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Abstract

This is a formalisation of Schutz’ system of axioms for Minkowski
spacetime [1], as well as the results in his third chapter (“Temporal
Order on a Path”), with the exception of the second part of Theorem
12. Many results are proven here that cannot be found in Schutz, either
preceding the theorem they are needed for, or in their own thematic
section.
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theory TernaryOrdering
imports Util

begin

Definition of chains using an ordering on sets of events based on natural
numbers, plus some proofs.

1 Totally ordered chains

Based on page 110 of Phil Scott’s thesis and the following HOL Light defi-
nition:

let ORDERING = new_definition
‘ORDERING f X <=> (!n. (FINITE X ==> n < CARD X) ==> f n IN X)
/\ (!x. x IN X ==> ?n. (FINITE X ==> n < CARD X)
/\ fn=x)
/\ 'mn’ n’’. (FINITE X ==> n’’ < CARD X)
/A\n<n> /\n <n”
==> between (f n) (f n’) (f n’’)‘;;

I’'ve made it strict for simplicity, and because that’s how Schutz’s ordering
is. It could be made more generic by taking in the function corresponding
to < as a paramater. Main difference to Schutz: he has local order, not total
(cf Theorem 2 and local-ordering).

definition ordering :: (nat = ‘a) = (‘a = 'a = 'a = bool) = 'a set = bool
where
ordering f ord X = (Vn. (finite X — n < card X) — fn € X)
A VzeX. (3n. (finite X — n < card X) A fn = x))
ANNnn'n" (finite X — n” <card X) An<n'An" <n”

— ord (fn) (fn') (fn'))

lemma finite-ordering-intro:
assumes finite X
and Vn < card X. fne X
andVz e X.dn< card X. fn=1x
andVnn'n”. n<n' An' <n”An"<card X — ord (fn) (fn)) (fn”)
shows ordering f ord X
unfolding ordering-def by (simp add: assms)

lemma infinite-ordering-intro:
assumes infinite X
and Vn:nat. fne X
and Vz € X. Inunat. fn=1z



and Vnn'n”. n<n' An'<n” — ord (fn) (fn') (fn")
shows ordering f ord X
unfolding ordering-def by (simp add: assms)

lemma ordering-ord-ijk:
assumes ordering f ord X
and i < j A j < kA (finite X — k < card X)

shows ord (1) (/) (f k)
by (metis ordering-def assms)

lemma empty-ordering [simpl: 3f. ordering f ord {}
by (simp add: ordering-def)

lemma singleton-ordering [simp]: 3 f. ordering f ord {a}
apply (rule-tac x = An. a in exl)
by (simp add: ordering-def)

lemma two-ordering [simp]: 3 f. ordering f ord {a, b}
proof cases

assume a = b

thus ?thesis using singleton-ordering by simp
next

assume a-neg-b: a # b

let 9f = An. if n = 0 then a else b

have orderingl: (Vn. (finite {a,b} — n < card {a,b}) — ?f n € {a,b}) by
simp

have local-ordering: (¥ z€{a,b}. I n. (finite {a,b} — n < card {a,b}) A ?fn =
x

)

using a-neg-b all-not-in-conv card-Suc-eq card-0-eq card-gt-0-iff insert-iff lessl

by auto

have ordering3: (Yn n’ n”. (finite {a,b} — n"" < card {a,b}) An<n'An'<
7,L//

— ord (?fn) (?fn’) (?fn")) using a-neg-b by auto

have ordering ?f ord {a, b} using ordering-def ordering! local-ordering ordering3
by blast

thus ?thesis by auto
qed

lemma card-le2-ordering:

assumes finiteX: finite X

and card-le2: card X < 2

shows 3 f. ordering f ord X
proof —

have card012: card X = 0V card X = 1 V card X = 2 using card-le2 by auto

have card0: card X = 0 — ?thesis using finiteX by simp

have cardl: card X = 1 — ?thesis using card-eq-SucD by fastforce

have card2: card X = 2 — ?thesis by (metis two-ordering card-eq-SucD nu-
meral-2-eq-2)

thus ?thesis using card012 card0 cardl card2 by auto



qed

lemma ord-ordered:
assumes abc: ord a b ¢
and abc-neqg: a b ANa#cANb#c
shows 3 f. ordering f ord {a,b,c}
apply (rule-tac © = An. if n = 0 then a else if n = 1 then b else ¢ in exl)
apply (unfold ordering-def)
using abc abc-neq by auto

lemma overlap-ordering:
assumes abc: ord a b ¢
and bced: ord b ¢ d
and abd: ord a b d
and acd: ord a ¢ d
and abc-neg: a b ANa#cNatdNbFcNANbAdANcH#d
shows 3 f. ordering f ord {a,b,c,d}
proof —
let X = {a,b,c,d}
let ?f = An. if n = 0 then a else if n = 1 then b else if n = 2 then c else d
have card/: card ?X = / using abc bed abd abe-neq by simp
have orderingl: V n. (finite X — n < card ?X) — ?fn € ?X by simp
have local-ordering: Vz€?X. In. (finite X — n < card ?X) A ?fn =z
by (metis cardj One-nat-def Suc-1 Suc-less] empty-iff insertE numeral-3-eq-3
numeral-eq-iff
numeral-eq-one-iff rel-simps(51) semiring-norm(85) semiring-norm(86)
semiring-norm(87)
semiring-norm(89) zero-neg-numeral)
have ordering3: (Vn n' n". (finite 2X — n" < card ?X) An <n’An’<n"
— ord (¢ m) (7 n') (7 n"))
using card4 abc bed abd acd card-0-eq card-insert-if finite.emptyl finite-insert
less-antisym
less-one less-trans-Suc not-less-eq not-one-less-zero numeral-2-eq-2 by auto
have ordering ?f ord X using orderingl local-ordering ordering3 ordering-def
by blast
thus ?thesis by auto
qed

lemma overlap-ordering-alt1:

assumes abc: ord a b ¢
and bed: ord b ¢ d
and abc-bed-abd: ¥ abcd. ordabcANordbcecd— ordabd
and abc-bed-acd: VY abcd. ordabcecANordbcecd— ordacd
and ord-distinct: Va b c. (ordabec — a#bANa#cNb#c)

shows 3 f. ordering f ord {a,b,c,d}

by (metis (full-types) assms overlap-ordering)

lemma overlap-ordering-alt2:
assumes abc: ord a b ¢



and bed: ord b ¢ d

and abd: ord a b d

and acd: ord a ¢ d

and ord-distinct: Va bc. (ordabc— a#bANa#cANb#c)
shows 3f. ordering f ord {a,b,c,d}
by (metis assms overlap-ordering)

lemma overlap-ordering-alt:

assumes abc: ord a b ¢
and bcd: ord b ¢ d
and abc-bed-abd: VY abcd. ordabcANordbcecd — ordabd
and abc-bed-acd: Y abcd. ordabceNordbcd— ordacd
and abc-neg: a #FbANaFcNaFdANbFcANbFFdNcH#d

shows 3f. ordering f ord {a,b,c,d}

by (meson assms overlap-ordering)

The lemmas below are easy to prove for X = {}, and if I included that case
then I would have to write a conditional definition in place of {0..|X| — 1}.

lemma finite-ordering-img: [X # {}; finite X; ordering f ord X] = f “{0..card
X - 1}=X
by (force simp add: ordering-def image-def)

lemma inf-ordering-img: [infinite X; ordering f ord X] = f “{0..} = X
by (auto simp add: ordering-def image-def)

lemma inf-ordering-inv-img: [infinite X; ordering f ord X] = f —* X = {0..}
by (auto simp add: ordering-def image-def)

lemma inf-ordering-img-inv-img: [infinite X; ordering f ord X] = f“f —“ X =
X
using inf-ordering-img by auto

lemma finite-ordering-inj-on: [finite X; ordering f ord X]| = inj-on f {0..card X
-1}
by (metis finite-ordering-img Suc-diff-1 atLeastAtMost-iff card-atLeastAtMost
card-eq-0-iff
diff-0-eq-0 diff-zero eq-card-imp-inj-on grOI inj-onl le-0-eq)

lemma finite-ordering-bij:
assumes orderingX: ordering f ord X
and finiteX: finite X
and non-empty: X # {}
shows bij-betw f {0..card X — 1} X
proof —
have f-image: f ‘{0..card X — 1} = X by (metis orderingX finiteX finite-ordering-img
non-empty)
thus ?thesis by (metis inj-on-imp-bij-betw orderingX finiteX finite-ordering-inj-on)

qged



lemma inf-ordering-inj":
assumes infX: infinite X
and f-ord: ordering f ord X
and ord-distinct: Va b c. (ordabec — a#bANa#cNb#c)
and f-eq: fm = fn
shows m = n
proof (rule ccontr)
assume m-not-n: m # n
have betw-3n: Vann' n'. n<n’An'<n” — ord (fn) (fn') (fn”)
using f-ord by (simp add: ordering-def infX)
thus Fulse
proof cases
assume m-less-n: m < n
then obtain k¥ where n < k by auto
then have ord (f m) (f n) (f k) using m-less-n betw-3n by simp
then have fm # fn using ord-distinct by simp
thus ?thesis using f-eq by simp
next
assume °m < n
then have n-less-m: n < m using m-not-n by simp
then obtain & where m < k by auto
then have ord (f n) (f m) (f k) using n-less-m betw-3n by simp
then have fn # fm using ord-distinct by simp
thus ?thesis using f-eq by simp
qged
qed

lemma inf-ordering-inj:
assumes infinite X
and ordering f ord X
andVabe (ordabc—a#bANa#cNANb#c)
shows inj f
using inf-ordering-inj’ assms by (metis injl)

The finite case is a little more difficult as I can’t just choose some other
natural number to form the third part of the betweenness relation and the
initial simplification isn’t as nice. Note that I cannot prove inj f (over the
whole type that f is defined on, i.e. natural numbers), because I need to
capture the m and n that obey specific requirements for the finite case. In
order to prove inj f, I would have to extend the definition for ordering to
include m and n beyond card X, such that it is still injective. That would
probably not be very useful.

lemma finite-ordering-ing:

assumes finiteX: finite X
and f-ord: ordering f ord X

and ord-distinct: Va b c. (ordabec — a#bANa#cANb#c)
and m-less-card: m < card X



and n-less-card: n < card X
and f-eq¢: fm=fn
shows m = n
proof (rule ccontr)
assume m-not-n: m # n
have surj-f: VeeX. In<card X. fn =1z
using f-ord by (simp add: ordering-def finiteX)
have betw-3n: Vnn' n". n"” < card X An<n’An’"<n"— ord (fn) (fn')
(fn")
using f-ord by (simp add: ordering-def)
show Fulse
proof cases
assume card-le2: card X < 2
have card0: card X = 0 — False using m-less-card by simp
have cardi: card X = 1 — Fualse using m-less-card n-less-card m-not-n by
stmp
have card2: card X = 2 — False
proof (rule impl)
assume card-is-2: card X = 2
then have mn0l: m = 0 An=1V n=0 AN m = 1 using m-less-card
n-less-card m-not-n by auto
then have fm # fn using card-is-2 surj-f One-nat-def card-eq-SucD insertCI
less-2-cases numeral-2-eq-2 by (metis (no-types, lifting))
thus Fulse using f-eq by simp
qed
show Fulse using card0 cardl card2 card-le2 by simp
next
assume — card X < 2
then have card-ge3: card X > 3 by simp
thus Fulse
proof cases
assume m-less-n: m < n
then obtain k where k-pos: k <mV (m<kAk<n)V(n<kAk<
card X)
using is-free-nat m-less-n n-less-card card-ge3 by blast
have k1: k < m —ord (f k) (f m) (f n) using m-less-n n-less-card betw-3n
by simp
have k2: m < kA k <n — ord (f m) (fk) (f n) using m-less-n n-less-card
betw-3n by simp
have k3: n < kA k < card X — ord (fm) (fn) (fk) using m-less-n betw-3n
by simp
have fm # fn using k1 k2 k3 k-pos ord-distinct by auto
thus Fulse using f-eq by simp
next
assume - m < n
then have n-less-m: n < m using m-not-n by simp
then obtain k£ where k-pos: k <nV (n<kAk<m)V(im<kAk<
card X)
using is-free-nat n-less-m m-less-card card-ge3 by blast



have k1: k < n —ord (fk) (f n) (f m) using n-less-m m-less-card betw-3n
by simp
have k2: n < kAN k <m — ord (fn) (fk) (f m) using n-less-m m-less-card
betw-3n by simp
have k3: m < k Ak < card X — ord (f n) (f m) (f k) using n-less-m
betw-3n by simp
have fn # fm using kI k2 k3 k-pos ord-distinct by auto
thus Fulse using f-eq by simp
qed
qged
qged

lemma ordering-inj:

assumes ordering f ord X
andVabe (ordabec— a#bANa#cNb#c)
and finite X — m < card X
and finite X — n < card X
and fm=fn

shows m = n

using inf-ordering-inj’ finite-ordering-inj assms by blast

lemma ordering-sym:
assumes ord-sym: Na b c. ordabc = ordcba
and finite X
and ordering f ord X
shows ordering (An. f (card X — 1 — n)) ord X
unfolding ordering-def using assms(2)
apply auto
apply (metis ordering-def assms(3) card-0-eq card-gt-0-iff diff-Suc-less gr-implies-not0)
proof —
fix z
assume finite X
assume z € X
obtain n where finite X — n < card X and fn =z
by (metis ordering-def <z € X» assms(3))
have f (card X — ((card X — 1 —n) + 1)) ==
by (simp add: Suc-lel «fn = x> <finite X — n < card X> assms(2))
thus In<card X. f (card X — Sucn) =z
by (metis «<x € X» add.commute assms(2) card-Diff-singleton card-Suc-Diff1
diff-less-Suc plus-1-eq-Suc)
next
fix nn'n”
assume finite X
assume n'' < card X n < n’n’ < n'
have ord (f (card X — Suc n'")) (f (card X — Suc n")) (f (card X — Suc n))
using assms(3) unfolding ordering-def
using n < n'y <n’ < n'y «n” < card X» diff-less-mono2 by auto
thus ord (f (card X — Suc n)) (f (card X — Suc n’)) (f (card X — Suc n'’))
using ord-sym by blast
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qed

lemma zero-into-ordering:
assumes ordering f betw X
and X # {}
shows (f0) € X
using ordering-def
by (metis assms card-eq-0-iff gr-implies-not0 linorder-neqE-nat)

2 Locally ordered chains

Definitions for Schutz-like chains, with local order only.

definition local-ordering :: (nat = 'a) = (‘a = 'a = 'a = bool) = 'a set = bool
where local-ordering f ord X
= (Vn. (finite X — n < card X) — fne X) A
(VzeX. In. (finite X — n < card X) A fn = z) A
(Vn. (finite X — Suc (Suc n) < card X) — ord (f n) (f (Suc n)) (f (Suc

(Suc n))))

lemma finite-local-ordering-intro:
assumes finite X
andVn < card X. fne X
andVze X.dn< card X. fn=1x
and Vnn'n”. Sucn=n"ASucn’=n"ANn" < card X — ord (fn) (fn’')
(f n")
shows local-ordering f ord X
unfolding local-ordering-def by (simp add: assms)

lemma infinite-local-ordering-intro:
assumes infinite X
and Vn:nat. fne X
and Vz € X. dnunat. fn=1z
and Vo n'n'. Sucn=n"A Sucn’=n""— ord (fn) (fn') (fn")
shows local-ordering f ord X
using assms unfolding local-ordering-def by metis

lemma total-implies-local:
ordering f ord X = local-ordering f ord X
unfolding ordering-def local-ordering-def
using lessI by presburger

lemma ordering-ord-ijk-loc:
assumes local-ordering f ord X
and finite X — Suc (Suc i) < card X
shows ord (f i) (f (Suc 7)) (f (Suc (Suc 7)))

by (metis local-ordering-def assms)

lemma empty-ordering-loc [simpl:
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3f. local-ordering f ord {}
by (simp add: local-ordering-def)

lemma singleton-ordered-loc [simp]:
local-ordering f ord {f 0}
unfolding local-ordering-def by simp

lemma singleton-ordering-loc [simp]:
3f. local-ordering f ord {a}
using singleton-ordered-loc by fast

lemma two-ordered-loc:
assumes ¢ = f 0 and b = f 1
shows local-ordering f ord {a, b}
proof cases
assume a = b
thus ?thesis using assms singleton-ordered-loc by (metis insert-absorb2)
next
assume a-neq-b: a # b
hence (Vn. (finite {a,b} — n < card {a,b}) — fn € {a,b})
using assms by (metis One-nat-def card.infinite card-2-iff fact-0 fact-2 insert-iff
less-2-cases-iff)
moreover have (Vze{a,b}. In. (finite {a,b} — n < card {a,b}) A fn = x)
using assms a-neg-b all-not-in-conv card-Suc-eq card-0-eq card-gt-0-iff insert-iff
lessI by auto
moreover have (Vn. (finite {a,b} — Suc (Suc n) < card {a,b})
— ord (f n) (f (Suc n)) (f (Suc (Suc n))))
using a-neg-b by auto
ultimately have local-ordering f ord {a, b}
using local-ordering-def by blast
thus “thesis by auto
qed

lemma two-ordering-loc [simp]:
3f. local-ordering f ord {a, b}
using total-implies-local two-ordering by fastforce

lemma card-le2-ordering-loc:
assumes finiteX: finite X
and card-le2: card X < 2
shows 3 f. local-ordering f ord X
using assms total-implies-local card-le2-ordering by metis

lemma ord-ordered-loc:
assumes abc: ord a b ¢
and abc-neq: a FbANa#cNb#c
shows 3f. local-ordering f ord {a,b,c}
using assms total-implies-local ord-ordered by metis

12



lemma overlap-ordering-loc:
assumes abc: ord a b ¢
and bcd: ord b ¢ d
and abd: ord a b d
and acd: ord a ¢ d
and abc-neg: a b ANa#cNatdNbFcNANbAdNcH#d
shows 3 f. local-ordering f ord {a,b,c,d}
using overlap-ordering[OF assms| total-implies-local by blast

lemma ordering-sym-loc:
assumes ord-sym: Aa bc. ordabc= ordcba
and finite X
and local-ordering f ord X
shows local-ordering (An. f (card X — 1 — n)) ord X
unfolding local-ordering-def using assms(2) apply auto
apply (metis local-ordering-def assms(3) card-0-eq card-gt-0-iff diff-Suc-less gr-implies-not0)
proof —
fix z
assume finite X
assume z € X
obtain n where finite X — n < card X and fn =z
by (metis local-ordering-def <z € X» assms(3))
have f (card X — ((card X — 1 —n) + 1)) ==z
by (simp add: Suc-lel «fn = x> <finite X — n < card X)> assms(2))
thus In<card X. f (card X — Suc n) =z
by (metis <z € X» add.commute assms(2) card-Diff-singleton card-Suc-Diff1
diff-less-Suc plus-1-eq-Suc)
next
fix n
let Pn1 = Suc n
let ?n2 = Suc ?ni
assume finite X
assume Suc (Suc n) < card X
have ord (f (card X — Suc ?n2)) (f (card X — Suc ?n1)) (f (card X — Suc n))
using assms(3) unfolding local-ordering-def
using «Suc (Suc n) < card X» by (metis
Suc-diff-Suc Suc-lessD card-eq-0-iff card-gt-0-iff diff-less gr-implies-not0 zero-less-Suc)
thus ord (f (card X — Suc n)) (f (card X — Suc ?n1)) (f (card X — Suc ?n2))
using ord-sym by blast
qed

lemma zero-into-ordering-loc:
assumes local-ordering f betw X
and X # {}
shows (f0) € X
using local-ordering-def by (metis assms card-eq-0-iff gr-implies-not0 linorder-neqE-nat)

end
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theory Minkowski
imports TernaryOrdering
begin

Primitives and axioms as given in [1, pp. 9-17].

I’'ve tried to do little to no proofs in this file, and keep that in other files. So,
this is mostly locale and other definitions, except where it is nice to prove
something about definitional equivalence and the like (plus the intermediate
lemmas that are necessary for doing so).

Minkowski spacetime = (€, P,[...]) except in the notation here I've used
[...]] for [...] as Isabelle uses [...] for lists.

Except where stated otherwise all axioms are exactly as they appear in
Schutz97. It is the independent axiomatic system provided in the main body
of the book. The axioms O1-O6 are the axioms of order, and largely concern
properties of the betweenness relation. I1-17 are the axioms of incidence.
I1-13 are similar to axioms found in systems for Euclidean geometry. As
compared to Hilbert’s Foundations (HIn), our incidence axioms (In) are
loosely identifiable as 11 — HI3, HI8; 12 — HI1; I3 — HI2. 14 fixes the
dimension of the space. 15-17 are what makes our system non-Galilean, and
lead (I think) to Lorentz transforms (together with S?) and the ultimate
speed limit. Axioms S and C and the axioms of symmetry and continuity,
where the latter is what makes the system second order. Symmetry replaces
all of Hilbert’s axioms of congruence, when considered in the context of
I5-17.

3 MinkowskiPrimitive: 11-13

Events £, paths P, and sprays. Sprays only need to refer to £ and P. Axiom
in-path-event is covered in English by saying "a path is a set of events", but
is necessary to have explicitly as an axiom as the types do not force it to be
the case.

I think part of why Schutz has I1, together with the trickery [ E£{} | =

. in I4, is that then I4 talks only about dimension, and results such as
no-empty-paths can be proved using only existence of elements and unreach-
able sets. In our case, it’s also a question of ordering the sequence of axiom
introductions: dimension should really go at the end, since it is not needed
for quite a while; but many earlier proofs rely on the set of events being
non-empty. It may be nice to have the existence of paths as a separate ax-
iom too, which currently still relies on the axiom of dimension (Schutz has
no such axiom either).

locale MinkowskiPrimitive =
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fixes € :: 'a set
and P :: (‘a set) set
assumes in-path-event [simp]: [Q € P;a € Q] = a € &

and nonempty-events [simp]: € # {}

and events-paths: [a € E; b € E; a # b)) = FReEP.ISeP.a € RAbDE S
ANRNS#{}

and eg-paths [intro]: [P € P; Q € P;a€ P;be P;a€ Q; b€ Q; a# ]
= P=Q
begin

This should be ensured by the additional axiom.

lemma path-sub-events:
QeP= QC¢&
by (simp add: subsetl)

lemma paths-sub-power:
P C Pow &
by (simp add: path-sub-events subsetl)

Define path for more terse statements. a # b because a and b are being used
to identify the path, and a = b would not do that.

abbreviation path :: ‘a set = 'a = 'a = bool where
pathabab=abeP ANacabANbecabNha#b

abbreviation path-ex :: 'a = 'a = bool where
path-ex a b = 3 Q. path Q a b

lemma path-permute:
path ab a b = path ab b a
by auto

abbreviation path-of :: 'a = 'a = 'a set where
path-of a b = THE ab. path ab a b

lemma path-of-ex: path (path-of a b) a b +— path-ex a b
using thel’ [where P=MAz. path x a b] eg-paths by blast

lemma path-unique:
assumes path ab a b and path ab’ a b
shows ab = ab’
using eq-paths assms by blast

lemma paths-cross-once:

assumes path-Q: Q € P
and path-R: R € P
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and Q-ne¢-R: Q # R
and QR-nonempty: QNR # {}
shows 3lacf. QNR = {a}
proof —
have ab-inQR: Jacf. ac YNR using QR-nonempty in-path-event path-Q by
auto
then obtain a where a-event: ¢ € £ and a-inQR: a € QNER by auto
have QNR = {a}
proof (rule ccontr)
assume QNR # {a}
then have 3bcQNR. b # a using a-inQR by blast
then have () = R using eg-paths a-inQR path-Q path-R by auto
thus False using @Q-neg-R by simp
qed
thus “thesis using a-event by blast
qed

4 Primitives: Unreachable Subset (from an Event)

The @ € P A b € € constraints are necessary as the types as not expressive
enough to do it on their own. Schutz’s notation is: Q(b, ().

definition unreachable-subset :: 'a set = 'a = 'a set (<unreach—on - from -» 100,
100]) where
unreach—on @ from b = {z€Q. Q € PAbe ENDE QA —(path-ex b x)}

5 Primitives: Kinematic Triangle

definition kinematic-triangle :: 'a = 'a = 'a = bool (<A - - - [100, 100, 100]
100) where
kinematic-triangle a b ¢ =
acéENbeENceENaFEFbDNaF cNDFc
AN(3QeP.IREP. Q # RN (3SeP. Q#SAR#S
ANae QNbe @
ANa€RANceER
ANbeSAcedl))

A fuller, more explicit equivalent of /A, to show that the above definition is
sufficient.

lemma tri-full:
ANAabc=(aeENbeEENCcEENaAaFFDNaFcNDF#c
A(3QeP.3REP. Q #RAN(3SeP.Q#SANR#S
Na€eQANbeEQANCcE Q
ANa€RANceERANDER
ANbeESANceSANagh)))
unfolding kinematic-triangle-def by (meson path-unique)
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6 Primitives: SPRAY

It’s okay to not require z € £ because if ¢ £ the SPRAY will be empty
anyway, and if it’s nonempty then x € £ is derivable.

definition SPRAY :: 'a = ('a set) set where
SPRAY z = {RE€P. z € R}

definition spray :: ‘a = ’a set where
spray x = {y. 3RESPRAY z. y € R}

definition is-SPRAY :: ('a set) set = bool where
is-SPRAY S = 3Jzef. S = SPRAY z

definition is-spray :: ‘a set = bool where
is-spray S = Jze€. S = spray «

Some very simple SPRAY and spray lemmas below.

lemma SPRAY-event:
SPRAY z £ {} = z € &

proof (unfold SPRAY-def)
assume nonempty-SPRAY: {R € P. x € R} # {}
then have z-in-path-R: 3R € P. x € R by blast
thus z € £ using in-path-event by blast

qed

lemma SPRAY-nonevent:
r ¢ & = SPRAY z = {}
using SPRAY-event by auto

lemma SPRAY-path:
Pe SPRAYz = P e P
by (simp add: SPRAY-def)

lemma in-SPRAY-path:
P e SPRAYz — z € P
by (simp add: SPRAY-def)

lemma source-in-SPRAY:
SPRAY z # {} = 3P € SPRAY z. z € P
using in-SPRAY-path by auto

lemma spray-event:
sprayx = {} = z € &

proof (unfold spray-def)
assume {y. 3R € SPRAY z. y € R} # {}
then have 3y. 3R € SPRAY z. y € R by simp
then have SPRAY = # {} by blast
thus z € £ using SPRAY-event by simp
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qed

lemma spray-nonevent:
z ¢ &= spray z = {}
using spray-event by auto

lemma in-spray-event:
y € sprayx = y € £
proof (unfold spray-def)
assume y € {y. IRESPRAY z. y € R}
then have 3 RESPRAY z. y € R by (rule CollectD)
then obtain R where path-R: R € P
and y-inR: y € R using SPRAY-path by auto
thus y € £ using in-path-event by simp
qed

lemma source-in-spray:
spray ¢ # {} = x € spray z
proof —
assume nonempty-spray: spray ¢ # {}
have spray-eq: spray © = {y. IRESPRAY z. y € R} using spray-def by simp
then have ez-in-SPRAY-path: 3y. 3 RESPRAY z. y € R using nonempty-spray
by simp
show z € spray = using ezx-in-SPRAY-path spray-eq source-in-SPRAY by auto
qed

7 Primitives: Path (In)dependence

"A subset of three paths of a SPRAY is dependent if there is a path which
does not belong to the SPRAY and which contains one event from each of
the three paths: we also say any one of the three paths is dependent on the
other two. Otherwise the subset is independent." [Schutz97]

The definition of SPRAY constrains z, @, R, S to be in £ and P.

definition dep3-event Q R S x
= card {Q,R,S} = 3 A {Q,R,S} C SPRAY x
AN @BTeP. T ¢ SPRAY z N QNT#{} N RONT#{} N SNT#{})

definition dep3-spray Q R S SPR = 3x. SPRAY x = SPR A dep3-event Q R S x

definition dep3 Q R S = Jx. dep3-event Q R S x

Some very simple lemmas related to dep3-event.

lemma dep3-nonspray:
assumes dep3-event Q R S x
shows 3 PeP. P ¢ SPRAY z
by (metis assms dep3-event-def)
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lemma dep3-path:
assumes dep3-QRSz: depd Q R S
shows Q e PReP SeP
using assms dep3-event-def dep3-def SPRAY-path insert-subset by auto

lemma dep3-distinct:
assumes dep3-QRSz: dep3 Q R S
shows Q # R Q #SR#S
using assms dep3-def dep3-event-def by (simp-all add: card-3-dist)

lemma dep3-is-event:
dep3-event Q R St — z € &
using SPRAY-event dep3-event-def by auto

lemma dep3-event-old:
dep3-event Q RSz +— Q# RN Q#*SANR#SNQESPRAYz AN R €
SPRAY © N S € SPRAY ¢
ANBTeP. T ¢ SPRAY x A (3yeQ.ye T) AN (ByeR. ye T)
A (JyeS. ye T))
by (rule iffI; unfold dep3-event-def, (simp add: card-3-dist), blast)

lemma dep3-event-permute [no-atp):
assumes dep3-event Q@ R S x
shows dep3-event QQ S R x dep3-event R @ S x dep3-event R S Q «
dep3-event S Q R x dep3-event S R Q z
using dep3-event-old assms by auto

lemma dep3-permute [no-atp):
assumes dep3 Q R S
shows dep3 Q@ S R dep3 R Q S dep3 R S Q
and dep3 S Q R dep8 S R Q
using dep3-event-permute dep3-def assms by meson+

"We next give recursive definitions of dependence and independence which
will be used to characterize the concept of dimension. A path T is dependent
on the set of n paths (where n > 3)

S = {QZZ =1,2,...,n;Q; € SPRAYx}

if it is dependent on two paths S; and Ss, where each of these two paths is
dependent on some subset of n — 1 paths from the set S." [Schutz97]

inductive dep-path :: 'a set = ('a set) set = bool where
dep-3: dep3 T A B = dep-path T {A, B}
| dep-n: [dep8 T S1 S2; dep-path S1 S’ dep-path S2 S"; S C SPRAY u;
S’ CS; 8" CS; Suc (card S') = card S; Suc (card S"") = card 5] =
dep-path T S

lemma card-Suc-ez:
assumes card A = Suc (card B) BC A
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shows 3b. A = insert b B A b¢B
proof —
have finite A using assms(1) card-ge-0-finite card.infinite by fastforce
obtain b where bc A—B
by (metis Diff-eq-empty-iff all-not-in-conv assms n-not-Suc-n subset-antisym)
show 3b. A = insert b B A b¢B
proof
show A = insert b B A b¢B
using <beA—B) (finite A> assms
by (metis DiffD1 DiffD2 Diff-insert-absorb Diff-single-insert card-insert-disjoint
card-subset-eq insert-absorb rev-finite-subset)
qed
qed

lemma union-of-subsets-by-singleton:
assumes Suc (card S') = card S Suc (card S"") = card S
and S'#£ 85" S'CSS"CS
shows S'U §" =S
proof —
obtain z y where z: insert x S’ = S ¢S’ and y: insert y S” = S y¢S”
using assms(1,2,4,5) by (metis card-Suc-ex)
have z#£y using = y assms(3) by (metis insert-eq-iff)
thus ?thesis using x(1) y(1) by blast
qed

lemma dep-path-card-2: dep-path T S —> card S > 2
by (induct rule: dep-path.induct, simp add: dep3-def dep3-event-old, linarith)

"We also say that the set of n+1 paths SU{T} is a dependent set." [Schutz97]
Starting from this constructive definition, the below gives an analytical one.

definition dep-set :: (‘a set) set = bool where
dep-set S = 35'CS. IPe(S5-S"). dep-path P S’

Notice that the relation between dep-set and dep-path becomes somewhat
meaningless in the case where we apply dep-path to an element of the set.
This is because sets have no duplicate members, and we do not mirror the
idea that scalar multiples of vectors linearly depend on those vectors: paths
in a SPRAY are (in the R* model) already equivalence classes of vectors
that are scalar multiples of each other.
lemma dep-path-imp-dep-set:

assumes dep-path P S P¢S

shows dep-set (insert P S)
using assms dep-set-def by auto

lemma dep-path-for-set-members:
assumes PecS
shows dep-set S = dep-set (insert P S)
by (simp add: assms(1) insert-absorb)
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lemma dependent-superset:
assumes dep-set A and ACB
shows dep-set B
using assms dep-set-def
by (meson Diff-mono dual-order.trans in-mono order-refl)

lemma path-in-dep-set:
assumes dep3 P Q R
shows dep-set {P,Q,R}
using dep-3 assms dep3-def dep-set-def dep3-event-old
by (metis DiffI insert-iff singletonD subset-insert])

lemma path-in-dep-set2a:
assumes dep3 P Q R
shows dep-path P {P,Q,R}
proof
let 25’ = {P,R}
let 25" = {P,Q}
have all-neq: P#Q P#R R#(Q using assms dep3-def dep3-event-old by auto
show dep3 P Q R using assms dep3-event-def by (simp add: dep-3)
show dep-path Q ¢S’ using assms dep3-event-permute(2) dep-3 dep3-def by
meson
show dep-path R 25" using assms dep3-event-permute(4) dep-3 dep3-def by
meson
show 25’ C {P, Q, R} by simp
show 25" C {P, Q, R} by simp
show Suc (card ?2S') = card {P, @, R} Suc (card ?S"") = card {P, Q, R}
using all-neq card-insert-disjoint by auto
show {P, Q, R} C SPRAY (SOME z. dep3-event P Q R 1)
using assms dep3-def dep3-event-def by (metis some-eq-ex)
qed

definition indep-set :: (‘a set) set = bool where
indep-set S = — dep-set S

lemma no-dep-in-indep: indep-set S = —~(3T C S. dep-set T)
using indep-set-def dependent-superset by blast

lemma indep-set-alt-intro: =(3 T C S. dep-set T) = indep-set S
using indep-set-def by blast

lemma indep-set-alt: indep-set S +— (35’ C S. dep-set S’)
using no-dep-in-indep indep-set-alt-intro by blast

lemma dep-set S V indep-set S
by (simp add: indep-set-def)
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8 Primitives: 3-SPRAY

"We now make the following definition which enables us to specify the di-
mensions of Minkowski space-time. A SPRAY is a 3-SPRAY if: i) it contains
four independent paths, and ii) all paths of the SPRAY are dependent on
these four paths." [Schutz97]

definition n-SPRAY-basis :: nat = ’a set set = 'a = bool where
n-SPRAY-basis n S x = SCSPRAY z A card S = (Suc n) A indep-set S A
(VY PESPRAY x. dep-path P S)

definition n-SPRAY (+-—SPRAY -» [100,100]) where
n—SPRAY z = 3SCSPRAY z. card S = (Suc n) A indep-set S A (V PESPRAY
x. dep-path P S)

abbreviation three-SPRAY z = 3—SPRAY z

lemma n-SPRAY-intro:

assumes SCSPRAY z card S = (Suc n) indep-set SV PESPRAY z. dep-path P
S

shows n—SPRAY z

using assms n-SPRAY-def by blast

lemma three-SPRAY-alt:
three-SPRAY z = (351 52 83 S4.
S1 # S2 NS1#S8NS1#S54NS2#S8S3N82+#S4, NS3#S
A S1 € SPRAY x N 82 € SPRAY z N S8 € SPRAY x N S} € SPRAY z
A (indep-set {S1, 52, S3, S4})
A (VSESPRAY z. dep-path S {51,52,53,54}))
(is three-SPRAY x «+— ?three-SPRAY ' x)
proof
assume three-SPRAY z
then obtain S where ns: SCSPRAY x card S = j indep-set S ¥ PESPRAY .
dep-path P S
using n-SPRAY-def by auto
then obtain S; S, S3 S4; where
S = {Sl, SQ, 53, S4} and
51#Sg/\517é53/\31#34/\527553/\52#54/\537é54and
S1 € SPRAY x AN Sq € SPRAY x N S3 € SPRAY = A S4 € SPRAY
using card-4-eq by (smt (verit) insert-subset ns)
thus ?three-SPRAY ' z
by (metis ns(3,4))
next
assume ?three-SPRAY ' x
then obtain S; Sy S3 S4 where ns:
S1# S NS #S3NS1# S4 NS #83N82# 84 NS3# 8,
S1 € SPRAY x N Sy € SPRAY © AN S3 € SPRAY x N Sy € SPRAY
indep-set {S1, Sa, S3, Sa}
V¥V SeSPRAY z. dep-path S {51,52,53,54}
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by metis
show three-SPRAY x
apply (intro n-SPRAY-intro[of {S1, S2, S5, S4}])
by (simp add: ns)+
qed

lemma three-SPRAY-intro:
assumes SI # S2 AN S1 # S3 N S1 # 54 N S2 # 53 NS2 # 54 NS3 # 54
and S1 € SPRAY x N S2 € SPRAY z AN S8 € SPRAY = N S} € SPRAY x
and indep-set {S1, S2, 53, S4}
and VSe€SPRAY x. dep-path S {S1,52,53,54}
shows three-SPRAY x
unfolding three-SPRAY-alt by (metis assms)

Lemma is-three-SPRAY says "this set of sets of elements is a set of paths
which is a 3-SPRAY". Lemma three-SPRAY-ge/ just extracts a bit of the
definition.

definition is-three-SPRAY :: (‘a set) set = bool where
is-three-SPRAY S =3 z. § = SPRAY x N 8—SPRAY z

lemma three-SPRAY-ge4:

assumes three-SPRAY x

shows 3 Q1€P. 3Q2eP. IQ3€P. 3Q4eP. Q1 # Q2 N QI # Q3 N QI # Q4
NQ2ZF# Q3NQ2F# Q4 NQ3F Q4
using assms three-SPRAY-alt SPRAY-path by meson

end

9 MinkowskiBetweenness: O1-0O5

In O4, I have removed the requirement that a # d in order to prove negative
betweenness statements as Schutz does. For example, if we have [abc| and
[bca] we want to conclude [aba] and claim "contradiction!", but we can’t as
long as we mandate that a # d.

locale MinkowskiBetweenness = MinkowskiPrimitive +
fixes betw :: 'a = 'a = 'a = bool («[-;-;-])

assumes abc-ex-path: [a;b;c] = IQEP. a € QADE QAN cE Q
and abc-sym: [a;b;c] = [¢;b;a]
and abc-ac-neq: [a;b;c] = a # ¢
and abe-bed-abd [introl: [[a;b;c]; [b;¢;d]] = [a;b;d]
and some-betw: [Q € P;a € Q; b€ Q;¢c € @Q; a# by a#c¢;b# (]

= [a;b;c] V [b;c;a)l V [c;a;0)
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begin

The next few lemmas either provide the full axiom from the text derived from
a new simpler statement, or provide some very simple fundamental additions
which make sense to prove immediately before starting, usually related to
set-level things that should be true which fix the type-level ambiguity of ’a.

lemma betw-events:
assumes abe: [a;b;c]
showsa €c EAbDEeENCcEE
proof —
have 3QeP.a € QN b e Q A ¢ € Q using abc-ex-path abc by simp
thus “thesis using in-path-event by auto
qged

This shows the shorter version of O5 is equivalent.

lemma 05-still-O5 [no-atp):
(QePA{abecCQNacENDEENCEENAaADNaF cNbF )
— [asbic] V [bicia] V [c;a;0])
(QePA{abec} CQNacENDEENCEENAGEDNAaFE cNDF#C)
— [asbic] V [bscia] V [ciab] Vo [esbia] Vo [ase;b] Vo[biasc])
by (auto simp add: abc-sym)

lemma some-betw-zor:
[QePiac @Qbe QceQatbascb#
= ([a;b;c] A = [b;c;a] A = [c;a3D))
vV ([bic;a] A = [asbie] A = [c;a30))
V ([e;a;0] A = [asb;c] A = [bsc;al)
by (meson abc-ac-neq abe-bed-abd some-betw)

The lemma abc-abc-neq is the full O3 as stated by Schutz.

lemma abc-abe-neq:
assumes abe: [a;b;c]
shows a #bANa#cANb#c
using abc-sym abc-ac-neq assms abce-bed-abd by blast

lemma abc-bed-acd:

assumes abe: [a;b;c]
and bed: [b;c;d]

shows [a;c;d]

proof —
have cba: [¢;b;a] using abc-sym abc by simp
have dcb: [d;c;b] using abe-sym bed by simp
have [d;c;a] using abe-bed-abd deb cba by blast
thus ?thesis using abc-sym by simp

qed
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lemma abc-only-cba:
assumes [a;b;c]
shows — [b;a;c] = [a;c;b] — [b;c;a] = [e;a;d]
using abc-sym abc-abc-neq abe-bed-abd assms by blast+

10 Betweenness: Unreachable Subset Via a Path

definition unreachable-subset-via :: 'a set = 'a = 'a set = 'a = 'a set where
unreachable-subset-via Q Qa R x = {Qy. [z;Qy;Qa] A (3 RweR. Qa € unreach—on
Q from Rw A Qy € unreach—on Q from Rw)}

definition unreachable-subset-via-notation (<unreach—wvia - on - from - to -» [100,
100, 100, 100] 100)
where unreach—via P on Q from a to x = unreachable-subset-via Q a P x

11 Betweenness: Chains

named-theorems chain-defs
named-theorems chain-alts

11.1 Locally ordered chains with indexing
Definitions for Schutz’s chains, with local order only.

A chain can be: (i) a set of two distinct events connected by a path, or ...

definition short-ch :: 'a set = bool where
short-ch X = card X = 2 N (3PeP. X C P)

lemma short-ch-alt[chain-alts]:
short-ch X = (3z€X. JyeX. path-ex x y A ~(Iz2€X. 242 A 22£Y))
short-ch X = 3z y. X = {z,y} A path-ez  y)
unfolding short-ch-def
apply (simp add: card-2-iff ', smt (verit, ccfv-SIG) in-mono subsetl)
by (metis card-2-iff empty-subsetl insert-subset)

lemma short-ch-intros:
[zeX; yeX; path-ex z y; ~(Fz€X. 242 A 22£y)] = short-ch X
[X = {z,y}; path-ex x y] = short-ch X
by (auto simp: short-ch-alt)

lemma short-ch-path: short-ch {z,y} +— path-ex z y
unfolding short-ch-def by force

. a set of at least three events such that any three adjacent events are or-
dered. Notice infinite sets have card 0, because card gives a natural number
always.

definition local-long-ch-by-ord :: (nat = 'a) = 'a set = bool where
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local-long-ch-by-ord f X = (infinite X V card X > 3) A local-ordering f betw X

lemma local-long-ch-by-ord-alt [chain-alts]:
local-long-ch-by-ord f X =
(JzeX. FJyeX. FzeX. x#y A y#z A x#z A local-ordering f betw X)
(is - = ?ch f X)
proof
assume asm: local-long-ch-by-ord f X
{
assume card X > 3
then have 3z y z. z#y A y#z A x#z A {z,y,2}CX
apply (simp add: eval-nat-numeral)
by (auto simp add: card-le-Suc-iff)
} moreover {
assume infinite X
then have 3z y z. 2y A y#z A a#z A {z,y,2}CX
using inf-3-elms bot.extremum by fastforce
}

ultimately show ?ch f X using asm unfolding local-long-ch-by-ord-def by
auto
next
assume asm: ?ch f X
then obtain z y z where zyz: {z,y,2}CX ANz A yANy#zANz# 2
apply (simp add: eval-nat-numeral) by auto
hence card X > 8 V infinite X
apply (simp add: eval-nat-numeral)
by (smt (23) zyz card.empty card-insert-if card-subset finite.emptyl finite-insert
insertk
insert-absorb insert-not-empty)
thus local-long-ch-by-ord f X unfolding local-long-ch-by-ord-def using asm by
auto
qed

lemma short-zor-long:
shows short-ch Q = 3 f. local-long-ch-by-ord f Q
and local-long-ch-by-ord f ) = — short-ch @
unfolding chain-alts by (metis)+

Any short chain can have an “ordering” defined on it: this isn’t the ternary
ordering betw that is used for triplets of elements, but merely an index-
ing function that fixes the “direction” of the chain, i.e. maps 0 to one
element and 1 to the other. We define this in order to be able to unify
chain definitions with those for long chains. Thus the indexing function f
of short-ch-by-ord f () has a similar status to the ordering on a long chain
in many regards: e.g. it implies that f(0...|Q| —1) C Q.

definition short-ch-by-ord :: (nat="a) = 'a set = bool

where short-ch-by-ord f Q = Q = {f 0, f 1} A path-ex (f 0) (f 1)
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lemma short-ch-equiv [chain-alts]: 3 f. short-ch-by-ord f Q <— short-ch @
proof —
{ assume asm: short-ch Q
obtain z y where zy: {z,y}CQ path-ex z y
using asm short-ch-alt(2) by (auto simp: short-ch-def)
let 2f = An::nat. if n=0 then x else y
have 3f. 3z y. Q ={z, y} A f (0:nat) =z A f1 =yA(3Q. path Q z y))
apply (rule exI[of - ?f]) using asm xy short-ch-alt(2) by auto
} moreover {
fix f assume asm: short-ch-by-ord f Q
have card Q = 2 (3PeP. Q C P)
using asm short-ch-by-ord-def by auto
} ultimately show ?thesis by (metis short-ch-by-ord-def short-ch-def)
qed

lemma short-ch-card:
short-ch-by-ord f Q = card Q = 2
short-ch Q) = card Q = 2
using short-ch-by-ord-def short-ch-def short-ch-equiv by auto

lemma short-ch-sym:
assumes short-ch-by-ord f Q
shows short-ch-by-ord (An. if n=0 then f 1 else f 0) @
using assms unfolding short-ch-by-ord-def by auto

lemma short-ch-ord-in:
assumes short-ch-by-ord f Q
shows fO0 € Qf1 €@
using assms unfolding short-ch-by-ord-def by auto

Does this restrict chains to lie on paths? Proven in TemporalOrderingOnPath’s
Interlude!

definition ch-by-ord (<[-~~-]>) where
[f~X] = short-ch-by-ord f X V local-long-ch-by-ord f X

definition ch :: ‘a set = bool where ch X = 3 f. [f~X]

declare short-ch-def [chain-defs]
and local-long-ch-by-ord-def [chain-defs)
and ch-by-ord-def [chain-defs]
and short-ch-by-ord-def [chain-defs]

We include alternative definitions in the chain-defs set, because we do not
want arbitrary orderings to appear on short chains. Unless an ordering for
a short chain is explicitly written down by the user, we shouldn’t introduce
a short-ch-by-ord when e.g. unfolding.
lemma ch-alt[chain-defs]: ch X = short-ch X Vv (3 f. local-long-ch-by-ord f X)
unfolding ch-def ch-by-ord-def using chain-defs short-ch-intros(2)
by (smt (verit) short-ch-equiv)
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Since f(0) is always in the chain, and plays a special role particularly for
infinite chains (as the ’endpoint’, the non-finite edge) let us fix it straight in
the definition. Notice we require both infinite X and long-ch-by-ord, thus
circumventing infinite Isabelle sets having cardinality 0.

definition infinite-chain :: (nat = 'a) = 'a set = bool where
infinite-chain f Q = infinite Q A [f~Q)

declare infinite-chain-def [chain-defs]

lemma infinite-chain-alt[chain-alts]:
infinite-chain f Q <— infinite Q A local-ordering f betw @
unfolding chain-defs by fastforce

definition infinite-chain-with :: (nat = 'a) = 'a set = 'a = bool («[-~-|- .»)
where
infinite-chain-with f Q © = infinite-chain f Q N f0 = z

declare infinite-chain-with-def [chain-defs]

lemma infinite-chain f Q +— [f~Q|f 0.]]
by (simp add: infinite-chain-with-def)

definition finite-chain :: (nat = ‘a) = 'a set = bool where

finite-chain f Q = finite Q A [f~ Q)
declare finite-chain-def [chain-defs]

lemma finite-chain-alt[chain-alts]: finite-chain f Q +— short-ch-by-ord f Q V
(finite @ A local-long-ch-by-ord f Q)
unfolding chain-defs by auto

definition finite-chain-with :: (nat = 'a) = 'a set = 'a = 'a = bool (([-~-|- ..
-)>) where
[f~Q|z..y] = finite-chain f QAN fO =x A f (card @ — 1) =1y

declare finite-chain-with-def [chain-defs]

lemma finite-chain f Q +— [f~Q|f 0 .. f (card Q — 1)]
by (simp add: finite-chain-with-def)

lemma finite-chain-with-alt [chain-alts]:
[f~Q|z..2] +— (short-ch-by-ord f Q V (card Q > 3 A local-ordering f betw Q))
N
z=f0Nz=f(card Q@ — 1)
unfolding chain-defs
by (metis card.infinite finite.emptyl finite.insertl not-numeral-le-zero)

lemma finite-chain-with-cases:
assumes [f~Q|z..2]
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obtains

(short) x = f0 z = f (card @ — 1) short-ch-by-ord f Q
| (long) x = f0z=f (card Q — 1) card Q > 3 local-long-ch-by-ord f Q
using assms finite-chain-with-alt by (meson local-long-ch-by-ord-def)

definition finite-long-chain-with:: (nat="a) = 'a set = 'a = 'a = 'a = bool
(([-~>-|-emm]?)
where [f~Q|z..y..2] = [f~Q|z..2] A 2y A y#z N y€Q

declare finite-long-chain-with-def [chain-defs]

lemma points-in-chain:

assumes [f~Q|z..2]

shows z€Q N z€Q

apply (cases rule: finite-chain-with-cases|OF assms])

using short-ch-card(1) short-ch-ord-in by (simp add: chain-defs local-ordering-def|[of
[ betw Q)+

lemma points-in-long-chain:
assumes [f~Q|z..y..2]
shows z€(@ and ye@ and z€Q
using points-in-chain finite-long-chain-with-def assms by meson+

lemma finite-chain-with-card-lessS3:
assumes [f~Q|z..2]
and card @ < 8
shows short-ch-by-ord f Q z = f 1
proof —
show 1: short-ch-by-ord f @
using finite-chain-with-alt assms by simp

thus z = f 1
using assms(1) by (auto simp: eval-nat-numeral chain-defs)
qed

lemma ch-long-if-card-geq3:
assumes ch X
and card X > 3
shows 3 f. local-long-ch-by-ord f X
proof —
show 3 f. local-long-ch-by-ord f X
proof (rule ccontr)
assume A f. local-long-ch-by-ord f X
hence short-ch X
using assms(1) unfolding chain-defs by auto
obtain z y z where z€X A yeX A z€X and z#y A y#z N z#2
using assms(2) by (auto simp add: card-le-Suc-iff numeral-3-eq-3)
thus Fulse
using <short-ch X> by (metis short-ch-alt(1))
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qed
qed

lemma ch-short-if-card-less3:
assumes ch Q
and card Q < 8
and finite @
shows 3 f. short-ch-by-ord f Q
using short-ch-equiv finite-chain-with-card-less3
by (metis assms ch-alt diff-is-0-eq’ less-irrefl-nat local-long-ch-by-ord-def zero-less-diff)

lemma three-in-long-chain:
assumes local-long-ch-by-ord f X
obtains z y z where z€X and y€X and z€X and z#y and z#z and y#z
using assms(1) local-long-ch-by-ord-alt by auto

lemma short-ch-card-2:
assumes ch-by-ord f X
shows short-ch X +— card X = 2
using assms unfolding chain-defs using card-2-iff ' card-gt-0-iff by fastforce

lemma long-chain-card-geq:
assumes local-long-ch-by-ord f X and fin: finite X
shows card X > 3
proof —
obtain z y z where zyz: x€X ye X 2€ X and neq: x#y x#z y#z
using three-in-long-chain assms by blast
let 25 = {z,y,z}
have 25 C X
by (simp add: zyz)
moreover have card 25 > 3
using antisym <z # Y x # 2> Yy # 2 by auto
ultimately show ?thesis
by (meson neq fin three-subset)
qed

lemma fin-chain-card-geq-2:
assumes [f~X]a..b]
shows card X > 2
using finite-chain-with-def apply (cases short-ch X)
using short-ch-card-2
apply (metis dual-order.eq-iff short-ch-def)
using assms chain-defs not-less by fastforce
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12 Betweenness: Rays and Intervals

“Given any two distinct events a,b of a path we define the segment (ab) =
{z :|azb], z € ab}" [Schutz97] Our version is a little different, because it is
defined for any a,b of type ‘a. Thus we can have empty set segments, while
Schutz can prove (once he proves path density) that segments are never
empty.
definition segment :: 'a = 'a = 'a set

where segment a b = {x::'a. Fab. [a;z;0] A z€ab A path ab a b}

abbreviation is-segment :: 'a set = bool
where is-segment ab = (a b. ab = segment a b)

definition interval :: 'a = 'a = 'a set
where interval a b = insert b (insert a (segment a b))

abbreviation is-interval :: ‘a set = bool
where is-interval ab = (Fa b. ab = interval a b)

definition prolongation :: 'a = 'a = 'a set
where prolongation a b = {z::'a. ab. [a;b;x] A x€Eab A path ab a b}

abbreviation is-prolongation :: 'a set = bool
where is-prolongation ab = Ja b. ab = prolongation a b

I think this is what Schutz actually meant, maybe there is a typo in the text?
Notice that b € ray a b for any a, always. Cf the comment on segment-def.
Thus Jray a b # {} is no guarantee that a path ab exists.

definition ray :: ‘a = 'a = 'a set
where ray a b = insert b (segment a b U prolongation a b)

abbreviation is-ray :: 'a set = bool
where is-ray R = dab. R=raya b

definition is-ray-on :: ‘a set = 'a set = bool
where is-ray-on R P = PeP AN RCP A is-ray R

This is as in Schutz. Notice b is not in the ray through b7

definition ray-Schutz :: 'a = 'a = ’a set
where ray-Schutz a b = insert a (segment a b U prolongation a b)

lemma ends-notin-segment: a ¢ segment a b N b & segment a b
using abc-abce-neq segment-def by fastforce

lemma ends-in-int: a € interval a b A b € interval a b
using interval-def by auto

lemma seg-betw: © € segment a b <— [a;x;b]
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using segment-def abc-abc-neq abc-ex-path by fastforce

lemma pro-betw: z € prolongation a b +— [a;b;z]
using prolongation-def abc-abc-neq abc-ex-path by fastforce

lemma seg-sym: segment a b = segment b a
using abc-sym segment-def by auto

lemma empty-segment: segment a a = {}
by (simp add: segment-def)

lemma int-sym: interval a b = interval b a
by (simp add: insert-commute interval-def seg-sym)

lemma seg-path:
assumes z € segment a b
obtains ab where path ab a b segment a b C ab
proof —
obtain ab where path ab a b
using abc-abc-neq abc-ex-path assms seg-betw
by meson
have segment a b C ab
using <path ab a by abc-ex-path path-unique seg-betw
by fastforce
thus ?thesis
using <path ab a by that by blast
qged

lemma seg-path2:
assumes segment a b # {}
obtains ab where path ab a b segment a b C ab
using assms seg-path by force

Path density (theorem 17) will extend this by weakening the assumptions
to segment a b # {}.

lemma seg-endpoints-on-path:
assumes card (segment a b) > 2 segment a b C P PEP
shows path P a b
proof —
have non-empty: segment a b # {} using assms(1) numeral-2-eq-2 by auto
then obtain ab where path ab a b segment a b C ab
using seg-path2 by force
have a#£b by (simp add: <path ab a b»)
obtain z y where z€segment a b yEsegment a b x#y
using assms(1) numeral-2-eq-2
by (metis card.infinite card-le-SucO-iff-eq not-less-eq-eq not-numeral-le-zero)
have [a;z;b]
using <x € segment a b> seg-betw by auto
have [a;y;]
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using <y € segment a b> seg-betw by auto
have zeP A yeP
using <z € segment a by <y € segment a by assms(2) by blast
have zcab N yecab
using «segment a b C aby «x € segment a by <y € segment a by by blast
have ab=P
using <path ab a by <z € P ANy € Py <x € ab A y € aby <x # y» assms(3)
path-unique by auto
thus ?thesis
using <path ab a by by auto
qed

lemma pro-path:
assumes x € prolongation a b
obtains ab where path ab a b prolongation a b C ab
proof —
obtain ab where path ab a b
using abc-abc-neq abc-ex-path assms pro-betw
by meson
have prolongation a b C ab
using <path ab a by abc-ex-path path-unique pro-betw
by fastforce
thus ?thesis
using <path ab a b> that by blast
qed

lemma ray-cases:
assumes z € ray a b
shows [a;z;b] V [a;b;2] V z = b
proof —
have zesegment a b V z€ prolongation a b V z=b
using assms ray-def by auto
thus [a;z;0] V [a;b;z] V2 =)
using pro-betw seg-betw by auto
qed

lemma ray-path:
assumes z € 1ay a b x#b
obtains ab where path ab a b A ray a b C ab
proof —
let r = ray a b
have ?r #£ {b}
using assms by blast
have Fab. path ab a b A ray a b C ab
proof —
have betw-cases: [a;x;b] V [a;b;x] using ray-cases assms
by blast
then obtain ab where path ab a b
using abc-abe-neq abe-ex-path by blast
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have ?r C ab using betw-cases
proof (rule disjE)
assume [a;z;0]
show 2r C ab
proof
fix z assume z€ ?r
show zcab
by (metis <path ab a b <z € ray a by abc-ex-path eq-paths ray-cases)
qed
next assume [a;b;z]
show 2r C ab
proof
fix © assume z€ ?r
show zecab
by (metis <path ab a by <z € ray a by abc-ex-path eq-paths ray-cases)
qed
qed
thus ?thesis
using <path ab a by by blast
qed
thus ?thesis
using that by blast
qed

end

13 MinkowskiChain: O6

O6 supposedly serves the same purpose as Pasch’s axiom.

locale MinkowskiChain = MinkowskiBetweenness +
assumes 06: [{Q,R,S,T} C P; card{Q,R,S} = 3; a € QNR; b € QNS; ¢ €
RNS; deSNT; eeRNT; [bic;d]; [c;e;a]
= 3feTNQ. g X. [g~~X]a..f..b]
begin

lemma O6-0ld: [Q e P, REP; SeP; TEP; Q#R; Q#S; R#S;a€ QNR
Abe QNS A ce RNS,

3deS. [bie;d] A (Je€eR. d € T AN e € T A [ceal)]

= 3feTNQ. 39 X. [g~~X]a..f..b]
using O6[of @ RS T a b ¢] by (metis Intl card-3-dist empty-subsetl insert-subset)

14 Chains: (Closest) Bounds

definition is-bound-f :: 'a = 'a set = (nat="'a) = bool where
is-bound-f Qp Q f =
Vijznat. [f~>QI(f 0).] A (i<j — [f 4 f7; Qb))
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definition is-bound where
is-bound Q, Q =
Af:(nat="a). is-bound-f Qp Q f

QQp has to be on the same path as the chain (). This is left implicit in the
betweenness condition (as is Qp € £). So this is equivalent to Schutz only if
we also assume his axioms, i.e. the statement of the continuity axiom is no
longer independent of other axioms.

definition all-bounds where
all-bounds Q = {Qyp. is-bound Q, Q}

definition bounded where
bounded @ = 3 Q. is-bound Qp Q

lemma bounded-imp-inf:
assumes bounded @)
shows infinite @
using assms bounded-def is-bound-def is-bound-f-def chain-defs by meson

definition closest-bound-f where
closest-bound-f Qp Q f =
Q//K/Ag///ﬁgﬁ;%g/ﬂgz;ﬁ/fﬂw%WW/MMZIW/}W/Q/
1s-bound-f Qy A\
NGB BTV IR W BN 1Dy 6 S o T o iy 10k s ooy oo
(V Qp'. (is-bound Qp' Q N Qv' # Qp) — [f 0; Qv; Qb))

definition closest-bound where
closest-bound Qp Q =

3f. is-bound-f Qp Q f
AN (Y Q. (is-bound Qy' Q@ N Qv # Qn) — [f 05 Qu; Qb'])

lemma closest-bound Q, Q = (3f. closest-bound-f Qy @ f)
unfolding closest-bound-f-def closest-bound-def by simp

end

15 MinkowskiUnreachable: 15-17

locale MinkowskiUnreachable = MinkowskiChain +
assumes [5: [Q € P; b € £—Q] = Fz y. {z,y} C unreach—on Q from b A
#Y
and 16: [Q € P; b € £E—Q; {Qz,Qz} C unreach—on Q from b; Qr#Qz]
— IX . [f~X|Qr..Q]
A (Vie{l .. card X — 1}. (f4) € unreach—on @Q from b
A (VY Quee. [f(i—1); Qu; fi] — Qy € unreach—on Q from b))
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and I7: [Q € P; b€ £—Q; Qz € Q — unreach—on Q from b; Qy € unreach—on
Q from 0]
= Jg X Qn. [g~~X|Qz..Qy..Qn] A Qn € Q — unreach—on Q from b
begin

lemma two-in-unreach:
[QeP;be&; bé¢ Q] = Tzcunreach—on Q from b. Jy€unreach—on Q from

b. x #y
using 15 by fastforce

lemma 16-old:
assumes Q € Pb¢ Qbe & Qr € (unreach—on Q from b) Qz € (unreach—on
Q from b) Qu# Qs
shows 3 X. 3f. ch-by-ord fX N fO =Qz A f (card X — 1) = Qz A
(Vie{l..card X — 1}. (f i) € unreach—on Q from b A (VY Qye€.
[f(i—1); Qu; fi] — Qy € unreach—on Q from b)) A
(short-ch X — QzeX A QzeX A (V Quel. [Qr;Qu;Qz] — Qy €
unreach—on @ from b))
proof —
from assms I6[of Q b Qz Qz] obtain f X
where fX: [f~X|Qz..Q7]
(Vie{l .. card X — 1}. (f i) € unreach—on @ from b A (V¥ Qye€.
[f(i—1); Qu; fi] — Qy € unreach—on Q from b))
using DiffI Un-Diff-cancel by blast
show ?thesis
proof ((rule exI)+, intro conjl, rule-tac[4] balll, rule-tac[5] impl; (intro congl)?)
show 1: [f~X] f0=Qzf (card X — 1) = Qz
using fX (1) chain-defs by meson+
{
fix ¢ assume i-asm: i€{I..card X — 1}
show 2: f i € unreach—on @ from b
using fX(2) i-asm by fastforce
show 3:V Quel. [f (i — 1);Qu;f i]| — Qy € unreach—on Q from b
using fX(2) i-asm by blast
H
assume X-asm: short-ch X
show 4: Qz € X Qz € X
using fX (1) points-in-chain by auto
have {I..card X—1} = {1}
using X-asm short-ch-alt(2) by force
thus 5: V Quel. [Qr;Qy;Qz] — Qy € unreach—on Q from b
using fX(2) 1(2,3) by auto

qed
qed

lemma 17-old:
assumes Q € P b¢ Qbe & Qr e Q — unreach—on Q from b Qy € unreach—on

Q from b
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shows 3¢ X Qn. [g~X|Qz..Qy..Qn] A Qn € Q — unreach—on Q from b
using I7 assms by auto

lemma card-unreach-geq-2:
assumes QP beE—Q
shows 2 < card (unreach—on @ from b) V (infinite (unreach—on @ from b))
using DiffD1 assms(1) assms(2) card-le-SucO-iff-eq two-in-unreach by fastforce

In order to more faithfully capture Schutz’ definition of unreachable subsets
via a path, we show that intersections of distinct paths are unique, and
then define a new notation that doesn’t carry the intersection of two paths
around.

lemma unreach-empty-on-same-path:

assumes PeP QP P=(Q

shows V z. unreach—via P on @Q from a to z = {}

unfolding unreachable-subset-via-notation-def unreachable-subset-via-def unreach-
able-subset-def

by (simp add: assms(3))

definition unreachable-subset-via-notation-2 (<unreach—wvia - on - from -» [100,
100, 100] 100)

where unreach—via P on @ from a = unreachable-subset-via Q a P (THE x.
z€EQNP)

lemma unreach-via-for-crossing-paths:
assumes PeP QP PNQ = {z}
shows unreach—via P on Q from a to x = unreach—via P on Q from a
unfolding unreachable-subset-via-notation-2-def is-singleton-def unreachable-subset-via-notation-def
using the-equality assms by (metis Int-commute empty-iff insert-iff)

end

16 MinkowskiSymmetry: Symmetry

locale MinkowskiSymmetry = MinkowskiUnreachable +
assumes Symmetry: [{Q,R,S} C P; card {Q,R,S} = 3;
z € QNRNS; Qa € Q5 Qa # ;

unreach—via R on Q from Q, = unreach—via S on Q from Q]

— 3d:'a="a. IR 1 i 5 78
o bij-betw AP {0 y | y. yeP}) PP JYMA iniisosss b ehiony
AN(yeQ — Py =y) TV Ntes 1 ety
. ANAP Ay |y yeP}) R =15 VY s B
egin

lemma Symmetry-old:
assumes Q e PRePSePQQ#RQ#SR#S
and z € QNRNS Q, € Q Q. # =
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and unreach—via R on @ from Q, to x = unreach—wvia S on @ from Q, to x
shows 39::"a="a. bij-betw (AP. {¥ y | y. yeP}) PP
AN(yeQ — Jdy=1y)
ANAP.{%y|y yeP}) R=1S
proof —
have QS: QNS = {z} and QR: QNR = {z}
using assms(1—7) paths-cross-once by (metis Int-iff empty-iff insertE)+
have unreach—via R on Q from Q, = unreach—via R on Q from Q. to x
using unreach-via-for-crossing-paths QR by (simp add: Int-commute assms(1,2))
moreover have unreach—via S on Q from Q, = unreach—uvia S on Q from Q,
tox
using unreach-via-for-crossing-paths QS by (simp add: Int-commute assms(1,3))
ultimately show ?thesis
using Symmetry assms by simp
qed

end

17 MinkowskiContinuity: Continuity
locale MinkowskiContinuity = MinkowskiSymmetry +

assumes Continuity: bounded Q = 3 Q. closest-bound Qp Q
18 MinkowskiSpacetime: Dimension (I4)

locale MinkowskiSpacetime = MinkowskiContinuity +

assumes ez-3SPRAY [simp]: [€ # {}] = Jz€€. 3—SPRAY z
begin

There exists an event by nonempty-events, and by ex-8SPRAY there is a
three-SPRAY, which by three-SPRAY-ge/ means that there are at least four
paths.

lemma four-paths:

FJQRIEP. 3Q2eP. AQ3€P. FQIEP. Q1 # Q2 N Q1 # Q3 N Q1 # Q4 N Q2
#F Q3N Q2 F Q4 N Q3 F Q4
using nonempty-events ex-3SPRAY three-SPRAY-ge4 by blast

end

end
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theory TemporalOrderOnPath
imports Minkowski HOL— Library.Disjoint-Sets
begin

In Schutz [1, pp. 18-30], this is “Chapter 3: Temporal order on a path”. All
theorems are from Schutz, all lemmas are either parts of the Schutz proofs ex-
tracted, or additional lemmas which needed to be added, with the exception
of the three transitivity lemmas leading to Theorem 9, which are given by
Schutz as well. Much of what we’d like to prove about chains with respect to
injectivity, surjectivity, bijectivity, is proved in TernaryOrdering.thy. Some
more things are proved in interlude sections.

19 Preliminary Results for Primitives

First some proofs that belong in this section but aren’t proved in the book
or are covered but in a different form or off-handed remark.

context MinkowskiPrimitive begin

lemma cross-once-notin:
assumes @ € P
and R € P
and a € Q
and b € @
and b € R
and a # b
and Q # R
shows a ¢ R

using assms paths-cross-once eq-paths by meson

lemma paths-cross-at:
assumes path-Q: @ € P and path-R: R € P
and @Q-neg-R: Q # R
and QR-nonempty: @ N R # {}
and z-in@: € @ and z-inR: ¢ € R
shows @ N R = {z}
proof (rule equalityl)
show Q N R C {z}
proof (rule subsetl, rule ccontr)
fix y
assume y-in-QR: y € Q N R
and y-not-in-just-z: y ¢ {z}
then have y-neq-z: y # x by simp
then have = (3z. @ N R = {z})
by (meson Q-neg-R path-Q path-R z-in@ x-inR y-in-QR cross-once-notin
IntD1 IntD2)

39



thus False using paths-cross-once by (meson QR-nonempty Q-neg-R path-Q
path-R)
qed
show {z} C @ N R using z-inQ z-inR by simp
qed

lemma events-distinct-paths:
assumes a-event: a € &
and b-event: b € £
and a-neq-b: a # b
shows JReP. ISeP.a € RAbeE SA(R#S — (3leccE. RN S = {c}))

by (metis events-paths assms paths-cross-once)

end
context MinkowskiBetweenness begin

lemma assumes [a;b;c] shows 3 f. local-long-ch-by-ord f {a,b,c}
using abc-abc-neq[OF assms| unfolding chain-defs
by (simp add: assms ord-ordered-loc)

lemma between-chain: [a;b;¢) = ch {a,b,c}
proof —
assume [a;b;c]
hence 3f. local-ordering f betw {a,b,c}
by (simp add: abc-abe-neq ord-ordered-loc)
hence 3f. local-long-ch-by-ord f {a,b,c}
using <[a;b;c]y abc-abe-neq local-long-ch-by-ord-def by auto
thus ?thesis
by (simp add: chain-defs)
qed

end

20 3.1 Order on a finite chain

context MinkowskiBetweenness begin

20.1 Theorem 1
See Minkowski.abc-only-cba. Proving it again here to show it can be done
following the prose in Schutz.

theorem theoreml [no-atp):
assumes abe: [a;b;c]
shows [c;b;a] A = [bye;a] A = [e;a;0]
proof —

have part-i: [¢;b;a] using abc abe-sym by simp
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have part-ii: — [b;c;al

proof (rule notl)
assume [b;c;al
then have [a;b;a] using abc abe-bed-abd by blast
thus Fulse using abc-ac-neq by blast

qed

have part-iii: = [c;a;b)

proof (rule notl)
assume [c;a;b)
then have [c;a;c] using abc abe-bed-abd by blast
thus False using abc-ac-neq by blast

qed

thus ?thesis using part-i part-it part-iii by auto

qed

20.2 Theorem 2

The lemma abc-bed-acd, equal to the start of Schutz’s proof, is given in
Minkowski in order to prove some equivalences. We’re splitting up Theorem
2 into two named results:

order-finite-chain there is a betweenness relation for each triple of adjacent events, and

indez-injective all events of a chain are distinct.

We will be following Schutz’ proof for both. Distinctness of chain events
is interpreted as injectivity of the indexing function (see indezx-injective):
we assume that this corresponds to what Schutz means by distinctness of
elements in a sequence.

For the case of two-element chains: the elements are distinct by definition,
and the statement on local-ordering is void (respectively, False — P for
any P). We exclude this case from our proof of order-finite-chain. Two
helper lemmas are provided, each capturing one of the proofs by induction
in Schutz’ writing.

lemma thm2-ind1:
assumes chX: local-long-ch-by-ord f X
and finiteX: finite X
shows Vji. ((iznat) <jANj<card X — 1) — |fi; f5;f G+ 1)]
proof (rule alll)+
let 7P = X i . [fi: [ ji [ (j+1)]
fix 7j
show (i<j A j<card X —1) — ?Pij
proof (induct j)
case (
show ?case by blast
next
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case (Suc j)
show ?case
proof (clarify)
assume asm: (<Suc j Suc j<card X —1
have pj: 2P j (Suc j)
using asm(2) chX less-diff-conv local-long-ch-by-ord-def local-ordering-def
by (metis Suc-eq-plusi)
have i<j V i=j using asm(1)
by linarith
thus ?P i (Suc j)
proof
assume i=j
hence Suc i = Suc j A Suc (Suc j) = Suc (Suc j)
by simp
thus ?P ¢ (Suc j)
using pj by auto
next
assume <j
have j < card X — 1
using asm(2) by linarith
thus ?P ¢ (Suc j)
using <)) Suc.hyps asm(1) asm(2) chX finiteX Suc-eq-plusl abc-bed-acd
pj
by presburger
qed
qed
qed
qed

lemma thm2-ind2:
assumes chX: local-long-ch-by-ord f X
and finiteX: finite X
shows Vm I. (0<(l-m) A (I-m) <INl < card X) — [f (I-m—1); f (I-m);
(1)
proof (rule alll)+
fix Im
let P =XKL [f (k—1);fk; [f]]
let %n = card X
let %k = (l::nat)—m
show 0 < kN %k <INI< %n — 9P %1
proof (induct m)
case (
show ?case by simp
next
case (Suc m)
show ?case
proof (clarify)
assume asm: 0 < [ — Sucml — Sucm <1l < ?n
have Suc m = 1 V Suc m > 1 by linarith
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thus [f (I — Sucm — 1); f (I — Suc m); f1] (is ?goal)
proof
assume Suc m = 1
show %goal
proof —
have | — Suc m < card X
using asm(2) asm(3) less-trans by blast
then show ?thesis
using <Suc m = 1» asm finiteX thm2-ind1 chX
using Suc-eq-plus! add-diff-inverse-nat diff-Suc-less
gr-implies-not-zero less-one plus-1-eq-Suc
by (smt local-long-ch-by-ord-def ordering-ord-ijk-loc)
qged
next
assume Suc m > 1
show ?goal
apply (rule-tac a=f1 and c=f(I — Suc m — 1) in abc-sym)
apply (rule-tac a=f 1 and c=f(I—Suc m) and d=f(I—Suc m—1) and
b=f(l—m) in abc-bed-acd)
proof —
have [f(I=m—1); f(I=m); f1]
using Suc.hyps <1 < Suc m) asm(1,3) by force
thus [f[; f(I — m); f(I — Suc m)]
using abc-sym One-nat-def diff-zero minus-nat.simps(2)
by metis
have Suc(l — Sucm — 1) =1 — Suc m Suc(l — Suc m) = l—-m
using Suc-pred asm(1) by presburger+
hence [f(I — Suc m — 1); f(I — Suc m); f(I — m)]
using chX unfolding local-long-ch-by-ord-def local-ordering-def
by (metis asm(2,3) less-trans-Suc)
thus [f(I — m); f(I — Suc m); f(I — Suc m — 1)]
using abc-sym by blast
qed
qed
qed
qed
qed

lemma thm2-ind2b:
assumes chX: local-long-ch-by-ord f X
and finiteX: finite X
and ordered-nats: 0<k N k<l Nl < card X
shows [/ (k—1); [ k; [ 1]
using thm2-ind2 finiteX chX ordered-nats
by (metis diff-diff-cancel less-imp-le)

This is Theorem 2 properly speaking, except for the "chain elements are dis-
tinct" part (which is proved as injectivity of the index later). Follows Schutz
fairly welll The statement Schutz proves under (i) is given in Minkowski-
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Betweenness.abc-bed-acd instead.

theorem order-finite-chain:
assumes chX: local-long-ch-by-ord f X
and finiteX: finite X
and ordered-nats: 0 < (iznat) N i <jAj<IANI<card X
shows [f i; f7; f ]
proof —
let %n = card X — 1
have ord1: 0<i A i<j A j<?n
using ordered-nats by linarith
have e2: [f4; f7; f (j+1)] using thm2-ind1
using Suc-eg-plus! chX finiteX ordl
by presburger
have e3: Vk. O0<k N k<l — [f (k=1); fk; f1]
using thm2-ind2b chX finiteX ordered-nats
by blast
have j<l—1 V j=I-1
using ordered-nats by linarith
thus ?thesis
proof
assume j<[—1
have [fj; f (j+1); f1]
using e3 abc-abc-neq ordered-nats
using <j < | — 1) less-diff-conv by auto
thus ?thesis
using e2 abc-bed-abd
by blast
next
assume j=[—1
thus ?thesis using e2
using ordered-nats by auto
qed
qed

corollary order-finite-chain2:
assumes chX: [f~X]
and finiteX: finite X
and ordered-nats: 0 < (iznat) N i <jANj<INI<card X
shows [f4; fj; /]
proof —
have card X > 2 using ordered-nats by (simp add: eval-nat-numeral)
thus ?thesis using order-finite-chain chain-defs short-ch-card(1) by (metis assms
nat-neq-iff)
qed

theorem index-injective:
fixes i::nat and j::nat
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assumes chX: local-long-ch-by-ord f X
and finiteX: finite X
and indices: i<j j<card X
shows fi # fj
proof (cases)
assume Suc i < j
then have [f i; f (Suc(7)); f ]
using order-finite-chain chX finiteX indices(2) by blast
then show ?thesis
using abc-abc-neq by blast
next
assume —Suc i < j
hence Suc i =j
using Suc-lessl indices(1) by blast
show ?thesis
proof (cases)
assume Suc j = card X
then have 0<1¢
proof —
have card X > 3
using assms(1) finiteX long-chain-card-geq by blast
thus ?thesis
using «Suc i = j» «Suc j = card X» by linarith
qed
then have [f 0; fi; f j]
using assms order-finite-chain by blast
thus ?thesis
using abc-abc-neq by blast
next
assume —Suc j = card X
then have Suc j < card X
using Suc-lessI indices(2) by blast
then have [f i; fj; f(Suc j)]
using chX finiteX indices(1) order-finite-chain by blast
thus ?Zthesis
using abc-abc-neq by blast
qged
qed

theorem index-injective?2:
fixes i:nat and j::nat
assumes chX: [f~X]
and finiteX: finite X
and indices: i<j j<card X
shows fi # fj
using assms(1) unfolding ch-by-ord-def
proof (rule disjE)
assume asm: short-ch-by-ord f X
hence card X = 2 using short-ch-card(1) by simp
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hence j=1 i=0 using indices plus-1-eq-Suc by auto

thus ?thesis using asm unfolding chain-defs by force
next

assume local-long-ch-by-ord f X thus ?thesis using indez-injective assms by
presburger
qed

Surjectivity of the index function is easily derived from the definition of
local-ordering, so we obtain bijectivity as an easy corollary to the second
part of Theorem 2.

corollary indez-bij-betw:
assumes chX: local-long-ch-by-ord f X
and finiteX: finite X
shows bij-betw f {0..<card X} X
proof (unfold bij-betw-def, (rule conjI))
show inj-on f {0..<card X}
using indez-injective|OF assms| by (metis (mono-tags) atLeastLessThan-iff
inj-onl nat-neq-iff)
{
fix n assume n € {0..<card X}
then have fn € X
using assms unfolding chain-defs local-ordering-def by auto
} moreover {
fix z assume z € X
then have 3n € {0..<card X}. fn =z
using assms unfolding chain-defs local-ordering-def
using atLeastLess Than-iff bot-nat-0.extremum by blast
} ultimately show f ‘ {0..<card X} = X by blast
qed

corollary index-bij-betw2:
assumes chX: [f~X]
and finiteX: finite X
shows bij-betw f {0..<card X} X
using assms(1) unfolding ch-by-ord-def
proof (rule disjE)
assume local-long-ch-by-ord f X
thus bij-betw f {0..<card X} X using index-bij-betw assms by presburger
next
assume asm: short-ch-by-ord f X
show bij-betw f {0..<card X} X
proof (unfold bij-betw-def, (rule conjl))
show inj-on f {0..<card X}
using index-injective2|OF assms] by (metis (mono-tags) atLeastLessThan-iff
inj-onl nat-neq-iff)
{
fix n assume asm2: n € {0..<card X}
have fn e X
using asm asm2 short-ch-card(1) apply (simp add: eval-nat-numeral)
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by (metis One-nat-def less-SucO less-antisym short-ch-ord-in)
} moreover {
fix x assume asm2: ¢ € X
have dn € {0..<card X}. fn ==
using short-ch-card(1) short-ch-by-ord-def asm asm2 atLeast0-lessThan-Suc
by (auto simp: eval-nat-numeral)[1]
} ultimately show f ‘ {0..<card X} = X by blast
qed
qed

20.3 Additional lemmas about chains

lemma first-neq-last:
assumes [f~Q|z..2]
shows z#2
apply (cases rule: finite-chain-with-cases|OF assms])
using chain-defs apply (metis Suc-1 card-2-iff diff-Suc-1)
using index-injective[of f Q 0 card Q — 1]
by (metis card.infinite diff-is-0-eq diff-less grOI le-trans less-imp-le-nat
less-numeral-extra(1) numeral-le-one-iff semiring-norm(70))

lemma index-middle-element:
assumes [f~X|a..b..c]
shows 3n. 0<n A n<(card X — 1) AN fn=1">
proof —
obtain n where n-def: n < card X fn =1»5
using local-ordering-def assms chain-defs by (metis two-ordered-loc)
have 0<n A n<(card X — 1) A fn=1>
using assms chain-defs n-def
by (metis (no-types, lifting) Suc-pred’ gr-implies-not0 less-SucE not-gr-zero)
thus ?thesis by blast
qed

Another corollary to Theorem 2, without mentioning indices.

corollary fin-ch-betw: [f~X|a..b..c] = [a;b;(]
using order-finite-chain2 index-middle-element
using finite-chain-def finite-chain-with-def finite-long-chain-with-def
by (metis (no-types, lifting) card-gt-0-iff diff-less empty-iff le-eq-less-or-eq less-one)

lemma long-chain-2-imp-3: [[f~X|a..c]; card X > 2] = 3 b. [f~X]a..b..(]
using points-in-chain first-neq-last finite-long-chain-with-def
by (metis card-2-iff ' numeral-less-iff semiring-norm(75,78))

lemma finite-chain2-betw: [[f~X|a..c]; card X > 2] = 3b. [a;b;]
using fin-ch-betw long-chain-2-imp-3 by metis
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lemma finite-long-chain-with-alt [chain-alts]: [f~ Q|x..y..2] «— [f~ Q|z..2] A [z;y;2]
N yeQ
proof
{
assume [f~Q|z .. 2] A [z;y;2] A y€Q
thus [f~Q|z..y..7]
using abc-abe-neq finite-long-chain-with-def by blast
H
assume asm: [f~ Q|z..y..7]
show [f~Q|z .. 2] A [z;y;2] A y€Q
using asm fin-ch-betw finite-long-chain-with-def by blast
}
qed

lemma finite-long-chain-with-card: [f~Q|z..y..z] = card @ > 3
unfolding chain-defs numeral-3-eq-3 by fastforce

lemma finite-long-chain-with-alt2:

assumes finite Q) local-long-ch-by-ord f Q f0 = x f (card Q — 1) = z [x;y;2] A
ye@

shows [f~Q|z..y..7]

using assms finite-chain-alt finite-chain-with-def finite-long-chain-with-alt by
blast

lemma finite-long-chain-with-alt3:

assumes finite @ local-long-ch-by-ord f Q f 0 = z f (card Q — 1) = z yF#z A
y#z N\ yeQ

shows [f~Q|z..y..7]

using assms finite-chain-alt finite-chain-with-def finite-long-chain-with-def by
auto

lemma chain-sym-obtain:
assumes [f~X|a..b..c]
obtains g where [g~X|c..b..a] and g=(An. f (card X — 1 — n))
using ordering-sym-loc[of betw X f] abc-sym assms unfolding chain-defs
using first-neg-last points-in-long-chain(3)
by (metis assms diff-self-eq-0 empty-iff finite-long-chain-with-def insert-iff mi-
nus-nat.diff-0)

lemma chain-sym:
assumes [f~X]|a..b..c]
shows [An. f (card X — 1 — n)~X|c..b..d]
using chain-sym-obtain [where f=f and a=a and b=> and c=c and X=X]
using assms(1) by blast
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lemma chain-sym2:
assumes [f~X]|a..c]
shows [An. f (card X — 1 — n)~X|c..q
proof —
{
assume asm: a = f0c=f (card X — 1)
and asm-short: short-ch-by-ord f X
hence cardX: card X = 2
using short-ch-card(1) by auto
hence ac: fO0=af1 =c¢c
by (simp add: asm)+
have n=1 V n=0 if n<card X for n
using cardX that by linarith
hence fn-eq: (An. if n = 0 then f 1 else f 0) = (An. f (card X — Suc n)) if
n<card X for n
by (metis One-nat-def Zero-not-Suc ac(2) asm(2) not-gr-zero old.nat.inject
zero-less-diff)
have ¢ = f (card X — 1 — 0) and a = f (card X — 1 — (card X — 1))
and short-ch-by-ord (An. f (card X — 1 — n)) X
apply (simp add: asm)+
using short-ch-sym|[OF asm-short] fn-eq <f 1 = ¢» asm(2) short-ch-by-ord-def
by fastforce
}
consider short-ch-by-ord f X|3b. [f~X|a..b..c|
using assms long-chain-2-imp-38 finite-chain-with-alt by fastforce
thus ?thesis
apply cases
using «Ja=f 0; c=f (card X—1); short-ch-by-ord f X] => short-ch-by-ord (An.
f (card X —1—n)) X
assms finite-chain-alt finite-chain-with-def apply auto[1]
using chain-sym finite-long-chain-with-alt by blast
qed

lemma chain-sym-obtain2:
assumes [f~X|a..c]

obtains g where [g~X|c..a] and g=(An. f (card X — 1 — n))
using assms chain-sym2 by auto

end

21 Preliminary Results for Kinematic Triangles
and Paths/Betweenness

Theorem 3 (collinearity) First we prove some lemmas that will be very help-
ful.

context MinkowskiPrimitive begin
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lemma triangle-permutes [no-atpl:
assumes A a b ¢
shows AacbAbacAbcalNcabAcba
using assms by (auto simp add: kinematic-triangle-def)+

lemma triangle-paths [no-atp):
assumes tri-abc: A a b ¢
shows path-ex a b path-ex a c path-ex b ¢
using tri-abc by (auto simp add: kinematic-triangle-def)+

lemma triangle-paths-unique:
assumes tri-abc: AN a b ¢
shows 3!ab. path ab a b
using path-unique tri-abe triangle-paths(1) by auto

The definition of the kinematic triangle says that there exist paths that a
and b pass through, and a and c¢ pass through etc that are not equal. But
we can show there is a unique ab that a and b pass through, and assuming
there is a path abc that a, b, c pass through, it must be unique. Therefore
ab = abc and ac = abe, but ab # ac, therefore False. Lemma tri-three-paths
is not in the books but might simplify some path obtaining.

lemma triangle-diff-paths:
assumes tri-abc: AN\ a b ¢
shows = (3QeP.a € QAbDE QA cE Q)
proof (rule notl)
assume not-thesis: 3QEP. a € QAL E QAN c e Q

then obtain abc where path-abc: abc € P A a € abc A b € abc A ¢ € abc by
auto

have abc-neq: a # b N a # ¢ A b # c using tri-abc kinematic-triangle-def by
stmp

have FabeP. FaceP. ab # acNa € abANb€abAa€acA c€ ac
using tri-abc kinematic-triangle-def by metis
then obtain ab ac where ab-ac-relate: ab € P A ac € P A ab # ac A {a,b} C
ab A {a,c} C ac
by blast
have 3!abeP. a € ab A b € ab using tri-abc triangle-paths-unique by blast
then have ab-eq-abc: ab = abc using path-abe ab-ac-relate by auto
have JlaceP. a € ac N\ b € ac using tri-abe triangle-paths-unique by blast
then have ac-eq-abc: ac = abc using path-abc ab-ac-relate eq-paths abc-neq by
auto
have ab = ac using ab-eq-abc ac-eq-abc by simp
thus Fualse using ab-ac-relate by simp
qed

lemma tri-three-paths [elim]:
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assumes tri-abc: N\ a b ¢

shows Jab bc ca. path ab a b A path bc b ¢ A path ca ¢ a A ab # be N\ ab # ca
A be # ca
using tri-abe triangle-diff-paths triangle-paths(2,3) triangle-paths-unique
by fastforce

lemma triangle-paths-neq:
assumes tri-abc: A a b ¢
and path-ab: path ab a b
and path-ac: path ac a c
shows ab # ac
using assms triangle-diff-paths by blast

end
context MinkowskiBetweenness begin

lemma abc-ez-path-unique:
assumes abe: [a;b;c]
shows F!1QeP.ac QANbE QANceEQ
proof —
have a-neg-c: a # c using abc-ac-neq abc by simp
have 3QeP. ac QAN be Q A ¢ € Q using abc-ex-path abc by simp
then obtain P () where path-P: P € P and abc-inP: a € PANb& PN ceP
and path-Q: @Q € P and abc-in-Q: a € QAN b€ QAN c € Q by
auto
then have P = () using a-neg-c eq-paths by blast
thus ?thesis using eq-paths a-neg-c using abc-inP path-P by auto
qed

lemma betw-c-in-path:
assumes abe: [a;b;c]
and path-ab: path ab a b
shows ¢ € ab

using eq-paths abc-ex-path assms by blast

lemma betw-b-in-path:
assumes abe: [a;b;c]
and path-ab: path ac a c
shows b € ac
using assms abc-ex-path-unique path-unique by blast

lemma betw-a-in-path:
assumes abe: [a;b;c]
and path-ab: path bc b ¢
shows a € bc
using assms abc-ex-path-unique path-unique by blast

lemma triangle-not-betw-abe:
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assumes tri-abc: N\ a b ¢
shows — [a;b;(]
using tri-abc abc-ex-path triangle-diff-paths by blast

lemma triangle-not-betw-ach:
assumes tri-abc: A a b ¢
shows — [a;c;b]
by (simp add: tri-abe triangle-not-betw-abc triangle-permutes(1))

lemma triangle-not-betw-bac:
assumes tri-abc: A a b ¢
shows — [b;a;c]
by (simp add: tri-abe triangle-not-betw-abe triangle-permutes(2))

lemma triangle-not-betw-any:
assumes tri-abc: A a b ¢
shows — (3de{a,b,c}. Tec{a,b,c}. Ife{a,b,c}. [d;e;f])
by (metis abc-ex-path abc-abe-neq empty-iff insertE tri-abe triangle-diff-paths)

end

22 3.2 First collinearity theorem

theorem (in MinkowskiChain) collinearity-alt2:
assumes tri-abc: AN a b ¢
and path-de: path de d e

and path-ab: path ab a b
and bed: [b;c;d]
and cea: [c;e;a]
shows 3 fedenab. [a;f;b]
proof —
have 3 feab N de. 3X ord. [ord~X]a..f..b]
proof —
have path-ez a ¢ using tri-abc triangle-paths(2) by auto
then obtain ac where path-ac: path ac a ¢ by auto
have path-ez b ¢ using tri-abe triangle-paths(3) by auto
then obtain bc where path-be: path be b ¢ by auto
have ab-neq-ac: ab # ac using triangle-paths-neq path-ab path-ac tri-abc by
fastforce
have ab-neq-bc: ab # be using eqg-paths ab-neg-ac path-ab path-ac path-bec by
blast
have ac-neq-be: ac # be using eq-paths ab-neq-be path-ab path-ac path-be by
blast
have d-in-bc: d € bc using bed betw-c-in-path path-be by blast
have e-in-ac: e € ac using betw-b-in-path cea path-ac by blast
show ?thesis
using O6-old [where Q = aband R = acand S = bc and T = de and a
=agand b =band ¢ = (]
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ab-neq-ac ab-neg-bc ac-neq-be path-ab path-be path-ac path-de bed cea
d-in-bc e-in-ac
by auto
qed

thus ?thesis using fin-ch-betw by blast
qed

theorem (in MinkowskiChain) collinearity-alt:
assumes tri-abc: A a b c

and path-de: path de d e
and bed: [b;c;d]
and cea: [c;e;al

shows 3 ab. path ab a b A (Ffedenad. [a;f;b])
proof —

have ez-path-ab: path-ex a b

using tri-abe triangle-paths-unique by blast
then obtain ab where path-ab: path ab a b
by blast

have 3fecab N de. 3X g. [g~~>X]a..f..b]
proof —

have path-ex a ¢ using tri-abc triangle-paths(2) by auto
then obtain ac where path-ac: path ac a ¢ by auto
have path-ez b ¢ using tri-abc triangle-paths(3) by auto
then obtain bc where path-bc: path be b ¢ by auto

have ab-neg-ac: ab # ac using triangle-paths-neq path-ab path-ac tri-abc by
fastforce

have ab-neq-be: ab # be using eq-paths ab-neg-ac path-ab path-ac path-bc by
blast

have ac-neq-bc: ac # be using eq-paths ab-neq-be path-ab path-ac path-bc by
blast

have d-in-bc: d € bc using bed betw-c-in-path path-be by blast
have e-in-ac: e € ac using betw-b-in-path cea path-ac by blast
show ?thesis

using O06-old [where @ = ab and R = acand S = bc and T = de and «a
=aand b =band ¢c = (]

ab-neq-ac ab-neg-bc ac-neq-be path-ab path-be path-ac path-de bed cea
d-in-bc e-in-ac

by auto
qed

thus ?thesis using fin-ch-betw path-ab by fastforce
qed

theorem (in MinkowskiChain) collinearity:
assumes tri-abc: A a b c

and path-de: path de d e
and bed: [b;c;d]

and cea: [c;e;qa]
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shows (3 fedeN(path-of a b). [a;f;b])
proof —
let ?ab = path-of a b
have path-ab: path ?ab a b
using tri-abe thel’ [OF triangle-paths-unique] by blast
have 3fe?ab N de. 3X ord. [ord~X|a..f..b]
proof —
have path-ez a ¢ using tri-abc triangle-paths(2) by auto
then obtain ac where path-ac: path ac a ¢ by auto
have path-ex b ¢ using tri-abe triangle-paths(3) by auto
then obtain bc where path-be: path be b ¢ by auto
have ab-neg-ac: ?ab # ac using triangle-paths-neq path-ab path-ac tri-abc by
fastforce
have ab-neg-bc: ?ab # be using eq-paths ab-neqg-ac path-ab path-ac path-bc by
blast
have ac-neq-bc: ac # be using eq-paths ab-neq-be path-ab path-ac path-bec by
blast
have d-in-bc: d € bc using bed betw-c-in-path path-be by blast
have e-in-ac: e € ac using betw-b-in-path cea path-ac by blast
show ?thesis
using O6-old [where ) = %aband R = acand S = bc and T = de and a
=gand b =band ¢ = (]
ab-neq-ac ab-neg-bc ac-neq-bec path-ab path-be path-ac path-de bed cea
d-in-bc e-in-ac
Intl Int-commute
by (metis (no-types, lifting))
qed
thus ?thesis using fin-ch-betw by blast
qed

23 Additional results for Paths and Unreachables

context MinkowskiPrimitive begin

The degenerate case.

lemma big-bang:
assumes no-paths: P = {}
shows Ja. £ = {a}
proof —
have Ja. a € £ using nonempty-events by blast
then obtain a where a-event: a € £ by auto
have — (3be€. b # a)
proof (rule notl)
assume 3 be€. b # a
then have 3 Q. @ € P using events-paths a-event by auto
thus False using no-paths by simp
qed
then have Vbe€. b = a by simp
thus ?thesis using a-event by auto
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qed

lemma two-events-then-path:
assumes two-events: Ja€f. FbEE. a # b
shows 3Q. Q € P
proof —
have (Va. £ # {a}) — P # {} using big-bang by blast
then have P # {} using two-events by blast
thus ?thesis by blast
qed

lemma paths-are-events: ¥V QEP. VacQ. a € €
by simp

lemma same-empty-unreach:

[Q € P; a € Q] = unreach—on Q from a = {}
apply (unfold unreachable-subset-def)
by simp

lemma same-path-reachable:
[QeP;ae @;be Q] = a € Q — unreach—on Q from b
by (simp add: same-empty-unreach)

If we have two paths crossing and a is on the crossing point, and b is on one
of the paths, then a is in the reachable part of the path b is on.

lemma same-path-reachable2:
[QeP, ReP;a€ Q;a€R;be Q) = a€ R — unreach—on R from b
unfolding unreachable-subset-def by blast

lemma cross-in-reachable:
assumes path-Q: Q € P
and a-inQ: a € Q
and b-inQ: b € Q
and b-inR: b € R
shows b € R — unreach—on R from a
unfolding unreachable-subset-def using a-inQ b-inQ b-inR path-Q by auto

lemma reachable-path:
assumes path-Q: Q € P
and b-event: b € £
and a-reachable: a € QQ — unreach—on Q from b
shows JREP.a € RAbER
proof —
have a-in@: a € @ using a-reachable by simp
have Q¢ PVb¢gEVDbe QV (AREP.bE RN a € R)
using a-reachable unreachable-subset-def by auto
then have b € Q V (3REP. b € R A a € R) using path-Q b-event by simp
thus ?thesis
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proof (rule disjE)

assume b € Q

thus ?thesis using a-inQ path-Q by auto
next

assume JREP. b e RANa € R

thus ?thesis using conj-commute by simp
qed

qed

end
context MinkowskiBetweenness begin

lemma ord-path-of:
assumes [a;b;c]
shows a € path-of b ¢ b € path-of a ¢ ¢ € path-of a b
and path-of a b = path-of a c path-of a b = path-of b c
proof —
show a € path-of b ¢
using betw-a-in-path[of a b ¢ path-of b c| path-of-ex abc-ex-path-unique abc-abe-neq
assms
by (smt (23) betw-a-in-path thel-equality)
show b € path-of a ¢
using betw-b-in-path[of a b ¢ path-of a c| path-of-ex abc-ex-path-unique abc-abe-neq
assms
by (smt (23) betw-b-in-path thel-equality)
show ¢ € path-of a b
using betw-c-in-path[of a b ¢ path-of a b] path-of-ex abc-ex-path-unique abc-abe-neq
assms
by (smt (23) betw-c-in-path thel-equality)
show path-of a b = path-of a ¢
by (metis (mono-tags) abc-ac-neq assms betw-b-in-path betw-c-in-path ends-notin-segment
seg-betw)
show path-of a b = path-of b c
by (metis (mono-tags) assms betw-a-in-path betw-c-in-path ends-notin-segment
seg-betw)
qed

Schutz defines chains as subsets of paths. The result below proves that even
though we do not include this fact in our definition, it still holds, at least
for finite chains.

Notice that this whole proof would be unnecessary if including path-belongingness
in the definition, as Schutz does. This would also keep path-belongingness
independent of axiom O1 and O4, thus enabling an independent statement

of axiom O6, which perhaps we now lose. In exchange, our definition is
slightly weaker (for card X > 3 and infinite X).

lemma obtain-index-fin-chain:
assumes [f~X] z€X finite X
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obtains ¢ where fi = z i<card X
proof —
have Ji<card X. fi =z
using assms(1) unfolding ch-by-ord-def
proof (rule disjE)
assume asm: short-ch-by-ord f X
hence card X = 2
using short-ch-card(1) by auto
thus Ji<card X. fi =1z
using asm assms(2) unfolding chain-defs by force
next
assume asm: local-long-ch-by-ord f X
thus Ji<card X. fi =1z
using asm assms(2,3) unfolding chain-defs local-ordering-def by blast
qed
thus ?thesis using that by blast
qed

lemma obtain-index-inf-chain:
assumes [f~X] z€X infinite X
obtains ¢ where fi =z
using assms unfolding chain-defs local-ordering-def by blast

lemma fin-chain-on-path2:
assumes [f~X] finite X
shows 3 PeP. XCP
using assms(1) unfolding ch-by-ord-def
proof (rule disjE)
assume short-ch-by-ord f X
thus ?thesis
using short-ch-by-ord-def by auto
next
assume asm: local-long-ch-by-ord f X
have [f 0;f 1;f 2]
using order-finite-chain asm assms(2) local-long-ch-by-ord-def by auto
then obtain P where PeP {f0,f1,f2} C P
by (meson abc-ex-path empty-subsetl insert-subset)
then have path P (f0) (f 1)
using «<[f 0;f 1;f 2]> by (simp add: abc-abc-neq)
{
fix z assume z€X
then obtain ¢ where i: fi = z i<card X
using obtain-indez-fin-chain assms by blast
consider (=0Vi=1|i>1 by linarith
hence zeP
proof (cases)
case 1 thus ?thesis
using (1) <{f 0, f1, f 2} C P> by auto
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next
case 2
hence [f 0;f 1;f 1]
using assms i(2) order-finite-chain2 by auto
hence {f 0,f 1,fi{}CP
using <path P (f 0) (f 1)» betw-c-in-path by blast
thus ?thesis by (simp add: i(1))
qed
}
thus ?thesis
using «P€P) by auto
qed

lemma fin-chain-on-path:
assumes [f~X] finite X
shows 3!PecP. XCP
proof —
obtain P where P: PcP XCP
using fin-chain-on-path2[OF assms] by auto
obtain a b where ab: a€ X be X a#b
using assms(1) unfolding chain-defs by (metis assms(2) insertCI three-in-set8)
thus ?thesis using P ab by (meson eg-paths in-mono)
qed

lemma fin-chain-on-path3:
assumes [f~X] finite X a€X beX a#b
shows X C path-of a b
proof —
let ?ab = path-of a b
obtain P where P: PP XCP using fin-chain-on-path2[OF assms(1,2)] by
auto
have path P a b using P assms(3—5) by auto
then have path ?ab a b using path-of-ex by blast
hence ?ab = P using eq-paths <path P a b> by auto
thus X C path-of a b using P by simp
qed

end
context MinkowskiUnreachable begin

First some basic facts about the primitive notions, which seem to belong
here. I don’t think any/all of these are explicitly proved in Schutz.

lemma no-empty-paths [simpl:
assumes QP

shows Q#{}
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proof —
obtain ¢ where a€€ using nonempty-events by blast
have a€@ V a¢ @ by auto
thus ?thesis
proof
assume ac Q)
thus ?thesis by blast
next
assume a¢ @
then obtain b where bcunreach—on Q from a
using two-in-unreach <a € &> assms
by blast
thus ?thesis
using unreachable-subset-def by auto
qed
qed

lemma events-ex-path:
assumes gel-path: P # {}
shows Vzef. 3QeP. z € Q

proof
fix z
assume z-event: © € £
have 3 Q. @ € P using gel-path using ex-in-conv by blast
then obtain ) where path-Q: Q € P by auto
then have Jy. y € @ using no-empty-paths by blast
then obtain y where y-inQ: y € @ by auto
then have y-ecvent: y € € using in-path-event path-@Q by simp
have 3 PcP. z € P
proof cases
assume = y
thus ?thesis using y-in@Q path-Q by auto
next
assume z # y
thus ?thesis using events-paths x-event y-event by auto
qged
thus 3 QeP. z € Q by simp
qed

lemma unreach-ge2-then-ge2:
assumes Jz€unreach—on @ from b. 3ycunreach—on Q from b. © # y
shows Jz€Q. Jyc@. z # y

using assms unreachable-subset-def by auto

This lemma just proves that the chain obtained to bound the unreachable
set of a path is indeed on that path. Extends I6; requires Theorem 2; used
in Theorem 13. Seems to be assumed in Schutz’ chain notation in I6.

lemma chain-on-path-16:
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assumes path-Q: QP
and event-b: b¢Q be€
and unreach: @, € unreach—on Q from b Q. € unreach—on @Q from b Q, #
Q-
and X-def: [f~X|Q...Q.]
(Vie{l .. card X — 1}. (f ) € unreach—on Q from b N (V¥ Qu€€.
[(f(i—1)); Qy; fi] — @y € unreach—on Q from b))
shows XCQ
proof —
have 1: path Q Q, @, using unreachable-subset-def unreach path-Q by simp
then have 2: Q = path-of Q. Q. using path-of-ex[of Q. Q.] by (meson eg-paths)
have XCpath-of Q. Q.
proof (rule fin-chain-on-path3[of f])
from unreach(3) show Q. # Q. by simp
from X-def chain-defs show [f~X] finite X by metis+
from assms(7) points-in-chain show Q, € X @, € X by auto
qed
thus ?thesis using 2 by simp
qed

end

24 Results about Paths as Sets

Note several of the following don’t need MinkowskiPrimitive, they are just
Set lemmas; nevertheless I'm naming them and writing them this way for
clarity.

context MinkowskiPrimitive begin

lemma distinct-paths:
assumes @ € P
and R € P
and d ¢ Q
and d € R
shows R # @

using assms by auto

lemma distinct-paths?2:
assumes @) € P
and R € P
anddd.d¢ QANd€ER
shows R # @
using assms by auto

lemma external-events-neq:

[QeP,ac @Q;be&bd Q] = a#bd
by auto
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lemma notin-cross-events-neq:
[QeP;, ReEP; Q#R;a€ Q;beE R, a¢ RNQ) = a# b
by blast

lemma nocross-events-neq:
[QeP, ReP,ac @Q;beE R RNQ={}] = a#b
by auto

Given a nonempty path ), and an external point d, we can find another
path R passing through d (by I2 aka events-paths). This path is distinct
from @, as it passes through a point external to it.

lemma external-path:
assumes path-Q: Q € P
and a-inQ: a € Q
and d-notin@: d ¢ Q
and d-event: d € £
shows 3ReP. d € R
proof —
have a-neg-d: a # d using a-in@Q d-notin@ by auto
thus 3 ReP. d € R using events-paths by (meson a-inQ d-event in-path-event
path-Q)
qed

lemma distinct-path:
assumes ) € P
and ¢ € @
and d ¢ Q
and d € &
shows IREP. R # @
using assms external-path by metis

lemma external-distinct-path:
assumes Q € P
and ¢ € @
and d ¢ Q
and d € &
shows FREP. R+ QAN dER
using assms external-path by fastforce

end

25 3.3 Boundedness of the unreachable set

25.1 Theorem 4 (boundedness of the unreachable set)

The same assumptions as 17, different conclusion. This doesn’t just give us
boundedness, it gives us another event outside of the unreachable set, as
long as we have one already. 17 conclusion: 3¢ X Qn. [g~X|Qz..Qy..Qn] A
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Qn € Q — unreach—on Q) from b

theorem (in MinkowskiUnreachable) unreachable-set-bounded:
assumes path-Q: Q € P
and b-nin-Q: b ¢ Q
and b-event: b € £
and Qz-reachable: Qr € @ — unreach—on Q from b
and Qy-unreachable: Qy € unreach—on @ from b
shows 3 Qz€ Q — unreach—on @ from b. [Qz;Qy;Qz] N Qr # Qz
using assms I7-old finite-long-chain-with-def fin-ch-betw
by (metis first-neg-last)

25.2 Theorem 5 (first existence theorem)

The lemma below is used in the contradiction in external-event, which is the
essential part to Theorem 5(i).

lemma (in MinkowskiUnreachable) only-one-path:
assumes path-Q: Q € P
and all-inQ: Vae€. a € Q
and path-R: R € P
shows R = @
proof (rule ccontr)
assume - R = @
then have R-neq-Q: R # @ by simp
have £ = @
by (simp add: all-in@ antisym path-Q path-sub-events subsetl)
hence RC(Q
using R-neq-Q path-R path-sub-events by auto
obtain ¢ where c¢R c€(Q
using (R C () by blast
then obtain a b where path R a b
using <& = @ path-R two-in-unreach unreach-ge2-then-ge2 by blast
have acQ beQ)
using € = @ «path R a by in-path-event by blast+
thus Fulse using eq-paths
using R-neq-Q <path R a b> path-Q by blast
qed

context MinkowskiSpacetime begin

Unfortunately, we cannot assume that a path exists without the axiom of
dimension.

lemma external-event:
assumes path-Q: Q € P
shows 3de€. d ¢ Q
proof (rule ccontr)
assume - (3de€. d ¢ Q)
then have all-inQ: Vde€. d € @ by simp
then have only-one-path: Y PEP. P = Q by (simp add: only-one-path path-Q)
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thus Fulse using ex-8SPRAY three-SPRAY-gej four-paths by auto
qed

Now we can prove the first part of the theorem’s conjunction. This follows
pretty much exactly the same pattern as the book, except it relies on more
intermediate lemmas.

theorem ge2-events:

assumes path-Q: Q € P

and a-inQ: a € Q

shows 3b€Q. b # a
proof —

have d-notinQ: 3de€. d ¢ Q using path-Q external-event by blast

then obtain d where d € £ and d ¢ @Q by auto

thus ?thesis using two-in-unreach [where @ = @ and b = d] path-Q un-
reach-ge2-then-ge2 by metis
qed

Simple corollary which is easier to use when we don’t have one event on a
path yet. Anything which uses this implicitly used no-empty-paths on top
of ge2-events.

lemma ge2-events-laz:
assumes path-Q: Q € P
shows Ja€@. 3b€Q. a # b
proof —
have 3 a€f. a € Q using path-Q no-empty-paths by (meson ex-in-conv in-path-event)
thus ?thesis using path-Q ge2-events by blast
qed

lemma ex-crossing-path:
assumes path-Q: Q € P
shows 3REP. R# Q A (3c.c€ RA c€ Q)
proof —
obtain ¢ where a-inQ: a € @ using ge2-events-lax path-Q by blast
obtain d where d-event: d € £
and d-notin@Q: d ¢ @ using external-event path-Q by auto
then have a # d using a-in(Q) by auto
then have ez-through-d: 3REP. 3SeP.a € RAde SARNS # {}
using events-paths [where a = a and b = d|
path-Q a-inQ in-path-event d-event by simp
then obtain R S where path-R: R € P
and path-S: S € P
and a-inR: a € R
and d-inS: d € S
and R-crosses-S: RN S # {} by auto
have S-neq-Q: S # @ using d-notin@ d-inS by auto
show ?thesis
proof cases
assume R = @
then have @ N S # {} using R-crosses-S by simp
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thus ?thesis using S-neq-Q path-S by blast
next
assume R # @
thus ?thesis using a-in@Q a-inR path-R by blast
qed
qed

If we have two paths @ and R with a on @ and b at the intersection of
Q@ and R, then by two-in-unreach (I5) and Theorem 4 (boundedness of the
unreachable set), there is an unreachable set from a on one side of b on R,
and on the other side of that there is an event which is reachable from a by
some path, which is the path we want.

lemma path-past-unreach:
assumes path-Q: Q € P
and path-R: R € P
and a-inQ: a € Q
and b-in@Q: b € Q
and b-inR: b € R
and @Q-neg-R: Q # R
and a-neq-b: a £ b
shows 35eP. S# QANae€ SA(Jc.ce SAceER)
proof —
obtain d where d-event: d € £
and d-notinR: d ¢ R using external-event path-R by blast
have b-reachable: b € R — unreach—on R from a using cross-in-reachable path-R
a-in@Q b-in@Q b-inR path-Q by simp
have a-notinR: a ¢ R using cross-once-notin
Q-neqg-R a-inQ a-neg-b b-in@Q b-inR path-Q path-R by blast
then obtain u where u € unreach—on R from a
using two-in-unreach a-in@Q in-path-event path-Q path-R by blast
then obtain ¢ where c-reachable: ¢ € R — unreach—on R from a
and c-neg-b: b # ¢ using unreachable-set-bounded
[where @ = Rand Qz = band b = a and Qy =

path-R d-event d-notinR
using a-in@Q a-notinR b-reachable in-path-event path-Q) by blast
then obtain S where S-facts: S € P ANa € S A (c €S A c € R) using
reachable-path
by (metis Diff-iff a-inQ in-path-event path-Q path-R)
then have S # @ using @Q-neq-R b-inQ b-inR c-neq-b eq-paths path-R by blast
thus ?thesis using S-facts by auto
qed

theorem ez-crossing-at:
assumes path-Q: Q € P
and a-inQ: a € @
shows JaceP. ac # QAN (Fec.c ¢ QAN a € ac A ¢ € ac)
proof —
obtain b where b-inQ: b € @
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and a-neq-b: a # b using a-inQ ge2-events path-Q by blast
have 3REP. R # Q A (Je. e € R N e € Q) by (simp add: ex-crossing-path
path-Q)
then obtain R e where path-R: R € P
and R-neq-Q: R # @
and e-inR: e € R
and e-in@: e € @ by auto
thus ?thesis
proof cases
assume e-eq-a: € = a
then have Jc. ¢ € unreach—on R from b using R-neq-Q a-in@Q a-neq-b b-in@Q
e-inR path-Q path-R
two-in-unreach path-unique in-path-event by metis
thus ?thesis using R-neq-Q e-eq-a e-inR path-Q path-R
eq-paths ge2-events-lax by metis
next
assume e-neg-a: € # a

then have 35eP. S # QAa€ SA(Jec.ce SAceER)
using path-past-unreach
R-neq-Q a-in@Q e-inQ e-inR path-Q path-R by auto
thus %thesis by (metis R-neg-Q e-inR e-neg-a eq-paths path-Q path-R)
qed
qed

lemma ex-crossing-at-alt:
assumes path-Q: Q € P
and a-inQ: a € Q
shows Jac. Jc. pathacacNac# QAN cé¢ Q
using ez-crossing-at assms by fastforce

end

26 3.4 Prolongation

context MinkowskiSpacetime begin

lemma (in MinkowskiPrimitive) unreach-on-path:
a € unreach—on @ from b = a € Q
using unreachable-subset-def by simp

lemma (in MinkowskiUnreachable) unreach-equiv:
[Q€eP; ReP;ac Q;be R;ac unreach—on Q from b] = b € unreach—on
R from a

unfolding unreachable-subset-def by auto

theorem prolong-betw:
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assumes path-Q: Q € P
and a-inQ: a € Q
and b-in@Q: b € Q
and ab-neq: a # b
shows 3 cef. [a;b;c]
proof —
obtain e ae where e-event: e € £
and e-notin@: e ¢ Q
and path-ae: path ae a e
using ez-crossing-at a-in@Q path-Q in-path-event by blast
have b ¢ ae using a-inQ ab-neq b-inQ e-notin@Q eg-paths path-Q path-ae by blast
then obtain f where f-unreachable: f € unreach—on ae from b
using two-in-unreach b-inQ) in-path-event path-Q path-ae by blast
then have b-unreachable: b € unreach—on Q from f using unreach-equiv
by (metis (mono-tags, lifting) CollectD b-inQ path-Q unreachable-subset-def)
have a-reachable: a € Q — unreach—on Q from f
using same-path-reachable2 [where Q = ae and R = @) and a = a and b

= f]
path-ae a-inQ path-Q f-unreachable unreach-on-path by blast
thus ?thesis
using unreachable-set-bounded [where Qy = b and @ = Q and b = f and
Qr = a
b-unreachable unreachable-subset-def by auto
qed

lemma (in MinkowskiSpacetime) prolong-betw2:
assumes path-Q: Q € P
and a-inQ: a € Q
and b-inQ: b € Q
and ab-neq: a # b
shows 3 ce Q. [a;b;c]
by (metis assms betw-c-in-path prolong-betw)

lemma (in MinkowskiSpacetime) prolong-betw3:
assumes path-Q: Q € P
and a-inQ: a € Q
and b-in@: b € Q
and ab-neq: a £ b
shows JceQ). 3deQ. [a;b;c] A [a;b;d] A c£d
by (metis (full-types) abc-abc-neq abe-bed-abd a-in@ ab-neq b-inQ) path-Q pro-
long-betw?2)

lemma finite-path-has-ends:
assumes @ € P
and X C @
and finite X
and card X > 3
shows JaeX. 3beX. a £ b A (VeeX. a# c AN b # ¢ — [a;¢;h))
using assms
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proof (induct card X — 3 arbitrary: X)
case (
then have card X = 3
by linarith
then obtain a b ¢ where X-eq: X = {a, b, ¢}
by (metis card-Suc-eq numeral-3-eq-3)
then have abc-neq: a # b a # cb+# ¢
by (metis <card X = 3> empty-iff insert-iff order-refl three-in-set3)+
then consider [a;b;c] | [b;¢;a] | [¢;a;0)]
using some-betw [of @ a b c] 0.prems(1) 0.prems(2) X-eq by auto
thus ?Zcase
proof (cases)
assume [a;b;c]
thus ?thesis — All d not equal to a or c is just d = b, so it immediately follows.
using X-eq abc-neq(2) by blast
next
assume [b;c;al
thus ?thesis
by (simp add: X-eq abc-neq(1))
next
assume [c;a;0)
thus ?thesis
using X-eq abe-neq(3) by blast
qed
next
case [H: (Suc n)
obtain Y z where X-eq: X = insert z Y and z ¢ Y
by (meson IH.prems(4) Set.set-insert three-in-set3)
then have card Y — 8 =ncard Y > 8§
using IH.hyps(2) IH.prems(3) X-eq <x ¢ Y» by auto
then obtain a b where ab-Y: a € Ybe€ Ya#b
and Y-ends: VceY. (a # ¢ A b # ¢) — [a;c;b]
using [H(1) [of Y] IH.prems(1—3) X-eq by auto
consider [a;z;b] | [z;b;a] | [b;a;2]
using some-betw [of Q a = b] ab-Y IH.prems(1,2) X-eq <x ¢ Y» by auto
thus ?Zcase
proof (cases)
assume [a;z;0]
thus ?thesis
using Y-ends X-eq ab-Y by auto
next
assume [z;b;a]
{fix c
assume c € Xz # ca # ¢
then have [z;c;a)
by (smt IH.prems(2) X-eq Y-ends <[z;b;a]> ab-Y (1) abc-abe-neq abe-bed-abd
abe-only-cba(3) abe-sym <Q € P> betw-b-in-path insert-iff some-betw subsetD)

thus ?2thesis

67



using X-eq <[z;b;a]> ab-Y (1) abc-abe-neq insert-iff by force
next
assume [b;a;z]
{ fix c
assume c € X b# cx # ¢
then have [b;c;x]
by (smt IH.prems(2) X-eq Y-ends «[b;a;z]y ab-Y (1) abc-abc-neq abe-bed-acd
abc-only-cba(1)
abc-sym «Q € P> betw-a-in-path insert-iff some-betw subsetD)

thus ?thesis
using X-eq <z ¢ Y» ab-Y(2) by fastforce
qed
qed

lemma obtain-fin-path-ends:
assumes path-X: XeP
and fin-Q: finite Q
and card-Q: card QQ > 3
and events-Q: QCX
obtains a b where a#b and a€@ and b€Q and VceQ. (a#c A b#c) —
[a;c;0]
proof —
obtain n where n>0 and card Q = n+3
using card-Q nat-le-iff-add
by auto
then obtain a b where a#£b and a€ @ and b€ @ and V c€Q. (a#c A b#c) —
[a;¢;b)
using finite-path-has-ends assms <n>0>»
by metis
thus ?thesis
using that by auto
qed

lemma path-card-nil:
assumes QcP
shows card Q = 0
proof (rule ccontr)
assume card @ # 0
obtain n where n = card @
by auto
hence n>1
using <card @ # 0> by linarith
then consider (n1) n=1 | (n2) n=2 | (n8) n>3
by linarith
thus Fulse
proof (cases)
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case nl
thus ?thesis
using One-nat-def card-Suc-eq ge2-events-lax singletonD assms(1)
by (metis <n = card Q)
next
case n2
then obtain a b where a#b and a€@) and b€
using ge2-events-lax assms(1) by blast
then obtain ¢ where ce @ and c#a and c#b
using prolong-betw2 by (metis abc-abe-neq assms(1))
hence card Q # 2
by (metis <a € @ <a # by <b € @ card-2-iff ")
thus Fulse
using <n = card Q> <n = 2) by blast
next
case nJ
have fin-Q: finite Q
proof —
have (0::nat) # 1
by simp
then show ?thesis
by (meson <card Q # 0 card.infinite)
qed
have card-Q: card Q > 3
using <n = card Q> n3 by blast
have QCQ by simp
then obtain a b where a€@ and b€@Q and a#b
and ach: VceQ. (c#a N c#b) — [a;¢;b)
using obtain-fin-path-ends card-Q fin-Q assms(1)
by metis
then obtain z where [a;b;z] and z€Q
using prolong-betw2 assms(1) by blast
thus Fulse
by (metis acb abc-abe-neq abc-only-cba(2))
qed
qed

theorem infinite-paths:
assumes PeP
shows infinite P
proof
assume fin-P: finite P
have P#{}
by (simp add: assms)
hence card P # 0
by (simp add: fin-P)
moreover have —(card P > 1)
using path-card-nil
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by (simp add: assms)
ultimately show Fulse
by simp
qed

end

27 3.5 Second collinearity theorem

We start with a useful betweenness lemma.

lemma (in MinkowskiBetweenness) some-betw2:
assumes path-Q: Q € P
and a-inQ: a € Q
and b-in@Q: b € Q
and c-inQ: c € Q
shows a =bVa=cVb=cV |abc] V [bcal V [c;a;D)]
using a-inQ b-inQ c-inQ path-Q some-betw by blast

lemma (in MinkowskiPrimitive) paths-tri:
assumes path-ab: path ab a b
and path-bc: path bec b ¢
and path-ca: path ca ¢ a
and a-notin-be: a ¢ be
shows A a b ¢
proof —
have abc-events: a e EANbEENCcEE
using path-ab path-be path-ca in-path-event by auto
have abc-neq: a b Na#cANb#c
using path-ab path-bc path-ca by auto
have paths-neq: ab # bc N\ ab # ca N be # ca
using a-notin-bc cross-once-notin path-ab path-bc path-ca by blast
show ?thesis
unfolding kinematic-triangle-def
using abc-events abc-neq paths-neq path-ab path-be path-ca
by auto
qed

lemma (in MinkowskiPrimitive) paths-tri2:
assumes path-ab: path ab a b
and path-bc: path bec b ¢
and path-ca: path ca ¢ a
and ab-neq-bc: ab # be
shows A a b ¢
by (meson ab-neq-bc cross-once-notin path-ab path-be path-ca paths-tri)

Schutz states it more like [tri-abe; bed; cea] = (path de d e — 3 fede.
[a;f;b]A]d;e;f]). Equivalent up to usage of impl.
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theorem (in MinkowskiChain) collinearity2:
assumes tri-abc: A a b ¢
and bed: [b;c;d]
and cea: [c;e;a]
and path-de: path de d e
shows 3 f. [a;f;b] A [d;e;f]
proof —
obtain ab where path-ab: path ab a b using tri-abc triangle-paths-unique by
blast
then obtain f where afb: [a;f;b]
and f-in-de: f € de using collinearity tri-abc path-de path-ab bed
cea by blast

obtain af where path-af: path af o f using abc-abc-neq afb betw-b-in-path path-ab
by blast
have [d;e;f]
proof —
have def-in-de: d € de A e € de A\ f € de using path-de f-in-de by simp
then have five-poss:f = d V f = eV [e;f;d] V [f;d;e] V [d;e;f]
using path-de some-betw?2 by blast
have f=dV f=e— (AQeEP.ac QNANbDE QAN cE Q)
by (metis abc-abe-neq afb bed betw-a-in-path betw-b-in-path cea path-ab)
then have f-neq-d-e: f # d A f # e using tri-abc
using triangle-diff-paths by simp
then consider [e;f;d] | [f;d;e] | [d;e;f] using five-poss by linarith
thus ?thesis
proof (cases)
assume efd: [e;f;d]
obtain dc where path-dc: path dc d c using abc-abe-neq abe-ex-path bed by
blast
obtain ce where path-ce: path ce c e using abc-abc-neq abc-ex-path cea by
blast
have dc#£ce
using bcd betw-a-in-path betw-c-in-path cea path-ce path-dc tri-abe trian-
gle-diff-paths
by blast
hence A dce
using paths-tri2 path-ce path-dc path-de by blast
then obtain z where z-in-af: z € af
and dzc: [d;z;c]
using collinearity
[where ¢« = d and b = cand ¢ = eand d = a and e = f and de
= of]
cea efd path-dc path-af by blast
then have z-in-dc: x € dc using betw-b-in-path path-dc by blast
then have z = b using eg-paths by (metis path-af path-dc afb bed tri-abc
z-in-af
betw-a-in-path betw-c-in-path triangle-diff-paths)
then have [d;b;c] using dzc by simp
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then have Fulse using bed abc-only-cba [where a = b and b = ¢ and ¢ =
d] by simp
thus ?thesis by simp
next
assume fde: [f;d;e]
obtain bd where path-bd: path bd b d using abc-abc-neq abc-ex-path bed by
blast
obtain ea where path-ea: path ea e a using abc-abc-neq abe-ex-path-unique
cea by blast
obtain fe where path-fe: path fe f e using f-in-de f-neq-d-e path-de by blast
have fe#£ea
using tri-abc afb cea path-ea path-fe
by (metis abc-abc-neq betw-a-in-path betw-c-in-path triangle-paths-neq)
hence A e a f
by (metis path-unique path-af path-ea path-fe paths-tri2)
then obtain y where y-in-bd: y € bd
and eya: [e;y;a] thm collinearity
using collinearity
[where ¢« = eand b = aand ¢ = f and d = b and e = d and de
= bd]
afb fde path-bd path-ea by blast
then have y = ¢ by (metis (mono-tags, lifting)
afb bed cea path-bd tri-abe
abc-ac-neq betw-b-in-path path-unique triangle-paths(2)
triangle-paths-neq)
then have [e;c;a] using eya by simp
then have Fulse using cea abc-only-cba [where ¢ = c and b = e and ¢ =
a] by simp
thus ?thesis by simp
next
assume [d;e;f]
thus ?thesis by assumption
qed
qed
thus ?thesis using afb f-in-de by blast
qed

28 3.6 Order on a path - Theorems 8 and 9

context MinkowskiSpacetime begin

28.1 Theorem 8 (as in Veblen (1911) Theorem 6)
Note a’b’c’ don’t necessarily form a triangle, as there still needs to be paths
between them.

theorem (in MinkowskiChain) tri-betw-no-path:
assumes tri-abc: A a b ¢
and ab’c: [a; b'; ]
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and bc’a: [b; ¢’y d]
and ca’b: [c; a'; b
shows = (3QeP. a’ € QA bV € QAN c' € Q)
proof —
have abc-a’b'c’-neq: a # a’ N a# b ANa#c'
ANb#a " Nb#D NDbF#EC!
Ne#a Ne#b Ne#c'
using abc-ac-neq
by (metis ab’c abc-abc-neq be'a ca’d tri-abe triangle-not-betw-abe trian-
gle-permutes(4))

have tri-betw-no-path-single-case: False
if a’d’c”: [a; b'; ¢/] and tri-abe: A a b c
and ab’c: [a; b; c] and be’a: [b; ¢'; a] and ca’d: [¢; a'; b
forabca' b ¢
proof —
have abc-a’b’'c’-neq: a # a’ N a £ b Na# ¢’
ANb£a Nb#D Nb#c!
ANe#a Ne£b Ne#c
using abc-abe-neq that by (metis triangle-not-betw-abe triangle-permutes(4))
have c'b’a’: [¢'; b'; o] using abc-sym a'b’c’ by simp
have nopath-a’c’b: = (3QEP. o’ € QAN '€ QNbE Q)
proof (rule notl)
assume 3QeP.a’€c QA c'e QAbE Q
then obtain @ where path-Q: Q € P
and a’-inQ: a’ € Q
and c¢-inQ: ¢’ € Q
and b-in@: b € Q by blast
then have ac-inQ: a € Q N\ ¢ € @ using eg-paths
by (metis abc-a’b’c’-neq ca’b be'a betw-a-in-path betw-c-in-path)
thus Fulse using b-inQ path-Q tri-abc triangle-diff-paths by blast
qed
then have tri-a’bc’: N a’ b ¢’
by (smt bc’a ca’b a’b’c’ paths-tri abe-ex-path-unique)
obtain ab’ where path-ab’: path ab’ a b’ using ab’c abc-a’b’c’-neq abc-ex-path
by blast
obtain a’b where path-a’b: path a’b o’ b using tri-a’be’ triangle-paths(1) by
blast
then have Jz€a’db. [a'; z; b] A [a; b'; 2]
using collinearity?2 [where a = ¢’ and b = b and ¢ = ¢’ and e = b’ and
d = a and de = ab’]
bc’a betw-b-in-path c'b’a’ path-ab’ tri-a’bc’ by blast
then obtain z where z-in-a’b: € a’b
and a'zb: [a'; z; b]
and ab’z: [a; b’; x] by blast

have c-in-ab”: ¢ € ab’ using ab’c betw-c-in-path path-ab’ by auto

have c-in-a’b: ¢ € a'b using ca’b betw-a-in-path path-a’b by auto
have ab’-a’b-distinct: ab’ # a’b
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using c-in-a’b path-a’b path-ab’ tri-abc triangle-diff-paths by blast
have ab’' N a’b = {c}
using paths-cross-at ab’-a’b-distinct c-in-a’b c-in-ab’ path-a’b path-ab’ by
auto
then have z = c using ab’z path-ab’ z-in-a’b betw-c-in-path by auto
then have [a; ¢; b] using a’zb by auto
thus ?thesis using ca’b abc-only-cba by blast
qed

show ?thesis
proof (rule notl)
assume path-a’b’c’: 3QEP. a’ € QA D' € QN c' € Q
consider [a’; b’; ¢/] | [b; ¢; a'] | [¢/; a’; b'] using some-betw
by (smt abc-a’b'c’-neq path-a’b’c’ be'a ca’d ab’c tri-abe
abc-ex-path cross-once-notin triangle-diff-paths)
thus Fulse
apply (cases)
using tri-betw-no-path-single-case[of a’ b’ ¢’] ab’c be’a ca’b tri-abe apply blast
using tri-betw-no-path-single-case ab’c bc'a ca’b tri-abe triangle-permutes
abc-sym by blast+
qged
qged

28.2 Theorem 9

We now begin working on the transitivity lemmas needed to prove Theorem
9. Multiple lemmas below obtain primed variables (e.g. d’). These are
starred in Schutz (e.g. dx), but that notation is already reserved in Isabelle.

lemma unreachable-bounded-path-only:
assumes d’-def: d'¢ unreach—on ab from e d’€ab d'#e
and e-cvent: e € £
and path-ab: ab € P
and e-notin-S: e ¢ ab
shows 3 d’e. path d'e d' e
proof (rule ccontr)
assume —(3d’e. path d'e d’ e)
hence =(3REP. d’eR N e€R A d'#e)
by blast
hence =(3ReP. ecR A d'eER)
using d’-def(3) by blast
moreover have abeP A e€€ A e¢ab
by (simp add: e-event e-notin-S path-ab)
ultimately have d’c unreach—on ab from e
unfolding unreachable-subset-def using d’-def(2)
by blast
thus Fulse
using d’-def(1) by auto
qed
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lemma unreachable-bounded-path:
assumes S-neg-ab: S # ab
and a-inS: a € S
and e-inS: e € §
and e-neg-a: e # a
and path-S: S € P
and path-ab: path ab a b
and path-be: path be b e
and no-de: —~(3 de. path de d e)
and abd:[a;b;d]
obtains d’ d’e where d’cab A path d'e d' e A [b; d; d]
proof —
have e-event: e€€
using e-inS path-S by auto
have e¢ab
using S-neg-ab a-inS e-inS e-neg-a eq-paths path-S path-ab by auto
have abeP A e¢ab
using S-neg-ab a-inS e-inS e-neg-a eq-paths path-S path-ab
by auto
have b € ab — unreach—on ab from e
using cross-in-reachable path-ab path-be
by blast
have d € unreach—on ab from e
using no-de abd path-ab e-event <e¢ab)
betw-c-in-path unreachable-bounded-path-only
by blast
have 3d’' d’e. d’c€ab A path d’e d’ e A [b; d; d]
proof —
obtain d’ where [b; d; d'] d'€ab d'¢ unreach—on ab from e b#d' e£d’
using unreachable-set-bounded <b € ab — unreach—on ab from e> «d € un-
reach—on ab from e> e-event <e¢aby path-ab
by (metis DiffE)
then obtain d’e where path d’e d’ ¢
using unreachable-bounded-path-only e-event <e¢ab) path-ab
by blast
thus ?thesis
using «[b; d; d') «d’ € ab
by blast
qed
thus ?thesis
using that by blast
qged

This lemma collects the first three paragraphs of Schutz’ proof of Theorem
9 - Lemma 1. Several case splits need to be considered, but have no further
importance outside of this lemma: thus we parcel them away from the main
proof.

lemma exist-c’d’-alt:
assumes abe: [a;b;c]
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and abd: [a;b;d)
and dbc: [d;b;c]
and c-neg-d: ¢ # d
and path-ab: path ab a b
and path-S: S € P
and a-inS: a € S
and e-inS: e € §
and e-neg-a: e # a
and S-neg-ab: S # ab
and path-be: path be b e
shows J¢’ d’. Ad’e c'e. ¢'€ab A d'€ab
A la; by d] A e by a]l A [ by d]
A path d'e d’ e N path c’e ¢’ e
proof (cases)
assume Jde. path de d e
then obtain de where path de d e
by blast
hence [a;b;d] N d€ab
using abd betw-c-in-path path-ab by blast
thus ?thesis
proof (cases)
assume 3 ce. path ce c e
then obtain ce where path ce ¢ e by blast
have ¢ € ab
using abc betw-c-in-path path-ab by blast
thus ?thesis
using <[a;b;d] A d € aby «F ce. path ce ¢ e» <c € ab> <path de d e> abc abc-sym
dbc
by blast
next
assume —(3 ce. path ce c e)
obtain ¢’ ¢’e where c’c€ab A path c’e ¢’ e A [b; ¢; ¢]
using unreachable-bounded-path [where ab=ab and e=e and b=b and d=c
and a=a and S=S and be=be]
S-neg-ab <—(3 ce. path ce c e)y a-inS abc e-inS e-neg-a path-S path-ab path-be
by (metis (mono-tags, lifting))
hence [a; b; ¢/] A [d; b; ¢]
using abc dbc by blast
hence [c¢; b; a] A [¢; b; d]
using theoreml by blast
thus ?thesis
using <[a;b;d] A d € aby <¢’ € ab A path c’e ¢’ e A [b; ¢; ¢ <path de d e)
by blast
qed
next
assume — (I de. path de d e)
obtain d’ d’e where d’-in-ab: d’ € ab
and bdd": [b; d; d]
and path d'e d’ e
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using unreachable-bounded-path [where ab=ab and e=e and b=b and d=d
and a=a and S=S and be=be]
S-neq-ab P de. path de d e> a-inS abd e-inS e-neq-a path-S path-ab path-be
by (metis (mono-tags, lifting))
hence [a; b; d’] using abd by blast
thus ?thesis
proof (cases)
assume dce. path ce c e
then obtain ce where path ce ¢ e by blast
have ¢ € ab
using abc betw-c-in-path path-ab by blast
thus ?thesis
using <[a; b; d']> «d’ € abs <path ce c ey <c € aby <path d’e d’ e> abc abc-sym
dbc
by (meson abc-bed-acd bdd’)
next
assume —(3 ce. path ce ¢ e)
obtain ¢’ ¢’e where c'€ab A path c’e ¢’ e A [b; ¢; ¢]
using unreachable-bounded-path [where ab=ab and e=e and b=b and d=c
and a=a and S=S and be=be]
S-neg-ab <—(3 ce. path ce ¢ e)» a-inS abe e-inS e-neq-a path-S path-ab path-be
by (metis (mono-tags, lifting))
hence [a; b; ¢'] A [d; b; ¢]
using abc dbc by blast
hence [c¢; b; a] A [¢; b; d]
using theorem1 by blast
thus ?thesis
using <[a; b; d']» «¢' € ab A path c'e ¢’ e A [b; ¢; ¢ «path d'e d’ e> bdd’
d’-in-ab
by blast
qed
qed

lemma exist-c'd":
assumes abe: [a;b;c]
and abd: [a;b;d]
and dbe: [d;b;c]
and path-S: path S a e
and path-be: path be b e
and S-neg-ab: S # path-of a b
shows ¢’ d’. [a; b; d'] A [¢/; b; a] A [e'; by d] A
path-ex d' e A path-ex ¢’ e
proof (cases path-ex d €)
let ?ab = path-of a b
have path-ex a b
using abc abc-abe-neq abe-ex-path by blast
hence path-ab: path ?ab a b using path-of-ex by simp
have c#d using abc-ac-neq dbc by blast

{
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case True
then obtain de where path de d e
by blast
hence [a;b;d] A de?ab
using abd betw-c-in-path path-ab by blast
thus ?thesis
proof (cases path-ez ¢ e)
case True
then obtain ce where path ce ¢ e by blast
have ¢ € %ab
using abc betw-c-in-path path-ab by blast
thus ?thesis
using «[a;b;d] A d € 2aby <Ice. path ce ¢ e <¢c € Zaby <path de d e» abe
abc-sym dbc
by blast
next
case Fulse
obtain ¢’ ¢’e where c'€%ab A path c’e ¢’ e A [b; ¢; ¢]
using unreachable-bounded-path [where ab=?ab and e=e and b=0b and
d=c and a=a and S=S5 and be=be]
S-negq-ab «—(3 ce. path ce ¢ e)) abe path-S path-ab path-be
by (metis (mono-tags, lifting))
hence [a; b; ¢/| A [d; b; ]
using abc dbc by blast
hence [c’; b; a] A [c¢'; b; d]
using theorem1 by blast
thus ?thesis
using ([a;b;d] A d € Zaby <c’ € Zab A path c’e ¢’ e A [b; ¢; ¢']y <path de d e
by blast
qed
H
case Fulse
obtain d’ d’e where d’-in-ab: d’ € ?ab
and bdd”: [b; d; d]
and path d’e d' e
using unreachable-bounded-path [where ab=%ab and e=e and b=>b and d=d
and a=a and S=S and be=be]
S-neq-ab <—path-ex d e> abd path-S path-ab path-be
by (metis (mono-tags, lifting))
hence [a; b; d’] using abd by blast
thus ?thesis
proof (cases path-ex ¢ e)
case True
then obtain ce where path ce ¢ e by blast
have ¢ € %ab
using abc betw-c-in-path path-ab by blast
thus “thesis
using <[a; b; d']» «<d’ € Zaby <path ce ¢ ey <c € ?aby <path d'e d’ e> abc
abe-sym dbc
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by (meson abc-bed-acd bdd”)
next
case Fulse
obtain ¢’ ¢’e where c’€%ab A path c'e ¢’ e A [b; ¢; ¢]
using unreachable-bounded-path [where ab=?%ab and e=e and b=> and
d=c and a=a and S=S and be=be]
S-neg-ab «—(path-ex ¢ e)) abc path-S path-ab path-be
by (metis (mono-tags, lifting))
hence [a; b; ¢'| A [d; b; ¢
using abc dbc by blast
hence [c¢; b; a] A [¢; b; d]
using theoreml by blast
thus ?thesis
using «[a; b; d']) «¢’ € %ab A path c’e ¢’ e A [b; ¢; ¢']y <path d’e d' e> bdd’
d’-in-ab
by blast
qed

}
qed

lemma exist-f’-alt:
assumes path-ab: path ab a b
and path-S: S € P
and a-inS: a € S
and e-inS: e € §
and e-neg-a: e #£ a
and f-def: [e; ¢'; f] fec’e
and S-neg-ab: S # ab
and c’d’-def: c'€ab N d'€ab
A la; by d'] A [e’; by a] A e’ by d
A path d'e d' e A\ path c'e ¢’ e
shows 3 f’. 3f'b. [e; ¢'s f] A path f'b f' b
proof (cases)
assume 3 bf. path bf b f
thus ?thesis
using «<[e; ¢; f]» by blast
next
assume —(3 bf. path bf b f)
hence f € unreach—on c’e from b
using assms(1—5,7—9) abc-abe-neq betw-events eq-paths unreachable-bounded-path-only
by metis
moreover have ¢’ € c¢’e — unreach—on c’e from b
using c’d’-def cross-in-reachable path-ab by blast
moreover have be€ A bgc'e
using (f € unreach—on c'e from by betw-events c'd’-def same-empty-unreach
by auto
ultimately obtain f’ where f’-def: [c¢'; f; f'] f'ec’e f'¢ unreach—on c’e from
b c'#Ef" b
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using unreachable-set-bounded c¢'d’-def
by (metis DiffE)

hence [e; ¢’ [/
using «<[e; ¢; f]» by blast

moreover obtain f’b where path f'b f' b
using <b € E A b ¢ c'e> ¢'d’-def f'-def(2,3) unreachable-bounded-path-only
by blast

ultimately show ?thesis by blast

qed

lemma exist-f":
assumes path-ab: path ab a b
and path-S: path S a e
and f-def: [e; ¢’; f]
and S-neg-ab: S # ab
and c'd’-def: [a; b; d'] [¢'; b; a] [¢'; b; d]
path d’e d’ e path c’e ¢’ e
shows 3f’. [e; ¢; f'] A path-ex f' b
proof (cases)
assume path-ex b f
thus ?thesis
using f-def by blast
next
assume no-path: —=(path-ezx b f)
have path-5-2: S € Paec See Se#a
using path-S by auto
have fec'e
using betw-c-in-path f-def ¢'d’-def(5) by blast
have c’e ab d’c ab
using betw-a-in-path betw-c-in-path c'd’-def(1,2) path-ab by blast+
have f € unreach—on c’e from b
using no-path assms(1,4—9) path-S-2 «fec’ey «c'€aby «d'€aby
abc-abe-neq betw-events eq-paths unreachable-bounded-path-only
by metis
moreover have ¢’ € ¢’e — unreach—on c’e from b
using c’d’-def cross-in-reachable path-ab ¢’ € aby by blast
moreover have bef A béc'e
using (f € unreach—on c'e from by betw-events c¢'d’-def same-empty-unreach
by auto
ultimately obtain f’ where f’-def: [c¢; f; ['] f'€c’e f'¢ unreach—on c’e from
b c'#f" b
using unreachable-set-bounded c'd’-def
by (metis DiffE)
hence [e; ¢'; f]
using «[e; ¢; f]» by blast
moreover obtain f’b where path f'b f' b
using <b € E A b ¢ c'er ¢'d’-def f'-def(2,8) unreachable-bounded-path-only
by blast
ultimately show ?thesis by blast
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qed

lemma abc-abd-bedbdc:
assumes abe: [a;b;c]
and abd: [a;b;d)
and c-neg-d: ¢ # d
shows [b;c;d] V [b;d;c]
proof —
have — [d;b;c]
proof (rule notl)
assume dbc: [d;b;c]
obtain ab where path-ab: path ab a b
using abc-abc-neq abe-ex-path-unique abe by blast
obtain S where path-S: S € P
and S-neg-ab: S # ab
and a-inS: a € S
using ez-crossing-at path-ab
by auto

have Je€S. e # a A (be€P. path be b e)
proof —
have b-notinS: b ¢ S using S-neg-ab a-inS path-S path-ab path-unique by
blast
then obtain z y z where z-in-unreach: © € unreach—on S from b
and y-in-unreach: y € unreach—on S from b
and z-neq-y: © # y
and z-in-reach: z € S — unreach—on S from b
using two-in-unreach [where @ = S and b = ]
in-path-event path-S path-ab a-inS cross-in-reachable
by blast
then obtain w where w-in-reach: w € S — unreach—on S from b
and w-neg-z: w # 2
using unreachable-set-bounded [where Q = S and b = b and Qz = =
and Qy = z]
b-notinS in-path-event path-S path-ab by blast
thus ?thesis by (metis DiffD1 b-notinS in-path-event path-S path-ab reach-
able-path z-in-reach)
qed
then obtain e be where e-inS: e € S
and e-neg-a: e # a
and path-be: path be b e
by blast
have path-ae: path S a e
using a-inS e-inS e-neg-a path-S by auto
have S-neq-ab-2: S # path-of a b
using S-neq-ab cross-once-notin path-ab path-of-ex by blast
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have ¢’ d’.
c'cab A d'cab
A fa; by d'] A [e’; by a] A e by d]
A path-ex d’ e A path-ex ¢’ e
using exist-c’d’ [where a=a and b=b and c=c and d=d and e=e and
be=be and S=7]
using assms(1—2) dbc e-neg-a path-ae path-be S-neg-ab-2
using abc-sym betw-a-in-path path-ab by blast
then obtain ¢’ d’ d’e ¢’e
where c'd’-def: c’eab N d'€ab
A la; by d] A e b a] A s by d]
A path d'e d’ e A path c’e ¢’ e
by blast

obtain f where f-def: fec’e [e; ¢’; f]
using c'd’-def prolong-betw2 by blast
then obtain f’ f'b where f'-def: [e; ¢’; f] A path f'b f' b
using exist-f'
[where e=e and ¢’=c¢’ and b=b and f=f and S=S and ab=ab and d'=d’
and a=a and c’e=c’¢]
using path-ab path-S a-inS e-inS e-neg-a f-def S-neg-ab c¢'d’-def
by blast

obtain ae where path-ae: path ae a e using a-inS e-inS e-neq-a path-S by
blast
have tri-aec: A a e c’
by (smt cross-once-notin S-neg-ab a-inS abc abc-abe-neq abe-ex-path
e-inS e-neg-a path-S path-ab c’d’-def paths-tri)

then obtain h where h-in-f'b: h € f'b
and ahe: [a;h;e]
and f'bh: [f'; b; h]
using collinearity2 [where a = a and b = e and ¢ = ¢’ and d = f’ and
e = b and de = f'b]
f'-def c'd’-def f'-def betw-c-in-path by blast
have tri-dec: A\ d’ e ¢’
using cross-once-notin S-neg-ab a-inS abc abc-abe-neq abe-ex-path
e-inS e-neq-a path-S path-ab c¢'d’-def paths-tri by smt
then obtain g where g-in-f'b: g € f'b
and d'ge: [d'; g; €]
and f'bg: [f"; b; g]
using collinearity2 [where a = d'and b = e and ¢ = ¢’ and d = f’ and
e = b and de = f'b]
f'-def c'd’-def betw-c-in-path by blast
have A e a d’ by (smt betw-c-in-path paths-tri2 S-neg-ab a-inS abc-ac-neq
abd e-inS e-neq-a c¢’d’-def path-S path-ab)
thus Fulse

82



using tri-betw-no-path [where a = e and b = a and ¢ = d’ and b’ = g and
a’=band ¢’ = h)
f'-def c'd’-def h-in-f'b g-in-f'b abd d'ge ahe abc-sym
by blast
qed
thus ?thesis
by (smt abc abc-abe-neq abe-ex-path abe-sym abd c-neq-d cross-once-notin some-betw)
qed

lemma abc-abd-acdadc:
assumes abe: [a;b;c]
and abd: [a;b;d]
and c-neg-d: ¢ # d
shows [a;c;d] V [a;d;c]
proof —
have cba: [¢;b;a] using abc-sym abc by simp
have dba: [d;b;a] using abe-sym abd by simp
have dcb-over-cba: [d;c;b] A [¢;b;a] = [d;c;a] by auto
have cdb-over-dba: [c;d;b] A [d;b;a] = [¢;d;a] by auto

have bedbdc: [byc;d] V [b;d;c] using abe abc-abd-bedbde abd c-neg-d by auto
then have dcb-or-cdb: [d;c;b] V [c;d;b] using abc-sym by blast
then have [d;c;a] V [¢;d;a] using abe-only-cba deb-over-cba cdb-over-dba cba dba
by blast
thus ?thesis using abc-sym by auto
qed

lemma abc-acd-bed:
assumes abe: [a;b;c]
and acd: [a;¢;d]
shows [b;c;d]
proof —
have path-abc: 3QEP. a € Q N'b € Q N ¢ € Q using abc by (simp add:
abc-ez-path)
have path-acd: 3QEP. a € Q AN ¢c € Q N d € Q using acd by (simp add:
abc-ex-path)
then have 3QeP. b€ Q AN ¢ € Q N d € @ using path-abc abc-abe-neq acd
cross-once-notin by metis
then have bed3: [b;c;d] V [b;d;c] V [e;b;d] by (metis abe abc-only-cba(1,2) acd
some-betw?2)
show ?thesis
proof (rule ccontr)
assume - [b;c;d]
then have [b;d;c] V [¢;b;d] using bed3 by simp
thus Fulse
proof (rule disjE)
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assume [b;d;c]
then have [c;d;b] using abc-sym by simp
then have [q;c;b] using acd abe-bed-abd by blast
thus Fulse using abc abc-only-cba by blast

next
assume cbd: [c;b;d]
have cba: [¢;b;a] using abc abc-sym by blast
have a-neq-d: a # d using abc-ac-neq acd by auto
then have [c;a;d] V [c;d;a] using abe-abd-acdade cbd cba by simp
thus Fulse using abc-only-cba acd by blast

qed

qed
qed

A few lemmas that don’t seem to be proved by Schutz, but can be proven
now, after Lemma 3. These sometimes avoid us having to construct a chain
explicitly.

lemma abd-bcd-abc:

assumes abd: [a;b;d]
and bed: [b;c;d]

shows [a;b;c]

proof —
have dcb: [d;c;b] using abe-sym bed by simp
have dba: [d;b;a] using abe-sym abd by simp
have [c;b;a] using abc-acd-bed deb dba by blast
thus ?thesis using abc-sym by simp

qged

lemma abc-acd-abd:
assumes abe: [a;b;c]
and acd: [a;¢;d]
shows [a;b;d|
using abc abc-acd-bed acd by blast

lemma abd-acd-abcach:
assumes abd: [a;b;d]
and acd: [a;¢;d]

and bc: b#c
shows [a;b;c] V [a;c;d]
proof —

obtain P where P-def: PEP acP beP deP
using abd abc-ez-path by blast
hence ceP
using acd abc-abc-neq betw-b-in-path by blast
have —[b;a;c]
using abc-only-cba abd acd by blast
thus ?thesis
by (metis P-def(1—3) <c € Py abc-abe-neq abe-sym abd acd be some-betw)
qed
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lemma abe-ade-bed-ace:
assumes abe: [a;b;e]
and ade: [a;d;e]

and bed: [b;c;d]
shows [a;c;e]
proof —

have abdadb: [a;b;d] V [a;d;b]
using abc-ac-neq abd-acd-abcach abe ade bed by auto
thus ?thesis
proof
assume [a;b;d] thus ?thesis
by (meson abc-acd-abd abe-sym ade bed)
next assume [a;d;b] thus ?thesis
by (meson abc-acd-abd abc-sym abe bed)
qged
qed

Now we start on Theorem 9. Based on Veblen (1904) Lemma 2 p357.

lemma (in MinkowskiBetweenness) chain3:
assumes path-Q: Q € P
and a-inQ: a € Q
and b-in@Q: b € Q
and c-in@: c € Q
and abc-neg: a #bANa#cANb#c
shows ch {a,b,c}
proof —
have abc-betw: [a;b;c] V [a;¢;0] V [b;a;c]
using assms by (meson in-path-event abc-sym some-betw insert-subset)
have chi: [a;b;c] — ch {a,b,c}
using abc-abc-neq ch-by-ord-def ch-def ord-ordered-loc between-chain by auto
have ch2: [a;c;b] — ch {a,c,b}
using abc-abe-neq ch-by-ord-def ch-def ord-ordered-loc between-chain by auto
have ch3: [b;a;¢c] — ch {b,a,c}
using abc-abe-neq ch-by-ord-def ch-def ord-ordered-loc between-chain by auto
show ?thesis
using abc-betw chl ch2 ch3 by (metis insert-commute)
qed

lemma overlap-chain: [[a;b;c]; [b;c;d]] = ch {a,b,c,d}
proof —
assume [a;b;c] and [b;c;d]
have 3f. local-ordering f betw {a,b,c,d}
proof —
have f1: [a;b;d]
using «[a;b;c]y <[b;c;d]> by blast
have [a;c;d]
using <[a;b;c]y <[b;c;d]y abe-bed-acd by blast
then show ?thesis
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using f1 by (metis (no-types) <[a;b;c]y «[b;c;d]> abe-abe-neq overlap-ordering-loc)
qed
hence 3f. local-long-ch-by-ord f {a,b,c,d}
apply (simp add: chain-defs eval-nat-numeral)
using «<[a;b;c]> abc-abe-neq
by (smt (28) «[b;c;d]> card.empty card-insert-disjoint card-insert-le finite.emptyl
finite.insertl insertE insert-absorb insert-not-empty)
thus ?thesis
by (simp add: chain-defs)
qed

The book introduces Theorem 9 before the above three lemmas but can only
complete the proof once they are proven. This doesn’t exactly say it the
same way as the book, as the book gives the local-ordering (abed) explicitly
(for arbitrarly named events), but is equivalent.

theorem chaing:
assumes path-Q: Q € P
and in@Q:a € Qbe Qce QdeqQ
and abcd-neg: a FbANaFcNa#dANb#cANbF#FdAdNcH#d
shows ch {a,b,c,d}
proof —
obtain a’ b’ ¢’ where a’-pick: o’ € {a,b,c,d}
and b’-pick: b’ € {a,b,c,d}
and c’-pick: ¢’ € {a,b,c,d}
and a’b’c”: [a; b’ ¢]
using some-betw by (metis inQ(1,2,4) abed-neq insert-iff path-Q)
then obtain d’ where d’-neq: d’ # a’ AN d’' # b' N d' # ¢’
and d’-pick: d’ € {a,b,c,d}
using insert-iff abcd-neq by metis
have all-picked-on-path: a’'€Q b'eQ c’'€Q d'eQ
using a’-pick b'-pick c’-pick d’-pick inQ by blast+
consider [d’; a’; b’ | [a’; d% b7 | [a’; b'; d)
using some-betw abc-only-cba all-picked-on-path(1,2,4)
by (metis a’b’c’ d'-neq path-Q)
then have picked-chain: ch {a’b’,c’,d’}
proof (cases)
assume [d'; a’; b/
thus ?thesis using a’b’c’ overlap-chain by (metis (full-types) insert-commute)
next
assume a'd’'d": [a’; d; b
then have [d’; b’; ¢/] using abc-acd-bed a'b’c’ by blast
thus ?thesis using a’d’b’ overlap-chain by (metis (full-types) insert-commute)
next
assume a’b’d": [a; b'; d]
then have two-cases: [b'; ¢’; d'] vV [b'; d’; ¢'] using abc-abd-bedbde a'b’c’ d'-neq
by blast

have casel: [b'; ¢'; d') = ?thesis using a’b’c’ overlap-chain by blast
have case2: [b'; d'; ¢'| = ?thesis
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using abc-only-cba abc-acd-bed a’b’'d’ overlap-chain
by (metis (full-types) insert-commute)
show ?thesis using two-cases casel case2 by blast
qed
have {a’,b',c’,d"} = {a,b,c,d}
proof (rule Set.set-eql, rule iffI)
fix z
assume z € {a’,b’,c’,d’}
thus z € {a,b,c,d} using a’-pick b’-pick ¢’-pick d’-pick by auto
next
fix z
assume z-pick: ¢ € {a,b,c,d}
have a’ Zb'Na' £ Na' £ d NV £ Ne'#£d
using a’b’c’ abc-abc-neq d’-neq by blast
thus z € {a’,b',c',d"}
using a’-pick b'-pick c’-pick d’-pick z-pick d’-neq by auto
qed
thus ?thesis using picked-chain by simp
qed

theorem chainj-alt:
assumes path-Q: Q € P
and abcd-in@Q: {a,b,c,d} C Q
and abcd-distinct: card {a,b,c,d} = 4
shows ch {a,b,c,d}
proof —
have abcd-neqg: a b Na#cAha#EdNbFEcANbEdAdNcH#d
using abcd-distinct numeral-3-eq-3
by (smt (23) card-1-singleton-iff card-2-iff card-3-dist insert-absorb2 insert-commute
numeral-1-eq-Suc-0 numeral-eg-iff semiring-norm(85) semiring-norm(88) verit-eq-simplify(8))
have inQ: a € Qb€ Qce Qde Q
using abcd-in@ by auto
show ?thesis using chaind [OF assms(1) inQ)] abcd-neq by simp
qed

end

29 Interlude - Chains, segments, rays

context MinkowskiBetweenness begin

29.1 General results for chains

lemma inf-chain-is-long:
assumes [f~X|z..]
shows local-long-ch-by-ord f X A f 0 = = A infinite X
using chain-defs by (metis assms infinite-chain-alt)
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A reassurance that the starting point « is implied.

lemma long-inf-chain-is-semifin:
assumes local-long-ch-by-ord f X A infinite X
shows 3 z. [f~X|z.]
using assms infinite-chain-with-def chain-alts by auto

lemma endpoint-in-semifin:
assumes [f~X|z..]
shows ze X
using zero-into-ordering-loc by (metis assms empty-iff inf-chain-is-long local-long-ch-by-ord-alt)

Yet another corollary to Theorem 2, without indices, for arbitrary events on
the chain.

corollary all-aligned-on-fin-chain:
assumes [f~X] finite X
and z: z€X and y: y€X and z:2€X and xy: z#y and zz: x#2z and yz: y#z
shows [z;y;2] V [%;2;9] V [y;%;2]
proof —
have card X > 3 using assms(2—5) three-subset|OF xy xz yz] by blast
hence 1: local-long-ch-by-ord f X
using assms(1,3—) chain-defs by (metis short-ch-alt(1) short-ch-card(1) short-ch-card-2)
obtain 7 j k where ¢jk: 2=f 1 i<card X y=fj j<card X z=f k k<card X
using obtain-indez-fin-chain assms(1—5) by metis
have 2: [fi;f j;f k] if i<j A j<k k<card X for i j k
using assms order-finite-chain?2 that(1,2) by auto
consider i<j A j<k|i<k N k<jlj<i A i<k|i>j A j>k|i>k N kE>jlj>0 A >k
using zy zz yz yk(1,3,5) by (metis linorder-neqE-nat)
thus ?thesis
apply cases using 2 abc-sym ijk by presburger+
qged

lemma (in MinkowskiPrimitive) card2-either-elt1-or-elt2:
assumes card X = 2 and z€X and y€X and z#y
and z€X and z#z
shows z=y
by (metis assms card-2-iff’)

lemma get-fin-long-ch-bounds:
assumes local-long-ch-by-ord f X
and finite X
shows JzeX. JyeX. FzeX. [fvX]|z..y..7]
proof (rule bexl)+
show I:[f~X|f0..f1..f (card X — 1)]
using assms unfolding finite-long-chain-with-def using indez-injective
by (auto simp: finite-chain-with-alt local-long-ch-by-ord-def local-ordering-def)
show f (card X — 1) € X
using 1 points-in-long-chain(3) by auto
show fO0e Xf1 e X
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using 1 points-in-long-chain by auto
qed

lemma get-fin-long-ch-bounds2:
assumes local-long-ch-by-ord f X
and finite X
obtains z y z n, ny n,
where zeX yeX zeX [fwX|z.y.2] fny, =xfny =y fn. =z
using get-fin-long-ch-bounds assms
by (meson finite-chain-with-def finite-long-chain-with-alt index-middle-element)

lemma long-ch-card-ge3:
assumes ch-by-ord f X finite X
shows local-long-ch-by-ord f X «— card X > 8
using assms ch-by-ord-def local-long-ch-by-ord-def short-ch-card(1) by auto

lemma fin-ch-betw2:
assumes [f~X|a..c] and beX
obtains b=a|b=c|[a;b;c]
by (metis assms finite-long-chain-with-alt finite-long-chain-with-def)

lemma chain-bounds-unique:
assumes [f~X]|a..c] [g~~X]|z..2]
shows (a=z A ¢=2) V (a=2z N c=x)
using assms points-in-chain abc-abc-neq abe-bed-acd abe-sym
by (metis (full-types) fin-ch-betw2 )

end

29.2 Results for segments, rays and (sub)chains

context MinkowskiBetweenness begin

lemma inside-not-bound:
assumes [f~X|a..c]
and j<card X
shows j>0 = fj# aj<card X — 1 = fj# ¢
using indez-injective2 assms finite-chain-def finite-chain-with-def apply metis
using indez-injective2 assms finite-chain-def finite-chain-with-def by auto

Converse to Theorem 2(i).

lemma (in MinkowskiBetweenness) order-finite-chain-indices:
assumes chX: local-long-ch-by-ord f X finite X
and abe: [a;b;c]
and gk: fi=afj=0bfk = ci<card X j<card X k<card X
shows i<j A j<k V k<j A j<i
by (metis abc-abe-neq abe-only-cba(1,2,3) assms bot-nat-0.extremum linorder-neqE-nat
order-finite-chain)
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lemma order-finite-chain-indices2:
assumes [f~X|a..c]
and fj = b j<card X
obtains 0<j A j<(card X — 1)|j=(card X — 1) A b=c|j=0 A b=a
proof —
have finX: finite X
using assms(3) card.infinite gr-implies-not0 by blast
have be X
using assms unfolding chain-defs local-ordering-def
by (metis One-nat-def card-2-iff insertl1 insert-commute less-2-cases)
have a: fO0 =aand ¢: f (card X — 1) = ¢
using assms(1) finite-chain-with-def by auto

have 0<j A j<(card X — 1) V j=(card X — 1) A b=c V j=0 A b=a
proof (cases short-ch-by-ord f X)
case True
hence X={a,c}
using a assms(1) first-neg-last points-in-chain short-ch-by-ord-def by fastforce
then consider b=alb=c
using «be X by fastforce
thus ?thesis
apply cases using assms(2,3) a c le-less by fastforce+
next
case Fulse
hence chX: local-long-ch-by-ord f X
using assms(1) unfolding finite-chain-with-alt using chain-defs by meson
consider [a;b;c]|b=a|b=c
using «beX) assms(1) fin-ch-betw2 by blast
thus ?thesis apply cases
using «f 0 = a> chX finX assms(2,3) a ¢ order-finite-chain-indices apply
fastforce
using «f 0 = @» chX finX assms(2,3) index-injective apply blast
using a c assms chX finX indez-injective linorder-neqE-nat inside-not-bound(2)
by metis
qged
thus ?thesis using that by blast
qed

lemma index-bij-betw-subset:
assumes chX: [f~Xla..b..c] fi =bcard X > i
shows bij-betw f {0<..<i} {e€X. [a;e;0]}
proof (unfold bij-betw-def, intro conjl)
have chX2: local-long-ch-by-ord f X finite X
using assms unfolding chain-defs apply (metis chX (1)
abc-ac-neq fin-ch-betw points-in-long-chain(1,3) short-ch-alt(1) short-ch-path)
using assms unfolding chain-defs by simp
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from indez-bij-betw[OF this] have 1: bij-betw f {0..<card X} X .
have {0<..<i} C {0..<card X}
using assms(1,3) unfolding chain-defs by fastforce
show inj-on f {0<..<i}
using 1 assms(3) unfolding bij-betw-def
by (smt (23) atLeastLess Than-empty-iff2 atLeastLess Than-iff empty-iff greater ThanLess Than-iff
inj-on-def less-or-eg-imp-le)
show f ‘ {0<..<i} = {e € X. [a;e;]}
proof
show f ‘ {0<..<i} C {e € X. [a;e;D]}
proof (auto simp add: image-subset-iff conjI)
fix j assume asm: j>0 j<i
hence j < card X using chX(3) less-trans by blast
thus fj € X [a;f j;0]
using chX(1) asm(1) unfolding chain-defs local-ordering-def
apply (metis chX2(1) chX(1) fin-chain-card-geq-2 short-ch-card-2 short-zor-long(2)
le-antisym set-le-two finite-chain-def finite-chain-with-def finite-long-chain-with-alt)
using chX asm chX2(1) order-finite-chain unfolding chain-defs local-ordering-def
by force
qed
show {e € X. [a;e;0]} C f ‘ {0<..<i}
proof (auto)
fix e assume e: e € X [a;e;))
obtain j where fj = e j<card X
using e chX2 unfolding chain-defs local-ordering-def by blast
show e € f “{0<..<i}
proof
have 0<jAj<i V i<jAj<0
using order-finite-chain-indices chX chain-defs
by (smt (23) «fj = e «j < card X> chX2(1) e(2) gr-implies-not-zero
linorder-neqE-nat)
hence j<i by simp
thus je{0<.<i} e=f]
using <0 < jAjF<iVi<jAj< 0 greaterThanLessThan-iff
by (blast,(simp add: <fj = e»))
qed
qged
qed
qed

lemma bij-betw-extend:
assumes bij-betw f A B
and fa = b a¢A b¢B
shows bij-betw f (insert a A) (insert b B)
by (smt (verit, ccfv-SIG) assms(1) assms(2) assms(4) bij-betwl’ bij-betw-iff-bijections
insert-iff )
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lemma insert-iff2:
assumes a€X shows insert a {z€X. Pz} = {z€X. Pz V z=a}
using insert-iff assms by blast

lemma index-bij-betw-subset?2:
assumes chX: [f~>Xla..b..c] fi=bcard X > i
shows bij-betw f {0..i} {e€X. [a;e;b]Va=eVb=e}
proof —
have bij-betw f {0<..<i} {e€X. [a;e;b]} using index-bij-betw-subset| OF assms]

moreover have 0¢{0<..<i} i¢{0<..<i} by simp+
moreover have a¢{ecX. [a;e;b]} b¢{ecX. [a;e;b]} using abc-abc-neq by auto+
moreover have f 0 = a fi = b using assms unfolding chain-defs by simp+
moreover have (insert b (insert a {e€X. [a;e;b]})) = {e€X. [a;e;b]Va=eVb=e}
proof —
have 1: (insert a {e€X. [a;e;b]}) = {e€X. [a;e;b]Va=e}
using insert-iff2[OF points-in-long-chain(1)[OF chX(1)]] by auto
have b¢{ecX. [a;e;b]Va=e}
using abc-abe-neq chX (1) fin-ch-betw by fastforce
thus (insert b (insert a {e€X. [a;e;0]})) = {e€X. [a;e;b]Va=eVb=e}
using 1 insert-iff2 points-in-long-chain(2)[OF chX(1)] by auto
qed
moreover have (insert ¢ (insert 0 {0<..<i})) = {0..i} using image-Suc-lessThan
by auto
ultimately show ?thesis using bij-betw-extend|of f)
by (metis (no-types, lifting) chX (1) finite-long-chain-with-def insert-iff)
qed

lemma chain-shortening:
assumes [f~X]a..b..c]
shows [f ~ {e€X. [a;e;0] V e=a V e=b} |a..b]
proof (unfold finite-chain-with-def finite-chain-def, (intro conjl))

Different forms of assumptions for compatibility with needed antecedents
later.
show f 0 = a using assms unfolding chain-defs by simp
have chX: local-long-ch-by-ord f X
using assms first-neq-last points-in-long-chain(1,3) short-ch-card(1) chain-defs
by (metis card2-either-elt1-or-elt2)
have finX: finite X
by (meson assms chain-defs)

General facts about the shortened set, which we will call Y.

let 7Y = {e€X. [a;e;0] V e=a V e=b}
show finY: finite ?Y
using assms finite-chain-def finite-chain-with-def finite-long-chain-with-alt by
auto
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have a#b ac?Y be?Y c¢?Y
using assms finite-long-chain-with-def apply simp
using assms points-in-long-chain(1,2) apply auto[1]
using assms points-in-long-chain(2) apply auto[1]
using abc-ac-neq abe-only-cba(2) assms fin-ch-betw by fastforce
from this(1—3) finY have cardY: card ?Y > 2
by (metis (no-types, lifting) card-le-Suc0-iff-eq not-less-eq-eq numeral-2-eq-2)

Obtain index for b (a is at index 0): this index 7 is card ?Y — 1.

obtain ¢ where i: i<card X fi=0b
using assms unfolding chain-defs local-ordering-def using Suc-lel diff-le-self
by force
hence i<card X — 1
using assms unfolding chain-defs
by (metis Suc-lessI diff-Suc-Suc diff-Suc-eq-diff-pred minus-nat.diff-0 zero-less-diff )
have card01: i+1 = card {0..i} by simp
have bb: bij-betw f {0..i} ?Y using index-bij-betw-subset2[OF assms i(2,1)]
Collect-cong by smt
hence i-eq: i = card ?Y — 1 using bij-betw-same-card by force
thus f (card ?Y — 1) = b using i(2) by simp

The path P on which X lies. If 7Y has two arguments, P makes it a short
chain.

obtain P where P-def: PEP XCP AQ. QeP A XCQ = Q=P
using fin-chain-on-pathlof f X] assms unfolding chain-defs by force
have a€P beP using P-def by (meson assms in-mono points-in-long-chain)+

consider (eq-1)i=1|(gt-1)i>1 using <a # b «f 0 = a) i(2) less-linear by blast
thus [f~?V]
proof (cases)
case eq-1
hence {0..i}={0,1} by auto
hence bij-betw f {0,1} ?Y using bb by auto
from bij-betw-imp-surj-on[OF this] show ?thesis
unfolding chain-defs using P-def eg-1 <a # by <f 0 = a> i(2) by blast
next
case gt-1
have 1: 3<card ?Y using gt-1 cardY i-eq by linarith
{
fix n assume n < card ?Y
hence n<card X
using «i<card X — 1) add-diff-inverse-nat i-eq nat-diff-split-asm by linarith
have fn € 7Y
proof (simp, intro conjl)
show fne X
using «n<card X» assms chX chain-defs local-ordering-def by metis
consider 0<n A n<card ?Y — 1|n=card ?Y — 1|n=0
using (n<card ?Y> nat-less-le zero-less-diff by linarith
thus [a;fn;b] V fn=aV fn=1">
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using i i-eq <f 0 = @ chX finX le-numeral-extra(83) order-finite-chain by
fastforce
qed

} moreover {

fix z assume z€?Y hence z€X by simp
obtain i, where i,: i, < card X fi, =z

using assms obtain-indez-fin-chain chain-defs <x€X»> by metis
have i, < card ?Y

proof —
consider [a;z;b]|z=a|z=0b using z€?Y) by auto

hence (i,<i V i;<0) V iz=0 V i,=1
apply cases

apply (metis «f 0=a)> chX finX i i, less-nat-zero-code neq0-conv or-
der-finite-chain-indices)

using <f 0 = a» chX finX i, indezx-injective apply blast
by (metis chX finX i(2) i, index-injective linorder-neqE-nat)

thus ?thesis using gt-1 i-eq by linarith
qed

hence 3n. n < card ?Y A fn = z using i,(2) by blast
} moreover {
fix n assume Suc (Suc n) < card ?Y
hence Suc (Suc n) < card X
using (1) i-eq by linarith
hence [f n; f (Suc n); f (Suc (Suc n))]

using assms unfolding chain-defs local-ordering-def by auto

ultimately have 2: local-ordering f betw ?Y
by (simp add: local-ordering-def finY")

show ?thesis using 1 2 chain-defs by blast
qed

qed

corollary ord-fin-ch-right:

assumes [f~X|a..fi..c] j>i j<card X
shows [f i;f jic] V j = card X — 1V j =i
proof —

consider (inter)j>i A j<card X — 1|(left)j=i|(right)j=card X — 1
using assms(3,2) by linarith
thus ?thesis

apply cases

using assms(1) chain-defs order-finite-chain2 apply force
by simp+

qed

lemma f-img-is-subset:
assumes [f~X|(f 0) ..] i>0j>i Y=fi..j}
shows YCX

proof
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fix r assume z€Y
then obtain n where ne{i..j} fn ==
using assms(4) by blast
hence fn € X
by (metis local-ordering-def assms(1) inf-chain-is-long local-long-ch-by-ord-def)
thus ze X
using <f n = z» by blast
qed

lemma i-le-j-events-neq:
assumes [f~X]|a..b..c]
and i<j j<card X

shows fi # fj
using chain-defs by (meson assms indez-injective2)

lemma indices-neg-imp-events-neq:
assumes [f~X]|a..b..c|
and i#j j<card X i<card X

shows fi # fj
by (metis assms i-le-j-events-neq less-linear)

end
context MinkowskiSpacetime begin

lemma bound-on-path:
assumes Q€P [f~X|(f 0).] XCQ is-bound-f b X f
shows be @
proof —
obtain a ¢ where a€X c€X [a;c;b)
using assms(4)
by (metis local-ordering-def inf-chain-is-long is-bound-f-def local-long-ch-by-ord-def
zero-less-one)
thus ?thesis
using abc-abe-neq assms(1) assms(3) betw-c-in-path by blast
qed

lemma pro-basis-change:
assumes [a;b;c]
shows prolongation a ¢ = prolongation b ¢ (is ?ac=?bc)
proof
show %ac C ?bc
proof
fix  assume z€ ?ac
hence [a;c;z)
by (simp add: pro-betw)
hence [b;c;z]
using assms abc-acd-bed by blast
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thus z€ ?bc
using abc-abc-neq pro-betw by blast
qed
show %bc C %ac
proof
fix z assume z€ %bc
hence [b;c;x]
by (simp add: pro-betw)
hence [a;c;z)
using assms abc-bed-acd by blast
thus z€ ?ac
using abc-abc-neq pro-betw by blast
qed
qed

lemma adjoining-segs-exclusive:
assumes [a;b;c]
shows segment a b N segment b ¢ = {}
proof (cases)
assume segment a b = {} thus ?thesis by blast
next
assume segment a b # {}
have z€segment a b — x¢segment b ¢ for z
proof
fix x assume zE€segment a b
hence [a;z;b] by (simp add: seg-betw)
have —[a;b;z] by (meson <[a;z;b]> abc-only-cba)
have —[b;x;c]
using < [a;b;z]y abd-bed-abe assms by blast
thus z¢segment b ¢
by (simp add: seg-betw)
qed
thus ?thesis by blast
qed

end

30 3.6 Order on a path - Theorems 10 and 11

context MinkowskiSpacetime begin

30.1 Theorem 10 (based on Veblen (1904) theorem 10).

lemma (in MinkowskiBetweenness) two-event-chain:
assumes finiteX: finite X
and path-Q: @Q € P
and events-X: X C @
and card-X: card X = 2
shows ch X
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proof —
obtain a b where X-is: X={a,b}
using card-le-Suc-iff numeral-2-eq-2
by (meson card-2-iff card-X)
have no-c: =(3 ce{a,b}. c#a A c#b)
by blast
have a#b A a€Q & beQ
using X-is card-X events-X by force
hence short-ch {a,b}
using path-Q no-c by (meson short-ch-intros(2))
thus ?thesis
by (simp add: X-is chain-defs)
qed

lemma (in MinkowskiBetweenness) three-event-chain:
assumes finiteX: finite X
and path-Q: Q € P
and events-X: X C @
and card-X: card X = 3
shows ch X
proof —
obtain a b ¢ where X-is: X={a,b,c}
using numeral-3-eq-3 card-X by (metis card-Suc-eq)
then have all-neq: a#b N a#c N b#c
using card-X numeral-2-eq-2 numeral-3-eq-3
by (metis Suc-n-not-le-n insert-absorb2 insert-commute set-le-two)
have in-path: ac@Q N be@ A ceQ
using X-is events-X by blast
hence [a;b;c] V [b;c;a] V [c;a;b]
using some-betw all-neq path-Q by auto
thus ch X
using between-chain X-is all-neq chaind in-path path-Q by auto
qed

This is case (i) of the induction in Theorem 10.

lemma chain-append-at-left-edge:
assumes long-ch-Y: [f~Y|a;..a..a,]
and bY: [b; a1; ay)
fixes g defines g-def: g = (Aj::nat. if j>1 then f (j—1) else b)
shows [g~(insert b Y)|b .. a1 .. ay]
proof —
let ?X = insert b Y
have ord-fY: local-ordering f betw Y using long-ch-Y finite-long-chain-with-card
chain-defs
by (meson long-ch-card-ge3)
have v¢Y
using abc-ac-neq abe-only-cba(1) assms by (metis fin-ch-betw?2 finite-long-chain-with-alt)
have bound-indices: f 0 = ay A f (card Y — 1) = a,
using long-ch-Y by (simp add: chain-defs)
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have fin-Y: card Y > 3
using finite-long-chain-with-def long-ch-Y numeral-2-eq-2 points-in-long-chain
by (metis abc-abe-neq bY card2-either-elt1-or-elt2 fin-chain-card-geq-2 lel le-less-Suc-eq
numeral-3-eq-3)
hence num-ord: 0 < (0:nat) A 0<(l:nat) N1 < card Y — 1 A card Y — 1
< card Y
by linarith
hence [a1; [ 1; ay)
using order-finite-chain chain-defs long-ch-Y
by auto

Schutz has a step here that says [bajaga,] is a chain (using Theorem 9). We
have no easy way (yet) of denoting an ordered 4-element chain, so we skip
this step using a local-ordering lemma from our script for 3.6, which Schutz
doesn’t list.

hence [b; a1; f 1]
using 0Y abd-bcd-abe by blast
have local-ordering g betw ?X
proof —
{
fix n assume finite ?X — n<card ?X
have g n € ?X
apply (cases n>1)
prefer 2 apply (simp add: g-def)
proof
assume I<ngn¢ Y
hence g n = f(n—1) unfolding g-def by auto
hence gn € Y
proof (cases n = card ?X — 1)
case True
thus ?thesis
using «b¢Y) card.insert diff-Suc-1 long-ch-Y points-in-long-chain
chain-defs
by (metis <gn =f (n — 1))
next
case Fulse
hence n < card Y
using points-in-long-chain <finite X — n < card ?X»> <gn = f (n —
1) <«gn ¢ Y <bgY> chain-defs
by (metis card.insert finite-insert long-ch-Y not-less-simps(1))
hence n—1 < card ¥ — 1
using <1 < n» diff-less-mono by blast
hence f(n—1)eY
using long-ch-Y fin-Y unfolding chain-defs local-ordering-def
by (metis Suc-le-D card-3-dist diff-Suc-1 insert-absorb2 le-antisym
less-Sucl numeral-3-eq-3 set-le-three)
thus ?thesis
using <gn = f (n — 1)» by presburger
qed
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hence Fulse using <g n ¢ Y» by auto
thus g n = b by simp
qed
} moreover {
fix n assume (finite X — Suc(Suc n) < card ?X)
hence [g n; g (Suc n); g (Suc(Suc n))]
apply (cases n>1)
using <b¢ Y «[b; ay; f 1]» g-def ordering-ord-ijk-loc|OF ord-fY] fin-Y
apply (metis Suc-diff-le card-insert-disjoint diff-Suc-1 finite-insert le-Suc-eq
not-less-eq)
by (metis One-nat-def Suc-lel <[b;ay;f 1]» bound-indices diff-Suc-1 g-def
not-less-less-Suc-eq zero-less-Suc)
} moreover {
fix z assume z€?X z=0b
have (finite X — 0 < card ?X) AN g 0 = x
by (simp add: <b¢Y» <x = by g-def)
} moreover {
fix x assume z€?X z#£b
hence 3 n. (finite ?X — n < card ?X) Ngn =1z
proof —
obtain n where fn=zn < card Y
using x€?X» «x#£b> local-ordering-def insert-iff long-ch-Y chain-defs by
(metis ord-fY)
have (finite X — n+1 < card ?X) g(n+1) =z
apply (simp add: <b¢Y> <n < card Y»)
by (simp add: <fn = x> g-def)
thus ?thesis by auto
qed
}
ultimately show #thesis
unfolding local-ordering-def
by smt
qed
hence local-long-ch-by-ord g ?X
unfolding local-long-ch-by-ord-def
using fin-Y «b¢Y)
by (meson card-insert-le finite-insert le-trans)
show ?thesis
proof (intro finite-long-chain-with-alt2)
show local-long-ch-by-ord g ?X using <local-long-ch-by-ord g ?X> by simp
show [b;a1;a,]) A a1 € ?X using bY long-ch-Y points-in-long-chain(1) by auto
show ¢ 0 = b using g-def by simp
show finite ?X
using fin-Y <b¢Y> eval-nat-numeral by (metis card.infinite finite.insertl
not-numeral-le-zero)
show ¢ (card ?X — 1) = a,
using g-def <b¢Y> bound-indices eval-nat-numeral
by (metis One-nat-def card.infinite card-insert-disjoint diff-Suc-Suc
diff-is-0-eq’ less-nat-zero-code minus-nat.diff-0 nat-le-linear num-ord)
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qed
qed

This is case (iii) of the induction in Theorem 10. Schutz says merely “The
proof for this case is similar to that for Case (i).” Thus I feel free to
use a result on symmetry, rather than going through the pain of Case (i)
(chain-append-at-left-edge) again.
lemma chain-append-at-right-edge:
assumes long-ch-Y: [f~Y]ay..a..a,]
and Yb: [a1; ap; b]
fixes g defines g-def: g = (Aj:nat. if j < (card Y — 1) then fj else b)
shows [g~(insert b Y)|ay .. ay, .. b]

proof —
let ?X = insert b Y
have v¢Y

using Yb abc-abe-neq abe-only-cba(2) long-ch-Y
by (metis fin-ch-betw?2 finite-long-chain-with-def)
have fin-Y: card ¥ > 8
using finite-long-chain-with-card long-ch-Y by auto
hence fin-X: finite ?X
by (metis card.infinite finite.insertl not-numeral-le-zero)
have a1€Y A a,€Y A acY
using long-ch-Y points-in-long-chain by meson
have a1#a N a# ap, N a1Fay,
using Yb abc-abc-neq finite-long-chain-with-def long-ch-Y by auto
have Suc (card Y) = card ?X
using b¢Y)» fin-X finite-long-chain-with-def long-ch-Y by auto
obtain f2 where f2-def: [f2~Y|an..a..a1] f2=(An. f (card Y — 1 — n))
using chain-sym long-ch-Y by blast
obtain ¢2 where ¢2-def: g2 = (Aj:nat. if j>1 then f2 (j—1) else b)
by simp
have [b; a,; a1]
using abc-sym Yb by blast
hence ¢2-ord-X: [g2~?X|b .. ay, .. a1]
using chain-append-at-left-edge [where a1=a,, and a,=a; and f=f2]
fin-X «b¢Y)» f2-def g2-def
by blast
then obtain g/ where g1-def: [g1~?X|ay..a,..b] g1=(An. g2 (card ?X — 1 —
n))
using chain-sym by blast
have sYX: (card Y) = (card ?X) — 1
using assms(2,3) finite-long-chain-with-def long-ch-Y <«Suc (card Y) = card
?X>y by linarith
have g1=g
unfolding gI-def g2-def f2-def g-def
proof
fix n
show (
if 1 < card X — 1 — n then
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flecard Y — 1 — (card X — 1 — n — 1))
else b
) =(
ifn < card Y — 1 then
fn
else b
) (is ?lhs="2rhs)
proof (cases)
assume n < card ?X — 2
show ?lhs=?rhs
using «n < card ?X — 2» finite-long-chain-with-def long-ch-Y sYX <Suc
(card V) = card ?X>»
by (metis (mono-tags, opaque-lifting) Suc-1 Suc-leD diff-Suc-Suc diff-commute
diff-diff-cancel
diff-le-mono?2 fin-chain-card-geq-2)
next
assume — n < card ?X — 2
thus ?lhs=%rhs
by (metis <Suc (card Y) = card ?X> Suc-1 diff-Suc-1 diff-Suc-eq-diff-pred
diff-diff-cancel
diff-is-0-eq’ nat-le-linear not-less-eq-eq)
qed
qed
thus ?thesis
using g1-def(1) by blast
qged

lemma S-is-dense:
assumes long-ch-Y: [f~Y|a;..a..a,]
and S-def: S = {k:nat. [a1; fk; D] Ak < card Y}
and k-def: S#A{} k = Maz S
and k'-def: k'>0 k'<k
shows k' € S
proof —

We will prove this by contradiction. We can obtain the path that Y lies on,
and show b is on it too. Then since f‘S must be on this path, there must
be an ordering involving b, f k and f k' that leads to contradiction with the
definition of S and k¢S. Notice we need no knowledge about b except how
it relates to S.

have [f~ Y] using long-ch-Y chain-defs by meson

have card Y > 3 using finite-long-chain-with-card long-ch-Y by blast

hence finite Y by (metis card.infinite not-numeral-le-zero)

have k€S using k-def Maz-in S-def by (metis finite-Collect-congl finite- Collect-less-nat)

hence k<card Y using S-def by auto

have k'<card Y using S-def k’-def <k€S» by auto

show k' € §

proof (rule ccontr)
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assume asm: —k'eS
have 1: [f 0;f k;f k]
proof —
have [a1; b; f k]
using order-finite-chain2 long-ch-Y <k € Sy <k’ < card V> chain-defs
by (smt (23) abc-acd-abd asm le-numeral-extra(8) assms mem-Collect-eq)
have [a1; f k; b]
using S-def <k € S) by blast
have [f k; b; f k]
using abc-acd-bed <[ay; by f k) <[ar; [ k; b by blast
thus ?thesis
using «[ay;f k;b]> long-ch-Y unfolding finite-long-chain-with-def finite-chain-with-def
by blast
qed
have 2: [f 0;f k';f K]
apply (intro order-finite-chain2[OF ([f~Y]» «finite Y>]) by (simp add: <k <
card Yy k'-def)
show Fulse using 1 2 abc-only-cba(2) by blast
qed
qed

lemma smallest-k-ex:
assumes long-ch-Y: [f~Y|a;..a..a,]
and Y-def: b¢Y
and Yb: [a1; b; ap]
shows 3k>0. [a1; b; fk] ANk < card Y N (3 k'<k. [a1; b; fE])
proof —

have bound-indices: f 0 = a1 A f (card Y — 1) = a,
using chain-defs long-ch-Y by auto
have fin-Y: finite Y
using chain-defs long-ch-Y by presburger
have card-Y: card Y > 8
using long-ch-Y points-in-long-chain finite-long-chain-with-card by blast

We consider all indices of chain elements between a; and b, and find the
maximal one.

let 25 = {k:nat. [a1; fk; ] Ak < card Y}
obtain S where S-def: S=725
by simp
have SC{0..card Y}
using S-def by auto
hence finite S
using finite-subset by blast

show “thesis

proof (cases)
assume S={}
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show ?thesis
proof
show (0::nat)<I Afay; b fI] A1 <card Y A= (Fk'znat. k' < 1 A [ag; b;
)
proof (intro conjl)
show (0::nat)<1 by simp
show 1 < card Y
using Yb abc-ac-neq bound-indices not-le by fastforce
show — (Fk":nat. k' < 1 A [ay; b; fE)
using abc-abe-neq bound-indices

by blast
show [a1; b; f 1]
proof —

have f1 € Y

using long-ch-Y chain-defs local-ordering-def by (metis <1 < card Y»
short-ch-ord-in(2))
hence [a1; f 1; ay)
using bound-indices long-ch-Y chain-defs local-ordering-def card-Y
by (smt (23) Nat.lessE One-nat-def Suc-le-lessD Suc-lessD diff-Suc-1
diff-Suc-less
fin-ch-betw?2 i-le-j-events-neq less-numeral-extra(1) numeral-3-eq-3)
hence [a1; b; f 1]V [a1; f1; b] V [b; a1; f 1]
using abc-ex-path-unique some-betw abc-sym
by (smt Y-def Yb <f 1 € Y) abc-abc-neq cross-once-notin)
thus [ay; b; f 1]
proof —
have Vn. = ([a1; fn; b)) A n < card Y)
using S-def «S = {}
by blast
then have [ay; b; f 1]V = [an; f1; 0] A = [ag; f 15 8]
using bound-indices abc-sym abd-bcd-abe Yb
by (metis (no-types) diff-is-0-eq’ nat-le-linear nat-less-le)
then show ?thesis
using abc-bed-abd abe-sym
by (meson <[ay; b; f 1] V [a1; f 1; B V [b; av; f 1] <[as; [ 15 an]?)
qed
qged
qed
qed
next assume —S={}
obtain k where k = Max S
by simp
hence k € S using Max-in
by (simp add: <S # {}» <finite S»)
have k>1
proof (rule ccontr)
assume - [ < k
hence k=0 by simp
have [aq; f k; b]
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using <keS» S-def
by blast
thus Fulse
using bound-indices <k = 0» abc-abc-neq
by blast
qed

show ?thesis
proof
let %k = k+1
show 0<%k A [ay; by f k] A %k < card Y N = (3k"=nat. k' < 2k A [a1; b; f
k)
proof (intro conjI)
show (0::nat)< % by simp
show %k < card Y
by (metis (no-types, lifting) S-def Yb <k € Sy abc-only-cba(2) add.commute
add-diff-cancel-right’ bound-indices less-SucE mem-Collect-eq nat-add-left-cancel-less
plus-1-eq-Suc)
show [ay; b; f 2K
proof —
have f?%k € Y
using <k + 1 < card Y» long-ch-Y card-Y unfolding local-ordering-def
chain-defs
by (metis One-nat-def Suc-numeral not-less-eq-eq numeral-3-eq-3 numer-
als(1) semiring-norm(2) set-le-two)
have [a1; [ %k; a,] V f %k = ay,
using fin-ch-betw?2 inside-not-bound(1) long-ch-Y chain-defs
by (metis <0 < k+ 1> <k+ 1 <card ¥ «f (k+ 1) € V)
thus [a1; b; f 7k]
proof (rule disjE)
assume [ay; | 2k; ay]
hence f % # a,
by (simp add: abc-abe-neq)
hence [a1; b; f %k V [a1; f %k; b] V [b; a1; f 2K]
using abc-ez-path-unique some-betw abe-sym <[ay; [ 2k; an]»
«f %k € Y» Yb abc-abe-neq assms(8) cross-once-notin
by (smt Y-def)
moreover have - [a; f %k; b]
proof
assume [ay; [ %k; 0]
hence % € S
using S-def <[ay; f %; b <k + 1 < card Y> by blast
hence % < k
by (simp add: <finite S» <k = Maz S»)
thus Fulse
by linarith
qed
moreover have - [b; ay; f %k]
using Yb <[ay; f %k; a,]> abe-only-chba
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by blast
ultimately show [aq; b; f %k]
by blast
next assume f %k = a,
show ?thesis
using Yb «f (k + 1) = a,> by blast
qed
qed
show —=(Fk":nat. k' < k + 1 A [ay; b; fE])
proof
assume 3k":nat. k' < k+ 1 A [ar; by fE]]
then obtain k' where k'-def: k'>0k" < k + 1 [a1; b; f |
using abc-ac-neq bound-indices neq0-conv
by blast
hence k'<k
using S-def <k € Sy abc-only-cba(2) less-SucE by fastforce
hence k'eS
using S-is-dense long-ch-Y S-def <—=S={} <k = Maz S) <k'>0>
by blast
thus Fulse
using S-def abc-only-cba(2) k'-def(3) by blast
qged
qed
qed
qed
qed

lemma greatest-k-ex:
assumes long-ch-Y: [f~Y]|a;..a..a,]
and Y-def: b¢Y
and Yb: [a1; b; ay)]
shows k. [fk; b; ap ) ANk < card Y — 1 A =(3k'<card Y. k'>k A [f k' b; ay])
proof —
have bound-indices: f 0 = ay A f (card Y — 1) = a,
using chain-defs long-ch-Y by simp
have fin-Y: finite Y
using chain-defs long-ch-Y by presburger
have card-Y: card Y > &
using long-ch-Y points-in-long-chain finite-long-chain-with-card by blast
have chY2: local-long-ch-by-ord f Y
using long-ch-Y chain-defs by (meson card-Y long-ch-card-ged)

Again we consider all indices of chain elements between a; and b.

let 25 = {k:nat. [an; fk; ] Ak < card Y}
obtain S where S-def: S=725

by simp
have SC{0..card Y}

105



using S-def by auto
hence finite S
using finite-subset by blast

show ?thesis
proof (cases)
assume S={}
show ?thesis
proof
let on = card Y — 2
show [f ?n; b; ap] A 2n < card Y — 1 N =(3k'<card Y. k'>%n A [f k' b
an])
proof (intro conjI)
show ?n < card Y — 1
using Yb abc-ac-neq bound-indices not-le by fastforce
next show —~(Ik'<card Y. k'>%n A [f k; b; ay))
using abc-abc-neq bound-indices
by (metis One-nat-def Suc-diff-le Suc-leD Suc-lessl card-Y diff-Suc-1
diff-Suc-Suc
not-less-eq numeral-2-eq-2 numeral-3-eq-3)
next show [f ?n; b; a,]
proof —
have [f 0;f ?n; f (card Y — 1)]
apply (intro order-finite-chain|of f Y], (simp-all add: chY2 fin-Y))
using card-Y by linarith
hence [a1; f ?n; ay)
using long-ch-Y unfolding chain-defs by simp
have f n € Y
using long-ch-Y eval-nat-numeral unfolding local-ordering-def chain-defs
by (metis card-1-singleton-iff card-Suc-eq card-gt-0-iff diff-Suc-less
diff-self-eq-0 insert-iff numeral-2-eq-2)
hence [an; b; f 7n] V [an; [ 2105 b] V [b; an; [ 7n)
using abc-ez-path-unique some-betw abe-sym <[ay; f ?n; ay)>
by (smt Y-def Yb <f ?n € Y) abc-abe-neq cross-once-notin)
thus [f 7n; b; a,]
proof —
have VY n. = ([an; fn; b] A n < card Y)
using S-def «S = {}
by blast
then have [a,; b; f 2n] V = [a1; [ %05 b] A = [an; | 205 ]
using bound-indices abc-sym abd-bed-abe Yb
by (metis (no-types, lifting) <f (card Y — 2) € Y» card-gt-0-iff diff-less
empty-iff fin-Y zero-less-numeral)
then show ?thesis
using abc-bed-abd abe-sym
by (meson [an; b; f 2n] V [an; f ?n; b V [b; an; f 70 <[a1; f 205 an]y)
qed
qged
qed
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qed
next assume —S={}
obtain k where k = Min S
by simp
hence ke S
by (simp add: «S # {}> <finite S»)

show ?thesis
proof
let %k = k—1
show [f %k; b; an] A 2k < card Y — 1 AN = (k'<card Y. 2k < k' AN [f k' b;
an])
proof (intro conjI)
show %k < card Y — 1
using S-def <k € S less-imp-diff-less card-Y
by (metis (no-types, lifting) One-nat-def diff-is-0-eq’ diff-less-mono lessI
less-le-trans
mem-Collect-eq nat-le-linear numeral-3-eq-3 zero-less-diff)
show [f %k; b; a,]
proof —
have f?%k € Y
using <k — I < card Y — 1> long-ch-Y card-Y eval-nat-numeral unfolding
local-ordering-def chain-defs
by (metis Suc-pred’ less-Suc-eq less-nat-zero-code not-less-eq not-less-eq-eq
set-le-two)
have [a1; [ 7k; a,] V f %% = ay
using bound-indices long-ch-Y <k — 1 < card Y — 1> chain-defs
unfolding finite-long-chain-with-alt
by (metis <f (k — 1) € Y» card-Diff1-less card-Diff-singleton-if chY?2
indez-injective)
thus [f %k; b; ay]
proof (rule disjE)
assume [ay; f %k; ay]
hence f %k # a3
using abc-abc-neq by blast
hence [a,; b; f 7k V [an; | 2k; ] V [b; an; | 2K]
using abc-ez-path-unique some-betw abe-sym <[ay; [ 2k; an]»
«f 2%k € Y Yb abc-abe-neq assms(3) cross-once-notin
by (smt Y-def)
moreover have — [a,; [ %k; b]
proof
assume [a,; [ %k; 0]
hence % € S
using S-def <[an; f %k; b <k — 1 < card Y — 1>
by simp
hence %k > k
by (simp add: <finite S» <k = Min S»)
thus Fulse
using «f (k — 1) # ay> chain-defs long-ch-Y
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by auto
qed
moreover have — [b; a,; f 2k
using Yb <[ay; f %k; an]> abe-only-cba(2) abe-bed-acd
by blast
ultimately show [f %k; b; a,]
using abc-sym by auto
next assume f %k = a
show ?thesis
using Yb <f (k — 1) = a1» by blast
qed
qed
show —(Fk'<card Y. k—1 < k' N [f k' b; an])
proof
assume Jk'<card Y. k—1 < k' A [f '} b; an)
then obtain k' where k’-def: k'<card Y —1 k' >k — 1 [an; b; f K]
using abc-ac-neq bound-indices neq0-conv
by (metis Suc-diff-1 abc-sym gr-implies-not0 less-SucE)
hence k'>k
using S-def <k € Sy abc-only-cba(2) less-SucE
by (metis (no-types, lifting) add-diff-inverse-nat less-one mem-Collect-eq
not-less-eq plus-1-eq-Suc)thm S-is-dense
hence k'eS
apply (intro S-is-denselof f Y a1 a a,, - b Maz S))
apply (simp add: long-ch-Y)
apply (smt (verit, ccfo-SIG) S-def <k € S» abc-acd-abd abe-only-cba(4)
add-diff-inverse-nat bound-indices chY2 diff-add-zero diff-is-0-eq fin-Y
k'-def(1,3)
less-add-one less-diff-conv2 less-nat-zero-code mem-Collect-eq nat-diff-split
order-finite-chain)
apply (simp add: <S # {}>, simp, simp)
using k’-def S-def
by (smt (verit, ccfv-SIG) <k € S» abe-acd-abd abe-only-cba(4) add-diff-cancel-right’
add-diff-inverse-nat bound-indices chY2 fin-Y le-eq-less-or-eq less-nat-zero-code
mem-Collect-eq nat-diff-split nat-neq-iff order-finite-chain zero-less-diff
zero-less-one)
thus Fulse
using S-def abc-only-cba(2) k'-def(3)
by blast
qed
qed
qed
qed
qed

lemma get-closest-chain-events:
assumes long-ch-Y: [f~Y|ag..a..a,]
and z-def: 2¢Y [ao; T; ay]
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obtains ny n. b ¢
where b=f n, c=f n. [bjz;c] b€Y c€Y ny = n. — 1 ne<card Y n.>0
-3k < card Y. [f k; z; an) A k>np) (3 k<ne. [ao; x; fK])
proof —
have 3 ny ne b c. b=f ny A c=fn. A [bjz;c] AN DEY A c€Y Anp =n. — 1 A
ne<card Y N n.>0
AN=3Ek < card Y. [f k; x; an] A k>np) A (3 k < ne. [ao; z; fE])
proof —
have bound-indices: f 0 = ag A f (card Y — 1) = a,
using chain-defs long-ch-Y by simp
have fin-Y: finite Y
using chain-defs long-ch-Y by presburger
have card-Y: card Y > &
using long-ch-Y points-in-long-chain finite-long-chain-with-card by blast
have chY2: local-long-ch-by-ord f Y
using long-ch-Y chain-defs by (meson card-Y long-ch-card-ged)
obtain P where P-def: PeP YCP
using fin-chain-on-path long-ch-Y fin-Y chain-defs by meson
hence zeP
using betw-b-in-path z-def(2) long-ch-Y points-in-long-chain
by (metis abc-abc-neq in-mono)
obtain n. where nc-def: —(3k. [ao; z; f k] A k<n.) [ao; z; [ ne] ne<card Y
ne>0
using smallest-k-ex [where a;=a¢ and a=a and a,=a, and b=z and f=f
and Y=Y]
long-ch-Y z-def
by blast
then obtain ¢ where c-def: c=fn. ceY
using chain-defs local-ordering-def by (metis chY?2)
have c-goal: c=fn. AN c€Y A n.<card Y A n.>0 A =(3k < card Y. [ag; z;
k] A k<n.)
using c-def nc-def(1,3,4) by blast
obtain n, where nb-def: =(3k < card Y. [f k; z; an] A k>np) [f np; 3 an]
ny<card Y—1
using greatest-k-ex [where a;=a¢ and a=a and a,=a,, and b=z and f=f
and Y=Y]
long-ch-Y z-def
by blast
hence ny<card Y
by linarith
then obtain b where b-def: b=f n, beY
using nb-def chY?2 local-ordering-def by (metis local-long-ch-by-ord-alt)
have [b;z;c]
proof —
have [b; z; ay,)]
using b-def(1) nb-def(2) by blast
have [ag; z; (]
using c-def(1) nc-def(2) by blast
moreover have Va. [a;2;0] V = [a; an; 7]
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using «[b; z; a,]> abc-bed-acd
by (metis (full-types) abc-sym)
moreover have Va. [a;x;0] V — [an; a; 2]
using <[b; z; a,]> by (meson abc-acd-bed abe-sym)
moreover have a, = ¢ — [b;z;c]
using «[b; z; a,]> by meson
ultimately show ?thesis
using abc-abd-bedbde abe-sym z-def (2)
by meson
qed
have ny<n,
using «[b;x;c]y <n.<card Y» <np<card Y» <¢c = fno <b = fnp
by (smt (28) abc-abd-bedbde abe-ac-neq abe-acd-abd abe-only-cba(4) abe-sym
bot-nat-0.extremum
bound-indices chY?2 fin-Y nat-neg-iff nc-def (2) nc-def(4) order-finite-chain)
have ny, = n. — 1
proof (rule ccontr)
assume ny, # ne, — 1
have ny<n.—1
using (np # n. — 1> (mp<ne> by linarith
hence [f np; (f(ne—1)); f ne
using «ny # n. — 1> long-ch-Y nc-def(8) order-finite-chain chain-defs
by auto
have —[ag; z; (f(n.—1))]
using nc-def(1,4) diff-less less-numeral-extra(1)
by blast
have n.—1#0
using (ny < ner <ny # ne — 1y by linarith
hence f(n.—1)#ag N aoFx
using bound-indices <ny < n. — 1» abc-abe-neq less-imp-diff-less nb-def (1)
ne-def(3) z-def(2)
by blast
have z#£f(n.—1)
using z-def(1) nc-def(3) chY2 unfolding chain-defs local-ordering-def
by (metis One-nat-def Suc-pred less-Suc-eq ne-def(4) not-less-eq)
hence [ag; f (n.—1); ]
using long-ch-Y nc-def c-def chain-defs
by (metis <[f np;f (ne — 1);f ne)> <= [ag;z;f (ne — 1)]> abe-ac-neq abc-acd-abd
abc-bed-acd
abd-acd-abcach abd-bed-abe b-def(1) b-def(2) fin-ch-betw2 nb-def(2))
hence [(f(n.—1)); z; ay)
using abc-acd-bed z-def (2) by blast
thus Fulse using nb-def(1)
using «ny < n. — 1> less-imp-diff-less nc-def(8)
by blast
qed
have b-goal: b=fny A bEY A np=n.—1 AN ~(3k < card Y. [f k; x; an] A k>np)
using b-def nb-def (1) nb-def(3) «<np=n.—1> by blast
thus ?thesis
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using «[b;x;c]y c-goal
using «ny < card Y» ne-def(1) by auto
qed
thus %thesis
using that by auto
qed

This is case (ii) of the induction in Theorem 10.

lemma chain-append-inside:
assumes long-ch-Y: [f~Y]a;..a..a,]
and Y-def: b¢Y
and Yb: [a1; b; ay)]
and k-def: [a1; b; f k] k < card Y =(3k". (0::nat)<k’ A k'<k A a1 b; f£])
fixes g
defines g-def: g = (Ajunat. if (j<k—1) then f j else (if (j=k) then b else f
(G—1)
shows [g~insert b Yl|ay .. b .. ay)
proof —
let ?X = insert b Y
have fin-X: finite ?X
by (meson chain-defs finite.insertl long-ch-Y)
have bound-indices: f 0 = ay A f (card Y — 1) = a,
using chain-defs long-ch-Y
by auto
have fin-Y: finite Y
using chain-defs long-ch-Y by presburger
have f-def: local-long-ch-by-ord f Y
using chain-defs long-ch-Y by (meson finite-long-chain-with-card long-ch-card-ge3)
have <a; # ap A ay # b A b # ay
using Yb abc-abc-neq by blast
have k # 0
using abc-abe-neq bound-indices k-def
by metis

have b-middle: [f(k—1); b; f k]
proof (cases)
assume k=1 show [f(k—1); b; f k]
using «[ay; b; f k] <k = 1) bound-indices by auto
next assume k#1 show [f(k—1); b; f k]
proof —
have alk: [a1; f (k—1); f k] using bound-indices
using <k < card V> <k # 0> <k # 1> long-ch-Y fin-Y order-finite-chain
unfolding chain-defs by auto

In fact, the comprehension below gives the order of elements too. Our
notation and Theorem 9 are too weak to say that just now.

have ch-with-b: ch {a1, (f (k—1)), b, (f k)} using chain/
using k-def(1) abc-ex-path-unique between-chain cross-once-notin
by (smt <[a1; f (k—1); f k] abc-abe-neq insert-absorb2)
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have f (k—1) # b A (f ) # (f (k=1)) A b £ (fF)
using abc-abe-neq f-def k-def (2) Y-def
by (metis local-ordering-def <|ay; f (k—1); f k]» less-imp-diff-less lo-
cal-long-ch-by-ord-def)
hence some-ord-bk: [f(k—1); b; fk] V [b; f (k—1); fE] V [f (k—1); fk; D]
using fin-chain-on-path ch-with-b some-betw Y-def chain-defs
by (metis alk abc-acd-bed abd-acd-abeach k-def(1))
thus [f(k—1); b; [ k]
proof —
have — [ay; [ k; D]
by (simp add: <[a1; b; f k] abc-only-cba(2))
thus ?thesis
using some-ord-bk k-def abc-bed-acd abd-bed-abe bound-indices
by (metis diff-is-0-eq” diff-less less-imp-diff-less less-irrefl-nat not-less
zero-less-diff zero-less-one <[ay; b; f k] alk)
qed
qed
qed

let 2casel V 2case2 = k—2 >0V k+1 < card Y —1

have b-right: [f (k—2); f (k—1); b] ifk > 2
proof —
have k—1 < (k::nat)
using <k # 0> diff-less zero-less-one by blast
hence k-2 < k—1
using 2 < k» by linarith
have [f (k=2); f (k—1); b]
using abd-bed-abe b-middle f-def k-def(2) fin-Y <k—2 < k—1) <k—1 < k»
thm2-ind2 chain-defs
by (metis Suc-1 Suc-le-lessD diff-Suc-eq-diff-pred that zero-less-diff)
thus [f (k—2); f (k—1); 8]
using «[f(k — 1); b; f k]> abd-bed-abe
by blast
qed

have b-left: [b; fk; f (k+1)] if k+1 < card Y —1
proof —
have [f (k—1); fk; f (k+1)]
using <k # 0> f-def fin-Y order-finite-chain that
by auto
thus [b; f k; f (k+1)]
using «([f (k — 1); b; fk]> abc-acd-bed
by blast
qed

have local-ordering g betw ?X

proof —
have Vn. (finite X — n < card ?X) — gn € ?X
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proof (clarify)
fix n assume finite X — n < card X gn ¢ Y
consider n<k—1 | n>k+1 | n=k
by linarith
thus gn =19
proof (cases)
assume n < k — 1
thus gn=1»
using f-def k-def(2) Y-def(1) chain-defs local-ordering-def g-def
by (metis <gn ¢ Y» <k # 0> diff-less le-less less-one less-trans not-le)
next
assume k£ + 1 <n
show gn =19
proof —
have fne€ YV =(n < card Y) for n
using chain-defs by (metis local-ordering-def f-def)
then show gn = b
using «finite X — n < card ?X> fin-Y g-def Y-def <gn ¢ Y>» <k + 1

<
not-less not-less-simps(1) not-one-le-zero
by fastforce
qged
next
assume n=~k
thus gn =1">
using Y-def <k #£ 0» g-def
by auto
qed
qed
moreover have Vze?X. In. (finite X — n < card X) AN gn =z
proof

fix  assume z€?X
show I n. (finite X — n < card ?X) AN gn ==z
proof (cases)
assume z€Y
show ?thesis
proof —
obtain iz where fir = z iz < card Y
using <z € Y)» f-def fin-Y
unfolding chain-defs local-ordering-def
by auto
have z<k—1 V x>k
by linarith
thus ?thesis
proof
assume x<k—1
hence g ix =z
using «f ix = z» g-def by auto
moreover have finite X — iz < card X
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using Y-def <iz < card Y» by auto
ultimately show ?thesis by metis
next assume iz>k
hence g (iz+1) = z
using «f ix = z» g-def by auto
moreover have finite ?X — iz+1 < card ?X
using Y-def iz < card Y» by auto
ultimately show ?thesis by metis
qed
qged
next assume z¢Y
hence z=b
using Y-def <x € ?X) by blast
thus ?thesis
using Y-def <k # 0> k-def (2) ordered-cancel-comm-monoid-diff-class.le-diff-conv2
g-def
by auto
qed
qed
moreover have Vn n’ n”. (finite ?X — n” < card ?X) A Suc n = n' A Suc
7,L/ — n//
— [g n; g (Suc n); g (Suc (Suc n))]
proof (clarify)
fix n n’ n' assume a: (finite X — (Suc (Suc n)) < card ?X)

Introduce the two-case splits used later.

have cases-sn: Suc n<k—1 V Suc n=k if n<k—1
using <k # 0> that by linarith

have cases-ssn: Suc(Suc n)<k—1 V Suc(Suc n)=Fk if n<k—1 Suc n<k—1
using that(2) by linarith

consider n<k—1 | n>k+1 | n=~k
by linarith
then show [g n; g (Suc n); g (Suc (Suc n))]
proof (cases)
assume n<k—1 show ?thesis
using cases-sn
proof (rule disjE)
assume Sucn < k — 1
show ?thesis using cases-ssn
proof (rule disjE)
show n <k — 1 using <n < k — 1) by blast
show (Sucn < k — 1> using «Suc n < k — 1) by blast
next
assume Suc (Sucn) <k — 1
thus ?thesis
using «Sucn < k — 1y <k # 0> «<n < k — 1) ordering-ord-ijk-loc f-def
g-def k-def(2)
by (metis (no-types, lifting) add-diff-inverse-nat less-Suc-eg-le
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less-imp-le-nat less-le-trans less-one local-long-ch-by-ord-def plus-1-eq-Suc)
next
assume Suc (Suc n) =k
thus ?thesis
using b-right g-def by force
qed
next
assume Suc n = k
show ?thesis
using b-middle <Sucn =k «n < k — 1) g-def

by auto
next show n < k—1 using «n < k — 1» by blast
qged
next assume n>k+1 show ?thesis
proof —

have gn = f (n—1)
using <k + 1 < n» less-imp-diff-less g-def
by auto
moreover have ¢ (Suc n) = f (n)
using <k + 1 < n» g-def by auto
moreover have ¢ (Suc (Suc n)) = f (Suc n)
using <k + 1 < n» g-def by auto
moreover have n—1<n A n<Suc n
using <k + I < n» by auto
moreover have finite Y — Suc n < card Y
using Y-def a by auto
ultimately show #thesis
using f-def unfolding chain-defs local-ordering-def
by (metis <k + 1 < n» add-leD2 le-add-diff-inverse plus-1-eq-Suc)
qed
next assume n=£k
show ?thesis
using <k # 0> «<n = k> b-left g-def Y-def(1) a assms(3) fin-Y
by auto
qed
qed
ultimately show local-ordering g betw ?X
unfolding local-ordering-def
by presburger
qed
hence local-long-ch-by-ord g ?X
using Y-def f-def local-long-ch-by-ord-def local-long-ch-by-ord-def
by auto
thus [g~ ?X]ay..b..a,)
using fin-X <a1 # a, A a1 # b A b # an» bound-indices k-def(2) Y-def g-def
chain-defs
by simp
qed
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lemma cardj-eq:
assumes card X = 4
showsJabcd atbANa#tcAhNaFdANb#EcANbEdANcEdNX={a,
b, ¢, d}
proof —
obtain a X’ where X = insert a X' and a ¢ X’
by (metis Suc-eqg-numeral assms card-Suc-eq)
then have card X' = 3
by (metis add-2-eq-Suc’ assms card-eq-0-iff card-insert-if diff-Suc-1 finite-insert
numeral-3-eq-3 numeral-Bit0 plus-nat.add-0 zero-neq-numeral)
then obtain b X' where X' = insert b X'’ and b ¢ X"
by (metis card-Suc-eq numeral-3-eq-3)
then have card X" = 2
by (metis Suc-eg-numeral <card X' = 3> card.infinite card-insert-if finite-insert
pred-numeral-simps(3) zero-neq-numeral)
then have 3¢ d. ¢ # d A X" = {¢, d}
by (meson card-2-iff)
thus ?thesis
using «X = insert a X «X' = insert b X' <a ¢ X’» <b ¢ X' by blast
qed

theorem path-finsubset-chain:
assumes Q € P
and X C @
and card X > 2
shows ch X
proof —
have finite X
using assms(3) not-numeral-le-zero by fastforce
consider card X = 2 | card X = 3 | card X > 4
using <card X > 2) by linarith
thus ?thesis
proof (cases)
assume card X = 2
thus ?thesis
using (finite X» assms two-event-chain by blast
next
assume card X = 3
thus ?thesis
using <finite X» assms three-event-chain by blast
next
assume card X > J
thus ?thesis
using assms(1,2) «finite X»
proof (induct card X — 4 arbitrary: X)
case (
then have card X = 4
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by auto

then have dabcd a# bAhNaF cNhNa#FdNbFcANbFdNcFdNX

={a, b, ¢, d}

using card4-eq by fastforce

thus ?Zcase
using 0.prems(3) assms(1) chaing by auto

next
case [H: (Suc n)

then obtain Y b where X-eq: X = insert b Y and b ¢ Y
by (metis Diff-iff card-eq-0-iff finite.cases insertll insert-Diff-single not-numeral-le-zero)
have card Y > 4 n=card Y — J
using IH .hyps(2) IH.prems(4) X-eq <b ¢ Y> by auto
then have ch Y
using IH (1) [of Y] IH.prems(3,4) X-eq assms(1) by auto

then obtain f where f-ords: local-long-ch-by-ord f Y

using </ < card Y ch-alt short-ch-card(2) by auto
then obtain ¢y a a, where long-ch-Y: [f~Y|ay..a..a,]

using <4 < card Y)» get-fin-long-ch-bounds by fastforce
hence bound-indices: f 0 = a1 A f (card Y — 1) = a,

by (simp add: chain-defs)
have a1 # ap N ay Z b AN b # ay,

using «b ¢ Y abc-abe-neq fin-ch-betw long-ch-Y points-in-long-chain by
metis

moreover have a; € Q AN a, € QANbeE Q

using IH.prems(3) X-eq long-ch-Y points-in-long-chain by auto
ultimately consider [b; a1; a,] | [a1; an; 0] | [an; b; a1]

using some-betw [of Q b a1 a,] <Q € P> by blast
thus ch X
proof (cases)

assume [b; a1; ay)
have X-eq X = Y U {b}
using X-eq by auto
let g =MNj. ifj > 1thenf (j — 1) elsed
have [?g~~X|b..a1..a,]
using chain-append-at-left-edge IH.prems(4) X-eq’ «[b; a1; ap]> <b ¢ Y
long-ch-Y X-eq
by presburger
thus ch X
using chain-defs by auto
next

assume [a1; a,; b
let 29 = N\j. if j < (card X — 2) then fjelse b
have [?g~X|a;..a,..}]
using chain-append-at-right-edge TH.prems(4) X-eq <[a1; an; by <b & V)
long-ch-Y
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by auto
thus ch X using chain-defs by (meson ch-def)
next

assume [a,; b; a1]
then have [a;; b; a,]
by (simp add: abc-sym)
obtain k& where
k-def: [a1; b; fk] k< card Y = (k" 0 < k' NE' < k A [a; b; f£])
using <[a1; b; ap] <b ¢ Y long-ch-Y smallest-k-ex by blast
obtain g where g = (\jinat. if j < k — 1
then fj
else if j = k
then b else f (j — 1))
by simp
hence [g~~X]a;..b..a;]
using chain-append-inside [of f Y a1 a ay, b k] IH.prems(4) X-eq
a1; b; an] <b ¢ Y k-def long-ch-Y
by auto
thus ch X
using chain-defs ch-def by auto
qed
qed
qed
qed

lemma path-finsubset-chain2:
assumes Q € Pand X C @ and card X > 2
obtains f a b where [f~X]a..b]
proof —
have finX: finite X
by (metis assms(3) card.infinite rel-simps(28))
have ch-X: ch X
using path-finsubset-chain[OF assms] by blast
obtain f a b where f-def: [f~X]a..b] a€X A beX
using assms finX ch-X get-fin-long-ch-bounds chain-defs
by (metis ch-def points-in-chain)
thus ?thesis
using that by auto
qed

30.2 Theorem 11

Notice this case is so simple, it doesn’t even require the path density larger
sets of segments rely on for fixing their cardinality.

lemma segmentation-ex-N2:
assumes path-P: PEP
and Q-def: finite (Q::'a set) card @ = N QCP N=2
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and f-def: [f~Q|a..b]
and S-def: S = {segment a b}
and P1-def: P1 = prolongation b a
and P2-def: P2 = prolongation a b
shows P = ((US) U P1 UP2U Q) A
card S = (N—1) N (Vz€S. is-segment ) A
PINP2={} A (VzeS. (znP1={} N zNP2={} AN (Vy€ES. z#y —
2ny={})
proof —
have acQ N b€Q A a#b
using chain-defs f-def points-in-chain first-neg-last
by (metis)
hence @Q={a,b}
using assms(3,5)
by (smt card-2-iff insert-absorb insert-commute insert-iff singleton-insert-inj-eq)
have acP A beP
using «Q={a,b}» assms(4) by auto
have a#b using «Q={a,b}
using <N = 2) assms(3) by force
obtain s where s-def: s = segment a b by simp
let 25 = {s}
have P = ((U{s}) U P1 UP2U Q) A
card {s} = (N—1) A (Vze{s}. is-segment z) A
PinP2={} N (Vae{s}. (eaNP1={} A 2nP2={} N (Vye{s}. a2ty —
zNy={})))
proof (rule conjI)
{ fix z assume z€P
have [a;2;b] V [ba;z] V [a;b;2] V 2=a V z=b
using <a€P A beP) some-betw path-P <a#£b»
by (meson <x € P> abc-sym)
then have z€s V z€P1 V z€P2 V z=a V z=b
using pro-betw seg-betw P1-def P2-def s-def <Q = {a, b}
by auto
hence z € (J{s}) U P1 UP2U Q
using <Q = {a, b}» by auto
} moreover {
fix r assume z € (|J{s}) U P1 UP2U Q
hence z€s V z€P1 V z€P2 V z=a V z=b
using <@ = {a, b}> by blast
hence [a;x;b] V [b;a;2] V [a;b;2] V 2=a V 2=b
using s-def P1-def P2-def
unfolding segment-def prolongation-def
by auto
hence zcP
using <a € P A b € Py <a # b betw-b-in-path betw-c-in-path path-P
by blast
}
ultimately show union-P: P = ((J{s}) U P1 U P2 U Q)
by blast
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show card {s} = (N—1) A (Vze{s}. is-segment x) A PINP2={} A
(Vze{s}. (anP1={} N zNP2={} A (Vye{s}. z#y — 2Ny={})))
proof (safe)
show card {s} = N — 1
using <Q = {a, b}» <a # b> assms(3) by auto
show is-segment s
using s-def by blast
show A\z. 2 € Pl = z € P2 = z € {}
proof —
fix © assume z€P1 z€P2
show ze{}
using PI-def P2-def <x € P1») <x € P2) abc-only-cba pro-betw
by metis
qed
show Az za. xa € s = za € P1 = za € {}
proof —
fix z ra assume zacs zacP1
show zac{}
using abc-only-cba seg-betw pro-betw Pl-def <xa € P1y <xa € sy s-def
by (metis)
qed
show Az za. za € s = za € P2 = za € {}
proof —
fix z za assume zacs racP2
show zae{}
using abc-only-cba seg-betw pro-betw
by (metis P2-def <xa € P2 <xa € s> s-def)
qed
qed
qed
thus ?thesis
by (simp add: S-def s-def)
qed

lemma int-split-to-segs:
assumes f-def: [f~Q)|a..b..c]
fixes S defines S-def: S = {segment (f i) (f(i+1)) | i. i<card @Q—1}
shows interval a ¢ = (|JS) U @
proof
let /N = card Q
have f-def-2: ac@Q N beQ N ceQ
using f-def points-in-long-chain by blast
hence ?N > 3§
using f-def long-ch-card-ge3 chain-defs
by (meson finite-long-chain-with-card)
have bound-indices: f 0 = a A f (card @ — 1) = ¢
using f-def chain-defs by auto
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let %0 = ?u = interval a c = (JS) U @
show 2iC %y
proof
fix p assume p € %
show pe ?u
proof (cases)
assume pe Q) thus ?thesis by blast
next assume pé Q)
hence p#a A p#c
using f-def f-def-2 by blast
hence [a;p;c]
using seg-betw <p € interval a ¢y interval-def
by auto
then obtain ny n, y 2
where yz-def: y=f n, z=f n. [y;p;z] y€Q 2€Q ny=n.—1 n.<card Q
—(3k < card Q. [f k; p; c] A k>ny) ~(Fk<n,. [a; p; fk])
using get-closest-chain-events [where f=f and z=p and Y=Q and a,=c
and ap=a and a=0]
Fdef g Q
by metis
have n,<card Q—1
using yz-def(6,7) f-def index-middle-element
by fastforce
let %s = segment (f ny) (f ns)
have pe?s
using <[y;p;z]> abc-abe-neq seg-betw yz-def(1,2)
by blast
have n, = n, + 1
using yz-def (6)
by (metis abc-abe-neq add.commute add-diff-inverse-nat less-one yz-def(1,2,3)
zero-diff)
hence ?s€§
using S-def <ny<card Q—1» assms(2)
by blast
hence pelJ S
using <p € %s) by blast
thus “thesis by blast
qed
qed
show 2uC %
proof
fix p assume p € Zu
hence pelJ S V pe@ by blast
thus pe?
proof
assume pe Q)
then consider p=a|p=c|[a;p;c]
using f-def by (meson fin-ch-betw2 finite-long-chain-with-alt)
thus ?thesis
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proof (cases)
assume p=aqa
thus ?thesis by (simp add: interval-def)
next assume p=c
thus ?thesis by (simp add: interval-def)
next assume [a;p;c]
thus ?thesis using interval-def seg-betw by auto
qed
next assume pelJ S
then obtain s where pcs se€S
by blast
then obtain y where s = segment (fy) (f (y+1)) y<?N—1
using S-def by blast
hence y+1<?N by (simp add: assms(2))
hence fy-in-Q: (fY)€Q A f (y+1) € Q
using f-def add-lessD1 unfolding chain-defs local-ordering-def
by (metis One-nat-def Suc-eq-plusl Zero-not-Suc «3<card Q> card-1-singleton-iff
card-gt-0-iff
card-insert-if diff-add-inverse2 diff-is-0-eq’ less-numeral-extra(1) nu-
meral-3-eq-3 plus-1-eq-Suc)
have [a; fy; ] V y=0
using <y <?N — 1y assms(2) f-def chain-defs order-finite-chain by auto
moreover have [a; f (y+1); ¢c] Vy= ?N-2
using «y+1 < card Q> assms(2) f-def chain-defs order-finite-chain i-le-j-events-neq
using indices-neq-imp-events-neq fin-ch-betw2 fy-in-Q
by (smt (23) Nat.add-0-right Nat.add-diff-assoc add-gr-0 card-Diff1-less
card-Diff-singleton-if
diff-diff-left diff-is-0-eq’ le-numeral-extra(4) less-numeral-extra(1) nat-1-add-1)
ultimately consider y=0|y=?N—2|([a; fy; ¢] A [a; f (y+1); ¢])
by linarith
hence [a;p;c]
proof (cases)
assume y=0
hence fy = a
by (simp add: bound-indices)
hence [a; p; (f(y+1))]
using (p € s» <s = segment (fy) (f (y + 1)) seg-betw
by auto

moreover have [a; (f(y+1)); ]
using <[a; (f(y+1)); c] Vy= 92N — 2y «y= 0> <?N>3
by linarith

ultimately show [a;p;c]
using abc-acd-abd by blast

next

assume y=?N—-2

hence f (y+1) = ¢
using bound-indices < ?N>38) numeral-2-eq-2 numeral-3-eq-3

by (metis One-nat-def Suc-diff-le add.commute add-leD2 diff-Suc-Suc
plus-1-eq-Suc)
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hence [f y; p; ¢|
using «p € s» «s = segment (fy) (f (v + 1)) seg-betw
by auto
moreover have [a; f y; (]
using <[a; fy; c] Vy= 0y = 9N — 2) <?N>3
by linarith
ultimately show [a;p;c]
by (meson abc-acd-abd abe-sym)

next
assume [a; fy; c] A [a; (f(y+1)); ]
thus [a;p;c]
using abe-ade-bed-ace [where a=a and b=f y and d=f (y+1) and e=c
and c=p]
using «p € s «s = segment (fy) (f(y+1)) seg-betw
by auto
qed

thus ?thesis
using interval-def seg-betw by auto
qed
qed
qed

lemma path-is-union:
assumes path-P: PEP
and Q-def: finite (Q::'a set) card @ = N QCP N>3
and f-def: a€Q AN b€Q A c€Q [f~Qla..b..c]
and S-def: S = {s. Ji<(N—1). s = segment (fi) (f (i+1))}
and P1-def: P1 = prolongation b a
and P2-def: P2 = prolongation b ¢
shows P = ((IJS) U P1 U P2U Q)
proof —

have in-P: acP A beP A ceP
using assms(4) f-def by blast

have bound-indices: f 0 = a A f (card Q — 1)
using f-def chain-defs by auto

have points-neq: a#£b A b#£c A ac
using f-def chain-defs by (metis first-neg-last)

C

The proof in two parts: subset inclusion one way, then the other.

{ fix z assume z€P
have [a;z;¢] V [b;a;2] V [b;c;z] V z=a V 2=c
using in-P some-betw path-P points-neq <x € P> abc-sym
by (metis (full-types) abc-acd-bed fin-ch-betw f-def(2))
then have (3s€S. z€s) V z€P1 V z€P2 V z€Q
proof (cases)
assume [a;z;c]
hence only-azc: —([b;a;z] V [b;c;z] V z=a V x=c¢)
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using abc-only-cba
by (meson abc-bed-abd abe-sym f-def fin-ch-betw)
have z € interval a ¢
using <[a;z;c]> interval-def seg-betw by auto
hence z€Q Vv zelJ S
using int-split-to-segs S-def assms(2,3,5) f-def
by blast
thus ?thesis by blast
next assume —[a;z;c]
hence [b;a;z] V [b;c;z] V z=a V z=c
using <[a;z;c] V [bia;x] V [biex] V & = a V z = o by blast
hence z€P1 V z€P2 V z€Q
using PI-def P2-def f-def pro-betw by auto
thus ?thesis by blast
qed
hence z € (|JS) U P1 U P2 U Q by blast
} moreover {
fix x assume z € (US) U P1 UP2U Q
hence (Is€8S. z€s) V z€P1 V z€P2 V z€Q
by blast
hence z€|J S V [b;a;z] V [bic;z] V z€Q
using S-def P1-def P2-def
unfolding segment-def prolongation-def
by auto
hence zeP
proof (cases)
assume z€lJ S
have S = {segment (f i) (f(i+1)) | 7. i<N—1}
using S-def by blast
hence zecinterval a c
using int-split-to-segs [OF f-def(2)] assms <zl S»
by (simp add: UnCI)
hence [a;z;c] V z=a V z=c
using interval-def seg-betw by auto
thus ?thesis
proof (rule disjE)
assume r=a V r=c
thus ?thesis
using in-P by blast
next
assume [a;z;c]
thus ?thesis
using betw-b-in-path in-P path-P points-neq by blast
qed
next assume z¢|J S
hence [b;a;z] V [b;c;z] V 2€Q
using «z € |J SV [bia;z] V [bic;z] V z € @
by blast
thus ?thesis
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using assms(4) betw-c-in-path in-P path-P points-neq
by blast
qed
}
ultimately show P = ((US) U P1 U P2 U Q)
by blast
qed

lemma inseg-axc:
assumes path-P: PP
and Q-def: finite (Q::'a set) card @ = N QCP N>3
and f-def: ac@ N be@Q N c€Q [f~Q|a..b..c]
and S-def: S = {s. Ji<(N—1). s = segment (f7) (f (i+1))}
and z-def: z€s s€S
shows [a;z;c]
proof —
have fQ: local-long-ch-by-ord f Q
using f-def Q-def chain-defs by (metis ch-long-if-card-geq3 path-P short-ch-card(1)
short-zor-long(2))
have inseg-neq-ac: x#a N z#c if z€s s€§ for = s
proof
show z#a
proof (rule notl)
assume z=a
obtain n where s-def: s = segment (f n) (f (n+1)) n<N—1
using S-def <s € S» by blast
hence n<card @ using assms(3) by linarith
hence fn € @
using fQ unfolding chain-defs local-ordering-def by blast
hence [a; f n; ]
using f-def finite-long-chain-with-def assms(83) order-finite-chain seg-betw
that(1)
using <n < N — 1) «<s = segment (fn) (f (n + 1)) <z = @
by (metis abc-abc-neq add-lessD1 fin-ch-betw inside-not-bound(2) less-diff-conv)
moreover have [(f(n)); z; (f(n+1))]
using (z€s» seg-betw s-def(1) by simp
ultimately show Fulse
using «z=ay abc-only-cba(1) assms(3) fQ chain-defs s-def(2)
by (smt (23) «<n < card Q> f-def(2) order-finite-chain-indices2 thm2-indl)
qed

show z+#c
proof (rule notl)
assume r=c
obtain n where s-def: s = segment (f n) (f (n+1)) n<N—1
using S-def <s € S» by blast
hence n+1<N by simp

have [(f(n)); =; (f(n+1))]
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using «z€s> seg-betw s-def(1) by simp
have f (n) € @
using f@Q <n+1 < N> chain-defs local-ordering-def
by (metis add-lessD1 assms(3))
have f (n+1) € Q
using <n+1 < N> fQ chain-defs local-ordering-def
by (metis assms(3))
have f(n+1) # ¢
using =0 <[(f(n)); z; (f(n+1))]> abc-abe-neq
by blast
hence [a; (f(n+1)); ]
using f-def finite-long-chain-with-def assms(83) order-finite-chain seg-betw
that(1)
abc-abc-neq abc-only-cba fin-ch-betw
by (metis<[fn; z; f (n+ Dp «f(n+ 1) e Q fne @ x=0)
thus Fulse
using <z=0¢> [(f(n)); z; (f(n+1))]> assms(3) f-def s-def(2)
abe-only-cba(1) finite-long-chain-with-def order-finite-chain
by (metis <f n € @ abc-bed-acd abe-only-cba(1,2) fin-ch-betw)
qed
qged

show [a;x;c]
proof —
have zeinterval a c
using int-split-to-segs [OF f-def(2)] S-def assms(2,3,5) z-def
by blast
have z#a A z#c using inseg-neq-ac
using z-def by auto
thus ?thesis
using seg-betw <x € interval a ¢ interval-def
by auto
qed
qed

lemma disjoint-segmentation:
assumes path-P: PP
and Q-def: finite (Q::'a set) card @ = N QCP N>3
and f-def: a€Q AN b€Q A c€Q [f~Qla..b..c]
and S-def: S = {s. Ji<(N—1). s = segment (fi) (f (i+1))}
and PI-def: P1 = prolongation b a
and P2-def: P2 = prolongation b ¢
shows PINP2={} A (VzeS. (zNP1={} A zNP2={} AN (VyES. z#y —
wy={1)))
proof (rule conjI)
have fQ: local-long-ch-by-ord f Q
using f-def Q-def chain-defs by (metis ch-long-if-card-geq3 path-P short-ch-card(1)
short-zor-long(2))
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show PI1 N P2 = {}
proof (safe)
fix z assume z€P1 z€P2
show ze{}
using abc-only-cba pro-betw P1-def P2-def
by (metis <z € P1» <x € P2) abc-bed-abd f-def (2) fin-ch-betw)
qed

show VzeS. (zNPI1={} A 2NP2={} N (VyeS. z£y — zNy={}))
proof (rule balll)
fix s assume s€S
show sN Pl ={} AsNP2={}ANNMyeS.s#y —sny=1{})
proof (intro conjl balll impl)
show sNP1={}
proof (safe)
fix r assume z€s z€P1
hence [a;z;¢]
using inseg-azc <s € S» assms by blast
thus ze{}
by (metis P1-def <x € P1) abc-bed-abd abc-only-cba(1) f-def(2) fin-ch-betw
pro-betw)
qed
show sNP2={}
proof (safe)
fix © assume z€s z€P2
hence [a;z;(]
using inseg-axc <s € S» assms by blast
thus ze{}
by (metis P2-def «x € P2 abc-bed-acd abe-only-cba(2) f-def(2) fin-ch-betw
pro-betw)
qed
fix r assume r€S s#£r
show snr={}
proof (safe)
fix yassume y € ry € s
obtain n m where rs-def: r = segment (f n) (f(n+1)) s = segment (f m)

(F(m+1))
nZm n<N—1 m<N—1
using S-def <r € S) «<s # r «s € Sy by blast
have y-betws [f n; y; (f(n+-1)] A [f ms y; (F(m+1))]
using seg-betw (yery «y€s> rs-def(1,2) by simp
have Fulse
proof (cases)
assume n<m
have [f n; fm; (f(m+1))]
using n < my assms(3) fQ chain-defs order-finite-chain rs-def(5) by
(metis assms(2) thm2-ind1)
have n+1<m
using «<[f n; fm; f(m + 1)) <n < m» abc-only-cba(2) abd-bed-abe y-betw
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by (metis Suc-eq-plusl Suc-lel le-eq-less-or-eq)
hence [f n; (f(n+1)); f m]
using fQ assms(3) rs-def(5) unfolding chain-defs local-ordering-def
by (metis (full-types) <[f niyf m;f (m + 1) abc-only-cba(1) abe-sym
abd-bed-abe assms(2) fQ thm2-indl y-betw)
hence [f n; (f(n+1)); y]
using «[f n; f m; f(m + 1)]> abc-acd-abd abd-bed-abe y-betw
by blast
thus ?thesis
using abc-only-cba y-betw by blast
next
assume —n<m
hence n>m using nat-neq-iff rs-def(3) by blast
have [f m; f n; (f(n+1))]
using «n > my assms(8) fQ chain-defs rs-def(4) by (metis assms(2)
thm2-ind1)
hence m+1<n
using «n > m» abc-only-cba(2) abd-bed-abe y-betw
by (metis Suc-eq-plus1 Suc-lel le-eq-less-or-eq)
hence [f m; (f(m+1)); fn]
using fQ assms(2,3) rs-def(4) unfolding chain-defs local-ordering-def
by (metis (no-types, lifting) «[f m;f n;f (n + 1)]» abc-only-cba(1) abc-sym
abd-bed-abe fQ thm2-ind1 y-betw)
hence [f m; (f(m+1)); y]
using <[f m; fn; f(n + 1)) abc-acd-abd abd-bed-abe y-betw
by blast
thus ?thesis
using abc-only-cba y-betw by blast
qed
thus ye{} by blast
qed
qed
qed
qed

lemma segmentation-ex-Nge3:
assumes path-P: PP
and Q-def: finite (Q::'a set) card @ = N QCP N>3
and f-def: a€Q AN b€Q A c€Q [f~Qla..b..c]
and S-def: S = {s. Ji<(N—1). s = segment (fi) (f (i+1))}
and PI-def: P1 = prolongation b a
and P2-def: P2 = prolongation b ¢
shows P = ((US) U P1 UP2U Q) A
(VzeS. is-segment ) A
PINP2={} A (VzeS. (zNP1={} A zNP2={} A (VyES. z#y —
zNy={})))
proof (intro disjoint-segmentation conjl)
show P = ((US)U P1 UP2U Q)
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using path-is-union assms
by blast
show Vz€S. is-segment x
proof
fix s assume s€S
thus is-segment s using S-def by auto
qed
qed (use assms disjoint-segmentation in auto)

Some unfolding of the definition for a finite chain that happens to be short.

lemma finite-chain-with-card-2:
assumes f-def: [f~Q)|a..b]
and card-Q: card @ = 2
shows finite Q f0 =a f (card Q — 1) =bQ={f0,f1}3Q. path Q (f0) (f
1)

using assms unfolding chain-defs by auto

Schutz says "As in the proof of the previous theorem [...]" - does he mean
to imply that this should really be proved as induction? I can see that quite
easily, induct on N, and add a segment by either splitting up a segment or
taking a piece out of a prolongation. But I think that might be too much
trouble.

theorem show-segmentation:
assumes path-P: PeP
and Q-def: QCP
and f-def: [f~Q|a..b]
fixes P1 defines PI-def: P1 = prolongation b a
fixes P2 defines P2-def: P2 = prolongation a b
fixes S defines S-def: S = {segment (f i) (f (i+1)) | i. i<card Q—1}
shows P = ((lJS) U P1 U P2 U Q) (Vz€S. is-segment x)
disjoint (SU{P1,P2}) P1#P2 P1¢S P2¢S
proof —
have card-Q: card Q > 2
using fin-chain-card-geq-2 f-def by blast
have finite @
by (metis card.infinite card-Q rel-simps(28))
have f-def-2: acQ N beQ
using f-def points-in-chain finite-chain-with-def by auto
have a#b
using f-def chain-defs by (metis first-neg-last)
{
assume card Q) = 2
hence card @ — 1 = Suc 0 by simp
have Q ={f0,f1}3Q. path Q (f0) (f1)f0=af (card Q@ — 1) =D
using <card Q = 2» finite-chain-with-card-2 f-def by auto
hence S={segment a b}
unfolding S-def using <card @ — 1 = Suc 0> by (simp add: eval-nat-numeral)
hence P = ((JS) U P1 U P2 U Q) (VzeS. is-segment ) PINP2={}
(VzeS. (znPI1={} A 2NP2={} A (VyES. a#y — zNy={})))
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using assms f-def <finite Q> segmentation-ex-N2
[where P=P and Q=@ and N=card Q]
by (metis (no-types, lifting) <card Q@ = 2»)+
} moreover {
assume card @ # 2
hence card ) > 3
using card-Q by auto
then obtain ¢ where c-def: [f~Q|a..c..b]
using assms(3,5) <a#by chain-defs
by (metis f-def three-in-set3)
have pro-equiv: P1 = prolongation ¢ a N P2 = prolongation c b
using pro-basis-change
using PI-def P2-def abc-sym c-def fin-ch-betw by auto
have S-def2: S = {s. Fi<(card Q—1). s = segment (fi) (f (i+1))}
using S-def <card @ > 3> by auto
have P = ((US) U P1 U P2 U Q) (Vz€S. is-segment x) PINP2={}
(VzeS. (zNP1={} A 2NP2={} A (VyeS. z£y — zNy={})))
using f-def-2 assms f-def <card QQ > 3 c-def pro-equiv
segmentation-ez-Nge3 [where P=P and Q=@ and N=card Q and S=9
and a=a and b=c and c=b and f=f]
using points-in-long-chain <finite Q> S-def2 by metis+
}

ultimately have old-thesis: P = ((JS) U P1 U P2 U Q) (Vz€S. is-segment x)
PinP2={}
(Vzes8. (znNP1={} A zNP2={} N (Vy€eS. z#y — zNy={}))) by
meson+
thus disjoint (SU{P1,P2}) P1#£P2 P1¢S P2¢S
P=((US)uUP1uUP2UQ) (VzeS. is-segment x)
unfolding disjoint-def apply (simp add: Int-commute)
apply (metis P2-def Un-iff old-thesis(1,3) <a # by disjoint-iff f-def-2 path-P
pro-betw prolong-betw?2)
apply (metis P1-def Un-iff old-thesis(1,4) <a # by disjoint-iff f-def-2 path-P
pro-betw prolong-betw3)
apply (metis P2-def Un-iff old-thesis(1,4) <a # by disjoint-iff f-def-2 path-P
pro-betw prolong-betw)
using old-thesis(1,2) by linarith+
qed

theorem segmentation:
assumes path-P: PEP
and Q-def: card @Q>2 QCP
shows 35 P1 P2. P = ((US)U PI1UP2UQ)A
disjoint (SU{P1,P2}) N P1#£P2 N\ P1¢S N P2¢S A
(Vz€eS. is-segment x) A is-prolongation P1 A is-prolongation P2
proof —
let /N = card Q

obtain f a b where f-def: [f~Q|a..D]
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using path-finsubset-chain2[OF path-P Q-def(2,1)]
by metis

let 25 = {segment (fi) (f (i+1)) | i. i<card Q—1}

let ?P1 = prolongation b a

let ?P2 = prolongation a b

have from-seg: P = ((|J 95) U ¢P1 U P2 U Q) (Vz€9S. is-segment x)

disjoint (2SU{?P1,2P2}) ?P1+£7P2 ?P1¢ 25 ?P2¢ 7S

using show-segmentation|OF path-P Q-def(2) <[f~ Q|a..b]]
by force+

thus ?thesis
by blast

qed

end

31 Chains are unique up to reversal

context MinkowskiSpacetime begin

lemma chain-remove-at-right-edge:
assumes [f~X|a..c] f (card X — 2) =p 8 < card X X = insert ¢ Y c¢Y
shows [f~ Y]|a..p]
proof —
have Ich-X: local-long-ch-by-ord f X
using assms(1,8) chain-defs short-ch-card-2
by fastforce
have pe X
by (metis local-ordering-def assms(2) card.empty card-gt-0-iff diff-less lch-X
local-long-ch-by-ord-def not-numeral-le-zero zero-less-numeral)
have bound-ind: f0 = a A f (card X — 1) = ¢
using lch-X assms(1,3) unfolding finite-chain-with-def finite-long-chain-with-def
by metis

have [a;p;c]
proof —
have card X — 2 < card X — 1
using <3 < card X» by auto
moreover have card X — 2 > 0
using <3 < card X» by linarith
ultimately show ?Zthesis
using order-finite-chain|OF lch-X] <3 < card X> assms(2) bound-ind
by (metis card.infinite diff-less le-numeral-extra(3) less-numeral-extra(1)
not-gr-zero not-numeral-le-zero)
qed

have [f~X]|a..p..c]
unfolding finite-long-chain-with-alt by (simp add: assms(1) «[a;p;c]y «(peX))
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have I1: z =aifz € Y = [a;2;p] z # p for z
proof —
have ze X
using that(1) assms(4) by simp
hence 01: z=a V [a;p;z]
by (metis that(2,3) <|a;p;c]> abd-acd-abcach assms(1) fin-ch-betw?2)
have 02: z=c if [a;p;z]
proof —
obtain ¢ where i-def: fi = z i<card X
using «z€X» chain-defs by (meson assms(1) obtain-indez-fin-chain)
have f0 = a
by (simp add: bound-ind)
have card X — 2 < ¢
using order-finite-chain-indices|OF lch-X - that <f 0 = a> assms(2) i-def(1)
- i-def(2)
by (metis card-eq-0-iff card-gt-0-iff diff-less i-def(2) less-nat-zero-code
zero-less-numeral)
hence ¢ = card X — 1 using i-def(2) by linarith
thus ?thesis using bound-ind i-def (1) by blast
qed
show ?thesis using 01 02 assms(5) that(1) by auto
qed

have Y = {e € X. [a;e;p] Ve=a V e=p}
apply (safe, simp-all add: assms(4) 1)
using <[a;p;c]> abe-only-cba(2) abe-abe-neq assms(4) by blast+

thus ?thesis using chain-shortening|OF «[f~>X|a..p..c])] by simp
qed

lemma (in MinkowskiChain) fin-long-ch-imp-fin-ch:
assumes [f~X|a..b..c]
shows [f~X]|a..c]
using assms by (simp add: finite-long-chain-with-alt)

If we ever want to have chains less strongly identified by endpoints, this result
should generalise - a,c,z,z are only used to identify reversal/no-reversal
cases.

lemma chain-unique-induction-az:
assumes card X > 3
and 7 < card X
and [f~X|a..c]
and [g~X|z..7]
anda=zVc=z
shows fi =g
using assms
proof (induct card X — 3 arbitrary: X a ¢ x 2)
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case Nil: 0
have card X = 3
using Nil.hyps Nil.prems(1) by auto

obtain b where f-ch: [f~X]|a..b..c]

using chain-defs by (metis Nil.prems(1,3) three-in-set3)
obtain y where g-ch: [g~X|z..y..2]

using Nil.prems chain-defs by (metis three-in-set3)

have i=1 V i=0 V i=2
using <card X = 3 Nil.prems(2) by linarith
thus ?case
proof (rule disjE)
assume =1
hence fi=bANgi=y
using indez-middle-element f-ch g-ch <card X = 8> numeral-3-eq-3
by (metis One-nat-def add-diff-cancel-left’ less-SucE not-less-eq plus-1-eg-Suc)
have fi =g 1
proof (rule ccontr)
assume fi # g1
hence g7 # b
by (simp add: <fi=bA gi= 1)
have gi € X
using <fi = b A gi =1 g-ch points-in-long-chain by blast
have X = {a,b,c}
using f-ch unfolding finite-long-chain-with-alt
using <card X = 3» points-in-long-chain[OF f-ch] abc-abc-neq[of a b ]
by (simp add: card-3-eq'(2))
hence (¢9i=aV gi=c)
using <g ¢ # b <g i € X» by blast
hence - [a; g i; (]
using abc-abc-neq by blast
hence gi ¢ X
using «f i=b A g i=y> <g i=a V g i=c¢> f-ch g-ch chain-bounds-unique
finite-long-chain-with-def
by blast
thus Fulse
by (simp add: <g i € X»)
qed
thus ?thesis
by (simp add: <card X = 3> <i = 1»)
next
assume i = 0 Vi =2
show ?thesis
using Nil.prems(5) «card X = 8> <i = 0 V i = 2) chain-bounds-unique f-ch
g-ch chain-defs
by (metis diff-Suc-1 numeral-2-eq-2 numeral-3-eq-3)
qged
next
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case [H: (Suc n)

have lch-fX: local-long-ch-by-ord f X
using chain-defs long-ch-card-ge3 IH(3,5)
by fastforce

have lch-gX: local-long-ch-by-ord g X
using IH(3,6) chain-defs long-ch-card-ge3
by fastforce

have fin-X: finite X
using IH (/) le-0-eq by fastforce

have ch-by-ord f X

using Ilch-fX unfolding ch-by-ord-def by blast
have card X >

using IH .hyps(2) by linarith

obtain b where f-ch: [f~X]|a..b..c]

using [H(3,5) chain-defs by (metis three-in-set3)
obtain y where g-ch: [g~X|z..y..2]

using IH.prems(1,4) chain-defs by (metis three-in-set3)

obtain p where p-def: p = f (card X — 2) by simp
have [a;p;c]
proof —
have card X — 2 < card X — 1
using <4 < card X» by auto
moreover have card X — 2 > 0
using <3 < card X» by linarith
ultimately show #thesis
using f-ch p-def chain-defs [f~X]> order-finite-chain2 by force
qed
hence p#c A p#a
using abc-abc-neq by blast

obtain Y where Y-def: X = insert ¢ Y c¢Y
using f-ch points-in-long-chain
by (meson mk-disjoint-insert)
hence fin-Y: finite Y
using f-ch chain-defs by auto
hence n = card ¥ — 3
using «Suc n = card X — 8» <X = insert ¢ Y» «¢¢Y)» card-insert-if
by auto
hence card-Y: card Y = n + 3
using Y-def(1) Y-def(2) fin-Y IH.hyps(2) by fastforce
have card Y = card X — 1
using Y-def(1,2) fin-X by auto
have peY
using <X = idnsert ¢ Y» <[a;p;c]y abc-abe-neq lch-fX p-def IH.prems(1,3)
Y-def(2)
by (metis chain-remove-at-right-edge points-in-chain)
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have [f~ Y]a..p]
using chain-remove-at-right-edge [where f=f and a=a and c¢=c and X=X
and p=p and Y=Y
using fin-long-ch-imp-fin-ch [where f=f and e=a and c¢=c and b=b and
X=X]
using f-ch p-def <card X > 3» Y-def
by blast
hence ch-fY: local-long-ch-by-ord f Y
using card-Y fin-Y chain-defs long-ch-card-ge3
by force

have p-closest: - (g€ X. [p;q;c])
proof
assume (3¢ X. [p;q;c])
then obtain ¢ where ¢€X [p;q;c] by blast
then obtain j where j < card X fj = ¢
using lch-fX lch-gX fin-X points-in-chain <p#c A pF#a> chain-defs
by (metis local-ordering-def)
have j > card X — 2 N j < card X — 1
proof —
have j > card X — 2 Nj<card X —1Vji>card X — 1 Nj<card X — 2
apply (intro order-finite-chain-indices|OF lch-fX «finite X»> <[p;q;c]])
using p-def <fj = ¢ IH.prems(3) finite-chain-with-def <j < card X» by
auto
thus ?thesis by linarith
qged
thus False by linarith
qed

have g (card X — 2) = p
proof (rule ccontr)
assume asm-false: g (card X — 2) # p
obtain j where g j =pj < card X — 1 j>0
using <X = insert ¢ Y» «p€Y> points-in-chain <pF£c N\ pF£a
by (metis (no-types) chain-bounds-unique f-ch
finite-long-chain-with-def g-ch indez-middle-element insert-iff)
hence j < card X — 2
using asm-false le-eq-less-or-eq by fastforce
hence j < card ¥ — 1
by (simp add: Y-def(1,2) fin-Y)
obtain d where d = g (card X — 2) by simp
have [p;d;z]
proof —
have card X — 1 > card X — 2
using «j < card X — 1) by linarith
thus ?thesis
using lch-gX j < card Y — 15 <card Y = card X — 15 <d = g (card X —
2) «gji=p
order-finite-chain[OF lch-gX| chain-defs local-ordering-def
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by (smt (23) IH.prems(3—5) asm-false chain-bounds-unique chain-remove-at-right-edge
p-def
Nthesis. (NY. [X = insert ¢ Y; ¢ ¢ Y] = thesis) = thesis)
qed
moreover have deX
using lch-gX «d = g (card X — 2)» unfolding local-long-ch-by-ord-def lo-
cal-ordering-def
by auto
ultimately show Fulse
using p-closest abc-sym IH.prems(3—5) chain-bounds-unique f-ch g-ch
by blast
qed

hence ch-gY: local-long-ch-by-ord g Y
using IH.prems(1,4,5) g-ch f-ch ch-fY card-Y chain-remove-at-right-edge fin-Y
chain-defs
by (metis Y-def chain-bounds-unique long-ch-card-ge3)

have fie YV fi=c¢
by (metis local-ordering-def <X = insert ¢ Y» «i < card X» lch-fX insert-iff
local-long-ch-by-ord-def)
thus fi=g¢g1
proof (rule disjE)
assume fi € Y
hence fi # ¢
using «¢ ¢ Y» by blast
hence i < card Y
using <X = insert ¢ Yy «c¢ Y> IH(3,4) f-ch fin-Y chain-defs not-less-less-Suc-eq
by (metis <card Y = card X — 1 card-insert-disjoint)
hence 8 < card Y
using card-Y le-add2 by presburger
show fi=g¢g1i
using [H(1) [of Y]
using <n =card ¥ — 3> <3 < card Y i < card Y»
using Y-def card-Y chain-remove-at-right-edge le-add?2
by (metis IH.prems(1,3,4,5) chain-bounds-unique)
next
assume fi = ¢
show ?thesis
using IH.prems(2,5) «fi = ¢ chain-bounds-unique f-ch g-ch indices-neg-imp-events-neq
chain-defs
by (metis <card Y = card X — 1> Y-def card-insert-disjoint fin-Y lessI)
qed
qed

I'm really impressed sledgehammer/smt can solve this if T just tell them
"Use symmetry!".

lemma chain-unique-induction-cx:
assumes card X > 3
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and ¢ < card X
and [f~X|a..c]
and [g~X|2..7]
andc=2zVa=z2
shows fi =g (card X — i — 1)
using chain-sym-obtain2 chain-unique-induction-azx assms diff-right-commute by
smt

This lemma has to exclude two-element chains again, because no order exists
within them. Alternatively, the result is trivial: any function that assigns one
element to index 0 and the other to 1 can be replaced with the (unique) other
assignment, without destroying any (trivial, since ternary) local-ordering of
the chain. This could be made generic over the local-ordering similar to
[2f~?X|%a..2b..2c] = [An. ?f (card ?X — 1 — n)~?X|%c..?b..%a] relying
on [Aa b c. ?ord a b c = %ord ¢ b a; finite ?X; local-ordering ?f Zord ?X]
= local-ordering (An. ?f (card ¢X — 1 — n)) Zord ?X.

lemma chain-unique-upto-rev-cases:
assumes ch-f: [f~X]|a..c]
and ch-g: [g~~X|z..2]
and card-X: card X > 3
and wvalid-indez: i < card X
shows ((a=z V c¢=2) — (fi=g¢1)) ((a=2V c=x) — (fi=g (card X — i —
1))
proof —
obtain n where n-def: n = card X — 8
by blast
hence valid-index-2: i < n + 3
by (simp add: card-X valid-indez)

show ((a=z V ¢=2) — (fi = g1))
using card-X ch-f ch-g chain-unique-induction-ax valid-index by blast
show ((a=2 V ¢=2) — (fi =g (card X — i — 1)))
using assms(3) ch-f ch-g chain-unique-induction-cx valid-index by blast
qed

lemma chain-unique-upto-rev:
assumes [f~Xla..c] [g~X|z..2] card X > 31 < card X
shows fi=giV fi=g (card X — i — 1) a=zAc=2z V c=xN\a=z2
proof —
have (a=z V ¢=2) V (a=2z V c¢=1)
using chain-bounds-unique by (metis assms(1,2))
thus fi=giV fi=g(card X — i — 1)
using assms(3) i < card X» assms chain-unique-upto-rev-cases by blast
thus (a=zAc=2) V (c=zNa=z)
by (meson assms(1—3) chain-bounds-unique)
qed
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end

32 Interlude: betw4d and WLOG

32.1 betw4 - strict and non-strict, basic lemmas

context MinkowskiBetweenness begin

Define additional notation for non-strict local-ordering - c¢f Schutz’ mono-
graph [1, p. 27].

abbreviation nonstrict-betw-right :: 'a = 'a = 'a = bool ([-;~;-]») where
nonstrict-betw-right a b ¢ = [a;b;c] V b = ¢

abbreviation nonstrict-betw-left :: '‘a = 'a = ‘a = bool (<[-;-;-]>) where
nonstrict-betw-left a b ¢ = [a;b;c] V b = a

abbreviation nonstrict-betw-both :: ‘a = 'a = 'a = bool where
nonstrict-betw-both a b ¢ = nonstrict-betw-left a b ¢ V nonstrict-betw-right a b ¢

abbreviation betw/ :: 'a = 'a = 'a = 'a = bool («[-;-;-;-]>) where
betwj a b ¢ d = [a;b;c] A [b;e;d]

abbreviation nonstrict-betw-right} :: 'a = 'a = 'a = 'a = bool (<[-;-;~;-]») where
nonstrict-betw-right4 a b ¢ d = betwj a bcdV c=d

abbreviation nonstrict-betw-left{ :: 'a = 'a = 'a = 'a = bool ([-;-;-;-]>) where
nonstrict-betw-left4 a b ¢ d = betwj abcdV a=b>

abbreviation nonstrict-betw-both4 :: '‘a = 'a = 'a = 'a = bool where
nonstrict-betw-both4 a b ¢ d = nonstrict-betw-left4 a b ¢ d V nonstrict-betw-right/
abced

lemma betw4-strong:
assumes betwj a b c d
shows [a;b;d] A [a;c;d]
using abc-bed-acd assms by blast

lemma betw4-imp-neq:
assumes betwj a b c d
shows a#b A a#c A a#£d N b#c N b#d N c#d
using abc-only-cba assms by blast

end
context MinkowskiSpacetime begin

lemma betwj-weak:
fixesabcd:'a

138



assumes [a;b;c] A [a;¢;d]
V [a;b;e] A [bye;d]
V [a;b;d] A [b;c;d]
V [a;b;d] A [b;e;d]

shows betw/ a b ¢ d

using abc-acd-bed abd-bed-abe assms by blast

lemma betw-sym:
fixes a::’a and b::’a and c::’a and d::'a
shows betw a b ¢ d «— betw] d c b a
using abc-sym by blast

lemma abed-dcba-only:

fixes a::’a and b::’a and c::’a and d::'a

assumes [a;b;c;d]

shows —[a;b;d;c] —[a;c;b;d]) —[a;c;d;b] —[a;d;b;e] —[a;d;c;b]
—[bsasesd] —[biasdic] —[bicsasd] —[bse;dia] —[bidscsal =[bidsasc]
—lesasbid] —[easd;b] —[e;bsasd] —[esbidia] —[e;dsa;b] —[e;d;b;al
—[d;asb;c] —[d;a;¢;0] =[d;basc] —[d;b;csa] —[d;c;a;0]

using abc-only-cba assms by blast+

lemma some-betwsa:
fixes a::’a and b::’a and c::’a and d::'a and P
assumes PeP acP beP ceP deP a#b N ac A aF#d N b#c A b#d N c#d
and —([a;;c;d] V [a;b;d;5¢] V [a;¢;03d] V [a;e;d;0] V [asdsdie] Vo [a;d;e;b])
shows [b;a;c;d] V [b;a;d;c] V [bic;a;d] V [bidsase] V [e;a;b;d] V [e;b;asd]
by (smt abc-bed-acd abe-sym abd-bed-abe assms some-betw-zor)

lemma some-betw/b:
fixes a::’a and b::’a and c¢::'a and d::'a and P
assumes PeP a€P beP ceP deP a#b A ac N a#d N b#c N\ b#d N c#£d
and —([b;a;c;d] V [bsa;dsc] V [bic;a3d] Vo [bsdsasce] Vo[c;a3bid] Vo [e;bsa;d])
shows [a;b;c;d] V [a;b;d;c] V [ase;0;d] V [a;¢;d;b] V [a;d;bie] V [a;d;e;b)
by (smt abc-bed-acd abe-sym abd-bed-abe assms some-betw-zor)

lemma abd-acd-abcdachd:
fixes a::'a and b::'a and c::’'a and d::'a
assumes abd: [a;b;d] and acd: [a;c;d] and b#c
shows [a;b;¢;d] V [a;¢;b;d]
proof —
obtain P where PeP acP beP deP
using abc-ez-path abd by blast
have ceP
using <P € Py <a € Py <d € P) abc-abc-neq acd betw-b-in-path by blast
have —[b;d;c]
using abc-sym abed-dceba-only(5) abd acd by blast
hence [b;c;d] V [e;b;d]
using abc-abe-neq abe-sym abd acd assms(3) some-betw
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by (metis <P € Py <b € P> <c € Py «d € P»)
thus ?thesis
using abd acd betwj-weak by blast
qed

end

32.2 WLOG for two general symmetric relations of two ele-
ments on a single path

context MinkowskiBetweenness begin

This first one is really just trying to get a hang of how to write these things.
If you have a relation that does not care which way round the “endpoints” (if
@ is the interval-relation) go, then anything you want to prove about both
undistinguished endpoints, follows from a proof involving a single endpoint.

lemma wlog-sym-element:
assumes symmetric-rel: N\abl. Qlab= QIba
and one-endpoint: Na bz I. [QIab; x=a] = Puxl
shows other-endpoint: Na bz 1. [Q Ia b, 2=b = Pzl
using assms by fastforce

This one gives the most pertinent case split: a proof involving e.g. an element
of an interval must consider the edge case and the inside case.

lemma wlog-element:
assumes symmetric-rel: Nabl. Qlab= QIba
and one-endpoint: Aa bz I. [QTab; x=a] = Pal
and neither-endpoint: Na b x I. [Q I a b; z€1; (z#a N 2#£b)] = Pz I
shows any-element: Nz I. [x€l; (ab. QIab)] = Pual
by (metis assms)

Summary of the two above. Use for early case splitting in proofs. Doesn’t
need P to be symmetric - the context in the conclusion is explicitly sym-
metric.

lemma wlog-two-sets-element:
assumes symmetric-Q: AabI. QIlab= QIba
and case-split: NabcdzIJ. [QTab; QJcd] =
(z=a V z=c — Pz IJ) A (~(z=aV z=bV z=cV 2=d) — Pz 1J)
shows Az I J.[Jab. Qlab;Jab QJabl=— PzlJ
by (smt case-split symmetric-Q)

Now we start on the actual result of interest. First we assume the events
are all distinct, and we deal with the degenerate possibilities after.

lemma wlog-endpoints-distinct1:
assumes symmetric-Q: Nabl. QIlab=— QIba
and AIJabed [QIab; QJcd;|abe;d] = PIJ
shows ATJabed [QIab; QJcd;
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[b;a;¢;d] V [asb;d;c] V [bsazdic] V [dse;bia]l] = P1J
by (meson abc-sym assms(2) symmetric-Q)

lemma wlog-endpoints-distinct2:
assumes symmetric-Q: AabI. QIlab = QIba
and AIJabced [QIab, QJcd; [aebd] = PIJ
shows ATJabed [QIab; QJcd;
[b;c;a;d] V ayd;bie] Vo [bydsa;c] V [dibiesal] = P IJ
by (meson abc-sym assms(2) symmetric-Q)

lemma wlog-endpoints-distinct3:
assumes symmetric-Q: Nabl. QIlab=— QIba
and symmetric-P: NI J. [3ab. QTab;3ab. QJab;PIJ]= PJI
and AIJabed [QIab; QJcd;|acdd] = PIJ
shows ATJabed [QIab; QJcd;
[a;d;c;b] V [be;d;a) Vo [bsd;c;a) Vo [esa;b;d]] = P1J

by (meson assms)

lemma (in MinkowskiSpacetime) wlog-endpoints-distincty:
fixes Q:: (‘a set) = 'a = 'a = bool
and P:: (‘a set) = (‘a set) = bool
and A:: ('a set)
assumes path-A: AeP
and symmetric-Q: Nabl. QIlab=— QIba
and Q-implies-path: Na b I. [ICA; QI ab] = b€A N a€A
and symmetric-P: NI J. [3ab. QTab;3Jab. QJab;PIJ]= PJI
and AIJabcd.
[QIab;QJcd; ICA; JCA; [a;b;e;d] V [a;e;0;d] V [a;e;d;b)]] = P IJ
shows ATJabed [QIab; QJcd; ICA; JCA;
a#£b A atc N a£d N b#Ec AN bEd N c£d] = PI1J
proof —
fix IJabcd
assume asm: Qlab QJcdI CAJCA
a#£b A aFc N a#d N bFc A b#d N c#d
have endpoints-on-path: ac A be A ceA deA
using Q-implies-path asm by blast+
show P1J
proof (cases)
assume [b;a;c;d] V [bia;d;c] V [byc;a;d] V
[b;d;asc] V [c;a3b5d] v [c;b5a;d]
then consider [b;a;c;d]|[b;a;d;c]|[b;c;a;d]]
[b;d;a;c]|[c;a;0;d]| [c;b; a;d]
by linarith
thus P1J
apply (cases)
apply (metis(mono-tags) asm(1—4) assms(5) symmetric-Q)+
apply (metis asm(1—4) assms(4,5))
by (metis asm(1—4) assms(2,4,5) symmetric-Q)
next
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assume —([b;a;c;d] V [bya;d;c] V [b;c;a;d] V
[b:d;a;¢] V [c;a;05d] V [e;b;a;d])
hence [a;b;c;d] V [a;b;d;c] V [a;¢;0;d] V
lasc;d;b] V [asd;bse] V [a;d;e;0]
using some-betw4b [where P=A and a=a and b=b and c=c and d=d)|
using endpoints-on-path asm path-A by simp
then consider [a;b;c;d]|[a;b;d;c]|[a;c;b;d]]
[a;¢;d;0]|[a;d;b; ]| a; d; ;0]
by linarith
thus P1J
apply (cases)
by (metis asm(1—4) assms(5) symmetric-Q)+
qed
qed

lemma (in MinkowskiSpacetime) wlog-endpoints-distinct”:
assumes A € P

and N\abl. QIlab= QIlba

and AabI.[IC A QIabl = ac A

and AIJ.[3ab QIab;3adb QJab;PIJ]= PJI

and AIJabcd.

[QIab; QJcd; ICA; JCA; betws abcdV betwj acbdV betws ac

db) = PIJ

and QTabd

and Q Jcd

and ] C A

and J C A

anda#ba#ca#dbF*cb#dc#d
shows P 1J
proof —
{

let R = (M. (3ab. QIab))

have AIJ. [?RI; PR J; PIJ] = P JI

using assms(4) by blast

thus ?thesis
using wlog-endpoints-distinct),
[where P=P and Q=@ and A=A and I=I and J=J and a=a and b=b
and c=c and d=d]
by (smt assms(1—3,5—))
qed

lemma (in MinkowskiSpacetime) wlog-endpoints-distinct:
assumes path-A: AeP
and symmetric-Q: Nabl. QIlab= QIba
and Q-implies-path: Na b I. [ICA; QI ab] = b€A N a€A
and symmetric-P: NI J. [3ab. QTab;3ab. QJab;PIJ]= PJI
and AIJabcd.
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[QIab; QJcd; ICA; JCA; [a;bie;d] V [a;e;b;d] V [ase;d;b]] = P T J
shows ATJabed [QIab; QJcd; ICA; JCA;
a#£b A atc N a#d N b#c AN bAEd N c£d] = PI1J
by (smt (verit, ccfv-SIG) assms some-betw/b)

lemma wlog-endpoints-degeneratel :
assumes symmetric-Q: Nabl. Qlab= QIba
and symmetric-P: NI J. [3ab. QTab;3ab. Qlab; PIJ]= PJI

and two: AT Jabed. [QIab; QJcd;
(a=b A b=c A c=d) V (a=b A b#c N ¢c=d)] = PIJ

and one: AIJabced [QIab; QJcd;
(a=b A b=c A c£d) V (a=b A b#c N\ c#£d N a#d)] = PIJ

and no: AIJabcd. [QIab; QJcd;
(a#£b A b#c A c£d N a=d) V (a#b A b=c A ¢£d N a=d)] = P I
J
shows ATJabed [QIab; QJcd; —(a b A bke A c#£d A a£d N afte A
b£d)] = PIJ
by (metis assms)

lemma wlog-endpoints-degenerate?:
assumes symmetric-Q: AabI. Qlab= QIba
and Q-implies-path: Na b I A. [ICA; AeP; QI ab] = beA A acA
and symmetric-P: NI J. [3ab. QTab;3ab. QJab;PIJ]= PJI
and ATJabcdA [QIab; QJcd; ICA JCA; AEP;
[a;b;c] A a=d] = P1J
and A\IJabcdA [QIab; QJcd; ICA JCA; AeP;
[b;a;c] A a=d] = P1J
shows ATJabcedA [QIab; QJcd; ICA; JCA; AEP;
a#b A b#c A c£d N a=d] = PIJ
proof —
have last-case: NI JabcdA. [QTab; QJcd; ICA; JCA; AeP;
[b;c;a] A a=d] = P1J
using assms(1,3—5) by (metis abe-sym)
thus A\IJabcdA [QIab; QJcd; ICA; JCA; AcP;
aZb N b#c N cAEd N a=d] = PI1J
by (smt (23) abc-sym assms(2,4,5) some-betw)
qed

lemma wlog-endpoints-degenerate:
assumes path-A: AeP
and symmetric-Q: Nabl. QIlab= QIba
and Q-implies-path: Na b I. [ICA; QI ab] = b€A N a€A
and symmetric-P: NI J. [3ab. QTab;3ab. QJab;PIJ]= PJI
and AIJabced [QIab; QJcd; ICA; JCA]
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= ((a=b A b=c A c=d) — PIJ)A ((a=bAb#tcAc=d) — PIJ)
A ((a=b A b=c A c#d) — P IJ) A ((a=b A b#c N c#d N a#d) —
PIJ)
A ((a£b A b=c A c£d N a=d) — P 1J)
A (([a;b;e] A a=d) — P IJ) A (([bsa;¢] A a=d) — P IJ)
shows ATJabed [QIab; QJcd; ICA; JCA;
—(a#£b A b#c N\ c£d N a#d N aFe AN bAd)] = PI1J
proof —

We first extract some of the assumptions of this lemma into the form of
other WLOG lemmas’ assumptions.

have ord1: AIJabcd [QIab; QJcd; ICA; JCA;
[a;b;c] A a=d] = P1J
using assms(5) by auto
have ord2: AIJabcd. [QTab; QJcd; ICA; JCA;
[b;a;c] A a=d] = P1J
using assms(5) by auto
have last-case: NI Jabcd. [QIab; QJcd; ICA; JCA;
a#£b A b#c A c£d N a=d] = PIJ
using ord1 ord2 wlog-endpoints-degenerate? symmetric-P symmetric-Q Q-implies-path
path-A
by (metis abc-sym some-betw)
show AIJabecd [QIab; Q@Jcd; ICA; JCA;
=(a#£b A b#£c A c£d N a£d N aFtc AN b£d)] = PIJ
proof —

Fix the sets on the path, and obtain the assumptions of wlog-endpoints-degeneratel.

fix IJ
assume asml: ICA JCA
have two: Aabcd. [QTab; QJcd;a=bANb=cAc=d]= PIJ
Nabced [QIab; QJcd;a=bAbtcAc=d]= PIJ
using «J C A <I C Ay path-A assms(5) by blast+
have one: N abecd. [QIab; QJcd;a=bAb=cActd] = PIJ
Nabed [QTab; QJcd; a=bAbkcActd N atd] = PIJ
using <I C Ay «J C Ay path-A assms(5) by blast+
have no: AN abcd. [QIab; QJcd; atb A btc A ctd N a=d]l = PI1J
Nabced [QTab; QJcd; atbAb=cActdNa=d] = PIJ
using I C Ay «J C A» path-A last-case apply blast
using <I C Ay «J C A path-A assms(5) by auto

Now unwrap the remaining object logic and finish the proof.

fixabed
assume asm2: Q@ Iab Q Jcd—(ab A b#c A c£d N atd N ac N b#£d)
show P I J

using two [where a=a and b=b and c¢=c and d=d|

using one [where a=a and b=b and c=c and d=d]

using no [where a=a and b=b and c=c and d=d]

using wlog-endpoints-degeneratel
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[where I=I] and J=J and e=a and b=b and c=c and d=d and P=P
and Q=0
using asml asm2 symmetric-P last-case assms(5) symmetric-Q
by smt
qed
qed

lemma (in MinkowskiSpacetime) wlog-intro:
assumes path-A: AP
and symmetric-Q: NabIl. QIlab= QIba
and Q-implies-path: Na b 1. [ICA; Q [ a b] = beA A a€A
and symmetric-P: AIJ. [3ab. QIab;3cd. QJcd; PIJ] = PJI
and essential-cases: NI Jabcd. [QIab; QJcd; ICA; JCA]
= ((a=b A b=c A c=d) — P 1)
A ((a=b A b#c A c=d) — P1J)
(a=b A b=c A c¢£d) — P 1)
(a=b A b#c A c#d N a#d) — P 1J)
(a#b A b=c A c#£d N a=d) — P 1J)
([a;b;¢] A a=d) — P 1J)
([b;a;c] A a=d) — P 1J)
[a;b;¢;d] — P I J)
A ([ase;b3d] — P 1)
A ([a;e;d;0) — P I J)
and antecedants: Q Ta b Q JcdICA JCA
shows P I J
using essential-cases antecedants
and wlog-endpoints-degenerate] OF path-A symmetric-Q Q-implies-path symmet-
ric-P]
and wlog-endpoints-distinct| OF path-A symmetric-Q Q-implies-path symmet-
ric-P]
by (smt (23) Q-implies-path path-A symmetric-P symmetric-Q some-betw2
some-betw4b abc-only-cba(1))

A
A
A
A\
A\
A

(
(
(
(
(
(
(
(

end

32.3 WLOG for two intervals

context MinkowskiBetweenness begin

This section just specifies the results for a generic relation @) in the previous
section to the interval relation.

lemma wlog-two-interval-element:
assumes Az I J. [is-interval I; is-interval J; Px JI| = Pa I J
and Aa b cdallJ. [I=interval a b; J = interval ¢ d] =
(z=aV z=c — Pz IJ) A (~(z=aV z=bV z=cV 2=d) — Pz 1J)
shows Az I J. [is-interval I; is-interval J| = Px 1 J
by (metis assms(2) int-sym)
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lemma (in MinkowskiSpacetime) wlog-interval-endpoints-distinct:
assumes A J. [is-interval I; is-interval J; PIJ] = P J I
NIl Jabcd [I=interval a b; J = interval ¢ d]
= ([a;b;¢;d] — P I J) A ([a;e;0;d] — P I J) A ([a;e;d;b] — P TJ)
shows AIJ Q a b cd. [I = interval a b; J = interval ¢ d; ICQ; JCQ; QEP;
a#£b A atc N a#d N b#c AN bAd N c£d] = PI1J
proof —
let 2Q =X1ab. I=interval ab

fix I JAabcd
assume asm: ?Q I ab ?Q JcdICA JCA AEP a#b N aftc N a#d N b#c A
b£d N c#£d
show P 1 J
proof (rule wlog-endpoints-distinct)
show AabI. ?Qlab= ?QIba
by (simp add: int-sym)
show Aabl. IC A= ?Qlab=0bec ANac A
by (simp add: ends-in-int subset-iff)
show AI J. is-interval I = is-interval J = PIJ = P JI
using assms(1) by blast
show AIJabecd [?Q1ab; ?2Q Jcd;[ab;e;d] V [a;¢;0;d] V [a;¢;d;0]]
= P1IJ
by (meson assms(2))
show I = interval a b J = interval ¢ d ICA JCA AeP
a£b N\ aFtc N\ aFtd N b#c N b£d N c£d
using asm by simp+
qed
qed

lemma wlog-interval-endpoints-degenerate:
assumes symmetry: NI J. [is-interval I; is-interval J; PI J] = P J I
and AIJabcdQ. [I=interval a b; J = interval ¢ d; ICQ; JCQ; QEP]
= ((a=b A b=c A c=d) — PIJ)A((a=bAbkcAc=d) — PIJ)
A ((a=b A b=c A c£d) — PIJ) A ((a=b A b#c A c#d N a#d) —
PIJ)
A ((ab A b=c A cd A a=d) —s P 1J)
A ((Jasbse] A a=d) — P I J) A (([b;a;e] A a=d) — P IJ)
shows AT Jabcd Q. [I = interval a b; J = interval ¢ d; ICQ; JCQ; QEP;
—(a#£b A b#c A c#£d N a£d N aFte N b£d)] = PIJ
proof —
let 2Q = X1ab. I=interval ab

fix I JabcdA

assume asm: ?Q Tab ?Q JcdICA JCA AEP —(a#b A b#c A c£d N aFd A
a#c A\ b#£d)

show P 1 J
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proof (rule wlog-endpoints-degenerate)
show AabI. ?Qlab= ?QIba
by (simp add: int-sym)
show Na b [.IC A= Qlab=0be ANac A
by (simp add: ends-in-int subset-iff)
show AI J. is-interval I = is-interval J = PIJ = P JI
using symmetry by blast
show I = interval a b J = interval ¢ d ICA JCA AeP
= (a#b A b#c A c#d N aFd N aFc N b#d)
using asm by auto+
show AIJabcd [?QIab; ?2QJcd; I C A JC Al =
(a=bAb=cAhNc=d— PIJ)A
(a=bAb#cNc=d— PIJ)A
(a=bAb=cANc#d— PIJ)A
(a=bAb#cAhNcEdNa#td— PIJ)A
(a£bANb=cANc#dNa=d— PIJ)A
([asb;c) Na=d — PIJ)A ([bjas;e] Na=d— PIJ)
using assms(2) <A€P> by auto
qed
qed

end

33 Interlude: Intervals, Segments, Connectedness
context MinkowskiSpacetime begin

In this secion, we apply the WLOG lemmas from the previous section in
order to reduce the number of cases we need to consider when thinking
about two arbitrary intervals on a path. This is used to prove that the
(countable) intersection of intervals is an interval. These results cannot be
found in Schutz, but he does use them (without justification) in his proof of
Theorem 12 (even for uncountable intersections).
lemma int-of-ints-is-interval-neq:
assumes II = interval a b I2 = interval ¢ d I1CP I2CP PeP I1NI2 # {}
and events-neq: a#£b a#c a#d b#c b#d c£d
shows is-interval (I1 N 12)
proof —
have on-path: acP N beP N ceP A deP
using assms(1—4) interval-def by auto

let Zprop = X I J. is-interval (INJ) v (INJ) = {}
have symmetry: (NI J. is-interval I = is-interval J = ?prop I J = ?prop

JI)
by (simp add: Int-commute)
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fix IJabcd
assume [ = interval a b J = interval ¢ d
have ([a;b;¢;d] — Pprop I J)
([a;e;0;d) — #prop I J)
([a;¢;d;b] — #prop I J)
proof (rule-tac [!] impI)
assume betw4 a b c d
have InJ = {}
proof (rule ccontr)
assume INJ#{}
then obtain x where zcINJ
by blast
show Fulse
proof (cases)
assume zr#a A T#b N\ x#c N\ 15£d
hence [a;z;b] [c;z;d]
using «I=interval a by <zxelINJ> «J=interval ¢ d> <x€lINJ>
by (simp add: interval-def seg-betw)+
thus Fulse
by (meson <betws a b ¢ d> abc-only-cba(3) abe-sym abd-bed-abe)
next
assume —(z#£a A 2£b A z£c N z#£d)
thus Fulse
using interval-def seg-betw <I = interval a by <J = interval ¢ d»
abed-deba-only(21)
<z € INJy <betw] ab e dy abe-bed-abd abe-bed-acd abe-only-cba(1,2)
by (metis (full-types) insert-iff Int-iff)
qed
qed
thus ?prop I J by simp
next
assume [a;c;b;d]
thenhave a ZbANa#cAhNaFdANbFcANbFdNcH#d
using betw4-imp-neq by blast
have INJ = interval c b
proof (safe)
fix =
assume z € interval ¢ b
{
assume z=b V z=c
hence zel
using <[a;¢;b;d]y «I = interval a by interval-def seg-betw by auto
have zeJ
using <z=b V z=0)
using «[a;c;b;d]y <J = interval ¢ dy interval-def seg-betw by auto
hence z€l A z€J using <z € I» by blast
} moreover {
assume —(z=b V z=c)
hence [c;z;0]
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using <x€interval ¢ b> unfolding interval-def segment-def by simp
hence [a;;b]
by (meson <|a;c;b;d]y abc-acd-abd abc-sym)
have [c¢;z;d]
using <[a;c;b;d)> <[c;z;b]y abe-acd-abd by blast
have zel zeJ
using «I = interval a by <[a;z;b]y «J = interval ¢ d> <[c;x;d]y
interval-def seg-betw by auto
}

ultimately show zel x€J by blast+
next
fix z
assume z€/l zeJ
show z € interval c b
proof (cases)
assume not-eq: t£a A x#£b N x#c N x#£d
have [a;x;b] [c;z;d]
using <zel) <I = interval a by <xeJy <J = interval ¢ d»
not-eq unfolding interval-def segment-def by blast+
hence [¢;z;0]
by (meson <|a;c;b;d]y abc-bed-acd betws-weak)
thus ?thesis
unfolding interval-def segment-def using seg-betw segment-def by auto
next
assume not-not-eq: ~(z#a A x#b A z#c N z#£d)
{
assume z=aqa
have —[d;a;c]
using «[a;c;b;d]> abed-deba-only(9) by blast
hence a ¢ interval ¢ d unfolding interval-def segment-def
using abc-sym <a £ bANaFcAa#xdANb#cANb#dANc# d by

blast
hence Fulse using <zxeJ)> «J = interval ¢ d> <z=a> by blast
} moreover {
assume z=d
have —[a;d;b] using <betws a ¢ b d> abc-sym abed-deba-only(9) by blast
hence dé¢interval a b unfolding interval-def segment-def
usinga £bANaFcANa#dNb#cNb#dANc+# d by blast
hence Fulse using <ze€l) <x=d> <I = interval a by by blast
}
ultimately show #thesis
using interval-def not-not-eq by auto
qged
qed
thus ?prop I J by auto
next

assume [a;c;d;b]
have INJ = interval ¢ d
proof (safe)
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fix z
assume z € interval c d
{
assume zr#c N\ z#£d
have z € J
by (simp add: <J = interval ¢ dy «x € interval ¢ d»)
have [c;z;d]
using «x € interval ¢ d> <x # ¢ N © # d» interval-def seg-betw by auto
have [a;z;b]
by (meson <betw] a ¢ d b> [c;z;d]y abe-bed-abd abe-sym abe-ade-bed-ace)
have z € I
using <[ = interval a by <Ja;x;b]> interval-def seg-betw by auto
hence z€l A z€J by (simp add: «x € J»)
} moreover {
assume - (z#c¢ A z#£d)
hence zel N zeJ
by (metis <I = interval a by <J = interval ¢ d> ([a;c;d;b]y «x € interval
c d>
abc-bed-abd abe-bed-acd insertI2 interval-def seg-betw)
}
ultimately show zel x€J by blast+
next
fix z
assume z€/l z€J
show z € interval c d
using «J = interval ¢ d> <z € J» by auto
qed
thus ?prop I J by auto
qed

}

then show is-interval (I1NI2)
using wlog-interval-endpoints-distinct
[where P=?prop and I=I1 and J=I2 and Q=P and a=a and b=b and
c=c and d=d]
using symmetry assms by simp
qed

lemma int-of-ints-is-interval-deg:
assumes [ = interval a b J = interval ¢ d INJ # {} ICP JCP PeP
and events-deg: —(a#£b A b#c N ¢c£d N a#£d N aFc N b#d)
shows is-interval (I N J)
proof —

let ?2p = X IJ. (is-interval (I N J) VvV INJ = {})
have symmetry: NI J. [is-interval I; is-interval J; 9p I J] = ?p J I

by (simp add: inf-commute)
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have degen-cases: NI J a b c d Q. [I = interval a b; J = interval ¢ d; ICQ;

JCQ; QeP]
= ((a=b A b=c A c=d) — ?pTJ)A ((a=bA b#tc A c=d) — ?p 1

J)
A ((a=b A b=c A c£d) — ?p I J) A ((a=b A b#c A c£d N a#d)
— I 1J)
A ((a£b A b=c A c#d N a=d) — %p I J)
A (([a;b;e] A a=d) — 2p T J) A (([bia;c] A a=d) — ?p I J)
proof —

fix IJabcd@
assume [ = interval a b J = interval ¢ d ICQ JCQ QEP
show ((a=b A b=c A c=d) — p I J) A ((a=b A b#c A c=d) — ?p I J)
A ((a=b A b=c A c¢#d) — ?p I J) A ((a=b A b#c A c#d N ad)
— p1J)
A ((a£b AN b=c A ¢c£d N a=d) — ?p 1 J)
A (([ash;e] A a=d) — 2p T J) A (([biasc] A a=d) — %p I J)
proof (intro conjl impl)
assume a = bAb=cAc=dthus 9p1J
using «I = interval a b> <J = interval ¢ d» by auto
next
assume a = bAb# cANc=dthus ?pIJ
using «J = interval ¢ d> empty-segment interval-def by auto
next
assume a = bAb=cAc# dthus 9p1J
using <I = interval a by empty-segment interval-def by auto
next
assume a = bAbF#cANc#dANa#dthus ?plJ
using <I = interval a by empty-segment interval-def by auto
next
assume a ZbANb=cANc#dANa=dthus ?%p1J
using <I = interval a by «J = interval ¢ dy int-sym by auto
next
assume [a;b;c] A a = d show ?p [ J
proof (cases)
assume INJ = {} thus ?thesis by simp
next
assume INJ # {}
have INJ = interval a b
proof (safe)
fix z assume ze€l z€J
thus zcinterval a b
using «I = interval a b» by blast

next
fix z assume z€interval a b
show zel
by (simp add: <I = interval a by <z € interval a b)
have [d;b;c]

using «[a;b;c] A a = d> by blast

151



have [a;z;b] V 2=a V z=b
using <I = interval a by <z € I interval-def seg-betw by auto
consider [d;z;c]|lz=a V z=b
using <[a;b;c] A a = d> <[a;z;b] V & = a V z = b abc-acd-abd by blast
thus zeJ
proof (cases)
case I
then show ?thesis
by (simp add: <J = interval ¢ d» abc-abe-neq abe-sym interval-def
seg-betw)
next
case 2
then have z € interval ¢ d
using «[a;b;c] A a = d» int-sym interval-def seg-betw
by force
then show ?thesis
using «J = interval ¢ d> by blast
qed
qed
thus ?p I J by blast
qed
next
assume [b;a;c] A a = d show 9p I J
proof (cases)
assume INJ = {} thus ?thesis by simp
next
assume INJ # {}
have INJ = {a}
proof (safe)
fix z assume z€l zeJ z¢{}
have czd: [¢;x;d] V z=c V z=d
using «J = interval ¢ d> <x € J» interval-def seg-betw by auto
consider [a;z;b]|x=a|z=b
using <I = interval a by <z € I interval-def seg-betw by auto
then show z=qa
proof (cases)
assume [a;z;0]
hence [b;z;d;c]
using «[b;a;c] A a = d> abe-acd-bed abe-sym by meson
hence Fulse
using cxd abc-abc-neq by blast
thus ?thesis by simp
next
assume z=b
hence [b;d;¢]
using <[b;a;c] A a = d) by blast
hence Fulse
using czd <z = by abc-abc-neq by blast
thus ?thesis
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by simp
next
assume z=qa thus rz=a by simp
qed
next
show acl
by (simp add: <I = interval a by ends-in-int)
show acJ
by (simp add: <J = interval ¢ d> «[b;a;c] A a = d> ends-in-int)
qged
thus %p I J
by (simp add: empty-segment interval-def)
qed
qed
qed

have ?p I J
using wlog-interval-endpoints-degenerate
[where P=?p and I=] and J=J and a=a and b=> and c=c and d=d
and Q=P)]
using degen-cases
using symmetry assms
by smt

thus ?thesis
using assms(3) by blast
qed

lemma int-of-ints-is-interval:
assumes is-interval I is-interval J ICP JCP PeP INJ # {}
shows is-interval (I N J)
using int-of-ints-is-interval-neq int-of-ints-is-interval-deg
by (meson assms)

lemma int-of-ints-is-interval2:
assumes YV z€S. (is-interval x AN zCP) PeP (S # {} finite S S£{}
shows is-interval ([ S)
proof —
obtain n where n = card S
by simp
consider n=0|n=1|n>2
by linarith
thus ?thesis
proof (cases)
assume n=0
then have Fulse
using «n = card Sy assms(4,5) by simp
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thus ?thesis
by simp
next
assume n=1
then obtain I where S = {I}
using «<n = card S» card-1-singletonE by auto
then have S =1
by simp
moreover have is-interval 1
by (simp add: <S = {I}» assms(1))
ultimately show #thesis
by blast
next
assume 2<n
obtain m where m+2=n
using <2 < n» le-add-diff-inverse2 by blast
have ind: A\S. [Vz€S. (is-interval z A CP); PEP; (S # {}; finite S; S#{};
m~+2=card S|
= is-interval () S)
proof (induct m)
case (
then have card S = 2
by auto
then obtain I J where S={I,J} I#J
by (meson card-2-iff)
then have /€S Jje§
by blast+
then have is-interval I is-interval J ICP JCP
by (simp add: 0.prems(1))+
also have INJ # {}
using «S={I,J}» 0.prems(3) by force
then have is-interval(INJ)
using assms(2) calculation int-of-ints-is-interval[where I=I and J=J and
P=P]
by fastforce
then show ?case
by (simp add: «S = {I, J}»)
next
case (Suc m)
obtain S’ I where I€S S = insert I S’ I¢5’
using Suc.prems(4,5) by (metis Set.set-insert finite.simps insertl1)
then have is-interval () S’)
proof —
have m+2 = card S’
using Suc.prems(4,6) «<S = insert [ Sy <I¢S’ by auto
moreover have VzeS'. is-interval x N x C P
by (simp add: Suc.prems(1) «S = insert I 8")
moreover have [ S’ # {}
using Suc.prems(8) «S = insert I Sy by auto
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moreover have finite S’
using Suc.prems(4) «S = insert I Sy by auto
ultimately show ?thesis
using assms(2) Suc(1) [where S=S] by fastforce
qed
then have is-interval ((()S")NI)
proof (rule int-of-ints-is-interval)
show is-interval 1
by (simp add: Suc.prems(1) <I € S»)
show NS’ C P
using I ¢ S «S = insert I Sy Suc.prems(1,4,6) Inter-subset
by (metis Suc-n-not-le-n card.empty card-insert-disjoint finite-insert
le-add2 numeral-2-eq-2 subset-eq subset-insertl)
show I C P
by (simp add: Suc.prems(1) <I € S»)
show P € P
using assms(2) by auto
show NS’ NI #{}
using Suc.prems(3) «S = insert I S’y by auto
qed
thus ?case
using «S = insert I S"» by (simp add: inf.commute)
qed
then show ?thesis
using <m + 2 = n» <n = card S> assms by blast
qged
qed

end

34 3.7 Continuity and the monotonic sequence prop-
erty

context MinkowskiSpacetime begin

This section only includes a proof of the first part of Theorem 12, as well as
some results that would be useful in proving part (ii).

theorem two-rays:
assumes path-Q: QP
and event-a: a€Q)
shows 3R L. (is-ray-on R Q A is-ray-on L Q
AN Q—{a} C(RUIL) I 1o N0 o o Wy 1 A0 /oy
A (VreR. VIEL. [Lar]) 9111 N JO0 1 V) 0 Aok 1y Fay ey
VIl

N (VaeR. YVyeR. = [may]) Bl msl B i o sans 1/
N (VxeLl. VyeLl. = [wayl)) 0/ ssm iy

proof —
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Schutz here uses Theorem 6, but we don’t need it.

obtain b where b€ and b€ (@ and b#a
using event-a ge2-events in-path-event path-(Q) by blast
let ?L = {z. [z;a;b]}
let 7R = {y. [a;y;0] V [a;b59]}
have @ = ?L U {a} U ?R
proof —
have inQ: Vze@Q. [x;a;0] V 2=a V [a;z;b] V [a;b;2]
by (meson <b € @ <b # ar abc-sym event-a path-Q some-betw)
show ?thesis
proof (safe)
fix z
assume z € Q ¢ # a — [z;a;0] — [a;z;b] b #
then show [a;b;x]
using in@) by blast
next
fix z
assume [z;a;b]
then show z € @
by (simp add: <b € @» abc-abc-neq betw-a-in-path event-a path-Q)
next
show a € @
by (simp add: event-a)
next
fix z
assume [a;z;0]
then show z €
by (simp add: <b € Q> abc-abe-neq betw-b-in-path event-a path-Q)
next
fix z
assume [a;b;x]
then show z €
by (simp add: <b € Q> abc-abe-neq betw-c-in-path event-a path-Q)
next
show b € () using b € Q> .
qed
qed
have disjointLR: ?L N 7R = {}
using abc-abc-neq abc-only-cba by blast

have wzyz-ord: [z;a;y;b] V [z;a;b;y]
A (([wizsa] A [zsa;y]) v ([z5wsa] A [wiasy]))
A (([zsasy] A lasyi2]) vV ([z5a52] A [asz39)))
if x€?L we?L ye?R 2€ 7R w#z y#z for zw y 2
using path-finsubset-chain order-finite-chain
by (smt abc-abd-bedbde abe-bed-abd abe-sym abd-bed-abe mem-Collect-eq that)

obtain z y where z€?L yc?R
by (metis (mono-tags) <b € @> <b # a) abc-sym event-a mem-Collect-eq path-Q
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prolong-betw?2)
obtain w where we ?L w#zx
by (metis <b € @ b # a> abc-sym event-a mem-Collect-eq path-Q pro-
long-betw3)
obtain z where z€ R y#z
by (metis (mono-tags) <b € Q> <b # a> event-a mem-Collect-eq path-Q pro-
long-betw3)

have is-ray-on ?R Q N
is-ray-on L Q N
Q—{a} C?RU ?L A
(Vre?R. VIe?L. [l;a;r]) A
(Vze?R. Yye?R. = [z;a5y]) A
(Vze?L. Vye?L. - [z;a5y])
proof (intro conjl)
show is-ray-on ?L @
proof (unfold is-ray-on-def, safe)
show @ € P
by (simp add: path-Q)
next
fix z
assume [z;a;0]
then show z €
using <b € @ <b # a» betw-a-in-path event-a path-Q by blast
next
show is-ray {z. [z;a;b]}
proof —
have [z;a;b)
using <z€?L> by simp
have ?L = ray a z
proof
show ray a z C 7L
proof
fix e assume e€ray a
show e€?L
using wzxyz-ord ray-cases abc-bed-abd abd-bed-abe abe-sym
by (metis <[z;a;b]) <e € ray a > mem-Collect-eq)
qed
show ?L C ray a x
proof
fix e assume e€?L
hence [e;a;d]
by simp
show ecray a x
proof (cases)
assume e=z
thus ?thesis
by (simp add: ray-def)
next
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assume e#£zx
hence [e;z;a] V [z;€;a] using wzyz-ord
by (meson «[e;a;b]y <[z;a;b]> abe-abd-bedbde abe-sym)
thus ecray a z
by (metis Un-iff abc-sym insertCI pro-betw ray-def seg-betw)
qed
qged
qed
thus is-ray ?L by auto
qed
qed
show is-ray-on ?R @
proof (unfold is-ray-on-def, safe)
show ) € P
by (simp add: path-Q)
next
fix x
assume [a;z;b]
then show z € @
by (simp add: <b € Q> abc-abe-neq betw-b-in-path event-a path-Q)
next
fix z
assume [a;b;z]
then show z € @
by (simp add: <b € Q> abc-abe-neq betw-c-in-path event-a path-Q)
next
show b € @) using <b € @ .
next
show is-ray {y. [a;ysd] V [a:biy]}
proof —
have [a;y;0] V [a;biy] V y=b
using «(y€?R> by blast
have R = ray a y
proof
show ray a y C 7R
proof
fix e assume e€ray a y
hence [a;e;y] V [a;y5e] V y=e
using ray-cases by auto
show e€?R
proof —
{ assume ¢ # b
have (e # y A e # b) A [w;a;y] V [a;e;0] V [a;bs€]
using <[a;y;b] V [a;b;y] V y = b «w € {x. [z;a;b]}> abd-bed-abe by
blast
hence [a;e;b] V [a;b;e]
using abc-abd-bedbdc abe-bed-abd abd-bed-abe
by (metis <[a;e;y] V [a;y;€]» «w € ?Ly mem-Collect-eq)

}
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thus ?thesis
by blast
qed
qed
show 7R C ray a y
proof
fix e assume ec?R
hence aeb-cases: [a;e;b] V [asb;e] V e=b
by blast
hence aey-cases: [a;e;y] V [a;y;€e] V e=y
using abc-abd-bedbde abe-bed-abd abd-bed-abe
by (metis <[a;y;b] V [a;b;y] V y = b <z € {z. [z;a;b]}> mem-Collect-eq)
show ecray a y
proof —
{
assume e=b
hence ?thesis
using «[a;y;0] V [a;b;y] V y = by <b # @ pro-betw ray-def seg-betw by
auto
} moreover {
assume [a;e;b] V [a;b;e]
assume y#e
hence [a;e;y] V [a;y;¢€]
using aey-cases by auto
hence ecray a y
unfolding ray-def using abc-abe-neq pro-betw seg-betw by auto
} moreover {
assume [a;e;b] V [a;b;e]
assume y=e
have ecray a y
unfolding ray-def by (simp add: <y = e))
}

ultimately show ¢thesis
using aeb-cases by blast
qed
qed
qed
thus is-ray ?R by auto
qed
qed
show (Vre?R. VIe?L. [l;a;r])
using abd-bcd-abe by blast
show Vze€?R. Vye?R. — [z;a;y)]
by (smt abc-ac-neq abe-bed-abd abd-bed-abe mem-Collect-eq)
show Vze?L. Vye?L. — [x;a;y]
using abc-abc-neq abce-abd-bedbde abe-only-cba by blast
show Q—{a} C R U ?L
using «Q = {z. [z;0;0]} U {a} U {y. [a;y;b] V [a;b;y]}> by blast
qed
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thus ?thesis
by (metis (mono-tags, lifting))
qed

The definition closest-to in prose: Pick any r € R. The closest event c is
such that there is no closer event in L, i.e. all other events of L are further
away from r. Thus in L, c is the element closest to R.

definition closest-to :: (‘a set) = 'a = ('a set) = bool
where closest-to L ¢ R = ceL A (VreR. VIeL—{c}. [l;¢;7])

lemma int-on-path:
assumes (€L reR Q<P
and partition: LCQ L#{} RCQ R#{} LUR=Q
shows interval [ r C Q
proof
fix x assume zEinterval [ r
thus z€@Q
unfolding interval-def segment-def
using betw-b-in-path partition(5) <QEP> seg-betw <l € L) <r € R»
by blast
qed

lemma ray-of-bounds1:
assumes Q<P [f~X|(f 0)..] XCQ closest-bound ¢ X is-bound-f b X f b#c
assumes is-bound-f r X f
shows z=b V z=c V [¢;z;b] V [c;b;2]
proof —
have z€Q
using bound-on-path assms(1,3,7) unfolding all-bounds-def is-bound-def is-bound-f-def
by auto
{
assume z=>
hence ?thesis by blast
} moreover {
assume z=c
hence ?thesis by blast
} moreover {
assume z#b t#c
hence ?thesis
by (meson abc-abd-bedbde assms(4,5,6,7) closest-bound-def is-bound-def)
}

ultimately show ?thesis by blast
qed

lemma ray-of-bounds2:
assumes QP [f~X|(f 0).] XCQ closest-bound-f ¢ X [ is-bound-f b X f b#c
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assumes z=b V z=c V [c;x;b] V [¢;b;1]
shows is-bound-f x X f
proof —
have z€Q
using assms(1,3,4,5,6,7) betw-b-in-path betw-c-in-path bound-on-path
using closest-bound-f-def is-bound-f-def by metis
{
assume z=b
hence ?thesis
by (simp add: assms(5))
} moreover {
assume z=c
hence ?thesis using assms(4)
by (simp add: closest-bound-f-def)
} moreover {
assume [c;z;b]
hence ?thesis unfolding is-bound-f-def
proof (safe)
fix ¢ jnat
show [f~X|f 0.]
by (simp add: assms(2))
assume i<j
hence [f i; f j; b]
using assms(5) is-bound-f-def by blast
hence [f j; b; ] V [fj; ¢; ]
using (i < j» abc-abd-bedbde assms(4,6) closest-bound-f-def is-bound-f-def
by auto
thus [f 4 f j; 2]
by (meson «[c;x;b]> <[f ©; f7; b]» abc-bed-acd abe-sym abd-bed-abe)
qed
} moreover {
assume [c;b;z]
hence ?thesis unfolding is-bound-f-def
proof (safe)
fix ¢ jnat
show [f~X|f 0.]
by (simp add: assms(2))
assume i<j
hence [f i; f j; b]
using assms(5) is-bound-f-def by blast
hence [f j; b; ] V [f]; ¢; ]
using (i < j» abc-abd-bedbde assms(4,6) closest-bound-f-def is-bound-f-def
by auto
thus [f i f j; 2]
proof —
have (¢ = b) V [f 0; ¢; b
using assms(4,5) closest-bound-f-def is-bound-def by auto
hence [f j; b; c] — [z; fj; f 1]
by (metis abc-bed-acd abe-only-cba(2) assms(5) is-bound-f-def neq0-conv)
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thus ?thesis
using <[e;bsx]y <[f 45 f4; b <[f; b; c] V [fF; ¢; b abe-bed-acd abe-sym
by blast
qed
qed
}
ultimately show ?thesis using assms(7) by blast
qed

lemma ray-of-bounds3:
assumes QP [f~X|(f 0).] XCQ closest-bound-f ¢ X f is-bound-f b X f b#c
shows all-bounds X = insert ¢ (ray ¢ b)
proof
let YB = all-bounds X
let ?C = insert ¢ (ray ¢ b)
show ¢B C ?2C
proof
fix z assume z€?B
hence is-bound z X
by (simp add: all-bounds-def)
hence z=b V x=c V [¢;z;b] V [¢;b;x]
using ray-of-bounds! abc-abd-bedbde assms(4,5,06)
by (meson closest-bound-f-def is-bound-def)
thus z€?C
using pro-betw ray-def seg-betw by auto
qed
show ?C C ?B
proof
fix z assume z€?C
hence z=b V z=c V [c;x;b] V [¢;b;1]
using pro-betw ray-def seg-betw by auto
hence is-bound =z X
unfolding is-bound-def using ray-of-bounds2 assms
by blast
thus z€?B
by (simp add: all-bounds-def)
qed
qed

lemma int-in-closed-ray:

assumes path ab a b

shows interval a b C insert a (ray a b)
proof

let i = interval a b

show interval a b # insert a (ray a b)

proof —

obtain ¢ where [a;b;c] using prolong-betw2

162



using assms by blast
hence ceray a b
using abc-abe-neq pro-betw ray-def by auto
have céinterval a b
using <[a;b;c]> abc-abe-neq abe-only-cba(2) interval-def seg-betw by auto
thus ?thesis
using <c € ray a by by blast
qed
show interval a b C insert a (ray a b)
using interval-def ray-def by auto
qed

end

35 3.8 Connectedness of the unreachable set

context MinkowskiSpacetime begin

35.1 Theorem 13 (Connectedness of the Unreachable Set)

theorem unreach-connected:
assumes path-Q: QEP
and event-b: b¢ Q) be€
and unreach: Q, € unreach—on @ from b Q, € unreach—on Q from b

and zyz: [Qam Qy; Qz]
shows @, € unreach—on Q from b
proof —
have zz: Q, # @, using abc-ac-neq xyz by blast

First we obtain the chain from [?Q € P; ?b € € — ?Q; {?Qzx, ?Qz} C
unreach—on ?Q from ?b; ?Qr # ?Qz] — IX f. [[~X|?Qz .. ?Qz] A
(Vie{l..card X — 1}. fi € unreach—on ?Q from ?b N (V Qyel. [f (i —
1);Qy:f || — Qy € unreach—on ?Q from ?b)).
have in-Q: Q,€Q N Que@ N Q.€Q
using betw-b-in-path path-Q unreach(1,2) zz unreach-on-path xyz by blast
hence event-y: Q €&
using in-path-event path-Q by blast

legacy: [?Q € P; 2b ¢ 2Q); ?b € &; ?Qx € unreach—on ?Q from ?b; ?Qz €
unreach—on ?Q from ?b; ?Qr # ?Qz] = IX f. [f~X] AN fO0 = 9Qz N f
(card X — 1) = ?Qz N (Vie{l..card X — 1}. fi € unreach—on ?Q from
2 N (YQuel. [f (i — 1);Qu;f i] — Qy € unreach—on ?Q from 2b)) A
(short-ch X — ?Qz € X N ?Qz € X N (VY Quel. [7Qx;Qy;7Qz] — Qu €
unreach—on Q) from ?b)) instead of [?Q € P; 7b € € — ?Q; {?Qz, 7Qz}
C unreach—on ?Q) from ?b; ?Qx # 7Qz] = IX f. [[~X|7Qz .. ?Qz] A
(Vie{l..card X — 1}. fi € unreach—on ?Q from ?b N (V Qyel. [f (i —
1);Qy:f i — Qy € unreach—on Q) from ?b))
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obtain X f where X-def: ch-by-ord f X f0 = Q. f (card X — 1) = Q,
(Vie{l .. card X — 1}. (f i) € unreach—on Q from b N (VY Qyel. [f (i — 1);
Qu; [ 1] — Qy € unreach—on Q from b))
short-ch X — Qy € X N Q. € X N (VQue€. [Qz; Qy; Q] — Qy €
unreach—on Q from b)
using I6-old [OF assms(1—5) zz] by blast
hence fin-X: finite X
using zz not-less by fastforce
obtain N where N=card X N>2
using X-def(2,3) xz by fastforce

Then we have to manually show the bounds, defined via indices only, are in
the obtained chain.

let %a = f0
let 2d = f (card X — 1)
{

assume card X = 2
hence short-ch X ?a € X N 9d € X %a # 2d
using X-def «card X = 2) short-ch-card-2 xz by blast+

hence [f~X|Q;..Q]
using chain-defs by (metis X-def(1—3) fin-X)

Further on, we split the proof into two cases, namely the split Schutz absorbs
into his non-strict local-ordering. Just below is the statement we use [?P V
?Q; ?P = ?R; 7QQ = ?R] = ?R with.
have y-cases: QueX V Qu¢X by blast
have y-int: Qy€interval Q. Q.
using interval-def seg-betw xyz by auto
have X-in-Q: XCQ
using chain-on-path-16 [where Q=@ and X=X| X-def event-b path-Q unreach
2z {[f~X|Q. .. Q] by blast

show ?thesis
proof (cases)

We treat short chains separately. (Legacy: they used to have a separate
clause in [?Q € P; ?b € £ — 7Q; {?Qz, ?Qz} C unreach—on ?Q from ?b;
Qv # 7Qz] = IX f. [[~X|?Qx .. 7Qz] N (Vie{l..card X — 1}. fi €
unreach—on 2Q from b N (V Qyel. [f (i — 1);Qy;fi] — Qu € unreach—on
2Q) from ?2b)), now [?Q € P; ?b ¢ ?Q); ?b € &; ?Qx € unreach—on ?Q from
?b; ?Qz € unreach—on ?Q from ?b; ?Qx # ?Qz] = IX f. [f[~X] AN f0 =
7Qx N f (card X — 1) = ?2Qz N (Vie{l..card X — 1}. fi € unreach—on
2Q from b N (Y Quel. [f (i — 1);Qy;f {] — Qy € unreach—on ?Q from
2b)) N (short-ch X — ?2Qx € X AN 7Qz € X N (V Qye€. [7Qz;Qy;7Qz]
— Qy € unreach—on ?Q from %b)))

assume N=2
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thus ?thesis
using X-def(1,5) zyz «N = card X> event-y short-ch-card-2 by auto
next

This is where Schutz obtains the chain from Theorem 11. We instead
use the chain we already have with only a part of Theorem 11, namely
[2f~?2Q]|%a..9b..2c] = interval %a ?c = |J {segment (?f i) (?f (i + 1))
li. ¢ < card ?Q — 1} U ?Q. 7S is defined like in [P € P; 2 < card ?Q;
Q C P] = 3S P1 P2. ?P=J SUP1 UP2U ?Q A disjoint (S U
{P1, P2}) N P1 # P2 NP1 ¢ S NP2 ¢ S N (VYzES. is-segment ) A
is-prolongation P1 N is-prolongation P2.

assume N#£2
hence N>3 using <2 < N» by auto
have 2<card X using (2 < N) <N = card X» by blast
show ?thesis using y-cases
proof (rule disjE)
assume @Q,€X
then obtain ¢ where i-def: i<card X Q, = f1
using X-def(1) by (metis fin-X obtain-index-fin-chain)
have i#0 A i#card X — 1
using X-def(2,3)
by (metis abc-abc-neq i-def(2) zyz)
hence i€{!..card X —1}
using i-def(1) by fastforce
thus %thesis using X-def(4) i-def(2) by metis
next
assume @Q,¢X

let 2S = if card X = 2 then {segment ?a ?d} else {segment (f ) (f(i+1)) |
i. i<card X — 1}

have Q,elJ 25
proof —
obtain ¢ where [f~X|Q,..c..Q.]
using X-def(1) <N = card X» «<N#2)> ([f~>X|Qy..Q;]> short-ch-card-2
by (metis <2 < N» le-neg-implies-less long-chain-2-imp-3)
have interval Q, Q, =J?5 U X
using int-split-to-segs [OF ([f~>X|Qy..c..Q.]>] by auto
thus ?thesis
using «Q,¢X> y-int by blast
qed
then obtain s where s€?S (), €s by blast

have 3. ie{1..(card X)—1} A [(f(i—1)); Qy; f 1]
proof —
obtain ¢’ where i’-def: i’ < N—1 s = segment (fi') (f (i’ + 1))
using (Qy€s <s€25) «N=card X>»
by (smt <2 < Ny <N # 2) le-antisym mem-Collect-eq not-less)
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show ?thesis
proof (rule exI, rule conjI)
show (i'+1) € {I..card X — 1}
using i’-def(1)
by (simp add: <N = card X))
show [f((i+1) — 1); Qy; f(i"+1)]
using i’-def(2) <Q,€9 seg-betw by simp
qed
qed

then obtain ¢ where i-def: i€{1..(card X)—1} [(f(i—1)); Qy; f1]

by blast

show ?thesis
by (meson X-def(4) i-def event-y)
qed
qged
qed

35.2 Theorem 14 (Second Existence Theorem)

lemma union-of-bounded-sets-is-bounded:
assumes V€A, [a;2;0] Vz€B. [c;2;d] ACQ BCQ QP
card A > 1 V infinite A card B > 1 V infinite B
shows 31€ Q. JueQ. Yz AUB. [l;z;u]
proof —
let P = X\ A B. 31eQ. FueQ. VzcAUB. [l;z;u]
let 21 =X Aab. (card A > 1V infinite A) N (Vz€A. [a;z;b])
let YR =XA.3ab. 7TAabd

have on-path: N\abA. AC Q= ?TAab=>beQNa€Q
proof —
fix a b A assume ACQ ?IAabd
show be QNacQ
proof (cases)
assume card A < 1 A finite A
thus ?thesis
using <?I A a b» by auto
next
assume - (card A < 1 A finite A)
hence asmA: card A > 1 V infinite A
by linarith
then obtain z y where z€ A4 ycA z#ty
proof
assume [ < card A Nz y. [z € A; y € A; x # y| = thesis
then show ?thesis
by (metis One-nat-def Suc-le-eq card-le-Suc-iff insert-iff)
next
assume infinite A Az y. [z € A; y € A; © # y] = thesis
then show ?thesis
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using infinite-imp-nonempty by (metis finite-insert finite-subset singletonl
subsetl)
qed
have z€@Q yc@
using <4 C @ <z € A <y € 4> by auto
have [a;z;b] [a;y;0]
by (simp add: «(1 < card AV infinite A) N (Vz€A. [a;2;b])> <x € A <y €
Ay)+
hence betwj a xy b V betwj a yx b
using <z # y» abd-acd-abedacbd by blast
hence acQ A be@Q
using (QEP) x€Qy <xFy> x€Q> (YEQ> betw-a-in-path betw-c-in-path by
blast
thus ?thesis by simp
qed
qged

show ?thesis
proof (cases)
assume a#b A a#c N a#d N b#c N\ b#d N c#d
show ?P A B
proof (rule-tac P=%P and A=Q in wlog-endpoints-distinct)

First, some technicalities: the relations P, I, R have the symmetry required.

show Aa b l. ?2I1a b= ?I1b a using abc-sym by blast
show Na b A. AC Q= TAab= b€ Q A a € @ using on-path
assms(5) by blast
show AIJ. PRI = ?RJ = ?P1J = ?P JI by (simp add: Un-commuite)

Next, the lemma/case assumptions have to be repeated for Isabelle.

show ?I Aab ?IBcdACQ BCQ QP
using assms by simp+
show a#b A a#c A a#£d N b%c A b#d N c#d
using <a#b A a#c A a#d N b#c A b£d N c£d> by simp

Finally, the important bit: proofs for the necessary cases of betweenness.

show ?P [ J
if 2ITab?lJcd ICQJCQ
and [a;b;c;d] V [a;¢;0;d] V [a;¢;d;0]
for IJabcd
proof —
consider [a;b;c;d]|[a;c;b;d]|[a;c;d;b]
using <[a;b;c;d]) V [a;¢;0;d] V [a;¢;d;b]y by fastforce
thus ?thesis
proof (cases)
assume asm: [a;b;c;d] show 2P I.J
proof —
have Vze 1UJ. [a;z;d]
by (metis Un-iff asm betw4-strong betw4-weak that(1) that(2))
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moreover have acQ de@
using assms(5) on-path that(1—4) by blast+
ultimately show ?thesis by blast
qed
next
assume [a;c;b;d] show 2P I J
proof —
have Vze 1UJ. [a;x;d]
by (metis Un-iff <betw/ a ¢ b ds abc-bed-abd abe-bed-acd betw]-weak
that(1,2))
moreover have acQ de@
using assms(5) on-path that(1—4) by blast+
ultimately show ?thesis by blast
qed
next
assume [q;c;d;b] show ?P I.J
proof —
have Vze 1UJ. [a;z;)]
using <betw4 a ¢ d by abc-bed-abd abe-bed-acd abe-ade-bed-ace
by (meson UnE that(1,2))
moreover have acQ be Q)
using assms(5) on-path that(1—4) by blast+
ultimately show ?thesis by blast
qed
qed
qed
qed
next
assume —(a#b A aFc A a#d N b#c N b#d N c#d)

show ?P A B
proof (rule-tac P=%P and A=Q in wlog-endpoints-degenerate)

This case follows the same pattern as above: the next five show statements
are effectively bookkeeping.

show Aa b l. 2ITa b= ?I1b a using abc-sym by blast

show AabA. AC Q= TAab=beg QA a € Q using on-path <QEP>

by blast
show AIJ. PRI = ?RJ = ?P1J = ?P JI by (simp add: Un-commute)

show ?I Aab ?lBcdACQ BCQ QP

using assms by simp+

show ~(a £ bANbFcNcEdNaFtdNa#cNb#d)

using <n (a £ bANa#cNa#dNb#cNb#dAc#d) by blast

Again, this is the important bit: proofs for the necessary cases of degeneracy.

show (a=bAb=cAhc=d—9PIJ)AN(a=bAb#cANc=d—
P IJ) A
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(a=bAb=cAhNc#d—PIJ)AN(a=bAbFcAhcF*dNa#d
— PP I J) A
(aFbANb=cAhcFdNa=d— PIJ)A
([ash;c) Na=d — ?PTJ) A ([bya;e] Na=d— 2P TJ)
if2ITab?lJcdlICQJCQ
for IJabcd
proof (intro conjl impl)
assume a =bAb=cAc=d
show 31€Q. Jue@. Vzel U J. [l;z;u]
using <a = b A b =c A ¢ = d abc-ac-neq assms(5) ex-crossing-path
that(1,2)
by fastforce
next
assume a = bAbD#*cAc=d
show 31€Q. JueQ. Vzel U J. [l;z;u]
using <a = b A b # ¢ A ¢ = d abc-ac-neq assms(H) ex-crossing-path
that(1,2)
by (metis Un-iff)
next
assume a = bAb=cAc#d
hence Vze TUJ. [c;x;d]
using abc-abe-neq that(1,2) by fastforce
moreover have ce(Q de(@
using on-path <a = b A b= c A c# d> that(1,3) abc-abc-neq by metis+
ultimately show 3l€Q. JueQ. Vzel U J. [l;z;u] by blast
next
assume a = bAb# cANc#dNa#d
hence Vze ITUJ. [c;x;d]
using abc-abc-neq that(1,2) by fastforce
moreover have ce(@Q de@
using on-path <a = bAb# c A c# d A a# d that(1,8) abc-abe-neq by
metis+
ultimately show 3l€Q. FJuc Q. Vzel U J. [l;x;u] by blast
next
assume a #bANb=cANc#dNa=4d
hence Vze TUJ. [¢;x;d]
using abc-sym that(1,2) by auto
moreover have ce() de(@
using on-path <a ZbANb=c A c#d A a= d that(1,3) abc-abc-neq by
metis+
ultimately show 31€Q. JueQ. Vzel U J. [l;z;u] by blast
next
assume [a;b;c] A a = d
hence Vze IUJ. [c;;d]
by (metis UnE abc-acd-abd abe-sym that(1,2))
moreover have ce(@Q de@
using on-path that(2,4) by blast+
ultimately show 31€Q. JueQ. Yzl U J. [l;z;u] by blast
next
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assume [b;a;c] A a = d

hence Vze IUJ. [c;z;b]
using abc-sym abd-bed-abe betws-strong that(1,2) by (metis Un-iff)

moreover have ce() beQ
using on-path that by blast+

ultimately show 3l€Q. Fuc Q. Vzel U J. [l;x;u] by blast

qed
qed
qed
qed

lemma union-of-bounded-sets-is-bounded?2:
assumes V€A, [a;2;0] VzeB. [c;2;d] ACQ BCQ QP
1<card A V infinite A 1<card B V infinite B
shows 31e Q—(AUB). Jue Q—(AUB). V€ AUB. [l;z;u]
using assms union-of-bounded-sets-is-bounded
[where A=A and a=a and b=b and B=B and c=c and d=d and Q=()]
by (metis Diff-iff abc-abe-neq)

Schutz proves a mildly stronger version of this theorem than he states.
Namely, he gives an additional condition that has to be fulfilled by the
bounds y, z in the proof (y,z¢ unreach—on @ from ab). This condition is triv-
ial given abc-abc-neq. His stating it in the proof makes me wonder whether
his (strictly speaking) undefined notion of bounded set is somehow weaker
than the version using strict betweenness in his theorem statement and used
here in Isabelle. This would make sense, given the obvious analogy with sets
on the real line.

theorem second-existence-thm-1:
assumes path-Q: QEP
and events: a¢@Q b¢Q
and reachable: path-ex a ql path-ex b q2 q1€Q ¢2€Q
shows Jye@. 2€Q. (Vz€unreach—on Q from a. [y;z;2]) A (Y zEunreach—on

Q from b. [y;z;2])
proof —

Slightly annoying: Schutz implicitly extends bounded to sets, so his state-
ments are neater.

have 3 ¢€@Q. ¢¢(unreach—on Q from a) 3 ¢€Q. q¢(unreach—on Q from b)
using cross-in-reachable reachable by blast+

This is a helper statement for obtaining bounds in both directions of both
unreachable sets. Notice this needs Theorem 13 right now, Schutz claims
only Theorem 4. I think this is necessary?

have get-bds: Flac Q. JuacQ. la¢unreach—on Q from a N uagunreach—on Q
from a N (Y z€unreach—on @Q from a. [la;z;ual)
if asm: a¢Q path-ex a q g€ Q

170



for a g
proof —
obtain Qy where Qycunreach—on @ from a
using asm(2) <a ¢ @ in-path-event path-Q two-in-unreach by blast
then obtain la where la € Q) — unreach—on Q from a
using asm(2,3) cross-in-reachable by blast
then obtain ua where ua € @ — unreach—on Q from a [la;Qy;ual la # ua
using unreachable-set-bounded [where Q=@ and b=a and Qz=la and
Qy=Qy]
using <Qy € unreach—on @ from a> asm in-path-event path-Q by blast
have la ¢ unreach—on Q from a A ua ¢ unreach—on Q from a A (V z€unreach—on
Q from a. (z#la N z#ua) — [la;z;ual)
proof (intro conjI)
show la ¢ unreach—on @Q from a
using (la € @ — unreach—on @ from a> by force
next
show wua ¢ unreach—on @ from a
using <ua € @ — unreach—on @ from a> by force
next show Vacunreach—on Q from a. x # la A\ x # ua — [la;x;ua]
proof (safe)
fix z assume z€unreach—on Q from a r#la x#ua
{
assume z=Qy hence [la;z;ua] by (simp add: [la;Qy;ual))
} moreover {
assume z# Qy
have [Qy;z;la] V [la; Qy;x)
proof —
{ assume [z;la;Qy]
hence lacunreach—on Q from a
using unreach-connected <Qyeunreach—on @ from a»<x€unreach—on
Q from a)>«x#Qy> in-path-event path-Q that by blast
hence Fulse
using <la € Q — unreach—on Q from as by blast }
thus [Qy;z;la] V [la; Qy;z]
using some-betw [where Q=@ and a=z and b=la and c=Qy] path-Q
unreach-on-path
using «Qy € unreach—on Q from a» <la € Q@ — unreach—on @ from a»
<z € unreach—on Q from ay <x # Qy <x # lay by force
qed
hence [la;z;ual
proof
assume [Qy;x;la)
thus ?thesis using «[la;Qy;ualy abc-acd-abd abe-sym by blast
next
assume [la; Qy;z]
hence [la;z;ua] V [lajua;z]
using «([la; Qy;ua)y «x # uay abc-abd-acdade by auto
have —[la;ua;x]
using unreach-connected that abc-abc-neq abc-acd-bed in-path-event path-Q
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by (metis DiffD2 «Qy € unreach—on Q from ay <[la;Qy;ua)y <ua € Q —
unreach—on @ from a) <z € unreach—on Q from a)
show ?thesis
using «[la;z;ua] V [lojua;x]y - [lasua;z)y by linarith
qged
}
ultimately show [la;z;ua] by blast
qed
qed
thus ?thesis using «la € Q — unreach—on @ from a> <ua € @ — unreach—on
Q from a> by force
qed

have 3ycQ. 32€Q. (Vz€(unreach—on Q from a)U(unreach—on Q from b).
[y;7;2])
proof —
obtain la ua where VY z€unreach—on Q from a. [la;z;ua]
using events(1) get-bds reachable(1,3) by blast
obtain b ub where V z€unreach—on Q from b. [lb;z;ub]
using events(2) get-bds reachable(2,4) by blast
have unreach—on @ from a C Q unreach—on @ from b C @
by (simp add: subsetl unreach-on-path)+
moreover have I < card (unreach—on @Q from a) V infinite (unreach—on Q
from a)
using two-in-unreach events(1) in-path-event path-Q reachable(1)
by (metis One-nat-def card-le-Suc0-iff-eq not-less)
moreover have I < card (unreach—on @Q from b) V infinite (unreach—on Q
from b)
using two-in-unreach events(2) in-path-event path-Q reachable(2)
by (metis One-nat-def card-le-SucO-iff-eq not-less)
ultimately show ?thesis
using union-of-bounded-sets-is-bounded [where Q=@ and A=unreach—on Q
from a and B=unreach—on Q from b
using get-bds assms <V x€unreach—on @ from a. [la;z;ua)y ¥ x€Eunreach—on
Q from b. [Ib;z;ub)y
by blast
qged

then obtain y z where ye@ 2€Q (Y z€(unreach—on @ from a)U(unreach—on
Q from b). [y;z;2])
by blast
show ?thesis
proof (rule bexl)+
show ye @ by (simp add: <y € Q)
show z€Q by (simp add: <z € @)
show (V z€unreach—on Q from a. [z;x;y]) A (Y z€unreach—on @ from b. [z;x;y])
by (simp add: ¥ x€unreach—on Q from a U unreach—on @ from b. [y;x;z]>
abc-sym)
qed
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qed

theorem second-ezistence-thm-2:
assumes path-Q: QP
and events: a¢ Q b¢Q ceQ deQ c£d
and reachable: 3 PEP. Fq€Q. path P a ¢ APEP. ¢q€Q. path P b q
shows Jec Q. FaecP. FbecP. path ae a e A path be b e N\ [c;d;e]
proof —
obtain y z where bounds-yz: (V¥ z€unreach—on Q from a. [z;z;y]) A (Y z€unreach—on
Q from b. [z;x;y])
and yz-inQ: yeQ z€Q
using second-existence-thm-1 [where Q=@ and a=a and b=0]
using path-Q events(1,2) reachable by blast
have y¢(unreach—on Q from a)U(unreach—on Q from b) z¢(unreach—on Q from
a)U(unreach—on @ from b)
by (meson Un-iff «(¥x€unreach—on Q from a. [z;z;y]) A (V z€unreach—on Q
from b. [z;x;9])> abe-abe-neq)+
let 7P = Xe ae be. (e€Q A path ae a e A path be b e A [c;d;e])

have exist-ay: 3 ay. path ay a y
if a¢@Q I PEP. F¢€Q. path P a q y¢(unreach—on Q from a) y€Q
for a y
using in-path-event path-Q that unreachable-bounded-path-only
by blast

have [c;d;y] V [y;eid] V [e;y:d]
by (meson <y € Q> abc-sym events(3—35) path-Q some-betw)
moreover have [c;d;z] V [z;¢;d] V [¢;2;d]
by (meson <z € @ abc-sym events(3—5) path-Q some-betw)
ultimately consider [c;d;y] | [¢;d;2] |
(Lyesd] v [esyd]) A (zscsd) V [e:2d])
by auto
thus ?thesis
proof (cases)
assume [c;d;y]
have y¢(unreach—on Q from a) y¢(unreach—on Q from b)
using <y ¢ unreach—on @Q from a U unreach—on Q from by by blast+
then obtain ay yb where path ay a y path yb b y
using «ye Q> exist-ay events(1,2) reachable(1,2) by blast
have ?P y ay yb
using <[¢;d;y]> <path ay a y> <path yb b y» <y € @ by blast
thus ?thesis by blast
next
assume [c;d;?]
have z¢(unreach—on Q from a) z¢(unreach—on @Q from b)
using <z ¢ unreach—on Q from a U unreach—on @Q from by by blast+
then obtain az bz where path az a z path bz b z
using «z€ Q> exist-ay events(1,2) reachable(1,2) by blast
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have ?P z az bz
using «[c;d;z]> <path az a 2> <path bz b 2> <z € @ by blast
thus ?thesis by blast
next
assume ([y;c;d] V [e;y3d]) A ([z3¢5d] V [e23d])
have Je. [¢;d;€]
using prolong-betw
using events(8—5) path-Q by blast
then obtain e where [c;d;e] by auto
have —[y;e;z]
proof (rule notl)

Notice Theorem 10 is not needed for this proof, and does not seem to help
sledgehammer. 1 think this is because it cannot be easily /automatically
reconciled with non-strict notation.

assume [y;e;2]
moreover consider ([y;c;d] A [z;¢;d]) | ([y;6;d] A [e;2;d]) |
([esysd] A [zsesd]) | ([esysd] A [esz;d])
using «([y;¢;d] V [e;y3d]) A ([z56:d] V [e;2;d])» by linarith
ultimately show Fulse
by (smt <[c;d;e]> abc-ac-neq betw]-strong betws-weak)
qed
have ec(
using «[c;d;e]> betw-c-in-path events(3—5) path-Q by blast
have e¢ unreach—on @ from a e¢ unreach—on @Q from b
using bounds-yz <— [y;e;z]> abc-sym by blast+
hence ex-aebe: 3 ae be. path ae a e N\ path be b e
using (e € @) events(1,2) in-path-event path-Q reachable(1,2) unreach-
able-bounded-path-only
by metis
thus ?thesis
using <([c;d;e]» <e € @ by blast
qged
qged

The assumption @#R in Theorem 14(iii) is somewhat implicit in Schutz. If
Q=R, unreach—on @ from a is empty, so the third conjunct of the conclusion
is meaningless.

theorem second-ezistence-thm-3:
assumes paths: QP REP Q#R
and events: t€Q T€R a€R a#z b¢Q
and reachable: 3 PeP. 3 qeQ. path P b g
shows Jecf. FaecP. FbecP. path ae a e A path be b e A (V¥ yEunreach—on Q
from a. [z;y;€])
proof —
have a¢Q
using events(1—/4) paths eq-paths by blast
hence unreach—on @ from a # {}
by (metis events(8) ex-in-conv in-path-event paths(1,2) two-in-unreach)
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then obtain d where de€ unreach—on @ from a
by blast
have z#d
using «d € unreach—on @ from ay cross-in-reachable events(1) events(2)
events(3) paths(2) by auto
have de (@
using <d € unreach—on @ from a> unreach-on-path by blast

have Je€ Q. Jae be. [x;d;e] A path ae a e A path be b e
using second-existence-thm-2 [where c=z and Q=@ and a=a and b=>b and
d=d]
using <a ¢ @ «d € @ <z # d» events(1—3,5) paths(1,2) reachable by blast
then obtain e ae be where conds: [z;d;e] A path ae a e A path be b e by blast
have V ye(unreach—on Q from a). [z;y;e€]
proof
fix y assume y&(unreach—on Q from a)
hence ye@
using unreach-on-path by blast
show [z;y;e]
proof (rule ccontr)
assume —[z;y;€]
then consider y=z | y=e¢ | [y;z;e] | [z;€;9]
by (metis <de @y <y Q> abc-abc-neq abe-sym betw-c-in-path conds events(1)
paths(1) some-betw)
thus Fulse
proof (cases)
assume y=z thus Fulse
using <y € unreach—on Q from a) events(2,3) paths(1,2) same-empty-unreach
unreach-equiv unreach-on-path
by blast
next
assume y=e thus Fulse
by (metis <ye@Q> assms(1) conds empty-iff same-empty-unreach un-
reach-equiv <y € unreach—on @ from a»)
next
assume [y;z;€]
hence [y;z;d]
using abd-bcd-abec conds by blast
hence ze(unreach—on Q from a)
using unreach-connected [where Q=@ and Q,=y and Qy=z and Q.=d
and b=a]
using <—[z;y;e]y <ag Q> <d€unreach—on Q from a) <yEunreach—on Q from
ay conds in-path-event paths(1) by blast
thus Fulse
using empty-iff events(2,3) paths(1,2) same-empty-unreach unreach-equiv
unreach-on-path
by metis
next
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assume [z;e;9]
hence [d;e;y]
using abc-acd-bed conds by blast
hence ec(unreach—on Q from a)
using unreach-connected [where Q=@ and Q,=y and Q,=e¢ and Q,=d
and b=d]
using <a ¢ @ «d € unreach—on Q from a) <y € unreach—on Q from a»
abc-abce-neq abe-sym events(3) in-path-event paths(1,2)
by blast
thus Fulse
by (metis conds empty-iff paths(1) same-empty-unreach unreach-equiv
unreach-on-path)
qed
qed
qed
thus ?thesis
using conds in-path-event by blast
qed

end

36 Theorem 11 - with path density assumed

locale MinkowskiDense = MinkowskiSpacetime +
assumes path-dense: path ab o b = Jx. [a;x;b]
begin

Path density: if a and b are connected by a path, then the segment be-
tween them is nonempty. Since Schutz insists on the number of segments
in his segmentation (Theorem 11), we prove it here, showcasing where his
missing assumption of path density fits in (it is used three times in num-
ber-of-segments, once in each separate meaningful local-ordering case).

lemma segment-nonempty:
assumes path ab a b
obtains r where z € segment a b
using path-dense by (metis seg-betw assms)

lemma number-of-segments:
assumes path-P: PP
and Q-def: QCP
and f-def: [f~Q|a..b..c]
shows card {segment (f i) (f (i+1)) | i. i<(card @—1)} = card Q — 1
proof —
let 25 = {segment (fi) (f (i+1)) | i. i<(card Q—1)}
let /N = card Q
let 2g = X i. segment (f 1) (f (i+1))
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have ?N > 3 using chain-defs f-def by (meson finite-long-chain-with-card)
have ?g < {0..2N—2} = 25
proof (safe)
fix ¢ assume i€{(0::nat)..?N—2}
show Jia. segment (f i) (f (i+1)) = segment (f ia) (f (ia+1)) A ia<card Q
— 1
proof
have i<?N—1
using assms i€{(0::nat)..?N—2} <(?N>3)
by (metis One-nat-def Suc-diff-Suc atLeastAtMost-iff le-less-trans lessl
less-le-trans
less-trans numeral-2-eq-2 numeral-3-eq-3)
then show segment (f4) (f (i + 1)) = segment (fi) (f (¢ + 1)) N i<IN—1
by blast
qed
next
fix z ¢ assume 7 < card Q — 1
let ?s = segment (fi) (f (i + 1))
show %s € 29 “{0..9N — 2}
proof —
have ic{0../N—2}
using i < card @ — 1» by force
thus ?thesis by blast
qed
qed
moreover have inj-on %9 {0..?N—2}
proof
fix i j assume asm: i€{0..?N—2} je{0..2N—-2} 2gi= %gj
show i=j
proof (rule ccontr)
assume i#j
hence fi # fj
using asm(1,2) f-def assms(3) indices-neq-imp-events-neq
[where X=@ and f=f and a=a and b=0b and c=c and i=i and j=j]
by auto
show Fulse
proof (cases)
assume j=i+1 hence j=Suc i by linarith
have Suc(Suc i) < ?N using asm(1,2) eval-nat-numeral <j = Suc 7> by
auto
hence [f ; f (Suc i); f (Suc (Suc 7))]
using assms short-ch-card <?N>38» chain-defs local-ordering-def
by (metis short-ch-alt(1) three-in-setd)
hence [fi; f7; f (j+1)] by (simp add: <j =i + 1))
obtain e where ec?g j using segment-nonempty abc-ex-path asm(3)
by (metis <[ is f3; f G+ 1) i #f G =i+ D))
hence ec?q i
using asm(3) by blast
have [f i; f j; e]
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using abd-bed-abe <[f i; fj; f (G+1)D
by (meson <e € segment (fj) (f (j + 1))> seg-betw)
thus Fulse
using <e € segment (f7) (f (i + 1))y <j =i + 1> abc-only-cba(2) seg-betw
by auto
next assume j#i+ 1
have i < card Q@ N j < card Q A (i+1) < card @
using add-mono-thms-linordered-field(3) asm(1,2) assms «?N>3» by auto
hence fiec QA fje QANf(i+1) e Q
using f-def unfolding chain-defs local-ordering-def
by (metis One-nat-def Suc-diff-le Suc-eq-plusl <8 < card > add-Suc
card-1-singleton-iff
card-gt-0-iff card-insert-if diff-Suc-1 diff-Suc-Suc less-natE less-numeral-extra(1)
nat.discl numeral-3-eq-3)
hence fie PAfje PAf (i+1) € P
using path-is-union assms
by (simp add: subset-iff)
then consider [/ & (f(i-+1)); /4] | [f 7 £ (f(i+1)]
((FG+1)); 14 1 ]
using some-betw path-P f-def indices-neq-imp-events-neq
fiFfpi<card QNANj<card QAT+ 1 <card Q> j#1i+ 1>
by (metis abc-sym less-add-one less-irrefl-nat)
thus Fulse
proof (cases)
assume [(f(i+1)); f4; f7]
then obtain e where ec ?g ¢ using segment-nonempty
by (metis <fi € PANfje PAf (i+ 1) € Py abc-abe-neq path-P)
hence [e; fj; (f(j+1))]
using «[(f(i+1)); fi; f 4]
by (smt abc-acd-abd abc-acd-bed abe-only-cba abe-sym asm(3) seg-betw)
moreover have e€ ?qg j
using <e € ?g > asm(3) by blast
ultimately show Fulse
by (simp add: abc-only-cba(1) seg-betw)
next
assume [ i; fJ; (f(i+1))]
thus Fulse
using abc-abc-neq [where b=f j and a=f i and c=f(i+1)] asm(3)
seg-betw [where z=f j]
using ends-notin-segment by blast
next
assume [f i; (f(i+1)); f ]
then obtain e where e€ ?g ¢ using segment-nonempty
by (metis <«fi € PANfje P Af(i+ 1) € Py abc-abe-neq path-P)
hence [e; fj; (f(j+1))]
proof —
have f (i+1) # fj
using <[f i; (f(i+1)); fj]> abc-abc-neq by presburger
then show ?thesis
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using <e € segment (f1) (f (i+1))» <[f4; (f(i+1)); 7] asm(3) seg-betw
by (metis (no-types) abc-abe-neq abe-acd-abd abe-acd-bed abe-sym)
qed
moreover have e€ ?qg j
using <e € ?g > asm(3) by blast
ultimately show Fulse
by (simp add: abc-only-cba(1) seg-betw)
qed
qed
qed
qed
ultimately have bij-betw ?g {0..2N—2} ¢S
using inj-on-imp-bij-betw by fastforce
thus ?thesis
using assms(2) bij-betw-same-card numeral-2-eq-2 numeral-3-eq-8 «?N>3»
by (metis (no-types, lifting) One-nat-def Suc-diff-Suc card-atLeastAtMost le-less-trans
less-Suc-eq-le minus-nat.diff-0 not-less not-numeral-le-zero)
qed

theorem segmentation-card:
assumes path-P: PeP
and Q-def: QCP
and f-def: [f~Q|a..b]
fixes P1 defines PI-def: P1 = prolongation b a
fixes P2 defines P2-def: P2 = prolongation a b
fixes S defines S-def: S = {segment (f i) (f (i+1)) | i. i<card Q—1}
shows P = ((IJS) U P1 U P2U Q)

card S = (card Q—1) N (Vz€S. is-segment x)

disjoint (SU{P1,P2}) P1#£P2 P1¢S P2¢S

proof —
let 2N = card Q
have 2 < card @
using f-def fin-chain-card-geg-2 by blast
have seg-facts: P = (|JS U P1 U P2 U Q) (Vz€ES. is-segment x)
disjoint (SU{P1,P2}) P1#P2 P1¢S P2¢S
using show-segmentation [OF path-P Q-def f-def]
using PI-def P2-def S-def by fastforce+
show P = JS U P1 U P2 U @ by (simp add: seg-facts(1))
show disjoint (SU{P1,P2}) P1#P2 P1¢S P2¢S
using seg-facts(3—6) by blast+
have card S = (?N—1)
proof (cases)
assume N=2
hence card S = 1
by (simp add: S-def)
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thus ?thesis
by (simp add: <?N = 2)
next
assume ?N#2
hence ?N>3
using <2 < card @)y by linarith
then obtain ¢ where [f~Q|a..c..D]
using assms chain-defs short-ch-card-2 <2 < card @) <card Q # 2»
by (metis three-in-set3)
show ?thesis
using number-of-segments [OF assms(1,2) <[f~ Q|a..c..b])]
using S-def <card Q # 2> by presburger
qed
thus card S = card QQ — 1 N Ball S is-segment
using seg-facts(2) by blast
qed

end

end
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