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Abstract

This entry provides a basic library for many-sorted terms and al-
gebras. We view sorted sets just as partial maps from elements to
sorts, and define sorted set of terms reusing the data type from the
existing library of (unsorted) first order terms. All the existing func-
tionality, such as substitutions and contexts, can be reused without
any modifications. We provide predicates stating what substitutions
or contexts are considered sorted, and prove facts that they preserve
sorts as expected.
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1 Introduction

This entry extends the First-Order Terms [1] entry with many-sorted terms.
Instead of defining a new datatype for sorted terms, we just define sorted sets
over the existing datatype of unsorted terms. We do not even introduce our
type for sorted sets: we just view sorted sets as partial maps from elements
to their sorts.
Part of the entry is presented in [2].
theory Sorted-Sets
imports

Main

HOL— Library. FuncSet

HOL- Library. Monad-Syntaz

Complete-Non-Orders. Binary-Relations
begin

2 Auxiliary Lemmas
lemma ex-set-conv-ez-nth:
(3z € set xs. Px) = (3i. i < length zs N P (xs ! 7))

by (auto simp add: set-conv-nth)

lemma Ball-Pair-conv: (¥ (z,y)€R. Pz y) «— (Vz y. (z,y) € R — Pz y) by
auto

lemma Some-eg-bind-conv: (Some x = f >= g) = (Jy. f = Some y A g y = Some
x)

by (fold bind-eq-Some-conv, auto)

lemma length-le-nth-append: length xs < n = (zsQys)!ln = ys!(n—Ilength xs)



by (simp add: nth-append)

lemma list-all2-same-left:

Va' € set as. a’' = a = list-all2 r as bs «— length as = length bs A (Vb € set
bs. 7 a b)

by (auto simp: list-all2-conv-all-nth all-set-conv-all-nth)

lemma list-all2-same-left:

Va' € setas. a’ = a = length as = length bs = V b € set bs. r a b => list-all2
r as bs

by (auto simp: list-all2-same-left)

lemma list-all2-same-right:

Vb’ € set bs. b’ = b = list-all2 r as bs +— length as = length bs A (Va € set
as. v ab)

by (auto simp: list-all2-conv-all-nth all-set-conv-all-nth)

lemma list-all2-same-rightI:

Vb’ € set bs. b’ = b = length as = length bs = V a € set as. r a b => list-all2
r as bs

by (auto simp: list-all2-same-right)

lemma list-all2-all-all:
Va € set as. Vb € set bs. r a b => list-all2 r as bs +— length as = length bs
by (auto simp: list-all2-conv-all-nth all-set-conv-all-nth)

lemma [list-all2-indep1:
list-all2 (Aa b. P b) as bs +— length as = length bs N (Vb € set bs. P b)
by (auto simp: list-all2-conv-all-nth all-set-conv-all-nth)

lemma list-all2-indep2:
list-all2 (Aa b. P a) as bs <— length as = length bs A (Va € set as. P a)
by (auto simp: list-all2-conv-all-nth all-set-conv-all-nth)

lemma list-all2-replicate|simp]:
list-all2 r (replicate n x) ys +— length ys =n A (Vy € set ys. r z y)
list-all2 r zs (replicate n y) <— length zs = n A (Vz € set xs. 7 y)
by (auto simp: list-all2-conv-all-nth all-set-conv-all-nth)

lemma list-all2-choice-nth: assumes Vi < length xzs. 3y. r (asli) y shows Jys.
list-all2 r zs ys
proof—

from assms have Vi € {0..<length zs}. y. r (zsli) y by auto

from finite-set-choice| OF - this]

obtain f where Vi < length zs. r (zs ! 7) (f ©) by (auto simp: Ball-def)

then have list-all2 r zs (map f [0..<length xs]) by (auto simp: list-all2-conv-all-nth)
then show ?thesis by auto
qed



lemma list-all2-choice: V& € set xs. Jy. r vy = ys. list-all2 r zs ys
using list-all2-choice-nth by (auto simp: all-set-conv-all-nth)

lemma list-all2-concat:
list-all2 (list-all2 r) ass bss = list-all2 r (concat ass) (concat bss)
by (induct rule:list-all2-induct, auto intro!: list-all2-appendI)

lemma those-eq-None[simp]: those as = None +— None € set as by (induct as,
auto split:option.split)

lemma those-eq-Some[simp]: those zos = Some zs <— xos = map Some xs
by (induct zos arbitrary:xzs, auto split:option.split-asm)

lemma those-map-Some[simp]: those (map Some zs) = Some xs by simp

lemma those-append:
those (as @ bs) = do {zs < those as; ys < those bs; Some (xsQys)}
by (auto simp: those-eq-None split: bind-split)

lemma those-Cons:
those (a#as) = do {x < a; xs < those as; Some (z # xs)}
by (auto split: option.split bind-split)

lemma map-singleton-o[simp]: (Az. [z]) o f = (Az. [f z]) by auto
lemmas list-3-cases = remdups-adj.cases

lemma in-set-updateD: x € set (xs[n = y]) = z € setxs V z =y
by (auto dest: subsetD[OF set-update-subset-insert])

lemma map-nth’”: length xs = n = map (nth xs) [0..<n] = zs
using map-nth by auto

lemma product-lists-map-map: product-lists (map (map f) zss) = map (map f)
(product-lists xss)
by (induct xzss, auto simp: Cons o-def map-concat)

lemma (in monoid-add) sum-list-concat: sum-list (concat zs) = sum-list (map
sum-list xs)
by (induct zs, auto)

context semiring-1 begin

lemma prod-list-map-sum-list-distrib:
shows prod-list (map sum-list xss) = sum-list (map prod-list (product-lists xss))
by (induct zss, simp-all add: map-concat o-def sum-list-concat sum-list-const-mult

sum-list-mult-const)

lemma prod-list-sum-list-distrib:



(J[zs < xzss. >z + zs. fz) = (O xs « product-lists xss. [[ x<wxs. f x)
using prod-list-map-sum-list-distrib[of map (map f) xss]
by (simp add: o-def product-lists-map-map)

end

lemma ball-set-bez-set-distrib:
(Vzseset xss. xeset xs. fx) «— (Fase€set (product-lists zss). ¥ x€set xs. f )
by (induct zss, auto)

lemma bezx-set-ball-set-distrib:
(Jzseset xss. Vzeset xs. fx) «— (Vascset (product-lists zss). Jx€set xs. f )
by (induct zss, auto)

declare upt-Suc[simp del]

lemma map-nth-Cons: map (nth (z#xs)) [0..<n] = (case n of 0 =[] | Suc n =
x # map (nth zs) [0..<n])
by (auto simp:map-upt-Suc split: nat.split)

lemma upt-0-Suc-Cons: [0..<Suc i] = 0 # map Suc [0..<i]
using map-upt-Suclof id] by simp

lemma upt-map-add: i < j = [i..<j] = map (Ak. k + ©) [0..<j—i]
by (simp add: map-add-upt)

lemma map-nth-append:

map (nth (zs Q ys)) [0..<n] =

(if n < length xs then map (nth xs) [0..<n] else zs @ map (nth ys) [0..<n—length
as))

by (induct xs arbitrary: n, auto simp: map-nth-Cons split: nat.split)

lemma all-dom: (Vz € dom f. P z) «— (Vz y. fz = Some y — P z) by auto

lemma trancl-Collect: {(z,y). r = y}* = {(z,y). tranclp r z y}
by (simp add: tranclp-unfold)

lemma restrict-submaplintrol]: A | S C,, A
by (auto simp: restrict-map-def map-le-def domIff)

lemma restrict-map-mono-left: A C,, A’ = A |‘ SC, A'|°S
c

|
and restrict-map-mono-right: S C S'— A |*S C,, A|*S’
by (auto simp: map-le-def)

3 Sorted Sets and Maps
declare domlIff[iff del]

We view sorted sets just as partial maps from elements to their sorts. We



just introduce the following notation:

definition hastype (<((-) :/ (-) in/ (-))» [50,61,51]50)
where a : 0 in A = A a = Some o

abbreviation all-hastype c A P =Va.a:0in A — Pa
abbreviation ez-hastype c A P =3a.a:0im AN Pa

syntax
all-hastype :: 'pttrn = 'a = 'a = 'a = 'a (V-:/ -in/ -/ - [50,51,51,10]10)
ex-hastype :: 'pttrn = 'a = 'a = 'a = ’a («3-:/ -in/ -./ - [50,51,51,10]10)

syntax-consts
all-hastype = all-hastype and
ex-hastype = ex-hastype

translations
Va:oin A e = CONST all-hastype o A (Ma. €)
Ja:oin A. e = CONST ex-hastype o A (Aa. €)

lemmas hastypel = hastype-def [unfolded atomize-eq, THEN iffD2]
lemmas hastypeD[dest] = hastype-def [unfolded atomize-eq, THEN iffD1]
lemmas eq-Some-iff-hastype = hastype-def[symmetric]

lemma has-same-type: assumes a : 0 in A shows a:0’'in A +— o' =0
using assms by (unfold hastype-def, auto)

lemma sset-eql: assumes (Aa 0. a : 0 in A < a: 0 in B) shows A = B
proof (intro ext)
fix a show A a = B a using assms apply (cases A a, auto simp: hastype-def)
by (metis option.exhaust)
qed

lemma in-dom-iff-ez-type: a € dom A +— (Jo. a : o in A) by (auto simp:
hastype-def domlff)

lemma in-dom-hastypeE: a € dom A = (\o. a : 0 in A = thesis) = thesis
by (auto simp: hastype-def domlIff)

lemma hastype-imp-dom[simp|: a : 0 in A = a € dom A by (auto simp: domlIff)
lemma untyped-imp-not-hastype: A a = None = — a : 0 in A by auto

lemma nez-hastype-iff: (Ao. a: o in A) < A a = None by (auto simp: hastype-def)
lemma all-dom-iff-all-hastype: (Vz € dom A. Pz) «— (NVz o.x:0in A — P

x)
by (simp add: all-dom hastype-def)

Explicitly sorted sets:



abbreviation sort-annotated = Some o snd

lemma hastype-in-Some[simp]: a : o in (Az. Some (fz)) «+— 0= fa
by (auto simp: hastype-def)

Listwise type judgement:

abbreviation hastype-list (<((-) 1/ (-) in/ (-))» [50,61,51]150)
where as ;; 0s in A = list-all2 (Aa 0. a : 0 in A) as os

lemma has-same-type-list:
as i 0sin A= as: 0s'in A+— os' =o0s
proof (induct as arbitrary: os os’)
case Nil
then show ?case by auto
next
case (Cons a as)
then show ?Zcase by (auto simp: has-same-type list-all2-Consl)
qed

lemma hastype-list-iff-those: as :; os in A <— those (map A as) = Some os
proof (induct as arbitrary:cs)
case Nil
then show ?case by auto
next
case [H: (Cons a as 00s)
show ?Zcase
proof (cases cos)
case [simp]: Nil
show ?thesis by (auto split:option.split)
next
case [simp]: (Cons o 0s)
from IH show ?thesis by (auto introl:hastypel split: option.split)
qed
qed

lemmas hastype-list-imp-those[simp] = hastype-list-iff-those] THEN iffD1]

lemma hastype-list-imp-lists-dom: xs ;; os in A = zs € lists (dom A)
by (auto simp: list-all2-conv-all-nth in-set-conv-nth hastype-def)

lemma subsset: A C,, A’<— Vaoc.a:0inA— a:0in A’
by (auto simp: Ball-def map-le-def hastype-def domIff)

lemmas subsset] = subsset|THEN iffD2, rule-format)
lemmas subssetD = subsset[THEN iffD1, rule-format]

lemma subsset-hastype-listD: A C,, A’ = as :;; 0sin A = as :;; 05 in A’
by (auto simp: list-all2-conv-all-nth subssetD)



lemma has-same-type-in-subsset:
a:0mA'= AC, A= a:0'"inAd=—=0'=o0
by (auto dest!: subssetD simp: has-same-type)

lemma has-same-type-in-dom-subsset:
a:ocmA' = AC,, A= acdomA+—a:0inA
by (auto simp: in-dom-iff-ex-type dest: has-same-type-in-subsset)

Restriction of partial map, also depending on the value.

definition restrict-sset A P a =
do{ o+ A a; if Pao then Some o else None }

syntax restrict-sset :: 'pttrn = 'pttrn = 'a = 'a = 'a
(d-: -in -/ -} [50,51,50,011000)

translations {a : 0 in A. P} = CONST restrict-sset A (Aa o. P)

lemma hastype-in-restrict-sset[simp]:
a:ocimf{a:0imA. Paoc}+—>a:0imAANPac
by (auto simp: restrict-sset-def hastype-def bind-eq-Some-conv)

lemma restrict-sset-cong:
assumes A = A’
and A\ao.a:0inA= Paoc<+— Paco
shows {a :0inA. Pac}={a:0in A" P aoc}
by (auto introl: sset-eql simp: assms)

lemma restrict-sset-True[simp): {a : o in A. True} = A
by (auto intro!: sset-eql)

lemma dom-restrict-sset: dom {a: 0 in A. Pao} ={a.3o.a:0in ANPaoc}
by (auto elim!: in-dom-hastypeF)

lemma hastype-restrict: a : o in A|*S+—a€SANa:0inA
by (auto simp: restrict-map-def hastype-def)

lemma restrict-map-eg-restrict-sset: A |*S ={z : 0 in A. x € S}
by (auto intro!: sset-eql simp: hastype-restrict)

lemma hastype-the-simp[simp]: a : 0 in A = the (A a) = 0o
by (auto)

lemma hastype-in-upd[simp): z : o in A(y — 7) +— (if £ = y then 0 = T else x
coin A)
by (auto simp: hastype-def)

lemma all-set-hastype-iff-those: ¥ a € set as. a : 0 in A =
those (map A as) = Some (replicate (length as) o)
by (induct as, auto)



The partial version of list nth:

primrec safe-nth where
safe-nth [] - = None
| safe-nth (a#tas) n = (case n of 0 = Some a | Suc n = safe-nth as n)

lemma safe-nth-simp[simp]: i < length as = safe-nth as i = Some (as ! 7)
by (induct as arbitrary:i, auto split:nat.split)

lemma safe-nth-None[simp):
length as < i = safe-nth as i = None
by (induct as arbitrary:i, auto split:nat.split)

lemma safe-nth: safe-nth as i = (if i < length as then Some (as ! 7) else None)
by auto

lemma safe-nth-eq-SomekE:
safe-nth as i = Some a = (i < length as = as ! { = a = thesis) = thesis
by (cases i < length as, auto)

lemma dom-safe-nth[simp]: dom (safe-nth as) = {0..<length as}
by (auto simp: domlIff elim!: safe-nth-eq-SomeFE)

lemma safe-nth-replicate[simp]:
safe-nth (replicate n a) ¢ = (if i < n then Some a else None)
by auto

lemma safe-nth-append:
safe-nth (IsQrs) i = (if i < length Is then Some (Isli) else safe-nth rs (i — length

ls))

by (cases i < length (IsQrs), auto simp: nth-append)

lemma hastype-in-safe-nth[simpl: i : o in safe-nth os <— i < length os A\ 0 =
s

Ui;; (auto simp: hastype-def safe-nth)

lemmas hastype-in-safe-nthE = safe-nth-eq-SomeE[folded hastype-def]

lemma hastype-in-o[simp]: a : 0 in A o f «— fa : o in A by (simp add:
hastype-def)

definition o-sset (infix (os» 55) where
f os A = map-option f o A

lemma hastype-in-o-sset: a : o’ in fos A+— (Jo.a:0in ANc' = f o)
by (auto simp: o-sset-def hastype-def)

lemma hastype-in-o-ssetl: a : 0 in A= fo=0c'"=— a:0' infos A
by (auto simp: o-sset-def hastype-def)



lemma hastype-in-o-ssetD: a : 7 infos A= Jo.a:0imANT=fo0o
by (auto simp: o-sset-def hastype-def)

lemma hastype-in-o-ssetE: a : 7infos A= (No.a:0ind=71=foc =
thesis) = thesis
by (auto simp: o-sset-def hastype-def)

lemma o-sset-restrict-sset-assoc[simp|: f os (A |* X) = (f os A) | X
by (auto simp: o-sset-def restrict-map-def)

lemma id-o-sset[simp]: id os A = A
and identity-o-sset[simp: (A\z. ) os A = A
by (auto simp: o-sset-def map-option.id map-option.identity)

lemma o-ssetl: A © = Some y = z = fy = (f os A) x = Some z by (auto
simp: o-sset-def)

lemma o-ssetE: (f os A) z = Some 2z = (A\y. Az = Somey = 2= fy =
thesis) = thesis
by (auto simp: o-sset-def)

lemma dom-o-sset[simpl: dom (f os A) = dom A
by (auto intro!: o-ssetl elim!: o-ssetE simp: domlIff)

lemma safe-nth-map: safe-nth (map f as) = f os safe-nth as
by (auto simp: safe-nth o-sset-def)

notation Map.empty (<0)
lemma safe-nth-Nil[simp]: safe-nth [| = 0 by auto

lemma o-sset-empty[simp]: f os 0 = () by (auto simp: o-sset-def)
lemma hastype-in-empty|simp|: —z : o in O by (auto simp: hastype-def)

3.1 Maps between Sorted Sets

locale sort-preserving = fixes f :: ‘a = '‘band A :: 'a — s

assumes same-value-imp-same-type: a : 0 in A = b:7in A= fa=fb—=
o=rT
begin

lemma same-value-imp-in-dom-iff:

assumes fafa”: fa = fa’and a: a : 0 in A shows a” a’ € dom A +— a': 0
in A

using same-value-imp-same-type[OF a - fafa’] by (auto elim!: in-dom-hastypeE)

end

lemma sort-preserving-cong:

10



A=A"= (Naoc.a:0in A= fa=f"a) = sort-preserving f A +—
sort-preserving f' A’
by (auto simp: sort-preserving-def)

lemma inj-on-dom-imp-sort-preserving:

assumes inj-on f (dom A) shows sort-preserving f A
proof unfold-locales

fixabor

assume a: ¢ :oimAand b: b:7in Aand eq: fa=fb

with inj-onD[OF assms] have a = b by auto

with a b show o = 7 by (auto simp: has-same-type)
qed

lemma inj-imp-sort-preserving:
assumes inj [ shows sort-preserving f A
using assms by (auto intro!: inj-on-dom-imp-sort-preserving simp: inj-on-def)

locale sorted-map =
fixesf::'a="band A::'a — 'sand B :: 'b — s
assumes sorted-map: Nao. a:0imnA = fa:o0inB
begin

lemma target-has-same-type: a : 0 in A = fa:7inB+— o =7
by (auto simp:has-same-type dest!: sorted-map)

lemma target-dom-iff-hastype:
a:0imA= fa€domB<+— fa:0inB
by (auto simp: in-dom-iff-ex-type target-has-same-type)

lemma source-dom-iff-hastype:
fa:ocinB=—=acdomA+— a:0in A
by (auto simp: in-dom-iff-ex-type target-has-same-type)

lemma elim:
assumes a: (Aao.a:0in A= fa:0in B) = P
shows P
using a by (auto simp: sorted-map)

sublocale sort-preserving
apply unfold-locales
by (auto simp add: sorted-map dest!: target-has-same-type)

lemma funcset-dom: f : dom A — dom B
using sorted-maplunfolded hastype-def] by (auto simp: domIff)

lemma sorted-map-list: as :; os in A = map fas: osin B
by (auto simp: list-all2-conv-all-nth sorted-map)

lemma in-dom: a € dom A = f a € dom B by (auto elim!: in-dom-hastypeE

11



dest!:sorted-map)
end
notation sorted-map (¢- :5(/ - =/ -)» [50,51,51]50)

abbreviation all-sorted-map A BP =Vf.f:s A— B — Pf
abbreviation ez-sorted-map A BP=3f. f:; A— BAPf

syntax
all-sorted-map :: 'pttrn = 'a = 'a = "a = 'a (V- :5(/ -—/ )./ > [50,51,51,10]10)
ex-sorted-map :: 'pttrn = 'a = 'a = 'a = "a («I-:5(/ - =/ -)./ > [50,51,51,10]10)

translations
Vf:s A — B. e = CONST all-sorted-map A B (\f. e)
3f:s A — B. e = CONST ex-sorted-map A B (\f. e)

lemmas sorted-mapl = sorted-map.intro

lemma sorted-mapD: f :s A+ B=—=a:0imA=— fa:0inB
using sorted-map.sorted-map.

lemmas sorted-mapE = sorted-map.elim

lemma assumes f :; A — B
shows sorted-map-0: g :s B— C = gof:s A — C
and sorted-map-cmono: A'C,, A= f:s A’ > B
and sorted-map-mono: B C,, B'=— f :y A — B’
using assms by (auto introl:sorted-mapl dest!:subssetD sorted-mapD)

lemma sorted-map-cong:

(Nao.a:0inA= fa=f"a) =

A=A=

(Nac.a:cinA= fa:0inB+— fa:0inB) =
fiwA—= B+ f:yA'—= B’

by (auto simp: sorted-map-def)

lemma sorted-choice:
assumes Vao.a:0in A — (3b:0 in B. Pab)
shows 3f :;; A — B. (Va € dom A. P a (f a))
proof—
have Va € dom A. 3b. Aa=BbAPab
proof
fix a assume a € dom A
then obtain o where a: a : 0 in A by (auto elim!: in-dom-hastypeFE)
with assms obtain b where b: b : ¢ in B and P: P a b by auto
with o have A a = B b by (auto simp: hastype-def)
with P show 3b. A a = Bb A P abby auto
qed

12



from bchoice[OF this| obtain f where f: Vze€dom A. Az = B (fz) AN Pz (f
z) by auto
have f :; A — B
proof
fix a 0 assume a: a : 0 in A
then have a € dom A by auto
with f have A a = B (f a) by auto
with a show fa : o in B by (auto simp: hastype-def)
qed
with f show ?thesis by auto
qed

lemma sorted-map-empty[simpl: f s 0 — A
by (auto simp: sorted-map-def)

lemma sorted-map-comp-nth:
a s (f os safe-nth (a#as)) - A<«— a 0 : fain AN (a o Suc :s (f os safe-nth
as) — A)
(is 2l «— 7r)
proof
assume 7]
from sorted-mapD(1)[OF this, of 0] sorted-mapD(1)[OF this, of Suc -]
show ?2r
apply (intro conjl sorted-map.intro, unfold hastype-in-o-sset)
by (auto simp: hastype-def)
next
assume r: r
then have 0: o 0 : fa in A and « o Suc ;5 [ os safe-nth as — A by auto
then
have x: i’ < length as = « (Suc i’) : f (asli’) in A for i’
apply (elim sorted-mapFE)
apply (unfold hastype-in-o-sset)
apply (auto simp:sorted-map-def hastype-def).
with 0 show 2]
by (intro sorted-map.intro, unfold hastype-in-o-sset, unfold hastype-def,auto
split:nat.split-asm elim:safe-nth-eq-SomekE)
qed

3.1.1 Sorted bijection

locale sorted-surjection = sorted-map +
assumes surj: f “dom A = dom B
begin

lemma hastype-in-target-iff: b: o in B +— (Ja: 0 in A. b = fa)
proof safe

assume b: b : 0 in B

then have b € f ‘ dom A by (auto simp: surj)

then obtain ¢ where a € dom A b = f a by auto
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with b show Ja:0in A. b= fa
by (auto introl:exl[of - a] simp: source-dom-iff-hastype)
qed (simp add: sorted-map)

lemma image-of-sort: f ‘{a. a : 0 in A} = {b. b: o in B}
by (auto simp: hastype-in-target-iff’)

lemma all-in-target-iff: (Vb : 0 in B. Pb) «— (Va:0 in A. P (fa))
by (auto simp: hastype-in-target-iff)

end

locale sorted-bijection = sorted-map +
assumes bij: bij-betw f (dom A) (dom B)
begin

lemma inj: inj-on f (dom A)
using bij by (auto simp: bij-betw-def)

sublocale sorted-surjection
proof

show f ‘ dom A = dom B using bij by (auto simp: bij-betw-def)
qed

thm inj-on-subset| OF inj)

lemma bij-betw-sort: bij-betw f {a. a : o in A} {b. b: o in B}
by (auto simp: bij-betw-def sorted-map hastype-in-target-iff intro: inj-on-subset| OF
inj))

end

locale inhabited = fixes A
assumes inhabited: No. Ja. a: 0 in A
begin

lemma ex-sorted-map: da. a:s V — A
proof (unfold sorted-map-def, intro choice alll)
fix v
from inhabited
obtain ¢ whereVo. v:oinV — a:0in A
apply (cases V v)
apply (auto dest: untyped-imp-not-hastype)[1]
apply force.
then show Jy. Vo. v:0inV — y:0in A
by (intro exI[of - a], auto)
qed

end

14



3.2 Sorted Images

The partial version of The operator.

definition safe-The P = if 3lx. P x then Some (The P) else None

lemma safe- The-cong[cong):
assumes eq: A\z. Pz — Qz
shows safe-The P = safe-The @
using ext[of P @, OF eq] by simp

lemma safe-The-eq-Some: safe-The P = Some © +— Px A (Vz'. Pz’ — 2’ =
z)

apply (unfold safe-The-def)

apply (cases 3!z. P x)

apply (metis option.sel the-equality)

by auto

lemma safe-The-eq-None: safe-The P = None +— —(3lz. P 1)
by (auto simp: safe-The-def)

lemma safe-The-False[simp]: safe-The (Az. False) = None
by (auto simp: safe-The-def)

definition sorted-image :: (‘'a = 'b) = (‘la — 's) = 'b — s (infixr «*) 90) where
(f © A) b = safe-The (A\o. Ja: 0 in A. fa=1D)

lemma hastype-in-imagek:
assumes fr:oin f“° X
and Az. 2 : 0 in X = fr = fax = thesis
shows thesis
using assms by (auto simp: hastype-def sorted-image-def safe-The-eq-Some)

lemma in-dom-imagekE:
bedom (f*A) = (Naoc.a:0in A= b= fa= thesis) = thesis
by (elim in-dom-hastypeE hastype-in-imagekE)

context sort-preserving begin

lemma hastype-in-imagel: a : 0 in A = b=fa=b:oinf“ A
by (auto simp: hastype-def sorted-image-def safe-The-eq-Some)

(meson eq-Some-iff-hastype same-value-imp-same-type)

lemma hastype-in-imagel2: a : 0 in A = fa:0cinf* A
using hastype-in-imagel by simp

lemma hastype-in-image: b : o inf“ A+— (Ja:0in A. fa=0)
by (auto elim!: hastype-in-imageE introl: hastype-in-imagel )

lemma in-dom-imagel: a € dom A = b= fa = b € dom (f © A)
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by (auto intro!: hastype-imp-dom hastype-in-imagel elim!: in-dom-hastypeF)

lemma in-dom-imagel2: a € dom A = fa € dom (f © A)
by (auto intro!l: in-dom-imagel)

lemma hastype-list-in-image: bs ;y os in f © A <— (Jas. as ;; os in A N map f
as = bs)
by (auto simp: list-all2-conv-all-nth hastype-in-image Skolem-list-nth intro!:nth-equalityl )

lemma dom-image[simpl: dom (f © A) = f “ dom A
by (auto intro!: map-le-implies-dom-le in-dom-imagel elim!: in-dom-imageF)

sublocale to-image: sorted-map fA f© A
apply unfold-locales by (auto intro!: hastype-in-imagel)

lemma sorted-map-iff-image-subset:

fisA—=>B+—f®AC, B

by (auto introl: subssetl sorted-mapl hastype-in-imagel elim!: hastype-in-imageE
sorted-mapFE dest!:subssetD)

end

lemma sort-preserving-o:
assumes f: sort-preserving f A and g: sort-preserving g (f © A)
shows sort-preserving (g o f) A

proof (intro sort-preserving.intro, unfold o-def)
interpret f: sort-preserving using f.
interpret g: sort-preserving g f © A using g.
fixabor
assume a: a: o in Aand b: b:7in Aand eq: g (fa) =g (fb)
from a b have g (fa):oing® f* Ag(fb):7ing = f* A

by (auto introl: g.hastype-in-imagel f.hastype-in-imagel)

with eq show o = 7 by (auto simp: has-same-type)

qed

lemma sorted-image-image:

assumes f: sort-preserving f A and g¢: sort-preserving g (f © A)

shows g ®* f® A= (gof) ® A
proof—

interpret f: sort-preserving using f.

interpret g: sort-preserving g f © A using g.

interpret gf: sort-preserving <g o f» A using sort-preserving-o[OF f g|.

show ?thesis

by (auto elim!: hastype-in-imageE
intro!: sset-eql gf .hastype-in-imagel g.hastype-in-imagel f.hastype-in-imagel)

qed

context sorted-map begin
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lemma image-subsset[introl]: f ¢ A C,, B
by (auto intro!: subssetl sorted-map elim!: hastype-in-imageE)

lemma dom-image-subset[intro!]: f < dom A C dom B
using map-le-implies-dom-le[OF image-subsset] by simp

end

lemma sorted-image-cong: (Nao.a:0cin A= fa=f"a)=fSA=f" %A
by (auto 0 3 introl: ext arg-conglof - - safe-The] simp: sorted-image-def)

lemma inj-on-dom-imp-sort-preserving-inv-into:
assumes inj: inj-on f (dom A) shows sort-preserving (inv-into (dom A) f) (f #
4)
by (unfold-locales, auto elim!: hastype-in-imageE simp: inv-into-f-f[ OF inj] has-same-type)

lemma inj-imp-sort-preserving-inv:
assumes inj: inj f shows sort-preserving (inv f) (f © A)
by (unfold-locales, auto elim!: hastype-in-imageE simp: inv-into-f-f[ OF inj] has-same-type)

lemma inj-on-dom-imp-inv-into-image-cancel:
assumes inj: inj-on f (dom A)
shows inv-into (dom A) f“ f© A=A
proof—
interpret f: sort-preserving f A using inj-on-dom-imp-sort-preserving| OF inj].
interpret f” sort-preserving <inv-into (dom A) f» «f ¢ A
using inj-on-dom-imp-sort-preserving-inv-into[ OF inj].
show ?thesis
by (auto intro!: sset-eql f’.hastype-in-imagel f.hastype-in-imagel elim!: hastype-in-imageFE
stmp: inj)
qed

lemma inj-imp-inv-image-cancel:

assumes nj: inj f

shows inv f © f* A=A
proof—

interpret f: sort-preserving f A using inj-imp-sort-preserving[OF inj].

interpret f”: sort-preserving <inv f> «f © A using inj-imp-sort-preserving-inv[ OF
ingl.

show ?thesis

by (auto intro!: sset-eql f’.hastype-in-imagel f.hastype-in-imagel elim!: hastype-in-imageFE
simp: ing)
qged

definition sorted-Imagep (infixr ‘) 90)
where ((C) ‘“ A) b = safe-The (Ao. Ja : o in A. a C b) for r (infix <) 50)

lemma untyped-hastypeE: A a = None = a : 0 in A = thesis
by (auto simp: hastype-def)
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end

4 Sorted Terms

theory Sorted-Terms
imports Sorted-Sets First-Order-Terms. Term
begin

4.1 Overloaded Notations

consts vars :: 'a = 'b set

adhoc-overloading vars = wvars-term

consts map-vars :: ('a = 'b) = ‘¢ = 'd

adhoc-overloading map-vars = map-term (Az. x)

lemma map-term-eq-Var: map-term F Vs = Vary +— (3z. s=Vara Ay=1V

2)

by (cases s, auto)

lemma map-vars-id-iff: map-vars f s = s «— (Vx € vars-term s. fz = x)
by (induct s, auto simp: list-eq-iff-nth-eq all-set-conv-all-nth)

lemma map-var-term-id[simp|: map-term (Az. x) id = id by (auto simp: id-def[symmetric]
term.map-id)

lemma map-term-eq-Fun:

map-term F' Vs = Fun g ts «— (3fss. s = Fun fss AN g=F f N\ ts = map
(map-term F V) ss)

by (cases s, auto)

declare domlIff[iff del]

4.2 Sorted Signatures and Sorted Sets of Terms

We view a sorted signature as a partial map that assigns an output sort to
the pair of a function symbol and a list of input sorts.

type-synonym ('f,’s) ssig = 'f x ‘s list = 's

definition fun-hastype :: 'f = 's = 't = (/f x 's = 't) = bool

(«(-: /- /= /-1in/ -)» [50,61,61,50]50)
where f : 0 - 7in F = F (f,0) = Some 7

lemmas fun-hastypel = fun-hastype-defunfolded atomize-eq, THEN iffD2]
lemmas fun-hastypeD = fun-hastype-def[unfolded atomize-eq, THEN iffD1]
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lemma fun-hastype-imp-dom[simpl:
assumes f : ¢ — 7 in I shows (f,0) € dom F
using assms by (auto simp: fun-hastype-def domlIff)

lemma in-dom-fun-hastypeF:
assumes (f,0) € dom F and A7. f : 0 — 7 in ' = thesis shows thesis
using assms by (auto simp: fun-hastype-def dom-def)

lemma fun-has-same-type:
assumes f:0 - 7in Fand f: 0 — 7’ in F shows 7 = 7’
using assms by (auto simp: fun-hastype-def)

lemma fun-hastype-empty[simp): = f : 0 — 7 in ()
by (auto simp: fun-hastype-def)

lemma fun-hastype-upd: f : 0 — 7 in F((f',0’) — 1) +—
(iff=f'No=c'thent=r1"elsef:0— TinF)
by (auto simp: fun-hastype-def)

lemma fun-hastype-restrict: f : 0 - 7 in F|*S+— (fo) e SAf:0—=>7inF
by (auto simp: restrict-map-def fun-hastype-def)

lemma subssigl: assumes A\f o 7. f:0 > 7inF=f:0—>7inF’
shows F' C,, F'
using assms by (auto simp: map-le-def fun-hastype-def dom-def)

lemma subssigD: assumes FF: F C,, F'and f : 0 — 7 in F shows f : 0 — T
in B’
using assms by (auto simp: map-le-def fun-hastype-def dom-def)

The sorted set of terms:

primrec Term (<T'(-,-")») where
T(F,V) (Varv) = Vo
| T(F,V) (Fun f ss) =
(case those (map T (F,V) ss) of None = None | Some o0s = F (f,05))

lemma Var-hastype[simp]: Var v : o in T(F, V) +— v:0inV
by (auto simp: hastype-def)

lemma Fun-hastype:
Fun fss:1in T(F,V) +— (3os. f:os = 1in F A ss:osin T(F,V))
apply (unfold hastype-list-iff-those)
by (auto simp: fun-hastype-def hastype-def split:option.split-asm)

lemma Fun-in-dom-imp-arg-in-dom: Fun f ss € dom T(F,V) = s € set ss =

s € dom T(F,V)
by (auto simp: in-dom-iff-ex-type Fun-hastype list-all2-conv-all-nth in-set-conv-nth)
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lemma Fun-hastypel: f : 08 =17 in F = ss:yyosin T(F,V) = Fun fss: T in
T(F,V)
by (auto simp: Fun-hastype)

lemma hastype-in- Term-induct|case-names Var Fun, induct pred):
assumes s: s : o in T(F,V)
and V: Avo.v:oin V= P (Varv) o
and F: \fss os T.
fios—=>717in F= ssyosinT(F,V) = list-all2 P ss 0s = P (Fun f
ss) T
shows P s o
proof (insert s, induct s arbitrary: o rule:term.induct)
case (Var v o)
with V[of v o] show ?case by auto
next
case (Fun f ss 7)
then obtain os where f: f : 0s — 7 in F and ss: ss ;; osin T(F,V) by (auto
sitmp: Fun-hastype)
show ?Zcase
proof (rule F[OF f ss], unfold list-all2-conv-all-nth, safe)
from ss show len: length ss = length os by (auto dest: list-all2-lengthD)
fix ¢ assume i: i < length ss
with ss have x: ss 1 i:o0s!iin T(F,V) by (auto simp: list-all2-conv-all-nth)
from i have ssi: ss | i € set ss by auto
from Fun(1)[OF this |
show P (ss! i) (os! ).
qed
qed

lemma in-dom-Term-induct[case-names Var Fun, induct pred):
assumes s: s € dom T(F,V)
assumes V: Avo.v:oin V= P (Varv)
assumes F: \fss os 7.
fios—=T1inF = ssyosinT(F,V)=Vs¢& setss. Ps= P (Fun fss)
shows P s
proof—
from s obtain o where s : o in T(F,V) by (auto elim!:in-dom-hastypeE)
then show ?thesis
by (induct rule: hastype-in- Term-induct, auto introl: V F simp: list-all2-indep2)
qed

lemma Term-mono-left: assumes FF: F C,, F'shows T(F,V) C,, T(F'V)
proof (intro subssetl, elim hastype-in-Term-induct, goal-cases)

case (1 ao vo')

then show ?case by auto
next

case (2a0 fssosT)

then show ?case

by (auto introl:exI[of - os] dest!: subssigD[OF FF] simp: Fun-hastype)
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qed
lemmas hastype-in-Term-mono-left = Term-mono-left{ THEN subssetD]
lemmas dom-Term-mono-left = Term-mono-left| THEN map-le-implies-dom-le]

lemma Term-mono-right: assumes VV: V C,, V’/shows T(F,V) C,, T(F,V’)
proof (intro subssetl, elim hastype-in-Term-induct, goal-cases)

case (1 a o vo)

with VV show ?case by (auto dest!:subssetD)
next

case (2a0 fssosT)

then show ?case

by (auto introl:exI[of - os] simp: Fun-hastype)

qed

lemmas hastype-in-Term-mono-right = Term-mono-right| THEN subssetD]
lemmas dom-Term-mono-right = Term-mono-right] THEN map-le-implies-dom-le]
lemmas Term-mono = map-le-trans|OF Term-mono-left Term-mono-right]
lemmas hastype-in-Term-mono = Term-mono[THEN subssetD)]

lemmas dom-Term-mono = Term-mono| THEN map-le-implies-dom-le]

lemma hastype-in-Term-restrict-vars: s : o in T(F, V |*vars s) +— s : o in
T(F,V)
(is 2l s +— ?rs)
proof (rule iffI)
assume 9] s
from hastype-in-Term-mono-right[OF restrict-submap this]
show 7r s.
next
show %r s = %l s
proof (induct rule: hastype-in- Term-induct)
case (Var v o)
then show ?case by (auto simp:hastype-restrict)
next
case (Fun f ss o5 T)
have ss ;; osin T(F,V |“vars (Fun f ss))
apply (rule list.rel-mono-strong[OF Fun(3) hastype-in-Term-mono-right])
by (auto intro: restrict-map-mono-right)
with Fun show ?Zcase
by (auto simp:Fun-hastype)
qed
qed

lemma hastype-in-Term-imp-vars: s : o in T(F,V) = v € vars s = v € dom
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Vv
proof (induct s o rule: hastype-in-Term-induct)
case (Var v o)
then show ?Zcase by auto
next
case (Fun f ss 0s T)
then obtain ¢ where i: i < length ss and v: v € vars (ssli) by (auto simp:in-set-conv-nth)
from Fun(3) i v
show ?case by (auto simp: list-all2-conv-all-nth)
qed

lemma in-dom-Term-imp-vars: s € dom T (F,V) = v € vars s => v € dom V
by (auto elim!: in-dom-hastypeE simp: hastype-in- Term-imp-vars)

lemma hastype-in- Term-imp-vars-subset: ¢ : s in T(F,V) = vars t C dom V
by (auto dest: hastype-in-Term-imp-vars)

interpretation Var: sorted-map Var V T (F,V) for F V by (auto intro!: sorted-mapl)

4.3 Sorted Algebras

locale sorted-algebra-syntaxr =
fixes F :: ('f,’s) ssigand A :: 'a — 'sand I :: 'f = ‘a list = 'a

locale sorted-algebra = sorted-algebra-syntar +
assumes sort-matches: f:0s > 17 in F = as:yosin A= Ifas:7in A
begin

context

fixes o V

assumes a: o, V — A
begin

lemma eval-hastype:
assumes s: s : o in T(F,V) shows I[s]a : o in A
by (insert s, induct s o rule: hastype-in-Term-induct,
auto simp: sorted-mapD[OF a] introl: sort-matches simp: list-all2-conv-all-nth)

interpretation eval: sorted-map As. I[s]a T(F,V) A
by (auto intro!: sorted-mapl eval-hastype)

lemmas eval-sorted-map = eval.sorted-map-axioms
lemmas eval-dom = eval.in-dom

lemmas map-eval-hastype = eval.sorted-map-list

lemmas eval-has-same-type = eval.target-has-same-type
lemmas eval-dom-iff-hastype = eval.target-dom-iff-hastype
lemmas dom-iff-hastype = eval.source-dom-iff-hastype

end
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lemmas eval-hastype-vars =
eval-hastype| OF - hastype-in- Term-restrict-vars| THEN 4ffD2]]

lemmas eval-has-same-type-vars =
eval-has-same-type[ OF - hastype-in- Term-restrict-vars| THEN 4ffD2]]

end

lemma sorted-algebra-cong:
assumes F' = F'and A = A’
and Afos7tas. f:os > 7 inF' = as;yosinA'= Ifas=1"fas
shows sorted-algebra F' A I = sorted-algebra F' A’ I’
using assms by (auto simp: sorted-algebra-def)

4.3.1 Term Algebras

The sorted set of terms constitutes a sorted algebra, in which evaluation is
substitution.

interpretation term: sorted-algebra F T(F,V) Fun for F V
apply (unfold-locales)
by (auto simp: Fun-hastype)

Sorted substitution preserves type:

lemma subst-hastype: ¥ :s X — T(F,V) = s :0 in T(F,X) = s : 0 in
T(F,V)

using term.eval-hastype.

lemmas subst-hastype-imp-dom-iff = term.dom-iff-hastype
lemmas subst-hastype-vars = term.eval-hastype-vars
lemmas subst-has-same-type = term.eval-has-same-type
lemmas subst-same-vars = eval-same-vars|[of - - - Fun)]
lemmas subst-map-vars = eval-map-vars[of Fun]

lemmas subst-o = eval-o[of Fun]

lemmas subst-sorted-map = term.eval-sorted-map
lemmas map-subst-hastype = term.map-eval-hastype

lemma subst-compose-sorted-map:
assumes ¥ ;3 X — T(F,Y)and o :s Y — T(F,2)
shows ¥ o5 9 :s X — T(F,2)
using assms by (simp add: sorted-map-def subst-compose subst-hastype)

lemma subst-hastype-iff-vars:
assumes Vz€vars s. Vo. 9z : 0 in T(E,W)«— x:0in V
shows s -9 : 0 in T(F,W) +— s: 0 in T(F,V)
proof (insert assms, induct s arbitrary: o)
case (Var z)
then show ?case by (auto introl: hastypel)
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next

case (Fun fss T)

then show ?case by (simp add: Fun-hastype list-all2-conv-all-nth cong:map-cong)
qed

lemma subst-in-dom-imp-var-in-dom:
assumes s € dom T(F,V) and = € vars s shows 9 z € dom T(F,V)
using assms
proof (induction s)
case (Var v)
then show ?Zcase by auto
next
case (Fun f ss)
then obtain s where s: s € set ss and s-9 : dom T(F,V) and zs: z € vars s
by (auto dest!: Fun-in-dom-imp-arg-in-dom)
from Fun.IH[OF this]
show ?Zcase.
qed

lemma subst-sorted-map-restrict-vars:
assumes ©: ¥ ;s X — T(F,V)and WV: W C,, V and s9: s € dom T(F, W)
shows ¥ :; X |‘vars s — T(F,W)

proof (safe intro!: sorted-mapl dest!: hastype-restrict| THEN iffD1])
fix z 0 assume zs: ¢ € vars s and zo: z: 0 in X
from sorted-mapD[OF ¢ zo| have zdc: ¢ x : o in T(F,V) by auto
from subst-in-dom-imp-var-in-dom|[OF s0 xs]
obtain ¢’ where ¥ z : o’ in T(F,W) by (auto simp: in-dom-iff-ez-type)
with hastype-in-Term-mono[ OF map-le-refl WV this] xdo
show 9 z : o in T(F,W) by (auto simp: has-same-type)

qed

4.3.2 Homomorphisms

locale sorted-distributive =

sort-preserving ¢ A + source: sorted-algebra F A I for FF o AT J +

assumes distrib: f 1 0s > 7 in F = as:;yo08sin A= ¢ (Ifas) =Jf (map
¢ as)
begin

lemma distrib-eval:
assumes a: « ;s V — Aand s: s: 0 in T(F,V)
shows ¢ (I[s]a) = J[s](¢ o @)
proof (insert s, induct rule: hastype-in-Term-induct)
case (Var v o)
then show ?case by auto
next
case (Fun f ss os T)
note ty = source.map-eval-hastype[OF a Fun(2)]
from Fun(3)[unfolded list-all2-indep2] distrib|OF Fun(1) ty]
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show ?case by (auto simp: o-def cong:map-cong)
qed

The image of a distributive map forms a sorted algebra.

sublocale image: sorted-algebra F ¢ ¢ A J
proof (unfold-locales)
fix f os T bs
assume f: f: 0s — 7 in F and bs: bs ;y osin o © A
from bs[unfolded hastype-list-in-image]
obtain as where as: as :; 0s in A and asbs: map ¢ as = bs by auto
show J fbs:7inp © A
apply (rule hastype-in-imagel )
apply (fact source.sort-matches|OF f as])
by (auto simp: distrib|OF f as] asbs)
qed

end

lemma sorted-distributive-cong:
fixes A A'::'a = 'sand p:: ‘a= "band I :: 'f = 'a list = 'a
assumes ¢: Aac.a:0in A= pa=¢ a
and A: A = A’
and I: Afostas. f:o0s >7inF = as;yosinA= Ifas=1fas
and J: Afostas. f:o08s > 7 inF = as:yosin A= Jf (map ¢ as) =
J'f (map o as)
shows sorted-distributive F o A I J = sorted-distributive F o' A’ 1" J’
proof—
{fixAA:"a—="sand p ¢’ 'a="band I I':: 'f = 'a list = '‘a and J J’
2= "blist="b
assume : Aaoc.a:0in A= pa=¢p'a
have map-eq: as :; o0s in A = map ¢ as = map ¢’ as for as os
by (auto simp: list-eq-iff-nth-eq ¢ dest:list-all2-nthD)
{ assume A: A = A’
and I: Af ostas.f:os—>717inF = as:yosinA'= Ifas=1fas
and J: Af ostas. f:os—>17inF = as:;yosin A'= Jf (map ¢ as)
— J' f (map ¢ as)
{ assume hom: sorted-distributive F @' A" I J'
from hom interpret sorted-distributive F o’ A’ I’ J'.
interpret I: sorted-algebra F A I
using source.sort-matches A I by (auto intro!: sorted-algebra.intro)
have sorted-distributive F ¢ A I J
proof (intro sorted-distributive.intro sorted-distributive-axzioms.intro
1.sorted-algebra-azioms)
show sort-preserving ¢ A using sort-preserving-azioms|folded A] ¢
by (simp cong: sort-preserving-cong)
fix f os T as
assume f: f : 0s — 7 in F and as: as ;; osin A
from distrib|OF f as[unfolded A]] ¢ as I.sort-matches|OF f as]
I[OF f as[unfolded A]]
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show ¢ (I fas) = J f (map ¢ as) by (auto simp: map-eq[symmetric] A
introl: J[OF f, symmetric))
qed
}
}
note this map-eq
}
note x = this(1) and map-eq = this(2)
from map-equnfolded atomize-imp atomize-all, folded atomize-imp| ¢
have map-eq: as ;; 0s in A = map ¢ as = map ¢’ as for as os by metis
show ?thesis
proof (rule iffT)
assume pre: sorted-distributive F ¢ A I J
show sorted-distributive F ¢’ A" 1" J'
apply (rule x[rotated —1, OF pre])
using assms by (auto simp: map-eq)
next
assume pre: sorted-distributive F o' A’ I J’
show sorted-distributive F ¢ A I J
apply (rule x[rotated —1, OF pre])
using assms by auto
qed
qed

lemma sorted-distributive-o:
assumes sorted-distributive F ¢ A I J and sorted-distributive F @) (¢ © A) J K
shows sorted-distributive F (¢ o ) AT K
proof—
interpret o: sorted-distributive F o A I J + : sorted-distributive F ¢ @A J
K using assms.
interpret sort-preserving wop A by (rule sort-preserving-o; unfold-locales)
show ?thesis
apply (unfold-locales)
by (simp add: p.distrib 1.distrib|OF - ¢.to-image.sorted-map-list])
qed

locale sorted-homomorphism = sorted-distributive F o A I J + sorted-map ¢ A
B +
target: sorted-algebra F B J for FF o A I B J
begin
end

lemma sorted-homomorphism-o:

assumes sorted-homomorphism F o A I B J and sorted-homomorphism F ¢ B
JCK

shows sorted-homomorphism F (¢ o ¢) AT CK
proof—

interpret : sorted-homomorphism F ¢ A I B J + v: sorted-homomorphism F
v B J C K using assms.
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interpret sorted-map ¥ o p A C
using sorted-map-o[OF p.sorted-map-azxioms 1.sorted-map-axioms].
show ?thesis
apply (unfold-locales)
by (simp add: ¢.distrib .distrib|OF - p.sorted-map-list])
qed

context sorted-algebra begin

context fixes o V assumes sorted: o :s V — A
begin

The term algebra is free in all F-algebras; that is, every assignment « :5 V
— A is extended to a homomorphism As. I[s]a.

interpretation sorted-map o V A using sorted.

interpretation eval: sorted-map <\s. I[s]a> <T(F,V)» A using eval-sorted-map[OF
sorted).

interpretation eval: sorted-homomorphism F <\s. I[s]a> <T(F,V)» Fun A T
apply (unfold-locales) by auto

lemmas eval-sorted-homomorphism = eval.sorted-homomorphism-azxioms
end
end

lemma sorted-homomorphism-cong:
fixes A A'::’'a—'sand ¢ : ‘a= 'band I :: 'f = ‘a list = 'a
assumes ¢: Aaoc.a:0in A= pa=¢ a
and A4: A = A’
and I: Af ostas. f:o0s > 17inF = as;yosinA= Ifas=1"fas
and B: B = B’
and J: Af osTbs. f:os > T7in F = bs:;yosinB= Jfbs=J'fbs
shows sorted-homomorphism F o A I B J = sorted-homomorphism F ¢’ A’ I’
B’ J'(is 7l +— 7r)
proof
assume ?]
then interpret sorted-homomorphism F o A I B J.
have J" as ;yosin A= Jf (map v as) = J' f (map ¢ as) if f: f : 08 = 7
in F for f os 7 as
apply (rule J[OF f]) using A B sorted-map-list by auto
note * = sorted-distributive-cong| THEN iffD1, rotated — 1, OF sorted-distributive-axioms]
show ?2r
apply (intro sorted-homomorphism.intro %)
using assms J' sorted-map-azioms target.sorted-algebra-azioms
by (simp-all cong: sorted-map-cong sorted-algebra-cong)
next
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assume ?r
then interpret sorted-homomorphism F o' A’ I’ B’ J'.
have J": as ;y osin A" = J f (map @' as) = J' [ (map ¢’ as) if f: f:0s =7
in F for f os 7 as
apply (rule J[OF f]) using A B sorted-map-list ¢ by auto
note x = sorted-distributive-cong| THEN iffD1, rotated —1, OF sorted-distributive-azioms]
note 2 = sorted-map-cong| THEN iffD1, rotated —1, OF sorted-map-azioms)
show 2]
apply (intro sorted-homomorphism.intro x 2)
using assms J' target.sorted-algebra-azioms
by (simp-all cong: sorted-distributive-cong sorted-algebra-cong)
qed

context sort-preserving begin

lemma sort-preserving-map-vars: sort-preserving (map-vars f) T (F,A)
proof
fixaborT
assume a: a : o in T(F,A) and b: b : 7 in T(F,A) and eq: map-vars f a =
map-vars f b
from a b eq show o = 7
proof (induct arbitrary: T b)
case (Var z o)
then show ?case by (cases b, auto simp: same-value-imp-same-type)
next
case IH: (Fun ff ss os o)
show ?case
proof (cases b)
case (Var y)
with IH show ?thesis by auto
next
case (Fun gg tt)
with TH have eq: map (map-vars f) ss = map (map-vars f) tt by (auto simp:
id-def)
from arg-cong|OF this, of length| have lensstt: length ss = length tt by auto
with IH obtain 7s where ff2: f[f : 7s — 7 in F and tt: &t ;; 75 in T(F,A)
by (auto simp: Fun Fun-hastype)
from IH have lenss: length ss = length os by (auto simp: list-all2-lengthD)
have s = 75
proof (unfold list-eq-iff-nth-eq, safe)
from lensstt tt IH show len2: length os = length Ts by (auto simp:
list-all2-lengthD)
fix 7 assume i < length os
with lenss have i: i < length ss by auto
show os ! i=7s!i
proof (rule list-all2-nthD[OF IH(8) i, rule-format])
from i lenss lensstt arg-cong[OF eq, of Axs. xs!i]
show map-vars f (ss! i) = map-vars f (tt | i) by auto
from 7 lensstt list-all2-nthD[OF tt]

28



show tt!i:7s! iin T(F,A) by auto
qged
qed
with ff2 Fun IH.hyps(1) show o = 7 by (auto simp: fun-hastype-def)
qed
qed
qed

lemma map-vars-image-Term: map-vars f © T(F,A) = T(F.,f © A) (is L = ?R)
proof (intro sset-eql)
interpret map-vars: sort-preserving map-term (Az. z) f T (F,A) using sort-preserving-map-vars.
fixao
show a : 0 in ?L+— a:0in 7R
proof (induct a arbitrary: o)
case (Var z)
then show ?case
by (auto simp: map-vars.hastype-in-image map-term-eq- Var hastype-in-image)
(metis Var-hastype)
next
case IH: (Fun ff as)
show Zcase
proof (unfold Fun-hastype map-vars.hastype-in-image map-term-eq-Fun, safe
dest!: Fun-hastype][ THEN iffD1])
fix ss os
assume as: as = map (map-vars f) ss and ff: ff : 0s — o in F and ss: ss
g osin T(F,A)
from ss have map (map-vars f) ss ;y os in map-vars f © T(F,A)
by (auto simp: map-vars.hastype-list-in-image)
with IH[unfolded as]
have map (map-vars f) ss ;y os in T(F,f © A)
by (auto simp: list-all2-conv-all-nth)
with ff
show Jos. ff : 0s = o in F' A map (map-vars f) ss ;y osin T(F,f ¢ A) by
auto
next
fix s assume ff: ff : 0s — o in F and as: as ;; osin T(F,f © A)
with IH have as :; os in map-vars f © T(F,A)
by (auto simp: map-vars.hastype-in-image list-all2-conv-all-nth)
then obtain ss where ss: ss ;; os in T(F,A) and as: as = map (map-vars
) ss
by (auto simp: map-vars.hastype-list-in-image)
from ss ff have a: Fun ff ss : o in T(F,A) by (auto simp: Fun-hastype)
show Ja. a: 0 in T(F,A) A (3fa ss. a = Fun fa ss A\ f[f = fa A\ as = map
(map-vars f) ss)
apply (rule exI[of - Fun ff ss])
using a as by auto
qed
qged
qed
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end
context sorted-map begin

lemma sorted-map-map-vars: map-vars f :s T(F,A) — T(F,B)
proof—
interpret map-vars: sort-preserving <map-vars f» <T(F,A)» using sort-preserving-map-vars.
show ?thesis
apply (unfold map-vars.sorted-map-iff-image-subset)
apply (unfold map-vars-image-Term)
apply (rule Term-mono-right)
using image-subsset.
qed

end

4.4 Lifting Sorts

By ‘uni-sorted’ we mean the situation where there is only one sort (). This
situation is isomorphic to sets.

definition unisorted A a = if a € A then Some () else None

lemma unisorted-eq-Some[simp]: unisorted A a = Some 0 «— a € A
and unisorted-eq-None[simp|: unisorted A a = None <— a ¢ A
and hastype-in-unisorted[simp|: a : o in unisorted A +— a € A
by (auto simp: unisorted-def hastype-def)

lemma hastype-list-in-unisorted[simp]: as ;; os in unisorted A +— length as =
length os A set as C A
by (auto simp: list-all2-conv-all-nth dest: all-nth-imp-all-set)

lemma dom-unisorted[simp): dom (unisorted A) = A
by (auto simp: unisorted-def domlff split:if-split-asm)

lemma unisorted-map[simp]:
f s unisorted A — 7 «— f : A — dom T
f s 0 = unisorted B +— f : dom o — B
by (auto simp: sorted-map-def hastype-def domlIff)

lemma image-unisorted|simp|: f  unisorted A = unisorted (f < A)
by (auto introl:sset-eql simp: hastype-def sorted-image-def safe-The-eq-Some)

definition unisorted-sig :: ('fxnat) set = ('f,unit) ssig
where unisorted-sig F = \(f,08). if (f, length os) € F then Some () else None

lemma in-unisorted-sig[simpl: f : o8 — T in unisorted-sig F' <— (f,length os) €

F
by (auto simp: unisorted-sig-def fun-hastype-def)
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inductive-set uTerm («X'(-,-')» [1,1]1000) for F V where
Varve T(F,V)ifveV
| Vs € setss.s € T(F, V) = Fun fss € T(F,V) if (f,length ss) € F

lemma Var-in-Term[simp): Var x € T(F,V) +— 2 € V
using uTerm.cases by (auto intro: uTerm.intros)

lemma Fun-in-Term[simp|: Fun f ss € T(F,V) «— (f,length ss) € F N set ss C
T(F,V)

apply (unfold subset-iff)

apply (fold Ball-def)

by (metis (no-types, lifting) term.distinct(1) term.inject(2) uTerm.simps)

lemma hastype-in-unisorted-Term[simp]:

s : o in T (unisorted-sig F, unisorted V) <— s € T(F,V)
proof (induct s)
case (Var z)

then show ?case by auto
next

case (Fun f ss)

then show ?case

by (auto simp: in-dom-iff-ex-type Fun-hastype list-all2-indep2
introl: exl[of - replicate (length ss) ()])

qed

lemma unisorted-Term: T (unisorted-sig F, unisorted V) = unisorted T(F,V)
by (auto intro!: sset-eql)

locale algebra =

fixes F :: ('f x nat) set and A :: ’a set and |

assumes closed: (f, length as) € F = set as C A= [ fas € A
begin
end

lemma unisorted-algebra: sorted-algebra (unisorted-sig F) (unisorted A) I +—
algebra FF A 1
(is 71 «— 7r)
proof
assume 7r
then interpret algebra.
show 7]
apply unfold-locales by (auto simp: list-all2-indep2 intro!: closed)
next
assume ?]
then interpret sorted-algebra <unisorted-sig Fy <unisorted A I.
show ?r
proof unfold-locales
fix f as assume f: (f, length as) € F and asA: set as C A
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from f have f : replicate (length as) () — () in unisorted-sig F' by auto
from sort-matches|OF this] asA
show [ fas € A by auto
qed
qed

context algebra begin

interpretation unisorted: sorted-algebra <unisorted-sig F'> <unisorted Ay I
apply (unfold unisorted-algebra)..

lemma eval-closed: a: V- A = s € Z(F,V) = I[sla € A
using unisorted.eval-hastype[of « unisorted V| by simp

end

locale distributive =

source: algebra FA I for F o A TJ +

assumes distrib: (f, length as) € F = set as C A = ¢ (I fas) = J f (map
¢ as)

lemma unisorted-distributive:
sorted-distributive (unisorted-sig F) ¢ (unisorted A) I J <—
distributive F' o A I J (is 2l «— %r)
proof
assume 7r
then interpret distributive.
show 2]
apply (intro sorted-distributive.intro unisorted-algebra| THEN iffD2])
apply (unfold-locales)
by (auto intro!: distrib simp: list-all2-same-right)
next
assume ?]
then interpret sorted-distributive <unisorted-sig F> ¢ <unisorted A> I J.
from source.sorted-algebra-azxioms
interpret source: algebra F' A I by (unfold unisorted-algebra)
show ?r
proof unfold-locales
fix f as
show (f, length as) € F = set as C A = ¢ (I fas) = J f (map ¢ as)
using distrib|of f replicate (length as) () - as]
by auto
qed
qed

locale homomorphism =

distributive F o A I J + target: algebra F B J for F o AI B J +
assumes funcset: ¢ : A — B
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lemma unisorted-homomorphism:
sorted-homomorphism (unisorted-sig F') ¢ (unisorted A) I (unisorted B) J <—
homomorphism F o A I B J (is 7l +— %r)
by (auto simp: sorted-homomorphism-def unisorted-distributive unisorted-algebra
homomorphism-def homomorphism-azioms-def)

lemma homomorphism-cong:
assumes p: N\a. s € A = pa=¢'a
and A: A = A’
and I: Afas. (f, length as) € F = I fas=1'fas
and B: B = B’
and J: A\fbs. (f, length bs) € F = J fbs=J' f bs
shows homomorphism F o A I B J = homomorphism F o' A’ I' B" J’
proof—
note sorted-homomorphism-cong
[where F' = unisorted-sig F and A = unisorted A and A’ = unisorted A’ and
B = unisorted B and B’ = unisorted B’
note x = this[unfolded unisorted-homomorphism]
show ?thesis apply (rule *)
by (auto simp: A B o I J list-all2-same-right)
qed

context algebra begin

interpretation unisorted: sorted-algebra <unisorted-sig F'> <unisorted Ay I
apply (unfold unisorted-algebra)..

lemma eval-homomorphism: a: V. — A = homomorphism F (As. I[s]a) T(F,V)
Fun A I

apply (fold unisorted-homomorphism)

apply (fold unisorted-Term)

apply (rule unisorted.eval-sorted-homomorphism,)

by auto

end

context homomorphism begin

interpretation unisorted: sorted-homomorphism <unisorted-sig F» ¢ <unisorted
Ay I <unisorted By J

apply (unfold unisorted-homomorphism)..

lemma distrib-eval: o : V- A = s € T(F,V) = ¢ (I[s]a) = J[s](¢ o )
using unisorted.distrib-eval[of - unisorted V] by simp

end

By ‘unsorted’ we mean the situation where any element has the unique type

0-
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lemma Term-UNIV[simp]: T(UNIV ,UNIV) = UNIV
proof—
have s € T(UNIV,UNIV) for s by (induct s, auto)
then show ?thesis by auto
qed

When the carrier is unsorted, any interpretation forms an algebra.

interpretation unsorted: algebra UNIV UNIV I
rewrites Aa. a € UNIV <— True
and APO. (True = P0) = Trueprop P0
and APO. (True = PROP P0) = PROP P0
and AP0 P1. (True = PROP P1 = P0) = (PROP P1 = P0)
for F' 1
apply unfold-locales by auto

interpretation unsorted.eval: homomorphism UNIV Xs. I[sjac UNIV Fun UNIV
1
rewrites Aa. a € UNIV <— True
and AX. X C UNIV «— True
and APO. (True = P0) = Trueprop P0
and APO. (True = PROP P0) = PROP P0
and AP0 P1. (True = PROP P1 = P0) = (PROP P1 = P0)
for I
using unsorted.eval-homomorphism|of - UNIV] by auto

Evaluation distributes over evaluations in the term algebra, i.e., substitu-
tions.

lemma subst-eval: I[s-d]a = I[s](Az. I[Y z]a)
using unsorted.eval.distrib-eval[of - UNIV, unfolded o-def]
by auto

4.5 Collecting Variables via Evaluation

definition var-list-term t = (\f. concat)[t](Av. [v])

lemma var-list- Fun[simpl: var-list-term (Fun f ss) = concat (map var-list-term ss)
and var-list-Var[simp): var-list-term (Var z) = [z]
by (simp-all add: var-list-term-def[abs-def])

lemma set-var-list[simp]: set (var-list-term s) = vars s
by (induct s, auto simp: var-list-term-def)

lemma eval-subset-Un-vars:
assumes V f as. foo (I fas) C | (foo ‘ set as)
shows foo (I[s]a) C (|Jz€vars-term s. foo (o x))
proof (induct s)
case (Var z)
show ?case by simp
next
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case (Fun f ss)
have foo (I[Fun f ss]a) = foo (I f (map (As. I[s]a) ss)) by simp
also note assms|rule-format]
also have |J (foo ¢ set (map (As. I[s]a) ss)) = (| s€set ss. foo (I[s]er)) by simp
also have ... C (s € set ss. (| = € vars-term s. foo (« x)))
apply (rule UN-mono)
using Fun by auto
finally show ?Zcase by simp
qed

4.6 Ground Terms

lemma hastype-in-Term-empty-imp-vars: s : o in T(F,0) = vars s = {}
by (auto dest: hastype-in-Term-imp-vars-subset)

lemma hastype-in- Term-empty-imp-vars-subst: s : o in T(F,0) = vars (s-9) =

{

by (auto simp: vars-term-subst-apply-term hastype-in- Term-empty-imp-vars)

lemma ground-Term-iff: s : o in T(F,V) A ground s <— s : o in T(F,D)
using hastype-in-Term-restrict-vars[of s o F V|
by (auto simp: hastype-in-Term-empty-imp-vars ground-vars-term-empty)

lemma hatype-imp-ground: s : o in T(F,0) = ground s
using ground-Term-iff|of s o] by auto

lemma hastype-in- Term-empty-imp-subst:
s:oin T(F0) = sv¥:0inT(F,V)
by (rule subst-hastype, auto)

lemma hastype-in- Term-empty-imp-subst-eq:
s:oin T(F0) = s9 = s
apply (induction rule: hastype-in-Term-induct)
by (auto simp: list-all2-indep2 cong: map-cong)

lemma hastype-in- Term-empty-imp-subst-id:
assumes s: s : ¢ in T(F,0) shows s} = s
using hastype-in- Term-empty-imp-subst-eq|OF s, of Var] by simp

lemma hastype-in- Term-empty-imp-subst-subst:
s:oin T(F,0) = s9-0 = s-undefined
apply (unfold subst-subst)
using hastype-in- Term-empty-imp-subst-eq.

lemma in-dom-Term-empty-imp-subst-id:
s € dom T(F,)) = s = s
by (auto elim: in-dom-hastypeE simp: hastype-in- Term-empty-imp-subst-id)

lemma in-dom-Term-empty-imp-subst:
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s € dom T(F,)) = s9 € dom T(F,V)
proof (elim in-dom-hastypeE)
fix o assume s : o in T(F,0)
from hastype-in- Term-empty-imp-subst| OF this, of ¥ V]
show s-¥ € dom T(F,V) by auto
qed

lemma hastype-in- Term-empty-imp-map-subst-eq:
ssq osin T(F0) = [s0. s < ss] = [s-0. 5 < s3]
by (auto simp: list-eq-iff-nth-eq hastype-in- Term-empty-imp-subst-eq list-all2-conv-all-nth)

lemma hastype-in- Term-empty-imp-map-subst-id:
assumes ss: ss i 05 in T(F,0) shows [s-0). s < ss] = ss
using hastype-in- Term-empty-imp-map-subst-eq[OF ss, of ¢ Var] by simp

lemma hastype-in- Term-empty-imp-map-subst-subst:
ssy osin T(F,0) = [s0-0. s  ss] = [s-undefined. s + s
apply (unfold subst-subst)
using hastype-in- Term-empty-imp-map-subst-eq.

context fixes ¥ :: 'v = ('f,’w) term begin

interpretation sorted-bijection As. s0 T(F,0) T(F,0)
proof
show bij-betw (As. s - 9) (dom T(F,0)) (dom T(F.0))
proof (intro bij-betwl)
show (As. s-undefined) : dom T (F,0) — dom T(F,0)
by (auto simp: in-dom-Term-empty-imp-subst)
qed (auto simp del: subst-subst-compose
simp: subst-subst hastype-in- Term-empty-imp-subst-id in-dom- Term-empty-imp-subst-id
in-dom-Term-empty-imp-subst)
qed (auto simp: hastype-in- Term-empty-imp-subst)

lemmas sorted-bijection-Term-empty = sorted-bijection-axioms
lemmas bij-betw-dom-Term-empty = bij
lemmas bij-betw-sort-Term-empty = bij-betw-sort
lemma all-in-Term-empty-subst-iff:
(Vs:oin T(F0). P (s0)) «— (Vs: o in T(FD). Ps)
by (simp add: all-in-target-iff)
end

Canonically, let us use unit as the type of variables for ground terms.

abbreviation gTerm (<7'(-")») where T(F) = T (F, Az::unit. None)
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4.6.1 Cardinality of Sorts

The emptiness, finiteness, and cardinality of a sort w.r.t. a signature is those
of the set of ground terms of that sort.

definition empty-sort where
empty-sort F o <+ {s. s : o0 in T(F)} = {}

definition finite-sort where
finite-sort F o «— finite {s. s : o in T(F)}

definition card-of-sort where
card-of-sort F o = card {s. s : o in T(F)}

The definitions fix the type of the variables (that never occur) to unit. We
prove that the choice of the type is irrelevant.

lemma finite-sort: finite {s. s : o in T(F,0)} +— finite-sort F o
apply (unfold finite-sort-def)
using bij-betw-finite[OF bij-betw-sort- Term-empty].

lemma card-of-sort: card {s. s : o in T(F,0)} = card-of-sort F o
apply (unfold card-of-sort-def)
using bij-betw-same-card| OF bij-betw-sort- Term-empty).

lemma empty-sort: {s. s : o in T(F,0)} = {} «— empty-sort F o
apply (unfold empty-sort-def)
by (metis card-eq-0-iff card-of-sort finite.emptyl finite-sort)

lemma empty-sortD[simp|: empty-sort F 0 = — s : o in T(F,0)
using empty-sort[of o F| by auto

lemma empty-sort-imp-card[simp|: empty-sort F 0 = card-of-sort F o = 0
by (auto simp: card-of-sort-def)

lemma empty-sort-imp-finite[simp): empty-sort F ¢ = finite-sort F o
by (auto simp: finite-sort-def)

lemma empty-sortl: (\s. —s: o in T(F,0)) = empty-sort F o
using empty-sort[of o F| by auto

lemma not-empty-sortE: —~empty-sort F o => (\s. s : o in T(F,0) = thesis)
= thesis
using empty-sort[of o F] by auto

lemma finite-sort-bij:
assumes fin: finite-sort F o
shows 3f. bij-betw f {s. s: o in T(F,0)} {0..<card-of-sort F o}
proof—
from ez-bij-betw-finite-nat[OF fin[unfolded finite-sort-def]]
obtain » where
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bij-betw h {t. t : o in T(F)} {0..<card-of-sort F o}
by (auto simp add: card-of-sort)
from bij-betw-trans|OF bij-betw-sort-Term-empty this)
show ?thesis by auto
qed

4.6.2 Enumerating Ground Terms

definition indez-of-term F =
(SOME f. V0. finite-sort F o — bij-betw f {t. t : o in T(F,0)} {0..<card-of-sort
F o})

definition term-of-index F o = inv-into {t. ¢t : o in T(F,0)} (index-of-term F)

lemma index-of-term-bij:
assumes fin: finite-sort F' o
shows bij-betw (index-of-term F) {t. t : o in T(F,0)} {0..<card-of-sort F o}
(is bij-betw - (2T o) (?I o))
proof—
have Vo € Collect (finite-sort F). 3 f. bij-betw f (¢T o) (?I o)
by (auto intro!: finite-sort-bij)
from bchoice[OF this]
obtain f where f: \o. finite-sort F o = bij-betw (f o) (¢T o) (?I o)
by auto
define g where g = (\t. f (the (T(F,0) t)) t)
have Vo. finite-sort F ¢ — bij-betw g (¢?T o) (?I o)
by (auto simp: g-def intro!: bij-betw-cong| THEN iffD1, OF - f])
then have 3g. Vo. finite-sort F o — bij-betw g (?T o) (?I o)
by auto
from somel-ex|OF this, folded index-of-term-def] fin
show ?thesis by auto
qged

lemma term-of-indez-of-term:
assumes t: ¢t : o in T(F,0) and fin: finite-sort F o
shows term-of-index F o (indezx-of-term F t) = ¢
apply (unfold term-of-indez-def)
apply (rule bij-betw-inv-into-left| OF index-of-term-bij|)
using assms by auto

lemma index-of-term-of-index:
assumes fin: finite-sort F o and n < card-of-sort F o
shows indez-of-term F (term-of-index F o n) = n
apply (unfold term-of-indez-def)
apply (rule bij-betw-inv-into-right| OF index-of-term-bij|)
using assms by auto

lemma term-of-indez-bij:
assumes fin: finite-sort F' o
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shows bij-betw (term-of-index F o) {0..<card-of-sort F o} {t. t : o in T(F,0)}
by (simp add: bij-betw-inv-into fin index-of-term-bij term-of-index-def)

4.7 Subsignatures

locale subsignature = fixes F G :: ('f,’s) ssig assumes subssig: F C,, G
begin

lemmas Term-subsset = Term-mono-left OF subssig]
lemmas hastype-in-Term-sub = Term-subsset| THEN subssetD]

lemma subsignature: f : 0s -7 in F = f:08 = 71in G
using subssig by (auto dest: subssigD)

end

locale subsignature-algebra = subsignature + super: sorted-algebra G
begin

sublocale sorted-algebra F' A 1
apply unfold-locales
using super.sort-matches|OF subssigD[OF subssig]] by auto

end

locale subalgebra = sorted-algebra F' A I + super: sorted-algebra G B J +
subsignature F G
for F :: ('f,’s) ssigand A :: 'a — 'sand T
and G :: ('f,’s) ssigand B :: ‘a — ‘s and J +
assumes subcar: A C,,, B
assumes subintp: f :0s > 17 in F = as:yosin A= I[fas=Jfas
begin

lemma subcarrier: a : 0 in A = a: 0 in B
using subcar by (auto dest: subssetD)

lemma subeval:

assumes s: s: 0 in T(F,V) and a: o ;5 V — A shows J[s]a = I[s]a
proof (insert s, induct rule: hastype-in-Term-induct)

case (Var v o)

then show ?case by auto
next

case (Fun f ss 0s T)

then show Zcase

by (auto simp: list-all2-indep2 cong:map-cong introl:subintp|symmetric] map-eval-hastype
a)
qed

end
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lemma term-subalgebra:
assumes FG: FF C,, Gand VIWW: V C,, W
shows subalgebra F T(F,V) Fun G T(G,W) Fun
apply unfold-locales
using FG VW Term-mono[OF FG VW] by auto

An algebra where every element has a representation:

locale sorted-algebra-constant = sorted-algebra-syntax +
fixes const
assumes vars-const[simpl: Ad. vars (const d) = {}
assumes eval-const[simp]: \d «. I[const d]a = d
begin

lemma eval-subst-const[simp|: I[e-(constoa)]s = I[e]a
by (induct e, auto simp:o-def introl:arg-conglof - - I -])

lemma eval-upd-as-subst: I[e]a(z:=a) = I[e - Var(z:=const a)]a
by (induct e, auto simp: o-def intro: arg-conglof - - I -])

end
context sorted-algebra-syntax begin

definition constant-at f os i =
Vasb. as:yosin A— Ab= A (asli) — I f (as[i:=b]) = I f as

lemma constant-atl[introl:
assumes Aasb. as:yosin A= Ab= A (asti) = 1f (as[i:=b]) = I fas
shows constant-at f os i using assms by (auto simp: constant-at-def)

lemma constant-atD:

constant-at f 0si = asyosin A= A b= A (asli) = I f (as[i:=b]) = I f
as

by (auto simp: constant-at-def)

lemma constant-atE[elim):
assumes constant-at f os i
and (Aasb. as:yosin A= A b= A (asli) = If (as[i:=b]) = I f as) =
thesis
shows thesis using assms by (auto simp: constant-at-def)

definition constant-term-on s © = Va a. I[s]a(z:=a) = I[s]a
lemma constant-term-onl:
assumes A« a. I[s]a(z:=a) = I[s]a shows constant-term-on s

using assms by (auto simp: constant-term-on-def)

lemma constant-term-onD:
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assumes constant-term-on s ¢ shows I[s|a(z:=a) = I[s]a
using assms by (auto simp: constant-term-on-def)

lemma constant-term-onkE:
assumes constant-term-on s ¢ and (A« a. I[s|a(z:=a) = I[s]a) = thesis
shows thesis using assms by (auto simp: constant-term-on-def)

lemma constant-term-on-extra-var: ¢ ¢ vars s = constant-term-on s
by (auto intro!: constant-term-onl simp: eval-with-fresh-var)

lemma constant-term-on-eq:

assumes st: I[s] = I[t] and s: constant-term-on s x shows constant-term-on t
x

using s fun-cong|OF st] by (auto simp: constant-term-on-def)

definition constant-term s = V x. constant-term-on s x

lemma constant-terml: assumes Az. constant-term-on s x shows constant-term
s
using assms by (auto simp: constant-term-def)

lemma ground-imp-constant: vars s = {} = constant-term s
by (auto intro!: constant-terml constant-term-on-extra-var)

end

end

5 Sorted Contexts

theory Sorted-Contexts
imports
First-Order-Terms.Subterm-and-Context
Sorted-Terms
begin

fun aContert where
aContext F' A (Hole,o) = Some o
| aContext FF A (More fls C rs, o) = do {
08 < those (map A ls);
p + aContext F A (C,o);
vs < those (map A rs);

F (f, 05 Q@ p # vs)}

lemma Hole-hastype[simp|: Hole : 0 — 7 in aContext F A «— o =7
and More-hastype: More fls C rs: o — 7 in aContext F A +— (s p vs.
frosQu#vs—T1inF A
Is: osin AN
C:o0 — pin aContext F A N
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rs : vsin A)
by (auto simp: hastype-list-iff-those bind-eq-Some-conv fun-hastype-def
intro!: hastypel)

lemma More-hastypel:
assumes f : 9s Q u # vs - 7 in F
and Is ;; psin A
and C : 0 — p in aContext F' A
and rs ;; vsin A
shows More fls Crs: 0 — 7 in aContext F A
using assms by (auto simp: More-hastype)

lemma hastype-aContext-induct|consumes 1, case-names Hole More]:
assumes C: C : 0 — 7 in aContext F A
and hole: P o
and more: \f us ovs 7 ls C rs.
frpusQo#vs—>71in F =
s psin A =
C:0— pinaContext F A =
PCo=
sy vsin A —
P (More fls Crs) T
shows P C' 1
using C
proof (induct C arbitrary: T)
case Hole
with hole show ?2case by auto
next
case (More fls C rs)
from «More fls C rs : 0 — 7 in aContext F' A»
[unfolded More-hastype)
obtain gs u vs
where f: f: ps Q u # vs - 7 in F
and Is: s :;; psin A
and C: C : 0 — pin aContext F A
and rs: s ;; vs in A by auto
show ?Zcase
using More(1)[OF C] more[OF fls C - rs]
by (auto simp: bind-eg-Some-conv)
qed

context sorted-algebra begin

lemma intp-ctxt-hastype:
assumes C: C : 0 — 7 in aContext F A and a: a : 0 in A
shows I{(C;a) : 7 in A
using C

proof (induct arbitrary: T)
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case Hole

with a show ?case by simp
next

case (More fls C rs)

then show ?case by (auto intro!: sort-matches list-all2-appendl simp: More-hastype)
qed

lemma ctxt-has-same-type:
assumes C: C : 0 — 7 in aContext F A and a : 0 in A
shows I{Cia) : 7" inA«— 7' =7
using assms by (auto simp: has-same-type intp-ctzt-hastype)

end

lemma subt-in-dom:
assumes s: s € dom T(F,V) and st: s > t shows t € dom T(F,V)
using st s
proof (induction)
case (refl t)
then show ?case.
next
case (subt u ss t f)
from Fun-in-dom-imp-arg-in-dom[OF «Fun f ss € dom T(F,V)) <u € set ss)]
subt.TH
show ?case by auto
qed

Term contexts are abstract contexts in the term algebra.

abbreviation Context (<(2C'(-,/-"))» [1,1]50) where
C(F,V) = aContext F T(F,V)

lemmas hastype-context-apply = term.intp-ctxt-hastype

lemma hastype-context-decompose:
assumes C(t) : 7 in T(F,V)
shows 3 0. C:0 =17 in C(F,V)ANt:0in T(F,V)
using assms
proof (induct C arbitrary: T)
case Hole
then show ?Zcase by auto
next
case (More f bef C aft T)
from More(2) have Fun f (bef @ C(t) # aft) : 7 in T(F,V) by auto
from this[unfolded Fun-hastype] obtain os where
f:f:08— 7in F and list: bef @ C(t) # aft :; os in T(F,V)
by auto
from list have len: length os = length bef + Suc (length aft)
by (simp add: list-all2-conv-all-nth)
let ?¢ = length bef
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from len have ?i < length os by auto
hence id: take % 0s @ os | 7i # drop (Suc %) o0s = os
by (metis id-take-nth-drop)
from list have Ct: C(t) : os! % in T(F,V)
by (metis (no-types, lifting) list-all2-Cons1 list-all2-append1 nth-append-length)
from list have bef: bef :; take ?i os in T(F,V)
by (metis (no-types, lifting) append-eq-conv-conj list-all2-appendl)
from list have aft: aft ;; drop (Suc i) os in T(F,V)
by (metis (no-types, lifting) Cons-nth-drop-Suc append-eq-conv-conj drop-all
length-greater-0-conv linorder-le-less-linear list.rel-inject(2) list.simps(3) list-all2-append1)
from More(1)[OF Ct] obtain o where C: C': ¢ — os! % in C(F,V) and ¢: ¢
coin T(F,V)
by auto
show ?Zcase
by (intro exI[of - o] conjl More-hastypel |OF - bef - aft, of - os ! ?i] C't, unfold
id, rule f)
qed

lemma apply-ctat-in-dom-imp-in-dom:
assumes C(t) € dom T(F,V)
shows t € dom T(F,V)
apply (rule subt-in-dom|[OF assms]) by simp

lemma apply-ctxt-hastype-imp-hastype-context:
assumes C: C(t) : 7 in T(F,V) and t: ¢t : o in T(F,V)
shows C : 0 — 7 in C(F,V)
using hastype-context-decompose| OF C| t by (auto simp: has-same-type)

lemma subst-apply-ctat-sorted:
assumes C : 0 — 7 in C(F,X) and ¥ ;3 X — T(F,V)
shows C - ¥ :0 — 7 in C(F,V)
using assms
proof (induct arbitrary: O rule: hastype-aContext-induct)
case (Hole)
then show ?case by simp
next
case (More f ob o oa 7 bef C aft)
have fssig: f : cb @Q o0 # ca — 7 in F using More(1) .
have bef:bef ;; ob in T(F,X) using More(2) .
have Cssig:C : 0 — g in C(F,X) using More(3) .
have aft:aft ;; ca in T(F,X) using More(5) .
have theta:¥ ;¢ X — T(F,V) using More(6) .
hence ctheta:C - 9 : 0 — ¢ in C(F,V) using More(4) by simp
have len-bef:length bef = length ob using bef list-all2-iff by blast
have len-aft:length aft = length oa using aft list-all2-iff by blast
{ fix ¢
assume len-i:i < length ob
hence bef ! i -9 :0b! iin T(F,V)
proof —
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have bef ! i : ob ! i in T(F,X) using bef
by (simp add: len-i list-all2-conv-all-nth)
from subst-hastype[OF theta this|
show ?thesis.
qed
} note x = this
have mb: map (At. t - 9) bef ;; ob in T(F,V) using length-map
by (auto simp:x theta bef list-all2-conv-all-nth len-bef)
{ fix ¢
assume len-i:1 < length ca
hence aft ! i -9 :ca!iin T(F,V)
proof —
have aft ! i : ca ! i in T(F,X) using aft
by (simp add: len-i list-all2-conv-all-nth)
from subst-hastype|OF theta this)
show ?thesis.
qed
} note *x = this
have ma: map (At. ¢t - 9) aft :; ca in T(F,V) using length-map
by (auto simp:xx theta aft list-all2-conv-all-nth len-aft)
show More f bef C aft -c ¥ : 0 — 7 in C(F,V)
by (auto intro!: More-hastypel fssig simp:ctheta mb ma)
qed

end
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