S-Finite Measure Monad on Quasi-Borel Spaces

Michikazu Hirata, Yasuhiko Minamide

March 19, 2025

Abstract

The s-finite measure monad on quasi-Borel spaces provides a suit-
able denotational model for higher-order probabilistic programs with
conditioning. This entry is a formalization of the s-finite measure
monad and related notions, including s-finite measures, s-finite kernels,
and a proof automation for quasi-Borel spaces which is an extension
of our previous entry quasi-Borel spaces. We also implement several
examples of probabilistic programs in previous works and prove their

property.

This work is a part of the work by Hirata, Minamide, and Sato,
Semantic Foundations of Higher-Order Probabilistic Programs in Is-
abelle/HOL which will be presented at the 14th Conference on Inter-
active Theorem Proving (ITP2023).
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For the terminology of s-finite measures/kernels, we refer to the work by
Staton [4]. For the definition of the s-finite measure monad, we refer to the
lecture note by Yang [6]. The construction of the s-finite measure monad is
based on the detailed pencil-and-paper proof by Tetsuya Sato.

1 Lemmas

theory Lemmas-S-Finite-Measure-Monad
imports HOL— Probability. Probability Standard-Borel-Spaces.StandardBorel
begin

lemma integrable-mono-measure:
fixes f :: 'a = 'b::{banach, second-countable-topology}
assumes [measurable-cong,measurable]:sets M = sets N M < N integrable N f
shows integrable M f

{proof)

lemma AFE-mono-measure:
assumes sets M = sets NM < NAEzin N. Px
shows AE zin M. Pz

{proof)

lemma finite-measure-return: finite-measure (return M x)
(proof )

lemma nn-integral-return’”:
assumes z ¢ space M
shows ([ z. g x Oreturn M z) = 0

(proof)



lemma pair-measure-return: return M 1 @ pr return N r = return (M @y N)
(L,r)
(proof)

lemma null-measure-distr: distr (null-measure M) N f = null-measure N
(proof )

lemma integral-measurable-subprob-algebra?2:

fixes f :: - = - = -::{banach,second-countable-topology}

assumes [measurable]: (A(z, y). f z y) € borel-measurable (M @y N) L €
measurable M (subprob-algebra N)

shows (Az. integrall (L z) (f z)) € borel-measurable M

(proof)

lemma distr-id’:
assumes sets N = sets M
and A\z. z € space N = fzx =1z
shows distr NM f = N

{proof)

lemma measure-density-times:

assumes [measurable]:S € sets M X € sets M r # oo

shows measure (density M (Az. indicator S x x r)) X = enn2real r * measure
M (5N X)
(proof)

lemma complete-the-square:
fixes a b ¢ x :: real
assumes a # 0
shows axz? + bx 2+ c=ax (z + (b / (2%a))? — ((b* — 4x a * ¢)/(4*a))
(proof )

lemma complete-the-square2’:
fixes a b ¢ = :: real
assumes a # 0
shows axz? — 2% bxxz+c=ax* (z — (b/ a)? — ((b® — axc)/a)
(proof)

lemma normal-density-mu-x-swap:
normal-density p o © = normal-density x o

{proof)

lemma normal-density-plus-shift: normal-density p o (z + y) = normal-density
(4 — )0y
(proof)

lemma normal-density-times:
assumes 0 > 0 o' > 0
shows normal-density p o x x normal-density p’ o’ x = (1 / sqrt (2 * pi *



(02 + 7)) * exp (— (u — p)? /(2 x (6% + 07))) * normal-density ((uxo" +
usa?) /(0% + a?)) (o x o’ | sqrt (6®> + 0?))
(is ?lhs = %rhs)

(proof)

lemma KL-normal-density:

assumes [arith]: b > 0d > 0

shows KL-divergence (exp 1) (density lborel (normal-density a b)) (density lborel
(normal-density ¢ d)) = In (b / d) + (d*> + (¢ — a)?) / (2 x b?) — 1 / 2 (is ?lhs
= 2rhs)

(proof)

lemma count-space-prod: count-space (UNIV :: (‘a :: countable) set) Q) ar count-space
(UNIV :: (’b :: countable) set) = count-space UNIV

(proof)

lemma measure-pair-pmf:

fixes p :: (“a :: countable) pmf and q :: ('b :: countable) pmf

shows measure-pmf p @ pr measure-pmf q¢ = measure-pmf (pair-pmf p q) (is
?lhs = ?rhs)
(proof )

lemma distr-PiM-distr:
assumes finite I \i. i € I = sigma-finite-measure (distr (M i) (N i) (f 7))
and \i.i el = fie Mi—py Ni
shows distr (Iyy €. M 4) (ILy; i€l. N i) (Azi. Mi€l. fi (zi 1)) = (I i€l
distr (M 1) (N ©) (f 1))
(proof)

lemma distr-PiM-distr-prob:
assumes Ai. i € I = prob-space (M 1)
and \i.i €l = fie Mi—py Ni
shows distr (I i€l. M 3) (IIpy i€I. N i) (Azi. Mi€l. fi (zii)) = (I (€1,
distr (M %) (N @) (f 1))
(proof)

end

2 Kernels

theory Kernels
imports Lemmas-S-Finite-Measure-Monad
begin

2.1 S-Finite Measures

locale s-finite-measure =
fixes M :: 'a measure
assumes s-finite-sum: 3 Mi :: nat = ‘a measure. (Vi. sets (Mi i) = sets M) A



(V4. finite-measure (Mi i)) N (VA€sets M. M A= (3 4. MiiA))

lemma(in sigma-finite-measure) s-finite-measure: s-finite-measure M

(proof)

lemmas(in finite-measure) s-finite-measure-finite-measure = s-finite-measure
lemmas(in subprob-space) s-finite-measure-subprob = s-finite-measure
lemmas(in prob-space) s-finite-measure-prob = s-finite-measure

sublocale sigma-finite-measure C s-finite-measure
(proof)

lemma s-finite-measurel:

assumes Ai. sets (Mi i) = sets M \i. finite-measure (Mi i) \NA. A€sets M —
MA= (i MiiA)

shows s-finite-measure M

(proof)

lemma s-finite-measure-prodl:

assumes i j. sets (Mij i j) = sets M N\i j. Mij i j (space M) < oo NA. A €
sets M = M A= i O 4. MijijA)

shows s-finite-measure M
(proof)

corollary s-finite-measure-s-finite-suml:

assumes i. sets (Mi i) = sets M \i. s-finite-measure (Mi i) NA. A € sets M
= MA=(>i. MiiA)

shows s-finite-measure M

{(proof)

lemma s-finite-measure-finite-suml:
assumes finite I Ni. i € [ = s-finite-measure (Mi i) N\i. { € I = sets (Mi
i) = sets M
and ANA. A€ sets M = M A= (> iel. MiiA)
shows s-finite-measure M

(proof)

lemma countable-space-s-finite-measure:
assumes countable (space M) sets M = Pow (space M)
shows s-finite-measure M

(proof)

lemma s-finite-measure-subprob-space:

s-finite-measure M <— (3 Mi :: nat = 'a measure. (Vi. sets (Mi i) = sets M) A
(Vi. (Mii) (space M) < 1) A (VAesets M. M A = (> i. MiiA)))

(proof)



lemmal(in s-finite-measure) finite-measures:

obtains Mi where Ai. sets (Mi i) = sets M N\i. (Mi i) (space M) < 1 NA. M
A= (i MiiA)
(proof)

lemma(in s-finite-measure) finite-measures-ne:

assumes space M # {}

obtains Mi where Ai. sets (Mi i) = sets M Ni. subprob-space (Mi i) NA. M
A= (i MiiA)

(proof )

lemmal(in s-finite-measure) finite-measures'”:

obtains Mi where Ai. sets (Mi i) = sets M Ai. finite-measure (Mi i) NA. M
A= (i MiiA)

{proof)

lemma(in s-finite-measure) s-finite-measure-distr:
assumes f[measurable]:f € M —y N
shows s-finite-measure (distr M N f)

(proof)

lemma nn-integral-measure-suminf:

assumes [measurable-congl: \i. sets (Mi i) = sets M and \A. Ac€sets M — M
A= (4 MiiA)f € borel-measurable M

shows (Y i. [Ta. fz d(Mii)) = ([T fz OM)

(proof )

A density M f of s-finite measure M and f € borel-measurable M is again
s-finite. We do not require additional assumption, unlike o-finite measures.

lemmal(in s-finite-measure) s-finite-measure-density:
assumes f[measurable]:f € borel-measurable M
shows s-finite-measure (density M f)

(proof)

lemma
fixes f :: 'a = 'b::{banach, second-countable-topology}
assumes [measurable-cong|:\i. sets (Mi i) = sets M and \A. Acsets M — M
A= (>4 MiiA) integrable M f
shows lebesgue-integral-measure-suminf: (> i. [x. fz O(Mii)) = ([ z. fz OM)
(is Zsuminf)
and lebesgue-integral-measure-suminf-summable-norm: summable (Ai. norm
([ . fz O(Mii))) (is 2summable2)
and lebesgue-integral-measure-suminf-summable-norm-in: summable (Ni. [ .
norm (f x) O(Mi 7)) (is Zsummable)
(proof)

lemma (in s-finite-measure) measurable-emeasure-Pair':
assumes @ € sets (N Q m M)



shows (Az. emeasure M (Pair x —* Q)) € borel-measurable N (is %s @ € -)

(proof)

lemma (in s-finite-measure) measurable-emeasure’ [measurable (raw)]:
assumes space: \z. x € space N = A z C space M
assumes A: {z€space (N Q np M). sndxz € A (fst z)} € sets (N @ m M)
shows (Az. emeasure M (A x)) € borel-measurable N

(proof)

lemma(in s-finite-measure) emeasure-pair-measure:

assumes X € sets (N @ yp M)

shows emeasure (N @ M) X = ([t z. [T y. indicator X (z, y) OM ON)
(is - = %u X)
(proof)

lemma (in s-finite-measure) emeasure-pair-measure-alt’:
assumes X: X € sets (N Qn M)
shows emeasure (N @ M) X = ([ Tx. emeasure M (Pair x —* X) ON)

(proof)

proposition (in s-finite-measure) emeasure-pair-measure-Times':
assumes A: A € sets N and B: B € sets M
shows emeasure (N @ pr M) (A x B) = emeasure N A x emeasure M B

(proof)

lemmal(in s-finite-measure) measure-times:
assumes|measurable]: A € sets N B € sets M
shows measure (N @y M) (A x B) = measure N A x measure M B

{proof)

lemma pair-measure-s-finite-measure-suming:
assumes Mi[measurable-cong|: \i. sets (Mi i) = sets M Ni. finite-measure (Mi
DANA MA= (> i MiiA)
and Ni[measurable-cong|:\i. sets (Ni i) = sets N \i. finite-measure (Ni i)
NA. NA=(>i NiiA)
shows (M @u N) A= (3"ij. (Mii @ m Nij) A) (is ?lhs = ?rhs)
(proof )

lemma pair-measure-s-finite-measure-suminf .
assumes Mi[measurable-cong|: \i. sets (Mi i) = sets M Ai. finite-measure (Mi
i) NA. M A= (>i. MiiA)
and Ni[measurable-cong|:\i. sets (Ni i) = sets N \i. finite-measure (Ni )
NA. NA= (>4 NiiA)
shows (M @n N) A= (> ij. (Mij Q@ nm Nii)A) (is Zlhs = ?rhs)
(proof)

lemma pair-measure-s-finite-measure:
assumes s-finite-measure M and s-finite-measure N



shows s-finite-measure (M @ pr N)
(proof)

lemmal(in s-finite-measure) borel-measurable-nn-integral-fst':
assumes [measurable]: f € borel-measurable (N @ p M)
shows (A\z. [T y. f (2, y) OM) € borel-measurable N

(proof)

lemma (in s-finite-measure) nn-integral-fst”:
assumes f: f € borel-measurable (M1 @ p M)
shows ([t z. [T y. f (z, y) OM OM1) = integral™¥ (M1 @ M) f (is 21 f =

{proof)

lemma (in s-finite-measure) borel-measurable-nn-integral’[measurable (raw)):
case-prod f € borel-measurable (N Qv M) = (Az. [T y. fz y OM) €
borel-measurable N
(proof)

lemma distr-pair-swap-s-finite:

assumes s-finite-measure M1 and s-finite-measure M2

shows M1 @y M2 = distr (M2 @ pr M1) (M1 Q p M2) (M=, y). (y, x)) (is
P = ¢D)
(proof)

proposition nn-integral-snd’:
assumes s-finite-measure M1 s-finite-measure M2
and f[measurable]: f € borel-measurable (M1 @ nr M2)
shows ([t y. ([T . f (z, y) OM1) OM2) = integral™¥ (M1 @ m M2) f
(proof)

lemma (in s-finite-measure) borel-measurable-lebesgue-integrable’[measurable (raw)):
fixes f :: - = - = -::{banach, second-countable-topology}
assumes [measurable]: case-prod f € borel-measurable (N & pr M)
shows Measurable.pred N (Az. integrable M (f z))

(proof)

lemma (in s-finite-measure) measurable-measure’[measurable (raw)]:
(Az. z € space N = A = C space M) =
{z € space (N @n M). sndx € A (fstz)} € sets (N @u M) =
(Az. measure M (A z)) € borel-measurable N
(proof )

proposition (in s-finite-measure) borel-measurable-lebesgue-integral [measurable (raw)]:
fixes f :: - = - = -::{banach, second-countable-topology}
assumes f[measurable]: case-prod f € borel-measurable (N @ ar M)
shows (A\z. [y. fzy OM) € borel-measurable N

(proof)



lemma integrable-product-swap-s-finite:
fixes [ :: - = -::{banach, second-countable-topology}
assumes M1 :s-finite-measure M1 and M2:s-finite-measure M2
and integrable (M1 @ M2) f
shows integrable (M2 @ v M1) (M(z,y). f (y,2))

(proof)

lemma integrable-product-swap-iff-s-finite:

fixes f :: - = -::{banach, second-countable-topology}

assumes M1 :s-finite-measure M1 and M2:s-finite-measure M2

shows integrable (M2 @ rr M1) (Mx,y). [ (y,2)) «— integrable (M1 @ pr M2)
f
(proof)

lemma integral-product-swap-s-finite:
fixes f :: - = -::{banach, second-countable-topology}
assumes M1:s-finite-measure M1 and M2:s-finite-measure M2
and f: f € borel-measurable (M1 @ pr M2)
shows ([ (z,y). f (y,2) (M2 @ v M1)) = integral” (M1 @ n M2) f
(proof)

theorem(in s-finite-measure) Fubini-integrable”:
fixes [ :: - = -::{banach, second-countable-topology}
assumes f[measurable]: f € borel-measurable (M1 @ rr M)
and integl: integrable M1 (Az. [ y. norm (f (z, y)) OM)
and integ2: AFE x in M1. integrable M (\y. [ (z, y))
shows integrable (M1 @ m M) f

(proof)

lemmal(in s-finite-measure) emeasure-pair-measure-finite”:
assumes A: A € sets (M1 @ p M) and finite: emeasure (M1 @y M) A < oo
shows AE z in M1. emeasure M {y€space M. (z, y) € A} < o0

(proof)

lemmal(in s-finite-measure) AE-integrable-fst'’":
fixes f :: - = -::{banach, second-countable-topology}
assumes f[measurable]: integrable (M1 @ p M) f
shows AE z in M1. integrable M (\y. [ (z, y))

(proof)

lemmal(in s-finite-measure) integrable-fst-norm:
fixes f :: - = -::{banach, second-countable-topology}
assumes f[measurable]: integrable (M1 @ p M) f
shows integrable M1 (Az. [ y. norm (f (z, y)) OM)

{proof)

lemmal(in s-finite-measure) integrable-fst''":
fixes f :: - = -::{banach, second-countable-topology}

assumes f[measurable]: integrable (M1 @ p M) f

10



shows integrable M1 (\z. [y. f (z, y) OM)
{proof )

proposition(in s-finite-measure) integral-fst’’":

fixes f :: - = -::{banach, second-countable-topology}

assumes f: integrable (M1 @ v M) f

shows ([z. (['y. f (z, y) OM) OM1) = integral® (M1 @ v M) f
(proof)

lemma (in s-finite-measure)
fixes f 1 - = - = -i:{banach, second-countable-topology}
assumes f: integrable (M1 @ rp M) (case-prod f)
shows A E-integrable-fst'": AE x in M1. integrable M (\y. f z y)
and integrable-fst': integrable M1 (\z. [y. fzy OM)
and integrable-fst-norm: integrable M1 (Az. [y. norm (fz y) OM)
and integral-fst': ([z. ([y. fzy OM) OM1) = integral’ (M1 @ v M) (A(z,
y)- fzy)
(proof )

lemma
fixes f :: - = - = -i:{banach, second-countable-topology}
assumes M1:s-finite-measure M1 and M2:s-finite-measure M2
and f[measurable]: integrable (M1 @ p M2) (case-prod f)
shows A E-integrable-snd-s-finite: AE y in M2. integrable M1 (Az. fz y) (is YAFE)
and integrable-snd-s-finite: integrable M2 (\y. [z. fz y OMI) (is ?INT)
and integrable-snd-norm-s-finite: integrable M2 (\y. [z. norm (f z y) OMI)
(is 2INT2)
and integral-snd-s-finite: ([ y. ([2. fay OM1) OM2) = integral” (M1 @ m
M2) (case-prod f) (is ?EQ)
(proof)

proposition Fubini-integral’:
fixes f :: - = - = - :: {banach, second-countable-topology}
assumes M1 :s-finite-measure M1 and M2:s-finite-measure M2
and f: integrable (M1 @ n M2) (case-prod f)
shows ([y. ([z. fay OM1) OM2) = ([z. ([y. fzy OM2) OM1)
(proof )

locale product-s-finite =
fixes M :: 'i = 'a measure
assumes s-finite-measures: \i. s-finite-measure (M 1)

sublocale product-s-finite C M?: s-finite-measure M i for i
(proof)

locale finite-product-s-finite = product-s-finite M for M :: 'i = 'a measure +

fixes I :: /i set
assumes finite-index: finite I

11



lemma (in product-s-finite) emeasure-PiM:

finite I = (\i. i€l = A i € sets (M i)) = emeasure (PiM I M) (Pig I A)
= ([1i€l. emeasure (M i) (A 1))
(proof)

lemma (in finite-product-s-finite) measure-times:

(Ni. i€ I = A€ sets (M i)) = emeasure (Pipg I M) (Pig I A) = ([[i€l.
emeasure (M i) (A 7))

(proof)

lemma (in product-s-finite) nn-integral-empty:
0 < f (\k. undefined) = integral™ (Pip {} M) f = f (Mk. undefined)
(proof )

Every s-finite measure is represented as the push-forward measure of a o-
finite measure.

definition Mi-to-NM :: (nat = 'a measure) = 'a measure = (nat x 'a) measure
where

Mi-to-NM Mi M = measure-of (space (count-space UNIV Q) ay M)) (sets (count-space
UNIV @ v M)) (MA. > 4. distr (Mi i) (count-space UNIV @ pr M) (Az. (i,x))
4)

lemma
shows sets-Mi-to-NM[measurable-cong,simp|: sets (Mi-to-NM Mi M) = sets
(count-space UNIV @ pr M)
and space-Mi-to-NM[simp]: space (Mi-to-NM Mi M) = space (count-space
UNIV ® 1 M)
(proof)

context
fixes M :: 'a measure and Mi :: nat = 'a measure
assumes sets-Mi[measurable-cong,simp): N\i. sets (Mi i) = sets M
and emeasure-Mi: NA. A € sets M = M A = (D> i. Mii A)
begin

lemma emeasure-Mi-to-NM:
assumes [measurable]: A € sets (count-space UNIV @ M)
shows emeasure (Mi-to-NM Mi M) A = (3 4. distr (Mi ) (count-space UNIV

®u M) (A. (i,0) A)
(proof)
lemma sigma-finite-Mi-to-NM-measure:
assumes Ai. finite-measure (Mi 7)
shows sigma-finite-measure (Mi-to-NM Mi M)
(proof)

lemma distr-Mi-to-NM-M: distr (Mi-to-NM Mi M) M snd = M

12



(proof)

end

context
fixes p :: 'a measure
assumes standard-borel-ne: standard-borel-ne p
and s-finite: s-finite-measure L
begin

interpretation p : s-finite-measure p (proof)

interpretation n-u: standard-borel-ne count-space (UNIV :: nat set) @ amr p
{proof)

lemma exists-push-forward:

I(u':: real measure) f. f € borel —pr p A sets ' = sets borel N sigma-finite-measure
!

i
A distr ' pf = p
(proof)

abbreviation p’-and-f = (SOME (u'::real measure,f). f € borel =y p A sets '
= sets borel A sigma-finite-measure p’ A distr p’ @ f = p)

definition sigma-pair-p = fst p'-and-f
definition sigma-pair-f = snd p'-and-f

lemma
shows sigma-pair-f-measurable : sigma-pair-f € borel —pr p (is ?91)
and sets-sigma-pair-p: sets sigma-pair-u = sets borel (is 2¢2)
and sigma-finite-sigma-pair-p: sigma-finite-measure sigma-pair-y (is 2g3)
and distr-sigma-pair: distr sigma-pair-p p sigma-pair-f = p (is 294)

(proof)

end

definition s-finite-measure-algebra :: 'a measure = ’a measure measure where
s-finite-measure-algebra K =
(SUP A € sets K. vimage-algebra {M. s-finite-measure M A sets M = sets K}
(AM. emeasure M A) borel)

lemma space-s-finite-measure-algebra:
space (s-finite-measure-algebra K) = {M. s-finite-measure M A sets M = sets K}

{proof)

lemma s-finite-measure-algebra-cong: sets M = sets N = s-finite-measure-algebra
M = s-finite-measure-algebra N
(proof )
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lemma measurable-emeasure-s-finite-measure-algebra[measurable]:

a € sets A => (AM. emeasure M a) € borel-measurable (s-finite-measure-algebra
4)

{proof)

lemma measurable-measure-s-finite-measure-algebra[measurable:

a € sets A = (AM. measure M a) € borel-measurable (s-finite-measure-algebra
4)

{proof)

lemma s-finite-measure-algebra-measurableD:
assumes N: N € measurable M (s-finite-measure-algebra S) and z: x© € space M
shows space (N z) = space S
and sets (N z) = sets S
and measurable (N z) K = measurable S K
and measurable K (N z) = measurable K S

(proof)

context
fixes K M N assumes K: K € measurable M (s-finite-measure-algebra N)
begin

lemma s-finite-measure-algebra-kernel: a € space M = s-finite-measure (K a)
(proof)

lemma s-finite-measure-algebra-sets-kernel: a € space M = sets (K a) = sets N
(proof )

lemma measurable-emeasure-kernel-s-finite-measure-algebra[measurable]:
A € sets N = (Aa. emeasure (K a) A) € borel-measurable M

(proof)

end

lemma measurable-s-finite-measure-algebras:
(Aa. a € space M = s-finite-measure (K a)) =
(Aa. a € space M = sets (K a) = sets N) =
(ANA. A € sets N => (Aa. emeasure (K a) A) € borel-measurable M) =
K € measurable M (s-finite-measure-algebra N)

{proof)

definition bind-kernel :: 'a measure = ('a = 'b measure) = 'b measure (infixl
>=. 54) where
bind-kernel M k = (if space M = {} then count-space {} else

let Y =k (SOME z. x € space M) in

measure-of (space Y) (sets Y) (AB. [ *z. (kz B) OM))

lemma bind-kernel-cong-All:
assumes A\z. z € space M = fz =gz
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shows M >=, f =M >=, ¢g
(proof )

lemma sets-bind-kernel:
assumes Az. x € space M = sets (k z) = sets N space M # {}
shows sets (M >=, k) = sets N

(proof)

2.2 Measure Kernel

locale measure-kernel =
fixes X :: ‘a measure and Y :: ‘b measure and k :: ‘a = 'b measure
assumes kernel-sets[measurable-congl: Ax. © € space X = sets (k ©) = sets Y
and emeasure-measurable[measurable]: AB. B € sets Y = (Az. emeasure (K
z) B) € borel-measurable X
and Y-not-empty: space X # {} = space Y # {}
begin

lemma kernel-space :\z. © € space X = space (k x) = space Y

{proof)

lemma measure-measurable:
assumes B € sets Y
shows (Az. measure (k ) B) € borel-measurable X

(proof)

lemma set-nn-integral-measure:

assumes [measurable-cong): sets p = sets X and [measurable]: A € sets X B €
sets Y

defines v = measure-of (space Y) (sets Y) (AB. [ Tz€A. (k z B) Op)

shows v B = ([ Tz€A. (k z B) Op)
(proof)

corollary nn-integral-measure:
assumes sets |1 = sets X B € sets ¥
defines v = measure-of (space Y) (sets Y) (AB. [Tz. (k z B) )
shows v B = ([ *z. (k z B) Op)
(proof)

lemma distr-measure-kernel:
assumes [measurable]:f € Y —p Z
shows measure-kernel X Z (A\z. distr (k z) Z f)

{proof)

lemma measure-kernel-comp:
assumes [measurable]: f € W —pr X
shows measure-kernel W'Y (Az. k (f z))

{proof)
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lemma emeasure-bind-kernel:
assumes sets u = sets X B € sets Y
shows (u >=; k) B= ([ Tz. (k  B) dp)
(proof)

lemma measure-bind-kernel:
assumes [measurable-cong|:sets p = sets X and [measurable]:B € sets Y
and AE zin p. kK x B < 00
shows measure (n >=y, k) B = ([ z. measure (k z) B du)

(proof)

lemma sets-bind-kernel:
assumes space X # {} sets p = sets X
shows sets (4 >=j k) = sets YV

(proof)

lemma distr-bind-kernel:

assumes space X # {} and [measurable-cong|:sets u = sets X and [measurable]:
feyYy-syZz

shows distr (u >=¢ k) Z f = p >= (A\z. distr (k z) Z f)
(proof)

lemma bind-kernel-distr:
assumes [measurable]: f € W —p; X and space W # {}
shows distr WX f >=, k = W >=; (Az. s (f 1))
(proof)

lemma bind-kernel-return:
assumes t € space X
shows return X ¢ >, k = Kk x

{(proof)

lemma nn-integral-measurable-kernel:
assumes f € borel-measurable Y
shows (Az. ([T y. fy O(k z))) € borel-measurable X

{proof)

corollary integrable-measurable-kernel:
fixes f :: 'b = 'c::{banach, second-countable-topology}
assumes [measurable]:f € borel-measurable Y
shows Measurable.pred X (Az. integrable (k z) f)

(proof)

lemma integral-measurable-kernel:
fixes f :: 'b = ‘c::{banach, second-countable-topology}
assumes f[measurable]: f € borel-measurable Y
shows (Az. ([ y. fy O(k z))) € borel-measurable X

(proof)
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lemma density-measure-kernel”:
assumes f[measurable]: f € Y —pp borel
shows measure-kernel X Y (Az. density (k z) f)

(proof)

lemma nn-integral-bind-kernel:

assumes f € borel-measurable Y sets p = sets X

shows ([T y. fy o(u ==y k) = ([ T2. ([ * y. fy Ok 2)) Op)
{(proof)

lemma bind-kernel-measure-kernel:
assumes measure-kernel Y Z k'
shows measure-kernel X Z (Ax. k © >=j k')

(proof)

lemma restrict-measure-kernel: measure-kernel (restrict-space X A) Y k
(proof)

end

lemma measure-kernel-cong-sets:
assumes sets X = sets X' sets Y = sets Y’/
shows measure-kernel X Y = measure-kernel X' Y’

{proof)

lemma measure-kernel-cong:
assumes A\z. z € space X = kx =k'x
shows measure-kernel X Y k = measure-kernel X Y k'

{proof)

lemma measure-kernel-pair-countblel :
assumes countable A \i. i € A = measure-kernel X Y (Az. k (i,z))
shows measure-kernel (count-space A Q p X) Y k

{proof)

lemma measure-kernel-empty-trivial:
assumes space X = {}
shows measure-kernel X Y k

{proof)

lemma measure-kernel-const’: space Y # {} = sets u = sets Y = measure-kernel
XY (Ar. p)

{proof)

2.3 Finite Kernel

locale finite-kernel = measure-kernel +
assumes finite-measure-spaces: Ir<co. Vz€ space X. k z (space Y) < r
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begin

lemma finite-measures:
assumes z € space X
shows finite-measure (k )

(proof)

end

lemma finite-kernel-empty-trivial: space X = {} = finite-kernel X Y f
(proof)

lemma finite-kernel-cong-sets:
assumes sets X = sets X' sets Y = sets Y’
shows finite-kernel X Y = finite-kernel X' Y’

(proof)

2.4 Sub-Probability Kernel

locale subprob-kernel = measure-kernel +
assumes subprob-spaces: \z. x € space X = subprob-space (k )
begin
lemma subprob-space:
Nz. z € space X = k x (space Y) < 1

(proof)

lemma subprob-measurable[measurable:
Kk € X —pr subprob-algebra Y

(proof )

lemma finite-kernel: finite-kernel X Y k
(proof)

sublocale finite-kernel
(proof )

end

lemma subprob-kernel-def’:
subprob-kernel X Y k +— k € X — )y subprob-algebra Y

{proof)

lemmas subprob-kernell = measurable-subprob-algebra[simplified subprob-kernel-def '[symmetric]]

lemma subprob-kernel-cong-sets:
assumes sets X = sets X' sets Y = sets Y’
shows subprob-kernel X Y = subprob-kernel X' Y’

{proof)

18



lemma subprob-kernel-empty-trivial:
assumes space X = {}
shows subprob-kernel X Y k

{proof)

lemma bind-kernel-bind:
assumes f € M — s subprob-algebra N
shows M >, f=M >=f

(proof)

lemma(in measure-kernel) subprob-kernel-sum:

assumes Az. z € space X = finite-measure (K )

obtains ki where Ai. subprob-kernel X Y (ki i) NA z. x € space X = k z A
= (i kiiz A)
(proof)

2.5 Probability Kernel

locale prob-kernel = measure-kernel +
assumes prob-spaces: N\z. © € space X = prob-space (k )
begin

lemma prob-space:
Nz. © € space X = k x (space Y) = 1
(proof)

lemma prob-measurable[measurable]:
Kk € X —pr prob-algebra Y

(proof )

lemma subprob-kernel: subprob-kernel X Y k
(proof)

sublocale subprob-kernel
(proof)

lemma restrict-probability-kernel:
prob-kernel (restrict-space X A) Y k

{proof)

end

lemma prob-kernel-def":
prob-kernel X Y k <— k € X — s prob-algebra Y

(proof)

lemma bind-kernel-return’”
assumes sets M = sets N
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shows M >= return N = M
(proof)

2.6 S-Finite Kernel

locale s-finite-kernel = measure-kernel +
assumes s-finite-kernel-sum: 3 ki. (Vi. finite-kernel X Y (ki i) N (Vz€space X.
VAcsets Y.k x A = (D i ki iz A)))

lemma s-finite-kernel-subl:
assumes A\z. z € space X = sets (k x) = sets Y Ni. subprob-kernel X Y (ki
i) ANz A. z € space X = A € sets Y = emeasure (k x) A= (>_i. kiiz A)
shows s-finite-kernel X Y k

(proof)

context s-finite-kernel
begin

lemma s-finite-kernels-fin:
obtains ki where Ai. finite-kernel X Y (ki i) Nz A. © € space X = k z A =
(proof)

lemma s-finite-kernels:

obtains ki where Ai. subprob-kernel X Y (ki i) Az A. z € space X = k z A
=0 i kiiz A)
(proof)

lemma image-s-finite-measure:
assumes z € space X
shows s-finite-measure (k z)

(proof)

corollary kernel-measurable-s-finite[measurable]:x € X — s s-finite-measure-algebra
Y

{proof)

lemma comp-measurable:
assumes f[measurable]:f € M —pr X
shows s-finite-kernel M 'Y (A\z.  (f z))

(proof)

lemma distr-s-finite-kernel:
assumes f[measurable]: f € Y —y Z
shows s-finite-kernel X Z (Ax. distr (k ©) Z f)

(proof)

lemma comp-s-finite-measure:
assumes s-finite-measure u and [measurable-cong|: sets p = sets X
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shows s-finite-measure (u >=p, k)
(proof)

end

lemma s-finite-kernel-empty-trivial:
assumes space X = {}
shows s-finite-kernel X Y k

{proof)

lemma s-finite-kernel-def": s-finite-kernel X Y k +— (V. x € space X — sets
(k z) = sets Y) A (3ki. (Vi. subprob-kernel X Y (kii)) AN (Vz A. z € space X —
A € sets Y — emeasure (k ) A = (D i. ki iz A)))) (is 2l «— ?r)

(proof)

lemma(in finite-kernel) s-finite-kernel-finite-kernel: s-finite-kernel X Y &

(proof)

lemmas(in subprob-kernel) s-finite-kernel-subprob-kernel = s-finite-kernel-finite-kernel
lemmas(in prob-kernel) s-finite-kernel-prob-kernel = s-finite-kernel-subprob-kernel

sublocale finite-kernel C s-finite-kernel
(proof )

lemma s-finite-kernel-cong-sets:
assumes sets X = sets X' sets Y = sets Y’
shows s-finite-kernel X Y = s-finite-kernel X' Y’

{proof)

lemmal(in s-finite-kernel) s-finite-kernel-cong:
assumes A\z. x € space X = kz =gz
shows s-finite-kernel X Y g

{proof)

lemma(in s-finite-measure) s-finite-kernel-const:
assumes space M # {}
shows s-finite-kernel X M (Az. M)

(proof)

corollary(in s-finite-measure) s-finite-kernel-const”:
assumes sets M = sets N space N # {}
shows s-finite-kernel X N (Az. M)

{proof)

lemma s-finite-kernel-pair-countblel :
assumes countable A N\i. i € A = s-finite-kernel X Y (Az. k (4,z))
shows s-finite-kernel (count-space A @ nm X) Yk

(proof)
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lemma s-finite-kernel-s-finite-kernel:
assumes Ai. s-finite-kernel X Y (ki i) N\z. © € space X = sets (k) = sets ¥
Nz A. z € space X = A € sets Y = emeasure (kx) A = (> 1. (kii)z A)
shows s-finite-kernel X Y k

(proof)

lemma s-finite-kernel-finite-suml:
assumes [measurable-cong]: \z. © € space X = sets (k ©) = sets Y
and Ai. i € I = subprob-kernel X Y (ki i) Az A. x € space X = A €
sets Y = emeasure (k x) A = (> i€l. kiiz A) finite I I # {}
shows s-finite-kernel X Y k

(proof)

Each kernel does not need to be bounded by a uniform upper-bound in the
definition of s-finite-kernel

lemma s-finite-kernel-finite-bounded-sum:
assumes [measurable-congl: Nz. © € space X => sets (k x) = sets ¥
and Ai. measure-kernel X Y (ki i) Nz A. © € space X = A € sets ¥ =
kaxA= 0 i kiixA) Niz. z € space X = ki iz (space ¥) < 00
shows s-finite-kernel X Y k

(proof)

lemma(in measure-kernel) s-finite-kernel-finite-bounded:
assumes A\z. z € space X = k z (space V) < o0
shows s-finite-kernel X Y k

{(proof)

lemmal(in s-finite-kernel) density-s-finite-kernel:
assumes f[measurable]: case-prod f € X @ p Y — s borel
shows s-finite-kernel X Y (Az. density (k z) (f z))

(proof)

lemma(in s-finite-kernel) nn-integral-measurable-f:
assumes [measurable]:(A(z,y). fz y) € borel-measurable (X @ Y)
shows (A\z. [ty. fz y O(k x)) € borel-measurable X

(proof)

lemma(in s-finite-kernel) nn-integral-measurable-f":
assumes [ € borel-measurable (X @ Y)
shows (A\z. [Ty. f (z, y) O(k z)) € borel-measurable X

{proof)

lemma(in s-finite-kernel) bind-kernel-s-finite-kernel:
assumes s-finite-kernel (X @ m Y) Z (case-prod g)
shows s-finite-kernel X Z (Ax. k © >=j, g 1)

(proof)

corollary(in s-finite-kernel) bind-kernel-s-finite-kernel:
assumes s-finite-kernel Y Z k'
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shows s-finite-kernel X 7 (A\z. k z >=j k')
{proof)

lemmal(in s-finite-kernel) bind-kernel-assoc:
assumes s-finite-kernel Y 7 k' sets u = sets X
shows p >=y (A\z. k o >= k') = pu >=p k >= k'
(proof)

lemma s-finite-kernel-pair-measure:
assumes s-finite-kernel X Y k and s-finite-kernel X Z k'
shows s-finite-kernel X (Y Q@ m Z) Az kxz Qum k' x)
(proof)

lemma pair-measure-eq-bind-s-finite:

assumes s-finite-measure p s-finite-measure v

shows p @ rr v = p >=p (A\x. v >=p (Ay. return (u Q m v) (2,y)))
(proof)

lemma bind-kernel-rotate-return:

assumes s-finite-measure [ s-finite-measure v

shows p >=; (Az. v >=; (A\y. return (g Q nm V) (2,y))) = v >=1 (Ay. p >=p
(Az. return (p @ am v) (z,y)))
(proof)

lemma bind-kernel-rotate”:
assumes s-finite-measure p s-finite-measure v s-finite-kernel (u @ ar v) Z (case-prod

)
shows p >=; (Az. v >>=;, (A\y. fzy)) =v >, (Ay. p >, (\z. fzy)) (is ?lhs
= %rhs)

(proof)

lemma bind-kernel-rotate:
assumes sets u = sets X and sets v = sets Y
and s-finite-measure p s-finite-measure v s-finite-kernel (X @ m Y) Z (A(z,y).
fzy)

shows p >=; (Az. v >=, (A\y. fzy)) =v > Ay. p >, (Az. fzy))
(proof )

lemma(in s-finite-kernel) emeasure-measurable”:
assumes A[measurable]: (SIGMA z:space X. A z) € sets (X Qum Y)
shows (Az. emeasure (k z) (A z)) € borel-measurable X

(proof)

lemma(in s-finite-kernel) measure-measurable’:
assumes (SIGMA z:space X. A z) € sets (X Qm Y)
shows (Az. measure (k z) (A z)) € borel-measurable X

(proof)

lemmal(in s-finite-kernel) AE-pred:
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assumes P[measurable]: Measurable.pred (X @ Y) (case-prod P)
shows Measurable.pred X (Az. AE yin k . Pz y)

(proof)

lemmal(in subprob-kernel) integrable-probability-kernel-pred:
fixes f :: - = - = -::{banach, second-countable-topology}
assumes [measurable]:(A(z,y). fz y) € borel-measurable (X Q@ Y)
shows Measurable.pred X (Az. integrable (k z) (f x))

(proof)

corollary integrable-measurable-subprob’:

fixes f :: - = - = -::{banach, second-countable-topology}

assumes [measurable]:(\(z,y). fz y) € borel-measurable (X Qm Y) k€ X —u
subprob-algebra Y

shows Measurable.pred X (Ax. integrable (k z) (f x))

(proof)

lemma(in subprob-kernel) integrable-probability-kernel-pred’:
fixes f :: - = -::{banach, second-countable-topology}
assumes f € borel-measurable (X Q@ m Y)
shows Measurable.pred X (Az. integrable (k z) (curry f x))

{proof)

lemma(in subprob-kernel) lebesque-integral-measurable-f-subprob:
fixes f :: - = -::{banach, second-countable-topology}
assumes [measurable]:f € borel-measurable (X @ v Y)
shows (Az. [y. f (z,y) 9(k z)) € borel-measurable X

{proof)

lemmal(in s-finite-kernel) integrable-measurable-pred[measurable (raw)):
fixes f :: - = - = -::{banach, second-countable-topology}
assumes [measurable]:case-prod f € borel-measurable (X @ n Y)
shows Measurable.pred X (Az. integrable (k z) (f z))

(proof)

lemmal(in s-finite-kernel) integral-measurable-f:
fixes f :: - = - = -::{banach, second-countable-topology}
assumes [measurable]:case-prod f € borel-measurable (X @ ar Y)
shows (\z. [y. fz y O(k z)) € borel-measurable X

(proof)

lemmal(in s-finite-kernel) integral-measurable-f":
fixes f :: - = -::{banach, second-countable-topology}
assumes [measurable]:f € borel-measurable (X @ Y)
shows (Az. [y. f (z,y) O(k z)) € borel-measurable X

{proof)

lemma(in measure-kernel)
fixes [ :: - = -::{banach, second-countable-topology}
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assumes [measurable-cong|: sets p = sets X
and integrable (u >=y, k) f
shows integrable-bind-kernelD1: integrable p (Az. [y. norm (f y) Ok z) (is
?g1)
and integrable-bind-kernelD1": integrable p (A\z. [y. fy Ok z) (is %917
and integrable-bind-kernelD2: AFE x in u. integrable (k z) f (is 292)
and integrable-bind-kernelD3: space X # {} = f € borel-measurable YV (is
- = 793)
(proof)

lemma(in measure-kernel)
fixes [ :: - = -::{banach, second-countable-topology}
assumes [measurable-cong|: sets p = sets X
and [measurable]:AE z in p. integrable (k z) fintegrable p (Az. [ y. norm (f
y) Ok ) [ € borel-measurable Y
shows integrable-bind-kernel: integrable (u >=p k) f
and integral-bind-kernel: ([y. fy O(p >= k) = ([ z. ([ y. fyOr )0 p) (is
Zeq)
(proof)

end

3 Quasi-Borel Spaces

theory QuasiBorel
imports HOL— Probability. Probability
begin

3.1 Definitions
3.1.1 Quasi-Borel Spaces

definition gbs-closed! :: (real = 'a) set = bool
where g¢bs-closedl Mz = (Va € Mxz. V[ € (borel :: real measure) —pr (borel ::
real measure). a o f € Mzx)

definition g¢bs-closed? :: ['a set, (real = 'a) set] = bool
where gbs-closed?2 X Mz = (Vz € X. (Ar. z) € Mz)

definition g¢bs-closed3 :: (real = 'a) set = bool
where g¢bs-closed3 Mz = (V P::real = nat. ¥V Fiz:nat = real = ’a.

(P € borel —p; count-space UNIV) — (Vi. Fi i € Mz) —
(Ar. Fi (P r) r) € Mzx)

lemma separate-measurable:
fixes P :: real = nat
assumes Ai. P —* {i} € sets borel
shows P € borel —p; count-space UNIV

(proof)
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lemma measurable-separate:
fixes P :: real = nat
assumes P € borel —p; count-space UNIV
shows P —‘ {i} € sets borel

{proof)

definition ¢s-quasi-borel X Mx «— Mx C UNIV — X A gbs-closedl Mz A qbs-closed?2
X Mz N qbs-closed3 Mx

lemma is-quasi-borel-intro[simp]:
assumes Mx C UNIV — X
and gbs-closedl Mz gbs-closed2 X Mz qbs-closed3 Mz
shows is-quasi-borel X Mz

(proof)

typedef ‘a quasi-borel = {(X::'a set, Mx). is-quasi-borel X Mz}
(proof)

definition qbs-space :: ‘a quasi-borel = 'a set where
gbs-space X = fst (Rep-quasi-borel X)

definition ¢bs-Mz :: 'a quasi-borel = (real = 'a) set where
gbs-Mz X = snd (Rep-quasi-borel X)

declare [[coercion gbs-space]]

lemma gbs-decomp : (qbs-space X,qbs-Mz X) € {(X::'a set, Mx). is-quasi-borel X
Mz}
(proof )

lemma gbs-Mz-to-X:
assumes « € ¢bs-Mz X
shows a r € gbs-space X

{proof)

lemma q¢bs-closed1l:
assumes Ao f. a € Mz = f € borel —p; borel = o o f € Mz
shows qbs-closedl Mx

{proof)

lemma gbs-closed1-dest[simp]:
assumes « € ¢bs-Mz X
and f € borel — s borel
shows a o f € gbs-Mxz X

{proof)

lemma gbs-closed1-dest’[simp]:
assumes a € gbs-Mz X
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and f € borel — s borel
shows (Ar. a (fr)) € gbs-Mz X

{proof)

lemma q¢bs-closed2l:
assumes Az. 2 € X = (\r. z) € Mz
shows qbs-closed2 X Mz

{proof)

lemma gbs-closed2-dest[simp]:
assumes z € gbs-space X
shows (Ar. z) € ¢bs-Mz X

{proof)

lemma ¢bs-closed3I:
assumes A(P :: real = nat) Fi. P € borel —p; count-space UNIV = (\i. Fi
i€ Mzx)
= (A\r. Fi (Pr)r) € Mz
shows qbs-closed3 Mx
{proof)

lemma qbs-closed3I":
assumes A(P :: real = nat) Fi. (Ni. P —*{i} € sets borel) = (\i. Fi i €
Mz)
= (Ar. Fi (Pr) r) e Mz
shows ¢bs-closed3 Mz
(proof )

lemma gbs-closed3-dest[simp]:
fixes P::real = nat and Fi :: nat = real = -
assumes P € borel — s count-space UNIV
and Ai. Fii € gbs-Mz X
shows (Ar. Fi (P r) r) € qgbs-Mz X
(proof)

lemma qbs-closed3-dest”:
fixes P::real = nat and Fi :: nat = real = -
assumes A\i. P —‘{i} € sets borel
and Ai. Fii € gbs-Mz X
shows (Ar. Fi (P r) r) € qbs-Mz X
(proof )

lemma g¢bs-closed3-dest2:
assumes countable I
and [measurable]: P € borel —p; count-space I
and N\i. i € I = Fii € ¢bs-Mz X
shows (Ar. Fi (P r) r) € qgbs-Mx X
(proof)
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lemma qbs-closed3-dest2’:
assumes countable I
and [measurable]: P € borel —p; count-space I
and Ai. ¢ € range P = Fi i € gbs-Mz X
shows (Ar. Fi (P r) r) € qgbs-Mzx X
(proof)

lemma q¢bs-Mz-indicat:
assumes S € sets borel a € qbs-Mx X € qbs-Mx X
shows (Ar. if r € S then a relse  r) € gbs-Mx X

(proof)

lemma gbs-space-Mz: qbs-space X = {a z |z a. a € gbs-Mz X}
(proof)

lemma q¢bs-space-eq-Mzx:
assumes gbs-Mz X = qbs-Mz Y
shows ¢bs-space X = gbs-space Y
(proof)

lemma g¢bs-eql:
assumes ¢bs-Mz X = gbs-Mz Y
shows X = Y

{proof)

3.1.2 Empty Space

definition empty-quasi-borel :: 'a quasi-borel where
empty-quasi-borel = Abs-quasi-borel ({},{})

lemma
shows egb-space[simp]: gbs-space empty-quasi-borel = ({} :: 'a set)
and egb-Mz[simp]: gbs-Mz empty-quasi-borel = ({} :: (real = 'a) set)
(proof )

lemma gbs-empty-equiv :qbs-space X = {} +— ¢bs-Mz X = {}
(proof)

lemma empty-quasi-borel-iff:
gbs-space X = {} +— X = empty-quasi-borel
(proof)

3.1.3 Unit Space

definition unit-quasi-borel :: unit quasi-borel (1) where
unit-quasi-borel = Abs-quasi-borel (UNIV ,UNIV)

lemma
shows unit-gbs-space[simp|: gbs-space unit-quasi-borel = {()}
and unit-gbs-Mz[simp]: gbs-Mz unit-quasi-borel = {Ar. ()}
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(proof)

3.1.4 Sub-Spaces

definition sub-qbs :: ['a quasi-borel, 'a set] = 'a quasi-borel where
sub-gbs X U = Abs-quasi-borel (qbs-space X N U {a. a € qbs-Mx X AN (V1. ar €

U)})

lemma
shows sub-gbs-space: qbs-space (sub-qbs X U) = gbs-space X N U
and sub-qbs-Mz: qbs-Mz (sub-qgbs X U) = {a. a € gbs-Mz X AN (Vr. ar € U)}
(proof)

lemma sub-qbs:

assumes U C gbs-space X

shows (gbs-space (sub-gbs X U), qbs-Mx (sub-gbs X U)) = (U, {f € UNIV —
U. f € gbs-Mx X})

(proof)

lemma sub-qbs-ident: sub-qbs X (gbs-space X) = X
(proof )

lemma sub-gbs-sub-gbs: sub-gbs (sub-qbs X A) B = sub-gbs X (A N B)
(proof )

3.1.5 Image Spaces

definition map-gbs :: ['a = 'b] = 'a quasi-borel = b quasi-borel where
map-gbs f X = Abs-quasi-borel (f ¢ (gbs-space X),{f o a |a. a€ qbs-Mz X})

lemma
shows map-gbs-space: gbs-space (map-qbs f X) = f “ (¢bs-space X)
and map-gbs-Mz: qbs-Mz (map-qbs f X) = {f o a |a. a€ ¢bs-Mz X}
(proof)

3.1.6 Binary Product Spaces

definition pair-qbs :: ['a quasi-borel, 'b quasi-borel] = ('a x 'b) quasi-borel (infixr
QR o 80) where

pair-gbs X Y = Abs-quasi-borel (gbs-space X x qbs-space Y, {f. fst o f € gbs-Mx
X Nsndo fe gbs-Mzx Y})

lemma
shows pair-gbs-space: qbs-space (X Qg Y) = gbs-space X x qbs-space Y
and pair-gbs-Mz: qbs-Mz (X Qo Y) = {f. fst o f € ¢bs-Mx X N snd o f €
qbs-Mz Y}
(proof)

lemma pair-gbs-fst:
assumes gbs-space Y # {}
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shows map-gbs fst (X Qo V) =X
(proof)

lemma pair-qbs-snd:

assumes g¢bs-space X # {}

shows map-gbs snd (X Qg V) =Y
(proof)

3.1.7 Binary Coproduct Spaces

definition copair-qbs-Mz :: ['a quasi-borel, 'b quasi-borel] = (real => 'a + 'b) set
where
copair-qbs-Mzx X Y =

{g. 3 § € sets borel.

(S={} — 3 ale ghs-Mr X. g = (Ar. Inl (ol 1)))) A

(S = UNIV — (3 a2€ gbs-Mz Y. g = (Ar. Inr (a2 1)))) A

((S#{}ANS# UNIV) —

(3 ale€ gbs-Mz X. 3 a2€ qbs-Mz Y.
g = (Arureal. (if (r € S) then Inl (al 1) else Inr (a2 71)))))}

definition copair-qbs :: ['a quasi-borel, 'b quasi-borel] = (‘a + 'b) quasi-borel
(infixr @ ¢ 65) where

copair-gbs X Y = Abs-quasi-borel (qbs-space X <+> qbs-space Y, copair-gbs-Mz
XY)

The following is an equivalent definition of copair-qbs-Mz.

definition copair-qbs-Mxz2 :: ['a quasi-borel, 'b quasi-borel] = (real => 'a + 'b)
set where
copair-qgbs-Mz2 X Y =
{g. (if gbs-space X = {} A gbs-space Y = {} then False
else if gbs-space X # {} N gbs-space Y = {} then
(Hale gbs-Mz X. g = (Ar. Inl (a1 1))
else if qbs-space X = {} N qbs-space Y # {} then
(Fa2€ gbs-Mz Y. g = (Ar. Inr (a2 1))
else
(35 € sets borel. Fale gbs-Mzx X. Ja2€ gbs-Mz Y.
g = (Arureal. (if (r € S) then Inl (al 1) else Inr (a2 1))))) }

lemma copair-qbs-Mz-equiv :copair-qgbs-Mxz (X :: 'a quasi-borel) (Y :: 'b quasi-borel)
= copair-qbs-Mz2 X Y
(proof)

lemma
shows copair-qbs-space: qbs-space (X @ q Y) = gbs-space X <+> ¢bs-space Y
(is %goall)
and copair-gbs-Mz: gbs-Mz (X @ g Y) = copair-gbs-Mzx X Y (is ?goal2)
(proof)

lemma copair-qbs-MxD:
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assumes g € gbs-Mz (X g V)
and A\o. o € gbs-Mx X = g= (Ar. Inl (o 7)) = P g
and \8. S € ¢gbs-Mz Y = g= (Ar. Inr (B r)) = Py
and AS a 8. (S :: real set) € sets borel = S # {} = S # UNIV = «
€ gbs-Mr X = B € qgbs-Mzx Y = g = (Ar. if r € S then Inl (a r) else Inr (8
r)) =Py
shows P g
(proof)

3.1.8 Product Spaces

definition PiQ) :: ‘a set = (‘a = b quasi-borel) = (‘a = 'b) quasi-borel where
PiQ I X = Abs-quasi-borel (Ilg i€l. gbs-space (X i), {a. Vi. (i € I — (Ar. ar
i) € qgbs-Mz (X)) AN (i ¢ I — (Ar. a i) = (A\r. undefined))})

syntax
-PiQ :: pttrn = 't set = 'a quasi-borel = ('t => 'a) quasi-borel ((3Ilg -€-./ -)
10)
syntax-consts
-PiQ == PiQ
translations
Mo wel. X == CONST PiQ I (\z. X)

lemma
shows PiQ-space: gbs-space (PiQ I X) = (Il i€l. qbs-space (X 7)) (is Zgoall)
and PiQ-Mz: qbs-Mz (PiQ I X) ={a.Vi. (i€ I — (Ar. a ri) € gbs-Mz (X
)N (¢ T — (Ar.ari) = (Ar. undefined))} (is - = ?Mzx)
(proof )

lemma prod-gbs-Mxl:
assumes Ai. i € I = (A\r. a r i) € gbs-Mz (X 7)
and A\i. i ¢ I = (A\r. a r i) = (Ar. undefined)
shows a € ¢bs-Mz (PiQ I X)
(proof)

lemma prod-qbs-MzD:
assumes « € gbs-Mz (PiQ I X)
shows A\i. i € I = (Ar. a r i) € gbs-Mz (X 9)
and A\i. i ¢ I = (A\r. a ri) = (Ar. undefined)
and Air. i ¢ I = «a ri = undefined
{proof)

lemma PiQ)-eql:
assumes \i. i € | = Xi=Yi
shows PiQI X = PiQ 1Y
(proof )

lemma PiQ-empty: qbs-space (PiQ {} X) = {\i. undefined}
(proof )
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lemma PiQ-empty-Mx: qbs-Mz (PiQ {} X) = {Ar i. undefined}
{proof)

3.1.9 Coproduct Spaces

definition coPiQ-Mz :: ['a set, 'a = 'b quasi-borel] = (real = ’a x 'b) set where
coPiQ-Mz IX ={ Ar. (fr,a (fr)r)|f a f € borel = count-space I A (Y i€range
foaie€ gbs-Mz (X 7))}

definition coPiQ-Mz':: ['a set, 'a = 'b quasi-borel] = (real = 'a x 'b) set where
coPiQ-Mz' I X ={ Ar. (fr,a (fr) ) |f a. f € borel = count-space I A (V1.
(i € range f V qbs-space (X ©) # {}) — a i € gbs-Mz (X 7))}

lemma coPiQ-Mz-eq:
coPiQ-Mz I X = coPiQ-Mz' I X
(proof)

definition coPiQ :: ['a set, 'a = 'b quasi-borel] = ('a x 'b) quasi-borel where
coPiQ I X = Abs-quasi-borel (SIGMA i:1. gbs-space (X i), coPiQ-Mz I X)

syntax

-coPiQ :: pttrn = i set = 'a quasi-borel = (i x 'a) quasi-borel ((31lq -€-./ -)
10)

syntax-consts

-coPi@QQ = coPiQ

translations

g zel. X = CONST coPiQ I (A\z. X)

lemma
shows coPiQ-space: gbs-space (coPiQ I X) = (SIGMA i:I. qbs-space (X ©)) (is
?goall)
and coPiQ-Mz: gbs-Mz (coPiQ I X) = coPiQ-Mxz I X (is ?goal2)
(proo)

lemma coPiQ-MzI:
assumes f € borel —); count-space [
and Ai. i € range f = o i € gbs-Mz (X 1)
shows (Ar. (fr, a (fr) r)) € gbs-Mz (coPiQ I X)
(proof)

lemma coPiQ-eql:
assumes \i. i € ] = Xi=Yi
shows coPiQQ I X = coPiQ 1Y
(proof)
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3.1.10 List Spaces

We define the quasi-Borel spaces on list using the following isomorphism.

ListX)= [T J[ x

neN0<i<n

definition list-nil :: nat x (nat = 'a) where

list-nil = (0, An. undefined)

definition list-cons :: ['a, nat x (nat = 'a)] = nat x (nat = 'a) where
list-cons © 1 = (Suc (fst 1), (An. if n = 0 then x else (snd ) (n — 1)))

fun from-list :: 'a list = nat x (nat = 'a) where
from-list || = list-nil |
from-list (a#l) = list-cons a (from-list 1)

fun to-list’ :: nat = (nat = ’a) = ’a list where
to-list’ 0 - =[] |
to-list’ (Suc n) f = f 0 # to-list’ n (An. f (Suc n))

definition to-list :: nat X (nat = ‘a) = 'a list where
to-list = case-prod to-list’

lemma inj-on-to-list: inj-on (to-list :: nat x (nat = 'a) = 'a list) (SIGMA
n:UNIV. PiE {..<n} A)
(proof)

Definition

definition list-qbs :: 'a quasi-borel = 'a list quasi-borel where
list-gbs X = map-qbs to-list (Ilg ne(UNIV :: nat set)Ilg ie{..<n}. X)

definition list-head :: nat X (nat = 'a) = 'a where

list-head | = snd [ 0

definition list-tail :: nat x (nat = 'a) = nat x (nat = ’a) where
list-tail | = (fst 1 — 1, Am. (snd 1) (Suc m))

lemma list-simp1: list-nil # list-cons z 1
{proof )

lemma list-simp2:
assumes list-cons a al = list-cons b bl
shows a = b al = bl

(proof)

lemma
shows list-simp3:list-head (list-cons a l)
and list-simp/ :list-tail (list-cons a l) =

(proof)

=a
l
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lemma list-decomp1:
assumes | € gbs-space (g ne(UNIV :: nat set).Ilg ie{..<n}. X)
shows [ = list-nil V
(Fal'. a € gbs-space X N 1" € gbs-space (g ne(UNIV :: nat set).Ilg
ie{..<n}. X) Al = list-cons a l’)
(proof )

lemma list-simp?:
assumes | € gbs-space (IIg ne(UNIV :: nat set).Ilg ie{..<n}. X)
and [ # list-nil
shows [ = list-cons (list-head 1) (list-tail 1)
(proof )

lemma list-simp6:
list-nil € gbs-space (Lo ne(UNIV :: nat set).Ilg ie{..<n}. X)
(proof)

lemma list-simp7:
assumes a € gbs-space X
and [ € gbs-space (Lo ne(UNIV :: nat set)Ilg i€{..<n}. X)
shows list-cons a | € gbs-space (g ne(UNIV :: nat set).Ilg i€{..<n}. X)
{proof)

lemma list-destruct-rule:
assumes | € gbs-space (IIg ne(UNIV :: nat set).Ilg ie{..<n}. X)
P list-nil
and Aal’. a € gbs-space X = 1’ € gbs-space (g ne(UNIV :: nat set).Ilg
ie{..<n}. X) = P (list-cons a l’)
shows P [
(proof )

lemma list-induct-rule:
assumes | € gbs-space (IIg ne(UNIV :: nat set).Ilg ie{..<n}. X)
P list-nil
and Aal'. a € gbs-space X = 1" € qbs-space (Ilg ne(UNIV :: nat set).Ilg
ie{..<n}. X) = P’ = P (list-cons a l’)
shows P [
(proof )

lemma to-list-simp1: to-list list-nil = ||
{proof)

lemma to-list-simp2:
assumes | € gbs-space (Lo ne(UNIV :: nat set).Ilg ie{..<n}. X)
shows to-list (list-cons a 1) = a # to-list |
{proof)

lemma to-list-set:
assumes | € gbs-space (LIg ne(UNIV :: nat set).Ilg ie{..<n}. X)
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shows set (to-list ) C gbs-space X
{proof)

lemma from-list-length: fst (from-list l) = length |
(proof )

lemma from-list-in-list-of:
assumes set [ C qbs-space X
shows from-list | € qbs-space (Ilg ne(UNIV :: nat set)Ilg ie{..<n}. X)
(proof)

lemma from-list-in-list-of ": from-list | € gbs-space ((Llg ne(UNIV :: nat set).Ilg
ie{..<n}. Abs-quasi-borel (UNIV ,UNIV)))
(proof)

lemma list-cons-in-list-of:

assumes set (a#l) C gbs-space X

shows list-cons a (from-list I) € gbs-space (Ilg ne(UNIV :: nat set).Ilg ie{..<n}.
X)

(proof)

lemma from-list-to-list-ident:
to-list (from-list I) = 1
{proof )

lemma to-list-from-list-ident:
assumes | € gbs-space (IIg ne(UNIV :: nat set).Ilg ie{..<n}. X)
shows from-list (to-list ) =1

(proof)

definition rec-list’ :: 'b = (‘a = (nat x (nat = 'a)) = 'b = 'b) = (nat x (nat
= 'a)) = 'b where
rec-list’ 10 f 1 = (rec-list t0 (Ax 1. fx (from-list l")) (to-list 1))

lemma rec-list’-simp1:
rec-list’ t f list-nil = ¢
(proof )

lemma rec-list’-simp2:
assumes | € gbs-space (g ne(UNIV :: nat set).Ilg ie{..<n}. X)
shows rec-list’ t f (list-cons © 1) = fx 1 (rec-list’ t f 1)
(proof)

lemma list-qbs-space: qbs-space (list-gbs X) = lists (qbs-space X)
(proof )
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3.1.11 Option Spaces
The option spaces is defined using the following isomorphism.

Option(X) =2 X +1

definition option-qbs :: 'a quasi-borel = 'a option quasi-borel where
option-gbs X = map-qbs (Az. case x of Inl y = Some y | Inr y = None) (X P o

1q)

lemma option-gbs-space: gbs-space (option-gbs X) = {Some z|z. € gbs-space X}
U {None}
(proof)

3.1.12 Function Spaces

definition exp-gbs :: ['a quasi-borel, 'b quasi-borel] = (‘a = 'b) quasi-borel (infixr
=q 61) where

X =¢q Y = Abs-quasi-borel ({f. Va € gbs-Mz X. f o a € gbs-Mz Y}, {g. Vae
borel-measurable borel. ¥ € qbs-Mx X. (Ar. g (o r) (B r)) € gbs-Mz Y})

lemma

shows exp-gbs-space: qbs-space (exp-gbs X Y) = {f. Va € gbs-Mx X. f o a €
gbs-Mz Y}

and exp-qbs-Mz: qbs-Mz (exp-qbs X Y) = {g. V a€ borel-measurable borel. ¥V f€
gbs-Mz X. (Ar. g (o r) (B 1)) € gbs-Mz Y}
(proof)

3.1.13 Ordering on Quasi-Borel Spaces

inductive-set generating-Mz :: 'a set = (real = 'a) set = (real = 'a) set

for X :: ‘a set and Mz :: (real = 'a) set

where

Basic: a € Mz = « € generating-Mx X Mz

| Const: © € X = (Ar. x) € generating-Mx X Mz

| Comp : f € (borel :: real measure) —pp (borel :: real measure) => a € gener-
ating-Mz X Mz — « o f € generating-Mz X Mz

| Part : (\i. Fii € generating-Mx X Mz) = P € borel — 1 count-space (UNIV
it nat set) = (Ar. Fi (P r) r) € generating-Mz X Mz

lemma generating-Mz-to-space:
assumes Mz C UNIV — X
shows generating-Mx X Mz C UNIV — X

(proof)

lemma generating-Mz-closed! :
gbs-closed1 (generating-Mx X Mz)

{proof)

lemma generating-Mz-closed?2:
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gbs-closed2 X (generating-Mz X Mzx)
{proof)

lemma generating-Mz-closed3:
gbs-closed3 (generating-Mz X Mr)

{proof)

lemma generating-Mz-Mz:
generating-Mx (gbs-space X) (gbs-Mz X) = gbs-Mz X
{(proof)

instantiation quasi-borel :: (type) order-bot
begin

inductive less-eq-quasi-borel :: 'a quasi-borel = 'a quasi-borel = bool where
gbs-space X C gbs-space Y — less-eq-quasi-borel X Y

| gbs-space X = qbs-space Y = gbs-Mx Y C gbs-Mx X = less-eq-quasi-borel X

Y

lemma le-quasi-borel-iff:

X <Y «— (if gbs-space X = qbs-space Y then qbs-Mz Y C qbs-Mz X else
gbs-space X C gbs-space Y)

(proof )

definition less-quasi-borel :: 'a quasi-borel = 'a quasi-borel = bool where
less-quasi-borel X ¥ +— (X < Y A= Y < X)

definition bot-quasi-borel :: 'a quasi-borel where
bot-quasi-borel = empty-quasi-borel

instance

(proof)

end

definition inf-quasi-borel :: ['a quasi-borel, 'a quasi-borel] = 'a quasi-borel where
inf-quasi-borel X X' = Abs-quasi-borel (gbs-space X N gbs-space X', gbs-Mz X N
gbs-Mz X')

lemma inf-quasi-borel-correct: Rep-quasi-borel (inf-quasi-borel X X') = (qbs-space
X N gbs-space X', gbs-Mz X N gbs-Mz X')

(proof)
lemma inf-gbs-space[simpl: gbs-space (inf-quasi-borel X X') = gbs-space X N qbs-space
X/

(proof)

lemma inf-gbs-Mz[simp): qbs-Mz (inf-quasi-borel X X') = ¢bs-Mz X N gbs-Mz X'
(proof)
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definition maz-quasi-borel :: 'a set = 'a quasi-borel where

maz-quasi-borel X = Abs-quasi-borel (X, UNIV — X)

lemma maz-quasi-borel-correct: Rep-quasi-borel (max-quasi-borel X) = (X, UNIV
- X)
(proof)

lemma maz-qbs-space[simp|: qbs-space (maz-quasi-borel X) = X
(proof )

lemma maz-qbs-Mz[simp]: gbs-Mz (maz-quasi-borel X) = UNIV — X
(proof)

instantiation quasi-borel :: (type) semilattice-sup
begin

definition sup-quasi-borel :: 'a quasi-borel = 'a quasi-borel = 'a quasi-borel where
sup-quasi-borel X Y = (if gbs-space X = gbs-space Y then inf-quasi-borel X Y
else if gbs-space X C qbs-space Y then Y
else if gbs-space Y C qbs-space X then X
else maz-quasi-borel (gbs-space X U gbs-space Y))

instance
(proof)

end
end
3.2 Morphisms of Quasi-Borel Spaces

theory QBS-Morphism

imports
QuasiBorel

begin
abbreviation gbs-morphism :: ['a quasi-borel, 'b quasi-borel] = ('a = 'b) set
(infixr —¢ 60) where

X =g Y = gbs-space (X =¢q Y)
lemma gbs-morphisml: (Aa. o € ¢bs-Mz X = foa € ghss-Mz V) = f e X
—Q Y

(proof )

lemma g¢bs-morphism-def: X —¢q Y = {feqgbs-space X — qbs-space Y. Va €
gbs-Mz X. f o o € qbs-Mxz Y}
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{proof)

lemma qbs-morphism-Mz:
assumes f € X =g Y a € gbs-Mz X
shows f o a € gbs-Mz Y

{proof)

lemma qbs-morphism-space:
assumes f € X =g Y z € gbs-space X
shows f x € qbs-space Y

(proof)

lemma gbs-morphism-ident[simp):
ide X -9 X
(proof )

lemma gbs-morphism-ident’[simp]:
(Az.z) e X =g X
(proof )

lemma ¢bs-morphism-comp:
assumes f € X =g YgeV =g Z
shows gof e X =g 7
(proof)

lemma ¢bs-morphism-compose-rev:
assumes f € ¥ —wg Zand g€ X =g YV
shows (Az. f (gz)) € X =g Z
(proof)

lemma q¢bs-morphism-compose:
assumes g € X =g Yand f € Y =g Z
shows (Az. f (gz)) € X —=¢ Z

{proof)

lemma gbs-morphism-cong”:
assumes Az. x € gbs-space X = fzx =gz
and f € X =g Y
shows g€ X =g Y
(proof)

lemma ¢bs-morphism-cong:
assumes A\z. z € gbs-space X = fzr =g
shows fe X =g Y= gec X =g Y
(proof)

lemma q¢bs-morphism-const:

assumes y € gbs-space Y
shows (Az. y) € X ¢ V
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{proof)

lemma gbs-morphism-from-empty: qbs-space X = {} = f € X = Y
(proof )

lemma unit-quasi-borel-terminal: 3! f. f € X —¢ unit-quasi-borel
(proof)

definition to-unit-quasi-borel :: 'a = unit (!g) where
to-unit-quasi-borel = (Ar.())

lemma to-unit-quasi-borel-morphism:
lo € X —¢q unit-quasi-borel
(proof )

lemma ¢bs-morphism-subD:
assumes f € X —¢ sub-gbs Y A
shows f €¢ X =g V

{proof)

lemma gbs-morphism-subll:
assumes f € X —g Y Az. z € gbs-space X = fz € A
shows f € X —¢ sub-qbs Y A

{proof)

lemma gbs-morphism-subl2:
assumes f € X =g V
shows f € sub-gbs X A —¢g Y

{proof)

lemma gbs-morphism-subl2':
assumes f € X —¢ Y gbs-space Z C gbs-space X qbs-Mzx Z C gbs-Mz X
shows f € Z =g V
(proof)

corollary gbs-morphism-subsubl:
assumes f € X g Y Az. 2 € A = z € ¢bs-space X = fz € B
shows f € sub-gbs X A —¢ sub-qbs Y B

{proof)

lemma map-gbs-morphism-f: f € X —¢ map-qgbs f X
(proof )

lemma map-gbs-morphism-inverse-f:
assumes Az. z € gbs-space X = g (fz) =z

shows g € map-gbs f X =g X
{proof )

lemma pair-gbs-morphismlI:
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assumes Aa 8. a € ¢gbs-Mzx X = € qbs-Mz Y
= (Ar. f(ar,Br)) € qgbs-Mx Z

shows f € (X Qo Y) =0 Z

(proof)

lemma pair-gbs-MzD:
assumes vy € ¢bs-Mz (X Q¢ Y)
obtains « § where a € gbs-Mz X 8 € gbs-Mz Y v = (Az. (o z, B z))
(proof )

lemma pair-gbs-MzI:
assumes (Az. fst (y z)) € ¢bs-Mz X and (Az. snd (v z)) € gbs-Mz Y
shows v € gbs-Mz (X Q¢ V)
{proof)

lemma
shows fst-gbs-morphism: fst € X Qg Y =g X
and snd-gbs-morphism: snd € X Qo Y =g Y
(proof)

lemma gbs-morphism-pair-iff:
fEX -0 YQRoZ+—fstofe X g YAsndofeX —g 2
(proof )

lemma qbs-morphism-Pair:
assumes f € 7 —¢g X
andge”Z =g Y
shows (A\z. (fz,92) € Z =0 X Qo Y
(proof)

lemma gbs-morphism-curry: curry € exp-gbs (X Q o Y) Z —¢ exp-qbs X (exp-gbs
Y Z)
(proof)

corollary curry-preserves-morphisms:
assumes (Azy. [ (fst zy) (sndzy)) € X Qo Y —o Z
ShOWSfEX—>Q YZ}Q A

{proof)

lemma q¢bs-morphism-eval:
Mz, (fst fz) (snd fr)) € (X =20 V)RR X =0 Y
(proof )

corollary gbs-morphism-app:
assumes f € X - (Y=g Z2)ge X =g Y
shows (Az. (fz) (gz) € X =9 Z

(proof)

(ML)
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declare
fst-gbs-morphism[qbs)
snd-qbs-morphism|gbs]
gbs-morphism-const|qbs]
gbs-morphism-ident[gbs]
gbs-morphism-ident’[gbs]
qbs-morphism-curry|qbs]

lemma [gbs]:
shows gbs-morphism-Pairl: Pair € X —q YV =9 (X Qo Y)
{proof)

lemma g¢bs-morphism-case-prod[qbs]: case-prod € exp-qbs X (exp-qbs Y Z) —¢
exp-gbs (X Qo Y) Z
(proof )

lemma uncurry-preserves-morphisms:
assumes [gbs]:(Az y. f (z,y)) € X = YV =¢ Z
shows f e X Qo Y —¢ Z
(proof )

lemma gbs-morphism-comp’[gbs):comp € ¥V =g Z =g (X =@ Y) =g X =0 Z
(proof )

lemma arg-swap-morphism:
assumes f € X —q exp-qgbs Y Z
shows (A\y z. fzy) € Y —¢ exp-¢bs X Z
(proof )

lemma exp-gbs-comp-morphism:
assumes f € W —q exp-gbs X Y
and g€ W =g exp-qbs Y Z
shows (Aw. g wo fw) € W —q exp-gbs X Z
(proof)

lemma arg-swap-morphism-map-qbs1:
assumes g € exp-gbs W (exp-gbs X Y) —¢g Z
shows (Ak. g (k o f)) € exp-gbs (map-gbs f W) (exp-qbs X Y) —¢g Z
(proof)

lemma gbs-morphism-map-prod[gbs]: map-prod € X =q Y —¢g (W =¢ Z) =¢
X Qo W) =q (Y ®q %)
(proof)

lemma qbs-morphism-pair-swap:
assumes f € X Qo Y —¢ Z
shows (A(z,y). f (y,2) € Y Qo X —¢ Z
(proof)
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lemma
shows gbs-morphism-pair-assocl: (A((z,y),2). (2,(1,2))) € (X Qo Y) Qo Z
20X Qo (Y Qq %)
and gbs-morphism-pair-assoc2: (M(z,(y,2)). ((z,9),2)) € X Qo (Y Ko Z)
—><Q ()§C>®Q V) Qe 2
proo

lemma Ini-gbs-morphism[gbs]: Inl € X —g X Pq YV
{proof)

lemma Inr-gbs-morphism[gbs]: Inr € ¥ —g X @ V
{proof)

lemma case-sum-gbs-morphism|[gbs]: case-sum € X =q Z —¢o (Y =g Z) =¢ (X
e Y =02)
{proof)

lemma map-sum-qbs-morphism|[gbs|: map-sum € X =¢q Y —¢q (X' =¢ Y') =¢
(X Do X' =qY DoY)
(proof)

lemma gbs-morphism-component-singleton|qbs):
assumes i € [
shows (\z. z 7) € (Ilg i€l. (M 7)) =g M1
(proof )

lemma gbs-morphism-component-singleton’:
assumes f € ¥V =g (llgp iel. Xi)ge Z =g Yiel
shows (A\z. f (gz) i) € Z =g X i
(proof)

lemma product-qbs-canonicall:
assumes \i. i€ ] = fieY =g X
and Ai. i ¢ I = fi = (\y. undefined)
shows (A\y i. fiy) € Y —¢ (Ilg i€l. X 7)
(proof )

lemma product-gbs-canonical2:
assumes \i. i€ ] = fieY =g X
Ni. i ¢ I = fi= (A\y. undefined)
g < Y—)Q (HQ i€l. XZ)
Niiel = fi=(\z.xzi)oyg
and y € gbs-space Y
shows gy = (\i. fiy)
(proof)

lemma merge-qbs-morphism:
merge 1J e (HQ iel. (M Z)) ®Q (HQ jGJ (Mj)) —Q (HQ i€elUJ. (M ’L))
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(proof)

lemma ini-morphism|[qbs|:
assumes j € [
shows (Az. (j,z)) € X j —¢ (g i€l. X 7)
(proof )

lemma coPiQ-canonicall:
assumes countable I
and \i.i €] = fie Xi—g VY
shows (A(¢,z). fiz) € g i€l. Xi) - Y
(proof)

lemma coPiQ-canonicall .
assumes countable I
and N\i.i eI = (A\z. f (i,2)) € Xi -0 ¥
shows fe (llgiel. Xi) =g Y
(proof)

lemma None-gbs|[qbs]: None € gbs-space (option-gbs X)
(proof )

lemma Some-qbs[qbs]: Some € X —¢q option-qbs X
(proof)

lemma case-option-gbs-morphism[gbs]: case-option € gbs-space (Y =¢q (X =¢
Y) = option-gbs X =¢ Y)
(proof)

lemma rec-option-gbs-morphism[gbs]: rec-option € qbs-space (Y =¢q (X =¢ Y)
=q option-gbs X =¢q Y)
(proof)

lemma bind-option-gbs-morphism[qbs]: (=) € gbs-space (option-gbs X =¢ (X
=q option-gbs Y) =¢ option-gbs Y)
(proof )

lemma Let-gbs-morphism[qbs]: Let € X =¢g (X =¢ V) =0 ¥
(proof)

end

3.3 Relation to Measurable Spaces

theory Measure-QuasiBorel-Adjunction
imports QuasiBorel QBS-Morphism Lemmas-S-Finite-Measure-Monad
begin

We construct the adjunction between Meas and QBS, where Meas is the
category of measurable spaces and measurable functions, and QBS is the
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category of quasi-Borel spaces and morphisms.

3.3.1 The Functor R

definition measure-to-qbs :: 'a measure = 'a quasi-borel where
measure-to-qgbs X = Abs-quasi-borel (space X, borel —pr X)

declare [[coercion measure-to-qbs]]

lemma
shows gbs-space-R: qbs-space (measure-to-gbs X) = space X (is ?goall)
and ¢bs-Mz-R: gbs-Mz (measure-to-qbs X) = borel —pr X (is ?goal?2)

(proof)

The following lemma says that measure-to-gbs is a functor from Meas to

QBS.

lemma r-preserves-morphisms:
X —=m Y C (measure-to-qbs X) —¢ (measure-to-gbs V)
{proof)

lemma measurable-imp-gbs-morphism: f € M -y N = f € M =g N
(proof)

3.3.2 The Functor L

definition sigma-Mzx :: 'a quasi-borel = 'a set set where
sigma-Mz X = {U N qbs-space X |U. Va€qgbs-Mz X. o —* U € sets borel}

definition gbs-to-measure :: 'a quasi-borel = 'a measure where
gbs-to-measure X = Abs-measure (qbs-space X, sigma-Mzx X, MA. (if A = {} then
0 else if A € — sigma-Mxz X then 0 else c0))

lemma measure-space-L: measure-space (gbs-space X) (sigma-Mz X) (AA. (if A =
{} then 0 else if A € — sigma-Mz X then 0 else c0))
{proof)

lemma
shows space-L: space (gbs-to-measure X) = qbs-space X (is ?goall)
and sets-L: sets (gbs-to-measure X) = sigma-Mz X (is ?goal2)
and emeasure-L: emeasure (gbs-to-measure X) = (AA. if A={} V A ¢ sigma-Mz
X then 0 else c0) (is ?goal3)

(proof)

lemma qbs-Mz-sigma-Mz-contra:
assumes gbs-space X = qbs-space Y
and gbs-Mz X C qbs-Mx Y
shows sigma-Mz Y C sigma-Mz X
(proof)
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The following lemma says that ¢bs-to-measure is a functor from QBS to
Maeas.

lemma [-preserves-morphisms:
X —¢ Y C (gbs-to-measure X) —pr (gbs-to-measure V)

(proof)

lemma gbs-morphism-imp-measurable: f € X =g Y = f € g¢bs-to-measure X
—ar gbs-to-measure Y

{proof)

abbreviation gbs-borel (borelg) where borelg = measure-to-gbs borel
abbreviation ¢bs-count-space (count’-spaceq) where gbs-count-space I = mea-
sure-to-gbs (count-space I)

lemma
shows ¢bs-space-qbs-borel[simp]: gbs-space borelg = UNIV
and gbs-space-count-space[simp|: qbs-space (gbs-count-space I) = T
and qbs-Mzx-gbs-borel: qbs-Mz borelg = borel-measurable borel
and qbs-Mz-count-space: gbs-Mzx (gbs-count-space I) = borel —ps count-space I

{proof)

lemma
shows gbs-space-qbs-borel’[qbs]: T € gbs-space borelg
and ¢bs-space-count-space-UNIV '[gbs]: x € gbs-space (qbs-count-space (UNIV
it (- 2 countable) set))
(proof)

lemma gbs-Mz-is-morphisms: gbs-Mz X = borelg —¢q X
(proof)

lemma exp-gbs-Mz": gbs-Mz (exp-gbs X Y) = {g. case-prod g € borelg @ o X
—q Y}
(proof )

lemma arg-swap-morphism':
assumes (Ag. f (Awz. g z w)) € exp-gbs X (exp-¢bs WY) —¢g Z
shows f € exp-gbs W (exp-qbs X Y) —¢ Z

(proof)

lemma gbs-Mz-subset-of-measurable: gbs-Mz X C borel —p; gbs-to-measure X
(proof)

lemma L-max-of-measurables:
assumes space M = qbs-space X
and qbs-Mz X C borel —p M
shows sets M C sets (gbs-to-measure X)

(proof)
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lemma gbs-Mz-are-measurable[simp,measurable]:
assumes « € gbs-Mz X
shows a € borel —); gbs-to-measure X

{proof)

lemma measure-to-qbs-cong-sets:
assumes sets M = sets N
shows measure-to-qbs M = measure-to-qgbs N

{proof)

lemma [r-sets[simp]:
sets X C sets (gbs-to-measure (measure-to-gbs X))

{proof)

lemmal(in standard-borel) Ir-sets-ident[simp, measurable-congl:
sets (qbs-to-measure (measure-to-gbs M)) = sets M
{proof )

corollary sets-Ir-polish-borel[simp, measurable-cong|: sets (gbs-to-measure gbs-borel)
= sets (borel :: (- :: polish-space) measure)
(proof )

corollary sets-lr-count-space[simp, measurable-cong|: sets (gbs-to-measure (gbs-count-space
(UNIV :: (- :: countable) set))) = sets (count-space UNIV)

{proof)

lemma map-qgbs-embed-measurel :

assumes inj-on f (space M)

shows map-gbs f (measure-to-qbs M) = measure-to-qbs (embed-measure M f)
(proof)

lemma map-qgbs-embed-measure2:

assumes inj-on f (gbs-space X)

shows sets (gbs-to-measure (map-qbs f X)) = sets (embed-measure (gbs-to-measure
X) f)
(proof)

lemma(in standard-borel) map-gbs-embed-measure2’:
assumes inj-on f (space M)
shows sets (gbs-to-measure (map-qbs f (measure-to-qbs M))) = sets (embed-measure

M)
(proof )
3.3.3 The Adjunction

lemma Ir-adjunction-correspondence :
X —¢ (measure-to-gbs Y) = (gbs-to-measure X) —p Y

(proof)
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lemma(in standard-borel) standard-borel-r-full-faithful:
M —y Y = measure-to-gbs M —q measure-to-qbs Y

(proof)

lemma gbs-morphism-dest|measurable-dest]:
assumes f € X —¢g measure-to-gbs Y
shows f € qbs-to-measure X —p Y

{proof)

lemma(in standard-borel) gbs-morphism-dest:
assumes k € measure-to-qgbs M — o measure-to-gbs Y
shows k€ M —) Y

{proof)

lemma q¢bs-morphism-measurable-intro:
assumes [ € gbs-to-measure X —p; Y
shows f € X —qg measure-to-qbs YV

{proof)

lemmal(in standard-borel) qbs-morphism-measurable-intro:
assumes k € M —p Y
shows k € measure-to-gbs M —q measure-to-qbs Y

{proof)

lemma r-preserves-product :
measure-to-qbs (X @ pm Y) = measure-to-qgbs X Q) g measure-to-gbs YV

{proof)

lemma [-product-sets:

sets (gbs-to-measure X Q) amr gbs-to-measure Y) C sets (gbs-to-measure (X @ ¢
Y))
(proof)

corollary gbs-borel-prod: gbs-borel Q) ¢ qbs-borel = (gbs-borel :: ('a::second-countable-topology
x 'b::second-countable-topology) quasi-borel)

{proof)

corollary gbs-count-space-prod: qbs-count-space (UNIV :: ('a :: countable) set)
Q) ¢ gbs-count-space (UNIV :: ('b :: countable) set) = gbs-count-space UNIV
{proof )

lemma r-preserves-product”. measure-to-gbs (Ilpy i€l. M i) = (g i€l. mea-
sure-to-gbs (M 1))
(proof)

lemma PiQ)-qbs-borel:

(Ilg i::(Ya:: countable)e UNIV . (gbs-borel :: ('b::second-countable-topology quasi-borel)))
= qbs-borel

{proof )
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lemma gbs-morphism-from-countable:
fixes X :: 'a quasi-borel
assumes countable (gbs-space X)
qbs-Mx X C borel —p; count-space (gbs-space X)
and Ai. i € gbs-space X = fi € qbs-space Y
shows f € X =g V
(proof)

corollary gbs-morphism-count-space’:
assumes Ai. i € [ = f1i € gbs-space Y countable T
shows f € gbs-count-space I —q Y

{proof)

corollary gbs-morphism-count-space:
assumes Ai. fi € gbs-space Y
shows f € gbs-count-space (UNIV :: (- :: countable) set) —¢g Y
(proof )

lemma [gbs]:
shows not-gbs-pred: Not € qbs-count-space UNIV —q gbs-count-space UNIV
and or-gbs-pred: (V) € gbs-count-space UNIV —q exp-gbs (gbs-count-space
UNIV) (gbs-count-space UNIV')
and and-gbs-pred: (A) € gbs-count-space UNIV —q exp-gbs (gbs-count-space
UNIV) (gbs-count-space UNIV)
and implies-qbs-pred: (—) € gbs-count-space UNIV — ¢ exp-qbs (gbs-count-space
UNIV) (qbs-count-space UNIV)
and iff-gbs-pred: («+—) € gbs-count-space UNIV —¢ exp-qbs (gbs-count-space
UNIV) (gbs-count-space UNIV')
(proof)

lemma [gbs]:
shows less-count-gbs-pred: (<) € gbs-count-space (UNIV :: (- :: countable) set)
—q exp-qbs (gbs-count-space UNIV') (gbs-count-space UNIV)
and le-count-qbs-pred: (<) € gbs-count-space (UNIV :: (- :: countable) set) —¢
exp-qbs (qbs-count-space UNIV') (gbs-count-space UNIV)
and eg-count-qbs-pred: (=) € gbs-count-space (UNIV :: (- :: countable) set) —q
exp-qbs (gbs-count-space UNIV') (gbs-count-space UNIV)
and plus-count-gbs-morphism: (+) € gbs-count-space (UNIV :: (- :: countable)
set) —q exp-gbs (gbs-count-space UNIV') (gbs-count-space UNIV)
and minus-count-gbs-morphism: (—) € gbs-count-space (UNIV :: (- :: countable)
set) —q exp-gbs (qbs-count-space UNIV') (gbs-count-space UNIV)
and mult-count-gbs-morphism: (x) € gbs-count-space (UNIV :: (- :: countable)
set) —q exp-gbs (gbs-count-space UNIV') (gbs-count-space UNIV)
and Suc-qbs-morphism: Suc € gbs-count-space UNIV — ¢ gbs-count-space UNIV

{proof)

lemma gbs-morphism-product-iff:
feX —g (g i: (- countable)cUNIV. Y) «+— f € X —¢g gbs-count-space
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UNIV =¢ Y
(proof)

lemma qbs-morphism-pair-countablel :
assumes countable (gbs-space X)
gbs-Mz X C borel — s count-space (gbs-space X)
and Ai. ¢ € gbs-space X = fie€ Y =g Z
shows (A(z,y). fzy) e X Qo Y —¢ Z
(proof )

lemma ¢bs-morphism-pair-countable2:
assumes countable (gbs-space Y)
gbs-Mz 'Y C borel —pr count-space (gbs-space Y)
and Ai. i € gbs-space Y = (Az. fzi) € X =g Z
shows (A(z,y). fry) e X Qo Y —¢ Z
(proof )

corollary gbs-morphism-pair-count-spacel :

assumes \i. fi € Y =g Z

shows (A(z,y). fz y) € gbs-count-space (UNIV :: (‘a :: countable) set) Qg Y
—Q A

(proof )

corollary gbs-morphism-pair-count-space2:

assumes A\i. (A\z. fzi) € X =g Z

shows (A(z,y). fzy) € X Qg gbs-count-space (UNIV :: ('a :: countable) set)
—Q A

{proof )

lemma gbs-morphism-compose-countable’:

assumes [¢bs|:\i. i € ] = (Az. fiz) € X =g Y g€ X —¢q gbs-count-space
I countable I

shows (Az. f (gz)z) € X - YV
(proof)

lemma qbs-morphism-compose-countable:

assumes [simp|: \i::"i::countable. (A\z. fiz) € X —¢ Y g € X —¢ (gbs-count-space
UNIV)

shows (Az. f (gz) z) € X =g YV

(proof)

lemma ¢bs-morphism-op:
assumes case-prod f € X Qum Y —m Z
shows f € measure-to-qgbs X —¢g measure-to-gbs Y =g measure-to-qbs Z

{proof)
lemma [gbs]:

shows plus-qbs-morphism: (+) € (qbs-borel :: (-::{ second-countable-topology, topo-
logical-monoid-add}) quasi-borel) —¢ qbs-borel =¢ gbs-borel
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and plus-ereal-gbs-morphism: (+) € (gbs-borel :: ereal quasi-borel) —¢ qbs-borel
=g gbs-borel
and diff-gbs-morphism: (—) € (gbs-borel :: (-::{ second-countable-topology, real-normed-vector})
quasi-borel) —¢q qbs-borel =g qbs-borel
and diff-ennreal-gbs-morphism: (—) € (gbs-borel :: ennreal quasi-borel) —¢
gbs-borel =g qbs-borel
and diff-ereal-gbs-morphism: (=) € (gbs-borel :: ereal quasi-borel) —¢q gbs-borel
=q gbs-borel
and times-gbs-morphism: (x) € (gbs-borel :: (-:{second-countable-topology,
real-normed-algebra}) quasi-borel) —¢q gbs-borel =¢ qbs-borel
and times-ennreal-gbs-morphism: () € (gbs-borel :: ennreal quasi-borel) —¢
gbs-borel =g qbs-borel
and times-ereal-qbs-morphism: (x) € (gbs-borel :: ereal quasi-borel) —>¢ gbs-borel
=q gbs-borel
and divide-qbs-morphism: (/) € (gbs-borel :: (-::{ second-countable-topology,
real-normed-div-algebra}) quasi-borel) —¢q qbs-borel =¢ qbs-borel
and divide-ennreal-gbs-morphism: (/) € (gbs-borel :: ennreal quasi-borel) —¢
gbs-borel =g qbs-borel
and divide-ereal-gbs-morphism: (/) € (gbs-borel :: ereal quasi-borel) —¢q qbs-borel
=q qbs-borel
and log-qbs-morphism: log € gbs-borel —¢q gbs-borel =g qbs-borel
and root-qbs-morphism: root € gqbs-count-space UNIV — g gbs-borel = ¢ qbs-borel
and scaleR-qbs-morphism: (xgr) € gbs-borel —¢q (gbs-borel :: (-::{second-countable-topology,
real-normed-vector}) quasi-borel) =¢ qbs-borel
and gbs-morphism-inner: (+) € gbs-borel —¢ (gbs-borel :: (-:{ second-countable-topology,
real-inner}) quasi-borel) =-¢ qbs-borel
and dist-gbs-morphism: dist € (gbs-borel :: (-::{second-countable-topology, met-
ric-space}) quasi-borel) —¢q gbs-borel =¢ qbs-borel
and powr-gbs-morphism: (powr) € gbs-borel —¢ qbs-borel =¢ (gbs-borel :: real
quasi-borel)
and maz-gbs-morphism: (max :: (- :: {second-countable-topology, linorder-topology})
= - = -) € gbs-borel —¢q qbs-borel =¢ gbs-borel
and min-gbs-morphism: (min :: (- :: {second-countable-topology, linorder-topology})
= - = -) € gbs-borel —¢ gbs-borel =¢ gbs-borel
and sup-qbs-morphism: (sup :: (- :: {lattice,second-countable-topology, linorder-topology})
= - = -) € gbs-borel —¢ gbs-borel =¢ qbs-borel
and inf-gbs-morphism: (inf :: (- :: {lattice,second-countable-topology, linorder-topology})
= - = -) € gbs-borel —¢ qbs-borel =¢ gbs-borel
and less-gbs-pred: (<) € (gbs-borel :: - ::{second-countable-topology, linorder-topology }
quasi-borel) —q qbs-borel =¢ qbs-count-space UNIV
and eq-qbs-pred: (=) € (gbs-borel :: - ::{second-countable-topology, linorder-topology
quasi-borel) —¢q qbs-borel =g qbs-count-space UNIV
and le-gbs-pred: (<) € (gbs-borel :: - ::{ second-countable-topology, linorder-topology}
quasi-borel) —q qbs-borel =¢ qbs-count-space UNIV

{proof)
lemma [gbs]:

shows abs-real-gbs-morphism: abs € (gbs-borel :: real quasi-borel) —¢ gqbs-borel
and abs-ereal-gbs-morphism: abs € (gbs-borel :: ereal quasi-borel) —¢q gbs-borel
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and real-floor-gbs-morphism: (floor :: real = int) € gbs-borel —¢ gbs-count-space
UNIV
and real-ceiling-qbs-morphism: (ceiling :: real = int) € gbs-borel —¢ gbs-count-space
UNIV
and exp-gbs-morphism: (exp::'a::{real-normed-field,banach}="a) € qbs-borel
—¢q gbs-borel
and In-gbs-morphism: In € (gbs-borel :: real quasi-borel) —¢ gbs-borel
and sqrt-gbs-morphism: sqrt € gbs-borel —¢q gbs-borel
and of-real-qbs-morphism: (of-real :: - = (-::real-normed-algebra)) € gbs-borel
—¢q gbs-borel
and sin-gbs-morphism: (sin :: - = (-:{real-normed-field,banach})) € qbs-borel
—¢q gbs-borel
and cos-gbs-morphism: (cos :: - = (-::{real-normed-field,banach})) € qbs-borel
—q qbs-borel
and arctan-gbs-morphism: arctan € gqbs-borel —¢ qbs-borel
and Re-gbs-morphism: Re € gbs-borel —¢q gbs-borel
and Im-gbs-morphism: Im € qbs-borel —¢ qbs-borel
and sgn-gbs-morphism: (sgn::-::real-normed-vector = -) € gbs-borel —¢ gbs-borel
and norm-gbs-morphism: norm € gbs-borel —¢q qbs-borel

and invers-gbs-morphism: (inverse :: - = (- :real-normed-div-algebra)) €
gbs-borel —¢g qbs-borel
and invers-ennreal-gbs-morphism: (inverse :: - = ennreal) € gbs-borel —¢
qbs-borel
and invers-ereal-gbs-morphism: (inverse :: - = ereal) € gbs-borel —¢ qbs-borel

and uminus-gbs-morphism: (uminus :: - = (-::{second-countable-topology, real-normed-vector}))
€ qbs-borel —¢ gbs-borel

and ereal-gbs-morphism: ereal € gbs-borel —¢q gbs-borel

and real-of-ereal-qbs-morphism: real-of-ereal € gbs-borel —¢g qbs-borel

and ennZereal-qbs-morphism: ennlereal € gbs-borel —¢q qbs-borel

and eZennreal-gbs-morphism: e2ennreal € gbs-borel —¢q gbs-borel

and ennreal-gbs-morphism: ennreal € gbs-borel —¢g qbs-borel

and gbs-morphism-nth: (Az:realn. © $ i) € gbs-borel —¢ ¢bs-borel

and gbs-morphism-product-candidate: N\i. (Az. z ©) € gbs-borel —¢ gbs-borel

and uminus-ereal-gbs-morphism: (uminus :: - = ereal) € gbs-borel —¢ gbs-borel

{proof)

lemma ¢bs-morphism-sum:

fixes f :: ‘¢ = 'a = 'b::{ second-countable-topology, topological-comm-monoid-add}
assumes A\i. 1 € S = fi € X —¢g ¢bs-borel

shows (Az. >~ i€S. fiz) € X —¢ gbs-borel
(proof)

lemma gbs-morphism-suminf-order:

fixes f :: nat = ‘a = 'b::{ complete-linorder, second-countable-topology, linorder-topology,
topological-comm-monoid-add}

assumes Ai. fi € X —¢ gbs-borel

shows (A\z. Y i. fiz) € X —¢g gbs-borel

(proof )
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lemma q¢bs-morphism-prod:
fixes f :: 'c = 'a = 'b::{second-countable-topology, real-normed-field}
assumes A\i. i € S = fi € X —¢ ¢bs-borel
shows (Az. [[i€S. fiz) € X —¢ qbs-borel
(proof )

lemma qbs-morphism-Min:

finite ] = (A\i. i € I = fi € X —¢ qbs-borel) = (Az. Min ((Ai. fiz)T) =
"b::{ second-countable-topology, linorder-topology}) € X —¢ gbs-borel

(proof )

lemma q¢bs-morphism-Max:

finite ] = (\i. i € I = fi€ X —q gbs-borel) = (Azx. Maz (Ai. fix)I)
i 'bu{ second-countable-topology, linorder-topology}) € X —¢ gbs-borel

(proof )

lemma gbs-morphism-Max2:
fixes f::- = - = ‘a::{second-countable-topology, dense-linorder, linorder-topology}
shows finite I = (\i. fi € X —¢ qbs-borel) = (Az. Maz{f iz |i. i€ I}) €
X —q gbs-borel
(proof )

lemma [gbs]:

shows gbs-morphism-liminf: liminf € (gbs-count-space UNIV = gbs-borel) =¢
(gbs-borel :: 'a :: {complete-linorder, second-countable-topology, linorder-topology}
quasi-borel)

and ¢bs-morphism-limsup: limsup € (gbs-count-space UNIV =-¢ gbs-borel) =¢
(gbs-borel :: 'a :: {complete-linorder, second-countable-topology, linorder-topology}
quasi-borel)

and ¢bs-morphism-lim: lim € (gbs-count-space UNIV = ¢ qbs-borel) = ¢ (qbs-borel
it 'a it {complete-linorder, second-countable-topology, linorder-topology} quasi-borel)

(proof)

lemma gbs-morphism-SUP:
fixes F :: - = - = -::{complete-linorder, linorder-topology, second-countable-topology}
assumes countable I N\i. i € I = F i € X —¢ gbs-borel
shows (Az. | | i€l. Fiz) € X —¢ gbs-borel
(proof)

lemma qbs-morphism-INF"

fixes F :: - = - = -::{complete-linorder, linorder-topology, second-countable-topology}
assumes countable I Ni. i € I = F i € X —¢ gbs-borel

shows (Az. [] i€l. Fiz) € X —¢ gbs-borel
(proof)

lemma gbs-morphism-cSUP:

fixes F :: - = - = ‘a::{conditionally-complete-linorder, linorder-topology, sec-
ond-countable-topology }

assumes countable I N\i. i € I = F i € X —¢ gbs-borel \z. © € gbs-space X
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= bdd-above (\i. Fix) ‘I)
shows (Az. | | i€l. Fiz) € X —¢ gbs-borel
{proof)

lemma q¢bs-morphism-cINF'

fixes F :: - = - = 'a::{conditionally-complete-linorder, linorder-topology, sec-
ond-countable-topology}

assumes countable I N\i. i € I = F i € X —¢ gbs-borel \z. © € gbs-space X
= bdd-below ((M\i. Fiz) ‘I)

shows (Az. [] i€l. Fiz) € X —¢ gbs-borel

(proof )

lemma qbs-morphism-lim-metric:
fixes f :: nat = ‘a = 'b::{banach, second-countable-topology}
assumes \i. fi € X —¢ qbs-borel
shows (Az. lim (A\i. fixz)) € X —¢q ¢bs-borel
(proof)

lemma gbs-morphism-LIMSEQ-metric:

fixes f :: nat = ‘a = 'b :: metric-space

assumes \i. fi € X —¢g ¢bs-borel \z. © € gbs-space X = (N\i. fiz) ——
g

shows g € X —¢ g¢bs-borel

(proof)

lemma power-qbs-morphism|[qbs]:
(power :: (- :{power,real-normed-algebra}) = nat = -) € gbs-borel —¢ gbs-count-space
UNIV =g qbs-borel

(proof)

lemma power-ennreal-qbs-morphism|[qbs]:
(power :: ennreal = nat = -) € gbs-borel —¢ qbs-count-space UNIV =g qbs-borel

{proof)

lemma gbs-morphism-compw: (7)) € (X =¢ X) —¢ g¢bs-count-space UNIV =¢q
(X =q X)
(proof)

lemma gbs-morphism-compose-n|[qbs]:

assumes [gbs]: f € X =g X

shows (An. f~n) € gbs-count-space UNIV —qg X =¢q X
{proof )

lemma gbs-morphism-compose-n':

assumes f € X =g X
shows fTne X =g X

(proof)

lemma gbs-morphism-uminus-eq-ereal]simp]:
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(Az. — fz : ereal) € X —¢q gbs-borel +— f € X —¢ gbs-borel (is 2l = ?r)
{proof)

lemma ¢bs-morphism-ereal-iff:
shows (Az. ereal (fz)) € X —¢ qbs-borel«— f € X —¢ gbs-borel
(proof)

lemma q¢bs-morphism-ereal-sum:
fixes [ :: 'c = 'a = ereal
assumes \i. i € S = fi € X —¢ gbs-borel
shows (Az. > i€S. fiz) € X —¢g ¢bs-borel
(proof)

lemma qbs-morphism-ereal-prod:
fixes [ :: 'c = 'a = ereal
assumes \i. i € S = fi € X —¢ gbs-borel
shows (Az. []i€S. fiz) € X —¢ qbs-borel
(proof)

lemma ¢bs-morphism-extreal-suminf:
fixes [ :: nat = 'a = ereal
assumes Ai. fi € X —¢ gbs-borel
shows (Az. (D" 1. fiz)) € X —¢g gbs-borel
(proof)

lemma ¢bs-morphism-ennreal-iff:
assumes Az. z € gbs-space X = 0 < fuz
shows (Az. ennreal (f z)) € X —¢q qbs-borel «— f € X —¢g gbs-borel

{proof)

lemma q¢bs-morphism-prod-ennreal:
fixes f :: 'c = 'a = ennreal
assumes A\i. 1 € S = fi € X —¢g ¢bs-borel
shows (Az. [[i€S. fiz) € X —¢ gbs-borel
(proof)

lemma count-space-qbs-morphism:
f € gbs-count-space (UNIV :: 'a set) —¢ gbs-borel
(proof)

declare count-space-qbs-morphism|[where ‘a=- :: countable,qbs]

lemma count-space-count-space-qbs-morphism:

[ € gbs-count-space (UNIV :: (- :: countable) set) —¢g gqbs-count-space (UNIV ::
(- = countable) set)

{proof)

lemma gbs-morphism-case-nat’:
assumes [gbs]: i =0 = f € X o V
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Ni-i=8ucj= Az.gzj)eX =g Y
shows (Az. case-nat (fz) (9z) i) € X =g YV
{proof)

lemma gbs-morphism-case-nat[gbs]:

case-nat € X —¢ (gbs-count-space UNIV =q X) =¢ g¢bs-count-space UNIV
=Q X

(proof )

lemma gbs-morphism-case-nat’”:
assumes f € X —g Yge X —¢g (llg 1€UNIV. Y)
shows (Az. case-nat (fz) (g z)) € X —¢ (Ilg i€UNIV. Y)

{proof)

lemma g¢bs-morphism-rec-nat[gbs]: rec-nat € X —¢ (count-space UNIV =g X
=g X) = count-space UNIV =4 X
(proof)

lemma qbs-morphism-Max-nat:
fixes P :: nat = 'a = bool
assumes Ai. P i € X —¢ gbs-count-space UNIV
shows (Az. Maz {i. P iz}) € X —¢ gbs-count-space UNIV

{proof)

lemma ¢bs-morphism-Min-nat:
fixes P :: nat = 'a = bool
assumes A\i. P i € X —¢g gbs-count-space UNIV
shows (Az. Min {i. Piz}) € X —¢g ¢bs-count-space UNIV

{proof)

lemma ¢bs-morphism-sum-nat:
fixes f : 'c = 'a = nat
assumes Ai. i € S = fi €X —¢ gbs-count-space UNIV
shows (Az. >~ i€S. fixz) € X —¢q gbs-count-space UNIV
(proof )

lemma gbs-morphism-case-enat’:

assumes f[gbs]: f € X —¢ gbs-count-space UNIV and [gbs]: N\i. gi € X —¢
YheX =g Y

shows (Az. case fz of enat i = giz|oo=hz) e X =g V

(proof)

lemma gbs-morphism-case-enat|qbs|: case-enat € gbs-space ((gbs-count-space UNIV
=g X) =¢ X =¢ g¢bs-count-space UNIV =¢g X)
{proof )

lemma gbs-morphism-restrict[qbs]:
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assumes X: N\i. i € I = fie€ X =g (Y1)
shows (Az. diel. fiz) € X —¢g (Ilg i€l. Y i)
{proof)

lemma If-qbs-morphism[gbs]: If € gbs-count-space UNIV —g X =g X =g X
(proof)

lemma normal-density-qbs[qbs]: normal-density € gbs-borel —¢ gbs-borel = ¢ gbs-borel
=q gbs-borel

{(proof)

lemma erlang-density-gbs[gbs]: erlang-density € gbs-count-space UNIV —¢ gbs-borel
=q gbs-borel =¢q gbs-borel

(proof)

lemma list-nil-qgbs[qbs]: [| € gbs-space (list-gbs X))
(proof)

lemma list-cons-gbs-morphism: list-cons € X —¢g (Llg ne(UNIV :: nat set).Ilg
ie{..<n}. X) =¢ (Llg ne(UNIV :: nat set)Ilg ic{..<n}. X)
(proof)

corollary cons-gbs-morphism[qbs]: Cons € X —¢ (list-gbs X) =¢ list-gbs X
(proof)

lemma rec-list-morphism’:

rec-list’ € gbs-space (Y =¢q (X =¢ (Hg ne(UNIV :: nat set)Ilg ic{..<n}. X)
<:>Q Y>:>Q Y) =¢ (Lo ne(UNIV :: nat set).Ilg ie{..<n}. X) =¢ Y)

proof

lemma rec-list-morphism[gbs]: rec-list € qbs-space (Y =¢ (X =¢ list-gbs X =¢
Y=0VY)=q list-gbs X =¢q Y)
(proof)

hide-const (open) list-nil list-cons list-head list-tail from-list rec-list’ to-list’

hide-fact (open) list-simp1 list-simp2 list-simp8 list-simp4 list-simp5 list-simp6
list-simp7 from-list-in-list-of ' list-cons-qbs-morphism rec-list’-simp1
to-list-from-list-ident from-list-in-list-of to-list-set to-list-simp1 to-list-simp2
list-head-def list-tail-def from-list-length
list-cons-in-list-of rec-list-morphism’ rec-list’-simp2 list-decomp1 list-destruct-rule
list-induct-rule from-list-to-list-ident

corollary case-list-morphism[qbs]: case-list € gbs-space ((Y :: 'b quasi-borel) =¢
((X = 'a quasi-borel) =¢ list-gbs X =q Y) =q list-gbs X =¢ Y)
(proof)

lemma fold-gbs-morphism|[gbs]: fold € gbs-space (X =¢q Y =¢ Y) =¢ list-gbs
X =Q Y =Q Y)
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(proof)

lemma [gbs]:
shows foldr-qbs-morphism: foldr € gbs-space (X =¢q Y =¢ Y) =¢ list-gbs X
=Q Y =Q Y)
and foldl-gbs-morphism: foldl € gbs-space (X =¢q Y =g X) =¢ X =¢
list-gbs ¥ =¢ X)
and zip-gbs-morphism: zip € gbs-space (list-gbs X =¢ list-gbs Y = list-qbs
(pair-gbs X Y))
and append-gbs-morphism: append € qbs-space (list-gbs X = list-gbs X =
list-gbs X)
and concat-gbs-morphism: concat € gbs-space (list-gbs (list-gbs X) =¢ list-qbs
X)
and drop-gbs-morphism: drop € gbs-space (qbs-count-space UNIV = list-qbs
X = list-gbs X)
and take-gbs-morphism: take € gbs-space (gbs-count-space UNIV = list-qbs
X = list-gbs X)
and rev-gbs-morphism: rev € gbs-space (list-gbs X =q list-gbs X)
(proof)

lemma [gbs]:
fixes X :: ‘a quasi-borel and Y :: 'b quasi-borel
shows map-gbs-morphism: map € qbs-space (X =¢q Y) =¢ list-¢bs X =¢
list-gbs Y) (is ?map)
and fileter-qbs-morphism: filter € qbs-space (X =¢q count-spaceq UNIV) =q
list-gbs X =q list-qbs X) (is ?filter)
and length-gbs-morphism: length € qbs-space (list-gbs X =¢ gbs-count-space
UNIV) (is ?length)
and tl-gbs-morphism: tl € gbs-space (list-gbs X =¢ list-gbs X) (is #)
and list-all-gbs-morphism: list-all € gbs-space (X =¢q qbs-count-space UNIV)
=g list-gbs X =¢q qbs-count-space UNIV) (is ?list-all)
and bind-list-qgbs-morphism: (=) € gbs-space (list-gbs X =g (X =¢ list-qbs
Y) =¢ list-gbs Y) (is ?bind)
(proof)

lemma list-eq-qbs-morphism][qbs]:
assumes [gbs]: (=) € gbs-space (X =g X = count-space UNIV)
shows (=) € gbs-space (list-gbs X =q list-gbs X =g count-space UNIV')
(proof)

lemma insort-key-qbs-morphism|[qbs]:
shows insort-key € gbs-space (X =¢q (borelg ::'b :: {second-countable-topology,
linorder-topology} quasi-borel)) =g X = list-gbs X =¢ list-gbs X) (is %g1)
and insort-key € qbs-space ((X =¢ count-spaceq (UNIV :: (- :: countable)
set)) =g X = list-gbs X =q list-gbs X) (is 292)
(proof)

lemma sort-key-qbs-morphism[qbs]:
shows sort-key € gbs-space ((X =¢ (borelg ::'b :: {second-countable-topology,
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linorder-topology} quasi-borel)) =¢ list-gbs X =¢ list-qbs X)
and sort-key € gbs-space ((X =¢q count-spaceqg (UNIV :: (- :: countable) set))
= list-gbs X =q list-qgbs X)
{proof)

lemma sort-qbs-morphism]|qbs]:
shows sort € list-gbs (borelg ::'b :: {second-countable-topology, linorder-topology}
quasi-borel) —q list-qbs borelg
and sort € list-gbs (count-spaceq (UNIV :: (- :: countable) set)) —¢q list-qbs
(count-spaceqg UNIV)

(proof)

3.3.4 Morphism Pred
abbreviation ¢bs-pred X P = P € X —q ¢bs-count-space (UNIV :: bool set)

lemma q¢bs-pred-iff-measurable-pred:
gbs-pred X P = Measurable.pred (gbs-to-measure X) P

{proof)

lemma(in standard-borel) gbs-pred-iff-measurable-pred:
gbs-pred (measure-to-gbs M) P = Measurable.pred M P

{proof)

lemma q¢bs-pred-iff-sets:
{z €space (gbs-to-measure X). P x} € sets (gbs-to-measure X) <— qbs-pred X P
(proof)

lemma
assumes [¢gbs|:P € X —¢q Y = gbs-count-space UNIV f € X o YV
shows indicator-gbs-morphism'": (Az. indicator {y. P z y} (f z)) € X —qg
gbs-borel (is ?g1)
and indicator-gbs-morphism'": (Ax. indicator {y€qbs-space Y. P z y} (fx)) €
X —¢ gbs-borel (is 792)
(proof)

lemma

assumes [¢gbs|:P € X —¢q Y = gbs-count-space UNIV

shows indicator-qbs-morphism|[qbs|:(Az. indicator {y € gbs-space Y. P z y}) €
X —¢ Y =¢ gbs-borel (is ?g1)

and indicator-gbs-morphism”.(Az. indicator {y. Pz y}) € X —¢q Y =¢ qbs-borel
(is 792)
(proof)

lemma indicator-gbs|qbs]:
assumes g¢bs-pred X P
shows indicator {z. Pz} € X —¢q qbs-borel

(proof)
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lemma All-gbs-pred[qbs]: gbs-pred (count-spaceq (UNIV :: (‘a :: countable) set)
=q count-spaceqg UNIV') All
(proof)

lemma Ez-gbs-pred[qbs]: qbs-pred (count-spaceq (UNIV :: (‘a :: countable) set)
=q count-spaceqg UNIV) Ex
(proof)

lemma Ball-qbs-pred-countable:
assumes Ai:'a i countable. i € I = gbs-pred X (P 1)
shows gbs-pred X (Az. Vz€l. P i x)
(proof)

lemma Ball-qbs-pred:
assumes finite I N\i. i € I = gbs-pred X (P i)
shows gbs-pred X (Az.Vz€l. P i x)
(proof )

lemma Bex-qbs-pred-countable:
assumes Ai::'a :: countable. i € I = gbs-pred X (P 1)
shows gbs-pred X (Az. 3z€l. P i x)
(proof )

lemma Bex-qbs-pred:
assumes finite I N\i. i € I = qbs-pred X (P 1)
shows gbs-pred X (Az. 3z€l. P i x)
(proof )

lemma gbs-morphism-If-sub-gbs:
assumes [gbs]: gbs-pred X P
and [gbs]: f € sub-gbs X {z€qbs-space X. P z} —¢q Y g € sub-gbs X
{zeqbs-space X. ~ Pz} —¢q Y
shows (Az. if Pz then fzelsegz) € X —¢ V
(proof)

3.3.5 The Adjunction w.r.t. Ordering

lemma [-mono: mono gbs-to-measure
(proof)

lemma r-mono: mono measure-to-qbs

(proof)

lemma rl-order-adjunction:
X < gbs-to-measure Y <— measure-to-gbs X < Y

(proof)

end
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4 The S-Finite Measure Monad

theory Monad-QuasiBorel
imports
Measure-QuasiBorel-Adjunction
Kernels

begin

4.1 The s-Finite Measure Monad
e In the previous version:

— A measure on X = [X, a, p|~
x* o € My
* p is an s-finite measure on R
b (Xy0,00) ~ (X, 5,0) <= Cup = fo

— The s-finite measure monad: .Z(X) = {p | p is a measure on X}
e Current version: measures are not restricted to s-finite measures.

— A measure on X = [X, a, p]~
x o € Mx
* [ iS a measure on R
v (X,00) ~ (X,B,0) <= upi = o
— The s-finite measure monad: .Z (X) = {[X, o, u]~ | p is s-finite}
The space of all measures: .#Zu(X) = {p | p is a measure on X}

4.1.1 Measures on Quasi-Borel spaces

locale in-Mx =
fixes X :: 'a quasi-borel
and « :: real = 'a
assumes in-Mz[simp|:a € qbs-Mz X
begin

lemma a-measurable[measurable]: o € borel =y gbs-to-measure X
{proof)

lemma a-gbs-morphism[gbs]: o € gbs-borel —¢ X
(proof )

lemma X-not-empty: gbs-space X # {}
(proof)
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lemma inverse-UNIV [simp]: o —* (qbs-space X) = UNIV
{proof)

end

locale qbs-meas = in-Mz X «
for X :: 'a quasi-borel and o and p :: real measure +
assumes mu-sets/measurable-cong: sets p = sets borel
begin

lemma mu-not-empty: space pn # {}
(proof )

end

lemma ¢bs-meas-All:
assumes « € qbs-Mxz X measure-kernel M borel k x € space M
shows gbs-meas X « (k x)

(proof)
locale qbs-s-finite = gqbs-meas + s-finite-measure p

lemma g¢bs-s-finite-All:
assumes a € gbs-Mz X s-finite-kernel M borel k x € space M
shows gbs-s-finite X a (k x)

(proof)

locale qbs-prob = in-Mz X « + real-distribution p
for X :: 'a quasi-borel and o
begin

lemma gbs-meas: qbs-meas X o p

{proof)

lemma qbs-s-finite: qbs-s-finite X a p
(proof )

sublocale gbs-s-finite (proof)
end
locale pair-gbs-meas’ = pql: qbs-meas X a p + pq2: qbs-meas Y B v
for X :: 'a quasi-borel and o p and Y :: ‘b quasi-borel and 8 v
begin
lemma ab-measurable[measurable]: map-prod a B8 € borel @ nr borel — pr qbs-to-measure

(X ®qY)
(proof)
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end

locale pair-qbs-meas = pql: qbs-meas X o p + pqg2: gbs-meas X v
for X :: 'a quasi-borel and o p 8 v
begin

sublocale pair-gbs-meas’ X a u X B v
(proof)

end

locale pair-qbs-s-finites = pql: qbs-s-finite X o p + pq2: qbs-s-finite Y [ v
for X :: 'a quasi-borel and « p and Y :: ‘b quasi-borel and S v
begin

sublocale pair-gbs-meas’ X a u Y S v
(proof)

end

locale pair-qbs-s-finite = pql: qbs-s-finite X o p + pq2: qbs-s-finite X v
for X :: 'a quasi-borel and o p and § v
begin

sublocale pair-qbs-s-finites X a u X 5 v
(proof )

sublocale pair-gbs-meas X a pu g v
(proof)

end
locale pair-qbs-probs = pql: gbs-prob X « p + pqg2: qbs-prob Y B v
for X :: 'a quasi-borel and o p and Y :: ‘b quasi-borel and § v

begin

sublocale pair-qbs-s-finites
(proof)

end
locale pair-qbs-prob = pql: qbs-prob X o u + pg2: gbs-prob X B v
for X :: 'a quasi-borel and o p and § v

begin

sublocale pair-gbs-s-finite X a u S v
(proof )

sublocale pair-qbs-probs X a u X 8 p
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{proof)

end

lemma(in gbs-meas) qbs-probl: prob-space p => qbs-prob X «
(proof)

type-synonym ‘a gbs-measure-t = 'a quasi-borel x (real = 'a) * real measure
definition ¢bs-meas-eq :: ['a gbs-measure-t, 'a qbs-measure-t] = bool where
gbs-meas-eq p1 p2 =
(let (X7 «, :u') = pl;
(Y, B, v)=0p2in
gbs-meas X a N gbs-meas Y v A X =Y A
distr p (qbs-to-measure X) a = distr v (gbs-to-measure Y) f3)

lemma gbs-meas-eq-def2:
gbs-meas-eq p1 p2 =
(let (X::'a quasi-borel, o, u) = pl;
(Y, B, v) =p2in
gbs-meas X o u A gbs-meas Y v AN X =Y A
(VfeX —q (gbs-borel :: ennreal quasi-borel). ([ Tz. f (a z) Opu) = ([ Tz. f
(B ) 9v)))
(proof )

lemmal(in gbs-meas) qbs-meas-eq-refl[simp]: gbs-meas-eq (X,o,u) (X, 0,pu)
(proof )

lemma (in pair-gbs-meas)

shows qbs-meas-eg-intro:

distr p (gbs-to-measure X) a = distr v (gbs-to-measure X) = ¢bs-meas-eq
(X.a) (X,82)
and ¢bs-meas-eq-intro2:

(Nf-f e X —qg gbs-borel = ([Tz. f(az)dp) =([Te. f(Bz)dv) =
qbs—meas—eq (X,Ol,[l,) (Xvﬂal/)

(proof)

lemma ¢bs-meas-eq-dest:

assumes ¢bs-meas-eq (X,a,u) (Y,B,v)

shows qbs-meas X a p gbs-meas Y B v Y = X distr u (gbs-to-measure X) a =
distr v (gbs-to-measure X) (

{proof)

lemma ¢bs-meas-eq-dest2:

assumes gbs-meas-eq (X,a,u) (Y,0,v)

shows gbs-meas X o p gbs-meas Y Bv Y = X \f. f € X —¢ ¢bs-borel =
(Jte. faz)dp) =([Tz. f(B2z)dv)

(proof )

lemma gbs-meas-eq-integral-eq:
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assumes ¢bs-meas-eq (X,a,u) (Y,B,0)

and [measurable]:f € X —¢q (gbs-borel :: 'b::{ banach, second-countable-topology}
quasi-borel)

shows ([z. f (a z) Ou) = (fz. f (B z) Ov)
(proof )

lemma
shows qbs-meas-eq-symp: symp gbs-meas-eq
and qbs-meas-eq-transp: transp qbs-meas-eq

(proof)

quotient-type ‘a gbs-measure = ’'a gbs-measure-t | partial: qbs-meas-eq
morphisms rep-qbs-measure gbs-measure
(proof)

interpretation g¢bs-measure : quot-type gbs-meas-eq Abs-qbs-measure Rep-qbs-measure
(proof )

syntax

-gbs-measure :: 'a quasi-borel = (real = 'a) = real measure = 'a gbs-measure
([['3/ '7/ ']]meaS)

syntax-consts

-gbs-measure = qbs-measure

translations

[X, &, pt]meas = CONST gbs-measure (X, «, )

lemma rep-gbs-measure”: 3X o p. p = [X, @, ulmeas N gbs-meas X a p
(proof)

lemma rep-qbs-measure:
obtains X a p where p = [X, «, t]meas A gbs-meas X a p
(proof)

definition qbs-null-measure :: 'a quasi-borel = 'a qbs-measure where
gbs-null-measure X = [X, SOMFE a. a € ¢bs-Mz X, null-measure borel]meas

lemma g¢bs-null-measure-meas: gbs-space X # {} = gbs-meas X (SOME a. a €
gbs-Mz X) (null-measure borel)

and g¢bs-null-measure-s-finite: gbs-space X # {} = qbs-s-finite X (SOME a. a
€ ¢bs-Mz X) (null-measure borel)

(proof)

lemma in-Rep-qbs-measure’:
assumes gbs-meas-eq (X,a,pu) (X' ,a’,n’)
shows (X',a’,u") € Rep-gbs-measure [X, &, t]meas
(proof )

lemmas(in gbs-meas) in-Rep-gbs-measure = in-Rep-gbs-measure |OF gbs-meas-eq-refl]
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lemma(in gbs-meas) in-Rep-qbs-measure-dest:
assumes (X',a’,u") € Rep-gbs-measure [X, &, u]meas
shows X' = X
gbs-meas X' o’ p'
gbs-meas-eq (X,a,pu) (X',a',1’)
(proof)

lemmal(in gbs-meas) in-Rep-gbs-measure-dest’:

assumes p € Rep-gbs-measure [ X, o, t]meas

obtains o’ p’ where p = (X, o', p') gbs-meas X o’ p' gbs-meas-eq (X,a,u)
(X' ,u)

(proof)

lemma gbs-meas-eql”: gbs-meas-eq (X,a,p) (V,8,v) = [X, @, ulmeas = [V, 5,
V]]meas

(proof)

lemma(in pair-qbs-meas) qbs-meas-eql:

distr 1 (gbs-to-measure X) a = distr v (gbs-to-measure X) 8 = [X, a, t]meas
= [[Xa /Ba V]]meas

(proof )

lemma(in pair-qbs-meas) qbs-meas-eql2:

(Nf-f € X =g gbs-borel = ([Ta. f(az)dp) =Tz f(Bz)dv) =
IIX7 «, M]]meas = [[X7 ﬂ7 V]]meas

(proof )

lemma(in pair-qbs-s-finite) gbs-s-finite-measure-eq-inverse:
assumes [[Xu «, ,U/]]meas = [[Xa Bv V]]meas
shows g¢bs-meas-eq (X,o,u) (X,8,v)
(proof )

lift-definition gbs-space-of :: 'a gbs-measure = 'a quasi-borel
is fst (proof)

lemma (in gbs-meas) gbs-space-of [simp]: gbs-space-of [X, a, p]meas = X
(proof)

lemma gbs-space-of-non-empty: gbs-space (gbs-space-of p) # {}
(proof )

4.1.2 The Space of All Measures

definition all-meas-qbs :: 'a quasi-borel = 'a gbs-measure quasi-borel where
all-meas-gbs X = Abs-quasi-borel ({s. gbs-space-of s = X}, {dr. [X, a, k "]meas
o k.« € gbs-Mz X A measure-kernel borel borel k})
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lemma
shows all-meas-gbs-space: gbs-space (all-meas-gbs X) = {s. gbs-space-of s = X}
(is ?¢1)
and all-meas-qbs-Mx: gbs-Mz (all-meas-gbs X) = {Ar. [X, a, k T]meas | k. «
€ gbs-Mz X N measure-kernel borel borel k} (is ?92)
(proof)

lemma all-meas-qbs-empty-iff: gbs-space X = {} +— gbs-space (all-meas-qbs X)
={}

(proof)

lemma(in gbs-meas) in-space-all-meas[qbs]: [X, o, p]meas € gbs-space (all-meas-gbs
X)
(proof )

lemma rep-qbs-space-all-meas:
assumes s € gbs-space (all-meas-gbs X)
obtains a p where s = [X, a, p]meas gbs-meas X a p

(proof)
lemma gbs-space-of-in-all-meas: s € gbs-space (all-meas-qbs X) = gbs-space-of s
=X

(proof)

lemma in-gbs-space-of-all-meas: s € qbs-space (all-meas-gbs (gbs-space-of s))
(proof )

4.1.3 |

lift-definition ¢bs-1 :: ‘a qbs-measure = 'a measure
is A(X,a,p). distr p (qbs-to-measure X) «
(proof )

lemmal(in gbs-meas) qbs-lI: gbs-l [X, a, p]meas = distr p (gbs-to-measure X) «
{proof)

lemma space-gbs-l: gbs-space (gbs-space-of s) = space (gbs-1 )
(proof)

lemma space-gbs-l-ne: space (qbs-1s) # {}
(proof)

lemma gbs-l-sets: sets (gbs-to-measure (gbs-space-of s)) = sets (qbs-1 s)
(proof)

lemma gbs-null-measure-in-all-meas: gbs-space X # {} = gbs-null-measure X €

gbs-space (all-meas-gbs X)
(proof)
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lemma gbs-null-measure-null-measure: gbs-space X # {} = qbs-1 (gbs-null-measure
X) = null-measure (qbs-to-measure X)

{proof)

lemma space-qbs-l-in-all-meas:
assumes s € gbs-space (all-meas-gbs X)
shows space (qbs-1 s) = qbs-space X
(proof )

lemma sets-qbs-l-all-meaures:
assumes s € gbs-space (all-meas-gbs X)
shows sets (gbs-l s) = sets (qbs-to-measure X)

{proof)

lemma measurable-qbs-I-all-meas:
assumes s € gbs-space (all-meas-gbs X)
shows gbs-l s =y M = X —¢g measure-to-qbs M

{proof)

lemma measurable-qbs-l-all-meas’:
assumes s € gbs-space (all-meas-gbs X)
shows qbs-l s — )y M = qbs-to-measure X —pp M
(proof )

lemma rep-all-meas-qbs-Mz:

assumes vy € gbs-Mz (all-meas-qbs X)

obtains a k where v = (A\r. [X, a, k 7|meas) @ € gbs-Mz X measure-kernel
borel borel k \r. gbs-meas X « (k r)

(proof)

lemma ¢bs-I-measure-kernel-all-meas:
measure-kernel (qbs-to-measure (all-meas-qbs X)) (gbs-to-measure X) gbs-I

(proof)

lemma gbs-l-inj-all-meas: inj-on qbs-1 (qbs-space (all-meas-qbs X))
(proof )

lemma q¢bs-I-morphism-all-meas:
assumes [measurable]:A € sets (gbs-to-measure X)
shows (As. gbs-l s A) € all-meas-gbs X —¢ gbs-borel

(proof)

lemma gbs-I-finite-pred-all-meas: gbs-pred (all-meas-gbs X) (Xs. finite-measure (gbs-1

s))
(proof)

lemma gbs-l-subprob-pred-all-meas: qbs-pred (all-meas-gbs X) (As. subprob-space

(gbs-l 5))
(proof)
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lemma qbs-l-prob-pred-all-meas: gbs-pred (all-meas-gbs X) (\s. prob-space (gbs-1
5))
(proof )

4.1.4 Return

definition return-gbs :: ‘a quasi-borel = 'a = 'a gbs-measure where
return-gbs X © = [X, Ar. x, SOME pu. real-distribution u]meas

lemmal(in real-distribution)
assumes z € gbs-space X
shows return-gbs:return-gbs X z = [X, Ar. 2, M]meas
and return-gbs-meas:gbs-meas X (A\r. ) M
and return-gbs-prob:gbs-prob X (Ar. z) M
and return-gbs-s-finite: qbs-s-finite X (Ar. ) M
(proof)

lemma return-qbs-comp:
assumes a € gbs-Mz X
shows (return-gbs X o o) = (Ar. [X, «, return borel r]meas)

(proof)

corollary return-gbs-morphism-all-meas: return-qgbs X € X —¢q all-meas-gbs X

(proof)

4.1.5 Bind

definition bind-qbs :: ['a gbs-measure, 'a = 'b gbs-measure] = ‘b gbs-measure
where
bind-gbs s f = (let (X, «, pu) = rep-qbs-measure s;

Y = gbs-space-of (f (o undefined));

(B, k) = (SOME (B, k). f oa = (Ar. [V, B, k T]meas) N B €
gbs-Mz Y A measure-kernel borel borel k) in

[[Y7 67 B >=k k]]meas)

adhoc-overloading Monad-Syntaz.bind = bind-qbs

lemma(in gbs-meas)
assumes s = [X, a, t]meas

f e X —¢ all-meas-qgbs Y
B € qbs-Mz Y
measure-kernel borel borel k

and (f o a) = (Ar. [Y, B, k rlmeas)

shows bind-gbs-meas:gbs-meas Y B (pu >=y, k)
and bind-gbs-all-meas: s >= f = [Y, B, p >=k k]meas

(proof)

lemma bind-qbs-morphism-all-meas’:
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assumes f € X —¢ all-meas-qbs Y
shows (Az. z >= f) € all-meas-gbs X —¢ all-meas-qgbs Y

(proof)

lemma bind-gbs-return-all-meas’:
assumes z € gbs-space (all-meas-gbs X)
shows z >= return-gbs X = x

(proof)

lemma bind-gbs-return-all-meas:
assumes f € X —¢ all-meas-qbs Y
and z € gbs-space X
shows return-gbs X z >= f = fz

(proof)

Associativity seems not to hold for all-meas-gbs.

lemma bind-gbs-cong-all-meas:
assumes [¢bs]:s € gbs-space (all-meas-gbs X)
Nz. © € gbs-space X = fz =gz
and [gbs]:f € X —¢ all-meas-gbs ¥
shows s > f=s>=g

(proof)

4.1.6 The Functorial Action

definition distr-gbs :: ['a quasi-borel, 'b quasi-borel,’a = 'b,’a gbs-measure] = 'b
qbs-measure where
distr-gbs - Y f sx = sx >= return-qbs Y o f

lemma distr-qbs-morphism-all-meas’:
assumes f € X =g Y
shows distr-qbs X Y f € all-meas-gbs X —¢ all-meas-qbs Y

(proof)

lemma(in gbs-meas)
assumes s = [X, a, t]meas
and f € X =g YV
shows distr-gbs-meas:qbs-meas Y (f o ) p
and distr-gbs: distr-gbs X Y f s = [Y, f o &, u]meas
(proof)

lemma(in gbs-s-finite) distr-gbs-s-finite:
assumes [gbs]:f € X = V
shows gbs-s-finite Y (f o o) p
(proof)

lemma(in gbs-prob) distr-qbs-prob:

assumes [gbs]: f € X =g ¥
shows ¢bs-prob Y (f o «) p
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{proof)

lemma distr-qbs-id-all-meas:
assumes s € gbs-space (all-meas-gbs X)
shows distr-gbs X X id s = s

{proof)

lemma distr-qbs-comp-all-meas:
assumes s € gbs-space (all-meas-gbs X)
feXx —Q Y
andge Y —¢g 7
shows ((distr-qbs Y Z g) o (distr-gbs X Y f)) s = distr-qbs X Z (g o f) s
(proof)

4.1.7 Join

definition join-gbs :: 'a gbs-measure gbs-measure = 'a gbs-measure where
join-gbs = (Asst. sst >= id)

lemma join-gbs-morphism-all-meas: join-qbs € all-meas-qbs (all-meas-qgbs X) —¢
all-meas-gbs X
(proof)

lemma
assumes g¢bs-meas (all-meas-qgbs X) B p
ssz = [all-meas-qgbs X, B, t]meas
a € qbs-Mz X
measure-kernel borel borel k
and 8 =(Ar. [X, «, k 7]meas)
shows join-qbs-meas: gbs-meas X o (pu >=y, k)
and join-gbs-all-meas: join-qbs ssx = [X, o, p >=p k]meas
(proof )

4.1.8 Strength

definition strength-qbs :: ['a quasi-borel,’b quasi-borel,’a x 'b gbs-measure] = ('a

x ') gbs-measure where
strength-gbs W X = (A(w,sz). let (-,a,u) = rep-gbs-measure s
in [WQq X, Ar. (w, @ 1), tmeas)

lemmal(in g¢bs-meas)
assumes [gbs|:w € ¢bs-space W
and sz = [X, &, p]meas
shows strength-gbs-meas: gbs-meas (W Qo X) (Ar. (w,a 1)) p
and strength-qbs: strength-gbs W X (w,sz) = [W Q o X, Ar. (w,a 1), t]meas
(proof)

lemma(in gbs-s-finite) strength-qbs-s-finite: w € qbs-space W = qbs-s-finite (W
®a X) (. (wa 1)
(proof )
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lemma(in gbs-prob) strength-qbs-prob: w € qbs-space W = gbs-prob (W @ ¢ X)
(Ar. (w,a 1)) 1
(proof )

lemma strength-qbs-natural-all-meas:
assumes [¢bs]:f € X =g X' g€ Y —¢g Y’z € gbs-space X sy € gbs-space
(all-meas-gbs Y)
shows (distr-gbs (X Q¢ Y) (X' Q¢ Y') (map-prod f g) o strength-gbs X V)
(z,8y) = (strength-gbs X' Y' o map-prod f (distr-gbs Y Y’ g)) (z,sy)
(is ?lhs = %rhs)

(proof)

lemma strength-qbs-lawi-all-meas:

assumes z € gbs-space (unit-quasi-borel @ ¢ all-meas-gbs X)

shows snd z = (distr-gbs (unit-quasi-borel Q g X) X snd o strength-gbs unit-quasi-borel
X)z
(proof)

lemma strength-qbs-law2-all-meas:
assumes z € gbs-space (X Qo V) @ o all-meas-gbs Z)
shows (strength-gbs X (Y Q g Z) o (map-prod id (strength-qgbs Y Z)) o (A((z,y),2).
(z.(y,2)))) = =
(distr-gbs (X ®q V) ®a 2) (X ®q (Y ®aq 2)) (\(5:),2). (5:(1:2)))
o strength-gbs (X Qo Y) Z)
(is ?lhs = ?rhs)
(proof )

4.1.9 The s-Finite Measure Monad

definition monadM-gbs :: 'a quasi-borel = 'a gbs-measure quasi-borel where
monadM-qbs X = Abs-quasi-borel ({[X, o, p]meas |0 p. qbs-s-finite X o pu}, {Ar.
[X, @, k rlmeas | k. « € qbs-Mz X A s-finite-kernel borel borel k})

lemma
shows monadM-gbs-space: qbs-space (monadM-qbs X) = {[X, o, u]meas | f.
qbs-s-finite X « p}
and monadM-gbs-Mz: gbs-Mz (monadM-gbs X) = {Ar. [X, a, k ]meas | k.
a € gbs-Mz X N s-finite-kernel borel borel k}

(proof)

lemma monadM-all-meas-space’: gbs-space (monadM-qbs X) C gbs-space (all-meas-qbs
X)
and monadM-all-meas-space: \p. p € gbs-space (monadM-qbs X) = p € gbs-space
(all-meas-gbs X)
and monadM-all-meas-Mz: gbs-Mz (monadM-qbs X) C gbs-Mz (all-meas-qbs X)
(proof )

lemma
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shows g¢bs-morphism-monadAD: f € X —g monadM-¢gbs ¥ = f € X —¢
all-meas-gbs 'Y

and gbs-morphism-monadAD’: g € all-meas-qgbs X —¢q Y = g € monadM-gbs
X —Q Y

(proof )

lemma monadM-gbs-empty-iff: qbs-space X = {} <— qbs-space (monadM-gbs X)
={}
(proof )

lemmal(in gbs-s-finite) in-space-monadM[gbs]: [ X, a, ] meas € qbs-space (monadM-qbs
X)
(proof)

lemma rep-gbs-space-monadM:
assumes s € gbs-space (monadM-gbs X)
obtains a p where s = [X, o, ft]meas qbs-s-finite X o u

{proof)

lemma rep-gbs-space-monadM-sigma-finite:

assumes s € gbs-space (monadM-gbs X)

obtains o u where s = [X, , u]meas gbs-s-finite X o p sigma-finite-measure
"
(proof)

lemma gbs-space-of-in: s € gbs-space (monadM-qbs X) = gbs-space-of s = X
(proof )

lemma g¢bs-I-s-finite:
assumes p € gbs-space (monadM-gbs X)
shows s-finite-measure (gbs-1 p)

(proof)

lemma gbs-null-measure-in-Mz: qbs-space X # {} = qbs-null-measure X € qbs-space
(monadM-gbs X)

{proof)

lemma space-qbs-I-in:
assumes s € gbs-space (monadM-gbs X)
shows space (qbs-l s) = qbs-space X
(proof)

lemma sets-qbs-I:
assumes s € gbs-space (monadM-gbs X)
shows sets (gbs-l s) = sets (qbs-to-measure X)

{proof)

lemma measurable-gbs-I:
assumes s € gbs-space (monadM-gbs X)
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shows gbs-l s =y M = X —q measure-to-qbs M
(proof)

lemma measurable-qbs-1":
assumes s € gbs-space (monadM-gbs X)
shows qbs-l s =y M = gbs-to-measure X —py M

{proof)

lemma rep-qbs-Mz-monadM:

assumes 7y € gbs-Mz (monadM-gbs X)

obtains o k where v = (Ar. [X, &, k T]meas) @ € gbs-Mz X s-finite-kernel borel
borel k \r. qbs-s-finite X o (k)

(proof)

lemma gbs-lI-measurable[measurable]:qbs-1 € gbs-to-measure (monadM-qbs X) — s
s-finite-measure-algebra (gbs-to-measure X)

(proof)

lemma g¢bs-l-measure-kernel: measure-kernel (gbs-to-measure (monadM-gbs X))
(gbs-to-measure X) gbs-I

(proof)

lemmas g¢bs-l-inj = inj-on-subset|OF gbs-l-inj-all-meas monadM-all-meas-space’]
lemmas gbs-l-morphism = gbs-morphism-monadAD’'|OF qbs-lI-morphism-all-meas]
lemmas qbs-I-finite-pred = qbs-morphism-monadAD'[OF qbs-I-finite-pred-all-meas]
lemmas gbs-I-subprob-pred = gbs-morphism-monadAD'[OF qbs-1-subprob-pred-all-meas)
lemmas qbs-lI-prob-pred = gbs-morphism-monadAD'[OF gbs-l-prob-pred-all-meas)

lemma return-gbs-morphism[qbs]: return-gbs X € X —¢ monadM-gbs X
(proof)

lemma(in gbs-s-finite)
assumes s = [X, a, p]meas
f e X =g monadM-qbs Y
B € gbs-Mz Y
s-finite-kernel borel borel k
and (f o a) = (Ar. [Y, B, k rlmeas)
shows bind-gbs-s-finite:qbs-s-finite Y B (u >=y, k)
and bind-gbs: s >= f = [Y, B, u >=k klmeas
(proof)

lemma bind-qbs-morphism’:
assumes f € X =g monadM-qbs YV
shows (Az. z >= f) € monadM-qbs X —¢g monadM-qbs Y

(proof)
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lemmas bind-gbs-return’ = bind-gbs-return-all-meas’| OF monadM-all-meas-space]
lemmas bind-gbs-return = bind-gbs-return-all-meas|OF gbs-morphism-monadAD]

lemma bind-gbs-assoc:
assumes s € gbs-space (monadM-gbs X)
fe X =g monadM-qbs Y
and g € Y —¢ monadM-gbs Z
shows s >= (A\z. foz >= g) = (s >= f) >= ¢ (is ?lhs = ?rhs)

(proof)

lemma bind-gbs-cong:
assumes [gbs]:s € gbs-space (monadM-qbs X)
Nz. z € qbs-space X = fzx =gz
and [gbs]:f € X —¢g monadM-gbs Y
shows s >=f =s>=g¢
(proof)

lemma distr-gbs-morphism’:
assumes f € X —¢g V¥
shows distr-qbs X Y f € monadM-qbs X —¢g monadM-gbs Y

{proof)

We show that M is a functor i.e. M preserve identity and composition.

lemma distr-qbs-id:
assumes s € gbs-space (monadM-gbs X)
shows distr-gbs X X id s = s

(proof)

lemma distr-qbs-comp:
assumes [gbs]:s € gbs-space (monadM-gbs X) f € X =g Yge Y =g Z
shows ((distr-gbs Y Z g) o (distr-qgbs X Y f)) s = distr-gbs X Z (g o f) s
(proof)

lemma join-gbs-morphism[qbs]: join-gbs € monadM-qbs (monadM-gbs X) —¢g mon-
adM-qbs X
(proof )

lemma
assumes ¢bs-s-finite (monadM-gbs X) B
ssx = [monadM-qbs X, B, t]meas
a € gbs-Mx X
s-finite-kernel borel borel k
and 8 =(Ar. [X, o, k 7]meas)
shows join-qbs-s-finite: gbs-s-finite X o (u >=y k)
and join-qbs: join-gbs ssz = [X, o, 11 >=g k]meas
(proof)
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lemma strength-qbs-natural:
assumes [gbs]:f € X —g X' g€ Y —¢ Y’z € gbs-space X sy € gbs-space
(monadM-gbs Y)
shows (distr-gbs (X Qo V) (X' Qg Y') (map-prod f g) o strength-gbs X Y)
(z,5y) = (strength-gbs X' Y' o map-prod f (distr-gbs Y Y’ g)) (z,sy)
(proof)

context
begin

interpretation rr : standard-borel-ne borel Q) s borel :: (real x real) measure
{proof )

lemma rr-from-real-to-real-id[simp]: rr.from-real (rr.to-real x) = x rr.from-real o
rr.to-real = id

(proof)

lemma
assumes « € ¢bs-Mz X
B € ¢bs-Mx (monadM-qbs Y)
v € gbs-Mz Y
s-finite-kernel borel borel k
and g = (>‘T HY, v, k Tﬂmeas)
shows strength-gbs-ab-r-s-finite: gbs-s-finite (X @¢q Y) (map-prod o v o
rr.from-real) (distr (return borel r @ ar k r) borel rr.to-real)
and strength-gbs-ab-r: strength-gbs X Y (ar, B r) = [X Q¢ Y, map-prod
a vy o rr.from-real, distr (return borel v @Q ar k 1) borel rr.to-real]meas (is Zgoal2)

(proof)

lemma strength-gbs-morphism[qbs]: strength-gbs X Y € X @ g monadM-gbs Y
—q monadM-gbs (X Q¢ Y)
(proof)

lemma bind-gbs-morphism[gbs|: (=) € monadM-gbs X —¢ (X =¢ monadM-gbs
Y) =¢q monadM-gbs Y
(proof)

lemma strength-qbs-law?:

z € gbs-space (unit-quasi-borel Q) o monadM-gbs X)

= snd x = (distr-gbs (unit-quasi-borel Q g X) X snd o strength-gbs unit-quasi-borel
X)z

(proof )

lemma strength-gbs-law2:
z € gbs-space (X Qg V) Q o monadM-qbs Z)
( (:> ()s;égength—qbs X (Y Q¢ Z) o (map-prod id (strength-qbs Y Z)) o (A((z,y),2).
z,(y,2)))) © =
(distr-abs (X ® o ¥) ®q 2) (X ®aq (Y ®q 7)) ((#:9),2). (.(.2)))
o strength-gbs (X Qo Y) Z)
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{proof)

lemma strength-gbs-law3:

assumes z € gbs-space (X Q¢ Y)

shows return-gbs (X @ ¢ Y) = = (strength-gbs X Y o (map-prod id (return-qbs
Y)))
(proof )

lemma strength-qbs-lawj :
assumes z € gbs-space (X Q) o monadM-qbs (monadM-gbs Y))
shows (strength-gbs X Y o map-prod id join-gbs) x = (join-gbs o distr-qbs (X
Q) @ monadM-gbs Y) (monadM-gbs (X Q¢ Y)) (strength-gbs X Y) o strength-gbs
X (monadM-gbs Y)) z
(is ?lhs = %rhs)

(proof)

lemma distr-gbs-morphism[gbs]: distr-gbs X Y € (X =¢ Y) —¢ (monadM-gbs X
=g monadM-qbs Y')
(proof)

lemma
assumes «a € gbs-Mz X € qbs-Mz Y
shows return-qbs-pair-Mz: return-qgbs (X Q@ o Y) (ar, S k) = [X @ ¢ Y, map-prod
a o rr.from-real, distr (return borel v Q) py return borel k) borel rr.to-real]meas
and return-qbs-pair-Mz-prob: qbs-prob (X @ ¢ Y) (map-prod « 8 o rr.from-real)
(distr (return borel r @) pr return borel k) borel rr.to-real)

(proof)

lemma bind-bind-return-distr:
assumes s-finite-measure (i
and s-finite-measure v
and [measurable-cong): sets p = sets borel sets v = sets borel
shows p >=j (Ar. v >=p (Al distr (return borel v Q) py return borel 1) borel
rr.to-real))
= distr (u Q) ar v) borel rr.to-real
(is 2lhs = ?rhs)
(proof)

end

context

begin

interpretation rr : standard-borel-ne borel Q) s borel :: (real x real) measure
(proof )

lemma from-real-rr-qbs-morphism[qbs: rr.from-real € qbs-borel —¢ gbs-borel ) g
qbs-borel

(proof)
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end

context pair-qbs-s-finites
begin

interpretation rr : standard-borel-ne borel Q) pr borel :: (real x real) measure
(proof)

sublocale gbs-s-finite X @ o Y map-prod a B o rr.from-real distr (v Q m v)
borel rr.to-real

(proof)

lemma q¢bs-bind-bind-return-qp:

1YV.8.V]meas >= (Ay. [X,o,u]meas >= (Az. return-gbs (X Qg Y) (z,9))) = [X
Qo Y, map-prod o B o rr.from-real, distr (1 @ p v) borel rr.to-real]meqs (is
?lhs = ?rhs)

(proof)

lemma q¢bs-bind-bind-return-pq:

[X o, meas >= Az. [Y.0,V]meas >= (Ay. return-gbs (X Qg Y) (z,9))) = [X
Qo Y, map-prod o § o rr.from-real, distr (1t @ p v) borel rr.to-real]meqs (is
?lhs = ?rhs)

(proof)

end

lemma bind-qgbs-return-rotate:
assumes p € gbs-space (monadM-gbs X)
and ¢ € gbs-space (monadM-qbs Y)
shows ¢ >= (\y. p >= (Az. return-¢gbs (X Qo Y) (z,9))) = p >= (A\z. ¢ >=
(Ay. return-gbs (X Qo Y) (2,9)))
(proof )

lemma q¢bs-bind-bind-returni:
assumes [¢bs]: f € X Q¢ Y —¢ monadM-qbs Z
p € gbs-space (monadM-qbs X)
q € qbs-space (monadM-gbs Y')
shows ¢ >= (Ay. p >= (Az. f (2,9))) = (¢ >= (Ay. p >= (Ax. return-qbs (X
®q V) (@) >= f
(is ?lhs = %rhs)

(proof)

lemma g¢bs-bind-bind-return2:
assumes [gbs|:f € X Qo Y —¢ monadM-qbs Z
p € gbs-space (monadM-qbs X) q € gbs-space (monadM-qbs Y)
shows p >= (Az. ¢ >= (\y. f (z,y))) = (p >= (Az. ¢ >= (Ay. return-gbs (X
QoY) (z.y)) >=f
(is ?lhs = %rhs)

(proof)
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corollary bind-qbs-rotate:
assumes f € X Qg Y —¢ monadM-qbs Z
p € qbs-space (monadM-qbs X)
and ¢ € gbs-space (monadM-gbs Y)
shows g >= (Ay. p >= (Az. f (z,9))) = p >= (Az. ¢ >= (Ay. [ (z,9)))
(proof)

context pair-qbs-s-finites
begin

interpretation rr : standard-borel-ne borel Q) py borel :: (real X real) measure
{proof)

lemma

assumes [¢gbs]:f € X Qg Y —¢ Z

shows gbs-bind-bind-return:[ X,o,ftlmeas >= (Az. [Y,8,V]meas >= (Ay. return-gbs
Z (f (z,9))) = [Z, f o (map-prod o B o rr.from-real), distr (u @ p v) borel
rr.to-real]meas (is ?lhs = ?rhs)

and ¢bs-bind-bind-return-s-finite: gbs-s-finite Z (f o (map-prod « 3 o rr.from-real))
(distr (n @ ar v) borel rr.to-real)
(proof)

end

4.1.10 The Probability Monad
definition monadP-qbs X = sub-qbs (monadM-qbs X) {s. prob-space (gbs-l s)}

lemma monadP-gbs-def2: monadP-gbs X = sub-qbs (all-meas-gbs X) {s. prob-space

(gbs-ls)}
(proof )

lemma

shows ¢bs-space-monadPM: s € qbs-space (monadP-qbs X) = s € qbs-space
(monadM-gbs X)

and gbs-Mz-monadPM: f € gbs-Mx (monadP-qbs X) = [ € qbs-Mz (monadM-qbs
X)

(proof)

lemma monadP-gbs-space: gbs-space (monadP-gbs X) = {s. gbs-space-of s = X A
prob-space (gbs-1 s)}
(proof)

lemma rep-qbs-space-monadP:
assumes s € gbs-space (monadP-gbs X)
obtains a p where s = [X, a, t]meas ¢bs-prob X a p

(proof)
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lemma q¢bs-I-prob-space:
s € qbs-space (monadP-qbs X) = prob-space (qbs-1 s)
(proof)

lemma monadP-qbs-empty-iff:
(gbs-space X = {}) = (qbs-space (monadP-qbs X) = {})
(proof)

lemma in-space-monadP-qbs-pred: gbs-pred (monadM-qbs X) (As. s € monadP-qbs
X)
(proof)

lemmal(in gbs-prob) in-space-monadP[gbs|: [ X, a, pt]meas € qbs-space (monadP-gbs
X)
(proof )

lemma gbs-morphism-monadPD: f € X —q monadP-qbs Y = f € X —¢g mon-
adM-qbs Y

{proof)

lemma g¢bs-morphism-monadPD": f € monadM-qbs X —¢q Y = f € monadP-gbs
X —>Q Y
(proof)

lemma qbs-morphism-monadPI:

assumes \z. z € gbs-space X = prob-space (qbs-1 (fz)) f € X —¢g monadM-gbs
Y

shows f € X —¢g monadP-gbs Y

{proof)

lemma gbs-morphism-monadPI":

assumes A\z. z € gbs-space X = fx € gbs-space (monadP-qbs YV) f € X —¢
monadM-qbs Y

shows f € X —¢g monadP-gbs Y

{proof)

lemma gbs-morphism-monadPI'"

assumes [ € monadM-gbs X —¢g monadM-gbs Y \s. s € gbs-space (monadP-gbs
X) = fs € gbs-space (monadP-gbs Y)

shows f € monadP-gbs X —¢ monadP-gbs Y

(proof)

lemma monadP-gbs-Mz: gbs-Mxz (monadP-gbs X) = {Ar. [X, a, k |meas | k. «
€ qbs-Mx X A k € borel — s prob-algebra borel}

(proof)
lemma rep-gbs-Mz-monadP:

assumes vy € gbs-Mz (monadP-qbs X)
obtains o k where v = (A\r. [X, o, k ]meas) @ € gbs-Mz X k € borel —
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prob-algebra borel A\r. qbs-prob X a (k)
(proof)

lemma gbs-I-monadP-lel:s € qbs-space (monadP-gbs X) = qbs-l s A < 1
(proof )

lemma gbs-l-inj-P: inj-on gbs-l (gbs-space (monadP-gbs X))
(proof )

lemma gbs-l-measurable-prob[measurable]:gbs-1 € gbs-to-measure (monadP-qbs X)
—n prob-algebra (gbs-to-measure X)

(proof)

lemma return-gbs-morphismP: return-qgbs X € X —g monadP-qbs X

(proof)

lemma(in gbs-prob)
assumes s = [X, a, t]meas
f e X —¢ monadP-qbs Y
B € gbs-Mx Y
and g[measurable]:g € borel —p; prob-algebra borel
and (f o a) = (Ar. [Y, B, g lmeas)
shows bind-gbs-prob:qgbs-prob Y B (u >= g)
and bind-gbs”: s >= f = [Y, B, 1 >= glmeas
(proof)

lemma bind-gbs-morphism’P:

assumes f € X —¢g monadP-qbs YV

shows (Az. z >= f) € monadP-qbs X —¢g monadP-gbs Y
(proof)

lemma distr-qbs-morphismP’:
assumes f € X =g V
shows distr-qbs X Y f € monadP-qbs X —¢g monadP-qbs Y
(proof )

lemma join-qbs-morphismP: join-qbs € monadP-gbs (monadP-gbs X) —¢g mon-
adP-gbs X
(proof)

lemma
assumes g¢bs-prob (monadP-qbs X) B

ssx = [monadP-qbs X, B, t]meas
a € gbs-Mzx X
g € borel — s prob-algebra borel

and 8 =(Ar. [X, @, g "]meas)

shows g¢bs-prob-join-qbs-s-finite: qbs-prob X a (p >= g)
and ¢bs-prob-join-qbs: join-gbs ssx = [ X, a, i >= glmeas

{proof)
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context
begin

interpretation rr : standard-borel-ne borel @ s borel :: (real x real) measure
{proof)

lemma strength-qbs-ab-r-prob:
assumes « € ¢bs-Mz X
B € gbs-Mz (monadP-gbs Y)
v € gbs-Mz Y
and [measurable]:g € borel — s prob-algebra borel
and B = ()\7” [[Yv Y 9 7n]]rneaﬁ)
shows gbs-prob (X Q ¢ Y) (map-prod o ~ o rr.from-real) (distr (return borel
r @ a g 1) borel rr.to-real)

(proof)

lemma strength-gbs-morphismP: strength-gbs X ¥ € X @ g monadP-gbs ¥ —¢
monadP-qbs (X Q¢ Y)
(proof)

end

lemma bind-gbs-morphismP: (3>=) € monadP-gbs X —¢ (X =¢ monadP-gbs Y')
=g monadP-qbs Y

(proof)

corollary strength-qbs-lawlP:

assumes z € gbs-space (unit-quasi-borel &) g monadP-gbs X)

shows snd z = (distr-qbs (unit-quasi-borel @ g X) X snd o strength-qbs unit-quasi-borel
X)z

(proof )

corollary strength-gbs-law2P:
assumes z € gbs-space (X Q¢ Y) Q ¢ monadP-qbs 7)
shows (strength-gbs X (Y Q g Z) o (map-prod id (strength-qbs Y Z)) o (A((z,y),2).
(0:(,2))) & =
(distr-abs (X ® 0 V) ®q 7) (X ®q (¥ ®a 7)) M(@:),2)- (5:(1:2)
o strength-qbs (X Qo Y) Z)
(proof)

lemma strength-qbs-law4P:
assumes z € gbs-space (X @ g monadP-gbs (monadP-qbs Y))
shows (strength-gbs X Y o map-prod id join-gbs) x = (join-gbs o distr-qbs (X
Q) @ monadP-gbs Y) (monadP-qbs (X Qg Y)) (strength-gbs X Y) o strength-gbs
X (monadP-qbs Y)) z
(is ?lhs = ?rhs)

(proof)
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lemma distr-qbs-morphismP: distr-qbs X Y € X =g Y —¢g monadP-qbs X =
monadP-qbs Y

(proof)

lemma bind-qgbs-return-rotateP:
assumes p € gbs-space (monadP-gbs X)
and ¢ € gbs-space (monadP-qbs Y)
shows ¢ >= (Ay. p >= (Az. return-gbs (X Qg Y) (z,y))) = p >= (\z. ¢ >=
(Ay. return-gbs (X Qo Y) (2,9)))
(proof )

lemma ¢bs-bind-bind-returnlP:
assumes f € X Qg Y —¢ monadP-gbs Z
p € gbs-space (monadP-gbs X)
q € gbs-space (monadP-gbs Y')
shows ¢ >= (Ay. p >= (Az. f (2,9))) = (¢ >= (Ay. p >= (A\z. return-qbs (X
®aq V) @) >/
(proof)

corollary g¢bs-bind-bind-returniP":
assumes [gbs|:f € gbs-space (X =g Y =g monadP-qbs Z)
p € gbs-space (monadP-gbs X)
q € gbs-space (monadP-gbs Y)
shows ¢ >= (A\y. p >= (Az. fzy)) = (¢ >= (Ay. p >= (Az. return-gbs (X
Qq Y) (z.y))) >= (case-prod [)
(proof )

lemma q¢bs-bind-bind-return2P:
assumes f € X Qg Y —¢ monadP-gbs Z
p € gbs-space (monadP-gbs X) q € gbs-space (monadP-gbs Y)
shows p >= (Az. ¢ >= (\y. f (z,9))) = (p >= (Az. ¢ >= (Ay. return-gbs (X
R V) (z.9) >=f
(proof)

corollary g¢bs-bind-bind-return2P”:
assumes [gbs|:f € gbs-space (X =¢q Y =g monadP-qbs Z)
p € gbs-space (monadP-gbs X)
q € gbs-space (monadP-gbs Y)
shows p >= (Az. ¢ >= (A\y. fzy)) = (p >= (Az. ¢ >= (\y. return-gbs (X
®aq V) (2.))) >= (case-prod f)
(proof)

corollary bind-qbs-rotateP:
assumes f € X Q¢ Y —¢ monadP-gbs Z
p € gbs-space (monadP-gbs X)
and ¢ € gbs-space (monadP-qbs Y)
< sho“;s g >= (Ay. p>= (Az. f (z,9))) = p >= (Az. ¢ >= (\y. f (2,9)))
proof
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context pair-qgbs-probs
begin

interpretation rr : standard-borel-ne borel @ nr borel :: (real X real) measure
(proof)

sublocale gbs-prob X @ g Y map-prod o 5 o rr.from-real distr (1 @ a v) borel
rr.to-real

{proof)

lemma ¢bs-bind-bind-return-prob:

assumes [¢gbs|:f € X Qo Y —¢ Z

shows ¢bs-prob Z (f o (map-prod o B o rr.from-real)) (distr (u @ am v) borel
rr.to-real)

(proof)

end

4.1.11 Almost Everywhere

lift-definition g¢bs-almost-everywhere :: ['a qbs-measure, 'a = bool] = bool
is M(X,a,p). almost-everywhere (distr p (qbs-to-measure X) )

{proof)

syntax
-gbs-almost-everywhere :: pttrn = 'a = bool = bool (AEq - in -. - [0,0,10] 10)

syntax-consts
-qbs-almost-everywhere = qbs-almost-everywhere

translations
AEg z in p. P = CONST ¢bs-almost-everywhere p (Az. P)

lemma AFEqg-qbs-lI: (AEq = in p. P x) = (AE x in qbs-l p. P x)
(proof )

lemma(in gbs-meas) AEqg-def:
(AEqg z in [X, o, pllmeas - P x) = (AE z in (distr p (gbs-to-measure X) ). P x)
{proof )

lemma(in gbs-meas) AEq-AE: (AEq z in [X, «, t]meas - P ) = (AE z in p.
P (a z))
(proof )

lemma(in gbs-meas) AEq-AE-iff:
assumes [¢bs]:gbs-pred X P
shows (AEg = in [X, «, i]meas - P ) «— (AE zin p. P (a 1))
(proof )
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lemma AFEq-qbs-pred[gbs|: gbs-almost-everywhere € monadM-gbs X —¢q (X =¢
gbs-count-space UNIV) =¢q gbs-count-space UNIV

(proof)

lemma AFEqg-12[simp]:
assumes p € gbs-space (all-meas-gbs X) N\z. © € qbs-space X — P z
shows AEqg zinp. Px

{proof)

lemma AFEqg-12[simp]:
assumes p € gbs-space (monadM-gbs X) Nz. © € qbs-space X — P x
shows AEqg zinp. Pz

{proof)

lemma AEg-mp[elim!]:
assumes AEg v ins. Pz AEg zins. Pz — Qu
shows AEg zins. Qx

{proof)

lemma
shows AEq¢-iffl: AEg v ins. Px = AEg zins. Pz +— Q1 = AFEg zin
s. Qx
and AFEq-disjl1: AEg zins. Px = AEg zins. Pz V Qz
and AEq-disjl2: AEg zins. Qz = AEgzins. Pz V Q«z
and AEg-conjl: AEg xins. Pt = AEg zins. Q= AEg zins. Pz A
Qx
and AEqg-conj-iff[simp]: (AEg zins. Px AN Qz) «— (AEg zins. P x) A
(AEg zin s. Q x)
(proof )

lemma AFEq-symmetric:
assumes AEg zins. Pz = Qu
shows AEg zins. Qz=Pux

{proof)

lemma AEg-impl: (P = AEgzin M. Qz) = AEgzin M. P — Qu
(proof )

lemma

shows AEq-Ball-mp-all-meas:

s € gbs-space (all-meas-qbs X) = (A\xz. x€qbs-space X = P z) = AEg z in
s Pz — Qo= AEgzins. Qu

and AFEq-Ball-mp:

s € gbs-space (monadM-gbs X) = (A\z. z€gbs-space X = P z) = AFEq z in
s. Pz — Qz = AFgzins Qz

and AFEg-cong-all-meas:

s € gbs-space (all-meas-gbs X) = (\z. x € gbs-space X = Pz +— Q1) =
(AEg zin s. P ) «— (AEg zin s. Q )
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and AFEg-cong:

s € gbs-space (monadM-gbs X) = (A\z. x € gbs-space X = Pz +— Qz) =
(AEg zins. Px) «— (AEg zin s. Q z)

(proof )

lemma

shows AFEg-cong-simp-all-meas: s € gbs-space (all-meas-gbs X) = (A\z. z €
gbs-space X =simp=> Pz = Qz) = (AEqg zins. Pz)+— (AEg zins. Q x)

and AFEq-cong-simp: s € gbs-space (monadM-gbs X) = (A\z. € gbs-space X
=simp=> Pz = Quz) = (AEg zins. Px) «— (AEg zins. Q )

(proof)

lemma AEqg-all-countable: (AEq zin s. Vi. P ix) «— (Vi:'i::countable. AEg x
ins. Piz)

(proof)

lemma AFEqg-ball-countable: countable X = (AEg z in s. VyeX. P z y) +—
(VyeX. AEg zins. Pz y)
{proof)

lemma AEqg-ball-countable” (AN. N € I = AEg z in s. P N ) = countable
I = AFEgzins. VN e€l. PNz

{proof)

lemma AEg-pairwise: countable F = pairwise (AA B. AEg zins. Rz A B) F
«— (AEg z in s. pairwise (R z) F)
(proof)

lemma AFEqg-finite-all: finite S = (AEq z in s. VieS. Pizx) «+— (VieS. AEg
zins. Pix)

(proof)

lemma AFEq-finite-alll:finite S = (\s. s € S = AEg zin M. Q sz) = AEqg
xin M. VseS. Qs

{proof)

4.1.12 Integral

lift-definition gbs-nn-integral :: ['a qbs-measure, 'a = ennreal] = ennreal
is M(X,a,p) f.([ Ta. fz Odistr p (gbs-to-measure X) «)
(proof)

lift-definition gbs-integral :: ['a qbs-measure, 'a = ('b :: {banach,second-countable-topology})]
='b
is M(X,a,u) f. if f € X —¢ gbs-borel then ([ z. f (o z) D) else 0

(proof )

syntax
-gbs-nn-integral :: pttrn = ennreal = 'a gbs-measure = ennreal ([ To((2-./ -)/
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8-) [60,61] 110)

syntax-consts
-qbs-nn-integral = gbs-nn-integral

translations
[ g . f Op = CONST gbs-nn-integral p (Az. f)

syntax
-gbs-integral :: pttrn = - = 'a gbs-measure = - ([ o((2 -./ -)/ 0-) [60,61] 110)

syntax-consts
-qbs-integral = qbs-integral

translations
J @ = f dp = CONST gbs-integral p (Az. f)

lemma(in gbs-meas)
shows gbs-nn-integral-def: f € X —q qbs-borel = ([ Tg z. fz I[X, @, p]meas)
— ([t f (@ 2) 0 p)
and gbs-nn-integral-def2:([ T z. fz O[X, a, Wlmeas) = (J Y. f2 d(distr p
(gbs-to-measure X) «))
(proof )

lemma(in gbs-meas) qbs-integral-def:

fe€X =g gbs-borel = ([ . fz I[X, @, flmeas) = (Jz. f (@ z) O p)
(proof )

lemma(in gbs-meas) gbs-integral-def2: ([ o z. [z 9[X, o, plmeas) = (Jz. [z
O(distr u (gbs-to-measure X) ))
(proof)

lemma q¢bs-measure-eql-all-meas:
assumes [gbs]:p € gbs-space (all-meas-qbs X) q € gbs-space (all-meas-qbs X)
and \f. f € X —¢ gbs-borel = ([ Tq z. fz Ip) = ([ Tg z. fz Dq)
shows p = ¢

(proof)

lemma q¢bs-measure-eql:
assumes [gbs|:p € gbs-space (monadM-qbs X) q € qbs-space (monadM-gbs X)
and \f. f € X —¢ gbs-borel = ([ Tq z. fz Ip) = ([ Tg z. fz Dq)
shows p = ¢
(proof )

lemma gbs-nn-integral-def2-1: gbs-nn-integral s f = integral™ (gbs-l s) f
(proof )

lemma gbs-integral-def2-1: gbs-integral s f = integral™ (qbs-1 s) f
(proof )

87



definition gbs-integrable :: 'a qbs-measure = ('a = 'b::{second-countable-topology,real-normed-vector})
= bool
where gbs-integrable-iff-integrable: gbs-integrable p f «— integrable (gbs-l p) f

lemma(in gbs-meas) qbs-integrable-def:

fixes [ :: 'a = 'b::{second-countable-topology,banach}

shows gbs-integrable [X, o, pmeas [ <— [ € X —¢q gbs-borel A integrable p
(Az. f (a 2))
{(proof)

lemma q¢bs-integrable-morphism-dest-all-meas:
assumes s € gbs-space (all-meas-gbs X)
and gbs-integrable s f
shows f € X —¢g gbs-borel

(proof)

lemma q¢bs-integrable-morphism-dest:
assumes s € gbs-space (monadM-gbs X)
and gbs-integrable s f
shows f € X —¢g gbs-borel

{proof)

lemma qbs-integrable-morphism.P:
assumes s € gbs-space (monadP-gbs X)
and gbs-integrable s f
shows f € X —¢g gbs-borel
(proof)

lemmal(in gbs-s-finite) gbs-integrable-measurable[simp]:
assumes g¢bs-integrable [ X, o, pt]meas f
shows f € gbs-to-measure X — s borel

{proof)

corollary(in gbs-meas) gbs-integrable-distr: gbs-integrable [X, o, u]meas [ = in-
tegrable (distr p (qbs-to-measure X) ) f
(proof)

lemma gbs-integrable-morphism|[gbs]: gbs-integrable € monadM-qbs X —¢ (X =¢
(gbs-borel :: ('a :: {banach, second-countable-topology}) quasi-borel)) =¢ qbs-count-space
UNIV

(proof)
lemma(in gbs-meas) qbs-integrable-iff-integrable:

assumes [ € gbs-to-measure X — r (borel :: - ::{second-countable-topology,banach}
measure)

shows gbs-integrable [ X, o, plmeas [ = integrable u (Az. f (o z))

(proof )
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lemma gbs-integrable-iff-bounded-all-meas:
fixes f :: 'a = 'b::{second-countable-topology,banach}
assumes s € gbs-space (all-meas-gbs X)
shows gbs-integrable s f <— f € X —¢ qbs-borel A ([t z. ennreal (norm (f
z)) 0s) < 00
(is ?lhs = %rhs)
(proof)

lemmas gbs-integrable-iff-bounded = gbs-integrable-iff-bounded-all-meas| OF mon-
adM-all-meas-space]

lemma not-gbs-integrable-gbs-integral: — qbs-integrable s f =—> qbs-integral s f =
0
(proof )

lemma g¢bs-integrable-cong-A E-all-meas:
assumes s € gbs-space (all-meas-gbs X)
AEgzins fz=gux
and g¢bs-integrable s f g € X —¢q qbs-borel
shows qbs-integrable s g

(proof)

lemmas gbs-integrable-cong-AE = gbs-integrable-cong-AE-all-meas[OF monadM-all-meas-space]

lemma qbs-integrable-cong-all-meas:
assumes s € gbs-space (all-meas-gbs X)
Nz. © € gbs-space X = fz =gz
and qbs-integrable s f
shows qbs-integrable s g

(proof )
lemmas gbs-integrable-cong = qbs-integrable-cong-all-meas| OF monadM-all-meas-space]

lemma gbs-integrable-zero[simp, intro]: qbs-integrable s (Az. 0)
(proof )

lemma g¢bs-integrable-const:
assumes s € gbs-space (monadP-gbs X)
shows gbs-integrable s (A\z. c)

{proof)

lemma gbs-integrable-add[simp,intro!]:
assumes q¢bs-integrable s f
and gbs-integrable s g
shows gbs-integrable s (\z. fx + g x)
(proof)

lemma gbs-integrable-diff [simp,intro!]:
assumes qbs-integrable s f
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and gbs-integrable s g
shows gbs-integrable s (\z. fx — g x)
(proof)

lemma gbs-integrable-sum|[simp, introl]: (\i. ¢ € I = gbs-integrable s (f i)) =
gbs-integrable s (\x. > i€l. fix)
(proof)

lemma gbs-integrable-scaleR-left[simp, introl|: qbs-integrable s f = gbs-integrable
s (Az. fzxg (¢ 'a:: {second-countable-topology,banach}))
(proof)

lemma gbs-integrable-scaleR-right[simp, intro!]: qbs-integrable s f = qbs-integrable
s (Az. ¢ xg (fz 2 'a :: {second-countable-topology,banach}) )
(proof)

lemma gbs-integrable-mult-iff:
fixes f :: 'a = real
shows (gbs-integrable s (A\z. ¢ x fz)) = (¢ = 0 V gbs-integrable s f)
{proof)

lemma
fixes ¢ :: -::{real-normed-algebra,second-countable-topology }
assumes qbs-integrable s f
shows gbs-integrable-mult-right: gbs-integrable s (Az. ¢ * f x)
and gbs-integrable-mult-left: qbs-integrable s (A\z. fx * c)
(proof)

lemma gbs-integrable-divide-zero[simp, introl|:
fixes ¢ :: -::{real-normed-field, field, second-countable-topology}
shows gbs-integrable s f = gbs-integrable s (Az. fz / ¢)
(proof )

lemma gbs-integrable-inner-left[simp, introl]:
gbs-integrable s f = gbs-integrable s (\z. fx - ¢)
(proof )

lemma gbs-integrable-inner-right[simp, introl]:
gbs-integrable s f = gbs-integrable s (\z. ¢ + f x)
(proof)

lemma gbs-integrable-minus[simp, introl]:
gbs-integrable s f = qbs-integrable s (\z. — f x)
(proof)

lemma [simp, introl:
assumes q¢bs-integrable s f
shows gbs-integrable-Re: gbs-integrable s (Az. Re (f ))
and ¢bs-integrable-Im: gbs-integrable s (Az. Im (f z))
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and ¢bs-integrable-cnj: gbs-integrable s (A\z. enj (f x))
{proof)

lemma gbs-integrable-of-real[simp, introl]: qbs-integrable s f =—> qbs-integrable s

(A\z. of-real (f x))
(proof)

lemma [simp, introl:
assumes q¢bs-integrable s f
shows gbs-integrable-fst: gbs-integrable s (Az. fst (f x))
and gbs-integrable-snd: gbs-integrable s (A\z. snd (f ))
(proof)

lemma qbs-integrable-norm:
fixes f :: 'a = 'b::{second-countable-topology,banach}
assumes q¢bs-integrable s f
shows gbs-integrable s (Az. norm (f x))

{proof)

lemma qbs-integrable-abs:
fixes f :: - = real
assumes q¢bs-integrable s f
shows gbs-integrable s (\z. |f z|)

{proof)

lemma g¢bs-integrable-sq:
fixes ¢ :: -::{real-normed-field,second-countable-topology}
assumes g¢bs-integrable s (Az. ¢) gbs-integrable s f
and gbs-integrable s (\z. (f z)?)
shows gbs-integrable s (Az. (fz — ¢)?)
(proof )

lemma q¢bs-nn-integral-eq-integral-A Eq:
assumes gbs-integrable s f AEg zins. 0 < fx
shows ([ T z. ennreal (f z) s) = ennreal ([ o z. fz Ds)

{proof)

lemma gbs-nn-integral-eq-integral-all-meas:
assumes s € gbs-space (all-meas-gbs X) qbs-integrable s f
and Az. z € gbs-space X = 0 < fz
shows ([ T z. ennreal (f z) ds) = ennreal ([ o z. fz Ds)
(proof )

lemmas gbs-nn-integral-eg-integral = gbs-nn-integral-eq-integral-all-meas[ OF mon-
adM-all-meas-space]

lemma g¢bs-nn-integral-cong-A Eq-all-meas:

assumes s € gbs-space (all-meas-gbs X) AEg zins. fr =gz
shows qbs-nn-integral s f = gbs-nn-integral s g
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(proof)

lemmas gbs-nn-integral-cong-AEq = gbs-nn-integral-cong-AEg-all-meas| OF mon-
adM-all-meas-space]

lemma gbs-nn-integral-cong-all-meas:
assumes s € gbs-space (all-meas-gbs X) N\z. © € gbs-space X = fx =gz
shows qbs-nn-integral s f = gbs-nn-integral s g
(proof )

lemmas gbs-nn-integral-cong = gbs-nn-integral-cong-all-meas| OF monadM-all-meas-space]

lemma q¢bs-nn-integral-const:
(J*to @ ¢ 0s) = ¢ x gbs-l s (gbs-space (qbs-space-of s))
(proof)

lemma gbs-nn-integral-const-prob:
assumes s € gbs-space (monadP-gbs X)
shows ([Tg z. ¢ ds) = ¢
(proof )

lemma g¢bs-nn-integral-add-all-meas:
assumes s € gbs-space (all-meas-gbs X)
and [gbs]:f € X —¢q gbs-borel g € X —¢ gbs-borel
shows ([T z. fa+ gz ds)=([Tgaz. fzds)+ ([Tg z. gz ds)
(proof )

lemmas gbs-nn-integral-add = gbs-nn-integral-add-all-meas| OF monadM-all-meas-space]

lemma qbs-nn-integral-cmult-all-meas:
assumes s € gbs-space (all-meas-gbs X) and [gbs]:f € X —¢ gbs-borel
shows ([T z. cx fz 0s)=cx ([T . fz Os)
(proof)

lemmas gbs-nn-integral-cmult = gbs-nn-integral-cmult-all-meas| OF monadM-all-meas-space]

lemma g¢bs-integral-cong-A Eq-all-meas:
assumes [gbs]:s € gbs-space (all-meas-gbs X) f € X —¢q gbs-borel g € X —¢
qbs-borel
and AEg zins. fe=gux
shows qbs-integral s f = gbs-integral s g
(proof )

lemmas gbs-integral-cong-AEq = gbs-integral-cong-A Eg-all-meas| OF monadM-all-meas-space]
lemma qbs-integral-cong-all-meas:
assumes s € gbs-space (all-meas-gbs X) N\x. © € gbs-space X = fr =gz

shows qbs-integral s f = gbs-integral s g

{proof)
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lemmas gbs-integral-cong = gbs-integral-cong-all-meas| OF monadM-all-meas-space]

lemma g¢bs-integral-nonneg-AEq:
fixes f :: - = real
shows AEg zins. 0 < fo = 0 < qbs-integral s f
(proof)

lemma qbs-integral-nonneg-all-meas:
fixes f :: - = real
assumes s € gbs-space (all-meas-gbs X) N\z. z € qbs-space X = 0 < fz
shows 0 < qbs-integral s f
(proof)

lemmas gbs-integral-nonneg = qbs-integral-nonneg-all-meas| OF monadM-all-meas-space)

lemma g¢bs-integral-mono-AEq:
fixes f :: - = real
assumes g¢bs-integrable s f qbs-integrable s g AEg zins. fr < gz
shows qbs-integral s f < gbs-integral s g
(proof )

lemma q¢bs-integral-mono-all-meas:
fixes f :: - = real
assumes s € gbs-space (all-meas-gbs X)
and gbs-integrable s f gbs-integrable s g \x. © € gbs-space X — fax < gz
shows qbs-integral s f < gbs-integral s g
(proof)

lemmas gbs-integral-mono = gbs-integral-mono-all-meas| OF monadM-all-meas-space]

lemma g¢bs-integral-const-prob:
assumes s € gbs-space (monadP-gbs X)
shows ([ z. ¢ 9s) = ¢

{proof)

lemma
assumes qgbs-integrable s f gbs-integrable s g
shows gbs-integral-add:([ ¢ z. fz + gz ds) = ([ g . fz 9s) + ([ ¢ z. g z Ds)
and gbs-integral-diff: ([ g z. fa — gz 9s) = ([ @ z. fz ds) — ([ @ x. g x Os)
(proof)

lemma [simp]:
fixes ¢ :: -::{real-normed-field,second-countable-topology}
shows gbs-integral-mult-right-zero:([ ¢ z. ¢ * fz ds) = ¢ * ([ g z. [z Ds)
and gbs-integral-mult-left-zero:([ g z. fz x ¢ ds) = ([ ¢ . fz Ds) * ¢
and gbs-integral-divide-zero: ([ g z. fz / ¢ ds) = ([g z. fz Ds) | ¢
(proof )
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lemma gbs-integral-minus[simp): ([ g ©. — fz 9s) = — ([ ¢ =. fz Os)
(proof)

lemma [simp]:
shows gbs-integral-scaleR-right:([ ¢ x. ¢ xg fx 9s) = ¢ *r ([ o x. fz Ds)
and gbs-integral-scaleR-left: ([ g z. fz xg ¢ 0s) = ([ g z. fz Ds) *r ¢
(proof)

lemma [simp]:
shows gbs-integral-inner-left: gbs-integrable s f = ([ ¢ z. fz - ¢ ds) = ([ ¢ =.
fzds)-c
and gbs-integral-inner-right: gbs-integrable s f —> (fQ z.c-fxds)=c-
([ @z fz 0s)
(proof )

lemma integral-complez-of-real[simp): ([ o x. complez-of-real (f z) ds)= of-real

(Jo z fz0s)
{proof)

lemma integral-cnj[simp): ([ ¢ z. enj (fz) 8s) = cnj ([ o = fz Ds)
(proof )

lemma [simpl:
assumes qbs-integrable s f
shows gbs-integral-Im: ([ ¢ =. Im (fz) 8s) = Im ([ ¢ =. fz Os)
and gbs-integral-Re: ([ ¢ . Re (fz) ds) = Re ([ ¢ =. fz Os)
(proof )

lemma gbs-integral-of-real[simp):gbs-integrable s f = ([ ¢ =. of-real (f z) 0s) =
of-real ([ o x. fz ds)
(proof )

lemma [simpl:
assumes gbs-integrable s f
shows gbs-integral-fst: ([ ¢ . fst (fz) ds) = fst ([ o z. fz Ds)
and gbs-integral-snd: ([ ¢ z. snd (fz) 0s) = snd ([ ¢ z. fz Ds)
(proof)

lemma real-qbs-integral-def:

assumes qbs-integrable s f

shows gbs-integral s f = enn2real ([ T¢ z. ennreal (f z) 8s) — ennZreal ([t
z. ennreal (— fx) 0s)

{proof)

lemma Markov-inequality-qbs-prob:

gbs-integrable s f = AEg zins. 0 < fo = 0 < ¢ = P(zin gbs-ls. ¢ < fx)
<(fguz fzds)/c

(proof )
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lemma Chebyshev-inequality-qbs-prob:
assumes s € gbs-space (monadP-gbs X)
and f € X —¢ gbs-borel gbs-integrable s (\z. (f z)?)
and 0 < e
shows P(z in gbs-ls. e < |fz — ([ . fz0s))) < (Jouz (fz — ([guz [z
0s))? 0s) /| €
(proof)

lemma qbs-I-return-qbs:
assumes z € gbs-space X
shows gbs-l (return-gbs X x) = return (gbs-to-measure X) x

(proof)

lemma qbs-I-bind-qbs-all-meas:
assumes [gbs]: s € gbs-space (all-meas-gbs X) f € X —¢ all-meas-gbs Y
shows ¢bs-l (s >= f) = qbs-l s >=, qbs-l o f (is ?lhs = %rhs)

(proof)

lemma q¢bs-I-bind-qbs:
assumes s € gbs-space (monadM-gbs X) f € X —¢g monadM-qbs Y
shows ¢bs-l (s >= f) = ¢bs-l s >= gbs-l o f
(proof)

lemma q¢bs-I-bind-qbsP:
assumes [gbs]: s € gbs-space (monadP-qbs X) f € X —¢g monadP-qbs Y
shows g¢bs-1 (s >= f) = qbs-l s >= qbs-l o f

(proof)

lemma gbs-integrable-return|[simp, introl:
fixes f :: 'a = 'b::{second-countable-topology,banach}
assumes z € gbs-space X f € X —¢q gbs-borel
shows gbs-integrable (return-qbs X ) f

{proof)

lemma qbs-integrable-bind-return-all-meas:
fixes f :: 'a = 'b::{second-countable-topology,banach}
assumes [gbs]:s € gbs-space (all-meas-gbs X) f € Y —¢ qbs-borel g € X —¢g Y
shows ¢bs-integrable (s >= (Az. return-gbs Y (g x))) f = gbs-integrable s (f o
g) (is ?lhs = ?rhs)
(proof)

lemma g¢bs-integrable-bind-return:
fixes f :: 'a = 'b::{second-countable-topology,banach}
assumes s € gbs-space (monadM-gbs X) f € Y —¢g gbs-borel g € X —g Y
shows gbs-integrable (s >= (Az. return-qgbs Y (g z))) f = gbs-integrable s (f o g)

{proof)

lemma gbs-nn-integral-morphism[gbs]: gbs-nn-integral € monadM-gbs X —¢g (X
=q g¢bs-borel) =¢ gbs-borel
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(proof)

lemma qbs-nn-integral-morphism’:
assumes [gbs,measurable]:f € X —¢g gbs-borel
shows (Az. ¢bs-nn-integral x f) € all-meas-gbs X —¢g gbs-borel

(proof)

lemma qbs-nn-integral-return:
assumes f € X —q gbs-borel
and z € gbs-space X
shows gbs-nn-integral (return-gbs X z) f = fx
(proof)

lemma qbs-nn-integral-bind-all-meas:
assumes [¢bs]:s € gbs-space (all-meas-qbs X)
f € X =g all-meas-qgbs Y g € Y —¢ qbs-borel
shows g¢bs-nn-integral (s >= f) g = qbs-nn-integral s (\y. (gbs-nn-integral (f
y) g)) (is ?lhs = ?rhs)
(proof)

lemmas gbs-nn-integral-bind = gbs-nn-integral-bind-all-meas| OF monadM-all-meas-space
gbs-morphism-monadAD)|

lemma qbs-nn-integral-bind-return-all-meas:
assumes [gbs]:s € gbs-space (all-meas-qgbs Y) f € Z —¢q qbs-borel g € Y —¢g Z
shows gbs-nn-integral (s >= (A\y. return-qbs Z (g y))) f = qbs-nn-integral s (f o
9)
(proof)

lemmas gbs-nn-integral-bind-return = qbs-nn-integral-bind-return-all-meas| OF mon-
adM-all-meas-space]

lemma gbs-integral-morphism|qbs]:

gbs-integral € monadM-gbs X —¢q (X =¢ g¢bs-borel) =¢ (gbs-borel :: (b ::
{second-countable-topology,banach}) quasi-borel)

(proof)

lemma qbs-integral-morphism’:
assumes [gbs,measurable]:f € X —¢g gbs-borel
shows (Az. gbs-integral « f) € all-meas-gbs X —¢ qbs-borel

(proof)

lemma g¢bs-integral-return:
assumes [gbs|:f € X —¢ gbs-borel x € gbs-space X
shows gbs-integral (return-gbs X z) f = fz
(proof )

lemma
assumes [¢bs]: s € gbs-space (all-meas-gbs X) f € X —¢ all-meas-gbs Y g € Y
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—¢q gbs-borel
and gbs-integrable s (\z. [ ¢ y. norm (g y) Of ) AEq w in s. gbs-integrable
(fz) g
shows gbs-integrable-bind-all-meas: gbs-integrable (s >= f) g (is ?goall)
and gbs-integral-bind-all-meas:([ g y. gy (s >=f)) = (o z. [q y. gy Of
z 0s) (is ?lhs = ?rhs)
(proof)

lemmas gbs-integrable-bind = gbs-integrable-bind-all-meas| OF monadM-all-meas-space
gbs-morphism-monadAD]

lemmas gbs-integral-bind = qbs-integral-bind-all-meas| OF monadM-all-meas-space
gbs-morphism-monadAD)|

lemma qbs-integral-bind-return-all-meas:
assumes [¢bs]:s € gbs-space (all-meas-qgbs Y) f € Z —¢q qbs-borel g € Y —¢g Z
shows gbs-integral (s >= (\y. return-qbs Z (g y))) f = gbs-integral s (f o g)
(proof)

lemmas gbs-integral-bind-return = gbs-integral-bind-return-all-meas| OF monadM-all-meas-space]

4.1.13 Binary Product Measures

definition gbs-pair-measure :: ['a gbs-measure, 'b gbs-measure] = (‘a x 'b) gbs-measure
(infix @ gmes 80) where

gbs-pair-measure-def . qbs-pair-measure p ¢ = (p >= (Az. ¢ >= (A\y. return-gbs
(gbs-space-of p @ g gbs-space-of q) (z, y))))

context pair-qbs-s-finites
begin

interpretation rr : standard-borel-ne borel Q) s borel :: (real x real) measure
{proof )

lemma

shows gbs-pair-measure: [X, &, t]meas @ gmes [Y, B, Vlmeas = [X Qo Y,
map-prod o B o rr.from-real, distr (u @ s v) borel rr.to-real]meas

and gbs-pair-measure-s-finite: gbs-s-finite (X Q ¢ Y) (map-prod o 8 o rr.from-real)
(distr (u Q) ar v) borel rr.to-real)

(proof)

lemma q¢bs-I-gbs-pair-measure:

qbs-l ([X, o, tlmeas @ @mes 1Y, B, Vlmeas) = distr (1 @ ar v) (gbs-to-measure
(X ®q Y)) (map-prod a 5)

(proof)

lemma g¢bs-nn-integral-pair-measure:
assumes [gbs]:f € X Qo Y —¢ gbs-borel
shows (f +Q z. [z O([X, a, plmeas ®Qmes [[Ya By Vlmeas)) = (er z. (f o
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map-prod o ) z 0(n Q@ m v))
{proof)

lemma qbs-integral-pair-measure:

assumes [gbs]:f € X Qg Y —¢ gbs-borel

shows ([ ¢ z. fz O([X, &, p]meas @ @mes [V, By V]meas)) = ([ 2. (f o map-prod
af)zo(pQumv))

(proof)

lemma g¢bs-pair-measure-integrable-eq:

fixes f :: - = -::{second-countable-topology,banach}

shows gbs-integrable ([X, o, flmeas @ omes [ Y By Vlmeas) [ <— [ € X Qo
Y —¢ gbs-borel A integrable (n @ ar v) (f o (map-prod o B)) (is ?h <— ?h1 A
{proof)

end
lemmas(in pair-gbs-probs) gbs-pair-measure-prob = gbs-prob-azioms

context

fixes X Ypq

assumes plqbs|:p € gbs-space (monadM-gbs X) and q[qbs]:q € qbs-space (monadM-gbs
)
begin

lemma gbs-pair-measure-def: p @Q qmes ¢ = p >= (Az. ¢ >= (A\y. return-gbs (X

Qe Y) (z.9)))
(proof )

lemma gbs-pair-measure-def2: p Q gmes ¢ = ¢ >= (Ay. p >= (Az. return-gbs (X

Qe Y) (z.9)))
(proof )

lemma
assumes f € X Q¢ Y —¢ monadM-qbs Z
shows g¢bs-pair-bind-bind-returnl”q >= (Ay. p >= (Az. f (2,9))) = p @ Qmes ¢
> f
and gbs-pair-bind-bind-return2’p >= (Az. ¢ >= (Ay. f (z,9))) = P @ Qmes ¢
>=f
(proof )

lemma
assumes [¢bs|:f € X —¢ exp-qbs Y (monadM-qbs Z)
shows gbs-pair-bind-bind-returnl’”: ¢ >= (Ay. p >= (Az. fz y)) = p Q Qmes ¢
>= (Az. f (fst z) (snd z))
and gbs-pair-bind-bind-return2’: p >= Az. ¢ >= (Ay. fz y)) = p @ Qmes ¢
>= (Az. [ (fst z) (snd x))
(proof )
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lemma gbs-nn-integral-Fubini-fst:
assumes [gbs]:f € X Q¢ Y —¢ qbs-borel
shows ([ g o. [Ty f(2y) 9¢9p) = ([Tq 2 f20(p @ qmes 1))
(is ?lhs = %rhs)
(proof)

lemma qbs-nn-integral-Fubini-snd:
assumes [¢gbs]:f € X Qg Y —¢ gbs-borel
shows ([Toy. [Toa f(zy) 0pdq) = ([Tg 2z 20 Qames q)) (is ?lhs
= 2rhs)

(proof)

lemma qbs-ennintegral-indep-mult:
assumes [gbs]: f € X —¢g gbs-borel g € Y —¢ ¢bs-borel
shows ([ Tg z. f (fst z) * g (snd 2) O(p @ gmes @) = ([ To . fz Ip) *
(J*o y. gy dq) (is ?lhs = ?rhs)
{proof)

end

lemma q¢bs-I-gbs-pair-measure:
assumes standard-borel M standard-borel N
defines X = measure-to-gbs M and Y = measure-to-qgbs N
assumes [¢bs]: p € gbs-space (monadM-qbs X) q € gbs-space (monadM-qbs Y)
shows ¢bs-1 (p @Q Qmes ¢) = gbs-lp Q m qbs-l ¢
{proof)

lemma gbs-pair-measure-morphism[gbs|: gbs-pair-measure € monadM-gbs X —¢
monadM-qbs Y =g monadM-gbs (X Qg Y)
(proof )

lemma gbs-pair-measure-morphismP: gbs-pair-measure € monadP-qbs X —¢g mon-
adP-qbs Y =g monadP-gbs (X Qo Y)
(proof)

lemma g¢bs-nn-integral-indep1:
assumes [¢bs]:p € qbs-space (monadM-qbs X) q € qbs-space (monadP-gbs X) f
€ X —q qbs-borel
shows ([ *q 2. f (fst 2) O(p @ q@mes 0)) = ([ Tq =. fz Ip)
(proof )

lemma gbs-nn-integral-indep2:
assumes [qbs]:q € gbs-space (monadM-qbs Y) p € ¢bs-space (monadP-qbs X) f
€ Y —q gbs-borel

shows ([ Tq 2. f (snd 2) A(p @ @mes 9)) = (/Yo v fy Iq)
{(proof)

context
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begin

interpretation rr : standard-borel-ne borel @ nr borel :: (real X real) measure
{proof)

lemma g¢bs-integrable-pair-swap:
fixes [ :: - = -::{second-countable-topology,banach}
assumes p € gbs-space (monadM-gbs X) q € gbs-space (monadM-gbs Y)
and gbs-integrable (p Q Qmes ¢) f
shows gbs-integrable (¢ @ gmes p) (A z,y). f (y,2))
(proof)

lemma qbs-integrable-pairl’:
fixes f :: - = -::{second-countable-topology,banach}
assumes [¢bs|:p € gbs-space (monadM-gbs X)
q € gbs-space (monadM-qbs Y)
feXQq Y —¢ gbs-borel
gbs-integrable p (A\z. [ ¢ y. norm (f (z,y)) 9q)
and AFEq « in p. gbs-integrable ¢ (Ay. f (z,y))
shows gbs-integrable (p @ Qmes q) f
{proof)

lemma
assumes p € gbs-space (monadM-gbs X) q € gbs-space (monadM-gbs Y)
assumes gbs-integrable (p @ gmes q) f
shows gbs-integrable-pair1D1": gbs-integrable p (Mz. [ ¢ y. f (z,y) 9q) (is
291)
and gbs-integrable-pair1D1-norm”: gbs-integrable p (Az. [ ¢ y. norm (f (z,y))
24) (is %42)

and gbs-integrable-pair1D2": AEq x in p. gbs-integrable ¢ (\y. f (z,y)) (is
g

and gbs-integrable-pair2D1": gbs-integrable ¢ (\y. [ ¢ z. f (z,y) Op) (is
2
?94)

and gbs-integrable-pair2D1-norm': gbs-integrable ¢ (\y. [ ¢ z. norm (f (z,y))
op) (is %95)

and gbs-integrable-pair2D2": AEq y in q. qbs-integrable p (Az. f (z,y)) (is
?96)

and gbs-integral-Fubini-fst" ([ o z. [o y. [ (z,y) dq Op) = ([¢ 2. [z d(p
Q Qmes q)) (is #g7)

and gbs-integral-Fubini-snd”: ([ q y. [¢ = [ (z,y) Op 8q) = ([ g 2. f 2 d(p
®Qmes Q)) (iS 998)
{proof )

end

lemma
assumes h:p € g¢bs-space (monadM-qbs X) q € qbs-space (monadM-qbs Y)

gbs-integrable (p @ gmes q) (case-prod f)
shows gbs-integrable-pair1D1: gbs-integrable p (Mz. [ g y. fz y dq)
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and gbs-integrable-pair1D1-norm: gbs-integrable p (Az. [ ¢ y. norm (f z y) dq)
and gbs-integrable-pair1D2: AEq  in p. qbs-integrable ¢ (Ay. fz y)

and gbs-integrable-pair2D1: gbs-integrable ¢ (A\y. [¢ . fz y Op)

and gbs-integrable-pair2D1-norm: gbs-integrable ¢ (A\y. [ ¢ . norm (f z y) dp)
and gbs-integrable-pair2D2: AEq y in q. gbs-integrable p (Az. f z y)

and gbs-integral-Fubini-fst: ([ o . [ y. fzy dq Ip) = ([ o (z,y). fzy I(p
and gbs-integral-Fubini-snd: ([ ¢ y. [¢ z. fzy dp 8q) = ([ ¢ (z,y). fzy d(p

®Qmes Q)) (iS 998>
(proof )

lemma qbs-integrable-pair2’:
fixes [ :: - = -::{second-countable-topology,banach}
assumes p € gbs-space (monadM-gbs X)
q € qbs-space (monadM-gbs Y')
feXQq Y —¢ gbs-borel
gbs-integrable ¢ (A\y. [ o z. norm (f (z,y)) Op)
and AEq y in q. gbs-integrable p (Az. f (z,y))
shows gbs-integrable (p @ qmes q) f
(proof )

lemma gbs-integrable-indep-mult:
fixes [ :: - = -::{real-normed-div-algebra,second-countable-topology, banach}
assumes [gbs|:p € gbs-space (monadM-gbs X) q € qbs-space (monadM-gbs Y')
and gbs-integrable p f qbs-integrable q g
shows gbs-integrable (p @ gmes @) (Az. f (fst z) * g (snd z))
(proof)

lemma qbs-integrable-indep1:
fixes f :: - = -i:{real-normed-div-algebra,second-countable-topology, banach}
assumes p € gbs-space (monadM-gbs X) q € qbs-space (monadP-gbs Y') gbs-integrable
pf
shows gbs-integrable (p @ Qmes q) (Az. f (fst z))
(proof )

lemma qbs-integral-indep1:
fixes f :: - = -::{real-normed-div-algebra,second-countable-topology,banach}
assumes p € gbs-space (monadM-gbs X) q € gbs-space (monadP-gbs Y') gbs-integrable
pf
shows ([ 2. f (fst 2) O(p @ gmes 9)) = ([ @ = fz dp)
(proof)

lemma g¢bs-integrable-indep2:
fixes g :: - = -::{real-normed-div-algebra,second-countable-topology, banach}
assumes p € gbs-space (monadP-gbs X) q € qbs-space (monadM-qbs Y') gbs-integrable
q9
shows gbs-integrable (p @ gmes ¢) (Az. g (snd z))
(proof )
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lemma qgbs-integral-indep?2:

fixes g :: - = -::{real-normed-div-algebra,second-countable-topology}

assumes p € gbs-space (monadP-gbs X) q € qbs-space (monadM-qbs Y') gbs-integrable
q9

shows ([ @ z. g (snd 2) I(p @ qmes 1)) = ([ @ y- 9y 99

(proof)

lemma qbs-integral-indep-mult1:
fixes f and g:: - = -::{real-normed-field,second-countable-topology, banach}
assumes p € ¢bs-space (monadP-qbs X) q € qbs-space (monadP-qbs Y)
and gbs-integrable p f qbs-integrable q g
shows ([ z. f (fst z) * g (snd 2) (P @ Qgmes 9)) = (J @ z. fz Ip) * ([ o
y- 9y 9q)
(proof)

lemma g¢bs-integral-indep-mult2:
fixes f and ¢:: - = -::{real-normed-field,second-countable-topology }
assumes p € gbs-space (monadP-gbs X) q € gbs-space (monadP-gbs Y)
and gbs-integrable p f qbs-integrable q g
shows ([ g z. g (snd z) * f (fst 2) AP @ @mes 4)) = (J@ ¥- 9y 99) * ([
x. fx Op)
(proof)

4.1.14 The Inverse Function of [

definition gbs-l-inverse :: 'a measure = 'a gbs-measure where
gbs-l-inverse M = [measure-to-qgbs M, from-real-into M, distr M borel (to-real-on
M)Hmeas

context standard-borel-ne
begin

lemma g¢bs-l-inverse-def2:
assumes [measurable-cong|: sets yp = sets M
shows g¢bs-l-inverse p = [measure-to-qgbs M, from-real, distr u borel to-real]meas

{(proof)

lemma

assumes [measurable-cong):sets p = sets M

shows gbs-l-inverse-meas: gbs-meas (measure-to-gbs M) from-real (distr u borel
to-real)

and g¢bs-l-inverse-s-finite: s-finite-measure . = gbs-s-finite (measure-to-qbs

M) from-real (distr p borel to-real)

and gbs-l-inverse-qbs-prob: prob-space p = gbs-prob (measure-to-qbs M) from-real
(distr w borel to-real)

(proof)

corollary
assumes sets y = sets M
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shows gbs-l-inverse-in-space-all-meas: gbs-l-inverse p € gbs-space (all-meas-qbs
M)
and gbs-l-inverse-in-space-monadM: s-finite-measure . = qbs-l-inverse p €
gbs-space (monadM-qbs M)
and gbs-l-inverse-in-space-monadP: prob-space i = qbs-l-inverse p € gbs-space
(monadP-gbs M)
(proof)

lemma q¢bs-I-gbs-l-inverse:
assumes [measurable-cong|: sets p = sets M
shows gbs-1 (gbs-l-inverse p) = p

(proof)

lemma qbs-l-inverse-qbs-l-all-meas:
assumes s € gbs-space (all-meas-gbs (measure-to-gbs M))
shows gbs-l-inverse (qbs-1 s) = s

(proof)
lemmas gbs-l-inverse-qbs-l = qbs-lI-inverse-qbs-l-all-meas| OF monadM-all-meas-space]
lemmas qbs-I-inverse-qbs-l-monadP = qbs-l-inverse-qbs-1[OF qbs-space-monadPM]

lemma q¢bs-l-inverse-morphism-kernel:

assumes measure-kernel N M k

shows (A\z. ¢bs-l-inverse (k z)) € measure-to-qgbs N —¢q all-meas-qbs (measure-to-gbs
M)
(proof)

lemma g¢bs-Il-inverse-morphism-s-finite:

assumes s-finite-kernel N M k

shows (Az. gbs-l-inverse (k x)) € measure-to-qbs N —¢g monadM-qbs (measure-to-gbs
M)
(proof )

lemma q¢bs-l-inverse-qgbs-morphism-prob:

assumes [measurable]:k € N — s prob-algebra M

shows (Az. gbs-l-inverse (k x)) € measure-to-gbs N —¢g monadP-qbs (measure-to-qbs
M)
(proof)

lemma qbs-l-inverse-return:
assumes x € space M
shows gbs-l-inverse (return M x) = return-qbs (measure-to-gbs M) x

(proof)

lemma qbs-l-inverse-bind-kernel:
assumes standard-borel-ne N measure-kernel M N k
shows gbs-l-inverse (M >=y, k) = gbs-l-inverse M >= (Ax. qbs-l-inverse (k x))
(is ?lhs = ?rhs)
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(proof)

lemma qbs-l-inverse-bind:
assumes standard-borel-ne N s-finite-measure M k € M —p; prob-algebra N
shows gbs-l-inverse (M >= k) = qbs-l-inverse M >= (Axz. gbs-l-inverse (k z))
(proof)

end

4.1.15 PMF and SPMF

definition ¢bs-pmf = (Ap. gbs-l-inverse (measure-pmf p))
definition ¢bs-spmf = (Ap. gbs-l-inverse (measure-spmf p))

declare [[coercion gbs-pmf]]

lemma qbs-pmf-qbsP:
fixes p :: (- :: countable) pmf
shows gbs-pmf p € gbs-space (monadP-qbs (count-spaceqg UNIV))
(proof )

lemma gbs-pmf-gbs[qbs]:
fixes p :: (- :: countable) pmf
shows gbs-pmf p € gbs-space (monadM-qbs (count-spaceq UNIV))
(proof )

lemma gbs-spmjf-qbs|qbs]:
fixes ¢ :: (- :: countable) spmf
shows gbs-spmf q € gbs-space (monadM-qbs (count-spaceqg UNIV))
(proof )

lemma [simp]:
fixes p :: (- :: countable) pmf and q :: (- :: countable) spmf
shows gbs-l-gbs-pmf: qbs-l (gbs-pmf p) = measure-pmf p
and gbs-l-qbs-spmf: qbs-l (gbs-spmf q) = measure-spmf q
(proof )

lemma q¢bs-pmf-return-pmf:

fixes z :: - :: countable

shows gbs-pmf (return-pmf x) = return-gbs (count-spaceq UNIV) z
(proof )

lemma ¢bs-pmf-bind-pmf:
fixes p :: (a :: countable) pmf and f :: 'a = (b :: countable) pmf
shows gbs-pmf (p >= f) = qbs-pmf p >= (Az. qbs-pmf (f x))
(proof )

lemma g¢bs-pair-pmf:
fixes p :: (a :: countable) pmf and q :: ('b :: countable) pmf
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shows qbs-pmf p @ Qmes qbs-pmf q = qbs-pmf (pair-pmf p q)
(proof)

4.1.16 Density

lift-definition density-qbs :: ['a gbs-measure, 'a = ennreal] = 'a gbs-measure
is AM(X,a,p) f. if f € X —¢ gbs-borel then (X, «, density p (f o a)) else (X, SOME
a. a € gbs-Mzx X, null-measure borel)

(proof)

lemmal(in g¢bs-meas) density-qbs:

shows f € X —¢ gbs-borel = density-gbs [X, &, pt]meas f = [X, a, density p
(f o a)]]meas

(proof )

lemma (in gbs-meas) density-gbs-meas: gbs-meas X o (density p (f o «))
{proof)

lemma(in gbs-s-finite) density-gbs-s-finite:
[ € X = qbs-borel => gbs-s-finite X « (density p (f o «))
(proof )

lemma density-qbs-density-qbs-eq-all-meas:

assumes [gbs|:s € gbs-space (all-meas-qbs X) f € X —¢ qbs-borel g € X —¢
qbs-borel

shows density-qbs (density-qbs s ) g = density-gbs s (A\z. fz * g x)
(proof)

lemmas density-gbs-density-qgbs-eq = density-qbs-density-qbs-eg-all-meas| OF mon-
adM-all-meas-space]

lemma g¢bs-I-density-qbs-all-meas:
assumes [gbs,measurable]:s € gbs-space (all-meas-gbs X) f € X —¢ gbs-borel
shows gbs-I (density-qbs s ) = density (gbs-l s) f

(proof)

lemmas ¢bs-I-density-qbs = gbs-l-density-gbs-all-meas|OF monadM-all-meas-space]

corollary gbs-I-density-qbs-indicator-all-meas:

assumes [gbs,measurable]:s € gbs-space (all-meas-gbs X) gbs-pred X P

shows ¢bs-1 (density-gbs s (indicator {ze€gbs-space X. P z})) (gbs-space X) =
qbs-l s {x€qbs-space X. P z}
(proof)

lemmas gbs-I-density-qbs-indicator = qbs-1-density-qbs-indicator-all-meas[ OF mon-
adM-all-meas-space]

lemma gbs-nn-integral-density-qbs-all-meas:
assumes [gbs,measurable]:s € gbs-space (all-meas-gbs X) f € X —¢g ¢bs-borel g
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€ X —¢ qbs-borel
shows ([ T z. g z d(density-qbs s f)) = ([ Tg . fz * gz Ds)
{proof )

lemmas gbs-nn-integral-density-qbs = gbs-nn-integral-density-qbs-all-meas| OF mon-
adM-all-meas-space]

lemma qbs-integral-density-qbs-all-meas:
fixes g :: 'a = 'b::{banach, second-countable-topology} and f :: ‘a = real
assumes [gbs,measurable]:s € gbs-space (all-meas-qbs X) f € X —¢g qbs-borel g
€ X —q qbs-borel
and AEg zins. fo >0
shows ([ ¢ z. g x d(density-gbs s f)) = ([ @ . fz *r g x Ds)
(proof)

lemmas gbs-integral-density-qgbs = gbs-integral-density-qbs-all-meas| OF monadM-all-meas-space]

lemma density-qbs-morphism[qbs|: density-gbs € monadM-qbs X —¢ (X =¢ gbs-borel)
=q monadM-qbs X

(proof)

lemma density-gbs-morphism’:
assumes [gbs,measurable]: f € X =g qbs-borel
shows (Ap. density-qbs p f) € all-meas-gbs X =¢ all-meas-gbs X

(proof)

lemma density-gbs-cong-AE-all-meas:
assumes [gbs]: s € gbs-space (all-meas-qgbs X) f € X —¢ gbs-borel g € X —¢
qbs-borel
and AEg zins. fe=gz
shows density-qbs s f = density-qbs s g
(proof )

lemmas density-gbs-cong-AE = density-qbs-cong-AE-all-meas| OF monadM-all-meas-space]

corollary density-qbs-cong-all-meas:
assumes [gbs|: s € gbs-space (all-meas-gbs X) f € X —¢ qbs-borel
and Az. x € gbs-space X = fr =gz
shows density-qbs s f = density-qbs s g
(proof)

lemmas density-qbs-cong = density-qbs-cong-all-meas| OF monadM-all-meas-space)

lemma density-qbs-1[simpl: density-gbs s (Ax. 1) = s
(proof)

lemma pair-density-qbs:
assumes [¢bs]: p € gbs-space (monadM-qbs X) q € gbs-space (monadM-gbs Y)
and [gbs]: f € X —¢ qbs-borel g € Y —¢ gbs-borel

106



shows density-gbs p f @ gmes density-qbs q g = density-gbs (p Q Qmes ¢)
(Azy). fz*gy)
(proof)

4.1.17 Normalization

definition normalize-qbs :: 'a gbs-measure = 'a gbs-measure where
normalize-gbs s = (let X = gbs-space-of s;
r = gbs-l s (gbs-space X) in
if £ 0 N r # oo then density-qbs s (A\x. 1 / 1)
else gbs-null-measure X)

lemma
assumes s € gbs-space (all-meas-gbs X)
shows normalize-qbs-all-meas: qbs-1 s (gbs-space X) # 0 = qbs-l s (gbs-space
X) # co = normalize-gbs s = density-qbs s (Az. 1 /| emeasure (qbs-1s) (qbs-space
X))
and normalize-gbs0-all-meas: qbs-l s (gbs-space X) = 0 = normalize-qbs s =
qbs-null-measure X
and normalize-gbsinfty-all-meas: qbs-l s (gbs-space X) = oo = normalize-qbs
s = gbs-null-measure X
(proof)

lemma

assumes s € gbs-space (monadM-gbs X)

shows normalize-gbs: qbs-1 s (qbs-space X) # 0 = qbs-1 s (qbs-space X) # oo
= normalize-gbs s = density-gbs s (Az. 1 / emeasure (gbs-1 s) (qbs-space X))

and normalize-gbs0: qbs-1 s (gbs-space X) = 0 = normalize-qbs s = gbs-null-measure
X

and normalize-qbsinfty: qbs-l s (gbs-space X) = oo = normalize-gbs s =

qbs-null-measure X

(proof)

lemma normalize-qbs-prob-all-meas:

assumes s € gbs-space (all-meas-gbs X) qbs-1 s (qbs-space X) # 0 gbs-1 s (gbs-space
X) #

shows normalize-qbs s € qbs-space (monadP-qbs X)

(proof)

lemmas normalize-qbs-prob = normalize-qbs-prob-all-meas| OF monadM-all-meas-space]

lemma normalize-gbs-morphism[qbs]: normalize-gbs € monadM-gbs X —¢g mon-
adM-qbs X

(proof)

lemma normalize-qbs-morphismP:
assumes [gbs]:s € X —¢g monadM-gbs Y
and Az. x € gbs-space X = gbs-l (s z) (gbs-space V) #£ 0
and A\z. z € gbs-space X = ¢bs-l (s x) (gbs-space Y) # oo
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shows (Az. normalize-gbs (s z)) € X —¢ monadP-gbs Y
{proof)

lemma normalize-qbs-monadP-ident:
assumes s € gbs-space (monadP-gbs X)
shows normalize-qbs s = s

{proof)

corollary normalize-qbs-idenpotent: normalize-qgbs (normalize-gbs s) = normal-
ize-qbs s

(proof)

4.1.18 Product Measures

definition PiQ-measure :: ['a set, 'a = 'b qbs-measure] = ('a = 'b) gbs-measure
where
PiQ-measure = (I si. if (Vi€l. 3 Mi. standard-borel-ne Mi A si i € gbs-space
(monadM-gbs (measure-to-gbs Mi)))

then if countable I N (Vi€l. prob-space (qbs-l (si i))) then
gbs-l-inverse (I i€1. gbs-1 (si 7))

else if finite I N (Vi€l. sigma-finite-measure (gbs-1 (si ©)))
then gbs-l-inverse (Ilpy i€1. gbs-1 (si 7))

else gbs-null-measure (Ilg i€l. gbs-space-of (si 7))

else gbs-null-measure (Ilg i€l. gbs-space-of (si 7)))

syntax
-PiQ-measure :: pttrn = 'i set = 'a gbs-measure = (i => 'a) gbs-measure
(M qmeas -€-/ -) 10)
syntax-consts
-PiQ-measure = PiQ-measure
translations
Momeas z€I. X == CONST Pi@Q-measure I (Az. X)

context

fixes I and Mi

assumes standard-borel-ne:\i. i € I = standard-borel-ne (Mi i)
begin

context
assumes countablel:countable I

begin

interpretation sb:standard-borel-ne Iy, i€1. (borel :: real measure)
(proof )

interpretation sbM: standard-borel-ne 1ly; i€1. Mi i
(proof )

lemma
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assumes Ai. i € I = si i € gbs-space (monadP-qbs (measure-to-gbs (Mi 7)))
and Ai. i € I = si i = [measure-to-gbs (Mi 1), & i, pt i|meas N\i- ¢ € I =

gbs-prob (measure-to-qgbs (Mi 7)) (« ©) (u 7)

shows PiQ-measure-prob-eq: (Ilgmeqs 1€1. si i) = [measure-to-gbs (I i€1.
Mi i), sbM.from-real, distr (I1p; i€1. qbs-l (si ©)) borel sbM.to-real]meqs (is - =
2rhs)

and PiQ-measure-qbs-prob: gbs-prob (measure-to-qbs (s i€1. Mi©)) sbM.from-real
(distr (I1pr i€l. qbs-1 (si ©)) borel sbM .to-real) (is ?qbsprob)
{proof)

lemma ¢bs-I-PiQ-measure-prob:
assumes Ai. i € I = si i € gbs-space (monadP-qbs (measure-to-gbs (Mi 7)))
shows ¢bs-l (Ilgmeas 1€1. st 1) = (Ilpr t€1. qbs-l (si 7))

(proof)

end

context
assumes finl: finite I
begin

interpretation sb:standard-borel-ne I, i€I. (borel :: real measure)
(proof )

interpretation sbM: standard-borel-ne 1y i€1. Mi i
(proof )
lemma ¢bs-I-PiQ-measure:
assumes Ai. i € I = si i € gbs-space (monadM-qbs (measure-to-gbs (Mi 7)))
and Ai. i € I = sigma-finite-measure (gbs-1 (si 7))
shows ¢bs-l (Ilgmeqs 1€1. si 1) = (Il i€1. gbs-1 (si ©))
(proof)

end
end

4.2 Measures

4.2.1 The Lebesgue Measure

definition lborel-gbs (lborelg) where lborel-qgbs = qbs-l-inverse lborel

lemma lborel-qbs-qbs[qbs]: lborel-gbs € gbs-space (monadM-qbs qbs-borel)
(proof )

lemma gbs-I-lborel-gbs[simp]: qbs-1 lborelg = lborel
{proof)
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corollary
shows gbs-integral-lborel: ([ ¢ =. f x Olborel-gbs) = ([ z. f x Dlborel)
and gbs-nn-integral-lborel: ([ Tq z. f z Olborel-gbs) = ([ Tz. f x dlborel)
(proof )

lemmal(in standard-borel-ne) measure-with-args-morphism:
assumes s-finite-kernel X M k

shows gbs-l-inverse o k € measure-to-gbs X —¢q monadM-qbs (measure-to-qbs
M)
(proof)

lemma(in standard-borel-ne) measure-with-args-morphismP:
assumes [measurable]:y € X —p prob-algebra M

shows g¢bs-l-inverse o p € measure-to-gbs X —¢g monadP-gbs (measure-to-qbs
M)
(proof)

4.2.2 Counting Measure

abbreviation counting-measure-gbs A = qbs-l-inverse (count-space A)

lemma qbs-nn-integral-count-space-nat:
fixes f :: nat = ennreal
shows ([ T i. f i Ocounting-measure-gbs UNIV) = (3" i. f i)
(proof )

4.2.3 Normal Distribution

lemma ¢bs-normal-distribution-qbs: (A o. density-gbs lborelg (normal-density p
o)) € gbs-borel =g gbs-borel =¢ monadM-gbs gbs-borel
(proof)

lemma gbs-I-gbs-normal-distribution[simp]: gbs-1 (density-qbs lborelg (normal-density
w o)) = density lborel (normal-density p o)
(proof)

lemma gbs-normal-distribution-P: o > 0 = density-gbs lborelg (normal-density
W o) € gbs-space (monadP-gbs gbs-borel)
(proof )

lemma gbs-normal-distribution-integral:
([ @ z. fx O (density-gbs lborelg (normal-density p 0))) = ([ z. fz O (density
lborel (Azx. ennreal (normal-density u o x))))

(proof)

lemma gbs-normal-distribution-expectation:
assumes [measurable]:f € borel-measurable borel and [arith]: ¢ > 0
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shows ([ g z. fz 0 (density-gbs lborelg (normal-density p 0))) = ([ z. nor-
mal-density p o = x fx O lborel)

{proof)

lemma g¢bs-normal-posterior:

assumes [arith]: 0 > 0 o' > 0

shows normalize-gbs (density-gbs (density-qbs lborelg (normal-density p o))
(normal-density ' o')) = density-gbs lborelg (normal-density ((u x o + p' *
%) /(0% + 0")) (o * o'/ sqrt (6 + 0))) (is ?lhs = ?rhs)
(proof )

4.2.4 Uniform Distribution

definition uniform-gbs :: ‘a gbs-measure = 'a set = 'a gbs-measure where
uniform-gbs = (As A. gbs-l-inverse (uniform-measure (qbs-l s) A))

lemma(in standard-borel-ne) qbs-l-uniform-qbs”:

assumes sets p = sets M up A # 0

shows ¢bs-l (uniform-qbs (gbs-l-inverse p) A) = uniform-measure p A (is ?lhs
= ?rhs)

(proof)

corollary(in standard-borel-ne) qbs-l-uniform-qbs:
assumes s € gbs-space (monadM-qbs (measure-to-qbs M)) qbs-l s A # 0
shows g¢bs-l (uniform-qbs s A) = uniform-measure (gbs-1 s) A
(proof )

lemma interval-uniform-gbs: (Aa b. uniform-qbs lborelg {a<..<b::real}) € borelg
=q borelg =g monadM-gbs borelg

(proof)

context
fixes a b :: real
assumes [arith]:a < b
begin

lemma gbs-uniform-distribution-expectation:

assumes f € gbs-borel —¢q gbs-borel

shows ([ "¢ z. fz duniform-qbs lborelg {a<..<b}) = ([ Tz € {a<.<b}. fx
dlborel) |/ (b — a)

(proof)

end

4.2.5 Bernoulli Distribution

abbreviation gbs-bernoulli :: real = bool qbs-measure where
gbs-bernoulli = (Az. qbs-pmf (bernoulli-pmf 1))

lemma bernoulli-measurable:
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(Az. measure-pmf (bernoulli-pmf x)) € borel —pr prob-algebra (count-space UNIV')
(proof)

lemma gbs-bernoulli-morphism: gbs-bernoulli € gbs-borel —¢g monadP-qbs (gbs-count-space
UNIV)

{proof)

lemma qbs-bernoulli-expectation:
assumes [simp]: 0 < pp < 1
shows ([ ¢ z. fz dqgbs-bernoulli p) = f True * p + f False x (1 — p)
(proof )

end

5 Examples

5.1 Montecarlo Approximation

theory Montecarlo
imports Monad-QuasiBorel
begin

declare [[coercion gbs-l]]

abbreviation real-quasi-borel :: real quasi-borel (Rg) where
real-quasi-borel = qbs-borel

abbreviation nat-quasi-borel :: nat quasi-borel (Ng) where
nat-quasi-borel = qbs-count-space UNIV

primrec montecarlo :: 'a qbs-measure = ('a = real) = nat = real gbs-measure
where

montecarlo - - 0 = return-qgbs Rg 0 |
montecarlo d h (Suc n) = do { m + montecarlo d h n;
T+ d;

return-gbs Rg ((h  + m * real n) / real (Suc n))}

declare
bind-qbs-morphismP]qbs]
return-gbs-morphismP|qbs]
gbs-pair-measure-morphismP|qbs]
qbs-space-monadPM [ gbs]

lemma montecarlo-gbs-morphism[qbs]: montecarlo € gbs-space (monadP-qbs X =¢
(X =Q ]RQ) =Q ]NQ =Q monadP-gbs ]RQ)

(proof)
lemma qbs-integrable-indep-mult2:

fixes f :: - = real
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assumes p € gbs-space (monadM-gbs X) q € gbs-space (monadM-gbs Y)
and qbs-integrable p f
and qbs-integrable q g

shows gbs-integrable (p @ gmes @) (Az. g (snd z) = f (fst z))

(proof )

lemma montecarlo-integrable:

assumes [gbs|:p € gbs-space (monadP-qbs X) h € X —¢g Rg gbs-integrable p h
gbs-integrable p (Az. h x % h x)

shows ¢bs-integrable (montecarlo p h n) (Az. x) gbs-integrable (montecarlo p h
(proof)

lemma
fixes n :: nat
assumes [gbs,simp|:p € gbs-space (monadP-gbs X) h € X —¢g R ¢bs-integrable
p h gbs-integrable p (Az. h z * h z)
and e:e > 0
and ([ g . hadp) = p ([ o v (ho— p)? Op) = o2
and n:n > 0
shows P(y in montecarlo p h n. |y — pu| > e) < 02 / (real n x €?) (is 2P < -)

(proof)
end

5.2 Query

theory Query
imports Monad-QuasiBorel

begin

declare [[coercion qbs-1]]

abbreviation gbs-real :: real quasi-borel (Rg) where Rg = g¢bs-borel
abbreviation gbs-ennreal :: ennreal quasi-borel (Rg>o) where Rg>o = gbs-borel
abbreviation gbs-nat :: nat quasi-borel (Ng) where Ng = gbs-count-space
UNIV

abbreviation g¢bs-bool :: bool quasi-borel (Bg) where By = count-spaceg
UNIV

definition query :: ['a gbs-measure, 'a = ennreal] = 'a ¢bs-measure where
query = (As f. normalize-qbs (density-gbs s f))

lemma query-gbs-morphism[qbs]: query € monadM-qgbs X —¢ (X =¢ g¢bs-borel)
=g monadM-gbs X
(proof)

definition condition = (As P. query s (Az. if P x then 1 else 0))
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lemma condition-gbs-morphism[qbs]: condition € monadM-qbs X =¢ (X =¢ Bg)
=g monadM-qbs X
{proof)

lemma condition-morphismP:
assumes Az. z € gbs-space X = P(y in gbs-l (s x). Pz y) # 0
and [gbs]: s € X —¢g monadP-gbs Y P € X —¢ Y =¢ ¢bs-count-space UNIV
shows (Az. condition (s z) (P z)) € X —¢ monadP-gbs Y

(proof)

lemma query-Bayes:
assumes [¢bs]: s € gbs-space (monadP-gbs X) qbs-pred X P qbs-pred X Q
shows P(z in condition s P. Q z) = P(zins. Qx| P x) (is ?lhs = ?pq)
(proof)

lemma q¢bs-pmf-cond-pmf:

fixes p :: 'a :: countable pmf

assumes set-pmf p N {z. Pz} # {}

shows condition (gbs-pmf p) P = gbs-pmf (cond-pmf p {x. P z})
(proof)

5.2.1 twoUs

Example from Section 2 in [3].

definition Uniform = (Aa b::real. uniform-qbs lborel-gbs {a<..<b})

lemma Uniform-qbs[qbs]: Uniform € Rg =g Rg =¢ monadM-¢bs Rg
(proof)

definition twoUs :: (real x real) gbs-measure where
twoUs = do {

let ul = Uniform 0 1;

let u2 = Uniform 0 1;

let y = ul @Q Qmes u2;
condition y (M(z,y). < 0.5V y > 0.5)

}

lemma twoUs-qbs: twoUs € monadM-gbs (Rg @ ¢ Rq)
{proof)

interpretation rr: standard-borel-ne borel Q) pr borel :: (real x real) measure
{proof)

lemma ¢bs-I-Uniform[simp]: a < b = ¢bs-l (Uniform a b) = uniform-measure
lborel {a<..<b}
(proof )

lemma Uniform-qbsP:
assumes [arith]: a < b
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shows Uniform a b € monadP-qbs Rg
(proof)

interpretation UniformP-pair: pair-prob-space uniform-measure lborel {0<..<1::real}
uniform-measure lborel {0<..<1::real}
(proof)

lemma gbs-I-Uniform-pair: a < b = gbs-l (Uniform a b @ gmes Uniform a b)
= uniform-measure lborel {a<..<b} @ p uniform-measure lborel {a<..<b}
(proof)

lemma Uniform-pair-qbs|qbs|:
assumes a < b
shows Uniform a b Q) gmes Uniform a b € gbs-space (monadP-gbs (Rg & ¢

Rq))
(proof)

lemma twoUs-probl: P(z in Uniform 0 1 @ qmes Uniform 0 1. fst z < 0.5 V snd
2> 05)=8/4
(proof)

lemma twoUs-prob2:P(z in Uniform 0 1 Q gmes Uniform 0 1. 1/2 < fst z A (fst
z2<1/2Vsndz>1/2)=1]/4
(proof)

lemma twoUs-gbs-prob: twoUs € gbs-space (monadP-gbs (Rg @ ¢ Rg))
(proof)

lemma P((z,y) in twolUs. 1/2 <x)=1/ 38
(proof)

5.2.2 Two Dice

Example from Adrian [2, Sect. 2.3].
abbreviation die = qbs-pmf (pmjf-of-set {Suc 0..6})

lemma die-gbs[gbs]: die € monadM-qbs Ng
(proof )

definition two-dice :: nat gbs-measure where
two-dice = do {
let diel = die;
let die2 = die;
let twodice = diel @ gmes die2;
(z,y) + condition twodice
M) 2= 4V y = 4)
return-qbs Ng (z + y)

}

115



lemma two-dice-qbs: two-dice € monadM-gbs Ng
(proof)

lemma prob-die2: P(z in gbs-l (die @ gmes die). P z) = real (card ({z. P z} N
({1..6} x {1..6}))) / 36 (is 2P = 2rhs)
(proof)

lemma dice-probl: P(z in gbs-l (die Q Qmes die). fst z = 4 V snd z = 4) = 11
/ 36
(proof)

lemma dice-program-prob:P(z in two-dice. P x) = 2 x (>_ne{5,6,7,9,10%}. of-bool
(Pn)/ 11) + of-bool (P 8) / 11 (is ?P = %rp)

{proof)

corollary

P(z in two-dice. x = 5) =2/ 11
P(z in two-dice. x = 6) =2/ 11
P(z in two-dice. x = 7) =2/ 11
P(zx in two-dice. x = 8) =1/ 11
P(x in two-dice. x = 9) = 2/ 11
P(x in two-dice. x = 10) = 2 | 11

{proof)

5.2.3 Gaussian Mean Learning

Example from Sato et al. Section 8. 2 in [3].
definition Gauss = (A 0. density-qbs lborelg (normal-density p o))

lemma Gauss-gbs[qbs]: Gauss € Rg =q Rg =¢ monadM-gbs Rg
{proof)

primrec GaussLearn' : [real, real qbs-measure, real list]
= real gbs-measure where
GaussLearn’ - p [| = p
| GaussLearn’ o p (y#ls) = query (GaussLearn’ o p ls)
(normal-density y o)

lemma GaussLearn’-gbs[gbs]: GaussLearn’ € Rg =>¢ monadM-gbs Rg = ¢ list-gbs
Rg =¢ monadM-gbs Rq
(proof )

context
fixes o :: real
assumes [arith]: o > 0
begin
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abbreviation GaussLearn = GaussLearn’ o

lemma GaussLearn-qbs[qbs]: GaussLearn € gbs-space (monadM-qbs Rg = ¢ list-qbs
Rg =¢ monadM-qbs Rg)
(proof )

definition Total :: real list = real where Total = (Al. foldr (+) 1 0)

lemma Total-simp: Total [| = 0 Total (y#ls) = y + Total ls
{proof)

lemma Total-qbs[qbs]: Total € list-gbs Rg —¢ Rg
(proof )

lemma GaussLearn-Total:

assumes [arith]: £ > 0 n = length L

shows GaussLearn (Gauss § ) L = Gauss ((Total Lx&*+0%0?) /(nx€2+02)) (sqrt
((6%+02)/ (nx€2+02)))

{proof)

lemma GaussLearn-KL-divergence-lem1:

fixes a :: real

assumes [arith: a > 0b > 0c>0d > 0

shows (An. In (bx (n*xd+¢)) / (d* (n*xb+a))) —— 0
(proof)

lemma GaussLearn-KL-divergence-lem1’:

fixes b :: real

assumes [arith]: b > 0d > 0s > 0

shows (An. In (sqrt (b*> x s2 / (real n * b> + s%)) / sqrt (d® x s* / (real n * d?
+ §%)))) —— 0 (is ?f —— 0)

(proof)

lemma GaussLearn-KL-divergence-lem2:

fixes s :: real

assumes [arith]: s > 0b> 0d > 0

shows (An. ((d*s) /(nxd+39)/(2x((bxs)/(nxb+3s)) ——1/2
(proof)

lemma GaussLearn-KL-divergence-lem2":

fixes s :: real

assumes [arith]: s > 0b> 0d > 0

shows (An. ((d™2xs2)/(n*xd24+52)/(2x(b72xs2)/(nxb"2+
s2)—1/2) —— 0

(proof)
lemma GaussLearn-KL-divergence-lem3:

fixes abcds KL :: real
assumes [arith]: b > 0d > 0s > 0
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shows (K xd+cx*xs)/(nxd+s)—(Lxb+axs)/(nxb+3)2/(2
x ((bxs)/(nxb+39)=(((K—-L)*dxbxrealn+ cx*sx*bsxrealn +
Kxdxs+cxs*s)—axsxdxrealn — Lxbxs—axsxs))?/(dx*dx
bx (realn x real n x real n) + s x s * b*x realn + 2 * d * s * b * (real n * real
n)+dxdx(realn*realn) * s+ s*xs*xs+ 2xdx*s*sxrealn))) /(2 x* (b
x s)) (is ?lhs = ?2rhs)

(proof)

lemma GaussLearn-KL-divergence-lem4:

fixesabcds KL :: real

assumes [arith]: b > 0d > 0s > 0

shows (An. (Jc % s x b x real n| + |K x (real n) * d * s| + |¢ x s * s| + |a * s
d * real n| + |L * (real n) * b x s| + |a * s * s|)%2 / (d x d * b * (real n * real n
xrealn) + sxsxbxrealn + 2 x dx s+ bx(realn x real n) + d x d * (real
nxrealn) x s+ sxsxs+ 2xdxsksxrealn) /(2 x (bxs)) —— 0 (is
(An. 2fn) —— 0)

(proof)

lemma GaussLearn-KL-divergence-lem5:

fixes a b c d K :: real

assumes [arith]: b > 0d > 0s> 0K > 0 |fl| < K * length |

shows |(¢ % s % b * real (length ) + flx d*x s+ cx s%x s — ax*xsx*dx real
(length 1) — flxbxs— ax*sx*s)2/(dxdxbx (real (length I) * real (length
) x real (length 1)) + s * s % b real (length 1) + 2 * d x s x b * (real (length l)
x real (length 1)) + d * d * (real (length l) = real (length 1)) * s + s s x s + 2 *
dx s x s real (length 1)) / (2 % (bx3))] < |(Jc % s b« real (length I)| + |K *
real (length 1) x d % s| + |c x s % s| + |a x s x d % real (length l)| + |— K * real
(length 1) * b x s| + |a x s x s[)2 / (d * d * b * (real (length l) * real (length 1) *
real (length 1)) + s % s % b * real (length l) + 2 % d % s % b * (real (length )  real
(length 1)) + d * d * (real (length 1) * real (length 1)) x s + s* s*x s+ 2 % d * s
x s x real (length 1)) / (2 % (bxs))| (is |[(?2))72 ) %c1 [ 2c2| < |(9r)"2 /-] -])
(proof)

lemma GaussLearn-KL-divergence-lem6:

fixes aebcdK ::real and [ :: 'a list = real

assumes [arithl:e > 0b > 0d > 0s> 0

shows IN. Vi lengthl > N — |fl| < K x length | — |((fl*d + c*s) /
(length 1 * d + s) — (flxb+ axs)/ (lengthl b+ 5)2 /(2= ((bx*s)/
(length L+ b+ s))) | <e
{proof)

lemma GaussLearn-KL-divergence:
fixesabcdeK : real
assumes [arithl:e > 0b > 0d > 0
shows IN. VL. length L > N — |Total L / length L| < K
— KL-divergence (exp 1) (GaussLearn (Gauss a b) L) (GaussLearn
(Gauss ¢ d) L) < e

(proof)
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end

5.2.4 Continuous Distributions

The following (highr-order) program receives a non-negative function f and
returns the distribution whose density function is (noramlized) f if f is
integrable w.r.t. the Lebesgue measure.
definition dens-to-dist :: ['a :: euclidean-space = real] = ’a qbs-measure where
dens-to-dist = (\f. do {

query lborelg f

)
lemma dens-to-dist-qbs[qbs|: dens-to-dist € (borelg =g Rg) —¢ monadM-gbs
borelg
{proof)
context

fixes f :: 'a :: euclidean-space = real
assumes f-gbs[qbs]: f € qbs-borel —¢ Rg
and f-leO:Az. fz > 0
and f-int-ne0:qbs-1 (density-gbs lborel-gbs f) UNIV # 0
and f-integrable: gbs-integrable lborel-qbs f
begin

lemma f-integrable’[measurable]: integrable lborel f
{proof )

lemma f-int-neinfty:
qbs-1 (density-qbs lborel-qbs f) UNIV # oo
(proof )

lemma dens-to-dist: dens-to-dist f = density-qbs lborel-gbs (Az. ennreal (1 /| mea-
sure (qbs-l1 (density-qbs lborel-gbs f)) UNIV * f x))
(proof)

corollary gbs-l-dens-to-dist: gbs-l (dens-to-dist ) = density lborel (Az. ennreal (1
/ measure (qbs-1 (density-qbs lborel-qbs f)) UNIV x fx))

{proof)

corollary qbs-integral-dens-to-dist:

assumes [gbs|: g € gbs-borel —¢g Rg

shows ([ ¢ z. g z Odens-to-dist f) = ([ ¢ z. 1 | measure (gbs-l (density-qbs
lborel-gbs f)) UNIV x fx % g x Olborelg)

{proof)

lemma dens-to-dist-prob[gbs]:dens-to-dist f € gbs-space (monadP-qbs borelq)
(proof)

end
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5.2.5 Normal Distribution

context

fixes p o :: real

assumes sigma-pos|arith]: o > 0
begin

We use an unnormalized density function.

definition normal-f = (Az. exp (—(z — p)?/ (2 * 02)))

lemma nc-normal-f: qbs-1 (density-gbs lborel-qbs normal-f) UNIV = ennreal (sqrt
(2 * pi * 0?))
(proof)

corollary measure-qbs-l-dens-to-dist-normal-f: measure (gbs-l (density-gbs lborel-qbs
normal-f)) UNIV = sqrt (2 x pi * o?)
(proof )

lemma normal-f:
shows normal-f € gbs-borel —¢g Rg
and Az. normal-fx > 0
and ¢bs-l (density-qbs lborel-gbs normal-f) UNIV # 0
and gbs-integrable lborel-gbs normal-f

{proof)

lemma gbs-l-densto-dist-normal-f: gbs-l (dens-to-dist normal-f) = density lborel
(normal-density u o)
(proof )

end

5.2.6 Half Normal Distribution

context

fixes p o :: real

assumes sigma-pos|arith|:c > 0
begin

definition hnormal-f = (Az. if x < p then 0 else normal-density p o x)

lemma nc-hnormal-f: gbs-l (density-qbs lborel-gbs hnormal-f) UNIV = ennreal
(1/ 2)

(proof)

corollary measure-qbs-I-dens-to-dist-hnormal-f: measure (gbs-1 (density-qbs lborel-qbs
hnormal-f)) UNIV =1 ] 2
(proof )

lemma hnormal-f:
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shows hnormal-f € gbs-borel =g Rq
and Az. hnormal-f x > 0
and gbs-l (density-gbs lborel-gbs hnormal-f) UNIV # 0
and gbs-integrable lborel-gbs hnormal-f

(proof)

lemma gbs-1 (dens-to-dist local.hnormal-f) = density lborel (Ax. ennreal (2 * (if x
< w then 0 else normal-density p o )))

{proof)

end

5.2.7 Erlang Distribution

context
fixes k :: nat and [ :: real
assumes [-pos[arith]: | > 0
begin

definition erlang-f = (Az. if x < 0 then 0 else 2k * exp (— | x z))

lemma nc-erlang-f: qbs-1 (density-gbs lborel-qbs erlang-f) UNIV = ennreal (fact k
/ 1 (Suc k))
(proof)

corollary measure-qbs-I-dens-to-dist-erlang-f: measure (gbs-l (density-qbs lborel-qbs
erlang-f)) UNIV = fact k / I"(Suc k)
(proof)

lemma erlang-f:
shows erlang-f € gbs-borel —g Rg
and Az. erlang-fz > 0
and gbs-l (density-gbs lborel-qbs erlang-f) UNIV # 0
and gbs-integrable lborel-qgbs erlang-f

{proof)

lemma gbs-I (dens-to-dist erlang-f) = density lborel (erlang-density k 1)
(proof)

end
5.2.8 Uniform Distribution on (0,1) x (0, 1).
definition uniform-f = indicat-real ({0<..<1:real}x{0<..<I1:real})
lemma
shows uniform-f-gbs’[gbs]: uniform-f € gbs-borel —¢g Rq

and uniform-f-qbs[qbs]: uniform-f € Rg @ o Rg —¢ Rg
(proof )
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lemma uniform-f-measurable[measurable]: uniform-f € borel-measurable borel
{proof )

lemma nc-uniform-f: gbs-l (density-qbs lborel-qbs uniform-f) UNIV = 1
(proof )

corollary measure-qbs-I-dens-to-dist-uniform-f: measure (gbs-l (density-qbs lborel-qbs
uniform-f)) UNIV = 1
(proof )

lemma uniform-f:
shows uniform-f € qbs-borel =g Rg
and Az. uniform-fz > 0
and q¢bs-l (density-gbs lborel-gbs uniform-f) UNIV # 0
and gbs-integrable lborel-qbs uniform-f
(proof )

lemma gbs-I-dens-to-dist-uniform-f:qbs-l (dens-to-dist uniform-f) = density lborel
(Az. ennreal (uniform-f z))
(proof)

lemma dens-to-dist uniform-f = Uniform 0 1 Q) gmes Uniform 0 1
(proof)

5.2.9 If then else

definition gt :: (real = real) = real = bool gbs-measure where
gt = (Afr. do{

x < dens-to-dist (normal-f 0 1);

iffe>r

then return-qbs Bg True

else return-qbs Bg False

)

declare normal-f(1)[of 1 0,simplified)

lemma gt-gbs|gbs]: gt € gbs-space (Rg =¢ Rg) =g Rg =¢ monadP-gbs Bg)
(proof)

lemma

assumes [gbs]: f € Rg —¢ Rg

shows P(b in gt fr. b = True) = P(z in std-normal-distribution. f x > r) (is
?P1 = 7P2)
(proof)

Examples from Staton [5, Sect. 2.2].
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5.2.10 Weekend
Example from Staton [5, Sect. 2.2.1].

This example is formalized in Coq by Affeldt et al. [1].

definition weekend :: bool qbs-measure where
weekend = do {
let x = gbs-bernoulli (2 / 7);
f = (Ax. let r = if x then 3 else 10 in pmf (poisson-pmf r) 4)
in query  f

}

lemma weekend-gbs[gbs]:weekend € qbs-space (monadM-qbs Bg)
(proof )

lemma weekend-nc:

defines N = 2 / 7 « pmf (poisson-pmf 8) 4 + & | 7 x pmf (poisson-pmf 10)
4

shows ¢bs-l (density-qbs (bernoulli-pmf (2/7)) (Az. (pmf (poisson-pmf (if z then
3 else 10)) 4))) UNIV = N
(proof)

lemma q¢bs-l-weekend:

defines N = 2 / 7 * pmf (poisson-pmf 3) 4 + 5 | 7 x pmf (poisson-pmf 10)
4

shows qbs-l weekend = qbs-1 (density-gbs (qbs-bernoulli (2 / 7)) (Az. ennreal

(let r = if z then 3 else 10 inr ~ 4 x exp (— 1) / (fact 4 * N)))) (is ?lhs = frhs)
(proof)

lemma

defines N = 2 / 7 « pmf (poisson-pmf 3) 4 + 5 | 7 x pmf (poisson-pmf 10)
4

shows P(b in weekend. b = True) = 2 / 7% (34 xexp (— 3)) / fact 4 x1 /| N

{proof)

5.2.11 Whattime
Example from Staton [5, Sect. 2.2.3]

f is given as a parameter.

definition whattime :: (real = real) = real qbs-measure where
whattime = (Af. do {
let T = Uniform 0 24 in
query T (At. let r = ftin
exponential-density r (1 / 60))
)

lemma whattime-gbs[gbs]: whattime € (Rg =¢ Rg) =¢ monadM-gbs Rq
{proof)
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lemma q¢bs-l-whattime-sub:

assumes [¢bs]: f € Rg =¢ Rg

shows ¢bs-l (density-qbs (Uniform 0 24) (Ax. exponential-density (fz) (1 / 60)))
= density lborel (Az. indicator {0<..<24} x / 24 * exponential-density (fx) (1 /
60))
(proof)

lemma

assumes [¢bs]: f € Rg =¢ R and [measurable]:U € sets borel

and Ar. fr >0

defines N = ([ te{0<..<2{}. (ft = exp (— 1/ 60 * [ t)) Olborel)

defines N’ = ([ tte{0<..<2{}. (ft * exp (— 1/ 60 * ft)) Olborel)

assumes N’ # ( and N’ # o

shows P(t in whattime f. t € U) = ([ te{0<..<2{}NU. (ft = exp (— 1/ 60 *
ft)) Olborel) /| N
(proof)

5.2.12 Distributions on Functions

definition a-times-x :: (real = real) gbs-measure where
a-times-z = do {

a < Uniform (=2) 2;

return-gbs (Rg =¢ Rg) (Az. a * z)

}

lemma a-times-z-qbs[qbs]: a-times-z € monadM-gbs (Rg =¢q Rg)
{proof)

lemma a-times-z-gbsP: a-times-z € monadP-qbs (Rg =¢ Rg)

(proof)

definition a-times-z’ :: (real = real) qbs-measure where
a-times-z' = do {
condition a-times-z (Af. f1 > 0)

}

lemma a-times-z'-qbs[gbs]: a-times-z’ € monadM-gbs (Rg =¢ Rg)
{proof)

lemma prob-a-times-x:

assumes [measurable]: Measurable.pred borel P

shows P(f in a-times-z. P (f r)) = P(a in Uniform (—=2) 2. P (a x r)) (is ?lhs
= %rhs)
(proof)

lemma P(f in a-times-z’. f1 > 1)=1/ 2 (is P = -)
(proof)

Almost everywhere, integrable, and integrations are also interpreted as pro-
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grams.
lemma (\g fz. if (AEqg yingxz. fzy+# 0o) then ([ Yo y. fzy d(gx)) else 0)
€ (]RQ =Q monadM—qbs ]RQ) =Q (]RQ =Q ]RQ =Q ]RQZO) =Q ]RQ =Q
Rg>o
(proof )

lemma (\g f . if gbs-integrable (g z) (f x) then Some ([ ¢ y. fz y d(g z)) else
None)
S (]RQ =Q monadM-qbs IRQ) =Q (]RQ =Q IRQ =Q ]RQ) =Q ]RQ =Q
option-qgbs Rq
(proof )

end
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