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Abstract

We provide a formal framework for the theory of representations of
finite groups, as modules over the group ring. Along the way, we de-
velop the general theory of groups (relying on the group_add class for
the basics), modules, and vector spaces, to the extent required for the-
ory of group representations. We then provide formal proofs of several
important introductory theorems in the subject, including Maschke’s
theorem, Schur’s lemma, and Frobenius reciprocity. We also prove that
every irreducible representation is isomorphic to a submodule of the
group ring, leading to the fact that for a finite group there are only
finitely many isomorphism classes of irreducible representations. In all
of this, no restriction is made on the characteristic of the ring or field
of scalars until the definition of a group representation, and then the
only restriction made is that the characteristic must not divide the
order of the group.
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1 Preliminaries

In this section, we establish some basic facts about logic, sets, and functions
that are not available in the HOL library. As well, we develop some theory
for almost-everywhere-zero functions in preparation of the definition of the
group ring.

1.1 Logic

lemma conjcases [case-names BothTrue OneTrue OtherTrue BothFalse] :

assumes BothTrue: PN Q@ — R

and OneTrue: P AN —-Q — R

and OtherTrue: =P N Q = R

and BothFalse: =P N -Q = R

shows R

using assms

by fast

1.2 Sets
lemma empty-set-diff-single : A — {2} ={} = A={} v A= {z}
by auto

lemma seteql : (Na. a € A= a€ B)= (Ab.be B=bec A) = A=2DB
using subset-antisym subsetl by fast

lemma prod-balll : (Aa b. (a,b) € AzB = P ab) = V(a,b)cAzB. Pa b
by fast

lemma good-card-imp-finite : of-nat (card A) # (0::'a::semiring-1) = finite A
using card-ge-0-finite[of A] by fastforce

1.3 Lists
1.3.1 =zip

lemma zip-truncate-left : zip xs ys = zip (take (length ys) xs) ys

by (induct zs ys rule:list-induct2’) auto

lemma zip-truncate-right : zip xs ys = zip zs (take (length xs) ys)
by (induct s ys rule:list-induct2’) auto

Lemmas zip-append! and zip-append?2 in theory HOL. List have unnecessary
take (length -) in them. Here are replacements.

lemma zip-append-left :
zip (xsQys) zs = zip xs 28 Q zip ys (drop (length xs) zs)
using zip-appendl! zip-truncate-right|of xs zs] by simp

lemma zip-append-right :



zip xs (ysQzs) = zip xs ys Q zip (drop (length ys) xs) zs
using zip-append?2 zip-truncate-left|of zs ys| by simp

lemma length-concat-map-split-zip :
length [f z y. (z,y)<zip xs ys| = min (length xs) (length ys)
by (induct zs ys rule: list-induct2’) auto

lemma concat-map-split-eq-map-split-zip :

[fzy. (z,y)=zip xs ys] = map (case-prod ) (zip xs ys)
by (induct xs ys rule: list-induct2”) auto

lemma set-zip-map2 :
(a,2) € set (zip xs (map fys)) = I b. (a,b) € set (zip xs ys) N z=fb
by (induct xs ys rule: list-induct2”) auto

1.3.2 concat

lemma concat-eq :
list-all2 (Azs ys. length xs = length ys) xzss yss = concal xss = concal yss
= 18§ = YSS
by (induct xss yss rule: list-all2-induct) auto

lemma match-concat :
fixes bss :: b list list
defines eg-len: eq-len = Axs ys. length xs = length ys
shows Vas:'a list. length as = length (concat bss)
— (Fess:’a list list. as = concat css A list-all2 eq-len css bss)
proof (induct bss)
from eq-len
show V as. length as = length (concat [])
— (Jess. as = concat css A list-all2 eq-len css [])
by simp
next
fix fs :: 'b list and fss :: 'b list list
assume prevcase: ¥V as. length as = length (concat fss)
— (Fess. as = concat css A list-all2 eg-len css fss)
have Aas. length as = length (concat (fs # fss))
= (Jcss. as = concat css A list-all2 eq-len css (fs # [ss))
proof
fix as :: 'a list
assume as: length as = length (concat (fs#/fss))
define zs ys where zs = take (length fs) as and ys = drop (length fs) as
define gss where gss = (SOME css. ys = concat css A list-all2 eq-len css fss)
define hss where hss = xs # gss
with zs-def ys-def as gss-def eq-len prevcase
show as = concat hss A list-all2 eq-len hss (fs#fss)
using somel-ex[of Acss. ys = concat css A list-all2 eq-len css fss] by auto
qed
thus V as. length as = length (concat (fs # [ss))



— (Jess. as = concat css A list-all2 eq-len css (fs # [ss))
by fast
qed

1.3.3  strip-while

lemma strip-while-0-nnil :
as # [| = set as # 0 = strip-while ((=) 0) as # |]
by (induct as rule: rev-nonempty-induct) auto

1.3.4 sum-list

lemma const-sum-list :
Va € set zs. fo = a = sum-list (map f xs) = a x (length xs)
by (induct zs) auto

lemma sum-list-prod-cong :
V(z,y) € setzys. fry=gzy
= X (zy)eays. fry) = (X (z,y)ays. gz y)
using arg-cong[of map (case-prod f) xys map (case-prod g) xys sum-list] by
fastforce

lemma sum-list-prod-map?2 :

(>~ (a,y)+zip as (map fbs). gay) = (O (a,b)«=zip as bs. g a (f b))
by (induct as bs rule: list-induct2’) auto

lemma sum-list-fun-apply : (> ax+xs. fz) y = O zuas. fzy)
by (induct zs) auto

lemma sum-list-prod-fun-apply : (3 (x,y)<xzys. fxy) z = O, (z,y)ays. fz y 2)
by (induct zys) auto

lemma (in comm-monoid-add) sum-list-plus :
length xs = length ys
= sum-list xs + sum-list ys = sum-list [a+b. (a,b)<zip zs ys]
proof (induct zs ys rule: list-induct2)
case Cons thus Zcase by (simp add: algebra-simps)
qed simp

lemma sum-list-const-mult-prod :
fixes f :: 'a = 'b = 'r:semiring-0
shows r x (3 (z,y)+zys. fz y) = O (z,y)ays. 7 x (fz y))
using sum-list-const-mult[of T case-prod f] prod.case-distriblof Az. rxz f]
by  simp

lemma sum-list-mult-const-prod :
fixes f :: 'a = 'b = 'r:semiring-0
shows (3 (z,y)<azys. fzy) xr = O (z,y)<azys. (fzy) 1)
using sum-list-mult-const|of case-prod f r] prod.case-distriblof Ax. xxr f]
by  simp



lemma sum-list-update :

fixes zs :: ‘a::ab-group-add list

shows n < length xs = sum-list (zs[n := y]) = sum-list zs — zsln + y
proof (induct zs arbitrary: n)

case Cons thus Zcase by (cases n) auto
qed simp

lemma sum-list-replicate0 : sum-list (replicate n 0) = 0
by (induct n) auto

1.3.5 listset

lemma listset-Consl : x € X = xs € listset Xs = z#us € listset (X#Xs)
unfolding listset-def set-Cons-def by simp

lemma listset-ConsD : x#xs € listset (A # As) = z € A A xs € listset As
unfolding listset-def set-Cons-def by auto

lemma listset-Cons-conv :
xs € listset (A # As) = By ys. y € A N ys € listset As N\ s = y#ys)
unfolding listset-def set-Cons-def by auto

lemma listset-length : xzs € listset Xs = length xs = length Xs
using listset-ConsD
unfolding listset-def set-Cons-def
by (induct xs Xs rule: list-induct2’) auto

lemma set-sum-list-element :
z € (3 A+As. A) = Jas € listset As. z = (3 a+as. a)
proof (induct As arbitrary: x)
case Nil hence z = (3 a<[]. a) by simp
moreover have [| € listset [| by simp
ultimately show ?case by fast
next
case (Cons A As)
from this obtain a as
where a-as: a € A as € listset As x = (> b« (a#tas). b)
using set-plus-def|of A]
by  fastforce
have listset (A#As) = set-Cons A (listset As) by simp
with a-as(1,2) have a#as € listset (A# As) unfolding set-Cons-def by fast
with a-as(8) show 3 bselistset (A#As). x = (D b<bs. b) by fast
qed

lemma set-sum-list-element-Cons :

assumes z € (> X+ (A#As). X)

shows Ja as. a€A A as € listset As Nz = a + (3 b<as. b)
proof—



from assms obtain zs where zs: zs € listset (A#As) © = (D b<1xs. b)
using set-sum-list-element by fast
from zs(1) obtain a as where a € A as € listset As xs = a # as
using listset-Cons-conv by fast
with xs5(2) show ?thesis by auto
qed

lemma sum-list-listset : as € listset As = sum-list as € (> A< As. A)
proof—
have length as = length As = as € listset As = sum-list as € (> A+ As. A)
proof (induct as As rule: list-induct2)
case Nil show ?case by simp
next
case (Cons a as A As) thus ?case
using listset-ConsD|of a] set-plus-def by auto
qged
thus as € listset As = sum-list as € (> A« As. A) using listset-length by fast
qed

lemma listsetl-nth :

length xs = length Xs = ¥V n<length zs. zsln € Xsln = zs € listset Xs
proof (induct xs Xs rule: list-induct2)

case Nil show ?case by simp
next

case (Cons z zs X Xs) thus z#uwxs € listset (X#Xs)

using listset-Consl[of x X xs Xs| by fastforce

qged

lemma listsetD-nth : zs € listset Xs = V n<length xs. zsln € Xsln
proof—
have length zs = length Xs = xs € listset Xs = V n<length zs. xsln € Xsln
proof (induct xs Xs rule: list-induct2)
case Nil show ?case by simp
next
case (Cons z zs X Xs)
from Cons(3) have z-zs: € X xs € listset Xs
using listset-ConsD|of z] by auto
with Cons(2) have 1: (z#xs)!0 € (X#Xs)!0 ¥ n<length xs. zs'n € Xsln
by auto
have An. n < length (z#1zs) = (z#xs)\n € (X#Xs)In
proof—
fix n assume n < length (z#xs)
with 1 show (z#zs)!ln € (X#Xs)!n by (cases n) auto
qed
thus Vn < length (x#xs). (x#xs)!n € (X#Xs)!n by fast
qed
thus zs € listset Xs = V n<length xs. zs!n € Xs!n using listset-length by fast
qed



lemma set-listset-el-subset :
zs € listset Xs =— V Xe€set Xs. X C A — setaxs C A
proof—
have [ length s = length Xs; xs € listset Xs; V X€set Xs. X C A]
— setas C A
proof (induct zs Xs rule: list-induct?2)
case Cons thus ?case using listset-ConsD by force
qed simp
thus zs € listset Xs = V X€set Xs. X C A= setas C A
using listset-length by fast
qged

1.4 Functions
1.4.1 Miscellaneous facts

lemma sum-fun-apply : finite A = (> a€A. fa) z = (3 a€A. fa x)
by (induct set: finite) auto

lemma sum-single-nonzero :
finite A = (Vaz€A.VyeA. foy = (if y = z then g x else 0))
= (Vz€A. sum (fz) A = g x)
proof (induct A rule: finite-induct)
case (insert a A)
show Vzcinsert a A. sum (fz) (insert a A) = gz
proof
fix  assume z: = € insert a A
show sum (f z) (insert a A) = gz
proof (cases T = a)
case True
moreover with insert(2,4) have VycA. fzy = 0 by simp
ultimately show ?thesis using insert(1,2,4) by simp
next
case False with z insert show ?thesis by simp
qed
qed
qed simp

lemma distrib-comp-sum-right : (T + T') o S = (T o S) + (T'0 S5)
by auto

1.4.2 Support of a function

definition supp :: (‘a = 'b::zero) = ’a set where supp f = {z. fz # 0}

lemma suppl: fz # 0 = = € supp f
using supp-def by fast

lemma suppl-contra: ¢ supp f = fz =0
using suppl by fast
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lemma suppD: x € supp f = fax # 0
using supp-def by fast

lemma suppD-contra: foz = 0 = = ¢ supp f
using suppD by fast

lemma zerofun-imp-empty-supp : supp 0 = {}
unfolding supp-def by simp

lemma supp-zerofun-subset-any : supp 0 C A
using zerofun-imp-empty-supp by fast

lemma supp-sum-subset-union-supp :
fixes fg: 'a= "b:monoid-add
shows  supp (f + ¢) C supp f U supp ¢
unfolding supp-def
by auto

lemma supp-neg-eq-supp :
fixes [ :'a = 'b:group-add
shows  supp (— f) = supp f
unfolding supp-def
by auto

lemma supp-diff-subset-union-supp :
fixes fg: 'a= "b:group-add
shows  supp (f — g) C supp f U supp g
unfolding supp-def
by auto

abbreviation restrict0 :: (‘a='b::zero) = 'a set = (‘a='b) (infix «|» 70)
where restrict0 f A = (Aa. if a € A then f a else 0)

lemma supp-restrict0 : supp (flA) C A

proof—
have Na. a ¢ A = a ¢ supp (flA) using suppD-contra[of flA] by simp
thus ?thesis by fast

qed

lemma bij-betw-restrict0 : bij-betw f A B = bij-betw (f | A) A B
using bij-betw-imp-ing-on bij-betw-imp-surj-on
unfolding bij-betw-def inj-on-def
by auto

1.4.3 Convolution

definition convolution ::
("a::group-add = 'b::{ comm-monoid-add,times}) = (‘a='b) = (‘a="b)

11



where convolution f g
=(\z. Y ylz —y € supp f Ay € supp g. (f (z — y)) * g y)

— More often than not, this definition will be used in the case that ‘b is of class
mult-zero, in which case the conditions z — y € supp f and y € supp g are obviously
mathematically unnecessary. However, they also serve to ensure that the sum is
taken over a finite set in the case that at least one of f and ¢ is almost everywhere
Zero.

lemma convolution-zero :
fixes  fg: ‘angroup-add = 'b::{comm-monoid-add,mult-zero}
shows f =0V g=0 = convolution f g =0
unfolding convolution-def
by auto

lemma convolution-symm :
fixes f g :: 'a::group-add = 'b::{comm-monoid-add,times}
shows convolution f g
= (\z. Y yly € supp f A —y + x € supp g. (fy) * g (—y + z))
proof
fix z::'a
define c1 ¢2 i S1 52
where cly = (f(z —y)) * gy
and c2y = (fy) x g (~y + )
and iy = -y + x
and S1 ={y.z — y € supp f Ny € supp g}
and S2 = {y. y € supp f N —y + = € supp g}
for y
have inj-on i S2 unfolding inj-on-def using i-def by simp
hence (> ye(i < 52). ¢l y) = (D yeS2. (¢l o 7) y)
using sum.reindex by fast
moreover have 51-i52: S1 =i < S2
proof (rule seteql)
fix y assume y-S1: y € S1
define z where z =z — y
hence y-eq: —z + = = y by (auto simp add: algebra-simps)
hence —z + z € supp g using y-S1 Si-def by fast
moreover have z € supp f using z-def y-S1 S1-def by fast
ultimately have z € S2 using S2-def by fast
moreover have y = i z using i-def [abs-def] y-eq by fast
ultimately show y € i * S2 by fast
next
fix y assume y € § © 52
from this obtain z where 2-52: z € S2 and y-eq: y = —2 + =
using i-def by fast
from y-eq have x — y = z by (auto simp add: algebra-simps)
hence z — y € supp f N\ y € supp g using y-eq z-S2 S2-def by fastforce
thus y € S1 using SI-def by fast
qged
ultimately have (3> yeS1. ¢l y) = (D yeS2. (cI o i) y) by fast

12



with i-def c1-def c2-def have (> yeS1. ¢l y) = (D yeS2. c2y)
using diff-add-eq-diff-diff-swap|of x - x| by simp
thus convolution f g x
=(Cylycsuppf N —y+xcsuppg. (fy) *g (-y + )
unfolding S1-def c1-def S2-def c2-def convolution-def by fast
qed

lemma supp-convolution-subset-sum-supp :
fixes f g :: 'a::group-add = 'b::{ comm-monoid-add,times}
shows supp (convolution f g) C supp f + supp g
proof—
define SS where SS z = {y. x—y € supp f A y € supp g} for z
have convolution f g = (Az. sum (My. (f (z — y)) * g y) (5SS x))
unfolding SS-def convolution-def by fast
moreover have \z. z ¢ supp f + supp g = SSz = {}
proof—
have Az. SSz # {} = = € supp f + supp ¢
proof—
fix z::'a assume SS z # {}
from this obtain y where x — y € supp f and y-G: y € supp ¢
using SS-def by fast
from this obtain z where 2-F: z € supp f and z-eq: © — y = z by fast
from z-eq have z = z 4+ y using diff-eq-eq by fast
with 2-F y-G show z € supp f + supp g by fast
qed
thus Az. z ¢ supp f + supp g = SS z = {} by fast
qed
ultimately have Az. « ¢ supp f + supp ¢
= convolution f g x = sum (Ay. (f (z — y)) * g vy) {}
by simp
hence Az. x ¢ supp f + supp g = convolution f gz = 0
using sum.empty by simp
thus ?thesis unfolding supp-def by fast
qed

1.5 Almost-everywhere-zero functions
1.5.1 Definition and basic properties

definition aezfun-set = {f::’a="b::zero. finite (supp f)}

lemma aezfun-setD: f € aezfun-set = finite (supp f)
unfolding aezfun-set-def by fast

lemma aezfun-setl: finite (supp f) = f € aezfun-set
unfolding aezfun-set-def by fast

lemma zerofun-is-aezfun : 0 € aezfun-set
unfolding supp-def aezfun-set-def by auto
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lemma sum-of-aezfun-is-aezfun :
fixes fg: ‘a='b::monoid-add
shows [ € aezfun-set = g € aezfun-set = f + g € aezfun-set
using  supp-sum-subset-union-supp|of f g] finite-subset[of - supp f U supp g
unfolding aezfun-set-def
by fastforce

lemma neg-of-aezfun-is-aezfun :
fixes [ : ‘a='b:group-add
shows [ € aezfun-set = — f € aezfun-set
using  supp-neg-eq-supp|of f]
unfolding aezfun-set-def
by simp

lemma diff-of-aezfun-is-aezfun :
fixes fg: 'a="b:group-add
shows [ € aezfun-set = g € aezfun-set = f — g € aezfun-set
using  supp-diff-subset-union-supp|of f g| finite-subset[of - supp f U supp g|
unfolding aezfun-set-def
by fastforce

lemma restrict-and-extend0-aezfun-is-aezfun :
assumes f € aezfun-set
shows flA € aezfun-set
proof (rule aezfun-setl)
have Aa. a ¢ supp f N A = a ¢ supp (flA)
proof—
fix ¢ assume a ¢ supp f N A
thus a ¢ supp (flA) using suppl-contra[of a] suppD-contra[of fl A a
by (cases a € A) auto
qed
with assms show finite (supp (flA))
using aezfun-setD finite-subset|of supp (flA)] by auto
qed

1.5.2 Delta (impulse) functions

The notation is set up in the order output-input so that later when these
are used to define the group ring RG, it will be in order ring-element-group-
element.

definition deltafun :: 'b::zero = 'a = (‘a = 'b) (infix 4> 70)
where b § a = (A\z. if x = a then b else 0)

lemma deltafun-apply-eq : (b6 a) a =b
unfolding deltafun-def by simp

lemma deltafun-apply-neq : © # a = (b d a) z = 0
unfolding deltafun-def by simp
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lemma deltafun0 : 0 § a = 0
unfolding deltafun-def by auto

lemma deltafun-plus :
fixes b c: 'b::monoid-add
shows  (b+c)da=(bda)+ (cd a)
unfolding deltafun-def
by auto

lemma supp-deltaOfun : supp (0 § a) = {}
unfolding supp-def deltafun-def by simp

lemma supp-deltafun : b # 0 = supp (b 6 a) = {a}
unfolding supp-def deltafun-def by simp

lemma deltafun-is-aezfun : b § a € aezfun-set
proof (cases b = 0)
case True
hence supp (b § a) = {} using supp-deltaOfun|[of a] by fast
thus ?thesis unfolding aezfun-set-def by simp
next
case Fualse thus ?thesis using supp-deltafun]of b a] unfolding aezfun-set-def by
stmp
qed

lemma aezfun-common-supp-spanning-set’ :
finite A = Fas. distinct as N set as = A
A (Vfi'a = 'b::semiring-1. supp f C A
— (3 bs. length bs = length as A f = (3 (b,a)<—zip bs as. b d a)) )
proof (induct rule: finite-induct)
case empty show ?case unfolding supp-def by auto
next
case (insert a A)
from insert(3) obtain as
where as: distinct as set as = A
Af:'a = "b. supp f C A
= Jbs. length bs = length as A f = (3 (b,a)+=zip bs as. b J a)
by fast
from as(1,2) insert(2) have distinct (a#as) set (a#as) = insert a A by auto
moreover
have A\f::’a = 'busemiring-1. supp f C insert a A
= (3 bs. length bs = length (a#as)
A f = (0 (bya)+=zip bs (a#as). b d a))
proof—
fix f : '/a = 'b assume supp-f : supp f C insert a A
define g where g z = (if £ = a then 0 else f z) for z
have supp g C A
proof
fix x assume z: = € supp g
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with z supp-f g-def have x € insert a A unfolding supp-def by auto
moreover from z g-def have = # o unfolding supp-def by auto
ultimately show z € A by fast
qed
with as(3) obtain bs
where bs: length bs = length as g = (>_ (b,a)<~zip bs as. b J a)
by  fast
from bs(1) have length ((f a) # bs) = length (a#as) by auto
moreover from g-def bs(2) have f = (3 (b,a)«=zip ((f a) # bs) (a#as). b ¢
a)
using deltafun-apply-eq|of f a a] deltafun-apply-neq[of - a f a] by (cases) auto
ultimately
show 3 bs. length bs = length (a#as) A f = (O (b,a)<zip bs (a#as). b 0 a)

by fast
qed
ultimately show ?case by fast

qed

1.5.3 Convolution of almost-everywhere-zero functions

lemma convolution-eq-sum-over-supp-right :
fixes g f :: 'a:group-add = 'b::{comm-monoid-add,mult-zero}
assumes g € aezfun-set
shows convolution f g = (Az. > y€supp g. (f (x — y)) x gy )
proof
fix z::'a
define SS where 5SS = {y. z — y € supp f A y € supp g}
have finite (supp ¢) using assms unfolding aezfun-set-def by fast
moreover have 5SS C supp g unfolding SS-def by fast
moreover have A\y. y € supp g — SS = (f (x — y)) * g y = 0 using SS-def
unfolding supp-def by auto
ultimately show convolution f gz = (3> y€supp g. (f (x — y)) x gy )
unfolding convolution-def
using  SS-def sum.mono-neutral-left[of supp g SS Ay. (f (x — y)) * g y]
by fast
qed

lemma convolution-symm-eq-sum-over-supp-left :
fixes fg:: 'a:group-add = 'b::{comm-monoid-add,mult-zero}
assumes [ € aezfun-set
shows convolution f g = (Ax. > y€supp f. (fy) * g (—y + x))
proof
fix z::'a
define SS where SS = {y. y € supp f N —y + = € supp g}
have finite (supp f) using assms unfolding aezfun-set-def by fast
moreover have SS C supp f using SS-def by fast
moreover have A\y. y € supp f — SS = (fy) xg(—y+2) =0
using SS-def unfolding supp-def by auto
ultimately
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have (35 yeSS. (fy) * g (—y + x)) = O yesupp f. (fy) * g (—y + 7))
unfolding convolution-def

using SS-def sum.mono-neutral-left[of supp f SS Ay. (fy) * g (—y + )]
by fast
thus convolution f gz = (O yesupp f. (fy) g (—y + x))
using SS-def convolution-symm/|of f g] by simp
qed

lemma convolution-delta-left :
fixes b :: 'b::{ comm-monoid-add,mult-zero}
and a :: 'a::group-add
and f:'a="b
shows convolution (b d a) f = (Az. b x f (—a + z))
proof (cases b = 0)
case True
moreover have convolution (b a) f = 0
proof—
from True have convolution (b ¢ a) f = convolution 0 f
using deltafun0[of a] arg-conglof 0 6 a 0::'a="b)
by (simp add: <0 § a = 0> <b = 0»)
thus ?thesis using convolution-zero by auto
qed
ultimately show ?thesis by auto
next
case Fulse thus ?thesis
using deltafun-is-aezfun[of b a] convolution-symm-eq-sum-over-supp-left
supp-deltafun|of b a] deltafun-apply-eq[of b a)
by  fastforce
qed

lemma convolution-delta-right :
fixes b :: 'b::{ comm-monoid-add,mult-zero}
and f :: ‘ai:group-add = 'b and a::'a
shows convolution f (b § a) = (Az. f (z — a) x b)
proof (cases b = 0)
case True
moreover have convolution f (b § a) = 0
proof—
from True have convolution f (b 6 a) = convolution f 0
using deltafun0[of a] arg-conglof 0 6 a 0::'a="b)
by (simp add: <0 § a = 0)
thus ?thesis using convolution-zero by auto
qed
ultimately show ?thesis by auto
next
case Fulse thus ?thesis
using deltafun-is-aezfun[of b a] convolution-eq-sum-over-supp-right
supp-deltafun|of b a] deltafun-apply-eq[of b a)
by  fastforce
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qed

lemma convolution-delta-delta :
fixes b1 b2 :: 'b::{comm-monoid-add,mult-zero}
and al a2 :: 'a:group-add
shows convolution (b1 § al) (b2 § a2) = (b1 * b2) 6 (al + a2)
proof
fix z::'a
have 1: convolution (b1 § al) (b2 § a2) z = (b1 ¢ al) (x — a2) * b2
using convolution-delta-right[of b1 § al] by simp
show convolution (b1 6 al) (b2 § a2) z = ((b1 = b2) J (al + a2)) z
proof (cases © = al + a2)
case True
hence z — a2 = al by (simp add: algebra-simps)
with 1 have convolution (b1 6 al) (b2 6 a2) © = bl * b2
using deltafun-apply-eqof b1 al] by simp
with True show ?thesis
using deltafun-apply-eqlof b1 * b2 al + a2] by simp
next
case Fulse
hence z — a2 # al by (simp add: algebra-simps)
with 1 have convolution (b1 6 al) (b2 § a2) z =0
using deltafun-apply-neqlof x — a2 al b1] by simp
with Fualse show ?thesis using deltafun-apply-neq by simp
qed
qged

lemma convolution-of-aezfun-is-aezfun :
fixes  fg: ‘angroup-add = 'b::{comm-monoid-add,times}
shows [ € aezfun-set = g € aezfun-set = convolution f g € aezfun-set
using supp-convolution-subset-sum-supp|of f g]
finite-set-plus|of supp f supp g] finite-subset
unfolding aezfun-set-def
by fastforce

lemma convolution-assoc :
fixes fhg: 'a:group-add = 'b::semiring-0
assumes f-aez: f € aezfun-set and h-aez: h € aezfun-set
shows  convolution (convolution f g) h = convolution f (convolution g h)
proof
define fg gh where fg = convolution f g and gh = convolution g h
fix z::'a
have convolution fg h x
= (X yesupp f. (X z€supp h. fyx g (~y + 7 — 2) * h2))
proof—
have convolution fg h x = (> z€supp h. fg (x — 2) * h z)
using h-aez convolution-eg-sum-over-supp-right[of h fg] by simp
moreover have \z. fg (x — 2z) x h 2z
= (X yesupp f. fy*x g (~y+ 12— 2) x hz)
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proof—
fix z::a
have fg (z — 2) = Q_yesupp f- fy* g (—y + (z — 2)) )
using fg-def f-aez convolution-symm-eq-sum-over-supp-left by fastforce
hence fg (z — 2) x hz = yesupp f. fyx g (—y + (z — 2)) x h 2)
using sum-distrib-right by simp
thus fg (z — 2) xhz= O ycsupp f. fyxg(—y+x—2)xhz)
by (simp add: algebra-simps)
qed
ultimately
have convolution fg h
= (X zesupp h. (Y yesupp f. fyx g (—y +x —2)* hz))
using sum.cong

by  simp
thus ?thesis using sum.swap by simp
qged

moreover have convolution f gh z
= (_yesupp f. (X z€supp h. fyx g (~y +x — 2) * hz2))
proof—
have convolution f gh x = (> yEsupp f. fy * gh (—y + z))
using f-aez convolution-symm-eq-sum-over-supp-left|of f gh] by simp
moreover have \y. fy * gh (—y + )
= (S cesupp b fyx g (—y +5—2) * h2)
proof—
fix y::'a
have triple-cong: Nz. fy * (g (—y + = — 2) * h 2)
=fyxg(-y+az—2)xhz
using mult.assoc[of f y] by simp
have gh (—y + z) = (O z€supp h. g (—y + x — z) * h 2)
using gh-def h-aez convolution-eq-sum-over-supp-right by fastforce
hence fy * gh (—y + z) = O_z€supp h. fy x (g (—y +  — 2) *x h 2))
using sum-distrib-left by simp

also have ... = (D z€supp h. fyx g (—y +x — 2) * h 2)
using triple-cong sum.cong by simp
finally
show fyxgh (—y+2) = (D z€supp h. fy*x g (—y+x — 2) * h 2)
by fast
qed
ultimately show ?thesis using sum.cong by simp
qed

ultimately show convolution fg h © = convolution f gh x by simp
qged

lemma convolution-distrib-left :

fixes g hf :: 'a:group-add = 'b::semiring-0

assumes ¢ € aezfun-set h € aezfun-set

shows convolution f (g + h) = convolution f g + convolution f h
proof

define gh GH where gh = ¢ + h and GH = supp g U supp h
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have fin-GH: finite GH using GH-def assms unfolding aezfun-set-def by fast
have gh-aezfun: gh € aezfun-set using gh-def assms sum-of-aezfun-is-aezfun by

fast
fix z::'a
have zero-ext-g : N\y. y € GH — supp g = (f (x — y)) x gy =10
and zero-ext-h : N\y. y € GH — supph = (f (x — y)) x hy =0
and zero-ext-gh: Ny. y € GH — supp gh = (f (x — y)) x ghy = 0

unfolding supp-def by auto
have convolution f gh x = (3 yEsupp gh. (f (z — y)) * gh y)
using assms gh-aezfun convolution-eq-sum-over-supp-right[of gh f] by simp
also from gh-def GH-def have ... = (3 yeGH. (f (z — y)) * gh y)
using fin-GH supp-sum-subset-union-supp zero-ext-gh
sum.mono-neutral-leftfof GH supp gh (Ay. (f (z — y)) * gh y)]
by  fast
also from gh-def
have ... = (3 yeGH. (f (z —y)) x gy) + Q_yeGH. (f (z — y)) x h y)
using sum.distrib by (simp add: algebra-simps)
finally show convolution f gh x = (convolution f g + convolution f h) x
using assms GH-def fin-GH zero-ext-g zero-ext-h
sum.mono-neutral-right[of GH supp g (A\y. (f (z — y)) * g y)]
sum.mono-neutral-right{of GH supp h (Ay. (f (z — y)) * h y)]
convolution-eq-sum-over-supp-right[of g f]
convolution-eq-sum-over-supp-right[of h f]
by  fastforce
qed

lemma convolution-distrib-right :
fixes fgh : 'a:group-add = 'b::semiring-0
assumes [ € aezfun-set g € aezfun-set
shows convolution (f + g) h = convolution f h + convolution g h
proof
define fg FG where fg = f + g and FG = supp f U supp g
have fin-FG: finite FG using FG-def assms unfolding aezfun-set-def by fast
have fg-aezfun: fg € aezfun-set using fg-def assms sum-of-aezfun-is-aezfun by
fast
fix z::'a
have zero-ext-f : Ny. y € FG — supp f = (fy) « h (—y + z) = 0
and zero-ext-g : Ny. y € FG — supp g = (gy) * h (—y +z) =0
and zero-ext-fg: Ny. y € FG — supp fg = (fgy) x h (—y + ) = 0
unfolding supp-def by auto
from assms have convolution fg h z = (> yEsupp fg. (fg y) * h (—y + z))
using fg-aezfun convolution-symm-eq-sum-over-supp-left[of fg h] by simp
also from fg-def FG-def have ... = (3 yeFG. (fgy) * h (—y + z))
using fin-FG supp-sum-subset-union-supp zero-ext-fg
sum.mono-neutral-left[of FG supp fg (Ay. (fg y) x b (—y + z))]
by fast
also from fg-def

have ... = (3 yeFG. (fy)*h (—y+ ) + O_yeFG. (gy) * h (—y + z))
using sum.distrib by (simp add: algebra-simps)
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finally show convolution fg h x = (convolution f h + convolution g h) x

using assms FG-def fin-FG zero-ext-f zero-ext-g
sum.mono-neutral-right[of FG supp f (Ay. (fy) * b (—y + z))]
sum.mono-neutral-right[of FG supp g (A\y. (g y) * b (—y + z))]
convolution-symm-eq-sum-over-supp-left[of f h]
convolution-symm-eq-sum-over-supp-left[of g h)

by  fastforce

qed

1.5.4 Type definition, instantiations, and instances

typedef (overloaded) (‘a::zero,’d) aezfun = aezfun-set :: ('b="a) set
morphisms aezfun Abs-aezfun
using zerofun-is-aezfun
by fast

setup-lifting type-definition-aezfun

lemma aezfun-finite-supp : finite (supp (aezfun a))
using aezfun.aezfun unfolding aezfun-set-def by fast

lemma aezfun-transfer : aezfun a = aezfun b = a = b by transfer fast

instantiation aezfun :: (zero, type) zero
begin
lift-definition zero-aezfun :: (‘a,’d) aezfun is 0::'b="a
using zerofun-is-aezfun by fast
instance ..
end

lemma zero-aezfun-transfer : Abs-aezfun ((0::'b::zero) 6 (0::'a::zero)) = 0
proof—
define zb za where zb = (0::'b) and za = (0::'a)
hence 2b ¢ za = 0 using deltafun0|of za] by fast
moreover have aezfun 0 = (0 using zero-aezfun.rep-eq by fast
ultimately have zb § za = aezfun 0 by simp
with zb-def za-def show ?thesis using aezfun-inverse by simp
qed

lemma zero-aezfun-apply [simp]: aezfun 0 z = 0
by transfer simp

instantiation aezfun :: (monoid-add, type) plus
begin
lift-definition plus-aezfun :: (‘a, 'b) aezfun = (‘a, 'b) aezfun = ('a, 'b) aezfun
is Mg f+y
using sum-of-aezfun-is-aezfun
by auto
instance ..
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end

lemma plus-aezfun-apply [simpl: aezfun (a+b) x = aezfun a  + aezfun b x
by transfer simp

instance aezfun :: (monoid-add, type) semigroup-add
proof
fix a b c:: (‘a, 'b) aezfun
have aezfun (a + b + ¢) = aezfun (a + (b + ¢))
proof
fix z::'b show aezfun (a + b + ¢) © = aezfun (a + (b + ¢)) z
using add.assoc|of aezfun a z] by simp
qed
thus a + b + ¢ = a + (b + ¢) by transfer fast
qed

instance aezfun :: (monoid-add, type) monoid-add

proof
fix a b c:: (‘a, 'b) aezfun
show 0 + a = a by transfer simp

show a + 0 = a by transfer simp
qged

lemma sum-list-aezfun-apply [simp] :
aezfun (sum-list as) x = (> a+—as. aezfun a z)
by (induct as) auto

lemma sum-list-map-aezfun-apply [simp)] :

aezfun (> a+as. fa) z = (O a+as. aezfun (f a) x)
by (induct as) auto

lemma sum-list-map-aezfun [simp)] :

aezfun (> a+as. fa) = (O a+as. aezfun (f a))
using sum-list-map-aezfun-apply|of f] sum-list-fun-apply[of aezfun o f] by auto

lemma sum-list-prod-map-aezfun-apply :

aezfun (O (zy)azys. fzy) a = (O (z,y)=zys. aezfun (f z y) a)
by (induct zys) auto

lemma sum-list-prod-map-aezfun :
aezfun (32 (z,y)<ays. [z y) = (3 (z,y)4zys. aezfun (fz y))
using sum-list-prod-map-aezfun-apply|of f)
sum-list-prod-fun-apply[of Ay z. aezfun (fy z)]
by auto

instance aezfun :: (comm-monoid-add, type) comm-monoid-add
proof

fix a b:: (‘a, 'b) aezfun

have aezfun (a + b) = aezfun (b + a)
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proof
fix x::'b show aezfun (a + b) = = aezfun (b + a) z
using add.commutelof aezfun a x] by simp
qed
thus a + b = b 4+ a by transfer fast
show 0 + a = a by simp
qed

lemma sum-aezfun-apply [simp) :
finite A = aezfun (3. A) z = (3  a€A. aezfun a x)
by (induct set: finite) auto

instantiation aezfun :: (group-add, type) minus
begin
lift-definition minus-aezfun :: ('a, 'b) aezfun = ('a, 'b) aezfun = ('a, 'b) aezfun
is Mg f-yg
using diff-of-aezfun-is-aezfun

by fast
instance ..
end

lemma minus-aezfun-apply [simp]: aezfun (a—b) = = aezfun a © — aezfun b x
by transfer simp

instantiation aezfun :: (group-add, type) uminus
begin
lift-definition uminus-aezfun :: (‘a, 'b) aezfun = ('a, 'b) aezfun is A\f. — f
using neg-of-aezfun-is-aezfun by fast
instance ..
end

lemma uminus-aezfun-apply [simp]: aezfun (—a) © = — aezfun a x
by transfer simp

lemma aezfun-left-minus [simp] :
fixes a :: (‘a::group-add, 'b) aezfun
shows —a +a =0
by  transfer simp

lemma aezfun-diff-minus [simp)] :
fixes a b :: (‘a::group-add, 'b) aezfun
shows a —b=a+ — b
by  transfer auto

instance aezfun :: (group-add, type) group-add
proof

fix a b :: ('a::group-add, 'b) aezfun

show —a+a=0a+ — b= a — b by auto
qed
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instance aezfun :: (ab-group-add, type) ab-group-add
proof

fix a b :: ('a::ab-group-add, 'b) aezfun

show — a + a = 0 by simp

show a — b = a + — b using aezfun-diff-minus by fast
qed

instantiation aezfun :: ({one,zero}, zero) one
begin
lift-definition one-aezfun :: ('a,’d) aezfun is 1 6 0
using deltafun-is-aezfun by fast
instance ..
end

lemma one-aezfun-transfer : Abs-aezfun (1 § 0) = 1

proof—
define z n where z = (0::'b::zero) and n = (1::'a::{one,zero})
hence aezfun 1 = n § z using one-aezfun.rep-eq by fast
hence Abs-aezfun (n 6 z) = Abs-aezfun (aezfun 1) by simp
with z-def n-def show ?thesis using aezfun-inverse by simp

qged

lemma one-aezfun-apply [simp]: aezfun 1 x = (1 6 0) z
by transfer rule

lemma one-aezfun-apply-eq [simp]: aezfun 1 0 = 1
using deltafun-apply-eq by simp

lemma one-aezfun-apply-neq [simpl: x # 0 = aezfun 1 z = 0
using deltafun-apply-neq by simp

instance aezfun :: (zero-neg-one, zero) zero-neg-one
proof
have (0::'a) # 1 aezfun 0 0 = 0 aezfun (1::('a,’d) aezfun) 0 = 1
using zero-neq-one one-aezfun-apply-eq by auto
thus (0::('a,’d) aezfun) # 1
using zero-neg-one one-aezfun-apply-eq
fun-eq-iff [of aezfun (0::('a,’d) aezfun) aezfun 1]
by auto
qed

instantiation aezfun :: ({comm-monoid-add,times}, group-add) times
begin
lift-definition times-aezfun :: (‘a, 'b) aezfun = ('a, 'b) aezfun = ('a, 'b) aezfun
is A fg. convolution f g
using convolution-of-aezfun-is-aezfun
by  fast
instance ..
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end

lemma convolution-transfer :
assumes f € aezfun-set g € aezfun-set
shows  Abs-aezfun (convolution f g) = Abs-aezfun f x Abs-aezfun g
proof (rule aezfun-transfer)
from assms have aezfun (Abs-aezfun (convolution f g)) = convolution f g
using convolution-of-aezfun-is-aezfun Abs-aezfun-inverse by fast
moreover from assms
have aezfun (Abs-aezfun [ x Abs-aezfun g) = convolution f g
using times-aezfun.rep-eq[of Abs-aezfun f] Abs-aezfun-inverse|of f]
Abs-aezfun-inverse|of g]
by  simp
ultimately show aezfun (Abs-aezfun (convolution f g))
= aezfun (Abs-aezfun f x Abs-aezfun g)
by simp
qed

instance aezfun :: ({comm-monoid-add,mult-zero}, group-add) mult-zero
proof

fix a :: (Ya, 'b) aezfun

show 0 x a = 0 using convolution-zero|of - aezfun a] by transfer fast

show a * 0 = 0 using convolution-zero[of —aezfun a] by transfer fast
qed

instance aezfun :: (semiring-0, group-add) semiring-0
proof
fix a b c:: (‘a, 'b) aezfun
show a * b * ¢ = a * (b x c)
using convolution-assoc|of aezfun a aezfun c aezfun b] by transfer
show (a + b)xc=a*xc+ bxc
using convolution-distrib-right[of aezfun a aezfun b aezfun | by transfer
show a x (b+c¢)=axb+a=xc
using convolution-distrib-left|of aezfun b aezfun ¢ aezfun a] by transfer
qed

instance aezfun :: (ring, group-add) ring ..

instance aezfun :: ({semiring-0,monoid-mult,zero-neg-one}, group-add) monoid-mult
proof
fix a :: (‘a, 'b) aezfun
show 1 x a = a
proof—
have aezfun (1 x a) = convolution (1 & 0) (aezfun a) by transfer fast
hence aezfun (1 * a) = (aezfun a)
using one-neg-zero convolution-delta-left[of 1 0 aezfun a] minus-zero by simp
thus 1 *x a = a by transfer
qged
show a x I = a
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proof—
have aezfun (a * 1) = convolution (aezfun a) (1 § 0) by transfer fast
hence aezfun (a * 1) = (aezfun a)
using one-neg-zero convolution-delta-right|of aezfun a] by simp
thus ?thesis by transfer
qed
qed

instance aezfun :: (ring-1, group-add) ring-1 ..

1.5.5 Transfer facts

abbreviation aezdeltafun :: 'b::zero = 'a = ('b,’a) aezfun (infix 56> 70)
where b §§ a = Abs-aezfun (b § a)

lemma aezdeltafun : aezfun (b 60 a) = b0 a
using deltafun-is-aezfun[of b a] Abs-aezfun-inverse by fast

lemma aezdeltafun-plus : (b+c) 66 a = (b 66 a) + (¢ 66 a)
using aezdeltafun[of b+c a] deltafun-plus aezdeltafun]of b a] aezdeltafun[of c a]
plus-aezfun.rep-eq[of b 60 a]
aezfun-transfer[of (b+c) 66 a (b dd a) + (¢ 66 a)]
by  fastforce

lemma times-aezdeltafun-aezdeltafun :
fixes b1 b2 :: 'b::{ comm-monoid-add,mult-zero}
shows (b1 60 al) * (b2 §6 a2) = (b1 * b2) 66 (al + a2)
using deltafun-is-aezfun convolution-transfer[of b1 6 al, THEN sym]
convolution-delta-delta[of b1 al b2 a2]
by  fastforce

lemma aezfun-restrict-and-extend0 : (aezfun x)} A € aezfun-set
using aezfun.aezfun restrict-and-extend0-aezfun-is-aezfun|[of aezfun x| by fast

lemma aezdeltafun-decomp :
fixes b :: 'b::semiring-1
shows b 00 a = (b d0d 0) x (1 66 a)
using convolution-delta-deltalof b 0 1 a] deltafun-is-aezfun[of b 0]
deltafun-is-aezfun[of 1 a] convolution-transfer
by  fastforce

lemma aezdeltafun-decomp’ :
fixes b :: 'b::semiring-1
shows b 6§ a = (1 66 a) * (b 66 0)
using convolution-delta-delta[of 1 a b 0] deltafun-is-aezfun[of b 0]
deltafun-is-aezfunlof 1 a] convolution-transfer
by  fastforce

lemma supp-aezfunl :
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supp (aezfun (1 :: (‘a::zero-neg-one,’b::zero) aezfun ) ) = 0
using supp-deltafun[of 1::'a 0::'b] by transfer simp

lemma supp-aezfun-diff :
supp (aezfun (z — y)) C supp (aezfun z) U supp (aezfun y)

proof—
have supp (aezfun (x — y)) = supp ( (aezfun x) — (aezfun y) ) by transfer fast
thus ?thesis using supp-diff-subset-union-supp by fast

qed

lemma supp-aezfun-times :
supp (aezfun (z x y)) C supp (aezfun ) + supp (aezfun y)
proof—
have supp (aezfun (z % y)) = supp (convolution (aezfun x) (aezfun y))
by transfer fast
thus ?thesis using supp-convolution-subset-sum-supp by fast
qed

1.5.6 Almost-everywhere-zero functions with constrained sup-
port

The name of the next definition anticipates aezfun-common-supp-spanning-set
below.

definition aezfun-setspan :: 'a set = ('b::zero,’a) aezfun set
where aezfun-setspan A = {x. supp (aezfun z) C A}

lemma aezfun-setspanD : z € aezfun-setspan A = supp (aezfun z) C A
unfolding aezfun-setspan-def by fast

lemma aezfun-setspanl : supp (aezfun ) C A = x € aezfun-setspan A
unfolding aezfun-setspan-def by fast

lemma aezfun-common-supp-spanning-set :
assumes finite A
shows Jas. distinct as N set as = A A (
YV z::('b::semiring-1,'a) aezfun € aezfun-setspan A.
3 bs. length bs = length as A x = (3 (b,a)¢—zip bs as. b §6 a)
)
proof—
from assms aezfun-common-supp-spanning-set’[of A] obtain as
where as: distinct as set as = A
Vii'a="b supp f C A
— (3 bs. length bs = length as A f = (3 (b,a)<—=zip bs as. b § a))
by fast
have Az:('b,’a) aezfun. x € aezfun-setspan A =
(3 bs. length bs = length as A z = (> (b,a)<zip bs as. b 49 a))
proof—
fix 2::('b,’a) aezfun assume z € aezfun-setspan A
with as(3) obtain bs
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where bs: length bs = length as aezfun © = (> (b,a)<zip bs as. b 6 a)
using aezfun-setspanD
by fast
have A\b a. (b,a) € set (zip bs as) = b 6 a = aezfun (b §§ a)
proof—
fix b a assume (b,a) € set (zip bs as)
show b 6 a = aezfun (b §6 a) using aezdeltafun|of b a] by simp
qed
with bs show 3 bs. length bs = length as A x = (3 (b,a)<=zip bs as. b §6 a)
using sum-list-prod-cong[of zip bs as deltafun Ab a. aezfun (b 49 a)
sum-list-prod-map-aezfun|of aezdeltafun zip bs as]
aezfun-transfer|of z]
by  fastforce
qed
with as(1,2) show ?thesis by fast
qed

lemma aezfun-common-supp-spanning-set-decomp :
fixes G :: 'g::group-add set
assumes finite G
shows Jgs. distinct gs N set gs = G A (
YV x::('rizsemiring-1,'g) aezfun € aezfun-setspan G.
drs. length rs = length gs
ANz =3 (rg)ziprsgs. (rdd 0) (1350 g))
)
proof—
from aezfun-common-supp-spanning-set|OF assms] obtain gs
where gs: distinct gs set gs = G
Vz::('r,'q) aezfun € aezfun-setspan G.
drs. length rs = length gs
ANx= (> (rg)zp rs gs. r s g)
by  fast
have Az::('r,’g) aezfun. x € aezfun-setspan G
= drs. length rs = length gs
ANz =3 (rg)ziprsgs. (rdd 0) = (10 g))
proof—
fix x::('r,’g) aezfun assume z € aezfun-setspan G
with gs(3) obtain rs
where length rs = length gs © = (> (r,9)«=zip 15 gs. v §d g)
using aezfun-setspanD
by fast
thus Jdrs. length s = length gs
ANz = (> (rg)ziprsgs. (rdd 0) (109 g))
using aezdeltafun-decomp sum-list-prod-cong|
of zip rs gs Ar g. 7 86 g Ar g. (r 66 0) x (1 49 g)
]
by auto
qed
with g¢s(1,2) show ?thesis by fast
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qed

lemma aezfun-decomp-aezdeltafun :
fixes ¢ :: ('riisemiring-1,'a) aezfun
shows Jras. set (map snd ras) = supp (aezfun ¢) A ¢ = (3. (r,a)<ras. r 60 a)
proof—
from aezfun-finite-supp|of c|] obtain as
where as: set as = supp (aezfun c)
Va:('r,’a) aezfun € aezfun-setspan (supp (aezfun c)).
Jbs. length bs = length as
Az = (3 (ba)zip bs as. b 66 a)
using aezfun-common-supp-spanning-set[of supp (aezfun c)]
by  fast
from as(2) obtain bs
where bs: length bs = length as ¢ = (> (b,a)«zip bs as. b 60 a)
using aezfun-setspanl|of ¢ supp (aezfun c)]
by  fast
from bs(1) as(1) have set (map snd (zip bs as)) = supp (aezfun c) by simp
with bs(2) show ?thesis by fast
qed

lemma aezfun-setspan-el-decomp-aezdeltafun :
fixes ¢ :: ('ri:semiring-1,'a) aezfun
shows ¢ € aezfun-setspan A
= Jras. set (map snd ras) C AN ¢ = (3 (r,a)<ras. r §§ a)
using aezfun-setspanD aezfun-decomp-aezdeltafun
by  fast

lemma aezdeltaOfun-commutes’ :
fixes b1 b2 :: 'b::comm-semiring-1
shows b1 60 a * (b2 66 0) = b2 66 0 * (b1 66 a)
using times-aezdeltafun-aezdeltafun|of b1 al
times-aezdeltafun-aezdeltafun[of b2 0 b1 a)
by  (simp add: algebra-simps)

lemma aezdeltaOfun-commutes :
fixes b :: 'b::comm-semiring-1
shows ¢ % (b 05 0) = b5 0 % ¢
proof—
from aezfun-decomp-aezdeltafun obtain ras
where ¢: ¢ = (3. (r,a)¢ras. r 60 a)
by  fast
thus ?thesis
using sum-list-mult-const-prod[of Ar a. r 66 a ras] aezdeltaOfun-commutes’
sum-list-prod-cong[of ras Ar a. v §6 a * (b 66 0) Ar a. b d6 0 * (r §d a)]
sum-list-const-mult-prod[of b 66 0 Ar a. r 60 a ras]
by auto
qed

The following definition constrains the support of arbitrary almost-everywhere-
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zero functions, as a sort of projection onto a aezfun-setspan.

definition aezfun-setspan-proj :: 'a set = ('b::zero,’a) aezfun = ('b::zero,’a) aezfun
where aezfun-setspan-proj A x = Abs-aezfun ((aezfun )| A)

lemma aezfun-setspan-projD1 :
a € A = aezfun (aezfun-setspan-proj A ) a = aezfun z a
using  aezfun-restrict-and-extend0[of A x| Abs-aezfun-inverselof (aezfun x)]A]
unfolding aezfun-setspan-proj-def
by stmp

lemma aezfun-setspan-projD2 :
a ¢ A = aezfun (aezfun-setspan-proj A z) a = 0
using  aezfun-restrict-and-extend0[of A x] Abs-aezfun-inverse[of (aezfun x)]A]
unfolding aezfun-setspan-proj-def
by simp

lemma aezfun-setspan-proj-in-setspan :
aezfun-setspan-proj A © € aezfun-setspan A
using aezfun-setspan-projD2[of - A]
suppD-contralof aezfun (aezfun-setspan-proj A x)]
aezfun-setspanl of aezfun-setspan-proj A = A
by auto

lemma aezfun-setspan-proj-zero : aezfun-setspan-proj A 0 = 0
proof—
have aezfun (aezfun-setspan-proj A 0) = aezfun 0
proof
fix a show aezfun (aezfun-setspan-proj A 0) a = aezfun 0 a
using aezfun-setspan-projD1[of a A 0] aezfun-setspan-projD2[of a A 0]
by (cases acA) auto
qed
thus ?thesis using aezfun-transfer by fast
qed

lemma aezfun-setspan-proj-aezdeltafun :
aezfun-setspan-proj A (b 60 a) = (if a € A then b 65 a else 0)
proof—
have aezfun (aezfun-setspan-proj A (b 44 a))
= aezfun (if a € A then b 60 a else 0)
proof
fix x show aezfun (aezfun-setspan-proj A (b 66 a)) x
= aezfun (if a € A then b 60 a else 0) x
proof (cases © € A)
case True thus ?thesis
using aezfun-setspan-projD1[of x A b 88 a] aezdeltafun[of b a]
deltafun-apply-neq|of x]
by  fastforce
next
case Fulse
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hence aezfun (aezfun-setspan-proj A (b 66 a)) z = 0
using aezfun-setspan-projD2[of x A] by simp
moreover from Fulse
have o € A = aezfun (if a € A then b §6 a else 0) z = 0
using aezdeltafun|of b a] deltafun-apply-neq[of = a b] by auto
ultimately show %thesis by auto
qed
qed
thus ?thesis using aezfun-transfer by fast
qged

lemma aezfun-setspan-proj-add :
aezfun-setspan-proj A (z+y)
= aezfun-setspan-proj A © + aezfun-setspan-proj A y
proof—
have aezfun (aezfun-setspan-proj A (z+vy))
= aezfun (aezfun-setspan-proj A = + aezfun-setspan-proj A y)
proof
fix a show aezfun (aezfun-setspan-proj A (z+y)) a
= aezfun (aezfun-setspan-proj A x + aezfun-setspan-proj A y) a
using aezfun-setspan-projD1[of a A z+y| aezfun-setspan-projD2[of a A z+vy]
aezfun-setspan-projD1]of a A z] aezfun-setspan-projD1[of a A y]
aezfun-setspan-projD2[of a A z] aezfun-setspan-projD2[of a A y]
by (cases a € A) auto
qed
thus “thesis using aezfun-transfer by auto
qged

lemma aezfun-setspan-proj-sum-list :

aezfun-setspan-proj A (> x+us. fz) = (O zxs. aezfun-setspan-proj A (f z))
proof (induct xs)

case Nil show ?Zcase using aezfun-setspan-proj-zero by simp
next

case (Cons z xs) thus Zcase using aezfun-setspan-proj-add|[of A f z] by simp
qed

lemma aezfun-setspan-proj-sum-list-prod :
aezfun-setspan-proj A (O (z,y)<zys. fz y)
= 3. (z,y)+=zys. aezfun-setspan-proj A (f z y))
using aezfun-setspan-proj-sum-list(of A Azy. case-prod f xy]
prod.case-distrib|of aezfun-setspan-proj A f]
by  simp

1.6 Polynomials

lemma nonzero-coeffs-nonzero-poly : as # [| = set as # 0 = Poly as # 0
using coeffs-Poly[of as] strip-while-0-nnil[of as] by fastforce

lemma const-poly-nonzero-coeff :
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assumes degree p = 0 p # 0

shows coeff p 0 # 0
proof

assume z: coeff p 0 = 0

have An. coeff pn =0

proof—

fix n from z assms show coeff p n = 0
using coeff-eq-0[of p] by (cases n = 0) auto

qed

with assms(2) show Fualse using poly-eqI[of p 0] by simp
qed

lemma pCons-induct2 [case-names 00 lpCons rpCons pCons2]:
assumes 00: P 0 0
and IpCons: Nap.a# 0V p#0 = P (pCons ap) 0
and rpCons: Nbq. b# 0V qg# 0 = P 0 (pCons b q)
and pCons2: Napbq a2 0Vp#0=>b#0V q#0=— Ppyq
= P (pCons a p) (pCons b q)

shows P pq
proof (induct p arbitrary: q)
case (

show ?Zcase
proof (cases q)
fix b ¢’ assume ¢ = pCons b q’
with 00 rpCons show ?thesis by (cases b # 0V q' # 0) auto
qged
next
case (pCons a p)
show ?Zcase
proof (cases q)
fix b ¢’ assume ¢ = pCons b ¢’
with pCons IpCons pCons2 show ?thesis by (cases b # 0 V q' # 0) auto
qed
qed

1.7 Algebra of sets
1.7.1 General facts

lemma zeroset-eql: 0 € A = (Na.a € A= a=0)= A=0
by auto

lemma sum-list-sets-single : (3 X« [A]. X) = A
using add-0-right[of A] by simp

lemma sum-list-sets-double : (> X«+[A,B]. X) = A+ B
using add-0-right[of B] by simp
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1.7.2 Additive independence of sets

primrec add-independentS :: 'a::monoid-add set list = bool
where add-independentS || = True
| add-independentS (A#As) = ( add-independentS As
AN (Vze(d B+As. B).YacA. a+z=0—a=10))

lemma add-independentS-doublel:
assumes Aba. béB=—=acd = a+b=0= a=10
shows add-independentS [A,B|
using assms sum-list-sets-single[of B] by simp

lemma add-independentS-doubleD:
assumes add-independentS [A,B]
shows Aba beB=—=a€d = a+b=0= a=10
using assms sum-list-sets-single[of B] by simp

lemma add-independentS-double-iff :
add-independentS [A,B] = (VbeB.Va€d. a +b=0 — a=10)
using add-independentS-doublel add-independentS-doubleD by fast

lemma add-independentS-Cons-conv-sum-right :
add-independentS (A#As)
= (add-independentS [A,Y" B« As. B] A add-independentS As)
using add-independentS-double-iff [of A] by auto

lemma add-independentS-double-sum-conv-append :
[VXeset As. 0 € X; add-independentS As; add-independentS Bs;
add-independentS [> X<+ As. X, > X< Bs. X] ]
= add-independentS (AsQBs)
proof (induct As)
case (Cons A As)
have add-independentS [ X< As. X, > X< Bs. X]
proof (rule add-independentS-doublel)
fix b a assume ba: b€ (D X+Bs. X)ae€ (P X<A4s. X)a+b=0
from Cons(2) ba(2) have a € (> X+ A#As. X)
using set-plus-intro[of 0 A a] by simp
with ba(1,3) Cons(5) show a = 0
using add-independentS-doubleD]of > X<A # As. X > X< Bs. X b q]

by simp
qed
moreover have Az a. [z € (D] X+ AsQBs. X);a€ A;a+2z=10]
= a=10
proof—

fix  a assume z-a: z € () X+AsQBs. X) ac€ Aa+2z=10

from z-a(1) obtain za zb
where za-zb: © = xa + xb za € (3 X+ As. X) b € (D X+ Bs. X)
using set-plus-elim[of x > X+ As. X]
by auto

from 2-a(2) za-zb(2) have a + za € A + (3 X< As. X)
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using set-plus-intro by auto
with Cons(3,5) za-zb z-a(2,3) show a = 0
using add-independentS-doubleD|
of XA # As. X > X< Bs. X zb atza
]
add.assoc|of a] add-independentS-doubleD
by  simp
qed
ultimately show add-independentS ((A#As)QBs) using Cons by simp
qed simp

lemma add-independentS-ConslI :
assumes add-independentS As
Nza [zedXAs. X);ac€ A;ate=0] = a=0
shows add-independentS (A# As)
using assms by simp

lemma add-independentS-append-reduce-right :
add-independentS (AsQBs) = add-independentS Bs
by (induct As) auto

lemma add-independentS-append-reduce-left :
add-independentS (AsQBs) = 0 € (Y. X< Bs. X) = add-independentS As
proof (induct As)
case (Cons A As) show add-independentS (A4 As)
proof (rule add-independentS-ConsI)
from Cons show add-independentS As by simp
next
fix x a assume z: z € (3 X< As. X) and a: ¢ € A and sum: a+z = 0
from z Cons(8) have z + 0 € (3. X+ As. X) + (. X« Bs. X) by fast
with a sum Cons(2) show a = 0 by simp
qed
qed simp

lemma add-independentS-append-conv-double-sum :
add-independentS (AsQBs) = add-independentS [y X<+ As. X, > X< Bs. X]
proof (induct As)
case (Cons A As)
show add-independentS [ X< (A#As). X, > X< Bs. X]
proof (rule add-independentS-doublel)
fix brassume bz: b€ (D X+Bs. X)z e O XeA# As. X)z+b=10
from bz(2) obtain a as
where a-as: a € A as € listset Asx = a + (3 z¢as. 2)
using set-sum-list-element-Cons
by fast
from Cons(2) have add-independentS [A,> X< AsQBs. X]
using add-independentS-Cons-conv-sum-right[of A AsQBs] by simp
moreover from a-as(2) bz(1)
have (3 z¢<as. z) + b € (3. X< (AsQBs). X)
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using sum-list-listset set-plus-intro
by auto

ultimately have a = 0
using a-as(1,8) bz(3) add-independentS-doubleD[of A - - a] add.assoc|of a]
by auto

with a-as(2,3) bz(1,3) Cons show z = 0
using sum-list-listset

add-independentS-doubleD[of > X<As. X > X< Bs. X b Y z<as. z
by auto
qged
qed simp

1.7.3 Inner direct sums

definition inner-dirsum :: 'a::monoid-add set list = 'a set
where inner-dirsum As = (if add-independentS As then > A< As. A else 0)

Some syntactic sugar for inner-dirsum, borrowed from theory HOL. List.

syntax
-inner-dirsum :: pttrn => ‘a list => b => b
(8P -+-. -» [0, 51, 10] 10)
syntax-consts
-inner-dirsum == inner-dirsum
translations — Beware of argument permutation!
D M«+Ms. b == CONST inner-dirsum (CONST map (%M. b) Ms)

abbreviation inner-dirsum-double ::
'a::monoid-add set = 'a set = 'a set (infixr «@®» 70)
where inner-dirsum-double A B = inner-dirsum [A,B]

lemma inner-dirsuml :
M = (3 N«Ns. N) = add-independentS Ns = M = (p N« Ns. N)
unfolding inner-dirsum-def by simp

lemma inner-dirsum-doublel :
M = A + B = add-independentS [A,B] = M = A @ B
using inner-dirsumlI[of M [A,B]] sum-list-sets-double[of A] by simp

lemma inner-dirsumD :
add-independentS Ms = (@ M<+Ms. M) = (> M+ Ms. M)
unfolding inner-dirsum-def by simp

lemma inner-dirsumD2 : — add-independentS Ms — (6 M« Ms. M) = 0
unfolding inner-dirsum-def by simp

lemma inner-dirsum-Nil : (§ A<[]. A) =0
unfolding inner-dirsum-def by simp

lemma inner-dirsum-singleD : (@ N«[M]. N) = M
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using inner-dirsumD|of [M]] sum-list-sets-single[of M| by simp

lemma inner-dirsum-doubleD : add-independentS [M,N| = M & N = M + N
using inner-dirsumD|of [M,N]] sum-list-sets-double[of M N] by simp

lemma inner-dirsum-Cons :
add-independentS (A # As) = (P X+ (A#As). X) = A @ (P X« As. X)
using inner-dirsumD|of A# As] add-independentS-Cons-conv-sum-right|of A]
inner-dirsum-doubleD|of A] inner-dirsumD][of As]
by  simp

lemma inner-dirsum-append :

add-independentS (AsQBs) = 0 € (3. X<+ Bs. X)
= (P X+ (As@Bs). X) = (P X+ As. X) @ (P X+ Bs. X)

using inner-dirsumD|of AsQBs| add-independentS-append-reduce-left[of As]
inner-dirsumD|of As] inner-dirsumD]|of Bs]
add-independentS-append-reduce-right[of As Bs]
add-independentS-append-conv-double-sum|of As]
inner-dirsum-doubleD[of > X+ As. X]

by  simp

lemma inner-dirsum-double-left0: 0 & A = A
using add-independentS-doubleD inner-dirsum-doublel[of 0+A] add-0-left[of A]
by simp

lemma add-independentS-Cons-conv-dirsum-right :
add-independentS (A#As) = (add-independentS [A,D B+ As. B]
A add-independentS As)
using add-independentS-Cons-conv-sum-right[of A As] inner-dirsumD by auto

lemma sum-list-listset-dirsum :
add-independentS As = as € listset As => sum-list as € () A+ As. A)
using inner-dirsumD sum-list-listset by fast

2 Groups

2.1 Locales and basic facts
2.1.1 Locale Group and finite variant FinGroup

Define a Group to be a closed subset of UNIV for the group-add class.

locale Group =
fixes G :: 'g::group-add set
assumes nonempty : G # {}
and diff-closed: A\gh. g€ G = he G= g—heq

lemma trivial-Group : Group 0
by unfold-locales auto
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locale FinGroup = Group G
for G :: 'g::group-add set
+ assumes finite: finite G

lemma (in FinGroup) Group : Group G by unfold-locales
lemma (in Group) FinGroupl : finite G = FinGroup G by unfold-locales

context Group
begin

abbreviation Subgroup ::
'g set = bool where Subgroup H = Group H N H C G

lemma SubgroupD1 : Subgroup H = Group H by fast

lemma zero-closed : 0 € G

proof—
from nonempty obtain g where g € G by fast
hence g — g € G using diff-closed by fast
thus ?thesis by simp

qed

lemma obtain-nonzero: assumes G # 0 obtains g where g € G and g # 0
using assms zero-closed by auto

lemma zeroS-closed : 0 C G
using zero-closed by simp

lemma neg-closed : g € G — —g € G
using zero-closed diff-closed[of 0 g] by simp

lemma add-closed : g€ G = he G= g+ he G
using neg-closed|of h] diff-closed|of g —h] by simp

lemma neg-add-closed : g€ G —= h e G = —g+ he G
using neg-closed add-closed by fast

lemma sum-list-closed : set (map fas) C G = (> a¢as. fa) € G
using zero-closed add-closed by (induct as) auto

lemma sum-list-closed-prod :
set (map (case-prod f) zys) C G = (3 (z,y)«=ays. fzy) € G

using sum-list-closed by fast

lemma set-plus-closed : AC G=— BC G= A+ BCG
using set-plus-def[of A B] add-closed by force

lemma zip-add-closed :
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set as C G = set bs C G = set [a + b. (a,b)<zip as bs] C G
using add-closed by (induct as bs rule: list-induct2’) auto

lemma [list-diff-closed :
set gs C G = set hs C G = set [x—y. (x,y)<=zip gs hs] C G
using diff-closed by (induct gs hs rule: list-induct2’) auto

lemma add-closed-converse-right : g+z € G —= g€ G =z € G
using neg-add-closed add.assoc[of —g g z] by fastforce

lemma add-closed-inverse-right : © ¢ G = g€ G = g+x ¢ G
using add-closed-converse-right by fast

lemma add-closed-converse-left : g+x € G — 2 € G = g€ G
using diff-closed add.assoc|of g] by fastforce

lemma add-closed-inverse-left : g ¢ G = 2z € G = g+x ¢ G
using add-closed-converse-left by fast

lemma right-translate-bij :
assumes g € G
shows bij-betw (A\z. z + g) G G
unfolding bij-betw-def proof
show inj-on (A\z. © + ¢) G by (rule inj-onl) simp
show (Az.z+¢g) ‘G =G
proof
show (\z. z + ¢)
show (\z. z + g)
proof
fix z assume z € G
with assms have 1 — g€ Gz = (Az. z + g) (z — g)
using diff-closed diff-add-cancelof z] by auto
thus z € (\z. z + g) ‘ G by fast
qed
qed
qed

‘G C G using assms add-closed by fast
‘G2 G

c
2

lemma right-translate-sum : g € G = (>_heG. fh) = O_heG. f (h + g))
using right-translate-bij[of g] bij-betw-def[of Ah. h + ¢]
sum.reindex[of Ah. h + g G]
by  simp

end

2.1.2 Abelian variant locale AbGroup

locale AbGroup = Group G
for G :: 'g::ab-group-add set
begin
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lemmas nonempty = nonempty
lemmas zero-closed = zero-closed
lemmas diff-closed = diff-closed

lemmas add-closed = add-closed
lemmas neg-closed = neg-closed

lemma sum-closed : finite A= f ‘A C G = (> a€A. fa) € G
proof (induct set: finite)
case empty show ?case using zero-closed by simp
next
case (insert a A) thus ?case using add-closed by simp
qed

lemma subset-plus-right : A C G + A
using zero-closed set-zero-plus2 by fast

lemma subset-plus-left : A C A+ G
using subset-plus-right add.commute by fast

end

2.2 Right cosets

context Group
begin

definition rcoset-rel :: ‘g set = (‘gx’g) set
where rcoset-rel H = {(g,9"). g€ GNg'€ GANg— g € H}

lemma (in Group) rcosets :
assumes subgrp: Subgroup H and g: g € G
shows (rcoset-rel H)‘{g} = H + {g}
proof (rule seteql)
fix x assume z € (reoset-rel H)‘{g}
hence x € G g — z € H using rcoset-rel-def by auto
with subgrp have x — g € H
using Group.neg-closed minus-diff-eq|of g x] by fastforce
from this obtain h where h: h € Hx — g = h by fast
from h(2) have © = h + g by (simp add: algebra-simps)
with h(1) show z € H + {g} using set-plus-def by fast
next
fix r assume z € H + {g}
from this obtain h where h: h € H x = h + g unfolding set-plus-def by fast
with subgrp g have 1: z € G using add-closed by fast
from h(2) have x — g = h by (simp add: algebra-simps)
with subgrp h(1) have g — x € H using Group.neg-closed by fastforce
with g 1 show z € (rcoset-rel H)‘{g} using rcoset-rel-def by fast
qed
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lemma rcoset-equiv :
assumes Subgroup H
shows equiv G (rcoset-rel H)
proof (rule equivl)
show refl-on G (rcoset-rel H)
proof (rule refl-onl)
show (rcoset-rel H) C G x G using rcoset-rel-def by auto
next
fix r assume z € G
with assms show (z,z) € (rcoset-rel H)
using rcoset-rel-def Group.zero-closed by auto
qed
show sym (rcoset-rel H)
proof (rule symlI)
fix a b assume (a,b) € (rcoset-rel H)
with assms show (b,a) € (rcoset-rel H)
using rcoset-rel-def Group.neg-closed[of H a — b] minus-diff-eq by simp
qed
show trans (rcoset-rel H)
proof (rule transl)
fix z y z assume (z,y) € (rcoset-rel H) (y,z) € (rcoset-rel H)
with assms show (z,z) € (rcoset-rel H)
using rcoset-rel-def Group.add-closed[of Hx — y y — 2]
by (simp add: algebra-simps)
qged
qged

lemma rcoset0 : Subgroup H = (rcoset-rel H){0} = H
using zero-closed rcosets unfolding set-plus-def by simp

definition is-rcoset-replist :: 'g set = 'g list = bool
where is-rcoset-replist H gs
= set gs C G A distinct (map (Ag. (rcoset-rel H){g}) gs)
A G = (U geset gs. (reoset-rel H)“{g})

lemma is-rcoset-replistD-set : is-rcoset-replist H gs = set gs C G
unfolding is-rcoset-replist-def by fast

lemma is-rcoset-replistD-distinct :
is-rcoset-replist H gs = distinct (map (Ag. (rcoset-rel H){g}) gs)
unfolding is-rcoset-replist-def by fast

lemma is-rcoset-replistD-cosets :
is-rcoset-replist H gs = G = (| g€set gs. (rcoset-rel H){g})
unfolding is-rcoset-replist-def by fast

lemma group-eq-subgrp-rcoset-un :

Subgroup H = is-rcoset-replist H gs = G = (|J g€set gs. H + {g})
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using is-rcoset-replistD-set is-rcoset-replistD-cosets rcosets

by (auto, smt UN-E subsetCE, blast)

lemma is-rcoset-replist-imp-nrelated-nth :
assumes Subgroup H is-rcoset-replist H gs
shows Aij. i < length gs = j < length gs = i # j = gsli — gslj ¢ H
proof
fix 7 j assume ij: i < length gs j < length gs i#j gsli — gslj € H
from assms(2) ij(1,2,4) have (gsli,gs!j) € rcoset-rel H
using set-conv-nth is-rcoset-replistD-set rcoset-rel-def by fastforce
with assms(1) 4(1,2)
have (map (Ag. (rcoset-rel H){g}) gs)li
= (map (Ag. (reoset-rel H){g}) gs)lj
using rcoset-equiv equiv-class-eq
by  fastforce
with assms(2) ij(1—3) show False
using is-rcoset-replistD-distinct distinct-conv-nth]
of map (Ag. (rcoset-rel H)“{g}) gs

by auto
qed

lemma is-rcoset-replist-Cons :
is-rcoset-replist H (g#gs) «—
ge G Asetgs CG
A (rcoset-rel H){g} ¢ set (map (Az. (rcoset-rel H)‘{z}) gs)
A distinct (map (Ax. (rcoset-rel H)‘“{z}) gs)
A G = (rcoset-rel H){g} U (U z€set gs. (rcoset-rel H) ‘{x})
using is-rcoset-replist-def[of H g#gs] by auto

lemma rcoset-replist-Hrep :
assumes Subgroup H is-rcoset-replist H gs
shows dgeset gs. g € H
proof—
from assms(2) obtain g where ¢: g € set gs 0 € (rcoset-rel H)“{g}
using zero-closed is-rcoset-replistD-cosets by fast
from assms(1) g(2) have g € (recoset-rel H) {0}
using rcoset-equiv equivE sym-def|of rcoset-rel H| by force
with assms(1) g show Jg€set gs. g € H using rcoset0 by fast
qed

lemma rcoset-replist-reorder :
is-rcoset-replist H (gs Q g # gs') = is-rcoset-replist H (g # gs Q gs)
using is-rcoset-replist-def by auto

lemma rcoset-replist-replacehd :
assumes Subgroup H g’ € (rcoset-rel H){g} is-rcoset-replist H (g # gs)
shows is-rcoset-replist H (g’ # gs)

proof—
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from assms(2) have ¢’ € G using rcoset-rel-def by simp

moreover from assms(3) have set gs C G
using is-rcoset-replistD-set by fastforce

moreover from assms(1—3)
have (rcoset-rel H)‘{g'} ¢ set (map (Az. (rcoset-rel H)‘{x}) gs)

using set-conv-nth|of gs| rcoset-equiv equiv-class-eq-iff [of G| is-rcoset-replistD-distinct
by  fastforce

moreover from assms(3) have distinct (map (Ag. (reoset-rel H)“{g}) ¢s)
using is-rcoset-replistD-distinct by fastforce

moreover from assms(1—3)
have G = (rcoset-rel H){g’} U (lJz€set gs. (reoset-rel H)“{z})
using is-rcoset-replistD-cosets|of H g#gs| rcoset-equiv equiv-class-eg-iff [of G]

by  simp
ultimately show #?thesis using is-rcoset-replist-Cons by auto
qed
end

lemma (in FinGroup) ex-rcoset-replist :
assumes Subgroup H
shows dgs. is-rcoset-replist H gs
proof—
define r where r = rcoset-rel H
hence equiv-r: equiv G r using rcoset-equiv| OF assms] by fast
have VzeG//r. 3g. g € x
proof
fix © assume z € G//r
from this obtain g where g: ¢ € G x = r*{g}
using quotient-def[of G r] by auto
hence g € = using equiv-r equivE[of G r] refl-onD[of G r] by auto
thus dg. g € = by fast
qed
from this obtain f where f: Vz€G//r. fx € x using bchoice by force
from r-def have r C G x G using rcoset-rel-def by auto
with finite have finite (f(G//r)) using finite-quotient by auto
from this obtain gs where gs: distinct gs set gs = f(G//r)
using finite-distinct-list by force

have 1: set gs C G
proof
fix g assume g € set gs
with ¢s(2) obtain z where z: © € G//r g = fz by fast
with f show g € G using equiv-r Union-quotient by fast
qed

moreover have distinct (map (Ag. r*{g}) gs)
proof—
have Aij. [ i < length (map (Ag. 7*{g}) gs);
j < length (map (Ag. 7{g}) gs); i # j |
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— (map (Ag. r*{g}) gs)'i # (map (Ag. r*{g}) g9)'j
proof
fix 7 j assume 7j:
i < length (map (Ag. 7{g}) gs)
j< length (map (Ag. r*{g}) g¢s)
i F ]
(map (Ag. 7*{g}) gs)li = (map (Ag. r*{g}) gs)'j
from #j(1,2) have gsli € set gs gslj € set gs using set-conv-nth by auto
from this gs(2) obtain z y
where z: z € G//rgsli=frand y: y € G//rgslj=fy
by auto
have z = y
using equiv-r z(1) y(1)
proof (rule quotient-eql[of G r])
from 4(1,2,4) have r*{gsli} = r{gslj} by simp
with 4j(1,2) 1 show (gsli,gslj) € r
using eg-equiv-class-iff [OF equiv-r] by force
from z y f show gsli € x gslj € y by auto
qed
with 2(2) y(2) 4(1—38) gs(1) show False using distinct-conv-nth by fastforce
qed
thus ?thesis using distinct-conv-nth by fast
qed

moreover have G = (| geset gs. r*{g})
proof (rule subset-antisym, rule subsetl)
fix g assume g € G
hence rg: r°{g} € G//r using quotient] by fast
with ¢s(2) obtain ¢’ where ¢": g’ € set gs ¢’ = f (r*{g}) by fast
from f ¢g’(2) rg have g € r*{g’} using equiv-r equivE sym-def|of r] by force
with ¢'(1) show g € (|J geset gs. 7{g}) by fast
next
from r-def show G D (| g€set gs. r*{g}) using rcoset-rel-def by auto
qed

ultimately show ?thesis using r-def unfolding is-rcoset-replist-def by fastforce
qed

lemma (in FinGroup) ex-rcoset-replist-hd0 :
assumes Subgroup H
shows 3 gs. is-rcoset-replist H (0#gs)
proof—
from assms obtain zs where zs: is-rcoset-replist H xs
using ez-rcoset-replist by fast
with assms obtain = where z: z € set zs z € H
using rcoset-replist-Hrep by fast
from z(2) have (0,z) € rcoset-rel H using rcoset0[OF assms| by auto
moreover have sym (rcoset-rel H)
using rcoset-equiv[OF assms| equivE[of G rcoset-rel H| by simp
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ultimately have 0 € (rcoset-rel H)‘“{z} using sym-def by fast
with z(1) zs assms show 3 gs. is-rcoset-replist H (0#gs)
using split-list rcoset-replist-reorder rcoset-replist-replacehd by fast
qed

2.3 Group homomorphisms
2.3.1 Preliminaries

definition ker :: ("a='b::zero) = 'a set
where ker f = {a. fa = 0}

lemma kerl : fa =0 = a € ker f
unfolding ker-def by fast

lemma kerD : a € ker f = fa =0
unfolding ker-def by fast

lemma ker-im-iff : (A #{} NACkerf)=(f‘A=0)
proof
assume A: A # {} NAC kerf
show f ‘A =10
proof (rule zeroset-eql)
from A obtain a where a: a € A by fast
with A have fa = 0 using kerD by fastforce
from this|[ THEN sym] a show 0 € f * A by fast
next
fix bassume be f‘ A
from this obtain a« where a € A b = f a by fast
with A show b = 0 using kerD by fast

qed
next
assume fA: f A =10
have A # {}
proof—

from fA obtain a where a € A fa = 0 by force
thus ?thesis by fast
qged
moreover have A C ker f
proof
fix a assume a € A
with fA have fa = 0 by auto
thus a € ker f using kerl by fast
qed
ultimately show A # {} A A C ker f by fast
qed
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2.3.2 Locales

The supp condition is not strictly necessary, but helps with equality and
uniqueness arguments.

locale GroupHom = Group G
for G :: 'g:group-add set

+ fixes T :: 'g = 'h::group-add
assumes hom : A\gg. g€ G=9¢'€e G= T (9+9)=Tg+ Ty’
and supp: supp T C G

abbreviation (in GroupHom) Ker = ker T N G
abbreviation (in GroupHom) ImG =T ‘ G

locale GroupEnd = GroupHom G T
for G :: 'g::group-add set
and T :: g =g

+ assumes endomorph: ImG C G

locale Grouplso = GroupHom G T
for G :: 'g:group-add set
and T :'g = 'h:group-add

+ fixes H :: 'h set
assumes bijective: bij-betw T G H

2.3.3 Basic facts

lemma (in Group) trivial-GroupHom : GroupHom G (0::('g="h::group-add))
proof

fix g g

define z z-map where z = (0::'h) and z-map = (0::'g="h)

thus z-map (g + g') = z-map g + z-map g’ by simp
qed (rule supp-zerofun-subset-any)

lemma (in Group) GroupHom-idhom : GroupHom G (id|G)
using add-closed supp-restrict0 by unfold-locales simp

context GroupHom
begin

lemma im-zero : T 0 = 0
using zero-closed hom[of 0 0] add-diff-cancellof T 0 T 0] by simp

lemma zero-in-Ker : 0 € Ker
using im-zero kerl zero-closed by fast

lemma comp-zero: T o 0 = 0
using im-zero by auto

lemma im-neg: T (—g)=— Ty

45



using im-zero hom[of g — g] neg-closed[of g] minus-uniquelof T ¢]
neg-closed|of —g| supp suppl-contra[of g T| suppI-contralof —g T
by  fastforce

lemma im-diff : g€ G = ¢’ € G=T(g—9g)=Tg—-Tyg’
using hom neg-closed hom[of g —g’| im-neg by simp

lemma eg-im-imp-diff-in-Ker : [ g€ G;he G; Tg=Th] = g — h € Ker
using im-diff kerl diff-closed[of g h] by force

lemma im-sum-list-prod :
set (map (case-prod f) zys) C G
— T (S (@y)eaps. f79) = (5 (rg)eays. T (fo 1))
proof (induct zys)

case Nil
show ?Zcase using im-zero by simp
next

case (Cons zy zys)
define Tf where Tf = T o (case-prod f)
have T (> (z,y)«(ay#ays). fzy) = T ( (case-prod f) zy + (> (z,y)«xys. fz
y))
by simp
moreover from Cons(2) have (case-prod f) zy € G set (map (case-prod f) zys)
caG
by auto
ultimately have T (3. (z,y)<(zy#zys). fzy) = Tf vy + O (z,y)zys. Tf
(z,y))

using Tf-def sum-list-closed[of case-prod f] hom Cons by auto

also have ... = (3 (z,y)«(zy#ays). Tf (z,y)) by simp
finally show ?case using Tf-def by simp
qed

lemma distrib-comp-sum-left :
range S C G = range ' C G = T o (§+ 8)=(T o 8)+ (T o S5’
using hom by (auto simp add: fun-eq-iff)

lemma Ker-Im-iff : (Ker = G) = (ImG = 0)
using nonempty ker-im-iff [of G T| by fast

lemma Ker0-imp-inj-on :
assumes Ker C (
shows inj-on T G
proof (rule inj-onlI)
fixzyassumezy: 2 € Gye GTz=Ty
hence T (z — y) = 0 using im-diff by simp
with zy(1,2) have x — y € Ker using diff-closed kerl by fast
with assms show x = y using zero-in-Ker by auto
qed
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lemma inj-on-imp-Ker0 :
assumes inj-on T G
shows Ker =0
using zero-in-Ker kerD zero-closed im-zero inj-onD[OF assms]
by fastforce

lemma nonzero-Ker-el-imp-n-inj :
geEG=9g#0= Tg=0= —-injon TG
using inj-on-imp-Ker0 kerl[of T| by auto

lemma Group-Ker : Group Ker
proof
show Ker # {} using zero-in-Ker by fast
next
fix g h assume g € Ker h € Ker thus ¢ — h € Ker
using im-diff kerD[of g T] kerD[of h T] diff-closed kerI[of T| by auto
qed

lemma Group-Im : Group ImG
proof
show ImG # {} using nonempty by fast
next
fix ¢’ b’ assume g’ € ImG h' € ImG
from this obtain g h where gh: g€ G g'= T gh € G h' = T h by fast
thus ¢’ — h' € ImG using im-diff diff-closed by force
qed

lemma GroupHom-restrict0-subgroup :
assumes Subgroup H
shows GroupHom H (T | H)
proof (intro-locales, rule SubgroupD1[OF assms], unfold-locales)
show supp (T | H) C H using supp-restrict0 by fast
next
fix h b’ assume hh': h € Hh' € H
with assms show (T | H) (h+ h")= (T L H)h+ (T | H) '
using Group.add-closed hom[of h h'] by auto
qed

lemma im-subgroup :
assumes Subgroup H
shows  Group.Subgroup ImG (T ¢ H)
proof
from assms have Group ((T | H) ‘ H)
using GroupHom-restrict0-subgroup GroupHom.Group-Im by fast
moreover have (T | H) ‘H = T ‘ H by auto
ultimately show Group (T ¢ H) by simp
from assms show T ‘ H C ImG by fast
qed
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lemma GroupHom-composite-left :
assumes ImG C H GroupHom H S
shows GroupHom G (S o T)
proof
fix g g assume g€ Gg' € G
with hom assms(1) show (So T) (g+g)=(SoT)g+ (SoT) g’
using GroupHom.hom|OF assms(2)] by fastforce
next
from supp have A\g. g¢ G = (So T) g=10
using suppl-contra GroupHom.im-zero[OF assms(2)] by fastforce
thus supp (S o T) C G using suppD-contra by fast
qed

lemma idhom-left : TG C H= (idJH) o T =T
using supp suppl-contra by fastforce

end

2.3.4 Basic facts about endomorphisms

context GroupFEnd
begin

lemmas hom = hom

lemma range : range T C G
proof (rule image-subsetl)
fix x show Tz € G
proof (cases z € G)
case True with endomorph show ?thesis by fast
next
case Fulse with supp show ?thesis using suppl-contra zero-closed by fastforce
qed
qed

lemma proj-decomp :
assumes \g. g€ G = T (Tg) =Ty
shows G = Ker & ImG
proof (rule inner-dirsum-doublel, rule subset-antisym, rule subsetl)
fix g assume ¢g: g € G
have g = (g — T g) + T g using diff-add-cancel[of g] by simp
moreover have g — T g € Ker
proof
from g endomorph assms have T (¢ — T g) = 0 using im-diff by auto
thus ¢ — T g € ker T using kerl by fast
from ¢ endomorph show g — T g € G using diff-closed by fast
qged
moreover from ¢g have T g € ImG by fast
ultimately show g € Ker + ImG
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using set-plus-intro[of g — T g Ker T g] by simp
next
from endomorph show G O Ker + ImG using set-plus-closed by simp
show add-independentS [Ker,ImG|
proof (rule add-independentS-doublel)
fix g h assume gh: h € ImG g € Kerg+ h =0
from gh(1) obtain ¢’ where ¢’ € G h = T ¢’ by fast
with gh(2,3) endomorph assms have h = 0
using im-zero hom|of g T g’ kerD by fastforce
with gh(8) show g = 0 by simp
qed
qed

end

2.3.5 Basic facts about isomorphisms

context Grouplso
begin

abbreviation invT = (the-inv-into G T) | H
lemma ImG : ImG = H using bijective bij-betw-imp-surj-on by fast
lemma GroupH : Group H using ImG Group-Im by fast

lemma invT-onto : invT ‘ H = G
using bijective bij-betw-imp-inj-on[of T| ImG the-inv-into-onto[of T] by force

lemma inj-on-invT : inj-on invT H
using  bijective bij-betw-imp-inj-on[of T G] ImG inj-on-the-inv-into[of T)
unfolding inj-on-def
by force

lemma bijective-invT : bij-betw invT H G
using inj-on-invT invT-onto unfolding bij-betw-def by fast

lemma invT-into : h € H = mvT h € G
using bijective bij-betw-imp-inj-on ImG the-inv-into-into[of T] by force

lemma T-invT : h € H= T (invT h) = h
using bijective bij-betw-imp-inj-on ImG f-the-inv-into-f[of T] by force

lemma invT-eq: g€ G= Tg=h= T h=g
using bijective bij-betw-imp-inj-on ImG the-inv-into-f-eq[of T] by force

lemma inv : Grouplso H invT G

proof (intro-locales, rule GroupH , unfold-locales)
show supp invT C H using supp-restrict0 by fast
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show bij-betw invT H G using bijective-invT by fast
next
fix h h'assume h €¢ Hh' € H
thus invT (h + h') = invT h + inoT b’
using invT-into hom T-invT add-closed invT-eq by simp
qed

end

2.3.6 Hom-sets

definition GroupHomSet :: 'g::group-add set = 'h::group-add set = ('g = 'h) set
where GroupHomSet G H = {T. GroupHom G T} N {T. T ‘G C H}
lemma GroupHomSetl :
GroupHom GT — T ‘G C H = T € GroupHomSet G H
unfolding GroupHomSet-def by fast

lemma GroupHomSetD-GroupHom :
T € GroupHomSet G H = GroupHom G T
unfolding GroupHomSet-def by fast

lemma GroupHomSetD-Im : T € GroupHomSet G H —= T ‘G C H
unfolding GroupHomSet-def by fast

lemma (in Group) Group-GroupHomSet :
fixes H :: 'h::ab-group-add set
assumes AbGroup H
shows  Group (GroupHomSet G H)
proof
show GroupHomSet G H # {}
using trivial-GroupHom AbGroup.zero-closed|OF assms| GroupHomSet]
by  fastforce
next
fix S T assume ST: S € GroupHomSet G H T € GroupHomSet G H
show S — T € GroupHomSet G H
proof (rule GroupHomSetl, unfold-locales)
from ST show supp (S — T) C G
using GroupHomSetD-GroupHom[of S| GroupHomSetD-GroupHom|of T
GroupHom.supplof G S| GroupHom.supplof G T
supp-diff-subset-union-supplof S T
by auto
show (S — T) “GCH
proof (rule image-subsetl)
fix g assume g € G
with ST have Sge HT g€ H
using GroupHomSetD-Im[of S G| GroupHomSetD-Im[of T G] by auto
thus (S — T) g € H using AbGroup.diff-closed[OF assms| by simp
qed
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next
fix g g’assume g€ Gg' € G
with ST show (S — T) (¢+¢)= -T)g+(S—-T) ¢’
using GroupHomSetD-GroupHom[of S| GroupHom.hom[of G S|
GroupHomSetD-GroupHom|[of T| GroupHom.hom[of G T)|
by  simp
qed
qed

2.4 Facts about collections of groups

lemma listset-Group-plus-closed :
[V Geset Gs. Group G; as € listset Gs; bs € listset Gs]
= [a+b. (a,b)<zip as bs] € listset Gs
proof—
have [ length as = length bs; length bs = length Gs;
as € listset Gs; bs € listset Gs; ¥V GEset Gs. Group (]
= [a+b. (a,b)<zip as bs] € listset Gs
proof (induct as bs Gs rule: list-induct3)
case (Cons a as b bs G Gs)
thus [z+y. (z,y)<zip (a#as) (b#bs)] € listset (G#Gs)
using listset-ConsD|of a] listset-ConsD|of b] Group.add-closed
listset-Consl[of a+b G|
by  fastforce
qed simp
thus [V Geset Gs. Group G; as € listset Gs; bs € listset Gs]
= [a+b. (a,b)<zip as bs] € listset Gs
using listset-lengthlof as Gs] listset-length|of bs Gs, THEN sym] by fastforce
qged

lemma AbGroup-set-plus :
assumes AbGroup H AbGroup G
shows AbGroup (H + G)
proof
from assms show H + G # {} using AbGroup.nonempty by blast
next
fixryassumez € H+ Gye H+ G
from this obtain zh xg yh yg
where zy: th € Hzg € Gx =zh +2gyh € Hyg € Gy = yh + yg
unfolding set-plus-def by fast
hence z — y = (zh — yh) + (zg — yg) by simp
thus z — y € H + G using assms zy(1,2,4,5) AbGroup.diff-closed by auto
qed

lemma AbGroup-sum-list :
(V Geset Gs. AbGroup G) = AbGroup (> G+Gs. Q)
using trivial-Group AbGroup.intro AbGroup-set-plus
by  (induct Gs) auto
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lemma AbGroup-subset-sum-list :
VG € set Gs. AbGroup G = H € set Gs = H C () G+Gs. G)
proof (induct Gs arbitrary: H)
case (Cons G Gs)
show H C (3" X+ (G#Gs). X)
proof (cases H = G)
case True with Cons(2) show ?thesis
using AbGroup-sum-list AbGroup.subset-plus-left by auto
next
case False
with Cons have H C (> G+ Gs. G) by simp
with Cons(2) show ?thesis using AbGroup.subset-plus-right by auto
qed
qed simp

lemma independent-AbGroups-pairwise-int0 :
[V Geset Gs. AbGroup G; add-independentS Gs; G € set Gs; G’ € set Gs;
GG ]=GNG =0
proof (induct Gs arbitrary: G G’)
case (Cons H Hs)
from Cons(1—3) have NA B. [ A € set Hs; B € set Hs; A # B ]
= ANBCO
by simp
moreover have N\A. A€ set Hh= A# H=— ANHCJO
proof
fix A gassume A: A € set Hs A # Hand gc g€ AN H
from A(1) g Cons(2) have —g € (> X+ Hs. X)
using AbGroup.neg-closed AbGroup-subset-sum-list by force
moreover have g + (—g) = 0 by simp
ultimately show g € 0 using g Cons(3) by simp
qed
ultimately have A\A B. [ A € set (H#Hs); B € set (H#Hs); A # B
= ANBCO
by auto
with Cons(4—6) have G N G' C 0 by fast
moreover from Cons(2,/,5) have 0 C G N G’
using AbGroup.zero-closed by auto
ultimately show ?case by fast
qed simp

lemma independent-AbGroups-pairwise-int0-double :

assumes AbGroup G AbGroup G’ add-independentS [G,G]

shows G NG =0
proof (cases G = 0)

case True with assms(2) show ?thesis using AbGroup.zero-closed by auto
next

case Fulse show ?thesis

proof (rule independent-AbGroups-pairwise-int0)

from assms(1,2) show V Geset [G,G']. AbGroup G by simp
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from assms(3) show add-independentS [G,G'] by fast
show G € set [G,G'] G’ € set [G,G] by auto
show G # G’
proof
assume GG G = G’
from Fulse assms(1) obtain g where ¢g: g € G g # 0
using AbGroup.nonempty by auto
moreover from assms(2) GG’ g(1) have —g € G’
using AbGroup.neg-closed by fast
moreover have g + (—g) = 0 by simp
ultimately show Fulse using assms(3) by force
qed
qed
qed

2.5 Inner direct sums of Abelian groups

2.5.1 General facts

lemma AbGroup-inner-dirsum :
V Geset Gs. AbGroup G = AbGroup (D G+ Gs. G)
using inner-dirsumD|of Gs] inner-dirsumD2[of Gs] AbGroup-sum-list AbGroup.intro
trivial-Group
by  (cases add-independentS Gs) auto

lemma inner-dirsum-double-leftfull-imp-right0:
assumes Group AB#{} A=A& B
shows B =10
proof (cases add-independentS [A,B])
case True
with assms(3) have 1: A = A + B using inner-dirsum-doubleD by fast
have A\b.be B= b=0
proof—
fix b assume b: b € B
from assms(1) obtain a where a: a € A using Group.nonempty by fast
with b 7 have a + b € A by fast
from this obtain a’ where a”: a’ € A a + b = o’ by fast
hence (—a'+a) + b = 0 by (simp add: add.assoc)
with assms(1) True a a’(1) b show b = 0
using Group.neg-add-closed|[of A] add-independentS-doubleD[of A B b —a'+a]
by simp
qed
with assms(2) show ?thesis by auto
next
case Fulse
hence 1: A ® B = 0 unfolding inner-dirsum-def by auto
moreover with assms(3) have A = 0 by fast
ultimately show “thesis using inner-dirsum-double-left0 by auto
qed
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lemma AbGroup-subset-inner-dirsum :
[V G € set Gs. AbGroup G; add-independentS Gs; H € set Gs |
= H C (p G+Gs. G)

using AbGroup-subset-sum-list inner-dirsumD by fast

lemma AbGroup-nth-subset-inner-dirsum :
[VG € set Gs. AbGroup G; add-independentS Gs; n < length Gs |
= Gsln C (P G+Gs. G)

using AbGroup-subset-inner-dirsum by force

lemma AbGroup-inner-dirsum-el-decomp-ex1-double :
assumes AbGroup G AbGroup H add-independentS [G,H] z € G & H
shows 3Jlgh. fst gh € G N snd gh € H N x = fst gh + snd gh
proof (rule ex-exll)
from assms(3,4) obtain g h where x = g+ hge€ Ghe H
using inner-dirsum-doubleD set-plus-elim by blast
from this have 1: fst (g,h) € G snd (g,h) € H z = fst (g,h) + snd (g,h)
by auto
thus Jgh. fst gh € G A snd gh € H N x = fst gh + snd gh by fast
next
fix gh gh’ assume A:
fstgh € GAsndgh € HANz = fstgh + snd gh
fstgh' € G A snd gh' € H Az = fst gh' + snd gh'
show gh = gh'
proof
from A assms(1,2) have fst gh — fst gh' € G snd gh — snd gh' € H
using AbGroup.diff-closed by auto
moreover from A have z: (fst gh — fst gh’) + (snd gh — snd gh') = 0
by (simp add: algebra-simps)
ultimately show fst gh = fst gh’
using assms(3)
add-independentS-doubleD]of G H snd gh — snd gh' fst gh — fst gh']

by  simp
with z show snd gh = snd gh’' by simp
qed

qed

lemma AbGroup-inner-dirsum-el-decomp-exl :
[VG € set Gs. AbGroup G; add-independentS Gs |
= Vi1 € ( G+Gs. G). Igsclistset Gs. © = sum-list gs
proof (induct Gs)
case Nil
have Az::'a. z € (@ H+[]. H) = 3Flgs€listset [|. + = sum-list gs
proof
fix z::'a assume z € (P G+[]. G)
moreover define f :: ‘a = ’a list where fz = [| for z
ultimately show [z € listset [| A x = sum-list (f z)
using inner-dirsum-Nil by auto
next
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fix z::'a and g¢s
assume z: z € (P G+[]. G)
and gs: gs € listset [| A z = sum-list gs
thus gs = [| by simp
qed
thus Vz::'a € (@ H+[]. H). lgs€listset [|. z = sum-list gs by fast
next
case (Cons G Gs)
hence prevcase: Vze(@ H«Gs. H). Algs€listset Gs. x = sum-list gs by auto
from Cons(2) have grps: AbGroup G AbGroup (6 H+Gs. H)
using AbGroup-inner-dirsum by auto
from Cons(3) have ind: add-independentS [G, @ H«Gs. H]
using add-independentS-Cons-conv-dirsum-right by fast
have Az. © € (P H«—(G#Gs). H) = Flgsclistset (G#Gs). © = sum-list gs
proof (rule ex-exll)
fix x assume z € (P H+(G#Gs). H)
with Cons(3) have z € G © (P H+Gs. H)
using inner-dirsum-Cons by fast
with grps ind obtain gh
where gh: fst gh € G snd gh € (P H+Gs. H) © = fst gh + snd gh
using AbGroup-inner-dirsum-el-decomp-ex1-double
by  blast
from gh(2) prevcase obtain gs where gs: gs € listset Gs snd gh = sum-list gs
by fast
with gh(1) gs(1) have fst gh # gs € listset (G#GSs)
using set-Cons-def by fastforce
moreover from gh(3) gs(2) have x = sum-list (fst gh # gs) by simp
ultimately show 3 gs. gs € listset (G#Gs) N © = sum-list gs by fast
next
fix = gs hs
assume z € (P H+(G#Gs). H)
and gs: gs € listset (G#Gs) A © = sum-list gs
and hs: hs € listset (G#Gs) N x = sum-list hs
hence gs € set-Cons G (listset Gs) hs € set-Cons G (listset Gs) by auto
from this obtain a as b bs
where a-as: gs = a#as a€G as € listset Gs
and b-bs: hs = b#bs be G bs € listset Gs
unfolding set-Cons-def
by fast
from a-as(3) b-bs(3) Cons(3)
have as: sum-list as € (@ H+ Gs. H) and bs: sum-list bs € (p H+Gs. H)
using sum-list-listset-dirsum
by auto
with a-as(2) b-bs(2) grps
have a — b € G sum-list as — sum-list bs € (P H«Gs. H)
using AbGroup.diff-closed
by auto
moreover from gs hs a-as(1) b-bs(1)
have z: (a — b) + (sum-list as — sum-list bs) = 0
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by (simp add: algebra-simps)

ultimately have a — b = 0 using ind add-independentS-doubleD by blast
with z have 1: a = b and 2" sum-list as = sum-list bs by auto
from 2z’ prevcase as a-as(3) bs b-bs(3) have 2: as = bs by fast
from 1 2 a-as(1) b-bs(1) show gs = hs by fast

qed

thus Vze(@ H«(G#Gs). H). Ilgs. gs € listset (GH#Gs) N © = sum-list gs
by fast

qed

lemma AbGroup-inner-dirsum-pairwise-int0 :
[VG € set Gs. AbGroup G; add-independentS Gs; G € set Gs; G’ € set Gs;
GG ]=GNG =0
proof (induct Gs arbitrary: G G’)
case (Cons H Hs)
from Cons(1—3) have ANA B. [ A € set Hs; B € set Hs; A # B ]
= ANBCO
by simp
moreover have N\A. A € set Hh— A# H—=— ANHCO
proof
fix A gassume A: A € set Hs A+ Hand g: g€ AN H
from A(1) g Cons(2) have —g € (> X+ Hs. X)
using AbGroup.neg-closed AbGroup-subset-sum-list by force
moreover have g + (—g) = 0 by simp
ultimately show g € 0 using g Cons(3) by simp
qged
ultimately have AA B. [ A € set (H#Hs); B € set (H#Hs); A # B ]
== ANBCO
by auto
with Cons(/—6) have G N G’ C 0 by fast
moreover from Cons(2,/,5) have 0 C G N G’
using AbGroup.zero-closed by auto
ultimately show ?case by fast
qed simp

lemma AbGroup-inner-dirsum-pairwise-int0-double :
assumes AbGroup G AbGroup G’ add-independentS [G,G]
shows G NG =0
proof (cases G = 0)
case True with assms(2) show ?thesis using AbGroup.zero-closed by auto
next
case Fulse show ?Zthesis
proof (rule AbGroup-inner-dirsum-pairwise-int0)
from assms(1,2) show V Geset [G,G']. AbGroup G by simp
from assms(3) show add-independentS [G,G’] by fast
show G € set [G,G'] G’ € set [G,G] by auto
show G # G’
proof
assume GG G = G’
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from Fulse assms(1) obtain g where ¢g: g € G g # 0
using AbGroup.nonempty by auto

moreover from assms(2) GG’ g(1) have —g € G’
using AbGroup.neg-closed by fast

moreover have g + (—g) = 0 by simp

ultimately show Fulse using assms(3) by force

qed
qed
qed

2.5.2 Element decomposition and projection

definition inner-dirsum-el-decomp ::
'g::ab-group-add set list = (‘g = 'g list) (<@ <)
where @@ Gs+ = (A\z. if z € (B G+Gs. G)
then THE gs. gs € listset Gs A\ x = sum-list gs else [])

abbreviation inner-dirsum-el-decomp-double ::
'g::ab-group-add set = g set = (‘g = 'g list) (<-®-+>) where GOH+ =

P I[G,H]|«

abbreviation inner-dirsum-el-decomp-nth ::
'g::ab-group-add set list = nat = (‘g = 'g) («P -4-)
where @ Gsln = restrict0 (\z. (B Gs«z)!n) (B G+ Gs. G)

lemma AbGroup-inner-dirsum-el-decompl :
[V G e set Gs. AbGroup G; add-independentS Gs; z € (p G+Gs. G) |
= (P Gs¢—x) € listset Gs N © = sum-list (P Gs<x)
using  AbGroup-inner-dirsum-el-decomp-ex1 thel |
of Ags. gs € listset Gs N x = sum-list gs
]
unfolding inner-dirsum-el-decomp-def
by fastforce

lemma (in AbGroup) abSubgroup-inner-dirsum-el-decomp-set :
[ VH € set Hs. Subgroup H; add-independentS Hs; © € (@ H«Hs. H) ]
= set (P Hs+z) C G
using AbGroup.intro AbGroup-inner-dirsum-el-decompl[of Hs ]
set-listset-el-subset[of (D Hs«x) Hs G]
by  fast

lemma AbGroup-inner-dirsum-el-decomp-eq :
[V G € set Gs. AbGroup G; add-independentS Gs; x € (P G+ Gs. G);
gs € listset Gs; © = sum-list gs | = (P Gs<=z) = gs
using AbGroup-inner-dirsum-el-decomp-ez1 [of Gs)
inner-dirsum-el-decomp-def|of Gs]
by  force

lemma AbGroup-inner-dirsum-el-decomp-plus :
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assumes V G € set Gs. AbGroup G add-independentS Gs z € (P G+ Gs. G)
y € (@ G+Gs. G)
shows (@ Gs<(z+y)) = [a+b. (a,b)<zip (P Gs<z) (P Gs+y)]
proof—
define zs ys where zs = (@ Gs+z) and ys = (P Gs<y)
with assms
have zy: zs € listset Gs x = sum-list xs ys € listset Gs y = sum-list ys
using AbGroup-inner-dirsum-el-decompl
by auto
from assms(1) zy(1,3) have [a+b. (a,b)«zip zs ys| € listset Gs
using AbGroup.axioms listset-Group-plus-closed by fast
moreover from zy have © + y = sum-list [a+b. (a,b)+zip xs ys]
using listset-length|of xs Gs] listset-length[of ys Gs, THEN sym| sum-list-plus
by  simp
ultimately show (@ Gs«(z+y)) = [a+b. (a,b)<2zip s ys]
using assms AbGroup-inner-dirsum AbGroup.add-closed
AbGroup-inner-dirsum-el-decomp-eq
by fast
qed

lemma AbGroup-length-inner-dirsum-el-decomp :
[V G € set Gs. AbGroup G; add-independentS Gs; x € (P G+Gs. G) |
= length (@ Gs<=z) = length Gs
using AbGroup-inner-dirsum-el-decompl listset-length by fastforce

lemma AbGroup-inner-dirsum-el-decomp-in-nth :
assumes V G € set Gs. AbGroup G add-independentS Gs n < length Gs
z € Gsln
shows (@ Gs<z) = (replicate (length Gs) 0)[n = x]
proof—

from assms have z: z € (@ G+Gs. G)

using AbGroup-nth-subset-inner-dirsum by fast
define zgs where zgs = (replicate (length Gs) (0::'a))[n := 1]
hence length xgs = length Gs by simp
moreover have V k<length xgs. xgslk € Gslk
proof—

have A\k. k < length zgs = xgs'k € Gs'k

proof—

fix k assume k < length xgs
with assms(1,4) zgs-def show zgslk € Gslk
using AbGroup.zero-closed[of Gs'k] by (cases k = n) auto

qed

thus ?thesis by fast
qed
ultimately have zgs € listset Gs using listsetI-nth by fast
moreover from zgs-def assms(3) have © = sum-list xgs
using sum-list-update[of n replicate (length Gs) 0 z] nth-replicate sum-list-replicate(

by  simp
ultimately show (@ Gs«1z) = zgs
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using assms(1,2) z xgs-def AbGroup-inner-dirsum-el-decomp-eq by fast
qed

lemma AbGroup-inner-dirsum-el-decomp-nth-in-nth :
[VG € set Gs. AbGroup G; add-independentS Gs; k < length Gs;
n < length Gs; v € Gsln | = (B Gslk) © = (if k = n then x else 0)
using AbGroup-nth-subset-inner-dirsum
AbGroup-inner-dirsum-el-decomp-in-nth|of Gs n z]
by auto

lemma AbGroup-inner-dirsum-el-decomp-nth-id-on-nth :
[VG € set Gs. AbGroup G; add-independentS Gs; n < length Gs; x € Gsln ]
= (P Gsin) z =1

using AbGroup-inner-dirsum-el-decomp-nth-in-nth by fastforce

lemma AbGroup-inner-dirsum-el-decomp-nth-onto-nth :
assumes V G € set Gs. AbGroup G add-independentS Gs n < length Gs
shows (€ Gsln) ‘ (D G+Gs. G) = Gsln
proof
from assms show (P Gsin) ‘ (6 G+Gs. G) 2 Gsln
using AbGroup-nth-subset-inner-dirsum[of Gs n]
AbGroup-inner-dirsum-el-decomp-nth-id-on-nth[of Gs n]
by  force
from assms show (@ Gsln) ‘ (B G+ Gs. G) C Gsn
using AbGroup-inner-dirsum-el-decompl listset-length listsetD-nth by fastforce
qged

lemma AbGroup-inner-dirsum-subset-proj-eq-0 :
assumes Gs # [| VG € set Gs. AbGroup G add-independentS Gs
X C (P G+Gs. G) Vi < length Gs. (P Gsli) ‘X =0
shows X =0
proof—
have X C 0
proof
fix z assume z: z € X
with assms(2—4) have x = (3 i=0..< length Gs. (P Gsli) z)
using AbGroup-inner-dirsum-el-decompl sum-list-sum-nth[of (D Gs+z)]
AbGroup-length-inner-dirsum-el-decomp
by  fastforce
moreover from z assms(5) have Vi<length Gs. (D Gsli) © = 0 by auto
ultimately show z € 0 by simp
qed
moreover from assms(1,5) have X # {} by auto
ultimately show ?thesis by auto
qed

lemma GroupEnd-inner-dirsum-el-decomp-nth :

assumes V G € set Gs. AbGroup G add-independentS Gs n < length Gs
shows GroupEnd (6 G+ Gs. G) (6D Gsln)
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proof (intro-locales)
from assms(1) show grp: Group (@ G+ Gs. G)
using AbGroup-inner-dirsum AbGroup.axioms by fast
show GroupHom-azioms (P G+ Gs. G) @ Gsln
proof
show supp (D Gsin) C (6 G+ Gs. G) using supp-restrict0 by fast
next
fix z y assume zy: © € (P G+ Gs. G) y € (P G+Gs. G)
with assms(1,2) have (@ Gs«(z+y)) = [z+y. (z,y)+zip (P Gs+z) (P Gs+y)]
using AbGroup-inner-dirsum-el-decomp-plus by fast
hence (@ Gs«(z+y)) = map (case-prod (+)) (zip (P Gs+=z) (P Gs<y))
using concat-map-split-eq-map-split-zip by simp
moreover from assms zy
have n < length (B Gs<z) n < length (P Gs<y)
n < length (zip (D Gs<z) (P Gs+y))
using AbGroup-length-inner-dirsum-el-decomplof Gs ]
AbGroup-length-inner-dirsum-el-decomp|of Gs y|
by auto
ultimately show (P Gsln) (z + y) = (P Gsln) z + (P Gsln) y
using zy assms(1) AbGroup-inner-dirsum
AbGroup.add-closed[of € G+ Gs. G|
by auto
qed
show GroupEnd-azioms (@ G+ Gs. G) @ Gsln
using assms AbGroup-inner-dirsum-el-decomp-nth-onto-nth AbGroup-nth-subset-inner-dirsum
by  unfold-locales fast
qged

2.6 Rings
2.6.1 Preliminaries
lemma (in ring-1) map-times-negl-eg-map-uminus : [(—1)xr. r<—rs| = [—r. 1475

using map-eq-conv by simp

2.6.2 Locale and basic facts

Define a Ringl to be a multiplicatively closed additive subgroup of UNIV
for the ring-1 class.

locale Ringl = Group R

for R :: 'riring-1 set
+ assumes one-closed : 1 € R

and  mult-closed: A\rs. € R=s€ R=r+s€R
begin

lemma AbGroup : AbGroup R
using Ringl-azioms Ringl.azioms(1) AbGroup.intro by fast

lemmas zero-closed = zero-closed
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lemmas add-closed = add-closed

lemmas neg-closed = neg-closed

lemmas diff-closed = diff-closed

lemmas zip-add-closed = zip-add-closed

lemmas sum-closed = AbGroup.sum-closed|OF AbGroup)
lemmas sum-list-closed = sum-list-closed

lemmas sum-list-closed-prod = sum-list-closed-prod

lemmas list-diff-closed = list-diff-closed

abbreviation Subringl :: 'r set = bool where Subringl S = Ringl SA S C R
lemma Subring1D1 : Subringl S = Ringl S by fast

end

lemma (in ring-1) full-Ringl : Ringl UNIV
by unfold-locales auto

2.7 The group ring
2.7.1 Definition and basic facts

Realize the group ring as the set of almost-every-zero functions from group
to ring. One can recover the usual notion of group ring element by consid-
ering such a function to send group elements to their coefficients. Here the
codomain of such functions is not restricted to some Ringl subset since we
will not be interested in having the ability to change the ring of scalars for
a group ring.

context Group

begin

abbreviation group-ring :: (‘a::zero, 'g) aezfun set
where group-ring = aezfun-setspan G

lemmas group-ringD = aezfun-setspan-def|of G|

lemma RG-one-closed : (1::('r::zero-neq-one,’q) aezfun) € group-ring
proof—
have supp (aezfun (1:('r,'g) aezfun)) C G
using supp-aezfunl zeroS-closed by fast
thus ?thesis using group-ringD by fast
qed

lemma RG-zero-closed : (0::('r::zero,’q) aezfun) € group-ring

proof—
have aezfun (0::('r,’q) aezfun) = (0::’g='r) using zero-aezfun.rep-eq by fast
hence supp (aezfun (0::('r,’g) aezfun)) = supp (0::'9g="'r) by simp
moreover have supp (0::'g='r) C G using supp-zerofun-subset-any by fast
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ultimately show ¢thesis using group-ringD by fast
qed

lemma RG-n0 : group-ring # (0::('r::zero-neg-one, 'q) aezfun set)
using RG-one-closed zero-neq-one by force

lemma RG-mult-closed :
defines RG: RG = group-ring :: ('ri:ring-1, 'g) aezfun set
shows € RG—=— y € RG =z xy € RG
using RG supp-aezfun-times[of x y]
set-plus-closed|of supp (aezfun x) supp (aezfun y)]
group-ringD
by blast

lemma Ringl-RG :
defines RG: RG = group-ring :: ('r:ring-1, 'g) aezfun set
shows Ringl RG
proof
from RG show RG # {} 1 € RG A\zy.2 € RG = y€ RG= z*y € RG
using RG-one-closed RG-mult-closed by auto
next
fix © y assume z € RG y € RG
with RG show z — y € RG using supp-aezfun-diff [of z y] group-ringD by blast
qed

lemma RG-aezdeltafun-closed :
defines RG: RG = group-ring :: ('r:ring-1, 'g) aezfun set
assumes g € G
shows r 06 g € RG
proof—
have supp: supp (aezfun (r 66 g)) = supp (r 6 g)
using aezdeltafun arg-conglof - - supp] by fast
have supp (aezfun (r 6 g)) C G
proof (cases 7 = 0)
case True with supp show ?thesis using supp-deltaOfun by fast
next
case Fulse with assms supp show ?thesis using supp-deltafun|of r g] by fast
qed
with RG show ?thesis using group-ringD by fast
qed

lemma RG-aezdeltaOfun-closed : (r::'r:ring-1) 60 0 € group-ring
using zero-closed RG-aezdeltafun-closed|of 0] by fast

lemma RG-sum-list-rddg-closed :
defines RG: RG = group-ring :: ('ri:ring-1, 'g) aezfun set
assumes set (map snd rgs) C G
shows (> (r,g9)<rgs. r 66 g) € RG

proof (rule Ringl.sum-list-closed-prod)
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from RG show Ringl RG using Ringl-RG by fast
from assms show set (map (case-prod aezdeltafun) rgs) C RG
using RG-aezdeltafun-closed by fastforce
qed

lemmas RG-el-decomp-aezdeltafun = aezfun-setspan-el-decomp-aezdeltafun|of - G]

lemma Subgroup-imp-Subring :

fixes H : 'g set

and  FH :: ('ruring-1,'g) aezfun set

and FG : ('r,g) aezfun set

defines FH = Group.group-ring H

and FG = group-ring

shows Subgroup H = Ringl.Subringl FG FH

using assms Group.Ringl-RG Group.RG-el-decomp-aezdeltafun RG-sum-list-rddg-closed
by fast

end

lemma (in FinGroup) group-ring-spanning-set :
dgs. distinct gs A set gs = G
A (Vfe (group-ring :: ('b::semiring-1, 'g) aezfun set). 3 bs.
length bs = length gs N\ f = (3 (b,g)<=zip bs gs. (b 66 0) = (1 69 g)) )
using  finite aezfun-common-supp-spanning-set-decomp|of G| group-ringD
by fast

2.7.2 Projecting almost-everywhere-zero functions onto a group
ring

context Group
begin

abbreviation RG-proj = aezfun-setspan-proj G

lemmas RG-proj-in-RG = aezfun-setspan-proj-in-setspan
lemmas RG-proj-sum-list-prod = aezfun-setspan-proj-sum-list-prod|of G]

lemma RG-proj-mult-leftdelta’ :
fixes r s 'ru{comm-monoid-add,mult-zero}
shows g€ G = RG-proj (r 66 g x (s 66 g)) = r 86 g x RG-proj (s 66 ¢')
using add-closed add-closed-inverse-right times-aezdeltafun-aezdeltafun|of r g]
aezfun-setspan-proj-aezdeltafun|[of G r+s]
aezfun-setspan-proj-aezdeltafun|of G s
by stmp

lemma RG-proj-mult-leftdelta :
fixes 1 :: 'risemiring-1
assumes g € G
shows RG-proj ((r 8§ g) x ) = r 6§ g x RG-proj z
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proof—
from aezfun-decomp-aezdeltafun obtain rgs
where rgs: z = (D (s,h)+rgs. s 6 h)
using RG-el-decomp-aezdeltafun
by  fast
hence RG-proj ((r §d g) * z) = (O (s,h)¢1rgs. RG-proj ((r 66 g) = (s § h)))
using sum-list-const-mult-prod[of r §6 g As h. s 60 h] RG-proj-sum-list-prod
by simp
also from assms rgs have ... = (r 60 g) * RG-proj «
using RG-proj-mult-leftdelta’[of g ]
sum-list-const-mult-prod[of v 60 g As h. RG-proj (s 9 h)]
RG-proj-sum-list-prod|of As h. s 65 h rgs]

by  simp
finally show ?thesis by fast
qed

lemma RG-proj-mult-rightdelta’ :

fixes 7 s 'ri:{comm-monoid-add,mult-zero}

assumes ¢’ € G

shows RG-proj (r 08 g x (s 66 g’)) = RG-proj (r 66 g) = (s 66 g)

using assms times-aezdeltafun-aezdeltafun]of r g]
aezfun-setspan-proj-aezdeltafun[of G rxs|
add-closed add-closed-inverse-left aezfun-setspan-proj-aezdeltafun|[of G 7]

by stmp

lemma RG-proj-mult-rightdelta :
fixes 71 :: 'risemiring-1
assumes g € G
shows RG-proj (z * (r 66 g)) = (RG-proj x) = (r 0d g)
proof—
from aezfun-decomp-aezdeltafun obtain rgs
where rgs: £ = (D (s,h)<rgs. s 6 h)
using RG-el-decomp-aezdeltafun
by fast
hence RG-proj (z * (r 60 g)) = (3 (s,h)<rgs. RG-proj ((s 60 h) = (r 66 g)))
using sum-list-mult-const-prod[of s h. s 8§ h rgs] RG-proj-sum-list-prod
by  simp
with assms rgs show ?thesis
using RG-proj-mult-rightdelta’[of g - - 7]
sum-list-prod-cong|of
rgs As h. RG-proj ((s 66 h) x (r 84 g))
As h. RG-proj (s 60 h) = (r 66 g)
]
sum-list-mult-const-prod[of As h. RG-proj (s 60 h) rgs]
RG-proj-sum-list-prod|of As h. s 60 h rgs]
sum-list-mult-const-prod[of s h. RG-proj (s 68 h) rgs r 68 g|
RG-proj-sum-list-prod]of As h. s 6§ h rgs]
by  simp
qed
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lemma RG-proj-mult-right :

z € (group-ring == ('ruring-1, 'g) aezfun set)
= RG-proj (y x ©) = RG-proj y * x

using RG-el-decomp-aezdeltafun sum-list-const-mult-prod[of y Ar g. r §6 g]
RG-proj-sum-list-prod|of Ar g. y x (r 66 g)] RG-proj-mult-rightdeltalof - y|
sum-list-prod-cong

of - Ar g. RG-proj (y * (r 60 g)) A\r g. RG-proj y * (r 00 g)

]
sum-list-const-mult-prod[of RG-proj y Ar g. v 68 ¢]

by  fastforce

end

3 Modules

3.1 Locales and basic facts

3.1.1 Locales

locale scalar-mult =
fixes smult :: 'riring-1 = 'm::ab-group-add = 'm (infixr > 70)

locale R-scalar-mult = scalar-mult smult + Ringl R
for R :: 'ruring-1 set
and smult :: 'r = 'm:ab-group-add = 'm (infixr <> 70)

lemma (in scalar-mult) R-scalar-mult : R-scalar-mult UNIV
using full-Ringl R-scalar-mult.intro by fast

lemma (in R-scalar-mult) Ringl : Ringl R ..

locale RModule = R-scalars?: R-scalar-mult R smult + VecGroup?: Group M
for R :: 'ruring-1 set
and smult :: 'r = 'm::ab-group-add = 'm (infixr <> 70)
and M :: 'm set
+ assumes smult-closed : [T € Ry,me M| = r -me M
and smult-distrib-left [simp] : [r € Ry m € M;n € M ]
=r-(m+n)=r-m+r-n
and smult-distrib-right [simp] : [ r € R; s € Ry m € M |
= (r+s)-m=r-m+s-m
and smult-assoc [simp] : [ r € R; s € Ry m € M |
= r-s-m=(rxs)-m
and one-smult [simp] :m € M = 1 - m =m

lemmas RModulel = RModule.intro[OF R-scalar-mult.intro]

locale Module = RModule UNIV smult M
for smult :: 'riring-1 = 'm:ab-group-add = 'm (infixr <» 70)
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and M = 'm set

lemmas Modulel = RModuleI[of UNIV, OF full-Ringl, THEN Module.intro)

3.1.2 Basic facts

lemma trivial-RModule :
fixes smult :: 'ruring-1 = 'm:ab-group-add = 'm (infixr <> 70)
assumes Ring! R VreR. smult r (0::'m::ab-group-add) = 0
shows RModule R smult (0::'m set)
proof (rule RModulel, rule assms(1), rule trivial-Group, unfold-locales)
define Z where Z = (0::'m set)
fix rsmnassume rsmn:r€ Rse Rme Zne Z
from rsmn(1,3) Z-def assms(2) show r - m € Z by simp
from rsmn(1,3,4) Z-def assms(2) show r - (m+n) = r - m + r - n by simp
from rsmn(1—3) Z-def assms show (r +s) -m=r-m+ s-m
using Ringl.add-closed by auto
from rsmn(1—38) Z-def assms show r - (s - m) = (rxs) - m
using Ringl.mult-closed by auto
next
define Z where Z = (0::'m set)
fix m assume m € Z with Z-def assms show 1 - m = m
using Ringl.one-closed by auto
qed

context RModule
begin

abbreviation RSubmodule :: 'm set = bool
where RSubmodule N = RModule R smult N NN C M

lemma Group : Group M
using RModule-azioms RModule.azxioms(2) by fast

lemma Subgroup-RSubmodule : RSubmodule N = Subgroup N
using RModule. Group by fast

lemma AbGroup : AbGroup M
using AbGroup.intro Group by fast

lemmas zero-closed = zero-closed

lemmas diff-closed = diff-closed

lemmas set-plus-closed = set-plus-closed

lemmas sum-closed = AbGroup.sum-closed]OF AbGroup]

lemma map-smult-closed :
r € R = set ms C M = set (map ((-) r) ms) C M
using smult-closed by (induct ms) auto
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lemma zero-smult : m € M = 0 - m = 0
using R-scalars.zero-closed smult-distrib-right[of 0] add-left-imp-eq by simp

lemma smult-zero: r € R=—=1r -0 =10
using zero-closed smult-distrib-left[of r 0] by simp

lemma neg-smult : 7€ R=>me M = (—r) - m=— (r - m)
using R-scalars.neg-closed smult-distrib-right[of r —r m]
zero-smult minus-uniquelof r - m]
by  simp

lemma neg-eg-negl-smult : m € M = (—1) - m = —m
using one-closed neg-smult one-smult by fastforce

lemma smult-neg: 7 € R=—=me M = r-(—m)=— (r-m)
using neg-eg-negl-smult one-closed R-scalars.neg-closed smult-assoclof r — 1]
smult-closed
by  force

lemma smult-distrib-left-diff :
[reRRMeM;neM]=r-(m—n)=r-m—r1r-n
using neg-closed smult-distrib-leftiof r m —n] smult-neg by (simp add: alge-
bra-simps)

lemma smult-distrib-right-diff :
[reR;seERRmeM]=(r—s)-m=r-m—s-m
using R-scalars.neg-closed smult-distrib-right[of r —s] neg-smult
by (simp add: algebra-simps)

lemma smult-sum-distrib :

assumes r € R

shows finite A—= f‘ACM =1 (> acA. fa) = (> a€A. r - fa)
proof (induct set: finite)

case empty from assms show ?case using smult-zero by simp
next

case (insert a A) with assms show ?Zcase using sum-closed[of A] by simp
qed

lemma sum-smult-distrib :

assumes m € M

shows finite A= f‘ACR= (>_acA. fa) - m= (Y acA. (fa)- - m)
proof (induct set: finite)

case empty from assms show ?case using zero-smult by simp
next

case (insert a A) with assms show ?case using R-scalars.sum-closed[of A] by
stmp
qed

lemma smult-sum-list-distrib :
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r€ R= set ms C M = r - (sum-list ms) = (3> m<ms. r - m)
using smult-zero sum-list-closed|of id] by (induct ms) auto

lemma sum-list-prod-map-smult-distrib :
m € M = set (map (case-prod f) zys) C R
= (X (@y)ays. fzy) m= (3 (zy)ays. fzy-m)
using zero-smult R-scalars.sum-list-closed-prod|of f]
by  (induct zys) auto

lemma RSubmodulel :
assumes Subgroup N A\rn.r e R=—=ne€ N = r-néeN
shows RSubmodule N
proof
show RModule R smult N
proof (intro-locales, rule SubgroupD1[OF assms(1)], unfold-locales)
from assms(2) show Arm.r € R=— m € N = r - m € N by fast
from assms(1)

show Armn. [reRmeN;neN]=r-(m+n)=r-m+r-

using smult-distrib-left
by  blast
from assms(1)

n

show Arsm.[reR;s€eRRmeN]=(r+s)-m=r-m+s-m

using smult-distrib-right
by  blast
from assms(1)
show Arsm.[reR;seRRmeN]=r-s-m=(r*s)-m
using smult-assoc

by  blast
from assms(1) show Am. m € N = 1 - m = m using one-smult by blast
qed
from assms(1) show N C M by fast
qed
end

lemma (in R-scalar-mult) listset-RModule-Rsmult-closed :

[V Meset Ms. RModule R smult M; r € R; ms € listset Ms |

= [r - m. m«ms| € listset Ms

proof—

have [ length ms = length Ms; ms € listset Ms;

V Meset Ms. RModule R smult M; r € R ]
= [r - m. m«ms] € listset Ms
proof (induct ms Ms rule: list-induct2)
case (Cons m ms M Ms) thus ?case

using listset-ConsD[of m| RModule.smult-closed listset-ConsI[of r - m M|

by  fastforce
qed simp
thus [ V Meset Ms. RModule R smult M; r € R; ms € listset Ms |
= [r - m. m«ms| € listset Ms
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using listset-length[of ms Ms] by fast
qed

context Module
begin

abbreviation Submodule :: 'm set = bool
where Submodule = RModule. RSubmodule UNIV smult M

lemmas AbGroup = AbGroup
lemmas Submodulel = RSubmodulel

end

3.1.3 Module and submodule instances

lemma (in R-scalar-mult) trivial-RModule :
(Ar.mr€ R=r-0 = 0) = RModule R smult 0
using trivial-Group add-closed mult-closed one-closed by unfold-locales auto

context RModule
begin

lemma trivial-RSubmodule : RSubmodule 0
using zeroS-closed smult-zero trivial-RModule by fast

lemma RSubmodule-set-plus :
assumes RSubmodule L RSubmodule N
shows RSubmodule (L + N)
proof (rule RSubmodulel)
from assms have Group (L + N)
using RModule. AbGroup AbGroup-set-plus[of L N| AbGroup.axioms by fast
moreover from assms have L + N C M
using Group Group.set-plus-closed by auto
ultimately show Subgroup (L + N) by fast
next
fix rzassume rz: r€e Rz € L+ N
from rz(2) obtain m n where mn: me€ Lne€ Nx=m + n
using set-plus-def[of L N] by fast
with assms rz(1) show r -z € L + N
using RModule.smult-closed[of R smult L] RModule.smult-closed[of R smult N]
smult-distrib-left set-plus-def
by  fast
qed

lemma RSubmodule-sum-list :
(V Neset Ns. RSubmodule N) = RSubmodule (> N<~Ns. N)
using trivial-RSubmodule RSubmodule-set-plus
by  (induct Ns) auto
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lemma RSubmodule-inner-dirsum :
assumes (V Neset Ns. RSubmodule N)
shows RSubmodule () N« Ns. N)
proof (cases add-independentS Ns)
case True with assms show Zthesis
using RSubmodule-sum-list inner-dirsumD by fastforce
next
case Fulse thus ?thesis
using inner-dirsumD2[of Ns| trivial-RSubmodule by simp
qed

lemma RModule-inner-dirsum :
(V Neset Ns. RSubmodule N) = RModule R smult (@ N« Ns. N)
using RSubmodule-inner-dirsum by fast

lemma SModule-restrict-scalars :
assumes Subringl S
shows RModule S smult M
proof (rule RModulel, rule Subring1D1[OF assms], rule Group, unfold-locales)
from assms show
NrmreS=meM=—1r-meM
NrmnreS=meM=—neM=r-(m+n)=r-m+r-n
Am.meM=1-m=m
using smult-closed smult-distrib-left
by auto
from assms
show Arsm.reS=seS=meM=(r+s)-m=r-m+s-m
using Ringl.add-closed smult-distrib-right
by  fast
from assms
show Arsm.reS=—=seS=—=meM=7r-s-m=(rxs)-m
using Ringl.mult-closed smult-assoc
by fast
qed

end

3.2 Linear algebra in modules

3.2.1 Linear combinations: lincomb

context scalar-mult
begin

definition lincomb :: 'r list = 'm list = 'm (infix <--» 70)
where rs -- ms = (3 (r,m)«zip rs ms. r - m)

Note: zip will truncate if lengths of coefficient and vector lists differ.

lemma lincomb-Nil : rs =[]V ms =[] = rs- ms= 0
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unfolding lincomb-def by auto

lemma lincomb-singles : [a] - [m] = a - m
using lincomb-def by simp

lemma lincomb-Cons : (r # rs) «- (m # ms) =71 - m + rs - ms
unfolding lincomb-def by simp

lemma lincomb-append :
length rs = length ms = (rsQss) -- (msQns) = rs «- ms + $s == ns
unfolding lincomb-def by simp

lemma lincomb-append-left :
(rs Q ss) -~ ms = rs -~ ms + ss -+ drop (length rs) ms
using zip-append-left[of rs ss ms] unfolding lincomb-def by simp

lemma lincomb-append-right :
rs + (msQ@Qns) = rs - ms + (drop (length ms) rs) -+ ns
using zip-append-right[of rs ms] unfolding lincomb-def by simp

lemma lincomb-conv-take-right : rs - ms = rs - take (length rs) ms
using lincomb-Nil lincomb-Cons by (induct rs ms rule: list-induct2’) auto

end

context RModule
begin

lemmas lincomb-Nil = lincomb-Nil
lemmas lincomb-Cons = lincomb-Cons

lemma lincomb-closed : set rs C R =— set ms C M —> rs -- ms € M
proof (induct ms arbitrary: rs)
case Nil show ?case using lincomb-Nil zero-closed by simp
next
case (Cons m ms)
hence ConsI: Ars. set rs C R = rs - ms € M m € M set rs C R by auto
show rs - (m#ms) € M
proof (cases rs)
case Nil thus ?thesis using lincomb-Nil zero-closed by simp
next
case Cons with Cons! show ?thesis
using lincomb-Cons smult-closed add-closed by fastforce
qed
qed

lemma smult-lincomb :

[ set s C R; s € R; set ms C M| = s (rs - ms) = [sxr. r<rs] -~ ms
using lincomb-Nil smult-zero lincomb-Cons smult-closed lincomb-closed
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by  (induct rs ms rule: list-induct2’) auto

lemma neg-lincomb :
setrs C R = set ms C M = — (rs - ms) = [—r. r<rs] - ms
using lincomb-closed neg-eq-negl-smult one-closed R-scalars.neg-closed|of 1]
smult-lincomb|of rs — 1] map-times-negl-eq-map-uminus
by auto

lemma lincomb-sum-left :
[ set s C R; set ss C R; set ms C M; length rs < length ss |
= [r + s. (r,8)¢zip rs ss| -- ms = rs -- ms + (take (length rs) ss) -- ms
proof (induct rs ss arbitrary: ms rule: list-induct2’)
case 1 show ?case using lincomb-Nil by simp
next
case (2 r rs)
show Ams. length (r#trs) < length |]
= [a + b. (a,b)<zip (r#7rs) []] -+ ms
= (r#rs) - ms + (take (length (r#rs)) []) -+ ms
by simp
next
case 8 show Zcase using lincomb-Nil by simp
next
case (4 715 s 8S)
thus [a+b. (a,b)<=zip (r#rs) (s#£ss)] - ms
= (r#trs) -- ms + (take (length (r#7rs)) (s#ss)) - ms
using lincomb-Nil lincomb-Cons by (cases ms) auto
qged

lemma lincomb-sum :
assumes set rs C R set ss C R set ms C M length rs < length ss
shows rs . ms + ss - ms
= ([a + b. (a,b)<=zip rs ss| Q (drop (length rs) ss)) -+ ms
proof—
define zs fss bss
where zs = [a + b. (a,b)<=zip 5 s
and fss = take (length s) ss
and bss = drop (length rs) ss
from assms(4) zs-def fss-def have length zs = length rs length fss = length s
using length-concat-map-split-zip[of Aa b. a + b rs] by auto
hence (zs @ bss) - ms = rs -~ ms + (fss Q bss) - ms
using assms(1,2,3) zs-def fss-def lincomb-sum-left lincomb-append-left

by  simp
thus ?thesis using fss-def bss-def zs-def by simp
qed

lemma lincomb-diff-left :
[ set s C R; set ss € R; set ms C M; length rs < length ss |
= [r — s. (r,8)¢zip rs ss| -- ms = rs -- ms — (take (length rs) ss) -- ms
proof (induct rs ss arbitrary: ms rule: list-induct2’)
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case 1 show ?case using lincomb-Nil by simp
next
case (2 rrs)
show Ams. length (r#trs) < length |]
= [a — b. (a,b)<zip (r#vrs) []] - ms
= (r#rs) -~ ms — (take (length (r#7rs)) []) -+ ms
by simp
next
case 3 show ?case using lincomb-Nil by simp
next
case (4 r1s s s3)
thus [a—b. (a,b)<zip (r#71s) (s#ss)] - ms
= (r#rs) -- ms — (take (length (r#rs)) (s#ss)) -+ ms
using lincomb-Nil lincomb-Cons smult-distrib-right-diff by (cases ms) auto
qed

lemma lincomb-replicate-left :
r € R => set ms C M = (replicate k r) «- ms = r - ( Y m<—(take k ms). m )
proof (induct k arbitrary: ms)
case () thus ?case using lincomb-Nil smult-zero by simp
next
case (Suc k)
show Zcase
proof (cases ms)
case Nil with Suc(2) show ?thesis using lincomb-Nil smult-zero by simp
next
case (Cons m ms) with Suc show ?thesis
using lincomb-Cons set-take-subset[of k ms] sum-list-closed]of id]
by auto
qed
qed

lemma lincomb-replicate0-left : set ms C M = (replicate k 0) - ms = 0
proof—
assume ms: set ms C M
hence (replicate k 0) -- ms = 0 - (> m«(take k ms). m)
using R-scalars.zero-closed lincomb-replicate-left by fast
moreover from ms have (3 m<«(take k ms). m) € M
using set-take-subset sum-list-closed by fastforce
ultimately show (replicate k 0) -- ms = 0 using zero-smult by simp
qed

lemma lincomb-0Ocoeffs : set ms C M = Vsc€set rs. s = 0 => rs +- ms = 0
using lincomb-Nil lincomb-Cons zero-smult
by  (induct rs ms rule: list-induct2’) auto

lemma delta-scalars-lincomb-eq-nth :

set ms € M = n < length ms
= ((replicate (length ms) 0)[n := 1]) - ms = msln
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proof (induct ms arbitrary: n)
case (Cons m ms) thus ?Zcase
using lincomb-Cons lincomb-replicate0-left zero-smult by (cases n) auto
qed simp

lemma lincomb-obtain-same-length-Rcoeffs :
setrs C R = set ms C M
= Jss. set ss C R A length ss = length ms
A take (length rs) ss = take (length ms) rs A s -~ ms = ss - ms
proof (induct rs ms rule: list-induct2’)
case 1 show ?Zcase using lincomb-Nil by simp
next
case 2 thus ?case using lincomb-Nil by simp
next
case (8 m ms)
define ss where ss = replicate (Suc (length ms)) (0::'r)
from 3(2) ss-def
have set ss C R length ss = length (m#ms) [] - (m#ms) = ss - (m#ms)
using R-scalars.zero-closed lincomb-Nil
lincomb-replicate0-left[of m#ms Suc (length ms)]

by auto
thus ?case by auto
next

case (4 T s m ms)
from this obtain ss
where ss: set ss C R length ss = length ms
take (length rs) ss = take (length ms) rs rs «- ms = ss «- ms
by auto
from 4(2) ss have
set (r#ss) C R length (r#tss) = length (m#ms)
take (length (r#vrs)) (r#ss) = take (length (m#ms)) (r#rs)
(r#rs) - (m#tms) = (r#ss) - (m#ms)

using lincomb-Cons

by auto
thus ?case by fast
qed

lemma lincomb-concat :
list-all2 (Ars ms. length rs = length ms) rss mss
= (concat rss) +- (concat mss) = (> (rs,ms)«zip rss mss. rs - ms)
using lincomb-Nil lincomb-append by (induct rss mss rule: list-induct2’) auto

lemma lincomb-snocO : set ms C M = (asQ[0]) -- ms = as -~ ms
using lincomb-append-left set-drop-subset lincomb-replicate0-left[of - 1] by fast-
force

lemma lincomb-strip-while-0coeffs :

assumes set ms C M
shows (strip-while ((=) 0) as) -- ms = as - ms
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proof (induct as rule: rev-induct)
case (snoc a as)
hence caseassm: strip-while ((=) 0) as -- ms = as - ms by fast
show Zcase
proof (cases a = 0)
case True
moreover with assms have (asQ[a]) -- ms = as -- ms
using lincomb-snoc0 by fast
ultimately show strip-while ((=) 0) (as @Q [a]) -- ms = (asQ[a]) -+ ms
using caseassm by simp
qed simp
qed simp

end

lemmas (in Module) lincomb-obtain-same-length-coeffs = lincomb-obtain-same-length-Reoeffs
lemmas (in Module) lincomb-concat = lincomb-concat

3.2.2 Spanning: RSpan and Span

context R-scalar-mult
begin

primrec RSpan :: 'm list = 'm set
where RSpan [| = 0
| RSpan (m#ms) ={r-m|r.r € R} + RSpan ms

lemma RSpan-single : RSpan [m] ={r-m|r.r € R}
using add-0-right[of { - m | r. r € R }] by simp

lemma RSpan-Cons : RSpan (m#ms) = RSpan [m] + RSpan ms
using RSpan-single by simp

lemma in-RSpan-obtain-same-length-coeffs :
n € RSpan ms = Jrs. set rs C R A length rs = length ms A n = rs - ms
proof (induct ms arbitrary: n)
case Nil
hence n = 0 by simp
thus 3 rs. set rs C R A length rs = length [| A n = rs + ||
using lincomb-Nil by simp
next
case (Cons m ms)
from this obtain r rs
where set (r#rs) C R length (r#rs) = length (m#ms) n = (r#7rs) « (m#ms)
using set-plus-def|of - RSpan ms| lincomb-Cons
by  fastforce
thus 3rs. set rs C R A length rs = length (m#ms) A n = rs -~ (m#ms) by fast
qged
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lemma in-RSpan-Cons-obtain-same-length-coeffs :
n € RSpan (m#ms) = Ir rs. set (r#rs) C R A length rs = length ms
An=1rT-m--4«r7rs- ms
proof—
assume n € RSpan (m#ms)
from this obtain z y where z € RSpan [m] y € RSpan ms n =z + y
using RSpan-Cons set-plus-def[of RSpan [m]] by auto
thus 37 rs. set (r # rs) C R A length rs = length ms An =1 - m + rs - ms
using RSpan-single in-RSpan-obtain-same-length-coeffs[of y ms] by auto
qed

lemma RSpanD-lincomb :
RSpan ms = { rs +- ms | rs. set s C R A length rs = length ms}
proof
show RSpan ms C {rs -- ms |rs. set rs C R A length rs = length ms}
using in-RSpan-obtain-same-length-coeffs by fast
show {rs -- ms |rs. set s C R A length rs = length ms} C RSpan ms
proof
fix z assume z € {rs -- ms |rs. set rs C R A length rs = length ms}
from this obtain rs where rs: set rs C R length rs = length ms © = rs - ms
by fast
from rs(2) have set rs C R = rs -- ms € RSpan ms
using lincomb-Nil lincomb-Cons by (induct rs ms rule: list-induct2) auto
with rs(1,3) show = € RSpan ms by fast
qed
qged

lemma RSpan-append : RSpan (ms @Q ns) = RSpan ms + RSpan ns
proof (induct ms)
case Nil show ?case using add-0-left[of RSpan ns] by simp
next
case (Cons m ms) thus ?case
using RSpan-Cons|of m msQns| add.assoc by fastforce
qed

end

context scalar-mult
begin

abbreviation Span = R-scalar-mult. RSpan UNIV smult
lemmas Span-append = R-scalar-mult. RSpan-append|OF R-scalar-mult, of smult]
lemmas SpanD-lincomb
= R-scalar-mult. RSpanD-lincomb [OF R-scalar-mult, of smult)
lemmas in-Span-obtain-same-length-coeffs

= R-scalar-mult.in-RSpan-obtain-same-length-coeffs|
OF R-scalar-mult, of - smult
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end

context RModule
begin

lemma RSpan-contains-spanset-single : m € M = m € RSpan [m)]
using one-closed RSpan-single by fastforce

lemma RSpan-single-nonzero : m € M = m # 0 = RSpan [m] # 0
using RSpan-contains-spanset-single by auto

lemma Group-RSpan-single :
assumes m € M
shows  Group (RSpan [m])
proof
from assms show RSpan [m] # {} using RSpan-contains-spanset-single by fast
next
fix z y assume z € RSpan [m] y € RSpan [m]
from this obtain r s where rs: r€e Rz =r-ms€ Ry=s-m
using RSpan-single by auto
with assms have z — y = (r — s) - m using smult-distrib-right-diff by simp
with 7s(1,3) show = — y € RSpan [m)]
using R-scalars.diff-closed|of v s] RSpan-single[of m] by auto
qed

lemma Group-RSpan : set ms C M = Group (RSpan ms)
proof (induct ms)
case Nil show ?Zcase using trivial-Group by simp
next
case (Cons m ms)
hence Group (RSpan [m]) Group (RSpan ms)
using Group-RSpan-single[of m] by auto
thus ?case
using RSpan-Cons[of m ms] AbGroup.intro AbGroup-set-plus AbGroup.axioms(1)
by  fastforce
qed

lemma RSpanD-lincomb-arb-len-coeffs :
set ms C M = RSpan ms = { rs - ms | rs. set rs C R }
proof
show RSpan ms C { rs - ms | rs. set rs C R } using RSpanD-lincomb by fast
show set ms C M = RSpan ms 2 { rs -~ ms | rs. set rs C R }
proof (induct ms)
case Nil show ?case using lincomb-Nil by auto
next
case (Cons m ms) show ?case
proof
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fix  assume z € { rs - (m#ms) | rs. set rs C R }

from this obtain rs where rs: set rs C R x = rs -« (m#ms) by fast

with Cons show z € RSpan (m#ms)
using lincomb-Nil Group-RSpan|of m#ms] Group.zero-closed lincomb-Cons
by (cases rs) auto

qed
qed
qed

lemma RSpanl-lincomb-arb-len-coeffs :
set rs C R = set ms C M — rs -- ms € RSpan ms
using RSpanD-lincomb-arb-len-coeffs by fast

lemma RSpan-contains-RSpans-Cons-left :
set ms € M = RSpan [m] C RSpan (m#ms)
using RSpan-Cons Group-RSpan AbGroup.intro AbGroup.subset-plus-left by fast

lemma RSpan-contains-RSpans-Cons-right :

m € M = RSpan ms C RSpan (m#ms)

using RSpan-Cons Group-RSpan-single AbGroup.intro AbGroup.subset-plus-right
by fast

lemma RSpan-contains-RSpans-append-left :
set ns € M = RSpan ms C RSpan (msQns)
using RSpan-append Group-RSpan AbGroup.intro AbGroup.subset-plus-left
by  fast

lemma RSpan-contains-spanset : set ms C M —> set ms C RSpan ms
proof (induct ms)
case Nil show ?case by simp
next
case (Cons m ms) thus ?case
using RSpan-contains-spanset-single
RSpan-contains-RSpans-Cons-left|of ms m)
RSpan-contains-RSpans-Cons-right[of m ms]
by auto
qed

lemma RSpan-contains-spanset-append-left :
set ms C M = set ns C M = set ms C RSpan (msQns)
using RSpan-contains-spanset[of msQns] by simp

lemma RSpan-contains-spanset-append-right :
set ms C M = set ns C M = set ns C RSpan (msQns)

using RSpan-contains-spanset[of msQns] by simp

lemma RSpan-zero-closed : set ms C M = 0 € RSpan ms
using Group-RSpan Group.zero-closed by fast
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lemma RSpan-single-closed : m € M = RSpan [m] C M
using RSpan-single smult-closed by auto

lemma RSpan-closed : set ms C M = RSpan ms C M
proof (induct ms)
case Nil show ?case using zero-closed by simp
next
case (Cons m ms) thus ?case
using RSpan-single-closed RSpan-Cons Group Group.set-plus-closed|of M)
by  simp
qged

lemma RSpan-smult-closed :
assumes r € R set ms C M n € RSpan ms
shows r - n € RSpan ms
proof—
from assms(2,3) obtain rs where rs: set s C R n = rs - ms
using RSpanD-lincomb-arb-len-coeffs by fast
with assms(1,2) show ?thesis
using smult-lincomb[OF rs(1) assms(1,2)] mult-closed
RSpanl-lincomb-arb-len-coeffs[of [r*a. a<—rs] ms]
by auto
qed

lemma RSpan-add-closed :
assumes set ms C M n € RSpan ms n’ € RSpan ms
shows n + n’ € RSpan ms
proof—
from assms (2,3) obtain rs ss
where rs: set rs C R length rs = length ms n = rs «- ms
and ss: set ss C R length ss = length ms n' = ss - ms
using RSpanD-lincomb by auto
with assms(1) have n + n’ = [r + s. (r,s)<=zip rs ss| -+ ms
using lincomb-sum-left by simp
moreover from rs(1) ss(1) have set [r + s. (r,s)<zip rs ss] C R
using set-zip-leftD[of - - rs ss] set-zip-rightD[of - - rs ss]
R-scalars.add-closed R-scalars.zip-add-closed by blast
ultimately show n + n’ € RSpan ms
using assms(1) RSpanl-lincomb-arb-len-coeffs by simp
qed

lemma RSpan-lincomb-closed :
[ set s C R; set ms C M; set ns C RSpan ms | = rs -+ ns € RSpan ms
using lincomb-Nil RSpan-zero-closed lincomb-Cons RSpan-smult-closed RSpan-add-closed
by  (induct rs ns rule: list-induct2’) auto

lemma RSpanl : set ms C M — M C RSpan ms — M = RSpan ms
using RSpan-closed by fast
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lemma RSpan-contains-RSpan-take :
set ms C M = RSpan (take k ms) C RSpan ms
using append-take-drop-id set-drop-subset
RSpan-contains-RSpans-append-left[of drop k ms)
by  fastforce

lemma RSubmodule-RSpan-single :
assumes m € M
shows RSubmodule (RSpan [m])
proof (rule RSubmodulel)
from assms show Subgroup (RSpan [m])
using Group-RSpan-single RSpan-closed|of [m]] by simp
next
fix r n assume ™: r € R n € RSpan [m)]
from rn(2) obtain s where s: s € R n = s - m using RSpan-single by fast
with assms rn(1) have r x s€ Rr-n=(rxs)-m
using mult-closed by auto
thus r - n € RSpan [m] using RSpan-single by fast
qed

lemma RSubmodule-RSpan : set ms C M = RSubmodule (RSpan ms)
proof (induct ms)

case Nil show ?case using trivial-RSubmodule by simp
next

case (Cons m ms)

hence RSubmodule (RSpan [m]) RSubmodule (RSpan ms)

using RSubmodule-RSpan-single by auto

thus ?case using RSpan-Cons RSubmodule-set-plus by simp

qed

lemma RSpan-RSpan-closed :
set ms € M — set ns C RSpan ms —> RSpan ns C RSpan ms
using RSpanD-lincomblof ns] RSpan-lincomb-closed by auto

lemma spanset-reduce-Cons :
set ms C M = m € RSpan ms => RSpan (m#ms) = RSpan ms
using RSpan-Cons RSpan-RSpan-closed[of ms [m]]
RSpan-contains-RSpans-Cons-right[of m ms]
RSubmodule-RSpan[of ms]
RModule.set-plus-closed[of R smult RSpan ms RSpan [m] RSpan ms]
by auto

lemma RSpan-replace-hd :
assumes n € M set ms € M m € RSpan (n # ms)
shows RSpan (m # ms) C RSpan (n # ms)
proof
fix  assume = € RSpan (m # ms)
from this assms(3) obtain r rs s ss
where r-rs: r € R set rs C R length rs = length ms x = r - m + rs -~ ms
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and s-ss: s € R set ss C R length ss = length ms m = s - n + ss - ms
using in-RSpan-Cons-obtain-same-length-coeffs[of x m ms]
in-RSpan-Cons-obtain-same-length-coeffs[of m n ms]
by  fastforce
from r-rs(1) s-ss(2) have setl: set [rxa. a<ss] C R using mult-closed by auto
have z = ((r * s) # [a + b. (a,b)+zip [r*a. a<—ss] rs]) - (n # ms)
proof—
from r-rs(2,3) s-ss(3) assms(2)
have [rka. a+ss] - ms + rs -~ ms
= [a + b. (a,b)<zip [r+a. a<ss] rs] -~ ms
using set! lincomb-sum
by  simp
moreover from assms(1,2) r-rs(1,2,4) s-ss(1,2,4)
have z = (r *x s) - n + ([r+a. a<ss] -~ ms + 15 -- ms)
using smult-closed lincomb-closed smult-lincomb mult-closed lincomb-sum

by simp
ultimately show ¢thesis using lincomb-Cons by simp
qed

moreover have set ((r x s) # [a + b. (a,b)<zip [r+a. a+ss] rs]) C R
proof—

from r-rs(2) have set [a + b. (a,b)«zip [r*a. asss] rs] C R

using set! R-scalars.zip-add-closed by fast

with r-rs(1) s-ss(1) show ?thesis using mult-closed by simp
qed
ultimately show = € RSpan (n # ms)

using assms(1,2) RSpanl-lincomb-arb-len-coeffs[of - n#ms] by fastforce

qged

end

lemmas (in scalar-mult)
Span-Cons = R-scalar-mult. RSpan-Cons|OF R-scalar-mult, of smult]

context Module

begin

lemmas SpanD-lincomb-arb-len-coeffs = RSpanD-lincomb-arb-len-coeffs
lemmas Spanl = RSpanl

lemmas Spanl-lincomb-arb-len-coeffs = RSpanl-lincomb-arb-len-coeffs
lemmas Span-contains-Spans-Cons-right = RSpan-contains-RSpans-Cons-right
lemmas Span-contains-spanset = RSpan-contains-spanset

lemmas Span-contains-spanset-append-left = RSpan-contains-spanset-append-left
lemmas Span-contains-spanset-append-right = RSpan-contains-spanset-append-right

lemmas Span-closed = RSpan-closed

lemmas Span-smult-closed = RSpan-smult-closed

lemmas Span-contains-Span-take = RSpan-contains-RSpan-take
lemmas Span-replace-hd = RSpan-replace-hd

lemmas Submodule-Span = RSubmodule-RSpan
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end

3.2.3 Finitely generated modules

context R-scalar-mult
begin

abbreviation R-fingen M = (I ms. set ms C M A RSpan ms = M)

Similar to definition of card for finite sets, we default dim to O if no finite
spanning set exists. Note that RSpan [| = 0 implies that dim-R {0} = 0.

definition dim-R :: 'm set = nat
where dim-R M = (if R-fingen M then (
LEAST n. dms. length ms = n A set ms C M A RSpan ms = M
) else 0)

lemma dim-R-nonzero :
assumes dim-R M > 0
shows M # 0
proof
assume M: M = 0
hence dim-R M
= (LEAST n. 3ms. length ms = n A set ms C M A RSpan ms = M)
using dim-R-def by simp

moreover from M have length [| = 0 A set | € M A RSpan [| = M by simp
ultimately show Fulse using assms by simp

qed

end

hide-const real-vector.dim
hide-const (open) Real-Vector-Spaces.dim

abbreviation (in scalar-mult) fingen
abbreviation (in scalar-mult) dim

R-scalar-mult. R-fingen UNIV smult
R-scalar-mult.dim-R UNIV smult

lemmas (in Module) dim-nonzero = dim-R-nonzero

3.2.4 R-linear independence

context R-scalar-mult
begin

primrec R-lin-independent :: 'm list = bool where
R-lin-independent-Nil: R-lin-independent [| = True |
R-lin-independent-Cons:
R-lin-independent (m#ms) = (R-lin-independent ms
AN (Yrrs. (set (r#rs) C R A (r#rs) - (m#ms) = 0) — r = 0))
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lemma R-lin-independent-Consl :
assumes R-lin-independent ms
N7 rs. set (r#trs) C R = (r#trs) - (m#ms) = 0 = r =0
shows R-lin-independent (m#ms)
using assms R-lin-independent-Cons
by fast

lemma R-lin-independent-ConsD1 :
R-lin-independent (m#ms) = R-lin-independent ms
by simp

lemma R-lin-independent-ConsD2 :
[ R-lin-independent (m#ms); set (r#rs) C R; (r#rs) - (m#ms) = 0]
= r=70
by auto

end

context RModule
begin

lemma R-lin-independent-imp-same-scalars :
[ length rs = length ss; length rs < length ms; set rs C R; set ss C R;
set ms C M; R-lin-independent ms; rs «- ms = 8 - ms | = rs = ss
proof (induct rs ss arbitrary: ms rule: list-induct2)
case (Cons r rs s $s)
from Cons(3) have ms # [| by auto
from this obtain n ns where ms: ms = n#ns
using neq-Nil-conv[of ms| by fast
from Cons(4,5) have set ([a—b. (a,b)<=zip (r#rs) (s#ss)]) C R
using Ringl Ringl .list-diff-closed by fast
hence set ((r—s)#[a—b. (a,b)<=zip 1s ss]) C R by simp
moreover from Cons(1,{—6,8) ms
have 1: ((r—s)#[a—b. (a,b)<zip rs ss]) - (n#ns) = 0
using lincomb-diff-left[of r#trs s#ss
by  simp
ultimately have r — s = 0 using Cons(7) ms R-lin-independent-Cons by fast
hence 2: r = s by simp
with 1 Cons(1,4—6) ms have rs - ns = ss «- ns
using lincomb-Cons zero-smult lincomb-diff-left by simp
with Cons(2—7) ms have rs = ss by simp
with 2 show ?Zcase by fast
qed fast

lemma R-lin-independent-obtain-unique-scalars :
[ set ms C M; R-lin-independent ms; n € RSpan ms |
= (3! rs. set rs C R A length rs = length ms A n = rs +- ms)
using in-RSpan-obtain-same-length-coeffs|of n ms]
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R-lin-independent-imp-same-scalars[of - - ms]
by auto

lemma R-lin-independentl-all-scalars :
set ms C M —
(Vrs. set rs € R A length rs = length ms A rs -- ms = 0 — set rs C 0)
—> R-lin-independent ms
proof (induct ms)
case (Cons m ms) show ?case
proof (rule R-lin-independent-ConsI)
have Ars. [ set rs C R; length rs = length ms; rs «- ms = 0 | = set rs C 0
proof—
fix rs assume rs: set rs C R length rs = length ms rs +- ms = 0
with Cons(2) have set (0#rs) C R length (04#rs)
= length (m#ms) (0#rs) -- (m#Fms) = 0
using R-scalars.zero-closed lincomb-Cons zero-smult by auto
with Cons(3) have set (0#rs) C 0 by fast
thus set rs C 0 by simp
qed
with Cons(1,2) show R-lin-independent ms by simp
next
fix r rs assume r-rs: set (r # rs) C R (r # rs) = (m # ms) = 0
from r-rs(1) Cons(2) obtain ss
where ss: set ss C R length ss = length ms rs -~ ms = ss - ms
using lincomb-obtain-same-length-Reoeffs|of rs ms]
by auto
with r-rs have (r#ss) - (m#ms) = 0 using lincomb-Cons by simp
moreover from r-rs(1) ss(1) have set (r#ss) C R by simp
moreover from ss(2) have length (r#ss) = length (m#ms) by simp
ultimately have set (r#ss) C 0 using Cons(3) by fast
thus » = 0 by simp
qed
qed simp

lemma R-lin-independentl-concat-all-scalars :
defines eg-len: eq-len = Axs ys. length xs = length ys
assumes set (concat mss) € M
Nrss. set (concat rss) € R = list-all2 eq-len rss mss
= (concat 1ss) - (concat mss) = 0 = (Vrs € set rss. set rs C 0)
shows R-lin-independent (concat mss)
using assms(2)
proof (rule R-lin-independentl-all-scalars)
have Ars. [ set s C R; length rs = length (concat mss); rs +- concat mss = 0 ]
= setrs C 0
proof—
fix rs
assume 7s: set rs C R length rs = length (concat mss) rs «- concat mss = 0
from rs(2) eg-len obtain rss where rs = concat rss list-all2 eq-len rss mss
using match-concat by fast

84



with rs(1,3) assms(3) show set rs C 0 by auto
qed
thus Vrs. set rs C R A length rs = length (concat mss) A s - concat mss = 0
— set rs C 0
by auto
qed

lemma R-lin-independentD-all-scalars :
[ set s C R; set ms C M; length rs < length ms; R-lin-independent ms;
rsms=0] = setrs C 0
proof (induct rs ms rule: list-induct2”)
case (4 T s m ms)
from 4(2,5,6) have r = 0 by auto
moreover with 4 have set rs C 0 using lincomb-Cons zero-smult by simp
ultimately show ?case by simp
qed auto

lemma R-lin-independentD-all-scalars-nth :
assumes set rs C R set ms C M R-lin-independent ms rs «- ms = 0
k < min (length rs) (length ms)
shows rslk =0
proof—
from assms(1,2) obtain ss
where ss: set ss C R length ss = length ms
take (length rs) ss = take (length ms) rs rs «- ms = ss == ms
using lincomb-obtain-same-length-Reoeffs[of rs ms]
by  fast
from ss(1,2,4) assms(2,3,4) have set ss C 0
using R-lin-independentD-all-scalars by auto
moreover from assms(5) ss(3) have rslk = (take (length rs) ss)lk by simp
moreover from assms(5) ss(2) have k < length (take (length rs) ss) by simp
ultimately show %thesis using in-set-conv-nth by force
qed

lemma R-lin-dependent-dependence-relation :
set ms C M = — R-lin-independent ms
= drs. set s C R A set rs # 0 A length rs = length ms A\ rs - ms = 0
proof (induct ms)
case (Cons m ms) show Zcase
proof (cases R-lin-independent ms)
case True
with Cons(3)
have - (Vr rs. (set (r#trs) C R A (r#rs) - (m#ms) = 0) — r = 0)
by simp
from this obtain r s
where r-1s: set (r#rs) C R (r#rs) - (m#ms) = 0r # 0
by  fast
from r-rs(1) Cons(2) obtain ss
where ss: set ss C R length ss = length ms rs -~ ms = ss +- ms
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using lincomb-obtain-same-length-Reoeffs|of s ms]
by auto

from ss r-rs have set (r#ss) C R A set (r#ss) # 0

A length (r#ss) = length (m#ms) A (r#ss) - (m#ms) = 0

using lincomb-Cons
by  simp

thus ?thesis by fast

next

case Fulse

with Cons(1,2) obtain rs
where rs: set rs C R set rs # 0 length rs = length ms rs «- ms = 0
by  fastforce

from Fualse rs Cons(2)
have set (0#rs) C R A set (0#rs) # 0 A length (0#rs) = length (m#ms)

A (047rs) - (m#ms) = 0
using Ringl.zero-closed|OF Ringl1] lincomb-Cons[of 0 rs m ms]
zero-smult[of m] empty-set-diff-single|of set rs]

by  fastforce

thus ?thesis by fast

qed
qed simp

lemma R-lin-independent-imp-distinct :
set ms C M = R-lin-independent ms = distinct ms
proof (induct ms)
case (Cons m ms)
have An. n € set ms = m # n
proof
fix n assume n: n € set ms m = n
from n(1) obtain zs ys where ms = xs Q@ n # ys using split-list by fast
with Cons(2) n(2)
have (1 # replicate (length zs) 0 Q [—1]) -- (m # ms) = 0
using lincomb-Cons lincomb-append lincomb-replicate0-left lincomb-Nil neg-eq-negl-smult
by  simp
with Cons(3) have 1 = 0
using R-scalars.zero-closed one-closed R-scalars.neg-closed by force
thus Fulse using one-neq-zero by fast
qed
with Cons show ?case by auto
qed simp

lemma R-lin-independent-imp-independent-take :
set ms C M = R-lin-independent ms = R-lin-independent (take n ms)
proof (induct ms arbitrary: n)
case (Cons m ms) show Zcase
proof (cases n)
case (Suc k)
hence take n (m#ms) = m # take k ms by simp
moreover have R-lin-independent (m # take k ms)
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proof (rule R-lin-independent-ConsI)
from Cons show R-lin-independent (take k ms) by simp
next
fix r rs assume r-rs: set (r#rs) C R (r#trs)--(m # take k ms) = 0
from r-rs(1) Cons(2) obtain ss
where ss: set ss C R length ss = length (take k ms)
rs «- take k ms = ss +- take k ms
using set-take-subset|of k ms| lincomb-obtain-same-length-Rcoeffs
by  force
from r-rs(1) ss(1) have set (r#ss) C R by simp
moreover from r-rs(2) ss have (r#ss) -« (m#ms) = 0
using lincomb-Cons lincomb-Nil
lincomb-append-right|of ss take k ms drop k ms]
by  simp
ultimately show r = 0 using Cons(3) by auto
qed
ultimately show ¢thesis by simp
qed simp
qed simp

lemma R-lin-independent-Cons-imp-independent-RSpans :
assumes m € M R-lin-independent (m#ms)
shows add-independentS [RSpan [m], RSpan ms]
proof (rule add-independentS-doublel)
fix x y assume zy: € RSpan [m] y € RSpan ms z + y = 0
from zy(1,2) obtain r rs where r-rs: v € Rx =1 - msetrs C Ry =rs- ms
using RSpan-single RSpanD-lincomb by fast
with zy(3) have set (r#rs) C R (r#rs) « (m#ms) = 0
using lincomb-Cons by auto
with assms r-rs(2) show z = 0 using zero-smult by auto
qed

lemma hd0-imp-R-lin-dependent : — R-lin-independent (0#ms)
using lincomb-Cons[of 1 [| 0 ms] lincomb-Nillof [| ms| smult-zero one-closed
R-lin-independent-Cons
by  fastforce

lemma R-lin-independent-imp-hd-n0 : R-lin-independent (m#ms) = m # 0
using hd0-imp-R-lin-dependent by fast

lemma R-lin-independent-imp-hd-independent-from-RSpan :
assumes m € M set ms C M R-lin-independent (m#£ms)
shows m ¢ RSpan ms
proof
assume m: m € RSpan ms
with assms(2) have (—1) - m € RSpan ms
using RSubmodule-RSpan[of ms]
RModule.smult-closed]of R smult RSpan ms —1 m]
one-closed R-scalars.neg-closed[of 1]
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by  simp

moreover from assms(1) have m + (—1) - m = 0
using neg-eq-negl-smult by simp

ultimately show False

using RSpan-contains-spanset-single assms R-lin-independent- Cons-imp-independent-RSpans

add-independentS-doubleD R-lin-independent-imp-hd-n0
by  fast
qed

lemma R-lin-independent-reduce :
assumes n € M
shows set ms C M = R-lin-independent (ms Q n # ns)
= R-lin-independent (ms Q ns)
proof (induct ms)
case (Cons m ms)
moreover have A\r rs. set (r#rs) C R = (r#rs) - (m#msQns) = 0
= r =10
proof—
fix r rs assume 7-rs: set (r#rs) C R (r#rs) - (m # ms Q ns) = 0
from Cons(2) r-rs(1) obtain ss
where ss: set ss C R length ss = length ms rs -~ ms = ss - ms
using lincomb-obtain-same-length-Reoeffs|of s ms|
by auto
from assms ss(2,3) r-rs(2)
have (r # ss @ 0 # drop (length ms) rs) -- (m # ms Q n # ns) = 0
using lincomb-Cons
lincomb-append-right add.assoc[of r-m rs--ms (drop (length ms) rs)--ns]
zero-smult lincomb-append
by simp
moreover from r-rs(1) ss(1)
have set (r # ss Q 0 # drop (length ms) rs) C R
using R-scalars.zero-closed set-drop-subset|of - rs]
by auto
ultimately show r = 0
using Cons(3)
R-lin-independent-ConsD2[of m - r ss @ 0 # drop (length ms) rs]
by  simp
qed
ultimately show R-lin-independent ( (m#ms) @ ns) by auto
qed simp

lemma R-lin-independent-vs-lincomb0 :
assumes set (msQn#tns) C M R-lin-independent (ms Q@ n # ns)
set (rsQs#ss) C R length rs = length ms
(rsQs#ss) - (msQn#ns) = 0
shows s=10
proof—
define k£ where k = length rs
hence (rsQs#ss)'k = s by simp
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moreover from k-def assms(4) have k < min (length (rsQs#ss)) (length (msQn#ns))
by simp
ultimately show ?thesis
using assms(1,2,3,5) R-lin-independentD-all-scalars-nth|of rsQs#tss msQn#ns]
by  simp
qed

lemma R-lin-independent-append-imp-independent-RSpans :
set ms C M = R-lin-independent (msQns)
= add-independentS [RSpan ms, RSpan ns
proof (induct ms)
case (Cons m ms)
show ?Zcase
proof (rule add-independentS-doublel)
fix x y assume zy: y € RSpan nst € RSpan (m#ms) z + y =0
from zy(2) obtain z1 z2
where z1-z2: z1 € RSpan [m] 22 € RSpan ms © = z1 + 22
using RSpan-Cons set-plus-def[of RSpan [m]]
by auto
from 21-22(1,2) zy(1) obtain r rs ss
where r-1s-ss: set (r#(rsQss)) C R length rs = length ms 1 = r - m
2 =1s-- mSY =85+ NS
using RSpan-single in-RSpan-obtain-same-length-coeffs[of x2 ms)
RSpanD-lincomb|of ns]
by auto
have z1-0: z1 = 0
proof—
from zy(3) z1-22(3) r-rs-ss(2—5) have (r#(rsQss)) - (m#(msQns)) = 0
using lincomb-append lincomb-Cons by (simp add: algebra-simps)
with r-rs-ss(1,3) Cons(2,3) show ?thesis
using R-lin-independent-ConsD2[of m msQns r rsQss] zero-smult by simp
qed
moreover have z2 = 0
proof—
from 21-0 zy(3) z1-22(3) have 22 + y = 0 by simp
with xy(1) z1-22(2) Cons show ?thesis
using add-independentS-doubleD by simp
qed
ultimately show =z = 0 using z1-z2(3) by simp
qed
qed simp

end

3.2.5 Linear independence over UNIV

context scalar-mult
begin
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abbreviation lin-independent ms
= R-scalar-mult. R-lin-independent UNIV smult ms

lemmas lin-independent-Consl

= R-scalar-mult. R-lin-independent-Consl [OF R-scalar-mult, of smult]
lemmas lin-independent-ConsD1

= R-scalar-mult. R-lin-independent-ConsD1[OF R-scalar-mult, of smult]

end

context Module
begin

lemmas lin-independent-imp-independent-take = R-lin-independent-imp-independent-take

lemmas lin-independent-reduce = R-lin-independent-reduce

lemmas lin-independent-vs-lincomb0 = R-lin-independent-vs-lincomb0
lemmas lin-dependent-dependence-relation = R-lin-dependent-dependence-relation
lemmas lin-independent-imp-distinct = R-lin-independent-imp-distinct

lemmas lin-independent-imp-hd-independent-from-Span

= R-lin-independent-imp-hd-independent-from-RSpan
lemmas lin-independent-append-imp-independent-Spans

= R-lin-independent-append-imp-independent- RSpans

end

3.2.6 Rank

context R-scalar-mult
begin

definition R-finrank :: 'm set = bool
where R-finrank M = (In. ¥V ms. set ms C M
A R-lin-independent ms — length ms < n)

lemma R-finrankl :
(Ams. set ms € M = R-lin-independent ms = length ms < n)
= R-finrank M
unfolding R-finrank-def by blast

lemma R-finrankD :
R-finrank M = 3 n. V'ms. set ms C M A R-lin-independent ms
— length ms < n
unfolding R-finrank-def by fast

lemma submodule-R-finrank : R-finrank M =— N C M = R-finrank N
unfolding R-finrank-def by blast

end
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context scalar-mult
begin

abbreviation finrank :: 'm set = bool
where finrank = R-scalar-mult. R-finrank UNIV smult

lemmas finrankl = R-scalar-mult. R-finrankI[OF R-scalar-mult, of - smult)
lemmas finrankD = R-scalar-mult. R-finrankD[OF R-scalar-mult, of smult)
lemmas submodule-finrank

= R-scalar-mult.submodule-R-finrank [OF R-scalar-mult, of smult]

end

3.3 Module homomorphisms

3.3.1 Locales

locale RModuleHom = Domain?. RModule R smult M
4+ Codomain?: scalar-mult smult’
+ GroupHom?: GroupHom M T

for R i 'riring-1 set

and smult :: 'r = 'm:ab-group-add = 'm (infixr <> 70)
and M = 'm set

and smult’ :: 'r = 'nizab-group-add = 'n (infixr < 70)
and T w'm='n

+ assumes R-map: Arm.re R—=me M = T (r-m)=r*Tm

abbreviation (in RModuleHom) lincomb’ :: 'r list = 'n list = 'n (infix <% 70)
where lincomb’ = Codomain.lincomb

lemma (in RModule) RModuleHomlI :
assumes GroupHom M T
Nrm.rée R=me M= T (r-m)=smult' r (T m)
shows RModuleHom R smult M smult’ T

by

fold-locales,
rule assms(2)

)

locale RModuleEnd = RModuleHom R smult M smult T

rule RModuleHom.intro, rule RModule-axioms, rule assms(1), un-

for R :: 'ruring-1 set

and smult :: 'r = 'm:ab-group-add = 'm (infixr <> 70)
and M  :: 'm set

and T :'m='m

+ assumes endomorph: ImG C M

locale ModuleHom = RModuleHom UNIV smult M smult’ T
for smult :: 'riring-1 = 'm:ab-group-add = 'm (infixr <> 70)
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and M = 'm set
and smult’ :: 'r = 'nizab-group-add = 'n (infixr < 70)
and T w'm='n

lemmas (in ModuleHom) hom = hom

lemmas (in Module) ModuleHomI = RModuleHomI[THEN ModuleHom.intro)

locale ModuleEnd = ModuleHom smult M smult T
for smult :: 'riring-1 = 'm::ab-group-add = 'm (infixr <> 70)
and M :'msetand T :: 'm = 'm

+ assumes endomorph: ImG C M

locale RModulelIso = RModuleHom R smult M smult’ T
for R o 'riring-1 set
and smult :: 'r = 'miab-group-add = 'm (infixr <> 70)
and M = 'm set
and smult’ i1 'r = 'nizab-group-add = 'n (infixr oo 70)
and T 2 'm = 'n

+ fixes N = 'n oset
assumes bijective: bij-betw T M N

lemma (in RModule) RModulelsol :
assumes Grouplso M T N
Nrm.re R=me M= T (r-m)=smult' r (T m)
shows RModulelso R smult M smult’ T N
proof (rule RModulelso.intro)
from assms show RModuleHom R (-) M smult’ T
using Grouplso.azioms(1) RModuleHomlI by fastforce
from assms(1) show RModulelso-axioms M T N
using Grouplso.bijective by unfold-locales
qed

3.3.2 Basic facts

lemma (in RModule) trivial-RModuleHom, :
VreR. smult’ r 0 = 0 = RModuleHom R smult M smult’ 0
using trivial-GroupHom RModuleHoml by fastforce

lemma (in RModule) RModHom-idhom : RModuleHom R smult M smult (id]M)

using RModule-axioms GroupHom-idhom
proof (rule RModuleHom.intro)
show RModuleHom-azioms R (-) M (-) (id | M)
using smult-closed by unfold-locales simp
qed

context RModuleHom
begin
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lemmas additive = hom

lemmas supp = supp
lemmas im-zero = im-zero
lemmas im-diff = im-diff
lemmas Ker-Im-iff = Ker-Im-iff

lemmas Ker0-imp-inj-on = Ker0-imp-inj-on
lemma GroupHom : GroupHom M T ..

lemma codomain-smult-zero : r € R = r x 0 = 0
using im-zero smult-zero zero-closed R-map[of v 0] by simp

lemma RSubmodule-Ker : Domain. RSubmodule Ker
proof (rule Domain.RSubmodulel, rule conjl, rule Group-Ker)
fix r m assume 7: r € R and m: m € Ker
thus r - m € Ker
using R-map|of r m] kerD[of m T| codomain-smult-zero kerl Domain.smult-closed
by  simp
ged fast

lemma RModule-Im : RModule R smult’ ImG
using Ringl Group-Im
proof (rule RModulel, unfold-locales)
show An.n € T ‘M = 1 x n = n using one-closed R-map|of 1] by auto
next
fix rsmmnassume mr€ Rand s: s€ Rand m: me T ‘M
andn:ne T ‘M
from m n obtain m’ n’
where m" m’€e Mm = Tm'and n". n" € Mn=Tn'
by  fast
from m’ r R-map have r x m = T (r - m’) by simp
with r m'(1) show r x m € T * M using smult-closed by fast
from rm’n'show r«(m+n)=r«m+rxn
using hom add-closed R-map|of v m’+n’] smult-closed R-map|of r] by simp
from r s m’'show (r + s) *x m=rxm+ s*m
using R-scalars.add-closed R-map|of r+s] smult-closed hom R-map by simp
from r s m'show r x s x m = (r * s) x m
using smult-closed R-map|of s| R-map[of r s - m'] mult-closed R-map|of r+s]
by  simp
qed

lemma im-submodule :
assumes RSubmodule N
shows RModule. RSubmodule R smult’ ImG (T ¢ N)
proof (rule RModule. RSubmodulel, rule RModule-Im)
from assms show Group.Subgroup (T * M) (T ¢ N)
using im-subgroup Subgroup-RSubmodule by fast
from assms R-map show Arn.re R—=ne€ T ‘'N=r*+neT*‘N
using RModule.smult-closed by force
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qed

lemma RModHom-composite-left :
assumes T ‘M C N RModuleHom R smult’ N smult’’ S
shows RModuleHom R smult M smult” (S o T)
proof (rule RModule.RModuleHomI, rule RModule-azioms)
from assms(1) show GroupHom M (S o T)
using RModuleHom.GroupHom[OF assms(2)] GroupHom-composite-left
by auto
from assms(1)
show Arm.re R=me M= (SoT) (r-m)=smult" r ((SoT)m)
using R-map RModuleHom.R-map[OF assms(2)]
by auto
qed

lemma RModuleHom-restrict0-submodule :
assumes RSubmodule N
shows RModuleHom R smult N smult’ (T | N)
proof (rule RModuleHom.intro)
from assms show RModule R (-) N by fast
from assms show GroupHom N (T | N)
using RModule. Group GroupHom-restrict0-subgroup by fast
show RModuleHom-azioms R (-) N (x) (T } N)
proof
fix rm assume r € R m € N
with assms show (T [ N) (r-m)=rx (T ] N)m
using RModule.smult-closed R-map by fastforce
qed
qed

lemma distrib-lincomb :
setrs C R = set ms C M = T (rs - ms) = rs -« map T ms
using Domain.lincomb-Nil im-zero Codomain.lincomb-Nil R-map Domain.lincomb-Cons
Domain.smult-closed Domain.lincomb-closed additive Codomain.lincomb-Cons
by  (induct rs ms rule: list-induct2’) auto

lemma same-image-on-RSpanset-imp-same-hom :
assumes RModuleHom R smult M smult’ S set ms C M
M = Domain.R-scalars.RSpan ms ¥ meset ms. Sm = T m
shows S =T
proof
fix m show Sm = Tm
proof (cases m € M)
case True
with assms(2,3) obtain rs where rs: set s C R m = rs - ms
using Domain. RSpanD-lincomb-arb-len-coeffs by fast
from rs(1) assms(2) have S (rs - ms) = rs - (map S ms)
using RModuleHom.distrib-lincomb|OF assms(1)] by simp
moreover from rs(1) assms(2) have T (rs - ms) = rs «x (map T ms)
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using distrib-lincomb by simp
ultimately show ?thesis using assms(4) map-extjof ms S T| rs(2) by auto
next
case Fulse with assms(1) supp show ?thesis
using RModuleHom.supp suppl-contra[of - S| suppl-contra[of - T] by fastforce
qed
qed

end

lemma RSubmodule-eigenspace :
fixes smult :: 'riring-1 = 'm:ab-group-add = 'm (infixr <) 70)
assumes RModHom: RModuleHom R smult M smult T
and mreRAsm.seR=—=meM=—s-r-m=r-s-m
defines E: E={m e M. Tm =r - m}
shows RModule. RSubmodule R smult M E
proof (rule RModule. RSubmodulel)
from RModHom show rmod: RModule R smult M
using RModuleHom.axioms(1) by fast
have Group E
proof
from r(1) E show E # {}
using RModule.zero-closed| OF rmod] RModuleHom.im-zero|OF RModHom)
RModule.smult-zero| OF rmod]
by auto
next
fix m n assume m € En € E
with r(1) E showm — n € E
using RModule.diff-closed[OF rmod] RModuleHom.im-diff[OF RModHom)|
RModule.smult-distrib-left-diff [OF rmod)
by simp
qed
with F show Group.Subgroup M E by fast
show Asm.sc R=meE=s-mckE
proof—
fix s m assume s € Rm € E
with E r RModuleHom.R-map[OF RModHom| show s - m € F
using RModule.smult-closed| OF rmod] by simp
qed
qed

3.3.3 Basic facts about endomorphisms

lemma (in RModule) Rmap-endomorph-is-RModuleEnd :
assumes grpend: GroupEnd M T
and Rmap :Arm.réeR=meM =T (r-m)=r-(Tm)
shows RModuleEnd R smult M T
proof (rule RModuleEnd.intro, rule RModuleHomI)
from grpend show GroupHom M T using GroupEnd.azioms(1) by fast
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from grpend show RModuleEnd-azioms M T
using GroupEnd.endomorph by unfold-locales
qed (rule Rmap)

lemma (in RModuleEnd) GroupEnd : GroupEnd M T
proof (rule GroupEnd.intro)

from endomorph show GroupEnd-azioms M T by unfold-locales
qed (unfold-locales)

lemmas (in RModuleEnd) proj-decomp = GroupEnd.proj-decomp|OF GroupEnd)

lemma (in ModuleEnd) RModuleEnd : RModuleEnd UNIV smult M T
using endomorph RModuleEnd.intro by unfold-locales

lemmas (in ModuleEnd) GroupEnd = RModuleEnd.GroupEnd[OF RModule End]

lemma RModuleEnd-over-UNIV-is-ModuleEnd :
RModuleEnd UNIV rsmult M T —> ModuleEnd rsmult M T
proof (rule ModuleEnd.intro, rule ModuleHom.intro)
assume endo: RModuleEnd UNIV rsmult M T
thus RModuleHom UNIV rsmult M rsmult T
using RModuleEnd.axioms(1) by fast
from endo show ModuleEnd-axioms M T
using RModule End.endomorph by unfold-locales
qed

3.3.4 Basic facts about isomorphisms

context RModulelso
begin

abbreviation invT = (the-inv-into M T) | N

lemma Grouplso : Grouplso M T N
proof (rule Grouplso.intro)

show GroupHom M T ..

from bijective show Grouplso-axioms M T N by unfold-locales
qed

lemmas ImG = Grouplso.ImG [OF Grouplsol
lemmas GroupHom-inv = Grouplso.inv [OF Grouplso]
lemmas invT-into = Grouplso.invT-into [OF Grouplso]
lemmas T-invT = Grouplso. T-invT  [OF Grouplso)
lemmas invT-eq = Grouplso.invT-eq [OF Grouplso]

lemma RModuleN : RModule R smult’ N using RModule-Im ImG by fast

lemma inv : RModulelso R smult’ N smult invT M
using RModuleN GroupHom-inv
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proof (rule RModule.RModulelsol)
fix rn assume rn: r € Rn € N
thus invT (r *n) =71 - invT n
using nvT-into smult-closed R-map T-invT invT-eq by simp
qed

end

3.4 Inner direct sums of RModules

lemma (in RModule) RModule-inner-dirsum-el-decomp-Rsmult :
assumes YV Neset Ns. RSubmodule N add-independentS Ns r € R
z € (@ N«Ns. N)
shows (@ Ns«(r - z)) = [r - m. m« (D Ns<xz)]
proof—
define xs where xs = (P Ns+x)
with assms have z: zs € listset Ns x = sum-list xs
using RModule. AbGroup|of R] AbGroup-inner-dirsum-el-decomplI[of Ns z]
by auto
from assms(1,2,4) xs-def have zs-M: set xs C M
using Subgroup-RSubmodule
AbGroup.abSubgroup-inner-dirsum-el-decomp-set| OF AbGroup]
by  fast
from assms(1,8) x(1) have [r - m. m«xs] € listset Ns
using listset-RModule- Rsmult-closed by fast
moreover from z assms(3) zs-M have r - x = sum-list [r - m. m<—xs]
using smult-sum-list-distrib by fast
moreover from assms(1,3,4) have r - © € (@ M« Ns. M)
using RModule-inner-dirsum RModule.smult-closed by fast
ultimately show (@ Ns<(r - z)) = [r - m. m«xs]
using assms(1,2) RModule. AbGroup AbGroup-inner-dirsum-el-decomp-eq
by fast
qed

lemma (in RModule) RModuleEnd-inner-dirsum-el-decomp-nth :
assumes VN € set Ns. RSubmodule N add-independentS Ns n < length Ns
shows RModuleEnd R smult (@) N<Ns. N) (€ Nsin)
proof (rule RModule. Rmap-endomorph-is-RModuleEnd)
from assms(1) show RModule R smult (@ N« Ns. N)
using RSubmodule-inner-dirsum by fast
from assms show GroupEnd (@ N« Ns. N) € Nsln
using RModule. AbGroup GroupEnd-inner-dirsum-el-decomp-nth[of Ns| by fast
show A\rm.r € R = m € ( N«~Ns. N)
= (@ Nsin) (r - m) = r - ((p Nsin) m)
proof—
fix r m assume r € R m € ( N« Ns. N)
moreover with assms(1) have r - m € (@ M+ Ns. M)
using RModule-inner-dirsum RModule.smult-closed by fast
ultimately show (@ Ns/n) (r - m) = r - (B Nsln) m
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using assms RModule. AbGroup|of R smult]
AbGroup-length-inner-dirsum-el-decomp|of Ns|
RModule-inner-dirsum-el-decomp-Rsmult
by simp
qed
qed

4 Vector Spaces
4.1 Locales and basic facts

Here we don’t care about being able to switch scalars.

locale fscalar-mult = scalar-mult smult
for smult :: 'f::field = 'v::ab-group-add = 'v (infixr > 70)

abbreviation (in fscalar-mult) findim = fingen

locale VectorSpace = Module smult V
for smult :: 'f::field = 'v::ab-group-add = 'v (infixr > 70)
and Vv set

lemmas VectorSpacel = Modulel[THEN VectorSpace.intro)

sublocale VectorSpace < fscalar-mult proof— qed

locale FinDimVectorSpace = VectorSpace
+ assumes findim: findim V

lemma (in VectorSpace) FinDimVectorSpacel :
findim V. = FinDimVectorSpace (-) V
by unfold-locales fast

context VectorSpace
begin

abbreviation Subspace :: 'v set = bool where Subspace = Submodule

lemma SubspaceD1 : Subspace U = VectorSpace smult U
using VectorSpace.intro Module.intro by fast

lemmas AbGroup = AbGroup
lemmas add-closed = add-closed
lemmas smult-closed = smult-closed
lemmas one-smult = one-smult
lemmas smult-assoc = smult-assoc
lemmas smult-distrib-left = smult-distrib-left
lemmas smult-distrib-right = smult-distrib-right
lemmas zero-closed = zero-closed
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lemmas zero-smult = zero-smult

lemmas smult-zero = smult-zero

lemmas smult-lincomb = smult-lincomb

lemmas smult-distrib-left-diff = smult-distrib-left-diff

lemmas smult-sum-distrib = smult-sum-distrib

lemmas sum-smult-distrib = sum-smult-distrib

lemmas lincomb-sum = lincomb-sum

lemmas lincomb-closed = lincomb-closed

lemmas lincomb-concat = lincomb-concat

lemmas lincomb-replicate0-left = lincomb-replicate0-left

lemmas delta-scalars-lincomb-eq-nth = delta-scalars-lincomb-eq-nth
lemmas Spanl = Spanl

lemmas Span-closed = Span-closed

lemmas SpanD-lincomb-arb-len-coeffs = SpanD-lincomb-arb-len-coeffs
lemmas Spanl-lincomb-arb-len-coeffs = Spanl-lincomb-arb-len-coeffs
lemmas in-Span-obtain-same-length-coeffs = in-Span-obtain-same-length-coeffs
lemmas Subspacel = Submodulel

lemmas subspace-finrank = submodule-finrank

lemma cancel-scalar: [ a # 0;u € Vive Via-u=a-v] = u=v
using smult-assoc[of 1/a a u] by simp

end

4.2 Linear algebra in vector spaces

4.2.1 Linear independence and spanning

context VectorSpace

begin

lemmas Subspace-Span = Submodule-Span

lemmas lin-independent-Nil = R-lin-independent-Nil

lemmas lin-independentl-concat-all-scalars = R-lin-independentI-concat-all-scalars
lemmas lin-independentD-all-scalars = R-lin-independentD-all-scalars

lemmas lin-independent-obtain-unique-scalars = R-lin-independent-obtain-unique-scalars

lemma lincomb-Cons-0-imp-in-Span :
[ve V;setvsC V;a#0; (aftas) - (v#vs) = 0] = v € Span vs
using lincomb-Cons eg-neg-iff-add-eq-0[of a - v as -+ vs]
neg-lincomb smult-assoc[of 1 /a a v] smult-lincomb SpanD-lincomb-arb-len-coeffs
by auto

lemma lin-independent-Cons-conditions :
[ve V;setvs C V;v¢ Span vs; lin-independent vs |
= lin-independent (v#vs)
using lincomb-Cons-0-imp-in-Span lin-independent-Consl by fast

lemma coeff-n0-imp-in-Span-others :
assumes v € V set us C V set vs C V b # 0 length as = length us
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w=(as Q@b # bs) - (us Q v # vs)
shows v € Span (w # us Q vs)
proof—
define © where © = (I # [— c¢. c<asQbs]) -- (w # us @ vs)
from assms(1,4—6) have v = (1/b) - (w + — ( (as@bs) - (usQus) ))
using lincomb-append lincomb-Cons by simp
moreover from assms(1,2,3,6) have w: w € V using lincomb-closed by simp
ultimately have v = (1/b) - z
using z-def assms(2,3) neg-lincomb|of - usQus] lincomb-Cons[of 1 - w] by simp
with z-def w assms(2,3) show ?thesis
using SpanD-lincomb-arb-len-coeffs|of w # us @ wvs]
Span-smult-closed[of 1/b w # us Q vs z]
by auto
qed

lemma lin-independent-replacel-by-lincomb :
assumes set us C Vv € V set vs C V lin-independent (us Q v # vs)
length as = length us b # 0
shows lin-independent ( ((as @ b # bs) -+ (us @ v # vs)) # us Q vs )
proof—
define w where w = (as @ b # bs) -+ (us @ v # vs)
from assms(1,2,4) have lin-independent (us @ vs)
using lin-independent-reduce by fast
hence lin-independent (w # us Q vs)
proof (rule lin-independent-ConsI)
fix ¢ cs assume A: (c#cs) - (w # us Q@ vs) = 0
from assms(1,3) obtain ds es fs
where dsesfs: length ds = length vs bs «- vs = ds -+ vs
length es = length vs (drop (length us) cs) - vs = es +- vs
length fs = length us cs -~ us = fs -- us
using lincomb-obtain-same-length-coeffs[of bs vs]
lincomb-obtain-same-length-coeffs|of drop (length us) cs vs]
lincomb-obtain-same-length-coeffs[of cs us]
by auto
define zs ys
where zs = [z+y. (z,y)+zip [cxa. a+as] f3]
and ys = [z4y. (z,y)<zip es [cxd. d<ds]]
with assms(5) dsesfs(5) have len-zs: length xs = length us
using length-concat-map-split-zip[of - [cxa. a<—as] fs] by simp
from A w-def assms(1—3,5) dsesfs(2,4,6)
have 0 =c-as-~us+ fs-us+ (c*b)-v—+es- vs—+ c-ds- vs
using lincomb-Cons lincomb-append-right lincomb-append add-closed smult-closed
lincomb-closed
by  (simp add: algebra-simps)
also from assms(1,3,5) dsesfs(1,3,5) xs-def ys-def len-xs
have ... = (zs Q (¢ x b) # ys) - (us Q@ v # vs)
using smult-lincomb lincomb-sum lincomb-Cons lincomb-append by simp
finally have (zs @ (¢ * b) # ys) + (us Q v # vs) = 0 by simp
with assms(1—3,4,6) len-xs show ¢ = 0
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using lin-independent-vs-lincomb0 by fastforce
qed
with w-def show ?thesis by fast
qed

lemma build-lin-independent-seq :
assumes us-V: set us C V
and indep-us: lin-independent us
shows Jws. set ws C V A lin-independent (ws @ us) A (Span (ws @ us) = V
V length ws = n)
proof (induct n)
case 0 from indep-us show ?case by force
next
case (Suc m)
from this obtain ws
where ws: set ws C V lin-independent (ws Q us)
Span (wsQus) = V V length ws = m
by auto
show Zcase
proof (cases V = Span (wsQus))
case True with ws show ?thesis by fast
next
case Fulse
moreover from ws(1) us-V have ws-us-V: set (ws @ us) C V by simp
ultimately have Span (wsQus) C V using Span-closed by fast
from this obtain w where w: w € V w ¢ Span (wsQus) by fast
define vs where vs = w # ws
with w ws-us-V ws(2,3)
have set (vs @ us) C V lin-independent (vs Q us) length vs = Suc m
using lin-independent-Cons-conditions[of w wsQus]

by auto
thus ?thesis by auto
qed
qed
end

4.2.2 Basis for a vector space: basis-for

abbreviation (in fscalar-mult) basis-for :: "v set = 'v list = bool
where basis-for V vs = (set vs C VA V = Span vs A lin-independent vs)

context VectorSpace
begin

lemma spanset-contains-basis :

set vs C V = Jus. set us C set vs A basis-for (Span vs) us
proof (induct vs)

case Nil show ?case using lin-independent-Nil by simp
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next
case (Cons v vs)
from this obtain ws where ws: set ws C set vs basis-for (Span vs) ws by auto
show ?Zcase
proof (cases v € Span vs)
case True
with Cons(2) ws(2) have basis-for (Span (v#vs)) ws
using spanset-reduce-Cons by force
with ws(1) show ?thesis by auto
next
case Fulse
from Cons(2) ws
have set (v#ws) C set (v#vs) set (v#ws) C Span (v#vs)
Span (v#vs) = Span (v#ws)
using Span-contains-spanset|[of v#vs]
Span-contains-Spans-Cons-right[of v vs| Span-Cons
by auto
moreover have lin-independent (v#ws)
proof (rule lin-independent-Cons-conditions)
from Cons(2) ws(1) show v € V set ws C V by auto
from ws(2) False show v ¢ Span ws lin-independent ws by auto
qed
ultimately show ¢thesis by blast
qed
qed

lemma basis-for-Span-ex : set vs C V. = Jus. basis-for (Span vs) us
using spanset-contains-basis by fastforce

lemma replace-basis-one-step :
assumes closed: set vs C V set us C V and indep: lin-independent (usQus)
and  new-w: w € Span (usQus) — Span us
shows Jzsyys. vs =125 Q y # ys
A basis-for (Span (usQus)) (w # us @ zs Q ys)
proof—
from new-w obtain u v where uv: u € Span us v € Span vs w = u + v
using Span-append set-plus-def[of Span us] by auto
from wuv(1,3) new-w have v-n0: v # 0 by auto
from uv(1,2) obtain as bs
where as-bs: length as = length us v = as +- us length bs = length vs
v = bs + wvs
using in-Span-obtain-same-length-coeffs
by  blast
from v-n0 as-bs(4) closed(1) obtain b where b: b € set bs b # 0
using lincomb-0coeffs|of vs] by auto
from b(1) obtain cs ds where cs-ds: bs = cs Q b # ds using split-list by fast
define n where n = length cs
define fvs where fus = take n vs
define y where y = vsln
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define bus where bvs = drop (Suc n) vs
define ufvs where ufvs = us @ fuvs
define acs where acs = as @ cs
from as-bs(1,3) cs-ds n-def acs-def ufvs-def fus-def
have n-len-vs: n < length vs and len-acs: length acs = length ufvs
by auto
from n-len-vs fus-def y-def bvs-def have vs-decomp: vs = fus Q y # bus
using id-take-nth-drop by simp
with wv(3) as-bs(1,2,4) cs-ds acs-def ufvs-def
have w-decomp: w = (acs @ b # ds) -- (ufvs Q y # bvs)
using lincomb-append
by  simp
from closed(1) vs-decomp
have y-V: y € V and fvs-V: set fus C V and bvs-V: set bus C V
by auto
from ufvs-def fus-V closed(2) have ufvs-V: set ufvs C V by simp
from w-decomp ufvs-V y-V bvs-V have w-V: w e V
using lincomb-closed by simp
have Span (usQus) = Span (w # ufvs @ bvs)
proof
from vs-decomp ufvs-def have 1: Span (usQus) = Span (y # ufvs Q bus)
using Span-append Span-Cons[of y bus| Span-Cons|of y ufvs]
Span-append|of y#ufvs bus]
by  (simp add: algebra-simps)
with new-w y-V ufvs-V bvs-V show Span (w # ufvs @Q bvs) C Span (usQus)
using Span-replace-hd by simp
from len-acs w-decomp y-V ufvs-V bus-V have y € Span (w # ufvs @ bvs)
using b(2) coeff-n0-imp-in-Span-others by simp
with w-V ufvs-V bus-V have Span (y # ufvs @ bvs) C Span (w # ufvs Q bvs)
using Span-replace-hd by simp
with 1 show Span (usQus) C Span (w # ufvs @ bus) by fast
qed
moreover from ufvs-V y-V bus-V ufvs-def indep vs-decomp w-decomp len-acs
b(2)
have lin-independent (w # ufvs @ bus)
using lin-independent-replace1-by-lincomb|of ufvs y bus acs b ds]
by  simp
moreover have set (w # (usQfvs) @ bvs) C Span (us@Qus)
proof—
from new-w have w € Span (usQus) by fast
moreover from closed have set us C Span (usQus)
using Span-contains-spanset-append-left by fast
moreover from closed fus-def have set fus C Span (usQus)
using Span-contains-spanset-append-right[of us] set-take-subset by fastforce
moreover from closed buvs-def have set bvs C Span (usQus)
using Span-contains-spanset-append-right|of us] set-drop-subset by fastforce
ultimately show ¢thesis by simp
qged
ultimately show %thesis using ufvs-def vs-decomp by auto
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qed

lemma replace-basis :
assumes closed: set vs C V and indep-vs: lin-independent vs
shows [ length us < length vs; set us C Span vs; lin-independent us |
= dpws. length pvs = length vs N\ set pus = set vs
A basis-for (Span vs) (take (length vs) (us @ pvs))
proof (induct us)
case Nil from closed indep-vs show ?case
using Span-contains-spanset|of vs| by fastforce
next
case (Cons u us)
from this obtain ppuvs
where ppus: length ppvs = length vs set ppvs = set vs
basis-for (Span vs) (take (length vs) (us @ ppuvs))
using lin-independent-ConsD1 [of u us]
by auto
define fppvs bppus
where fppvs = take (length vs — length us) ppuvs
and bppus = drop (length vs — length us) ppvs
with ppvs(1) Cons(2)
have ppvs-decomp: ppvs = fppuvs Q bppus
and len-fppus : length fppvs = length vs — length us
by auto
from closed Cons(3) have wus-V: u € Vsetus C V
using Span-closed by auto
from closed ppus(2) have set ppvs C V by fast
with fppus-def have fppus-V: set fppvs C V using set-take-subset[of - ppvs] by
fast
from fppus-def Cons(2)
have prev-basis-decomp: take (length vs) (us @ ppuvs) = us Q fppuvs
by auto
with Cons(3,4) ppvs(3) fppus-V uus-V obtain xs y ys
where zs-y-ys: fppvs = xs Q y # ys basis-for (Span vs) (u # us @ xs Q ys)
using lin-independent-imp-hd-independent-from-Span
replace-basis-one-step|of fopvs us u]
by auto
define pvs where pvs = zs @ ys Q y # bppus
with zs-y-ys len-fppvs ppvs-decomp ppuvs(1,2)
have length pvs = length vs set pvs = set vs
basis-for (Span vs) (take (length vs) ((u # us) @ puvs))
using take-append|of length vs u # us @Q zs Q ys]

by auto
thus ?case by fast
qed

lemma replace-basis-completely :
[ set vs C V; lin-independent vs; length us = length vs;
set us C Span vs; lin-independent us | = basis-for (Span vs) us
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using replace-basis[of vs us] by auto

lemma basis-for-obtain-unique-scalars :
basis-for Vvs = v € V = 3! as. length as = length vs A v = as - vs
using lin-independent-obtain-unique-scalars by fast

lemma add-unique-scalars :
assumes vs: basis-for Vvsand v: v € V and v: v’ € V
defines as: as = (THE ds. length ds = length vs A v = ds - vs)
and bs: bs = (THE ds. length ds = length vs A v' = ds -+ vs)
and  c¢s: ¢s = (THE ds. length ds = length vs A v+v’ = ds - vs)
shows c¢s = [a+b. (a,b)<~zip as bs]
proof—
from vs v v’ as bs
have as’: length as = length vs A v = as + vs
and bs”: length bs = length vs A\ v/ = bs + vs
using basis-for-obtain-unique-scalars thel’|
of Ads. length ds = length vs A\ v = ds -+ vs
]
thel'lof Ads. length ds = length vs A v’ = ds -+ vs]
by auto
have length [a+b. (a,b)<=zip as bs| = length (zip as bs)
by (induct as bs rule: list-induct2’) auto
with vs as’ bs’
have length [a+b. (a,b)<zip as bs]
= length vs A v + v/ = [a + b. (a,b)<=zip as bs] - vs
using lincomb-sum
by auto
moreover from vs v v’ have 3! ds. length ds = length vs A v+v’ = ds
using add-closed basis-for-obtain-unique-scalars by force
ultimately show ?thesis using cs thel-equality by fast
qed

lemma smult-unique-scalars :
fixes a:'f
assumes vs: basis-for Vvsand v: v € V
defines as: as = (THE cs. length cs = length vs A v = cs - vs)
and bs: bs = (THE cs. length cs = length vs A a - v = ¢s ++ vS)
shows bs = map ((%) a) as
proof—
from vs v as have length as = length vs A v = as - vs
using basis-for-obtain-unique-scalars thel |
of Acs. length cs = length vs A v = cs + vs
]
by auto
with vs have length (map ((x) a) as)
= length vs A\ a - v = (map ((*) a) as) + vs
using smult-lincomb by auto

moreover from vs v have 3! cs. length cs = length vs A a - v = ¢s + vs
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using smult-closed basis-for-obtain-unique-scalars by fast
ultimately show ?thesis using bs thel-equality by fast
qed

lemma maz-lin-independent-set-in-Span :
assumes set vs C V set us C Span vs lin-independent us
shows length us < length vs
proof (cases us)
case (Cons z zs)
from assms(1) spanset-contains-basis[of vs] obtain bvs
where bus: set bus C set vs basis-for (Span vs) bus
by auto
with assms(1) have len-buvs: length bvs < length vs
using lin-independent-imp-distinct|of bvs] distinct-card finite-set
card-mono|of set vs set bus| card-length|of vs]
by  fastforce
moreover have length (z#xs) > length bvs = — lin-independent (z#xs)
proof
assume A: length (z#txs) > length bus lin-independent (x#s)
define ws where ws = take (length bvs) xs
from Cons assms(1,2) have zxs-V:x € Vsetazs CV
using Span-closed by auto
from ws-def A(1) have length ws = length bvs by simp
moreover from Cons assms(2) bvs(2) ws-def have set ws C Span bvs
using set-take-subset by fastforce
ultimately have basis-for (Span vs) ws
using A(2) ws-def assms(1) bvs zxs-V lin-independent-ConsD1
lin-independent-imp-independent-take replace-basis-completely[of bvs ws]
by  force
with Cons assms(2) ws-def A(2) zzs-V show False
using Span-contains-Span-take[of x|
lin-independent-imp-hd-independent-from-Span|of = xs]
by auto
qed
ultimately show ?thesis using Cons assms(3) by fastforce
qed simp

lemma finrank-Span : set vs C V = finrank (Span vs)
using mazx-lin-independent-set-in-Span finrankl by blast

end

4.3 Finite dimensional spaces

context VectorSpace
begin

lemma dim-eg-size-basis : basis-for V vs = length vs = dim V
using maax-lin-independent-set-in-Span
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Least-equality|
of An::nat. Jus. length us = n A set us C V. A RSpan us = V length vs

)

unfolding dim-R-def by fastforce

lemma finrank-imp-findim :
assumes finrank V
shows findim V
proof—
from assms obtain n
where Vus. set vs C V A lin-independent vs — length vs < n
using finrankD
by  fastforce
moreover from build-lin-independent-seq|of []] obtain ws
where set ws C V lin-independent ws Span ws = V V length ws = Suc n
by auto
ultimately show ?thesis by auto
qed

lemma subspace-Span-is-findim :
[ set vs C V; Subspace W; W C Span vs | = findim W
using finrank-Span subspace-finrank[of Span vs W] SubspaceD1[of W]
VectorSpace.finrank-imp-findim
by auto

end

context FinDim VectorSpace
begin

lemma Subspace-is-findim : Subspace U = findim U
using findim subspace-Span-is-findim by fast

lemma basis-ex : Jvs. basis-for V vs
using findim basis-for-Span-ex by auto

lemma lin-independent-length-le-dim :
set us C V = lin-independent us = length us < dim V
using basis-ex max-lin-independent-set-in-Span dim-eq-size-basis
by  force

lemma too-long-lin-dependent :
set us € V. = length us > dim V = — lin-independent us
using lin-independent-length-le-dim by fastforce

lemma extend-lin-independent-to-basis :
assumes set us C V lin-independent us
shows Jus. basis-for V (vs @ us)
proof—
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define n where n = Suc (dim V — length us)
from assms obtain vs
where vs: set vs C V lin-independent (vs @ us)
Span (vs @ us) = V V length vs = n
using build-lin-independent-seq|of us n]
by  fast
with assms n-def show ?thesis
using set-append lin-independent-length-le-dim[of vs Q us] by auto
qed

lemma extend-Subspace-basis :
U C V = basis-for U us => Jvs. basis-for V (vsQus)
using Span-contains-spanset extend-lin-independent-to-basis by fast

lemma Subspace-dim-le :
assumes Subspace U
shows dim U < dim V
using assms findim
proof—
from assms obtain us where basis-for U us
using Subspace-is-findim SubspaceD1
VectorSpace. FinDimVectorSpacel [of () U]
FinDimVectorSpace.basis-ex[of (-) U]
by auto
with assms show ?thesis
using RSpan-contains-spanset|of us| lin-independent-length-le-dim|[of us]
SubspaceD1 VectorSpace.dim-eq-size-basis[of (-) U us]
by auto
qed

lemma Subspace-eqdim-imp-equal :
assumes Subspace U dim U = dim V
shows U=V
proof—
from assms(1) obtain us where us: basis-for U us
using Subspace-is-findim SubspaceD1
VectorSpace. FinDim VectorSpacel [of (-) U]
FinDimVectorSpace.basis-ex[of (-) U]
by auto
with assms(1) obtain vs where vs: basis-for V (vsQus)
using extend-Subspace-basis[of U us] by fast
from assms us vs show ?thesis
using SubspaceD1 VectorSpace.dim-eq-size-basis[of smult U]
dim-eg-size-basis|of vsQus]
by auto
qed

lemma Subspace-dim-lt : Subspace U = U # V = dim U < dim V
using Subspace-dim-le Subspace-eqdim-imp-equal by fastforce
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lemma semisimple :
assumes Subspace U
shows 3 W. Subspace W A (V=W @ U)
proof—
from assms obtain us where us: basis-for U us
using SubspaceD1 Subspace-is-findim VectorSpace.FinDim VectorSpacel
FinDimVectorSpace.basis-ex|of - U]
by  fastforce
with assms obtain ws where basis: basis-for V (wsQus)
using extend-Subspace-basis by fastforce
hence ws-V: set ws C V and ind-ws-us: lin-independent (wsQus)
and V-eq: V = Span (wsQus)
by auto
have V = Span ws ® Span us
proof (rule inner-dirsum-doublel)
from V-eq show V = Span ws + Span us using Span-append by fast
from ws-V ind-ws-us show add-independentS [Span ws, Span us]
using lin-independent-append-imp-independent-Spans by auto
qed
with us ws-V have Subspace (Span ws) A 'V = (Span ws) & U
using Subspace-Span by auto
thus ?thesis by fast
qed

end

4.4 Vector space homomorphisms
4.4.1 Locales

locale VectorSpaceHom = ModuleHom smult V smult’ T
for smult :: 'f::field = 'vi:ab-group-add = 'v (infixr > 70)
and V = v set
and smult’ :: 'f = 'w:ab-group-add = 'w (infixr ) 70)
and T w = w

sublocale VectorSpaceHom < VectorSpace ..

lemmas (in VectorSpace)
VectorSpaceHomI = ModuleHomI[THEN VectorSpaceHom.intro

lemma (in VectorSpace) VectorSpaceHomlI-fromazioms :
assumes A\gg'. geV=g¢'e V=T ((g+9g)=Tg+ Ty’
supp T C V
Nrm.re UNIV= me V=T (r - m) = smult’' r (T m)
shows  VectorSpaceHom smult V smult’ T
using assms
by unfold-locales
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locale VectorSpaceEnd = VectorSpaceHom smult V smult T
for smult :: 'f::field = "vi:ab-group-add = 'v (infixr > 70)
and Vv set
and T :=v="v

+ assumes endomorph: ImG C V

abbreviation (in VectorSpace) VEnd = VectorSpaceEnd smult V

lemma VectorSpaceEndl :
fixes smult :: 'f::field = "vi:ab-group-add = v
assumes VectorSpaceHom smult V smult T T 'V C V
shows  VectorSpaceEnd smult V' T
by (rule VectorSpaceEnd.intro, rule assms(1), unfold-locales, rule assms(2))

lemma (in VectorSpaceEnd) VectorSpaceHom: VectorSpaceHom smult V smult T

lemma (in VectorSpaceEnd) ModuleEnd : ModuleEnd smult V' T
using endomorph ModuleEnd.intro by unfold-locales

locale VectorSpacelso = VectorSpaceHom smult V smult’ T
for smult :: 'f:field = 'v::ab-group-add = 'v (infixr <> 70)
and V = oset
and smult’ :: 'f = 'w:ab-group-add = 'w (infixr < 70)
and T w v = Tw

+ fixes W = 'w set
assumes bijective: bij-betw T V W

abbreviation (in VectorSpace) isomorphic :
('f = 'w:ab-group-add = 'w) = 'w set = bool
where isomorphic smult’ W = (3 T. VectorSpacelso smult V smult’ T W)

4.4.2 Basic facts

lemma (in VectorSpace) trivial-VectorSpaceHom :
(Aa. smult’ a 0 = 0) = VectorSpaceHom smult V smult’ 0
using trivial-RModuleHom[of smult’] ModuleHom.intro VectorSpaceHom.intro
by fast

lemma (in VectorSpace) VectorSpaceHom-idhom :
VectorSpaceHom smult V smult (id) V)
using smult-zero RModHom-idhom Module Hom.intro VectorSpaceHom.intro
by  fast

context VectorSpaceHom

begin
lemmas hom = hom
lemmas supp = supp
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lemmas f-map = R-map

lemmas im-zero = im-zero

lemmas im-sum-list-prod = im-sum-list-prod
lemmas additive = additive

lemmas GroupHom = GroupHom

lemmas distrib-lincomb = distrib-lincomb

lemmas same-image-on-spanset-imp-same-hom
= same-image-on-RSpanset-imp-same-hom|
OF ModuleHom.azxioms(1), OF VectorSpaceHom.axioms(1)

]

lemma VectorSpace-Im : VectorSpace smult’ ImG
using RModule-Im VectorSpace.intro Module.intro by fast

lemma VectorSpaceHom-scalar-mul :
VectorSpaceHom smult 'V smult’ (Av. a = T v)
proof
show Avv. veV=v'eV=0axTw+v)=axTv+axTv
using additive VectorSpace.smult-distrib-left| OF VectorSpace-Im] by simp
have A\v. v ¢ V = v ¢ supp (A\v. a x T v)
proof—
fix v assume v ¢ V
hence a x Tv =0
using supp suppl-contra[of - T| codomain-smult-zero by fastforce
thus v ¢ supp (A\v. a x T v) using suppD-contra by fast
qed
thus supp (Av. a x Tv) C V by fast
show Acv.veV =axT (c-v)=cxaxTv
using f-map VectorSpace.smult-assoc|OF VectorSpace-Im| by (simp add: field-simps)
qed

lemma VectorSpaceHom-composite-left :
assumes ImG C W VectorSpaceHom smult’ W smult’ S
shows  VectorSpaceHom smult V smult’’ (S o T)
proof—
have RModuleHom UNIV smult’ W smult’" S
using VectorSpaceHom.azioms(1)[OF assms(2)] ModuleHom.axioms(1)
by fast
with assms(1) have RModuleHom UNIV smult V smult’” (S o T)
using RModHom-composite-leftjof W] by fast
thus “thesis using ModuleHom.intro VectorSpaceHom.intro by fast
qed

lemma findim-domain-findim-image :
assumes findim V
shows fscalar-mult.findim smult’ ImG
proof—
from assms obtain vs where vs: set vs C V scalar-mult.Span smult vs = V
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by fast
define ws where ws = map T vs
with vs(1) have 1: set ws C ImG by auto
moreover have Span ws = ImG
proof
show Span ws C ImG
using 1 VectorSpace.Span-closed|OF VectorSpace-Im) by fast
from vs ws-def show Span ws O ImG
using 1 SpanD-lincomb-arb-len-coeffs distrib-lincomb
VectorSpace.SpanD-lincomb-arb-len-coeffs| OF VectorSpace-Im)]
by auto
qed
ultimately show ?thesis by fast
qed

end

lemma (in VectorSpace) basis-im-defines-hom :
fixes smult’ ::'f = 'w:iab-group-add = 'w (infixr x> 70)
and  lincombd’ :: 'f list = 'w list = 'w (infixr «x» 70)
defines lincomb’ : lincomb’ = scalar-mult.lincomb smult’
assumes VSpW : VectorSpace smult’ W
and basisV'  : basis-for V vs
and basisV-im : set ws C W length ws = length vs
shows 3! T. VectorSpaceHom smult V smult’ T N map T vs = ws
proof (rule ex-exll)
define T where T = restrict0 (Av. (THE as. length as = length vs A v = as -
vs) x ws) V
have VectorSpaceHom () V smult’ T
proof
fix v v’ assume w: ve Vo' e V
with T-def lincomb’ basisV basisV-im(1) show T (v + v') = Twv + T v’
using basis-for-obtain-unique-scalars thel’|
of Ads. length ds = length vs N v = ds +- vs
]
thel'lof Ads. length ds = length vs A v’ = ds -+ vs] add-closed
add-unique-scalars VectorSpace.lincomb-sum[OF VSp W]
by auto
next
from T-def show supp T' C V using supp-restrict0 by fast
next
fix a v assume v: v € V
with basisV basisV-im(1) T-def lincomb’ show T (a - v) =ax Tv
using smult-closed smult-unique-scalars VectorSpace.smult-lincomb[OF VSpW|
by auto
qed
moreover have map T vs = ws
proof (rule nth-equalityl)
from basisV-im(2) show length (map T vs) = length ws by simp
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have Ai. i<length (map T vs) = map Tvs ! i = ws! i
proof—
fix ¢ assume i: ¢ < length (map T vs)
define zs where zs = (replicate (length vs) (0::'f))[i:=1]
with basisV i have length zs = length vs N\ vsli = zs + vs
using delta-scalars-lincomb-eqg-nth by auto
moreover from basisV i have vsli € V by auto
ultimately show (map T vs)!li = wsli
using basisV basisV-im T-def lincomb’ zs-def i
basis-for-obtain-unique-scalars[of vs vsli]
thel-equality[of Azs. length zs = length vs A vsli = zs - vs]
VectorSpace. delta-scalars-lincomb-eq-nth[OF VSp W, of ws]
by  force
qed
thus Ai. i < length (map T vs) = map T vs ! i = ws! i by fast
qged
ultimately have VectorSpaceHom (-) V smult’ T N\ map T vs = ws by fast
thus 3 T. VectorSpaceHom () V smult’ T A map T vs = ws by fast
next
fix S T assume
VectorSpaceHom (-) V smult’ S N\ map S vs = ws
VectorSpaceHom () V smult’ T N map T vs = ws
with basisV show S = T
using VectorSpaceHom.same-image-on-spanset-imp-same-hom map-eq-conv
by  fastforce
qged

4.4.3 Hom-sets

definition VectorSpaceHomSet ::
('f::field = 'vi:ab-group-add = 'v) = v set = ('f = 'w:ab-group-add = 'w)
= 'wset = ('v = 'w) set
where VectorSpaceHomSet fsmult V fsmult’ W
= {T. VectorSpaceHom fsmult V fsmult’ T} N{T. T *V C W}

abbreviation (in VectorSpace) VectorSpaceEndSet = {S. VEnd S}

lemma VectorSpaceHomSetl :
VectorSpaceHom fsmult V fsmult' T =— T *V C W
= T € VectorSpaceHomSet fsmult V fsmult’ W
unfolding VectorSpaceHomSet-def by fast

lemma VectorSpaceHomSetD- VectorSpaceHom :
T € VectorSpaceHomSet fsmult V fsmult’ N
= VectorSpaceHom fsmult V fsmult’ T
unfolding VectorSpaceHomSet-def by fast

lemma VectorSpaceHomSetD-Im :
T € VectorSpaceHomSet fsmult V fsmult’ W — T ‘V C W
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unfolding VectorSpaceHomSet-def by fast

context VectorSpace
begin

lemma VectorSpaceHomSet-is-fmaps-in-GroupHomSet :
fixes smult’ :: 'f = 'w::ab-group-add = 'w (infixr < 70)
shows VectorSpaceHomSet smult 'V smult’ W
= (GroupHomSet VW) N {T.Va.VveV. T (a-v) =ax* (T v)}
proof
show VectorSpaceHomSet smult V smult’ W
C (GroupHomSet VW) N{T.Va. VveV. T (a-v) =a* (Tv)}
using VectorSpaceHomSetD- VectorSpaceHom[of - smult]
VectorSpaceHomSetD-Im|of - smult]
VectorSpaceHom. GroupHom|[of smult] GroupHomSetI[of V - W]
VectorSpaceHom.f~map|of smult]
by  fastforce
show VectorSpaceHomSet smult V smult’ W
D (GroupHomSet VW) N {T.Va. VveV. T (a-v) =ax* (T v)}
proof
fix T assume T: T € (GroupHomSet V W)
N{T.Va. VveV. T (a-v)=ax(Tv)}
have VectorSpaceHom smult V smult’ T
proof (rule VectorSpaceHom.intro, rule ModuleHom.intro, rule RModuleHom.intro)
show RModule UNIV () V ..
from T show GroupHom V T using GroupHomSetD-GroupHom by fast
from T show RModuleHom-azioms UNIV smult V smult’ T
by unfold-locales fast
qed
with T show T € VectorSpaceHomSet smult V smult’ W
using GroupHomSetD-Im[of T| VectorSpaceHomSetI by fastforce
qed
qed

lemma Group-VectorSpaceHomSet :
fixes smult’:: 'f = 'wiab-group-add = 'w (infixr <> 70)
assumes VectorSpace smult’ W
shows  Group (VectorSpaceHomSet smult V smult’ W)
proof
show VectorSpaceHomSet smult V smult’ W # {}
using VectorSpace.smult-zero| OF assms] VectorSpace.zero-closed| OF assms]
trivial- VectorSpaceHom[of smult’] VectorSpaceHomSetl
by  fastforce
next
fix ST
assume S: S € VectorSpaceHomSet smult V smult’ W
and T: T € VectorSpaceHomSet smult V smult’ W
from S T
have ST: S € (GroupHomSet V W)
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N{T.Va. YveV. T (a-v)=ax (Tv)}
T € (GroupHomSet VW) N {T.Va.VoeV. T (a-v) =a* (Tv)}
using VectorSpaceHomSet-is-fmaps-in- GroupHomSet
by auto
hence S — T € GroupHomSet VW
using VectorSpace. AbGroup|OF assms| Group-GroupHomSet Group.diff-closed
by  fast
moreover have Aav.ve V= (S —T) (a-v) =ax ((5—T) v)
proof—
fix a v assume v € V
with ST show (S — T) (a-v) =ax ((S = T) v)
using GroupHomSetD-Im
VectorSpace.smult-distrib-left-diff [OF assms, of a S v T v]
by  fastforce
qed
ultimately show S — T € VectorSpaceHomSet (1) V (x) W
using VectorSpaceHomSet-is-fmaps-in-GroupHomSet[of smult’ W] by fast
qed

lemma VectorSpace- VectorSpace HomSet :
fixes smult’ :'f = 'wiab-group-add = 'w (infixr x> 70)
and  hom-smult 2 'f = ('v = 'w) = ('v = 'w) (infixr x> 70)
defines hom-smult: hom-smult = Aa T v. a x T v
assumes VSpW: VectorSpace smult’ W
shows  VectorSpace hom-smult (VectorSpaceHomSet smult 'V smult’” W)
proof (rule VectorSpace.intro, rule Module.intro, rule RModule.intro, rule R-scalar-mult)

from VSpW show Group (VectorSpaceHomSet (1) V (x) W)
using Group-VectorSpaceHomSet by fast

show RModule-axioms UNIV hom-smult (VectorSpaceHomSet (-) V (%) W)
proof
fixabST
assume S: S € VectorSpaceHomSet (1) V w
and T: T € VectorSpaceHomSet (1) V (x) W
show a x T € VectorSpaceHomSet (-) V w
proof (rule VectorSpaceHomSetI)
from assms T show VectorSpaceHom () V (%) (a x T)
using VectorSpaceHomSetD- VectorSpaceHom VectorSpaceHomSetD-Im
VectorSpace Hom. VectorSpaceHom-scalar-mul
by  fast
from hom-smult show (a x- T) ‘V C W
using VectorSpaceHomSetD-Im[OF T| VectorSpace.smult-closed| OF VSp W]
by auto
qed

show ax (S+ T)=ax S+ax T

proof
fix v from assms show (a x (S + T))v=(ax S+ ax T)v
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using VectorSpaceHomSetD-Im[OF S| VectorSpaceHomSetD-Im[OF T
VectorSpace.smult-distrib-left[OF VSpW, of a S v T v)
VectorSpaceHomSetD- VectorSpaceHom[OF S|
VectorSpaceHomSetD- VectorSpaceHom[OF S|
VectorSpaceHom.supp suppl-contralof v S] suppl-contralof v T
VectorSpace.smult-zero

by  fastforce

qed

show (a + b)) »» T=ax T+ bx T
proof
fix v from assms show ((a + b)) » T)v=(ax T+ bx T)wv
using VectorSpaceHomSetD-Im[OF T| VectorSpace.smult-distrib-right
VectorSpaceHomSetD- VectorSpaceHom|OF T| VectorSpaceHom.supp
suppl-contra|of v] VectorSpace.smult-zero
by  fastforce
qed

show a x bx T = (a*xb) x T
proof
fix v from assms show (a x b*x T) v= ((a*b) » T) v
using VectorSpaceHomSetD-Im[OF T| VectorSpace.smult-assoc
VectorSpaceHomSetD- VectorSpaceHom[OF T
VectorSpaceHom.supp suppl-contralof v
VectorSpace.smult-zero|OF VSp W, of b]
VectorSpace.smult-zero[OF VSp W, of a]
VectorSpace.smult-zero|OF VSpW, of a * b]
by  fastforce
qed

show 1 » T =T
proof
fix v from assms T show (I x»» T) v=Tv
using VectorSpaceHomSetD-Im VectorSpace.one-smult
VectorSpaceHomSetD- VectorSpaceHom VectorSpace Hom.supp
suppl-contra|of v] VectorSpace.smult-zero
by  fastforce
qed

qed

qed

end

4.4.4 Basic facts about endomorphisms

lemma ModuleEnd-over-field-is- VectorSpaceEnd :

fixes smult :: 'f::field = "v::ab-group-add = v
assumes ModuleEnd smult V' T
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shows  VectorSpaceEnd smult V' T
proof (rule VectorSpaceEndl, rule VectorSpaceHom.intro)
from assms show ModuleHom smult V smult T
using ModuleEnd.axzioms(1) by fast
from assms show T ¢V C V using ModuleEnd.endomorph by fast
qed

context VectorSpace
begin

lemmas VectorSpaceEnd-inner-dirsum-el-decomp-nth =
RModuleEnd-inner-dirsum-el-decomp-nth|
THEN RModuleEnd-over-UNIV-is-ModuleEnd,
THEN ModuleEnd-over-field-is- VectorSpaceEnd

)

abbreviation end-smult :: 'f = (v = "v) = (‘v = 'v) (infixr < 70)
where a -« T = (M. a - T )

abbreviation end-lincomb
= flist = (('v = ') list) = ('v = 'v) (infixr <> 70)
where end-lincomb = scalar-mult.lincomb end-smult

lemma end-smult0: a -- 0 = 0
using smult-zero by auto

lemma end-Osmult: range T C V. = 0 - T = 0
using zero-smult by fastforce

lemma end-smult-distrib-left :
assumes range S C Vrange T C V
shows ¢~ (S+T)=a~-S+a-T
proof
fix v from assms show (a - (S + T))v=(a-S +a-T)v
using smult-distrib-left[of a S v T v] by fastforce
qed

lemma end-smult-distrib-right :
assumes range T C V
shows (a+b) - T=a--T+b-- T
proof
fix v from assms show ((a+b) - T)v=(a- T+ b T)wv
using smult-distrib-right[of a b T v] by fastforce
qed

lemma end-smult-assoc :

assumes range T C V

shows a-b--T=(axb) T
proof
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fix v from assms show (a - b T)v= ((axb) - T)wv
using smult-assoc[of a b T v] by fastforce
qed

lemma end-smult-comp-comm-left : (a - T) o S =a - (T o S)
by auto

lemma end-idhom : VEnd (id] V)
by (rule VectorSpaceEnd.intro, rule VectorSpaceHom-idhom, unfold-locales) auto

lemma VectorSpaceEndSet-is- VectorSpaceHomSet :
VectorSpaceHomSet smult V smult V = {T. VEnd T}
proof
show VectorSpaceHomSet smult V smult V. .C {T. VEnd T}
using VectorSpaceHomSetD- VectorSpaceHom VectorSpaceHomSetD-Im
VectorSpaceEndl
by  fast
show VectorSpaceHomSet smult V smult V- O {T. VEnd T}
using VectorSpaceEnd. VectorSpaceHom|of smult V]
VectorSpaceEnd.endomorph[of smult V)
VectorSpaceHomSetI [of smult V smult - V]
by fast
qed

lemma VectorSpace-VectorSpaceEndSet : VectorSpace end-smult VectorSpaceEnd-
Set
using VectorSpace-azioms VectorSpace-VectorSpaceHomSet
VectorSpace EndSet-is- VectorSpaceHomSet
by  fastforce

end

context VectorSpaceEnd

begin

lemmas f-map = R-map

lemmas supp = supp

lemmas GroupEnd = ModuleEnd.GroupEnd|OF ModuleEnd)
lemmas idhom-left = idhom-left

lemmas range = GroupEnd.range[OF GroupEnd]
lemmas Ker0-imp-inj-on = Ker0-imp-inj-on

lemmas inj-on-imp-Ker0 = inj-on-imp-Ker0

lemmas nonzero-Ker-el-imp-n-inj = nonzero-Ker-el-imp-n-inj

lemmas VectorSpaceHom-composite-left
= VectorSpaceHom-composite-left|OF endomorph)

lemma in-VEndSet : T € VectorSpaceEndSet
using VectorSpaceEnd-azxioms by fast
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lemma end-smult-comp-comm-right :
range S C V= To(a-S)=a- (T o)
using f-map by fastforce

lemma VEnd-end-smult-VEnd : VEnd (a - T)
using in- VEndSet VectorSpace.smult-closed|OF VectorSpace- VectorSpaceEndSet]
by  fast

lemma VEnd-composite-left :
assumes VEnd S
shows VEnd (So T)
using endomorph VectorSpaceEnd.azioms(1)[OF assms] VectorSpaceHom-composite-left
VectorSpaceEnd.endomorph|OF assms] VectorSpaceEndI[of smult V' S o T]
by  fastforce

lemma VEnd-composite-right : VEnd S = VEnd (T o §)
using VectorSpaceEnd-azioms VectorSpaceEnd.VEnd-composite-left by fast

end

lemma (in VectorSpace) inj-comp-end :
assumes VEnd S inj-on S V VEnd T inj-on T V
shows inj-on (So T) V
proof—
have ker (So T)NV C 0
proof
fix v assume v € ker (So T) NV
moreover hence T v = 0 using kerD[of v S o T
using VectorSpaceEnd.endomorph|OF assms(3)] kerl|of S]
VectorSpaceEnd.inj-on-imp-Ker0[OF assms(1,2)]
by auto
ultimately show v € 0
using kerl[of T| VectorSpaceEnd.inj-on-imp-Ker0[OF assms(3,4)] by auto
qed
with assms(1,3) show ?thesis
using VectorSpaceEnd. VEnd-composite-right VectorSpaceEnd. Ker0-imp-inj-on
by fast
qed

lemma (in VectorSpace) n-inj-comp-end :

[ VEnd S; VEnd T; = inj-on (So T) V] = —inj-on SV V = injon TV
using inj-comp-end by fast

4.4.5 Polynomials of endomorphisms

context VectorSpaceEnd
begin

primrec endpow :: nat = ('v="v)
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where endpow0: endpow 0 = id]V
\ endpowSuc: endpow (Suc n) = T o (endpow n)

definition polymap :: 'f poly = ('v="0)
where polymap p = (coeffs p) -+ (map endpow [0..<Suc (degree p)])

lemma VEnd-endpow : VEnd (endpow n)
proof (induct n)
case 0 show ?case using end-idhom by simp
next
case (Suc k)
moreover have VEnd T ..
ultimately have VEnd (T o (endpow k)) using VEnd-composite-right by fast
moreover have endpow (Suc k) = T o (endpow k) by simp
ultimately show VEnd (endpow (Suc k)) by simp
qed

lemma endpow-list-apply-closed :
v eV = set (map (AS. S v) (map endpow [0..<k])) C V
using VEnd-endpow VectorSpaceEnd.endomorph by fastforce

lemma map-endpow-Suc :
map endpow [0..<Suc n] = (id} V) # map ((o) T) (map endpow [0..<n])
proof (induct n)
case (Suc k)
hence map endpow [0..<Suc (Suc k)] =1id | V
# map ((o) T) (map endpow [0..<k]) Q@ map ((o) T) [endpow k]
by auto

also have ... =id | V # map ((o) T) (map endpow ([0..<Suc k])) by simp
finally show ?case by fast
qed simp

lemma T-endpow-list-apply-commute :
map T (map (AS. S v) (map endpow [0..<n]))
= map (AS. S v) (map ((0) T) (map endpow [0..<n]))
by (induct n) auto

lemma polymap0 : polymap 0 = 0
using polymap-def scalar-mult.lincomb-Nil by force

lemma VEnd-polymap : VEnd (polymap p)
proof—
have set (map endpow [0..<Suc (degree p)]) C {S. VEnd S}
using VEnd-endpow by auto
thus ?thesis
using polymap-def VectorSpace-VectorSpaceEndSet VectorSpace.lincomb-closed
by  fastforce
qed
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lemma polymap-pCons : polymap (pCons a p) = a - (id, V) + (T o (polymap p))
proof cases
assume p: p = 0
show ?thesis
proof cases
assume a = (0 with p show %thesis
using polymap0 VectorSpace- VectorSpaceEndSet VectorSpace.zero-smult end-idhom
comp-zero
by  fastforce
next
assume a: a # 0
define zmap where zmap = (0::'v="v)
from a p have polymap (pCons a p) = a -+ (endpow 0)
using polymap-def scalar-mult.lincomb-singles by simp
moreover have a - (id|V) 4+ (T o (polymap p)) = a - (id] V)
using p polymap0 comp-zero by simp
ultimately show ¢thesis by simp
qed
next
assume p #
hence polymap (pCons a p)
= (a # (coeffs p)) = (map endpow [0..<Suc (Suc (degree p))])
using polymap-def by simp
also have ... = (a # (coeffs p))
~ ((4d V) # map ((o) T) (map endpow [0..<Suc (degree p)]))
using map-endpow-Suclof Suc (degree p)] by fastforce
also have ... = a - (id] V) + (coeffs p)
« (map ((o) T) (map endpow [0..<Suc (degree p)]))
using scalar-mult.lincomb-Cons by simp

also have ... = a - (id|V) + (3  (¢,9)
< 2ip (c‘;))eﬁs p) (map ((o) T) (map endpow [0..<Suc (degree p)])).

using scalar-mult.lincomb-def by simp
finally have calc:
polymap (pCons a p) = a - (id] V)
+ (32 (¢,k)+~zip (coeffs p) [0..<Suc (degree p)]. ¢ - (T o (endpow k)))
using sum-list-prod-map?2|
of A¢ S. ¢ - S coeffs p (o) T map endpow [0..<Suc (degree p)]
]
sum-list-prod-map2|
of A¢ S. ¢ - (T o 8) coeffs p endpow [0..<Suc (degree p)]
]

by  simp
show ?thesis
proof

fix v show polymap (pCons a p) v = ((a -+ (idlV)) + (T o (polymap p))) v
proof (cases v € V)

case True

with calc
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have polymap (pCons a p) v =a - v+ (3 (¢,k)
«zip (coeffs p) [0..<Suc (degree p)]. ¢ - T (endpow k v))
using sum-list-prod-fun-apply[of Ac k. ¢ -+ (T o (endpow k))] by simp
hence polymap (pCons a p) v = a - v + (coeffs p) - (map T
(map (AS. S v) (map endpow [0..<Suc (degree p)])))
using sum-list-prod-map?2|
of A¢ S. ¢+ T (S ) coeffs p endpow [0..<Suc (degree p)]
]
sum-list-prod-map2|
of Ac u. ¢+ T u coeffs p AS. S v map endpow [0..<Suc (degree p)]

]
sum-list-prod-map2|
of Ac u. ¢ - ucoeffsp T
map (AS. S v) (map endpow [0..<Suc (degree p)])
]

lincomb-def

by  simp
also from True
have ...=a- v+ T ( (coeffs p)

- (map (AS. S v) (map endpow [0..<Suc (degree p)])) )
using endpow-list-apply-closed[of v Suc (degree p)] distrib-lincomb
by  simp
finally show ?thesis
using True lincomb-def
sum-list-prod-map2|
of Ac u. ¢ - u coeffs p AS. S v map endpow [0..<Suc (degree p)]
]
sum-list-prod-fun-apply[of Ac S. ¢ -+ S] polymap-def
scalar-mult.lincomb-def[of end-smult]

by  simp
next
case Fulse

hence polymap (pCons a p) v =10
using VEnd-polymap VectorSpaceEnd.supp suppl-contra by fast
moreover from Fualse have ((a - (id}V)) + (T o (polymap p))) v =0
using smult-zero VEnd-polymaplof p| VectorSpaceEnd.supp suppl-contra
1m-zero
by  fastforce
ultimately show ?thesis by simp
qed
qed

qged

lemma polymap-plus : polymap (p + q) = polymap p + polymap q
proof (induct p g rule: pCons-induct2)

case 00 show ?case using polymap0 by simp
case IpCons show ?case using polymap0 by simp
case rpCons show ?case using polymap0 by simp

next
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case (pCons2 a p b q)
have polymap (pCons a p + pCons b q) = a - (id|lV) + b - (id| V)
+ (T o (polymap (p+q)))
using polymap-pCons end-idhom end-smult-distrib-right| OF VectorSpaceEnd.range]
by  simp
also from pCons2(3)
have ... =a - (id]V) + b - (id] V) + (T o (polymap p + polymap q))
by auto
finally show ?case
using pCons2(3) distrib-comp-sum-left[of polymap p polymap q] VEnd-polymayp
VectorSpaceEnd.range polymap-pCons
by  fastforce
qed

lemma polymap-polysmult : polymap (Polynomial.smult a p) = a - polymap p
proof (induct p)
case 0 show polymap (Polynomial.smult a 0) = a - polymap 0
using polymap0 end-smult0 by simp
next
case (pCons b p)
hence polymap (Polynomial.smult a (pCons b p))
=a-b- (idV)+ a- (T o polymap p)
using polymap-pCons VectorSpaceEnd.range[OF VEnd-polymap)
end-smult-comp-comm-right VectorSpaceEnd.range| OF end-idhom] end-smult-assoc
by  simp
thus polymap (Polynomial.smult a (pCons b p)) = a - (polymap (pCons b p))
using VectorSpaceEnd. VEnd-end-smult-VEnd|OF end-idhom, of b]
VEnd-composite-right| OF VEnd-polymap, of p]
end-smult-distrib-left]
OF VectorSpaceEnd.range VectorSpaceEnd.range,
of smult - smult T o polymap p
]
polymap-pCons
by  simp
qed

lemma polymap-times : polymap (p x q) = (polymap p) o (polymap q)
proof (induct p)

case 0 show Zcase using polymap0 by auto
next

case (pCons a p)

have polymap (pCons a p * q) = a - polymap q + (T o (polymap (p*q)))

using polymap-plus polymap-polysmult polymap-pCons end-idhom
end-0smult| OF VectorSpaceEnd.range)

by  simp
also from pCons(2)
have ... = a - ((¢d] V) o polymap q) + (T o polymap p o polymap q)

using VectorSpaceEnd.endomorph|OF VEnd-polymap)
VectorSpaceEnd.idhom-left|OF VEnd-polymap)
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by auto
finally show polymap (pCons a p x q) = (polymap (pCons a p)) o (polymap q)
using end-smult-comp-comm-left
distrib-comp-sum-right[of a - id | V - polymap q|
polymap-pCons
by  simp
qed

lemma polymap-apply :
assumes v € V
shows  polymap p v = (coeffs p)
- (map (AS. S v) (map endpow [0..<Suc (degree p)]))
proof (induct p)
case 0 show ?case
using lincomb-Nil scalar-mult.lincomb-Nil[of - - end-smult] polymap-def
by  simp
next
case (pCons a p)
show ?Zcase
proof (cases p = 0)
case True
moreover with pCons(1) have polymap (pCons a p) = a - id]V
using polymap-pCons polymap0 comp-zero by simp
ultimately show ?thesis using assms pCons(1) lincomb-singles by simp
next
case Fulse
from assms pCons(2)
have polymap (pCons a p) v=a - v
+ T (coeffs p - map (AS. S v) (map endpow [0..<Suc (degree p)]))
using polymap-pCons by simp
with assms pCons(1)
have 1: polymap (pCons a p) v = (coeffs (pCons a p)) -- (v #
map T (map (AS. S v) (map endpow [0..<Suc (degree p)])))
using endpow-list-apply-closed|of v Suc (degree p)| distrib-lincomb lincomb-Cons
by auto
have 2: map T (map (AS. S v) (map endpow [0..<Suc (degree p)]))
= map (AS. Sv) (map ((o) T) (map endpow [0..<Suc (degree p)]))
using T-endpow-list-apply-commute[of v Suc (degree p)] by simp
from 1 2
have polymap (pCons a p) v = (coeffs (pCons a p)) +- (v #
map (AS. S v) (map ((o) T) (map endpow [0..<Suc (degree p)])))
using subst|
OF 2, of Az. polymap (pCons a p) v = (coeffs (pCons a p)) - (v # x)
]
by simp
with assms
have 3: polymap (pCons a p) v = (coeffs (pCons a p))
- (map (AS. Swv) (idlV # map ((o) T)
(map endpow [0..<Suc (degree p)])))
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by simp
from Fualse pCons(1)
have 4:id | V # map ((0) T) (map endpow [0..<Suc (degree p)])
= map endpow [0..<Suc (degree (pCons a p))]
using map-endpow-Suclof Suc (degree p), THEN sym]
by  simp
from 3 show ?thesis
using subst|
OF 4,
of Az. polymap (pCons a p) v
= (coeffs (pCons a p)) + (map (A\S. S v) x)
]

by simp
qed
qed

lemma polymap-apply-linear : v € V.= polymap [:—c, 1:] v=Tv — c- v
using polymap-apply lincomb-def neg-smult endomorph by auto

lemma polymap-const-inj :
assumes degree p = 0 p # 0
shows inj-on (polymap p) V
proof (rule inj-onlI)
fix u v assume wv: v € Vv € V polymap p u = polymap p v
from assms have p: coeffs p = [coeff p 0] unfolding coeffs-def by simp
from uv assms have (coeff p 0) - u = (coeff p 0) - v
using polymap-apply lincomb-singles unfolding coeffs-def by simp
with assms wv(1,2) show v = v
using const-poly-nonzero-coeff cancel-scalar by auto
qed

lemma n-inj-polymap-times :
~ inj-on (polymap (p * q)) V
= = inj-on (polymap p) V V = inj-on (polymap q) V
using polymap-times VEnd-polymap n-inj-comp-end by fastforce

In the following lemma, [:— ¢, 1:] is the linear polynomial z — c.

lemma n-inj-polymap-findlinear :
assumes alg-closed: \p::'f poly. degree p > 0 = Jc. poly p ¢ = 0
shows p # 0 = - inj-on (polymap p) V
= Je¢. — inj-on (polymap [:—ec, 1:]) V
proof (induct n = degree p arbitrary: p)
case (0 p) thus ?case using polymap-const-inj by simp
next
case (Suc n p)
from Suc(2) alg-closed obtain ¢ where c: poly p ¢ = 0 by fastforce
define ¢ where q = synthetic-div p ¢
with ¢ have p-decomp: p = [:—¢, 1:] % ¢
using synthetic-div-correct’[of ¢ p] by simp
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show ?Zcase
proof (cases inj-on (polymap q) V)
case True with Suc(4) show ?thesis
using p-decomp n-inj-polymap-times by fast
next
case Fulse
then have n = degree ¢
using degree-synthetic-div [of p ¢| g-def <Suc n = degree p»
by auto
moreover have ¢ # 0
using <p # 0> p-decomp
by auto
ultimately show #thesis
using Fualse
by (rule Suc.hyps)
qged
qed

end

4.4.6 Existence of eigenvectors of endomorphisms of finite-dimensional
vector spaces

lemma (in FinDim VectorSpace) endomorph-has-eigenvector :
assumes alg-closed: \p::’a poly. degree p > 0 = F¢. poly p ¢ = 0
and dim dim V> 0

and endo : VectorSpaceEnd smult VT
shows dcu. v e VAu#AONTu=c-u
proof—

define Tpolymap where Tpolymap = VectorSpaceEnd.polymap smult V' T
from dim obtain v where v: v € Vv # 0
using dim-nonzero nonempty by auto
define Tpows where Tpows = map (VectorSpaceEnd.endpow V T) [0..<Suc
(dim V)]
define Tpows-v where Tpows-v = map (AS. S v) Tpows
with endo Tpows-def v(1) have Tpows-v-V: set Tpows-v C V
using VectorSpaceEnd.endpow-list-apply-closed by fast
moreover from Tpows-v-def Tpows-def Tpows-v-V have — lin-independent Tpows-v
using too-long-lin-dependent by simp
ultimately obtain as
where as: set as # 0 length as = length Tpows-v as +- Tpows-v = 0
using lin-dependent-dependence-relation
by  fast
define p where p = Poly as
with dim Tpows-def Tpows-v-def as(1,2) have p-n0: p # 0
using nonzero-coeffs-nonzero-poly|of as] by fastforce
define Tpows’ where Tpows' = map (VectorSpaceEnd.endpow V T) [0..<Suc
(degree p)]
define Tpows-v’ where Tpows-v’ = map (AS. S v) Tpows’
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have Tpows’ = take (Suc (degree p)) Tpows
proof—
from Tpows-def
have 1: take (Suc (degree p)) Tpows = map (VectorSpaceEnd.endpow V T)
(take (Suc (degree p)) [0..<Suc (dim V)])
using take-map[of - - [0..<Suc (dim V)]]
by  simp
from p-n0 p-def as(2) Tpows-v-def Tpows-def
have 2: take (Suc (degree p)) [0..<Suc (dim V)] = [0..<Suc (degree p)]
using length-coeffs-degree|of p] length-strip-while-le[of (=) 0 as]
take-upt[of 0 Suc (degree p) Suc (dim V)]
by  simp
from 1 Tpows’-def have take (Suc (degree p)) Tpows = Tpows’
using subst[OF 2] by fast
thus ?thesis by simp
qged
with Tpows-v-def Tpows-v’-def have Tpows-v' = take (Suc (degree p)) Tpows-v
using take-map[of - AS. S v Tpows| by simp
moreover from p-def Tpows-v-V as(3) Tpows-v'-def have (coeffs p) -~ Tpows-v
=0
using lincomb-strip-while-Ocoeffs by simp
ultimately have (coeffs p) -+ Tpows-v' = 0
using p-n0 lincomb-conv-take-right[of coeffs p] length-coeffs-degree|of p| by simp
with Tpolymap-def v(1) Tpows-v’-def Tpows’-def have Tpolymap p v = 0
using VectorSpace End.polymap-apply[OF endo] by simp
with alg-closed Tpolymap-def v endo p-n0 obtain ¢
where — inj-on (Tpolymap [:—c, 1:]) V
using VectorSpaceEnd. VEnd-polymap VectorSpaceEnd.nonzero-Ker-el-imp-n-inj
VectorSpace End.n-inj-polymap-findlinear|OF endo]
by  fastforce
with Tpolymap-def have (GroupHom.Ker V (Tpolymap [:—c, 1:])) — 0 # {}
using VectorSpaceEnd. VEnd-polymap| OF endo] VectorSpaceEnd.Ker0-imp-inj-on
by  fast
from this obtain v where u € V Tpolymap [:—c, 1:] u= 0 u # 0
using kerD by fastforce
with Tpolymap-def show ?thesis
using VectorSpace End.polymap-apply-linear|OF endo] by auto
qged

5 Modules Over a Group Ring

5.1 Almost-everywhere-zero functions as scalars

locale aezfun-scalar-mult = scalar-mult smult
for smult ::
("r:ring-1, 'g::group-add) aezfun = 'v:iab-group-add = 'v (infixr <> 70)
begin

definition fsmult :: 'r = v = 'v (infixr «§-> 70) where a §- v = (a § 0) - v
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abbreviation flincomb :: 'r list = 'v list = v (infixr <-§-» 70)
where as f- vs = scalar-mult.lincomb fsmult as vs
abbreviation f-lin-independent :: 'v list = bool
where f-lin-independent = scalar-mult.lin-independent fsmult
abbreviation fSpan :: 'v list = 'v set where fSpan = scalar-mult.Span fsmult
definition Gmult :: 'g = 'v = 'v (infixr x> 70) where g *- v = (1 60 g) - v

lemmas R-scalar-mult = R-scalar-mult

lemma fsmultD : a §- v = (a 66 0) - v
unfolding fsmult-def by fast

lemma GmultD : g x- v = (1 60 g) - v
unfolding Gmult-def by fast

definition negGorbit-list :: 'g list = ('a = "v) = 'a list = v list list
where negGorbit-list gs T as = map (Ag. map (Gmult (—g) o T) as) gs

lemma negGorbit-Cons :
negGorbit-list (g#gs) T as
= (map (Gmult (—g) o T) as) # negGorbit-list gs T as
using negGorbit-list-def[of - T as| by simp

lemma length-negGorbit-list : length (negGorbit-list gs T as) = length gs
using negGorbit-list-def[of gs T] by simp

lemma length-negGorbit-list-sublist :
fs € set (negGorbit-list gs T as) = length fs = length as
using negGorbit-list-def[of gs T] by auto

lemma length-concat-negGorbit-list :
length (concat (negGorbit-list gs T as)) = (length gs) = (length as)
using length-concat[of negGorbit-list gs T as]
length-negGorbit-list-sublist[of - gs T as]
const-sum-list|of negGorbit-list gs T as length length as| length-negGorbit-list
by auto

lemma negGorbit-list-nth :

Ni. @ < length gs = (negGorbit-list gs T as)!i = map (Gmult (—gsli) o T) as
proof (induct gs)

case (Cons g gs) thus ?case using negGorbit-Cons|of - - T] by (cases i) auto
qed simp

end

5.2 Locale and basic facts

locale FGModule = ActingGroup?: Group G
+ FGMod? RModule ActingGroup.group-ring smult V
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for G i 'gigroup-add set
and smult :: ('f::field, 'g) aezfun = 'v::ab-group-add = 'v (infixr <> 70)
and Vv set

sublocale FGModule < aezfun-scalar-mult proof— qed

lemma (in Group) trivial-FGModule :
fixes smult :: ('f::field, 'g) aezfun = 'v:iiab-group-add = v
assumes smult-zero: ¥ a€group-ring. smult a (0::'v) = 0
shows FGModule G smult (0::'v set)
proof (rule FGModule.intro)
from assms show RModule group-ring smult 0
using Ring1-RG trivial-RModule by fast
qed (unfold-locales)

context FGModule
begin

abbreviation FG : ('f,’g) aezfun set where FG = ActingGroup.group-ring
abbreviation FGSubmodule = RSubmodule
abbreviation FG-proj = ActingGroup.RG-proj

lemma GroupG: Group G ..

lemmas zero-closed = zero-closed

lemmas neg-closed = neg-closed

lemmas diff-closed = diff-closed

lemmas zero-smult = zero-smult

lemmas smult-zero = smult-zero

lemmas AbGroup = AbGroup

lemmas sum-closed = AbGroup.sum-closed|OF AbGroup]
lemmas FGSubmodulel = RSubmodulel

lemmas FG-proj-mult-leftdelta = ActingGroup. RG-proj-mult-leftdelta
lemmas FG-proj-mult-right = ActingGroup. RG-proj-mult-right
lemmas FG-el-decomp = ActingGroup.RG-el-decomp-aezdeltafun

lemma FG-n0: FG # 0 using ActingGroup.RG-n0 by fast

lemma FG-proj-in-FG : FG-proj z € FG
using ActingGroup. RG-proj-in-RG by fast

lemma FG-fddg-closed : g € G = a 6§ g € FG
using ActingGroup. RG-aezdeltafun-closed by fast

lemma FG-fdd0-closed : a 66 0 € FG
using ActingGroup. RG-aezdeltaOfun-closed by fast

lemma Gmult-closed : g€ G =v eV = gxveV
using FG-fddg-closed smult-closed GmultD by simp
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lemma map-Gmult-closed :
g€ G= setvs C V = set (map ((x-) g) vs) C V
using Gmult-def FG-fddg-closed map-smult-closed[of 1 66 g vs] by auto

lemma Gmult0 :
assumes v € V
shows 0 % v=w
proof—
have 0 % v = (1 66 0) - v using GmultD by fast
moreover have 1 6§ 0 = (1::('f,’g) aezfun) using one-aezfun-transfer by fast
ultimately have 0 x- v = (1::('f,’g) aezfun) - v by simp
with assms show ?thesis using one-smult by simp
qed

lemma Gmult-assoc :
assumes g € Ghe GveV
shows g% hx v=_(g+h)*v
proof—
define n where n = (1::'f)
with assms have g - h x v = ((n 66 g) * (n 60 h)) - v
using FG-fddg-closed GmultD by simp
moreover from n-def have n §§ g * (n 66 h) = n d§ (g + h)
using times-aezdeltafun-aezdeltafun|of n g n h] by simp
ultimately show ?thesis using n-def GmultD by simp
qed

lemma Gmult-distrib-left :
[ge Give Vv eV]=gx*x (v+v)=g* v+ g=x* v
using GmultD FG-fddg-closed by simp

lemma neg-Gmult : g € G = v eV = gx (—v) =— (g% v)
using GmultD FG-fddg-closed smult-neg by simp

lemma Gmult-neg-left : g€ G = v eV = (—g)x gxv="10
using ActingGroup.neg-closed Gmult-assoc[of — g g] Gmult0 by simp

lemma fddg-smult-decomp : g€ G = v eV = (fddg)-v=[f4§ g=* v
using aezdeltafun-decomp|of f g] FG-fddg-closed FG-fdd0-closed GmultD
fsmult-def
by  simp

lemma sum-list-aezdeltafun-smult-distrib :
assumes v € V set (map snd fgs) C G
shows  (3_ (f.9)<fgs. [ 60 g) - v = (32 (f.9)<fos. [ & g * v)
proof—
from assms(2) have set (map (case-prod aezdeltafun) fgs) C FG
using FG-fddg-closed by auto

with assms(1) have (3 (f,9)«fgs. f 66 g) - v= (O (f,9)«fgs. (f 6 g) - v)

130



using sum-list-prod-map-smult-distrib by auto
also have ... = (3> (f,9)«fgs. f & g *- v)
using assms fddg-smult-decomp
sum-list-prod-conglof fags X fg. (f 08 g) - v A fg. [ § g% v]
by  fastforce
finally show ?thesis by fast
qed

abbreviation GSubspace = RSubmodule
abbreviation GSpan = RSpan
abbreviation G-fingen = R-fingen

lemma GSubspacel : FGModule G smult U = U C V = GSubspace U
using FGModule.azioms(2) by fast

lemma GSubspace-is-FGModule :
assumes GSubspace U
shows FGModule G smult U
proof (rule FGModule.intro, rule GroupQ)
from assms show RModule FG (-) U by fast
qged (unfold-locales)

lemma restriction-to-subgroup-is-module :

fixes H : 'g set

assumes subgrp: Group.Subgroup G H

shows FGModule H smult V
proof (rule FGModule.intro)

from subgrp show Group H by fast

from assms show RModule (Group.group-ring H) (1) V

using ActingGroup.Subgroup-imp-Subring SModule-restrict-scalars by fast

qed

lemma negGorbit-list-V :
assumes set gs C G T ‘“(set as) C V
shows set (concat (negGorbit-list gs T as)) C V
proof—
from assms(2)
have set (concat (negGorbit-list gs T as)) C (IJ g€set gs. (Gmult (—g)) ‘ V)
using set-concat negGorbit-list-def[of gs T as]
by  force
moreover from assms(1) have Ag. g € set gs = (Gmult (—g)) ‘V C V
using ActingGroup.neg-closed Gmult-closed by fast
ultimately show ¢thesis by fast
qed

lemma negGorbit-list-Cons0 :
T “(setas) CV
= negGorbit-list (0#gs) T as = (map T as) # (negGorbit-list gs T as)
using negGorbit-Cons[of 0 gs T as] Gmult0 by auto

131



end

5.3 Modules over a group ring as a vector spaces

context FGModule
begin

lemma fVectorSpace : VectorSpace fsmult V
proof (rule VectorSpacel, unfold-locales)
fix a::/f show A\v.ve V= atpveV
using fsmult-def smult-closed FG-fdd0-closed by simp
next
fix a::'f show Auv.u € V=—=veV =oqaf (v+v)=at ut+at v
using fsmult-def FG-fdd0-closed by simp
next
fixab:'fand v :: 'vassume v: v € V
have (a+b) - v=(a d6 0 + b6 0) - v
using aezdeltafun-plus[of a b 0] arg-conglof - - Ar. r - v] fsmult-def by fastforce
with v show (a+b) - v=af v+ bt v
using fsmult-def FG-fdd0-closed by simp
next
fixab: fshow Av.ve V= at (bt v)=(axb)f v
using times-aezdeltafun-aezdeltafun|of a 0 b 0] arg-cong fsmult-def FG-fdd0-closed
by  simp
next
fix v: 'vassume v € V thus 1 - v =0
using one-aezfun-transfer arg-conglof 1 §6 0 1 Aa. a - v] fsmult-def by fastforce
qged

abbreviation fSubspace = VectorSpace.Subspace fsmult V
abbreviation fbasis-for = fscalar-mult.basis-for fsmult
abbreviation fdim = scalar-mult.dim fsmult V

lemma VectorSpace-fSubspace : fSubspace W = VectorSpace fsmult W
using Module.intro VectorSpace.intro by fast

lemma fsmult-closed : ve V= af ve V
using FG-fdd0-closed smult-closed fsmult-def by simp

lemmas one-fsmult [simp] = VectorSpace.one-smult [OF fVectorSpace]
lemmas fsmult-assoc [simp] = VectorSpace.smult-assoc [OF fVectorSpace]
lemmas fsmult-zero [simp] = VectorSpace.smult-zero [OF fVectorSpace)
lemmas fsmult-distrib-left [simp] = VectorSpace.smult-distrib-left

[OF fVectorSpace]
lemmas flincomb-closed = VectorSpace.lincomb-closed [OF fVectorSpace]

lemmas fsmult-sum-distrib = VectorSpace.smult-sum-distrib [OF fVectorSpace]
lemmas sum-fsmult-distrib = VectorSpace.sum-smult-distrib [OF fVectorSpace]
lemmas flincomb-concat = VectorSpace.lincomb-concat [OF fVectorSpace]
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lemmas fSpan-closed = VectorSpace.Span-closed [OF fVectorSpace]
lemmas flin-independentD-all-scalars

= VectorSpace.lin-independentD-all-scalars|OF fVectorSpace]
lemmas in-fSpan-obtain-same-length-coeffs

= VectorSpace.in-Span-obtain-same-length-coeffs [OF fVectorSpace]

lemma fsmult-smult-comm : r € FG = ve V= afr-v=r-af v
using fsmultD FG-fdd0-closed smult-assoc aezdeltaOfun-commutes[of r] by simp

lemma fsmult-Gmult-comm : g€ G = v eV = at-gxv=9g* af v
using aezdeltafun-decomplof a g] aezdeltafun-decomp’[of a g] FG-fddg-closed
FG-fdd0-closed fsmult-def GmultD
by  simp

lemma Gmult-flincomb-comm :
assumes g € G setvs C V
shows ¢ * as -f- vs = as -+ (map (Gmult g) vs)
proof—
have g x- as -f- vs = (1 66 g) - O (a,v)+zip as vs. a § v)
using Gmult-def scalar-mult.lincomb-def[of fsmult] by simp
with assms have g *- as -f- vs
= sum-list (map ((-) (1 66 g) o (M(z, y). z - y)) (2ip as vs))
using set-zip-rightD fsmult-closed FG-fddg-closed[of g 1::'f]
smult-sum-list-distrib[of 1 66 g map (case-prod (1)) (zip as vs)]
map-map|of (-) (1 66 g) case-prod (§-) zip as vs]
by  fastforce
moreover have () (1 66 g) o (M(z, y). z 8 y) = (Mz,y). (1 §6 g) - (z - y))
by auto
ultimately have g *- as -f- vs = sum-list (map (A(z,y). g - x §- y) (zip as vs))
using Gmult-def by simp
moreover from assms have V (z,y) € set (zip as vs). gx x - y=at g=* y
using set-zip-rightD fsmult-Gmult-comm by fastforce
ultimately have g - as -f- vs
= sum-list (map (Mz,y). z §- y) (zip as (map (Gmult g) vs)))
using sum-list-prod-cong sum-list-prod-map2[of Az y. = §- y as Gmult g]
by  force
thus ?thesis using scalar-mult.lincomb-def|of fsmult] by simp
qged

lemma GSubspace-is-Subspace :
GSubspace U = VectorSpace.Subspace fsmult V U
using GSubspace-is-FGModule FGModule.fVectorSpace VectorSpace.axioms
Module.azxioms
by fast

end
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5.4 Homomorphisms of modules over a group ring

5.4.1 Locales

locale FGModuleHom = ActingGroup?. Group G

+ RModHom?: RModuleHom ActingGroup.group-ring smult V smult’ T
for G : 'giigroup-add set
and smult :: ('f::field, 'g) aezfun = 'vi:ab-group-add = 'v (infixr <> 70)
and V = v set
and smult’ :: ('f, 'g9) aezfun = 'w::ab-group-add = 'w (infixr x> 70)
and T sy = w

sublocale FGModuleHom < FGModule ..

lemma (in FGModule) FGModuleHomI-fromazioms :
assumes \vv. veV=ve V=T w+v)=Tv+ Tv
supp TC V Arm.r € FG= me V= T (r-m) = smult’ r (T m)
shows FGModuleHom G smult V smult’ T
using assms
by unfold-locales

locale FGModuleEnd = FGModuleHom G smult V smult T
for G :: 'g:group-add set
and FG  :: ('f:field,’q) aezfun set
and smult :: ('f, 'g) aezfun = "viiab-group-add = v (infixr <> 70)
and Vv set
and T :=v="v
+ assumes endomorph: ImG C V

locale FGModulelso = FGModuleHom G smult V smult’ T
for G i 'gigroup-add set
and smult :: ('f::field, 'g) aezfun = 'v:iab-group-add = 'v (infixr <> 70)
and V v set
and smult’:: ('f, 'g) aezfun = 'w::ab-group-add = 'w (infixr <> 70)
and T 2= w

+ fixes W :'w set
assumes bijective: bij-betw TV W

abbreviation (in FGModule) isomorphic :
(("f,'g9) aezfun = "w::ab-group-add = 'w) = 'w set = bool
where isomorphic smult’ W = (3 T. FGModulelso G smult V smult’ T W)

5.4.2 Basic facts
context FGModule
begin

lemma trivial-FGModuleHom :
assumes Ar. r € FG = smult’ r 0 = 0
shows FGModuleHom G smult V smult’ 0

134



proof (rule FGModuleHom.intro)
from assms show RModuleHom FG () V smult’ 0
using trivial-RModuleHom by auto
qed (unfold-locales)

lemma FGModHom-idhom : FGModuleHom G smult V smult (id] V)
proof (rule FGModuleHom.intro)

show RModuleHom FG smult V smult (id] V) using RModHom-idhom by fast
qed (unfold-locales)

lemma VecHom-GMap-is-FGModuleHom :
fixes smult’ :: ('f, 'g9) aezfun = "w::ab-group-add = 'w (infixr < 70)
and  fsmult’ :: 'f = 'w = 'w (infixr x> 70)
and  Gmult’ g = 'w = "w (infixr <0 70)
defines fsmult”: fsmult’ = aezfun-scalar-mult.fsmult smult’
and Gmult’ : Gmult’ = aezfun-scalar-mult. Gmult smult’
assumes hom : VectorSpaceHom fsmult V fsmult’ T
and Im-W : FGModule G smult' W T ‘V C W
and Gmap: Agv.ge G=ve V=T (g* v)=gx(Tv)
shows FGModuleHom G smult V smult’ T
proof

show Avv.veV=0ve V=T @w+v)=Tov+ T
using VectorSpace Hom.GroupHom[OF hom] GroupHom.hom by auto

from hom show supp T C V using VectorSpaceHom.supp by fast

show Arv.re FG =ve V=T (r-v)=r+Twv
proof—
fix rvassume r: r € FGand v: v € V
from r obtain fgs
where fgs: set (map snd fgs) C G r = (3 (f,9)«fgs. f 66 g)
using FG-el-decomp
by  fast
from fgs v have r - v = (3. (f,9)<fgs. [ # g * v)
using sum-list-aezdeltafun-smult-distrib by simp
moreover from v fgs(1) have set (map (A(f,9). f § g * v) fgs) C V
using Gmult-closed fsmult-closed by auto
ultimately have T (r - v) = 0. (f,9)<fgs. T (f - g = v))
using hom VectorSpaceHom.im-sum-list-prod by auto
moreover from hom G-map fgs(1) v
have V(f,g) € set fgs. T (f - g+ v)=ftxk gk Tv
using Gmult-closed VectorSpaceHom.f~map|of fsmult V fsmult’ T
by auto
ultimately have T (r - v) = 3. (f,9)«fgs. f ix g *x T v)
using sum-list-prod-cong by simp
with v fgs fsmult’ Gmult’ Im-W(2) show T (r - v) = r x (T v)
using FGModule.sum-list-aezdeltafun-smult-distrib| OF Im-W (1)] by auto
qed
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qed

lemma VecHom-GMap-on-foasis-is-FGModuleHom :

fixes smult’ :: ('f, 'g) aezfun = 'w:ab-group-add = 'w (infixr <) 70)
and  fsmult’ = 'f = 'w = 'w (infixr x> 70)

and Gmult’ = '¢g = "w="w (infixr x> 70)

and  flincombd’ :: 'f list = 'w list = 'w (infixr x> 70)

defines fsmult’ : fsmult’ = aezfun-scalar-mult.fsmult smult’

and Gmult’”  : Gmult’ = aezfun-scalar-mult. Gmult smult’

and  flincomb’ : flincomb’ = aezfun-scalar-mult.flincomb smult’
assumes fbasis : foasis-for V vs

and hom : VectorSpaceHom fsmult V fsmult’ T

and Im-W : FGModule G smult’ WT 'V C W

and  G-map Ngv.ge G=vesetvs= T (g% v) = g%k (Tv)

shows FGModuleHom G smult V smult’ T
proof (rule VecHom-GMap-is-FGModuleHom)
from fsmult’ hom
show VectorSpaceHom (8) V (aezfun-scalar-mult.fsmult (%)) T
by fast
next
fix gvassume g: g€ Gand v: v e V
from v fbasis obtain cs where cs: v = ¢s - vs
using VectorSpace.in-Span-obtain-same-length-coeffs| OF fVectorSpace] by fast
with g(1) foasis fsmult’ flincomd’
have T (g % v) = cs +fx (map (T o (Gmult g)) vs)
using Gmult-flincomb-comm map-Gmult-closed
VectorSpaceHom. distrib-lincomb| OF hom]
by auto
moreover have T o (Gmult g) = (Av. T (g * v)) by auto
ultimately have T (g *- v) = cs -fx (map (Av. g #x (T v)) vs)
using fbasis g(1) G-map map-conglof vs vs Av. T (g *- v)]
by  simp
moreover have (Av. g *x (T v)) = (Gmult’ g) o T by auto
ultimately have T (g % v) = g ** cs +i% (map T vs)
using ¢(1) fbasis Im-W(2) Gmult" flincomb’
FGModule. Gmult-flincomb-comm[OF Im-W (1), of g map T vs]
by  fastforce
thus T (g x v) = aezfun-scalar-mult. Gmult (x) g (T v)
using fbasis fsmult’ Gmult’ flincomb’ cs
VectorSpace Hom. distrib-lincomb[ OF hom]
by auto
qed (rule Im-W (1), rule Im-W(2))

end

context FGModuleHom
begin
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abbreviation fsmult’ :: 'f = 'w = 'w (infixr x> 70)
where fsmult’ = aezfun-scalar-mult.fsmult smult’

abbreviation Gmult’ :: ‘g = 'w = 'w (infixr x> 70)
where Gmult’ = aezfun-scalar-mult. Gmult smult’

lemmas supp = supp

lemmas additive = additive

lemmas FG-map = R-map

lemmas FG-fdd0-closed = FG-fdd0-closed

lemmas fsmult-smult-domain-comm = fsmult-smult-comm

lemmas GSubspace-Ker = RSubmodule-Ker

lemmas Ker-Im-iff = Ker-Im-iff

lemmas Ker0-imp-inj-on = Ker0-imp-inj-on

lemmas eg-im-imp-diff-in-Ker = eq-im-imp-diff-in-Ker

lemmas im-submodule = im-submodule

lemmas fsmultD’ = aezfun-scalar-mult.fsmultD[of smult’]
lemmas GmultD’ = aezfun-scalar-mult. GmultD[of smult’]

lemma f-map:v eV = T (at v) =atx Tv
using fsmultD ActingGroup. RG-aezdeltaOfun-closed|of a] FG-map fsmultD'
by  simp

lemma G-map: g€ G=v eV =T (g% v)=g*k Tv
using GmultD ActingGroup. RG-aezdeltafun-closed|of g 1] FG-map GmultD’
by  simp

lemma VectorSpaceHom : VectorSpaceHom fsmult V fsmult’ T
by (
rule VectorSpace. VectorSpaceHoml, rule fVectorSpace, unfold-locales,
rule f~-map

)

lemmas distrib-flincomb = VectorSpace Hom.distrib-lincomb] OF VectorSpace Hom]

lemma FGModule-Im : FGModule G smult’ ImG
by (rule FGModule.intro, rule GroupG, rule RModule-Im, unfold-locales)

lemma FGModHom-composite-left :
assumes FGModuleHom G smult’ W smult” STV C W
shows FGModuleHom G smult V smult” (S o T)
proof (rule FGModuleHom.intro)
from assms(2) show RModuleHom FG smult V smult’” (S o T)
using FGModuleHom.azioms(2)[OF assms(1)] RModHom-composite-left[of W]
by fast
qed (rule GroupG, unfold-locales)

lemma restriction-to-subgroup-is-hom :

fixes H : g set
assumes subgrp: Group.Subgroup G H
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shows FGModuleHom H smult V smult’ T
proof (rule FGModule.FGModule HomI-fromazioms)
have FGModule G smult V ..
with assms show FGModule H (1) V
using FGModule.restriction-to-subgroup-is-module by fast
from supp show supp T C V by fast
from assms
show Arm. [ r € (Group.group-ring H); m e V] = T (r-m)=r*Tm
using FG-map ActingGroup.Subgroup-imp-Subring by fast
qed (rule hom)

lemma FGModuleHom-restrict0-GSubspace :
assumes GSubspace U
shows FGModuleHom G smult U smult’ (T | U)
proof (rule FGModuleHom.intro)
from assms show RModuleHom FG (-) U (x) (T | U)
using RModuleHom-restrict0-submodule by fast
qed (unfold-locales)

lemma FGModuleHom-fscalar-mul :
FGModuleHom G smult V smult’ (Av. a t*x T v)
proof
have vsphom: VectorSpaceHom fsmult V fsmult’ (Av. a fx T v)
using VectorSpaceHom. VectorSpace Hom-scalar-mul[ OF VectorSpace Hom]
by fast
thus A\vv.veV =veV=atxTw+v)=attxTo+atx Tv
using VectorSpaceHom.additive[of fsmult V] by auto
from wvsphom show supp (Av. a fx Tv) C V
using VectorSpaceHom.supp by fast
next
fix rvassume rv: r € FGve V
thus afix T (r-v)=rxatx To
using FG-map FGModule.fsmult-smult-comm[OF FGModule-Im]
by auto
qed

end

lemma GSubspace-eigenspace :
fixes e : 'fi:field
and E  : 'viiab-group-add set
and  smult 2 ('fi:field, 'g::group-add) aezfun = v = 'v (infixr <> 70)
assumes FGModHom: FGModuleHom G smult V smult T

defines F : E={ve V. Tv= aezfun-scalar-mult.fsmult smult e v}
shows FGModule.GSubspace G smult V E
proof—

have FGModule. GSubspace G smult V {ve V. Tv = (edd 0) - v}
using FGModuleHom.azioms(2)[OF FGModHom]
proof (rule RSubmodule-eigenspace)
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show ¢ 06 0 € FGModule. FG G
using FGModuleHom.FG-fdd0-closed|OF FGModHom| by fast
show As v. s € FGModule FG G = v eV = 5s-(edd 0) - v= (e dd 0) -
s
using FGModuleHom.fsmult-smult-domain-comm[OF FGModHom)|
aezfun-scalar-mult. fsmultD[of smult]
by  simp
qed
with F show ?thesis using aezfun-scalar-mult.fsmultD[of smult] by simp
qed

5.4.3 Basic facts about endomorphisms

lemma RModuleEnd-over-group-ring-is-FGModuleEnd :
fixes G i 'giigroup-add set
and  smult 2 ('f::field, 'g) aezfun = "v:iab-group-add = v
assumes G : Group G and endo: RModuleEnd (Group.group-ring G) smult V'T
shows FGModuleEnd G smult VT
proof (rule FGModuleEnd.intro, rule FGModuleHom.intro, rule G)
from endo show RModuleHom (Group.group-ring G) smult V smult T
using RModuleEnd.axioms(1) by fast
from endo show FGModuleEnd-axioms V T
using RModule End.endomorph by unfold-locales
qed

lemma (in FGModule) VecEnd-GMap-is-FGModuleEnd :
assumes endo : VectorSpaceEnd fsmult V' T
and G-map: N\gv.g€e G=v eV =T (g% v)=gx* (Tv)
shows FGModuleEnd G smult VT
proof (rule FGModuleEnd.intro, rule VecHom-GMap-is-FGModule Hom,)
from endo show VectorSpaceHom (8:) V (§-) T
using VectorSpaceEnd.axioms(1) by fast
from endo show T ‘' V C V using VectorSpaceEnd.endomorph by fast
from endo show FGModuleEnd-azioms V T
using VectorSpaceEnd.endomorph by unfold-locales
qed (unfold-locales, rule G-map)

lemma (in FGModule) GEnd-inner-dirsum-el-decomp-nth :
[V Ueset Us. GSubspace U; add-independentS Us; n < length Us |
= FGModuleEnd G smult (@ U« Us. U) (6D Usin)
using GroupG RModuleEnd-inner-dirsum-el-decomp-nth
RModuleEnd-over-group-ring-is-FGModuleEnd
by  fast

context FGModuleEnd
begin

lemma RModuleEnd : RModuleEnd ActingGroup.group-ring smult V' T
using endomorph by unfold-locales
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lemma VectorSpaceEnd : VectorSpaceEnd fsmult VT
by (
rule VectorSpaceEnd.intro, rule VectorSpaceHom, unfold-locales,
rule endomorph

)

lemmas proj-decomp = RModuleEnd.proj-decomp| OF RModuleEnd)]
lemmas GSubspace-Ker = GSubspace-Ker
lemmas FGModuleHom-restrict0-GSubspace = FGModuleHom-restrict0-GSubspace

end

5.4.4 Basic facts about isomorphisms

context F'GModulelso
begin

lemmas VectorSpaceHom = VectorSpaceHom
abbreviation invT = (the-inv-into V.T) | W

lemma RModulelso : RModulelso FG smult V smult’ T W
proof (rule RModulelso.intro)
show RModuleHom FG (-) V () T
using FGModulelso-axioms FGModulelso.axioms(1) FGModuleHom.azioms(2)
by fast
qed (unfold-locales, rule bijective)

lemmas ImG = RModuleIso.ImG[OF RModulelso)

lemma FGModulelso-restrict0-GSubspace :
assumes GSubspace U
shows FGModulelso G smult U smult’ (T | U) (T “ U)
proof (rule FGModulelso.intro)
from assms show FGModuleHom G (-) U (x) (T | U)
using FGModule Hom-restrict0-GSubspace by fast
show FGModulelso-axioms U (T | U) (T * U)
proof
from assms bijective have bij-betw T U (T ‘ U)
using subset-inj-on unfolding bij-betw-def by auto
thus bij-betw (T | U) U (T ¢ U) unfolding bij-betw-def inj-on-def by auto
qed
qed

lemma inv : FGModuleIso G smult’ W smult invT V
proof (rule FGModulelso.intro, rule FGModuleHom.intro)
show RModuleHom FG (x) W () invT
using RModulelso.inv|OF RModulelso] RModulelso.axzioms(1) by fast
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show FGModulelso-axioms W invT V
using RModulelso.inv[OF RModulelso] RModulelso.bijective by unfold-locales
qed (unfold-locales)

lemma FGModlso-composite-left :

assumes FGModulelso G smult’” W smult” S X

shows FGModulelso G smult V smult’” (S o T) X
proof (rule FGModulelso.intro)

from assms show FGModuleHom G (-) V smult"” (S o T)

using FGModulelso.azioms(1) ImG FGModHom-composite-left by fast

show FGModulelso-axioms V (S o T) X

using bijective FGModulelso.bijective| OF assms| bij-betw-trans by unfold-locales
qed

lemma isomorphic-sym : FGModule.isomorphic G smult’ W smult V
using inv by fast

lemma isomorphic-trans :
FGModule.isomorphic G smult’ W smult” X
= FGModule.isomorphic G smult V smult"" X
using FGModlso-composite-left by fast

lemma isomorphic-to-zero-left : V=0 = W = 0
using bijective bij-betw-imp-surj-on im-zero by fastforce

lemma isomorphic-to-zero-right : W = 0 = V =0
using isomorphic-sym FGModulelso.isomorphic-to-zero-left by fast

lemma isomorphic-to-irr-right’ :
assumes A\ U. FGModule. GSubspace G smult’ WU = U =0V U =W
shows AU. GSubspace U= U =0V U=V
proof—
fix U assume U: GSubspace U
have U# V= U =10
proof—
assume UV: U # V
from U bijective have T ‘U =T ‘' V = U=V
using bij-betw-imp-inj-onlof T V W] inj-onD]of T V] by fast
with UV bijective have T ¢ U # W using bij-betw-imp-surj-on by fast
moreover from U have FGModule. GSubspace G smult’ W (T “ U)
using ImG im-submodule by fast
ultimately show U = 0
using assms U FGModulelso-restrict0-GSubspace
FGModulelso.isomorphic-to-zero-right

by fast
qed
thus U =0V U = V by fast

qed
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end

context FGModule
begin

lemma isomorphic-sym :
isomorphic smult’ W — FGModule.isomorphic G smult’ W smult V
using FGModulelso.inv by fast

lemma isomorphic-trans :
isomorphic smult’ W = FGModule.isomorphic G smult’ W smult’” X
= isomorphic smult’ X
using FGModulelso.FGModIso-composite-left by fast

lemma isomorphic-to-zero-left : V = 0 = isomorphic smult’ W — W = 0
using FGModulelso.isomorphic-to-zero-left by fast

lemma isomorphic-to-zero-right : isomorphic smult’ 0 = V = 0
using FGModulelso.isomorphic-to-zero-right by fast

lemma FGModlso-idhom : FGModuleIso G smult V smult (id{V) V
using FGModHom-idhom
proof (rule FGModulelso.intro)
show FGModulelso-axioms V (id}V) V
using bij-betw-id bij-betw-restrict0 by unfold-locales fast
qged

lemma isomorphic-refl : isomorphic smult V using FGModlso-idhom by fast

end

5.4.5 Hom-sets

definition FGModuleHomSet ::
'g::group-add set = (('f::field,’g) aezfun = "vi:ab-group-add = "v) = 'v set
= (("f,"9) aezfun = 'w::ab-group-add = 'w) = 'w set
= (v = 'w) set
where FGModuleHomSet G fgsmult V fgsmult’ W
= {T. FGModuleHom G fgsmult V fgsmult’ T} N {T. T *V C W}

lemma FGModuleHomSetI :
FGModuleHom G fgsmult V fgsmult’ T — T ‘V C W
= T € FGModuleHomSet G fgsmult V fgsmult’ W
unfolding FGModuleHomSet-def by fast

lemma FGModuleHomSetD-FGModuleHom :
T € FGModuleHomSet G fgsmult V fgsmult’ W
= FGModuleHom G fgsmult V fgsmult’ T
unfolding FGModuleHomSet-def by fast
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lemma FGModuleHomSetD-Im :
T € FGModuleHomSet G fgsmult V fgsmult’ W = T *V C W
unfolding FGModuleHomSet-def by fast

context F'GModule
begin

lemma FGModuleHomSet-is-Gmaps-in- VectorSpaceHomSet :
fixes smult’ :: ('f, 'g) aezfun = 'w:ab-group-add = "w (infixr < 70)
and  fsmult’ = 'f = 'w = 'w (infixr x> 70)
and  Gmult’ = 'g = 'w = "w (infixr < 70)
defines fsmult’ : fsmult’ = aezfun-scalar-mult.fsmult smult’
and Gmult’ : Gmult’ = aezfun-scalar-mult. Gmult smult’
assumes FGModW : FGModule G smult’ W
shows FGModuleHomSet G smult V smult’ W
= (VectorSpaceHomSet fsmult V fsmult’ W)
N{T.VgeG. YveV. T (g% v) =g (T o)}
proof
from fsmult’ Gmult’
show FGModuleHomSet G smult V smult’ W
C (VectorSpaceHomSet fsmult V fsmult’” W)
N{T.VgeG. YveV. T (g * v) =gs*x Tuv}
using FGModuleHomSetD-FGModuleHom[of - G smult V smult’]
FGModuleHom. VectorSpaceHom[of G smult V smult’]
FGModuleHomSetD-Im[of - G smult V smult’]
VectorSpaceHomSetI[of fsmult V fsmult]
FGModuleHom.G-map[of G smult V smult’]
by auto
show FGModuleHomSet G smult V smult’ W
D (VectorSpaceHomSet fsmult V fsmult’ W)
N{T.VgeG.VveV. T (g x v) = g xx T v}
proof
fix T
assume T: T € (VectorSpaceHomSet fsmult V fsmult’ W)
N{T.VgeG. VveV. T (g * v) = g xx T v}
show T € FGModuleHomSet G smult V smult’ W
proof (rule FGModuleHomSetl, rule VecHom-GMap-is-FGModuleHom)
from T fsmult’
show VectorSpaceHom (8-) V (aezfun-scalar-mult.fsmult smult’) T
using VectorSpaceHomSetD- VectorSpaceHom
by  fast
from T show T ¢V C W using VectorSpaceHomSetD-Im by fast
from T Gmult’
show Agv.ge G=veV
= T (g * v) = aezfun-scalar-mult. Gmult (x) g (T v)
by  fast
from T show T ¢V C W using VectorSpaceHomSetD-Im by fast
qed (rule FGModW)
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qed
qed

lemma Group-FGModuleHomSet :
fixes smult’ :: ('f, 'g) aezfun = 'w:ab-group-add = 'w (infixr < 70)
and  fsmult’ = 'f = 'w = 'w (infixr x> 70)
and  Gmult’ = 'g = 'w = "w (infixr <% 70)
defines fsmult’ : fsmult’ = aezfun-scalar-mult.fsmult smult’
and Gmult’ : Gmult’ = aezfun-scalar-mult. Gmult smult’
assumes FGModW : FGModule G smult’ W
shows Group (FGModuleHomSet G smult V smult’ W)
proof
from FGModW show FGModuleHomSet G () V smult’ W # {}
using FGModule.smult-zero trivial-FGModule Hom|[of smult’] FGModule.zero-closed
FGModuleHomSet]
by  fastforce
next
fix ST
assume S: § € FGModuleHomSet G (-) V smult’ W
and T: T € FGModuleHomSet G (-) V smult’ W
with assms
have ST: S € (VectorSpaceHomSet fsmult V fsmult’ W)
N{T.VgeG. YveV. T (g% v) = g xx T v}
T € (VectorSpaceHomSet fsmult V fsmult’ W)
N{T.VgeG. VveV. T (g * v) = g xx T v}
using FGModuleHomSet-is-Gmaps-in- VectorSpaceHomSet
by auto
with fsmult’ have S — T € VectorSpaceHomSet fsmult V fsmult’ W
using FGModule.fVectorSpace| OF FGModW]
VectorSpace. Group- VectorSpace HomSet| OF fVectorSpace] Group.diff-closed
by  fast
moreover have A\g v. g€G = veV = (§—T) (g *- v) = g *x ((S—T) v)
proof—
fix gvassume g Gve V
moreover with ST have Sve WTove W - Tve W
using VectorSpaceHomSetD-Im|[of S fsmult V fsmult']
VectorSpaceHomSetD-Im[of T fsmult V fsmult’]
FGModule.neg-closed|[OF FGModW|
by auto
ultimately show (S—1T) (g * v) = g *x ((S=T) v)
using ST Gmult’ FGModule.neg-Gmult[OF FGModW)
FGModule. Gmult-distrib-left| OF FGModW, of ¢ Sv — T ]
by auto
qed
ultimately show S — T € FGModuleHomSet G (-) V smult’ W
using fsmult’ Gmult’
FGModuleHomSet-is- Gmaps-in- VectorSpaceHomSet| OF FGMod W
by  fast
qed
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lemma Subspace-FGModuleHomSet :

fixes smult’ : ('f, '9) aezfun = 'w:ab-group-add = 'w (infixr x> 70)
and  fsmult’ i 'f = 'w= "w (infixr x> 70)

and Gmult’ g = 'w= 'w (infixr x> 70)

and  hom-fsmult = 'f = ("v = 'w) = ('v = 'w) (infixr ¢x> 70)
defines fsmult’  : fsmult’ = aezfun-scalar-mult.fsmult smult’

and Gmult’ : Gmult’ = aezfun-scalar-mult. Gmult smult’

defines hom-fsmult : hom-fsmult = Aa T v. a tx T v
assumes FGModW : FGModule G smult’ W
shows  VectorSpace.Subspace hom-fsmult
( VectorSpaceHomSet fsmult V fsmult’ W)
(FGModuleHomSet G smult V smult’ W)
proof (rule VectorSpace.Subspacel)
from hom-fsmult fsmult’
show VectorSpace (fix-) (VectorSpaceHomSet (§) V (ix) W)
using FGModule.fVectorSpace| OF FGModW]
VectorSpace. VectorSpace- VectorSpaceHomSet| OF fVectorSpace]
by  fast
from fsmult’ Gmult’ FGModW
show Group (FGModuleHomSet G () V (x) W)
A FGModuleHomSet G () V (x) W
C VectorSpaceHomSet (§:) V (fx) W
using Group-FGModuleHomSet FGModuleHomSet-is-Gmaps-in- VectorSpace HomSet
by fast
next
fix a T assume T: T € FGModuleHomSet G (1) V () W
from hom-fsmult fsmult’ have FGModuleHom G smult V smult’ (a % T)
using FGModuleHomSetD-FGModuleHom[OF T
FGModuleHomSetD-Im[OF T
FGModuleHom.FGModuleHom-fscalar-mul
by  simp
moreover from hom-fsmult fsmult’ have (a tx- T) ‘V C W
using FGModuleHomSetD-Im[OF T| FGModule.fsmult-closed|OF FGModW]
by auto
ultimately show a fx- T € FGModuleHomSet G (-) V (x) W
using FGModuleHomSetl by fastforce

qged

lemma VectorSpace-FGModuleHomSet :
fixes smult’  : ('f, '9) aezfun = 'w:ab-group-add = 'w (infixr x> 70)
and  fsmult’ i f = 'w= "w (infixr x> 70)
and  hom-fsmult = 'f = ("v = 'w) = ('v = 'w) (infixr x> 70)
defines fsmult’ = aezfun-scalar-mult.fsmult smult’

defines hom-fsmult = Aa T v. a ffx T v

assumes FGModule G smult’ W

shows  VectorSpace hom-fsmult (FGModuleHomSet G smult V smult’” W)
using assms Subspace-FGModuleHomSet Module.intro VectorSpace.intro
by fast
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end

5.5 Induced modules

5.5.1 Additive function spaces

definition addfunset ::
‘a::monoid-add set = 'm:monoid-add set = ('a = 'm) set
where addfunset A M = {f. supp f C A A range f C M
A (VzeA. VyeA. f (z+y) =fz + fy) }

lemma addfunsetl :
[ supp f C A; range f C M;VzeA. VyeA. f (z+y) =fz+ fy]
= f € addfunset A M
unfolding addfunset-def by fast

lemma addfunsetD-supp : f € addfunset A M —> supp fC A
unfolding addfunset-def by fast

lemma addfunsetD-range : f € addfunset A M = range f C M
unfolding addfunset-def by fast

lemma addfunsetD-range’ : f € addfunset A M — fx € M
using addfunsetD-range by fast

lemma addfunsetD-add :
[ f € addfunset A M; z€A; yeA] = f (a+y) =fz + fy
unfolding addfunset-def by fast

lemma addfunset0 : addfunset A (0::'m::monoid-add set) = 0
proof
show addfunset A 0 C 0 using addfunsetD-range’ by fastforce
have (0::'a='m) € addfunset A 0
using supp-zerofun-subset-any by (rule addfunsetl) auto
thus addfunset A (0::'m::monoid-add set) 2 0 by simp
qed

lemma Group-addfunset :
fixes M::'g::ab-group-add set
assumes Group M
shows Group (addfunset R M)
proof
from assms show addfunset R M # {}
using addfunsetI[of 0 R M| supp-zerofun-subset-any Group.zero-closed
by  fastforce
next
fix g h assume gh: g € addfunset R M h € addfunset R M
show g — h € addfunset R M
proof (rule addfunsetl)
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from gh show supp (¢ — h) C R
using addfunsetD-supp supp-diff-subset-union-supp by fast
from gh show range (¢ — h) C M
using addfunsetD-range Group.diff-closed [OF assms]
by (simp add: addfunsetD-range’ image-subsetl)
show VzeR. VyeR. (g —h) (z+y)=(g—h)z+ (9 —h)y
using addfunsetD-add[OF gh(1)] addfunsetD-add[OF gh(2)] by simp
qed
qed

5.5.2 Spaces of functions which transform under scalar multipli-
cation by almost-everywhere-zero functions

context aezfun-scalar-mult
begin

definition smultfunset :: 'g set = ('r,’q) aezfun set = (('r,’q) aezfun = 'v) set
where smultfunset G FH = {f. (Va::'r. VgeG. Vz€FH.

f(addgxz)=(addg)- (fz))}

lemma smultfunsetD :
[f € smultfunset G FH; geG; 2cFH ] = f(add gxz )= (a d0 g) - (fz)
unfolding smultfunset-def by fast

lemma smultfunsetl :
Va:'r.VgeG. VYz€FH. f (add g*xx )= (add g) - (fz)
= [ € smultfunset G FH
unfolding smultfunset-def by fast

end

5.5.3 General induced spaces of functions on a group ring

context aezfun-scalar-mult
begin

definition indspace ::
'g set = ('r,’g) aezfun set = v set = (('r,’g) aezfun = "v) set
where indspace G FH V = addfunset FH V N smultfunset G FH

lemma indspaceD :
f € indspace G FH V = f € addfunset FH V N smultfunset G FH
using indspace-def by fast

lemma indspaceD-supp : f € indspace G FH V — supp f C FH
using indspace-def addfunsetD-supp by fast

lemma indspaceD-supp’ : f € indspace G FHV — ¢ ¢ FH — fz =0
using indspaceD-supp suppl-contra by fast
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lemma indspaceD-range : f € indspace G FH V = range f C V
using indspace-def addfunsetD-range by fast

lemma indspaceD-range”: f € indspace G FHV = fz € V
using indspaceD-range by fast

lemma indspaceD-add :
[ f € indspace G FH V; x€FH; yeFH | = f (a4+y) = fz + fy
using indspace-def addfunsetD-add by auto

lemma indspaceD-transform :
[f € indspace G FH V; geG; x€FH ] = f(add gxz )= (a dd g) - (fz)
using indspace-def smultfunsetD by auto

lemma indspacel :
f € addfunset FH V — f € smultfunset G FH = f € indspace G FH V
using indspace-def by fast

lemma indspacel’ :
[ supp f C FH; range f C V;VaeeFH.VyeFH. f (z+y) = fz + fy;
Va:'r.VgeG. VYz€FH. f (add gxz )= (add g)- (fz)]
= f € indspace G FH V
using smultfunset] addfunsetI|of f] indspacel by simp

lemma mono-indspace : mono (indspace G FH)
proof (rule monol)
fix UV :: 'v set assume U-V: U C V
show indspace G FH U C indspace G FH V
proof
fix f assume f: f € indspace G FH U
show f € indspace G FH V using indspaceD-supp|OF f]
proof (rule indspacel’)
from f U-V show range f C V using indspaceD-range|of f G FH] by auto
from f show VacFH. VyeFH. f (z+y) =fz + fy
using indspaceD-add by auto
from f show Va:'r. VgeG. Vaz€FH. f (a6 gz ) = (a 6 g) - (fz)
using indspaceD-transform by auto
qed
qed
qed

end

context F'GModule
begin

lemma zero-transforms : 0 € smultfunset G FH
using smultfunset] FG-fddg-closed smult-zero by simp
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lemma indspacel : indspace G FH 0 = 0
using zero-transforms addfunset0 indspace-def by auto

lemma Group-indspace :
assumes Ringl FH
shows Group (indspace G FH V)
proof
from zero-closed have 0 C V by simp
with mono-indspace [of G FH]
have indspace G FH 0 C indspace G FH V
by (auto dest!: monoD [of - 0 V])
then show indspace G FH V # {}
using indspace0 [of FH] by auto
next
fix f1 f2 assume ff: fI € indspace G FH V f2 € indspace G FH V
hence f1 — f2 € addfunset FH V
using assms indspaceD indspaceD Group Group-addfunset Group.diff-closed
by fast
moreover from ff have f1 — f2 € smultfunset G FH
using indspaceD-transform FG-fddg-closed indspaceD-range’ smult-distrib-left-diff
smultfunsetl
by  simp
ultimately show fI — f2 € indspace G FH V using indspacel by fast
qed

end

5.5.4 The right regular action

context Ringl
begin

definition rightreg-scalar-mult ::
'riring-1 = ('r = 'miab-group-add) = ('r = 'm) (infixr x> 70)
where rightreg-scalar-mult r f = (Az. if © € R then f (xxr) else 0)

lemma rightreg-scalar-multD1 : z € R = (r o f) z = [ (zxr)
unfolding rightreg-scalar-mult-def by simp

lemma rightreg-scalar-multD2 : t ¢ R = (r x f) x = 0
unfolding rightreg-scalar-mult-def by simp

lemma rrsmult-supp : supp (r x f) C R
using rightreg-scalar-multD2 suppD-contra by force

lemma rrsmult-range : range (r x f) C {0} U range f
proof (rule image-subsetl)
fix x show (r x f) z € {0} U range f
using rightreg-scalar-multD1[of © v f] image-eql
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rightreg-scalar-multD2[of = r f]
by (cases © € R) auto
qed

lemma rrsmult-distrib-left : r 2 (f +g)=ra f+rxg
proof
fixzshow (ra (f+g9)z=(raf+rug ez
unfolding rightreg-scalar-mult-def by (cases x € R) auto
qed

lemma rrsmult-distrib-right :
assumes A\vy t e R— ye R= f(as+y)=fz+fyre RseR
shows (r+s)nf=rxf+suaf
proof
fixxshow (r+s)axfla=(rnf+snf)z
using assms mult-closed
unfolding rightreg-scalar-mult-def
by (cases © € R) (auto simp add: distrib-left)
qed

lemma RModule-addfunset :

fixes M::'g::ab-group-add set

assumes Group M

shows RModule R rightreg-scalar-mult (addfunset R M)
proof (rule RModulel)

from assms show Group (addfunset R M) using Group-addfunset by fast

show RModule-axioms R (x) (addfunset R M)
proof
fix r f assume r: 7 € R and f: f € addfunset R M
show r o f € addfunset R M
proof (rule addfunsetl)
show supp (r = f) C R
using rightreg-scalar-multD2 suppD-contra by force
show range (r x f) C M
using  addfunsetD-range[OF f] Group.zero-closed|OF assms]
unfolding rightreg-scalar-mult-def
by fastforce
from r show Vz€R. VyeR. (rx f) (z+y)=(rxflz+ (ra f)y
using  mult-closed add-closed addfunsetD-add[OF f)
unfolding rightreg-scalar-mult-def
by (simp add: distrib-right)
qed
next
show Arfg.rx (f+g) =r = f+ r x g using rrsmult-distrib-left by fast
next
fix rs fassume r € Rs € R f € addfunset R M
thus (r+s)n f=rxf+sxuaf
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using addfunsetD-add[of f] rrsmult-distrib-right[of f] by simp
next
fix rs f assume v € R and s: s € R and f: f € addfunset R M
show r x s f=(rxs) nf
proof
fix  from r show (r x s x f) z = ((r*s) x f) z
using mult-closed unfolding rightreg-scalar-mult-def
by (cases € R) (auto simp add: mult.assoc)
qed
next
fix f assume f: f € addfunset R M
show 1 o f=f
proof
fix z show (I x f) z = fz
unfolding rightreg-scalar-mult-def
using  addfunsetD-supp[OF f] suppl-contra[of z f]
contra-subsetD[of supp f]
by (cases x € R) auto
qed
qed

qed (unfold-locales)

end

5.5.5 Locale and basic facts

In the following locale, G is a subgroup of H, V is a module over the group
ring for G, and the induced space indV will be shown to be a module over
the group ring for H under the right regular scalar multiplication rrsmult.
locale InducedFFHModule = Supgroup?: Group H

+ BaseFGMod? : FGModule G smult V
+ induced-smult?: aezfun-scalar-mult rrsmult

for H i 'giigroup-add set
and G g set
and FG = ('fifield, 'g) aezfun set

and smult :: ('f, 'g) aezfun = 'vi:ab-group-add = v (infixl <) 70)

and V v oset

and rrsmult 2 ('f,'g) aezfun = (('f,'g) aezfun = "v) = (('f,’g) aezfun = "v)
(infixl x> 70)

+ fixes FH = ('f, 'g) aezfun set
and ndV o (('f, 'g9) aezfun = 'v) set
defines FH : FH = Supgroup.group-ring

and indV . indV = BaseFGMod.indspace G FH V
assumes rrsmult : rrsmult = Ringl .rightreg-scalar-mult FH
and Subgroup: Supgroup.Subgroup G

begin

abbreviation indfsmult ::
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"t = (('f, 'g9) aezfun = "v) = (('f, 'g) aezfun = "v) (infix]l <x x> 70)
where indfsmult = induced-smult.fsmult
abbreviation indflincomb ::
'flist = (('f, 'g) aezfun = ") list = (('f, '9) aezfun = 'v) (infixl x> 70)
where indflincomb = induced-smult.flincomb
abbreviation Hmult :
‘9= (("f, '9) aezfun = "v) = (('f, 'g9) aezfun = "v) (infixl x> 70)
where Hmult = induced-smult. Gmult

lemma Ringl-FH : Ringl FH using FH Supgroup.Ringl-RG by fast

lemma FG-subring-FH : Ringl.Subringl FH BaseFGMod.FG
using FH Supgroup.Subgroup-imp-Subring| OF Subgroup] by fast

lemma rrsmultD1 : ¢ € FH = (r » f) x = f (zxr)
using Ringl.rightreg-scalar-multD1[OF Ringl-FH| rrsmult by simp

lemma rrsmultD2 : v ¢ FH = (r x f) x = 0
using Ringl .rightreg-scalar-multD2[OF Ringl-FH| rrsmult by fast

lemma rrsmult-supp : supp (r @ f) C FH
using Ring!.rrsmult-supp[OF Ring1-FH] rrsmult by auto

lemma rrsmult-range : range (r x f) C {0} U range f
using Ringl.rrsmult-range|OF Ringl-FH| rrsmult by auto

lemma FHModule-addfunset : FGModule H rrsmult (addfunset FH V)
proof (rule FGModule.intro)
from FH rrsmult show RModule Supgroup.group-ring (x) (addfunset FH V)
using Group Supgroup.Ringl-RG Ringl.RModule-addfunset by fast
qed (unfold-locales)

lemma FHSubmodule-indspace :
FGModule. FGSubmodule H rrsmult (addfunset FH V') indV
proof (rule FGModule. FGSubmodulel[of H|, rule FHModule-addfunset, rule conjI)
from Ringl-FH indV show Group indV using Group-indspace by fast
from indV show indV C addfunset FH V
using BaseFGMod.indspaceD by fast
next
fix r f assume rf: r € (Supgroup.group-ring :: ('f,'q) aezfun set) f € indV
from rf(2) indV have rf2" f € BaseFGMod.indspace G FH V by fast
show r o f € indV
unfolding indV
proof (rule BaseFGMod.indspacel’, rule rrsmult-supp)
show range (r @ f) C V
using rrsmult-range BaseFGMod.indspaceD-range[OF rf2'] zero-closed
by  force
from FH rf(1) rf2’
show VezeFH.VyeFH. (raf) (z+y) =@ flz+(rxf)y
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using Ringl.add-closed|OF Ringl-FH) rrsmultD1[of - r f]
Ring1.mult-closed|OF Ringl-FH| BaseFGMod.indspaceD-add
by  (simp add: distrib-right)
{

fix a g x assume gz: g G t€ FH

with FH have a 66 g x x € FH
using FG-fddg-closed FG-subring-FH Ringl.mult-closed[OF Ringl-FH)|
by  fast

with FH rf(1) gz(2) have (r x f) (a 60 g*x z) = a 6§ g - ((r & f) z)
using rrsmultD1[of - r f] Ringl.mult-closed|OF Ringl-FH)|

BaseFGMod.indspaceD-transform|[OF rf2’ gz(1)]

by  (simp add: mult.assoc)

thus Va. VgeG. VaeFH. (r n f) (add g *xz) = a 66 g - (r = f) x by fast
qed
qed

lemma FHModule-indspace : FGModule H rrsmult indV
proof (rule FGModule.intro)
show RModule Supgroup.group-ring (x) indV using FHSubmodule-indspace by
fast
qed (unfold-locales)

lemmas fVectorSpace-indspace = FGModule.fVectorSpace| OF FHModule-indspace]
lemmas restriction-is-FGModule
= FGModule.restriction-to-subgroup-is-module] OF FHModule-indspace]

definition induced-vector :: 'v = (('f, 'g) aezfun = 'v)
where induced-vector v = (if v € V
then (\y. if y € FH then (FG-proj y) - v else 0) else 0)

lemma induced-vector-applyl :
ve V = 1z € FH = induced-vector v = (FG-proj x) - v
using induced-vector-def by simp

lemma induced-vector-apply2 : v € V = z ¢ FH = induced-vector v x = 0
using induced-vector-def by simp

lemma induced-vector-indV :
assumes v: v € V
shows induced-vector v € indV
unfolding indV

proof (rule BaseFGMod.indspacel)

from assms show supp (induced-vector v) C FH
using induced-vector-def supp-restrictO[of FH \y. (FG-proj y) - v] by simp

show range (induced-vector v) C V
proof (rule image-subsetl)
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fix y
from v show (induced-vector v) y € V
using  induced-vector-def zero-closed aezfun-setspan-proj-in-setspan|of G y]
smult-closed ActingGroup.group-ringD
by auto
qed

{

fix z y assume zy: x € FHy € FH
with v have (induced-vector v) (z + y)
= (induced-vector v) x + (induced-vector v) y
using Ringl-FH Ringl.add-closed aezfun-setspan-proj-add|of G = y| FG-proj-in-FG
smult-distrib-left induced-vector-def
by auto
}
thus VzeFH. V ye FH. induced-vector v (z + y)
= induced-vector v x + induced-vector v y
by fast

{

fix a g x assume ¢g: g € G and z: x € FH
with v FH
have (induced-vector v) (a 66 g * x) = a 88 g - (induced-vector v) x
using FG-subring-FH FG-fddg-closed Ringl-FH
Ringl.mult-closed|of FH a 66 g] FG-proj-mult-leftdeltalof g al
FG-fddg-closed FG-proj-in-FG smult-assoc induced-vector-def
by  fastforce

thus Va. VgeG. VaeFH. induced-vector v (a §9 g * x)
= a 66 g - induced-vector v x
by fast

qed

lemma induced-vector-additive :
veV=veV

= induced-vector (v+v’) = induced-vector v + induced-vector v’
using add-closed induced-vector-def FG-proj-in-FG smult-distrib-left by auto

lemma hom-induced-vector : FGModuleHom G smult V rrsmult induced-vector
proof

show Avv. ve V= 1veV
= induced-vector (v + v’) = induced-vector v + induced-vector v’
using induced-vector-additive by fast

have induced-vector = (Av. if veV then \y. if y € FH

then (FG-proj y) - v else 0 else 0)
using induced-vector-def by fast
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thus supp induced-vector C V using supp-restrictO]of V| by fastforce

show Az v. € BaseFGMod.FG = v e V
= induced-vector (z - v) = x x induced-vector v
proof—
fix v assume 2v: * € BaseFGMod. FG v € V
show induced-vector (z - v) = = x induced-vector v
proof
fix a
from av FH show induced-vector (z - v) a = (x x induced-vector v) a
using smult-closed induced-vector-def FG-proj-in-FG smult-assoc rrsmultD1
FG-subring-FH Ringl.mult-closed|OF Ring1-FH) induced-vector-applyl
FG-proj-mult-right[of x] smult-closed induced-vector-apply2 rrsmultD2
by auto
qed
qged

qed

lemma indspace-sum-list-fddh:
[ fhs # []; set (map snd fhs) C H; f € indV ]
= f O (a,h)+fhs. a 66 h) = (O  (a,h)<fhs. f (a 66 h))
proof (induct fhs rule: list-nonempty-induct)
case (single fh) show ?Zcase
using split-beta[of Aa h. a 66 h fh] split-betaof Aa h. f (a 66 h) fh] by simp
next

case (cons fh fhs)
hence prevcase: snd fh € H set (map snd fhs) C H f € indV

f O (ah)«fhs. a 66 h) = (O (a,h)<fhs. f (a 66 h))
by auto

have f (3 (a,h)<fh#fhs. a 65 h)
= f ((fst fh) 66 (snd fh) + (O ah<fhs. case-prod (Aa h. a 66 h) ah))
using split-betalof Aa h. a 60 h fh] by simp
moreover from prevcase(1) FH have (fst fh) 66 (snd fh) € FH
using Supgroup.RG-aezdeltafun-closed by fast
moreover from prevcase(2) FH
have (3 ah<fhs. case-prod (Aa h. a 6 h) ah) € FH
using Supgroup. RG-aezdeltafun-closed
Ring1.sum-list-closed[OF Ringl-FH, of \ah. case-prod (Aa h. a 5 h) ah
fhs]
by  fastforce
ultimately have f (3 (a,h)«fh#/fhs. a 65 h)
= f ((fst fn) 60 (snd fh)) + f (O (a,h)+fhs. a §6 h)
using indV prevcase(3) BaseFGMod.indspaceD-add by simp
with prevcase(4) show ?Zcase using split-beta[of Aa h. f (a 0§ h) fh] by simp
qed

lemma induced-fsmult-conv-fsmult-1ddh :
feindV=he H= (raaf)(l1d h)=rt(f( 35 h)
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using FH indV induced-smult.fsmultD Supgroup. RG-aezdeltafun-closed[of h 1::'f]
rrsmultD1 aezdeltafun-decomp’[of T h]
aezdeltafun-decomp|of r h| Supgroup.RG-aezdeltafun-closed[of h 1::'f]
Group.zero-closed[OF GroupG)]
BaseFGMod.indspaceD-transform[of f G FH V 0 (1::'f) 60 h 7]
BaseFGMod.fsmultD

by  simp

lemma indspace-el-eq-on-1ddh-imp-eq-on-rddh :
assumes HmodG C H H = (Jh€HmodG. G + {h}) f € indV f’ € indV
VheHmodG. f (1 66 h) = f' (1 66 h) h e H
shows f (r dd h) = f' (r 66 h)
proof—
from assms(2,6) obtain h’ where h'": b’ € HmodG h € G + {h'} by fast
from h'(2) obtain g where g: g€ Gh =g+ h’
using set-plus-def[of G| by auto
from g(2) have r 66 h = 7 86 0 * (1 66 (g+h'))
using aezdeltafun-decomp by simp
moreover have (1::'f) 6§ (g+h’) =1 65 g x (1 66 h')
using times-aezdeltafun-aezdeltafun|of 1::'f, THEN sym] by simp
ultimately have r §6 h = r 6§ g x (1 66 h')
using aezdeltafun-decomp|of r g]
by  (simp add: algebra-simps)
with indV FH assms(1,5,4) g(1) h'(1)
have f(rddh)=rd5g-f (L 66 R") f'(rddh)=1rddg-f (1 h
using Supgroup. RG-aezdeltafun-closed|of h' 1]
BaseFGMod.indspaceD-transform[of f G FH V g 1 §6 h' r]
BaseFGMod.indspaceD-transform[of f' G FH V g 1 6§ h' 7]
by auto
thus f (r 60 h) = f' (r 66 h) using h'(1) assms(5) by simp
qed

lemma indspace-el-eq :
assumes HmodG C H H = ((Jh€HmodG. G + {h}) f € indV f' € indV
V he HmodG. f (1 86 h) = f' (1 66 h)
shows f=f’
proof
fix z show fz = f'z
proof (cases ¢ = 0 € FH rule: conjcases)
case BothTrue
hence z = 0 §0 0 using zero-aezfun-transfer by simp
with assms show ?thesis
using indspace-el-eq-on-1ddh-imp-eq-on-rddh|of HmodG f f'] Supgroup.zero-closed
by auto
next
case OneTrue with FFH show ?thesis using Supgroup.RG-zero-closed by fast
next
case OtherTrue
with FH obtain rhs
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where rhs: set (map snd rhs) C Hx = (> (r,h)<rhs. v 53 h)
using Supgroup.RG-el-decomp-aezdeltafun
by fast
from OtherTrue rhs(2) have rhs-nnil: rhs # [| by auto
with assms(3,4) rhs
have fx = O (r,h)«rhs. f (rdd b)) f'x = O (r,h)«rhs. f' (r 66 h))
using indspace-sum-list-fddh
by auto
moreover from rhs(1) assms have V (r,h) € set rhs. f (r 66 h) = f' (r 6 h)
using indspace-el-eq-on-1ddh-imp-eq-on-rddh[of HmodG f f'] by fastforce
ultimately show #thesis
using sum-list-prod-conglof rhs Ar h. f (r 60 h)] by simp
next
case BothFulse
with indV assms(3,4) show %thesis
using BaseFGMod.indspaceD-supp’lof f] BaseFGMod.indspaceD-supp’[of f]
by  simp
qed
qed

lemma indspace-el-eq’ :
assumes set hs C H H = ((Jheset hs. G + {h}) f € indV ' € indV
Vi<length hs. f (1 60 (hs'i)) = f' (1 60 (hsli))
shows f = f'
using assms(1—4)
proof (rule indspace-el-eq|of set hs))
have Ah. h€set hs = f (1 60 h) = f' (1 66 h)
proof—
fix h assume h € set hs
from this obtain i where ¢ < length hs h = hs!i
using in-set-conv-nth[of h] by fast
with assms(5) show f (1 §6 h) = f' (1 66 h) by simp
qed
thus Vheset hs. f (1 60 h) = f' (1 § h) by fast
qed

end

6 Representations of Finite Groups

6.1 Locale and basic facts

Define a group representation to be a module over the group ring that is
finite-dimensional as a vector space. The only restriction on the character-
istic of the field is that it does not divide the order of the group. Also,
we don’t explicitly assume that the group is finite; instead, the good-char
assumption implies that the cardinality of G is not zero, which implies G is
finite. (See lemma good-card-imp-finite.)
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locale FinGroupRepresentation = FGModule G smult V
for G :: 'g::group-add set
and smult :: ('f::field, 'g) aezfun = 'v:iiab-group-add = 'v (infixl <> 70)
and Vv set
_|_
assumes good-char: of-nat (card G) # (0::'f)
and findim : fscalar-mult. findim fsmult V

lemma (in Group) trivial-FinGroupRep :
fixes smult  :: ('fufield, 'g) aezfun = "viab-group-add = v
assumes good-char : of-nat (card G) # (0::'f)
and smult-zero : Y a€ group-ring. smult a (0::'v) = 0
shows FinGroupRepresentation G smult (0::'v set)
proof (rule FinGroupRepresentation.intro)
from smult-zero show FGModule G smult (0::'v set)
using trivial-FGModule by fast

have fscalar-mult.findim (aezfun-scalar-mult.fsmult smult) 0
by auto (metis R-scalar-mult. RSpan.simps(1) aezfun-scalar-mult. R-scalar-mult
empty-set empty-subsetl set-zero)

with good-char show FinGroupRepresentation-axioms G smult 0 by unfold-locales
qed

context FinGroupRepresentation
begin

abbreviation ordG :: 'f where ordG = of-nat (card G)
abbreviation GRepHom = FGModuleHom G smult V
abbreviation GReplso = FGModulelso G smult V
abbreviation GRepEnd = FGModuleEnd G smult V

lemmas zero-closed = zero-closed

lemmas Group = Group

lemmas GSubmodule-GSpan-single = RSubmodule-RSpan-single
lemmas GSpan-single-nonzero = RSpan-single-nonzero

lemma finiteG: finite G
using good-char good-card-imp-finite by fast

lemma FinDim VectorSpace: FinDim VectorSpace fsmult V
using findim fVectorSpace VectorSpace.FinDim VectorSpacel by fast

lemma GSubspace-is-FinGroupRep :

assumes GSubspace U

shows FinGroupRepresentation G smult U
proof (

rule FinGroupRepresentation.intro, rule GSubspace-is-FGModule[OF assms], un-
fold-locales
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)

from assms show fscalar-mult.findim fsmult U
using FinDim VectorSpace GSubspace-is-Subspace FinDim VectorSpace.Subspace-is-findim
by  fast
qed (rule good-char)

lemma isomorphic-imp-GRep :
assumes isomorphic smult’ W
shows FinGroupRepresentation G smult’ W
proof (rule FinGroupRepresentation.intro)
from assms show FGModule G smult’ W
using FGModuleIso.ImG FGModuleHom.FGModule-Im[OF FGModulelso.azioms(1)]
by  fast
from assms have fscalar-mult.findim (aezfun-scalar-mult. fsmult smult’) W
using FGModulelso.ImG findim FGModulelso. VectorSpaceHom
VectorSpaceHom.findim-domain-findim-image
by  fastforce
with good-char show FinGroupRepresentation-axioms G smult’ W by unfold-locales
qed

end

6.2 Irreducible representations

locale IrrFinGroupRepresentation = FinGroupRepresentation
+ assumes irr: GSubspace U — U =0V U=V
begin

lemmas AbGroup = AbGroup

lemma zero-isomorphic-to-FG-zero :
assumes V = (0
shows isomorphic (x) (0::('b,’a) aezfun set)
proof
show GReplso (x) 0 0
proof (rule FGModulelso.intro)
show GRepHom (%) 0 using trivial-FGModuleHom][of ()] by simp
show FGModulelso-axioms V 0 0
proof
from assms show bij-betw 0 V 0 unfolding bij-betw-def inj-on-def by simp
qed
qed
qed

lemma eq-GSpan-single : v € V = v # 0 = V = GSpan [v]
using irr RSubmodule-RSpan-single RSpan-single-nonzero by fast

end
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lemma (in Group) trivial-IrrFinGroupRepl :
fixes smult :: ('f::field, 'g) aezfun = 'v:iiab-group-add = v
assumes of-nat (card G) # (0::'f)
and  Va€ggroup-ring. smult a (0::'v) = 0
shows IrrFinGroupRepresentation G smult (0::'v set)
proof (rule IrrFinGroupRepresentation.intro)
from assms show FinGroupRepresentation G smult 0
using trivial-FinGroupRep by fast
show IrrFinGroupRepresentation-axioms G smult 0
using RModule.zero-closed by unfold-locales auto
qed

lemma (in Group) trivial-IrrFinGroupRepresentation-in-FG :
of-nat (card G) # (0::'f::field)
= IrrFinGroupRepresentation G (x) (0::('f,’q) aezfun set)
using trivial-IrrFinGroupRepI[of (x)] by simp

context FinGroupRepresentation
begin

lemma IrrFinGroupRep-trivial GSubspace :
IrrFinGroupRepresentation G smult (0::'v set)
proof—
have ordG # (0::'f) using good-char by fast
moreover have VacFG. a - 0 = 0 using smult-zero by simp
ultimately show “thesis
using ActingGroup.trivial-IrrFinGroupRepl [of smult] by fast
qed

lemma Irrl :
assumes A\U. FGModule.GSubspace G smult VU —= U =0V U=V
shows IrrFinGroupRepresentation G smult V
using assms IrrFinGroupRepresentation.intro by unfold-locales

lemma notlrr :
= IrrFinGroupRepresentation G smult V
= 3JU. GSubspace UNU #0NU#V
using Irrl by fast

end

6.3 Maschke’s theorem

6.3.1 Averaged projection onto a G-subspace

context FinGroupRepresentation
begin

lemma avg-proj-eq-id-on-right :
assumes VectorSpace fsmult W add-independentS [W,V] v € V
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defines P: P = (B [W,V]|1)
defines CP: CP = (Ag. Gmult (— g) o P o Gmult g)
defines T : T = fsmult (1/0ordG) o (3. geG. CP g)
shows Tov=wv
proof—
from P assms(2,3) have A\g. g€ G = P (g % v) = g * v
using Gmult-closed VectorSpace. AbGroup[OF assms(1)] AbGroup
AbGroup-inner-dirsum-el-decomp-nth-id-on-nth[of [W,V]]
by  simp
with CP assms(3) have \g. g€ G = CPguv =
using Gmult-neg-left by simp
with assms(3) good-char T show T v = v
using finiteG sum-fun-apply[of G CP] sum-fsmult-distrib[of v G Ax. 1]
fsmult-assoclof - ordG v
by  simp
qed

lemma avg-proj-onto-right :
assumes VectorSpace fsmult W GSubspace U add-independentS [W,U]
V=WwWelU
defines P : P = (P [W,U]L1)
defines CP: CP = (Ag. Gmult (— g) o P o Gmult g)
defines T : T = fsmult (1/0rdG) o (3. geG. CP g)
shows T ‘V =0U
proof
from assms(2) have U: FGModule G smult U
using GSubspace-is-FGModule by fast
show T ‘' V C U
proof (rule image-subsetl)
fix v assume v: v € V
with assms(1,3,4) P U have Ag. g€ G = P (g x v) € U
using Gmult-closed VectorSpace. AbGroup FGModule. AbGroup
AbGroup-inner-dirsum-el-decomp-nth-onto-nthof [W,U] 1]
by  fastforce
with U CP have \g. g€ G = CPguve U
using FGModule. Gmult-closed GroupG Group.neg-closed by fastforce
with assms(2) U T show Tv e U
using finiteG FGModule.sum-closed[of G smult U G Ag. CP g v
sum-fun-applylof G CP] FGModule.fsmult-closed[of G smult U]
by  fastforce
qed
show T ‘V DO U
proof
fix v assume uw: u € U
with v T CP P assms(1,2,3) have T u = u
using GSubspace-is-FinGroupRep FinGroupRepresentation.avg-proj-eq-id-on-right
by  fast
from this|[THEN sym] assms(1—4) uw show v € T ‘' V
using Module. AbGroup RModule. AbGroup AbGroup-subset-inner-dirsum
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by  fast
qed
qed

lemma FGModuleEnd-avg-proj-right :
assumes fSubspace W GSubspace U add-independentS [W, U] V. =W & U
defines P : P = (B [W,U]}1)
defines CP: CP = (Ag. Gmult (— g) o P o Gmult g)
defines T : T = (fsmult (1/ordG) o (3. geG. CP g))lV
shows FGModuleEnd G smult VT
proof (rule VecEnd-GMap-is-FGModuleEnd)

from T have T-apply: A\v. veV = T v = (1/ordG) §- (> geG. CP g v)
using finiteG sum-fun-apply[of G CP] by simp

from assms(1—4) P have Pgv: A\gv. g€ G = v e V=P (gxv)eV
using Gmult-closed VectorSpace-fSubspace VectorSpace. AbGroup|of fsmult W]
RModule. AbGroup|of FG smult U]
GroupEnd-inner-dirsum-el-decomp-nth[of [W,U] 1]
GroupEnd.endomorph|of V]
by force

have im-CP-V: A\v.ve V= (A\g. CPgv) ‘GCV
proof—
fix v assume v € V thus (A\g. CPgv) ‘GCV
using CP Pgvlof - v] ActingGroup.neg-closed Gmult-closed finiteG by auto
qed

have sumCP-V: N\v.ve V= (. geG. CPgv) € V
using finiteG im-CP-V sum-closed by force

show VectorSpaceEnd (8:) V. T
proof (
rule VectorSpaceEndl, rule VectorSpace. VectorSpaceHoml, rule fVectorSpace

)

show GroupHom V' T
proof
fix v v’ assume w: v e Vo' e V
with T-apply have T (v + v’) = (1/0ordG) §- (3. g€G. CP g (v + v'))
using add-closed by fast
moreover have \g. g€ G = CPg(v+v)=CPgv+ CPgv’
proof—
fix g assume g: g € G
with CP P v’ assms(1—4)
have CPg(v+v)=(—¢g)x (P (g*v)+P(g*nv"))
using Gmult-distrib-left Gmult-closed VectorSpace-fSubspace
VectorSpace. AbGroup|of fsmult W] RModule. AbGroup|of FG smult U]
GroupEnd-inner-dirsum-el-decomp-nth[of [W,U] 1]
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GroupEnd.hom[of V P]
by  simp
with g vv’ have CP g (v + v’)
=(=g*P(gxv)+(=g) = P(gx")
using Pguv ActingGroup.neg-closed Gmult-distrib-left by simp
thus CP g (v + v') = CP g v + CP g v' using CP by simp
qed
ultimately show T (v 4+ v') = Tov + T v’
using v’ sumCP-V[of v] sumCP-V]of v'| sum.distriblof Ag. CP g v]
T-apply
by  simp
next
from T show supp T C V using supp-restrict0 by fast
qed

show NAav.ve V= T (at-v)=at Tv
proof—
fix a::'f and v assume v: v € V
with T-apply have T (a f- v) = (1/ordG) § (3 g€G. CP g (a § v))
using fsmult-closed by fast
moreover have \g. g€ G = CP g (af v) =at CPgw
proof—
fix g assume g € G
with assms(1—4) CP P vshow CP g (af-v) =af CPguv
using fsmult-Gmult-comm GSubspace-is-Subspace Gmult-closed fVectorSpace
VectorSpace. VectorSpace End-inner-dirsum-el-decomp-nth[of fsmult)
VectorSpaceEnd.f-maplof fsmult (@ N« [W, U]. N) P a g * v]
ActingGroup.neg-closed Pgv
by  simp
qed
ultimately show T (a - v) = af T
using v im-CP-V sumCP-V T-apply finiteG
fsmult-sum-distrib[of a G Ag. CP g v]
fsmult-assoclof 1/ordG a (> geG. CP g v)]
by  simp
qed

show T *V C V using sumCP-V fsmult-closed T-apply image-subsetl by auto
qed

show Agv.ge G =ve V=T (g*v)=gx* Tv
proof—
fix gvassume g: g€ Gand v: v € V
with T-apply have T (g % v) = (1/ordG) - O heG. CP h (g % v))
using Gmult-closed by fast
with g have T (g % v) = (1/ordG) - (O_h€G. CP (h + — g) (g *- v))
using GroupG Group.neg-closed
Group.right-translate-sum[of G — g Ah. CP h (g *- v)]
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by  fastforce
moreover from CP
have Ah.he G= CP (h+ — g) (g% v)=g=* CPhwv
using g v Gmult-closed|of g v] ActingGroup.neg-closed
Gmult-assoclof - — g g *- v, THEN sym)|
Gmult-neg-left minus-add[of - — g] Pgv Gmult-assoc
by  simp
ultimately show T (g x- v) = g* T
using g v GmultD finiteG FG-fddg-closed im-CP-V sumCP-V
smult-sum-distriblof 1 §8 g G]
fsmult-Gmult-comm|of g > he€G. (CP h v)] T-apply
by  simp
qed

qed

lemma avg-proj-is-proj-right :

assumes VectorSpace fsmult W GSubspace U add-independentS [W, U]
V=WeUveV

defines P : P = (P [W,UJL1)

defines CP: CP = (Ag. Gmult (— g) o P o Gmult g)

defines T : T = fsmult (1/0ordG) o (3. geG. CP g)

shows T (Tv)=Tvw

using assms avg-proj-onto-right GSubspace-is-FinGroupRep
FinGroupRepresentation.avg-proj-eq-id-on-right

by fast

end

6.3.2 The theorem

context FinGroupRepresentation
begin

theorem Maschke :
assumes GSubspace U
shows JW. GSubspace W ANV =W & U
proof (cases V = 0)
case True
moreover from assms True have U = 0 using RModule.zero-closed by auto
ultimately have V = 0 + U using set-plus-def by fastforce
moreover have add-independentS [0,U] by simp
ultimately have V = 0 & U using inner-dirsum-doublel by fast
moreover have GSubspace 0 using trivial-RSubmodule zero-closed by auto
ultimately show 3 W. GSubspace W N V.= W @ U by fast
next
case Fulse
from assms obtain W'
where W' VectorSpace.Subspace fsmult VW' ANV = W' U
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using GSubspace-is-Subspace FinDim VectorSpace FinDim VectorSpace.semisimple
by  force
hence vsp-W': VectorSpace fsmult W' and dirsum: V = W' @& U
using VectorSpace.SubspaceD1[OF fVectorSpace] by auto
from False dirsum have indS: add-independentS [W', U]
using inner-dirsumD2 by fastforce
define P where P = ([W',U]|L1)
define CP where CP = (Ag. Gmult (— g) o P o Gmult g)
define S where S = fsmult (1/ordG) o (3 geG. CP g)
define W where W = GroupHom.Ker V (S]V)
from assms W' indS S-def CP-def P-def have endo: GRepEnd (S1V)
using FGModuleEnd-avg-proj-right by fast
moreover from S-def CP-def P-def have Av. v € V = (SLV) ((S{V) v) =
(S4V) v
using endo FGModuleEnd.endomorph
avg-proj-is-proj-right| OF vsp-W' assms indS dirsum]
by  fastforce
moreover have (S|V) ‘V =U
proof—
from assms indS P-def CP-def S-def dirsum vsp-W’' have S ‘' V = U
using avg-proj-onto-right by fast
moreover have (S|V) ‘V =S5V by auto
ultimately show ¢thesis by fast
qed
ultimately have V = W & U GSubspace W
using W-def FGModuleEnd.proj-decomp|of G smult V S| V]
FGModuleEnd. GSubspace-Ker

by auto
thus ?thesis by fast
qed

corollary Maschke-proper :
assumes GSubspace U U #£ 0 U # V
shows I W. GSubspace WA W £0NW #VAV=Wao&U
proof—
from assms(1) obtain W where W: GSubspace WV = W @ U
using Maschke by fast
from assms(3) W(2) have W # 0 using inner-dirsum-double-left0 by fast
moreover from assms(1,2) W have W # V
using Subgroup-RSubmodule Group.nonempty
inner-dirsum-double-leftfull-imp-right0[of W U]
by  fastforce
ultimately show %thesis using W by fast
qed

end
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6.3.3 Consequence: complete reducibility

lemma (in FinGroupRepresentation) notlrr-decompose :
= IrrFinGroupRepresentation G smult V
= 3 U W. GSubspace U N U # 0 N U # V N GSubspace W N W # 0
ANWAVAV=Uas W
using notlrr Maschke-proper by blast

In the following decomposition lemma, we do not need to explicitly in-
clude the condition that all U in set Us are subsets of V. (See lemma Ab-
Group-subset-inner-dirsum.)

lemma FinGroupRepresentation-reducible’ :
fixes n::nat
shows A V. FinGroupRepresentation G fgsmult V
A n = FGModule.fdim fgsmult V
= (3 Us. Ball (set Us) (IrrFinGroupRepresentation G fgsmult)
AN(0 ¢ setUs) NV =@ U+Us. U))
proof (induct n rule: full-nat-induct)
fixnV
define GRep IGRep GSubspace GSpan fdim
where GRep = FinGroupRepresentation G fgsmult
and IGRep = IrrFinGroupRepresentation G fgsmult
and GSubspace = FGModule. GSubspace G fgsmult V
and GSpan = FGModule. GSpan G fgsmult
and fdim = FGModule.fdim fgsmult
assume Vm. Sucm <n — (Vz. GRep x A m = fdim x — ( 3 Us.
Ball (set Us) IGRep A (0 ¢ set Us) ANz = (@ U« Us. U)) )
hence prev-case:
Am. m <n= (AW. GRep W = m = fdim W = ( 3 Us.
Ball (set Us) IGRep A (0 ¢ set Us) N W = (5 U+ Us. U)))
using Suc-le-eq by auto
show GRep V A n = fdim V = (3 Us.
Ball (set Us) IGRep N (0 ¢ set Us) NV = (P U«Us. U))
proof—
assume V: GRep V A n = fdim V
show (3 Us. Ball (set Us) IGRep A (0 ¢ set Us) NV = (@ U« Us. U))
proof (cases IGRep V'V = 0 rule: conjcases)
case BothTrue
moreover have Ball (set [|) IGRep ¥V U€set [|. U # 0 by auto
ultimately show ?thesis using inner-dirsum-Nil by fast
next
case OneTrue
with V GRep-def obtain v where v: v € Vv # 0
using FinGroupRepresentation. Grouplof G fgsmult] Group.obtain-nonzero
by auto
from v(1) V GRep-def GSpan-def GSubspace-def have GSub: GSubspace
(GSpan [v])
using FinGroupRepresentation. GSubmodule-GSpan-single by fast
moreover from v V GRep-def GSpan-def have nzero: GSpan [v] # 0

166



using FinGroupRepresentation. GSpan-single-nonzero by fast
ultimately have V = GSpan [v]
using OneTrue GSpan-def GSubspace-def IGRep-def IrrFinGroupRepresen-
tation.irr
by  fast
with OneTrue
have Ball (set [GSpan [v]]) IGRep 0 ¢ set [GSpan [v]]
V = (@ U<+ [GSpan [v]]. U)

using nzero GSub inner-dirsum-singleD

by auto
thus ?thesis by fast
next

case OtherTrue with V GRep-def IGRep-def show ?thesis
using FinGroupRepresentation. IrrFinGroup Rep-trivial GSubspace by fast
next
case BothFulse
with V GRep-def IGRep-def GSubspace-def obtain U W
where U: GSubspace U U # 0 U # V
and W: GSubspace W W # 0 W # V
and Vdecompose: V.=U & W
using FinGroupRepresentation.notlrr-decompose[of G fgsmult V]
by auto
from U(1,3) W(1,3) V GRep-def GSubspace-def fdim-def
have fdim U < fdim V fdim W < fdim V
using FinGroupRepresentation.azioms(1)
FGModule. GSubspace-is-Subspace[of G fgsmult V U]
FGModule. GSubspace-is-Subspace[of G fgsmult V W]
FinGroupRepresentation. FinDim VectorSpace[of G fgsmult V]
FinDim VectorSpace.Subspace-dim-It|
of aezfun-scalar-mult.fsmult fgsmult VU
]
FinDim VectorSpace.Subspace-dim-It]
of aezfun-scalar-mult.fsmult fgsmult VW
]
by auto
from this U(1) W(1) V GSubspace-def obtain Us Ws
where Ball (set Us) IGRep A (0 ¢ set Us) AN U = ( X+ Us. X)
and Ball (set Ws) IGRep A (0 ¢ set Ws) AN W = (6 X+ Ws. X)
using prev-caselof fdim U] prev-case[of fdim W] GRep-def
FinGroupRepresentation. GSubspace-is-FinGroupRep|
of G fgsmult V U
]
FinGroupRepresentation. GSubspace-is-FinGroupRep|
of G fgsmult VW
]
by  fastforce
hence Us: Ball (set Us) IGRep 0 ¢ set Us U = (@ X+ Us. X)
and Ws: Ball (set Ws) IGRep 0 ¢ set Ws W = (6 X+ Ws. X)
by auto
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from Us(1) Ws(1) have Ball (set (UsQWs)) IGRep by auto
moreover from Us(2) Ws(2) have 0 ¢ set (UsQWs) by auto
moreover have V = (6 X<+ (UsQWs). X)
proof—
from U(2) Us(3) W(2) Ws(3)
have indUs: add-independentS Us
and indWs: add-independentS Ws
using inner-dirsumD2
by auto
moreover from IGRep-def Us(1) have Ball (set Us) ((€) 0)
using IrrFinGroupRepresentation.azioms(1)[of G fgsmult]
FinGroupRepresentation.zero-closed[of G fgsmult]
by  fast
moreover from Us(8) Ws(8) BothFalse Vdecompose indUs indWs
have add-independentS [(>_ X<+ Us. X),(>_ X<+ Ws. X)]
using inner-dirsumD2[of [U,W]] inner-dirsumD[of Us]
inner-dirsumD|of Ws]
by auto
ultimately have add-independentS (UsQ Ws)
by (metis add-independentS-double-sum-conv-append)
moreover from W (1) Ws(3) indWs have 0 € (> X+ Ws. X)
using inner-dirsumD GSubspace-def RModule.zero-closed by fast
ultimately show ?thesis
using Vdecompose Us(3) Ws(8) inner-dirsum-append by fast
qed
ultimately show ?thesis by fast
qed
qed
qed

theorem (in FinGroupRepresentation) reducible :
3 Us. (V Ueset Us. IrrFinGroupRepresentation G smult U) A (0 ¢ set Us)
ANV =@ U+Us U)
using FinGroupRepresentation-axioms FinGroupRepresentation-reducible’ by fast

6.3.4 Consequence: decomposition relative to a homomomorphism

lemma (in FinGroupRepresentation) GRepHom-decomyp :
fixes T : 'v= 'w:ab-group-add
defines KerT : KerT = (ker TN V)
assumes hom : GRepHom smult’ T and nonzero: V # 0
shows 3JU. GSubspace U NV = U & KerT
A FGModule.isomorphic G smult U smult’ (T ¢ V)
proof—
from KerT have KerT’: GSubspace KerT
using FGModuleHom.GSubspace-Ker[OF hom| by fast
from this obtain U where U: GSubspace UV = U & KerT
using Maschke[of KerT) by fast
from nonzero U(2) have indep: add-independentS [U,KerT)
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using inner-dirsumD2 by fastforce
have FGModulelso G smult U smult’ (T | U) (T “ V)
proof (rule FGModulelso.intro)
from U(1) show FGModuleHom G (-) U smult' (T | U)
using FGModuleHom.FGModule Hom-restrict0-GSubspace| OF hom] by fast
show FGModulelso-axioms U (T | U) (T V)
unfolding FGModulelso-azioms-def bij-betw-def
proof (rule conjl, rule inj-onl)
show (T | U) ‘U=T"*V
proof
from U(1) show (T | U) ‘U C T ‘V by auto
show (T | U) ‘UDT*V
proof (rule image-subsetl)
fix v assume v € V
with U(2) obtain u k where uk: u € Uk € KerT v =u + k
using inner-dirsum-doubleD[OF indep| set-plus-def[of U KerT] by fast
with KerT U(1) have Tv= (T L U) u
using kerD FGModuleHom.additive]OF hom] by force
with uk(1) show Tv e (T | U) ¢ U by fast
qed
qed
next
fixzyassumezy: 2 € Uy e U (T1U)z=(TLU)y
with U(1) KerT have ¢ — y € U N KerT
using FGModule Hom.eq-im-imp-diff-in-Ker|OF hom]
GSubspace-is-FGModule FGModule.diff-closed[of G smult U z y]
by auto
moreover from U(1) have AbGroup U using RModule. AbGroup by fast
moreover from KerT’ have AbGroup KerT
using RModule. AbGroup by fast
ultimately show =z = y
using indep AbGroup-inner-dirsum-pairwise-int0-double[of U KerT)

by  force
qed
qed
with U show #?thesis by fast

qed

6.4 Schur’s lemma

lemma (in IrrFinGroupRepresentation) Schur-Ker :

GRepHom smult’ T — T ‘' V # 0 = inj-on T V

using irr FGModuleHom.GSubspace-Ker|of G smult V smult’ T
FGModuleHom.Ker-Im-iff [of G smult V smult’ T)
FGModuleHom.Ker0-imp-inj-on[of G smult V smult’ T

by auto

lemma (in FinGroupRepresentation) Schur-Im :
assumes IrrFinGroupRepresentation G smult’” W GRepHom smult’ T
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# 0
shows TV =W
proof—
have FGModule. GSubspace G smult’ W (T V)
proof
from assms(2) show RModule FG smult’ (T ‘ V)
using FGModuleHom.azioms(2)[of G|

RModuleHom.RModule-Im[of FG smult V smult’ T)

by  fast
from assms(3) show T ¢V C W by fast
qed

with assms(1,4) show ?thesis using IrrFinGroupRepresentation.irr by fast
qed

theorem (in IrrFinGroupRepresentation) Schurl :
assumes IrrFinGroupRepresentation G smult’ W
GRepHom smult’ TT“V C WT*V #£0
shows GReplso smult’ T W
proof (rule FGModulelso.intro, rule assms(2), unfold-locales)
show bij-betw T V W
using IrrFinGroupRepresentation-axioms assms
IrrFinGroupRepresentation.azioms(1)[of G|
FinGroupRepresentation.Schur-Im|[of G|
IrrFinGroupRepresentation.Schur-Ker[of G smult V smult’ T
unfolding bij-betw-def

by fast
qed
theorem (in IrrFinGroupRepresentation) Schur2 :
assumes GRep : GRepEnd T
and  fdim : fdim > 0

and alg-closed: N\p::'b poly. degree p > 0 = Jc. poly p ¢ = 0
shows dc. Vve V. Tv=cf v
proof—
from fdim alg-closed obtain e v where eu: w € Vu# 0T u=c¢f u
using FGModuleEnd. VectorSpaceEnd[OF GRep]
FinDim VectorSpace.endomorph-has-eigenvector|
OF FinDimVectorSpace, of T
]
by fast
define U where U ={ve V. Tv=cef v}
moreover from eu U-def have U # 0 by auto
ultimately have Vo € V. Tv = et v
using GRep irr FGModuleEnd.azioms(1)[of G smult V T
GSubspace-eigenspace[of G smult]

by  fast
thus ?thesis by fast
qed
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6.5 The group ring as a representation space

6.5.1 The group ring is a representation space

lemma (in Group) FGModule-FG :
defines FG: FG = group-ring :: ('f::field, 'g) aezfun set
shows FGModule G (x) FG
proof (rule FGModule.intro, rule Group-azioms, rule RModulel)
show 1: Ringl group-ring using Ringl-RG by fast
from 1 FG show Group FG using Ringl.axioms(1) by fast
from 1 FG show RModule-azioms group-ring (x) FG
using Ringl.mult-closed
by  unfold-locales (auto simp add: algebra-simps)
qed

theorem (in Group) FinGroupRepresentation-FG :
defines FG: FG = group-ring :: ('f::field, 'g) aezfun set
assumes good-char: of-nat (card G) # (0::'f)
shows FinGroupRepresentation G (x) FG
proof (rule FinGroupRepresentation.intro)
from FG show FGModule G (x) FG using FGModule-FG by fast
show FinGroupRepresentation-azioms G (x) FG
proof
from FG good-char obtain gs
where gs: set gs = G
YV fe FG. 3bs. length bs = length gs
A= (b,g)=zip bs gs. (b6 0) x (105 g))
using good-card-imp-finite FinGroupl FinGroup.group-ring-spanning-set
by fast
define zs where zs = map ((09) (1::'f)) gs
with FG gs(1) have 1: set s C FG using RG-aezdeltafun-closed by auto
moreover have aezfun-scalar-mult.fSpan (%) zs = FG
proof
from 1 FG show aezfun-scalar-mult.fSpan (x) s C FG
using FGModule-FG FGModule.fSpan-closed by fast
show aezfun-scalar-mult.fSpan (%) zs 2 FG
proof
fix z assume z € FG
from this gs(2) obtain bs
where bs: length bs = length gs
z = (D> (b,g)zip bs gs. (b 66 0) * (1 66 g))
by fast
from bs(2) xs-def have z = (> (b,a)«zip bs zs. (b 60 0) * a)
using sum-list-prod-map2[THEN sym] by fast
with bs(1) zs-def show z € aezfun-scalar-mult.fSpan (%) zs
using aezfun-scalar-mult.fsmultD[of (%), THEN sym)
sum-list-prod-cong|
of zip bs xs Ab a. (b §6 0) % a
Ab a. aezfun-scalar-mult.fsmult (%) b a
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scalar-mult.lincomb-def [of aezfun-scalar-mult.fsmult (%) bs x|
scalar-mult. SpanD-lincomb|of aezfun-scalar-mult.fsmult ()]
by  force
qed
qed
ultimately show Juxs. set s C FG A aezfun-scalar-mult.fSpan (x) zs = FG
by fast
qed (rule good-char)
qed

lemma (in FinGroupRepresentation) FinGroupRepresentation-FG :
FinGroupRepresentation G (x) FG
using good-char ActingGroup. FinGroupRepresentation-FG by fast

lemma (in Group) FG-reducible :
assumes of-nat (card G) # (0::'f::field)
shows 3 Us::('f,’g) aezfun set list.
(V Ueset Us. IrrFinGroupRepresentation G (x) U) A 0 ¢ set Us
A group-ring = (6 U+ Us. U)
using assms FinGroupRepresentation-FG FinGroupRepresentation.reducible
by fast

6.5.2 Irreducible representations are constituents of the group
ring

lemma (in FGModulelso) isomorphic-to-irr-right :
assumes IrrFinGroupRepresentation G smult’ W
shows IrrFinGroupRepresentation G smult V
proof (rule FinGroupRepresentation.Irrl)
from assms show FinGroupRepresentation G (-) V
using IrrFinGroupRepresentation.axioms(1) isomorphic-sym
FinGroupRepresentation.isomorphic-imp-GRep
by  fast
from assms show AU. GSubspace U — U =0V U=V
using IrrFinGroupRepresentation.irr isomorphic-to-irr-right’ by fast
qed

lemma (in FinGroupRepresentation) IrrGSubspace-iso-constituent :
assumes nonzero : V #£ 0
and subsp : W C VW # 0 IrrFinGroupRepresentation G smult W
and V-decomp: ¥ Ueset Us. IrrFinGroupRepresentation G smult U
0 ¢ setUs V= (PU«+Us U)
shows dUe€set Us. FGModule.isomorphic G smult W smult U
proof—
from V-decomp(1) have abGrp: ¥V U€set Us. AbGroup U
using IrrFinGroupRepresentation. AbGroup by fast
from nonzero V-decomp(3) have indep: add-independentS Us
using inner-dirsumD2 by fast
with V-decomp (3) have V Ueset Us. U C V
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using abGrp AbGroup-subset-inner-dirsum by fast
with subsp(1,3) V-decomp(1)
have GSubspaces: GSubspace W ¥ U€ set Us. GSubspace U
using IrrFinGroupRepresentation.azioms(1)[of G smult]
FinGroupRepresentation.axioms(1)[of G smult] GSubspacel
by auto
have Ai. i < length Us = (@ Usli) ‘W # 0
= FGModulelso G smult W smult ( (6D Usli) L W) (Usli)
proof—
fix i assume i: i < length Us (6 Usli) * W # 0
from i(1) V-decomp(3) have GRepEnd (€ Usli)
using GSubspaces(2) indep GEnd-inner-dirsum-el-decomp-nth by fast
hence FGModuleHom G smult W smult ( (D Usli) L W)
using GSubspaces(1) FGModuleEnd.FGModule Hom-restrict0-GSubspace
by fast
moreover have ( (P Usli) | W) ¢ W C Usli
proof—
from V-decomp(3) i(1) subsp(1,3) have (6D Usli) * W C Usli
using indep abGrp AbGroup-inner-dirsum-el-decomp-nth-onto-nth by fast
thus ?thesis by auto
qed
moreover from i(1) V-decomp(1)
have IrrFinGroupRepresentation G smult (Us!i)
by simp
ultimately show FGModulelso G smult W smult ( (€D Usli) | W) (Us'i)
using i(2)
IrrFinGroupRepresentation.Schurl |
OF subsp(3), of smult Us'i (6 Usli) | W
]
by auto
qed
moreover from nonzero V-decomp(3)
have Vi<length Us. (@ Usli) ‘W =0= W =0
using inner-dirsum-Nil abGrp subsp(1) indep
AbGroup-inner-dirsum-subset-proj-eq-0[of Us W]
by  fastforce
ultimately have Ji<length Us. FGModulelso G smult W smult
((@ Usli) L W) (Usti)
using subsp(2) by auto
thus ?thesis using set-conv-nth[of Us| by auto
qed

theorem (in IrrFinGroupRepresentation) iso-FG-constituent :
assumes nonzero : V # 0
and FG-decomp: ¥ Ueset Us. IrrFinGroupRepresentation G (x) U
0 ¢ set Us FG = (P U« Us. U)
shows 3 Ueset Us. isomorphic (x) U
proof—
from nonzero obtain v where v: v € V v # 0 using nonempty by auto
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define T where T = (\z. z - v)|FG
have FGModuleHom G () FG smult T
proof (rule FGModule. FGModule HomlI-fromazioms)
show FGModule G (x) FG
using ActingGroup. FGModule-FG by fast
from T-def v(1) show Avv. ve FG= v € FG= T (v+v)=Tv+
Tv'
using Ringl.add-closed[OF Ringl]| smult-distrib-right by auto
from T-def show supp T C FG using supp-restrict0 by fast
from T-def v(1) show Arm.r € FG = m € FG = T (rxm)=r-Tm
using ActingGroup. RG-mult-closed by auto
qed
then obtain W
where W: FGModule.GSubspace G (x) FG W FG = W & (ker T N FG)
FGModule.isomorphic G (x) W smult (T ¢ FQ)
using FG-n0
FinGroupRepresentation. GRep Hom-decomp]
OF FinGroupRepresentation-FG
]
by  fast
from T-def v have T ¢ FG = V using eq-GSpan-single RSpan-single by auto
with W(3) have W' FGModule.isomorphic G (x) W smult V by fast
with W (1) nonzero have W # 0
using FGModule. GSubspace-is-FGModule[ OF ActingGroup.FGModule-FG]
FGModule.isomorphic-to-zero-left
by  fastforce
moreover from W' have IrrFinGroupRepresentation G (x) W
using IrrFinGroupRepresentation-axioms FGModulelso.isomorphic-to-irr-right
by  fast
ultimately have 3 Ueset Us. FGModule.isomorphic G (x) W (x) U
using FG-decomp W(1) good-char FG-n0
FinGroupRepresentation. IrrGSubspace-iso-constituent|
OF ActingGroup. FinGroupRepresentation-FG, of W
]
by simp
with W (1) W' show ?thesis
using FGModule. GSubspace-is-FGModule[ OF ActingGroup.FGModule-FG]
FGModule.isomorphic-sym[of G (x) W smult] isomorphic-trans
by fast
qed

6.6 Isomorphism classes of irreducible representations

We have already demonstrated that the relation FGModule.isomorphic is
reflexive (lemma FGModule.isomorphic-refl), symmetric (lemma FGMod-
ule.isomorphic-sym), and transitive (lemma FGModule.isomorphic-trans).
In this section, we provide a finite set of representatives for the resulting
isomorphism classes of irreducible representations.
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context Group
begin

primrec remisodups :: ('f::field,’q) aezfun set list = ('f,’q) aezfun set list where
remisodups [| = |]
| remisodups (U # Us) = (if
(3 Weset Us. FGModule.isomorphic G (x) U (x) W)
then remisodups Us else U # remisodups Us)

lemma set-remisodups : set (remisodups Us) C set Us
by (induct Us) auto

lemma isodistinct-remisodups :
[V Ueset Us. FGModule G (x) U; V € set (remisodups Us);
W € set (remisodups Us); V # W]
= — (FGModule.isomorphic G (x) V (x) W)
proof (induct Us arbitrary: V W)
case (Cons U Us)
show Zcase
proof (cases 3 Xeset Us. FGModule.isomorphic G (x) U (%) X)
case True with Cons show ?thesis by simp
next
case Fualse show ?thesis
proof (cases V=U W=U rule: conjcases)
case BothTrue with Cons(5) show ?thesis by fast
next
case OneTrue with False Cons(4,5) show ?thesis
using set-remisodups by auto
next
case OtherTrue with False Cons(2,8) show ?thesis
using set-remisodups FGModule.isomorphic-sym[of G (x) V (x) W]
by  fastforce
next
case BothFalse with Cons False show ?thesis by simp
qed
qed
qed simp

definition FG-constituents = SOME Us.
(VY Ueset Us. IrrFinGroupRepresentation G (x) U)
A 0 & set Us A group-ring = (p U+ Us. U)

lemma FG-constituents-irr :
of-nat (card G) # (0::'f::field)
= V Ueset (FG-constituents::('f,’g) aezfun set list).
IrrFinGroupRepresentation G (x) U
using somel-ex[OF FG-reducible] unfolding FG-constituents-def by fast

lemma FG-consitutents-n0:
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of-nat (card G) # (0::'f::field)
= 0 ¢ set (FG-constituents::('f,’q) aezfun set list)
using somel-ex[OF FG-reducible] unfolding FG-constituents-def by fast

lemma FG-constituents-constituents :
of-nat (card G) # (0::'f::field)
= (group-ring::('f,'q) aezfun set) = (O U<+ FG-constituents. U)
using somel-ex[OF FG-reducible] unfolding FG-constituents-def by fast

definition GIrrRep-repset = 0 U set (remisodups FG-constituents)

lemma finite-GIrrRep-repset : finite GIrrRep-repset
unfolding GIrrRep-repset-def by simp

lemma all-irr-GIrrRep-repset :
assumes of-nat (card G) # (0::'f::field)
shows V Ue(GIrrRep-repset::('f,'q) aezfun set set).
IrrFinGroupRepresentation G (x) U
proof
fix U :: ('f,’g) aezfun set assume U € GIrrRep-repset
with assms show IrrFinGroupRepresentation G (x) U
using trivial-IrrFinGroupRepresentation-in-FG GlrrRep-repset-def
set-remisodups FG-constituents-irr
by (cases U = 0) auto
qed

lemma isodistinct-GIrrRep-repset :
defines GIRRS = GlrrRep-repset :: ('f::field,’q) aezfun set set
assumes of-nat (card G) # (0::'f) V. € GIRRS W € GIRRS V # W
shows - (FGModule.isomorphic G (x) V (x) W)
proof (cases V.= 0 W = 0 rule: conjcases)
case BothTrue with assms(5) show ?thesis by fast
next
case OneTrue with assms(1,2,4,5) show ?thesis
using GIrrRep-repset-def set-remisodups FG-consitutents-n0
trivial-FGModule[of (x)] FGModule.isomorphic-to-zero-left[of G (x)]
by  fastforce
next
case OtherTrue
moreover with assms(1,3) have V € set FG-constituents
using GIrrRep-repset-def set-remisodups by auto
ultimately show “thesis
using assms(2) FG-consitutents-n0 FG-constituents-irr
IrrFinGroupRepresentation.azioms(1)
FinGroupRepresentation.azioms(1)
FGModule.isomorphic-to-zero-right[of G (x) V (x)]
by  fastforce
next
case BothFulse
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with assms(1,3,4) have V € set (remisodups FG-constituents)
W € set (remisodups FG-constituents)

using GIrrRep-repset-def by auto

with assms(2,5) show ?thesis
using FG-constituents-irr IrrFinGroupRepresentation.azioms(1)

FinGroupRepresentation.axioms(1) isodistinct-remisodups
by  fastforce
qed

end

lemma (in FGModule) iso-in-list-imp-iso-in-remisodups :
3 Ueset Us. isomorphic (x) U
= J Ueset (ActingGroup.remisodups Us). isomorphic (x) U
proof (induct Us)
case (Cons U Us)
from Cons(2) obtain W where W: W € set (U#Us) isomorphic (x) W
by fast
show Zcase
proof (
cases W = U FXeset Us. FGModule.isomorphic G (x) U (x) X
rule: conjcases
)
case BothTrue with W(2) Cons(1) show ?thesis
using isomorphic-trans[of (x) W] by force
next
case OneTrue with W(2) show ?thesis by simp
next
case OtherTrue with Cons(1) W show ?thesis by auto
next
case BothFalse with Cons(1) W show ?thesis by auto
qed
qed simp

lemma (in IrrFinGroupRepresentation) iso-to-GIrrRep-rep :

3 Ue ActingGroup. GIrrRep-repset. isomorphic (x) U

using zero-isomorphic-to-FG-zero ActingGroup.GIrrRep-repset-def
good-char ActingGroup. FG-constituents-irr
ActingGroup. FG-consitutents-n0 ActingGroup.FG-constituents-constituents
1s0-FG-constituent iso-in-list-imp-iso-in-remisodups
ActingGroup. GIrrRep-repset-def

by (cases V = 0) auto

theorem (in Group) iso-class-reps :
defines GIRRS = GlrrRep-repset :: ('f::field,’g) aezfun set set
assumes of-nat (card G) # (0::'f)
shows finite GIRRS
VYV UeGIRRS. IrrFinGroupRepresentation G (x) U
AU W.[ U e GIRRS; W € GIRRS; U # W ]

177



= = (FGModule.isomorphic G (x) U (x) W)
Nfgsmult V. IrrFinGroupRepresentation G fgsmult V
= FU€eGIRRS. FGModule.isomorphic G fgsmult V (x) U
using assms finite-GIrrRep-repset all-irr-GIrrRep-repset
isodistinct-GlrrRep-repset IrrFinGroupRepresentation.iso-to-GIrrRep-rep
by auto

6.7 Induced representations

6.7.1 Locale and basic facts

locale InducedFinGroupRepresentation = Supgroup?. Group H
+ BaseRep?: FinGroupRepresentation G smult V
+ induced-smult?: aezfun-scalar-mult rrsmult
for H i 'giigroup-add set
and G g set
and smult :: ('f:field, 'g) aezfun = 'v::ab-group-add = 'v (infixl <» 70)
and V v set
and rrsmult 2 ('f,'q) aezfun = (('f,'g) aezfun ="v)
= (("f,'g) aezfun ="v) (infixl «x» 70)

+ fixes FH = ('f, '9) aezfun set
and indV  : (('f, '9) aezfun = 'v) set
defines FH : FH = Supgroup.group-ring
and indV 1 indV = BaseRep.indspace G FH V
assumes rrsmult : rrsmult = Ringl .rightreg-scalar-mult FH
and  good-ordSupgrp: of-nat (card H) # (0::'f)
and Subgroup . Supgroup.Subgroup G

sublocale InducedFinGroupRepresentation < InducedFHModule
using F'H indV rrsmult Subgroup by unfold-locales fast

context InducedFinGroupRepresentation
begin

abbreviation ordH :: 'f where ordH = of-nat (card H)
abbreviation is-Vfbasis = fbasis-for V

abbreviation GRepHomSet = FGModuleHomSet G smult V
abbreviation HRepHom = FGModuleHom H rrsmult indV
abbreviation HRepHomSet = FGModuleHomSet H rrsmult indV

lemma finiteSupgroup: finite H
using good-ordSupgrp good-card-imp-finite by fast

lemma FinGroupSupgroup : FinGroup H
using finiteSupgroup Supgroup.FinGroupl by fast

lemmas fVectorSpace = fVectorSpace
lemmas FinDimVectorSpace = FinDimVectorSpace
lemmas ex-rcoset-replist-hd0
= FinGroup.ez-rcoset-replist-hd0[OF FinGroupSupgroup Subgroup
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end

6.7.2 A basis for the induced space

context InducedFinGroupRepresentation
begin

abbreviation negHorbit-list = induced-smult.negGorbit-list

lemmas ex-rcoset-replist
= FinGroup.ex-rcoset-replist|OF FinGroupSupgroup Subgroup

lemmas length-negHorbit-list = induced-smult.length-negGorbit-list
lemmas length-negHorbit-list-sublist = induced-smult.length-negGorbit-list-sublist
lemmas negHorbit-list-indV = FGModule.negGorbit-list-V[OF FHMod-

ule-indspace]

lemma flincomb-Horbit-induced-veclist-reduce :

fixes ws v list

and hs i g list

defines hfvss : hfvss = negHorbit-list hs induced-vector vs
assumes vs cset vs C V and i: ¢ < length hs

and scalars : list-all2 (Ars ms. length rs = length ms) css hfvss

and rcoset-reps : Supgroup.is-rcoset-replist G hs
shows ((concat css) -xx (concat hfvss)) (1 66 (hsli)) = (essli) -4 vs
proof—
have mostly-zero:
Nk j. k < length hs = j < length hs
= ((cssj) -xxxx (hfvusslj)) (1 00 hslk)
= (if j = k then (css'k) -§- vs else 0)
proof—
fix &k j assume k: k < length hs and j: j < length hs
hence hsk-H: hs'k € H and hsj-H: hslj € H
using Supgroup.is-rcoset-replistD-set| OF rcoset-reps] by auto
define LHS where LHS = ((csslj) -xxn (hfvss!j)) (1 66 hslk)
with hfvss
have LHS = (Y (r,m)<zip (csslj) (hfvsslj). (r mxx m) (1 60 hs'k))
using length-negHorbit-list scalar-mult.lincomb-def|[of induced-smult. fsmult]
sum-list-prod-fun-apply
by simp
moreover have V (r,m) € set (zip (css!j) (hfvsslj)).
(induced-smult.fsmult » m) (1 06 hslk) = r - m (1 60 hslk)
proof (rule prod-balll)
fix r m assume (r,m) € set (zip (csslj) (hfvss!y))
with k j vs hfvss
show (induced-smult.fsmult r m) (1 §6 hslk) = r - m (1 60 hslk)
using Supgroup.is-rcoset-replistD-set[ OF rcoset-reps| set-zip-rightD
set-concat length-negHorbit-list[of hs induced-vector vs]
nth-mem|of j hfvss] hsk-H induced-fsmult-conv-fsmult-1ddh[of m hs!k r]
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induced-vector-indV negHorbit-list-indV [of hs induced-vector vs]
by  force
qed
ultimately have
LHS = (> (r,v)+=zip (csslj) vs.
r §- (induced-vector v) (1 6§ hslk = (1 6 — hslj)))
using FH j hfvss induced-smult.negGorbit-list-def [of hs induced-vector vs]
sum-list-prod-cong|of - Ar m. (induced-smult.fsmult r m) (1 58 hslk)]
sum-list-prod-map2|of
Arm. r - m (1 66 hslk) - Hmult (— hslj) map induced-vector vs
]
sum-list-prod-map2[of Ar v. v §- (Hmult (—hslj) v) (1 6§ hslk)]
induced-smult. GmultD hsk-H
Supgroup. RG-aezdeltafun-closed|of hslk 1::'f]
rrsmultD1[of 1 §6 (hslk))
by  force
moreover have (1::'f) § hslk = (1 66 — hslj) = 1 09 (hslk — hs!j)
using times-aezdeltafun-aezdeltafun|of 1::'f hslk 1 —(hs!j)]
by (simp add: algebra-simps)
ultimately have LHS = (>_ (r,v)+zip (css!j) vs.
r §- (induced-vector v) (1 6 (hslk — hslj)))
using sum-list-prod-map2 by simp
moreover from FH vs
have V (r,v) € set (zip (css!j) vs). r §- (induced-vector v) (1 56 (hslk — hslj))
=r § (FG-proj (1 66 (hslk — hslj)) - v)
using set-zip-rightD induced-vector-def hsk-H hsj-H Supgroup.diff-closed
Supgroup. RG-aezdeltafun-closed|of - 1::'f]
by  fastforce
ultimately have calc: LHS = (> (r,v)¢zip (csslj) vs.
r 8- (FG-proj (1 09 (hslk — hslj)) - v))
using sum-list-prod-cong by force
show LHS = (if j = k then (csslk) -4+ vs else 0)
proof (cases j = k)
case True
with calc have LHS = (3 (r,v)<zip (csslk) vs. r - 1 8- v)
using Group.zero-closed|OF GroupG]
aezfun-setspan-proj-aezdeltafun[of G 1::'f]
BaseRep.fsmult-def
by  simp
moreover from vs have V (r,v) € set (zip (csslk) vs). r§- 1 - v=1r1f v
using set-zip-rightD BaseRep.fsmult-assoc by fastforce
ultimately show ?thesis
using True sum-list-prod-conglof - Ar v. r §- 1 §- 9]
scalar-mult.lincomb-def[of BaseRep.fsmult]

by  simp
next
case Fulse

with £ j calc have LHS = (Y (r,v)<zip (csslj) vs. r §- (0 - v))
using Supgroup.is-rcoset-replist-imp-nrelated-nth| OF Subgroup rcoset-reps]
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aezfun-setspan-proj-aezdeltafun|[of G 1::'f]
by  simp
moreover from vs have V (r,v) € set (zip (csslj) vs). r 4 (0 - v) =0
using set-zip-rightD BaseRep.zero-smult by fastforce
ultimately have LHS = (>_ (r,v)+zip (csslj) vs. (0::'v))
using sum-list-prod-conglof - Ar v. r §- (0 - v)] by simp
hence LHS = (> rv<—=zip (csslj) vs. case-prod (Ar v. (0::'v)) rv) by fastforce
with Fualse show ?thesis by simp
qed
qged

define terms LHS
where terms = map (Aa. case-prod (Acs hfvs. (¢s +xxt hfvs) (1 5 hsli)) a)
(zip css hfvss)
and LHS = ((concat css) -xx (concat hfvss)) (1 66 (hs'i))
hence LHS = sum-list terms
using scalars
VectorSpace.lincomb-concat| OF fVectorSpace-indspace, of css hfvss]
sum-list-prod-fun-apply
by  simp
hence LHS = (> je{0..<length terms}. termslyj)
using sum-list-sum-nth[of terms| by simp
moreover from terms-def
have Vje{0..<length terms}. termslj = ((css!j) -xxxx (hfvsslj)) (1 00 hsli)
by simp
ultimately show LHS = (css!i) -f- vs
using terms-def sum.cong scalars list-all2-lengthD|[of - css hfvss] hfvss
length-negHorbit-list[of hs induced-vector vs| i mostly-zero
sum-single-nonzero|
of {0..<length hs} Aij. ((csslj) -xx (hfvssly)) (1 66 (hsli))
Ai. (cssli) -f- vs
]

by  simp
qed
lemma indspace-fspanning-set :
fixes ws = v list
and hs g list
defines hfvss : hfvss = negHorbit-list hs induced-vector vs

assumes base-spset : set vs C V V = BaseRep.fSpan vs
and rcoset-reps : Supgroup.is-rcoset-replist G hs
shows indV = induced-smult.fSpan (concat hfvss)
proof (rule VectorSpace.SpanI[OF fVectorSpace-indspace])
from base-spset(1) hfvss show set (concat hfvss) C indV
using Supgroup.is-rcoset-replistD-set| OF rcoset-reps]
induced-vector-indV negHorbit-list-indV
by  fast
show indV C R-scalar-mult. RSpan UNIV (aezfun-scalar-mult.fsmult (xx))
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(concat hfvss)
proof

fix f assume f: f € indV
hence Vh € set hs. f (1 60 h) € V
using indV BaseRep.indspaceD-range by fast
with base-spset(2)
have coeffs-exist: Vh € set hs. A ahs. length ahs = length vs
A f (1 66 h) = ahs -t vs
using BaseRep.in-fSpan-obtain-same-length-coeffs
by  fast
define f-coeffs
where f-coeffs h = (SOME ahs. length ahs = length vs A f (1 66 h) = ahs
-f- vs) for h
define ahss where ahss = map f-coeffs hs
hence len-ahss: length ahss = length hs by simp
with hfvss have len-zip-ahss-hfvss: length (zip ahss hfvss) = length hs
using length-negHorbit-list|of hs induced-vector vs] by simp
have len-ahss-el: V ahs€set ahss. length ahs = length vs
proof
fix ahs assume ahs € set ahss
from this ahss-def obtain h where h: h € set hs ahs = f-coeffs h
using set-map by auto
from h(1) have 3 ahs. length ahs = length vs A f (1 86 h) = ahs -§- vs
using coeffs-exist by fast
with h(2) show length ahs = length vs
unfolding f-coeffs-def
using somel-ex[of Aahs. length ahs = length vs A f (1 8§ h) = ahs -§- vs]
by  fast
qed
have V (ahs,hfvs)Eset (zip ahss hfvss). length ahs = length hfvs
proof
fix z assume z: © € set (zip ahss hfvss)
show case © of (ahs, hfvs) = length ahs = length hfvs
proof
fix ahs hfvs assume x = (ahs,hfvs)
with z hfvss have length ahs = length vs length hfvs = length vs
using set-zip-leftD]of ahs hfvs| len-ahss-el set-zip-rightD[of ahs hfvs)]
length-negHorbit-list-sublist[of - hs induced-vector]

by auto
thus length ahs = length hfvs by simp
qed
qed

with hfvss have list-all2-len-ahss-hfvss:
list-all2 (Ars ms. length rs = length ms) ahss hfvss
using len-ahss length-negHorbit-list[of hs induced-vector vs]
list-all2I[of ahss hfvss]
by auto
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define f’ where [’ = (concat ahss) -xxx (concat hfvss)
have f = f’
using Supgroup.is-rcoset-replistD-set| OF rcoset-reps]
Supgroup. group-eq-subgrp-reoset-un| OF Subgroup rcoset-reps]
f
proof (rule indspace-el-eq’[of hs])
from f’-def hfvss base-spset(1) show [’ € indV
using Supgroup.is-rcoset-replistD-set[ OF rcoset-reps]
induced-vector-indV negHorbit-list-ind V[ of hs induced-vector vs]
FGModule.flincomb-closed|OF FHModule-indspace)
by  fast
have Ai. i<length hs = f (1 60 (hsli)) = f' (1 09 (hsli))
proof—
fix ¢ assume i: i < length hs
with f-coeffs-def have f (1 65 (hsli)) = (f-coeffs (hsli)) -f- vs
using coeffs-exist
somel-ex[of Aahs. length ahs = length vs A f (1 66 hs!i) = ahs -f- vs]
by auto
moreover from i hfvss f’-def base-spset(1) rcoset-reps ahss-def
have f’ (1 8§ (hsli)) = (f-coeffs (hsli)) -f- vs
using list-all2-len-ahss-hfvss flincomb-Horbit-induced-veclist-reduce

by  simp
ultimately show f (1 60 (hslé)) = f' (1 66 (hsli)) by simp
qed

thus Vi<length hs. f (1 60 (hsli)) = f' (1 65 (hsli)) by fast
qged
with f’-def hfvss base-spset(1) show f € induced-smult.fSpan (concat hfvss)
using Supgroup.is-rcoset-replistD-set| OF rcoset-reps]
induced-vector-indV negHorbit-list-indV [of hs induced-vector vs]
VectorSpace.Spanl-lincomb-arb-len-coeffs| OF fVectorSpace-indspace]

by  fast
qed
qed
lemma indspace-basis :
fixes ws v list
and hs i g list
defines hfvss : hfvss = negHorbit-list hs induced-vector vs

assumes base-spset : BaseRep.fbasis-for V vs
and rcoset-reps : Supgroup.is-rcoset-replist G hs
shows  fscalar-mult.basis-for induced-smult.fsmult indV (concat hfvss)
proof—
from assms
have 1: set (concat hfvss) C indV
and indV = induced-smult.fSpan (concat hfvss)
using Supgroup.is-rcoset-replistD-set| OF rcoset-reps]
induced-vector-indV negHorbit-list-indV |of hs induced-vector vs]
indspace-fspanning-set[of vs hs]
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by auto
moreover have induced-smult.f-lin-independent (concat hfvss)
proof (
rule VectorSpace.lin-independentI-concat-all-scalars|OF fVectorSpace-indspace],
rule 1
)
fix rss
assume 7ss: list-all2 (Axs ys. length s = length ys) rss hfvss
(concat rss) -xx (concat hfvss) = 0
from rss(1) have len-rss-hfvsss: length rss = length hfvss
using list-all2-lengthD by fast
with hfvss have len-rss-hs: length rss = length hs
using length-negHorbit-list by fastforce
show V rseset rss. set rs C 0
proof
fix rs assume rs € set rss
from this obtain ¢ where i: ¢ < length rss rs = rssli
using in-set-conv-nth[of rs| by fast
with hfvss rss(1) have length rs = length vs
using list-all2-nthD len-rss-hfvsss in-set-conv-nth|of - hfvss]
length-negHorbit-list-sublist
by  fastforce
moreover from hfvss rss i base-spset(1) rcoset-reps have rs -f- vs = 0
using len-rss-hs flincomb-Horbit-induced-veclist-reduce by force
ultimately show set rs C 0
using base-spset flin-independentD-all-scalars by force

qed
qed
ultimately show ?thesis by fast
qed
lemma induced-vector-decomp :
fixes ws v list
and  hs i g list
and cs o f list
defines hfvss : hfvss = negHorbit-list (0#hs) induced-vector vs
and  extrazeros : extrazeros = replicate ((length hs)x(length vs)) 0

assumes base-spset : BaseRep.fbasis-for V vs

and reoset-reps : Supgroup.is-rcoset-replist G (04 hs)

and cs : length cs = length vs

and v v =cs - vs

shows induced-vector v = (csQextrazeros) -xx (concat hfvss)

proof—

from hfvss base-spset
have hfvss = (map induced-vector vs) # (negHorbit-list hs induced-vector vs)
using induced-vector-indV

FGModule.negGorbit-list-Cons0[OF FHModule-indspace]

by  fastforce

with cs extrazeros base-spset rcoset-reps v
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show induced-vector v = (csQextrazeros) «xxt (concat hfvss)

using scalar-mult.lincomb-append|of cs - induced-smult. fsmult]
Supgroup.is-rcoset-replistD-set induced-vector-indV
negHorbit-list-indV[of hs induced-vector vs]
VectorSpace.lincomb-replicate0-left OF fVectorSpace-indspace]
FGModuleHom. VectorSpaceHom[OF hom-induced-vector]
VectorSpace Hom.distrib-lincomb

by  fastforce

qed

end

6.7.3 The induced space is a representation space

context InducedFinGroupRepresentation
begin

lemma indspace-findim :
fscalar-mult. findim induced-smult.fsmult indV
proof—
from BaseRep.findim obtain vs where vs: set vs C V V = BaseRep.fSpan vs
by fast
obtain hs where hs: Supgroup.is-rcoset-replist G hs
using ez-rcoset-replist by fast
define hfvss where hfvss = negHorbit-list hs induced-vector vs
with vs hs
have set (concat hfvss) C indV indV = induced-smult.fSpan (concat hfvss)
using Supgroup.is-rcoset-replistD-set|OF hs| induced-vector-indV
negHorbit-list-indV [of hs induced-vector vs] indspace-fspanning-set
by auto
thus %thesis by fast
qged

theorem FinGroupRepresentation-indspace :
FinGroupRepresentation H rrsmult indV
using FHModule-indspace
proof (rule FinGroupRepresentation.intro)
from good-ordSupgrp show FinGroupRepresentation-azioms H (x) indV
using indspace-findim by unfold-locales fast
qed

end
6.8 Frobenius reciprocity
6.8.1 Locale and basic facts

There are a number of defined objects and lemmas concerning those objects
leading up to the theorem of Frobenius reciprocity, so we create a locale to
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contain it all.

locale FrobeniusReciprocity
= GRep?: InducedFinGroupRepresentation H G smult V rrsmult
+ HRep? FinGroupRepresentation H smult’ W
for H i 'gigroup-add set
and G =g set
and smult 2 ('f::field, 'g) aezfun = "v:iab-group-add = 'v (infixl <> 70)
and V = v set
and rrsmult = ('f,’g) aezfun = (('f,'g) aezfun = "v)
= (("f,g) aezfun = "v) (infixl <x> 70)
and smult’ 2 ('f, 'g) aezfun = 'w:ab-group-add = "w (infixr < 70)
and W = 'w set
begin

abbreviation fsmult’ :'f = 'w = w (infixr x> 70)
where fsmult’ = HRep.fsmult

abbreviation flincomb’ :: 'f list = 'w list = '"w (infixr x> 70)
where flincomb’ = HRep.flincomb

abbreviation Hmult’ :='¢g = 'vw = "w (infixr x> 70)
where Hmult’ = HRep. Gmult

definition Tsmult! ::

T = ((("f, 'g) aezfun = "v)="w) = ((('f, '9) aezfun = 'v)="w) (infixr x>
70)

where Tsmultl = Aa T. Af. a tx (T f)

definition Tsmult2 :: 'f = ('v="w) = ('v="w) (infixr > 70)
where Tsmult2 = Aa T. Mv. a fx (T v)

lemma FHModuleW : FGModule H () W ..

lemma FGModuleW: FGModule G smult’ W
using FHModule W Subgroup HRep.restriction-to-subgroup-is-module
by  fast

In order to build an inverse for the required isomorphism of Hom-sets, we
will need a basis for the induced H-space.

definition Vfbasis :: 'v list where Vfbasis = (SOME wvs. is-Vfbasis vs)

lemma Vfbasis : is- Vfbasis Vfbasis
using Vfbasis-def FinDim VectorSpace.basis-ex| OF GRep.FinDim VectorSpace] somel-ex
by  simp

lemma Vfbasis-V : set Vfbasis C V
using Vfbasis by fast

definition nonzero-H-rcoset-reps :: 'g list
where nonzero-H-rcoset-reps = (SOME hs. Group.is-rcoset-replist H G (04 hs))
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definition H-rcoset-reps :: 'g list where H-rcoset-reps = 0 # nonzero-H-rcoset-reps

lemma H-rcoset-reps : Group.is-rcoset-replist H G H-rcoset-reps
using H-rcoset-reps-def nonzero-H-rcoset-reps-def G Rep.ex-rcoset-replist-hd0 somel-ex
by  simp

lemma H-rcoset-reps-H : set H-rcoset-reps C H
using H-rcoset-reps Group.is-rcoset-replistD-set|OF HRep.GroupG] by fast

lemma nonzero-H-rcoset-reps-H : set nonzero-H-rcoset-reps C H
using H-rcoset-reps-H H-rcoset-reps-def by simp

abbreviation negHorbit-hom Vfbasis :: ("'v = 'w) = 'w list list
where negHorbit-homVfbasis T = HRep.negGorbit-list H-rcoset-reps T Vfbasis

lemma negHorbit-Hom-ind Vfbasis-W :
TV C W = set (concat (negHorbit-homVfbasis T)) C W
using H-rcoset-reps-H Vfbasis-V
HRep.negGorbit-list-V{of H-rcoset-reps T Vfbasis]
by  fast

lemma negHorbit-HomSet-ind Vfbasis-W :
T € GRepHomSet smult’ W = set (concat (negHorbit-homVfbasis T)) C W
using FGModuleHomSetD-Im negHorbit-Hom-ind Vfbasis-W by fast

definition indVfbasis :: (('f, 'g) aezfun = 'v) list list
where indVfbasis = GRep.negHorbit-list H-rcoset-reps induced-vector Vfbasis

lemma indVfbasis :
fscalar-mult. basis-for induced-smult.fsmult indV (concat ind Vfbasis)
using Vfbasis H-rcoset-reps ind Vfbasis-def indspace-basis|of Vfbasis H-rcoset-reps]
by auto

lemma indVfbasis-indV : hfvs € set indVfbasis = set hfvs C indV
using indVfbasis by auto

end

6.8.2 The required isomorphism of Hom-sets

context FrobeniusReciprocity
begin

The following function will demonstrate the required isomorphism of Hom-
sets (as vector spaces).

definition ¢ = ((('f, 'g) aezfun = v) = 'w) = ('v = 'w)
where ¢ = restrict0 (A\T. T o GRep.induced-vector) (HRepHomSet smult’ W)

lemma ¢-im : ¢ ‘ HRepHomSet (x) W C GRepHomSet (x) W
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proof (rule image-subsetl)

fix T assume T: T € HRepHomSet (x) W
show ¢ T € GRepHomSet (x) W
proof (rule FGModuleHomSetI)

from T have FGModuleHom G rrsmult indV smult’ T
using FGModuleHomSetD-FGModuleHom GRep.Subgroup
FGModuleHom.restriction-to-subgroup-is-hom
by  fast
thus BaseRep.GRepHom (%) (¢ T)
using T @-def GRep.hom-induced-vector GRep.induced-vector-indV
FGModuleHom.FGModHom-composite-left
by  fastforce

show o TV C W
using T p-def GRep.induced-vector-indV FGModuleHomSetD-Im by fastforce

qed
qed

end

6.8.3 The inverse map of Hom-sets

In this section we build an inverse for the required isomorphism, .

context FrobeniusReciprocity
begin

definition ¢-condition :: ('v = 'w) = ((('f, 'g9) aezfun = 'v) = 'w) = bool
where -condition T S
= VectorSpaceHom induced-smult.fsmult indV fsmult’ S
A map (map S) indVfbasis = negHorbit-hom Vfbasis T

lemma inverse-im-exists’ :
assumes T € GRepHomSet (x) W
shows 3! S. VectorSpaceHom induced-smult.fsmult indV fsmult’ S
A map S (concat indVfbasis) = concat (negHorbit-homVfbasis T)
proof (
rule VectorSpace.basis-im-defines-hom, rule fVectorSpace-indspace,
rule HRep.fVectorSpace, rule indVfbasis
)
from assms show set (concat (negHorbit-homVfbasis T)) C W
using negHorbit-HomSet-ind Vifbasis-W by fast
show length (concat (negHorbit-hom Vfbasis T)) = length (concat indVfbasis)
using length-concat-negGorbit-list ind Vfbasis-def
induced-smult.length-concat-negGorbit-list|of H-rcoset-reps induced-vector)
by  simp
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qed

lemma inverse-im-exists :
assumes T € GRepHomSet (x) W
shows 3! §. ¢-condition T S
proof—
have 3 S. ¢-condition T S
proof—
from assms obtain S
where S: VectorSpaceHom induced-smult.fsmult indV fsmult’ S
map S (concat indVfbasis) = concat (negHorbit-homVfbasis T')
using inverse-im-exists’
by fast
from S(2) have concat (map (map S) indVfbasis)
= concat (negHorbit-hom Vfbasis T)
using map-concat|of S] by simp
moreover have list-all2 (Azs ys. length xs = length ys)
(map (map S) indVfbasis) (negHorbit-hom Vfbasis T)
proof (rule iffD2[OF list-all2-iff], rule conjl)
show length (map (map S) indVfbasis) = length (negHorbit-homVfbasis T')
using indVfbasis-def induced-smult.length-negGorbit-list
HRep.length-negGorbit-list[of H-rcoset-reps T
by auto
show V (zs,ys)eset (zip (map (map S) indVfbasis)
(negHorbit-hom Vfbasis T)). length xs = length ys
proof (rule prod-balll)
fix xs ys
assume zsys: (zs,ys) € set (zip (map (map S) indVfbasis)
(negHorbit-hom Vfbasis T'))
from this obtain zs where zs: zs € set indVfbasis xs = map S zs
using set-zip-leftD by fastforce
with zsys show length xs = length ys
using ind Vfbasis-def set-zip-rightD[of xs ys]
HRep.length-negGorbit-list-sublist[of ys H-rcoset-reps T Vfbasis]
induced-smult.length-negGorbit-list-sublist
by  simp
qed
qed
ultimately have map (map S) indVfbasis = negHorbit-hom Vfbasis T
using concat-eq[of map (map S) indVfbasis| by fast
with S(1) show ?thesis using -condition-def by fast
qed
moreover have \S U. ¢-condition T S = )-condition T U = S = U
proof—
fix S U assume v-condition T S 1-condition T U
hence VectorSpaceHom induced-smult.fsmult indV fsmult’ S
map S (concat indVfbasis) = concat (negHorbit-hom Vfbasis T)
VectorSpaceHom induced-smult.fsmult indV fsmult’ U
map U (concat indVfbasis) = concat (negHorbit-homVfbasis T')
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using 1-condition-def map-concat[of S] map-concat[of U] by auto
with assms show S = U using inverse-im-exists’ by fast
qed
ultimately show “thesis by fast
qed

definition ¢ :: ("v = 'w) = ((('f, '9) aezfun = "v) = 'w)
where ) = restrict0 (AT. THE S. ¢-condition T S) (GRepHomSet (x) W)

lemma ¢ D : T € GRepHomSet (x) W = 1-condition T (¢p T)
using -def inverse-im-exists[of T] thel[of AS. v-condition T S| by simp

lemma ) D-VectorSpaceHom :
T € GRepHomSet (x) W
= VectorSpaceHom induced-smult.fsmult indV fsmult’ (¢p T)
using Y D v-condition-def by fast

lemma v D-im :
T € GRepHomSet (x) W = map (map (¢ T)) indVfbasis
= aezfun-scalar-mult.negGorbit-list (x) H-rcoset-reps T Vfbasis
using YD v-condition-def by fast

lemma ) D-im-single :
assumes T € GRepHomSet (x) W h € set H-rcoset-reps v € set Vfbasis
shows ¢ T ((— h) *x (induced-vector v)) = (=h) xx (T v)
proof—
from assms(2,3) obtain 7 j
where i: | < length H-rcoset-reps h = H-rcoset-reps!i
and j: j < length Vfbasis v = Vfbasis!j
using set-conv-nth[of H-rcoset-reps| set-conv-nthlof Vfbasis| by auto
moreover
hence map (map (¢ T)) indVfbasis i lj = T ((—h) *x (induced-vector v))
using indVfbasis-def
aezfun-scalar-mult.length-negGorbit-list]
of rrsmult H-rcoset-reps induced-vector
]
aezfun-scalar-mult.negGorbit-list-nth|
of i H-rcoset-reps rrsmult induced-vector
]
by auto
ultimately show ?thesis
using assms(1) HRep.negGorbit-list-nth[of i H-rcoset-reps T) 1 D-im by simp
qed

lemma Y T-W :
assumes T € GRepHomSet (x) W
shows ¢ T ‘indV C W
proof (rule image-subsetl)
from assms have T: VectorSpaceHom induced-smult.fsmult indV fsmult’ (1 T)
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using ¢ D-VectorSpaceHom by fast
fix f assume f € indV
from this obtain cs
where cs:length cs = length (concat indVfbasis) f = cs -xx (concat ind Vfbasis)
using indVfbasis scalar-mult.in-Span-obtain-same-length-coeffs
by  fast
from cs(1) obtain css
where css: ¢cs = concat css list-all2 (Azs ys. length s = length ys) css ind Vfbasis
using match-concat
by  fast
from assms cs(2) css
have v T f =4 T (O (¢s,hfvs)«zip css indVfbasis. cs -xxt hfvs)
using VectorSpace.lincomb-concat| OF fVectorSpace-indspace] by simp
also have ... = (3 (¢s,hfvs)«zip css indVfbasis. v» T (cs -xx hfvs))
using set-zip-rightD|of - - css indVfbasis] indVfbasis-indV
VectorSpace.lincomb-closed| OF GRep.fVectorSpace-indspace]
VectorSpace Hom.im-sum-list-prod[OF T
by  force
finally have ¢ T f = (3 (es,t Thfvs)«zip css (map (map (¢ T)) indVfbasis).
cs -fix ¢ Thfvs)
using set-zip-rightD[of - - css indVfbasis] indVfbasis-indV
VectorSpace Hom. distrib-lincomb[ OF T
sum-list-prod-cong[of
zip css indVfbasis Acs hfvs. ¢ T (cs -xx hfvs)
Acs hfvs. cs +gx (map (¢ T) hfvs)
]
sum-list-prod-map2[of Acs 1 Thfvs. cs -tx 1 Thfvs css map (¢ T)]
by  fastforce
moreover from css(2)
have list-all2 (Axs ys. length zs = length ys) css (map (map (¢ T)) indVfbasis)
using list-all2-iff [of - css indVfbasis] set-zip-map?2
list-all2-iff [of - css map (map (¢ T)) indVfbasis]
by  force
ultimately have ¢ T f = (concat css) -fx (concat (negHorbit-homVfbasis T))
using HRep.flincomb-concat map-concat[of 1 T| 1) D-im[OF assms]
by  simp
thus ¢y Tfe W
using assms negHorbit-HomSet-ind Vfbasis-W HRep.flincomb-closed by simp
qed

lemma v T-Hmap-on-ind Vfbasis :
assumes T € GRepHomSet (x) W
shows Az f. z€ H= f € set (concat indVfbasis)
=Y T (zxx f)=zxx(p Tf)
proof—
fix  f assume z: z € H and f: f € set (concat indVfbasis)
from f obtain i where i: i < length indVfbasis f € set (indVfbasis!i)
using set-concat set-conv-nth[of indVfbasis] by auto
from (1) have i { < length H-rcoset-reps
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using indVfbasis-def
aezfun-scalar-mult.length-negGorbit-list]
of rrsmult H-rcoset-reps induced-vector
]
by  simp
define hi where hi = H-rcoset-reps!i
with ¢’ have hi-H: hi € H using set-conv-nth H-rcoset-reps-H by fast
from hi-def i(2) have f € set (map (Hmult (—hi) o induced-vector) Vfbasis)
using ind Vfbasis-def i’
aezfun-scalar-mult.negGorbit-list-nth|
of i H-rcoset-reps rrsmult induced-vector
]
by  simp
from this obtain v where v: v € set Vfbasis f = (—hi) *x (induced-vector v)
by auto
from v(1) have v-V:v e Vand To-W: Tve W
using Vfbasis-V FGModuleHomSetD-Im[OF assms| by auto
from z have hi — z € H using hi-H Supgroup.diff-closed by fast
from this obtain j
where j: j < length H-rcoset-reps hi — x € G + {H-rcoset-repslj}
using set-conv-nth[of H-rcoset-reps| H-rcoset-reps
Group.group-eq-subgrp-rcoset-un[OF HRep.GroupG Subgroup H-rcoset-reps]
by  force
from j(1) have j” j < length indVfbasis
using ind Vfbasis-def
aezfun-scalar-mult.length-negGorbit-list|
of rrsmult H-rcoset-reps induced-vector
]
by simp
define hj where hj = H-rcoset-reps!j
with j(1) have hj-H: hj € H using set-conv-nth H-rcoset-reps-H by fast
from hj-def j(2) obtain g where g: g € G hi — 2 = g + hj
unfolding set-plus-def by fast
from ¢(2) have z-hi: ¢ — hi = — hj + — ¢
using minus-diff-eq|of hi ] minus-add|of g] by simp
from ¢(1) have —g x- v € V
using v-V ActingGroup.neg-closed BaseRep. Gmult-closed by fast
from this obtain cs
where cs: length cs = length Vibasis —g x- v = cs - Vfbasis
using Vfbasis
VectorSpace.in-Span-obtain-same-length-coeffs| OF GRep.fVectorSpace]
by  fast

from v(2) z have ¢ T (z xx f) = T ((z—hi) *x (induced-vector v))
using hi-H Supgroup.neg-closed v-V induced-vector-indV
FGModule. Gmult-assoc| OF GRep.FHModule-indspace]
by  (simp add: algebra-simps)
also from ¢(1) have ... = ¢ T ((—hj) *x (induced-vector (—g *- v)))
using z-hi hj-H Subgroup Supgroup.neg-closed v-V induced-vector-indV
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FGModule. Gmult-assoc| OF GRep.FHModule-indspace]
ActingGroup.neg-closed
FGModuleHom.G-map|OF hom-induced-vector)]
by auto
also from cs(2) hj-def j(1) have ... = ¢ T (cs -uxn (indVfbasis!j))
using hj-H Vfbasis-V FGModuleHom.distrib-flincomb[OF hom-induced-vector]
indVfbasis-def Supgroup.neg-closed|of hj| induced-vector-indV
FGModule. Gmult-flincomb-comm)|
OF GRep.FHModule-indspace,
of —hj map induced-vector Vfbasis
]
aezfun-scalar-mult.negGorbit-list-nth|
of 7 H-rcoset-reps rrsmult induced-vector
]
by  fastforce
also have ... = cs -ffx ((map (map (¢ T)) indVfbasis)!j)
using 1 D-VectorSpaceHom[OF assms] indVfbasis-indV j' set-conv-nth
VectorSpace Hom.distrib-lincomb|of induced-smult.fsmult indV fsmult’]
by  simp
also from j(1) hj-def have ... = (— hj) #x cs -fx (map T Vfbasis)
using ¢ D-im[OF assms]
aezfun-scalar-mult.negGorbit-list-nth|of j H-rcoset-reps smult’ T| hj-H
Group.neg-closed|OF HRep.GroupG]
Vfbasis-V FGModuleHomSetD-Im[OF assms]
HRep.Gmult-flincomb-comm[of — hj map T Vfbasis)
by  fastforce
also from cs(2) g(1) have ... = (— hj) xx (—g) **x (T v)
using v-V FGModuleHomSetD-FGModuleHom[OF assms| Vfbasis-V
FGModuleHom.distrib-flincomblof G smult V smult’]
ActingGroup.neg-closed
FGModuleHom.G-maplof G smult V smult’ T —g v]
by auto
also from ¢(1) v(1) have ... = (z — hi) *x (T v)
using FGModuleHomSetD-FGModule Hom[OF assms| Vfbasis-V Supgroup.neg-closed
hj-H Subgroup FGModuleHomSetD-Im[OF assms]
HRep.Gmult-assoc[of —hj —g T v] z-hi
by auto
also from z(1) have ... = %% (— hi) *x (T v)
using hi-H Supgroup.neg-closed Tv-W HRep. Gmult-assoc
by  (simp add: algebra-simps)
finally show ¢ T (z *x f) = z *%x (¢ T f)
using assms(1) v hi-def i’ set-conv-nth[of H-rcoset-reps] 1 D-im-single by fast-
force
qed

lemma ¢ T-hom :
assumes T € GRepHomSet (x) W
shows HRepHom (x) (¢ T)
using indVfbasis 1 D- VectorSpaceHom|[OF assms| FHModule W

193



proof (
rule FGModule. VecHom-GMap-on-fbasis-is-FGModuleHom|
OF GRep.FHModule-indspace

]
)
show ¢ T “indV C W using indVfbasis 1 T-W|[OF assms| by fast
show Agv. g € H = v € set (concat indVfbasis)
=Y T (gxxv)=g*xktp Tv
using ¢ T-Hmap-on-ind Vfbasis| OF assms| by fast
qged

lemma t-im : ¢ ¢ GRepHomSet (x) W C HRepHomSet (%) W
using Y T-W 1 T-hom FGModuleHomSetl by fastforce

end

6.8.4 Demonstration of bijectivity

Now we demonstrate that ¢ is bijective via the inverse 1.

context FrobeniusReciprocity
begin

lemma @) :
assumes T € GRepHomSet smult’ W
shows (pot) T =T
proof
fix v show (p o)) Tv=Tw
proof (cases v € V)
case True
from this obtain cs where cs: length cs = length Vfbasis v = cs -§- Vfbasis
using Vfbasis
VectorSpace.in-Span-obtain-same-length-coeffs| OF GRep.fVectorSpace]
by fast
define extrazeros
where eztrazeros = replicate ((length nonzero-H-rcoset-reps)*(length Vfbasis))
(0:'f)
with cs have GRep.induced-vector v = (csQextrazeros) - (concat ind Vfbasis)
using  H-rcoset-reps induced-vector-decomp| OF Vfbasis)
unfolding H-rcoset-reps-def indVfbasis-def
by auto
with assms
have (¢ o ¢) T v = (csQextrazeros) i« (map (¥ T) (concat indVfbasis))
using ¢-im @-def indVfbasis
VectorSpace Hom. distrib-lincomb| OF 1 D-VectorSpaceHom)]
by auto
also have ... = (csQezxtrazeros) «fx (map T Vfbasis
@ concat (HRep.negGorbit-list nonzero-H-rcoset-reps T Vfbasis))
using map-concat[of ¢ T| ¢ D-im[OF assms] H-rcoset-reps-def
FGModuleHomSetD-Im[OF assms] Vfbasis-V HRep.negGorbit-list-Cons0
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by  fastforce
also from cs(1)
have ... = cs f* (map T Vfbasis) + extrazeros
-x (concat (HRep.negGorbit-list nonzero-H-rcoset-reps T Vfbasis))
using scalar-mult.lincomb-append|of cs - fsmult’]
by  simp
also have ... = c¢s -fx (map T Vfbasis)
using nonzero-H-rcoset-reps-H Vfbasis FGModuleHomSetD-Im[OF assms]
HRep.negGorbit-list-V
VectorSpace.lincomb-replicate0-left| OF HRep.fVectorSpace]
unfolding extrazeros-def
by  force
also from c¢s(2) have ... = T v
using FGModuleHomSetD-FGModuleHom[OF assms]
FGModuleHom. VectorSpaceHom Vfbasis
VectorSpaceHom. distrib-lincomb|of aezfun-scalar-mult.fsmult smult]
by  fastforce
finally show ?thesis by fast
next
case Fulse
with assms show ?thesis
using ¢-im @-def GRep.induced-vector-def ¥ D-VectorSpaceHom
VectorSpace Hom.im-zero
FGModuleHomSetD-FGModuleHom[of T G smult V]
FGModuleHom.supp suppl-contra
by  fastforce
qed
qed

lemma p-inverse-im : ¢ ‘ HRepHomSet (x) W O GRepHomSet (x) W
using oy ¥-im by force

lemma bij-¢ : bij-betw ¢ (HRepHomSet (x) W) (GRepHomSet (x) W)
unfolding bij-betw-def
proof

have A\ S T.[ S € HRepHomSet (x) W; T € HRepHomSet (x) W;
pS=¢pT]=8=T
proof (rule VectorSpaceHom.same-image-on-spanset-imp-same-hom)
fix ST
assume ST: S € HRepHomSet (x) W T € HRepHomSet (x) W o S =¢ T
from ST(1,2) have ST HRepHom smult’ S HRepHom smult’ T
using FGModuleHomSetD-FGModuleHom[of - H rrsmult] by auto

from ST’
show VectorSpaceHom induced-smult.fsmult indV fsmult’ S
VectorSpaceHom induced-smult.fsmult indV fsmult’ T
using FGModuleHom. VectorSpaceHom[of H rrsmult indV smult’)
by auto
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show indV = induced-smult.fSpan (concat indVfbasis)
set (concat indVfbasis) C indV
using indVfbasis by auto

show V feset (concat indVfbasis). S f =T f
proof
fix f assume [ € set (concat indVfbasis)
from this obtain hfvs where hfvs: hfvs € set indVfbasis f € set hfvs
using set-concat by fast
from hfvs(1) obtain h
where h: h € set H-rcoset-reps
hfvs = map (Hmult (—h) o induced-vector) Vfbasis
using ind Vfbasis-def
induced-smult.negGorbit-list-def [of H-rcoset-reps induced-vector]
by auto
from hfvs(2) h(2) obtain v
where v: v € set Vfbasis f = (—h) *x (induced-vector v)
by auto
from v h(1) ST(1) have S f = (—h) =x (p S v)
using ST'(1) H-rcoset-reps-H Group.neg-closed| OF HRep.GroupG)|

GRep.induced-vector-indV Vfbasis-V @-def FGModuleHom.G-map

by  fastforce
moreover from v h(1) ST(2) have T f = (—h) *x (¢ T v)

using ST'(2) H-rcoset-reps-H Group.neg-closed| OF HRep.Group G| GRep.induced-vector-indV

Vfbasis-V p-def FGModuleHom.G-map
by  fastforce
ultimately show S f = T f using ST(8) by simp
qed
qed
thus inj-on p (HRepHomSet (x) W) unfolding inj-on-def by fast

show ¢ ‘ HRepHomSet (x) W = GRepHomSet (x) W
using p-im p-inverse-im by fast

qed

end

6.8.5 The theorem

Finally we demonstrate that ¢ is an isomorphism of vector spaces between

the two hom-sets, leading to Frobenius reciprocity.

context FrobeniusReciprocity
begin

lemma VectorSpacelso-o :
VectorSpacelso Tsmult! (HRepHomSet (x) W) Tsmult2 ¢
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(GRepHomSet (x) W)
proof (rule VectorSpacelso.intro, rule VectorSpace. VectorSpace Homl-fromazioms)

from Tsmultl-def show VectorSpace Tsmultl (HRepHomSet (x) W)
using FHModule-indspace FHModule W
FGModule. VectorSpace-FGModuleHomSet
by  simp

from p-def show supp ¢ C HRepHomSet (x) W
using suppD-contra[of ] by fastforce

have bij-betw ¢ (HRepHomSet (x) W) (GRepHomSet (x) W)
using bij-p by fast

thus VectorSpacelso-azioms (HRepHomSet (x) W) ¢ (GRepHomSet (x) W)
by unfold-locales

next
fix S T assume S € HRepHomSet (x) W T € HRepHomSet (x) W
thusp (S+T)=¢ S+ ¢ T
using ¢-def Group.add-closed
FGModule. Group-FGModule HomSet| OF FHModule-indspace FHModule W]
by auto

next
fix a T assume T: T € HRepHomSet (x) W
moreover with Tsmultl-def have aT: a xax T € HRepHomSet (x) W
using FGModule. VectorSpace-FGModule HomSet|
OF FHModule-indspace FHModule W
]
VectorSpace.smult-closed
by  simp
ultimately show ¢ (a xx T) = a * (¢ T)
using -def Tsmultl-def Tsmult2-def by auto

qed
theorem FrobeniusReciprocity :
VectorSpace.isomorphic Tsmultl (HRepHomSet smult’” W) Tsmult2
(GRepHomSet smult” W)
using VectorSpacelso-¢ by fast

end

end
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