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Abstract

This work is a formalization of the knowledge fragment Stalnaker’s
epistemic logic with countably many agents and its soundness and
completeness theorems [5, 6, 2], as well as the equivalence between the
axiomatization of S4 available in the Epistemic Logic theory and the
topological one [1]. It builds on the Epistemic Logic theory, as this
includes the formalization of the completeness by canonicity proof for
normal modal logics [3, 4].
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theory Stalnaker-Logic
imports Epistemic-Logic. Epistemic-Logic

begin



1 Utility

1.1 Some properties of Normal Modal Logics
lemma duality-taut: <tautology (K ip) — K i (—q))— (Liq) — (-~ K i

p))
by force

lemma K-imp-trans:
assumes (A F (p — q)» (AF (¢ — 1)
shows A+ (p — )
proof —
have <tautology (p — ¢) — ((¢ — 1) — (p —> 7))
by fastforce
then show ?thesis
by (meson A1 R1 assms(1) assms(2))
qed

lemma K-imp-trans’:
assumes (A F (¢ —> )
shows <AF (p — ¢ — (p — 7))
proof —
have <tautology (¢ — r) — ((p — ¢) — (p —> 1))
by fastforce
then show ?thesis
using A1 R1 assms by blast
qed

lemma K-imply-multi:
assumes (A + (¢ — b)» and <A F (a — ¢)
shows <4 F (a —> (bAC))»
proof —
have <tautology ((a—>b)—>(a—>c)—>(a—>(bAC)))»
by force
then have <A F ((e—b)—>(a—>c)—>(a—>(bAC)))»
using A1 by blast
then have <A - ((ae—¢)—>(a—>(bAC)))»
using assms(1) R1 by blast
then show ?thesis
using assms(2) R1 by blast
qed

lemma K-multi-imply:
assumes (A F (a — b —> ¢)»
shows <A F ((aAb) —> ¢)»
proof —
have <tautology ((a — b — ¢) — ((aAd) —> ¢))»
by force
then have <A+ ((a — b —> ¢) —> ((aNb) —> o))
using A1 by blast



then show ?thesis
using assms R1 by blast
qed

lemma K-thm: <AbF (Kip) A(Liq) — Li(pA Q)
proof —
have <tautology (p — (—(p A q)) — — q)»
by force
then have <A+ (p — (=(p A q)) — — q)
by (simp add: A1)
then have <A+ (Kip) — Ki ((=(p A q) — = @)
and AF (Ki((n(pAq) — g — Ki(—(pANq)—Ki(—q)
apply (simp add: K-map)
by (meson K-A2)
then have <A+ (Kip) — Ki(—(p A q) — Ki (- q))p
using K-imp-trans by blast
then have <A+ ((Kip) — Li(q) — Li(p A Q)
by (metis AK.simps K-imp-trans duality-taut)
then show ?thesis
by (simp add: K-multi-imply)
qed

primrec conjunct :: <'i fm list = 'i fm> where
<conjunct [| = T
| <conjunct (p#ps) = (p A conjunct ps)»

lemma imply-conjunct: <tautology ((imply G p) — ((conjunct G) — p))»
apply(induction G)
apply simp
by force

lemma conjunct-imply: <tautology (((conjunct G) — p) —(imply G p))»
by (induct G) simp-all

lemma K-imply-conjunct:
assumes (A - imply G p»
shows <A F ((conjunct G) — p)»
using A1 R1 assms imply-conjunct by blast

lemma K-conjunct-imply:
assumes (A b ((conjunct G) — p)»
shows A F imply G p»
using A1 R1 assms conjunct-imply by blast

lemma K-conj-imply-factor:

fixes A :: (i fm = bool)»

shows <AF ((Kip) AN(Kiq) —r) —(Ki(pAgq)— 1))
proof —

have x: <A (Ki(p A q) — (Kip) AN(Kiq))



proof (rule ccontr)
assume <0 A (Ki(pA q) — (Kip) AN (Kiq))
then have <consistent A {=((Ki (p A q)) — (K ip) A (K iq)))
by (metis imply.simps(1) inconsistent-imply insert-is-Un list.set(1)
let 2V = <Extend A {-((Ki (p A q)) — (Kip) AN (Kigq))h
let M = (W = mcss A, K = reach A, 7 = pi])»
have <2V e W M A ?M, 2V E-(Ki(p A q) — (Kip) N (Kiq)))
using canonical-model <consistent A {= (Ki(p AN q — KipANKiqh
insert-iff mem-Collect-eq by fastforce
then have o: «?M, ?V = ((Ki (p A q)) A =((Kip) A (Kiq))
by auto
then have <?M, 2V = (K i (p A Q) «(?M, 2V = (K ip)) V (M, ?V
~(K i g))
by auto
then have <V U e W M NK ?Mi?V. M, U =(p A q)»
SUeWMNK ?Mi?V. ?M, UE= ((-p) V (mg)
using o by auto
then show Fulse
by simp
qed
then have <A+ ((Ki (p A q) — (Kip) A (Kigq)) —
(Kip) N(Kiq) —r)— (Ki(pAgq)—>r))
by (simp add: A1)
then show ?thesis
using x R1 by blast
qged

b
)

lemma K-conjunction-in: <AF (Ki(p AN q) — (Kip) N Kiq))
proof —
have ol: (A F ((pAq) — p)» and 02: <A F ((pAq) — q)»
apply(simp add: A1)
by (simp add: A1)
then have c1: <AF (Ki(pA g — Kig)y and c2: <A+ (Ki(pAq) —
K ip)
apply (simp add: K-map 02)
by (simp add: K-map ol)
then show ?%thesis
by (simp add: K-imply-multi)
qed

lemma K-conjunction-in-mult: <A+ ((K i (conjunct G)) — conjunct (map (K
i) G))
proof (induct G)

case Nil

then show “case

by (simp add: A1)
case (Cons a G)
then have <A F ((K ¢ (conjunct (a#G))) —> (K i (a N\ conjunct G)))»
and <A+ ((Ki(a A conjunct G)) — ((K i a) A K i (conjunct G)))»



apply (simp add: A1)
by (metis K-conjunction-in)
then have ol: <A F ((K i (conjunct (a#G))) — ((K i a) N K i (conjunct
&)
using K-imp-trans by blast
then have <A+ (((K i a) A K i (conjunct G)) — K i a)»
and 02: <A F ((Kia) A K i (conjunct G)) —> conjunct (map (K i) G))»
apply (simp add: A1)
by (metis Cons.hyps K-imply-Cons K-multi-imply imply.simps(1) imply.simps(2))
then have <A + (((K i a) A K i (conjunct G)) — (K i a) A conjunct (map
(K i) G))»
using K-imply-multi by blast
then show ?case
using K-imp-trans ol by auto
qed

lemma K-conjunction-out: <At (Kip) N (Kiq) — Ki(pA q))
proof —
have <A+ (p — ¢ —> pAg)
by (simp add: A1)
then have <A+ K i (p — ¢ —> pAq)
by (simp add: R2)
then have <A+ (K ip) — K i (¢ — pAq))
by (simp add: K-map <A+ (p —> ¢ —> p N q))
then have <A+ (Kip) — (Kiq) — K i (pAg))
by (meson K-A2' K-imp-trans)
then show ?thesis
using K-multi-imply by blast
qed

lemma K-conjunction-out-mult: <A b (conjunct (map (K i) G) — (K i (conjunct
@)
proof (induct G)
case Nil
then show ?case
by (metis A1 K-imply-conjunct Nil-is-map-conv R2 conjunct.simps(1) eval.simps(5)
imply.simps(1))
case (Cons a G)
then have <A F ((conjunct (map (K i) (a#G))) — (K ¢ a) A conjunct (map
(K i) G))
by (simp add: A1)
then have x: <A F (((K i a) A conjunct (map (K i) G))— (K ia) AN K i
(conjunct G))»
by (metis Cons.hyps K-imply-Cons K-imply-head K-imply-multi K-multi-imply
imply.simps(1) imply.simps(2))
then have <A+ (((Kia) A K i (conjunct G))— K i (conjunct (a#G)))»
by (simp add: K-conjunction-out)
then show ?case
using x K-imp-trans by auto



qed

1.2 More on mcs’s properties

lemma mcs-conjunction:
assumes <consistent A V» and <maximal A V>
shows«pe VAgeV —(pAg e

proof —
have <tautology (p — ¢ —> (pAq))»
by force

then have «(p — ¢ — (pAq)) € V>
using A1 assms(1) assms(2) deriv-in-mazimal by blast
then have <p € V — (¢ —> (pAq)) € V»
by (meson assms(1) assms(2) consequent-in-mazximal)
then show ?thesis
using assms(1) assms(2) consequent-in-mazimal by blast
qed

lemma mcs-conjunction-mult:
assumes <(consistent A V> and <mazimal A V>
shows «(set (S :: (i fm list)) € V A finite (set S)) — (conjunct S) € V>
proof (induct S)
case Nil
then show Zcase
by (metis K-Boole assms(1) assms(2) conjunct.simps(1) consistent-def incon-
sistent-subset mazimal-def)
case (Cons a S)
then have <set S C set (a#S5)»
by (meson set-subset-Cons)
then have cI: < set (a # S) C V A finite (set (a # S)) — conjunct (S) € V
ANac V)
using Cons by fastforce
then have < conjunct (S) € VAN a € V — (conjunct (a#S)) € V»
using assms(1) assms(2) mes-conjunction by auto
then show ?case
using c1 by fastforce
qed

lemma reach-dualK:
assumes <consistent A Vy <mazximal A V>
and <consistent A W <mazimal A Wy <W € reach A i V>
shows Vp.pe W — (Lip) e V»
proof (rule ccontr)
assume = (Vp.pe W — (Lip) € V)
then obtain p’ where *: <p’ € W A (Lip') ¢ V>
by presburger
then have «(— Lip') e V»
using assms(1) assms(2) assms(3) assms(4) assms(5) exactly-one-in-mazimal
by blast



then have <K i (- p') € ¥
using assms(1) assms(2) ezactly-one-in-mazimal by blast
then have (- p’) € W)
using assms(5) by blast
then show Fulse
by (meson x assms(3) assms(4) exactly-one-in-mazimal)
qed

lemma dual-reach:
assumes <consistent A V» <mazximal A V>
shows «(Lip)e V— (3 W. W€ reachAi VApe W)
proof —
have (A W. W € {W. known Vi C W} Ape W) — (YW. W € {W. known
ViC W} — (-p) e W)
by blast
then have «\(VW. W € {W. known Vi C W} — (-p) e W) — vV W. W
€ reach A iV — (mp) € W)
by fastforce
then have «(¥ W. W € reach A iV — (mp) € W) — (K i (0p)) € V)
by blast
then have «(K i (—p)) € V) — (=((Lip) € V)]
using assms(1) assms(2) exactly-one-in-mazimal by blast
then have (A W. W € {W. known ViC W} Ape W) — =~((Lip) € V)
by blast
then show ?thesis
by blast
qged

2 Ax.2

definition weakly-directed :: <('i, 's) kripke = bool> where
cweakly-directed M =Vi.Vse W M.VteW M.Vre W M.
(reKMisnteKMis)—F uveWM (veKMirAnuek Mit))

inductive Az-2 :: <"i fm = bool> where
<Ax-2 (—| Ki(—| Kz'p) —)K’i(ﬂ Ki(ﬂp))))

2.1 Soundness

theorem weakly-directed:
assumes <weakly-directed M»> «w € W M>
shows <M, w = (Li(Kip) — Ki(Lip))y
proof
assume <M, w = (L i (K ip))
then have <Gv e W M NK Miw M, v = Kip
by simp
then have Vo e W MNK Miw.3u e WMNK Miv. M, u = p
using «weakly-directed M» <w € W M> unfolding weakly-directed-def
by (metis IntE Intl semantics.simps(6))



then have Vv e W MNK Miw M,vELip
by simp

then show <M, w = K i (L ip)
by simp

qed

lemma soundness-Ax-2: <Ax-2 p = weakly-directed M — w e W M — M, w

=P

by (induct p rule: Az-2.induct) (meson weakly-directed)

2.2 Imply completeness

lemma Azx-2-weakly-directed:
fixes A :: <'i fm = bool»
assumes (Vp. Azx-2 p — A p» <consistent A V> <maximal A V>
and <consistent A W» «maximal A W» <consistent A U> <maximal A U>»
and <W € reach A i Vy <U € reach A i V>
shows <3 X. (consistent A X) A (mazimal A X) N X € (reach A i W) N (reach
AL U
proof (rule ccontr)
assume <~ ?thesis)
let 2S5 = «(known W i) U (known U %)
have (= consistent A 25>
by (smt (verit, best) Int-Collect <} X. consistent A X A mazimal A X A
X € {Wa. known W i C Wa} N {W. known U i C W}» maximal-extension
mem-Collect-eq sup.bounded-iff)
then obtain S’ where x: <A F imply S’ L) <set S’ C 29 «finite (set S')»
unfolding consistent-def by blast
let ?U = «filter (Ap. p € (known U 7)) S"
let ?W = «filter (Ap. p € (known W i)) S
let ?p = <conjunct ?U> and ?q = <conjunct 2W)>
have «(set ?U) U (set ?W) = (set S')
using * by auto
then have <A F imply ?U (imply ¢W L))
using K-imply-weaken imply-append
by (metis (mono-tags, lifting) x(1) set-append subset-refl)
then have <A - (?p — (imply ?W L))
using K-imply-conjunct by blast
then have <tautology ((imply ?W 1) — (2¢g — L))
using imply-conjunct by blast
then have <A - ((imply W L) — (?¢ — L))
using A1 by blast
then have <A+ (9p — (2¢ — L))
using K-imp-trans <A b (conjunct (filter (Ap. p € known U i) S') — imply
(filter (A\p. p € known W i) S') L)
by blast
then have ol: <A+ ((?p N %9) — L)
by (meson K-multi-imply)
moreover have «set ?U C (known U 7)) and «set W C (known W i)



and vV p.p € set 2U — (Kip) € U»and ¥V p. p € set ?W —»
(Kip)e W
by auto
then have «set (map (K i) ?U) C U» and cI: <set (map (K i) ?W) C W»
apply (metis (mono-tags, lifting) imageE set-map subsetl)
by auto
then have c¢2: (conjunct (map (K ) ?U) € U» and ¢2": <conjunct (map (K i)
W) e Wy
using assms(6) assms(7) mes-conjunction-mult apply blast
using assms(4) assms(5) c1 mes-conjunction-mult by blast
then have «((conjunct (map (K i) ?U)) — (K i ?p)) € U>»
and c¢3: «((conjunct (map (K i) ?W)) — (K i ?q)) € W>»
apply (meson K-conjunction-out-mult assms(6) assms(7) deriv-in-mazimal)
by (meson K-conjunction-out-mult assms(4) assms(5) deriv-in-mazimal)
then have c4: «(K i ?p) € U> and ¢4 «(K i ?2q) € W
using assms(6) assms(7) ¢2 consequent-in-mazimal apply blast
using assms(4) assms(5) c2’ ¢3 consequent-in-mazimal by blast
then have «(L ¢ (K¢ ?p)) € Vy and ¢5: «(Li (K1 %) e V>
using assms(2) assms(3) assms(6) assms(7) assms(9) exactly-one-in-mazimal
apply blast
using assms(2) assms(8) assms(4) assms(5) assms(8) ¢4’ exactly-one-in-mazimal
by blast
then have «(K i (L i ?p)) € V>
by (meson Axz-2.intros assms(1) assms(2) assms(3) ax-in-mazimal conse-
quent-in-mazximal)
then have «((K i (Li %p)) AN (Li (K i ?q)) e V>
using assms(2) assms(3) ¢ mes-conjunction by blast
then have (L i ((Li %p) A Ki 7q)) € V>
by (meson K-thm assms(2) assms(3) consequent-in-mazximal deriv-in-mazimal)
then have (L i (K i ?q) AN Li %)) € V>
by (smt (verit) <K i (L i (conjunct (filter (Ap. p € known U i) S")) €
Vs assms(2) assms(3) assms(4) assms(5) assms(8) ¢4’ exactly-one-in-maximal
mes-conjunction mem-Collect-eq subset-iff)
then obtain Z’ where z1:¢(consistent A Z') A (mazimal A Z')) and 22:<Z’ €
(reach A i V)
and z3: «((K i %9) N Li ?p) € Z
using <K i (L i (conjunct (filter (Ap. p € known U 4) S'))) € V> assms(4)
assms(5) assms(8) ¢4’ mes-conjunction by blast
then have z4: <«(L i (?q N %p)) € Z"
by (metis K-thm consequent-in-maximal deriv-in-mazimal)
then have 02:<(L i (Li (29 A %p))) € V>
using assms(2) assms(8) mes-properties(2) z1 z2 by blast
then have <A+ K i (Ki (((?p A 29) — L))
by (metis R2 ol)
then have 03:«K i (K i (((%p A 2q) — 1)) € V»
using assms(2) assms(3) deriv-in-mazimal by blast
then obtain X1 where z1:((consistent A X1) A (mazimal A X1)) and z2:<X1
€ (reach A i V)
and z3: <«(L i (?g N %p)) € XI»



using 21 22 z4 by blast
then have z/:«(K i ((?p A 2q9) — 1))) € X1
using o3 by blast
then have ¢:«<Vx. Vy. tautology (((zAy)—>L)—>—(yAz))»
by (metis eval.simps(4) eval.simps(5))
then have «(((?pA ?¢)— L)—>—(2gA %)) € X1»
using A1 deriv-in-maximal 1 by blast
then have <K i (((9pA%q)—> L)—>— (99N %)) € X1»
by (meson A1 R2 deriv-in-maximal t x1)
then have «(K ¢ ((?pA?2¢)—>L)— K i (—(%gN%p))) € X1»
by (meson K-A2' consequent-in-mazimal deriv-in-mazimal x1)
then have (K i ((?pA%q)—>L)— (= L i(%gN?p))) € X1»
using consequent-in-mazimal exactly-one-in-maximal 1 x3 ©4 by blast
then have «(— L i(2gA %)) € X1 N (L i(%gN%p)) € X1»
using consequent-in-maximal x1 x4 x3 by blast
then show Fulse
using ezactly-one-in-mazximal 1 by blast
qed

lemma mcs_o-weakly-directed:
fixes A :: /i fm = bool»
assumes Vp. Az-2p — A p
shows <weakly-directed (W = mcss A, K = reach A, m = pi)»
unfolding weakly-directed-def
proof (intro alll balll, auto)
fix i VUW
assume <consistent A Vy <mazimal A V> <(consistent A U» <mazimal A U>»
<consistent A W»
<maximal A Wy <known V¢ C U» <known Vi C W»
then have <3 X. (consistent A X) A (mazimal A X) N X € (reach A i W) N
(reach A i U)»
using Az-2-weakly-directed [where A=A and V=V and W=W and U=U]
assms IntD2
by simp
then have 3 X. (consistent A X) A (mazimal A X) AN X € (reach A i W) A X
€ (reach A i U)»
by simp
then show 3 X. (consistent A X) A (mazimal A X) A known Wi C X A known
UiC Xy
by auto
qed

lemma imply-completeness-K-2:
assumes valid: <V (M :: (i, 'i fm set) kripke). Vw € W M.
weakly-directed M — Vg€ G. M, wlE q) — M, w E p
shows «J¢s. set gs C G A (Az-2 & imply gs p)»
proof (rule ccontr)
assume (A gs. set gs C G A Az-2 F imply gs p>
then have *: «Vgs. set gs C G — — Az-2 F imply ((— p) # ¢s) L>
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using K-Boole by blast

let 25 = ({=p} U G
let 2V = <Extend Az-2 25
let 2M = (W = mcss Az-2, K = reach Az-2, 7 = pi))»

have (consistent Az-2 25
using * by (metis K-imply-Cons consistent-def inconsistent-subset)
then have <?M, ?V = (- p) Vg € G. ?M, ?V = ¢ <consistent Az-2 ?V)
<mazximal Az-2 2V
using canonical-model unfolding list-all-def by fastforce+
moreover have (weakly-directed ?M >
using mcs_o-weakly-directed [where A=Az-2] by fast
ultimately have «?M, ?V E p
using valid by auto
then show Fulse
using <?M, ?V = (- p)» by simp
qed

3 System S4.2

abbreviation SystemS4-2 :: <'i fm = booly (<tg42 - [50] 50) where
rsao p = AzT ¢ Azf § Az-2 F p»

abbreviation AzS4-2 :: /i fm = bool> where
(AxS4-2 = AxT & Az & Az-2»

3.1 Soundness

abbreviation w-directed-preorder :: «('i, 'w) kripke = bool> where
<w-directed-preorder M = reflexive M A transitive M N\ weakly-directed M>

lemma soundness-AxS4}-2: «AxS4-2 p = w-directed-preorder M — w € W M
= M, wEp
using soundness-AxT soundness-Axj soundness-Az-2 by metis

lemma soundnessgys: (Fsq0 p = w-directed-preorder M — w e W M — M,

wE p

using soundness soundness-AxS4-2 .

3.2 Completeness

lemma imply-completeness-S4-2:
assumes valid: <V (M :: (i, 'i fm set) kripke). Vw € W M.
w-directed-preorder M — (Vg€ G. M, wE q) — M, w = p
shows <3 ¢s. set gs C G N (AxS4-2 + imply gs p)»
proof (rule ccontr)
assume J gs. set gs C G A AzS}-2 + imply qs p»
then have *: (V ¢s. set gs C G — - AxS4-2 F imply ((— p) # gs) L»

11



using K-Boole by blast

let 25 = ({=p} U G
let ¢V = <Extend AxS4-2 25
let ?M = «(W = mcss AxS4-2, K = reach AxS4-2, © = pil)

have <consistent AxS}-2 25>
using * by (metis (no-types, lifting) K-imply-Cons consistent-def inconsis-
tent-subset)
then have
M, 2V = (—py NMge G M, 2V = @
<consistent AxS4-2 2V <maximal AxS4-2 2V
using canonical-model unfolding list-all-def by fastforce+
moreover have (w-directed-preorder ¢M>
using reflexiver|[of AxS4-2] mes-o-weakly-directed|of AxS4-2] transitiveg 4[of
AzS4-2] by auto
ultimately have <M, ?V = p
using valid by auto
then show Fulse
using <YM, ?V | (- p)» by simp
qed

lemma completenesssys:

assumes <V (M :: (4, 'i fm set) kripke). YVw € W M. w-directed-preorder M —
M, wEp

shows <Fg40 P

using assms imply-completeness-S4-2[where G=«{})] by auto

abbreviation <(validsss p = V(M :: (nat, nat fm set) kripke). Vw € W M.
w-directed-preorder M — M, w = p»

theorem maingyo: <validsgs p +— Fgas P
using soundnesssso completenessgyo by fast

corollary
assumes (w-directed-preorder M»> «<w € W M)
shows (walidgys p — M, w E
using assms soundnessgys completenessgso by fast

4 Topological S4 axioms

abbreviation DoubleImp (infixr <+—> 25) where
(pe—q)=((p — ) A (¢ —> D))

inductive System-topoS4 :: <"t fm = booly (1o, -» [50] 50) where
A1 <tautology p = Frop b

| AR: <Erop (K i (p A q)) «— ((Kip) A Kiq))

| AT" <Frop (Kip —> pp

| A4" <Frop (Kip —> K i (K ip))

12



| AN: <Fpop K@ T
| R1": <|_Top p = }_Top (P — q) = '_Top Q
| RM: <Frop (p —> q) = brop (K ip) —> Kiq)

lemma topoS4-trans: t—pop (p — ¢) — (¢ —> 1) — p —> 1)
by (simp add: A1)

lemma topoS4-conjElim: <Frop (0 A g —> q)»
by (simp add: A1')

lemma topoS4-AzK: krep (Kip A Ki(p — q¢) — Kig)
proof —
have -7,, (p A (p — @) — qp
using A1’ by force
then have *: <Fr,, (Ki (p A (p — q)) — K iq)
using RM by fastforce
then have (-7,, (KipAKi(p—q) — Ki(pA(p — q))
using AR topoSj-conjElim System-topoS4.simps by fast
then show ?thesis
by (meson * System-topoS4.R1’ topoSj-trans)
qed

lemma topoS4-NecR:
assumes (Frq, D
shows<-7,, K i p»
proof —
have 7, (T — p)
using assms by (metis System-topoS4 . A1’ System-topoS4.R1' conjunct.simps(1)
imply.simps(1) imply-conjunct)
then have (-7,, (Ki T — K ip)
using RM by force
then show ?thesis
by (meson AN System-topoS4.R1")
qed

lemma empty-S4: {} Fea p +— AxT & Az b p
by simp

lemma S/-topoS4: {} Fsa p = Frop »

unfolding empty-S/
proof (induct p rule: AK .induct)

case (A21ip q)

then show ?case using topoS}-AzK .
next

case (Az p)

then show ?case
using AT’ A}’ by (metis AxT.cases Az .cases)

next

case (R2 p)
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then show ?case
by (simp add: topoS}-NecR)
qed (meson System-topoSj .intros)+

lemma topoSj-S4:
fixes p :: <'i fm
shows (Frop p = {} Fsa p
unfolding empty-S/
proof (induct p rule: System-topoS/ .induct)
case (AT’ i p)
then show ?case
by (simp add: Az AzT.intros)
next
case (A4’ p)
then show ?case
by (simp add: Az Azx4.intros)
next
case (AR ip q)
then show ?case
by (meson K-conj-imply-factor K-conjunction-in K-conjunction-out K-imp-trans’
K-imply-multi R1)
next
case (AN 1)
then have *: <AzT & Az F T»
by (simp add: A1)
then show ?case
by (simp add: x R2)
next
case (RM p q i)
then have <AzT @ Az4 F Ki (p —> q)
by (simp add: R2)
then show ?case
by (simp add: K-map RM .hyps(2))
qed (meson AK .intros)+

theorem maings” ({} |Fsa p «— (Frop )
using maings[of {}] S4-topoS4 topoS4-S4 by fast

end
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