have I-bucket-end o T b < length SA
by (metis assms(1) bucket-end-le-length dual-order.order-iff-strict I-bucket-end-le-bucket-end
less-le-trans)
with [-types-initD(1)[OF assms(2,3)] list-slice-nth-mem[OF assms(4,5)]
show %thesis
by blast
qed

definition s-type-init
where
s-type-init T SA = (In. length T = Sucn A SA! 0 = n)

definition s-perm-pre
where

s-perm-pre « T B SA n =
s-bucket-init « T B A
s-type-init T SA A
strict-mono o N
o (Maz (set T)) < length B A
length SA = length T N
I-types-init a« T SA N
valid-list T N
a bot = 0 A
Suc 0 < length T N
length T < n

definition s-sorted-pre
where
s-sorted-pre « T SA =
(Vb < o (Max (set T)).
ordlistns.sorted (map (suffix T) (list-slice SA (bucket-start o T b) (I-bucket-end
a T'b)))

)

lemma s-sorted-preD:
[s-sorted-pre o T SA; b < o (Mazx (set T))] =
ordlistns.sorted (map (suffic T) (list-slice SA (bucket-start o T b) (I-bucket-end

a Tb)))
using s-sorted-pre-def by blast

definition s-prefiz-sorted-pre
where

s-prefix-sorted-pre a« T SA =
(Vb < o (Max (set T)).
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ordlistns.sorted (map (Ims-slice T) (list-slice SA (bucket-start oo T'b) (I-bucket-end
a Th))

)

lemma s-prefiz-sorted-preD:

[s-prefiz-sorted-pre a« T SA; b < a (Maz (set T))] =

ordlistns.sorted (map (Ims-slice T) (list-slice SA (bucket-start oo T'b) (I-bucket-end
o T1)))

using s-prefiz-sorted-pre-def by blast

83 Invariants

83.1 Definitions
83.1.1 Distinctness

definition s-distinct-inv
where
s-distinct-inv « T B SA =
(Vb < o (Max (set T)). distinct (list-slice SA (B! b) (bucket-end a T b)))

lemma s-distinct-invD:
[s-distinct-inv o T B SA; b < o (Mazx (set T))] =
distinct (list-slice SA (B! b) (bucket-end o T b))
using s-distinct-inv-def by blast

83.1.2 S Bucket Ptr

definition s-bucket-ptr-inv ::
('a :: {linorder, order-bot} = nat) = 'a list = nat list = bool
where
s-bucket-ptr-inv o T B =
(Vb < o (Max (set T)).
s-bucket-start o« T b < B! b A
B! b < bucket-end a« T b N
(b=0-— B!b=0))

lemma s-bucket-ptr-lower-bound:
assumes s-bucket-ptr-inv o T B
and b < a (Maz (set T))
shows s-bucket-start o« T b < B! b
using assms(1) assms(2) s-bucket-ptr-inv-def by blast

lemma s-bucket-ptr-upper-bound:
assumes s-bucket-ptr-inv o T B
and b < a (Maz (set T))

shows B! b < bucket-end a T b
by (metis assms s-bucket-ptr-inv-def)

lemma s-bucket-ptr-0:
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assumes s-bucket-ptr-inv o T B
and b=20
shows B! b =0
using assms s-bucket-ptr-inv-def by auto

83.1.3 Locations

definition s-locations-inv ::
('a :: {linorder, order-bot} = nat) = 'a list = nat list = nat list = bool
where
s-locations-inv o T B SA =
(Vb < o (Max (set T)).
(Vi. B! b < i A< bucket-end a T b — SA! i € s-bucket a T b))

lemma s-locations-invD:

[s-locations-inv o T B SA; b < o (Max (set T)); B! b < i; i < bucket-end « T
b =

SA i€ s-bucket o T b

using s-locations-inv-def by blast

lemma s-locations-inv-in-list-slice:
assumes s-locations-inv a T B SA
and b < «a (Maz (set T))
and = € set (list-slice SA (B! b) (bucket-end o T b))
shows z € s-bucket a« T' b
proof —
from in-set-conv-nth[THEN iffD1, OF assms(3)]
obtain ¢ where
i < length (list-slice SA (B! b) (bucket-end o T b))
list-slice SA (B! b) (bucket-end o T b) ! i =z
by blast
with nth-list-slice
have SA! (B!b+ i) ==
by fastforce
moreover
have B! b + ¢ < bucket-end a« T b
using «i < length (list-slice SA (B! b) (bucket-end o« T b))» by auto
ultimately
show ?thesis
using assms(1,2) le-add1 s-locations-invD by blast
qed

lemma s-locations-inv-subset-s-bucket:
assumes s-locations-inv a T B SA
and b < «a (Maz (set T))

shows set (list-slice SA (B! b) (bucket-end o T b)) C s-bucket a« T b
using assms s-locations-inv-in-list-slice by blast
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83.1.4 Unchanged

definition s-unchanged-inv ::

('a :: {linorder, order-bot} = nat) = 'a list = nat list = nat list = nat list =
bool

where
s-unchanged-inv « T B SA SA' =

(Vb < a (Maz (set T)). (Vi. bucket-start « Tb<iANi<Blb— SA'li=
SA 7))

lemma s-unchanged-invD:

[s-unchanged-inv o T B SA SA'; b < a (Maz (set T)); bucket-start o T b < 4; i
< B!} =

SA'"li=SA14

using s-unchanged-inv-def by blast

83.1.5 Seen

definition s-seen-inv ::
("a :: {linorder, order-bot} = nat) = 'a list = nat list = nat list = nat = bool
where
s-seen-inv o« T B SA n =
Vi < length SA. n < i —
(suffiz-type T (SA ! %) = S-type — in-s-current-bucket o T B (o (T ! (SA!
i) i) A
(suffiz-type T (SA ! 14) = L-type — in-l-bucket o T (e (T ! (SA ! 7)) ) A
SA i < length T

lemma s-seen-invD:

[s-seen-inv o« T B SA n; i < length SA; n < {] = SA i < length T

[s-seen-inv o T B SA n; i < length SA; n < i; suffiz-type T (SA ! i) = L-type]
—

in-l-bucket o T (e (T'! (SA 7)) ¢

[s-seen-inv o T B SA n; i < length SA; n < 4; suffiz-type T (SA ! i) = S-type]
.

in-s-current-bucket « T B (o (T ! (SA ! 7)) ¢

unfolding s-seen-inv-def by blast+

83.1.6 Predecessor

definition s-pred-inv ::

(("a :: {linorder, order-bot}) = nat) = 'a list = nat list = nat list = nat =
bool

where
s-pred-inv « T B SA n =

(Vb i. in-s-current-bucket « TBbi ANb# 0 —

(37 < length SA. SA ! j = Suc (SAli) ANi<jAn<j)
)

lemma s-pred-invD:
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[s-pred-inv o T B SA k; in-s-current-bucket o T B b i; b # 0] =
3j < length SA. SA 1 j = Suc (SAVi))Ni<jANk<]
using s-pred-inv-def by blast

83.1.7 Successor

definition s-suc-inv :
("a :: {linorder, order-bot} = nat) = 'a list = nat list = nat list = nat = bool
where
s-suc-inv o T B SA n =
Vi < length SA. n < i —
(Vj. SA Vi = Sucj A suffiz-type T j = S-type —
(k. in-s-current-bucket o« T B (a (T 1 j)) kAN SA k=7 ANk <))

lemma s-suc-invD:

[s-suc-inv o T B SA n; i < length SA; n < i; SA ! i = Suc j; suffiz-type T j =
S-type] =

k. in-s-current-bucket « T B (a (T '§) kANSAVk=j ANk <

using s-suc-inv-def by blast

83.1.8 Combined Permutation Invariant

definition s-perm-inv ::
('a :: {linorder, order-bot} = nat) = 'a list = nat list = nat list = nat list =
nat = bool
where
s-perm-inv o T B SA SA' n =
s-distinct-inv « T B SA’ A
s-bucket-ptr-inv o T B A
s-locations-inv a T B SA’ A
s-unchanged-inv « T B SA SA’' A
s-seen-inv o T B SA' n A
s-pred-inv o T B SA" n A
s-suc-inv o T B SA" n A
strict-mono o A\
a (Max (set T)) < length B A
length SA = length T A
length SA’ = length T A
l-types-init o« T SA A
valid-list T N
a bot = 0 N
Suc 0 < length T

lemma s-perm-inv-elims:
s-perm-inv o T B SA SA' n = s-distinct-inv o T B SA’
s-perm-inv o T B SA SA' n = s-bucket-ptr-inv o T B
s-perm-inv o T B SA SA’ n = s-locations-inv o« T B SA’
s-perm-inv « T B SA SA' n = s-unchanged-inv « T B SA SA’
s-perm-inv o T B SA SA' n = s-seen-inv a T B SA' n
s-perm-inv o T B SA SA' n = s-pred-inv o T B SA' n
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s-perm-inv o T B SA SA' n = s-suc-inv o T B SA' n
s-perm-inv o T B SA SA' n = strict-mono «

s-perm-inv « T B SA SA' n = o (Maz (set T)) < length B
s-perm-inv a T B SA SA' n = length SA = length T
s-perm-inv o T B SA SA’ n = length SA’ = length T
s-perm-inv o T B SA SA' n = I-types-init o T SA
s-perm-inv a T B SA SA' n = wvalid-list T

s-perm-inv o T B SA SA' n = « bot = 0

s-perm-inv o T B SA SA’' n = Suc 0 < length T

by (simp-all add: s-perm-inv-def)

fun s-perm-inv-alt ::

("a :: {linorder, order-bot} = nat) = 'a list = nat list = nat list X nat list x
nat = bool

where
s-perm-inv-alt « T SA (B, SA’, n) = s-perm-inv o T B SA SA' n

83.1.9 Sorted

definition s-sorted-inv
where
s-sorted-inv « T B SA =
(Vb < o (Max (set T)).
ordlistns.sorted (map (suffic T') (list-slice SA (B! b) (bucket-end o T'b)))
)

lemma s-sorted-invD:
[s-sorted-inv « T B SA; b < a (Maz (set T))] =
ordlistns.sorted (map (suffic T) (list-slice SA (B! b) (bucket-end o T'b)))
using s-sorted-inv-def by blast

fun s-sorted-inv-alt ::

("a :: {linorder, order-bot} = nat) = 'a list = nat list = nat list X nat list x
nat = bool

where
s-sorted-inv-alt « T SA (B, SA’, n) =

(s-perm-inv « T B SA SA’ n A s-sorted-pre « T SA A s-sorted-inv « T B SA’)

definition s-prefiz-sorted-inv
where
s-prefix-sorted-inv « T B SA =
(Vb < o (Max (set T)).
ordlistns.sorted (map (Ims-slice T) (list-slice SA (B! b) (bucket-end o T b)))
)

lemma s-prefiz-sorted-invD:
[s-prefiz-sorted-inv o« T B SA; b < o (Max (set T))] =
ordlistns.sorted (map (Ims-slice T) (list-slice SA (B! b) (bucket-end o T b)))
using s-prefix-sorted-inv-def by blast
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fun s-prefiz-sorted-inv-alt ::

("a :: {linorder, order-bot} = nat) = 'a list = nat list = nat list X nat list x
nat = bool

where
s-prefiz-sorted-inv-alt o T SA (B, SA', n) =

(s-perm-inv a« T B SA SA' n A s-prefiz-sorted-pre o« T SA A s-prefiz-sorted-inv
a T B SA)

83.2 Helpers

lemma s-current-bucket-pairwise-distinct:

assumes s-distinct-inv a T B SA

and  s-locations-inv a T B SA

and b <« (Mazx (set T))

and b’ < a (Maz (set T))

and b# b
shows distinct (list-slice SA (B ! b) (bucket-end o T b) @ list-slice SA (B! b")
(bucket-end « T b))
proof (intro distinct-append| THEN iffD2] congl disjointI”)

from s-distinct-invD[OF assms(1,3)]

show distinct (list-slice SA (B ! b) (bucket-end o T b)) .
next

from s-distinct-invD[OF assms(1,4)]

show distinct (list-slice SA (B! b') (bucket-end o T b’)) .
next

fix x y

assume A: z € set (list-slice SA (B! b) (bucket-end o T b))

y € set (list-slice SA (B! b') (bucket-end o T b'))

from s-locations-inv-in-list-slice] OF assms(2,3) A(1)]
have 2 € s-bucket o T'b .
moreover
from s-locations-inv-in-list-slice] OF assms(2,4) A(2)]
have y € s-bucket o T b’ .
ultimately
show z # y
using assms(5)
by (metis (mono-tags, lifting) bucket-def s-bucket-def mem-Collect-eq)
qed

lemma s-unchanged-list-slice:
assumes s-unchanged-inv o« T B SAQ SA
and length SAOQ = length T
and length SA = length T
and b <« (Mazx (set T))
and bucket-start « T b < §
and j<B!Yb
shows list-slice SA 1 j = list-slice SAQ i j
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proof (intro list-eq-iff-nth-eq THEN iffD2] conjl alll impI)
show length (list-slice SA i j) = length (list-slice SAO i j)
by (simp add: assms)
next
fix k
assume k < length (list-slice SA i )
hence k < length (list-slice SAO i j)
by (simp add: assms)

from nth-list-slice]OF <k < length (list-slice SA i j)]
have list-slice SAij! k= SA! (i + k) .
moreover
from nth-list-slice] OF <k < length (list-slice SAO i j)»]
have list-slice SAO i j! k= SA0 ! (i + k) .
moreover
{
have bucket-start o T b < 7 + k
by (simp add: assms(5) trans-le-addl)
moreover
have i + k£ < j
using <k < length (list-slice SA i j)> by auto
hence i + k< B!b
using assms(6) order.strict-trans2 by blast
ultimately
have SA ! (i + k) = SA0 ! (i + k)
using s-unchanged-invD[OF assms(1,4)]
by blast
}
ultimately show list-slice SA i j | k = list-slice SAO i j ! k
by simp
qed

lemma [-types-init-maintained:
assumes s-bucket-ptr-inv o T B
and s-unchanged-inv o« T B SA0 SA
and length SAOQ = length T
and length SA = length T
and l-types-init o« T SAOQ
shows I-types-init « T SA
unfolding [-types-init-def
proof (intro alll impl)
fix b
let %zs = list-slice SA (bucket-start o T b) (I-bucket-end o T b)
let ?ys = list-slice SAO (bucket-start a T b) (I-bucket-end o T b)
assume b < a (Maz (set T))
with s-bucket-ptr-lower-bound[OF assms(1), of b
have [-bucket-end o« Tb < B! b
by (simp add: s-bucket-start-eq-l-bucket-end)
with s-unchanged-list-slice] OF assms(2—4) <b < o (Max (set T))»,
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of bucket-start o T b l-bucket-end o T b
have ?7xs = %ys
by blast
with assms(5)[simplified I-types-init-def, THEN spec, THEN mp, OF b < «
(Maz (set T))»]
show set %xs = I-bucket o T b A distinct ?xs
by simp
qed

lemma s-sorted-pre-maintained:
assumes s-bucket-ptr-inv o T B
and s-unchanged-inv o« T B SAQ SA
and length SAOQ = length T
and length SA = length T
and s-sorted-pre o« T SA0Q
shows s-sorted-pre o T SA
unfolding s-sorted-pre-def
proof (intro alll impl)
fix b
let %xs = list-slice SA (bucket-start o« T b) (I-bucket-end o T b)
let ?ys = list-slice SAO (bucket-start o T b) (I-bucket-end « T b)
assume b < o (Maxz (set T))
with s-bucket-ptr-lower-bound[OF assms(1), of b
have [-bucket-end o« Tb < B! b
by (simp add: s-bucket-start-eq-lI-bucket-end)
with s-unchanged-list-slice] OF assms(2—4) <b < o (Max (set T))»,
of bucket-start o T b l-bucket-end o T b]
have 7zs = %ys
by blast
then show ordlistns.sorted (map (suffiz T) ?xs)
using b < o (Maz (set T))> assms(5) s-sorted-pre-def by auto
qed

lemma s-prefiz-sorted-pre-maintained:
assumes s-bucket-ptr-inv o T B
and s-unchanged-inv o T B SA0 SA
and length SAO = length T
and length SA = length T
and s-prefiz-sorted-pre o T SAQ
shows s-prefiz-sorted-pre a T SA
unfolding s-prefix-sorted-pre-def
proof (intro alll impl)
fix b
let %zs = list-slice SA (bucket-start o T b) (I-bucket-end o T b)
let ?ys = list-slice SAO (bucket-start a T b) (l-bucket-end o T b)
assume b < o (Max (set T))
with s-bucket-ptr-lower-bound[OF assms(1), of b
have [-bucket-end o« T b < B! b
by (simp add: s-bucket-start-eq-l-bucket-end)
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with s-unchanged-list-slice] OF assms(2—4) <b < o (Max (set T))»,
of bucket-start o T b l-bucket-end o T b]
have 7zs = %ys
by blast
then show ordlistns.sorted (map (Ims-slice T) ?xs)
using b < « (Max (set T))» assms(5) s-prefiz-sorted-pre-def by auto
qed

lemma s-next-item-not-seen:
assumes s-distinct-inv a« T B SA
and s-bucket-ptr-inv o T B
and s-locations-inv a« T B SA
and s-unchanged-inv o« T B SAQ SA
and s-seen-inv o T B SA i
and s-pred-inv o T B SA 1
and strict-mono «
and length SAO = length T
and length SA = length T
and l-types-init o« T SAO
and valid-list T
and o bot = 0
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Suc j
and suffiz-type T j = S-type
and b=a (T!}))
shows j ¢ set (list-slice SA (B! b) (bucket-end a T b))
proof
let ?zs = list-slice SA (B ! b) (bucket-end o T b)
let 20 = o (T ! (Suc 7))
assume j € set s

from s-seen-invD(1)[OF assms(5,14)] assms(13,15)
have Suc j < length T

by simp
hence ?b < a (Maz (set T))

using assms(7)

by (simp add: strict-mono-leD)

have bucket-end o T ?b < length SA
by (simp add: assms(9) bucket-end-le-length)
hence [-bucket-end o T ?b < length SA
by (metis dual-order.trans I-bucket-end-le-bucket-end)

have j < length T
by (simp add: assms(16) suffiz-type-s-bound)

from valid-list-length-ex|OF assms(11)]
obtain n’ where
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length T = Suc n'
by blast
with «Suc j < length T
have j < n’
by linarith
hence T'! j # bot
by (metis <length T = Suc n'y assms(11) diff-Suc-1 valid-list-def)
hence b # 0
using assms(7,12,17) strict-mono-eq by fastforce

with in-set-conv-nth|[ THEN iffD1, OF <j € set ?zs)]
obtain ¢ where

a < length %xs

%zsla =7

by blast
hence SA! (B! b+ a) =}

using nth-list-slice by fastforce

from assms(9)
have bucket-end o T b < length SA
by (simp add: bucket-end-le-length)
with <a < length ?zs)
have B! b + a < bucket-end o T b
by auto
with assms(7,17) <j < length T»
have in-s-current-bucket « T B b (B! b + a)
unfolding in-s-current-bucket-def
by (simp add: strict-mono-less-eq)
with s-pred-invD[OF assms(6) - <b # 0», of B! b+ a] <SA! (B! b+ a) =
obtain m where
m < length SA

SA ! m = Sucj
Bl'b+a<m
1< m

by blast
hence i # m
by blast

have suffiz-type T (Suc j) = L-type =—> False
proof —
assume suffiz-type T (Suc j) = L-type
with s-seen-invD(2)[OF assms(5) «m < length SA>] <i < m» «SA! m = Suc j
have in-l-bucket o T ?b m
by simp
hence bucket-start o« T ?b < m m < l-bucket-end o« T ?b
using in-l-bucket-def by blast+
moreover
from «suffiz-type T (Suc j) = L-typer assms(13,15)
s-seen-invD(2)[OF assms(5) <Suc n < length SA)]
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have in-l-bucket o T 2b ¢

by simp
hence bucket-start o T ?b < ¢ 1 < l-bucket-end o« T 2b

using in-l-bucket-def by blast+
ultimately
show Fulse

using list-slice-nth-eg-iff-indezx-eq|

OF I-types-initD(2)[OF I-types-init-maintained| OF assms(2,4,8—10)]

b < o -]
<l-bucket-end o T ?b < length SA»,
of © m]
i # my assms(13,15) «SA ! m = Suc j»
by simp
qed
moreover
have suffiz-type T (Suc j) = S-type = False
proof —

assume suffiz-type T (Suc j) = S-type
with s-seen-invD(3)[OF assms(5) «m < length SA>] <i < m» «SA! m = Suc j»
have in-s-current-bucket « T B ?b m
by simp
hence B! ?b < m m < bucket-end o T %b
using in-s-current-bucket-def by blast+
moreover
from «suffiz-type T (Suc j) = S-type> assms(13,15)
s-seen-invD(3)[OF assms(5) «Suc n < length SA)]
have in-s-current-bucket o« T B %b i
by simp
hence B! ?b < i1 < bucket-end o T 2b
using in-s-current-bucket-def by blast+
ultimately
show Fulse
using list-slice-nth-eg-iff-indezx-eq|
OF s-distinct-invD[OF assms(1) <?b < a -] <bucket-end o T ?b <
length SA»,
of © m]
i £ my assms(13,15) «SA! m = Suc j»
by simp
qed
ultimately
show Fulse
using SL-types.exhaust by blast
qed

lemma s-bucket-ptr-strict-lower-bound:
assumes s-distinct-inv o T B SA
and s-bucket-ptr-inv o T B
and s-locations-inv a T B SA
and  s-unchanged-inv o« T B SA0Q SA
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and s-seen-inv o T B SA ©
and s-pred-inv o« T B SA @
and strict-mono «
and length SAOQ = length T
and length SA = length T
and  [-types-init a T SAO
and valid-list T
and a bot = 0
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Sucj
and suffiz-type T j = S-type
and b=« (T!))
shows s-bucket-start « T b < B!b
proof —
have j < length T
by (simp add: assms(16) suffiz-type-s-bound)
hence b < a (Maz (set T))
by (simp add: assms(7,17) strict-mono-leD)

let %zs = list-slice SA (B! b) (bucket-end o T b)

have bucket-end o T b < length SA
by (simp add: assms(9) bucket-end-le-length)
hence length ?xs = bucket-end o Tb — B! b
by auto

from s-next-item-not-seen| OF assms(1—17)]
have j ¢ set %xs .
moreover
have j € s-bucket o« T b
by (simp add: assms(16,17) bucket-def s-bucket-def suffiz-type-s-bound)
ultimately
have set %xs C s-bucket a T b
using s-locations-inv-subset-s-bucket| OF assms(3) <b < -]
by blast
hence card (set ?zs) < s-bucket-size a T b
using psubset-card-mono[ OF finite-s-bucket, simplified s-bucket-size-def[symmetric]]
by blast
moreover
from s-distinct-invD[OF assms(1) <b < -]
have distinct %xs .
ultimately
have length ?zs < s-bucket-size o T' b
by (simp add: distinct-card)
with <length %xs = -
have bucket-end o« T b — B! b < s-bucket-size o T' b
by simp
hence bucket-end o« T b < B! b + s-bucket-size o T b
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by linarith
hence
s-bucket-start o« T b + bucket-end o« T b < B! b + s-bucket-start « T b +
s-bucket-size o T b
by simp
then show s-bucket-start « T b < B! b
by (simp add: bucket-end-eq-s-start-pl-size)
qed

lemma outside-another-bucket:
assumes b # b’
and bucket-start « T b < i
and i < bucket-end o T b
shows —(bucket-start o T b' < i A i < bucket-end o T b)
by (meson assms dual-order.antisym less-bucket-end-le-start not-le order.strict-trans1)

lemma s-B-val:
assumes s-distinct-inv o T B SA
and s-bucket-ptr-inv o T B
and s-locations-inv a T B SA
and s-unchanged-inv « T B SA0 SA
and s-seen-inv o T B SA ©
and s-pred-inv o« T B SA i
and strict-mono «
and length SAOQ = length T
and length SA = length T
and l-types-init o« T SAO
and valid-list T
and length T > Suc 0
and b < a (Maz (set T))
and 1< B!b
shows B! b = s-bucket-start o T b
proof (rule ccontr; drule neq-iff[THEN iffD1]; elim disjFE)
assume B! b < s-bucket-start o T b
with s-bucket-ptr-lower-bound|[OF assms(2,13)]
show Fulse
by linarith
next
let 2k = B! b — Suc 0
assume s-bucket-start o« T b < B! b
hence s-bucket-start o« T b < %k
by linarith
hence bucket-start « T b < %k
using bucket-start-le-s-bucket-start le-trans by blast

have %k < B! b
using <¢s-bucket-start o T b < B! by by auto

from assms(14)
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have i < %
by linarith

from s-bucket-ptr-upper-bound[OF assms(2,13)]
have B! b < bucket-end o« T b .
hence %k < bucket-end o T' b

using <s-bucket-start « T b < B! by by linarith

have bucket-end o T b < length SA
by (simp add: assms(9) bucket-end-le-length)
moreover
have bucket-end o T b = length SA = Fulse
proof —
assume bucket-end o T b = length SA
with ¢s-bucket-start « T b < B! by «<B! b < bucket-end o T by assms(7,9,13)
have b = a (Maz (set T))
using bucket-end-eg-length by fastforce
hence s-bucket o T b = {}
by (simp add: assms(7,11,12) s-bucket-Max)
hence s-bucket-size o T b = 0
by (simp add: s-bucket-size-def)
hence s-bucket-start a T b = bucket-end o« T b
by (simp add: bucket-end-eg-s-start-pl-size)
with (B! b < bucket-end o« T by <s-bucket-start o« T b < B! by
show Fulse
by simp
qed
moreover
have bucket-end o T b < length SA = Fulse
proof —
assume bucket-end o T b < length SA
hence B! b < length SA
using <B ! b < bucket-end o T b»
by linarith
hence %k < length SA
using less-imp-diff-less by blast
with s-seen-invD[OF assms(5) - i < k]
have SA ! ?k < length T
by blast

let b = a (T (SA ! %))

from «SA ! %k < length T)> assms(7)
have %0 < o (Maz (set T))

using Max-greD strict-mono-leD by blast
with s-bucket-ptr-lower-bound|[OF assms(2)]
have s-bucket-start o« T 26 < B! 2b

by blast
hence bucket-start o« T ?b < B! b
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using bucket-start-le-s-bucket-start le-trans by blast

have suffiz-type T (SA ! %k) = L-type = Fulse
proof —
assume suffiz-type T (SA ! %k) = L-type
with s-seen-invD(2)[OF assms(5) <%k < length SAy i < %k»)
have in-l-bucket o T ?b %k
by blast
hence bucket-start a« T 2b < 2k 2k < l-bucket-end o« T ?b
using in-l-bucket-def by blast+
hence %k < bucket-end o T ?b
using l-bucket-end-le-bucket-end less-le-trans by blast

from <%k < l-bucket-end - - -» <s-bucket-start - - - < %k»
have b = ?b = Faulse
by (simp add: s-bucket-start-eq-l-bucket-end)
moreover
from outside-another-bucket|OF - <bucket-start - - b < ?k» <%k < bucket-end
- - b
bucket-start - - 2b < 2k %k < bucket-end - - ?by
have b # ?b = Fulse
by blast
ultimately show Fulse
by blast
qed
moreover
have suffiz-type T (SA ! %k) = S-type = False
proof —
assume suffiz-type T (SA ! ?k) = S-type
with s-seen-invD(8)[OF assms(5) <%k < length SA) i < 2k»)
have in-s-current-bucket « T B ?b %k
by blast
hence B! 2b < 2k 2k < bucket-end o T 2b
using in-s-current-bucket-def by blast+
hence bucket-start o« T 2b < 2k
using <bucket-start a T ?b < B! 2by by linarith

from <B! 20 < ?ky <?k < B! by
have b = 2b — Fulse

by simp
moreover
from outside-another-bucket| OF - <bucket-start - - b < ?k» <%k < bucket-end

-- b
<bucket-start o T 2b < 2ky 2k < bucket-end o T ?b»

have b # ?b = False

by blast
ultimately show False

by blast

qed
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ultimately show Fulse
using SL-types.exhaust by blast
qed
ultimately show False
by linarith
qed

lemma s-bucket-eq-list-slice:
assumes s-distinct-inv a« T B SA
and s-locations-inv a« T B SA
and length SA = length T
and b < «a (Mazx (set T))
and B! b = s-bucket-start o T b
shows set (list-slice SA (s-bucket-start a T b) (bucket-end o T b)) = s-bucket «
Tb
(is set ?xs = s-bucket o T b)
using card-subset-eq|
OF finite-s-bucket s-locations-inv-subset-s-bucket| OF assms(2,4), simplified
assms(5)]]
distinct-card|OF s-distinct-invD[OF assms(1,4), simplified assms(5)]]
bucket-end-eq-s-start-pl-sizelof a T b
s-bucket-size-def[of « T b]
by (metis assms(3) bucket-end-le-length diff-add-inverse length-list-slice min-def)

lemma bucket-eq-list-slice:
assumes s-distinct-inv a T B SA
and s-bucket-ptr-inv o T B
and s-locations-inv o« T B SA
and s-unchanged-inv o« T B SAQ SA
and length SAOQ = length T
and length SA = length T
and l-types-init a« T SAOQ
and b < «a (Mazx (set T))
and B! b = s-bucket-start o T b
shows set (list-slice SA (bucket-start o T b) (bucket-end o T b)) = bucket o T b
(is set ?zs = bucket a T b)
proof —
let %ys = list-slice SA (bucket-start o T b) (I-bucket-end o T b)
and ?zs = list-slice SA (s-bucket-start o T b) (bucket-end a T b)

have %zs = %ys @Q 7zs
by (metis list-slice-append bucket-start-le-s-bucket-start I-bucket-end-le-bucket-end
s-bucket-start-eg-l-bucket-end)
hence set %xs = set ?ys U set ?zs
by simp
with [-types-initD(1)[OF I-types-init-maintained|OF assms(2,4—7)] assms(8)]
s-bucket-eq-list-slice] OF assms(1,3,6,8,9)]
have set %xs = [-bucket o T b U s-bucket o T b
by simp
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then show ?thesis
using l-un-s-bucket by blast
qed

lemma s-indez-lower-bound:
assumes s-bucket-ptr-inv o T B
and s-seen-inv o T B SA n
and i < length SA
and n<i
shows bucket-start « T (o (T ! (SA 7)) < ¢
(is bucket-start a T 2b < 1)
proof —

have %0 < « (Maz (set T))
by (meson SL-types.exhaust assms(2—) in-l-bucket-def in-s-current-bucketD(1)
s-seen-invD(2,3))

have suffiz-type T (SA ! i) = S-type V suffiz-type T (SA ! i) = L-type
using SL-types.exhaust by blast
moreover
have suffiz-type T (SA ! i) = S-type = %thesis
proof —
assume suffiz-type T (SA ! i) = S-type
with s-seen-invD(3)[OF assms(2—)] s-bucket-ptr-lower-bound[OF assms(1)]
show ?thesis
by (meson «?b < a (Maz (set T))» bucket-start-le-s-bucket-start dual-order.trans
in-s-current-bucketD(2))
qed
moreover
have suffiz-type T (SA | i) = L-type = ?thesis
proof —
assume suffiz-type T (SA ! i) = L-type
with s-seen-invD(2)[OF assms(2—)]
show ?thesis
using in-l-bucket-def by blast
qed
ultimately show ?thesis
by blast
qed

lemma s-index-upper-bound:
assumes s-bucket-ptr-inv o T B
and s-seen-inv o« T B SA n
and i < length SA
and n<ig
shows ¢ < bucket-end a T (o (T'! (SA ! 7)))
(is 7 < bucket-end o T ?b)
proof —
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have %0 < o (Maz (set T))
by (meson SL-types.ezhaust assms(2—) in-lI-bucket-def in-s-current-bucketD(1)
s-seen-invD(2,3))

have suffiz-type T (SA ! i) = S-type V suffiz-type T (SA ! i) = L-type
using SL-types.exhaust by blast
moreover
have suffiz-type T (SA ! i) = S-type = ?thesis
proof —
assume suffiz-type T (SA ! i) = S-type
with s-seen-invD(3)[OF assms(2—)] s-bucket-ptr-upper-bound[OF assms(1)]
show ?thesis
by (simp add: in-s-current-bucket-def)
qed
moreover
have suffiz-type T (SA ! i) = L-type => ?thesis
proof —
assume suffiz-type T (SA ! i) = L-type
with s-seen-invD(2)[OF assms(2—)]
show ?thesis
using in-l-bucket-def I-bucket-end-le-bucket-end less-le-trans by blast
qed
ultimately show ?thesis
by blast
qed

83.3 Establishment and Maintenance Steps
83.3.1 Distinctness

lemma s-distinct-inv-established:
assumes s-bucket-init o T B
and valid-list T
and strict-mono o
and a bot = 0
shows s-distinct-inv o« T B SA
unfolding s-distinct-inv-def
proof (intro alll impI)
fix b
let ?goal = distinct (list-slice SA (B! b) (bucket-end o T b))
assume b < a (Maz (set T))

have b > 0 = ?goal
proof —
assume b > 0
with s-bucket-initD(1)[OF assms(1) <b < -]
have B! b = bucket-end o« T b
by blast
then show ?goal
using list-slice-n-n
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by (metis distinct.simps(1))
qed
moreover
have b = 0 = %goal
proof —
assume b = 0
with s-bucket-initD(2)[OF assms(1) <b < -]
have B! b= 0.
moreover
from «b = 0> assms(2—4)
have bucket-end a T b = Suc 0
by (simp add: valid-list-bucket-end-0)
ultimately show #thesis
by (simp add: distinct-conv-nth)
qed
ultimately show ?goal
by blast
qed

lemma s-distinct-inv-maintained-step:
assumes s-distinct-inv o T B SA
and s-bucket-ptr-inv o T B
and s-locations-inv o T B SA
and s-unchanged-inv o« T B SA0 SA
and s-seen-inv o T B SA i
and s-pred-inv o T B SA 1
and strict-mono «
and o« (Maz (set T)) < length B
and length SAOQ = length T
and length SA = length T
and l-types-init o T SAOQ
and valid-list T
and o bot = 0
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Sucj
and suffiz-type T j = S-type
and b=a(T!j)
and k=B!b— Suc0

shows s-distinct-inv o T (B[b := k]) (SA[k := j])
unfolding s-distinct-inv-def

proof (intro alll impI)
fix b’

let ?goal = distinct (list-slice (SA[k := j]) (B[b := k] ! b’) (bucket-end o T b))
assume b’ < a (Maz (set T))

from s-next-item-not-seen|OF assms(1—7,9—18)]
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have j ¢ set (list-slice SA (B! b) (bucket-end o« T b)).

from s-bucket-ptr-strict-lower-bound[OF assms(1—7,9—18)]
have s-bucket-start « Tb < B! b .
hence s-bucket-start o Tb < kk < B!b
using assms(19) by linarith+
hence bucket-start « T b < k
using bucket-start-le-s-bucket-start le-trans by blast

from assms(17)
have j < length T
by (simp add: suffiz-type-s-bound)
hence b < a (Maz (set T))
by (simp add: assms(7,18) strict-mono-less-eq)
with s-bucket-ptr-upper-bound[OF assms(2)] <k < B! b
have &k < bucket-end o« T' b
using less-le-trans by auto
hence k < length SA
using assms(10) bucket-end-le-length less-le-trans by fastforce

have b = b/ = ?goal
proof —
assume b = b’
hence B[b:= k| ! b/ =k
using b < a (Maz (set T))> assms(8) by auto
from s-distinct-invD[OF assms(1) <b < -]
have distinct (list-slice SA (B! b) (bucket-end a T b)) .
moreover
from «B[b:= k] ! b/ =k <b=b" <k < B! b <k < bucket-end o T by <k <
length SA> assms(19)
have list-slice (SA[k := j]) (B[b := k] ! b") (bucket-end o T b”)
= j # list-slice SA (B! b) (bucket-end o T b)
by (metis Suc-pred diff-is-0-eq’ dual-order.order-iff-strict grol length-list-update
list-slice-Suc list-slice-update-unchanged-1 nth-list-update-eq)
ultimately show #thesis
using ¢j ¢ set (list-slice SA (B! b) (bucket-end o T b))»
by simp
qed
moreover
have b # b/ = %goal
proof —
assume b # b’
hence B[b:=k] ! b’ = B! b’
by simp

from outside-another-bucket|OF <b # b"y <bucket-start - - - < k> <k < bucket-end

___>]

have k < bucket-start o« T b’ V bucket-end o T b’ < k
using lel by auto
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moreover
have k < bucket-start o T b/ =
list-slice (SA[k := j]) (B[b := k] ! b’) (bucket-end o T 1)
= list-slice SA (B! b') (bucket-end o T b’)
proof —
assume k < bucket-start o T b’
hence k < B! b’
by (meson b’ < a (Max (set T))» assms(2) bucket-start-le-s-bucket-start
less-le-trans
s-bucket-ptr-inv-def)
with list-slice-update-unchanged-1 <B[b:= k] ! b'= B! b"
show ?thesis
by simp
qed
moreover
from <B[b:=k] ! b= B! b)
have bucket-end o T b' < k =
list-slice (SA[k := j]) (B[b := k] ! b’) (bucket-end o T 1)
= list-slice SA (B ! b’) (bucket-end o T b’)
by (simp add: list-slice-update-unchanged-2)
moreover
from s-distinct-inuD][OF assms(1) b’ < -]
have distinct (list-slice SA (B ! b’) (bucket-end o T b')) .
ultimately show ?goal
by auto
qged
ultimately
show ?goal
by blast
qed

corollary s-distinct-inv-maintained-perm-step:
assumes s-perm-inv o T B SAQ SA i
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Sucj
and suffiz-type T j = S-type
and b=a(T!j)
and k=B!b— Suc0
shows s-distinct-inv o T (B[b := k]) (SA[k := j])
using s-distinct-inv-maintained-step| OF s-perm-inv-elims(1—6,8—14)[OF assms(1)]
assms(2-))
by blast

83.3.2 Bucket Pointer

lemma s-bucket-ptr-inv-established:
assumes s-bucket-init o« T B
and valid-list T
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and strict-mono a

and o bot = 0

shows s-bucket-ptr-inv o« T B

unfolding s-bucket-ptr-inv-def
proof (intro alll impl)

fix b

let ?goal = s-bucket-start « Tb < B! b A B! b < bucket-end « Thb A (b= 0
— Blb=0)

assume b < o (Max (set T))

have b > 0 = ?goal
proof —
assume b > 0
with s-bucket-initD(1)[OF assms(1) <b < -]
have B ! b = bucket-end a T b .
then show “thesis
by (metis <0 < by I-bucket-end-le-bucket-end less-numeral-extra(3) order-refi
s-bucket-start-eq-l-bucket-end)
qed
moreover
have b = 0 = ?goal
proof —
assume b = 0
with s-bucket-initD(2)[OF assms(1) b < -]
have B! b= 0.
with <b = 0»
valid-list-bucket-end-0[OF assms(2—)]
valid-list-s-bucket-start-0 OF assms(2—)]
show ?thesis
by auto
qed
ultimately show ?goal
by auto
qed

lemma s-bucket-ptr-inv-maintained-step:
assumes s-distinct-inv o« T B SA
and s-bucket-ptr-inv o T B
and s-locations-inv a T B SA
and s-unchanged-inv o« T B SA0 SA
and s-seen-inv o T B SA i
and s-pred-inv o T B SA
and strict-mono «
and o« (Maz (set T)) < length B
and length SAOQ = length T
and length SA = length T
and l-types-init o T SAOQ
and valid-list T
and o bot = 0
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and i = Sucn

and Suc n < length SA

and SA ! Suc n = Suc j

and suffiz-type T j = S-type

and b=a (T!}))

and k=DB!b— Suc0
shows s-bucket-ptr-inv « T (B[b := k])

unfolding s-bucket-ptr-inv-def
proof (intro alll impl)

fix b’

assume b’ < a (Maz (set T))

let ?goal = s-bucket-start « T b’ < B[b:= k] ! b’ A B[b := k] | b’ < bucket-end
a Tb A
(b'=0 — Blb:= k!0 =0)

from valid-list-length-ex[OF assms(12)]
obtain m where
length T = Suc m
by blast
moreover
have j < length T
by (simp add: assms(17) suffiz-type-s-bound)
moreover
from s-seen-invD(1)[OF assms(5,15)] assms(14,16)
have Suc j < length T
by simp
ultimately have j < m
by linarith
hence b # 0
by (metis <length T = Suc m»> assms(7,12,15,18) diff-Suc-1 strict-mono-eq
valid-list-def)

have b # b/ = %goal
proof —
assume b # b’
hence B[b:=k] ! b’ = B! b’
by simp
with s-bucket-ptr-lower-bound[OF assms(2) «<b' < a (Maz (set T))»]
s-bucket-ptr-upper-bound[ OF assms(2) b’ < a (Maz (set T)))]
s-bucket-ptr-0[OF assms(2)]
show ?thesis
by auto
qed
moreover
have b = b/ = ?goal
proof —
assume b = b’
from s-bucket-ptr-strict-lower-bound[OF assms(1—7,9—13,14—18)]
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have s-bucket-start « T b < B! b.
hence s-bucket-start o« T b < k
using assms(19) by linarith
moreover
from b = b b’ < o (Maz (set T))» assms(2,19)
have k < bucket-end o« T b
using le-diff-conv s-bucket-ptr-inv-def trans-le-add1 by blast
moreover
have B[b:= k]! b/ =k
using b = b" «b' < a (Maz (set T))» assms(8) by auto
ultimately show #thesis
using b = b <b # 0> by auto
qed
ultimately show ¢goal
by linarith
qed

corollary s-bucket-ptr-inv-maintained-perm-step:
assumes s-perm-inv o T B SA0 SA i
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Sucj
and suffiz-type T j = S-type
and b=« (T!))
and k=B!b— Suc0
shows s-bucket-ptr-inv o T (B[b := k])
using s-bucket-ptr-inv-maintained-step[ OF s-perm-inv-elims(1—6,8—14)[OF assms(1)]
assms(2-)]
by blast

83.3.3 Locations

lemma s-locations-inv-established:
assumes s-bucket-init o« T B
and s-type-init T SA
and valid-list T
and strict-mono «
and a bot = 0
shows s-locations-inv o« T B SA
unfolding s-locations-inv-def
proof(safe)
fix b1
assume b < o (Max (set T)) B! b < ii < bucket-end oo T b
hence b > 0 = SA ! i € s-bucket o T' b
by (metis assms(1) not-le s-bucket-init-def)
moreover
have b = 0 — SA! i € s-bucket o T b
proof —
assume b = (
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have 0 < i
by blast
moreover
have bucket-end o T 0 = 1
using assms(3—5) valid-list-bucket-end-0 by blast
with < < bucket-end o T by <b = 0
have i < 1
by simp
ultimately have ¢ = 0
by blast
moreover
from s-type-init-def[of T SA] assms(2)
obtain n where
length T = Suc n
SAl0=n
by blast
with suffiz-type-last[of T n]
have suffiz-type T n = S-type
by blast
moreover
have T'! n = bot
by (metis <length T = Suc n> assms(3) diff-Suc-1 last-conv-nth less-numeral-extra(3)
list.size(8) valid-list-def)
hence a (T ! n) =0
by (simp add: assms(5))
ultimately show ¢thesis
by (simp add: «SA! 0 = ny<b = 0> <length T = Suc ny bucket-def s-bucket-def)
qed
ultimately show SA ! i € s-bucket o T b
by linarith
qed

lemma s-locations-inv-maintained-step:
assumes s-distinct-inv « T B SA
and s-bucket-ptr-inv o T B
and s-locations-inv o T B SA
and s-unchanged-inv a« T B SA0 SA
and s-seen-inv o T B SA ©
and s-pred-inv o« T B SA i
and strict-mono «
and  « (Mazx (set T)) < length B
and length SAO = length T
and length SA = length T
and l-types-init o« T SAO
and valid-list T
and a bot = 0
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Sucj
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and suffix-type T j = S-type
and b=« (T!))
and k=B!b—- Suc0
shows s-locations-inv o T (B[b := k]) (SA[k := j])
unfolding s-locations-inv-def
proof(safe)
fix b’ ¢’
assume b’ < a (Mazx (set T)) Blb:= k] ! b/ < i' i’ < bucket-end o« T b’

from s-bucket-ptr-strict-lower-bound[OF assms(1—7,9—18)]
have s-bucket-start « T b < B! b.
hence s-bucket-start « T b < k

using assms(19) by linarith

from «<s-bucket-start « T b < B! by
have k < B! b
using assms(19) by linarith

have j < length T
by (simp add: assms(17) suffiz-type-s-bound)
hence b < a (Maz (set T))
by (simp add: assms(18) assms(7) strict-mono-less-eq)
with s-bucket-ptr-upper-bound[OF assms(2)]
have B! b < bucket-end o« T b
by blast

have b # b/ = SA[k :=j] | i’ € s-bucket a T b’
proof —
assume b # b’
hence B[b:=Fk| ! b'= B! b’
by simp
with «B[b := k] ! b/ < i)
have B! b/ < i/
by simp
with s-locations-invD[OF assms(3) «b' < a (Maz (set T))» - <i’ < bucket-end
a T b))
have SA ! i’ € s-bucket o T b’
by linarith
moreover
from s-bucket-ptr-lower-bound[OF assms(2) <b' < a (Maz (set T))»] «<B! b’ <
i’
have bucket-start o T b’ < 7’
by (meson bucket-start-le-s-bucket-start dual-order.trans)
with outside-another-bucket|OF <b # b'y[symmetric] - <i’ < -]
B! b < bucket-end o« T by <k < B! by <s-bucket-start o« T b < k>
have k # i’
using bucket-start-le-s-bucket-start le-trans less-le-trans by blast
hence SA[k :=j]!i' = SA! ¢’
by simp
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ultimately show ¢thesis
by simp
qed
moreover
have b = b/ = SA[k :=j] ! i’ € s-bucket o T b’
proof —
assume b = b’
hence k£ < i’
using <B[b:= k] ! b’ < i) «b' < o (Maz (set T))> assms(8) by auto
hence k =i’V k < i’
by linarith
moreover
have k = i’ = ?thesis
proof —
assume k = i’
hence SA[k =4 !i' =3
by (metis <i’ < bucket-end o T b"y assms(10) bucket-end-le-length dual-order.strict-transl
nth-list-update)
with assms(17,18) <b = b’ <j < length T
show ?thesis
by (simp add: bucket-def s-bucket-def)
qed
moreover
have k < i’ = ?thesis
proof —
assume k < 7’
hence B! b < i’
using assms(19) by linarith
with s-locations-invD[OF assms(3) «<b’ < - - i’ < bucket-end - - -] <b = by
have SA ! i’ € s-bucket o T b’
by blast
moreover
have SA[k :=j] i’ = SA i’
using <k < i’ by auto
ultimately show ?Zthesis
by simp
qged
ultimately show %thesis
by linarith
qed
ultimately show SA[k :=j] | i’ € s-bucket a T b’
by blast
qed

corollary s-locations-inv-maintained-perm-step:
assumes s-perm-inv o T B SA0 SA i
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Sucj
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and suffiz-type T j = S-type

and b=« (T!))

and k=B!b— Suc0
shows s-locations-inv o T (B[b := k]) (SA[k := j])

using s-locations-inv-maintained-step| OF s-perm-inv-elims(1—6,8—14)[OF assms(1)]
assms(2-)]

by blast

83.3.4 Unchanged

lemma s-unchanged-inv-established:
shows s-unchanged-inv a« T B SA SA
by (simp add: s-unchanged-inv-def)

lemma s-unchanged-inv-maintained-step:
assumes s-distinct-inv « T B SA
and s-bucket-ptr-inv o T B
and s-locations-inv a« T B SA
and s-unchanged-inv o« T B SA0 SA
and s-seen-inv o T B SA i
and s-pred-inv o« T B SA i
and strict-mono a
and o (Mazx (set T)) < length B
and length SAOQ = length T
and length SA = length T
and l-types-init o T SA0Q
and valid-list T
and o bot = 0
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Suc j
and suffiz-type T j = S-type
and b=« (T!))
and k=B!b— Suc0
shows s-unchanged-inv o T (B[b := k]) SA0 (SA[k := j])
unfolding s-unchanged-inv-def
proof(safe)
fix b’ i’
assume b’ < « (Maz (set T)) bucket-start « T b' < i' i’ < B[b:=k] ! b’

from s-bucket-ptr-strict-lower-bound[OF assms(1—7,9—18)]
have s-bucket-start « T b < B! b.
hence s-bucket-start « T b < k
using assms(19) by linarith
hence bucket-start o« T b < k
using bucket-start-le-s-bucket-start le-trans by blast

from <s-bucket-start « T b < B! b»
have k < B! b
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using assms(19) by linarith

have j < length T

by (simp add: assms(17) suffiz-type-s-bound)
hence b < a (Maz (set T))

by (simp add: assms(7,18) strict-mono-less-eq)
with s-bucket-ptr-upper-bound[OF assms(2)]
have B! b < bucket-end o« T b

by blast
with <k < B! b
have k < bucket-end o« T' b

by linarith

have b = b/ = SA[k :=j] ! i’ = SA0 ! i’
proof —
assume b = b’
hence B[b:= k]! b' =k
using b’ < o (Maz (set T))» assms(8) by auto
with i’ < B[b == k] ! b’
have i’ < k
by linarith
hence SA[k :=j] ! i’ = SA i’
by simp
moreover
from ' < k» <k < B! b <b=10b"
have i" < B! b’
by simp
with s-unchanged-invD[OF assms(4) <b' < - <bucket-start - - - < %]
have SA ! i’ = SA0 ! i’
by simp
ultimately show ?thesis
by simp
qed
moreover
have b # b/ = SA[k :=j] ! i’ = SA0 ! i’
proof —
assume b # b’
with <’ < B[b:= k] ! b)
have i’ < B! b’
by simp
with s-unchanged-invD[OF assms(4) <b’ < - <bucket-start - - b’ < -]
have SA ! i'= SA0 ! ¢’
by blast
moreover
from s-bucket-ptr-upper-bound[OF assms(2) b’ < -] <i’ < B! b
have i’ < bucket-end o T b’
by linarith
with outside-another-bucket|OF <b # b <bucket-start - - - < k> <k < bucket-end

___)]
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<bucket-start - - b’ < iy
have k # i’
by blast
hence SA[k :=j] i’ = SA !¢’
by simp
ultimately show %thesis
by simp
qed
ultimately show SA[k :=j] ! i’ = SA0 ! ¢’
by blast
qed

corollary s-unchanged-inv-maintained-perm-step:
assumes s-perm-inv o T B SA0 SA i
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Sucj
and suffiz-type T j = S-type
and b=« (T!))
and k=B!b— Suc0
shows s-unchanged-inv o T (B[b := k]) SA0 (SA[k := j])
using s-unchanged-inv-maintained-step| OF s-perm-inv-elims(1—6,8—14)[OF assms(1)]

assms(2—)]
by blast
83.3.5 Seen

lemma s-seen-inv-established:
assumes length SA = length T
and length T < n

shows s-seen-inv o T B SA n
unfolding s-seen-inv-def
using assms by auto

lemma s-seen-inv-maintained-step-c1:
assumes s-bucket-ptr-inv o T B
and s-unchanged-inv « T B SAQ SA
and s-seen-inv o T B SA i
and strict-mono «
and length SAOQ = length T
and length SA = length T
and l-types-init o T SAOQ
and valid-list T
and Suc 0 < length T
and i = Sucn
and length SA < Suc n
shows s-seen-inv a T B SA n
unfolding s-seen-inv-def

proof (intro alll impI)
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fix j
assume j < length SA n < j
hence n < length SA
by simp
with assms(10,11)
have length SA = Suc n
by linarith

let b =a (T! (SA!j))

let 291 = (suffiz-type T (SA ! j) = S-type — in-s-current-bucket a« T B b j)
and %92 = (suffiz-type T (SA ! j) = L-type — in-l-bucket o« T 2b j)

and %93 = SA ! j < length T

from «n < j»
have n =jV Sucn <j
using dual-order.antisym not-less-eq-eq by auto
moreover
have n = j = 291 A 292 N 993
proof —
let ?b-mazx = o (Max (set T))
assume n = j
hence j < bucket-end o T ?b-max
using <j < length SA> assms(4,6) bucket-end-Maz by fastforce
hence j < l-bucket-end o T ?b-max
using l-bucket-Maz[OF assms(8,9,4)]
by (simp add: bucket-end-def’ bucket-size-def l-bucket-end-def I-bucket-size-def)
moreover
from n = § «j < length SA) <length SA = Suc ny assms(4,6,10)
have bucket-start a T ?b-maz < j
by (metis Suc-lel antisym bucket-end-eq-length bucket-end-le-length gr-implies-not0
index-in-bucket-interval-gen length-0-conv)
moreover
have ?b-maz < o (Max (set T))
by simp
ultimately have SA ! j € l-bucket a T ?b-mazx
using [-types-init-nth[OF assms(6) I-types-init-maintained| OF assms(1,2,5—7)]

by blast
hence ?b-maz = a (T ! (SA ! j))

by (simp add: bucket-def I-bucket-def)
moreover
from «SA ! j € l-bucket o T ?b-max>
have 7¢3

by (simp add: bucket-def I-bucket-def)
moreover
from «SA ! j € l-bucket o T ?b-max>
have suffiz-type T (SA ! j) = L-type

by (simp add: bucket-def l-bucket-def)

moreover
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have in-l-bucket « T (« (T ! (SA ' j))) j
using <bucket-start - - - < j «j < l-bucket-end - - - calculation(1)
in-l-bucket-def
by fastforce
hence ?¢2
using calculation(3) by blast
moreover
from calculation(3)
have ?g1
by simp
ultimately show #thesis
by simp
qed
moreover
have Sucn < j = %91 N 292 N\ 293
proof —
assume Suc n < j
with s-seen-invD[OF assms(3) <j < length SAY] assms(10)
show ?thesis
by blast
qged
ultimately show %g1 A 292 A 293
by blast
qed

corollary s-seen-inv-maintained-perm-step-c1 :

assumes s-perm-inv o T B SAQ SA i

and 1= Sucn

and length SA < Suc n

shows s-seen-inv o T B SA n

using s-seen-inv-maintained-step-c1[OF s-perm-inv-elims(2,4,5,8,10—13,15)[OF
assms(1)] assms(2—)]

by blast

lemma s-seen-inv-maintained-step-cI-alt:
assumes s-bucket-ptr-inv o T B
and s-unchanged-inv a« T B SA0 SA
and s-seen-inv o T B SA ©
and strict-mono «
and length SAO = length T
and length SA = length T
and l-types-init o T SAOQ
and valid-list T
and Suc 0 < length T
and i = Sucn
and length T < SA! Suc n
shows s-seen-inv a T B SA n
proof (cases length SA < Suc n)
assume length SA < Suc n
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then show ?thesis

using assms(1—10) s-seen-inv-maintained-step-c1 by blast

next

assume - length SA < Suc n
hence Suc n < length SA

by simp
show ?thesis

unfolding s-seen-inv-def
proof (intro alll impI)

fix j

assume j < length SA n < j

hence n < length SA

by simp

let % = a (T ! (SA ! )

let %91 = (suffiz-type T (SA ! j) = S-type —> in-s-current-bucket « T B 2b j)
and %92 = (suffiz-type T (SA ! j) = L-type — in-l-bucket o T 2b j)

and %93 = SA ! j < length T

from «n < j»
have n =jV Sucn <j
using dual-order.antisym not-less-eq-eq by auto
moreover
have n = j = %91 A 292 N %93
by (metis Suc-le-mono «Suc n < length SA> <n < j» assms(3,10,11) linorder-not-le
s-seen-invD(1))
moreover
have Sucn < j = %91 N 292 N 293
proof —
assume Suc n < j
with s-seen-invD[OF assms(8) «j < length SA>] assms(10)
show ?Zthesis
by blast
qed
ultimately show 2g1 A 292 A 793
by blast
qged
qged

corollary s-seen-inv-maintained-perm-step-cl-alt:

assumes s-perm-inv o T B SA0 SA i

and i = Sucn

and length T < SA! Suc n

shows s-seen-inv a T B SA n

using s-seen-inv-maintained-step-c1-alt[OF s-perm-inv-elims(2,4,5,8,10—13,15)[OF
assms(1)] assms(2—)]

by blast

lemma s-seen-inv-maintained-step-c2:
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assumes s-distinct-inv « T B SA
and s-bucket-ptr-inv o T B
and s-locations-inv a« T B SA
and s-unchanged-inv o T B SA0 SA
and s-seen-inv o T B SA i
and s-pred-inv o« T B SA i
and s-suc-inv « T B SA i
and strict-mono «
and « (Mazx (set T)) < length B
and length SAO = length T
and length SA = length T
and l-types-init o« T SAOQ
and valid-list T
and a bot = 0
and Suc 0 < length T
and 1= Sucn
and Suc n < length SA
and SA ! Sucn =20
shows s-seen-inv a T B SA n
unfolding s-seen-inv-def

proof (intro alll impI)
fix j
assume j < length SA n < j
hence n < length SA

by simp
hence n < length T
by (simp add: assms(11))

let b =a (T!(SA!}))

let 291 = (suffiz-type T (SA ! j) = S-type — in-s-current-bucket « T B ?b j)
and %92 = (suffiz-type T (SA ! j) = L-type — in-lI-bucket o T 2b j)

and 793 = SA!j < length T

from «n < j»
have n =jV Sucn <j
by linarith
moreover
have n = j = 291 A 292 N 293
proof —
assume n = j
with indez-in-bucket-interval-gen[OF <n < length T» assms(8)]
obtain b where
b < a (Mazx (set T))
bucket-start o« T b < j
j < bucket-end o« T b
by blast

have j < l-bucket-end o« T b V s-bucket-start o« T b < j
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by (metis not-le s-bucket-start-eq-l-bucket-end)
moreover
have j < l-bucket-end o T b = ?thesis
proof —
assume j < l-bucket-end o« T b
with [-types-init-nth[OF assms(11) I-types-init-maintained| OF assms(2,4,10—12)]
b < -
<bucket-start - - - < ]
have SA ! j € l-bucket a T b .
hence suffiz-type T (SA ! j) = L-type SA ! j < length T
by (simp add: l-bucket-def bucket-def)+
moreover
have ?¢1
by (simp add: calculation(1) SL-types.exhaust)
moreover
from «SA ! j € l-bucket o T b»
have b =« (T! (SA!j))
by (metis (mono-tags, lifting) bucket-def l-bucket-def mem-Collect-eq)
with <bucket-start a T b < j» j < l-bucket-end o T b) <b < -
have in-l-bucket « T (a (T ! (SA ! 4))) j
using in-l-bucket-def by blast
ultimately show ?Zthesis
by blast
qed
moreover
have s-bucket-start « T b < j = ?thesis
proof —
assume s-bucket-start o T b < j
hence s-bucket-start « T b < i
by (simp add: <n = j> assms(16))

have B! b < ¢
proof (rule ccontr)
assume B! b < g
hence i < B! b
by simp
with s-B-val[OF assms(1—6,8,10—13,15) <b < a -]
have B! b = s-bucket-start o T b .
with «s-bucket-start « T b < > <i < B! b
show Fulse
by linarith
qed
hence B! b< iV B!b=1i
using dual-order.order-iff-strict by blast

moreover
have B! b < i = ?thesis
proof —

assume B! b < ¢
hence B! b < j
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by (simp add: <n = j» assms(16))
with s-locations-invD[OF assms(3) <b < -» - <j < bucket-end - - -]
have SA ! j € s-bucket « T b .
hence SA ! j < length T suffiz-type T (SA ! j) = S-type
by (simp add: s-bucket-def bucket-def )+
moreover
from calculation(2)
have ?¢2
by simp
moreover
from <SA ! j € s-bucket o T b>
have a (T'! (SA!j)) =b
by (simp add: s-bucket-def bucket-def)
with <B ! b < j» <j < bucket-end o T by <b < -
have in-s-current-bucket o T B (a (T ! (SA 1)) j
by (simp add: in-s-current-bucket-def)
ultimately show ?thesis
by blast
qed
moreover
have B! b = i = ?thesis
proof —
assume B! b =1
hence s-bucket-start « T b < B!b
using <s-bucket-start o« T b < i» by blast

have b #£ 0
using (B! b = i» assms(2,16) less-Suc-eq-0-disj s-bucket-ptr-0 by fastforce

let %zs = list-slice SA (B! b) (bucket-end o T'b)
let ?B = set %zs
let YA = s-bucket « T b — ?B

from s-locations-inv-subset-s-bucket| OF assms(3) <b < -]
have ?B C s-bucket o« T b .
hence ?A C s-bucket o« T b

by blast

have card (s-bucket o T b) = bucket-end o T b — s-bucket-start o T b
by (simp add: bucket-end-eg-s-start-pl-size s-bucket-size-def)

from s-distinct-invD[OF assms(1) <b < -]
have card B = bucket-end o T b — B!b
by (metis assms(11) bucket-end-le-length distinct-card length-list-slice
min.absorb-iff1)
hence card ?B < card (s-bucket o T b)
using <card (s-bucket a T b) = bucket-end o T b — s-bucket-start o T b»
j < bucket-end o T by «s-bucket-start « T b < B! by <s-bucket-start
aTb<p
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by linarith
with card-psubset[OF finite-s-bucket <?B C s-bucket o T by]
have ?B C s-bucket o T b .
hence 74 # {}
by blast
with subset-s-bucket-successor[OF assms(13,8,14) <b # -5 (?A C -]
obtain z where
z € %A
Sucz € ?BV (3b. b < b A Sucz € bucket o T b")
by blast
hence suffiz-type T x = S-type o (T ! ) = b z < length T
by (simp add: s-bucket-def bucket-def )+

from «z € 24>
have z ¢ ?B
by blast

have Suc ¢ € ?B = ?thesis
proof —
assume Suc ¢ € ?B
from nth-mem-list-slice]OF «Suc x € ?B»]
obtain i’ where
i’ < length SA
B!b<i
i" < bucket-end o T' b
SA!'i = Sucw
by blast

have i # i’
proof (rule ccontr)
assume — i # ¢’
hence i = 7’
by auto
with assms(16,18) «SA ! i’ = Suc x»
show Fulse
by simp
qged
with (B! b=9<B!b<ih
have i < ¢’
by simp
with s-suc-invD[OF assms(7) <i' < length SA» - «<SA | i' = Suc o
suffiz-type T © = -,
simplified <a (T ! ) = b]
obtain k& where
in-s-current-bucket « T B b k
SA'k ==z
k<
by blast
hence z € 7B
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by (meson assms(11) in-s-current-bucket-list-slice)
with «z ¢ ?B»
have Fulse
by blast
then show ?thesis
by blast
qged
moreover
have b’ b < b’ A Suc z € bucket o T b’ = ?thesis
proof —
assume 3b". b < b’ A Suc z € bucket « T b’
then obtain b’ where
b<b
Suc z € bucket o T b’
by blast
hence bucket-end o T b < bucket-start o T b’
by (simp add: less-bucket-end-le-start)
with s-bucket-ptr-upper-bound[OF assms(2) <b < -»] «(Bl b =1
have i < bucket-start o T b’
by linarith

from <Suc z € bucket « T b"
have b/ < a (Max (set T))
by (metis (mono-tags, lifting) Max-greD assms(8) bucket-def mem-Collect-eq
strict-mono-less-eq)
with «i < bucket-start o T b’y s-bucket-ptr-lower-bound|OF assms(2), of
bl
have i < B! b’
by (metis nat-le-iff-add s-bucket-start-def trans-le-add1)
hence i = B!b’'Vi<B!b
using antisym-convl by blast
hence B! b’ = s-bucket-start o T b’
proof
assume i = B! b’
with «i < bucket-start o T b’y s-bucket-ptr-lower-bound|[OF assms(2) <b’

IN

show ?thesis
by (simp add: s-bucket-start-def)
next
assume i < B! b’
with s-B-val[OF assms(1—6,8,10—13,15) <b' < -]
show ?thesis .
qed

from «Suc © € bucket o T b"»

have Suc z € l-bucket o T b’V Suc x € s-bucket o T b’
by (simp add: l-un-s-bucket)

moreover

have Suc z € l-bucket o T b’ = ?thesis
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proof —
assume Suc z € l-bucket o T b’
with [-types-initD(1)[OF I-types-init-maintained| OF assms(2,4,10—12)]
b’ < o]

b))

have Suc = € set (list-slice SA (bucket-start o T b’) (I-bucket-end o T

by simp
with nth-mem-list-slice[of Suc x SA bucket-start o T b’ l-bucket-end «

obtain i’ where
i’ < length SA
bucket-start o« T b’ < ¢’
i’ < l-bucket-end o T b’
SA i = Sucx
by blast

have i # i’
proof (rule ccontr)
assume — | # i’
hence i = i’
by auto
with <SA ! i’ = Suc ©) assms(16,18)
show False
by simp
qed
hence i < i’
using <bucket-start o T b’ < iy «i < bucket-start o T b’y by auto
with s-suc-invD[OF assms(7) «i’ < length - - <SA ! i’ = - «suffiz-type
Tx= -,
simplified «« (T ! z) = b]
obtain k where
in-s-current-bucket « T B b k
SA'k =1z
k< i’
by blast
hence z € 7B
by (meson assms(11) in-s-current-bucket-list-slice)
with <z ¢ ?B)
have False
by blast
then show Zthesis
by blast
qed
moreover
have Suc z € s-bucket o T b’ = ?thesis
proof —
assume Suc x € s-bucket o T b’

let ?ys = list-slice SA (s-bucket-start oo T b') (bucket-end o T b’)
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from distinct-card[OF s-distinct-invD[OF assms(1) <b’' < -],
simplified <B ! b’ = s-bucket-start - - -]
have card (set ?ys) = card (s-bucket o T b’)
by (metis add-diff-cancel-left’ assms(11) bucket-end-eq-s-start-pl-size
bucket-end-le-length length-list-slice min-def s-bucket-size-def)
with card-subset-eq|
OF finite-s-bucket s-locations-inv-subset-s-bucket| OF assms(3) «b’ <

simplified <B ! b’ = s-bucket-start o T b")

have set ?ys = s-bucket a T b’

by blast
with «Suc z € s-bucket o T b’
have Suc z € set ?ys

by simp
with nth-mem-list-slice[of Suc x
obtain i’ where

i’ < length SA

s-bucket-start o« T b’ < 5’

i' < bucket-end o T b’

SA i = Sucx

by blast

from «SA ! i’ = Suc x> assms(16,18)
have i # i’
using nat.discI by blast
hence i < i’
using (B ! b’ = s-bucket-start o« T b’y < < B! by (s-bucket-start o T
b < il
by linarith
with s-suc-inuvD[OF assms(7) <i' < length -» - «SA ! i’ = - <suffiz-type
Tx=-,
simplified <« (T ! z) = b]
obtain k£ where
in-s-current-bucket « T B b k
SAV'k =1z
k<
by blast
hence z € 7B
by (meson assms(11) in-s-current-bucket-list-slice)
with <z ¢ ?B)
have Fulse
by blast
then show ?thesis
by blast
qed
ultimately show “thesis
by blast
qged
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ultimately show ?thesis
using «Suc z € ?BV (3b". b < b’ A Suc x € bucket a T b’)» by blast
qed
ultimately show ?thesis
by blast
qed
ultimately show ¢thesis
by blast
qed
moreover
have Sucn < j = %91 N 292 N 293
proof —
assume Suc n < j
with s-seen-invD[OF assms(5) «j < length SA] assms(16)
show ?thesis
by blast
qed
ultimately show %91 A 292 A 293
by blast
qed

corollary s-seen-inv-maintained-perm-step-c2:
assumes s-perm-inv o T B SAQ SA i
and i = Sucn
and Suc n < length SA
and SA ! Sucn =20
shows s-seen-inv a T B SA n
using s-seen-inv-maintained-step-c2[OF s-perm-inv-elims[OF assms(1)] assms(2—)]
by blast

lemma s-seen-inv-maintained-step-c3:
assumes s-distinct-inv « T B SA
and s-bucket-ptr-inv o T B
and s-locations-inv o T B SA
and s-unchanged-inv o« T B SA0 SA
and s-seen-inv o T B SA i
and s-pred-inv o T B SA i
and s-suc-inv a« T B SA i
and strict-mono «
and o (Max (set T)) < length B
and length SAOQ = length T
and length SA = length T
and l-types-init o« T SAOQ
and valid-list T
and a bot = 0
and Suc 0 < length T
and 1= Sucn
and Suc n < length SA
and SA ! Suc n = Sucj
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and suffiz-type T j = L-type
shows s-seen-inv a T B SA n
unfolding s-seen-inv-def
proof (intro alll impl)
fix k
assume k < length SA n < k
hence n < length SA
by simp
hence n < length T
by (simp add: assms(11))

let b =a (T! (SA!k))

let %91 = (suffiz-type T (SA ! k) = S-type — in-s-current-bucket o« T B 2b k)
and %92 = (suffiz-type T (SA | k) = L-type — in-l-bucket o T b k)

and 798 = SA ! k < length T

from «n < k»
have n = k V Sucn <k
by linarith
moreover
have n = k = %291 N %92 N %93
proof —
assume n = k
with indez-in-bucket-interval-gen|OF <n < length T» assms(8)]
obtain b where
b < a (Maz (set T))
bucket-start « T b < k
k < bucket-end o T b
by blast

have k& < [-bucket-end o T b V s-bucket-start o T b < k
by (metis not-le s-bucket-start-eq-l-bucket-end)
moreover
have k < l-bucket-end o T b = ?thesis
proof —
assume k < l-bucket-end a T b
with [-types-init-nth[OF assms(11) I-types-init-maintained| OF assms(2,4,10—12)]
<b < -y <bucket-start - - - < -]
have SA ! k € l-bucket a« T' b .
hence SA ! k < length T suffiz-type T (SA ! k) = L-type
by (simp add: l-bucket-def bucket-def)+
moreover
from calculation(2)
have ?g1
by simp
moreover
from «SA ! k € [-bucket o T b>
have b = (a (T ! (SA ! k)))
by (simp add: l-bucket-def bucket-def)
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with (b < - <bucket-start - - - < -» <k < l-bucket-end - - -»
have in-l-bucket « T (o (T ! (SA 1 k))) k
using in-l-bucket-def by blast
ultimately show ?thesis
by blast
qed
moreover
have s-bucket-start o« T b < k = ?thesis
proof —
assume s-bucket-start o« T b < k
hence s-bucket-start « T b < i
by (simp add: <n = k> assms(16))

have B! b < ¢
proof (rule ccontr)
assume B! b < §
hence i < B! b
by simp
with s-B-val[OF assms(1—6,8,10—18,15) <b < a -]
have B! b = s-bucket-start o T b .
with <s-bucket-start « T b < i» <i < B! b»
show Fulse
by linarith
qed
hence i =B!bVv B!b<i
by linarith

moreover
have B! b < i = ?thesis
proof —

assume B! b < ¢
hence B! b < k
by (simp add: <n = k> assms(16))
with s-locations-invD[OF assms(3) <b < -» - <k < bucket-end - - -]
have SA ! k € s-bucket o T b .
hence SA ! k < length T suffiz-type T (SA ! k) = S-type
by (simp add: s-bucket-def bucket-def )+
moreover
from calculation(2)
have ?¢2
by simp
moreover
from «SA ! k € s-bucket a T b»
have o (T ! (SA k) =b
by (simp add: s-bucket-def bucket-def)
with «B! b < ky (k < bucket-end o T by <b < -
have in-s-current-bucket o T B (a (T ! (SA 1 k))) k
by (simp add: in-s-current-bucket-def)
ultimately show ?thesis
by blast
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qed

moreover
have i = B! b = ?thesis
proof —

assume ¢ = B!}
hence k < B! b
using n = k> assms(16) by linarith

have s-bucket-start « T b < B! b
using i = B | b <s-bucket-start « T b < 9> by blast

have b # 0
by (metis <k < B! b> assms(2) not-less-zero s-bucket-ptr-0)

let %zs = list-slice SA (B! b) (bucket-end o T b)
let YB = set %xs
let ?A = s-bucket « T b — ?B

from s-locations-inv-subset-s-bucket| OF assms(3) «<b < -]
have ?B C s-bucket o« T b .
hence ?A C s-bucket o T b

by blast

have card (s-bucket o T b) = bucket-end o T b — s-bucket-start o T b
by (simp add: bucket-end-eq-s-start-pl-size s-bucket-size-def)

from s-distinct-invD[OF assms(1) <b < -]
have card B = bucket-end « T b — B! b
by (metis assms(11) bucket-end-le-length distinct-card length-list-slice
min.absorb-iff1)
hence card ?B < card (s-bucket o T b)
using <card (s-bucket o T b) = bucket-end o T b — s-bucket-start o T by
<k < bucket-end o T by «s-bucket-start o T b < B! by «s-bucket-start
aTb<k
by linarith
with card-psubset[OF finite-s-bucket «?B C s-bucket a T by]
have 7B C s-bucket « T b .
hence 74 # {}
by blast
with subset-s-bucket-successor|OF assms(13,8,14) <b # 0» «?A C s-bucket
a T b)
obtain z where

z e %A
Suc z € s-bucket « T b — ?A Vv (3b". b < b’ A Suc z € bucket o T ')
by blast
hence Suc z € ?BV (3b". b < b’ A Suc x € bucket a T ')
by blast

from <x € 24y <?A C s-bucket o T b»
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have suffiz-type T = = S-type a (T ' z) = b
by (simp add: s-bucket-def bucket-def )+

have z ¢ ?B
using «x € ?A) by blast

from «Suc x € BV (3b". b < b’ A Suc x € bucket o T b')»
have Fulse
proof
assume Suc ¢ € ?B
from nth-mem-list-slice]OF «Suc x € ?B»]
obtain i’ where
i’ < length SA
B!b<i
i’ < bucket-end « T b
SA !¢ = Suc x
by blast

have i # i’
proof (rule ccontr)
assume — 1 # ¢’
hence i = ¢’
by auto
hence j =z
using <SA ! i’ = Suc x> assms(16,18) by auto
with assms(19) <suffiz-type T = -»
show Fulse
by simp
qed
with «<B!1b< iy <i=DB!b
have 7 < i’
using nat-less-le by blast
with s-suc-invD[OF assms(7) i’ < length SA » - «SA i’ = - «suffiz-type
Tz =]
«a (T!lz)=b
obtain k& where
in-s-current-bucket o« T B b k
SAVkE ==z
k<
by blast
hence z € 7B
by (meson assms(11) in-s-current-bucket-list-slice)
with «x ¢ ?B)
show Fulse
by blast
next
assume 3b". b < b’ A Suc x € bucket o T b’
then obtain b’ where
b<d
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Suc x € bucket o T b’
by blast
hence b’ < o (Maz (set T))
by (metis (mono-tags, lifting) Maz-greD assms(8) bucket-def mem-Collect-eq
strict-mono-less-eq)

have suffiz-type T (Suc z) = S-type V suffiz-type T (Suc x) = L-type
by (simp add: suffiz-type-def)
hence Suc z € l-bucket o T b'V Suc z € s-bucket o T b’
using «Suc z € bucket o T by I-bucket-def s-bucket-def by fastforce
moreover
have Suc z € l-bucket o« T b’ = Fulse
proof —
assume Suc z € l-bucket o T b’
with [-types-initD(1)[OF I-types-init-maintained|OF assms(2,4,10—12)]
' < o]

b))

have Suc © € set (list-slice SA (bucket-start « T b’) (I-bucket-end o T

by blast
with nth-mem-list-slice[of Suc z
obtain i’ where

i’ < length SA

bucket-start o« T b’ < ¢’

i’ < l-bucket-end o T b’

SA i = Suc x

by blast

have i # i’
proof (rule ccontr)
assume — i # i’
hence i = i’
by auto
hence j =z
using «SA ! i’ = Suc x> assms(16,18) by auto
with assms(19) «suffiz-type T © = -
show False
by simp
qed
moreover
from <b < b
have bucket-end o T b < bucket-start o T b’
by (simp add: less-bucket-end-le-start)
hence B! b < i/
using s-bucket-ptr-upper-bound|[OF assms(2) <b < a (Maz (set T))»]
<bucket-start o T b’ < i/
by linarith
ultimately have i < i’
using i = B! by nat-less-le by blast
with s-suc-invD[OF assms(7) <i’ < length SA» - <SA i’ = - <suffiz-type
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Tz =]
« (T'z)=b
obtain k& where
in-s-current-bucket o« T B b k
SA'k=1=x
kE<i
by blast
hence z € ?B
by (meson assms(11) in-s-current-bucket-list-slice)
with <z ¢ ?B»
show False
by blast
qed
moreover
have Suc z € s-bucket o T b’ = Fulse
proof —
assume Suc © € s-bucket o T b’

have ¢ < bucket-end o« T b

by (simp add: Suc-le-eq <k < bucket-end o T by <n = k> assms(16))
hence i < bucket-start a T b’

using «b < b’ less-bucket-end-le-start order.trans by blast
hence i < B! b’/

using s-bucket-ptr-lower-bound[OF assms(2) <b' < -]

by (metis l-bucket-end-def le-trans nat-le-iff-add s-bucket-start-eg-lI-bucket-end)

hence i < B! b’V i=B!b’

using nat-less-le by blast
hence B! b’ = s-bucket-start o T b’
proof

assume i < B! b’

with s-B-val[OF assms(1—6,8,10—13,15) <b" < -]

show B! b’ = s-bucket-start o T b’

by blast

next

assume i = B! b’

with s-bucket-ptr-lower-bound[OF assms(2) b’ < -]

i < bucket-start o T b’
show B! b’ = s-bucket-start o T b’
by (simp add: s-bucket-start-def)

qed

let ?ys = list-slice SA (s-bucket-start o T b’) (bucket-end « T b)

from distinct-card|OF s-distinct-invD[OF assms(1) <b’ < -],
simplified <B ! b’ = s-bucket-start - - -]
have card (set ?ys) = card (s-bucket o T b’)
by (metis add-diff-cancel-left’ assms(11) bucket-end-eq-s-start-pl-size
bucket-end-le-length length-list-slice min-def s-bucket-size-def)
with card-subset-eq|
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b < il

OF finite-s-bucket s-locations-inv-subset-s-bucket[ OF assms(8) b’ <

simplified <B ! b’ = s-bucket-start o T b")

have set ?ys = s-bucket a T b’

by blast
with <Suc z € s-bucket o T b"
have Suc z € set ?ys

by simp
with nth-mem-list-slice[of Suc x
obtain i’ where

i’ < length SA

s-bucket-start o T b’ < ¢’

1" < bucket-end o T b’

SA i = Sucz

by blast

have i # i’
proof (rule ccontr)
assume — | # i’
hence i = i’
by auto
hence j = z
using «SA ! i’ = Suc x> assms(16,18) by auto
with assms(19) «suffiz-type T © = -
show Fulse
by simp
qed
moreover
have 7 < 3/

using «B ! b’ = s-bucket-start o T by <i < B! b"y (s-bucket-start o T

by linarith
ultimately have 7 < i’
using dual-order.order-iff-strict by blast

with s-suc-invD|OF assms(7) «i’ < length SA» - <SA i’ = - <suffiz-type

Tz =]

o (T z) = b
obtain k£ where
in-s-current-bucket « T B b k
SAlk==x
k<
by blast
hence z € ?B
by (meson assms(11) in-s-current-bucket-list-slice)
with <z ¢ ?B»
show Fulse
by blast
qed
ultimately show Fulse
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by blast
qged
then show ?thesis
by blast
qed
ultimately show ?Zthesis
by blast
qed
ultimately show #thesis
by blast
qed
moreover
have Sucn < k = %91 N 292 N %98
proof —
assume Suc n < k
with s-seen-invD[OF assms(5) <k < length SAy] assms(16)
show ?thesis
by blast
qed
ultimately show %g1 A 792 A %¢3
by blast
qged

corollary s-seen-inv-maintained-perm-step-c3:
assumes s-perm-inv o T B SA0 SA i
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Suc j
and suffiz-type T j = L-type
shows s-seen-inv a T B SA n
using s-seen-inv-maintained-step-c3[OF s-perm-inv-elims[OF assms(1)] assms(2—)]
by blast

lemma s-seen-inv-maintained-step-c4 :
assumes s-distinct-inv o T B SA
and s-bucket-ptr-inv o T B
and s-locations-inv a T B SA
and s-unchanged-inv o« T B SAQ SA
and s-seen-inv o T B SA ©
and s-pred-inv o« T B SA @
and s-suc-inv o« T B SA i
and strict-mono o
and « (Maz (set T)) < length B
and length SAO = length T
and length SA = length T
and l-types-init o« T SAOQ
and valid-list T
and o bot = 0
and Suc 0 < length T
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and i = Sucn
and Suc n < length SA
and SA ! Suc n = Suc j
and suffiz-type T j = S-type
and b=a (T!}))
and k=DB!b— Suc0
shows s-seen-inv a T (B[b := k]) (SA[k :=j]) n
unfolding s-seen-inv-def
proof (intro alll impl)
fix ¢’
assume i’ < length (SA[k :=j]) n < ¢’

let 291 = (suffiz-type T (SA[k :=j] ! i) = S-type —
in-s-current-bucket « T (B[b := k]) (a (T ! (SA[k := 4] !i)) i') and
292 = (suffiz-type T (SAlk :=j] ! i) = L-type —
in-l-bucket o T (o (T (SA[k := 4] ! 7)) i’) and
293 = SAlk:=j]1i' < length T

from s-bucket-ptr-strict-lower-bound[OF assms(1—6,8,10—14,16—20))
have s-bucket-start « T b < B! b.
hence s-bucket-start « T b < k
using assms(21) by linarith
hence bucket-start « T b < k
using bucket-start-le-s-bucket-start le-trans by blast

from <s-bucket-start « T b < B! by
have k < B! b
using assms(21) by linarith

have j < length T

by (simp add: assms(19) suffiz-type-s-bound)
hence b < a (Maz (set T))

by (simp add: assms(8,20) strict-mono-less-eq)
with s-bucket-ptr-upper-bound[OF assms(2)]
have B! b < bucket-end o« T b

by blast
with <k < B! b
have k < bucket-end a T b

by linarith

have B! b < ¢
proof (rule ccontr)
assume B! b < g
hence i < B! b
by simp
with s-B-val[OF assms(1—6,8,10—13,15) <b < a -]
have B! b = s-bucket-start o« T b .
with <s-bucket-start o T b < B! b»
show Fulse
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by linarith
qed
hence k£ < i
using <k < B! by less-le-trans by blast
have k = i' = n =i’
using <k < «n < i) assms(16) le-less-Suc-eq by blast

have k£ < i’
using <k < © «n < iy assms(16) by linarith

have i’ < length T

using i’ < length (SA[k := j])» assms(11) by auto
with index-in-bucket-interval-gen|OF - assms(8), of i’ T)
obtain b’ where

b < a (Mazx (set T))

bucket-start o T b’ < i’

i’ < bucket-end o T b’

by blast
hence n < bucket-end o T b’

using «n < iy dual-order.strict-trans2 by blast
hence i < bucket-end o T b’

using assms(16) by linarith

have b < b’
proof (rule ccontr)
assume —b < b’
hence b/ < b
by linarith
hence bucket-end o T b’ < bucket-start o T b
by (simp add: less-bucket-end-le-start)
with i < bucket-end o T b’ <bucket-start « T b < k» <k < B! b
have i < B! b
by linarith
with «<B! b < o
show Fulse
by linarith
qed

have in-s-current-bucket o T (B[b := k]) b k
unfolding in-s-current-bucket-def
using b < a (Maz (set T))» <k < bucket-end o T by assms(9) by auto

have b < b/ = 291 N 292 N %93
proof —
assume b < b’
hence bucket-end o T b < bucket-start o T b’
by (simp add: less-bucket-end-le-start)
with <k < bucket-end - - by <bucket-start - - b’ < i
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have k < i’
by linarith

hence SA[k :=j] i’ = SA !¢’
by simp

from <b < b
have B[b:= k]! b'= B! b’
by simp

have i’ < l-bucket-end o T b’V B! b’ < i’V (s-bucket-start o T b’ < i’ N i’
< B!Yb)
by (metis not-le s-bucket-start-eq-l-bucket-end)

moreover
have B! b/ < i’ = ?thesis
proof —

assume B! b’ < i’

with s-locations-invD[OF assms(3) <b’ < - - <i’ < bucket-end - - -]

have SA ! i’ € s-bucket o T b’ .

hence suffiz-type T (SA!i") = S-type o (T | (SA 1 3')) = b’ SA i’ < length

T
by (simp add: s-bucket-def bucket-def)+
moreover
from «(B[b:=k] ! b'=B!b» b’ <a - «Blb < i« < bucket-end o T
b’

have in-s-current-bucket o T (B[b := k]) b i’
by (simp add: in-s-current-bucket-def)
ultimately show ?Zthesis
by (simp add: «SA[k :=j] 1 i’ = SA ")
qed
moreover
have i’ < l-bucket-end o T b’ = ?thesis
proof —
assume i’ < [-bucket-end o T b’
hence in-l-bucket o T b' i’
by (simp add: <bucket-start « T b’ < iy b’ < «a -» in-l-bucket-def)

moreover
from I-types-init-nth| OF assms(11) I-types-init-maintained|OF assms(2,4,10—12)]
' < a - <bucket-start - - - < iy i’ < l-bucket-end - - -]

have SA ! i’ € l-bucket o T b’ .
hence SA ! i’ < length T o (T ! (SA ! i) = b’ suffiz-type T (SA ! i) =
L-type
by (simp add: l-bucket-def bucket-def)+
ultimately show ?Zthesis
using «SA[k =4 ! "= SA i)
by simp
qed
moreover
have [s-bucket-start a T b’ < i’; i’ < B! b] = ?thesis
proof —
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assume s-bucket-start o T b’ < i’ i’ < B! b’
have B! b’ =i
proof (rule ccontr)
assume B! b’ # i
hence i < B! b’V B! b < i
by linarith
moreover
have B! b’ < i = False
using i’ < B! b» «<n < iy assms(16) by linarith
moreover
have i < B! b/ = Fulse
proof —
assume i < B! b’
with s-B-val[OF assms(1—6,8,10—13,15) b’ < a -]
have B! b/ = s-bucket-start o T b’ .
with «s-bucket-start o T b’ < iy i’ < B! b
show Fulse
by linarith
qed
ultimately show False
by linarith
qed

have s-bucket-start « T b’ < B! b’
using i’ < B! by <s-bucket-start o T b’ < ¢'» by linarith
hence s-bucket-start o T b’ < bucket-end o T b’
using (B! b’ = ) <i < bucket-end o T b’y order.strict-trans2 by blast
hence s-bucket o T b" # {}
by (metis add.commute bucket-end-eq-s-start-pl-size distinct-card distinct-conv-nth
empty-set less-irrefl-nat less-nat-zero-code list.size(3) plus-nat.add-0
s-bucket-size-def)

have bucket-end o T b’ < length SA
by (simp add: assms(11) bucket-end-le-length)

let %zs = list-slice SA (B! b') (bucket-end o T b)

have set ?zs C s-bucket a T b’
proof
from s-locations-inv-subset-s-bucket| OF assms(3) b’ < -]
show set ?zs C s-bucket o T b’ .
next
from <s-bucket-start o T b’ < B! b’y <s-bucket-start a T b' < bucket-end
a Tbh
have bucket-end o T b’ — B! b’ < bucket-end o T b’ — s-bucket-start o T
b/
using diff-less-mono2 by blast
hence length ?zs < s-bucket-size a T b’
by (metis <bucket-end o T b’ < length SA> add-diff-cancel-left’
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bucket-end-eq-s-start-pl-size length-list-slice min-def)
hence card (set ?zs) # card (s-bucket o T b')
by (metis card-length not-le s-bucket-size-def)
then show set ?zs # s-bucket o T b’
by auto
qed

have P0: Vi0 < length T. « (T ! i0) = b’ — T ! i0 # bot
using <b < b"» assms(8,20) strict-mono-less by fastforce
hence P1:Vi0 < length T. o (T ! i0) = b’ — Suc i0 < length T
by (metis Suc-lel assms(13) diff-Suc-1 last-conv-nth le-imp-less-or-eq
length-greater-0-conv

valid-list-def)
let 25 = s-bucket o« T b’ — set %xs

from <set %zs C s-bucket o T b"
have 25 # {}
by blast
have 25 C s-bucket o T b’
by blast
hence P2:Vz € 25. o (T ! z) = b’ A suffiz-type T z = S-type A z < length

by (simp add: bucket-def s-bucket-def)

have P3: Vi € 25. Suc z < length T A o (T ! Suc z) > b’
proof
fix z
assume z € ¢S
with P2
have a (T ! ) = b’ suffiz-type T x = S-type x < length T
by blast+
with P1
have Suc x < length T
by blast
moreover
from <suffiz-type T x = S-typer <z < length T»
have T! 2z < T ! Sucz
using calculation nth-gr-imp-I-type by fastforce
hence a (T ! Suc z) > b’
using «a (T ! z) = b assms(8) strict-mono-leD by blast
ultimately show Suc z < length T A o (T ! Suc z) > b’
by blast
qed

have finite 25
by (simp add: finite-s-bucket)

have 3z € 2S. a (T ! Suc z) > b’V Suc z € set ?xs
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proof (rule ccontr)
assume - (Jz € 25. b' < a (T ! Suc z) V Suc z € set ?zs)
hence Vz € 25. a (T ! Suc ) < b’ A Suc x ¢ set %xs
using not-le-imp-less by blast
with P3
have Pj:Vz € 25. a (T ! Suc x) = b’ A Suc x ¢ set %xs
using dual-order.antisym by blast
hence P5: Vz € 2S. suffiz-type T (Suc z) = S-type
by (metis P2 P3 assms(8) strict-mono-eq suffiz-type-neq)
hence P6: Vz € 25. Sucz € 25
by (metis (mono-tags, lifting) Diff-iff P3 P4 bucket-def mem-Collect-eq
s-bucket-def)
with <25 # {} «finite 95>
show Fulse
using Suc-le-lessD infinite-growing by blast
qed
then obtain z where
x € 28
a (T ! Suczx) > bV Sucz € set %as
by blast
with P3
have Suc z < length T
by blast

from <z € 25»
have suffiz-type T x = S-type o (T ! z) = b' x < length T
using P2 by blast+

have P/: Vb0 < o (Maz (set T)). b’ < b0 — B! b0 = s-bucket-start « T
b0
proof (safe)

fix b0

assume b0 < o (Mazx (set T)) b’ < b0

hence bucket-end o T b’ < bucket-start o T b0
by (simp add: less-bucket-end-le-start)

with s-bucket-ptr-upper-bound[OF assms(2) <b’ < -]

s-bucket-ptr-lower-bound[OF assms(2) <b0 < -]

have B! b’ < B! b0
by (meson bucket-start-le-s-bucket-start le-trans)

hence B! b'=B! b0V B!b < B!b0
by linarith

moreover

have B! b’ = B! b0 = B! b0 = s-bucket-start o T b0
by (metis <B ! b' = i <bucket-end oo T b’ < bucket-start o T b0» le-trans
<i < bucket-end o T b's «s-bucket-start o T b0 < B! b0» dual-order.antisym

bucket-start-le-s-bucket-start)

moreover

have B! b’ < B! b0 = i < B! b0
by (simp add: <B! b = 1)
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with s-B-val[OF assms(1—6,8,10—13,15) <b0 < -]
have B! b’ < B! b0 = B! b0 = s-bucket-start o T b0
by blast
ultimately show B ! b0 = s-bucket-start o T b0
by blast
qed

from <o (T ! Suc z) > b’V Suc z € set %zs)

show ?thesis

proof
let 26 = a (T ! Suc z)
let ?ys = list-slice SA (bucket-start o T 2b) (l-bucket-end o T 2b)
and ?zs = list-slice SA (s-bucket-start o T ?b) (bucket-end o T 7b)

assume b’ < ?b
with P4 <Suc x < length T»
have B! %b = s-bucket-start o T ?b
by (simp add: assms(8) strict-mono-less-eq)

from «Suc z < length T
have ?b < a (Mazx (set T))
by (simp add: assms(8) strict-mono-leD)

have bucket-end o« T b’ < bucket-start o« T ?b

using b’ < a (T ! Suc z)> less-bucket-end-le-start by blast
hence 7 < bucket-start o T 2b

using «i < bucket-end o T b"y order.trans by blast

have set 7zs = s-bucket a T 7b
proof (rule card-subset-eq[OF finite-s-bucket])
show set 7zs C s-bucket o« T ?b
by (metis Maz-greD <B ! 2b = s-bucket-start o T ?by <Suc z < length
T assms(3,8)
s-locations-inv-subset-s-bucket strict-mono-leD)
next
from distinct-card|OF s-distinct-invD[OF assms(1) <2b < -]
«<B!1 ?b = s-bucket-start o T ?b»
have card (set ?zs) = length ?zs
by simp
moreover
have length ?zs = bucket-end o T ?b — s-bucket-start a T ?b
by (metis assms(11) bucket-end-le-length length-list-slice min-def)
moreover
have s-bucket-size o T ?b = bucket-end o T ?b — s-bucket-start o T ?b
by (simp add: bucket-end-eq-s-start-pl-size)
hence card (s-bucket o T ?b) = bucket-end o T ?b — s-bucket-start a T
2b
by (simp add: s-bucket-size-def)
ultimately show card (set ?zs) = card (s-bucket o T ?b)
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by simp
qged

have suffiz-type T (Suc z) = L-type = ?thesis
proof —
assume suffiz-type T (Suc x) = L-type
with [-types-initD(1)[OF I-types-init-maintained[OF assms(2,4,10—12)]
?b < )
have Suc z € set ?ys
by (simp add: «Suc x < length T) bucket-def I-bucket-def)

from nth-mem-list-slice| OF «Suc x € set ?ys»]
obtain 0 where
10 < length SA
bucket-start o« T 2b < 30
i0 < l-bucket-end o T ?b
SAi0 = Suc z
by blast
hence ¢ < 0
using <7 < bucket-start o T ?by dual-order.trans by blast
hence i = i0 vV i < i0
by linarith
then show ?thesis
proof
assume ¢ = 10
hence z = j
using «SA ! i0 = Suc x> assms(16,18) by auto
then show ?thesis
using «a (T ! z) = b" <b < b assms(20) by blast

next
assume 7 < 0
with s-suc-invD[OF assms(7) <i0 < length -» - <SA 1 i0 = -» <suffiz-type
T z = S-type)]
« (T!z)=20b"

obtain i/ where
in-s-current-bucket « T B b’ il
SA'il =z
i1 < i0
by auto
with in-s-current-bucket-list-slice] OF assms(11)]
have z € set 7zs
by blast
then show ?thesis
using «x € ¢S) by blast
qed
qed
moreover
have suffiz-type T (Suc x) = S-type = ?thesis
proof —
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assume suffiz-type T (Suc x) = S-type
with «set %zs = s-bucket a T ?by <Suc x < length T
have Suc z € set ?zs

by (simp add: s-bucket-def bucket-def)

from nth-mem-list-slice] OF «Suc x € set ?zs»)
obtain i0 where
10 < length SA
s-bucket-start o T 2b < 10
10 < bucket-end o T %b
SA ! i0 = Suc x
by blast
hence ¢ < 0
by (meson i < bucket-start o T ?b> bucket-start-le-s-bucket-start
dual-order.trans)
hence i = i0 VvV i < i0
by linarith
then show ?thesis
proof
assume ¢ = 30
hence z = j
using «SA ! i0 = Suc x> assms(16,18) by auto
then show ?thesis
using «a (T ! z) = b" b < b assms(20) by blast

next
assume ¢ < 10
with s-suc-invD[OF assms(7) <i0 < length -» - <SA ! i0 = - <suffiz-type
T z = S-type)]
« (T!z)="0b"

obtain ¢/ where
in-s-current-bucket o T B b’ il
SAlil =z
i1 < 10
by auto
with in-s-current-bucket-list-slice] OF assms(11)]
have z € set 7zs
by blast
then show ?thesis
using «x € ¢5) by blast
qed
qed
ultimately show ?thesis
using SL-types.exhaust by blast
next
assume Suc ¢ € set xs

from nth-mem-list-slice]OF «Suc x € set ?xs)]

obtain 0 where
10 < length SA
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B!lb <0
10 < bucket-end o T b’

SA!1i0 = Suc x
by blast
with «(B ! b/ = o
have 7 < 0
by blast

hence i = i0 V i < i0
by linarith
then show ?thesis
proof
assume i = i
hence z = j
using «SA ! {0 = Suc x> assms(16,18) by auto
then show ?thesis
using <a (T! z) = b «<b < by assms(20) by blast
next
assume 7 < i0
with s-suc-invD[OF assms(7) <i0 < length -» - <SA ! i0 = - «suffiz-type
Tz =]
«a (T z) =0bh
obtain i/ where
in-s-current-bucket o T B b’ il
SAlil =x
11 < 10
by blast
with in-s-current-bucket-list-slice] OF assms(11)]
have z € set s
by blast
then show ?thesis
using <z € 25) by blast
ged
qed
qed
ultimately show #thesis
by linarith
qged
moreover
have b = b/ = 291 A 292 N 293
proof —
assume b = b’
have k = i’ = ?thesis
proof —
assume k = i’
hence SA[k =4 i =
using «i’ < length (SA[k := j])» by auto
with «suffiz-type T j = S-typer <j < length T <in-s-current-bucket o T (B[b
=k]) bk
assms(20) <k = i
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show ?thesis
by simp
qed
moreover
have k < i’ = ?thesis
proof —
assume k < 7’
hence B! b < ¢/
using assms(21) by linarith
with s-locations-invD[OF assms(8) <b' < a - - i’ < bucket-end - - -] <b =

have SA ! i’ € s-bucket a T b’
by blast
hence suffiz-type T (SA ! i) = S-type a (T ! (SA ' i) = b’
by (simp add: s-bucket-def bucket-def)+
moreover
have SA[k :=j] i’ = SA i’
using <k < i» by simp
moreover
have in-s-current-bucket o T (B[b := k]) b i’
by (metis (no-types, lifting) <b = b"» «b' < a (Maz (set T))» «i’ < bucket-end
a Tbh
<k < i assms(9) dual-order.strict-trans2 in-s-current-bucket-def
nth-list-update-eq)
ultimately show ?Zthesis
by (simp add: suffiz-type-s-bound)
qed
ultimately show #thesis
using <k < iy dual-order.order-iff-strict by blast
qed
ultimately show %g1 A 292 A 2¢3
using «b < b"y dual-order.order-iff-strict by blast
qed

corollary s-seen-inv-maintained-perm-step-c4:
assumes s-perm-inv o T B SA0Q SA i
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Suc j
and suffiz-type T j = S-type
and b=« (T!))
and k=B!b— Suc0

shows s-seen-inv a T (B[b := k]) (SA[k :=j]) n
using s-seen-inv-maintained-step-c4 [OF s-perm-inv-elims[OF assms(1)] assms(2—)]
by blast

lemmas s-seen-inv-maintained-perm-step =

s-seen-inv-maintained-perm-step-cl
s-seen-inv-maintained-perm-step-c2

405



s-seen-inv-maintained-perm-step-c3
s-seen-inv-maintained-perm-step-c4

83.3.6 Predecessor

lemma s-pred-inv-established:
assumes s-bucket-init o T B
shows s-pred-inv « T B SA n
unfolding s-pred-inv-def
proof (safe)
fix b
assume A: in-s-current-bucket « T Bbi0 <b

let ?goal = Fj<length SA. SA ! j = Suc (SA' ) ANi<jAn<j

have b=0V 0 < b
by blast
moreover
from A(2)
have b = 0 = %goal
by blast
moreover
have 0 < b = %goal
proof —
assume 0 < b
with s-bucket-initD(1)[OF assms(1) in-s-current-bucketD(1)[OF A(1)]]
have B! b = bucket-end o T b .
with in-s-current-bucketD(2,3)[OF A(1)]
show ?goal
by linarith
qged
ultimately show ?goal
by blast
qed

lemma s-pred-inv-maintained-step-alt:
assumes s-pred-inv o« T B SA i
and i = Sucn
shows s-pred-inv o« T B SA n
unfolding s-pred-inv-def
proof (intro alll impI; elim conjE)
fix b’
assume in-s-current-bucket o T B b i’ b # 0
with s-pred-invD[OF assms(1), of b i'] assms(2)
show Jj<length SA. SA!j= Suc (SA!'iYANi'<jAn<j
using Suc-lessD by blast
qed

corollary s-pred-inv-maintained-perm-step-alt:
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assumes s-perm-inv o T B SAQ SA i

and

1= Sucn

shows s-pred-inv « T B SA n
using s-pred-inv-maintained-step-alt|OF s-perm-inv-elims(6), OF assms]

by blast

lemma s-pred-inv-maintained-step:
assumes s-distinct-inv o T B SA

and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and
and

shows s-pred-inv o T (B[b := k]) (SA[k = j]) n

s-bucket-ptr-inv o T B
s-locations-inv o« T B SA

s-unchanged-inv « T B SAQ SA

s-seen-inv o T B SA i
s-pred-inv o« T B SA i
s-suc-inv o« T B SA i
strict-mono «

a (Maz (set T)) < length B
length SAO = length T
length SA = length T
l-types-init o« T SAO
valid-list T

a bot = 0

Suc 0 < length T

i = Sucn

Suc n < length SA

SA ! Suc n = Sucj
suffiz-type T j = S-type
b=a (T}
k=B!b— Suc0

unfolding s-pred-inv-def
proof(safe)

fix b’ i’

assume in-s-current-bucket o T (B[b :=k]) b’ i’ 0 < b’

hence b’ # 0
by linarith

let ?goal = Fj'<length (SA[k = j]). SA[k := j] ! i = Suc (SA[k :

<j' ' An<j’

Jriy aid’

from s-bucket-ptr-strict-lower-bound[OF assms(1—6,8,10—14,16—20))
have s-bucket-start « T b < B! b.
hence s-bucket-start « T b < k

using

assms(21) by linarith

hence bucket-start « T b < k

using bucket-start-le-s-bucket-start le-trans by blast

from «<s-bucket-start « T b < B! by
have k < B! b

using

assms(21) by linarith

407



have j < length T

by (simp add: assms(19) suffiz-type-s-bound)
hence b < a (Maz (set T))

by (simp add: assms(8,20) strict-mono-less-eq)
with s-bucket-ptr-upper-bound|OF assms(2))
have B! b < bucket-end o« T b

by blast
with <k < B! b
have &k < bucket-end o« T' b

by linarith

have B! b < ¢
proof (rule ccontr)
assume B! b < g
hence i < B!b
by simp
with s-B-val[OF assms(1—6,8,10—13,15) <b < o (Max (set T))»] <s-bucket-start
aTb<B!b
show Fulse
by simp
qed
with <k < B! b
have k < ¢
by linarith

have b # b/ = ?goal
proof —
assume b # b’
hence B[b:=Fk| ! b'= B! b’
by simp
with <n-s-current-bucket o T (B[b := k]) b’ i
have in-s-current-bucket o T B b’ i’
by (simp add: in-s-current-bucket-def)
with s-pred-invD[OF assms(6) - <b" # 0]
obtain j’ where
j' < length SA
SA "= Suc (SA! i)
it < g’
i<j
by blast
moreover
from <in-s-current-bucket o T B b’ i"»
have B! b/ < i’ i’ < bucket-end oo T b’
by (simp-all add: in-s-current-bucket-def)
with s-bucket-ptr-lower-bound|[OF assms(2)]
in-s-current-bucketD(1)[OF <in-s-current-bucket - - B - -]
have bucket-start o T b’ < ¢’
by (meson bucket-start-le-s-bucket-start le-trans)
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with outside-another-bucket|OF <b # b <bucket-start - - - < k> <k < bucket-end

- - _>]
i’ < bucket-end o T b
have k # i’
by blast
hence SA[k :=j] i’ = SA i’
by simp
moreover
from «i < j’» assms(16)
have n < j’
using Suc-lessD by blast
moreover
have SA[k :=j]!j = SA!j’
using <k < O calculation(4) by auto
ultimately show ¢thesis
by auto
qed
moreover
have b = b/ = ?goal
proof —
assume b = b’
hence B[b := k| ! b/ =k
using b < o (Mazx (set T))> assms(9) by auto

have k = i’ = %goal
proof —
assume k = 7’
hence SA[k :=j] i’ =
using <k < ) assms(16,17) by auto
moreover
have SA[k :=j]!i=SA!i
using <k < ©» by auto
ultimately show ¢goal
using assms(16—18) <k = i’ <k < B
by auto
qed
moreover
have k # i’ = %goal
proof —
assume k # i’
with «in-s-current-bucket o T (B[b:=k]) b'i"» <B[b:=k]! b/ =k
have k£ < ¢’
by (simp add: in-s-current-bucket-def)
hence B! b’ < 4’
using assms(21) <b = b <k < B! by by simp
hence in-s-current-bucket « T B b’ i’
using <in-s-current-bucket o T (B[b := k]) b’ i’y in-s-current-bucket-def by
blast
with s-pred-invD[OF assms(6) - <b’ # 0)]
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obtain j’ where
j' < length SA
SA 1§ = Suc (SA 1))
i< g’
i<j'
by blast
moreover
have SA[k :=j] ! i’ = SA !¢’
using <k # i) by simp
moreover
have SA[k :=j] 1 j'= SAlj’
using «k < iy i’ < jh
by auto
ultimately show ?goal
using assms(16) by auto
qed
ultimately show %goal
by blast
qed
ultimately show ?goal
by blast
qed

corollary s-pred-inv-maintained-perm-step:
assumes s-perm-inv o T B SA0 SA i
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Suc j
and suffiz-type T j = S-type
and b=« (T!))
and k=B!b— Suc0

shows s-pred-inv o T (B[b := k]) (SA[k :=j]) n
using s-pred-inv-maintained-step[OF s-perm-inv-elims[OF assms(1)] assms(2—)]
by blast

83.3.7 Successor

lemma s-suc-inv-established:
assumes length SA = length T
and length T < n
shows s-suc-inv « T B SA n
unfolding s-suc-inv-def
using assms(1) assms(2) by linarith

lemma s-suc-inv-maintained-step-c1:
assumes length SA < Suc n

shows s-suc-inv « T B SA n
unfolding s-suc-inv-def

proof (intro alll impI; elim conjFE)
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fix i’ j

assume i’ < length SA n < i’ SA i’ = Suc j suffiz-type T j = S-type

with assms

have Fulse
using less-trans-Suc not-less by blast

then show k. in-s-current-bucket « T B (a (T ' j)) kANSA k=45 Ak < i’
by blast

qed

corollary s-suc-inv-maintained-perm-step-c1:
assumes s-perm-inv o T B SAQ SA i
and 1= Sucn
and length SA < Suc n
shows s-suc-inv a« T B SA n
by (simp add: assms(3) s-suc-inv-maintained-step-c1)

lemma s-suc-inv-maintained-step-c1-alt:
assumes s-suc-inv « T B SA i
and s-bucket-ptr-inv o T B
and s-locations-inv a T B SA
and strict-mono «
and « (Maz (set T)) < length B
and valid-list T
and a bot = 0
and 1= Sucn
and length T < SA! Suc n
shows s-suc-inv a« T B SA n
proof (cases length SA < Suc n)
case True
then show ?thesis
by (simp add: s-suc-inv-maintained-step-c1)
next
case Fulse
hence Suc n < length SA
by simp
show ?thesis
unfolding s-suc-inv-def
proof (intro alll impI; elim conjFE)
fix i’ j
let ?goal = k. in-s-current-bucket « T B (o (T 1 §) kANSA k=7 Ak < i
assume i’ < length SA n < i’ SA i’ = Suc j suffiz-type T j = S-type
hence i’ = Suc n V Suc n < i’
using Suc-lessI by blast
moreover
from s-suc-invD|[OF assms(1) «i’ < length SA» - «SA ! i’ = Suc j» «suffiz-type
T j = S-typey]
have Suc n < i’ = ?goal
using i = Suc n> by blast
moreover
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have i’ = Suc n = ?goal
proof —
assume i’ = Suc n
have j < length T V length T < j
using linorder-not-le by blast
moreover
have length T < j = %goal
by (meson <suffiz-type T j = S-typer linorder-not-le suffiz-type-s-bound)
moreover
have j < length T = %goal
proof —
assume j < length T
hence length T = Suc j
using «SA ! i’ = Suc j» «<i' = Suc n» <length T < SA ! Suc n> by force
hence T'! j = bot
by (metis <valid-list T» diff-Suc-1 last-conv-nth length-greater-0-conv
valid-list-def)
hence a (T ! j) =0
using <« bot = 0> by presburger
hence in-s-current-bucket « T B (a (T !§)) 0
unfolding in-s-current-bucket-def
using One-nat-def assms(2,4,6,7) lessl s-bucket-ptr-0 valid-list-bucket-end-0
by fastforce
moreover
{
have 0 < bucket-end o T 0
using <a (T'! j) = 0> caleulation in-s-current-bucket-def by fastforce
with s-bucket-ptr-0[OF assms(2), of 0, simplified)
s-locations-invD[OF assms(3), of 0 0, simplified)
have SA! 0 € s-bucket a T 0
by simp
moreover
have s-bucket o T 0 = {j}
by (simp add: <length T = Suc j» assms(4) assms(6) assms(7) s-bucket-0)
ultimately have SA! 0 = j
by blast
}
ultimately show ?goal
using «i’ = Suc n» by blast
qed
ultimately show ?goal
by blast
qed
ultimately show #goal
by blast
qed
qed

corollary s-suc-inv-maintained-perm-step-c1-alt:
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assumes s-perm-inv o T B SAQ SA i
and i = Sucn
and length T < SA! Suc n
shows s-suc-inv « T B SA n
using assms s-perm-inv-def s-suc-inv-maintained-step-c1-alt by blast

lemma s-suc-inv-maintained-step-c2:
assumes s-suc-inv « T B SA i
and i = Sucn
and Suc n < length SA
and SA! Sucn =20
shows s-suc-inv a T B SA n
unfolding s-suc-inv-def
proof (intro alll impI; elim conjE)
fix i’ j
assume i’ < length SA n < i’ SA ! i’ = Suc j suffiz-type T j = S-type

let ?goal = k. in-s-current-bucket « T B (a (T ' j)) kANSA k=G Ak < i’

from «n < i’ «i = Suc n»
have i =i’V i < i’
by linarith
moreover
from assms(2,4) «SA ! i' = Suc
have | = i’ = ?goal
by simp
moreover
from s-suc-invD[OF assms(1) i’ < -» - «SA 1 ¢’
assms(2)
have | < i’ = ?goal
by blast
ultimately show ?goal
by blast
qed

- «suffiz-type T j = -]

corollary s-suc-inv-maintained-perm-step-c2:
assumes s-perm-inv o« T B SA0Q SA i
and 1= Sucn
and Suc n < length SA
and SA ! Sucn =20
shows s-suc-inv a« T B SA n
using assms s-perm-inv-elims(7) s-suc-inv-maintained-step-c2 by blast

lemma s-suc-inv-maintained-step-c3:
assumes s-suc-inv « T B SA i
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Sucj
and suffiz-type T j = L-type
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shows s-suc-inv a« T B SA n
unfolding s-suc-inv-def
proof (intro alll impI; elim conjF)
fix i’ j'
assume i’ < length SA n < i’ SA ! i’ = Suc j' suffiz-type T j' = S-type

let ?goal = k. in-s-current-bucket « T B (a (T 1§) kN SAV k=" Nk <’

from «n < i assms(2)
have i =i’V i < i’
using Suc-lessI by blast
moreover
from assms(2,4,5) «SA i’ = - «suffiz-type T j' = -
have | = i’ = ?goal
by simp
moreover
from s-suc-invD[OF assms(1) <i’ < -» - «SA 1 i" = - <suffiz-type T j' = -]
have i < i’ = ?goal
by blast
ultimately show ¢goal
by blast
qged

corollary s-suc-inv-maintained-perm-step-c3:
assumes s-perm-inv o T B SA0 SA i
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Suc j
and suffiz-type T j = L-type
shows s-suc-inv a T B SA n
using assms s-perm-inv-elims(7) s-suc-inv-maintained-step-c3 by blast

lemma s-suc-inv-maintained-step-c4 :
assumes s-distinct-inv « T B SA
and s-bucket-ptr-inv o T B
and s-locations-inv o T B SA
and s-unchanged-inv a« T B SA0 SA
and s-seen-inv o T B SA ©
and s-pred-inv o« T B SA i
and s-suc-inv o« T B SA i
and strict-mono «
and o (Maz (set T)) < length B
and length SAOQ = length T
and length SA = length T
and l-types-init o« T SAOQ
and valid-list T
and a bot = 0
and Suc 0 < length T
and i = Sucn
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and Suc n < length SA

and SA ! Suc n = Suc j

and suffiz-type T j = S-type

and b=a(T!)

and k=B!b— Suc0
shows s-suc-inv o T (B[b := k]) (SA[k :=j]) n

unfolding s-suc-inv-def
proof (safe)

fix i’ j’

assume ¢’ < length (SA[k := j]) n < i’ SA[k := j] | i’ = Suc j' suffiz-type T j
= S-type

hence i’ < length SA

by simp

/

let % = a (T ! j')
and ?B = B[b := k]
and ?SA = SA[k := j]

let ?goal = 3k’ in-s-current-bucket o T ?B 2b k' N 2SA VK" = j' AN k' < i’

from <suffiz-type T j' = -»
have j’' < length T
by (simp add: suffiz-type-s-bound)
hence % < a (Maz (set T))
using <strict-mono -»
by (simp add: strict-mono-less-eq)

from s-bucket-ptr-strict-lower-bound|OF assms(1—6,8,10—14,16—20)]
have s-bucket-start « T b < B! b.
hence s-bucket-start o« T b < k
using assms(21) by linarith
hence bucket-start « T b < k
using bucket-start-le-s-bucket-start le-trans by blast

from <s-bucket-start « T b < B! by
have k < B! b

using assms(21) by linarith

have j < length T

by (simp add: assms(19) suffiz-type-s-bound)
hence b < a (Maz (set T))

by (simp add: assms(8,20) strict-mono-less-eq)
with s-bucket-ptr-upper-bound[OF assms(2)]
have B! b < bucket-end o« T b

by blast
with <k < B! b
have k < bucket-end o T b

by linarith
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have B! b < ¢
proof(rule ccontr)
assume B! b < g
hence i < B! b
by simp
with s-B-val|OF assms(1—6,8,10—13,15) <b < a (Maz (set T))»] ¢<s-bucket-start
aTb< B!b
show Fulse
by simp
qged
with <k < B! b
have k < ¢
by linarith
hence £ < n
by (simp add: assms(16))
with «n < i)
have k < i’
using dual-order.strict-trans2 by blast
hence SA[k :=j] i’ = SA !¢’
by simp
with «SA[k := j] ! i’ = Suc j’
have SA ! i’ = Suc j’
by simp

have i < i’

by (simp add: Suc-lel «n < i’y assms(16))
hence i = i’V i < i’

by (simp add: nat-less-le)

moreover
have | = i’ = ?goal
proof —

assume i = ¢’
hence j = j’
using <(SA ! i’ = Suc j"» assms(16,18) by auto
hence SA[k :=j] ! k =7’
using <k < n» assms(17) by auto
moreover
have ?b = b
using <j = j» assms(20) by blast
hence in-s-current-bucket o T ?B ?b k = in-s-current-bucket « T ?B b k
by simp
moreover
from «a (T!j) < o (Maz (set T))»
<2b = by[symmetric]
have in-s-current-bucket « T ?B b k
unfolding in-s-current-bucket-def
using <k < bucket-end o T by assms(9) by auto
ultimately show ?goal
using <k < i"» by blast
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qed
moreover
have i < i’ = ?goal
proof —
assume | < i’
with s-suc-invD[OF assms(7) «i’ < length SAy - <SA ! i’ = Suc j'» <suffiz-type
Tj' = -]
obtain &k’ where
in-s-current-bucket o T B 2b k'
SAVE =34’
k<
by blast
moreover
from in-s-current-bucketD[OF <in-s-current-bucket o T B 2b k']
have in-s-current-bucket « T ?B ?b k'
unfolding in-s-current-bucket-def
proof (safe)
show ?B ! 2b < k'
by (metis «<B ! 2b < k’y <k < B! b> dual-order.trans list-update-beyond
nat-le-linear
not-less nth-list-update-eq nth-list-update-neq)
qed
moreover
from in-s-current-bucketD(2)[OF <in-s-current-bucket o T B 2b k"]
have B! %0 < k'.
hence s-bucket-start o T 20 < k'
by (meson «2b < a (Maz (set T))» assms(2) le-less-trans not-le s-bucket-ptr-inv-def)
hence bucket-start o T ?b < k'
using bucket-start-le-s-bucket-start dual-order.trans by blast

have b = 2b v b # %)
by blast
hence k # k'
proof
assume b = ?b
with «(B! 20 < k) <k < B! b
show ?thesis
by simp
next
assume b # ?b
with outside-another-bucket|OF - <bucket-start - - - < k» <k < bucket-end -

- 4]
<bucket-start o T 2b < k's in-s-current-bucketD(3)[OF <in-s-current-bucket
a T B 2 kh)
show ?thesis
by blast
qed
hence SA[k :=j] | k' = SA k’
by simp
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ultimately show %goal
by blast
qed
ultimately show ?goal
by blast
qed

corollary s-suc-inv-maintained-perm-step-c4:
assumes s-perm-inv o T B SA0Q SA i
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Sucj
and suffiz-type T j = S-type
and b=« (T!))
and k=B!b— Suc0

shows s-suc-inv o T (B[b := k]) (SA[k :=j]) n
using s-suc-inv-maintained-step-c4 |OF s-perm-inv-elims[OF assms(1)] assms(2—)]
by blast

lemmas s-suc-inv-maintained-perm-step =
s-suc-inv-maintained-step-cl
s-suc-inv-maintained-perm-step-c2
s-suc-inv-maintained-perm-step-c3
s-suc-inv-maintained-perm-step-c4

83.3.8 Combined Permutation Invariant

lemma s-perm-inv-established:
assumes s-bucket-init « T B
and s-type-init T SA
and strict-mono o
and « (Maz (set T)) < length B
and length SA = length T
and l-types-init o« T SA
and valid-list T
and a bot =0
and Suc 0 < length T
and length T < n
shows s-perm-inv a« T B SA SA n
unfolding s-perm-inv-def
by (simp add: assms s-distinct-inv-established s-bucket-ptr-inv-established
s-locations-inv-established s-unchanged-inv-established s-seen-inv-established
s-pred-inv-established s-suc-inv-established)

lemma s-perm-inv-maintained-step-c1:
assumes s-perm-inv o T B SA0 SA i
and i = Sucn
and length SA < Suc n

shows s-perm-inv a T B SA0 SA n
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unfolding s-perm-inv-def

by (clarsimp simp: s-perm-inv-elims|OF assms(1)]
s-seen-inv-maintained-perm-step-c1[OF assms]
s-pred-inv-maintained-perm-step-alt[OF assms(1,2)]
s-suc-inv-maintained-step-c1[OF assms(3)])

lemma s-perm-inv-maintained-step-c1-alt:
assumes s-perm-inv o T B SA0 SA i
and i = Sucn
and length T < SA! Suc n
shows s-perm-inv a T B SA0 SA n
proof (cases length T < Suc n)
case True
then show ?thesis
by (metis assms(1) assms(2) s-perm-inv-elims(11) s-perm-inv-maintained-step-c1)
next
case Fulse
hence Suc n < length T
by simp
then show ?thesis
unfolding s-perm-inv-def
by (metis assms s-perm-inv-def s-pred-inv-maintained-step-alt
s-seen-inv-maintained-perm-step-c1-alt s-suc-inv-maintained-perm-step-c1-alt)
qed

lemma s-perm-inv-maintained-step-c2:
assumes s-perm-inv o T B SAQ SA i
and i = Sucn
and Suc n < length SA
and SA!Sucn=20
shows s-perm-inv o« T B SA0 SA n
unfolding s-perm-inv-def
by (clarsimp simp: s-perm-inv-elims|OF assms(1)]
s-seen-inv-maintained-perm-step-c2[OF assms]
s-pred-inv-maintained-perm-step-alt| OF assms(1,2)]
s-suc-inv-maintained-perm-step-c2[OF assms))

lemma s-perm-inv-maintained-step-c3:
assumes s-perm-inv o T B SAQ SA i
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Suc j
and suffiz-type T j = L-type
shows s-perm-inv o T B SA0 SA n
unfolding s-perm-inv-def
by (clarsimp simp: s-perm-inv-elims|OF assms(1)]
s-seen-inv-maintained-perm-step-c3|OF assms]
s-pred-inv-maintained-perm-step-alt[OF assms(1,2)]
s-suc-inv-maintained-perm-step-c3[OF assms))
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lemma s-perm-inv-maintained-step-c4:
assumes s-perm-inv o T B SA0 SA i
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Sucj
and suffiz-type T j = S-type
and b=« (T!))
and k=B!lb— Suc0
shows s-perm-inv o T (B[b := k]) SA0 (SA[k :=j]) n
unfolding s-perm-inv-def
by (clarsimp simp: s-perm-inv-elims|OF assms(1)]
s-distinct-inv-maintained-perm-step| OF assms)
s-bucket-ptr-inv-maintained-perm-step| OF assms)
s-locations-inv-maintained-perm-step| OF assms]
s-unchanged-inv-maintained-perm-step| OF assms)
s-seen-inv-maintained-perm-step-c4 [OF assms]
s-pred-inv-maintained-perm-step| OF assms]
s-suc-inv-maintained-perm-step-c4 [OF assms])

theorem abs-induce-s-perm-step:
assumes s-perm-inv o T B SAQ SA i
and  abs-induce-s-step (B, SA, i) (a, T) = (B’, SA', i)
shows s-perm-inv o T B’ SA0 SA’ i’
proof (cases i)
case 0
then show ?thesis
using assms by force
next
case (Suc n)
assume i = Suc n
have T # ||
using s-perm-inv-elims(15)[OF assms(1)] by fastforce
show ?thesis
proof (cases Suc n < length SA N SA! Suc n < length T
assume Suc n < length SA N SA! Suc n < length T
hence Suc n < length SA SA! Suc n < length T
by blast+
show ?thesis
proof (cases SA ! Suc n)
case (
then show ?thesis
using s-perm-inv-maintained-step-c2[OF assms(1) <i = Suc n> «Suc n <
length SA> 0] assms
by (clarsimp simp: <i = Suc n» «Suc n < length SAy 0 «<T # []»)
next
case (Suc j)
assume SA ! Suc n = Suc j
hence Suc j < length T
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using «(SA | Suc n < length T by auto
show ?thesis
proof (cases suffiz-type T j)
case S-type
then show ?thesis
using assms i = Suc n» «Suc n < length SA> <SA! Suc n = Suc j»
s-perm-inv-maintained-step-c4 [OF assms(1), of nj a (T !j) B! «
(T 37) — Suc 0]
by (clarsimp simp: Let-def «Suc j < length T»)
next
case L-type
then show ?thesis
using assms i = Suc n» «Suc n < length SA» <SA | Suc n = Suc j»
s-perm-inv-maintained-step-c3[OF assms(1)]
by (clarsimp simp: Let-def «Suc j < length T»)
qed
qed
next
assume —(Suc n < length SA A SA! Suc n < length T)
hence — Suc n < length SAV = SA ! Suc n < length T
by blast
then show ?thesis
proof
assume - Suc n < length SA
then show ?thesis
using assms <i = Suc ny s-perm-inv-maintained-step-c1[OF assms(1)] by
force
next
assume - SA ! Suc n < length T
hence length T < SA! Suc n
by simp
then show ?thesis
using assms i = Suc n) s-perm-inv-maintained-step-c1-alt|OF assms(1)]
by simp
qed
qed
qed

corollary abs-induce-s-perm-step-alt:
Na. s-perm-inv-alt o« T SAQ0 a = s-perm-inv-alt o T SAOQ (abs-induce-s-step a
(a, T))

by (metis abs-induce-s-perm-step s-perm-inv-alt.elims(2) s-perm-inv-alt.elims(3))

theorem abs-induce-s-perm-alt-maintained:

assumes s-perm-inv-alt o T SAOQ (B, SA, length T')

shows s-perm-inv-alt o T SAO (abs-induce-s-base oo T B SA)

unfolding abs-induce-s-base-def

using repeat-maintain-invof s-perm-inv-alt o T SAO abs-induce-s-step (o, T),
OF - assms(1)]
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abs-induce-s-perm-step-alt
by blast

corollary abs-induce-s-perm-maintained:
assumes abs-induce-s-base « T B SA = (B’, SA’, n)
and  s-perm-inv o T B SAQ SA (length T)

shows s-perm-inv o T B’ SA0 SA’ n
using assms abs-induce-s-perm-alt-maintained by force

lemma s-perm-inv-0-B-val:
assumes s-perm-inv o T B SA SA’ 0
and b <« (Maz (set T))
shows B ! b = s-bucket-start o T b
proof —
from s-bucket-ptr-lower-bound[OF s-perm-inv-elims(2)[OF assms(1)] assms(2)]
have s-bucket-start « Tb< B! b.

have s-bucket-start o« T b > 0
by blast

hence s-bucket-start « T b = 0 V 0 < s-bucket-start o T b
by blast

with (s-bucket-start « T b < B! b

have B! b = s-bucket-start « TbV 0 < B! b
by linarith

then show ?thesis

proof
assume B! b = s-bucket-start o T b
then show ?thesis .

next
assume 0 < B! b
with s-B-val[OF s-perm-inv-elims(1—6,8,10—13,15)[OF assms(1)] assms(2)]
show ?thesis .

qed

qed

lemma s-perm-inv-0-list-slice-bucket:
assumes s-perm-inv o T B SA SA’ 0
and b < «a (Mazx (set T))
shows set (list-slice SA’ (bucket-start o T b) (bucket-end o T b)) = bucket o T b
by (meson assms bucket-eq-list-slice s-perm-inv-0-B-val s-perm-inv-elims(1—4,10—12))

lemma s-perm-inv-0-distinct-list-slice:
assumes s-perm-inv o T B SA SA’ 0
and b < «a (Mazx (set T))
shows distinct (list-slice SA’ (bucket-start o T b) (bucket-end o T b))
(is distinct ?xs)
proof —
let ?ys = list-slice SA’ (bucket-start o T b) (I-bucket-end o T b)
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and ?zs = list-slice SA' (s-bucket-start o T b) (bucket-end o T b)

have 7xs = Zys @Q 7zs
by (metis list-slice-append bucket-start-le-s-bucket-start I-bucket-end-le-bucket-end
s-bucket-start-eg-l-bucket-end)

from [-types-initD(1)[OF I-types-init-maintained| OF s-perm-inv-elims(2,4,10—12)[OF
assms(1)]]
assms(2)]
have set ?ys = l-bucket o T b .
moreover
from s-bucket-eq-list-slice| OF s-perm-inv-elims(1,3,11)[OF assms(1)] assms(2)
s-perm-inv-0-B-val| OF assms]]
have set 7zs = s-bucket a« T b .
ultimately have set ?ys N set ?zs = {}
using disjoint-l-s-bucket by blast
with s-distinct-invD][OF s-perm-inv-elims(1), OF assms, simplified s-perm-inv-0-B-val| OF
assms]]
I-types-initD(2)[ OF l-types-init-maintained| OF s-perm-inv-elims(2,4,10—12)[OF
assms(1)]]
assms(2))
fxs = Pys Q %28
show ?thesis
by auto
qed

lemma abs-induce-s-base-distinct:
assumes abs-induce-s-base oo T B SA = (B’, SA’, n)
and  s-perm-inv o T B’ SA SA' n
shows distinct SA’
proof (intro distinct-conv-nth| THEN iffD2] alll impI)
fix ij
assume i < length SA’ j < length SA" i # j
hence i < length T j < length T
using assms(2) s-perm-inv-elims(11) by fastforce+

from abs-induce-s-base-index[of o T B SA] assms(1)
have n = 0
by simp

from indez-in-bucket-interval-gen|OF <i < length T» s-perm-inv-elims(8)[OF
assms(2)]]
obtain 60 where
b0 < o (Mazx (set T))
bucket-start o T b0 < i
i < bucket-end o T b0
by blast

have bucket-end o T b0 < length SA’
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using assms(2) bucket-end-le-length s-perm-inv-elims(11) by fastforce
let ?zs = list-slice SA' (bucket-start o T b0) (bucket-end o T b0)

from indez-in-bucket-interval-gen|OF <j < length T» s-perm-inv-elims(8)[OF
assms(2)]]
obtain b1 where
b1 < a (Max (set T))
bucket-start o T b1 < j
j < bucket-end o T b1
by blast

have bucket-end o T b1 < length SA’
using assms(2) bucket-end-le-length s-perm-inv-elims(11) by fastforce

have b0 # b1 —> SA’1 i # SA'!j
proof —
assume b0 # bl
hence bucket o T b0 N bucket o T b1 = {}
by (metis (mono-tags, lifting) Int-emptyl bucket-def mem-Collect-eq)
moreover
from s-perm-inv-0-list-slice-bucket| OF assms(2)[simplified <n = 0)] <b0 < -]
list-slice-nth-mem|[OF <bucket-start o T b0 < i» <i < bucket-end a T b0»
<bucket-end o T b0 < -]
have SA’! i € bucket o T b0
by blast
moreover
from s-perm-inv-0-list-slice-bucket| OF assms(2)[simplified <n = 0] <b1 < -]
list-slice-nth-mem[OF <bucket-start o T b1 < j» <j < bucket-end o T b1>»
<bucket-end o T b1 < -]
have SA’! j € bucket a T b1
by blast
ultimately show ¢thesis
by auto
qed
moreover
have b0 = b1 = SA’ i # SA'j
proof —
assume b0 = b1
with <bucket-start o« T b1 < j» j < bucket-end o T b1»
have bucket-start a T b0 < j j < bucket-end o T b0
by simp-all
with list-slice-nth-eq-iff-indez-eq|
OF s-perm-inv-0-distinct-list-slice OF assms(2)[simplified<n = 0>] «b0 <

_>]
<bucket-end - - b0 < -y <bucket-start o T b0 < 7 i < bucket-end o T
b0», of j]
G # P

show ?thesis
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by blast
qed
ultimately show SA’! i # SA’!j
by blast
qed

lemma abs-induce-s-base-subset-upt:
assumes abs-induce-s-base « T B SA = (B’, SA’, n)
and  s-perm-inv a T B’ SA SA' n
shows set SA’ C {0..<length T}
proof
fix z
assume z € set SA’
from in-set-conv-nth| THEN iffD1, OF <z € set SA"]
obtain ¢ where
i < length SA’
SA"Vi==x
by blast
hence i < length T
using assms(2) s-perm-inv-elims(11) by fastforce
with indez-in-bucket-interval-gen[OF - s-perm-inv-elims(8)[OF assms(2)]]
obtain b where
b < a (Maz (set T))
bucket-start o« T b < ¢
1 < bucket-end o« T b
by blast

from abs-induce-s-base-index[of oo T B SA| assms(1)
have n = 0
by simp

have bucket-end oo T b < length SA’
using assms(2) bucket-end-le-length s-perm-inv-elims(11) by fastforce
with s-perm-inv-0-list-slice-bucket| OF assms(2)[simplified <n = 0>] <b < -]
(SA"! i = x> <bucket-start o T b < ©» i < bucket-end o« T b»
have z € bucket « T b
using list-slice-nth-mem by blast
hence z < length T
using bucket-def by blast
then show z € {0..< length T}
by simp
qged

corollary abs-induce-s-base-eq-upt:

assumes abs-induce-s-base « T B SA = (B’, SA’, n)

and  s-perm-inv o T B’ SA SA' n
shows set SA" = {0..<length T}

by (rule card-subset-eq[OF finite-atLeastLess Than abs-induce-s-base-subset-upt| OF
assmsll;
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clarsimp simp: distinct-card|OF abs-induce-s-base-distinct|OF assms]]
s-perm-inv-elims(11)[OF assms(2)])

theorem abs-induce-s-base-perm:
assumes abs-induce-s-base « T B SA = (B’, SA’, n)
and s-perm-inv o T B’ SA SA’ n
shows SA’ <~~> [0..< length T
by (rule perm-distinct-set-of-upt-iff [ THEN iffD2];
clarsimp simp: abs-induce-s-base-distinct| OF assms| abs-induce-s-base-eq-upt[OF
assms))

83.3.9 Sorted

lemma s-sorted-established:
assumes s-bucket-init o T B
and strict-mono «
and valid-list T
and a bot = 0
and b < a (Maz (set T))
shows sorted-wrt R (list-slice SA (B! b) (bucket-end « T b))
(is sorted-wrt R ?xs)
proof —
have b=0V 0 < b
by blast
moreover
have 0 < b = ?thesis
proof —
assume (0 < b
hence B! b = bucket-end o T b
by (simp add: <b < o (Maz (set T))> assms(1) s-bucket-initD)
then show ?thesis
by simp
qed
moreover
have b = 0 = %thesis
proof —
assume b = 0
hence bucket-end a T b = Suc 0
by (simp add: assms(2—4) valid-list-bucket-end-0)
moreover
from b = 0»
have B! b =0
using assms(1) s-bucket-initD(2) by auto
ultimately show #thesis
by (simp add: sorted-wrt01)
qed
ultimately show ?thesis
by blast
qed
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lemma s-sorted-inv-established:
assumes s-bucket-init o« T B
and strict-mono «
and valid-list T
and a bot = 0
shows s-sorted-inv « T B SA
unfolding s-sorted-inv-def
using assms ordlistns.sorted-map s-sorted-established by blast

lemma s-prefiz-sorted-inv-established:
assumes s-bucket-init « T B
and strict-mono «
and valid-list T
and a bot =0
shows s-prefiz-sorted-inv o« T B SA
unfolding s-prefix-sorted-inv-def
using assms ordlistns.sorted-map s-sorted-established by blast

lemma s-sorted-maintained-unchanged-step:
assumes s-perm-inv o« T B SA0Q SA i
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Suc j
and suffiz-type T j = S-type
and b=a (T!}))
and k=B!b— Suc0
and V' < a (Maz (set T))
and  sorted-wrt R (list-slice SA (B! b’) (bucket-end o T b”))
and b# b
shows sorted-wrt R (list-slice (SAlk := j]) ((B[b := k]) ! b') (bucket-end « T b))
proof —
let %zs = list-slice (SA[k := j]) (B[b := k] ! b') (bucket-end @ T b’)

have bucket-end o T b < length T
using bucket-end-le-length by blast
moreover
have B! b < bucket-end o T b
using assms(1,5,6) s-bucket-ptr-upper-bound s-perm-inv-elims(2,8) strict-mono-less-eq
suffiz-type-s-bound by fastforce
ultimately have £ < length T
using assms(1,7) s-perm-inv-elims(15) by fastforce
hence k < length SA
by (metis assms(1) s-perm-inv-def)

from s-bucket-ptr-strict-lower-bound|OF s-perm-inv-elims(1—6,8,10—14)[OF assms(1)]
assms(2—6)]

have s-bucket-start « Tb < B! b.

hence k < B!
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using assms(7) diff-less gr-implies-not-zero by blast

have s-bucket-start o« T b < k

using assms s-bucket-ptr-strict-lower-bound s-perm-inv-def by fastforce
hence bucket-start o« T b < k

using bucket-start-le-s-bucket-start le-trans by blast

from b # b
have B[b:=k]! b'= B!V’
by simp

have k < B! b’V bucket-end o« T b’ < k
proof —
from <b # b
have b < b’V b/ < b
using nat-neq-iff by blast
moreover
have b < b/ = k< B!’
proof —
assume b < b’
hence bucket-end o T b < bucket-start o T b’
by (simp add: less-bucket-end-le-start)
hence k < bucket-start o T b’
using <B ! b < bucket-end o T by <k < B! by by linarith
with s-bucket-ptr-lower-bound|OF s-perm-inv-elims(2)[OF assms(1)] <b’ < -]
show ?thesis
by (meson bucket-start-le-s-bucket-start order.strict-trans2)
qed
moreover
have b/ < b = bucket-end o T b’ < k
proof —
assume b’ < b
hence bucket-end o T b’ < bucket-start o« T b
by (simp add: less-bucket-end-le-start)
then show ?thesis
using <bucket-start a« T b < k» by linarith
qged
ultimately show %thesis
by blast
qed
with list-slice-update-unchanged-1
list-slice-update-unchanged-2
have ?%xs = list-slice SA (B! b’) (bucket-end o T b)
using <B[b:= k]! b’ = B! b"» by auto
then show ?thesis
using assms(9) by auto
qed

lemma s-sorted-inv-maintained-step:
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assumes s-perm-inv o T B SAQ SA i
and s-sorted-pre a T SA0
and s-sorted-inv a T B SA
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Sucj
and suffiz-type T j = S-type
and b=« (T!))
and k=B!b— Suc0
shows s-sorted-inv o T (B[b := k]) (SA[k := j])
unfolding s-sorted-inv-def
proof (safe)
fix b’
assume b’ < a (Maz (set T))
let %xs = list-slice (SA[k := j]) (B[b:= k] ! b’) (bucket-end a T b’)

have bucket-end o T b < length T
using bucket-end-le-length by blast

moreover
have B! b < bucket-end o« T b
using assms(1,7,8) s-bucket-ptr-upper-bound suffiz-type-s-bound
s-perm-inv-elims(2,8) strict-mono-less-eq
by fastforce

ultimately have k < length T

using assms(1,9) s-perm-inv-elims(15) by fastforce
hence k < length SA

by (metis assms(1) s-perm-inv-def)

from s-bucket-ptr-strict-lower-bound
[OF s-perm-inv-elims(1—6,8,10—14)
[OF assms(1)] assms(4—8)]
have s-bucket-start o« T b < B! b .
hence k < B! b
using assms(9) diff-less gr-implies-not-zero by blast

have s-bucket-start « T b < k
using assms s-bucket-ptr-strict-lower-bound s-perm-inv-def
by fastforce
hence bucket-start o« T b < k
using bucket-start-le-s-bucket-start le-trans
by blast
hence b < a (Mazx (set T))
by (metis <k < length SA> assms(1) bucket-end-Maz dual-order.trans
less-bucket-end-le-start s-perm-inv-elims(8,11) leD lel)

have b = b'V b #£ b’
by blast
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moreover
have b = b/ = ordlistns.sorted (map (suffiz T) ?xs)
proof —
assume b = b’
hence B[b := k| ! b/ =k
by (meson «b' < o (Maz (set T))> assms(1) le-less-trans nth-list-update-eq
s-perm-inv-elims(9))

have SA[k :=j] 'k =
by (simp add: <k < length SA»)

from list-slice-update-unchanged-1
<k < B!lb
SAlk =4V k=
Bb:=Fk!bV =k
«B!b < bucket-end o T by
<b = b <k < length SA
have %zs = j # list-slice SA (B! b) (bucket-end o T b)
by (metis Suc-pred assms(9) length-list-update not-le
less-nat-zero-code list-slice-Suc less-le-trans)
moreover
have ordlistns.sorted
(map (suffiz T) (j # list-slice SA (B! b) (bucket-end o T'b)))
proof —
let ?ys = list-slice SA (B! b) (bucket-end o T b)

have A: map (suffix T) (j # ?ys) = (suffix T j) # map (suffix T) ?ys
by simp

from s-sorted-invD[OF assms(3) <b < -]
have B: ordlistns.sorted (map (suffic T) 2ys) .

have ?ys = [| V %ys # |]
by blast
hence map (suffic T) ?ys = [| V map (suffix T) 2ys # |]
by simp
moreover
have map (suffic T) ?ys = [| = ?thesis
using ordlistns.sorted-cons-nil by fastforce
moreover
have map (suffiz T) %ys # [| =
ordlistns.sorted ((suffiz T j) # map (suffix T) %ys)
proof (rule ordlistns.sorted-consI[OF - B])
assume map (suffic T) (list-slice SA (B! b) (bucket-end oo T b)) # []
then
show map (suffix T) (list-slice SA (B! b) (bucket-end oo T b)) # ]
by simp
next
assume map (suffic T) ?ys # |]
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hence map (suffix T) ?ys ! 0 = suffic T (?ys! 0)
by (metis length-greater-0-conv list.simps(8) nth-map)
moreover
have list-less-eq-ns (suffic T j) (suffiz T (2ys! 0))
proof —
have %ys ! 0 € s-bucket o« T b
by (metis assms(1) length-greater-0-conv s-perm-inv-elims(3)
length-map nth-mem s-locations-inv-in-list-slice
b =bh
b < a (Maz (set T))»
«map (suffic T) 2ys # [ )
hence o (T'! (?ys! 0)) = b suffiz-type T (ys! 0) = S-type
by (simp add: s-bucket-def bucket-def )+
hence T'!j=T1! (%ys! 0)
using assms(1,8) s-perm-inv-elims(8) strict-mono-eq by fastforce

have ?ys ! 0 = SA! (B! b)
using <map (suffiz T) ?ys # [|» nth-list-slice by fastforce

have b # 0
by (metis <s-bucket-start o T b < B! b» assms(1)
gr-implies-not-zero s-bucket-ptr-0 s-perm-inv-elims(2))

have in-s-current-bucket « T B b (B! b)
using b = b b’ < a (Maz (set T))» <map (suffix T) ?ys # [
by (metis <B ! b < bucket-end o T by in-s-current-bucket-def
le-eq-less-or-eq list.map-disc-iff list-slice-n-n)
with s-pred-invD
[OF s-perm-inv-elims(6)[OF assms(1)] - <b # 0,
of B! b
obtain i’ where i’-assms:
i’ < length SA
SAi"= Suc (SA! (B!D))
Blb<i
i<i
by blast

let 260 = o (T ! (Suc §))
and %61 = o (T! (Suc (SA! (B!b))))

have i-less: i < length SA
by (simp add: assms(4—5))

have 200 < o (Max (set T))
by (metis Maz-greD Suc-lel assms(1,4—6) strict-mono-leD

s-perm-inv-elims(5,8) s-seen-invD(1) lessI)

have ?b1 < o (Max (set T))
by (metis Maz-greD i’-assms(1,2,4) assms(1)
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less-imp-le-nat s-perm-inv-elims(5,8)
s-seen-invD(1) strict-mono-leD)

have S0: suffic Tj = T ! j # suffix T (Suc j)
using assms(7) suffiz-cons-Suc suffiz-type-s-bound
by blast

have S1: suffic T (?ys! 0) =
T! (2ys! 0) # suffix T (Suc (SA! (B!b)))
using «%ys! 0 = SA ! (B! b)
<suffiz-type T (Pys ! 0) = S-types suffiz-cons-Suc
suffiz-type-s-bound by auto

have 200 < ?b1
proof (rule ccontr)
assume —?2b0 < 2b1
hence 701 < b0
by simp
hence bucket-end o T 201 < bucket-start o T 2b0
by (simp add: less-bucket-end-le-start)
with s-indez-upper-bound[OF s-perm-inv-elims(2,5)[OF assms(1)]
i’"-assms(1)]
s-indez-lower-bound|[OF s-perm-inv-elims(2,5)[OF assms(1)] i-less,
simplified]
order.strict-implies-order| OF i’-assms(4))
show False
using i’-assms(2) assms(4,6) by auto
qed
hence 700 = b1 VvV 2b0 < ?b1
by linarith
moreover
have 700 < %1 —
list-less-eq-ns
(suffiz T (Suc j))
(suffic T (Suc (SA! (B!b))))
proof —
assume 200 < ?b1
hence T'! (Sucj) < T! (Suc (SA! (B!b)))
using assms(1) s-perm-inv-elims(8) strict-mono-less by blast
then show ?thesis
by (metis i’-assms(1,2,4) assms(1,4—06) s-perm-inv-def
leD s-seen-invD(1) list-less-eq-ns-linear
suffiz-cons-Suc list-less-eq-ns-cons)
qed
moreover
have 700 = %1 =
list-less-eq-ns
(suffix T (Suc j))
(suffic T (Suc (SA! (B!b))))
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proof —
assume b0 = b1
with s-index-upper-bound
[OF s-perm-inv-elims(2,5)[OF assms(1)]
" < o] i’-assms(4)
have i’ < bucket-end o T 2b0
by (simp add: <SA ! i’ = Suc (SA! (B! b))

have suffiz-type T (SA ! i) = S-type V
suffiz-type T (SA ! i) = L-type
using SL-types.exhaust by blast
moreover
have suffiz-type T (SA ! i) = S-type = ?thesis
proof —
assume suffiz-type T (SA ! i) = S-type
with s-seen-invD(3)
[OF s-perm-inv-elims(5)[OF assms(1)] i-less,
simplified]
have in-s-current-bucket « T B ?b0 i
by (simp add: assms(4) assms(6))
hence B! 2b0 < ¢
using in-s-current-bucket-def by blast
hence I3m. B! 200 + m = i
using less-eqE by blast
then obtain m0 where m0-assm:
B! 200 + m0 =1
by blast

from B! 200 < @ i’-assms(4)
have 3m. B! 200 + m = i’
by presburger
then obtain m! where mi-assm:
B! 20 + ml =1’
by blast
hence B! 760 + m0 < B! b0 + ml
by (simp add: m0-assm i’-assms(4) dual-order.order-iff-strict)
hence m0 < m1
using add-le-imp-le-left by blast

have (list-slice SA (B! 2b0) (bucket-end oo T ?b0)) ! m0 =
Suc j
using mo0-assm i-less
<in-s-current-bucket o T B 2b0 > assms(4,6)
in-s-current-bucketD(3)
by (metis <B! a (T ! Suc j) < O diff-add-inverse list-slice-nth)
moreover
have (list-slice SA (B! 2b0) (bucket-end o T 2b0)) ! m1 =
Suc (SA! (B! b))

using m1-assm i’-assms
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<" < bucket-end o T 200>
by (metis diff-add-inverse le-addl list-slice-nith)
moreover
have length (list-slice SA (B! 2b0) (bucket-end a T 2b0)) =
(bucket-end o T 2b0) — B! 2b0
by (metis assms(1) bucket-end-le-length length-list-slice min-def
s-perm-inv-def)
with «B! 260 + m1 = i’
<" < bucket-end o T 2b0)»
have m1 < length (list-slice SA (B! 2b0) (bucket-end o T ?b0))
by linarith
ultimately
show ?thesis
using ordlistns.sorted-nth-mono
[OF s-sorted-invD[OF assms(3) «?b0 < o (Max -)»]
(m0 < ml)]
«m0 < ml»
by auto
qed
moreover
have suffiz-type T (SA ! i) = L-type => ?thesis
proof —
assume suffiz-type T (SA ! i) = L-type
with s-seen-invD(2)
[OF s-perm-inv-elims(5)[OF assms(1)] i-less,
simplified]
have in-l-bucket o T 760 4
by (simp add: assms(4) assms(6))
hence bucket-start o« T 200 < 1
by (simp add: in-l-bucket-def)
hence I m. bucket-start o T 260 + m = i
using less-eqE by blast
then obtain m(0 where start-plus-m0-eq:
bucket-start o T 260 + m0 = i
by blast

have suffiz-type T (SA ! i) = L-type V
suffiz-type T (SA ! i") = S-type
using SL-types.exhaust by blast
moreover
have suffiz-type T (SA ! i) = S-type = ?thesis
proof —
assume suffiz-type T (SA ! i) = S-type

have SA ! i < length T
by (meson «i < length SA» assms(1) order-refl s-perm-inv-elims(5)

s-seen-invD(1))

have SA! i’ < length T
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by (simp add: <suffiz-type T (SA ! i') = S-types suffiz-type-s-bound)

from «?b0 = ?b1>»
have T'! (Sucj) = T ! Suc (SA! (B! b))
using assms(1) s-perm-inv-def strict-mono-eq by blast
hence hd (suffix T (SA ! i) = hd (suffix T (SA ! 1))
by (metis assms(4,6) list.sel(1) suffiz-cons-Suc
(SA i < length T» <SA ! i’ < length T»
SAV "= Suc (SA! (B! b))
with [-less-than-s-type
[OF s-perm-inv-elims(13)[OF assms(1)]
«SA i’ < length T
(SA Vi < length T -
suffiz-type T (SA 1 i) = -
suffic-type T (SA ! i) = -]
have list-less-ns (suffic T (SA ! %)) (suffix T (SA! i")).
then show ?thesis
by (simp add: <SA! i’ = Suc (SA! (B! b)) assms(4,6))
qed
moreover
have suffiz-type T (SA ! i) = L-type = ?thesis
proof —
assume suffiz-type T (SA ! ") = L-type
with s-seen-invD(2)
[OF s-perm-inv-elims(5)[OF assms(1)]
<" < length SA»,
simplified
«?b0 = ?b1>[symmetric]
(SA V"= Suc (SA! (B! b))]
(SAVi"= Suc (SA! (B! b))
have in-l-bucket o T 200 i’
by (simp add: <i < i"y dual-order.order-iff-strict)
hence i’-le-end: i’ < l-bucket-end o T 2b0
by (simp add: in-l-bucket-def)
hence I m. bucket-start o T 2b0 + m = i’
by (metis <in-l-bucket o T 200 i"y in-l-bucket-def less-eqFE)
then obtain m! where start-plus-m1-eq:
bucket-start o T 2b0 + m1 = i’
by blast

let %zs =
list-slice SA
(bucket-start o« T 2b0)
(l-bucket-end o T 2b0)

have ?zs | m0 = Suc j
by (metis <bucket-start o T (o (T ! Suc 7)) < i
assms(4,6) i'-assms(4) i'-le-end
diff-add-inverse dual-order.order-iff-strict
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i-less list-slice-nth order.strict-transl
start-plus-m0-eq)
moreover
have %zs ! m1 = Suc (SA! (B! b))
using list-slice-nth dual-order.order-iff-strict i"-assms(4)
le-trans [OF <bucket-start a« T (« (T ! Suc j)) < D]
«SA Vi = Suc (SA! (B! b))
<bucket-start o T 2b0 + m1 = i’
i’ < l-bucket-end a T 2b0»
i’ < length SA»
by (metis diff-add-inverse)
moreover
have m0 < mlI
using start-plus-m0-eq start-plus-m1-eq i’-assms(4)
by linarith
moreover
have length ?zs = l-bucket-end o« T 260 — bucket-start o T 7b0
by (metis <700 < o (Maz (set T))» assms(1)
add-diff-cancel-left’ distinct-card
l-bucket-end-def [-bucket-size-def
l-types-init-def s-perm-inv-def
l-types-init-maintained)
hence m1 < length ?zs
using start-plus-m1-eq i’-le-end by linarith
moreover
from s-sorted-pre-maintained
[OF s-perm-inv-elims(2,4,10,11)[OF assms(1)]
assms(2)]
have s-sorted-pre a T SA .
ultimately show ?thesis
using ordlistns.sorted-nth-mono
[OF s-sorted-preD
[of a T SA,
OF - <%0 < a (Maz -)»],
of m0 m1]
by (simp add: «<m1 < length ?zs) le-less-trans
<s-sorted-pre a T SA»)
qed
ultimately show ?thesis
by blast
qed
ultimately show ?thesis
by blast
qed
ultimately
have list-less-eq-ns
(suffiz T (Suc j))
(suffic T (Suc (SA! (B!b))))
by blast
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with S0 S1 «T1j=T! (%ys! 0)
show ?thesis
by (simp add: list-less-eq-ns-cons)
qed
ultimately
show list-less-eq-ns (suffix T 7) (map (suffix T) %ys ! 0)
by simp
qed
ultimately show ?Zthesis
using A by fastforce
qed
ultimately show ¢thesis
by simp
qed
moreover
have b # b/ = ordlistns.sorted (map (suffix T) ?xs)
proof —
assume b # b’
with s-sorted-maintained-unchanged-step| OF assms(1,4—) <b' < -]
s-sorted-invD[OF assms(8) b’ < -]
show ?thesis
using ordlistns.sorted-map by blast
qed
ultimately show ordlistns.sorted (map (suffiz T) ?xs)
by blast
qged

lemma s-prefiz-sorted-inv-maintained-step:
assumes s-perm-inv o T B SA0 SA i
and s-prefiz-sorted-pre o T SAQ
and s-prefix-sorted-inv « T B SA
and i = Sucn
and Suc n < length SA
and SA ! Suc n = Suc j
and suffiz-type T j = S-type
and b=a (T!))
and k=B!b— Suc0
shows s-prefiz-sorted-inv o T (B[b := k]) (SA[k = j])
unfolding s-prefiz-sorted-inv-def
proof (safe)
fix b’
assume b’ < a (Maz (set T))
let %zs = list-slice (SA[k := j]) (B[b := k] ! b’) (bucket-end a T b’)

have bucket-end o T b < length T
using bucket-end-le-length by blast
moreover
have B! b < bucket-end o T b
using assms(1,7,8) s-bucket-ptr-upper-bound s-perm-inv-elims(2,8) strict-mono-less-eq
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suffiz-type-s-bound by fastforce

ultimately have £ < length T

using assms(1,9) s-perm-inv-elims(15) by fastforce
hence k < length SA

by (metis assms(1) s-perm-inv-def)

from s-bucket-ptr-strict-lower-bound
[OF s-perm-inv-elims(1—6,8,10—14)[OF assms(1)] assms(4—8)]
have s-bucket-start « Tb < Bl b .
hence k < B! b
using assms(9) diff-less gr-implies-not-zero by blast

have s-bucket-start o« T b < k
using assms s-bucket-ptr-strict-lower-bound s-perm-inv-def by fastforce
hence bucket-start « T b < k
using bucket-start-le-s-bucket-start le-trans by blast
hence b < a (Maz (set T))
by (metis <k < length SA> assms(1) bucket-end-Maz dual-order.trans
leD lel s-perm-inv-elims(8,11) less-bucket-end-le-start)

have b = b’V b # b’

by blast
moreover
have b = b/ = ordlistns.sorted (map (Ims-slice T) ?xs)
proof —

assume b = b’

hence B[b:=k] ! b' =k

by (meson b’ < o (Maz (set T))> assms(1) le-less-trans
nth-list-update-eq s-perm-inv-elims(9))

have SAlk :=j] k=3
by (simp add: <k < length SA»)

from list-slice-update-unchanged-1[OF <k < B! b]
k< Blb «SAlk:=4]' k= Blb:=k!bd =k
«B! b < bucket-end o T b»
<b = b <k < length SA»

have ?zs = j # list-slice SA (B! b) (bucket-end o« T b)

by (metis Suc-pred assms(9) length-list-update not-le
less-nat-zero-code list-slice-Suc less-le-trans)
moreover

have ordlistns.sorted

(map (Ims-slice T')
(j # list-slice SA (B! b)
(bucket-end o« T b)))
proof —
let ?ys = list-slice SA (B! b) (bucket-end o T b)
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have A: map (Ims-slice T) (j # ?ys) = (Ims-slice T j) # map (Ims-slice T')
2
2ys
by simp

from s-prefiz-sorted-invD[OF assms(3) <b < -]
have B: ordlistns.sorted (map (Ims-slice T) ?ys) .

have %ys = [| V 2ys # |]
by blast
hence map (Ims-slice T) ?ys =[] V map (Ims-slice T) ?ys # |]
by simp
moreover
have map (Ims-slice T') ?ys = [| = ?thesis
using ordlistns.sorted-cons-nil by fastforce
moreover
have map (Ims-slice T) ?ys # [| =
ordlistns.sorted ((Ims-slice T j) # map (Ims-slice T)) ?ys)
proof (rule ordlistns.sorted-consI[OF - B])
assume map (Ims-slice T) 2ys # ||
hence map (Ims-slice T) ?ys | 0 = Ims-slice T (2ys ! 0)
by (metis length-greater-0-conv list.simps(8) nth-map)
moreover
have list-less-eq-ns (Ims-slice T j) (Ims-slice T (?ys ! 0))
proof —
have %ys ! 0 € s-bucket « T b
by (metis <b = b <b' < a (Mazx (set T))» <map (Ims-slice T) ?ys # []»
assms(1)
length-greater-0-conv length-map nth-mem s-locations-inv-in-list-slice
s-perm-inv-elims(3))
hence o (T'! (?ys! 0)) = b suffiz-type T (?ys! 0) = S-type
by (simp add: s-bucket-def bucket-def )+
hence T'!j=T1! (?ys! 0)
using assms(1,8) s-perm-inv-elims(8) strict-mono-eq by fastforce

have ?ys ! 0 = SA! (B! b)
using «map (Ims-slice T) ?ys # [|» nth-list-slice by fastforce

have b #£ 0
by (metis <s-bucket-start o T b < B! b» assms(1)
gr-implies-not-zero s-bucket-ptr-0 s-perm-inv-elims(2))

have in-s-current-bucket « T B b (B! b)
using b = b «b' < a (Mazx (set T))»
<map (Ims-slice T) ?ys # [»
in-s-current-bucket-def
by (metis <B ! b < bucket-end o T b»
dual-order.order-iff-strict list.map-disc-iff
list-slice-n-n)
with s-pred-invD
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[OF s-perm-inv-elims(6)[OF assms(1)] - <b # 0,
of B! b
obtain i’ where

i’ < length SA

SAi"= Suc (SA! (B!D))

Blb<i

i<t

by blast

let 70 = o (T'! (Suc j))
and 701 = a (T! (Suc (SA! (B!b))))

have i < length SA
by (simp add: assms(4—5))

have 200 < o (Max (set T))
by (metis Maz-greD Suc-lel assms(1,4—6) lessI s-perm-inv-elims(5,8)
s-seen-invD(1)
strict-mono-leD)

have ?b1 < o (Max (set T))
by (metis Maz-greD «SA ! i’ = Suc (SA! (B! b)) «i < i i’ < length
SA» assms(1)
less-imp-le-nat s-perm-inv-elims(5) s-perm-inv-elims(8) s-seen-invD(1)
strict-mono-leD)

have S0: Ims-slice T j = T ! j # lms-slice T (Suc j)
using assms(7) Ims-slice-cons suffiz-type-s-bound by blast

have S1:
Ims-slice T (2ys! 0) = T ! (%ys! 0) # Ims-slice T (Suc (SA! (B! b)))
using <%ys ! 0 = SA ! (B! b)» «suffiz-type T (?ys ! 0) = S-type>
Ims-slice-cons
suffiz-type-s-bound by auto

have 260 < 9b1
proof(rule ccontr)
assume —?2b0 < 2b1
hence 701 < b0
by simp
hence bucket-end o« T 201 < bucket-start o« T 2b0
by (simp add: less-bucket-end-le-start)
with s-index-upper-bound|OF s-perm-inv-elims(2,5)[OF assms(1)] «i’ <
length SA]
s-indez-lower-bound[ OF s-perm-inv-elims(2,5)[OF assms(1)] «i <
length SA»,
simplified)
order.strict-implies-order| OF «i < i)
show Fulse
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using «(SA ! i’ = Suc (SA ! (B! b)) assms(4,6) by auto
qed
hence 700 = ?b1 v 760 < 7b1
by linarith
moreover
have
70 < ?b1 =
list-less-eq-ns (Ims-slice T (Suc j)) (Ims-slice T (Suc (SA! (B! b))))
proof —
assume b0 < b1
hence T'! (Suc j) < T! (Suc (SA! (B!b)))
using assms(1) s-perm-inv-elims(8) strict-mono-less by blast
moreover
have Suc j < length T
using «i < length SA> assms(1,4,6) s-perm-inv-elims(5) s-seen-invD(1)
by fastforce
hence Jas. Ims-slice T (Suc j) = T ! (Suc j) # as
by (metis dual-order.strict-trans abs-find-next-Ims-lower-bound-1 lessl
list-slice-Suc
Ims-slice-def)
then obtain as where
Ims-slice T (Suc j) = T ! (Suc j) # as
by blast
moreover
have Suc (SA! (B! b)) < length T
using <SA ! i’ = Suc (SA! (B! b)) i < i’ <i’ < length SAs assms(1)
s-perm-inv-elims(5) s-seen-invD(1) by fastforce
hence 3 bs. Ims-slice T (Suc (SA! (B!b)))=T! (Suc (SA! (B!b)))

by (metis abs-find-next-Ims-lower-bound-1 less-Suc-eq
list-slice-Suc Ims-slice-def)
then obtain bs where
Ims-slice T (Suc (SA! (B!b))=T! (Suc (SA! (B!b))) # bs
by blast
ultimately show ?Zthesis
using list-less-eq-ns-cons by fastforce
qged
moreover
have
20 = %1 =
list-less-eq-ns (Ims-slice T (Suc j)) (Ims-slice T (Suc (SA! (B! b))))
proof —
assume b0 = b1
with s-index-upper-bound|OF s-perm-inv-elims(2,5)[OF assms(1)] «i’ <
-] i < @b
have i’ < bucket-end o T ?b0
by (simp add: «SA ! i’ = Suc (SA! (B! b))

have suffiz-type T (SA ! i) = S-type V suffiz-type T (SA ! i) = L-type
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using SL-types.exhaust by blast
moreover
have suffiz-type T (SA ! i) = S-type = ?thesis
proof —
assume suffiz-type T (SA ! i) = S-type
with s-seen-invD(3)[OF s-perm-inv-elims(5)[OF assms(1)] <i < length
SAy, simplified]
have in-s-current-bucket « T B ?b0 i
by (simp add: assms(4) assms(6))
hence B! 200 < ¢
using in-s-current-bucket-def by blast
hence I3m. B! 200 + m = i
using less-eqE by blast
then obtain m0 where
B! 200 + m0 =1
by blast

from (B! 260 < iy i < i’
have 3m. B! 2b0 + m = i’
by presburger
then obtain m! where
B! 20 + ml =1’
by blast
hence B! 260 + m0 < B! 2b0 + ml
by (simp add: <B! o (T ! Suc j) + m0 = i
i < i dual-order.order-iff-strict)
hence m0 < m1
using add-le-imp-le-left by blast

have (list-slice SA (B! 2b0) (bucket-end o T 2b0)) | m0 = Suc j
using B! o (T ! Suc j) + m0 = i i < length SA»
<in-s-current-bucket o T B 2b0 > assms(4,6)
in-s-current-bucketD(3)
by (metis <B! a (T ! Suc j) < O diff-add-inverse list-slice-nth)
moreover
have (list-slice SA (B! 2b0) (bucket-end o T 2b0)) ! m1 = Suc (SA !
(B 1)
using (B! 200 + m1 = i <SA ! i’ = Suc (SA! (B! b)) ' <
bucket-end o T 260>
i’ < length SA»
by (metis diff-add-inverse le-add1 list-slice-nth)
moreover
have length (list-slice SA (B! 2b0) (bucket-end o T 2b0))
= (bucket-end o T ?b0) — B! 2b0
by (metis assms(1) bucket-end-le-length length-list-slice min-def
s-perm-inv-def)
with «B ! 260 + m1 = i’y «i’ < bucket-end a T 2b0»
have m1 < length (list-slice SA (B! ?b0) (bucket-end o T ?b0))
by linarith
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ultimately
show ?thesis
using ordlistns.sorted-nth-mono[ OF
s-prefiz-sorted-invD[OF assms(8) <200 < o (Maz -)»] <m0 <

m1>]
«m0 < m1> by auto
qed
moreover
have suffiz-type T (SA ! i) = L-type = ?thesis
proof —

assume suffiz-type T (SA ! i) = L-type
with s-seen-invD(2)[OF s-perm-inv-elims(5)[OF assms(1)] «i < length
SAy, simplified]
have in-l-bucket o T ?b0 i
by (simp add: assms(4) assms(6))
hence bucket-start o T 760 < i
by (simp add: in-l-bucket-def)
hence I m. bucket-start o T ?b0 + m = i
using less-eqE by blast
then obtain m(0 where
bucket-start « T 260 + m0 = i
by blast

have suffiz-type T (SA ! i’) = L-type V suffiz-type T (SA ! i’) = S-type
using SL-types.exhaust by blast

moreover

have suffiz-type T (SA ! i') = S-type = ?thesis

proof —
assume suffiz-type T (SA ! i") = S-type

have SA ! i < length T
by (meson «i < length SA> assms(1) order-refl s-perm-inv-elims(5)
s-seen-invD(1))

have SA ! i’ < length T
by (simp add: <suffiz-type T (SA ! i") = S-typer suffiz-type-s-bound)

from %60 = ?b1>
have T'! (Suc j) = T ! Suc (SA! (B!b))
using assms(1) s-perm-inv-def strict-mono-eq by blast
hence hd (suffic T (SA i) = hd (suffic T (SA ! 7))
by (metis <SA ! i < length T» «SA ! i’ < length T> <SA ! i’ = Suc
(SA!(B!b))
assms(4) assms(6) list.sel(1) suffiz-cons-Suc)
hence list-less-ns (Ims-slice T (SA ! 7)) (Ims-slice T (SA ! ')
using <SA ! i < length T» <SA ! i’ < length T» <SA ! i’ = Suc (SA
L(B!b))
T Sucj=T!Suc (SA! (B!b)) ¢suffiz-type T (SA i) =
S-type>
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<suffiz-type T (SA i) = L-type> assms(1,4,6) s-perm-inv-elims(13)
Ims-slice-I-less-than-s-type by fastforce
then show ?thesis
by (simp add: <SA ! i’ = Suc (SA ! (B! b))> assms(4,6))

qged

moreover

have suffiz-type T (SA ! i") = L-type = ?thesis
proof —

length SA»,

=15

assume suffiz-type T (SA ! ") = L-type
with s-seen-invD(2)[OF s-perm-inv-elims(5)[OF assms(1)] <i’ <

simplified <2b0 = ?b1>[symmetric] <SA ! i’ = Suc (SA! (B! b))]
«(SAV i = Suc (SA! (B! b))
have in-l-bucket o T 200 i’
by (simp add: <i < i"» dual-order.order-iff-strict)
hence i’ < l-bucket-end o T 2b0
by (simp add: in-l-bucket-def)
hence 3 m. bucket-start « T 260 + m = i’
by (metis <in-l-bucket o T 200 i"y in-l-bucket-def less-eqF)
then obtain mI where
bucket-start a T ?b0 + m1 = i’
by blast

let ?zs = list-slice SA (bucket-start oo T 7b0) (I-bucket-end o T 7b0)

have ?zs | m0 = Suc j
using <bucket-start a T 2b0 + m0 = > i < iy i < length SA»
i’ < l-bucket-end o T 200> assms(4,6)
by (metis <bucket-start o T (oo (T Suc 7)) < o
diff-add-inverse dual-order.order-iff-strict
list-slice-nth order.strict-trans1)
moreover
have ?zs ! m1 = Suc (SA! (B!b))
using «SA ! i’ = Suc (SA! (B! b)) <bucket-start o T 2b0 + m1

i’ < l-bucket-end o T ?b0» i’ < length SA»
by (metis <in-l-bucket o T (o (T ! Suc j)) i»
diff-add-inverse in-l-bucket-def list-slice-nth)
moreover
have m0 < mlI
using <bucket-start @ T 260 + m0 = 0> <bucket-start o T ?b0 +

ml =i i < i’

distinct-card

by linarith
moreover
have length ?zs = l-bucket-end o T 760 — bucket-start o T ?b0
by (metis «?b0 < o (Maz (set T))» add-diff-cancel-left’ assms(1)

[-bucket-end-def l-bucket-size-def I-types-init-def I-types-init-maintained
s-perm-inv-def)
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hence m1 < length ?zs
using (bucket-start o T 2b0 + m1 = i"» «i’ < l-bucket-end o T
200> by linarith
moreover
from s-prefiz-sorted-pre-maintained|[OF s-perm-inv-elims(2,4,10,11)[OF
assms(1)]
assms(2)]
have s-prefiz-sorted-pre a T SA .
ultimately show “thesis
using ordlistns.sorted-nth-mono|OF s-prefiz-sorted-preD[of a T SA,
OF - <200 < « (Maz -)y], of m0 m1]
by (simp add: <m1 < length ?zs) <s-prefiz-sorted-pre o T SA»
le-less-trans)
qed
ultimately show ?thesis
by blast
qed
ultimately show ¢thesis
by blast
qed
ultimately have
list-less-eq-ns (Ims-slice T (Suc j)) (Ims-slice T (Suc (SA! (B! b))))
by blast
with S0 51 «<T1j=T1!(%ys! 0)
show ?thesis
by (simp add: list-less-eq-ns-cons)
ged
ultimately show list-less-eq-ns (Ims-slice T j) (map (Ims-slice T) ?ys ! 0)
by simp
qed
ultimately show ?Zthesis
using A by fastforce
qed
ultimately show #thesis
by simp
qed
moreover
have b # b/ = ordlistns.sorted (map (Ims-slice T) ?xs)
proof —
assume b # b’
with s-sorted-maintained-unchanged-step|OF assms(1,4—) <b’ < -]
s-prefix-sorted-invD[OF assms(3) <b' < -]
show ?thesis
using ordlistns.sorted-map by blast
qed
ultimately show ordlistns.sorted (map (Ims-slice T') ?zs)
by blast
qed
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theorem abs-induce-s-sorted-step:
assumes s-perm-inv o T B SAQ SA i
and s-sorted-pre o T SA0
and s-sorted-inv o T B SA
and abs-induce-s-step (B, SA, i) (a, T) = (B', SA', i’
shows s-sorted-inv o T B’ SA’
proof (rule abs-induce-s-step.elims[OF assms(4)];
clarsimp simp: assms(3,4) Let-def not-less
split: if-splits SL-types.splits nat.splitsjwhere ?nat = i| nat.splits)
assume B = B’ SA' = SA
with assms(8)
show s-sorted-inv o T B’ SA
by simp
next
assume B = B’ SA' = SA
with assms(3)
show s-sorted-inv o T B’ SA
by simp
next
assume B = B’ SA' = SA
with assms(3)
show s-sorted-inv o T B’ SA
by simp
next
assume B = B’ SA' = SA
with assms(3)
show s-sorted-inv o T B’ SA
by simp
next
fix j

let 20 =a (T!7)
let 2%k = B! b — Suc 0

assume A: i = Suc i’ Suc i’ < length SA SA ! Suc i’ = Suc j suffiz-type T j =
S-type
B’ = B[?b := %] SA’ = SA[%k := j]

from s-sorted-inv-maintained-step| OF assms(1—3) A(1—4), of b 2k, simplified]
show s-sorted-inv o T (B[%b := 2k]) (SA[% :=j]) .
qed

corollary abs-induce-s-sorted-step-alt:
Na. s-sorted-inv-alt a T SA0 a = s-sorted-inv-alt o« T SAO (abs-induce-s-step a
(a, T))
proof —
fix a
assume s-sorted-inv-alt « T SAO a
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have 3B SA4 i. a = (B, 54, 7)
by (meson prod-cases3)
then obtain B SA ¢ where
a = (B, SA, 7)
by blast
with <s-sorted-inv-alt « T SAO a»
have P: s-perm-inv a T B SA0 SA i s-sorted-pre o« T SAQ s-sorted-inv o« T B
SA
by simp-all

from abs-induce-s-step-ex[of (B, SA4, ) (o, T)]
obtain B’ SA’ i’ where
Q: abs-induce-s-step (B, SA, i) (a, T) = (B’, SA', i)
by blast

from abs-induce-s-sorted-step| OF P Q)] abs-induce-s-perm-step[OF P(1) Q] «<s-sorted-pre
R
show s-sorted-inv-alt o T SAO (abs-induce-s-step a (a, T))
using @ <a = (B, SA, i) by auto
qed

theorem abs-induce-s-sorted-alt-maintained:
assumes s-sorted-inv-alt o T SA0 (B, SA, length T)
shows s-sorted-inv-alt « T SAO (abs-induce-s-base o T B SA)
unfolding abs-induce-s-base-def
using repeat-maintain-inv
[of s-sorted-inv-alt o T SAO abs-induce-s-step (o, T), OF - assms(1)]
abs-induce-s-sorted-step-alt
by blast

corollary abs-induce-s-sorted-maintained:
assumes abs-induce-s-base « T B SA = (B’, SA’, n)
and  s-perm-inv o T B SA0 SA (length T)
and s-sorted-pre a T SA0
and s-sorted-inv a T B SA
shows s-sorted-inv o T B’ SA’
using assms abs-induce-s-sorted-alt-maintained by force

theorem abs-induce-s-prefix-sorted-step:

assumes s-perm-inv o T B SA0 SA i

and s-prefix-sorted-pre o T SAQ

and s-prefix-sorted-inv « T B SA

and  abs-induce-s-step (B, SA, i) (a, T) = (B, SA', i)
shows s-prefiz-sorted-inv o T B’ SA’
proof (rule abs-induce-s-step.elims[OF assms(4)];

clarsimp simp: assms(3,4) Let-def not-less
split: if-splits SL-types.splits nat.splitsjwhere ?nat = i| nat.splits)
assume B = B’
with assms(3)
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show s-prefiz-sorted-inv o T B’ SA
by simp
next
assume B = B’
with assms(3)
show s-prefiz-sorted-inv o T B’ SA
by simp
next
assume B = B’
with assms(3)
show s-prefiz-sorted-inv o T B’ SA
by simp
next
assume B = B’
with assms(3)
show s-prefiz-sorted-inv o T B’ SA
by simp
next
fix j

let 26 =a (T!7)
let 2%k = B! b — Suc 0

assume A: i = Suc i’ Suc i’ < length SA SA ! Suc i’ = Suc j suffiz-type T j =
S-type
B’ = B[?b := %] SA’ = SA[%k := j]

from s-prefiz-sorted-inv-maintained-step[ OF assms(1—38) A(1—4), of ?b %k, sim-
plified]

show s-prefiz-sorted-inv « T (B[?b := ?2k]) (SA[% = j]) .
qed

corollary abs-induce-s-prefix-sorted-step-alt:
Na. s-prefiz-sorted-inv-alt « T SAQ o =
s-prefiz-sorted-inv-alt o T SAO (abs-induce-s-step a (o, T))
proof —
fix a
assume s-prefiz-sorted-inv-alt « T SA0 a

have 3B SA i. a = (B, 54, )
by (meson prod-cases3)
then obtain B SA ¢ where
a = (B, SA, 1)
by blast
with <s-prefiz-sorted-inv-alt o« T SAO >
have P: s-perm-inv a T B SA0 SA i s-prefiz-sorted-pre o T SAO s-prefix-sorted-inv
a T B SA
by simp-all
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from abs-induce-s-step-ex[of (B, SA, ) (o, T)]
obtain B’ SA’ i’ where
Q: abs-induce-s-step (B, SA, i) (o, T) = (B’, SA', i)
by blast

from abs-induce-s-prefiz-sorted-step] OF P Q)] abs-induce-s-perm-step| OF P(1) Q)]
<s-prefiz-sorted-pre - - -»
show s-prefiz-sorted-inv-alt o T SAO (abs-induce-s-step a (o, T))
using @ <a = (B, SA, i)» by auto
qged

theorem abs-induce-s-prefix-sorted-alt-maintained:

assumes s-prefiz-sorted-inv-alt o T SAQ (B, SA, length T)

shows s-prefiz-sorted-inv-alt o T SAO (abs-induce-s-base o T B SA)

unfolding abs-induce-s-base-def

using repeat-maintain-inv|of s-prefiz-sorted-inv-alt o T SA0 abs-induce-s-step (a,
7),

OF - assms(1)]
abs-induce-s-prefiz-sorted-step-alt
by blast

corollary abs-induce-s-prefiz-sorted-maintained:
assumes abs-induce-s-base oo T B SA = (B’, SA’, n)
and  s-perm-inv o T B SA0 SA (length T)
and s-prefix-sorted-pre o T SAQ
and s-prefix-sorted-inv « T B SA
shows s-prefiz-sorted-inv o T B’ SA’
using assms abs-induce-s-prefir-sorted-alt-maintained by force

theorem s-sorted-bucket:
assumes s-perm-inv o T B SA0 SA 0
and s-sorted-pre o« T SA0O
and s-sorted-inv o T B SA
and b < «a (Mazx (set T))
shows ordlistns.sorted (map (suffix T) (list-slice SA (bucket-start o T b) (bucket-end
a T)))
(is ordlistns.sorted (map (suffix T) ?xs))
proof —
let ?ys = list-slice SA (bucket-start o T b) (I-bucket-end o T b)
and ?zs = list-slice SA (s-bucket-start o T b) (bucket-end a T b)

from s-perm-inv-0-B-val|OF assms(1,4)]
have B! b = s-bucket-start o« T b .

from s-sorted-pre-maintained|OF s-perm-inv-elims(2,4,10,11)[OF assms(1)] assms(2)]
have s-sorted-pre o T SA .

have %zs = ?ys Q ?zs
by (metis bucket-start-le-s-bucket-start I-bucket-end-le-bucket-end list-slice-append
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s-bucket-start-eg-l-bucket-end)
hence map (suffiz T) ?zs = map (suffix T) %ys @ map (suffiz T) ?zs
by simp
moreover
from s-sorted-preD[OF <s-sorted-pre - - SA> <b < -]
have ordlistns.sorted (map (suffic T) ?ys) .
moreover
from s-sorted-invD[OF assms(8,4), simplified <- = s-bucket-start o - -]
have ordlistns.sorted (map (suffic T) %zs) .
moreover
have Vy € set (map (suffix T) ?ys). Vz € set (map (suffix T) ?zs). list-less-eq-ns
Yz
proof (safe)
fix y 2z
assume y € set (map (suffix T) ?ys) z € set (map (suffix T) %zs)
with in-set-mapD|of y suffix T ?ys]
in-set-mapD|of z suffix T ?zs)
obtain i j where
y = suffic T i1 € set %ys
z=suffit Tjj € set ?zs
by blast

from I-types-initD(1)[OF I-types-init-maintained| OF s-perm-inv-elims(2,4,10—12)[OF
assms(1)]]
b < o]
i € set ys»
have i € [-bucket a T b
by blast
hence suffiz-type T i = L-type « (T ! i) = b i < length T
by (simp add: l-bucket-def bucket-def )+
moreover
from s-bucket-eq-list-slice[OF s-perm-inv-elims(1,3,11)[OF assms(1)] <b < -»
<B! b= s-bucket-start a - -]
j € set ?zs
have j € s-bucket « T b
by blast
hence suffiz-type T j = S-type o (T ! j) = b j < length T
by (simp add: s-bucket-def bucket-def )+
moreover
have T!i=T1j
using calculation(2,5) s-perm-inv-elims(8)[OF assms(1)] strict-mono-eq by
fastforce
ultimately have list-less-eq-ns (suffiz T i) (suffix T j)
using [-less-than-s-type-suffiz|of j T i] by simp
then show list-less-eq-ns y z
using <y = suffiz T i» <z = suffix T j> by blast
qed
ultimately show ?thesis
by (simp add: ordlistns.sorted-append)
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qed

theorem abs-induce-s-base-sorted:
assumes abs-induce-s-base o T B SA = (B’, SA’, n)
and  s-perm-inv o T B SA0 SA (length T)
and s-sorted-pre o« T SA0O
and  s-sorted-inv a T B SA
shows ordlistns.sorted (map (suffic T) SA’)
proof (intro sorted-wrt-mapl)
fix ij
assume 7 < jj < length SA’
hence i < length T j < length T
by (metis (no-types, lifting) abs-induce-s-perm-maintained
assms(1,2) order.strict-trans s-perm-inv-elims(11))+

let ?goal = list-less-eq-ns (suffix T (SA’! 7)) (suffic T (SA’! %))

from indez-in-bucket-interval-gen[OF <i < length -» s-perm-inv-elims(8)[OF assms(2)]]
obtain 60 where

b0 < o (Max (set T))

bucket-start o« T b0 < 3

i < bucket-end o T b0

by blast

from indez-in-bucket-interval-gen|OF <j < length T» s-perm-inv-elims(8)[OF
assms(2)]]
obtain b1 where
b1 < a (Max (set T))
bucket-start o T b1 < j
j < bucket-end o T b1
by blast

from abs-induce-s-perm-maintained| OF assms(1,2)]
have s-perm-inv a T B’ SA0 SA' n .
moreover
have n = 0

by (metis Pair-inject assms(1) abs-induce-s-base-index)
ultimately have s-perm-inv o T B’ SA0 SA' 0

by simp

let ?zs = list-slice SA’ (bucket-start o T b0) (bucket-end o T b0)
and ?ys = list-slice SA’ (bucket-start o T b1) (bucket-end o T b1)

have b0 < b1
proof (rule ccontr)
assume — b0 < bl
hence b1 < b0
by (simp add: not-le)
hence bucket-end o T b1 < bucket-start o T b0
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by (simp add: less-bucket-end-le-start)
with «j < bucket-end o T b1 <bucket-start o T b0 < ) i < >
show Fulse
by linarith
qed
hence b0 = b1 VvV b0 < b1
by (simp add: nat-less-le)

moreover
have b0 < b1 = ?goal
proof —

assume b0 < bl

moreover

from s-perm-inv-0-list-slice-bucket| OF <s-perm-inv - - - - - 0y b0 < a 5]

have set %xs = bucket o T b0 .
hence SA’! i € bucket o T b0
by (metis <bucket-start o T b0 < iy i < bucket-end a T b0»> <s-perm-inv «
T B’ SA0 SA’ 0»
bucket-end-le-length list-slice-nth-mem s-perm-inv-elims(11))
hence o (T ! (SA"! 7)) = b0 SA’! i < length T
by (simp add: bucket-def)+
moreover
from s-perm-inv-0-list-slice-bucket| OF <s-perm-inv - - - - - 0y b1 < a 9]
have set ?ys = bucket o T b1 .
hence SA’! j € bucket o T b1
by (metis <bucket-start o T b1 < j» <j < bucket-end a T bl <s-perm-inv «
T B’ SA0 SA’ 0»
bucket-end-le-length list-slice-nth-mem s-perm-inv-elims(11))
hence o (T ! (SA'!j)) = b1 SA"! j < length T
by (simp add: bucket-def)+
ultimately have T'! (SA’'!¢) < T ! (SA'!j)
using assms(2) s-perm-inv-elims(8) strict-mono-less by blast
then show ?thesis
by (metis <SA’! i < length T» «SA’!j < length T less-imp-le list-less-eq-ns-cons
neq-iff
suffix-cons-Suc)
qed
moreover
have b0 = b1 = ?goal
proof —
assume b0 = b1
with «j < bucket-end o T b1>»
have j < bucket-end o T b0
by simp

have 3i’. i = bucket-start o T b0 + i’

using <bucket-start o T b0 < 1) nat-le-iff-add by blast
then obtain ¢’ where

i = bucket-start o T b0 + i’

by blast
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have 3j’. j = bucket-start o T b0 + j'
by (simp add: <b0 = b1) <bucket-start o T b1 < j» le-Suc-ex)
then obtain j’ where
j = bucket-start a T b0 + j’
by blast
with < < j) <i = bucket-start o T b0 + i’
have i’ < j'
by linarith

have j’' < length ?zs
by (metis <b0 = bl» «j < bucket-end o T b1) <j = bucket-start « T b0 + j"
<s-perm-inv o T B’ SA0 SA’ n» add.commute bucket-end-le-length
length-list-slice
less-diff-conv min-def s-perm-inv-elims(11))
with ordlistns.sorted-nth-mono| OF s-sorted-bucket|OF <s-perm-inv - - - - - 0»
assms(3)
abs-induce-s-sorted-maintained| OF assms] <b0 < a -] i’ < jh]
have list-less-eq-ns (suffic T (%zs ! i) (suffic T (%zs!j’))
using <i’ < j» nth-map by auto
moreover
have SA'! i = %zs ! i’
using i < bucket-end o T b0» <i < length T» <i = bucket-start o T b0 + i’
<s-perm-inv o« T B' SAQ SA" ny s-perm-inv-elims(11)
by (metis <bucket-start o T b0 < > diff-add-inverse list-slice-nth)
moreover
have SA'! j = %zs ! j’
using «j < bucket-end o T b0» <j < length SA’s
<j = bucket-start o T b0 + j"
by (simp add: nth-list-slice)
ultimately show %goal
by simp
qed
ultimately show ?goal
by blast
qed

theorem s-prefiz-sorted-bucket:
assumes s-perm-inv o« T B SA0Q SA 0
and s-prefiz-sorted-pre o T SAQ
and s-prefix-sorted-inv T B SA
and b < a (Maz (set T))
shows ordlistns.sorted (map (Ims-slice T) (list-slice SA (bucket-start o T b) (bucket-end
o T 1)
(is ordlistns.sorted (map (Ims-slice T) ?zs))
proof —
let ?ys = list-slice SA (bucket-start o T b) (I-bucket-end o T b)
and %zs = list-slice SA (s-bucket-start a T b) (bucket-end o T b)
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from s-perm-inv-0-B-val[OF assms(1,4)]
have B! b = s-bucket-start « T b .

from s-prefiz-sorted-pre-maintained| OF s-perm-inv-elims(2,4,10,11)[OF assms(1)]
assms(2)]
have s-prefiz-sorted-pre o T SA .

have 7xs = Zys @Q 7zs
by (metis bucket-start-le-s-bucket-start l-bucket-end-le-bucket-end list-slice-append
s-bucket-start-eg-l-bucket-end)

hence map (Ims-slice T') ?zs = map (Ims-slice T) ?ys Q map (Ims-slice T) ?zs
by simp

moreover

from s-prefiz-sorted-preD[OF «s-prefiz-sorted-pre - - SA» b < -]

have ordlistns.sorted (map (Ims-slice T) ?ys) .

moreover
from s-prefiz-sorted-invD[OF assms(8,4), simplified <- = s-bucket-start a - -]
have ordlistns.sorted (map (Ims-slice T') ?zs) .

moreover

have Vy € set (map (Ims-slice T) ?ys). Vz € set (map (Ims-slice T) ?zs).
list-less-eq-ns y z
proof safe
fix y z
assume y € set (map (Ims-slice T') ?ys)
z € set (map (Ims-slice T) ?zs)
with in-set-mapD|of y Ims-slice T ?ys]
in-set-mapD[of z Ims-slice T ?zs]
obtain i j where
y = Ims-slice T i
i € set %ys
2z = Ims-slice T j
j € set ?zs
by blast

from I-types-initD(1)[OF I-types-init-maintained| OF s-perm-inv-elims(2,4,10—12)[OF
assms(1)]]
b < o]
i € set 2ys»
have ¢ € [-bucket o T' b
by blast
hence suffiz-type T i = L-type « (T ! i) = b i < length T
by (simp add: l-bucket-def bucket-def )+
moreover
from s-bucket-eq-list-slice[OF s-perm-inv-elims(1,3,11)[OF assms(1)] <b < -»
<B1 b= s-bucket-start a - -
j € set Zzs»
have j € s-bucket o« T b
by blast
hence suffiz-type T j = S-type a (T ! j) = b j < length T
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by (simp add: s-bucket-def bucket-def )+
moreover
have T!i=T1j
using assms(1) calculation(2,5) s-perm-inv-elims(8) strict-mono-eq by fast-
force
ultimately have list-less-eq-ns (Ims-slice T i) (Ims-slice T j)
using Ims-slice-l-less-than-s-type[of i T j| by simp
then show list-less-eq-ns y z
by (simp add: <y = lms-slice T i» <z = lms-slice T j»)
qged
ultimately show %thesis
by (simp add: ordlistns.sorted-append)
qed

theorem abs-induce-s-base-prefiz-sorted:
assumes abs-induce-s-base « T B SA = (B’, SA’, n)
and  s-perm-inv o T B SA0 SA (length T)
and s-prefiz-sorted-pre o T SAQ
and s-prefiz-sorted-inv a T B SA
shows ordlistns.sorted (map (Ims-slice T) SA")
proof (intro sorted-wrt-mapl)
fix ij
assume i < jj < length SA’
hence i < length T j < length T
by (metis (no-types, lifting) abs-induce-s-perm-maintained
assms(1,2) order.strict-trans s-perm-inv-elims(11))+

let ?goal = list-less-eq-ns (Ims-slice T (SA' ! ©)) (Ims-slice T (SA’! 7))

from indez-in-bucket-interval-gen[OF <i < length -» s-perm-inv-elims(8)[OF assms(2)]]
obtain b0 where

b0 < « (Max (set T))

bucket-start o T b0 < i

i < bucket-end o T b0

by blast

from indez-in-bucket-interval-gen|OF <j < length T» s-perm-inv-elims(8)[OF
assms(2)]]
obtain b1 where
b1 < a (Max (set T))
bucket-start o T b1 < j
j < bucket-end o T b1
by blast

from abs-induce-s-perm-maintained| OF assms(1,2)]
have s-perm-inv o T B’ SA0 SA' n .
moreover
have n = 0
by (metis Pair-inject assms(1) abs-induce-s-base-index)
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ultimately have s-perm-inv o T B’ SA0 SA' 0
by simp

let %xs = list-slice SA’ (bucket-start o T b0) (bucket-end o T b0)
and %ys = list-slice SA’ (bucket-start o« T b1) (bucket-end o T b1)

have b0 < bl
proof (rule ccontr)
assume —b0 < bl
hence b1 < b0
by (simp add: not-le)
hence bucket-end o T b1 < bucket-start o T b0
by (simp add: less-bucket-end-le-start)
with <j < bucket-end o T b1y <bucket-start o T b0 < > <& < j»
show Fulse
by linarith
qed
hence b0 = b1 V b0 < bl
by (simp add: nat-less-le)

moreover
have b0 < b1 = ?goal
proof —
assume b0 < bl
moreover
from s-perm-inv-0-list-slice-bucket| OF <s-perm-inv - - - - - 0> <b0 < a -]

have set %xs = bucket o T b0 .
hence SA’! i € bucket a« T b0

by (metis <bucket-start « T b0 < iy i < bucket-end « T b0»> <s-perm-inv «

T B’ SA0 SA’ 0»
bucket-end-le-length list-slice-nth-mem s-perm-inv-elims(11))

hence a (T! (SA’! ) = b0 SA’ ! i < length T

by (simp add: bucket-def)+
moreover
from s-perm-inv-0-list-slice-bucket| OF <s-perm-inv - - - - - 0y b1 < a 9]
have set ?ys = bucket o T b1 .
hence SA’! j € bucket a T b1

by (metis <bucket-start « T b1 < j» «j < bucket-end a T bl» <s-perm-inv «

T B’ SA0 SA’ 0»
bucket-end-le-length list-slice-nth-mem s-perm-inv-elims(11))

hence o (T ! (SA'!j)) = b1 SA’! j < length T

by (simp add: bucket-def )+
ultimately have T'! (SA’! i) < T ! (SA’!j)

using assms(2) s-perm-inv-elims(8) strict-mono-less by blast
then show ?thesis
by (metis <SA’! i < length T» «SA’! j < length T) abs-find-next-lms-lower-bound-1

less-Sucl less-imp-le list-less-eq-ns-cons list-slice-Suc neg-iff Ims-slice-def)

qged
moreover
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have b0 = b1 = ?goal
proof —
assume b0 = b1
with «j < bucket-end o T b1»
have j < bucket-end o T b0
by simp

have 3¢’ i = bucket-start o T b0 + i’

using <bucket-start o T b0 < i» nat-le-iff-add by blast
then obtain ¢’ where

i = bucket-start o T b0 + i’

by blast

have 3j’. j = bucket-start o T b0 + j'
by (simp add: <b0 = bl» <bucket-start « T bl < j» le-Suc-ex)
then obtain j’ where
j = bucket-start a T b0 + j’
by blast
with i < j» <i = bucket-start o T b0 + i"
have i’ < j'
by linarith

have j’ < length ?xs
by (metis <b0 = b1»
<j < bucket-end a T b1»
<j = bucket-start o T b0 + ;"
<s-perm-inv o T B’ SAQ SA’ n»
add.commute bucket-end-le-length length-list-slice
less-diff-conv min-def s-perm-inv-elims(11))
with ordlistns.sorted-nth-mono
[OF s-prefiz-sorted-bucket
[OF <s-perm-inv - - - - - 0 assms(3)
abs-induce-s-prefiz-sorted-maintained
[OF assms] <b0 < a -] «i' < ]
have list-less-eq-ns (Ims-slice T (%zs ! i")) (Ims-slice T (%zs ! j"))
using <i’ < j» nth-map by auto
moreover
have SA'! i = %zs !’
using i < bucket-end o T b0>»
i < length T»
i = bucket-start a T b0 + i
<s-perm-inv o T B’ SA0Q SA’ n»
j" < length (list-slice SA’
(bucket-start oo T b0)
(bucket-end o T b0))»
by (metis <i’ < j» nth-list-slice order.strict-transl)
moreover
have SA'! j = %zs ! j’
using «j < bucket-end « T b0» <j < length SA"
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<j = bucket-start o T b0 + j"
by (simp add: nth-list-slice)
ultimately show ?goal
by simp
qed
ultimately show ?goal
by blast
qed

84 Induce S Correctness Theorems

theorem abs-induce-s-perm:
assumes s-perm-pre . T B SA (length T)
shows abs-induce-s « T B SA <~~> [0..< length T
proof —
from s-perm-inv-established assms[simplified s-perm-pre-def]
have s-perm-inv o T B SA SA (length T)
by blast
moreover
from abs-induce-s-base-index[of o T B SA]
obtain B’ SA’ where
abs-induce-s-base a« T B SA = (B', SA’, 0)
by blast
ultimately have s-perm-inv o T B’ SA SA’ 0
using abs-induce-s-perm-maintained|of o T B SA B’ SA’ 0 SA]
by blast
hence SA’ <~~> [0..< length T
using abs-induce-s-base-perm[OF <abs-induce-s-base o T B SA = (B', SA’, 0))]
by blast
with (abs-induce-s-base « T B SA = (B’, SA’, 0)»
show ?thesis
by (simp add: abs-induce-s-def)
qed

— Used in SAIS algorithm as part of inducing the suffix ordering based on LMS
theorem abs-induce-s-sorted:
assumes s-perm-pre o T B SA (length T)
and s-sorted-pre a T SA
shows ordlistns.sorted (map (sufficx T) (abs-induce-s @ T B SA))
proof —
from s-perm-inv-established assms(1)[simplified s-perm-pre-def]
have s-perm-inv a T B SA SA (length T)
by blast
moreover
from abs-induce-s-base-index[of o T B SA]
obtain B’ SA’ where
abs-induce-s-base o« T B SA = (B’, SA’, 0)
by blast
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moreover
from s-sorted-inv-established assms(1)[simplified s-perm-pre-def)
have s-sorted-inv a T B SA
by blast
ultimately have ordlistns.sorted (map (suffiz T) SA’)
using abs-induce-s-base-sorted[OF - - assms(2), of B SA B’ SA’ 0]
by blast
then show ?thesis
by (simp add: <abs-induce-s-base « T B SA = (B', SA’, 0)> abs-induce-s-def)
qed

— Used in SAIS algorithm as part of inducing the prefix ordering based on LMS
theorem abs-induce-s-prefiz-sorted:
assumes s-perm-pre a T B SA (length T)
and s-prefix-sorted-pre o T SA
shows ordlistns.sorted (map (Ims-slice T) (abs-induce-s « T B SA))
proof —

from s-perm-inv-established assms(1)[simplified s-perm-pre-def]
have s-perm-inv o T B SA SA (length T)
by blast
moreover
from abs-induce-s-base-index[of oo T B SA|
obtain B’ SA’ where
abs-induce-s-base « T B SA = (B', SA’, 0)
by blast
moreover
from s-prefiz-sorted-inv-established assms(1)[simplified s-perm-pre-def]
have s-prefiz-sorted-inv o T B SA
by blast
ultimately have ordlistns.sorted (map (Ims-slice T) SA’)
using abs-induce-s-base-prefir-sorted[OF - - assms(2), of B SA B’ SA’ 0]
by blast
then show ?thesis
by (simp add: <abs-induce-s-base « T B SA = (B', SA’, 0)> abs-induce-s-def)
qed

end
theory Abs-Induce- Verification
imports
Abs-Induce-L- Verification
Abs-Induce-S- Verification
Abs-Bucket-Insert- Verification
begin

85 Bucket Initialisation Properties

lemma [-bucket-init-map-bucket-start:
l-bucket-init o T (map (bucket-start o T) [0..<Suc (o (Maz (set T)))])
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unfolding I-bucket-init-def
by (metis add.left-neutral diff-zero le-imp-less-Suc length-map length-upt lessl
nth-map-upt)

lemma [Ims-bucket-init-map-bucket-end:
Ims-bucket-init o T (map (bucket-end o T) [0..<Suc (o (Maz (set T)))])
unfolding Ims-bucket-init-def
by (metis add.left-neutral diff-zero le-imp-less-Suc length-map length-upt lessl
nth-map-upt)

lemma s-bucket-init-map-bucket-end:
s-bucket-init o T ((map (bucket-end o T) [0..<Suc (o (Maz (set T)))]))[0 := 0])
unfolding s-bucket-init-def
by (metis (no-types, lifting) length-greater-0-conv length-list-update list.size(3)
nth-list-update Ims-bucket-init-def Ims-bucket-init-map-bucket-end)

abbreviation bucket-starts a T = map (bucket-start o T) [0..<Suc (o (Maz (set

1))l

abbreviation bucket-ends o T = map (bucket-end o T) [0..<Suc (o (Maz (set

7))l

86 Bucket Insert Precondition

lemma Ims-pre-established:
assumes set LMS = {i. abs-is-lms T i}
and distinct LMS
and strict-mono o
shows Ims-pre a T (bucket-ends o T') (replicate (length T') (length T')) (rev LMS)
(is Ims-pre a T ?B ?SA (rev LMS))
proof —
from Ims-bucket-init-map-bucket-end[of o T]
have Ims-bucket-init a« T 7B .
then show Ims-pre o T ¢B 25SA0 (rev LMS)
by (clarsimp simp: lms-pre-def <Ims-bucket-init « T ¢B> assms
simp del: upt-Suc)
qed

87 Induce L Precondition

lemma [-perm-pre-established:
assumes valid-list T
and strict-mono «
and  Ims-pre o T B SA (rev LMS)
shows I-perm-pre a T (bucket-starts o T) (abs-bucket-insert T B SA (rev LMS))
(is l-perm-pre o T 7B ?SA)
unfolding I-perm-pre-def
proof safe
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show Ims-init « T ?SA
by (metis assms(3) abs-bucket-insert-vals Ims-init-def Ims-vals-postD)
next
show [-init o T ?SA
unfolding [-init-def
proof (intro alll impI; elim conjFE)
fix bi
assume b < o (Max (set T)) © < length ?2SA bucket-start « T b < i
i < l-bucket-end o T' b
hence i < Ims-bucket-start o T b
using [l-bucket-end-le-Ilms-bucket-start less-le-trans by blast
with Ims-unknowns-postD[OF abs-bucket-insert-unknowns|OF assms(3)] <b <

<bucket-start - - - < -]

show ?2SA | i = length T .
qged
next

show s-init a T ?2SA

unfolding s-init-def
proof (intro alll impI; elim conjE)

fix b1

assume b < a (Max (set T)) i < length 2SA l-bucket-end a« T b < ¢

i < lms-bucket-start o« T b
hence bucket-start o T b < ¢
by (simp add: l-bucket-end-def)
with Ims-unknowns-postD[OF abs-bucket-insert-unknowns[OF assms(8)] «<b <
-

i < lms-bucket-start - - -]
show ?25A ! i = length T .
qed
next

from I-bucket-init-map-bucket-startjof o T
show [-bucket-init o T ?B .
next
show length ?SA = length T
by (metis assms(8) abs-bucket-insert-length Ims-pre-elims(2))
qed (force simp: valid-list-not-nil|OF assms(1)] assms(2))+

88 Induce S Precondition

lemma s-perm-pre-established:
assumes valid-list T
and strict-mono o
and o bot = 0
and Suc 0 < length T
and  Ims-pre a T B0 SAO (rev LMS)
and  SAI = abs-bucket-insert a T B0 SAO (rev LMS)
and l-perm-pre o T B1 SA1
shows s-perm-pre o T ((bucket-ends o T)[0 := 0]) (abs-induce-l o T Bl SA1)
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(length T)
(is s-perm-pre a« T ?B ?SA %n)
unfolding s-perm-pre-def
proof (intro conjl)
from s-bucket-init-map-bucket-end[of a T
show s-bucket-init o« T 7B .
next
from wvalid-list-length-ex[OF assms(1)]
obtain n where
length T = Suc n
by blast
hence I m. length T = Suc (Suc m)
using assms(4) old.nat.exhaust by auto
then obtain m where
length T = Suc (Suc m)
by blast

from abs-bucket-insert-bot-first|OF assms(5,1) <length T = Suc (Suc m)» assms(3)]
have SA1 10 =n
using <length T = Suc (Suc m)» <length T = Suc ny assms(6) by auto

have 0 < a (Maz (set T))
by simp
moreover
have s-bucket-start o« T 0 < 0
by (simp add: assms(1—38) valid-list-s-bucket-start-0)
moreover
have 0 < bucket-end a T 0
by (simp add: assms(1—3) valid-list-bucket-end-0)
ultimately have ?SA ! 0 = SA1 !0
using abs-induce-l-unchanged|OF l-perm-pre - - - -5, of 0 0]
by blast
with «(SA1 ! 0 = n»
have 9SA ! 0 =n
by simp
with <length T = Suc m»
show s-type-init T ?SA
using s-type-init-def by blast
next
show length ?SA = length T
by (metis abs-induce-l-length assms(7) l-perm-pre-elims(7))
next
from abs-induce-l-distinct-l-bucket| OF assms(7)]
abs-induce-l-list-slice-lI-bucket| OF assms(7)]
show [-types-init a T ?SA
by (simp add: I-types-init-def)
qed(force simp: assms)+
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89 Permutation

lemma abs-sa-induce-permutation:
assumes set LMS = {i. abs-is-lms T i}
and distinct LMS
and valid-list T
and strict-mono o
and a bot = 0
and Suc 0 < length T
shows abs-sa-induce o T LMS <~~> [0..< length T)]
proof —
let B0 = map (bucket-end o T) [0..<Suc (a (Maz (set T)))] and
?B1 = map (bucket-start o T) [0..<Suc (o« (Maz (set T)))] and
?SA0 = replicate (length T) (length T)

let ?B2 = ?BO[0 := 0]

let 2SA1 = abs-bucket-insert « T ?B0 2SA0 (rev LMS)
let ?SA2 = abs-induce-l a T ?B1 ?SA1

let ?SA3 = abs-induce-s o T (?B0[0 := 0]) ?SA2

from Ims-pre-established|OF assms(1,2,4)]
have Ims-pre « T ?B0 ?SA0 (rev LMS) .

have l-perm-pre o T ?B1 25A1
using «ms-pre « T B0 2SA0 (rev LMS)) assms(3,4) l-perm-pre-established
by blast

have s-perm-pre o T ?B2 ?SA2 (length T)
using <l-perm-pre o T ¢B1 ?SA1) <Ims-pre « T ¢B0 ?SA0 (rev LMS))
assms(3—6)
s-perm-pre-established by blast
with abs-induce-s-perm[of « T ?B0[0 := 0] 2SA2]
have ?SA3 <~~> [0..< length T
by blast
then show ?thesis
by (metis abs-sa-induce-def)
qed

90 Sorting

lemma abs-sa-induce-suffiz-sorted:
assumes set LMS = {i. abs-is-lms T i}
and distinct LMS
and valid-list T
and strict-mono o
and o bot = 0
and Suc 0 < length T
and  ordlistns.sorted (map (suffiz T) LMS)
shows ordlistns.sorted (map (suffic T) (abs-sa-induce o T LMS))
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proof —
let B0 = map (bucket-end a T) [0..<Suc (o (Max (set T)))] and
?B1 = map (bucket-start o T) [0..<Suc (o« (Maz (set T)))] and
?SA0 = replicate (length T) (length T)

let B2 = ?B0[0 := 0]

let 2SA1 = abs-bucket-insert « T ?B0 2SA0 (rev LMS)
let ?SA2 = abs-induce-l « T ?B1 ?SA1

let 2SA3 = abs-induce-s o T (?B0[0 := 0]) ?SA2

from Ims-pre-established|OF assms(1,2,4)]
have Ims-pre « T ?B0 ?2SA0 (rev LMS) .

have P0:
Vb < a (Maz (set T)).
ordlistns.sorted (map (suffix T)
(list-slice ?SA1 (Ims-bucket-start o T b) (bucket-end a T b)))
proof (intro alll impl)
fix b
assume b < o (Maz (set T))
from Ims-suffiz-sorted-bucket|OF <Ims-pre - - - - - y - b < ] assms(7)
show ordlistns.sorted (map (suffizx T')
(list-slice ?SA1 (Ims-bucket-start o T b) (bucket-end o T b)))
by simp
qed

have l-perm-pre o T ?B1 25A1
using «ms-pre « T B0 2SA0 (rev LMS)) assms(3,4) l-perm-pre-established
by blast
moreover
have [-suffiz-sorted-pre a T ?5A1
using PO Il-suffiz-sorted-pre-def by blast
ultimately have P1:
Vb < a (Max (set T)).
ordlistns.sorted (map (suffiz T') (list-slice 2SA2 (bucket-start o T b) (I-bucket-end
a T'b)))
using abs-induce-Il-suffiz-sorted-l-bucket by blast

have s-perm-pre o T ?B2 25A2 (length T)
using <l-perm-pre o T ?B1 ?SA1) <Ims-pre « T ¢B0 ?SA0 (rev LMS))
assms(3—6)
s-perm-pre-established by blast
moreover
have s-sorted-pre @ T 25A2
using P1 s-sorted-pre-def by blast
ultimately show ?thesis
by (metis abs-induce-s-sorted abs-sa-induce-def)
qed
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— Used in SAIS algorithm to induce the prefix ordering based on LMS

theorem abs-sa-induce-prefiz-sorted:
assumes set LMS = {i. abs-is-lms T i}
and distinct LMS
and valid-list T
and strict-mono o
and o bot =0
and Suc 0 < length T
shows ordlistns.sorted (map (Ilms-slice T') (abs-sa-induce « T LMS))
proof —
let ?B0 = map (bucket-end o T) [0..<Suc (a (Maz (set T)))] and
?B1 = map (bucket-start o T) [0..<Suc (o (Maz (set T)))] and
2SA0 = replicate (length T) (length T)

let B2 = ?B0[0 := 0]

let 2SA1 = abs-bucket-insert « T ?B0 2SA0 (rev LMS)
let ?SA2 = abs-induce-l o T ?B1 ?SA1

let ?SA3 = abs-induce-s a T (?B0[0 := 0]) 2542

from Ims-pre-established|OF assms(1,2,4)]
have Ims-pre o T ?B0 2SA0 (rev LMS) .

have P0:
Vb < a (Maz (set T)).
ordlistns.sorted (map (Ims-prefic T)
(list-slice 2SA1 (Ims-bucket-start o T b) (bucket-end « T b)))
proof (intro alll impl)
fix b
assume b < a (Maz (set T))
from Ims-prefiz-sorted-bucket|OF <Ims-pre - - - - - y <b < o]
show ordlistns.sorted (map (Ims-prefix T)
(list-slice ?SA1 (Ims-bucket-start o T b) (bucket-end o T b)))
by simp
qed

have [-perm-pre o T ?B1 ?5A1
using «ms-pre « T ?B0 2SA0 (rev LMS)) assms(3,4) l-perm-pre-established
by blast
moreover
have [-prefix-sorted-pre o T ?25A1
using PO I-prefiz-sorted-pre-def by blast
ultimately have P1:
Vb < a (Max (set T)).
ordlistns.sorted (map (Ims-prefix T')
(list-slice YSA2 (bucket-start o T b) (l-bucket-end a T b)))
using abs-induce-I-prefiz-sorted-l-bucket by blast

have P2:
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Vb < a (Max (set T)).
ordlistns.sorted (map (Ims-slice T)
(list-slice ?SA2 (bucket-start o T b) (l-bucket-end a T b)))
proof (intro alll impI sorted-wrt-mapl)
fix bij

let %zs = list-slice ?SA2 (bucket-start o T b) (I-bucket-end oo T b) and
?R1 = (\z y. list-less-eq-ns (Ims-prefiz T x) (Ims-prefix T y)) and
?R2 = (Az y. list-less-eq-ns (Ims-slice T x) (Ims-slice T y))

assume b < o (Max (set T)) i < jj < length xs
with P1
have ordlistns.sorted (map (Ims-prefix T) %xs)
by blast
with sorted-wrt-mapD][OF - i < j» «j < length ?xs]
have list-less-eq-ns (Ims-prefix T (%zs ! 7)) (Ims-prefic T (%zs ! j))
by blast
moreover
from abs-induce-l-list-slice-I-bucket[OF <l-perm-pre - - - - <b < -]
have 7zs ! ¢ € l-bucket o T' b
using Suc-lessD i < j» j < length ?xs) less-trans-Suc nth-mem by blast
hence suffiz-type T (?xs ! i) = L-type
using l-bucket-def bucket-def by blast
hence Ims-prefic T (%zs | i) = Ims-slice T (%xs ! 7)
by (metis SL-types.distinct(1) abs-is-lms-def not-lms-imp-next-eq-lms-prefiz)
moreover
from abs-induce-l-list-slice-I-bucket[ OF <l-perm-pre - - - - <b < -]
have ?zs ! j € l-bucket o T' b
using <j < length ?zs) less-trans-Suc nth-mem by blast
hence suffiz-type T (?zs ! j) = L-type
using [-bucket-def bucket-def by blast
hence Ims-prefic T (%xzs ! j) = lms-slice T (?xs ! j)
by (metis SL-types.distinct(1) abs-is-lms-def not-lms-imp-next-eg-lms-prefix)
ultimately show list-less-eq-ns (Ims-slice T (%zs ! ©)) (Ims-slice T (%zs ! j))
by order
qed

have s-perm-pre a T ?B2 25A2 (length T)
using <l-perm-pre o T ?B1 ?SA1) <Ims-pre « T ¢B0 ?SA0 (rev LMS)»
assms(3—6)
s-perm-pre-established by blast
moreover
have s-prefiz-sorted-pre o T 2SA2
using P2 s-prefiz-sorted-pre-def by blast
ultimately show ?thesis
by (metis abs-induce-s-prefiz-sorted abs-sa-induce-def)
qed
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end
theory Abs-Extract-LMS-Verification

imports ../abs—def / Abs-SAILS Abs-Induce- Verification
begin

91 Extract LMS types Proofs

lemma abs-extract-lms-correct:
xzs <~> [0..<length T| =
distinct (abs-extract-lms T zs) A set (abs-extract-lms T xs) = {i. abs-is-lms T i}
by (metis comp-apply distinct-filter distinct-upt filter-set get-lms-correct
get-lms-set-n-gre-length order.refl perm-distinct-iff perm-set-eq set-rev)

lemma set-abs-extract-lms-eq-all-lms:
set (abs-extract-lms T [0..<length T|) = {i. abs-is-lms T i}
using abs-extract-lms-correct by blast

lemma distinct-abs-extract-lms:
distinct (abs-extract-lms T [0..<length T])
using abs-extract-lms-correct by blast

lemma filter-abs-sa-induce-eq-all-Ims:
[set LMS = {i. abs-is-lms T i}; distinct LMS; valid-list T’; strict-mono o; « bot
Suc 0 < length T] =
set (abs-extract-lms T (abs-sa-induce a T LMS)) = {i. abs-is-lms T i}
using abs-extract-lms-correct abs-sa-induce-permutation by blast

lemma distinct-filter-abs-sa-induce:
[set LMS = {i. abs-is-lms T i}; distinct LMS; valid-list T’; strict-mono «; « bot
Suc 0 < length T] =
distinct (abs-extract-lms T (abs-sa-induce o T LMS))
using abs-extract-lms-correct abs-sa-induce-permutation by blast

end

theory Abs-Order-LMS-Verification
imports ../abs—def / Abs-SAIS

begin
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92 Order LMS-types Proofs

lemma abs-order-Ims-eq-map-nth:
order-lms LMS zs = map (nth LMS) xs
by (induct xs; simp)

theorem distinct-abs-order-Ims:
[xs <~~> [0..<length LMS]; distinct LMS] =
distinct (order-lms LMS xs)
apply (subst abs-order-lms-eq-map-nth)
apply (erule distinct-map-nth-perm|of - length LMS]; simp)
done

theorem abs-order-lms-eg-all-lms:
[xs <~~> [0..<length LMS); set LMS = S| =
set (order-lms LMS xs) = S
apply (subst abs-order-lms-eq-map-nith)
apply (frule set-map-nth-perm-eq)
apply simp
done

end
theory Abs-Rename-LMS-Verification
imports ../abs—def / Abs-SAIS

begin

93 Rename Mapping Proofs

lemma abs-rename-mapping’-length:
length (abs-rename-mapping’ T LMS names i) = length names
by (induct rule: abs-rename-mapping’.induct[of - T LMS names i|; simp)

lemma abs-rename-mapping-length:
length (abs-rename-mapping T LMS) = length T
by (clarsimp simp: abs-rename-mapping-def abs-rename-mapping’-length)

lemma rename-mapping’-unchanged:
[z ¢ set LMS; x < length names] =
(abs-rename-mapping’ T LMS names i) | © = names |
by (induct rule: abs-rename-mapping’.induct[of - T LMS names i|; simp)

lemma rename-mapping’-Ims:
assumes distinct LMS
and  ordlistns.sorted (map (Ims-slice T) LMS)
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and i € set LMS
and i < length names
shows (abs-rename-mapping’ T LMS names j) | i =
j + (ordlistns.elem-rank ((Ims-slice T) ¢ set LMS) (Ims-slice T 1))
using assms
proof (induct arbitrary: i rule: abs-rename-mapping’.induct[of - T LMS names j))
case (1 uu names uv)
then show ?case

by force
next
case (2 uw z names j)
note A = this
hence z = i
by force

hence Ims-slice uw * set [z] = {lms-slice uw i}
using A(1) by auto

hence ordlistns.elem-rank (Ims-slice wvw * set [z]) (Ims-slice vw i) = 0
by (simp add: ordlistns.elem-rank-def elm-rank-def)

then show “case
by (simp add: <z = i A(4))

next
case (3 T a b xs names j)
note IH = this

have A1: distinct (b # xs)
using [H(3) by fastforce

have A2: ordlistns.sorted (map (Ims-slice T) (b # xs))
using IH(4) by fastforce

have A35: i < length (names[a := j])
by (simp add: IH(6))

have Aj: a ¢ set (b # xs)
using [H(3) by auto

have A5: ordlistns.elem-rank (Ims-slice T “ set (a # b # xs)) (Ims-slice T a) =
0
unfolding ordlistns.elem-rank-def elm-rank-def using IH(4) by auto

note IH1 = TH(1)[OF - A1 A2 - A3]
note IH2 = IH(2)[OF - A1 A2 - A3]

have P: i € set (b# xzs) Vi=a
using IH(5) by force

have Ims-slice T a = Ims-slice T b Vv

Ims-slice T a # Ims-slice T' b
by blast
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then show ?case
proof
assume B: Ims-slice T a = Ilms-slice T b
hence C: abs-rename-mapping’ T (a # b # xs) names j =
abs-rename-mapping’ T (b # xs) (names[a = j]) j
by simp

from IH1[OF B] C

have i € set (b # xzs) = ?thesis
by (simp add: B list.set-map)

moreover

from rename-mapping’-unchanged|OF A4, of names[a := j| T j, simplified

Csymmetric]]| IH(6) A5

have i = o = %thesis
by simp

moreover

note P

ultimately show #thesis
by blast

next
assume B: Ims-slice T a # Ims-slice T b
hence C: abs-rename-mapping’ T (a # b # xs) names j =
abs-rename-mapping’ T (b # zs) (names[a := j]) (Suc j)

by simp

have D: Ims-slice T a ¢ lms-slice T * set (b # xs)

proof
assume [ms-slice T a € Ims-slice T * set (b # xs)
moreover
from IH(4) ordlistns.sorted-simps(2)[of Ims-slice T a map (Ims-slice T) (b
# as)]
have Vy € set (map (Ims-slice T) (b # xs)). list-less-eq-ns (Ims-slice T a) y
by auto

ultimately show Fulse
using A2 B by auto
qed

from rename-mapping’-unchanged|OF A4, of names[a := j] T Suc j, simplified
Csymmetric||
have i = o = %thesis
using A5 IH(6) by auto
moreover
have i € set (b # xs) = ?thesis
proof —
assume ¢ € set (b # xs)
with IH2[OF B, simplified C[symmetric]] C
have abs-rename-mapping’ T (a # b # xs) names j ! i =
j + Suc (ordlistns.elem-rank (Ims-slice T ¢ set (b # xs)) (Ims-slice T 7))
by linarith
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moreover
have [ms-slice T  set (a # b # xs) =
insert (Ims-slice T a) (Ims-slice T ‘ set (b # zs))
by simp
moreover
have ordlistns.elem-rank (insert (Ims-slice T a) (Ims-slice T * set (b # xs)))
(Ims-slice T i) =
Suc (ordlistns.elem-rank (Ims-slice T * set (b # ws)) (Ims-slice T 7))
proof (intro ordlistns.elem-rank-insert-min)
from D
show Ims-slice T a ¢ Ims-slice T * set (b # xs) .
next
show finite (Ims-slice T * set (b # zs))
by blast
next
show V yelms-slice T * set (b # xs). list-less-ns (Ims-slice T a) y
using D IH(4) by fastforce
next
show Ims-slice T' i € Ims-slice T * set (b # xs)
using «i € set (b # zs)> by blast
qed
ultimately show ?Zthesis
by presburger
qed
moreover
note P
ultimately show #thesis
by blast
qed
qed

lemma abs-rename-mapping-ims:
assumes distinct LMS
and  ordlistns.sorted (map (Ims-slice T) LMS)
and i € set LMS
and i < length T

shows  (abs-rename-mapping T LMS) !

ordlistns.elem-rank ((Ims-slice T')
unfolding abs-rename-mapping-def
using rename-mapping’-lms[where j = 0, simplified, OF assms(1—3)] assms(4)
abs-rename-mapping-length[of T LMS)

by auto

1 =
“ set LMS) (Ims-slice T 1)

lemma abs-rename-mapping-lms-all:
assumes distinct LMS
and  ordlistns.sorted (map (Ims-slice T) LMS)
and Vuz € set LMS. © < length T
shows V € set LMS. (1) (abs-rename-mapping T LMS) z =
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ordlistns.elem-rank (Ims-slice T ¢ set LMS) (Ims-slice T x)
using assms(1) assms(2) assms(3) abs-rename-mapping-lms by blast

lemma map-abs-rename-mapping:

assumes distinct LMS

and  ordlistns.sorted (map (Ims-slice T) LMS)

and Vuz € set LMS. z < length T

and set xs C set LMS
shows map ((!) (abs-rename-mapping T LMS)) zs =

map (ordlistns.elem-rank (Ims-slice T < set LMS)) (map (Ims-slice T) xs)

using assms(1) assms(2) assms(83) assms(4) abs-rename-mapping-lms-all by

fastforce

94 Rename String Proofs

lemma rename-list-length:
length (rename-string xs names) = length s
by (induct zs; simp)

theorem rename-list-correct:
rename-string T names = map (Az. names | z) T
by (induct T'; simp)

corollary rename-list-nth:
i < length T = (rename-string T names) ! i = names ! (T ! i)
by (simp add: rename-list-correct)

end
theory Abs-SAIS-Verification- With- Valid- Precondition
imports
Abs-Induce- Verification
Abs-Rename-LMS-Verification
Abs-FEztract-LMS- Verification
Abs-Order-LMS- Verification
begin

95 SAIS General Helpers

termination abs-sais
by (relation measure (Axs. length xs))
(simp (no-asm-simp)
del: List.list.size(4)
add: rename-list-length length-filter-lms)+

lemma abs-sais-reduced-string:
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assumes LMS1 = ImsO-seq T

and distinct LMS2

and  set LMS2 = {i. abs-is-lms T i}

and  ordlistns.sorted (map (Ims-slice T) LMS2)

and names = abs-rename-mapping T LMS2
and T' = rename-string LMS1 names
shows T' = Ims-map T (ImsO-suffix T)
proof —

let ?T' = ImsO-map T

have set-LMS1: set LMS1 = {i. abs-is-lms T i}
using assms(1) Ims0-seq-has-all-lms by blast

have distinct LMS1
by (simp add: assms(1) Ims-seq-distinct)

have T’ = map (A\z. names | z) LMS1
using rename-list-correct assms(6) by auto

have Vz € set LMS2. © < length T
using assms(3) abs-is-lms-imp-less-length by blast
with map-abs-rename-mapping| OF assms(2,4), simplified assms(3),
of LMS1, simplified <LMS1 = Ims0-seq T)
(T" = map (Az. names | ) LMSI» <set LMS2 = {i. abs-is-lms T i}
have T’ = map (ordlistns.elem-rank (Ims-substrs T)) (map (Ims-slice T) (Ims0-seq
7)
using assms(1) assms(5) set-LMS1 by blast
moreover
have map (ordlistns.elem-rank (Ims-substrs T)) (map (Ims-slice T) (Ims0-seq T)))
= 7T
unfolding Ims-map-def
by (metis (no-types, opaque-lifting) comp-apply lms-substr-seq-def Ims-subtrs-seq-id-suffiz)
ultimately show T/ = 2T’
by (simp only:)
qed

96 SAIS cases simplifications

lemma abs-sais-distinct-simp:
assumes T = a # b # ws
and LMS0 = abs-extract-lms T [0..<length T
and SA = abs-sa-induce id T LMS0
and LMS = abs-extract-lms T SA
and names = abs-rename-mapping T LMS
and T' = rename-string LMS0 names
and distinct T'
shows abs-sais T = abs-sa-induce id T LMS
proof —
let 7P = A\ys. abs-sais (a # b # xs) = ys
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from subst|OF abs-sais.simps(8), of ?P a b wxs,
simplified Let-def assms(1—6)[symmetric] assms(7),
simplified)
show ?thesis
by simp
qed

lemma abs-sais-not-distinct-simp:
assumes T = a # b # xs
and  LMS0 = abs-extract-lms T [0..<length T
and SA = abs-sa-induce id T LMSO
and LMS = abs-extract-lms T SA
and names = abs-rename-mapping T LMS
and T' = rename-string LMS0 names
and  LMS1 = order-lms LMSO (abs-sais T')
and - distinct T'
shows abs-sais T = abs-sa-induce id T LMS1
proof —
let 7P = A\ys. abs-sais (a # b # xs) = ys
from subst|OF abs-sais.simps(3), of ?P a b xs,
simplified Let-def assms(1—"7)[symmetric] assms(8),
sitmplified)
show ?thesis
by simp
qed

97 SAIS returns a permutation

theorem abs-sais-permutation:
valid-list T = abs-sais T <~~> [0..<length T)]
proof (induct rule: abs-sais.induct[of - T])
case I
then show ?case by simp
next
case (2 1)
then show ?case by simp
next
case (3 a b zs)
note IH = this
let 2T = a # b # s
have T: ?T = a # b # xs
by (simp only:)
let ?LMS1 = abs-extract-lms ?T [0..<length ?T)]
have LMS1: ?LMS1 = abs-extract-lms ?T [0..<length ?T)
by (simp only:)
let ?SA1 = abs-sa-induce id ?T ?LMS1
have SA1: ?SA1 = abs-sa-induce id ?T ?LMS1
by (simp only:)
let YLMS2 = abs-extract-lms ¢T ?25A1
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have LMS2: ?LMS2 = abs-extract-lms ¢?T ?SA1
by (simp only:)

let %names = abs-rename-mapping ?T ?LMS2

have names: ?names = abs-rename-mapping ?T ?LMS2
by (simp only:)

let ?T' = rename-string YLMS1 ?names

have T'. ?T' = rename-string ?LMS1 ?names
by (simp only:)

let ?LMS3 = order-lms ?LMS1 (abs-sais ?T’)

have LMS3: ?LMS3 = order-lms ?LMS1 (abs-sais ¢T")
by (simp only:)

from IH(1)[OF T LMS1 SA1 LMS2 names T
have IH": [—distinct ?T"; valid-list ?T] = abs-sais 2T’ <~~> [0..<length ?T"|
by assumption

have distinct ?LMS1
using distinct-abs-extract-lms
by fastforce

have set YLMS1 = {i. abs-is-lms ?T i}
using set-abs-extract-lms-eq-all-lms
by (metis comp-apply)

have id: strict-mono (id :: nat = nat) (id :: nat = nat) bot = 0
by (simp add: strict-mono-def bot-nat-def )+

have len: Suc 0 < length ?T
by simp

from distinct-filter-abs-sa-induce
[OF «set 2LMS1 = {i. abs-is-lms ?T i}» «distinct ?LMS1> TH(2) id len]
have distinct-LMS2: distinct ?LMS2
by (metis comp-apply)

from filter-abs-sa-induce-eq-all-Ims
[OF <set 2LMS1 = {i. abs-is-lms ¢T i}» <distinct 2LMS1y TH(2) id len)
have set-LMS2: set YLMS2 = {i. abs-is-lms ?T i}
by blast

from abs-sa-induce-permutation
[OF <set 2LMS2 = {i. abs-is-lms ¢T i}» <distinct 2LMS2y TH(2) id len)
have abs-sa-induce id ?T ?LMS2 <~~> [0..<length ?T)
by assumption

from rename-list-length[of ?LMS1 ?names)

have length ?T' = length ?LMS1
by assumption
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have sorted-LMS2: ordlistns.sorted (map (Ims-slice ¢T) ?LMS2)
by (metis 3.prems <distinct LMS1y <set ?LMS1 = {i. abs-is-lms ?T i}
comp-apply len id
ordlistns.sorted-filter abs-sa-induce-prefiz-sorted)

have ?LMS1 = Ims0-seq ¢T
by (metis comp-apply lms-seq-0-zeroth-lms Ims-seq-def)
with abs-sais-reduced-string|OF - distinct-LMS2 set-LMS2 sorted-LMS2 names
T
have ?T' = Ims0-map ?T
by blast

have abs-is-lms ¢T (Ims0 ?T)
by (metis 3.prems abs-find-next-lms-less-length-abs-is-lms length-Cons
abs-is-lms-last len no-lms-between-i-and-next not-less-eq)

from valid-list-Ims-map|OF TH(2) <abs-is-lms ?T (Ims0 ?T))]
have valid-list (ImsO-map ?T) .
hence valid-list 2T’

by (simp only: <?T' = (ImsO-map ?T)>)

from <length ¢?T' = length LMS1> «distinct YLMS1>» <set 2LMS1 = {i. abs-is-lms
T ip
have R1: abs-sais ?T' <~~> [0..<length ?T'| = distinct ?LMS3
by (metis distinct-abs-order-lms)

from «length ?T' = length ?LMS1> «distinct ?LMS1» <set ?LMS1 = {i. abs-is-lms
T ip
have R2: abs-sais ?T' <~~> [0..<length ?T'| = set ?LMS3 = {i. abs-is-lms
?T i}
by (metis (no-types, lifting) abs-order-lms-eq-all-lms )

from abs-sa-induce-permutation|OF R2 R1 IH(2) id len]
have R3: abs-sais ?T' <~~> [0..<length ?T'] —
abs-sa-induce id ?T 2LMS3 <~~> [0..<length ?T)|
by blast

from IH'[OF - <valid-list ?T"]

have —distinct ?T' = abs-sais ?T' <~~> [0..<length ?T’|
by assumption

with R3

have —distinct ?T' = abs-sa-induce id ?T LMS3 <~~> [0..<length ?T]
by blast

have distinct T’V —distinct 2T’
by blast

then show “case

proof
assume A: distinct 2T’
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from abs-sais-distinct-simp|OF T LMS1 SA1 LMS2 names T’ A
<abs-sa-induce id T ?LMS2 <~~> [0..<length ?T)»
show ?thesis
by metis
next
assume A: —distinct T’
from abs-sais-not-distinct-simp[OF T LMS1 SA1 LMS2 names T' LMS3 A]
«—distinet T = abs-sa-induce id T ?LMS8 <~~> [0..<length ?T)»|OF
4]
show ?thesis
by metis
qed
qed

98 SAIS Sorted Helpers

lemma abs-sais-subset-idz:
assumes valid-list T
shows set (abs-sais T) C {0..<length T}
using assms perm-distinct-set-of-upt-iff abs-sais-permutation by auto

99 SAIS sorts suffixes

theorem abs-sais-sorted-alt:
valid-list T —
ordlistns.strict-sorted (map (suffix T) (abs-sais T))
proof (induct rule: abs-sais.induct[of - T)])
case [
then show ?case by simp
next
case (2 1)
then show Zcase by simp
next
case (3 a b zs)
note IH = this
let T = a # b # xs
have T: ?T = a # b # zs
by (simp only:)
let ?LMS1 = abs-extract-lms ?T [0..<length ?T)
have LMS1: ?LMS1 = abs-extract-lms ?T [0..<length T
by (simp only:)
let ?SA1 = abs-sa-induce id ?T ?LMS1
have SA1: ?25A1 = abs-sa-induce id ?T ?LMS1
by (simp only:)
let YLMS2 = abs-extract-lms ?T ?25A1
have LMS2: ?LMS2 = abs-extract-lms ?T ?25A1
by (simp only:)
let %names = abs-rename-mapping ?T ?LMS2
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have names: names = abs-rename-mapping ?T ?LMS2
by (simp only:)

let ?T' = rename-string ?LMS1 ?names

have T 2T’ = rename-string ?LMS1 ?names
by (simp only:)

let 2LMS3 = order-lms ?LMS1 (abs-sais ?T")

have LMS3: ?LMS3 = order-lms ?LMS1 (abs-sais ?T")
by (simp only:)

from [H(1)[OF T LMS1 SA1 LMS2 names T]
have IH" [~distinct ?T"; valid-list ?T] =
ordlistns.strict-sorted (map (suffix 2T") (abs-sais ?T"))
by blast

from set-abs-extract-lms-eq-all-lms[of ?T)
have set-LMS1: set ?LMS1 = {i. abs-is-lms ¢T i}
by simp

from distinct-abs-extract-lms[of ?T)
have distinct-LMS1: distinct LMS1
by simp

have id: strict-mono (id :: nat = nat) (id :: nat = nat) bot = 0
by (simp add: strict-mono-def bot-nat-def )+

have len: Suc 0 < length ¢T
by simp

from distinct-filter-abs-sa-induce[OF <set LMS1 = {i. abs-is-lms ¢T i}» «distinct
?LMS1y IH(2) id len]
have distinct-LMS2: distinct ?LMS2
by blast

from filter-abs-sa-induce-eq-all-Ims[OF «set ?LMS1 = {i. abs-is-lms ?T i}» <dis-
tinct PLMS1y IH(2) id len]
have set-LMS2: set ?LMS2 = {i. abs-is-lms ?T i}
by blast

from distinct-set-imp-perm[OF <distinct 2LMS1» «distinct ?LMS2)]
«set PLMS1 = {i. abs-is-lms 2T i}»
(set 2LMS2 = {i. abs-is-lms ?T i}»
have ?LMS1 <~~> ?LMS2
by blast

have sorted-LMS2: ordlistns.sorted (map (Ims-slice ¢T) ?LMS2)
by (metis 3.prems <distinct ?LMS1y «set ?LMS1 = {i. abs-is-lms ?T i}
comp-apply len id
ordlistns.sorted-filter abs-sa-induce-prefiz-sorted)
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have ?LMS1 = Ims0-seq ¢T
by (metis comp-apply lms-seq-0-zeroth-lms Ims-seq-def)

with abs-sais-reduced-string[OF - distinct-LMS2 set-LMS2 sorted-LMS2 names
T
have ?T' = Ims0-map ?T
by blast

have abs-is-lms ¢T (Ims0 ?T)
by (metis 3.prems abs-find-next-lms-less-length-abs-is-lms abs-is-lms-last
len length-Cons no-lms-between-i-and-next not-less-eq)

from valid-list-Ims-map|OF TH(2) <abs-is-lms ?T (Ims0 ¢T)»]
have valid-list (ImsO-map ?T) .
hence valid-list ?T’

by (simp only: <?T' = (ImsO-map ?T)>)

have distinct 2T’V —distinct 2T’
by blast
hence ordlistns.sorted (map (suffic ¢?T) (abs-sais ¢T))
proof
assume A: distinct 2T’
hence distinct (Ims0-map ?T)
by (simp only: <?T' = (ImsO-map ?T)»)
with sorted-distinct-lms-substr-perm[OF sorted-LMS2]
have ordlistns.sorted (map (suffiz ¢T) ?LMS2)
by (metis <?LMS1 = Ilms0-seq ¢T> <?LMS1 <~~> ?LMS2))
with abs-sa-induce-suffiz-sorted| OF set-LMS2 distinct-LMS2 IH(2) id len)
have ordlistns.sorted (map (suffic ?T) (abs-sa-induce id ¢T ?LMS2))
using ordlistns.strict-sorted-imp-sorted by blast
with abs-sais-distinct-simp[OF T LMS1 SA1 LMS2 names T’ 4]
show ?thesis
by presburger
next
assume A: —distinct 2T’
with TH'[OF - «valid-list ?T"]
have ordlistns.strict-sorted (map (suffic ?T') (abs-sais ?T"))
by blast
hence C1: ordlistns.strict-sorted (map (suffix (Ims0-map ?T)) (abs-sais (ImsO-map

‘T)))
by (simp only: <?T' = (ImsO-map ?T)>)

from abs-order-lms-eq-map-nthlof ?LMS1 abs-sais ?T]
<ZLMS1 = Ilms0-seq ?T> <?T' = IlmsO-map ?T>
have C2: order-lms ?LMS1 (abs-sais ?T') =
map (nth (Ims0-seq ?T)) (abs-sais (ImsO-map ¢T))
by (simp only:)

note perm = abs-sais-permutation| OF <valid-list 2T,
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sitmplified rename-list-length]

note set-LMS3 = abs-order-lms-eq-all-lms[OF perm set-LMS1]
note distinct-LMS8 = distinct-abs-order-Ims[OF perm distinct-LMS1]

from abs-sais-permutation|OF <valid-list (ImsO-map ¢T)3]
have Vy € set (abs-sais (ImsO-map ?T)). y < card {i. abs-is-lms ?T i}
by (metis atLeastLessThan-iff card-lms-suffizes length-reduced-seq perm-set-eq
set-upt)
with sorted-reduced-seg-imp-lms[OF C1] C2
have ordlistns.strict-sorted (map (suffix ¢T) ?LMS3)
by presburger
with abs-sa-induce-suffiz-sorted]| OF set-LMS3 distinct-LMS3 IH(2) id len)
have ordlistns.sorted (map (suffizx ?T) (abs-sa-induce id ?T ?LMS3))
using ordlistns.strict-sorted-imp-sorted by blast
with abs-sais-not-distinct-simp[OF T LMS1 SA1 LMS2 names T' LMS3 A]
show ?thesis
by presburger
qed
moreover
from perm-distinct-set-of-upt-iff THEN iffD1, OF abs-sais-permutation| OF IH(2)]]
have distinct (map (suffix ?T) (abs-sais ¢T))
by (metis atLeastLess Than-iff distinct-suffizes)
ultimately show ?case
using ordlistns.strict-sorted-iff by blast
qged

theorem abs-sais-sorted:
valid-list T —
strict-sorted (map (suffix T) (abs-sais T))
using abs-sais-sorted-alt abs-sais-subset-idz valid-list-ordlist-ordlistns-strict-sorted-eq
by blast

100 Verification of a SAIS construction algorithm

interpretation abs-sais: Suffix-Array-Restricted abs-sais
using Suffiz- Array-Restricted.intro abs-sais-permutation abs-sais-sorted by blast

end
theory Abs-SAIS-Verification

imports Abs-SAIS- Verification- With- Valid- Precondition
begin
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101 Final Theorem: Verification of a generalised
SAIS construction algorithm

The Qterm abs-sais implementation produces an output that is equivalent
to that of a suffix array construction algorithm for lists of any type that
can be linearly ordered. This lifts the restriction that the algorithm only
operates on natural numbers terminated by a bottom element.

interpretation abs-sais-gen: Suffix- Array-General sa-nat-wrapper map-to-nat abs-sais
by (simp add: Suffiz- Array-Restricted-imp-General abs-sais.Suffix- Array-Restricted-axioms)

theorem abs-sais-gen-is-Suffiz- Array-General:

Suffiz-Array-General sa <— sa = sa-nat-wrapper map-to-nat abs-sais

using Suffiz- Array- General-determinism abs-sais-gen.Suffix- Array- General-axioms
by auto

end
theory Bucket-Insert
imports
../ ../ util/ Repeat
begin

102 Bucket Insert

fun bucket-insert-step ::
nat list x nat list X nat =
(('a :: {linorder, order-bot}) = nat) x 'a list X nat list =
nat list X nat list X nat
where
bucket-insert-step (B, SA, i) (o, T, LMS) =
(let b=a (T ! (LMS ! 1));
k=B'!b— Suc0
in (B[b := k|, SA[k := LMS ! i], Suc 7))

definition bucket-insert-base ::

(("a =z {linorder, order-bot}) = nat) = 'a list = nat list = nat list = nat list
=

nat list X nat list X nat

where
bucket-insert-base « T B SA LMS = repeat (length LMS) bucket-insert-step (B,
SA, 0) (o, T, LMS)

definition bucket-insert :

(("a :: {linorder, order-bot}) = nat) = 'a list = nat list = nat list = nat list
=

nat list

where
bucket-insert o« T B SA LMS =

(let (B’, SA’, i) = bucket-insert-base o T B SA LMS

481



in SA')

end
theory Get-Types
imports
../ prop/ List-Type
../ prop/ LMS-List-Slice- Util
../ ../ util/ Repeat
begin

103 Suffix Types

fun
get-suffiz-types-step-r0 ::
SL-types list x nat = 'a :: {linorder, order-bot} list = SL-types list x nat
where
get-suffiz-types-step-r0 (xs, i) ys =
(case i of
0 = (zs, 0)
| Suc j =
(if Suc j < length xs N\ Suc j < length ys then
(if ys ! j < ys ! Suc j then
(ZL’S[] = S_type]v ])
else if ys 1 j > ys | Suc j then
(as[j == L-typel, )
else
(zs[j := zs ! Suc j], j))
else

(zs, 7))

definition get-suffiz-types-base
where
get-suffiz-types-base xs =
repeat (length zs — Suc 0) get-suffiz-types-step-r0
(replicate (length xs) S-type, length s — Suc 0) xs

definition get-suffiz-types
where
get-suffiz-types xs = fst (get-suffiz-types-base xs)

104 LMS types

fun is-Ims-ref
where
is-lms-ref ST 0 = Fulse |
is-lms-ref ST (Suc i) =
(if Suc i < length ST then ST | i = L-type A ST | (Suc i) = S-type else False)
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105 Extracting LMS types

abbreviation extract-lms ST xs = filter (N\i. is-lms-ref ST i) xs

106 LMS Substrings

definition find-next-lms :: SL-types list = nat = nat
where
find-next-lms ST i =
(case find (Aj. is-lms-ref ST j) [Suc i..<length ST] of
Some j = j
| - = length ST)

definition
Ims-slice-ref ::
("a :: {linorder, order-bot}) list = SL-types list = nat = 'a list
where
Ims-slice-ref T ST i =
list-slice T i (Suc (find-next-lms ST 1))

107 Rename Mapping
fun rename-mapping’ :

("a :: {linorder, order-bot}) list = SL-types list =
nat list = nat list = nat = nat list

where
rename-mapping’ - - [| names - = names |
rename-mapping’ - - [z] names i = names[z = {] |

rename-mapping’ T ST (a # b # xs) names i =
(if lms-slice-ref T ST a = Ims-slice-ref T ST b
then
rename-mapping’ T ST (b # xs) (names[a := i]) i
else
rename-mapping’ T ST (b # xs) (names[a = {]) (Suc 7))

definition
rename-mapping ::
("a :: {linorder, order-bot}) list = SL-types list = nat list = nat list
where
rename-mapping T ST LMS =
rename-mapping’ T ST LMS (replicate (length T) (length T)) 0

end
theory Induce-L
imports
../ ../ util/ Repeat
../ prop/ Buckets
begin
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108 Induce L Refinement

fun induce-l-step-r0 ::
nat list X nat list X nat =
(("a :: {linorder, order-bot}) = nat) X 'a list =
nat list x nat list X nat
where
induce-l-step-r0 (B, SA, i) (o, T) =
(if SA Vi < length T

then
(case SA ! i of
Suc j =
(case suffiz-type T j of
L-type =
(let k = (T!j);
l=B!k

in (B[k := Suc l], SA[l := j], Suc 1))
| - = (B, SA, Suc 1))
| - = (B, S4, Suc 1))
else (B, SA, Suc 7))

fun induce-I-step ::
nat list x nat list x nat =
(("a :: {linorder, order-bot}) = nat) x 'a list x SL-types list=
nat list X nat list X nat
where
induce-l-step (B, SA, i) (o, T, ST) =
(if SA i < length T
then
(case SA ! i of
Suc j =
(case ST ! j of
L-type =
(let k = (T!));
=Bk
in (Blk := Suc (B! k)], SA[l := j], Suc 7))
| - = (B, SA, Suc 1))
| - = (B, S4, Suc i))
else (B, SA, Suc 1))

definition induce-I-base ::

(('a :: {linorder, order-bot}) = nat) =

‘a list =

SL-types list =

nat list =

nat list =

nat list X nat list X nat

where
induce-l-base o« T ST B SA = repeat (length T) induce-l-step (B, SA, 0) («, T,
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ST)

definition induce-I ::
(("a :: {linorder, order-bot}) = nat) =
‘a list =
SL-types list =
nat list =
nat list =
nat list

where
induce-l « T ST B SA = (let (B’, SA’, i) = induce-l-base « T ST B SA in SA’)

end
theory Induce-S

imports ../abs—proof / Abs-Induce-S- Verification
begin

109 Induce S Refinement

fun induce-s-step-r0 ::
nat list x nat list X nat =
(("a :: {linorder, order-bot}) = nat) x 'a list =
nat list X nat list X nat
where
induce-s-step-r0 (B, SA, i) (o, T) =
(case i of
Suc n =
(if Suc n < length SA N SA ! Suc n < length T then
(case SA'! Suc n of
Suc j =
(case suffiz-type T j of
S-type =
(let b =« (T j);
k=B!b— Suc0
in (B[b := k]|, SA[k := j], n)

| - = (B, SA, n)
)
| -= (B, SA, n)
)

else
(B, SA, n)
)

|- = (B, A, 0)
)

fun induce-s-step-r1 ::
nat list x nat list x nat =
(("a :: {linorder, order-bot}) = nat) x 'a list x SL-types list =
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nat list X nat list X nat
where
induce-s-step-r1 (B, SA, i) (a, T, ST) =
(case i of
Suc n =
(if Suc n < length SA N SA ! Suc n < length T then
(case SA'! Suc n of
Suc j =
(case ST ! j of
S-type =
(let b=« (T j);
k=B!'b— Suc0
in (B[b := k], SA[k :=j], n)

| - = (B, S4, n)
)
| - = (B, SA, n)
)

else
(B, SA, n)
)
| - = (B, S4, 0)
)

fun induce-s-step-r2 ::
nat list X nat list X nat =
(("a :: {linorder, order-bot}) = nat) x 'a list x SL-types list =
nat list X nat list X nat
where
induce-s-step-r2 (B, SA, i) (o, T, ST) =
(case i of
Suc n =
(if Suc n < length SA then
(case SA'! Suc n of
Suc j =
(case ST ! j of
S-type =
(let b=« (T j);
k=B!b— Suc0
in (B[b := k]|, SA[k := j], n)

| -= (B, SA4, n)

)
| - = (B, SA, n)
)

else
(B, SA, n)

)
|- = (B, $4, 0)
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)

fun induce-s-step ::
nat list X nat list X nat =
(("a :: {linorder, order-bot}) = nat) x 'a list x SL-types list =
nat list x nat list X nat
where
induce-s-step (B, SA, i) (a, T, ST) =
(case i of
Suc n =
(case SA'! Suc n of
Suc j =
(case ST ! j of
S-type =
(let b=a (T!j);
k=B!b— Suc0
in (B[b := k], SA[k := j], n)

| - = (B, $4, n)
)
| - = (B, A, n)
)
|- = (B, SA, 0)
)

definition induce-s-base ::

(("a :: {linorder, order-bot}) = nat) =

‘a list =

SL-types list =

nat list =

nat list =

nat list x nat list X nat

where
induce-s-base o« T ST B SA = repeat (length T — Suc 0) induce-s-step (B, SA,
length T — Suc 0) (o, T, ST)

definition induce-s :

(("a :: {linorder, order-bot}) = nat) =

‘a list =

SL-types list =

nat list =

nat list =

nat list

where
induce-s o T ST B SA = (let (B’, SA’, i) = induce-s-base « T ST B SA in SA’)

end

theory Induce
imports Induce-S Induce-L Bucket-Insert
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begin

110 Induce

definition sa-induce-r0 ::
(("a :: {linorder, order-bot}) = nat) =
‘a list =
nat list =
nat list
where
sa-induce-r0 o T LMS =
(let
B0 = map (bucket-end o T) [0..<Suc (o (Maz (set T)))];
B1 = map (bucket-start « T) [0..<Suc (o (Maz (set T)))];

— Initialise SA
SA = replicate (length T) (length T);

— Get the suffix types
ST = abs-get-suffiz-types T

— Insert the LMS types into the suffix array
SA = abs-bucket-insert « T BO SA (rev LMS);

— Insert the L types into the suffix array
SA = induce-l « T ST B1 SA

— Insert the S types into the suffix array
in induce-s oo T ST (BO[0 := 0]) SA)

definition sa-induce-r1 :
(("a :: {linorder, order-bot}) = nat) =
‘a list =
SL-types list =
nat list =
nat list
where
sa-induce-rl o T ST LMS =
(let
B0 = map (bucket-end o T) [0..<Suc (o« (Maz (set T)))];
B1 = map (bucket-start « T) [0..<Suc (o (Mazx (set T)))];

— Initialise SA
SA = replicate (length T) (length T);

— Insert the LMS types into the suffix array
SA = abs-bucket-insert « T BO SA (rev LMS);

— Insert the L types into the suffix array
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SA = induce-l « T ST B1 SA

— Insert the S types into the suffix array
in induce-s o« T ST (BO[0 = 0]) SA)

definition sa-induce-r2 ::
(("a :: {linorder, order-bot}) = nat) =
‘a list =
SL-types list =
nat list =
nat list
where
sa-induce-r2 o T ST LMS =
(let
B0 = map (bucket-end o T) [0..<Suc (o (Maz (set T)))];
B1 = map (bucket-start o T) [0..<Suc (o (Mazx (set T)))];

— Initialise SA
SA = replicate (length T) (length T);

— Insert the LMS types into the suffix array
SA = bucket-insert o T B0 SA (rev LMS);

— Insert the L types into the suffix array
SA = induce-l « T ST B1 SA

— Insert the S types into the suffix array
in induce-s o T ST (BO[0 := 0]) SA)

abbreviation sa-induce = sa-induce-r2

end
theory SAIS

imports Induce Get-Types
begin

111 SAIS

function sais-r0 :
nat list =
nat list
where
sais-r0 [ =[] |
sais-r0 [z] = [0] |
sais-r0 (a # b # xs) =
(let
T=a#b# zs;

— Compute the suffix types
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ST = abs-get-suffiz-types T}

— Extract the LMS types
LMS0 = extract-lms ST [0..<length T},

— Induce the prefix ordering based on LMS
SA = sa-induce id T ST LMSO0;

— Extract the LMS types
LMS1 = extract-lms ST SA,

— Create a new alphabet
names = rename-mapping T ST LMST,;

— Make a reduced string (2 lines)
T' = rename-string LMS0 names;

— Obtain the correct ordering of LMS-types
LMS2 = (if distinct T' then LMS1 else order-lms LMSO (sais-r0 T"))

— Induce the suffix ordering based of LMS
in sa-induce id T ST LMS2)
by pat-completeness blast+

function sais-r1 :
nat list =
nat list
where
sais-rl [ =] |
sais-rl [z] = [0] |
sais-rl (a # b # xs) =
(let
T =a#b# zs;

— Compute the suffix types
ST = get-suffiz-types T

— Extract the LMS types
LMS0 = extract-lms ST [0..<length TJ;

— Induce the prefix ordering based on LMS
SA = sa-induce id T ST LMSO0;

— Extract the LMS types
LMS1 = extract-lms ST SA;

— Create a new alphabet
names = rename-mapping T ST LMS1,;
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— Make a reduced string
T' = rename-string LMS0 names;

— Obtain the correct ordering of LMS-types
LMS2 = (if distinct T' then LMS1 else order-lms LMSO (sais-r1 T'))

— Induce the suffix ordering based of LMS
in sa-induce id T ST LMS2)
by pat-completeness blast+

abbreviation sais = sais-r1

end
theory Bucket-Insert- Verification
imports
../ abs—proof | Abs- Bucket-Insert- Verification
../ def | Bucket-Insert
begin

112 Bucket Insert

lemma abs-bucket-insert-step-cons:
assumes bucket-insert-step (B, SA, Suc i) (o, T, a # zs) = (B1, SA1, j1)
and  bucket-insert-step (B, SA, i) (o, T, zs) = (B2, SA2, j2)
shows Bl = B2 N SA1 = SA2
by (metis assms(1) assms(2) bucket-insert-step.simps nth-Cons-Suc prod.sel(1)
prod.sel(2))

lemma abs-bucket-insert-base-cons”:

assumes repeat n bucket-insert-step (B, SA, Suc i) (o, T, z # zs) = (B1, SA1,
i)

and repeat n bucket-insert-step (B, SA, i) (o, T, xs) = (B2, SA2, j2)
shows B1 = B2 A SA1 = SA2

using assms
proof (induct n arbitrary: B SA 1)

case (

then show ?Zcase

by (simp add: repeat-0)

next

case (Suc n)

note IH = this

let 20 =a (T (zs! 1))
let %6 = B! 2b — Suc 0

have bucket-insert-step (B, SA, Suc i) (a, T, x # x3)
= (B[?%b := ?k], SA[?% = xs | i], Suc (Suc 7))
by (metis bucket-insert-step.simps nth-Cons-Suc)
with TH(2) repeat-step-forward[of n bucket-insert-step (B, SA, Suc i) (o, T, z
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# s)]

have repeat n bucket-insert-step (B[?b := ?k]|, SA[?k := xs | 7], Suc (Suc 7)) (o,
T, xz # xs)
= (B1, SA1, j1)
by simp
moreover
have bucket-insert-step (B, SA, i) (o, T, zs) = (B[?b := k], SA[% = xs | i],
Suc 1)

by (metis bucket-insert-step.simps)
with TH(3) repeat-step-forward|of n bucket-insert-step (B, SA, i) (o, T, xs)]
have repeat n bucket-insert-step (B[?b := %k], SA[%k := xs ! ], Suc i) (a, T, xs)
— (B2, SA2, j2)
by simp
ultimately show ?case
using IH(1)[of B[?b := ?k] SA[% := zs ! i] Suc i]
by blast
qed

lemma bucket-insert-base-cons:
assumes b = « (T ! a)
and k=B!b— Suc0

and bucket-insert-base « T B SA (a # zs) = (B1, SA1, j1)

and  bucket-insert-base o T (B[b := k]) (SA[k := a]) xs = (B2, SA2, j2)
shows Bl = B2 N SA1 = SA2
proof —

from assms(1,2)
have bucket-insert-step (B, SA, 0) («, T, a # xzs) = (B[b := k], SA[k := a], Suc
0)
by (metis bucket-insert-step.simps nth-Cons-0)
with assms(3)[simplified bucket-insert-base-def, simplified)
repeat-step-forward|of length xs bucket-insert-step (B, SA, 0) («, T, a # xs)]
have A: repeat (length xs) bucket-insert-step (B[b := k], SA[k := a], Suc 0) (a,
T, a # xs)
= (B1, SA1, jI)
by simp
with abs-bucket-insert-base-cons’[of length xs B[b := k] SA[k := a] 0 a T a s
B1 SA1 j1 B2 SA2 j2]
assms(4)[simplified bucket-insert-base-def]
show ?thesis
by simp
qed

lemma bucket-insert-cons:

assumes b = a (T'! a)

and k=B!b— Suc0
shows bucket-insert « T B SA (a # xs) = bucket-insert o T (B[b := k]) (SA[k
= a)) zs

by (clarsimp simp: bucket-insert-def Let-def bucket-insert-base-cons[of - o, OF
assms]
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split: prod.splits)

lemma abs-bucket-insert-eq:
abs-bucket-insert « T B SA xs = bucket-insert a« T B SA xs
proof (induct zs arbitrary: B SA)
case Nil
then show ?case
unfolding bucket-insert-def bucket-insert-base-def
by (simp add: repeat-0)
next
case (Cons a xs)
note IH = this

let 6 =a (T! a)
let %k = B! %0 — Suc 0

have abs-bucket-insert o T B SA (a # xs) = abs-bucket-insert o T (B[?b :=
?%k]) (SA[%k := a]) zs
by (meson abs-bucket-insert.simps(2))
moreover
from bucket-insert-cons[of ?b o T a %k B SA wxs, simplified)
have bucket-insert « T B SA (a # xs) = bucket-insert « T (B[?b := ?2k]) (SA[%k
= al) zs .
ultimately show ?case
using IH|[of B[?b := ?k] SA[%k := d]]
by simp
qged

end
theory Induce-L- Verification
imports
../ abs—proof | Abs-Induce-L- Verification
../ def [ Induce-L
begin

113 Induce L Refinement

lemma abs-induce-I-step-to-r0:

i < length SA = abs-induce-l-step (B, SA, i) (o, T) = induce-l-step-r0 (B, SA,
) (a, T)

by (clarsimp simp: Let-def split: prod.splits nat.splits SL-types.splits)

lemma induce-I-step-r0-to:
[length ST = length T; Vk < length ST. ST ! k = suffiz-type T k] =
induce-l-step-r0 (B, SA, i) (a, T) = induce-lI-step (B, SA, i) (o, T, ST)
by (clarsimp simp: Let-def split: prod.splits nat.splits SL-types.splits)

lemma abs-induce-I-step-to:
assumes i < length SA
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and length ST = length T
and Vk < length ST. ST | k = suffiz-type T k

shows abs-induce-l-step (B, SA, i) (a, T) = induce-l-step (B, SA, i) (o, T, ST)
by (metis assms induce-l-step-r0-to abs-induce-l-step-to-r0)

lemma repeat-abs-induce-I-step-to:

assumes n < length SA

and length ST = length T

and Vk < length ST. ST ! k = suffiz-type T k
shows repeat n abs-induce-l-step (B, SA, 0) (o, T) = repeat n induce-I-step (B,
SA, 0) (a, T, ST)

using assms(1)
proof (induct n)
case ()

then show ?Zcase

by (simp add: repeat-0)

next

case (Suc n)

note IH = this

from repeat-step|of n abs-induce-l-step (B, SA, 0) («, T)]
have A: repeat (Suc n) abs-induce-l-step (B, SA, 0) (o, T) =
abs-induce-I-step (repeat n abs-induce-l-step (B, SA, 0) (o, T)) (o, T)
by assumption

from repeat-step|of n induce-l-step (B, SA, 0) (a, T, ST)]
have B: repeat (Suc n) induce-l-step (B, SA, 0) (o, T, ST) =
induce-l-step (repeat n induce-l-step (B, SA, 0) (o, T, ST)) (a, T, ST)
by assumption

from repeat-abs-induce-l-step-index[of n B SA 0 a T)

obtain B’ SA’ where
C: repeat n abs-induce-l-step (B, SA, 0) (o, T) = (B', SA’, n)
by auto

with IH

have D: repeat n induce-l-step (B, SA, 0) (a, T, ST) = (B’, SA’, n)
by simp

from IH(2)
have n < length SA
by simp
with repeat-abs-induce-I-step-lengths|OF C)|
have n < length SA’
by simp

from abs-induce-l-step-to[OF «n < length SA"y assms(2—), of B/
ABCD

show Zcase
by simp
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qed

lemma abs-induce-I-base-to:
assumes length SA = length T
and length ST = length T
and Vi < length ST. ST ! i = suffiz-type T i
shows abs-induce-l-base « T B SA = induce-l-base « T ST B SA
unfolding induce-I-base-def abs-induce-I-base-def
by (simp add: assms(1, 2,3) repeat-abs-induce-l-step-to)

lemma abs-induce-I-eq:
assumes length SA = length T
and length ST = length T
and Vi < length ST. ST ! i = suffiz-type T i
shows abs-induce-l « T B SA = induce-l « T ST B SA
by (metis assms abs-induce-l-base-to abs-induce-I-def induce-I-def)

end
theory Induce-S-Verification
imports
../ abs—proof | Abs-Induce-S-Verification
../ def [ Induce-S
begin

114 Induce S Refinement

lemma abs-induce-s-step-to-r0:
shows induce-s-step-r0 (B, SA, i) (o, T) = abs-induce-s-step (B, SA, i) (a, T)
proof (cases i)
case ()
then show ?thesis
by simp
next
case (Suc n)
assume i = Suc n
then show ?thesis
proof (cases Suc n < length SA)
assume Suc n < length SA
show ?thesis
proof (cases SA! Suc n < length T)
assume SA ! Suc n < length T
show ?thesis
proof (cases SA! Suc n)
case ()
then show ?thesis
by (clarsimp simp: <i = -» <Suc n < length -» «(SA! - < =)
next
case (Suc j)
assume SA ! Suc n = Suc j
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hence Suc j < length T
using «(SA ! Suc n < length T» by auto
then show ?thesis
by (clarsimp simp: <i = -» <Suc n < length -» «(SA! - < =)
qed
next
assume - SA ! Suc n < length T
then show ?thesis
by simp
qed
next
assume — Suc n < length SA
show ?thesis
by (clarsimp simp: <i = - <= =)
qed
qed

lemma induce-s-step-r0-to-ri:
assumes length ST = length T
and Vk < length ST. ST ! k = suffiz-type T k
shows induce-s-step-r1 (B, SA, i) (a, T, ST) = induce-s-step-r0 (B, SA, i) (a,
T)
proof (cases i)
case ()
then show ?thesis
by auto
next
case (Suc n)
assume i = Suc n
then show ?thesis
proof (cases Suc n < length SA A SA | Suc n < length T)
assume Suc n < length SA N SA! Suc n < length T
hence Suc n < length SA SA ! Suc n < length T
by blast+
then show ?thesis
proof (cases SA ! Suc n)
case (
then show ?thesis
by (clarsimp simp: <i = - «Suc n < length -» «(SA! - < =)
next
case (Suc j)
assume SA ! Suc n = Suc j
hence ST'! j = suffiz-type T j
using «SA ! Suc n < length T assms(1,2) by force
then show ?thesis
by (clarsimp simp: <i = - «Suc n < length -» <SA1 - < - «(SA!-= )
qed
next
assume — (Suc n < length SA N SA! Suc n < length T)

496



show ?thesis
by (simp add: <= -y<i = Suc ny)
qed
qed

lemma abs-induce-s-step-to-ri:

assumes length ST = length T

and Vk < length ST. ST | k = suffiz-type T k
shows induce-s-step-r1 (B, SA, i) (o, T, ST) = abs-induce-s-step (B, SA, i) (a,
T)

by (metis assms induce-s-step-rO-to-r1 abs-induce-s-step-to-r0)

lemma induce-s-step-ri-to-r2:
assumes s-perm-inv o T B SA0 SA i
shows induce-s-step-r2 (B, SA, i) (a, T, ST) = induce-s-step-r1 (B, SA, i) (a,
T, ST)
proof (cases i)
case ()
then show ?thesis
by simp
next
case (Suc n)
then show ?thesis
proof (cases Suc n < length SA)
assume Suc n < length SA
moreover
have SA ! Suc n < length T
by (metis Suc assms calculation dual-order.refl s-perm-inv-elims(5) s-seen-invD(1))
ultimately show #thesis
proof (cases SA ! Suc n)
case (
then show ?thesis
using i = Suc n» <Suc n < length SAy «SA ! Suc n < length T»
by simp
next
case (Suc j)
assume SA ! Suc n = Suc j
then show ?thesis
proof (cases ST ! j)
assume ST ! j = S-type
then show ?thesis
using «i = Suc n» <Suc n < length SA» «(SA ! Suc n < length T» <SA !
Suc n = Suc j»
by (clarsimp simp: Let-def)
next
assume ST ! j = L-type
then show ?thesis
using <i = Suc ny <Suc n < length SA» <SA | Suc n < length T» <SA |
Suc n = Suc j»
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by (clarsimp simp: Let-def)
qged
qed
next
assume 7 = Suc n = Suc n < length SA
then show ?thesis
by simp
qed
qed

lemma abs-induce-s-step-to-r2:

assumes s-perm-inv o T B SAQ SA i

and length ST = length T

and Vk < length ST. ST | k = suffiz-type T k
shows induce-s-step-r2 (B, SA, i) (o, T, ST) = abs-induce-s-step (B, SA, i) (a,
T)

by (metis assms induce-s-step-r1-to-r2 induce-s-step-r0-to-r1 abs-induce-s-step-to-r0)

lemma induce-s-step-r2-to:

i < length SA = induce-s-step (B, SA, i) (a, T, ST) = induce-s-step-r2 (B,
SA, i) (a, T, ST)

by (clarsimp simp: Let-def split: nat.splits)

lemma abs-induce-s-step-to:
assumes s-perm-inv o T B SA0 SA i
and length ST = length T
and Vk < length ST. ST | k = suffiz-type T k
and i < length SA
shows induce-s-step (B, SA, i) (a, T, ST) = abs-induce-s-step (B, SA, i) (a, T)
by (metis abs-induce-s-step-to-r2 assms induce-s-step-r2-to)

lemma abs-induce-s-base-to’:
assumes s-perm-inv o T B SAQ SA n
and length ST = length T
and Vk < length ST. ST | k = suffiz-type T k
and n < length SA
shows repeat m induce-s-step (B, SA, n) (o, T, ST) = repeat m abs-induce-s-step
(B, SA, n) (a, T)
using assms(1,4)
proof (induct m arbitrary: B SA n)
case (
then show ?Zcase
by (simp add: repeat-0)
next
case (Suc m)
note IH = this and
RO = repeat-steplof m abs-induce-s-step (B, SA, n) («, T)] and
R1 = repeat-steplof m induce-s-step (B, SA, n) (a, T, ST)]
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from repeat-abs-induce-s-step-index[of m B SA n o T]
obtain B’ SA’ where S:
repeat m abs-induce-s-step (B, SA, n) (o, T) = (B, SA’, n — m)
length SA’ = length SA
length B’ = length B
by blast

have n — m < length SA
using Suc.prems(2) by auto

hence n — m < length SA’
using S(2) by fastforce

from IH(1)[OF IH(2,3)] R1 S
have repeat (Suc m) induce-s-step (B, SA, n) (o, T, ST)
= induce-s-step (B’, SA’, n — m) («, T, ST)
by simp
moreover
from [H(1)[OF IH(2)] RO S
have repeat (Suc m) abs-induce-s-step (B, SA, n) («, T)
= abs-induce-s-step (B’, SA’, n — m) (a, T)
by simp
moreover
let P = \(B, SA, ). s-perm-inv o T B SAQ SA i
have s-perm-inv a T B’ SA0 SA’ (n — m)
by (rule repeat-maintain-inv[of ?P abs-induce-s-step (a, T) (B, SA, n) m,
simplified S, simplified, OF - IH(2)];
clarsimp simp del: abs-induce-s-step.simps;
erule (1) abs-induce-s-perm-step)
with abs-induce-s-step-to| OF - assms(2,3) «n — m < length SA", of a B’ SA0)]
have induce-s-step (B', SA’, n — m) (a, T, ST) = abs-induce-s-step (B, SA’, n
- m) (O‘a T)
by blast
ultimately show ?case
by simp
qed

lemma repeat-abs-induce-step-gre-length:
assumes length SA = length T
shows
length T < Suc n =
repeat (Suc m) abs-induce-s-step (B, SA, Suc n) (a, T)
= repeat m abs-induce-s-step (B, SA, n) (o, T)
proof (induct m arbitrary: n)
case ()
then show ?case
by (simp add: repeat-0 repeat-step Let-def assms)
next
case (Suc m)
note IH = this
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from repeat-step[of Suc m abs-induce-s-step (B, SA, Suc n) (a, T)]
[H(1)[OF TH(2)]
have repeat (Suc (Suc m)) abs-induce-s-step (B, SA, Suc n) (a, T)
= abs-induce-s-step (repeat m abs-induce-s-step (B, SA, n) (o, T)) (o, T)
by presburger
with repeat-step[of m abs-induce-s-step (B, SA, n) (a, T)]
show ?Zcase
by presburger
qged

lemma abs-induce-s-base-to:

assumes s-perm-pre a T B SA (length T)

and length ST = length T

and Vk < length ST. ST ! k = suffiz-type T k
shows induce-s-base a« T ST B SA = abs-induce-s-base o T B SA
proof —

note A = assms(1)[simplified s-perm-pre-def|

from assms(1)[simplified s-perm-pre-def)
have s-perm-inv o T B SA SA (length T)
by (simp add: s-perm-inv-established)
with abs-induce-s-base-to'|OF - assms(2—)]
have repeat (length T — Suc 0) induce-s-step (B, SA, length T — Suc 0) (o, T,
ST)
= repeat (length T — Suc 0) abs-induce-s-step (B, SA, length T — Suc 0)
(a, T)
by (metis Suc-lessD Suc-pred A diff-Suc-less s-perm-inv-maintained-step-c1)
moreover
have repeat (length T) abs-induce-s-step (B, SA, length T) («, T)
= repeat (length T — Suc 0) abs-induce-s-step (B, SA, length T — Suc 0)
(a, T)
by (metis Suc-lessD Suc-pred A repeat-abs-induce-step-gre-length)
ultimately show ?thesis
by (simp add: abs-induce-s-base-def induce-s-base-def)
qed

lemma abs-induce-s-eq:
assumes s-perm-pre a T B SA (length T)
and length ST = length T
and Vk < length ST. ST ! k = suffiz-type T k
shows abs-induce-s « T B SA = induce-s « T ST B SA
by (simp add: assms abs-induce-s-base-to abs-induce-s-def induce-s-def)

end
theory Induce-Verification
imports
../ abs—proof | Abs-Induce- Verification
../ def / Induce
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Induce-S-Verification Induce-L-Verification Bucket-Insert- Verification
begin

115 Induce

lemma sa-induce-to-r0:

assumes set LMS = {i. abs-is-lms T i}

and distinct LMS

and valid-list T

and strict-mono «

and a bot = 0

and Suc 0 < length T

shows abs-sa-induce o T LMS = sa-induce-r0 o T LMS
proof —

let ST = abs-get-suffiz-types T
note A = length-abs-get-suffiz-types[of T

from get-suffiz-types-correct[of T] A
have B: Vi < length ?ST. ST ! i = suffiz-type T i
by simp

let B0 = map (bucket-end o T) [0..<Suc (a (Maz (set T)))] and
?B1 = map (bucket-start o T) [0..<Suc (o (Maz (set T)))] and
?SA0 = replicate (length T) (length T)

let B2 = ?B0[0 := 0]

let 2SA1 = abs-bucket-insert « T ?B0 25SA0 (rev LMS)
let ?SA2 = abs-induce-l o T ?B1 ?5A1

let 2SA3 = abs-induce-s o T (?B0[0 := 0]) ?SA2

let 2SA2’ = induce-l « T ?ST ¢B1 ?5A1
let ?SA3' = induce-s « T 25T (2B0[0 = 0]) ?5A2

from Ims-pre-established|OF assms(1,2,4)]
have Ims-pre o T ?B0 ?5SA0 (rev LMS) .

have l-perm-pre o T ?B1 ?5A1
using «Ims-pre « T ?B0 2SA0 (rev LMS)»
assms(8,4) l-perm-pre-established by blast
with A B
have 9542 = 9542’
using abs-induce-l-eq l-perm-pre-elims(7) by blast

have s-perm-pre o T ?B2 ?SA2 (length T)
using <l-perm-pre o« T ¢B1 ?SA1» <ms-pre o T ?B0 ?SA0 (rev LMS)»
assms(3—6)
s-perm-pre-established by blast

501



with A B
have 72543 = ?25A3’
using abs-induce-s-eq by blast
then show ?thesis
by (metis <?SA2 = 25A2") abs-sa-induce-def sa-induce-r0-def)
qed

definition sa-induce-r1 :
(('a :: {linorder, order-bot}) = nat) =
‘a list =
SL-types list =
nat list =
nat list
where
sa-induce-rl o T ST LMS =
(let
B0 = map (bucket-end o T) [0..<Suc (o (Maz (set T)))];
B1 = map (bucket-start o T) [0..<Suc (o (Mazx (set T)))];

— Initialise SA
SA = replicate (length T) (length T);

— Insert the LMS types into the suffix array
SA = abs-bucket-insert « T BO SA (rev LMS);

— Insert the L types into the suffix array
SA = induce-l « T ST B1 SA

— Insert the S types into the suffix array
in induce-s o« T ST (BO[0 := 0]) SA)

lemma sa-induce-r0-to-r1:

assumes length ST = length T

and Vi < length ST. ST ! i = suffiz-type T ¢
shows sa-induce-r0 o« T LMS = sa-induce-rl o T ST LMS
proof —

let ?ST = abs-get-suffiz-types T

note A = length-abs-get-suffiz-types[of T

from get-suffiz-types-correct[of T] A

have B: Vi < length ?ST. ?5T | i = suffiz-type T i
by simp

with A

have 25T = ST
by (simp add: assms nth-equalityl)

then show ?thesis
by (simp add: sa-induce-r0-def sa-induce-r1-def)

qed
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lemma sa-induce-to-ri:

assumes set LMS = {i. abs-is-lms T i}

and distinct LMS

and valid-list T

and strict-mono «

and o bot = 0

and Suc 0 < length T

and length ST = length T

and Vi < length ST. ST ! i = suffiz-type T ©
shows abs-sa-induce o« T LMS = sa-induce-rl o« T ST LMS

by (simp add: assms sa-induce-r0-to-r1 sa-induce-to-r0)

lemma sa-induce-ri-to-r2:
sa-induce-rl a T ST LMS = sa-induce-r2 o T ST LMS
by (simp add: abs-bucket-insert-eq sa-induce-r1-def sa-induce-r2-def)

lemma abs-sa-induce-to-r2:

assumes set LMS = {i. abs-is-lms T i}

and distinct LMS

and valid-list T

and strict-mono «

and o bot = 0

and Suc 0 < length T

and length ST = length T

and Vi < length ST. ST ! i = suffiz-type T ©
shows abs-sa-induce o« T LMS = sa-induce-r2 o T ST LMS

by (metis assms sa-induce-r1-to-r2 sa-induce-to-r1)

end
theory Get- Types- Verification
imports
../abs—def | Abs-SAIS
../ def | Get-Types
begin

116 Suffix Types

lemma get-suffiz-types-step-r0O-ret:
Jas’ i, get-suffiz-types-step-r0 (zs, i) ys = (xs', i") A
length s’ = length xs N (i = 0 — ' = 0) A (34. i = Suc j — i’ = j)
by (cases i; simp)

lemma get-suffiz-types-step-r0-0:
get-suffiz-types-step-r0 (xs, 0) ys = (zs, 0)
by simp

lemma get-suffiz-types-step-r0-Suc:
[Suc i < length zs; length xs = length ys; Vk < length zs. i < k — s 1 k =
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suffiz-type ys k] =
get-suffiz-types-step-r0 (xs, Suc i) ys = (xzs[i := suffiz-type ys i|, ©)
apply clarsimp
apply (intro conjl impI arg-cong[where f = Az. zs[i := z]])
apply (simp add: nth-gr-imp-Il-type)
apply (simp add: nth-less-imp-s-type)
by (metis suffiz-type-neq)

fun get-suffiz-types-inv

where
get-suffiz-types-inv ys (xs, i) =

(length s = length ys A i < length xs A (Vk < length zs. i < k — xs ! k =
suffiz-type ys k))

lemma get-suffiz-types-inv-maintained:
assumes get-suffiz-types-inv ys (xs, i)
shows get-suffiz-types-inv ys (get-suffiz-types-step-r0 (xs, i) ys)
proof (cases i)
case ()
hence get-suffiz-types-step-r0 (xs, i) ys = (zs, 0)
using get-suffiz-types-step-r0-0 by simp
moreover
have get-suffiz-types-inv ys (zs, 0)
using 0 assms by auto
ultimately show ?thesis
by presburger
next
case (Suc n)
hence get-suffiz-types-step-r0 (xs, i) ys = (zs[n = suffiz-type ys n|, n)
by (metis Suc-lel assms get-suffiz-types-inv.simps get-suffiz-types-step-r0-Suc)
moreover
have get-suffiz-types-inv ys (xs[n := suffiz-type ys nl, n)
using Suc assms le-eq-less-or-eq by fastforce
ultimately show ?thesis
by simp
qed

lemma get-suffiz-types-inv-established:

zs # [| = get-suffiz-types-inv xs (replicate (length zs) S-type, length s — Suc
0)

by (simp add: suffiz-type-last)

lemma get-suffiz-types-base-prod’:
Jus’. repeat n get-suffiz-types-step-r0 (zs, m) ys = (zs
proof (induct n arbitrary: xs m)
case ()
then show ?case
by (simp add: repeat-0)
next

/7TIL77L)
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case (Suc n)
note IH = this

from repeat-step|of n get-suffiz-types-step-r0 (xs, m) ys]
have repeat (Suc n) get-suffiz-types-step-r0 (zs, m) ys
= get-suffiz-types-step-r0 (repeat n get-suffiz-types-step-r0 (xs, m) ys) ys .
moreover
from IH|[of zs m)|
obtain zs’ where
repeat n get-suffiz-types-step-r0 (zs, m) ys = (xs’, m — n)
by blast
moreover
have Jus”. get-suffiz-types-step-r0 (zs’, m — n) ys = (zs
proof (cases m—n)
case (
hence get-suffiz-types-step-r0 (zs’, m — n) ys = (xs’, 0)
by auto
moreover
have m — Sucn =0
using 0 by auto
ultimately show ?Zthesis
by simp
next
case (Suc k)
have (m — n < length s’ A m — n < length ys) V =(m — n < length s’ A m
— n < length ys)
by blast
moreover
have m — n < length s’ A m — n < length ys = ?thesis
by (clarsimp simp add: Suc diff-Suc)
moreover
have —~(m — n < length s’ A m — n < length ys) = ?thesis
by (clarsimp simp add: Suc diff-Suc)
ultimately show #thesis
by blast
qed
ultimately show ?case
by presburger
qed

" m — Suc n)

lemma get-suffiz-types-inv-holds:
assumes s # ||
shows get-suffiz-types-inv s (get-suffiz-types-base s)
unfolding get-suffiz-types-base-def
apply (rule repeat-maintain-inv)
apply (metis get-suffiz-types-inv-maintained prod.collapse)
apply (rule get-suffiz-types-inv-established[OF assms))
done
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lemma get-suffiz-types-base-prod:
Jas’. get-suffiz-types-base xs = (xs’, 0)
unfolding get-suffiz-types-base-def
by (metis cancel-comm-monoid-add-class. diff-cancel get-suffiz-types-base-prod’)

lemma get-suffiz-types-base-ref:
get-suffiz-types-base xs = (abs-get-suffiz-types xs, 0)
proof (cases zs # |[])
assume - s # ||
then show ?thesis
by (clarsimp simp: get-suffiz-types-base-def repeat-0 get-suffiz-types-def)
next
assume zs # ||
with get-suffiz-types-inv-holds
have get-suffiz-types-inv zs (get-suffiz-types-base xs)
by blast
moreover
from get-suffiz-types-base-prod|of ws]
obtain zs’ where
get-suffiz-types-base xs = (xs', 0)
by blast
ultimately have get-suffiz-types-inv zs (zs’, 0)
by auto
moreover
have abs-get-suffiz-types s = s’
unfolding list-eq-iff-nth-eq
by (metis bot-nat-0.extremum calculation get-suffiz-types-correct
get-suffiz-types-inv.simps
length-abs-get-suffiz-types)
ultimately show ?thesis
by (simp add: <get-suffiz-types-base xs = (xzs’, 0)»)
qed

lemma get-suffiz-types-eq:
get-suffiz-types s = abs-get-suffiz-types xs
by (simp add: get-suffiz-types-base-ref get-suffiz-types-def)

lemmas length-get-suffix-types =
length-abs-get-suffiz-types|simplified get-suffiz-types-eq]

117 LMS types

lemma is-Ims-refinement:
assumes length ST = length T Vi < length T. ST | i = suffiz-type T i
shows is-Ims-ref ST = abs-is-lms T
proof
fix ¢
show is-lms-ref ST i = abs-is-lms T i
proof (cases i)
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case (
then show ?thesis
by (simp add: abs-is-lms-0)
next
case (Suc n)
then show ?thesis
by (metis Suc-lessD assms abs-is-lms-def abs-is-lms-imp-less-length is-lms-ref.simps(2))
qed
qed

118 Extracting LMS types

lemma extract-lms-eq:
[length ST = length T; Vi < length T. ST ! i = suffiz-type T i] =
extract-lms ST = abs-extract-Ims T
by (clarsimp simp: fun-eq-iff is-lms-refinement)

119 LMS Substrings

lemma find-next-lms-refinement:
[length ST = length T; Vi < length T. ST ! i = suffiz-type T i] =
find-next-lms ST=abs-find-next-Ims T
unfolding find-next-lms-def abs-find-next-lms-def
apply (clarsimp simp: is-lms-refinement fun-eq-iff)
by argo

lemma [ms-slice-refinement:
[length ST = length T; Vi < length T. ST ! i = suffiz-type T i] =
Ims-slice-ref T ST = Ims-slice T
unfolding Ims-slice-ref-def lms-slice-def
by (clarsimp simp: find-next-lms-refinement fun-eq-iff)

120 Rename Mapping

lemma rename-mapping’-refinement:
assumes length ST = length T Vi < length T. ST | i = suffiz-type T i
shows rename-mapping’ T ST = abs-rename-mapping’ T
proof (intro fun-eq-iff THEN iffD2] alll)
fix s ns i
show rename-mapping’ T ST xs ns i = abs-rename-mapping’ T xs ns i
using assms
proof (induct rule: rename-mapping’.induct[of - T ST zs ns i])
case (1 T ST ns i)
then show ?Zcase
by simp
next
case (2 T ST z ns i)
then show ?case
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by simp
next
case (3 T ST a b xs ns i)
then show ?Zcase
by (simp add: Ims-slice-refinement)
qed
qed

lemma rename-mapping-refinement:
assumes length ST = length T
assumes Vi < length T. ST ! i = suffiz-type T i
shows rename-mapping T ST = abs-rename-mapping T
by (clarsimp simp: fun-eq-iff assms rename-mapping’-refinement abs-rename-mapping-def
rename-mapping-def)

end
theory SAIS-Verification
imports
Get-Types- Verification
Induce- Verification
../ abs—proof | Abs-SAIS-Verification- With- Valid- Precondition
../def | SAIS

begin

121 SAIS

termination sais-r0
apply (relation measure (Azs. length zs))
apply simp
apply (simp (no-asm-simp)
del: List.list.size(4)
only: extract-lms-eq| OF length-get-suffiz-types get-suffiz-types-correct)
rename-mapping-refinement| OF length-get-suffiz-types
get-suffiz-types-correct] get-suffiz-types-eq)
apply (simp (no-asm-simp)
del: List.list.size(4)
add: rename-list-length length-filter-lms)
done

lemma abs-sais-r0-distinct-simp:
assumes T = a # b # xs
and ST = abs-get-suffiz-types T
and  LMS0 = extract-lms ST [0..<length T]
and SA = sa-induce id T ST LMS0
and LMS = extract-Ims ST SA
and names = rename-mapping T ST LMS
and T' = rename-string LMS0 names
and distinct T'
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shows sais-r0 T = sa-induce id T ST LMS
proof —
let 7P = A\ys. sais-r0 (a # b # zs) = ys
from subst|OF sais-r0.simps(3), of ?P a b xs, simplified Let-def
assms(1—"7)[symmetric] assms(8), simplified]
show ?thesis
by simp
qed

lemma abs-sais-r0-not-distinct-simp:
assumes T = a # b # xs
and ST = abs-get-suffiz-types T
and  LMSO = extract-lms ST [0..<length T]
and SA = sa-induce id T ST LMS0
and LMS = extract-Ims ST SA
and names = rename-mapping T ST LMS
and T' = rename-string LMS0 names
and  LMS1 = order-lms LMSO (sais-r0 T")
and  —distinct T’
shows sais-r0 T = sa-induce id T ST LMS1
proof —
let 7P = A\ys. sais-r0 (a # b # xs) = ys
from subst|OF sais-r0.simps(3), of P a b xs, simplified Let-def
assms(1—8)[symmetric] assms(9), simplified]
show ?thesis
by simp
qged

lemma abs-sais-to-r0:
valid-list T = abs-sais T = sais-r0 T
proof (induct rule: abs-sais.induct[of - T])
case 1
then show ?case
by simp
next
case (2 x)
then show ?Zcase
by simp
next
case (3 a b zs)
note [H = this

let ?T = a # b # xs
have T: ?T = a # b # us
by (simp only:)

let 25T = abs-get-suffix-types ?T

have ST: ?ST = abs-get-suffiz-types ?T
by (simp only:)
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from get-suffiz-types-correct[of ?T| length-abs-get-suffiz-types[of ¢T)
have Vi < length 2ST. 25T | i = suffiz-type ?7T i
by (simp add: get-suffiz-types-eq)
note st-thms = length-get-suffiz-types[of ?T)
i < length 2ST. 2ST | i = suffiz-type ?T 0>

let ?LMS! = abs-extract-Ims ?T [0..<length ?T)
let ?LMS1’ = extract-lms 25T [0..<length ?T)
have LMS1: ?LMS1 = abs-extract-lms ?T [0..<length ?T)
by (simp only:)
have LMS1": ?2LMS1’ = extract-lms 25T [0..<length ?T)|
by (simp only:)
have distinct ?LMS1
using distinct-abs-extract-lms
by fastforce
have set YLMS1 = {i. abs-is-lms ?T i}
using set-abs-extract-lms-eq-all-lms
by (metis comp-apply)
have ?LMS1 = ?LMS1’
by (metis extract-lms-eq get-suffiz-types-correct length-get-suffiz-types)
note Imsi-thms = <set ?LMS1 = {i. abs-is-lms ?T i}» «distinct ?LMS1> <?LMS1
= 2LMS1"

have id: strict-mono (id :: nat = nat) (id :: nat = nat) bot = 0
by (simp add: strict-mono-def bot-nat-def )+

have len: Suc 0 < length ?T
by simp

let ?SA1 = abs-sa-induce id ?T ?LMS1
have SA1: ?2SA1 = abs-sa-induce id ?T ?LMS1
by (simp only:)
let ?SA1’ = sa-induce id ?T ?ST ?LMS1’
have SA1" ?2SA1’' = sa-induce id ?T ?ST ?LMS1’
by (simp only:)
have ?SA1 = ?SA1’
by (metis 3.prems len Ilmsi-thms id st-thms abs-sa-induce-to-r2)

let YLMS2 = abs-extract-lms ¢T ?25A1
let 2LMS2’ = extract-lms ?ST ?5SA1’
have LMS2: ?LMS2 = abs-extract-lms ?T ?SA1
by (simp only:)
have LMS2". ?LMS2' = extract-lms ?ST ?5A1’
by (simp only:)
have ?LMS2 = ?LMS2’
using «2SA1 = 2SA1’y st-thms comp-apply is-lms-refinement
by (metis (no-types, lifting) get-suffiz-types-eq)
have 7LMS1 <~~> ?LMS2
by (metis 8.prems distinct-filter-abs-sa-induce lms1-thms len id
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distinct-set-imp-perm filter-abs-sa-induce-eg-all-lms)
hence distinct ?LMS2 set YLMS2 = {i. abs-is-lms ?T i}
using Imsi1-thms perm-distinct-iff perm-set-eq by blast+
have ordlistns.sorted (map (Ims-slice ?T) ?LMS2)
by (metis 3.prems «distinct ?LMS1> <set ?LMS1 = {i. abs-is-lms ?T i}
comp-apply len id
ordlistns.sorted-filter abs-sa-induce-prefiz-sorted)
note Ims2-thms = «distinct 2LMS2> «set ?LMS2 = {i. abs-is-lms ?T i}»
cordlistns.sorted (map (Ims-slice ?T) ?LMS2)»
<?LMS2 = ?LMS2"

let %names = abs-rename-mapping ?T ?LMS2

let ?names’ = rename-mapping ¢T 2ST ?LMS2’

have names: ?names = abs-rename-mapping ?T ?LMS2
by (simp only:)

have names”: ?names’ = rename-mapping ?T ?ST ?LMS2’
by (simp only:)

have ?names = ?names’
by (metis st-thms Ilms2-thms(4) rename-mapping-refinement)

let ?T' = rename-string YLMS1 ?names

let 2T = rename-string YLMS1’ ?names’

have T ?T' = rename-string ?LMS1 ?names
by (simp only:)

have T'": ?T" = rename-string ?LMS1’ ?names’
by (simp only:)

have ?T' = ?T"
using «?names = names’y Ims1-thms(3) by argo

let ?LMS3 = order-lms ?LMS1 (abs-sais ?T")

let ?LMS3’ = order-lms ?LMS1’ (sais-r0 ?T")

have LMS3: ?2LMS3 = order-lms ?LMS1 (abs-sais ¢T")
by (simp only:)

have LMS8". 2LMS3' = order-lms ?LMS1’ (sais-r0 ?T")
by (simp only:)

have ?LMS1 = Ims0-seq ?T

by (metis comp-apply lms-seq-0-zeroth-lms Ims-seq-def)
with abs-sais-reduced-string|OF - Ims2-thms(1—3) names T
have ?T' = Ims0-map ?T

by blast

have abs-is-lms ?T (lms0 ?T)
by (metis 3.prems abs-find-next-lms-less-length-abs-is-lms abs-is-lms-last
len length-Cons no-lms-between-i-and-next not-less-eq)

from valid-list-Ims-map|OF TH(2) <abs-is-lms ¢T (Ilms0 ?T)»]

have wvalid-list (ImsO-map ?T) .
hence wvalid-list 2T’
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by (simp only: <?T' = (ImsO-map ?T)>)

have distinct ?T' = ?case
proof —
assume distinct 7T’
hence distinct ?T"
by (simp only: «?T' = ¢T'")
note Ims2-thms = filter-abs-sa-induce-eq-all-Ims[OF Ims1-thms(1,2) IH(2) id
len]
distinct-filter-abs-sa-induce[ OF Ims1-thms(1,2) IH(2) id len)
from abs-sa-induce-to-r2 lms2-thms(1,2) IH(2) id len st-thms
have abs-sa-induce id ?T ?LMS2 = sa-induce id ?T ?ST ?LMS2’
by (metis <?LMS2 = ?LMS2"y comp-apply)
with abs-sais-distinct-simp|OF T LMS1 SA1 LMS2 names T’ «distinct ?T"]
abs-sais-rO-distinct-simp[OF T ST LMS1' SA1’ LMS2’' names’ T"' «distinct
2T"]
show ?thesis
by presburger
qed
moreover
have —distinct ?T' = Zcase
proof —
assume —distinct 7T’
hence —distinct ?T"
using «?T' = 2T’ by argo

from [H(1)[OF T LMS1 SA1 LMS2 names T', OF <—distinct T <valid-list
?Th]
have abs-sais ?T' = sais-r0 ?T"
using «?T' = 2T’ by argo
hence ?LMS3' = ?LMS3
using Ims1-thms(3) by argo

have abs-sais-perm: abs-sais 2T’ <~~> [0..<length ?LMS1]
using abs-sais-permutation|OF <valid-list ?T", simplified rename-list-length)
by blast

note Ims3-thms = abs-order-lms-eg-all-lms[OF abs-sais-perm Ims1-thms(1)]
distinct-abs-order-Ims[OF abs-sais-perm Ims1-thms(2)]
from abs-sa-induce-to-r2[OF Ims3-thms <valid-list 2T id len st-thms]
have abs-sa-induce id ?T ?LMS8 = sa-induce id ?T 25T ?LMS3’
using <abs-sais ?T' = sais-r0 ?T'"" lmsi-thms(3) by argo
with abs-sais-not-distinct-simp[OF T LMS1 SA1 LMS2 names T' LMS3 «—distinct
?2Th]
abs-sais-rO-not-distinct-simp|OF T ST LMS1' SA1' LMS2' names’ T"
LMS3' «—distinct 2T'")
<abs-sais T = sais-r0 2T
show ?thesis
by presburger
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qed
ultimately show ?case
by blast
qed

termination sais-ri
apply (relation measure (Azs. length xs))
apply simp
apply (simp (no-asm-simp)
del: List.list.size(4)
only: extract-lms-eq| OF length-abs-get-suffiz-types get-suffiz-types-correct]
rename-mapping-refinement|OF length-abs-get-suffiz-types
get-suffiz-types-correct])
apply (simp (no-asm-simp)
del: List.list.size(4)
add: rename-list-length length-filter-lms)
apply (metis get-suffiz-types-correct get-suffix-types-eq is-lms-refinement
length-filter-lms length-get-suffiz-types list.discI)
done

lemma abs-sais-r0-to-r1:
sais-rl T = sais-r0 T
apply (induct rule: sais-r0.induct[of - T])
apply simp
apply simp
apply (subst sais-r1.simps)
apply (subst get-suffiz-types-eq)
apply (subst sais-r0.simps)
apply (clarsimp simp only: Let-def split: if-splits)
by presburger

lemma abs-sais-to-r1:
valid-list T —> sais-r1 T = abs-sais T
by (simp add: abs-sais-r0-to-r1 abs-sais-to-r0)

122 Correctness

interpretation sais: Suffiz-Array-Restricted sais

by (simp add: Suffiz-Array-Restricted.intro Suffiz- Array-Restricted.sa-r-permutation

Suffix- Array-Restricted.sa-r-sorted abs-sais.Suffix- Array- Restricted-axioms
abs-sais-to-r1)

interpretation abs-sais-ref-gen: Suffiz-Array-General sa-nat-wrapper map-to-nat
sais

by (simp add: Suffiz- Array-Restricted-imp-General sais.Suffiz- Array-Restricted-azioms)

theorem sais-gen-is-Suffiz-Array-General:
Suffiz-Array-General sa <— sa = sa-nat-wrapper map-to-nat sais

using Suffiz- Array-General-determinism abs-sais-ref-gen. Suffiz- Array-General-axioms
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by auto

end
theory Code-FEzxtraction
imports ../abs—proof /| Abs-SAIS- Verification
../ proof | SAIS- Verification
begin

lemma [code]:
abs-is-lms T i =
(if i > 0 then
if suffix-type T i = S-type A suffiz-type T (i — 1) = L-type
then True
else False
else False)
by (metis abs-is-lms-0 One-nat-def Suc-pred bot-nat-0.not-eq-extremum
i-s-type-imp-Suc-i-not-lms abs-is-lms-def suffiz-type-def)

definition
bucket-upt-code :: ('a :: {linorder,order-bot} = nat) = 'a list = nat = nat set
where
bucket-upt-code o« T b =
set (filter (A\z. o (T ! z) < b) [0..<length T])

lemma [code]:
bucket-upt o T b = bucket-upt-code o T b
proof(safe)
fix z
assume z € bucket-upt o T b
hence z < length T o (T ' z) < b
by (simp add: bucket-upt-def)+
then show = € bucket-upt-code o T b
by (simp add: bucket-upt-code-def)
next
fix z
assume z € bucket-upt-code o T b
hence z < length T o (T ! z) < b
by (simp add: bucket-upt-code-def)+
then show z € bucket-upt o T b
by (simp add: bucket-upt-def)
qed

export-code abs-sais in Haskell
module-name SAIS file-prefix abs-sais

export-code sais in Haskell
module-name SAIS-REF file-prefix sais
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end
theory SACA-FEquiv
imports sais/abs—proof | Abs-SAIS-Verification
simple/ Simple-SACA-Verification
sais/proof | SAIS- Verification
begin

lemma Suffiz- Array-General-imp-suffiz-array:
Suffix-Array-General sa —>
sa s = simple-saca s
using Suffiz- Array-General-determinism simple-saca.Suffix- Array-General-axioms
by blast

theorem Suffiz- Array-General-equiv-spec:
Suffiz-Array-General sa +—
sa = simple-saca
using Suffiz- Array-General-imp-suffiz-array simple-saca.Suffiz- Array-General-axioms
by blast

corollary abs-sais-equiv-simple-saca:

sa-nat-wrapper map-to-nat abs-sais = simple-saca

using Suffiz- Array- General-equiv-spec abs-sais-gen.Suffix-Array-General-axioms
by auto

corollary sais-equiv-simple-saca:
sa-nat-wrapper map-to-nat sais = simple-saca
using sais-gen-is-Suffix- Array-General
Suffiz- Array- General-equiv-spec
by auto

end
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