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Abstract

We formalize the definition and basic properties of smooth mani-
folds [1] in Isabelle/HOL. Concepts covered include partition of unity,
tangent and cotangent spaces, and the fundamental theorem of path
integrals. We also examine some concrete manifolds such as spheres
and projective spaces. The formalization makes extensive use of the
analysis and linear algebra libraries in Isabelle/HOL, in particular its
“types-to-sets” mechanism.
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1 Library Additions

theory Analysis-More
imports HOL— Analysis. Equivalence-Lebesgue-Henstock-Integration
HOL- Library. Function-Algebras
HOL— Types-To-Sets. Linear-Algebra-On
begin

lemma openin-open-Int’[intro):
open S = openin (top-of-set U) (S N U)
by (auto simp: openin-open)

1.1 Parametricity rules for topology

TODO: also check with theory Transfer-Euclidean-Space- Vector in AFP/ODE...

context includes lifting-syntar begin

lemma Sigma-transfer|[transfer-rule]:

(rel-set A ===> (A ===> rel-set B) ===> rel-set (rel-prod A B)) Sigma
Sigma

unfolding Sigma-def

by transfer-prover



lemma filterlim-transfer([transfer-rule:
((A ===> B) ===> rel-filter B===> rel-filter A ===> (=)) filterlim filterlim
if [transfer-rule]: bi-unique B
unfolding filterlim-iff
by transfer-prover

lemma nhds-transfer|transfer-rule]:
(A ===> rel-filter A) nhds nhds
if [transfer-rule]: bi-unique A bi-total A (rel-set A ===> (=)) open open
unfolding nhds-def

by transfer-prover

lemma at-within-transfer[transfer-rule]:
(A ===> rel-set A ===> rel-filter A) at-within at-within
if [transfer-rule]: bi-unique A bi-total A (rel-set A ===> (=)) open open
unfolding at-within-def
by transfer-prover

lemma continuous-on-transfer|transfer-rule]:

(rel-set A ===> (A ===> B) ===> (=)) continuous-on continuous-on
if [transfer-rule]: bi-unique A bi-total A (rel-set A ===> (=)) open open
bi-unique B bi-total B (rel-set B ===> (=)) open open

unfolding continuous-on-def
by transfer-prover

lemma continuous-on-transfer-right-total[transfer-rule]:

(rel-set A ===> (A ===> B) ===> (=)) (AX::'aut2-space set. continuous-on
(X N Collect AP)) (MY ::'bu:t2-space set. continuous-on Y)

if DomainA: Domainp A = AP

and [folded DomainA, transfer-rule]: bi-unique A right-total A (rel-set A ===>
(=)) (openin (top-of-set (Collect AP))) open
bi-unique B bi-total B (rel-set B ===> (=)) open open

unfolding DomainA[symmetric]
proof (intro rel-funl)
fix XY fg
assume H [transfer-rule]: rel-set A X Y (A ===> B) fg
from H(1) have XA: x € X = Domainp A z for z
by (auto simp: rel-set-def)
then have x: X N Collect (Domainp A) = X by auto
have openin (top-of-set (Collect (Domainp A))) (Collect (Domainp A)) by auto
show continuous-on (X N Collect (Domainp A)) f = continuous-on Y g
unfolding continuous-on-eq-continuous-within continuous-within-topological *
apply transfer
apply safe
subgoal for z B
apply (drule bspec, assumption, drule spec, drule mp, assumption, drule mp,
assumption)
apply clarsimp



subgoal for AA
apply (rule exI[where z=AA N Collect (Domainp A)])
by (auto intro: XA)
done
subgoal using XA by (force simp: openin-subtopology)
done
qed

lemma continuous-on-transfer-right-total2[transfer-rulel:

(rel-set A ===> (A ===> B) ===> (=)) (AX::'a:t2-space set. continuous-on
X) (AY::'b:t2-space set. continuous-on Y)

if DomainB: Domainp B = BP

and [folded DomainB, transfer-rule]: bi-unique A bi-total A (rel-set A ===>
(=)) open open
bi-unique B right-total B (rel-set B ===> (=)) ((openin (top-of-set (Collect

BP)))) open
unfolding DomainB|symmetric]
proof (intro rel-funl)
fix XY fg
assume H[transfer-rule]: rel-set A X Y (A===> B) fg
show continuous-on X f = continuous-on Y g
unfolding continuous-on-eq-continuous-within continuous-within-topological
apply transfer
apply safe
subgoal for z C
apply (clarsimp simp: openin-subtopology)
apply (drule bspec, assumption, drule spec, drule mp, assumption, drule mp,
assumption)
apply clarsimp
by (meson Domainp-applyl H(1) H(2) rel-setD1)
subgoal for = C
proof —
let Zsub = top-of-set (Collect (Domainp B))
assume cont: Vz€X. VY Bac{A. Ball A (Domainp B)}.
openin (top-of-set (Collect (Domainp B))) Ba — f 1z € Ba — (3 Aa.
open Aa N x € Aa N (VyeX. y € Aa — fy € Ba))
and z: x € X open C fx € C
let B = C N Collect (Domainp B)
have ?B € {A. Ball A (Domainp B)} by auto
have openin ?sub (Collect (Domainp B)) by auto
then have openin ?sub ?B using <open C» by auto
moreover have fx € ?B using x
apply transfer apply auto
by (meson Domainp-applyl H(1) H(2) rel-setD1)
ultimately obtain D where open D Az € DA (VyeX. y € D — fy €
?B)
using cont z
by blast
then show 3 4. open ANz € AN (VyeX. ye€ A — fy € C) by auto



qed
done
qed

lemma generate-topology-transfer|transfer-rule]:
includes lifting-syntax
assumes [transfer-rule]: right-total A bi-unique A
shows (rel-set (rel-set A) ===> rel-set A ===> (=)) (generate-topology o
(insert (Collect (Domainp A)))) generate-topology
proof (intro rel-funl)
fix B C X Y assume t[transfer-rule]: rel-set (rel-set A) B C rel-set A X Y
then have X C Collect (Domainp A) by (auto simp: rel-set-def)
with ¢t have rI: rel-set A (X N Collect (Domainp A)) Y
by (auto simp: inf-absorbl)
have eq-UNIV-I: Z = UNIV if [transfer-rule]: rel-set A {a. Domainp A a} Z
for Z
using that assms
apply (auto simp: right-total-def rel-set-def)
using bi-uniqueDr by fastforce
show (generate-topology o insert (Collect (Domainp A))) B X = generate-topology
cCY
unfolding o-def
proof (rule iff)
fix z
assume generate-topology (insert (Collect (Domainp A)) B) X
then show generate-topology C' Y unfolding o-def
using rl
proof (induction X arbitrary: Y)
case [transfer-rule]: UNIV
with eq-UNIV-I[of Y] show ?case
by (simp add: generate-topology. UNIV')
next
case (Int a b)
note [transfer-rule] = Int(5)
obtain o’ where a'[transfer-rule]: rel-set A (a N Collect (Domainp A)) o’
by (metis Domainp-iff Domainp-set Int-Collect)
obtain b’ where b'[transfer-rule]: rel-set A (b N Collect (Domainp A)) b’
by (metis Domainp-iff Domainp-set Int-Collect)
from Int.IH(1)[OF a'] Int.IH(2)[OF b/
have generate-topology C a' generate-topology C b’ by auto
from generate-topology.Int[OF this| have generate-topology C (a’ N b’) .
also have a'Nb' =Y
by transfer auto
finally show ?Zcase
by (simp add: generate-topology.Int)
next
case (UN K)
note [transfer-rule] = UN(3)



have 3K’ Vk. rel-set A (kN Collect (Domainp A)) (K’ k)
by (rule choice) (metis Domainp-iff Domainp-set Int-Collect)
then obtain K’ where K" Ak. rel-set A (kN Collect (Domainp A)) (K’ k)
by metis
from UN.IH[OF - this| have generate-topology C k' if k' € K"K for k' using
that by auto
from generate-topology. UN[OF this] have generate-topology C (| J(K' ‘ K)) .
also
from K’ have [transfer-rule]: (rel-set (=) ===> rel-set A) (Az. z N Collect
(Domainp A)) K’
by (fastforce simp: rel-fun-def rel-set-def)
have J(K' ‘K) =Y
by transfer auto
finally show ?Zcase
by (simp add: generate-topology. UN)
next
case (Basis s)
from this(1) show ?case
proof
assume s = Collect (Domainp A)
with eq-UNIV-I[of Y] Basis(2)
show ?Zcase
by (simp add: generate-topology. UNIV')
next
assume s € B
with Basis(2) obtain ¢ where [transfer-rule]: rel-set A (s N Collect
(Domainp A)) t by auto
from Basis(1) t(1) have s: s N Collect (Domainp A) = s
by (force simp: rel-set-def)
have t € C using <s € B) s
by transfer auto
also note [transfer-rule] = Basis(2)
have t = Y
by transfer auto
finally show ?case
by (rule generate-topology.Basis)
qed
qed
next
assume generate-topology C'Y
then show generate-topology (insert (Collect (Domainp A)) B) X
using <rel-set A X Y
proof (induction arbitrary: X)
case [transfer-rule]: UNIV
have UNIV = (UNIV:'b set) by auto
then have X = {a. Domainp A a} by transfer
then show ?Zcase by (intro generate-topology.Basis) auto
next
case (Int a b)



obtain a’ b’ where [transfer-rule]: rel-set A o’ a rel-set A b’ b
by (meson assms(1) right-total-def right-total-rel-set)
from generate-topology.Int|OF Int.IH(1)[OF this(1)] Int.IH(2)[OF this(2)]]
have generate-topology (insert {a. Domainp A a} B) (a’ N b) by simp
also
define ] where I =a N b
from «<rel-set A X (a N b)» have [transfer-rule]: rel-set A X I by (simp add:
I-def)
from I-def
have o’ N b’ = X by transfer simp
finally show ?case .
next
case (UN K)
have 3K’ Vk. rel-set A (K’ k) k
by (rule choice) (meson assms(1) right-total-def right-total-rel-set)
then obtain K’ where K" Ak. rel-set A (K’ k) k by metis
from UN.IH[OF - this| have generate-topology (insert {a. Domainp A a} B)

if k € K'*K for k using that by auto
from generate-topology. UN[OF this)
have generate-topology (insert {a. Domainp A a} B) (U (K'’K)) by auto
also
from K' have [transfer-rule]: (rel-set (=) ===> rel-set A) K' id
by (fastforce simp: rel-fun-def rel-set-def)
define U where U = (|J(id ‘ K))
from <rel-set A X - have [transfer-rule]: rel-set A X U by (simp add: U-def)
from U-def have |J(K' ‘ K) = X by transfer simp
finally show ?case .
next
case (Basis s)
note [transfer-rule] = «rel-set A X s
from (s € C» have X € B by transfer
then show ?case by (intro generate-topology.Basis) auto
qed
qed
qed

end
1.2 Miscellaneous
lemmas [simp del] = mem-ball

lemma in-closurel[intro, simp]: x € X = z € closure X
using closure-subset by auto

lemmas open-continuous-vimage = continuous-on-open-vimage| THEN iffD1, rule-format)
lemma open-continuous-vimage': open s = continuous-on s f = open B =—>
open (s N f —*B)



using open-continuous-vimagelof s f B] by (auto simp: Int-commute)

lemma support-on-mono: support-on carrier f C support-on carrier g
if Nz. 2 € carrier = fo #0 = gz # 0
using that
by (auto simp: support-on-def)

lemma image-prod: (A\(z, y). (fz, gy)) ‘(A x B)=f‘A X g ‘B by auto

1.3 Closed support
definition csupport-on X S = closure (support-on X S)

lemma closed-csupport-on[intro, simpl: closed (csupport-on carrier )
by (auto simp: csupport-on-def)

lemma not-in-csupportD: x & csupport-on carrier ¢ = x € carrier => @ © = 0
by (auto simp: csupport-on-def support-on-def)

lemma csupport-on-mono: csupport-on carrier f C csupport-on carrier g
if Nz. 2 € carrier = fz #0 = gz # 0
unfolding csupport-on-def
apply (rule closure-mono)
using that
by (rule support-on-mono)

1.4 Homeomorphism

lemma homeomorphism-empty|simpl:
homeomorphism {} t f f' «— t = {}
homeomorphism s {} ff' «— s ={}
by (auto simp: homeomorphism-def)

lemma homeomorphism-add:

homeomorphism UNIV UNIV (Az. x 4+ ¢) (A\z. z — ¢)

for c::-::real-normed-vector

unfolding homeomorphism-def

by (auto simp: algebra-simps continuous-intros intro!: image-eql [where r=z —
¢ for z])

lemma in-range-scaleR-iff: x € range ((xg) ¢) +—c=0 — =10
for wx::-::real-vector
by (auto simp: intro!: image-eql[where z=z /g c])

lemma homeomorphism-scaleR:
homeomorphism UNIV UNIV (Az. ¢ xg x::-:real-normed-vector) (Azx. x /g ¢)
ifc#0
using that
unfolding homeomorphism-def



by (auto simp: in-range-scaleR-iff algebra-simps intro!: continuous-intros)

lemma homeomorphism-prod:
homeomorphism (a x b) (¢ x d) (A(z, y). (fz, gy)) Mz, y). (f' =, g'y))
if homeomorphism a ¢ f f'
homeomorphism b d g g’
using that by (simp add: homeomorphism-def image-prod)
(auto simp add: split-beta introl: continuous-intros elim: continuous-on-compose2)

1.5 Generalizations

lemma openin-subtopology-eq-generate-topology:
openin (top-of-set S) x = generate-topology (insert S (AB. BN S) ‘ BB)) z
if open-gen: open = generate-topology BB and subset: © C S
proof —
have generate-topology (insert S (AB. BN S) * BB)) (T N S)
if generate-topology BB T
for T
using that
proof (induction)
case UNIV
then show Zcase by (auto introl: generate-topology. Basis)
next
case (Int a b)
have generate-topology (insert S (AB. BN S) *BB)) (anN SN (bnNJS))
by (rule generate-topology.Int) (use Int in auto)
then show Zcase by (simp add: ac-simps)
next
case (UN K)
then have generate-topology (insert S (AB. BN S) * BB)) (Uk€K. kN S)
by (intro generate-topology. UN) auto
then show ?case by simp
next
case (Basis s)
then show ?case
by (intro generate-topology.Basis) auto
qed
moreover
have 3 T. generate-topology BBT ANz =T NS
if generate-topology (insert S (AB. BN S) ‘ BB)) x « # UNIV
using that
proof (induction)
case UNIV
then show ?case by simp
next
case (Int a b)
then show ?case
using generate-topology.Int
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by auto
next
case (UN K)
from UN.IH have Vke K—{UNIV}. 3 T. generate-topology BB T N k=T N
S by auto
from this[THEN bchoice] obtain T where T: A\k. k€ T ‘(K — {UNIV})
= generate-topology BBk \k. k€ K — {UNIV} = k= (Tk)n S
by auto
from generate-topology. UN[OF T(1)]
have generate-topology BB (|J(T ‘(K — {UNIV}))) by auto
moreover have |JK = (U(T ‘(K — {UNIV}))) n S if UNIV ¢ K using
T(2) UN that by auto
ultimately show ?case
apply (cases UNIV € K) subgoal using UN by auto
subgoal by auto
done
next
case (Basis s)
then show ?case
using generate-topology. UNIV generate-topology.Basis by blast
qged
moreover
have 3 T. generate-topology BB T N UNIV = T N S if generate-topology (insert
S((AB.BNS) ‘BB)) z
x = UNIV
proof —
have S = UNIV
using that <z C S»
by auto
then show %thesis by (simp add: generate-topology. UNIV)
qed
ultimately show ?thesis
by (metis open-gen open-openin openin-open-Int’ openin-subtopology)
qed

1.6 Equal topologies

lemma topology-eq-iff: t = s «— (topspace t = topspace s A
(VzCtopspace t. openin t © = openin s x))
by (metis (full-types) openin-subset topology-eq)

1.7 Finer topologies

definition finer-than (infix «(finer’-than)> 50)
where T'1 finer-than T2 <— continuous-map T1 T2 (A\z. z)

lemma finer-than-iff-nhds:

T1 finer-than T2 <— (VY X. openin T2 X — openin T1 (X N topspace T1)) A
(topspace T1 C topspace T2)

by (auto simp: finer-than-def continuous-map-alt)

11



lemma continuous-on-finer-topo:
continuous-map s t f
if continuous-map s’ t [ s finer-than s’
using that
by (auto simp: finer-than-def o-def dest: continuous-map-compose)

lemma continuous-on-finer-topo2:
continuous-map s t f
if continuous-map s t’ f t' finer-than t
using that
by (auto simp: finer-than-def o-def dest: continuous-map-compose)

lemma antisym-finer-than: S = T if S finer-than T T finer-than S
using that
by (metis finer-than-iff-nhds openin-subtopology subset-antisym subtopology-topspace

topology-eq-iff)

lemma subtopology-finer-than[simp|: top-of-set X finer-than euclidean
by (auto simp: finer-than-iff-nhds openin-subtopology)

1.8 Support

lemma support-on-nonneg-sum:
support-on X (Az. >_i€S. fiz) = (|Ji€S. support-on X (f 1))
if finite S N\ei .2 e X =ieS= fiz >0
for f::-=-=--:ordered-comm-monoid-add
using that by (auto simp: support-on-def sum-nonneg-eq-0-iff)

lemma support-on-nonneg-sum-subset:
support-on X (Az. Y i€S. fiz) C (Ji€S. support-on X (f 7))
for f::-=-=-i:ordered-comm-monoid-add

by (cases finite S) (auto simp: support-on-def, meson sum.neutral)

lemma support-on-nonneg-sum-subset’:
support-on X (Az. Y i€Sz. fiz) C (JzeX. (Ui€S x. support-on X (f 7))
for f::-=-=-i:ordered-comm-monoid-add
by (auto simp: support-on-def, meson sum.neutral)

1.9 Final topology (Bourbaki, General Topology I, 4.)

definition final-topology X Y f =
topology (AU. U C X A
(Vi. openin (Y i) (fi —° U N topspace (Y 1©))))

lemma openin-final-topology:
openin (final-topology X Y f) =
(AU. U C X A (Vi. openin (Y i) (fi —¢ U N topspace (Y 1))))
unfolding final-topology-def
apply (rule topology-inverse’)

12



unfolding istopology-def
proof safe
fix ST
assume Vi. openin (Y i) (fi —°S N topspace (Y i))
Vi. openin (Y i) (fi —° T N topspace (Y 1))
then have openin (Y i) (fi —¢S N topspace (Y i) N (fi —¢ T N topspace (Y
1))
(is openin - 2I)
by auto
also have 7T = fi —“ (SN T) N topspace (Y 1)
(is - = ?R)
by auto
finally show openin (Y i) ?R .
next
fix Ki
assume VUEK. U C X A (Vi. openin (Y i) (fi —° U N topspace (Y 7)))
then have openin (Y i) (JXeK. fi —° X N topspace (Y 1))
by (intro openin-Union) auto
then show openin (Y i) (fi —|J K N topspace (Y 1))
by (auto simp: vimage-Union)
qed force+

lemma topspace-final-topology:
topspace (final-topology X Y f) = X
if Ai. fi € topspace (Y i) - X
proof —
have x: fi —¢ X N topspace (Y i) = topspace (Y i) for i
using that
by auto
show ?thesis
unfolding topspace-def
unfolding openin-final-topology
apply (rule antisym)
apply force
apply (rule subsetl)
apply (rule Unionl[where X=X])
using that
by (auto simp: *)
qed

lemma continuous-on-final-topologyl2:
continuous-map (Y ©) (final-topology X Y f) (f 7)
if Ai. fi € topspace (Y i) — X
using that
by (auto simp: openin-final-topology continuous-map-alt topspace-final-topology)

lemma continuous-on-final-topologyl1:

continuous-map (final-topology X Y f) Z g
if hyp: Ni. continuous-map (Y i) Z (g o f 1)

13



and that: Ni. fi € topspace (Y i) - X g € X — topspace Z
unfolding continuous-map-alt
proof safe
fix V assume V: openin Z V
have oV: openin (Y i) (fi —g —* V N topspace (Y 7))
for i
using hyp[rule-format, of i| V
by (auto simp: continuous-map-alt vimage-comp dest!: speclwhere z="V])
have «: fi —“g —“V N fi—*X N topspace (Y i) =
fi—9g—°V N topspace (Y i)
(is - = ?rhs 7)
for i using that
by auto
show openin (final-topology X Y f) (¢ —¢ V N topspace (final-topology X Y f))
by (auto simp: openin-final-topology oV topspace-final-topology that *)
qged (use that in <auto simp: topspace-final-topology>)

lemma continuous-on-final-topology-iff:
continuous-map (final-topology X Y f) Z g «+— (Vi. continuous-map (Y i) Z (g
o fi))
if A\i. fi € topspace (Y i) = X g € X — topspace Z
using that
by (auto intro!: continuous-on-final-topologyl1[OF - that]
intro: continuous-map-compose| OF continuous-on-final-topologyI2[OF that(1)]])

1.10 Quotient topology

definition map-topology :: (‘a = 'b) = 'a topology = 'b topology where
map-topology p X = final-topology (p * topspace X) (A-. X) (A(-:unit). p)

lemma openin-map-topology:

openin (map-topology p X) = (AU. U C p ‘ topspace X A openin X (p —° U N
topspace X))

by (auto simp: map-topology-def openin-final-topology)

lemma topspace-map-topology|simp|: topspace (map-topology f T) = f * topspace T
unfolding map-topology-def
by (subst topspace-final-topology) auto

lemma continuous-on-map-topology:
continuous-map T (map-topology f T) f
unfolding continuous-map-alt openin-map-topology
by auto

lemma continuous-map-composeD:

continuous-map T X (g o f) => g € [ ‘ topspace T — topspace X
by (auto simp: continuous-map-def)
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lemma continuous-on-map-topology2:
continuous-map T X (g o f) «— continuous-map (map-topology f T) X g
unfolding map-topology-def
apply safe
subgoal
apply (rule continuous-on-final-topologyl1)
subgoal by assumption
subgoal by force
subgoal by (rule continuous-map-composeD)
done
subgoal
apply (erule continuous-map-compose|rotated))
apply (rule continuous-on-final-topologyl2)
by force
done

lemma map-sub-finer-than-commute:
map-topology f (subtopology T (f —° X)) finer-than subtopology (map-topology f
T) X
by (auto simp: finer-than-def continuous-map-def openin-subtopology openin-map-topology
topspace-subtopology)

lemma sub-map-finer-than-commute:
subtopology (map-topology f T) X finer-than map-topology f (subtopology T (f —*
X))
if openin T (f —‘ X)— this is more or less the condition from https://math.
stackexchange.com/questions/705840/quotient-topology-vs-subspace-topology
unfolding finer-than-def continuous-map-alt
proof (rule conjI, clarsimp)
fix U
assume openin (map-topology f (subtopology T (f —* X))) U
then obtain W where W: U C f ‘ (topspace T N f —“X) openin T W f —“U
N (topspace TN f —X)=Wnf—-X
by (auto simp: topspace-subtopology openin-subtopology openin-map-topology)
have (f = f*Wn f —*X) N topspace T = W N topspace T N f —*X
apply auto
by (metis Int-iff W(3) vimage-eq)
also have openin T ...
by (auto intro!: W that)
finally show openin (subtopology (map-topology f T) X) (U N (f ‘ topspace T N
X))
using W
unfolding topspace-subtopology topspace-map-topology openin-subtopology openin-map-topology
by (intro exl[where z=(f * W N X)]) auto
qed auto

lemma subtopology-map-topology:

subtopology (map-topology f T) X = map-topology f (subtopology T (f —* X))
if openin T (f —‘ X)
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apply (rule antisym-finer-than)

using sub-map-finer-than-commute[OF that] map-sub-finer-than-commute[of f T
X]

by auto

lemma quotient-map-map-topology:
quotient-map X (map-topology f X) f
by (auto simp: quotient-map-def openin-map-topology ac-simps)
(simp-all add: vimage-def Int-def)

lemma topological-space-quotient: class.topological-space (openin (map-topology f
euclidean))
if surj f
apply standard
apply auto
using that
by (auto simp: openin-map-topology)

lemma t2-space-quotient: class.t2-space (open::'b set = bool)

if open-def: open = (openin (map-topology (p::'a::t2-space="b::topological-space)
euclidean))

surj p and open-p: AX. open X = open (p ‘ X) and closed {(z, y). px = p

y} (is closed ?R)

apply (rule class.t2-space.intro)

subgoal by (unfold open-def, rule topological-space-quotient; fact)
proof standard

fix a b::'b

obtain x y where a-def: a = p x and b-def: b = p y using <surj p»> by fastforce

assume a # b

with <closed ?R) have open (—?R) (z, y) € — 2R by (auto simp add: a-def b-def)

from open-prod-elim|[OF this]

obtain N, N, where open N, open N, (z, y) € N, x N, N, x N, C —%R .

then have p ‘N, N p ‘N, = {} by auto

moreover

from <open Ng» <open N,» have open (p ‘ Ng) open (p ‘ Ny)

using open-p by blast+

moreover have a € p ‘N, b € p * N, using «(z, y) € - X -» by (auto simp:
a-def b-def)

ultimately show 3U V. open U A open VNa€ UNbe VAUNV ={}
by blast
qed

lemma second-countable-topology-quotient: class.second-countable-topology (open::'b
set = bool)
if open-def: open = (openin (map-topology (p::'a::second-countable-topology=>"b::topological-space)
euclidean))
surj p and open-p: AX. open X = open (p ‘ X)
apply (rule class.second-countable-topology.intro)
subgoal by (unfold open-def, rule topological-space-quotient; fact)
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proof standard
have euclidean-def: euclidean = map-topology p euclidean
by (simp add: openin-inverse open-def)
have continuous-on: continuous-on UNIV p
using continuous-map-iff-continuous? continuous-on-map-topology euclidean-def
by fastforce
from ez-countable-basis[where 'a='a] obtain A::'a set set where countable A
topological-basis A
by auto
define B where B= (A\X.p ‘X) ‘ A
have countable (B::'b set set)
by (auto simp: B-def introl: <countable A))
moreover have topological-basis B
proof (rule topological-basisI)
fix B’ assume B’ € B then show open B’ using <topological-basis A>
by (auto simp: B-def topological-basis-open introl: open-p)
next
fix z::'b and O’ assume open O’ z € O’
have open (p —¢ 0’)
using <open O
by (rule open-vimage) (auto simp: continuous-on)
obtain y where y: y € p — {z}
using <z € 0%
by auto (metis UNIV-I open-def(2) rangeE)
then have y € p —‘ O’ using «x € O’ by auto
from topological-basisE[OF <topological-basis Ay <open (p —* O')» this]
obtain C where C e Aye CC Cp—--0".
let 2B'=p ‘C
have ?B’ € B
using «C € Ay by (auto simp: B-def)
moreover
have z € ?B’ using y <y € C» «x € 0"
by auto
moreover
have ?B’' C O’
using <C' C - by auto
ultimately show dB’eB. z € B’ A B’ C O’ by metis
qed
ultimately show 3 B::’b set set. countable B A open = generate-topology B
by (auto simp: topological-basis-imp-subbasis)
qed

1.11 Closure

lemma closure-Union: closure (| X) = (Jz€X. closure z) if finite X
using that
by (induction X) auto
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1.12 Compactness

lemma compact-if-closed-subset-of-compact:
compact S if closed S compact TS C T
proof (rule compactI)
fix UU assume UU: VtcUU. open t S C |JUU
have T C | (insert (— S) (UU)) AB. B € insert (— S) UU = open B
using UU «§S C T»
by (auto simp: open-Compl <closed S»)
from compactE[OF <compact T» this]
obtain 7’ where T: 7' C insert (— S) UU finite T' T CUT'
by metis
show 3 C'CUU. finite C' NS C|JC’
apply (rule exl[where z=T"' — {—S}])
using 7 UU
apply auto
proof —
fix z assume z € §
with 7 <S C T) obtain U where 2 € U U € 7' using T
by auto
then show 3Xe7’' — {— S}.z € X
using 7 UU «x € S
apply —
apply (rule bexl[where z="U))
by auto
qged
qed

1.13 Locally finite

definition locally-finite-on X I U +— (VpeX. AN. peN A open N A finite {i€l.
Uin N #{1})

lemmas locally-finite-onl = locally-finite-on-def[ THEN iffD2, rule-format]

lemma locally-finite-onE:
assumes locally-finite-on X I U
assumes p € X
obtains N where p € N open N finite {i€I. Ui N N # {}}
using assms
by (auto simp: locally-finite-on-def)

lemma locally-finite-onD:
assumes locally-finite-on X I U
assumes p € X
shows finite {iel. p € Ui}
apply (rule locally-finite-onE[OF assms])
apply (rule finite-subset)
by auto
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lemma locally-finite-on-open-coverl: locally-finite-on X I U
if fin: N\j. j € I = finite {icl. Uin Uj# {}}
and open-cover: X C (Ji€l. Ui) N\i. i € I = open (U 1)
proof (rule locally-finite-onl)
fix p assume p € X
then obtain i where i: i € Ip € Ui open (U 1)
using open-cover
by blast
show IN.p e N A open N A finite {i € I. Ui N N # {}}
by (intro exl[where z=U i] conjI i fin)
qged

lemma locally-finite-compactD:
finite {icl. UinN V # {}}
if If: locally-finite-on X I U
and compact: compact V
and subset: V C X
proof —
have IN.Vp € X. p € Np A open (N p) A finite {icl. Ui N Np # {}}
by (rule bchoice) (auto elim!: locally-finite-onE[OF If, rule-format])
then obtain N where N: Ap. pe X = pe Np
Ap.- p € X = open (N p)
Ap. p € X = finite {icl. Ui N Np # {}}
by blast
have V C (JpeX. Np) AB. B€ N ‘X = open B
using N subset by force+
from compactE[OF compact this]
obtain C where C: C C X finite CV C |J(N ¢ C)
by (metis finite-subset-image)
then have {icl. UiN V #{}} C{icl. Uin YN ‘C) # {}}
by force
also have ... C (|JceC. {iel. UiN Nc # {}})
by force
also have finite ...
apply (rule finite-Union)
using C by (auto introl: C N)
finally (finite-subset) show ?thesis .
qged

lemma closure-Int-open-eqg-empty: open S = (closure TN S) ={} +— T NS

={}

by (auto simp: open-Int-closure-eq-empty ac-simps)

lemma locally-finite-on-subset:
assumes locally-finite-on X J U
assumes \i. i€ [ = ViC UiICJ
shows locally-finite-on X I V

proof (rule locally-finite-onl)
fix p assume p € X
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from locally-finite-onE[OF assms(1) this]
obtain N where p € N open N finite {i € J. Ui N N # {}} .
then show IN. p € N A open N A finite {i € I. Vin N # {}}
apply (intro exI[where z=N])
using assms
by (auto elim!: finite-subset[rotated])
qed

lemma locally-finite-on-closure:
locally-finite-on X I (Az. closure (U x))
if locally-finite-on X I U
proof (rule locally-finite-onlI)
fix p assume p € X
from locally-finite-onE[OF that this] obtain N
where p € N open N finite {i € I. UiN N # {}}.
then show IN. p € N A open N A finite {i € 1. closure (U4) N N # {}}
by (auto intro!: exI[where x=N] simp: closure-Int-open-eq-empty)
qed

lemma locally-finite-on-closedin-Union-closure:
closedin (top-of-set X) (lJi€l. closure (U 7))
if locally-finite-on X I U Ni. i € I = closure (Ui) C X
unfolding closedin-def
apply safe
subgoal using that(2) by auto
subgoal
apply (subst openin-subopen)
proof clarsimp
fix z
assume z: ¢ € X Viel. z ¢ closure (U 17)
from locally-finite-onE[OF that(1) <z € X»]
obtain N where N: z € N open N finite {i € I. Ui N N # {}} (is finite ?I).
define N’ where N' = N — (|Ji € ?1. closure (U 1))
have open N’
by (auto simp: N’-def introl: N)
then have openin (top-of-set X) (X N N')
by (rule openin-open-Int)
moreover
have r € X N N’ using z
by (auto simp: N’-def N)
moreover
have X N N’ C X — (Ji€l. closure (U 1))
using z that(2)
apply (auto simp: N'-def)
by (meson N(2) closure-iff-nhds-not-empty dual-order.refl)
ultimately show 3 T. openin (top-of-set X) TNz e T ANT C X — (Jiel.
closure (U 1))
by auto
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qed
done

lemma closure-subtopology-minimal:
S C T = closedin (top-of-set X) T = closure SN X C T
apply (auto simp: closedin-closed)
using closure-minimal by blast

lemma locally-finite-on-closure- Union:
(Uiel. closure (U 7)) = closure (Jiel. (U4) N X
if locally-finite-on X I U Ni. i € I = closure (Ui) C X
proof (rule antisym)
show (|Ji€l. closure (U 1)) C closure (Jiel. Ui) N X
using that
apply auto
by (metis (no-types, lifting) SUP-le-iff closed-closure closure-minimal clo-
sure-subset subsetCE)
show closure ((Jicl. Ui) N X C (|Ji€l. closure (U 1))
apply (rule closure-subtopology-minimal)
apply auto
using that
by (auto intro!: locally-finite-on-closedin- Union-closure)
qed

1.14 Refinement of cover

definition refines :: 'a set set = 'a set set = bool (infix <refinesy 50)
where A refines B «+— (Vs€A. (3t. t € BA s C 1))

lemma refines-subset: © refines y if z refines y ¢ C z
using that by (auto simp: refines-def)

1.15 Functions as vector space
instantiation fun :: (type, scaleR) scaleR begin

definition scaleR-fun :: real = (‘a = 'b) = 'a = 'b where
scaleR-fun r f = (Az. 7 xr f 1)

lemma scaleR-fun-beta[simp]: (r xg f) x = r *p fx
by (simp add: scaleR-fun-def)

instance ..
end

instance fun :: (type, real-vector) real-vector
by standard (auto simp: scaleR-fun-def algebra-simps)
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1.16 Additional lemmas

lemmas [simp del] = vimage-Un vimage-Int

lemma finite-Collect-imagel: finite {U € f * X. P U} if finite {z€X. P (fz)}
proof —
have {de f*X. Pd} Cf‘{ce X. P (fc)}
by blast
then show ?thesis
using finite-surj that by blast
qged

lemma plus-compose: (z + y) o f = (x o f) + (y o f)
by auto

lemma mult-compose: (z x y) o f = (x o f) x (y o f)
by auto

lemma scaleR-compose: (¢ xp z) o f = ¢ *p (z o f)
by (auto simp:)

lemma image-scaleR-ball:
fixes a :: ‘a::real-normed-vector
shows ¢ # 0 = (xg) ¢ ‘ball a v = ball (¢ xr a) (abs c xg )
proof (auto simp: mem-ball dist-norm, goal-cases)
case (1 b)
have norm (¢ *gr a — ¢ xg b) = abs ¢ * norm (a — b)
by (auto simp: norm-scaleR[symmetric] algebra-simps simp del: norm-scaleR)
also have ... < absc x r
apply (rule mult-strict-left-mono)
using 1 by auto
finally show ?case .
next
case (2 1)
have norm (a — z /g ¢) <r
proof —
have norm (a — z /g ¢) = abs ¢ g norm (a — z /g ¢) /g abs c
using 2 by auto
also have abs ¢ *g norm (a — z /g ¢) = norm (¢ *gr a — x)
using 2
by (auto simp: norm-scaleR[symmetric] algebra-simps simp del: norm-scaleR)
also have ... < |¢|*r
by fact
also have |c| * r /g |¢| = r using 2 by auto
finally show ?thesis using 2 by auto
qed
then have zdc: © /g c € ball a r
by (auto simp: mem-ball dist-norm)
show ?Zcase
apply (rule image-eql[OF - xdc])
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using 2 by simp
qed

1.17 Continuity

lemma continuous-within-topologicalE:
assumes continuous (at x within s) f
open Bfz e B
obtains A where open Az € ANy yes=—=yec A= fye B
using assms continuous-within-topological by metis

lemma continuous-within-topologicalE':
assumes continuous (at z) f
open B fz € B
obtains A where open Az € Af‘ACB
using assms continuous-within-topological E|OF assms]
by (metis UNIV-I image-subsetl)

lemma continuous-on-inverse: continuous-on S f = 0 ¢ f ‘S = continuous-on
S (Az. inverse (f x))

for f::-=-::real-normed-div-algebra

by (auto simp: continuous-on-def introl: tendsto-inverse)

1.18 (has-derivative)

lemma has-derivative-plus-fun|derivative-intros):
(z + y has-derivative ' + y') (at a within A)
if [derivative-intros]:
(z has-derivative x') (at a within A)
(y has-derivative y') (at a within A)
by (auto simp: plus-fun-def intro!: derivative-eq-intros)

lemma has-derivative-scale R-fun[derivative-intros|:
(z *r y has-derivative x xg y’) (at a within A)
if [derivative-intros]:
(y has-derivative y') (at a within A)
by (auto simp: scaleR-fun-def intro!: derivative-eq-intros)

lemma has-derivative-times-fun|derivative-intros):
(z % y has-derivative (Ah. z a x y' h + z' h * y a)) (at a within A)
if [derivative-intros]:
(z has-derivative x') (at a within A)
(y has-derivative y') (at a within A)
for x y::-='a::real-normed-algebra
by (auto simp: times-fun-def introl: derivative-eg-intros)

lemma real-sqrt-has-derivative-generic:

x # 0 = (sqrt has-derivative (x) ((if © > 0 then 1 else —1) * inverse (sqrt x)
/ 2)) (at z within S)

apply (rule has-derivative-at-withinl)
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using DERIV-real-sqrt-genericlof x (if £ > 0 then 1 else —1) % inverse (sqrt x)
/ 2] at-within-open[of x UNIV — {0}]
by (auto simp: has-field-derivative-def open-delete ac-simps split: if-splits)

lemma sqri-has-derivative:
((\z. sqrt (f z)) has-derivative (Aza. (if 0 < fx then 1 else — 1) / (2 * sqrt (f
z)) * ' za)) (at z within S)
if (f has-derivative f') (at z within S) fz # 0
by (rule has-derivative-eq-rhs| OF has-derivative-compose| OF that(1) real-sqrt-has-derivative-generic,
OF that(2)]])
(auto simp: divide-simps)

lemmas has-derivative-norm-compose|[derivative-intros] = has-derivative-compose[ OF
- has-derivative-norm]

1.19 Differentiable

lemmas differentiable-on-empty|simp]

lemma differentiable-transform-eventually: f differentiable (at x within X)
if g differentiable (at x within X)
fr=gz
Vr zin (at z within X). fz =g«
using that
apply (auto simp: differentiable-def)
subgoal for D
apply (rule exI[where z=D))
apply (auto simp: has-derivative-within)
by (simp add: eventually-mono Lim-transform-eventually)
done

lemma differentiable-within-eql: f differentiable at x within X
if g differentiable at x within X N\z. 2 € X = fz =gz
z € X open X
apply (rule differentiable-transform-eventually)
apply (rule that)
apply (auto simp: that)
proof —
have V¢ x in at x within X. v € X
using <open X)»
using eventually-at-topological by blast
then show Vp zin at z within X. fz =gz
by eventually-elim (auto simp: that)
qed

lemma differentiable-eql: f differentiable at x
if g differentiable at z N\z. 2 € X = fax =gaxz € X open X
using that
unfolding at-within-open|OF that(3,4), symmetric]
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by (rule differentiable-within-eql)

lemma differentiable-on-eql:
f differentiable-on S
if ¢ differentiable-on S Nz. z € S = fz = gz open S
using that differentiable-eql[of g - S f]
by (auto simp: differentiable-on-eq-differentiable-at)

lemma differentiable-on-comp: (f o g) differentiable-on S
if g differentiable-on S f differentiable-on (g * S)
using that
by (auto simp: differentiable-on-def intro: differentiable-chain-within)

lemma differentiable-on-comp2: (f o g) differentiable-on S
if f differentiable-on T g differentiable-on S g ‘S C T
apply (rule differentiable-on-comp)
apply (rule that)
apply (rule differentiable-on-subset)
apply (rule that)
apply (rule that)
done

lemmas differentiable-on-compose2 = differentiable-on-comp2[unfolded o-def]

lemma differentiable-on-openD: f differentiable at x
if f differentiable-on X open X x € X
using differentiable-on-eq-differentiable-at that by blast

lemma differentiable-on-add-funlintro, simp):

x differentiable-on UNIV = y differentiable-on UNIV — x + y differentiable-on
UNIV

by (auto simp: plus-fun-def)

lemma differentiable-on-mult-fun[intro, simpl:

z differentiable-on UNIV = y differentiable-on UNIV = x x y differentiable-on
UNIV

for z y::-='a::real-normed-algebra

by (auto simp: times-fun-def)

lemma differentiable-on-scaleR-fun[intro, simp):
y differentiable-on UNIV = x xp y differentiable-on UNIV
by (auto simp: scaleR-fun-def)

lemma sqrt-differentiable:
(Az. sqrt (f x)) differentiable (at x within S)
if f differentiable (at z within S) fz # 0
using that
using sqrt-has-derivative|of f - x S]
by (auto simp: differentiable-def)
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lemma sqri-differentiable-on: (Az. sqrt (f z)) differentiable-on S
if f differentiable-on S 0 ¢ f*S
using sqrt-differentiable[of f - S] that
by (force simp: differentiable-on-def)

lemma differentiable-on-inverse: f differentiable-on S — 0 ¢ f ‘S = (\z. in-
verse (f x)) differentiable-on S

for f::-=-::real-normed-field

by (auto simp: differentiable-on-def intro!: differentiable-inverse)

lemma differentiable-on-openl:
f differentiable-on S
if open S Az. © € S = 3f". (f has-derivative f') (at z)
using that
by (auto simp: differentiable-on-def at-within-open[where S=S] differentiable-def)

lemmas differentiable-norm-compose-at = differentiable-compose| OF differentiable-norm-at]

lemma differentiable-on-Pair:

f differentiable-on S = g differentiable-on S = (A\z. (fz, g x)) differentiable-on
S

unfolding differentiable-on-def

using differentiable-Pair|of f - S g] by auto

lemma differentiable-at-fst:
(Az. fst (f x)) differentiable at x within X if f differentiable at x within X
using that
by (auto simp: differentiable-def dest!: has-derivative-fst)

lemma differentiable-at-snd:
(Az. snd (f z)) differentiable at x within X if f differentiable at x within X
using that
by (auto simp: differentiable-def dest!: has-derivative-snd)

lemmas frechet-derivative-worksl = frechet-derivative-works| THEN iffD1]

lemma sin-differentiable-at: (\x. sin (f x::real)) differentiable at x within X
if f differentiable at x within X
using differentiable-def has-derivative-sin that by blast

lemma cos-differentiable-at: (Ax. cos (f z::real)) differentiable at © within X

if f differentiable at x within X
using differentiable-def has-derivative-cos that by blast

1.20 Frechet derivative

lemmas frechet-derivative-transform-within-open-ext =
fun-cong|OF frechet-derivative-transform-within-open]
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lemmas frechet-derivative-at’ = frechet-derivative-at[symmetric]

lemma frechet-derivative-plus-fun:
x differentiable at a = y differentiable at a =
frechet-derivative (z + y) (at a) =
frechet-derivative x (at a) + frechet-derivative y (at a)
by (rule frechet-derivative-at’)
(auto intro!: derivative-eg-intros frechet-derivative-worksl)

lemmas frechet-derivative-plus = frechet-derivative-plus-fununfolded plus-fun-def]

lemma frechet-derivative-zero-fun: frechet-derivative 0 (at a) = 0
by (auto simp: frechet-derivative-const zero-fun-def)

lemma frechet-derivative-sin:

frechet-derivative (Az. sin (f z)) (at ) = (Aza. frechet-derivative f (at ) za *
cos (f 2))

if f differentiable (at z)

for f::-=real

by (rule frechet-derivative-at’| OF has-derivative-sin| OF frechet-derivative-worksI[OF
that]]])

lemma frechet-derivative-cos:

frechet-derivative (Ax. cos (f x)) (at ) = (Aza. frechet-derivative f (at z) xa * —
sin (f x))

if f differentiable (at x)

for f::-=real

by (rule frechet-derivative-at'|OF has-derivative-cos| OF frechet-derivative-worksI[OF
that]]])

lemma differentiable-sum-fun:
(A\i. i € I = (f i differentiable at a)) = sum f I differentiable at a
by (induction I rule: infinite-finite-induct) (auto simp: zero-fun-def plus-fun-def)

lemma frechet-derivative-sum-fun:
(N\i. i € I = (f i differentiable at a)) =
frechet-derivative (>~ i€l. fi) (at a) = (> i€l. frechet-derivative (f i) (at a))
by (induction I rule: infinite-finite-induct)
(auto simp: frechet-derivative-zero-fun frechet-derivative-plus-fun differentiable-sum-fun)

lemma sum-fun-def: (> i€l. fi) = (Az. Y i€l. fix)
by (induction I rule: infinite-finite-induct) auto

lemmas frechet-derivative-sum = frechet-derivative-sum-fun|unfolded sum-fun-def]

lemma frechet-derivative-times-fun:
f differentiable at a = g differentiable at o —>
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frechet-derivative (f * g) (at a) =

(Az. f a * frechet-derivative g (at a) z + frechet-derivative f (at a) z * g a)

for f g::-='a::real-normed-algebra

by (rule frechet-derivative-at’) (auto intro!: derivative-eg-intros frechet-derivative-worksI)

lemmas frechet-derivative-times = frechet-derivative-times-funlunfolded times-fun-def]

lemma frechet-derivative-scale R-fun:
y differentiable at a —
frechet-derivative (z *g y) (at a) =
z xR frechet-derivative y (at a)
by (rule frechet-derivative-at’)
(auto intro!: derivative-eq-intros frechet-derivative-worksl)

lemmas frechet-derivative-scaleR = frechet-derivative-scale R-fun[unfolded scale R-fun-def)

lemma frechet-derivative-compose:

frechet-derivative (f o g) (at ) = frechet-derivative (f) (at (g z)) o frechet-derivative
g (at z)

if g differentiable at z f differentiable at (g x)

by (meson diff-chain-at frechet-derivative-at’ frechet-derivative-works that)

lemma frechet-derivative-compose-eucl:
frechet-derivative (f o g) (at z) =
(Av. Y i€Basis. ((frechet-derivative g (at x) v) - i) *g frechet-derivative f (at
(g )) )
(is 7l = ?r)
if g differentiable at z f differentiable at (g x)
proof (rule ext)
fix v
interpret g: linear frechet-derivative g (at z)
using that(1)
by (rule linear-frechet-derivative)
interpret f: linear frechet-derivative f (at (g x))
using that(2)
by (rule linear-frechet-derivative)
have frechet-derivative (f o g) (at ) v =
frechet-derivative f (at (g z)) (. i€ Basis. (frechet-derivative g (at x) v - 7) *g
i
)

unfolding frechet-derivative-compose| OF that] o-apply
by (simp add: euclidean-representation)
also have ... = ?rv
by (auto simp: g.sum g.scaleR f.sum f.scaleR)
finally show ?lv = ?rv.
qed

lemma frechet-derivative-works-on-open:
f differentiable-on X = open X — v € X =
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(f has-derivative frechet-derivative f (at x)) (at z)
and frechet-derivative-works-on:
f differentiable-on X — z € X —
(f has-derivative frechet-derivative f (at x within X)) (at z within X)
by (auto simp: differentiable-onD differentiable-on-openD frechet-derivative-worksI)

lemma frechet-derivative-inverse: frechet-derivative (\z. inverse (f z)) (at z) =
(Ah. — 1 / (f ©)? * frechet-derivative f (at x) h)
if f differentiable ot x f x # 0 for f::-=-::real-normed-field
apply (rule frechet-derivative-at’)
using that
by (auto intro!: derivative-eq-intros frechet-derivative-worksl
stmp: divide-simps algebra-simps power2-eq-square)

lemma frechet-derivative-sqrt: frechet-derivative (Az. sqrt (f z)) (at z) =
(ANv. (if fz > 0 then 1 else —1) / (2 * sqrt (f z)) * frechet-derivative f (at ) v)
if f differentiable at x f x # 0
apply (rule frechet-derivative-at’)
apply (rule sqrt-has-derivative] THEN has-derivative-eq-rhs])
by (auto intro!: frechet-derivative-worksI that simp: divide-simps)

lemma frechet-derivative-norm: frechet-derivative (Az. norm (f z)) (at z) =
(Av. frechet-derivative f (at ) v + sgn (f z))
if f differentiable at x fx # 0
for f::-=-::real-inner
apply (rule frechet-derivative-at’)
by (auto intro!: derivative-eq-intros frechet-derivative-worksI that simp: divide-simps)

lemma (in bounded-linear) frechet-derivative:
frechet-derivative f (at z) = f
apply (rule frechet-derivative-at”)
apply (rule has-derivative-eq-rhs)
apply (rule has-derivative)
by (auto intro!: derivative-eq-intros)

bundle matriz-mult

begin

notation matriz-matriz-mult (infixl x> 70)
end

lemma (in bounded-bilinear) frechet-derivative:
includes no matriz-mult
shows
x differentiable at a = y differentiable at a —>
frechet-derivative (Aa. x a *x y a) (at a) =
(Ah. z a *x frechet-derivative y (at a) h + frechet-derivative z (at a) h ** y
a)

by (rule frechet-derivative-at’) (auto intro!: FDERIV frechet-derivative-worksl)
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lemma frechet-derivative-divide: frechet-derivative (Az. fz / g x) (at z) =
(Ah. frechet-derivative f (at ) h / (g ) —frechet-derivative g (at ) h * fz /
(g2)?)
if f differentiable at x g differentiable at © g x # 0 for f::-=-::real-normed-field
using that
by (auto simp: divide-inverse-commute bounded-bilinear.frechet-derivative| OF bounded-bilinear-mult]
frechet-derivative-inverse)

lemma frechet-derivative-pair:

frechet-derivative (\z. (f z, g x)) (at ) = (Av. (frechet-derivative f (at x) v,
frechet-derivative g (at x) v))

if f differentiable (at z) g differentiable (at x)

by (metis (no-types) frechet-derivative-at frechet-derivative-works has-derivative- Pair
that)

lemma frechet-derivative-fst:
frechet-derivative (Az. fst (f z)) (at x) = (Aza. fst (frechet-derivative f (at z) za))
if (f differentiable at x)
for f::-=(-::real-normed-vector x -::real-normed-vector)
by (metis frechet-derivative-at frechet-derivative-works has-derivative-fst that)

lemma frechet-derivative-snd:

frechet-derivative (Az. snd (f z)) (at ) = (Aza. snd (frechet-derivative f (at x)
za))

if (f differentiable at x)

for f::-=(-:real-normed-vector x -::real-normed-vector)

by (metis frechet-derivative-at frechet-derivative-worksl has-derivative-snd that)

lemma frechet-derivative-eq-vector-derivative-1:
assumes f differentiable at t
shows frechet-derivative f (at t) 1 = wvector-derivative f (at t)
by (simp add: assms frechet-derivative-eq-vector-derivative)

1.21 Linear algebra

lemma (in vector-space) dim-pos-finite-dimensional-vector-spaceFE:
assumes dim (UNIV::'b set) > 0
obtains basis where finite-dimensional-vector-space scale basis
proof —
from assms obtain b where b: local.span b = local.span UNIV local.independent
b
by (auto simp: dim-def split: if-splits)
then have dim UNIV = card b
by (rule dim-eq-card)
with assms have finite b by (auto simp: card-ge-0-finite)
then have finite-dimensional-vector-space scale b
by unfold-locales (auto simp: b)
then show ?thesis ..
qed
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context vector-space-on begin

context includes lifting-syntax assumes 3 (Rep::'s = 'b) (Abs::'b = 's). type-definition
Rep Abs S begin

interpretation local-typedef-vector-space-on S scale TYPE('s) by unfold-locales
fact

lemmas-with [var-simplified explicit-ab-group-add,
unoverload-type 'd,
OF type.ab-group-add-axioms type-vector-space-on-with,
folded dim-S-def,
untransferred,
var-simplified implicit-ab-group-add):
lt-dim-pos-finite-dimensional-vector-spaceE = vector-space.dim-pos-finite-dimensional-vector-spaceE

end

lemmas-with [cancel-type-definition,
OF S-ne,
folded subset-iff’,
simplified pred-fun-def, folded finite-dimensional-vector-space-on-with,
simplified— too much?]:
dim-pos-finite-dimensional-vector-spaceE = lt-dim-pos-finite-dimensional-vector-spaceE

end

1.22 Extensional function space

f is zero outside A. We use such functions to canonically represent functions
whose domain is A

definition eztensional :: 'a set = ('a = 'b::zero) = bool
where extensional0 A f = V.2 ¢ A — faz = 0)

lemma extensional0-0[intro, simp): extensional0 X 0
by (auto simp: extensional0-def)

lemma extensional0-UNIV [intro, simpl: extensional0 UNIV f
by (auto simp: extensional0-def)

lemma ext-extensional(:
f = g if extensional0 S f extensional0 S g Nxz. z € S = fz =gz
using that by (force simp: extensional0-def fun-eq-iff)

lemma extensional0-add[intro, simp):

extensional0 S f = extensional0 S g = extensional0 S (f + ¢::-='a::comm-monoid-add)
by (auto simp: extensional0-def)
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lemma extensinoal0-mult[intro, simp]:
extensionall S © = extensional0 S y = extensional0 S (z * y)
for z y::-="a::mult-zero
by (auto simp: extensional(-def)

lemma extensional0-scaleR[intro, simp|: extensional0 S f = extensionald S (c
xp f1:-='a:real-vector)
by (auto simp: extensional0-def)

lemma extensional0-outside: © ¢ S — extensional0 S f = fx =0
by (auto simp: extensional0-def)

lemma subspace-extensionall: subspace (Collect (extensionald X))
by (auto simp: subspace-def)

Send the function f to its canonical representative as a function with domain
A

definition restrict0 :: 'a set = ('a = 'b::zero) = 'a = 'b
where restrict0 A fz = (if x € A then f z else 0)

lemma restrict0-UNIV [simp]: restrict0 UNIV = (Az. z)
by (intro ext) (auto simp: restrict0-def)

lemma extensionalO-restrictO[intro, simp): extensional0 A (restrict0 A f)
by (auto simp: extensional0-def restrict0-def)

lemma restrictO-times: restrict0 A (z * y) = restrict0 A z * restrict0 A y
for z::'a="b::mult-zero
by (auto simp: restrict0-def[abs-def])

lemma restrict0-apply-in[simpl: © € A = restrict0 A fz = fzx
by (auto simp: restrictO-def)

lemma restrictO-apply-out[simp|: © ¢ A => restrict0 A fz = 0
by (auto simp: restrict0-def)

lemma restrict0-scaleR: restrict0 A (¢ g f::-='a::real-vector) = ¢ xg restrict0 A
f

by (auto simp: restrict0-def[abs-def])
lemma restrict0-add: restrict0 A (f + g::-='a::real-vector) = restrict0 A f + re-
strict0 A g

by (auto simp: restrict0-def[abs-def])

lemma restrict0-restrict0: restrict0 X (restrict0 Y f) = restrict0 (X N'Y) f
by (auto simp: restrict0-def)

end
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2  Smooth Functions between Normed Vector Spaces

theory Smooth
imports
Analysis-More
begin

2.1 From/To Multivariate-Taylor.thy

lemma multivariate- Taylor-integral:
fixes f::’a::real-normed-vector = 'b::banach
and Df::'a = nat = 'a = 'b
assumes n > 0
assumes Df-Nil: Naz. Dfa 0 H = fa
assumes Df-Cons: Aa i d. a € closed-segment X (X + H) = i < n =
((Ma. Df a i H) has-derivative (Df a (Suc 7))) (at a within G)
assumes cs: closed-segment X (X + H) C G
defines i = Az.
(1 —z) "(n—1)/fact (n — 1)) xg Df (X + 2z xg H) n H
shows multivariate- Taylor-has-integral:
(i has-integral f (X + H) — (3 i<n. (1 / facti) xg Df X i H)) {0..1}
and multivariate- Taylor:
f (X + H)=("i<n. (1 / facti) xgr Df X i H) + integral {0..1} i
and multivariate- Taylor-integrable:
i integrable-on {0..1}
proof goal-cases
case I
let ?G = closed-segment X (X + H)
define line where line t = X + ¢t xp H for ¢
have segment-eq: closed-segment X (X + H) = line ‘{0 .. 1}
by (auto simp: line-def closed-segment-def algebra-simps)
have line-deriv: Az. (line has-derivative (At. t xg H)) (at z)
by (auto intro!: derivative-eq-intros simp: line-def [abs-def])
define g where g = f o line
define Dg where Dg n t = Df (line t) n H for n :: nat and ¢ :: real
note (n > O
moreover
have Dg0: Dg 0 = g by (auto simp add: Dg-def Df-Nil g-def)
moreover
have DgSuc: (Dg m has-vector-derivative Dg (Suc m) t) (at t within {0..1})
ifm<n0<tt<1for m:nat and t:real
proof —
from that have [intro]: line t € ?G using assms
by (auto simp: segment-eq)
note [derivative-intros| = has-derivative-in-compose[ OF - has-derivative-subset| OF
Df-Cons]]
interpret Df: linear (Ad. Df (line t) (Suc m) d)
by (auto intro!: has-derivative-linear derivative-intros <m < ny)
note [derivative-intros| =
has-derivative-compose[ OF - line-deriv]
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show ?thesis
using Df.scaleR «<m < n»
by (auto simp: Dg-def [abs-def] has-vector-derivative-def g-def segment-eq
introl: derivative-eq-intros subsetD[OF cs))
qed
ultimately
have g-Taylor: (i has-integral g 1 — (> i<n. (1 — 0) " i / fact i) g Dg i 0))
{0 .. 1}
unfolding i-def Dg-def [abs-def] line-def
by (rule Taylor-has-integral) auto
then show c¢: ?case using <n > 0» by (auto simp: g-def line-def Dg-def)
case 2 show Zcase using ¢
by (simp add: integral-unique add.commute)
case 3 show ?case using c by force
qed

2.2 Higher-order differentiable

fun higher-differentiable-on ::
'a::real-normed-vector set = (‘a = 'b::real-normed-vector) = nat = bool where
higher-differentiable-on S f 0 <+— continuous-on S f
| higher-differentiable-on S f (Suc n) +—
(VzeS. f differentiable (at z)) A
(V v. higher-differentiable-on S (Az. frechet-derivative f (at ) v) n)

lemma ball-differentiable-atD: ¥V z€S. f differentiable at x = [ differentiable-on S
by (auto simp: differentiable-on-def differentiable-at-withinl)

lemma higher-differentiable-on-imp-continuous-on:
continuous-on S f if higher-differentiable-on S fn
using that
by (cases n) (auto simp: differentiable-imp-continuous-on ball-differentiable-atD)

lemma higher-differentiable-on-imp-differentiable-on:
f differentiable-on S if higher-differentiable-on S fkk > 0
using that
by (cases k) (auto simp: ball-differentiable-atD)

lemma higher-differentiable-on-congl:
assumes open S higher-differentiable-on S g n
and A\z.z2€ S = fz=g=x
shows higher-differentiable-on S fn
using assms(2,3)
proof (induction n arbitrary: f g)
case ()
then show ?Zcase by auto
next
case (Suc n)
have 1: Vz€S. g differentiable (at ) and
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2: higher-differentiable-on S (A\x. frechet-derivative g (at x) v) n for v
using Suc by auto
have 3: VzeS. f differentiable (at z) using 1 Suc(3) assms(1)
by (metis differentiable-eql)
have /: frechet-derivative f (at ) v = frechet-derivative g (at ) v if x € S for
TV
using 3 Suc.prems(2) assms(1) frechet-derivative-transform-within-open-ext
that by blast
from 2 3 4 show ?case
using Suc.IH[OF 2 /] by auto
qged

lemma higher-differentiable-on-cong:
assumes open S S =T
and \e. 2 € T = fz=gux
shows higher-differentiable-on S f n <— higher-differentiable-on T g n
using higher-differentiable-on-congl assms by auto

lemma higher-differentiable-on-SucD:
higher-differentiable-on S f n if higher-differentiable-on S f (Suc n)
using that
by (induction n arbitrary: f) (auto simp: differentiable-imp-continuous-on ball-differentiable-atD)

lemma higher-differentiable-on-addD:
higher-differentiable-on S f n if higher-differentiable-on S f (n + m)
using that
by (induction m arbitrary: f n)
(auto simp del: higher-differentiable-on.simps dest!: higher-differentiable-on-SucD)

lemma higher-differentiable-on-le:
higher-differentiable-on S f n if higher-differentiable-on S fm n < m
using higher-differentiable-on-addD[of S f n m — n] that
by auto

lemma higher-differentiable-on-open-subsetsl:
higher-differentiable-on S fn
if Aw.x € S= 3T.xz€ T A open T A higher-differentiable-on T fn
using that
proof (induction n arbitrary: f)
case ()
show ?Zcase
by (force simp: continuous-on-def
dest!: 0
dest: at-within-open
introl: Lim-at-imp-Lim-at-within[where S=5])
next
case (Suc n)
have f differentiable at x if z € S for z
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using Suc.prems[OF <z € S)]
by (auto simp: differentiable-on-def dest: at-within-open dest!: bspec)
then have f differentiable-on S
by (auto simp: differentiable-on-def intro!: differentiable-at-withinl [where s=5])
with Suc show ?case
by fastforce
qed

lemma higher-differentiable-on-const: higher-differentiable-on S (Az. ¢) n
by (induction n arbitrary: ¢) (auto simp: continuous-intros frechet-derivative-const)

lemma higher-differentiable-on-id: higher-differentiable-on S (Az. z) n
by (cases n) (auto simp: frechet-derivative-works higher-differentiable-on-const)

lemma higher-differentiable-on-add:
higher-differentiable-on S (A\x. fz + g z) n
if higher-differentiable-on S fn
higher-differentiable-on S g n
open S
using that
proof (induction n arbitrary: f g)
case (
then show ?case by (auto introl: continuous-intros)
next
case (Suc n)
from Suc.prems have
f: N\z. z€S = f differentiable (at x)
and hf: higher-differentiable-on S (A\z. frechet-derivative f (at z) v) n
and ¢: Az. €S = g differentiable (at x)
and hg: higher-differentiable-on S (Az. frechet-derivative g (at x) v) n
for v
by auto
show ?Zcase
using f g <open S»
by (auto simp: frechet-derivative-plus
introl: derivative-intros f g Suc.IH hf hg
cong: higher-differentiable-on-cong)
qged

lemma (in bounded-bilinear) differentiable:
(Az. prod (f z) (g x)) differentiable at x within S
if f differentiable at x within S
g differentiable at x within S
by (blast intro: differentiablel frechet-derivative-worksI that FDERIV')

context begin
private lemmas d = bounded-bilinear.differentiable
lemmas differentiable-inner = bounded-bilinear-inner[ THEN d]

36



and differentiable-scaleR = bounded-bilinear-scaleR[THEN d]
and differentiable-mult = bounded-bilinear-mult| THEN d]
end

lemma (in bounded-bilinear) differentiable-on:
(Az. prod (f z) (g x)) differentiable-on S
if f differentiable-on S g differentiable-on S
using that by (auto simp: differentiable-on-def differentiable)

context begin

private lemmas do = bounded-bilinear.differentiable-on

lemmas differentiable-on-inner = bounded-bilinear-inner| THEN do]
and differentiable-on-scaleR = bounded-bilinear-scaleR[THEN do)
and differentiable-on-mult = bounded-bilinear-mult| THEN do]

end

lemma (in bounded-bilinear) higher-differentiable-on:
higher-differentiable-on S (Az. prod (fz) (g x)) n
if
higher-differentiable-on S f n
higher-differentiable-on S g n
open S
using that
proof (induction n arbitrary: f g)
case ()
then show ?Zcase by (auto intro!: continuous-intros continuous-on)
next
case (Suc n)
from Suc.prems have
f: Nz. z€S = [ differentiable (at )
and hf: higher-differentiable-on S (Axz. frechet-derivative f (at z) v) n
and g: A\z. z€S = g differentiable (at x)
and hg: higher-differentiable-on S (Ax. frechet-derivative g (at x) v) n
for v
by auto
show ?Zcase
using f g <open S» Suc
by (auto simp: frechet-derivative
intro!: derivative-intros f g differentiable higher-differentiable-on-add Suc.IH
intro: higher-differentiable-on-SucD
cong: higher-differentiable-on-cong)
qged

context begin

private lemmas hdo = bounded-bilinear.higher-differentiable-on

lemmas higher-differentiable-on-inner = bounded-bilinear-inner| THEN hdo)
and higher-differentiable-on-scaleR = bounded-bilinear-scaleR[ THEN hdo)
and higher-differentiable-on-mult = bounded-bilinear-mult| THEN hdo]

end
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lemma higher-differentiable-on-sum:
higher-differentiable-on S (Az. Y i€F. fiz) n
if \i. i € F = finite F = higher-differentiable-on S (f i) n open S
using that
by (induction F rule: infinite-finite-induct)
(auto intro!: higher-differentiable-on-const higher-differentiable-on-add)

lemma higher-differentiable-on-subset:
higher-differentiable-on S fn
if higher-differentiable-on T fn S C T
using that
by (induction n arbitrary: f) (auto intro: continuous-on-subset differentiable-on-subset)

lemma higher-differentiable-on-compose:
higher-differentiable-on S (f o g) n
if higher-differentiable-on T f n higher-differentiable-on S gn g S C T open S
open T
for g::-=-::euclidean-space— TODO: can we get around this restriction?
using that(1—3)
proof (induction n arbitrary: f g)
case (
then show ?case using that(4—)
by (auto simp: continuous-on-compose2)
next
case (Suc n)
from Suc.prems
have
fi N\z. z € T = f differentiable (at x)
and g: A\z. z € S = g differentiable (at x)
and hf: higher-differentiable-on T (Az. frechet-derivative f (at x) v)
and hg: higher-differentiable-on S (Az. frechet-derivative g (at x) w)
for v w
by auto
show ?Zcase
using <g ‘- C - <open S» f g <open T» Suc
Suc.IH|where f=Az. frechet-derivative f (at x) v
and g = Az. g = for v, unfolded o-def]
higher-differentiable-on-SucD[OF Suc.prems(2)]
by (auto
simp: frechet-derivative-compose-eucl subset-iff
simp del: o-apply
intro!: differentiable-chain-within higher-differentiable-on-sum
higher-differentiable-on-scaleR higher-differentiable-on-inner
higher-differentiable-on-const
intro: differentiable-at-withinl
cong: higher-differentiable-on-cong)

3 S

qed
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lemma higher-differentiable-on-uminus:
higher-differentiable-on S (Az. — fz) n
if higher-differentiable-on S f n open S
using higher-differentiable-on-scaleR[of S Ax. —1 n f] that
by (auto simp: higher-differentiable-on-const)

lemma higher-differentiable-on-minus:
higher-differentiable-on S (A\z. fz — g z) n
if higher-differentiable-on S f n
higher-differentiable-on S g n
open S
using higher-differentiable-on-add[OF - higher-differentiable-on-uminus, OF that(1,2,3,3)]
by simp

lemma higher-differentiable-on-inverse:
higher-differentiable-on S (Az. inverse (f z)) n
if higher-differentiable-on S fn 0 ¢ f S open S
for f::-=-::ireal-normed-field
using that
proof (induction n arbitrary: f)
case (
then show ?case by (auto simp: continuous-on-inverse)
next
case (Suc n)
from Suc.prems(1) have fn: higher-differentiable-on S f n by (rule higher-differentiable-on-SucD)
from Suc show ?case
by (auto simp: continuous-on-inverse image-iff power2-eq-square
frechet-derivative-inverse divide-inverse
introl: differentiable-inverse higher-differentiable-on-uminus higher-differentiable-on-mult
Suc.IH fn
cong: higher-differentiable-on-cong)
qed

lemma higher-differentiable-on-divide:
higher-differentiable-on S (A\z. fz / g z) n
if
higher-differentiable-on S f n
higher-differentiable-on S g n
Ne.zeS=ga#0
open S
for f::-=-:ireal-normed-field
using higher-differentiable-on-mult| OF - higher-differentiable-on-inverse, OF that(1,2)
- that(4,4)]
that(3)
by (auto simp: divide-inverse image-iff)

lemma differentiable-on-open-Union:
f differentiable-on |J S
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if As. s € S = f differentiable-on s
Ns. s € S = open s
using that
unfolding differentiable-on-def
by (metis Union-iff at-within-open open-Union)

lemma higher-differentiable-on-open-Union: higher-differentiable-on (| S) fn
if As. s € S = higher-differentiable-on s fn
Ns. s € 8§ = open s
using that
proof (induction n arbitrary: f)
case ()
then show ?case by (auto simp: continuous-on-open-Union)
next
case (Suc n)
then show ?case
by (auto simp: differentiable-on-open-Union)
qed

lemma differentiable-on-open-Un:
f differentiable-on S U T
if f differentiable-on S
f differentiable-on T
open S open T
using that differentiable-on-open-Union[of {S, T} f]
by auto

lemma higher-differentiable-on-open-Un: higher-differentiable-on (S U T) fn
if higher-differentiable-on S f n
higher-differentiable-on T fn
open S open T
using higher-differentiable-on-open-Union|of {S, T} f n] that
by auto

lemma higher-differentiable-on-sqrt: higher-differentiable-on S (Az. sqrt (f z)) n
if higher-differentiable-on S fn 0 ¢ f S open S
using that
proof (induction n arbitrary: f)
case ()
then show ?case by (auto simp: continuous-intros)
next
case (Suc n)
from Suc.prems(1) have fn: higher-differentiable-on S f n by (rule higher-differentiable-on-SucD)
then have continuous-on S f
by (rule higher-differentiable-on-imp-continuous-on)
with <open S» have op: open (S N f —{0<..}) (is open %op)
by (rule open-continuous-vimage’) simp
from <open S» <continuous-on S fr have on: open (S N f —¢{..<0}) (is open
Zon)
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by (rule open-continuous-vimage’) simp
have op”: higher-differentiable-on ?op (Az. 1) n and on’: higher-differentiable-on
fon (Az. —1) n
by (rule higher-differentiable-on-const)+
then have i: higher-differentiable-on (fop U %on) (Az. if 0 < f x then 1::real
else — 1) n
by (auto introl: higher-differentiable-on-open-Un op on
higher-differentiable-on-congI [OF - op’] higher-differentiable-on-congl[OF
- on])

also have %0p U Zon = S using Suc by auto
finally have i: higher-differentiable-on S (Az. if 0 < fx then 1::real else — 1) n

from fn i Suc show ?case
by (auto simp: sqri-differentiable-on image-iff frechet-derivative-sqrt
introl: sqrit-differentiable higher-differentiable-on-mult higher-differentiable-on-inverse
higher-differentiable-on-divide higher-differentiable-on-const
cong: higher-differentiable-on-cong)
qed

lemma higher-differentiable-on-frechet-derivativel :
higher-differentiable-on X (Az. frechet-derivative f (at x) h) i
if higher-differentiable-on X f (Suc i) open X z € X
using that(1)
by (induction i arbitrary: f h) auto

lemma higher-differentiable-on-norm:
higher-differentiable-on S (Az. norm (f z)) n
if higher-differentiable-on S fn 0 ¢ f ‘S open S
for f::-=-::real-inner
using that
proof (induction n arbitrary: f)
case (
then show ?case by (auto simp: continuous-on-norm)
next
case (Suc n)
from Suc.prems(1) have fn: higher-differentiable-on S f n by (rule higher-differentiable-on-SucD)
from Suc show ?case
by (auto simp: continuous-on-norm frechet-derivative-norm image-iff sgn-div-norm
cong: higher-differentiable-on-cong
introl: differentiable-norm-compose-at higher-differentiable-on-inner
higher-differentiable-on-inverse
higher-differentiable-on-mult Suc.IH fn)
qed

declare higher-differentiable-on.simps [simp del]

lemma higher-differentiable-on-Pair:
higher-differentiable-on S f k = higher-differentiable-on S g k =
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higher-differentiable-on S (\x. (f z, g z)) k
if open S
proof (induction k arbitrary: f g)
case ()
then show ?case
unfolding higher-differentiable-on.simps
by (auto introl: continuous-intros)
next
case (Suc k)
then show ?case using that
unfolding higher-differentiable-on.simps
by (auto simp: frechet-derivative-pair|[of f - g cong: higher-differentiable-on-cong)
qed

lemma higher-differentiable-on-compose’:

higher-differentiable-on S (A\z. f (g z)) n

if higher-differentiable-on T f n higher-differentiable-on S gn g S C T open S
open T

for g::-=--::euclidean-space

using higher-differentiable-on-compose[of T fn S g] comp-def that

by (metis (no-types, lifting) higher-differentiable-on-cong)

lemma higher-differentiable-on-fst:

higher-differentiable-on (S x T) fst k
proof (induction k)

case (Suc k)

then show ?case

unfolding higher-differentiable-on.simps
by (auto simp: differentiable-at-fst frechet-derivative-fst frechet-derivative-id

higher-differentiable-on-const)
qed (auto simp: higher-differentiable-on.simps continuous-on-fst)

lemma higher-differentiable-on-snd:
higher-differentiable-on (S x T) snd k
proof (induction k)
case (Suc k)
then show ?case
unfolding higher-differentiable-on.simps
by (auto intro!: continuous-intros
simp: differentiable-at-snd frechet-derivative-snd frechet-derivative-id higher-differentiable-on-const)
qed (auto simp: higher-differentiable-on.simps continuous-on-snd)

lemma higher-differentiable-on-fst-comp:
higher-differentiable-on S (Az. fst (fz)) k
if higher-differentiable-on S f k open S
using that
by (induction k arbitrary: f)
(auto introl: continuous-intros differentiable-at-fst
cong: higher-differentiable-on-cong
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simp: higher-differentiable-on.simps frechet-derivative-fst)

lemma higher-differentiable-on-snd-comp:
higher-differentiable-on S (Az. snd (f x)) k
if higher-differentiable-on S f k open S
using that
by (induction k arbitrary: f)
(auto intro!: continuous-intros differentiable-at-snd
cong: higher-differentiable-on-cong
simp: higher-differentiable-on.simps frechet-derivative-snd)

lemma higher-differentiable-on-Pair’:

higher-differentiable-on S f k = higher-differentiable-on T g k —

higher-differentiable-on (S x T) (Az. (f (fst z), g (snd z))) k

if S: open S and T: open T

for f::-::euclidean-space=- and g::-::euclidean-space=-

by (auto intro!: higher-differentiable-on-Pair open-Times S T
higher-differentiable-on-fst
higher-differentiable-on-snd
higher-differentiable-on-compose’[where f=f and T=.5]
higher-differentiable-on-compose’[where f=g and T=T])

lemma higher-differentiable-on-sin: higher-differentiable-on S (Ax. sin (f z::real))
n
and higher-differentiable-on-cos: higher-differentiable-on S (Az. cos (f x::real)) n
if f: higher-differentiable-on S f n and S: open S
unfolding atomize-conj
using f
proof (induction n)
case (Suc n)
then have higher-differentiable-on S fn
higher-differentiable-on S (Az. sin (f z)) n
higher-differentiable-on S (Az. cos (f z)) n
Nz. z € S = f differentiable at x
using higher-differentiable-on-SucD
by (auto simp: higher-differentiable-on.simps)
with Suc show ?case
by (auto simp: higher-differentiable-on.simps sin-differentiable-at cos-differentiable-at
frechet-derivative-sin frechet-derivative-cos S
introl: higher-differentiable-on-mult higher-differentiable-on-uminus
cong: higher-differentiable-on-cong[ OF S])
qed (auto simp: higher-differentiable-on.simps intro: continuous-intros)

2.3 Higher directional derivatives

primrec nth-derivative :: nat = (’a::real-normed-vector = 'b::real-normed-vector)
= 'a = 'a = 'b where
nth-derivative 0 fx h = fx
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| nth-derivative (Suc i) f x h = nth-derivative i (Az. frechet-derivative f (at ) h)
zh

lemma frechet-derivative-nth-derivative-commute:
frechet-derivative (Ax. nth-derivative i f z h) (at ) h =
nth-derivative i (Az. frechet-derivative f (at z) h) x h
by (induction i arbitrary: f) auto

lemma nth-derivative-funpow:
nth-derivative i f x h = (\f x. frechet-derivative f (at ) h) ~ i) fx
by (induction i arbitrary: f) (auto simp del: funpow.simps simp: funpow-Suc-right)

lemma nth-derivative-exists:
31" (Az. nth-derivative i f x h) has-derivative f') (at z) A
f’ h = nth-derivative (Suc i) fx h
if higher-differentiable-on X f (Suc i) open X z € X
using that(1)
proof (induction i arbitrary: f)
case ()
with that show ?case
by (auto simp: higher-differentiable-on.simps that dest!: frechet-derivative-worksI)
next
case (Suc 17)
from Suc.prems
have \z. z € X = f differentiable at x higher-differentiable-on X (Az. frechet-derivative
f (at z) h) (Suc )
unfolding higher-differentiable-on.simps(2)[where n = Suc i
by auto
from Suc.IH[OF this(2)] show ?case
by auto
qed

lemma higher-derivatives-exists:
assumes higher-differentiable-on X f n open X
obtains Df where
Nah.DfaOh=Ffa
Nahi.i<n= a€ X = ((Aa. Df a i H) has-derivative Df a (Suc ©)) (at
a)
Nai i <n=— a€ X = DfaiH = nth-derivative i f a H
proof —
have higher-differentiable-on X f (Suc ) if i < n for i
apply (rule higher-differentiable-on-le[OF assms(1)])
using that by simp
from nth-derivative-exists|OF this assms(2)]
have Vie{..<n}. Vo € X. 3f". ((Az. nth-derivative i f © H) has-derivative f')
(at z) A f" H = nth-derivative (Suc i) fx H
by blast
from this[unfolded bchoice-iff)
obtain f’ where f: i < n = z € X = ((A\z. nth-derivative ¢ f z H)
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has-derivative f' x 7) (at x)
i<n= gz € X = f"ziH = nth-derivative (Suc i) fz H for = {
by force
define Df where Df a i h = (if i = 0 then fa else f'a (i — 1) h) for a i h
have Dfa 0 h = fa for a h
by (auto simp: Df-def)
moreover have i < n = ¢ € X = ((Aa. Df a { H) has-derivative Df a (Suc
) (at a)
for i a
apply (auto simp: Df-def[abs-def])
using - <open X»
apply (rule has-derivative-transform-within-open)
apply (rule ')
apply (auto simp: f')
done
moreover have | < n = a € X = Df a i H = nth-derivative i f a H for i a
by (auto simp: Df-def f)
ultimately show ¢thesis ..
qed

lemma nth-derivative-differentiable:
assumes higher-differentiable-on S f (Suc n) x € S
shows (\z. nth-derivative n f x v) differentiable at x
using assms
by (induction n arbitrary: f) (auto simp: higher-differentiable-on.simps)

lemma higher-differentiable-on-imp-continuous-nth-derivative:
assumes higher-differentiable-on S f n
shows continuous-on S (Az. nth-derivative n f x v)
using assms
by (induction n arbitrary: f) (auto simp: higher-differentiable-on.simps)

lemma frechet-derivative-at-real-eq-scaleR:
frechet-derivative f (at ) v = v xg frechet-derivative f (at x) 1
if f differentiable (at x) NO-MATCH 1 v
by (simp add: frechet-derivative-eg-vector-derivative that)

lemma higher-differentiable-on-real-Suc:

higher-differentiable-on S f (Suc n) +—
(VzeS. f differentiable (at x)) A
(higher-differentiable-on S (Ax. frechet-derivative f (at x) 1) n)

if open S

for S::real set

using <open S»

by (auto simp: higher-differentiable-on.simps frechet-derivative-at-real-eq-scaleR
intro!: higher-differentiable-on-scaleR higher-differentiable-on-const
cong: higher-differentiable-on-cong)

lemma higher-differentiable-on-real-Sucl:

45



fixes S::real set
assumes
Nz. © € § = (Az. nth-derivative n f x 1) differentiable at
continuous-on S (Az. nth-derivative (Suc n) fx 1)
higher-differentiable-on S f n
and o: open S
shows higher-differentiable-on S f (Suc n)
using assms
proof (induction n arbitrary: f)
case (
then show ?case
by (auto simp: higher-differentiable-on-real-Suc higher-differentiable-on.simps(1)
0)

qed (fastforce simp: higher-differentiable-on-real-Suc)

lemma higher-differentiable-on-real-Suc’:
open S = higher-differentiable-on S f (Suc n) +—
(Vv. continuous-on S (Az. nth-derivative (Suc n) fz 1)) A
(VzeS. Yv. (Az. nth-derivative n fx 1) differentiable (at x)) A higher-differentiable-on
Sfn
for S::real set
apply (auto simp: nth-derivative-differentiable
dest: higher-differentiable-on-SucD
intro: higher-differentiable-on-real-Sucl)
by (auto simp: higher-differentiable-on-real-Suc higher-differentiable-on.simps(1)
higher-differentiable-on-imp-continuous-nth-derivative)

lemma closed-segment-subsetD:

0<z=z2<1=(X+zxg H) €S

if closed-segment X (X + H) C S

using that

by (rule subsetD) (auto simp: closed-segment-def algebra-simps intro!: exI[where
x=z])

lemma higher-differentiable- Taylor:
fixes f::’a::real-normed-vector = 'b::banach
and H:'a
and Df::'a = nat = 'a = 'a = 'b
assumes n > (
assumes hd: higher-differentiable-on S f n open S
assumes cs: closed-segment X (X + H) C S
defines i = Az. ((1 — z) "~ (n — 1) / fact (n — 1)) xg nth-derivative n f (X +
xxp H) H
shows (i has-integral f (X + H) — (O i<n. (1 / fact i) xg nth-derivative i f X
H)) {0..1} (is ?thl)
and f (X + H) = (3 i<n. (1 / fact i) xg nth-derivative i f X H) + integral
{0..1} i (is ?th2)
and i integrable-on {0..1} (is ?th3)
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proof —
from higher-derivatives-exists|OF hd]
obtain Df where Df: (Aa h. Df a 0 h = f a)
(Aahii<n= a€cS = ((Aa. DfaiH) has-derivative Df a (Suc i)) (at
a))
Nai. i <n= a€S = DfaiH = nth-derivative i f a H
by blast
from multivariate- Taylor-integral|OF <n > 05, of Df H f X, OF Df(1,2)] cs
have mt: (Az. (I —z) “(n—1) / fact (n — 1)) *xg Df (X + g H) n H)
has-integral
F(X + H) — (YNi<n. (1 / fact i) +r Df X i H))
{0..1}
by force
from cs have X € S by auto
show ?thi
apply (rule has-integral-eq-rhs)
unfolding i-def
using negligible-empty - mt
apply (rule has-integral-spike)
using closed-segment-subsetD[OF cs]
by (auto simp: Df <X € §»)
then show ?th2 ?th3
unfolding has-integral-iff
by auto
qed

lemma frechet-derivative-componentwise:
frechet-derivative f (at a) v = (> i€Basis. (v - i) * (frechet-derivative f (at a)
)
if f differentiable at a
for f::'a::euclidean-space = real
proof —
have linear (frechet-derivative f (at a))
using that
by (rule linear-frechet-derivative)
from Linear-Algebra.linear-componentwise| OF this, of v 1]
show ?thesis
by simp
qed

lemma second-derivative-componentwise:
nth-derivative 2 f a v =
(3" i€ Basis. (3 j€ Basis. frechet-derivative (Aa. frechet-derivative f (at a) j) (at
@) ix (v ) % (0 1)
if higher-differentiable-on S f 2 and S: open S a € §
for f::'a::euclidean-space = real
proof —
have diff: (\z. frechet-derivative f (at x) v) differentiable at a for v
using that
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by (auto simp: numeral-2-eq-2 higher-differentiable-on.simps differentiable-on-openD
dest!: spec[where z=1v))
have di: x € S = f differentiable at z for z
using that
by (auto simp: numeral-2-eq-2 higher-differentiable-on.simps dest!: differen-
tiable-on-openD)
have eq: A\z. © € Basis =
frechet-derivative
(Az. > i€Basis. v - i * frechet-derivative f (at z) i) (at a) z =
(3" j€Basis. frechet-derivative (Aa. frechet-derivative f (at a) j) (at a) x *
(v- 7))
apply (subst frechet-derivative-sum)
subgoal by (auto intro!: differentiable-mult diff)
apply (rule sum.cong)
apply simp
apply (subst frechet-derivative-times)
subgoal by simp
subgoal by (rule diff)
by (simp add: frechet-derivative-const)
show ?thesis
apply (simp add: numeral-2-eq-2)
apply (subst frechet-derivative-componentwise[OF diff])
apply (rule sum.cong)
apply simp
apply simp
apply (rule disjI2)
apply (rule trans)
apply (rule frechet-derivative-transform-within-open-ext [OF - S frechet-derivative-componentwise])
apply (simp add: diff)
apply (rule d1, assumption)
apply (simp add: eq)
done
qed

lemma higher-differentiable- Taylor1 :

fixes f::’a::real-normed-vector = 'b::banach

assumes hd: higher-differentiable-on S f 2 open S

assumes cs: closed-segment X (X + H) C S

defines i = A\z. ((I — z)) *g nth-derivative 2 f (X + z g H) H

shows (¢ has-integral f (X + H) — (f X + nth-derivative 1 f X H)) {0..1}
and f (X + H) = f X + nth-derivative 1 f X H + integral {0..1} i
and ¢ integrable-on {0..1}

using higher-differentiable- Taylor|OF - hd cs]

by (auto simp: numeral-2-eq-2 i-def)

lemma differentiable-on-open-blinfunk:

assumes [ differentiable-on S open S

obtains f’' where Az. © € S = (f has-derivative blinfun-apply (f' z)) (at x)
proof —
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fix z assume z € §
with assms obtain f’ where [’ (f has-derivative f') (at x)
by (auto dest!: differentiable-on-openD simp: differentiable-def)
then have bounded-linear f’
by (rule has-derivative-bounded-linear)
then obtain bf’ where f’' = blinfun-apply bf’
by (metis bounded-linear-Blinfun-apply)
then have 3 bf'. (f has-derivative blinfun-apply bf") (at z) using f’
by blast
} then obtain f’ where Az. © € S = (f has-derivative blinfun-apply (f' x))
(at z)
by metis
then show ?thesis ..
qed

lemma continuous-on-blinfunli:
continuous-on X f
if Ai. i € Basis = continuous-on X (Az. blinfun-apply (f z) ©)
using that
by (auto simp: continuous-on-def intro: tendsto-componentwisel )

lemma cI-euclidean-blinfunk:
fixes f::'a::euclidean-space=-"b::real-normed-vector
assumes Az. z € S = (f has-derivative f' x) (at z within S)
assumes Ai. i € Basis = continuous-on S (Az. f’ x 1)
obtains bf’ where
Nz. z € § = (f has-derivative blinfun-apply (bf' z)) (at z within S)
continuous-on S bf’
Nz. z € S = blinfun-apply (bf ' z) = f'
proof —
from assms have bounded-linear (f' z) if z € S for z
by (auto intro!: has-derivative-bounded-linear that)
then obtain bf’ where bf": Vz € S. f’ z = blinfun-apply (bf' )
apply atomize-elim
apply (rule bchoice)
apply auto
by (metis bounded-linear-Blinfun-apply)
with assms have Az. © € S = (f has-derivative blinfun-apply (bf' x)) (at =
within S)
by simp
moreover
have f-tendsto: (An. f' nj) —— f' zj) (at z within S)
if x € Sj € Basis
for z j
using assms by (auto simp: continuous-on-def that)
have continuous-on S bf’
by (rule continuous-on-blinfunll) (simp add: bf [rule-format, symmetric] assms)
moreover have Az. z € S = blinfun-apply (bf' ) = f' = using bf’ by auto
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ultimately show ¢thesis ..
qed

lemma continuous-Sigma:
assumes defined: y € Pi T X
assumes f-cont: continuous-on (Sigma T X) (A(t, z). ft x)
assumes y-cont: continuous-on T y
shows continuous-on T (A\z. fz (y x))
using
defined
continuous-on-compose2[OF
continuous-on-subset(where t=(Az. (z, y z)) ‘T, OF f-cont]
continuous-on-Pair[OF continuous-on-id y-cont)
by auto

lemma continuous-on-Times-swap:
continuous-on (X x Y) (A(z, ). fzy)
if continuous-on (Y x X) (M(y, z). fz y)
using continuous-on-compose2|OF that continuous-on-swap, where s=X x Y]
by (auto simp: split-beta’ product-swap)

lemma leibniz-rule’”:
Ne.z e § =
((Az. integral (cbox a b) (f x)) has-derivative (Av. integral (cbozx a b) (At. fr x

£0)
(at x within S)
(A\z. integral (cbox a b) (f x)) differentiable-on S
if convex S
and cl: Atz. t € choz a b=z € S = ((\z. fz t) has-derivative fx z t) (at
x within )
N\i. i € Basis = continuous-on (S x cbox a b) (A (z, t). fr x t i)
and i: Az. © € S = [ x integrable-on cbozx a b
for S::'a::euclidean-space set
and f::'a = 'b::euclidean-space = 'c::euclidean-space
proof —
have fr1: continuous-on S (Az. fr x t i) if t € cbox a b i € Basis for i t
by (rule continuous-Sigma]OF - ¢1(2), where y=A-. t]) (auto simp: continu-
ous-intros that)
{
fix z assume z € S
have fr2: continuous-on (cbox a b) (M. fr x t i) if i € Basis for i
by (rule continuous-Sigma[OF - continuous-on-Times-swap|OF c1(2)]])
(auto simp: continuous-intros that <x € S»)
{

fix ¢

assume t € cboz a b

have 3f'. (Vz € S. (\z. fz t) has-derivative blinfun-apply (f' ©)) (at x within
S) A

blinfun-apply (f' ) = frx t) A
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continuous-on S f'
by (rule c1-euclidean-blinfunE[OF c1(1)[OF «t € -] fx1[OF <t € -]]) (auto,
metis)
} then obtain fr’ where
fx":
Ntz t € chorab=— z €8S = ((\z. fzt) has-derivative blinfun-apply (fx’
t z)) (at z within S)
Atz t € choza b= z € S = blinfun-apply (fr' tz) = frzt
At. t € cbox a b = continuous-on S (fz’ t)
by metis
have c¢: continuous-on (S x cbox a b) (A(z, t). fr' t )
apply (rule continuous-on-blinfunll)
using c¢1(2)
apply (rule continuous-on-eq) apply assumption
by (auto simp: fxr' split-beta’)
from leibniz-rule[of S a b f Az t. fv' t x x, OF fr'(1) i ¢ <x € S» <convex S)]
have ((Az. integral (cbozx a b) (f z)) has-derivative blinfun-apply (integral (cbox
a b) (At. fz' t z))) (at z within S)
by auto
then have ((Az. integral (cbox a b) (f x)) has-derivative blinfun-apply (integral
(cbox a b) (At. fr’ t x))) (at © within S)
by auto
also
have fr'zi: (A\t. fr' t x) integrable-on cbox a b
apply (rule integrable-continuous)
apply (rule continuous-on-blinfunll)
by (simp add: fr' <x € Sy fx2)
have blinfun-apply (integral (cbox a b) (At. fr' t z)) = (Mv. integral (cbox a b)
(Azb. fr x zb v))
apply (rule ext)
apply (subst blinfun-apply-integral)
apply (rule fr'xi)
by (simp add: <x € Sy fx' cong: integral-cong)
finally show ((Az. integral (cboz a b) (f z)) has-derivative (Ac. integral (cbox
a b) (Azb. fr x b ¢))) (at z within S)
by simp
} then show (Az. integral (cbox a b) (f x)) differentiable-on S
by (auto simp: differentiable-on-def differentiable-def)
qed

lemmas leibniz-rule’-interval = leibniz-rule’[where 'b=-::ordered-euclidean-space,
unfolded cboz-interval]

lemma leibniz-rule’-higher:
higher-differentiable-on S (Ax. integral (cbox a b) (f z)) k
if convexr S open S
and c1: higher-differentiable-on (Sxcbox a b) (A(z, t). fzt) k
— this condition is actually too strong: it would suffice if higher partial derivatives
(w.r.t. x) are continuous w.r.t. t. but it makes the statement short and no need to
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introduce new constants
for S::'a::euclidean-space set
and f::'a = 'b:euclidean-space = 'c::euclidean-space
using cl
proof (induction k arbitrary: f)
case (
then show ?case
by (auto simp: higher-differentiable-on.simps intro!: integral-continuous-on-param)
next
case (Suc k)
define D where D z = frechet-derivative (\(z, y). fx y) (at z) for z
note [continuous-intros] =
Suc.prems| THEN higher-differentiable-on-imp-continuous-on, THEN continu-
ous-on-compose2,
of - Az. (fz, g x) for f g, unfolded split-beta’ fst-conv snd-conv]
from Suc.prems have prems:
Nat. at € S x cbor a b = (N(z, y). fxy) differentiable at xt
higher-differentiable-on (S X cbox a b) (Az. D z (dz, dt)) k
for dx dt
by (auto simp: higher-differentiable-on.simps D-def)
from frechet-derivative-worksI[OF this(1), folded D-def]
have D: z € S =t € cboz a b = ((\(z, y). f z y) has-derivative D (z, t)) (at
(z, t)) for z ¢
by auto
have p1: ((Az. (z, t::'d)) has-derivative (Ah. (h, 0))) (at z within S) for z ¢
by (auto intro!: derivative-eq-intros)
have Dz: z € S = ¢ € cbox a b = ((A\z. [z t) has-derivative (Adx. D (=, t)
(dz, 0))) (at z within S) for z t
by (drule has-derivative-compose| OF p1 D], assumption) auto
have ¢D: continuous-on (S x cbox a b) (A(z, t). D (z, t) v) for v
apply (rule higher-differentiable-on-imp-continuous-on|where n=Fk])
using prems(2)[of fst v snd v)
by (auto simp: split-beta’)
have fi: © € S = f x integrable-on cbox a b for z
by (rule integrable-continuous) (auto intro!: continuous-intros)
from leibniz-rule’|OF <conver S» Dx ¢D fi]
have ihd: z € S = ((Az. integral (cbox a b) (f x)) has-derivative (Av. integral
(cboz a b) (At. D (z, t) (v, 0))))
(at © within S)
and (Az. integral (cboz a b) (f x)) differentiable-on S
for z
by auto
then have z € S = (\z. integral (cboz a b) (f x)) differentiable at « for x
using <open S»
by (auto simp: differentiable-on-openD)
moreover
have higher-differentiable-on S (Axz. frechet-derivative (Az. integral (cbox a b) (f
z)) (at z) v) k for v
proof —
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have *: frechet-derivative (Az. integral (cbox a b) (f z)) (at z) =
(Av. integral (cboz a b) (At. D (z, t) (v, 0)))
ifzeS
for z
apply (rule frechet-derivative-at’)
using ihd(1)[OF that] at-within-open|OF that <open S»)
by auto
have xx: higher-differentiable-on S (Az. integral (cbox a b) (At. D (z, t) (v, 0)))
k
apply (rule Suc.IH)
using prems by auto
show ?thesis
using <open S»
by (auto simp: x *x cong: higher-differentiable-on-cong)
qed
ultimately
show ?Zcase
by (auto simp: higher-differentiable-on.simps)
qed

lemmas leibniz-rule’-higher-interval = leibniz-rule’-higher[where 'b=-::ordered-euclidean-space,
unfolded cboz-interval]

2.4 Smoothness

definition k-smooth-on :: enat ='a::real-normed-vector set = ('a = 'b::real-normed-vector)
= bool

(<-—smooth’-on) [1000]) where

smooth-on-def: k—smooth-on S f = (V n<k. higher-differentiable-on S f n)

abbreviation smooth-on S f = co—smooth-on S f

lemma derivative-is-smooth”:
assumes (k+1)—smooth-on S f
shows k—smooth-on S (Az. frechet-derivative f (at x) v)
unfolding smooth-on-def
proof (intro alll impl)
fix n assume enat n < k then have Sucn < k + 1
unfolding plus-1-eSuc
by (auto simp: eSuc-def split: enat.splits)
then have higher-differentiable-on S f (Suc n)
using assms(1) by (auto simp: smooth-on-def)
then show higher-differentiable-on S (A\x. frechet-derivative f (at z) v) n
by (auto simp: higher-differentiable-on.simps(2))
qged

lemma derivative-is-smooth: smooth-on S f = smooth-on S (Az. frechet-derivative

/ (at 2) v)

using derivative-is-smooth’[of oo S f] by simp
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lemma smooth-on-imp-continuous-on: continuous-on S f if k—smooth-on S f
apply (rule higher-differentiable-on-imp-continuous-on[where n=0])
using that
by (simp add: smooth-on-def enat-0)

lemma smooth-on-imp-differentiable-on[simpl: f differentiable-on S if k—smooth-on
Sfk+#0
using that
by (auto simp: smooth-on-def Suc-ile-eq enat-0
dest!: spec[where z=1]
intro!: higher-differentiable-on-imp-differentiable-on|where k=1])

lemma smooth-on-cong:
assumes k—smooth-on S g open S
and A\z. 2 € S = fz=gz
shows k—smooth-on S f
using assms unfolding smooth-on-def
by (auto cong: higher-differentiable-on-cong)

lemma smooth-on-open-Un:

k—smooth-on S f = k—smooth-on T f = open S = open T =—> k—smooth-on
(SuT)f

by (auto simp: smooth-on-def higher-differentiable-on-open-Un)

lemma smooth-on-open-subsetsl:
k—smooth-on S f
if Aoz € S=3T.2€ T A open T N k—smooth-on T f
using that
unfolding smooth-on-def
by (force intro: higher-differentiable-on-open-subsetsl)

lemma smooth-on-constlintro|: k—smooth-on S (Az. c)
by (auto simp: smooth-on-def higher-differentiable-on-const)

lemma smooth-on-id[intro]: k—smooth-on S (Az. x)
by (auto simp: smooth-on-def higher-differentiable-on-id)

lemma smooth-on-add-fun: k—smooth-on S f = k—smooth-on S ¢ = open S
= k—smooth-on S (f + g)
by (auto simp: smooth-on-def higher-differentiable-on-add plus-fun-def)

lemmas smooth-on-add = smooth-on-add-fun[unfolded plus-fun-def]

lemma smooth-on-sum:
n—smooth-on S (Az. Y i€F. fix)
if \i. i € F = finite F = n—smooth-on S (f 7) open S
using that
by (auto simp: smooth-on-def higher-differentiable-on-sum)
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lemma (in bounded-bilinear) smooth-on:
includes no matriz-mult
assumes k—smooth-on S f k—smooth-on S g open S
shows k—smooth-on S (Az. (f z) *x (g x))
using assms
by (auto simp: smooth-on-def higher-differentiable-on)

lemma smooth-on-compose2:
fixes g::-=-:euclidean-space
assumes k—smooth-on T f k—smooth-on S g open U open T g ‘U C T U C S
shows k—smooth-on U (f o g)
using assms
by (auto simp: smooth-on-def introl: higher-differentiable-on-compose intro: higher-differentiable-on-subset)

lemma smooth-on-compose:
fixes g::-=-::euclidean-space
assumes k—smooth-on T f k—smooth-on S g open S open T g S C T
shows k—smooth-on S (f o g)
using assms by (rule smooth-on-compose2) auto

lemma smooth-on-subset:
k—smooth-on S f
if k—smooth-on T f S C T
using higher-differentiable-on-subset[of T f - S| that
by (auto simp: smooth-on-def)

context begin

private lemmas s = bounded-bilinear.smooth-on

lemmas smooth-on-inner = bounded-bilinear-inner[ THEN s
and smooth-on-scaleR = bounded-bilinear-scaleR[ THEN s
and smooth-on-mult = bounded-bilinear-mult[ THEN s

end

lemma smooth-on-divide:k—smooth-on S f = k—smooth-on S g = open S = (\z.
re€ES =gz #0) =

k—smooth-on S (A\z. fx / g x)

for f::-=-:real-normed-field

by (auto simp: smooth-on-def higher-differentiable-on-divide)

lemma smooth-on-scaleR-fun: k—smooth-on S ¢ = open S = k—smooth-on S

(c*r 9)
by (auto simp: scaleR-fun-def intro!: smooth-on-scaleR )

lemma smooth-on-uminus-fun: k—smooth-on S g = open S = k—smooth-on S
(-9

using smooth-on-scaleR-fun|[where ¢c=—1, of k S ¢]

by auto
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lemmas smooth-on-uminus = smooth-on-uminus-funlunfolded fun-Compl-def]

lemma smooth-on-minus-fun: k—smooth-on S f = k—smooth-on S g = open S
= k—smooth-on S (f — g)
unfolding diff-conv-add-uminus
apply (rule smooth-on-add-fun)
apply assumption
apply (rule smooth-on-uminus-fun)
by auto

lemmas smooth-on-minus = smooth-on-minus-fun|unfolded fun-diff-def]

lemma smooth-on-times-fun: k—smooth-on S f = k—smooth-on S g = open S
= k—smooth-on S (f * g)

for f g::- =-iireal-normed-algebra

by (auto simp: times-fun-def introl: smooth-on-mult)

lemma smooth-on-le:
[—smooth-on S f
if k—smooth-on S fl < k
using that
by (auto simp: smooth-on-def)

lemma smooth-on-inverse: k—smooth-on S (Ax. inverse (f x))
if k—smooth-on S f0 ¢ f*S open S
for f::- =-uireal-normed-field
using that
by (auto simp: smooth-on-def introl: higher-differentiable-on-inverse)

lemma smooth-on-norm: k—smooth-on S (Az. norm (f z))
if k—smooth-on S f0 ¢ f*S open S
for f::- =-:real-inner
using that
by (auto simp: smooth-on-def introl: higher-differentiable-on-norm)

lemma smooth-on-sqrt: k—smooth-on S (Az. sqrt (f z))
if k—smooth-on S f0 ¢ f S open S
using that
by (auto simp: smooth-on-def introl: higher-differentiable-on-sqrt)

lemma smooth-on-frechet-derivative:
oco—smooth-on UNIV (Az. frechet-derivative f (at x) v)
if co—smooth-on UNIV f
— TODO: generalize
using that
apply (auto simp: smooth-on-def)
apply (rule higher-differentiable-on-frechet-derivativel )
by auto
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lemmas smooth-on-frechet-derivivative-comp = smooth-on-compose2[OF smooth-on-frechet-derivative,

unfolded o-def]

lemma smooth-onD: higher-differentiable-on S f n if m—smooth-on S f enat n <
m

using that

by (auto simp: smooth-on-def)

lemma (in bounded-linear) higher-differentiable-on: higher-differentiable-on S f n
proof (induction n)
case (
then show ?case
by (auto simp: higher-differentiable-on.simps linear-continuous-on bounded-linear-azioms)
next
case (Suc n)
then show ?case
apply (auto simp: higher-differentiable-on.simps frechet-derivative higher-differentiable-on-const)
using bounded-linear-axioms apply (rule bounded-linear-imp-differentiable)
done
qed

lemma (in bounded-linear) smooth-on: k—smooth-on S f
by (auto simp: smooth-on-def higher-differentiable-on)

lemma smooth-on-snd:
k—smooth-on S (A\z. snd (f z))
if k—smooth-on S f open S
using higher-differentiable-on-snd-comp that
by (auto simp: smooth-on-def)

lemma smooth-on-fst:
k—smooth-on S (A\z. fst (f x))
if k—smooth-on S f open S
using higher-differentiable-on-fst-comp that
by (auto simp: smooth-on-def)

lemma smooth-on-sin: n—smooth-on S (Az. sin (f z::real)) if n—smooth-on S f
open S

using that

by (auto simp: smooth-on-def introl: higher-differentiable-on-sin)

lemma smooth-on-cos: n—smooth-on S (Az. cos (f x::real)) if n—smooth-on S f
open S

using that

by (auto simp: smooth-on-def introl: higher-differentiable-on-cos)

lemma smooth-on-Taylor2FE:

fixes f::'a::euclidean-space = real
assumes hd: co—smooth-on UNIV f
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obtains g where AY.
IY = fX + frechet-derivative f (at X) (Y — X) + (3 i€Basis. (>_ j€ Basis.
(Y = X)) 5 (Y = X) - i) 5 g 1] V)
Nij. i € Basis = j € Basis = oco—smooth-on UNIV (g i j)
— TODO: generalize
proof —
define S::'a set where S = UNIV
have open S and convex S X € S by (auto simp: S-def)
have hd: co—smooth-on S f
using hd by (auto simp: S-def)
define i where ¢ H z = ((1 — z)) *gr nth-derivative 2 f (X + z xg H) H for z
H
define d2 where d2 v v/ = (A\z. frechet-derivative (Az. frechet-derivative f (at
z) v’) (at x) v) for v v’
define g where g Hz ij=d2ij (X + z+gr H)for ijz H
define ¢’ where ¢’ ij H = integral {0 .. 1} (M\z. (I —z)*xgHzij) forijH
have higher-differentiable-on S f 2
using hd(1) by (auto simp: smooth-on-def dest!: speciwhere z=2])
note hd2 = this <open S»

have d2-cont: continuous-on S (d2 i j) for i j

using hd2(1)

by (auto simp: g-def numeral-2-eq-2 higher-differentiable-on.simps d2-def)
note [continuous-intros] = continuous-on-compose2[OF d2-cont]

have hdiff2: co—smooth-on S (d2 v v') for v v’
apply (auto simp: d2-def)
apply (rule smooth-on-frechet-derivivative-comp)
apply (rule smooth-on-frechet-derivivative-comp)
by (auto simp: S-def assms)
{
fix Y
assume Y € S
define H where H = Y — X
from <Y € S» have X + H € S by (simp add: H-def)
with <X € S) have cs: closed-segment X (X + H) C S
using <convex S»
by (rule closed-segment-subset)

have i: (i H has-integral f (X + H) — (f X + nth-derivative 1 f X H)) {0..1}
f (X + H) = f X + nth-derivative 1 f X H + integral {0..1} (i H)
i H integrable-on {0..1}
unfolding i-def
using higher-differentiable- Taylor1[OF hd2 cs|
by auto
note i(2)
also

have integrable: (Az. > n€Basis. (I —z)x (g Hzan x (H - n) x (H - a)))
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integrable-on {0..1}
M. (I —z)x(9gHznax(H-a)* (H-n))) integrable-on {0..1}
for a n
by (auto intro!: integrable-continuous-interval continuous-intros closed-segment-subsetD
cs simp: g-def)

have i-eq: i Hx = (1 — z) *xg (D_i€Basis. (}_je€Basis. g Hxij* (H - j)) *

(H - i)

ifo<zz<1

for z

unfolding i-def

apply (subst second-derivative-componentwise[ OF hd2])

apply (rule closed-segment-subsetD, rule cs, rule that, rule that)

by (simp add: g-def d2-def)

have integral {0 .. 1} (i H) = integral {0..1} (Az. (I — z) * (>_ i€ Basis.
(>-jeBasis. g Hzij* (H - j)) * (H - 1)))
apply (subst integral-spike[OF negligible-empty)
apply (rule sym)
apply (rule i-eq)
by (auto simp: that)

also
have ... = (3 i€Basis. (> jcBasis. (H - j) x (H - %) % ¢’ ij H))
apply (simp add: sum-distrib-left sum-distrib-right integral-sum integrable
g'-def)

apply (simp add: integral-mult-right[symmetric] del: integral-mult-right)
by (simp only: ac-simps)
finally have f (X + H) = f X + nth-derivative 1 f X H + (3. i€ Basis.
S j€Basis. H - j* (H -4)*g"ijH).
} note x = this
have f Y = f X + frechet-derivative f (at X) (Y — X) + (> i€Basis. > j€ Basis.
(V= X) 5 (Y= X)-i)x g'i (V — X))
for Y
using *[of Y]
by (auto simp: S-def)
moreover
define T::real set where T = {— 1<..<2}
have open T
by (auto simp: T-def)
have {0 .. 1} C T
by (auto simp: T-def)
have T-small: a € S = be T —= X+ bx*g(a— X) e Sforabd
by (auto simp: S-def)
have open (S x T)
by (auto intro: open-Times <open S» <open T)
have smooth-on S (A\Y. g’ ij (Y — X)) if i: i € Basis and j: j € Basis for i j
unfolding smooth-on-def
apply safe
apply (simp add: g'-def)
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apply (rule leibniz-rule’-higher-interval)
apply fact
apply fact
apply (rule higher-differentiable-on-subset[where T=S x T|)
apply (auto introl: higher-differentiable-on-mult simp: split-beta’)
apply (subst diff-conv-add-uminus)
apply (rule higher-differentiable-on-add)
apply (rule higher-differentiable-on-const)
apply (subst scaleR-minus1-left[symmetric))
apply (rule higher-differentiable-on-scaleR)
apply (rule higher-differentiable-on-const)
apply (rule higher-differentiable-on-snd-comp)
apply (rule higher-differentiable-on-id)
apply fact apply fact apply fact
apply (auto simp: g-def)
apply (rule smooth-onD)
apply (rule smooth-on-compose2[OF hdiff2, unfolded o-def])
using <open S» <open T)
using T-small <- C T»
by (auto intro!: open-Times smooth-on-add smooth-on-scaleR smooth-on-snd
smooth-on-minus smooth-on-fst)
ultimately show ¢thesis unfolding S-def ..
qed

lemma smooth-on-Pair:
k—smooth-on S (A\z. (f x, g z))
if open S k—smooth-on S f k—smooth-on S g
proof (auto simp: smooth-on-def)
fix n assume n: enat n < k
have 1: higher-differentiable-on S fn
using that(2) n unfolding smooth-on-def by auto
have 2: higher-differentiable-on S g n
using that(3) n unfolding smooth-on-def by auto
show higher-differentiable-on S (Az. (fz, g z)) n
by (rule higher-differentiable-on-Pair [OF that(1) 1 2])
qed

lemma smooth-on-Pair’:
k—smooth-on (S x T) (Az. (f (fst z), g (snd z)))
if open S open T k—smooth-on S f k—smooth-on T g
for f::-::euclidean-space=- and g::-::euclidean-space=-
proof (auto simp: smooth-on-def)
fix n assume n: enat n < k
have 1: higher-differentiable-on S f n
using that(8) n unfolding smooth-on-def by auto
have 2: higher-differentiable-on T g n
using that(4) n unfolding smooth-on-def by auto
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show higher-differentiable-on (S x T) (Az. (f (fst ), g (snd z))) n
by (rule higher-differentiable-on-Pair|OF that(1,2) 1 2])
qed

2.5 Diffeomorphism

definition diffeomorphism kS T p p’ +—
k—smooth-on S p A k—smooth-on T p’ A homeomorphism S T p p’

lemma diffeomorphism-imp-homeomorphism:
assumes diffeomorphism k s t p p’
shows homeomorphism s t p p’
using assms
by (auto simp: diffeomorphism-def)

lemma diffeomorphismD:
assumes diffeomorphism kS T f g
shows diffeomorphism-smoothD: k—smooth-on S f k—smooth-on T g
and diffeomorphism-inverseD: Nz. x € S = g (fz) =z ANy.y € T = [ (g
y) =1y
and diffeomorphism-image-eq: (f S =T) (¢ * T = 5)
using assms by (auto simp: diffeomorphism-def homeomorphism-def)

lemma diffeomorphism-compose:
diffeomorphism n S T f g = diffeomorphism n T U h k = open S = open T
= open U =
diffeomorphism n S U (h o f) (g o k)
for f::-=-::euclidean-space
by (auto simp: diffeomorphism-def intro!: smooth-on-compose homeomorphism-compose)
(auto simp: homeomorphism-def)

lemma diffeomorphism-add: diffeomorphism k UNIV UNIV (Az. z + ¢) (Az. x —
c)

by (auto simp: diffeomorphism-def homeomorphism-add introl: smooth-on-minus
smooth-on-add)

lemma diffeomorphism-scaleR: diffeomorphism k UNIV UNIV (Az. ¢ xg z) (Az.
z /R c)
ifc# 0
by (auto simp: that diffeomorphism-def homeomorphism-scaleR
introl: smooth-on-minus smooth-on-scaleR)

end

3 Bump Functions
theory Bump-Function

imports Smooth
HOL— Analysis. Weierstrass- Theorems
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begin

3.1 Construction

context begin

qualified definition f :: real = real where
ft=(ift > 0 then exp(—inverse t) else 0)

lemma f-nonpos[simp]: © < 0 = fz =0
by (auto simp: f-def)

lemma exp-inv-limit-0-right:
((M(t::real). exp(—inverse t)) —— 0) (at-right 0)
apply (rule filterlim-composelwhere g = expl)
apply (rule exp-at-bot)
apply (rule filterlim-compose[where g = uminus])
apply (rule filterlim-uminus-at-bot-at-top)
by (rule filterlim-inverse-at-top-right)

lemma V r ¢ in at-right 0. ((Az. inverse (z ~ Suc k)) has-real-derivative
— (inverse (t ~ Suc k) * ((1 + real k) x t ~ k) % inverse (t ~ Suc k))) (at t)
unfolding eventually-at-filter
by (auto simp del: power-Suc introl: derivative-eq-intros eventuallyl)

lemma exp-inv-limit-0-right-gen’:
((A(t::real). inverse (t " k) / exp(inverse t)) —— 0) (at-right 0)
proof (induct k)
case ()
then show ?case
using exp-inv-limit-0-right
by (auto simp: exp-minus inverse-eq-divide)
next
case (Suc k)
have df: Vg t in at-right 0. ((Az. inverse (z ~ Suc k)) has-real-derivative
— (inverse (t k) = ((1 + real k)) % (inverse t ~ 2))) (at t)
unfolding eventually-at-filter
apply (auto simp del: power-Suc introl: derivative-eg-intros eventuallyl)
by (auto simp: power2-eq-square)
have dg: V  t in at-right 0. (Az. exp (inverse x)) has-real-derivative
— (exp (inverse t) * (inverse t ~ 2))) (at t)
unfolding eventually-at-filter
by (auto simp del: power-Suc intro!: derivative-eg-intros eventuallyl simp:
power2-eq-square)
show ?Zcase
apply (rule lhopital-right-0-at-top [OF - - df dg])
apply (rule filterlim-composelwhere g = exp])
apply (rule exp-at-top)
apply (rule filterlim-inverse-at-top-right)
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subgoal by (auto simp: eventually-at-filter)
subgoal
apply (rule Lim-transform-eventually[where f = Az. (1 + real k) * (inverse
(z T k) / exp (inverse x))])
using Suc.hyps tendsto-mult-right-zero apply blast
by (auto simp: eventually-at-filter)
done
qed

lemma exp-inv-limit-0-right-gen:

((M(t::real). exp(—inverse t) / t k) —— 0) (at-right 0)

using exp-inv-limit-0-right-gen’[of k]

by (metis (no-types, lifting) Groups.mult-ac(2) Lim-cong-within divide-inverse
exp-minus)

lemma f-limit-0-right: (f —— 0) (at-right 0)
proof —
have V p t in at-right 0. (t::real) > 0
by (rule eventually-at-right-less)
then have V p t in at-right 0. exp(—inverse t) = ft
by (eventually-elim) (auto simp: f-def)
moreover have ((A(t::real). exp(—inverse t)) —— 0) (at-right 0)
by (rule exp-inv-limit-0-right)
ultimately show ?thesis
by (blast intro: Lim-transform-eventually)
qged

lemma f-limit-0: (f —— 0) (at 0)
using - f-limit-0-right
proof (rule filterlim-split-at-real)
have Vi tin at-left 0. 0 = ft
by (auto simp: f-def eventually-at-filter)
then show (f —— 0) (at-left 0)
by (blast intro: Lim-transform-eventually)
qed

lemma f-tendsto: (f —— fz) (at x)
proof —
consider z = 0 | z < 0 | z > 0 by arith
then show ?thesis
proof cases
case I
then show %thesis by (auto simp: f-limit-0 f-def)
next
case 2
have Vg tinatz. t <0
apply (rule order-tendstoD)
by (rule tendsto-intros) fact
then have Vp tinatz. 0 = ft
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by (eventually-elim) (auto simp: f-def)
then show ?thesis
using <z < 0) by (auto simp: f-def intro: Lim-transform-eventually)
next
case 3
have Vp tinatz. t > 0
apply (rule order-tendstoD)
by (rule tendsto-intros) fact
then have VYV t in at x. exp(—inverse t) = ft
by (eventually-elim) (auto simp: f-def)
moreover have (A\t. exp (— inverse t)) —z— [z
using <z > 0» by (auto simp: f-def tendsto-intros )
ultimately show #thesis
by (blast intro: Lim-transform-eventually)
qed
qed

lemma f-continuous: continuous-on S f
using f-tendsto continuous-on continuous-on-subset subset-UNIV by metis

lemma continuous-on-real-polynomial-function:
continuous-on S p if real-polynomial-function p
using that
by induction (auto intro: continuous-intros linear-continuous-on)

lemma f-nth-derivative-is-poly:
higher-differentiable-on {0<..} fk A
(3 p. real-polynomial-function p A (Vt>0. nth-derivative k ft 1 =pt [/ (t (2
x k)) * exp(—inverse t)))
proof (induction k)
case ()
then show ?case
apply (auto simp: higher-differentiable-on.simps f-continuous)
by (auto simp: f-def)
next
case (Suc k)
obtain p where fk: higher-differentiable-on {0<..} fk
and pI: real-polynomial-function p
and p2: V¢>0. nth-derivative k ft 1 =pt /)t " (2 * k) x exp (— inverse t)
using Suc by auto
obtain p’ where p’1: real-polynomial-function p’
and p’2: Vt. (p has-real-derivative (p' t)) (at t)
using has-real-derivative-polynomial-function]of p] p1 by auto

define 7p where rpt = (1> x p't — 2 x real k x t x pt + p t) for ¢
have rp: real-polynomial-function rp
unfolding rp-def
by (auto intro!: real-polynomial-function.intros(2—) real-polynomial-function-diff
pl p'l simp: power2-eq-square)
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moreover
have fk": (Az. nth-derivative k f x 1) differentiable at t (is ?a)
frechet-derivative (Az. nth-derivative k fx 1) (at t) 1 =
rp t *x (exp (—inverse t) / t7(2xk+2)) (is 9b)
if 0 <tfort
proof —
from p’2 that have dp: (p has-derivative ((x) (p' t))) (at t within {0<..})
by (auto simp: at-within-open|of - {0<..}] has-field-derivative-def ac-simps)
have ((At. pt /t ~ (2 x k) x exp (— inverse t)) has-derivative
(Av. v * rp t * (exp (—inverse t) / t(2xk+2)))) (at ¢t within {0<..})
using that
apply (auto introl: derivative-eq-intros dp ext)
apply (simp add: divide-simps algebra-simps rp-def power2-eq-square)
by (metis Suc-pred mult-is-0 neq0-conv power-Suc zero-neqg-numeral)
then have ((A\z. nth-derivative k f x 1) has-derivative
(Av. v * rp t * (exp (—inverse t) / t(2xk+2)))) (at ¢t within {0<..})
apply (rule has-derivative-transform-within[OF - zero-less-one])
using that p2 by auto
then have ((\z. nth-derivative k f x 1) has-derivative
(Av. v * rp t * (exp (—inverse t) / t(2xk+2)))) (at ?)
using that
by (auto simp: at-within-open|of - {0<..}])
from frechet-derivative-at'|OF this] this
show ?2a %b
by (auto simp: differentiable-def)
qged
have hdS: higher-differentiable-on {0<..} f (Suc k)
apply (subst higher-differentiable-on-real-Suc’)
apply (auto simp: fk fk’ frechet-derivative-nth-derivative-commute[symmetric])
apply (subst continuous-on-cong[ OF refl])
apply (rule fk’)
by (auto intro!: continuous-intros p'1 p1 rp
intro: continuous-on-real-polynomial-function)
moreover
have nth-derivative (Suc k) ft 1 =mpt / t = (2 % (Suc k)) * exp (— inverse t)
ift > 0 for ¢t
proof —
have nth-derivative (Suc k) ft 1 = frechet-derivative (Ax. nth-derivative k f x
1) (at t) 1
by (simp add: frechet-derivative-nth-derivative-commute)

also have ... = rp t / t7(2%k+2) x (exp (—inverse t))
using fk'[OF <t > 0»] by simp
finally show ?thesis by simp
qed
ultimately show ?case by blast
qed

lemma f-has-derivative-at-neg:
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z < 0 = (f has-derivative (Az. 0)) (at x)
by (rule has-derivative-transform-within-open[where f=Az. 0 and s={..<0}])
(auto simp: f-def)

lemma f-differentiable-at-neg:
x < 0 = f differentiable at x
using f-has-derivative-at-neg
by (auto simp: differentiable-def)

lemma frechet-derivative-f-at-neg:
z € {..<0} = frechet-derivative f (at ) = (Az. 0)
by (rule frechet-derivative-at’) (rule f-has-derivative-at-neg, simp)

lemma f-nth-derivative-It-0:
higher-differentiable-on {..<0} fk A (Vt<0. nth-derivative k ft 1 = 0)
proof (induction k)
case (
have rewr: a € {..<0} = =0 < a for a::real by simp
show ?Zcase
by (auto simp: higher-differentiable-on.simps f-def rewr
simp del: lessThan-iff
cong: continuous-on-cong)
next
case (Suc k)
have t < 0 = (Az. nth-derivative k f x 1) differentiable at t for t
by (rule differentiable-eql [where g=0 and X={..<0}])
(auto simp: zero-fun-def frechet-derivative-const Suc.IH)
then have frechet-derivative (Ax. nth-derivative k fx 1) (at t) 1 = 0 if t < 0
for ¢
using that Suc.IH
by (subst frechet-derivative-transform-within-open[where X={..<0} and g
=0])
(auto simp: frechet-derivative-zero-fun)
with Suc show ?case
by (auto simp: higher-differentiable-on.simps f-differentiable-at-neg
frechet-derivative-f-at-neg zero-fun-def
simp flip: frechet-derivative-nth-derivative-commute
simp del: lessThan-iff
introl: higher-differentiable-on-const
cong: higher-differentiable-on-cong)
qed

lemma netlimit-at-left: netlimit (at-left ©) = z for z::real
by (rule Lim-ident-at) simp

lemma netlimit-at-right: netlimit (at-right ) = z for z::real
by (rule Lim-ident-at) simp
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lemma has-derivative-split-at:
(g has-derivative g") (at z)
if
(g has-derivative g') (at-left x)
(g has-derivative ¢') (at-right x)
for z::real
using that
unfolding has-derivative-def netlimit-at netlimit-at-right netlimit-at-left
by (auto intro: filterlim-split-at)

lemma has-derivative-at-left-at-right .
(g has-derivative g’) (at x)
if
(g has-derivative ¢') (at © within {..z})
(g has-derivative ¢') (at © within {z..})
for z::real
apply (rule has-derivative-split-at)
subgoal by (rule has-derivative-subset) (fact, auto)
subgoal by (rule has-derivative-subset) (fact, auto)
done

lemma real-polynomial-function-tendsto:
(p —— p ) (at x within X) if real-polynomial-function p
using that
by (induction p) (auto intro!: tendsto-eg-intros intro: bounded-linear.tendsto)

lemma f-nth-derivative-cases:
higher-differentiable-on UNIV fk A
(Vt<0. nth-derivative k ft 1 = 0) A
(I p. real-polynomial-function p N
(Vt>0. nth-derivative k ft 1 =pt /[ (t = (2 x k)) x exp(—inverse t)))
proof (induction k)
case (
then show ?case
apply (auto simp: higher-differentiable-on.simps f-continuous)
by (auto simp: f-def)
next
case (Suc k)
from Suc.IH obtain pk where IH:
higher-differentiable-on UNIV f k
At. t < 0 = nth-derivative k ft 1 = 0
real-polynomial-function pk
Nt. t > 0 = nth-derivative k ft 1 = pkt / t (2 x k) x exp (— inverse t)
by auto
from f-nth-derivative-it-0[of Suc k]
local.f-nth-derivative-is-poly|of Suc k]
obtain p where neg: higher-differentiable-on {..<0} f (Suc k)
and neg0: (V¢<0. nth-derivative (Suc k) ft 1 = 0)
and pos: higher-differentiable-on {0<..} f (Suc k)
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and p: real-polynomial-function p
Nt. t > 0 = nth-derivative (Suc k) ft 1
inverse t)
by auto
moreover
have at-within-eq-at-right: (at 0 within {0..}) = at-right (0::real)
apply (auto simp: filter-eq-iff eventually-at-filter )
apply (simp add: eventually-mono)
apply (simp add: eventually-mono)
done
have [simp]: {0..} — {0} = {0::real<..} by auto
have [simp]: (at (0::real) within {0..}) # bot
by (auto simp: at-within-eg-bot-iff)
have k-th-has-derivative-at-left:
((\z. nth-derivative k f x 1) has-derivative (Az. 0)) (at 0 within {..0})
apply (rule has-derivative-transform-within[OF - zero-less-one])
prefer 2
apply force
prefer 2
apply (simp add: IH)
by (rule derivative-intros)
have k-th-has-derivative-at-right:
((Az. nth-derivative k f z 1) has-derivative (Az. 0)) (at 0 within {0..})
apply (rule has-derivative-transform-within[where
f=2z’ if ¢’ = 0 then 0 else pk z’' | ' ~ (2 % k) % exp (— inverse x'), OF
- zero-less-one])
subgoal
unfolding has-derivative-def
apply (auto simp: Lim-ident-at)
apply (rule Lim-transform-eventually[where f=\z. (pk = * (exp (— inverse
z) /&7 (2% k+ 1))
apply (rule tendsto-eq-intros)
apply (rule real-polynomial-function-tendsto| THEN tendsto-eq-rhs])
apply fact
apply (rule refl)
apply (subst at-within-eq-at-right)
apply (rule exp-inv-limit-0-right-gen)
apply (auto simp add: eventually-at-filter divide-simps)
done
subgoal by force
subgoal by (auto simp: TH(2) IH(4))
done
have k-th-has-derivative: ((Az. nth-derivative k f x 1) has-derivative (Az. 0)) (at
0)

pt/t (2« Suck)x* exp (—

apply (rule has-derivative-at-left-at-right”)
apply (rule k-th-has-derivative-at-left)
apply (rule k-th-has-derivative-at-right)
done
have nth-Suc-zero: nth-derivative (Suc k) f 01 = 0
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apply (auto simp: frechet-derivative-nth-derivative-commute[symmetric])
apply (subst frechet-derivative-at’)
apply (rule k-th-has-derivative)
by simp
moreover have higher-differentiable-on UNIV f (Suc k)
proof —
have continuous-on UNIV (Az. nth-derivative (Suc k) fx 1)
unfolding continuous-on-eq-continuous-within
proof
fix z::real
consider z < 0 | z > 0 | z = 0 by arith
then show isCont (Az. nth-derivative (Suc k) fz 1) x
proof cases
case I
then have at-eq: at z = at x within {..<0}
using at-within-open|of © {..<0}] by auto
show ?thesis
unfolding at-eq
apply (rule continuous-transform-within[OF - zero-less-one))
using neg0 1 by (auto simp: at-eq)
next
case 2
then have at-eq: at z = at x within {0<..}
using at-within-open|of x {0<..}] by auto
show ?thesis
unfolding at-eq
apply (rule continuous-transform-within| OF - zero-less-one])
using p 2 by (auto introl: continuous-intros
intro: continuous-real-polymonial-function continuous-at-imp-continuous-within)
next
case 3
have ((Az. nth-derivative (Suc k) fz 1) —— 0) (at-left 0)
proof —
have V p z in at-left 0. 0 = nth-derivative (Suc k) fz 1
using neg0
by (auto simp: eventually-at-filter)
then show ?thesis
by (blast intro: Lim-transform-eventually)
qed
moreover have ((Az. nth-derivative (Suc k) fx 1) —— 0) (at-right 0)
proof —
have ((Az. p z * (exp (— inverse ) / & ~ (2 * Suc k))) —— 0) (at-right
0)
apply (rule tendsto-eg-intros)
apply (rule real-polynomial-function-tendsto)
apply fact
apply (rule exp-inv-limit-0-right-gen)
by simp
moreover
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have V p z in at-right 0. p x x (exp (— inverse z) / © ~ (2 x Suc k)) =
nth-derivative (Suc k) fz 1
using p
by (auto simp: eventually-at-filter)
ultimately show ?thesis
by (rule Lim-transform-eventually)
qged
ultimately show ?thesis
by (auto simp: continuous-def nth-Suc-zero 3 filterlim-split-at
simp del: nth-derivative.simps)
qed
qed
moreover have (Az. nth-derivative k f x 1) differentiable at = for z
proof —
consider z =0 |z < 0| z > Oby arith
then show ?thesis
proof cases
case I
then show ?thesis
using k-th-has-derivative by (auto simp: differentiable-def)
next
case 2
with neg show ?thesis
by (subst (asm) higher-differentiable-on-real-Suc’) auto
next
case 3
with pos show ?thesis
by (subst (asm) higher-differentiable-on-real-Suc’) auto
qed
qed
moreover have higher-differentiable-on UNIV f k by fact
ultimately
show ?thesis
by (subst higher-differentiable-on-real-Suc'[OF open-UNIVY]) auto
qed
ultimately
show ?Zcase
by (auto simp: less-eg-real-def)
qed

lemma f-smooth-on: k—smooth-on S f
and f-higher-differentiable-on: higher-differentiable-on S fn
using f-nth-derivative-cases
by (auto simp: smooth-on-def higher-differentiable-on-subset[OF - subset-UNIV])

lemma f-compose-smooth-on: k—smooth-on S (Az. f (g x))
if k—smooth-on S g open S
using smooth-on-compose[OF f-smooth-on that open-UNIV subset-UNIV]
by (auto simp: o-def)
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lemma f-nonneg: fx > 0
by (auto simp: f-def)

lemma f-pos-iff: fx > 0 +— x> 0
by (auto simp: f-def)

lemma f-eq-zero-iff: fo = 0 «— z < 0
by (auto simp: f-def)

3.2 Cutoff function
definition ht =f (2 —t) / (f (2 —t) + f (¢t — 1))

lemma denominator-pos: f (2 —t) +f(t—1) >0
by (auto simp: f-def add-pos-pos)

lemma denominator-nonzero: f (2 — t) + f (¢t — 1) = 0 <— False
using denominator-pos|of t] by auto

lemma h-range: 0 < htht <1
by (auto simp: h-def f-nonneg denominator-pos)

lemma h-pos: t < 2 = 0 < h t
and h-less-one: 1 <t = ht< 1
by (auto simp: h-def f-pos-iff denominator-pos)

lemma h-eq-0: ht = 0 if t > 2
using that
by (auto simp: h-def)

lemma h-eq-1: ht =1 ift < 1
using that
by (auto simp: h-def f-eq-zero-iff)

lemma h-compose-smooth-on: k—smooth-on S (Az. h (g z))
if k—smooth-on S g open S
by (auto simp: h-def[abs-def] denominator-nonzero
intro!: smooth-on-divide f-compose-smooth-on smooth-on-minus smooth-on-add
that)

3.3 Bump function

definition H:-:real-inner = real where H z = h (norm z)

lemma H-range: 0 < Hx Hzx < 1
by (auto simp: H-def h-range)

lemma H-eq-one: Hx = 1 if x € cball 0 1
using that
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by (auto simp: H-def h-eq-1)

lemma H-pos: Hx > 0 if © € ball 0 2
using that
by (auto simp: H-def h-pos)

lemma H-eg-zero: Hx = 0 if « ¢ ball 0 2
using that
by (auto simp: H-def h-eq-0)

lemma H-neg-zeroD: Hx # 0 = x € ball 0 2
using H-eq-zero by blast

lemma H-smooth-on: k—smooth-on UNIV H
proof —
have 1: k—smooth-on (ball 0 1) H
by (rule smooth-on-cong[where g=Az. 1]) (auto simp: H-eq-one)
have 2: k—smooth-on (UNIV — cball 0 (1/2)) H
by (auto simp: H-def[abs-def]
introl: h-compose-smooth-on smooth-on-norm,)
have O: open (ball 0 1) open (UNIV — cball 0 (1 / 2))
by auto
have x: ball 0 1 U (UNIV — ¢ball 0 (1 / 2)) = UNIV by (auto simp: mem-ball)
from smooth-on-open-Un|OF 1 2 O, unfolded x|
show ?thesis
by (rule smooth-on-subset) auto
qed

lemma H-compose-smooth-on: k—smooth-on S (Az. H (g z)) if k—smooth-on S ¢
open S

for g :: - = -ueuclidean-space

using smooth-on-compose|OF H-smooth-on that]

by (auto simp: o-def)

end

end

4 Charts

theory Chart
imports Analysis-More
begin

4.1 Definition

A chart on M is a homeomorphism from an open subset of M to an open
subset of some Euclidean space E. Here d and d’ are open subsets of M and
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E, respectively, f: d — d’ is the mapping, and f": d’ — d is the inverse
mapping.

typedef (overloaded) (’a::topological-space, 'e::euclidean-space) chart =
{(d::"a set, d"::'e set, f, f').
open d A open d' A homeomorphism d d’ f '}
by (rule exl[where z=({}, {}, (Az. undefined), (Az. undefined))]) simp

setup-lifting type-definition-chart

lift-definition apply-chart::('a::topological-space, 'e::euclidean-space) chart = 'a
= e

is \(d, ', f, ). ] .
declare [[coercion apply-chart]]

lift-definition inv-chart::('a::topological-space, 'e::euclidean-space) chart = 'e =

‘a

iSA(d7 d/7f7f/)'f/'

lift-definition domain::('a::topological-space, 'e::euclidean-space) chart = 'a set

is \(d, d', f, f'). d .

lift-definition codomain::('a::topological-space, 'e::euclidean-space) chart = 'e set

is A(d, d', f, f'). d'.

4.2 Properties

lemma open-domainlintro, simp|: open (domain c)

and open-codomain|intro, simp|: open (codomain c)

and chart-homeomorphism: homeomorphism (domain c) (codomain c) ¢ (inv-chart
¢)

by (transfer, auto)+

lemma at-within-domain: at x within domain ¢ = at z if x € domain c
by (rule at-within-open]|OF that open-domain))

lemma at-within-codomain: at x within codomain ¢ = at x if x € codomain ¢
by (rule at-within-open| OF that open-codomain))

lemma

chart-in-codomain[intro, simp|: ¢ € domain ¢ = ¢ x € codomain c

and inv-chart-inverse[simp|: © € domain ¢ = inv-chart ¢ (¢ z) = x

and inv-chart-in-domain[intro, simp|:y € codomain ¢ = inv-chart ¢ y € domain
c

and chart-inverse-inv-chart[simp]: y € codomain ¢ => ¢ (inv-chart c y) =y

and image-domain-eq: ¢ ¢ (domain ¢) = codomain c

and inv-image-codomain-eq[simpl: inv-chart ¢ ¢ (codomain ¢) = domain ¢

and continuous-on-domain: continuous-on (domain c) ¢

and continuous-on-codomain: continuous-on (codomain ¢) (inv-chart c)
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using chart-homeomorphism|of c]
by (auto simp: homeomorphism-def)

lemma chart-eql: ¢ = d
if domain ¢ = domain d
codomain ¢ = codomain d
Ne.cx=dz
Nz. inv-chart ¢ x = inv-chart d x
using that
by transfer auto

lemmas continuous-on-chart[continuous-intros] =
continuous-on-compose2[OF continuous-on-domain)
continuous-on-compose2|OF continuous-on-codomain)

lemma continuous-apply-chart: continuous (at x within X) c if x € domain ¢
apply (rule continuous-at-imp-continuous-within)
using continuous-on-domain|of c| that at-within-domain[OF' that]
by (auto simp: continuous-on-eg-continuous-within)

lemma continuous-inv-chart: continuous (at z within X) (inv-chart ¢) if z €
codomain ¢

apply (rule continuous-at-imp-continuous-within)

using continuous-on-codomain|of c| that at-within-codomain|OF that)

by (auto simp: continuous-on-eq-continuous-within)

lemmas apply-chart-tendsto[tendsto-intros] = isCont-tendsto-compose[OF contin-
uous-apply-chart, rotated|

lemmas inv-chart-tendsto[tendsto-intros] = isCont-tendsto-compose|OF continu-
ous-inv-chart, rotated)

lemma continuous-within-compose2’:
continuous (at (f x) withint) g = f ‘s C t =
continuous (at x within s) f =
continuous (at x within s) (Az. g (f x))
by (simp add: continuous-within-compose2 continuous-within-subset)

lemmas continuous-chart[continuous-intros| =
continuous-within-compose2'|OF continuous-apply-chart]
continuous-within-compose2’'|OF continuous-inv-chart]

lemma continuous-on-chart-inv:
assumes continuous-on s (apply-chart ¢ o f)
f s C domain c
shows continuous-on s f
proof —
have continuous-on s (inv-chart ¢ o apply-chart ¢ o f)
using assms by (auto introl: continuous-on-chart(2))
moreover have \z. z € s = (inv-chart ¢ o apply-chart c o f) z = fz

74



using assms by auto
ultimately show ?thesis by auto
qed

lemma continuous-on-chart-inv’:
assumes continuous-on (apply-chart ¢ ©s) (f o inv-chart c)
s C domain ¢
shows continuous-on s f
proof —
have continuous-on s (apply-chart c)
using assms continuous-on-domain continuous-on-subset by blast
then have continuous-on s (f o inv-chart ¢ o apply-chart c)
apply (rule continuous-on-compose) using assms by auto
moreover have (f o inv-chart ¢ o apply-chart ¢) x = fz if x € s for z
using assms that by auto
ultimately show ?thesis by auto
qed

lemma inj-on-apply-chart: inj-on (apply-chart f) (domain f)
by (auto simp: intro!: inj-on-inversel [where g=inv-chart f])

lemma apply-chart-Int: f* (X NY)=f‘XNfYif X C domain fY C domain
f

using inj-on-apply-chart that

by (rule inj-on-image-Int)

lemma chart-image-eq-vimage: ¢ ¢ X = inv-chart ¢ —° X N codomain ¢
if X C domain ¢
using that
by force

lemma open-chart-image[simp, intro]: open (¢ * X)
if open X X C domain c
proof —
have ¢ ‘ X = inv-chart ¢ —° X N codomain c
using that(2)
by (rule chart-image-eg-vimage)
also have open ...
using that
by (metis continuous-on-codomain continuous-on-open-vimage open-codomain)
finally show ?thesis .
qged

lemma open-inv-chart-image[simp, introl: open (inv-chart ¢ * X)
if open X X C codomain c
proof —
have inv-chart ¢ * X = ¢ —° X N domain c
using that(2)
apply auto
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using image-iff by fastforce
also have open ...
using that
by (metis continuous-on-domain continuous-on-open-vimage open-domain)
finally show ?thesis .
qed

lemma homeomorphism- UNIV-imp-open-map:
homeomorphism UNIV UNIV p p’ = open f' = open (p ‘')
by (auto dest: homeomorphism-imp-open-map[where U=f"])

4.3 Restriction

lemma homeomorphism-restrict:

homeomorphism (a N s) (b N f' —*s) ff"if homeomorphism a b f f'

using that

by (fastforce simp: homeomorphism-def intro: continuous-on-subset introl: im-
agel)

lift-definition restrict-chart::'a set = (‘a::t2-space, 'e::euclidean-space) chart =
('a, 'e) chart
is AS. A\(d, d', f, f'). if open S then (d N S, d'Nnf' =<8, f, 1) else {}, {}, f,
£
by (auto simp: split: if-splits introl: open-continuous-vimage’ homeomorphism-restrict
intro: homeomorphism-cont2 homeomorphism-cont! )

lemma restrict-chart-restrict-chart:
restrict-chart X (restrict-chart Y ¢) = restrict-chart (X N'Y) ¢
if open X open Y
using that
by transfer auto

lemma domain-restrict-chart[simp|: open S = domain (restrict-chart S ¢) =
domain ¢ N §

and domain-restrict-chart-if: domain (restrict-chart S ¢) = (if open S then do-
main ¢ N S else {})

and codomain-restrict-chart[simp]: open S = codomain (restrict-chart S c)
codomain ¢ N tnv-chart ¢ —* S

and codomain-restrict-chart-if: codomain (restrict-chart S ¢) = (if open S then
codomain ¢ N inv-chart ¢ —* S else {})

and apply-chart-restrict-chart[simp): apply-chart (restrict-chart S ¢) = apply-chart
c

and inv-chart-restrict-chart[simp]: inv-chart (restrict-chart S ¢) = inv-chart c
by (transfer, auto)+

4.4 Composition

lift-definition compose-chart::('e='e) = (‘e='e) =

("a::topological-space, 'e::euclidean-space) chart = ('

a, 'e) chart
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is Ap p’. A(d, d', f, f'). if homeomorphism UNIV UNIV p p' then (d, p ‘d’, p o
fiflop)
else ({}, {}, /. /)
by (auto split: if-splits)
(auto intro: homeomorphism-UNIV-imp-open-map homeomorphism-compose
homeomorphism-of-subsets)

lemma compose-chart-apply-chart[simpl: apply-chart (compose-chart p p’ ¢) = p
o apply-chart c

and compose-chart-inv-chart[simp|: inv-chart (compose-chart p p’ ¢) = inv-chart
cop’

and domain-compose-chart[simp]: domain (compose-chart p p’ ¢) = domain ¢

and codomain-compose-chart[simpl: codomain (compose-chart p p' ¢) = p
codomain ¢

if homeomorphism UNIV UNIV p p’

using that by (transfer, auto)+

¢

end

5 Topological Manifolds

theory Topological-Manifold
imports Chart
begin

Definition of topological manifolds. Existence of locally finite cover.

5.1 Defintition

We define topological manifolds as a second-countable Hausdorff space,
where every point in the carrier set has a neighborhood that is homeomor-
phic to an open subset of the Euclidean space. Here topological manifolds
are specified by a set of charts, and the carrier set is simply defined to be
the union of the domain of the charts.

locale manifold =

fixes charts::(‘a::{second-countable-topology, t2-space}, 'e::euclidean-space) chart
set
begin

definition carrier = (|J (domain * charts))

lemma open-carrier|intro, simp|: open carrier
by (auto simp: carrier-def)

lemma carrierk:

assumes & € carrier
obtains ¢ where ¢ € charts © € domain c
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using assms by (auto simp: carrier-def)

lemma domain-subset-carrier[simp|: domain ¢ C carrier if ¢ € charts
using that
by (auto simp: carrier-def)

lemma in-domain-in-carrier|intro, simpl: ¢ € charts = x € domain ¢ = 1z €
carrier
by (auto simp: carrier-def)

5.2 Existence of locally finite cover

Every point has a precompact neighborhood.

lemma precompact-neighborhoodE':
assumes z € carrier
obtains C where x € C open C compact (closure C) closure C C carrier
proof —
from carrierE[OF assms| obtain ¢ where c: ¢ € charts © € domain ¢ by auto
then have c z € codomain c by auto
with open-contains-cball[of codomain c]
obtain e where e: 0 < e cball (apply-chart ¢ x) e C codomain ¢
by auto
then have e’: ball (apply-chart ¢ x) e C codomain ¢
by (auto simp: mem-ball)
define C where C = inv-chart ¢ ‘ ball (¢ z) e
have z € C
using c <e > 0
unfolding C-def
by (auto intro!: image-eql[where z=apply-chart ¢ z])
moreover have open C
using e’
by (auto simp: C-def)
moreover
have compact: compact (inv-chart ¢ © cball (apply-chart ¢ x) e)
using e
by (intro compact-continuous-image continuous-on-chart) auto
have closure-subset: closure C C inv-chart ¢  cball (apply-chart ¢ x) e
apply (rule closure-minimal)
subgoal by (auto simp: C-def mem-ball)
subgoal by (rule compact-imp-closed) (rule compact)
done
have compact (closure C)
apply (rule compact-if-closed-subset-of-compact[where T=inv-chart ¢ * cball
(c2) e])
subgoal by simp
subgoal by (rule compact)
subgoal by (rule closure-subset)
done
moreover have closure C' C carrier
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using closure-subset c e
by force
ultimately show ¢thesis ..
qed

There exists a covering of the carrier by precompact sets.

lemma precompact-open-coverE:
obtains U::nat="a set
where (Ji. U i) = carrier \i. open (U i) Ni. compact (closure (U i))
Ni. closure (U i) C carrier
proof cases
assume carrier = {}
then have (|Ji. {}) = carrier open {} compact (closure {}) closure {} C carrier
by auto
then show ?thesis ..
next
assume carrier # {}
have 3b. x € b A open b A compact (closure b) A closure b C carrier if z €
carrier for x
using that
by (rule precompact-neighborhoodE) auto
then obtain balls where balls:
Nz. © € carrier => x € balls
Nz. © € carrier = open (balls x)
N\z. z € carrier = compact (closure (balls x))
Nz. © € carrier = closure (balls z) C carrier
by metis
let 2balls = balls * carrier
have *: Az::’a set. x € ?balls = open = by (auto simp: balls)
from Lindelof[of ?balls, OF this]
obtain F’ where F": F' C 2balls countable F' |JF' = | ?balls
by auto
have F’ # {} using F’ balls «carrier # {}»
by auto
define U where U = from-nat-into F'
have into-range-balls: U i € ?balls for 4
proof —
have from-nat-into F' i € F' for i
by (rule from-nat-into) fact
also have F’' C ?balls by fact
finally show ?thesis by (simp add: U-def)
qed
have U: open (U i) compact (closure (U )) closure (U i) C carrier for i
using balls into-range-balls|of ]
by force+
then have U i C carrier for i using closure-subset by force
have (|Ji. U %) = carrier
proof (rule antisym)
show (|Ji. U %) C carrier using <U - C carriery by force

79



next
show carrier C ((Ji. U 17)
proof safe
fix z::'a
assume z € carrier
then have z € balls = by fact
with <z € carrier> F' obtain F where x € F' F € F' by blast
with from-nat-into-surj[OF <countable F'y <F € F"]
obtain ¢ where z € U i by (auto simp: U-def)
then show z € (|Ji. U %) by auto
qed
qed
then show ?thesis using U ..
qed

There exists a locally finite covering of the carrier by precompact sets.

lemma precompact-locally-finite-open-coverE:
obtains W:nat="a set
where carrier = ((Ji. W i) N\i. open (W i) Ai. compact (closure (W 1))
Ni. closure (W i) C carrier
locally-finite-on carrier UNIV W
proof —
from precompact-open-coverE obtain U
where U: (|Ji:nat. U i) = carrier \i. open (U i) Ni. compact (closure (U 7))
Ni. closure (U %) C carrier
by auto
have 3 V. Vj.
(open (V §) A
compact (closure (V j)) A
UjiC VjA
closure (V j) C carrier) A
closure (V j) C V (Suc j)
(is IV. V). 2Pj (Vi) A 2Qj (Vi) (V (Suc)))
proof (rule dependent-nat-choice)
show Jz. 2P 0 z using U by (force intro!: exI[where z=U 0])
next
fix X n
assume P: ?Pn X
have closure X C (Jec. U¢)
unfolding U using P by auto
have compact (closure X) using P by auto
from compactE-image[OF this, of UNIV U, OF <open (U -)» <closure X C -]
obtain M where M: M C UNIV finite M closure X C (|JceM. U ¢)
by auto
show Jy. 2P (Sucn) y A Qn Xy
proof (intro exI[where z=U (Suc n) U (|JceM. U ¢)] impI conjI)
show open (U (Suc n) U J(U ¢ M))
by (auto intro!: U)
show compact (closure (U (Suc n) U |J (U ‘ M)))
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using «finite M>
by (auto simp add: closure-Union introl: U)
show U (Suc n) C U (Sucn) U U (U ‘M) by auto
show closure (U (Suc n) U |J (U ‘ M)) C carrier
using U «finite M)
by (force simp: closure-Union)
show closure X C U (Suc n) U (JceM. U ¢)
using M by auto
qed
qged
then obtain V where V:
Nj. closure (V j) € V (Suc j)
Ad- open (V )
Nj. compact (closure (V j))
Nj. UjC V)
Nj. closure (V j) C carrier
by metis
have V-mono-Suc: \j. Vj C V (Suc j)
using V by auto
have V-mono: VI C Vmifl < mfor lm
using V-mono-Suc that
by (rule lift-Suc-mono-le[of V1)
have V-cover: carrier = J(V ¢ UNIV)
proof (rule antisym)
show carrier C |J(V ¢ UNIV)
unfolding U(1)[symmetric]
using V(4)
by auto
show |J(V ¢ UNIV) C carrier
using V(5) by force
qed
define W where Wj = (if j < 2 then Vjelse Vj — closure (V (j — 2))) for j
have compact (closure (W 7)) for j
apply (rule compact-if-closed-subset-of-compact[where T=closure (V j)])
subgoal by simp
subgoal by (simp add: V)
subgoal
apply (rule closure-mono)
using V(1)[of ] V(1)[of Suc ]
by (auto simp: W-def)
done
have open-W: open (W j) for j
by (auto simp: W-def V)
have W-cover: p € |J(W ¢ UNIV) if p € carrier for p
proof —
have p € |J(V ¢ UNIV) using that V-cover
by auto
then have ex: 37. p € V i by auto
define k where &k = (LEAST i. p € V1)
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from Leastl-ex[OF ex]
have k: p € V k by (auto simp: k-def)
have p e Wk
proof cases
assume k < 2
then show ?thesis using k
by (auto simp: W-def)
next
assume k2: -k < 2
have False if p € closure (V (k — 2))
proof —
have Suc (k — 2) = k — 1 using k2 by arith
then have p € V (k — 1)
using k2 that V(1)[of k — 2]
by auto
moreover
have k — 1 < k using k2 by arith
from not-less-Least| OF this[unfolded k-def], folded k-def]
have p ¢ V (k—1).
ultimately show ?thesis by simp

qed
then show ?thesis
using &
by (auto simp: W-def)
qed
then show %thesis by auto
qed

have W-eg-carrier: carrier = (|Ji. W 1)
proof (rule antisym)
show carrier C (|Ji. W)
using W-cover by auto
have (|Ji. Wi) C (Ui Vi)
by (auto simp: W-def split: if-splits)

also have ... = carrier by (simp add: V-cover)
finally show (|Ji. W i) C carrier .
qed

have W-disjoint: WknN Wi={}ifless: | <k — 1forlk
proof —
from less have k > 2 by arith
then have Wk = Vk — closure (V (k — 2))
by (auto simp: W-def)
moreover have W1 C V (k — 2)
proof —
have WIC VI
by (auto simp: W-def)
also have ... C V (k — 2)
by (rule V-mono) (use less in arith)
finally show ?thesis .
qed
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ultimately show ¢thesis
by auto
qed
have locally-finite-on carrier UNIV W
proof (rule locally-finite-on-open-coverl )
show carrier C |J(W ¢ UNIV) unfolding W-eg-carrier by simp
show open (W i) for i by (auto simp: open-W)
fix k
have {i. Win Wk#{}} C{(k—1). (k+ 1)}
proof (rule subsetl)
fix [
assume [ € {i. Win Wk # {}}
then have I: WIin Wk # {}
by auto
consider [ <k — 1 |Il>k+ 1]|k—1<11l<Ek+1 by arith
then show [ € {(k — 1) .. (k+ 1)}
proof cases
case I
from W-disjoint|OF this]
show ?thesis by auto
next
case 2
then have k < | — 1 by arith
from W-disjoint|OF this]
show ?thesis by auto
next
case 3
then show ?thesis
by (auto simp: [)
qed
qed
also have finite ... by simp
finally (finite-subset)
show finite {icUNIV . Win Wk # {}} by simp
qed
have closure (W i) C carrier for i
using V closure-mono
apply (auto simp: W-def)
using Diff-subset subsetD by blast
have carrier = ((Ji. W i) Ai. open (W i) Ai. compact (closure (W 7))
Ni. closure (W i) C carrier
locally-finite-on carrier UNIV W
by fact+
then show ?thesis ..
qed

end

end
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6 Differentiable/Smooth Manifolds

theory Differentiable-Manifold
imports
Smooth
Topological-Manifold
begin

6.1 Smooth compatibility

definition smooth-compat::enat = (’a::topological-space, 'e::euclidean-space) chart=("a,
‘e) chart=-bool
(<-—smooth’-compaty [1000])
where
smooth-compat k c1 ¢2 +—
(k—smooth-on (c1 ¢ (domain c1 N domain ¢2)) (¢2 o inv-chart c¢1) A
k—smooth-on (c2 ¢ (domain c¢I N domain c2)) (cl o inv-chart c2) )

lemma smooth-compat-D1:
k—smooth-on (c1 ‘ (domain c1 N domain c2)) (c2 o inv-chart c1)
if k—smooth-compat c1 c2
proof —
have open (c1 ‘ (domain c¢1 N domain c2))
by (rule open-chart-image) auto
moreover have k—smooth-on (c1 ‘ (domain c1 N domain c2)) (c2 o inv-chart
cl)
using that(1) by (auto simp: smooth-compat-def)
ultimately show ?thesis by blast
qed

lemma smooth-compat-D2:
k—smooth-on (c2 ¢ (domain c1 N domain ¢2)) (cl o inv-chart c2)
if k—smooth-compat c1 c2
proof —
have open (c¢2 ‘ (domain c1 N domain c2))
by (rule open-chart-image) auto
moreover have k—smooth-on (c¢2 ¢ (domain c1 N domain c¢2)) (¢l o inv-chart
c2)
using that(1) by (auto simp: smooth-compat-def)
ultimately show ¢thesis by blast
qed

lemma smooth-compat-refl: k—smooth-compat =
unfolding smooth-compat-def
by (auto intro: smooth-on-conglwhere g=\z. x] simp: smooth-on-id)

lemma smooth-compat-commute: k—smooth-compat © y +— k—smooth-compat y

x
by (auto simp: smooth-compat-def inf-commute)
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lemma smooth-compat-restrict-chartl:
k—smooth-compat (restrict-chart S ¢) ¢’
if k—smooth-compat ¢ c’
using that
by (auto simp: smooth-compat-def domain-restrict-chart-if intro: smooth-on-subset)

lemma smooth-compat-restrict-chartl2:
k—smooth-compat ¢’ (restrict-chart S c)
if k—smooth-compat ¢’ ¢
using smooth-compat-restrict-chartl[of k ¢ ¢'] that
by (auto simp: smooth-compat-commute)

lemma smooth-compat-restrict-chartD:

domain ¢1 C U = open U = k—smooth-compat c1 (restrict-chart U ¢2) =
k—smooth-compat c1 c2

by (auto simp: smooth-compat-def domain-restrict-chart-if intro: smooth-on-subset)

lemma smooth-compat-restrict-chartD2:

domain c1 C U = open U = k—smooth-compat (restrict-chart U ¢2) c1 =
k—smooth-compat c2 c1

using smooth-compat-restrict-chartD[of c1 Uk c2]

by (auto simp: smooth-compat-commute)

lemma smooth-compat-le:
I—smooth-compat c1 c¢2 if k—smooth-compat c1 c21 < k
using that
by (auto simp: smooth-compat-def smooth-on-le)

6.2 (C k-Manifold

locale c-manifold = manifold +

fixes k::enat

assumes pairwise-compat: ¢l € charts = c¢2 € charts = k—smooth-compat
cl c2
begin

6.2.1 Atlas

definition atlas :: (‘a, 'b) chart set where
atlas = {c. domain ¢ C carrier A (¥ ¢’ € charts. k—smooth-compat c c¢')}

lemma charts-subset-atlas: charts C atlas
by (auto simp: atlas-def pairwise-compat)

lemma in-charts-in-atlas[intro]: © € charts = x € atlas
by (auto simp: atlas-def pairwise-compat)

lemma mazimal-atlas:

¢ € atlas
if Ac'. ¢’ € atlas = k—smooth-compat ¢ ¢’
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domain ¢ C carrier
using that charts-subset-atlas
by (auto simp: atlas-def)

lemma chart-compose-lemma:
fixes c1 c2
defines [simp|: U = domain cl
defines [simp]: V = domain c2
assumes subsets: U NV C carrier
assumes Ac. ¢ € charts = k—smooth-compat c1 ¢
Nec. ¢ € charts => k—smooth-compat c2 ¢
shows k—smooth-on (c1 ‘(U N V)) (¢2 o inv-chart c1)
proof (rule smooth-on-open-subsetsl)
fix w’ assume w’' € ¢ (U N V)
then obtain w where w”: w' = cl wand w € Uw € V by auto
then have w € carrier using subsets
by auto
then obtain c¢3 where c¢3: w € domain c3 c3 € charts
by (rule carrierE)
then have c13: k—smooth-compat c1 ¢3 and c23: k—smooth-compat c2 c3
using assms by auto
define W where [simp]: W = domain c3
have diff1: k—smooth-on (c1 * (U N W)) (¢3 o inv-chart c1)
proof —
have 1: open (c¢1 * (U N W))
by (rule open-chart-image) auto
have 2: w' € ¢1 (U N W)
using «<w € U) by (auto simp: ¢3 w’)
from c13 show ?thesis
by (auto simp: smooth-compat-def)
qed

define y where y = (¢3 o inv-chart c¢1) w’
have diff2: k—smooth-on (¢3 (V. N W)) (¢2 o inv-chart ¢3)
proof —
have 1: open (¢3 (V. N W))
by (rule open-chart-image) auto
have 2: y € ¢ (VN W)
using «<w € U) «<w € V) by (auto simp: y-def ¢3 w’)
from c23 show ?thesis
by (auto simp: smooth-compat-def)
qed

have k—smooth-on (c1 * (U N VN W)) ((¢2 o inv-chart ¢3) o (¢3 o inv-chart

1)
using diff2 diff1
by (rule smooth-on-compose2) auto
then have k—smooth-on (c1 * (U N V N W)) (¢2 o inv-chart c1)
by (rule smooth-on-cong) auto

86



moreover have w' € ¢1 ‘(UN VN W) open (c1 *(UN VN W))
using «w € U» «<w € V>
by (auto simp: w’ ¢3)
ultimately show 37T. w’ € T A open T A k—smooth-on T (apply-chart ¢2 o
inv-chart c1)
by (intro exl[where z=c1 ‘(U N V N W)]) simp
qed

lemma smooth-compat-trans: k—smooth-compat c1 c2
if Ac. ¢ € charts = k—smooth-compat c1 c
Nec. ¢ € charts => k—smooth-compat c2 ¢
domain c1 N domain c2 C carrier
unfolding smooth-compat-def
proof
show k—smooth-on (c1 ‘ (domain c1 N domain c2)) (c¢2 o inv-chart cI)
by (auto intro!: that chart-compose-lemma)
show k—smooth-on (c¢2 ¢ (domain c1 N domain c2)) (¢l o inv-chart c2)
using that
by (subst inf-commute) (auto introl: chart-compose-lemma)
qed

lemma maximal-atlas’:
¢ € atlas
if Ac'. ¢’ € charts = k—smooth-compat ¢ ¢’
domain ¢ C carrier
proof (rule mazimal-atlas)
fix ¢’ assume ¢’ € atlas
show k—smooth-compat ¢ ¢’
apply (rule smooth-compat-trans)
apply (rule that(1)) apply assumption
using atlas-def <c’ € atlas> by auto
qed fact

lemma atlas-is-atlas: k—smooth-compat al a2
if a1 € atlas a2 € atlas
using that atlas-def smooth-compat-trans by blast

lemma domain-atlas-subset-carrier: ¢ € atlas = domain ¢ C carrier
and in-carrier-atlasl [intro, simp|: ¢ € atlas = = € domain ¢ = = € carrier
by (auto simp: atlas-def)

lemma atlaskE:
assumes r € carrier
obtains ¢ where ¢ € atlas z € domain ¢
using carrierE[OF assms| charts-subset-atlas
by blast

lemma restrict-chart-in-atlas: restrict-chart S ¢ € atlas if ¢ € atlas
proof (rule mazimal-atlas)
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fix ¢’ assume ¢’ € atlas
then have k—smooth-compat ¢ ¢’ using <c € atlas> by (auto simp: atlas-is-atlas)
then show k—smooth-compat (restrict-chart S ¢) ¢’
by (rule smooth-compat-restrict-chartl)
next
have domain (restrict-chart S ¢) C domain ¢
by (simp add: domain-restrict-chart-if)
also have ... C carrier
using that
by (rule domain-atlas-subset-carrier)
finally
show domain (restrict-chart S ¢) C carrier
by auto
qed

lemma atlas-restrictE:
assumes z € carrier x € X open X
obtains ¢ where ¢ € atlas ¢ € domain ¢ domain ¢ C X
proof —
from assms(1) obtain ¢ where c¢: ¢ € atlas © € domain c
by (blast elim!: carrierE)
define d where d = restrict-chart X ¢
from ¢ have d € atlas x € domain d domain d C X
using assms(2,3)
by (auto simp: d-def restrict-chart-in-atlas)
then show ?thesis ..
qed

lemma open-ball-chartF:
assumes ¢ € U open U U C carrier
obtains ¢ r where
¢ € atlas
z € domain ¢ domain ¢ C U codomain ¢ = ball (¢ x) rr > 0
proof —
from assms have x € carrier by auto
from carrierE[OF this] obtain ¢ where c: ¢ € charts z € domain ¢ by auto
then have z € domain ¢ N U using assms by auto
then have open (apply-chart ¢ “ (domain ¢ N U)) ¢z € ¢ * (domain ¢ N U)
by (auto introl: assms)
from openE[OF this]
obtain e where e: 0 < e ball (c ) e C ¢ ‘ (domain ¢ N U)
by auto
define C where C = inv-chart ¢ ‘ ball (c z) e
have open C
using e
by (auto simp: C-def)
define ¢’ where ¢’ = restrict-chart C ¢
from c¢ have ¢ € atlas by auto
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then have ¢’ € atlas by (auto simp: c¢’-def restrict-chart-in-atlas)
moreover
have z € C
using c <e > O
unfolding C-def
by (auto intro!: image-eql [where z=apply-chart ¢ z])
have z € domain ¢’
by (auto simp: ¢’-def <open C» ¢ «x € C»)
moreover
have C C U
using e by (auto simp: C-def)
then have domain ¢/’ C U
by (auto simp: c¢’-def <open C))
moreover have codomain ¢’ = ball (¢’ z) e
using e <open C»
by (force simp: ¢’-def codomain-restrict-chart-if C-def)
moreover
have e > 0
by fact
ultimately show “thesis ..
qed

lemma smooth-compat-compose-chart:
fixes ¢’
assumes k—smooth-compat c ¢’
assumes diffeo: diffeomorphism k UNIV UNIV p p’
shows k—smooth-compat (compose-chart p p’ ¢) ¢’
proof —
note dD[simp] = diffeomorphismD[OF' diffeo]
note homeo[simp] = diffeomorphism-imp-homeomorphism[OF diffeo]
from assms(1) have c: k—smooth-on (apply-chart ¢ ¢ (domain ¢ N domain c¢’))
(apply-chart ¢’ o inv-chart c)
and c¢” k—smooth-on (apply-chart ¢’ ¢ (domain ¢ N domain c")) (apply-chart c
o inv-chart ¢’)
by (auto simp: smooth-compat-def)
from homeo have *: open (p * apply-chart ¢ © (domain ¢ N domain c'))
by (rule homeomorphism-UNIV-imp-open-map) auto
have k—smooth-on ((p o apply-chart ¢) ‘ (domain ¢ N domain ¢')) (apply-chart
¢’ o inv-chart ¢ o p)
apply (rule smooth-on-compose2) prefer 2
apply (rule dD)
apply (rule c)
apply (auto simp add: assms image-comp [symmetric] * cong del: im-
age-cong-simp)
done
moreover
have k—smooth-on (apply-chart ¢’ ¢ (domain ¢ N domain ¢’)) (p o (apply-chart
¢ o inv-chart ¢’))
apply (rule smooth-on-compose2)
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apply (rule dD)
apply fact
by (auto simp: assms image-comp[symmetric])
ultimately show “thesis
unfolding smooth-compat-def
by (auto intro!: simp: o-assoc)
qed

lemma compose-chart-in-atlas:
assumes c € atlas
assumes diffeo: diffeomorphism k UNIV UNIV p p’
shows compose-chart p p’ ¢ € atlas
proof (rule maximal-atlas)
note [simp] = diffeomorphism-imp-homeomorphism[OF diffeo]
show domain (compose-chart p p’ ¢) C carrier
using assms
by auto
fix ¢’ assume ¢’ € atlas
with «c € atlas) have k—smooth-compat c ¢’
by (rule atlas-is-atlas)
then show k—smooth-compat (compose-chart p p’ ¢) ¢’
using diffeo
by (rule smooth-compat-compose-chart)
qed

lemma open-centered-ball-chartE:
assumes ¢ € U open U U C carrier e > 0
obtains ¢ where
¢ € atlas x € domain ¢ ¢ £ = 20 domain ¢ C U codomain ¢ = ball 20 e
proof —
from open-ball-chartE[OF assms(1—3)] obtain ¢ r where c:
¢ € atlas
z € domain ¢ domain ¢ C U codomain ¢ = ball (¢ z) r
and r: r > 0
by auto
have nz: e / r # 0 using <e > 0) <r > 0 by auto
have 1: diffeomorphism k UNIV UNIV (Ay. y + (— cz)) (A\y. y — (— ¢ x))
using diffeomorphism-add|of k (— ¢ z)] by auto
have 2: diffeomorphism k UNIV UNIV (Ay. (e / ) *xgr y) (Ay. y /r (e / T))
using diffeomorphism-scaleR[of e | 1 k] <e > 0 <r > 0» by auto
have 3: diffeomorphism k UNIV UNIV (Ay. y + z0) (Ay. y — z0)
using diffeomorphism-add|of k z0] by auto
define ¢t where t = (A\y. (e / 1) *r (y + — ¢ z) + 20)
define ¢’ where t' = (\y. (y — 20) /r (e / 7) + ¢ 1)
from diffeomorphism-compose|OF diffeomorphism-compose[OF 1 2] 3, unfolded
o-def]
have diffeo: diffeomorphism k UNIV UNIV t t’
by (auto simp: t-def t’-def o-def)
from compose-chart-in-atlas[OF <c € atlasy this]
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have compose-chart t t' ¢ € atlas .
moreover
note [simp] = diffeomorphism-imp-homeomorphism[OF diffeo]
have z € domain (compose-chart t t' ¢) by (auto simp: <x € domain c»)
moreover
have ¢ (¢ z) = 20
by (auto simp: t-def)
then have compose-chart t t' ¢ x = z0
by simp
moreover have domain (compose-chart t t' ¢) C U
using <domain ¢ C U>»
by auto
moreover
have t ‘ codomain ¢ = ball z0 e
proof —
have ¢ ¢ codomain ¢ = (+) 20 ‘ (xr) (e / 1) * (\y. — apply-chart ¢ x + y)
ball (c z) r
by (auto simp add: c t-def image-image)
also have ... = ball z0 e
using e > 0> «r > O»
unfolding image-add-ball image-scaleR-ball[OF nz]
by simp
finally show ?thesis .
qed
then have codomain (compose-chart t t' ¢) = ball z0 e
by auto
ultimately show %thesis ..
qed

¢

end

6.2.2 Submanifold

definition (in manifold) charts-submanifold S = (restrict-chart S ¢ charts)
locale c-manifold’ = c-manifold

locale submanifold = c-manifold’ charts k — breaks infinite loop for sublocale sub
for charts::('a::{t2-space,second-countable-topology}, 'b::euclidean-space) chart set
and k£ +
fixes S::'a set
assumes open-submanifold: open S
begin

lemma charts-submanifold: c-manifold (charts-submanifold S) k
by unfold-locales

(auto simp: charts-submanifold-def atlas-is-atlas in-charts-in-atlas restrict-chart-in-atlas)

sublocale sub: c-manifold (charts-submanifold S) k
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by (rule charts-submanifold)

lemma carrier-submanifold|[simpl: sub.carrier = S N carrier

using open-submanifold

by (auto simp: manifold.carrier-def charts-submanifold-def domain-restrict-chart-if
split: if-splits)

lemma restrict-chart-carrier|simp:
restrict-chart carrier x = x
if z € charts
using that
by (auto intro!: chart-eql)

lemma charts-submanifold-carrier[simp): charts-submanifold carrier = charts
by (force simp: charts-submanifold-def)

lemma charts-submanifold-Int-carrier:
charts-submanifold (S N carrier) = charts-submanifold S
using open-submanifold
by (force simp: charts-submanifold-def restrict-chart-restrict-chart[symmetric])

lemma submanifold-atlasE:
assumes c¢ € sub.atlas
shows ¢ € atlas
proof (rule mazimal-atlas’)
have dc: domain ¢ C S N carrier
using assms sub.domain-atlas-subset-carrier
by auto
then show domain ¢ C carrier
using open-submanifold by auto
fix ¢’ assume ¢’ € charts
then have restrict-chart S ¢’ € (charts-submanifold S)
by (auto simp: charts-submanifold-def)
then have restrict-chart S ¢’ € sub.atlas
by auto
have k—smooth-compat ¢ (restrict-chart S ¢
by (rule sub.atlas-is-atlas) fact+
show k—smooth-compat ¢ ¢’
apply (rule smooth-compat-restrict-chartD[where U=S5])
subgoal using dc by auto
subgoal by (rule open-submanifold)
subgoal by fact
done
qed

lemma submanifold-atlasi:
restrict-chart S ¢ € sub.atlas
if ¢ € atlas

proof (rule sub.mazimal-atlas’)
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fix ¢’ assume ¢’ € (charts-submanifold S)
then obtain ¢’ where c'": ¢’ = restrict-chart S ¢’ ¢'' € charts
unfolding charts-submanifold-def by auto
show k—smooth-compat (restrict-chart S ¢) ¢’
unfolding ¢”’
apply (rule smooth-compat-restrict-chartl)
apply (rule smooth-compat-restrict-chartI2)
apply (rule atlas-is-atlas)
apply fact using «¢'’ € charts) by auto
next
show domain (restrict-chart S ¢) C sub.carrier
using domain-atlas-subset-carrier|OF that]
by (auto simp: open-submanifold )
qed

end

lemma (in c-manifold) restrict-chart-carrier|simpl:
restrict-chart carrier r = x
if z € charts
using that
by (auto introl: chart-eql)

lemma (in c-manifold) charts-submanifold-carrier[simp|: charts-submanifold car-
rier = charts
by (force simp: charts-submanifold-def)

6.3 Differentiable maps

locale c-manifolds =
sre: c-manifold chartsl k +
dest: c-manifold charts2 k for k chartsl charts2

locale diff = c-manifolds k charts1 charts2
for k
and chartsl :: (‘a:{t2-space,second-countable-topology}, 'e::euclidean-space)
chart set
and charts2 :: ('b:{t2-space,second-countable-topology}, 'f::euclidean-space)
chart set
+
fixes f :: ("a = 'b)
assumes ezists-smooth-on: T € src.carrier =
Jcl€src.atlas. 3 c2€dest.atlas.
x € domain c1 A
f “domain c1 C domain c2 A
k—smooth-on (codomain c1) (¢2 o f o inv-chart c1)
begin
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lemma defined: [ ¢ src.carrier C dest.carrier
using exists-smooth-on
by auto

end
context c-manifolds begin

lemma diff-iff: diff k chartsl charts2 f +—
(Vz€sre.carrier. 3 cl€src.atlas. 3 c2€dest.atlas.
x € domain c1 A
f “domain c1 C domain c2 A
k—smooth-on (codomain c1) (apply-chart c2 o f o inv-chart c1))
(is 2 «— (Vze-. ?rz))
proof safe
assume ?]
interpret diff k chartsl charts2 f by fact
show z € src.carrier = ?r x for x
by (rule exists-smooth-on)
next
assume YV z€src.carrier. ?r x
then show 7]
by unfold-locales auto
qed

end
context diff begin

lemma diffE:

assumes x € src.carrier

obtains c¢1::(‘a, ‘e) chart
and c¢2:(’b, 'f) chart

where
cl € src.atlas c2 € dest.atlas x € domain c1 f * domain c1 C domain c2
k—smooth-on (codomain c1) (apply-chart c2 o f o inv-chart cl)

using exists-smooth-on assms by force

lemma continuous-at: continuous (at « within T) f if x € src.carrier
proof —
from that obtain cI c2 where ci € src.atlas c2 € dest.atlas © € domain cl
f “domain c1 C domain c2
k—smooth-on (codomain c1) (apply-chart c2 o f o inv-chart c1)
by (rule diffE)
from smooth-on-imp-continuous-on|OF this(5)]
have continuous-on (codomain cl1) (apply-chart ¢2 o f o inv-chart cl) .
then have continuous-on (¢ ‘ domain c1) (f o inv-chart c1)
using «f ‘ domain c1 C domain c¢2» continuous-on-chart-inv by (fastforce simp:
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image-domain-eq)
then have continuous-on (domain c1) f
by (rule continuous-on-chart-inv’) simp
then have isCont f x
using <x € domain c1»
unfolding continuous-on-eq-continuous-at[OF open-domain)
by auto
then show continuous (at z within T) f
by (simp add: <isCont f x> continuous-at-imp-continuous-within)
qged

lemma continuous-on: continuous-on src.carrier f
unfolding continuous-on-eq-continuous-within
by (auto intro: continuous-at)

lemmas continuous-on-intro| continuous-intros] = continuous-on-compose2|OF con-
tinuous-on -|

lemmas continuous-within[continuous-intros| = continuous-within-compose3[OF
continuous-at]

lemmas tendsto[tendsto-intros] = isCont-tendsto-compose| OF continuous-at]

lemma diff-chartsD:
assumes dI € src.atlas d2 € dest.atlas
shows k—smooth-on (codomain dI N inv-chart d1 —* (src.carrier N f —* domain
d2))
(apply-chart d2 o f o inv-chart d1)
proof (rule smooth-on-open-subsetsl)
fix y assume y € codomain d1 N inv-chart d1 —* (src.carrier N f —* domain
d2)
then have y: f (inv-chart d1 y) € domain d2 y € codomain d1
by auto
then obtain z where z: d1 x = y x € domain dI
by force
then have z € src.carrier using assms by force
obtain ¢! ¢2 where cI € src.atlas c2 € dest.atlas
and fcl: f ‘ domain c1 C domain c2
and zcl: x € domain cl
and d: k—smooth-on (codomain c1) (apply-chart c¢2 o f o inv-chart cl)
using diffE[OF «x € src.carriery]
by metis
have [simp]: © € domain ¢! = fz € domain c2 for z using fcl by auto
have r1: k—smooth-on (d1 ‘ (domain d1 N domain c1)) (¢l o inv-chart d1)
using src.atlas-is-atlas[OF <d1 € src.atlas) «c1 € src.atlas), THEN smooth-compat-D1]

have r2: k—smooth-on (c2 ‘ (domain d2 N domain c2)) (d2 o inv-chart c2)
using dest.atlas-is-atlas|OF <d2 € dest.atlas) «c2 € dest.atlas), THEN smooth-compat-D2)]
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define T where T = (dI ‘ (domain dI N domain c1) N inv-chart di —-*
(sre.carrier N (f —* domain d2)))
have open T
unfolding T-def
by (rule open-continuous-vimage”)
(auto introl: continuous-intros open-continuous-vimage' src.open-carrier)
have T-subset: T C apply-chart d1 ‘ (domain d1 N domain c1)
by (auto simp: T-def)
have opens: open (¢l * inv-chart d1 * T) open (c2 * (domain d2 N domain c2))
using fcl <open T
by (force simp: T-def )+
have k—smooth-on ((apply-chart c1 o inv-chart d1) ‘ T) (d2 o inv-chart ¢2 o
(¢2 o f o inv-chart c1))
using 72 d opens
unfolding image-comp[symmetric)
by (rule smooth-on-compose2) (auto simp: T-def)
from this r1 <open T» opens(1) have k—smooth-on T
((d2 o inv-chart c2) o (c2 o f o inv-chart c1) o (¢l o inv-chart d1))
unfolding image-comp|symmetric)
by (rule smooth-on-compose2) (force simp: T-def )+
then have k—smooth-on T (d2 o f o inv-chart d1)
using <open T
by (rule smooth-on-cong) (auto simp: T-def)
moreover have y € T
using z zcl fel y <c1 € src.atlasy
by (auto simp: T-def)
ultimately show 3T. y € T A open T A k—smooth-on T (apply-chart d2 o f
o inv-chart d1)
using <open T
by metis
qed

lemma diff-between-chartsk:
assumes d! € src.atlas d2 € dest.atlas
assumes y € domain d1 y € src.carrier fy € domain d2
obtains X where
k—smooth-on X (apply-chart d2 o f o inv-chart d1)
dl ye X
open X
X = codomain d1 N inv-chart d1 —° (src.carrier N f —* domain d2)
proof —
define X where X = (codomain d1 N inv-chart d1 —* (src.carrier N f —* domain
d2))
from diff-chartsD[OF assms(1,2)]
have k—smooth-on X (apply-chart d2 o f o inv-chart d1)
by (simp add: X-def)
moreover have di y € X
using assms(3—5)
by (auto simp: X-def)
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moreover have open X
unfolding X-def
by (auto intro!: open-continuous-vimage' continuous-intros src.open-carrier)
moreover note X-def
ultimately show ?thesis ..
qed

end

lemma diff-compose:
diff k M1 M8 (g o f)
if diff k M1 M2 f diff k M2 M3 g
proof —
interpret f: diff Kk M1 M2 f by fact
interpret g: diff K M2 M3 g by fact
interpret fg: c-manifolds k M1 M3 by unfold-locales
show ?thesis
unfolding fqg.diff-iff
proof safe
fix z assume z € f.src.carrier
then obtain c! ¢2 where c1: c1 € f.src.atlas
and c2: c2 € f.dest.atlas
and fci1: f  domain c1 C domain c2
and z: € domain cl
and df: k—smooth-on (codomain c1) (apply-chart c2 o f o inv-chart c1)
using f.diffE by metis

have f x € f.dest.carrier using f.defined <x € f.src.carriery by auto
then obtain c2’ ¢3 where c2” c2’ € f.dest.atlas
and c3: ¢3 € g.dest.atlas
and gc2'’: g  domain c2’' C domain c3
and fr: fz € domain c2’
and dg: k—smooth-on (codomain c2') (apply-chart ¢3 o g o inv-chart c¢2’)
using g¢.diffE by metis

define D where D = (g o f) —‘ domain ¢8 N domain c1
have open D
using f.defined c1
by (auto introl: continuous-intros open-continuous-vimage simp: D-def)

have z € D

using fcl fr gc2'

by (auto simp: D-def «x € domain c1»)
define dI where d1 = restrict-chart D c1
have d1 € f.src.atlas

by (auto simp: d1-def intro!: f.src.restrict-chart-in-atlas c1)
moreover have c3 € g.dest.atlas by fact
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moreover have z € domain d1 by (auto simp: d1-def <open D) <x € D) x)
moreover have sub-c3: (g o f) ‘ domain d1 C domain c3
using <open Dy by (auto simp: d1-def D-def)
moreover have k—smooth-on (codomain d1) (¢3 o (g o f) o inv-chart d1)
proof (rule smooth-on-open-subsetsI)
fix y assume y: y € codomain d1
then obtain iy where y-def: y = d1 iy and iy: iy € domain d1 by force
note 7y
also note f.src.domain-atlas-subset-carrier|OF «d1 € f.src.atlas)]
finally have iS: iy € f.src.carrier .
then have f iy € f.dest.carrier
using f.defined by (auto simp: d1-def)
with f.dest.atlasE obtain d2 where d2: d2 € f.dest.atlas
and fy: f iy € domain d2
by blast
from f.diff-between-chartsE[OF «d1 € f.src.atlasy «d2 € f.dest.atlasy iy iS
fyl
obtain T where 1: k—smooth-on T (apply-chart d2 o f o inv-chart d1)
and T: dl iy € T open T
and T-def: T = codomain d1 N inv-chart d1 —* (f.src.carrier N f —° domain
d2)
by auto

have gf: g (f (iy)) € domain ¢3 using sub-c3 iy by auto
from iS f.defined have [ (iy) € f.dest.carrier by auto
from g.diff-between-chartsE[OF «d2 € f.dest.atlas <c3 € g.dest.atlas) fy this
af]
obtain X where 2: k—smooth-on X (apply-chart ¢3 o g o inv-chart d2)
and X: apply-chart d2 (f iy) € X open X
and X-def: X = codomain d2 N inv-chart d2 —° (f.dest.carrier N g —°
domain ¢3)
by auto
have y € T using T by (simp add: y-def)
moreover
note <open T)
moreover
have k—smooth-on T (apply-chart ¢3 o g o inv-chart d2 o (apply-chart d2 o
f o inv-chart d1))
using 2 1 <open T» <open X>»
by (rule smooth-on-compose) (use sub-c3 f.defined in <force simp: T-def
X-def»)
then have k—smooth-on T (apply-chart ¢8 o (g o f) o inv-chart d1)
using <open T
by (rule smooth-on-cong) (auto simp: T-def)
ultimately show 3 T. y € T A open T A k—smooth-on T (apply-chart ¢3 o
(g o f) o inv-chart d1)
by metis
qed
ultimately show dcIe€f.src.atlas.

98



Jc2€g.dest.atlas.
x € domain c1 A
(g o f) ¢ domain c1 C domain c2 N k—smooth-on (codomain cl)
(apply-chart c2 o (g o f) o inv-chart c1)
by blast
qed
qed

context diff begin

lemma diff-submanifold: diff k (src.charts-submanifold S) charts2 f
if open S
proof —
interpret submanifold chartsl k S
by unfold-locales (auto introl: that)
show ?thesis
unfolding that src.charts-submanifold-def[symmetric]
proof unfold-locales
fix z assume z € sub.carrier
then have © € src.carrier x € S using that
by auto
from diffE[OF «x € src.carriers] obtain cI ¢2 where clc2:
cl € src.atlas c2 € dest.atlas x € domain c1
f ¢ domain c1 C domain c2 k—smooth-on (codomain c1) (apply-chart c¢2 o f
o inv-chart cl1)
by auto
have rcl1: restrict-chart S c1 € sub.atlas
using c1c2(1) by (rule submanifold-atlasl)
show d ci€sub.atlas. I c2€dest.atlas. x € domain c1 N f* domain c1 C domain
c2 N
k—smooth-on (codomain c1) (¢2 o f o inv-chart cl)
using rci
apply (rule rev-bexI)
using c1c2(2)
apply (rule rev-bexI)
using clc2 <z € S» <open S»
by (auto simp: smooth-on-subset)
qed
qed

lemma diff-submanifold2: diff k chartsl (dest.charts-submanifold S) f
if open S f ¢ src.carrier C S
proof —
interpret submanifold charts2 k S
by unfold-locales (auto introl: that)
show ?thesis
unfolding that src.charts-submanifold-def[symmetric]
proof unfold-locales
fix = assume z € src.carrier

99



from diffE[OF this)]
obtain ¢! ¢2 where clc2:
cl € src.atlas c2 € dest.atlas x € domain c1
f ¢ domain c1 C domain c2 k—smooth-on (codomain c1) (apply-chart c¢2 o f
o inv-chart cl1)
by auto
have r: restrict-chart S c¢2 € sub.atlas
using c1¢2(2) by (rule submanifold-atlasl)
show dci€src.atlas. 3 c2€sub.atlas. © € domain c1 A f * domain c1 C domain
c2 N
k—smooth-on (codomain c1) (¢2 o f o inv-chart c1)
using c1c2(1)
apply (rule rev-bexI)
using r
apply (rule rev-bexI)
using cIc2 <open S» that(2)
by (auto simp: smooth-on-subset)
qed
qed

end
context c-manifolds begin

lemma diff-locall: diff k chartsl charts2 f
if Az. z € src.carrier = diff k (src.charts-submanifold (U z)) charts2 f
Nz. © € src.carrier = open (U x)
Nz. z € src.carrier = x € (U )
proof unfold-locales
fix x assume z: z € src.carrier
have open-U|simp]: open (U z) by (rule that) fact
have in-Ulsimp]: ¢ € U z by (rule that) fact
interpret submanifold charts1 k U z
using that x
by unfold-locales auto
from z interpret I: diff k src.charts-submanifold (U x) charts2 f
by (rule that)
have = € sub.carrier using z
by auto
from [.diff E[OF this] obtain cI c2 where clc2: ¢l € sub.atlas
c2 € dest.atlas © € domain cl f ¢ domain c1 C domain c2
k—smooth-on (codomain c1) (apply-chart ¢2 o f o inv-chart cl)
by auto
have cI € src.atlas
by (rule submanifold-atlasE[OF c1c2(1)])
show 3 c1€src.atlas. 3 c2€dest.atlas. x € domain c1 N f ¢ domain c1 C domain
c2 N
k—smooth-on (codomain c1) (apply-chart c2 o f o inv-chart c1)
by (intro bexI[where z=c1] bexl[where z=c2] conjl «cl € src.atlasy «c2 €
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dest.atlasy c1c2)
qed

lemma diff-open-coverl: diff k chartsl charts2 f
if diff: Nu. v € U = diff k (src.charts-submanifold u) charts2 f
and op: Au. v € U = open u
and cover: src.carrier C |J U
proof —
obtain V where V: Vzesrc.carrier. Ve e UANz € Va
apply (atomize-elim, rule bchoice)
using cover
by blast
have diff k (src.charts-submanifold (V x)) charts2 f
open (V x)
zeVa
if x € src.carrier for z
using that diff op V
by auto
then show ?thesis
by (rule diff-locall)
qed

lemma diff-open-Un: diff k chartsl charts2 f
if diff k (src.charts-submanifold U) charts2 f
diff k (src.charts-submanifold V') charts2 f
and open U open V src.carrier C U U V
using diff-open-coverI[of {U, V} f] that
by auto

end
context c-manifold begin

sublocale self: c-manifolds k charts charts
by unfold-locales

lemma diff-id: diff k charts charts (Az. z)
by (force simp: self .diff-iff elim!: atlasE intro: smooth-on-cong)

lemma c-manifold-order-le: c-manifold charts [ if | < k
by unfold-locales (use pairwise-compat smooth-compat-le[OF - <l < k)] in blast)

lemma in-atlas-order-le: ¢ € c-manifold.atlas charts | if | < k ¢ € atlas
proof —
interpret I: c-manifold charts |
using </ < k)
by (rule c-manifold-order-le)
show ?thesis
using that
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by (auto simp: l.atlas-def atlas-def smooth-compat-le[OF - <l < k»])
qed

end
context c-manifolds begin

lemma c-manifolds-order-le: c-manifolds | chartsl charts2 if | < k
by unfold-locales
(use sre.pairwise-compat dest.pairwise-compat smooth-compat-le]OF - that] in
blast)+

end
context diff begin

lemma diff-order-le: diff | chartsl charts2 f if | < k
proof —
interpret I: c-manifolds | chartsl charts2
by (rule c-manifolds-order-le) fact
show diff | charts1 charts2 f
using diff-azioms
unfolding I.diff-iff diff-iff
by (auto dest!: smooth-on-le[OF - that] src.in-atlas-order-le[OF that]
dest.in-atlas-order-le][ OF that] dest!: bspec)
qged

end

6.4 Differentiable functions

lift-definition chart-eucl::('a::euclidean-space, 'a) chart is
(UNIV, UNIV, Az. z, A\z. x)
by (auto simp: homeomorphism-def)

abbreviation charts-eucl = {chart-eucl}

lemma chart-eucl-simps|simp]:
domain chart-eucl = UNIV
codomain chart-eucl = UNIV
apply-chart chart-eucl = (A\z. z)
inv-chart chart-eucl = (Az. x)
by (transfer, simp)-+

locale diff-fun = diff k charts charts-eucl f
for k charts and f::'a::{t2-space,second-countable-topology} = 'b::euclidean-space

lemma diff-fun-compose:
diff-fun k M1 (g o f)
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if diff & M1 M2 f diff-fun k M2 g
unfolding diff-fun-def
by (rule diff-compose| OF that[unfolded diff-fun-def]])

lemma ci-manifold-atlas-eucl: c-manifold charts-eucl k
by unfold-locales (auto simp: smooth-compat-refl)

interpretation manifold-eucl: c-manifold charts-eucl k
by (rule c1-manifold-atlas-eucl)

lemma chart-eucl-in-atlasintro,simp|: chart-eucl € manifold-eucl.atlas k
using manifold-eucl.charts-subset-atlas
by auto

lemma apply-chart-smooth-on:
k—smooth-on (domain ¢) ¢ if ¢ € manifold-eucl.atlas k
proof —
have k—smooth-compat ¢ chart-eucl
using that
by (auto intro!: manifold-eucl.atlas-is-atlas)
from smooth-compat-D2[OF this)
show ?thesis
by (auto simp: o-def)
qed

lemma inv-chart-smooth-on: k—smooth-on (codomain c) (inv-chart c) if ¢ € man-
ifold-eucl.atlas k
proof —
have k—smooth-compat ¢ chart-eucl
using that
by (auto intro!: manifold-eucl.atlas-is-atlas)
from smooth-compat-D1[OF this)
show ?thesis
by (auto simp: o-def image-domain-eq)
qed

lemma smooth-on-chart-inv:
fixes c:(‘a::euclidean-space, 'a) chart
assumes k—smooth-on X (apply-chart ¢ o f)
assumes continuous-on X f
assumes ¢ € manifold-eucl.atlas k open X f * X C domain c
shows k—smooth-on X f
proof —
have k—smooth-on X (inv-chart ¢ o (apply-chart ¢ o f))
using assms
by (auto introl: smooth-on-compose inv-chart-smooth-on)
with assms show ?thesis
by (force intro!: open-continuous-vimage intro: smooth-on-cong)
qed
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lemma smooth-on-chart-inv2:
fixes c:('a::euclidean-space, 'a) chart
assumes k—smooth-on (¢ * X) (f o inv-chart c)
assumes ¢ € manifold-eucl.atlas k open X X C domain c
shows k—smooth-on X f
proof —
have k—smooth-on X ((f o inv-chart ¢) o apply-chart c)
using assms(1) apply-chart-smooth-on
by (rule smooth-on-compose2) (auto simp: assms)
with assms show ?thesis
by (force intro!: open-continuous-vimage intro: smooth-on-cong)
qed

context diff-fun begin

lemma diff-fun-order-le: diff-fun [ charts f if | < k
using diff-order-le] OF that)
by (simp add: diff-fun-def)

end

6.5 Diffeormorphism

locale diffeomorphism = diff k chartsl charts2 f + inv: diff k charts2 charts1 f'
for k chartsl charts2 f f' +
assumes f-inv[simp|: Az. z € src.carrier = f' (fz) =z
and f’-inv[simp]: N\y. y € dest.carrier = f (f'y) =y

context c-manifold begin

sublocale manifold-eucl: c-manifolds k charts {chart-eucl}
rewrites diff k charts {chart-eucl} = diff-fun k charts
by unfold-locales (simp add: diff-fun-def|abs-def])

lemma diff-funl:

diff-fun k charts f

if (Az. z€carrier = Jclecatlas. x € domain c1 N (k—smooth-on (codomain
c1) (f o inv-chart c1)))

unfolding manifold-eucl. diff-iff

by (auto dest!: that introl: bexI[where z=chart-eucl] simp: o-def)

end

lemma (in diff) diff-cong: diff k chartsl charts2 g if Nz. x € src.carrier = fx
= g €T

unfolding diff-iff
proof (rule balll)

fix z assume z € src.carrier
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from diff-axioms[unfolded diff-iff, rule-format, OF this]
obtain cI::(‘a, ‘e) chart and ¢2::('b, ’f) chart where
clesrc.atlas c2 € dest.atlas
z € domain cl [ © domain c1 C domain ¢2 k—smooth-on (codomain c1)
(apply-chart ¢2 o f o inv-chart c1)
by auto
then show Jclesrc.atlas. 3 c2&dest.atlas.
z € domain c1 N g ‘ domain c¢1 C domain c2 A k—smooth-on (codomain cl)
(apply-chart c2 o g o inv-chart c1)
using that
by (intro bexl[where z=c1] bexl[where z=c2]) (auto simp: intro: smooth-on-cong)
qed

context diff-fun begin

lemma diff-fun-cong: diff-fun k charts g if \z. x € src.carrier = fx = g x
using diff-cong[OF that]
by (auto simp: diff-fun-def)

lemma diff-funD:
Felesrc.atlas. © € domain ¢l A (k—smooth-on (codomain c1) (f o inv-chart
cl))
if x: © € src.carrier
proof —
from diff-fun-azioms[unfolded src.manifold-eucl.diff-iff, rule-format, OF ]
obtain c1 ¢2 where a: ¢l € src.atlas ¢c2 € manifold-eucl.atlas k x € domain c1
f ¢ domain c1 C domain c2
and s: k—smooth-on (codomain c1) (apply-chart c2 o (f o inv-chart c1))
by (auto simp: o-assoc)
from smooth-on-chart-inv[OF s] a
show ?thesis
by (force intro!: bexI[where x=cl] a continuous-intros)
qed

lemma diff-funk:
assumes z € src.carrier
obtains ¢! where
clesrc.atlas x € domain c1 k—smooth-on (codomain c1) (f o inv-chart c1)
using diff-funD[OF assms]
by blast

lemma diff-fun-between-chartsD:
assumes c € src.atlas x € domain c
shows k—smooth-on (codomain c) (f o inv-chart c)

proof —
have z € src.carrier f x € domain chart-eucl using assms by auto
from diff-between-chartsE[OF assms(1) chart-eucl-in-atlas assms(2) this)
obtain X where s: k—smooth-on X (f o inv-chart c)
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and X-def: X = codomain ¢ N inv-chart ¢ —* (src.carrier N f —< UNIV)
by (auto simp: o-def)
then have X-def: X = codomain ¢ using assms
by (auto simp: X-def)
with s show ?thesis by auto
qed

lemma diff-fun-submanifold: diff-fun k (src.charts-submanifold S) f
if [simp]: open S
using diff-submanifold
unfolding diff-fun-def
by simp

end
context c-manifold begin

lemma diff-fun-zero: diff-fun k charts 0
by (rule diff-funl) (auto simp: o-def elim!: carrierE)

lemma diff-fun-const: diff-fun k charts (Az. c)
by (rule diff-funl) (auto simp: o-def elim!: carrierE)

lemma diff-fun-add: diff-fun k charts (a + b) if diff-fun k charts a diff-fun k charts
b
proof (rule diff-funI)
fix z
assume z: T € carrier
interpret a: diff-fun k charts a by fact
interpret b: diff-fun k charts b by fact
from a.diff-funE|OF 1]
obtain ¢ where ca: ¢ € atlas x € domain ¢ k—smooth-on (codomain c) (a o
inv-chart c)
by blast
show Jclecatlas. x € domain c1 A k—smooth-on (codomain c1) (a + b o
inv-chart c1)
using ca
by (auto introl: bexI[where z=c| ca smooth-on-add-fun simp: plus-compose
b. diff-fun-between-chartsD)
qed

lemma diff-fun-sum: diff-fun k charts (Az. > i€S. fiz) if Ni. i € S = diff-fun
k charts (f ©)

using that

apply (induction S rule: infinite-finite-induct)

subgoal by (simp add: diff-fun-const)

subgoal by (simp add: diff-fun-const)

subgoal by (simp add: diff-fun-add[unfolded plus-fun-def])

done
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lemma diff-fun-scaleR: diff-fun k charts (Az. a © xg b z)
if diff-fun k charts a diff-fun k charts b
proof (rule diff-funI)
fix z
assume z: T € carrier
interpret a: diff-fun k charts a by fact
interpret b: diff-fun k charts b by fact
from a.diff-funE|OF 1]
obtain ¢ where ca: ¢ € atlas z € domain ¢ k—smooth-on (codomain ¢) (a o
inv-chart c)
by blast
have *: (Az. a z *p b ) o inv-chart ¢ = (A\z. (a o inv-chart ¢) x xg (b o inv-chart
c) x)
by auto
show Jcl€atlas. x € domain c1 N k—smooth-on (codomain c1) ((Az. a © *g b
x) o inv-chart cl)
using ca
by (auto introl: bexI[where z=c| smooth-on-scaleR
simp: mult-compose b.diff-fun-between-chartsD]unfolded o-def] * o-def)
qed

lemma diff-fun-scaleR-left: diff-fun k charts (¢ *r b)
if diff-fun k charts b
by (auto simp: scaleR-fun-def introl: diff-fun-scaleR that diff-fun-const)

lemma diff-fun-times: diff-fun k charts (a = b) if diff-fun k charts a diff-fun k
charts b
for a b::- = -:real-normed-algebra
proof (rule diff-funI)
fix z
assume z: T € carrier
interpret a: diff-fun k charts a by fact
interpret b: diff-fun k charts b by fact
from a.diff-funE[OF z]
obtain ¢ where ca: ¢ € atlas z € domain ¢ k—smooth-on (codomain ¢) (a o
inv-chart c)
by blast
show 3 c1€atlas. x € domain c1 N k—smooth-on (codomain c1) (a * b o inv-chart
cl)
using ca
by (auto introl: bexl[where z=c] ca smooth-on-times-fun simp: mult-compose
b. diff-fun-between-chartsD)
qed

lemma diff-fun-divide: diff-fun k charts (Az. a x / b )
if diff-fun k charts a diff-fun k charts b
and nz: A\z. x € carrier = bx # 0
for a b::- = -ireal-normed-field
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proof (rule diff-funI)
fix
assume z: ¢ € carrier
interpret a: diff-fun k charts a by fact
interpret b: diff-fun k charts b by fact
from a.diff-funE[OF 1]
obtain ¢ where ca: ¢ € atlas x € domain ¢ k—smooth-on (codomain c) (a o
inv-chart c)
by blast
show 3 ciecatlas. © € domain c1 A k—smooth-on (codomain c1) (Az. a z / b )
o inv-chart cl1)
using ca nz
by (auto introl: bexl[where z=c] ca smooth-on-mult smooth-on-inverse
dest: b.diff-fun-between-chartsD
simp: mult-compose o-def
divide-inverse)
qed

lemma subspace-Collect-diff-fun:
subspace (Collect (diff-fun k charts))
by (auto simp: subspace-def diff-fun-zero diff-fun-add diff-fun-scaleR-left)

end

lemma manifold-eucl-carrier[simp|: manifold-eucl.carrier = UNIV
by (simp add: manifold-eucl.carrier-def)

lemma diff-fun-charts-euclD: k—smooth-on UNIV g if diff-fun k charts-eucl g
proof (rule smooth-on-open-subsetsl)
fix z::'a
interpret diff-fun k charts-eucl g by fact
have z € manifold-eucl.carrier by simp
from diff-funE[OF this] obtain c!
where c¢: c1 € manifold-eucl.atlas k x € domain c1
k—smooth-on (codomain c1) (g o inv-chart c1) by auto
have k—smooth-on (domain cl1) g
apply (rule smooth-on-chart-inv2)
apply (rule smooth-on-subset)
apply (rule c)
using ¢ by auto
then show 3 T. x € T A open T N k—smooth-on T g
using ¢ by auto
qed

lemma diff-fun-charts-eucll: diff-fun k charts-eucl g if k—smooth-on UNIV g
apply (rule manifold-eucl.diff-funl)
apply auto
apply (rule bexI[where x=chart-eucl)])
using that
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by (auto simp: o-def)

end

7 Partitions Of Unity

theory Partition-Of-Unity
imports Bump-Function Differentiable-Manifold
begin

7.1 Regular cover

context c-manifold begin

A cover is regular if, in addition to being countable and locally finite, the
codomain of every chart is the open ball of radius 3, such that the inverse
image of open balls of radius 1 also cover the manifold.

definition regular-cover I (v::'i=('a, 'b) chart) +—
countable I N
carrier = (\Ji€l. domain (3 7)) A
locally-finite-on carrier I (domain o ) A
(Viel. codomain (¢ i) = ball 0 3) A
carrier = (| Ji€l. inv-chart (3 ©) “ball 0 1)

Every covering has a refinement that is a regular cover.

lemma reguler-refinementkE:
fixes X::'i = 'a set
assumes cover: carrier C (|Ji€l. X i) and open-cover: \i. i € I = open (X
i
obtains N::nat set and ¥::nat = (‘a, 'b) chart
where A\i. i € N = ¢ i € atlas (domain o 1) ‘ N refines X I regular-cover
N1
proof —
from precompact-locally-finite-open-coverE
obtain V:nat=- where V:
carrier = (Ji. Vi)
Ni. open (V1)
Ni. compact (closure (V 1))
Ni. closure (Vi) C carrier
locally-finite-on carrier UNIV 'V
by auto

define intersecting where intersecting v = {i. Vi N v # {}} for v
have intersecting-closure: intersecting (closure x) = intersecting = for z
using open-Int-closure-eq-empty[OF V(2), of - 1]
by (auto simp: intersecting-def)
from locally-finite-compactD[OF V(5) V(3) V(4)]
have finite (intersecting (closure (V z))) for x
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by (simp add: intersecting-def)
then have finite-intersecting: finite (intersecting (V z)) for z
by (simp add: intersecting-closure)

have J4::(‘a, 'b) chart.
Y € atlas N\
codomain ¥ = ball 0 3 N
(Fcel. domain v C X ¢) A
(Vj.p€ Vj— domain ¢ C Vj) A
p € domain Y N
Yp=20
if p € carrier for p
proof —
from cover that open-cover obtain ¢ where ¢: p € X c open (X ¢) c € I
by force
define VS where VS = {U.p e V U}
have open-VS: ANT. T € VS = open (V T)
by (auto simp: VS-def V)
from locally-finite-onD[OF V(&) that]
have finite VS by (simp add: VS-def)
from atlasE[OF that] obtain ¢’ where ¢ ¢’ € atlas p € domain ' .
define W where W = (()i€VS. Vi) N domain ' N X ¢
have open W
by (force simp: W-def open-VS introl: ¢ «finite VS»)
have p € W by (auto simp: W-def ¢ ' VS-def)
have W C carrier
using 1’
by (auto simp: W-def)
have 0 < (3:real) by auto
from open-centered-ball-chartE[OF <p € W) <open Wy «W C carriery <0 <
3]
obtain ¢ where ¥: ¥ € atlas p € domain ¢ ¥ p = 0 domain ¥ C W codomain
Y = ball 0 3
by auto
moreover have Fz€l. domain ¢ C X x
using ¢ ¢ by (auto simp: W-def)
moreover have p € V j = domain ¢y C V j for j
using ¢ ¢ by (auto simp: W-def VS-def)
ultimately show ¢thesis
by (intro ezl[where z=1]) auto
qed
then have V p2 € carrier.
I¢::("a, 'b) chart. ¢ € atlas N codomain b = ball 0 3 A
(Fcel. domain p C X ¢) AN (Vj. p2 € Vj — domain v C Vj) Ap2 €
domain Y N
apply-chart ¥ p2 = 0
by blast
then obtain ¢::’a = (’a, 'b) chart where :
A\p. p € carrier = codomain (¢ p) = ball 0 3
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N\p. p € carrier = (3 c€l. domain (v p) C X ¢)
NApj.p€ Vi= domain (¢ p) C Vj
A\p j. p € carrier = p € domain (¢ p)
A\p. p € carrier = (¢ p) p =0
A\p. p € carrier = ¢ p € atlas
unfolding bchoice-iff
apply atomize-elim
apply auto
subgoal for f

apply (rule exI[where z=f])

using V

by auto
done

define U where U p = inv-chart (1 p) ‘ ball 0 1 for p
have U-open: open (U p) if p € carrier for p
using that
by (auto simp: U-def)
have U-subset-domain: x € U p = x € domain (¢ p) if p € carrier for z p
using ¢(1) that
by (auto simp: U-def)

have I M. M C closure (V1) A finite M A closure (V1) CJ(U * M) for |
proof —
have cleover: closure (V1) C|J(U ¢ closure (V1))
using
apply (auto simp: U-def)
apply (rule bexl)
prefer 2 apply assumption
apply (rule image-eql)
apply (rule inv-chart-inverse[symmetric])
apply (rule 1)
apply auto
using V(4) apply force
by (metis V(4) less-irrefl norm-numeral norm-one norm-zero one-less-numeral-iff
subsetCE
zero-less-norm-iff zero-neg-numeral)
have B € U ¢ closure (V l) = open B for B
using V(4) by (auto introl: U-open)
from compactE[OF V(8) clcover this]
obtain Um where Um: Umn C U ¢ closure (V 1) finite Um closure (V' 1) C
U Um
by auto
from Um(1) have Vit€cUm. Ipeclosure (VI). t = Up
by auto
then obtain p-of where p-of: At. t € Um = p-of t € closure (V)
Nt.t € Un =t = U (p-of t)
by metis
have p-of * Um C closure (V1)
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using p-of
by auto
moreover have finite (p-of ¢ Um) using <finite Um> by auto
moreover have closure (V1) CJ(U ‘ p-of ¢ Um)
using Um p-of by auto
ultimately show ?thesis by blast
qed
then obtain M’ where M. Al. M’ 1 C closure (V1) Al finite (M’ 1) AL
closure (V1) CU(U “M'1)
by metis
define M where M v = M' (LEAST I. VI = v) for v
have V-Least: V (LEAST la. Via= Vi) = Viforl
by (rule Leastl-ex) auto
have M: M (V1) C closure (V1) finite (M v) closure (V1) CJ(U *M (V1))
for v {
subgoal
unfolding M-def
apply (rule order-trans)
apply (rule M)
by (auto simp: V-Least)
subgoal using M’ by (auto simp: M-def)
subgoal
unfolding M-def
apply (subst V-Least[symmetric])
by (rule M’)
done

from M(1) V(4) have M-carrier: x € M (V1) = x € carrier for z | by auto

have countable (J1I. M (V' 1))
using M(2) by (auto simp: countable-finite)
from countable E-bij[OF this]
obtain m and N::nat set where n: bij-betw m N ((JI. M (V1)) .
define m’ where m’ = the-inv-into N m
have m-inverse[simp]: Ni. i € N = m’ (m i) =1
and m/'-inverse[simp]: Az l. 2 € M (V)= m (m'z) ==z
using n
by (force simp: bij-betw-def m’-def the-inv-into-f-f)+

have m-in: m i e ((Jl. M (V1)) if i € N for ¢
using n that
by (auto dest!: bij-betwE)
have m’-in: m’"z € Nifx € M (V) for z |
using that n
by (auto simp: m’-def bij-betw-def intro!: the-inv-into-into)

from m-in have m-in-carrier: m i € carrier if i € N for i

using that M-carrier
by auto
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then have A\i. i € N = ¢ (m i) € atlas
by (rule 4(6))
moreover
have (domain o (Mi. (¢ (m 4)))) “ N refines X ‘1
by (auto simp: refines-def dest!: m-in-carrier ¢¥(2))
moreover
have regular-cover N (Ai. ¢ (m 1))
proof —
have countable N by simp
moreover
have carrier-subset: carrier C ((J¢ € N. inv-chart (¢ (m 7)) ‘ball 0 1)
unfolding V
proof safe
fix x i
assume z € V¢
with M obtain p where p: p € M (Vi) z € U p by blast
from p show z € (|Ji€N. inv-chart (¢ (m 7)) ‘ball 0 1)
by (auto simp: U-def intro!: bexI[where z=m' p] m'-in)
qed
have carrier-eq-W: carrier = (|J{€N. domain (¢ (m 7)) (is - = ?W)
proof (rule antisym)
note carrier-subset
also have ... C ?W
using U-subset-domain (1) M-carrier m-in
by (force simp: V)
finally show carrier C ?W
by auto
show ?W C carrier using M-carrier 1(6)
by (auto dest!: m-in)
qed
moreover have locally-finite-on carrier N (Ai. domain (¢ (m i)))
proof (rule locally-finite-on-open-coverl )
show open (domain (¢ (m i))) for i by auto
show carrier C (|Ji€eN. domain (¢ (m 7)))
unfolding carrier-eq-W by auto
fix ki
assume ki € N
from m-in[OF this
obtain k£ where k: m ki € M (V k) by auto
have pkc: m ki € closure (V k)
using k M(1) by force
obtain j where j: m ki € Vj
using M-carrier[of m ki k] V(1) k by force
have kj: VEnN Vj# {}
using open-Int-closure-eq-empty[OF V(2)]
using pkc j by auto
then have jinterk: j € intersecting (V k) by (auto simp: intersecting-def)

have 1: compact (closure (V k)) by (rule V)
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have 2: closure (V k) C | (range V) unfolding V(1)[symmetric] by (rule

have 3: B € range V. = open B for B by (auto simp: V)
from compactE[OF 1 2 3]
obtain Vj where Vj C range V finite Vj closure (V k) C |J Vj by auto
then obtain J where finite J closure (V k) C |J(V “J)
apply atomize-elim
by (metis finite-subset-image)

fix ki’ assume ki’ € N
assume H: domain (¢ (m ki’)) N domain (v (m ki)) # {}
obtain k' where ki: m ki’ € M (V k') using m-in[OF <ki’ € N»] by auto
have k'’ domain (¢ (m ki’)) N domain (Y (m ki)) #{} m ki’ € M (V k')
using ki’ H by auto
have pkc”: m ki’ € closure (V k')
using k' M(1) by force
obtain j’ where j: m ki’ € Vj'
using M-carrier V(1) k' by force
have kj: (VE) N Vi £ {}
using open-Int-closure-eq-empty[OF V(2)]
using pkc’ j' by auto
then have j'interk” k' € intersecting (V j') by (auto simp: intersecting-def)

have j'interj: j' € intersecting (V j)
using k' ¢(3)[OF j'] (3)[OF j]
by (auto simp: intersecting-def)
have k£’ € | (intersecting  V ‘| (intersecting * V  intersecting (V k)))
using jinterk j'interk’ j'interj
by blast
then have m ki’ € |J ((A\z. M (V z)) ‘U (intersecting * V ‘| (intersecting
“V “intersecting (V k))))
using ki’
by auto
from m-inverse[symmetric| this have ki’ € m’ ‘ |J((Az. M (V z)) ¢
U (intersecting © V ‘| (intersecting * V ¢ intersecting (V k))))
by (rule image-eql) fact
} note x = this
show finite {i € N. domain (¢ (m ©)) N domain (v (m ki)) # {}}
apply (rule finite-subsetjwhere B=m' ‘|J ((Az. M (V z)) ‘| (intersecting
“V ‘U (intersecting < V * intersecting (V k))))])
apply clarsimp
subgoal by (drule *, assumption, force)
using finite-intersecting intersecting-def M by auto
qed
moreover have (Vi € N. codomain (¢ (m ©)) = ball 0 3)
using (1) M-carrier m-in
by force
moreover have carrier = ((J¢ € N. inv-chart (¢ (m 7)) ‘ball 0 1)

/

114



proof (rule antisym)
show (|JieN. inv-chart (¢p (m i) “ball 0 1) C carrier
using ¥(6)[OF M-carrier] M-carrier m-in
by (force simp: ¥(1))
qed (rule carrier-subset)
ultimately show %thesis
by (auto simp: reqular-cover-def o-def)
qed
ultimately
show ?thesis ..
qged

lemma diff-apply-chart:
diff k (charts-submanifold (domain 1)) charts-eucl ¥ if ¢ € atlas
proof —
interpret submanifold charts k domain
by unfold-locales auto
show ?thesis
proof (unfold-locales)
fix z assume z: © € sub.carrier
show 3 c1esub.atlas.
3 c2emanifold-eucl.dest.atlas.
z € domain ¢ A ‘ domain c1 C domain c2 A k—smooth-on (codomain
c1) (¢2 o) o inv-chart c1)
apply (rule bexI[where x = restrict-chart (domain ) 9))
apply (rule bexI[where z = chart-eucl])
subgoal
proof safe
show z € domain (restrict-chart (domain ) 1)
using z <y € atlasy
by auto
show k—smooth-on (codomain (restrict-chart (domain 1) v)) (chart-eucl o
¥ o inv-chart (restrict-chart (domain 1) 1))
apply (auto simp: o-def)
apply (rule smooth-on-cong[where g=\z. x))
by (auto intro!: open-continuous-vimage' continuous-on-codomain)
qed simp
subgoal by auto
subgoal by (rule submanifold-atlasl) fact
done
qed
qged

lemma diff-inv-chart:
diff k (manifold-eucl.charts-submanifold (codomain c)) charts (inv-chart c) if ¢
€ atlas
proof —
interpret submanifold charts-eucl k codomain c
by unfold-locales auto
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show ?thesis
proof (unfold-locales)
fix z assume z: = € sub.carrier
show 3 c1esub.atlas.
Jc2€atlas.
z € domain c1 A inv-chart ¢ * domain c1 C domain c2 N
k—smooth-on (codomain c1) (¢2 o inv-chart ¢ o inv-chart cl)
apply (rule bexI[where z = restrict-chart (codomain c¢) chart-eucl])
apply (rule bexI[where z = c])
subgoal
proof safe
show z € domain (restrict-chart (codomain c) chart-eucl)
using z <c € atlas
by auto
show k—smooth-on (codomain (restrict-chart (codomain c) chart-eucl)) (c
o inv-chart ¢ o inv-chart (restrict-chart (codomain ¢) chart-eucl))
apply (auto simp: o-def)
apply (rule smooth-on-cong[where g=Az. z|)
by (auto intro!: open-continuous-vimage' continuous-on-codomain)
qed simp
subgoal using that by simp
subgoal
by (rule submanifold-atlasl) auto
done
qed
qed

lemma chart-inj-on [simp]:
fixes ¢ :: (‘a, 'b) chart
assumes z € domain ¢ y € domain c
shows cx =cy<+— =1y
proof —
have inj-on ¢ (domain ¢) by (rule inj-on-apply-chart)
with assms show ?thesis by (auto simp: inj-on-def)
qed

7.2 Partition of unity by smooth functions

Given any open cover X indexed by a set A, there exists a family of smooth
functions ¢ indexed by A, such that 0 < ¢ < 1, the (closed) support of each
@ 1 is contained in X 4, the supports are locally finite, and the sum of ¢ 7 is
the constant function 1.
theorem partitions-of-unitykE:

fixes A::'i set and X::"i = 'a set

assumes carrier C (| Ji€A. X i)

assumes Ai. i € A = open (X 7)

obtains ¢::'i = ‘a = real

where A\i. i € A = diff-fun k charts (¢ i)
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and A\iz. i€ A=z € carrier = 0 < p iz
and A\iz. i € A =z € carrier = ¢ i1z < 1
and Az. z € carrier = (Y i€{i€cA. p iz # 0}. piz) =1
and Ai. i € A = csupport-on carrier (¢ i) N carrier C X ¢
and locally-finite-on carrier A (A\i. csupport-on carrier (¢ 7))
proof —
from reguler-refinementE[OF assms]
obtain N and t::nat = (‘a, 'b) chart where :
Ni. i€ N = v i € atlas
(domain o ¢) “ N refines X “ A
reqular-cover N i by blast

define U where U i = inv-chart (¢ i) ‘ ball 0 1 for i:nat
define V where Vi = inv-chart (¢ ©) ‘ ball 0 2 for i::nat
define W where W i = inv-chart (v i) ‘ ball 0 8 for i::nat

from <regular-cover N 1> have reqular-cover:
countable N
(UieN. Ui) = (JieN. domain (¢ 7))
locally-finite-on carrier N (domain o 1)
Ni. i € N = codomain (¢ ©) = ball 0 8
carrier = (|Ji€N. U i)
by (auto simp: reqular-cover-def U-def)

have open-W: open (W i) if i € N for i
using that
by (auto simp: W-def regular-cover)

have W-eq: domain (v i) = Wiif i € N for {
using W-def regular-cover(4) that by force

have carrier-W: carrier = ((Ji€N. W 1)
by (auto simp: reqular-cover W-eq)

have V-subset-W: closure (Vi) C Wiif i € N for ¢
proof —
have closure (V i) C closure (inv-chart (v i) ‘ cball 0 2)
unfolding V-def
by (rule closure-mono) auto
also have ... = inv-chart (¢ ©) ‘ cball 0 2
apply (rule closure-closed)
apply (rule compact-imp-closed)
apply (rule compact-continuous-image)
by (auto introl: continuous-intros simp: reqular-cover that)
also have ... C Wi
by (auto simp: W-def)
finally show ?thesis .
qed

have carrier-V: carrier = (|JieN. V1)
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apply (rule antisym)

subgoal unfolding reqular-cover(5) by (auto simp: U-def V-def)
subgoal unfolding carrier-W using V-subset-W by auto

done

define f where fiz = (if v € Wi then H (¢ i ) else 0) for i x
have f-simps: v € Wi = fixz=H (¢ i z)

¢ Wi= fiz=20

for i

by (auto simp: f-def)

have f-eq-one: fjy=1ifje Nye Ujforjy
proof —
from that have y € W j by (auto simp: U-def W-def)
from «y € U j have norm (¢ jy) < 1
by (auto simp: U-def W-eq[symmetric] <j € N> regular-cover(4))
then show ?thesis
by (auto simp: f-def <y € W j introl: H-eq-one)
qed

have f-diff: diff-fun k charts (f i) if i: ¢ € N for i
proof (rule manifold-eucl.diff-open-Un, unfold diff-fun-def[symmetric])
note W-eq = W-eq[OF that]
have W ¢ C carrier
unfolding W-eq[symmetric] reqular-cover using that by auto
interpret W: submanifold - - Wi
by unfold-locales (auto simp: open-W i)

have diff-fun k (charts-submanifold (W ©)) (H o (¢ 7))
apply (rule diff-fun-compose[where ?M2.0 = charts-eucl))
apply (rule diff-apply-chart[of 1 i, unfolded W-eq))
subgoal using ¢ <i € N» by auto
apply (rule diff-fun-charts-eucll)
by (rule H-smooth-on)

then show diff-fun k (charts-submanifold (W 7)) (f %)
by (rule diff-fun.diff-fun-cong) (auto simp: f-def)

interpret V' submanifold - - carrier — closure (V )
by unfold-locales auto

have diff-fun k (charts-submanifold (carrier — closure (V i))) 0
by (rule V'.sub.diff-fun-zero)
then show diff-fun k (charts-submanifold (carrier — closure (V 7))) (f %)
apply (rule diff-fun.diff-fun-cong)
unfolding f-def
apply auto
apply (rule H-eq-zero)
unfolding V-def by (metis W-eq image-eql in-closurel inv-chart-inverse)
show open (W i) by (auto simp: W-def regular-cover i)
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show open (carrier — closure (V i)) by auto
show carrier C W i U (carrier — closure (V 7))
using V-subset-W[OF i] by auto
qed

define g where g = f ¢z / (O ie{jeN. x € Wj}. fizx) for ¢ x

have V pecarrier. 31. p € I A open I Nfinite {i € N. Win I # {}}
(is V p€carrier. 7P p)
proof (rule balll)
fix p assume p € carrier
from locally-finite-onE[OF regular-cover(3) this]
obtain [ where p € I open I finite {i € N. (domain o ) i N I # {}}.
moreover have {i € N. (domaino¢) iNI#{}} ={ie N. WinlI#{}}
by (auto simp: W-eq)
ultimately show ?P p by auto
qed
from bchoice[OF this| obtain I where I:
Nz. ¢ € carrier = z € I x
Nz. © € carrier = open (I z)
Nz. z € carrier = finite {i € N. Win Iz # {}}
by blast

have subset-W: {j e N.ye Wi} C{je N Wjinlz#{}}ifyelzzc
carrier for z y
by (auto simp: that W-eq)
have finite-W: finite {j € N. y € W j} if y € carrier for y
apply (rule finite-subset)
apply (rule subset-W|[OF - that))
apply (rule I[OF that))
apply (rule I[unfolded o-def, OF that))
done

have g¢: diff-fun k charts (g 7) if i: i € N for
proof (rule manifold-eucl.diff-locall, unfold diff-fun-def|[symmetric))
fix z assume z: z € carrier
show open (I z) « € I z using I x by auto
then interpret submanifold - - I =
by unfold-locales
interpret df: diff-fun k charts f i by (rule f-diff) fact
have diff-fun k (charts-submanifold (I x)) (\y. fiy / O_je{jeN. Winlz
#{}fiv)
apply (rule sub.diff-fun-divide)
subgoal
apply (rule df.diff-submanifold|[folded diff-fun-def])
by (rule I) fact
subgoal
proof (rule sub.diff-fun-sum, clarsimp)
fix jassume j € N Win Iz # {}
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interpret df’: diff-fun k charts f j by (rule f-diff) fact
show diff-fun k (charts-submanifold (I x)) (f j)
apply (rule df'.diff-fun-submanifold)
by (rule I) fact
qed
subgoal for y
apply (subst sum-nonneg-eq-0-iff)
subgoal using I(3)[OF z] by auto
subgoal using H-range by (auto simp: f-def)
subgoal
proof clarsimp
assume y: y € [ zy € carrier
then obtain j where j e Nye Uj
unfolding regular-cover(5) by auto
then have y € Wj
by (auto simp: U-def W-def)
moreover
have Wjin Iz # {}
using W-eq <j € N» <open (I z)y sy € W i <y € carriery <y € I x»
by auto
moreover
note f-eq-one[OF j € Ny <y € U j]
ultimately show Jza. za € NA WaxanNlax #{} ANfzay#0
by (intro exzl[where z=j]) (auto simp: <j € N»)
qed
done
done
then show diff-fun k (charts-submanifold (I x)) (g ©)
apply (rule diff-fun.diff-fun-cong)
unfolding g-def
apply simp
apply (rule disjI2)
apply (rule sum.mono-neutral-right)
subgoal using [[OF <z € carriery] unfolding o-def by simp
subgoal for y
apply (rule subset-W)
using carrier-submanifold I <x € carriery by auto
subgoal by (auto simp: f-def)
done
qed

have f-nonneg: 0 < fiz for iz
by (auto simp: f-def H-range intro!: sum-nonneg)

have U-sub-W: xz € Ui — x € Wifor z i
by (auto simp: U-def W-def)

have sumf-pos: (> ic{j € N.x € Wj}. fiz) > 0if z € carrier for z

120



using that
apply (auto simp: regular-cover(5))
subgoal for ¢
apply (rule sum-pos2[where i=i))
using finite-W[OF that]
by (auto simp: f-nonneg f-eq-one U-sub-W )
done

have sumf-nonneg: (> i€{j € N.x € Wj}. fiz) > 0 for z
by (auto simp: f-nonneg introl: sum-nonneg)

have g-nonneg: 0 < giz if i € Nz € carrier for i z
by (auto simp: g-def intro!: divide-nonneg-nonneg sumf-nonneg f-nonneg)

have g-le-one: gix < 1 if i € N z € carrier for i z
apply (auto simp add: g-def)
apply (cases (> ie{j € N.x € Wj}. fiz)=0)
subgoal by simp
apply (subst divide-le-eq-1-pos)
subgoal using sumf-nonneg|of z] by auto
apply (cases © € W 1)
subgoal
apply (rule member-le-sum)
subgoal using i € N» by simp
subgoal by (rule f-nonneg)
using sum.infinite by blast
subgoal by (simp add: f-simps sum-nonneg H-range)
done
have sum-g: (D i|i e NNz € Wi.giz)=1if z € carrier for z
unfolding g-def
apply (subst sum-divide-distrib[symmetric])
using sumf-pos[OF that]
by auto

have Ja. VieN. Wi C X (ai) Nai€ A
using ¢ (2) by (intro bchoice) (auto simp: refines-def W-eq)

then obtain ¢ where a: \i. i€ N = WiC X (ai) N\i. i€ N=aic A
by force

define ¢ where paz = (Y i|ie NANai=aAz e Wi giz)forax

have diff-fun k charts (¢ «) if o € A for «
proof (rule manifold-eucl.diff-locall, unfold diff-fun-def[symmetric))

fix z assume z: z € carrier
show open (I z) z € I x using I z by auto
then interpret submanifold - - I =
by unfold-locales
have diff-fun k (charts-submanifold (I z)) (A\y. O i|i e NNai=a N Wi
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NIz#{} giy)
apply (rule sub.diff-fun-sum, clarsimp)
subgoal premises prems for i
proof —
interpret dg: diff-fun k charts g i by (rule g) fact
show ?thesis
apply (rule dg.diff-fun-submanifold)
by (rule I) fact
qed
done
then show diff-fun k (charts-submanifold (I z)) (¢ «)
apply (rule diff-fun.diff-fun-cong)
unfolding ¢-def
apply (rule sum.mono-neutral-right)
subgoal using - I(3)[OF «x € carriery] by (rule finite-subset) (auto simp:)
subgoal using <open (I z)> carrier-submanifold by auto
subgoal by (auto simp: g-def f-def)
done
qed
moreover
have 0 < ¢y a z if z € carrier for a z
by (auto simp: @-def introl: sum-nonneg g-nonneg that)
moreover
have p a2z < 1 if a € A x € carrier for o x
proof —
have paz < (D i|i€e NNz € Wi.gix)
unfolding ¢-def
by (rule sum-mono2[OF finite-W]) (auto simp: intro!: g-nonneg <z € carrier»)
also have ... = 1
by (rule sum-g) fact
finally show ?thesis .
qed
moreover
have (> ac{acA. p oz # 0}. p a x) = 1 if © € carrier for z
proof —
have (Y a|la€e ANpax#0.pazx)=
SalaceAnpaz#0.>i|lieNANai=aANze Wi giz)
unfolding ¢-def ..
also have ... = (3_ (o, i)e(SIGMA za:{a € A.paxz# 0}.{i € N. ai=1a
Nz e Wil gix)
apply (rule sum.Sigma)
subgoal
apply (rule finite-subset|where B=a ‘{j € N. z € W j}])
subgoal
apply (auto simp: p-def)
apply (subst (asm) sum-nonneg-eq-0-iff)
subgoal using - finite-W[OF <z € carriery] by (rule finite-subset) auto
subgoal by (rule g-nonneg[OF - <z € carriery]) auto
subgoal by auto
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done
subgoal
using finite-W|OF <z € carriery] by (rule finite-imagel)
done
subgoal
apply (auto)
using - finite-W[OF «x € carrier)]
by (rule finite-subset) auto
done
also have ... = (3 iesnd ¢ (SIGMA za:{a € A. pax # 0}. {i€ N.ai=
za Nz € Wi}l) gix)
apply (rule sum.reindex-cong[where (=\i. (a i, ©)])
subgoal by (auto simp: inj-on-def)
subgoal
apply (auto simp: a)
apply (auto simp: p-def)
apply (subst (asm) sum-nonneg-eq-0-iff)
subgoal
using - finite-W[OF <z € carrier’]
by (rule finite-subset) auto
subgoal by (auto intro!: g-nonneg <x € carriery)
subgoal for i
apply auto
subgoal for yy
apply (rule imagel)
apply (rule image-eql [where z=(a i, ©)])
apply (auto intro!: a)
apply (subst (asm) sum-nonneg-eq-0-iff)
subgoal using - finite-W[OF <x € carriers] by (rule finite-subset) auto
subgoal by (rule g-nonneg[OF - <z € carriery]) auto
subgoal by auto
done
done
done
subgoal by auto
done
alsohave ... = (Y} i|ie NAz e Wi gix)
apply (rule sum.mono-neutral-left)
subgoal by (rule finite-W) fact
subgoal by auto
subgoal
apply (auto simp: Sigma-def image-iff a)
apply (auto simp: p-def)
subgoal
apply (subst (asm) sum-nonneg-eq-0-iff)
subgoal using - finite-W[OF <z € carriery] by (rule finite-subset) auto
subgoal by (rule g-nonneg[OF - <z € carriery]) auto
subgoal by auto
done
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done

done
also have ... = 1 by (rule sum-g) fact
finally show ?thesis .
qed
moreover

have g-supp-le-V: support-on carrier (g i) C Viif i € N for ¢
apply (auto simp: support-on-def g-def f-def V-def dest!: H-neq-zeroD)
apply (rule image-eqI[OF )
apply (rule inv-chart-inverse[symmetric])
apply (simp add: W-eq that)
apply simp
done
then have clsupp-g-le-W: closure (support-on carrier (g i)) € Wiifi € N for
i
unfolding csupport-on-def
using V-subset-W closure-mono that
by blast
then have csupp-g-le-W: csupport-on carrier (g i) C Wiifi € N for ¢
using that
by (auto simp: csupport-on-def)
have x: {i € N. domain (¢ i) N Na # {}} ={i € N. WinN Na # {}} for Na
by (auto simp: W-eq)
then have IfW: locally-finite-on carrier N W
using regular-cover(3) by (simp add: locally-finite-on-def)
then have If-supp-g: locally-finite-on carrier {i € N. a i = a} (\i. support-on
carrier (g 1)) if a € A for «
apply (rule locally-finite-on-subset)
using g-supp-le-V V-subset-W
by force+
have csupport-on carrier (¢ ) N carrier C X « if o € A for «
proof —
have x: closure ((Ji€{i € N. a i = a}. support-on carrier (g i)) C closure
(UieN. Vi)
by (rule closure-mono) (use g-supp-le-V in auto)
have support-on carrier (p a) C (Ji€{i € N. a i = a}. support-on carrier (g
i)
unfolding -def[abs-def]
apply (rule order-trans)
apply (rule support-on-nonneg-sum-subset’)
using g-supp-le-V
by (auto simp: carrier-V)

then have csupport-on carrier (p «) N carrier C closure ... N carrier
unfolding csupport-on-def using closure-mono by auto
also have ... = (|Jie{i € N. a i = a}. closure (support-on carrier (g i)))

apply (rule locally-finite-on-closure- Union| OF If-supp-g| OF that], symmetric])
using closure-mono|OF g-supp-le-V] V-subset-W
by (force simp: carrier-W)

also have ... C (Jie{i € N. a i =a}. Wi)
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apply (rule UN-mono)
using clsupp-g-le-W
by auto
also have ... C X «
using a
by auto
finally show ?thesis .
qed
moreover
have locally-finite-on carrier A (\i. support-on carrier (¢ 7))
proof (rule locally-finite-onlI)
fix p assume p € carrier
from locally-finite-onE[OF IfW this] obtain Nhd where Nhd: p € Nhd open
Nhd finite {i € N. Wi Nhd # {}} .
show 3 Nhd. p € Nhd A open Nhd A finite {i € A. support-on carrier (¢ i) N
Nhd # {}}
apply (rule exl[where z=Nhd))
apply (auto simp: Nhd)
apply (rule finite-subset{where B=a ‘ {i € N. Wi N Nhd # {}}])
subgoal
apply (auto simp: support-on-def p-def)
apply (subst (asm) sum-nonneg-eq-0-iff)
apply (auto simp: introl: g-nonneg)
using - finite-W by (rule finite-subset) auto
by (rule finite-imagel) fact
qged
then have locally-finite-on carrier A (\i. csupport-on carrier (@ i))
unfolding csupport-on-def
by (rule locally-finite-on-closure)
ultimately show #¢thesis ..
qed

Given A C U C carrier, where A is closed and U is open, there exists a
differentiable function ¢ such that 0 < ¢ < 1,% = 1 on A, and the support
of 9 is contained in U.

lemma smooth-bump-functionE:
assumes closedin (top-of-set carrier) A
and A C U U C carrier open U
obtains ¢::'a = real where
diff-fun k charts ¢
Nz. z € carrier = 0 <Yz
Nz. z € carrier = p x < 1
Ne.ze A= ypz=1
csupport-on carrier ¥ N carrier € U
proof —
define V where V 2z = (if x = 0 then U else carrier — A) for z::nat
have open (carrier — A)
using assms
by (metis closedin-def open-Int open-carrier openin-open topspace-euclidean-subtopology)
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then have V: carrier C (|Ji€{0, 1}. Vi) i€ {0, 1} = open (Vi) for i
using assms
by (auto simp: V-def)
obtain p:nat = ‘a = real where :
(Ai. i € {0, 1} = diff-fun k charts (¢ 7))
(Niz.i€{0,1} = =z € carrier = 0 < ¢ i 1)
(Niz. i€{0,1} = z € carrier = p iz < 1)
(ANz. z € carrier = (> i|i€{0,1} ANpiz#0.pix)=1)
(A\i. i € {0, 1} = csupport-on carrier (¢ i) N carrier C V 7)
locally-finite-on carrier {0, 1} (Ni. csupport-on carrier (¢ i))
by (rule partitions-of-unityE[OF V]) auto
from this(1—23,5)[of 0] this(6)
have diff-fun k charts (¢ 0)
Nz. z € carrier = 0 < ¢ 0z
Nz. z € carrier = ¢ 0z < 1
csupport-on carrier (¢ 0) N carrier C U
by (auto simp: V-def)
moreover have p 0z = 1 if x € A for z
proof —
from that have z € carrier using assms by auto
from ¢(4)[OF this
have 1 = (Y i|ie {0, 1} Npiz# 0. pix)
by auto
moreover have {i. i € {0, I} Np iz # 0} =
(if ¢ 0z # 0then {0} else {}) U (if ¢ 1z # 0 then {1} else {})
apply auto
using neq0-conv by blast
moreover have z ¢ V 1
using that
by (auto simp: V-def)
then have ¢ (Suc 0) © = 0
using ¢(5)[of 1] assms that
by (auto simp: support-on-def csupport-on-def)
ultimately show ?thesis by (auto split: if-splits)
qed
ultimately show ?thesis by (blast intro: that)
qed

definition diff-fun-on A f +—
FW.AC WA W C carrier A open W A
(3. diff-fun k (charts-submanifold W) f' N (Vz€A. fz = f' x)))

lemma diff-fun-onk:
assumes diff-fun-on A f
obtains W [’ where
A C W W C carrier open W diff-fun k (charts-submanifold W) f’
Ne.ze A= fa=f"z
using assms by (auto simp: diff-fun-on-def)
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lemma diff-fun-onlI:
assumes A C W W C carrier open W diff-fun k (charts-submanifold W) f’
Ne.ze A= fz=f"z
shows diff-fun-on A f
using assms by (auto simp: diff-fun-on-def)

Extension lemma:

Given A C U C carrier, where A is closed and U is open, and a differentiable
function f on A, there exists a differentiable function f’ agreeing with f on
A, and where the support of f’is contained in U.

lemma extension-lemmak:
fixes f::'a = 'e:euclidean-space
assumes closedin (top-of-set carrier) A
assumes diff-fun-on A f A C U U C carrier open U
obtains f’ where
diff-fun k charts f’
Ne.ze A= fz=fz
csupport-on carrier f' N carrier C U
proof —
from diff-fun-onE[OF assms(2)]
obtain W' f’where W' A C W' W'C carrier open W' diff-fun k (charts-submanifold
w) f!
ANz.z€e A= fa=f"x)
by blast
define W where W = W/ n U

interpret W' diff-fun k charts-submanifold W' f’ using W' by auto
have *: open (W' N U)
using W' assms by auto
with W'.diff-fun-submanifold[of W]
have diff-fun k (W'.src.charts-submanifold (W' 0 U)) f’
by (auto simp: W-def)
also have W' src.charts-submanifold (W' N U) = charts-submanifold (W' N U)
unfolding W'.src.charts-submanifold-def
unfolding charts-submanifold-def
using W' x
by (auto simp: image-image restrict-chart-restrict-chart ac-simps)
finally have diff-fun k (charts-submanifold (W' N U)) f'.
with W' assms
have W: A C W W C carrier open W diff-fun k (charts-submanifold W) f’
ANe.z€e A= fa=f"x)
by (auto simp: W-def)

interpret submanifold - - W by unfold-locales fact
interpret W: diff-fun k (charts-submanifold W) f’ using W by auto
have [simp]: sub.carrier = W using «W C carrier) by auto

have W C U by (auto simp: W-def)

from smooth-bump-functionE[OF assms(1) <A C W» «W C carriers <open W)]
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obtain y::‘a=real where p: diff-fun k charts ¢
(Az. z € carrier = 0 < ¢ z) (Az. € carrier = pz < 1) (A\z. 2 € A =
pz=1)
csupport-on carrier ¢ N carrier C W by blast

interpret ¢: diff-fun k charts ¢ by fact
define g where g p = (if p € W then ¢ p xg f’ p else 0) for p

thm sub. diff-fun-scaleR
have diff-fun k charts g
proof (rule manifold-eucl.diff-open-Un, unfold diff-fun-def|[symmetric])
have diff-fun k (charts-submanifold W) (Ap. ¢ p *g ' p)
by (auto intro!: sub.diff-fun-scaleR ¢.diff-fun-submanifold W)
then show diff-fun k (charts-submanifold W) g
by (rule diff-fun.diff-fun-cong) (auto simp: g-def)
interpret C: submanifold - - carrier — csupport-on carrier o
by unfold-locales auto

have sub-carrier[simp]: C.sub.carrier = carrier — csupport-on carrier @
by auto

have diff-fun k (charts-submanifold (carrier — csupport-on carrier ¢)) 0
by (rule C.sub.diff-fun-zero)
then show diff-fun k (charts-submanifold (carrier — csupport-on carrier ¢)) g
by (rule diff-fun.diff-fun-cong) (auto simp: g-def not-in-csupportD)
show open W by fact
show open (carrier — csupport-on carrier )
by (auto)
show carrier C W U (carrier — csupport-on carrier @)
using ¢
by auto
qed
moreover have A\z. 1 € A = gz = fx
using <A C W>»
by (auto simp: g-def o W)
moreover have csupport-on carrier g N carrier C U
proof —
have csupport-on carrier g C csupport-on carrier o
by (rule csupport-on-mono) (auto simp: g-def|abs-def] split: if-splits)
also have ... N carrier C U
using ¢(5) «W C U> <W C carriery <U C carriers
by auto
finally show ?thesis by auto
qed
ultimately show #¢thesis ..
qed

end
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end

8 Tangent Space

theory Tangent-Space
imports Partition-Of-Unity
begin

lemma linear-imp-linear-on: linear-on A B scaleR scaleR f if linear f
subspace A subspace B
proof —
interpret linear f by fact
show ?thesis using that
by unfold-locales (auto simp: add scaleR algebra-simps subspace-def)
qged

lemma (in vector-space-pair-on)

linear-sum’:
Ve.z €Sl — fre S =
Ve.ze S —gre Sl =
linear-on S1 S2 scalel scale2 f —
f (sum g 8) = (X a€S. f (g a))

using linear-sum[of f Az. if x € S then g x else 0 5]

by (auto simp: if-distrib if-distribR m1.mem-zero cong: if-cong)

8.1 Real vector (sub)spaces

locale real-vector-space-on = fixes S assumes subspace: subspace S
begin

sublocale vector-space-on S scaleR
rewrites span-eq-real: local.span = real-vector.span
and dependent-eq-real: local.dependent = real-vector.dependent
and subspace-eq-real: local.subspace = real-vector.subspace
proof —
show vector-space-on S (xr)
by wunfold-locales (use subspace[unfolded subspace-def] in <auto simp: alge-
bra-simps))
then interpret subspace: vector-space-on S scaleR .
show 1: subspace.span = span
unfolding subspace.span-on-def span-explicit by auto
show 2: subspace.dependent = dependent
unfolding subspace.dependent-on-def dependent-explicit by auto
show &: subspace.subspace = subspace
unfolding subspace.subspace-on-def subspace-def by auto
qed

lemma dim-eq: local.dim X = real-vector.dim X if X C §
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proof —
have x: b C S A independent b A span b = span X <— independent b A span b
= span X
for b
using that
by auto (metis local.subspace-UNIV real-vector.span-base real-vector.span-eq-iff
real-vector.span-mono subsetCE)
show ?thesis
using that
unfolding local.dim-def real-vector.dim-def x*
by auto
qed

end

locale real-vector-space-pair-on = vsl: real-vector-space-on S + vs2: real-vector-space-on
T for ST
begin

sublocale vector-space-pair-on S T scaleR scaleR

rewrites span-eq-reall: module-on.span scaleR = wvs1.span
and dependent-eq-reall: module-on.dependent scaleR = wvs1.dependent
and subspace-eq-reall: module-on.subspace scaleR = vsl.subspace
and span-eq-real2: module-on.span scaleR = vs2.span
and dependent-eq-real2: module-on.dependent scaleR = vs2.dependent
and subspace-eq-real2: module-on.subspace scaleR = vs2.subspace

by unfold-locales (simp-all add: vs1.span-eg-real vs1.dependent-eq-real vs1.subspace-eq-real

v82.span-eq-real vs2.dependent-eq-real vs2.subspace-eg-real)

end

locale finite-dimensional-real-vector-space-on = real-vector-space-on S for S +
fixes basis :: 'a set
assumes finite-dimensional-basis: finite basis = dependent basis span basis = S
basis C S
begin

sublocale finite-dimensional-vector-space-on S scaleR basis
rewrites span-eq-real: local.span = real-vector.span
and dependent-eq-real: local.dependent = real-vector.dependent
and subspace-eq-real: local.subspace = real-vector.subspace
by unfold-locales (simp-all add: finite-dimensional-basis dependent-eq-real span-eq-real)

end
locale finite-dimensional-real-vector-space-pair-1-on =
vsl: finite-dimensional-real-vector-space-on S1 basis +

vs2: real-vector-space-on S2
for S1 S2 basis
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begin

sublocale finite-dimensional-vector-space-pair-1-on S1 52 scaleR scaleR basis
rewrites span-eq-reall: module-on.span scaleR = vs1.span
and dependent-eq-reall: module-on.dependent scaleR = wvsl.dependent
and subspace-eq-reall: module-on.subspace scaleR = vsl.subspace
and span-eg-real2: module-on.span scaleR = vs2.span
and dependent-eg-real?2: module-on.dependent scaleR = vs2.dependent
and subspace-eq-real2: module-on.subspace scaleR = vs2.subspace
apply unfold-locales
subgoal using real-vector-space-on.span-eq-real vs1.real-vector-space-on-axioms
by blast
subgoal using real-vector-space-on.dependent-eq-real vs1.real-vector-space-on-axioms
by blast
subgoal using real-vector-space-on.subspace-eq-real vs1.real-vector-space-on-axioms
by blast
subgoal using real-vector-space-on.span-eg-real vs2.real-vector-space-on-azxioms
by blast
subgoal using real-vector-space-on.dependent-eq-real vs2.real-vector-space-on-azxioms
by blast
subgoal using real-vector-space-on.subspace-eq-real vs2.real-vector-space-on-azxioms
by blast
done

end

locale finite-dimensional-real-vector-space-pair-on =
vsl: finite-dimensional-real-vector-space-on S1 Basisl +
vs2: finite-dimensional-real-vector-space-on S2 Basis2
for S1 S2 Basisl Basis2

begin

sublocale finite-dimensional-real-vector-space-pair-1-on S1 S2 Basis1
by unfold-locales

sublocale finite-dimensional-vector-space-pair-on S1 S2 scaleR scaleR Basisl Ba-
5482
rewrites module-on.span scaleR = vsl.span
and module-on.dependent scaleR = vsl.dependent
and module-on.subspace scaleR = wvs1.subspace
and module-on.span scaleR = vs2.span
and module-on.dependent scaleR = vs2.dependent
and module-on.subspace scaleR = vs2.subspace
apply unfold-locales
subgoal by (simp add: span-eq-reall )
subgoal by (simp add: dependent-eq-reall)
subgoal by (simp add: subspace-eg-reall)
subgoal by (simp add: span-eg-real2)
subgoal by (simp add: dependent-eq-real2)
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subgoal by (simp add: subspace-eg-real?)
done

end

8.2 Derivations

context c-manifold begin

Set of C7k differentiable functions on carrier, where the smooth structure is
given by charts. We assume f is zero outside carrier

definition diff-fun-space :: (‘a = real) set where
diff-fun-space = {f. diff-fun k charts f A extensional0 carrier f}

lemma diff-fun-spaceD: diff-fun k charts [ if f € diff-fun-space
using that by (auto simp: diff-fun-space-def)

lemma diff-fun-space-order-le: diff-fun-space C c-manifold.diff-fun-space charts 1
ifl <k
proof —
interpret [: c-manifold charts |
by (rule c-manifold-order-le) fact
show ?thesis
unfolding diff-fun-space-def l.diff-fun-space-def
using diff-fun.diff-fun-order-le[OF - that]
by auto
qed

lemma diff-fun-space-extensionalD:
g € diff-fun-space = extensional0 carrier g
by (auto simp: diff-fun-space-def)

lemma diff-fun-space-eq: diff-fun-space = {f. diff-fun k charts f} N {f. extensional0
carrier f}
by (auto simp: diff-fun-space-def)

lemma subspace-diff-fun-spacelintro, simpl:
subspace diff-fun-space
unfolding diff-fun-space-eq
by (intro subspace-inter subspace-Collect-diff-fun subspace-extensionall)

lemma diff-fun-space-times: f * g € diff-fun-space
if f € diff-fun-space g € diff-fun-space
using that by (auto simp: diff-fun-space-def introl: diff-fun-times)

lemma diff-fun-space-add: f + g € diff-fun-space
if f € diff-fun-space g € diff-fun-space
using that by (auto simp: diff-fun-space-def intro!: diff-fun-add)

Set of differentiable functions is a vector space
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sublocale diff-fun-space: vector-space-pair-on diff-fun-space UNIV ::real set scaleR
scaleR
by unfold-locales
(use subspace-diff-fun-space[unfolded subspace-def] in
cauto simp: diff-fun-space-add algebra-simps scaleR-fun-def>)

Linear functional from differentiable functions to real numbers

abbreviation linear-diff-fun = linear-on diff-fun-space (UNIV ::real set) scaleR
scaleR

Definition of a derivation.

A linear functional X is a derivation if it additionally satisfies the property
X (fxg)=fpxXg+ gp=* Xf This is suppose to represent the product
rule.

definition is-derivation :: (('a = real) = real) = 'a = bool where
is-derivation X p «— (linear-diff-fun X A
(Vfg. f € diff-fun-space — g € diff-fun-space — X (f x g) =fp*x X g+ ¢
p* X))

lemma is-derivation!:

is-derivation X p

if linear-diff-fun X

N g. [ € diff-fun-space = g € diff-fun-space = X (f x g) =fp*x X g+ g

pxXf

using that

unfolding is-derivation-def

by blast

lemma is-derivationD:

assumes is-derivation X p

shows is-derivation-linear-on: linear-diff-fun X

and is-derivation-derivation: N\f g. f € diff-fun-space = g € diff-fun-space

= X (fxg)=fpxXg+tgpxXf

using assms

unfolding is-derivation-def

by blast+

Differentiable functions on the Euclidean space

lemma manifold-eucl-diff-fun-space-iff [simp]:
g € manifold-eucl.diff-fun-space k <— k—smooth-on UNIV g
by (auto simp: manifold-eucl.diff-fun-space-def differentiable-on-def
diff-fun-charts-eucll diff-fun-charts-euclD)

8.3 Tangent space

Definition of the tangent space.

The tangent space at a point p is defined to be the set of derivations. Note
we need to restrict the domain of the functional to differentiable functions.
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definition tangent-space :: '‘a = (('a = real) = real) set where
tangent-space p = {X. is-derivation X p A extensional0 diff-fun-space X}

lemma tangent-space-eq: tangent-space p = {X. is-derivation X p} N {X. exten-
sional0 diff-fun-space X}
by (auto simp: tangent-space-def)

lemma mem-tangent-space: X € tangent-space p <— is-derivation X p A exten-
stonal0 diff-fun-space X
by (auto simp: tangent-space-def)

lemma tangent-spacel:
X € tangent-space p
if
extensionall diff-fun-space X
linear-diff-fun X
NS 9. f € diff-fun-space = ¢ € diff-fun-space = X (f x g) = fp*x X g+ ¢
pxXf
using that
unfolding tangent-space-def is-derivation-def
by blast

lemma tangent-spaceD:
assumes X € tangent-space p
shows tangent-space-linear-on: linear-diff-fun X
and tangent-space-restrict: extensional0 diff-fun-space X
and tangent-space-derivation: \f g. f € diff-fun-space = g € diff-fun-space
= X (fxg=fpxXg+gpxXf
using assms
unfolding tangent-space-def is-derivation-def
by blast+

lemma is-derivation-0: is-derivation 0 p
by (simp add: is-derivation-def diff-fun-space.linear-zero zero-fun-def)

lemma is-derivation-add: is-derivation (x 4+ y) p

if z: is-derivation x p and y: is-derivation y p

apply (rule is-derivationI)

subgoal using z y by (auto dest!: is-derivation-linear-on simp: diff-fun-space.linear-compose-add
plus-fun-def)

subgoal by (simp add: is-derivation-derivation| OF z] is-derivation-derivation| OF
y] algebra-simps)

done

lemma is-derivation-scaleR: is-derivation (¢ *g ©) p
if z: is-derivation x p
apply (rule is-derivationl)
subgoal using z diff-fun-space.linear-compose-scale-right[of = c]
by (auto dest!: is-derivation-linear-on simp:scaleR-fun-def)
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subgoal by (simp add: is-derivation-derivation|OF z] algebra-simps)
done

lemma subspace-is-derivation: subspace {X. is-derivation X p}
by (auto simp: subspace-def is-derivation-0 is-derivation-add is-derivation-scaleR)

lemma subspace-tangent-space: subspace (tangent-space p)
unfolding tangent-space-eq
by (simp add: subspace-inter subspace-is-derivation subspace-extensional())

sublocale tangent-space: real-vector-space-on tangent-space p
by unfold-locales (rule subspace-tangent-space)

lemma tangent-space-dim-eq: tangent-space.dim p X = dim X
if X C tangent-space p
proof —
have x: b C tangent-space p A independent b A\ span b = span X <— independent
b A span b = span X
for b
using that
by auto (metis (no-types, lifting) c-manifold.subspace-tangent-space c-manifold-axioms
span-base span-eq-iff span-mono subsetCE)
show ?thesis
using that
unfolding tangent-space.dim-def dim-def *
by auto
qged

properties of derivations

lemma restrictO-in-fun-space: restrict0 carrier f € diff-fun-space
if diff-fun k charts f
by (auto simp: diff-fun-space-def intro!: diff-fun.diff-fun-cong|OF that))

lemma restrict0-const-diff-fun-space: restrict0 carrier (Az. ¢) € diff-fun-space
by (rule restrict0-in-fun-space) (rule diff-fun-const)

lemma derivation-one-eg-zero: X (restrict0 carrier (Az. 1)) = 0 (is X 2f1 = -)
if X € tangent-space p p € carrier
proof —
have X ?f1 = X (%f1 = ?f1) by (simp add: restrictO-times[symmetric]) (simp
add: times-fun-def)
also have ... = 1 x X (restrict0 carrier (Az. 1)) + 1 x X (restrict0 carrier
(Az. 1))
apply (subst tangent-space-derivation|OF that(1)])
apply (rule restrict0-const-diff-fun-space)
using that
by simp
finally show ?thesis
by auto
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qed

lemma derivation-const-eq-zero: X (restrict0 carrier (Az. ¢)) = 0
if X € tangent-space p p € carrier
proof —
note scaleR = diff-fun-space.linear-scale| OF - - tangent-space-linear-on[OF that(1)]]
have X (c xg (restrict0 carrier (Az. 1))) = ¢ *p X (restrict0 carrier (Az. 1))
by (rule scaleR) (auto introl: restrict0-const-diff-fun-space)
also note derivation-one-eq-zero| OF that]
also note restrict0-scaleR[symmetric]
finally show ?thesis
by (auto simp: scaleR-fun-def)
qed

lemma derivation-times-eg-zerol: X (f x g) = 0 if X:X € tangent-space p
and d: f € diff-fun-space g € diff-fun-space
and z: fp=0gp=20
using tangent-space-derivation]OF X d]
by (simp add: z)

lemma derivation-zero-locall: X f = 0
if open Wp e W W C carrier
X € tangent-space p
f € diff-fun-space
Ne.ze W= fz=20
proof —
define A where A = carrier — W
have clA: closedin (top-of-set carrier) A
using <open W)
apply (auto simp: A-def)
using closedin-def openin-open by fastforce
have (A C carriers by (auto simp: A-def)
have d1: diff-fun-on A (A\z. 1)
unfolding diff-fun-on-def
using <A C carrier»
by (auto introl:exI[where z=carrier] exl[where z=Az. 1] diff-fun-const)

define U where U = carrier — {p}
have open U
by (auto simp: U-def)

have A C U using that by (auto simp: A-def U-def)
have U C carrier by (auto simp: U-def)

from extension-lemmaFE[of A Az. 1 U, OF clA d1 <A C U <U C carrier) <open
U]

obtain u::’a=real where u: diff-fun k charts v (Nz. © € A = wz = 1)
csupport-on carrier u N carrier C U
by blast
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have u-in-df: restrictO carrier u € diff-fun-space
by (rule restrict0-in-fun-space) fact

have fp=10
using that by auto
have p ¢ U by (auto simp: U-def)
then have restrict0 carrier u p = 0
using u(3)
by (auto simp: restrict0-def) (meson Intl not-in-csupportD subsetCE)
have X (f * restrictO carrier u) = 0
using <X € tangent-space p> <f € diff-fun-space> u-in-df <fp = 0>
by (rule derivation-times-eq-zerol) fact
also have [ * restrict0 carrier v = f
proof (rule ext, cases)
fix r assume r € W
then show (f * restrictO carrier u) x = fx
by (auto simp: that)
next
fix x assume z ¢ W
show (f * restrict0 carrier v) © = fx
proof cases
assume z € carrier
with «z ¢ W> have z € A by (auto simp: A-def)
then show ?thesis using <x € carrier)
by (auto simp: u)
next
assume z ¢ carrier
then show ?thesis
using «f € diff-fun-space>
by (auto dest!: diff-fun-space-extensionalD simp: extensional0-outside)
qed
qed
finally show ?thesis .
qed

lemma derivation-eg-locall: X f = X g
if open Up € U U C carrier
X € tangent-space p
f € diff-fun-space
g € diff-fun-space
Ne.zelU=fz=gux
proof —
note minus = diff-fun-space.linear-diff[OF - - - tangent-space-linear-on| OF that(4)]]
have f — g € diff-fun-space
using subspace-diff-fun-space «f € -y <g € -
by (rule subspace-diff)
have X f — Xg=X (f — 9)
using that
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by (simp add: minus)
also have ... =0
using <open Uy <xp € U» «<U C >« X € »«f —ge
by (rule derivation-zero-locall) (simp add: that)
finally show ?thesis by simp
qed

end

8.4 Push-forward on the tangent space

context diff begin

Push-forward on tangent spaces.

Given an element of the tangent space at src, considered as a functional X,
the push-forward of X is a functional at dest, mapping g to X (g o f).

definition push-forward :: (('a = real) = real) = ('b = real) = real where
push-forward X = restrict0 dest.diff-fun-space (Ag. X (restrict0 src.carrier (g o

)

lemma extensional-push-forward: extensional0 dest.diff-fun-space (push-forward X)
by (auto simp: push-forward-def)

lemma linear-push-forward: linear push-forward
by (auto simp: push-forward-def[abs-def] o-def restrict0-def introl: linearl)

Properties of push-forwards

lemma restrict-compose-in-diff-fun-space:
z € dest.diff-fun-space = restrict0 src.carrier (z o f) € src.diff-fun-space
apply (rule src.restrict0-in-fun-space)
apply (rule diff-fun-compose)
apply (rule diff-axioms)
apply (rule dest.diff-fun-spaceD)
by assumption

Push-forward of a linear functional is a linear

lemma linear-on-diff-fun-push-forward:
dest.linear-diff-fun (push-forward X)
if src.linear-diff-fun X
proof unfold-locales
note add = sre.diff-fun-space.linear-add[OF - - - that]
note scale = src.diff-fun-space.linear-scale| OF - - that]
fix z y::'b = real and c::real
assume dfz: x € dest.diff-fun-space
then have dz: diff-fun k charts2 x and ex: extensional( dest.carrier x
by (auto simp: dest.diff-fun-space-def)
show push-forward X (¢ *g ©) = ¢ *r push-forward X
unfolding push-forward-def
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using defined dfx
by (auto simp: subspace-mul scaleR-compose restrict0-scaleR
restrict-compose-in-diff-fun-space scale)
assume dfy: y € dest.diff-fun-space
then have dy: diff-fun k charts2 y and ey: extensional0 dest.carrier y
by (auto simp: dest.diff-fun-space-def)
show push-forward X (z + y) = push-forward X x + push-forward X y
unfolding push-forward-def
using defined dfy dfx
by (auto simp: subspace-add plus-compose restrict0-add restrict-compose-in-diff-fun-space
add)
qed

Push-forward preserves the product rule

lemma push-forward-is-derivation:
push-forward X (z x y) = z (f p) * push-forward X y + y (f p) * push-forward X
x
(is 21 = ?r)
if deriv: Az y. x € sre.diff-fun-space => y € sre.diff-fun-space = X (z x y) =
rpx Xy+ypx Xz
and dx: z € dest.diff-fun-space
and dy: y € dest.diff-fun-space
and p: p € src.carrier
proof —
have z x y € dest.diff-fun-space
using dx dy
by (auto simp: dest.diff-fun-space-def dest.diff-fun-times)
then have 2] = X (restrict0 src.carrier (x o f) x restrict0 src.carrier (y o f))
by (simp add: push-forward-def mult-compose restrict0-times)
also have ... = restrict0 src.carrier (z o f) p * X (restrict0 src.carrier (y o f))
+
restrict0 src.carrier (y o f) p * X (restrict0 src.carrier (z o f))
using dx dy
by (simp add: deriv restrict-compose-in-diff-fun-space)
also have ... = 7r
using dx dy
by (simp add: push-forward-def p)
finally show ?thesis .
qged

Combining, we show that the push-forward of a derivation is a derivation

lemma push-forward-in-tangent-space:
push-forward ¢ (src.tangent-space p) C dest.tangent-space (f p)
if p € src.carrier
unfolding src.is-derivation-def dest.is-derivation-def src.tangent-space-def dest.tangent-space-def
apply safe
subgoal
by (rule linear-on-diff-fun-push-forward)
subgoal by (blast intro: dest.diff-fun-spaceD that push-forward-is-derivation)
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subgoal by (simp add: push-forward-def)
done

end

Functoriality of push-forward: identity

context c-manifold begin

lemma push-forward-id:
diff .push-forward k charts charts f X = X
if Az. z € carrier = fz =2
X € tangent-space p p € carrier
apply (subst diff .push-forward-def)
apply (rule diff .diff-cong[where f=Az. z])
apply (rule diff-id)
apply (rule that(1)[symmetric], assumption)
apply (rule ext-extensional0)
apply (rule extensionalO-restrict0)
apply (rule tangent-space-restrict)
apply (rule that)
apply auto
apply (rule arg-cong[where f=X])
apply (rule ext-extensional0)
apply (rule extensionalO-restrict0)
apply (rule diff-fun-space-extensionalD, assumption)
apply (simp add: that)
done

end

Functoriality of push-forward: composition

lemma push-forward-compose:
diff .push-forward k M2 M8 g (diff .push-forward k M1 M2 f X) = diff .push-forward
kM1 M3 (gof) X
if X € c-manifold.tangent-space M1 k p p € manifold.carrier M1
and df: diff k M1 M2 f and dg: diff kK M2 M3 g
proof —
interpret d12: diff k M1 M2 f by fact
interpret d23: diff k M2 M3 g by fact
interpret d13: diff k M1 M3 g o f
by (rule diff-compose; fact)
show ?thesis
apply (rule ext-extensional0)
apply (rule d23.extensional-push-forward)
apply (rule d13.extensional-push-forward)
proof —
fix z
assume z: x € d23.dest.diff-fun-space
show d23.push-forward (d12.push-forward X) z = d18.push-forward X z
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using z
unfolding d12.push-forward-def d23.push-forward-def d13.push-forward-def
apply (simp add: d23.restrict-compose-in-diff-fun-space)
apply (rule arg-cong[where f=X])
apply (rule ext-extensional0[OF extensionalO-restrict0])
apply (rule d12.src.diff-fun-space-extensionalD)
apply (rule d13.restrict-compose-in-diff-fun-space, assumption)
using d12.defined
by auto
qged
qged

context diffeomorphism begin

If f is a diffeomorphism, then the push-forward fx is a bijection

lemma inv-push-forward-inverse: push-forward (inv.push-forward X) = X
if X € dest.tangent-space p p € dest.carrier
apply (subst push-forward-compose| OF that inv.diff-axioms diff-azioms])
apply (rule dest.push-forward-id[OF - that])
by auto

lemma push-forward-inverse: inv.push-forward (push-forward X) = X
if X € src.tangent-space p p € src.carrier
apply (subst push-forward-compose| OF that diff-azioms inv.diff-azioms])
apply (rule src.push-forward-id[OF - that])
by auto

lemma bij-betw-push-forward:
bij-betw push-forward (src.tangent-space p) (dest.tangent-space (f p))
if p: p € src.carrier
proof (rule bij-betwl [where g=inv.push-forward))
show push-forward € src.tangent-space p — dest.tangent-space (f p)
using push-forward-in-tangent-space|OF p] by auto
show inv.push-forward € dest.tangent-space (f p) — src.tangent-space p
using inv.push-forward-in-tangent-space[of f p| that defined by auto
show inv.push-forward (push-forward x) = z if © € src.tangent-space p for z
by (rule push-forward-inverse|OF that p])
show push-forward (inv.push-forward y) = y if y € dest.tangent-space (f p) for
Y
apply (rule inv-push-forward-inverse[OF that])
using defined p by auto
qed

lemma dim-tangent-space-src-dest-eq: dim (sre.tangent-space p) = dim (dest.tangent-space
(fp))
if p: p € src.carrier and dim (dest.tangent-space (f p)) > 0
proof —
from dest.tangent-space.dim-pos-finite-dimensional-vector-spaceE|
unfolded dest.tangent-space-dim-eq[OF order-refl],
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OF that(2)]
obtain basis where basis C dest.tangent-space (f p)
finite-dimensional-vector-space-on-with (dest.tangent-space (f p)) (+) (=) umi-
nus 0 (xg) basis
by auto
then interpret finite-dimensional-vector-space-on (dest.tangent-space (f p)) scaleR
basis
unfolding finite-dimensional-vector-space-on-with-def
by unfold-locales
(auto simp: implicit-ab-group-add dest.tangent-space.dependent-eg-real dest.tangent-space.span-eq-real)
interpret rev: finite-dimensional-vector-space-pair-1-on
dest.tangent-space (f p) src.tangent-space p scaleR scaleR basis
by unfold-locales
from bij-betw-push-forward| OF p)
have inj-on push-forward (src.tangent-space p)
dest.tangent-space (f p) = push-forward * src.tangent-space p
unfolding bij-betw-def by auto
have dim (dest.tangent-space (f p)) = src.tangent-space.dim p (inv.push-forward
“ dest.tangent-space (f p))
apply (rule rev.dim-image-eq[OF - order-refl, of inv.push-forward, symmetric,
unfolded dest.tangent-space-dim-eq[OF order-refi]])
subgoal
by (metis (no-types) contra-subsetD defined f-inv image-eql inv.push-forward-in-tangent-space
p)
subgoal
apply (rule linear-imp-linear-on)
apply (rule inv.linear-push-forward)
apply (rule dest.subspace-tangent-space)
apply (rule src.subspace-tangent-space)
done
subgoal
unfolding inj-on-def dest.tangent-space.span-eq-real
apply auto
proof —
fix z :: ('c = real) = real and y :: (¢ = real) = real
assume al: y € span (dest.tangent-space (f p))
assume a2: © € span (dest.tangent-space (f p))
assume a3: inv.push-forward r = inv.push-forward y
have f p € dest.carrier
by (meson contra-subsetD defined image-eql p)
then show z = y
using a8 a2 al by (metis (no-types) c-manifold.subspace-tangent-space
c-manifolds-azioms c-manifolds-def inv-push-forward-inverse span-eq-iff)
qed
done
also
have f p € dest.carrier
using defined p by auto
then have inv.push-forward  dest.tangent-space (f p) = src.tangent-space p
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using inv.push-forward-in-tangent-space[of f p] that(1)
apply auto
subgoal for x
apply (rule image-eql [where z=push-forward z)
apply (auto simp: push-forward-inverse)
using «dest.tangent-space (f p) = push-forward ¢ src.tangent-space p» by blast
done
also have src.tangent-space.dim p ... = dim ...
by (rule src.tangent-space-dim-eq) simp
finally show ?thesis ..
qged

lemma dim-tangent-space-src-dest-eq2: dim (src.tangent-space p) = dim (dest.tangent-space
(fp))
if p: p € src.carrier and dim (src.tangent-space p) > 0
proof —
interpret rev: diffeomorphism k charts2 chartsl f' f
by unfold-locales auto
from that rev.dim-tangent-space-sre-dest-eq[of f p]
show ?thesis
by auto (metis contra-subsetD defined image-eql)
qged

end

8.5 Smooth inclusion map

context submanifold begin

lemma diff-inclusion: diff k (charts-submanifold S) charts (A\z. x)
using diff-id
apply (rule diff.diff-submanifold)
unfolding charts-submanifold-def using open-submanifold
by auto

sublocale inclusion: diff k charts-submanifold S charts \z. z
by (rule diff-inclusion)

lemma linear-on-push-forward-inclusion:
linear-on (sub.tangent-space p) (tangent-space p) scaleR scaleR inclusion.push-forward
apply (rule linear-imp-linear-on)
apply (rule inclusion.linear-push-forward)
apply (rule sub.subspace-tangent-space)
apply (rule subspace-tangent-space)
done

Extension lemma: given a differentiable function on S, and a closed set B C
S, there exists a function f’ agreeing with f on B, such that the support of
f'is contained in S.
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lemma extension-lemma-submanifoldE:
fixes f::'a="e::euclidean-space
assumes f: diff-fun k (charts-submanifold S) f
and B: closed B B C sub.carrier
obtains f’ where
diff-fun k charts f’
(ANt.z€ B= f'z=fuz)
csupport-on carrier f' N carrier C sub.carrier
proof —
have 1: closedin (top-of-set carrier) B
using B by (auto intro!: closed-subset)
have 2: diff-fun-on B f
proof (rule diff-fun-onl)
show B C sub.carrier by fact
show sub.carrier C carrier by auto
show open sub.carrier using open-submanifold by auto
have x: charts-submanifold sub.carrier = charts-submanifold S
unfolding carrier-submanifold charts-submanifold-Int-carrier ..
from f show diff-fun k (charts-submanifold sub.carrier) f unfolding * .
qged simp
from extension-lemmaE[OF 1 2 <B C sub.carriers] open-submanifold
obtain f’ where f" diff-fun k charts f' (Nz. © € B= f'z = fz)
csupport-on carrier f' N carrier C sub.carrier
by auto
then show ?thesis ..
qged

lemma inj-on-push-forward-inclusion: inj-on inclusion.push-forward (sub.tangent-space
p)
if p: p € sub.carrier
proof —
interpret sub: vector-space-pair-on sub.tangent-space p tangent-space p scaleR
scaleR
by unfold-locales
show ?thesis
proof (subst sub.linear-inj-iff-eq-0[OF - linear-on-push-forward-inclusion)], safe)
fix v assume v: v € sub.tangent-space p
then show inclusion.push-forward v € tangent-space p
using inclusion.push-forward-in-tangent-space| OF p]
by auto
assume dv: inclusion.push-forward v = 0
have extensional0 sub. diff-fun-space v using v[THEN sub.tangent-space-restrict]

then show v = 0
proof (rule ext-extensional0)
show extensional0 sub.diff-fun-space (0:: ('a = real) = real)
by auto
fix f assume f: f € sub.diff-fun-space
from sub.precompact-neighborhood E[OF p)
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obtain B where B: p € B open B compact (closure B) closure B C sub.carrier

with extension-lemma-submanifoldE|of f closure B, OF sub.diff-fun-space D[OF
Al

obtain f’ where [’ diff-fun k charts f’
(Az. z € closure B= 'z = fx)
csupport-on carrier f' 0 carrier C sub.carrier by blast

have rf" restrict0 sub.carrier f' € sub.diff-fun-space
apply (rule sub.restrict0-in-fun-space)
apply (rule diff-fun.diff-fun-submanifold)
apply (rule f')
apply (rule open-submanifold)
done

have supp-f': support-on carrier f' N carrier C sub.carrier
using f(3)
by (auto simp: csupport-on-def)

from f'(1)

have df": diff-fun k charts (restrict0 sub.carrier f')
apply (rule diff-fun.diff-fun-cong)
using supp-f’
by (auto simp: restrictO-def support-on-def)

have rf’-diff-fun: restrict0 sub.carrier f' € diff-fun-space
using [/ df’
by (auto simp: diff-fun-space-def extensional0-def)

have v f = v (restrict0 sub.carrier f”)
apply (rule sub.derivation-eg-locall[where X=v and U=B and p=p])
subgoal by (rule B)
subgoal by (rule B)
subgoal using B by auto
subgoal by (rule v)
subgoal by (rule f)
subgoal by (rule rf’)
subgoal using f’' B

by (auto simp: restrict0-def)

done

also have ... = inclusion.push-forward v (restrict0 sub.carrier f’)
using rf’ rf-diff-fun
by (auto simp: inclusion.push-forward-def o-def restrictO-restrict0)

also have ... = 0
by (simp add: dv)

finally show v f = 0 f by auto

qed
qed
qed

lemma surj-on-push-forward-inclusion:
inclusion.push-forward ¢ sub.tangent-space p O tangent-space p
if p: p € sub.carrier

proof safe
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fix w
assume w: w € tangent-space p

from sub.precompact-neighborhood E[OF p
obtain B where B: p € B open B compact (closure B) closure B C sub.carrier

have w-eql: w a = w b if a € diff-fun-space b € diff-fun-space and Az. © € B
= azx=0bzxforad

apply (rule derivation-eg-locall[where X=w and U=B and p=p))
using w B that by auto

from tangent-space-linear-on[OF w]

have linear-w: linear-on diff-fun-space UNIV (xg) (*g) w .

note w-add = diff-fun-space.linear-add[OF - - - linear-w]

note w-scale = diff-fun-space.linear-scale[OF - - linear-w)]

note subspacel = sub.subspace-diff-fun-space] THEN subspace-add)
sub.subspace-diff-fun-space] THEN subspace-mul]
subspace-diff-fun-space] THEN subspace-add)
subspace-diff-fun-space] THEN subspace-mul]

let 2P = \f f'. f' € diff-fun-space N (¥ z€closure B. fz = f' x)
define extend where extend f = (SOME f'. 2P f f') for f
have ex: Af'. 2P f f'if f € sub.diff-fun-space for f
proof —
from that have diff-fun k (charts-submanifold S) f
by (rule sub.diff-fun-spaceD)
from extension-lemma-submanifoldE]OF this closed-closure «closure B C sub.carrier’]
obtain f’ where [ diff-fun k charts f' (Az. © € closure B = [’ x = f x)
csupport-on carrier f' 0 carrier C sub.carrier
by auto
show ?thesis
apply (rule exI[where x=restrict0 carrier f'])
using /' B
by (auto intro!: restrict0-in-fun-space)
qed
have eztend: ?P f (extend f) if f € sub.diff-fun-space for f
using ez[OF that]
unfolding extend-def
by (rule somel-ex)
note extend = extend| THEN conjunctl] extend| THEN conjunct2, rule-format]
have extend?2: f € sub.diff-fun-space = = € B = extend fx = fx for fx
using extend by auto

define v where v f = w (extend f) for f

have ext-w: extensional0 diff-fun-space w
using w by (rule tangent-space-restrict)

have w = inclusion.push-forward (restrict0 sub.diff-fun-space v)
unfolding inclusion.push-forward-def o-def
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using ezt-w extensionalO-restrict(
proof (rule ext-extensional0)
fix g
assume g: g € diff-fun-space
then have diff-fun k charts g
by (rule diff-fun-spaceD)
then have diff-fun k (charts-submanifold S) g
using open-submanifold
by (rule diff-fun.diff-fun-submanifold)
have rgsd: restrict0 sub.carrier g € sub.diff-fun-space
by (rule sub.restrict0-in-fun-space) fact
have w g = v (restrict0 sub.carrier g)
unfolding v-def
apply (rule w-eql)
subgoal by fact
subgoal by (rule extend) fact
subgoal for z
using extend(2)[of restrict0 sub.carrier g x] B(4) rgsd
by (auto simp: restrictO-def split: if-splits)
done
with g rgsd show w g = restrict0 diff-fun-space (Ag. restrict0 sub.diff-fun-space
v (restrict0 sub.carrier g)) g
by auto
qed
moreover have restrict0 sub.diff-fun-space v € sub.tangent-space p
using extensionalO-restrict0
proof (rule sub.tangent-spacel)
have v (z + y) = v + vy if z € sub.diff-fun-space y € sub.diff-fun-space for
Ty
using that
unfolding v-def
by (subst w-add][symmetric]) (auto introl: w-eql simp: extend? subspacel ex-
tend(1))
moreover have v (¢ xp ) = ¢ xg vz if © € sub.diff-fun-space for z ¢
using that
unfolding v-def
by (subst w-scale[symmetric]) (auto intro!: w-eql simp: extend2 subspacel
extend(1))
ultimately show linear-on sub.diff-fun-space UNIV (xg) (xr) (restrict0 sub.diff-fun-space
)
apply unfold-locales
using sub.subspace-diff-fun-space[ THEN subspace-add)
sub.subspace-diff-fun-space[ THEN subspace-mul)]
by auto
fix f g assume f: f € sub.diff-fun-space and g: g € sub.diff-fun-space
then have [simp]: f x g € sub.diff-fun-space by (rule sub.diff-fun-space-times)
have restrict0 sub.diff-fun-space v (f * g) = w (extend (f * g)) by (simp add:
v-def)

also have ... = w (extend f * extend g)
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apply (rule w-eql)
subgoal by (simp add: extend)
subgoal by (simp add: diff-fun-space-times extend f g)
subgoal using f g by (auto simp: extend?2)
done
also have ... = extend fp *x w (extend g) + extend g p x w (extend f)
apply (rule is-derivation-derivation)
subgoal using w by (auto simp: tangent-space-def)
by (auto intro!: extend f g)
also have ... = f p x restrict0 sub.diff-fun-space v g + g p * restrict0
sub. diff-fun-space v f
by (simp add: f g v-def extend?2 <p € B))
finally show restrict0 sub.diff-fun-space v (f * g) = fp * restrictO sub.diff-fun-space
v g+ g p * restrict0 sub.diff-fun-space v f .
qed
ultimately
show w € inclusion.push-forward * sub.tangent-space p ..
qed

end

8.6 Tangent space of submanifold

lemma span-idem: span X = X if subspace X
using that by auto

context submanifold begin

lemma dim-tangent-space: dim (tangent-space p) = dim (sub.tangent-space p)
if p € sub.carrier dim (sub.tangent-space p) > 0
proof —
from that(2) obtain basis where basis: independent basis span basis = span
(sub.tangent-space p)
by (auto simp: dim-def split: if-splits)
have basis-sub: basis C sub.tangent-space p
using basis
apply auto
by (metis basis(2) span-base span-eq-iff sub.subspace-tangent-space)
have dim (sub.tangent-space p) = card basis
apply (rule dim-unique[OF - - - refi])
using basis span-base
apply auto
proof —
fix z :: ("a = real) = real
assume al: x € basis
have sub.tangent-space p = span basis
by (metis basis(2) span-eq-iff sub.subspace-tangent-space)
then show z € sub.tangent-space p
using al by (metis span-base)
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qed
with that have finite basis
using card-ge-0-finite by auto
interpret sub: finite-dimensional-vector-space-on sub.tangent-space p scaleR basis
apply unfold-locales
unfolding tangent-space.dependent-eq-real tangent-space.span-eq-real
subgoal by fact
subgoal by fact
subgoal using basis by (simp add: sub.subspace-tangent-space)
subgoal by fact
done
interpret sub: finite-dimensional-vector-space-pair-1-on sub.tangent-space p tan-
gent-space p scaleR scaleR basis
by unfold-locales
have dim (tangent-space p) = tangent-space.dim p (tangent-space p)
using order-refl by (rule tangent-space-dim-eq[symmetric])

also have ... = tangent-space.dim p (inclusion.push-forward ¢ sub.tangent-space
p)
using surj-on-push-forward-inclusion| OF that(1)] inclusion.push-forward-in-tangent-space[ OF
that(1)]
by auto

also have tangent-space.dim p (inclusion.push-forward ¢ sub.tangent-space p) =
sub.tangent-space.dim p (sub.tangent-space p)
apply (rule sub.dim-image-eq|of inclusion.push-forward, OF - order-refl lin-
ear-on-push-forward-inclusion))
subgoal using inclusion.push-forward-in-tangent-space[of p| that by auto
subgoal unfolding tangent-space.span-eg-real span-idem|OF sub.subspace-tangent-space]
apply (rule inj-on-push-forward-inclusion)
apply (rule that)
done
done
also have ... = dim (sub.tangent-space p)
using order-refl
by (rule sub.tangent-space-dim-eq)
finally show ?thesis .
qed

lemma dim-tangent-space2: dim (tangent-space p) = dim (sub.tangent-space p)
if p € sub.carrier dim (tangent-space p) > 0
proof —
from that(2) obtain basis where basis: independent basis span basis = span
(tangent-space p)
by (auto simp: dim-def split: if-splits)
have basis-sub: basis C tangent-space p
using basis
apply auto
using c-manifold.subspace-tangent-space c-manifold-axioms span-base span-eq-iff
by blast
have dim (tangent-space p) = card basis
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apply (rule dim-unique[OF - - - refi])
using basis span-base
apply auto
proof —
fix z :: ("a = real) = real
assume al: z € basis
have tangent-space p = span basis
by (metis basis(2) span-eg-iff subspace-tangent-space)
then show z € tangent-space p
using al by (metis span-base)
qed
with that have finite basis
using card-ge-0-finite by auto
interpret sub: finite-dimensional-vector-space-on tangent-space p scaleR basis
apply unfold-locales
unfolding tangent-space.dependent-eq-real tangent-space.span-eq-real
subgoal by fact
subgoal by fact
subgoal using basis by (simp add: subspace-tangent-space)
subgoal by fact
done
interpret vector-space-pair-on sub.tangent-space p tangent-space p scaleR scaleR
by unfold-locales
interpret finite-dimensional-vector-space-pair-1-on tangent-space p sub.tangent-space
p scaleR scaleR basis
by unfold-locales
from linear-injective-left-inverse| OF - linear-on-push-forward-inclusion inj-on-push-forward-inclusion| OF
<p € sub.carrier|)
inclusion.push-forward-in-tangent-space| OF <p € sub.carrier)|
obtain g where g: Az. © € tangent-space p = g x € sub.tangent-space p
linear-on (tangent-space p) (sub.tangent-space p) (xgr) (*r) g
Nz. z € sub.tangent-space p = ¢ (inclusion.push-forward ) = x
by (auto simp: subset-eq)
have inj-on-g: inj-on g (tangent-space p)
using inj-on-push-forward-inclusion|OF «p € sub.carriers] g
apply (auto simp: inj-on-def)
by (metis (no-types, lifting) <inclusion.push-forward ‘ sub.tangent-space p C
tangent-space p»
imageE subset-antisym surj-on-push-forward-inclusion that(1))
have dim (tangent-space p) = tangent-space.dim p (tangent-space p)
using order-refl by (rule tangent-space.dim-eq[symmetric])
also have ... = sub.tangent-space.dim p (g ¢ tangent-space p)
apply (rule dim-image-eq[OF - order-refl, symmetric])
subgoal using g by auto
subgoal using ¢ by auto
subgoal using inj-on-g by (auto simp: tangent-space.span-eq-real span-idem
subspace-tangent-space)
done
also have g ‘ tangent-space p = sub.tangent-space p
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using g inj-on-g  using inj-on-push-forward-inclusion|OF <p € sub.carrier’]
g
apply (auto simp: inj-on-def)
by (metis (no-types, lifting) <inclusion.push-forward * sub.tangent-space p C
tangent-space p»
contra-subsetD image-eqI)
also have sub.tangent-space.dim p ... = dim ...
using order-refl by (rule sub.tangent-space-dim-eq)
finally show ?thesis .
qged

end

8.7 Directional derivatives

When the manifold is the Euclidean space, The Frechet derivative at a in
the direction of v is an element of the tangent space at a.

definition directional-derivative::enat = 'a = 'a::euclidean-space =
('a = real) = real where
directional-derivative k a v = restrict0 (manifold-eucl. diff-fun-space k) (\f. frechet-derivative

/ (at a) v)

lemma extensional0-directional-derivative:
extensional0 (manifold-eucl. diff-fun-space k) (directional-derivative k a v)
unfolding directional-derivative-def
by simp

lemma extensional0-directional-derivative-le:
extensional0 (manifold-eucl. diff-fun-space k) (directional-derivative k' a v)
ifk <k’
using that
unfolding directional-derivative-def
by (auto simp: extensional0-def restrict0-def manifold-eucl.diff-fun-space-def
dest!: diff-fun.diff-fun-order-le]OF - that])

lemma directional-derivative-add[simp): directional-derivative k a (z + y) = di-
rectional-derivative k a © + directional-derivative k a y

and directional-derivative-scaleR[simp|: directional-derivative k a (¢ g z) = ¢
xp directional-derivative k a x

ifk#0

using that

by (auto simp: directional-derivative-def restrictO-def[abs-def] fun-eq-iff

differentiable-on-def linear-iff that
dest!: linear-frechet-derivative spec[where z=a] smooth-on-imp-differentiable-on)

lemma linear-directional-derivative: k # 0 = linear (directional-derivative k a)
by unfold-locales simp-all

lemma frechet-derivative-inner|simp:
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frechet-derivative (\z. x « j) (at a) = (Az. © - §)
apply (rule sym)

apply (rule frechet-derivative-at)

by (auto intro!: derivative-eg-intros)

lemma smooth-on-inner-const[simp|: k—smooth-on UNIV (A\z. z - j)
by (auto intro!: smooth-on-inner)

lemma directional-derivative-inner[simp|: directional-derivative k a x (A\z. x - j)
=7 .]

unfolding directional-derivative-def

by (auto simp: restrictO-def differentiable-on-def)

lemma sum-apply: sum f X i = sum (Ax. fz i) X
by (induction rule: infinite-finite-induct) auto

lemma inj-on-directional-derivative: inj-on (directional-derivative k a) S if k # 0
apply (rule inj-on-subset|OF - subset-UNIV])
unfolding linear-injective-0|OF linear-directional-derivative| OF that]]
proof safe
fix v
assume 0: directional-derivative k a v = 0
interpret linear directional-derivative k a using that by (rule linear-directional-derivative)
show v = 0
proof (rule euclidean-eql)
fix j::'a
assume j € Basis
have 0 = directional-derivative k a v (Az. x « j)
using 0 by simp

also have ... = directional-derivative k a (> i€Basis. (v - i) xg i) (Az. © + j)
by (simp add: euclidean-representation)
also have ... = (D] i€Basis. (v - i) * frechet-derivative (Az. z - j) (at a) 7)

unfolding sum
by (auto simp: sum-apply intro!: sum.cong)

also have ... = (v - j)
using <j € Basis»
by (auto simp: inner-Basis if-distrib cong: if-cong)

finally show v - j = 0 + j by simp

qed
qed

lemma directional-derivative-eq-frechet-derivative:
directional-derivative k a v f = frechet-derivative f (at a) v
if k—smooth-on UNIV f
using that
by (auto simp: directional-derivative-def)

lemma directional-derivative-linear-on-diff-fun-space:
k # 0 = manifold-eucl.linear-diff-fun k (directional-derivative k a x)

152



by unfold-locales
(auto simp: directional-derivative-eq-frechet-derivative differentiable-onD
smooth-on-add-fun smooth-on-scale R-fun
frechet-derivative-plus-fun frechet-derivative-scaleR-fun)

lemma directional-derivative-is-derivation:
directional-derivative k a x (f x g) = f a x directional-derivative k a © g + g a *
directional-derivative k a  f
if f € manifold-eucl.diff-fun-space k g € manifold-eucl.diff-fun-space k k # 0
using that
by (auto simp: directional-derivative-eq-frechet-derivative smooth-on-times-fun
frechet-derivative-times-fun differentiable-onD)

lemma directional-derivative-in-tangent-spacelintro, simp):
k # 0 = directional-derivative k a x € manifold-eucl.tangent-space k a for x
apply (rule manifold-eucl.tangent-spacel)
apply (rule extensional0-directional-derivative)
apply (rule directional-derivative-linear-on-diff-fun-space)
apply assumption
by (rule directional-derivative-is-derivation)

context c-manifold begin

lemma is-derivation-order-le:
is-derivation X p
if | < k c-manifold.is-derivation charts | X p
proof —
interpret I: c-manifold charts |
by (rule c-manifold-order-le) fact
show ?thesis
using that(2) subspace-diff-fun-space
using diff-fun-space-order-le[OF that(1)]
by (auto simp: is-derivation-def l.is-derivation-def linear-on-def module-hom-on-def
module-hom-on-azioms-def module-on-def subspace-def
subset-iff)
qed

end

lemma smooth-on-imp-differentiable-on: f differentiable-on S
if k—smooth-on S fk > 0
using that
by auto

Key result: for the Euclidean space, the Frechet derivatives are the only
elements of the tangent space.

This result only holds for smooth manifolds, not for Ck differentiable man-
ifolds. Smoothness is used at a key point in the proof.
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lemma surj-directional-derivative:
range (directional-derivative k a) = manifold-eucl.tangent-space k a
if k =00
proof —
have k # 0 using that by auto
have X € range (directional-derivative k a) if X € manifold-eucl.tangent-space
k a for X
proof —
define v where vi = X (Az. (z — a) - i) for ¢
have linear-X: manifold-eucl.linear-diff-fun k X
by (rule manifold-eucl.tangent-space-linear-on) fact
note X-sum = manifold-eucl. diff-fun-space.linear-sum'[OF - - linear-X]
note X-add = manifold-eucl. diff-fun-space.linear-add[OF - - - linear-X|
note X-scale = manifold-eucl.diff-fun-space.linear-scale| OF - - linear-X]
have X = directional-derivative k a (> i€Basis. v i *g 1)
apply (rule ext-extensional()
using that
apply (rule manifold-eucl.tangent-space-restrict)
apply (rule extensional0-directional-derivative)
proof —
fix f::'a = real
assume f: f € manifold-eucl.diff-fun-space k
then have smooth-on UNIV f using <k = oo»
by simp
from smooth-on-Taylor2E|OF this, of a]
obtain g where f-ezp:
Nz. fz = fa+ frechet-derivative f (at a) (z — a) +
(3" i€Basis. > j€Basis. (x — a) - j* ((z — a) - i) x gijx)
and g: \ij. { € Basis = j € Basis = smooth-on UNIV (g i j)
by auto
note [simp] = <k = -
have #: X (Az. Y i€Basis. Y je€Basis. (x — a) - jx ((r — a) - ) x gijx)

thm X-sum[unfolded sum-fun-def]

apply (subst X-sum[unfolded sum-fun-def], safe)

subgoal by auto

subgoal for i

by (auto intro!: smooth-on-sum smooth-on-mult smooth-on-inner smooth-on-minus
stmp: g)

apply (intro sum.neutral balll)

apply (subst X-sum[unfolded sum-fun-def])

subgoal by (auto introl: smooth-on-mult smooth-on-inner smooth-on-minus

9)
subgoal by (auto introl: smooth-on-mult smooth-on-inner smooth-on-minus

9)
proof (intro sum.neutral balll)
fix i j::'a
assume 7j: ¢ € Basis j € Basis
have X (Azb. (zb — a) - j * (&b — a) + 1) * g i jab) =
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X ((Axb. (zb — a) « j) * (Azb. ((xzb — a) « ) * g i jab))
by (auto simp: times-fun-def ac-simps)
also have ... =0
apply (rule manifold-eucl.derivation-times-eq-zerol )
apply fact
subgoal
by (auto introl: smooth-on-sum smooth-on-mult smooth-on-inner
smooth-on-minus)
subgoal
by (auto introl: smooth-on-mult smooth-on-inner smooth-on-minus g ij)
apply auto
done
finally
show X (A\xb. (zb — a) - j* ((xb — a) - i) x gijab) = 0
by simp
qed
from f have smooth-on UNIV f
by (auto )
have f differentiable at a
apply (rule differentiable-onD)
apply (rule smooth-on-imp-differentiable-on)
apply fact
by auto
interpret Df: linear frechet-derivative f (at a)
apply (rule linear-frechet-derivative)
by fact
have X-mult-right: k—smooth-on UNIV zz = X (Az. xx z * c¢) = X zz *
cc for zz cc
using X-scale[unfolded scaleR-fun-def, simplified, of zx cc|
by (auto simp: ac-simps)
have blf: bounded-linear (frechet-derivative f (at a))
apply (rule has-derivative-bounded-linear)
apply (rule frechet-derivative-worksI)
apply fact
done
note smooth-on-frechet = smooth-on-compose| OF bounded-linear.smooth-on[OF
bif], unfolded o-def, OF - - open-UNIV subset-UNIV|
have sx: X (Az. frechet-derivative f (at a) (x — a)) = frechet-derivative f (at
a) (> i€Basis. v i *p 1)
unfolding v-def
apply (subst frechet-derivative-componentwise)
subgoal by fact
apply (subst X-sum[unfolded sum-fun-def])
subgoal by (auto introl: smooth-on-sum smooth-on-mult smooth-on-inner
smooth-on-minus)
subgoal by (auto intro!: smooth-on-frechet smooth-on-minus smooth-on-mult
smooth-on-inner)
apply (subst X-mult-right)
subgoal by (auto introl: smooth-on-sum smooth-on-mult smooth-on-inner
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smooth-on-minus)
apply (subst Df.sum)
apply (rule sum.cong, rule refl)
apply (subst Df.scaleR)
apply auto
done

show X f = directional-derivative k a (Y i€Basis. v i xg i) f
apply (subst f-exp|abs-def])
apply (subst X-add[unfolded plus-fun-def])
subgoal by simp
subgoal by (auto intro!: smooth-on-add smooth-on-frechet smooth-on-minus)
subgoal
by (auto intro!: smooth-on-add smooth-on-sum smooth-on-mult smooth-on-inner
g smooth-on-minus)
apply (subst X-add[unfolded plus-fun-def])
subgoal by auto
subgoal by (auto introl: smooth-on-add smooth-on-frechet smooth-on-minus)
subgoal by (auto introl: smooth-on-frechet smooth-on-minus)
apply (subst manifold-eucl.derivation-const-eq-zerolwhere c=f a and X=X,
simplified], fact)
apply (subst x)
apply simp
using f
by (simp add: directional-derivative-def *x)
qged
then show ?thesis
by (rule image-eql) simp
qed
with directional-derivative-in-tangent-space[OF <k # 0] show ?thesis by auto
qed

lemma span-directional-derivative:
span (directional-derivative co a ‘ Basis) = manifold-eucl.tangent-space oo a
by (subst span-linear-image)
(simp-all add: linear-directional-derivative surj-directional-derivative)

lemma directional-derivative-in-span:
directional-derivative co a © € span (directional-derivative oo a ‘ Basis)
unfolding span-directional-derivative
using surj-directional-derivative
by blast

lemma linear-on-directional-derivative:
k # 0 = linear-on UNIV (manifold-eucl.tangent-space k a) (xr) (xr) (directional-derivative
k a)
apply (rule linear-imp-linear-on)
apply (rule linear-directional-derivative)
by (auto simp: manifold-eucl.subspace-tangent-space)
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The directional derivatives at Basis forms a basis of the tangent space at a

interpretation manifold-eucl: finite-dimensional-real-vector-space-on
manifold-eucl.tangent-space oo a directional-derivative oo a ¢ Basis
apply unfold-locales
subgoal by auto
subgoal
proof
assume /4: manifold-eucl.tangent-space.dependent (directional-derivative co a
Basis)
interpret rvo: real-vector-space-pair-on
UNIV::'a set
manifold-eucl.tangent-space oo a
by unfold-locales simp
have 1:Vz. x € UNIV — directional-derivative oo a © € manifold-eucl.tangent-space
00 a
by auto
have 2: Basis C UNIV by auto
have 5: inj-on (directional-derivative oo a) (span Basis)
by (rule inj-on-directional-derivative) simp-all
from rvo.linear-dependent-inj-imageD[OF 1 2 linear-on-directional-derivative /

¢

9]
show Fulse using independent-Basis
by auto

qed
subgoal by (simp add: span-directional-derivative)
subgoal

using surj-directional-derivative[of oo al

by auto
done

lemma independent-directional-derivative:
k # 0 = independent (directional-derivative k a * Basis)
by (rule linear-independent-injective-image)
(auto simp: independent-Basis linear-directional-derivative inj-on-directional-derivative)

8.8 Dimension

For the Euclidean space, the dimension of the tangent space equals the
dimension of the original space.

lemma dim-eucl-tangent-space:
dim (manifold-eucl.tangent-space 0o a) = DIM('a) for a::'a::euclidean-space
proof —
interpret finite-dimensional-real-vector-space-pair-on
UNIV::'a set
manifold-eucl.tangent-space oo a
Basis directional-derivative oo a ‘ Basis
by unfold-locales (auto simp: independent-Basis)
have manifold-eucl.tangent-space.dim oo a (manifold-eucl.tangent-space co a) =
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manifold-eucl.tangent-space.dim oo a (range (directional-derivative 0o a))
by (simp add: surj-directional-derivative)
also have ... = vsl.dim (UNIV:'q set)
by (rule dim-image-eq)
(auto simp: linear-on-directional-derivative inj-on-directional-derivative)
also have ... = DIM(a)
by (simp add: vs1.dim-UNIV)
finally have x: DIM ('a) = manifold-eucl.tangent-space.dim oo a (manifold-eucl.tangent-space
00 @) ..
also have ... = dim (manifold-eucl.tangent-space oo a)
using manifold-eucl.basis-subset - independent-directional-derivative
proof (rule dim-unique[symmetric])
show manifold-eucl.tangent-space oo a C span (directional-derivative oo a *
Basis)
by (simp add: span-directional-derivative)
have card (directional-derivative oo a ‘ Basis) = DIM('a)
apply (rule card-image)
by (rule inj-on-directional-derivative) simp
also note x
finally show card (directional-derivative co a ¢ Basis) =
manifold-eucl.tangent-space.dim oo a (manifold-eucl.tangent-space 0o a) .
qed simp
finally show ?thesis ..
qed

context c-manifold begin

For a general manifold, the dimension of the tangent space at point p equals
the dimension of the manifold.

lemma dim-tangent-space: dim (tangent-space p) = DIM('b) if p: p € carrier and
smooth: k = oo
proof —
from carrierE[OF p] obtain ¢ where ¢ € charts p € domain c .
interpret a: submanifold charts k domain c
by unfold-locales simp
let ?a = charts-submanifold (domain c)
let 2b = manifold-eucl.charts-submanifold (codomain c)
interpret a: diff k ?a ?b ¢
apply (rule diff.diff-submanifold?)
apply (rule diff-apply-chart)
using <c € charts
by auto
interpret b: diff k ?b ?a inv-chart c
apply (rule diff.diff-submanifold?)
apply (rule diff-inv-chart)
using <c € charts
apply auto
by (metis Int-iff a.dest.carrierE domain-restrict-chart image-empty image-insert
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inv-chart-in-domain manifold-eucl.dest.charts-submanifold-def open-codomain
singletonD)
interpret b: submanifold charts-eucl k codomain c
by unfold-locales simp

interpret diffeomorphism k ?a ?b ¢ inv-chart ¢
by unfold-locales auto

have *: DIM('b) = dim (a.dest.tangent-space (c p))
proof —
have x: DIM('b) = dim (manifold-eucl.tangent-space k (¢ p))
unfolding smooth dim-eucl-tangent-space ..

also have ... = dim (a.dest.tangent-space (c p))
apply (rule b.dim-tangent-space2|of ¢ p|)
subgoal

using <p € domain c» that

by auto
subgoal unfolding *[symmetric] by simp
done

finally show ?thesis .

qged
also have xx: ... = dim (a.sub.tangent-space p)

apply (rule dim-tangent-space-src-dest-eq[symmetric])
unfolding *[symmetric|
using <p € domain ¢ that
by auto

also have ... = dim (tangent-space p)
apply (rule a.dim-tangent-space[symmetric])
unfolding x[symmetric] **[symmetric]
using <p € domain ¢ that
by auto

finally show ?thesis ..

qed

end

end

9 Cotangent Space

theory Cotangent-Space
imports Tangent-Space
begin

9.1 Dual of a vector space

abbreviation linear-fun-on S = linear-on S (UNIV ::real set) scaleR scaleR

definition dual-space :: 'a::real-vector set = ('a = real) set where
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dual-space S = {E. linear-fun-on S E A extensional0 S E}

lemma dual-space-eq:
dual-space S = {E. linear-fun-on S E} N {E. extensional) S E}
by (auto simp: dual-space-def)

lemma mem-dual-space:
E € dual-space S <— linear-fun-on S E A extensional0 S E
by (auto simp: dual-space-def)

lemma dual-spacel:
E € dual-space S
if extensional0 S E linear-fun-on S E
using that
by (auto simp: dual-space-def)

lemma dual-spaceD:
assumes F € dual-space S
shows dual-space-linear-on: linear-fun-on S E
and dual-space-restrict[simp]: extensional0 S E
using assms by (auto simp: dual-space-def)

lemma linear-fun-on-zero:
linear-fun-on S 0
if subspace S
by (unfold-locales, auto simp add: algebra-simps that[unfolded subspace-def])

lemma linear-fun-on St =a€ S=5beS=z(a+b) =za+zb
using linear-on.axioms module-hom-on.add by blast

lemma linear-fun-on-add:
linear-fun-on S (x + y)
if x: linear-fun-on S x and y: linear-fun-on S y and S: subspace S
using z that
by (unfold-locales, auto dest!: linear-on.azioms
simp add: algebra-simps module-hom-on.add module-hom-on.scale subspace-def)

lemma linear-fun-on-scaleR:
linear-fun-on S (¢ xg )
if x: linear-fun-on S x and S: subspace S
using z that
by (unfold-locales, auto dest!: linear-on.azioms
simp add: module-hom-on.add module-hom-on.scale algebra-simps subspace-def)

lemma subspace-linear-fun-on:
subspace {E. linear-fun-on S E}
if subspace S
by (auto simp: subspace-def linear-fun-on-zero|OF that]
linear-fun-on-add[OF - - that] linear-fun-on-scaleR[OF - that])
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lemma subspace-dual-space:
subspace (dual-space S)
if subspace S
unfolding dual-space-eq
apply (rule subspace-inter)
apply (rule subspace-linear-fun-on|OF that])
apply (rule subspace-extensional0)
done

9.2 Dimension of dual space

Mapping from S to the dual of S

context fixes B S assumes B: independent B span B = S
begin

definition inner-Basis a b = (> i€B. representation B a © x representation B b
i)
— TODO: move to library

definition std-dual :: 'a::real-vector = (‘a = real) where
std-dual a = restrict0 S (restrict0 S (Ab. inner-Basis a b))

lemma inner-Basis-add:
bl € S = b2 € S = inner-Basis (b1 + b2) v = inner-Basis bl v + inner-Basis
b2 v
by (auto simp: std-dual-def restrictO-def algebra-simps representation-add repre-
sentation-scale
B inner-Basis-def
sum.distrib sum-distrib-left)

lemma inner-Basis-add2:
b1 € S = b2 € S = inner-Basis v (bl + b2) = inner-Basis v bl + inner-Basis
v b2
by (auto simp: std-dual-def restrictO-def algebra-simps representation-add repre-
sentation-scale
B inner-Basis-def
sum.distrib sum-distrib-left)

lemma inner-Basis-scale:
b1 € S = inner-Basis (¢ g bl) v = ¢ * inner-Basis bl v
by (auto simp: std-dual-def restrictO-def algebra-simps representation-add repre-
sentation-scale
B inner-Basis-def sum.distrib sum-distrib-left)

lemma inner-Basis-scale2:

b1 € S = inner-Basis v (¢ xg bl) = ¢ * inner-Basis v bl

by (auto simp: std-dual-def restrictO-def algebra-simps representation-add repre-
sentation-scale
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B inner-Basis-def sum.distrib sum-distrib-left)

lemma inner-Basis-minus:
bl € S = b2 € S = inner-Basis (bl — b2) v = inner-Basis bl v — inner-Basis
b2 v
and inner-Basis-minus2:
b1 € S = b2 € S = inner-Basis v (bl — b2) = inner-Basis v bl — inner-Basis
v b2
by (auto simp: std-dual-def restrictO-def algebra-simps representation-diff repre-
sentation-scale
B inner-Basis-def
sum-subtractf sum-distrib-left)

lemma sum-zero-representation:
v=10
if A\b. b € B = representation Bvb= 0 and v: v € §
proof —
have empty: {b. representation Bv b # 0} = {}
using that(1) representation-ne-zero by auto
have v € span B using B v by simp
from sum-nonzero-representation-eqOF B(1) this]
show ?thesis
by (simp add: empty)
qed

lemma inner-Basis-0[simp): inner-Basis 0 a = 0 inner-Basis a 0 = 0
by (auto simp: inner-Basis-def representation-zero)

lemma inner-Basis-eq-zerol: a = 0 if inner-Basis a a = 0
and finite Ba € S
by (rule sum-zero-representation)
(use that in <auto simp: inner-Basis-def that sum-nonneg-eq-0-iff'»)

lemma inner-Basis-zero: inner-Basis a a = 0 <— a = 0
if finite Ba € S
by (auto simp: inner-Basis-eq-zerol that)

lemma subspace-S: subspace S
using B by auto

interpretation S: real-vector-space-on S
using subspace-S
by unfold-locales

interpretation dual: real-vector-space-on dual-space S
using subspace-dual-space| OF subspace-S)|

by unfold-locales

lemma std-dual-linear:
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linear-on S (dual-space S) scaleR scaleR std-dual
by unfold-locales
(auto simp add: subspace-S[unfolded subspace-def] subspace-dual-space[unfolded
subspace-def] algebra-simps
std-dual-def inner-Basis-scale inner-Basis-add restrict0-def)

lemma image-std-dual:
std-dual * S C dual-space S
if subspace S
proof safe
fix y assume y € S
show std-dual y € dual-space S
proof (rule dual-spacel)
show extensional0 S (std-dual y)
by (auto simp: std-dual-def)
show linear-fun-on S (std-dual y)
by (unfold-locales, auto simp: std-dual-def algebra-simps that[unfolded sub-
space-def]
inner-Basis-add2 inner-Basis-scale2 B)
qed
qed

lemma inj-std-dual:
inj-on std-dual S
if subspace S finite B
proof (intro inj-onl)
fix z y assume z: x € S and y: y € S and eq: std-dual x = std-dual y
have 1: inner-Basis x b = inner-Basis y b if b: b € S for b
proof —
have std-dual x b = inner-Basis x b std-dual y b = inner-Basis y b
unfolding std-dual-def restrict0-def
using b by auto
then show ?thesis using eq by auto
qed
have 2: z — y € S using that(1) z y by (rule subspace-diff)
have inner-Basis ¢ (z — y) — inner-Basis y (x — y) = 0 using 1 2 by auto
then have inner-Basis (v — y) (x — y) = 0
by (auto simp: inner-Basis-minus inner-Basis-minus2 2 B x y algebra-simps)
then show z = y
by (auto simp: inner-Basis-zero B that 2)
qed

lemma inner-Basis-sum:
(Ni. i€ I = zi € S) = inner-Basis (>_i€l. v i) v = (> i€l. inner-Basis
(29) v)
apply (induction I rule: infinite-finite-induct)
apply auto
apply (subst inner-Basis-add)
apply auto
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by (metis B(2) subspace-span subspace-sum)

lemma inner-Basis-sum2:
(Ni. i € I = zi € S) = inner-Basis v (>_i€l. i) = (> i€l. inner-Basis
apply (induction I rule: infinite-finite-induct)
apply auto
apply (subst inner-Basis-add?2)
apply auto
by (metis B(2) subspace-span subspace-sum)

lemma B-sub-S: B C S
using B(2) span-eq by auto

lemma inner-Basis-eq-representation:
inner-Basis i x = representation B x 4
if ¢ € B finite B
unfolding inner-Basis-def
by (simp add: B that representation-basis if-distrib if-distribR cong: if-cong)

lemma surj-std-dual:

std-dual © S O dual-space S if subspace S finite B
proof safe

fix y

assume y: y € dual-space S

show y € std-dual * S

proof —

let 92 = > i€B. (y i) *xp @
have z: %2 € S
using that(1) apply (rule subspace-sum) using that(1) apply (rule sub-
space-scale)
using B span-superset
by auto
from dual-space-linear-on[OF y|
have linear-y: linear-fun-on Sy .
then interpret linear-on S UNIV scaleR scaleR y .
interpret vector-space-pair-on S UNIV::real set scaleR scaleR by unfold-locales
have y = std-dual %z
apply (rule ext-extensionalO]of S])
subgoal using y dual-space-def by auto
subgoal by (auto simp: std-dual-def)
unfolding std-dual-def restrict0-def apply auto
apply (subst inner-Basis-sum) subgoal
using B(2) span-base subspace-scale by blast
subgoal for z
proof goal-cases
case I
have (> i€B. inner-Basis (y i *g i) ) = (O_4€B. y (inner-Basis i © xg
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)
proof (rule sum.cong[OF refl])

fix ¢ assume i: 1 € B

then have i : S using B-sub-S by auto

have inner-Basis (y i xg () * = y { * inner-Basis i x
apply (subst inner-Basis-scale)
subgoal using B-sub-S i by auto
apply (rule refl)

done
also have ... = y i xg inner-Basis i x by simp
also have ... = y (inner-Basis i x *gr 1)

by (auto simp: <i € S scale)
finally show inner-Basis (y @ xg ©) © = y (inner-Basis i © g 1) .
qed
also have ... = y (> i€B. (inner-Basis i © g ©)) (is - = y Zsum)
apply (subst linear-sum'[OF - - linear-y|)
apply (auto simp: inner-Basis-eq-representation)
using B(2) S.mem-scale span-base by blast
also have ?sum = z
apply (subst sum.cong[OF refl])
apply (subst inner-Basis-eq-representation, assumption, rule that, rule
refl)
apply (subst sum-representation-eq)
by (auto simp: that B <z : S»)
finally show ?thesis by simp
qed
done
then show ?thesis
using z by auto
qed
qed

lemma std-dual-bij-betw:
bij-betw (std-dual) S (dual-space S)
if finite B
unfolding bij-betw-def
using subspace-S inj-std-dual image-std-dual surj-std-dual that by blast

lemma std-dual-eq-dual-space: finite B =—> std-dual ‘S = dual-space S
using image-std-dual surj-std-dual subspace-S by auto

lemma dim-dual-space:
assumes finite B
shows dim (dual-space S) = dim S
proof —
interpret finite-dimensional-real-vector-space-pair-1-on S dual-space S B
using B assms span-superset
by unfold-locales auto
have x: span S = S using subspace-S by auto
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then have dual.dim (std-dual © S) = S.dim S
apply (intro dim-image-eq[OF - order-refl std-dual-linear])
using std-dual-bij-betw|OF assms]
by (auto simp: bij-betw-def *)

also have S.dim S = dim S
unfolding S.dim-eq[OF order-refl] ..

also have dual.dim (std-dual ¢ S) = dim (std-dual © S)
using image-std-dual]|OF subspace-S]
by (rule dual.dim-eq)

also have std-dual * S = dual-space S
using assms
by (rule std-dual-eq-dual-space)

finally show ?thesis .

qed

end

9.3 Dual map

context real-vector-space-pair-on begin

definition dual-map :: (‘a = 'b) = (b = real) = (‘a = real) where
dual-map fy = restrict0 S (Az. y (f z))

lemma subspace-dual-S: subspace (dual-space S)
apply (rule subspace-dual-space)
apply (rule local.vs!.subspace)
done

lemma subspace-dual-T: subspace (dual-space T)
apply (rule subspace-dual-space)
apply (rule local.vs2.subspace)
done

lemma dual-map-linear:
linear-on (dual-space T) (dual-space S) scaleR scaleR (dual-map f)
apply unfold-locales
by (auto simp add: dual-map-def restrict0-def subspace-dual-S|unfolded subspace-def]
subspace-dual-T[unfolded subspace-def] algebra-simps)

lemma image-dual-map:
dual-map f ¢ (dual-space T) C dual-space S
if f: linear-on S T scaleR scaleR f and
defined: f S C T
proof safe
fix £ assume z: x € dual-space T
show dual-map f z € dual-space S
proof (rule dual-spacel)
have 1: linear-fun-on T z
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using z by (rule dual-space-linear-on)
show eztensional0 S (dual-map f ) by (auto simp: dual-map-def)
show linear-fun-on S (dual-map f z)
apply (unfold-locales, auto simp: dual-map-def restrictO-def linear-on-def
algebra-simps
local.vs1 .subspace[unfolded subspace-def])
proof —
show z (f (b1 + b2)) =z (fb1) + = (fb2)if b1 € Sb2 € S for b1 b2
proof —
have f b1 € T using b1 € Sy defined by auto
have f 02 € T using b2 € S defined by auto
have z (f (b1 + b2)) =z (fb1 + fb2)
by (auto simp: f[THEN linear-on.azioms, THEN module-hom-on.add)] that)
also have z (f b1 + fb2) =z (fb1) + = (f b2)
by (auto simp: 1[THEN linear-on.axioms, THEN module-hom-on.add] <f
bl € T) «fb2 € TH)
finally show ?thesis .
qed
show z (f (r*gp b)) =r*xz (fb)ifbe Sforrb
proof —
have fb € T using «<b € S) defined by auto
have z (f (r xg b)) = = (r xg f D)
by (auto simp: f[THEN linear-on.azioms, THEN module-hom-on.scale]

that)
also have z (r xg fb) = r x z (f b)
by (auto simp: 1[THEN linear-on.axioms, THEN module-hom-on.scale] <f
be Th)
finally show ?thesis .
qed
qed
qed
qed
end

Functoriality of dual map: identity

context real-vector-space-on begin

lemma dual-map-id:
real-vector-space-pair-on.dual-map S fy = y
iff: A\z. 2 € S = faz=zand y: y € dual-space S
proof (rule ext-extensional0[of S])
have 1: real-vector-space-pair-on S S ..
show eztensional0 S (real-vector-space-pair-on.dual-map S f y)
unfolding real-vector-space-pair-on.dual-map-def [OF 1] by auto
show extensionall Sy
using y by auto
fix z assume z: z € S
show real-vector-space-pair-on.dual-map S fyz =y x
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proof —
have real-vector-space-pair-on.dual-map S fy z = y (f z)
by (auto simp: real-vector-space-pair-on.dual-map-def[OF 1] restrict0-def x)
also have y (fz) =y z
using f z by auto
finally show ?%thesis .
qed
qed

end

abbreviation dual-map = real-vector-space-pair-on.dual-map
lemmas dual-map-def = real-vector-space-pair-on.dual-map-def

Functoriality of dual map: composition

lemma dual-map-compose:
dual-map S f (dual-map T g ) = dual-map S (g o f)
if © € dual-space U and linear-on T U scaleR scaleR g
and f: linear-on S T scaleR scaleR f
and defined: f ‘S C T
and ST: real-vector-space-pair-on S T
and TU: real-vector-space-pair-on T U
proof (rule ext)
have SU: real-vector-space-pair-on S U
using ST TU by (auto simp add: real-vector-space-pair-on-def)
fix v show dual-map S f (dual-map T g x) v = dual-map S (go f) z v
unfolding dual-map-def[OF ST| dual-map-def[OF TU]| dual-map-def[OF SU]
restrict0-def
using defined by auto
qed

9.4 Definition of cotangent space

context c-manifold begin

definition cotangent-space :: 'a = ((('a = real) = real) = real) set where
cotangent-space p = dual-space (tangent-space p)

lemma subspace-cotangent-space:
subspace (cotangent-space p)
unfolding cotangent-space-def
apply (rule subspace-dual-space)
apply (rule subspace-tangent-space)
done

sublocale cotangent-space: real-vector-space-on cotangent-space p
by unfold-locales (rule subspace-cotangent-space)
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lemma cotangent-space-dim-eq: cotangent-space.dim p X = dim X
if X C cotangent-space p
proof —
have *: b C cotangent-space p N\ independent b A\ span b = span X <— indepen-
dent b A\ span b = span X
for b
using that
by auto (metis (no-types, lifting) c-manifold.subspace-cotangent-space c-manifold-azioms
span-base span-eq-iff span-mono subsetCE)
show ?thesis
using that
unfolding cotangent-space.dim-def dim-def *
by auto
qed

lemma dim-cotangent-space:
dim (cotangent-space p) = DIM('b) if p € carrier and k = oo
proof —
from basis-exists|of tangent-space p]
obtain B where B: B C tangent-space p independent B tangent-space p C span
B
card B = dim (tangent-space p)
by auto
have finite B
apply (rule card-ge-0-finite)
unfolding B
apply (subst dim-tangent-space| OF that))
by simp
have dim (cotangent-space p) = dim (tangent-space p)
unfolding cotangent-space-def
apply (rule dim-dual-space[of B])
apply fact
using B span-minimal[OF B(1) subspace-tangent-space] <finite B»
by auto
also have dim (tangent-space p) = DIM('b)
by (rule dim-tangent-space[OF that))
finally show ?thesis .
qged

end

9.5 Pullback of cotangent space
context diff begin
definition pull-back :: 'a = ((('b = real) = real) = real) = (('a = real) = real)

= real where
pull-back p = dual-map (src.tangent-space p) push-forward
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lemma
linear-pullback: linear-on (dest.cotangent-space (f p)) (sre.cotangent-space p) scaleR
scaleR (pull-back p) and
image-pullback: pull-back p * (dest.cotangent-space (f p)) C src.cotangent-space p
if p € src.carrier
proof —
interpret a: real-vector-space-pair-on src.tangent-space p dest.tangent-space (f p)

show linear-on (dest.cotangent-space (f p)) (src.cotangent-space p) (xr) (*gr)
(pull-back p)
unfolding dest.cotangent-space-def src.cotangent-space-def pull-back-def
by (rule a.dual-map-linear)
show pull-back p ¢ (dest.cotangent-space (f p)) C src.cotangent-space p
unfolding dest.cotangent-space-def src.cotangent-space-def pull-back-def
apply (rule a.image-dual-map)
apply (rule linear-imp-linear-on)
apply (rule local.linear-push-forward)
apply (rule local.src.subspace-tangent-space)
apply (rule local.dest.subspace-tangent-space)
apply (rule local.push-forward-in-tangent-space)
by fact
qged

end

9.6 Cotangent field of a function

context c-manifold begin

Given a function f, the cotangent vector of f at a point p is defined as follows:
given a tangent vector X at p, considered as a functional, evaluate X on f.

definition cotangent-field :: (‘a = real) = 'a = ((('a = real) = real) = real)
where
cotangent-field f p = restrict0 (tangent-space p) (AX. X f)

lemma cotangent-field-is-cotangent:
cotangent-field f p € cotangent-space p
unfolding cotangent-space-def
proof (rule dual-spacel)
show extensional0 (tangent-space p) (cotangent-field f p)
unfolding cotangent-field-def by auto
show linear-fun-on (tangent-space p) (cotangent-field f p)
apply unfold-locales unfolding cotangent-field-def apply auto
proof —
show restrict0 (tangent-space p) (AX. X f) (b1 + b2) = b1 f + b2 f
if b1: b1 € tangent-space p and b2: b2 € tangent-space p for b1 b2
proof —
have b1 + b2 € tangent-space p using b1 b2 subspace-tangent-space sub-
space-add by auto
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then show ?thesis by auto
qed
show restrict0 (tangent-space p) (AX. X f) (r*g b) =rx b f
if b: b € tangent-space p for r b
proof —
have r xg b € tangent-space p using b subspace-tangent-space subspace-scale
by auto
then show ?thesis by auto
qed
qged
qged

9.7 Tangent field of a path

Given a path ¢, the tangent vector of ¢ at real number z (or at point ¢(z)) is
defined as follows: given a function f, take the derivative of the real-valued
function f o c.

definition tangent-field :: (real = 'a) = real = (('a = real) = real) where
tangent-field ¢ x = restrict0 diff-fun-space (Af. frechet-derivative (f o ¢) (at x) 1)

lemma tangent-field-is-tangent:
tangent-field ¢ x € tangent-space (c )
if c-smooth: diff k charts-eucl charts ¢ and smooth: k > 0
proof (rule tangent-spacel)
show eztensionall diff-fun-space (tangent-field ¢ x)
unfolding tangent-field-def by auto
have diff-fun-c-diff: (Az. b (¢ z)) differentiable at x
if b: b € diff-fun-space
for b::'a = real and x
proof —
have diff-b: diff-fun k charts-eucl (b o c)
unfolding diff-fun-def
using c-smooth diff-fun-spaceD[OF b, THEN diff-fun.azioms]
by (rule diff-compose)
from diff-fun-charts-euclD[OF this] smooth
have (b o ¢) differentiable-on UNIV
by (rule smooth-on-imp-differentiable-on)
then show %thesis by (auto simp: differentiable-on-def o-def)
qed
show linear-fun-on diff-fun-space (tangent-field ¢ x)
apply unfold-locales unfolding cotangent-field-def apply auto
proof —
show tangent-field ¢ (b1 + b2) = tangent-field ¢ © b1 + tangent-field ¢ z b2
if b1: b1 € diff-fun-space and b2: b2 € diff-fun-space for b1 b2
unfolding tangent-field-def restrict0-def
by (auto simp: diff-fun-space-add o-def diff-fun-c-diff b1 b2 frechet-derivative-plus)
show tangent-field ¢ x (r g b) = r * tangent-field ¢ z b
if b: b € diff-fun-space for r b
unfolding tangent-field-def restrict0-def
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by (auto simp: diff-fun-space.m1.mem-scale o-def diff-fun-c-diff b frechet-derivative-times
frechet-derivative-const)
qed
show tangent-field ¢ z (f * g) = f (¢ z) * tangent-field ¢ © g + g (¢ z) *
tangent-field ¢ = f
if f: f € diff-fun-space and g: g € diff-fun-space for f g
unfolding tangent-field-def restrict0-def
by (auto simp: [ g diff-fun-space-times diff-fun-space-add o-def diff-fun-c-diff
frechet-derivative-plus frechet-derivative-times)
qed

9.8 Integral along a path

lemma fundamental-theorem-of-path-integral:
((Az. (cotangent-field f (¢ x)) (tangent-field ¢ x)) has-integral f (¢ b) — f (¢ a))
{a..b}
if ab: ¢ < b and f: f € diff-fun-space and c: diff k charts-eucl charts ¢ and k: k
# 0
proof —
from f have diff k charts charts-eucl f
by (auto simp: diff-fun-space-def diff-fun-def)
then have (diff-fun k charts-eucl (f o c))
unfolding diff-fun-def
using ¢ diff-compose by blast
then have k—smooth-on UNIV (f o ¢)
by (rule diff-fun-charts-euclD)
then have (f o ¢) differentiable-on UNIV
by (rule smooth-on-imp-differentiable-on) (use k in simp)
then have fe: (\a. f (¢ a)) differentiable at x for z
by (auto simp: differentiable-on-def o-def)
then show ?thesis
using ab
unfolding cotangent-field-def
apply (auto simp: tangent-field-is-tangent ¢ k)
unfolding tangent-field-def
apply (auto simp: f)
apply (rule fundamental-theorem-of-calculus)
apply assumption
apply (rule has-vector-derivative-at-within)
unfolding o-def has-vector-derivative-def
apply (subst frechet-derivative-at-real-eq-scale R[symmetric])
apply simp
apply simp
apply (rule frechet-derivative-worksI)
apply simp
done
qed

end
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end

10 Product Manifold

theory Product-Manifold
imports Differentiable-Manifold
begin

locale c-manifold-prod =
ml: c-manifold chartsl k +
m2: c-manifold charts2 k for k charts1 charts2

begin

lift-definition prod-chart :: (‘a, 'b) chart = ('c, 'd) chart = (‘a x ¢, 'b x 'd)
chart
is A(d::'a set, d'::'b set, f::'a="b, f":'b="a).
Ae::'c set, e:'d set, g::'e="d, g':'d=c).
(d x e, d" x e, Nz,y). (fz, gy), Mz,y). (f' =, 9" y))
by (auto intro: open-Times simp: homeomorphism-prod)

lemma domain-prod-chart[simp|: domain (prod-chart ¢l c2) = domain c1 x do-
main c2

and codomain-prod-chart[simp|: codomain (prod-chart c1 ¢2) = codomain ¢l X
codomain c2

and apply-prod-chart[simp]: apply-chart (prod-chart c1 ¢2) = (M(z,y). (¢l z, c2
v)

and inv-chart-prod-chart[simp): inv-chart (prod-chart ¢l ¢2) = (A(z,y). (inv-chart
cl x, inv-chart c2 y))

by (transfer, auto)+

lemma prod-chart-compat:
k—smooth-compat (prod-chart c1 ¢2) (prod-chart d1 d2)
if compatl: k—smooth-compat c1 d1 and compat2: k—smooth-compat c2 d2
unfolding smooth-compat-def
apply (auto simp add: comp-def case-prod-beta cong del: image-cong-simp)
apply (simp add: Times-Int-Times image-prod)
apply (rule smooth-on-Pair’)
apply (auto introl: continuous-intros)
apply (auto simp: compat! [unfolded smooth-compat-def comp-def])
apply (auto simp: compat2|unfolded smooth-compat-def comp-def])
apply (simp add: Times-Int-Times image-prod)
apply (rule smooth-on-Pair’)
apply (auto introl: continuous-intros)
apply (auto simp: compat2|unfolded smooth-compat-def comp-def])
apply (auto simp: compatl! [unfolded smooth-compat-def comp-def])
done

173



definition prod-charts :: (‘a x ‘¢, 'b x 'd) chart set where
prod-charts = {prod-chart c1 c2 | ¢l c2. ¢l € charts] A c¢2 € charts2}

lemma c-manifold-atlas-product: c-manifold prod-charts k
proof
fix ¢ d assume c: ¢ € prod-charts and d: d € prod-charts
obtain c1 ¢2 where c-def: ¢ = prod-chart c1 ¢2 and c1: c1 € charts] and c2:
c2 € charts2
using ¢ prod-charts-def by auto
obtain d1 d2 where d-def: d = prod-chart d1 d2 and d1: di1 € charts] and
d2: d2 € charts2
using d prod-charts-def by auto
have compatl: k—smooth-compat c1 d1
using cI dI by (auto intro: m1.pairwise-compat)
have compat2: k—smooth-compat c2 d2
using ¢2 d2 by (auto intro: m2.pairwise-compat)
show k—smooth-compat ¢ d
unfolding c-def d-def
using compat! compat2 by (rule prod-chart-compat)
qed

end

end

11 Sphere

theory Sphere
imports Differentiable-Manifold
begin

typedef (overloaded) (‘a::real-normed-vector) sphere =
{a::"axreal. norm a = 1}

proof —
have norm (0::'a,1::real) = 1 by simp
then show ?thesis by blast

qed

setup-lifting type-definition-sphere

lift-definition top-sphere :: (‘a::real-normed-vector) sphere is (0, 1) by simp

lift-definition st-proj! :: ('a::real-normed-vector) sphere = 'a is
Mz,2). ¢ /p (1 — 2) .

lift-definition st-proji-inv :: (‘a::real-normed-vector) = 'a sphere is

Mx. ((2 )/ (normz) 2+ 1)) xg z, (normz) ~2 — 1) / (normz) ~2 + 1))
apply (auto simp: norm-prod-def divide-simps algebra-simps)
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apply (auto simp: add-nonneg-eq-0-iff)
by (auto simp: power2-eq-square algebra-simps)

lift-definition bot-sphere :: (‘a::real-normed-vector) sphere is (0, —1) by simp

lift-definition st-proj2 :: ('a::real-normed-vector) sphere = 'a is
Mz,2). ¢ /p (1 + 2) .

lift-definition st-proj2-inv :: (‘a::real-normed-vector) = 'a sphere is
Mx. ((2 )/ (normz) ~2+ 1)) xg z, (1 — (normz) ~2) / (normz) ~ 2 + 1))
apply (auto simp: norm-prod-def divide-simps algebra-simps)
apply (auto simp: add-nonneg-eq-0-iff)
by (auto simp: power2-eq-square algebra-simps)

instantiation sphere :: (real-normed-vector) topological-space
begin

lift-definition open-sphere :: 'a sphere set = bool is
openin (subtopology (euclidean::("axreal) topology) {a. norm a = 1}) .

instance
apply standard
apply (transfer; auto)
apply (transfer; auto)
apply (transfer; auto)
done

end

instance sphere :: (real-normed-vector) t2-space
apply standard
apply transfer
subgoal for z y
apply (drule hausdorff|of x y])
apply clarsimp
subgoal for U V
apply (rule exI[where z=U N {a. norm a = 1}])
apply clarsimp
apply (rule conjl) defer
apply (rule exI[where 2=V N {a. norm a = 1}])
by auto
done
done

instance sphere :: (euclidean-space) second-countable-topology
proof standard

obtain BB::('axreal) set set where BB: countable BB open = generate-topology
BB
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by (metis ex-countable-subbasis)
let B = (AB. BN {z. normz = 1}) ‘ BB
show 3 B::’a sphere set set. countable B N\ open = generate-topology B
apply transfer
apply (rule bexI[where x = ?B])
apply (rule conjI)
subgoal using BB by force
subgoal using BB apply clarsimp
apply (subst openin-subtopology-eq-generate-topology[where BB=BB])
by (auto )
subgoal by auto
done
qed

lemma transfer-continuous-onl [transfer-rule]:
includes lifting-syntax
shows (rel-set (=) ===> ((=) ===> pcr-sphere (=)) ===> (=)) (A X:"a::t2-space
set. continuous-on X) continuous-on
apply (rule continuous-on-transfer-right-total2)
apply transfer-step
apply transfer-step
apply transfer-step
apply transfer-prover
apply transfer-step
apply transfer-step
apply transfer-prover
done

lemma transfer-continuous-on2[transfer-rule]:
includes lifting-syntax
shows (rel-set (per-sphere (=)) ===> (per-sphere (=) ===> (=)) ===> (=))
(AX. continuous-on (X N {z. norm z = 1})) (AX. continuous-on X)
apply (rule continuous-on-transfer-right-total)
apply transfer-step
apply transfer-step
apply transfer-step
apply transfer-prover
apply transfer-step
apply transfer-step
apply transfer-prover
done

lemma st-proj1-inv-continuous:
continuous-on UNIV st-projl-inv
by transfer (auto introl: continuous-intros simp: add-nonneg-eq-0-iff)

lemma st-projl-continuous:

continuous-on (UNIV — {top-sphere}) st-proji
by transfer (auto intro!: continuous-intros simp: add-nonneg-eq-0-iff split-beta’
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norm-prod-def)

lemma st-projl-inv: st-projl-inv (st-projl z) = z
if © £ top-sphere
using that
apply transfer
proof (clarsimp, rule conjI)
fix a::’a and b::real
assume *: norm (a, b) = I and ab: a = 0 — b # 1
then have b # 1 by (auto simp: norm-prod-def)
have na: (norm a)? = 1 — b?
using x
unfolding norm-prod-def
by (auto simp: algebra-simps)
define S where S = norm (a /g (I — b))
have b = (S? — 1) / (S* + 1)
by (auto simp: S-def divide-simps <b # 1> na)
(auto simp: power2-eq-square algebra-simps <b # 15)
then show ((inverse |1 — b| x norm a)? — 1) / ((inverse |1 — b| * norm a)? +
1)=1»%
by (simp add: S-def)

have 1 = (2 / (1 —b) / (S? + 1))
by (auto simp: S-def divide-simps <b # 15 na) (auto simp: power2-eq-square
algebra-simps <b # 1)
then have a = (2 / (1 — b) / (S + 1)) *g a
by simp
then show (2 * inverse (1 — b) / ((inverse |1 — b| x norm a)? + 1)) *r a = a
by (auto simp: S-def divide-simps)
qed

lemma st-projl-inv-inv: st-projl (st-projl-inv z) = x
by transfer (auto simp: divide-simps add-nonneg-eq-0-iff)

lemma st-projl-inv-ne-top: st-projl-inv xa # top-sphere
by transfer (auto simp: divide-simps add-nonneg-eq-0-iff)

lemma homeomorphism-st-proj1: homeomorphism (UNIV — {top-sphere}) UNIV
st-projl st-projl-inv

apply (auto simp: homeomorphism-def st-proj1-continuous st-projl-inv-continuous
st-proj1-inv-inv

st-projl-inv st-projl-inv-ne-top)
subgoal for z
by (rule image-eql [where z=st-projl-inv z]) (auto simp: st-projl-inv-inv st-projl-inv-ne-top)
by (metis rangel st-proj1-inv)

lemma st-proj2-inv-continuous:

continuous-on UNIV st-proj2-inv
by transfer (auto introl: continuous-intros simp: add-nonneg-eq-0-iff)
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lemma st-proj2-continuous:

continuous-on (UNIV — {bot-sphere}) st-proj2

apply (transfer; auto introl: continuous-intros simp: add-nonneg-eq-0-iff split-beta’
norm-prod-def)
proof —

fix a b assume 1: (norma) 2+ b"2=171and 2: 1 +b=20

have b = —1 using 2 by auto

then show a = 0

using 1 by auto

qged

lemma st-proj2-inv: st-proj2-inv (st-proj2 z) = z
if x # bot-sphere
using that
apply transfer
proof (clarsimp, rule conjI)
fix a::’a and b::real
assume *: norm (a, b) = 1 and ab: a = 0 — b # —1
then have b # —1 by (auto simp: norm-prod-def)
then have 1 + b # 0 by auto
then have 2 + b x 2 # 0 by auto
have na: (norm a)? = 1 — b?
using x
unfolding norm-prod-def
by (auto simp: algebra-simps)
define S where S = norm (a /g (1 + b))
have b = (1 — S?) / (S? + 1)
by (auto simp: S-def divide-simps <b # —1> na)
(auto simp: power2-eq-square algebra-simps <b # —1> <1 + b # 0> <2 + b *
2 % 0)
then show (1 — (inverse |1 + b| * norm a)?) / ((inverse |1 + b| * norm a)? +
1)=1»%
by (simp add: S-def)
have 1 = (2 /(1 +b) / (S* + 1))
by (auto simp: S-def divide-simps <b # —1» na)
(auto simp: power2-eq-square algebra-simps <b # —15 <1 + b # 0> <2 + b *
2 # 0»)
then have a = (2 / (1 +b) / (S®> + 1)) *r a
by simp
then show (2 * inverse (1 + b) / ((inverse |1 + b| * norm a)? + 1)) xgp a = a
by (auto simp: S-def divide-simps)
qed

lemma st-proj2-inv-inv: st-proj2 (st-proj2-inv ) = x
by transfer (auto simp: divide-simps add-nonneg-eq-0-iff)

lemma st-proj2-inv-ne-top: st-proj2-inv xa # bot-sphere
by transfer (auto simp: divide-simps add-nonneg-eq-0-iff)
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lemma homeomorphism-st-proj2: homeomorphism (UNIV — {bot-sphere}) UNIV
st-proj2 st-proj2-inv

apply (auto simp: homeomorphism-def st-proj2-continuous st-proj2-inv-continuous
st-proj2-inv-inv

st-proj2-inv st-proj2-inv-ne-top)
subgoal for z
by (rule image-eql [where x=st-proj2-inv z]) (auto simp: st-proj2-inv-inv st-proj2-inv-ne-top)
by (metis rangel st-proj2-inv)

lift-definition st-proji-chart :: ('a sphere, 'a::euclidean-space) chart
is (UNIV — {top-sphere::’a sphere}, UNIV::'a set, st-projl, st-projl-inv)
using homeomorphism-st-projl by blast

lift-definition st-proj2-chart :: (‘a sphere, 'a::euclidean-space) chart
is (UNIV — {bot-sphere::'a sphere}, UNIV::'a set, st-proj2, st-proj2-inv)
using homeomorphism-st-proj2 by blast

lemma st-projs-compat:
includes lifting-syntax
shows co—smooth-compat st-projl-chart st-proj2-chart
unfolding smooth-compat-def
apply (transfer; auto)
proof goal-cases
case 1
have x: smooth-on ((Mx::'a, 2). © /r (1 — 2)) ‘*(({a. norma =1} — {(0, 1)})
N ({a. norma =1} — {(0, — 1)})))
((Mz, 2). 2 /r (1 + 2)) o (Az. (2 / ((norm z)? + 1)) *g , ((norm z)? — 1)
/ ((norm z)? + 1))))
apply (rule smooth-on-subsetjwhere T=UNIV — {0}])
subgoal
by (auto intro!: smooth-on-divide smooth-on-inverse smooth-on-scaleR smooth-on-mult
smooth-on-add
smooth-on-minus smooth-on-norm simp: o-def power2-eq-square add-nonneg-eq-0-iff
divide-simps)
apply (auto simp: norm-prod-def power2-eq-square) apply sos
done
show ?case
by transfer (rule x)
next
case 2
have x: smooth-on ((Mx::'a, 2). © /r (1 + 2)) ‘*(({a. norma =1} — {(0, 1)})
N ({a. norma =1} — {(0, — 1)})))
((Mz, 2). 2 /r (1 —2)) o (Az. (2 / ((norm z)? + 1)) xg z, (I — (norm z)?)
/ ((norm z)? + 1))))
apply (rule smooth-on-subset{where T=UNIV — {0}])
subgoal
by (auto intro!: smooth-on-divide smooth-on-inverse smooth-on-scaleR smooth-on-mult
smooth-on-add
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smooth-on-minus smooth-on-norm simp: o-def power2-eq-square add-nonneg-eq-0-iff

divide-simps)
apply (auto simp: norm-prod-def add-eq-0-iff) apply sos
done
show Zcase
by transfer (rule x)
qed

definition charts-sphere :: (‘a::euclidean-space sphere, 'a) chart set where
charts-sphere = {st-proj1-chart, st-proj2-chart}

lemma c-manifold-atlas-sphere: c-manifold charts-sphere oo
apply (unfold-locales)
unfolding charts-sphere-def
using smooth-compat-commute smooth-compat-refl st-projs-compat by fastforce

end

12 Projective Space

theory Projective-Space
imports Differentiable-Manifold HOL— Library. Quotient-Set
begin

Some of the main things to note here: double transfer (-> nonzero -> quo-
tient)

12.1 Subtype of nonzero elements

lemma open-ne-zero: open {x::'a::t1-space. © # c}

proof —
have {z::'a. © # ¢} = UNIV — {c} by auto
also have open ... by (rule open-delete; rule open-UNIV)
finally show ?thesis .

qed

typedef (overloaded) ‘a::euclidean-space nonzero = UNIV — {0::'a::euclidean-space}

by auto
setup-lifting type-definition-nonzero

instantiation nonzero :: (euclidean-space) topological-space
begin

lift-definition open-nonzero::’a nonzero set = bool is open::'a set = bool .
instance

apply standard
subgoal by transfer (auto simp: open-ne-zero)
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subgoal by transfer auto
subgoal by transfer auto
done

end

lemma open-nonzero-openin-transfer:
(rel-set (per-nonzero A) ===> (=)) (openin (top-of-set (Collect (Domainp (pcr-nonzero
4)))) open
if is-equality A
unfolding is-equality-def[THEN iffD1, OF that)]
proof
fix X::’a set and Y::'a nonzero set
assume t[transfer-rule]: rel-set (pcr-nonzero (=)) X Y
show openin (top-of-set (Collect (Domainp (pcr-nonzero (=))))) X = open Y
apply (auto simp: openin-subtopology)
subgoal by transfer (auto simp: nonzero.domain-eq open-ne-zero)
subgoal
apply transfer
apply (rule exI[where z=X])
using ¢
by (auto simp: rel-set-def)
done
qed

instantiation nonzero :: (euclidean-space) scaleR
begin
lift-definition scaleR-nonzero::real = 'a nonzero = ’a nonzero is A\c z. if ¢ = 0
then One else ¢ xR «
by auto
instance ..

end

instantiation nonzero :: (euclidean-space) plus
begin
lift-definition plus-nonzero::'a nonzero = 'a nonzero = 'a monzero is Az y. if =
+ y = 0 then One else x + y
by auto
instance ..
end

instantiation nonzero :: (euclidean-space) minus
begin
lift-definition minus-nonzero::’a nonzero = 'a nonzero = 'a nonzero is Az y. if
x = y then One else z — y
by auto
instance ..
end
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instantiation nonzero :: (euclidean-space) dist

begin

lift-definition dist-nonzero::’a nonzero = 'a nonzero = real is dist .
instance ..

end

instantiation nonzero :: (euclidean-space) norm

begin

lift-definition norm-nonzero::'a nonzero = real is norm .
instance ..

end

instance nonzero :: (euclidean-space) t2-space
apply standard
apply transfer
subgoal for z y
using hausdorff[of = y]
apply clarsimp
subgoal for U V
apply (rule exI[where 2=U — {0}])
apply clarsimp
apply (rule conjI) defer
apply (rule exI[where 2=V — {0}])
by auto
done
done

lemma scaleR-one-nonzero[simp|: 1 *r x = (z::- nonzero)
by transfer auto

lemma scaleR-scaleR-nonzero[simp]: b # 0 = scaleR a (scaleR b x) = scaleR (a
* b) (x::- nonzero)
by transfer auto

instance nonzero :: (euclidean-space) second-countable-topology
proof standard
from ez-countable-basisiwhere ‘a='a] obtain A::'a set set where countable A
topological-basis A
by auto
define B where B = (AX. Abs-nonzero ‘ (X — {0})) ‘ A
have [transfer-rule]: rel-set (rel-set (pcr-nonzero (=))) (A X. X — {0})‘A) B
by (clarsimp simp: B-def rel-set-def per-nonzero-def OO-def cr-nonzero-def)
(metis Abs-nonzero-inverse Diff-iff UNIV-I singleton-iff)
from <topological-basis A»
have topological-basis B
unfolding topological-basis-def
apply transfer
apply safe
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apply force
subgoal for X

apply (drule spec[where z=X])
apply clarsimp
subgoal for B’
apply (rule exI[where z=B")
by auto
done
done
then show 3 B::’a nonzero set set. countable B N\ open = generate-topology B
apply (intro exI[where z=B])
by (auto simp add: B-def <countable Ay topological-basis-imp-subbasis)
qed

12.2 Quotient

inductive proj-rel :: ’a::euclidean-space nonzero = 'a nonzero = bool for x where
¢ # 0 = proj-rel z (¢ *xg x)

lemma proj-rel-parametric: (pcr-nonzero A ===> pcr-nonzero A ===> (=))
proj-rel proj-rel
if [transfer-rule]: ((=) ===> per-nonzero A ===> pcr-nonzero A) (xg) (*r)

bi-unique A
unfolding proj-rel.simps
by transfer-prover

quotient-type (overloaded) 'a proj-space = (‘a::euclidean-space x real) nonzero
/ proj-rel
morphisms rep-proj Proj
parametric proj-rel-parametric
proof (rule equivpl)
show reflp proj-rel
using proj-rel.intros[where c=1, simplified] by (auto simp: reflp-def)
show symp proj-rel
unfolding symp-def
apply (auto elim!: proj-rel.cases)
subgoal for z ¢
by (rule proj-rel.intros|of inverse ¢ ¢ *r z, simplified))
done
show transp proj-rel
unfolding transp-def
by (auto elim!: proj-rel.cases introl: proj-rel.intros)
qed

lemma surj-Proj: surj Proj
apply safe
subgoal by force
subgoal for z by (induct z) auto
done
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definition proj-topology :: 'a::euclidean-space proj-space topology where
proj-topology = map-topology Proj euclidean

instantiation proj-space :: (euclidean-space) topological-space
begin

definition open-proj-space :: 'a proj-space set = bool where
open-proj-space = openin (map-topology Proj euclidean)

lemma topspace-map-Proj: topspace (map-topology Proj euclidean) = UNIV
using surj-Proj by auto

instance
apply (rule topological-space.intro-of-class)
unfolding open-proj-space-def
using surj-Proj
by (rule topological-space-quotient)

end

lemma open-vimage-Projl: open T = open (Proj —‘ T)

by (metis inf-top.right-neutral open-openin open-proj-space-def openin-map-topology
topspace-euclidean)
lemma open-vimage-ProjD: open (Proj — T) = open T

by (metis inf-top.right-neutral open-openin open-proj-space-def openin-map-topology
top.extremum topspace-euclidean topspace-map-Proj topspace-map-topology)
lemma open-vimage-Proj-iff [simp]: open (Proj —‘ T) = open T

by (auto simp: open-vimage-ProjI open-vimage-ProjD)

lemma euclidean-proj-space-def: euclidean = map-topology Proj euclidean
apply (auto simp: topology-eq-iff openin-map-topology)
subgoal for z by (induction z) auto
subgoal for - z by (induction z) auto
done

lemma continuous-on-proj-spacel: continuous-on (S) f if continuous-on (Proj —°
S) (f o Proj) open (S)

for f::- proj-space = -

by (metis (no-types, opaque-lifting) continuous-on-open-vimage open-vimage-Proj-iff
that vimage-Int vimage-comp)

lemma saturate-eq: Proj —‘ Proj ‘ X = (|J c€ UNIV—{0}. (xgr) ¢ ‘ X)
apply auto
subgoal for z y
proof —
assume Projx = Projyy e X
then have proj-rel x y using proj-space.abs-eq-iff by auto
then show ?thesis using <y € X
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by (force elim!: proj-rel.cases intro!: bexl[where z=inverse ¢ for c])
qed
subgoal for ¢ z
using proj-rel.intros|of ¢ z]
by (metis imagel proj-space.abs-eq-iff)
done

lemma open-scaling-nonzero: ¢ # 0 = open s = open ((xg) ¢ * s::'a::euclidean-space
nonzero set)
by transfer auto

12.3 Proof of Hausdorff property

lemma Proj-open-map: open (Proj ¢ X) if open X
proof —
note saturate-eqof X]
also have open ((|Jce UNIV — {0}. (xg) ¢ ‘ X))
apply (rule open-Union)
apply (rule)
apply (erule imageF)
apply simp
apply (rule open-scaling-nonzero)
apply (simp)
apply (rule that)

done
finally show ?thesis by simp
qed
lemma proj-rel-transfer|[transfer-rule:
(per-nonzero A ===> pcr-nonzero A ===> (=)) (Aza. Jc.a=srcz A c+#
0) proj-rel
if [transfer-rule]: ((=) ===> pcr-nonzero A ===> per-nonzero A) sr (*g)

bi-unique A
unfolding proj-rel.simps
by (transfer-prover)

lemma bool-auz: a A (¢ — b) «— a A b by auto

lemma closed-proj-rel: closed {(z::'a::euclidean-space nonzero, y::'a nonzero). proj-rel
z y}
proof —
have closed-proj-rel-euclidean:
JAB.0¢ ANO¢& BAopen ANopen BANa€e ANDeE BA
AXxBC—{(z,y) (&, y) ZONBec.c£0Ny=cxgz)}
if Nc.c£20=b#cxgaa#0b#0
for a b::'a
proof —— explicitly constructing open “cones” that are disjoint
define a! where al = a /g norm a
define b1 where b1 = b /g norm b
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have norm-al[simp]: norm al = 1 and norm-b1[simp|: norm bl = 1
using that
by (auto simp: al-def bi-def divide-simps)
have a-alt-def: a = norm a *r al and b-alt-def: b = norm b xp bl
using that
by (auto simp: al-def b1-def)
have al-neq-b1: al # bl al # —bl
using that(1)[of norm b / norm a] that(2—)
apply (auto simp: al-def bl-def divide-simps)
apply (metis divideR-right divide-inverse inverse-eq-divide norm-eq-zero
scaleR-scaleR)
by (metis (no-types, lifting) add.inverse-inverse b1-def b-alt-def inverse-eq-divide
scaleR-scaleR scale-eq-0-iff scale-minus-left that(1))
define e where e = (1/2) * (min 1 (min (dist al b1) (dist (—al) b1)))
have e-less: 2 x e < dist al bl 2 x e < dist (—al) bl e < 1
and e-pos: 0 < e
using that al-neq-bl1
by (auto simp: e-def min-def)
define A1 where A1 = ball al e N {z. norm z = 1}
define B! where BI = ball b1 e N {z. norm = = 1}
have disjoint: A1 N Bl = {} uminus ‘ A1 N Bl = {}
using e-less
apply (auto simp: Al-def B1-def mem-ball)
apply (smt (verit, best) dist-commute dist-triangle)
apply (smt (verit, ccfv-SIG) add-uminus-conv-diff diff-self dist-0-norm dist-add-cancel
dist-commute dist-norm
dist-triangle)
done
have norm-1: x € Al = normz = 1
z € Bl = normz = 1
for z
by (auto simp: Al-def B1-def)
define scales where scales X = {c *gp z |[cz. ¢ # 0 AN z € X} for X::'a set
have scales-mem: ¢ *p x € (scales X) «— z € (scales X) if ¢ # 0 for ¢ z X
apply (auto simp: scales-def)
apply (metis eq-vector-fraction-iff that)
apply (metis divisors-zero that)
done
define A where A = scales A1
define B where B = scales B1

from disjoint have A N B = {}
apply (auto simp: A-def B-def mem-ball scales-def, goal-cases)
by (smt (verit) disjoint-iff-not-equal imagel mult-cancel-right norm-1(1)
norm-1(2) norm-scaleR
scaleR-left.minus scale-left-imp-eq scale-minus-right)
have 0 ¢ A 0 ¢ B using e-less <a # 05 <b # O
by (auto simp: A-def B-def Al-def B1-def mem-ball al-def bl-def scales-def)

moreover
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let S = top-of-set {x. norm ¢ = 1}
have open-scales: open (scales X) if openin 25 X for X
proof —
have X1: 2 € X = norm ¢ = 1 for z using that by (auto simp:
openin-subtopology)
have 0 ¢ X using that by (auto simp: openin-subtopology)
have scales X = (Az. & /r norm z) —° (X U uminus * X) N (topspace
(top-of-set (UNIV — {0})))
apply (auto simp: scales-def)
subgoal for ¢ z using (0 ¢ X
apply (cases ¢ > 0)
by (auto simp: X1)
subgoal by (metis X1 norm-zero zero-neg-one)
subgoal for x
apply (rule exI[where z=norm z])
apply (rule exI[where z=x /r norm )
by auto
subgoal for z y apply (rule exI[where z=— norm z]) apply (rule
exl[where z=y))
apply auto
by (metis divideR-right norm-eq-zero scale-minus-right)
done
also have openin (top-of-set (UNIV — {0})) ...
proof —
have *: {y. inverse (norm y) x normy = 1} = UNIV — {0}
by auto
from that have openin 2S5 (uminus ‘ X)
apply (clarsimp simp: openin-subtopology)
by (auto simp: open-negations intro!: exI[where z=uminus ‘ T for T))
then have openin 25 (X U uminus ‘ X)
using <openin - X» by auto
from - this show ?thesis
apply (rule continuous-map-open)
apply (auto simp: continuous-map-def)
apply (subst(asm) openin-subtopology)
apply (auto simp: *)
apply (subst openin-subtopology)
apply clarsimp
subgoal for T
apply (rule exI[where z=(Az. z /g norm z) —* T N UNIV — {0}])
apply (auto simp: Diff-eq)
apply (rule open-continuous-vimage)
by (auto introl: continuous-intros)
done
qed
finally show ?thesis
apply (subst (asm) openin-subtopology)
by clarsimp auto
qed
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have openin 25 A1 openin 25 B1
by (auto simp: openin-subtopology A1-def B1-def)
from open-scales|OF this(1)] open-scales|OF this(2)]
have open A open B by (simp-all add: A-def B-def)
moreover
havea € Abe B
by (force simp: A-def B-def A1-def B1-def that e-pos scales-def intro: a-alt-def
b-alt-def )+
moreover
have Fulse if cxp p e Bpe A c# 0 for p ¢
using that <0 ¢ A» <0 ¢ By <AN B={h
by (auto simp: A-def B-def scales-mem)
then have A x BC — {(z, y). (z,y) # 0N 3c. c# 0Ny =cxpx)}
by (auto simp: prod-eq-iff)
ultimately show ¢thesis by blast
qged
show ?thesis
unfolding closed-def open-prod-def
apply transfer
apply (simp add: split-beta’ bool-auz pred-prod.simps)
apply (rule balll)
apply (clarsimp simp: pred-prod.simps|abs-def])
subgoal for a b
apply (subgoal-tac (\c. ¢ # 0 = b # ¢ %R a))
using closed-proj-rel-euclidean|of b a)
apply clarsimp
subgoal for A B
apply (rule exI[where z=A))
apply (auto intro!: exI[where z=B])
apply (auto simp: subset-iff prod-eq-iff)
by blast
subgoal by auto
done
done
qed

lemma closed-Proj-rel: closed {(z, y). Proj x = Proj y}
using closed-proj-rel
by (smt (verit) Collect-cong case-prodE case-prodI2 prod.inject proj-space.abs-eq-iff)

instance proj-space :: (euclidean-space) t2-space
apply (rule t2-space.intro-of-class)
using open-proj-space-def surj-Proj Proj-open-map closed-Proj-rel
by (rule t2-space-quotient)

instance proj-space :: (euclidean-space) second-countable-topology
apply (rule second-countable-topology.intro-of-class)
using open-proj-space-def surj-Proj Proj-open-map
by (rule second-countable-topology-quotient)
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12.4 Charts
12.4.1 Chart for last coordinate

lift-definition chart-last-nonzero :: ('a::euclidean-space x real) nonzero = 'a is
AMzye). z /g c.

lemma chart-last-nonzero-scaleR[simpl: ¢ # 0 = chart-last-nonzero (¢ *g n) =
chart-last-nonzero n
by (transfer) auto

lift-definition chart-last :: 'a::euclidean-space proj-space = 'a is chart-last-nonzero
by (erule proj-rel.cases) auto

lift-definition chart-last-inv-nonzero :: 'a = ('a::euclidean-spacex real) nonzero is
Az. (z, 1)
by (auto simp: zero-prod-def)

lift-definition chart-last-inv :: 'a = 'a::euclidean-space proj-space is chart-last-inv-nonzero

lift-definition chart-last-domain-nonzeroP :: (‘a::euclidean-spacexreal) nonzero
= bool is
Az. sndx # 0 .

lift-definition chart-last-domainP :: 'a::euclidean-space proj-space = bool is chart-last-domain-nonzeroP
unfolding rel-set-def
by (safe elim!: proj-rel.cases; (transfer,simp))

lemma open-chart-last-domain: open (Collect chart-last-domainP)

unfolding open-proj-space-def
unfolding openin-map-topology
apply auto subgoal for = apply (induction z) by auto
subgoal

apply transfer

apply transfer

unfolding Collect-conj-eq

apply (rule open-Int)

by (auto intro!: open-Collect-neq continuous-on-snd)
done

lemma Proj-vimage-chart-last-domainP: Proj —‘ Collect chart-last-domainP =
Collect (chart-last-domain-nonzeroP)
apply safe
subgoal by transfer’
subgoal for x
by auto transfer
done

lemma chart-last-continuous:
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notes [transfer-rule] = open-nonzero-openin-transfer

shows continuous-on (Collect chart-last-domainP) chart-last
apply (rule continuous-on-proj-spacel )

unfolding o-def chart-last.abs-eq Proj-vimage-chart-last-domainP
apply transfer

subgoal by (auto intro!: continuous-intros simp: split-beta)
subgoal by (rule open-chart-last-domain)

done

lemma chart-last-inv-continuous:

notes [transfer-rule] = open-nonzero-openin-transfer

shows continuous-on UNIV chart-last-inv

unfolding chart-last-inv-def map-fun-def comp-id

apply (rule continuous-on-compose)

subgoal by transfer (auto intro!: continuous-intros)

subgoal

by (metis continuous-on-open-vimage continuous-on-subset inf-top.right-neutral

open-UNIV open-vimage-Proj-iff top-greatest)

done

lemma proj-rel-iff: proj-rel a b +— (Fc¢#£0. b = ¢ *p a)
by (auto elim!: proj-rel.cases introl: proj-rel.intros)

lemma chart-last-inverse: chart-last-inv (chart-last ) = z if chart-last-domainP
x

using that

apply —

apply transfer

unfolding proj-rel-iff

apply transfer

apply (simp add: split-beta prod-eq-iff)

subgoal for z

by (rule exI[where z=snd z]) auto
done

lemma chart-last-inv-inverse: chart-last (chart-last-inv ) = x
apply transfer
apply transfer
by auto

lemma chart-last-domainP-chart-last-inv: chart-last-domainP (chart-last-inv )
apply transfer apply transfer by auto

lemma homeomorphism-chart-last:
homeomorphism (Collect chart-last-domainP) UNIV chart-last chart-last-inv
apply (auto simp: homeomorphism-def chart-last-inverse chart-last-inv-inverse
chart-last-continuous chart-last-inv-continuous)
subgoal
apply transfer apply transfer apply (auto simp: split-beta’)
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subgoal for z by (rule image-eql[where z=(z, 1)]) (auto simp: prod-eq-iff)
done
subgoal
apply transfer apply transfer by (auto simp: split-beta’)
subgoal for x
by (rule image-eql [where z=chart-last z]) (auto simp: chart-last-inverse)
done

lift-definition last-chart::('a::euclidean-space proj-space, 'a) chart is
(Collect chart-last-domainP, UNIV, chart-last, chart-last-inv)
using homeomorphism-chart-last open-chart-last-domain by auto

12.4.2 Charts for first DIM('a) coordinates

lift-definition chart-basis-nonzero :: 'a = ('a::euclidean-spacex real)nonzero = 'a
is
Ab. AMzye). (z+ (¢c—x-b) *xg b) /r (z D).

lift-definition chart-basis :: 'a = 'a::euclidean-space proj-space = 'a is
chart-basis-nonzero
apply (erule proj-rel.cases)
apply transfer
by (auto simp add: divide-simps algebra-simps)

lift-definition chart-basis-domain-nonzeroP :: 'a = ('a::euclidean-spacexreal) nonzero
= bool is
Ab (z,-). (z-b) £ 0.

lift-definition chart-basis-domainP :: 'a = 'a::euclidean-space proj-space = bool
is chart-basis-domain-nonzeroP

unfolding rel-set-def

apply (safe elim!: proj-rel.cases)

subgoal by transfer auto

subgoal by transfer auto

done

lemma Proj-vimage-chart-basis-domainP:

Proj —* Collect (chart-basis-domainP b) = Collect (chart-basis-domain-nonzeroP
b)

apply safe

subgoal by transfer’

subgoal for x

by auto transfer
done

lemma open-chart-basis-domain: open (Collect (chart-basis-domainP b))
unfolding open-proj-space-def
unfolding openin-map-topology
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apply auto subgoal for = apply (induction z) by auto
subgoal
apply transfer
apply transfer
unfolding Collect-conj-eq
apply (rule open-Int)
apply (auto introl: open-Collect-neq continuous-on-fst continuous-on-inner
stmp: split-beta)
done
done

lemma chart-basis-continuous:
notes [transfer-rule] = open-nonzero-openin-transfer
shows continuous-on (Collect (chart-basis-domainP b)) (chart-basis b)
apply (rule continuous-on-proj-spacel)
unfolding o-def chart-basis.abs-eq Proj-vimage-chart-basis-domainP
apply transfer
subgoal by (auto introl: continuous-intros simp: split-beta)
subgoal by (rule open-chart-basis-domain)
done

context
fixes b::'a::euclidean-space
assumes b: b € Basis
begin

lemma b-neq0: b # 0 using b by auto
lift-definition chart-basis-inv-nonzero :: '
is

Az. (x+ (1 —x-b)*xg b, z-0D)

apply (auto simp: zero-prod-def)

using b-neq0 using eg-neg-iff-add-eq-0 by force

a = ('a::euclidean-space X real) nonzero

lift-definition chart-basis-inv :: 'a = 'a::euclidean-space proj-space is
chart-basis-inv-nonzero .

lemma chart-basis-inv-continuous:

notes [transfer-rule] = open-nonzero-openin-transfer

shows continuous-on UNIV chart-basis-inv

unfolding chart-basis-inv-def map-fun-def comp-id

apply (rule continuous-on-compose)

subgoal by transfer (auto introl: continuous-intros)

subgoal
unfolding continuous-map-iff-continuous euclidean-proj-space-def
using continuous-on-open-invariant open-vimage-Proj-iff by blast

done
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lemma chart-basis-inv-inverse: chart-basis b (chart-basis-inv ) = x
apply transfer
apply transfer
using b-neq0 b
by (auto simp: algebra-simps divide-simps)

lemma chart-basis-inverse: chart-basis-inv (chart-basis b x) = z if chart-basis-domainP
bx
using that
apply transfer
unfolding proj-rel-iff
apply transfer
apply (simp add: split-beta prod-eq-iff)
subgoal for x
apply (rule exI[where x=fst z - b])
using b
by (simp add: algebra-simps)
done

lemma chart-basis-domainP-chart-basis-inv: chart-basis-domainP b (chart-basis-inv

z)

apply transfer apply transfer by (use b in <auto simp: algebra-simps»)

lemma homeomorphism-chart-basis:
homeomorphism ( Collect (chart-basis-domainP b)) UNIV (chart-basis b) chart-basis-inv
apply (auto simp: homeomorphism-def chart-basis-inverse chart-basis-inv-inverse
chart-basis-continuous chart-basis-inv-continuous)
subgoal
apply transfer apply transfer apply (auto simp: split-beta’)
subgoal for x
apply (rule image-eql[where z=(z + (I — (x - b)) xg b, z - b)])
using b
apply (auto simp add: algebra-simps divide-simps prod-eq-iff)
by (metis add.right-neutral b-neq0 inner-commute inner-eq-zero-iff inner-right-distrib
inner-zero-right)
done
subgoal
apply transfer apply transfer using b by (auto simp: split-beta’ algebra-simps)
subgoal for z
by (rule image-eql[where z=chart-basis b x]) (auto simp: chart-basis-inverse)
done

lift-definition basis-chart::('a proj-space, 'a) chart
is (Collect (chart-basis-domainP b), UNIV, chart-basis b, chart-basis-inv)

using homeomorphism-chart-basis by (auto simp: open-chart-basis-domain)

end
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12.4.3 Atlas

definition charts-proj-space = insert last-chart (basis-chart ¢ Basis)

lemma chart-last-basis-defined:
chart-last-domainP xa = chart-basis-domainP b ra = chart-last xa + b # 0
apply transfer apply transfer by (auto simp: prod-eq-iff)

lemma chart-basis-last-defined:

b € Basis = chart-last-domainP ra = chart-basis-domainP b xa = chart-basis
bxa-b+#0

apply transfer apply transfer

by (auto simp: prod-eg-iff algebra-simps)

lemma compat-last-chart: co—smooth-compat last-chart (basis-chart b)
if [transfer-rule]: b € Basis
unfolding smooth-compat-def
proof (transfer; auto)
have smooth-on {z. = - b # 0} (chart-basis b o chart-last-inv)
apply transfer
apply transfer
by (auto simp: o-def intro!: smooth-on-inverse smooth-on-scaleR smooth-on-inner
smooth-on-add
smooth-on-minus open-Collect-neq continuous-intros)
then show smooth-on (chart-last “ (Collect chart-last-domainP N Collect ( chart-basis-domainP
b)) (chart-basis b o chart-last-inv)
by (rule smooth-on-subset) (auto simp: chart-last-basis-defined)
next
have smooth-on {z. z - b # 0} (chart-last o chart-basis-inv b)
apply transfer
apply transfer
by (auto simp: o-def intro!: smooth-on-add smooth-on-scaleR smooth-on-minus
smooth-on-inverse
smooth-on-inner open-Collect-neq continuous-intros)
then show smooth-on (chart-basis b ¢ (Collect chart-last-domainP N Collect
(chart-basis-domainP b))) (chart-last o chart-basis-inv b)
by (rule smooth-on-subset) (auto simp: chart-basis-last-defined that)
qed

lemma smooth-on-basis-comp-inv: smooth-on {z. (x + (I — z - a) *xg a) - b # 0}
(chart-basis b o chart-basis-inv a)

if [transfer-rule]: a € Basis b € Basis

apply transfer

apply transfer

by (auto intro!: smooth-on-add smooth-on-scaleR smooth-on-minus smooth-on-inner
smooth-on-inverse

smooth-on-mult open-Collect-neq continuous-intros simp: o-def algebra-simps

inner-Basis)

lemma chart-basis-basis-defined:
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a # b => chart-basis-domainP a xa => chart-basis-domainP b xa => chart-basis
aza-b#0

if a € Basis b € Basis

using that

apply transfer

apply transfer

by (auto simp: algebra-simps inner-Basis prod-eg-iff)

lemma compat-basis-chart: oo—smooth-compat (basis-chart a) (basis-chart b)
if [transfer-rule]: a € Basis b € Basis
proof (cases a = b)
case True
then show ?thesis
by (auto simp: smooth-compat-refl)
next
case Fulse
then show ?thesis
unfolding smooth-compat-def
apply (transfer; auto)
subgoal
using smooth-on-basis-comp-inv|OF that]
apply (rule smooth-on-subset)
by (auto simp: algebra-simps inner-Basis chart-basis-basis-defined that)
subgoal
using smooth-on-basis-comp-inv[OF that(2,1)]
apply (rule smooth-on-subset)
by (auto simp: algebra-simps inner-Basis chart-basis-basis-defined that)
done
qed

lemma c-manifold-proj-space: c-manifold charts-proj-space oo
by standard
(auto simp: charts-proj-space-def smooth-compat-refl smooth-compat-commaute

compat-last-chart
compat-basis-chart)

end
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