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Abstract

The s-finite measure monad on quasi-Borel spaces provides a suit-
able denotational model for higher-order probabilistic programs with
conditioning. This entry is a formalization of the s-finite measure
monad and related notions, including s-finite measures, s-finite kernels,
and a proof automation for quasi-Borel spaces which is an extension
of our previous entry quasi-Borel spaces. We also implement several
examples of probabilistic programs in previous works and prove their

property.

This work is a part of the work by Hirata, Minamide, and Sato,
Semantic Foundations of Higher-Order Probabilistic Programs in Is-
abelle/HOL which will be presented at the 14th Conference on Inter-
active Theorem Proving (ITP2023).
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For the terminology of s-finite measures/kernels, we refer to the work by
Staton [4]. For the definition of the s-finite measure monad, we refer to the
lecture note by Yang [6]. The construction of the s-finite measure monad is
based on the detailed pencil-and-paper proof by Tetsuya Sato.

1 Lemmas

theory Lemmas-S-Finite-Measure-Monad
imports HOL— Probability. Probability Standard-Borel-Spaces.StandardBorel
begin

lemma integrable-mono-measure:
fixes f :: 'a = 'b::{banach, second-countable-topology}
assumes [measurable-cong,measurable]:sets M = sets N M < N integrable N f
shows integrable M f
using assms(8) nn-integral-mono-measure] OF assms(1,2),0f Ax. ennreal (norm

(f z))]

by (auto simp: integrable-iff-bounded)

lemma AE-mono-measure:

assumes sets M = sets NM < NAEzin N. Px

shows AExin M. Pz

by (metis (no-types, lifting) AE-E Collect-cong assms eventually-ae-filter le-measure
le-zero-eq null-setsl sets-eq-imp-space-eq)

lemma finite-measure-return: finite-measure (return M x)
by (auto intro!: finite-measurel) (metis ennreal-top-neq-one ennreal-zero-neg-top
indicator-eq-0-iff indicator-eq-1-iff)

lemma nn-integral-return’”:
assumes z ¢ space M



shows ([T z. g x Oreturn M z) = 0
proof —

have emeasure (return M z) A = 0 for A

by(cases A € sets M insert assms) (auto simp: indicator-def emeasure-notin-sets
dest: sets.sets-into-space)

thus ?thesis

by (auto simp: nn-integral-def simple-integral-def) (meson SUP-least le-zero-eq)
qed

lemma pair-measure-return: return M 1 @ ar return N r = return (M @ pr N)
(L)
proof (safe intro!: measure-eql)

fix A

assume A € sets (return M | @ p return N r)

then have A[measurable]:A € sets (M @ ar N) by simp

note [measurable-cong] = sets-return|of M| sets-return|of N]

interpret finite-measure return N r by(simp add: finite-measure-return)

consider [ ¢ space M | r ¢ space N | | € space M r € space N by auto

then show emeasure (return M 1 @ pr return N r) A = emeasure (return (M
Qum N) (I, r)) A (is ?lhs = ?rhs)

by (cases, insert sets.sets-into-space|OF A]) (auto simp: emeasure-pair-measure

nn-integral-return’ space-pair-measure nn-integral-return, auto simp: indicator-def)
qed simp-all

lemma null-measure-distr: distr (null-measure M) N f = null-measure N
by (auto introl: measure-eql simp: distr-def emeasure-sigma)

lemma integral-measurable-subprob-algebra?2:
fixes [ :: - = - = -::{banach,second-countable-topology}
assumes [measurable]: (A(z, y). f z y) € borel-measurable (M @y N) L €
measurable M (subprob-algebra N)
shows (\z. integral® (L z) (f x)) € borel-measurable M
proof —
note integral-measurable-subprob-algebra[measurable]
note measurable-distr2[measurable]
have (\z. integral” (distr (L ) (M @ ar N) (\y. (2, ) (A(z, y). fzy)) €
borel-measurable M
by measurable
then show (A\z. integral” (L z) (f z)) € borel-measurable M
by (rule measurable-cong| THEN iffD1, rotated))
(simp add: integral-distr)
qged

lemma distr-id”:
assumes sets N = sets M
and A\z. z € space N = fax =1z
shows distr NM f = N
by (simp add: distr-cong[OF refl refl,of N f id,simplified, OF assms(2),simplified]
distr-id2|OF assms(1)[symmetric]] id-def)



lemma measure-density-times:
assumes [measurable]:S € sets M X € sets M r # o
shows measure (density M (Az. indicator S x x r)) X = ennZreal r * measure
M (5N X)
proof —
have [simp]:density M (Az. indicator S x * r) = density (density M (indicator
$) (- 7)
by (simp add: density-density-eq)
show %thesis
by (simp add: measure-density-const[OF - assms(3)] measure-restricted)
qed

lemma complete-the-square:
fixes a b ¢ = :: real
assumes a # 0
shows axz? + b*x 2z + c=a* (x + (b / (2%a)))? — (% — 4% a x ¢)/(4x*a))
using assms by(simp add: comm-semiring-1-class.power2-sum power2-eq-square|of
b/ (2 x a)] ring-class.ring-distribs(1) division-ring-class.diff-divide-distrib power2-eq-square|of

b))

lemma complete-the-square2’:
fixes a b ¢ x :: real
assumes a # 0
shows axz? — 2x bxxz+c=ax* (z — (b/ a)? — ((b® — axc)/a)
using complete-the-square[OF assms,where b=—2 x b and z=xz and c=c]
by (simp add: division-ring-class. diff-divide-distrib assms)

lemma normal-density-mu-x-swap:
normal-density p o © = normal-density x o
by (simp add: normal-density-def power2-commute)

lemma normal-density-plus-shift: normal-density p o (z + y) = normal-density

(b—z)oy
by(simp add: normal-density-def add.commute diff-diff-eq2)

lemma normal-density-times:
assumes 0 > 0 o’ > 0
shows normal-density p o x x normal-density p’ o’ z = (1 / sqrt (2 * pi *
(0% + 0?) % exp (— (u — p)? /) (2 * (62 + 7)) * normal-density ((uxo” +
wsa?) /(0% + 0?)) (o x o’ | sqrt (6®> + 0?))
(is ?lhs = %rhs)
proof —
have non0: 2x02 # 0 2x0” # 0 0®> + a? # 0
using assms by auto
have 7lhs = exp (— (( — p)? / (2 % 02) * exp (— (5 — @) / (2 % a?))) /
(sqrt (2 * pi x 02) x sqrt (2 * pi * 0?))
by (simp add: normal-density-def)
also have ... = ezp (— ((z — p)? / (2 x 0%)) = ((z — p)* / (2 x 07))) / (sqrt



(2 * pi x 02) * sqrt (2 * pi x 0?))
by (simp add: exp-addfof — ((z — p)? / (2 * 0?) — ((z — w)? / (2 =
a)),simplified add-uminus-conv-diff])
also have ... = exp (— (z (u*a + *0)/(02+0’2))2/(2*(U*0’
/ sqrt (0% + 0)?) — (u — p)? /(2 % (6% + 0))) / (sqrt (2 = pi x 02) * sqrt
(2 * pi x o))
proof —
have ((z — #)° / (2 % %) + ((z — p')
0’2))/(0’2+0"2))2/(2*(0*0’ (
(is ?lhs’ = 2rhs’)
proof —
have ?lhs’ = (2 * ((x — u)? * c) + 2 x ((z — p')?

x0%)) [ (4 * (0% % 0?))
by (simp add: field-class.add-frac-eqOF nonO(Z 2)])

also have ... = ((z — )2 x 0? + (z — p")2 x 02) / (2 * (0% * 0?))
by (simp add: power?—eq—square division-ring-class.add-divide-distrib)
also have ... = ((62 + 0”?) x 2?2 — 2% (u*xoc? + p' % 0?) vz + (u? x o2

© s a?) [ (25 (0%« o)
by (simp add: comm-ring-1-class.power2-diff ring-class.left-diff-distrib semir-
ing-class.distrib-right)

also have ... = (62 + 0?) x (x — (u*x 0? + ' x 02) / (6> + 0)? — ((u
*oz);—u’*oz)Q—(UQ—l—a ) % (u? % 0 + p? % a®)) [/ (0% + 0?)) /(2 * (0

by (simp only: complete-the-square2’|OF non0(3),0f © (u * ¢ + p' * 02)
x 0% + p? % o))
also have ... = (62 + 0?) * (v — (uxo? + p' x %) [/ (62 +0?))?) / (2 *
(02 x0?) = ((n*0? + p'*0%)? — (0% + 0%) * (u? x 0> + p? x 07?)) / (0°
T a?) /(2% (0% % a?)
by (simp add: division-ring-class. diff-divide-distrib)
also have ... = (z — (u x o + p' *x 02) / (6% + 07))? / (2 * ((a*a)/
sqrt (02 + 0”)?) — (ux 0 + pu' * 02)? — (02 + ) * (u? * 02 + p? x 0?))
/(0% + 7)) [ (2 * (62 x0?))
by (simp add: monoid-mult-class.power2-eq-square[of (o x o') / sqrt (o +
)] ab-semigroup-mult-class.mult.commute|of o> + o] )
(simp add: monoid-mult-class.power2-eq-square|of o] monoid-mult-class.power2-eq-square|of
o)

(1"

also have ... = (z — (u*xo? +pu'x0?) /(6> + 7)) (2% (0 x0o'/
sqrt (o® + 0"2))2) ((pxa?)? + (u'*0%)? + 2% (ux0?)x (u' *x0?) — (0°
* (H’Z )+0 # (1% o) + (0% % (1 x o) + 0% % (1P x 0?)))) / ((0* +

o) % (25 (5% x o))
by (simp add: comm-semiring-1-class.power2-sumlof p * o u' * o] semir-
ing-class.distrib-right[of 0 0 p” * 0? + p? * 0’2] )
(simp add: semiring-class.distrib-left[of - u * O )

alsohave...:(I—(u*anru’*aZ)/( o) (2 % (0 %0/ sqrt
(0 +0?))*) + ((02 # 0 2)p? + (0 % o) — (02 x0%) 2% (prp')) / ((0®
+0?) % (2 x (02 x 0”)))

by (simp add: monoid-mult-class.power2-eq-square division-ring-class.minus-divide-left)

also have ... = (z — (u*x o”? + p' x02) [ (6? + 07)? /(2 x (0 x o' / sqrt
(02 + ™)) + (12 + p”? = 2% (uep) / (0% + 07) * 2)

QM*
2

/



using assms by (simp add: division-ring-class.add-divide-distrib division-ring-class. diff-divide-distrib)
also have ... = ?rhs’
by (simp add: comm-ring-1-class.power2-diff ab-semigroup-mult-class.mult.commute|of

2))
finally show ?thesis .
qed
thus ?thesis
by simp
qed
also have ... = (exp (— (p — u")? / (2 * (6% + 0"))) / (sqrt (2 * pi * 0?) *
sqrt (2 = pi x 0'))) * sqrt (2 = pz x (0% o' [ sqrt (6% + 0))?) * normal-density
(1 0” + '+ 02) [ (0* + 02)) (0 o' | sart (0 + %) @
by (simp add: e 1p-a dd[of (g: —(uxo”?+p'*x0%) /(02 +0™)2 /(2% (0 %o’
/ sqrt (6% + 0))?) — ( p)? ) (2 % (o2 + 07)),simplified] normal-density-def)
also have ... = ?rh
proof —
have exp (— (u — p')? / (2 x (6% + 0?))) / (sqrt (2 = pi x 02) * sqrt (2 * pi
* 0)) * sqrt (2 x pi * (0 % o'/ sqrt (02 + 0”))?) =1 / sqrt (2 * pi x (o2
o2) x e (= (u— @) / (2 5 (0 + 0)))
using assms by(simp add: real-sqri-mult)
thus ?thesis
by simp
qed
finally show ?thesis .
qed

lemma KL-normal-density:
assumes [arith]: b > 0d > 0
shows KL-divergence (exp 1) (density lborel (normal-density a b)) (density lborel
(normal-density ¢ d)) = In (b / d) + (d*> + (¢ — a)?) / (2 x b?) — 1 / 2 (is ?lhs
= 2rhs)
proof —
have ?lhs = ([ . normal-density ¢ d z  In (normal-density ¢ d z / normal-density
a b x) Olborel)
by (unfold log-In,rule lborel. K L-density-density) (use order.strict-implies-not-eq OF
normal-density-pos[of b a]] in auto)
also have ... = ([ z. normal-density ¢ d z * In (normal-density ¢ d ) — nor-
mal-density ¢ d x * In (normal-density a b x) dlborel)
by (metis (no-types, opaque-lifting) assms In-div normal-density-pos order.irrefl
right-diff-distrib’)
also have ... = ([ 2. normal-density ¢ d = * In (exp (— (z — ¢)? / (2 * d?)) /
sqrt (2 * pi x d?)) — normal-density ¢ d x x In (exp (— (z — a)? / (2 x b?)) /
sqrt (2 * pi * b?)) Olborel)
by(simp add: normal-density-def)
also have ... = ([ z. normal-density ¢ d z x (— (x — ¢)> / (2 * d*) — In (sqrt
(2 % pi * d?))) — (normal-density ¢ d x * (— (z — a)® / (2 * b*) — In (sqrt (2 *
pi * b2)))) Olborel)
by (simp add: In-div)
also have ... = ([ z. normal-density ¢ d = * (In (sqrt (2 * pi = b*)) — In (sqrt



(2 * pi x d?))) + (normal-density ¢ d z x ((z — a)?® / (2 x b%)) — normal-density
cdzx ((z— c)? /(2% d?)) dlborel)
by (auto introl: Bochner-Integration.integral-cong simp: right-diff-distrib)
also have ... = ([ z. normal-density ¢ d z * (In (sqrt (2 = pi * b*)) — In (sqrt (2
x pi x d2))) + (normal-density c d z * ((x — ¢)?> / (2 % b?) + (2 x 2 * (¢ — a) +
a2 — c72) /(2 x b?)) — normal-density ¢ d z * ((x — ¢)? / (2 * d?))) Olborel)
by (auto introl: Bochner-Integration.integral-cong simp: add-divide-distrib[symmetric]
power2-diff) (sz’mp add: right-diff-distrib)
also have ... = ([ . (In (sqrt (2 = pi * b?)) — In (sqrt (2 * pi x d2)))
normal-density c d T + ((1 / (2 = b%) x (normal-density ¢ d z * (z — ¢)?) + (
x (¢ — a)) / (2 % b2) * (normal-density ¢ d z * ) + (a™2 — ¢72) / (2 = b2
* (normal-density ¢ d z)) — 1 / (2 x d?®) x (normal-density ¢ d x x (z — ¢)?)
Olborel)
by (auto intro!: Bochner-Integration.integral-cong simp: add-divide-distribsymmetric]
ring-distribs)
also have ... = ([z. (In ( sqrt (2 * pi x b)) — In (sqrt (2 * pi * d?))) =
normal- denszty c d z dlborel) + (((f . 1 / (2 = b*) = (normal-density ¢ d z * (z —
¢)?) dlborel) + ([ z. (2 = (c - a)) / (2 % b%) % (normal-density ¢ d x * ) Olborel)
+ (Jo. (672 = ¢72) / (2 % b?) * (normal-density ¢ d z) Olborel)) — ([z. 1 / (2
* d2) * (normal-density ¢ d x * (z — ¢)?) Olborel))
using integrable-normal-moment-nz-1[OF assms(2)] integrable-normal-moment[OF
assms(2),where k=2] by simp
also have ... = In (sqrt (2 * pi * b%)) — In (sqrt (2 * pi x d?)) + 1 / (2 * b?)
xd>+ (2xc—2%a)/(2+b)xc+ (a®> =) /(2% -1/ (2%d?) * d?
by (simp add: integral-normal-moment-even[OF assms(2),of - 1,simplified] in-
tegral-normal-moment-nz-1[OF assms(2)] del: times-divide-eq-left)
alsohave ... =ln(b/d) +1/(2+b)*xd*+(2%c—2x%a)/(2%0b%) *c
+ (a2 =) /(2% b%) —1/(2%d? * d?
by(simp add: In-sqrt In-mult power2-eq-square diff-divide-distrib]symmetric]
In-div)
also have ... = ?rhs
by (auto simp: add-divide-distrib[symmetric] power2-diff left-diff-distrib) (simp
add: power2-eq-square)
finally show ?thesis .
qed

y
)
)

lemma count-space-prod:count-space (UNIV :: ('a :: countable) set) Q) ar count-space
(UNIV :: (’b :: countable) set) = count-space UNIV
by (auto simp: pair-measure-countable)

lemma measure-pair-pmf:

fixes p :: (“a :: countable) pmf and q :: ('b :: countable) pmf

shows measure-pmf p @ nr measure-pmf q¢ = measure-pmf (pair-pmf p q) (is
?lhs = 2rhs)
proof —

interpret pair-prob-space measure-pmf p measure-pmf q

by standard
have ?lhs = measure-pmf p >= (Ax. measure-pmf q >= (\y. return (measure-pmf

p @ nm measure-pmf q) (z, y)))



by (rule pair-measure-eq-bind)
also have ... = ?rhs
by (simp add: measure-pmf-bind pair-pmf-def return-pmf.rep-eq cong: return-cong[ OF
sets-pair-measure-cong| OF sets-measure-pmf-count-spacelof p| sets-measure-pmf-count-space|of
q],stmplified count-space-prod]])
finally show ?thesis .
qed

lemma distr-PiM-distr:
assumes finite I \i. i € I = sigma-finite-measure (distr (M ¢) (N i) (f 7))
and \i. i€l = fie Mi—y NI
shows distr (I i€1. M i) (Iyy i€I. N i) (Awi. Ni€l. fi (zid)) = (M i€l
distr (M i) (N ) (f 1))
proof —
define M’ where M’ = (\i. if i € I then M i else null-measure (M 1))
have f[measurable]: N\i. i € I = fi € M' i —p N ¢ and [measurable-cong]:
Ni. sets (M’ i) = sets (M i) and [simp]: Ni. i € ] = M'i= M1
by (auto simp: M'-def assms)
interpret product-sigma-finite \i. distr (M’ i) (N @) (f %)
by (auto simp: product-sigma-finite-def M'-def assms(2)) (auto introl: finite-measure.sigma-finite-measure
finite-measurel simp: null-measure-distr)
interpret ps: product-sigma-finite M’
by (auto simp: product-sigma-finite-def M '-def introl: finite-measure.sigma-finite-measure|of
null-measure - finite-measurel sigma-finite-measure-distr|OF assms(2)])
have distr (ILpy i€I. M ©) (p i€l. N ©) (Axi. Ni€l. fi (xi i) = distr (I
iel. M' i) (I i€l. N i) (\zi. Mi€l. fi (zid))
by (simp cong: PiM-cong)

also have ... = (Il i€l. distr (M’ ) (N i) (f7))
proof(rule PiM-eqI[OF assms(1)])
fix A

assume A\i. i € I = A i € sets (distr (M’ ) (N i) (f7))
hence h[measurable]: \i. i € I = A i € sets (N 1)
by simp
have [simp):(Azi. Mi€l. fi (zi i) —¢ (Pig I A) N space (Pipyy I M') = (g
iel. fi —AinN space (M’ 1))
by (auto simp: space-PiM)
show emeasure (distr (Pipy I M') (Pipg I N) (Azi. Mi€l. fi (zii))) (Pig I A)
= ([]¢€l. emeasure (distr (M’ ) (N i) (f7)) (A 7))
by (auto simp: emeasure-distr assms(1) ps.emeasure-PiM[OF assms(1)])
qed(simp-all cong: sets-PiM-cong)
also have ... = (IIy; i€l. distr (M ) (N @) (f 7))
by (auto cong: PiM-cong)
finally show ?thesis .
qed

lemma distr-PiM-distr-prob:
assumes Ai. ¢ € I = prob-space (M i)
and \i.i € ] = fie Mi—py Ni
shows distr (I i€l. M 3) (IIpy i€I. N i) (Azi. Mi€l. fi (zii)) = (I (€1,



distr (M i) (N i) (f 1))
proof —
define M’ where M’ = (\i. if i € I then M i else return (count-space UNIV)
undefined)
define N’ where N’ = (\i. if i € I then N i else return (count-space UNIV')
undefined)
interpret p: product-prob-space Ai. distr (M’ %) (N’ 17) (f 7)
by (auto simp: product-prob-space-def product-prob-space-azioms-def product-sigma-finite-def
M'-def prob-space-return N'-def assms introl: prob-space-imp-sigma-finite prob-space.prob-space-distr)
interpret p”: product-prob-space M’
by (auto simp: product-prob-space-def product-prob-space-azioms-def product-sigma-finite-def
M'-def prob-space-return assms introl: prob-space-imp-sigma-finite)
have f[measurable]: N\i. i € = fie€ M'i —y N'i
by (auto simp: assms M’-def N'-def)
have [simp]: p.emb I = prod-emb I N’
by standard (auto simp: prod-emb-def)
have distr (I i€l. M i) (p i€l. N @) (Azi. M€l. fi (zi ) = distr (I
iel. M' i) (Up i€l. N’ @) (Azi. Miel. fi (zi 1))
by (simp add: M'-def N'-def cong: PiM-cong)

also have ... = (Il <€l. distr (M’ 4) (N’ %) (f 7))
proof (rule p.PiM-eq)
fix J F

assume h[measurable]: finite JJJ C I N\j. j € J = Fj € p.M.events j
then have [measurable]: \j. j € J = F j € sets (N'j) by simp
show emeasure (distr (Pipg I M') (Pipg I N') (Azi. Mi€l. fi (zi0))) (p.emb
IJ (Pig JF)) = ([]jeJ. emeasure (distr (M'3) (N’ 5) (f7) (Fj)) (is ?lhs =
2rhs)
proof —
have ?lhs = emeasure (Pipy I M') (Azi. Mi€l. fi (xii)) —¢ (prod-emb I N’
J (Pig J F)) N space (Pipy I M)
by (simp add: emeasure-distr h)
also have ... = emeasure (Pipy I M') (prod-emb I M’ J (Ug ied. fi —*(F
i) N space (M’ 7))
proof —
have [simp:(Azi. Ai€l. fi (zi i)) —° (prod-emb I N' J (Pig J F)) N space
(Pipg I M) = prod-emb I M’ J (Il i€J. fi —° (F i) N space (M’ 7))
using measurable-space[OF f] h(1,2,3)
by (fastforce simp: space-PiM prod-emb-def PiE-def extensional-def Pi-def
M'-def N'-def)
show ?thesis by simp

qed

also have ... = ([[i€J. emeasure (M' %) (fi —* (F i) N space (M’ 7)))
by (rule p’.emeasure-PiM-emb,insert h(2)) (auto simp: h(1))

also have ... = ?rhs

using h(2) by (auto simp: emeasure-distr introl: comm-monoid-mult-class.prod.cong)
finally show ?Zthesis .
qed
qed (simp cong: sets-PiM-cong)
also have ... = (Il i€l. distr (M 7) (N ) (f 7))
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by(simp add: M'-def N'-def cong: distr-cong PiM-cong)
finally show ?thesis .
qed

end

2 Kernels

theory Kernels
imports Lemmas-S-Finite-Measure-Monad
begin

2.1 S-Finite Measures

locale s-finite-measure =

fixes M :: 'a measure

assumes s-finite-sum: 3 Mi :: nat = ‘a measure. (Vi. sets (Mi i) = sets M) A
(Vi. finite-measure (Mi i)) N (V A€sets M. M A = (D i. Mi i A))

lemma(in sigma-finite-measure) s-finite-measure: s-finite-measure M
proof
obtain 4 :: nat = - where A: range A C sets M |J (range A) = space M Ai.
emeasure M (A i) # oo disjoint-family A
by (metis sigma-finite-disjoint)
define Mi where Mi = (\i. measure-of (space M) (sets M) (Aa. M (a N A 7))
have emeasure-Mi:Miia =M (a N A ) if a € sets M for i a
proof —
have positive (sets (Mi 7)) (Aa. M (a N A ©)) countably-additive (sets (Mi 7))
(Aa. M (an A Q)
unfolding positive-def countably-additive-def
proof safe
fix B :: nat = -
assume range B C sets (Mi i) disjoint-family B
with A(1) have range (A\j. Bj N A i) C sets M disjoint-family (\j. Bj N A
i)
by (fastforce simp: Mi-def disjoint-family-on-def)+
thus > 7. M (Bjn Ad) =M (J (range B) N A i)
by (metis UN-extend-simps(4) suminf-emeasure)
qed simp
from emeasure-measure-of[OF - - this] that show ?thesis
by (auto simp add: Mi-def sets.space-closed)
qed
have sets-Mi:sets (Mi i) = sets M for i by(simp add: Mi-def)
show 3 Mi. (Vi. sets (Mi i) = sets M) A (V4. finite-measure (Mi i)) A (V A€sets
M. emeasure M A = (> i. emeasure (Mi i) A))
proof(safe intro!: exl[where z=Mi])
fix i
show finite-measure (Mi ©)
using A by(auto intro!: finite-measurel simp: sets-eq-imp-space-eq| OF sets-Mi]
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emeasure-Mz)
next
fix B
assume B:B € sets M
with A(1,4) have range (Ai. BN A i) C sets M disjoint-family (Ai. B N A 7)
by (auto simp: disjoint-family-on-def)
then show M B = (> i. (Mi i) B)
by (simp add: emeasure-Mi[OF B| suminf-emeasure A(2) B)
qed(simp-all add: sets-Mi)
qged

lemmas(in finite-measure) s-finite-measure-finite-measure = s-finite-measure
lemmas(in subprob-space) s-finite-measure-subprob = s-finite-measure
lemmas(in prob-space) s-finite-measure-prob = s-finite-measure

sublocale sigma-finite-measure C s-finite-measure
by (rule s-finite-measure)

lemma s-finite-measurel:

assumes Ai. sets (Mi i) = sets M \i. finite-measure (Mi i) NA. A€sets M —>
MA= (i MiiA)

shows s-finite-measure M

by standard (use assms in blast)

lemma s-finite-measure-prodl:
assumes i j. sets (Mij i j) = sets M N\i j. Mij i j (space M) < oo NA. A €
sets M = M A= i 0.4 MijijA)
shows s-finite-measure M
proof —
define Mi’ where Mi’ = (An. case-prod Mij (prod-decode n))
have sets-Mi'[measurable-congl: \i. sets (Mi’ i) = sets M
using assms(1) by(simp add: Mi'-def split-beta’)
have Mi'-finite:\i. finite-measure (Mi’ i)
using assms(2) sets-eq-imp-space-eq| OF sets-Mi'[symmetric]] top.not-eq-extremum
by (fastforce introl: finite-measurel simp: Mi’-def split-beta’)
show ?thesis
proof (safe introl: s-finite-measurel [where Mi=Mi'] sets-Mi' Mi'-finite)
fix A
show A € sets M = M A= (> i Mi'iA)
by (simp add: assms(3) suminf-ennreal-2dimen|where f=\(z,y). Mij z y A,
simplified, OF refl,symmetric] Mi’-def split-beta’)
qed
qed

corollary s-finite-measure-s-finite-suml:

assumes \i. sets (Mi i) = sets M \i. s-finite-measure (Mi i) NA. A € sets M
= MA=(>i MiiA)
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shows s-finite-measure M
proof —
from s-finite-measure.s-finite-sum[OF assms(2)]
obtain Mij where Mij[measurable]: \i j. sets (Mij i j) = sets M Ai j. fi-
nite-measure (Mij i j) NijA. A€ sets M = Mii A= (>.j. MijijA)
by (metis assms(1))
show ?thesis
using finite-measure.emeasure-finite| OF Mij(2)]
by (auto intro!: s-finite-measure-prodl[where Mij = Mij| simp: assms(83) Mij
top.not-eq-extremum,)
qged

lemma s-finite-measure-finite-sumli:
assumes finite I \i. i € I = s-finite-measure (Mi i) N\i. i € I = sets (Mi
i) = sets M
and ANA. A€ sets M = M A= (> iel. MiiA)
shows s-finite-measure M
proof —
let ?Mi = An. if n < card I then Mi (from-nat-into I n) else null-measure M
show ?thesis
proof (rule s-finite-measure-s-finite-sumlI[of ?Mi])
show Ai. s-finite-measure (2Mi 1)
by (metis (full-types) assms(2) bot-nat-0.extremume-strict card.empty emea-
sure-null-measure ennreal-top-neg-zero finite-measure.s-finite-measure-finite-measure
finite-measurel from-nat-into infinity-ennreal-def)
next
show Ai. sets (?Mi i) = sets M
by (metis (full-types) assms(8) card-gt-0-iff dual-order.strict-trans2 from-nat-into
less-zeroFE linorder-le-less-linear sets-null-measure)
next
fix A
assume A € sets M
then have M A = (D> i€l. Mii A)

by fact

also have ... = (3 n<card I. Mi (from-nat-into I n) A)
by (rule sum.card-from-nat-into[symmetric])

also have ... = (3 n<card I. ?Min A)
by simp

also have ... = (3 n. ?Min A)

by (rule suminf-finite[symmetric]) auto
finally show M A = (> n. ?Min A) .
qed
qged

lemma countable-space-s-finite-measure:
assumes countable (space M) sets M = Pow (space M)
shows s-finite-measure M
proof —
define Mi where Mi = (\i. measure-of (space M) (sets M) (AA. emeasure M

13



(A N {from-nat-into (space M) i})))
have sets-Mi[measurable-cong,simpl: sets (Mi i) = sets M for i
by (auto simp: Mi-def)
have emeasure-Mi: emeasure (Mi i) A = emeasure M (A N {from-nat-into (space
M) i}) if [measurable]: A € sets M and i:i € to-nat-on (space M)  (space M) for
i A
proof —
have from-nat-into (space M) i € space M
by (simp add: from-nat-into-def i inv-into-into)
hence [measurable]: {from-nat-into (space M) i} € sets M
using assms(2) by auto
have 1:countably-additive (sets M) (AA. emeasure M (A N {from-nat-into
(space M) i}))
unfolding countably-additive-def
proof safe
fix B :: nat = -
assume range B C sets M disjoint-family B
then have [measurable]:\i. B i € sets M and disjoint-family (A\j. B j N
{from-nat-into (space M) i})
by (auto simp: disjoint-family-on-def)
then have (3 j. emeasure M (B j N {from-nat-into (space M) i})) = emeasure
M (U (range (Nj. B j N {from-nat-into (space M) i})))
by (intro suminf-emeasure) auto
thus (3 j. emeasure M (B j N {from-nat-into (space M) i})) = emeasure M
(U (range B) N {from-nat-into (space M) i})
by simp
qed
have 2:positive (sets M) (AA. emeasure M (A N {from-nat-into (space M) i}))
by (auto simp: positive-def)
show ?thesis
by (simp add: Mi-def emeasure-measure-of-sigma[OF sets.sigma-algebra-axioms
2 1))
qed
define Mi’ where Mi’ = (Xi. if i € to-nat-on (space M) * (space M) then Mi i
else null-measure M)
have [measurable-cong, simpl: sets (Mi’ i) = sets M for i
by (auto simp: Mi'-def)
show ?thesis
proof(rule s-finite-measure-s-finite-suml|[where Mi=Mi'])
fix A
assume A[measurable]: A € sets M
show emeasure M A = (> i. emeasure (Mi’ i) A) (is ?lhs = ?rhs)
proof —
have ?lhs = ([ * z. emeasure M {z} dcount-space A)
using sets.sets-into-space| OF A] by(auto introl: emeasure-countable-singleton
simp: assms(2) countable-subset[OF - assms(1)])
also have ... = ([ 1 z. emeasure (Mi (to-nat-on (space M) z)) A dcount-space
4)

proof (safe introl: nn-integral-cong)
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fix z
assume z € space (count-space A)
then have I1:z € A by simp
hence 2:to-nat-on (space M) x € to-nat-on (space M) * (space M)
using A assms(2) by auto
have [simp]: from-nat-into (space M) (to-nat-on (space M) z) = x
by (metis 1 2 A assms(1) eq-from-nat-into-iff in-mono sets.sets-into-space)
show emeasure M {z} = emeasure (Mi (to-nat-on (space M) x)) A
using 1 by(simp add: emeasure-Mi[OF A 2])
qed
also have ... = ([ 1 z€A. emeasure (Mi (to-nat-on (space M) z)) A
dcount-space UNIV)
by (simp add: nn-integral-count-space-indicator)
also have ... = ([ T i€to-nat-on (space M) * A. emeasure (Mi i) A dcount-space
UNIV)
by (rule nn-integral-count-compose-inj| OF inj-on-subset| OF inj-on-to-nat-on[OF
assms(1)] sets.sets-into-space[OF Al]])
also have ... = ([T icto-nat-on (space M) ‘ A. emeasure (Mi' i) A
Ocount-space UNIV)
proof —
{
fix z
assume z € A
then have to-nat-on (space M) x € to-nat-on (space M) ‘ (space M)
using sets.sets-into-space[OF A] by auto
hence emeasure (Mi (to-nat-on (space M) x)) A = emeasure (Mi’ (to-nat-on
(space M) x)) A
by (auto simp: Mi’-def)
}

thus ?thesis
by (auto introl: nn-integral-cong simp: indicator-def)
qed
also have ... = ([ " 4. emeasure (Mi' i) A dcount-space UNIV')
proof —

{
fix ¢

assume i:7 ¢ to-nat-on (space M) ‘< A
have from-nat-into (space M) i ¢ A if i € to-nat-on (space M) ‘ (space

M)
by (metis i image-eql that to-nat-on-from-nat-into)
with emeasure-Mi have emeasure (Mi' i) A = 0
by (auto simp: Mi'-def)
thus ?thesis
by (auto introl: nn-integral-cong simp: indicator-def)
qed
also have ... = ?rhs

by (rule nn-integral-count-space-nat)
finally show ?thesis .
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qed
next
fix ¢
show s-finite-measure (Mi' 7)
proof —
{
fix z
assume h:x € space M i = to-nat-on (space M) x
then have i:i € to-nat-on (space M) ‘ space M
by blast
have z: from-nat-into (space M) i
using h by (simp add: assms(1))
consider M {z} =0 | M {z} # 0 M {2} < o0 | M {2} = o0
using top.not-eq-extremum by fastforce
hence s-finite-measure (Mi (to-nat-on (space M) x))
proof cases
case I
then have [simp|:Mi i = null-measure M
by (auto introl: measure-eql simp: emeasure-Mi[|OF - | x Int-insert-right)
show ?thesis
by (auto simp: h(2)[symmetric] introl: finite-measure.s-finite-measure-finite-measure
finite-measurel )
next
case 2
then show ?thesis
unfolding h(2)[symmetric|
by (auto intro!: finite-measure.s-finite-measure-finite-measure finite-measurel
simp: sets-eq-imp-space-eq| OF sets-Mi| emeasure-Mi[OF - ] z h(1))
next
case 3§
show “thesis
unfolding h(2)[symmetric] s-finite-measure-def
proof(safe introl: exl[where z=M\j. return M x| prob-space.finite-measure
prob-space-return h(1))
fix A
assume A € sets (Mi i)
then have [measurable]: A € sets M
by (simp add: Mi-def)
thus emeasure (Mi i) A = (> i. emeasure (return M z) A)
by (simp add: emeasure-Mi[OF - i] x) (cases © € A,auto simp: 8
nn-integral-count-space-nat|symmetric))
qed(auto simp: Mi-def)
qged
}
thus ?thesis
by (auto simp: Mi'-def) (auto intro!: finite-measure.s-finite-measure-finite-measure
finite-measurel )
qed
qed simp

=T
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qed

lemma s-finite-measure-subprob-space:
s-finite-measure M «— (I Mi :: nat = 'a measure. (Vi. sets (Mi i) = sets M) A
(Vi. (Mii) (space M) < 1) A (VAesets M. M A = (D i. MiiA)))
proof
assume I Mi. (Vi. sets (Mi i) = sets M) N (Vi. emeasure (Mi i) (space M) <
)N (VAesets M. M A = (> i. (Mii) A))
then obtain Mi where 1:\i. sets (Mi i) = sets M \i. emeasure (Mi i) (space
M) <1 (VAesets M. M A = (> i. (Mii) A))
by auto
thus s-finite-measure M
by(auto simp: s-finite-measure-def sets-eq-imp-space-eq[OF 1(1)] introl: fi-
nite-measurel exI[where x=DMi]) (metis ennreal-one-less-top linorder-not-le)
next
assume s-finite-measure M
then obtain Mi’ where Mi": \i. sets (Mi' i) = sets M \i. finite-measure (Mi’
i) NA. A€sets M —= M A = (> i. Mi' i A)
by (metis s-finite-measure.s-finite-sum)
obtain u where w:A\i. u i < oo Ni. Mi’ i (space M) = u i
using Mi'(2) finite-measure.emeasure-finite top.not-eg-extremum by fastforce
define Mmn where Mmn = (A(m,n). if n < nat [enn2real (u m)] then scale-measure
(1 / ennreal (real-of-int [enn2real (u m)])) (Mi’ m) else (sigma (space M) (sets
M)
have sets-Mmn : sets (Mmn k) = sets M for k by(simp add: Mmn-def split-beta
Mi')
have emeasure-Mmn: (Mmn (m, n)) A = (Mi’ m A) / ennreal (real-of-int
[enn2real (u m)]) if n < nat [enn2real (u m)] A € sets M for n m A
by (auto simp: Mmn-def that ennreal-divide-times)
have emeasure-Mmn-less1: (Mmn (m, n)) A < 1 for mn A
proof (cases n < nat [enn2real (u m)| A A € sets M)
case h:True
have (Mi’ m) A < ennreal (real-of-int [enn2real (u m)])
by (rule order.trans|OF emeasure-mono[OF sets.sets-into-space sets.top]])
(insert u(1) h, auto simp: u(2)[symmetric] enn2real-le top.not-eq-extremum sets-eq-imp-space-eq OF
Mi'(1)] Mi(1))
with h show ?thesis
by(simp add: emeasure-Mmn) (metis divide-le-posI-ennreal dual-order.eq-iff
ennreal-zero-divide mult.right-neutral not-gr-zero zero-le)
qed(auto simp: Mmn-def emeasure-sigma emeasure-notin-sets Mi’)
have Mi'-sum:Mi’ m A = (3 n. Mmn (m, n) A) if A € sets M for m A
proof —
have (> n. Mmn (m, n) A) = (O_n. Mmn (m, n + nat [enn2real (u m)]) A)
+ (O_ n< nat [enn2real (u m)]. Mmn (m, n) A)
by (simp add: suminf-offsetjwhere f=An. Mmn (m, n) A])

also have ... = (3 n< nat [enn2real (v m)]. Mmn (m, n) A)
by (simp add: emeasure-sigma Mmn-def)
also have ... = (3" n< nat [enn2real (u m)|. (Mi’ m A) / ennreal (real-of-int

[enn2real (u m)]))
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by (rule Finite-Cartesian-Product.sum-cong-auzx) (auto simp: emeasure-Mmn

that)
also have ... = Mi'm A
proof (cases nat [enn2real (u m)])
case (

with u[of m] show ?Zthesis
by simp (metis Mi'(1) emeasure-mono ennZreal-positive-iff less-le-not-le
linorder-less-linear not-less-zero sets.sets-into-space sets.top that)
next
case (Suc n')
then have ennreal (real-of-int [enn2real (u m)]) > 0
using ennreal-less-zero-iff by fastforce
with u(1)[of m] have of-nat (nat [enn2real (u m)]) / ennreal (real-of-int
[enn2real (u m)]) = 1
by (simp add: ennreal-eq-0-iff ennreal-of-nat-eq-real-of-nat)
thus ?thesis
by (simp add: ennreal-divide-times[symmetric])
qed
finally show ?thesis ..
qed
define Mi where Mi = (\i. Mmn (prod-decode 7))
show 3 Mi. (Vi. sets (Mi i) = sets M) N (Vi. emeasure (Mi i) (space M) < 1)
AN (VAesets M. M A = (D i. (Mii) A))
by (auto introl: exl[where z=Mi| simp: Mi-def sets-Mmn suminf-ennreal-2dimen| OF
Mi’-sum] Mi'(3)) (metis emeasure-Mmn-less1 prod-decode-aux.cases)
qged

lemma(in s-finite-measure) finite-measures:
obtains Mi where Ai. sets (Mi i) = sets M N\i. (Mi©) (space M) < 1 NA. M
A=00"d MiiA)
proof —
obtain Mi where Mi:\i. sets (Mi i) = sets M Ni. (Mi i) (space M) < 1 A\A.
Acsets M = MA= (> i MiiA)
using s-finite-measure-axioms by (metis s-finite-measure-subprob-space)
hence M A= (>_i. Mii A) for A
by(cases A € sets M) (auto simp: emeasure-notin-sets)
with Mi(1,2) show %thesis
using that by blast
qed

lemma(in s-finite-measure) finite-measures-ne:

assumes space M # {}

obtains Mi where Ai. sets (Mi i) = sets M Ai. subprob-space (Mi i) NA. M
A= 40 MiiA)

by (metis assms finite-measures sets-eq-imp-space-eq subprob-spacel )
lemmal(in s-finite-measure) finite-measures’:

obtains Mi where \i. sets (Mi i) = sets M \i. finite-measure (Mi i) NA. M
A= 040 MiiA)
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by (metis ennreal-top-neg-one finite-measurel finite-measures infinity-ennreal-def
sets-eq-imp-space-eq top.extremum-uniquel )

lemmal(in s-finite-measure) s-finite-measure-distr:

assumes f[measurable]:f € M —p N

shows s-finite-measure (distr M N f)
proof —

obtain Mi where Mi[measurable-cong|: \i. sets (Mi i) = sets M \i. finite-measure
(Mi i) NA. M A = (Y i. MiiA)

by (metis finite-measures’)

show ?thesis

by (auto introl: s-finite-measurel [where Mi=(\i. distr (Mi ) N f)] finite-measure. finite-measure-distr[ OF
Mi(2)] simp: emeasure-distr Mi(3) sets-eq-imp-space-eq|OF Mi(1)])
qed

lemma nn-integral-measure-suminf:
assumes [measurable-congl: \i. sets (Mi i) = sets M and \A. Ac€sets M — M
A= (> i MiiA)f € borel-measurable M
shows (Y i. [Ta. fz d(Mii)) = ([T fz OM)
using assms(3)
proof induction
case (cong f g)
then show ?case
by (metis (no-types, lifting) assms(1) nn-integral-cong sets-eq-imp-space-eq
suminf-cong)
next
case (set A)
then show ?case
using assms(1,2) by simp
next
case (mult u c)
then show ?case
by (simp add: nn-integral-cmult)
next
case (add u v)
then show ?case
by (simp add: nn-integral-add suminf-add[symmetric])
next
case th:(seq U)
have (3 i. integral™ (Mi i) (] range U)) = (3 i. [T . (Uj. Ujz) O(Mii))
by (auto introl: suminf-cong) (metis SUP-apply)
also have ... = (3"d. [ j. [T 2. Ujz 0(Mii))
using ih by(auto introl: suminf-cong nn-integral-monotone-convergence-SUP)
also have ... = (| |j. (X i. [T z. Ujz o(Mii)))
using ih(3) by(auto intro!: ennreal-suminf-SUP-eq incseq-nn-integral)

also have ... = (| |j. integral™ M (U j))
by (simp add: ih)
also have ... = ([ z. (Uj. Ujz) OM)

using ih by(auto intro!: nn-integral-monotone-convergence-SUP[symmetric])
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also have ... = integral™ M (|| range U)
by (metis SUP-apply)
finally show ?Zcase .
qed

A density M f of s-finite measure M and f € borel-measurable M is again
s-finite. We do not require additional assumption, unlike o-finite measures.

lemma(in s-finite-measure) s-finite-measure-density:
assumes f[measurable]:f € borel-measurable M
shows s-finite-measure (density M f)
proof —
obtain Mi where Mi[measurable-cong): \i. sets (Mi i) = sets M \i. finite-measure
(Mii) NA. M A= (>4 MiiA)
by (metis finite-measures’)
show ?thesis
proof (rule s-finite-measure-s-finite-sumI[where Mi=M\i. density (Mi i) f])
show s-finite-measure (density (Mi i) f) for i
proof —
define Mij where Mij = (Aj::nat. if j = 0 then density (Mi i) (Az. co *
indicator {x€space M. f x = oo} x)
else if j = 1 then density (Mi i) (Az. f z * indicator
{z€space M. fz < o} x)
else null-measure M)
have sets-Mij[measurable-cong|: sets (Mij j) = sets M for j
by (auto simp: Mij-def Mt)
have emeasure-Mi:density (Mi i) f A = (>_j. Mijj A) (is ?lhs = ?rhs) if
A[measurable]: A € sets M for A
proof —
have ?lhs = ([ Yz € A. fz OMi i)
by(simp add: emeasure-density)
also have ... = ([ Tz. 0o * indicator {x€space M. f x = oo} x * indicator
A z + fx *x indicator {z€space M. f 1 < oo} z x indicator A x OMi i)
by (auto introl: nn-integral-cong simp: sets-eq-imp-space-eqOF Mi(1)]
indicator-def) (simp add: top.not-eq-extremum)
also have ... = density (Mi ©) (Az. oo x indicator {x€space M. fx = oo}
z) A + density (Mi i) (\z. f z * indicator {z€space M. fz < oo} z) A
by (simp add: nn-integral-add emeasure-density)
also have ... = ?rhs
using suminf-finite[of {..<Suc (Suc 0)} A\j. Mij j A] by(auto simp: Mij-def)
finally show ?thesis .
qed
show ?thesis
proof (rule s-finite-measure-s-finite-sumI[OF - - emeasure-Mi))
fix j :: nat
consider j =0 |j=1]|j# 0j# 1 by auto
then show s-finite-measure (Mij 7)
proof cases
case I
have 2:Mij j A = (O k. density (Mi i) (indicator {z€space M. fz = T})
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A) if A[measurable]:A € sets M for A
by (auto simp: Mij-def 1 emeasure-density nn-integral-suminf[symmetric]
sets-eq-imp-space-eq|OF Mi(1)] indicator-def introl: nn-integral-cong) (simp add:
nn-integral-count-space-nat|symmetric))
show ?thesis
by(auto simp: s-finite-measure-def 2 Mi(1)[of i] sets-Mijlof j] in-
trol: exI[where z=MAk. density (Mi i) (indicator {z€space M. f x = oo})] fi-
nite-measure.finite-measure-restricted Mi(2))
next
case 2
show ?thesis
by (auto introl: sigma-finite-measure.s-finite-measure A E-mono-measure[OF
Mi(1)] sum-le-suminf[where I={i} and f=\i. Mi i -, simplified] simp: sigma-finite-measure.sigma-finite-iff-de
finite-measure. sigma-finite-measure| OF Mi(2)[of i]]] le-measure[OF Mi(1)] Mi in-
dicator-def 2 Mij-def) auto
next
case 3
then show ?thesis
by (auto simp: Mij-def intro!: finite-measure.s-finite-measure-finite-measure
finite-measurel )
qged
qed(auto simp: sets-Mij Mq)
qed
qed(auto simp: emeasure-density nn-integral-measure-suminf[OF Mi(1,3)] Mi(1))
qed

lemma
fixes f :: 'a = 'b::{banach, second-countable-topology}
assumes [measurable-cong|:\i. sets (Mi i) = sets M and \A. Acsets M = M
A= (>4 MiiA) integrable M f
shows lebesque-integral-measure-suminf:(Y_ i. [z. fz O(Mi i) = ([ z. fz OM)
(is Zsuminf)
and lebesgue-integral-measure-suminf-summable-norm: summable (Ai. norm
([ 2. fz O(Mii))) (is 2summable2)
and lebesgue-integral-measure-suminf-summable-norm-in: summable (\i. [ .
norm (f x) O(Mi i)) (is ?summable)
proof —
have Mi:Mi i < M for i
using assms(2) ennreal-suminf-lessD linorder-not-le by (fastforce simp: assms(1)
le-measure[ OF assms(1)])
have sum2: summable (Xi. norm ([ z. g x O(Mi 7))) if summable (Ni. [ z. norm
(g ) O(Mii)) for g :: 'a="b
proof(rule summable-suminf-not-top)
have (3" i. ennreal (norm ([z. g z O(Mi ©)))) < (3 i. ennreal ([ z. norm (g
7) O(Mi 1))
by (auto introl: suminf-le)
thus (Y i. ennreal (norm ([ z. g x O(Mi 1)) # T
by (metis ennreal-suminf-neg-top[ OF that] Bochner-Integration.integral-nonneg
neg-top-trans norm-ge-zero)
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qed simp
have Zsuminf A ?summable
using assms(3)
proof induction
case h[measurable]:(base A c)
have Mi-fin:Mi i A < oo for ¢
by (rule order.strict-trans1[OF - h(2)], auto simp: le-measureD3[OF Mi
assms(1)])
have 1: ([ z. (indicat-real A © xg ¢) OMi i) = measure (Mi i) A xg c for i
using Mi-fin by simp
have 2:summable (Xi. [ z. norm (indicat-real A © xp ¢) OMi i)
proof (rule summable-suminf-not-top)
show (3" i. ennreal ([ x. norm (indicat-real A © =g c¢) OMi i) # T (is 71 #
)
proof —
have 2l = (>"i. Mii A ) %« norm ¢
using Mi-fin by (auto intro!: suminf-cong simp: measure-def enn2real-mult
ennreal-mult)
also have ... = M A % norm c
by (simp add: assms(2))
also have ... # T
using h(2) by (simp add: ennreal-mult-less-top top.not-eg-extremum)
finally show ?thesis .
qed
qed simp
have 3: (Y i. [ . indicat-real A © xg ¢ OMi i) = ([ z. indicat-real A z *g c
oOM) (is 21 = ?r)
proof —
have [simp]: summable (Xi. enn2real (Mi i A))
using Mi-fin h by (auto intro!: summable-suminf-not-top simp: assms(2)[symmetric])
have 2l = (3 i. measure (Mi i) A) xg ¢
by (auto intro!: suminf-cong simp: 1 measure-def suminf-scaleR-left)
also have ... = ?r
using h(2) Mi-fin by(simp add: ennreal-inj[where a=(>_ i. measure (Mi i)
A) and b=measure M A,OF suminf-nonneg measure-nonneg,symmetric,simplified
measure-def] measure-def suminf-ennreal2[symmetric] assms(2)[symmetric])
finally show ?thesis .
qed
from 2 3 show ?case by simp
next
case ih[measurable]:(add f g)
have 1:summable (Xi. [ z. norm (fz + g x) OMi i)
proof (rule summable-suminf-not-top)
show (Y i. ennreal ([ z. norm (fz + g ) OMii)) # T (is 2 # -)
proof —
have 71 = (3" 4. ([ Tz. ennreal (norm (fz + g z)) OMi i))
using ih by(auto introl: suminf-cong nn-integral-eq-integral[symmetric]
integrable-mono-measure| OF assms(1) Mi])
also have ... < (3> 4. ([ Tz. ennreal (norm (f z) + norm (g x)) OMi 7))
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by (auto introl: suminf-le nn-integral-mono norm-triangle-ineq simp del:
ennreal-plus)
also have ... = (3" i. ([ *z. ennreal (norm (f z)) OMi i) + (X i. ([ T
ennreal (norm (g x)) OMi 7))
by (auto introl: suminf-cong simp: nn-integral-add suminf-add)
also have ... = (3" 4. ennreal ([ z. norm (f ) OMi i) + (3. i. ennreal ([ z.
norm (g ) OMi 7))
using ih by(simp add: nn-integral-eq-integral integrable-mono-measure[OF
assms(1) Mi])
also have ... < T
using ennreal-suminf-neg-top[ OF conjunct2|OF ih(3)]] ennreal-suminf-neq-top[ OF
conjunct2[OF ih(4)]]
by (meson Bochner-Integration.integral-nonneg ennreal-add-eq-top norm-ge-zero
top.not-eq-extremum,)
finally show ?thesis
using order.strict-iff-order by blast
qed
qed simp
with ¢h show ?case
by (auto simp: Bochner-Integration.integral-add[ OF integrable-mono-measure[ OF
assms(1) Miih(1)] integrable-mono-measure| OF assms(1) Mi ih(2)]] suminf-add[symmetric,OF
summable-norm-cancel| OF sum2][OF conjunct2|OF ih(8)]]] summable-norm-cancel|OF
sum2[OF conjunct2[OF ih(4)]]]])
next
case ih[measurable]:(lim f fn)
have 1:summable (Xi. [ z. norm (f z) O(Mi i))
proof (rule summable-suminf-not-top)
show (Y i. ennreal ([ z. norm (f z) O(Mi i))) # T (is ?lhs # -)
proof —
have ?lhs = (3" i. [+ z. ennreal (norm (f z)) OMi i)
by (auto introl: suminf-cong nn-integral-eq-integral[symmetric| integrable-mono-measure[ OF
assms(1) Mi] simp: ih)

also have ... = ([ 1 2. ennreal (norm (f z)) OM)
by (simp add: nn-integral-measure-suminf[OF assms(1,2)])
also have ... = ennreal ([ z. norm (f z) OM)

by (auto introl: nn-integral-eq-integral ih(4))
also have ... < T by simp
finally show ?lhs # T
using linorder-neq-iff by blast
qed
qed simp
have (}i. [z. fz O(Mi i) = ([i. [z fz O(Mii) O(count-space UNIV))
by (rule integral-count-space-nat[symmetric]) (simp add: integrable-count-space-nat-iff
sum2[OF 1])
also have ... = lim (Am. [i. [z. fn m z O(Mi i) O(count-space UNIV))
proof (rule limI[OF integral-dominated-convergencelwhere w=>Xi. 2 * ([ z.
norm (fz) O(Mi7))],symmetric],auto simp: AE-count-space integrable-count-space-nat-iff
1)
show (Am. [z. fn m z O(Mii)) —— [ . fz O(Mi i) for i
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by (rule integral-dominated-convergence[where w=>Az. 2 * norm (f z)],insert
ith) (auto intro!: integrable-mono-measure] OF assms(1) Mi] simp: sets-eq-imp-space-eq| OF
assms(1)])
next
fix ij
show norm ([ . fnjz d(Mii)) < 2 % ([ z. norm (fz) O(Mii)) (is 71 < ?r)
proof —
have 71 < ([ z. norm (fn j z) O(Mi i))
by simp
also have ... < ([ z. 2 x norm (f z) O(Mi 7))
by (rule integral-mono,insert ih) (auto introl: integrable-mono-measure[OF
assms(1) Mi] simp: sets-eq-imp-space-eq[OF assms(1)])
finally show ?[ < ?r by simp
qed
qed
also have ... = lim (Am. (3_i. [z. fn m z 9(Mi i)))
proof —
have ([i. [z. fn m z O(Mi i) d(count-space UNIV)) = (3 i. [z fnm
O(Mi 7)) for m
by (auto introl: integral-count-space-nat sum2 simp: integrable-count-space-nat-iff )
(use ih(5) in auto)
thus ?thesis by simp

qed

also have ... = lim (Am. [z. fn m z OM)
by (simp add: ih(5))

also have ... = ([z. fz OM)

using ih by(auto introl: limI[OF integral-dominated-convergence[where
w=Az. 2 * norm (f z)]])
finally show ?case
using 1 by auto
qed
thus Zsuminf ?summable ?summable2
by (simp-all add: sum2)
qed

lemma (in s-finite-measure) measurable-emeasure-Pair':
assumes @ € sets (N Q m M)
shows (Az. emeasure M (Pair x —* @Q))) € borel-measurable N (is %s Q € -)
proof —
obtain Mi where Mi:\i. sets (Mi i) = sets M \i. finite-measure (Mi i) \A.
MA= (i MiiA)
by(metis finite-measures’)
show ?thesis
using Mi(1,2) assms finite-measure.finite-measure-cut-measurable[of Mi - @ N]
by (simp add: Mi(3))
qed

lemma (in s-finite-measure) measurable-emeasure’[measurable (raw)]:
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assumes space: \z. x € space N = A x C space M
assumes A: {z€space (N Q@ n M). sndxz € A (fst x)} € sets (N @ u M)
shows (Az. emeasure M (A xz)) € borel-measurable N
proof —
from space have Az. x € space N = Pair x —‘ {z € space (N Q@ n M). snd
x €A (fstx)} =Ax
by (auto simp: space-pair-measure)
with measurable-emeasure-Pair |OF A] show ?thesis
by (auto cong: measurable-cong)
qged

lemmal(in s-finite-measure) emeasure-pair-measure’:
assumes X € sets (N @y M)
shows emeasure (N @ M) X = ([t z. [T y. indicator X (z, y) OM ON)
(is - = u X)
proof (rule emeasure-measure-of[OF pair-measure-def])
show positive (sets (N Qv M)) 1
by (auto simp: positive-def)
have eq[simp]: NA z y. indicator A (z, y) = indicator (Pairx —‘ A) y
by (auto simp: indicator-def)
show countably-additive (sets (N @ p M)) 2u
proof (rule countably-additivel)
fix F :: nat = ('b x 'a) set assume F: range F C sets (N Q@ M) dis-
joint-family F
from F have x: A\i. F i € sets (N Q p M) by auto
moreover have Az. disjoint-family (\i. Pair x —‘ F i)
by (intro disjoint-family-on-bisimulation|OF F(2)]) auto
moreover have Az. range (Ai. Pair z —‘ F i) C sets M
using F by (auto simp: sets-Pairl)
ultimately show (> n. %u (F n)) = ?u (Ui F i)
by (auto simp add: nn-integral-suminf[symmetric] vimage-UN suminf-emeasure
intro!: nn-integral-cong nn-integral-indicator[symmetric])
qed
show {a X b|a b. a € sets N A b € sets M} C Pow (space N X space M)
using sets.space-closed[of N| sets.space-closed[of M| by auto
qed fact

lemma (in s-finite-measure) emeasure-pair-measure-alt’:

assumes X: X € sets (N Q@ M)

shows emeasure (N @ M) X = ([ Tz. emeasure M (Pair x —* X) ON)
proof —

have [simp]: Az y. indicator X (z, y) = indicator (Pairz —“ X) y

by (auto simp: indicator-def)

show ?thesis

using X by (auto intro!: nn-integral-cong simp: emeasure-pair-measure’ sets-Pairl)
qed

proposition (in s-finite-measure) emeasure-pair-measure-Times':
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assumes A: A € sets N and B: B € sets M
shows emeasure (N @ v M) (A x B) = emeasure N A x emeasure M B
proof —
have emeasure (N @ ym M) (A x B) = ([ Tz. emeasure M B x indicator A x
ON)
using A B by (auto intro!: nn-integral-cong simp: emeasure-pair-measure-alt’)
also have ... = emeasure M B x emeasure N A
using A by (simp add: nn-integral-cmult-indicator)
finally show ?thesis
by (simp add: ac-simps)
qged

lemma(in s-finite-measure) measure-times:
assumes|[measurable]: A € sets N B € sets M
shows measure (N @y M) (A x B) = measure N A x measure M B
by (auto simp: measure-def emeasure-pair-measure-Times' enn2real-mult)

lemma pair-measure-s-finite-measure-suminf:
assumes Mi[measurable-cong: \i. sets (Mi i) = sets M \i. finite-measure (Mi
i) NA. M A = (i MiiA)
and Ni[measurable-cong|:\i. sets (Ni i) = sets N \i. finite-measure (Ni )
NA.NA=(>i NiiA)
shows (M @ N) A= (>_ij5. (Mii @ nm Nij) A) (is Zlhs = ?rhs)
proof —
interpret N: s-finite-measure N
by (auto intro!: s-finite-measurel [where Mi=Mi] s-finite-measurel [where Mi=Ni)
assms)
show ?thesis
proof(cases A € sets (M @ a N))
case [measurable]: True
show %thesis
proof —
have ?lhs = ([ Tz. N (Pair z —* A) OM)
by (simp add: N.emeasure-pair-measure-alt’)
also have ... = (3"4. [*taz. N (Pair z —* A) OMi i)
using N.measurable-emeasure-Pair'|of A]

by (auto introl: nn-integral-measure-suminf[OF Mi(1,3),symmetric])
also have ... = (3"4. [*z. (3°j. Nij (Pairx —* A)) OMi i)
by (simp add: Ni(3))
also have ... = (3" ij. [ta. Nij (Pair x —°A) OMi i)
using s-finite-measure.measurable-emeasure-Pair |OF finite-measure.s-finite-measure-finite-measure[ OF
Ni(2)],0f A]
by (auto simp: nn-integral-suminf intro!: suminf-cong)
also have ... = ?rhs

by (auto introl: suminf-cong simp: s-finite-measure.emeasure-pair-measure-alt’|OF
finite-measure.s-finite-measure-finite-measure| OF Ni(2)]])
finally show ?thesis .
qed
next
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case False
with Mi(1) Ni(1) show ?thesis
by (simp add: emeasure-notin-sets)
qed
qed

lemma pair-measure-s-finite-measure-suminf:
assumes Mi[measurable-cong: \i. sets (Mi i) = sets M Ai. finite-measure (Mi
W) NA. M A= (Si MiiA)
and Ni[measurable-cong|:\i. sets (Ni i) = sets N Ai. finite-measure (Ni ©)
NA. NA= (>4 NiiA)
shows (M @ v N) A= (i (Mij Q@ m Nii)A) (is Zlhs = ?rhs)
proof —
interpret N: s-finite-measure N
by (auto intro!: s-finite-measurel [where Mi=Mi] s-finite-measurel [where Mi=Ni
assms)
show ?thesis
proof(cases A € sets (M @Q am N))
case [measurable]: True
show ?thesis
proof —
have ?lhs = ([ Tz. N (Pair z —* A) OM)
by(simp add: N.emeasure-pair-measure-alt’)
also have ... = ([ Tz. (3 i. Nii (Pairz —* A)) OM)
by (auto introl: nn-integral-cong simp: Ni)
also have ... = (3" 4. ([ T2. Nii (Pairz —* A) OM))
by (auto introl: nn-integral-suminf simp: finite-measure.finite-measure-cut-measurable] OF
Ni(2)))
also have ... = (3" ij. [taz. Nii (Pair x —°A) OMi j)
by (auto intro!: suminf-cong nn-integral-measure-suminf|[symmetric] simp:
finite-measure. finite-measure-cut-measurable] OF Ni(2)] Mi)
also have ... = ?rhs
by (auto intro!: suminf-cong simp: s-finite-measure.emeasure-pair-measure-alt’| OF
finite-measure.s-finite-measure-finite-measure] OF Ni(2)]])
finally show ?thesis .
qed
next
case Fulse
with Mi(1) Ni(1) show ?thesis
by (simp add: emeasure-notin-sets)
qed
qged

lemma pair-measure-s-finite-measure:
assumes s-finite-measure M and s-finite-measure N
shows s-finite-measure (M @ ar N)
proof —
obtain Mi where Mi[measurable-cong|: \i. sets (Mi i) = sets M \i. finite-measure

(Mi i) NA. M A = (i MiiA)
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by (metis s-finite-measure. finite-measures’|OF assms(1)])
obtain Ni where Ni[measurable-cong|: \i. sets (Ni i) = sets N \i. finite-measure
(Ni i) NA. N A = (Y i. Nii A)
by (metis s-finite-measure. finite-measures’|OF assms(2)])
show ?thesis
proof(rule s-finite-measure-prodl [where Mij=\i j. Mi i Q) pr Ni j])
show emeasure (Mi i @ pr Nij) (space (M Q@ am N)) < oo for i j
using finite-measure.emeasure-finite] OF Mi(2)[of i]] finite-measure.emeasure-finite] OF
Ni(2)[of 1]
by (auto simp: sets-eq-imp-space-eq| OF Mi(1)[of i],symmetric] sets-eq-imp-space-eq[ OF
Ni(1)[of j],symmetric] space-pair-measure s-finite-measure.emeasure-pair-measure-Times'|OF
finite-measure.s-finite-measure-finite-measure] OF Ni(2)[of j]]] ennreal-mult-less-top
top.not-eq-extremum,)
qed(auto simp: pair-measure-s-finite-measure-suminf Mi Ni)
qed

lemma(in s-finite-measure) borel-measurable-nn-integral-fst':
assumes [measurable]: f € borel-measurable (N @Q p M)
shows (A\z. [T y. f (z, y) OM) € borel-measurable N
proof —
obtain Mi where Mi[measurable-cong|: \i. sets (Mi i) = sets M \i. finite-measure
(Mii) NA. M A= (i MiiA)
by(metis finite-measures’)
show ?thesis
by (rule measurable-conglwhere g=Az. >_i. [T y. f (=, y) OMi i, THEN iffD2])

(auto simp: nn-integral-measure-suminf[OF Mi(1,3)] introl: borel-measurable-suminf-order
sigma-finite-measure. borel-measurable-nn-integral-fst[ OF finite-measure.sigma-finite-measure[ OF
Mi(2)])
qed

lemma (in s-finite-measure) nn-integral-fst”:
assumes f: f € borel-measurable (M1 @y M)
shows ([t z. [T y. f (z, y) OM OM1) = integral™ (M1 @ M) f (is 21 f =

using f proof induct
case (cong u v)
then have ¢/ u = ?[ v
by (intro nn-integral-cong) (auto simp: space-pair-measure)
with cong show ?case
by (simp cong: nn-integral-cong)
qed (simp-all add: emeasure-pair-measure’ nn-integral-cmult nn-integral-add
nn-integral-monotone-convergence-SUP measurable-compose-Pairl
borel-measurable-nn-integral-fst’ nn-integral-mono incseq-def le-fun-def
image-comp
cong: nn-integral-cong)

lemma (in s-finite-measure) borel-measurable-nn-integral’[measurable (raw)):

case-prod [ € borel-measurable (N Qv M) = (M\z. [T y. fz y OM) €
borel-measurable N
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using borel-measurable-nn-integral-fst'[of case-prod f N| by simp

lemma distr-pair-swap-s-finite:
assumes s-finite-measure M1 and s-finite-measure M2
shows M1 Q) p M2 = distr (M2 Qv M1) (M1 @ m M2) (M(z, y). (y, z)) (is
7P = ?7D)
proof —
{
from s-finite-measure.finite-measures’|OF assms(1)] s-finite-measure.finite-measures’|OF
assms(2)]
obtain Mi1 Mi2
where Mil:\i. sets (Mil i) = sets M1 \i. finite-measure (Mil i) NA. M1
A= (>4 Mil i A)
and Mi2:\i. sets (Mi2 i) = sets M2 \i. finite-measure (Mi2 i) NA. M2 A
= (Y. Mi2i A)
by metis
fix A
assume A[measurable]:A € sets (M1 Q) M2)
have emeasure (M1 @ pr M2) A = emeasure (M2 @y M1) (M=, y). (y, z))
—“A N space (M2 @ pm M1))
proof —
{
fix ij
interpret pair-sigma-finite Mil i Mi2 j
by (auto simp: pair-sigma-finite-def Mil (2) Mi2(2) finite-measure.sigma-finite-measure)
have emeasure (Mil i Q) p Mi2 j) A = emeasure (Mi2j @ p Mil i) (M=,
y). (y, z)) —° A N space (M2 @ n M1))
using Mil (1) Mi2(1) by(simp add: arg-cong[OF distr-pair-swap,of emea-
sure] emeasure-distr sets-eq-imp-space-eq| OF sets-pair-measure-cong| OF Mi2(1) Mil(1)]])
}
thus ?thesis
by (auto simp: pair-measure-s-finite-measure-suminf'|OF Mi2 Mil] pair-measure-s-finite-measure-suminf|
Mi1 Mi2] introl: suminf-cong)
qed
}
thus ?thesis
by (auto introl: measure-eql simp: emeasure-distr)
qged

proposition nn-integral-snd’:

assumes s-finite-measure M1 s-finite-measure M2

and f[measurable]: f € borel-measurable (M1 @ p M2)
shows ([T y. ([T o f (z, y) OM1) OM2) = integral™ (M1 @ v M2) f

proof —

interpret M1I1: s-finite-measure M1 by fact

interpret M2: s-finite-measure M2 by fact

note measurable-pair-swap[OF f]

from M1 .nn-integral-fst'|OF this]

have ([T y. (/T z. f (z, y) OM1) OM2) = ([T (2, y). f (y, z) O(M2 Q@ m
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M1))
by simp
also have ([T (z, y). f (y, z) O(M2 @ m M1)) = integral™ (M1 @ p M2) f
by (subst distr-pair-swap-s-finite[OF assms(1,2)]) (auto simp add: nn-integral-distr
intro!: nn-integral-cong)
finally show ?thesis .
qed

lemma (in s-finite-measure) borel-measurable-lebesgue-integrable’[measurable (raw)):
fixes f 1 - = - = -i:{banach, second-countable-topology}
assumes [measurable]: case-prod f € borel-measurable (N @ v M)
shows Measurable.pred N (Az. integrable M (f z))
proof —
have [simp]: A\z. © € space N = integrable M (f z) +— ([ y. norm (f z y)
OM) < o
unfolding integrable-iff-bounded by simp
show ?thesis
by (simp cong: measurable-cong)
qed

lemma (in s-finite-measure) measurable-measure’[measurable (raw)]:
(Az. = € space N = A = C space M) =
{z € space (N @ M). sndz € A (fst )} € sets (N Qm M) =
(Az. measure M (A z)) € borel-measurable N
unfolding measure-def by (intro measurable-emeasure’ borel-measurable-enn2real)
auto

proposition (in s-finite-measure) borel-measurable-lebesgue-integral [measurable (raw)]:
fixes f :: - = - = -::{banach, second-countable-topology}
assumes f[measurable]: case-prod f € borel-measurable (N @ a M)
shows (\z. [y. fzy OM) € borel-measurable N
proof —
from borel-measurable-implies-sequence-metric[OF f, of 0]
obtain s where s: Ai. simple-function (N Q p M) (s 7)
and Vzespace (N Q p M). (Mi. si1z) —— (case z of (z, y) = fzy)
and Vi. Vazespace (N @ p M). dist (sixz) 0 < 2 * dist (case z of (x, za) =
fzza) 0
by auto
then have x:
Nz y. z € space N = y € space M — (M\i. si (z,y)) —— fzy
Nizy. x € space N = y € space M = norm (s i (z, y)) < 2 * norm (fz y)
by (auto simp: space-pair-measure)

have [measurable]: N\i. s i € borel-measurable (N @ pr M)
by (rule borel-measurable-simple-function) fact

have Ai. s i € measurable (N @ rr M) (count-space UNIV)
by (rule measurable-simple-function) fact
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define f’ where [abs-def]: f'ix =
(if integrable M (f z) then Bochner-Integration.simple-bochner-integral M (\y.
st (z,y)) else 0) for i x

{ fix i z assume z € space N
then have Bochner-Integration.simple-bochner-integral M (Ay. s i (z, y)) =
(O>-z€s i ‘ (space N x space M). measure M {y € space M. s i (z, y) = z}
*R Z)
using s[THEN simple-functionD(1)]
unfolding simple-bochner-integral-def
by (intro sum.mono-neutral-cong-left)
(auto simp: eq-commute space-pair-measure image-iff cong: conj-cong) }
note eq = this

show ?thesis
proof (rule borel-measurable-LIMSEQ-metric)
fix i show f’ i € borel-measurable N
unfolding f’-def by (simp-all add: eq cong: measurable-cong if-cong)
next
fix z assume z: = € space N
{ assume int-f: integrable M (f )
have int-2f: integrable M (Ay. 2 * norm (f z y))
by (intro integrable-norm integrable-mult-right int-f)
have (\i. integral” M (\y. s i (z, y))) — integral® M (f z)
proof (rule integral-dominated-convergence)
from int-f show f 1z € borel-measurable M by auto
show Ai. (A\y. s i (z, y)) € borel-measurable M
using z by simp
show AFE za in M. (Ai. s i (z, za)) —— fz za
using z * by auto
show Ai. AE za in M. norm (s i (z, za)) < 2 % norm (f z za)
using z * by auto
qed fact
moreover
{ fix i
have Bochner-Integration.simple-bochner-integrable M (My. s i (z, y))
proof (rule simple-bochner-integrableI-bounded)
have (Ay. s i (z, y)) ‘ space M C s i ‘ (space N x space M)
using z by auto
then show simple-function M (\y. s i (z, y))
using simple-functionD(1)[OF s(1), of i] =
by (intro simple-function-borel-measurable)
(auto simp: space-pair-measure dest: finite-subset)
have ([ * y. ennreal (norm (s i (z, y))) OM) < ([ " y. 2 * norm (f z y)
M)
using z * by (intro nn-integral-mono) auto
also have ([ y. 2 x norm (fz y) OM) < oo
using int-2f unfolding integrable-iff-bounded by simp
finally show ([ T za. ennreal (norm (s i (z, za))) OM) < oo .
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qged
then have integral” M (\y. s i (z, y)) = Bochner-Integration.simple-bochner-integral
M (Ay. si(z,y))
by (rule simple-bochner-integrable-eq-integral[symmetric]) }
ultimately have (\i. Bochner-Integration.simple-bochner-integral M (Ay. s i
(7, y))) — integral® M (f z)
by simp }
then
show (\i. f' i x) — integral’ M (f x)
unfolding f’-def
by (cases integrable M (f z)) (simp-all add: not-integrable-integral-eq)
qed
qed

lemma integrable-product-swap-s-finite:
fixes f :: - = -::{banach, second-countable-topology}
assumes M1:s-finite-measure M1 and M2:s-finite-measure M2
and integrable (M1 @ v M2) f
shows integrable (M2 @ p M1) (A(z,y). f (y,2))
proof —
have x: (A(z,y). f (y,x)) = (Az. [ (case z of (x,y)=(y,z))) by (auto simp:
fun-eq-iff)
show ?thesis unfolding *
by (rule integrable-distr|OF measurable-pair-swap'])
(simp add: distr-pair-swap-s-finite| OF M1 M2, symmetric] assms)
qged

lemma integrable-product-swap-iff-s-finite:
fixes [ :: - = -::{banach, second-countable-topology}
assumes M1 :s-finite-measure M1 and M2:s-finite-measure M2
shows integrable (M2 @ rr M1) (Ma,y). f (y,2)) +— integrable (M1 @ pr M2)
f
proof —
from integrable-product-swap-s-finite| OF M2 M1 ,of A(z,y). f (y,z)] integrable-product-swap-s-finite[ OF
M1 M2,0f f]
show ?thesis by auto
qed

lemma integral-product-swap-s-finite:

fixes [ :: - = -::{banach, second-countable-topology}

assumes M1 :s-finite-measure M1 and M2:s-finite-measure M2

and f: f € borel-measurable (M1 @ p M2)

shows ([ (z,y). f (y.z) (M2 @ m M1)) = integral” (M1 @ v M2) f
proof —

have *: (A(z,y). f (y,x)) = (Az. [ (case z of (x,y)=(y,z))) by (auto simp:
fun-eq-iff)

show ?thesis unfolding *

by (simp add: integral-distr[symmetric, OF measurable-pair-swap’ f] distr-pair-swap-s-finite OF
M1 M2, symmetric])
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qed

theorem(in s-finite-measure) Fubini-integrable’:
fixes f :: - = -::{banach, second-countable-topology}
assumes f[measurable]: f € borel-measurable (M1 @ pr M)
and integl: integrable M1 (Az. [ y. norm (f (z, y)) OM)
and integ2: AE x in M1. integrable M (\y. [ (z, y))
shows integrable (M1 @ n M) f
proof (rule integrablel-bounded)
have (/* p. norm (fp) O(MI @ a M)) = (J * 2. (J+ y. norm (f (z, y)) OM)
OM1)
by (simp add: nn-integral-fst'[symmetric])
also have ... = ([ " z. |[y. norm (f (z, y)) OM| OM1)
proof (rule nn-integral-cong-AE)
show AE z in M1. ([T y. ennreal (norm (f (z, y))) OM) = ennreal |LINT
y|M. norm (f (z, y))|
using integ2
proof eventually-elim
fix z assume integrable M (\y. [ (z, y))
then have f: integrable M (Ay. norm (f (z, y)))
by simp
then have ([ *y. ennreal (norm (f (z, y))) OM) = ennreal (LINT y|M. norm
(f (@ 9))
by (rule nn-integral-eq-integral) simp
also have ... = ennreal |LINT y|M. norm (f (z, y))|
using f by simp
finally show ([ *y. ennreal (norm (f (z, y))) OM) = ennreal |LINT y|M.
norm. (f (z, )] -
qed
qed
also have ... < o0
using integ! by (simp add: integrable-iff-bounded integral-nonneg-AE)
finally show ([T p. norm (f p) (M1 @ m M)) < oo .
qed fact

lemmal(in s-finite-measure) emeasure-pair-measure-finite”:
assumes A: A € sets (M1 @ p M) and finite: emeasure (M1 @y M) A < oo
shows AE z in M1. emeasure M {yE€space M. (z, y) € A} < o0
proof —
from emeasure-pair-measure-alt'|OF A] finite
have ([ * z. emeasure M (Pair x —° A) OM1) # oo
by simp
then have AFE z in M1. emeasure M (Pair x —‘ A) # oo
by (rule nn-integral-PInf-AE[rotated)) (intro measurable-emeasure-Pair’ A)
moreover have A\z. x € space M1 = Pair x —‘ A = {y€space M. (z, y) € A}
using sets.sets-into-space| OF A] by (auto simp: space-pair-measure)
ultimately show ?thesis by (auto simp: less-top)
qed

33



lemma(in s-finite-measure) AE-integrable-fst'":
fixes [ :: - = -::{banach, second-countable-topology}
assumes f[measurable]: integrable (M1 @ pp M) |
shows AFE z in M1. integrable M (Ay. f (z, y))
proof —
have ([ Tz. ([ Ty. norm (f (z, y)) OM) OM1) = ([ Tz. norm (fz) d(M1 @ m
M)
by (rule nn-integral-fst') simp
also have ([ Tz. norm (f z) (M1 @ a M)) # oo
using f unfolding integrable-iff-bounded by simp
finally have AE z in M1. ([ *y. norm (f (z, y)) OM) # oo
by (intro nn-integral-PInf-AE borel-measurable-nn-integral’)
(auto simp: measurable-split-conv)
with AFE-space show ?thesis
by eventually-elim
(auto simp: integrable-iff-bounded measurable-compose| OF - borel-measurable-integrable] OF

f1] less-top)
qed

lemmal(in s-finite-measure) integrable-fst-norm”:
fixes f :: - = -::{banach, second-countable-topology}
assumes f[measurable]: integrable (M1 @ M) f
shows integrable M1 (Az. [ y. norm (f (z, y)) OM)
unfolding integrable-iff-bounded
proof
show (\z. [ y. norm (f (z, y)) OM) € borel-measurable M1
by (rule borel-measurable-lebesgue-integral’) simp
have ([t z. ennreal (norm ([ y. norm (f (z, y)) OM)) OM1) = ([ Tz. ([ Ty.
norm (f (z, y)) OM) OM1)
using AFE-integrable-fst”'|OF f] by (auto introl: nn-integral-cong-AE simp:
nn-integral-eg-integral)
also have ([ *z. ([ Ty. norm (f (z, y)) OM) OM1) = ([ Tx. norm (f z) d(M1
Qu M))
by (rule nn-integral-fst') simp
also have ([ Tz. norm (fz) (M1 @ n M)) < o0
using f unfolding integrable-iff-bounded by simp
finally show ([T z. ennreal (norm ([ y. norm (f (z, y)) OM)) OM1) < oo .
qged

lemmal(in s-finite-measure) integrable-fst''":
fixes f :: - = -::{banach, second-countable-topology}
assumes f[measurable]: integrable (M1 @ M) f
shows integrable M1 (\z. [y. f (z, y) OM)
by (auto introl: Bochner-Integration.integrable-bound|[OF integrable-fst-norm’[OF

i)

proposition(in s-finite-measure) integral-fst’’":
fixes f :: - = -::{banach, second-countable-topology}

assumes f: integrable (M1 @ v M) f
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shows ([z. (['y. f (z, y) OM) OM1) = integral® (M1 @ m M) f
using [ proof induct

case (base A c)

have A[measurable]: A € sets (M1 @ pr M) by fact

have eq: Az y. © € space M1 = indicator A (z, y) = indicator {yEspace M.

(z,y) € A} y
using sets.sets-into-space| OF A] by (auto split: split-indicator simp: space-pair-measure)

have int-A: integrable (M1 @ pr M) (indicator A :: - = real)
using base by (rule integrable-real-indicator)
have ([ z. [ y. indicator A (z, y) *r ¢ OM OM1) = ([ z. measure M {yEspace
M. (z,y) € A} xp c OM1)
proof (intro integral-cong-AFE)
from AFE-integrable-fst”'|OF int-A] AE-space
show AFE z in M1. ([ y. indicator A (z, y) *r ¢ OM) = measure M {y&space
M. (z,y) € A} *p ¢
by eventually-elim (simp add: eq integrable-indicator-iff)
qed simp-all
also have ... = measure (M1 Qn M) A xg ¢
proof (subst integral-scaleR-left)
have ([ Tz. ennreal (measure M {y € space M. (z, y) € A}) OM1) =
(J Tz. emeasure M {y € space M. (z, y) € A} OMI)
using emeasure-pair-measure-finite’| OF base]
by (intro nn-integral-cong-AE, eventually-elim) (simp add: emeasure-eq-ennreal-measure)
also have ... = emeasure (M1 @ p M) A
using sets.sets-into-space[OF A]
by (subst emeasure-pair-measure-alt’)
(auto intro!: nn-integral-cong arg-conglwhere f=emeasure M| simp:
space-pair-measure)
finally have «: ([ *z. ennreal (measure M {y € space M. (z, y) € A}) OM1)
= emeasure (M1 @ M) A .

from base x show integrable M1 (Az. measure M {y € space M. (z, y) € A})
by (simp add: integrable-iff-bounded)
then have ([ z. measure M {y € space M. (z, y) € A} OM1) =
([ tz. ennreal (measure M {y € space M. (z, y) € A}) OM1)
by (rule nn-integral-eq-integral[symmetric]) simp
also note *
finally show ([ z. measure M {y € space M. (z, y) € A} OM1) *r ¢ = measure
(M1 @nm M) A xgec
using base by (simp add: emeasure-eq-ennreal-measure)
qed
also have ... = ([ a. indicator A a xg ¢ (M1 @ n M))
using base by simp
finally show ?Zcase .
next
case (add f g)
then have [measurable]: f € borel-measurable (M1 @ pr M) g € borel-measurable
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(M1 @ m M)
by auto
have ([ z. [ y. f (z,y) + g (z, y) OM OM1) =
(J z ([ v f(z,y) OM) + (] y. g (, y) OM) OM1)
apply (rule integral-cong-AE)
apply simp-all
using AE-integrable-fst""'|OF add(1)] AE-integrable-fst'"'|OF add(3)]
apply eventually-elim
apply simp
done
alsohave ... = ([ z. fz (M1 @u M)) + ([ z. gz d(MI Qm M))
using integrable-fst'’[OF add(1)] integrable-fst'’|OF add(3)] add(2,4) by simp
finally show ?case
using add by simp
next
case (lim f s)
then have [measurable]: f € borel-measurable (M1 @Q apr M) \i. s i € borel-measurable
(M1 @ v M)
by auto

show ?case
proof (rule LIMSEQ-unique)
show (\i. integral® (M1 @ ar M) (s i)) —— integral® (M1 @ apr M) f
proof (rule integral-dominated-convergence)
show integrable (M1 @ rr M) (Az. 2 * norm (f x))
using lim(5) by auto
qed (insert lim, auto)
have (\i. [ z. [ y.si(z,y) OM OM1) —— [ z. [ y. f (z, y) OM OMI
proof (rule integral-dominated-convergence)
have AE z in M1. Vi. integrable M (Ay. s i (z, y))
unfolding AE-all-countable using AE-integrable-fst'"'|OF lim(1)] ..
with AFE-space AE-integrable-fst'"'|OF lim(5)]
show AE zin M1. (Xi. [ y.si(z, y) OM) —— [ y. f (z, y) OM
proof eventually-elim
fix z assume z: x € space M1 and
s: Vi. integrable M (Ay. s i (z, y)) and f: integrable M (M\y. f (z, y))
show (\i. [ y.si(z,y) OM) —— [ y. f (z, y) OM
proof (rule integral-dominated-convergence)
show integrable M (Ay. 2 * norm (f (z, y)))
using [ by auto
show AF za in M. (Mi. s i (z, za)) —— f (x, za)
using z lim(3) by (auto simp: space-pair-measure)
show Ai. AE za in M. norm (s i (z, za)) < 2 % norm (f (z, za))
using z lim(4) by (auto simp: space-pair-measure)
qed (insert x, measurable)
qed
show integrable M1 (Az. ([ y. 2 % norm (f (z, y)) OM))
by (intro integrable-mult-right integrable-norm integrable-fst'" lim)
fix i show AE z in M1. norm ([ y. si (z, y) OM) < ([ y. 2 * norm (f (z,
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y)) OM)
using AFE-space AE-integrable-fst”'|OF lim(1), of i] AE-integrable-fst'"'|OF
lim(5)]
proof eventually-elim
fix r assume z: z € space M1
and s: integrable M (Ay. s i (z, y)) and f: integrable M (\y. f (z, y))
from s have norm ([ y. si (z, y) OM) < ([ *y. norm (s i (z, y)) OM)
by (rule integral-norm-bound-ennreal)
also have ... < ([ *y. 2 x norm (f (z, y)) OM)
using z lim by (auto introl: nn-integral-mono simp: space-pair-measure)
also have ... = ([y. 2 * norm (f (z, y)) OM)
using f by (intro nn-integral-eq-integral) auto
finally show norm ([ y. si (z, y) OM) < ([ y. 2 x norm (f (z, y)) OM)
by simp
qed
qed simp-all
then show (\i. integral® (M1 @ v M) (s i) —— [ = [ y. f (2, y) OM
OM1
using lim by simp
qed
qed

lemma (in s-finite-measure)
fixes f :: - = - = -::{banach, second-countable-topology}
assumes f: integrable (M1 @ p M) (case-prod f)
shows A E-integrable-fst'": AE x in M1. integrable M (\y. f z y)
and integrable-fst'"": integrable M1 (\z. [y. fzy OM)
and integrable-fst-norm: integrable M1 (Az. [ y. norm (f z y) OM)
and integral-fst': ([z. ([y. fzy OM) OM1) = integral’ (M1 @ pm M) (A(z,
y). fry)
using AE-integrable-fst'’[OF f] integrable-fst'’|OF f] integral-fst'’[OF f] inte-
grable-fst-norm'[OF f] by auto

lemma
fixes f :: - = - = -::{banach, second-countable-topology}
assumes M1 :s-finite-measure M1 and M2:s-finite-measure M2
and f[measurable]: integrable (M1 @ p M2) (case-prod f)
shows A E-integrable-snd-s-finite: AE y in M2. integrable M1 (Az. fx y) (is ?AF)
and integrable-snd-s-finite: integrable M2 (\y. [z. fzy OM1) (is ?2INT)
and integrable-snd-norm-s-finite: integrable M2 (\y. [z. norm (f x y) OM1)
(is ?INT2)
and integral-snd-s-finite: ([y. ([ 2. foy OM1) OM2) = integral® (M1 @ m
M2) (case-prod f) (is ?EQ)
proof —
interpret Q: s-finite-measure M1 by fact
have Q-int: integrable (M2 @ amr M1) (M=, ). fy x)
using [ unfolding integrable-product-swap-iff-s-finite]OF M1 M2,symmetric]
by simp
show ?AF using Q.AE-integrable-fst’""'|OF @Q-int] by simp
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show ?INT using Q.integrable-fst'"'|OF Q-int] by simp
show ?INT2 using Q.integrable-fst-norm|[OF Q-int] by simp
show ?EQ using Q.integral-fst'"’'|OF Q-int]
using integral-product-swap-s-finite]OF M1 M2,0f case-prod f] by simp
qed

proposition Fubini-integral”:
fixes f :: - = - = - :: {banach, second-countable-topology}
assumes M1 :s-finite-measure M1 and M2:s-finite-measure M2
and f: integrable (M1 @ p M2) (case-prod f)
shows ([y. ([z. fzy OM1) OM2) = ([z. ([ y. fzy OM2) OMI1)
unfolding integral-snd-s-finite[ OF assms| s-finite-measure.integral-fst’'|OF assms(2,3)]

locale product-s-finite =
fixes M :: 'i = 'a measure
assumes s-finite-measures: \i. s-finite-measure (M 1)

sublocale product-s-finite C M?: s-finite-measure M i for i
by (rule s-finite-measures)

locale finite-product-s-finite = product-s-finite M for M :: 'i = 'a measure +
fixes I :: /i set
assumes finite-index: finite I

lemma (in product-s-finite) emeasure-PiM:

finite I = (\i. i€l = A i € sets (M i)) = emeasure (PiM I M) (Pig I A)
= (J]i€l. emeasure (M i) (A 7))
proof (induct I arbitrary: A rule: finite-induct)

case (insert i I)

interpret finite-product-s-finite M I by standard fact

have finite (insert i I) using <finite I» by auto

interpret I’ finite-product-s-finite M insert i I by standard fact

let ?h = (A(f, y). f(i == y))

let ?P = distr (Pipg IM @ pr M i) (Pipg (insert i I) M) ?h

let u = emeasure ?P

let I = {j € insert i I. emeasure (M j) (space (M j)) # 1}

let 2f = A\J Ej. if j € J then emeasure (M j) (E j) else emeasure (M j) (space
(M )

have emeasure (Piy (insert i I) M) (prod-emb (insert ¢ I) M (insert i I) (Pig
(insert i I) A)) =
(ITé€insert i I. emeasure (M i) (A 1))
proof (subst emeasure-extend-measure-Pair|OF PiM-def))
fix J E assume (J # {} Vinsert i I = {}) A finite J AN J C insert i I N E €
(I1 jeJ. sets (M j))
then have J: J # {} finite J J C insert i I and E: VjeJ. E j € sets (M j)
by auto
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let ?p = prod-emb (insert i I) M J (Pig J E)
let %p' = prod-emb I M (J — {i}) (Ilg jeJ—{i}. Ej)
have 7y %p =
emeasure (Pipg I M @ (M 7)) (2h —¢ 2p N space (Pipg I M @ m M 7))
by (intro emeasure-distr measurable-add-dim sets-PiM-I) fact+
also have ?h —* ?p N space (Pipg IM @y M i) = ?p’ x (if i € J then E i
else space (M 1))
using J E[rule-format, THEN sets.sets-into-space]
by (force simp: space-pair-measure space-PiM prod-emb-iff PiE-def Pi-iff split:
if-split-asm)
also have emeasure (Pipg I M @ v (M 7)) (9" x (if i € J then E i else space
(M i))) =
emeasure (Pipg I M) ?p' x emeasure (M i) (if i € J then (E i) else space (M
)
using J E by (intro M.emeasure-pair-measure-Times’ sets-PiM-I) auto
also have ?p’ = (Ilg jel. if j € J—{i} then E j else space (M j))
using J E[rule-format, THEN sets.sets-into-space]
by (auto simp: prod-emb-iff PiE-def Pi-iff split: if-split-asm) blast+
also have emeasure (Piyy I M) (Ilg jel. if j € J—{i} then E j else space (M
7)) =
(IT jel. if j € J—{i} then emeasure (M j) (E j) else emeasure (M j) (space
(M )))
using E by (subst insert) (auto intro!: prod.cong)
also have ([[j€l. if j € J — {i} then emeasure (M j) (E j) else emeasure (M
) (space (M) »
emeasure (M i) (if i € J then E i else space (M i)) = ([[j€insertiI. ?f J E
7)

using insert by (auto simp: mult.commute introl: arg-cong2[where f=(x)]
prod.cong)
also have ... = ([[jeJ U 2. ?f J E j)
using insert(1,2) J E by (intro prod.mono-neutral-right) auto
finally show %y 2p = ... .

show prod-emb (insert i I) M J (Pig J E) € Pow (Ilg i€insert i I. space (M
)
using J E[rule-format, THEN sets.sets-into-space] by (auto simp: prod-emb-iff
PiE-def)
next
show positive (sets (Pipy (insert ¢ I) M)) ?u countably-additive (sets (Pipg
(insert i I) M)) ?u
using emeasure-positive[of ?P] emeasure-countably-additive[of ?P] by simp-all
next
show (insert i I # {} V insert i I = {}) A finite (insert i I) A
insert ¢ I C insert i I N A € (Il jeinsert i I. sets (M 7))
using insert by auto
qed (auto introl: prod.cong)
with insert show ?case
by (subst (asm) prod-emb-PiE-same-index) (auto introl: sets.sets-into-space)
qed simp
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lemma (in finite-product-s-finite) measure-times:

(Ni. i e I = A i € sets (M 1)) = emeasure (Pipg I M) (Pig I A) = ([]i€l.
emeasure (M i) (A 7))

using emeasure-PiM[OF finite-index] by auto

lemma (in product-s-finite) nn-integral-empty:
0 < f (Ak. undefined) = integral™ (Pip {} M) f = f (M. undefined)
by (simp add: PiM-empty nn-integral-count-space-finite)

Every s-finite measure is represented as the push-forward measure of a o-
finite measure.

definition Mi-to-NM :: (nat = 'a measure) = 'a measure = (nat x 'a) measure
where

Mi-to-NM Mi M = measure-of (space (count-space UNIV Q) as M)) (sets (count-space
UNIV @ v M)) (MA. > i. distr (Mi i) (count-space UNIV @y M) (Az. (i,x))
4)

lemma
shows sets-Mi-to-NM[measurable-cong,simp]: sets (Mi-to-NM Mi M) = sets
(count-space UNIV @ M)
and space-Mi-to-NM[simp]: space (Mi-to-NM Mi M) = space (count-space
UNIV & » M)
by (simp-all add: Mi-to-NM-def)

context
fixes M :: 'a measure and Mi :: nat = 'a measure
assumes sets-Mi[measurable-cong,simpl: \i. sets (Mi i) = sets M
and emeasure-Mi: NA. A € sets M = M A = (>_i. Mii A)
begin

lemma emeasure-Mi-to-NM:
assumes [measurable]: A € sets (count-space UNIV @ pr M)
shows emeasure (Mi-to-NM Mi M) A = (3 4. distr (Mi i) (count-space UNIV
Q@ u M) (Az. (i,2)) A)
proof(rule emeasure-measure-of [where Q=space (count-space UNIV @ M)
and A=sets (count-space UNIV @ p M)))
show countably-additive (sets (Mi-to-NM Mi M)) (AA. " i. emeasure (distr (Mi
i) (count-space UNIV Q) rr M) (Pair 7)) A)
unfolding countably-additive-def
proof safe
fix A :: nat = (nat x -) set
assume range A C sets (Mi-to-NM Mi M) and dA:disjoint-family A
hence [measurable]: N\i. A i € sets (count-space UNIV @ pr M)
by auto
show (> 7 i. emeasure (distr (Mi i) (count-space UNIV Q@ rr M) (Pair i)
(A 7)) = (O 4. emeasure (distr (Mi @) (count-space UNIV @ p M) (Pair i) (U
(range A))) (is ?lhs = ?rhs)
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proof —
have ?lhs = (3_ i j. emeasure (distr (Mi i) (count-space UNIV @ pr M) (Pair
) (4))
by (auto simp: nn-integral-count-space-nat[symmetric] pair-sigma-finite-def
sigma-finite-measure-count-space introl: pair-sigma-finite. Fubini’)
also have ... = ?rhs
proof (rule suminf-cong)
fix n
have [simp]: Pair n —‘|J (range A) = (U (range (Aj. Pair n —¢ A j)))
by auto
show (3 j. emeasure (distr (Mi n) (count-space UNIV Q) ry M) (Pair n))
(A j)) = emeasure (distr (Mi n) (count-space UNIV @ ar M) (Pair n)) (U (range
)
using dA by(fastforce introl: suminf-emeasure simp: disjoint-family-on-def
emeasure-distr)
qed
finally show ?thesis .
qed
qed
qed(auto simp: positive-def sets.space-closed Mi-to-NM-def)

lemma sigma-finite-Mi-to-NM-measure:
assumes Ai. finite-measure (Mi i)
shows sigma-finite-measure (Mi-to-NM Mi M)
proof —
{
fix n
assume emeasure (Mi-to-NM Mi M) ({n} x space M) =T
moreover have emeasure (Mi-to-NM Mi M) ({n} x space M) = emeasure
(Mi n) (space M)
by (simp add: emeasure-Mi-to-NM emeasure-distr suminf-offset[of - Suc n])
ultimately have Fulse
using finite-measure.finite-emeasure-space]OF assms[of n]] by(auto simp:
sets-eq-imp-space-eq| OF sets-Mi))

thus %thesis
by (auto introl: exl[where z=]Ji. {{i} x space M}] simp: space-pair-measure
sigma-finite-measure-def)
qed

lemma distr-Mi-to-NM-M: distr (Mi-to-NM Mi M) M snd = M
proof —
have [simp]:Pair i —‘ snd —° A N Pair i —* space (count-space UNIV @ pr M)
= Aif A € sets M for A and 7 :: nat
using sets.sets-into-space[OF that] by(auto simp: space-pair-measure)
show ?thesis

by (auto intro!: measure-eql simp: emeasure-distr emeasure-Mi-to-NM emea-
sure-Mi)
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qed
end

context
fixes p :: 'a measure
assumes standard-borel-ne: standard-borel-ne p
and s-finite: s-finite-measure L
begin

interpretation p : s-finite-measure p by fact

interpretation n-u: standard-borel-ne count-space (UNIV :: nat set) @ amr p
by (simp add: pair-standard-borel-ne standard-borel-ne)

lemma exists-push-forward:

I(u':: real measure) f. f € borel —pr p A sets ' = sets borel N sigma-finite-measure
!

o
A distr ' pf = p
proof —
obtain ui where pi: Ai. sets (ui i) = sets p N\i. finite-measure (pi i) NA. p A
= (i pii A)
by(metis p.finite-measures’)
show ?thesis
proof (safe introl: exl[where z=distr (Mi-to-NM pi p) borel n-p.to-real] exI[where
z=snd o n-p.from-real))
have [simp]:distr (distr (Mi-to-NM pi p) borel n-u.to-real) (count-space UNIV
& v ) n-p.from-real = Mi-to-NM pi p
by (auto simp: distr-distr comp-def intro!:distr-id’)
show sigma-finite-measure (distr (Mi-to-NM pi p) borel n-p.to-real)
by (rule sigma-finite-measure-distrlwhere N=count-space UNIV &) »; 1 and
f=n-p.from-real]) (auto introl: sigma-finite-Mi-to-NM-measure ui)
next
have [simp|: distr (Mi-to-NM pi u) p (snd o n-p.from-real o n-u.to-real) =
distr (Mi-to-NM pi p) p snd
by (auto introl: distr-cong|OF refl])
show distr (distr (Mi-to-NM i p) borel n-p.to-real) p (snd o n-p.from-real)
=pu
by (auto simp: distr-distr distr-Mi-to-NM-M[OF pi(1,3)])
qged auto
qed

abbreviation p’-and-f = (SOME (u'::real measure,f). f € borel =y p A sets '
= sets borel A sigma-finite-measure p’ A distr p’ p f = p)

definition sigma-pair-u = fst p'-and-f
definition sigma-pair-f = snd p'-and-f

lemma
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shows sigma-pair-f-measurable : sigma-pair-f € borel —pr p (is 291)
and sets-sigma-pair-p: sets sigma-pair-u = sets borel (is ?¢2)
and sigma-finite-sigma-pair-p: sigma-finite-measure sigma-pair-u (is 293)
and distr-sigma-pair: distr sigma-pair-pn p sigma-pair-f = p (is 294)
proof —
have case p’-and-f of (u'.f) = f € borel —p u A sets p' = sets borel N\
sigma-finite-measure p' A distr p' w f = p
by (rule somel-ex) (use exists-push-forward in auto)
then show %g1 992 %98 %94
by (auto simp: sigma-pair-p-def sigma-pair-f-def split-beta)
qged

end

definition s-finite-measure-algebra :: 'a measure = ’a measure measure where
s-finite-measure-algebra K =
(SUP A € sets K. vimage-algebra {M. s-finite-measure M N sets M = sets K}
(AM. emeasure M A) borel)

lemma space-s-finite-measure-algebra:
space (s-finite-measure-algebra K) = {M. s-finite-measure M A sets M = sets K}
by (auto simp add: s-finite-measure-algebra-def space-Sup-eq-UN)

lemma s-finite-measure-algebra-cong: sets M = sets N = s-finite-measure-algebra
M = s-finite-measure-algebra N
by (simp add: s-finite-measure-algebra-def)

lemma measurable-emeasure-s-finite-measure-algebra[measurable]:
a € sets A => (AM. emeasure M a) € borel-measurable (s-finite-measure-algebra
A)

by (auto intro: measurable-Sup1 measurable-vimage-algebral simp: s-finite-measure-algebra-def)

lemma measurable-measure-s-finite-measure-algebra[measurable:
a € sets A = (AM. measure M a) € borel-measurable (s-finite-measure-algebra
4)

unfolding measure-def by measurable

lemma s-finite-measure-algebra-measurableD:
assumes N: N € measurable M (s-finite-measure-algebra S) and z: x € space M
shows space (N z) = space S
and sets (N z) = sets S
and measurable (N z) K = measurable S K
and measurable K (N z) = measurable K S
using measurable-space|OF N z]
by (auto simp: space-s-finite-measure-algebra intro: measurable-cong-sets dest:
sets-eg-imp-space-eq)

context
fixes K M N assumes K: K € measurable M (s-finite-measure-algebra N)
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begin

lemma s-finite-measure-algebra-kernel: a € space M = s-finite-measure (K a)
using measurable-space| OF K] by (simp add: space-s-finite-measure-algebra)

lemma s-finite-measure-algebra-sets-kernel: a € space M = sets (K a) = sets N
using measurable-space]OF K| by (simp add: space-s-finite-measure-algebra)

lemma measurable-emeasure-kernel-s-finite-measure-algebra[measurable]:
A € sets N = (\a. emeasure (K a) A) € borel-measurable M
using measurable-compose| OF K measurable-emeasure-s-finite-measure-algebra) .

end

lemma measurable-s-finite-measure-algebra:

(Aa. a € space M = s-finite-measure (K a)) =

(Aa. a € space M = sets (K a) = sets N) =

(ANA. A € sets N = (Aa. emeasure (K a) A) € borel-measurable M) —

K € measurable M (s-finite-measure-algebra N)

by (auto intro: measurable-Sup2 measurable-vimage-algebra2 simp: s-finite-measure-algebra-def)

definition bind-kernel :: 'a measure = ('a = 'b measure) = 'b measure (infixl
>= 54) where
bind-kernel M k = (if space M = {} then count-space {} else

let Y =k (SOME z. z € space M) in

measure-of (space Y) (sets Y) (AB. [*z. (kz B) M))

lemma bind-kernel-cong-All:
assumes A\z. z € space M = fzx =gz
shows M >= f =M >=; g
proof(cases space M = {})
case 1:False
have (SOME z. © € space M) € space M
by (rule somel-ex) (use 1 in blast)
with assms have [simp|:f (SOME z. x € space M) = g (SOME z. z € space M)
by simp
have (AB. [t z. emeasure (f ) B OM) = (AB. [T z. emeasure (g z) B OM)
by standard (auto intro!: nn-integral-cong simp: assms)
thus ?thesis
by (auto simp: bind-kernel-def 1)
qed(simp add: bind-kernel-def)

lemma sets-bind-kernel:
assumes Az. z € space M = sets (k z) = sets N space M # {}
shows sets (M >=j, k) = sets N
proof —
have sets (k (SOME z. x € space M)) = sets N
by (rule somel2-ex) (use assms in auto)
with sets-eg-imp-space-eq[OF this| show ?thesis
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by (simp add: bind-kernel-def assms(2))
qed

2.2 Measure Kernel

locale measure-kernel =
fixes X :: ‘a measure and Y :: 'b measure and k :: ‘a = 'b measure
assumes kernel-sets[measurable-congl: Az. © € space X = sets (k ©) = sets Y
and emeasure-measurable[measurable]: AB. B € sets Y = (Az. emeasure (k
z) B) € borel-measurable X
and Y-not-empty: space X # {} = space Y # {}
begin

lemma kernel-space :\xz. © € space X = space (k x) = space Y
by (meson kernel-sets sets-eq-imp-space-eq)

lemma measure-measurable:
assumes B € sets Y
shows (\z. measure (k z) B) € borel-measurable X
using emeasure-measurable] OF assms] by (simp add: Sigma-Algebra.measure-def)

lemma set-nn-integral-measure:
assumes [measurable-cong): sets p = sets X and [measurable]: A € sets X B €
sets Y
defines v = measure-of (space Y) (sets Y) (AB. [ Tz€A. (k z B) Op)
shows v B = ([ Tz€A. (k z B) Op)
proof —
have nu-sets[measurable-congl: sets v = sets Y
by (simp add: v-def)
have positive (sets Y) (AB. [ Taz€A. (k z B) )
by (simp add: positive-def)
moreover have countably-additive (sets Y) (AB. [ tz€A. (k = B) dp)
unfolding countably-additive-def
proof safe
fix C :: nat = -
assume h:range C' C sets Y disjoint-family C
thus (3"4. [Tz€A. (k z) (Ci)op) = ([ Tz€A. (k z) (U (range C))Op)
by (auto introl: nn-integral-cong simp: sets-eq-imp-space-eq[OF assms(1)] ker-
nel-sets suminf-emeasure nn-integral-suminf[symmetric)
qged
ultimately show %thesis
using v-def assms(3) emeasure-measure-of-sigma sets.sigma-algebra-axioms by
blast
qed

corollary nn-integral-measure:
assumes sets u = sets X B € sets Y
defines v = measure-of (space Y) (sets Y) (AB. [Tz. (k x B) du)
shows v B = ([*z. (k z B) 9p)
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using set-nn-integral-measure[OF assms(1) sets.top assms(2)]
by (simp add: v-def sets-eg-imp-space-eq| OF assms(1),symmetric])

lemma distr-measure-kernel:

assumes [measurable]:f € Y —p 7

shows measure-kernel X Z (A\z. distr (k z) Z f)

unfolding measure-kernel-def
proof safe

fix B

assume B[measurable]: B € sets Z

show (Az. emeasure (distr (k z) Z f) B) € borel-measurable X

by (rule measurable-cong|where g= (Az. k z (f —‘ B N space Y)), THEN iffD2])
(auto simp: emeasure-distr sets-eq-imp-space-eq| OF kernel-sets))
next

show Az. space Z = {} = x € space X = z € {}

by (metis Y-not-empty assms measurable-empty-iff)

qed auto

lemma measure-kernel-comp:
assumes [measurable]: f € W —pr X
shows measure-kernel W'Y (Az. k (f z))
using measurable-space|OF assms] kernel-sets Y-not-empty
by (auto simp: measure-kernel-def)

lemma emeasure-bind-kernel:

assumes sets 4 = sets X B € sets Y

shows (u >=; k) B= ([ Tz. (k z B) 0p)
proof(cases space X = {}

assume space X = {}

then show ?thesis

by (metis assms(1) bind-kernel-def emeasure-empty emeasure-space nn-integral-empty
sets-eq-imp-space-eq space-bot space-empty zero-order(2))
next

assume h:space X # {}

have sets (k (SOME z. © € space p)) = sets Y

by(rule somel2-ex) (use h kernel-sets sets-eq-imp-space-eq[OF assms(1)] in

auto)

with sets-eg-imp-space-eq| OF this| show ?thesis

by (simp add: bind-kernel-def sets-eq-imp-space-eq| OF assms(1)] h nn-integral-measure[OF
assms(1,2)])
qed

lemma measure-bind-kernel:
assumes [measurable-cong|:sets p = sets X and [measurable]:B € sets Y
and AE zin pu. k x B < o0
shows measure (n >=y, k) B = ([ z. measure (k z) B du)
using assms(3) by (auto simp: emeasure-bind-kernel| OF assms(1,2)] measure-def
integral-eq-nn-integral
introl: arg-conglof - - enn2real] nn-integral-cong-AE)
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lemma sets-bind-kernel:

assumes space X # {} sets u = sets X

shows sets (11 >=y, k) = sets ¥

using sets-bind-kernel[of p k, OF kernel-sets,simplified sets-eq-imp-space-eq| OF
assms(2)]]

by (auto simp: assms(1))

lemma distr-bind-kernel:

assumes space X # {} and [measurable-cong|:sets pn = sets X and [measurable]:
f cY >y 2

shows distr (u >=y, k) Z f = p >= (\z. distr (k z) Z f)

proof —
{
fix A
assume A[measurable]:A € sets Z
have sets[measurable-congl:sets (u >= k) = sets ¥

by (rule sets-bind-kernel|OF assms(1,2
have emeasure (distr (pn >=p k) Z f) A
Z f)) A (is ?lhs = ?rhs)
proof —
have ?lhs = ([T z. emeasure (k z) (f —* A N space Y) Op)
by (simp add: emeasure-distr sets-eq-imp-space-eq[ OF sets] emeasure-bind-kernel[ OF
assms(2)])
also have ... = ([ T z. emeasure (distr (k z) Z f) A Op)
by (auto simp: emeasure-distr sets-eq-imp-space-eq[OF assms(2)] sets-eq-imp-space-eq[OF
kernel-sets] intro!: nn-integral-cong)
also have ... = ?rhs
by (simp add: measure-kernel.emeasure-bind-kernel] OF distr-measure-kernel| OF
assms(3)] assms(2)])
finally show ?thesis .
qed

)
)

emeasure (p >=p, (Az. distr (k )

thus ?thesis

by (auto introl: measure-eql simp: measure-kernel.sets-bind-kernel| OF distr-measure-kernel OF
assms(3)] assms(1,2)])
qed

lemma bind-kernel-distr:
assumes [measurable]: f € W —pr X and space W # {}
shows distr WX f >=, k = W >=; (Az. s (f 1))
proof —
have X: space X # {}
using measurable-space| OF assms(1)] assms(2) by auto
show ?thesis
by (rule measure-eql, insert X)
(auto simp: sets-bind-kernel|OF X| measure-kernel.sets-bind-kernel|OF mea-
sure-kernel-comp[OF assms(1)] assms(2)]
emeasure-bind-kernel nn-integral-distr measure-kernel.emeasure-bind-kernel| OF
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measure-kernel-comp| OF assms(1)]])
qed

lemma bind-kernel-return:
assumes z € space X
shows return X ¢ >=, k = Kk
proof —
have X: space X # {}
using assms by auto
show %thesis
by (rule measure-eql)
(auto simp: sets-bind-kernel|OF X sets-return] kernel-sets|OF assms| emea-
sure-bind-kernel|OF sets-return] nn-integral-return[OF assms])
qed

lemma nn-integral-measurable-kernel:
assumes f € borel-measurable Y
shows (\z. ([T y. fy O(k z))) € borel-measurable X
using assms
proof induction
case (cong f g)
then show ?case
by (auto introl: measurable-conglwhere f=Xz. [T y. fy O(k z) and g= Az.
|t y. gy d(k x), THEN iff D2] nn-integral-cong simp: sets-eq-imp-space-eq| OF ker-
nel-sets))
next
case (set A)
then show ?case
by(auto intro!: measurable-cong[where f=Mz. integral™ (k x) (indicator A)
and g=Mz. k © A,THEN iffD2])
next
case (mult u c)
then show ?case
by (auto introl: measurable-conglwhere f=Xz. [T y. ¢ *x u y Ox z and g=Mz.
¢ [Ty wy Ok x,THEN iffD2] simp: nn-integral-cmult)
next
case (add u v)
then show ?case
by (auto introl: measurable-congwhere f=Xz. [T y. vy + vy Ok z and g=Az.
(Jtyvydrz)+ (T y uy Ok ), THEN iffD2] simp: nn-integral-add)
next
case (seq U)
then show ?case
by (intro measurable-cong[where f=\z. integral™ (k z) (|| range U) and g=\z.
L|i. integral™ (k z) (U i), THEN iffD2])
(auto simp: nn-integral-monotone-convergence-SUP|of U, simplified SUP-apply[symmetric]])
qed

corollary integrable-measurable-kernel:
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fixes f :: 'b = 'c::{banach, second-countable-topology}

assumes [measurable]:f € borel-measurable Y

shows Measurable.pred X (Az. integrable (k z) f)
proof (subst measurable-cong)

show Az. z € space X = integrable (k z) f «+— ([T y. ennreal (norm (fy))
Ok x) < 00

by (auto simp: integrable-iff-bounded)

qed(use nn-integral-measurable-kernel in auto)

lemma integral-measurable-kernel:
fixes f :: 'b = 'c::{banach, second-countable-topology}
assumes f[measurable]: f € borel-measurable Y
shows (Az. ([ y. fy O(k z))) € borel-measurable X
proof —
from borel-measurable-implies-sequence-metric|OF f, of 0]
obtain F' where F: Ai. simple-function Y (F 17)
Nz. z € space Y = (M. Fiz) —— fux
Niz. z € space Y = norm (F iz) < 2 x norm (f z)
unfolding norm-conv-dist by blast

have [measurable]: F i € Y — ) count-space UNIV for i
using F(1) by (rule measurable-simple-function)

define F’ where [abs-def]:
F' M i = (if integrable M f then integral® M (F i) else 0) for M i

have (A\z. F' (k z) i) € X —r borel for i
proof (rule measurable-cong| THEN iffD2])
fix x
assume z:z € space X
note [simp] = kernel-space[OF z] kernel-sets|OF ]
have F’ (k z) i = (if integrable (k z) fthen Bochner-Integration.simple-bochner-integral
(k z) (F i) else 0)
proof (cases integrable (k z) f)
assume f:integrable (k z) f
have Bochner-Integration.simple-bochner-integral (k x) (F i) = integral® (x
z) (Fi)
proof (intro simple-bochner-integrable-eq-integral)
have x:integrable (k z) (Ay. 2 * norm (fy))
using f by simp
have integrable (k z) (F 7)
by (rule Bochner-Integration.integrable-bound[OF x])
(auto simp add: F(1) F(3) borel-measurable-simple-function sim-
ple-function-cong-algebra)
thus Bochner-Integration.simple-bochner-integrable (k z) (F )
by (simp add: F(1) integrable-iff-bounded simple-bochner-integrablel-bounded
simple-function-cong-algebra)
qed
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thus ?thesis
by (simp add: F'-def)
qged(simp add: F’-def)
then show F' (k ) i = (if integrable (k z) fthen > yeF i ‘ space Y. measure
(k z) {z€space Y. F iz =y} xg y else 0)
unfolding simple-bochner-integral-def by simp
next
have [measurable]: (Azx. measure (k z) {zE€space Y. F i xz = y} *g y) €
borel-measurable X if y:y € F i ‘ space Y for y
using borel-measurable-simple-function|OF F(1)[of ]]
by (auto introl: borel-measurable-scaleR measure-measurable)
show (Az. if integrable (k x) f then Y yeF i ‘ space Y. measure (k z) {z€space
Y. Fiz =y} *g yelse 0) € borel-measurable X
using integrable-measurable-kernel| OF assms| by measurable
qed
moreover
have F' (k ) — integral” (k z) f if 2: 2 € space X for
proof cases
note [simp| = kernel-space| OF z] kernel-sets| OF z]
assume integrable (k z) f then show ?thesis
unfolding F'-def using F(1)[THEN borel-measurable-simple-function] F
by (auto intro!: integral-dominated-convergence[where w=Az. 2 x* norm (f z)]
cong: measurable-cong-sets)
qed (auto simp: F'-def not-integrable-integral-eq)
ultimately show ?thesis
by (rule borel-measurable-LIMSEQ-metric)
qged

lemma density-measure-kernel”:
assumes f[measurable]: f € Y —pp borel
shows measure-kernel X Y (Az. density (k z) f)
proof(cases space X = {})
assume space X = {}
then show ?thesis
by (auto simp: measure-kernel-def dest:space-empty)
next
assume X: space X # {}
show measure-kernel X Y (Az. density (k z) f)
proof
fix B
assume [measurable]: B € sets YV
show (\z. emeasure (density (k z) f) B) € borel-measurable X
proof (subst measurable-cong)
show (Az. set-nn-integral (k z) B f) € borel-measurable X
by (auto intro!: nn-integral-measurable-kernel)
ged(auto simp: emeasure-density)
qed(auto simp: kernel-sets Y-not-empty)
qed
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lemma nn-integral-bind-kernel:
assumes f € borel-measurable Y sets p = sets X
shows ([T y. fy O(u >= k) = ([ T2 (J* y. fy Ok 2)) Op)
proof(cases space X = {})
case True
then show ?thesis
by (simp add: sets-eq-imp-space-eq[OF assms(2)] bind-kernel-def nn-integral-empty)
next
case X:Fulse
then have u:space 11 # {} by(simp add: sets-eq-imp-space-eq[OF assms(2)])
note 1[measurable-cong] = assms(2) sets-bind-kernel|OF X assms(2)]
from assms(1) show ?thesis
proof induction
case ih:(cong f g)
have ([ y. fy O(u >=p k) = (f T y. gy O >= k) ([ T @ integral™ (k
z) fop) = ([T . integral™ (k z) g Op)
by (auto introl: nn-integral-cong simp: sets-eq-imp-space-eq[OF 1(2)] sets-eq-imp-space-eq(OF
assms(2)] sets-eq-imp-space-eq|OF kernel-sets] ih(3))
then show ?case
by (simp add: ih)
next
case (set A)
then show ?case
by (auto simp: emeasure-bind-kernel|OF 1(1)] sets-eq-imp-space-eq|OF 1(1)]
introl: nn-integral-cong)
next
case ih:(mult u c)
then have ([T z. [T y. cxuydrzdp) = ([T z. c*x [Ty uy Ik z op)
by (auto introl: nn-integral-cong nn-integral-cmult simp: sets-eq-imp-space-eq[ OF
1(1)
with ih nn-integral-measurable-kernel[of Ay. u y] show Zcase
by (auto simp: nn-integral-cmult intro!: nn-integral-cong)
next
case th:(add u v)
then have ([T z. [Ty vy+uydszop) =T a (JTy vydrz) +
(J* y uwy Ok x) Op)
by (auto intro!: nn-integral-cong simp: nn-integral-add sets-eq-imp-space-eq[OF
1(1)
with ih nn-integral-measurable-kernel[of \y. u y| nn-integral-measurable-kernel[of
Ay. v y]
show ?case
by (simp add: nn-integral-add)
next
case ih[measurable]:(seq U)
show ?case (is ?lhs = ?rhs)
proof —
have ?lhs = ((||i. integral™ (u =, k) (U 1))
by (rule nn-integral-monotone-convergence-SUP|of U,simplified SUP-apply[of
U UNIV symmetric]]) (use ih in auto)
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also have ... = (| Ji. [T z. ([T y. Uiy Ok z) Op)
by (simp add: ih)
also have ... = ([T z. (Ji. (J T y. Uiy 0k z)) Op)
proof (rule nn-integral-monotone-convergence-SUP[symmetric])
show incseq (Niz. [t y. Uiy Ok z)
by standard+ (auto intro: le-funl nn-integral-mono simp:le-funD[OF
incseqD[OF ih(3)]])
qed(use nn-integral-measurable-kernel[of Ay. U - y] in simp)
also have ... = ?rhs
by (intro nn-integral-cong nn-integral-monotone-convergence-SUP|[of U,simplified
SUP-applylof U UNIV ,symmetric], OF ih(3),symmetric])
(auto simp: sets-eq-imp-space-eq|OF 1(1)])
finally show ?thesis .
qed
qed
qed

lemma bind-kernel-measure-kernel:
assumes measure-kernel Y Z k'
shows measure-kernel X Z (Az. k © >=j k')
proof(cases space X = {})
case True
then show ?thesis
by (auto simp: measure-kernel-def measurable-def)
next
case X:Fulse
then have Y: space Y # {}
by(simp add: Y-not-empty)
interpret k’: measure-kernel Y Z k' by fact
show ?thesis
proof
fix B
assume B € sets Z
with k’.emeasure-bind-kernel|OF kernel-sets,of - B] show (Az. emeasure (k x
>=. k') B) € borel-measurable X
by (auto introl: measurable-conglwhere f=\z. emeasure (k © >=j k') B and
g=Xz. [t y. emeasure (k' y) B Ox x, THEN iffD2] nn-integral-measurable-kernel
simp: sets-eq-imp-space-eq| OF kernel-sets] Y)
qed(use k' Y-not-empty Y k'.sets-bind-kernel[OF Y kernel-sets] in auto)
qed

lemma restrict-measure-kernel: measure-kernel (restrict-space X A) Y K
proof

fix B

assume B € sets YV

from emeasure-measurable] OF this] show (Az. emeasure (k ) B) € borel-measurable
(restrict-space X A)

using measurable-restrict-spacel by blast

qed(insert Y-not-empty,auto simp add: space-restrict-space kernel-sets)

52



end

lemma measure-kernel-cong-sets:

assumes sets X = sets X' sets ¥ = sets Y’

shows measure-kernel X Y = measure-kernel X' Y’

by standard (simp add: measure-kernel-def measurable-cong-sets|OF assms(1)
refl] sets-eq-imp-space-eq| OF assms(1)] assms(2) sets-eq-imp-space-eq[OF assms(2)])

lemma measure-kernel-cong:
assumes Az. z € space X = kz =Fk'z
shows measure-kernel X Y k = measure-kernel X Y k'
using assms by (auto cong: measurable-cong simp: measure-kernel-def)

lemma measure-kernel-pair-countblel :

assumes countable A \i. i € A = measure-kernel X Y (Az. k (i,x))

shows measure-kernel (count-space A @y X) Y k

using assms by(auto simp: measure-kernel-def space-pair-measure intro!: mea-
surable-pair-measure-countablel )

lemma measure-kernel-empty-trivial:
assumes space X = {}
shows measure-kernel X Y k
using assms by (auto simp: measure-kernel-def measurable-def)

lemma measure-kernel-const’: space Y # {} = sets u = sets Y = measure-kernel
XY (Ar. p)

by (auto simp: measure-kernel-def)

2.3 Finite Kernel

locale finite-kernel = measure-kernel +
assumes finite-measure-spaces: Ir<co. Vz€ space X. k z (space Y) < r
begin

lemma finite-measures:
assumes z € space X
shows finite-measure (k x)
proof—
obtain r where k z (space Y) < r
using finite-measure-spaces assms by metis
then show ?thesis
by (auto intro!: finite-measurel simp: sets-eq-imp-space-eq|OF kernel-sets|OF
assms|)
qged

end

lemma finite-kernel-empty-trivial: space X = {} = finite-kernel X Y f
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by (auto simp: finite-kernel-def finite-kernel-azioms-def measure-kernel-empty-trivial
intro!: exI[where z=1])

lemma finite-kernel-cong-sets:

assumes sets X = sets X' sets Y = sets Y’

shows finite-kernel X Y = finite-kernel X' Y’

by standard (auto simp: measure-kernel-cong-sets|OF assms] finite-kernel-def fi-
nite-kernel-azioms-def sets-eq-imp-space-eq|OF assms(1)] sets-eq-imp-space-eq OF
assms(2)])

2.4 Sub-Probability Kernel

locale subprob-kernel = measure-kernel +
assumes subprob-spaces: \z. x € space X = subprob-space (k x)
begin
lemma subprob-space:
Nz. z € space X = k x (space V) < 1
by (simp add: subprob-space.subprob-emeasure-le-1 subprob-spaces)

lemma subprob-measurable[measurable]:

Kk € X —pr subprob-algebra Y

by (auto intro!: measurable-subprob-algebra-generated| OF sets.sigma-sets-eq|symmetric]
sets.Int-stable sets.space-closed] simp: subprob-spaces kernel-sets emeasure-measurable)

lemma finite-kernel: finite-kernel X Y &

by (auto simp: finite-kernel-def finite-kernel-axioms-def introl: measure-kernel-azioms
exl[where z=2] order.strict-trans1 | OF subprob-space.subprob-emeasure-le-1[OF sub-
prob-spaces]])

sublocale finite-kernel
by (rule finite-kernel)

end

lemma subprob-kernel-def’:
subprob-kernel X Y k +— k € X — s subprob-algebra Y
by (auto simp: subprob-kernel.subprob-measurable subprob-kernel-def subprob-kernel-axioms-def
measure-kernel-def measurable-subprob-algebra measurable-empty-iff space-subprob-algebra-empty-iff)
(auto simp: subprob-measurableD(2) subprob-space-kernel)

lemmas subprob-kernell = measurable-subprob-algebra[simplified subprob-kernel-def '[symmetric]]
lemma subprob-kernel-cong-sets:

assumes sets X = sets X' sets Y = sets Y’

shows subprob-kernel X Y = subprob-kernel X' Y’

by standard (auto simp: subprob-kernel-def’ subprob-algebra-cong[OF assms(2)]

measurable-cong-sets[OF assms(1) refl])

lemma subprob-kernel-empty-trivial:
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assumes space X = {}

shows subprob-kernel X Y k

using assms by(auto simp: subprob-kernel-def subprob-kernel-azioms-def introl:
measure-kernel-empty-trivial)

lemma bind-kernel-bind:
assumes f € M — s subprob-algebra N
shows M >, f=M >=f
proof(cases space M = {})
case True
then show ?thesis
by(simp add: bind-kernel-def bind-def)
next
case h:Fulse
interpret subprob-kernel M N f
using assms(1) by(simp add: subprob-kernel-def’)
show ?thesis
by (rule measure-eql jinsert sets-kernel]OF assms])
(auto simp: h sets-bind-kernel emeasure-bind-kernel emeasure-bind[OF h
assms))
qed

lemma(in measure-kernel) subprob-kernel-sum:
assumes Az. z € space X = finite-measure (K )
obtains ki where Ai. subprob-kernel X Y (ki i) NA z. x € space X = r ¢ A
=0 i kiix A)
proof —
obtain u where u: Az. 2 € space X = uz < co A\z. © € space X = ux =
Kk z (space Y)
using finite-measure.emeasure-finite| OF assms]
by (simp add: top.not-eq-extremum)
have [measurable]: u € borel-measurable X
by (simp cong: measurable-cong add: u(2))
define ki where ki = (\i z. if { < nat [enn2real (u z)] then scale-measure (1
/ ennreal (real-of-int [enn2real (u z)])) (k x) else (sigma (space Y) (sets Y)))
have 1:A\iz. x € space X = sets (ki iz) = sets ¥
by (auto simp: ki-def kernel-sets)
have subprob-kernel X Y (ki i) for ¢
proof —
{
fix i B
assume [measurable]: B € sets YV
have (\z. emeasure (ki i ) B) = (A\z. if i < nat [enn2real (u x)] then (1 /
ennreal (real-of-int [enn2real (u x)])) * emeasure (k z) B else 0)
by (auto simp: ki-def emeasure-sigma)
also have ... € borel-measurable X
by simp
finally have (Az. emeasure (ki i ©) B) € borel-measurable X .

}
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moreover {

fix i x

assume z:z € space X

have emeasure (ki i z) (space Y) < 1

by(cases u z = 0,auto simp: ki-def emeasure-sigma u(2)[OF x,symmetric])

(metis uw(1)[OF z,simplified] divide-ennreal-def divide-le-posI-ennreal enn2real-le
le-of-int-ceiling mult.commute mult.right-neutral not-gr-zero order.strict-iff-not)

hence subprob-space (ki i x)

using = Y-not-empty by (fastforce intro!: subprob-spacel simp: sets-eq-imp-space-eq[OF
1[0F 2])

ultimately show ¢thesis
by(auto simp: subprob-kernel-def measure-kernel-def 1 Y-not-empty sub-
prob-kernel-azioms-def)
qed
moreover have k t A = (Y 4. ki iz A) if z:x € space X for z A
proof (cases A € sets Y)
case A[measurable]: True
have emeasure (k z) A = (3 i<nat [enn2real (u z)]. emeasure (ki i x) A)
proof(cases u x = 0)
case True
then show ?thesis
using u(2)[OF that] by simp (metis A emeasure-eq-0 kernel-sets sets.sets-into-space
sets.top x)
next
case ul:Fulse
hence real-of-int [enn2real (u z)] > 0
by (metis enn2real-nonneg ennreal-0 ennreal-enn2real-if infinity-ennreal-def
linorder-not-le nat-0-iff nle-le of-int-le-0-iff of-nat-eq-0-iff real-nat-ceiling-ge u(1)

z)
with «(1)[OF z] have of-nat (nat [ennZ2real (u z)]) / ennreal (real-of-int
[enn2real (u z)]) = 1
by (simp add: ennreal-eq-0-iff ennreal-of-nat-eq-real-of-nat)
thus ?thesis
by (simp add: ki-def ennreal-divide-times[symmetric] mult.assoc[symmetric])
qed
then show ?thesis
by (auto simp: suminf-offset[of Ai. emeasure (ki i ) A nat [enn2real (u x)]])
(simp add: ki-def emeasure-sigma)
next
case Fulse
then show ?thesis
using kernel-sets[OF z] 1[OF x]
by (simp add: emeasure-notin-sets)
qed
ultimately show ?thesis
using that by blast
qed
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2.5 Probability Kernel

locale prob-kernel = measure-kernel +
assumes prob-spaces: \z. x € space X = prob-space (K x)
begin

lemma prob-space:
Nz. z € space X = k x (space ¥V) = 1
using kernel-space prob-space.emeasure-space-1 prob-spaces by fastforce

lemma prob-measurable[measurable]:

Kk € X —p prob-algebra Y

by (auto introl: measurable-prob-algebra-generated|OF sets.sigma-sets-eq[symmetric]
sets. Int-stable sets.space-closed] simp: prob-spaces kernel-sets emeasure-measurable)

lemma subprob-kernel: subprob-kernel X Y k
by (simp add: measurable-prob-algebraD subprob-kernel-def”)

sublocale subprob-kernel
by (simp add: subprob-kernel)

lemma restrict-probability-kernel:

prob-kernel (restrict-space X A) Y k

by (auto simp: prob-kernel-def restrict-measure-kernel prob-kernel-azioms-def space-restrict-space
prob-spaces)

end

lemma prob-kernel-def":
prob-kernel X Y k <— k € X — s prob-algebra Y
proof

assume h:xk € X —); prob-algebra Y

show prob-kernel X Y k

using subprob-measurableD(2)[OF measurable-prob-algebraD[OF h]] measur-

able-space| OF h] measurable-emeasure-kernel|OF measurable-prob-algebraD[OF hl)

by (auto simp: prob-kernel-def measure-kernel-def prob-kernel-axioms-def space-prob-algebra
) (metis prob-space.not-empty sets-eq-imp-space-eq)
qed(auto simp: prob-kernel.prob-measurable prob-kernel-def prob-kernel-axioms-def
measure-kernel-def)

lemma bind-kernel-return’”:

assumes sets M = sets N

shows M >=j return N = M
proof (cases space M = {})

case True

then show ?thesis

by (simp add: bind-kernel-def space-empty[symmetric])

next

case Fulse
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then have 1: space N # {}
by (simp add: sets-eq-imp-space-eq| OF assms])
interpret prob-kernel N N return N
by (simp add: prob-kernel-def”)
show ?thesis
by (rule measure-eql) (auto simp: emeasure-bind-kernel sets-bind-kernel|OF 1
assms] assms)
qed

2.6 S-Finite Kernel

locale s-finite-kernel = measure-kernel +
assumes s-finite-kernel-sum: 3 ki. (Vi. finite-kernel X Y (ki i) N (Vz€space X.
VAecsets Y.k x A = (D i ki iz A)))

lemma s-finite-kernel-subl:
assumes A\z. z € space X = sets (k z) = sets Y N\i. subprob-kernel X Y (ki
i) Nz A. © € space X = A € sets Y = emeasure (k ) A= (> i. kiizx A)
shows s-finite-kernel X Y k
proof —
interpret measure-kernel X Y x
proof
show B € sets Y = (\x. emeasure (k z) B) € borel-measurable X for B
using assms(2) by(simp add: assms(3) subprob-kernel-def’ cong: measur-
able-cong)
next
show space X # {} = space Y # {}
using assms(2)[of 0] by(auto simp: subprob-kernel-def measure-kernel-def)
qed fact
show ?thesis
by (auto simp: s-finite-kernel-def measure-kernel-axioms s-finite-kernel-azioms-def
assms(2,3) introl: exI[where x=Fki] subprob-kernel.finite-kernel)
qed

context s-finite-kernel
begin

lemma s-finite-kernels-fin:
obtains ki where Ai. finite-kernel X Y (ki i) Az A. z € space X —= kz A =
(Xi. kiiz A)
proof —
obtain ki where ki:\i. finite-kernel X Y (ki i) Az A. z € space X — A €
sets Y =nra A= i kiiz A)
by (metis s-finite-kernel-sum)
hence k t A = (> i. kiiz A) if € space X for z A
by(cases A € sets Y, insert that kernel-sets| OF that]) (auto simp: finite-kernel-def
measure-kernel-def emeasure-notin-sets)
with ki show ?thesis
using that by auto
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qed

lemma s-finite-kernels:
obtains ki where Ai. subprob-kernel X Y (ki i) Az A. = € space X = k z A
=00 i kiixz A)
proof —
obtain ki where ki:\i. finite-kernel X Y (ki i) Az A. z € space X —= k¢ A
= (Ni kiiz A
by (metis s-finite-kernels-fin)
have 3 kij. (Vj. subprob-kernel X Y (kij j)) AN (Vz A. z € space X — ki iz A
= ("4 kijjz A)) for i
using measure-kernel.subprob-kernel-sum|of X Y ki i, OF - finite-kernel. finite-measures| OF
ki(1)[of i]]] ki(1)[of i] by(metis finite-kernel-def)
then obtain kij where kij: \ij. subprob-kernel X Y (kij i j) Nz A i. € space
X=kiizA= (X kijijzA)
by metis
have Ai. subprob-kernel X Y (case-prod kij (prod-decode i))
using kij(1) by(auto simp: split-beta)
moreover have z € space X = k 2z A = (3 i. case-prod kij (prod-decode i) x
A) for z A
using suminf-ennreal-2dimen|of \i. ki { © A X(4,§). kij © j « A]
by (auto simp: ki(2) kij(2) split-beta’)
ultimately show ?thesis
using that by fastforce
qed

lemma image-s-finite-measure:
assumes z € space X
shows s-finite-measure (k x)
proof —
obtain ki where ki:\i. subprob-kernel X Y (ki i) Nz A. © € space X = k z
A= 4 kiix A)
by (metis s-finite-kernels)
show ?thesis
using ki(1)[simplified subprob-kernel-def'] measurable-space| OF ki(1)[simplified
subprob-kernel-def'] assms]
by (auto intro!: s-finite-measurel [where Mi=\i. ki i z] subprob-space.axioms(1)
simp: kernel-sets|OF assms] space-subprob-algebra ki(2)[OF assms])
qed

corollary kernel-measurable-s-finite[measurable]:x € X — s s-finite-measure-algebra
Y
by (auto introl: measurable-s-finite-measure-algebra simp: kernel-sets image-s-finite-measure)

lemma comp-measurable:
assumes f[measurable]:f € M —p X
shows s-finite-kernel M Y (Az. k (f x))
proof —
obtain ki where ki:\i. subprob-kernel X Y (ki i) Nz A. z € space X = k z
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A= kiix A)
by (metis s-finite-kernels)
show ?thesis
using ki(1) measurable-space| OF f] by(auto introl: s-finite-kernel-subl[where
ki=Xi x. ki i (f x)] simp: subprob-kernel-def’ ki(2) kernel-sets)
qed

lemma distr-s-finite-kernel:
assumes f[measurable]: f € Y =y Z
shows s-finite-kernel X Z (Ax. distr (k ©) Z f)
proof —
obtain ki where ki:A\i. subprob-kernel X Y (ki i) Az A. x € space X = Kk z
A= kiiz A)
by (metis s-finite-kernels)
hence 1:z € space X = space (ki i x) = space Y for z i
by (auto simp: subprob-kernel-def’ intro!: subprob-measurableD(1)[of - X Y])
have [measurable]:B € sets Z = (Az. emeasure (distr (k x) Z f) B) € borel-measurable
X for B
by(rule measurable-cong[where g=Az. k = (f —* B N space Y), THEN iffD2])
(auto simp: emeasure-distr sets-eq-imp-space-eq[OF kernel-sets])
show ?thesis
using ki(1) measurable-distr[OF f] by(auto intro!: s-finite-kernel-subl[where
ki=\i z. distr (ki i z) Z f] simp: subprob-kernel-def’ emeasure-distr ki(2) sets-eq-imp-space-eq[OF
kernel-sets] 1)
qed

lemma comp-s-finite-measure:
assumes s-finite-measure p and [measurable-congl: sets p = sets X
shows s-finite-measure (p >=j, k)
proof(cases space X = {})
case 1:True
show ?thesis
by(auto simp: sets-eq-imp-space-eq[OF assms(2)] 1 bind-kernel-def intro!: fi-
nite-measure.s-finite-measure-finite-measure finite-measurel )
next
case 0:Fulse
then have 1: space pn # {}
by (simp add: sets-eq-imp-space-eq[OF assms(2)])
have 2: sets (k (SOME z. x € space p)) = sets Y
by (rule somel2-ex, insert 1 kernel-sets) (auto simp: sets-eq-imp-space-eq|OF
assms(2)])
have sets-bind[measurable-cong): sets (i >=j k) = sets YV
by (simp add: bind-kernel-def 1 sets-eq-imp-space-eq[OF 2] 2)
obtain ui where mui[measurable-cong|: \i. sets (uii) = sets X Ni. (ui i) (space
X) <1 NA p A= pii A
using s-finite-measure. finite-measures| OF assms(1)] assms(2) sets-eg-imp-space-eq[ OF
assms(2)] by metis
obtain ki where ki:\i. subprob-kernel X Y (ki i) Nz A. z € space X = Kk z
A= kiiz A)
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by(metis s-finite-kernels)
define Mi where Mi = (An. (\(4,j). measure-of (space Y) (sets Y) (MA. [Tz
(ki iz A) O(ui j))) (prod-decode n))
have emeasure:(u >= ) A = O_i. (Mi i) A) (is ?lhs = 2rhs) if A € sets YV
for A
proof —
have ?lhs = ([ Tz. (k 2 A) Op)
by (simp add: emeasure-bind-kernel|OF assms(2) that])
also have ... = ([ Tz. (X i. (ki iz A)) Op)
by (auto introl: nn-integral-cong simp: ki sets-eq-imp-space-eq[OF assms(2)])
also have ... = (3" . [ta. (kiiz A) Op)
by (auto introl: nn-integral-suminf) (metis ki(1) assms(2) measurable-cong-sets
measure-kernel.emeasure-measurable subprob-kernel-def that)
also have ... = ?rhs
unfolding Mi-def
proof (rule suminf-ennreal-2dimen|symmetric])
fix m
interpret kim: subprob-kernel X Y ki m
by (simp add: ki)
show ([t z. (ki m z) A Ou) = (3 n. emeasure (case (m, n) of (i, j) =
measure-of (space Y) (sets Y) (AA. [+ z. emeasure (ki i z) A Oui j)) A)
using kim.emeasure-measurable| OF that] by (simp add: kim.nn-integral-measure[ OF
mui(1) that] nn-integral-measure-suminf| OF mui(1)[simplified assms(2)[symmetric]]
mui(3)])
qed
finally show ?thesis .
qed
have fin:finite-measure (Mi i) for i
proof(rule prod.ezhaust[where y=prod-decode 1))
fix j1 j2
interpret kij: subprob-kernel X Y ki j1
by (simp add: ki)
assume pd:prod-decode i = (51, j2)
have Mi i (space (Mii)) = ([ ta. (ki j1 z (space Y)) Opi j2)
by (auto simp: Mi-def pd kij.nn-integral-measure| OF mui(1) sets.top])
also have ... < ([ Tz. 1 Opij2)
by (intro nn-integral-mono) (metis kij.subprob-space mui(1) sets-eg-imp-space-eq)
also have ... < 1
using mui by (simp add: sets-eq-imp-space-eqOF mui(1)])
finally show finite-measure (Mi ©)
by (metis ennreal-one-less-top finite-measurel infinity-ennreal-def less-le-not-le)
qed
have 3: sets (Mi i) = sets (u >=j, k) for i
by (simp add: Mi-def split-beta sets-bind)
show s-finite-measure (1 >=, k)
using emeasure fin 3 by (auto intro!: exI[where x=Mi| simp: s-finite-measure-def
sets-bind)
qed
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end

lemma s-finite-kernel-empty-trivial:

assumes space X = {}

shows s-finite-kernel X Y k

using assms by(auto simp: s-finite-kernel-def s-finite-kernel-axioms-def intro!:
measure-kernel-empty-trivial finite-kernel-empty-trivial)

lemma s-finite-kernel-def": s-finite-kernel X Y k +— ((Vz. z € space X — sets
(k z) = sets Y) A (3 ki. (Vi. subprob-kernel X Y (kii)) AN (Vz A. © € space X —
A € sets Y — emeasure (k) A= (D i. kiixz A)))) (is 7l «+— or)
proof
assume 7]
then interpret s-finite-kernel X Y k .
from s-finite-kernels obtain ki where ki: \i. subprob-kernel X Y (ki i) Az A. z
€ space X = emeasure (k ) A = (3 i. emeasure (ki i z) A)
by metis
thus 7r
by (auto simp: kernel-sets)
qed(auto intro!: s-finite-kernel-subl)

lemma(in finite-kernel) s-finite-kernel-finite-kernel: s-finite-kernel X Y &
proof
consider space X = {} | space X # {} by auto
then show 3 ki. Vi. finite-kernel X Y (ki i) A (Ya€space X. ¥V Acsets Y. (k 1)
A=0]4 (kiix) A))
proof cases
case I
then show ?thesis
by(auto simp: finite-kernel-def measure-kernel-def finite-kernel-azioms-def
measurable-def introl: exl[where z=0])
next
case 2
then have y:space Y # {} by(simp add: Y-not-empty)
define ki where ki i = case ¢ of 0 = k | Suc - = (A-. sigma (space Y) (sets
Y)) for ¢
have finite-kernel X Y (ki i) for i
by (cases i, auto simp: ki-def finite-kernel-azioms) (auto simp: emeasure-sigma
finite-kernel-def measure-kernel-def finite-kernel-axioms-def y intro!: finite-measurel
exl[where z=1])
moreover have (k z) A = (> i. (kiiz) A) for z A
by (simp add: suminf-offsetlwhere i=Suc 0 and f=\i. ki i x A,simplified],simp
add: ki-def emeasure-sigma)
ultimately show ¢thesis by auto
qed
qed

lemmas(in subprob-kernel) s-finite-kernel-subprob-kernel = s-finite-kernel-finite-kernel
lemmas(in prob-kernel) s-finite-kernel-prob-kernel = s-finite-kernel-subprob-kernel
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sublocale finite-kernel C s-finite-kernel
by (rule s-finite-kernel-finite-kernel)

lemma s-finite-kernel-cong-sets:

assumes sets X = sets X' sets Y = sets Y’

shows s-finite-kernel X Y = s-finite-kernel X' Y’

by standard (simp add: s-finite-kernel-def measurable-cong-sets| OF assms(1) refi]
sets-eq-imp-space-eq|OF assms(1)] assms(2) measure-kernel-cong-sets|OF assms]
s-finite-kernel-axioms-def finite-kernel-cong-sets|OF assms])

lemma(in s-finite-kernel) s-finite-kernel-cong:

assumes A\z. z € space X = kz =gz

shows s-finite-kernel X Y g

using assms s-finite-kernel-azioms by (auto simp: s-finite-kernel-def s-finite-kernel-azioms-def
measure-kernel-def cong: measurable-cong)

lemma(in s-finite-measure) s-finite-kernel-const:
assumes space M # {}
shows s-finite-kernel X M (Axz. M)
proof
obtain Mi where Mi:\i. sets (Mi i) = sets M Ni. (Mi i) (space M) < 1 N\A.
MA= i MiiA)
by (metis finite-measures)
hence Ai. subprob-kernel X M (Az. Mi i)
by (auto simp: subprob-kernel-def’ space-subprob-algebra sets-eq-imp-space-eq[ OF
Mi(1)] assms introl:measurable-const subprob-spacel )
thus 3 ki. Vi. finite-kernel X M (ki i) A (Vax€space X. ¥V Acsets M. M A = (> 4.
by (auto introl: exl[where z=Xi x. Mi i] Mi(8) subprob-kernel.finite-kernel)
qed (auto simp: assms)

corollary(in s-finite-measure) s-finite-kernel-const’:
assumes sets M = sets N space N # {}
shows s-finite-kernel X N (Az. M)
using assms(2) sets-eq-imp-space-eq[OF assms(1)]
by (auto simp: s-finite-kernel-cong-sets| OF refl assms(1)[symmetric]] intro!: s-finite-kernel-const)

lemma s-finite-kernel-pair-countblel :
assumes countable A N\i. i € A = s-finite-kernel X Y (Az. k (i,z))
shows s-finite-kernel (count-space A @ X) Yk
proof —
have 3 ki. (Vj. subprob-kernel X Y (ki j)) A (Vz B. x € space X — B € sets
Y — k (i,x) B=()_j. kijz B))if i € A for i
using s-finite-kernel.s-finite-kernels[OF assms(2)[OF that]] by metis
then obtain ki where ki:\i j. i € A = subprob-kernel X Y (ki i j) Niz B. i
€ A=z € space X = B € sets Y = k (i,x) B= (D>_j. ki ijz B)
by metis
then show “thesis
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using assms(2) by(auto simp: s-finite-kernel-def’ measure-kernel-pair-countble! [OF
assms(1)] subprob-kernel-def' space-pair-measure introl: exI[where x=\j (i,z). ki
i j ] measurable-pair-measure-countablel assms(1))
qed

lemma s-finite-kernel-s-finite-kernel:
assumes Ai. s-finite-kernel X Y (ki i) N\z. © € space X = sets (k z) = sets Y
Nz A. z € space X = A € sets Y = emeasure (kz) A = (> 1. (ki i) z A)
shows s-finite-kernel X Y k
proof —
have 3 kij. (Vj. subprob-kernel X Y (kij j)) AN (Vz A. z € space X — ki iz A
=0 j kijjz A)) for i
using s-finite-kernel.s-finite-kernels[OF assms(1)[of i]] by metis
then obtain kij where kij: \i j. subprob-kernel X Y (kij i j) \ix A. z € space
X=kiizA= (X kijijzA)
by metis
define ki’ where ki’ = (An. case-prod kij (prod-decode n))
have emeasure-sumk’-emeasure (k z) A = (3. i. emeasure (ki’ i z) A) if z:z €
space X and A: A € sets Y for z A
by (auto simp: assms(3)[OF that] kij(2)[OF x| ki'-def introl: suminf-ennreal-2dimen|symmetric])
have subprob-kernel X Y (ki’ i) for i
using kij(1) by(auto simp: ki’-def split-beta’)
thus ?thesis
by (auto simp: s-finite-kernel-def’ measure-kernel-def assms(2) s-finite-kernel-azioms-def
emeasure-sumk’ introl: exl[where z=Fki'))
qged

lemma s-finite-kernel-finite-suml:
assumes [measurable-cong]: \z. © € space X = sets (k ©) = sets ¥
and Ai. i € I = subprob-kernel X Y (ki i) Az A. x € space X = A €
sets Y = emeasure (k z) A= (D> i€l. kiiz A) finite I I # {}
shows s-finite-kernel X Y k
proof —
consider space X = {} | space X # {} by auto
then show ?thesis
proof cases
case I
then show ?thesis
by (rule s-finite-kernel-empty-trivial)
next
case 2
then have Y:space Y # {}
using assms measure-kernel. Y-not-empty by (fastforce simp: subprob-kernel-def)
define ki’ where ki’ = (i z. if i < card I then ki (from-nat-into I i) z else
null-measure Y')
have [simp]:subprob-kernel X Y (ki’ i) for i
by(cases i < card I) (simp add: ki’-def from-nat-into assms, auto simp:
ki'-def subprob-kernel-def measure-kernel-def subprob-kernel-axioms-def Y intro!:
subprob-spacel )
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have [simp]: (3 i. emeasure (ki’ iz) A) = (>_i€l. kiiz A) for z A
using suminf-finite[of {..<card I} N\i. (if i < card I then ki (from-nat-into I
i) x else null-measure V) A
by (auto simp: sum.reindez-bij-betw| OF bij-betw-from-nat-into-finite] OF assms(4)],symmetric]
ki'-def)
have [measurable]:B € sets Y = (A\z. emeasure (k z) B) € borel-measurable
X for B
using assms(2) by(auto simp: assms(3) subprob-kernel-def’ cong: measur-
able-cong)
show ?thesis
by (auto simp: s-finite-kernel-def’ introl: exI[where z=ki'] assms)
qed
qed

Each kernel does not need to be bounded by a uniform upper-bound in the
definition of s-finite-kernel

lemma s-finite-kernel-finite-bounded-sum:
assumes [measurable-cong]: \z. © € space X = sets (k ©) = sets ¥
and Ai. measure-kernel X Y (ki i) Nz A. © € space X = A € sets ¥ =
kxA= 0 i kiixA) Niz. z € space X = ki iz (space ¥) < o0
shows s-finite-kernel X Y k
proof(cases space X = {})
case True
then show ?thesis
by (simp add: s-finite-kernel-empty-trivial)
next
case X:Fulse
then have Y: space Y # {}
using assms(2)[of 0] by(simp add: measure-kernel-def)
show ?thesis
proof (rule s-finite-kernel-s-finite-kernel[where ki=ki,OF - assms(1) assms(3)])
fix i
interpret m: measure-kernel X Y ki i by fact
define kij where kij = (A(j :: nat) z. if j < nat [enn2real (ki iz (space Y))]
then scale-measure (1 / ennreal [enn2real (ki i x (space Y))]) (ki i z) else sigma
(space Y) (sets Y))
have sets-kij: sets (kij j ) = sets Y if z € space X for j z
by (auto simp: m.kernel-sets|OF that] kij-def)
have emeasure-kij: kiiz A= (>_j. kijjx A) if z € space X A € sets Y for z
A
proof —
have (3" j. kijjz A) = (3 j< nat [enn2real (ki i x (space Y'))]. scale-measure
(1 / ennreal [enn2real (ki i x (space Y))]) (ki i z) A)
by (simp add: suminf-offset{where i=nat [enn2real (ki i z (space Y))] and
f=Nj. kij j x A], simp add: kij-def emeasure-sigma)

also have ... = kiiz A
proof(cases nat [enn2real (ki i z (space Y))])
case (

then show ?thesis
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by simp (metis assms(4) emeasure-eq-0 ennZreal-le ennreal-0 infin-
ity-ennreal-def le-zero-eq linorder-not-le m.kernel-space nle-le sets.sets-into-space
sets.top that)
next
case (Suc n')
then have ennreal (real-of-int [enn2real (emeasure (ki i x) (space Y))]) >

using ennreal-less-zero-iff by fastforce
with assms(4)[OF that(1),of i| have [simp]: of-nat (nat [ennZreal (emeasure
(ki i z) (space Y))]) / ennreal (real-of-int [enn2real (emeasure (kiix) (space Y))])
=1
by (simp add: ennreal-eq-0-iff ennreal-of-nat-eq-real-of-nat)
show ?thesis
by (simp add: mult.assoc[symmetric] ennreal-times-divide)
qed
finally show ?thesis by simp
qed
have sk: subprob-kernel X Y (kij j) for j
proof —
{
fix B
assume [measurable]:B € sets Y
have emeasure (kij j ©) B = (if j < nat [enn2real (ki i z (space Y))] then
(ki i z) B/ ennreal (real-of-int [enn2real (ki i x (space Y))]) else 0) if z € space
X for z
by (auto simp: kij-def emeasure-sigma divide-ennreal-def mult.commute)
hence (Az. emeasure (kij j x) B) € borel-measurable X
by (auto simp: kij-def cong: measurable-cong)
}
moreover {
fix z
assume z:z € space X
have subprob-space (kij j x)
proof —
have emeasure (kij j z) (space V) < 1
proof —
{
assume 1:j < nat [enn2real (emeasure (ki i x) (space Y))]
then have emeasure (ki i x) (space Y) > 0
by (metis ceiling-zero enn2real-0 nat-zero-as-int not-gr-zero not-less-zero)
with assms(4)[OF z] have [simp]:emeasure (ki i x) (space V) / emeasure
(ki i x) (space Y) = 1
by simp
have [simp]:emeasure (ki i z) (space Y) | ennreal (real-of-int [ennZreal
(ki i z (space YV))]) < 1
proof(rule order.trans[where b=emeasure (ki i x) (space Y) [ ki i z
(space Y),OF divide-le-posI-ennreal))
show 0 < ennreal (real-of-int [enn2real (ki iz (space Y))])
using 1 assms(4)[OF x| ennZreal-positive-iff top.not-eq-extremum
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by fastforce
next
have I:ennreal (real-of-int [ennZreal (ki i x (space Y))]) > kiix
(space Y)
using assms(4)[OF z] enn2real-le by (simp add: linorder-neq-iff)
have ennreal (real-of-int [enn2real (ki iz (space Y))]) / ki i z (space
Y) > 1
by (rule order.trans|OF - divide-right-mono-ennreal|OF 1,0f ki i x
(space Y)]]) simp
thus emeasure (ki i x) (space Y) < ennreal (real-of-int [enn2real (ki
iz (space Y))]) * (emeasure (ki i z) (space Y) / ki iz (space Y))
by (simp add: 1)
qed simp
have 1 / ennreal (real-of-int [enn2real (emeasure (ki i x) (space Y))])
x emeasure (ki i z) (space V) < 1
by (simp add: ennreal-divide-times)

thus ?thesis
by (auto simp: kij-def emeasure-sigma)
qed
thus ?thesis
by (auto introl: subprob-spacel simp: sets-eq-imp-space-eq[OF sets-kij[OF
z,0f jl] V)
qed
}
ultimately show ?thesis
by (auto simp: subprob-kernel-def measure-kernel-def sets-kij m.Y-not-empty
subprob-kernel-axioms-def)
qed
show s-finite-kernel X Y (ki 7)
by (auto introl: s-finite-kernel-subl simp: emeasure-kij sk m.kernel-sets)
qed simp-all
qed

lemma(in measure-kernel) s-finite-kernel-finite-bounded:
assumes Az. x € space X = k x (space Y) < o0
shows s-finite-kernel X Y k
proof(cases space X = {})
case True
then show ?thesis
by (simp add: s-finite-kernel-empty-trivial)
next
case Fulse
then have Y:space Y # {} by(simp add: Y-not-empty)
have measure-kernel X Y (case i of 0 = k| Suc x = Az. null-measure Y) for i
by (cases i,auto simp: measure-kernel-azioms) (auto simp: measure-kernel-def
Y)
moreover have k x A = (> 4. emeasure ((case i of 0 = k | Suc © = Ax.
null-measure Y) z) A) for z A
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by (simp add: suminf-offset[where i=Suc 0])
moreover have z € space X = emeasure ((case i of 0 = k | Suc ¢ = Ax.
null-measure Y) x) (space Y) < T for z ¢
by(cases i) (use assms in auto)
ultimately show ?thesis
by (auto intro!: s-finite-kernel-finite-bounded-sum[where ki=\i. case i of 0 =
k | Suc - = (Az. null-measure Y) and X=X and Y=Y] simp: kernel-sets)
qed

lemmal(in s-finite-kernel) density-s-finite-kernel:
assumes f[measurable]: case-prod f € X @ nm Y — s borel
shows s-finite-kernel X Y (Az. density (k z) (f z))
proof (cases space X = {})
case True
then show %thesis
by (simp add: s-finite-kernel-empty-trivial)
next
case Fulse
note Y = Y-not-empty|OF this
obtain ki’ where ki": \i. subprob-kernel X Y (ki’ i) Az A. = € space X = &
zA=00 ki"ixA)
by (metis s-finite-kernels)
hence sets-ki'[measurable-cong|:\x i. © € space X = sets (ki’ i ) = sets ¥
by (auto simp: subprob-kernel-def measure-kernel-def)
define ki where ki = (\i z. density (ki’ i z) (f z))
have sets-ki: © € space X = sets (ki i z) = sets Y for i z
using ki'(1) by(auto simp: subprob-kernel-def measure-kernel-def ki-def)
have emecasure-k:density (k z) (fz) A= (D i. kiiz A) if z:z € space X and
A[measurable]:A € sets Y for z A
using kernel-sets|OF x| z ki'(1) sets-ki’|OF z] by(auto simp: emeasure-density
nn-integral-measure-suminf[OF - ki'(2),of ] ki-def)
show ?thesis
proof(rule s-finite-kernel-s-finite-kernel[where ki=ki,OF - - emeasure-k])
fix i
note nn-integral-measurable-subprob-algebra2[OF - ki'(1)[of i,simplified sub-
prob-kernel-def '], measurable]
define kij where kij = (Aj z. if j = 0 then density (ki’ i ) (Ay. co * indicator
{y€space Y. fz y = oo} y)
else if j = (Suc 0) then density (ki' i z) (\y. fz y *
indicator {yEspace Y. fz y < oo} y)
else null-measure Y)
have emeasure-kij: ki i t A = (>_j. kij j x A) (is ?lhs = ?rhs) if x:x € space
X and [measurable]: A € sets Y for z A
proof —
have ?lhs = ([ TyeA. fzy Oki' i z)
using sets-ki[OF x,0f i] « by(auto simp: ki-def emeasure-density)
also have ... = ([ Ty. (0o * indicator {y € space Y. fzy = oo} y * indicator
Ay + fzy* indicator {y € space Y. fz y < oo} y x indicator A y) Oki' i )
by (auto introl: nn-integral-cong simp: sets-eq-imp-space-eq[OF sets-ki'[OF
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z]] indicator-def) (simp add: top.not-eq-extremum)
also have ... = density (ki’ i z) (\y. oo * indicator {yEspace Y. fz y = oo}
y) A + density (ki’ i x) (\y. fz y * indicator {yE€space Y. fz y < oo} y) A
using sets-ki[ OF x,0f 7] « by(auto simp: ki-def emeasure-density nn-integral-add)
also have ... = ?rhs
using suminf-finite[of {..<Suc (Suc 0)} Aj. kij j x A] by(simp add: kij-def)
finally show ?thesis .
qed
have sets-kijimeasurable-cong|:xz € space X = sets (kij j x) = sets Y for j z
by (auto simp: kij-def sets-ki’)
show s-finite-kernel X Y (ki 1)
proof (rule s-finite-kernel-s-finite-kernel|[where ki=kij, OF - - emeasure-kij])
fix j
consider j = 0 | j = Suc 0 | j # 07 # Suc 0 by auto
then show s-finite-kernel X Y (kij 7)
proof cases
case 1
have emeasure-ki: emeasure (kij j ©) A = (D>_j. emeasure (density (ki' i x)
(indicator {y € space Y. fxy=T})) A) if z:x € space X and [measurable]: A €
sets Y for z A
using sets-ki'|OF z| x by (auto simp: 1 kij-def emeasure-density nn-integral-suminf|symmetric]
indicator-def introl: nn-integral-cong) (simp add: nn-integral-count-space-nat[symmetric])
have [simp]:subprob-kernel X Y (Az. density (ki’ i z) (indicator {y € space
Y. foy=T})
proof —
have [simp|:z € space X = set-nn-integral (ki’ i z) (space Y) (indicator
{ye€space Y. fzy=T}) <1 forx
by (rule order.trans| OF nn-integral-mono[where v=Az. 1]],insert ki'(1)[of
i]) (auto simp: indicator-def subprob-kernel-def subprob-kernel-axioms-def intro!:
subprob-space.emeasure-space-le-1)
show ?thesis
by (auto simp: subprob-kernel-def measure-kernel-def emeasure-density
subprob-kernel-axioms-def sets-ki’ sets-eq-imp-space-eq|OF sets-ki’'] 'Y cong: mea-
surable-cong introl: subprob-spacel)
qed
show ?thesis
by (auto simp: s-finite-kernel-def’ sets-kij intro!: exI[where x=M\k z. density
(ki’ i x) (indicator {y € space Y. fz y = T})] simp: emeasure-ki )
next
case j:2
have emeasure-ki: emeasure (kij j z) A = (O k. density (ki’ i z) (\y. fzy
x indicator {y € space Y. of-nat k < fzy A faxy <1+ of-nat k} y) A) if z:z €
space X and [measurable]:A € sets Y for z A
proof —
have [simp]: [z y * indicator {y € space Y. fxy < T} y * indicator A y
=fzyx (O k. indicator {y € space Y. of-nat k < fzy A fzy < 1 + of-nat k}
y) * indicator A y if y:y € space Y for y
proof(cases fzxy < T)
case f:True
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define [ where | = floor (enn2real (f z y))
have nat | < enn2real (f x y) enn2real (fz y) < 1 + natl
by (simp-all add: I-def) linarith
with y have l:of-nat (natl) < fzyfzy < 1 + of-nat (natl)
using Orderings.order-eq-iff enn2real-positive-iff ennreal-enn2real-if
ennreal-of-nat-eq-real-of-nat linorder-not-le of-nat-0-le-iff f by fastforce+
then have (> j. indicator {y € space Y. of-nat j < fzy AN fzy < 1
+ of-nat j} y :: ennreal) = (3. j. if j = nat l then 1 else 0)
by(auto introl: suminf-cong simp: indicator-def y) (metis Suc-lel
linorder-neqE-nat linorder-not-less of-nat-Suc of-nat-le-iff order-trans)
also have ... = 1
using suminf-finitefwhere N={nat I} and f=M\j. if j = nat [ then 1
else (0 :: ennreal)] by simp
finally show ?thesis
by (auto, insert f) (auto simp: indicator-def)
qed(use top.not-eq-extremum in fastforce)
show ?thesis
using sets-ki[OF z] sets-ki’|OF z] = by(auto simp: kij-def j emea-
sure-density nn-integral-suminf|[symmetric] sets-eq-imp-space-eq|OF sets-ki’|OF z]]
introl: nn-integral-cong)
qged
show ?thesis
proof(rule s-finite-kernel-finite-bounded-sum|OF sets-kij - emeasure-ki))
fix k
show measure-kernel X Y (Az. density (ki’ i z) (Ay. f x y * indicator {y
€ space Y. of-natk < fxy A fxy <1+ of-nat k} y))
using sets-ki’[of - ] by(auto simp: measure-kernel-def emeasure-density
Y cong: measurable-cong)
next
fix k x
assume z:1 €space X
have emeasure (density (ki’ i ) (A\y. fx y % indicator {y € space Y. of-nat
kE<fzyAfzy<1+ ofnatk}y)) (space Y) < 1 + of-nat k
by (auto simp: emeasure-density z,rule order.trans[ OF nn-integral-mono[where
v=Az. 1 + of-nat k|]) (insert subprob-kernel.subprob-space|OF ki'(1)[of i] z], auto
simp: indicator-def subprob-kernel-def subprob-kernel-azioms-def sets-eq-imp-space-eq[OF
sets-ki’|OF x]] introl: mult-mono[where d=1 :: ennreal, OF order.refl,simplified])
also have ... <
by (simp add: of-nat-less-top)
finally show emeasure (density (ki’ i x) (Ay. fz y * indicator {y € space
Y.ofnatk < fzyAfzy<1+ of-nat k} y)) (space V) < oo .
ged auto
next
case 3
then show ?thesis
by (auto simp: kij-def s-finite-kernel-cong-sets[of X X Y ,OF - sets-null-measure[symmetric|]
Yintro!: s-finite-measure.s-finite-kernel-const finite-measure.s-finite-measure-finite-measure
finite-measurel )
qed
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qed(auto simp: sets-ki)
qed(auto simp: kernel-sets)
qed

lemmal(in s-finite-kernel) nn-integral-measurable-f:
assumes [measurable]:(A(z,y). fx y) € borel-measurable (X @ m Y)
shows (\z. [ty. fzy O(k z)) € borel-measurable X
proof —
obtain i where xi:\i. subprob-kernel X Y (ki i) Nz A. © € space X = Kk x
A=0i kiiz A)
by (metis s-finite-kernels)
show ?thesis
proof(rule measurable-cong| THEN 1iffD2])
fix x
assume z € space X
with ki show ([t y. fzyds z) = (34 [Ty foydriiz)
by (auto introl: nn-integral-measure-suminf [symmetric] simp: subprob-kernel-def
kernel-sets measure-kernel-def)
next
show (\z. Y i. [T y. foy Okiiz) € borel-measurable X
using xi(1) nn-integral-measurable-subprob-algebra2|OF assms] by (simp add:
subprob-kernel-def’ )
qed
qed

lemmal(in s-finite-kernel) nn-integral-measurable-f":
assumes f € borel-measurable (X @ p Y)
shows (\z. [ty. f (z, y) O(k z)) € borel-measurable X
using nn-integral-measurable-flwhere f=curry f,simplified, OF assms] by simp

lemmal(in s-finite-kernel) bind-kernel-s-finite-kernel’:
assumes s-finite-kernel (X @ m Y) Z (case-prod g)
shows s-finite-kernel X 7 (Ax. k © >=p g x)
proof (cases space X = {})
case True
then show ?thesis
by (simp add: s-finite-kernel-empty-trivial)
next
case X:Fulse
then have Y:space YV # {}
by (simp add: Y-not-empty)
from s-finite-kernels obtain ki where ki:
Ni. subprob-kernel X Y (ki i) Ax A. x € space X = vz A= (D i. kiiz A)
by metis
interpret g:s-finite-kernel X @Q s Y Z case-prod g by fact
from g.s-finite-kernels[simplified space-pair-measure] obtain gi where gi:
Ni. subprob-kernel (X @ nm Y) Z (gi i) Nz y A. © € space X = y € space Y
= gayA=_> i gii(zy) A
by auto metis
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define kgi where kgi = (\i z. case prod-decode i of (i,j) = (ki j x >= curry (gi
i) )
have emeasure:emeasure (k x >=y g x) A = (D 1. emeasure (kgi i x) A) (is ?lhs
= ?rhs) if z:x € space X and A:A € sets Z for z A
proof —
interpret gx: s-finite-kernel Y Z g x
using g.comp-measurable] OF measurable-Pairl '[OF z]] by auto
have ?lhs = ([T y. gz y A Ok 2)
using gz.emeasure-bind-kernel| OF kernel-sets|OF z] A]
by (auto simp: sets-eq-imp-space-eq[OF kernel-sets|OF z]] Y')
also have ... = ([T y. (X i. gii (2, y) A) Ok x)
by (auto introl: nn-integral-cong simp: sets-eg-imp-space-eq| OF kernel-sets|OF
7] gi(2)[OF 1))
also have ... = (3"i. [t y. gii (2, y) A Ok x)
using gi(1) = A by(auto introl: nn-integral-suminf simp: subprob-kernel-def")
also have ... = (3°i. Xj. [T y. gii (z, y) A Okijx))
by (rule suminf-cong, rule nn-integral-measure-suminf[symmetric], insert ker-
nel-sets|OF x| ki gi(1) x A)

(auto simp: subprob-kernel-def measure-kernel-def measurable-cong-sets|OF
sets-pair-measure-cong| OF refl kernel-sets|OF z]]] intro!: measurable-Pair2[OF -
z])

also have ... = (> 4. (3 j. emeasure (ki j x >= (curry (gi i) z)) A))
using sets-eg-imp-space-eqlof ki - © Y] ki(1) z ¢gi(1) measurable-cong-sets|of
- - subprob-algebra Z subprob-algebra Z, OF sets-pair-measure-conglof X X Y ki -

z]
by(auto intro!: suminf-cong emeasure-bind[OF - - A symmetric] measur-
able-Pair2|OF - x| simp: curry-def subprob-kernel-def[of X] subprob-kernel-def’[of
X Q@ m Y] measure-kernel-def Y')
also have ... = ?rhs
unfolding kgi-def by(rule suminf-ennreal-2dimen|symmetric]) (simp add:
curry-def)
finally show ?thesis .
qed
have sets: sets (k x >=j, g x) = sets Z if z:z € space X for z
proof —
interpret gz: s-finite-kernel Y Z g x
using g.comp-measurable[OF measurable-Pairl '[OF z]] by auto
show ?thesis
by (simp add: gz.sets-bind-kernel|OF - kernel-sets[OF z]] Y)
qed
have sk:subprob-kernel X Z (kgi i) for i
using ki(1)[of snd (prod-decode ©)] gi(1)[of fst (prod-decode )]
by (auto simp: subprob-kernel-def’ kgi-def split-beta’ curry-def)
show ?thesis
using sk by(auto simp: s-finite-kernel-def’ emeasure sets subprob-kernel-def’
introl: exl[where z=kgi] measurable-conglwhere g=\z. > i. emeasure (kgi i z) -
and f=Xz. emeasure (k © >=y, g x) -, THEN iffD2])
qed
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corollary(in s-finite-kernel) bind-kernel-s-finite-kernel:

assumes s-finite-kernel Y 7 k'

shows s-finite-kernel X Z (Az. k & >=j k')

by (auto introl: bind-kernel-s-finite-kernel’ s-finite-kernel.comp-measurable[ OF assms
measurable-snd] simp: split-beta’)

lemma(in s-finite-kernel) bind-kernel-assoc:
assumes s-finite-kernel Y Z k' sets p = sets X
shows p >=p (\xv. k @ >=p k') = p > k >=; k'
proof(cases space X = {})
case X:Fulse
then have p: space u # {} and Y:space Y # {}
by (simp-all add: Y-not-empty sets-eq-imp-space-eq| OF assms(2)])
interpret k’:s-finite-kernel Y Z k' by fact
interpret k': s-finite-kernel X 7 \x. k © >= k'
by (rule bind-kernel-s-finite-kernel|OF assms(1)])
show ?thesis
proof(rule measure-eql)
fix A
assume A € sets (u >=j, (A\z. k & >= k')
then have A[measurable]: A € sets Z
by (simp add: k'.sets-bind-kernel|OF X assms(2)])
show emeasure (p >=i (A\z. k © >=1 k') A = emeasure (p >=p kK >= k') A
(is ?lhs = ?rhs)
proof —
have ?lhs = ([T z. emeasure (k © >=j, k') A Op)
by (rule k'.emeasure-bind-kernel| OF assms(2) A])
also have ... = ([T z. [T y. k' y A Ok = Op)
using k'.emeasure-bind-kernel|OF kernel-sets A
by (auto introl: nn-integral-cong simp: sets-eq-imp-space-eq[OF assms(2)]
sets-eq-imp-space-eq| OF kernel-sets] V)

also have ... = ([T y. k" y A O(p >=, K))
by (simp add: nn-integral-bind-kernel|OF k'.emeasure-measurable]OF A]
assms(2)])
also have ... = ?rhs

by (simp add: k'.emeasure-bind-kernel|OF sets-bind-kernel|OF X assms(2)]
A] sets-eq-imp-space-eq| OF sets-bind-kernel|OF X assms(2)]] Y)
finally show ?thesis .
qed
qed(auto simp: k'.sets-bind-kernel|OF Y sets-bind-kernel|OF X assms(2)]] k''.sets-bind-kernel| OF
X assms(2)])
qed(simp add: bind-kernel-def sets-eq-imp-space-eq[OF assms(2)])

lemma s-finite-kernel-pair-measure:
assumes s-finite-kernel X Y k and s-finite-kernel X Z k'
shows s-finite-kernel X (Y Q@ n Z) Az kz Q@ ar k' z)
proof —
interpret k: s-finite-kernel X Y k by fact
interpret k' s-finite-kernel X Z k' by fact
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from k.s-finite-kernels k'.s-finite-kernels obtain ki ki’
where ki:\i. subprob-kernel X Y (ki i) Nz A. x € space X = ka A= (3 1.
kiixz A)
and ki":\i. subprob-kernel X Z (ki' i) Nz A. x € space X = k' z A = (D 1.
ki' iz A)
by metis
then have I[measurable-congl: Az i. x € space X = sets (ki i x) = sets Y Nz
i. z € space X = sets (ki’ i z) = sets Z
by (auto simp: subprob-kernel-def measure-kernel-def)
define kki where kki = (Ai z. (A(j,7). ki i © Q p ki’ § x) (prod-decode ©))
have kki1: N\i. subprob-kernel X (Y @ Z) (kki )
using ki(1) ki’(1) by(auto simp: subprob-kernel-def’ kki-def split-beta intro!:
measurable-pair-measure)
have kki2: (kx @ n k' x) A= (O i. (kkiixz) A) (is ?lhs = ?rhs) if z:x € space
X and A[measurable]: A € sets (Y @ Z) for z A
proof —
have ?lhs = ([T y. [T z. indicator A (y, z) Ok’ = Ok x)
using z by (simp add: s-finite-measure.emeasure-pair-measure’|OF k'.image-s-finite-measure))
also have ... = ([T y. (X 4. [T 2. indicator A (y, z) Oki' j z) Ok )
using ki’ z by (auto intro!: nn-integral-cong nn-integral-measure-suminf[symmetric)
simp: sets-eq-imp-space-eq| OF k.kernel-sets|OF z]] subprob-kernel-def measure-kernel-def
k' kernel-sets)
also have ... = (3_j. [T y. [T 2. indicator A (y, z) Oki’ j z Ok z)
using z by (auto intro!: nn-integral-suminf s-finite-measure.borel-measurable-nn-integral-fst’
s-finite-kernel.image-s-finite-measure| OF subprob-kernel.s-finite-kernel-subprob-kernel| OF
ki'(1)]])
also have ... = (3°j. 04 ([T y. [T 2. indicator A (y, z) Oki’ j x Oki i x)))
using z ki by(auto intro!: suminf-cong nn-integral-measure-suminf [symmetric]
s-finite-measure. borel-measurable-nn-integral-fst’ simp: k.kernel-sets| OF x| subprob-kernel-def
measure-kernel-def s-finite-kernel.image-s-finite-measure| OF subprob-kernel.s-finite-kernel-subprob-kernel| OF
ki'(1)]])
also have ... = (324 O2d. (kidiz Q@ ki’ jz) A))
using z by (auto simp: s-finite-measure.emeasure-pair-measure’|OF s-finite-kernel.image-s-finite-measure[C
subprob-kernel.s-finite-kernel-subprob-kernel[OF ki'(1)]]])
also have ... = ?rhs
unfolding kki-def by(rule suminf-ennreal-2dimen|[symmetric]) auto
finally show ?thesis .
qed
show ?thesis
proof
fix B
assume [measurable]:B € sets (Y Q pm Z)
show (Az. emeasure (kx @ p k' ) B) € borel-measurable X
by (rule measurable-cong[where g=Az. > 4. (kki ¢ ) B,THEN iffD2], insert
kki1) (auto simp: subprob-kernel-def’ kki2)
qged(auto intro!: exl[where z=kki] simp: subprob-kernel.finite-kernel kkil kki2
k.kernel-sets k'.kernel-sets space-pair-measure k.Y-not-empty k'. Y-not-empty)
qed
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lemma pair-measure-eq-bind-s-finite:
assumes s-finite-measure i s-finite-measure v
shows u @ p v = p >=p (Az. v >=;, (Ay. return (p Q i v) (2,9)))
proof —
consider space = {} | space v = {} | space p # {} space v # {}
by auto
then show ?thesis
proof cases
case I
then show ?thesis
by (auto simp: bind-kernel-def space-pair-measure introl: space-empty)
next
case 2
then have p >=; (Az. v >=; (Ay. return (u Q m v) (z, y))) = count-space

{}
by (auto simp: bind-kernel-def space-empty)
with 2 show %thesis
by (auto simp: space-pair-measure intro!: space-empty)
next
case 3
show ?thesis
proof (intro measure-eql sets-bind-kernel| OF - 3(1),symmetric] sets-bind-kernel|OF
- 3(2)])
fix A
assume A[measurable]: A € sets (u Q) ar V)
show emeasure (u Q m v) A = emeasure (p >=p, (Az. v >=, (Ay. return (u
Qm v) (z,y)))) A (is ?lhs = ?rhs)
proof —
have ?lhs = ([T 2. [T y. return (1 Q@ m v) (z, y) A dv )
by (simp add: s-finite-measure.emeasure-pair-measure'|OF assms(2)])
also have ... = ([ 2. (v >=; (\y. return (p Q@ m v) (z,y))) A Op)
by (auto introl: nn-integral-cong measure-kernel.emeasure-bind-kernel|OF
- - A symmetric] prob-kernel.axioms(1) simp: prob-kernel-def’ simp del: emea-
sure-return)
also have ... = ?rhs
by (auto introl: measure-kernel.emeasure-bind-kernel|OF - - A,symmetric]
s-finite-kernel.azioms(1) s-finite-kernel.bind-kernel-s-finite-kernel [where Y =v] s-finite-measure.s-finite-kerne
assms(2) 8(2)] prob-kernel.s-finite-kernel-prob-kernel[of p @ ar v] simp: prob-kernel-def”)
finally show ?thesis .
qed
qed simp
qed
qged

lemma bind-kernel-rotate-return:
assumes s-finite-measure p s-finite-measure v
shows p >=; (Az. v >=; (\y. return (g Q am V) (2,y))) = v >=1 (Ay. p >=p,

(Az. return (p @ pm v) (z,y)))
proof —
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consider space p = {} | space v = {} | space u # {} space v # {}
by auto

then show ?thesis
proof cases
case ]
then have v >=; (Ay. p >=¢ (A\z. return (u Q m v) (2,y))) = count-space {}
by (auto simp: bind-kernel-def space-empty)
then show ?thesis
by (auto simp: bind-kernel-def space-pair-measure 1 intro!: space-empty)
next
case 2
then have p >=; (Az. v >=; (A\y. return (p Q m v) (z, ¥))) = count-space
{}
by (auto simp: bind-kernel-def space-empty)
with 2 show %thesis
by (auto simp: space-pair-measure bind-kernel-def introl: space-empty)
next
case 3
show ?thesis
unfolding pair-measure-eq-bind-s-finite[ OF assms,symmetric)
proof (intro measure-eql)
fix A
assume A[measurable]:A € sets (u @ m v)
show emeasure (u Q am v) A = emeasure (v >=p (A\y. p >=¢ (Az. return (u
QR v) (z,v)))) A (is ?lhs = ?rhs)
proof —
have ?lhs = ([T z. [T y. indicator A (z, y) Ov Op)
by (rule s-finite-measure.emeasure-pair-measure’|OF assms(2) A])
also have ... = ([T y. [T 2. return (u @ m v) (z, y) A Ou Ov)
by (simp add: nn-integral-snd'|OF assms| s-finite-measure.nn-integral-fst’'|OF
assms(2)])
also have ... = ([T y. (n >=p (A\z. return (p @ a v) (2, y))) A Ov)
by (auto introl: nn-integral-cong measure-kernel.emeasure-bind-kernel| OF -
- A,symmetric] prob-kernel.axioms(1) simp add: prob-kernel-def’ simp del: emea-
sure-return)
also have ... = ?rhs
by (auto intro!: measure-kernel.emeasure-bind-kernel|OF - - A,symmetric]
s-finite-kernel.axzioms(1) s-finite-kernel.bind-kernel-s-finite-kernel [where Y=p] s-finite-measure.s-finite-kern.
assms(1) 8(1)] prob-kernel.s-finite-kernel-prob-kernel[of v Q) ar ] simp: prob-kernel-def”)
finally show ?thesis .
qed
qed(auto introl: sets-bind-kernel|OF - 3(2),symmetric] sets-bind-kernel|OF -
5(1)
qed
qed

lemma bind-kernel-rotate’:
assumes s-finite-measure p s-finite-measure v s-finite-kernel (u @ ar v) Z (case-prod

)
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shows p >=; (Az. v >>=; (A\y. fzy)) =v > (Ay. p >, (\z. fzy)) (is ?lhs
= %rhs)
proof —
interpret sk: s-finite-kernel u Q) ar v Z case-prod f by fact
consider space = {} | space v = {} | space p # {} space v # {}
by auto
then show ?thesis
proof cases
case I
then have ?rhs = count-space {}
by (auto simp: bind-kernel-def space-empty)
then show ?thesis
by (auto simp: bind-kernel-def space-pair-measure 1 intro!: space-empty)
next
case 2
then show ?thesis
by (auto simp: space-pair-measure bind-kernel-def introl: space-empty)
next
case 3
show ?thesis
proof —
have ?lhs = p >=p (Az. v >=p (Ay. return (u Q pm v) (z, y)) >=p case-prod
)
by (auto introl: bind-kernel-cong-All simp: s-finite-kernel.bind-kernel-assoc| OF
prob-kernel.s-finite-kernel-prob-kernel assms(3) refl,of v Ay. return (u @ am v) (-
y),simplified prob-kernel-def’,symmetric] sk.bind-kernel-return space-pair-measure)
also have ... = p >=; (Az. v > (Ay. return (n @ pr v) (z,y))) >
(case-prod f)
by (auto simp: s-finite-kernel.bind-kernel-assoc|OF s-finite-kernel.bind-kernel-s-finite-kernel | OF
s-finite-measure.s-finite-kernel-const[ OF assms(2) 3(2),of p] prob-kernel.s-finite-kernel-prob-kernel,of
w Q@ a v Az y. return (u Q) ar v) (z,y),simplified] assms(3) refl, simplified prob-kernel-def’, symmetric])
also have ... = v >=; (A\y. p >=, (\z. return (p @ m v) (z,y))) >=
(case-prod f)
by(simp add: bind-kernel-rotate-return assms)
also have ... = v >=; (Ay. p >= (Az. return (p Qm v) (z, y)) >=p
case-prod f)
by (auto intro!: s-finite-kernel.bind-kernel-assoc[OF - assms(3),symmetric]
s-finite-kernel.bind-kernel-s-finite-kernel’| OF s-finite-measure.s-finite-kernel-const| OF
assms(1) 8(1)]] prob-kernel.s-finite-kernel-prob-kernel[of v @ nr p] simp: prob-kernel-def’)
also have ... = ?rhs
by (auto introl: bind-kernel-cong-All simp: s-finite-kernel.bind-kernel-assoc| OF
prob-kernel.s-finite-kernel-prob-kernel assms(3) refl,of p Az. return (n @Q am v) (z,
-),simplified prob-kernel-def’,symmetric] sk.bind-kernel-return space-pair-measure)
finally show ?thesis .
qed
qed
qed

lemma bind-kernel-rotate:
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assumes sets u = sets X and sets v = sets Y
and s-finite-measure p s-finite-measure v s-finite-kernel (X @ m Y) Z (A(z,y).
fzy)
shows pu >=; (Az. v >=, (A\y. fzy)) =v > Ay. p >, (Az. fzy))
by (auto introl: bind-kernel-rotate’ assms simp: s-finite-kernel-cong-sets|OF sets-pair-measure-cong[OF
assms(1,2)]])

lemmal(in s-finite-kernel) emeasure-measurable’:
assumes A[measurable]: (SIGMA z:space X. A ) € sets (X @ Y)
shows (Az. emeasure (k z) (A z)) € borel-measurable X
proof —
have xx: A x € sets Y if z € space X for x
proof —
have Pair z —* Sigma (space X) A=Az
using that by auto
with sets-Pairl[OF A, of z] show A x € sets Y
by auto
qed

have x: \z. fst x € space X = snd x € A (fst z) +— x € (SIGMA z:space X.
A x)
by (auto simp: fun-eq-iff)
have (\(z, y). indicator (A z) y::ennreal) € borel-measurable (X @ Y)
by (measurable,subst measurable-cong|OF «|) (auto simp: space-pair-measure)
then have (\z. integral™ (x z) (indicator (A 1))) € borel-measurable X
by (rule nn-integral-measurable-f)
moreover have integralN (k z) (indicator (A z)) = emeasure (k z) (A z) if ©
€ space X for z
using xx[OF that] kernel-sets|OF that] by (auto intro!: nn-integral-indicator)
ultimately show (Az. emeasure (k z) (A x)) € borel-measurable X
by (auto cong: measurable-cong)
qed

lemma(in s-finite-kernel) measure-measurable’:
assumes (SIGMA z:space X. A z) € sets (X Qm Y)
shows (Az. measure (k z) (A x)) € borel-measurable X
using emeasure-measurable’|OF assms] by (simp add: measure-def)

lemma(in s-finite-kernel) AE-pred:

assumes P[measurable]: Measurable.pred (X @ ar Y) (case-prod P)

shows Measurable.pred X (Ax. AE yin k x. Pz y)
proof —

have [measurable]: Measurable.pred X (Axz. emeasure (k z) {y € space Y. =~ Pz
yt =0)

proof (intro pred-eq-constl [where N=borel] emeasure-measurable’)

have (SIGMA x:space X. {y € space Y. = Pz y}) = {zycspace (X @ m Y).
= P (fst zy) (snd zy)}

by (auto simp: space-pair-measure)
also have ... € sets (X Qm Y)
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by simp
finally show (SIGMA z:space X. {y € space Y. ~ Pz y}) € sets (X @ um Y)

qed simp
have {z € space X. almost-everywhere (k z) (P )} = {x € space X. emeasure
(k z) {y€space Y. -~ Pz y} = 0}
proof safe
fix z
assume z:z € space X
show (AE y in k z. Pz y) = emeasure (k z) {y € space Y. = Pz y} =0
using emeasure-eq-0-AE[of A\y. = P x y K 1]
by (simp add: sets-eq-imp-space-eq[OF kernel-sets|OF z]])
show emeasure (k z) {y € space Y. = Pz y} = 0 = almost-everywhere (k
%) (P )
using z by(auto introl: AE-Ilwhere N={y € space Y. = P z y}]| simp:
sets-eq-imp-space-eq| OF kernel-sets|OF z]] kernel-sets| OF )
qed
also have ... € sets X
by (simp add: pred-def)
finally show ?thesis
by (simp add: pred-def)
qged

lemma(in subprob-kernel) integrable-probability-kernel-pred:
fixes f :: - = - = -::{banach, second-countable-topology}
assumes [measurable]:(A(z,y). fz y) € borel-measurable (X @ Y)
shows Measurable.pred X (Az. integrable (k z) (f x))
proof(rule measurable-cong| THEN iffD2])
show = € space X = integrable (k z) (fz) «— ([ Ty. norm (fz y) 9(k 7)) <
oo for z
by (auto simp: integrable-iff-bounded)
next
have (A(z,y). ennreal (norm (f x y))) € borel-measurable (X @ r Y)
by measurable
from nn-integral-measurable-f[OF this)
show Measurable.pred X (Mz. ([ * y. ennreal (norm (f z y)) Ok z) < o)
by simp
qged

corollary integrable-measurable-subprob’:

fixes f :: - = - = -::{banach, second-countable-topology}

assumes [measurable]:(A(z,y). fz y) € borel-measurable (X @ n V) k € X =
subprob-algebra Y

shows Measurable.pred X (Az. integrable (k z) (f x))

by (auto introl: subprob-kernel.integrable-probability-kernel-pred[where Y=Y simp:
subprob-kernel-def’)

lemma(in subprob-kernel) integrable-probability-kernel-pred’:
fixes [ :: - = -::{banach, second-countable-topology}
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assumes f € borel-measurable (X @ p Y)
shows Measurable.pred X (Az. integrable (k z) (curry f z))
using integrable-probability-kernel-pred|of curry f] assms by auto

lemmal(in subprob-kernel) lebesgue-integral-measurable-f-subprob:
fixes [ :: - = -::{banach, second-countable-topology}
assumes [measurable]:f € borel-measurable (X @ Y)
shows (Az. [y. f (z,y) O(k z)) € borel-measurable X
by (rule integral-measurable-subprob-algebra2[where N=Y])
(use subprob-kernel-axioms in auto simp: subprob-kernel-def")

lemma(in s-finite-kernel) integrable-measurable-pred[measurable (raw)]:
fixes [ :: - = - = -::{banach, second-countable-topology}
assumes [measurable]:case-prod f € borel-measurable (X @ n Y)
shows Measurable.pred X (Az. integrable (k z) (f z))
proof(cases space X = {})
case True
from space-empty|OF this| show ?thesis
by simp
next
case h:Fulse
obtain ki where ki:A\i. subprob-kernel X Y (ki i) Az A. x € space X = Kk z
A= kiiz A)
using s-finite-kernels by metis
have [simp]:integrable (k z) (fz) = (X i. [+ y. ennreal (norm (f z y)) Oki i x)
< o0) if z € space X for x
using ki(1) nn-integral-measure-suminflof Ai. ki i © k z,0F - ki(2)] that
kernel-sets
by (auto simp: integrable-iff-bounded subprob-kernel-def measure-kernel-def)
note [measurable] = nn-integral-measurable-subprob-algebra2
show ?thesis
by (rule measurable-conglwhere g=Xz. (3 i. [ Ty. ennreal (norm (f z y)) O(ki
iz)) < oo, THEN iffD2]) (insert ki(1), auto simp: subprob-kernel-def’)
qed

lemmal(in s-finite-kernel) integral-measurable-f:

fixes f :: - = - = -::{banach, second-countable-topology}

assumes [measurable]:case-prod f € borel-measurable (X @ ar Y)

shows (\z. [y. fz y O(k z)) € borel-measurable X
proof —

obtain ki where ki:\i. subprob-kernel X Y (ki i) Az A. © € space X = K x
A= (i kiiz A)

using s-finite-kernels by metis
note [measurable] = integral-measurable-subprob-algebra2

show ?thesis

proof (rule measurable-cong| THEN iffD1])
fix x
assume h:z € space X
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{
assume h':integrable (k z) (f x)
have (Y i. [y. fzy d(kiiz)) = ([y. fzy d(k x))
using lebesgue-integral-measure-suminfof N\i. ki i x k z,0OF - ki(2) h'] ki(1)
kernel-sets[OF h] h
by (auto simp: subprob-kernel-def measure-kernel-def)
}

thus (if integrable (x z) (f z) then (3 i. [y. fzy O(kiix)) else 0) = ([y. f
zy Ok x))
using not-integrable-integral-eq by auto
qed(use ki(1) in auto simp: subprob-kernel-def’)
qed

lemmal(in s-finite-kernel) integral-measurable-f":
fixes f :: - = -::{banach, second-countable-topology}
assumes [measurable]:f € borel-measurable (X @ Y)
shows (Az. [y. f (z,y) 9(k z)) € borel-measurable X
using integral-measurable-f|of curry f] by simp

lemma(in measure-kernel)
fixes f :: - = -::{banach, second-countable-topology}
assumes [measurable-cong|: sets p = sets X
and integrable (u >=y, k) f
shows integrable-bind-kernelD1: integrable p (Az. [y. norm (f y) Ok z) (is
791)
and integrable-bind-kernelD1": integrable p (\z. [y. fy Ok z) (is %917
and integrable-bind-kernelD2: AFE x in u. integrable (k z) f (is 292)
and integrable-bind-kernelD3: space X # {} = f € borel-measurable YV (is
- = 793)
proof —
show I:space X # {} = %93
using assms(2) sets-bind-kernel[OF - assms(1)] by (simp add: integrable-iff-bounded
cong: measurable-cong-sets)
have integrable p (Az. [y. norm (f y) Ok z) A integrable p (Az. [y. fy Ok z)
A (AE z in p. integrable (k z) f)
proof(cases space X = {})
assume ne: space X # {}
then have space u # {} by(simp add: sets-eq-imp-space-eq|OF assms(1)])
note h = integral-measurable-kernel[measurable] sets-bind-kernel|OF ne assms(1),measurable-cong]
nn-integral-measurable-kernel[measurable]
have ¢2: %92
unfolding integrable-iff-bounded AFE-conj-iff
proof safe
show AFE z in p. f € borel-measurable (k x)
using assms(2) by(auto simp: sets-eq-imp-space-eq| OF assms(1)] measur-
able-cong-sets| OF kernel-sets])
next
have AE z in p. ([ * z. ennreal (norm (f z)) Ok ) # oo
by (rule nn-integral-PInf-AE)
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(use assms(2) in auto simp: integrable-iff-bounded nn-integral-bind-kernel| OF
- assms(1)])
thus AE zin p. ([ + z. ennreal (norm (f z)) Ok z) < oo
by (simp add: top.not-eq-extremum)
qed
have [simp|:([* z. [T z. ennreal (norm (f z)) Ok z o) = ([ + z. ennreal
(J - norm () Or 2)0i)
using ¢2 by(auto intro!: nn-integral-cong-AE simp: nn-integral-eq-integral)
have g1: %g1
using assms(2) by (auto simp: integrable-iff-bounded measurable-cong-sets|OF
h(2)] measurable-cong-sets|OF assms(1)] nn-integral-bind-kernel[OF - assms(1)])
have ?g1’'
using assms(2) by(auto introl: Bochner-Integration.integrable-bound[OF ¢1])
with ¢2 g1 show ?thesis
by auto
qed(auto simp: space-empty|of p] sets-eq-imp-space-eq(OF assms(1)] integrable-iff-bounded
nn-integral-empty)
thus ?g1 %91’ 292
by auto
qed

lemma(in measure-kernel)
fixes [ :: - = -::{banach, second-countable-topology}
assumes [measurable-cong|: sets p = sets X
and [measurable]:AE z in p. integrable (k z) fintegrable p (Az. [ y. norm (f
y) Ok ) f € borel-measurable Y
shows integrable-bind-kernel: integrable (u >=p k) f
and integral-bind-kernel: ([y. fy O(p >= k) = ([z. ([ y. fyOr )0 p) (is
Zeq)
proof —
have integrable (=5 ) f A (Jy. fy O(p >= k) = ([z. ([y. fydr x)0 u)
proof(cases space X = {})
assume ne: space X # {}
note sets-bind[measurable-cong] = sets-bind-kernel|OF ne assms(1)]
note h|measurable] = integral-measurable-kernel measure-measurable
have I:integrable (u >=y k) f
unfolding integrable-iff-bounded
proof
show ([ z. ennreal (norm (f z)) O(p >=y, K)) < oo (is 7l < -)
proof —
have 7l = ([ 1 z. ennreal ([ y. norm (fy) Ok z)0u)
using assms(2) by (auto introl: nn-integral-cong-AE simp: nn-integral-eq-integral
simp: nn-integral-bind-kernel|OF - assms(1)])
also have ... < o
using assms(3) by(auto simp: integrable-iff-bounded)
finally show ?thesis .
qed
qed simp
then have ?eq
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proof induction
case h[measurable]:(base A c)
hence I1:integrable (n >=y, k) (indicat-real A)
by simp
have 2:integrable p (Ax. measure (k x) A)
by (rule Bochner-Integration.integrable-cong[where f=\z. Sigma-Algebra.measure
(k z) (A N space (k x)), THEN iffD1,0F refl])

(insert h integrable-bind-kernelD1[OF assms(1) 1] sets-eq-imp-space-eq OF
kernel-sets], auto simp: sets-eq-imp-space-eq[OF assms(1)] sets-eq-imp-space-eq| OF
kernel-sets] sets-bind)

have AE z in pu. emeasure (k z) A # oo
by (rule nn-integral-PInf-AE insert h) (auto simp: emeasure-bind-kernel|OF
assms(1)] sets-bind)
hence 0:AE z in p. emeasure (k ) A < 0o
by (simp add: top.not-eq-extremum)
have ([ z. ([ y. indicat-real A y xg ¢ Ok x)0 p) = ([ z. measure (k ) A xp
cOp)

4]

using h integrable-bind-kernelD2[OF assms(1) integrable-real-indicator,of

by (auto introl: integral-cong-AE simp: sets-eq-imp-space-eq| OF kernel-sets]
sets-bind sets-eq-imp-space-eq[OF assms(1)])
also have ... = ([ z. measure (k z) A Op) *g ¢
using 2 by(auto intro!: integral-scaleR-left)
finally show ?case
using h by(auto simp: measure-bind-kernel|OF assms(1) - 0] sets-bind)
next
case th:(add f g)
show ?case
using ih(1,2) integrable-bind-kernelD2[OF assms(1) ih(1)] integrable-bind-kernelD2[OF
assms(1) ih(2)]
by (auto simp: ih(3,4) Bochner-Integration.integral-add| OF integrable-bind-kernelD1'[OF
assms(1) h(1)] integrable-bind-kernelD1'[OF assms(1) ih(2)],symmetric] introl:
integral-cong-AFE)
next
case th:(lim f fn)
show ?case (is ?lhs = ?rhs)
proof —
have conv: AE zin p. (An. [y. fnn ydk ) —— ([y. fy Ok )
proof —
have conv:AE z in p. integrable (k z) f — (An. [y. fn n yOk ) ——
([y. fy 0k x)
proof
fix z
assume h:x € space [
then show integrable (k z) f — (An. [y. fanydk ) —— ([y. fy
Ok )
using ih by (auto introl: integral-dominated-convergencelwhere w=>Az. 2 *
norm (f z)] simp: sets-eq-imp-space-eq[OF sets-bind)] sets-eg-imp-space-eq[OF ker-
nel-sets| OF h|simplified sets-eq-imp-space-eq|OF assms(1)]]]] sets-eq-imp-space-eq[OF
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assms(1)])
qed
with conv integrable-bind-kernelD2[OF assms(1) ih(4)]
show ?thesis by fastforce
qged
have ?lhs = lim (An. [y. fnny O(u >=; k)
by (rule limI[OF integral-dominated-convergence[where w=MAz. 2 % norm
(f x)],symmetric]) (use ih in auto)
also have ... = lim (An. ([ z. ([y. fn n yOr )0 p))
by (simp add: ih)
also have ... = ([ z. lim (An. [y. fn n yOr 2)0 p)
proof (rule limI[OF integral-dominated-convergence[where w=>Az. [y. 2 *
norm. (f y) Or )
fix n
show AFE z in p. norm ([ y. fnn ydx z) < ([y. 2 x norm (f y) Ok x)
by (rule AE-mp[OF integrable-bind-kernelD2[OF assms(1) ih(1),of
n] AE-mp[OF integrable-bind-kernelD2[OF assms(1) ih(4)]]],standard+,rule or-
der.trans[OF integral-norm-bound integral-mono[of k - Ay. norm (fn n y) -,OF
- - ih(3)[simplified sets-eq-imp-space-eq[OF sets-bind]]]])
(auto simp: sets-eq-imp-space-eq| OF assms(1)] sets-eq-imp-space-eq[OF
kernel-sets])
qed(use ih integrable-bind-kernelD1[OF assms(1) ih(4)] conv limI in
auto,fastforce)
also have ... = ?rhs
using ih conv liml by(auto introl: integral-cong-AE, blast)
finally show ?thesis .
qed
qed
with 1 show %thesis
by auto
qged(auto simp: bind-kernel-def space-empty[of u] sets-eq-imp-space-eq[OF assms(1))
integrable-iff-bounded nn-integral-empty Bochner-Integration.integral-empty)
thus integrable (u >= k) [ %eq
by auto
qed

end

3 Quasi-Borel Spaces

theory QuasiBorel

imports HOL— Probability. Probability
begin

3.1 Definitions

3.1.1 Quasi-Borel Spaces

definition g¢bs-closed! :: (real = 'a) set = bool
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where g¢bs-closedl Mz = (Va € Mz. V[ € (borel :: real measure) —pr (borel ::
real measure). a o [ € Mzx)

definition g¢bs-closed? :: ['a set, (real = 'a) set] = bool
where gbs-closed?2 X Mz = (Vz € X. (Ar. z) € Mz)

definition g¢bs-closed3 :: (real = 'a) set = bool
where g¢bs-closed3 Mz = (V P::real = nat. ¥V Fiz:nat = real = ’a.

(P € borel —p; count-space UNIV) — (Vi. Fi i € Mz) —
(Ar. Fi (P r) r) € Mzx)

lemma separate-measurable:
fixes P :: real = nat
assumes Ai. P —* {i} € sets borel
shows P € borel —p; count-space UNIV
by (auto simp add: assms measurable-count-space-eg-countable)

lemma measurable-separate:
fixes P :: real = nat
assumes P € borel —p; count-space UNIV
shows P —‘ {i} € sets borel
by (metis assms borel-singleton measurable-sets-borel sets.empty-sets sets-borel-eq-count-space)

definition ¢s-quasi-borel X Mx «— Mx C UNIV — X A gbs-closedl Mz A qbs-closed?2
X Mz N qbs-closed3 Mx

lemma is-quasi-borel-intro[simp]:
assumes Mz C UNIV — X
and gbs-closedl Mz gbs-closed2 X Mz gqbs-closed3 Mz
shows is-quasi-borel X Mz
using assms by(simp add: is-quasi-borel-def)

typedef ‘a quasi-borel = {(X::'a set, Mx). is-quasi-borel X Mz}
proof
show (UNIV, UNIV) € {(X::'a set, Mx). is-quasi-borel X Mz}
by (simp add: is-quasi-borel-def gbs-closed1-def qbs-closed2-def qbs-closed3-def)
qed

definition qbs-space :: ‘a quasi-borel = 'a set where
gbs-space X = fst (Rep-quasi-borel X)

definition ¢bs-Mz :: 'a quasi-borel = (real = 'a) set where
gbs-Mz X = snd (Rep-quasi-borel X)

declare [[coercion gbs-space]]
lemma gbs-decomp : (qbs-space X,qbs-Mz X) € {(X::'a set, Mz). is-quasi-borel X

Mz}
by (simp add: qbs-space-def gbs-Mz-def Rep-quasi-borel[simplified])
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lemma q¢bs-Mz-to-X:
assumes « € g¢bs-Mz X
shows a r € gbs-space X
using gbs-decomp assms by(auto simp: is-quasi-borel-def)

lemma q¢bs-closed1I:
assumes Ao f. a € Mz = f € borel — ) borel = o o f € Mz
shows qbs-closed1 Mx
using assms by(simp add: gbs-closed1-def)

lemma gbs-closed1-dest|[simp]:
assumes « € gbs-Mz X
and f € borel — s borel
shows a o f € ¢bs-Mx X
using assms qbs-decomp by (auto simp add: is-quasi-borel-def qbs-closed1-def)

lemma gbs-closed1-dest’[simpl:
assumes « € ¢bs-Mz X
and f € borel —); borel
shows (Ar. a (fr)) € ¢bs-Mzx X
using gbs-closed1-dest|OF assms] by (simp add: comp-def)

lemma qbs-closed?2I:
assumes Az. z € X = (A\r. z) € Mz
shows ¢bs-closed2 X Mz
using assms by (simp add: qbs-closed2-def)

lemma gbs-closed2-dest[simp]:
assumes z € gbs-space X
shows (Ar. z) € ¢bs-Mz X
using assms gbs-decomp|of X| by (auto simp add: is-quasi-borel-def qbs-closed2-def)

lemma g¢bs-closed3I:
assumes A (P :: real = nat) Fi. P € borel — )y count-space UNIV = (\i. Fi
i € Mz)
= (A\r. Fi (Pr)r) € Mz
shows qbs-closed3 Mx
using assms by (auto simp: qbs-closed3-def)

lemma gbs-closed3I":
assumes A(P :: real = nat) Fi. (Ni. P —*{i} € sets borel) = (\i. Fi i €
Mz)
= (A\r. Fi (Pr)r) € Mz
shows q¢bs-closed3 Mx
using assms by (auto intro!: gbs-closed3I dest: measurable-separate)

lemma gbs-closed3-dest[simp]:
fixes P::real = nat and Fi :: nat = real = -
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assumes P € borel — ) count-space UNIV
and Ai. Fii € qbs-Mz X
shows (Ar. Fi (P r) r) € qbs-Mz X
using assms gbs-decomp|of X| by (auto simp add: is-quasi-borel-def qbs-closed3-def)

lemma gbs-closed3-dest’:
fixes P:real = nat and I :: nat = real = -
assumes Ai. P —* {i} € sets borel
and Ai. Fii € gbs-Mz X
shows (Ar. Fi (P r) r) € qgbs-Mx X
using g¢bs-closed3-dest| OF separate-measurable[OF assms(1)] assms(2)] .

lemma qbs-closed3-dest2:
assumes countable I
and [measurable]: P € borel —p; count-space I
and A\i. i € [ = Fii € qbs-Mzx X
shows (Ar. Fi (P r) r) € qgbs-Mz X
proof —
have 0:1 # {}
using measurable-empty-iff [of count-space I P borel] assms(2)
by fastforce
define P’ where P’ = to-nat-on I o P
define Fi’ where Fi’ = Fi o (from-nat-into I)
have 1:P’ € borel —p; count-space UNIV
by (simp add: P’-def)
have 2:\i. Fi' i € qbs-Mz X
using assms(3) from-nat-into[OF 0] by(simp add: Fi’-def)
have (Ar. Fi’ (P’ r) r) € qbs-Mz X
using 1 2 measurable-separate by auto
thus ?thesis
using from-nat-into-to-nat-on|OF assms(1)] measurable-space[OF assms(2)]
by (auto simp: Fi'-def P'-def)
qed

lemma gbs-closed3-dest2":
assumes countable I
and [measurable]: P € borel —p; count-space I
and Ai. i € range P = Fi i € gbs-Mz X
shows (Ar. Fi (P r) r) € qbs-Mz X
proof —
have 0:range P N I = range P
using measurable-space[ OF assms(2)] by auto
have 1:P € borel —pr count-space (range P)
using restrict-count-space[of I range P] measurable-restrict-space2|OF - assms(2),0f
range P)
by (simp add: 0)
have 2:countable (range P)
using countable-Int2[OF assms(1),of range P]
by (simp add: 0)
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show ?thesis
by (auto introl: qbs-closed3-dest2[OF 2 1 assms(3)])
qed

lemma ¢bs-Mz-indicat:
assumes S € sets borel a € gbs-Mxz X B € gbs-Mx X
shows (Ar. if r € S then « relse § r) € qbs-Mz X
proof —
have (Ar:real. if v € S then a 1 else B r) = (Ar. (Ab. if b then « else B) (r €
S) r)
by (auto simp: indicator-def)
also have ... € gbs-Mz X
by (rule gbs-closed3-dest2[where I=UNIV and Fi=\b. if b then « else (]) (use
assms in auto)
finally show ?thesis .
qed

lemma gbs-space-Mz: qbs-space X = {a z |z a. o € gbs-Mz X}
proof safe
fix z
assume 1:x € gbs-space X
show Jza a. z = a za N a € gbs-Mz X
by (auto introl: exI[where xz=0] exl[where z=(Ar. z)] simp: 1)
qed(simp add: gbs-Mz-to-X)

lemma g¢bs-space-eq-Mzx:
assumes ¢bs-Mz X = gbs-Mz Y
shows ¢bs-space X = gbs-space Y
by (simp add: gbs-space-Mz assms)

lemma q¢bs-eql:

assumes ¢bs-Mz X = gbs-Mz Y

shows X = Y

by (metis Rep-quasi-borel-inverse prod.exhaust-sel qbs-Mz-def gbs-space-def assms
qbs-space-eq-Mx[OF assms])

3.1.2 Empty Space

definition empty-quasi-borel :: 'a quasi-borel where
empty-quasi-borel = Abs-quasi-borel ({},{})

lemma

shows egb-space[simpl: qbs-space empty-quasi-borel = ({} :: 'a set)

and egb-Mz[simp]: gbs-Mz empty-quasi-borel = ({} :: (real = 'a) set)

proof —

have Rep-quasi-borel empty-quasi-borel = ({} :: 'a set, {})

using Abs-quasi-borel-inverse by (auto simp add: Abs-quasi-borel-inverse empty-quasi-borel-def
gbs-closed1-def qbs-closed2-def gbs-closed3-def is-quasi-borel-def)

thus gbs-space empty-quasi-borel = ({} :: 'a set) qbs-Mz empty-quasi-borel = ({}
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i (real = 'a) set)
by (auto simp add: gbs-space-def qbs-Ma-def)
qed

lemma gbs-empty-equiv :qbs-space X = {} «— ¢bs-Mz X = {}
proof safe
fix z
assume gbs-Mz X = {}
and h:z € gbs-space X
have (Ar. z) € gbs-Mz X
using h by simp
thus z € {} using «gbs-Mz X = {}» by simp
qed(use qbs-Mz-to-X in blast)

lemma empty-quasi-borel-iff:
gbs-space X = {} +— X = empty-quasi-borel
by (auto introl: qbs-eql simp: qbs-empty-equiv)

3.1.3 Unit Space

definition unit-quasi-borel :: unit quasi-borel (1g) where
unit-quasi-borel = Abs-quasi-borel (UNIV ,UNIV)

lemma
shows unit-gbs-space[simpl: gbs-space unit-quasi-borel = {()}
and unit-gbs-Mz[simp]: gbs-Mz unit-quasi-borel = {Ar. ()}
proof —
have Rep-quasi-borel unit-quasi-borel = (UNIV ,UNIV)
using Abs-quasi-borel-inverse by (auto simp add: unit-quasi-borel-def qbs-closed1-def
gbs-closed2-def qbs-closed3-def is-quasi-borel-def)
thus gbs-space unit-quasi-borel = {()} qbs-Mx unit-quasi-borel = {Ar. ()}
by(auto simp add: gbs-space-def qbs-Mx-def UNIV-unit)
qed

3.1.4 Sub-Spaces

definition sub-gbs :: ['a quasi-borel, 'a set] = 'a quasi-borel where
sub-gbs X U = Abs-quasi-borel (qbs-space X N U{a. a € qbs-Mx X AN (V1. ar €

U)})

lemma
shows sub-gbs-space: qbs-space (sub-qbs X U) = gbs-space X N U
and sub-qbs-Mz: gbs-Mx (sub-qbs X U) = {a. a € ¢bs-Mz X A (V1. a1 € U)}
proof —
have gbs-closedl {a. o € gbs-Mx X N (Vr. o v € U)} gbs-closed2 (qbs-space X
NU){a. a€qgbs-Me X N(Vr.areU)}
gbs-closed3 {a. a € gbs-Mz X N (Vr. ar € U)}
unfolding qbs-closed1-def qbs-closed2-def qbs-closed3-def by auto
hence Rep-quasi-borel (sub-gbs X U) = (gbs-space X N U {a. a € gbs-Mx X A
Vr.areU)})
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by (auto simp: sub-gbs-def is-quasi-borel-def qbs-Muz-to-X intro!: Abs-quasi-borel-inverse)
thus gbs-space (sub-qbs X U) = gbs-space X N U gbs-Mz (sub-qbs X U) = {a.
a € gbs-Mz X N (Vr.are U}
by (simp-all add: gbs-Mz-def gbs-space-def)
qed

lemma sub-qbs:

assumes U C gbs-space X

shows (gbs-space (sub-gbs X U), qbs-Mz (sub-gbs X U)) = (U, {f € UNIV —
U. f € qbs-Mz X})

using assms by (auto simp: sub-gbs-space sub-qbs-Mz)

lemma sub-gbs-ident: sub-gbs X (gbs-space X) = X
by (auto introl: qbs-eql simp: sub-qbs-Mz gbs-Mz-to-X)

lemma sub-qbs-sub-qbs: sub-gbs (sub-qbs X A) B = sub-gbs X (A N B)
by (auto intro!: qbs-eql simp: sub-qbs-Mz sub-gbs-space)

3.1.5 Image Spaces

definition map-gbs :: ['a = 'b] = 'a quasi-borel = 'b quasi-borel where
map-qbs f X = Abs-quasi-borel (f * (gbs-space X),{f o o |a. o€ qbs-Mz X})

lemma
shows map-gbs-space: gbs-space (map-qbs f X) = f “ (qbs-space X)
and map-gbs-Mzx: gbs-Mz (map-qbs f X) = {f o a |a. a€ gbs-Mz X}
proof —
have {f o a |a. a€ ¢bs-Mz X} C UNIV — f ‘ (gbs-space X)
using ¢bs-Mz-to-X by fastforce
moreover have ¢bs-closedl {f o a |a. o€ qbs-Mz X}
unfolding g¢bs-closed!-def using gbs-closed1-dest by(fastforce simp: comp-def)
moreover have ¢bs-closed2 (f ¢ (gbs-space X)) {f o a |a. a€ gbs-Mz X}
unfolding qbs-closed2-def by fastforce
moreover have ¢bs-closed3 {f o a |a. a€ ¢bs-Mz X}
proof (rule gbs-closed3I’)
fix P :: real = nat and Fi
assume h:\i:nat. P —*{i} € sets borel
Niznat. Fii € {f o a |a. a€ qbs-Mz X}
then obtain ai where ha: Ai:nat. aii € q¢bs-Mz X Ni. Fii = f o (i)
by auto metis
hence 1:(Ar. i (P r) r) € gbs-Mz X
using h(1) gbs-closed3-dest’ by blast
show (Ar. Fi (Pr)r) € {f o a|a. a€ qbs-Mz X}
by (auto introl: bexI[where z=(Ar. ai (P r) r)| simp add: 1 ha comp-def)
qed
ultimately have Rep-quasi-borel (map-qbs f X) = (f ¢ (qbs-space X),{f o «a |a.
a€ gbs-Mz X})
unfolding map-gbs-def by(auto intro!: Abs-quasi-borel-inverse)
thus g¢bs-space (map-qbs f X) = [ (¢bs-space X) qbs-Mz (map-qbs f X) = {f o
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a |a. a€ gbs-Mz X}
by (simp-all add: gbs-space-def gbs-Mz-def)
qed

3.1.6 Binary Product Spaces

definition pair-qbs :: ['a quasi-borel, 'b quasi-borel] = ('a x 'b) quasi-borel (infixr
QR o 80) where

pair-gbs X Y = Abs-quasi-borel (gbs-space X X qbs-space Y, {f. fst o f € gbs-Mx
X ANsndo fe gbs-Mzx Y})

lemma
shows pair-gbs-space: qbs-space (X Q q Y) = gbs-space X x qbs-space Y
and pair-gbs-Mz: qbs-Mz (X Qo Y) = {f. fst o f € ¢bs-Mx X N snd o f €
qbs-Mz Y}
proof —
have {f. fst o f € gbs-Mz X A snd o f € qbs-Mxz Y} C UNIV — gbs-space X x
qbs-space Y
by (auto simp: mem-Times-iff [of - qbs-space X qbs-space Y]|; use qbs-Ma-to-X
in fastforce)
moreover have ¢bs-closedl {f. fst o f € gbs-Mx X A snd o f € gbs-Mz Y}
unfolding gbs-closed1-def by (metis (no-types, lifting) comp-assoc mem-Collect-eq
gbs-closed1-dest)
moreover have g¢bs-closed2 (qbs-space X x gbs-space Y) {f. fst o f € qbs-Mx
X ANsndo fe qbs-Mzx Y}
unfolding qbs-closed2-def by auto
moreover have gbs-closed3 {f. fst o f € qbs-Mx X A snd o f € gbs-Mz Y}
proof (safe introl: gbs-closed3I)
fix P :: real = nat
fix Fi :: nat = real = 'a x b
define Fj :: nat = real = 'a where Fj = )\j.(fst o Fi j)
assume Vi. Fii € {f. fst o f € gbs-Mx X A snd o f € ¢bs-Mz Y}
then have Ai. Fji € ¢gbs-Mz X by (simp add: Fj-def)
moreover assume P € borel —p; count-space UNIV
ultimately have (Ar. Fj (P r) r) € gbs-Mz X
by auto
moreover have fst o (A\r. Fi (P r) r) = (Ar. Fj (P r) r) by (auto simp add:
Fj-def)
ultimately show fst o (Ar. Fi (P r) r) € ¢gbs-Mz X by simp
next
fix P :: real = nat
fix Fi :: nat = real = 'a x b
define Fj :: nat = real = 'b where Fj = \j.(snd o Fi j)
assume Vi. Fii € {f. fsto f € gbs-Mz X N snd o f € qbs-Mz Y}
then have Ai. Fj i € gbs-Mxz Y by (simp add: Fj-def)
moreover assume P € borel —p; count-space UNIV
ultimately have (Ar. Fj (P r) r) € gbs-Mz Y
by auto
moreover have snd o (Ar. Fi (P r) r) = (Ar. Fj (P r) r) by (auto simp add:
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Fj-def)
ultimately show snd o (Ar. Fi (P r) r) € qbs-Mx Y by simp
qed
ultimately have Rep-quasi-borel (X @ g Y) = (gbs-space X x qbs-space Y,
{f. fstof € qgbs-Mx X A snd o f € gbs-Mz Y})
unfolding pair-qbs-def by (auto introl: Abs-quasi-borel-inverse is-quasi-borel-intro)
thus gbs-space (X @ g Y) = gbs-space X x gbs-space Y qbs-Mz (X Q¢ V) =
{f. fstof € qgbs-Mz X N\ snd o f € ¢gbs-Mz Y}
by (simp-all add: gbs-space-def gbs-Mz-def)
qed

lemma pair-qbs-fst:
assumes g¢bs-space Y # {}
shows map-qbs fst (X Qo ¥V) =X
proof (rule gbs-eql)
obtain ay where hy:ay € qbs-Mz Y
using gbs-empty-equiv|of Y| assms by auto
show gbs-Mz (map-gbs fst (X @ ¢q Y)) = ¢bs-Mzx X
by (auto simp: map-qbs-Mx pair-qbs-Mz hy comp-def intro!: exl[where z=Ar.
(-7, ayr)])
qed

lemma pair-qbs-snd:
assumes g¢bs-space X # {}
shows map-gbs snd (X Qo V) =Y
proof (rule gbs-eql)
obtain ar where hz:ax € gbs-Mz X
using gbs-empty-equiv]of X] assms by auto
show gbs-Mz (map-gbs snd (X Q¢ Y)) = qbs-Mz Y
by (auto simp: map-qbs-Mx pair-qbs-Mz hz comp-def intro!: exI[where z=Ar.
(azr, - 7))
qed

3.1.7 Binary Coproduct Spaces

definition copair-gbs-Mz :: ['a quasi-borel, 'b quasi-borel] = (real => 'a + 'b) set
where
copair-qbs-Mz X Y =

{g. 3 § € sets borel.

(S={} — 3 aleghs-MzX. g= (Ar. Inl (al7)))) A

(S = UNIV — (3 a2€ qbs-Mz Y. g = (Ar. Inr (a2 71)))) A

((S#{}NS#UNIV) —

(3 al€ gbs-Mz X. 3 a2¢€ qbs-Mz Y.
g = (Arzreal. (if (r € S) then Inl (al ) else Inr (a2 71)))))}

definition copair-gbs :: ['a quasi-borel, 'b quasi-borel] = (‘a + 'b) quasi-borel
(infixr @ ¢ 65) where

copair-gbs X Y = Abs-quasi-borel (qbs-space X <+> qbs-space Y, copair-gbs-Mz
XY)
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The following is an equivalent definition of copair-qbs-Muz.

definition copair-gbs-Mz2 :: ['a quasi-borel, 'b quasi-borel] = (real => 'a + 'b)
set where
copair-qgbs-Mz2 X Y =
{g. (if gbs-space X = {} A gbs-space Y = {} then False
else if gbs-space X # {} N gbs-space Y = {} then
(FJale gbs-Mzx X. g = (Ar. Inl (al 1))
else if qbs-space X = {} N qbs-space Y # {} then
(Ja2e gbs-Mz Y. g = (Ar. Inr (a2 71)))
else
(35 € sets borel. Fale€ gbs-Mzx X. Ja2€ gbs-Mz Y.
g = (Arzreal. (if (r € S) then Inl (a1 ) else Inr (a2 71))))) }

lemma copair-qbs-Mz-equiv :copair-qgbs-Mxz (X :: 'a quasi-borel) (Y :: 'b quasi-borel)
= copair-qbs-Mz2 X Y
proof safe

fix g:: real = ‘a + b
assume ¢ € copair-qgbs-Mz X Y
then obtain S where hs:S€ sets borel N
(S={} — 3 ale ghs-Mr X. g = (Ar. Inl (a1 1)))) A
(S = UNIV — (3 a2€ gbs-Mz Y. g = (Ar. Inr (a2 1)))) A
(S#{} NS # UNIV) —
(3 ale gbs-Mz X.
d a2¢€ qbs-Mz Y.
g = (Arzreal. (if (r € S) then Inl (ol 1) else Inr (a2 1)))))
by (auto simp add: copair-qbs-Mz-def)
consider S = {} | S = UNIV | § # {} A S # UNIV by auto
then show g € copair-gbs-Mz2 X Y
proof cases
assume S = {}
from hs this have 3 al€ gbs-Mx X. g = (Ar. Inl (a1 7)) by simp
then obtain ! where hi:al€ gbs-Mz X A g = (Ar. Inl (a1 7)) by auto
have gbs-space X # {}
using gbs-empty-equiv hi
by auto
then have (gbs-space X # {} A ¢bs-space Y = {}) V (gbs-space X # {} A
gbs-space Y # {})
by simp
then show g € copair-gbs-Mz2 X Y
proof
assume gbs-space X # {} A gbs-space Y = {}
then show g € copair-gbs-Mz2 X Y
by (simp add: copair-gbs-Mxz2-def <3 al€ qbs-Mz X. g = (Ar. Inl (a1 r)))
next
assume gbs-space X # {} A gbs-space Y # {}
then obtain a2 where a2 € ¢bs-Mz Y using gbs-empty-equiv by force
define S’ :: real set
where S’ = UNIV
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define ¢’ :: real = 'a + b
where ¢’ = (Arureal. (if (r € S') then Inl (al 1) else Inr (a2 1))
from «gbs-space X # {} N gbs-space Y # {}» hl «a2 € gbs-Mz V>
have ¢’ € copair-qbs-Mz2 X Y
by (force simp add: S'-def g’-def copair-qbs-Mz2-def)
moreover have g = ¢’
using hi1 by(simp add: g’-def S'-def)
ultimately show ?Zthesis
by simp
qed
next
assume S = UNIV
from hs this have 3 a2¢€ qbs-Mz Y. g = (A\r. Inr (a2 r)) by simp
then obtain a2 where h2:a2¢€ g¢bs-Mz Y A g = (Ar. Inr (a2 r)) by auto
have qbs-space Y # {}
using gbs-empty-equiv h2
by auto
then have (gbs-space X = {} A gbs-space Y # {}) V (gbs-space X # {} A
gbs-space Y # {})
by simp
then show g € copair-qgbs-Mz2 X Y
proof
assume gbs-space X = {} A gbs-space Y # {}
then show ?thesis
by (simp add: copair-gbs-Mz2-def <3 a2€ gbs-Mz Y. g = (Ar. Inr (a2 1))
next
assume gbs-space X # {} A gbs-space Y # {}
then obtain ol where a! € gbs-Mz X using gbs-empty-equiv by force
define S’ :: real set
where S’ = {}
define ¢’ :: real = 'a + b
where g’ = (Arureal. (if (r € S') then Inl (al r) else Inr (a2 r)))
from <gbs-space X # {} A gbs-space Y # {} h2 «al € gbs-Mzx X>
have ¢’ € copair-qgbs-Mz2 X Y
by (force simp add: S'-def g’-def copair-qbs-Mz2-def)
moreover have g = g’
using h2 by(simp add: g’-def S'-def)
ultimately show ?Zthesis
by simp
qed
next
assume S # {} A S # UNIV
then have
h: 3 ale gbs-Mz X.
3 a2€ qbs-Mz Y.
g = (Arzreal. (if (r € S) then Inl (ol ) else Inr (a2 1)))
using hs by simp
then have gbs-space X # {} A gbs-space Y # {}
by (metis empty-iff qbs-empty-equiv)
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thus ?thesis
using hs h by(auto simp add: copair-gbs-Mz2-def)
qed

next
fix g :: real = 'a + b
assume g € copair-qbs-Mz2 X Y
then have
h: if qbs-space X = {} A qbs-space Y = {} then False
else if qbs-space X # {} N qbs-space Y = {} then
(FJale gbs-Mzx X. g = (Ar. Inl (al 1))
else if qbs-space X = {} A gbs-space Y # {} then
(Fa2e gbs-Mzx Y. g = (Ar. Inr (a2 1))
else
(35 € sets borel. Jale€ gbs-Mzx X. Ja2¢€ gbs-Mz Y.
g = (Arzreal. (if (r € S) then Inl (a1 ) else Inr (a2 71))))
by (simp add: copair-gbs-Mz2-def)
consider (gbs-space X = {} A gbs-space Y = {}) |
(gbs-space X # {} N qbs-space Y = {}) |
(gbs-space X = {} N qbs-space Y # {}) |
(gbs-space X # {} N qbs-space Y # {}) by auto
then show g € copair-gbs-Mz X Y
proof cases
assume gbs-space X = {} A gbs-space Y = {}
then show “thesis
using <g € copair-gbs-Mz2 X Y» by(simp add: copair-qgbs-Mz2-def)
next
assume gbs-space X # {} A gbs-space Y = {}
from h this have Jale gbs-Mz X. g = (Ar. Inl (a1 1)) by simp
thus %thesis
by (auto simp add: copair-gbs-Mz-def)
next
assume gbs-space X = {} A gbs-space Y # {}
from h this have Ja2¢€ gbs-Mzx Y. g = (Ar. Inr (a2 1)) by simp
thus %thesis
unfolding copair-gbs-Mz-def
by (force simp add: copair-qbs-Mz-def)
next
assume gbs-space X # {} A gbs-space Y # {}
from h this obtain S a1 a2 where Sag:
S € sets borel al € gbs-Mx X a2 € qbs-Mz Y g = (Ar. if r € S then Inl (ol
r) else Inr (a2 T))
by auto
consider S = {} | S = UNIV | § # {} S # UNIV by auto
then show g € copair-gbs-Mz X Y
proof cases
assume S = {}
then have [simp]: (A\r. if r € S then Inl (al ) else Inr (a2 1)) = (Ar. Inr
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(a2 1))
by simp
show ?thesis
using a2 € ¢bs-Mz Y unfolding copair-gbs-Mz-def
by (auto intro! : bexI[where x=UNIV] simp: Sag)
next
assume S = UNIV
then have (Ar. if r € S then Inl (al r) else Inr (a2 r)) = (Ar. Inl (al 1))
by simp
then show ?thesis
using Sag by(auto simp add: copair-gbs-Mzx-def)
next
assume S # {} S # UNIV
then show ?thesis
using Sag by(auto simp add: copair-qbs-Ma-def)
qed
qed
qed

lemma
shows copair-qbs-space: gbs-space (X @ q Y) = gbs-space X <+> ¢bs-space Y
(is %goall)
and copair-gbs-Mz: gbs-Mz (X @ ¢ Y) = copair-gbs-Mzx X Y (is ?goal?)
proof —
have copair-gbs-Mx X Y C UNIV — gbs-space X <+> qbs-space Y
proof
fix g
assume g € copair-qgbs-Mz X Y
then obtain S where hs:S€ sets borel A
(S={} — 3 alegbs-MzX. g= (Ar. Inl (a1 7)))) A
(S = UNIV — (3 a2€ qbs-Mzx Y. g = (Ar. Inr (a2 1)))) A
(S {} NS #UNIV) —
(3 ale ¢bs-Mz X.
3 a2€ qbs-Mz Y.
g = (Aruzreal. (if (r € S) then Inl (a1 1) else Inr (a2 71)))))
by (auto simp add: copair-qbs-Mz-def)
consider S = {} | S = UNIV | S # {} A S # UNIV by auto
then show g € UNIV — gbs-space X <+> gbs-space Y
proof cases
assume S = {}
then show ?thesis
using hs gbs-Mz-to-X by auto
next
assume S = UNIV
then show ?thesis
using hs gbs-Mzx-to-X by auto
next
assume S # {} A § # UNIV
then have 3 ale€ ¢bs-Mz X. 3 a2¢€ gbs-Mz Y.
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g = (Arureal. (if (r € S) then Inl (al r) else Inr (a2 r))) using hs by
stmp
then show ?thesis
by(auto dest: gbs-Mz-to-X)
qed
qed
moreover have gbs-closedl (copair-qbs-Mz X Y)
proof(rule gbs-closed1I)
fix g and f :: real = real
assume g € copair-¢bs-Mz X Y and [measurable]: f € borel — s borel
then have g € copair-qbs-Mz2 X Y using copair-qbs-Mz-equiv by auto
consider (gbs-space X = {} A gbs-space Y = {}) |
(qbs-space X # {} A qbs-space Y = {}) |
(gbs-space X = {} A qbs-space Y # {}) |
(gbs-space X # {} N qbs-space Y # {}) by auto
then have g o f € copair-gbs-Mz2 X Y
proof cases
assume gbs-space X = {} A gbs-space Y = {}
then show ?thesis
using <g € copair-qbs-Mz2 X 'Y gbs-empty-equiv by (simp add: copair-qbs-Mz2-def)
next
assume gbs-space X # {} A qbs-space Y = {}
then obtain ol where hi:al€ gbs-Mz X A g = (Ar. Inl (a1 7))
using <g € copair-gbs-Mz2 X Y by(auto simp add: copair-qbs-Mz2-def)
then have al o f € gbs-Mz X
by auto
moreover have g o f = (Ar. Inl ((al o f) 7))
using hl by auto
ultimately show ?thesis
using «gbs-space X # {} A qbs-space Y = {}» by(force simp add: co-
pair-gbs-Mz2-def)
next
assume (gbs-space X = {} A qbs-space Y # {})
then obtain a2 where h2:a2¢€ gbs-Mzx Y A g = (Ar. Inr (a2 1))
using <g € copair-gbs-Mz2 X V> by(auto simp add: copair-qbs-Mz2-def)
then have a2 o f € ¢gbs-Mz Y
by auto
moreover have g o f = (Ar. Inr ((a2 o f) 1))
using h2 by auto
ultimately show ?thesis
using <(gbs-space X = {} A ¢bs-space Y # {})> by(force simp add: co-
pair-qbs-Mz2-def)
next
assume gbs-space X # {} A gbs-space Y # {}
then have 35 € sets borel. Jal€ gbs-Mz X. Fa2€ qbs-Mz Y.
g = (Arzreal. (if (r € S) then Inl (ol ) else Inr (a2 1)))
using <g € copair-qbs-Mz2 X Y» by(simp add: copair-qgbs-Mz2-def)
then show ?thesis
proof safe
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fix S al a2
assume [measurable]:S € sets borel and al€ gbs-Mx X a2 € gbs-Mz Y
g= (Ar.if r € Sthen Inl (ol 1) else Inr (a2 1))
have f —* S € sets borel
using «S € sets borely <f € borel-measurable borely measurable-sets-borel
by blast
moreover have al o f € ¢bs-Mz X
using <al€ gbs-Mz X» by(auto simp add: qbs-closed1-def)
moreover have a2 o f € qgbs-Mz Y
using a2€ ¢bs-Mz Y by(auto simp add: gbs-closedI-def)
moreover have (Ar. if r € S then Inl (a1 1) else Inr (a2 1)) o f = (Ar. if
r e f—*“8then Inl ((al o f) r) else Inr (a2 o f) 1))
by auto
ultimately show (Ar. if r € S then Inl (al r) else Inr (@2 1)) o f €
copair-gbs-Mz2 X 'Y
using «gbs-space X # {} A gbs-space Y # {}» by(force simp add:
copair-gbs-Mxz2-def)
qed
qed
thus g o f € copair-gbs-Mxz X Y
using copair-qbs-Mz-equiv by auto
qed
moreover have gbs-closed? (gbs-space X <+> qbs-space Y) (copair-gbs-Mz X
v)
proof (rule gbs-closed2I)
fix y
assume y € gbs-space X <+> qbs-space Y
then consider y € Inl ‘ (qbs-space X) | y € Inr ‘ (qbs-space Y)
by auto
thus (Ar. y) € copair-¢bs-Mz X Y
proof cases
case [
then obtain x where z: y = Inl x © € gbs-space X
by auto
define a! :: real = - where al = (Ar. 1)
have a1 € qbs-Mz X using «x € qbs-space X> qbs-decomp
by (force simp add: gbs-closed2-def a1-def)
moreover have (Ar. Inl z) = (M. Inl (a1 1)) by (simp add: a1-def)
moreover have {} € sets borel by auto
ultimately show (Ar. y) € copair-qbs-Mz X Y
by (auto simp add: copair-qbs-Ma-def z)
next
case 2
then obtain z where z: y = Inr z z € qbs-space Y
by auto
define a2 :: real = - where a2 = (Ar. 1)
have a2 € qbs-Mz Y using <x € gbs-space Y> qbs-decomp
by (force simp add: qbs-closed2-def «a2-def)
moreover have (Ar. Inr z) = (A Inr (a2 1)) by (simp add: a2-def)
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moreover have UNIV € sets borel by auto
ultimately show (Ar. y) € copair-qbs-Mxz X Y
unfolding copair-qbs-Mz-def
by (auto introl: bexl[where t=UNIV]| simp: x)
qed
qed
moreover have gbs-closed3 (copair-qbs-Mz X Y)
proof (safe introl: gbs-closed3I)
fix P :: real = nat
fix Fi :: nat = real =- + -
assume P € borel —); count-space UNIV
Vi. Fi i € copair-qgbs-Mx X Y
then have Vi. Fi ¢ € copair-qgbs-Mz2 X Y using copair-qbs-Mz-equiv by blast
consider (gbs-space X = {} A gbs-space Y = {}) |
(gbs-space X # {} A qbs-space Y = {}) |
(qbs-space X = {} A qbs-space Y # {}) |
(qbs-space X # {} A qbs-space Y # {}) by auto
then have (\r. Fi (P r) r) € copair-gbs-Mz2 X Y
proof cases
assume gbs-space X = {} A gbs-space Y = {}
then show ?thesis
using «Vi. Fi i € copair-gbs-Mz2 X Y qbs-empty-equiv
by (simp add: copair-qbs-Mz2-def)
next
assume gbs-space X # {} A gbs-space Y = {}
then have Vi. Jai. ai € gbs-Mx X N Fi i = (Ar. Inl (ai 1))
using «Vi. Fi i € copair-gbs-Mz2 X Y by(auto simp add: copair-gbs-Mz2-def)
then have Jal.Vi. al i€ gbs-Mz X A Fii= (Ar. Inl (ol i 7))
by (rule choice)
then obtain a! :: nat = real = -
where h1:Vi. al i € gbs-Mx X A Fii = (Ar. Inl (a1 i 1)) by auto
define 3 :: real = - where 8 = (Ar. al (Pr) 1)
from <P € borel —p; count-space UNIVy hi
have 8 € ¢bs-Mz X by (simp add: B-def)
moreover have (Ar. Fi (P r) r) = (Ar. Inl (B 1))
using h1 by(simp add: 8-def)
ultimately show ?thesis
using <gbs-space X # {} A qbs-space Y = {}» by (auto simp add: co-
pair-qbs-Muz2-def)
next
assume gbs-space X = {} A gbs-space Y # {}
then have Vi. Jai. ai € gbs-Mx Y A Fii = (Ar. Inr (i r))
using «Vi. Fii € copair-gbs-Mz2 X Y by(auto simp add: copair-gbs-Mz2-def)
then have Ja2. Vi. a2i € ¢gbs-Mz Y AN Fii = (Ar. Inr (a2 1))
by (rule choice)
then obtain a2 :: nat = real = -
where h2: Vi. a2 i € gbs-Mx Y A Fii = (Ar. Inr (a2 i r)) by auto
define 3 :: real = - where 8 = (Ar. a2 (P 1) 1)
from <P € borel —p; count-space UNIVy h2
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have 8 € ¢bs-Mz Y by(simp add: §-def)
moreover have (Ar. Fi (P r) r) = (Ar. Inr (8 1))
using h2 by(simp add: B-def)
ultimately show ?thesis
using <gbs-space X = {} A gbs-space Y # {}» by (auto simp add: co-
pair-qbs-Muz2-def)
next
assume gbs-space X # {} A gbs-space Y # {}
then have Vi. 35i. Si € sets borel A (Jali€ gbs-Mz X. Ja2i€ qbs-Mz Y.
Fii = (Arureal. (if (r € Si) then Inl (ali ) else Inr (a2ir))))
using «Vi. Fii € copair-gbs-Mz2 X Y by (auto simp add: copair-qbs-Mz2-def)
then have 35. Vi. Si € sets borel A (Jali€e gbs-Mz X. Ja2i€ gbs-Mx Y.
Fii = (Arureal. (if (r € S i) then Inl (ali 1) else Inr (a2i1))))
by (rule choice)
then obtain S :: nat = real set
where hs :Vi. S i € sets borel A (Jali€ qbs-Mz X. Fa2i€ qbs-Mz Y.
Fii = (Arureal. (if (r € S i) then Inl (ali ) else Inr (a2i1))))
by auto
then have Vi. Jali. ali € gbs-Mz X A (Ja2i€ qbs-Mz Y.
Fii = (Arureal. (if (r € S4) then Inl (alir) else Inr (a2i1))))
by blast
then have Jal.Vi. al i € ¢gbs-Mz X A (Fa2i€ gbs-Mz Y.
Fii= (Arzreal. (if (r € Si) then Inl (al i 1) else Inr (a2i1))))
by (rule choice)
then obtain o/ where hi: Vi. al i € qgbs-Mz X N (3a2i€ ¢bs-Mz Y.
Fii = (Arureal. (if (r € S4) then Inl (al i) else Inr (a2ir))))
by auto
define 81 :: real = - where 81 = (Ar. af (P r) 1)
from <P € borel —p; count-space UNIVy hi
have 1 € gbs-Mz X by(simp add: B1-def)
from hl have Vi. da2i. a2i€ qbs-Mz Y A
Fii= (Arureal. (if (r € Si) then Inl (al i) else Inr (a2i1)))
by auto
then have Ja2. Vi. a2 i€ gbs-Mz Y A
Fii = (Arereal. (if (r € S ) then Inl (ol i 1) else Inr (a2 i 1))
by (rule choice)
then obtain a2
where h2: Vi. a2 i€ gbs-Mz Y A
Fii= (Arzreal. (if (r € S4) then Inl (al i 1) else Inr (a2 i 1))
by auto
define 32 :: real = - where 52 = (A\r. a2 (P r) r)
from <P € borel —p; count-space UNIVy h2
have §2 € gbs-Mxz Y by(simp add: 52-def)
define A :: nat = real set where A = (Ai. SinN P —‘{i})
have [measurable]:\i. A i € sets borel
using A-def hs measurable-separate[OF <P € borel = count-space UNIV)|
by blast
define S’ :: real set where S'={r.r€ S (Pr)}
have S’ = ({Ji::nat. A 9)
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by (auto simp add: S’-def A-def)
hence S’ € sets borel by auto
from 72 have (Ar. Fi (P r) r) = (Ar. (if r € S’ then Inl (81 r)
else Inr (B2 1))
by (auto simp add: S1-def 52-def S'-def)
thus (Ar. Fi (P r) r) € copair-gbs-Mz2 X Y
using «gbs-space X # {} N gbs-space Y # {}» <S8’ € sets borely <51 € qbs-Mz
X> «B2 € gbs-Mz Y
by (auto simp add: copair-qbs-Mz2-def)
qed
thus (Ar. Fi (P r) r) € copair-gbs-Mz X Y
using copair-qbs-Mzx-equiv by auto
qed
ultimately have Rep-quasi-borel (copair-qbs X V) = (gbs-space X <+> gbs-space
Y, copair-gbs-Mx X Y)
unfolding copair-gbs-def by(auto intro!: Abs-quasi-borel-inverse)
thus ?goall ?goal2
by (simp-all add: gbs-space-def gbs-Mz-def)
qed

lemma copair-qbs-MzD:
assumes g € gbs-Mz (X Pg Y)
and A\o. o € gbs-Mx X = g= (Ar. Inl (. 7)) = P g
and A\B. B € gbs-Mz Y — g= (Ar. Inr (B r)) = Py
and AS a B. (S :: real set) € sets borel = S # {} = S # UNIV = «
€ ¢bs-Mzx X = 5 € ¢gbs-Mzx Y = g = (Ar. if r € S then Inl (« 1) else Inr (3
r)) =Py
shows P g
using assms by (fastforce simp: copair-qbs-Mz copair-qbs-Ma-def)

3.1.8 Product Spaces

definition PiQ) :: ‘a set = (‘a = 'b quasi-borel) = (‘a = 'b) quasi-borel where
PiQ I X = Abs-quasi-borel (Ilg i€l. gbs-space (X i), {a. Vi. (i € I — (Ar. a7
i) € gbs-Mz (X 9)) A (i ¢ I — (Ar. a r i) = (Ar. undefined))})

syntax
-PiQ :: pttrn = 'i set = 'a quasi-borel = ('t => 'a) quasi-borel ((8Ilg -€-./ -)
10)
syntax-consts
_PiQ == PiQ
translations
Mo zel. X == CONST PiQ I (\z. X)

lemma
shows PiQ-space: qbs-space (PiQ I X) = (Ilg i€l. gbs-space (X ) (is ?goall)
and PiQ-Mz: qbs-Mz (PiQ I X) ={a.Vi. (i € I — (Ar. a ri) € gbs-Mz (X
D)AN (¢ T — (Ar.ari) = (Ar. undefined))} (is - = ?Mzx)
proof —
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have ?Mx C UNIV — (Ilg i€l. gbs-space (X 1))
using gbs-Mz-to-X[of - X -] by auto metis
moreover have ¢bs-closedl ?Mzx
proof (safe intro!: gbs-closed1I)
fix o i and f :: real = real
assume h[measurable]:Vi. (i € I — (Ar. a r1i) € gbs-Mzx (X)) AN (i ¢ I —
(Ar. a i) = (Ar. undefined))
f € borel —pp borel
show (Ar. (ao f) ri) € qgbs-Mz (X i) if i:i € T
proof —
have (Ar. a7 i) o f € gbs-Mz (X 1)
using h i by auto
thus (Ar. (@ o f) ri) € qbs-Mz (X 1)
by (simp add: comp-def)
qed
show i ¢ I = (Ar. (@ o f) ri) = (Ar. undefined)
by (metis comp-apply h(1))
qed
moreover have ¢bs-closed2 (Ilg i€l. qbs-space (X 7)) ?Mz
by (rule qbs-closed2I) (auto simp: PiE-def extensional-def Pi-def)
moreover have gbs-closed3 ?Mzx
proof (rule gbs-closed5I)
fix P :: real = nat and Fi
assume h:P € borel —p; count-space UNIV
Niznat. Fii € ?Mz
show (Ar. Fi (Pr) r) € Mz
proof safe
fix ¢
assume hi:i € |
then show (Ar. Fi (P r) ri) € gbs-Mz (X 7)
using h qbs-closed3-dest[OF h(1),of \jr. Fijr i
by auto
next
show Ai. i ¢ I = (Ar. Fi (P r) ri) = (Ar. undefined)
using h by auto meson
qed
qged
ultimately have Rep-quasi-borel (PiQ I X) = (Ilg i€1. gbs-space (X i), ?Mzx)
by (auto introl: Abs-quasi-borel-inverse is-quasi-borel-intro simp: PiQ-def)
thus ?goall qbs-Mz (PiQ I X) = ?Mz
by (simp-all add: gbs-space-def gbs-Mz-def)
qged

lemma prod-gbs-MzxlI:
assumes \i. i € I = (A\r. a 7 1) € gbs-Mz (X 7)
and Ni. i ¢ I = (Ar. a 7 1) = (Ar. undefined)
shows o € gbs-Mz (PiQ I X)
using assms by (auto simp: PiQ-Mz)
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lemma prod-gbs-MxD:
assumes « € ¢bs-Mz (PiQ I X)
shows A\i. i € I = (Ar. a r i) € gbs-Mz (X 7)
and A\i. i ¢ I = (A\r. a ri) = (Ar. undefined)
and \ir. i ¢ I = « ri = undefined
using assms by (auto simp: PiQ-Mz dest: fun-cong[where g=(Ar. undefined)])

lemma PiQ-eql:
assumes \i. i € I = Xi=Yi
shows PiQ I X = PiQ Y
by (auto intro!: qbs-eql simp: PiQ-Mz assms)

lemma PiQ-empty: gbs-space (PiQ {} X) = {\i. undefined}
by (auto simp: PiQ-space)

lemma PiQ-empty-Mx: gbs-Mz (PiQ {} X) = {A\r i. undefined}
by (auto simp: PiQ-Mz) meson

3.1.9 Coproduct Spaces

definition coPiQ-Mz :: ['a set, 'a = 'b quasi-borel] = (real = 'a x 'b) set where
coPiQ-Mz IX ={ Ar. (fr,a (fr)r)|f a. f € borel = count-space I A (¥ i€range
f-aie qgbs-Mx (X 0))}

definition coPiQ-Mz':: ['a set, 'a = 'b quasi-borel] = (real = 'a x 'b) set where
coPiQ-Mz' I X = { Ar. (fr,a (fr)r) |f a. f € borel = count-space I A (V1.
(i € range f V gbs-space (X i) # {}) — a i € qbs-Mz (X ©))}

lemma coPiQ-Mz-eq:
coPiQ-Mz I X = coPiQ-Mz' I X
proof safe
fix a
assume a € coPiQ-Mz I X
then obtain f 5 where hfb:
f € borel = count-space I Ni. i € range f = B i € gbs-Mz (X i) a = (Ar.
(fr,B(fr)r))
unfolding coPiQ)-Mz-def by blast
define 8’ where ' = (\i. if i € range f then 8 i
else if qbs-space (X i) # {} then (SOME ~. v € qbs-Mz
(X )
else B 1)

have 1:a = (Ar. (fr, 8/ (fr) 1))
by (simp add: hfb(8) B’-def)
have 2:\i. gbs-space (X i) # {} = B’ i € gbs-Mz (X i)
proof —
fix ¢
assume hne:gbs-space (X i) # {}
then obtain z where z € gbs-space (X i) by auto
hence (Ar. z) € ¢bs-Mz (X i) by auto
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thus 8’ i € gbs-Mz (X 1)
by(cases i € range f) (auto simp: S'-def hfb(2) hne intro!: somel2[where
a=Ar. z))
qed
show o € coPiQ-Mz' I X
using hfb(1,2) 1 2 B'-def by(auto simp: coPi@Q-Mz'-def intro!: exl[where z=f]
exl[where z=03")
next
fix a
assume o € coPiQ-Mz' I X
then obtain f § where hfb:
f € borel = count-space I Ni. gbs-space (X i) # {} = B i € qbs-Mxz (X i)
Ni.i € range f = B i € qbs-Mx (X i) a= (Ar. (fr, B8 (fr) r))
unfolding coPiQ-Mz'-def by blast
show a € coPiQ-Mz I X
by (auto simp: hfb(4) coPiQ-Mx-def introl: hfb(1) hfb(3))
qed

definition coPiQ :: ['a set, 'a = 'b quasi-borel] = ('a x 'b) quasi-borel where
coPiQ I X = Abs-quasi-borel (SIGMA i:1. gbs-space (X i), coPiQ-Mz I X)

syntax

-coPiQ) :: pttrn = 't set = 'a quasi-borel = (i x 'a) quasi-borel ((3g -€-./ -)
10)

syntax-consts

-coPi@QQ = coPi(Q

translations

g zel. X = CONST coPiQ I (A\z. X)

lemma
shows coPiQ-space: gbs-space (coPiQ I X) = (SIGMA i:I. qbs-space (X ©)) (is
?goall)
and coPiQ-Mz: qbs-Mz (coPiQ I X) = coPiQ-Mz I X (is ?goal2)
proof —
have coPiQ-Mx I X C UNIV — (SIGMA i:1. gbs-space (X 1))
by (fastforce simp: coPiQ-Mz-def dest: measurable-space qbs-Mz-to-X)
moreover have gbs-closed! (coPiQ-Mz I X)
proof (rule gbs-closed1I)
fix o and f :: real = real
assume « € coPiQ-Mz I X
and 1[measurable]: f € borel —p; borel
then obtain 5 g where ha:
Ni. @ € range g = B i € qbs-Mz (X i) a = (A\r. (g7, B (gr) r)) and
[measurable]:g € borel — ) count-space T
by (fastforce simp: coPiQ-Maz-def)
then have Ai. i € range g = B i o f € qbs-Mz (X i)
by simp
thus a o f € coPiQ-Mz I X
unfolding coPiQ-Mz-def by (auto introl: exl[where z=g o f] exl[where
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x=M\i. B i o f] simp: ha(2))
qed
moreover have ¢bs-closed2 (SIGMA i:1. gbs-space (X ©)) (coPiQ-Mz I X)
proof(safe intro!: gbs-closed2I)
fix i x
assume i € [ x € gbs-space (X i)
then show (Ar. (i,z)) € coPiQ-Mx I X
by (auto simp: coPiQ-Mz-def intro!: exl[where z=Ar. i])
qed
moreover have ¢bs-closed3 (coPiQ-Mz I X)
proof (rule gbs-closed3I)
fix P :: real = nat and Fi
assume h[measurable]:P € borel — s count-space UNIV
Ni : nat. Fii € coPiQ-Mz I X
then have Vi. 3fi ai. Fii= (Ar. (fir,ai (fir) 7)) A fi € borel =y count-space
I A (Yj. (§ € range fi V gbs-space (X j) # {}) — aij € qbs-Mz (X j))
by (auto simp: coPiQ-Mz-eq coPiQ-Mz'-def)
then obtain fi where
Vi Jai. Fii= Ar. (fiir,ai (fiir)r) Afii € borel = count-space I A
(V4. (j € range (fi i) V qbs-space (X j) # {}) — «aij € qbs-Mz (X j))
by (fastforce introl: choice)
then obtain «o¢ where
Vi.Fii=Ar. (fiir,aii (fiir)r)) Afiie€ borel =y count-space I A (V3.
(j € range (fi i) V gbs-space (X j) # {}) — «aiij € gbs-Mz (X j))
by (fastforce introl: choice)
then have hf[measurable]:
Ni. Fii=(Ar. (fiir,aii (fiir)r) Ni. fii € borel =y count-space I N\i
j. j € range (fi i) = «iij € gbs-Mz (X j) N\ij. gbs-space (X j) # {} = «aiij
€ gbs-Mz (X j)
by auto

define f’ where f' = (Ar. fi (P 1) 1)
define o’ where o' = (Nir. ai (P 1) i)
have 1:(Ar. Fi (Pr)r)=r. (f'r,a’ (f'7r) 1))
by (simp add: o’-def f'-def hf)
have f’ € borel =y count-space I
by (simp add: f'-def)
moreover have \i. i € range f' = o’ i € gbs-Mz (X 7)
proof —
fix ¢
assume hi:i € range f’
then obtain r where hr: ¢ = fi (P r) r by(auto simp: f’-def)
hence i € range (fi (P r)) by simp
hence ai (P r) i € ¢bs-Mz (X i) by(simp add: hf)
hence gbs-space (X i) # {}
by (auto simp: gbs-empty-equiv)
hence A\j. aiji € gbs-Mz (X 9)
by (simp add: hf(4))
then show o' i € ¢gbs-Mz (X 9)
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by (auto simp: a’-def h(1) intro!: qbs-closed3-dest[of P Aj. i j i])
qed
ultimately show (Ar. Fi (P r) r) € coPiQ-Mz I X
by (auto simp: 1 coPiQ-Ma-def introl: exl[where z=f"))
qged
ultimately have Rep-quasi-borel (coPiQ I X) = (SIGMA i:1. gbs-space (X 1),
coPi@Q-Mz I X)
unfolding coPiQ-def by(fastforce intro!: Abs-quasi-borel-inverse)
thus ?goall ?goal2
by (simp-all add: qbs-space-def gbs-Mz-def)
qged

lemma coPiQ-MzI:
assumes f € borel — ) count-space I
and Ai. ¢ € range f = « i € gbs-Mz (X 1)
shows (Ar. (fr, a (fr) r)) € gbs-Mz (coPiQ I X)
using assms unfolding coPiQ-Mz-def coPiQ-Mx by blast

lemma coPiQ-eql:

assumes \i. i € I = Xi=Yi

shows coPiQ I X = coPiQ 1Y

using assms by (auto intro!: qbs-eql simp: coPiQ-Mx coPiQ-Max-def) (metis UNIV-I
measurable-space space-borel space-count-space)+

3.1.10 List Spaces

We define the quasi-Borel spaces on list using the following isomorphism.

ListX)= [T J[ x

neN 0<i<n

definition list-nil :: nat X (nat = 'a) where

list-nil = (0, An. undefined)

definition list-cons :: ['a, nat x (nat = 'a)] = nat x (nat = 'a) where
list-cons 1 = (Suc (fst 1), (An. if n = 0 then z else (snd 1) (n — 1)))

fun from-list :: 'a list = nat X (nat = 'a) where
from-list || = list-nil |
from-list (a#l) = list-cons a (from-list l)

fun to-list’ :: nat = (nat = 'a) = 'a list where
to-list’ 0 - =[] |
to-list’ (Suc n) f = f 0 # to-list' n (An. f (Suc n))

definition to-list :: nat x (nat = ‘a) = ’a list where
to-list = case-prod to-list’

lemma inj-on-to-list: inj-on (to-list :: nat x (nat = 'a) = 'a list) (SIGMA
n:UNIV. PiE {..<n} A)
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proof (safe intro!: inj-onl)
fix nmand z y :: nat = a
assume h:to-list (n, ) = to-list (m, y)
have 1:Aa. length (to-list (n, a)) = n for n
by (induction n) (auto simp: to-list-def)
show n:n = m
using 1 arg-cong[OF h,of length] by metis
show z € PiE {.<n} A= ye€ PiIE {{.<m} A= z=1y
using h unfolding n
proof (induction m arbitrary: © y A)
case ih:(Suc m)
then have to-list (m, (An. z (Suc n))) = to-list (m, (An. y (Suc n)))
by (auto simp: to-list-def)
hence 1:(An. z (Suc n)) = (An. y (Suc n))
using ih(2—4) by(intro ih(1)[of - An. A (Suc n)]) auto
show ?Zcase
proof
fix n
show zn =yn
proof(cases n)
assume n = (
then show zn =y n
using ih(4) by(auto simp: to-list-def)
qed(use fun-cong[OF 1] in auto)
qed
qed(auto simp: to-list-def)
qged

Definition

definition list-gbs :: 'a quasi-borel = 'a list quasi-borel where
list-gbs X = map-qbs to-list (Ilg ne(UNIV :: nat set)Ilg ie{..<n}. X)

definition list-head :: nat x (nat = 'a) = 'a where

list-head | = snd | 0

definition list-tail :: nat x (nat = 'a) = nat x (nat = ’‘a) where
list-tail I = (fst 1 — 1, Am. (snd 1) (Suc m))

lemma list-simp1: list-nil # list-cons x|
by (simp add: list-nil-def list-cons-def)

lemma list-simp2:
assumes list-cons a al = list-cons b bl
shows a = b al = bl
proof —
have a = snd (list-cons a al) 0 b = snd (list-cons b bl) 0
by (auto simp: list-cons-def)

thus a =10
by(simp add: assms)
next
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have fst al = fst bl
using assms by (simp add: list-cons-def)
moreover have snd al = snd bl
proof
fix n
have snd al n = snd (list-cons a al) (Suc n)
by (simp add: list-cons-def)

also have ... = snd (list-cons b bl) (Suc n)
by (simp add: assms)
also have ... = snd bl n

by (simp add: list-cons-def)
finally show snd al n = snd bl n .
qed
ultimately show al = bl
by (simp add: prod.expand)
qed

lemma
shows list-simp3:list-head (list-cons a l) = a
and list-simp4 :list-tail (list-cons a 1) =1
by (simp-all add: list-head-def list-cons-def list-tail-def)

lemma list-decomp1:
assumes | € gbs-space (g ne(UNIV :: nat set).Ilg ie{..<n}. X)
shows [ = list-nil V
(Fal. a € gbs-space X N 1" € gbs-space (Ig ne(UNIV :: nat set).Ilg
ie{..<n}. X) Al = list-cons a l’)
proof(cases 1)
case hl:(Pair n f)
show ?thesis
proof(cases n)
case (
then show ?thesis
using assms hl by (simp add: list-nil-def coPiQ-space PiQ-space)
next
case hn:(Suc n')
define f’ where f' = Am. f (Suc m)
have [ = list-cons (f 0) (n',f")
unfolding hl hn list-cons-def
proof safe
fix m
show f = (Am. if m = 0 then f 0 else snd (n', f') (m — 1))
proof
fix m
show fm = (if m = 0 then f 0 else snd (n', f') (m — 1))
using assms hl by(cases m; fastforce simp: f’-def)
qed
qed simp
moreover have (n’, f') € gbs-space (Ilg ne(UNIV :: nat set)Ilg i€{..<n}.
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X)
proof —
have Az. z € {.<n'} = [’z € ¢bs-space X
using assms hl hn by (fastforce simp: f'-def coPiQ-space PiQ-space)
moreover {
fix z
assume [:z ¢ {..<n'}
hence f' = = undefined
using hi assms hn by (auto simp: f'-def coPiQ-space PiQ-space)
}
ultimately show ?Zthesis
by (auto simp add: coPiQ-space PiQ-space)
qed
ultimately show #thesis
using hl assms by (auto intro!: exl[where z=f 0] exI[where z=(n’Am. if m
= 0 then undefined else f (Suc m))] simp: list-cons-def coPiQ-space PiQ-space)
qed
qed

lemma list-simp5:
assumes | € gbs-space (IIg ne(UNIV :: nat set).Ilg ie{..<n}. X)
and | # list-nil
shows [ = list-cons (list-head 1) (list-tail 1)
proof —
obtain a I’ where hl:
a € gbs-space X I' € gbs-space (g ne(UNIV :: nat set).Ilg ie{..<n}. X) | =
list-cons a 1’
using list-decompl[OF assms(1)] assms(2) by blast
hence list-head | = a list-tail | = 1’
by (simp-all add: list-simp3 list-simp4)
thus ?thesis
using hl(8) list-simp2 by auto
qed

lemma list-simp6':
list-nil € gbs-space (Lo ne(UNIV :: nat set).Ilg ie{..<n}. X)
by (simp add: list-nil-def coPiQ-space PiQ-space)

lemma list-simp7:
assumes a € gbs-space X
and [ € gbs-space (g ne(UNIV :: nat set)Ilg i€{..<n}. X)
shows list-cons a | € gbs-space (g ne(UNIV :: nat set).Ilg i€{..<n}. X)
using assms by(fastforce simp: PiE-def extensional-def list-cons-def coPiQ-space
PiQ-space)

lemma list-destruct-rule:
assumes | € gbs-space (IIg ne(UNIV :: nat set).Ilg ie{..<n}. X)
P list-nil
and Aal’. a € gbs-space X = 1’ € gbs-space (g ne(UNIV :: nat set).Ilg
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ie{..<n}. X) = P (list-cons a l’)
shows P |
by (rule disjE[OF list-decompl[OF assms(1)]]) (use assms in auto)

lemma list-induct-rule:
assumes | € gbs-space (LIg ne(UNIV :: nat set).Ilg ie{..<n}. X)
P list-nil
and Aal'. a € gbs-space X = I’ € qbs-space (Il ne(UNIV :: nat set).Ilg
ie{..<n}. X) = Pl' = P (list-cons a l’)
shows P [
proof(cases 1)
case hl:(Pair n f)
then show ?thesis
using assms(1)
proof (induction n arbitrary: f1)
case (
then show ?case
using assms(2) by (simp add: coPiQ-space PiQ-space list-nil-def)
next
case th:(Suc n)
then obtain « [’ where hli:
a € gbs-space X ' € gbs-space (Ilg ne(UNIV :: nat set).Ilg ic{..<n}. X) I =
list-cons a 1’
using list-decompl by (simp add: list-nil-def) blast
have P [’
using ih hl(3)
by (auto introl: ih(1)[OF - hl(2),of snd '] simp: coPiQ-space PiQ-space
list-cons-def)
from assms(3)[OF hi(1,2) this]
show ?case
by (simp add: hi(3))
qed
qed

lemma to-list-simp1: to-list list-nil = ||
by (simp add: to-list-def list-nil-def)

lemma to-list-simp2:
assumes | € gbs-space (Lo ne(UNIV :: nat set).Ilg ie{..<n}. X)
shows to-list (list-cons a 1) = a # to-list |
using assms by (auto simp: PiE-def to-list-def list-cons-def coPiQ-space PiQ-space)

lemma to-list-set:
assumes | € gbs-space (Lo ne(UNIV :: nat set).Ilg ie{..<n}. X)
shows set (to-list ) C gbs-space X
by (rule list-induct-rule]OF assms]) (auto simp: to-list-simpl to-list-simp2)

lemma from-list-length: fst (from-list I) = length |
by (induction 1, simp-all add: list-cons-def list-nil-def)
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lemma from-list-in-list-of:

assumes set [ C qbs-space X

shows from-list | € qbs-space (Ilg ne(UNIV :: nat set).Ilg ie{..<n}. X)

using assms by (induction 1) (auto simp: PiE-def extensional-def Pi-def coPiQ-space
PiQ-space list-nil-def list-cons-def)

lemma from-list-in-list-of ": from-list | € gbs-space ((Ilg ne(UNIV :: nat set).Ilg
ie{..<n}. Abs-quasi-borel (UNIV ,UNIV)))
proof —
have set | C gbs-space (Abs-quasi-borel (UNIV  UNIV))
by (simp add: qbs-space-def Abs-quasi-borel-inverse[of (UNIV UNIV),simplified
is-quasi-borel-def gbs-closed1-def qbs-closed2-def gbs-closed3-def ,simplified))
thus ?thesis
using from-list-in-list-of by blast
qed

lemma list-cons-in-list-of:

assumes set (a#l) C gbs-space X

shows list-cons a (from-list 1) € gbs-space (g n€(UNIV :: nat set).Ilg ie{..<n}.
X)

using from-list-in-list-of [OF assms] by simp

lemma from-list-to-list-ident:
to-list (from-list 1) =1
by (induction ) (simp add: to-list-def list-nil-def ,simp add: to-list-simp2|OF from-list-in-list-of )

lemma to-list-from-list-ident:
assumes | € gbs-space (g ne(UNIV :: nat set).Ilg ie{..<n}. X)
shows from-list (to-list ) =1
proof (rule list-induct-rule[OF assms)])
fix a I’
assume h: I’ € gbs-space (LIg ne(UNIV :: nat set).Ilg ie{..<n}. X)
and ih:from-list (to-list 1") = I
show from-list (to-list (list-cons a 1)) = list-cons a 1’
by (auto simp add: to-list-simp2[OF h) ih[simplified))
qed (simp add: to-list-simp1)

definition rec-list’ :: 'b = (‘a = (nat x (nat = 'a)) = 'b = 'b) = (nat x (nat
= 'a)) = 'b where
rec-list’ t0 f 1 = (rec-list t0 (Az 1. fx (from-list l")) (to-list 1))

lemma rec-list’-simp1:
rec-list’ t f list-nil = t
by (simp add: rec-list’-def to-list-simp1)

lemma rec-list’-simp2:

assumes | € gbs-space (IIg ne(UNIV :: nat set).Ilg ie{..<n}. X)
shows rec-list’ t f (list-cons © 1) = fx 1 (rec-list’ ¢ f 1)
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by (simp add: rec-list’-def to-list-simp2[OF assms] to-list-from-list-ident[ OF assms,simplified])

lemma list-qbs-space: qbs-space (list-gbs X) = lists (qbs-space X)
using to-list-set by (auto simp: list-qbs-def map-qbs-space image-def from-list-to-list-ident
from-list-in-list-of subset-iff introl: bexI[where z=from-list -])

3.1.11 Option Spaces

The option spaces is defined using the following isomorphism.

Option(X) =2 X +1

definition option-gbs :: 'a quasi-borel = 'a option quasi-borel where
option-gbs X = map-qbs (Az. case x of Inl y = Some y | Inr y = None) (X P o

1q)

lemma option-gbs-space: qbs-space (option-qbs X) = {Some z|z. x € gbs-space X}
U {None}

by (auto simp: option-qbs-def map-gbs-space copair-gbs-space) (metis Inrl im-
age-eql insert-iff old.sum.simps(6), metis Inll image-iff sum.case(1))

3.1.12 Function Spaces

definition exp-gbs :: ['a quasi-borel, 'b quasi-borel] = (‘a = 'b) quasi-borel (infixr
=¢ 61) where

X =q Y = Abs-quasi-borel ({f. Va € gbs-Mz X. f o a € gbs-Mz Y}, {g. Vac
borel-measurable borel. ¥ g€ qbs-Mz X. (Ar. g (a r) (B r)) € gbs-Mz Y})

lemma
shows exp-gbs-space: qbs-space (exp-gbs X Y) = {f. Va € gbs-Mx X. f o @ €
qbs-Mz Y}
and exp-qbs-Mz: qbs-Mz (exp-qbs X Y) = {g. V a€ borel-measurable borel. ¥V f€
gbs-Mz X. (Ar. g (aer) (B 1)) € gbs-Mz Y}
proof —
have {g:: real = -. VY a€ borel-measurable borel. V¥ B€ qbs-Mz X. (Ar. g (a ) (B
r)) € qgbs-Mx Y} C UNIV — {f.Va € qbs-Mz X. f o a € ¢bs-Mz Y}
proof safe
fix g :: real = - and r :: real and «
assume h:V a€borel-measurable borel. ¥ feqbs-Mz X. (Ar. g (v 1) (B 1)) €
gbs-Mz Y o € gbs-Mxz X
have [simp]: g r o a = (Al. g r (a 1)) by (auto simp: comp-def)
thus g r o a € gbs-Mz Y
using h by auto
qed
moreover have gbs-closed3 {g. V a€ borel-measurable borel. V B€ ¢bs-Mz X. (Ar.
g(ar)(Br)) € gbs-Mz Y}
by (rule qbs-closed3I, auto) (rule qbs-closed3-dest,auto)
ultimately have Rep-quasi-borel (exp-qbs X V) = ({f. Va € ¢bs-Mz X. f o «
€ gbs-Mz Y}, {g. Y a€ borel-measurable borel. ¥ f€ qbs-Mz X. (Ar. g (a 1) (B 7))
€ gbs-Mz Y})
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unfolding exp-gbs-def by(auto intro!: Abs-quasi-borel-inverse is-quasi-borel-intro
gbs-closed1I qbs-closed2I simp: comp-def)
thus gbs-space (exp-qbs X Y) = {f. Va € qbs-Mz X. f o a € ¢bs-Mz Y}
qbs-Mz (exp-qbs X V) = {g. Ya€ borel-measurable borel. ¥ f€ gbs-Mz X.
(Ar. g (ar) (B 1) € ¢bs-Mz Y}
by (simp-all add: qbs-space-def gbs-Mz-def)
qed

3.1.13 Ordering on Quasi-Borel Spaces

inductive-set generating-Mz :: 'a set = (real = 'a) set = (real = 'a) set

for X :: ‘a set and Mz :: (real = 'a) set

where

Basic: a € Mz = « € generating-Mx X Mz

| Const: © € X = (Ar. x) € generating-Mx X Mz

| Comp : f € (borel :: real measure) —pp (borel :: real measure) = a € gener-
ating-Mz X Mx = o o f € generating-Mxz X Mz

| Part : (\i. Fii € generating-Mx X Mz) = P € borel — 1 count-space (UNIV
it nat set) = (Ar. Fi (P r) r) € generating-Mz X Mx

lemma generating-Maz-to-space:

assumes Mz C UNIV — X

shows generating-Mxz X Mz C UNIV — X
proof

fix o

assume « € generating-Mz X Mz

then show a € UNIV — X

by (induct rule: generating-Mz.induct) (use assms in auto)
qed

lemma generating-Mz-closed! :
gbs-closed1 (generating-Mx X Mz)
by (simp add: generating-Mz.Comp gbs-closed1I)

lemma generating-Mz-closed?2:
gbs-closed2 X (generating-Mz X Mzx)
by (simp add: generating-Mz.Const gbs-closed2I)

lemma generating-Mz-closed3:
gbs-closed3 (generating-Mz X Mz)
by (simp add: qbs-closed3I generating-Mz.Part)

lemma generating-Mz-Mz:
generating-Mz (gbs-space X) (gbs-Mz X) = gbs-Mx X
proof safe
fix o
assume « € generating-Mz (gbs-space X) (qbs-Mz X)
then show o € ¢bs-Mz X
by (rule generating-Mz.induct) (auto intro: gbs-closed1-dest|[simplified comp-def]
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stmp: qbs-closed3-dest’)
next

fix «

assume o € gbs-Mz X

then show « € generating-Mz (gbs-space X) (qbs-Mz X) ..
qed

instantiation quasi-borel :: (type) order-bot
begin

inductive less-eq-quasi-borel :: 'a quasi-borel = 'a quasi-borel = bool where
gbs-space X C gbs-space Y = less-eq-quasi-borel X Y

| gbs-space X = qbs-space Y = gbs-Mz Y C gbs-Mz X = less-eq-quasi-borel X

Y

lemma le-quasi-borel-iff:

X <Y +— (if gbs-space X = qbs-space Y then gbs-Mx Y C qbs-Mz X else
gbs-space X C gbs-space Y)

by (auto elim: less-eq-quasi-borel.cases intro: less-eq-quasi-borel.intros)

definition less-quasi-borel :: 'a quasi-borel = 'a quasi-borel = bool where
less-quasi-borel X ¥ +— (X < Y A= Y < X)

definition bot-quasi-borel :: 'a quasi-borel where
bot-quasi-borel = empty-quasi-borel

instance
proof
show bot < a for a :: 'a quasi-borel
using g¢bs-empty-equiv
by (auto simp add: le-quasi-borel-iff bot-quasi-borel-def)
qed (auto simp: le-quasi-borel-iff less-quasi-borel-def split: if-split-asm intro: gbs-eqI)
end

definition inf-quasi-borel :: ['a quasi-borel, 'a quasi-borel] = 'a quasi-borel where
inf-quasi-borel X X' = Abs-quasi-borel (gbs-space X N gbs-space X', gbs-Mz X N
gbs-Mz X')

lemma inf-quasi-borel-correct: Rep-quasi-borel (inf-quasi-borel X X') = (qbs-space
X N gbs-space X', gbs-Mz X N gbs-Mz X')

by (auto intro!: Abs-quasi-borel-inverse simp: inf-quasi-borel-def is-quasi-borel-def
gbs-closed1-def gbs-closed2-def gbs-closed3-def dest: gbs-Mz-to-X)

lemma inf-gbs-space[simp)|: gbs-space (inf-quasi-borel X X') = qbs-space X N qbs-space
X/
by (simp add: qbs-space-def inf-quasi-borel-correct)

lemma inf-gbs-Mz[simp): qbs-Mzx (inf-quasi-borel X X') = ¢bs-Mz X N gbs-Mz X'
by (simp add: gbs-Ma-def inf-quasi-borel-correct)
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definition maz-quasi-borel :: 'a set = 'a quasi-borel where
maz-quasi-borel X = Abs-quasi-borel (X, UNIV — X)

lemma maz-quasi-borel-correct: Rep-quasi-borel (maz-quasi-borel X) = (X, UNIV
— X)
by (fastforce introl: Abs-quasi-borel-inverse
stmp: maz-quasi-borel-def qbs-closed1-def gbs-closed2-def qbs-closed3-def is-quasi-borel-def)

lemma maz-qbs-space[simp]: qbs-space (maz-quasi-borel X) = X
by (simp add: gbs-space-def maz-quasi-borel-correct)

lemma maz-qbs-Mz[simp|: gbs-Mz (maz-quasi-borel X) = UNIV — X
by (simp add: gbs-Maz-def maz-quasi-borel-correct)

instantiation quasi-borel :: (type) semilattice-sup
begin

definition sup-quasi-borel :: 'a quasi-borel = 'a quasi-borel = 'a quasi-borel where
sup-quasi-borel X Y = (if qbs-space X = gbs-space YV then inf-quasi-borel X Y
else if qbs-space X C qbs-space Y then Y
else if qbs-space Y C qbs-space X then X
else maz-quasi-borel (gbs-space X U gbs-space Y))

instance
proof
fix X Y :: 'a quasi-borel
let ?X = qbs-space X
let ?Y = gbs-space Y
consider ?X = ?Y | X C?Y | ?Y C?X | ?X C?XU?Y A?Y C?2X U ?Y
by auto
then show X < X U Y
proof (cases)
case 1
show ?thesis
unfolding sup-quasi-borel-def
by (rule less-eq-quasi-borel.intros(2),simp-all add: 1)
next
case 2
then show ?thesis
unfolding sup-quasi-borel-def
by (simp add: less-eq-quasi-borel.intros(1))
next
case 3
then show #thesis
unfolding sup-quasi-borel-def
by auto
next
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case 4
then show ?thesis
unfolding sup-quasi-borel-def
by (auto simp: less-eq-quasi-borel.intros(1))
qed
next
fix X Y :: 'a quasi-borel
let ?X = qbs-space X
let ?Y = gbs-space Y
consider ?X = ?2Y | X C ?Y | ?Y C?X | ?X C?XUP?Y A?Y C?2X U ?Y
by auto
then show V¥ < X U Y
proof (cases)
case I
show ?thesis
unfolding sup-quasi-borel-def
by (rule less-eq-quasi-borel.intros(2)) (simp-all add: 1)
next
case 2
then show ?thesis
unfolding sup-quasi-borel-def
by auto
next
case 3
then show ?thesis
unfolding sup-quasi-borel-def
by (auto simp add: less-eq-quasi-borel.intros(1))
next
case 4
then show ?thesis
unfolding sup-quasi-borel-def
by (auto simp: less-eq-quasi-borel.intros(1))
qed
next
fix X Y Z :: 'a quasi-borel
assume h: X < 7Y <7
let ?X = ¢bs-space X
let ?Y = gbs-space Y
let ?Z = qbs-space Z
consider ?X = ?Y | X C ?Y | Y C?X | ?X C XU ?Y AN?Y C ?2X U ?Y
by auto
then show sup X ¥ < 7
proof cases
case I
show ?thesis
unfolding sup-quasi-borel-def
apply(simp add: 1,rule less-eq-quasi-borel.cases|OF h(1)])
apply(rule less-eq-quasi-borel.intros(1))

apply auto[1]
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apply simp
apply(rule less-eq-quasi-borel.intros(2))
apply(simp add: 1)
apply (rule less-eq-quasi-borel.cases|OF h(2)])
using 1
apply fastforce
apply simp
by (metis 1 h(2) inf-gbs-Mz le-inf-iff le-quasi-borel-iff)

next
case 2
then show ?thesis
unfolding sup-quasi-borel-def
using h(2) by auto
next
case 3
then show ?thesis
unfolding sup-quasi-borel-def
using h(1) by auto
next
case /
then have [simp]:?X # ?Y ~ (X C ?Y) ~ (?Y C ?X)
by auto
have [simp]:?X C ?Z ?Y C ?2Z
by (metis h(1) dual-order.order-iff-strict less-eq-quasi-borel.cases)
(metis h(2) dual-order.order-iff-strict less-eq-quasi-borel.cases)
then consider ?X U ?Y = 27 | X U ?Y C 27
by blast
then show ?thesis
unfolding sup-quasi-borel-def
apply cases
apply simp
apply(rule less-eq-quasi-borel.intros(2))
apply simp
using gbs-Mz-to-X apply auto[1]
by (simp add: less-eq-quasi-borel.intros(1))
qged
qed

end

end

3.2 Morphisms of Quasi-Borel Spaces
theory QBS-Morphism

imports
QuasiBorel
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begin

abbreviation gbs-morphism :: ['a quasi-borel, 'b quasi-borel] = ('a = 'b) set
(infixr —¢g 60) where
X =g Y = gbs-space (X =¢q Y)

lemma gbs-morphismI: (ANa. a € gbs-Mz X = foa € ¢gbs-Mz V) = f € X
—Q Y
by (auto simp: exp-qbs-space)

lemma g¢bs-morphism-def: X —¢q Y = {fegbs-space X — qbs-space Y. Va €
gbs-Mz X. f o a € ¢qbs-Mz Y'}
unfolding exp-gbs-space
proof safe
fix fx
assume h:x € gbs-space X Vacgbs-Mz X. f o a € gbs-Mz Y
then have (A\r. z) € gbs-Mz X
by simp
hence f o (Ar. z) € qbs-Mz YV
using & by blast
with gbs-Mz-to-X show fx € gbs-space Y
by auto
qed auto

lemma ¢bs-morphism-Mz:
assumes f € X =g Y a € qgbs-Mz X
shows f o a € gbs-Mz Y
using assms by (auto simp: qbs-morphism-def)

lemma q¢bs-morphism-space:
assumes f € X =g Y z € gbs-space X
shows fx € gbs-space Y
using assms by (auto simp: qbs-morphism-def)

lemma gbs-morphism-ident[simpl:
ide X —Q X
by (auto intro: qbs-morphismlI)

lemma gbs-morphism-ident’[simp]:
Az.z) e X =g X
using ¢bs-morphism-ident by (simp add: id-def)
lemma q¢bs-morphism-comp:
assumes f € X =g Yge Y =g Z
shows go f e X =g Z

using assms by (simp add: comp-assoc Pi-def gbs-morphism-def)

lemma gbs-morphism-compose-rev:
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assumes f € ¥ —wg Zand g€ X =g YV
shows (Az. f (gz)) € X =g Z
using gbs-morphism-comp|OF assms(2,1)] by (simp add: comp-def)

lemma ¢bs-morphism-compose:
assumes g € X =g Yand fe€ Y =g Z
shows (Az. f (gz)) € X =g Z
using gbs-morphism-compose-rev|OF assms(2,1)] .

lemma gbs-morphism-cong’:
assumes A\z. z € gbs-space X = fzr =g
and f € X =g YV
shows g€ X =g Y
proof (rule gbs-morphismI)
fix a
assume [:a € gbs-Mz X
have goa =fo
proof
fix z
have o z € gbs-space X
using 1 gbs-decomp|of X| qbs-Ma-to-X by auto
thus (goa)z = (foa)x
using assms(1) by simp
qed
thus g o a € gbs-Mz Y
using 1 assms(2) by(simp add: qbs-morphism-def)
qged

lemma q¢bs-morphism-cong:

assumes A\z. x € gbs-space X = fzx =gz

shows f e X mg Y= ge X =g V

using assms by (auto simp: gbs-morphism-cong’lof - f g] qbs-morphism-cong’[of -
9/
lemma qbs-morphism-const:

assumes y € gbs-space Y

shows (A\z. y) € X ¢ V

using assms by (auto intro: qbs-morphismI)

lemma gbs-morphism-from-empty: qbs-space X = {} = f € X =g Y
by (auto introl: gbs-morphismlI simp: gbs-empty-equiv)

lemma unit-quasi-borel-terminal: 3! f. f € X —¢ unit-quasi-borel
by (fastforce simp: gbs-morphism-def)

definition to-unit-quasi-borel :: 'a = unit () where
to-unit-quasi-borel = (Ar.())

lemma to-unit-quasi-borel-morphism:
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lo € X —¢ unit-quasi-borel
by (auto simp add: to-unit-quasi-borel-def qbs-morphism-def)

lemma qbs-morphism-subD:
assumes f € X —g sub-gbs Y A
shows f € X =g V
using gbs-morphism-Mz|[OF assms| by (auto introl: gbs-morphismlI simp: sub-gbs-Mzx)

lemma qbs-morphism-subl1:

assumes f € X —g Y Az. z € gbs-space X = fz € A

shows f € X —¢ sub-qbs Y A

using gbs-morphism-space[OF assms(1)] gbs-morphism-Mz[OF assms(1)] assms(2)
gbs-Mz-to-X[of - X]

by (auto introl: qbs-morphismlI simp: sub-qbs-Mzx)

lemma gbs-morphism-subl2:
assumes f € X =g V
shows f € sub-gbs X A —¢g Y
using gbs-morphism-Mz[OF assms] by (auto introl: gbs-morphismlI simp: sub-gbs-Mz)

lemma gbs-morphism-subl2':
assumes f € X —q Y gbs-space Z C gbs-space X qbs-Mz Z C gbs-Mz X
shows f € Z =g V
using g¢bs-morphism-Mz[OF assms(1)] assms(2,3) by(auto introl: gbs-morphismlI)

corollary gbs-morphism-subsubl:
assumes f € X g Y Az. v € A = z € ¢gbs-space X = fz € B
shows f € sub-gbs X A —¢ sub-qbs Y B
by (rule gbs-morphism-subl1) (auto intro: gbs-morphism-subI2 assms simp: sub-gbs-space)

lemma map-gbs-morphism-f: f € X —¢g map-qgbs f X
by (auto intro!: qbs-morphismlI simp: map-qbs-Mr)

lemma map-gbs-morphism-inverse-f:
assumes A\z. x € gbs-space X = ¢ (fz) =z
shows g € map-gbs f X =g X
proof —
{
fix «
assume h:a € gbs-Mz X
from ¢bs-Mz-to-X[OF this] assms have g o (f o a) = «
by auto
with h have g o (f o «) € ¢bs-Mz X by simp
}
thus ?thesis
by (auto introl: qbs-morphismlI simp: map-qbs-Mz)
qed

lemma pair-gbs-morphismlI:
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assumes Aa 8. a € ¢gbs-Mzx X = € qbs-Mz Y
= (Ar. f(ar,Br)) € qgbs-Mx Z
shows f € (X Qo Y) =0 Z
using assms by(fastforce introl: gbs-morphismlI simp: pair-qbs-Mx comp-def)

lemma pair-gbs-MzD:
assumes vy € ¢bs-Mz (X Q¢ Y)
obtains « § where a € gbs-Mz X 8 € gbs-Mz Y v = (Az. (o z, B z))
using assms by(auto simp: pair-qbs-Mz)

lemma pair-gbs-MzI:
assumes (Az. fst (y z)) € ¢bs-Mz X and (Az. snd (v z)) € gbs-Mz Y
shows v € gbs-Mz (X Q¢ V)
using assms by (auto simp: pair-qbs-Mz comp-def)

lemma
shows fst-gbs-morphism: fst € X Qg Y =g X
and snd-gbs-morphism: snd € X Qo Y =g Y
by (auto introl: pair-qbs-morphismlI simp: comp-def)

lemma gbs-morphism-pair-iff:
fEX -0 YQRoZ+—fstofe X g YAsndofeX —g 2
by (auto introl: qbs-morphism-comp fst-qbs-morphism snd-gbs-morphism)
(auto dest: gbs-morphism-Mz introl: gbs-morphisml simp: pair-gbs-Mz comp-assoc[symmetric])

lemma ¢bs-morphism-Pair:
assumes f € 7 =g X
andge ”Z =g Y
shows (Az. (fz,92) € Z =20 X Qo Y
unfolding ¢bs-morphism-pair-iff
using assms by (auto simp: comp-def)

lemma gbs-morphism-curry: curry € exp-gbs (X Qo Y) Z —¢ exp-gbs X (exp-gbs
Y 2)
by (auto introl: qbs-morphismlI simp: pair-qbs-Mz exp-qbs-Mz comp-def)

corollary curry-preserves-morphisms:

assumes (Azy. f (fst zy) (sndzy)) € X Qo Y —¢o Z

shows f € X =g YV =9 7

using gbs-morphism-space|OF qbs-morphism-curry assms] by (auto simp: curry-def)

lemma ¢bs-morphism-eval:

Mz, (fstfx) (snd fr)) € (X =20 Y) R X =0 Y
by (auto intro!: qbs-morphismI simp: pair-qbs-Mx exp-gbs-Mx comp-def)

corollary gbs-morphism-app:
assumes f € X =g (Y =0 Z2)ge X -0 Y
shows (Az. (fz) (9z) € X —¢g Z
by (rule gbs-morphism-cong’|where f=(\fz. (fst fr) (snd fx)) o (A\z. (fz, g z)),OF
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- gbs-morphism-comp[OF qbs-morphism-Pair| OF assms] qbs-morphism-eval]]) auto
ML-file <qbs.ML»

attribute-setup ¢gbs = «
Attrib.add-del Qbs.qbs-add Qbs.qbs-del»
declaration of qbs rule

method-setup ¢bs = ¢ Scan.lift (Scan.succeed (METHOD o Qbs.gbs-tac))»
simproc-setup gbs (z € gbs-space X) = <K Qbs.simproc

declare
fst-gbs-morphism[qbs)
snd-qbs-morphism|[qbs]
gbs-morphism-const]qbs]
gbs-morphism-ident|qbs]
gbs-morphism-ident’|qbs)
gbs-morphism-curry|qbs]

lemma [gbs]:
shows gbs-morphism-Pairl: Pair € X —q Y =0 (X Qo Y)
by (auto intro!: qbs-morphismI simp: exp-qbs-Mz pair-gbs-Mxz comp-def)

lemma g¢bs-morphism-case-prod[qbs]: case-prod € exp-qbs X (exp-qbs Y Z) —¢
exp-gbs (X Qo Y) Z
by (fastforce intro: gbs-morphisml simp: exp-qbs-Mz pair-qbs-Mz comp-def split-beta’)

lemma uncurry-preserves-morphisms:
assumes [¢bs]:(Az y. f (z,9) € X = Y =¢ Z
shows fe X Qo Y —¢ Z
by (rule gbs-morphism-cong’[where f=case-prod (Az y. f (x,y))],simp) qbs

lemma gbs-morphism-comp’[gbs):comp € ¥V =g Z =g (X =@ Y) =g X =0 Z
by (auto introl: qbs-morphismlI simp: exp-qbs-Mz)

lemma arg-swap-morphism:
assumes f € X —q exp-qgbs Y Z
shows (A\y z. fzy) € ¥ —¢ exp-¢bs X Z
using assms by simp

lemma exp-qbs-comp-morphism:
assumes f € W —q exp-gbs X Y
and g € W —q exp-qbs Y Z
shows (Aw. g wo fw) € W —q exp-gbs X Z
using assms by gbs

lemma arg-swap-morphism-map-qbsi:
assumes g € exp-gbs W (exp-gbs X Y) —¢g Z
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shows (Ak. g (k o f)) € exp-gbs (map-gbs f W) (exp-qbs X Y) —¢g Z
using assms map-qbs-morphism-f by qbs

lemma gbs-morphism-map-prod[gbs]: map-prod € X =q Y —¢g (W =¢ Z) =¢
X Qo W) =q (Y Qq 2)

by (auto intro!: gbs-morphismlI simp: exp-qbs-Mz pair-gbs-Mxz map-prod-def comp-def
case-prod-beta’)

lemma qbs-morphism-pair-swap:
assumes f € X Qq Y —¢ 7
shows (A(z,y). f (y.2)) € Y Qq X —q Z

using assms by simp

lemma
shows gbs-morphism-pair-assocl: (A((z,y),2). (2,(1,2))) € (X Qo Y) Qo Z
20X Qe (Y Q¢ %)
and g¢bs-morphism-pair-assoc2: (A(z,(y,2)). ((z,9),2)) € X Qo (Y Qo 2Z)
2@ (X Qe Y)®q 7
by simp-all

lemma Ini-gbs-morphism[gbs]: Inl € X -9 X Pq Y
by (auto introl: gbs-morphismlI bexI[where x={}] simp: copair-qbs-Mx copair-gbs-Mz-def
comp-def)

lemma Inr-gbs-morphism[qbs]: Inr € ¥ —g X P YV
by (auto introl: gbs-morphismI bexI[where x=UNIV] simp: copair-qbs-Mx co-
pair-qbs-Mz-def comp-def)

lemma case-sum-gbs-morphism[gbs]: case-sum € X =g Z —=¢q (Y =9 Z) =¢ (X
DoV =q72)

by (auto introl: gbs-morphismlI gbs-Mz-indicat simp: copair-qbs-Mz copair-qbs-Ma-def
exp-qbs-Mz case-sum-if)

lemma map-sum-gbs-morphism[gbs|: map-sum € X =q Y —¢q (X' =¢ V') =¢
X DX =Y DoY)
proof (rule gbs-morphismI)
fix o
assume «a € gbs-Mz (X =¢q V)
then have ha[measurable]: ¥ (k :: real = real)€borel-measurable borel. V a€ gbs-Mx
X. (Ar.a(kr) (ar)) € gbs-Mz Y
by (auto simp: exp-gbs-Mzx)
show map-sum o a € gbs-Mz (X' =g Y) =20 X Po X' =0 Y Po V)
unfolding exp-gbs-Mz
proof safe
fix 8 band fg :: real = real
assume h[measurable]: ¥V (k :: real = real)€borel-measurable borel. ¥ be gbs-Mzx
X . (Ar.B(kr)(br)) € gbs-Mz Y’
f € borel-measurable borel g € borel-measurable borel
and b: b € gbs-Mz (X P g X)
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show (Ar. (map-sum o o) (f (gr)) (B (gr)) (br)) € gbs-Mzx (Y g Y
proof (rule copair-qbs-MzD][OF b])
fix a
assume a € gbs-Mz X b = (Ar. Inl (a 1))
with ha show (Ar. (map-sum o o) (f (g 7)) (B (g 7)) (b)) € ¢bs-Mz (Y
DoY)
by (auto simp: copair-qbs-Mz copair-qbs-Muz-def introl: bexI[where z={}])
next
fix a
assume a € gbs-Mz X' b = (Ar. Inr (a 1))
with h(1) show (Ar. (map-sum o «) (f (g9 7)) (B (g 7)) (br)) € ¢bs-Mz (Y
DoY)
by (auto simp: copair-gbs-Mz copair-gbs-Ma-def introl: bexI[where z=UNIV])
next
fix Saa’
assume S € sets borel S # {} S # UNIV a € ¢bs-Mz X a’ € gbs-Mx X' b =
(Ar.if r € S then Inl (a 1) else Inr (a’ 1))
with & ha show (Ar. (map-sum o «) (f (g 7)) (B (gr)) (br)) € gbs-Mz (Y
Do V)
by simp (fastforce simp: copair-gbs-Mz copair-qbs-Mz-def intro!: bexl[where
z=>5])
qed
qed
qed

lemma gbs-morphism-component-singleton|qbs]:
assumes i € [
shows (Az. z 1) € (Ilg i€l. (M 1)) =g M1
by (auto introl: qbs-morphismlI simp: comp-def assms PiQ-Mzx)

lemma qbs-morphism-component-singleton’:

assumes f € Y —g (Ilg i€l. Xi) g€ Z »q Yiel

shows (Az. f (gz) i) € Z —¢o X i

by (auto intro!: gbs-morphism-compose|OF assms(2)] qbs-morphism-compose| OF
assms(1)] gbs-morphism-component-singleton assms)

lemma product-qbs-canonicall:
assumes \i. i€ ] = fieY =g X
and Ai. i ¢ I = fi = (\y. undefined)
shows (Ay i. fiy) € Y —¢ (Ilg i€l. X %)
using assms gbs-morphism-Mz[OF assms(1)] by (auto introl: gbs-morphismI simp:
PiQ-Mz comp-def)

lemma product-gbs-canonical2:
assumes \i. i€ ] = fieY =g X
Ni. i ¢ I = fi= (A\y. undefined)
g < Y—)Q (HQ i€l. XZ)
Niiel = fi=(\z.xzi)oyg
and y € gbs-space Y
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shows gy = (Ai. fiy)
proof (intro ext)
fix ¢
show gyi=fiy
proof(cases i € I)
case True
then show %thesis
using assms(4)[of i] by simp
next
case Fulse
with g¢bs-morphism-space[OF assms(3)] assms(2,3,5) show ?thesis
by (auto simp: PiQ-Mz PiQ-space)
qed
qed

lemma merge-qbs-morphism:
merge I J € (Ilg iel. (M 1)) Qo (g jeJ. (M j)) —¢o (Ilg i€lUJ. (M 7))
proof(rule gbs-morphisml)
fix a
assume h:a € gbs-Mz ((Ilg iel. (M 1)) Q ¢ (g jed. (M j)))
show merge I J o a € gbs-Mz (Ilg i€IUJ. (M 7))
proof —
{
fix ¢
assume 1 € [ U J
then consider i € I |ieINieJ|i¢gINie]
by auto
hence (Ar. (merge [ J o a) r i) € qbs-Mx (M 1)
by cases (insert h, auto simp: merge-def split-beta’ pair-qgbs-Mz PiQ-Mz)
}
thus ?thesis
by (auto simp: PiQ-Mz) (auto simp: merge-def split-beta’)
qed
qed

lemma ini-morphism|[qbs]:

assumes j € [

shows (Az. (j,z)) € X j —¢ (g i€l. X 7)

by (fastforce intro: gbs-morphisml exl[where z=Ar. j| simp: coPiQ-Mz-def comp-def
assms coPiQ-Mz)

lemma coPiQ-canonicall:

assumes countable I

and \i.i el = fieXi—g VY
shows (A(4,z). fiz) e Lg i€l Xi) =g Y

proof(rule gbs-morphisml)

fix a

assume «a € gbs-Mz (coPiQ) I X)

then obtain § g where ha:
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Ni. i € range g = B i € qbs-Mz (X i) o = (Ar. (g v, B (g r) r)) and
hg[measurable]:g € borel —p; count-space I
by (fastforce simp: coPiQ-Mz-def coPiQ-Mzx)
define f’ where f'= (Air. fi (B ir))
have range g C 1
using measurable-space| OF hg| by auto
hence 1:(\i. i € range g = [’ i € gbs-Mxz Y)
using gbs-morphism-Mz[OF assms(2) ha(1),simplified comp-def]
by (auto simp: f'-def)
have (A\(i, z). fiz)oa = (Ar. f'(gr) )
by (auto simp: ha(2) f’-def)
also have ... € gbs-Mz Y
by (auto intro!: gbs-closed3-dest2'|OF assms(1) hg,of f',OF 1])
finally show (\(4, ). fiz) o a € gbs-Mz Y .
qed

lemma coPiQ-canonicall "
assumes countable I
and \i. i € ] = (\z. f (i,2)) € Xi =g YV
shows fe (llgiel. Xi) =g Y
using coPiQ-canonicall [where f=curry f] assms by (auto simp: curry-def)

lemma None-qbs[qbs]: None € gbs-space (option-qbs X)
by (simp add: option-qbs-space)

lemma Some-qbs[qbs]: Some € X —¢q option-qbs X
proof —
have 1: Some = (A\z. case x of Inl y = Some y | Inr y = None) o Inl
by standard auto
show ?thesis
unfolding option-qbs-def
by (rule gbs-morphism-cong’|OF - gbs-morphism-comp|OF Inl-qbs-morphism
map-qbs-morphism-f]]) (simp add: 1)
qed

lemma case-option-gbs-morphism[gbs]: case-option € gbs-space (Y =¢ (X =¢
Y) = option-gbs X =¢ Y)
proof(rule curry-preserves-morphisms|OF arg-swap-morphism))

have (Az y. case z of None = fst y | Some z = snd y z) = (Az y. case z of Inr
-=fsty | Inl z = snd y z) o (\z. case z of Some v = Inl x | None = Inr ())

by standard+ (simp add: option.case-eq-if)

also have ... € option-gbs X =g Y Qo (X =@ V) =¢ YV

unfolding option-qbs-def by (rule qbs-morphism-comp[OF map-qbs-morphism-inverse-f])
(auto simp: copair-qbs-space)

finally show (Az y. case x of None = fst y | Some © = snd y x) € option-qbs
X—)@ Y®Q(X$Q Y)éQ Y.
qed

lemma rec-option-gbs-morphism[gbs|: rec-option € gbs-space (Y =¢q (X =¢ Y)
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=q option-gbs X =¢q Y)
proof —
have [simp]: rec-option = case-option
by standard+ (metis option.case-eq-if option.exhaust-sel option.simps(6) op-
tion.simps(7))
show ?thesis by simp
qed

lemma bind-option-gbs-morphism[qbs]: (=) € qbs-space (option-gbs X =¢ (X
=q option-gbs Y) = option-gbs Y)
by (simp add: Option.bind-def)

lemma Let-gbs-morphism[qbs]: Let € X =¢q (X = V) =¢ ¥
proof —

have [simp]:Let = (A\x f. f x) by standard+ auto

show ?thesis by simp
qed

end

3.3 Relation to Measurable Spaces

theory Measure-QuasiBorel-Adjunction
imports QuasiBorel QBS-Morphism Lemmas-S-Finite-Measure-Monad
begin

We construct the adjunction between Meas and QBS, where Meas is the
category of measurable spaces and measurable functions, and QBS is the
category of quasi-Borel spaces and morphisms.

3.3.1 The Functor R

definition measure-to-gbs :: ‘a measure = 'a quasi-borel where
measure-to-qgbs X = Abs-quasi-borel (space X, borel =y X)

declare [[coercion measure-to-gbs|]

lemma
shows g¢bs-space-R: qbs-space (measure-to-gbs X) = space X (is ?goall)
and gbs-Mz-R: gbs-Mz (measure-to-qgbs X) = borel —p; X (is ?goal2)
proof —
have Rep-quasi-borel (measure-to-gbs X) = (space X, borel —pr X)
by (auto introl: Abs-quasi-borel-inverse is-quasi-borel-intro gbs-closed1I qbs-closed2I
simp: measure-to-qbs-def dest:measurable-space) (rule gbs-closed3I, auto)
thus ?goall ?goal2
by (simp-all add: qbs-space-def qbs-Mz-def)
qed

The following lemma says that measure-to-gbs is a functor from Meas to
QBS.
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lemma r-preserves-morphisms:
X —=m Y C (measure-to-qgbs X) —¢ (measure-to-gbs V)
by (auto introl: qbs-morphismlI simp: qbs-Mz-R)

lemma measurable-imp-gbs-morphism: f € M -y N = f e M =g N
using r-preserves-morphisms by blast

3.3.2 The Functor L

definition sigma-Mz :: 'a quasi-borel = ’a set set where
sigma-Mx X = {U N qbs-space X |U. Vaeqbs-Mz X. o —* U € sets borel}

definition qbs-to-measure :: 'a quasi-borel = 'a measure where
gbs-to-measure X = Abs-measure (qbs-space X, sigma-Mzx X, MNA. (if A = {} then
0 else if A € — sigma-Mxz X then 0 else c0))

lemma measure-space-L: measure-space (gbs-space X) (sigma-Mz X) (AA. (if A =
{} then 0 else if A € — sigma-Mxz X then 0 else 00))

unfolding measure-space-def
proof safe

show sigma-algebra (gbs-space X) (sigma-Mz X)
proof(rule sigma-algebra.intro)
show algebra (gbs-space X) (sigma-Mz X)
proof
have V U € sigma-Mz X. U C gbs-space X
using sigma-Mz-def subset-iff by fastforce
thus sigma-Mz X C Pow (qbs-space X) by auto
next
show {} € sigma-Mz X
unfolding sigma-Mz-def by auto
next
fix A
fix B
assume A € sigma-Mz X
B € sigma-Mz X
then have 3 Ua. A = Ua N gbs-space X N (Ya€qbs-Mz X. o —* Ua € sets
borel)
by (simp add: sigma-Mz-def)
then obtain Ua where pa:A = Ua N gbs-space X N (Vacgbs-Mz X. o —¢
Ua € sets borel) by auto
have 3 Ub. B = Ub N gbs-space X N (Ya€qbs-Mz X. o —* Ub € sets borel)
using «<B € sigma-Mz X sigma-Mz-def by auto
then obtain Ub where pb:B = Ub N gbs-space X N (Vacgbs-Mz X. o —°
Ub € sets borel) by auto
from pa pb have [simp]:¥V acgbs-Mz X. o —* (Ua N Ub) € sets borel
by auto
from this pa pb sigma-Mz-def have [simp]:(Ua N Ub) N gbs-space X €
sigma-Mz X by blast
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from pa pb have [simp]:A N B = (Ua N Ub) N gbs-space X by auto
thus A N B € sigma-Mx X by simp
next
fix A
fix B
assume A € sigma-Mz X
B € sigma-Mz X
then have 3 Ua. A = Ua N gbs-space X N (Va€qgbs-Mz X. o —* Ua € sets
borel)
by (simp add: sigma-Mz-def)
then obtain Us where pa:A = Ua N gbs-space X N (Vacgbs-Mz X. o —°
Ua € sets borel) by auto
have 3 Ub. B = Ub N gbs-space X N (Va€qbs-Mz X. o —* Ub € sets borel)
using <B € sigma-Mz X sigma-Mz-def by auto
then obtain Ub where pb:B = Ub N ¢bs-space X N (Vacqbs-Mz X. o —*
Ub € sets borel) by auto
from pa pb have [simp]:A — B = (Ua N —Ub) N gbs-space X by auto
from pa pb have Vacgbs-Mz X. a —(Ua N —Ub) € sets borel
by (metis Diff-Compl double-compl sets. Diff vimage-Compl vimage-Int)
hence 1:A — B € sigma-Mx X
using sigma-Mz-def <A — B = Ua N — Ub N gbs-space X» by blast
show 3 CCsigma-Mz X. finite C A\ disjoint C N A — B= C
proof
show {A — B} Csigma-Mz X A finite {A—B} A disjoint {A—B} N A — B
=U {4-B}
using 1 by auto
qed
next
fix A
fix B
assume A € sigma-Mx X
B € sigma-Mz X
then have 3 Ua. A = Ua N gbs-space X N (YVa€qbs-Mz X. o —* Ua € sets
borel)
by (simp add: sigma-Mz-def)
then obtain Uas where pa:A = Ua N gbs-space X N (Va€gbs-Mz X. o —°
Ua € sets borel) by auto
have 3 Ub. B = Ub N qbs-space X N (Va€qbs-Mz X. o —* Ub € sets borel)
using «B € sigma-Mz X sigma-Mz-def by auto
then obtain Ub where pb:B = Ub N gbs-space X N (Vacgbs-Mz X. o —°
Ub € sets borel) by auto
from pa pb have A U B = (Ua U Ub) N gbs-space X by auto
from pa pb have Va€qbs-Mz X. o —(Ua U Ub) € sets borel by auto
then show A U B € sigma-Mz X
unfolding sigma-Mz-def
using <A U B = (Ua U Ub) N gbs-space X» by blast
next
have Va€cgbs-Mz X. o —* (UNIV) € sets borel
by simp
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thus g¢bs-space X € sigma-Mz X
unfolding sigma-Mz-def
by blast
qed
next
show sigma-algebra-azioms (sigma-Mz X)
unfolding sigma-algebra-axioms-def
proof safe
fix A :: nat = -
assume [:range A C sigma-Mz X
then have 2:Vi. 3Ui. A i = Ui N gbs-space X N (Va€qbs-Mz X. o« —“ Ui €
sets borel)
unfolding sigma-Mz-def by auto
then have 3 U :: nat = -. Vi. A i = UinN gbs-space X N (Va€qgbs-Mz X.
a —(Ui) € sets borel)
by (rule choice)
from this obtain U where pu:Vi. A i = Ui N gbs-space X N (V a€qgbs-Mz
X. a —“(Ui) € sets borel)
by auto
hence Vaegbs-Mz X. o —* (|J (range U)) € sets borel
by (simp add: countable-Un-Int(1) vimage-UN)
from pu have |J (range A) = (Ji::nat. (U i N gbs-space X)) by blast
hence |J (range A) = |J (range U) N gbs-space X by auto
thus | (range A) € sigma-Mz X
using sigma-Mz-def <V acgbs-Mx X. o —“|J (range U) € sets borel) by
blast
qed
qed
next
show countably-additive (sigma-Mz X) (M. if A = {} then 0 else if A € —
sigma-Mz X then 0 else 00)
proof(rule countably-additivel )
fix A :: nat = -
assume h:range A C sigma-Mz X
U (range A) € sigma-Mz X
consider |J (range A) = {} | U (range A) # {}
by auto
then show (D" 4. if A i = {} then 0 else if A i € — sigma-Mx X then 0 else
o) =
(if U (range A) = {} then 0 else if |J (range A) € — sigma-Mz X
then 0 else (oo :: ennreal))
proof cases
case I
then have A\i. A i = {}
by simp
thus ?thesis
by (simp add: 1)
next
case 2
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then obtain j where hj:A j # {}
by auto
have (> i. if A i = {} then 0 else if A i € — sigma-Mz X then 0 else 00) =
(00 :: ennreal)
proof —
have hsum: AN f. sum f {.<N} < O n. (f n :: ennreal))
by (simp add: sum-le-suminf)
have hsum” AP f. (3j.j € P A fj = (00 :: ennreal)) = finite P = sum
fP=o
by auto
have hi:(> i<j+1.if A i = {} then 0 else if A i € — sigma-Mz X then 0
else 00) = (00 :: ennreal)
proof(rule hsum’)
show Fja. ja € {.<j + 1} N (if A ja = {} then 0 else if A ja € —
sigma-Mz X then 0 else 00) = (0o :: ennreal)
proof (rule exI[where z=j],rule conjI)
have A j € sigma-Mx X
using h(1) by auto
then show (if A j = {} then 0 else if A j € — sigma-Mz X then 0 else
o0) = (00 :: ennreal)
using hj by simp
qed simp
qged simp
have (> i<j+1. if A i = {} then 0 else if A i € — sigma-Mz X then 0
else 00) < (3. if A i = {} then 0 else if A i € — sigma-Mz X then 0 else (oo ::
ennreal))
by (rule hsum)
thus ?thesis
by (simp only: h1) (simp add: top.extremum-unique)
qed
moreover have (if |J (range A) = {} then 0 else if |J (range A) € —
sigma-Mxz X then 0 else 00) = (0o :: ennreal)
using 2 h(2) by simp
ultimately show ?thesis
by simp
qed
qged
qed(simp add: positive-def)

lemma
shows space-L: space (gbs-to-measure X) = gbs-space X (is ?goall)
and sets-L: sets (gbs-to-measure X) = sigma-Mz X (is ?goal?2)
and emeasure-L: emeasure (gbs-to-measure X) = (M. if A ={} V A ¢ sigma-Mz
X then 0 else 00) (is ?goal3)
proof —
have Rep-measure (gbs-to-measure X) = (gbs-space X, sigma-Mz X, MA. (if A
= {} then 0 else if A € — sigma-Mz X then 0 else 0))
unfolding gbs-to-measure-def by(auto introl: Abs-measure-inverse simp: mea-
sure-space-L)
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thus ?goall ?goal2 ?goal3
by (auto simp: sets-def space-def emeasure-def)
qed

lemma ¢bs-Mz-sigma-Mz-contra:
assumes q¢bs-space X = qbs-space Y
and qbs-Mz X C gbs-Mx Y
shows sigma-Mz Y C sigma-Mz X
using assms by(auto simp: sigma-Mz-def)

The following lemma says that gbs-to-measure is a functor from QBS to
Meas.

lemma [-preserves-morphisms:
X —¢ Y C (gbs-to-measure X) —pr (gbs-to-measure V)
proof safe
fix f
assume h:if € X =g V
show f € (gbs-to-measure X) —pr (qbs-to-measure Y)
proof(rule measurablel)
fix A
assume A € sets (gbs-to-measure Y)
then obtain Us where pa:A = Ua N gbs-space Y A (Vacgbs-Mz Y. o —* Ua
€ sets borel)
by (auto simp: sigma-Mz-def sets-L)
have Vaegbs-Mz X. f o a € qbs-Mz Y
Vae gbs-Mz X. o —* (f —° (gbs-space Y)) = UNIV
using g¢bs-morphism-space[OF h] qbs-morphism-Mz[OF h] by (auto simp:
qbs-Mz-to-X)
hence Vaecgbs-Mz X. oo —“ (f = A) = a —“ (f — Ua)
by (simp add: pa)
from pa this qbs-morphism-def have Va€gbs-Mz X. oo —“ (f —* A) € sets borel
by (simp add: vimage-comp <~V a€gbs-Mz X. f o o € gbs-Mz V)
thus f —“ A N space (gbs-to-measure X) € sets (qbs-to-measure X)
using sigma-Mz-def by(auto simp: sets-L space-L)
qed (insert gbs-morphism-space|OF h], auto simp: space-L)
qed

lemma gbs-morphism-imp-measurable: f € X =g Y = f € g¢bs-to-measure X
—yr gbs-to-measure Y
using Il-preserves-morphisms by blast

abbreviation ¢bs-borel (borelg) where borelg = measure-to-qbs borel
abbreviation ¢bs-count-space (count’-spaceg) where gbs-count-space I = mea-
sure-to-gbs (count-space I)

lemma
shows gbs-space-qbs-borel[simp]: gbs-space borelg = UNIV
and ¢bs-space-count-space[simp|: qbs-space (qbs-count-space I) = T
and g¢bs-Mzx-qbs-borel: qbs-Mz borelg = borel-measurable borel
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and gbs-Mz-count-space: gbs-Mx (gbs-count-space I) = borel —ps count-space I
by (simp-all add: gbs-space-R qbs-Mz-R)

lemma
shows gbs-space-qbs-borel’[qbs]: r € gbs-space borelg
and gbs-space-count-space-UNIV '[qbs]: x € gbs-space (qbs-count-space (UNIV
it (- 1 countable) set))
by simp-all

lemma gbs-Mz-is-morphisms: gbs-Mz X = borelg —q X
proof safe
fix o :: real = -
assume o € borelg —q X
have id € gbs-Mzx borelg by (simp add: qbs-Mz-R)
then have a o id € ¢bs-Mzx X
using ¢bs-morphism-Mz[OF <« € borelg —¢q X)]
by blast
then show a € ¢bs-Mz X by simp
qed(auto intro!: qbs-morphismlI simp: qbs-Max-qbs-borel)

lemma exp-qbs-Mz" gbs-Mz (exp-gbs X Y) = {g. case-prod g € borelg Qo X
—Q Y}

by(auto simp: qbs-Ma-qbs-borel comp-def gbs-Muz-is-morphisms split-beta’ in-
trol: curry-preserves-morphisms)

lemma arg-swap-morphism’:
assumes (Ag. f (Aw z. g z w)) € exp-gbs X (exp-¢bs WY) —¢g Z
shows f € exp-gbs W (exp-qbs X Y) —¢ Z
proof(rule gbs-morphisml)
fix o
assume « € ¢bs-Mz (exp-gbs W (exp-qbs X Y))
then have (A\((r,w),z). o rwz) € (borelg Qo W) Qo X =g Y
by (auto simp: gbs-Ma-is-morphisms dest: uncurry-preserves-morphisms)
hence (A\(r,w,z). a rwz) € borelg Qo W Qo X —¢q Y
by (auto introl: gbs-morphism-cong'[where f=(A((r,w),z). a rw ) o (\(z, y, 2).
((z, y), 2)) and g=\(r,w,x). a r w z] gbs-morphism-comp|OF gbs-morphism-pair-assoc2))
hence (A(r,z,w). a 7w z) € borelg Qo X Qo W —¢ Y
by (auto introl: gbs-morphism-cong’[where f=(A(r,w,x). a r w ) o map-prod id
(M=,9). (y,2)) and g=(\(r,z,w). a T w z)] gbs-morphism-comp qbs-morphism-map-prod
gbs-morphism-pair-swap)
hence (A((r,z),w). a rwz) € (borelg Qo X) Qo W =g Y
by (auto introl: gbs-morphism-cong’[where f=(A(r,z,w). o r wz) o (A((z, y), 2).
(z, 9, z)) and g=A((r,2),w). a r w ] gbs-morphism-comp|[OF gbs-morphism-pair-assocl))
hence (A\r z w. o 7 w x) € ¢bs-Mz (exp-gbs X (exp-qbs W Y))
by (auto simp: gbs-Ma-is-morphisms split-beta’)
from qbs-morphism-Mz[OF assms this| show f o a € gbs-Mz Z
by (auto simp: comp-def)
qed
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lemma gbs-Mzx-subset-of-measurable: gbs-Mx X C borel —p; gbs-to-measure X
proof
fix o
assume « € gbs-Mz X
show « € borel —p; gbs-to-measure X
proof(rule measurablel)
fix z
show « 2 € space (gbs-to-measure X)
using qbs-Mz-to-X <« € qbs-Mz X by(simp add: space-L)
next
fix A
assume A € sets (gbs-to-measure X)
then have o — (¢bs-space X) = UNIV
using ««a € ¢bs-Mz X» gbs-Muz-to-X by(auto simp: sets-L)
then show o —‘ A N space borel € sets borel
using <« € gbs-Mz X» (A € sets (gbs-to-measure X)»
by (auto simp add: sigma-Mz-def sets-L)
qed
qed

lemma L-max-of-measurables:
assumes space M = qbs-space X
and qbs-Mz X C borel —p M
shows sets M C sets (qbs-to-measure X)
proof
fix U
assume U € sets M
from sets.sets-into-space[ OF this| in-mono[OF assms(2)] measurable-sets-borel| OF
- this]
show U € sets (qbs-to-measure X)
using assms(1)
by (auto intro!: exI[where xz="U] simp: sigma-Mz-def sets-L)
qed

lemma g¢bs-Mz-are-measurable[simp,measurable]:
assumes a € gbs-Mz X
shows a € borel — ;s gbs-to-measure X
using assms qbs-Mz-subset-of-measurable by auto

lemma measure-to-qbs-cong-sets:
assumes sets M = sets N
shows measure-to-qbs M = measure-to-gbs N
by (rule qbs-eqI) (simp add: gbs-Mz-R measurable-cong-sets|OF - assms])

lemma [r-sets[simp]:

sets X C sets (gbs-to-measure (measure-to-ghs X))
unfolding sets-L

proof safe
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fix U

assume U € sets X

then have U N space X = U by simp

moreover have Vacborel -y X. o —¢ U € sets borel
using «U € sets X» by(auto simp add: measurable-def)

ultimately show U € sigma-Mz (measure-to-gbs X)
by(auto simp add: sigma-Mz-def gbs-Mxz-R qbs-space-R)

qed

lemmal(in standard-borel) Ir-sets-ident[simp, measurable-congl:
sets (qbs-to-measure (measure-to-gbs M)) = sets M
unfolding sets-L
proof safe
fix V
assume V € sigma-Mz (measure-to-gbs M)
then obtain U where H2: V = U N space M Aac:real = -. a€borel —p M
= a —‘ U € sets borel
by (auto simp: sigma-Mz-def qbs-Max-R gbs-space-R)
consider space M = {} | space M # {} by auto
then show V € sets M
proof cases
case I
then show ?thesis
by (simp add: H2)

next
case 2
have from-real —¢ V = from-real —* (U N space M) using H2 by auto
also have ... = from-real —‘ U using from-real-measurable’|OF 2] by(auto

stmp add: measurable-def)
finally have to-real — ¢ from-real —* U N space M € sets M
by (meson 2 H2(2) from-real-measurable’ measurable-sets to-real-measurable)

moreover have to-real —* from-real —° U N space M = U N space M
by auto
ultimately show ¢thesis using H2 by simp
qed

qed(insert lr-sets, auto simp: sets-L)

corollary sets-lr-polish-borel[simp, measurable-congl: sets (gbs-to-measure gbs-borel)
= sets (borel :: (- :: polish-space) measure)
by (auto introl: standard-borel.lr-sets-ident standard-borel-ne.standard-borel)

corollary sets-Ir-count-space[simp, measurable-cong|: sets (gbs-to-measure (qbs-count-space
(UNIV :: (- :: countable) set))) = sets (count-space UNIV)
by (rule standard-borel.lr-sets-ident) (auto intro!: standard-borel-ne.standard-borel)

lemma map-gbs-embed-measurel :

assumes inj-on f (space M)

shows map-gbs f (measure-to-qbs M) = measure-to-qbs (embed-measure M f)
proof (safe introl: gbs-eqI)
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fix a
show « € qbs-Mz (map-qbs f (measure-to-qbs M)) = « € gbs-Mx (measure-to-gbs
(embed-measure M f))
using measurable-embed-measure2’|OF assms] by(auto introl: gbs-eql simp:
map-qbs-Mx qbs-Mz-R)
next
fix a
assume o € gbs-Mz (measure-to-gbs (embed-measure M f))
hence h[measurable]:a € borel —p; embed-measure M f
by (simp add: qbs-Mx-R)
have [measurable]:the-inv-into (space M) f € embed-measure M f —y M
by (simp add: assms in-sets-embed-measure measurable-def sets.sets-into-space
space-embed-measure the-inv-into-into the-inv-into-vimage)
show « € gbs-Mz (map-gbs f (measure-to-gbs M))
using measurable-space| OF h] f-the-inv-into-f[OF assms| by (auto intro!: exl [where
z=the-inv-into (space M) f o ] simp: map-qbs-Mx qbs-Mz-R space-embed-measure)
qed

lemma map-qbs-embed-measure2:
assumes inj-on [ (gbs-space X)
shows sets (gbs-to-measure (map-qbs f X)) = sets (embed-measure (gbs-to-measure

X) f)

proof safe

fix A

assume A € sets (gbs-to-measure (map-qbs f X))

then obtain U where A = U N f ¢ gbs-space X Na. a € gbs-Mz X = (f o
a) —“ U € sets borel

by (auto simp: sets-L sigma-Ma-def map-qbs-space map-qbs-Mz)

thus A € sets (embed-measure (gbs-to-measure X) f)

by (auto simp: sets-L sets-embed-measure’[of - gbs-to-measure X ,simplified space-L,OF
assms| sigma-Ma-def gbs-Ma-to-X vimage-def introl: exI[where z=f —‘ U N qbs-space
X))
next

fix A

assume A:A € sets (embed-measure (gbs-to-measure X) f)

then obtain B U where A = f * B B = U N gbs-space X N\a. a € gbs-Mz X
= a —‘ U € sets borel

by(auto simp: sets-L sigma-Mz-def sets-embed-measure’|of - gbs-to-measure

X,simplified space-L,OF assms))

thus A € sets (qbs-to-measure (map-gbs f X))

using measurable-sets-borel|OF measurable-comp[OF qbs-Max-are-measurable

measurable-embed-measure2[of - gbs-to-measure X, simplified space-L,OF assms]]]|
A

by (auto simp: sets-L sigma-Maz-def map-gbs-space map-gbs-Mz intro!: exI[where
z=f ‘(U N gbs-space X)])
qed

lemma(in standard-borel) map-gbs-embed-measure2’:
assumes inj-on f (space M)
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shows sets (gbs-to-measure (map-qbs f (measure-to-qbs M))) = sets (embed-measure
M f)

by (auto intro!: standard-borel.lr-sets-ident| OF standard-borel-embed-measure] assms
simp: map-gbs-embed-measurel [OF assms])

3.3.3 The Adjunction

lemma Ir-adjunction-correspondence :
X —¢ (measure-to-gbs Y) = (gbs-to-measure X) —p Y
proof safe

fix f
assume f € X —¢ (measure-to-gbs Y)
show f € qbs-to-measure X —p; YV
proof (rule measurablel)
fix z
assume z € space (gbs-to-measure X)
thus fx € space Y
using gbs-morphism-space|OF «f € X —¢q (measure-to-qgbs Y )]
by (auto simp: gbs-space-R space-L)
next
fix A
assume A € sets Y
have Va € gbs-Mz X. f o a € gbs-Mz (measure-to-qbs Y)
using ¢bs-morphism-Mz[OF «f € X —¢g (measure-to-qbs Y)s] by auto
hence Va € gbs-Mz X. f o o € borel —p; Y by (simp add: qbs-Mz-R)
hence Va € gbs-Mz X. o —* (f —¢ A) € sets borel
using (A€ sets Y measurable-sets-borel vimage-comp by metis
thus f —° A N space (qbs-to-measure X) € sets (gbs-to-measure X)
using sigma-Ma-def by (auto simp: space-L sets-L)
qged

next
fix f
assume f € gbs-to-measure X —pr YV
show f € X —¢ measure-to-gbs Y
proof(rule gbs-morphismI)
fix «
assume «o € gbs-Mzx X
have f o a € borel =) Y
proof (rule measurablel)
fix z :: real
from <a € gbs-Mz X» gbs-Mz-to-X have a x € gbs-space X by auto
hence a = € space (qbs-to-measure X) by (simp add: space-L)
thus (f o a) z € space YV
using <f € qbs-to-measure X —p; Y
by (metis comp-def measurable-space)
next
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fix A
assume A € sets YV
from <f € qbs-to-measure X —p; Y measurable-sets this measurable-def
have f —“ A N space (qbs-to-measure X) € sets (gbs-to-measure X)
by blast
hence f —‘ A N gbs-space X € sigma-Mxz X by (simp add: sets-L space-L)
then have 3 V. f —“ A N gbs-space X = V N gbs-space X N (V€ gbs-Mz
X. B =V € sets borel)
by (simp add: sigma-Mz-def)
then obtain V where h:f —‘ A N gbs-space X = V N qbs-space X N (V€
gbs-Mz X. B —* V € sets borel) by auto
have I:a —“ (f —“A) = a = (f —“ A N gbs-space X)
using <« € ¢qbs-Mz X» gbs-Max-to-X by blast
have 2:a —‘ (V N gbs-space X) = a —*V
using <« € ¢bs-Mz X» gbs-Max-to-X by blast
from 7 2h have (f o o) —“ A =« —° V by (simp add: vimage-comp)
from this h <« € gbs-Mxz X »show (f o a) —‘ A N space borel € sets borel by
stmp
qed
thus f o a € gbs-Mx (measure-to-qgbs Y)
by (simp add:gbs-Mz-R)
qed
qed

lemmal(in standard-borel) standard-borel-r-full-faithful:
M —p Y = measure-to-gbs M — g measure-to-qbs Y
proof
have measure-to-gbs M —¢ measure-to-gbs Y C gbs-to-measure (measure-to-gbs
M) —r gbs-to-measure (measure-to-qbs Y)
by (simp add: l-preserves-morphisms)
also have ... = M — s qbs-to-measure (measure-to-qbs Y)
using measurable-cong-sets by auto
also have ... C M —,, Y
by (rule measurable-mono[OF lr-sets]) (simp-all add: qbs-space-R space-L)
finally show measure-to-gbs M —q measure-to-gbs ¥ C M —pr Y .
qed(rule r-preserves-morphisms)

lemma gbs-morphism-dest|measurable-dest]:
assumes f € X —¢g measure-to-gbs Y
shows f € ¢bs-to-measure X —,; Y
using assms lr-adjunction-correspondence by auto

lemma(in standard-borel) gbs-morphism-dest:
assumes k € measure-to-qgbs M —g measure-to-gbs Y
shows k€ M —) Y
using standard-borel-r-full-faithful assms by auto

lemma ¢bs-morphism-measurable-intro:
assumes [ € gbs-to-measure X —p; Y

138



shows f € X —q measure-to-qbs YV
using assms Ir-adjunction-correspondence by auto

lemmal(in standard-borel) qbs-morphism-measurable-intro:
assumes k € M —p Y
shows k € measure-to-gbs M —¢q measure-to-qbs Y
using standard-borel-r-full-faithful assms by auto

lemma r-preserves-product :
measure-to-qbs (X @ pm Y) = measure-to-qgbs X Q) g measure-to-gbs Y
by (auto intro!: qbs-eql simp: measurable-pair-iff pair-gbs-Mx qbs-Mz-R)

lemma [-product-sets:
sets (gbs-to-measure X Q) ar gbs-to-measure Y) C sets (gbs-to-measure (X @ ¢
v))
proof(rule sets-pair-in-sets)
fix A B
assume h:A € sets (gbs-to-measure X) B € sets (gbs-to-measure Y')
then obtain Ua Ub where hu:
A = Ua N gbs-space X Y acgbs-Mz X. o —* Ua € sets borel
B = Ub N qbs-space Y Yacqbs-Mz Y. a —* Ub € sets borel
by (auto simp add: sigma-Mz-def sets-L)
show A x B € sets (gbs-to-measure (X Q¢ Y))
proof —
have A x B = Ua x Ub N gbs-space (X Qg Y) N (Vacgbs-Mz (X Qg Y).
a —‘(Ua x Ub) € sets borel)
using hu by(auto simp add: vimage-Times pair-qbs-space pair-qgbs-Mzx)
thus ?thesis
by (auto simp add: sigma-Ma-def sets-L intro!: exI[where z=Ua x Ub])
qed
qed

corollary gbs-borel-prod: gbs-borel Q) ¢ qbs-borel = (gbs-borel :: ('a::second-countable-topology
x 'b::second-countable-topology) quasi-borel)
by (simp add: r-preserves-product[symmetric] borel-prod)

corollary qbs-count-space-prod: qbs-count-space (UNIV :: (‘a :: countable) set)
Q ¢ gbs-count-space (UNIV :: ('b :: countable) set) = gbs-count-space UNIV
by (auto simp: r-preserves-product[symmetric] count-space-prod)

lemma r-preserves-product”. measure-to-qgbs (Ilpy i€l. M i) = (g i€l. mea-
sure-to-gbs (M 7))
proof(rule gbs-eql)
show qbs-Mz (measure-to-qbs (Piyg I M)) = qbs-Mz (Ilg i€1. measure-to-gbs
(M 1))
proof safe
fix f :: real = -
assume [ € gbs-Mz (measure-to-qbs (Piyr I M))
with measurable-space[of f borel Pipy I M) show f € gbs-Mz (Ilg i€l. mea-

139



sure-to-gbs (M 1))
by (auto simp: gbs-Mxz-R PiQ-Mzx space-PiM introl:ext[of Ar. fr -])
next
fix f :: real = -
assume f € gbs-Mz (Il i€l. measure-to-gbs (M 7))
then have \i. i € I = (Ar. fri) € borel 5 Mi Ni. i ¢ I = (Ar. fri)
= (Ar. undefined)
by (auto simp: qbs-Mz-R PiQ)-Mz)
with measurable-space[OF this(1)] fun-cong[OF this(2)] show f € qbs-Mz
(measure-to-qbs (Pipy 1 M))
by (auto introl: measurable-PiM-single’ simp: qbs-Mz-R)
qed
qed

lemma PiQ-gbs-borel:
(I1g i::(Ya:: countable)e UNIV . (gbs-borel :: ('b::second-countable-topology quasi-borel)))
= qbs-borel
by (simp add: r-preserves-product’[symmetric] measure-to-qbs-cong-sets| OF sets-PiM-equal-borel])

lemma gbs-morphism-from-countable:
fixes X :: 'a quasi-borel
assumes countable (gbs-space X)
gbs-Mz X C borel —p; count-space (gbs-space X)
and Ai. i € gbs-space X = fi € qbs-space Y
shows f € X =g Y
proof (rule gbs-morphismI)
fix o
assume «a € gbs-Mz X
then have [measurable]: o € borel —pr count-space (qbs-space X)
using assms(2) ..
define £ :: 'a = real = -
where k = (\i -. i)
have foa = (Ar. k (ar) r)
by (auto simp add: k-def)
also have ... € gbs-Mz Y
by (rule qbs-closed3-dest2[OF assms(1)]) (use assms(3) k-def in simp-all)
finally show f o a € gbs-Mz Y .
qged

corollary gbs-morphism-count-space’:
assumes Ai. i € I = fi € gbs-space Y countable I
shows f € gbs-count-space I —¢q Y
using assms by (auto intro!: gbs-morphism-from-countable simp: qbs-Mz-R)

corollary gbs-morphism-count-space:
assumes Ai. fi € gbs-space Y
shows f € gbs-count-space (UNIV :: (- :: countable) set) —¢g Y
using assms by (auto intro!: gbs-morphism-from-countable simp: qbs-Mz-R)

140



lemma [gbs]:
shows not-gbs-pred: Not € qbs-count-space UNIV —q gbs-count-space UNIV
and or-gbs-pred: (V) € qbs-count-space UNIV —q exp-gbs (gbs-count-space
UNIV) (gbs-count-space UNIV)
and and-gbs-pred: (A) € gbs-count-space UNIV —¢q exp-qbs (gbs-count-space
UNIV) (qbs-count-space UNIV)
and implies-gbs-pred: (—) € gbs-count-space UNIV — ¢ exp-qbs (gbs-count-space
UNIV) (gbs-count-space UNIV')
and iff-gbs-pred: («—) € gbs-count-space UNIV —q exp-qbs (qbs-count-space
UNIV) (gbs-count-space UNIV)
by (auto intro!: qbs-morphism-count-space)

lemma [gbs]:
shows less-count-qbs-pred: (<) € gbs-count-space (UNIV :: (- :: countable) set)
—q exp-qbs (gbs-count-space UNIV') (gbs-count-space UNIV)
and le-count-qbs-pred: (<) € gbs-count-space (UNIV :: (- :: countable) set) —¢
exp-qbs (gbs-count-space UNIV') (gbs-count-space UNIV)
and eg-count-qbs-pred: (=) € gbs-count-space (UNIV :: (- :: countable) set) —¢
exp-qbs (gbs-count-space UNIV') (gbs-count-space UNIV)
and plus-count-qbs-morphism: (+) € gbs-count-space (UNIV :: (- :: countable)
set) —q exp-gbs (qbs-count-space UNIV') (gbs-count-space UNIV)
and minus-count-qbs-morphism: (=) € gbs-count-space (UNIV :: (- :: countable)
set) —q exp-gbs (gbs-count-space UNIV') (gbs-count-space UNIV)
and mult-count-gbs-morphism: (x) € gbs-count-space (UNIV :: (- :: countable)
set) —¢q exp-gbs (gbs-count-space UNIV') (gbs-count-space UNIV)
and Suc-gbs-morphism: Suc € gbs-count-space UNIV —q qbs-count-space UNIV
by (auto intro!: qbs-morphism-count-space)

lemma gbs-morphism-product-iff:

feX =g (g i (- countable)eUNIV. Y) «— f € X —¢ qbs-count-space
UNIV =¢q Y
proof

assume h:f € X —¢g (Ilg i€UNIV. Y)

show f € X —q gbs-count-space UNIV =q Y

by (rule arg-swap-morphism, rule qbs-morphism-count-space) (simp add: qbs-morphism-component-singleton
h qbs-morphism-ident])
next

assume f € X —¢ qbs-count-space UNIV =g Y

from g¢bs-morphism-space|OF arg-swap-morphism|OF this]]

show f € X —¢ (Ilg i€UNIV. Y)

by (auto intro!: product-gbs-canonicall [where f=(\i z. f z 7)])

qged

lemma q¢bs-morphism-pair-countablel :
assumes countable (gbs-space X)
gbs-Mz X C borel —p; count-space (gbs-space X)
and Ai. i € gbs-space X = fie€ Y =g Z
shows (A(z,y). fzy) €e X Qo Y —¢ Z
by (auto intro!: uncurry-preserves-morphisms gbs-morphism-from-countable| OF
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assms(1,2)] assms(3))

lemma gbs-morphism-pair-countable2:
assumes countable (gbs-space Y')
gbs-Mz 'Y C borel —p count-space (qbs-space Y)
and Ai. ¢ € gbs-space Y = (M\z. fzi) € X =g Z
shows (A(z,y). fzy) €e X Qo Y —¢ Z
by (auto introl: qbs-morphism-pair-swap|of case-prod (Ax y. f y z),simplified]
gbs-morphism-pair-countablel assms)

corollary gbs-morphism-pair-count-spacel :

assumes A\i. fi € Y =g Z

shows (A\(z,y). fz y) € gbs-count-space (UNIV :: (‘a :: countable) set) @ g Y
—Q A

by (auto introl: gbs-morphism-pair-countablel simp: qbs-Mz-R assms)

corollary gbs-morphism-pair-count-space2:

assumes \i. (A\z. fz i) € X =g Z

shows (A(z,y). fzy) € X Q¢ gbs-count-space (UNIV :: ('a :: countable) set)
—Q A

by (auto intro!: qbs-morphism-pair-countable2 simp: qbs-Mz-R assms)

lemma gbs-morphism-compose-countable’:
assumes [gbs|:\i. i € [ = (\z. fiz) € X =g Y g € X —¢g gbs-count-space
I countable I
shows (Az. f (gz) ) € X - YV
proof —
have [gbs]:f € gbs-count-space I - X =¢q ¥
by (auto intro!: gbs-morphism-count-space’ simp: assms(3))
show ?thesis
by simp
qed

lemma q¢bs-morphism-compose-countable:

assumes [simpl:\i::"i::countable. (\z. fiz) € X =g Y g€ X —¢ (gbs-count-space
UNIV)

shows (Az. f (gz) z) € X - ¥

by (rule qbs-morphism-compose-countable’[of UNIV f]) simp-all

lemma q¢bs-morphism-op:
assumes case-prod f € X Qu Y =y Z
shows f € measure-to-qgbs X —¢g measure-to-gbs Y =g measure-to-qbs Z
using r-preserves-morphisms assms
by (fastforce simp: r-preserves-product[symmetric| intro!: curry-preserves-morphisms)

lemma [gbs]:
shows plus-qbs-morphism: (+) € (qbs-borel :: (-::{ second-countable-topology, topo-
logical-monoid-add}) quasi-borel) —¢q qbs-borel =¢ gbs-borel
and plus-ereal-gbs-morphism: (+) € (gbs-borel :: ereal quasi-borel) —¢ qbs-borel
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=g gbs-borel
and diff-gbs-morphism: (=) € (gbs-borel :: (-::{ second-countable-topology, real-normed-vector})
quasi-borel) —¢ gbs-borel =¢ qbs-borel
and diff-ennreal-qbs-morphism: (=) € (gbs-borel :: ennreal quasi-borel) —¢
gbs-borel =¢ qbs-borel
and diff-ereal-gbs-morphism: (=) € (gbs-borel :: ereal quasi-borel) —¢q gbs-borel
=g gbs-borel
and times-gbs-morphism: (x) € (gbs-borel :: (-:{second-countable-topology,
real-normed-algebra}) quasi-borel) —¢q qbs-borel =¢ gbs-borel
and times-ennreal-gbs-morphism: () € (gbs-borel :: ennreal quasi-borel) —¢
gbs-borel =g qbs-borel
and times-ereal-qbs-morphism: (x) € (gbs-borel :: ereal quasi-borel) —¢ gbs-borel
=q gbs-borel
and divide-qbs-morphism: (/) € (gbs-borel :: (-::{ second-countable-topology,
real-normed-div-algebra}) quasi-borel) —¢q gbs-borel =¢ qbs-borel
and diwvide-ennreal-gbs-morphism: (/) € (gbs-borel :: ennreal quasi-borel) —¢
gbs-borel =¢ qbs-borel
and divide-ereal-qbs-morphism: (/) € (gbs-borel :: ereal quasi-borel) —¢q gbs-borel
=q gbs-borel
and log-qbs-morphism: log € gbs-borel —¢q gbs-borel =¢ gbs-borel
and root-qbs-morphism: root € gbs-count-space UNIV — g gbs-borel =g qbs-borel
and scaleR-gbs-morphism: (xr) € gbs-borel —¢q (gbs-borel :: (-::{second-countable-topology,
real-normed-vector}) quasi-borel) =¢ gbs-borel
and gbs-morphism-inner: (+) € gbs-borel —¢ (gbs-borel :: (-::{ second-countable-topology,
real-inner}) quasi-borel) =¢ gbs-borel
and dist-gbs-morphism: dist € (gbs-borel :: (-::{second-countable-topology, met-
ric-space}) quasi-borel) —¢q qbs-borel =¢ gbs-borel
and powr-gbs-morphism: (powr) € gbs-borel —¢ qbs-borel =¢ (gbs-borel :: real
quasi-borel)
and maz-gbs-morphism: (max :: (- :: {second-countable-topology, linorder-topology})
= - = -) € gbs-borel —¢q qbs-borel =¢ gbs-borel
and min-gbs-morphism: (min :: (- :: {second-countable-topology, linorder-topology})
= - = -) € gbs-borel —¢ gbs-borel =¢ gbs-borel
and sup-gbs-morphism: (sup :: (- :: {lattice,second-countable-topology, linorder-topology})
= - = -) € gbs-borel —¢q gbs-borel =¢ gbs-borel
and inf-gbs-morphism: (inf :: (- :: {lattice,second-countable-topology, linorder-topology})
= - = -) € gbs-borel —¢q qbs-borel =¢ gbs-borel
and less-gbs-pred: (<) € (gbs-borel :: - ::{second-countable-topology, linorder-topology }
quasi-borel) —q qbs-borel =¢ qbs-count-space UNIV
and eg-qbs-pred: (=) € (gbs-borel :: - ::{ second-countable-topology, linorder-topology}
quasi-borel) —¢q qbs-borel =g qbs-count-space UNIV
and le-gbs-pred: (<) € (gbs-borel :: - ::{ second-countable-topology, linorder-topology}
quasi-borel) —¢q qbs-borel =g qbs-count-space UNIV
by (auto intro!: qbs-morphism-op)

lemma [gbs]:
shows abs-real-gbs-morphism: abs € (gbs-borel :: real quasi-borel) —¢ qbs-borel
and abs-ereal-gbs-morphism: abs € (gbs-borel :: ereal quasi-borel) —¢q qbs-borel
and real-floor-gqbs-morphism: (floor :: real = int) € gbs-borel —¢ gqbs-count-space
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UNIV
and real-ceiling-gbs-morphism: (ceiling :: real = int) € gbs-borel —¢q gbs-count-space
UNIV
and exp-gbs-morphism: (exp::'a::{real-normed-field,banach}="a) € q¢bs-borel
—¢q gbs-borel
and In-gbs-morphism: In € (gbs-borel :: real quasi-borel) —¢ gbs-borel
and sqrt-gbs-morphism: sqrt € gbs-borel —¢q gbs-borel
and of-real-qbs-morphism: (of-real :: - = (-::real-normed-algebra)) € qbs-borel
—q qbs-borel
and sin-gbs-morphism: (sin :: - = (-:{real-normed-field,banach})) € qbs-borel
—¢q gbs-borel
and cos-gbs-morphism: (cos :: - = (-::{real-normed-field,banach})) € qbs-borel
—q gbs-borel
and arctan-gbs-morphism: arctan € gbs-borel —¢g qbs-borel
and Re-gbs-morphism: Re € gbs-borel —¢q gbs-borel
and Im-gbs-morphism: Im € qbs-borel —¢ qbs-borel
and sgn-gbs-morphism: (sgn::-::real-normed-vector = -) € gbs-borel —¢ gbs-borel
and norm-gbs-morphism: norm € gbs-borel —¢q qbs-borel

and invers-gbs-morphism: (inverse :: - = (- :real-normed-div-algebra)) €
gbs-borel —¢q gbs-borel
and invers-ennreal-gbs-morphism: (inverse :: - = ennreal) € gbs-borel —¢
qbs-borel
and invers-ereal-gbs-morphism: (inverse :: - = ereal) € gbs-borel —¢ qbs-borel

and uminus-qbs-morphism: (uminus :: - = (-::{ second-countable-topology, real-normed-vector}))
€ gbs-borel —¢g gbs-borel

and ereal-gbs-morphism: ereal € gbs-borel —¢q gbs-borel

and real-of-ereal-qbs-morphism: real-of-ereal € gbs-borel —¢g qbs-borel

and ennZereal-qbs-morphism: ennZereal € gbs-borel —¢g qbs-borel

and eZennreal-qbs-morphism: e2ennreal € gbs-borel —¢q qbs-borel

and ennreal-gbs-morphism: ennreal € gbs-borel —¢g qbs-borel

and gbs-morphism-nth: (Az:realn. © $ i) € gbs-borel —¢q qbs-borel

and gbs-morphism-product-candidate: \i. (Az. z ©) € gbs-borel —¢ gbs-borel
and uminus-ereal-gbs-morphism: (uminus :: - = ereal) € gbs-borel —¢ gbs-borel
by (auto introl: set-mp|OF r-preserves-morphisms|)

lemma qbs-morphism-sum:

fixes f :: 'c = 'a = 'b::{second-countable-topology, topological-comm-monoid-add}
assumes A\i. 1 € S = fi € X —¢g ¢bs-borel

shows (Az. > i€S. fiz) € X —¢g qbs-borel

using assms by (simp add: lr-adjunction-correspondence)

lemma ¢bs-morphism-suminf-order:

fixes f :: nat = 'a = 'b::{ complete-linorder, second-countable-topology, linorder-topology,
topological-comm-monoid-add}

assumes Ai. fi € X —¢ gbs-borel

shows (A\z. Y i. fiz) € X —¢ gbs-borel

using assms by(simp add: lr-adjunction-correspondence)

lemma gbs-morphism-prod:
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fixes [ :: ‘¢ = 'a = 'b::{second-countable-topology, real-normed-field}
assumes A\i. 1 € S = fi € X —¢g ¢bs-borel

shows (\z. [[i€S. fiz) € X —¢ qbs-borel

using assms by(simp add: lr-adjunction-correspondence)

lemma gbs-morphism-Min:

finite I = (A\i. i € I = fi € X —¢ gbs-borel) = (Az. Min ((Mi. fiz)T) =
'b::{ second-countable-topology, linorder-topology}) € X —¢ qbs-borel

by (simp add: Ir-adjunction-correspondence)

lemma gbs-morphism-Max:

finite ] = (N\i. i € I = fi€ X —q gbs-borel) = (A\z. Maz ((N\i. fix)I)
i+ 'b::{ second-countable-topology, linorder-topology}) € X —¢ qbs-borel

by(simp add: lr-adjunction-correspondence)

lemma gbs-morphism-Max2:
fixes f::- = - = ‘a::{second-countable-topology, dense-linorder, linorder-topology}
shows finite | = (A\i. fi € X —¢ gbs-borel) = (A\z. Maz{fiz |i. i€ I}) €
X —¢q gbs-borel
by (simp add: Ir-adjunction-correspondence)

lemma [gbs]:
shows gbs-morphism-liminf: liminf € (gbs-count-space UNIV = gbs-borel) =¢
(gbs-borel :: 'a :: {complete-linorder, second-countable-topology, linorder-topology}
quasi-borel)
and gbs-morphism-limsup: limsup € (gbs-count-space UNIV =-¢ gbs-borel) =¢
(qbs-borel :: 'a :: {complete-linorder, second-countable-topology, linorder-topology}
quasi-borel)
and gbs-morphism-lim: lim € (gbs-count-space UNIV = ¢ gbs-borel) = ¢ (gbs-borel
i 'a it {complete-linorder, second-countable-topology, linorder-topology} quasi-borel)
proof(safe intro!: gbs-morphismI)
fix f :: real = nat = 'a
assume f € gbs-Mz (count-spaceq UNIV =q borelg)
then have [measurable]: \i. (Ar. fr i) € borel-measurable borel
by (auto simp: gbs-Mz-is-morphisms) (metis PiQ-gbs-borel measurable-product-then-coordinatewise
qbs-Maz-is-morphisms gbs-Mz-gbs-borel gbs-morphism-product-iff)
show liminf o f € qbs-Mz borelg limsup o f € qbs-Mz borelg lim o f € gbs-Mz
borelg
by(auto simp: gbs-Max-is-morphisms lr-adjunction-correspondence comp-def)
qed

lemma ¢bs-morphism-SUP:

fixes F :: - = - = -::{complete-linorder, linorder-topology, second-countable-topology}
assumes countable I N\i. i € I = F i € X —¢ gbs-borel

shows (Az. | | i€l. Fiz) € X —¢ gbs-borel

using assms by (simp add: lr-adjunction-correspondence)

lemma ¢bs-morphism-INF"
fixes F :: - = - = -::{complete-linorder, linorder-topology, second-countable-topology}

145



assumes countable I N\i. i € I = F i € X —¢ gbs-borel
shows (Az. [] i€l. Fiz) € X —¢ gbs-borel
using assms by (simp add: lr-adjunction-correspondence)

lemma ¢bs-morphism-cSUP:

fixes F :: - = - = 'a::{conditionally-complete-linorder, linorder-topology, sec-
ond-countable-topology}

assumes countable I N\i. i € I = F i € X —¢ gbs-borel \z. © € gbs-space X
= bdd-above (\i. Fix) ‘I)

shows (Az. | | i€l. Fiz) € X —¢ gbs-borel

using assms by (simp add: Ir-adjunction-correspondence space-L)

lemma q¢bs-morphism-cINF'

fixes F :: - = - = ‘a::{conditionally-complete-linorder, linorder-topology, sec-
ond-countable-topology }

assumes countable I N\i. i € I = F i € X —¢ gbs-borel \z. © € gbs-space X
= bdd-below ((A\i. Fiz) ‘I)

shows (Az. [] i€l. Fiz) € X —¢ gbs-borel

using assms by (simp add: lr-adjunction-correspondence space-L)

lemma ¢bs-morphism-lim-metric:
fixes f :: nat = 'a = 'b::{banach, second-countable-topology}
assumes Ai. fi € X —¢ gbs-borel
shows (Az. lim (Ai. fix)) € X =g qbs-borel
using assms by(simp add: lr-adjunction-correspondence)

lemma q¢bs-morphism-LIMSEQ-metric:
fixes [ :: nat = 'a = 'b :: metric-space
assumes \i. fi € X —¢g qbs-borel Az. © € gbs-space X = (A\i. fiz) ——
gx
shows g € X —¢ gbs-borel
using borel-measurable-LIMSEQ-metriclwhere M=qbs-to-measure X| assms
by (auto simp add: lr-adjunction-correspondence space-L)

lemma power-qbs-morphism|[qbs]:
(power :: (- ::{power,real-normed-algebra}) = nat = -) € gbs-borel —¢ gbs-count-space
UNIV =g qbs-borel

by (rule arg-swap-morphism) (auto introl: gbs-morphism-count-space set-mp|OF
r-preserves-morphisms])

lemma power-ennreal-gbs-morphism|qbs|:

(power :: ennreal = nat = -) € gbs-borel —¢ qbs-count-space UNIV =g qbs-borel
by (rule arg-swap-morphism) (auto introl: gbs-morphism-count-space set-mp|OF

r-preserves-morphisms])

lemma gbs-morphism-compw: (7)) € (X =¢ X) —=¢ gbs-count-space UNIV =
(X =q X)
proof(rule arg-swap-morphism,rule gbs-morphism-count-space)

fix n
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show ()\y yMTL) EXiQ X*)Q X:>Q X
by (induction n) simp-all
qed

lemma gbs-morphism-compose-n[gbs]:

assumes [gbs]: f € X =g X

shows (An. f~n) € gbs-count-space UNIV —¢g X =g X
proof (intro qbs-morphism-count-space)

fix n

show f Tne X =g X

by (induction n) simp-all

qed

lemma qbs-morphism-compose-n':

assumes f € X =g X

shows [T ne X g X

using gbs-morphism-space[OF qbs-morphism-compose-n[OF assms]] by (simp add:
exp-qbs-space qbs-space-R)

lemma gbs-morphism-uminus-eq-ereal[simp:
(Az. — fx : ereal) € X —¢q gbs-borel +— f € X —¢g gbs-borel (is 2l = ?r)
by (simp add: lr-adjunction-correspondence)

lemma gbs-morphism-ereal-iff:
shows (Az. ereal (fz)) € X —¢ qbs-borel«— f € X —¢ gbs-borel
by (simp add: borel-measurable-ereal-iff Ir-adjunction-correspondence)

lemma q¢bs-morphism-ereal-sum:
fixes f :: 'c = 'a = ereal
assumes A\i. i € S = fi € X —¢ ¢bs-borel
shows (A\z. > i€S. fiz) € X —¢ ¢bs-borel
using assms by (simp add: Ir-adjunction-correspondence)

lemma q¢bs-morphism-ereal-prod:
fixes f :: 'c = 'a = ereal
assumes A\i. i € S = fi € X —¢ ¢bs-borel
shows (Az. [[i€S. fiz) € X —¢ qbs-borel
using assms by (simp add: lr-adjunction-correspondence)

lemma ¢bs-morphism-extreal-sumingf:
fixes [ :: nat = ’a = ereal
assumes \i. fi € X —¢ qbs-borel
shows (Az. (3" 1. fix)) € X —¢g gbs-borel

using assms by (simp add: lr-adjunction-correspondence)

lemma ¢bs-morphism-ennreal-iff:
assumes A\z. x € gbs-space X = 0 < fz
shows (Az. ennreal (f z)) € X —¢q gbs-borel «— f € X —¢g gbs-borel
using borel-measurable-ennreal-iff[where M=qbs-to-measure X] assms
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by (simp add: space-L lr-adjunction-correspondence)

lemma qbs-morphism-prod-ennreal:
fixes f :: 'c = 'a = ennreal
assumes \i. i € S = fi € X —¢ gbs-borel
shows (Az. [[i€S. fiz) € X —¢ gbs-borel
using assms by (simp add: space-L lr-adjunction-correspondence)

lemma count-space-qbs-morphism:
[ € gbs-count-space (UNIV :: 'a set) —¢ gbs-borel
by (auto introl: set-mp|OF r-preserves-morphisms|)

declare count-space-gbs-morphism[where ‘a=- :: countable,qbs]

lemma count-space-count-space-gbs-morphism:

[ € gbs-count-space (UNIV :: (- :: countable) set) —¢g qbs-count-space (UNIV ::
(- = countable) set)

by (auto introl: set-mp|OF r-preserves-morphisms|)

lemma qbs-morphism-case-nat’:
assumes [ghs]: i =0 = f € X 5o V
Ni.i=S8Sucj= (Az.gzj)e X =g Y
shows (Az. case-nat (fz) (9z) i) € X =g YV
by (cases i) simp-all

lemma gbs-morphism-case-nat[gbs]:
case-nat € X —¢ (gbs-count-space UNIV =q X) =¢ g¢bs-count-space UNIV
=Q X
by (rule curry-preserves-morphisms, rule arg-swap-morphism) (auto introl: gbs-morphism-count-space
gbs-morphism-case-nat’)

lemma qbs-morphism-case-nat'”:
assumes f € X —g Yge X —¢g (Ilg i€UNIV. Y)
shows (Az. case-nat (fz) (g ) € X —¢ (Ilg i€UNIV. Y)
using assms by (simp add: gbs-morphism-product-iff)

lemma gbs-morphism-rec-nat[gbs|: rec-nat € X —¢ (count-space UNIV =q X
=g X) =¢ count-space UNIV =4 X
proof (rule curry-preserves-morphisms,rule arg-swap-morphism,rule gbs-morphism-count-space)
fix n
show (\y. rec-nat (fst y) (snd y) n) € X Q¢ (gbs-count-space UNIV =g X
=Q X) —Q X
by (induction n) simp-all
qed

lemma q¢bs-morphism-Max-nat:

fixes P :: nat = 'a = bool
assumes A\i. P i € X —¢ gbs-count-space UNIV
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shows (Az. Maz {i. P iz}) € X —¢ gbs-count-space UNIV
using assms by (simp add: lr-adjunction-correspondence)

lemma qbs-morphism-Min-nat:
fixes P :: nat = 'a = bool
assumes Ai. P i € X —¢ gbs-count-space UNIV
shows (Az. Min {i. Piz}) € X —¢g ¢bs-count-space UNIV
using assms by (simp add: lr-adjunction-correspondence)

lemma ¢bs-morphism-sum-nat:
fixes f :: 'c = 'a = nat
assumes Ai. 1 € S = fi €X —¢ gbs-count-space UNIV
shows (Az. > i€S. fiz) € X =g gbs-count-space UNIV
using assms by (simp add: lr-adjunction-correspondence)

lemma gbs-morphism-case-enat’:

assumes f[gbs]: f € X —¢g gbs-count-space UNIV and [gbs]: Ai. g1 € X —¢
YheX =g VY

shows (Az. case fz of enat i = giz|oo=hz) € X =g V
proof (rule gbs-morphism-compose-countable] OF - f])

fix ¢

show (A\z. case i of enati = giz |oco=>hz) € X =g ¥

by (cases i) simp-all

qed

lemma gbs-morphism-case-enat]qbs]: case-enat € gbs-space ((qbs-count-space UNIV
=0 X) =¢ X =¢ gbs-count-space UNIV =¢ X)
proof —
note gbs-morphism-case-enat’[gbs]
show ?thesis
by (auto introl: curry-preserves-morphisms,rule gbs-morphismlI) (simp add: qbs-Maz-is-morphisms
comp-def, qbs, simp-all)
qed

lemma gbs-morphism-restrict[qbs]:
assumes X: N\i. i € I = fie X —¢ (Y1)
shows (Az. Ai€l. fiz) € X —¢g (Ilg i€l. Y i)
using assms by (auto intro!: product-gbs-canonicall)

lemma If-qbs-morphism[gbs|: If € gbs-count-space UNIV —qg X =0 X =g X
proof (rule gbs-morphismI)
show a € gbs-Mxz (count-spaceq UNIV) = If o a € gbs-Mz (X =¢q X =¢
X) for «
by (auto introl: qbs-Mz-indicat[where S={r. o (- (- r))},simplified] simp:
gbs-Mz-count-space exp-gbs-Mr)
qed

lemma normal-density-gbs[gbs]: normal-density € gbs-borel —¢q gbs-borel =g ¢bs-borel
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=g gbs-borel
proof —
have [simp|:normal-density = (Au o . 1 / sqrt (2 * pi * 02) * exp (—(z — p)?/
(2 * 0%)))
by standard+ (auto simp: normal-density-def)
show ?thesis
by simp
qed

lemma erlang-density-gbs[gbs]: erlang-density € gbs-count-space UNIV — ¢ gbs-borel
=g gbs-borel =g gbs-borel
proof —
have [simp]: erlang-density = (Ak [ z. (if x < 0 then 0 else (I"(Suc k) * 27k *
exp (— 1 * x)) / fact k))
by standard+ (auto simp: erlang-density-def)
show ?thesis
by simp
qed

lemma list-nil-gbs[qbs]: [| € qbs-space (list-gbs X)
by (simp add: list-gbs-space)

lemma list-cons-gbs-morphism: list-cons € X —¢g (Llg ne(UNIV :: nat set).Ilg
te{..<n}. X) =¢ (Llg ne(UNIV :: nat set)Ilg ic{..<n}. X)
proof (intro curry-preserves-morphisms pair-gbs-morphisml )
fix a g
assume h:a € gbs-Mz X
B € gbs-Mz (Ilg ne(UNIV :: nat set)Ilg ie{..<n}. X)
then obtain v f where hf:
B=r.(fr,y (fr)r)) f € borel = count-space UNIV Ai. i € range [ =
v 1 € qbs-Mz (Ilg je{..<i}. X)
by (auto simp: coPiQ-Mz-def coPiQ-Mz)
define [’ 3’
where f'= (Ar. Suc (fr)) B/'=Nirn. ifn=0thenarelsey (i — 1) r (n
~ 1)
then have (A\r. list-cons (fst (a r, B 1)) (snd (a v, B 7)) = (Ar. (f' r, B’ (f' 1)
r))
by (auto simp: comp-def hf(1) ext list-cons-def)
also have ... € gbs-Mz (Ilg ne(UNIV :: nat set)Ilg ie{..<n}. X)
proof(rule coPiQ-MzI)
show f’ € borel =) count-space UNIV
using hf by(simp add: f'-5’-def(1))
next
fix j
assume hj:j € range [’
then have hjj — 1 € range f
by (auto simp: f'-5’-def (1))
show 5’ j € ¢bs-Mz (Ilg ie{..<j}. X)
proof (rule prod-qbs-MzI)
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fix ¢

assume hi:i € {..<j}

then consider i = 0 | 0 < ii < j
by auto

then show (Ar. 8’ jri) € gbs-Mz X

proof cases
case 1
then show ?thesis by (simp add: h(1) f’-B’-def(2))

next
case 2
then have i — 1 € {.<j — 1} by simp
from prod-qbs-MzD(1)[OF hf(3)[OF hj’] this] 2
show ?thesis

by (simp add: f'-8'-def(2))
qed
next

fix ¢

assume hi:i ¢ {..<j}

then have i # 0 i — Suc 0 ¢ {..<j — Suc 0}
using f’-B'-def(1) hj by fastforce+

with prod-qbs-MzD(2)[OF hf(3)[OF hj')]

show (Ar. 8’ jr i) = (Ar. undefined)
by(simp add: f’-B’-def(2))

qed
qed
finally show (Ar. list-cons (fst (o r, B 1)) (snd (a r, B 1)) € ¢bs-Mz (Ig
ne(UNIV :: nat set)Ilg ie{.<n}. X) .
qed

corollary cons-gbs-morphism[qbs]: Cons € X —¢ (list-gbs X) =¢ list-gbs X
proof (rule arg-swap-morphism)
show (A\z y. y # z) € list-gbs X =g X = list-gbs X
proof(rule gbs-morphism-cong’)
show (Al z. o # to-list I) o from-list € list-gbs X —¢g X =¢ list-gbs X
proof (rule gbs-morphism-comp)
show (Al z. z # to-list 1) € (Ilg ne(UNIV :: nat set)Ilg ie{..<n}. X) —¢
X =q list-gbs X
proof (rule curry-preserves-morphisms)
show (Alz. snd lx # to-list (fst iz)) € (Ilg ne(UNIV :: nat set) g ie{..<n}.
X) Qg X —q list-gbs X
proof(rule gbs-morphism-cong’)
show to-list o (A(I, ). from-list (z # to-list l)) € (Ilg ne(UNIV :: nat
set)Ilg ie{.<n}. X) Qo X —q list-gbs X
proof(rule gbs-morphism-comp)
show (A(I, z). from-list (z # to-list 1)) €(Ug ne(UNIV :: nat set).Ilg
ie{.<n}. X) Q@ X —¢ (Ug ne(UNIV :: nat set).Ilg ie{..<n}. X)
by (rule gbs-morphism-cong’|OF - uncurry-preserves-morphisms[of A(l,z).
list-cons x 1,simplified, OF arg-swap-morphism[OF list-cons-gbs-morphism]]]) (auto
stmp: pair-qbs-space to-list-from-list-ident)
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qed(simp add: list-qbs-def map-gbs-morphism-f)
qed(auto simp: pair-gbs-space to-list-from-list-ident to-list-simp?2)
qed
qed(auto simp: list-qbs-def to-list-from-list-ident introl: map-qbs-morphism-inverse-f)
qed(simp add: from-list-to-list-ident)
qed

lemma rec-list-morphism:
rec-list’ € gbs-space (Y =¢q (X =¢ (Ug ne(UNIV :: nat set)Ilg ie{.<n}. X)
=0 Y =¢ Y) =0Q (HQ ne(UNIV :: nat set).HQ ie{..<n}. X) =0 Y)
proof (intro curry-preserves-morphisms|OF arg-swap-morphism| coPiQ-canonicall”’)
fix n
show (Az y. rec-list’ (fst y) (snd y) (n, z)) € (g ie{..<n}. X) —¢q exp-gbs (Y
QR o exp-gbs X (exp-qbs (Ilg ne UNIV. Ilg ie{..<n}. X) (exp-¢gbs Y Y))) ¥V
proof (induction n)
case (
show ?case
proof (rule curry-preserves-morphisms[OF qbs-morphismlI))
fix «
assume h:a € gbs-Mz ((Ilg i€{..<0::nat}. X) Qg Y Q ¢ exp-qbs X (exp-qbs
(Ilg neUNIV. Ilg ie{..<n:nat}. X) (exp-gbs Y Y)))
have Ar. fst (a r) = (An. undefined)
proof —
fix r
have Ai. (Ar. fst (a r) i) = (Ar. undefined)
using h by (auto simp: exp-qbs-Mz PiQ-Mz pair-qbs-Mz comp-def split-beta’)
thus fst (« r) = (An. undefined)
by (fastforce dest: fun-cong)
qed
hence (Azy. rec-list’ (fst (snd zy)) (snd (snd zy)) (0, fst zy)) o a = (Az. fst
(snd (o z)))
by (auto simp: rec-list’-simp1[simplified list-nil-def] comp-def split-beta’)
also have ... € gbs-Mz Y
using h by(auto simp: pair-qbs-Mz comp-def)
finally show (Azy. rec-list’ (fst (snd zy)) (snd (snd xy)) (0, fst xy)) o o €
qgbs-Mz Y .
qged
next
case ih:(Suc n)
show ?case
proof (rule gbs-morphismI)
fix o
assume h:a € gbs-Mz (Ilg i€{..<Suc n}. X)
define o’ where o’ = (A\r. snd (list-tail (Suc n, a 1)))
define a where a = (Ar. a r 0)
then have ha:a € gbs-Mz X
using h by(auto simp: Pi@Q-Mzx)
have 1:a’ € ¢bs-Mz (Ilg i€{..<n}. X)
using h by(fastforce simp: PiQ-Mz list-tail-def o’-def)
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hence 2: Ar. (n, a’ r) € gbs-space (Lo ne(UNIV :: nat set)Ilg ie{..<n}.
X)
using gbs-Mz-to-X[of '] by (fastforce simp: PiQ-space coPiQ-space)
have 3: Ar. (Suc n, a 1) € gbs-space (Ug ne(UNIV :: nat set).Ilg i€{..<n}.
X)
using qbs-Mz-to-X[of o] h by (fastforce simp: PiQ-space coPiQ-space)
have 4: Ar. (n, o' r) = list-tail (Suc n, a 7)
by (simp add: list-tail-def o’-def)
have 5: Ar. (Suc n, a r) = list-cons (a r) (n, a’ 1)
unfolding a-def by (simp add: list-simp5[OF 3,simplified 4 [symmetric],simplified
list-head-def list-cons-def list-nil-def] list-cons-def) auto
have 6: (Ar. (n, o’ 1)) € gbs-Mz (Ilg ne(UNIV :: nat set).Ilg ic{..<n}. X)
using ! by(auto intro!: coPiQ-MzI simp: PiQ-space coPiQ-space)

have (Az y. rec-list’ (fst y) (snd y) (Suc n, x)) o a = (Ar y. rec-list’ (fst y)
(snd y) (Suc n, a 1))
by auto
also have ... = (A\r y. snd y (a r) (n, o’ r) (rec-list’ (fst y) (snd y) (n, @’ r)))
by (simp only: 5 rec-list’-simp2[OF 2])
also have ... € ¢bs-Mz (exp-gbs (Y Q g exp-qbs X (exp-qbs (Llg ne(UNIV
i nat set).Ilg ie{..<n}. X) (exp-¢bs Y Y))) Y)
proof —
have (A(r,y). snd y (a 1) (n, &' r) (rec-list’ (fst y) (snd y) (n, o’ 1)) =
My,z1,22,23). y 21 22 23) o (A(r,y). (snd y, a r, (n, &’ 1), rec-list’ (fst y) (snd
y) (n, a’r)))
by auto
also have ... € gbs-borel @ o (Y Q ¢ exp-gbs X (exp-gbs (Ilg ne(UNIV ::
nat set).Illg i€{..<n}. X) (exp-qbs Y Y))) = Y
proof (rule gbs-morphism-comp[where Y=exp-gbs X (exp-gbs (g ne(UNIV
o nat set)Ilg ie{..<n}. X) (exp-gbs Y V)) Qo X Q¢ (Lo ne(UNIV :: nat
set)Ilg ie{.<n}. X) Q¢ Y]
show (A(r, y). (snd y, a r, (n, ' 1), rec-list’ (fst y) (snd y) (n, o’
r))) € gbs-borel @ o Y Q¢ exp-gbs X (exp-gbs (Lo ne(UNIV :: nat set).Ilg
ie{..<n}. X)) (exp-gbs Y Y)) —¢q exp-gbs X (exp-qbs ((Llg ne(UNIV :: nat
set).Ilg ie{..<n}. X)) (exp-gbs Y YV)) Qo X Q ¢ (lg ne(UNIV :: nat set).Ilg
ie{.<n}. X) Qo Y
unfolding split-beta’
proof (safe introl: gbs-morphism-Pair)
show (Az. a (fst z)) € gbs-borel @ o Y @ g exp-gbs X (exp-gbs ((Lg
ne(UNIV :: nat set)Ilg ie{..<n}. X)) (exp-¢bs Y V)) =g X
using ha qbs-Ma-is-morphisms|of X| ha by auto
next
show (Az. (n, o’ (fst z))) € gbs-borel Qo Y Q o exp-gbs X (exp-qbs
(g ne(UNIV :: nat set)Ilg i€{..<n}. X)) (exp-qbs Y Y)) —¢o (g ne(UNIV
i nat set).Ilg ie{.<n}. X)
using 6 by(simp add: gbs-Mz-is-morphisms) (use fst-gbs-morphism
gbs-morphism-compose in blast)
next

show (Az. rec-list’ (fst (snd z)) (snd (snd x)) (n, @’ (fst z))) € gbs-borel
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Qo Y Q¢ exp-gbs X (exp-gbs ((Llg ne(UNIV :: nat set)Ilg ie{.<n}. X))
(exp-gbs YY) =g Y
using gbs-morphism-Mxz[OF ih 1, simplified comp-def] uncurry-preserves-morphisms|of
(A(z,y). rec-list’ (fst y) (snd y) (n, @’ z)) gbs-borel Y @ ¢ exp-qbs X (exp-gbs ((Lg
n€(UNIV :: nat set).Ilg ie{..<n}. X)) (exp-gbs Y Y)) Y] qbs-Mz-is-morphisms|of
exp-gbs (Y @ g exp-gbs X (exp-gbs ((Ilg ne(UNIV :: nat set).Ilg ie{..<n}. X))
(exp-qbs Y Y))) Y]
by (fastforce simp: split-beta’)
qed qbs
next
show (A\(y, 1, 22, x3). y x1 22 z8) € exp-gbs X (exp-gbs ((Ilg ne(UNIV
i nat set)Ilg ie{..<n}. X)) (exp-gbs Y V)) Qo X Q¢ (Llg ne(UNIV :: nat
set)Ilg ie{.<n}. X) Qo Y = Y
by simp
qed
finally show ?thesis
by(simp add: exp-qbs-Mz")
qed
finally show (Az y. rec-list’ (fst y) (snd y) (Suc n, z)) o a € gbs-Mz (exp-gbs
(Y ® g exp-qbs X (exp-gbs (Ilg ne UNIV. Ilg ie{..<n}. X) (exp-gbs Y Y))) Y)
by blast
qed
qed
qed simp

lemma rec-list-morphism[gbs]: rec-list € gbs-space (Y =¢ (X =¢ list-gbs X =¢
Y=0VY)=¢ list-gbs X =¢q Y)
proof(rule curry-preserves-morphisms|OF arg-swap-morphism])
show (Al yf. rec-list (fst yf) (snd yf) 1) € list-gbs X =g Y @ g (X =¢ list-gbs
X =Q Y =Q Y) =Q Y
proof(rule qbs-morphism-cong’[where f=(\l' (y.f). rec-list y f (to-list l’)) o
from-list, OF - gbs-morphism-comp[where Y=(Ilg ne(UNIV :: nat set).Ilg ie{..<n}.
X))
show (A’ (y,f). rec-list y f (to-list ")) € (Lo ne(UNIV :: nat set).Ilg ie{..<n}.
X)—=o Y ®Q (X =q list-gbs X =q Y =¢ Y) =0 Y
apply (rule arg-swap-morphism,simp only: split-beta’ list-qbs-def)
apply(rule uncurry-preserves-morphisms)
apply(rule arg-swap-morphism)
apply(rule arg-swap-morphism’)
apply(rule gbs-morphism-cong’|OF - arg-swap-morphism-map-qbs1|[OF arg-swap-morphism’[OF
arg-swap-morphism|OF rec-list-morphism/]]]])
apply(auto simp: rec-list’-def from-list-to-list-ident)
done
qed(auto simp: from-list-to-list-ident list-qbs-def to-list-from-list-ident intro!: map-gbs-morphism-inverse-f)
qed

hide-const (open) list-nil list-cons list-head list-tail from-list rec-list’ to-list’

hide-fact (open) list-simp1 list-simp2 list-simp3 list-simp4 list-simpb list-simpG
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list-simp7 from-list-in-list-of ' list-cons-qbs-morphism rec-list’-simp1
to-list-from-list-ident from-list-in-list-of to-list-set to-list-simp1 to-list-simp2
list-head-def list-tail-def from-list-length
list-cons-in-list-of rec-list-morphism’ rec-list’-simp2 list-decomp1 list-destruct-rule
list-induct-rule from-list-to-list-ident

corollary case-list-morphism[qbs]: case-list € gbs-space ((Y :: 'b quasi-borel) =¢
(X :: 'a quasi-borel) = list-gbs X =¢q Y) =q list-gbs X =¢q Y)
proof —
have [simp]:case-list = (A\y (f =+ 'a = 'a list = 'b) I. rec-listy Az’ y. fzl)])
proof standard+
fixy::'band f :: 'a = ‘alist = 'band | :: 'a list
show (case lof [| = y | ¢ # xa = fz za) = rec-list y Az l'y. fal')l
by (cases 1) auto
qed
show ?thesis
by simp
qed

lemma fold-qbs-morphism|[gbs]: fold € qbs-space (X =¢q Y =¢q Y) =¢ list-gbs
X =Q Y =Q Y)
proof —
have [simp]:fold = (\f 1. rec-list id (Az xs l. l o fx) )
apply standard+
subgoal for f z
by (induction | arbitrary: ) simp-all
done
show ?thesis
by simp
qed

lemma [gbs]:
shows foldr-gbs-morphism: foldr € gbs-space (X =¢q Y =¢ Y) =¢ list-gbs X
=Q Y =Q Y)
and foldl-gbs-morphism: foldl € qbs-space (X =¢q Y =¢ X) =0 X =¢
list-qgbs Y =¢ X)
and zip-gbs-morphism: zip € gbs-space (list-qgbs X =q list-gbs Y = list-qbs
(pair-gbs X Y))
and append-gbs-morphism: append € qbs-space (list-gbs X =¢ list-gbs X =
list-gbs X)
and concat-gbs-morphism: concat € gbs-space (list-qbs (list-gbs X) =¢ list-qbs
X)
and drop-gbs-morphism: drop € qbs-space (gbs-count-space UNIV = list-qbs
X = list-gbs X)
and take-gbs-morphism: take € qbs-space (gbs-count-space UNIV =g list-gbs
X =¢ list-gbs X)
and rev-gbs-morphism: rev € gbs-space (list-qgbs X =¢q list-qbs X)
by(auto simp: foldr-def foldl-def zip-def append-def concat-def drop-def take-def
rev-def)
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lemma [gbs]:
fixes X :: 'a quasi-borel and Y :: 'b quasi-borel
shows map-gbs-morphism: map € gbs-space (X =¢q Y) =¢ list-¢bs X =¢
list-qgbs Y') (is ?map)
and fileter-qbs-morphism: filter € qbs-space ((X =¢ count-spaceq UNIV) =¢
list-gbs X = ¢ list-gbs X) (is ?filter)
and length-gbs-morphism: length € qbs-space (list-gbs X =¢ gbs-count-space
UNIV) (is ?length)
and #-gbs-morphism: tl € qbs-space (list-gbs X =g list-gbs X) (is %)
and list-all-gbs-morphism: list-all € gbs-space (X =¢q ¢bs-count-space UNIV)
=q list-gbs X =g qbs-count-space UNIV') (is ?list-all)
and bind-list-gbs-morphism: (=) € gbs-space (list-gbs X =g (X =¢ list-gbs
Y) =q list-qbs V) (is ?bind)
proof —
have [simp]: map = (Af. rec-list [| Az zs l. fx # 1))
apply standard+
subgoal for f [
by (induction 1) simp-all
done
have [simp]: filter = (AP. rec-list [| (Az zs I. if P « then = # [ else 1))
apply standard+
subgoal for f [
by (induction 1) simp-all
done
have [simp]: length = (Al. foldr (A- n. Suc n) 1 0)
apply standard
subgoal for [
by (induction 1) simp-all
done
have [simp]: tl = (M. case L of [| =[] | - # zs = xs)
by standard (simp add: ti-def)
have [simp]: list-all = (AP xs. foldr (Az b. b A P z) xs True)
apply (standard,standard)
subgoal for P xs
by (induction zs arbitrary: P) auto
done
have [simp]: List.bind = (Azs f. concat (map f xs))
by standard+ (simp add: List.bind-def)
show ?map ?filter ?length ?tl ?list-all ?bind
by simp-all
qged

lemma list-eq-gbs-morphism|qbs]:

assumes [gbs|: (=) € gbs-space (X =g X = count-space UNIV)

shows (=) € g¢bs-space (list-gbs X =¢ list-qbs X =¢q count-space UNIV)
proof —

have [simp]:(=) = (Azs ys. length s = length ys A list-all (case-prod (=)) (zip
xs ys))
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using Ball-set list-eq-iff-zip-eq by fastforce
show ?thesis
by simp
qed

lemma insort-key-gbs-morphism|qbs]:
shows insort-key € gbs-space (X =¢q (borelg ::'b :: {second-countable-topology,
linorder-topology} quasi-borel)) =¢q X =¢ list-gbs X =¢ list-gbs X) (is ?g1)
and insort-key € qbs-space ((X =¢ count-spaceq (UNIV :: (- :: countable)
set)) =g X =q list-qgbs X =q list-qbs X) (is 7¢2)
proof —
have [simp]:insort-key = (Af x. rec-list [x] (A\y ys l. if fx < fy then x#y#ys else
y#1))
apply standard+
subgoal for f x|
by (induction 1) simp-all
done
show ?2g1 g2
by simp-all
qed

lemma sort-key-qbs-morphism|qbs]:
shows sort-key € gbs-space ((X =¢ (borelg ::'b :: {second-countable-topology,
linorder-topology} quasi-borel)) = list-gbs X =¢ list-qbs X)
and sort-key € gbs-space (X =¢q count-spaceg (UNIV :: (- :: countable) set))
=q list-gbs X =q list-qgbs X)
unfolding sort-key-def by simp-all

lemma sort-qbs-morphism]|qbs]:
shows sort € list-gbs (borelg ::'b :: {second-countable-topology, linorder-topology}
quasi-borel) —q list-qbs borelg
and sort € list-gbs (count-spaceg (UNIV :: (- :: countable) set)) —¢q list-qbs
(count-spaceqg UNIV)
by simp-all

3.3.4 Morphism Pred
abbreviation ¢bs-pred X P = P € X —q ¢bs-count-space (UNIV :: bool set)
lemma q¢bs-pred-iff-measurable-pred:

gbs-pred X P = Measurable.pred (qbs-to-measure X) P
by (simp add: lr-adjunction-correspondence)

lemmal(in standard-borel) gbs-pred-iff-measurable-pred:
gbs-pred (measure-to-gbs M) P = Measurable.pred M P
by (simp add: gbs-pred-iff-measurable-pred measurable-cong-sets|OF lr-sets-ident

refl])

lemma q¢bs-pred-iff-sets:
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{z €space (gbs-to-measure X). P z} € sets (gbs-to-measure X) <— qbs-pred X P
by (simp add: Measurable.pred-def lr-adjunction-correspondence space-L)

lemma
assumes [¢gbs|:P € X =g Y = gbs-count-space UNIVf € X —¢g Y
shows indicator-gbs-morphism'”: (Az. indicator {y. P = y} (f z)) € X —qg
gbs-borel (is ?g1)
and indicator-qbs-morphism’’: (Az. indicator {yEqbs-space Y. P z y} (f z)) €
X —¢ gbs-borel (is ?92)
proof —
have [simp]:{z € gbs-space X. Pz (fz)} = {z € gbs-space X. f x € gbs-space Y
AP (fa))
using gbs-morphism-space[OF assms(2)] by blast
show %g1 2¢2
using gbs-morphism-app| OF assms,simplified qbs-pred-iff-sets[symmetric]] gbs-morphism-space] OF
assms(2)]
by (auto introl: borel-measurable-indicator’ simp: lr-adjunction-correspondence
space-L)
qed

lemma

assumes [¢gbs|:P € X =g Y = ¢bs-count-space UNIV

shows indicator-qbs-morphism|[qbs|:(Ax. indicator {y € gbs-space Y. P z y}) €
X —¢q Y =¢ gbs-borel (is ?g1)

and indicator-gbs-morphism”.(Az. indicator {y. Pz y}) € X —¢q Y =¢ qbs-borel
(is ?7g2)
proof —

note indicator-qbs-morphism’’[qbs] indicator-gbs-morphism

show ?2g1 ?¢2

by (auto introl: curry-preserves-morphisms|OF pair-qgbs-morphisml| simp: gbs-Mz-is-morphisms)
qed

l//[

qbs]

lemma indicator-qbs[qbs]:
assumes gbs-pred X P
shows indicator {z. P z} € X —¢ qbs-borel
using assms by(auto simp: lr-adjunction-correspondence)

lemma All-gbs-pred[qbs]: gbs-pred (count-spaceq (UNIV :: (‘a :: countable) set)
=q count-spaceqg UNIV) All
proof(rule gbs-morphisml)
fix a :: real = 'a = bool
assume a € gbs-Mz (count-spaceq UNIV = count-spaceq UNIV')
hence [measurable]: N\f g. f € borel-measurable borel = g € borel — )y count-space
UNIV = (Azureal. o (f z) (g x)) € borel = count-space UNIV
by(auto simp add: exp-gbs-Mxz qbs-Mz-R)
show All o a € gbs-Mz (count-spaceq UNIV)
by (simp add: comp-def gbs-Mz-R)
qed
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lemma FEz-gbs-pred[qbs|: qbs-pred (count-spaceq (UNIV :: (‘a :: countable) set)
=q count-spaceqg UNIV) Ex
proof(rule gbs-morphisml)
fix a :: real = 'a = bool
assume a € gbs-Mz (count-spaceq UNIV = count-spaceq UNIV')
hence [measurable]: \f g. f € borel-measurable borel => g € borel — s count-space
UNIV = (Azureal. o (fz) (g x)) € borel —p; count-space UNIV
by (auto simp add: exp-gbs-Mxz qbs-Mz-R)
show Ez o a € gbs-Mz (count-spaceqg UNIV)
by (simp add: comp-def gbs-Mz-R)
qged

lemma Ball-qbs-pred-countable:
assumes Ai:'a 2 countable. i € I = qbs-pred X (P i)
shows g¢bs-pred X (Az. Vz€l. P ix)
using assms by (simp add: qbs-pred-iff-measurable-pred)

lemma Ball-qbs-pred:
assumes finite I N\i. i € I = qbs-pred X (P i)
shows g¢bs-pred X (Az. Vz€l. Pizx)
using assms by(simp add: gbs-pred-iff-measurable-pred)

lemma Bex-qbs-pred-countable:
assumes Ai:’'a 2 countable. i € I = qbs-pred X (P i)
shows g¢bs-pred X (Az. Jz€l. P ix)
using assms by(simp add: gbs-pred-iff-measurable-pred)

lemma Bex-qbs-pred:
assumes finite I N\i. i € I = qbs-pred X (P i)
shows g¢bs-pred X (Az. Jz€l. P ix)
using assms by(simp add: gbs-pred-iff-measurable-pred)

lemma gbs-morphism-If-sub-gbs:
assumes [gbs]: gbs-pred X P
and [gbs]: f € sub-gbs X {z€qbs-space X. P z} —¢q Y g € sub-gbs X
{zeqbs-space X. ~ Pz} —¢q Y
shows (Az. if Pz then frelsegz) € X =g YV
proof(rule gbs-morphismI)
fix a
assume h:a € gbs-Mz X
interpret standard-borel-ne borel :: real measure by simp
have [measurable]: Measurable.pred borel (Az. P (a z))
using h by (simp add: qbs-pred-iff-measurable-pred[symmetric] qbs-Mz-is-morphisms)
consider g¢bs-space X = {}
| {z€qbs-space X. = P x} = gbs-space X
| {z€gbs-space X. P z} = gbs-space X
| {z€qbs-space X. P x} # {} {ze€qbs-space X. = P x} # {} by blast
then show (Az. if P x then fx else g z) o o € gbs-Mz Y (is ?f € -)
proof cases
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case I
with h show ?thesis
by (simp add: gbs-empty-equiv)
next
case 2
have [simpl]:(Az. if P z then fz else gz) oa = g o «
by standard (use gbs-Mz-to-X[OF h] 2 in auto)
show ?thesis
using 2 gbs-morphism-Mz|OF assms(3)] h by(simp add: sub-gbs-ident)
next
case 3
have [simp|:(Az. if Pz then fz else gz) o= f o«
by standard (use gbs-Mz-to-X[OF h] 3 in auto)
show ?thesis
using 3 qbs-morphism-Mz|OF assms(2)] h by(simp add: sub-gbs-ident)
next
case 4
then obtain 20 z1 where
20:20 € gbs-space X P xz0 and z1:x1 € gbs-space X - P z1
by blast
define a0 where a0 = (Ar. if P («a r) then a r else z0)
define a! where al = (Ar. if = P (« r) then « r else z1)
have a0 € gbs-Mz (sub-gbs X {x€qbs-space X. P z}) al € gbs-Mxz (sub-gbs X
{zegbs-space X. = P z})
using z0 z1 qbs-Mxz-to-X[OF h] h
by (auto simp: sub-qbs-Mz a0-def al-def introl: qbs-closed3-dest2’of UNIV Ar.
P (ar) Abr. if b then a r else z0]) (simp-all add: qbs-Ma-is-morphisms)
from ¢bs-morphism-Mz[OF assms(2) this(1)] gbs-morphism-Mz[OF assms(3)
this(2)]
have h0:(Ar. f (a0 r)) € gbs-Mz Y (Ar. g (al 7)) € qbs-Mz Y
by (simp-all add: comp-def)
have [simp]:(Az. if P z then fx else g x) o a = (Ar. if P (v 1) then f (a0 1)
else g (al 1))
by standard (auto simp: comp-def a0-def al-def)
show (Az. if P x then fx else g z) o a € gbs-Mz Y
using h h0 by(simp add: gbs-Mz-is-morphisms)
qged
qged

3.3.5 The Adjunction w.r.t. Ordering

lemma [-mono: mono gbs-to-measure
proof
fix X Y :: 'a quasi-borel
show X < Y = g¢bs-to-measure X < gbs-to-measure Y
proof (induction rule: less-eq-quasi-borel.induct)
case (1 X Y)
then show ?case
by (simp add: less-eqg-measure.intros(1) space-L)
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next
case (2XY)
then have sigma-Mx X C sigma-Mxz Y
by (auto simp add: sigma-Ma-def)
then consider sigma-Mz X C sigma-Mz Y | sigma-Mx X = sigma-Mz Y
by auto
then show ?Zcase
apply(cases)
apply (rule less-eq-measure.intros(2))
apply(simp-all add: 2 space-L sets-L)
by (rule less-eq-measure.intros(3),simp-all add: 2 sets-L space-L emeasure-L)
qed
qed

lemma r-mono: mono measure-to-qbs
proof
fix M N :: 'a measure
show M < N = measure-to-qbs M < measure-to-gbs N
proof (induction rule: less-eq-measure.inducts)
case (I M N)
then show ?case
by (simp add: less-eq-quasi-borel.intros(1) qbs-space-R)
next
case (2 M N)
then have (borel :: real measure) —pr N C borel =y M
by (simp add: measurable-mono)
then consider (borel :: real measure) —pr N C borel = M | (borel :: real
measure) —p N = borel =y M
by auto
then show ?case
by cases (rule less-eq-quasi-borel.intros(2),simp-all add: 2 gbs-space-R qbs-Mz-R)+
next
case (3 M N)
then show ?case
apply —
by (rule less-eq-quasi-borel.intros(2)) (simp-all add: measurable-mono qbs-space-R
qbs-Mz-R)
qed
qed

lemma rl-order-adjunction:
X < gbs-to-measure Y <+— measure-to-gbs X < Y
proof
assume 1: X < gbs-to-measure Y
then show measure-to-gbs X < Y
proof (induction rule: less-eq-measure.cases)
case (I M N)
then have [simp]:qbs-space Y = space N
by (simp add: 1(2)[symmetric] space-L)
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show ?case
by (rule less-eq-quasi-borel.intros(1),simp add: 1 gbs-space-R)
next
case (2 M N)
then have [simp]:qbs-space Y = space N
by (simp add: 2(2)[symmetric] space-L)
show ?case
proof (rule less-eq-quasi-borel.intros(2))
show ¢bs-Mz Y C gbs-Mxz (measure-to-gbs X)
unfolding ¢bs-Mz-R
proof
fix «
assume h:a € gbs-Mz Y
show « € borel —p; X
proof (rule measurablel)
show Az. a z € space X
using ¢bs-Mz-to-X[OF h] by (auto simp add: 2)
next
fix A
assume A € sets X
then have A € sets (gbs-to-measure Y)
using 2 by auto
then obtain U where
hu:A = U N space N (Vacgbs-Mz Y. oo —¢ U € sets borel)
by (auto simp add: sigma-Ma-def sets-L)
havea —A =a ‘U
using g¢bs-Mz-to-X[OF h] by(auto simp add: hu)
thus a —¢ A N space borel € sets borel
using h hu(2) by simp
qed
qed
qed(auto simp: 2 qbs-space-R)
next
case (3 M N)
then have [simp]:qbs-space Y = space N
by (simp add: 3(2)[symmetric] space-L)
show ?Zcase
proof (rule less-eq-quasi-borel.intros(2))
show ¢bs-Mz Y C gbs-Mxz (measure-to-gbs X)
unfolding ¢bs-Mz-R
proof
fix «
assume h:a € gbs-Mz Y
show « € borel —p; X
proof(rule measurablel)
show Az. o z € space X
using ¢bs-Mz-to-X[OF h] by(auto simp: 3)
next

fix A
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assume A € sets X
then have A € sets (gbs-to-measure Y)
using 3 by auto
then obtain U where
hu:A = U N space N (Ya€gbs-Mz Y. o —¢ U € sets borel)
by (auto simp add: sigma-Mz-def sets-L)
havea —A =a ‘U
using ¢bs-Mz-to-X[OF h] by(auto simp add: hu)
thus a —¢ A N space borel € sets borel
using h hu(2) by simp
ged
qed
qed(auto simp: 3 qbs-space-R)
qed
next
assume measure-to-ghs X < Y
then show X < ¢bs-to-measure Y
proof (induction rule: less-eq-quasi-borel.cases)
case (1 A B)
have [simp]: space X = gbs-space A
by (simp add: 1(1)[symmetric] qbs-space-R)
show ?case
by (rule less-eq-measure.intros(1)) (simp add: 1 space-L)
next
case (2 A B)
then have hmy:qbs-Mz Y C borel —p; X
using ¢bs-Mz-R by blast
have [simp]: space X = qbs-space A
by (simp add: 2(1)[symmetric] qbs-space-R)
have sets X C sigma-Mx Y
proof
fix U
assume hu:U € sets X
show U € sigma-Mxz Y
unfolding sigma-Mz-def
proof (safe introl: exl[where z="U])
show Az. 2 € U = z € gbs-space Y
using sets.sets-into-space[OF hu]
by (auto simp add: 2)
next
fix «
assume « € gbs-Mz Y
then have a € borel —p; X
using hmy by(auto)
thus o —° U € sets borel
using hu by(simp add: measurable-sets-borel)
qed
qed
then consider sets X = sigma-Mz Y | sets X C sigma-Mz Y
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by auto
then show ?case
proof cases
case I
show ?Zthesis
proof (rule less-eqg-measure.intros(3))
show emeasure X < emeasure (qbs-to-measure Y)
unfolding emeasure-L
proof (rule le-funl)

fix U

consider U = {} | U ¢ sigma-Mz Y | U # {} A U € sigma-Mz Y
by auto

then show emeasure X U < (if U = {} V U ¢ sigma-Mz Y then 0 else

)

proof cases
case I
then show ¢thesis by simp

next
case h:2
then have U ¢ sigma-Mz A
using qbs-Mz-sigma-Mz-contra| OF 2(3)[symmetric] 2(4)] 2(2) by auto
hence U ¢ sets X

using Ir-sets 2(1) sets-L by blast
thus Zthesis
by (simp add: h emeasure-notin-sets)

next
case 3
then show ?thesis
by simp

qed
qed
qed(simp-all add: 1 2 space-L sets-L)
next
case h2:2

show ?thesis
by (rule less-eq-measure.intros(2)) (simp add: space-L 2, simp add: h2 sets-L)
qged
qed
qed

end

4 The S-Finite Measure Monad

theory Monad-QuasiBorel
imports
Measure-QuasiBorel-Adjunction
Kernels
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begin

4.1 The s-Finite Measure Monad
e In the previous version:

— A measure on X = [X, a, p|~
x* o € My
* p is an s-finite measure on R
b (Xy000) ~ (X, B,0) <= Cup = fo

— The s-finite measure monad: .Z(X) = {p | p is a measure on X}
e Current version: measures are not restricted to s-finite measures.

— A measure on X = [X, a, p]~
x a € Mx
* (4 iS a measure on R
o (X,00) ~ (X,B,0) <= upp = fuv
— The s-finite measure monad: .Z (X) = {[X, o, u]~ | p is s-finite}
The space of all measures: .#Zu(X) = {p | p is a measure on X}

4.1.1 Measures on Quasi-Borel spaces

locale in-Mx =
fixes X :: 'a quasi-borel
and « :: real = 'a
assumes in-Mz[simp|:a € gbs-Mz X
begin

lemma a-measurable[measurable]: o € borel =y gbs-to-measure X
using in-Mz gbs-Mz-subset-of-measurable by blast

lemma a-gbs-morphism[gbs]: o € gbs-borel —¢ X
using in-Mz by(simp only: gbs-Mz-is-morphisms)

lemma X-not-empty: gbs-space X # {}
using in-Mz by(auto simp: gbs-empty-equiv simp del: in-Mz)

lemma inverse-UNIV [simp]: oo —* (qbs-space X) = UNIV
by fastforce

end

locale gbs-meas = in-Mz X «
for X :: 'a quasi-borel and « and u :: real measure +
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assumes mu-sets[measurable-cong|: sets pu = sets borel
begin

lemma mu-not-empty: space pn # {}
by (simp add: sets-eq-imp-space-eq[ OF mu-sets])

end

lemma ¢bs-meas-All:

assumes a € gbs-Mz X measure-kernel M borel k x© € space M

shows gbs-meas X « (k x)
proof —

interpret measure-kernel M borel k by fact

show ?thesis

using assms(1,3) by(auto simp: gbs-meas-def in-Mz-def gbs-meas-axioms-def

kernel-sets)
qed

locale ¢bs-s-finite = qbs-meas + s-finite-measure p

lemma ¢bs-s-finite-All:

assumes « € qbs-Mxz X s-finite-kernel M borel k © € space M

shows gbs-s-finite X a (k x)
proof —

interpret s-finite-kernel M borel k by fact

show ?thesis

using assms(1,3) image-s-finite-measure| OF assms(3)]

by (auto simp: gbs-s-finite-def in-Max-def kernel-sets qbs-meas-def qbs-meas-axioms-def)

qed

locale qbs-prob = in-Mx X o + real-distribution p
for X :: 'a quasi-borel and o p

begin

lemma gbs-meas: qbs-meas X o
by (auto simp: gbs-meas-def gbs-meas-azioms-def in-Muz-def)

lemma g¢bs-s-finite: qbs-s-finite X « p
by (auto simp: gbs-s-finite-def gbs-meas-def gbs-meas-axioms-def in-Mz-def s-finite-measure-prob)

sublocale gbs-s-finite by (rule gbs-s-finite)

end

locale pair-gbs-meas’ = pql: qbs-meas X o p + pq2: qbs-meas Y B v
for X :: 'a quasi-borel and o p and Y :: ‘b quasi-borel and 3 v

begin

lemma ab-measurable|measurable]: map-prod o 8 € borel @ ar borel — pr qbs-to-measure
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(X ®q V)
proof —
have map-prod o § € gbs-to-measure (measure-to-gbs (borel Q) pr borel)) —nr
gbs-to-measure (X Qg Y)
by (auto introl: set-mp|OF I-preserves-morphisms] simp: r-preserves-product)
moreover have sets (gbs-to-measure (measure-to-qbs (borel @ ar borel))) = sets
((borel @ nr borel) :: (real x real) measure)
by (auto introl: standard-borel.lr-sets-ident pair-standard-borel-ne standard-borel-ne.standard-borel)
ultimately show ?thesis by simp
qed

end
locale pair-qbs-meas = pql: qbs-meas X o p + pqg2: gbs-meas X v
for X :: 'a quasi-borel and o p 8 v

begin

sublocale pair-qgbs-meas’ X a p X S v
by standard

end
locale pair-qbs-s-finites = pql: qbs-s-finite X o p + pq2: qbs-s-finite Y [ v
for X :: 'a quasi-borel and o p and Y :: ‘b quasi-borel and 8 v

begin

sublocale pair-gbs-meas’ X a u Y S v
by standard

end
locale pair-qbs-s-finite = pql: qbs-s-finite X o p + pg2: qbs-s-finite X S v
for X :: 'a quasi-borel and o p and § v

begin

sublocale pair-qbs-s-finites X a u X g v
by standard

sublocale pair-gbs-meas X a pu g v
by standard

end

locale pair-qbs-probs = pql: gbs-prob X o p + pqg2: qbs-prob Y g v
for X :: 'a quasi-borel and « p and Y :: ‘b quasi-borel and 8 v

begin

sublocale pair-qbs-s-finites

by standard
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end

locale pair-qbs-prob = pql: qbs-prob X o u + pg2: gbs-prob X B v
for X :: 'a quasi-borel and o p and 8 v
begin

sublocale pair-gbs-s-finite X a u S v
by standard

sublocale pair-qbs-probs X a u X 8 p
by standard

end

lemma(in gbs-meas) qbs-probl: prob-space p => qbs-prob X «
by (auto simp: gbs-prob-def in-Mz-def real-distribution-def real-distribution-azioms-def
mu-sets)

type-synonym ‘a gbs-measure-t = 'a quasi-borel x (real = 'a) * real measure
definition gbs-meas-eq :: ['a gbs-measure-t, 'a gbs-measure-t| = bool where
gbs-meas-eq p1 p2 =
(let (X, o, p) = p1;
(Y, B, v)=p2in
gbs-meas X o u A gbs-meas Y v AN X =Y A
distr 1 (gbs-to-measure X) o = distr v (gbs-to-measure Y) ()

lemma gbs-meas-eq-def2:
gbs-meas-eq p1 p2 =
(let (X::'a quasi-borel, a, p) = pl;
(Y, B,v)=p2in
gbs-meas X o p A gbs-meas Y v AN X =Y A
(VfeX —q (gbs-borel :: ennreal quasi-borel). ([ Tz. f (o z) Op) = ([ Tz. f
(8 ) o))
unfolding ¢bs-meas-eq-def Let-def
proof safe
fix X :: 'a quasi-borel and o . B v and f :: 'a = ennreal
assume gbs-meas X « p qgbs-meas X S v
and h: distr p (gbs-to-measure X) o = distr v (qbs-to-measure X) 3
and f € X —¢ borelg
then have [measurable]: f € gbs-to-measure X — s borel
by(auto dest: gbs-morphism-dest)
interpret gm1: gbs-meas X o p by fact
interpret ¢gm2: qbs-meas X 8 v by fact
show ([ * o. f (o 2) Op) = ([ * 2. (8 2) Ow)
by (simp add: nn-integral-distr[symmetric,of - - gbs-to-measure X| h)
next
fix X :: 'a quasi-borel and o B v
assume gbs-meas X « p qgbs-meas X S v
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and h: Vf e X —¢ borelg. ([T z. f(az)ou) = ([T z f(Bz)dv)
interpret gm1: qbs-meas X a pu by fact
interpret qm2: gbs-meas X 5 v by fact
show distr p (gbs-to-measure X) o = distr v (gbs-to-measure X) 3
proof (rule measure-eql)
fix A
assume A[measurable]:A € sets (distr p (gbs-to-measure X) «)
show emeasure (distr p (gbs-to-measure X) ) A = emeasure (distr v (gbs-to-measure
X) ) 4
using h[rule-format,of indicator A] A
by (simp add: Ir-adjunction-correspondence nn-integral-distr[symmetric,of - -
gbs-to-measure X])
qed simp
qed

lemmal(in gbs-meas) qbs-meas-eq-refl[simp]: gbs-meas-eq (X,o,pu) (X,00,pu)
by (simp-all add: gbs-meas-eq-def qbs-meas-axioms)

lemma (in pair-gbs-meas)
shows qbs-meas-egq-intro:
distr p (gbs-to-measure X) a = distr v (gbs-to-measure X) § = qbs-meas-eq
(X.aup1) (X,3.0)
and gbs-meas-eq-intro2:
(Nf- f € X =q gbs-borel = ([Ta. f(az)dp) = ([Tz. f(Bz)dv) =
gbs-meas-eq (X,a,u) (X,B8,v)
by (simp add: pql.gbs-meas-axioms pq2.qbs-meas-axioms gbs-meas-eq-def)
(simp add: pql.gbs-meas-azioms pq2.qbs-meas-axioms qbs-meas-eq-def2)

lemma qbs-meas-eq-dest:

assumes gbs-meas-eq (X,a,u) (Y,B,v)

shows gbs-meas X o pu gbs-meas Y S v Y = X distr pn (gbs-to-measure X) o =
distr v (gbs-to-measure X)

using assms by (auto simp: qbs-meas-eq-def)

lemma qbs-meas-eq-dest2:

assumes g¢bs-meas-eq (X,a,u) (Y,B,v)

shows gbs-meas X o p qbs-meas Y v Y = X N\f. f € X —¢g ¢bs-borel =
(JFz. faz)Op) = ([Tz. f(Bz)0v)

using assms by (auto simp: qbs-meas-eq-def2)

lemma qbs-meas-eq-integral-eq:

assumes g¢bs-meas-eq (X,a,u) (Y,B,v)

and [measurable]:f € X —¢ (gbs-borel :: 'b::{ banach, second-countable-topology}
quasi-borel)

shows ([z. f (a z) Ou) = (fz. f (B z) Ov)
proof —

interpret pair-qgbs-meas X a u g v

using assms by (auto simp: qbs-meas-eq-def pair-gbs-meas-def)

show ?thesis
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by (simp add: integral-distr[where N=gbs-to-measure X, symmetric] gbs-meas-eq-dest(4)[OF
assms(1)])
qed

lemma
shows ¢bs-meas-eq-symp: symp gbs-meas-eq
and q¢bs-meas-eq-transp: transp qbs-meas-eq
by (simp-all add: gbs-meas-eq-def transp-def symp-def)

quotient-type ‘a gbs-measure = ’'a gbs-measure-t | partial: qbs-meas-eq
morphisms rep-qbs-measure qbs-measure
proof (rule part-equivpl)
let ?U = UNIV :: 'a set
let ?Uf = UNIV :: (real = 'a) set
let ?f = (A-. undefined) :: real = 'a
have gbs-meas (Abs-quasi-borel (2U, 2Uf)) ?f (return borel 0)
unfolding qbs-meas-def in-Mzx-def qbs-meas-azioms-def
proof safe
have Rep-quasi-borel (Abs-quasi-borel (2U,2Uf)) = (¢U, ?Uf)
using Abs-quasi-borel-inverse by (auto simp add: gbs-closed1-def qbs-closed2-def
gbs-closed3-def is-quasi-borel-def)
thus (\-. undefined) € gbs-Mzx (Abs-quasi-borel (2U, ?2Uf))
by (simp add: gbs-Mz-def)
qed simp-all
thus 3z :: 'a gbs-measure-t. qbs-meas-eq T x
by (auto simp: qbs-meas-eg-def intro!: exl[where x=(Abs-quasi-borel (?U,?Uf),
?f, return borel 0)])
qed(simp-all add: qbs-meas-eq-symp gbs-meas-eq-transp)

interpretation gbs-measure : quot-type qbs-meas-eq Abs-qbs-measure Rep-qbs-measure

using Abs-gbs-measure-inverse Rep-qbs-measure

by (simp add: quot-type-def equivp-implies-part-equivp gbs-measure-equivp Rep-qbs-measure-inverse
Rep-qbs-measure-inject) blast

syntax

-gbs-measure :: 'a quasi-borel = (real = 'a) = real measure = 'a gbs-measure
I~/ -/ -Imeas)

syntax-consts

-gbs-measure = qbs-measure

translations

[X, &, pt]meas = CONST gbs-measure (X, «, )

lemma rep-gbs-measure”: 3X o p. p = [X, @, ulmeas N gbs-meas X a p
by (rule qbs-measure.abs-induct) (auto simp: qbs-meas-eg-def)

lemma rep-qbs-measure:

obtains X a p where p = [X, «, t]meas A gbs-meas X a p
using that rep-qbs-measure’ by blast
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definition gbs-null-measure :: 'a quasi-borel = 'a qbs-measure where
gbs-null-measure X = [X, SOMFE a. a € gbs-Mz X, null-measure borel]meas

lemma gbs-null-measure-meas: gbs-space X # {} = gbs-meas X (SOME a. a €
gbs-Mz X) (null-measure borel)
and g¢bs-null-measure-s-finite: gbs-space X # {} = qbs-s-finite X (SOME a. a
€ ¢bs-Mz X) (null-measure borel)
by (auto simp: gbs-empty-equiv gbs-s-finite-def in-Mz-def qbs-meas-def qbs-meas-axioms-def
some-in-eq
introl: finite-measure.s-finite-measure-finite-measure finite-measurel)

lemma in-Rep-qbs-measure’:

assumes gbs-meas-eq (X,a,p) (X' ,a’,1’)

shows (X',a’,u’) € Rep-qbs-measure [X, a, p]meas

by (metis assms mem-Collect-eq qbs-meas.qbs-meas-eq-refl gbs-meas-eq-dest2(1)
gbs-measure.abs-def gbs-measure.abs-inverse gbs-measure-def)

lemmas(in gbs-meas) in-Rep-gbs-measure = in-Rep-gbs-measure’|OF qbs-meas-eq-refi)

lemma(in gbs-meas) in-Rep-qbs-measure-dest:
assumes (X',a',u’) € Rep-qbs-measure [X, o, t]meas
shows X' = X
gbs-meas X' o’ '
gbs-meas-eq (X,o,pn) (X',a',p”)
proof —
show h: X' = X
by (metis assms mem-Collect-eq gbs-meas-eq-dest(3) gbs-meas-eq-refl gbs-measure.abs-def
gbs-measure.abs-inverse qbs-measure-def)
next
show gbs-meas X' o' p'
using assms gbs-measure. Rep-gbs-measure[of [X, o, t]meas]
by (auto simp: gbs-meas-eq-def)
next
show gbs-meas-eq (X,a,u) (X',a’,1’)
using assms gbs-measure. Rep-gbs-measure[of [X, &, t]meas]
by (metis (no-types, lifting) mem-Collect-eq qbs-meas-eq-refl qbs-measure.abs-def
gbs-measure.abs-inverse qbs-measure-def)
qed

lemmal(in gbs-meas) in-Rep-gbs-measure-dest’:

assumes p € Rep-qbs-measure [X, a, t]meas

obtains o’ p’ where p = (X, o/, p/) qbs-meas X o’ p' gbs-meas-eq (X,a,p)
(X0 s)

by (metis prod-cases3 in-Rep-qbs-measure-dest assms)

lemma gbs-meas-eql”: gbs-meas-eq (X,a,u) (V,8,v) = [X, @, ulmeas = [V, 5,

V]]meas

using Quotient3-rel|OF Quotient3-qbs-measure] by blast
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lemma(in pair-qbs-meas) qbs-meas-eql:

distr p (gbs-to-measure X) o = distr v (gbs-to-measure X) 8 = [X, @, t]meas
= [[Xa Ba V]]meas

by (auto intro!: qbs-meas-eql’ gbs-meas-eq-intro)

lemma(in pair-qbs-meas) qbs-meas-eql2:

(Nf-f € X =g gbs-borel = ([Ta. f(az)dp) =Tz f(Bz)dv) =
IIXa «, M]]meas = [[Xu /87 V]]meas

by (auto introl: gbs-meas-eql’ gbs-meas-eq-intro2)

lemma(in pair-qbs-s-finite) gbs-s-finite-measure-eq-inverse:
assumes [X, «, tlmeas = [X, B, V]meas
shows gbs-meas-eq (X,a,pn) (X,8,v)
using Quotient3-rel|OF Quotient3-qbs-measure,of (X,a,p) (X,8,v),simplified]
by (simp-all add: assms)

lift-definition gbs-space-of :: 'a gbs-measure = 'a quasi-borel
is fst by(auto simp: qbs-meas-eq-def)

lemma (in gbs-meas) gbs-space-of [simp]: gbs-space-of [X, a, p]meas = X
by (simp add: gbs-space-of .abs-eq)

lemma gbs-space-of-non-empty: gbs-space (gbs-space-of p) # {}
by (metis in-Mz. X-not-empty gbs-meas.axioms(1) qbs-meas.qbs-space-of rep-qbs-measure)

4.1.2 The Space of All Measures

definition all-meas-qbs :: ‘a quasi-borel = 'a gbs-measure quasi-borel where
all-meas-gbs X = Abs-quasi-borel ({s. gbs-space-of s = X}, {Ar. [X, a, k "]meas
la k. o € gbs-Mz X A measure-kernel borel borel k})

lemma
shows all-meas-qbs-space: qbs-space (all-meas-gbs X) = {s. qbs-space-of s = X}
(is %g1)
and all-meas-qbs-Mz: gbs-Mz (all-meas-gbs X) = {Ar. [X, a, k T]meas | k. «
€ ¢bs-Mz X N measure-kernel borel borel k} (is 792)
proof —
have {Ar:real. [X, o, k T]meas | k. @ € gbs-Mz X A measure-kernel borel borel
k} C UNIV — {s. qbs-space-of s = X}
by (auto introl: gbs-meas.qbs-space-of simp: qbs-meas-def in-Mz-def gbs-meas-azioms-def
measure-kernel.kernel-sets)
moreover have gbs-closedl {\r. [X, a, k r]meas | k. € gbs-Mz X A mea-
sure-kernel borel borel k}
proof (safe intro!: gbs-closed1I)
fix a and f :: real = real and k :: real= real measure
assume h:f € borel-measurable borel o € gbs-Mx X measure-kernel borel borel k
then show Ja’ ka. (Ar. [X, a, k "]meas) © [ = (Ar. [X, @', ka T]meas) A @’
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€ qbs-Mx X A measure-kernel borel borel ka
by(auto introl: exI[where xz=c«| exl[where z=MAz. k (f z)] simp: mea-
sure-kernel.measure-kernel-comp[OF h(8,1)])
qed
moreover have gbs-closed2 {s. qbs-space-of s = X} {Ar. [X, a, k r|meas | k.
a € gbs-Mz X A measure-kernel borel borel k}
proof (safe introl: gbs-closed?2I)
fix p
assume h:X = qbs-space-of p
obtain X' o u where p:p = [X', a, pt]meas qbs-meas X' a p
using rep-gbs-measure by meson
then interpret gbs-meas X' a u
by simp
show Ja k. (Ar. p) = (Ar. [gbs-space-of p, @, k T|meas) N @ € qbs-Mz
(qbs-space-of p) A
measure-kernel borel borel k
using p by (auto simp: qbs-meas-axioms-def gbs-meas-def h
intro!: exl[where x=qa| exI[where z=MAr. u| measure-kernel-const’)
qed
moreover have gbs-closed3 {Ar. [X, o, k r|meas | k. a € gbs-Mz X A mea-
sure-kernel borel borel k}
proof (rule gbs-closed5I)
fix P :: real = nat and Fi
assume P[measurable]:P € borel — )y count-space UNIV
and Aidznat. Fi i € {Arureal. [X, o, k r]meas |a k. o € gbs-Mz X A
measure-kernel borel borel k}
then obtain ai ki where Fi: \i. Fi i = (Ar. [X, ai @, ki @ 7]meas) N\i. @i i
€ qbs-Mx X
N\i. measure-kernel borel borel (ki ©)
by auto metis
interpret nat-real: standard-borel-ne count-space (UNIV :: nat set) @ ar (borel
:: real measure)
by (auto introl: pair-standard-borel-ne)
note [simp] = nat-real. from-real-to-real[simplified space-pair-measure, simplified]
define a where o = (Ar. case-prod ai (nat-real.from-real 1))
define k where k = (\r. distr (distr (ki (P r) r) (count-space UNIV @ nr
borel) (Ar'. (P r, r'))) borel nat-real.to-real)
have a: a € qbs-Mz X
unfolding a-def gbs-Mzx-is-morphisms
proof (rule gbs-morphism-compose[where g=nat-real.from-real and Y =qbs-count-space
UNIV @ ¢ gbs-borel])
show nat-real. from-real € qbs-borel —¢q qbs-count-space UNIV @) ¢ qbs-borel
by (simp add: r-preserves-product[symmetric] standard-borel.standard-borel-r-full-faithful[of
borel :: real measure,simplified, symmetric| standard-borel-ne.standard-borel)
next
show case-prod ai € qbs-count-space UNIV Q) g gbs-borel —¢ X
using Fi(2) by (auto intro!: qbs-morphism-pair-count-spacel simp: qbs-Mz-is-morphisms)
qed
have sets-ki[measurable-cong|: sets (ki i r) = sets borel sets (k r) = sets borel
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for ir
using Fi(3) by(auto simp: s-finite-kernel-def measure-kernel-def k-def)
interpret k: measure-kernel borel borel k
proof —
have 1:k = (\(4,r). distr (ki i r) borel (Ar'. nat-real.to-real (i, r'))) o (Ar.
(Pr, 7))
by standard (auto simp: k-def distr-distr comp-def)
have measure-kernel borel borel ...
unfolding comp-def
by (rule measure-kernel.measure-kernel-comp[where X=-count-space UNIV

& ar borel])

(auto introl: measure-kernel-pair-countblel measure-kernel.distr-measure-kernel| OF
Fi(3))
thus measure-kernel borel borel k
by (simp add: 1)
qed
have (Ar. Fi (Pr) r) = (Ar. [X, &, k7 Jmeas)
unfolding Fi(1)
proof
fix r
interpret pq: pair-gbs-meas X i (Pr) ki (Pr)rakr
by (auto simp: pair-gbs-meas-def gbs-meas-def gbs-meas-azxioms-def in-Mz-def
sets-ki o Fi(2))
show [X, ai (P r), ki (P 1) "]meas = [X, @, k "]meas
by (intro pq.qbs-meas-eql) (simp add: k-def distr-distr, simp add: comp-def
a-def)
qed
thus (Ar. Fi (P r) r) € {Ar. [X, &, k T]meas | k. a € gbs-Mzx X A mea-
sure-kernel borel borel k}
by (auto intro!: exI[where z=a] exl[where z=Fk| simp: a k.measure-kernel-azioms)
qed
ultimately have Rep-quasi-borel (all-meas-gbs X)
= ({s. gbs-space-of s = X}, {Ar. [X, o, k T]meas | k. o € gbs-Mz X A
measure-kernel borel borel k})
by (auto introl: Abs-quasi-borel-inverse simp: all-meas-qbs-def is-quasi-borel-def)
thus %91 %92
by (simp-all add: all-meas-gbs-def gbs-space-def gbs-Mz-def)
qged

lemma all-meas-gbs-empty-iff: qbs-space X = {} «— gbs-space (all-meas-qbs X)

={}
by (metis (mono-tags, lifting) qbs-space-of-non-empty all-meas-qbs-space
empty-Collect-eq qbs-meas.qbs-space-of qbs-null-measure-meas)

lemma(in gbs-meas) in-space-all-meas|gbs|: [ X, @, p]meas € gbs-space (all-meas-qbs
X)
by (simp add: all-meas-gbs-space)

lemma rep-gbs-space-all-meas:
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assumes s € gbs-space (all-meas-gbs X)

obtains a p where s = [X, a, p]meas gbs-meas X a p

by (metis (mono-tags, lifting) all-meas-qbs-space assms mem-Collect-eq gbs-meas. qbs-space-of
rep-gbs-measure’)

lemma ¢bs-space-of-in-all-meas: s € qbs-space (all-meas-qbs X) = gbs-space-of s
=X
by (simp add: all-meas-qbs-space)

lemma in-gbs-space-of-all-meas: s € qbs-space (all-meas-gbs (gbs-space-of s))
by (simp add: all-meas-qbs-space)

4.1.3 |

lift-definition ¢bs-1 :: ‘a qbs-measure = 'a measure
is M(X,a,u). distr p (qbs-to-measure X)
by (auto simp: gbs-meas-eq-def)

lemmal(in gbs-meas) qbs-lI: gbs-l [X, a, pmeas = distr u (gbs-to-measure X) «
by (simp add: qbs-l.abs-eq)

lemma space-gbs-l: gbs-space (gbs-space-of s) = space (gbs-1 s)
by (transfer, auto simp: space-L)

lemma space-gbs-l-ne: space (gbs-1s) # {}
by transfer (auto simp: qbs-meas-eq-def gbs-meas-def in-Mz-def space-L qbs-empty-equiv)

lemma gbs-l-sets: sets (gbs-to-measure (gbs-space-of s)) = sets (qbs-1 s)
by transfer auto

lemma gbs-null-measure-in-all-meas: gbs-space X # {} = gbs-null-measure X €
gbs-space (all-meas-gbs X)
by (simp add: gbs-meas.in-space-all-meas gbs-null-measure-def gbs-null-measure-meas)

lemma gbs-null-measure-null-measure: gbs-space X # {} = ¢bs-l (gbs-null-measure
X) = null-measure (gbs-to-measure X)
by (auto simp: qbs-null-measure-def qbs-meas.qbs-l|OF qbs-null-measure-meas] null-measure-distr)

lemma space-qbs-l-in-all-meas:

assumes s € gbs-space (all-meas-gbs X)

shows space (gbs-l s) = qbs-space X

by (metis assms qbs-meas.qbs-space-of rep-qbs-space-all-meas space-qbs-1)
lemma sets-qbs-l-all-meaures:

assumes s € gbs-space (all-meas-gbs X)

shows sets (gbs-1 s) = sets (gbs-to-measure X)

using assms gqbs-l-sets gbs-space-of-in-all-meas by blast

lemma measurable-gbs-l-all-meas:
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assumes s € gbs-space (all-meas-gbs X)
shows gbs-l s =y M = X —q measure-to-qgbs M
by (auto simp: measurable-cong-sets| OF gbs-l-sets[of s,simplified qbs-space-of-in-all-meas|OF
assms(1)],symmetric] refl]
lr-adjunction-correspondence)

lemma measurable-qbs-l-all-meas’:
assumes s € gbs-space (all-meas-gbs X)
shows qbs-l s =y M = qbs-to-measure X —pr M
by (simp add: measurable-qbs-l-all-meas|OF assms| lr-adjunction-correspondence)

lemma rep-all-meas-qbs-Mz:
assumes v € gbs-Mz (all-meas-qgbs X)
obtains a k where v = (Ar. [X, «, k T]meas) @ € gbs-Mz X measure-kernel
borel borel k \r. gbs-meas X « (k r)
proof —
obtain a k where v = (Ar. [X, &, k "]meas) @ € gbs-Mz X measure-kernel borel
borel k
using assms by (auto simp: all-meas-gbs-Mz)
moreover hence A\r. gbs-meas X o (k r)
by (simp add: gbs-meas-All)
ultimately show %thesis
using that by blast
qed

lemma q¢bs-lI-measure-kernel-all-meas:
measure-kernel (qbs-to-measure (all-meas-qbs X)) (gbs-to-measure X) gbs-I
proof(cases qbs-space X = {})
case True
with all-meas-qbs-empty-iff [of X,simplified this] show ?thesis
by (auto introl: measure-kernel-empty-trivial simp: space-L)
next
case [:Fualse
show ?thesis
proof
show Az. z € space (gbs-to-measure (all-meas-qbs X)) = sets (gbs-l x) = sets
(gbs-to-measure X)
using gbs-l-sets by(auto simp: space-L all-meas-gbs-space)
next
show space (gbs-to-measure X) # {}
by (simp add: space-L 1)
next
fix B
assume [measurable]:B € sets (gbs-to-measure X)
show (Az. emeasure (gbs-l z) B) € borel-measurable (gbs-to-measure (all-meas-gbs
X))
proof (rule gbs-morphism-dest|OF qbs-morphismI|)
fix v
assume v € ¢bs-Mz (all-meas-qbs X)
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from rep-all-meas-qbs-Mxz[OF this] obtain o k where
v = (Ar. [X, a, k r]imeas) @ € gbs-Mz X measure-kernel borel borel k r.
gbs-meas X « (kr)
by blast
then show (Az. emeasure (gbs-l z) B) o v € gbs-Mzx borelg
by (auto simp: comp-def qbs-meas.qbs-1 gbs-Mz-R
intro!: measure-kernel.distr-measure-kernel measure-kernel.emeasure-measurable)
qed
qed
qged

lemma gbs-l-inj-all-meas: inj-on gbs-1 (qbs-space (all-meas-qbs X))
by standard (simp add:all-meas-qbs-space, transfer,auto simp: gbs-meas-eq-def)

lemma q¢bs-I-morphism-all-meas:
assumes [measurable]: A € sets (gbs-to-measure X)
shows (As. ¢bs-l s A) € all-meas-gbs X —¢ gbs-borel
proof(rule gbs-morphisml)
fix ~
assume h:y € gbs-Mx (all-meas-gbs X)
hence [gbs]: v € gbs-borel —¢ all-meas-gbs X
by (simp-all add: gbs-Mz-is-morphisms)
from rep-all-meas-gbs-Mz[OF h(1)] obtain «a k where hk:
v = (Ar. [X, a, k T]imeas) @ € gbs-Mx X measure-kernel borel borel k Nr.
gbs-meas X o (kr)
by metis
then interpret a: in-Mz X « by(simp add: in-Mz-def)
have k[measurable-cong|:sets (k r) = sets borel for r
using hk(3) by(auto simp: measure-kernel-def)
show (As. emeasure (qbs-l1s) A) o v € qbs-Mz gbs-borel
by (auto simp: hk(1) gbs-meas.qbs-1|OF hk(4)] comp-def qbs-Ma-qbs-borel emea-
sure-distr sets-eq-imp-space-eq[ OF k]
introl: measurable-sets-borel| OF - assms] measure-kernel.emeasure-measurable[ OF
Bk (3))
qed

lemma gbs-I-finite-pred-all-meas: qbs-pred (all-meas-gbs X) (As. finite-measure (gbs-1
5))
proof —
have g¢bs-space X € sets (gbs-to-measure X)
by (metis sets.top space-L)
note gbs-l-morphism-all-meas[OF this,qbs]
have [simp]:finite-measure (gbs-1 s) «— qbs-l s X # oo if s € all-meas-qgbs X for
s
by (auto introl: finite-measurel dest: finite-measure.emeasure-finite simp: space-qbs-l-in-all-meas| OF
that])
show ?thesis
by (simp cong: gbs-morphism-cong)
qed
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lemma gbs-l-subprob-pred-all-meas: gbs-pred (all-meas-gbs X) (As. subprob-space
(gbs-L s))
proof —
have g¢bs-space X € sets (gbs-to-measure X)
by (metis sets.top space-L)
note gbs-l-morphism-all-meas[OF this,qbs]
have [simp]:subprob-space (qbs-l s) +— gbs-l s X < 1 if s € all-meas-gbs X for
s
by (auto introl: subprob-spacel dest: subprob-space.subprob-emeasure-le-1 simp:
space-qbs-l-ne)
(simp add: space-gbs-l-in-all-meas[OF that)])
show ?thesis
by (simp cong: qbs-morphism-cong)
qed

lemma gbs-l-prob-pred-all-meas: gbs-pred (all-meas-gbs X) (As. prob-space (gbs-1
)
proof —
have gbs-space X € sets (gbs-to-measure X)
by (metis sets.top space-L)
note ¢bs-l-morphism-all-meas[OF this,qbs]
have [simp]:prob-space (qbs-l s) +— gbs-l s X = 1 if s € all-meas-qgbs X for s
by (auto introl: prob-spacel simp: space-qbs-l-ne)
(auto simp add: space-gbs-l-in-all-meas| OF that] dest: prob-space.emeasure-space-1)
show ?thesis
by (simp cong: gbs-morphism-cong)
qed

4.1.4 Return

definition return-gbs :: ‘a quasi-borel = 'a = 'a gbs-measure where
return-gbs X x = [X, Ar. z, SOME p. real-distribution p]meas

lemma(in real-distribution)
assumes z € gbs-space X
shows return-gbs:return-gbs X © = [X, Ar. &, M]meas
and return-gbs-meas:gbs-meas X (Ar. z) M
and return-gbs-prob:gbs-prob X (Ar. x) M
and return-gbs-s-finite: qbs-s-finite X (Ar. ) M
proof —
interpret gsi: gbs-prob X Ar. x M
by (auto simp: gbs-prob-def in-Muz-def real-distribution-azioms intro!: qbs-closed2-dest
assms)
show return-gbs X z = [X, Ar. , M]meas
unfolding return-qbs-def
proof (rule somel2)
show real-distribution (return borel 0)
by (auto simp: real-distribution-def real-distribution-azioms-def prob-space-return)
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next
fix N
assume real-distribution N
then interpret ¢s2: qbs-meas X Ar. x N
by (auto simp: gbs-meas-def in-Mz-def qbs-meas-axioms-def real-distribution-def
real-distribution-azioms-def)
interpret pair-gbs-meas X A\r. x N A\r. z M
by standard
show [X, Ar. 2, N]meas = [X, Ar. 2, M]meas
by (auto introl: gbs-meas-eql measure-eql simp: emeasure-distr)
(metis <real-distribution N> emeasure-space-1 prob-space.emeasure-space-1
qs2.mu-sets real-distribution.azioms(1) sets-eq-imp-space-eq space-borel space-eq-univ)
qed
show qbs-prob X (Ar. z) M gbs-s-finite X (Ar. x) M gbs-meas X (Ar. z) M
by (simp-all add: gs1.gbs-prob-azioms qs1.qbs-s-finite-axioms qs1.gbs-meas-azioms)
qed

lemma return-qbs-comp:
assumes « € ¢bs-Mz X
shows (return-gbs X o o) = (Ar. [X, «, return borel r]meas)
proof
fix r
interpret pgp: pair-gbs-prob X Ak. a r return borel 0 « return borel r
by(simp add: assms qbs-Mz-to-X[OF assms| pair-qgbs-prob-def qbs-prob-def
in-Mzx-def
real-distribution-def real-distribution-azioms-def prob-space-return)
show (return-gbs X o a) r = [X, «, return borel r|meas
by (auto simp: pgp.pql .return-qbs|OF qbs-Muz-to-X[OF assms|| distr-return in-
tro!: pqp.qbs-meas-eql)
qed

corollary return-gbs-morphism-all-meas: return-gbs X € X —¢ all-meas-gbs X
proof(rule gbs-morphismI)
interpret rr : real-distribution return borel 0
by (simp add: real-distribution-def real-distribution-axioms-def prob-space-return)
fix a
assume h:a € gbs-Mz X
then have 1:return-gbs X o a = (Ar. [X, «, return borel r]meas)
by (rule return-qbs-comp)
show return-gbs X o a € gbs-Mzx (all-meas-qbs X)
by (auto simp: 1 all-meas-qbs-Mxz h prob-kernel-def’
introl: exI[where z=q| exI[where z=return borel] prob-kernel.axioms(1))
qged

4.1.5 Bind

definition bind-qbs :: ['a gbs-measure, 'a = 'b gbs-measure] = ‘b gbs-measure
where
bind-gbs s [ = (let (X, «, pu) = rep-qbs-measure s;
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Y = gbs-space-of (f (a undefined));

(B, k) = (SOME (B, k). f o = (Ar. [Y, B, k T]imeas) N B €
gbs-Mz Y A measure-kernel borel borel k) in

[[Y7 67 W =>= k]]meas)

adhoc-overloading Monad-Syntaz.bind = bind-qbs

lemma(in gbs-meas)
assumes s = [X, a, p]meas
f e X —¢ all-meas-qgbs Y
B € qbs-Mz Y
measure-kernel borel borel k
and (f o a) = (Ar. [Y, B, k rlmeas)
shows bind-gbs-meas:gbs-meas Y 3 (1 >=y, k)
and bind-gbs-all-meas: s >= f = [Y, B, p >=p k]meas
proof —
interpret k: measure-kernel borel borel k by fact
interpret gm: qbs-meas Y B p > k
by (auto simp: qbs-meas-def qbs-meas-axioms-def in-Mz-def assms(8) mu-sets
k.sets-bind-kernel[OF - mu-sets])
{
fix X' o' p’
assume (X' ,a’,u") € Rep-gbs-measure [ X, a, t]meas
then have h: X' = X gbs-meas X' o' p’ qbs-meas-eq (X,a,u) (X',a’,1’)
by (simp-all add: in-Rep-gbs-measure-dest)
then interpret pq!: pair-gbs-meas X a p o’ p'
by (auto simp: pair-gbs-meas-def gbs-meas-azioms)
have [simp]: gbs-space-of (f (o' 1)) =Y for r
using gbs-Mz-to-X[OF gbs-morphism-Mz[OF assms(2) pql.pg2.in-Mz],of 7]
by (auto simp: all-meas-gbs-space)
have (let Y = gbs-space-of (f (o’ undefined))
in case SOME (B, k). (Ar. f (a' 1)) = (Ar. [Y, B, k T]meas) A B € qbs-Mz
Y A measure-kernel borel borel k of
(63 k) = HY, ﬂ, ,LL/ >=k k]]meas) = [[Y7 67 H>= k]]meas
proof —
have (case SOME (B, k). (Ar. f (o’ r)) = (Ar. [Y, B, k "]meas) A B € gbs-Mz
Y A measure-kernel borel borel k of (B, k) = [Y, B, ' >=k k]meas) = [Y, 5, 1
>= k]]meas
proof (rule somel2-ex)
show Ja. case a of (B, k) = (Ar. f (&’ 1)) = (Ar. [Y, B, k r]meas) A B €
qbs-Mz Y N measure-kernel borel borel k
using gbs-morphism-Mxz[OF assms(2) pql.pg2.in-Mz]
by (auto simp: comp-def all-meas-qbs-Mzx)
next
show Az. (case z of (B, k) = (Ar. f (' 7)) = (Ar. [Y, B, k T]meas) A B €
qbs-Mz 'Y A measure-kernel borel borel k) = (case z of (B, k) = [Y, B, p’ >=
k]]meas) = [[Ya Ba B >=k k]]meas
proof safe
fix B’ k'
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assume h':(Ar. f (&' r)) = (Ar. [Y, B, k' T]meas) B’ € qbs-Mz Y
measure-kernel borel borel k'
interpret k’: measure-kernel borel borel k' by fact
have gbs-meas Y 5’ (p' >= k')
by(auto simp: gbs-meas-def in-Mz-def h'(2) qbs-meas-azioms-def
k' .sets-bind-kernel|OF - pql.pq2.mu-sets))
then interpret pq2: pair-gbs-meas Y B/ p' >=, k' 8 p >= k
by (auto simp: pair-gbs-meas-def qm.qbs-meas-axioms)
show [[Y7 ﬂlv ,U// >= k/]]meas = [[Y7 67 w == kﬂmeas
proof (rule pg2.qbs-meas-eql)
have distr (u' >=p k') (gbs-to-measure Y) ' = p' >=y (Ar. distr (k'
r) (gbs-to-measure Y) B')
by (simp add: k’.distr-bind-kernel|OF - pql.pq2.mu-sets))
also have ... = p' >=p (Ar. ¢bs-l [V, B', k' "]meas)
by (auto intro!: bind-kernel-cong-All gbs-meas.qbs-I[symmetric] qbs-meas-Alllwhere
k=k’ and M=borel] h')

also have ... = p/ >= (Ar. ¢bs-l (f (o’ 1)))
by (auto simp: fun-cong[OF h'(1)])
also have ... = distr p' (gbs-to-measure X) o' >=j, (Az. ¢bs-l (f ))

by (simp add: measure-kernel.bind-kernel-distr|OF measure-kernel.measure-kernel-comp| OF
gbs-l-measure-kernel-all-meas set-mp|[OF l-preserves-morphisms assms(2)]]]
sets-eq-imp-space-eq| OF pql .pg2.mu-sets])

also have ... = distr p (gbs-to-measure X) o >=p, (Az. gbs-l (f z))
by (simp add: qbs-meas-eq-dest(4)[OF h(3)])
also have ... = p >=; (Ar. gbs-l (f (a 1))

by (simp add: measure-kernel.bind-kernel-distr| OF measure-kernel.measure-kernel-comp[ OF
gbs-l-measure-kernel-all-meas set-mp[OF l-preserves-morphisms assms(2)]]] sets-eq-imp-space-eq[ OF

mu-sets|)
also have ... = p >=; (Ar. ¢bs-1 [Y, B, k T]meas)
by (simp add: fun-cong[OF assms(5),simplified comp-def])
also have ... = p >=; (Ar. distr (k r) (¢bs-to-measure Y) ()

by (auto introl: bind-kernel-cong-All gbs-meas.qbs-1 qbs-meas-Alllwhere
k=k and M=borel] k.measure-kernel-axioms)
also have ... = distr (u >= k) (qbs-to-measure Y) 3
by (simp add: k.distr-bind-kernel[OF - mu-sets])
finally show distr (1’ >=y k') (gbs-to-measure V) B’ = distr (u >=
k) (gbs-to-measure Y) B .
qed
qed
qed
thus ?thesis by simp
qed
}
note x = this
show s >= f = [[Y, ﬂa B =>=k k]]meas
unfolding bind-gbs-def rep-qbs-measure-def qbs-measure.rep-def assms(1)
apply(rule somel2)
apply(rule in-Rep-qbs-measure)
using *x by auto
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show gbs-meas Y 5 (p >=y, k)
by (rule gm.qbs-meas-axioms)
qed

lemma bind-gbs-morphism-all-meas’:
assumes f € X —¢ all-meas-qbs Y
shows (Az. z >= f) € all-meas-qgbs X —¢ all-meas-qbs Y
proof (rule gbs-morphismI)
fix v
assume v € qbs-Mz (all-meas-qbs X)
from rep-all-meas-qgbs-Mz[OF this] obtain « k where h:
v = (Ar. [X, a, k T]imeas) @ € gbs-Mx X measure-kernel borel borel k Nr.
gbs-meas X o« (kr)
by metis
from rep-all-meas-qbs-Mz[OF gbs-morphism-Mz[OF assms this(2)]] obtain o’
k" where h":
foa=Ar [Y,a, k' lmeas) @' € gbs-Mz Y measure-kernel borel borel k' \r.
gbs-meas Y o' (k' 1)
by metis
have [simp|:(A\z. z >= f) oy = (Ar. [V, o/, k r >=1 k']meas)
by standard (simp add: h(1) gbs-meas.bind-gbs-all-meas|OF h(4) - assms
W(2,3.1))
show (Az. z >= f) o v € ¢bs-Mzx (all-meas-qbs Y')
using h'(2) by (auto simp: all-meas-gbs-Mz measure-kernel.bind-kernel-measure-kernel|OF
h(3) h'(3)]
intro!: exl[where z=a'])
qed

lemma bind-qbs-return-all-meas”:
assumes z € gbs-space (all-meas-gbs X)
shows z >= return-gbs X = x
proof —
obtain « p where h:gbs-meas X o pz = [X, o, p]meas
using rep-gbs-space-all-meas|OF assms| by blast
then interpret ¢s: qgbs-meas X a p by simp
note return-gbs-morphism-all-meas|qbs]
interpret prob-kernel borel borel return borel
by (simp add: prob-kernel-def")
show ?thesis
by(simp add: g¢s.bind-qbs-all-meas|OF h(2) return-gbs-morphism-all-meas -
prob-kernel.axzioms(1) return-qbs-comp]
prob-kernel-axioms bind-kernel-return’[OF gs.mu-sets] h(2)[symmetric])
qed

lemma bind-gbs-return-all-meas:
assumes f € X —¢ all-meas-qbs Y
and z € gbs-space X
shows return-qgbs X z >= f = fz
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proof —
from rep-qbs-space-all-meas|OF gbs-morphism-space|OF assms|] obtain o pu
where h:
fz=1Y, a, t]lmeas gbs-meas Y a u by auto
then interpret ¢s:gbs-meas Y « p by simp
interpret sk: measure-kernel borel borel Ar. p
by (auto introl: measure-kernel-const’ simp: qs.mu-sets)
interpret rd: real-distribution return borel 0
by (simp add: real-distribution-def prob-space-return real-distribution-azioms-def)
interpret g¢bs-prob X Ar. xz return borel 0
by (rule rd.return-qbs-prob OF assms(2)])
show ?thesis
using bind-qbs-all-meas|OF rd.return-qbs[OF assms(2)] assms(1) gs.in-Mz
sk.measure-kernel-azioms]
by (simp add: h(1) sk.bind-kernel-return)
qed

Associativity seems not to hold for all-meas-gbs.

lemma bind-qbs-cong-all-meas:
assumes [gbs|:s € gbs-space (all-meas-qgbs X)
Nz. © € gbs-space X = fz =gz
and [¢bs]:f € X —¢ all-meas-gbs YV
shows s >=f=s>=¢g
proof —
from rep-qbs-space-all-meas|OF assms(1)] obtain o u where h:
s =[X, a, ulmeas gbs-meas X a pu by auto
interpret gbs-meas X « u by fact
from rep-all-meas-qbs-Mz[OF gbs-morphism-Mz[OF assms(8) in-Mz]] obtain S
k where h':
foa=Ar [Y, B,k rlmeas) B € qbs-Mz Y measure-kernel borel borel k by
metis
have g: g € X —¢ all-meas-gbs Y g o o« = (Ar. [Y, B, k T]meas)
using ¢bs-Muz-to-X[OF in-Mzx] assms(2) fun-cong]OF h'(1)]
by (auto simp: assms(2)[symmetric] cong: qbs-morphism-cong)
show ?thesis
by (simp add: bind-qbs-all-meas[OF h(1) assms(3) h'(2,3,1)] bind-gbs-all-meas| OF
h(1) g(1) h(2.3) 9(2))
qed

4.1.6 The Functorial Action

definition distr-gbs :: ['a quasi-borel, 'b quasi-borel,’a = 'b,’a gbs-measure] = 'b
qbs-measure where
distr-gbs - Y f sx = sx >= return-qbs Y o f

lemma distr-qbs-morphism-all-meas’:
assumes f € X =g Y
shows distr-qbs X Y f € all-meas-gbs X —¢ all-meas-qbs Y
unfolding distr-qbs-def
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by (rule bind-qbs-morphism-all-meas’|OF gbs-morphism-comp[OF assms return-gbs-morphism-all-meas]])

lemma(in gbs-meas)
assumes s = [X, a, p]meas
and f € X —g YV
shows distr-qbs-meas:qbs-meas Y (f o ) p
and distr-qbs: distr-gbs X Y fs = [Y, f o &, p]meas
by (auto introl: bind-gbs-all-meas[OF assms(1) qbs-morphism-comp|OF assms(2)
return-qgbs-morphism-all-meas],of f o « return borel ,simplified bind-kernel-return’|OF
mu-sets]]
bind-qbs-meas|OF assms(1) gbs-morphism-comp[OF assms(2) re-
turn-qbs-morphism-all-meas|,of f o o return borel ,simplified bind-kernel-return’[OF
mu-sets]]
simp: distr-qbs-def return-qgbs-comp|OF qbs-morphism-Mz[OF assms(2)
in-Mz],simplified comp-assoc[symmetric]] gbs-morphism-Mz[OF assms(2) in-Mz)
prob-kernel.axioms(1)[of borel borel return borel,simplified
prob-kernel-def])

lemma(in gbs-s-finite) distr-gbs-s-finite:
assumes [gbs]:f € X = V
shows gbs-s-finite Y (f o a) p
using qbs-s-finite-azioms by(auto simp: qbs-s-finite-def gbs-meas-def in-Mzx-def
introl: gbs-morphism-Mz[of - X])

lemmal(in gbs-prob) distr-gbs-prob:
assumes [gbs]: f € X —g ¥
shows gbs-prob Y (f o a) p
using gbs-prob-azioms by(auto simp: gbs-prob-def gbs-meas-def in-Ma-def intro!:
gbs-morphism-Mz[of - X])

lemma distr-gbs-id-all-meas:
assumes s € gbs-space (all-meas-gbs X)
shows distr-gbs X X id s = s
using bind-gbs-return-all-meas’|OF assms| by(simp add: distr-qbs-def)

lemma distr-qbs-comp-all-meas:
assumes s € gbs-space (all-meas-gbs X)
f e X —Q Y
andge Y —¢g Z
shows ((distr-qbs Y Z g) o (distr-gbs X Y f)) s = distr-qbs X Z (g o f) s
proof —
from rep-qbs-space-all-meas|OF assms(1)] obtain o u where h:
gbs-meas X o p s = [X, a, ft]meas Dy metis
have gbs-meas Y (f o o) p distr-gbs X Y fs =Y, f o a, t]meas
by (simp-all add: gbs-meas.distr-qbs-meas[OF h assms(2)] qbs-meas.distr-gbs|OF
h assms(2)])
from gbs-meas.distr-gbs| OF this assms(3)] qbs-meas.distr-gbs| OF h gbs-morphism-comp|OF
assms(2,3)]]
show ?thesis
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by (simp add: comp-assoc)
qed

4.1.7 Join

definition join-gbs :: 'a gbs-measure gbs-measure = 'a gbs-measure where
join-gbs = (Asst. sst >= id)

lemma join-gbs-morphism-all-meas: join-qbs € all-meas-qbs (all-meas-qbs X) —¢
all-meas-gbs X
by (simp add: join-gbs-def bind-gbs-morphism-all-meas’)

lemma
assumes g¢bs-meas (all-meas-qbs X) 5 1
ssz = [all-meas-gbs X, B, t]meas
a € qbs-Mz X
measure-kernel borel borel k
and 8 =(Ar. [X, «, k 7]meas)
shows join-qbs-meas: gbs-meas X o (pu >=y, k)
and join-gbs-all-meas: join-qbs ssx = [X, o, p >=p k]meas
using gbs-meas.bind-qbs-all-meas[OF assms(1,2) qbs-morphism-ident assms(3,4)]
gbs-meas.bind-qbs-meas| OF assms(1,2) qbs-morphism-ident assms(3,4)]
by (auto simp: assms(5) join-qbs-def)

4.1.8 Strength

definition strength-qbs :: ['a quasi-borel,’b quasi-borel,’a x 'b gbs-measure] = ('a
x 'b) qbs-measure where
strength-gbs W X = (A(w,sz). let (-,a,u) = rep-gbs-measure s

n [WQ&q X, Ar. (w, a 1), tlmeas)

lemma(in gbs-meas)
assumes [gbs]:w € gbs-space W
and sz = [X, &, p]meas
shows strength-qbs-meas: qbs-meas (W Qo X) (Ar. (w,a 1)) p
and strength-qbs: strength-gbs W X (w,sz) = [W Q o X, Ar. (w,& 1), t]meas
proof —
interpret g¢s: gbs-meas W @ g X Ar. (w,a 1) p
by (auto simp: gbs-meas-def gbs-meas-axioms-def mu-sets in-Mz-def assms(1)
introl: pair-qbs-MzI)
show gbs-meas (W @ g X) (Ar. (w,a 7)) p by (rule gs.qbs-meas-axioms)
show strength-gbs W X (w,sz) = [W Qo X, Ar. (w,a 1), flmeas
proof —
{
fix X' o p'
assume (X'a’,u’) € Rep-gbs-measure [X, o, p]meas
then have h: X' = X gbs-meas X' o’ p’ qbs-meas-eq (X,a,u) (X',0',p1")
by (simp-all add: in-Rep-gbs-measure-dest)
then interpret g¢s”: gbs-meas W Qo X Ar. (w,a’ r) p
by (auto simp: gbs-meas-def in-Mz-def assms(1) introl: pair-qbs-Mxl)

/
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interpret pg: pair-gbs-meas W @ g X Ar. (w,a 1) p Ar. (w,a’ r) p
by standard
have [W @ ¢ X, Ar. (w, &' 1), ]meas = [W Q o X, Ar. (w, a 1), t]meas
using h(3) by (auto simp: qbs-meas-eq-def2 h(1) intro!: pq.qbs-meas-eqI2|symmetric])
}
note x = this
show ?thesis
unfolding strength-qbs-def rep-qbs-measure-def qbs-measure.rep-def assms(2)
prod.case
apply(rule somel2)
apply(rule in-Rep-gbs-measure)
using * by auto
qed
qed

lemma(in gbs-s-finite) strength-qbs-s-finite: w € qbs-space W => qbs-s-finite (W
®aq X) (r. (wa 1)

using qbs-s-finite-azioms by(auto simp: qbs-s-finite-def gbs-meas-def in-Mz-def
introl: pair-qbs-MzI)

lemma(in gbs-prob) strength-qbs-prob: w € gbs-space W = gbs-prob (W @ ¢ X)
Ar. (w,a 1)) w1

using qbs-prob-azioms by(auto simp: gbs-prob-def gbs-meas-def in-Maz-def intro!:
pair-qbs-MzI)

lemma strength-qbs-natural-all-meas:
assumes [¢bs]:f € X =g X' g€ Y —¢g Y’ z € gbs-space X sy € gbs-space
(all-meas-gbs Y)
shows (distr-gbs (X Q¢ Y) (X' Q¢ Y') (map-prod f g) o strength-gbs X Y')
(z,8y) = (strength-gbs X' Y' o map-prod f (distr-gbs Y Y’ g)) (z,sy)
(is ?lhs = ?rhs)
proof —
from rep-qbs-space-all-meas|OF assms(4)] obtain « u
where h:sy = [V, «, u]meas gbs-meas Y a u by metis
have ?lhs = (distr-gbs (X Qq Y) (X' Q¢ Y') (map-prod f g)) ([X Qo Y,
Ar. (za 1), flmeas)
by (simp add: gbs-meas.strength-gbs|OF h(2) assms(3) h(1)])
also have ... = [X' Q¢ Y’, map-prod f g o (Ar. (z, a 7)), t]meas
using assms by (simp add: gbs-meas.distr-gbs|OF gbs-meas.strength-qbs-meas|OF
h(2) assms(3) h(1)]])
also have ... = [X' @ g Y/ Ar. (fz, (g0 ) 1), tlmeas bY (simp add: comp-def)
also have ... = ?rhs
by (simp add: qbs-meas.strength-qbs|OF gbs-meas.distr-qbs-meas|OF h(2,1) assms(2)]
gbs-morphism-space| OF assms(1,3)] qbs-meas.distr-qbs|OF h(2,1) assms(2)]])
finally show ?thesis .
qed

lemma strength-qbs-lawl1-all-meas:
assumes z € gbs-space (unit-quasi-borel @ g all-meas-gbs X)
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shows snd z = (distr-gbs (unit-quasi-borel @Q g X) X snd o strength-qbs unit-quasi-borel
X)z
proof —
obtain o u where h:
gbs-meas X o p (snd z) = [X, a, t]meas
using rep-gbs-space-all-meas|of snd © X]| assms
by (metis gbs-morphism-space snd-qbs-morphism,)
have [simp]: ((),snd z) = =
using SigmaFE assms by (auto simp: pair-gbs-space)
show ?thesis
using ¢bs-meas.distr-gbs|OF qbs-meas.strength-qbs-meas|OF h(1) - h(2),of fst
x unit-quasi-borel]
qbs-meas.strength-qbs[OF h(1) - h(2)] snd-gbs-morphism]
by (auto simp: comp-def,simp add: h(2))
qed

lemma strength-gbs-law2-all-meas:
assumes z € gbs-space (X Qo V) & ¢ all-meas-gbs Z)
shows (strength-gbs X (Y Q g Z) o (map-prod id (strength-qbs Y Z)) o (A((z,y),2).
(2.(1,2)))) = =
(distr-gbs (X ® ¢ V) ®q 2) (X ®q (Y @ 2)) (M(@:9).2). (2.(3.2)))
o strength-gbs (X Qo Y) Z) =
(is ?lhs = %rhs)
proof —
obtain o u where h:
gbs-meas Z o p snd x = [Z, a, fWmeas
using rep-gbs-space-all-meas[of snd z Z] assms
by (metis gbs-morphism-space snd-qbs-morphism,)
then have %lhs = [X Qo Y Qg Z, Ar. (fst (fst z), snd (fst z), & r), flmeas
using assms gbs-meas.strength-qbs-meas[OF h(1),of snd (fst z) Y]
by (auto intro!: gbs-meas.strength-qbs simp: pair-qbs-space)

also have ... = ?rhs
using gbs-meas.distr-gbs|OF gbs-meas.strength-gbs-meas[OF h(1) - h(2),of fst

qbs-meas.strength-qbs|OF h(1) - h(2),0f fst £ X @ ¢ Y] qbs-morphism-pair-assocl
assms
by (auto simp: comp-def pair-gbs-space)
finally show ?thesis .
qed

4.1.9 The s-Finite Measure Monad

definition monadM-gbs :: 'a quasi-borel = 'a gbs-measure quasi-borel where
monadM-qbs X = Abs-quasi-borel ({[X, o, p]meas | p. qbs-s-finite X a p}, {Ar.
[X, @, k rlmeas | k. « € qbs-Mz X N s-finite-kernel borel borel k})

lemma

shows monadM-gbs-space: qbs-space (monadM-qbs X) = {[X, a, t]meas | pi.
gbs-s-finite X a pu}
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and monadM-gbs-Mz: gbs-Mz (monadM-gbs X) = {Ar. [X, a, k ]meas | k.
a € gbs-Mz X N s-finite-kernel borel borel k}
proof —
have {Ar:real. [X, o, k rlmeas | k. « € gbs-Mz X A s-finite-kernel borel borel

k}
C UNIV — {[X, o, p]meas | p. gbs-s-finite X o p}
proof safe
fix ¢ a and k :: real = real measure
assume h:a € gbs-Mx X s-finite-kernel borel borel k
interpret k:s-finite-kernel borel borel k by fact
interpret gbs-s-finite X o k x
using k.image-s-finite-measure h(1)
by(auto simp: qbs-s-finite-def in-Mz-def qbs-meas-def gbs-meas-azioms-def
k.kernel-sets)
show Ja’ u'. [X, a, k 2]meas = [X, &'s ' lmeas A gbs-s-finite X o’ p’
by (auto introl: exI[where x=a] exl[where z=Fk x] gbs-s-finite-axioms)
qed
moreover have g¢bs-closed! {\r. [X, a, k T]meas | k. a € qbs-Mzx X A
s-finite-kernel borel borel k}
proof(safe intro!: gbs-closed1I)
fix a and f :: real = real and k :: real= real measure
assume h:f € borel-measurable borel o € qbs-Mz X s-finite-kernel borel borel k
then show Ja’ ka. (Ar. [X, «, k "]meas) © [ = (Ar. [X, @', ka T]meas) A &’
€ gbs-Mx X N s-finite-kernel borel borel ka
by (auto intro!: exI[where x=a] exl[where z=Az. k (f x)] simp: s-finite-kernel.comp-measurable[OF
h(3,1)])
qed
moreover have gbs-closed2 {[X, o, p]meas | p. gbs-s-finite X o« p} {Ar. [X,
a, k rlmeas |a k. « € gbs-Mz X A s-finite-kernel borel borel k}
proof (safe introl: gbs-closed2I)
fix a p
assume gbs-s-finite X a p
then interpret ¢bs-s-finite X o u .
show Fa’ k. (Ar. [X, a, plmeas) = (Ar. [X, @', k T]meas) A o’ € gbs-Mz X
A s-finite-kernel borel borel k
by(auto introl: exl[where z=q| exI[where z=Ar. p] s-finite-kernel-const’
mu-sets)
qed
moreover have gbs-closeds {Ar. [X, @, k r]meas |@ k. a € gbs-Mz X A
s-finite-kernel borel borel k}
proof (safe intro!: gbs-closed3I)
fix P :: real = nat and Fi :: nat = -
assume P[measurable]: P € borel —p; count-space UNIV
and Vi. Fii € {Arureal. [X, o, k 7]meas | k. a € gbs-Mz X N s-finite-kernel
borel borel k}
then obtain ai ki where Fi: \i. Fi i = (Ar. [X, «i i, ki i 7]meas) A& @i i
€ ¢gbs-Mz X Ai. s-finite-kernel borel borel (ki 1)
by auto metis
interpret nat-real: standard-borel-ne count-space (UNIV :: nat set) @ ar (borel
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:: real measure)
by (auto introl: pair-standard-borel-ne)
note [simp] = nat-real.from-real-to-real[simplified space-pair-measure, simplified)
define o where a = (Ar. case-prod ai (nat-real.from-real 1))
define k where k = (Ar. distr (distr (ki (P r) r) (count-space UNIV @ rr
borel) (Ar'. (P r, r")) borel nat-real.to-real)
have a: a € qbs-Mz X
unfolding a-def gbs-Mz-is-morphisms
proof (rule gbs-morphism-compose[where g=nat-real.from-real and Y =qbs-count-space
UNIV @ ¢ gbs-borel])
show nat-real. from-real € gbs-borel —¢q qbs-count-space UNIV @) ¢ qbs-borel
by (simp add: r-preserves-product|symmetric] standard-borel.standard-borel-r-full-faithful[of
borel :: real measure,simplified, symmetric| standard-borel-ne.standard-borel)
next
show case-prod ai € gbs-count-space UNIV @ g gbs-borel —¢q X
using Fi(2) by(auto intro!: gbs-morphism-pair-count-spacel simp: qbs-Ma-is-morphisms)
qed
have sets-ki[measurable-congl: sets (ki i r) = sets borel sets (k r) = sets borel
for ir
using Fi(8) by(auto simp: s-finite-kernel-def measure-kernel-def k-def)
interpret k:s-finite-kernel borel borel k
proof —
have 1:k = (A(¢,r). distr (ki i v) borel (Ar'. nat-real.to-real (i, v'))) o (Ar.
(Pr, 1)
by standard (auto simp: k-def distr-distr comp-def)
have s-finite-kernel borel borel ...
unfolding comp-def
by (rule s-finite-kernel.comp-measurablelwhere X=count-space UNIV @ u
borel))
(auto introl: s-finite-kernel-pair-countblel s-finite-kernel.distr-s-finite-kernel[ OF
Fi(3)))
thus s-finite-kernel borel borel k by(simp add: 1)
qed
have (Ar. Fi (Pr) r) = (Ar. [X, a, k7 [meas)
unfolding Fi(1)
proof
fix r
interpret pq:pair-gbs-s-finite X oi (P r) ki (Pr)rakr
by(auto simp: pair-qgbs-s-finite-def qbs-s-finite-def in-Muz-def qbs-meas-def
gbs-meas-azioms-def
k.image-s-finite-measure s-finite-kernel.image-s-finite-measure] OF Fi(3)]
sets-ki o Fi(2))
show [X, ai (P r), ki (P 1) "]meas = [X, @, k "]meas
by (intro pq.qbs-meas-eql) (simp add: k-def distr-distr, simp add: comp-def
a-def)
qed
thus Ja k. (Ar. Fi (P r) r) = (Ar. [X, o, k "]meas) N @ € gbs-Mz X A
s-finite-kernel borel borel k
by (auto intro!: exI[where x=a] exl[where z=Fk| simp: o k.s-finite-kernel-azioms)
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qed

ultimately have Rep-quasi-borel (monadM-gbs X) = ({[X, o, plmeas | .
qbs-s-finite X o p}, {\r. [X, &, k 7]meas o k. « € qbs-Mz X A s-finite-kernel
borel borel k})

by (auto introl: Abs-quasi-borel-inverse simp: monadM-qbs-def is-quasi-borel-def)

thus gbs-space (monadM-gbs X) ={[X, o, pt]meas | p. qbs-s-finite X o pu}

gbs-Mz (monadM-qbs X) = {Ar. [X, o, k 7]meas | k. a € qbs-Mz X A
s-finite-kernel borel borel k}
by (simp-all add: gbs-space-def gbs-Mz-def)

qged

lemma monadM-all-meas-space’: gbs-space (monadM-gbs X) C gbs-space (all-meas-gbs
X)
and monadM-all-meas-space: \p. p € qbs-space (monadM-gbs X) => p € qbs-space
(all-meas-gbs X)
and monadM-all-meas-Mz: gbs-Mz (monadM-qbs X) C gbs-Mx (all-meas-qbs X)
by (auto simp: monadM-qbs-space monadM-qbs-Mz all-meas-qbs-space all-meas-gbs-Mzx
qbs-meas.gbs-space-of [OF gbs-s-finite.azioms(1)] dest: s-finite-kernel.azioms(1))

lemma

shows g¢bs-morphism-monadAD: f € X —g monadM-¢gbs ¥ = f € X —¢
all-meas-gbs Y

and gbs-morphism-monadAD": g € all-meas-qgbs X —¢q Y = g € monadM-gbs
X —Q Y

using monadM-all-meas-Mz by (auto intro!: gbs-morphismlI dest: qbs-morphism-Mz)

lemma monadM-gbs-empty-iff: qbs-space X = {} +— qbs-space (monadM-gbs X)
={}
by (metis (mono-tags, lifting) all-meas-qbs-empty-iff monadM-all-meas-space’
monadM-qbs-space bot.extremum-uniquel empty-Collect-eq qgbs-null-measure-s-finite)

lemmal(in gbs-s-finite) in-space-monadM[gbs]: [ X, a, ] meas € qbs-space (monadM-qbs
X)
using gbs-s-finite-axioms by (auto simp add: monadM-qbs-space)

lemma rep-qbs-space-monadM:
assumes s € gbs-space (monadM-gbs X)
obtains a p where s = [X, a, f]meas qbs-s-finite X o u
using assms monadM-qbs-space by fastforce

lemma rep-gbs-space-monadM-sigma-finite:

assumes s € gbs-space (monadM-gbs X)

obtains o u where s = [X, a, u]meas gbs-s-finite X o p sigma-finite-measure
I
proof —

obtain « u where s:s = [X, «, u]meas gbs-s-finite X a p

by (metis rep-gbs-space-monadM assms)
hence standard-borel-ne ps-finite-measure
by (auto introl: standard-borel-ne-sets[of borel p] simp: gbs-s-finite-def gbs-meas-def
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gbs-meas-azioms-def)
from exists-push-forward[OF this| obtain p’ f where f:
[ € (borel :: real measure) —pr p sets pu' = sets borel sigma-finite-measure p'
distr ' p f = p
by metis
hence [measurable]: f € borel-measurable borel
using s(2) by(auto simp: gbs-s-finite-def gqbs-meas-def gbs-meas-azioms-def
cong: measurable-cong-sets)
interpret pair-gbs-s-finite X a p oo f p'
proof —
have qbs-s-finite X (o o f) p’
using s(2)
by(auto simp: qbs-s-finite-def in-Mz-def qbs-meas-def gbs-meas-azioms-def
1(2.3)
sigma-finite-measure. s-finite-measure)
thus pair-gbs-s-finite X o p (oo f) p’
by (auto simp: pair-qbs-s-finite-def s(2))

qed

have [[X, «, lffﬂmeas = IIX7 «@ © fa NI]]meas

proof —

have [simp]: distr p (gbs-to-measure X) a = distr (distr p’ v f) (gbs-to-measure
X) «

by (simp add: f(4))
show Zthesis

by (auto introl: gbs-meas-eql simp: distr-distr)
qged
with s(1) pg2.qbs-s-finite-axioms f(3) that
show ?thesis by metis
qed

lemma gbs-space-of-in: s € gbs-space (monadM-qbs X) = gbs-space-of s = X
using monadM-all-meas-space qbs-space-of-in-all-meas by blast

lemma g¢bs-I-s-finite:
assumes p € gbs-space (monadM-gbs X)
shows s-finite-measure (gbs-1 p)
proof —
obtain « yu where p: p = [X, o, t]meas qbs-s-finite X o u
using rep-gbs-space-monadM|[OF assms] by blast
interpret qbs-s-finite X o p by fact
show ?thesis
by (simp add: qbs-l p(1) s-finite-measure-distr)
qged

lemma gbs-null-measure-in-Mz: qbs-space X # {} = qbs-null-measure X € qbs-space
(monadM-gbs X)
by (simp add: qbs-s-finite.in-space-monadM|OF gbs-null-measure-s-finite] qbs-null-measure-def)

lemma space-gbs-I-in:
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assumes s € gbs-space (monadM-gbs X)
shows space (qbs-1 s) = qbs-space X
using space-gbs-l-in-all-meas assms monadM-all-meas-space by blast

lemma sets-qbs-I:
assumes s € gbs-space (monadM-gbs X)
shows sets (gbs-l s) = sets (qbs-to-measure X)
using assms gbs-I-sets qbs-space-of-in by blast

lemma measurable-gbs-I:

assumes s € gbs-space (monadM-gbs X)

shows gbs-l s =y M = X —q measure-to-qgbs M

by (auto simp: measurable-cong-sets|OF gbs-l-sets|of s,simplified gbs-space-of-in[OF
assms(1)],symmetric] refl] Ir-adjunction-correspondence)

lemma measurable-qbs-1":
assumes s € gbs-space (monadM-gbs X)
shows qbs-l s =)y M = qbs-to-measure X —pr M
by (simp add: measurable-qbs-l[OF assms] Ir-adjunction-correspondence)

lemma rep-gbs-Mz-monadM:

assumes v € gbs-Mxz (monadM-gbs X)

obtains o k where v = (Ar. [X, &, k T]meas) @ € gbs-Mz X s-finite-kernel borel
borel k \r. gbs-s-finite X o (k)

using assms by (fastforce simp: monadM-qbs-Mx qbs-s-finite-All)

lemma ¢bs-I-measurable[measurable]:qbs-1 € gbs-to-measure (monadM-qbs X) — s
s-finite-measure-algebra (gbs-to-measure X)
proof(rule gbs-morphism-dest|OF gbs-morphisml])
fix v
assume v € ¢gbs-Mz (monadM-gbs X)
from rep-qbs-Mz-monadM|[OF this] obtain « k where h:
v=Ar. [X, a, k r|meas) @ € qgbs-Mz X s-finite-kernel borel borel k \r. qbs-s-finite
X a(kr)
by metis
show ¢bs-l o v € gbs-Mz (measure-to-gbs (s-finite-measure-algebra (gbs-to-measure
X))
by (auto simp add: gbs-Mz-R comp-def h(1) gbs-meas.qbs-l[OF qbs-s-finite.axioms(1)[OF
B4 A(2,3)
introl: s-finite-kernel.kernel-measurable-s-finite s-finite-kernel.distr-s-finite-kernel[where
Y=borel])
qged

lemma g¢bs-l-measure-kernel: measure-kernel (gbs-to-measure (monadM-gbs X))
(gbs-to-measure X) gbs-1
proof(cases gbs-space X = {})
case True
with monadM-qbs-empty-iff [of X,simplified this] show ?thesis
by (auto introl: measure-kernel-empty-trivial simp: space-L)
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next
case I:Fulse
show ?thesis
proof
show Az. z € space (gbs-to-measure (monadM-qbs X)) = sets (qbs-l z) =
sets (qbs-to-measure X)
using gbs-l-sets gbs-space-of-in by (auto simp: space-L)
next
show space (gbs-to-measure X) # {}
by (simp add: space-L 1)
qed (rule measurable-emeasure-kernel-s-finite-measure-algebra| OF gbs-l-measurable])
qed

lemmas ¢bs-lI-inj = inj-on-subset| OF gbs-l-inj-all-meas monadM-all-meas-space’]
lemmas gbs-l-morphism = gbs-morphism-monadAD'|OF qbs-lI-morphism-all-meas]
lemmas gbs-I-finite-pred = qbs-morphism-monadAD'[|OF qbs-I-finite-pred-all-meas]
lemmas qbs-I-subprob-pred = gbs-morphism-monadAD'[OF gbs-1I-subprob-pred-all-meas)
lemmas gbs-I-prob-pred = qbs-morphism-monadAD'[OF gbs-I-prob-pred-all-meas]

lemma return-qbs-morphism[qbs]: return-gbs X € X —¢o monadM-qbs X
proof (rule gbs-morphismI)
interpret rr : real-distribution return borel 0
by (simp add: real-distribution-def real-distribution-axioms-def prob-space-return)
fix a
assume h:a € gbs-Mz X
then have 1:return-gbs X o a = (Ar. [X, «, return borel r]meas)
by (rule return-gbs-comp)
show return-gbs X o a € gbs-Mx (monadM-qbs X)
by(auto simp: 1 monadM-qbs-Mz h prob-kernel-def’
intro!: exI[where x=q| exl[where x=return borel] prob-kernel.s-finite-kernel-prob-kernel)
qed

lemmal(in gbs-s-finite)
assumes s = [X, a, t]meas
fe X =g monadM-qbs Y
B € gbs-Mz Y
s-finite-kernel borel borel k
and (f o a) = (Ar. [Y, B, k rlmeas)
shows bind-gbs-s-finite:gbs-s-finite Y 8 (. >=y, k)
and bind-gbs: s >= f = [Y, B, u >=k klmeas
using bind-gbs-all-meas|OF assms(1) gbs-morphism-monadAD[OF assms(2)] assms(3)
s-finite-kernel.azioms(1)[OF assms(4)] assms(5)]
bind-qbs-meas[OF assms(1) qbs-morphism-monadAD|OF assms(2)] assms(3)
s-finite-kernel.axioms(1)[OF assms(4)] assms(5)]
assms(4) mu-sets s-finite-measure-axioms
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by (auto intro!: s-finite-kernel.comp-s-finite-measure[of borel borel] simp: gbs-s-finite-def)

lemma bind-qbs-morphism’:
assumes f € X =g monadM-qbs YV
shows (Az. z >= f) € monadM-qbs X —¢g monadM-qbs Y
proof(rule gbs-morphismI)
fix v
assume v € ¢bs-Mz (monadM-gbs X)
from rep-qbs-Mz-monadM|[OF this] obtain « k where h:
v = (Ar. [X, o, k T]meas) @ € gbs-Mz X s-finite-kernel borel borel k Ar.
gbs-s-finite X a (k)
by metis
from rep-qbs-Mz-monadM|[OF qbs-morphism-Mz[OF assms this(2)]] obtain «
k' where h":
foa=Ar Y, o, k' rlmeas) &' € gbs-Mz Y s-finite-kernel borel borel k' \r.
gbs-s-finite Y o’ (k' )
by metis
have [simp]:(Az. z >= f) oy = (Ar. [Y, &/, k7 >=p k'|meas)
by standard (simp add: h(1) gbs-s-finite.bind-qbs|OF h(4) - assms h'(2,3,1)])
show (Az. z >= f) o v € qbs-Mz (monadM-qbs Y)
using h'(2) by(auto simp: s-finite-kernel.bind-kernel-s-finite-kernel[OF h(3)
L'(3)] monadM-gbs-Mzx introl: exl[where z=a'])
qed

/

lemmas bind-gbs-return’ = bind-gbs-return-all-meas’| OF monadM-all-meas-space]
lemmas bind-gbs-return = bind-gbs-return-all-meas|OF gbs-morphism-monadAD]

lemma bind-gbs-assoc:
assumes s € gbs-space (monadM-gbs X)
f e X =g monadM-qbs Y
and g € Y —¢g monadM-qbs Z
shows s >= (A\z. fz >=g) = (s >= f) >= g (is ?lhs = ?rhs)
proof —
obtain « u where h:s = [X, o, p]meas gbs-s-finite X a p
using rep-gbs-space-monadM|[OF assms(1)] by blast
then interpret ¢s: gbs-s-finite X a u by simp
from rep-qbs-Mz-monadM|[OF gbs-morphism-Mz[OF assms(2) gs.in-Mz]] obtain
B k where h'”
foa=Ar[Y, B,k rlmeas) B € qbs-Mz Y s-finite-kernel borel borel k Ar.
gbs-s-finite Y 8 (k r)
by metis
from rep-gbs-Mz-monadM[OF qbs-morphism-Mz[OF assms(3) h'(2)]] obtain ~
k" where b
go B =0Or. [Z, v, k' "]lmeas) 7 € qbs-Mz Z s-finite-kernel borel borel k' \r.
qbs-s-finite Z ~ (k' r)
by metis
have 1:(A\z. fz >=g) oa = (Ar. [Z, v, k7 >=k k'|mecas)
by standard (simp add: qbs-s-finite.bind-gbs|OF h'(4) fun-cong[OF h'(1),simplified]
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assms(3) h''(2,3,1)])

have ?lhs = [Z, v, p >=p (Ar. k1 >= k)])meas

by (rule gs.bind-qbs|OF h(1) qbs-morphism-compose| OF assms(2) bind-gbs-morphism’[OF
assms(3)]] h''(2) s-finite-kernel.bind-kernel-s-finite-kernel[OF h'(8) h''(3)] 1])

also have ... = [Z, v, p >=k k >=1 k'|meas

by (simp add: s-finite-kernel.bind-kernel-assoc[OF h'(3) h'/(3) gs.mu-sets])
also have ... = ?rhs
by (simp add: gbs-s-finite.bind-gbs|OF g¢s.bind-gbs-s-finite[OF h(1) assms(2)

h'(2,3,1)] qs.bind-gbs|OF h(1) assms(2) h'(2,3,1)] assms(3) h''(2,53,1)])

finally show ?thesis .
qed

lemma bind-gbs-cong:
assumes [gbs]:s € gbs-space (monadM-qbs X)
Nz. z € qbs-space X = fz =gz
and [gbs]:f € X —¢g monadM-gbs Y
shows s >=f =s>=g¢g
proof —
from rep-qbs-space-monadM|[OF assms(1)] obtain o u where h:
s =[X, a, Wmeas gbs-s-finite X a p by auto
interpret ¢bs-s-finite X a u by fact
from rep-gbs-Mz-monadM[OF gbs-morphism-Mz[OF assms(3) in-Mz]] obtain
B k where h":
foa=Ar.[Y, B, krlmess) B € qgbs-Mz Y s-finite-kernel borel borel k by metis
have g: g € X =g monadM-gbs Y g o oo = (Ar. [Y, B, k rlmeas)
using ¢bs-Mz-to-X[OF in-Mzx] assms(2) fun-cong]OF h'(1)]
by (auto simp: assms(2)[symmetric] cong: qbs-morphism-cong)
show ?thesis
by (simp add: bind-gbs[OF h(1) assms(3) h'(2,3,1)] bind-qbs|OF h(1) g(1)
h'(2,3) 9(2)])
qed

lemma distr-gbs-morphism':
assumes f € X =g Y
shows distr-qgbs X Y f € monadM-qbs X —¢g monadM-gbs Y
unfolding distr-qbs-def
by (rule bind-qbs-morphism'[OF gbs-morphism-comp|OF assms return-qbs-morphism]])

We show that M is a functor i.e. M preserve identity and composition.

lemma distr-qbs-id:
assumes s € gbs-space (monadM-gbs X)
shows distr-gbs X X id s = s
using bind-gbs-return’|OF assms] by (simp add: distr-gbs-def)

lemma distr-qbs-comp:
assumes [gbs|:s € gbs-space (monadM-qbs X) f € X =g Yge Y =g Z
shows ((distr-qbs Y Z g) o (distr-gbs X Y f)) s = distr-qbs X Z (g o f) s
by (intro distr-gbs-comp-all-meas) (auto simp: monadM-all-meas-space)
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lemma join-gbs-morphism[qbs]: join-gbs € monadM-qbs (monadM-gbs X) —¢g mon-
adM-qbs X
by (simp add: join-gbs-def bind-gbs-morphism”)

lemma
assumes ¢bs-s-finite (monadM-gbs X) B
ssz = [monadM-qbs X, B, t]meas
a € gbs-Mx X
s-finite-kernel borel borel k
and 8 =(Ar. [X, o, k 7]meas)
shows join-qbs-s-finite: gbs-s-finite X « (u >=y k)
and join-qbs: join-gbs ssz = [X, o, 11 >=p k]meas
using g¢bs-s-finite.bind-qbs|OF assms(1,2) qbs-morphism-ident assms(3,4)] qbs-s-finite.bind-qbs-s-finite[ OF
assms(1,2) qbs-morphism-ident assms(3,4)]
by (auto simp: assms(5) join-qbs-def)

lemma strength-qbs-natural:
assumes [¢bs]:f € X =g X' g€ Y =g Y’z € gbs-space X sy € qbs-space
(monadM-gbs Y)
shows (distr-gbs (X Qo Y) (X' Qg Y') (map-prod f g) o strength-gbs X Y)
(z,sy) = (strength-qbs X' Y' o map-prod f (distr-gbs Y Y’ g)) (z,sy)
by (intro strength-gbs-natural-all-meas) (auto simp: monadM-all-meas-space)

context
begin

interpretation rr : standard-borel-ne borel Q) pr borel :: (real X real) measure
by (auto intro!: pair-standard-borel-ne)

lemma rr-from-real-to-real-id[simp]: rr.from-real (rr.to-real x) = x rr.from-real o
rr.to-real = id
using rr.from-real-to-real by (auto simp: comp-def space-pair-measure)

lemma
assumes a € gbs-Mz X
B € ¢bs-Mx (monadM-qbs Y)
v € gbs-Mz Y
s-finite-kernel borel borel k
and 8 = (Ar. [Y, v, k r]imeas)
shows strength-qbs-ab-r-s-finite: qbs-s-finite (X Qg Y) (map-prod o v o
rr.from-real) (distr (return borel v @ pr k 1) borel rr.to-real)
and strength-gbs-ab-r: strength-gbs X Y (a r, B r) = [X Q¢ Y, map-prod
a vy o rr.from-real, distr (return borel v Q) ar k 1) borel rr.to-real]meqs (is ?goal2)
proof —
interpret k: s-finite-kernel borel borel k by fact
note 1[measurable-cong] = sets-return|of borel r| k.kernel-sets|of r,simplified)
show gbs-s-finite (X @ g Y) (map-prod « v o rr.from-real) (distr (return borel
r @ k1) borel rr.to-real)

196



using assms(1,3)
by (auto simp: gbs-s-finite-def gbs-meas-def in-Mz-def qbs-meas-axioms-def gbs-Maz-is-morphisms
r-preserves-product[symmetric]
standard-borel-ne.standard-borel
introl: s-finite-measure.s-finite-measure-distr| OF pair-measure-s-finite-measure[ OF
prob-space.s-finite-measure-prob[ OF prob-space-return[of r borel]]
k.image-s-finite-measure|of r]]] gbs-morphism-comp|where Y =gbs-borel
® g gbs-borel] gbs-morphism-space[ OF gbs-morphism-space| OF gbs-morphism-map-prod))
standard-borel.gbs-morphism-measurable-intro|of borel :: real measure))
then interpret ¢s: gbs-s-finite X @ g Y map-prod a v o rr.from-real distr
(return borel v Q) ar k ) borel rr.to-real .
interpret ¢s2: qbs-s-finite Y v k r
by (auto simp: gbs-s-finite-def k.image-s-finite-measure in-Mz-def assms gbs-meas-def
gbs-meas-azioms-def k.kernel-sets)
interpret pg: pair-gbs-s-finite X Qo Y M. (a r, v 1) k r map-prod a v o
rr.from-real distr (return borel v @ p k 1) borel rr.to-real
by (auto simp: pair-qbs-s-finite-def qs.qbs-s-finite-axioms gs2.strength-qbs-s-finite[ OF
qbs-Mz-to-X[OF assms(1),of r]])
have [measurable]: map-prod o v € borel Q) ar borel —pr gbs-to-measure (X @ ¢
)
proof —
have map-prod o v € gbs-borel @Q ¢ qbs-borel -9 X Qg Y
using assms by (auto intro!: gbs-morphism-map-prod simp: qbs-Muz-is-morphisms)
also have ... C gbs-to-measure (gbs-borel @Q ¢ qbs-borel) —ar gbs-to-measure
X Q®qY)
by (rule I-preserves-morphisms)
also have ... = borel @ ar borel — s gbs-to-measure (X Q¢ Y)
using rr.lr-sets-ident l-preserves-morphisms by (auto simp add: r-preserves-product[symmetric])
finally show ?thesis .
qed
show ?goal2
unfolding ¢s2.strength-qbs|OF qbs-Mz-to-X[OF assms(1),of r] fun-cong|OF
assms(5)]]
proof(rule pq.qbs-meas-eql)
show distr (k r) (gbs-to-measure (X Qg Y)) (AL (a7, v 1))
= distr (distr (return borel v @ pr k 1) borel rr.to-real) (qbs-to-measure
(X Qo Y)) (map-prod o 7y o rr.from-real)
(is ?lhs = %rhs)
proof —
have ?lhs = distr (k r) (gbs-to-measure (X @ ¢q Y)) (map-prod o v o Pair
r)
by (simp add: comp-def)
also have ... = distr (distr (k) (borel @ ar borel) (Pair r)) (gbs-to-measure
(X ®q V) (map-prod a )
by (auto intro!: distr-distr[symmetric])
also have ... = distr (return borel v @Q s k r) (gbs-to-measure (X Qo Y))
(map-prod « )
proof —
have return borel r @ ar k r = distr (k r) (borel Q) ar borel) (Al. (r,1))
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by (auto introl: measure-eql simp: sets-pair-measure-cong|OF refl 1(2)]
qs2.emeasure-pair-measure-alt’
emeasure-distr nn-integral-return| OF - ¢s2.measurable-emeasure-Pair])
thus %thesis by simp
qed
also have ... = %rhs
by (simp add: distr-distr comp-def)
finally show ?thesis .
qed
qged
qged

lemma strength-gbs-morphism[qgbs]: strength-gbs X Y € X @ ¢ monadM-gbs Y
—q monadM-gbs (X Q¢ Y)
proof (rule pair-qbs-morphismlI)
fix a g
assume h:a € gbs-Mz X
B € gbs-Mzx (monadM-qbs Y)
from rep-qbs-Mz-monadM|[OF this(2)] obtain v k where hb:
B=Ar. [Y,7, krlmeas) v € qgbs-Mz Y s-finite-kernel borel borel k
by metis
have s-finite-kernel borel borel (Ar. distr (return borel v @ ar k r) borel rr.to-real)
by (auto introl: s-finite-kernel.distr-s-finite-kernellwhere Y=borel ) s borel]
s-finite-kernel-pair-measure] OF prob-kernel.s-finite-kernel-prob-kernel]
simp: hb prob-kernel-def )
thus (Ar. strength-gbs X Y (a 7, B 1)) € qbs-Mz (monadM-gbs (X Qg Y))
using strength-gbs-ab-r[OF h hb(2,3,1)] strength-gbs-ab-r-s-finite] OF h hb(2,3,1)]
by (auto simp: monadM-qbs-Mz gbs-s-finite-def gbs-meas-def in-Muz-def
introl: exl[where z=map-prod o v o rr.from-real] exl[where z=M\r. distr
(return borel v Q) ar k 1) borel rr.to-real])
qed

lemma bind-gbs-morphism[gbs]: (=) € monadM-gbs X —¢ (X =¢ monadM-gbs
Y) =¢q monadM-gbs Y
proof —
{
fix fs
assume h[gbs|:f € X —¢g monadM-qbs Y s € gbs-space (monadM-qbs X)
from rep-gbs-space-monadM|[OF this(2)] obtain o y where h'”
s = [X, a, t]meas gbs-s-finite X a p by metis
then interpret gbs-s-finite X a p by simp
from rep-qbs-Mz-monadM[OF gbs-morphism-Mz[OF h(1) in-Mz]] obtain S k
where hb:f o o = (Ar. [Y, B, k T]meas) B € gbs-Mz Y s-finite-kernel borel
borel k by metis
have join-gbs (distr-gbs ((X =¢ monadM-gbs Y) Q o X) (monadM-gbs Y')
(M. fst fx (snd fx)) (strength-gbs (X =¢ monadM-gbs Y) X (f, s))) = s >=f
unfolding bind-qbs[OF h'(1) h(1) hb(2,3,1)] using hb
by (intro join-qbs|OF qbs-s-finite.distr-qbs-s-finite|OF strength-qbs-s-finite| OF
h(1)]] gbs-meas.distr-qbs|OF strength-qbs-meas|OF h(1) h'(1)] strength-qbs[OF h(1)
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R (D)

(auto simp: comp-def)

thus ?thesis

by (auto introl: arg-swap-morphism|OF curry-preserves-morphisms[OF qbs-morphism-cong’[of
- join-gbs o (distr-gbs (exp-gbs X (monadM-gbs Y) @ ¢ X) (monadM-gbs Y) (Afz.
(fst fz) (snd fr))) o (strength-gbs (exp-gbs X (monadM-qbs Y')) X)]]] gbs-morphism-comp
distr-qbs-morphism’ strength-qbs-morphism join-gbs-morphism gbs-morphism-eval
simp: pair-qbs-space)
qged

lemma strength-qbs-lawl:

z € gbs-space (unit-quasi-borel Q) o monadM-gbs X)

= snd x = (distr-qgbs (unit-quasi-borel Q ¢ X) X snd o strength-qbs unit-quasi-borel
X)z

by (intro strength-gbs-law1-all-meas) (auto simp: pair-qbs-space monadM-all-meas-space)

lemma strength-qbs-law2:
z € gbs-space (X Qo Y) @ ¢ monadM-gbs Z)
= (strength-qbs X (Y @ ¢ Z) o (map-prod id (strength-qgbs Y Z)) o (A((z,y),2).
(5:(3,2)))) @ =
(distr-gbs (X @ ¥V) ®a 2) (X ®q (¥ ®q 2)) (A(2:9),)- (1(3:2)))
o strength-qbs (X Qo Y) Z)
by (intro strength-gbs-law2-all-meas) (auto simp: pair-qbs-space monadM-all-meas-space)

lemma strength-qbs-laws:

assumes z € gbs-space (X Q¢ Y)

shows return-gbs (X Q ¢ Y) = = (strength-gbs X Y o (map-prod id (return-gbs
v)) @
proof —

interpret qp: gbs-prob Y Ar. snd x return borel 0

using assms by (auto simp: prob-space-return pair-gbs-space qbs-prob-def in-Maz-def
real-distribution-def real-distribution-axioms-def)

show ?thesis

using gp.strength-qbs|OF - qp.return-gbs|of snd x Y|, of fst x X| qp.return-qbs|OF
assms| assms

by (auto simp: pair-gbs-space)

qged

lemma strength-qbs-lawj :

assumes z € gbs-space (X @ g monadM-qbs (monadM-gbs Y))

shows (strength-qgbs X Y o map-prod id join-gbs) x = (join-qbs o distr-qbs (X
Q) @ monadM-gbs Y) (monadM-gbs (X Q¢ Y)) (strength-¢gbs X Y) o strength-gbs
X (monadM-gbs Y)) z

(is ?lhs = %rhs)

proof —

have [gbs]:fst x € gbs-space X snd © € gbs-space (monadM-gbs (monadM-qbs Y))

using assms by (auto simp: pair-qbs-space)
from assms rep-gbs-space-monadM [of snd x monadM-gbs Y] obtain 8 u
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where h:gbs-s-finite (monadM-qbs Y) 8 pu snd © = [monadM-qbs Y, B, ulmeas
by (auto simp: pair-qbs-space) metis
with rep-gbs-Mz-monadM|of 8 Y] obtain v k
where h': v € gbs-Mz Y s-finite-kernel borel borel k 5 = (Ar. [Y, v, k "]meas)
and h': Ar. gbs-s-finite Y v (k1)
by (metis in-Mz.in-Mz qbs-meas-def qbs-s-finite-def)
have ?lhs = [X Qo Y, Ar. (fstz, v 1), pt >=k k]meas
using gbs-meas.strength-qgbs|OF gbs-s-finite.azioms(1)[OF join-qbs-s-finite[ OF
h B')] - join-qbs|OF h h'},of fst x X| assms
by (auto simp: pair-gbs-space)
also have ... = ?rhs
using gbs-meas.strength-qbs[where W=X,0F qbs-s-finite.azioms(1)[OF h"] -
fun-cong[OF h'(3)]]
by (auto intro!: gbs-meas.strength-gbsjwhere w=fst x and sz =snd z,simplified]
join-qbs[symmetric,where S=strength-gbs X Y o (Ar. (fst z, 5 ))]
gbs-meas.distr-qgbs gbs-s-finite.distr-qbs-s-finitelwhere X=(X @ o
monadM-qbs Y)| gbs-s-finite.strength-qbs-s-finite h
qbs-s-finite.axioms(1) pair-gbs-MzI h'(1,2) simp: comp-def)
finally show ?thesis .
qed

lemma distr-gbs-morphism[gbs: distr-gbs X Y € (X =¢ Y) —¢ (monadM-gbs X
=g monadM-qbs Y')
proof —
have [simp]: distr-gbs X Y = (\f sx. sz >= return-qbs Y o f)
by standard+ (auto simp: distr-qbs-def)
show ?thesis
by simp
qed

lemma
assumes o € gbs-Mz X € qbs-Mz Y
shows return-gbs-pair-Mz: return-qgbs (X Qo Y) (ar, B k) =[X Q ¢ Y,map-prod
a 8 o rr.from-real, distr (return borel v Q) pr return borel k) borel rr.to-real]meas
and return-qbs-pair-Mz-prob: gbs-prob (X @ ¢ Y') (map-prod o o rr.from-real)
(distr (return borel r @) pr return borel k) borel rr.to-real)
proof —
note [measurable-cong] = sets-return|of borel]
interpret gp: gbs-prob X @Q ¢ Y map-prod o 5 o rr.from-real distr (return borel
r @ a return borel k) borel rr.to-real
using g¢bs-closed1-dest|OF assms(1)] qbs-closed1-dest|OF assms(2)]
by (auto introl: prob-space.prob-space-distr prob-space-pair simp: comp-def prob-space-return
pair-qbs-Mz gbs-prob-def in-Mz-def real-distribution-def real-distribution-azioms-def)
show gbs-prob (X Q¢ Y) (map-prod o § o rr.from-real) (distr (return borel r
& rnr return borel k) borel rr.to-real)
by standard
show return-gbs (X Qo Y) (ar, 8 k) =[X Q ¢ Y,map-prod o § o rr.from-real,
distr (return borel v Q) py return borel k) borel rr.to-real]meqs (is ?lhs = 2rhs)
proof —
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have ?lhs = (strength-qgbs X Y o map-prod id (return-qbs Y)) (a r, B k)
by (rule strength-qbs-law3[of (o v, B k) X Y], insert assms) (auto simp:
gbs-Mz-to-X pair-gbs-space)
also have ... = strength-¢bs X Y (v r, [Y, B, return borel k] meas)
using fun-cong[OF return-qbs-comp[OF assms(2)]] by simp
also have ... = rhs
by (rule strength-qbs-ab-r[OF assms(1) - assms(2)])
(auto introl: qbs-closed2-dest qbs-s-finite.in-space-monadM
s-finite-measure.s-finite-kernel-const|of return borel k,simplified
s-finite-kernel-cong-sets| OF - sets-return])
prob-space.s-finite-measure-prob
simp: qbs-s-finite-def in-Mzx-def gbs-meas-def qbs-meas-axioms-def
assms(2) prob-space-return)
finally show ?thesis .
qed
qed

lemma bind-bind-return-distr:
assumes s-finite-measure
and s-finite-measure v
and [measurable-cong|: sets p = sets borel sets v = sets borel
shows p >=p (Ar. v >= (Al. distr (return borel v Q) pr return borel 1) borel
rr.to-real))
= distr (u Q) ar v) borel rr.to-real
(is ?lhs = ?rhs)
proof —
interpret rdl: s-finite-measure p by fact
interpret rd2: s-finite-measure v by fact

have ne: space p # {} space v # {}
by (auto simp: sets-eq-imp-space-eq assms(3,4))

have ?lhs = p >=j (Ar. v >= (AL distr (return (borel @ nr borel) (r,1)) borel
rr.to-real))
by(simp add: pair-measure-return)
also have ... = p >=; (Ar. v >=; (M. distr (return (@ @ p v) (r, 1)) borel
rr.to-real))
proof —
have return (borel Q) pr borel) = return (u @ ar V)
by (auto introl: return-sets-cong sets-pair-measure-cong simp: assms(3,4))
thus ?thesis by simp
qed
also have ... = p >=; (Ar. distr (v >=, (Al. (return (p Q am v) (1, 1)))) borel
rr.to-real)
by (auto intro!: bind-kernel-cong-All measure-kernel.distr-bind-kernellof v u
QR v v,symmetric] simp: ne measure-kernel-def space-pair-measure)
also have ... = distr (u >=p (Ar. v >=; (Al return (u Q m v) (7, 1)))) borel
rr.to-real
by(auto introl: measure-kernel.distr-bind-kernellof p p @ m v,symmetric|
s-finite-kernel.axioms(1)
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s-finite-kernel.bind-kernel-s-finite-kernel [where Y=v| s-finite-measure.s-finite-kernel-const| OF
assms(2)]
prob-kernel.s-finite-kernel-prob-kernellof u @ ar v] simp: ne

prob-kernel-def ")

also have ... = ?rhs

by(simp add: pair-measure-eq-bind-s-finite] OF assms(1,2),symmetric])

finally show ?thesis .

qed

end

context

begin

interpretation rr : standard-borel-ne borel @ nr borel :: (real X real) measure
by (auto introl: pair-standard-borel-ne)

lemma from-real-rr-qbs-morphism[qbs|: rr.from-real € qbs-borel —¢ gbs-borel @) g
qbs-borel
by (metis borel-prod gbs-Mz-R qbs-Muz-is-morphisms gbs-borel-prod rr.from-real-measurable)

end

context pair-gbs-s-finites
begin

interpretation rr : standard-borel-ne borel @ ar borel :: (real X real) measure
by (auto intro!: pair-standard-borel-ne)

sublocale gbs-s-finite X @ ¢ Y map-prod a 8 o rr.from-real distr (1 @Q m v)
borel rr.to-real
by (auto simp: qbs-s-finite-def in-Ma-def gbs-meas-def gbs-meas-azioms-def
qbs-Mz-is-morphisms pql .s-finite-measure-azioms pq2.s-finite-measure-axioms
introl: s-finite-measure.s-finite-measure-distr| OF pair-measure-s-finite-measure])

lemma q¢bs-bind-bind-return-qp:
1YV.B.V]meas >= (Ay. [X,o,u]lmeas >= (Az. return-gbs (X Qg V) (z,9))) = [X
Qo Y, map-prod o § o rr.from-real, distr (1 @ p v) borel rr.to-real]meqs (is
?lhs = ?rhs)
proof —
have ?lhs = [X @ ¢ Y, map-prod o B o rr.from-real, v >=j (Al. p >=p (Ar.
distr (return borel v Q) py return borel 1) borel rr.to-real))|meas
by (auto introl: pq2.bind-qbs| OF refl] s-finite-kernel.bind-kernel-s-finite-kernel [where
Y=y
s-finite-measure.s-finite-kernel-const s-finite-kernel. distr-s-finite-kernel[where
Y=borel Q) n borel]
prob-kernel.s-finite-kernel-prob-kernel[of borel @ ar p]
simp: sets-eq-imp-space-eq|OF pql .mu-sets] pql .s-finite-measure-axioms
split-beta’ pair-measure-return|of - snd -] prob-kernel-def”)
(auto intro!: pql.bind-qbs prob-kernel.s-finite-kernel-prob-kernel
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simp: comp-def return-qbs-pair-Mx gbs-Maz-is-morphisms prob-kernel-def”)
also have ... = ?rhs
proof —
have v >=; (Al. p >= (Ar. distr (return borel r Q) am return borel 1) borel
rr.to-real)) = distr (n @ s v) borel rr.to-real
by (auto simp: bind-bind-return-distr| OF pql .s-finite-measure-axioms pq2.s-finite-measure-axioms
pql.mu-sets pq2.mu-sets,symmetric| pql .s-finite-measure-axioms pg2.s-finite-measure-azioms
prob-kernel-def’ introl: bind-kernel-rotate[where Z=borel] prob-kernel.s-finite-kernel-prob-kernel)
thus ?thesis by simp
qged
finally show ?thesis .
qed

lemma q¢bs-bind-bind-return-pq:
[X,o,plmeas >= (Az. [Y.B,V]meas >= (Ay. return-gbs (X Qg Y) (z,9))) = [X
Qo Y, map-prod o § o rr.from-real, distr (1 @ p v) borel rr.to-real]meqs (is
?lhs = ?rhs)
proof —
have ?lhs = [X @ ¢ Y, map-prod o B o rr.from-real, p >=j, (A\r. v >=j (AL
distr (return borel v Q) pr return borel 1) borel rr.to-real))|meas
by (auto introl: pql.bind-qbs| OF refl]s-finite-kernel.bind-kernel-s-finite-kernel [where
Y=y
s-finite-measure.s-finite-kernel-const s-finite-kernel. distr-s-finite-kernel[where
Y=borel @ ar borel]
prob-kernel.s-finite-kernel-prob-kernel[of borel @ nr V]
simp: sets-eq-imp-space-eq[ OF pq2.mu-sets] pq2.s-finite-measure-axioms
split-beta’ pair-measure-return|of - fst -] prob-kernel-def”)
(auto intro!: pq2.bind-qbs prob-kernel.s-finite-kernel-prob-kernel
simp: comp-def return-gbs-pair-Mz gbs-Mz-is-morphisms prob-kernel-def ")
also have ... = ?rhs
by (simp add: bind-bind-return-distr[OF pql .s-finite-measure-axioms pq2.s-finite-measure-axioms
pql.mu-sets pg2.mu-sets|)
finally show ?thesis .
qed

end

lemma bind-qgbs-return-rotate:
assumes p € gbs-space (monadM-gbs X)
and ¢ € gbs-space (monadM-qbs Y)
shows ¢ >= (\y. p >= (A\z. return-gbs (X Qo Y) (z,9))) = p >= (A\z. ¢ >=
(Ay. return-gbs (X Qo Y) (2,9)))
proof —
from rep-gbs-space-monadM|[OF assms(1)] rep-qbs-space-monadM|[OF assms(2)]
obtain o p 8 v where h: p = [X, a, p]meas ¢ = [V, B, V]meas qbs-s-finite X
a p gbs-s-finite Y B v
by metis
then interpret pair-qbs-s-finites X a u Y g v
by(simp add: pair-gbs-s-finites-def)
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show ?thesis
by (simp add: h(1,2) gbs-bind-bind-return-pq gbs-bind-bind-return-gp)
qed

lemma q¢bs-bind-bind-returni:
assumes [gbs]: f € X Qg Y —¢ monadM-gbs Z
p € gbs-space (monadM-qbs X)
q € gbs-space (monadM-qbs Y)
shows ¢ >= (Ay. p >= (Az. f (z,9))) = (¢ >= (Ay. p >= (Az. return-gbs (X
Qe Y) (zy) >=f
(is ?lhs = %rhs)
proof —
have ?lhs = ¢ >= (Ay. p >= (Az. return-gbs (X Q¢ Y) (z,y) >= f))
by (auto intro!: bind-gbs-cong|OF assms(3),where Y=Z] bind-gbs-cong|OF
assms(2),where Y=7]
simp: bind-gbs-return|OF assms(1),simplified pair-gbs-space])
also have ... = ¢ >= (Ay. (p >= (Az. return-gbs (X Q¢ Y) (z,y))) >= f)
by(auto introl: bind-qbs-cong[OF assms(3),where Y=Z] bind-gbs-assoc|OF
assms(2) - assms(1)] simp: )
also have ... = ?rhs
by (simp add: bind-qbs-assoc[OF assms(3) - assms(1)])
finally show ?thesis .
qed

lemma q¢bs-bind-bind-return2:
assumes [¢gbs]:f € X Qo Y —¢g monadM-qbs Z
p € gbs-space (monadM-qbs X) q € gbs-space (monadM-qbs Y)
shows p >= (Az. ¢ >= (Ay. f (2,9))) = (p >= (Az. ¢ >= (A\y. return-qbs (X
®a ) (5.9) >= f
(is ?lhs = %rhs)
proof —
have ?lhs = p >= (A\z. ¢ >= (\y. return-gbs (X Q¢ Y) (z,y) >= f))
by (auto intro!: bind-gbs-cong]OF assms(2),where Y=Z] bind-qbs-cong|OF
assms(3),where Y=Z7] simp: bind-gbs-return[OF assms(1),simplified pair-qbs-space))
also have ... = p >= (Az. (¢ >= (\y. return-gbs (X Q¢ Y) (z,y))) >= f)
by (auto introl: bind-qbs-cong|OF assms(2),where Y=Z] bind-gbs-assoc|OF
assms(8) - assms(1)])
also have ... = ?rhs
by (simp add: bind-qbs-assoc[OF assms(2) - assms(1)])
finally show ?thesis .
qed

corollary bind-qbs-rotate:
assumes f € X Qg Y —¢ monadM-gbs Z
p € gbs-space (monadM-qbs X)
and ¢ € gbs-space (monadM-qbs Y)
shows ¢ >= (Ay. p >= (Az. [ (z,9))) = p >= (Az. ¢ >= (Ay. [ (z,9)))
by (simp add: qbs-bind-bind-returni[OF assms] gbs-bind-bind-return2[OF assms]
bind-gbs-return-rotate assms)
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context pair-qbs-s-finites
begin

interpretation rr : standard-borel-ne borel @ s borel :: (real x real) measure
by (auto introl: pair-standard-borel-ne)

lemma
assumes [¢bs]:f € X Qo YV —¢ Z
shows gbs-bind-bind-return:[ X,o,ftlmeas >= (Az. [Y,B8,0]meas >= (Ay. return-gbs
Z (f (z,9))) =12, f o (map-prod o B o rr.from-real), distr (u @ a v) borel
rr.to-real]meas (s ?lhs = ?rhs)
and gbs-bind-bind-return-s-finite: gbs-s-finite Z (f o (map-prod o 8 o rr.from-real))
(distr (u @ ar v) borel rr.to-real)
proof —
show gbs-s-finite Z (f o (map-prod o B o rr.from-real)) (distr (1 @ ap v) borel
rr.to-real)
using qbs-s-finite-azioms by (auto simp: gbs-s-finite-def qbs-meas-def in-Mz-def
gbs-Mz-is-morphisms)
have ?lhs = [X,a,p]meas >= (A2. [YV,B.V]meas >= (Ay. return-gbs (X Q¢ Y)
(z,y))) >= return-gbs Z o f
by (auto simp: comp-def introl: qbs-bind-bind-return2|of return-qbs Z o f - -
Z simplified comp-def])
also have ... = [X Q¢ Y, map-prod o 8 o rr.from-real, distr (1 @ ar v) borel
rr.to-realmeas >= return-gbs Z o f
by (simp add: qbs-bind-bind-return-pq)
also have ... = ?rhs
by (rule distr-qbs|OF refl assms,simplified distr-gbs-def])
finally show ?lhs = ?rhs .
qed

end

4.1.10 The Probability Monad
definition monadP-qbs X = sub-qbs (monadM-gbs X) {s. prob-space (qbs-1 s)}

lemma monadP-gbs-def2: monadP-gbs X = sub-gbs (all-meas-qbs X) {s. prob-space
(gbs-1 )}
unfolding monadP-qbs-def
proof(safe intro!: gbs-eql)
fix v
assume h:y € gbs-Mx (sub-gbs (all-meas-gbs X) {s. prob-space (gbs-l s)})
then obtain « k where h''y = (Ar. [X, «, k ]meas) @ € gbs-Mz X mea-
sure-kernel borel borel k A\r. qbs-meas X o (k)
using rep-all-meas-qbs-Mz[of - X| by (auto simp: sub-qbs-Mzx)
then interpret ¢bs-meas X o k r for r
by simp
have Ar. prob-space (k 1)
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using h by (auto simp: sub-qbs-Mz gbs-l1 qbs-meas-def h'(1) intro!: prob-space-distrD[of
a - gbs-to-measure X])
then interpret prob-kernel borel borel k
by (auto simp: prob-kernel-def prob-kernel-axioms-def h'(3))
show v € ¢bs-Mz (sub-gbs (monadM-gbs X) {s. prob-space (qbs-1 s)})
using h by(auto simp: sub-gbs-Mx monadM-gbs-Mxz h'(1) intro!: exI[where
z=qa] exl[where z=k]| s-finite-kernel-axioms)
qed(use monadM-all-meas-Mz in auto simp: sub-gbs-Mz)

lemma

shows qbs-space-monadPM: s € qbs-space (monadP-qbs X) = s € qbs-space
(monadM-gbs X)

and gbs-Mz-monadPM: f € gbs-Mz (monadP-qbs X) = [ € qbs-Mz (monadM-qbs
X)

by (simp-all add: monadP-qbs-def sub-gbs-space sub-qbs-Mz)

lemma monadP-qbs-space: qbs-space (monadP-qbs X) = {s. gbs-space-of s = X A
prob-space (gbs-1 s)}
by (auto simp: monadP-qbs-def2 sub-qbs-space all-meas-gbs-space)

lemma rep-qbs-space-monadP:
assumes s € gbs-space (monadP-gbs X)
obtains « u where s = [X, «, t]meas gbs-prob X a p
proof —
obtain « u where h:s = [X, o, p]meas gbs-s-finite X a p
using assms rep-qbs-space-monadM|of s X] by(auto simp: monadP-qbs-def
sub-gbs-space)
interpret gbs-s-finite X a u by fact
have prob-space p
by (rule prob-space-distrD[of « - gbs-to-measure X|) (insert assms, auto simp:
gbs-l[symmetric] h(1)[symmetric] monadP-gbs-space)
thus ?thesis
by (simp add: h(1) in-Mz-axioms mu-sets gbs-prob.intro real-distribution-azioms-def
real-distribution-def that)
qed

lemma q¢bs-I-prob-space:
s € qbs-space (monadP-qbs X) = prob-space (qbs-1 s)
by (auto simp: monadP-qbs-space)

lemma monadP-qbs-empty-iff:
(qbs-space X = {}) = (gbs-space (monadP-qbs X) = {})
proof
show gbs-space X = {} = gbs-space (monadP-qgbs X) = {}
using gbs-space-of-non-empty by (auto simp add: monadP-gbs-space)
next
assume ¢bs-space (monadP-gbs X) = {}
then have h:As. gbs-space-of s = X = — prob-space (gbs-1 s)
by(simp add: monadP-gbs-space)
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show ¢bs-space X = {}
proof(rule ccontr)
assume gbs-space X # {}
then obtain a where a:a € gbs-Mz X by (auto simp: gbs-empty-equiv)
then interpret ¢bs-prob X a return borel 0
by (auto simp: gbs-prob-def in-Mz-def real-distribution-azioms-def real-distribution-def
prob-space-return)
have qbs-space-of [X, a, return borel 0]meqas = X prob-space (gbs-l [X, a,
return borel 0]meas)
by (auto simp: qbs-1 introl: prob-space-distr)
with h show Fulse by simp
qed
qed

lemma in-space-monadP-qbs-pred: gbs-pred (monadM-qbs X) (As. s € monadP-qbs
X)
by (rule gbs-morphism-cong’[where f=M\s. prob-space (gbs-1 s)],auto simp: qbs-l-prob-pred)
(auto simp: monadP-qbs-def sub-gbs-space)

lemmal(in gbs-prob) in-space-monadP[gbs]: [ X, o, pt]meas € qbs-space (monadP-gbs
X)
by (auto simp: monadP-qbs-space gbs-1 prob-space-distr)

lemma gbs-morphism-monadPD: f € X —q monadP-qbs Y = f € X —¢ mon-
adM-qbs Y
unfolding monadP-gbs-def by (rule gbs-morphism-subD)

lemma ¢bs-morphism-monadPD": f € monadM-qbs X —¢q Y = f € monadP-gbs
X —Q Y
unfolding monadP-gbs-def by(rule gbs-morphism-subl2)

lemma ¢bs-morphism-monadPI:

assumes A\z. z € gbs-space X = prob-space (gbs-l (fz)) f € X —¢g monadM-gbs
Y

shows f € X —¢g monadP-gbs Y

using assms by(auto simp: monadP-gbs-def intro!:gbs-morphism-subIl)

lemma gbs-morphism-monadPI":

assumes A\z. z € gbs-space X = f 1z € gbs-space (monadP-qbs YV) f € X —¢
monadM-qbs Y

shows f € X —¢g monadP-gbs Y

using assms by(auto introl: gbs-morphism-monadPI simp: monadP-qbs-space)

lemma qbs-morphism-monadPI""

assumes [ € monadM-gbs X —¢g monadM-gbs Y As. s € gbs-space (monadP-gbs
X) = fs € gbs-space (monadP-gbs Y)

shows f € monadP-gbs X —¢ monadP-gbs Y

unfolding monadP-qbs-def using assms

by (auto intro!: qbs-morphism-subsubl simp: monadP-qbs-space qbs-space-of-in)
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lemma monadP-gbs-Mz: qbs-Mz (monadP-gbs X) = {Ar. [X, o, k |meas |a k. a
€ gbs-Mz X A k € borel = prob-algebra borel}
proof safe
fix v
assume h:y € gbs-Mxz (monadP-qbs X)
then obtain o k£ where hi:
v = (Ar. [X, a, k T]meas) @ € gbs-Mz X s-finite-kernel borel borel k Ar.
gbs-s-finite X o (k1)
using rep-gbs-Mz-monadM|of v X] by(auto simp add: monadP-qbs-def sub-gbs-Mz)
interpret s-finite-kernel borel borel k by fact
interpret ¢s: gbs-s-finite X a k r for r
by fact
have Ar. prob-space (k r)
using h by (auto introl: prob-space-distrD|[of « - gbs-to-measure X| simp: h1(1)
monadP-gbs-def sub-gbs-Mzx qs.qbs-1)
hence prob-kernel borel borel k
by (auto simp: prob-kernel-def prob-kernel-axioms-def measure-kernel-azioms)
with h1(1,2) show Ja k. v = (Ar. [X, &, k "]meas) A @ € gbs-Mx X N k €
borel — s prob-algebra borel
by (auto intro!: exI[where z=a] exI[where z=Fk| simp: prob-kernel-def”)
next
fix a and k :: real = real measure
assume h:a € gbs-Mx X k € borel —,; prob-algebra borel
then interpret pk: prob-kernel borel borel k
by (simp add: prob-kernel-def'[symmetric])
have ¢p: gbs-prob X « (k r) for r
using h by(auto simp: qbs-prob-def in-Mz-def pk.kernel-sets pk.prob-spaces
real-distribution-azioms-def real-distribution-def)
show (Ar. [X, «, k "]meas) € gbs-Mz (monadP-qbs X)
using h(1) gp
by (auto simp: monadP-qbs-def sub-gbs-Mz monadM-qbs-space qbs-meas.qbs-l[OF
gbs-prob.gbs-meas|OF qp]] monadM-gbs-Mz qbs-prob-def real-distribution-def
introl: exI[where z=a] exl[where z=Fk] h pk.s-finite-kernel-azioms
prob-space.prob-space-distr)
qed

lemma rep-gbs-Mz-monadP:

assumes v € gbs-Mz (monadP-qbs X)

obtains a k where v = (A\r. [X, a, k "]meas) @ € gbs-Mz X k € borel —pr
prob-algebra borel \r. qbs-prob X « (k r)
proof —

have Na r k. a € gbs-Mx X = k € borel — s prob-algebra borel = qbs-prob
X akr)

by (auto simp: gbs-prob-def in-Mz-def real-distribution-def real-distribution-azioms-def

prob-kernel-def '[symmetric] prob-kernel-def prob-kernel-azioms-def

measure-kernel-def)

thus ?thesis

using assms that by(fastforce simp: monadP-qbs-Mzx)
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qed

lemma gbs-l-monadP-lel:s € qbs-space (monadP-qbs X) = ¢bs-l s A < 1
by (auto simp: monadP-gbs-space introl: prob-space.emeasure-le-1)

lemma gbs-l-inj-P: inj-on gbs-l1 (gbs-space (monadP-gbs X))
by (auto intro!: inj-on-subset| OF qbs-l-inj] simp: monadP-qbs-def sub-qbs-space)

lemma gbs-I-measurable-prob[measurable]:gbs-1 € gbs-to-measure (monadP-qbs X)
— pr prob-algebra (qbs-to-measure X)
proof(rule gbs-morphism-dest[OF qbs-morphismlI))

fix v

assume vy € ¢bs-Mz (monadP-qbs X)

from rep-qbs-Mz-monadP[OF this] obtain « k where h[measurable]:

v = Ar. [X, a, k "]meas) @ € gbs-Mz X k € borel —py prob-algebra borel A\r.
gbs-prob X « (k r)

by metis

show ¢bs-l o v € gbs-Mz (measure-to-qbs (prob-algebra (gbs-to-measure X)))

by (auto simp: qbs-Mz-R comp-def h(1) qbs-meas.qbs-I[OF gbs-prob.qbs-meas|OF
h(4)1])
qed

lemma return-qbs-morphismP: return-qgbs X € X —¢g monadP-gbs X
proof(rule gbs-morphisml)
interpret rr : real-distribution return borel 0
by (simp add: real-distribution-def real-distribution-azioms-def prob-space-return)
fix a
assume h:a € gbs-Mz X
then have I:return-gbs X o a = (Ar. [X, «, return borel ] meas)
by (rule return-qbs-comp)
show return-gbs X o a € qbs-Mz (monadP-qbs X)
by (auto simp: 1 monadP-qbs-Mzx h introl: exl[where z=a] exl[where x=return
borel))
qed

lemmal(in gbs-prob)
assumes s = [X, a, p]meas
f e X =g monadP-gbs Y
B € gbs-Mz Y
and g[measurable]:g € borel — 5 prob-algebra borel
and (f o o) = (Ar. [Y, B, g ]meas)
shows bind-gbs-prob:gbs-prob Y B (u >= g)
and bind-gbs”s s >= f =Y, B, u >= glmeas
proof —
interpret prob-kernel borel borel g
using assms(4) by(simp add: prob-kernel-def’)
have prob-space (11 >= g)
by (auto intro!: prob-space-bind'[OF - g| simp: space-prob-algebra prob-space-axioms)
thus qbs-prob Y 5 (u>=g) s >= f =[Y, B, p >= g]meas
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using bind-gbs-meas[OF assms(1) gbs-morphism-monadAD[OF qbs-morphism-monadPD[OF
assms(2)]] assms(3) prob-kernel.axioms(1) assms(5)]
by (auto simp: bind-qgbs|OF assms(1) gbs-morphism-monadPD[OF assms(2)]
assms(3) s-finite-kernel-axioms assms(5)]
bind-kernel-bind[of g p borel] prob-kernel-def” intro!: qbs-meas.qbs-probl)
qed

lemma bind-qbs-morphism’P:

assumes f € X =g monadP-qbs YV

shows (Az. z >= f) € monadP-¢bs X —¢ monadP-qbs Y
proof (safe intro!: gbs-morphism-monadPI")

fix z

assume z € gbs-space (monadP-qbs X)

from rep-gbs-space-monadP[OF this] obtain o pu where h:x = [X, «, p]meas
qbs-prob X o p

by metis

then interpret gbs-prob X a p by simp

from rep-gbs-Mz-monadP|[OF gbs-morphism-Mz[OF assms in-Mz]] obtain § ¢
where h'[measurable]:

foa=Ar.[Y, B, g rlmeas) B € qbs-Mz Y g € borel —p; prob-algebra borel
by metis

show z >= f € ¢bs-space (monadP-qbs Y)

using sets-bind[of u g] measurable-space|OF h'(8),simplified space-prob-algebral

by (auto simp: qbs-prob.bind-qbs'|OF h(2,1) assms h'(2,3,1)] qbs-prob-def in-Mz-def
h'(2) real-distribution-def real-distribution-azioms-def introl: gbs-prob.in-space-monadP
prob-space-bind[where S=borel] measurable-prob-algebraD)
qed(auto intro: qbs-morphism-monadPD’ bind-gbs-morphism’[OF qbs-morphism-monadPD[OF
assms]])

lemma distr-gbs-morphismP’:
assumes f € X =g YV
shows distr-qbs X Y f € monadP-gbs X —¢g monadP-qbs Y
unfolding distr-qbs-def
by (rule bind-qbs-morphism’'P[OF qbs-morphism-comp| OF assms return-gbs-morphismP]])

lemma join-gbs-morphismP: join-qbs € monadP-qbs (monadP-qbs X) —q mon-
adP-gbs X
by (simp add: join-gbs-def bind-gbs-morphism’P[OF gbs-morphism-ident))

lemma
assumes g¢bs-prob (monadP-qbs X) B p
ssx = [monadP-qbs X, B, t]meas
a € qbs-Mz X
g € borel —p; prob-algebra borel
and 8 =(Ar. [X, @, g T]meas)
shows gbs-prob-join-gbs-s-finite: qbs-prob X « (u >= g)
and gbs-prob-join-qbs: join-gbs ssz = [ X, o, i >= glmeas
using ¢bs-prob.bind-qbs’[OF assms(1,2) gbs-morphism-ident assms(3,4)] gbs-prob.bind-gbs-prob[OF
assms(1,2) gbs-morphism-ident assms(8,4)]
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by (auto simp: assms(5) join-qbs-def)

context
begin

interpretation rr : standard-borel-ne borel Q) pr borel :: (real x real) measure
by (auto intro!: pair-standard-borel-ne)

lemma strength-qbs-ab-r-prob:
assumes a € gbs-Mz X
B € gbs-Mzx (monadP-gbs Y)
v € gbs-Mz Y
and [measurable]:g € borel — s prob-algebra borel
and 8 = (Ar. [Y, v, g "]meas)
shows gbs-prob (X Q ¢ Y) (map-prod o v o rr.from-real) (distr (return borel
r @ g r) borel rr.to-real)
using measurable-space| OF assms(4),of ] sets-return[of borel r]
by (auto introl: gbs-meas.qbs-probl gbs-s-finite.azioms(1) strength-qbs-ab-r-s-finite] OF
assms(1) qbs-Mz-monadPM[OF assms(2)]
assms(3) prob-kernel.s-finite-kernel-prob-kernel assms(5),simplified
prob-kernel-def’,OF assms(4)]
prob-space.prob-space-distr prob-space-pair prob-space-return simp:
space-prob-algebra simp del: sets-return)

lemma strength-qbs-morphismP: strength-gbs X Y € X @ ¢ monadP-gbs Y —¢
monadP-gbs (X @ ¢g V)
proof(rule pair-gbs-morphisml)

fix a 8

assume h:a € gbs-Mz X

B € gbs-Mz (monadP-gbs Y)
from rep-qbs-Mz-monadP|[OF this(2)] obtain v g where hb[measurable]:
B=Ar. [Y, v, g rlmeas) 7 € gbs-Mz Y g € borel — s prob-algebra borel
by metis

show (Ar. strength-gbs X Y (a r, f 1)) € gbs-Mz (monadP-gbs (X Q¢ Y))

using strength-qbs-ab-r-prob|OF h hb(2,3,1)] strength-qbs-ab-r[OF h(1) gbs-Mz-monadPM|[OF
h(2)] hb(2) prob-kernel.s-finite-kernel-prob-kernel hb(1),simplified prob-kernel-def’,OF
hb(3)]

by (auto simp: monadP-gbs-Mz gbs-prob-def in-Mz-def introl: exI[where x=map-prod
a 7y o rr.from-real] exl[where z=\r. distr (return borel r Q) ps g ) borel rr.to-real])
qed

end

lemma bind-gbs-morphismP: (=) € monadP-gbs X —¢ (X =g monadP-gbs Y')
=g monadP-gbs Y
proof —

{
fix fs
assume h:f € X —¢g monadP-qbs Y s € gbs-space (monadP-qbs X)
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from rep-gbs-space-monadP[OF this(2)] obtain a p where h":
s = [X, a, t]meas qbs-prob X a u by metis
then interpret ¢bs-prob X a p by simp
from rep-gbs-Mz-monadP[OF gbs-morphism-Mxz[OF h(1) in-Mz]] obtain 3 ¢
where hb[measurable]:f o o = (Ar. [Y, B, g r|meas) B € gbs-Mz Y g € borel
—p prob-algebra borel by metis
have join-qbs (distr-gbs ((X =¢ monadP-gbs V) Qo X) (monadP-gbs Y)
(Mz. fst fx (snd fr)) (strength-gbs (X =¢ monadP-gbs Y) X (f, s))) = s>=f
using gbs-prob-join-qgbs|OF qbs-prob.distr-qbs-prob| OF strength-qbs-prob|OF
h(1)] gbs-morphism-eval] qbs-meas.distr-qbs|OF strength-gbs-meas[OF h(1) h'(1)]
strength-gbs[OF h(1) h'(1)] gbs-morphism-eval] hb(2,3)] hd(1)
by (simp add: bind-gbs|OF h'(1) gbs-morphism-monadPD[OF h(1)] hb(2)
prob-kernel.s-finite-kernel-prob-kernel hb(1),simplified prob-kernel-def'] comp-def bind-kernel-bind|of
g 1 borel, OF measurable-prob-algebraD))
}
thus ?thesis
by (auto introl: arg-swap-morphism|OF curry-preserves-morphisms [OF qbs-morphism-cong’[of
- join-qbs o (distr-gbs (exp-gbs X (monadP-gbs V) Q o X) (monadP-qbs Y) (Afz.
(fst fr) (snd fzr))) o (strength-qbs (exp-qbs X (monadP-qbs Y)) X)]]] gbs-morphism-comp
distr-qbs-morphismP’ strength-qbs-morphismP join-qbs-morphismP qbs-morphism-eval
simp: pair-qbs-space)
qged

corollary strength-qbs-lawl1P:

assumes z € gbs-space (unit-quasi-borel @ g monadP-gbs X)

shows snd z = (distr-gbs (unit-quasi-borel Q g X) X snd o strength-qbs unit-quasi-borel
X)

by (rule strength-gbs-lawl , insert assms) (auto simp: pair-qbs-space qbs-space-monadPM)

corollary strength-qbs-law2P:
assumes z € gbs-space (X Q¢ Y) @ g monadP-qbs Z)
shows (strength-gbs X (Y Q g Z) o (map-prod id (strength-qgbs Y Z)) o (A((z,y),2).
(2.(.2))) @ =
(distr-qbs (X @0 ¥) @ 2) (X @ (Y ®q 2)) (M(2.).2). (x,(y.2)))
o strength-qbs (X Qo Y) Z)
by (rule strength-qbs-law2, insert assms) (auto simp: pair-qbs-space gbs-space-monadPM)

lemma strength-qbs-law4P:
assumes z € gbs-space (X @ g monadP-gbs (monadP-qbs Y))
shows (strength-gbs X Y o map-prod id join-gbs) x = (join-gbs o distr-gbs (X
Q ¢ monadP-gbs Y) (monadP-qgbs (X Q¢ Y)) (strength-gbs X Y) o strength-gbs
X (monadP-qbs Y)) x
(is ?lhs = %rhs)
proof —
from assms rep-gbs-space-monadP[of snd x monadP-gbs Y] obtain 5 u
where h:gbs-prob (monadP-qbs Y) 8 u snd x = [monadP-gbs Y, B, u]meas
by (auto simp: pair-qgbs-space) metis
then interpret ¢p: gbs-prob monadP-gbs Y B pu by simp
from rep-qbs-Mz-monadP[OF gp.in-Mz] obtain v ¢
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where h'’: v € qbs-Mx Y g € borel —pr prob-algebra borel 8 = (Ar. [Y, 7, g
T]]meas)
and h': A\r. gbs-prob Y v (g r)
by metis
have ?lhs = [X Qo Y, Ar. (fst z, v 1), p >= glmeas
using gbs-meas.strength-qbs[ OF gbs-prob.qbs-meas| OF qbs-prob-join-qbs-s-finite] OF
h h')] - gbs-prob-join-qbs[OF h h'],of fst x X]| assms
by (auto simp: pair-qbs-space)
also have ... = %rhs
using g¢bs-prob-join-qbs|OF qbs-prob.distr-gbs-prob[OF qp.strength-qbs-problof
fst © X] strength-gbs-morphismP) qbs-meas.distr-gbs|OF gp.strength-qbs-meas| OF -
h(2),of fst x X]| qp.strength-gbs|OF - h(2)] strength-qbs-morphismP) pair-gbs-Mxl
h'(2),0f Ar. (fst x, v r)] assms
gbs-meas.strength-qbs|OF qbs-prob.gbs-meas|OF h'"'| - fun-cong[OF h'(3)]]
by (fastforce simp: pair-qbs-space h')
finally show ?thesis .
qed

lemma distr-qbs-morphismP: distr-qbs X Y € X =g Y —¢g monadP-qbs X =
monadP-qbs Y
proof —
note [gbs| = bind-qbs-morphismP return-qbs-morphismP
have [simp]: distr-gbs X Y = (\f sz. sz >= return-qbs Y o f)
by standard+ (auto simp: distr-qbs-def)
show ?thesis
by simp
qged

lemma bind-qgbs-return-rotateP:
assumes p € gbs-space (monadP-gbs X)
and q € gbs-space (monadP-qbs Y)
shows ¢ >= (\y. p >= (Az. return-¢bs (X Qo Y) (z,y))) = p >= (\z. ¢ >=

(Ay. return-gbs (X Qo Y) (z,9)))
by (auto introl: bind-qbs-return-rotate gbs-space-monadPM assms)

lemma qbs-bind-bind-returnlP:
assumes f € X Qg Y —¢ monadP-gbs Z
p € gbs-space (monadP-gbs X)
q € gbs-space (monadP-gbs Y)
shows ¢ >= (Ay. p >= (Az. f (z,9))) = (¢ >= (Ay. p >= (Az. return-qbs (X
®a V) (2.9)) > f

by (auto introl: gbs-bind-bind-returnl assms gbs-space-monadPM gbs-morphism-monadPD)

corollary qbs-bind-bind-returnlP":
assumes [gbs|:f € gbs-space (X =¢q Y =g monadP-qbs Z)
p € gbs-space (monadP-gbs X)
q € gbs-space (monadP-gbs Y')
shows ¢ >= (A\y. p >= (A\z. fzy)) = (¢ >= (\y. p >= (Az. return-qbs (X
®a V) (5.9))) >= (case-prod f)
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by (auto introl: gbs-bind-bind-returnl P[where f=case-prod f and Z=Z simplified))

lemma qbs-bind-bind-return2P:
assumes f € X Qg Y —¢ monadP-gbs Z
p € gbs-space (monadP-gbs X) q € gbs-space (monadP-gbs Y')
shows p >= (Az. ¢ >= (Ay. f (2,9))) = (p >= (Az. ¢ >= (A\y. return-gbs (X
®a ) (5:0) 5=/

by (auto introl: gbs-bind-bind-return? assms gbs-space-monadPM qbs-morphism-monadPD)

corollary g¢bs-bind-bind-return2P":
assumes [gbs|:f € gbs-space (X =¢g Y =g monadP-qbs Z)
p € gbs-space (monadP-gbs X)
q € gbs-space (monadP-gbs Y)
shows p >= (Az. ¢ >= (A\y. fzy)) = (p >= (A\z. ¢ >= (\y. return-qbs (X
Qq Y) () >= (case-prod f)
by (auto introl: gbs-bind-bind-return2P[where f=case-prod f and Z=Z simplified])

corollary bind-qbs-rotateP:
assumes f € X Q¢ Y —¢ monadP-qbs Z
p € gbs-space (monadP-gbs X)
and q € gbs-space (monadP-qbs Y)
shows ¢ >= (Ay. p >= (Az. f (z,9))) = p >= (Az. ¢ >= (Ay. [ (z,)))
by (auto introl: bind-qbs-rotate assms qbs-space-monadPM qbs-morphism-monadPD)

context pair-gbs-probs
begin

interpretation rr : standard-borel-ne borel Q) pr borel :: (real X real) measure
by (auto intro!: pair-standard-borel-ne)

sublocale gbs-prob X @ g Y map-prod o 8 o rr.from-real distr (1 @ s v) borel
rr.to-real

by (auto simp: gbs-prob-def in-Max-def real-distribution-def qbs-Ma-is-morphisms
real-distribution-axioms-def pql .prob-space-axioms pq2.prob-space-axioms introl: prob-space.prob-space-distr
prob-space-pair)

lemma q¢bs-bind-bind-return-prob:

assumes [¢gbs]:f € X Qg Y —¢ Z

shows qbs-prob Z (f o (map-prod a B o rr.from-real)) (distr (u @ ar v) borel
rr.to-real)

using gbs-prob-azioms by (auto simp: gbs-prob-def in-Mzx-def gbs-Ma-is-morphisms)

end

4.1.11 Almost Everywhere

lift-definition g¢bs-almost-everywhere :: ['a qbs-measure, 'a = bool] = bool
is M(X,a,p). almost-everywhere (distr p (qbs-to-measure X) )
by (auto simp: gbs-meas-eq-def) metis
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syntax
-gbs-almost-everywhere :: pttrn = 'a = bool = bool (AEq - in -. - [0,0,10] 10)

syntax-consts
-qbs-almost-everywhere = qbs-almost-everywhere

translations
AEg z in p. P = CONST ¢bs-almost-everywhere p (Az. P)

lemma AFEq-gbs-l: (AEq z in p. P z) = (AE © in gbs-l p. P 1)
by transfer fastforce

lemmal(in gbs-meas) AFEq-def:
(AEqg zin [X, o, plmeas - P x) = (AE z in (distr p (gbs-to-measure X) a). P 1)
by (simp add: gbs-almost-everywhere.abs-eq)

lemma(in gbs-meas) AEq-AE: (AEq z in [X, &, pmeas - P 2) = (AE z in p.
P (a z))
by (auto simp: AEg-def intro\: AE-distrD|[of «])

lemma(in gbs-meas) AEq-AE-iff:

assumes [gbs|:gbs-pred X P

shows (AEqg = in [X, &, ]meas - P 2) «— (AE zin u. P (a z))

by (auto simp: AEq-AE AEq-def qbs-pred-iff-sets introl: AE-distr-iff [ THEN iffD2])

lemma AFEq-qbs-pred[gbs|: gbs-almost-everywhere € monadM-gbs X —¢q (X =¢
gbs-count-space UNIV) =q ¢bs-count-space UNIV
proof (rule curry-preserves-morphisms|OF pair-qbs-morphismlI|)
fix v 8
assume hy € gbs-Mz (monadM-gbs X) B € gbs-Mz (X =¢ qbs-count-space
(UNIV :: bool set))
from rep-qbs-Mz-monadM|[OF h(1)] obtain o k where hk:
v = (Ar. [X, a, k T]meas) @ € gbs-Mz X s-finite-kernel borel borel k Ar.
qbs-s-finite X a (k1)
by metis
interpret s:standard-borel-ne borel :: real measure by simp
interpret s2: standard-borel-ne borel Q) pr borel :: (real X real) measure by(simp
add: borel-prod)
have [measurable]: Measurable.pred (borel Q) ar borel) (A(z, y). B z (« y))
using h(2) hk(2) by(simp add: s2.gbs-pred-iff-measurable-pred[symmetric|
r-preserves-product gbs-Mz-is-morphisms)
show (Ar. gbs-almost-everywhere (fst (v r, 8 1)) (snd (y r, B 1)) € qbs-Mz
(qbs-count-space UNIV')
using h(2) hk(2) by(simp add: hk(1) qbs-Muz-is-morphisms qbs-meas. AEq-AE-iff[OF
hk(4)[THEN qbs-s-finite.axioms(1)]])
(auto simp add: s.qgbs-pred-iff-measurable-pred intro!: s-finite-kernel. AE-pred[OF
hk(3))
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qed

lemma AEqg-12'[simp:
assumes p € gbs-space (all-meas-gbs X) N\z. © € gbs-space X = Pz
shows AEg zinp. Pz
by (auto simp: space-qbs-l-in-all-meas[OF assms(1)] assms(2) AEq-gbs-1)

lemma AFEqg-12[simp]:
assumes p € gbs-space (monadM-gbs X) Nz. z € gbs-space X = Pz
shows AEg zinp. Pz
by (auto simp: space-qbs-l-in]OF assms(1)] assms(2) AEq-qbs-l)

lemma AFEg-mp[elim!]:
assumes AEg zins. Prx AEg zins. Pz — Q<
shows AEg zins. Q
using assms by (auto simp: AFEqg-qbs-1)

lemma
shows AEqg-iffl: AEg v ins. Px = AEg zins. Px +— Q1 = AFEg zin
s. Qx
and AFEq-disjl1: AEg zins. Px = AEg zins. Pz V Qu
and AFEq-disjI2: AEg zins. Qv = AEg zins. Pz V Qu
and AEg-conjl: AEg zins. Pt = AEg zins. Qz = AEg zins. Pz A
Quz
and AEg-conj-iff [simp]: (AEg zins. Pz AN Q) +— (AEg zins. P x) A
(AEg zin s. Q 1)
by (auto simp: AEq-gbs-1)

lemma AEq-symmetric:
assumes AEg zins. Pz = Qz
shows AEg zins. Qz=Px
using assms by (auto simp: AFEqg-qbs-1)

lemma AEqg-impl: (P = AEg zin M. Qz) = AEgzin M. P — Qu
by (auto simp: AEq-gbs-1 AE-impl)

lemma

shows AEq-Ball-mp-all-meas:

s € gbs-space (all-meas-gbs X) = (A\z. z€qbs-space X = P z) = AEg z in
s. Pz — Qo= AEgzins. Qux

and AFEq-Ball-mp:

s € qbs-space (monadM-gbs X) = (A\z. z€gbs-space X = P z) = AEq z in
s Pz — Qo= AEgzins. Qu

and AFEg-cong-all-meas:

s € gbs-space (all-meas-gbs X) = (\z. z € gbs-space X = Pz +— Q z) =
(AEg zins. Px) «— (AEg zin s. Q z)

and AFEqg-cong:

s € qbs-space (monadM-qbs X) = (A\z. z € gbs-space X = Pz +— Q1) =
(AEg zin s. P ) «— (AEg zin s. Q )
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by auto

lemma

shows AFEg-cong-simp-all-meas: s € qbs-space (all-meas-gbs X) = (Az. = €
gbs-space X =simp=> Pz = Qz) = (AEqg zins. Pxz) +— (AEg zin s. Q )

and AFEq-cong-simp: s € qbs-space (monadM-gbs X) = (A\z. x € gbs-space X
=simp=> Pz = Q) = (AEg zins. Pz) «— (AEq zins. Q )

by (auto simp: simp-implies-def)

lemma AFEqg-all-countable: (AEq zin s. Vi. P ixz) «— (Vi:'i:countable. AEg x
ins Pizx)
by (simp add: AEq-gbs-1 AFE-all-countable)

lemma AEqg-ball-countable: countable X = (AEq z in s. VyeX. P z y) <—
(VyeX. AEg zins. Pz y)
by(simp add: AEq-qbs-1 AE-ball-countable)

lemma AEq-ball-countable’: (AN. N € I = AEq zin s. P N z) = countable
I —= AEgzins. YVNe€l. PNz
unfolding A FEq-ball-countable by simp

lemma AEg-pairwise: countable F = pairwise (A\A B. AEg zins. Rz A B) F
«— (AEg z in s. pasrwise (R z) F)
unfolding pairwise-alt by (simp add: AFEq-ball-countable)

lemma AEqg-finite-all: finite S = (AEq z in s. VieS. Pizx) «— (VieS. AEg
xin s. Pix)
by(simp add: AEq-qbs-1 AE-finite-all)

lemma AFEqg-finite-alll:finite S = (\s. s € S = AEg zin M. Q sx) = AEg
zin M.VseS. Q sz
by(simp add: AEq-qbs-1 AE-finite-all)

4.1.12 Integral

lift-definition ¢bs-nn-integral :: ['a qbs-measure, 'a = ennreal] = ennreal
is M(X,o,p) f.([ Ta. fz Odistr p (gbs-to-measure X) «)
by (auto simp: gbs-meas-eq-def)

lift-definition gbs-integral :: ['a qgbs-measure, 'a = ('b :: {banach,second-countable-topology})]
=
is M(X,o,p) f. if f € X —¢q gbs-borel then ([ z. f (o z) D) else 0

by (fastforce dest: gbs-meas-eq-integral-eq qbs-meas-eq-dest(3))

syntax
-gbs-nn-integral :: ptirn = ennreal = 'a gbs-measure = ennreal ([ To((2-./ -)/
9-) [60,61] 110)

syntax-consts
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-gbs-nn-integral = gbs-nn-integral

translations
JTo = f Op = CONST gbs-nn-integral p (Az. f)

syntax
-gbs-integral :: pttrn = - = 'a gbs-measure = - ([ o((2-./ -)/ 9-) [60,61] 110)

syntax-consts
-gbs-integral = qbs-integral

translations
[ @ @ f O9p = CONST gbs-integral p (Az. f)

lemmal(in g¢bs-meas)
shows gbs-nn-integral-def: f € X —¢ gbs-borel = ([ Tg z. fz I[X, @, p]meas)
= ([ *o.f (az) 0 p)
and gbs-nn-integral-def2:([ *q z. fz 9[X, @, plmeas) = (f Tz. fz O(distr p
(gbs-to-measure X) «))
by (simp-all add: gbs-nn-integral.abs-eq nn-integral-distr lr-adjunction-correspondence)

lemma(in gbs-meas) qbs-integral-def:
[ € X —q qbs-borel = ([ = fz O[X, o, Wlmeas) = (f 2. f (o z) O p)
by (simp add: gbs-integral.abs-eq)

lemma(in gbs-meas) gbs-integral-def2: ([ o z. [z 9[X, a, Wlmeas) = (2. fz
A(distr p (gbs-to-measure X) «))
proof —
consider f € X —¢ gbs-borel | f ¢ X —¢ qbs-borel by auto
thus ?thesis
proof cases
case h:2
then have — integrable (gbs-l [X, o, p]meas) f
by (metis borel-measurable-integrable measurable-distr-eql qbs-l1 qgbs-morphism-measurable-intro)
thus ?Zthesis
using h by (simp add: qbs-l qbs-integral.abs-eq not-integrable-integral-eq)
qed(simp add: gbs-integral.abs-eq integral-distr)
qged

lemma qbs-measure-eql-all-meas:
assumes [gbs|:p € gbs-space (all-meas-qgbs X) q € qbs-space (all-meas-gbs X)
and \f. f € X —¢ gbs-borel = ([ Tq z. fz Ip) = ([ Tg z. fz Dq)
shows p = ¢
proof —
obtain « p 8 v where h:ip = [X, @, tlmeas ¢ = [X, B, V]meas gbs-meas X «
1 gbs-meas X B v
by (meson assms(1) assms(2) rep-gbs-space-all-meas)
then interpret pq:pair-qbs-meas X a u v
by (auto simp: pair-gbs-meas-def)
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show ?thesis

using assms(3) by (auto simp: h(1,2) pq.pql.qbs-nn-integral-def pq.pq2.qbs-nn-integral-def
introl: pq.qbs-meas-eql2)
qed

lemma q¢bs-measure-eql:
assumes [gbs]:p € gbs-space (monadM-qbs X) q € gbs-space (monadM-qbs X)
and \f. f € X —¢ gbs-borel = ([ Tq z. fz Ip) = ([ Tg z. fz Dq)
shows p = ¢
by (auto introl: assms gbs-measure-eql-all-meas monadM-all-meas-space)

lemma gbs-nn-integral-def2-1: gbs-nn-integral s f = integral™ (gbs-l s) f
by transfer auto

lemma gbs-integral-def2-1: gbs-integral s f = integral™ (qbs-1 s) f
by (metis gbs-meas.gbs-integral-def2 gbs-meas.qbs-1 rep-gbs-measure”)

definition gbs-integrable :: 'a qbs-measure = ('a = 'b::{second-countable-topology,real-normed-vector})
= bool
where gbs-integrable-iff-integrable: gbs-integrable p f «— integrable (gbs-l p) f

lemma(in gbs-meas) qbs-integrable-def:
fixes f :: 'a = 'b::{second-countable-topology,banach}
shows gbs-integrable [X, o, pmeas [ <— [ € X —¢q gbs-borel A integrable p
(Az. f (a z))
proof —
have gbs-integrable [ X, o, fllmeas f <— f € X —¢ gbs-borel A integrable (distr
u (gbs-to-measure X) «) f
by (auto simp: lr-adjunction-correspondence gbs-integrable-iff-integrable qbs-1)
also have ... «— f € X —¢ gbs-borel A integrable p (Az. f (a z))
by (auto simp: integrable-distr-eq)
finally show ?thesis .
qed

lemma qbs-integrable-morphism-dest-all-meas:
assumes s € gbs-space (all-meas-gbs X)
and gbs-integrable s f
shows f € X —¢g gbs-borel
using assms(2)
by (auto simp add: measurable-qbs-l-all-meas|OF assms(1),symmetric| gbs-integrable-iff-integrable)

lemma g¢bs-integrable-morphism-dest:
assumes s € gbs-space (monadM-gbs X)
and qbs-integrable s f
shows f € X —¢ gbs-borel
by (auto introl: gbs-integrable-morphism-dest-all-meas assms monadM-all-meas-space)

lemma g¢bs-integrable-morphismP:
assumes s € gbs-space (monadP-gbs X)
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and gbs-integrable s f
shows f € X —¢ gbs-borel
by (auto introl: qbs-integrable-morphism-dest assms qbs-space-monadPM)

lemmal(in gbs-s-finite) gbs-integrable-measurable[simp]:

assumes gbs-integrable [X,o,pt]meas [

shows f € gbs-to-measure X —p; borel

by (auto introl: qbs-integrable-morphism-dest assms simp: Ir-adjunction-correspondence[symmetric])

corollary(in gbs-meas) gbs-integrable-distr: gbs-integrable [X, o, t]meas f = in-
tegrable (distr u (gbs-to-measure X) «) f
by (simp add: gbs-integrable-iff-integrable qbs-1)

lemma gbs-integrable-morphism|[gbs]: gbs-integrable € monadM-qbs X —¢ (X =¢
(gbs-borel :: ('a :: {banach, second-countable-topology}) quasi-borel)) =¢ gbs-count-space
UNIV
proof(rule curry-preserves-morphisms|OF pair-qbs-morphismlI))
fix v p
assume h:y € gbs-Mz (monadM-qbs X) B € gbs-Mz (X =¢ (gbs-borel :: 'a
quasi-borel))
from rep-qbs-Mz-monadM|OF this(1)] obtain « k
where hk:iy = (Ar. [X, a, k rlmeas) @ € qbs-Mx X s-finite-kernel borel borel k
Ar. qbs-s-finite X o (k)
by metis
then interpret ¢bs-s-finite X o k r for r
by simp
interpret standard-borel-ne borel :: real measure by simp
have [measurable]: 5 r € gbs-to-measure X — p borel for r
using h(2) by(simp add: gbs-Maz-is-morphisms lr-adjunction-correspondence[symmetric])
have 1: borel-measurable (borel @ rs borel) = (gbs-borel Q) o qbs-borel —¢
gbs-borel :: (real x real = 'a) set)
by (metis borel-prod pair-standard-borel qbs-borel-prod standard-borel.standard-borel-r-full-faithful
standard-borel-axioms)
show (Ar. gbs-integrable (fst (y r, B 1)) (snd (y r, B r))) € qbs-Mx (gbs-count-space
UNIV)
by (auto simp: fun-cong[OF hk(1)] qbs-integrable-distr integrable-distr-eq qbs-Mz-is-morphisms
qbs-pred-iff-measurable-pred
introl: s-finite-kernel.integrable-measurable-pred|OF hk(3)])
(use h(2) in simp add: 1 qbs-Mz-is-morphisms split-beta’)

qed

lemma(in gbs-meas) qbs-integrable-iff-integrable:

assumes [ € gbs-to-measure X — pp (borel :: - ::{ second-countable-topology,banach}
measure)

shows gbs-integrable [ X, o, plmeas [ = integrable u (Az. f (a z))
by (auto intro!: integrable-distr-eq[of a p qbs-to-measure X f] simp: assms gbs-integrable-distr)

lemma gbs-integrable-iff-bounded-all-meas:
fixes [ :: 'a = 'b::{second-countable-topology,banach}
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assumes s € gbs-space (all-meas-gbs X)
shows gbs-integrable s f «— f € X —¢ qbs-borel A ([ o z. ennreal (norm (f
z)) 0s) < 00
(is ?lhs = ?rhs)
proof —
from rep-qbs-space-all-meas[OF assms] obtain « y where hs:
gbs-meas X o p s = [X, o, u]meas
by metis
then interpret ¢s: gbs-meas X a p by simp
have ?lhs = integrable (distr p (gbs-to-measure X) «) f
by (simp add: hs(2) qbs-integrable-iff-integrable gs.qbs-1)
also have ... = (f € borel-measurable (distr p (gbs-to-measure X) o) A ([ T =.
ennreal (norm (f x)) O(distr p (gbs-to-measure X) a)) < 00))
by (rule integrable-iff-bounded)
also have ... = ?rhs
by (auto simp add: hs(2) gs.qbs-nn-integral-def2 lr-adjunction-correspondence)
finally show ?thesis .
qed

lemmas gbs-integrable-iff-bounded = gbs-integrable-iff-bounded-all-meas| OF mon-
adM-all-meas-space]

lemma not-gbs-integrable-gbs-integral: — qbs-integrable s f =—> qbs-integral s f =
0
by (simp add: qbs-integral-def2-1 qbs-integrable-iff-integrable not-integrable-integral-eq)

lemma g¢bs-integrable-cong-A E-all-meas:
assumes s € gbs-space (all-meas-gbs X)
AEgzins fz=gx
and gbs-integrable s f g € X —¢ qbs-borel
shows qbs-integrable s g
using assms(2,4)
by (auto introl: gbs-integrable-iff-integrable] THEN iffD2] Bochner-Integration.integrable-cong-AE][of
g - [y, THEN iffD2]
qbs-integrable-iff-integrable| THEN iffD1,0F assms(3)] gbs-integrable-morphism-dest-all-meas|OF
assms(1),0f f]
simp: AEq-qbs-l measurable-gbs-l-all-meas|OF assms(1)])

lemmas gbs-integrable-cong-AE = gbs-integrable-cong-AE-all-meas[OF monadM-all-meas-space]

lemma qbs-integrable-cong-all-meas:
assumes s € gbs-space (all-meas-gbs X)
Nz. z € qbs-space X = fz =gz
and qbs-integrable s f
shows qbs-integrable s g
by (auto introl: gbs-integrable-iff-integrable] THEN iffD2] Bochner-Integration.integrable-cong[OF
reflof - g f,THEN iffD2)]
qbs-integrable-iff-integrable| THEN iffD1,0F assms(3)]
simp: space-gbs-lI-in-all-meas[OF assms(1)] assms(2))
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lemmas gbs-integrable-cong = qbs-integrable-cong-all-meas| OF monadM-all-meas-space]

lemma gbs-integrable-zero[simp, intro]: gbs-integrable s (Az. 0)
by (simp add: gbs-integrable-iff-integrable)

lemma q¢bs-integrable-const:
assumes s € gbs-space (monadP-gbs X)
shows gbs-integrable s (Az. ¢)
using assms by (auto introl: gbs-integrable-iff-integrable| THEN iffD2] finite-measure.integrable-const
simp: monadP-qbs-space prob-space-def)

lemma gbs-integrable-add[simp,introl]:
assumes q¢bs-integrable s f
and qbs-integrable s g
shows gbs-integrable s (\z. fx + g x)
by (rule gbs-integrable-iff-integrable]| THEN iffD2,0OF Bochner-Integration.integrable-add[OF
gbs-integrable-iff-integrable] THEN iffD1,0F assms(1)] qbs-integrable-iff-integrablel THEN
iffD1,0F assms(2)]]])

lemma gbs-integrable-diff[simp,intro!]:
assumes q¢bs-integrable s f
and qbs-integrable s g
shows gbs-integrable s (\z. fx — g x)
by (rule qbs-integrable-iff-integrable] THEN iffD2,OF Bochner-Integration.integrable-diff[OF
gbs-integrable-iff-integrable] THEN iffD1,0F assms(1)] qbs-integrable-iff-integrable| THEN
iffD1,0F assms(2)]]])

lemma gbs-integrable-sum|[simp, introl]: (\i. i € I = gbs-integrable s (f i)) =
qbs-integrable s (\xz. Y i€l. fix)
by (simp add: qbs-integrable-iff-integrable)

lemma gbs-integrable-scaleR-left[simp, introl|: qbs-integrable s f => qbs-integrable
s (Az. fzxg (¢ ‘a2 {second-countable-topology,banach}))
by (simp add: gbs-integrable-iff-integrable)

lemma gbs-integrable-scaleR-right[simp, introl]: gbs-integrable s f = gbs-integrable
s (Az. ¢ xg (fz = 'a :: {second-countable-topology,banach}) )
by (simp add: gbs-integrable-iff-integrable)

lemma gbs-integrable-mult-iff:

fixes [ :: 'a = real

shows (gbs-integrable s (A\z. ¢ x fz)) = (¢ = 0 V gbs-integrable s f)

using qbs-integrable-iff-integrable[of s Az. ¢ x f z] integrable-mult-left-iff [of - ¢ f]
gbs-integrable-iff-integrable[of s f]

by simp

lemma
fixes c :: -::{real-normed-algebra,second-countable-topology }

222



assumes qbs-integrable s f

shows gbs-integrable-mult-right: gbs-integrable s (Az. ¢ * f x)
and gbs-integrable-mult-left: gbs-integrable s (A\z. fz * c)

using assms by(auto simp: gbs-integrable-iff-integrable)

lemma gbs-integrable-divide-zero[simp, introl]:
fixes ¢ :: -::{real-normed-field, field, second-countable-topology}
shows gbs-integrable s f = gbs-integrable s (\z. fz / ¢)
by (simp add: qbs-integrable-iff-integrable)

lemma gbs-integrable-inner-left[simp, introl]:
gbs-integrable s f = gbs-integrable s (\z. fx - ¢)
by (simp add: gbs-integrable-iff-integrable)

lemma gbs-integrable-inner-right[simp, introl]:
gbs-integrable s f = gbs-integrable s (\z. ¢ « f 1)
by (simp add: gbs-integrable-iff-integrable)

lemma gbs-integrable-minus[simp, introl]:
gbs-integrable s f = qbs-integrable s (Az. — f x)
by (simp add: gbs-integrable-iff-integrable)

lemma [simp, intro]:
assumes qbs-integrable s f
shows gbs-integrable-Re: gbs-integrable s (Az. Re (f ))
and gbs-integrable-Im: gbs-integrable s (Az. Im (f z))
and gbs-integrable-cnj: qbs-integrable s (Az. cnj (f z))
using assms by (simp-all add: gbs-integrable-iff-integrable)

lemma gbs-integrable-of-real[simp, introl]: gbs-integrable s f = qbs-integrable s

(Az. of-real (f x))
by (simp-all add: gbs-integrable-iff-integrable)

lemma [simp, intro]:
assumes qbs-integrable s f
shows gbs-integrable-fst: gbs-integrable s (Az. fst (f x))
and gbs-integrable-snd: gbs-integrable s (Az. snd (f z))
using assms by (simp-all add: gbs-integrable-iff-integrable)

lemma qbs-integrable-norm:

fixes f :: 'a = 'b::{second-countable-topology,banach}

assumes q¢bs-integrable s f

shows gbs-integrable s (Az. norm (f z))

by (rule gbs-integrable-iff-integrable] THEN iffD2,OF integrable-norm[OF gbs-integrable-iff-integrable] THEN
iffD1,0F assms]]])

lemma qbs-integrable-abs:
fixes f :: - = real
assumes qbs-integrable s f
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shows gbs-integrable s (\z. |f z|)
by (rule gbs-integrable-iff-integrable] THEN iffD2, OF integrable-abs| OF qbs-integrable-iff-integrable| THEN
iffD1,0F assms]]])

lemma gbs-integrable-sq:
fixes ¢ :: -::{real-normed-field,second-countable-topology}
assumes g¢bs-integrable s (Az. ¢) gbs-integrable s f
and gbs-integrable s (\z. (f z)?)
shows gbs-integrable s (Az. (fz — ¢)?)
by (simp add: comm-ring-1-class.power2-diff ;rule qbs-integrable-diff ,rule gbs-integrable-add)
(simp-all add: comm-semiring-1-class.semiring-normalization-rules(16)[of 2]
assms qbs-integrable-mult-right power2-eq-square|of c))

lemma g¢bs-nn-integral-eq-integral-AEq:
assumes g¢bs-integrable s f AEg zins. 0 < fz
shows ([ T z. ennreal (f z) ds) = ennreal ([ o x. fz Ds)
using nn-integral-eq-integral| OF gbs-integrable-iff-integrable| THEN iffD1,0F assms(1)]]
gbs-integrable-morphism-dest-all-meas[OF in-gbs-space-of-all-meas assms(1)]
assms(2)
by (simp add: gbs-integral-def2-1 qbs-nn-integral-def2-1 AEq-qbs-l)

lemma gbs-nn-integral-eq-integral-all-meas:
assumes s € gbs-space (all-meas-gbs X) qbs-integrable s f
and Az. z € gbs-space X = 0 < fuz
shows ([ T z. ennreal (f z) ds) = ennreal ([ o z. fz Ds)
using gbs-nn-integral-eq-integral-AEq[OF assms(2) AEq-I2'|OF assms(1,3)]] by
simp

lemmas gbs-nn-integral-eg-integral = gbs-nn-integral-eq-integral-all-meas| OF mon-
adM-all-meas-space]

lemma ¢bs-nn-integral-cong-A Eq-all-meas:

assumes s € gbs-space (all-meas-gbs X) AEg zins. fr =gz

shows qbs-nn-integral s f = gbs-nn-integral s g
proof —

from rep-qbs-space-all-meas|OF assms(1)] obtain o u

where hs: s = [X, «, t]meas gbs-meas X a p by metis

then interpret gbs-meas X a p by simp

show ?thesis

using assms(2) by (auto simp: gbs-nn-integral-def2 hs(1) AEg-def intro!: nn-integral-cong-AFE)
qed

lemmas gbs-nn-integral-cong-AEq = gbs-nn-integral-cong-AEg-all-meas| OF mon-
adM-all-meas-space]

lemma qbs-nn-integral-cong-all-meas:
assumes s € gbs-space (all-meas-gbs X) N\x. © € gbs-space X = fr =gz
shows qbs-nn-integral s f = gbs-nn-integral s g
using qbs-nn-integral-cong-AEq-all-meas[OF assms(1) AFEq-I2'[OF assms|] by
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stmp
lemmas gbs-nn-integral-cong = gbs-nn-integral-cong-all-meas| OF monadM-all-meas-space]

lemma ¢bs-nn-integral-const:
(J*to @ ¢ ds) = ¢ x qbs-l s (gbs-space (qbs-space-of s))
by (simp add: gbs-nn-integral-def2-1 space-gbs-I)

lemma qbs-nn-integral-const-prob:

assumes s € gbs-space (monadP-gbs X)

shows ([ Tg z. ¢ ds) = ¢

using assms by (simp add: gbs-nn-integral-const prob-space.emeasure-space-1 qbs-l-prob-space
space-qbs-1)

lemma qbs-nn-integral-add-all-meas:
assumes s € gbs-space (all-meas-gbs X)
and [gbs]:f € X —¢g gbs-borel g € X —¢ gbs-borel
shows ([t z. fa+ gz ds)=([Tga fzds)+ ([Tg z. gz ds)
by (auto simp: qbs-nn-integral-def2-1 measurable-gbs-l-all-meas|OF assms(1)] in-
trol: nn-integral-add measurable-gbs-1)

lemmas gbs-nn-integral-add = gbs-nn-integral-add-all-meas| OF monadM-all-meas-space]

lemma q¢bs-nn-integral-cmult-all-meas:

assumes s € gbs-space (all-meas-gbs X) and [gbs]:f € X —¢ gbs-borel

shows ([T z. cxfz 0s)=cx ([T z. fz 0s)

by (auto simp: qbs-nn-integral-def2-1 measurable-gbs-l-all-meas[OF assms(1)] in-
trol: mn-integral-cmult)

lemmas gbs-nn-integral-cmult = gbs-nn-integral-cmult-all-meas| OF monadM-all-meas-space]

lemma g¢bs-integral-cong-A Eq-all-meas:
assumes [gbs]:s € gbs-space (all-meas-gbs X) f € X —¢q gbs-borel g € X —¢
qbs-borel
and AEg zins. fe=gux
shows qbs-integral s f = gbs-integral s g
using assms(4) by(auto simp: gbs-integral-def2-1 AEq-gbs-l measurable-qbs-l-all-meas| OF
assms(1)] introl: integral-cong-AE )

lemmas gbs-integral-cong-AFEq = gbs-integral-cong-A Eq-all-meas| OF monadM-all-meas-space]
lemma g¢bs-integral-cong-all-meas:

assumes s € gbs-space (all-meas-gbs X) N\z. © € gbs-space X = fr =gz

shows qbs-integral s f = gbs-integral s g

by (auto simp: gbs-integral-def2-1 space-qbs-l-in-all-meas|OF assms(1)] assms(2)

intro!: Bochner-Integration.integral-cong)

lemmas gbs-integral-cong = qbs-integral-cong-all-meas[OF monadM-all-meas-space]
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lemma gbs-integral-nonneg-AEq:
fixes f :: - = real
shows AEg zins. 0 < fz = 0 < gbs-integral s f
by (auto simp: gbs-integral-def2-1 AEq-gbs-l introl: integral-nonneg-AE )

lemma gbs-integral-nonneg-all-meas:
fixes f :: - = real
assumes s € gbs-space (all-meas-gbs X) \z. z € qbs-space X — 0 < fz
shows 0 < qbs-integral s f
by (auto simp: gbs-integral-def2-1 space-qbs-l-in-all-meas|OF assms(1)] assms(2)
intro!: Bochner-Integration.integral-nonneg)

lemmas gbs-integral-nonneg = qbs-integral-nonneg-all-meas| OF monadM-all-meas-space]

lemma g¢bs-integral-mono-AEq:
fixes f :: - = real
assumes g¢bs-integrable s f gbs-integrable s g AEg v ins. fo < gz
shows qbs-integral s f < qbs-integral s g
using assms by (auto simp: qbs-integral-def2-1 AEq-qbs-1 gbs-integrable-iff-integrable
introl: integral-mono-AE)

lemma g¢bs-integral-mono-all-meas:
fixes f :: - = real
assumes s € gbs-space (all-meas-gbs X)
and g¢bs-integrable s f gbs-integrable s g \x. © € gbs-space X = fax < gz
shows qbs-integral s f < gbs-integral s g
by (auto simp: qbs-integral-def2-1 space-qbs-l-in-all-meas| OF assms(1)] qbs-integrable-iff-integrable[symmetric]
assms introl: integral-mono)

lemmas gbs-integral-mono = gbs-integral-mono-all-meas| OF monadM-all-meas-space]

lemma g¢bs-integral-const-prob:
assumes s € gbs-space (monadP-gbs X)
shows ([ z. ¢ 9s) = ¢
using assms by (simp add: gbs-integral-def2-l monadP-qbs-space prob-space.prob-space)

lemma
assumes qgbs-integrable s f gbs-integrable s g
shows gbs-integral-add:([ ¢ z. fz + gz ds) = ([ g . fz 9s) + ([ ¢ z. g z Ds)
and gbs-integral-diff: ([ g z. fa — gz 9s) = ([ @ z. fz ds) — ([ @ x. g x Os)
using assms by (auto simp: gbs-integral-def2-1 qbs-integrable-iff-integrable[symmetric]
introl: Bochner-Integration.integral-add Bochner-Integration.integral-diff)

lemma [simpl:
fixes ¢ :: -::{real-normed-field,second-countable-topology}
shows gbs-integral-mult-right-zero:([ ¢ z. ¢ * fz ds) = ¢ * ([ ¢ z. fz Ds)
and gbs-integral-mult-left-zero:([ g z. fz x ¢ ds) = ([ ¢ . fz Ds) * ¢
and gbs-integral-divide-zero: ([ g z. fz / ¢ ds) = ([g z. fz Ds) | ¢
by (auto simp: gbs-integral-def2-1)
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lemma gbs-integral-minus(simp): ([ ¢ . — fz 9s) = — ([ ¢ =. fz Os)
by (auto simp: gbs-integral-def2-1)

lemma [simp]:
shows gbs-integral-scaleR-right:([ ¢ x. ¢ xg fx 9s) = ¢ *r ([ o z. fz Ds)
and gbs-integral-scaleR-left: ([ o z. fz xg ¢ 0s) = ([ @ fz 0s) *g ¢
by (auto simp: gbs-integral-def2-1)

lemma [simp]:
shows gbs-integral-inner-left: gbs-integrable s f = ([ g z. fz - ¢ ds) = ([ ¢ =.
fz0s)-c
and gbs-integral-inner-right: gbs-integrable s f = ([ g z. ¢ - fz ds) = ¢ -
(J @ z. fu 0s)
by (auto simp: qbs-integral-def2-1 qbs-integrable-iff-integrable)

lemma integral-complez-of-real[simp): ([ o x. complez-of-real (f z) ds)= of-real

([ @z fz 0s)
by (simp add: gbs-integral-def2-I)

lemma integral-cnj[simp): ([ ¢ z. enj (fz) 8s) = cnj ([ o =. fz ds)
by(simp add: gbs-integral-def2-1)

lemma [simp]:
assumes q¢bs-integrable s f
shows gbs-integral-Im: ([ ¢ =. Im (fz) 8s) = Im ([ ¢ =. fz Os)
and gbs-integral-Re: ([ ¢ . Re (fz) ds) = Re ([ ¢ . fxz Os)
using assms by (auto simp: qbs-integral-def2-1 gbs-integrable-iff-integrable)

lemma gbs-integral-of-real[simp]: gbs-integrable s f = ([ ¢ =. of-real (f z) Os) =

of-real ([ o z. fz ds)
by (auto simp: gbs-integral-def2-1 qbs-integrable-iff-integrable)

lemma [simp]:
assumes qbs-integrable s f
shows gbs-integral-fst: ([ ¢ . fst (fz) ds) = fst ([ o z. fz Ds)
and gbs-integral-snd: ([ g z. snd (fz) 0s) = snd ([ ¢ z. fz Ds)
using assms by (auto simp: qbs-integral-def2-1 gbs-integrable-iff-integrable)

lemma real-gbs-integral-def:
assumes qbs-integrable s f
shows gbs-integral s f = enn2real ([ T¢ z. ennreal (f z) 8s) — ennlreal ([ *o
x. ennreal (— fx) 0s)
using gbs-integrable-morphism-dest-all-meas[OF in-gbs-space-of-all-meas assms]
assms
by (auto simp: qbs-integral-def2-1 gbs-nn-integral-def2-1 gbs-integrable-iff-integrable[symmetric]
introl: real-lebesgue-integral-def)

lemma Markov-inequality-qbs-prob:
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gbs-integrable s f => AEg zins. 0 < fz = 0 < ¢ = P(zin gbs-ls. ¢ < fx)
<(fqu fuos)]c

by (auto simp: gbs-integral-def2-1 AEq-qbs-1 gbs-integrable-iff-integrable intro!: in-
tegral-Markov-inequality-measure[where A={}])

lemma Chebyshev-inequality-qbs-prob:
assumes s € gbs-space (monadP-gbs X)
and f € X —¢ gbs-borel gbs-integrable s (\z. (f )?)
and 0 < e
shows P(zin gbs-ls. e < |fz — ([ . fz0s))) < (Jouz (fz — ([guz [z
0s))? 0s) /| €
using prob-space. Chebyshev-inequality[ OF gbs-lI-prob-space[OF assms(1)] - - assms(4),0f
f] assms(2,3)
by (simp add: gbs-integral-def2-1 qbs-integrable-iff-integrable lr-adjunction-correspondence
measurable-qbs-I'|OF gbs-space-monadPM[OF assms(1)]])

lemma g¢bs-I-return-gbs:

assumes z € gbs-space X

shows gbs-l (return-gbs X x) = return (gbs-to-measure X) x
proof —

interpret gp: gbs-prob X Ar. x return borel 0

by (auto simp: gbs-prob-def prob-space-return assms in-Mz-def real-distribution-def
real-distribution-azioms-def)

show ?thesis

by (simp add: gqp.return-qbs|OF assms| distr-return qp.qbs-1)

qged

lemma q¢bs-I-bind-qbs-all-meas:
assumes [gbs|: s € gbs-space (all-meas-gbs X) f € X —¢ all-meas-gbs Y
shows g¢bs-1 (s >= f) = ¢bs-l s >=, gbs-l o f (is ?lhs = ?rhs)
proof —
from rep-qbs-space-all-meas|OF assms(1)] obtain o u
where hs: s = [X, a, t]meas gbs-meas X a p by metis
then interpret g¢s: ¢gbs-meas X o p by simp
from rep-all-meas-qbs-Mz[OF qbs-morphism-Mz[OF assms(2) g¢s.in-Mz]] obtain
5 k where
hk: foa= (Ar.[Y, B, k r]meas) B € qbs-Mzx Y measure-kernel borel borel k
Ar. qbs-meas Y B (k)
by metis
then interpret sk: measure-kernel borel borel k by simp
interpret im: in-Mz Y 8 using hk(2) by(simp add: in-Maz-def)

have ?lhs = distr (n >=j k) (gbs-to-measure Y) S8
by (simp add: gs.bind-qbs-all-meas|OF hs(1) assms(2) hk(2,3,1)] gbs-meas.qbs-l[OF
gs.bind-qbs-meas[OF hs(1) assms(2) hk(2,3,1)]])

also have ... = p >=, (A\z. distr (k z) (gbs-to-measure Y) f3)
by (auto intro!: sk.distr-bind-kernel simp: qs.mu-sets)
also have ... = p >=; (Ar. ¢bs-l ((f o @) 1))

by (simp add: gbs-meas.qbs-l[OF hk(4)] hk(1))

228



also have ... = u >=;, (A\r. (Az. ¢bs-l (f z)) (a 7)) by simp
also have ... = distr p (gbs-to-measure X) o >=p, (Az. qbs-l (f z))
using [-preserves-morphisms|of X all-meas-qbs Y] assms(2)
by (auto introl: measure-kernel.bind-kernel-distr| OF measure-kernel.measure-kernel-comp| OF
gbs-l-measure-kernel-all-meas],symmetric]
simp: sets-eq-imp-space-eq| OF gs.mu-sets])
also have ... = ?rhs
by (simp add: hs(1) gs.qgbs-l comp-def)
finally show ?thesis .
qged

lemma q¢bs-I-bind-qbs:
assumes s € gbs-space (monadM-gbs X) f € X —¢ monadM-qbs Y
shows gbs-l (s >= f) = gbs-l s >=, gbs-lo f
by (auto introl: qbs-I-bind-qbs-all-meas assms gbs-morphism-monadAD monadM-all-meas-space)

lemma ¢bs-I-bind-qbsP:
assumes [gbs|: s € gbs-space (monadP-qbs X) f € X —¢ monadP-gbs Y
shows gbs-l (s >= f) = gbs-l s >= qbs-lo f
proof —
have qbs-1 (s >= f) = qbs-l s >=y, qbs-l o f
by(auto intro!: qbs-l-bind-qbs[where X=X and Y=Y] gbs-space-monadPM
gbs-morphism-monadPD)
also have ... = ¢bs-l s >= qbs-l o f
using g¢bs-lI-measurable-prob gbs-morphism-imp-measurable| OF assms(2)]
by (auto intro!l: bind-kernel-bind[where N=gbs-to-measure Y| measurable-prob-algebraD
simp: measurable-qbs-l'|OF gbs-space-monadPM[OF assms(1)]])
finally show ?thesis .
qed

lemma gbs-integrable-return[simp, intro):

fixes f :: 'a = 'b::{second-countable-topology,banach}

assumes z € gbs-space X f € X —¢ gbs-borel

shows gbs-integrable (return-gbs X ) f

using assms by (auto simp: gbs-integrable-iff-integrable qbs-l-return-qbs[OF assms(1)]
nn-integral-return space-L intro!: integrablel-bounded)

lemma g¢bs-integrable-bind-return-all-meas:

fixes [ :: 'a = 'b::{second-countable-topology,banach}

assumes [gbs]:s € gbs-space (all-meas-qbs X) f € Y —¢ qbs-borel g € X —q Y

shows g¢bs-integrable (s >= (Axz. return-gbs Y (g x))) f = gbs-integrable s (f o
g) (is ?lhs = %rhs)
proof —

from rep-qbs-space-all-meas|OF assms(1)] obtain o u

where hs: s = [X, a, u]meas gbs-meas X a p by metis
then interpret g¢s: gbs-meas X a p by simp

have I:return-gbs Y o (g o a) = (Ar. [Y, g o «, return borel r]meas)
by (auto introl: return-qbs-comp gbs-morphism-Mz[OF assms(3)])
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have hb: ¢bs-meas Y (g o ) p s >= (Az. return-gbs Y (g z)) = [Y, g o «a,
N]]meas
using gbs-meas.bind-qbs-all-meas|OF hs(2,1) gbs-morphism-comp|[OF assms(3)
return-qbs-morphism-all-meas] gbs-morphism-Mxz|OF assms(3)] prob-kernel.azioms(1)
1[simplified comp-assoc|[symmetric]]]
gbs-meas.bind-qbs-meas|OF hs(2,1) gbs-morphism-comp|OF assms(3) re-
turn-gbs-morphism-all-meas| gbs-morphism-Mz[OF assms(3)] prob-kernel.azioms(1)
1[simplified comp-assoc|[symmetric]]]
by (auto simp: prob-kernel-def’ comp-def bind-kernel-return’|OF gs.mu-sets|)
have ?lhs = integrable u (f o (g o @))
by (auto introl: gbs-meas.gbs-integrable-iff-integrable] OF hb(1),simplified comp-def]
stmp: hb(2) comp-def lr-adjunction-correspondence[symmetric])
also have ... = ?rhs
by (auto simp: hs(1) comp-def lr-adjunction-correspondence[symmetric]
introl: gs.qbs-integrable-iff-integrable[symmetric])
finally show ?thesis .
qed

lemma qbs-integrable-bind-return:
fixes f :: 'a = 'b::{second-countable-topology,banach}
assumes s € gbs-space (monadM-gbs X) f € Y —¢g ¢bs-borel g € X —g Y
shows qbs-integrable (s >= (Ax. return-qgbs Y (g z))) f = gbs-integrable s (f o g)
by (intro qbs-integrable-bind-return-all-meas|of s X| assms monadM-all-meas-space)

lemma gbs-nn-integral-morphism[gbs]: gbs-nn-integral € monadM-gbs X —¢g (X
=q gbs-borel) = gbs-borel
proof(rule curry-preserves-morphisms|OF pair-gbs-morphismI|)
fix a 8
assume h:a € gbs-Mz (monadM-gbs X) B € gbs-Mz (X =¢ (qbs-borel :: ennreal
quasi-borel))
from rep-qbs-Mz-monadM|[OF h(1)] obtain a k
where ak: o = (Ar. [X, a, k "]meas) a € qbs-Mx X s-finite-kernel borel borel k
Ar. qbs-s-finite X a (k)
by metis
interpret ¢bs-s-finite X a k r for r by fact
have 1:borel-measurable ((borel :: real measure) @ pr (borel :: real measure)) =
gbs-borel @ ¢ qbs-borel —¢ (qbs-borel :: ennreal quasi-borel)
by (metis borel-prod gbs-borel-prod standard-borel.standard-borel-r-full-faithful
standard-borel-ne-borel standard-borel-ne-def)
show (Ar. gbs-nn-integral (fst (o r, B r)) (snd (o r, B 1))) € gbs-Mz gbs-borel
unfolding qbs-Mz-qbs-borel
by (rule measurable-conglwhere f=Ar. [+ z. 8 r (a z) Ok r,THEN iffD1])
(use h ak(2) in auto simp: gbs-nn-integral-def qbs-Muz-is-morphisms ak(1) 1
introl: s-finite-kernel.nn-integral-measurable-f|OF ak(3)])
qed

lemma qbs-nn-integral-morphism’:

assumes [gbs,measurable]:f € X —¢g gbs-borel
shows (Az. gbs-nn-integral x f) € all-meas-gbs X —¢ gbs-borel
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proof(rule gbs-morphismI)
fix a
assume « € gbs-Mz (all-meas-gbs X)
from rep-all-meas-gbs-Mz[OF this] obtain a k
where ak: o = (Ar. [X, a, k "]meas) ¢ € ¢bs-Mz X measure-kernel borel borel
k Ar. gbs-meas X a (k1)
by blast
interpret gbs-meas X a k r for r by fact
show (Az. gbs-nn-integral z f) o a € ¢bs-Mz borelg
by(auto simp: comp-def ak(1) gbs-nn-integral-def qbs-Ma-qbs-borel measur-
able-compose[OF a-measurable]
introl: measure-kernel.nn-integral-measurable-kernel|OF ak(3)])
qed

lemma qbs-nn-integral-return:
assumes f € X —q ¢bs-borel
and z € gbs-space X
shows gbs-nn-integral (return-gbs X z) f = fx
using assms by (auto intro!: nn-integral-return simp: gbs-nn-integral-def2-1 qbs-l-return-gqbs
space-L lr-adjunction-correspondence)

lemma g¢bs-nn-integral-bind-all-meas:
assumes [gbs|:s € gbs-space (all-meas-gbs X)
fe X =g all-meas-qbs Y g € Y —¢ gbs-borel
shows qbs-nn-integral (s >= f) g = gbs-nn-integral s (\y. (gbs-nn-integral (f
y) g9)) (is ?lhs = ?rhs)
proof —
note [qbs] = gbs-morphism-compose[OF assms(2) qbs-nn-integral-morphism’[OF
assms(3)]]
from rep-qbs-space-all-meas|OF assms(1)] obtain « p
where hs: s = [X, a, p]meas gbs-meas X a p by metis
then interpret ¢s: gbs-meas X a p by simp
from rep-all-meas-qbs-Mz[OF gbs-morphism-Mz[OF assms(2) gs.in-Mz]] obtain
Bk
where hk: f o a = (Ar. [V, B, k r|meas) B € gbs-Mz Y measure-kernel borel
borel k A\r. gbs-meas Y B (k)
by metis
interpret hk: gbs-meas Y B k r for r by fact
interpret sf: gbs-meas Y B p >y k
by (rule gs.bind-gbs-meas[OF hs(1) assms(2) hk(2,58,1)])
note sf = ¢s.bind-gbs-all-meas|OF hs(1) assms(2) hk(2,3,1)]
have ?lhs = ([T z. g (8 ) O(p >=4, k))
by (simp add: sf sf.qbs-nn-integral-def)
alsohave ... = ([T r. ([T y. g (By) o(k 1)) Ou)
using assms(3) hk(2)
by (auto introl: measure-kernel.nn-integral-bind-kernel|OF hk(8)] gs.mu-sets
simp: Ir-adjunction-correspondence)
also have ... = ?rhs
using fun-cong[OF hk(1)] by (auto simp: hs(1) ¢s.qbs-nn-integral-def hk.qbs-nn-integral-def [symmetric]
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introl: nn-integral-cong)
finally show ?thesis .
qed

lemmas gbs-nn-integral-bind = gbs-nn-integral-bind-all-meas| OF monadM-all-meas-space
gbs-morphism-monadAD)|

lemma q¢bs-nn-integral-bind-return-all-meas:
assumes [gbs]:s € gbs-space (all-meas-qgbs Y) f € Z —¢q qbs-borel g € Y —¢g Z
shows gbs-nn-integral (s >= (\y. return-qbs Z (g y))) f = qbs-nn-integral s (f o
9)
proof —
note return-qbs-morphism-all-meas|qbs]
show ?thesis
by (auto simp: qbs-nn-integral-bind-all-meas|OF assms(1) - assms(2)] gbs-nn-integral-return
introl: gbs-nn-integral-cong-all-meas[OF assms(1)])
qed

lemmas gbs-nn-integral-bind-return = qbs-nn-integral-bind-return-all-meas| OF mon-
adM-all-meas-space]

lemma gbs-integral-morphism|[qbs]:
gbs-integral € monadM-gbs X —¢g (X =g g¢bs-borel) =¢ (gbs-borel :: ('b :
{second-countable-topology,banach}) quasi-borel)
proof(rule curry-preserves-morphisms|OF pair-gbs-morphismlI|)
fixeaandy:-=-="
assume h:a € gbs-Mz (monadM-qbs X) v € qbs-Mz (X =¢ gbs-borel)
from rep-qbs-Mz-monadM|[OF this(1)] obtain S k
where hk: a = (Ar. [X, B, k r]imeas) B € gbs-Mz X s-finite-kernel borel borel
k Ar. qbs-s-finite X 8 (k)
by metis
interpret qbs-s-finite X B k r for r by fact
have 1:borel-measurable ((borel :: real measure) @) pr (borel :: real measure)) =
gbs-borel Q ¢ gbs-borel —¢q (gbs-borel :: (- :: {second-countable-topology,banach})
quasi-borel)
by (metis borel-prod gbs-borel-prod standard-borel.standard-borel-r-full-faithful
standard-borel-ne-borel standard-borel-ne-def)
show (Ar. gbs-integral (fst (o v,y 7)) (snd (o v,y 7)) € gbs-Mz borelg
unfolding ¢bs-Mz-R
by (rule measurable-conglwhere f=Ar. [ z.~ r (8 z) 0k r,THEN iffD1], insert
h hk(2))
(auto simp: gbs-integral-def qbs-Max-is-morphisms hk(1) 1 intro!: s-finite-kernel.integral-measurable-f[ OF
hk(3))
qed

lemma qbs-integral-morphism’:

assumes [gbs,measurable]:f € X —¢g gbs-borel

shows (Az. gbs-integral © f) € all-meas-qgbs X —¢ qbs-borel
proof(rule gbs-morphismI)
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fix a
assume o € gbs-Mz (all-meas-gbs X)
from rep-all-meas-gbs-Mxz[OF this] obtain a k
where ak: o = (Ar. [X, a, k r|imeas) a € gbs-Mz X measure-kernel borel borel
k Ar. gbs-meas X a (k1)
by blast
interpret gbs-meas X a k r for r by fact
show (Az. gbs-integral x f) o o € gqbs-Mz borelg
by (auto simp: comp-def ak(1) gbs-integral-def qbs-Mzx-qbs-borel measurable-compose] OF
a-measurable]
introl: measure-kernel.integral-measurable-kernel|OF ak(3)])
qed

lemma qbs-integral-return:

assumes [gbs|:f € X —¢ gbs-borel x € gbs-space X

shows gbs-integral (return-gbs X z) f = fx

by (auto simp: gbs-integral-def2-1 qbs-l-return-qbs lr-adjunction-correspondence[symmetric|
space-L integral-return)

lemma
assumes [gbs]: s € gbs-space (all-meas-gbs X) f € X —¢ all-meas-gbs Y g € Y
—¢q gbs-borel
and gbs-integrable s (A\z. [ ¢ y. norm (g y) 0f x) AEg z in s. gbs-integrable
(fz) g
shows gbs-integrable-bind-all-meas: gbs-integrable (s >= f) g (is ?goall)
and gbs-integral-bind-all-meas:([ g y. gy (s >=f)) = (o z. [¢ y. gy Of
z 0s) (is ?lhs = ?rhs)
proof —
from rep-qbs-space-all-meas|OF assms(1)] obtain o
where hs: s = [X, a, u]meas gbs-meas X a p by metis
then interpret ¢s: qbs-meas X o p by simp
from rep-all-meas-qbs-Mz[OF gbs-morphism-Mz[OF assms(2) gs.in-Mz]] obtain
8k
where hk: f o a = (Ar. [V, B, k lmeas) B € qbs-Mz Y measure-kernel borel
borel k A\r. gbs-meas Y B (k)
by metis
interpret hk: gbs-meas Y B k r for r by fact
note sf = ¢s.bind-gbs-all-meas|OF hs(1) assms(2) hk(2,3,1)]
have g[measurable]: A\h M. h € M —p gbs-to-measure Y = (A\z. g (h z)) €
M —r borel
using assms(3) by(auto simp: lr-adjunction-correspondence)
interpret ¢s2: gbs-meas Y B p >=i k
by (rule gs.bind-qbs-meas|OF hs(1) assms(2) hk(2,3,1)])
show ?goall
by (auto simp: sf qs2.qbs-integrable-def introl: measure-kernel.integrable-bind-kernel| OF
hk(3) gs.mu-sets])
(insert gs. AEq-AE[OF assms(5)|[simplified hs(1)],simplified fun-cong| OF hk(1),simplified]
hk.gbs-integrable-def] assms(4)[simplified hs(1) gqs.qbs-integrable-def fun-cong|OF
hk(1),simplified]],auto simp: hs(1) gs.qbs-integrable-def hk.qbs-integral-def)
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have ?lhs = ([r. g (B 1) O(pu >=, k))
by (simp add: sf qs2.qbs-integral-def)
also have ... = ([r. ([I. g (B )0k r) Op)
using ¢s.AEq-AE|OF assms(5)[simplified hs(1))],simplified fun-cong] OF hk(1),simplified]
hk.gbs-integrable-def] assms(4)[simplified hs(1) g¢s.qbs-integrable-def fun-cong|OF
hk(1),simplified))
by (auto introl: measure-kernel.integral-bind-kernel|OF hk(3) gs.mu-sets] simp:
hk.qbs-integral-def)
also have ... = ([ r. ([ o y. 9 yOlY, B, k r]meas) On)
by (auto introl: Bochner-Integration.integral-cong simp: hk.gbs-integral-def)
also have ... = ?rhs
using gbs-morphism-compose[OF assms(2) qbs-integral-morphism’[OF assms(3)]]
by (auto simp: hs(1) gs.qbs-integral-def fun-cong[OF hk(1),simplified comp-def])
finally show ?lhs = ?rhs .
qed

lemmas gbs-integrable-bind = qbs-integrable-bind-all-meas| OF monadM-all-meas-space
gbs-morphism-monadAD)|

lemmas gbs-integral-bind = gbs-integral-bind-all-meas|OF monadM-all-meas-space
gbs-morphism-monadAD]

lemma gbs-integral-bind-return-all-meas:
assumes [gbs|:s € gbs-space (all-meas-gbs Y) f € Z —¢q qbs-borel g € ¥ —¢g Z
shows gbs-integral (s >= (\y. return-qbs Z (g y))) f = gbs-integral s (f o g)
proof —
from rep-qbs-space-all-meas[OF assms(1)] obtain o u
where hs: s = [Y, a, t]meas qbs-meas Y a p by metis
then interpret g¢s: gbs-meas Y a pu by simp
note [gbs| = gbs-morphism-compose[OF assms(3) return-qbs-morphism-all-meas]
have hb: gbs-meas Z (g o @) p s >= (Ay. return-qbs Z (g y)) = [Z, g © &, t]meas
using g¢s.bind-gbs-meas|OF hs(1) - gbs-morphism-Mz[OF assms(8) gs.in-Mzx]
prob-kernel.axzioms(1) return-qbs-comp[OF qbs-morphism-Mz[OF assms(8) gs.in-Mz),simplified
comp-assoc[symmetric] comp-def[of - g|],simplified prob-kernel-def’)
by (auto simp: ¢s.bind-gbs-all-meas|OF hs(1) - gbs-morphism-Mz[OF assms(3)
gs.in-Mz) prob-kernel.azioms(1) return-gbs-comp| OF gbs-morphism-Mz[OF assms(8)
gs.in-Mz),simplified comp-assoc|symmetric] comp-def|of - g]],simplified prob-kernel-def’]
bind-kernel-return’|OF qs.mu-sets])
show ?thesis
by (simp add: hb(2) gbs-meas.qbs-integral-def[ OF hb(1)] gs.qbs-integral-def[simplified
hs(1)[symmetric]])
qed

lemmas gbs-integral-bind-return = gbs-integral-bind-return-all-meas| OF monadM-all-meas-space]

4.1.13 Binary Product Measures

definition gbs-pair-measure :: ['a gbs-measure, 'b gbs-measure] = (‘a x 'b) gbs-measure
(infix @ gmes 80) where
gbs-pair-measure-def " qbs-pair-measure p ¢ = (p >= (Az. ¢ >= (Ay. return-gbs
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(gbs-space-of p @ q gbs-space-of q) (z, y))))

context pair-qbs-s-finites
begin

interpretation rr : standard-borel-ne borel @) py borel :: (real x real) measure
by (auto introl: pair-standard-borel-ne)

lemma

shows gbs-pair-measure: [X, o, tlmeas @ gmes [Y, B, Vlmeas = [X Qo Y,
map-prod o B o rr.from-real, distr (u Q) ar v) borel rr.to-real]meas

and gbs-pair-measure-s-finite: gbs-s-finite (X Q ¢ Y) (map-prod o 8 o rr.from-real)
(distr (u @ ar v) borel rr.to-real)

by (simp-all add: gbs-pair-measure-def’ pql.qbs-1 pg2.qbs-1 gbs-bind-bind-return-pq
gbs-s-finite-axioms)

lemma q¢bs-I-gbs-pair-measure:

qbs-1 ([X, o, meas @ @mes [ Y B, Vlmeas) = distr (1 @Q m v) (gbs-to-measure
(X Qq Y)) (map-prod o )

by (simp add: gbs-pair-measure qbs-1 distr-distr comp-assoc)

lemma q¢bs-nn-integral-pair-measure:

assumes [gbs]:f € X Qg Y —¢ gbs-borel

shows (f +Q z. f2 (X, a, lmeas @ Qmes [V, B, Vlmeas)) = (f+ z. (f o
map-prod o B) z O(p @ m v))

using assms by (simp add: gbs-nn-integral-def2 qbs-pair-measure distr-distr comp-assoc
nn-integral-distr Ir-adjunction-correspondence)

lemma qbs-integral-pair-measure:

assumes [gbs]:f € X Qg Y —¢ qbs-borel

shows ([ ¢ z. fz ([X, &, p]meas @ @mes [V, By Vlmeas)) = ([ 2. (f o map-prod
o B) 2 0(n @ v))

using assms by (simp add: gbs-integral-def2 qbs-pair-measure distr-distr comp-assoc
integral-distr lr-adjunction-correspondence)

lemma g¢bs-pair-measure-integrable-eq:

fixes [ :: - = -::{second-countable-topology,banach}

shows gbs-integrable ([X, o, tlmeas @ omes [ Y, By Vlmeas) [ +— [ € X Q0
Y —¢ gbs-borel A integrable (n @ ar v) (f o (map-prod o B)) (is ?h «— 2h1 A
?h2)
proof safe

assume h: ?h

show ?h1

by (auto intro!: qbs-integrable-morphism-dest|OF - h| simp: gbs-pair-measure-def”)

have I1:integrable (distr (u @ apr v) borel (to-real-on (borel @ pr borel))) (f o
(map-prod o B o from-real-into (borel Q) pr borel)))

using h[simplified qbs-pair-measure] by(simp add: gbs-integrable-def|of f] comp-def|of
i)
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have integrable (u @ v v) (Az. (f o (map-prod a B o from-real-into (borel Q) nr
borel))) (to-real-on (borel Q) nr borel) x))
by (intro integrable-distr|OF - 1]) simp
thus ?h2
by (simp add: comp-def)
next
assume h: ?h1 ?h2
then show ?h
by (simp add: qbs-pair-measure qbs-integrable-def) (simp add: lr-adjunction-correspondence
integrable-distr-eqof rr.to-real u @ pr v borel Ax. f (map-prod o § (rr.from-real
z))] comp-def)
qed

end
lemmas(in pair-gbs-probs) gbs-pair-measure-prob = gbs-prob-azxioms

context

fixes X Ypq

assumes p[qbs]:p € gbs-space (monadM-gbs X) and ¢[qbs]:q € gbs-space (monadM-qbs
)
begin

lemma ¢bs-pair-measure-def: p Q Qmes ¢ = p >= (Az. ¢ >= (\y. return-qbs (X

Qq Y) (2.9)))

by (simp add: qbs-space-of-in[OF p| qbs-space-of-in[OF q] gbs-pair-measure-def)

lemma gbs-pair-measure-def2: p @Q Qmes ¢ = q¢ >= (Ay. p >= (Az. return-qbs (X

Qe Y) (z.9)))

by (simp add: bind-qbs-return-rotate gbs-pair-measure-def)

lemma

assumes f € X Qg Y —¢ monadM-gbs Z

shows g¢bs-pair-bind-bind-returni’”q >= (Ay. p >= (Az. f (2,9))) = p @ Qmes ¢
>=f

and gbs-pair-bind-bind-return2’p >= (Az. ¢ >= (Ay. f (2,9))) = p Q Qmes ¢

>=f

by (simp-all add: gbs-bind-bind-returnl [OF assms] qbs-bind-bind-return2[OF assms]
bind-gbs-return-rotate gbs-pair-measure-def)

lemma

assumes [¢bs|:f € X —¢ exp-qbs Y (monadM-gbs Z)

shows ¢bs-pair-bind-bind-returnl'": ¢ >= (Ay. p >= (Az. fz y)) = p Q Qmes ¢
>= (Az. f (fst z) (snd x))

and ¢bs-pair-bind-bind-return2': p >= (Az. ¢ >= (Ay. fz y)) = p Q Qmes ¢

>= (Az. f (fst z) (snd z))

by (auto introl: gbs-pair-bind-bind-returni '[where f=\z. f (fst x) (snd x),simplified]
gbs-pair-bind-bind-return2 [where f=Az. f (fst z) (snd x),simplified] uncurry-preserves-morphisms)
qbs
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lemma ¢bs-nn-integral-Fubini-fst:
assumes [gbs]:f € X Q¢ Y —¢ qbs-borel
shows ([*q z. [Tq y. [ (2,9) 09 p) = ([ Tq 2 [20(p @ @mes 9))
(is ?lhs = %rhs)
proof —
have ?lhs = ([ o z. [Tg y. gbs-nn-integral (return-gbs (X Q¢ Y) (z, y)) f
dq Jp)
by (auto introl: gbs-nn-integral-cong p q simp: gbs-nn-integral-return)
also have ... = ?rhs
by (auto intro!: gbs-nn-integral-cong[OF p| simp:qbs-nn-integral-bind[OF q -
assms] qbs-nn-integral-bind[OF p - assms] qbs-pair-measure-def)
finally show ?thesis .
qed

lemma gbs-nn-integral-Fubini-snd:
assumes [gbs|:f € X Qo Y —¢ gbs-borel
shows ([ *q . [ *q o f (:3) 0p 00) = ([ *q 2. £ 2 0(p @ qmes 0)) (s 7lhs
= %rhs)
proof —
have ?lhs = ([ Tq y. [ To z. gbs-nn-integral (return-gbs (X Qo Y) (z, y)) f
dp Jq)
by (auto introl: gbs-nn-integral-cong p q simp: gbs-nn-integral-return)
also have ... = ?rhs
by(auto intro!: gbs-nn-integral-cong[OF q] simp:qbs-nn-integral-bind[OF q -
assms| gbs-nn-integral-bind[OF p - assms] qbs-pair-measure-def2)
finally show ?thesis .
qed

lemma qbs-ennintegral-indep-mult:
assumes [gbs]: f € X —¢g gbs-borel g € Y —¢ ¢bs-borel
shows ([Tg 2. f (fst z) * g (snd 2) O(p @ gmes @) = ([ To . fz Ip) *
(J*o y. gy dq) (is ?lhs = ?rhs)
proof —
have ?lhs = ([Tg z. [Ty .fz* gy dqdp)
using g¢bs-nn-integral-Fubini-fstjwhere f=Az. f (fst z) * g (snd z)] by simp

also have ... = ([Tgz. fox [Toy. gy dqIp)
by (simp add: qbs-nn-integral-cmult[OF q])
also have ... = ?rhs

by (simp add: qbs-nn-integral-cmult| OF p] ab-semigroup-mult-class.mult.commute[where
b=gbs-nn-integral q g|)

finally show ?thesis .
qed

end
lemma q¢bs-I-qbs-pair-measure:

assumes standard-borel M standard-borel N
defines X = measure-to-gbs M and Y = measure-to-qgbs N
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assumes [gbs]: p € gbs-space (monadM-gbs X) q € gbs-space (monadM-gbs Y)
shows ¢bs-1 (p @Q Qmes 9) = gbs-lp Q ar gbs-l ¢
proof —
obtain a pu S v
where hp: p = [X, &, g)meas gbs-s-finite X a p
and hq: ¢ =Y, B, V]meas qbs-s-finite Y B v
using rep-gbs-space-monadM assms(5,6) by meson
have 1:sets (gbs-to-measure (X @ ¢ Y)) = sets (M Q@ am N)
by (auto simp: r-preserves-product[symmetric] X-def Y-def introl: standard-borel.lr-sets-ident
pair-standard-borel assms)
have ¢bs-l (p @ gmes q) = gbs-l p >=i qbs-l o (Az. ¢ >= (Ay. return-gbs (X
®a V) (5.9))
by (auto simp: qbs-pair-measure-def|of p X q Y] introl: qbs-l-bind-qbs[of - X - X
Ko Y])
also have ... = gbs-l p >=, (Az. ¢bs-l (¢ >= (Ay. return-gbs (X Q¢ Y) (z,
y))))
by(simp add: comp-def)
also have ... = gbs-l p >=j, (Az. ¢bs-l ¢ >=y, gbs-l o (Ay. return-gbs (X Q¢
Y) (z, y)))
by (auto introl: bind-kernel-cong-All qbs-l-bind-gbs[of - Y - X @ ¢ Y] simp:
space-gbs-l-in[OF assms(5)])
also have ... = ¢bs-l p >=; (A\z. qbs-l ¢ >=i (\y. return (gbs-to-measure (X
®a V) (= 1))
by (auto simp: comp-def space-qbs-l-in[ OF assms(6)] space-gbs-l-in| OF assms(5)]
gbs-l-return-gbs introl: bind-kernel-cong-All)

also have ... = ¢bs-l p >=; (Az. qbs-l ¢ >=j, (Ay. return (M @ pm N) (z, y)))
by (simp add: return-cong|OF 1))
also have ... = gbs-l p >=y (Az. ¢bs-l ¢ >=p (A\y. return (gbs-l p @ rr gbs-l q)

(z, )

by (auto cong: return-cong sets-pair-measure-cong simp: sets-qgbs-l[OF assms(5)]
standard-borel.lr-sets-ident[ OF assms(1)] sets-qbs-I[OF assms(6)] standard-borel.lr-sets-ident[ OF
assms(2)] X-def Y-def)
also have ... = gbs-l p @ p gbs-l ¢
by (auto introl: pair-measure-eq-bind-s-finite[symmetric] qbs-l-s-finite assms)
finally show ?thesis .
qed

lemma gbs-pair-measure-morphism[gbs]: gbs-pair-measure € monadM-gbs X —¢
monadM-qbs Y =g monadM-gbs (X Qg Y)
by (rule curry-preserves-morphisms|OF gbs-morphism-cong’[where f=(\(p,q). (p
>= (Az. ¢ >= (Ay. return-gbs (X Q¢ V) (z, ¥)))))]])
(auto simp: pair-qbs-space qbs-pair-measure-def)

lemma gbs-pair-measure-morphismP: gbs-pair-measure € monadP-qbs X —¢g mon-
adP-qbs Y =g monadP-gbs (X Q¢ Y)
proof —
note [qbs] = return-gbs-morphismP bind-gbs-morphismP
show ?thesis
by (rule curry-preserves-morphisms[OF qbs-morphism-cong'[where f=(\(p,q).
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(p >= (Az. ¢ = (Ay. return-gbs (X @ ¢ Y) (=, )))))]])
(auto simp: pair-gbs-space qbs-pair-measure-def [ OF qbs-space-monadPM qbs-space-monadPM])
qed

lemma g¢bs-nn-integral-indep1:
assumes [qbs|:p € gbs-space (monadM-gbs X) q € gbs-space (monadP-qbs X) f
€ X —q qbs-borel
shows ([ ¢ 2 f (fst 2) (b @ gmes 1)) = (/@ @ f = Op)
proof —
obtain Y S v where hg:
q=1[Y, B, Vlmeas qbs-prob Y B v
using rep-gbs-space-monadP[OF assms(2)] by blast
then interpret gbs-prob Y S v by simp
show ?thesis
by (simp add: qbs-nn-integral-const-prob[ OF in-space-monadP) qbs-nn-integral-Fubini-snd[OF
assms(1) in-space-monadM ,symmetric] hq(1))
qed

lemma qbs-nn-integral-indep2:
assumes [¢bs]:q € gbs-space (monadM-gbs Y) p € qbs-space (monadP-gbs X) f
€ Y —¢q gbs-borel
shows ([ Tq z. f (snd 2) 9(p @ qmes 0)) = (/ T y- fy 09)
proof —
obtain X « p where hp:
b= [[X> a, Nﬂmeas qbs-prob X o p
using rep-gbs-space-monadP[OF assms(2)] by metis
then interpret ¢bs-prob X a u by simp
show ?thesis
by (simp add: gbs-nn-integral-const-prob| OF in-space-monadP] gbs-nn-integral-Fubini-snd[OF
in-space-monadM assms(1),symmetric] hp(1))
qed

context
begin

interpretation rr : standard-borel-ne borel @ nr borel :: (real X real) measure
by (auto introl: pair-standard-borel-ne)

lemma q¢bs-integrable-pair-swap:
fixes [ :: - = -::{second-countable-topology,banach}
assumes p € gbs-space (monadM-gbs X) q € qbs-space (monadM-gbs Y')
and gbs-integrable (p Q Qmes ) f
shows gbs-integrable (¢ @ gmes p) (A (z,y). f (y,2))
proof —
obtain a u S v
where hp: p = [X, @, g)meas qbs-s-finite X a p
and hq: ¢ =Y, B, V]meas qbs-s-finite Y B v
using rep-qbs-space-monadM assms by meson
interpret pI: pair-qbs-s-finites X a p Y v
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by(simp add: pair-qbs-s-finites-def hq hp)
interpret p2: pair-qbs-s-finites Y fv X a p
by (simp add: pair-qbs-s-finites-def hq hp)
have «:((A(y, z). f (z, y)) o map-prod B «) = (A (y,z). (A(a, b). f (o a, B D))
(z,y))
by auto
show ?thesis
using assms(3) integrable-product-swap-s-finite[OF p1.pql .s-finite-measure-axioms
pl.pq2.s-finite-measure-azioms,of f o map-prod a ]
by (auto simp: p1.qbs-pair-measure-integrable-eq p2.qbs-pair-measure-integrable-eq
hp hq *)
qed

lemma qbs-integrable-pairl’:
fixes f :: - = -::{second-countable-topology,banach}
assumes [¢bs|:p € gbs-space (monadM-gbs X)
q € gbs-space (monadM-qbs Y)
feXQq Y —¢ gbs-borel
gbs-integrable p (M\z. [ g y. norm (f (z,y)) dq)
and AEg z in p. gbs-integrable ¢ (Ay. f (z,y))
shows gbs-integrable (p @ Qmes q) f
proof —
obtain a u S v
where hp: p = [X, @, p)meas qbs-s-finite X o p
and hq: ¢ =Y, B, V]meas qbs-s-finite Y B v
using rep-gbs-space-monadM assms(1,2) by meson
then interpret pgs: pair-qbs-s-finites X a u Y v
by(simp add: pair-gbs-s-finites-def)
have [measurable]: f € borel-measurable (gbs-to-measure (X Qg Y))
by (simp add: Ir-adjunction-correspondence|symmetric])
show ?thesis
using assms(4) pgs.pql .AEq-AE[OF assms(5)[simplified hp(1)]]
by(auto simp: pgs.qbs-integrable-def pqs.qbs-pair-measure hp(1) hq(1) inte-
grable-distr-eq pgs.pq2.qbs-integrable-def pgs.pql .qbs-integrable-def pgs.pq2.qbs-integral-def
introl: s-finite-measure. Fubini-integrable’ pgs.pq2.s-finite-measure-azioms)
qed

lemma
assumes p € gbs-space (monadM-gbs X) q € gbs-space (monadM-qbs Y)
assumes gbs-integrable (p @ Qmes q) f
shows gbs-integrable-pair1D1": gbs-integrable p (Mz. [ ¢ y. f (z,y) 9q) (is
291)
and ¢bs-integrable-pair1D1-norm': gbs-integrable p (Az. [ o y. norm (f (z,y))
24) (is %62)

and gbs-integrable-pair1D2" AEq x in p. gbs-integrable ¢ (\y. f (z,y)) (is
g

and gbs-integrable-pair2D1": gbs-integrable ¢ (\y. [ ¢ z. f (z,y) Op) (is
2
?94)

and ¢bs-integrable-pair2D1-norm': gbs-integrable ¢ (Ay. [ o z. norm (f (z,y))
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op) (is #5)
and gbs-integrable-pair2D2": AEq y in q. qbs-integrable p (Az. f (z,y)) (is
796)
and gbs-integral-Fubini-fst" ([ o z. [o y. [ (z,y) dq 9p) = ([¢ 2. [z d(p
®Qmes Q)) (IS 997)
and gbs-integral-Fubini-snd”: ([ q y. [ = [ (z,y) Op 8q) = ([ g 2 f 2 d(p
proof —
obtain o u 8 v
where hp: p = [X, &, g)meas gbs-s-finite X a p
and hq: ¢ =Y, B, V]meas gbs-s-finite Y B v
using rep-qbs-space-monadM assms by meson
then interpret pgs: pair-gbs-s-finites X a p Y v
by (simp add: pair-gbs-s-finites-def)
have [¢bs]:p € qbs-space (monadM-gbs X) q € qbs-space (monadM-qbs Y')
by (simp-all add: hp hq)
note ¢bs-pair-measure-morphism[qbs]
have flgbs]:f € X Q¢ Y —¢ gbs-borel
by (auto introl: gbs-integrable-morphism-dest|OF - assms(3)])
have [measurable]: f € borel-measurable (gbs-to-measure (X Qg Y))
by (simp add: lr-adjunction-correspondence|symmetric])
show %g1 %92 %g4 295
using assms

by(auto simp: hp(1) hq(1) pgs.qgbs-integrable-def pqs.qbs-pair-measure inte-
grable-distr-eq pqs.pql .qbs-integrable-def pgs.pq2.qbs-integrable-def pgs.pq2.qbs-integral-def
pgs.pql . gbs-integral-def introl: Bochner-Integration.integrable-conglwhere g=Ar. [ o
y. [ (ar,y) OY, B, V]meas and f=Xz. [ y. f (o z, B y) Ov and NO=u, THEN
iffD1] Bochner-Integration.integrable-conglwhere g=Ar. [ ¢ z. f (z, 8 r) I[X, a,

Wmeas and f=Xy. [ z. f (o z, B y) Op and NO=v,THEN iffD1])
(auto introl: pgs.pq2.integrable-fst'[of ] integrable-snd-s-finite] OF pqs.pql .s-finite-measure-axioms
Pgs.pq2.s-finite-measure-axioms| simp: map-prod-def split-beta’)
show %¢3 ?¢g6
using assms
by (auto simp: hp(1) pgs.pql . AEq-AE-iff hq(1) pgs.pq2.AEq-AE-iff pgs.qbs-integrable-def
pgs.qbs-pair-measure integrable-distr-eq)

(auto simp: pgs.pql.gbs-integrable-def pgs.pq?2.qbs-integrable-def map-prod-def
split-beta’ intro!: pqs.pq2.AE-integrable-fst’’ A E-integrable-snd-s-finite] OF pgs.pql .s-finite-measure-axioms
Pgs.pq2.s-finite-measure-axioms))

show 297 %98
using assms
by (auto simp: hp(1) hq(1) pgs.gbs-integrable-def pqs.qbs-pair-measure pqs.qbs-integral-def
pgs.pql .qbs-integral-def pqs.pq2.qbs-integral-def integral-distr integrable-distr-eq)

(auto simp: map-prod-def split-beta’ introl: pgs.pq2.integral-fst'[of u Ax. f («

(fst x),B (snd z)),simplified] integral-snd-s-finite| OF pgs.pql .s-finite-measure-azxioms
pgs.pq2.s-finite-measure-axioms,of Az y. f (« z, B y),simplified split-beta’])
qed

end
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lemma
assumes h:p € gbs-space (monadM-gbs X) q € qbs-space (monadM-qbs Y)
qbs-integrable (p @ gmes q) (case-prod f)
shows gbs-integrable-pair1D1: gbs-integrable p (M\z. [ ¢ y. fz y dq)
and gbs-integrable-pair1D1-norm: gbs-integrable p (Az. [ ¢ y. norm (f z y) dq)
and gbs-integrable-pair1D2: AEqg  in p. gbs-integrable ¢ (Ay. fz y)
and gbs-integrable-pair2D1: gbs-integrable ¢ (\y. [ ¢ z. fz y Op)
and gbs-integrable-pair2D1-norm: gbs-integrable ¢ (\y. [ ¢ . norm (f z y) dp)
and gbs-integrable-pair2D2: AEq y in q. gbs-integrable p (Az. f z y)
and gbs-integral-Fubini-fst: ([ o z. [ y. fzy dq dp) = ([ o (z,y). fzy I(p
®Qmes Q)) (iS ?97)
and gbs-integral-Fubini-snd: ([ g y. [q z. fzy dp 8q) = ([ ¢ (z,y). fzy d(p
®Qmes Q)) (iS 998)
using gbs-integrable-pair1 D1'[OF h] qbs-integrable-pair1D1-norm’[OF h] gbs-integrable-pair1 D2'[OF
h] gbs-integral-Fubini-fst'|OF h]
gbs-integrable-pair2D1'[OF h] qbs-integrable-pair2D1-norm’[OF h] gbs-integrable-pair2D2'|OF
h] gbs-integral-Fubini-snd'[OF h]
by simp-all

lemma qbs-integrable-pair2’:
fixes f :: - = -::{second-countable-topology,banach}
assumes p € gbs-space (monadM-gbs X)
q € gbs-space (monadM-qbs Y)
feXQq Y —¢ gbs-borel
gbs-integrable ¢ (\y. [ o x. norm (f (z,y)) Op)
and AEq y in q. qbs-integrable p (Az. f (z,y))
shows gbs-integrable (p @ Qmes q) f
using gbs-integrable-pair-swap| OF assms(2,1) qbs-integrable-pairl '[OF assms(2,1)
gbs-morphism-pair-swap| OF assms(3)]]] assms(4,5)
by simp

lemma g¢bs-integrable-indep-mult:
fixes [ :: - = -::{real-normed-div-algebra,second-countable-topology, banach}
assumes [¢bs]:p € gbs-space (monadM-qbs X) q € qbs-space (monadM-qbs Y')
and gbs-integrable p f qbs-integrable q g
shows gbs-integrable (p @ gmes @) (Az. f (fst z) * g (snd z))
proof —
obtain a yu S v
where hp: p = [X, @, u]meas qbs-s-finite X a p
and hq: ¢ =Y, B, V]meas qbs-s-finite Y B v
using assms rep-qbs-space-monadM by meson
then interpret pgs: pair-qbs-s-finites X a u Y v
by (simp add: pair-gbs-s-finites-def)
have [gbs]:f € X —¢g gbs-borel g € Y —¢ qbs-borel
by (auto introl: qbs-integrable-morphism-dest assms simp: hp hq)
show ?thesis
by (auto introl: gbs-integrable-pairl '[of - X - Y] qbs-integrable-mult-left gbs-integrable-norm
assms(8) AEq¢-I2]of - X]
simp: norm-mult qbs-integrable-mult-right|OF assms(4)])
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qed

lemma qbs-integrable-indep1:

fixes f :: - = -i:{real-normed-div-algebra,second-countable-topology, banach}
assumes p € gbs-space (monadM-gbs X) q € qbs-space (monadP-gbs Y') gbs-integrable
pf

shows gbs-integrable (p @ Qmes q) (Az. f (fst z))

using gbs-integrable-indep-mult|OF assms(1) gbs-space-monadPM|[OF assms(2)]
assms(3) qbs-integrable-const| OF assms(2),of 1]]

by simp

lemma q¢bs-integral-indep1:
fixes [ :: - = -u:{real-normed-div-algebra,second-countable-topology,banach}
assumes p € gbs-space (monadM-gbs X) q € qbs-space (monadP-gbs Y') gbs-integrable
pf

shows (IQ z. [ (fstz) O(p ®Qmes q) = (fQ z. fx Op)
using gbs-integral-Fubini-snd [OF assms(1) qbs-space-monadPM|[OF assms(2)]

gbs-integrable-indep1 [OF assms]]
by (simp add: qbs-integral-const-prob| OF assms(2)])

lemma g¢bs-integrable-indep2:

fixes g :: - = -::{real-normed-div-algebra,second-countable-topology, banach}
assumes p € gbs-space (monadP-qbs X) q € qbs-space (monadM-gbs Y') gbs-integrable
q9

shows gbs-integrable (p @ gmes ¢) (Az. g (snd z))

using ¢bs-integrable-pair-swap| OF assms(2) qbs-space-monadPM[OF assms(1)]
gbs-integrable-indep1[OF assms(2,1,3)]]

by (simp add: split-beta’)

lemma qbs-integral-indep2:

fixes g :: - = -:{real-normed-div-algebra,second-countable-topology}

assumes p € gbs-space (monadP-gbs X) q € qbs-space (monadM-gbs Y') gbs-integrable
q9

shows ([ g 2. g (snd 2) O(p @ gmes 9)) = ([ @ y- 9y 9q)

using gbs-integral-Fubini-fst'|OF qbs-space-monadPM|[OF assms(1)] assms(2)
gbs-integrable-indep2[OF assms]]

by (simp add: qbs-integral-const-prob[OF assms(1)])

lemma q¢bs-integral-indep-mult1:
fixes f and g¢:: - = -::{real-normed-field,second-countable-topology, banach}
assumes p € gbs-space (monadP-qbs X) q € qbs-space (monadP-qbs Y)
and gbs-integrable p f qbs-integrable q g
shows ([ g 2 f (fst 2) * g (snd 2) O(p @ qumes 1)) = (J o 7. f2 0p) % ([
y. gy 0q)
using gbs-integral- Fubini-fst'|OF qbs-space-monadPM|[OF assms(1)] gbs-space-monadPM[OF
assms(2)]
gbs-integrable-indep-mult| OF qbs-space-monadPM[OF
assms(1)] gbs-space-monadPM[OF assms(2)] assms(3,4)]]
by simp
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lemma qgbs-integral-indep-mult2:
fixes f and g:: - = -::{real-normed-field,second-countable-topology }
assumes p € gbs-space (monadP-qbs X) q € qbs-space (monadP-qbs Y)
and gbs-integrable p f qbs-integrable q g
fsh%W)S ([ @ 2z g (sndz) = [ (fst2) O(p @qmes ) =([qy 9y99) *([q
x. fz Op

using g¢bs-integral-indep-mult1[OF assms| by(simp add: mult.commute)

4.1.14 The Inverse Function of [

definition ¢bs-l-inverse :: 'a measure = 'a qbs-measure where
gbs-l-inverse M = [measure-to-gbs M, from-real-into M, distr M borel (to-real-on
M)]meas

context standard-borel-ne
begin

lemma g¢bs-I-inverse-def2:
assumes [measurable-cong|: sets p = sets M
shows g¢bs-l-inverse . = [measure-to-qgbs M, from-real, distr u borel to-real]meqs
proof —
interpret s: standard-borel-ne p
using assms standard-borel-ne-axioms standard-borel-ne-sets by blast
have [measurable]: s.from-real € borel =y M
using assms(1) measurable-cong-sets s.from-real-measurable by blast
interpret p: pair-qbs-meas measure-to-qbs M s.from-real distr p borel s.to-real
from-real distr p borel to-real
by (auto simp: pair-gbs-meas-def gbs-meas-def in-Mz-def gbs-Mz-R qbs-meas-azioms-def)
have distr p (gbs-to-measure (measure-to-gbs M)) (s.from-real o s.to-real) = distr
w (gbs-to-measure (measure-to-gbs M)) (from-real o to-real)
by (auto introl: distr-cong simp: sets-eq-imp-space-eqOF assms(1)])
thus ?thesis
by(auto simp: distr-distr gbs-l-inverse-def introl: p.gbs-meas-eql cong: mea-
sure-to-gbs-cong-sets| OF assms(1)])
ged

lemma

assumes [measurable-cong):sets p = sets M

shows gbs-l-inverse-meas: gbs-meas (measure-to-gbs M) from-real (distr u borel
to-real)

and g¢bs-l-inverse-s-finite: s-finite-measure . = gbs-s-finite (measure-to-qbs

M) from-real (distr p borel to-real)

and gbs-l-inverse-qbs-prob: prob-space p = gbs-prob (measure-to-qbs M) from-real
(distr w borel to-real)

by (auto simp: gbs-s-finite-def gbs-prob-def in-Mz-def qbs-meas-axioms-def gbs-meas-def
real-distribution-def real-distribution-axioms-def qbs-Mz-R

introl: s-finite-measure.s-finite-measure-distr prob-space.prob-space-distr)
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corollary
assumes sets u = sets M
shows gbs-l-inverse-in-space-all-meas: gbs-lI-inverse p € gbs-space (all-meas-qbs
M)
and q¢bs-l-inverse-in-space-monadM: s-finite-measure p = qbs-l-inverse u €
gbs-space (monadM-gbs M)
and gbs-l-inverse-in-space-monadP: prob-space ;i = qbs-l-inverse p € gbs-space
(monadP-gbs M)
by (auto simp: gbs-l-inverse-def2[OF assms(1)] assms
introl: gbs-meas.in-space-all-meas| OF qbs-l-inverse-meas] qbs-s-finite.in-space-monadM|[OF
gbs-l-inverse-s-finite] qbs-prob.in-space-monadP[OF gbs-l-inverse-gbs-prob])

lemma q¢bs-I-gbs-l-inverse:
assumes [measurable-cong|: sets p = sets M
shows g¢bs-1 (gbs-l-inverse p) = p
proof —
interpret gbs-meas measure-to-gbs M from-real distr p borel to-real
by (auto introl: gbs-l-inverse-meas assms)
show ?thesis
using distr-id'|OF assms(1),simplified sets-eq-imp-space-eq[OF assms(1)]]
by (auto simp: gbs-l qbs-l-inverse-def2[OF assms] distr-distr cong: distr-cong)
qged

lemma qbs-l-inverse-qbs-lI-all-meas:
assumes s € gbs-space (all-meas-gbs (measure-to-gbs M))
shows gbs-l-inverse (qbs-l s) = s
proof —
from rep-qbs-space-all-meas[OF assms] obtain a p where h:
s = [measure-to-qbs M, o, p]meas gbs-meas (measure-to-gbs M) a p
by metis
then interpret ¢m:gbs-meas measure-to-gbs M o p by simp
interpret s: standard-borel-ne distr u M «
by (rule standard-borel-ne-sets[of M]) (auto simp: standard-borel-ne-axioms)
have s.from-real o (s.to-real o @) = «
by standard (metis o-apply qbs-Mz-to-X qbs-space-R gm.in-Mz s.from-real-to-real
space-distr)
hence [simp]:distr 1 (gbs-to-measure (measure-to-qbs M)) (s.from-real o (s.to-real
o)) = distr u M «
distr p (gbs-to-measure (measure-to-gbs M)) a = distr u M «
by (simp-all cong: distr-cong)
have [measurable: s.from-real € borel —py M o € p —p M
using gm.a-measurable[simplified measurable-cong-sets|OF refl lr-sets-ident]]
by (auto simp: s.from-real-measurable[simplified measurable-cong-sets|OF refl
sets-distr]])
interpret pgs:pair-gbs-meas measure-to-gbs M s.from-real distr p borel (s.to-real
oa)apu
using h by(auto simp: pair-qbs-meas-def qbs-meas-def in-Mz-def gbs-Mz-R
gbs-meas-azioms-def)
show ?thesis
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by (auto simp add: gm.qbs-l h gbs-l-inverse-def distr-distr cong: measure-to-gbs-cong-sets
introl: pgs.qbs-meas-eql)
qed

lemmas gbs-l-inverse-qbs-l = qbs-lI-inverse-qbs-l-all-meas| OF monadM-all-meas-space]
lemmas gbs-l-inverse-qbs-I-monadP = gbs-l-inverse-qbs-1[OF gbs-space-monadPM]

lemma qbs-l-inverse-morphism-kernel:
assumes measure-kernel N M k
shows (Az. gbs-l-inverse (k x)) € measure-to-¢gbs N —¢ all-meas-qbs (measure-to-gbs
M)
proof —
interpret ms:measure-kernel N M k by fact
have [measure-to-qbs M, from-real, distr (k x) borel to-real]meas = qbs-l-inverse
(k ) if z:z € space N for z
proof —
note ms.kernel-sets|OF z,simp, measurable-cong]
then interpret skz: standard-borel-ne k x
using standard-borel-ne-axioms standard-borel-ne-sets by blast
interpret pgs: pair-qbs-meas measure-to-qgbs M from-real distr (k x) borel to-real
skz.from-real distr (k x) borel skx.to-real
using skz.from-real-measurable]simplified measurable-cong-sets| OF refl ms.kernel-sets| OF
z]]]
by (auto simp: pair-qbs-meas-def gbs-meas-def qbs-meas-azioms-def in-Mz-def
qbs-Mz-R)
have distr (k z) (gbs-to-measure (measure-to-gbs M)) (from-real o to-real)
= distr (k z) (qbs-to-measure (measure-to-gbs M)) (skz.from-real o
skz.to-real)
by (auto introl: distr-cong simp: ms.kernel-space| OF x])
thus ?thesis
by (auto simp: qbs-l-inverse-def distr-distr cong: measure-to-qbs-cong-sets intro!:
pgs.qbs-meas-eql )
qed
moreover have (\z. [measure-to-gbs M, from-real, distr (k z) borel to-real]meas)
€ measure-to-gbs N —¢ all-meas-qbs (measure-to-gbs M)
proof(rule gbs-morphismI)
fix o :: real = -
assume « € gbs-Mz (measure-to-gbs N)
then have [measurable]: « € borel —pr N
by (simp add: qbs-Mx-R)
show (Az. [measure-to-qbs M, from-real, distr (k x) borel to-real]meqs) © @ €
gbs-Mzx (all-meas-qbs (measure-to-qbs M))
by(auto simp: all-meas-qbs-Mz qbs-Mz-R intro!: exl[where z=from-real]
exl[where z=Az. distr (k (o x)) borel to-real] measure-kernel.distr-measure-kernel| OF
ms.measure-kernel-comp))
qed
ultimately show ?thesis
by (rule qbs-morphism-cong’[of measure-to-qbs N ,simplified qbs-space-R))
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qed

lemma g¢bs-I-inverse-morphism-s-finite:
assumes s-finite-kernel N M k
shows (Az. gbs-l-inverse (k x)) € measure-to-qbs N —¢g monadM-qbs (measure-to-gbs
M)
proof —
interpret sfin: s-finite-kernel N M k by fact
have [measure-to-qbs M, from-real, distr (k x) borel to-real]meas = qbs-l-inverse
(k ) if z:z € space N for x
proof —
note sfin.kernel-sets|OF x,simp, measurable-cong]
then interpret skz: standard-borel-ne k x
using standard-borel-ne-axioms standard-borel-ne-sets by blast
interpret pgs: pair-qbs-s-finite measure-to-qbs M from-real distr (k x) borel
to-real skx.from-real distr (k ) borel skx.to-real
using skz.from-real-measurable|simplified measurable-cong-sets|OF refl sfin.kernel-sets| OF
2]
by (auto simp: pair-gbs-s-finite-def gbs-s-finite-def in-Mz-def qbs-Mxz-R gbs-meas-def
gbs-meas-azioms-def sfin.image-s-finite-measure| OF x| introl: s-finite-measure.s-finite-measure-distr)
have distr (k z) (qbs-to-measure (measure-to-qbs M)) (from-real o to-real)
= distr (k z) (qbs-to-measure (measure-to-gbs M)) (skz.from-real o
skz.to-real)
by (auto introl: distr-cong simp: sfin.kernel-space| OF x])
thus ?thesis
by (auto simp: gbs-l-inverse-def distr-distr cong: measure-to-gbs-cong-sets intro!:
pgs.qbs-meas-eql )
qed
moreover have (\z. [measure-to-gbs M, from-real, distr (k z) borel to-real]meas)
€ measure-to-gbs N —¢g monadM-qbs (measure-to-qgbs M)
proof (rule gbs-morphismI)
fix o :: real = -
assume « € gbs-Mz (measure-to-gbs N)
then have [measurable]: o € borel —p N
by (simp add: gbs-Mz-R)
show (Az. [measure-to-qbs M, from-real, distr (k x) borel to-real]meqs) © @ €
gbs-Mz (monadM-gbs (measure-to-qbs M))
by(auto simp: monadM-gbs-Mz gbs-Mz-R intro!: exI[where x=from-real]
exl[where z=\z. distr (k (« x)) borel to-real] s-finite-kernel.comp-measurable[OF
sfin. distr-s-finite-kernel])
qed
ultimately show “thesis
by (rule qbs-morphism-cong’[of measure-to-qbs N,simplified qbs-space-R])
qed

lemma qbs-l-inverse-gbs-morphism-prob:

assumes [measurable]:k € N — s prob-algebra M

shows (Az. gbs-l-inverse (k x)) € measure-to-gbs N —¢g monadP-qbs (measure-to-qbs
M)
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proof (safe intro!: gbs-morphism-monadPI’ gbs-l-inverse-morphism-s-finite prob-kernel.s-finite-kernel-prob-ker:
fix z
assume z € gbs-space (measure-to-gbs N)
then have z € space N by(simp add: gbs-space-R)
from measurable-space[OF assms this)
have [measurable-cong, simp|: sets (k z) = sets M and p:prob-space (k x)
by (auto simp: space-prob-algebra)
then interpret s: standard-borel-ne k x
using standard-borel-ne-axioms standard-borel-ne-sets by blast
show gbs-l-inverse (k x) € gbs-space (monadP-gbs (measure-to-qbs M))
using s.gbs-l-inverse-in-space-monadP[OF refl p| by (simp cong: measure-to-qbs-cong-sets)
qed(simp add: prob-kernel-def”)

lemma qbs-l-inverse-return:
assumes x € space M
shows gbs-l-inverse (return M x) = return-qbs (measure-to-gbs M) x
proof —
interpret s: standard-borel-ne return M x
by (rule standard-borel-ne-sets[of M]) (auto simp: standard-borel-ne-axioms)
show ?thesis
using s.gbs-l-inverse-in-space-monadP|OF refl prob-space-return| OF assmsl]
by (auto intro!: inj-onD][OF gbs-l-inj-P[of measure-to-gbs M]] return-cong gbs-l-inverse-in-space-monadP
gbs-morphism-space[ OF return-qbs-morphismP[of measure-to-qbs M]| assms
simp: s.qbs-l-gbs-l-inverse| OF refl] qbs-l-return-qbs|of - M ,simplified qbs-space-R,OF
assms| gbs-space-R cong: measure-to-gbs-cong-sets)
qged

lemma q¢bs-l-inverse-bind-kernel:
assumes standard-borel-ne N measure-kernel M N k
shows gbs-l-inverse (M >=, k) = qbs-l-inverse M >= (\z. gbs-l-inverse (k z))
(is 2lhs = ?rhs)
proof —
interpret ms: measure-kernel M N k by fact
interpret s: standard-borel-ne N by fact
have sets[simp,measurable-cong:sets (M >= k) = sets N
by (auto introl: sets-bind-kernel|OF - space-ne| simp: ms.kernel-sets)
then interpret s2: standard-borel-ne M >=;, k
using s.standard-borel-ne-axioms standard-borel-ne-sets by blast
have eql:distr (M >=j, k) (qbs-to-measure (measure-to-qbs N)) (s2.from-real o
$2.to-real)
= distr (M >=j k) (gbs-to-measure (measure-to-qgbs N)) (s.from-real o
s.to-real)
by (auto introl: distr-cong cong: sets-eq-imp-space-eq)
have [measurable]: s2.from-real € borel —p N
using measurable-cong-sets s2.from-real-measurable sets by blast
have compl:(Az. qbs-l-inverse (k x)) o from-real = (Ar. [measure-to-qgbs N,
s.from-real, distr (k (from-real 1)) borel s.to-real]meas)
proof
fix r
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have setskfr[measurable-cong, simpl: sets (k (from-real r)) = sets N
by (auto introl: ms.kernel-sets measurable-space] OF from-real-measurable])
then interpret s3: standard-borel-ne k (from-real )
using s.standard-borel-ne-arioms standard-borel-ne-sets by blast
have [measurable]: s3.from-real € borel —pr N
using measurable-cong-sets s3.from-real-measurable setskfr by blast
have distr (k (from-real 1)) (gbs-to-measure (measure-to-gbs N)) (s3.from-real
o s3.to-real)
= distr (k (from-real 1)) (gbs-to-measure (measure-to-gbs N)) (s.from-real
o s.to-real)
by (auto introl: distr-cong simp: sets-eq-imp-space-eq| OF setskfr])
thus ((A\z. gbs-l-inverse (k x)) o from-real) r = [measure-to-qbs N, s.from-real,
distr (k (from-real r)) borel s.to-real]meas
by (auto simp: pair-gbs-meas-def gbs-meas-def qbs-l-inverse-def gbs-meas-eq-def
qbs-s-finite-def in-Mx-def gbs-meas-azioms-def qbs-Mx-R distr-distr measurable-space[ OF
from-real-measurable] cong: measure-to-gbs-cong-sets introl: s-finite-measure.s-finite-measure-distr
pair-qbs-meas. gbs-meas-eql)
qed
have ?2lhs = [measure-to-qbs (M >=j, k), s2.from-real, distr (M >=j, k) borel
s2.to-reallmeas
by (simp add: gbs-l-inverse-def)
also have ... = [measure-to-qgbs N, s.from-real, distr (M >=, k) borel s.to-real]meas
by(auto cong: measure-to-qbs-cong-sets introl: pair-qbs-meas.qbs-meas-eql simp:
pair-qgbs-meas-def gbs-meas-def gbs-meas-axioms-def in-Mzx-def qbs-Mz-R distr-distr
eql)
also have ... = [measure-to-gbs N, s.from-real, M >=j, (Az. distr (k ) borel
s.to-real)|meas
by (simp add: ms.distr-bind-kernel|OF space-ne refl])

also have ... = [measure-to-gbs N, s.from-real, distr M borel to-real >=j (Ar.
distr (k (from-real r)) borel s.to-real)]|meas
proof —

have M >=; (A\z. distr (k z) borel s.to-real) = M >=j (Az. distr (k (from-real
(to-real x))) borel s.to-real)
by (auto introl: bind-kernel-cong-All)
also have ... = distr M borel to-real >=, (Ar. distr (k (from-real r)) borel
s.to-real)
by(auto introl: measure-kernel.bind-kernel-distr[symmetric,where Y=borel]
space-ne measure-kernel.distr-measure-kernel[where Y=N] ms.measure-kernel-comp)
finally show ?thesis by simp
qed
also have ... = ?rhs
by (intro gbs-meas.bind-gbs-all-meas|OF qbs-l-inverse-meas|OF refl],symmetric]
s.qbs-l-inverse-morphism-kernel|OF assms(2)] comp1
measure-kernel.distr-measure-kernel| OF ms.measure-kernel-comp))
(auto simp: gbs-Mxa-R gbs-l-inverse-def)
finally show ?thesis .
qed

lemma g¢bs-l-inverse-bind:
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assumes standard-borel-ne N s-finite-measure M k € M —p; prob-algebra N
shows gbs-l-inverse (M >= k) = qbs-lI-inverse M >= (Az. gbs-l-inverse (k x))
by (auto simp: bind-kernel-bind[ OF measurable-prob-algebraD[OF assms(3)],symmetric|
prob-kernel-def’
introl: gbs-l-inverse-bind-kernel assms prob-kernel.axioms(1))

end

4.1.15 PMF and SPMF

definition ¢bs-pmf = (Ap. gbs-l-inverse (measure-pmf p))
definition gbs-spmf = (Ap. gbs-l-inverse (measure-spmf p))

declare [[coercion gbs-pmf]]

lemma g¢bs-pmf-qbsP:
fixes p :: (- :: countable) pmf
shows gbs-pmf p € gbs-space (monadP-qbs (count-spaceq UNIV))
by(auto simp: gbs-pmf-def measure-to-qbs-cong-sets[of count-space UNIV mea-
sure-pmf p,simplified)
intro!: standard-borel-ne.gbs-l-inverse-in-space-monadP measure-pmf.prob-space-axioms)

lemma gbs-pmf-gbs[qbs]:
fixes p :: (- :: countable) pmf
shows gbs-pmf p € gbs-space (monadM-gbs (count-spaceq UNIV))
by (simp add: gbs-pmf-qbsP gbs-space-monadPM)

lemma gbs-spmjf-qbs|[gbs]:
fixes q :: (- :: countable) spmf
shows ¢bs-spmf q € gbs-space (monadM-qbs (count-spaceqg UNIV))
by (auto simp: gbs-spmf-def measure-to-gbs-cong-sets[of count-space UNIV mea-
sure-spmf q,simplified]
intro!: standard-borel-ne.gbs-l-inverse-in-space-monadM subprob-space.s-finite-measure-subprob)

lemma [simp]:
fixes p :: (- = countable) pmf and q :: (- :: countable) spmf
shows gbs-l-gbs-pmf: qbs-l1 (gbs-pmf p) = measure-pmf p
and gbs-l-qbs-spmf: qbs-l (qbs-spmf q) = measure-spmf q
by (auto simp: gbs-pmf-def gbs-spmf-def introl: standard-borel-ne.qbs-l-qbs-l-inverse
subprob-space.s-finite-measure-subprob measure-pmf.subprob-space-azxioms)

lemma gbs-pmf-return-pmf:

fixes z :: - :: countable
shows gbs-pmf (return-pmf z) = return-gbs (count-spaceq UNIV') x
proof —

note return-gbs-morphismP|qbs]
show ?thesis
by (auto intro!: inj-onD[OF g¢bs-l-inj-P[where X=-count-spaceq UNIV]] re-
turn-cong qbs-pmf-qbsP
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sitmp: qbs-l-return-gbs return-pmf.rep-eq)
qed

lemma ¢bs-pmf-bind-pmf:
fixes p :: (Ya :: countable) pmf and f :: ‘a = (b :: countable) pmf
shows gbs-pmf (p >= f) = qbs-pmf p >= (A\z. qbs-pmf (f x))
by (auto simp: measure-pmf-bind gbs-pmf-def space-prob-algebra measure-pmf.prob-space-azioms
introl: standard-borel-ne.qbs-l-inverse-bind[where N=-count-space UNIV|
prob-space.s-finite-measure-prob)

lemma g¢bs-pair-pmf:
fixes p :: (a :: countable) pmf and q :: ('b :: countable) pmf
shows g¢bs-pmf p @ Qmes qbs-pmf q = gbs-pmf (pair-pmf p q)
proof (rule inj-onD[OF qbs-l-inj-P|of count-spaceq UNIV @ ¢ count-spaceqg UNIV]])
show gbs-1 (gbs-pmf p @ gmes gbs-pmf q) = qbs-l (¢bs-pmf (pair-pmf p q))
by (simp add: measure-pair-pmf qbs-l-qbs-pair-measure]| OF standard-borel-ne.standard-borel
standard-borel-ne.standard-borel,of count-space UNIV count-space UNIV])
next
note [qbs] = gbs-pmf-qbsP gbs-pair-measure-morphismP
show gbs-pmf p @ Qmes qbs-pmf q € qbs-space (monadP-qbs (count-spaceqg UNIV
QR ¢ count-spaceq UNIV))
qbs-pmf (pair-pmf p q) € gbs-space (monadP-qbs (count-spaceqg UNIV @ g
count-spaceq UNIV))
by auto (simp add: gbs-count-space-prod)
qed

4.1.16 Density

lift-definition density-gbs :: ['a gbs-measure, 'a = ennreal] = 'a gbs-measure
is A\(X,a,u) f. if f € X —¢ gbs-borel then (X, «, density u (f o «)) else (X, SOME
a. a € qbs-Mz X, null-measure borel)
proof safe

fix X Y :: 'a quasi-borel

fix a fpvandf::-= ennreal

assume [:gbs-meas-eq (X, a, p) (Y, B, v)

then interpret ¢s: pair-qbs-meas X o pu 5 v

using g¢bs-meas-eq-dest|OF 1] by(simp add: pair-qgbs-meas-def)

have [simp]:(SOME a. a € ¢bs-Mz X) € gbs-Mz X (SOME a. a € gbs-Mz Y) €
qbs-Mz X

using ¢s.pql.in-Mx by (simp-all only: some-in-eq qbs-meas-eq-dest|OF 1]) blast+

assume f € X —¢g gbs-borel
then have gbs-meas-eq (X, «, density p (f o «)) (Y, 8, density v (f o B))
by (auto simp: gbs-meas-eq-def lr-adjunction-correspondence density-distr[symmetric]
comp-def
qbs-meas-eq-dest|OF 1] qbs-meas-def in-Ma-def qbs-meas-axioms-def
gs.pql .mu-sets gs.pq2.mu-sets AE-distr-iff)

moreover have f € X —¢ gbs-borel = f ¢ Y —¢q qbs-borel => gbs-meas-eq

251



(X, a, density pu (f o ) (Y, (SOME a. a € qbs-Mz Y'), null-measure borel)
f ¢ X —qg gbs-borel = f € Y —q qbs-borel => gbs-meas-eq (X, (SOME
a. a € gbs-Mzx X), null-measure borel) (Y, 5, density v (f o f))
¢ X —q qbs-borel = f ¢ Y —¢ gbs-borel = gbs-meas-eq (X, (SOME a.
a € gbs-Mz X), null-measure borel) (Y, (SOME a. a € gbs-Mz YY), null-measure
borel)
by(auto simp: gbs-meas-eq-dest[OF 1] gbs-meas-eq-def gbs-meas-def in-Mz-def
gbs-meas-azioms-def distr-return null-measure-distr)
ultimately show gbs-meas-eq (if f € X —¢ borelg then (X, o, density p (f o
a)) else (X, SOME aa. aa € ¢bs-Mz X, null-measure borel))
(if f € Y —q borelg then (Y, B, density v (f o B3)) else
(Y, SOME a. a € qbs-Mz Y, null-measure borel))
by auto
qed

lemma(in gbs-meas) density-qbs:
shows f € X —¢ gbs-borel = density-gbs [X,, p]meas f = [X, a, density p

(f © a)]]meas
by (simp add: density-qbs.abs-eq)

lemma (in gbs-meas) density-gbs-meas: gbs-meas X « (density p (f o «))
by (simp-all add: in-Mz-azxioms mu-sets gbs-meas.intro gbs-meas-azioms-def)

lemma(in gbs-s-finite) density-gbs-s-finite:

[ € X =g qbs-borel => gbs-s-finite X « (density p (f o a))

by(auto simp add: gbs-s-finite-def gbs-meas-def in-Mz-def gbs-meas-axioms-def
mu-sets introl: s-finite-measure-density)

lemma density-qbs-density-qbs-eq-all-meas:

assumes [¢bs]:s € gbs-space (all-meas-qbs X) f € X —¢ qbs-borel g € X —¢
qbs-borel

shows density-qbs (density-gbs s ) g = density-qbs s (A\z. fz * g x)
proof —

from rep-qbs-space-all-meas|OF assms(1)] obtain o u

where hs: s = [X, a, u]meas gbs-meas X a p by metis

then interpret ¢bs-meas X a p by simp

have (A\z. f (a z) * g (@ z)) = (A\z. fo x g x) o a by auto

with assms(2,3) show ?thesis

by (simp add: hs(1) density-qbs[OF assms(2)] qbs-meas.density-gbs[OF den-
sity-qbs-meas assms(3)]
density-qbs lr-adjunction-correspondence density-density-eq)

qged

lemmas density-qbs-density-qbs-eq = density-qbs-density-qbs-eq-all-meas|OF mon-
adM-all-meas-space]

lemma qbs-I-density-qbs-all-meas:

assumes [gbs,measurable]:s € gbs-space (all-meas-gbs X) f € X —¢ qbs-borel
shows gbs-l (density-qbs s f) = density (gbs-1 s) f
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proof —
from rep-qbs-space-all-meas|OF assms(1)]
obtain « u where s: s = [X, @, t]meas qbs-meas X a p
by metis
then interpret ¢bs-meas X o p by simp
have (Az. f (o 2)) = f o a by auto
thus ?thesis
by (simp add: s(1) qbs-l density-qbs qbs-meas.qbs-l|OF density-qbs-meas] den-
sity-distr)
qged

lemmas gbs-I-density-qbs = qbs-l-density-qbs-all-meas| OF monadM-all-meas-space)

corollary ¢bs-I-density-qbs-indicator-all-meas:
assumes [gbs,measurable]:s € gbs-space (all-meas-gbs X) gbs-pred X P
shows ¢bs-l1 (density-gbs s (indicator {x€qbs-space X. P x})) (qbs-space X) =
gbs-1 s {x€qbs-space X. P x}
proof —
have 1[measurable]: {x € gbs-space X. P z} € sets (gbs-to-measure X)
by (metis (no-types, lifting) Collect-cong assms(2) qbs-pred-iff-sets space-L)
have 2[gbs|: indicator {x € gbs-space X. P z} € X —¢ gbs-borel
by (rule indicator-qbs-morphism’’) gbs
show ?thesis
using assms(2)
by (auto simp: qbs-I-density-qbs-all-meas|of - X|
emeasure-density[of indicator {z€space (gbs-to-measure X).
P z} gbs-l s,0OF - sets.top,simplified measurable-qbs-lI-all-meas’|OF assms(1)],0OF
borel-measurable-indicator| OF predE),simplified space-L space-qbs-l-in-all-meas|OF
assms(1)]]
qbs-pred-iff-measurable-pred nn-set-integral-space|of qbs-1 s,simplified
space-gbs-l-in-all-meas| OF assms(1)]]
nn-integral-indicator|of - qbs-1 s,simplified sets-qbs-l-all-meaures|OF
assms(1)]])
qed

lemmas qbs-I-density-qbs-indicator = qbs-1-density-qbs-indicator-all-meas[ OF mon-
adM-all-meas-space]

lemma q¢bs-nn-integral-density-qbs-all-meas:

assumes [gbs,measurable]:s € gbs-space (all-meas-gbs X) f € X —q gbs-borel g
€ X —q qbs-borel

shows ([ T z. g z d(density-qbs s f)) = ([ To . fz * gz Ds)

by (auto simp: qbs-nn-integral-def2-1 qbs-l-density-qbs-all-meas[of - X] measur-
able-gbs-l-all-meas’|OF assms(1)] introl: nn-integral-density)

lemmas gbs-nn-integral-density-qbs = gbs-nn-integral-density-qbs-all-meas| OF mon-
adM-all-meas-space]

lemma qbs-integral-density-qbs-all-meas:
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fixes g :: 'a = 'b::{banach, second-countable-topology} and f :: 'a = real

assumes [¢bs,measurable]:s € qbs-space (all-meas-qbs X) f € X —¢g ¢bs-borel g
€ X —q qbs-borel

and AEg zins. fz >0
shows ([ ¢ z. g x (density-qbs s f)) = ([ o . fz *r gz Ds)

using assms(4)

by (auto simp: gbs-integral-def2-1 qbs-1-density-qbs-all-meas|of - X] measurable-qbs-l-all-meas’|OF
assms(1)]

AFEq-gbs-l intro!: integral-density)

lemmas gbs-integral-density-qgbs = gbs-integral-density-qbs-all-meas| OF monadM-all-meas-space]

lemma density-qbs-morphism[qbs|: density-gbs € monadM-qbs X —¢ (X =¢ gbs-borel)
=q monadM-qbs X
proof(rule curry-preserves-morphisms|OF pair-gbs-morphismlI|)
fix v and 8 :: - = - = ennreal
assume h:y € gbs-Mz (monadM-qbs X) B € gbs-Mz (X =¢ ¢bs-borel)
hence [gbs]: v € gbs-borel —¢ monadM-gbs X § € gbs-borel =g X =g gbs-borel
by (simp-all add: gbs-Mz-is-morphisms)
from rep-qbs-Mz-monadM|[OF h(1)] obtain « k where hk:
v = (Ar. [X, o, k T]meas) @ € gbs-Mz X s-finite-kernel borel borel k Ar.
gbs-s-finite X a (k)
by metis
interpret g¢s: qbs-s-finite X o k r for r by fact
have [measurable]: (A(z, y). 8 = (o y)) € borel-measurable (borel Q) rr borel)
proof —
have (A\(z, y). B z (a y)) € gbs-borel @ g gbs-borel —¢q qbs-borel
by simp
thus ?thesis
by (simp add: lr-adjunction-correspondence qbs-borel-prod borel-prod)
qed
have [simp]:density-qbs (v r) (B r) = [X, a, density (kr) (8 7 o @)]meas for r
using hk(4) by(auto simp add: hk(1) density-qbs.abs-eq)
show (Ar. density-qbs (fst (v r,8 r)) (snd (v r,8 1)) € gbs-Mz (monadM-qbs
X)
by(auto simp: monadM-qbs-Mx comp-def intro!: exl[where z=a] exl[where
z=Ar. density (kr) (8 r o a)] s-finite-kernel.density-s-finite-kernel| OF hk(3)])
qged

lemma density-qgbs-morphism':
assumes [gbs,measurable]: f € X =¢ qbs-borel
shows (Ap. density-qbs p f) € all-meas-gbs X =¢ all-meas-qbs X
proof(rule gbs-morphismI)
fix v
assume v € ¢bs-Mz (all-meas-gbs X)
from rep-all-meas-gbs-Mxz|OF this] obtain « k where ak:
v = (Ar. [X, a, k lmeas) @ € gbs-Mz X measure-kernel borel borel k Ar.
gbs-meas X « (k r)
by blast
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interpret gbs-meas X a k r for r by fact
show (Ap. density-gbs p f) o v € gbs-Mz (all-meas-qbs X)
by (auto simp: all-meas-qbs-Mz density-gbs comp-def ak(1,3)
introl: exl[where z=a] exl[where z=Az. density (k z) (Ar. f (a 1))]
measure-kernel.density-measure-kernel’ measurable-compose] OF a-measurable])
qed

lemma density-qbs-cong-A E-all-meas:
assumes [¢bs]: s € gbs-space (all-meas-qgbs X) f € X —¢ qbs-borel g € X —¢
qbs-borel
and AEg zins fe =gz
shows density-qbs s f = density-qbs s g
proof (rule inj-onD[OF' qbs-l-inj-all-meas[of X]])
from assms(4) show qbs-1 (density-qbs s f) = qbs-l (density-qbs s g)
by (auto simp: qbs-I-density-qbs-all-meas[of - X] measurable-qbs-l-all-meas’|OF
assms(1)]
AFEq-gbs-l Ir-adjunction-correspondence[symmetric] introl: density-cong)
qed(auto intro!: qbs-morphism-space| OF density-gbs-morphism’|OF assms(2)]] gbs-morphism-space| OF
density-gbs-morphism'|OF assms(3)]])

lemmas density-qbs-cong-AE = density-qbs-cong-AE-all-meas|OF monadM-all-meas-space]

corollary density-qbs-cong-all-meas:
assumes [¢bs]: s € gbs-space (all-meas-qbs X) f € X —¢q gbs-borel
and A\z. z € gbs-space X = fz =g =
shows density-qbs s f = density-qbs s g
by (auto introl: density-qbs-cong-AFE-all-meas|of - X| AEq-12'[of - X] cong: assms(3)
gbs-morphism-cong[where g=f])

lemmas density-qbs-cong = density-qbs-cong-all-meas| OF monadM-all-meas-space)

lemma density-gbs-1[simp|: density-gbs s (A\x. 1) = s
proof —

obtain X where s[¢bs]: s € gbs-space (all-meas-qbs X)

using in-qbs-space-of-all-meas by blast
show ?thesis
by(auto introl: inj-onD[OF qbs-l-inj-all-meas - - s| gbs-morphism-space[OF
density-gbs-morphism’]
simp: qbs-l-density-gbs-all-meas|of - X| density-1)

qed

lemma pair-density-qbs:
assumes [¢bs|: p € gbs-space (monadM-qbs X) q € gbs-space (monadM-gbs Y)
and [gbs]: f € X —¢ gbs-borel g € Y —¢ ¢bs-borel
shows density-gbs p f @Q gmes density-qbs q g = density-gbs (p Q Qmes 9)
(Mz,y). fzxgy)
proof (safe introl: gbs-measure-eql[of - X Q g Y])
fix h :: - = ennreal
assume h[gbs|:h € X Qg Y —q borelg
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show ([ Tg z. h 2z d(density-gbs p f @ omes density-gbs q 9)) = ([ Tq 2. h 2
O(density-gbs (p @ Qmes @) (A(z, y). fz * gy))) (is ?lhs = ?rhs)
proof —
have ?lhs = ([T z. [T y. h (z, y) Ddensity-qbs q g Ddensity-gbs p f)
by (simp add: qbs-nn-integral-Fubini-fst[of - X - Y])

also have ... = ([Tg z. [Tg y. gy * h (z, y) Oq Odensity-gbs p f)

by (auto intro: gbs-nn-integral-conglof - X| simp: gbs-nn-integral-density-qbs|of
- Y))

also have ... = ?rhs

by (auto simp add: gbs-nn-integral-density-qbs|of - X| qbs-nn-integral-density-qbs|of
- X Q¢ Y] split-beta’ gbs-nn-integral-Fubini-fst[of - X - Y, symmetric] gbs-nn-integral-cmult[of
- Y] mult.assoc intro!: qbs-nn-integral-cong|of - X])
finally show ?thesis .
qed
qed simp-all

4.1.17 Normalization

definition normalize-qbs :: 'a gbs-measure = 'a gbs-measure where
normalize-qgbs s = (let X = gbs-space-of s;
r = qbs-l s (gbs-space X) in
ifr# 0 A r # oo then density-gbs s (A\x. 1 /1)
else gbs-null-measure X)

lemma
assumes s € gbs-space (all-meas-gbs X)
shows normalize-gbs-all-meas: gbs-l s (qbs-space X) # 0 = qgbs-l s (qbs-space
X) # oo = normalize-qbs s = density-qgbs s (Az. 1 / emeasure (qbs-1s) (gbs-space
X))
and normalize-gbs0-all-meas: qbs-l s (gbs-space X) = 0 = normalize-qbs s =
qbs-null-measure X
and normalize-qbsinfty-all-meas: qbs-1 s (gbs-space X) = oo = normalize-gbs
s = gbs-null-measure X
by (auto simp: gbs-space-of-in-all-meas|OF assms(1)] normalize-qbs-def)

lemma

assumes s € gbs-space (monadM-gbs X)

shows normalize-gbs: qbs-l s (qbs-space X) # 0 = qbs-1 s (qbs-space X) # oo
= normalize-gbs s = density-gbs s (Ax. 1 / emeasure (qbs-1 s) (qbs-space X))

and normalize-qbs0: gbs-l s (qbs-space X) = 0 = normalize-gbs s = gbs-null-measure
X

and normalize-qbsinfty: gbs-l s (qbs-space X) = oo = normalize-gbs s =

qbs-null-measure X

by (auto simp: gbs-space-of-in[OF assms(1)] normalize-gbs-def)

lemma normalize-qbs-prob-all-meas:

assumes s € gbs-space (all-meas-gbs X) qbs-1 s (qbs-space X) # 0 gbs-1 s (qbs-space
X) # o0

shows normalize-qbs s € qbs-space (monadP-qbs X)
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unfolding normalize-qbs-all-meas|OF assms]
proof —
obtain a u
where hs: s = [X, «, y]meas gbs-meas X a p
using rep-gbs-space-all-meas assms(1) by meson
interpret gs: gbs-meas X a u by fact
have 1 / emeasure u (space p) * emeasure p (space p) = 1
using assms(2,3) by (auto simp: hs(1) gs.qbs-l emeasure-distr|of - - gbs-to-measure
X,0F - sets.top,simplified space-L] divide-eq-1-ennreal ennreal-divide-times)
hence x: prob-space (density u (Az. 1 /| emeasure (qbs-1 s) (gbs-space X)))
by (auto introl: prob-spacel simp: emeasure-density hs(1) gs.qbs-l emeasure-distr|of
- - gbs-to-measure X,0F - sets.top,simplified space-L] )
have density-qbs s (Az. 1 | emeasure (gbs-l s) (qbs-space X)) = density-qbs [X,
a, (Wmeas (Az. 1 / emeasure (qbs-1 s) (qbs-space X))
by (simp add: hs)
also have ... € gbs-space (monadP-qbs X)
using *
by (auto simp: gs.density-gbs monadP-qbs-space
qbs-meas.qbs-l[OF gs.density-qbs-meas,of Ax. 1 | emeasure (gbs-l s)
(qbs-space X),simplified]
qbs-meas.qbs-space-of [OF gs.density-gbs-meas,of \x. 1 | emeasure (gbs-1
s) (gbs-space X),simplified)
intro!: prob-space.prob-space-distr)
finally show density-gbs s (Az. 1 / emeasure (qbs-1s) (gbs-space X)) € qbs-space
(monadP-gbs X) .
qged

lemmas normalize-gbs-prob = normalize-qbs-prob-all-meas[OF monadM-all-meas-space]

lemma normalize-qbs-morphism[qbs]: normalize-qgbs € monadM-gbs X —¢q mon-
adM-gbs X
proof —
have (if emeasure (qbs-ls) (gbs-space X) # 0 N emeasure (qbs-1s) (gbs-space X) #
oo then density-qbs s (A\x. 1 | emeasure (gbs-1s) (gbs-space X)) else gbs-null-measure
X) = normalize-qbs s (is ?f s = -) if s:s € gbs-space (monadM-qbs X) for s
by (simp add: qbs-space-of-in|OF s] normalize-qbs-def)
moreover have (As. ?f s) € monadM-gbs X —¢g monadM-gbs X
proof(cases qbs-space X = {})
case True
then show ?thesis
by (simp add: qbs-morphism-from-empty monadM-gbs-empty-iff[of X])
next
case X:Fulse
have [gbs]:(As. emeasure (gbs-l s) (gbs-space X)) € monadM-gbs X —¢ gbs-borel
by (rule qbs-l-morphism|[OF sets.top[of qbs-to-measure X ,simplified space-L)|)
have [¢bs]: gbs-null-measure X € gbs-space (monadM-qbs X)
by (auto introl: gbs-null-measure-in-Mz X)
have [gbs]: (As z. 1 / emeasure (qbs-l s) (gbs-space X)) € monadM-qbs X —¢
X =¢ qbs-borel
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by (rule arg-swap-morphism) simp
show ?thesis
by qbs
qed
ultimately show ?thesis
by (simp cong: gbs-morphism-cong)
qed

lemma normalize-qbs-morphismP:
assumes [¢bs]:s € X —¢g monadM-gbs Y
and Az. x € gbs-space X = gbs-l (s z) (gbs-space V) #£ 0
and A\z. z € gbs-space X = ¢bs-l (s x) (gbs-space Y) # oo
shows (Az. normalize-gbs (s z)) € X —¢ monadP-gbs Y
by (rule qbs-morphism-monadPI’|OF normalize-gbs-probd]) (use assms(2,3) gbs-morphism-space[OF
assms(1)] in auto)

lemma normalize-qbs-monadP-ident:

assumes s € gbs-space (monadP-gbs X)

shows normalize-qbs s = s

using normalize-gbs| OF gbs-space-monadPM|OF assms|| prob-space.emeasure-space-1[OF
qbs-l-prob-space[ OF assms|

by (auto simp: space-qbs-l-in[OF gbs-space-monadPM|[OF assms]| intro!: inj-onD[OF
gbs-l-inj-P - - assms])

corollary normalize-qbs-idenpotent: normalize-qbs (normalize-gbs s) = normal-
ize-qbs s
proof —
obtain X where s[¢bs]: s € gbs-space (all-meas-qbs X)
using in-qbs-space-of-all-meas by blast
then have X: gbs-space X # {}
using all-meas-qbs-empty-iff by blast
then obtain = where z:x € ¢bs-space X by auto
consider gbs-1 s (gbs-space X) = 0 | gbs-l s (qbs-space X) = T | gbs-l s (gbs-space
X) # 0 qbs-ls (qbs-space X) # T
by auto
then show ?thesis
proof cases
case I
then show ?thesis
using normalize-qbs0[OF qbs-null-measure-in-Mz[OF X]]
by (simp add: normalize-qbs0-all-meas|OF s] qbs-null-measure-null-measure[ OF
X))
next
case 2
then show ?thesis
using normalize-qbs0[OF qbs-null-measure-in-Mz[OF X]]
by (simp add: normalize-qbsinfty-all-meas[OF s| gbs-null-measure-null-measure[ OF
X))

next
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case 3
have normalize-gbs s € gbs-space (monadP-gbs X)
by (intro normalize-qbs-prob-all-meas) (auto simp: 3 x)
then show ?thesis
by (simp add: normalize-gbs-monadP-ident)
qed
qed

4.1.18 Product Measures

definition PiQ-measure :: ['a set, 'a = 'b qbs-measure] = ('a = 'b) gbs-measure
where
PiQ-measure = (I si. if (Vi€l. 3 Mi. standard-borel-ne Mi A si i € gbs-space
(monadM-gbs (measure-to-qbs Mi)))

then if countable I N (Yi€l. prob-space (gbs-l (si ))) then
gbs-l-inverse (Ily; i€1. qbs-1 (si 7))

else if finite I N (Vi€l. sigma-finite-measure (gbs-1 (si 7)))
then gbs-l-inverse (Ilys i€1. gbs-1 (si 7))

else qbs-null-measure (Ilg i€l. gbs-space-of (si 7))

else qbs-null-measure (Ilg i€l. gbs-space-of (si 7)))

syntax
-PiQ-measure :: pttrn = i set = 'a gbs-measure = (i => 'a) qbs-measure
((‘?HQmeas 'E'-/ ') 10)
syntax-consts
-PiQ-measure = PiQ-measure
translations
Momeas z€I. X == CONST Pi@Q-measure I (Az. X)

context

fixes I and Mi

assumes standard-borel-ne:\i. i € I = standard-borel-ne (Mi 7)
begin

context
assumes countablel:countable I
begin

interpretation sb:standard-borel-ne Iy i€I. (borel :: real measure)
by (simp add: countablel product-standard-borel-ne)

interpretation sbM: standard-borel-ne Iy, i€l. Mi i
by (simp add: countablel standard-borel-ne product-standard-borel-ne)

lemma
assumes Ai. i € [ = si i € gbs-space (monadP-gbs (measure-to-gbs (Mi )))
and Ai. i € I = si i = [measure-to-gbs (Mi 1), & 7, it i|meas N\i- ¢ € [ =
gbs-prob (measure-to-gbs (Mi 7)) (« @) (u 7)
shows PiQ-measure-prob-eq: (Igmeas (€1. si i) = [measure-to-gbs (ILy i€1.
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Mi i), sbM.from-real, distr (I1p; i€1. qbs-l (si ©)) borel sbM.to-real]meqs (is - =
2rhs)
and PiQ-measure-qbs-prob: gbs-prob (measure-to-qbs (s i€1. Mi©)) sbM.from-real
(distr (T1pr 4€1. qbs-1 (si i) borel sbM.to-real) (is ?qbsprob)
proof —
have [measurable-cong,simp|: prob-space (I i€1. qbs-1 (si ©)) sets (Il i€1.
gbs-l (si i) = sets (Ipy i€1. Mi )
using sets-qbs-l[OF assms(1)[THEN gbs-space-monadPM]| standard-borel.lr-sets-ident[ OF
standard-borel-ne.standard-borel|OF standard-borel-ne]
by (auto cong: sets-PiM-cong introl: prob-space-PiM gbs-l-prob-space assms(1))
show ?gbsprob
by (auto simp: pair-gbs-s-finite-def introl: qbs-prob. qbs-s-finite sbM . qbs-l-inverse-gbs-prob)
have (Ilgmeas t€1. si ¢) = gbs-l-inverse (Il i€1. gbs-1 (si 7))
using countablel assms(1)[THEN g¢bs-space-monadPM] gbs-l-prob-space| OF
assms(1)] standard-borel-ne by(auto simp: PiQ-measure-def)
also have ... = ?rhs
by(auto intro!: sbM.qbs-l-inverse-def2 prob-space.s-finite-measure-prob cong:
sets-PiM-cong| OF refl])
finally show (Ilgmeaqs 1€1. si %) = ?rhs .
qed

lemma ¢bs-I-PiQ-measure-prob:

assumes Ai. i € I = si i € gbs-space (monadP-qbs (measure-to-gbs (Mi 7)))

shows ¢bs-l (Ilgmeas 1€1. st %) = (Ilpr t€1. qbs-l (si 7))
proof —

have g¢bs-l (gmeqs (€1. si 1) = gbs-l (gbs-l-inverse (ILps i€1. qbs-l (si 7)))

using countablel assms(1)[THEN gbs-space-monadPM] gbs-l-prob-space| OF

assms(1)] standard-borel-ne by (auto simp: PiQ-measure-def)

also have ... = (Il i€l. gbs-l (si 7))

using sets-qbs-l[OF assms(1)[THEN gbs-space-monadPM]| standard-borel.lr-sets-ident[ OF
standard-borel-ne.standard-borel|OF standard-borel-ne]

by (auto introl: sbM.qbs-I-qbs-l-inverse prob-space-PiM qbs-I-prob-space[OF assms(1)]
cong: sets-PiM-cong)

finally show ?thesis .
qed

end
context
assumes finl: finite I

begin

interpretation sb:standard-borel-ne My, i€l. (borel :: real measure)
by (simp add: finl product-standard-borel-ne countable-finite)

interpretation sbM: standard-borel-ne 11y, i€l. Mi i
by (simp add: countable-finite finl standard-borel-ne product-standard-borel-ne)

lemma ¢bs-I-PiQ)-measure:
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assumes Ai. i € I = si i € gbs-space (monadM-qbs (measure-to-gbs (Mi 7)))
and Ai. i € I = sigma-finite-measure (gbs-l (si 7))
shows ¢bs-l (Ilgmeqs 1€1. si i) = (Ilps G€1. qbs-1 (si )
proof —
have [simp]: s-finite-measure (ILp; i€1. gbs-1 (si 7))
proof —
have (ITy; i€l. qbs-1 (si i) = (Ilpy 9€1. if i € I then qbs-1 (si i) else null-measure
(count-space UNIV'))
by (simp cong: PiM-cong)
also have s-finite-measure ...
by (auto intro!: sigma-finite-measure.s-finite-measure product-sigma-finite.sigma-finite
finl simp: product-sigma-finite-def assms(2)) (auto introl: finite-measure.sigma-finite-measure
finite-measurel)
finally show ?thesis .
qed
have g¢bs-l (gmeqs 1€1. si 1) = gbs-l (gbs-l-inverse (ILps 1€1. qbs-l (si 7))
using finl assms(1) assms(2) standard-borel-ne by (fastforce simp: PiQ-measure-def)
also have ... = (Il i€l. gbs-l (si 7))
using sets-qbs-l[OF assms(1)] standard-borel.lr-sets-ident| OF standard-borel-ne.standard-borel| OF
standard-borel-ne]]
by (auto introl: sbM.qbs-1-qgbs-l-inverse prob-space-PiM cong: sets-PiM-cong)
finally show ?thesis .
qed

end

end

4.2 Measures

4.2.1 The Lebesgue Measure
definition lborel-gbs (lborelg) where lborel-qgbs = gbs-l-inverse lborel

lemma lborel-gbs-qbs[gbs]: lborel-gbs € gbs-space (monadM-gbs qbs-borel)
by (auto simp: Ilborel-gbs-def measure-to-qbs-cong-sets|OF sets-lborel,symmetric]
intro!: standard-borel-ne.qbs-l-inverse-in-space-monadM lborel.s-finite-measure-axioms)

lemma gbs-I-lborel-gbs[simp|: qbs-l lborelg = lborel
by (auto intro: standard-borel-ne.qbs-l-qbs-l-inverse lborel.s-finite-measure-azxioms
stmp: lborel-gbs-def)

corollary
shows gbs-integral-lborel: ([ g . f x Olborel-gbs) = ([ =. f x dlborel)

and gbs-nn-integral-lborel: ([ Tq z. f z Olborel-gbs) = ([ Tz. f x dlborel)
by (simp-all add: gbs-integral-def2-1 qbs-nn-integral-def2-1)

lemmal(in standard-borel-ne) measure-with-args-morphism:
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assumes s-finite-kernel X M k

shows gbs-l-inverse o k € measure-to-gbs X —¢g monadM-qbs (measure-to-qbs
M)
proof(safe intro!: gbs-morphismlI)

fix o :: real = -

assume « € gbs-Mz (measure-to-qbs X)

then have h[measurable]:a € borel —pr X

by (simp add: gbs-Mx-R)
interpret s:s-finite-kernel X M k by fact
have 1: Ar. sets (k (a 1)) = sets M Ar. s-finite-measure (k (a 1))

using measurable-space| OF h| s.kernel-sets by (auto intro!: s.image-s-finite-measure)

show gbs-lI-inverse o k o a € gbs-Mz (monadM-gbs (measure-to-gbs M))
by (auto introl: exI[where z=from-real] exI[where z=(Ar. distr (k (a 1)) borel
to-real)] s-finite-kernel.comp-measurable| OF s-finite-kernel.distr-s-finite-kernel| OF
assms])
simp: monadM-gbs-Mz gbs-Max-R gbs-l-inverse-def2[OF 1(1)] comp-def)
qed

lemmal(in standard-borel-ne) measure-with-args-morphismP:

assumes [measurable]:y € X —p prob-algebra M

shows g¢bs-l-inverse o p € measure-to-gbs X —¢g monadP-gbs (measure-to-gbs
M)

using measurable-space| OF assms]

by (intro gbs-morphism-monadPI'|OF - measure-with-args-morphism])

(auto simp: gbs-space-R space-prob-algebra prob-kernel-def’
intro!: qbs-l-inverse-in-space-monadP prob-kernel.s-finite-kernel-prob-kernel)

4.2.2 Counting Measure

abbreviation counting-measure-gbs A = gbs-l-inverse (count-space A)

lemma q¢bs-nn-integral-count-space-nat:

fixes f :: nat = ennreal

shows ([ T i. f i Ocounting-measure-gbs UNIV) = (3" i. f i)

by (simp add: standard-borel-ne.qbs-1-qbs-l-inverse| OF - refl] qbs-nn-integral-def2-1
nn-integral-count-space-nat)

4.2.3 Normal Distribution

lemma ¢bs-normal-distribution-qgbs: (A o. density-gbs lborelg (normal-density p
0)) € gbs-borel =¢ qbs-borel =g monadM-qbs gbs-borel
by simp

lemma ¢bs-I-gbs-normal-distribution[simp]: gbs-1 (density-qbs lborelg (normal-density
w o)) = density lborel (normal-density u o)
by (auto simp: gbs-l-density-qbs[of - gbs-borel])

lemma g¢bs-normal-distribution-P: o > 0 == density-gbs lborelg (normal-density
o) € qbs-space (monadP-qbs gbs-borel)
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by (auto simp: monadP-qbs-def sub-gbs-space prob-space-normal-density)

lemma qbs-normal-distribution-integral:

([ @ z. fz O (density-gbs lborelg (normal-density p 0))) = ([ z. fz O (density
lborel (Az. ennreal (normal-density p o z))))

by (auto simp: gbs-integral-def2-1)

lemma q¢bs-normal-distribution-expectation:

assumes [measurable]:f € borel-measurable borel and [arith]: o > 0

shows ([ ¢ z. fz O (density-gbs lborelg (normal-density p o)) = ([ . nor-
mal-density p o = * fx O lborel)

by (simp add: gbs-normal-distribution-integral integral-real-density integral-density)

lemma qbs-normal-posterior:
assumes [arith]: o > 0 o' > 0
shows normalize-gbs (density-gbs (density-qbs lborelg (normal-density p o))
(normal-density p' o')) = density-gbs lborelg (normal-density ((u x o + p' *
%) /(0% + 0"?)) (o0 * o'/ sqrt (6 + 0))) (is ?lhs = ?rhs)
proof —
have 0: 0 x o' / sqrt (0? + 0”) > 0 sqrt (2 * pi x (6 + ")) > 0
by (simp-all add: power2-eq-square sum-squares-gt-zero-iff)
have 1:¢bs-l (density-qbs lborelg (A\z. ennreal (1 / sqrt (2 * pi * (02 a”)) x
exp (— ((up — )%/ (2 % 0 + 2 % 0))) * normal-density ((u * o + p’ 02) /
(0% + a?)) (o x 0’/ sqrt (62 + o)) z))) UNIV = ennreal (exp (— ((n — p')? /
(2 x 0% + 2 x0))) / sqrt (2 * pi x (62 + o))
using prob-space.emeasure-space-1[OF prob-space-normal-density]OF 0(1)]]
by(auto simp add: qbs-lI-density-qbs[of - qbs-borel] emeasure-density ennreal-mult’
nn-integral-cmult simp del: times-divide-eg-left) (simp add: ennreal-mult’[symmetric])
have ?lhs = normalize-gbs (density-gbs lborelg (Az. ennreal (1 / sqrt (2 * pi *
(02 + 7)) *exp (— (u— p)? /(2 0% + 2 % 0))) * normal-density ((u * o”
+u'*0%) [ (0% +0?)) (0 %0’ [ sqrt (0° + 7)) 7))
by (simp add: density-qbs-density-gbs-eq|of - gbs-borel] ennreal-mult[symmetric]
normal-density-times del: times-divide-eq-left)
also have ... = density-gbs (density-qbs lborelg (Az. ennreal (1 / sqrt (2 * pi *
(0% +0?)) *exp (— (— p)? /(2 0% + 2 % 0))) * normal-density ((u * o”
+u'x0?) ) (62 4+ ")) (0 0’/ sqrt (62 + 0™)) z))) (Az. 1 / emeasure (qbs-l
(density-qbs lborelg (Az. ennreal (1 | sqrt (2 = pi x (0% + ")) % exp (— ((u —
uh? /(2 * 02 + 2 % 0))) * normal-density ((u * 0 + p' * o2) / (6? + 0”?))
(0 o'/ sqrt (62 + o)) 1)))) (gbs-space borelg))
by (rule normalize-qbs) (simp-all add: 1 del: times-divide-eg-left)
also have ... = ?rhs
by (simp add: 1 density-qbs-density-qbs-eq|of - qbs-borel] del: times-divide-eq-left,
auto introl: density-qbs-conglof - qbs-borel])
(insert 0, auto simp: ennreal-1[symmetric] ennreal-mult'[symmetric] divide-ennreal
normal-density-def simp del: ennreal-1)
finally show ?thesis .
qed
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4.2.4 Uniform Distribution

definition uniform-qbs :: ‘a gbs-measure = 'a set = 'a gbs-measure where
uniform-gbs = (As A. qbs-l-inverse (uniform-measure (gbs-l s) A))

lemma(in standard-borel-ne) qbs-l-uniform-qbs”.
assumes sets p = sets M u A # 0
shows ¢bs-l (uniform-qbs (qbs-l-inverse p) A) = uniform-measure u A (is ?lhs
= 2rhs)
proof —
have ?lhs = gbs-1 (gbs-l-inverse (uniform-measure u A))
by (simp add: gbs-l-qbs-l-inverse[OF assms(1)] uniform-qbs-def)
also have ... = ?rhs
by (rule qbs-l1-qbs-l-inverse) (simp add: assms)
finally show ?thesis .
qed

corollary(in standard-borel-ne) qbs-l-uniform-qbs:

assumes s € gbs-space (monadM-qbs (measure-to-qbs M)) qbs-l s A # 0

shows ¢bs-l (uniform-qbs s A) = uniform-measure (gbs-1 s) A

by (simp add: qbs-l-uniform-qbs’'|OF sets-gbs-I[OF assms(1),simplified lr-sets-ident]
assms(2),symmetric| gbs-l-inverse-qbs-l assms)

lemma interval-uniform-gbs: (Aa b. uniform-qbs lborelg {a<..<b:real}) € borelg
=g borelg =¢ monadM-qbs borelg
proof(rule curry-preserves-morphisms)
have (Azy. uniform-qbs lborelg {fst zy<..<snd zy::real}) = qbs-lI-inverse o (Azy.
uniform-measure lhorel {fst zy<..<snd zy})
by (auto simp: uniform-qbs-def)
also have ... € measure-to-gbs (borel @ ps borel) —¢o monadM-qbs borelg
proof (safe introl: standard-borel-ne.measure-with-args-morphism measure-kernel.s-finite-kernel-finite-bounde
show measure-kernel (borel @ ar borel) borel (Axy. uniform-measure lborel {fst
zy<..<snd zy :: real})
proof
fix B :: real set
assume [measurable]: B € sets borel
have [simp|:emeasure lborel ({fst z<..<snd z} N B) / emeasure lborel {fst
z<..<snd z} = (if fst © < snd x then emeasure lborel ({fst z<..<snd z} N B) /
ennreal (snd x — fst ) else 0) for x
by auto
show (A\z. emeasure (uniform-measure lborel {fst z<..<snd z}) B) € borel-measurable
(borel @ nr borel)
by (simp, measurable) auto
qed auto
next
show (a, b) € space (borel Q) rs borel) = emeasure (uniform-measure lborel
{fst (a, b)<..<snd (a, b)}) (space borel) < oo for a b :: real
by(cases a < b) (use ennreal-divide-eg-top-iff top.not-eq-extremum in auto)
qed simp
finally show (Azy. uniform-qbs lborelg {fst zy<..<snd zy::real}) € borelg & g
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borelg —+q monadM-qbs borelg
by (simp add: borel-prod gbs-borel-prod)
qed

context
fixes a b :: real
assumes [arith]:a < b
begin

lemma gbs-uniform-distribution-expectation:
assumes f € gbs-borel —¢q gbs-borel
shows ([ Tq z. f z duniform-gbs lborelg {a<..<b}) = ([ Tz € {a<..<b}. fz
dlborel) | (b — a)
proof —
have [measurable]: f € borel-measurable borel
using assms qbs-Mz-is-morphisms qbs-Mz-gbs-borel by blast
show ?thesis
by (auto simp: qbs-nn-integral-def2-1 standard-borel-ne.gbs-l-uniform-gbs|of borel
Iborel-gbs] nn-integral-uniform-measure)
qed

end

4.2.5 Bernoulli Distribution

abbreviation gbs-bernoulli :: real = bool qbs-measure where
gbs-bernoulli = (Az. qbs-pmf (bernoulli-pmf 1))

lemma bernoulli-measurable:
(Ax. measure-pmf (bernoulli-pmf x)) € borel =y prob-algebra (count-space UNIV')
proof(rule measurable-prob-algebra-generated[where Q=UNIV and G=UNIV))
fix A :: bool set
have A C {True,False}
by auto
then consider A = {} | A = {True} | A = {False} | A = {False, True}
by auto
thus (Aa. emeasure (measure-pmf (bernoulli-pmf a)) A) € borel-measurable borel
by (cases,simp-all add: emeasure-measure-pmf-finite bernoulli-pmf.rep-eq UNIV-bool[symmetric])
qed (auto simp add: sets-borel-eq-count-space Int-stable-def measure-pmf.prob-space-azioms)

lemma gbs-bernoulli-morphism: gbs-bernoulli € gbs-borel —¢g monadP-qbs (gbs-count-space
UNIV)

using standard-borel-ne.measure-with-args-morphismP[OF - bernoulli-measurable]

by (simp add: qbs-pmjf-def comp-def)

lemma qbs-bernoulli-expectation:
assumes [simp]: 0 < pp < 1
shows ([ ¢ z. f z dqgbs-bernoulli p) = f True = p + f False x (1 — p)
by (simp add: gbs-integral-def2-1)
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end

5 Examples

5.1 Montecarlo Approximation

theory Montecarlo
imports Monad-QuasiBorel
begin

declare [[coercion gbs-I]]

abbreviation real-quasi-borel :: real quasi-borel (Rg) where
real-quasi-borel = qbs-borel

abbreviation nat-quasi-borel :: nat quasi-borel (Ng) where
nat-quasi-borel = qbs-count-space UNIV

primrec montecarlo :: 'a qbs-measure = ('a = real) = nat = real gbs-measure
where

montecarlo - - 0 = return-gbs Rg 0 |
montecarlo d h (Suc n) = do { m < montecarlo d h n;
T+ d;

return-qbs Rg ((h ¢ + m * real n) / real (Suc n))}

declare
bind-qbs-morphismP]qbs]
return-gbs-morphismP|qbs]
gbs-pair-measure-morphismP|qbs]
qbs-space-monadPM gbs]

lemma montecarlo-gbs-morphism[qbs]: montecarlo € gbs-space (monadP-qbs X =¢
(X =0 Rg) =¢ Ng =¢ monadP-gbs Rg)
by (simp add: montecarlo-def)

lemma qbs-integrable-indep-mult2:
fixes f :: - = real
assumes p € gbs-space (monadM-gbs X) q € gbs-space (monadM-gbs Y)
and qbs-integrable p f
and qbs-integrable q g
shows gbs-integrable (p @ gmes q¢) (Az. g (snd z) = f (fst z))
using g¢bs-integrable-indep-mult|OF assms] by (simp add: mult.commute)

lemma montecarlo-integrable:

assumes [¢bs]:p € gbs-space (monadP-gbs X) h € X —¢ Rq qbs-integrable p h
gbs-integrable p (A\x. h x * h x)

shows q¢bs-integrable (montecarlo p h n) (Az. x) gbs-integrable (montecarlo p h
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proof —
note gbs-space-monadPM|qbs]
have gbs-integrable (montecarlo p h n) (Az. ) A gbs-integrable (montecarlo p h
proof (induction n)
case (
then show ?case
by simp
next
case (Suc n)
hence ih[intro,simpl:qbs-integrable (montecarlo p h n) (Az. x) gbs-integrable
(montecarlo p h n) (Az. = * x)
by simp-all
have gbs-integrable (montecarlo p h n @ Qmes p) (Az. (h (snd x) + fst z * real
n) * (h (snd z) + fst x * real n))
proof (subst gbs-integrable-cong[OF gbs-space-monadPM[where X=Rg ) ¢
X))
show gbs-integrable (montecarlo p h n @ gmes p) (Az. h (snd z) * h (snd z)
+ fstx s h (sndx) * 2 % real n + fst x * fst x % real n * real n)
by (auto introl: gbs-integrable-indep-mult|OF gbs-space-monadPM[of - Rg]
gbs-space-monadPM |[of - X]] gbs-integrable-indep2[OF - gbs-space-monadPM ,of -
Rg - X] assms gbs-integrable-mult-left qbs-integrable-indep1[OF gbs-space-monadPM ,of
- Rg - X])
qed (auto simp: distrib-right distrib-left)
thus ?case
by (auto simp: gbs-bind-bind-return2P'[of - Rg X Rg] qbs-pair-measure-def[OF
gbs-space-monadPM qbs-space-monadPM ,symmetric| split-beta’ qbs-integrable-bind-return[OF
gbs-space-monadPM ,of - Rg @ ¢ X - Rg] comp-def
introl: gbs-integrable-indep2[OF - qbs-space-monadPM ,of - Rg - X] assms
qbs-integrable-mult-left qbs-integrable-indep [OF gbs-space-monadPM ,of - Rg - X])
qed
thus gbs-integrable (montecarlo p h n) (Az. z) gbs-integrable (montecarlo p h n)
(A\z. T * x)
by simp-all
qed

lemma
fixes n :: nat
assumes [gbs,simp|:p € gbs-space (monadP-gbs X) h € X —g Rg ¢bs-integrable
p h gbs-integrable p (Az. h z * h z)
and e:e > 0
and ([ z. hz dp) = pu ([ ¢ z. (hz — p)? dp) = o?
and n:n > 0
shows P(y in montecarlo p hn. |y — u| > e) < o2 / (real n * €2) (is ?P < -)
proof —
have monte-p: An. montecarlo p h n € monadP-qbs Rg
by simp
note [introl, simp| =
montecarlo-integrable] OF assms(1—4)] gbs-integrable-indepl [where X=Rg
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and Y=X]
gbs-integrable-indep2[where X=Rg and Y=X] qbs-integrable-sq gbs-integrable-mult-left
qbs-integrable-mult-right
gbs-integrable-const[OF assms(1)] gbs-integrable-const| OF monte-p)
gbs-integrable-indep-mult2 [where X=Rg and Y=X,OF gbs-space-monadPM
gbs-space-monadPM)
have [intro!, simp|:qbs-integrable p (Az. (h )%) A\n. qbs-integrable (montecarlo p
h n) power2
by (simp-all add: power2-eq-square)
have exp:([ ¢ y. y d(montecarlo p h n)) = p (is ?e n) and var:([ ¢ y. (y — p)?
d(montecarlo p h n)) = o2 / n (is ?v n)
proof —
have ?en N 2v n
proof (rule nat-induct-non-zero| OF n])
fix n :: nat
assume nfarith]:0 < n
assume e n A fun
hence ih: ?en v n
by simp-all
have ?e (Suc n)
proof —
have ([ ¢ y. y dmontecarlo p h (Suc n)) = ([ ¢ =. h (snd z) + fst z  real
n d(montecarlo p h n @Q Qmes p)) / (1 + real n)
by (auto simp: gbs-bind-bind-return2P'[of - Rg X Rgq] split-beta’ qbs-pair-measure-def [ OF
gbs-space-monadPM qbs-space-monadPM ,symmetric] gbs-integral-bind-return|OF gbs-space-monadPM ,of
-Rg Qo X - Rg] comp-def)
also have ... = (([ ¢ z. h (snd z) d(montecarlo p h n @ gmes ) + ([
z. fst x * real n O(montecarlo p h n Q) gmes p))) / (1 + real n)
by (auto introl: gbs-integral-add simp del: gbs-integral-mult-left-zero)
also have ... = (u + ([ ¢ z. fst zd(montecarlo p h n @ Qmes p)) * real n)
/ (1 + real n)
by (subst gbs-integral-indep2[where X=Rg and Y=X,0F - gbs-space-monadPM])
(auto simp: assms(6))
also have ... = (u * (1 + real n)) / (1 + real n)
by (subst gbs-integral-indep! [where X=Rg and Y=X,0F qbs-space-monadPM])
(auto simp: ih distrib-left)

also have ... =
by simp
finally show ?e (Suc n) .
qed
moreover have %v (Suc n)
proof —

have ([ ¢ y. (y — p)? Omontecarlo p h (Suc n)) =([ ¢ z. ((h (snd z) + fst
z = real n) / real (Suc n) — p)* (montecarlo p h n @ gmes p))

by (auto simp: gbs-bind-bind-return2P'[of - Rg X Rg)] split-beta’ gbs-pair-measure-def[OF
gbs-space-monadPM qbs-space-monadPM ,symmetric] gbs-integral-bind-return|OF gbs-space-monadPM ,of
-Rg Qo X - Rg] comp-def)

also have ... = ([ ¢ z. ((h (snd z) + fst x * real n) / real (Suc n) — (Suc
n) x p / Suc n)? d(montecarlo p h n @ gmes p))

268



by simp
also have ... = ([ ¢ z. ((h (snd ) + fst © * real n — (Suc n) * p) / Suc
d(montecarlo p h n @ Qmes D))
by (simp only: diff-divide-distrib[symmetric))
also have ... = ([ ¢ 2. ((h (snd z) — p + (fst z * real n — real n * p)) /
Suc n)? d(montecarlo p h n @ gmes P))
by (simp add: add-diff-add distrib-left mult.commute)
also have ... = ([ ¢ z. (1 / real (Suc n) * (h (snd z) — p) + n / real (Suc
n) * (fst z — p))? d(montecarlo p h n @ gmes p))
by (auto simp: add-divide-distrib[symmetric] pair-qbs-space mult.commute[of
- real n]) (simp add: right-diff-distrib)
also have ... = ([ ¢ z. (1 / real (Suc n) * (h (snd z) — p))* + (n / real
(Suc n) * (fstx — p))% + 2 « (1 / real (Suc n) x (h (snd ) — w)) * (n / real
(Suc n) * (fst x — ) d(montecarlo p b n @ Qmes P))
by (simp add: power2-sum)
also have ... = ([ o z. 1 / (real (Suc n))? * ((h (snd z) — p))? + (n / real
(Suc m))? * ((fst x — p))? + 2 % (1 / real (Suc n) * (h (snd z) — p)) * (n / real
(Suc n) * (fst z — p)) d(montecarlo p h n @ Qmes P))
by (simp only: power-mult-distrib) (simp add: power2-eg-square)
also have ... = ([ z. 1 / (real (Suc n))* * ((h (snd z) — pu))* + (n /
real (Suc n))? * ((fst z — p))? (montecarlo p hn @ gmes p)) + ([ o = 2 x (1
/ real (Suc n) * (h (snd x) — ) * (n / real (Suc n) = (fst x — u)) d(montecarlo
phn @ qmes 7))
by (rule qbs-integral-add) auto
also have ... = ([ ¢ 2. 1 / (real (Suc n))? = ((h (snd z) — p))? d(montecarlo
phn@qgmes p) + ([ @z (n/ real (Suc n))? = ((fst z — w))? d(montecarlo p
hn @ agmes ) + ([o z 2 % (1 / real (Suc n) % (h (snd z) — p)) * (n / real
(Suc n) * (fst z — p)) d(montecarlo p h n @ Qgmes P))
by (subst gbs-integral-add) auto
also have ... = 1 / (real (Suc n))? x 0% + (n / real (Suc n))? * (¢ / n)
proof —
have 1: ([ ¢ . ((h (snd z) — p))? d(montecarlo p h n @ gmes ) = ([ ¢
5. (h o — )2 Op)
by (subst gbs-integral-indep2[of - Rg - X]) auto
have 2: ([ ¢ z. ((fst z — p))? d(montecarlo p h n @ gmes p)) = (J @ ¥-
(y — w)? dmontecarlo p h n)
by (subst gbs-integral-indepl[of - Rg - X]) auto
have 3: ([ g z. 2 * (1 / real (Suc n) * (h (snd z) — p)) * (n / real (Suc
n) * (fst x — p)) O(montecarlo p h n Q gmes p)) = 0 (is 7l = -)
by (subst gbs-integral-indep-mult2|of - Rg - X])
(auto simp: gbs-integral-diff [OF montecarlo-integrable(1)[OF assms(1—4)]
qbs-integrable-const[of - Rg]] qbs-integral-const-problof - Rg] ih)
show ?thesis
unfolding 3 by(simp add: 1 2 ih assms(7))

n)?

qed

also have ... = 1 / (real (Suc n))? x 0% + real n / (real (Suc n))? * o>
by (auto simp: power2-eq-square)

also have ... = (1 + real n) * 02 / (real (Suc n))?

by (simp add: add-divide-distrib ring-class.ring-distribs(2))
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also have ... = 02 / real (Suc n)
by (auto simp: power2-eq-square)
finally show ?thesis .
qed
ultimately show ?e (Suc n) A v (Suc n)
by blast
qed(simp add: assms(6,7) qbs-integral-bind-return|where Y=X OF qbs-space-monadPM]
bind-gbs-returnjwhere Y=Rg| comp-def)
thus %e n %v n by simp-all
qged
have ?P < ([ ¢ z. (z — p)? Omontecarlo p h n) / €
unfolding exp[symmetric] by (rule Chebyshev-inequality-qbs-problof montecarlo
p h n gbs-borel Az. z]) (auto simp: power2-eq-square e)
also have ... = 02 / (real n * €2)
by (simp add: var)
finally show ?thesis .
qed

end

5.2 Query

theory Query
imports Monad-QuasiBorel
begin

declare [[coercion qbs-1]]

abbreviation gbs-real :: real quasi-borel (Rg) where Rg = ¢bs-borel
abbreviation gbs-ennreal :: ennreal quasi-borel (Rg>o) where Rg>o = gbs-borel
abbreviation g¢bs-nat :: nat quasi-borel (Ng) where Ng = gbs-count-space
UNIV

abbreviation g¢bs-bool :: bool quasi-borel (Bg) where By = count-spaceg
UNIV

definition query :: ['a qbs-measure, 'a = ennreal] = ’a gbs-measure where
query = (As f. normalize-qbs (density-qbs s f))

lemma query-gbs-morphism[qbs]: query € monadM-qgbs X —¢ (X =¢ gbs-borel)
=g monadM-gbs X

by (simp add: query-def)
definition condition = (As P. query s (Az. if P x then 1 else 0))
lemma condition-gbs-morphism[qbs]: condition € monadM-qbs X =¢q (X =¢ Bg)
=g monadM-gbs X

by (simp add: condition-def)

lemma condition-morphismP:
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assumes Az. x € gbs-space X = P(y in ¢bs-l (sx). Pz y) # 0
and [gbs]: s € X —¢g monadP-gbs Y P € X —¢ Y = ¢bs-count-space UNIV
shows (Az. condition (s z) (P z)) € X —¢ monadP-gbs Y
proof(rule gbs-morphism-cong’[where f=\z. normalize-qbs (density-qbs (s x) (indicator
{y€qbs-space Y. P z y}))])
fix z
assume z[gbs]:x € gbs-space X
have density-qgbs (s z) (indicator {y € gbs-space Y. P x y}) = density-qbs (s z)
(Ay. if Pz y then 1 else 0)
by (auto intro!l: density-gbs-cong| OF gbs-space-monadPM[OF gbs-morphism-space[OF
assms(2) )] indicator-qgbs-morphism”’)
thus normalize-qbs (density-gbs (s x) (indicator {y € gbs-space Y. P x y})) =
condition (s z) (P x)
unfolding condition-def query-def by simp
next
show (A\z. normalize-qbs (density-qbs (s x) (indicator {y € qbs-space Y. Pz y})))
€ X =g monadP-qbs Y
proof(rule normalize-gbs-morphismP|of Az. density-gbs (s z) (indicator {y €
gbs-space Y. P z y})])
show (Az. density-qbs (s =) (indicator {y € qbs-space Y. P z y})) € X —¢g
monadM-qbs Y
using gbs-morphism-monadPD][OF assms(2)] by simp
next
fix
assume z:z € gbs-space X
show emeasure (qbs-l (density-gbs (s x) (indicator {y € gbs-space Y. P z y})))
(gbs-space Y) #£ 0
emeasure (qbs-l (density-qbs (s x) (indicator {y € qbs-space Y. P x y})))
(gbs-space Y) # oo
using assms(1)[OF z] gbs-I-monadP-lel[OF gbs-morphism-space|OF assms(2)

z]
by(auto simp add: gbs-l-density-gbs-indicator[OF gbs-space-monadPM[OF
gbs-morphism-space]|OF assms(2) z]] gbs-morphism-space]OF assms(3) z]] mea-
sure-def space-qbs-l-in| OF qbs-space-monadPM[OF gbs-morphism-space| OF assms(2)
z]]])
qed
qed

lemma query-Bayes:
assumes [¢bs|: s € gbs-space (monadP-qbs X) gbs-pred X P qbs-pred X Q
shows P(z in condition s P. Q ) = P(zins. Qx| P x) (is ?lhs = ?pq)
proof —
have X: gbs-space X # {}
using assms(1) by(simp only: monadP-qbs-empty-iff[of X]) blast
note s[gbs| = gbs-space-monadPM[OF assms(1)]
have density-eq: density-gbs s (\x. if P x then 1 else 0) = density-qbs s (indicator
{z€qbs-space X. P x})
by (auto introl: density-gbs-cong|of - X| indicator-gbs-morphism'’)
consider emeasure (qbs-l (density-qgbs s (Ax. if P z then 1 else 0))) (qbs-space
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X) = 0 | emeasure (gbs-l (density-gbs s (Az. if P x then 1 else 0))) (qbs-space X)
# 0 by auto
then show ?thesis
proof cases
case ]
have 2:normalize-qbs (density-qbs s (A\z. if Pz then 1 else 0)) = gbs-null-measure
X
by (rule normalize-qbs0) (auto simp: 1)
have P(w in gbs-l s. P w) = measure (gbs-l (density-gbs s (Ax. if P x then 1
else 0))) (gbs-space X)
by (simp add: space-qbs-I-in| OF s| measure-def density-eq gbs-I-density-gbs-indicator|OF
s)
also have ... = 0
by (simp add: measure-def 1)
finally show ?thesis
by (auto simp: condition-def query-def cond-prob-def 2 1 gbs-null-measure-null-measure[ OF
X))
next
case I[simp]:2
from rep-gbs-space-monadP[OF assms(1)]
obtain o u where hs: s = [X, @, p]meas qbs-prob X a u by auto
then interpret ¢p: gbs-prob X a pu by simp
have [measurable]: Measurable.pred (gbs-to-measure X) P Measurable.pred (gbs-to-measure
X) Q
using assms(2,3) by(simp-all add: lr-adjunction-correspondence)
have 2[simpl]: emeasure (qbs-l (density-gbs s (A\z. if P x then 1 else 0)))
(gbs-space X) £ T
by(simp add: hs(1) gp.density-qbs gbs-meas.qbs-l[OF qp.density-qbs-meas]
emeasure-distr emeasure-distr[where N=qbs-to-measure X,0F - sets.top,simplified
space-L| emeasure-density,rule order.strict-implies-not-eq[ OF order.strict-trans1 [OF
gp.nn-integral-le-const|of 1] ennreal-one-less-top]]) auto
have 3: measure (gbs-1 (density-gbs s (\z. if P x then 1 else 0))) (gbs-space X)
> 0
using 2 emeasure-eq-ennreal-measure zero-less-measure-iff by fastforce
have query s (Az. if P x then 1 else 0) = density-qgbs (density-qbs s (Az. if P x
then 1 else 0)) (Az. 1 / emeasure (qbs-l (density-qbs s (Az. if P x then I else 0)))
(qbs-space X))
unfolding query-def by (rule normalize-qbs) auto
also have ... = density-gbs s (A\z. (if P z then 1 else 0) * (1 / emeasure (gbs-1
(density-qbs s (Az. if P x then 1 else 0))) (gbs-space X)))
by (simp add: density-qbs-density-qbs-eq| OF gbs-space-monadPM[OF assms(1)]])
finally have query:query s (\z. if P x then 1 else 0) = ... .
have ?lhs = measure (density (gbs-l s) (Az. (if P = then 1 else 0) = (1 /
emeasure (qbs-1 (density-qgbs s (Ax. if P z then 1 else 0))) (qbs-space X)))) {z €
space (gbs-ls). @ z}
by (simp add: condition-def query qbs-l-density-qbs|OF qbs-space-monadPM|[OF
assms(1)]])
also have ... = measure (density p (Az. (if P (o ) then 1 else 0) * (1 /
emeasure (gbs-l (density-qbs s (\x. if P x then 1 else 0))) (gbs-space X)))) {y. a y
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€ space (gbs-to-measure X) A Q (o y)}
by (simp add: hs(1) gp.qbs-l density-distr measure-def emeasure-distr)
also have ... = measure (density p (Ax. indicator {r. P (ar)} z x (1 / emeasure
(qbs-1 (density-qbs s (Az. if P x then 1 else 0))) (gbs-space X)))) {y. Q (« y)}
proof —
have [simp]:(if P (« 1) then 1 else 0) = indicator {r. P (a r)} r for r

by auto
thus %thesis by (simp add: space-L)
qed
also have ... = enn2real (1 / emeasure (qbs-l (density-gbs s (\x. if P x then 1
else 0))) (gbs-space X)) * measure p {r. P (a 7) A @ (o 1)}
proof —

have n-inf: 1 / emeasure (qbs-l (density-gbs s (Az. if P x then 1 else 0)))
(gbs-space X) # oo
using 1 by(auto simp: ennreal-divide-eg-top-iff)
show ?thesis
by(simp add: measure-density-times[OF - - n-inf] Collect-conj-eq)
qed

also have ... = (1 / measure (qbs-l (density-gbs s (A\x. if P x then 1 else 0)))
(gbs-space X)) x gp.prob {r. P (a v) A Q (a 1)}
proof —

have 1 / emeasure (qbs-1 (density-qbs s (Ax. if Pz then 1 else 0))) (gbs-space X)
= ennreal (1 / measure (gbs-l (density-qbs s (Ax. if P x then 1 else 0))) (qbs-space
X))

by (auto simp add: emeasure-eq-ennreal-measure| OF 2] ennreal-1[symmetric]
simp del: ennreal-1 introl: divide-ennreal) (simp-all add: 3)
thus ?thesis by simp
qged also have ... = 7pq
proof —
have gp:P(zins. Qx A Pz) = gp.prob {r. P (a ) A Q (o 1)}
by (auto simp: hs(1) gp.qbs-l measure-def emeasure-distr, simp add: space-L)
meson
note sets = sets-qbs-1[OF gbs-space-monadPM[OF assms(1)],measurable-cong]
have [simp]: density (gbs-l s) (Az. if P x then 1 else 0) = density (gbs-1 s)
(indicator {z€space (gbs-to-measure X). P x})
by (auto introl: density-cong) (auto simp: indicator-def space-L sets-eq-imp-space-eq| OF
sets])
have p: P(z in s. P x) = measure (gbs-l (density-gbs s (Az. if P z then 1 else
0))) (gbs-space X)
by (auto simp: qbs-lI-density-qbs|OF qbs-space-monadPM[OF assms(1),qbs]])
(auto simp: measure-restricted|of {x € space (gbs-to-measure X). P x} gbs-l s,simplified
sets, OF - sets.top,simplified,simplified space-L] space-L sets-eq-imp-space-eq| OF sets])
thus ?thesis
by (simp add: gp p cond-prob-def)
qed
finally show ?thesis .
qed
qed
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lemma q¢bs-pmf-cond-pmf:
fixes p :: ‘a :: countable pmf
assumes set-pmf p N {z. Pz} # {}
shows condition (gbs-pmf p) P = gbs-pmf (cond-pmf p {x. P x})
proof (rule inj-onD[OF qbs-l-inj|of count-space UNIV]])
note count-space-count-space-qbs-morphism|of P,qbs]
show g1:condition (gbs-pmf p) P € gbs-space (monadM-qbs (count-spaceqg UNIV))
qbs-pmf (cond-pmf p {z. P z}) € gbs-space (monadM-qbs (count-spaceq UNIV))
by auto
show qbs-1 (condition (gbs-pmf p) P) = qbs-l (¢gbs-pmf (cond-pmf p {z. P z}))
proof (safe introl: measure-eqI-countable)
fix a
have condition (gbs-pmf p) P = normalize-gbs (density-qbs (qgbs-pmf p) (Az. if
P x then 1 else 0))
by (auto simp: condition-def query-def)
also have ... = density-qbs (density-qbs (gbs-pmf p) (Ax. if P x then 1 else
0)) (Az. 1 / emeasure (gbs-l (density-qbs (gbs-pmf p) (Az. if P x then 1 else 0)))
(gbs-space (count-spaceq UNIV)))
proof —
have 1:([* z. ennreal (pmf p x) * (if Pz then 1 else 0) dcount-space UNIV)
= ([ * ze{z. P z}. ennreal (pmf p z) dcount-space UNIV)
by (auto intro!: nn-integral-cong)
have ... > 0
using assms(1) by(force introl: nn-integral-less[of Az. 0,simplified] simp:
AE-count-space set-pmf-eq’ indicator-def)
hence 2:([ Tze{z. P z}. ennreal (pmf p x) dcount-space UNIV) # 0
by auto
have 3:([ * z€{z. P z}. ennreal (pmf p z) Ocount-space UNIV) # T
proof —
have ([t z€{z. P z}. ennreal (pmf p z) dcount-space UNIV) < ([ .
ennreal (pmf p x) Ocount-space UNIV')
by (auto intro!: nn-integral-mono simp: indicator-def)
also have ... = 1
by (simp add: nn-integral-pmf-eq-1)
finally show ?thesis
using ennreal-one-neg-top neq-top-trans by fastforce
qed
show ?thesis
by (rule normalize-qbs) (auto simp: qbs-l-density-gbs|of - count-space UNIV|
emeasure-density nn-integral-measure-pmf 1 2 3)
qed
also have ... = density-gbs (qgbs-pmf p) (Az. (if P z then 1 else 0) = (1 / ([ *
x. ennreal (pmf p x) * (if Pz then 1 else 0) Ocount-space UNIV)))
by (simp add: density-qbs-density-gbs-eq[of - count-space UNIV| gbs-I-density-qbs[of
- count-space UNIV] emeasure-density nn-integral-measure-pmf)

also have ... = density-gbs (gbs-pmf p) (Az. (if P = then 1 else 0) = (1 /
(emeasure (measure-pmf p) (Collect P))))
proof —

have [simp]: ([T z. ennreal (pmf p x) = (if P x then 1 else 0) Ocount-space
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UNIV) = emeasure (measure-pmf p) (Collect P) (is ?l = ?r)
proof —
have 2l = ([ * z. ennreal (pmf p z) = (if P z then 1 else 0) dcount-space
{z. P z})
by(rule nn-integral-count-space-eq) auto
also have ... = ?r
by (auto simp: nn-integral-pmf[symmetric] introl: nn-integral-cong)
finally show ?thesis .
qed
show ?thesis by simp
qed
finally show emeasure (gbs-l (condition (gbs-pmf p) P)) {a} = emeasure (gbs-1
(gbs-pmf (cond-pmf p {z. P z}))) {a}
by (simp add: ennreal-divide-times qbs-I-density-qbs[of - count-space UNIV]
emeasure-density cond-pmf.rep-eq|OF assms(1)])
qed(auto simp: sets-gbs-l[OF g1(1)])
qed

5.2.1 twoUs

Example from Section 2 in [3].

definition Uniform = (Aa b::real. uniform-qbs lborel-qbs {a<..<b})

lemma Uniform-gbs[qbs]: Uniform € Rg =¢ Rg =¢ monadM-gbs Rg
unfolding Uniform-def by (rule interval-uniform-gbs)

definition twoUs :: (real X real) gbs-measure where
twoUs = do {

let ul = Uniform 0 1;

let u2 = Uniform 0 1;

let y = ul @ Qmes u2;

condition y (A(z,y). ¢ < 0.5 V y > 0.5)

}

lemma twoUs-gbs: twoUs € monadM-gbs (Rg @ g Rg)
by (simp add: twoUs-def)

interpretation rr: standard-borel-ne borel Q) pr borel :: (real X real) measure
by (simp add: borel-prod)

lemma qbs-I-Uniform[simp]: a < b => g¢bs-l (Uniform a b) = uniform-measure
lborel {a<..<b}
by (simp add: standard-borel-ne.qbs-l-uniform-qbs|of borel lborel-gbs| Uniform-def)

lemma Uniform-qbsP:
assumes [arith]: a < b
shows Uniform a b € monadP-qbs Rg
by (auto simp: monadP-qbs-def sub-gbs-space introl: prob-space-uniform-measure)
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interpretation UniformP-pair: pair-prob-space uniform-measure lborel {0<..<1::real}
uniform-measure lborel {0<..<1::real}

by (auto simp: pair-prob-space-def pair-sigma-finite-def introl: prob-space-imp-sigma-finite
prob-space-uniform-measure)

lemma ¢bs-I-Uniform-pair: a < b => gbs-l (Uniform a b @ qmes Uniform a b)
= uniform-measure lborel {a<..<b} Q ar uniform-measure lborel {a<..<b}

by (auto introl: qbs-lI-qbs-pair-measure|of borel borel] standard-borel-ne.standard-borel
simp: gbs-I-Uniform[symmetric] simp del: qbs-1-Uniform)

lemma Uniform-pair-qbs[qbs|:

assumes a < b

shows Uniform a b @Q gmes Uniform a b € gbs-space (monadP-gbs (Rg @ ¢
Rg))
proof —

note [qbs] = gbs-pair-measure-morphismP Uniform-gbsP[OF assms]

show ?thesis

by simp

qed

lemma twoUs-probl: P(z in Uniform 0 1 @ qmes Uniform 0 1. fst z < 0.5 V snd
2> 0.5) =3/ 4
proof —
have [simp]:{z € space (uniform-measure lborel {0<..<1::real} Q r uniform-measure
lborel {0<..<I:ureal}). fst z % 2 < 1V 1 < sndzx* 2} =UNIV x {1/2<.} U
{.<1/2} x UNIV
by (auto simp: space-pair-measure)
have 1:UniformP-pair.prob (UNIV x {1 / 2<.}) =1/ 2
proof —
have [simp]:{0<..<1} N {1l / 2<.} = {1/2<..<I:real} by auto
thus ?thesis
by (auto simp: UniformP-pair.M1.measure-times)
qed
have 2:UniformP-pair.prob ({.<1 / 2} x UNIV — UNIV x {1 /] 2<..}) =1
/ 4
proof —
have [simp]: {..<1/2:real} x UNIV — UNIV x {1/2:real<..} = {.<1/2}
x {.1/2} {0<.<1} n{.<1/2} = {0<.<1/2:real} {0<.<1} N {..1/2:real}
={0<..1/2}
by auto
show ?thesis
by (auto simp: UniformP-pair.M1.measure-times)
qed
show ?thesis
by (auto simp: qbs-I-Uniform-pair UniformP-pair.P.finite-measure-Union’ 1 2)
qed

lemma twoUs-prob2:P(z in Uniform 0 1 Q) gmes Uniform 0 1. 1/2 < fst z A (fst
z2<1/2Vsndz>1/2)=1]/
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proof —
have [simp|:{z € space (uniform-measure lborel {0<..<1::real} @ nr uniform-measure
lborel {0<..<Iureal}). I < fstzx 2 A (fstzx2<1VI1<sndzx?2)}={1/2<.}
x {1/2<..}
by (auto simp: space-pair-measure)
have [simp]: {0<..<I:real} N {1/2<..} = {1/2<..<1} by auto
show ?thesis
by (auto simp: gbs-I-Uniform-pair UniformP-pair.M1.measure-times)
qed

lemma twoUs-gbs-prob: twoUs € gbs-space (monadP-gbs (Rg @ ¢ Rg))
proof —
have P(z in Uniform 0 1 @ gmes Uniform 0 1. fst z < 0.5 V snd z > 0.5) # 0
unfolding twoUs-probl by simp
note gbs-morphism-space|OF condition-morphismP[of qbs-borel Az. Uniform 0
1 @ Qmes Uniform 0 1 Xz z. fst z < 0.5 V snd z > 0.5 Rg Qg Rg,OF
this],simplified, qbs]
note Uniform-pair-qbs[of 0 1,simplified,qbs]
show ?thesis
by (simp add: twoUs-def split-beta’)
qed

lemma P((z,y) in twolUs. 1/2 <x)=1/3
proof —
have P((z,y) in twoUs. 1/2 < z) = P(zin twoUs. 1/2 < fst z)
by (simp add: split-beta’)
also have ... = P(z in Uniform 0 1 @ gmes Uniform 0 1. 1/2 < fst z | fst z <
0.5V snd z> 0.5)
by (simp add: twoUs-def split-beta’,rule query-Bayes|OF Uniform-pair-qbs[of 0
1,simplified,qbs]]) auto
also have ... = P(z in Uniform 0 1 @ qmes Uniform 0 1. 1/2 < fst z A (fst z
< 1/2V sndz>1/2))/ P(zin Uniform 01 Q gmes Uniform 0 1. fst z < 0.5
Vosnd z > 0.5)
by(simp add: cond-prob-def)
also have ... =1 / 3
by (simp only: twoUs-prob2 twoUs-probl) simp
finally show ?thesis .
qged

5.2.2 Two Dice

Example from Adrian [2, Sect. 2.3].
abbreviation die = gbs-pmf (pmjf-of-set {Suc 0..6})

lemma die-gbs[gbs]: die € monadM-gbs Ng
by simp

definition two-dice :: nat gbs-measure where
two-dice = do {
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let diel = die;

let die2 = die;

let twodice = diel Q) gmes die2;

(z,y) < condition twodice
(M) 5= 4V y = 4):

return-qbs Ng (z + y)

}

lemma two-dice-gbs: two-dice € monadM-gbs Ng
by (simp add: two-dice-def)

lemma prob-die2: P(z in gbs-l (die @ gmes die). P z) = real (card ({z. P z} N
({1..6} x {1..6}))) / 36 (is ?P = ?rhs)
proof —

have ?P = measure-pmf.prob (pair-pmf (pmf-of-set {Suc 0..6}) (pmf-of-set {Suc
0..6})) {z. Pz}

by (auto simp: gbs-pair-pmf)

also have ... = measure-pmf.prob (pair-pmf (pmf-of-set {Suc 0..6}) (pmf-of-set
{Suc 0..6})) ({z. P z} N set-pmf (pair-pmf (pmf-of-set {Suc 0..6}) (pmf-of-set
{Suc 0..6})))

by (rule measure-Int-set-pmf[symmetric])

also have ... = measure-pmf.prob (pair-pmf (pmf-of-set {Suc 0..6}) (pmf-of-set
{Suc 0..6})) ({z. Pz} N ({Suc 0..6} x {Suc 0..6}))
by simp
also have ... = (> ze{z. P z} N ({Suc 0..6} x {Suc 0..6}). pmf (pair-pmf

(pmf-of-set {Suc 0..6}) (pmf-of-set {Suc 0..6})) z)
by (simp add: measure-measure-pmf-finite)
also have ... = (3" ze€{z. Pz} N ({Suc 0..6} x {Suc 0..6}). 1 | 36)
by (rule Finite-Cartesian-Product.sum-cong-auzx) (auto simp: pmf-pair)
also have ... = ?rhs
by auto
finally show ?thesis .
qed

lemma dice-probl: P(z in qbs-l (die Q gmes die). fst z = 4 V snd z = 4) = 11
/ 36
proof —
have 1:Restr {z. fst z = 4 V snd z = 4} {Suc 0..6::nat} = {Suc 0..Suc (Suc
(Suc (Suc (Suc (Suc 0))))} x {Suc (Suc (Suc (Suc 0)))} U {Suc (Suc (Suc (Suc
0)))} x {Suc 0..(Suc (Suc (Suc 0)))} U {Suc (Suc (Suc (Suc 0)))} x {Suc (Suc
(Suc (Suc (Suc 0))))..Suc (Suc (Suc (Suc (Suc (Suc 0)))))}
by fastforce
have card ... = card ({Suc 0..Suc (Suc (Suc (Suc (Suc (Suc 0)))))} x {Suc (Suc
(Suc (Suc 0)))} U {Suc (Suc (Suc (Suc 0)))} x {Suc 0..(Suc (Suc (Suc 0)))}) +
card ({Suc (Suc (Suc (Suc 0)))} x {Suc (Suc (Suc (Suc (Suc 0))))..Suc (Suc (Suc
(Suc (Suc (Suc 0)))})
by (rule card-Un-disjnt) (auto simp: disjnt-def)
also have ... = card ({Suc 0..Suc (Suc (Suc (Suc (Suc (Suc 0)))))} x {Suc (Suc
(Suc (Suc 0)))}) + card ({Suc (Suc (Suc (Suc 0)))} x {Suc 0..(Suc (Suc (Suc
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0)))}) + card ({Suc (Suc (Suc (Suc 0)))} x {Suc (Suc (Suc (Suc (Suc 0))))..Suc
(Suc (Sf'.uc (Suc (Suc (Suc 0)))))})
proof —
have card ({Suc 0..Suc (Suc (Suc (Suc (Suc (Suc 0)))))} x {Suc (Suc (Suc
(Suc 0)))} U {Suc (Suc (Suc (Suc 0)))} x {Suc 0..(Suc (Suc (Suc 0)))}) = card
({Suc 0..Suc (Suc (Suc (Suc (Suc (Suc 0)))))} x {Suc (Suc (Suc (Suc 0)))}) +
card ({Suc (Suc (Suc (Suc 0)))} x {Suc 0..(Suc (Suc (Suc 0)))})
by (rule card-Un-disjnt) (auto simp: disjnt-def)
thus ?thesis by simp
qged
also have ... = 11 by auto
finally show ?thesis
by(auto simp: prob-die2 1)
qed

lemma dice-program-prob:P(x in two-dice. P x) = 2 x (3. ne{5,6,7,9,10}. of-bool
(Pn)/ 11) + of-bool (P 8) / 11 (is ?P = %rp)
proof —
have 0: (Jze{Suc 0..6} x {Suc 0.6} N {(z, y). =4 Vy=4} {fstz + snd
2)) = {5,6,7,8,9,10}
proof safe
show 5 € (|Jze{Suc 0..6} x {Suc 0..6} N {(z, y). x =4 Vy=4} {fstx
+ snd z})
by (auto intro!: bexI[where z=(1,4)])
show 6 € (|Jze{Suc 0..6} x {Suc 0.6} N {(z,y). 2 =4 Vy=4} {fstz+
snd x})
by (auto introl: bexI[where x=(2,4)])
show 7 € (|Jze{Suc 0..6} x {Suc 0.6} N {(z, y). 2 =4 Vy=4} {fstz+
snd z})
by (auto intro!: bexI[where z=(3,4)])
show 8 € (|Jze{Suc 0..6} x {Suc 0.6} N {(z,y). 2 =4 Vy=4} {fstz+
snd x})
by (auto intro!: bexI[where z=(4,4)])
show 9 € (|Jze{Suc 0..6} x {Suc 0.6} N{(z, y). 2 =4 Vy=4} {fstz+
snd x})
by (auto intro!: bexI[where x=(5,4)])
show 10 € (|Jze{Suc 0..6} x {Suc 0.6} N {(x, y). =4 Vy=4} {fstz
+ snd z})
by (auto introl: bexI[where x=(6,4)])
qged auto

have 1:{Suc 0..6} x {Suc 0.6} N {x. fstx =4 V sndz =4} # {}
proof —

have (1,4) € {Suc 0..6} x {Suc 0.6} N {z. fstz =4 V sndz = 4}

by auto

thus ?thesis by blast
qed
hence 2: set-pmf (pair-pmf (pmf-of-set {Suc 0..6}) (pmf-of-set {Suc 0..6})) N

(g o=4vy=41£0)
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by (auto simp: split-beta’)
have ceq:condition (die @Q gmes die) (A(z,y). © = 4 V y = 4) = gbs-pmf
(cond-pmf (pair-pmf (pmf-of-set {Suc 0..6}) (pmf-of-set {Suc 0..6})) {(z,y). =
=4 Vy=4})
by (auto simp: split-beta’ qbs-pair-pmf 1 introl: ¢bs-pmf-cond-pmf)
have two-dice = condition (die Q gmes die) (A(z,y). t =4 V y=4) >= (A(z,y).
return-qbs Ng (z + y))
by (simp add: two-dice-def)
also have ... = gbs-pmf (cond-pmf (pair-pmf (pmf-of-set {Suc 0..6}) (pmf-of-set
{Suc 0..6})) {(z,y). © = 4 V y=4}) >= (Az. ¢bs-pmf (return-pmf (fst z + snd
z)))
by(simp add: ceq) (simp add: qbs-pmf-return-pmf split-beta’)
also have ... = gbs-pmf (cond-pmf (pair-pmf (pmf-of-set {Suc 0..6}) (pmf-of-set
{Suc 0..6})) {(z,y). x = 4 V y =4} >= (Az. return-pmf (fst z + snd 2)))
by (rule qbs-pmf-bind-pmf[symmetric])
finally have two-dice-eq:two-dice = gbs-pmf (cond-pmf (pair-pmf (pmf-of-set
{Suc 0..6}) (pmf-of-set {Suc 0..6})) {(z,y). ¢ = 4 V y = 4} >= (\z. return-pmf
(fst z + snd 2))) .

have 3:measure-pmf.prob (pair-pmf (pmf-of-set {Suc 0..6}) (pmf-of-set {Suc

0.6) {(r,u). =4V y =4} = 11 / 36
using dice-probl by(auto simp: split-beta’ gbs-pair-pmf)

have ?P = measure-pmf.prob (cond-pmf (pair-pmf (pmf-of-set {Suc 0..6})
(pmf-of-set {Suc 0..6})) {(z, v). z = 4 V y = 4} >= (Az. return-pmf (fst z
+ snd 2))) {z. Pz} (is - = measure-pmf.prob ?bind -)

by (simp add: two-dice-eq)

also have ... = measure-pmf.prob ?bind ({z. P z} N set-pmf ?bind)
by (rule measure-Int-set-pmf|[symmetric])
also have ... = sum (pmf ?bind) ({z. P z} N set-pmf ?bind)

by (rule measure-measure-pmf-finite) (auto simp: set-cond-pmf[OF 2])
also have ... = sum (pmf ?bind) ({z. Pz} N {5, 6,7, 8, 9, 10})
by (auto simp: set-cond-pmf[OF 2] 0)
also have ... = (3 ne{n. P n}n{s, 6, 7, 8, 9, 10}. measure-pmf.expectation
(cond-pmf (pair-pmf (pmf-of-set {Suc 0..6}) (pmf-of-set {Suc 0..6})) {(z, y). =
=4 Vy =4} (Ax. indicat-real {n} (fst z + snd z))) (is - = (O_ -€-. mea-
sure-pmf.expectation cond - ))
by (simp add: pmf-bind)
also have ... = (Y2 ne{n. Pn}n{3, 6, 7, 8, 9, 10}. (5 me{(14)(24)(3. 4 (b (546,404, 1),(4:2),
indicat-real {n} (fst m + snd m) % pmf ?cond m))
proof (intro Finite-Cartesian-Product.sum-cong-auz integral-measure-pmf-real)
fix n m
assume h:n € {n. P n}n{5, 6, 7, 8, 9, 10} m € set-pmf ?cond indicat-real
{n} (fst m + snd m) # 0
then have nm:fst m + snd m = n
by (auto simp: indicator-def)
have m: fst m # 0 snd m # 0 fst m = 4 V snd m = j
using h(2) by(auto simp: set-cond-pmf[OF 2])
show m € {(1, 4), (2, 4), (3, 4), (hd), (5, 4), (6, 4), (4 1), (4, 2), (4, 9),
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(4, 5), (4, 6)}
using h(1) nm m by(auto, metis prod.collapse)+
qed simp
also have ... = (Z ne{n' P'fl}ﬂ{5, 67 77 87 97 10} (Z me{(Z74)7(274)7(374)7(474)7(574)7(674>7(4a1>7(4a2>7
indicat-real {n} (fst m + snd m) = 1 / 11))
proof (rule Finite-Cartesian-Product.sum-cong-auz|OF Finite-Cartesian-Product.sum-cong-auz))
fix n m
assume hin € {n. Pn}1{5, 6,7, 8, 9, 10} m € {(1,4),(24),(3:4),(44):(5.4),(6.4), (45 1),(4:2), (4,94
have pmf ?cond m = 1 / 11
using h(2) by(auto simp add: pmf-cond[OF 2] 3 pmf-pair)
thus indicat-real {n} (fst m + snd m) * pmf ?cond m = indicat-real {n} (fst
m+ sndm) x 1/ 11
by simp
qed
also have ... = 7rp
by fastforce
finally show ?thesis .
qed

corollary
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P(z in two-dice.
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unfolding dice-program-prob by simp-all

5.2.3 Gaussian Mean Learning

Example from Sato et al. Section 8. 2 in [3].

definition Gauss = (A\u 0. density-gbs lborelg (normal-density p o))

lemma Gauss-gbs[qbs]: Gauss € Rg =¢ Rg =¢ monadM-gbs Rg
by(simp add: Gauss-def)

primrec GaussLearn' : [real, real gbs-measure, real list]
= real gbs-measure where
GaussLearn’ - p [| = p
| GaussLearn’ o p (y#ls) = query (GaussLearn’ o p ls)
(normal-density y o)

lemma GaussLearn’-qbs[qbs]: GaussLearn’ € Rg =g monadM-gbs Rg = ¢ list-gbs
Rg =¢ monadM-gbs Rq
by (simp add: GaussLearn’-def)

context
fixes o :: real
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assumes [arith]: o > 0
begin

abbreviation GaussLearn = GaussLearn’ o

lemma GaussLearn-qbs[qbs]: GaussLearn € gbs-space (monadM-qbs Rg =¢ list-qbs
Rg =¢ monadM-gbs Rg)
by simp

definition Total :: real list = real where Total = (Al. foldr (+) 1 0)

lemma Total-simp: Total [| = 0 Total (y#ls) = y + Total s
by (simp-all add: Total-def)

lemma Total-qbs[qbs]: Total € list-gbs Rg —¢ Rg
by(simp add: Total-def)

lemma GaussLearn-Total:
assumes [arith]: £ > 0 n = length L
shows GaussLearn (Gauss § £) L = Gauss ((Total Lx£2+6x0?) /(nx&2+0?)) (sqrt
((§%+0?)/(nx2+0%)))
using assms(2)
proof (induction L arbitrary: n)
case Nil
then show “case
by(simp add: Total-def)
next
case ih:(Cons a L)
then obtain n’ where n”:n = Suc n’ n’ = length L
by auto
have 1:£% % 02 / (real n' x €2 + 02) > 0
by (auto intro!: divide-pos-pos add-nonneg-pos)
have sigma:(sqrt (€2 x 0% / (real n' * €2 + 02)) x o / sqrt (€% % 02 / (real n' *
£ +0%) + %) = (sqrt (€% 0 [ (real n & + 02))
proof (rule power2-eq-imp-eq)
show (sqrt (£2 x 02 / (real n' * €2 + 02)) x o | sqrt (£2 x 02 / (real n’ * €2
+ 02) + 02))2 = (sqrt (€2 02 ] (real n * €2 + 02)))? (is ?lhs = ?rhs)
proof —
have ?lhs = (€2 % 02 / (real n' x €2 + 02)) x (02 | (€% * 02 / (real n' x &>
+0%) + %))
by (simp add: power-divide power-mult-distrib)
also have ... = €2 x 02 / (real n’ x €2 + 02) * (02 / (€2 / (real n' x €% +
o?) + 1) * %))
by (simp add: distrib-left mult.commute)
also have ... = €2 x 02 / (real n' * €2 + 0%) x (1 / (€2 / (real n' * €2 + o?)
+ 1)
by simp
also have ... = 2 x 02 / (real n' x €2 + 02) * (1 / (€2 + (real n’ x €2 +
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0?)) / (real n’ % € + %))
by (simp only: add-divide-distriblof £2]) auto

also have ... = €2 x 02 / (real n' x €% + 02) * ((real n' x €% + 02) / (&% +
(real n' * €2 + 0?)))
by simp
also have ... = £2 x 02 / (€2 + (real n' x €2 + 0?))
using 1 by force
also have ... = ?rhs

by (simp add: n'(1) distrib-right)
finally show ?thesis .
qed
qed simp-all
have mu: ((Total L x €2 + § x 02) x 02 / (real n’ * €2 + 0%) + a * (€2 x 02) /
(real n' * €2 + 02)) / (€2 x 0% | (real n' * €2 + 0?) + 0%) = ((a + Total L) x &2
+ 6 % 0?) / (real n x €2 + o?) (is ?lhs = ?rhs)
proof —
have ?lhs = (((Total L * €2 + § % 02) x 02 + a * (€2 x 0?))/ (real n' * £ +
a2)) ) (€% % 02 / (real n' x €2 + 02) + 0?)
by (simp add: add-divide-distrib)
also have ... = (((Total L * €2 + § * 02) + a x £2) x 02 / (real n' x €% + 0?))
/ (&2 % 02 / (real n' * €2 + 02) + o?)
by (simp add: distrib-left mult.commute)
also have ... = (((Total L * €2 4+ § * 02) + a * £2) x 02 / (real n' x €2 + 0?))
/ ((€%2 % 02 + (real n' * €2 + 02) % 02) / (real n' x €2 + 02))
by (simp add: add-divide-distrib)
also have ... = (((Total L x €2 + & * %) + a * £2) x 02) | (€2 * 0% + (real
n' * &2 + o?) x 0?)
using 1 by auto
also have ... = (((Total L * €2 + § x 02) + a * €2) x 02) / (€% + (real n’ *
£ + 0?)) x 0?)
by (simp only: distrib-right)

also have ... = ((Total L * €2 + 6 * 02) + a * £2) / (€2 + (real n' x €2 + 0?))
by simp

also have ... = ((Total L * 2 + § x %) + a x £2) / (real n * €2 + 0?)
by (simp add: n'(1) distrib-right)

also have ... = ?rhs

by (simp add: distrib-right)
finally show ?%thesis .
qed
show ?case
by (simp add: ih(1)[OF n'(2)]) (simp add: query-def gbs-normal-posterior|OF
real-sqrt-gt-zero| OF 1]] Gauss-def Total-simp sigma mu)
qged

lemma GaussLearn-KL-divergence-lem1:
fixes a :: real
assumes [arith]: a > 0b > 0c>0d > 0

shows (An. In (bx (n*xd+¢)) / (d*x(nxb+ a))) —— 0
proof —
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have (An:nat. In ( (b (Sucn xd+ ¢)) / (d* (Sucn* b+ a))) = (An ln(
(bx(d+ c/ Sucn))/ (dx(b+ a/ Sucn))))
proof
fix n
show In (b * (real (Suc n) *x d + ¢) / (d % (real (Suc n) * b + a))) = In (b *
(d + ¢/ real (Sucn)) / (d = (b+ a/ real (Sucn)))) (is In ¢l = In ?r)
proof —
have 9l = b x (d + ¢ / real (Suc n)) / (d * (b + a / real (Suc n))) * (Suc n
/ Suc n)
unfolding times-divide-times-eq distrib-left distrib-right by (simp add:
mult.assoc mult.commute)

also have ... = ?r by simp
finally show ?thesis by simp
qed
qed

also have ... —— 0
apply (rule tendsto-eg-intros(33)[of - 1])
apply(rule Topological-Spaces.tendsto-eq-intros(25)[of - b d - - b * d,OF LIM-
SEQ-Suc|OF Topological-Spaces.tendsto-eg-intros(18)[of - b - - d]] LIMSEQ-Suc[OF
Topological-Spaces.tendsto-eg-intros(18)[of - d - - b]]])
apply (intro Topological-Spaces.tendsto-eg-intros | auto)+
done
finally show ?thesis
by (rule LIMSEQ-imp-Suc)
qed

lemma GaussLearn-KL-divergence-lem1’:
fixes b :: real
assumes [arith]: b > 0d > 0s > 0
shows (An. In (sqrt (b*> x s2 / (real n * b> + s%)) / sqrt (d® x s* / (real n * d?
+ 5%))) —— 0 (is of —— 0)
proof —
have ?f = (An. In (sqrt (0% x (n * d®> + s?))/ (d? * (n * b? + s?)))))
by (simp add: real-sqrt-divide real-sqrt-mult mult.commute)
also have ... = (An. In (b2 * (n * d* + s%) / (d*® * (n * b2 + §2)))) / 2)
by (standard, rule In-sqrt) (auto intro!: divide-pos-pos mult-pos-pos add-nonneg-pos)
also have ... —— 0
using GaussLearn-KL-divergence-lem1 by auto
finally show ?thesis .
qed

lemma GaussLearn-KL-divergence-lem2:

fixes s :: real

assumes [arith]: s > 0b> 0d > 0

shows (An. ((d*s) /(nxd+59)/(2x((bxs)/(nxb+5s)) —— 1/ 2
proof —

have (An:nat. ((d x s) / (Sucn xd+ 5)) /(2 % ((bxs)/ (Sucn b+ 3)))
=An.(dxb+d=*xs/Sucn)/ (2*xbxd+ 2%bxs/ Sucn))

proof
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fix n
show d * s / (real (Suc n) x d + s) /(2 % (bx*s/ (real (Sucn) * b+ s))) =
(dxb+dx*xs/real (Sucn))/ (2xb*xd+ 2x%bxs/ real (Sucn)) (is
2r)
proof —
have 2l = d x (Sucn « b+ s) / ((2 % b) % (Sucn *d+ s))
by (simp add: divide-divide-times-eq)
also have ... = d x (b+ s/ Sucn) / ((2 * b) x (d + s / Suc n)) * (Sucn /
Suc n)
proof —
have 1:(2 % b % d * real (Suc n) + 2 % b * (s / real (Suc n)) * real (Suc
n))= (2 *x b) x (Suc n x d + s)
unfolding distrib-left distrib-right by (simp add: mult.assoc mult.commute)
show ?thesis
unfolding times-divide-times-eq distrib-left distrib-right 1
by (simp add: mult.assoc mult.commute)
qed
also have ... = ?r
by (auto simp: distrib-right distrib-left mult.commute)
finally show ?thesis .
qed
qed
also have ... —— 1 / 2
by (rule Topological-Spaces.tendsto-eq-intros(25)[of - d * b - - 2 x b *x d,OF
LIMSEQ-Suc LIMSEQ-Suc]) (intro Topological-Spaces.tendsto-eq-intros | auto)+
finally show ?thesis
by (rule LIMSEQ-imp-Suc)
qed

lemma GaussLearn-KL-divergence-lem2":

fixes s :: real

assumes [arith]: s > 0b > 0d > 0

shows (An. ((d™2xs2)/(n*xd24+52)/(2x(b72xs2)/(nxb"2+
s2)—1/2) —— 0

using GaussLearn-KL-divergence-lem2[of s™2 b™2 d"2]

by (rule LIM-zero) auto

lemma GaussLearn-KL-divergence-lem3:

fixesabcds KL : real

assumes [arith]: b > 0d > 0s > 0

shows (K xd+cx*xs)/(nxd+s)—(Lxb+axs)/(nxb+3)2/(2
x (bxs)/(nxb+39))=((((K—-—L)xd*bxrealn+ c*s*bxrealn+
Kxd*s+c+sxs) —axsxdxrealn — Lxbxs—axsxs)?/(dx*dx
bx (real n x real n * real n) + s x s x b x real n + 2 * d x s x b * (real n * real
n)+dxdx (realnxrealn) x s+ sxsxs+ 2xdx*xsxsx*xrealn))) /(2 x* (b
x 5)) (is ?lhs = ?rhs)
proof —

have O:realn * d + s> Orealn * b+ s> 0

by (auto introl: add-nonneg-pos)
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hence 1:realn x d + s # O real n * b + s # 0 by simp-all
have %lhs = (K« d+cxs)x(nxb+s)— (Lxb+ax*xs)*x(nxd+s))
J((nxd+s)xnxb+8))2/ (2% (bxs/(n*b+s))

unfolding diff-frac-eq|OF 1] by simp
alsohave ... = (K d+cx*xs)x(nxb+5s) —(Lxb+axs)*(n=xd-+
N2/ (nxd+3s)2x(nxb+s))) /(2% (bx*s))

by (auto simp: power2-eq-square)
alsohave ... = (K« d*x(nxbd) + cxs*x(nxbd) + Kxdxs+ cx*xsxs)
—((Lxbx(nxd) +axsx(nxd) +Lxbxs+axsxs))))?/(nx*d72x*
(nxb)+s2x(nxb)+ 2+ (nxd)xsx(nxb)+(nxd) 2xs+52xs+
2x(nxd)xsxs)))/(2x*(bxs))

by (simp add: power2-sum distrib-left distrib-right is-num-normalize(1))
also have ... = (K« dxbxrealn +c*xsxbxrealn + K+xdxs+ cx*s
x8) —((Lxbxdxrealn +axs*xdxrealn+ Lxbxs—+ax*sxs)))?/(d
x d % bx (real n *x real n x real n) + s x s * b xreal n + 2 x d x s *x b * (real n *
real n) + d x d x (real n x realn) * s + s*x s* s+ 2 x dx s*x s * real n))) / (2
* (b * s))

by (simp add: mult.commute mult.left-commute power2-eq-square)
also have ... = (((K — L)« dxbxrealn + cx sx bxrealn + K * d x s
+cxs*s)—((axsxdxrealn+ L*xbxs+axsx*s)))?/(dx*dxbx
(real n x real n * real n) + s x s* bx realn + 2 x d * s * b x (real n * real n) +
dxdx* (realm xrealn) x s+ sxs*xs+ 2% dxsx*sxrealn))) /(2 x(bxs))
proof —

have I:K x dx bxrealn + cx sxbsxrealn + K xd*x s+ c*xs*xs— (L
xbxdxrealn+axsxdxrealn+ Lxbxs+ axsxs)=(K—L)xd=xb
xrealmn + cxsxbxrealn + Kxdxs+ cxs*s— (axs*xdx*realn+ L x*
bxs+ ax*xsx*s)

by (simp add: left-diff-distrib)

show ?thesis

unfolding 1 ..
qed
also have ... = ?rhs

by (simp add: diff-diff-eq)
finally show ?thesis .
qed

lemma GaussLearn-KL-divergence-lem4 :

fixesabcds KL :: real

assumes [arith]: b > 0d > 0s > 0

shows (An. (Jec * s x b x real n| + |K * (real n) = d * s| + |c * s * s| + |a * s *
d * real n| + |L * (real n) * b x s| + |a * s * s|)2 / (d x d * b * (real n x real n
xrealn) + sxsxbxrealn + 2 x dxs*bx (realn * real n) + d x d * (real
nxrealn) * s+ sxs*xs+ 2xdxs*sxrealn) /(2% (bxs)) —— 0 (is
(An. ?fn) —— 0)

proof —
have t1: (An. = / (real n x real n)) —— 0 for z
proof —
have (An. z / (real n * real n)) = (An. = / (real n) * (1 / real n))
by simp
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also have ... —— 0
by (intro Topological-Spaces.tendsto-eq-intros | auto)+
finally show ?thesis .
qed
have t/: (An. z / (real n * real n * real n)) —— 0 for x
proof —
have (An. x / (real n * real n x real n)) = (An. x / (real n) * (1 / real n) * (1
/ real n))
by simp
also have ... —— 0
by (intro Topological-Spaces.tendsto-eq-intros | auto)+
finally show ?thesis .
qed
have t2[tendsto-intros]: (An. = / (sqrt n)) —— 0 for z
by (rule power-tendsto-0-iff [of 2,THEN iffD1],simp-all add: power2-eg-square)
(intro Topological-Spaces.tendsto-eg-intros | auto)+
have t3: (An. z / (sqrt n * real n)) —— 0 for z
proof —
have (An. z / (sqgrt n % real n)) = (An. z / sqgrt n * (1 / n)) by simp
also have ... —— 0
by (intro Topological-Spaces.tendsto-eg-intros | auto)+
finally show ?%thesis .
qed

have (An. 2f (Suc n)) = (An. ((|(¢ * s x b) / sqrt (real (Suc n))| + |(K * d *
s) / sqrt (real (Suc n))| + |(c * s % s) / (sqrt (Suc n) x real (Suc n))| + |(a * s *
d) / sqrt (real (Suc n))]

= =

)+ |(L*bxs)/ sqrt (real (Suc n))| + |(a x sxs) / (sqrt
(Suc n) * real (Suc n))|)? / ((d * d x b+ (s* s * b) / (real (Suc n) x real (Suc
n)) + (2 xdx*sx*b)/ real (Sucn) + (d *dxs)/ real (Sucn) + (s * s x s)
/ (real (Suc n) * real (S n) * real (Suc n)) + (2 x d * s x ) / (real (Suc n) *
real (Suc n))))) / (2 % (b * s))) (is - = (An. 29 (Suc n)))
proof
fix n
show ?f (Suc n) = %9 (Suc n) (is ?lhs = %rhs)
proof —
have ?lhs = (|c * s % b * real (Suc n)| + |K * d * s * real (Suc n)| + |c * s
x 8| + |a x s x d* real (Suc n)| + |L * b * s * real (Suc n)| + |a x s x s))2 / (d
* d * b x (real (Suc n) * real (Suc n) * real (Suc n)) + s * s * b * real (Suc n) +
2% dxsxbx (real (Suc n) * real (Suc n)) + d % d * (real (Suc n) * real (Suc
n))*s+sxsxs+ 2x%dx*sxsx*real (Sucn)) /(2% (bxs))
proof —
have 1:K x real (Suc n) x d * s = K % d % s * real (Suc n) L * real (Suc
n)x bxs=Lxbxsx*real (Sucn)
by auto
show ?thesis
unfolding 1 .
qed
also have ... = ((Jc * s x b / sqrt (real (Suc n))| + |K * d x s / sqrt (real
(Suc n))| + |(c * s x s) / (sqrt (Suc n) * real (Suc n))| + |a * s x d / sqrt (real

= =
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(Suc n))| + |L * b s/ sqrt (real (Suc n))| + |(a * s x s) / (sqrt (Suc n) * real
(Suc n))|) * (sqrt (Suc n) * real (Suc n)) )? / (d x d * b * (real (Suc n) * real
(Suc n) * real (Suc n)) + s * s % b x real (Suc n) + 2 * d * s * b * (real (Suc n)
x real (Suc n)) + d * d * (real (Suc n) * real (Suc n)) x s+ s*s* s+ 2 % d *
s * s % real (Suc n)) / (2 * (b *s))
by (simp add: distrib-right left-diff-distrib mult.assoc[symmetric] abs-mult|of
- real (Suc n)] del: of-nat-Suc)
also have ... = ((|Jc * s x b / sqrt (real (Suc n))| + |K * d x s / sqrt (real
(Suc n))| + |(c * s * s) / (sqrt (Suc n) * real (Suc n))| + |a * s * d / sqrt (real
(Suc n))| + |L % b= s/ sqrt (real (Suc n))| + |(a * s % s) / (sqrt (Suc n) * real
(Suc n))]) 72 * (real (Suc n) * real (Suc n) * real (Suc n))) / (d = d * b * (real
(Suc n) x real (Suc n) * real (Suc n)) + s* s b x real (Sucn) + 2 xdxsxb
* (real (Suc n) * real (Suc n)) + d * d * (real (Suc n) * real (Suc n)) * s + s * s
x s+ 2% dx*sxsx*real (Sucn)) /(2% (bx*s))
by (simp add: power2-eq-square)
also have ... = ((Jc * s x b / sqrt (real (Suc n))| + |K * d x s / sqrt (real
(Suc n))| + |(c * s x s) / (sqrt (Suc n) * real (Suc n))| + |a * s x d / sqrt (real
(Suc n))| + |L * b s/ sqrt (real (Suc n))| + |(a * s x s) / (sqrt (Suc n) * real
(Suc n))))72 / ((d = d * b * (real (Suc n) * real (Suc n) x real (Suc n)) + s * s
x b x real (Sucn) + 2 x d x s* bx (real (Suc n) * real (Suc n)) + d * d * (real
(Suc n) * real (Sucn)) x s+ s*x s*x s+ 2 % d* sx*sx*real (Sucn)) / (real (Suc
n) * real (Suc n) * real (Suc n)))) / (2 * (b x s))
by simp
also have ... = ?rhs
by (simp add: add-divide-distrib)
finally show ?thesis .
qed
qed
also have ... —— 0
apply(rule LIMSEQ-Suc)
apply(rule Topological-Spaces.tendsto-eq-intros(25)[of - 0 - - 2 = (b % 8),0F
Topological-Spaces.tendsto-eg-intros(25)[of - 0 - - d * d * b]])
apply(intro lim-const-over-n t1 t2 38 t4 tendsto-diff [of - 0 - - 0,simplified]
tendsto-add-zero tendsto-add[of - d x d x b - - 0,simplified] | auto)+
done
finally show ?thesis
by (rule LIMSEQ-imp-Suc)
qged

lemma GaussLearn-KL-divergence-lem5:

fixes a b cd K :: real

assumes [arith]: b > 0d > 0s> 0K > 0 |fl| < K * length |

shows |(¢ * s % b * real (length 1) + flx d*x s+ c*x s%x s — ax*xsx*dx real
(length ) — flxbxs— ax*sxs)?/(dx*dxbx* (real (length ) * real (length
) x real (length 1)) + s * s * b *x real (length 1) + 2 * d x s x b * (real (length l)
x real (length 1)) + d % d * (real (length 1) % real (length 1)) x s + s x s x s + 2
dx s« s real (length 1)) / (2 % (bx )] < |(Jc % s % b« real (length I)| + |K =
real (length 1) % d = s| + |c x s x 8| + |a *x s x d x real (length I)| + |— K * real
(length 1) % b x s| + |a x s * s|)? / (d * d * b * (real (length l) * real (length 1) *
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real (length 1)) + s % s % b * real (length 1) + 2 % d % s % b * (real (length ) x real
(length 1)) + d * d * (real (length 1) * real (length 1)) x s + s* s*x s+ 2 % d * s
x s x real (length 1)) / (2 % (bxs))| (is |[(?2))72 ) %c1 [ 2c2| < |(9r)"2 /) -/ )
proof —
have 2172 / %c1 | 2¢2 < 2r72 [ %cl | %c2
proof(rule divide-right-mono[OF divide-right-mono|OF abs-le-square-iff THEN
1))
show |?l| < |?r|
proof —
have |?l| < |c* s b * real (length I)| + |f1* d % s| + |c* s* s| + |a * s *
d = real (length )] + |f1*x b * s| + |a x s *
by linarith
also have ... < |2r|
by (auto simp: mult.assoc abs-mult) (auto intro!: add-mono)
finally show ?thesis .
qed
qged auto
thus ?thesis
by fastforce
qed

lemma GaussLearn-KL-divergence-lem6:
fixesaebcdK : real and f :: 'a list = real
assumes [arithl:e > 0b > 0d > 0s> 0
shows IN. VI lengthl > N — |fl] < K = lengthl — |((fl*xd + ¢ xs) /
(length 1 x d + 8) — (flxb+axs)/ (lengthlxb+ )72/ (2x((bxs)/
(length 1L+ b+ 8))) | < e
proof(cases K > 0)
case Klarith|: True
from GaussLearn-KL-divergence-lem4[OF assms(2—),of ¢ K a — K] assms(1)
obtain N where N:
An.n>N=|(Jcx sxbxrealn| + |K * real n % d *x s| + |c *x s *x 5| + |a
x s*xdxrealn| + |— K * real n % b * s| + |ax s x s8))2 / (d x d* b * (real n *
realn x real n) + sx sx bxrealn + 2 x d x s x b * (real n * real n) + d * d *
(realmn x realn) x s+ sxs*x s+ 2+« d*xsxsx*realn) /(2 (bxs)) <e
by (fastforce simp: LIMSEQ-def)
show ?thesis
proof(safe intro!: exl[where z=N])
fix | :: 'a list
assume [:N < length [ |fI| < K * real (length [)
show [((fl*d+ cxs)/ (real (length 1) x d + s) — (flx b+ axs)/ (real
(length 1) * b + 8))2 / (2 * (b * s / (real (length 1) * b + s)))| < e (is 2l < -)
proof —
have 2l = |(c * s x b x real (lengthl) + flxd* s+ cxs*xs— ax*xsx*d
x real (length 1) — fl* bxs— axsx*3s)?/(d*dxbx (real (length 1) x real
(length 1) * real (length 1)) + s x s * b * real (length 1) + 2 % d % s * b * (real
(length 1) * real (length 1)) + d = d * (real (length 1) * real (length 1)) * s + s * s
x s+ 2% dx*xs*sx*real (length 1)) / (2 % (b * s))]
unfolding GaussLearn-KL-divergence-lem3[|OF assms(2—)] by simp
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also have ... < |(|¢ x s * b x real (length 1)] + |K * real (length 1) * d * s|
+lexs*s|+ |axsxdxreal (length )] + |— K * real (length l) « b = s| + |a
x 5% 8))2 ) (d* d* b= (real (length ) * real (length 1) * real (length 1)) + s * s
x b x real (length 1) + 2 x d * s x b x (real (length 1) * real (length 1)) + d * d =
(real (length 1) x real (length 1)) * s + s*x s+ s+ 2 % d % s x s * real (length 1))
/(2% (bxs))|
by (rule GaussLearn-KL-divergence-lem&) (use l in auto)
also have ... < e
by(rule N) fact
finally show ?thesis .
qed
qed
next
case Fulse
then show %thesis
by (metis (no-types, opaque-lifting) abs-ge-zero add-le-cancel-left add-nonneg-nonneg
diff-add-cancel diff-ge-0-iff-ge linorder-not-less of-nat-0-le-iff zero-less-mult-iff)
qed

lemma GaussLearn-KL-divergence:

fixes abcdeK : real

assumes [arithl:e > 0b > 0d > 0

shows IN. VL. length L > N — |Total L / length L| < K

— KL-divergence (exp 1) (GaussLearn (Gauss a b) L) (GaussLearn
(Gauss cd) L) < e
proof —
have h:o™2 > 0072>0 d"2>0
by auto

from GaussLearn-KL-divergence-lem6[of e / 3,0F - h(2,3,1)] obtain NI where
N1:

Al N1 < length | = |Total l| < K * real (length ) = |((Total | * d*> + ¢ *
a?) / (real (length 1) * d*> + o2) — (Total | x b*> + a x 02) / (real (length 1) * b?
+ 02))2 /(2 #(b% * 0? / (real (length 1) * b% + 02)))| < e/

by fastforce

from GaussLearn-KL-divergence-lem1'|OF assms(2,3) <o > 0]

have A\e. e > 0 = IN.Vn. n > N — |In (sqrt (b®> * 02 / (real n * b +
a?)) / sqrt (d® * 0 / (real n x d*> + 0?)))| < e

by (auto simp: LIMSEQ-def)

from this[of e / 3] obtain N2 where N2:

An. n > N2 = |In (sqrt (b* x 0% / (real n x b> + 0?)) / sqrt (d* = 02 |
(real n * d*> + 0?)))| < e/ 3
by auto

from GaussLearn-KL-divergence-lem2'[OF <o > 0> assms(2,3)]

have Ae. e > 0 = AN.Vn.n > N — |d? x 0% / (real n x d*> + o2) / (2 *
(b2 x 0% / (realn + b2 + 0%))) — 1/ 2| < e

by (auto simp: LIMSEQ-def)

from this[of e / 3] obtain N3 where N3:

An.n > N3 = |d? x 02 / (real n * d*> + 02) / (2 x (b* * 02 / (real n x b>
+o?)))—1/2/<e/3

(
3
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by auto
define N where N = maz (max N1 N2) (maz N3 1)
have N: N > NI N> N2N > N3N > 1
by (auto simp: N-def)
show ?thesis
proof(safe intro!: exl[where z=N])
fix L :: real list
assume [:N < length L |local. Total L / real (length L)| < K
then have [ N < length L |Total L| < K x real (length L)
using order.strict-trans1 [OF N(4) I(1)] by(auto introl: pos-divide-less-eq| THEN
1)
show KL-divergence (exp 1) (GaussLearn (Gauss a b) L) (GaussLearn (Gauss
cd) L) <e(is ?lhs < -)
proof —
have h'”: sqrt (b x 02 / (real (length L) * b* + 02)) > 0 sqrt (d* * o2 / (real
(length L) * d? + 0?)) > 0
by (auto intro!: divide-pos-pos add-nonneg-pos)
have %lhs < |?lhs|
by auto
also have ... = |KL-divergence (exp 1) (Gauss ((Total L x b*> + a x o?) /
(real (length L) * b® + o2)) (sqrt (b * 02 / (real (length L) * b*> + 02)))) (Gauss
((Total L x d* + ¢ * 2) / (real (length L) x d* + o?)) (sqrt (d*> % 0% / (real
(length L) x d* + 02))))|
by (simp add: GaussLearn-Total|OF assms(2) refl] GaussLearn-Total|OF
assms(3) refl])
also have ... = |in (sqrt (b*> * 02 / (real (length L) * b* + 02)) / sqrt (d*
x 02 / (real (length L) * d* + 02))) + ((sqrt (d*> * 02 / (real (length L) * d* +
a?)))? + ((Total L * d* + ¢ * 02) / (real (length L) x d* + o?) — (Total L * b?
+ a * 0?) / (real (length L) * b* + 02))2) / (2 = (sqrt (b*> x 02 / (real (length L)
* b2+ o)) — 1/ 2|
by (simp add: KL-normal-density|OF h'] Gauss-def)
also have ... = |in (sqrt (b*> * 0 / (real (length L) * b* + 02)) / sqrt (d*
x 02 / (real (length L) * d* + 02))) + (sqrt (d? x 02 / (real (length L) * d? +
a2 /(2 = (sqrt (b% x 0% / (real (length L) x b* + 02)))?) + ((Total L * d* +
¢ x 02) / (real (length L) * d*> + o%) — (Total L x b*> + a % o2) / (real (length L)
* b2 + 02))% ) (2 * (sqrt (b* x 02 / (real (length L) * b + 0%)))?) — 1 / 2]
unfolding add-divide-distrib by auto
also have ... = |In (sqrt (b * 02 / (real (length L) x b* + o2)) / sqrt (d?
x 02 / (real (length L) x d* + 02))) + (d® * 02 / (real (length L) * d*> + o?)) /
(2 % (b® x 02 / (real (length L) x b*> + 02))) + ((Total L * d*> + ¢ * o2) / (real
(length L) * d?® + 0%) — (Total L * b*> + a * o) / (real (length L) * b? + 02))? /
(2 % (b2 % 02 / (real (length L) * b + 0%))) — 1 / 2|
using h' by auto
also have ... < |In (sqrt (b * 0 / (real (length L) * b*> + o?)) / sqrt (d* *
o% / (real (length L) * d*® + 0?))) + ((d? * 02 / (real (length L) x d*> + o?)) / (2
* (b2 x 02 / (real (length L) * b* + 02))) — 1 / 2) + ((Total L x d*> + ¢ * o?) /
(real (length L) x d* + 0%) — (Total L * b*> + a * 02) / (real (length L) * b* +
)2 / (2 x (b% x 02 / (real (length L) x b* + 02)))|
by auto
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also have ... < |In (sqrt (b * 0 / (real (length L) * b*> + o?)) / sqrt (d? *
% / (real (length L) * d*> + 02)))| + |(d? % 0% / (real (length L) * d*> + o2)) / (2
* (b2 % 02 / (real (length L) * b*> + 02))) — 1 / 2| + |((Total L * d* + ¢ * o?) /
(real (length L) x d* + o%) — (Total L * b*> + a * 02) / (real (length L) * b* +
)2 / (2 x (b% x 02 / (real (length L) x b*> + 02)))|

by linarith

also have ... < e

using N1[OF order.trans|[OF N (1) 1'(1)] 1'(2)] N2[OF order.trans|OF N(2)
U'(1)]] N3[OF order.trans|OF N(3) 1'(1)]] by auto

finally show ?thesis .

qed
qed

qed

end

5.2.4 Continuous Distributions

The following (highr-order) program receives a non-negative function f and
returns the distribution whose density function is (noramlized) f if f is
integrable w.r.t. the Lebesgue measure.

definition dens-to-dist :: ['a :: euclidean-space = real] = 'a qbs-measure where
dens-to-dist = (\f. do {
query lborelg f

1)

lemma dens-to-dist-qbs[qbs|: dens-to-dist € (borelg =g Rg) —¢ monadM-gbs
borelg
by (simp add: dens-to-dist-def)

context
fixes [ :: 'a :: euclidean-space = real
assumes f-gbs[qbs]: f € qbs-borel —¢ Rg
and f-leO:A\z. fz > 0
and f-int-ne0:qbs-1 (density-gbs lborel-gbs f) UNIV £ 0
and f-integrable: gbs-integrable lborel-qbs f
begin

lemma f-integrable’[measurable]: integrable lborel f
using f-integrable by(simp add: gbs-integrable-iff-integrable)

lemma f-int-neinfty:

gbs-1 (density-gbs lborel-qbs f) UNIV # oo

using f-integrable’ f-le0

by (auto simp: qbs-I-density-qbs|of - gbs-borel] emeasure-density integrable-iff-bounded)

lemma dens-to-dist: dens-to-dist f = density-qbs lborel-gbs (Az. ennreal (1 | mea-

sure (gbs-l (density-gbs lborel-gbs f)) UNIV % fz))
proof —
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have [simp]:ennreal (f z) * (1 / emeasure (gbs-l (density-qbs lborelg (Az. ennreal
(fx)))) UNIV) = ennreal (f z / measure (gbs-l (density-qbs lborelg (Az. ennreal
(fz)))) UNIV) for x

by (metis divide-ennreal emeasure-eq-ennreal-measure ennreal-0 ennreal-times-divide
f-int-ne0 f-int-neinfty f-le0 infinity-ennreal-def mult. comm-neutral zero-less-measure-iff)

show ?thesis

by (auto simp: dens-to-dist-def query-def normalize-qgbs[of - gbs-borel,simplified

qbs-space-qbs-borel,OF - f-int-nel f-int-neinfty] density-qbs-density-qbs-eq|of - qbs-borel])
qed

corollary gbs-l-dens-to-dist: gbs-1 (dens-to-dist ) = density lborel (Ax. ennreal (1
/ measure (qbs-1 (density-qbs lborel-qbs f)) UNIV x f x))
by (simp add: dens-to-dist gbs-l-density-qbs[of - qbs-borel])

corollary gbs-integral-dens-to-dist:

assumes [gbs|: g € gbs-borel —¢g Rg

shows ([ ¢ z. g z ddens-to-dist f) = ([ o ©. 1 / measure (gbs-l (density-qbs
lborel-gbs f)) UNIV x fx % g x Olborely)

using f-le0 by(simp add: qbs-integral-density-gbs[of - gbs-borel - g ,OF - - -
AEqg-12[of - gbs-borel]] dens-to-dist)

lemma dens-to-dist-prob[gbs]:dens-to-dist f € gbs-space (monadP-qbs borelg)
using f-int-neinfty f-int-ne0 by (auto simp: dens-to-dist-def query-def intro!: nor-
malize-gbs-prob)

end

5.2.5 Normal Distribution

context

fixes p o :: real

assumes sigma-pos|arith]: o > 0
begin

We use an unnormalized density function.

definition normal-f = (Az. exp (—(z — p)?/ (2 * 02)))

lemma nc-normal-f: gbs-l (density-qbs lborel-gbs normal-f) UNIV = ennreal (sqrt
(2 * pi x 0?))
proof —
have gbs-l (density-gbs lborel-gbs normal-f) UNIV = ([ * . ennreal (exp (— ((z
— w)? /(2 % 0?)))) Olborel)
by (auto simp: qbs-I-density-qbs|of - gbs-borel] normal-f-def emeasure-density)
also have ... = ennreal (sqrt (2 * pi * 0%)) = ([T 2. normal-density u o x
Olborel)
by (auto simp: nn-integral-cmult[symmetric] normal-density-def ennreal-mult'[symmetric]
introl: nn-integral-cong)
also have ... = ennreal (sqrt (2 * pi * 02))
using prob-space.emeasure-space-1[OF prob-space-normal-density]
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by(simp add: emeasure-density)
finally show ?thesis .
qed

corollary measure-qbs-I-dens-to-dist-normal-f: measure (qbs-1 (density-qbs lborel-gbs
normal-f)) UNIV = sqrt (2 * pi x 02)
by (simp add: measure-def nc-normal-f)

lemma normal-f:
shows normal-f € gbs-borel —¢g Rg
and Az. normal-f x > 0
and gbs-l (density-gbs lborel-qgbs normal-f) UNIV # 0
and gbs-integrable lborel-gbs normal-f
using ne-normal-f by (auto simp: qbs-integrable-iff-integrable integrable-iff-bounded
gbs-l-density-qbs[of - gbs-borel] normal-f-def emeasure-density)

lemma gbs-l-densto-dist-normal-f: gbs-l (dens-to-dist normal-f) = density lborel
(normal-density p o)

by (simp add: qbs-lI-dens-to-dist| OF normal-f] measure-gbs-I-dens-to-dist-normal-f
normal-density-def) (simp add: normal-f-def)

end

5.2.6 Half Normal Distribution

context

fixes p o :: real

assumes sigma-pos|arith|:c > 0
begin

definition hnormal-f = (Az. if x < p then 0 else normal-density p o x)

lemma nc-hnormal-f: gbs-l (density-qbs lborel-gbs hnormal-f) UNIV = ennreal
(1/ 2)
proof —
have gbs-l (density-gbs lborel-gbs hnormal-f) UNIV = ([* x. ennreal (if z < p
then 0 else normal-density o ) dlborel)
by (auto simp: gbs-I-density-qbs[of - gbs-borel] hnormal-f-def emeasure-density)

also have ... = ([ 1 ze{u<..}. normal-density u o x dlborel)
by (auto introl: nn-integral-cong)

also have ... = 1 / 2 = ([ z. normal-density p o x dlborel)

proof —

have 1:([* z. normal-density p o x dlborel) = ([ * ze{p<..}. normal-density
w oz dlborel) + ([ 1 ze{..u}. normal-density p o x dlborel)
by (auto simp: nn-integral-add[symmetric| introl: nn-integral-cong) (simp add:
indicator-def)
have 2: ([T ze{u<..}. normal-density p o x dlborel) = ([ ze{..u}. nor-
mal-density p o x Olborel) (is 7l = 7r)
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proof —
have ¢l = ([ z. ennreal (normal-density u o = * indicator {u<..} z) dlborel)
by (auto introl: nn-integral-cong simp add: indicator-mult-ennreal mult. commute)

also have ... = ennreal ([ z. normal-density p o = x indicator {u<..} =z
dlborel)
by (auto intro!: nn-integral-eq-integral integrable-real-mult-indicator)
also have ... = ennreal ([ z. normal-density p o © * indicator {u<..} z
Olebesgue)
by (simp add: integral-completion)
also have ... = ennreal ([ z. (if z € {u<..} then normal-density p o x else

0) Olebesgue)
by (meson indicator-times-eq-if (2))

also have ... = ennreal ([ z. normal-density y o x dlebesgue-on {u<..})
by (rule ennreal-cong, rule Lebesgue-Measure.integral-restrict-UNIV) simp
also have ... = ennreal (integral {u<..} (normal-density 1 o))

by(rule ennreal-cong, rule lebesque-integral-eg-integral) (auto simp: in-
tegrable-restrict-space integrable-completion intro!: integrable-mult-indicator[where
"b=real,simplified])
also have ... = ennreal (integral {..<u} (Az. normal-density p o (— z + 2 *
1))
proof —
have integral {u<..} (normal-density u o) = integral {..<u} (Az. |— 1| *r
normal-density p o (— x + 2 x p))
proof (rule conjunct2|OF has-absolute-integral-change-of-variables-1'[where
g=Xz. — z + 2 * p and S={..<p} and g'= z. — 1 and f=normal-density p o
and b=integral {u<..} (normal-density p o), THEN iffD2],symmetric])
fix z :: real
show ((Az. — = + 2 x p) has-real-derivative — 1) (at x within {..<u})
by (rule derivative-eg-intros(35)[of - — 1 - - 0]) (auto simp add: De-
riv. field-differentiable-minus)
next
show inj-on (Az. — z + 2 x p) {..<u}
by (auto simp: inj-on-def)

next
have 1: (Az. — z + 2 x p) ‘{.<p} = {pu<..}
by (auto simp: image-def introl: bexl[where z=2 x u — -])

have [simp]: normal-density p o absolutely-integrable-on {u<..}
by (auto simp: absolutely-integrable-measurable comp-def integrable-restrict-space
integrable-completion intro!: integrable-mult-indicator[where 'b=real,simplified] mea-
surable-restrict-spacel measurable-completion)
show normal-density u o absolutely-integrable-on (Ax. — z + 2 * p)
{..<p} A integral (Az. — z + 2 x p) ‘{..<p}) (normal-density p o) = integral
{p<..} (normal-density u o)
unfolding 1 by simp

¢

qged auto

thus %thesis by simp
qed
also have ... = ennreal (integral {..<u} (normal-density p o))
proof —

295



have (Az. normal-density p o (— x + 2 x p)) = normal-density u o
by standard (auto simp: normal-density-def power2-commute )
thus ?thesis by simp
qed
also have ... = ennreal ([ z. normal-density p o x dlebesgue-on {..<p})
by(rule ennreal-cong, rule lebesgue-integral-eq-integral[symmetric]) (auto
sitmp: integrable-restrict-space integrable-completion intro!: integrable-mult-indicator[where
'b=real,simplified])
also have ... = ennreal ([ z. (if x € {..<u} then normal-density p o x else
0) Olebesgue)
by (rule ennreal-cong, rule Lebesgue-Measure.integral-restrict-UNIV [symmetric])
simp

also have ... = ennreal ([ z. normal-density p o x = indicator {..<u} z
Olebesgue)
by (meson indicator-times-eq-if (2)[symmetric])
also have ... = ennreal ([ z. normal-density p o = x indicator {.<u} =z
Olborel)
by (simp add: integral-completion)
also have ... = ([T z. ennreal (normal-density p o = = indicator {..<u} z)
dlborel)
by (auto introl: nn-integral-eq-integral[symmetric] integrable-real-mult-indicator)
also have ... = ?r

using AE-lborel-singleton by(fastforce intro!: nn-integral-cong-AE simp:
indicator-def)
finally show ?Zthesis .
qged
show ?thesis
by(simp add: 1 2) (metis (no-types, lifting) ennreal-divide-times mult-2
mult-2-right mult-divide-eq-ennreal one-add-one top-neg-numeral zero-neg-numeral)
qed
also have ... = ennreal (1 / 2)
using prob-space.emeasure-space-1[OF prob-space-normal-density]
by(simp add: emeasure-density divide-ennreal-def)
finally show ?thesis .
qed

corollary measure-qbs-I-dens-to-dist-hnormal-f: measure (qbs-1 (density-qbs lborel-gbs
hnormal-f)) UNIV =1 / 2
by(simp add: measure-def nc-hnormal-f del: ennreal-half)

lemma hnormal-f:
shows hnormal-f € gbs-borel —g Rg
and Az. hnormal-f x > 0
and gbs-l (density-gbs lborel-gbs hnormal-f) UNIV # 0
and gbs-integrable lborel-gbs hnormal-f
using nc-hnormal-f by (auto simp: gbs-integrable-iff-integrable integrable-iff-bounded
qbs-l-density-qbs[of - gbs-borel] hnormal-f-def emeasure-density simp del: ennreal-half)

lemma gbs-1 (dens-to-dist local.hnormal-f) = density lborel (Ax. ennreal (2 * (if x
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< w then 0 else normal-density p o x)))
by (simp add: gbs-l-dens-to-dist| OF hnormal-f] measure-gbs-I-dens-to-dist-hnormal-f)
(simp add: hnormal-f-def)

end

5.2.7 Erlang Distribution

context
fixes k :: nat and [ :: real
assumes [-pos[arith]: | > 0
begin

definition erlang-f = (Az. if x < 0 then 0 else 27k * exp (— | x z))

lemma nc-erlang-f: qbs-1 (density-gbs lborel-qbs erlang-f) UNIV = ennreal (fact k
/ 1 (Suc k))
proof —
have gbs-l (density-qbs lborel-gbs erlang-f) UNIV = ([T z. ennreal (if z < 0
then 0 else z "k x exp (— 1 * x)) Olborel)
by (auto simp: qbs-I-density-qbs[of - gbs-borel] erlang-f-def emeasure-density)
also have ... = ennreal (fact k / I (Suc k)) * ([T . erlang-density k | z dlborel)
by (auto simp: nn-integral-cmult[symmetric] ennreal-mult’[symmetric] erlang-density-def
introl: nn-integral-cong)
also have ... = ennreal (fact k / I"(Suc k))
using prob-space.emeasure-space-1[OF prob-space-erlang-density]
by(simp add: emeasure-density)
finally show ?thesis .
qed

corollary measure-qbs-I-dens-to-dist-erlang-f: measure (qbs-1 (density-qbs lborel-gbs
erlang-f)) UNIV = fact k / 1" (Suc k)
by(simp add: measure-def nc-erlang-f)

lemma erlang-f:
shows erlang-f € gbs-borel —g Rg
and Az. erlang-fz > 0
and gbs-l (density-gbs lborel-qbs erlang-f) UNIV # 0
and gbs-integrable lborel-gbs erlang-f
using nc-erlang-f by (auto simp: gbs-integrable-iff-integrable integrable-iff-bounded
gbs-l-density-qbs[of - gbs-borel] erlang-f-def emeasure-density)

lemma gbs-I (dens-to-dist erlang-f) = density lborel (erlang-density k 1)
proof —
have [simp]: | x| "k (if z < 0 then 0 else x "k * exp (— | * z)) / fact k =
(if v < Othen O elsel ~Suck «x "k x exp (— I x z) / fact k) for z
by auto
show ?thesis
by (simp add: qbs-l-dens-to-dist|OF erlang-f] measure-qbs-I-dens-to-dist-erlang-f
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erlang-density-def) (simp add: erlang-f-def)
qed

end

5.2.8 Uniform Distribution on (0,1) x (0,1).

definition uniform-f = indicat-real ({0<..<1:real}x{0<..<1:real})

lemma
shows uniform-f-gbs’[gbs]: uniform-f € gbs-borel —¢g Rq
and uniform-f-qbs[qbs]: uniform-f € Rg @ o Rg —¢ Rg
proof —
have uniform-f € Rg @ ¢ Ro —¢ Rg
by (auto simp: uniform-f-def r-preserves-product[symmetric] intro!: rr.qbs-morphism-measurable-intro)
thus uniform-f € Rg Q o Rg —¢g Rg uniform-f € gbs-borel —¢ Rg
by (simp-all add: gbs-borel-prod)
qed

lemma uniform-f-measurable[measurable]: uniform-f € borel-measurable borel
by (metis borel-prod rr.standard-borel-axioms standard-borel.standard-borel-r-full-faithful
uniform-f-qbs’)

lemma nc-uniform-f: gbs-l (density-gbs lborel-gbs uniform-f) UNIV = 1
proof —
have g¢bs-l (density-gbs lborel-gbs uniform-f) UNIV = ([T z. ennreal (uniform-f
z) Olborel)
by (auto simp: gbs-I-density-qbs[of - gbs-borel] emeasure-density)
also have ... = ([ z. indicator {0<..<1:ureal} (fst z) * indicator {0<..<1:real}
(snd z) O(lborel @ nr lborel))
by (auto simp: lborel-prod introl: nn-integral-cong) (auto simp: indicator-def
uniform-f-def)
also have ... = 1
by (auto simp: lborel.nn-integral-fst[symmetric] nn-integral-cmult)
finally show ?thesis .
qed

corollary measure-qbs-I-dens-to-dist-uniform-f: measure (qbs-1 (density-qbs lborel-gbs
uniform-f)) UNIV = 1
by(simp add: measure-def nc-uniform-f)

lemma uniform-f:
shows uniform-f € gbs-borel —g Rg
and Az. uniform-fz > 0
and gbs-l (density-gbs lborel-gbs uniform-f) UNIV # 0
and gbs-integrable lborel-gbs uniform-f
using nc-uniform-f by (auto simp: qbs-integrable-iff-integrable integrable-iff-bounded
gbs-l-density-qbs[of - gbs-borel] emeasure-density) (auto simp: uniform-f-def)
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lemma gbs-I-dens-to-dist-uniform-f:qbs-l (dens-to-dist uniform-f) = density lborel
(Az. ennreal (uniform-f z))
by (simp add: qbs-l1-dens-to-dist| OF uniform-f,simplified measure-qbs-I-dens-to-dist-uniform-f])

lemma dens-to-dist uniform-f = Uniform 0 1 Q) gmes Uniform 0 1
proof —

note ¢bs-pair-measure-morphismP[gbs] Uniform-qbsP|qbs]

have [simp]:sets (borel :: (real x real) measure) = sets (borel Q) pr borel)

by (metis borel-prod)

show %thesis

proof (safe introl: inj-onD[OF gbs-l-injlof Rg @ o Rg]] gbs-space-monadPM
measure-eql)

fix A :: (real X real) set
assume A € sets (gbs-l (dens-to-dist uniform-f))
then have [measurable]: A € sets (borel Q) pr borel)
by (auto simp: gbs-I-dens-to-dist-uniform-f)
show emeasure (gbs-1 (dens-to-dist uniform-f)) A = emeasure (gbs-l (Uniform
01 Q@ gmes Uniform 0 1)) A (is ?lhs = ?rhs)
proof —
have ?lhs = ([ Tz€A. ennreal (uniform-f z) d(lborel @ ar lborel))
by (simp add: emeasure-density lborel-prod gbs-I-dens-to-dist-uniform-f)
also have ... = ([ *z. indicator A z  indicator {0<..<1} (fst z)  indicator
{0<..<1} (snd z) O(lborel @ pr lborel))
by (auto introl: nn-integral-cong) (auto simp: indicator-def uniform-f-def)
also have ... = ([t ze{0<..<1}. ([ Tye{0<..<1}. indicator A (z, y) dlborel)
Olborel)
by (auto simp add: lborel.nn-integral-fst[symmetric] intro!: nn-integral-cong)
(auto simp: indicator-def)
also have ... = ([ 1 z. ([ ty. indicator A (z, y) duniform-measure lborel
{0<..<1}) Ouniform-measure lborel {0<..<1})
by (auto simp: nn-integral-uniform-measure divide-ennreal-def)
also have ... = ?rhs
by (auto simp: UniformP-pair. M1 .emeasure-pair-measure’ qbs-I-Uniform-pair)
finally show ?thesis .
qed
next
show dens-to-dist uniform-f € gbs-space (monadP-gbs (Rg @ ¢ Rg))
by (simp add: dens-to-dist-prob[OF uniform-f] gbs-borel-prod)
qed (auto simp: qbs-l-dens-to-dist-uniform-f qbs-I-Uniform-pair, qbs, simp)
qed

5.2.9 If then else

definition gt :: (real = real) = real = bool gbs-measure where
gt = (\fr. do{

z  dens-to-dist (normal-f 0 1);

iffe>r

then return-qbs Bg True
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else return-qbs Bg False

)

declare normal-f(1)[of 1 0,simplified)

lemma gt-gbs|gbs]: gt € gbs-space (Rg =¢ Rg) =g Rg =¢ monadP-qbs Bg)
proof —
note [gbs| = dens-to-dist-prob| OF normal-f|of 1 0,simplified]] bind-qbs-morphismP
return-qbs-morphismP
show ?thesis
by (simp add: gt-def)
qed

lemma
assumes [gbs]: f € Rg —¢ Rg
shows P(b in gt fr. b = True) = P(z in std-normal-distribution. f x > r) (is
?P1 = 7P2)
proof —
note [¢bs| = dens-to-dist-prob| OF normal-f|of 1 0,simplified]| bind-qbs-morphismP
return-qbs-morphismP
have 1[simp]: space (gbs-l (gt fr)) = UNIV
by (simp add: space-qbs-I-in[OF gbs-space-monadPM ,of - Bg])
have ?P1 = ([ b. indicat-real {True} b dgbs-l (gt f 1))
by simp (metis (full-types) Collect-cong singleton-conv2)
also have ... = ([ ¢ b. indicat-real { True} b (gt f 1))
by (simp add: qbs-integral-def2-1)
also have ... = ([ ¢ b. indicat-real {True} b d(dens-to-dist (normal-f 0 1) >=
(Az. return-gbs Bg (f z > r))))
proof —
have [simp]:gt f r = dens-to-dist (normal-f 0 1) >= (Az. return-gbs Bg (fz >
r))
by (auto simp: gt-def introl: bind-gbs-conglof - Rg - - Bg] gbs-space-monadPM
gbs-morphism-monadPD)
show ?thesis by simp
qed
also have ... = ([ ¢ z. (indicat-real {True} o (A\z. fz > r)) z ddens-to-dist
(normal-f 0 1))
by (rule gbs-integral-bind-return|of - Rg]) (auto introl: gbs-space-monadPM)
also have ... = ([ ¢ z. indicat-real {z. fz > r} x ddens-to-dist (normal-f 0 1))
by (auto introl: gbs-integral-conglof - Rq] gbs-space-monadPM simp: indica-
tor-def)

also have ... = ([ z. indicat-real {z. fx > r} z ddens-to-dist (normal-f 0 1))
by (simp add: gbs-integral-def2-1)
also have ... = ?P2

by (simp add: gbs-l-densto-dist-normal-f[of 1 0])
finally show ?thesis .
qed

Examples from Staton [5, Sect. 2.2].
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5.2.10 Weekend
Example from Staton [5, Sect. 2.2.1].

This example is formalized in Coq by Affeldt et al. [1].

definition weekend :: bool qbs-measure where
weekend = do {
let x = gbs-bernoulli (2 / 7);
f = (Ax. let r = if x then 3 else 10 in pmf (poisson-pmf r) 4)
in query  f

}

lemma weekend-gbs[gbs]:weekend € qbs-space (monadM-qbs Bg)
by (simp add: weekend-def)

lemma weekend-nc:

defines N = 2 / 7 « pmf (poisson-pmf 8) 4 + & | 7 x pmf (poisson-pmf 10)
4

shows ¢bs-l (density-qbs (bernoulli-pmf (2/7)) (Az. (pmf (poisson-pmf (if z then
3 else 10)) 4))) UNIV = N
proof —

have [simp]:fact 4 = 4 * fact 3

by (simp add: fact-numeral)

show ?thesis

by (simp add: qbs-l-density-qbs|of - Bq] emeasure-density ennreal-plus[symmetric]
ennreal-mult’[symmetric] N-def del: ennreal-plus)
qed

lemma q¢bs-l-weekend:
defines N = 2 / 7 « pmf (poisson-pmf 3) 4 + 5 | 7 x pmf (poisson-pmf 10)
4
shows qbs-l weekend = qbs-1 (density-gbs (qbs-bernoulli (2 / 7)) (Az. ennreal
(let r = if z then 3 else 10 inr ~ 4 x exp (— 1) / (fact 4 * N)))) (is ?lhs = ?rhs)
proof —
have [simp]: N > 0
by (auto simp: N-def intro!: add-pos-pos)
have ?lhs = qbs-l (density-qbs (density-qbs (gbs-bernoulli (2 / 7)) (Ax. ennreal
(let r = if x then 8 else 10 in 1 ~ 4 * exp (— r) / fact 4))) (A\z. 1 / ennreal N))
using normalize-qbs|of density-qbs (gbs-bernoulli (2/7)) (Az. (pmf (poisson-pmf
(if = then 3 else 10)) 4)) Bg,simplified] weekend-nc
by (simp add: weekend-def query-def N-def Let-def)
also have ... = ?rhs
by (simp add: density-qbs-density-qbs-eqof - Bg] ennreal-mult’[symmetric] en-
nreal-1[symmetric] divide-ennreal del: ennreal-1) (metis (mono-tags, opaque-lifting)
divide-divide-eg-left)
finally show ?thesis .
qed

lemma
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defines N = 2 / 7 « pmf (poisson-pmf 8) 4 + 5 | 7 x pmf (poisson-pmf 10)
4

shows P(b in weekend. b = True) = 2 / 7% (34 xexp (— 8)) [ fact 4 x1 /| N

by simp (simp add: gbs-l-weekend measure-def gbs-I-density-gbsof - Bg] emea-
sure-density emeasure-measure-pmf-finite ennreal-mult'[symmetric] N-def)

5.2.11 Whattime
Example from Staton [5, Sect. 2.2.3]

f is given as a parameter.

definition whattime :: (real = real) = real gbs-measure where
whattime = (Af. do {
let T = Uniform 0 24 in
query T (At. let r = ftin
exponential-density r (1 / 60))
H

lemma whattime-gbs[gbs]: whattime € (Rg =g Rq) =¢ monadM-gbs Rq
by (simp add: whattime-def)

lemma q¢bs-l-whattime-sub:

assumes [¢bs]: f € Rg =¢ Rg

shows ¢bs-l (density-qbs (Uniform 0 24) (Ax. exponential-density (fz) (1 / 60)))
= density lborel (Az. indicator {0<..<24} x / 24 * exponential-density (fz) (1 /
60))
proof —

have [measurable]:f € borel-measurable borel

by (simp add: standard-borel.standard-borel-r-full-faithful standard-borel-ne.standard-borel)

have [measurable]: (Az. (exponential-density (f z) (1 / 60))) € borel-measurable
borel

by(simp add: exponential-density-def)

have 1[measurable]: (Az. ennreal (exponential-density (fz) (1 / 60))) € borel-measurable

(uniform-measure lborel {0<..<24})
by (simp add: measurable-cong-sets| OF sets-uniform-measure])

show ?thesis

by (auto simp: gbs-I-density-qbs|of - gbs-borel] emeasure-density emeasure-density[OF
1] nn-integral-uniform-measure nn-integral-divide[symmetric] ennreal-mult’ divide-ennreal|symmetric]
introl: measure-eql nn-integral-cong simp del: times-divide-eg-left)

(simp add: ennreal-indicator ennreal-times-divide mult.commute mult.left-commute)

qged

lemma
assumes [¢bs|: f € Rg =g Rg and [measurable]: U € sets borel
and A\r. fr >0
defines N = ([ te{0<..<2{}. (ft * exp (— 1/ 60  ft)) dlborel)
defines N' = ([ tte{0<..<24}. (ft * exp (— 1/ 60 * ft)) Olborel)
assumes N’ # 0 and N’ # oo
shows P(t in whattime f. t € U) = ([te{0<..<2{}NU. (ft = exp (— 1/ 60 *
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ft)) Olborel) /| N
proof —
have 1: space (whattime f) = UNIV
by (rule space-qbs-I-in[of whattime f Rg,simplified qbs-space-qbs-borel]) simp
have [measurable]: f € borel-measurable borel
by (simp add: standard-borel.standard-borel-r-full-faithful standard-borel-ne.standard-borel)
have [measurable]: (Az. exponential-density (f z) (I / 60)) € borel-measurable
borel
by (simp add: measurable-cong-sets| OF sets-uniform-measure] exponential-density-def)
have [measurable]: (Az. ennreal (exponential-density (fz) (1 / 60))) € borel-measurable
(uniform-measure lborel {0<..<24})
by (simp add: measurable-cong-sets|OF sets-uniform-measure])
have q¢bs-ld: gbs-l (density-gbs (Uniform 0 24) (Az. exponential-density (f z) (1
/ 60))) UNIV = ([ tze{0<..<24{}. ennreal (fx % exp (— 1/ 60 = fz) | 24)
dlborel)
by (auto simp: gbs-l-whattime-sub emeasure-density introl: nn-integral-cong,auto
stmp: ennreal-indicator[symmetric] ennreal-mult’[symmetric] exponential-density-def)
(simp add: mult.commute)
have int: integrable lborel (Az. fx * exp (— 1/ 60  f z) * indicat-real {0<..<24}
z)
using assms(3,7) by(simp add: N'-def integrable-iff-bounded ennreal-mult’’
ennreal-indicator top.not-eq-extremum,)

have ge: ([ze{0<..<24}. (fz * exp (— (fz / 60)) / 24)0lborel) > 0
proof —
have ([ ze{0<..<24}. (fz * exp (— (fz / 60))) dlborel) > 0 (is 71 > 0)
proof —
have ennreal 2l = ([ *a. (indicator {0<..<24} z % (fz * exp (— (fz / 60))))
Olborel)
unfolding set-lebesgue-integral-def by (simp,rule nn-integral-eq-integral[symmetric])
(insert int assms(8),auto simp: mult.commute)
also have ... = ([ tze{0<..<24}. ennreal (fz x exp (— 1/ 60 * f z)) Dlborel)
by (simp add: indicator-mult-ennreal mult.commute)
also have ... > 0
using assms(6) not-gr-zero N'-def by blast
finally show ?thesis
using ennreal-less-zero-iff by blast
qed
thus ?thesis by simp
qed
have ge2: ([ ze{0<..<24}N U. (exponential-density (f z) (1 / 60)) dlborel) >
0
using assms(3) by (auto introl: integral-nonneg-AE simp: set-lebesque-integral-def)

have ([ tze{0<..<2{}. ennreal (fz * exp (— 1/ 60 % fz) [ 24) Olborel) # 0
A ([ Tae{0<..<24}. ennreal (fz = exp (— 1/ 60 * fz) | 24) Olborel) # oo
proof —
have ([ tze{0<..<24}. ennreal (fz x exp (— 1/ 60 = fz) / 24) Dlborel) =
(J Tz ennreal (fx % exp (— 1/ 60 * fx)) % indicator {0<..<24} z | 24 Olborel)
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by (rule nn-integral-cong, insert assms(3)) (auto simp: divide-ennreal[symmetric]
ennreal-times-divide mult.commute)
also have ... = ([ Tze{0<..<24}. ennreal (fz = exp (— 1/ 60 * fz)) dlborel)
/ 24
by (simp add: nn-integral-divide)
finally show ?%thesis
using assms(5,6,7) by (simp add: ennreal-divide-eq-top-iff)
qed
hence normalize-gbs (density-gbs (Uniform 0 24) (A\x. (exponential-density (f )
(1 /60)))) = density-gbs (density-qbs (Uniform 0 24) (Az. ennreal (exponential-density
(fz) (1 /60))) Az 1/ ([ Tze{0<..<24}. ennreal (f z * exp (— 1/ 60 * f x)
/ 24) Olborel))
using normalize-gbs|of density-qbs (Uniform 0 24) (Az. exponential-density (f
z) (1 / 60)) gbs-borel,simplified] by(simp add: qbs-ld)
also have ... = density-gbs (Uniform 0 24) (Az. ennreal (exponential-density (f
z) (1 /60)) /) ([ Tee{0<..<24}. ennreal (fz * exp (— (fz / 60)) / 24) dlborel))
by(simp add: density-qbs-density-qbs-eq[of - qbs-borel] ennreal-times-divide)

finally have P(z in whattime f. x € U) = measure (density (gbs-1 (Uniform 0
24)) (Az. ennreal (exzponential-density (fz) (1 / 60)) / ([ Tze{0<..<24}. ennreal
(fozxexp (= (fz/ 60)) ] 24) Olborel))) U

unfolding 1 by (simp add: whattime-def query-def qbs-I-density-qbs|of - qbs-borel])

also have ... = enn2real (([ Tz€{0<..<24}. (ennreal (exponential-density (f z)
(1 /60)) /([ tee{0<..<24}. ennreal (fz x exp (— (fz / 60)) / 24)0lborel) *
indicator U x) Olborel) | 24)

by (simp add: measure-def emeasure-density nn-integral-uniform-measure)

also have ... = enn2real (([ tze{0<..<24}. (ennreal (exponential-density (f x)
(1 / 60)) * indicator U z) Olborel) | ([ tze{0<..<24}. ennreal (f z * exp (— (f
x / 60)) ] 24)0lborel) |/ 24)

by(simp add: ennreal-divide-times ennreal-times-divide nn-integral-divide)

also have ... = enn2real (ennreal ([ z€{0<..<24}N U. (exponential-density (f
z) (1 / 60)) dlborel) | ennreal ([ze{0<..<24}. (fz * exp (— (fz / 60)) /
24)0lborel) | ennreal 24)

proof —

have 1:([ Tze{0<..<24}. ennreal (fz = exp (— (fz / 60)) / 24)0lborel) =
ennreal ([ ze{0<..<24}. (fz * exp (— (fz / 60)) | 24)0lborel) (is 7l = ?r)
proof —
have 2l = ([ *z. ennreal (f z * exp (— (f x / 60)) / 24 = indicat-real
{0<..<24} x) Olborel)
by (simp add: nn-integral-set-ennreal)
also have ... = ennreal ([z. (fz * exp (— (fz / 60)) / 24 * indicat-real
{0<..<24} x)0lborel)
by (rule nn-integral-eg-integral) (use int assms(8) in auto)
also have ... = ?r
by (auto simp: set-lebesque-integral-def introl: Bochner-Integration.integral-cong
ennreal-cong)
finally show ?thesis .
qed
have 2:([ Tze{0<..<24}. (ennreal (exponential-density (f z) (1 / 60)) *
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indicator U ) dlborel) = ennreal ([ ze{0<..<24}N U. (exponential-density (f x)
(1 / 60)) Olborel) (is 21 = %r)
proof —
have 7l = ([ *Tx. ennreal (f x * exp (— (fz / 60)) * indicat-real {0<..<24}
z * indicator U z) Olborel)
by (auto introl: nn-integral-cong simp: exponential-density-def indicator-def)
also have ... = ennreal ([ z. (fz * exp (— (fz / 60)) * indicat-real {0<..<24}
x * indicator U x)0lborel)
by (rule nn-integral-eg-integral) (use integrable-real-mult-indicator|OF - int]
assms(8) in auto)
also have ... = 7r
by (auto simp: set-lebesque-integral-def indicator-def exponential-density-def
introl: Bochner-Integration.integral-cong ennreal-cong)
finally show ?Zthesis .
qed
show ?thesis
by (simp add: 1 2)
qed
also have ... = ennZ2real (ennreal (([z€{0<..<24}N U. (exponential-density (f
z) (1 / 60)) dlborel) | ([ze{0<..<24}. (fz % exp (— (fz / 60)) ] 24)dlborel) |
24))
by (simp only: divide-ennreal| OF ge2 ge] divide-ennreal|OF divide-nonneg-pos| OF
ge2 ge])
also have ... = ([ z€{0<..<24}N U. (exponential-density (fz) (1 / 60)) dlborel)
J ([ze{0<..<24}. (fz* exp (— (fz / 60)) ) 24)Dlborel) | 24
by (rule enn2real-ennreal) (use ge ge2 in auto)
also have ... = ([ ze{0<..<24}NU. (fz * exp (— 1/ 60 * fx)) dlborel) | N
by(auto simp: N-def exponential-density-def)
finally show ?thesis .
qed

5.2.12 Distributions on Functions

definition a-times-z :: (real = real) qbs-measure where
a-times-x = do {

a < Uniform (—2) 2;

return-gbs (Rg =g Rg) (Az. a * )

}

lemma a-times-z-qbs[qbs]: a-times-z € monadM-¢bs (Rg =¢ Rg)
by (simp add: a-times-z-def)

lemma a-times-z-gbsP: a-times-z € monadP-qbs (Rg =¢ Rg)
proof —
note [gbs] = Uniform-qbsP[of —2 2,simplified] return-qbs-morphismP bind-qbs-morphismP
show ?thesis
by (simp add: a-times-z-def)
qged
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definition a-times-z’ :: (real = real) qbs-measure where
a-times-z' = do {
condition a-times-x (Af. f1 > 0)

}

lemma a-times-z'-qbs[gbs]: a-times-z’ € monadM-qbs (Rg =¢ Rg)
by(simp add: a-times-z'-def)

lemma prob-a-times-x:
assumes [measurable]: Measurable.pred borel P
shows P(f in a-times-z. P (fr)) = P(a in Uniform (—2) 2. P (a * 1)) (is ?lhs
= %rhs)
proof —
have [¢bs]: gbs-pred qbs-borel P
using r-preserves-morphisms by fastforce
have ?lhs = measure a-times-x ({f. P (f r)} N space a-times-z)
by (simp add: Collect-conj-eq inf-sup-aci(1))
also have ... = ([ ¢ f. indicat-real {f. P (f r)} f Oa-times-z)
by (simp add: gbs-integral-def2-I)

also have ... = gbs-integral (Uniform (— 2) 2) (indicat-real {f. P (fr)} o (%))
unfolding a-times-z-def by (rule qbs-integral-bind-return|of - qbs-borel]) auto
also have ... = ([ ¢ a. indicat-real {a. P (a x r)} a dUniform (— 2) 2)
by (auto simp: comp-def indicator-def)
also have ... = ?rhs

by (simp add: gbs-integral-def2-1)
finally show ?thesis .
qged

lemma P(f in a-times-z’. f1 > 1) =1/ 2 (is 9P = -)
proof —
have ?P = P(f in a-times-z. f 1 > 1 | f1 > 0)
by (simp add: query-Bayes|OF a-times-z-qbsP] a-times-z'-def)

also have ... = P(f in a-times-z. f 1 > 1) / P(f in a-times-z. f 1 > 0)

by (auto simp add: cond-prob-def) (meson dual-order.trans linordered-nonzero-semiring-class. zero-le-one)
also have ... =1 / 2

proof —

have [simp]: {—2<..<2:real} N Collect (<) 1) = {1..<2} {—2<..<2::real}
N Collect ((<) 0) = {0..<2}
by auto
show ?thesis
by (auto simp: prob-a-times-z)
qed
finally show ?thesis .
qed

Almost everywhere, integrable, and integrations are also interpreted as pro-
grams.

lemma (\g fz. if (AEqg yingxz. fzy# co) then ([ Yo y. fay d(gx)) else 0)
S (]RQ =Q monadM-qbs ]RQ) =Q (]RQ =Q ]RQ =Q ]RQZO) =Q IRQ =Q
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Rg>o0
by simp

lemma (\g f z. if gbs-integrable (g z) (f z) then Some ([ ¢ y. fz y d(g z)) else
None)

S (]RQ =Q monadM—qbs ]RQ) =Q (]RQ =Q IRQ =Q ]RQ) =Q ]RQ =Q

option-qbs Rq
by simp

end
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