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Abstract

SCL(FOL) (i.e., Simple Clause Learning for First-Order Logic with-
out equality) is known to be able to simulate the derivation of nonre-
dundant clauses by the ground ordered resolution calculus [1]. Due
to the space constraints of a 16-pages paper, the published proof is
monolithic and hard to comprehend. In this work, we reuse the exist-
ing strategy for ground ordered resolution and present a new, simpler
strategy for SCL(FOL). We prove a stronger bisimulation theorem be-
tween these two strategies (i.e., they both simulate each other). Our
proof is modular: it consists of ten refinement steps focusing on differ-
ent aspects of the two strategies.
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theory Isabelle-2024-Compatibility
imports
Main
HOL- Library. Multiset
begin

lemmas wfP-def = wfp-def

lemmas wfP-if-convertible-to-wfP = wfp-if-convertible-to-wfp
lemmas wfP-imp-asymp = wfp-imp-asymp

lemmas wfP-induct-rule = wfp-induct-rule

lemmas wfP-multp = wfp-multp

end
theory Ground-Ordered-Resolution
imports

Saturation-Framework. Calculus
Saturation-Framework-Extensions. Clausal-Calculus
Isabelle-2024-Compatibility
First-Order-Clause. Ground-Context
First-Order-Clause. HOL-Extra
First-Order-Clause. Transitive-Closure- Extra
Min-Mazx-Least-Greatest. Min-Mazx-Least- Greatest-FSet
Min-Mazx-Least- Greatest. Min-Mazx- Least- Greatest- Multiset
First-Order-Clause. Multiset- Extra
Superposition-Calculus. Relation-Extra

begin

hide-type Inference-System.inference
hide-const
Inference-System.Infer
Inference-System.prems-of
Inference-System.concl-of
Inference-System.main-prem-of

primrec mset-lit :: 'a literal = ’a multiset where

mset-lit (Pos A) = {#A#} |
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mset-lit (Neg A) = {#A, A#}

type-synonym 't atom = 't

1 Ground Resolution Calculus

locale ground-ordered-resolution-calculus =
fixes
less-trm :: 'f gterm = 'f gterm = bool (infix <; 50) and
select :: 'f gterm atom clause = 'f gterm atom clause
assumes
transp-less-trm|simp|: transp (<;) and
asymp-less-trm[intro]: asymp (<) and
wfP-less-trm[intro|: wfP (<) and
totalp-less-trm[introl: totalp (<:) and
less-trm-compatible-with-gctxt[simp]: Nctat t t'. t < ' = ctat(t)q < ctat(t)a
and
less-trm-if-subterm[simp|: N\t ctat. ctot # Og = t <4 ctat(t)e and
select-subset: \C. select C C# C and
select-negative-lits: NC L. L €# select C = is-neg L
begin

lemma irreflp-on-less-trm|[simp): irreflp-on A (<)
(proof )

abbreviation lesseg-trm (infix <; 50) where
lesseg-trm = (=)=~

lemma lesseq-trm-if-subtermeq: t =; ctzt(t)a
(proof )

definition less-lit :
'f gterm atom literal = 'f gterm atom literal = bool (infix <; 50) where
less-lit L1 L2 = multp (<) (mset-lit L1) (mset-lit L2)

abbreviation lesseg-lit (infix <; 50) where
lesseq-lit = (<)==

abbreviation less-cls ::
'f gterm atom clause = 'f gterm atom clause = bool (infix <. 50) where
less-cls = multp (<))

abbreviation lesseg-cls (infix <. 50) where
lesseg-cls = (<)==

lemma transp-on-less-lit[simp]: transp-on A (<)
{proof)

corollary transp-less-lit: transp (<)



{proof)

lemma transp-less-cls[simp]: transp (<.)
{proof)

lemma asymp-on-less-lit[simp|: asymp-on A (<)
(proof)

corollary asymp-less-lit[simp]: asymp (<)
(proof )

lemma asymp-less-cls[simpl: asymp (<¢)
(proof)

lemma irrefip-on-less-lit[simp]: irreflp-on A (<))
{proof)

lemma wfP-less-lit[simp]: wfP (<)
{proof)

lemma wfP-less-cls[simp|: wfP (<.)
(proof)

lemma totalp-on-less-lit[simp|: totalp-on A (<)
(proof)

corollary totalp-less-lit: totalp (<;)
(proof)

lemma totalp-less-cls[simp]: totalp (<.)

{(proof)

interpretation term-order: linorder lesseq-trm less-trm
(proof)

interpretation literal-order: linorder lesseq-lit less-lit

(proof)

interpretation clause-order: linorder lesseq-cls less-cls
(proof)

lemma less-lit-simps[simp]:
Pos Ay <; Pos Ay +—— Ay <; Ag
Pos Ay <; Neg Ay +— Ay =4 Ao
N@g A < N@g Ay +—— A1 <4 Ay
Neg Ay <; Pos Ay +— Aq <4 As
(proof )



1.1 Ground Rules

abbreviation is-mazimal-lit :: 'f gterm literal = 'f gterm clause = bool where
is-mazimal-lit L M = is-maximal-in-mset-wrt (<;) M L

abbreviation is-strictly-mazimal-lit :: 'f gterm literal = 'f gterm clause = bool
where
is-strictly-mazimal-lit L M = is-greatest-in-mset-wrt (<;) M L

inductive ground-resolution ::
'f gterm atom clause = 'f gterm atom clause = 'f gterm atom clause = bool
where
ground-resolutionl:
Py = add-mset (Neg t) P1/ =
Py = add-mset (Pos t) Py! =
Py <. P =
select Py = {#} A is-mazimal-lit (Neg t) P1 V Neg t €# select Py =
select Py = {#} =
is-strictly-mazimal-lit (Pos t) Py =
C=P'+ Py —
ground-resolution Py Py C

inductive ground-factoring :: 'f gterm atom clause = 'f gterm atom clause = bool
where
ground-factoringl:
P = add-mset (Pos t) (add-mset (Pos t) P) =
select P = {#} =
is-mazimal-lit (Pos t) P =
C = add-mset (Pos t) P/ =
ground-factoring P C

1.2 Ground Layer

definition G-Inf :: 'f gterm atom clause inference set where
G-Inf =
{Infer [P2, P1] C | Py Py C. ground-resolution Py Py C} U
{Infer [P] C' | P C. ground-factoring P C}

abbreviation G-Bot :: 'f gterm atom clause set where

G-Bot = {{#}}

definition G-entails :: 'f gterm atom clause set = 'f gterm atom clause set = bool
where
G-entails Ny No +— (V (I :: 'f gterm set). I |Fs Ny — I |=s N3)

1.3 Correctness

lemma soundness-ground-resolution:
assumes
step: ground-resolution P1 P2 C



shows G-entails {P1, P2} {C}
(proof)

lemma soundness-ground-factoring:
assumes step: ground-factoring P C
shows G-entails {P} {C'}

{proof)

interpretation G: sound-inference-system G-Inf G-Bot G-entails

{(proof)

1.4 Redundancy Criterion

lemma ground-resolution-smaller-conclusion:
assumes
step: ground-resolution P1 P2 C
shows C <. PI

(proof)

lemma ground-factoring-smaller-conclusion:
assumes step: ground-factoring P C
shows C <. P

(proof)

interpretation G: calculus-with-finitary-standard-redundancy G-Inf G-Bot G-entails

(<e)

(proof)

1.5 Refutational Completeness
context

fixes N :: 'f gterm atom clause set
begin

function production :: 'f gterm atom clause = 'f gterm set where
production C = {A | A C".
CeNA
C = add-mset (Pos A) C' A
select C = {#} A
is-strictly-mazimal-lit (Pos A) C' A
- (UD e {D e N.D <. C}. production D) |= C}
(proof )

termination production

(proof)

declare production.simps[simp del]

end



lemma Unig-striclty-mazimal-lit-in-ground-cls:
d<1 L. is-strictly-mazimal-lit L C
(proof )

lemma production-eq-empty-or-singleton:
production N C' = {} V (3 A. production N C = {A})
(proof)

lemma production-eq-singleton-if-atom-in-production:
assumes A € production N C
shows production N C = {A}

{proof)

definition interp where
interp NC = (JD € {D € N. D <. C}. production N D)

lemma interp-mempty[simpl: interp N {#} = {}
(proof)

lemma production-unfold: production N C = {A | A C".
CeNA
C = add-mset (Pos A) C' A
select C = {#} A
is-strictly-mazimal-lit (Pos A) C' A
- interp N C' |= C}
(proof )

lemma production-unfold’: production N C = {A | A.
CeNA
select C = {#} A
is-strictly-mazimal-lit (Pos A) C' A
- interp N C |= C}
(proof)

lemma mem-productionF:

assumes C-prod: A € production N C

obtains C’ where
C € N and
C = add-mset (Pos A) C' and
select C = {#} and
is-strictly-mazimal-lit (Pos A) C and
—interp N C |= C

(proof)

lemma production-subset-if-less-cls: C <. D = production N C' C interp N D
(proof )

lemma Unig-production-eg-singleton: 3 <1 C. production N C = {A}
(proof)



lemma singleton-eq-CollectD: {z} = {y. Py} = Pz
{proof)

lemma subset-Union-mem-Collect]: Px — fax C (Jy € {z. P z}. fy)
(proof )

lemma interp-subset-if-less-cls: C <. D = interp N C C interp N D
(proof )

lemma interp-subset-if-less-cls’: C <. D = interp N C C interp N D U produc-
tion N D

{proof)

lemma split- Union-production:
assumes D-in: D € N
shows (|J C € N. production N C) =
interp N D U production N D U (JC € {C € N. D <. C}. production N C')

(proof)

lemma split- Union-production:
assumes D-in: D € N
shows (|J C € N. production N C)
production N C')

{proof)

interp NDU (UC € {C e N. D=, C}.

lemma split-interp:

assumes C € N and D-in: D € N and D <, C

shows interp N C = interp ND U (JC' € {C'e N. D <. C' N C' <. C}.
production N C)
(proof)

lemma less-imp-Interp-subseteq-interp: C' <. D = interp N C U production N
C C interp N D
(proof)

lemma not-interp-to-Interp-imp-le: A ¢ interp N C = A € interp N D U pro-
duction ND — C <. D
(proof)

lemma produces-imp-in-interp:
assumes Neg A €# C and D-prod: A € production N D
shows A € interp N C

(proof)

lemma neg-notin-Interp-not-produce:
Neg A €e# C = A ¢ interp N D U production ND — C <. D = A ¢
production N D"’

{proof)



lemma [ift-interp-entails:
assumes
D-in: D € N and
D-entailed: interp N D |= D and
C-in: C € N and
D-lit-C: D <. C
shows interp N C' |= D
(proof)

lemma lift-interp-entails-to-interp-production-entails:
assumes
C-in: C € N and
D-in: D € N and
C-it-D: D <., C and
D-entailed: interp N C' |= D
shows interp N C' U production N C' |= D
(proof)

lemma [ift-entailment-to- Union:
fixes N D
assumes
D-in: D € N and
Rp-entails-D: interp N D |= D
shows
(U C € N. production N C) |= D

{proof)

lemma

assumes
D <. C and
C-prod: A € production N C and
L-in: L €# D

shows
lesseq-trm-if-pos: is-pos L = atm-of L =; A and
less-trm-if-neg: is-neg L = atm-of L <; A

(proof)

lemma less-trm-iff-less-cls-if-mem-production:
assumes C-prod: Ac € production N C and D-prod: Ap € production N D
shows Ac <y Ap «— C <. D

(proof)

lemma false-cls-if-productive-production:
assumes C-prod: A € production N C and D € N and C <. D
shows — interp N D |= C — {#Pos A#}

{proof )
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lemma production-subset- Union-production:

NC N. C € N = production N C C (D € N. production N D)
{proof)

lemma interp-subset- Union-production:
ANCN. C e N = interp NC C (UD € N. production N D)

{proof)

lemma model-construction:
fixes
N :: 'f gterm atom clause set and
C :: 'f gterm atom clause
assumes G.saturated N and {#} ¢ N and C-in: C € N
shows
production N C = {} +— interp N C |= C
(UD € N. production N D) |= C
DeN= C<.D=interp ND |= C

{proof)

lemma
assumes clause-order.is-least-in-fset N C and A € production (fset N) C
shows ANA". A" <, A = A" ¢ (UD € fset N. production (fset N) D)

{proof)

lemma lesser-atoms-not-in-previous-interp-are-not-in-final-interp-if-productive:
assumes A € production (fset N) C
shows ANA". A’ <, A = A’ ¢ interp (fset N) C = A’ ¢ (UD € fset N.
production (fset N) D)
(proof)

lemma lesser-atoms-not-in-previous-interp-are-not-in-final-interp-if-not-productive:
assumes literal-order.is-mazimal-in-mset C' L and production (fset N) C = {}
shows NA' A’ <; atm-of L = A’ ¢ interp (fset N) C = A’ ¢ (UD € fset
N. production (fset N) D)
(proof)

lemma lesser-atoms-not-in-previous-interp-are-not-in-final-interp:
fixes A
assumes
L-max: literal-order.is-mazimal-in-mset C' L and
A-less: A <¢ atm-of L and
A-no-in: A ¢ interp (fset N) C
shows A ¢ (|JD € fset N. production (fset N) D)
(proof)

lemma lesser-atoms-in-previous-interp-are-in-final-interp:
fixes A
assumes
L-max: literal-order.is-mazimal-in-mset C' L and

11



A-less: A <t atm-of L and

A-in: A € interp N C
shows A € (|JD € N. production N D)
{proof)

lemma interp-fixed-for-smaller-literals:
fixes A
assumes
L-max: literal-order.is-mazimal-in-mset C' L and
A-less: A <¢ atm-of L and
C =<.D
shows A € interp N C «<— A € interp N D
(proof)

lemma neg-lits-not-in-model-stay-out-of-model:
assumes
L-in: L €# C and
L-neg: is-neg L and
atm-L-not-in: atm-of L ¢ interp N C
shows atm-of L ¢ (|JD € N. production N D)
(proof )

lemma neg-lits-already-in-model-stay-in-model:
assumes
L-in: L €# C and
L-neg: is-neg L and
atm-L-not-in: atm-of L € interp N C
shows atm-of L € (|JD € N. production N D)
(proof)

lemma image-eq-imagel:
assumes A\z. 2 € X = fz =gz
shows f ‘X =g ‘X
(proof)

lemma production-swap-clause-set:
assumes
agree: {D € N1.D <. C} ={D € N2. D <. C}
shows production N1 C' = production N2 C
(proof)

lemma interp-swap-clause-set:
assumes agree: {D € N1. D <. C} = {D € N2. D <. C}
shows interp N1 C = interp N2 C

(proof)

definition interp’ where
interp’ N = (U C € N. production N C)

12



lemma interp-eq-interp’: interp N D = interp’ {C € N. C <. D}
(proof)

lemma production-unfold’: production N C = {A | A.
C € N A select C = {#} A
is-strictly-mazimal-lit (Pos A) C' A
- interp’ {B € N. B <. C} |= C}
(proof)

lemma Interp-swap-clause-set:
assumes agree: {D € N1. D <. C} ={D € N2. D <. C}
shows interp N1 C' U production N1 C = interp N2 C' U production N2 C
(proof)

lemma production-insert-greater-clause:
assumes C <. D
shows production (insert D N) C = production N C

(proof)

lemma interp-insert-greater-clause-strong:
assumes C <. D
shows interp (insert D N) C = interp N C
(proof)

lemma interp-insert-greater-clause:

assumes C <. D

shows interp (insert D N) C = interp N C
(proof)

lemma Interp-insert-greater-clause:

assumes C <. D

shows interp (insert D N) C U production (insert D N) C = interp N C U
production N C

(proof)

lemma production-add-irrelevant-clause-to-set0:
assumes
fin: finite N and
D-irrelevant: E € N E C# D set-mset D = set-mset F and
no-select: select E = {#}
shows production (insert D N) D = {}

(proof)

lemma production-add-irrelevant-clause-to-set:
assumes
fin: finite N and
C-in: C € N and
D-irrelevant: 3E € N. E C# D A set-mset D = set-mset F and
no-select: \C. select C = {#}

13



shows production (insert D N) C = production N C
(proof)

lemma production-add-irrelevant-clauses-to-set0:
assumes
fin: finite N finite N’ and
D-in: D € N’ and
irrelevant: VD € N'. 3E € N. E C# D A set-mset D = set-mset E and
no-select: \C. select C = {#}
shows production (N U N') D = {}

(proof)

lemma production-add-irrelevant-clauses-to-set:
assumes
fin: finite N finite N’ and
C-in: C € N and
irrelevant: VD € N'. 3E € N. E C# D A set-mset D = set-mset E and
no-select: \C. select C = {#}
shows production (N U N') C = production N C

{proof)

lemma interp-add-irrelevant-clauses-to-set:
assumes
fin: finite N finite N’ and
C-in: C € N and
irrelevant: VD € N'. 3E € N. E C# D A set-mset D = set-mset E and
no-select: N\C. select C = {#}
shows interp (N U N’) C = interp N C
(proof)

lemma interp-add-irrelevant-clauses-to-set':
assumes
fin: finite N finite N’ and
C-in: C € N and
irrelevant: VD € N'. 3E € N. E C# D A set-mset D = set-mset E and
no-select: \C. select C = {#}
shows interp (N U N') C = interp N C
(proof)

lemma lesser-entailed-clause-stays-entailed:

assumes C <. D and D-lt: D <. F and C-entailed: interp N D U production
ND[EC

shows interp N E |= C
(proof)

lemma lesser-entailed-clause-stays-entailed:

assumes C-le: C <. D and D-lt: D <. E and C-entailed: interp N D U pro-
duction N D |= C

shows interp N E U production N E |= C

14



(proof)

lemma entailed-clause-stays-entailed’:
assumes C-lt: C <. D and C-entailed: interp N C U production N C |= C
shows interp N D |= C

{proof)

lemma entailed-clause-stays-entailed:
assumes C-lt: C <. D and C-entailed: interp N C U production N C |= C
shows interp N D U production N D |= C

(proof)

lemma multp-if-all-left-smaller: M2 # {#} — Vke#MI1. Fje#M2. Rk j —
multp R M1 M2
(proof )

lemma
fixes
P1 :: 'f gterm and
C1 :: 'f gterm clause and
N :: 'f gterm clause set
defines
C1 = {#Neg P1#} and
N = {C1}
assumes
no-select: \C. select C = {#}
shows
False

(proof)

lemma
fixes
P1 P2 :: 'f gterm and
C1 :: 'f gterm clause and
N :: 'f gterm clause set
defines
C1 = {#Pos P1, Neg P24} and
N = {C1}
assumes
term-order: P1 <; P2 and
no-select: \C. select C = {#}
shows Fulse

(proof)

lemma
fixes

15



P1 P2 P3 Pj :: 'f gterm and
C1 C2 C3 C4 C5 :: 'f gterm clause and
N :: 'f gterm clause set
defines
C1 = {#Neg P1, Neg P2#} and
C2 = {#Pos P2, Neg P34} and
C3 = {#Pos P1, Pos P2, Pos P/#} and
C4 = {#Pos P2, Pos P3, Pos P4#} and
C5 = {#Pos P2, Neg P4#} and
N ={C1, C2, C3, C4, C5}
assumes
term-order: P1 <; P2 P2 <; P3 P3 <, P4 and
no-select: \C. select C = {#}
shows
Cl <. C2C2 <.03C8 <.0C4C} =<.0C5
(proof )

interpretation G: statically-complete-calculus G-Bot G-Inf G-entails G.Red-1 G.Red-F
(proof)

end

end

theory Lower-Set
imports Main

begin

definition is-lower-set-wrt :: ('a = 'a = bool) = 'a set = 'a set = bool where
transp-on X R = asymp-on X R —
is-lower-set-wrt RL X +— LC X AN(NVle€ L Vee X. Ral—z€L)

definition is-strict-lower-set-wrt :: ('a = 'a = bool) = 'a set = 'a set = bool
where
transp-on X R —> asymp-on X R —
is-strict-lower-set-wrt RLX +— LC X AN (Vi€ L Vze X. Rzl — z € L)

lemma is-lower-set-wrt-empty:
fixes X :: ‘a set and R :: 'a = 'a = bool
assumes transp-on X R and asymp-on X R
shows is-lower-set-wrt R {} X

(proof )

lemma is-lower-set-wrt-refi:
fixes X :: ‘a set and R :: 'a = 'a = bool
assumes transp-on X R and asymp-on X R
shows is-lower-set-wrt R X X

(proof)

16



lemma is-lower-set-wrt-trans:
fixes X YZ :: ‘asetand R :: 'a = 'a = bool
assumes
transp-on Z R and asymp-on Z R and
is-lower-set-wrt R X Y and is-lower-set-wrt R Y Z
shows is-lower-set-wrt R X Z

(proof)

lemma is-lower-set-wrt-antisym:
fixes X Y :: ‘a set and R :: 'a = 'a = bool
assumes
transp-on Y R and asymp-on Y R and
is-lower-set-wrt R X Y and is-lower-set-wrt R Y X
shows X = Y

(proof)

lemma order-is-lower-set-wrt:
fixes R :: 'a = 'a = bool
assumes transp R and asymp R
shows class.order (is-lower-set-wrt R) (is-strict-lower-set-wrt R)

(proof)

lemma is-lower-set-wrt-insertl:
assumes transp-on (insert © X) R and asymp-on (insert x X) R and
ze€XandVwe X. Rwz — w € L and is-lower-set-wrt R L X
shows is-lower-set-wrt R (insert z L) X

(proof)

lemma lower-set-wrt-appendl:
assumes
trans: transp-on (set (xs Q ys)) R and
asym: asymp-on (set (zs @Q ys)) R and
sorted: sorted-wrt R (zs @ ys)
shows is-lower-set-wrt R (set zs) (set (zs Q ys))

{proof)

lemma sorted-and-lower-set-wrt-appendD-left:
assumes transp-on A R and asymp-on A R and
sorted-wrt R (zs Q ys) and is-lower-set-wrt R (set (zs @Q ys)) A
shows sorted-wrt R zs and is-lower-set-wrt R (set xs) A

{proof)

lemma sorted-and-lower-set-wrt-appendD-right:
assumes transp-on A R and asymp-on A R and
sorted-wrt (Ax y. Ry z) (xs Q ys) and is-lower-set-wrt R (set (xs Q ys)) A
shows sorted-wrt (Ax y. R y ) ys and is-lower-set-wrt R (set ys) A
(proof )

lemma not-in-lower-set-wrtl:
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fixes R :: 'a = 'a = bool
assumes trans: transp-on Y R and asym: asymp-on Y R
shows is-lower-set-wrt RXY — y¢ X —=yeY =Ryz=— 2¢ X

{proof)

abbreviation (in preorder) is-lower-set where
is-lower-set = is-lower-set-wrt (<)

lemmas (in preorder) is-lower-set-iff =
is-lower-set-wrt-def[OF transp-on-less asymp-on-less]

context linorder begin

sublocale is-lower-set: order is-lower-set-wrt (<) is-strict-lower-set-wrt (<)
(proof)

end

lemmas (in preorder) is-lower-set-empty[simp] =
is-lower-set-wrt-empty[ OF transp-on-less asymp-on-less]

lemmas (in preorder) is-lower-set-insert] =
is-lower-set-wrt-insert][OF transp-on-less asymp-on-less]

lemmas (in preorder) lower-set-appendl =
lower-set-wrt-appendI [OF transp-on-less asymp-on-less)

lemmas (in preorder) sorted-and-lower-set-appendD-left =
sorted-and-lower-set-wrt-appendD-left[ OF transp-on-less asymp-on-less]

lemmas (in preorder) sorted-and-lower-set-appendD-right =
sorted-and-lower-set-wrt-appendD-right[OF transp-on-less asymp-on-less]

lemmas (in preorder) not-in-lower-setl =
not-in-lower-set-wrtI[OF transp-on-less asymp-on-less]

end
theory HOL-FEztra-Extra

imports First-Order-Clause. HOL-Extra
begin

no-notation restrict-map (infixl |* 110)
lemma

assumes J<1z. Pz
shows finite {z. P x}

{proof)

18



lemma finite-if-Uniq- Unig:
assumes
= <1Z- Pz
Vz. 3<1y. Qzy
shows finite {y. 3z. Px A Q z y}
(proof)

lemma finite-if-finite-finite:
assumes
finite {z. P z}
Vx. finite {y. Q z y}
shows finite {y. 3z. Px A Q z y}
(proof )

lemma (in order) greater-wfp-on-finite-set: finite X = Wellfounded.wfp-on X
(>)
(proof)

lemma (in order) less-wfp-on-finite-set: finite X = Wellfounded.wfp-on X (<)
(proof )

lemma sorted-wrt-drop While: sorted-wrt R s = sorted-wrt R (drop While P xs)
{proof)

lemma sorted-wrt-take While: sorted-wrt R xs = sorted-wrt R (take While P xs)
{proof )

lemma distinct-if-sorted-wrt-asymp:
assumes asymp-on (set xs) R and sorted-wrt R xs
shows distinct s

{proof)

lemma drop While-append-eq-rhs:
fixes zs ys :: 'a list and P :: 'a = bool
assumes
Nz. z € set zs = P z and
Ny. y € set ysg=— = Py
shows drop While P (zs @ ys) = ys
(proof )

lemma mem-set-drop While-conv-if-list-sorted-and-pred-monotone:
fixes R :: ‘a = 'a = bool and xs :: 'a list and P :: 'a = bool
assumes sorted-wrt R s and monotone-on (set zs) R (>) P
shows = € set (dropWhile P xs) «— = P x A © € set xs

(proof)

lemma ball-set-drop While-if-sorted-wrt-and-monotone-on:
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fixes R :: ‘a = 'a = bool and xs :: 'a list and P :: 'a = bool
assumes sorted-wrt R s and monotone-on (set zs) R (>) P
shows YV € set (dropWhile P zs). = P x

{proof)

lemma filter-set-eq-filter-set-minus-singleton:
assumes - Py
shows {z € X. Pz} ={x € X — {y}. Pz}

{proof)

lemma ex!-subset-eq-image-if-bij-betw:
fixes f:: 'a= 'band X :: ‘a set and Y :: 'b set
assumes bij-betw fX YV and V' C Y
shows 31X X' C X ANY'=f X'
(proof )

lemma Collect-eq-image-filter-Collect-if-bij-betw:
fixes f : '/a = 'band X :: ‘a set and Y :: b set
assumes bij: bij-betw f X Y and sub: {y. Py} C YV
shows {y. Py} =f‘{z. 2 € X AP (fz)}
(proof )

lemma (in linorder) exl-sorted-list-for-set-if-finite:
finite X = 3us. sorted-wrt (<) zs A set zs = X
(proof )

lemma restrict-map-ident-if-dom-subset: dom M C A = restrict-map M A =
M
(proof)

lemma drop While-ident-if-pred-always-false:
assumes A\z. z € set s = -~ Pz
shows drop While P xs = xs

{proof)

1.6 Move to HOL. Transitive-Closure

lemma relpowp-right-unique:
fixes R:: 'a = 'a = booland n :: nat and z y z :: 'a
assumes runique: Nt yz. Rey— Rzrz— y =z
shows (R " n)zy= (R " n)rzz=y=2

(proof)

lemma Unig-relpowp:
fixes n :: nat and R :: 'a = ‘a = bool
assumes runiq: Vz. 3<1y. Rz y
shows 3<1y. (R " n)zy

(proof)

20



lemma relpowp-plus-of-right-unique:
assumes
right-unique R
(R 7" m) zy and
(R (m+n))zz
shows (R " "n) y z
(proof)

lemma relpowp-plusD:
assumes (R 7" (m + n)) z z
shows Jy. (R 7" m) zy A (R
(proof)

n)yz

lemma relpowp-Suc-of-right-unique:
assumes
right-unique R
Rz y and
(R 7" Sucn)zz
shows (R " "n) y 2z
(proof )

lemma tranclp-if-relpowp: n # 0 = (R " n)zy = R T zy
(proof)

lemma transp-on-singleton[simpl: transp-on {xz} R
(proof)

lemma rtranclp-rtranclp-compose-if-right-unique:
assumes runique: right-unique R and R** a b and R** a ¢
shows R** a bA R** bcV R** acANR*cb

(proof)

lemma right-unique-terminating-rtranclp:
assumes right-unique R
shows right-unique Az y. R** 2y A (2. Ry 2))
(proof)

end

theory The-Optional
imports Main

begin

definition The-optional :: ('a = bool) = 'a option where
The-optional P = (if 3lx. P x then Some (THE z. P x) else None)

lemma The-optional-eq-SomeD: The-optional P = Some x = P«

(proof)

lemma Some-eq-The-optionalD: Some © = The-optional P — Pz
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{proof)

lemma The-optional-eq-NoneD: The-optional P = None = Alz. Pz
(proof )

lemma None-eq- The-optionalD: None = The-optional P = flz. Pz
(proof)

lemma The-optional-eq-Somel:
assumes 3<;z. Pz and Pz
shows The-optional P = Some z

{proof)

end
theory Full-Run
imports
VeriComp. Transfer-Extras
HOL-Extra-Extra
begin

definition full-run where
fullrun Rz y +— R** 2y A (2. R y 2)

lemma Unig-full-run:
assumes Unig-R: N\z. 3<1y. Rz y
shows 3 <1y. full-run R z y

{proof)

lemma ex!-full-run:
assumes Unig-R: \z. 3<1y. R z y and wfP-R: wfP R~'~!
shows 3ly. full-run R z y

(proof )

lemma full-run-preserves-invariant:
assumes
run: full-run R x y and
P-init: P z and
R-preserves-P: Nz y. Rxy=— Px = Py
shows P y

(proof)

end
theory Background
imports

Simple-Clause-Learning.SCL-FOL
Simple-Clause-Learning. Correct- Termination
Simple-Clause-Learning. Initial- Literals- Generalize- Learned- Literals
Simple-Clause-Learning. Termination
Ground-Ordered-Resolution
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Min-Max-Least-Greatest. Min-Maz-Least- Greatest-FSet
First-Order-Clause. Multiset- Extra
VeriComp. Compiler
HOL—ex.Sketch-and-Explore
HOL- Library.FuncSet
Lower-Set
HOL-Extra-Extra
The-Optional
Full-Run
begin

lemma I =l L «— (is-pos L «— atm-of L € I)
{proof)

2 Move to HOL— Library. Multiset

lemmas strict-subset-implies-multp = subset-implies-multp
hide-fact subset-implies-multp

lemma subset-implies-reflelp-multp: A C# B = (multp R)™= A B
(proof)

lemma member-mset-repeat-msetD: L €4 repeat-mset n M —> L e# M
(proof)

lemma member-mset-repeat-mset-Suc[simp|: L €4 repeat-mset (Suc n) M +— L
e# M
(proof)

lemma image-msetl: © €# M —> fx €# image-mset f M
(proof )

lemma inj-image-mset-mem-iff: inj f = fx €7 image-mset f M «— =z €# M
(proof)

3 Move to HOL— Library.FSet

declare wfP-pfsubset[intro]

syntax
-FFilter :: pttrn = 'a fset = bool = 'a fset ((1{|- |€] -./ -|}))

translations
{|z |€| X. P|} == CONST ffilter (A\z. P) X

lemma fimage-ffUnion: f | ffUnion SS = ffUnion ((|1) f 19 SS)
(proof)
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lemma ffilter-eq-ffilter-minus-singleton:
assumes - Py
shows {|z |€| X. Pz|} = {|]z |¢|] X — {|y|}. P =z|}
(proof)

lemma fun-upd-fimage: f(x ;= y) || A = (if z |€|] A then finsert y (f |9 (A —
{lz[})) else f |1 A)
(proof )

lemma ffilter-fempty[simp]: ffilter P {||} = {||}
(proof )

lemma fstrict-subset-iff-fset-strict-subset-fset:
fixes X' ) :: - fset
shows X |C| Y +— fset X C fset Y
(proof )

lemma (in linorder) exl1-sorted-list-for-fset:
Ilzs. sorted-wrt (<) xs A fset-of-list s = X

{proof)

lemma (in linorder) is-least-in-fset-ffilterD:
assumes is-least-in-fset-wrt (<) (ffilter P X) x
shows z |€| X Pz

{proof)

4 Move to VeriComp.Sitmulation

locale forward-simulation-with-measuring-function =
L1: semantics stepl finall +
L2: semantics step2 final2
for
stepl :: 'statel = 'statel = bool and
step2 :: 'state2 = 'state2 = bool and
finall :: 'statel = bool and
final2 :: 'state2 = bool +
fixes
match :: 'statel = 'state2 = bool and
measure :: 'statel = 'indexr and
order :: 'index = 'index = bool (infix T 70)
assumes
wfp-order:
wfp (C) and
match-final:
match s1 s2 = finall s1 = final2 s2 and
simulation:
match s1 s2 = stepl sl s1' —>

(Fs2'. step2™T 52 82" A match s1’ s2') V (match s1' s2 A measure s1' C
measure s1)
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begin

sublocale forward-simulation where

stepl = stepl and step2 = step2 and finall = finall and final2 = final2 and
order = order and

match = A\i ¢ y. i = measure T N\ match x y
(proof)

end

locale backward-simulation-with-measuring-function =
L1: semantics stepl finall +
L2: semantics step2 final2
for
stepl :: 'statel = 'statel = bool and
step2 :: 'state2 = 'state2 = bool and
finall :: 'statel = bool and
final2 :: 'state2 = bool +
fixes
match :: 'statel = ’state2 = bool and
measure :: 'state2 = "indexr and
order :: 'index = 'index = bool (infix C 70)
assumes
wfp-order:
wfp (C) and
match-final:
match s1 s2 = final2 s2 = finall s1 and
simulation:
match sl s2 = step2 s2 s2' —>
(Fs1'. stepl™T s1 51’ A match s1’ s2') V (match s1 s2’ N\ measure s2' T
measure $2)
begin

sublocale backward-simulation where

stepl = stepl and step2 = step2 and finall = finall and final2 = final2 and
order = order and

match = i zy. i = measure y N\ match x y

(proof)

end

5 Move to Simple-Clause-Learning.SCL-FOL

definition trail-true-lit :: (- literal x - option) list = - literal = bool where
trail-true-lit U L «— L € fst ‘set T

definition trail-false-lit :: (- literal X - option) list = - literal = bool where
trail-false-lit T' L <+— — L € fst ‘set T’
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definition trail-true-cls :: (- literal x - option) list = - clause = bool where
trail-true-cls T' C «— (3L €# C. trail-true-lit T' L)

definition trail-false-cls :: (- literal x - option) list = - clause = bool where
trail-false-cls T C <— (VL €# C. trail-false-lit T' L)

lemma trail-false-cls-mempty[simp|: trail-false-cls T' {#}
(proof )

definition trail-defined-lit :: (- literal x - option) list = - literal = bool where
trail-defined-lit T L «— (L € fst “set TV — L € fst ‘ set T)

lemma trail-defined-lit-iff: trail-defined-lit I' L <— atm-of L € atm-of  fst ‘ set
r
(proof )

definition trail-defined-cls :: (- literal x - option) list = - clause = bool where
trail-defined-cls T' C' «— (VL €# C. trail-defined-lit T L)

lemma trail-defined-lit-iff-true-or-false:
trail-defined-lit I' L <— trail-true-lit ' L V trail-false-lit T L
(proof)

lemma trail-true-or-false-cls-if-defined:
trail-defined-cls I' C = trail-true-cls I' C' V trail-false-cls ' C

(proof)

lemma subtrail-falsel:
assumes tr-false: trail-false-cls ((L, Cl) # I') C and L-not-in: —L ¢# C
shows trail-false-cls I' C
(proof)

inductive trail-consistent :: (‘a literal x 'b option) list = bool where

Nil[simp]: trail-consistent [] |

Cons: = trail-defined-lit ' L = trail-consistent I' = trail-consistent ((L, u) #
I)

lemma distinct-lits-if-trail-consistent:
trail-consistent I' = distinct (map fst T')

{proof)

lemma trail-true-lit-if-trail-true-suffiz:
suffit T' T = trail-true-lit T K = trail-true-lit T K
(proof)

lemma trail-true-cls-if-trail-true-suffiz:
suffit T'' T = trail-true-cls T/ C = trail-true-cls T' C
(proof )
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lemma trail-false-lit-if-trail-false-suffiz:
suffic T/ T = trail-false-lit T K = trail-false-lit T' K
(proof)

lemma trail-false-cls-if-trail-false-suffiz:
suffit T' T = trail-false-cls T'' C = trail-false-cls T' C
(proof )

lemma trail-defined-lit-if-trail-defined-suffix:
suffit ' T' = trail-defined-lit T K = trail-defined-lit I' K
(proof)

lemma trail-defined-cls-if-trail-defined-suffiz:
suffix T/ T = trail-defined-cls T'' C = trail-defined-cls T' C
(proof )

lemma not-trail-true-lit-and-trail-false-lit:

fixes T' :: (‘a literal x 'b option) list and L :: 'a literal

shows trail-consistent I' = — (trail-true-lit I' L A trail-false-lit T' L)
(proof)

lemma not-trail-true-cls-and-trail-false-cls:
fixes T" :: (Ya literal x 'b option) list and C :: ‘a clause
shows trail-consistent I' = — (trail-true-cls I' C A trail-false-cls T C)

(proof)

lemma not-lit-and-comp-lit-false-if-trail-consistent:
assumes trail-consistent I’
shows - (trail-false-lit I' L A trail-false-lit T' (— L))
(proof )

lemma not-both-lit-and-comp-lit-in-false-clause-if-trail-consistent:
assumes I'-consistent: trail-consistent I' and C-false: trail-false-cls ' C
shows = (L €# C N — L e# C)

(proof)

6 Move to ground ordered resolution

lemma (in ground-ordered-resolution-calculus) unique-ground-resolution:
shows 3 <, C. ground-resolution P1 P2 C
(proof)

lemma (in ground-ordered-resolution-calculus) unique-ground-factoring:
shows J <, C. ground-factoring P C

(proof)

lemma (in ground-ordered-resolution-calculus) termination-ground-factoring:
shows wfP ground-factoring=!~!

(proof)
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lemma (in ground-ordered-resolution-calculus) atms-of-concl-subset-if-ground-resolution:
assumes ground-resolution Py Py C
shows atms-of C' C atms-of P1 U atms-of Po
(proof )

lemma (in ground-ordered-resolution-calculus) strict-subset-mset-if-ground-factoring:
assumes ground-factoring P C
shows C C# P

(proof)

lemma (in ground-ordered-resolution-calculus) set-mset-eq-set-mset-if-ground-factoring:
assumes ground-factoring P C
shows set-mset P = set-mset C

(proof)

lemma (in ground-ordered-resolution-calculus) atms-of-concl-eq-if-ground-factoring:
assumes ground-factoring P C
shows atms-of C' = atms-of P
(proof)

lemma (in ground-ordered-resolution-calculus) ground-factoring-preserves-mazimal-literal:
assumes ground-factoring P C
shows is-mazimal-lit L P = is-mazimal-lit L C
(proof )

lemma (in ground-ordered-resolution-calculus) ground-factorings-preserves-mazimal-literal:
assumes ground-factoring*™ P C
shows is-mazimal-lit L P = is-mazimal-lit L C
(proof )

lemma (in ground-ordered-resolution-calculus) ground-factoring-reduces-mazimal-pos-lit:
assumes ground-factoring P C' and is-pos L and
is-mazimal-lit L P and count P L = Suc (Suc n)
shows is-mazimal-lit L C and count C' L = Suc n

{proof)

lemma (in ground-ordered-resolution-calculus) ground-factorings-reduces-mazximal-pos-lit:
assumes (ground-factoring = m) P C and m < Suc n and is-pos L and
is-mazimal-lit L P and count P L = Suc (Suc n)
shows is-mazimal-lit L C and count C' L = Suc (Suc n — m)

(proof )

lemma (in ground-ordered-resolution-calculus) full-ground-factorings-reduces-mazximal-pos-lit:
assumes steps: (ground-factoring ~ Suc n) P C and L-pos: is-pos L and
L-maz: is-mazimal-lit L P and L-count: count P L = Suc (Suc n)
shows is-mazimal-lit L C' and count C' L = Suc 0

(proof)
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7 Move somewhere?

lemma true-cls-imp-neg-mempty: T |= C = C # {#}
(proof )

lemma [lift-tranclp-to-pairs-with-constant-fst:
(Ra)"™ yz= Nz, y) (2, 2). s =" ANRzyz)"" (z,9) (2, 2)
(proof)

abbreviation (in preorder) is-lower-fset where
is-lower-fset X Y = is-lower-set-wrt (<) (fset X) (fset Y)

lemma lower-set-wrt-prefixl:
assumes
trans: transp-on (set zs) R and
asym: asymp-on (set zs) R and
sorted: sorted-wrt R zs and
prefix: prefiz xs zs
shows is-lower-set-wrt R (set xs) (set zs)
(proof)

lemmas (in preorder) lower-set-prefix] =
lower-set-wrt-prefixI[OF transp-on-less asymp-on-less]

lemma lower-set-wrt-suffizl:
assumes
trans: transp-on (set zs) R and
asym: asymp-on (set zs) R and
sorted: sorted-wrt R=*~1 zs and
suffiz: suffix ys zs
shows is-lower-set-wrt R (set ys) (set zs)

(proof)

lemmas (in preorder) lower-set-suffizl =
lower-set-wrt-suffix] [OF transp-on-less asymp-on-less]

lemma true-cls-repeat-mset-Suc[simp): I |= repeat-mset (Suc n) C «— I |= C
{proof)

lemma (in backward-simulation)
assumes match ¢ S1 S2 and — L1 .inf-step S1
shows — L2.inf-step S2

(proof)

lemma (in scl-fol-calculus) grounding-of-clss-ground:
assumes is-ground-clss N
shows grounding-of-clss N = N

{(proof)
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lemma (in scl-fol-calculus) propagatel”:
Cle| N Ul U= C = add-mset L C' = is-ground-cls (C - v) =
VK €# C - ~. atm-of K <p f =
Co={#K ec# C. K l~v#Llv#} = C1={#Ke# C . K-ly=1L"
V#Y =
SCL-FOL.trail-false-cls T' (Cy - v) = = SCL-FOL.trail-defined-lit T (L -1 )
_—
is-imgu p {atm-of ‘ set-mset (add-mset L C1)} =
I'" = trail-propagate T (L -l p) (Co - p) v =
propagate N 8 (T, U, None) (I, U, None)
(proof)

lemma (in scl-fol-calculus) decidel:
is-ground-lit (L -l v) = — SCL-FOL.trail-defined-lit T' (L -l v) = atm-of L -a
¥ =B B =
I'" = trail-decide T (L -1 v) =
decide N 8 (', U, None) (I, U, None)
(proof)

lemma ground-iff-vars-term-empty: ground t «— vars-term t = {}

(proof)

lemma is-ground-atm-eq-ground|[iff]: is-ground-atm = ground
(proof)

definition lit-of-glit :: 'f gterm literal = ('f, 'v) term literal where
lit-of-glit = map-literal term-of-gterm

definition glit-of-lit where
glit-of-lit = map-literal gterm-of-term

definition cls-of-gcls where
cls-of-gcls = image-mset lit-of-glit

definition gcls-of-cls where
gcls-of-cls = image-mset glit-of-lit

lemma inj-lit-of-glit: inj lit-of-glit
(proof)

lemma atm-of-lit-of-glit-conv: atm-of (lit-of-glit L) = term-of-gterm (atm-of L)
(proof )

lemma ground-atm-of-lit-of-glit[simp]: Term-Context.ground (atm-of (lit-of-glit L))
(proof )

lemma is-ground-lit-lit-of-glit[simp]: is-ground-lit (lit-of-glit L)
(proof )
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lemma is-ground-cls-cls-of-gcls[simp]: is-ground-cls (cls-of-gcls C)
(proof )

lemma glit-of-lit-lit-of-glit[simp]: glit-of-lit (lit-of-glit L) = L
(proof )

lemma gcls-of-cls-cls-of-gcls[simp]: gels-of-cls (cls-of-gcls L) = L
(proof )

lemma lit-of-glit-glit-of-lit-ident[simp): is-ground-lit L = lit-of-glit (glit-of-lit L)
=L
(proof )

lemma cls-of-gcls-gcls-of-cls-ident[simp): is-ground-cls D = cls-of-gcls (gcls-of-cls
D)y=D
(proof)

lemma vars-lit-lit-of-glit[simp]: vars-lit (lit-of-glit L) = {}
{proof)

lemma vars-cls-cls-of-gcls[simp]: vars-cls (cls-of-gcls C) = {}
(proof)

definition atms-of-cls :: 'a clause = 'a fset where
atms-of-cls C = atm-of || fset-mset C

definition atms-of-clss :: 'a clause fset = 'a fset where
atms-of-clss N = ffUnion (atms-of-cls || N)

lemma atms-of-clss-fempty[simp): atms-of-clss {||} = {||}
{proof)

lemma atms-of-clss-finsert[simpl:
atms-of-clss (finsert C N) = atms-of-cls C' |U| atms-of-clss N
{proof)

definition lits-of-clss :: 'a clause fset = 'a literal fset where
lits-of-clss N = ffUnion (fset-mset | N)

definition lit-occures-in-clss where
lit-occures-in-clss L N +— fBex N (A\C. L €# ()

inductive constant-context for R where
R C D D' = constant-context R (C, D) (C, D)

lemma rtranclp-constant-context: (R C)** D D' = (constant-context R)** (C, D)

(€, D)
(proof )
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lemma tranclp-constant-context: (R C)*T D D’ = (constant-context R)*™+ (C,
D) (C, D)
(proof )

lemma right-unique-constant-context:
assumes R-ru: A\C. right-unique (R C)
shows right-unique (constant-context R)

(proof)

lemma safe-state-constant-context-if-invars:
fixes N s
assumes
R-preserves-L:
ANss  RNss'=—= I Ns=— 7 N s'and
ex-R-if-not-final:
ANs. - F(N,s)=INs=3Is". R Nss’
assumes invars: Z N s
shows safe-state (constant-context R) F (N, s)

(proof)

primrec trail-atms :: (- literal x -) list = - fset where
trail-atms [| = {||} |
trail-atms (Ln # T') = finsert (atm-of (fst Ln)) (trail-atms T")

lemma fset-trail-atms: fset (trail-atms T') = atm-of * fst “ set T
(proof )

lemma trail-defined-lit-iff-trail-defined-atm:
trail-defined-lit ' L <— atm-of L |€| trail-atms T
(proof)

lemma trail-atms-subset-if-suffix:
assumes suffiz I'' T
shows trail-atms T |C| trail-atms T

(proof)

lemma dom-model-eq-trail-interp:
assumes
VA C. M A= Some C <— map-of T (Pos A) = Some (Some C) and
VIn € set . VL. Ln = (L, None) — is-neg L
shows dom M = trail-interp T

(proof)

type-synonym 'f gliteral = 'f gterm literal
type-synonym ’f gclause = 'f gterm clause
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locale simulation-SCLFOL-ground-ordered-resolution =
renaming-apart renaming-vars
for renaming-vars :: 'v set = v = v +
fixes
less-trm :: 'f gterm = 'f gterm = bool (infix <; 50)
assumes
transp-less-trm[simp]: transp (<;) and
asymp-less-trm[intro|: asymp (<) and
wfP-less-trmintro]: wfP (<) and
totalp-less-trmlintro]: totalp (<) and
finite-less-trm: A\B. finite {z. v <; B} and
less-trm-compatible-with-gctxt[simp]: NActat t t'. t <4 t' = ctat(t)g < ctat(ta
and
less-trm-if-subterm[simp]: At ctzt. ctot # O = t <4 ctat(t)a

8 Ground ordered resolution for ground terms

context simulation-SCLFOL-ground-ordered-resolution begin

sublocale ord-res: ground-ordered-resolution-calculus (<) A-. {#}
{proof)

sublocale linorder-trm: linorder (=) (<¢)
(proof)

sublocale linorder-lit: linorder (=) (<)
(proof)

sublocale linorder-cls: linorder (<) (<¢)
(proof )

declare linorder-trm.is-least-in-fset-ffilter D[no-atp]
declare linorder-lit.is-least-in-fset-ffilter D[no-atp)
declare linorder-cls.is-least-in-fset-ffilterD[no-atp)

end

9 Common definitions and lemmas

context simulation-SCLFOL-ground-ordered-resolution begin

abbreviation ord-res-Interp where
ord-res-Interp N C = ord-res.interp N C U ord-res.production N C

definition is-least-false-clause where
is-least-false-clause N C' <—
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linorder-cls.is-least-in-fset {|C |€| N. — ord-res-Interp (fset N) C |= C|} C

lemma is-least-false-clause-finsert-smaller-false-clause:
assumes
D-least: is-least-false-clause N D and
C <. D and
C-false: = ord-res-Interp (fset (finsert C N)) C |= C
shows is-least-false-clause (finsert C N) C

{proof)

lemma is-least-false-clause-swap-swap-compatible-fsets:
assumes {|z |€| NI1. z <. C|} = {|z |€| N2. z <. C|}
shows is-least-false-clause N1 C <— is-least-false-clause N2 C
(proof)

lemma Unig-is-least-false-clause: 3 <1 C. is-least-false-clause N C

(proof)

lemma mempty-lesseq-cls[simp]: {#} <. C for C
(proof)

lemma is-least-false-clause-mempty: {#} |€| N = is-least-false-clause N {#}
(proof)

lemma production-union-unproductive-strong:
assumes
fin: finite N1 finite N2 and
N2-unproductive: Vo € N2 — N1. ord-res.production (N1 U N2) z = {} and
C-in: C € N1
shows ord-res.production (N1 U N2) C = ord-res.production N1 C
(proof )

lemma production-union-unproductive:
assumes
fin: finite N1 finite N2 and
N2-unproductive: ¥V z € N2. ord-res.production (N1 U N2) x = {} and
C-in: C € N1
shows ord-res.production (N1 U N2) C = ord-res.production N1 C
(proof)

lemma interp-union-unproductive:
assumes
fin: finite N1 finite N2 and
N2-unproductive: Y& € N2. ord-res.production (N1 U N2) z = {}
shows ord-res.interp (N1 U N2) = ord-res.interp N1

(proof)

lemma Interp-union-unproductive:
assumes
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fin: finite N1 finite N2 and
N2-unproductive: Y& € N2. ord-res.production (N1 U N2) z = {}
shows ord-res-Interp (N1 U N2) C = ord-res-Interp N1 C

{proof)

lemma Interp-insert-unproductive:
assumes
fin: finite N1 and
z-unproductive: ord-res.production (insert x N1) z = {}
shows ord-res-Interp (insert x N1) C = ord-res-Interp N1 C

(proof)

lemma extended-partial-model-entails-iff-partial-model-entails:
assumes
fin: finite N finite N’ and
wrrelevant: VD € N'. 3E € N. E C# D A set-mset D = set-mset E and
C-in: C € N
shows ord-res-Interp (N U N') C |= C +— ord-res-Interp N C |= C
(proof)

lemma nex-strictly-mazximal-pos-lit-if-factorizable:
assumes ord-res.ground-factoring C C’
shows 3 L. is-pos L A ord-res.is-strictly-mazimal-lit L C

{proof)

lemma unproductive-if-nex-strictly-maximal-pos-lit:
assumes 3 L. is-pos L A ord-res.is-strictly-mazimal-lit L C
shows ord-res.production N C = {}

{proof)

lemma ball-unproductive-if-nex-strictly-maximal-pos-lit:
assumes V C € N'. B L. is-pos L A ord-res.is-strictly-mazimal-lit L C
shows V C € N'. ord-res.production (N U N’) C = {}

{proof)

lemma is-least-false-clause-finsert-cancel:
assumes
C-unproductive: ord-res.production (fset (finsert C N)) C' = {} and
C-entailed-by-smaller: 3D |€| N. D <. C A {D} |=e {C}
shows is-least-false-clause (finsert C N) = is-least-false-clause N
(proof)

lemma is-least-false-clause-funion-cancel-right-strong:
assumes
VC |€| N2 — N1.VU. ord-res.production U C = {} and
VC |e| N2 — N1.3D|€| N1. D <. C A {D} [Fe {C}
shows is-least-false-clause (N1 |U| N2) = is-least-false-clause N1
(proof )
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lemma is-least-false-clause-funion-cancel-right:
assumes
vV C |€| N2.V U. ord-res.production U C' = {} and
VC |€e| N2. 3D |€| Ni. D <. C A {D} [Fe {C}
shows is-least-false-clause (N1 |U| N2) = is-least-false-clause N1
(proof )

definition ez-false-clause where
ex-false-clause N = (3C € N. = ord-res.interp N C U ord-res.production N C

= C)

lemma obtains-least-false-clause-if-ex-false-clause:
assumes ez-false-clause (fset N)
obtains C where is-least-false-clause N C

(proof)

lemma ex-false-clause-if-least-false-clause:
assumes is-least-false-clause N C
shows ez-false-clause (fset N)

{proof)

lemma ez-false-clause-iff: ex-false-clause (fset N) +— (3 C. is-least-false-clause
N C)

{proof)

definition ord-res-model where
ord-res-model N = (|JD € N. ord-res.production N D)

lemma ord-res-model-eg-interp-union-production-of-greatest-clause:
assumes C-greatest: linorder-cls.is-greatest-in-set N C
shows ord-res-model N = ord-res.interp N C U ord-res.production N C

(proof)

lemma ord-res-model-entails-clauses-if-nex-false-clause:
assumes finite N and N # {} and - ez-false-clause N
shows ord-res-model N |=s N

(proof)

lemma pos-lit-not-greatest-if-mazrimal-in-least-false-clause:
assumes
C-least: linorder-cls.is-least-in-fset {|C |€| N. = ord-res-Interp (fset N) C |=
C|} C and
C-maz-lit: ord-res.is-maximal-lit (Pos A) C
shows — ord-res.is-strictly-mazimal-lit (Pos A) C
(proof)

lemma ex-ground-factoringl:

assumes
C-maz-lit: ord-res.is-maximal-lit (Pos A) C and
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C-not-maz-lit: = ord-res.is-strictly-mazimal-lit (Pos A) C
shows 3 C’. ord-res.ground-factoring C C’
(proof )

lemma true-cls-if-true-lit-in: L e# C = [ |FIL =1 | C
{proof)

lemma bez-smaller-productive-clause-if-least-false-clause-has-negative-mazx-lit:
assumes
C-least-false: is-least-false-clause N C' and
Neg-A-maz: ord-res.is-mazimal-lit (Neg A) C
shows fBex N (AD. D <. C A ord-res.is-strictly-mazimal-lit (Pos A) D A
ord-res.production (fset N) D = {A})

(proof)

lemma bez-smaller-productive-clause-if-least-false-clause-has-negative-maz-lit":
assumes
C-least-false: is-least-false-clause N C' and
L-maz: ord-res.is-mazimal-lit L C' and
L-neg: is-neg L
shows fBex N (AD. D <. C A ord-res.is-strictly-mazimal-lit (— L) D A
ord-res.production (fset N) D = {atm-of L})
(proof)

lemma ex-ground-resolutionl:
assumes
C-maz-lit: ord-res.is-maximal-lit (Neg A) C and
D-lt: D <. C' and
D-maz-lit: ord-res.is-strictly-mazimal-lit (Pos A) D
shows 3 CD. ord-res.ground-resolution C' D CD
(proof)

lemma
fixes N N’
assumes
fin: finite N finite N’ and
wrrelevant: VD € N'. 3E € N. E C# D A set-mset D = set-mset E and
C-in: C € N and
C-not-entailed: — ord-res.interp N C U ord-res.production N C' |= C
shows — ord-res.interp (N U N') C U ord-res.production (N U N') C |= C

(proof )
lemma trail-consistent-if-sorted-wrt-atoms:

assumes sorted-wrt (Az y. atm-of (fst y) < atm-of (fst x)) T
shows trail-consistent T’

{proof)

lemma mono-atms-lt: monotone-on (set T') (Az y. atm-of (fst y) < atm-of (fst
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z)) Az y. y < x)
(Az. atm-of K =; atm-of (fst x)) for K

(proof)

lemma in-trail-atms-drop Whilel :
assumes
sorted-wrt R T' and
monotone-on (set I') R (>) (Az. P (atm-of (fst z))) and
- P A and
A |€| trail-atms T
shows A |€| trail-atms (dropWhile (ALn. P (atm-of (fst Ln))) T")
(proof)

lemma trail-defined-lit-drop Whilel :
assumes
sorted-wrt R I and
monotone-on (set I') R (>) (Az. P (fst x)) and
-~ PLA-P(—L)and
trail-defined-lit T' L
shows trail-defined-lit (drop While (ALn. P (fst Ln)) T') L
(proof )

lemma trail-defined-cls-drop Whilel
assumes
sorted-wrt R T" and
monotone-on (set T') R (>) (Az. P (fst x)) and
VLe# C.- PLAN-P(—L)and
trail-defined-cls I' C
shows trail-defined-cls (drop While (ALn. P (fst Ln)) I') C

{proof)

lemma nbez-less-than-least-in-fset: = (3w |€] X. w <. z)
if linorder-cls.is-least-in-fset X = for X x

{proof)

lemma clause-le-if-lt-least-greater:
fixes NU.. F CD
defines
C = The-optional (linorder-cls.is-least-in-fset (ffilter ((<.) D) N))
assumes
C-lt: NE. C = Some E = C <. E and
C-in: C |€| N
shows C <. D
(proof)

end
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10 Lemmas about going between ground and first-
order terms

context simulation-SCLFOL-ground-ordered-resolution begin

lemma exI-gterm-of-term:

fixes t :: 'f gterm

shows 31(t' :: (’f, 'v) term). ground t' A t = gterm-of-term t'
(proof)

lemma binj-betw-gterm-of-term: bij-betw gterm-of-term {t. ground t} UNIV
(proof)

end

11 SCL(FOL) for first-order terms

context simulation-SCLFOL-ground-ordered-resolution begin

definition less-B where
less-B x y <— ground A ground y N gterm-of-term x < gterm-of-term y

sublocale order-less-B: order less-B== less-B
(proof )

sublocale scl-fol: scl-fol-calculus renaming-vars less-B

(proof)

end

lemma trail-atms-eq-trail-atms-if-same-lits:
assumes list-all2 (A\x y. fst z = fst y) Tg T'1g
shows trail-atms I'g = trail-atms I'1g
(proof)

lemma trail-false-lit-eq-trail-false-lit-if-same-lits:
assumes list-all2 (A\x y. fst z = fst y) Tg T'1g
shows trail-false-lit I'g = trail-false-lit T'1¢
(proof)

lemma trail-false-cls-eq-trail-false-cls-if-same-lits:
assumes list-all2 (A\x y. fst z = fst y) Tg T'1g
shows trail-false-cls I'g = trail-false-cls '
(proof)

lemma trail-defined-lit-eq-trail-defined-lit-if-same-lits:
assumes list-all2 (\x y. fst x = fst y) Ty T'1p
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shows trail-defined-lit T'g = trail-defined-lit T
{proof )

lemma trail-defined-cls-eq-trail-defined-cls-if-same-lits:
assumes list-all2 (A\x y. fst z = fst y) Tg T'1g
shows trail-defined-cls T'g = trail-defined-cls T'1g
(proof)

end

theory ORD-RES
imports Background

begin

12 ORD-RES

context simulation-SCLFOL-ground-ordered-resolution begin

lemma ex-false-clause N «— — (Y C € N. ord-res-Interp N C |= C)
(proof)

lemma - ez-false-clause N «— (¥ C € N. ord-res-Interp N C' |= C)
(proof)

definition ord-res-final where
ord-res-final N +— {#} |€] N V = ex-false-clause (fset N)

inductive ord-res where
factoring: {#} |¢| N = ex-false-clause (fset N) =
— Maybe write — ord-res-final N instead?
P |€| N = ord-res.ground-factoring P C =
N’ = finsert C N =
ord-res N N/ |

resolution: {#} |¢| N = ex-false-clause (fset N) =
Pl |€| N = P2 |€| N = ord-res.ground-resolution P1 P2 C =
N’ = finsert C N =
ord-res N N’

inductive ord-res-load where
N # {||} = ord-res-load N N

sublocale ord-res-semantics: semantics where
step = ord-res and
final = ord-res-final

(proof )

sublocale ord-res-language: language where

step = ord-res and
final = ord-res-final and
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load = ord-res-load
(proof )

end

end

theory ORD-RES-1
imports ORD-RES

begin

13 ORD-RES-1 (deterministic)

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-1 where
factoring:

is-least-false-clause N C —
linorder-lit.is-maximal-in-mset C L =
is-pos L —>
ord-res.ground-factoring C C' =
N’ = finsert C' N =
ord-res-1 N N’ |

resolution:
1s-least-false-clause N C =
linorder-lit.is-mazimal-in-mset C' L —>
is-neg L —
D|e| N =
D <. C—=
ord-res.production (fset N) D = {atm-of L} =
ord-res.ground-resolution C D CD —
N’ = finsert CD N —
ord-res-1 N N'

lemma
assumes ord-res.ground-resolution C D CD
shows D <, C

{proof)

lemma right-unique-ord-res-1: right-unique ord-res-1
(proof)

definition ord-res-1-final where
ord-res-1-final N <— ord-res-final N

inductive ord-res-1-load where
N # {||} = ord-res-1-load N N

sublocale ord-res-1-semantics: semantics where
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step = ord-res-1 and
final = ord-res-1-final
(proof)

sublocale ord-res-1-language: language where
step = ord-res-1 and
final = ord-res-1-final and
load = ord-res-1-load

{proof)

lemma ex-ord-res-1-if-not-final:
assumes — ord-res-1-final N
shows AN’ ord-res-1 N N’

(proof)

corollary ord-res-1-safe: ord-res-1-final N V (3N'. ord-res-1 N N')
(proof )

end

end

theory FEzxhaustive-Factorization
imports Background

begin

14 Function for full factorization

context simulation-SCLFOL-ground-ordered-resolution begin

definition efac :: 'f gterm clause = 'f gterm clause where
efac C = (THE C'. ord-res.ground-factoring** C C' A (} C"'. ord-res.ground-factoring
C/ C//))

The function efac performs exhaustive factorization of its input clause.

lemma ex1-efac-eq-factoring-chain:

310", efac C = C' A ord-res.ground-factoring** C C' A (H C"". ord-res.ground-factoring
c’ e’
(proof
lemma efac-eq-disj:

efac C = C Vv (31C". efac C = C' A ord-res.ground-factoring** C C' A (HC".
ord-res.ground-factoring C' C'"))

(proof)

lemma member-mset-if-count-eq-Suc: count X x = Sucn = ¢ €# X
(proof)

lemmas member-fsetE = mset-add
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lemma ord-res-ground-factoring-iff: ord-res.ground-factoring C C' +—

(3 A. ord-res.is-mazimal-lit (Pos A) C A (3 n. count C (Pos A) = Suc (Suc n)
N C'= C — {#Pos A#}))
(proof)

lemma tranclp-ord-res-ground-factoring-iff:
ord-res.ground-factoringtt C C' A (B C". ord-res.ground-factoring C' C'"") +—
(3 A. ord-res.is-mazimal-lit (Pos A) C A (3 n. count C (Pos A) = Suc (Suc n) A
C' = C — replicate-mset (Suc n) (Pos A)))

{(proof)

lemma minus-mset-replicate-mset-eq-add-mset-filter-mset:
assumes count X © = Suc n
shows X — replicate-mset n z = add-mset © {#y €# X. y # z#}

(proof)

lemma minus-mset-replicate-mset-eq-add-mset-add-mset-filter-mset:
assumes count X x = Suc (Suc n)
shows X — replicate-mset n x = add-mset x (add-mset z {#y €# X. y # z#})

{proof)

lemma rtrancl-ground-factoring-iff:
shows ord-res.ground-factoring** C C' A (B C". ord-res.ground-factoring C’ C'")
—
(B A. ord-res.is-mazimal-lit (Pos A) C A count C (Pos A) > 2) A C = C'V
(3 A. ord-res.is-mazimal-lit (Pos A) C N C' = add-mset (Pos A) {#L €# C.
L # Pos A#)))
(proof)

lemma efac-spec: efac C = C V
(3 A. ord-res.is-mazimal-lit (Pos A) C A efac C = add-mset (Pos A) {#L €#
C. L # Pos A#})

{proof)

lemma efac-spec-if-pos-lit-is-mazimal:
assumes L-pos: is-pos L and L-max: ord-res.is-maximal-lit L C
shows efac C = add-mset L {#K €# C. K # L#}

(proof)

lemma efac-mempty[simp]: efac {#} = {#}
{proof)

lemma set-mset-efac[simp): set-mset (efac C) = set-mset C
{proof)

lemma efac-subset: efac C C#H C

(proof)

lemma true-cls-efac-iff [simp]:
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fixes Z :: 'f gterm set and C :: 'f gclause
shows 7 |= efac C +— T |= C

{proof)

lemma obtains-positive-greatest-lit-if-efac-not-ident:
assumes efac C # C
obtains L where is-pos L and linorder-lit.is-greatest-in-mset (efac C) L

(proof)

lemma mempty-in-image-efac-iff [simp]: {#} € efac ‘N +— {#} € N
(proof )

lemma greatest-literal-in-efacl:
assumes is-pos L and C-maz-lit: linorder-lit.is-mazimal-in-mset C' L
shows linorder-lit.is-greatest-in-mset (efac C) L

(proof)

lemma linorder-lit.is-mazimal-in-mset (efac C') L <— linorder-lit.is-mazimal-in-mset
CL
{proof)

lemma
assumes is-pos L
shows linorder-lit.is-greatest-in-mset (efac C) L <— linorder-lit.is-maximal-in-mset

CL
(proof )

lemma factorizable-if-neq-efac:
assumes C # efac C
shows 3 C'. ord-res.ground-factoring C C’

(proof)

lemma nex-strictly-mazximal-pos-lit-if-neg-efac:
assumes C # efac C
shows 3 L. is-pos L A ord-res.is-strictly-mazimal-lit L C

{proof)

lemma efac-properties-if-not-ident:
assumes efac C # C

shows efac C <. C and {efac C} |=e {C}

(proof)
end
end
theory ORD-RES-2
imports
ORD-RES

FExhaustive-Factorization
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begin

15 ORD-RES-2 (full factorization)

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-2 where
factoring:
is-least-false-clause (N |U| U, |U| Uey) C =
linorder-lit.is-maximal-in-mset C L —
is-pos L =
Uep' = finsert (efac C) Uy =
ord-res-2 N (U, Ues) (Ur, Ues') |

resolution:
is-least-false-clause (N |U| U, |U| Uey) C =
linorder-lit.is-maximal-in-mset C L —
is-neg L —
Dle| N|JU U, |U| Uy =
D <. C=
ord-res.production (fset (N |U| U, |U| Uey)) D = {atm-of L} =
ord-res.ground-resolution C D CD —>
U," = finsert CD U, —
ord-res-2 N (U, Ues) (U,', Uey)

inductive ord-res-2-step where
ord-res-2 N S S’ = ord-res-2-step (N, S) (N, S’)

inductive ord-res-2-final where
ord-res-final (N |U| U, |U] Uey) = ord-res-2-final (N, (U, Ucy))

inductive ord-res-2-load where
N # {[|} = ord-res-2-load N (N, ({[|}, {[[}))

sublocale ord-res-2-semantics: semantics where
step = ord-res-2-step and
final = ord-res-2-final

(proof)

sublocale ord-res-2-language: language where
step = ord-res-2-step and
final = ord-res-2-final and
load = ord-res-2-load
(proof)

lemma is-least-in-fset-with-irrelevant-clauses-if-is-least-in-fset:
assumes
irrelevant: YD |€| N'. JE |€| N. E C# D A set-mset D = set-mset E and
C-least: linorder-cls.is-least-in-fset {|C |€| N. = ord-res-Interp (fset N) C |=
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Ccly C

shows linorder-cls.is-least-in-fset {|C |€| N |U| N'. = ord-res-Interp (fset (N |U|
N)) C = CJl} C

(proof)

primrec fset-upto :: nat = nat = nat fset where
fset-upto i 0 = (if i = 0 then {|0|} else {||}) |
fset-upto i (Suc n) = (if i < Suc n then finsert (Suc n) (fset-upto i n) else {||})

lemma
fset-upto 0 0 = {|0|}
fset-upto 0 1 = {]0, 1|}
fset-upto 0 2 = {0, 1, 2|}
fset-upto 0 3 = {|0, 1, 2, 3|}
fset-upto 1 3 ={|1, 2, 3|}
fset-upto 2 3 = {]2, 3|}
fset-upto 3 3 = {|3]|}
fset-upto 4 3 = {|[}
(proof)

lemma ¢ < I 4+ j = List.upto i (1 + j) = List.upto i j Q [1 + j]
(proof )

lemma fset-of-append-singleton: fset-of-list (zs Q [z]) = finsert x (fset-of-list zs)
(proof )

lemma fset-of-list (List.upto (int ©) (int j)) = int || fset-upto i j
(proof)

lemma fset-fset-upto[simp]: fset (fset-upto m n) = {m..n}

(proof)

lemma minus-mset-replicate-strict-subset-minus-msetl:
assumes m < n and n < count C' L
shows C' — replicate-mset n L C# C — replicate-mset m L

(proof)

lemma factoring-all-is-between-efac-and-original-clause:
fixes z
assumes
is-pos L and ord-res.is-mazimal-lit L C and count C' L = Suc (Suc n)
m’ < n and
z-in: z |€] (Ai. C — replicate-mset i L) || fset-upto 0 m’
shows efac C C# z and z C# C
(proof)

lemma

assumes
linorder-cls.is-least-in-fset {|z |€| N1. P N1 z|} = and
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linorder-cls.is-least-in-fset N2 y and
Vz |€] N2. z <. z and
P (N1 |U| N2) y and
Vzl|e| N1.z <.z — = P (N1 |U| N2) z
shows linorder-cls.is-least-in-fset {|z |€] NI |U| N2. P (N1 |U| N2) z|} y
(proof )

lemma ground-factoring-preserves-efac:
assumes ord-res.ground-factoring P C
shows efac P = efac C

(proof)

lemma ground-factorings-preserves-efac:
assumes ord-res.ground-factoring®* P C
shows efac P = efac C

(proof)

lemma ex-ord-res-2-if-not-final:
assumes - ord-res-2-final S
shows 35'. ord-res-2-step S S’

(proof)

corollary ord-res-2-step-safe: ord-res-2-final S vV (3 S'. ord-res-2-step S S’)
(proof )

lemma is-least-false-clause-if-is-least-false-clause-in-union-unproductive:
assumes
N2-unproductive: ¥V C' |€| N2. ord-res.production (fset (N1 |U| N2)) C = {}
and
C-in: C' |€| N1 and
C-least-false: is-least-false-clause (N1 |U| N2) C
shows is-least-false-clause N1 C
(proof)

lemma ground-factoring-replicate-max-pos-lit:
ord-res. ground-factoring
(Co + replicate-mset (Suc (Suc n)) (Pos A))
(Co + replicate-mset (Suc n) (Pos A))
if ord-res.is-mazimal-lit (Pos A) (Co + replicate-mset (Suc (Suc n)) (Pos A))
for A Co n

(proof)

lemma ground-factorings-replicate-maz-pos-lit:
assumes
ord-res.is-mazximal-lit (Pos A) (Co + replicate-mset (Suc (Suc n)) (Pos A))
shows m < Suc n = (ord-res.ground-factoring = m)
(Co + replicate-mset (Suc (Suc n)) (Pos A))
(Co + replicate-mset (Suc (Suc n — m)) (Pos A))
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(proof)

lemma ord-res-Interp-entails-if-greatest-lit-is-pos:

assumes C-in: C € N and L-greatest: linorder-lit.is-greatest-in-mset C' L and
L-pos: is-pos L

shows ord-res-Interp N C |= C
(proof)

lemma right-unique-ord-res-2: right-unique (ord-res-2 N)

{(proof)

lemma right-unique-ord-res-2-step: right-unique ord-res-2-step
(proof)

end

end

theory FExhaustive-Resolution
imports Background

begin

16 Function for full resolution

context simulation-SCLFOL-ground-ordered-resolution begin

definition ground-resolution where
ground-resolution D C' CD = ord-res.ground-resolution C' D CD

lemma Unig-ground-resolution: 3 <1 DC. ground-resolution D C DC
(proof )

lemma ground-resolution-terminates: wfP (ground-resolution D)~!~1

(proof)

lemma not-ground-resolution-mempty-left: = ground-resolution {#} C z

(proof)

lemma not-ground-resolution-mempty-right: = ground-resolution C {#} z
{proof )

lemma not-tranclp-ground-resolution-mempty-left: — (ground-resolution {#})™+
Cz

{proof)

lemma not-tranclp-ground-resolution-mempty-right: — (ground-resolution C)T+ {#}
x

(proof)

lemma left-premise-lt-right-premise-if-ground-resolution:
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ground-resolution D C DC = D <. C
{proof )

lemma left-premise-lt-right-premise-if-tranclp-ground-resolution:
(ground-resolution D)*+ C DC = D <. C

{proof)

lemma resolvent-it-right-premise-if-ground-resolution:
ground-resolution D C DC = DC <. C

(proof)

lemma resolvent-lt-right-premise-if-tranclp-ground-resolution:
(ground-resolution D)*+ C DC = DC <. C

(proof)

Exhaustive resolution

definition eres where
eres D C = (THE DC. full-run (ground-resolution D) C DC')

The function eres performs exhaustive resolution between its two input
clauses. The first clause is repeatedly used, while the second clause is only
use to start the resolution chain.

lemma eres-ident-iff: eres D C = C <+— (3 DC. ground-resolution D C DC')
(proof)

lemma
assumes
stepl: ground-resolution D C' DC and
stuck: DDC. ground-resolution D DC DDC
shows eres D C = DC

(proof)

lemma
assumes
stepl: ground-resolution D C DC and
step2: ground-resolution D DC DDC' and
stuck: #DDDC. ground-resolution D DDC DDDC
shows eres D C = DDC

(proof)

lemma
assumes
step1: ground-resolution D C DC and
step2: ground-resolution D DC DDC' and
step3: ground-resolution D DDC DDDC and
stuck: ADDDDC. ground-resolution D DDDC DDDDC
shows eres D C = DDDC

(proof)
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lemma eres-mempty-left[simp|: eres {#} C = C
(proof )

lemma eres-mempty-right[simp]: eres C' {#} = {#}
(proof)

lemma ex!-eres-eq-full-run-ground-resolution: 3!'DC. eres D C = DC A full-run
(ground-resolution D) C DC

{proof)

lemma eres-le: eres D C' <, C

(proof)

lemma clause-lt-clause-if-mazx-lit-comp:
assumes E-mazx-lit: linorder-lit.is-mazimal-in-mset E' L and L-neg: is-neg L and
D-maz-lit: linorder-lit.is-mazimal-in-mset D (— L)
shows D <. F
(proof)

lemma eres-lt-if:
assumes E-maax-lit: ord-res.is-maximal-lit L E and L-neg: is-neg L and
D-maz-lit: linorder-lit.is-greatest-in-mset D (— L)
shows eres D F <. FE

(proof)

lemma eres-eq-after-ground-resolution:
assumes ground-resolution D C DC
shows eres D C' = eres D DC

{proof)

lemma eres-eq-after-rtranclp-ground-resolution:
assumes (ground-resolution D)** C DC
shows eres D C = eres D DC

{proof)

lemma eres-eq-after-tranclp-ground-resolution:
assumes (ground-resolution D)™+ C DC
shows eres D C = eres D DC

{proof)

lemma resolvable-if-neg-eres:
assumes C # eres D C
shows 3!DC. ground-resolution D C DC

{proof)

lemma nex-mazimal-pos-lit-if-resolvable:
assumes ground-resolution D C DC
shows A L. is-pos L A ord-res.is-mazimal-lit L C

{proof)
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corollary nez-strictly-mazximal-pos-lit-if-resolvable:
assumes ground-resolution D C DC
shows B L. is-pos L A ord-res.is-strictly-mazimal-lit L C
(proof )

corollary nez-mazimal-pos-lit-if-neq-eres:
assumes C # eres D C
shows 3 L. is-pos L A ord-res.is-mazimal-lit L C
(proof )

corollary nez-strictly-mazimal-pos-lit-if-neq-eres:
assumes C # eres D C
shows 3 L. is-pos L A ord-res.is-strictly-mazimal-lit L C

(proof)

lemma ground-resolutionD:

assumes ground-resolution D C' DC

shows 3m A D' C".
linorder-lit.is-greatest-in-mset D (Pos A) A
linorder-lit.is-mazimal-in-mset C (Neg A) A
D = add-mset (Pos A) D’ A
C = replicate-mset (Suc m) (Neg A) + C' N Neg A ¢4 C' A
DC = D’ + replicate-mset m (Neg A) + C’

{proof)

lemma relpowp-ground-resolutionD:
assumes n # 0 and (ground-resolution D ~ " n) C DnC
shows 3m A D' C'. Sucm > n A
linorder-lit.is-greatest-in-mset D (Pos A) A
linorder-lit.is-mazximal-in-mset C' (Neg A) A
D = add-mset (Pos A) D’ A
C = replicate-mset (Suc m) (Neg A) + C' A Neg A ¢# C' A
DnC' = repeat-mset n D' + replicate-mset (Suc m — n) (Neg A) + C’
(proof)

lemma tranclp-ground-resolutionD:
assumes (ground-resolution D)*+ C DnC
shows 3nm A D' C'. Suc m > Suc n A
linorder-lit.is-greatest-in-mset D (Pos A) A
linorder-lit.is-mazximal-in-mset C' (Neg A) A
D = add-mset (Pos A) D’ A
C = replicate-mset (Suc m) (Neg A) + C' N Neg A ¢# C' A
DnC' = repeat-mset (Suc n) D' + replicate-mset (Suc m — Suc n) (Neg A) +
C/
(proof)

lemma eres-not-identD:
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assumes eres D C # C

shows 3m A D' C".
linorder-lit.is-greatest-in-mset D (Pos A) N\
linorder-lit.is-mazximal-in-mset C' (Neg A) A
D = add-mset (Pos A) D’ A
C = replicate-mset (Suc m) (Neg A) + C' A Neg A ¢# C' A
eres D C = repeat-mset (Suc m) D' + C’

(proof)

lemma [it-in-one-of-resolvents-if-in-eres:
fixes L :: 'f gterm literal and C D :: 'f gclause
assumes L €# eres C D
shows L €# CV Le# D

(proof)

lemma strong-lit-in-one-of-resolvents-if-in-eres:
fixes L :: 'f gterm literal and C D :: 'f gclause
assumes
D-maz-lit: linorder-lit.is-mazimal-in-mset D L and
K-in: K €# eres C D
shows K ¢# C N K # —LV K €# D
(proof)

lemma stronger-lit-in-one-of-resolvents-if-in-eres:
fixes K L :: 'f gterm literal and C D :: 'f gclause
assumes eres C D # D and
D-maz-lit: linorder-lit.is-maximal-in-mset D L and
K-in-eres: K €# eres C' D
shows K €¢## CANK # - LV Ke# DANK #L
(proof)

lemma [it-in-eres-lt-greatest-lit-in-grestest-resolvant:
fixes K L :: 'f gterm literal and C D :: 'f gclause
assumes eres C' D # D and
D-maz-lit: linorder-lit.is-mazimal-in-mset D L and
— L ¢# D and
K-in-eres: K €# eres C' D
shows atm-of K <; atm-of L
(proof)

lemma eres-entails-resolvent:
fixes C' D :: 'f gterm clause
assumes (ground-resolution C)*™+ Dy D
shows {eres C Do} |=e {D}

{proof)

lemma clause-true-if-resolved-true:
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assumes
(ground-resolution D)**+ C DC and
D-productive: ord-res.production N D # {} and
C-true: ord-res-Interp N DC' |= DC

shows ord-res-Interp N C' |= C

(proof)

lemma clause-true-if-eres-true:
assumes
(ground-resolution D1)*+ D2 C and
C # eres D1 C and
eres-C-true: ord-res-Interp N (eres D1 C) |= eres DI C
shows ord-res-Interp N C |= C

(proof)
end
end
theory ORD-RES-3
imports
ORD-RES

Exhaustive-Factorization
FExhaustive-Resolution
begin

17 ORD-RES-3 (full resolve)

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-3 where
factoring:
is-least-false-clause (N |U| Uey U] Uey) C =
linorder-lit.is-maximal-in-mset C L —>
is-pos L —>
Uey' = finsert (efac C) Uey =
ord-res-3 N (Uer, Ues) (Uer, Uecy’) |

resolution:
is-least-false-clause (N |U| Uer |U] Uey) C =
linorder-lit.is-maximal-in-mset C L —
is-neg L —
D|g| N U Uep U] Uey =
D =< C=
ord-res.production (fset (N |U| U, |U| Uey)) D = {atm-of L} =
Uer' = finsert (eres D C) U, =
ord-res-3 N (Uer, Ues) (Uey', Uey)

inductive ord-res-3-step where
ord-res-3 N s s’ = ord-res-3-step (N, s) (N, s')
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inductive ord-res-3-final where
ord-res-final (N |U| Uyp |U| Uey) = ord-res-3-final (N, (Urr, Uey))

inductive ord-res-3-load where
N # {[|} = ord-res-3-load N (N, ({[|}, {[[}))

sublocale ord-res-3-semantics: semantics where
step = ord-res-3-step and
final = ord-res-3-final

(proof)

sublocale ord-res-3-language: language where
step = ord-res-3-step and
final = ord-res-3-final and
load = ord-res-3-load
(proof)

lemma is-least-false-clause-conv-if-partial-resolution-invariant:
assumes V C |€| Up,. 3D1 |€| N |U| Uey |U| Uey. 3D2 |€| N |U| Uy |U| Uey.
(ground-resolution D1)*™+ D2 C N C # eres D1 D2 A eres D1 D2 |€| U,
shows is-least-false-clause (N |U| Upy |U| Uer U] Uey) = is-least-false-clause
(N U] Uer U] Uey)
(proof)

lemma right-unique-ord-res-3: right-unique (ord-res-3 N)

(proof)

lemma right-unique-ord-res-3-step: right-unique ord-res-3-step
(proof)

lemma ex-ord-res-3-if-not-final:
assumes — ord-res-3-final S
shows 35'. ord-res-3-step S S’

(proof)

corollary ord-res-3-step-safe: ord-res-3-final S vV (3 S'. ord-res-3-step S S’)
(proof )

end

end
theory Implicit- Exhaustive- Factorization
imports
FExhaustive-Factorization
FExhaustive- Resolution
begin
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18 Function for implicit full factorization

context simulation-SCLFOL-ground-ordered-resolution begin

definition iefac where
iefac F C = (if C |€| F then efac C else C)

lemma iefac-mempty[simp]:
fixes F :: 'f gclause fset
shows iefac F {#} = {#}
(proof )

lemma fset-mset-iefac]simp):
fixes F :: 'f gclause fset and C :: 'f gclause
shows fset-mset (iefac F C) = fset-mset C

(proof)

lemma atms-of-cls-iefac[simp]:
fixes F :: 'f gclause fset and C :: 'f gclause
shows atms-of-cls (iefac F C) = atms-of-cls C
(proof )

lemma iefac-le:
fixes F :: 'f gclause fset and C :: 'f gclause
shows iefac F C <. C
(proof)

lemma true-cls-iefac-iff [simp]:
fixes 7 :: 'f gterm set and F :: 'f gclause fset and C :: 'f gclause
shows 7 |= iefac F C +— T |= C

{proof)

lemma funion-funion-eq-funion-funion-fimage-iefac-if:
assumes U.p-eq: Uey = defac F || {|C |€| N |U| Ue,. iefac F C # C|}
shows N |U| U, U] Uey = N U] Uer U] (tefac F | (N |U] Uer))
(proof)

lemma clauses-for-iefac-are-unproductive:
VC |€| N |—| iefac F || N. Y U. ord-res.production U C = {}
(proof)
lemma clauses-for-iefac-have-smaller-entailing-clause:
VC || N || iefac F || N.AD |€| iefac F || N. D <. C A {D} |ze {C}
(proof)

lemma is-least-false-clause-with-iefac-conv:
is-least-false-clause (N |U| Ue, |U| iefac F |9 (N U] Uer)) =
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is-least-false-clause (iefac F || (N |U| Uer))
(proof)

lemma MAGICY:

fixes N F F' U Ue,'

defines
N1 = iefac F |1 (N |U| Ue,) and
N2 = iefac F' || (N |U]| Uer')

assumes
subsets-agree: {|z |€] N1. z <. C|} = {|]z |€] N2. z <. C|} and
is-least-false-clause N1 D and
is-least-false-clause N2 E and
C <D

shows C <., FE

(proof)

lemma atms-of-clss-fimage-iefac|simp]:
atms-of-clss (iefac F || N) = atms-of-clss N
(proof)

lemma atm-of-in-atms-of-clssl:
assumes L-in: L €# C and C-in: C |€| iefac F || N
shows atm-of L |€| atms-of-clss N

(proof)

lemma clause-almost-almost-definedl:
fixesI' D K
assumes
D-in: D |€| iefac F |9 (N |U| Ue,) and
D-maz-lit: ord-res.is-mazimal-lit K D and
no-undef-atm: — (3 A|€|atms-of-clss (N |U| Uer). A < atm-of K N A |¢|
trail-atms T)
shows trail-defined-cls T {#L €# D. L # K N L # — K#}

{proof)

lemma clause-almost-definedl:
fixesI' D K
assumes
D-in: D |€| iefac F |9 (N |U| Ue,) and
D-maz-lit: ord-res.is-mazimal-lit K D and
no-undef-atm: — (3 A|€|atms-of-clss (N |U| Ue,). A <¢ atm-of K N A |¢]
trail-atms T') and
K-defined: trail-defined-lit T' K
shows trail-defined-cls T {#Ka €# D. Ka # K#}
(proof)

lemma eres-not-in-known-clauses-if-trail-false-cls:

fixes
F i 'f gclause fset and
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[ :: ('f gliteral x 'f gclause option) list
assumes
I'-consistent: trail-consistent I' and
clauses-lt-E-true: ¥ C |€| iefac F || (N U] Uepr). C <. E — trail-true-cls T
C and
eres D E <. F and
trail-false-cls T’ (eres D F)
shows eres D E |¢| N |U| Uer

(proof)

lemma no-undefined-atom-le-maz-lit-of-false-clause:
assumes
I-lower-set: linorder-trm.is-lower-fset (trail-atms I') (atms-of-clss (N |U| Uey))
and
D-in: D |€| iefac F |9 (N |U| Ue,) and
D-false: trail-false-cls T' D and
D-maz-lit: linorder-lit.is-maximal-in-mset D L
shows — (3 A|€|atms-of-clss (N |U| Uer). A =¢ atm-of L N A |¢] trail-atms T')
(proof)

lemma trail-defined-if-no-undef-atom-le-maz-lit:
assumes
C-in: C |€| iefac F | (N |U| Ue,) and
C-maz-lit: linorder-lit.is-mazimal-in-mset C' K and
no-undef-atom-le-K:
- (FAl€|atms-of-clss (N |U] Uer). A =t atm-of K N A |¢| trail-atms T)
shows trail-defined-cls ' C
(proof)

lemma no-undef-atom-le-maz-lit-if-lt-false-clause:
assumes
T-lower-set: linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Ue,))
and
D-in: D |€| iefac F |9 (N |U| Ue,) and
D-false: trail-false-cls T' D and
D-maz-lit: linorder-lit.is-mazimal-in-mset D L and
C-in: C |€| iefac F |9 (N |U| Ue,) and
C-maz-lit: linorder-lit.is-mazimal-in-mset C' K and
C-lt: C <. D
shows — (3 A|€|atms-of-clss (N |U| Uer). A =¢ atm-of K N A |¢| trail-atms T')
(proof)
lemma bez-trail-false-cls-simp:
fixes F N T
shows fBex (iefac F || N) (trail-false-cls T') <— fBex N (trail-false-cls T')
(proof)

end
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end
theory ORD-RES-/
imports
ORD-RES
Implicit- Exhaustive- Factorization
Ezhaustive- Resolution
begin

19 ORD-RES-4 (implicit factorization)
context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-4 where
factoring:

NN = iefac F || (N |U]| Uer) =
is-least-false-clause NN C =
linorder-lit.is-maximal-in-mset C' L —
is-pos L —>
F' = finsert C F =
ord-res-4 N (Uery, F) (Uer, F') |

resolution:
NN = iefac F || (N |U| Uer) =
is-least-false-clause NN C —
linorder-lit.is-maximal-in-mset C' L —>
is-neg L —
D |€| NN =
D <. C =
ord-res.production (fset NN) D = {atm-of L} =
Uer' = finsert (eres D C) U, =
ord-res-4 N (Uer, F) (Uer', F)

inductive ord-res-4-step where
ord-res-4 N s s' = ord-res-4-step (N, s) (N, s’)

inductive ord-res-4-final where
ord-res-final (iefac F | (N |U| Ueyr)) = ord-res-4-final (N, Uer, F)

sublocale ord-res-4-semantics: semantics where
step = ord-res-4-step and
final = ord-res-4-final

(proof )

lemma right-unique-ord-res-4: right-unique (ord-res-4 N)

(proof)

lemma right-unique-ord-res-4-step: right-unique ord-res-4-step

(proof)
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lemma ex-ord-res-4-if-not-final:
assumes — ord-res-4-final S
shows 35’. ord-res-4-step S S’

(proof)

corollary ord-res-4-step-safe: ord-res-4-final S V (3S'. ord-res-4-step S S”)
(proof)

end

end
theory ORD-RES-5
imports
Background
Implicit- Exhaustive- Factorization
Ezhaustive- Resolution
begin

20 ORD-RES-5 (explicit model construction)

type-synonym 'f ord-res-5 = 'f gclause fset X'f gclause fset x 'f gclause fset x
('f gterm = 'f gclause option) x 'f gclause option

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-5 where
skip:
(dom M) | C =
C' = The-optional (linorder-cls.is-least-in-fset {|D |€| iefac F | (N |U| Uey).
C <. Dl}) =
ord-res-5 N (Uer, F, M, Some C) (Uer, F, M, C") |

production:
= (dom M) | C =
linorder-lit.is-mazimal-in-mset C' L —
is-pos L =
linorder-lit.is-greatest-in-mset C' L —>
M’ = M(atm-of L := Some C) =
C’ = The-optional (linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U] Uey).
C <. D|}) =
ord-res-5 N (Uep, F, M, Some C) (Uep, F, M', C’) |

factoring:
= (dom M) | C =
linorder-lit.is-maximal-in-mset C L =
is-pos L —>
= linorder-lit.is-greatest-in-mset C L —
F' = finsert C F =
M’ = (A-. None) =
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C' = The-optional (linorder-cls.is-least-in-fset (iefac F' | (N |U| Uer))) =
ord-res-5 N (Uer, F, M, Some C) (U¢r, F', M', C) |

resolution:
= (dom M) | C =
linorder-lit.is-maximal-in-mset C L —
is-neg L —
M (atm-of L) = Some D =
Uer' = finsert (eres D C) U, =
M’ = (A-. None) =
C’ = The-optional (linorder-cls.is-least-in-fset (iefac F | (N U] Ue,'))) =
ord-res-5 N (Uer, F, M, Some C) (U.,.";, F, M', C)

inductive ord-res-5-step :: 'f ord-res-5 = 'f ord-res-5 = bool where
ord-res-5 N s s' = ord-res-5-step (N, s) (N, s’)

lemma tranclp-ord-res-5-step-if-tranclp-ord-res-5:
(ord-res-5 N)tT s s’ = ord-res-5-step™* (N, s) (N, s’)
(proof)

inductive ord-res-5-final :: 'f ord-res-5 = bool where

model-found:
ord-res-5-final (N, Ue,, F, M, None) |

contradiction-found:
ord-res-5-final (N, Uer, F, M, Some {#})

sublocale ord-res-5-semantics: semantics where
step = ord-res-5-step and
final = ord-res-5-final

{proof )

lemma right-unique-ord-res-5: right-unique (ord-res-5 N)
(proof)

lemma right-unique-ord-res-5-step: right-unique ord-res-5-step

(proof)

definition next-clause-in-factorized-clause where
next-clause-in-factorized-clause N s «—
VUep FMC. s=(Uepr, F, M, Some C) — C |€] iefac F || (N |U| Uey))

lemma next-clause-in-factorized-clause:
assumes step: ord-res-5 N s s’
shows next-clause-in-factorized-clause N s’

{proof)

definition implicitly-factorized-clauses-subset where
implicitly-factorized-clauses-subset N s <—
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VUep FMC.s=(Uep, F, M, C) — F |C| N |U| Ueyr)

lemma ord-res-5-preserves-implicitly-factorized-clauses-subset:
assumes
step: ord-res-5 N s s’ and
muars:
implicitly-factorized-clauses-subset N s and
next-clause-in-factorized-clause N s
shows implicitly-factorized-clauses-subset N s’

(proof)

lemma interp-eq-Interp-if-least-greater:
assumes
C-in: C' |€| NN and
D-least-gt-C: linorder-cls.is-least-in-fset (ffilter ((<.) C) NN) D
shows ord-res.interp (fset NN) D = ord-res.interp (fset NN) C' U ord-res.production
(fset NN) C

(proof)

lemma interp-eq-empty-if-least-in-set:
assumes linorder-cls.is-least-in-set N C
shows ord-res.interp N C = {}

{proof)

definition model-eq-interp-upto-next-clause where
model-eq-interp-upto-next-clause N s «—
NVUep FMC. s=(Uep, F, M, Some C) —
dom M = ord-res.interp (fset (iefac F | (N |U| Uer))) C)

lemma model-eq-interp-upto-next-clause:
assumes step: ord-res-5 N s s’ and
tnoars:
model-eq-interp-upto-next-clause N s
next-clause-in-factorized-clause N s
shows model-eq-interp-upto-next-clause N s’

{proof)

definition all-smaller-clauses-true-wrt-respective-Interp where
all-smaller-clauses-true-wrt-respective-Interp N s +—
NVUep FMC.s=(Uepr, F, M, C) —
(V C |€]| iefac F || (N |U| Uer). (WD. C = Some D — C <. D) —
ord-res-Interp (fset (iefac F |9 (N |U]| Uer))) C |= C))

lemma all-smaller-clauses-true-wrt-respective-Interp:
assumes step: ord-res-5 N s s’ and
invars:
all-smaller-clauses-true-wrt-respective-Interp N s
model-eq-interp-upto-next-clause N s
next-clause-in-factorized-clause N s
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shows all-smaller-clauses-true-wrt-respective-Interp N s’
(proof)

lemma all-smaller-clauses-true-wrt-model:
assumes
muars:
all-smaller-clauses-true-wrt-respective-Interp N s
model-eq-interp-upto-next-clause N s
shows VU, F M D. s = (Uer, F, M, Some D) —
(V C |€| defac F || (N U] Uep). € < D — dom M |= C)
(proof)

definition model-eq-sublocale where
model-eq-sublocale N s <—
(VUer F M. s=(Uegp, F, M, None) —
(let NN = fset (iefac F || (N |U]| Ueyr)) in dom M = |J (ord-res.production
NN ¢ NN)))

lemma all-smaller-clauses-true-wrt-model-strong:
assumes
muars:
all-smaller-clauses-true-wrt-respective-Interp N s
model-eq-interp-upto-next-clause N s
model-eq-sublocale N s
shows VU, FMC.s= (Ug, F, M,C) —
(V C |€| iefac F |9 (N |U| Uer). (VD.C = Some D — C <. D) — dom M
= C)
(proof)

lemma next-clause-lt-least-false-clause:
assumes
tnoars:
all-smaller-clauses-true-wrt-respective-Interp N s
model-eq-interp-upto-next-clause N s
shows VU, FM C.s= (Uegr, F, M, Some C) —
(V D. is-least-false-clause (iefac F || (N |U| Uer)) D — C <. D)
(proof )

definition atoms-in-model-were-produced where
atoms-in-model-were-produced N s <—
VUer FMC.s=(Uep, F, M, C) — (VA C. M A = Some C —
A € ord-res.production (fset (iefac F |9 (N |U| Ue,))) C))

lemma atoms-in-model-were-produced:
assumes step: ord-res-5 N s s’ and
invars:
atoms-in-model-were-produced N s
model-eq-interp-upto-next-clause N s
next-clause-in-factorized-clause N s
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shows atoms-in-model-were-produced N s’
(proof)

definition all-produced-atoms-in-model where
all-produced-atoms-in-model N s +—
NVUer FMD.s= (Ue, F, M, Some D) — (VC A. C <. D —
A € ord-res.production (fset (iefac F | (N |U] Uer))) C — M A = Some
)

lemma all-produced-atoms-in-model:
assumes step: ord-res-5 N s s’ and
movars:
all-produced-atoms-in-model N s
model-eq-interp-upto-next-clause N s
next-clause-in-factorized-clause N s
shows all-produced-atoms-in-model N s’

(proof)

definition ord-res-5-invars where
ord-res-5-invars N s +—

next-clause-in-factorized-clause N s A
implicitly-factorized-clauses-subset N s A\
model-eq-interp-upto-next-clause N s A
all-smaller-clauses-true-wrt-respective-Interp N s A
atoms-in-model-were-produced N s N\
all-produced-atoms-in-model N s

lemma ord-res-5-invars-initial-state:
assumes
F-subset: F |C| N |U| U,, and
C-least: linorder-cls.is-least-in-fset (iefac F || (N |U| Ueyr)) C
shows ord-res-5-invars N (Uer, F, Map.empty, Some C)
(proof)

lemma ord-res-5-preserves-invars:
assumes step: ord-res-5 N s s’ and invars: ord-res-5-invars N s
shows ord-res-5-invars N s’

(proof)

lemma rtranclp-ord-res-5-preserves-invars:
assumes steps: (ord-res-5 N)** s s’ and invars: ord-res-5-invars N s
shows ord-res-5-invars N s’

{proof)

lemma tranclp-ord-res-5-preserves-invars:
assumes steps: (ord-res-5 N)*+ s s’ and invars: ord-res-5-invars N s
shows ord-res-5-invars N s’

{proof)
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lemma le-least-false-clause:
fixes Ns Uo,, F M CD
assumes
invars: ord-res-5-invars N s and
s-def: s = (Uer, F, M, Some C) and
D-least-false: is-least-false-clause (iefac F |9 (N U] Uer)) D
shows C <. D
(proof)

lemma ex-ord-res-5-if-not-final:
assumes
not-final: = ord-res-5-final S and
invars: YN s. S = (N, s) — ord-res-5-invars N s
shows 35'. ord-res-5-step S S’

(proof)

lemma ord-res-5-safe-state-if-invars:
fixes N s
assumes invars: ord-res-5-invars N s
shows safe-state ord-res-5-step ord-res-5-final (N, s)

(proof)

lemma MAGICI:
assumes invars: ord-res-5-invars N (Uer, F, M, C)
shows IM’' C". (ord-res-5 N)** (Uer, F, M, C) (Uep, F, M'; C") A
(AM"C". ord-res-5 N (Uer, F, M', C") (Uep, F, M", C"))
(proof)

lemma MAGIC2:
assumes invars: ord-res-5-invars N (Uer, F, M, Some C)
assumes C # {#}
shows 3s'. ord-res-5 N (Ue, F, M, Some C) s’

(proof)

lemma MAGICS:
assumes invars: ord-res-5-invars N (U, F, M, C) and
steps: (ord-res-5 N)** (Uep, F, M, C) (Uey, F, M’, C') and
no-more-steps: (AM" C". ord-res-5 N (Uer, F, M', C") (Ugp, F, M", C"))
shows (V C. C' = Some C <— is-least-false-clause (iefac F | (N |U| Uer)) C)
(proof)

lemma ord-res-5-construct-model-upto-least-false-clause:
assumes invars: ord-res-5-invars N (Ue,, F, M, C)
shows IM’' C’. (ord-res-5 N)** (Uep, F, M, C) (Uep, F, M'; C') A
(VC.C'= Some C +— is-least-false-clause (iefac F |{ (N |U| Uer)) C)
(proof )

end
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end
theory ORD-RES-6
imports
ORD-RES-5
begin

21 ORD-RES-6 (model backjump)

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-6 where
skip:
(dom M) |= C =
C’ = The-optional (linorder-cls.is-least-in-fset {|D |€| iefac F | (N |U]| Uey).
C <. D|}) =
ord-res-6 N (Uep, F, M, Some C) (Uey, F, M, C’) |

production:
- (dom M) | C =
linorder-lit.is-maximal-in-mset C' L —>
1s-pos L —>
linorder-lit.is-greatest-in-mset C' L —>
M’ = M(atm-of L := Some C) =
C’ = The-optional (linorder-cls.is-least-in-fset {|D |€| iefac F | (N |U| Uey).
C <. D|}) =
ord-res-6 N (Uer, F, M, Some C) (U, F, M/, C') |

factoring:
- (dom M) | C =
linorder-lit.is-mazimal-in-mset C' L —>
is-pos L =
= linorder-lit.is-greatest-in-mset C L —>
F' = finsert C F =
ord-res-6 N (Uer, F, M, Some C) (Uer, F', M, Some (efac C)) |

resolution-bot:
= (dom M) | C =
linorder-lit.is-maximal-in-mset C L —
is-neg L —
M (atm-of L) = Some D =
Uer' = finsert (eres D C) U, =
eres D C = {#} =
M’ = (A-. None) =
ord-res-6 N (Uer, F, M, Some C) (Ue,', F, M’, Some {#}) |

resolution-pos:

= (dom M) | C =

linorder-lit.is-mazimal-in-mset C L —>
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is-neg L —=

M (atm-of L) = Some D =

Uer' = finsert (eres D C) U, =

eres D C # {#} =

M’ = restrict-map M {A. A <; atm-of K} —
linorder-lit.is-mazimal-in-mset (eres D C) K =

is-pos K —

ord-res-6 N (Uep, F, M, Some C) (U,,', F, M’, Some (eres D C)) |

resolution-neg:
= (dom M) | C =
linorder-lit.is-maximal-in-mset C L —>
is-neg L =
M (atm-of L) = Some D =
Uer' = finsert (eres D C) U, =
eres D C # {#} =
M’ = restrict-map M {A. A <; atm-of K} =
linorder-lit.is-mazimal-in-mset (eres D C) K =
is-neg K —
M (atm-of K) = Some E =
ord-res-6 N (Uer, F, M, Some C) (U, F, M’, Some E)

inductive ord-res-6-step where
ord-res-6 N s s' = ord-res-6-step (N, s) (N, s’)

lemma tranclp-ord-res-6-step-if-tranclp-ord-res-6:
(ord-res-6 N)*T s s’ = ord-res-6-step™™* (N, s) (N, s’)
(proof )

lemma right-unique-ord-res-6: right-unique (ord-res-6 N)

{(proof)

lemma right-unique-ord-res-6-step: right-unique ord-res-6-step
(proof)

inductive ord-res-6-final where
model-found:
ord-res-6-final (N, Ue,, F, M, None) |

contradiction-found:
ord-res-6-final (N, Uer, F, M, Some {#})

sublocale ord-res-6-semantics: semantics where
step = ord-res-6-step and
final = ord-res-6-final

(proof )

lemma ord-res-6-preserves-invars:
assumes step: ord-res-6 N s s’ and invars: ord-res-5-invars N s
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shows ord-res-5-invars N s’
(proof )

lemma rtranclp-ord-res-6-preserves-invars:
assumes steps: (ord-res-6 N)** s s’ and invars: ord-res-5-invars N s
shows ord-res-5-invars N s’

{proof)

lemma ex-ord-res-6-if-not-final:
assumes
not-final: = ord-res-6-final S and
invars: YN s. S = (N, s) — ord-res-5-invars N s
shows 35'. ord-res-6-step S S’
(proof)

lemma ord-res-6-safe-state-if-invars:

safe-state ord-res-6-step ord-res-6-final (N, s) if invars: ord-res-5-invars N s for
N s
(proof)

lemma ex-model-build-from-least-clause-to-any-less-than-least-false:
assumes
F-subset: F |C| N |U| U, and
C-least: linorder-cls.is-least-in-fset (iefac F | (N |U| Uer)) C and
D-in: D |€| iefac F |9 (N |J| U.,) and
D-lt-least-false: ¥ E. is-least-false-clause (iefac F | (N |U| Uer)) E — D =,
E and
C=<.D
shows I M. (ord-res-5 N)** (Uer, F, Map.empty, Some C) (Uer, F, M, Some
D)
(proof )

lemma full-rtranclp-ord-res-5-run-upto:
assumes
ord-res-6 N (Uer, F, M, Some E) (U,,', F', M’, Some D) and
invars: ord-res-5-invars N (U.,', F', M, Some D) and
M'-def: M’ = restrict-map M {A. K. linorder-lit.is-mazimal-in-mset D K A
A <; atm-of K} and
C-least: linorder-cls.is-least-in-fset (iefac F' | (N |U| Ue,)) C
shows (ord-res-5 N)** (U.,', F', Map.empty, Some C) (U.,', F', M’, Some D)
(proof)

end

end
theory ORD-RES-7
imports
Background
Implicit- Exhaustive- Factorization
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FExhaustive-Resolution
begin

22 ORD-RES-7 (clause-guided literal trail construc-
tion)
context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-7 where
decide-neg:
= trail-false-cls I' C =
linorder-lit.is-maximal-in-mset C L =
linorder-trm.is-least-in-fset {|A |€| atms-of-clss (N |U| Ugp).
A < atm-of L AN A |¢| trail-atms T|} A =
I'" = (Neg A, None) # I’ =
ord-res-7T N (Uep, F, T, Some C) (Ue,, F, I', Some C) |

skip-defined:
= trail-false-cls ' C =
linorder-lit.is-mazimal-in-mset C' L —>
—(3 A |€| atms-of-clss (N |U| Ue). A <¢ atm-of L A A |¢] trail-atms T') =
trail-defined-lit I' L —>
C' = The-optional (linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U| Ue,).
C <. D|}) =
ord-res-7T N (Uer, F, T, Some C) (Uer, F, T, C’) |

skip-undefined-neg:
= trail-false-cls T’ C =
linorder-lit.is-mazimal-in-mset C' L —
—(3 A |€| atms-of-clss (N |U] Uer). A <¢ atm-of L A A |¢| trail-atms T') =
= trail-defined-lit ' L —
is-neg L —
I'= (L, None) # I' =
C' = The-optional (linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U| Ue,).
C <. D|}) =
ord-res-7 N (Uer, F, T, Some C) (Uer, F, T/, C') |

skip-undefined-pos:
= trail-false-cls ' C =
linorder-lit.is-maximal-in-mset C' L —
—(3 A |€| atms-of-clss (N |U] Uer). A <4 atm-of L A A |¢| trail-atms T') =
= trail-defined-lit ' L —
15-pos L —>
= trail-false-cls T' {#K €# C. K # L#} —
linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U| Uer). C <. D|} D =
ord-res-7T N (Uer, F, T, Some C) (Uep, F, T, Some D) |

skip-undefined-pos-ultimate:
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- trail-false-cls I’ C =

linorder-lit.is-maximal-in-mset C L =

—(3 A |€| atms-of-clss (N U] Uey). A <y atm-of L N A |¢| trail-atms ') =
= trail-defined-lit ' [ =

is-pos L =

= trail-false-cls T {#K €# C. K # L#} —

I'=(— L, None) # I’ =

—(3D |€| iefac F |1 (N |U| Uer). C <. D) =

ord-res-7T N (Uer, F, T, Some C) (Ueyr, F, '/, None) |

production:
= trail-false-cls I' C =
linorder-lit.is-maximal-in-mset C L =
- (34 |€] atms-of-clss (N |U] Uey). A <; atm-of L N A |¢] trail-atms T') =
= trail-defined-lit ' L —
is-pos L =
trail-false-cls T {#K €# C. K # L#} —
linorder-lit.is-greatest-in-mset C L =
I'= (L, Some C) # I =
C’ = The-optional (linorder-cls.is-least-in-fset {|D |€| iefac F | (N |U] Uey).
C <. D|}) =
ord-res-7 N (Uer, F, T, Some C) (Ue,, F, T, C’) |

factoring:
= trail-false-cls T’ C =
linorder-lit.is-mazimal-in-mset C' L —>
- (3 A |€| atms-of-clss (N |U] Uer). A <t atm-of L A A |¢] trail-atms T') =
= trail-defined-lit I' L —
is-pos L —>
trail-false-cls T {#K €# C. K # L#} —
= linorder-lit.is-greatest-in-mset C L —
F' = finsert C F =
ord-res-7 N (Uep, F, T, Some C) (Ue,, F', T, Some (efac C)) |

resolution-bot:
trail-false-cls ' E =
linorder-lit.is-maximal-in-mset E L —
is-neg L —
map-of T' (— L) = Some (Some D) =
Ue.' = finsert (eres D E) Ugp =
eres D E = {#} =
=[] =
ord-res-7T N (Uer, F, T, Some E) (U,,', F, T, Some {#}) |

resolution-pos:
trail-false-cls T' B —
linorder-lit.is-mazimal-in-mset £ L —
is-neg L —
map-of T' (= L) = Some (Some D) =
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Uer' = finsert (eres D E) U, =

eres D E # {#} =

I'" = dropWhile (ALn. atm-of K <, atm-of (fst Ln)) I =
linorder-lit.is-mazimal-in-mset (eres D E) K =

is-pos K =

ord-res-7T N (Uer, F, T, Some E) (U,,', F, T/, Some (eres D E)) |

resolution-neg:
trail-false-cls T' B —
linorder-lit.is-mazimal-in-mset £ L —
is-neg L —
map-of T' (— L) = Some (Some D) =
Uer' = finsert (eres D E) Uep =
eres D E # {#} =
' = dropWhile (ALn. atm-of K =; atm-of (fst Ln)) I =
linorder-lit.is-mazximal-in-mset (eres D E) K —
is-neg K —
map-of T' (— K) = Some (Some C) =
ord-res-7T N (Uer, F, T, Some E) (U,,.', F, T/, Some C)

lemma right-unique-ord-res-7:
fixes N :: 'f gclause fset
shows right-unique (ord-res-7 N)
(proof)

inductive ord-res-7-final where
model-found:

ord-res-7-final (N, U,,, F, ', None) |

contradiction-found:
ord-res-7-final (N, Uer, F, T, Some {#})

sublocale ord-res-7-semantics: semantics where
step = constant-context ord-res-7 and
final = ord-res-7-final

(proof)

inductive ord-res-7-invars for N where
ord-res-T-invars N (U, F, T, C) if
F |C| N |U] U, and
(VC.C = Some C — C |€| iefac F || (N || Uer)) and
(VD.C = Some D —
(Vv C |€] iefac F || (N |U| Uep). C <. D —>
(V Le. linorder-lit.is-mazimal-in-mset C' Lo —
= trail-defined-lit T' Lo — (trail-true-cls T {#K €# C. K # Lo#}
A is-pos L¢)))) and
(VC |€| iefac F || (N |U| Uer). (YD. C = Some D — C <. D) —
trail-true-cls T' C') and
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(V C || iefac F | (N |U| Uer). (VD.C = Some D — C <. D) —
(V K. linorder-lit.is-mazimal-in-mset C K —
- (A |€| atms-of-clss (N |U| Uer). A <4 atm-of K N A |¢| trail-atms
I'))) and
sorted-wrt (A\x y. atm-of (fst y) <¢ atm-of (fst )) T and
linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Ue,)) and
(C = None — trail-atms I' = atms-of-clss (N |U| U.,)) and
(VC.C = Some C —
(V A |€] trail-atms T. 3 L. linorder-lit.is-mazimal-in-mset C L A A =< atm-of
L)) and
(VLn € set T. is-neg (fst Ln) +— snd Ln = None) and
(VLn € set T. snd Ln = None —
(V C |€| iefac F || (N |U]| Ueyr). C <. {#fst Ln#} — trail-true-cls T C))
and
(VLn € set T.V C. snd Ln = Some C — linorder-lit.is-greatest-in-mset C
(fst Ln)) and
(VLn € set .V C. snd Ln = Some C — C |€| iefac F || (N |U| U.,)) and
(VI'1 L CTy. ' =T @Q (L, Some C) # 'y — trail-false-cls Ty {#K €4
C. K # L#}) and
(VIy L DDy T =T, @ (L, Some D) # Ty —»
(V C |€]| iefac F | (N |U] Uer). C <o D — trail-true-cls Ty C))

lemma clause-almost-defined-if-lt-next-clause:
assumes ord-res-7-invars N (Uep, F, T, C)
shows V C |€| iefac F || (N |U] Uer). (VD.C = Some D — C <. D) —
(V K. linorder-lit.is-maximal-in-mset C K — trail-defined-cls T {#L €# C. L
# K#})
(proof)

lemma ord-res-7-invars-def:
ord-res-7-invars N s +—
(Y Up FTCos=(Upr, F, T, C) —>
FIC| N |U| Uer A
(VC.C = Some C — C |€| iefac F || (N |U| Uer)) A
(VD.C = Some D —»
(V C |€| iefac F || (N |U| Uep). C <. D —
(V L. linorder-lit.is-mazimal-in-mset C Lo —
= trail-defined-lit T' Lo — (trail-true-cls T {#K €# C. K # Lo#}
A is-pos L¢c)))) A
(VC |g| iefac F || (N |U] Uep). (VD. C = Some D — C <. D) —
trail-true-cls T C) A
(V C |€| iefac F || (N |U| Uer). (WD. C = Some D — C <. D) —
(V K. linorder-lit.is-mazimal-in-mset C K —»
- (34 |€| atms-of-clss (N |U| Uer). A <¢ atm-of K N A |¢| trail-atms
) A
sorted-wrt (Az y. atm-of (fst y) <¢ atm-of (fst z)) T' A
linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Uer)) A
(C = None — trail-atms T' = atms-of-clss (N |U| Uer)) A
(VC.C = Some C —
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(VA |€] trail-atms T'. 3 L. linorder-lit.is-mazimal-in-mset C L N A <4 atm-of
L)) A
(VLn € set I'. is-neg (fst Ln) <— snd Ln = None) A
(VLn € set T'. snd Ln = None —
(V C |€| iefac F | (N |U| Uer). C < {#fst Ln#} — trail-true-cls T C))
A
(VLn € set T. ¥V C. snd Ln = Some C — linorder-lit.is-greatest-in-mset C
(fst Lm)) A
(VLn € set T.V C. snd Ln = Some C — C |€] iefac F || (N |U| Ueyr)) A
(VI'1 L CTy.T =Ty @Q (L, Some C) # T'y — trail-false-cls Ty {#K €#
C. K # L#}) A
(VFl LDTy =14 @ (L, Some D) # Iy —
(V C |€| defac F || (N |U] Uer). C <o D — trail-true-cls Ty C)))
(is NICE N s «— ?UGLY N )
(proof)

lemma ord-res-7-invars-implies-trail-consistent:
assumes ord-res-7-invars N (U.,, F, T, C)
shows trail-consistent T’
(proof )

lemma ord-res-7-invars-implies-propagated-clause-almost-false:
assumes invars: ord-res-7-invars N (U, F, T, C) and (L, Some C) € set T’
shows trail-false-cls T {#K €# C. K # L#}

(proof)

lemma ord-res-7-preserves-invars:
assumes step: ord-res-7 N s s’ and invar: ord-res-7-invars N s
shows ord-res-7-invars N s’

{proof)

lemma rtranclp-ord-res-7-preserves-ord-res-7-invars:
assumes
step: (ord-res-7 N)** s s’ and
invars: ord-res-7-invars N s
shows ord-res-7-invars N s’

(proof)

lemma tranclp-ord-res-7-preserves-ord-res-7-invars:
assumes
step: (ord-res-7 N)** s s’ and
invars: ord-res-7-invars N s
shows ord-res-7-invars N s’
(proof)

lemma propagating-clause-almost-false:
assumes invars: ord-res-7-invars N (Uer, F, T, C) and (L, Some C) € set T
shows trail-false-cls T' {#K €# C. K # L#}

(proof)
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lemma ex-ord-res-7-if-not-final:
assumes
not-final: — ord-res-7-final (N, s) and
invars: ord-res-7-invars N s
shows 3s’. ord-res-7 N s s’

(proof)

lemma ord-res-7-safe-state-if-invars:
fixes N :: 'f gclause fset and s
assumes invars: ord-res-7-invars N s
shows safe-state (constant-context ord-res-7) ord-res-7-final (N, s)

(proof)
end

end
theory Clause-Could-Propagate
imports
Background
Implicit- Exhaustive- Factorization
begin

context simulation-SCLFOL-ground-ordered-resolution begin

definition clause-could-propagate where
clause-could-propagate I' C L <— — trail-defined-lit T' L A
linorder-lit.is-mazimal-in-mset C L A trail-false-cls T {#K €# C. K # L#}

lemma trail-false-if-could-have-propagatated:
clause-could-propagate T C L = trail-false-cls ((— L, n) # T') C

(proof)

lemma atoms-of-trail-lt-atom-of-propagatable-literal:
assumes
T-lower: linorder-trm.is-lower-set (fset (trail-atms T')) A and
C-prop: clause-could-propagate I' C' L and
atm-of L € A
shows V A |€| trail-atms T'. A <; atm-of L
(proof)

lemma trail-false-cls-filter-mset-iff:

trail-false-cls T {#Ka €# C. Ka # K#} +— (VLe#C. L # K — trail-false-lit
T L)

(proof)

lemma clause-could-propagate-iff: clause-could-propagate I' C K +—

= trail-defined-lit ' K A ord-res.is-maximal-lit K C N (VLe#C. L # K —
trail-false-lit T' L)
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{proof)

lemma clause-could-propagate-efac: clause-could-propagate I" (efac C) = clause-could-propagate
rc

(proof)

lemma bez-clause-could-propagate-simp:
fixes FNT L
shows fBez (iefac F || N) (AC. clause-could-propagate T C' L) +—
fBex N (AC. clause-could-propagate T' C' L)
sketch (rule iffT; elim bexFE)

(proof)
end

end
theory ORD-RES-8
imports

Background
Implicit- Exhaustive- Factorization
Exhaustive- Resolution
Clause-Could-Propagate

begin

23 ORD-RES-8 (atom-guided literal trail construc-
tion)

type-synonym ’f ord-res-8-state =
'f gclause fset x'f gclause fset x 'f gclause fset x ('f gliteral x 'f gclause option)
list

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-§ where
decide-neg:
- (3C |€| iefac F | (N U] Uep). trail-false-cls T C) =
linorder-trm.is-least-in-fset {| Az |€| atms-of-clss (N |U| Uer).
YV Ay |€] trail-atms T. Ay <, As|} A =
- (3C |€| iefac F || (N |U| Uey). clause-could-propagate I' C' (Pos A)) =
I'" = (Neg A, None) # I’ =
ord-res-8 N (Uer, F, T) (Uer, F, T) |

propagate:
- (3C |€| iefac F || (N |U] Uer). trail-false-cls T' C) =
linorder-trm.is-least-in-fset {|As |€| atms-of-clss (N |U] Ugy).
YV Ay |€] trail-atms T. Ay < 43|} A =
linorder-cls.is-least-in-fset {|C |€| iefac F | (N |U| Uep).
clause-could-propagate T' C' (Pos A)|} C =
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linorder-lit.is-greatest-in-mset C' (Pos A) =
I'" = (Pos A, Some C) # T =
ord-res-8 N (Uep, F, T) (Ugr, F, T) |

factorize:

- (3C |€| iefac F | (N |U| Uer). trail-false-cls T C) =

linorder-trm.is-least-in-fset {|Aa |€| atms-of-clss (N |U] Uer).
V Ay |€| trail-atms T'. Ay <y As]} A =

linorder-cls.is-least-in-fset {|C |€| iefac F |4 (N |U| Uep).
clause-could-propagate T' C' (Pos A)|} C =

= linorder-lit.is-greatest-in-mset C (Pos A) =

F' = finsert C F =

ord-res-8 N (Uer, F, T) (Uer, F', T) |

resolution:
linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U| Uer). trail-false-cls T' D|}
D =
linorder-lit.is-mazimal-in-mset D (Neg A) =
map-of T' (Pos A) = Some (Some C) =
Uer' = finsert (eres C D) Uepr =
' = dropWhile (A\Ln. V K.
linorder-lit.is-mazimal-in-mset (eres C D) K — atm-of K =; atm-of (fst
In)) T =
ord-res-8 N (Uep, F, T) (U’ F, T)

lemma right-unique-ord-res-8:
fixes N :: 'f gclause fset
shows right-unique (ord-res-8 N)
(proof)

inductive ord-res-8-final :: 'f ord-res-8-state = bool where
model-found:
- (3 A |€| atms-of-clss (N |U] Uer). A |¢]| trail-atms T') =
- (3C |€] tefac F || (N |U| Uey). trail-false-cls T' C) =
ord-res-8-final (N, Uer, F, T) |

contradiction-found:
{#} |€l iefac F |1 (N U] Uer) =
ord-res-8-final (N, U, F, T)

sublocale ord-res-8-semantics: semantics where
step = constant-context ord-res-8 and
final = ord-res-8-final

(proof)

definition trail-is-sorted where
trail-is-sorted N s +—
(VUer FT. 5= (Uep, F, T) —
sorted-wrt (A\x y. atm-of (fst y) <¢ atm-of (fst z)) T')
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lemma ord-res-8-preserves-trail-is-sorted:
assumes
step: ord-res-8 N s s’ and
invar: trail-is-sorted N s
shows trail-is-sorted N s’

{proof)

inductive trail-annotations-invars
for N :: 'f gterm literal multiset fset
where
Nil:
trail-annotations-invars N (Uer, F, []) |
Cons-None:
trail-annotations-invars N (Uer, F, (L, None) # T')
if trail-annotations-invars N (Uep, F, T') |
Cons-Some:
trail-annotations-invars N (Uer, F, (L, Some D) # T')
if linorder-lit.is-greatest-in-mset D L and
D |€| iefac F | (N |U] Ue,) and
trail-false-cls T {#K €# D. K # L#} and
linorder-cls.is-least-in-fset
{|D |€| iefac F || (N |U] Uer). clause-could-propagate T' D L|} D and
trail-annotations-invars N (Uer, F, T)

lemma
assumes
linorder-lit.is-greatest-in-mset C' L and
trail-false-cls T' {#K €# C. K # L#} and
= trail-defined-cls T' C
shows clause-could-propagate I' C' L

(proof)

lemma propagating-clause-in-clauses:

assumes trail-annotations-invars N (Ue,, F, T') and map-of I' L = Some (Some
)

shows C |€| defac F || (N |U] Uer)

{proof)

lemma trail-annotations-invars-mono-wrt-trail-suffix:
assumes suffiz I'' T trail-annotations-invars N (U, F, T)
shows trail-annotations-invars N (Ue,, F, T"')

{proof)

lemma ord-res-§-preserves-trail-annotations-invars:
assumes
step: ord-res-8 N s s’ and
muars:
trail-annotations-invars N s
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trail-is-sorted N s
shows trail-annotations-invars N s’

{proof)

definition trail-is-lower-set where
trail-is-lower-set N s <—
VU FT. 8= (Uep, F, T) —
linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Ue.,)))

lemma atoms-not-in-clause-set-undefined-if-trail-is-sorted-lower-set:
assumes invar: trail-is-lower-set N (Uer, F, T')
shows V A. A |¢| atms-of-clss (N |U| Uer) — A |¢] trail-atms T
(proof )

lemma ord-res-8-preserves-atoms-in-trail-lower-set:
assumes
step: ord-res-8 N s s’ and
mnuvars:
trail-is-lower-set N s
trail-annotations-invars N s
trail-is-sorted N s
shows trail-is-lower-set N s’
(proof)

definition false-cls-is-mempty-or-has-neg-maz-lit where
false-cls-is-mempty-or-has-neg-maz-lit N s <—
VU FT. 8= (U, F, T) — (VC |€] iefac F || (N |U| Uey).
trail-false-cls T C — C = {#} Vv (FA. linorder-lit.is-maximal-in-mset C
(Neg A))))

lemma ord-res-8-preserves-false-cls-is-mempty-or-has-neg-maz-lit:
assumes
step: ord-res-8 N s s’ and
mnuars:
false-cls-is-mempty-or-has-neg-maz-lit N s
trail-is-lower-set N s
trail-is-sorted N s
shows false-cls-is-mempty-or-has-neg-maz-lit N s’
(proof)

definition decided-literals-all-neg where
decided-literals-all-neg N s <—
VU FT. 8= (Uep, F, T) —
(VLn € set T'. VL. Ln = (L, None) — is-neg L))

lemma ord-res-8-preserves-decided-literals-all-neg:

assumes
step: ord-res-8 N s s’ and
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invar: decided-literals-all-neg N s
shows decided-literals-all-neg N s’

{proof)

definition ord-res-8-invars where
ord-res-8-invars N s +—
trail-is-sorted N s A
trail-is-lower-set N s N\
false-cls-is-mempty-or-has-neg-mazx-lit N s A
trail-annotations-invars N s N\
decided-literals-all-neg N s

lemma ord-res-8-preserves-invars:
assumes
step: ord-res-8 N s s’ and
invars: ord-res-8-invars N s
shows ord-res-8-invars N s’

{proof)

lemma rtranclp-ord-res-8-preserves-invars:
assumes
step: (ord-res-8 N)** s s’ and
invars: ord-res-8-invars N s
shows ord-res-8-invars N s’

{proof)

lemma tranclp-ord-res-8-preserves-invars:
assumes
step: (ord-res-8 N)** s s’ and
invars: ord-res-8-invars N s
shows ord-res-8-invars N s’

(proof)

lemma ex-ord-res-8-if-not-final:
assumes
not-final: — ord-res-8-final (N, s) and
invars: ord-res-8-invars N s
shows Js’. ord-res-8 N s s’

(proof)

lemma ord-res-8-safe-state-if-invars:
fixes N s
assumes invars: ord-res-8-invars N s
shows safe-state (constant-context ord-res-8) ord-res-8-final (N, s)

{proof)

end
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end
theory ORD-RES-9
imports
ORD-RES-8
begin

24 ORD-RES-9 (factorize when propagating)

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-9 where
decide-neg:
- (3C |€| iefac F | (N |U] Uer). trail-false-cls T' C) =
linorder-trm.is-least-in-fset {|Ay |€| atms-of-clss (N |U] Ugy).
YV Ay |€] trail-atms T. Ay < 43|} A =
- (3C |€| iefac F || (N |U| Uer). clause-could-propagate T' C' (Pos A)) =
I'"= (Neg A, None) # ' —
ord-res-9 N (Uer, F, T) (Uer, F, T) |

propagate:

- (3C |€| iefac F | (N |U] Uer). trail-false-cls T C) =

linorder-trm.is-least-in-fset {| Az |€| atms-of-clss (N |U| Ue,).
VA |€] trail-atms T'. Ay < As|} A =

linorder-cls.is-least-in-fset {|C' |€| iefac F |4 (N |U| Uey).
clause-could-propagate T' C' (Pos A)|} C =

I'" = (Pos A, Some (efac C)) # T =

F' = (if linorder-lit.is-greatest-in-mset C' (Pos A) then F else finsert C F) =

ord-res-9 N (Uer, F, T') (Uer, F', T) |

resolution:
linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U| Ue,). trail-false-cls T' D|}
D =
linorder-lit.is-mazimal-in-mset D (Neg A) =
map-of T' (Pos A) = Some (Some C) =
Uer' = finsert (eres C D) Uepr =
' = dropWhile (A\Ln. V K.
linorder-lit.is-mazximal-in-mset (eres C D) K — atm-of K =; atm-of (fst
In)) T =
ord-res-9 N (Uer, F, T') (Uer'y, F, T)

lemma right-unique-ord-res-9:
fixes N :: 'f gclause fset
shows right-unique (ord-res-9 N)
(proof)

lemma ord-res-9-is-one-or-two-ord-res-9-steps:
fixes N s s’
assumes step: ord-res-9 N s s’
shows ord-res-8 N s s’ V (ord-res-8 N OO ord-res-8 N) s s’
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{proof)

lemma ord-res-9-preserves-invars:
assumes
step: ord-res-9 N s s’ and
invars: ord-res-8-invars N s
shows ord-res-8-invars N s’

{proof)

lemma rtranclp-ord-res-9-preserves-ord-res-8-invars:
assumes
step: (ord-res-9 N)** s s’ and
invars: ord-res-8-invars N s
shows ord-res-8-invars N s’

(proof)

lemma ex-ord-res-9-if-not-final:
assumes
not-final: — ord-res-8-final (N, s) and
invars: ord-res-8-invars N s
shows Js’. ord-res-9 N s s’

(proof)

lemma ord-res-9-safe-state-if-invars:
fixes N s
assumes invars: ord-res-8-invars N s
shows safe-state (constant-context ord-res-9) ord-res-8-final (N, s)

{proof)

sublocale ord-res-9-semantics: semantics where
step = constant-context ord-res-9 and
final = ord-res-8-final

(proof)

end

end

theory ORD-RES-10
imports ORD-RES-8

begin

25 ORD-RES-10 (propagate iff a conflict is pro-
duced)

type-synonym ’f ord-res-10-state =
'f gclause fset x'f gclause fset x 'f gclause fset x ('f gliteral x 'f gclause option)
list
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context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-10 where
decide-neg:
- (3C |€| iefac F | (N |U] Uer). trail-false-cls T C) =
linorder-trm.is-least-in-fset {|As |€| atms-of-clss (N |U| Uey).
YV Ay |€] trail-atms T. Ay <; As|} A =
- (3C |€| iefac F || (N |U] Uey). clause-could-propagate I' C' (Pos A)) =
I'" = (Neg A, None) # I’ =
ord-res-10 N (Uer, F, T) (Uer, F, T) |

decide-pos:
- (30 |€| iefac F | (N |U] Uer). trail-false-cls T' C') =
linorder-trm.is-least-in-fset {| Az |€| atms-of-clss (N |U| Ue,).
YV Ay |€] trail-atms T. Ay < As|} A =
linorder-cls.is-least-in-fset {|C |€| iefac F | (N |U] Uer).
clause-could-propagate T' C' (Pos A)|} C =
I'" = (Pos A, None) # I’ =
= (3C |g| defac F || (N |U| Uep). trail-false-cls T C) =
F' = (if linorder-lit.is-greatest-in-mset C' (Pos A) then F else finsert C F) =
ord-res-10 N (Uer, F, T') (Uer, F', T7) |

propagate:

- (30 |€| iefac F | (N |U] Uer). trail-false-cls T' C') =

linorder-trm.is-least-in-fset {|Ay |€| atms-of-clss (N |U] Ugy).
YV Ay |€] trail-atms T. Ay < 42|} A =

linorder-cls.is-least-in-fset {|C |€| iefac F | (N |U] Uer).
clause-could-propagate T' C' (Pos A)|} C =

I'" = (Pos A, Some (efac C)) # T =

(3 C €] iefac F || (N |U| Uep). trail-false-cls T' C') =

F' = (if linorder-lit.is-greatest-in-mset C' (Pos A) then F else finsert C F) =

ord-res-10 N (Uer, F, T') (Uer, F', T) |

resolution:
linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U| Ue,). trail-false-cls T' D|}
D =
linorder-lit.is-mazimal-in-mset D (Neg A) =
map-of T' (Pos A) = Some (Some C) =
Uer' = finsert (eres C D) U, =
I'" = dropWhile (ALn. V K.
linorder-lit.is-mazimal-in-mset (eres C D) K — atm-of K =; atm-of (fst
In) T =
ord-res-10 N (U, F, T) (Ue,.', F, TV)

lemma right-unique-ord-res-10:
fixes N :: 'f gclause fset
shows right-unique (ord-res-10 N)

(proof)
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sublocale ord-res-10-semantics: semantics where
step = constant-context ord-res-10 and
final = ord-res-8-final

(proof )

inductive ord-res-10-invars for N where
ord-res-10-invars N (Uep, F, T) if

sorted-wrt (A\x y. atm-of (fst y) <¢ atm-of (fst z)) I' and

VIn € set I'.VC. snd Ln = Some C — linorder-lit.is-greatest-in-mset C (fst
Ln) and

linorder-trm.is-lower-fset (trail-atms T') (atms-of-clss (N |U| Ue,)) and

VinT' T =Ln#T —

(snd Ln # None <— (3 C |€| iefac F || (N |U]| Ueyr). trail-false-cls T' C))

(snd Ln # None — is-pos (fst Ln)) A
(VC. snd Ln = Some C — C |€] iefac F || (N |U| Uer)) A
(VC. snd Ln = Some C — clause-could-propagate T'' C' (fst Ln)) A
(Vz € set T'. snd © = None) and
VI InTy. T =14 Q Ln # 'y —
snd Ln = None — —(3 C |€| iefac F || (N |U| Uer). trail-false-cls (Ln #
Lo) C)

lemma ord-res-10-preserves-invars:
assumes
step: ord-res-10 N s s’ and
invars: ord-res-10-invars N s
shows ord-res-10-invars N s’

{proof)

lemma rtranclp-ord-res-10-preserves-invars:
assumes
step: (ord-res-10 N)** s s’ and
invars: ord-res-10-invars N s
shows ord-res-10-invars N s’

{proof)

lemma ex-ord-res-10-if-not-final:
assumes
not-final: — ord-res-8-final (N, s) and
invars: ord-res-10-invars N s
shows 3s’. ord-res-10 N s s’

(proof )

lemma ord-res-10-safe-state-if-invars:
fixes N s
assumes invars: ord-res-10-invars N s
shows safe-state (constant-context ord-res-10) ord-res-8-final (N, )

(proof)
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end

end

theory ORD-RES-11
imports ORD-RES-10

begin

26 ORD-RES-11 (SCL strategy)

type-synonym 'f ord-res-11-state =
'f gclause fset x'f gclause fset x 'f gclause fset x ('f gliteral x 'f gclause option)
list x
'f gclause option

context simulation-SCLFOL-ground-ordered-resolution begin

lemma
fixes NU,. FT A
assumes
no-false-cls: = (3 C |€| iefac F | (N |U| Ugr). trail-false-cls T C') and
A-least: linorder-trm.is-least-in-fset {|As |€| atms-of-clss (N |U| Uey).
YV Ay |€] trail-atms T. A1 <; As|} A and
C-least: linorder-cls.is-least-in-fset {|C |€| iefac F || (N |U] Uey).
clause-could-propagate I' C' (Pos A)|} C
defines
I'" = (Pos A, None) # T' and
F' = (if linorder-lit.is-greatest-in-mset C (Pos A) then F else finsert C' F)
shows
(3C €] iefac F || (N |U| Uep). trail-false-cls T' C) <—
(3C |€| iefac F' || (N |U| Uey). trail-false-cls T C)
(proof )

inductive ord-res-11 where
decide-neg:
- (3C |€] iefac F || (N |U| Uey). trail-false-cls T' C) =
linorder-trm.is-least-in-fset {| Az |€| atms-of-clss (N |U| Ue,).
YV Ay |€] trail-atms T. Ay < 42|} A =
- (3C |€| iefac F | (N |U| Uer). clause-could-propagate T' C' (Pos A)) =
I'"= (Neg A, None) # I' =
ord-res-11 N (Uep, F, T, None) (U, F, T/, None) |

decide-pos:

- (3C |€| iefac F | (N |U| Uer). trail-false-cls T C) =

linorder-trm.is-least-in-fset {| Az |€| atms-of-clss (N |U| Ue,).
VA |€] trail-atms T'. Ay < As|} A =

linorder-cls.is-least-in-fset {|C' |€| iefac F |4 (N |U| Uep).
clause-could-propagate T' C' (Pos A)|} C =

I'" = (Pos A, None) # I’ =

- (3C |€| iefac F | (N |U] Uer). trail-false-cls T'' C) =
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F' = (if linorder-lit.is-greatest-in-mset C (Pos A) then F else finsert C F) =
ord-res-11 N (Uer, F, I, None) (Uer, F', T/, None) |

propagate:

- (3C |€| iefac F | (N |U] Uer). trail-false-cls T C) =

linorder-trm.is-least-in-fset {|As |€| atms-of-clss (N |U| Uey).
YV Ay |€] trail-atms T. Ay <; As|} A =

linorder-cls.is-least-in-fset {|C |€| iefac F | (N |U] Uer).
clause-could-propagate T' C' (Pos A)|} C =

I'" = (Pos A, Some (efac C)) # T =

(3 C |€] iefac F |9 (N |U| Uep). trail-false-cls T' C) =

F' = (if linorder-lit.is-greatest-in-mset C (Pos A) then F else finsert C F) =

ord-res-11 N (Uep, F, I, None) (Uer, F', T/, None) |

conflict:
linorder-cls.is-least-in-fset {|D |€| iefac F || (N |U| Uer). trail-false-cls T' D|}
D =
ord-res-11 N (Ue¢r, F, I, None) (Uer, F, T, Some D) |

skip: — L ¢# C =
ord-res-11 N (Uer, F, (L, n) # T, Some C) (U, F, T, Some C) |

resolution:
I'=(L, Some D) # 1" = — L e€# C =
ord-res-11 N (Uep, F, T, Some C) (U, F, T, Some ((C — {#— L#}) + (D
— {#L#}))) |

backtrack:
I'=(L, None) # I = — L e# C =
ord-res-11 N (Ue¢r, F, T, Some C) (finsert C Uer, F, '/, None)

lemma right-unique-ord-res-11:
fixes N :: 'f gclause fset
shows right-unique (ord-res-11 N)

(proof)

inductive ord-res-11-final :: 'f ord-res-11-state = bool where
model-found:
- (3 A |€| atms-of-clss (N |U] Uer). A |¢]| trail-atms T') =
- (3C |€| iefac F | (N |U] Uer). trail-false-cls T C) =
ord-res-11-final (N, Uer, F, T, None) |

contradiction-found:
ord-res-11-final (N, Uer, F, [], Some {#})

sublocale ord-res-11-semantics: semantics where
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step = constant-context ord-res-11 and
final = ord-res-11-final
(proof)

inductive ord-res-11-invars where

ord-res-11-invars N (Uer, F, T, C) if
ord-res-10-invars N (Ue,, F, T') and
{#} |€l N |U| Uer — I' =[] and
VvV C.C = Some C — atms-of-cls C |C| atms-of-clss (N |U| U.,) and
VC.C = Some C — trail-false-cls I' C' and
atms-of-clss Uer |C| atms-of-clss N and
YV C |€| F. 3L. is-pos L A linorder-lit.is-mazximal-in-mset C L

lemma ord-res-11-invars-initial-state: ord-res-11-invars N ({||}, {||}, [], None)

(proof)

lemma mempty-in-fimage-iefac[simp]: {#} |€| iefac F || N <— {#} |€| N
{proof)

lemma ord-res-11-preserves-invars:
assumes
step: ord-res-11 N s s’ and
invars: ord-res-11-invars N s
shows ord-res-11-invars N s’

{proof)

lemma rtranclp-ord-res-11-preserves-invars:
assumes
step: (ord-res-11 N)** s s’ and
invars: ord-res-11-invars N s
shows ord-res-11-invars N s’

(proof)

lemma tranclp-ord-res-11-preserves-invars:
assumes
step: (ord-res-11 N)*+ s s’ and
tnvars: ord-res-11-invars N s
shows ord-res-11-invars N s’

{proof)

lemma ex-ord-res-11-if-not-final:
assumes
not-final: — ord-res-11-final (N, s) and
invars: ord-res-11-invars N s
shows 3s’. ord-res-11 N s s’

{proof)

lemma ord-res-11-safe-state-if-invars:
fixes N s
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assumes invars: ord-res-11-invars N s
shows safe-state (constant-context ord-res-11) ord-res-11-final (N, s)
{proof)

lemma rtrancl-ord-res-11-all-resolution-steps:

assumes C-maax-lit: ord-res.is-strictly-mazimal-lit K C

shows (ord-res-11 N)** (U, F, (K, Some C) # I", Some D) (U, F, (K, Some
C) # T, Some (eres C D))
(proof)

lemma rtrancl-ord-res-11-all-skip-steps:

(ord-res-11 N)** (U, F, T, Some C) (U, F, dropWhile (ALn. — fst Ln ¢# C)
I, Some C)
(proof)

end

end
theory Simulation-SCLFOL-ORDRES
imports

Background
ORD-RES
ORD-RES-1
ORD-RES-2
ORD-RES-3
ORD-RES-4
ORD-RES-5
ORD-RES-6
ORD-RES-7
ORD-RES-8
ORD-RES-9
ORD-RES-10
ORD-RES-11
Clause-Could-Propagate

begin

27 ORD-RES-1 (deterministic)
type-synonym 'f ord-res-1-state = 'f gclause fset
context simulation-SCLFOL-ground-ordered-resolution begin

sublocale backward-simulation-with-measuring-function where
stepl = ord-res and
step2 = ord-res-1 and
finall = ord-res-final and
final2 = ord-res-1-final and
order = \- -. False and
match = (=) and
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measure = A-. ()

(proof)

end

28 ORD-RES-2 (full factorization)

type-synonym 'f ord-res-2-state = 'f gclause fset x 'f gclause fset x 'f gclause
fset

context simulation-SCLFOL-ground-ordered-resolution begin

fun ord-res-1-matches-ord-res-2
.o 'f ord-res-1-state = - = bool where
ord-res-1-matches-ord-res-2 S1 (N, (U, U.y)) «— (3 Uy.
S1 =N Ul Uy |U| Ueg U] Us A
(VCyle| Up.3C |€| N |U| Uy |U| Uey. ord-res.ground-factoring™* C Cy A
Cy # efac Cy N
(efac Cy |€| Uey V is-least-false-clause (N |U| U, [U| Ucy) C)))

lemma ord-res-1-matches-ord-res-2-simps’:
ord-res-1-matches-ord-res-2 S1 (N, (U, Uey)) <—
(3Us. S1 =N Ul Uy |U| Uy |U] Us A
(VCyrle| Uys. Cy # efac Cy AN (3C |€| N |U] Uy |U| Uey. ord-res.ground-factoring™*
C Of A
(efac Cy |€| Ues V is-least-false-clause (N |U| U, || Uey) C))))
(proof )

lemma ord-res-1-matches-ord-res-2-simps’”:
ord-res-1-matches-ord-res-2 S1 (N, (U, Uey)) +—
(3Us. S1 =N Ul Uy |U| Ueg |U] Us A
(VCys €| Uys. C¢ # efac Cy AN (IC |€| N |U] U, |U| Uey. ord-res.ground-factoring™®*
CCr A
(efac C |€| Ues V is-least-false-clause (N |J| U, |U| Uey) C))))
(proof)

lemma ord-res-1-final-iff-ord-res-2-final:
assumes match: ord-res-1-matches-ord-res-2 S1 So
shows ord-res-1-final S1 <— ord-res-2-final Sa

(proof)

lemma safe-states-if-ord-res-1-matches-ord-res-2:

assumes match: ord-res-1-matches-ord-res-2 S1 Sa

shows safe-state ord-res-1 ord-res-1-final S1 A safe-state ord-res-2-step ord-res-2-final
S
(proof)

definition ord-res-1-measure where
ord-res-1-measure s1 =
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(¢f 3 C. is-least-false-clause s1 C then
The (is-least-false-clause s1)
else

{#})

lemma forward-simulation:
assumes match: ord-res-1-matches-ord-res-2 s1 s2 and
stepl: ord-res-1 s1 s1'
shows (3s2'. ord-res-2-step™™ s2 s2' A ord-res-1-matches-ord-res-2 s1' s2') V
ord-res-1-matches-ord-res-2 s1' s2 A ord-res-1-measure s1' C# ord-res-1-measure
s

(proof)

theorem bisimulation-ord-res-1-ord-res-2:

defines match = \i s1 s2. i = ord-res-1-measure s1 N ord-res-1-matches-ord-res-2
s1 s2

shows 3 (MATCH :: nat x nat = 'f ord-res-1-state = 'f ord-res-2-state = bool)
Ry Re.

bisimulation ord-res-1 ord-res-1-final ord-res-2-step ord-res-2-final MATCH R

Ro
(proof)

end

29 ORD-RES-3 (full resolve)

type-synonym 'f ord-res-3-state = 'f gclause fset x 'f gclause fset x 'f gclause
fset

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-2-matches-ord-res-3 :: - = 'f ord-res-3-state = bool where
(VC|€| Upr. 3D1 |€] N |U| Uy |U| Uey. 3D2 €| N |U| Ueyr |U| Uey.
(ground-resolution D1)*+ D2 C N C # eres D1 D2 A eres DI D2 |€| U,,)
=
ord-res-2-matches-ord-res-3 (N, (Upy |U]| Uer, Uef)) (N, (Uer, Ues))

lemma ord-res-2-final-iff-ord-res-3-final:
assumes match: ord-res-2-matches-ord-res-3 So S3
shows ord-res-2-final So <— ord-res-3-final Ss

{proof)

definition ord-res-2-measure where
ord-res-2-measure S1 =
(let (N, (Ur, Uey)) = S1in
(if 3C. is-least-false-clause (N |U| U, |U| Ucy) C then
The (is-least-false-clause (N |U| U, |U| Ucy))
else

{#1))
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definition resolvent-at where
resolvent-at C D i = (THE CD. (ground-resolution C ~ i) D CD)

lemma resolvent-at-0[simp]: resolvent-at C D 0 = D
{proof)

lemma resolvent-at-less-cls-resolvent-at:
assumes reso-at: (ground-resolution C =" n) D CD
assumes i < jand j < n
shows resolvent-at C' D j <. resolvent-at C' D i

(proof)

lemma
assumes reso-at: (ground-resolution C' " n) D CD and i < n
shows
left-premisse-lt-resolvent-at: C' <. resolvent-at C' D i and
max-lit-resolvent-at:
ord-res.is-maximal-lit L D = ord-res.is-mazimal-lit L (resolvent-at C D 1)
and
nex-pos-strictly-maz-lit-in-resolvent-at:
A L. is-pos L A ord-res.is-strictly-mazimal-lit L (resolvent-at C' D i) and
ground-resolution-resolvent-at-resolvent-at-Suc:
ground-resolution C (resolvent-at C' D i) (resolvent-at C D (Suc 7)) and
relpowp-to-resolvent-at: (ground-resolution C ~ 1) D (resolvent-at C' D 1)

(proof)

definition resolvents-upto where
resolvents-upto C D n = resolvent-at C' D || fset-upto (Suc 0) n

lemma resolvents-upto-0[simp:
resolvents-upto C D 0 = {||}
{proof)

lemma resolvents-upto-Suc[simp):
resolvents-upto C' D (Suc n) = finsert (resolvent-at C D (Suc n)) (resolvents-upto
CDn)

{proof)

lemma resolvent-at-fmember-resolvents-upto:
assumes k #= 0
shows resolvent-at C' D k |€| resolvents-upto C D k

{proof)

lemma backward-simulation-2-to-3:
fixes match measure less
defines match = ord-res-2-matches-ord-res-38
assumes
match: match S2 S8 and
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step2: ord-res-3-step S3 S8’
shows (352", ord-res-2-step™* S2 52’ A match S2' S37)
{proof )

lemma safe-states-if-ord-res-2-matches-ord-res-3:
assumes match: ord-res-2-matches-ord-res-3 Sy Ss
shows
safe-state ord-res-2-step ord-res-2-final S
safe-state ord-res-3-step ord-res-3-final S3

{(proof)

theorem bisimulation-ord-res-2-ord-res-3:
defines match = A- S2 S3. ord-res-2-matches-ord-res-8 52 S3
shows 3 (MATCH :: nat x nat = 'f ord-res-2-state = 'f ord-res-3-state = bool)
Rf Ry.
bisimulation ord-res-2-step ord-res-2-final ord-res-3-step ord-res-3-final MATCH
Rs Ry
(proof)

end

30 ORD-RES-4 (implicit factorization)

type-synonym 'f ord-res-/-state = 'f gclause fset x 'f gclause fset x 'f gclause
fset

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-3-matches-ord-res-4 :: 'f ord-res-3-state = 'f ord-res-4-state =
bool where
FIC| N Y| Uep = Uy = iefac F || {|C |€| N |U| Uey. iefac F C # C|} =
ord-res-8-matches-ord-res-4 (N, (Uer, Uey)) (N, Uer, F)

lemma ord-res-3-final-iff-ord-res-4-final:
assumes match: ord-res-3-matches-ord-res-4 S3 S
shows ord-res-3-final S8 +— ord-res-4-final S4

(proof)

lemma forward-simulation-between-3-and-4:
assumes
match: ord-res-8-matches-ord-res-4 S3 S4 and
step: ord-res-3-step S3 S8’
shows (354" ord-res-4-step™ S4 S4' A ord-res-3-matches-ord-res-4 53" 5S4
(proof)

theorem bisimulation-ord-res-3-ord-res-4 :

defines match = \- S8 S/. ord-res-3-matches-ord-res-4 S8 S/

shows 3 (MATCH :: nat X nat = 'f ord-res-3-state = 'f ord-res-4-state = bool)
Rs Rp.
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bisimulation ord-res-3-step ord-res-3-final ord-res-4-step ord-res-4-final MATCH
Ry Re
(proof)

end

31 ORD-RES-5 (explicit model construction)

type-synonym 'f ord-res-5-state = 'f gclause fset x 'f gclause fset x 'f gclause
fset x
('f gterm = 'f gclause option) x 'f gclause option

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-4-matches-ord-res-5 :: 'f ord-res-4-state = 'f ord-res-5-state =
bool where
ord-res-5-invars N (Uer, F, M, C) =
(VC.C = Some C +— is-least-false-clause (iefac F |9 (N |U| U.,)) C) =
ord-res-4-matches-ord-res-5 (N, Uer, F) (N, Uer, F, M, C)

lemma ord-res-4-final-iff-ord-res-5-final:
assumes match: ord-res-4-matches-ord-res-5 S4 S5
shows ord-res-4-final S4 <— ord-res-5-final S5

{proof)

lemma forward-simulation-between-4-and-5:
fixes S4 S4' S5
assumes match: ord-res-4-matches-ord-res-5 54 S5 and step: ord-res-4-step S4
S’
shows 395", ord-res-5-stept 85 S5’ A ord-res-4-matches-ord-res-5 S4’ S5’
(proof )

theorem bisimulation-ord-res-4-ord-res-5:
defines match = A-. ord-res-4-matches-ord-res-5
shows 3 (MATCH :: nat x nat = 'f ord-res-4-state = 'f ord-res-5-state = bool)
R; Rp.
bisimulation ord-res-4-step ord-res-4-final ord-res-5-step ord-res-5-final MATCH
R¢ Re
(proof)

end

32 ORD-RES-6 (model backjump)

type-synonym 'f ord-res-6-state = 'f gclause fset x 'f gclause fset x 'f gclause
fset x
('f gterm = 'f gclause option) x 'f gclause option
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context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-5-matches-ord-res-6 :: 'f ord-res-5-state = 'f ord-res-6-state =
bool where
ord-res-5-invars N (Uer, F, M, C) =
ord-res-5-matches-ord-res-6 (N, Uep, F, M, C) (N, Uer, F, M, C)

lemma ord-res-5-final-iff-ord-res-6-final:
fixes i S5 S6
assumes match: ord-res-5-matches-ord-res-6 S5 S6
shows ord-res-5-final S5 <— ord-res-6-final S6

{proof)

lemma backward-simulation-between-5-and-6:
fixes S5 56 S6'
assumes match: ord-res-5-matches-ord-res-6 S5 S6 and step: ord-res-6-step S6
S6'
shows 355", ord-res-5-step™ ™ S5 S5’ A\ ord-res-5-matches-ord-res-6 S5’ S6'
(proof)

theorem bisimulation-ord-res-5-ord-res-6:
defines match = A-. ord-res-5-matches-ord-res-6
shows 3 (MATCH :: nat x nat = 'f ord-res-5-state = 'f ord-res-6-state = bool)
Rs Rp.
bisimulation ord-res-5-step ord-res-5-final ord-res-6-step ord-res-6-final MATCH
Rs Ry
{proof)

end

33 ORD-RES-7 (clause-guided literal trail construc-
tion)

type-synonym ’f ord-res-7-state =
'f gclause fset x'f gclause fset x 'f gclause fset x ('f gliteral x 'f gclause option)
list x
'f gclause option

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-6-matches-ord-res-7 ::

'f gterm fset = 'f ord-res-6-state = 'f ord-res-7-state = bool where

ord-res-5-invars N (Uer, F, M, C) =
ord-res-7-invars N (Uer, F, T, C) =
(VA C. M A= Some C < map-of I' (Pos A) = Some (Some C)) =
(VA. M A = None +— map-of T (Neg A) # None V A |¢| trail-atms T) =
i = atms-of-clss (N |U| Uey) — trail-atms T =
ord-res-6-matches-ord-res-7 i (N, Uep, F, M, C) (N, Uepr, F, T, C)
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lemma ord-res-60-final-iff-ord-res-7-final:
fixes ¢ S6 S7
assumes match: ord-res-6-matches-ord-res-7 1 S6 S7
shows ord-res-6-final S6 «<— ord-res-7-final S7

{proof)

lemma backward-simulation-between-6-and-7:
fixes i 56 S7 S7’
assumes match: ord-res-6-matches-ord-res-7 1 S6 S7 and step: constant-context
ord-res-7 S7 87’
shows
(34’ S6'. ord-res-6-step™t S6 S6’ A\ ord-res-6-matches-ord-res-7 i’ S6' S7') V
(34", ord-res-6-matches-ord-res-7i' S6 S7' A i |C| i)
(proof )

theorem bisimulation-ord-res-6-ord-res-7:
defines match = ord-res-6-matches-ord-res-7
shows 3 (MATCH :: nat x nat = 'f ord-res-6-state = 'f ord-res-7-state = bool)
Ryf Ry.
bisimulation ord-res-6-step ord-res-6-final (constant-context ord-res-7) ord-res-7-final
MATCH Ry Ry

(proof)

end

34 ORD-RES-8 (atom-guided literal trail construc-
tion)
context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-8-can-decide-neg where
= trail-false-cls I' C =
linorder-lit.is-maximal-in-mset C L =
linorder-trm.is-least-in-fset {|A |€| atms-of-clss (N |U| Uey).
A <y atm-of L N A |¢| trail-atms |} A =
ord-res-8-can-decide-neg N U, F T C

inductive ord-res-8-can-skip-undefined-neq where
= trail-false-cls ' C =
linorder-lit.is-mazimal-in-mset C' L —>
—(3 4 |€| atms-of-clss (N |U| Uey). A <4 atm-of L N A |¢| trail-atms T') =
= trail-defined-lit I' L —
is-neqg L —
ord-res-8-can-skip-undefined-neg N U, F I' C

inductive ord-res-8-can-skip-undefined-pos-ultimate where
= trail-false-cls I' C =
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linorder-lit.is-maximal-in-mset C L —
—(3 A |€| atms-of-clss (N |U| Uer). A <4 atm-of L A A |¢| trail-atms T) =
= trail-defined-lit ' L —

is-pos L —>

= trail-false-cls T {#K €# C. K # L#} —

(3D |g| iefac F || (N U] Ue,). C <. D) =
ord-res-8-can-skip-undefined-pos-ultimate N U, F T' C

inductive ord-res-§-can-produce where
= trail-false-cls ' C =
linorder-lit.is-maximal-in-mset C L —

- (34 |€| atms-of-clss (N |U] Uer). A <¢ atm-of L A A |¢] trail-atms T') =

= trail-defined-lit ' L —

is-pos L —>

trail-false-cls T {#K €# C. K # L#} —
linorder-lit.is-greatest-in-mset C' L —>
ord-res-8-can-produce N U.. F T C

inductive ord-res-§-can-factorize where
= trail-false-cls T' C =
linorder-lit.is-maximal-in-mset C L =

- (3 A |€| atms-of-clss (N |U| Uer). A <¢ atm-of L N A |¢| trail-atms T) =

= trail-defined-lit ' L —

is-pos L —>

trail-false-cls T {#K €# C. K # L#} —
= linorder-lit.is-greatest-in-mset C L —
ord-res-8-can-factorize N Ug. F T C

definition is-least-nonskipped-clause where
is-least-nonskipped-clause N Ug F T C —
linorder-cls.is-least-in-fset {|C |€| iefac F |4 (N |U| Uep).
trail-false-cls T C'V
ord-res-8-can-decide-neg N Ue, F T C V
ord-res-8-can-skip-undefined-neg N Ug,. F T C V
ord-res-8-can-skip-undefined-pos-ultimate N Ug. F T C V
ord-res-8-can-produce N Uo. F T C V
ord-res-8-can-factorize N U, F T C|} C

lemma is-least-nonskipped-clause-mempty:
assumes bot-in: {#} |€| iefac F || (N |U| Ueyr)
shows is-least-nonskipped-clause N U, F T' {#}
(proof )

lemma nez-is-least-nonskipped-clause-if :
assumes
no-undef-atom: — (3 A|€|atms-of-clss (N |U| Ue,). A |¢]| trail-atms T') and
no-false-clause: = fBex (iefac F || (N |U] Uey)) (trail-false-cls T')
shows # C. is-least-nonskipped-clavse N U., F T C
(proof)
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lemma MAGICS:
assumes invars: ord-res-7-invars N (U.,, F, ', C) and
no-more-steps: C’. ord-res-7 N (U.p, F, T, C) (U, F, T, C’)
shows (V C. C = Some C +— is-least-nonskipped-clause N U, F T' C)
(proof)

lemma MAGICG:
assumes invars: ord-res-7-invars N (Uer, F, T, C)
shows 3C". (ord-res-7 N)** (Uep, F, T, C) (Uey, F, T, C') A
(Ac”. ord-res-7 N (U.p, F, T,C") (Uer, F, T, C"))
(proof)

inductive ord-res-7-matches-ord-res-8 :: 'f ord-res-7-state = 'f ord-res-8-state =
bool where
ord-res-T-invars N (Uer, F, T, C) =
ord-res-8-invars N (Uer, F, T') =
(VC.C = Some C < is-least-nonskipped-clause N U, F T' C) =
ord-res-7-matches-ord-res-8 (N, Uy, F, ', C) (N, Uep, F, T')

lemma ord-res-7-final-iff-ord-res-8-final:
fixes S7 S8
assumes match: ord-res-7-matches-ord-res-8 S7 S8
shows ord-res-7-final S7 <— ord-res-8-final S8

{proof)

lemma backward-simulation-between-7-and-8:

fixes 7 S7 S8 S8’

assumes match: ord-res-7-matches-ord-res-8 S7 S8 and step: constant-context
ord-res-8 S8 S8’

shows 3 57". (constant-context ord-res-7)*+ S757' A\ ord-res-7-matches-ord-res-8
S7' 88’

(proof)

theorem bisimulation-ord-res-7-ord-res-8:
defines match = A-. ord-res-7-matches-ord-res-8
shows 3 (MATCH :: nat x nat = 'f ord-res-7-state = 'f ord-res-8-state = bool)
Rt Re.
bisimulation
(constant-context ord-res-7) ord-res-7-final
(constant-context ord-res-8) ord-res-8-final
MATCH Ry Ry

(proof)

end

35 ORD-RES-9 (factorize when propagating)

type-synonym 'f ord-res-9-state =

95



'f gclause fset x'f gclause fset x 'f gclause fset x ('f gliteral x 'f gclause option)
list

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-8-matches-ord-res-9 :: 'f ord-res-8-state = 'f ord-res-9-state =
bool where
ord-res-8-invars N (Uer, F, ') =
ord-res-8-matches-ord-res-9 (N, Uepr, F, T) (N, Uep, F, T)

lemma ord-res-8-final-iff-ord-res-9-final:
fixes S8 S9
assumes match: ord-res-8-matches-ord-res-9 S8 S9
shows ord-res-8-final S8 +— ord-res-8-final S9

(proof)

lemma backward-simulation-between-8-and-9:

fixes S8 59 59’

assumes match: ord-res-8-matches-ord-res-9 S8 S9 and step: constant-context
ord-res-9 59 S9'

shows 3 58", (constant-context ord-res-8) T+ S8 S8’ A ord-res-8-matches-ord-res-9
58" 89’

(proof)

theorem bisimulation-ord-res-8-ord-res-9:
defines match = A-. ord-res-8-matches-ord-res-9
shows 3 (MATCH :: nat X nat = 'f ord-res-8-state = 'f ord-res-9-state = bool)
Ry Ry.
bisimulation
(constant-context ord-res-8) ord-res-8-final
(constant-context ord-res-9) ord-res-8-final
MATCH R; Ry

(proof)

end

36 ORD-RES-10 (propagate iff a conflict is pro-
duced)

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-9-matches-ord-res-10 :: 'f ord-res-9-state = 'f ord-res-10-state
= bool where
ord-res-8-invars N (Uer, F, I'g) =
ord-res-10-invars N (Uer, F, I'19) =
list-all2 (Az y. fst x = fst y) T'g I'g =
list-all2 (Az y. snd y # None — ¢ = y) T'g I'1g =
ord-res-9-matches-ord-res-10 (N, Ue,., F, T'g) (N, Uey, F, I'10)
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lemma ord-res-9-final-iff-ord-res-10-final:
fixes 59 S10
assumes match: ord-res-9-matches-ord-res-10 S9 S10
shows ord-res-8-final S9 +— ord-res-8-final S10

{proof)

lemma backward-simulation-between-9-and-10:
fixes S9 S10 S10'
assumes
match: ord-res-9-matches-ord-res-10 S9 S10 and
step: constant-context ord-res-10 S10 S10’
shows 359", (constant-context ord-res-9)*+ 59 59’ A ord-res-9-matches-ord-res-10
59" 810’
(proof )

theorem bisimulation-ord-res-9-ord-res-10:
defines match = A-. ord-res-9-matches-ord-res-10
shows 3 (MATCH :: nat x nat = 'f ord-res-8-state = 'f ord-res-9-state = bool)
Ryf Ry.
bisimulation
(constant-context ord-res-9) ord-res-8-final
(constant-context ord-res-10) ord-res-8-final
MATCH Ry Rp

(proof)

end

37 ORD-RES-11 (SCL strategy)

context simulation-SCLFOL-ground-ordered-resolution begin

inductive ord-res-10-matches-ord-res-11 :: 'f ord-res-10-state = 'f ord-res-11-state
= bool where
ord-res-10-invars N (Uegp10, F, ') =

ord-res-11-invars N (Ugr11, F, T, C) =

Uerll - UerlO - {H#}‘} -

if {#} |€| iefac F | (N |U| Uer10) then T =[] A C = Some {#} else C =
None =

ord-res-10-matches-ord-res-11 (N, Uer10, F, I') (N, Uer11, F, I, C)

lemma ord-res-10-final-iff-ord-res-11-final:
fixes S10 S11
assumes match: ord-res-10-matches-ord-res-11 S10 S11
shows ord-res-8-final S10 <— ord-res-11-final S11

{proof)

lemma forward-simulation-between-10-and-11:
fixes S10 S11 S10'
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assumes
match: ord-res-10-matches-ord-res-11 S10 S11 and
step: constant-context ord-res-10 S10 S10'
shows 3 511". (constant-context ord-res-11)*+ S11 S11' A ord-res-10-matches-ord-res-11
S10’ S11'

{proof)

theorem bisimulation-ord-res-10-ord-res-11:
defines match = A-. ord-res-10-matches-ord-res-11
shows 3 (MATCH :: nat X nat = 'f ord-res-10-state = 'f ord-res-11-state =
bool) Ry Re.
bisimulation
(constant-context ord-res-10) ord-res-8-final
(constant-context ord-res-11) ord-res-11-final
MATCH Ry Ry

(proof)

end

type-synonym bisim-index-1-2 = nat X nat

type-synonym bisim-indez-1-3 = bisim-index-1-2 X (nat X nat)
type-synonym bisim-indez-1-4 = bisim-index-1-3 X (nat X nat)
type-synonym bisim-index-1-5 = bisim-index-1-4 X (nat X nat)
type-synonym bisim-indez-1-6 = bisim-index-1-5 X (nat X nat)
type-synonym bisim-index-1-7 = bisim-indez-1-6 X (nat x nat)
type-synonym bisim-index-1-8 = bisim-index-1-7 X (nat x nat)
type-synonym bisim-indez-1-9 = bisim-index-1-8 X (nat X nat)

n
type-synonym bisim-indez-1-10 = bisim-index-1-9 X (nat X nat)
type-synonym bisim-index-1-11 = bisim-index-1-10 X (nat X nat)

context simulation-SCLFOL-ground-ordered-resolution begin

theorem bisimulation-ord-res-1-ord-res-11:
obtains
MATCH :: bisim-index-1-11 = 'f ord-res-1-state = 'f ord-res-11-state = bool
and
R¢ Ry 2 bisim-index-1-11 = bisim-indez-1-11 = bool
where
bisimulation
ord-res-1 ord-res-1-final
(constant-context ord-res-11) ord-res-11-final
MATCH Ry Ry

{proof)

theorem
obtains
MATCH :: bisim-index-1-11 = 'f ord-res-1-state = 'f ord-res-11-state = bool
and
Ry Ry 2 bisim-index-1-11 = bisim-indez-1-11 = bool
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where
bisimulation
ord-res-1 ord-res-1-final
(constant-context ord-res-11) ord-res-11-final
MATCH Rf Rb and
N\j S1 S11. MATCH j S1 S11 = ord-res-1-final S1 <— ord-res-11-final S11
(proof)

38 ORD-RES-11 is a regular SCL strategy

definition gtrailelem-of-trailelem where
gtrailelem-of-trailelem = \(L, opt).
(lit-of-glit L, map-option (A\C. (cls-of-gcls {#K €# C. K # L#}, lit-of-glit L,
Var)) opt)

fun state-of-gstate :: - = ('f, 'v) SCL-FOL.state where
state-of-gstate (Ug, -, T'q, Ca) =
(let
I' = map gtrailelem-of-trailelem T'g;
U = cls-of-gcls || Ug;
C = map-option (A\Cg. (cls-of-gcls Cq, Var)) Ca
in (T, U, C))

lemma fst-case-prod-simp: fst (case p of (z, y) = (fz, gz y)) = f (fst p)
(proof )

lemma trail-false-cls-nonground-iff-trail-false-cls-ground:
fixes I'¢ and D¢ :: 'f gclause
fixes ' :: ('f, 'v) SCL-FOL.trail and D :: ('f, 'v) term clause
defines I' = map gtrailelem-of-trailelem I'q and D = cls-of-gcls Dg
shows trail-false-cls I' D <— trail-false-cls I'¢ Dg

(proof)

theorem ord-res-11-is-strategy-for-regular-scl:
fixes
Ng :: 'f gclause fset and
N = ('f, 'v) term clause fset and
B : 'f gterm and
B = ('f, 'v) term and
Sa S’ 'f gclause fset x 'f gclause fset x ('f gliteral x 'f gclause option) list
x 'f gclause option and
S S’ ('f, 'v) SCL-FOL.state
defines
N = cls-of-gcls || Ng and
B = term-of-gterm B and
S = state-of-gstate S and
S’ = state-of-gstate Sg’
assumes
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ball-le-Bg: ¥V Ac |€| atms-of-clss Ng. Ag =¢ B and
run: (ord-res-11 Ng)** ({|I}, {l|}, [], None) S¢ and
step: ord-res-11 Ng Sg S’

shows
scl-fol.reqular-scl N 8 S S’

(proof)

end

lemma wfp-on-antimono-stronger:
fixes
A ::'a set and B :: 'b set and
f:'a= "band
R:'b= 'b= booland Q :: 'a = 'a = bool
assumes
wf: wfp-on B R and
sub: f A C B and
mono: Nzy. 1€ A—=ye A= Quzy—=— R (fz) (fy)
shows wfp-on A Q

{proof)

For AFP-devel, delete [wfp-on ?B ¢?R; ?f * YA C ?B; Nz y. [z € ?4; y €
?4; ?Q z y] = R (?f z) (?f y)] = wfp-on ?A ?Q) as it is available in
HOL. Wellfounded.

corollary (in scl-fol-calculus) termination-projectable-strategy:
fixes
N :: ('f, 'v) Term.term clause fset and
B ('f, 'v) Term.term and
strategy and strategy-init and proj
assumes strategy-restricts-reqular-scl:
NS S'. strategy*™ strategy-init S = strategy S S’ = regular-scl N 8 (proj S)
(proj S') and
initial-state: proj strategy-init = initial-state
shows wfp-on {S. strategy** strategy-init S} strategy™
(proof)

For AFP-devel, delete [scl-fol-calculus ?renaming-vars ?less-B; \S S'. [ ?strategy™*
?strategy-init S; ?strategy S S| = scl-fol-calculus.reqular-scl ?less-B ?N

28 (?proj S) (2proj S'); ?proj ?strategy-init = initial-state] = wfp-on

{S. ?strategy** ?strategy-init S} ?strategy™'~! as it is available in Sim-
ple-Clause-Learning. Termination.

1-1

corollary (in simulation-SCLFOL-ground-ordered-resolution) ord-res-11-termination:
fixes N :: 'f gclause fset
shows wfp-on {S. (ord-res-11 N)** ({||}, {||}, [], None) S} (ord-res-11 N)=*~!

(proof)

corollary (in scl-fol-calculus) static-non-subsumption-projectable-strategy:
fixes strategy and strategy-init and proj

100



assumes
run: strateqy™* strategy-init S and
step: backtrack N 8 (proj S) S’ and
strategy-restricts-regular-scl:
NS S'. strategy™™ strategy-init S = strategy S S’ = regular-scl N 8 (proj
S) (proj S’) and
initial-state: proj strategy-init = initial-state
defines
U = state-learned (proj S)
shows 3 C . state-conflict (proj S) = Some (C, v) A = (3D |€| N |u| U.
subsumes D C)
(proof)

For AFP-devel, delete [scl-fol-calculus ?renaming-vars ?less-B; ?strategy™*
?strategy-init ?2S; scl-fol-calculus.backtrack ¢N 28 (Zproj 2S) 25 AS S’
[ ?strategy™* ?strategy-init S; ?strategy S S| = scl-fol-calculus.regular-scl
?less-B ¢N 28 (?proj S) (%proj S'); ?proj ?strategy-init = initial-state]
= 3C ~. state-conflict (?proj ?25) = Some (C, v) A = (ID|€|?N |U]
state-learned (?proj 25). subsumes D C) as it is available in Simple-Clause-Learning. Non- Redundancy.

corollary (in simulation-SCLFOL-ground-ordered-resolution) ord-res-11-non-subsumption:

fixes Ng :: 'f gclause fset and s :: - X - X - X -
defines

B = (THE A. linorder-trm.is-greatest-in-fset (atms-of-clss N¢g) A)
assumes

run: (ord-res-11 No)** ({II}, {l|}, [], None) s and
step: scl-fol.backtrack (cls-of-gcls || Ng) (term-of-gterm B) (state-of-gstate s)

S/

shows 3 U, FT D. s = (Uer, F, T, Some D) A = (3C |€| Ng |U| Uer. C CH#
D)
(proof)

end
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