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Abstract

We study second-order formalisations of graph properties expressed
as first-order formulas in relation algebras extended with a Kleene star.
The formulas quantify over relations while still avoiding quantification
over elements of the base set. We formalise the property of undirected
graphs being acyclic this way. This involves a study of various kinds of
orientation of graphs. We also verify basic algorithms to constructively
prove several second-order properties.
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1 Overview

The theories described in this document study second-order specifications of
graph properties expressed as first-order formulas in Stone-Kleene relation
algebras. Of particular interest are undirected forests and their orientations,
developed in Section 2. We also verify the correctness of a number of basic
graph algorithms, which we use in constructive proofs of graph properties
in Section 3.



The theories formally verify results in [5]; results from this paper are an-
notated with the corresponding theorem numbers. See the paper for further
details and related work.

2 Orientations and Undirected Forests

In this theory we study orientations and various second-order specifications
of undirected forests. The results are structured by the classes in which
they can be proved, which correspond to algebraic structures. Most classes
are generalisations of Kleene relation algebras. None of the classes except
kleene-relation-algebra assumes the double-complement law ——z = z avail-
able in Boolean algebras. The corresponding paper does not elaborate these
fine distinctions, so some results take a different form in this theory. They
usually specialise to Kleene relation algebras after simplification using ——=z
= x

theory Forests
imports Stone-Kleene-Relation-Algebras. Kleene-Relation-Algebras

begin

2.1 Orientability

context bounded-distrib-allegory-signature
begin

abbreviation irreflezive-inf :: 'a = bool where irreflexive-inf x = z 1 1 = bot
end

context bounded-distrib-allegory
begin

lemma irrefiexive-inf-arc-asymmetric:
irreflexive-inf ¥ = arc © = asymmetric T
proof —
assume irreflezive-inf © arc
hence bot = (z * top)? M =
by (metis arc-top-arc comp-right-one schroeder-1)
thus ?thesis
by (metis comp-inf.semiring.mult-zero-right conv-inf-bot-iff
inf.sup-relative-same-increasing top-right-mult-increasing)
qed

lemma asymmetric-inf:
asymmetric x «— irreflevive-inf (x * )



using inf.sup-monoid.add-commute schroeder-2 by force

lemma asymmetric-irreflezive-inf:
asymmetric x = irreflexive-inf x
by (metis asymmetric-inf-closed coreflexive-symmetric inf.idem inf-le2)

lemma transitive-asymmetric-irreflexive-inf:

transitive © = asymmetric x <— irreflexive-inf

by (smt asymmetric-inf asymmetric-irreflexive-inf inf.absorb2 inf.cobounded1
inf.sup-monoid.add-commute inf-assoc le-bot)

abbreviation orientation zy = y U y7 = = A asymmetric y
abbreviation loop-orientation z y = y U y© = z A antisymmetric y
abbreviation super-orientation zy = < y U yT A asymmetric y
abbreviation loop-super-orientation z y = < y U y© A antisymmetric y

lemma orientation-symmetric:
orientation Ty = symmetric T
using conv-dist-sup sup-commute by auto

lemma orientation-irreflexive-inf:

orientation Ty = irreflexive-inf x

using asymmetric-irreflexive-inf asymmetric-conv-closed inf-sup-distrib2 by
auto

lemma loop-orientation-symmetric:
loop-orientation © y = symmeltric x
using conv-dist-sup sup-commute by auto

lemma loop-orientation-diagonal:

loop-orientation xy = y Myl =z N 1

by (metis inf.sup-monoid.add-commute inf.sup-same-context inf-le2
inf-sup-distribl one-inf-conv sup.idem)

lemma super-orientation-irreflexive-inf:

super-orientation r y = irreflexive-inf

using coreflexive-bot-closed inf.sup-monoid.add-assoc inf.sup-right-divisibility
inf-bot-right loop-orientation-diagonal by fastforce

lemma loop-super-orientation-diagonal:
loop-super-orientation x y = 2 M 1 < y M yT
using inf.sup-right-divisibility inf-assoc loop-orientation-diagonal by fastforce

definition orientable x = Jy . orientation x y

definition loop-orientable x = Fy . loop-orientation x y

definition super-orientable © = vy . super-orientation  y
definition loop-super-orientable © = 3y . loop-super-orientation x y

lemma orientable-symmetric:



orientable r = symmetric x
using orientable-def orientation-symmetric by blast

lemma orientable-irreflezive-inf:
orientable ¥ = irreflexive-inf x
using orientable-def orientation-irreflexive-inf by blast

lemma loop-orientable-symmetric:
loop-orientable © = symmetric
using loop-orientable-def loop-orientation-symmetric by blast

lemma super-orientable-irreflexive-inf:
super-orientable x = irreflexive-inf x
using super-orientable-def super-orientation-irreflexive-inf by blast

lemma orientable-down-closed:
assumes symmetric T
and z < y
and orientable y
shows orientable x
proof —
from assms(3) obtain z where 1: z U 2T = y A asymmetric z
using orientable-def by blast
let 2=21Mz2
have orientation x ?z
proof (rule conjl)
show asymmetric 2z
using 1 by (simp add: conv-dist-inf inf.left-commute
inf.sup-monoid.add-assoc)
thus 7z U 227 =z
using 1 by (metis assms(1,2) conv-dist-inf inf.orderE inf-sup-distrib1)
qed
thus ?thesis
using orientable-def by blast
qed

lemma loop-orientable-down-closed:
assumes symmetric
and z < y
and loop-orientable y
shows loop-orientable x
proof —
from assms(3) obtain z where 1: z U 2T = y A antisymmetric z
using loop-orientable-def by blast
let z2=2Mz2
have loop-orientation © 2z
proof (rule conjl)
show antisymmetric 2z
using 1 antisymmetric-inf-closed inf-commute by fastforce



thus 22 U 227 =z
using ! by (metis assms(1,2) conv-dist-inf inf.orderE inf-sup-distrib1)
qed
thus %thesis
using loop-orientable-def by blast
qed

lemma super-orientable-down-closed:
assumes z < y
and super-orientable y
shows super-orientable x
using assms order-lesseq-imp super-orientable-def by auto

lemma loop-super-orientable-down-closed:
assumes z < y
and loop-super-orientable y
shows loop-super-orientable x
using assms order-lesseq-imp loop-super-orientable-def by auto

abbreviation orientable-1 x = loop-super-orientable x

abbreviation orientable-2 z =3y . s < yUyT Aynyl <zn 1
abbreviation orientable-3 z =3y . s <y Uyl Aynyl =z N 1
abbreviation orientable-4 x = irreflexive-inf x — super-orientable x
abbreviation orientable-5 x = symmetric x — loop-orientable x
abbreviation orientable-6 x = symmetrict — Jy . yUyl =z Aynyl <
n 1

abbreviation orientable-7 x
ni

abbreviation orientable-8 © = symmetric x N irreflexive-inf t —> orientable x

symmetricy — By .y Uyl =z Aynyl =

lemma super-orientation-diagonal:
r<yUy = yny' <zni=yny’ =znt
using order.antisym loop-super-orientation-diagonal by auto

lemma orientable-2-implies-1:
orientable-2 x = orientable-1 x
using loop-super-orientable-def by auto

lemma orientable-2-3:
orientable-2 x <— orientable-3 x
using eq-refl super-orientation-diagonal by blast

lemma orientable-5-6:
orientable-5 © <— orientable-6 x
using loop-orientable-def loop-orientation-diagonal by fastforce

lemma orientable-6-7:
orientable-6 x <— orientable-7 x
using super-orientation-diagonal by fastforce



lemma orientable-7-implies-8:
orientable-7 x = orientable-§ x
using orientable-def by blast

lemma orientable-5-implies-1:

orientable-5 (z U 1) = orientable-1

using conv-dist-sup loop-orientable-def loop-super-orientable-def sup-commute
by fastforce

ternary predicate S called split here
abbreviation split zy 2=y Nyl =z Ay y?l =z
Theorem 3.1

lemma orientation-split:
orientation x y <— split bot y x
by auto

Theorem 3.2

lemma split-1-loop-orientation:
split 1 y x = loop-orientation = y
by simp

Theorem 3.3

lemma loop-orientation-split:
loop-orientation © y «— split (x N 1) y x
by (metis inf.cobounded2 loop-orientation-diagonal)

Theorem 3.4

lemma loop-orientation-split-inf-1:

loop-orientation © y «+— split (y N 1) y z

by (metis inf.sup-monoid.add-commute inf.sup-same-context inf-le2
one-inf-conv)

lemma loop-orientation-top-split:
loop-orientation top y <— split 1 y top
by (simp add: loop-orientation-split)

injective and transitive orientations
definition injectively-orientable x = Jy . orientation  y A injective y
lemma injectively-orientable-orientable:

injectively-orientable x = orientable x
using injectively-orientable-def orientable-def by auto

lemma orientable-orientable-1:
orientable x = orientable-1 x
by (metis bot-least order-refl loop-super-orientable-def orientable-def)



lemma injectively-orientable-down-closed:
assumes symmetric
and z < y
and injectively-orientable y
shows injectively-orientable x
proof —
from assms(3) obtain z where 1: z L 2T = y A asymmetric z A injective z
using injectively-orientable-def by blast
let 2 =21z
have 2: injective ?z
using 1 inf-commute injective-inf-closed by fastforce
have orientation = 7z
proof (rule conjI)
show asymmetric ?z
using 1 by (simp add: conv-dist-inf inf.left-commute
inf.sup-monoid.add-assoc)
thus 22 U 227 =z
using I by (metis assms(1,2) conv-dist-inf inf.orderE inf-sup-distrib1)
qed
thus ?thesis
using 2 injectively-orientable-def by blast
qged

definition transitively-orientable x = Jy . orientation x y A transitive y

lemma transitively-orientable-orientable:
transitively-orientable © = orientable x
using transitively-orientable-def orientable-def by auto

lemma irreflexive-transitive-orientation-asymmetric:
assumes irreflexive-inf x
and transitive y
and y U ¢y7 =2
shows asymmetric y
using assms comp-inf.mult-right-dist-sup transitive-asymmetric-irreflexive-inf
by auto

Theorem 12

lemma transitively-orientable-2:
transitively-orientable x <— irreflexive-infx A 3y . y U yT = x A transitive y)
by (metis irreflexive-transitive-orientation-asymmetric coreflexive-bot-closed
loop-orientation-split transitively-orientable-def)

end

context relation-algebra-signature
begin

abbreviation asymmetric-var :: 'a = bool where asymmetric-var x =



irreflexive (z * x)
end

context pd-allegory
begin
Theorem 1.4

lemma asymmetric-var:

asymmetric T <— asymmetric-var
using asymmetric-inf pseudo-complement by auto

Theorem 1.3

(Theorem 1.2 is asymmetric-irreflexive in Relation-Algebras)

lemma transitive-asymmetric-irreflexive:
transitive © = asymmetric © <— irreflexive

using strict-order-var by blast

lemma orientable-irreflezive:
orientable * = irreflexive x

using orientable-irreflexive-inf pseudo-complement by blast

lemma super-orientable-irreflexive:
super-orientable ¥ = irreflexive x
using pseudo-complement super-orientable-irreflexive-inf by blast

lemma orientation-diversity-split:
orientation (—1) y <— split bot y (—1)

by auto

abbreviation linear-orderable-1 x = linear-order x

abbreviation linear-orderable-2 © = linear-strict-order x

abbreviation linear-orderable-3 © = transitive © A asymmetric x N\ strict-linear
abbreviation linear-orderable-3a x = transitive x N strict-linear x

abbreviation orientable-11 =
abbreviation orientable-12 ©

lemma linear-strict-order-split:
linear-strict-order © <— transitive © A split bot x (—1)

using strict-order-var by blast

Theorem 1.6

split 1 x top
split bot x (—1)

lemma linear-strict-order-without-irreflexive:
linear-strict-order x <— transitive © A strict-linear x
using strict-linear-irreflexive by auto

lemma linear-order-without-reflexive:
linear-order x «— antisymmetric x A transitive x A linear x



using linear-reflezive by blast

lemma linear-orderable-1-implies-2:
linear-orderable-1 x = linear-orderable-2 (x M —1)
using linear-order-strict-order by blast

lemma linear-orderable-2-3:
linear-orderable-2 x <— linear-orderable-3 x
using linear-strict-order-split by auto

lemma linear-orderable-3-3a:
linear-orderable-8 x <— linear-orderable-3a x
using strict-linear-irreflexive strict-order-var by blast

lemma linear-orderable-3-implies-orientable-12:
linear-orderable-3 © => orientable-12 x
by simp

lemma orientable-11-implies-12:

orientable-11 & = orientable-12 (z M —1)

by (smt inf-sup-distrib2 conv-complement conv-dist-inf conv-involutive
inf-import-p inf-top.left-neutral linear-asymmetric madduz-3-13 p-inf
symmetric-one-closed)

end

context stone-relation-algebra
begin

Theorem 3.5

lemma split-symmetric-asymmetric:
assumes reqular x
shows split vy z+— yNyl =azAn(yn—yHuwn—-yHT =zn -z Az
<z
proof
assume split Ty z
thus y Myl = A (yn—yDHu(yn—yHT =z -z Az<2
by (metis conv-complement conv-dist-inf conv-involutive inf.cobounded1
inf.sup-monoid.add-commute inf-import-p inf-sup-distrib2 le-supIl)
next
assume y Myl =2 A (yM -y U (yn—yHT =z —2znrz< 2
thus split z y 2
by (smt (23) assms conv-dist-sup conv-involutive inf.absorb2 inf.boundedE
inf.coboundedl inf.idem inf.sup-monoid.add-commute inf-import-p
madduz-3-11-pp sup.left-commute sup-commute sup-inf-absorb)
qed

lemma orientable-1-2:
orientable-1 © <— orientable-2 x



proof
assume orientable-1 z
from this obtain y where I: z < y U yT AynyT < 1
using loop-super-orientable-def by blast
let 2y = (zM 1) U (y N —1)
have z < 2y U 2y A 2y 2yT <21
proof
have z M —1 < (y N —1) U (y'' 1 —1)
using 1 inf.sup-right-divisibility inf-commute inf-left-commute
inf-sup-distrib2 by auto
also have ... < 2y U 2T
by (metis comp-inf.semiring.add-mono conv-complement conv-dist-inf
conv-isotone sup.cobounded? symmetric-one-closed)
finally show z < 2y U 2y”
by (metis comp-inf.semiring.add-mono maddux-3-11-pp regular-one-closed
sup.cobounded! sup.left-idem)
have z = (z M 1) U (z 1 —1)
by (metis madduz-3-11-pp regular-one-closed)
have 7y M 2yT = (z 1)U ((y 1 —1) 1 (yF 1 —1))
by (metis comp-inf.semiring.distrib-left conv-complement conv-dist-inf
conv-dist-sup coreflexive-symmetric distrib-imp1 inf-le2 symmetric-one-closed)
also have ... =z M 1
by (metis 1 inf-assoc inf-commute pseudo-complement reqular-one-closed
selection-closed-id inf.cobounded?2 madduz-3-11-pp)
finally show %y M 2y7 < z M 1
by simp
qed
thus orientable-2 z
by blast
next
assume orientable-2 z
thus orientable-1 x
using loop-super-orientable-def by auto
qed

lemma orientable-8-implies-5:
assumes orientable-8 (z M —1)
shows orientable-5
proof
assume [: symmetric x
hence symmetric (z M —1)
by (simp add: conv-complement symmetric-inf-closed)
hence orientable (x 11 —1)
by (simp add: assms pseudo-complement)
from this obtain y where 2: y U y7 = z 1 —1 A asymmetric y
using orientable-def by blast
let 2y =y U (z M 1)
have loop-orientation x 2y
proof

10



have 2y U 247 = y U yT U (x 1 1)
using 1 conv-dist-inf conv-dist-sup sup-assoc sup-commute by auto
thus 2y U %7 =z
by (metis 2 madduz-3-11-pp regular-one-closed)
have ?y M 247 = (y i yD) U (z 1 1)
by (simp add: 1 conv-dist-sup sup-inf-distrib2 symmetric-inf-closed)
thus antisymmetric 2y
by (simp add: 2)
qed
thus loop-orientable x
using loop-orientable-def by blast
qed

lemma orientable-4-implies-1:
assumes orientable-4 (x M —1)
shows orientable-1 x
proof —
obtain y where 1: 1 —1 < y U y© A asymmetric y
using assms pseudo-complement super-orientable-def by auto

let 9y =y U I
have loop-super-orientation © 2y
proof

show z < 2y U 2T
by (smt 1 comp-inf.semiring.add-mono conv-dist-sup inf-le2 madduz-3-11-pp
reflexive-one-closed reqular-one-closed sup.absorbl sup.left-commute sup-assoc
symmetric-one-closed)
show antisymmetric ?y
using 1 conv-dist-sup distrib-imp1 inf-sup-distribl sup-monoid.add-commute
by auto
qed
thus ?thesis
using loop-super-orientable-def by blast
qed

lemma orientable-1-implies-4:
assumes orientable-1 (z U 1)
shows orientable-4 x
proof
assume I: irreflexive-inf
obtain y where 2: z U 1 < y U yT A antisymmetric y
using assms loop-super-orientable-def by blast
let 9y =y —1
have super-orientation x %y
proof
have z < (y U y7) M —1
using 1 2 pseudo-complement by auto
thus z < 2y U 2y7
by (simp add: conv-complement conv-dist-inf inf-sup-distrib2)
have 2y M 24T =y yT N —1

11



using conv-complement conv-dist-inf inf-commute inf-left-commute by auto
thus asymmetric ?y
using 2 pseudo-complement by auto
qed
thus super-orientable x
using super-orientable-def by blast
qed

lemma orientable-1-implies-5:
assumes orientable-1 z
shows orientable-5
proof
assume [: symmetric x
obtain y where 2: z < y U yT A antisymmetric y
using assms loop-super-orientable-def by blast
let 2y = (zM 1)U (yNaM —1)
have loop-orientation x 7y
proof
have 7y U 747 = (yuyD) iz —1) U (z 1 1)
by (simp add: 1 conv-complement conv-dist-inf conv-dist-sup inf-sup-distrib2
sup.left-commute sup-commute)
thus 2y U %7 =
by (metis 2 inf-absorb2 maddux-3-11-pp regular-one-closed)
have 7y N 72y = (zn H U ((ynan —1) 0 (yF 12t n—1))
by (simp add: 1 conv-complement conv-dist-inf conv-dist-sup sup-inf-distrib1)
thus antisymmetric %y
by (metis 2 antisymmetric-inf-closed conv-complement conv-dist-inf inf-le2
le-supl symmetric-one-closed)
qed
thus loop-orientable x
using loop-orientable-def by blast
qed

Theorem 2

lemma all-orientable-characterisations:
shows (Vz . orientable-1 z) +— (VY . orientable-2 x)

and (Vz . orientable-1 z) «— (Y . orientable-3 x)
and (Vz . orientable-1 z) «— (Y . orientable-4 x)
and (Vz . orientable-1 x) +— (Vx . orientable-5 x)
and (Vz . orientable-1 z) «— (Y . orientable-6 x)
and (Vz . orientable-1 z) +— (Y . orientable-7 )

) < )

and (Vz . orientable-1 (Vz . orientable-8
subgoal using orientable-1-2 by simp
subgoal using orientable-1-2 orientable-2-3 by simp
subgoal using orientable-1-implies-4 orientable-4-implies-1 by blast
subgoal using orientable-5-implies-1 orientable-1-implies-5 by blast
subgoal using orientable-5-6 orientable-5-implies-1 orientable-1-implies-5 by

blast

subgoal using orientable-5-6 orientable-5-implies-1 orientable-6-7
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orientable-1-implies-5 by force
subgoal using orientable-5-6 orientable-5-implies-1 orientable-6-7
orientable-7-implies-8 orientable-1-implies-5 orientable-8-implies-5 by auto
done

lemma orientable-12-implies-11:

orientable-12 © = orientable-11 (z U 1)

by (smt inf-top.right-neutral conv-complement conv-dist-sup conv-involutive
inf-import-p maddux-3-18 p-bot p-dist-inf p-dist-sup reqular-one-closed
symmetric-one-closed)

lemma linear-strict-order-order:

linear-strict-order x = linear-order (z U 1)

by (simp add: strict-order-order transitive-asymmetric-irreflexive
orientable-12-implies-11)

lemma linear-orderable-2-implies-1:
linear-orderable-2 © = linear-orderable-1 (z U 1)
using linear-strict-order-order by simp

Theorem 4
Theorem 12
Theorem 13

lemma exists-split-characterisations:
shows (3 z . linear-orderable-1 x) <— (I . linear-orderable-2 x)
and (3z . linear-orderable-1 z) +— (I z . linear-orderable-3 x)
and (3z . linear-orderable-1 z) +— (Jz . linear-orderable-3a x)
and (3 z . linear-orderable-1 ) <— transitively-orientable (—1)
and (3z . linear-orderable-1 ©) => (Jx . orientable-11 x)
and (Jz . orientable-11 ) «— (Jx . orientable-12 x)
subgoal I using linear-strict-order-order linear-order-strict-order by blast
subgoal 2 using 1 strict-order-var by blast
subgoal using 1 linear-strict-order-without-irreflexive by auto
subgoal using 2 transitively-orientable-def by auto
subgoal using loop-orientation-top-split by blast
subgoal using orientable-11-implies-12 orientable-12-implies-11 by blast
done

Theorem 4
Theorem 12

lemma exists-all-orientable:
shows (Jz . orientable-11 x) +— (VY . orientable-1 x)
and transitively-orientable (—1) = (VY . orientable-8 x)
subgoal apply (rule iffT)
subgoal using loop-super-orientable-def top-greatest by blast
subgoal using loop-orientation-top-split loop-super-orientable-def top-le by
blast

13



done
subgoal using orientable-down-closed pseudo-complement
transitively-orientable-orientable by blast
done

end

2.2 Undirected forests

We start with a few general results in Kleene algebras and a few basic
properties of directed acyclic graphs.

context kleene-algebra
begin

Theorem 1.9

lemma plus-separate-comp-bot:
assumes z *x y = bot
shows (z U y)t = o7 U y™ Uyt % 2T
proof —
have (z U y)" =z % y* * o* Uy * 2*
using assms cancel-separate-1 semiring.distrib-right mult-assoc by auto
also have ... = z7 U y* * z*
by (simp add: assms star-absorb)
finally show ?thesis
by (metis star.circ-back-loop-fixpoint star.circ-plus-same sup-assoc
sup-commute mult-assoc)
qed

end
context bounded-distrib-kleene-allegory
begin
lemma reflexive-inf-plus-star:
assumes reflexive
shows z Myt < 1 +— Ny =1
using assms reflexive-inf-star sup.absorb-iff1 by auto
end
context pd-kleene-allegory

begin

lemma acyclic-star-inf-conv-iff :
assumes irrefiexive w
shows acyclic w +— w* M w'* = 1

14



by (metis assms acyclic-star-below-complement-1 acyclic-star-inf-conv
conv-complement conv-order equivalence-one-closed inf.absorbl inf.left-commute
pseudo-complement star.circ-increasing)

Theorem 1.7

lemma acyclic-irreflexive-star-antisymmetric:

acyclic x «— irreflexive © A antisymmetric (z*)
by (metis acyclic-star-inf-conv-iff conv-star-commute order.trans
reflexive-inf-closed star.circ-mult-increasing star.circ-reflexive order.antisym)

Theorem 1.8

lemma acyclic-plus-asymmetric:

acyclic z <— asymmetric (z1)

using acyclic-asymmetric asymmetric-irreflexive star.circ-transitive-equal
star.left-plus-circ mult-assoc by auto

Theorem 1.3

(Theorem 1.1 is acyclic-asymmetric in Kleene-Relation-Algebras)

lemma transitive-acyclic-irreflexive:
transitive t = acyclic v <— irreflexive x
using order.antisym star.circ-mult-increasing star-right-induct-mult by fastforce

lemma transitive-acyclic-asymmetric:
transitive © = acyclic x «— asymmetric x
using strict-order-var transitive-acyclic-irreflexive by blast

Theorem 1.5

lemma strict-order-transitive-acyclic:
strict-order x <— transitive x N\ acyclic ©
using transitive-acyclic-irreflexive by auto

lemma linear-strict-order-transitive-acyclic:
linear-strict-order x <— transitive x A\ acyclic x N\ strict-linear x
using transitive-acyclic-irreflexive by auto

The following are various specifications of an undirected graph being
acyclic.
definition acyclic-1 x = Vy . orientation © y — acyclic y
definition acyclic-1b x = Vy . orientation  y — y* My * =
definition acyclic-2 x =Vy . y < x A asymmetric y — acyclic y
definition acyclic-2a x =Vy . y U y" < z A asymmetric y — acyclic y
definition acyclic-2b 2 =Yy . y U yT < x A asymmetric y — y* M yT* = 1
definition acyclic-3a t =Vy . y<zAhz<y* —y==zx
definition acyclic-3b x =Vy .y <z Ay* =z —y==zx
definition acyclic-Scz =Vy . y<z Az <yt — y=1x
definition acyclic-8dz =Vy . y<z Ayt =2t — y=1=x
definition acyclic-4 xr =Vy . y<zxz —zNy* < ——y
definition acyclic-fax =Vy . y<z—zNy* <y

15



definition acyclic-4bz =Vy . y<z — Ny =y
definition acyclic-4jcx =Vy .y <z — yMN(z N —y)* = bot

definition acyclic-b5a c=Vy .y <z — y*N(z N —y)* =1
definition acyclic-5b 2 =Vy .y <z — y* N (z N -yt < 1
definition acyclic-5cz =Vy.y<z— yt N (zN—-y* <1
definition acyclic-6d z =Vy.y<z — yt N(zn -yt <1

definition acyclic-be x =Vyz . y<zAz<zAylz="bot — y* Mz =1
definition acyclic-5fx =Vyz.yUz<xz Ayl z=bot — y*Mz*
definition acyclic-bg x =Vyz.yUz=x Ayl z=bot — y* M 2*
definition acyclic-6 x = 3y . y U y" = z A acyclic y A injective y

Theorem 6

=1
=1

lemma acyclic-2-2a:
assumes symmetric
shows acyclic-2 x +— acyclic-2a z
proof —
have A\y .y <z+—yuUyl <=z
using assms conv-isotone by force
thus ?thesis
by (simp add: acyclic-2-def acyclic-2a-def)
qed

Theorem 6

lemma acyclic-2a-2b:

shows acyclic-2a © <— acyclic-2b x

by (simp add: acyclic-2a-def acyclic-2b-def acyclic-star-inf-conv-iff
asymmetric-irreflexive)

Theorem 5

lemma acyclic-1-10b:

shows acyclic-1 x +— acyclic-1b z

by (simp add: acyclic-1-def acyclic-1b-def acyclic-star-inf-conv-iff
asymmetric-irreflexive)

Theorem 10

lemma acyclic-6-1-injectively-orientable:
acyclic-6 © <— acyclic-1 x N injectively-orientable
proof
assume acyclic-6 x
from this obtain y where 1: y U y© = 2 A acyclic y A injective y
using acyclic-6-def by blast
have acyclic-1 x
proof (unfold acyclic-1-def, rule alll, rule impI)
fix 2z
assume 2: orientation x z
hence 3: z = (z M y) U (z 1 y7)
by (metis 1 inf-sup-absorb inf-sup-distrib1)
have (z My) * (zMNyT) < z*x 2Ny * y'
by (simp add: comp-isotone)
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also have ... < —11 1
using 1 2 asymmetric-var comp-inf.mult-isotone by blast
finally have 4: (z M y) * (2 1 yT) = bot
by (simp add: le-bot)
have :* =yt U Nyt u Nyt 0yt
using 3 4 plus-separate-comp-bot by fastforce
also have ... < yT U (znyD)T U (znyD)t x (21 y)*
using comp-isotone semiring.add-right-mono star-isotone by auto
also have ... < yT U yTT U (zNy")T x (211 y)*t
using comp-isotone semiring.add-left-mono semiring.add-right-mono
star-isotone by auto
also have ... < —1U (2 yD)* x (2N y)*
by (smt 1 conv-complement conv-isotone conv-plus-commute inf.absorb2
inf.orderE order-conv-closed order-one-closed semiring.add-right-mono
sup.absorbl)
also have ... = —1
proof —
have (z M y")* x (211 y)T < (211 yT) * top * (2 1 y)+
using comp-isotone by auto
also have ... < (z 1 yT) x top * (2 M y)
by (metis inf.eq-refl star.circ-left-top star-plus mult-assoc)
also have ... < —1
by (metis 4 bot-least comp-commute-below-diversity inf.absorb2
pseudo-complement schroeder-1 mult-assoc)
finally show ?thesis
using sup.absorbl by blast
qed
finally show acyclic z
by simp
qed
thus acyclic-1 x A injectively-orientable x
using 1 injectively-orientable-def acyclic-asymmetric by blast
next
assume acyclic-1 x A injectively-orientable x
thus acyclic-6
using acyclic-6-def acyclic-1-def injectively-orientable-def by auto
qed

lemma acyclic-6-symmetric:

acyclic-6 © => symmetric

by (simp add: acyclic-6-1-injectively-orientable injectively-orientable-orientable
orientable-symmetric)

lemma acyclic-6-irreflezive:
acyclic-6 x = irreflexive z
by (simp add: acyclic-6-1-injectively-orientable injectively-orientable-orientable

orientable-irreflexive)

lemma acyclic-4-irreflexive:

17



acyclic-4 © = irreflexive z
by (metis acyclic-4-def bot-least inf.absorb2 inf.sup-monoid.add-assoc p-bot
pseudo-complement star.circ-reflexive)

Theorem 6.4

lemma acyclic-2-implies-1:
acyclic-2 x = acyclic-1 «
using acyclic-2-def acyclic-1-def by auto

Theorem 8

lemma acyclic-4a-4b:
acyclic-4a v <— acyclic-4b x
using acyclic-4a-def acyclic-4b-def order.eq-iff star.circ-increasing by auto

Theorem 7

lemma acyclic-3a-3b:

acyclic-3a © <— acyclic-3b x

by (metis acyclic-3a-def acyclic-3b-def order.antisym star.circ-increasing
star-involutive star-isotone)

Theorem 7

lemma acyclic-3a-3c:
assumes irreflexive
shows acyclic-3a © +— acyclic-3c x
proof
assume acyclic-3a
thus acyclic-3c x
by (meson acyclic-3a-def acyclic-3c-def order-lesseq-imp
star.left-plus-below-circ)
next
assume I: acyclic-3c¢
show acyclic-3a z
proof (unfold acyclic-3a-def, rule alll, rule implI)
fix y
assume y < z Az < y*
hence y < z Az < y©
by (metis assms inf.order-lesseq-imp le-infl p-inf-sup-below
star-left-unfold-equal)
thus y = 2
using 1 acyclic-3c-def by blast
qed
qed

Theorem 7

lemma acyclic-3c-3d:
shows acyclic-3c x <— acyclic-3d x
proof —
have A\yz . y<zAz2<yt +—y<z2Ay" =2
apply (rule iffI)
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apply (smt comp-associative plus-sup star.circ-transitive-equal
star.left-plus-circ sup-absorbl sup-absorb2)
by (simp add: star.circ-mult-increasing)
thus ?thesis
by (simp add: acyclic-3c-def acyclic-8d-def)
qed

Theorem 8

lemma acyclic-4a-implies-3a:
acyclic-4a x = acyclic-3a x
using acyclic-4a-def acyclic-3a-def inf.absorbl by auto

lemma acyclic-4a-implies-4:
acyclic-4a * = acyclic-4 x
by (simp add: acyclic-4-def acyclic-4a-4b acyclic-4b-def pp-increasing)

lemma acyclic-4b-implies-/c:
acyclic-4b x = acyclic-4c x
by (simp add: acyclic-4b-def acyclic-4c-def inf.sup-relative-same-increasing)

Theorem 8.5

lemma acyclic-4-implies-2:
assumes symmetric T
shows acyclic-4 * = acyclic-2 x
proof —
assume I: acyclic-4 x
show acyclic-2 x
proof (unfold acyclic-2-def, rule alll, rule impl)
fix y
assume 2: y < x A asymmetric y
hence 47 < 2z M —y
using assms conv-inf-bot-iff conv-isotone pseudo-complement by force
hence y* My?l < y* Mz M —y
using dual-order.trans by auto
also have ... < ——y M —y
using 1 2 by (metis inf.commute acyclic-4-def comp-inf.mult-left-isotone)
finally show acyclic y
by (simp add: acyclic-star-below-complement-1 le-bot)
qed
qed

Theorem 10.3

lemma acyclic-6-implies-4a:
acyclic-6 * = acyclic-4a ©
proof —
assume acyclic-6 x
from this obtain y where 1: y U y7 = = A acyclic y A injective y
using acyclic-6-def by auto
show acyclic-4a x
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proof (unfold acyclic-4a-def, rule alll, rule impI)
fix z
assume z < ¢
hence z = (z M y) U (2 N y7)
using 1 by (metis inf.orderE inf-sup-distrib1)
hence 2: z* = (z M y©)* * (2 M y)*
using 1 by (metis cancel-separate-2)
hence z M 2* = (y M (z M yD)* x (211 9)*) U (7 1 (210 yD)* x (2 1 y)*)
using 1 inf-sup-distrib2 by auto
also have ... < 2z
proof (rule sup-least)
have y M (z M y")* + (2 My) = (yN (zNy")) U (yN2* (2N y))
using 2 by (metis inf-sup-distribl star.circ-back-loop-fizpoint sup-commute)
also have ... < (y M y™™) U (y M 2* % (2 N y))
using inf.sup-right-isotone semiring.add-right-mono star-isotone by auto
also have ... = y M 2* *x (2 M y)
using I by (metis acyclic-star-below-complement bot-least
inf.sup-monoid.add-commute pseudo-complement sup.absorb2)
also have ... < (Z* My * (2N y)T) * (2N y)
using dedekind-2 inf-commute by auto
also have ... < y * y7 * z
by (simp add: conv-isotone inf.coboundedI2 mult-isotone)
also have ... < z
using 1 mult-left-isotone by fastforce
finally show y M (z M y7)* % (2 N y)* < 2

have y" M (zMy")* x (2N y)* = (y" N (2N y*) U (y" 1 (2N y") * 2¥)
using 2 by (metis inf-sup-distribl star.circ-loop-fixpoint sup-commute)
also have ... < (y7 M y*) U (y7 1 (211 y7) * 2%)
using inf.sup-right-isotone semiring.add-right-mono star-isotone by auto
also have ... = y7 M (z M yT) x 2*
using 1 acyclic-star-below-complement-1 inf-commute by auto
also have ... < (z M y7) x (z* 1 (2 1 yD)T * yT)
using dedekind-1 inf-commute by auto
also have ... < z x y x yT
by (simp add: comp-associative comp-isotone conv-dist-inf inf.coboundedI2)
also have ... < z
using 1 mult-right-isotone mult-assoc by fastforce
finally show y” M (z M y7)* % (z N y)* < 2

qed
finally show z M z* < 2

qed
qed
Theorem 1.10

lemma top-injective-inf-complement:
assumes injective x
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shows top x (z M y) M top * (x N —y) = bot
proof —
have (z M —y) * (z7 N yT) < —1
by (metis conv-dist-inf inf.cobounded2 inf-left-idem mult-left-one
p-shunting-swap schroeder-4-p)
hence (z M —y) * (z7 N yT) = bot
by (smt assms comp-isotone coreflexive-comp-inf coreflexive-idempotent
coreflexive-symmetric dual-order.trans inf.coboundedl strict-order-var)
thus ?thesis
by (simp add: conv-dist-inf schroeder-2 mult-assoc)
qged

lemma top-injective-inf-complement-2:

assumes injective x

shows (27 M y) * top N (2T M —y) * top = bot

by (smt assms top-injective-inf-complement conv-dist-comp conv-dist-inf
conv-involutive conv-complement conv-top conv-bot)

Theorem 10.3

lemma acyclic-6-implies-5a:
acyclic-6 * = acyclic-5a z
proof —
assume acyclic-6 x
from this obtain y where 1: y U y7 = = A acyclic y A injective y
using acyclic-6-def by auto
show acyclic-5a z
proof (unfold acyclic-5a-def, rule alll, rule impI)
fix 2z
assume z <
hence 2: z = (z M y) U (2 N y7)
by (metis 1 inf.orderE inf-sup-distribl)
hence 3: z* = (2 M y7)* * (z M y)*
by (metis 1 cancel-separate-2)
have (z M —2)* = ((y N —2) U (y© 1 —2))*
using 1 inf-sup-distrib2 by auto
also have ... = (y7 M —2)* * (y N —2)*
using 1 cancel-separate-2 inf-commute by auto
finally have z* M (2 M —2)* = (y7 M 2)* * (y M1 2)* 1 (y7 1 —2)* * (y N —2)*
using 3 inf-commute by simp
also have ... = ((y M 2)* M (y7 M —=2)* * (y 1 —2)*) U ((yT M 2)*T % (y 1 2)*
M (y" N —2)* * (y N —2)*")
by (smt inf.sup-monoid.add-commute inf-sup-distrib1 star.circ-loop-fixpoint
sup-commaute mult-assoc)
also have ... = (11 (y7 M —2)* % (y N —2)) U ((y 1 2)T 11 (yF' 1 —2)* x (y
M=) U ((y" N2t =y Nt n-—2%*(yn-2)%)
by (metis inf-sup-distrib2 star-left-unfold-equal)
also have ... < 1
proof (intro sup-least)
show 1M (yI' M —2)* x (y M —2)* < 1
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by simp
have (y M 2)* M (y" N —2)* * (y M —2)* = ((y 1 2)" 1 (y" 1 —2)*) U ((y
M2t 0 (y" N—2) * (yn—2)7*)
by (metis inf-sup-distribl star.circ-back-loop-fizpoint star.circ-plus-same
sup-commaute mult-assoc)
also have ... < bot
proof (rule sup-least)
have (y M 2)* M (y7 11 —2)* <yt 1yt
by (meson comp-inf.mult-isotone comp-isotone inf.cobounded1
star-isotone)
also have ... = bot
using 1 by (smt acyclic-star-inf-conv inf.orderE
inf.sup-monoid.add-assoc pseudo-complement star.left-plus-below-circ)
finally show (y M 2)* 1 (y© M —2)* < bot

have (y M 2)* M (y7 M —2)* * (y M —2)T < top * (y M 2) M top * (y M —2)
by (metis comp-associative comp-inf.mult-isotone star.circ-left-top
star.cire-plus-same top-left-mult-increasing)
also have ... = bot
using I by (simp add: top-injective-inf-complement)
finally show (y M 2)* 1 (y7 1 —2)* x (y 1 —2)* < bot

qed
finally show (y M 2)" 1 (y7' 1M —2)* x (y N —2)* < 1
using bot-least le-bot by blast
have (y7 M 2)T *« (yM2)* M (y7 M —2)* x (y M —2)* = (7 M 2)T % (yN
AN (yN=2))U (" Na)T* (N Ny" N—2)%* (yn —2)*)
by (metis inf-sup-distrib1 star.circ-loop-fixpoint sup-commute mult-assoc)
alsohave ... = (T M)t x (yn2)* DU (¥ 2T (ynz)*n(yn
=) U (" Nt x (y M) 1 (y" N =)t * (y N —2)%)
by (metis inf-sup-distribl star-left-unfold-equal)
also have ... < 1
proof (intro sup-least)
show (y' Mz2)t x (yN2)*n1<1
by simp
have (y? M 2) T x (ynz2)* N (ynN -2t =(wIn2)Tnyn-z*)u
(57 N 2)* % (y 1 2)* 11 (y 1 —2)F)
by (smt inf.sup-monoid.add-commute inf-sup-distrib1
star. cire-back-loop-fixpoint star.circ-plus-same sup-commaute mult-assoc)
also have ... < bot
proof (rule sup-least)
have (y7 M 2)T N (yn —2)* <yT' T ny*
by (meson comp-inf.mult-isotone comp-isotone inf.coboundedl
star-isotone)
also have ... = bot
using 1 by (metis acyclic-asymmetric conv-inf-bot-iff
conv-plus-commute star-sup-1 sup.idem mult-assoc)
finally show (y7 M 2)* M (y 1 —2z)* < bot
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have (y" M 2)t x (y M 2)T M (y M —2)F < top x (y M 2) Mtop * (y M —2)
by (smt comp-inf.mult-isotone comp-isotone inf.cobounded! inf.orderE
star.cire-plus-same top.extremum mult-assoc)
also have ... = bot
using 1 by (simp add: top-injective-inf-complement)
finally show (y” M 2)* % (y M 2)* N (y N —2)* < bot

qed
finally show (y" M 2)t « (y M2 N(yn —2)* <1
using bot-least le-bot by blast
have (y7 M 2)T * (yM2)* N (y7 M —2)T % (y N —2)* < (y7 M 2) * top N
(y' M —2) * top
using comp-associative inf.sup-mono mult-right-isotone top.extremum by
presburger
also have ... = bot
using 1 by (simp add: top-injective-inf-complement-2)
finally show (y" M 2)t « (ym2)* N (yT M —2)t * (y M —2)* < 1
using bot-least le-bot by blast
qed
finally show (y7" M 2)T % (y M1 2)* N (y7 M —2)* % (y N —2)* < 1

qed
finally show 2* M (z M —2)* = 1
by (simp add: order.antisym star.circ-reflexive)
qed
qged

Theorem 9.7

lemma acyclic-5b-implies-4:
assumes irreflexive
and acyclic-5b
shows acyclic-4 x
proof (unfold acyclic-4-def, rule alll, rule impI)
fix y
assume y <
hence y* M (z N —y)* < 1
using acyclic-5b-def assms(2) by blast
hence y* Mz —y < 1
by (smt inf.sup-left-divisibility inf.sup-monoid.add-assoc
star.circ-mult-increasing)
hence y* Mz M —y = bot
by (smt assms(1) comp-inf.semiring.mult-zero-left inf.orderE
inf.sup-monoid.add-assoc inf.sup-monoid.add-commute pseudo-complement)
thus z M y* < ——y
using inf.sup-monoid.add-commute pseudo-complement by fastforce
qed

Theorem 9

lemma acyclic-5a-5b:
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acyclic-5a x +— acyclic-5b x
by (simp add: acyclic-5a-def acyclic-5b-def star.circ-reflexive
reflexive-inf-plus-star)

Theorem 9

lemma acyclic-5a-5c:

acyclic-5a © <— acyclic-5¢ x

by (metis acyclic-5a-def acyclic-5¢c-def inf-commute star.circ-reflezive
reflexive-inf-plus-star)

Theorem 9

lemma acyclic-5b-5d:
acyclic-5b © <— acyclic-5d x
proof —
have acyclic-5b 2 +— Vy .y <z — (y" U )N (z N —y)" < 1)
by (simp add: acyclic-5b-def star-left-unfold-equal sup-commute)
also have ... «— acyclic-5d =
by (simp add: inf-sup-distrib2 acyclic-5d-def)
finally show ?thesis

qed

lemma acyclic-5a-5e:
acyclic-5a x +— acyclic-5e x
proof
assume I: acyclic-5a z
show acyclic-5e x
proof (unfold acyclic-5e-def, intro alll, rule impl)
fix y 2z
assume 2: y <z A z<z Ayl z=bot
hence z < z M —y
using p-antitone-iff pseudo-complement by auto
hence y* M z* < 1
using 1 2 by (metis acyclic-5a-def comp-inf.mult-isotone inf.cobounded!
inf.right-idem star-isotone)
thus y* M 2z* = 1
by (simp add: order.antisym star.circ-reflexive)
qed
next
assume I: acyclic-5e z
show acyclic-5a z
proof (unfold acyclic-5a-def, rule alll, rule implI)
fix y
let 2 =2M —y
assume 2: y <
have y M ¢z = bot
by (simp add: inf.left-commute)
thus y* N 22* = 1
using 1 2 by (simp add: acyclic-5e-def)
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qed
qed

Theorem 9

lemma acyclic-5e-5f:
acyclic-5e © <— acyclic-5f x
by (simp add: acyclic-5e-def acyclic-5f-def)

lemma acyclic-5e-down-closed:
assumes z < y
and acyclic-5e y
shows acyclic-5e x
using assms acyclic-5e-def order.trans by blast

lemma acyclic-5a-down-closed:
assumes z < gy
and acyclic-5a y
shows acyclic-5a x
using acyclic-5e-down-closed assms acyclic-5a-5e by blast

further variants of the existence of a linear order

abbreviation linear-orderable-4 x
abbreviation linear-orderable-5 x
abbreviation linear-orderable-6 x
abbreviation linear-orderable-7 x
abbreviation linear-orderable-8 x

transitive © A acyclic x N\ strict-linear x
transitive © A acyclic © N\ linear (z*)
acyclic © A linear (z*)

split 1 (z*) top

split bot (z+) (—1)

lemma linear-orderable-3-4:
linear-orderable-3 x +— linear-orderable-4 x
using transitive-acyclic-asymmetric by blast

lemma linear-orderable-5-implies-6:
linear-orderable-5 x = linear-orderable-6 x
by simp

lemma linear-orderable-6-implies-3:
assumes linear-orderable-6 x
shows linear-orderable-3 (z)
proof —
have 1: transitive (z)
by (simp add: comp-associative mult-isotone star.circ-mult-upper-bound
star.left-plus-below-circ)
have 2: asymmetric (z)
by (simp add: assms acyclic-asymmetric star.circ-transitive-equal
star.left-plus-circ mult-assoc)
have 3: strict-linear (z1)
by (smt assms acyclic-star-inf-conv conv-star-commaute
inf.sup-monoid.add-commute inf-absorb2 madduz-3-13 orientable-11-implies-12
star-left-unfold-equal)
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show ?thesis
using 1 2 3 by simp
qed

lemma linear-orderable-7-implies-1:
linear-orderable-7 v = linear-orderable-1 (z*)
using star.circ-transitive-equal by auto

lemma linear-orderable-6-implies-8:
linear-orderable-6 x = linear-orderable-8 x
by (simp add: linear-orderable-6-implies-3)

abbreviation path-orderable x = univalent © A injective x N\ acyclic © A linear

(z*)

lemma path-orderable-implies-linear-orderable-6:
path-orderable © = linear-orderable-6 x
by simp

definition simple-paths x = 3y . y U yT = 2 A acyclic y N injective y A
univalent y

Theorem 14.1

lemma simple-paths-acyclic-6:
simple-paths © = acyclic-6
using simple-paths-def acyclic-6-def by blast

Theorem 14.2

lemma simple-paths-transitively-orientable:
assumes simple-paths x
shows transitively-orientable (z+ M —1)
proof —
from assms obtain y where 1: y U y7 = z A acyclic y A injective y A
univalent y
using simple-paths-def by auto
let 72y = yT
have 2: transitive ?y
by (simp add: comp-associative mult-right-isotone star.circ-mult-upper-bound
star.left-plus-below-circ)
have 3: asymmetric ?y
using 1 acyclic-plus-asymmetric by auto
have %y U %7 =zt n —1
proof (rule order.antisym)
have 4: %y < zT
using 1 comp-isotone star-isotone by auto
hence %7 < gt
using 1 by (metis conv-dist-sup conv-involutive conv-order
conv-plus-commute sup-commaute)
thus 2y U 2yT <zt —1
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using 1 / by (simp add: irreflexive-conv-closed)
have z7 < y* U 7
using I by (metis cancel-separate-1-sup conv-star-commute
star.left-plus-below-circ)
also have ... = 2y L ?%yT U 1
by (smt conv-plus-commute conv-star-commute star.circ-reflexive
star-left-unfold-equal sup.absorbl sup-assoc sup-monoid.add-commute)
finally show 2t M —1 < 2y U 27
by (metis inf.order-lesseq-imp inf.sup-monoid.add-commute
inf.sup-right-isotone p-inf-sup-below sup-commute)
qed
thus ?thesis
using 2 & transitively-orientable-def by auto
qed

abbreviation spanning ry = y < z A x < (y U y©)* A acyclic y A injective y
definition spannable x = Jy . spanning x y

lemma acyclic-6-implies-spannable:
acyclic-6 x = spannable x
by (metis acyclic-6-def star.circ-increasing sup.cobounded! spannable-def)

lemma acyclic-3a-spannable-implies-6:
assumes acyclic-3a z
and spannable x
and symmetric x
shows acyclic-6 x
by (smt acyclic-6-def acyclic-3a-def assms conv-isotone le-supl spannable-def)

Theorem 10.3

lemma acyclic-6-implies-3a:
acyclic-6 = acyclic-3a z
by (simp add: acyclic-6-implies-4a acyclic-4a-implies-3a)
Theorem 10.3
lemma acyclic-6-implies-2:
acyclic-6 © = acyclic-2 x
by (simp add: acyclic-6-implies-4a acyclic-6-symmetric acyclic-4-implies-2
acyclic-4a-implies-4)
Theorem 11

lemma acyclic-6-3a-spannable:
acyclic-6 © <— symmetric x N\ spannable x N\ acyclic-3a x
using acyclic-6-implies-3a acyclic-3a-spannable-implies-6
acyclic-6-implies-spannable acyclic-6-symmetric by blast

end

context stone-kleene-relation-algebra
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begin
Theorem 11.3

lemma point-spanning:
assumes point p
shows spanning (—1) (p N —1)
spannable (—1)
proof —
let 9y =pnN —1
have I: injective ?y
by (simp add: assms injective-inf-closed)
have 7y x 7y < —1
using assms cancel-separate-5 inf.sup-monoid.add-commute vector-inf-comp
by auto
hence 2: transitive ?y
by (simp add: assms vector-inf-comp)
hence 3: acyclic ?y
by (simp add: transitive-acyclic-irreflexive)
have /: p < 2y U 1
by (simp add: regular-complement-top sup-commute sup-inf-distrib1)
have top = p” * p
using assms order.eq-iff shunt-bijective top-greatest vector-conv-covector by
blast
also have ... < (7y U )T x (?y U 1)
using 4 by (simp add: conv-isotone mult-isotone)
also have ... = (7y U 2y7)*
using 1 2 by (smt order.antisym cancel-separate-1 conv-star-commute
star.circ-mult-1 star.circ-mult-increasing star.right-plus-circ
star-right-induct-mult sup-commute)
finally have —1 < (?y U #yT)*
using top.extremum top-le by blast
thus spanning (—1) (p N —1)
using 1 3 inf.cobounded? by blast
thus spannable (—1)
using spannable-def by blast
qged

lemma irreflexive-star:
(x =1 =z*
proof —
have I: z M1 < (z M —1)*
by (simp add: le-infI2 star.circ-reflexive)
have z M —1 < (z M —1)*
by (simp add: star.circ-increasing)
hence z < (z N —1)*
using 1 by (smt maddux-3-11-pp reqular-one-closed sup.absorb-iff1 sup-assoc)
thus ?thesis
by (metis order.antisym inf.coboundedl star-involutive star-isotone)
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qed
Theorem 6.5

lemma acyclic-2-1:
assumes orientable x
shows acyclic-2 x «+— acyclic-1 z
proof
assume acyclic-2 x
thus acyclic-1 x
using acyclic-2-implies-1 by blast
next
assume I: acyclic-1 x
obtain y where 2: orientation © y N\ symmetric
using assms orientable-def orientable-symmetric by blast
show acyclic-2 z
proof (unfold acyclic-2-def, rule alll, rule impI)
fix z
assume 3: z < z A asymmetric z
let 22 = (——zM2) U (—(zU2T) N y)
have orientation x %z
proof
have 72 U 227 = (——z U ——2D) nz) U (—=(zu 25 1 (y U yT))
by (smt 2 3 comp-inf.semiring.combine-common-factor conv-complement
conv-dist-inf conv-dist-sup inf-sup-distribl orientation-symmetric
sup.left-commute sup-assoc)
also have ... =z
by (metis 2 inf-commute madduz-3-11-pp pp-dist-sup
sup-monotid.add-commute)
finally show 7z LI 227 =z

have 221N 227 = (——zNz) U (—(zu ) ny) N (w2 nz)u (-(zU
) 11 y7)
by (simp add: 2 conv-complement conv-dist-inf conv-dist-sup
inf.sup-monoid.add-commute)
also have ... = ((——zMNz) N (=2 Nz) U (——zn2) N (=(zU 7)) N
yIU((=(zU") Ny N(=="Na) U ((=(zu2")Ny) N (=(zUz") Ny")
by (smt comp-inf.semiring.distrib-left inf-sup-distrib2 sup-assoc)
also have ... = bot
by (smt 2 3 inf.cobounded? inf.left-commute inf.orderE p-dist-sup
pseudo-complement sup.absorb-iff1)
finally show 2z M 227 = bot

qed
hence 4: acyclic 7z
using 1 acyclic-1-def by auto
have z < 22
by (simp add: 3 le-supll pp-increasing)
thus acyclic z
using 4 comp-isotone star-isotone by fastforce
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qed
qed

Theorem 8

lemma acyclic-4-4c:
acyclic-4 x <— acyclic-4c x
proof
assume I: acyclic-4
show acyclic-4c z
proof (unfold acyclic-4c-def, rule alll, rule impl)
fix y
assume 2: y < zx
have z M (z N —y)* < ——(2z N —y)
using 1 acyclic-4-def inf.coboundedl by blast
also have ... < —y
by simp
finally have z M y M (z N —y)* = bot
by (simp add: p-shunting-swap pseudo-complement)
thus y M (z N —y)* = bot
using 2 inf-absorb2 by auto
qed
next
assume 3: acyclic-4c x
show acyclic-4 x
proof (unfold acyclic-4-def, rule alll, rule impI)
fix y
assume 4: y < T
have z M —y M (z N —(z N —y))* = bot
using 3 acyclic-4c-def inf-lel by blast
hence z M —y M (z N ——y)* = bot
using inf-import-p by auto
hence z M —y M (z N y)* = bot
by (smt p-inf-pp pp-dist-star pp-pp-inf-bot-iff)
hence z M —y M y* = bot
using 4 inf-absorb2 by auto
thus 2 N y* < ——y
using p-shunting-swap pseudo-complement by auto
qed
qed

Theorem 9

lemma acyclic-5f-5¢:

acyclic-5f x +— acyclic-5g x
proof

assume acyclic-5f

thus acyclic-5g x

using acyclic-5f-def acyclic-5g-def by auto

next

assume I: acyclic-5g
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show acyclic-5f x
proof (unfold acyclic-5f-def, intro alll, rule impl)
fix y 2z
let %y =z ——y
let 2 =2M —y
assume y Uz <z Ay z= bot
hence y < %y N 2 < 22
using inf.sup-monoid.add-commute pseudo-complement by fastforce
hence y* M z* < 2y* M 22*
using comp-inf.mult-isotone star-isotone by blast
also have ... = 1
using 1 by (simp add: acyclic-5g-def inf.left-commute
inf.sup-monoid.add-commute madduz-3-11-pp)
finally show y* M 2* = 1
by (simp add: order.antisym star.circ-reflexive)
qed
qed

lemma linear-orderable-3-implies-5:
assumes linear-orderable-3 x
shows linear-orderable-5 x
proof —
have top =z U 27 U 1
using assms conv-dist-sup orientable-12-implies-11 sup-assoc sup-commute by
fastforce
also have ... < z* U z*7T
by (smt conv-star-commute star.circ-increasing star-sup-one sup-assoc
sup-commaute sup-mono)
finally show ?thesis
by (simp add: assms top-le transitive-acyclic-asymmetric)
qed

lemma linear-orderable-8-implies-7:
linear-orderable-8 x = linear-orderable-7 x
using orientable-12-implies-11 star-left-unfold-equal sup-commute by fastforce

Theorem 13

lemma exists-split-characterisations-2:

shows (3 z . linear-orderable-1 ©) «— (I . linear-orderable-4 x)

and (Jz . linear-orderable-1 z) +— (Jz . linear-orderable-5 x)

and (3 z . linear-orderable-1 z) +— (I . linear-orderable-6 x)

and (Jz . linear-orderable-1 z) <— (Jz . linear-orderable-7 x)

and (Jz . linear-orderable-1 z) <— (Jz . linear-orderable-8 x)

subgoal 1 using exists-split-characterisations(1) strict-order-transitive-acyclic
by auto

subgoal 2 using 1 linear-orderable-3-implies-5 linear-orderable-6-implies-3
transitive-acyclic-asymmetric by auto

subgoal & using 2 exists-split-characterisations(1) linear-orderable-6-implies-3
by auto
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subgoal using 2 linear-orderable-8-implies-7 linear-orderable-6-implies-3
linear-orderable-7-implies-1 by blast

subgoal using 3 linear-orderable-8-implies-7 asymmetric-irreflecive
linear-orderable-6-implies-3 by blast

done

end

2.3 Arc axiom

class stone-kleene-relation-algebra-arc = stone-kleene-relation-algebra +
assumes arc-aziom: ¢ 7# bot = Jy . arcy Ny < ——z
begin

subclass stone-relation-algebra-tarski
proof unfold-locales

fix z
assume I: reqular r and 2: x # bot
from 2 obtain y where arc y A y < ——z

using arc-aziom by auto
thus top x x x top = top
using 1 by (metis mult-assoc le-iff-sup mult-left-isotone semiring.distrib-left
sup.orderE top.extremum)
qged

context

assumes orientable-path: arc t = ¢ < ——y* = Jz . z < y A asymmetric z
N < ——2zF
begin

Theorem 8.6

lemma acyclic-2-4:
assumes irreflexive
and symmetric ¢
shows acyclic-2 x <— acyclic-4 z
proof
show acyclic-2 x = acyclic-4 x
proof (unfold acyclic-4-def, intro alll, intro impl, rule ccontr)
fix y
assume [: acyclic-2 z and 2: y < zand 3: ~2zMNy" < ——y
hence z M y* M —y # bot
by (simp add: pseudo-complement)
from this obtain z where 4: arc z A z < ——(z M y* N —y)
using arc-aziom by blast
from this obtain w where 5: w < y A asymmetric w A z < ——w*
using orientable-path by auto
let 7y = w U (27 M 2)
have 6: 7y < z
using 2 5 by auto
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have 7y N 7y = (wnNowh) U (wnzNaHu Grnaznw) U GE'Nnanz
nzT)
by (simp add: inf.commute sup.commute inf.left-commute sup.left-commute
conv-dist-inf conv-dist-sup inf-sup-distrib1)
also have ... < bot
proof (intro sup-least)
show w M w? < bot
by (simp add: 5)
have w Mz M2l < ymMz
by (simp add: 5 inf.coboundedll)
also have ... < y M —y
using / by (metis eq-refl inf.coboundedl inf.left-commute
inf.sup-monoid.add-commute inf-p order-trans pseudo-complement)
finally show w M z M 27 < bot
by simp
thus 27 Mz 1wl < bot
by (smt conv-dist-inf conv-inf-bot-iff inf .left-commute
inf.sup-monoid.add-commute le-bot)
have irreflexive z
by (meson 4 assms(1) dual-order.trans irreflexive-complement-reflexive
irreflexive-inf-closed reflexive-complement-irreflexive)
hence asymmetric z
using / by (simp add: pseudo-complement irreflexive-inf-arc-asymmetric)
thus 2" Mz M znzT < bot
by (simp add: inf.left-commute inf.sup-monoid.add-commute)
qged
finally have acyclic ?y
using 1 6 by (simp add: le-bot acyclic-2-def)
hence 2y* M %yT = bot
using acyclic-star-below-complement-1 by blast
hence w* M %yT = bot
using dual-order.trans pseudo-complement star.circ-sub-dist by blast
hence w* M z M 27 = bot
by (simp add: comp-inf.semiring.distrib-left conv-dist-inf conv-dist-sup
inf.sup-monoid.add-assoc)
hence z M z7 = bot
using 5 by (metis comp-inf.p-pp-comp inf.absorb2 pp-pp-inf-bot-iff)
hence z M ——x = bot
using assms(2) pseudo-complement by auto
hence z = bot
using 4 inf.orderE by auto
thus Fulse
using 3 4 comp-inf.coreflexive-pseudo-complement inf-bot-right by auto
qed
next
show acyclic-4 * = acyclic-2 x
by (simp add: assms(2) acyclic-4-implies-2)
qed
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end
end

context kleene-relation-algebra
begin

Theorem 8

lemma acyclic-3a-implies-4b:
assumes acyclic-3a
shows acyclic-4b x
proof (unfold acyclic-4b-def, rule alll, rule impl)
fix y
let 2y =(zMN —y*) Uy
assume I: y < z
have z = (z M —y*) U (z M y*)
by simp
also have ... < %y U y*
using shunting-var by fastforce
also have ... < 2y*
by (simp add: star.circ-increasing star.circ-sub-dist sup-commute)
finally have 7%y = z
using 1 assms acyclic-3a-def by simp
hence z M y* = y N y*
by (smt (23) inf.sup-monoid.add-commute inf-sup-absorb inf-sup-distrib2
maddux-3-13 sup-commute sup-inf-absorb)
thusz Ny =y
by (simp add: inf-absorbl star.circ-increasing)
qed

lemma acyclic-3a-4b:
acyclic-3a x <— acyclic-4b x
using acyclic-3a-implies-4b acyclic-4a-4b acyclic-4a-implies-3a by blast

lemma acyclic-4-4a:

acyclic-4 © <— acyclic-4a x

by (simp add: acyclic-4-def acyclic-4a-def)
2.4 Counterexamples

Calls to nitpick have been put into comments to save processing time.

independence of (0)

lemma symmetric © = irreflexive-inf x = orientable x
nitpick[expect=genuine,card=4,timeout=600]

0oops

lemma linear-orderable-6 © —> path-orderable x
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nitpick[expect=genuine,card=8,timeout=600]
oops
(5) does not imply (6)
lemma symmetric t = irreflexive t = acyclic-5a © = acyclic-6 x
nitpick[expect=genuine,card=4,timeout=600]
oops
(2) does not imply (4)
lemma symmetric © = irreflexive xt = acyclic-2 v = acyclic-4 z
nitpick[expect=genuine,card=8,timeout=600]
oops

end

end

3 Axioms and Algorithmic Proofs

In this theory we verify the correctness of three basic graph algorithms. We
use them to constructively prove a number of graph properties.

theory Algorithms
imports HOL— Hoare. Hoare-Logic Forests
begin

context stone-kleene-relation-algebra-arc
begin

Assuming the arc axiom we can define the function choose-arc that se-
lects an arc in a non-empty graph.

definition choose-arc © = if x = bot then bot else SOME y . arc y N y < ——=x

lemma choose-arc-below:

choose-arc v < ——zx
proof (cases x = bot)
case True

thus ?thesis
using choose-arc-def by auto

next
let P =Xy .arcy Ny < ——z
case Fulse

have ?P (SOME y . 7P y)
apply (rule somel-ex)

35



using somel-ex False arc-axiom by auto
thus ?thesis
using False choose-arc-def by auto
qed

lemma choose-arc-arc:
assumes z # bot
shows arc (choose-arc x)
proof —
let 2P =Xy .arcyNy<——=x
have ?P (SOME y . 7P y)
apply (rule somel-ex)
using somel-ex assms arc-axiom by auto
thus ?thesis
using assms choose-arc-def by auto
qed

lemma choose-arc-bot:
choose-arc bot = bot
by (metis bot-unique choose-arc-below regular-closed-bot)

lemma choose-arc-bot-iff:

choose-arc x = bot <— x = bot

using covector-bot-closed inf-bot-right choose-arc-arc vector-bot-closed
choose-arc-bot by fastforce

lemma choose-arc-reqular:
regqular (choose-arc x)
proof (cases x = bot)
assume z = bot
thus ?thesis
by (simp add: choose-arc-bot)
next
assume z # bot
thus ?thesis
by (simp add: arc-regular choose-arc-arc)
qed

3.1 Constructing a spanning tree

definition spanning-forest f g = forest f A f < ——g A components g <
forest-components f A regular f

definition kruskal-spanning-invariant f ¢ h = symmetric g A h = hT A g ——h
= h A spanning-forest f (—h M g)

lemma spanning-forest-spanning:

spanning-forest f g = spanning (——g) [

by (smt (23) cancel-separate-1 order-trans star.circ-increasing
spanning-forest-def)
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lemma spanning-forest-spanning-reqular:
assumes reqular f
and regular g
shows spanning-forest f g <— spanning g f
by (smt (28) assms cancel-separate-1 components-increasing dual-order.trans
forest-components-star star-isotone spanning-forest-def)

We prove total correctness of Kruskal’s spanning tree algorithm (ignoring
edge weights) [6]. The algorithm and proof are adapted from the AFP the-
ory Relational-Minimum-Spanning-Trees. Kruskal to work in Stone-Kleene
relation algebras [3, 4].

lemma kruskal-ve-1:
assumes symmetric g
shows kruskal-spanning-invariant bot g g
proof (unfold kruskal-spanning-invariant-def, intro conjI)
show symmetric g
using assms by simp
next
show g = g7
using assms by simp
next
show g ——g =g
using inf.sup-monoid.add-commute selection-closed-id by simp
next
show spanning-forest bot (—g M g)
using star.circ-transitive-equal spanning-forest-def by simp
qed

For the remainder of this theory we assume there are finitely many regu-
lar elements. This means that the graphs are finite and is needed for proving
termination of the algorithms.

context
assumes finite-reqular: finite { x . regular « }
begin

lemma kruskal-ve-2:
assumes kruskal-spanning-invariant f g h
and h # bot
shows (choose-arc h < —forest-components f — kruskal-spanning-invariant
((f 11 —(top * choose-arc h * fF*)) LI (f M top * choose-arc h * fT*)T LI
choose-arc h) g (h M —choose-arc h M —choose-arc h'')
A card { x . reqgular x ANz < ——h Az <
—choose-arc h A x < —choose-arc hT } < card { x . reqular x A z < ——h }) A
(= choose-arc h < —forest-components f — kruskal-spanning-invariant f
g (h M —choose-arc h 1M —choose-arc hT)
A card { . reqular x Nz < ——h Az <
—choose-arc h \ z < —choose-arc hT } < card { z . regular x A * < ——h })
proof —
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let ?e = choose-arc h
let 2f = (f M —(top * Ze * f1*)) U (f M top x Ze x fI)T U 2e
let ?h = h M —%2em — 27
let ?F = forest-components f
let ?n1 = card { = . reqgular x N © < ——h }
let ?n2 = card { . reqular z Nz < —h Az < —%e ANz < %"}
have 1: regular f A regular %e
by (metis assms(1) kruskal-spanning-invariant-def spanning-forest-def
choose-arc-regular)
hence 2: regular ?f A regular ?F A regular (?7e)
using regular-closed-star regular-conv-closed reqular-mult-closed by simp
have 3: = %e < —%¢
using assms(2) inf.orderE choose-arc-bot-iff by fastforce
have 4: 7n2 < nl
apply (rule psubset-card-mono)
using finite-reqular apply simp
using 1 3 kruskal-spanning-invariant-def choose-arc-below by auto
show (%e < —?2F — kruskal-spanning-invariant ?f g ?h A %n2 < 9nl) A (- %e
< —2F — kruskal-spanning-invariant f g ?h N n2 < ?nl)
proof (rule conjl)
have 5: injective ?f
apply (rule kruskal-injective-inv)
using assms(1) kruskal-spanning-invariant-def spanning-forest-def apply
stmp
apply (simp add: covector-mult-closed)
apply (simp add: comp-associative comp-isotone star.right-plus-below-circe)
apply (meson mult-left-isotone order-lesseq-imp star-outer-increasing
top. extremum)
using assms(1,2) kruskal-spanning-invariant-def kruskal-injective-inv-2
choose-arc-arc spanning-forest-def apply simp
using assms(2) arc-injective choose-arc-arc apply blast
using assms(1,2) kruskal-spanning-invariant-def kruskal-injective-inv-3
choose-arc-arc spanning-forest-def by simp
show ?e < —2F — kruskal-spanning-invariant ?f g ?h \ %n2 < ?nl
proof
assume 6: ¢ < —7F
have 7: equivalence ?F
using assms(1) kruskal-spanning-invariant-def
forest-components-equivalence spanning-forest-def by simp
have %7 x top * 2T = 2eT
using assms(2) by (simp add: arc-top-arc choose-arc-arc)
hence ?e” x top x 2eT < —2F
using 6 7 conv-complement conv-isotone by fastforce
hence 8: %e x ?F * ?e = bot
using le-bot triple-schroeder-p by simp
show kruskal-spanning-invariant ?f g ?h A n2 < ?ni
proof (unfold kruskal-spanning-invariant-def, intro conjI)
show symmetric g
using assms(1) kruskal-spanning-invariant-def by simp
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next
show ?h = 7nT
using assms(1) by (simp add: conv-complement conv-dist-inf
inf-commute inf-left-commute kruskal-spanning-invariant-def)
next
show g M ——%h = ?h
using 1 2 by (metis assms(1) kruskal-spanning-invariant-def inf-assoc
pp-dist-inf)
next
show spanning-forest 2f (—2h 1 g)
proof (unfold spanning-forest-def, intro conjl)
show injective 2f
using 5 by simp
next
show acyclic ?f
apply (rule kruskal-acyclic-inv)
using assms(1) kruskal-spanning-invariant-def spanning-forest-def
apply simp
apply (simp add: covector-mult-closed)
using 8 assms(1) kruskal-spanning-invariant-def spanning-forest-def
kruskal-acyclic-inv-1 apply simp
using 8 apply (metis comp-associative mult-left-sub-dist-sup-left
star.cire-loop-fixpoint sup-commaute le-bot)
using 6 by (simp add: p-antitone-iff)
next
show 7f < ——(—%h 1 g)
apply (rule kruskal-subgraph-inv)
using assms(1) kruskal-spanning-invariant-def spanning-forest-def
apply simp
using assms(1) apply (metis kruskal-spanning-invariant-def
choose-arc-below order.trans pp-isotone-inf)
using assms(1) kruskal-spanning-invariant-def apply simp
using assms(1) kruskal-spanning-invariant-def by simp
next
show components (—?h M g) < forest-components 2f
apply (rule kruskal-spanning-inv)
using 5 apply simp
using 1 regular-closed-star regular-conv-closed regular-mult-closed apply
stmp
using 1 apply simp
using assms(1) kruskal-spanning-invariant-def spanning-forest-def by
stmp
next
show regular ?f
using 2 by simp
qed
next
show 2n2 < ni
using 4 by simp
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qed
qed
next
show — %e < —%F — kruskal-spanning-invariant f g ?h A ?n2 < ?nl
proof
assume — ¢ < —2F
hence 9: %e < ?F
using 2 assms(2) arc-in-partition choose-arc-arc by fastforce
show kruskal-spanning-invariant f g ?h N n2 < ?nl
proof (unfold kruskal-spanning-invariant-def, intro conjl)
show symmetric g
using assms(1) kruskal-spanning-invariant-def by simp
next
show ?h = 7nT
using assms(1) by (simp add: conv-complement conv-dist-inf
inf-commute inf-left-commute kruskal-spanning-invariant-def)
next
show g M ——2h = ?h
using 1 2 by (metis assms(1) kruskal-spanning-invariant-def inf-assoc
pp-dist-inf)
next
show spanning-forest f (—%?h 11 g)
proof (unfold spanning-forest-def, intro conjl)
show injective f
using assms(1) kruskal-spanning-invariant-def spanning-forest-def by

stmp
next
show acyclic f
using assms(1) kruskal-spanning-invariant-def spanning-forest-def by
stmp
next
have f < ——(=h M g)
using assms(1) kruskal-spanning-invariant-def spanning-forest-def by
stmp

also have ... < ——(=?%n 1M g)
using comp-inf.mult-right-isotone inf.sup-monoid.add-commute
inf-left-commute p-antitone-inf pp-isotone by auto
finally show f < ——(—%?h M g)
by simp
next
show components (—?h M g) < ?2F
apply (rule kruskal-spanning-inv-1)
using 9 apply simp
using 1 apply simp
using assms(1) kruskal-spanning-invariant-def spanning-forest-def
apply simp
using assms(1) kruskal-spanning-invariant-def
forest-components-equivalence spanning-forest-def by simp
next
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show regular f
using 1 by simp
qed
next
show 7n2 < ?ni
using 4 by simp
qed
qed
qed
qged

theorem kruskal-spanning:
VARS e f h
[ symmetric g ]
f = bot;
h:=g;
WHILE h # bot
INV { kruskal-spanning-invariant f g h }
VAR { card { x . reqular x Nz < ——h } }
DO e := choose-arc h;
IF e < —forest-components f THEN
fr=(nN —(topxexff))U(fMtopxex T Le
ELSE
SKIP
FI;
h:=hm —emn —e”
oD
[ spanning-forest f g ]
apply vcg-tc-simp
using kruskal-vc-1 apply simp
using kruskal-ve-2 apply simp
using kruskal-spanning-invariant-def by auto

lemma kruskal-exists-spanning:
symmetric g => 3 f . spanning-forest f g
using tc-extract-function kruskal-spanning by blast

Theorem 16

lemma symmetric-spannable:
symmetric ¢ = spannable (——g)
using kruskal-ezists-spanning spanning-forest-spanning spannable-def by blast

3.2 Breadth-first search

We prove total correctness of a simple breadth-first search algorithm. It is
a variant of an algorithm discussed in [1].

theorem bfs-reachability:
VARS p q t
[ regular r A regular s A vector s |
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t := bot;
q:=s
pi=—sMrl xs;
WHILE p # bot

INV { regular r A regular g A vector ¢ A asymmetrict Nt <r At<qgAq=
tr xsAp=—qnrl xq}

VAR { card { z . reqular AN v < ——(—q M 7% % 5) } }
DO t:=tU (rngqx*ph);

q:=qup
p::—qI_IrT*p
oD

[ asymmetrict N\t < rAqg=tT"xsANqg=r
proof vcg-tc

T %
fixpgqgt

* 8]
assume reqular r N\ regular s N\ vector s

thus regular v A regular s A vector s N\ asymmetric bot A bot < r A bot < s A's
=bot™ x s A —sMrT xs=—snrl xs
by (simp add: star.circ-zero)

next

fixpaqgt

assume [: (reqular r A regular g A\ vector ¢ A asymmetric t Nt < r At < qgA
g=t""xsAp=—qnrl xq) A= p# bot

have ¢ = rT* x s

apply (rule order.antisym)

using 1 conv-order mult-left-isotone star-isotone apply simp

using 1 by (metis inf.sup-monoid.add-commute mult-1-left mult-left-isotone
mult-right-isotone order-lesseq-imp pseudo-complement star.circ-reflexive
star-left-induct-mult)

thus asymmetrict N\t <r Aqg=t"*xsNqg=r

using 1 by simp

T x
next

x 8
fixnpgqgt

assume 2: ((regular r A regular g A vector g A asymmetric t Nt <r At <gqA

g=t""xsAp=—qnrT xq) Ap#bot) A card { x . reqgular v AN v < ——(—q
Nri* xs)}=n
hence 3: vector p

using vector-complement-closed vector-inf-closed vector-mult-closed by blast
show (—(q U p) N rT % p, qUp, t U (rqgxph))

€ { trip . (case trip of (p, q, t) = regular r A regular g A\ vector q A
asymmetrict Nt < rAt<qgAqg=tT"xsAp=—qnrl xq) A

(case trip of (p, g, t) = card { x . reqular x N © < ——(—q M r1*
*s)}) <n}
apply (rule Collectl, rule conjI)

subgoal proof (intro case-prodl, intro conjl)
show regular r

using 2 by blast
show regular (¢ U p)

using 2 regular-conv-closed reqular-mult-closed by force
show vector (¢ U p)
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using 2 vector-complement-closed vector-inf-closed vector-mult-closed
vector-sup-closed by force
show asymmetric (t U (r 1 q * pT))
proof —
have t M (r Mg p!)T <t px ¥
by (metis comp-inf.mult-right-isotone conv-dist-comp conv-involutive
conv-order inf.cobounded?2)
also have ... < ¢t p
using 3 by (metis comp-inf.mult-right-isotone
comp-inf.star.circ-sup-sub-sup-one-1 inf.boundedE le-sup-iff mult-right-isotone)
finally have 4: t M (r M ¢ * p©)T = bot
using 2 by (metis order.antisym bot-least inf.sup-monoid.add-assoc
pseudo-complement)
hence 5: r M g * pT M t7 = bot
using conv-inf-bot-iff inf-commute by force
have r Mg+ p M (rMqgx p)T < qgxpl' Mpxq"
by (metis comp-inf.comp-isotone conv-dist-comp conv-involutive
conv-order inf.cobounded?2)
also have ... < ¢ Mp
using 2 3 by (metis comp-inf.comp-isotone inf.cobounded1
vector-covector)
finally have 6: v M ¢ * p” M (r 1 ¢ * p7)T = bot
using 2 by (metis inf.coboundedl! inf.sup-monoid.add-commute le-bot
pseudo-complement)
have (t U (rg*xp!)) N (tU(rngxp! )T =@ntHu@En(rngsx
PO u(rngxp! Nty u(rngxplt n(rngxph)t)
by (simp add: sup.commute sup.left-commute conv-dist-sup
inf-sup-distrib1 inf-sup-distrib2)
also have ... = bot
using 2 4/ 5 6 by auto
finally show ?thesis

qed
show ¢t L (rMgx*p") <r
using 2 by (meson inf.cobounded! le-supl)
show t U (rmgxpl) < quUp
using 2 by (metis comp-inf.star.circ-sup-sub-sup-one-1 inf.absorb2
inf.coboundedl?2 inf.sup-monoid.add-commute le-sup-iff mult-right-isotone
sup-left-divisibility)
show qUp=(tU (rmgx*p")T* xs
proof (rule order.antisym)
have 7: ¢ < (t U (r M g* p?)T* x s
using 2 by (metis conv-order mult-left-isotone star-isotone
sup-left-divisibility)
have —q M (r Mg+ p)T x g < (U (r1gxpt)T x 7% x s
using 2 comp-associative conv-dist-sup inf.coboundedl2
mult-right-sub-dist-sup-right by auto
also have ... < (t U (r M g* pT))T* x s
by (simp add: conv-dist-sup mult-left-isotone star.circ-increasing
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star. cire-mult-upper-bound star.circ-sub-dist)
finally have 8: —q M (r g+ p")T x g < (tU (r1gxpt))T* x s
have 9: (r M —q)* % ¢ = bot
using 2 by (metis conv-dist-inf covector-inf-comp-3 pp-inf-p
semiring.mult-not-zero vector-complement-closed)
have —q M (r M —(q* p")" * ¢=—gN (r1 (—gU —p")" * ¢
using 2 3 by (metis p-dist-inf vector-covector)

also have ... = (—q¢ M (r 1 —q)T x q) U (=g N (r 11 —ph)T % ¢q)
by (simp add: conv-dist-sup inf-sup-distribl mult-right-dist-sup)
also have ... = —¢ M (r N —p")7T x ¢
using 9 by simp
alsohave ... = —¢gn —pn T % ¢

using 3 by (metis conv-complement conv-dist-inf conv-involutive
inf.sup-monoid.add-assoc inf-vector-comp vector-complement-closed)
finally have 10: —q 1 (r 1 —(q * p™))T % ¢ = bot
using 2 inf-import-p pseudo-complement by auto
have r = (r M g * p) U (r 1 —(q * p7))
using 2 by (smt (28) madduz-3-11-pp pp-dist-comp regular-closed-inf
reqular-conv-closed)
hence p=—¢M ((rf g+ pt) U (r1 —(gx p)NT % ¢
using 2 by auto
also have ... = (—q¢ M (r Mg+ p)T % q) U (=g (r 11 —(g * p"))T * q)
by (simp add: conv-dist-sup inf-sup-distrib1 semiring.distrib-right)
also have ... < (t U (r M g * pT)T* x s
using 8 10 le-sup-iff bot-least by blast
finally show ¢ LI p < (t U (r M g * p)T* x s
using 7 by simp
have 11: tT x ¢ < rT x ¢
using 2 conv-order mult-left-isotone by auto
have t7 x p < tT «x top
by (simp add: mult-right-isotone)

also have ... = tT x g U tT x —¢

using 2 regular-complement-top semiring.distrib-left by force
also have ... = tT x ¢
proof —

have t7 « —q = bot
using 2 by (metis bot-least conv-complement-sub conv-dist-comp
conv-involutive mult-right-isotone regular-closed-bot stone sup.absorb2
sup-commute)
thus ?thesis
by simp
qged
finally have 12: t7 x p < T x ¢
using 11 order.trans by blast
have 13: (r M q* pT)T x ¢ <17 x ¢
by (simp add: conv-dist-inf mult-left-isotone)
have (r Mg pI)T xp<p
using 3 by (metis conv-dist-comp conv-dist-inf conv-involutive
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inf.coboundedI2 mult-isotone mult-right-isotone top.extremum)
hence 14: (r 1 g p!)T xp <7l x ¢
using 2 le-infE by blast
have (t U (rMgxpI )T« (qup)=tT xquUtT xpU (rngxph)T % ¢
U (rmgxp")T +p
by (metis conv-dist-sup semiring.distrib-left semiring. distrib-right
sup-assoc)
also have ... < T x ¢
using 11 12 13 14 by simp
finally have (t U (r Mg p?))T * (¢qUp) < qUp
using 2 by (metis madduz-3-21-pp sup.boundedE sup-right-divisibility)
thus (t U (rg*xp")T*xs<qUp
using 2 by (smt (verit, ccfv-SIG) star.circ-loop-fizpoint star-left-induct
sup.bounded-iff sup-left-divisibility)
qed
show —(qU p) 77« p=—(gUp) Nrl « (qU p)
proof (rule order.antisym)
show —(quU p) M 7T« p < —(¢gUp) T % (qgU p)
using inf.sup-right-isotone mult-left-sub-dist-sup-right by blast
have 15: — (qU p) Nl % (quUp)=—(quUp)Nrl xqu — (gUp) N
T % p
by (simp add: comp-inf.semiring.distrib-left mult-left-dist-sup)
have — (¢qUp)Nrlxq¢g< —(qup)nrl xp
using 2 by (metis bot-least p-dist-inf p-dist-sup p-inf-sup-below
pseudo-complement)
thus — (¢Up) Nl x(quUp) < —(qup nrlxp
using 15 sup.absorb2 by force
qed
qed
subgoal proof clarsimp
have card { z . reqgular z ANz < —gAz < —p Az < ——T* x5} < card
{z.reqularz Az < ——(—q M rT* % 5) }
proof (rule psubset-card-mono)
show finite { = . reqular t A z < ——(—q M rT* x 5) }
using finite-reqular by simp
show { z . reqularz Nz < —gANz < -pAz<——(rT*xs)}c{z.
reqular v A x < ——(—q M 7% x s5) }
proof —
have Ve . 1< —qgA 2 < —(1rT*  xs) — 2 < ——(—qM rT* x 5)
by auto
hence 16: { z . reqular t A1 < —qgA 2 < —pAz< —(T*xs)} C{
z . reqular x Az < ——(—q M rT* x 5) }
by blast
have 17: regular p
using 2 reqular-conv-closed regular-mult-closed by force
hence 18: = p < —p
using 2 by (metis inf.absorbl pp-inf-p)
have 19: p < —¢q
using 2 by simp
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have T % ¢ < rT* % s

using 2 by (metis (no-types, lifting) comp-associative conv-dist-sup
mult-left-isotone star.circ-increasing star.circ-mult-upper-bound star.circ-sub-dist
sup-left-divisibility)
hence 20: p < ——(rT* x s)
using 2 le-infI2 order-lesseq-imp pp-increasing by blast
hence 21: p < ——(—q M rT* x s)
using 2 by simp
show ?thesis
using 16 17 18 19 20 21 by blast
qged
qed
thus card { z . reqgular s N2 < —gAhz < —pAz< ——(T"xs)}<n
using 2 by auto
qed
done
qed

Theorem 18

lemma bfs-reachability-exists:

reqular v A reqular s A vector s => 3t . asymmetric t Nt < r ANtT* x s =r
* 8

using tc-extract-function bfs-reachability by blast

Theorem 17

T *

lemma orientable-path:
arcx = x < ——y* = 3z .2 < y A asymmetric z N t < ——2z*
proof —
assume I: arc v and 2: z < ——y*
hence regular (——y) A regular (z * top) A vector (x x top)
using bijective-reqular mult-assoc by auto
from this obtain ¢t where 3: asymmetric t N t < ——y A
(——9)T* + (x + top)
using bfs-reachability-ezists by blast
let 2z=tMNy
have 27  top * 27 < (——y
using 1 2 by (metis arc-top-arc conv-complement conv-isotone
conv-star-commaute arc-conv-closed pp-dist-star)
hence 27" < (——9)T* % z  top
using 1 comp-associative conv-dist-comp shunt-bijective by force
also have ... = tT* % z * top
using 3 mult-assoc by force
finally have z7 * top * 27 < tT*
using 1 comp-associative conv-dist-comp shunt-bijective by force
hence zT < ¢T*
using 1 by (metis arc-top-arc arc-conv-closed)
also have ... < (——%2)T*
using 3 by (metis conv-order inf.orderE inf-pp-semi-commute star-isotone)
finally have z < —— %2*

tT* % (z * top) =

)T*
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using conv-order conv-star-commute pp-dist-star by fastforce

thus 32 . z < y A asymmetric z N x < ——2*
using 3 asymmetric-inf-closed inf.cobounded? by blast
qed

3.3 Extending partial orders to linear orders

We prove total correctness of Szpilrajn’s algorithm [7]. A partial-correctness
proof using Prover9 is given in [2].

theorem szpilrajn:
VARS e t
[ order p A regular p ]
L= p;
WHILE t U tT # top
INV { order t A regular t AN p <t}
VAR { card { = . reqular x Az < —(t LU tT) } }
DO e := choose-arc (—(t U t1));
t=tUit*xext
oD
[ linear-order t A p < t]
proof vcg-tc-simp
fix t
let ?e = choose-arc (—t M —t7T)
let ?tet =t % %e x t
let ¢t =t LU %tet
let %s1 ={x.reqularz ANz < —t ANz < —%tet Ao < —27}
let 22 ={ z.reqgularzx ANz < —tAz<—tT}
assume I: reflexive t A transitive t N\ antisymmetric t N\ reqular t A p < t A =
linear t
show reflexive 7t A
transitive 2t N\
antisymmetric 2t A
t=1U ——7%tet N
p < 2t A
card ?s1 < card ?s2
proof (intro conjl)
show reflexive ¢t
using 1 by (simp add: sup.coboundedI1)
have —¢ M —tT # bot
using 1 regular-closed-top regular-conv-closed by force
hence 2: arc %e
using choose-arc-arc by blast
have 2t x %t = t x t U t x Ztet U Ztet = ¢t Ll Ptet x 2tlet
by (smt (28) mult-left-dist-sup mult-right-dist-sup sup-assoc)
also have ... < 2¢
proof (intro sup-least)
show ¢t x t < 2t
using 1 sup.coboundedll by blast
show t x ftet < %t
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using I by (metis le-supI2 mult-left-isotone mult-assoc)
show %tet x t < 2¢
using 1 mult-right-isotone sup.coboundedI2 mult-assoc by auto
have %e x t x t x %e < %e
using 2 by (smt arc-top-arc mult-assoc mult-right-isotone mult-left-isotone
top-greatest)
hence transitive ?tet
by (smt mult-assoc mult-right-isotone mult-left-isotone)
thus 2tet x 2tet < 2t
using le-supl2 by auto
qed
finally show transitive ?t

have 3: %2e < —tT
by (metis choose-arc-below inf.cobounded? order-lesseq-imp p-dist-sup
regular-closed-p)
have 4: %e < —t
by (metis choose-arc-below inf.coboundedl order-trans regular-closed-inf
regular-closed-p)
have 7t 11 2tT = (¢ 11 #7) U (¢ 1 2tet?) U (2tet 1 t7) U (2tet N 2tet?)
by (smt (23) conv-dist-sup inf-sup-distribl inf-sup-distrib2
sup-monoid.add-assoc)
also have ... < 1
proof (intro sup-least)
show antisymmetric t
using 1 by simp
have t x tx t =t
using 1 preorder-idempotent by fastforce
also have ... < — 2T
using 3 by (metis p-antitone-iff conv-complement conv-order
conv-involutive)
finally have 1T % 26T 5 T < —t
using triple-schroeder-p by blast
hence ¢ M ?tet” = bot
by (simp add: comp-associative conv-dist-comp p-antitone
pseudo-complement-pp)
thus ¢ 1 ?tet” < 1
by simp
thus ?tet N 7 < 1
by (smt conv-isotone inf-commute conv-one conv-dist-inf conv-involutive)
have %e x t x %e < %¢
using 2 by (smt arc-top-arc mult-assoc mult-right-isotone mult-left-isotone
top-greatest)
also have ... < —¢T
using 3 by simp
finally have %tet < —2¢T
by (metis conv-dist-comp schroeder-3-p triple-schroeder-p)
hence t * t * %e x t x t < —2eT
using [ by (metis preorder-idempotent mult-assoc)
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hence T x 2eT x tT < —%tet
using triple-schroeder-p mult-assoc by auto
hence ?tet 1M ?tet” = bot
by (simp add: conv-dist-comp p-antitone pseudo-complement-pp mult-assoc)
thus antisymmetric ?tet
by simp
qed
finally show antisymmetric %t

show 7t =t U ——%tet
using 1 choose-arc-reqular reqular-mult-closed by auto
show p < ?¢
using I by (simp add: le-supIl)
show card ?s1 < card ?s2
proof (rule psubset-card-mono)
show finite { = . reqular z Nz < —t ANz < —tT }
using finite-reqular by simp
show { z . reqularz ANz < —t Nz < —%tet Az < =21 } C {z. reqular x
Ne<—thnz<—tT}
proof —
have Vz . reqular x Nt < —t Nz < —2tet Az < —2tT — reqular z A
< —tAz<—tT
using conv-dist-sup by auto
hence 5: { z . reqular v N v < —t ANz < —Ptet No < 2T Y C{x.
reqular t A v < —t Az < —tT}
by blast
have 6: reqular %e A %e < —t A\ %e < —tT
using 2 3 4 choose-arc-reqular by blast
have = %¢ < — %tet
proof
assume 7: %e < —%tet
have %¢ < %e x t
using 1 by (meson mult-right-isotone mult-sub-right-one order.trans)
also have %e x t < —(t7 * %e)
using 7 p-antitone-iff schroeder-3-p mult-assoc by auto
also have ... < —(17 x %)
using 1 conv-isotone mult-left-isotone p-antitone by blast
also have ... = —%¢
by simp
finally show Fulse
using 1 2 by (smt (23) bot-least eg-refl inf.absorbl pseudo-complement
semiring.mult-not-zero top-le)
qged
thus ?thesis
using 5 6 by blast
qed
qed
ged
qed
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Theorem 15

lemma szpilrajn-exists:
order p N regular p = At . linear-order t AN p < t
using tc-extract-function szpilrajn by blast

lemma complement-one-transitively-orientable:
transitively-orientable (—1)

proof —
have 31t . linear-order t

using szpilrajn-exists bijective-one-closed bijective-regular order-one-closed by

blast
thus ?thesis

using exists-split-characterisations(4) by blast

qed

end

end

end
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