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Abstract

This theory is a formalization of the resolution calculus for first-
order logic. It is proven sound and complete. The soundness proof
uses the substitution lemma, which shows a correspondence between
substitutions and updates to an environment. The completeness proof
uses semantic trees, i.e. trees whose paths are partial Herbrand in-
terpretations. It employs Herbrand’s theorem in a formulation which
states that an unsatisfiable set of clauses has a finite closed semantic
tree. It also uses the lifting lemma which lifts resolution derivation
steps from the ground world up to the first-order world. The theory is
presented in a paper in the Journal of Automated Reasoning [7] which
extends a paper presented at the International Conference on Interac-
tive Theorem Proving [6]. An earlier version was presented in an MSc
thesis [5]. The formalization mostly follows textbooks by Ben-Ari [1],
Chang and Lee [2], and Leitsch [4]. The theory is part of the IsaFoL
project [3].
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1 Terms and Literals

theory TermsAndLiterals imports Main HOL— Library. Countable-Set begin

type-synonym var-sym = string
type-synonym fun-sym = string
type-synonym pred-sym = string

datatype fterm =
Fun fun-sym (get-sub-terms: fterm list)
| Var var-sym

datatype hterm = HFun fun-sym hterm list — Herbrand terms defined as in
Berghofer’s FOL-Fitting

type-synonym 't atom = pred-sym * 't list

datatype 't literal =
sign: Pos (get-pred: pred-sym) (get-terms: 't list)
| Neg (get-pred: pred-sym) (get-terms: 't list)

fun get-atom :: 't literal = "t atom where
get-atom (Pos p ts) = (p, ts)
| get-atom (Neg p ts) = (p, ts)

1.1 Ground

fun ground; :: fterm = bool where
ground; (Var z) «— False
| ground; (Fun fts) «— (Yt € set ts. ground; t)

abbreviation ground;s :: fterm list = bool where
ground;s ts = (Vt € set ts. ground, t)

abbreviation ground; :: fterm literal = bool where
ground; | = groundys (get-terms 1)

abbreviation ground;, :: fterm literal set = bool where
ground;s C = (V1 € C. ground; )

definition ground-fatoms :: fterm atom set where
ground-fatoms = {a. ground;s (snd a)}

lemma ground;-ground-fatom:
assumes ground; [
shows get-atom | € ground-fatoms

{proof)



1.2 Auxiliary

lemma infinity:
assumes inj: Vn :: nat. undiago (diago n) = n
assumes all-tree: ¥V n :: nat. (diago n) € S
shows —finite S

(proof)

lemma inv-into-f-f:
assumes bij-betw f A B
assumes a€A
shows (inv-into A f) (fa) = a
(proof)

lemma f-inv-into-f:
assumes bij-betw f A B
assumes beB
shows [ ((inv-into A f) b) = b
(proof)

1.3 Conversions

1.3.1 Conversions - Terms and Herbrand Terms

fun fterm-of-hterm :: hterm = fterm where
fterm-of-hterm (HFun p ts) = Fun p (map fterm-of-hterm ts)

definition fterms-of-hterms :: hterm list = fterm list where
fterms-of-hterms ts = map fterm-of-hterm ts

fun hterm-of-fterm :: fterm = hterm where
hterm-of-fterm (Fun p ts) = HFun p (map hterm-of-fterm ts)

definition hterms-of-fterms :: fterm list = hterm list where
hterms-of-fterms ts = map hterm-of-fterm ts

lemma hterm-of-fterm-fterm-of-hterm|[simpl: hterm-of-fterm (fterm-of-hterm t) =
t
(proof )

lemma hterms-of-fterms-fterms-of-hterms|simp|: hterms-of-fterms (fterms-of-hterms
ts) = ts
(proof )

lemma fterm-of-hterm-hterm-of-fterm[simpl:
assumes ground; t
shows fterm-of-hterm (hterm-of-fterm t) =t
(proof )

lemma fterms-of-hterms-hterms-of-fterms|simp]:



assumes ground;s ts
shows fterms-of-hterms (hterms-of-fterms ts) = ts

{proof)

lemma ground-fterm-of-hterm: ground; (fterm-of-hterm t)
(proof )

lemma ground-fterms-of-hterms: ground;s (fterms-of-hterms ts)
(proof )

1.3.2 Conversions - Literals and Herbrand Literals

fun flit-of-hlit :: hterm literal = fterm literal where
flit-of-hlit (Pos p ts) = Pos p (fterms-of-hterms ts)
| flit-of-hlit (Neg p ts) = Neg p (fterms-of-hterms ts)

fun hlit-of-flit :: fterm literal = hterm literal where
hlit-of-flit (Pos p ts) = Pos p (hterms-of-fterms ts)
| hlit-of-flit (Neg p ts) = Neg p (hterms-of-fterms ts)

lemma ground-flit-of-hlit: ground; (flit-of-hlit 1)
(proof )

theorem hlit-of-flit-flit-of-hlit [simp]: hlit-of-flit (flit-of-hlit 1) = 1 (proof)

theorem flit-of-hlit-hlit-of-flit [simp):
assumes ground; |
shows flit-of-hlit (hlit-of-flit 1) = 1
(proof)

lemma sign-flit-of-hlit: sign (flit-of-hlit 1) = sign | {proof)

lemma hlit-of-flit-bij: bij-betw hlit-of-flit {l. ground; I} UNIV
(proof )

lemma flit-of-hlit-bij: bij-betw flit-of-hlit UNIV {l. ground, I}
(proof)

1.3.3 Conversions - Atoms and Herbrand Atoms

fun fatom-of-hatom :: hterm atom = fterm atom where
fatom-of-hatom (p, ts) = (p, fterms-of-hterms ts)

fun hatom-of-fatom :: fterm atom = hterm atom where
hatom-of-fatom (p, ts) = (p, hterms-of-fterms ts)

lemma ground-fatom-of-hatom: ground;s (snd (fatom-of-hatom a))

(proof)



theorem hatom-of-fatom-fatom-of-hatom [simp|: hatom-of-fatom (fatom-of-hatom
D) =1

(proof )
theorem fatom-of-hatom-hatom-of-fatom [simp]:

assumes ground;s (snd 1)

shows fatom-of-hatom (hatom-of-fatom 1) =1

(proof )

lemma hatom-of-fatom-bij: bij-betw hatom-of-fatom ground-fatoms UNIV
(proof)

lemma fatom-of-hatom-bij: bij-betw fatom-of-hatom UNIV ground-fatoms
(proof )
1.4 Enumerations

1.4.1 Enumerating Strings
definition nat-of-string:: string = nat where

nat-of-string = (SOME f. bij f)

definition string-of-nat:: nat = string where
string-of-nat = inv nat-of-string

lemma nat-of-string-bij: bij nat-of-string
(proof )

lemma string-of-nat-bij: bij string-of-nat (proof)

lemma nat-of-string-string-of-nat[simp|: nat-of-string (string-of-nat n) = n

(proof)

lemma string-of-nat-nat-of-string[simp|: string-of-nat (nat-of-string n) = n
{proof )

1.4.2 Enumerating Herbrand Atoms
definition nat-of-hatom:: hterm atom = nat where

nat-of-hatom = (SOME f. bij f)

definition hatom-of-nat:: nat = hterm atom where
hatom-of-nat = inv nat-of-hatom

instantiation hterm :: countable begin
instance (proof)
end

lemma infinite-hatoms: infinite (UNIV :: ('t atom) set)
(proof)



lemma nat-of-hatom-bij: bij nat-of-hatom
(proof)

lemma hatom-of-nat-bij: bij hatom-of-nat (proof)

lemma nat-of-hatom-hatom-of-nat[simp|: nat-of-hatom (hatom-of-nat n) = n
(proof )

lemma hatom-of-nat-nat-of-hatom[simp): hatom-of-nat (nat-of-hatom 1) =1
(proof )

1.4.3 Enumerating Ground Atoms
definition fatom-of-nat :: nat = fterm atom where

fatom-of-nat = (An. fatom-of-hatom (hatom-of-nat n))

definition nat-of-fatom :: fterm atom = nat where
nat-of-fatom = (At. nat-of-hatom (hatom-of-fatom t))

theorem diag-undiag-fatom[simp]:

assumes ground; ts

shows fatom-of-nat (nat-of-fatom (p,ts)) = (p,ts)
(proof)

theorem undiag-diag-fatom[simp]: nat-of-fatom (fatom-of-nat n) = n (proof)

lemma fatom-of-nat-bij: bij-betw fatom-of-nat UNIV ground-fatoms
(proof )

lemma ground-fatom-of-nat: ground;s (snd (fatom-of-nat x)) (proof)

lemma nat-of-fatom-bij: bij-betw nat-of-fatom ground-fatoms UNIV
(proof)

end

2 Trees

theory Tree imports Main begin

Sometimes it is nice to think of bools as directions in a binary tree

hide-const (open) Left Right
type-synonym dir = bool

definition Left :: bool where Left = True
definition Right :: bool where Right = Fulse
declare Left-def [simp]

declare Right-def [simp)



datatype tree =
Leaf
| Branching (ltree: tree) (rtree: tree)

2.1 Sizes

fun treesize :: tree = nat where
treesize Leaf = 0
| treesize (Branching I r) = 1 + treesize | + treesize r

lemma treesize-Leaf:
assumes treesize T = 0
shows T = Leaf

{proof)

lemma treesize-Branching:
assumes treesize T = Suc n
shows 31 r. T = Branching I r

{proof)

2.2 Paths

fun path :: dir list = tree = bool where

path [| T <— True
| path (d#ds) (Branching T1 T2) <— (if d then path ds T1 else path ds T2)
| path - - <— False

lemma path-inv-Leaf: path p Leaf +— p = |]
(proof)

lemma path-inv-Cons: path (a#tds) T — (31 r. T=Branching | 1)
(proof)

lemma path-inv-Branching-Left: path (Left#p) (Branching | r) <— path p 1
(proof )

lemma path-inv-Branching-Right: path (Right#p) (Branching Il r) <— path p r
(proof)

lemma path-inv-Branching:

path p (Branching | r) «— (p=[] V (a p'. p=a#p'A (a — path p’ 1) A (—a
— path p' 1)) (is 2L <— ?R)
(proof)

lemma path-prefiz:
assumes path (ds1@Qds2) T
shows path dsl T

(proof)



2.3 Branches

fun branch :: dir list = tree = bool where

branch [| Leaf +— True
| branch (d # ds) (Branching I ) «— (if d then branch ds I else branch ds r)
| branch - - «+— False

lemma has-branch: 3 b. branch b T
(proof)

lemma branch-inv-Leaf: branch b Leaf <— b = |]

(proof)

lemma branch-inv-Branching-Left:
branch (Left#b) (Branching | r) <— branch b [

(proof)

lemma branch-inv-Branching-Right:
branch (Right#b) (Branching I ) <— branch b r

(proof)

lemma branch-inv-Branching:
branch b (Branching 1 r) +—
(Fa b’ b=a#b'A (a — branch b' 1) A (—a —> branch b’ 1))
(proof)

lemma branch-inv-Leaf2:
T = Leaf <— (Vb. branch b T — b = [])

(proof)

lemma branch-is-path:
assumesbranch ds T
shows path ds T

(proof)

lemma Branching-Leaf-Leaf-Tree:
assumes T = Branching T1 T2
shows (3 B. branch (BQ[True]) T A branch (BQ[False]) T)

(proof)

2.4 Internal Paths

fun internal :: dir list = tree = bool where

internal || (Branching l r) +— True
| internal (d#ds) (Branching 1 r) <— (if d then internal ds [ else internal ds r)
| internal - - «<— False

lemma internal-inv-Leaf: —internal b Leaf (proof)

lemma internal-inv-Branching-Left:



internal (Left#b) (Branching | r) <— internal b | {proof)

lemma internal-inv-Branching-Right:
internal (Right#0b) (Branching l r) +— internal b r
(proof)

lemma internal-inv-Branching:
internal p (Branching I ) <— (p=[] V (3a p’. p=a#p'A (a — internal p' I) A
(ma — internal p’ r))) (is L +— ?R)

{(proof)

lemma internal-is-path:
assumes internal ds T
shows path ds T

(proof)

lemma internal-prefiz:
assumes internal (ds1@Qds2Q[d]) T
shows internal ds1 T

(proof)

lemma internal-branch:
assumes branch (ds1@ds2Q[d]) T
shows internal dsi1 T

(proof)

fun parent :: dir list = dir list where
parent ds = tl ds

2.5 Deleting Nodes

fun delete :: dir list = tree = tree where

delete || T = Leaf
| delete (True#ds) (Branching T1 T2) = Branching (delete ds T1) T2
| delete (False#ds) (Branching T1 T2) = Branching T1 (delete ds T3)
| delete (a#ds) Leaf = Leaf

lemma delete-Leaf: delete T Leaf = Leaf (proof)

lemma path-delete:
assumes path p (delete ds T)
shows path p T

(proof)

lemma branch-delete:
assumes branch p (delete ds T)
shows branch p T V p=ds
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(proof)

lemma branch-delete-postfiz:
assumes path p (delete ds T)
shows —(J ¢ cs. p = ds @ c#cs)

(proof)

lemma treezise-delete:
assumes internal p T
shows treesize (delete p T) < treesize T

(proof)

fun cutoff :: (dir list = bool) = dir list = tree = tree where
cutoff red ds (Branching T1 Ts) =
(if red ds then Leaf else Branching (cutoff red (dsQ[Left]) T1) (cutoff red
(ds@[Right)) T»))
| cutoff red ds Leaf = Leaf

Initially you should call cutoff with ds = []. If all branches are red, then
cutoff gives a subtree. If all branches are red, then so are the ones in cutoff.
The internal paths of cutoff are not red.

lemma treesize-cutoff: treesize (cutoff red ds T) < treesize T

(proof)

abbreviation anypath :: tree = (dir list = bool) = bool where
anypath T P =V p. pathp T — P p

abbreviation anybranch :: tree = (dir list = bool) = bool where
anybranch T P =V p. branch p T — P p

abbreviation anyinternal :: tree = (dir list = bool) = bool where
anyinternal T P =V p. internal p T — P p

lemma cutoff-branch’:
assumes anybranch T (A\b. red(ds@b))
shows anybranch (cutoff red ds T) (Ab. red(dsQb))

(proof)

lemma cutoff-branch:
assumes anybranch T (Ap. red p)
shows anybranch (cutoff red [| T) (Ap. red p)

{proof)

lemma cutoff-internal’:
assumes anybranch T (\b. red(dsQb))
shows anyinternal (cutoff red ds T) (Ab. —red(dsQb))

(proof)
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lemma cutoff-internal:
assumes anybranch T red
shows anyinternal (cutoff red [| T) (Ap. —red p)

(proof)

lemma cutoff-branch-internal’:
assumes anybranch T red
shows anyinternal (cutoff red [| T) (Ap. —red p) A anybranch (cutoff red || T)

(Ap. red p)
(proof )

lemma cutoff-branch-internal:
assumes anybranch T red
shows 3 T'. anyinternal T’ (Ap. —red p) A anybranch T’ (Ap. red p)

(proof)

3 Possibly Infinite Trees

Possibly infinite trees are of type dir list set.

abbreviation wf-tree :: dir list set = bool where
wf-tree T = (Vdsd. (ds@ d) e T — ds € T)

The subtree in with root r

fun subtree :: dir list set = dir list = dir list set where
subtree Tr = {ds € T.3ds’. ds = r Q ds'}

A subtree of a tree is either in the left branch, the right branch, or is the
tree itself

lemma subtree-pos:
subtree T ds C subtree T (ds @ [Left]) U subtree T (ds @ [Right]) U {ds}

(proof)

3.1 Infinite Paths

abbreviation wf-infpath :: (nat = ’a list) = bool where
wf-infpath f = (f 0 =[)) A (Vn. Fa. f (Sucn) = (fn) Q [a])

lemma infpath-length:
assumes wf-infpath f
shows length (fn) = n
(proof)

lemma chain-prefiz:
assumes wf-infpath f
assumes nj < No
shows Ja. (fny) @ a = (f na)
(proof)
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If we make a lookup in a list, then looking up in an extension gives us the
same value.

lemma ith-in-extension:
assumes chain: wf-infpath f
assumes smalli: i < length (f ny)
assumes ning: N1 < N
shows fni !i=fny i

(proof)

4 Konig’s Lemma

lemma inf-subs:
assumes inf: —finite(subtree T ds)
shows —finite(subtree T (ds Q [Left])) V —finite(subtree T (ds @ [Right]))

(proof)

fun buildchain :: (dir list = dir list) = nat = dir list where
buildchain next 0 = |]
| buildchain next (Suc n) = next (buildchain next n)

lemma konig:
assumes inf: —finite T
assumes wellformed: wf-tree T
shows Jc. wf-infpath ¢ A (Vn. (¢ n) € T)

(proof)

end

5 More Terms and Literals

theory Resolution imports TermsAndLiterals Tree begin
fun complement :: 't literal = 't literal (- [300] 300) where

(Pos P ts)¢ = Neg P ts
| (Neg P ts)¢ = Pos P ts

lemma cancel-comp1: (I€)¢ = [ (proof)
lemma cancel-comp2:
assumes asm: [1¢ = [5°

shows [; = Iy
(proof)

lemma comp-exil: 31" 1" = I (proof)

lemma comp-exi2: 1. 1’ = I°
(proof)
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lemma comp-swap: 11 = ly +— I} = 1°

(proof)

lemma sign-comp: sign Iy # sign lo N get-pred Iy = get-pred lo N\ get-terms Iy

get-terms ly <— Iy = 1

(proof)

lemma sign-comp-atom: sign ly # sign la N\ get-atom 1l = get-atom Iy +— g

;i€

{(proof)

6 Clauses

type-synonym 't clause = 't literal set

abbreviation complementls :: 't literal set = 't literal set (<-C» [300] 300) where

L¢ = complement ‘ L

lemma cancel-compls1: (L°)° = L

(proof)

lemma cancel-compls2:
assumes asm: [,¢ = Ly,
shows L; = Lo

(proof)

fun vars, :: fterm = var-sym set where
varsy (Var z) = {z}
| vars, (Fun fts) = (Ut € set ts. vars; t)

abbreviation vars,, :: fterm list = var-sym set where
varsys ts = (Ut € set ts. vars; t)

definition vars; :: fterm literal = var-sym set where
vars; 1 = varsgs (get-terms [)

definition vars;, :: fterm literal set = var-sym set where
vars;s L = \JI€L. vars; 1

lemma ground-vars:
assumes ground; t
shows vars; t = {}

(proof)

lemma ground;s-vars:s:
assumes groundis ts
shows vars;s ts = {}

(proof)

14



lemma ground;-vars;:
assumes ground; [
shows vars; | = {}

(proof)

lemma ground;s-vars;s:
assumes ground;s L
shows vars;s L = {} {(proof)

lemma ground-comp: ground; (1¢) <— ground; 1 {(proof)

lemma ground-compls: ground;, (LY) < ground;, L (proof)

7 Semantics

type-synonym 'u fun-denot = fun-sym = u list = 'u
type-synonym 'u pred-denot = pred-sym = u list = bool
type-synonym 'u var-denot = var-sym = 'u

fun eval; :: 'u var-denot = 'u fun-denot = fterm = 'u where
evaly EF (Varz) = E ¢
| evaly E F (Fun fts) = F f (map (evaly E F) ts)

abbreviation eval;s :: 'u var-denot = 'u fun-denot = fterm list = 'u list where
evalys E F ts = map (evaly E F) ts

fun eval; :: 'u var-denot = 'u fun-denot = 'u pred-denot = fterm literal = bool
where

evaly EF G (Pos p ts) «— G p (eval;s E F ts)
| eval; E F G (Neg p ts) «— —G p (evalys E F ts)

definition eval. :: 'u fun-denot = 'u pred-denot = fterm clause = bool where
evale F G C «— (VE. 3l € C. eval; EF G )

definition eval. :: "u fun-denot = "u pred-denot = fterm clause set = bool where
evales F G Cs +— (VC € Cs. eval, F G C)

7.1 Semantics of Ground Terms

lemma ground-var-denott:
assumes ground; t
shows evaly EFt = ceval, E' F't

(proof)

lemma ground-var-denotts:
assumes ground; ts
shows eval;s E F ts = eval,s E' F ts

{proof)
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lemma ground-var-denot:
assumes ground; [
shows evaly EF Gl = eval; E'F G 1

(proof)

8 Substitutions

type-synonym substitution = var-sym = fterm

fun sub :: fterm = substitution = fterm (infixl <> 55) where
(Varz) vo=o0zx

| (Fun fts) + o = Fun f (map (At. t -+ o) ts)

abbreviation subs :: fterm list = substitution = fterm list (infixl <-;5» 55) where
ts s 0 = (map (At t -4 o) ts)

fun subl :: fterm literal = substitution = fterm literal (infixl <> 55) where
(Pos p ts) -y 0 = Pos p (s s 0)
| (Neg p ts) 1 0 = Neg p (ts -+5 0)
abbreviation subls :: fterm literal set = substitution = fterm literal set (infixl
¢1s» 55) where
Lyso=.1ly0) L
lemma subls-def2: L -1s 0 = {l -y o|l. I € L} (proof)

definition instance-of, :: fterm = fterm = bool where
instance-ofy t1 to <— (0. t1 = t3 -4 0)

definition instance-ofs :: fterm list = fterm list = bool where
instance-of 15 ts1 tsg «— (0. ts1 = tsg 45 0)

definition instance-of; :: fterm literal = fterm literal = bool where
instance-of; Iy lo +— (3o. 1y =1y - 0)

definition instance-ofs :: fterm clause = fterm clause = bool where
instance-of ;s C1 Cq «— (Jo. C1 = Cy 5 0)

lemma comp-sub: (I°) - o=(1 -} 0)°

(proof)

lemma compls-subls: (L€) -1, o=(L -5 0)¢
(proof)

lemma subls-union: (Ly U Lg) <15 0 = (L1 15 0) U (La 15 o) {proof)
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definition var-renaming-of :: fterm clause = fterm clause = bool where
var-renaming-of Cy Co <— instance-of ;s C1 Co A instance-of ;s Co Cy

8.1 The Empty Substitution

abbreviation ¢ :: substitution where
e = Var

lemma empty-subt: (¢ :: fterm) v e =t
(proof)

lemma empty-subts: ts 15 € = ts

(proof)

lemma empty-subl: [ ;€ =1
(proof)

lemma empty-subls: L s € = L

(proof)

lemma instance-of¢-self: instance-of; t t

(proof)

lemma instance-of:s-self: instance-of ;s ts ts
(proof)

lemma instance-of-self: instance-of; 11

(proof)

lemma instance-of;s-self: instance-of ;s L L
(proof)

8.2 Substitutions and Ground Terms

lemma ground-sub:
assumes ground; t
shows t ., 0 =t
(proof)

lemma ground-subs:
assumes ground;s ts
shows ts 44 0 = ts

(proof)
lemma ground;-subs:
assumes ground; |

shows [0 =1

(proof)

lemma ground;s-subls:

17



assumes ground: ground;s L
shows L 1, 0 = L
(proof )

8.3 Composition

definition composition :: substitution = substitution = substitution (infixl <>
55) where
(01 -02) &= (01 ) 4 02

lemma composition-conseq2t: (t -4 01) + 02 =t - (01 - 02)
(proof)

lemma composition-conseq2ts: (ts 15 1) ts 02 = ts 45 (01 - 02)
(proof)

lemma composition-conseq2l: (1 -} 01) <1 09 = 1 (01 - 02)

(proof)

lemma composition-conseq2ls: (L s 01) 15 02 = L -5 (01 - 02)
(proof)

lemma composition-assoc: o1 - (02 - 03) = (01 + 02) * 03

(proof)

lemma empty-compl: (o - €) =0
(proof)

lemma empty-comp2: (¢ - 0) = o

(proof)

lemma instance-of¢-trans :
assumes ty9: instance-ofy t1 to
assumes to3: instance-of; to t3
shows instance-of; t1 t3

(proof)

lemma instance-of ¢s-trans :
assumes tsyo: instance-ofis ts1 tss
assumes tso3: instance-ofis tso ts3
shows instance-ofs ts1 tss

(proof)

lemma instance-of;-trans :
assumes l1o: instance-of; 1y o
assumes ly3: instance-of; Iy I3
shows instance-of; 11 I3

(proof)
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lemma instance-ofs-trans :
assumes Lis: instance-of ;s L1 Lo
assumes Los: instance-of ;s Lo Ls
shows instance-of;s L1 L3

(proof)

8.4 Merging substitutions

lemma project-sub:

assumes inst-C:C -5 Imbd = C'

assumes L'sub: L' C C’

shows 3L C C. L -5 Imbd = L' AN (C—L) 15 lmbd = C' — L’
(proof)

lemma relevant-vars-subt:
assumes Vz € vars; t. 01 £ = 09 %
shows t 101 =1 09

(proof)

lemma relevant-vars-subts:
assumes asm: VI € varsis ts. 01 T = 02 T
shows ts 15 01 = t$ 15 09

(proof)

lemma relevant-vars-subl:
assumes Vz € vars; l. 01 £ = 09
shows [ -, 01 =1 - 09

(proof)

lemma relevant-vars-subls:
assumes asm: Vx € vars;s L. 01 © = 03
shows L -js 01 = L 15 09

(proof)

lemma merge-sub:
assumes dist: vars;s C N vars;s D = {}
assumes CC": C 15 lmbd = C’
assumes DD D ., u= D’
shows dn. C s n=C'AD 4sn=D"'
(proof)

8.5 Standardizing apart

abbreviation std; :: fterm clause = fterm clause where
stdy C = C -5 (A\z. Var ("1 Q z))

abbreviation stds :: fterm clause = fterm clause where
stde C = C -5 (Az. Var (2" Q@ 2))

19



lemma std-apart-apart’”:
assumes z € vars; (t -4 (Az::char list. Var (y Q x)))
shows Jz’. x = yQx’

(proof)

lemma std-apart-apart’”:
assumes z € vars; (I - (Az. Var (yQzx)))
shows Jz’. x = yQx’

(proof)

lemma std-apart-apart: vars;s (stdy C1) N wvars;s (stda Ca) = {}
(proof )

lemma std-apart-instance-ofs1: instance-of ;s Cq (stdy C1)

(proof)

lemma std-apart-instance-of52: instance-of ;s C2 (stdy C2)
(proof)

9 Unifiers

definition unifier;s :: substitution = fterm set = bool where
unifierys o ts «— (It Vi € ts. t 4 o = t)

definition unifier;s :: substitution = fterm literal set = bool where
unifier;s o L +— (3. Vle L.l yo0=1)

lemma unif-sub:
assumes unif: unifier;s o L
assumes nonempty: L # {}
shows 1. subls L o = {subll o}

(proof)

lemma unifiert-def2:
assumes L-elem: ts # {}
shows unifier;s o ts «— (3. (At. sub t o) ‘ts ={l})

(proof)

lemma unifier;s-def2:
assumes L-elem: L # {}
shows unifier;s 0 L «— (31. L -5 0 = {1})

(proof)

lemma ground;s-unif-singleton:
assumes ground;s: ground;s L
assumes unif: unifier;s o' L
assumes empt: L # {}
shows 31. L = {l}

(proof)

20



definition unifiablets :: fterm set = bool where
unifiablets fs <— (Jo. unifier;s o fs)

definition unifiablels :: fterm literal set = bool where
unifiablels L +— (Jo. unifier;s o L)

lemma unifier-comp|simp|: unifier;s o (LY) < unifier;s o L
(proof)

lemma unifier-subl:
assumes unifier;s o L
assumes L' C L
shows unifier;; o L’

(proof)

lemma unifier-sub2:
assumes asm: unifier;s o (L1 U L)
shows unifier;s o L1 N unifier;s o Lo
(proof)

9.1 Most General Unifiers

definition mgu;, :: substitution = fterm set = bool where
mgus 0 ts <— unifierys o ts A (Vu. unifierys u ts — (. u = o - 1))

definition mgu;, :: substitution = fterm literal set = bool where
mguis o L +— unifier;s o L A (Y u. unifier;s w L — (3i. u = o - 1))

10 Resolution

definition applicable ::  fterm clause = fterm clause
= fterm literal set = fterm literal set
= substitution = bool where
applicable Cy Co Ly Ly 0 +—
Ci #ANCo#F#{FANLL#{P AL #{}

A vars;s C1 N wvars;s Co = {}

NLy CCi ALy CCo

A mguis o (L U Ly©)

definition mresolution ::  fterm clause = fterm clause
= fterm literal set = fterm literal set
= substitution = fterm clause where
)T)nresolution Cy Cy Ly Lyo=((Cy s 0)— (L1 15 0)) U((Cq 15 0) — (La s
o

definition resolution ::  fterm clause = fterm clause
= fterm literal set = fterm literal set
= substitution = fterm clause where
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resolution 01 CQ Ll L2 g = ((01 - Ll) U (02 — Lg)) ‘ls O

inductive mresolution-step :: fterm clause set = fterm clause set = bool where
mresolution-rule:
C, € Cs = (Cy € Us = applicable Cy Co L Ly 0 =
mresolution-step Cs (Cs U {mresolution C1 Cs Ly Lo o})
| standardize-apart:
C € Cs = var-renaming-of C C'' = mresolution-step Cs (Cs U {C'})

inductive resolution-step :: fterm clause set = fterm clause set = bool where
resolution-rule:
C, € Cs = (Cy € Us = applicable Cy Cq Ly Ly 0 =
resolution-step Cs (Cs U {resolution C; Cy Ly Ly o})
| standardize-apart:
C € Cs = var-renaming-of C C' = resolution-step Cs (Cs U {C'})

definition mresolution-deriv :: fterm clause set = fterm clause set = bool where
mresolution-deriv = rtranclp mresolution-step

definition resolution-deriv :: fterm clause set = fterm clause set = bool where
resolution-deriv = rtranclp resolution-step

11 Soundness

definition evalsub :: 'u var-denot = 'u fun-denot = substitution = "u var-denot
where
evalsub E F 0 = evaly EF o o

lemma substitutiont: eval, E F (t -4 0) = eval; (evalsub E F o) F' t
(proof)

lemma substitutionts: evalys E F (ts 15 0) = evalys (evalsub E F o) F ts

(proof)

lemma substitution: eval; E F G (I - 0) <— eval; (evalsub E F o) F G 1

(proof)

lemma subst-sound:
assumes asm: eval. F G C
shows eval, F' G (C 5 0)

(proof)

lemma simple-resolution-sound:
assumes Cisat: eval, F G C4
assumes Cysat: eval. F G Cq
assumes l1inci: I € Cq
assumes Ilyincy: lo € Co
assumes comp: 1¢ = g
shows evalc F G ((01 — {ll}) U (02 - {12}))
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(proof)

lemma mresolution-sound:
assumes saty: eval, FF G Cq
assumes saty: eval, F' G Cq
assumes appl: applicable Cy Co Ly Lo o
shows eval. F G (mresolution C1 Cq Ly Lo o)
(proof)

lemma resolution-superset: mresolution Cy Co Ly Lo o C resolution Cy Cy L
L2 g

{proof)

lemma superset-sound:
assumes sup: C C C'
assumes sat: eval, FF G C
shows eval. F G C’

(proof)

theorem resolution-sound:
assumes saty: eval, FF G Cq
assumes sato: eval, F' G Cq
assumes appl: applicable Cy Co Ly Lo o
shows eval. F G (resolution C1 Co Ly Lo o)
(proof)

lemma mstep-sound:
assumes mresolution-step Cs Cs'
assumes cval.; F' G Cs
shows eval., FF G Cs’

{(proof)

theorem step-sound:
assumes resolution-step Cs Cs’
assumes cval.; F' G Cs
shows eval.; F' G Cs’

(proof)

lemma mderivation-sound:
assumes mresolution-deriv Cs Cs’
assumes eval.s ' G Cs
shows eval.; F' G Cs’

(proof)

theorem derivation-sound:
assumes resolution-deriv Cs Cs’
assumes eval.s ' G Cs
showseval.; F G Cs’

(proof)
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theorem derivation-sound-refute:
assumes deriv: resolution-deriv Cs Cs' A {} € Cs’
shows —eval.s F G Cs

(proof)

12 Herbrand Interpretations

HFun is the Herbrand function denotation in which terms are mapped to
themselves.

term HFun

lemma eval-ground;:
assumes ground; t
shows (eval; E HFun t) = hterm-of-fterm t

{proof)

lemma eval-groundys:
assumes groundis ts
shows (eval;s E HFun ts) = hterms-of-fterms ts

{proof)

lemma eval;-ground;:
assumes asm: groundys ts
shows eval; E HFun G (Pos P ts) «— G P (hterms-of-fterms ts)

(proof)

13 Partial Interpretations
type-synonym partial-pred-denot = bool list

definition falsifies; :: partial-pred-denot = fterm literal = bool where
falsifies; G | +—
ground; 1
A (let i = nat-of-fatom (get-atom 1) in
i < length G N G ! i = (—signl)

)

A ground clause is falsified if it is actually ground and all its literals are
falsified.

abbreviation falsifies, :: partial-pred-denot = fterm clause = bool where
falsifies, G C' = ground;s C N (V1 € C. falsifies; G 1)

abbreviation falsifies. :: partial-pred-denot = fterm clause = bool where
falsifies. G C = (3 C". instance-of s C' C A falsifies, G C”)
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abbreviation falsifies., :: partial-pred-denot = fterm clause set = bool where

falsifies.s G Cs = (3 C € Cs. falsifies. G C)

abbreviation extend :: (nat = partial-pred-denot) = hterm pred-denot where
extend f P ts = (
let n = nat-of-hatom (P, ts) in
f (Sucn)!n
)

fun sub-of-denot :: hterm var-denot = substitution where
sub-of-denot E = fterm-of-hterm o E

lemma ground-sub-of-denott: ground; (t - (sub-of-denot E))
{proof)

lemma ground-sub-of-denotts: ground;s (ts -+s sub-of-denot F)
(proof )

lemma ground-sub-of-denotl: ground; (I -; sub-of-denot E)

(proof)

lemma sub-of-denot-equive: eval, E HFun (sub-of-denot E z) = F x
(proof)

lemma sub-of-denot-equivt:
evaly E HFun (t -y (sub-of-denot E)) = eval; E HFun t

(proof)

lemma sub-of-denot-equivts: evalys E HFun (ts -+s (sub-of-denot E)) = evalys E
HFun ts

(proof)

lemma sub-of-denot-equivl: eval; E HFun G (I -} sub-of-denot E) <— eval, E
HFun G 1

(proof)

Under an Herbrand interpretation, an environment is equivalent to a sub-
stitution.
lemma sub-of-denot-equiv-ground’:

evaly E HFun G | = eval; E HFun G (I - sub-of-denot E) A ground; (I 4
sub-of-denot E)

(proof)

Under an Herbrand interpretation, an environment is similar to a substitu-
tion - also for partial interpretations.

lemma partial-equiv-subst:
assumes falsifies. G (C -5 T)
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shows falsifies, G C
(proof)

Under an Herbrand interpretation, an environment is equivalent to a sub-
stitution.

lemma sub-of-denot-equiv-ground:
(3l e C. evaly E HFun G 1) +— (31 € C -5 sub-of-denot E. eval; E HFun G

1))
A ground;s (C 15 sub-of-denot E)
(proof )

lemma std; -falsifies: falsifies. G C1 +— falsifies. G (std; C1)
(proof )

lemma stds-falsifies: falsifies. G Co «— falsifies. G (stda C2)
{proof )

lemma std;-renames: var-renaming-of Cq (stdy Ch)
(proof)

lemma stds-renames: var-renaming-of Ca (stda Cs)
(proof)

14 Semantic Trees

abbreviation closed-branch :: partial-pred-denot = tree = fterm clause set =
bool where
closed-branch G T Cs = branch G T A falsifies.s G Cs

abbreviation(input) open-branch :: partial-pred-denot = tree = fterm clause set
= bool where
open-branch G T Cs = branch G T A —falsifies.s G Cs

definition closed-tree :: tree = fterm clause set = bool where
closed-tree T Cs <— anybranch T (Ab. closed-branch b T Cs)
A anyinternal T (Ap. —falsifiescs p Cs)

15 Herbrand’s Theorem

lemma mazimum:
assumes asm: finite C
shows dn s nat. Vie C. fl<n

(proof)

lemma extend-preserves-model:
assumes f-infpath: wf-infpath (f :: nat = partial-pred-denot)
assumes C-ground: ground;s C
assumes C-sat: —falsifies. (f (Suc n)) C
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assumes n-maz: V1€ C. nat-of-fatom (get-atom 1) < n
shows eval, HFun (extend f) C

(proof)

lemma extend-preserves-model2:
assumes f-infpath: wf-infpath (f :: nat = partial-pred-denot)
assumes C-ground: ground;s C
assumes fin-c: finite C
assumes model-C: ¥V n. —falsifies. (fn) C
shows C-false: eval. HFun (extend f) C

(proof)

lemma extend-infpath:
assumes f-infpath: wf-infpath (f :: nat = partial-pred-denot)
assumes model-c: ¥ n. —falsifies. (fn) C
assumes fin-c: finite C
shows eval, HFun (extend f) C

(proof)
If we have a infpath of partial models, then we have a model.

lemma infpath-model:
assumes f-infpath: wf-infpath (f :: nat = partial-pred-denot)
assumes model-cs: ¥V n. —falsifies.s (f n) Cs
assumes fin-cs: finite Cs
assumes fin-c: V C € Cs. finite C
shows eval.s HFun (extend f) Cs

(proof)

fun deeptree :: nat = tree where
deeptree 0 = Leaf
| deeptree (Suc n) = Branching (deeptree n) (deeptree n)

lemma branch-length:
assumes branch b (deeptree n)
shows length b = n

(proof)

lemma infinity:
assumes inj: Vn :: nat. undiago (diago n) = n
assumes all-tree: V n :: nat. (diago n) € tree
shows —finite tree

(proof)
lemma longer-falsifies;:

assumes falsifies; ds |
shows falsifies; (ds@Qd) [

(proof)

lemma longer-falsifies,:
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assumes falsifies; ds C
shows falsifies, (ds @ d) C

(proof)

lemma longer-falsifies.:
assumes falsifies, ds C
shows falsifies. (ds @ d) C

(proof)
We use this so that we can apply Konig’s lemma.

lemma longer-falsifies:
assumes falsifies.s ds Cs
shows falsifies.s (ds @ d) Cs
(proof)

If all finite semantic trees have an open branch, then the set of clauses has
a model.

theorem herbrand’:
assumes openb: V T. 3 G. open-branch G T Cs
assumes finite-cs: finite Cs ¥V Ce€Cs. finite C
shows 3 G. eval.; HFun G Cs

(proof)

lemma shorter-falsifies;:
assumes falsifies; (dsQd) [
assumes nat-of-fatom (get-atom 1) < length ds
shows falsifies; ds |

(proof)

theorem herbrand’-contra:
assumes finite-cs: finite Cs ¥V Ce€Cs. finite C
assumes unsat: V G. —eval.s HFun G Cs
shows 3 T.VG. branch G T — closed-branch G T Cs

(proof)
theorem herbrand:
assumes unsat: V G. —eval.s HFun G Cs

assumes finite-cs: finite Cs V CeCs. finite C
shows 3 T. closed-tree T Cs

(proof)

end

16 Lifting Lemma

theory Completeness imports Resolution begin

locale unification =
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assumes unification: \o L. finite L = unifier;s 0 L = 39. mgus 9 L
begin

A proof of this assumption is available in Unification_Theorem.thy and
used in Completeness_Instance.thy.

lemma lifting:

assumes fin: finite C1 A finite Cq

assumes apart: vars;s C1 N vars;s Co = {}

assumes inst: instance-of;s C1’ C1 A instance-of;s Ca’ Co

assumes appl: applicable C1’' Cs' L' Ly’ o

shows 3 L1 Lo 7. applicable C1 Cy Ly Ly T A

instance-of s (resolution C1' Cy’ L1’ La' o) (resolution C1 Ca Ly Loy

7)

(proof )

17 Completeness

lemma falsifies,-empty:
assumes falsifiesy [| C
shows C = {}

(proof)

lemma falsifies.s-empty:
assumes falsifies. [] C
shows C = {}

(proof)

lemma complements-do-not-falsify':
assumes [I1C1" 1, € C;'
assumes [, C1" 15 € Cy’
assumes comp: I = [x°
assumes falsif: falsifies, G Cy'
shows Fulse

(proof)

lemma complements-do-not-falsify:
assumes [1C1" 1, € Cy'
assumes [, C1" I € Cy'
assumes fals: falsifies; G Cy'
shows [y # [5°

(proof)

lemma other-falsified:
assumes C1'-p: ground;s C1' A falsifiesy (BQ[d]) Cy'
assumes [-p: | € Cy’ nat-of-fatom (get-atom 1) = length B
assumes other: lo € C1' lo # 1
shows falsifies; B lo

(proof)
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theorem completeness’:
assumes closed-tree T Cs
assumes YV CeCs. finite C
shows 3 Cs’. resolution-deriv Cs Cs' N {} € Cs’

(proof)

theorem completeness:
assumes finite-cs: finite Cs ¥V C€Cs. finite C
assumes unsat: ¥V (F::hterm fun-denot) (G::hterm pred-denot) . —eval.s F G Cs
shows 3 Cs'. resolution-deriv Cs Cs' A {} € Cs’

(proof)

definition E-conv :: (‘a = 'b) = 'a var-denot = 'b var-denot where
E-conv b-of-a E = A\z. (b-of-a (E 1))

definition F-conv :: ('a = 'b) = ’a fun-denot = 'b fun-denot where
F-conv b-of-a F = \f bs. b-of-a (F f (map (inv b-of-a) bs))

definition G-conv :: (‘a = 'b) = 'a pred-denot = 'b pred-denot where
G-conv b-of-a G = Ap bs. (G p (map (inv b-of-a) bs))

lemma eval;-bij:

assumes bij (b-of-a::’a = 'b)

showseval; (E-conv b-of-a E) (F-conv b-of-a F) t = b-of-a (eval; E F t)
(proof)

lemma eval;s-bij:

assumes bij (b-of-a::’a = 'b)

shows G-conv b-of-a G p (evalys (E-conv b-of-a E) (F-conv b-of-a F) ts) = G p
(evalys E F ts)

{proof)

lemma eval;-bij:

assumes bij (b-of-a::'a = 'b)

shows eval; (E-conv b-of-a E) (F-conv b-of-a F) (G-conv b-of-a G) | = eval; E
FGI

(proof )

lemma eval.-bij:

assumes bij (b-of-a::'a = 'b)

shows eval. (F-conv b-of-a F) (G-conv b-of-a G) C = eval. F G C
(proof )

lemma eval.s-bij:
assumes bij (b-of-a::'a = 'b)
shows eval.s (F-conv b-of-a F) (G-conv b-of-a G) Cs «— eval.s F G Cs
(proof)
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lemma countably-inf-bij:
assumes inf-a-uni: infinite (UNIV :: (‘a ::countable) set)
assumes inf-b-uni: infinite (UNIV :: (b ::countable) set)
shows 3 b-of-a :: 'a = 'b. bij b-of-a

(proof)

lemma infinite-hterms: infinite (UNIV :: hterm set)
(proof)

theorem completeness-countable:
assumes inf-uni: infinite (UNIV :: ("u :: countable) set)
assumes finite-cs: finite Cs ¥V CeCs. finite C
assumes unsat: V (F::'u fun-denot) (G::'u pred-denot). —eval.s F G Cs
shows 3 Cs’. resolution-deriv Cs Cs' A {} € Cs’

(proof)

theorem completeness-nat:
assumes finite-cs: finite Cs ¥V Ce€Cs. finite C
assumes unsat: ¥V (F::nat fun-denot) (G::nat pred-denot) . —eval.s F G Cs
shows 3 Cs’. resolution-deriv Cs Cs' A {} € Cs’

(proof)

end — unification locale

end

18 Examples

theory Fxamples imports Resolution begin

value Var "z"

value Fun "one’’
value Fun ""mul” [Var "y"” Var "y"]

value Fun "add” [Fun "'mul”" [Var "y",Var "y"|, Fun "one’ []]

value Pos "'greater’’ [Var "z", Var "y
value Neg "less” [Var "z, Var "y"
value Pos "less” [Var "z", Var "y"]
value Pos "equals’’
[Fun "add"[Fun "mul"[Var "y", Var "y"], Fun "one’]], Var "z"|

fun F, .: :: nat fun-denot where
Frat f [n,m] =
(if f = "add” then n + m else
if f = "mul” then n * m else 0)
| Fnat f H =
(if f = "one' then 1 else
if f = "zero" then 0 else 0)
| Frat fus=10
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fun G, 4t :: nat pred-denot where
Gnat p [%y] =
(if p = "less” N x < y then True else
if p = "greater’” N x > y then True else
if p = "equals’”’ N\ x = y then True else False)
| Grat p us = False

fun E,,,: :: nat var-denot where
Enat ©=
(if £ = "z"" then 26 else
if © = "y" then 5 else 0)

lemma evaly Enqr Froe (Var "z’) = 26

(proof)
lemma eval; Epnot Frar (Fun "one’ []) = 1

(proof)
lemma eval; Enq Frae (Fun "mul” [Var "y"” Var "'y"]) = 25

{proof )
lemma

evaly Engt Frae (Fun "add” [Fun "mul” [Var "y",Var "y"], Fun "one’ []]) =
26

(proof)

lemma eval; Enqt Frat Gnar (Pos "greater’ [Var "'z") Var "y") = True
(proof )

lemma eval; Enqt Frat Gnat (Neg "less” [Var "z, Var "y"]) = True
(proof)

lemma eval; Eqt Frat Gnar (Pos "less” [Var "z”, Var "y'']) = False
(proof )

lemma eval; E, ot Frat Grat
(Pos "equals"
[Fun "add” [Fun "mul” [Var "y",Var ""y"],Fun "one" [|]
JVar "'z
) = True
(proof)

definition PP :: fterm literal where
PP = Pos ""P" [Fun "c¢" []]

definition PQ :: fterm literal where
PQ = Pos //Q// [Fun "nqr m

definition NP :: fterm literal where
NP = Neg "P" [Fun "c¢" []]

definition NQ :: fterm literal where
NQ — Neg //Q// [Fun //d// H]
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theorem empty-mgu:
assumes unifier;s € L
shows mgu;s € L

(proof)

theorem unifier-single: unifier;s o {l}
(proof)

theorem resolution-rule:
assumes (' € Cs
assumes Cy € Cs
assumes applicable Cy Co Ly Ly o
assumes C = {resolution Cy Cy Ly Lo o}
shows resolution-step Cs (Cs U C)

(proof)

lemma resolution-examplel :
resolution-deriv {{ NP,PQ},{NQ},{PP,PQ}}
{{NP,PQ}{NQ}{PP,PQ} {NP}{PP}{}}
(proof)

definition Pa :: fterm literal where
Pa = Pos "a” |]

definition Na :: fterm literal where
Na = Neg "a’ ||

definition Pb :: fterm literal where
Pb = Pos "b" ||

definition Nb :: fterm literal where
Nb = Neg "bv" ]

definition Paa :: fterm literal where
Paa = Pos "a" [Fun "a" []]

definition Naa :: fterm literal where
Naa = Neg "a"" [Fun "a" []]

definition Paz :: fterm literal where
Pax = Pos "a" [Var "z

definition Naz :: fterm literal where
Naz = Neg "o’ [Var "'z"

definition mguPaaPaz :: substitution where
mguPaaPar = (Az. if x = ""z"" then Fun "'a’" || else Var x)
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lemma mguPaaPaz-mgu: mgu;s mguPaaPax {Paa,Pax}
(proof )

lemma resolution-example2:
resolution-deriv {{ Nb,Na},{ Paz},{ Pa},{ Na,Pb,Naa}}
{{Nb,Na} ,{Paz},{Pa},{Na,Pb,Naa},{Na,Pb} {Na},{}}
(proof)

lemma resolution-examplel-sem: —eval.s F G {{NP, PQ}, {NQ}, {PP, PQ}}
{proof)

lemma resolution-example2-sem: —eval.s F G {{Nb,Na},{Pax}{Pa},{Na,Pb,Naa}}
{proof)

end

19 The Unification Theorem

theory Unification-Theorem imports
First-Order-Terms. Unification Resolution
begin

definition set-to-list :: 'a set = ’a list where
set-to-list = inv set

lemma set-set-to-list: finite s = set (set-to-list xs) = xs

(proof)

fun iterm-to-fterm :: (fun-sym, var-sym) term = fterm where
iterm-to-fterm (Term.Var ) = Var z
| iterm-to-fterm (Term.Fun f ts) = Fun f (map iterm-to-fterm ts)

fun fterm-to-iterm :: fterm = (fun-sym, var-sym) term where
fterm-to-iterm (Var x) = Term.Var z

| fterm-to-iterm (Fun f ts) = Term.Fun f (map fterm-to-iterm ts)

lemma iterm-to-fterm-cancel[simp]: iterm-to-fterm (fterm-to-iterm t) = ¢

{proof)

lemma fterm-to-iterm-cancel[simp]: fterm-to-iterm (iterm-to-fterm t) = ¢
{proof)

abbreviation(input) fsub-to-isub :: substitution = (fun-sym, var-sym) subst where
fsub-to-isub o = Az. fterm-to-iterm (o x)

abbreviation(input) isub-to-fsub :: (fun-sym, var-sym) subst = substitution where
isub-to-fsub o = Az. iterm-to-fterm (o z)

lemma iterm-to-fterm-subt: (iterm-to-fterm t1) -+ o = iterm-to-fterm (t1 - (Az.
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fterm-to-iterm (o x)))
{proof)

lemma unifiert-unifiers:

assumes unifierss o ts

shows fsub-to-isub o € unifiers (fterm-to-iterm ‘ ts x fterm-to-iterm ‘ts)
(proof )

abbreviation(input) get-mgut :: fterm list = substitution option where
get-mgut ts = map-option (isub-to-fsub o subst-of) (unify (List.product (map
fterm-to-iterm ts) (map fterm-to-iterm ts)) [])

lemma unify-unification:
assumes o € unifiers (set E)
shows 3. is-imgu ¥ (set E)

(proof)

lemma fterm-to-iterm-subst: (fterm-to-iterm t1) - o =fterm-to-iterm (t1 -, isub-to-fsub
o)
(proof )

lemma unifiers-unifiert:
assumes o € unifiers (fterm-to-iterm ‘ ts x fterm-to-iterm ° ts)
shows unifier;s (isub-to-fsub o) ts

(proof)

lemma icomp-fcomp: 9 oy i = fsub-to-isub (isub-to-fsub ¥ - isub-to-fsub 7)
(proof)

lemma is-mgu-mguys:
assumes finite ts
assumes is-imgu ¥ (fterm-to-iterm ‘ ts X fterm-to-iterm ° ts)
shows mgu;s (isub-to-fsub ) ts

(proof)

lemma unification’:
assumes finite ts
assumes unifier;s o ts
shows 3. mguss O ts

(proof )

fun literal-to-term :: fterm literal = fterm where
literal-to-term (Pos p ts) = Fun ""Pos” [Fun p ts

| literal-to-term (Neg p ts) = Fun ""Neg’ [Fun p ts|

fun term-to-literal :: fterm = fterm literal where
term-to-literal (Fun s [Fun p ts]) = (if s='"Pos’ then Pos else Neg) p ts
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lemma term-to-literal-cancel[simp|: term-to-literal (literal-to-term 1) = 1
{proof)

lemma literal-to-term-sub: literal-to-term (I -; o) = (literal-to-term 1) -+ o
(proof)

lemma unifier;s-unifier;:
assumes unifier;s o L
shows unifier;s o (literal-to-term * L)

(proof)

lemma unifiert-unifier;s:
assumes unifierys o (literal-to-term ¢ L)
shows unifier;s o L

(proof)

lemma mgu;s-mgu;s:
assumes mgus ¥ (literal-to-term ¢ L)
shows mgu;s ¥ L

(proof)

theorem unification:
assumes fin: finite L
assumes uni: unifier;s o L
shows 34. mgu;s ¥ L

(proof)

end

20 Instance of completeness theorem

theory Completeness-Instance imports Unification-Theorem Completeness be-
gin

interpretation unification (proof)
thm lifting

lemma [ift:
assumes fin: finite C A finite D
assumes apart: vars;s C N vars;s D = {}
assumes insty: instance-of;s C' C
assumes insty: instance-of;s D' D
assumes appl: applicable C' D' L' M' o
shows 3L M 7. applicable C D L M T A
instance-of s (resolution C' D' L' M' o) (resolution C D L M T)

(proof)
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thm completeness

theorem complete:
assumes finite-cs: finite Cs ¥V Ce€Cs. finite C
assumes unsat: ¥V (F::hterm fun-denot) (G::hterm pred-denot) . —eval.s F G Cs
shows 3 Cs’. resolution-deriv Cs Cs’' A {} € Cs’

(proof)

thm completeness-countable

theorem complete-countable:
assumes inf-uni: infinite (UNIV :: ('u :: countable) set)
assumes finite-cs: finite Cs ¥V C€Cs. finite C
assumes unsat: V (F::'u fun-denot) (G::'u pred-denot). —eval.s F G Cs
shows 3 Cs’. resolution-deriv Cs Cs' A {} € Cs’

(proof)

thm completeness-nat

theorem complete-nat:
assumes finite-cs: finite Cs ¥V CeCs. finite C
assumes unsat: ¥V (F::nat fun-denot) (G::nat pred-denot) . —eval.s F G Cs
shows 3 Cs’. resolution-deriv Cs Cs' A {} € Cs’

(proof)

end
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