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Abstract

We give a simple relation-algebraic semantics of read and write
operations on associative arrays. The array operations seamlessly in-
tegrate with assignments in the Hoare-logic library. Using relation al-
gebras and Kleene algebras we verify the correctness of an array-based
implementation of disjoint-set forests using the union-by-rank strategy
and find operations with path compression, path splitting and path
halving.
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1 Overview

Relation algebras and Kleene algebras have previously been used to reason
about graphs and graph algorithms [2, 3, 4, 5, 9, 13, 16]. The operations
of these algebras manipulate entire graphs, which is useful for specification
but not directly intended for implementation. Low-level array access is
a key ingredient for efficient algorithms [6]. We give a relation-algebraic
semantics for such read/write access to associative arrays. This allows us
to extend relation-algebraic verification methods to a lower level of more
efficient implementations.

In this theory we focus on arrays with the same index and value sets,
which can be modelled as homogeneous relations and therefore as elements
of relation algebras and Kleene algebras [14, 18]. We implement and verify
the correctness of disjoint-set forests with path compression strategies and
union-by-rank [6, 8, 17].

In order to prepare this theory for future applications with weighted
graphs, the verification uses Stone relation algebras, which have weaker ax-
ioms than relation algebras [10].

Section 2 contains the simple relation-algebraic semantics of associative
array read and write and basic properties of these access operations. In Sec-
tion 3 we give a Kleene-relation-algebraic semantics of disjoint-set forests.
The make-set operation, find-set with path compression and the naive union-
sets operation are implemented and verified in Section 4. Section 5 presents
further results on disjoint-set forests and relational array access. The ini-
tialisation of disjoint-set forests, path halving and path splitting are imple-
mented and verified in Section 6. In Section 7 we study relational Peano
structures and implement and verify union-by-rank. Section 8 instantiates
the Peano axioms by Boolean matrices.

This Isabelle/HOL theory formally verifies results in [11] and an ex-
tended version of that paper [12]. Theorem numbers from the extended
version of the paper are mentioned in the theories for reference. See the
paper for further details and related work.

Several Isabelle/HOL theories are related to disjoint sets. The the-
ory HOL/Library/Disjoint_Sets.thy contains results about partitions and
sets of disjoint sets and does not consider their implementation. An imple-
mentation of disjoint-set forests with path compression and a size-based
heuristic in the Imperative/HOL framework is verified in Archive of For-
mal Proofs entry [15]. Improved automation of this proof is considered in
Archive of Formal Proofs entry [19]. These approaches are based on logical
specifications whereas the present theory uses relation algebras and Kleene
algebras.



theory Disjoint-Set-Forests

imports
HOL— Hoare.Hoare-Logic
Stone-Kleene-Relation-Algebras. Kleene-Relation-Algebras
begin

no-notation minus (infixl «(—> 65)
unbundle no trancl-syntax

context p-algebra
begin

abbreviation minus :: ‘a = ‘a = ’a (infixl (—) 65)
where z —y=2z M —y

end

An arc in a Stone relation algebra corresponds to an atom in a relation
algebra and represents a single edge in a graph. A point represents a set
of nodes. A rectangle represents the Cartesian product of two sets of nodes
[4].
context times-top
begin

abbreviation rectangle :: ‘a = bool
where rectangle xt = x x top x v = ¢

end

context stone-relation-algebra
begin

lemma arc-rectangle:
arc x = rectangle z
using arc-top-arc by blast

2 Relation-Algebraic Semantics of Associative
Array Access

The following two operations model updating array x at index y to value
z, and reading the content of array z at index y, respectively. The read
operation uses double brackets to avoid ambiguity with list syntax. The
remainder of this section shows basic properties of these operations.

abbreviation rel-update :: 'a = 'a = 'a = 'a («(-[+—-]) [70, 65, 65] 61)



where z[y——z] = (y N 27) U (—y M )

abbreviation rel-access :: ‘a = 'a = 'a (<(2-[[-]])» [70, 65] 65)
where z{[y]] = 27 x y

lemma update-univalent:
assumes univalent x
and vector y
and injective z
shows univalent (z[y—z])
proof —
have 1: univalent (y N 27)
using assms(3) inf-commute univalent-inf-closed by force
have (y M 20T x (—y M z) = (7' N 2) x (—y N a)
by (simp add: conv-dist-inf)
also have ... = z x (y M —y M z)
by (metis assms(2) covector-inf-comp-3 inf.sup-monoid.add-assoc
inf.sup-monoid.add-commute)
finally have 2: (y M 27)T % (—y M z) = bot
by simp
have 3: vector (—y)
using assms(2) vector-complement-closed by simp
have (—y M 2)T x (y M 27) = (—yT M 2T) x (y 0 27)
by (simp add: conv-complement conv-dist-inf)
also have ... = 27 x (—y 1y n z7)
using 3 by (metis (mono-tags, opaque-lifting) conv-complement
covector-inf-comp-3 inf.sup-monoid.add-assoc inf.sup-monoid.add-commute)
finally have 4: (—y M 2)7 % (y 1 27) = bot
by simp
have 5: univalent (—y N z)
using assms(1) inf-commute univalent-inf-closed by fastforce
have (zly—2])" + (sly—2]) = (y 1 27)7 * (zly—]) U (—y 1 2)T #

(z[y—2])
by (simp add: conv-dist-sup mult-right-dist-sup)
also have ... = (y M 20T« (yn2D) U (yN 2T s (—ynz) U (—yna)? «

(yn2") U (—yna)’ * (~yNa)
by (simp add: mult-left-dist-sup sup-assoc)
finally show ?thesis
using 1 2 4 5 by simp
qed

lemma update-total:
assumes total x
and vector y
and regular y
and surjective z
shows total (z[y—2])
proof —
have (z[y——z]) * top = xxtop[y—top*z]



by (simp add: assms(2) semiring.distrib-right vector-complement-closed
vector-inf-comp conv-dist-comp)

also have ... = top[y—top]
using assms(1) assms(4) by simp
also have ... = top

using assms(3) regular-complement-top by auto
finally show ?thesis
by simp
qed

lemma update-mapping:
assumes mapping x
and vector y
and regular y
and bijective z
shows mapping (z[y—z])
using assms update-univalent update-total by simp

lemma read-injective:
assumes injective y
and wunivalent x
shows injective (z[[y]])
using assms injective-mult-closed univalent-conv-injective by blast

lemma read-surjective:
assumes surjective y
and total x
shows surjective (z[[y]])
using assms surjective-mult-closed total-conv-surjective by blast

lemma read-bijective:
assumes bijective y
and mapping x
shows bijective (z[[y]])
by (simp add: assms read-injective read-surjective)

lemma read-point:
assumes point p
and mapping
shows point (z[[p]])
using assms comp-associative read-injective read-surjective by auto

lemma update-postcondition:

assumes point x point y

shows 7 M p =2 * y7 «+— p[[z]] = ¥

apply (rule iff)

subgoal by (metis assms comp-associative conv-dist-comp conv-involutive
covector-inf-comp-3 equivalence-top-closed vector-covector)

subgoal



apply (rule order.antisym)

subgoal by (metis assms conv-dist-comp conv-involutive inf.boundedl
inf.cobounded vector-covector vector-restrict-comp-conv)

subgoal by (smt assms comp-associative conv-dist-comp conv-involutive
covector-restrict-comp-conv dense-conv-closed equivalence-top-closed inf.boundedl
shunt-mapping vector-covector preorder-idempotent)

done

done

Back and von Wright’s array independence requirements [1], later also
lens laws [7]

lemma put-get-sub:
assumes vector y surjective u vector z u <y
shows (z[y—z])[[u]] = 2
proof —
have (z[y—z))[[u]] = (yT M 2) * w U (=yT M 2T) x u
by (simp add: conv-complement conv-dist-inf conv-dist-sup mult-right-dist-sup)
also have ... = z x u
proof —
have (—yT MaT) x u < (—yT M 2T) x y
by (simp add: assms(4) mult-right-isotone)
also have ... = bot
by (metis assms(1) covector-inf-comp-3 inf-commute conv-complement
mult-right-zero p-inf vector-complement-closed)
finally have (—yT 1 27) x u = bot
by (simp add: bot-unique)
thus ?thesis
using assms(1,4) covector-inf-comp-3 inf.absorb-iff1 inf-commute by auto
qed
also have ... = z
by (metis assms(2,3) mult-assoc)
finally show ?thesis

qged

lemma put-get:
assumes vector y surjective y vector z
shows (a[y—2])[[y]] = 2
by (simp add: assms put-get-sub)

lemma put-put:

(zlyr—2]) [y—rw] = zly—rw]

by (metis inf-absorb2 inf-commute inf-lel inf-sup-distribl madduz-3-13
sup-inf-absorb)

lemma get-put:
assumes point y
shows z[y—z[[y]]] = =
proof —



have s[y—al[yl]] = (y N 3" * ) U (—y 1 2)
by (simp add: conv-dist-comp)
also have ... = (yMNz) U (—y N z)
proof —
have y Myl sz =yNa
proof (rule order.antisym)
have y My” x 2 = (y M y?) x
by (simp add: assms vector-inf-comp)
also have (y My sz =y* y7 xx
by (simp add: assms vector-covector)
also have ... < z
using assms comp-isotone by fastforce
finally show y M yT sz < y M2z
by simp
have y Mz < ¢y x ¢
by (simp add: assms vector-restrict-comp-conv)
thus y Nz < ynyl sz
by simp
qed
thus ?thesis
by simp
qed
also have ... =z
proof —
have reqular y
using assms bijective-regular by blast
thus ?thesis
by (metis inf.sup-monoid.add-commute madduz-3-11-pp)
qed
finally show ?thesis

qed

lemma update-inf:

u<y= (zfyp—2]) Nu=2TNu

by (smt comp-inf.mult-right-dist-sup comp-inf.semiring.mult-zero-right
inf.left-commute inf.sup-monoid.add-assoc inf-absorb2 p-inf sup-bot-right
inf.sup-monoid.add-commute)

lemma update-inf-same:
(zly—2) My = 2" Ny
by (simp add: update-inf)

lemma update-inf-different:

u< —y = (zly—2]) Tu=2Nu

by (smt inf.right-idem inf.sup-monoid.add-commute
inf.sup-relative-same-increasing inf-import-p maddux-3-13 sup.cobounded?2
update-inf-same)



end

3 Relation-Algebraic Semantics of Disjoint-Set
Forests

A disjoint-set forest represents a partition of a set into equivalence classes.
We take the represented equivalence relation as the semantics of a forest.
It is obtained by operation fc below. Additionally, operation wcc giving
the weakly connected components of a graph will be used for the semantics
of the union of two disjoint sets. Finally, operation root yields the root
of a component tree, that is, the representative of a set containing a given
element. This section defines these operations and derives their properties.

context stone-kleene-relation-algebra
begin

lemma omit-redundant-points:
assumes point p
shows pMa*=(pN 1)U (pNz)*(—pna)*
proof (rule order.antisym)
let 7p=pn I
have ?p « z % (—p M x)* x 2p < ?p * top * ?p
by (metis comp-associative mult-left-isotone mult-right-isotone top.extremum)
also have ... < %p
by (simp add: assms injective-codomain vector-inf-one-comp)
finally have %p x z x (—p M a)* x pxz < Ipx
using mult-left-isotone by blast
hence ?px z* (—pNz)* x(pNz) < px*zx
by (simp add: assms comp-associative vector-inf-one-comp)
also have 1: ... < %px z % (—p M z)*
using mult-right-isotone star.circ-reflexive by fastforce
finally have ?px z x (—p N z)* x (pNz)U pxzx (—pNa)* x (—pNaz) <
px z*x (—p N x)*
by (simp add: mult-right-isotone star.circ-plus-same star.left-plus-below-circ
mult-assoc)
hence pxzx (—pMa)* x ((pU —p)Nz) < pxaxx (—pNa)*
by (simp add: comp-inf.mult-right-dist-sup mult-left-dist-sup)
hence ?p x z x (—pMNz)* xz < ?px z % (—p M z)*
by (metis assms bijective-regular inf.absorb2 inf.cobounded!
inf.sup-monoid.add-commute shunting-p)
hence pxzx (—pMNa)* xz U %p*xz < pxaxx(—pNa)
using 1 by simp
hence %px (I Uz *x (—pNa))*xz< %pxzx(—pNa)*
by (simp add: comp-associative mult-left-dist-sup mult-right-dist-sup)
also have ... < ?p x (1 Uz * (—p N x)*)
by (simp add: comp-associative mult-right-isotone)
finally have %p x z* < ?p *x (1 Uz x (—p M x)*)
using star-right-induct by (meson dual-order.trans le-supl

*



mult-left-sub-dist-sup-left mult-sub-right-one)
also have ... = p U %p x z *x (—p N z)*
by (simp add: comp-associative semiring.distrib-left)
finally show p M z* < ?p U (pMz) *x (—p N x)*
by (simp add: assms vector-inf-one-comp)
show ?p U (pMa)*x (—pNa)* <pMa*
by (metis assms comp-isotone inf.boundedl inf.cobounded1 inf.coboundedI2
inf.sup-monoid.add-commute le-supl star.circ-increasing star.circ-transitive-equal
star-isotone star-left-unfold-equal sup.coboundedl vector-export-comp)
qged

Weakly connected components

abbreviation wcc z = (z U 27)*

lemma wce-equivalence:
equivalence (wee x)
apply (intro conjI)
subgoal by (simp add: star.circ-reflexive)
subgoal by (simp add: star.circ-transitive-equal)
subgoal by (simp add: conv-dist-sup conv-star-commute sup-commaute)
done

lemma wce-increasing:
z < wee T
by (simp add: star.circ-sub-dist-1)

lemma wcc-isotone:
T <y = weccz < weey
using conv-isotone star-isotone sup-mono by blast

lemma wcc-idempotent:
wee (wee ) = wee
using star-involutive wce-equivalence by auto

lemma wece-below-wee:
z < weey = wee x < wee 'y
using wcc-idempotent wce-isotone by fastforce

lemma wce-galois:
z < wee y — wee T < wee Yy
using order-trans star.circ-sub-dist-1 wee-below-wcee by blast

lemma wcce-bot:
wee bot = 1
by (simp add: star.circ-zero)

lemma wcc-one:
wee 1 = 1
by (simp add: star-one)



lemma wce-top:
wce top = top
by (simp add: star.circ-top)

lemma wce-with-loops:

wee z = wee (x U 1)

by (metis conv-dist-sup star-decompose-1 star-sup-one sup-commaute
symmetric-one-closed)

lemma wce-without-loops:
wee z = wee (x — 1)
by (metis conv-star-commute star-sum reachable-without-loops)

lemma forest-components-wcc:
injective t => wce © = forest-components
by (simp add: cancel-separate-1)

lemma wee-sup-wee:

wee (z U y) = wee (x U wee y)

by (smt (verit, ccfv-SIG) le-sup-iff order.antisym sup-right-divisibility
wee-below-wee wee-increasing)

Components of a forest, which is represented using edges directed to-
wards the roots

abbreviation fc 2z = 2* * z7*

lemma fe-equivalence:
univalent t = equivalence (fc x)
apply (intro conjI)
subgoal by (simp add: reflexive-mult-closed star.circ-reflexive)
subgoal by (metis cancel-separate-1 order.eq-iff star.circ-transitive-equal)
subgoal by (simp add: conv-dist-comp conv-star-commute)
done

lemma fc-increasing:

z < fcx

by (metis le-supE mult-left-isotone star.circ-back-loop-fizpoint
star.circ-increasing)

lemma fc-isotone:
r<y=fcx<fcy
by (simp add: comp-isotone conv-isotone star-isotone)

lemma fe-idempotent:

univalent t = fc (fe z) = fex

by (metis fc-equivalence cancel-separate-1 star.circ-transitive-equal
star-involutive)
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lemma fc-star:
univalent v = (fc z)* = fec x
using fc-equivalence fe-idempotent star.circ-transitive-equal by simp

lemma fe-plus:
univalent v = (fc 1)T = fe x
by (metis fc-star star.circ-decompose-9)

lemma fc-bot:
fe bot = 1
by (simp add: star.circ-zero)

lemma fc-one:
fel =1
by (simp add: star-one)

lemma fe-top:

fc top = top
by (simp add: star.circ-top)

lemma fe-wec:
univalent © = wee v = fc x
by (simp add: fc-star star-decompose-1)

lemma fc-via-root:
assumes total (p* * (p M 1))
shows fcp = p* x (pM 1) % p™*
proof (rule order.antisym)
have 1 < p* % (pr 1) % pT*
by (smt assms comp-associative conv-dist-comp conv-star-commute
coreflexive-idempotent coreflexive-symmetric inf.cobounded? total-var)
hence fcp < p* * p* x (p M 1) % pT* % pT™*
by (metis comp-right-one mult-left-isotone mult-right-isotone mult-assoc)
thus fcp < p* x (p M 1) % pT*
by (simp add: star.circ-transitive-equal mult-assoc)
show p* x (pM 1) x pT* < fep
by (metis comp-isotone inf.cobounded2 mult-1-right order.refl)
qged

lemma update-acyclic-1:
assumes acyclic (p — 1)
and point y
and vector w
and w < p* x y
shows acyclic ((plu—y]) — 1)
proof —
let 7p = plw—y]
have w * y? < p*
using assms(2,4) shunt-bijective by blast
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hence w * yT < (p — 1)*
using reachable-without-loops by auto
hence w * y7 — 1 < (p— 1) — 1
by (simp add: inf.coboundedI2 inf.sup-monoid.add-commute)
also have ... < (p — 1)*
by (simp add: star-plus-without-loops)
finally have 71: w M y?' M —1 < (p — 1)
using assms(2,3) vector-covector by auto
have 7p — 1 = (wNy' N —1) U (~w N pM —1)
by (simp add: inf-sup-distrib2)
alsohave ... < (p— 1)" U (—w N pn—1)
using 1 sup-left-isotone by blast
also have ... < (p — 1)T U (p — 1)
using comp-inf.mult-semi-associative sup-right-isotone by auto
also have ... = (p — 1)*
by (metis star.circ-back-loop-fixpoint sup.right-idem)
finally have (?p — 1)T™ < (p — 1)
by (metis comp-associative comp-isotone star.circ-transitive-equal
star.left-plus-circ star-isotone)
also have ... < —1
using assms(1) by blast
finally show ?thesis
by simp
qed

lemma update-acyclic-2:
assumes acyclic (p — 1)
and point y
and point x
and y < p™* x 2z
and univalent p
and p” x y <y
shows acyclic ((p[pT**z—>y]) — 1)
proof —
have pT « p* x y=pl s pxp* sy U pTl 5y
by (metis comp-associative mult-left-dist-sup star.circ-loop-fizpoint)
also have ... < p* x y
by (metis assms(5,6) comp-right-one le-supl le-supl2 mult-left-isotone
star.circ-loop-fizpoint star.circ-transitive-equal)
finally have p™* x 2 < p* x y
by (simp add: assms(2—4) bijective-reverse conv-star-commute
comp-associative star-left-induct)
thus ?thesis
by (simp add: assms(1—3) vector-mult-closed update-acyclic-1)
qed

lemma update-acyclic-3:

assumes acyclic (p — 1)
and point y

12



and point w
and y < pT* % w
shows acyclic ((plw—y]) — 1)
by (simp add: assms bijective-reverse conv-star-commute update-acyclic-1)

lemma rectangle-star-rectangle:
rectangle a = a * z* % a < a
by (metis mult-left-isotone mult-right-isotone top.extremum,)

lemma arc-star-arc:
arca = a*x " xa<a
using arc-top-arc rectangle-star-rectangle by blast

lemma star-rectangle-decompose:
assumes rectangle a
shows (a U z)* = o* U 2* % a % =¥
proof (rule order.antisym)
have 1: 1 < z* U z* % a *x z*
by (simp add: star.circ-reflexive sup.coboundedl1)
have (a Uz) * (z* Ua* xax2*) =axz*Uax2* xa*x2x* Uzt Uzt *ax
:I:*
by (metis comp-associative semiring.combine-common-factor
semiring. distrib-left sup-commute)
also have ... = a * z* Uzt U 2" x a x 2*
using assms rectangle-star-rectangle by (simp add: mult-left-isotone
sup-absorbl)
also have ... = 2zt U 2* * a * z*
by (metis comp-associative star.circ-loop-fixpoint sup-assoc sup-commute)
also have ... < z* U z* % a *x 2*
using star.left-plus-below-circ sup-left-isotone by auto
finally show (a U z)* < z* U z* * a % z*
using 1 by (metis comp-right-one le-supl star-left-induct)
next
show z* U 2* x a x 2* < (a U 2)*
by (metis comp-isotone le-supE le-supl star.circ-increasing
star.circ-transitive-equal star-isotone sup-ge2)
qed

lemma star-arc-decompose:
arca => (e U 2)* = 2" U z* % a % z*
using arc-top-arc star-rectangle-decompose by blast

lemma plus-rectangle-decompose:
assumes rectangle a
shows (a U z)™ = 2™ U 2% * a * z*
proof —
have (e U z)" = (a U z) * (z* U 2% * a * z¥)
by (simp add: assms star-rectangle-decompose)
alsohave ... =a*xs* Uax 2" xax*2* Uzt Uat xax*z*

13



by (metis comp-associative semiring.combine-common-factor
semiring. distrib-left sup-commute)
also have ... = a x z* U z7 U 2% * a * 2*
using assms rectangle-star-rectangle by (simp add: mult-left-isotone
sup-absorbl)
also have ... = 2z U 2* * a * z*
by (metis comp-associative star.circ-loop-fixpoint sup-assoc sup-commute)
finally show ?thesis
by simp
qed

lemma plus-arc-decompose:
arca = (a U z)t =2t Uz* % ax*a*
using arc-top-arc plus-rectangle-decompose by blast

lemma update-acyclic-4:
assumes acyclic (p — 1)
and point y
and point w
and y M p* * w = bot
shows acyclic ((plw—y]) — 1)
proof —
let 7p = plu—>y)
have y7 « p* x w < —1
using assms(4) comp-associative pseudo-complement schroeder-3-p by auto
hence 1: p* * w x y7 * p* < —1
by (metis comp-associative comp-commute-below-diversity
star.circ-transitive-equal)
have ?p — 1 < (w N y") U (p — 1)
by (metis comp-inf.mult-right-dist-sup dual-order.trans inf.cobounded1
inf.coboundedI2 inf.sup-monoid.add-assoc le-supl sup.cobounded! sup-ge2)
also have ... = w* yT U (p — 1)
using assms(2,3) by (simp add: vector-covector)
finally have (?p — 1)* < (w* yT U (p — 1))
by (simp add: comp-isotone star-isotone)
alsohave ... = (p — )T U (p — 1)* xwx* y? * (p — 1)*
using assms(2,3) plus-arc-decompose points-arc by (simp add:
comp-associative)
also have ... < (p — )Y Up* xwx* yT xp
using reachable-without-loops by auto
also have ... < —1
using 1 assms(1) by simp
finally show ?thesis
by simp
qed

*

lemma update-acyclic-5:
assumes acyclic (p — 1)
and point w
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shows acyclic ((plu—w]) — 1)
proof —
let ?p = plw— w)
have ?p — 1 < (wnw! N —1)U (p — 1)
by (metis comp-inf.mult-right-dist-sup inf.cobounded2
inf.sup-monoid.add-assoc sup-right-isotone)
also have ... = p — 1
using assms(2) by (metis comp-inf.covector-complement-closed
equivalence-top-closed inf-top.right-neutral madduz-3-13 pseudo-complement
regular-closed-top regular-one-closed vector-covector vector-top-closed)
finally show ?thesis
using assms(1) acyclic-down-closed by blast
qed

Root of the tree containing point x in the disjoint-set forest p

abbreviation roots p = (p M 1) * top
abbreviation root p £ = pT* * 2 M roots p

lemma root-var:
rootpr = (pn1)*pl*xz
by (simp add: coreflexive-comp-top-inf inf-commute mult-assoc)

lemma root-successor-loop:

univalent p = root p = p[[root p z]]

by (metis root-var injective-codomain comp-associative conv-dist-inf
coreflexive-symmetric equivalence-one-closed inf.cobounded?2
univalent-conv-injective)

lemma root-transitive-successor-loop:
univalent p = root p x = p** * (root p z)
by (metis mult-1-right star-one star-simulation-right-equal root-successor-loop)

lemma roots-successor-loop:

univalent p = p|[roots p|| = roots p

by (metis conv-involutive inf-commute injective-codomain one-inf-conwv
mult-assoc)

lemma roots-transitive-successor-loop:

univalent p = pT* * (roots p) = roots p

by (metis comp-associative star.circ-left-top star-simulation-right-equal
roots-successor-loop)

The root of a tree of a node belongs to the same component as the node.

lemma root-same-component:

injective t = root p x * z* < fep

by (metis comp-associative coreflexive-comp-top-inf eq-refl
inf.sup-left-divisibility inf.sup-monoid.add-commute mult-isotone
star.circ-circ-mult star.circ-right-top star.circ-transitive-equal star-one
star-outer-increasing test-preserves-equation top-greatest)
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lemma root-vector:
vector x == wvector (root p x)
by (simp add: vector-mult-closed root-var)

lemma root-vector-inf:
vector x == root p x * - = root p x N z7
by (simp add: vector-covector root-vector)

T

lemma root-same-component-vector:
injective = vector x = root p x Mz’ < fcp
using root-same-component root-vector-inf by fastforce

lemma univalent-root-successors:
assumes univalent p
shows (pM 1) xp*=pn1
proof (rule order.antisym)
have (p M 1) xp < pn1
by (smt assms(1) comp-inf.mult-semi-associative conv-dist-comp conv-dist-inf
conv-order equivalence-one-closed inf.absorbl inf.sup-monoid.add-assoc
injective-codomain)
thus (pM 1) xp*<pnt
using star-right-induct-mult by blast
show pM 1 < (pn1)x*p*
by (metis coreflexive-idempotent inf-lel inf-le2 mult-right-isotone order-trans
star.circ-increasing)
qged

lemma same-component-same-root-sub:
assumes univalent p
and bijective y
and z x y' < fep
shows root p x < root p y
proof —
have root p z * y© < (pM 1) * pT*
by (smt assms(1,3) mult-isotone mult-assoc root-var fe-plus fe-star order.eq-iff
univalent-root-successors)
thus ?thesis
by (simp add: assms(2) shunt-bijective root-var)
qed

lemma same-component-same-root:
assumes univalent p
and bijective x
and bijective y
and z * y7 < fcp
shows root p x = root p y
proof (rule order.antisym)
show root p z < root p y
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using assms(1,3,4) same-component-same-root-sub by blast
have y * 27 < fcp
using assms(1,4) fe-equivalence conv-dist-comp conv-isotone by fastforce
thus root p y < root p x
using assms(1,2) same-component-same-root-sub by blast
qed

lemma same-roots-sub:
assumes ungvalent ¢
and pn1 <qgnit
and fcp < fe q
shows p* « (pM 1) < ¢g*x(¢gMN1)
proof —
have p* x (pM 1) < p*x*(¢gMN 1)
using assms(2) mult-right-isotone by auto
also have ... < fepx (¢M 1)
using mult-left-isotone mult-right-isotone star.circ-reflexive by fastforce
also have ... < fc ¢ x (¢gM 1)
by (simp add: assms(3) mult-left-isotone)
also have ... = ¢* % (¢ M 1)
by (metis assms(1) conv-dist-comp conv-dist-inf conv-star-commute
inf-commute one-inf-conv symmetric-one-closed mult-assoc
univalent-root-successors)
finally show ?thesis

qged

lemma same-roots:
assumes univalent p
and univalent q
and pfni1 =¢qMniI
and fcp = fe q
shows p* « (pM 1) =¢q"x(¢gMN 1)
by (smt assms conv-dist-comp conv-dist-inf conv-involutive conv-star-commute
inf-commute one-inf-conv symmetric-one-closed root-var univalent-root-successors)

lemma same-root:
assumes ungvalent p
and univalent q
and pM i1 =qM1I
and fcp = fcq
shows root p x = root q x
by (metis assms mult-assoc root-var univalent-root-successors)

lemma loop-root:
assumes injective x
and z = p[[z]]
shows = = root p z
proof (rule order.antisym)
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have z < p x z
by (metis assms comp-associative comp-right-one conv-order
equivalence-one-closed ex231c inf.orderE inf.sup-monoid.add-commute
mult-left-isotone mult-right-isotone one-inf-conv)
hence z = (pMN 1) *z
by (simp add: assms(1) inf-absorb2 injective-comp-right-dist-inf)
thus z < root p x
by (metis assms(2) coreflexive-comp-top-inf inf.boundedl inf.cobounded1
inf.cobounded?2 mult-isotone star.circ-increasing)
next
show root p z < z
using assms(2) le-infl1 star-left-induct-mult by auto
qed

lemma one-loop:
assumes acyclic (p — 1)
and univalent p
shows (p M 1) * (p? — 1)T % (pM 1) = bot
proof —
have p’* M (pn 1) xtopx (pN1)=(pn1)*prT x(pn1)
by (simp add: test-comp-test-top)
also have ... < p™™* % (pn 1)
by (simp add: inf.coboundedI2 mult-left-isotone star.circ-mult-upper-bound
star.circ-reflezive star.left-plus-below-circ)
also have ... = p 1 1
by (metis assms(2) conv-dist-comp conv-dist-inf conv-star-commute
inf-commute one-inf-conv symmetric-one-closed univalent-root-successors)
also have ... < I
by simp
finally have (p M 1) x top x (p 1 1) < —(pT+ — 1)
using p-antitone p-antitone-iff p-shunting-swap by blast
hence (p M )T x (pT+ — 1) x (p 11 1)T < bot
using triple-schroeder-p p-top by blast
hence (p M 1) * (pT+ — 1) x (p N1 1) = bot
by (simp add: coreflexive-symmetric le-bot)
thus ?thesis
by (smt assms(1) conv-complement conv-dist-comp conv-dist-inf
conv-star-commute inf-absorbl star.circ-plus-same symmetric-one-closed
reachable-without-loops star-plus-without-loops)
qed

lemma root-root:

root p x = root p (root p x)

by (smt comp-associative comp-inf.mult-right-sub-dist-sup-right dual-order.eq-iff
inf.coboundedl inf.cobounded2 inf.orderE mult-right-isotone
star.circ-loop-fizpoint star.circ-transitive-equal root-var)

lemma loop-root-2:
assumes acyclic (p — 1)
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and univalent p
and injective x
and z < pTt x ¢
shows = = root p x
proof (rule order.antisym)
have 1: z =z — (—1 * )
by (metis assms(3) comp-injective-below-complement inf.orderE mult-1-left
regular-one-closed)
have z < (pT — )T xz U (pN 1) *x
by (metis assms(4) inf-commute mult-right-dist-sup one-inf-conv
plus-reachable-without-loops)
alsohave ... < -1 xz U (pnN1)x*xzx
by (metis assms(1) conv-complement conv-dist-inf conv-isotone
conv-plus-commute mult-left-isotone semiring.add-right-mono
symmetric-one-closed)
also have ... < —1 % z Ll root p x
using comp-isotone inf.coboundedI2 star.circ-reflexive sup-right-isotone by
auto
finally have z < (=1 x z U root p ) — (—1 * x)
using 1 inf.boundedl inf.order-iff by blast
also have ... < root p z
using inf.sup-left-divisibility by auto
finally show 2: z < root p z

have root pr = (pM 1) xx U (pn 1) * (pF — )T xx
by (metis comp-associative mult-left-dist-sup star.circ-loop-fixpoint
sup-commute reachable-without-loops root-var)
also have ... <z U (pn 1) * (p7 — 1) * root p x
using 2 by (metis coreflexive-comp-top-inf inf.cobounded?2 mult-right-isotone
semiring.add-mono)
also have ... =z«
by (metis assms(1,2) one-loop root-var mult-assoc semiring.mult-not-zero
sup-bot-right)
finally show root p z < z

qed
lemma path-compression-invariant-simplify:

assumes point w
and p7t x w < —w

and w # y
shows p[[w]] # w
proof
assume pllw]] = w

hence w < pTt+ % w

by (metis comp-isotone eg-refl star.circ-mult-increasing)
also have ... < —w

by (simp add: assms(2))
finally have w = bot
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using inf.orderE by fastforce
thus Fulse
using assms(1,3) le-bot by force
qed

end

context stone-relation-algebra-tarski
begin

lemma distinct-points has been moved to theory Relation-Algebras in
entry Stone-Relation-Algebras

Back and von Wright’s array independence requirements [1]

lemma put-get-different-vector:
assumes vector y w < —y
shows (aly—sz])[[u]] = o{[u]
proof —
have (z[y—2])[[w]] = (yT 1 2) * w U (—yT M 2T) * w
by (simp add: conv-complement conv-dist-inf conv-dist-sup mult-right-dist-sup)
also have ... = z x (w M y) U a? % (w — y)
by (metis assms(1) conv-complement covector-inf-comp-3 inf-commute
vector-complement-closed)

also have ... = z x (w M y) U 2T * w
by (simp add: assms(2) inf.absorbl)
also have ... = z * bot U 27 x w

by (metis assms(2) comp-inf.semiring.mult-zero-right inf.absorb1
inf.sup-monoid.add-assoc p-inf)
also have ... = 27 x w
by simp
finally show ?thesis

qed

lemma put-get-different:
assumes point y point w w # y
shows (a[y—>2])[[u]] = o{[u]
proof —
have w M y = bot
using assms distinct-points by simp
hence w < —y
using pseudo-complement by simp
thus ?thesis
by (simp add: assms(1) assms(2) put-get-different-vector)
qed

lemma put-put-different-vector:
assumes vector y vector v v [ y = bot
shows (z[y—z])[v—rw]| = (z[v—w])[y— 2]
proof —
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have (z[y—z])[v—w] = (v N w) U (—v My N2 U (v M —yNa)
by (simp add: comp-inf.semiring.distrib-left inf-assoc sup-assoc)

also have ... = (v w?) U (y N2zl U (—v N —y M)

by (metis assms(8) inf-commute inf-import-p p-inf selection-closed-id)
also have ... = (y M2 U (v N wh) U (-y M —v N z)

by (simp add: inf-commute sup-commute)
also have ... = (y N z0) U (—y Mo wh) U (—y M —vMa)

using assms distinct-points pseudo-complement inf.absorb2 by simp
also have ... = (z[v—w))[y— 2]

by (simp add: comp-inf.semiring.distrib-left inf-assoc sup-assoc)
finally show ?thesis

qed
lemma put-put-different:
assumes point y point v v £ y
shows (z[y—z])[v—rw]| = (z[v—w])[y— 2]

using assms distinct-points put-put-different-vector by blast

end

4 Verifying Operations on Disjoint-Set Forests

In this section we verify the make-set, find-set and union-sets operations of
disjoint-set forests. We start by introducing syntax for updating arrays in
programs. Updating the value at a given array index means updating the

whole array.
syntax
-rel-update :: idt = 'a = 'a = 'b com («(2-[-] :=/ -)» [70, 65, 65] 61)

translations
z[y] == 2 => (z:= (y N 2T) U (CONST uminus y N z))

The finiteness requirement in the following class is used for proving that

the operations terminate.

class finite-reqular-p-algebra = p-algebra +
assumes finite-regular: finite { x . reqular z }
begin

abbreviation card-down-regular :: 'a = nat (-1 [100] 100)
where z| = card { z . reqular z N z < x }

end
class stone-kleene-relation-algebra-tarski-finite-reqular =

stone-kleene-relation-algebra-tarski + finite-reqular-p-algebra
begin
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4.1 Make-Set

We prove two correctness results about make-set. The first shows that the
forest changes only to the extent of making one node the root of a tree. The
second result adds that only singleton sets are created.

definition make-set-postcondition p tp0) =z Mp =z 2T A —z M p = —2z M p0

theorem make-set:

VARS p

[ point x A p0 = p ]

plz] := =z

[ make-set-postcondition p x p0 |

apply vcg-te-simp

by (simp add: make-set-postcondition-def inf-sup-distrib1 inf-assoc| THEN sym]
vector-covector| THEN sym))

theorem make-set-2:
VARS p
[pointx A p0 =pAp<1]
plz] =z
[ make-set-postcondition p x p0 N p < 1]
proof vcg-tc
fix p
assume [: point x AN p0 =p A p < 1
show make-set-postcondition (plz—zx]) = p0 A pla—a] < 1
proof (rule conjI)
show make-set-postcondition (plz—x]) x p0
using 1 by (simp add: make-set-postcondition-def inf-sup-distrib1
inf-assoc[ THEN sym| vector-covector| THEN sym])
show plz—z] < 1
using 1 by (metis coreflexive-sup-closed dual-order.trans inf.cobounded2
vector-covector)
qed
qed

The above total-correctness proof allows us to extract a function, which
can be used in other implementations below. This is a technique of [10].

lemma make-set-exists:
point x = A p’ . make-set-postcondition p’ z p
using tc-extract-function make-set by blast

definition make-set p x = (SOME p' . make-set-postcondition p’ x p)

lemma make-set-function:
assumes point x
and p’ = make-set p
shows make-set-postcondition p’ x p
proof —
let ?P = \p’ . make-set-postcondition p’ © p
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have ?P (SOME z . P z)
using assms(1) make-set-exists by (meson somel)
thus ?thesis
using assms(2) make-set-def by auto
qged

end

4.2 Find-Set

Disjoint-set forests are represented by their parent mapping. It is a forest
except each root of a component tree points to itself.

We prove that find-set returns the root of the component tree of the
given node.

context pd-kleene-allegory
begin

abbreviation disjoint-set-forest p = mapping p N acyclic (p — 1)
end

context stone-kleene-relation-algebra-tarski
begin

If two nodes are mutually reachable from each other in a disjoint-set
forest, they must be equal.

lemma forest-mutually-reachable:
assumes acyclic (p — 1) point z point yx < p* * yy < p* x x
shows z = y
proof (rule ccontr)
assume 1:z # y
hence 2: z < —y
by (meson assms(2,3) bijective-regular dual-order.eq-iff
point-in-vector-or-complement point-in-vector-or-complement-2)
have z < (p — 1) x y
using assms(4) reachable-without-loops by auto
also have ... = (p — )T xy Uy
by (simp add: star.circ-loop-fixpoint mult-assoc)
finally have 3: 2 < (p — 1)t x y
using 2 by (metis half-shunting inf.orderFE)
have 4: y < —x
using 1 by (meson assms(2,3) bijective-reqular dual-order.eq-iff
point-in-vector-or-complement point-in-vector-or-complement-2)
have y < (p — 1)* x z
using assms(5) reachable-without-loops by auto
alsohave ... = (p — )T xz Uz
by (simp add: star.circ-loop-fizpoint mult-assoc)
finally have y < (p — 1)T x z
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using 4 by (metis half-shunting inf.orderFE)
alsohave ... < (p— )" x (p— )T *x y

using 3 by (simp add: comp-associative mult-right-isotone)
also have ... < (p — )" x y

by (simp add: mult-left-isotone plus-transitive)
finally have y * y” < (p — 1)*

using assms(3) shunt-bijective by blast
also have ... < —1

by (simp add: assms(1))
finally have y = bot

using inf.absorb-iff1 schroeder-4-p by auto
thus Fulse

using 1 assms(3) bot-least top-unique by auto

qed

lemma forest-mutually-reachable-2:
assumes acyclic (p — 1) point z point yx < pT* x yy < pT* x 2
shows z = y
proof —
have 1: z < p* x y
by (simp add: assms(2,3,5) bijective-reverse conv-star-commute)
have y < p* x
by (simp add: assms(2—4) bijective-reverse conv-star-commute)
thus ?thesis
using 1 assms(1—38) forest-mutually-reachable by blast
qged

end

context stone-kleene-relation-algebra-tarski-finite-regular
begin

definition find-set-precondition p x = disjoint-set-forest p A\ point x

definition find-set-invariant p © y = find-set-precondition p x N point y N y <
T x

pl* % x

definition find-set-postcondition p x y = point y N\ y = root p x

lemma find-set-1:
find-set-precondition p xt = find-set-invariant p x x
apply (unfold find-set-invariant-def)
using mult-left-isotone star.circ-reflexive find-set-precondition-def by fastforce

lemma find-set-2:
find-set-invariant p xy A y # plly]] = find-set-invariant p z (p[[y]]) A (pT* *
(pllyd < (™ * y)d
proof —
let ?s = { z . reqular z A\ z < pT™* x
let %t = { z . reqular z A z < pT™* x
assume 1: find-set-invariant p v y A



have 2: point (p[[y]])
using 1 read-point find-set-invariant-def find-set-precondition-def by simp
show find-set-invariant p x (p[[y]]) A card 2t < card ?s
proof (unfold find-set-invariant-def, intro congl)
show find-set-precondition p x
using 1 find-set-invariant-def by simp
show wvector (p[[y]])
using 2 by simp
show injective (p[[y]])
using 2 by simp
show surjective (p[[y]])
using 2 by simp
show pl[y]] < pT* * =
using I by (metis (opaque-lifting) find-set-invariant-def comp-associative
comp-isotone star.circ-increasing star.circ-transitive-equal)
show card ?t < card ?s
proof —
have p[[y]] = (p" M 1) x yu (p" — 1) *xy
by (metis madduz-3-11-pp mult-right-dist-sup regular-one-closed)
also have ... < ((p[y]]) N y) U (p" — 1) * y
by (metis comp-left-subdist-inf mult-1-left semiring.add-right-mono)
also have ... = (p7 — 1) * y
using 1 2 find-set-invariant-def distinct-points by auto
finally have 3: (p” — 1)* * (p[[y]]) < (p" — 1)" =y
by (simp add: mult-right-isotone star-simulation-right-equal mult-assoc)
have p"* « (p[[y]]) < p"* * y
by (metis mult-left-isotone star.right-plus-below-circ mult-assoc)
hence 4: 7t C %s
using order-trans by auto
have 5: y € %s
using 1 find-set-invariant-def bijective-reqular mult-left-isotone
star.circ-reflexive by fastforce
have 6: ~y € 2t
proof
assume y € 7t
hence y < (p7 — 1)" x y
using 3 by (metis reachable-without-loops mem-Collect-eq order-trans)
hence y * yT < (p7 — 1)
using 1 find-set-invariant-def shunt-bijective by simp
also have ... < —1
using 1 by (metis (mono-tags, lifting) find-set-invariant-def
find-set-precondition-def conv-dist-comp conv-dist-inf conv-isotone
conv-star-commute equivalence-one-closed star.circ-plus-same
symmetric-complement-closed)
finally have y < —y
using schroeder-4-p by auto
thus Fulse
using 1 by (metis find-set-invariant-def comp-inf.coreflexive-idempotent
conv-complement covector-vector-comp inf.absorbl inf.sup-monoid.add-commute
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pseudo-complement surjective-conv-total top.extremum vector-top-closed
regular-closed-top)
qed
show card ?t < card ?s
apply (rule psubset-card-mono)
subgoal using finite-reqular by simp
subgoal using 4/ 5 6 by auto
done
qed
qged
qged

lemma find-set-3:
find-set-invariant p x y A y = p[ly]] = find-set-postcondition p x y
proof —
assume [: find-set-invariant p x y A\ y = p[[y]]
show find-set-postcondition p = y
proof (unfold find-set-postcondition-def, rule conjI)
show point y
using 1 find-set-invariant-def by simp
show y = root p z
proof (rule order.antisym)
have y x y7 < p
using 1 by (metis find-set-invariant-def find-set-precondition-def
shunt-bijective shunt-mapping top-right-mult-increasing)
hence y x yI < pn 1
using 1 find-set-invariant-def le-infl by blast
hence y < roots p
using I by (metis find-set-invariant-def order-lesseq-imp shunt-bijective
top-right-mult-increasing mult-assoc)
thus y < root p x
using 1 find-set-invariant-def by simp
next
have 2: z < p" x y
using 1 find-set-invariant-def find-set-precondition-def bijective-reverse
conv-star-commute by auto
have p” x p* x y = pT x p * p* x y U (p[[y]])
by (metis comp-associative mult-left-dist-sup star.circ-loop-fixpoint)
also have ... < p* x y U y
using 1 by (metis find-set-invariant-def find-set-precondition-def
comp-isotone mult-left-sub-dist-sup semiring.add-right-mono
star.circ-back-loop-fixpoint star.circ-circ-mult star.circ-top
star.circ-transitive-equal star-involutive star-one)
also have ... = p* x y
by (metis star.circ-loop-fixpoint sup.left-idem sup-commute)
finally have 3: p7* x z < p* * y
using 2 by (simp add: comp-associative star-left-induct)
have px yMrootsp=(pMN1)*px*xy
using comp-associative coreflexive-comp-top-inf inf-commute by auto
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also have ... < pT x p* y
by (metis inf.cobounded? inf.sup-monoid.add-commute mult-left-isotone
one-inf-conv)
also have ... < y
using 1 find-set-invariant-def find-set-precondition-def mult-left-isotone by
fastforce
finally have 4: p x y < y U —roots p
using I by (metis find-set-invariant-def shunting-p bijective-regular)
have p * —roots p < —roots p
using 1 by (metis find-set-invariant-def find-set-precondition-def
conv-complement-sub-leq conv-involutive roots-successor-loop)
hence p x y U p x —roots p < y U —roots p
using 4 dual-order.trans le-supl sup-ge2 by blast
hence p * (y U —roots p) < y U —roots p
by (simp add: mult-left-dist-sup)
hence p* x y < y U —roots p
by (simp add: star-left-induct)
hence p™* * z < y U —roots p
using 3 dual-order.trans by blast
thus root px < y
using 1 by (metis find-set-invariant-def shunting-p bijective-reqular)
qed
qed
qed

theorem find-set:
VARS y
[ find-set-precondition p x |
y =z
WHILE y # p|[y]]
INV { find-set-invariant p x y }
VAR { (p"* * y)l }
DO y = pl[y]]
oD
[ find-set-postcondition p = y |
apply vcg-te-simp
apply (fact find-set-1)
apply (fact find-set-2)
by (fact find-set-3)

lemma find-set-exists:
find-set-precondition p x = Iy . find-set-postcondition p © y
using tc-extract-function find-set by blast

The root of a component tree is a point, that is, represents a singleton set
of nodes. This could be proved from the definitions using Kleene-relation
algebraic calculations. But they can be avoided because the property di-
rectly follows from the postcondition of the previous correctness proof. The
corresponding algorithm shows how to obtain the root. We therefore have
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an essentially constructive proof of the following result.

lemma root-point:
disjoint-set-forest p = point x = point (root p x)
using find-set-exists find-set-precondition-def find-set-postcondition-def by simp

definition find-set p x = (SOME y . find-set-postcondition p z y)

lemma find-set-function:
assumes find-set-precondition p x
and y = find-set p z
shows find-set-postcondition p = y
by (metis assms find-set-def find-set-exists somel)

4.3 Path Compression

The path-compression technique is frequently implemented in recursive im-
plementations of find-set modifying the tree on the way out from recursive
calls. Here we implement it using a second while-loop, which iterates over
the same path to the root and changes edges to point to the root of the
component, which is known after the while-loop in find-set completes. We
prove that path compression preserves the equivalence-relational semantics
of the disjoint-set forest and also preserves the roots of the component trees.
Additionally we prove the exact effect of path compression.

definition path-compression-precondition p x y = disjoint-set-forest p A point x
A point y Ny = root p x
definition path-compression-invariant p z y p0 w =
path-compression-precondition p x y A point w N
pM1=p0n1Afcp=fcp0 A
root p w =y A p0[p0T* x x — p0T* x w—sy] = p A
disjoint-set-forest p0 N w < pOT* * T
definition path-compression-postcondition p © y p0 =
disjoint-set-forest p A y = root px Ap 1 =p0 M 1A fecp=fcpl A
pO[pO™* * z—y] = p

We first consider a variant that achieves the effect as a single update.
The parents of all nodes reachable from x are simultaneously updated to the
root of the component of x.

lemma path-compression-ezract:
assumes path-compression-precondition p0 x y
and p0[p0™* x z——y] = p
shows pM 1 = p0 N 1 fec p = fcp0
proof —
have al: disjoint-set-forest p0 and a2: point x and a8: point y and af: y =
root p0 x
using path-compression-precondition-def assms(1) by auto
have 1: regular (p07* x )
using al a2 bijective-regular mapping-reqular reqular-closed-star
regular-conv-closed reqular-mult-closed by auto
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have p M1 = (p0™* x a1y M 1) U (—(p0T* x 2) M p0O M 1)
using assms(2) inf-sup-distrib2 by auto

also have ... = (p0T* x 2 M p0 M 1) U (—(p0T* x x) N pO M 1)

proof —

have p0™* x 2Ny’ M1 = p0™* xz M p0 N 1
proof (rule order.antisym)
have (p0 M 1) * p0™* x x 1 1 < p0
by (smt coreflexive-comp-top-inf-one inf.absorb-iff2 inf.cobounded2
inf.sup-monoid.add-assoc root-var)
hence p0™ x z Ny’ N1 < po
by (metis inf-lel a4 conv-dist-inf coreflexive-symmetric inf.absorb2
inf.cobounded? inf.sup-monoid.add-assoc root-var symmetric-one-closed)
thus p0™ x 2Ny’ M1 < p0T* xz M1 p0 N1
by (meson inf.le-sup-iff order.refl)
have p0™* x M p0 M1 <y
by (metis a4 coreflexive-comp-top-inf-one inf.cobounded1 inf-assoc inf-le2)
thus p0™ x2Npo N1 <p0™* xznyT N1
by (smt conv-dist-inf coreflexive-symmetric inf.absorb-iff2 inf.cobounded2
inf.sup-monoid.add-assoc)
qed
thus ?thesis
by simp
qed
also have ... = p0 N I
using 1 by (metis inf.sup-monoid.add-commute inf-sup-distrib1
madduz-3-11-pp)
finally show p M1 =p0 N1

show fc p = fe p0
proof (rule order.antisym)
have 2: univalent (p0[p0T* x z—sy])
by (simp add: al a2 a3 update-univalent mult-assoc)
have 3: —(p0T* * z) M p0 < (p0[p0T* x 2—y])* * (p0[p0T* * w—sy])T*
using fc-increasing inf.order-trans sup.cobounded? by blast
have p0T* x 2 M p0 < (p0T* M p0 x 27) * (x M p0* * p0)
by (metis conv-involutive conv-star-commute dedekind)
also have ... < p0T* % £ M p0 % ¥ * p0* * p0
by (metis comp-associative inf.boundedl inf.cobounded? inf-lel mult-isotone)
also have ... < p0T* x ¢ M top * 27 * p0*
using comp-associative comp-inf.mult-right-isotone mult-isotone
star.right-plus-below-circ by auto
also have ... = p07* % z x 27 % p0*
by (metis a2 symmetric-top-closed vector-covector vector-inf-comp
vector-mult-closed)
also have ... < (p0T* x z  yT) * (y * 27 * p0*)
by (metis a3 order.antisym comp-inf.top-right-mult-increasing
conv-involutive dedekind-1 inf.sup-left-divisibility inf.sup-monoid.add-commute
mult-right-isotone surjective-conv-total mult-assoc)
also have ... = (p0T* x 2 M1 y7) x (y M 27 % p0*)
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by (metis a2 a8 vector-covector vector-inf-comp vector-mult-closed)
also have ... = (p0T* x 2 M1 y7) * (p0T* x z 1 y)T
by (simp add: conv-dist-comp conv-dist-inf conv-star-commute inf-commute)
also have ... < (p0[p0T* * z—y])* * (pO[p0T™* * z—y])T*
by (meson conv-isotone dual-order.trans mult-isotone star.circ-increasing
sup.cobounded?)
finally have p0™* % z M p0 < (p0[p0T* x z—y])* * (p0[p0T* % z—y])T*

hence (p0T* x x M p0) U (—(p0T* x x) M p0) < (pO[p0T* * z—y])* *
(pO[p0™* % z—sy])T*
using 3 le-supl by blast
hence p0 < (p0[p0T* * z—y))* * (PO[p0T* * z—sy])T*
using ! by (metis inf-commute madduz-3-11-pp)
hence fc p0 < (p0[p0T* x z—y])* * (p0[p0T* * z—y])T™
using 2 fe-idempotent fc-isotone by fastforce
thus fc p0 < fep
by (simp add: assms(2))
have ((p07*  z M yT) U (—=(p0T* % 2) 1 p0))* = (—(p0T* * x) M p0)* *
(0™ sz y") U 1)
proof (rule star-sup-2)
have 4: transitive (p0T* * z)
using a2 comp-associative mult-right-isotone rectangle-star-rectangle by
auto
have transitive (y
by (metis a3 conv-dist-comp inf.eq-refl mult-assoc)
thus transitive (p01* x z M yT)
using 4 transitive-inf-closed by auto
have 5: p0T* x x * (—(p0T*  x) M p0) < p0T* * z
by (metis a2 mult-right-isotone top-greatest mult-assoc)
have (—(p0T* * z) M p0)T x y < p0T x y
by (simp add: conv-dist-inf mult-left-isotone)
also have ... < y
using al a4 root-successor-loop by auto
finally have y” % (—(p0T* x z) 11 p0) < y*
using conv-dist-comp conv-isotone by fastforce
thus (p07* x z 1 yT) x (=(p0T* x 2) M p0) < p0T* x x 11 yT
using 5 comp-left-subdist-inf inf-mono order-trans by blast
qed
hence p* = (—(p0T* * z) M p0)* * ((p0T* x z N yT) L 1)
by (simp add: assms(2))
also have ... < p0* * ((p0T* x z N yT) U 1)
by (simp add: mult-left-isotone star-isotone)

)

also have ... = p0* * (p07* x z x yT U 1)
by (simp add: a2 a3 vector-covector vector-mult-closed)
also have ... = p0* * (p07* % (z x 27) x p0* * (p0 M 1) U 1)

by (metis aj coreflexive-symmetric inf.cobounded2 root-var comp-associative
conv-dist-comp conv-involutive conv-star-commute)
also have ... < p0* * (p0T* % 1 % p0* * (p0 M 1) U 1)
by (metis a2 mult-left-isotone mult-right-isotone semiring.add-left-mono
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sup-commute)

also have ... = p0* * (p07* x (p0 M 1) LU p0* * (p0 M 1) U 1)
by (simp add: al cancel-separate-eq mult-right-dist-sup)
also have ... = p0* = ((p0 M 1) U p0* « (pO0 M 1)U 1)

by (smt univalent-root-successors al conv-dist-comp conv-dist-inf
coreflexive-idempotent coreflexive-symmetric inf.cobounded?2 injective-codomain
loop-root root-transitive-successor-loop symmetric-one-closed)
also have ... = p0* = (p0* = (pO0 M 1)U 1)
by (metis inf.sup-left-divisibility inf-commute sup.left-idem sup-commute
sup-relative-same-increasing)
also have ... < p0* x p0*
by (metis inf.cobounded? inf-commute order.refl order-lesseq-imp
star.circ-mult-upper-bound star.circ-reflexive star.circ-transitive-equal
sup.boundedl sup-monoid.add-commute)
also have ... = p0*
by (simp add: star.circ-transitive-equal)
finally show fc p < fc p0
by (metis conv-order conv-star-commute mult-isotone)
qed
qed

lemma update-acyclic-6:
assumes disjoint-set-forest p
and point x
shows acyclic ((p[p?**x—sro0t p z]) — 1)
using assms root-point root-successor-loop update-acyclic-2 by auto

theorem path-compression-assign:

VARS p
[ path-compression-precondition p z y A p0 = p |
plpT* * 2] ==y

[ path-compression-postcondition p z y p0 |

apply vcg-te-simp

apply (unfold path-compression-precondition-def
path-compression-postcondition-def)

apply (intro conjl)

subgoal using update-univalent mult-assoc by auto

subgoal using bijective-regular mapping-reqular reqular-closed-star
regular-conv-closed reqular-mult-closed update-mapping mult-assoc by auto

subgoal using update-acyclic-6 by blast

subgoal by (smt same-root path-compression-exact
path-compression-precondition-def update-univalent vector-mult-closed)

subgoal using path-compression-exact(1) path-compression-precondition-def
by blast

subgoal using path-compression-exact(2) path-compression-precondition-def
by blast

by blast

We next look at implementing these updates using a loop.
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lemma path-compression-1a:
assumes point x
and disjoint-set-forest p
and z # 100t p x
shows pT™t x z < — z
by (meson assms bijective-regular mapping-reqular regular-closed-star
regular-conv-closed reqular-mult-closed vector-mult-closed
point-in-vector-or-complement-2 loop-root-2)

lemma path-compression-1b:
< pT* %z
using mult-left-isotone star.circ-refiexive by fastforce

lemma path-compression-1:
path-compression-precondition p © y = path-compression-invariant p x y p x
using path-compression-invariant-def path-compression-precondition-def
loop-root path-compression-1a path-compression-1b by auto

lemma path-compression-2:
path-compression-invariant p x y p0 w A y # pl[[w]] =
path-compression-invariant (plw—sy]) =y p0 (p[[w]]) A ((plw—y])T* *
(ol[wl))) < (5% * w)d
proof —
let ?p = plw—y]
let 2s = { z. reqular z N z < p"* % w }
let 7t = { z . reqular z A z < 2p7* x (p[[w]]) }
assume [: path-compression-invariant p Ty p0 w A y # p[[w]]
have i1: disjoint-set-forest p and i2: point x and 3: point y and i4: y = root
P T
using 1 path-compression-invariant-def path-compression-precondition-def by
meson—+
have i5: point w
and i8: pM 1 = p0 M 1 and i9: fc p = fc p0
and i10: root p w = y and i12: p0[p0T* x z — p0T* x w—y] = p
using 1 path-compression-invariant-def by blast+
have i13: disjoint-set-forest p0 and i15: w < p07* x z
using 1 path-compression-invariant-def by auto
have i6: y < pT* x w
using 10 by force
have i11: p[[w]] = pO[[w]]
by (smt (verit) i12 i2 i5 dual-order.trans inf-le2 p-antitone-iff
put-get-different-vector vector-complement-closed vector-inf-closed
vector-mult-closed path-compression-1b)
have i14: y = root p0 z
using ¢1 13 i4 18 i9 same-root by blast
have 2: point (p[[w]])
using 1 ¢5 read-point by blast
show path-compression-invariant ?p x y p0 (p[[w]]) A card 2t < card ?s
proof (unfold path-compression-invariant-def, intro conjl)

T %
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have &: mapping ?p
by (simp add: i1 i3 i5 bijective-regular update-total update-univalent)
have 4: w # y
using 1 i1 i4 root-successor-loop by blast
hence 5: w M y = bot
by (simp add: i3 i5 distinct-points)
hence y * wT < —1
using pseudo-complement schroeder-4-p by auto
hence y * w’ < pT* — 1
using @5 i6 shunt-bijective by auto
also have ... < pT+
by (simp add: star-plus-without-loops)
finally have 6: y < p”* x w
using 5 shunt-bijective by auto
have 7: w * wT < —pT'+
proof (rule ccontr)
assume - w * w! < —p
hence w * w? < ——pT+
using @5 point-arc arc-in-partition by blast
hence w * w! < pT+ M 1
using i1 5 mapping-reqular reqular-conv-closed regular-closed-star
regular-mult-closed by simp
also have ... = ((p" M 1)« p™* 1) u ((pT — 1) x pT* 11 1)
by (metis comp-inf.mult-right-dist-sup madduz-3-11-pp mult-right-dist-sup
regular-one-closed)
alsohave ... = (p" N 1)« p™ N 1)U ((p — )t N T
by (metis conv-complement conv-dist-inf conv-plus-commute
equivalence-one-closed reachable-without-loops)
also have ... < ((p" M 1) xp™ n1)u (-1 n 1)
by (metis (no-types, opaque-lifting) i1 sup-right-isotone inf.sup-left-isotone
conv-isotone)
also have ... = (p" M 1) * p™™* N 1
by simp
also have ... < (pT"' M 1) * top N 1
by (metis comp-inf.comp-isotone coreflexive-comp-top-inf
equivalence-one-closed inf.cobounded1 inf.cobounded?2)
also have ... < pT
by (simp add: coreflexive-comp-top-inf-one)
finally have w * wT < pT
by simp
hence w < p|[w]]
using 5 shunt-bijective by blast
hence w = p[[w]]
using 2 by (metis i5 epm-3 mult-semi-associative)
thus Fulse
using 2 4 10 loop-root by auto
qed
have 10: acyclic (?p — 1)
using i1 710 i3 i5 inf-lel update-acyclic-3 by blast

T+
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have ?7p[[pT* x w]] < pT* x w
proof —
have (w? M y) * pTT x w=y N wl x pT* xw
by (metis i3 inf-vector-comp vector-inf-comp)
hence ?p[[pT* * w]] = (y 1w’ * pT+ x w) U (—w? 1 pT) * pTF 5 w
by (simp add: comp-associative conv-complement conv-dist-inf
conv-dist-sup mult-right-dist-sup)
also have ... < y U (—w” M pT) % pT+ x w
using sup-left-isotone by auto
also have ... < y U p” * p7F % w
using mult-left-isotone sup-right-isotone by auto
also have ... < y U p™F % w
using semiring.add-left-mono mult-left-isotone mult-right-isotone
star.left-plus-below-circ by auto
also have ... = pTT x w
using 6 by (simp add: sup-absorb2)
finally show ?thesis
by simp
qed
hence 11: 2pT* x (p[[w]]) < pT* * w
using star-left-induct by (simp add: mult-left-isotone
star.circ-mult-increasing)
have 13: ?p[[z]] = y
proof (cases w = x)
case True
hence ?p[[z]] = (w? My) * w U (—w? M pT) % w
by (simp add: conv-complement conv-dist-inf conv-dist-sup
mult-right-dist-sup)
also have ... = (wT My) * w U pT * (—w M w)
by (metis i5 conv-complement covector-inf-comp-3
inf .sup-monoid.add-commute vector-complement-closed)

also have ... = (vl My) * w

by simp
also have ... = y * w

by (simp add: i5 covector-inf-comp-3 inf.sup-monoid.add-commute)
also have ... = y

by (metis i3 i5 comp-associative)
finally show ?thesis

next
case Fulse
hence — z < p0T* % w
using forest-mutually-reachable-2 i13 i15 i2 i5 by blast
hence z < — p0™* x w
by (metis (mono-tags, lifting) i13 i2 i5 comp-bijective-complement
mapping-reqular point-in-vector-or-complement regular-closed-star
regular-conv-closed vector-mult-closed)
hence z < p0™* x 2 — p0™* x w
by (simp add: i5 comp-bijective-complement path-compression-1b)
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hence p[]] = y
by (smt (verit) i12 i2 i3 i5 comp-bijective-complement put-get-sub
vector-inf-comp vector-mult-closed)
thus #pa]] = y
using False i2 i5 put-get-different by blast
qed
have 14: %p™ sz =z Uy
proof (rule order.antisym)
have 7p7 x (z U y) =y U 2T %y
using 13 by (simp add: mult-left-dist-sup)
also have ... = y U (wT M y) x y U (—w? 1 pT) x y
by (simp add: conv-complement conv-dist-inf conv-dist-sup
mult-right-dist-sup sup-assoc)
also have ... <y U (wf My) sy U pl xy
using mult-left-isotone sup-right-isotone by auto
also have ... = y U (wT My) *y
using i1 i10 root-successor-loop sup-commute by auto
also have ... <y Uy *xy
using mult-left-isotone sup-right-isotone by auto
also have ... = y
by (metis i3 comp-associative sup.idem)
also have ... <z Uy
by simp
finally show %™* x 2 <z Uy
by (simp add: star-left-induct)
next
show z Uy < %p"* x ¢
using 13 by (metis mult-left-isotone star.circ-increasing
star.circ-loop-fixpoint sup.boundedl sup-ge2)
qed
have 15: y = root ?p x
proof —
have (pM 1)« y=(pN 1)+ (pn1)x*p’* xx
by (simp add: i} comp-associative root-var)
also have ... = (p M 1) * p™* x z
using coreflexive-idempotent by auto
finally have 16: (p M 1) xy =1y
by (simp add: i4 root-var)
have 17: (pN 1) xz <y
by (metis (no-types, lifting) i4 comp-right-one mult-left-isotone
mult-right-isotone star.circ-reflexive root-var)
have root ?p z = (7p M 1) = (z U y)
using 14 by (metis mult-assoc root-var)
alsohave ... = (wnNy ' MN1)*x(zUy) U (—wNpni1)x(zUy)
by (simp add: inf-sup-distrib2 semiring.distrib-right)
alsohave ... = (wn 1Ny *x (zUy) U(—wNpni1)x(zUy)
by (simp add: inf.left-commute inf.sup-monoid.add-commute)
alsohave ... = (wN 1)« (yMN(zUy)U(—wNpniI)x(zUy)
by (simp add: i3 covector-inf-comp-3)

T x
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alsohave ... = (wN 1) xyU (—wNpni1)x*(zUy)
by (simp add: inf.absorbl)

alsohave ... = (wNIxy)U(—wN(pN1)x*(zUy))
by (simp add: i5 inf-assoc vector-complement-closed vector-inf-comp)
alsohave ... = (wNy) U (—wN ((pN1)*zUy))
using 16 by (simp add: mult-left-dist-sup)
also have ... = (w M y) U (—w M y)
using 17 by (simp add: sup.absorb2)
also have ... = y

using 5 inf.sup-monoid.add-commute le-iff-inf pseudo-complement
sup-monoid.add-0-left by fastforce
finally show ?thesis
by simp
qed
show path-compression-precondition ?p = y
using 3 10 15 2 i3 path-compression-precondition-def by blast
show vector (p[[w]])
using 2 by simp
show injective (p[[w]])
using 2 by simp
show surjective (p[[w]])
using 2 by simp
have wNpniI <wnwl Mp
by (metis inf.boundedE inf.boundedl inf.coboundedl inf.cobounded2
one-inf-conv)
also have ... = w x wT M p
by (simp add: i5 vector-covector)
also have ... < —pT*t np
using 7 by (simp add: inf.coboundedI2 inf.sup-monoid.add-commute)
finally have w M p M 1 = bot
by (metis (no-types, opaque-lifting) conv-dist-inf coreflexive-symmetric
inf.absorbl inf.boundedE inf.cobounded2 pseudo-complement
star.circ-mult-increasing)
also have w N y7 M 1 = bot
using 5 antisymmetric-bot-closed asymmetric-bot-closed comp-inf.schroeder-2
inf.absorbl one-inf-conv by fastforce
finally have w Mp M 1 = w My’ M1
by simp
thus 18: ?%p 1 =p0 N1
by (metis i5 i8 bijective-regular inf.sup-monoid.add-commute inf-sup-distrib2
madduz-3-11-pp)
show 19: fc ?p = fc p0
proof —
have pl[u]] = p” + (w1 p* * y)
by (metis i3 i5 i6 bijective-reverse conv-star-commute inf.absorbl)

also have ... = pT' x (w M p*) x y
by (simp add: i5 vector-inf-comp mult-assoc)
also have ... = p7 x (w M 1) U (w N p) x (—w M p)*) x y

by (simp add: i5 omit-redundant-points)
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also have ... = pT x (w N 1) x y U pl s (w M p) * (—w M p)* *y
by (simp add: comp-associative mult-left-dist-sup mult-right-dist-sup)
also have ... < pT x y U pT x (w M p) * (—w M p)* *y
by (metis semiring.add-right-mono comp-isotone order.eq-iff
inf.cobounded! inf.sup-monoid.add-commute mult-1-right)
also have ... = y LU p? % (w M p) * (—w M p)* * y
using i1 i4 root-successor-loop by auto
also have ... < y U pl s px (—w N p)* xy
using comp-isotone sup-right-isotone by auto
also have ... <y U (—wMp)* *y
by (metis il comp-associative eg-refl shunt-mapping sup-right-isotone)
also have ... = (—w M p)* x y
by (metis star.circ-loop-fixpoint sup.left-idem sup-commute)
finally have 20: p[[w]] < (—w M p)* * y
by simp
have p” x (—w N p)* xy=pT xy U pl x (—w M p)* (—w M p)**y
by (metis comp-associative mult-left-dist-sup star.circ-loop-fizpoint
sup-commute)
also have ... = y U p? * (—w M p) * (—w M p)* %y
using i1 ¢4 root-successor-loop by auto
also have ... < y U pl x p* (—wNp)* *y
using comp-isotone sup-right-isotone by auto
also have ... < y U (—w N p)* xy
by (metis i1 comp-associative eg-refl shunt-mapping sup-right-isotone)
also have ... = (—w M p)* x y
by (metis star.circ-loop-fixpoint sup.left-idem sup-commaute)
finally have 21: p™* * pT x w < (—w N p)* x y
using 20 by (simp add: comp-associative star-left-induct)
have w? M p7 = pT * (w? M 1)
by (metis i5 comp-right-one covector-inf-comp-3
inf.sup-monoid.add-commute one-inf-conv)
also have ... < p[[w]]
by (metis comp-right-subdist-inf inf.boundedE inf.sup-monoid.add-commute
one-inf-conv)
also have ... < p™* x pT x w
by (simp add: mult-left-isotone star.circ-mult-increasing-2)
also have ... < (—w M p)* %y
using 21 by simp
finally have w M p < y7 % (—w M p
by (metis conv-dist-comp conv-dist-inf conv-involutive conv-isotone
conv-star-commute)
hence w Mp < (wn y?) * (—wMp
by (simp add: i5 vector-inf-comp)
also have ... < (w  yT) * 2pT*
by (simp add: conv-isotone mult-right-isotone star-isotone)
also have ... < ?p  ?pT*
by (simp add: mult-left-isotone)
also have ... < fe 7p
by (simp add: mult-left-isotone star.circ-increasing)

)T*

)T*
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finally have 22: w M p < fc %p
by simp
have —w M p < %
by simp
also have ... < fe 7p
by (simp add: fc-increasing)
finally have (w U —w) M p < fe 9p
using 22 by (simp add: comp-inf.semiring.distrib-left
inf.sup-monoid.add-commute)
hence p < fc %
by (metis i5 bijective-regular inf.sup-monoid.add-commute inf-sup-distrib1
maddux-3-11-pp)
hence 23: fc p < fc %p
using 3 fe-idempotent fc-isotone by fastforce
have 7p < (w M yT) Up
using sup-right-isotone by auto
also have ... = w * y” U p
by (simp add: i3 i5 vector-covector)
also have ... < p* U p
by (smt i5 i6 conv-dist-comp conv-involutive conv-isotone
conv-star-commute le-supl shunt-bijective star.circ-increasing sup-absorbl)
also have ... < fep
using fc-increasing star.circ-back-loop-prefixpoint by auto
finally have fc 7p < fc p
using i1 fc-idempotent fc-isotone by fastforce
thus ?thesis
using 23 i9 by auto
qed
have 24: root ?p (p[[w]]) = root p0 (p[[w]])
using 3 18 19 i18 same-root by blast

also have ... = root p0 (p0[[w]))
by (simp add: i11)
also have 25: ... = root p0 w

by (metis i5 i13 conv-involutive forest-components-increasing
mult-left-isotone shunt-bijective injective-mult-closed read-surjective
same-component-same-root)
finally show 26: root ?p (p[[w]]) =y
by (metis i1 10 i13 i8 i9 same-root)
show univalent p0 total p0 acyclic (p0 — 1)
by (simp-all add: i13)
show p[[w]] < p0T* x z
by (metis 11 i15 mult-isotone star.circ-increasing star.circ-transitive-equal
mult-assoc)
let ?g = p0[p0™* * z — p0™* * (p[[w]])—y]
show ?q = 7p
proof —
have 27: w U p0TT x w = p0T* % w
using comp-associative star.circ-loop-fixpoint sup-commute by auto
hence 28: p0T* x w = p0™* x w — w
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using / 2/ 25 26 by (metis i11 i13 i5 inf.orderE madduz-3-13
path-compression-1a)
hence p07* x (p[[w]]) < —w
by (metis i11 inf-le2 star-plus mult.assoc)
hence w < —(p0™™* * (p[[w]]))
by (simp add: p-antitone-iff)
hence w < p0™* x 2 — p0T* x (p[[w]])
by (simp add: i15)
hence 29: g w = %p N w
by (metis update-inf update-inf-same)
have 30: 2¢ M p0T+ x w= 2p M p0T+ x w
proof —
have 2¢ M p0T+ x w = p0 N p0T+ x w
by (metis i11 comp-associative inf.cobounded?2 p-antitone-iff
star.circ-plus-same update-inf-different)
also have ... = p N p0T+ x w
using 28 by (metis i12 inf.cobounded? inf.sup-monoid.add-assoc
p-antitone-iff update-inf-different)
also have ... = % M p0T+ x w
using 28 by (simp add: update-inf-different)
finally show ?thesis

qed
have 31: 2¢ M p0™* x w= 2p M p0T* x w
using 27 29 30 by (metis inf-sup-distribl)
have 32: 2q 1 (p0T* x 2 — p0T* x w) = Zp 11 (p0T* x z — p0T* x w)
proof —
have p0T* x z — p0T* x w < p0T* x x — p0T* * (p[[w]])
using 28 by (metis i11 inf.sup-right-isotone mult.semigroup-azioms
p-antitone-inf star-plus semigroup.assoc)
hence 7¢ M (p07* x x — p0T* x w) = yT M p0T* x 2 N —(p0T* x w)
by (metis inf-assoc update-inf)

also have ... = p M (p0T* x 2 — p0T™* % w)
by (metis i12 inf-assoc update-inf-same)
also have ... = ?p M (p07* x © — p0T* % w)

by (simp add: inf.coboundedI2 p-antitone path-compression-1b inf-assoc
update-inf-different)
finally show ?thesis

qed
have p0T* x w U (p0T* x x — p0T* x w) = p0T* x x
proof —
have 33: regular (p0™™* * w)
using 13 i5 bijective-reqular mapping-regular regular-closed-star
regular-conv-closed reqular-mult-closed by auto
have p0T* « w < p0T* * z
by (metis i15 comp-associative mult-right-isotone
star. circ-transitive-equal)
hence p0™* « w U (p0T* x z — p0T* x w) = p0T* x 2 1 (p0T* x w U
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—(p0T*  w))
by (simp add: comp-inf.semiring.distrib-left inf.absorb2)
also have ... = p07* x z
using 33 by (metis inf-sup-distribl madduz-3-11-pp)
finally show ?thesis

qed
hence 34: 2 M p0T* x . = 2p M p0T* x ¢
using 31 32 by (metis inf-sup-distrib1)
have 35: regular (p01™* * z)
using 713 i2 bijective-regular mapping-regular regular-closed-star
regular-conv-closed reqular-mult-closed by auto
have —(p0T* x z) < —w
by (simp add: i15 p-antitone)
hence ?2¢ — p0T* x z = %p — p0T* x z
by (metis i12 p-antitone-inf update-inf-different)
thus ?thesis
using 34 35 by (metis madduz-3-11-pp)
qed
show card ?t < card ?s
proof —
have 7p7 * p™* x w = (w” My) * pT* x w U (—w? M pT) * pT* x w
by (simp add: conv-complement conv-dist-inf conv-dist-sup
mult-right-dist-sup)
also have ... < (w M y) * p™™* x w U pT % pT* x w
using mult-left-isotone sup-right-isotone by auto
also have ... < (wT M y) * pT* x w U pT™* x w
using mult-left-isotone star.left-plus-below-circ sup-right-isotone by blast
also have ... < y* pT™* s w U p™* x w
using semiring.add-right-mono mult-left-isotone by auto
also have ... < y * top U p7* % w
by (simp add: comp-associative le-supll mult-right-isotone)
also have ... = p™™* % w
by (simp add: i3 i6 sup-absorb2)
finally have ?p7* % p7 x w < p™* x w
using 11 by (metis dual-order.trans star.circ-loop-fizpoint sup-commute
sup-ge2 mult-assoc)
hence 36: 7t C s
using order-lesseq-imp mult-assoc by auto
have 37: w € s
by (simp add: i5 bijective-reqular path-compression-1b)
have 38: = w € 2t
proof
assume w € %t
hence 39: w < (?pT — 1)* x (p[[w]])
using reachable-without-loops by auto
hence pl[w]] < (%p — 1)* * w
using 2 by (smt i5 bijective-reverse conv-star-commute
reachable-without-loops)

*

40



also have ... < p* x w
proof —
have p™* x y = y
using 1 4 root-transitive-successor-loop by auto
hence y7 * p* x w = yT x w
by (metis conv-dist-comp conv-involutive conv-star-commute)
also have ... = bot
using 5 by (metis i5 inf.idem inf.sup-monoid.add-commute
mult-left-zero schroeder-1 vector-inf-comp)
finally have 40: y” x p* * w = bot
by simp
have (?p — 1) p* xw= (wNy" M —1)*p* xwlU (—wMpM —1)*

* ok ow

p
by (simp add: comp-inf.mult-right-dist-sup mult-right-dist-sup)
also have ... < (w M yf M —1) % p* * wU p * p* * w
by (meson inf-lel inf-le2 mult-left-isotone order-trans sup-right-isotone)
also have ... < (w My M —1)*p* *x wlU p* x w
using mult-left-isotone star.left-plus-below-circ sup-right-isotone by blast
also have ... < ¢y7 % p* x w LU p* * w
by (meson inf-lel inf-le2 mult-left-isotone order-trans sup-left-isotone)
also have ... = p* x w
using 40 by simp
finally show ?thesis
by (metis comp-associative le-supl star.circ-loop-fixpoint sup-ge2
star-left-induct)
qged
finally have w < p™* % pT x w
using 11 39 reachable-without-loops star-plus by auto
thus Fulse
using 4 i1 110 i5 loop-root-2 star.circ-plus-same by auto
qed
show card 7t < card ?s
apply (rule psubset-card-mono)
subgoal using finite-reqular by simp
subgoal using 36 37 38 by auto
done
qged
qed
qed

T %

lemma path-compression-3a:

assumes path-compression-invariant p « (p[[w]]) p0 w

shows p0[p0T* * z—p[[w]]] = p
proof —

let 2y = p[[w]]

let ?p = p0[p0T* % x— 7y

have i1: disjoint-set-forest p and i2: point x and 3: point ?y and if: %y =
T00t P T

using assms path-compression-invariant-def path-compression-precondition-def
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by meson+
have i5: point w
and i8: pM 1 = p0 M 1 and i9: fc p = fc p0
and i10: root p w = ?y and i12: p0[p0T* x ¥ — p0T* x w— 2y] = p
and i13: disjoint-set-forest p0 and i15: w < p0T* x
using assms path-compression-invariant-def by blast+
have i11: p[[w]] = pO[[w]]
by (smt (verit) i12 i2 i5 dual-order.trans inf-le2 p-antitone-iff
put-get-different-vector vector-complement-closed vector-inf-closed
vector-mult-closed path-compression-1D)
have i14: %y = root p0 x
by (metis i1 i13 i4 i8 9 same-root)
have 1: ?p M 2y =p N %y
by (metis il i14 i3 i} get-put inf-lel root-successor-loop update-inf
update-inf-same)
have 2: %pNw=pnNw
by (metis i5 i11 i15 get-put update-inf update-inf-same)
have ?y = root p0 w
by (metis i1 i10 {13 i8 9 same-root)
hence p0™* x w = w U %
by (metis i11 13 root-transitive-successor-loop star.circ-loop-fixpoint star-plus
sup-monoid.add-commute mult-assoc)
hence 3: Zp M p0T* x w=p N p0T* x w
using 1 2 by (simp add: inf-sup-distrib1)
have p07* x w < p0T* x z
by (metis i15 comp-associative mult-right-isotone star.circ-transitive-equal)
hence 4: ?p M (p0T* x 2 M1 p0T* x w) = p N (p0T* % z M p0T* x w)
using 3 by (simp add: inf.absorb2)
have 5: ?p M (p07* x x — p0T* x w) = p M (POT* x 2 — pOT* x w)
by (metis i12 inf-lel update-inf update-inf-same)
have regular (p0™™* * w)
using 713 i5 bijective-reqular mapping-regular regular-closed-star
regular-conv-closed reqular-mult-closed by auto
hence 6: p M p0T* x z =p M p0T* x z
using 4 5 by (smt inf-sup-distribl madduz-3-11-pp)
have 7: %p — p0™* x z = p — p0T* x ¢
by (smt i12 inf.sup-monoid.add-commute inf-import-p inf-sup-absorb le-iff-inf
p-dist-inf update-inf-different inf.idem p-antitone-inf)
have regular (p0T* x )
using ¢13 i2 bijective-reqular mapping-regular regular-closed-star
regular-conv-closed reqular-mult-closed by auto

thus %9p = p
using 6 7 by (smt inf-sup-distribl maddux-3-11-pp)
qed

lemma path-compression-3:
path-compression-invariant p x (p[[w]]) p0 w = path-compression-postcondition

p x (p[[w]]) p0
using path-compression-invariant-def path-compression-postcondition-def
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path-compression-precondition-def path-compression-3a by blast

theorem path-compression:
VARS p t w
[ path-compression-precondition p z y A p0 = p |
w = x;
WHILE y # pl[u]]
INV { path-compression-invariant p = y p0 w }
VAR { (p™* * w)l }

DOt .= w;
w = pl[w]];
plt] ==y
OD

[ path-compression-postcondition p z y p0 |
apply vcg-te-simp
apply (fact path-compression-1)
apply (fact path-compression-2)
using path-compression-3 by auto

lemma path-compression-erists:
path-compression-precondition p x y = Ap’ . path-compression-postcondition p

ryp
using tc-extract-function path-compression by blast

!/

definition path-compression p © y = (SOME p’ . path-compression-postcondition
I
p'zyp)

lemma path-compression-function:
assumes path-compression-precondition p x y
and p’ = path-compression p T y
shows path-compression-postcondition p’ T y p
by (metis assms path-compression-def path-compression-exists somel)

4.4 Find-Set with Path Compression

We sequentially combine find-set and path compression. We consider imple-
mentations which use the previously derived functions and implementations
which unfold their definitions.

theorem find-set-path-compression:

VARS p y

[ find-set-precondition p © N\ p0 = p ]

y = find-set p x;

p = path-compression p x y

[ path-compression-postcondition p z y p0 |

apply vcg-te-simp

using find-set-function find-set-postcondition-def find-set-precondition-def
path-compression-function path-compression-precondition-def by fastforce

theorem find-set-path-compression-1:
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VARS ptwy

[ find-set-precondition p © N\ p0 = p ]

y := find-set p x;

w = T

WHILE y # pl[w]]
INV { path-compression-invariant p x y p0 w }
VAR { (57 + w)l }

DOt := w;
w = pl[w]];
plt] =y
OD

[ path-compression-postcondition p x y p0 |
apply vcg-tc-simp
using find-set-function find-set-postcondition-def find-set-precondition-def
path-compression-1 path-compression-precondition-def apply fastforce
apply (fact path-compression-2)
by (fact path-compression-3)

theorem find-set-path-compression-2:
VARS p y
[ find-set-precondition p x A p0 = p |
y =1
WHILE y # p[[y]]
INV { find-set-invariant p z y A p0 = p }
VAR { (p"* * y)I }
DO y = p[[y]]
OD;
p = path-compression p x vy
[ path-compression-postcondition p x y p0 |
apply vcg-te-simp
apply (fact find-set-1)
apply (fact find-set-2)
by (smt find-set-3 find-set-invariant-def find-set-postcondition-def
find-set-precondition-def path-compression-function
path-compression-precondition-def)

theorem find-set-path-compression-3:

VARS ptwy

[ find-set-precondition p © N\ p0 = p ]

y =

WHILE y # p|[y]]
INV { find-set-invariant p x y A p0 = p }
VAR { (p"* * y)l }
DO y = pl[y]]
OD;

w = I

WHILE y # pl[w]]
INV { path-compression-invariant p T y p0 w }
VAR { (57 + w)l }
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DOt := w;

w = p[[w]l;
plt] =y
0D

[ path-compression-postcondition p z y p0 |
apply vcg-te-simp
apply (simp add: find-set-1)
apply (fact find-set-2)
using find-set-3 find-set-invariant-def find-set-postcondition-def
find-set-precondition-def path-compression-1 path-compression-precondition-def
apply blast
apply (fact path-compression-2)
by (fact path-compression-3)

Find-set with path compression returns two results: the representative
of the tree and the modified disjoint-set forest.

lemma find-set-path-compression-exists:
find-set-precondition p v = Ip’ y . path-compression-postcondition p’' T y p
using tc-extract-function find-set-path-compression by blast

definition find-set-path-compression p x = (SOME (p’y) .
path-compression-postcondition p' z y p)

lemma find-set-path-compression-function:
assumes find-set-precondition p x
and (p',y) = find-set-path-compression p x
shows path-compression-postcondition p’ T y p
proof —
let 7P = \(p',y) . path-compression-postcondition p’ z y p
have ?P (SOME z . ?P z)
apply (unfold some-eg-ex)
using assms(1) find-set-path-compression-exists by simp
thus %thesis
using assms(2) find-set-path-compression-def by auto
qed

We prove that find-set-path-compression returns the same representative
as find-set.

lemma find-set-path-compression-find-set:
assumes find-set-precondition p x
shows find-set p © = snd (find-set-path-compression p x)
proof —
let ?r = find-set p x
let ?p = fst (find-set-path-compression p x)
let 2y = snd (find-set-path-compression p x)
have 1: find-set-postcondition p x ?r
by (simp add: assms find-set-function)
have path-compression-postcondition ?p x 2y p
using assms find-set-path-compression-function prod.collapse by blast
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thus 2r = %y
using 1 by (smt assms same-root find-set-precondition-def
find-set-postcondition-def path-compression-postcondition-def)
qed

A weaker postcondition suffices to prove that the two forests have the
same semantics; that is, they describe the same disjoint sets and have the
same roots.

lemma find-set-path-compression-path-compression-semantics:
assumes find-set-precondition p x
shows fc (path-compression p z (find-set p z)) = fe (fst
(find-set-path-compression p x))
and path-compression p © (find-set p x) M 1 = fst (find-set-path-compression p
x) M1
proof —
let ?r = find-set p x
let ?q = path-compression p © ?r
let ?p = fst (find-set-path-compression p x)
let %y = snd (find-set-path-compression p x)
have I1: path-compression-postcondition (path-compression p x ?r) x 9r p
using assms find-set-function find-set-postcondition-def
find-set-precondition-def path-compression-function
path-compression-precondition-def by auto
have 2: path-compression-postcondition ?p x 2y p
using assms find-set-path-compression-function prod.collapse by blast
show fc 2 = fc %p
using 1 2 by (simp add: path-compression-postcondition-def)
show 2¢gM1 1 = %p N1
using 1 2 by (simp add: path-compression-postcondition-def)
qed

With the current, stronger postcondition of path compression describing
the precise effect of how links change, we can prove that the two forests are
actually equal.

lemma find-set-path-compression-find-set-pathcompression:
assumes find-set-precondition p x
shows path-compression p z (find-set p ) = fst (find-set-path-compression p x)
proof —
let ?r = find-set p x
let ?q = path-compression p © ?r
let %p = fst (find-set-path-compression p x)
let %y = snd (find-set-path-compression p x)
have 1: path-compression-postcondition (path-compression p x ?r) x 9r p
using assms find-set-function find-set-postcondition-def
find-set-precondition-def path-compression-function
path-compression-precondition-def by auto
have 2: path-compression-postcondition ?p z 2y p
using assms find-set-path-compression-function prod.collapse by blast
have 7r = 2y
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by (simp add: assms find-set-path-compression-find-set)

thus 79 = ?p
using 1 2 path-compression-postcondition-def by auto
qed

4.5 Union-Sets

We only consider a naive union-sets operation (without ranks). The se-
mantics is the equivalence closure obtained after adding the link between
the two given nodes, which requires those two elements to be in the same
set. The implementation uses temporary variable ¢ to store the two results
returned by find-set with path compression. The disjoint-set forest, which
keeps being updated, is threaded through the sequence of operations.

definition union-sets-precondition p x y = disjoint-set-forest p A\ point x N\ point
Y

definition union-sets-postcondition p x y p0 = disjoint-set-forest p A fc p = wee
(p0 Uz xy")

lemma union-sets-1:
assumes union-sets-precondition p0  y
and path-compression-postcondition p1 x r p0
and path-compression-postcondition p2 y s pl
shows union-sets-postcondition (p2[r—s]) = y p0
proof (unfold union-sets-postcondition-def, intro conjI)
let ?p = p2[r—ss]
have 1: disjoint-set-forest pI N\ point r AN =root pl x A pl M1 =p0 1A
fe pl = fe p0o
by (smt (verit) assms(1,2) path-compression-postcondition-def root-point
union-sets-precondition-def)
have 2: disjoint-set-forest p2 N point s A s = root p2 y A p2 M1 =plMN1A
fe p2 = fe pt
by (smt (verit) assms(1,3) path-compression-postcondition-def root-point
union-sets-precondition-def)
hence 3: fc p2 = fc p0
using 1 by simp
show /: univalent ?p
using 1 2 update-univalent by blast
show total ?p
using 1 2 bijective-regular update-total by blast
show acyclic (p — 1)
proof (cases r = s)
case True
thus ?thesis
using 2 update-acyclic-5 by fastforce
next
case Fulse
hence bot = r M s
using 1 2 distinct-points by blast
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also have ... = 7 M p27* x s
using 2 by (smt root-transitive-successor-loop)
finally have s M p2* x r = bot
using schroeder-1 conv-star-commute inf.sup-monoid.add-commute by
fastforce
thus ?thesis
using 1 2 update-acyclic-4 by blast
qed
show fc ?p = wee (p0 U z x yT)
proof (rule order.antisym)
have r = p1][r]]
using 1 by (metis root-successor-loop)
hence r x rT < pZT
using 1 eq-refl shunt-bijective by blast
hence r * rT < p1
using 1 conv-order coreflexive-symmetric by fastforce
hence r * T < p1 M 1
using 1 inf.boundedl by blast
also have ... = p2 M 1
using 2 by simp
finally have r x rT < p2
by simp
hence r < p2 x r
using 1 shunt-bijective by blast
hence 5: p2[[r]] < r
using 2 shunt-mapping by blast
have r M p2 < 7 * (top M 77 * p2)
using 1 by (metis dedekind-1)
also have ... = r = rT % p2
by (simp add: mult-assoc)
also have ... < r % rT
using 5 by (metis comp-associative conv-dist-comp conv-involutive
conv-order mult-right-isotone)
also have ... < 1
using 1 by blast
finally have 6: r M p2 < 1
by simp
have p0 < wece p0
by (simp add: star.circ-sub-dist-1)
also have ... = wce p2
using 3 by (simp add: star-decompose-1)
also have 7: ... < wce %p
proof —
have wce p2 = wee ((—r M p2) U (r M p2))
using 1 by (metis bijective-regular inf.sup-monoid.add-commute
maddux-3-11-pp)
also have ... < wee ((—r M p2) U 1)
using 6 wcc-isotone sup-right-isotone by simp
also have ... = wee (—r M p2)
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using wcc-with-loops by simp
also have ... < wce ?p
using wcc-isotone sup-ge2 by blast
finally show ?thesis
by simp
qed
finally have 8: p0 < wece ?p
by force
have r < p x T
using 1 by (metis inf-lel)
hence 9: r * z7 < p17T*
using assms(1) shunt-bijective union-sets-precondition-def by blast
hence z x T < pl*
using conv-dist-comp conv-order conv-star-commute by force
also have ... < wece pi
by (simp add: star.circ-sub-dist)
also have ... = wce p2
using 1 2 by (simp add: fc-wce)
also have ... < wce ?p
using 7 by simp
finally have 10: z * 7 < wece ?p
by simp
have 11: 7 x sT < wce %p
using 1 2 star.circ-sub-dist-1 sup-assoc vector-covector by auto
have s < p2T* % y
using 2 by (metis inf-lel)
hence 12: s * yT < p2T*
using assms(1) shunt-bijective union-sets-precondition-def by blast
also have ... < wce p2
using star-isotone sup-ge2 by blast
also have ... < wce 7p
using 7 by simp
finally have 13: s x y7 < wce ?p
by simp
have z < zsxrTxrAy<yxsl xs
using 1 2 shunt-bijective by blast
hence z * y7 <z % rT % 7% (y * s x s)
using comp-isotone conv-isotone by blast
also have ... =z r7 s r* sT % s % y7
by (simp add: comp-associative conv-dist-comp)
also have ... < wee ?p x (r * sT) x (s x yT)
using 10 by (metis mult-left-isotone mult-assoc)
also have ... < wee ?p * wee ?p x (s % y7T)
using 11 by (metis mult-left-isotone mult-right-isotone)
also have ... < wce ?p * wee ?p * wee p
using 13 by (metis mult-right-isotone)
also have ... = wce 7p
by (simp add: star.circ-transitive-equal)
finally have p0 U z x y7 < wee ?p

ZT*

T

T T
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using 8 by simp
hence wee (p0 Uz * yT) < wee ?p
using wce-below-wee by simp
thus wee (p0 U z x y1') < fe ?p
using 4 fc-wce by simp
have —r M p2 < wcee p2
by (simp add: inf.coboundedI2 star.circ-sub-dist-1)
also have ... = wce p0
using 3 by (simp add: star-decompose-1)
also have ... < wee (p0 U z x yT)
by (simp add: wce-isotone)
finally have 1/: —r M p2 < wee (p0 U z x y7)
by simp
have r x 27 < wee pl
using 9 inf.order-trans star.circ-sub-dist sup-commute by fastforce
also have ... = wce p0
using I by (simp add: star-decompose-1)
also have ... < wce (p0 U z * yT)
by (simp add: wcc-isotone)
finally have 15: r x 27 < wee (p0 U z * y7T)
by simp
have 16: z x y© < wee (p0 U x % yT)
using le-supFE star.circ-sub-dist-1 by blast
have y * s7 < p2*
using 12 conv-dist-comp conv-order conv-star-commute by fastforce
also have ... < wce p2
using star.circ-sub-dist sup-commute by fastforce
also have ... = wce p0
using 3 by (simp add: star-decompose-1)
also have ... < wce (p0 U z * yT)
by (simp add: wce-isotone)
finally have 17: y * sT < wece (p0 U z * yT)
by simp
have r < rxal sz As<sxyl xy
using assms(1) shunt-bijective union-sets-precondition-def by blast
hence r * s < r* a2l sz x (s x yT * y)T
using comp-isotone conv-isotone by blast
also have ... = r 27 x z % yT x y x sT
by (simp add: comp-associative conv-dist-comp)
also have ... < wee (p0 Uz x y7) * (v % y7) * (y * s
using 15 by (metis mult-left-isotone mult-assoc)
also have ... < wee (p0 U z x yT) x wee (p0 Uz % yT) * (y * s
using 16 by (metis mult-left-isotone mult-right-isotone)
also have ... < wee (p0 Uz x yT) % wee (p0 U x % y7) * wee (p0 U z x yT)
using 17 by (metis mult-right-isotone)
also have ... = wce (p0 U z * yT)
by (simp add: star.circ-transitive-equal)
finally have ?p < wee (p0 U x * yT)
using 1 2 14 vector-covector by auto

T

)

)
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hence wce ?p < wee (p0 U z x yT)
using wcc-below-wee by blast
thus fc ?p < wee (p0 Uz * y7T)
using 4 fc-wce by simp
qged
qed

theorem union-sets:
VARS prst
[ union-sets-precondition p x y A p0 = p |
t := find-set-path-compression p x;

p = fstt;

r = snd t;

t := find-set-path-compression p y;
p = fst t;

s := snd t;

plr] == s

[ union-sets-postcondition p z y p0 ]
proof vcg-te-simp
let ?t1 = find-set-path-compression p0 x
let ?p1 = fst 7t1
let 9r = snd ?t1
let ?t2 = find-set-path-compression ?pl y
let %p2 = fst 2t2
let %s = snd ?t2
let ?p = ?p2[?r—> 23]
assume 1: union-sets-precondition p0 x y
hence 2: path-compression-postcondition ?p1 x ?r p0
by (simp add: find-set-precondition-def union-sets-precondition-def
find-set-path-compression-function)
hence path-compression-postcondition ¢p2 y ?s ?pl
using 1 by (meson find-set-precondition-def union-sets-precondition-def
find-set-path-compression-function path-compression-postcondition-def
prod.collapse)
thus union-sets-postcondition (?p2[?r— ?s]) © y p0
using 1 2 by (simp add: union-sets-1)
qed

lemma union-sets-exists:
union-sets-precondition p x y = Ip’ . union-sets-postcondition p' x y p
using tc-extract-function union-sets by blast

definition union-sets p z y = (SOME p' . union-sets-postcondition p' x y p)

lemma union-sets-function:
assumes union-sets-precondition p T y
and p’ = union-sets p T y
shows union-sets-postcondition p’ z y p
by (metis assms union-sets-def union-sets-exists somel)
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theorem union-sets-2:
VARS p r s
[ union-sets-precondition p z y A p0 =
r := find-set p z;
= path-compression p x T;
s := find-set p y;
:= path-compression p y s;
plr] :==s
[ union-sets-postcondition p = y p0 |
proof vcg-tc-simp
let 9r = find-set p0 z
let ?p1 = path-compression p0 x ?r
let ?s = find-set ?pl vy
let ?p2 = path-compression ?pl y %s
assume 1: union-sets-precondition p0 x y
hence 2: path-compression-postcondition ?p1 x ?r p0
using find-set-function find-set-postcondition-def find-set-precondition-def
path-compression-function path-compression-precondition-def
union-sets-precondition-def by auto
hence path-compression-postcondition ?p2 y s ?pl
using 1 find-set-function find-set-postcondition-def find-set-precondition-def
path-compression-function path-compression-precondition-def
union-sets-precondition-def path-compression-postcondition-def by meson
thus union-sets-postcondition (?p2[?r— ?s]) z y p0
using 1 2 by (simp add: union-sets-1)
qged

3
|
=

hS]

end

end

theory More-Disjoint-Set-Forests
imports Disjoint-Set-Forests

begin

5 More on Array Access and Disjoint-Set Forests

This section contains further results about directed acyclic graphs and rela-
tional array operations.

unbundle no uminus-syntax

context stone-relation-algebra
begin
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lemma update-square:
assumes point y
shows z[y—z[[z[[y]]]]] <z * 2z U x
proof —
have z[yr—z{[z[[y]]]l] = (y N y" * 2% 2) U (~y M 2)
by (simp add: conv-dist-comp)
also have ... < (y My *szxz U2
by (smt assms inf.eg-refl inf.sup-monoid.add-commute inf-lel sup-mono
vector-inf-comp)
also have ... <z *xz U x
by (smt (23) assms comp-associative conv-dist-comp coreflexive-comp-top-inf
inf.cobounded?2 sup-left-isotone symmetric-top-closed)
finally show ?thesis

qed

lemma update-ub:
rfy—z2] <z U 2T
by (meson dual-order.trans inf.cobounded? le-supl sup.coboundedl sup-ge2)

lemma update-square-ub:
tlp—(zx )T <zUz*x
by (metis conv-involutive update-ub)

lemma update-same-sub:
assumes u [z =ullz
and y < u
and regular y
shows z[y— 27| =
by (smt (23) assms conv-involutive inf.sup-monoid.add-commute
inf . sup-relative-same-increasing madduz-3-11-pp)

lemma update-point-get:
point y = zly—z[[y]]] = z[y—2"]
by (metis conv-involutive get-put inf-commute update-inf-same)

lemma update-bot:
z[bot—z] = x
by simp

lemma update-top:
z[top—sz] = 2T
by simp

lemma update-same:
assumes regular u
shows (z[y—z])[u—z] = z[y U u—2]
proof —
have (z[y—2])[u—2] = (u N D) U (—u Ny M 2T) U (—u M —y M 2)
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using inf.sup-monoid.add-assoc inf-sup-distribl sup-assoc by force
also have ... = (u M 2T) U (y M 2T) U (—(u U y) M 1)

by (metis assms inf-sup-distrib2 maddux-3-21-pp p-dist-sup)
also have ... = z[y U u—2]

using comp-inf.mult-right-dist-sup sup-commute by auto
finally show ?thesis

qed

lemma update-same-3:
assumes regular u
and regular v
shows ((z[y—z])[u—2])[v—2] = z[y U u U v—2]
by (metis assms update-same)

lemma update-split:
assumes regular w
shows z[y—z] = (zy — w—2])[y N w—7]
by (smt (23) assms comp-inf.semiring.distrib-left inf.left-commute
inf.sup-monoid.add-commute inf-import-p madduz-3-11-pp madduz-3-12 p-dist-inf
sup-assoc)

lemma update-injective-swap:
assumes injective T
and point y
and injective z
and wvector z
shows injective ((x[y—z[[2]]])[z—=[[y]]])
proof —
have 1: (z Myl s z) * (z Nyl x 2)T < 1
using assms(3) injective-inf-closed by auto
have (z Myl x 2) * (—zMy N2zl 2)T < (219" * ) * (y7 12T * 2)
by (metis conv-dist-comp conv-involutive conv-order inf.boundedE
inf.boundedl inf.coboundedl inf.cobounded?2 mult-right-isotone)
also have ... = (z M 27 % 2) * (y7 M a7 % y)
by (smt (23) assms(2,4) covector-inf-comp-3 inf .left-commute
inf.sup-monoid.add-commute comp-associative conv-dist-comp conv-involutive)
also have ... = (2 M 20) * z x 27 « (y 1 y7)
by (smt (23) assms(2,4) comp-associative inf.sup-monoid.add-commute
vector-covector vector-inf-comp)
also have ... < z * 2T
by (metis assms(2—4) comp-associative comp-right-one
coreflexive-comp-top-inf inf.coboundedI2 mult-right-isotone vector-covector)
also have ... < I
by (simp add: assms(1))
finally have 2: (z M y7 * 2) x (—z Ny Nzl s 2)T <1
have (z Myl x 2) x (=2 M —y N )T < y?' x 2 % (—y? N 27)
by (smt comp-isotone conv-complement conv-dist-inf inf.cobounded?2
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inf.sup-monoid.add-assoc)
also have ... = ¢y x z x 2T M —y
by (simp add: inf.commute assms(2) covector-comp-inf vector-conv-compl)
also have ... <y n —y?
by (metis assms(1) comp-associative comp-inf.mult-left-isotone comp-isotone
comp-right-one mult-sub-right-one)
finally have 3: (z M y7 * z) * (2N —y N o)T < 1
using pseudo-complement by fastforce
have /: (—z My Nzl x2) * (z Nyl x2)T < 1
using 2 conv-dist-comp conv-order by force
have 5: (—zMyNzl x2)* (—znyn 2zl «2)T <1
by (simp add: assms(2) inf-assoc inf-left-commute injective-inf-closed)
have (—z My Mzl x2) x (—zM —y N a)T <27 % 2% (=27 1 a?)
using comp-inf.mult-left-isotone comp-isotone conv-complement conv-dist-inf
inf.coboundedl inf.cobounded? by auto
also have ... = 27 x z x 27T 1 =27
by (metis assms(4) covector-comp-inf inf.sup-monoid.add-commute
vector-conv-compl)
also have ... < 2T M —z
by (metis assms(1) comp-associative comp-inf.mult-left-isotone comp-isotone
comp-right-one mult-sub-right-one)
finally have 6: (—z My M 27 x z) x (—2 N —y N 2)T < 1
using pseudo-complement by fastforce
have 7: (—z M —y M) * (zNyl x2)T < 1
using 3 conv-dist-comp coreflexive-symmetric by fastforce
have 8: (—z M —yMNaz) x (—zNynzzl«2)?T <1
using 6 conv-dist-comp coreflexive-symmetric by fastforce
have 9: (—z M —yMNa) * (—zN —yNax)? <1
using assms(1) inf.sup-monoid.add-commute injective-inf-closed by auto
have (z[y—z[[2]]))[z——2[[y]]] = Nyl x2) U (=2 Ny N2zl xz) U (-2 N
—y N x)
by (simp add: comp-inf.comp-left-dist-sup conv-dist-comp inf-assoc
sup-monoid.add-assoc)
hence ((zly— [z [=—allyl]]) + (aly—allA])[>—allyll)T = (= 1y
DU (—zNynzZlsz)U(—2n—yna)x((zNyl x2)T U (—2nynzt «
DT U (—zn —yna?)
by (simp add: conv-dist-sup)
alsohave ... = (z Myl xz)* (zNyT * )T U (—znynzl «2)T U (2N
—yna)’)u

T

T

(—zMyn2Zl sz« (zNnyl s )T U (—2nynzzl «s2)T U (-2
n—ynz?)u
(—zM—ynaz)x Nyl xa)T u(—znynzl«2)T U (-2zn

—y N )T
using mult-right-dist-sup by auto
alsohave ... = (z Myl x2)« Nyl « )T U (zNyl x2) * (—zMyn 2T *

DT UGNyl x2)* (—zn —ynaz)? U
(—zMynzlxa)y« Nyl xs )T U (—znynzl x2)* (=2 N

yN 2l s )T U (—znynzzlsz)x (—2n—yna)Tu
(—zM—yNa)*x Nyl s)T U (—2N—yNz)x(—znynz’
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s )T U (—2zM—yna)*(—zM—ynaz)?
using mult-left-dist-sup sup.left-commute sup-commute by auto
also have ... < 1
using 1 234 56 789 by simp-all
finally show ?thesis

qed

lemma update-injective-swap-2:
assumes injective x
shows injective ((z[y—z[[bot]]])[bot—z[[y]]])
by (simp add: assms inf.sup-monoid.add-commute injective-inf-closed)

lemma update-univalent-swap:
assumes univalent x
and injective y
and vector y
and injective z
and vector z
shows univalent ((z[y—=[[2]]])[z—2[[y]]])
by (simp add: assms read-injective update-univalent)

lemma update-mapping-swap:
assumes mapping x
and point y
and point z
shows mapping ((z[y—=[[]]])[z—z[[y]]])
by (simp add: assms bijective-regular read-injective read-surjective update-total
update-univalent)

lemma mapping-inf-point-arc has been moved to theory Relation-Algebras
in entry Stone-Relation-Algebras

end

context stone-kleene-relation-algebra
begin

lemma omit-redundant-points-2:
assumes point p
shows pMa* = (pn 1)U (pnzn —ph) x (z 1 —ph)*
proof —
let 7p=pn I
let onp = —pn 1
have 1:pa* N1 =pni
by (metis inf.le-iff-sup inf.left-commute inf.sup-monoid.add-commute
star.circ-reflexive)
have 2: p M 1 1 —p’ = bot
by (smt (23) inf-bot-right inf-commute inf-left-commute one-inf-conv p-inf)
have pMz* M —1 =p M z* M —pT
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by (metis assms antisymmetric-inf-diversity inf.cobounded1
inf.sup-relative-same-increasing vector-covector)

also have ... = (p M 1 M —pl) U ((pNz) * (—p N z)* N —ph)
by (simp add: assms omit-redundant-points comp-inf.semiring.distrib-right)
also have ... = (p M z) * (—p M 2)* N —pT
using 2 by simp
also have ... = ?p x 2 % (—p M z)* N —pT
by (metis assms vector-export-comp-unit)
also have ... = ?p x x % (?np * z)* N —pT
by (metis assms vector-complement-closed vector-export-comp-unit)
also have ... = ?p x z * (?np * x)* * ?np

by (metis assms conv-complement covector-comp-inf
inf.sup-monoid.add-commute mult-1-right one-inf-conv vector-conv-compl)

also have ... = %p x z x np * (x * 7np)*
using star-slide mult-assoc by auto
also have ... = (?p x z 1 —pT) x (z % Znp)*

by (metis assms conv-complement covector-comp-inf
inf.sup-monoid.add-commaute mult-1-right one-inf-conv vector-conv-compl)
also have ... = (?p x x 1 —pT) x (z 1 —pT)*
by (metis assms conv-complement covector-comp-inf
inf.sup-monoid.add-commute mult-1-right one-inf-conv vector-conv-compl)
also have ... = (p Mz M —pT) * (z M —pT)*
by (metis assms vector-export-comp-unit)
finally show ?thesis
using 1 by (metis madduz-3-11-pp regular-one-closed)
qged

lemma omit-redundant-points-3:
assumes point p
shows pMaz* = (pn 1) U (pn (z 1 —ph)T)
by (simp add: assms inf-assoc vector-inf-comp omit-redundant-points-2)

lemma even-odd-root:
assumes acyclic (z — 1)
and regular z
and univalent
shows (z * 2)T* M 2T x (z x 2)T* = (1 N 2) * ((z * 2)T* M 2T * (z x 2)T%)
proof —
have 1: univalent (z x x)
by (simp add: assms(3) univalent-mult-closed)
have z M 1 < top * (z M 1)
by (simp add: top-left-mult-increasing)
hence z M —(top x (z M 1)) <z — 1
using assms(2) p-shunting-swap pp-dist-comp by auto
hence z* x (z M —(top x (2 M 1)) < (z — 1) x (z — 1)
using mult-right-isotone reachable-without-loops by auto
also have ... < —1
by (simp add: assms(1) star-plus)
finally have (z M —(top x (z 1 1)))T < —z*

o7



using schroeder-4-p by force
hence z7 1 2* < (top * (z 11 1))T
by (smt (23) assms(2) conv-complement conv-dist-inf p-shunting-swap
reqular-closed-inf reqular-closed-top regular-mult-closed regular-one-closed)
also have ... = (1 M z) * top
by (metis conv-dist-comp conv-dist-inf inf-commute one-inf-conv
symmetric-one-closed symmetric-top-closed)
finally have 2: (z7 M 2*) * top < (1 1 x) * top
by (metis inf.orderE inf.orderl inf-commute inf-vector-comp)
have 1 M z?+ < (27 M 1 % %) x 27*
by (metis conv-involutive conv-star-commute dedekind-2 inf-commute)
also have ... < (z7 M 2*) * top
by (simp add: mult-right-isotone)
also have ... < (1 M z) * top
using 2 by simp
finally have 3: 1 M zT+ < (1 M z) * top

have z7 M (27 * 1)t = 1 27 1 (27 % 27)* x 27 % 2T
using star-plus mult-assoc by auto
also have ... = (1 M (27 % 27)* x 2T) % 2T
using assms(3) injective-comp-right-dist-inf by force
also have ... < (1 M 27 x 27) x 2T
by (meson comp-inf.mult-right-isotone comp-isotone inf.eg-refl
star.circ-square)
also have ... < (1 M z) * top x 27
using 3 by (simp add: mult-left-isotone star-plus)
also have ... < (1 M z) * top
by (simp add: comp-associative mult-right-isotone)
finally have 4: 27 M (27 % 27)* < (1 N 1) * top

have z7 N (27 x 27)* = (zT N 1) U (2T 1 (2T % 2T)T)
by (metis inf-sup-distribl star-left-unfold-equal)
also have ... < (1 M z) * top
using 4 by (metis inf.sup-monoid.add-commute le-supl one-inf-conv
top-right-mult-increasing)
finally have 4: 27 1 (27 x 27)* < (1 M z)  top

have 27 M (z x z)* M —1 < 27 Na* N —1
by (simp add: inf.coboundedI2 inf.sup-monoid.add-commute star.circ-square)
also have ... = (z — 1)* M (z — 1)T
using conv-complement conv-dist-inf inf-assoc inf-left-commute
reachable-without-loops symmetric-one-closed by auto
also have ... = bot
using assms(1) acyclic-star-below-complement-1 by auto
finally have 5: 27 M (z x 2)* N —1 = bot
by (simp add: le-bot)
have 27 M (zxo)* = (T N(zx2)* N 1)U (T N (z*2)* N —1)
by (metis madduz-3-11-pp regular-one-closed)
also have ... = 27" M (z % 2)* M 1
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using 5 by simp
also have ... = 27 M 1
by (metis calculation comp-inf.semiring.distrib-left
inf.sup-monoid.add-commute star.circ-transitive-equal star-involutive
star-left-unfold-equal sup-inf-absord)
finally have (z7 1 (z * z)*) U (27 1 (27 x 27)*) < (1 1 2) * top
using 4 inf.sup-monoid.add-commute one-inf-conv top-right-mult-increasing
by auto
hence 27 M ((z * 2)* U (z * 2)T*) < (1 M ) * top
by (simp add: comp-inf.semiring.distrib-left conv-dist-comp)
hence 6: 27 M (z % 2)7* * (z * 2)* < (1 N ) * top
using 1 by (simp add: cancel-separate-eq sup-commute)
have (z * 2)T* M a7 % (z % )T < (27 M (2 % )T * (z * 2)*) * (v * 2)T*
by (metis conv-involutive conv-star-commute dedekind-2 inf-commute)
also have ... < (1 M z) * top x (v % z)T*
using 6 by (simp add: mult-left-isotone)
also have ... = (1 M z) * top
by (simp add: comp-associative star.circ-left-top)
finally have (z * 2)T* M a7 * (z x 2)T* = (z x 2)T* N2l x (zx )T* 0 (1 N

x) * top
using inf.order-iff by auto
also have ... = (1 M) * ((z * 2)T* N 2T * (z * 2)T%)

by (metis coreflexive-comp-top-inf inf.coboundedl
inf.sup-monoid.add-commute)
finally show ?thesis

qged

lemma update-square-plus:

point y = zly—az[[z[[y]]]]] < 2™

by (meson update-square comp-isotone dual-order.trans le-supl order-refl
star.circ-increasing star.circ-mult-increasing)

lemma update-square-ub-plus:

zfy—(z * 2)T] < 2t

by (simp add: comp-isotone inf.coboundedI2 star.circ-increasing
star. circ-mult-increasing)

lemma acyclic-square:
assumes acyclic (z — 1)
shows zxz M1 =20MN1
proof (rule order.antisym)
have I Mz xax=1MN((z—1)*xzU(xzN1)x*x)
by (metis madduz-3-11-pp regular-one-closed semiring.distrib-right)
alsohave ... < 1M ((z — 1) xz U x)
by (metis inf.cobounded?2 mult-1-left mult-left-isotone inf.sup-right-isotone
semiring.add-left-mono)
alsohave ... =1 MN((z—1)*x(z—-—1U(xz—1)x(zN 1)U x)
by (metis madduz-3-11-pp mult-left-dist-sup regqular-one-closed)
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alsohave ... < (InN(z—-1)x(z—1)U(z—1)x(zN1)U=x
by (metis inf-le2 inf-sup-distribl semiring.add-left-mono
sup-monotid.add-assoc)
alsohave ... < (I Mz —-1)NHU(z—1)*x(zNI1)Ux
by (metis comp-isotone inf.eq-refl inf.sup-right-isotone star.circ-increasing
sup-monoid.add-commute sup-right-isotone)
alsohave ... = (z — 1)« (e 1)Uz
by (metis assms inf.le-iff-sup inf.sup-monoid.add-commaute inf-import-p inf-p
regular-one-closed sup-inf-absorb sup-monoid.add-commute)
also have ... =z
by (metis comp-isotone inf.coboundedl inf-le2 mult-1-right sup.absorb2)
finally show z x 2z M 1 <z 1M 1
by (simp add: inf.sup-monoid.add-commute)
show M1 <z *xzM1
by (metis coreflexive-idempotent inf-lel inf-le2 le-infl mult-isotone)
qed

lemma diagonal-update-square-aux:
assumes acyclic (z — 1)
and point y
shows 1 MynNyl xzxz=1NyNa
proof —
have I: I MyNz <yl xz 2
by (metis comp-isotone coreflexive-idempotent inf.boundedE inf.cobounded!
inf.cobounded?2 one-inf-conv)
have 1 My Nyl xzxz=1N(yNy) xax*xz
by (simp add: assms(2) inf.sup-monoid.add-assoc vector-inf-comp)
alsohave ... = 1 MN(yMN1)xzx*zx
by (metis assms(2) inf.coboundedl inf.sup-monoid.add-commute
inf.sup-same-context one-inf-conv vector-covector)
also have ... < I Mz xx
by (metis comp-left-subdist-inf inf.sup-right-isotone le-infE mult-left-isotone
mult-left-one)
also have ... < z
using assms(1) acyclic-square inf.sup-monoid.add-commute by auto
finally show ?thesis
using 1 by (metis inf.absorb2 inf.left-commute inf.sup-monoid.add-commute)
qged

lemma diagonal-update-square:
assumes acyclic (x — 1)
and point y
shows (aly—sa{lal[yJJ) N 1 = 2 11 1
proof —
let 7oy = o[[y]
let ?zxy = z[[?zy]]
let Zryzey = x[y— Paxy]
have ?ryzry M1 = (y Nyl xz % 2) U (—y M 3)) M 1
by (simp add: conv-dist-comp)
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alsohave ... = (y My s+ N 1)U (—yNani1)
by (simp add: inf-sup-distrib2)
alsohave ... = (yMNzN 1)U (-yNzn1)
using assms by (smt (verit, ccfv-threshold) diagonal-update-square-aux
find-set-precondition-def inf-assoc inf-commute)
also have ... =z M 1
by (metis assms(2) bijective-regular comp-inf.mult-right-dist-sup
inf.sup-monoid.add-commute madduz-3-11-pp)
finally show ?thesis

qged

lemma fc-update-square:
assumes mapping x
and point y
shows fc (z[y—z[[z[[y]]]]]) = fc =
proof (rule order.antisym)
let 7z = 2y
let ?zxy = z[[?zy]]
let ?ryzzy = x[y— Pazy]
have I: y Nyl s zx s <z *xx
by (smt (28) assms(2) inf.cobounded?2 inf.sup-monoid.add-commute
inf.sup-same-context mult-1-left one-inf-conv vector-covector vector-inf-comp)
have 2: Zzyzry = (y Myl * z % 2) U (—y M 2)
by (simp add: conv-dist-comp)
also have ... <z *xz U x
using 1 inf-le2 sup-mono by blast
also have ... < z*
by (simp add: star.circ-increasing star.circ-mult-upper-bound)
finally show fc Zzyzzy < fc x
by (metis comp-isotone conv-order conv-star-commute star-involutive
star-isotone)
have 3: y Mz N 1 < fe %xyzry
using inf.coboundedl1 inf.sup-monoid.add-commute reflexive-mult-closed
star.circ-reflexive by auto
have /:y — 1 < —y7
using assms(2) p-shunting-swap regular-one-closed vector-covector by auto
haveyTIa:SyT*x
by (simp add: assms(2) vector-restrict-comp-conv)
also have ... < y7 % z * 2 % 2T
by (metis assms(1) comp-associative mult-1-right mult-right-isotone total-var)
finally have y M2z M —1 <y M —y? My? x 2 x 2 x 27
using 4 by (smt (28) inf.coboundedl inf.coboundedI2
inf.sup-monoid.add-assoc inf.sup-monoid.add-commute inf-greatest)
also have ... = (y M y7 x 2 % z) » o7 N —y7
by (metis assms(2) inf.sup-monoid.add-assoc inf.sup-monoid.add-commaute
vector-inf-comp)
also have ... = (y M y7 x 2 % ) * (27 1 —yT)
using assms(2) covector-comp-inf vector-conv-compl by auto
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also have ... = (y M yT x x % ) * (—y N 2)T
by (simp add: conv-complement conv-dist-inf inf-commute)
also have ... < Zzyzry * (—y N )T
using 2 by (simp add: comp-left-increasing-sup)
also have ... < Zzyzzy * Zrycey”
by (simp add: conv-isotone mult-right-isotone)
also have ... < fc Zzyzzy
using comp-isotone star.circ-increasing by blast
finally have 5: y M z < fc 2zyzzy
using 3 by (smt (28) comp-inf.semiring.distrib-left inf .le-iff-sup
maddux-3-11-pp reqular-one-closed)
have z = (yMa) U (—y M x)
by (metis assms(2) bijective-regular inf.sup-monoid.add-commute
maddux-3-11-pp)
also have ... < fc %zyzry
using 5 dual-order.trans fc-increasing sup.cobounded? sup-least by blast
finally show fc =z < fc ?zyzzy
by (smt (28) assms fe-equivalence fc-isotone fe-wee read-injective
star.circ-decompose-9 star-decompose-1 update-univalent)
qed

lemma acyclic-plus-loop:
assumes acyclic (z — 1)
shows 7 M1 =xzM1I
proof —
let or =2 M1
let 9 =2 — 1
have r™ M1 = (% U #r)T N 1
by (metis madduz-3-11-pp regular-one-closed)
also have ... = ((%* % 2r)* « 2T U (2% = 2r)T) N 1
using plus-sup by auto
also have ... < (%t U (%* « 2r)T) 1 1
by (metis comp-associative dual-order.eq-iff madduz-3-11-pp
reachable-without-loops regular-one-closed star.circ-plus-same star.circ-sup-9)
also have ... = (%i* x 2r)" N 1
by (smt (23) assms comp-inf.mult-right-dist-sup inf.absorb2
inf.sup-monoid.add-commute inf-le2 maddux-3-11-pp pseudo-complement
regular-one-closed)
also have ... < 27* x 2r M 1
by (metis comp-associative dual-order.eq-iff madduz-3-11-pp
reachable-without-loops regular-one-closed star.circ-sup-9 star-slide)
also have ... = (2r U 2t x 2r) N 1
using comp-associative star.circ-loop-fixpoint sup-commute by force
also have ... < z U (%" x 2r N 1)
by (metis comp-inf.mult-right-dist-sup inf.absorbl1 inf.cobounded1
inf.cobounded?)
also have ... <z U (=1 % 2rn 1)
by (meson assms comp-inf.comp-isotone mult-left-isotone order.refl
semiring.add-left-mono)
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also have ... =z
by (metis comp-inf.semiring.mult-not-zero comp-right-one inf.cobounded?
inf-sup-absorb mult-right-isotone pseudo-complement sup.idem sup-inf-distrib1)
finally show ?thesis
by (meson inf.sup-same-context inf-lel order-trans star.circ-mult-increasing)
qed

lemma star-irreflexive-part-eq:
*—1=(xz—1)T — 1
by (metis reachable-without-loops star-plus-without-loops)

lemma star-irrefiexive-part:
" — 1 <(x—1)"
using star-irreflexive-part-eq by auto

lemma square-irreflexive-part:
zxx— 1< (x—1)F
proof —
havez xz=(zN1)xazU(z—1)x*z
by (metis madduax-3-11-pp mult-right-dist-sup regular-one-closed)
alsohave ... < I xz U (z — 1) *z
using comp-isotone inf.cobounded? semiring.add-right-mono by blast
alsohave ... <1 U(z— 1)U (z—1)x*x
by (metis inf.cobounded?2 madduz-3-11-pp mult-1-left reqular-one-closed
sup-left-isotone)
alsohave ... = (z — 1)« (z U 1) U I
by (simp add: mult-left-dist-sup sup-assoc sup-commute)
finally have z x z — 1 < (z — 1) x (z U 1)
using shunting-var-p by auto
alsohave ... =(z — 1) *x(z — 1)U (z — 1)
by (metis comp-right-one inf.sup-monoid.add-commute madduz-53-21-pp
mult-left-dist-sup regular-one-closed sup-commute)
also have ... < (z — 1)*
by (metis mult-left-isotone star.circ-increasing star.circ-mult-increasing
star.circ-plus-same sup.bounded-iff)
finally show ?thesis

qged

lemma square-irreflexive-part-2:

cxx — 1 <g*—1

using comp-inf.mult-left-isotone star.circ-increasing star.circ-mult-upper-bound
by blast

lemma acyclic-update-square:
assumes acyclic (z — 1)
shows acyclic ((z[y—(z * 2)T]) — 1)
proof —
have ((z[y—(z * 2)T]) — T < (z Uz x2) — 1)F
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by (metis comp-inf.mult-right-isotone comp-isotone
inf.sup-monoid.add-commute star-isotone update-square-ub)
also have ... = ((z — 1)U (zxz — 1))
using comp-inf.semiring.distrib-right by auto
also have ... < ((z — 1)")*
by (smt (verit, del-insts) comp-isotone reachable-without-loops
star.circ-mult-increasing star.circ-plus-same star.circ-right-slide
star.circ-separate-5 star.circ-square star.circ-transitive-equal star.left-plus-circ
sup.bounded-iff sup-gel square-irreflexive-part)
also have ... < —1
using assms by (simp add: acyclic-plus)
finally show ?thesis

qed

lemma disjoint-set-forest-update-square:
assumes disjoint-set-forest x
and vector y
and regular y
shows disjoint-set-forest (z[y—(z * z)7])
proof (intro conjl)
show univalent (z[y—(z * x)7])
using assms update-univalent mapping-mult-closed univalent-conv-injective by
blast
show total (z[y—(z * 1)T))
using assms update-total total-conv-surjective total-mult-closed by blast
show acyclic ((z[y—(z * 2)T]) — 1)
using acyclic-update-square assms(1) by blast
qed

lemma disjoint-set-forest-update-square-point:
assumes disjoint-set-forest x
and point y
shows disjoint-set-forest (z[y—(z * z)T])
using assms disjoint-set-forest-update-square bijective-reqular by blast

end

6 Verifying Further Operations on Disjoint-Set
Forests

In this section we verify the init-sets, path-halving and path-splitting oper-

ations of disjoint-set forests.

class choose-point =
fixes choose-point :: 'a = 'a

Using the choose-point operation we define a simple for-each-loop ab-
straction as syntactic sugar translated to a while-loop. Regular vector h
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describes the set of all elements that are yet to be processed. It is made
explicit so that the invariant can refer to it.

syntax
-Foreach :: idt = idt = 'assn = 'com = ‘com («(1FOREACH -/ USING -/
INV {-} //DO - /OD)> [0,0,0,0] 61)
translations FORFACH x USING h INV { i } DO ¢ OD =>
h := CONST top;
WHILE h # CONST bot
INV { CONST regular h A CONST wvector h A i }

VAR { bl }

DO z := CONST choose-point h;
¢
hlz] := CONST bot

oD

class stone-kleene-relation-algebra-choose-point-finite-reqular =

stone-kleene-relation-algebra + finite-reqular-p-algebra + choose-point +
assumes choose-point-point: vector t = x # bot = point (choose-point x)
assumes choose-point-decreasing: choose-point © < ——zx

begin

subclass stone-kleene-relation-algebra-tarski-finite-reqular
proof unfold-locales
fix z
let ?p = choose-point (z * top)
let ?q = choose-point ((?p M )T * top)
let 2y = ?p N 2¢7
assume 1: reqular x x # bot
hence 2: x x top # bot
using le-bot top-right-mult-increasing by auto
hence 3: point ?p
by (simp add: choose-point-point comp-associative)
hence 4: ?p # bot
using 2 mult-right-zero by force
have ?p M x # bot
proof
assume ?p M z = bot
hence 5: z < — %
using p-antitone-iff pseudo-complement by auto
have ?p < ——(z * top)
by (simp add: choose-point-decreasing)
also have ... < ——(— = top)
using 5 by (simp add: comp-isotone pp-isotone)

also have ... = —?p x top
using regular-mult-closed by auto
also have ... = —%p

using 3 vector-complement-closed by auto
finally have ?p = bot
using inf-absorb2 by fastforce
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thus Fulse
using 4 by auto
qed
hence (?p M z)* * top # bot
by (metis comp-inf.semiring.mult-zero-left comp-right-one
inf.sup-monoid.add-commute inf-top.left-neutral schroeder-1)
hence point ?q
using choose-point-point vector-top-closed mult-assoc by auto
hence 6: arc ?y
using 3 by (smt bijective-conv-mapping inf.sup-monoid.add-commute
mapping-inf-point-arc)
have ?¢ < —((?p M 2)T * top)
by (simp add: choose-point-decreasing)
hence ?y < ?p M ——((?p N 2)T * top)T
by (metis conv-complement conv-isotone inf.sup-right-isotone)
also have ... = ?p M ——(top x (?p M z))
by (simp add: conv-dist-comp)
also have ... = ?p M top = (%p M z)
using 1 3 bijective-regular pp-dist-comp by auto
also have ... = ?p M 7T x
using 3 by (metis comp-inf-vector conv-dist-comp
inf.sup-monoid.add-commute inf-top-right symmetric-top-closed)
also have ... = (?p 1 2p7) x
using 3 by (simp add: vector-inf-comp)
also have ... < 1 x zx
using 3 point-antisymmetric mult-left-isotone by blast
finally have %y < z
by simp
thus top x x x top = top
using 6 by (smt (verit, ccfv-SIG) mult-assoc le-iff-sup mult-left-isotone
semiring. distrib-left sup.orderE top.extremum)
qged

6.1 Init-Sets

A disjoint-set forest is initialised by applying make-set to each node. We
prove that the resulting disjoint-set forest is the identity relation.

theorem init-sets:
VARS h p x
[ True ]
FORFEACH x
USING h
INV{p—h=1-h}
DO p := make-set p z
0D
[ p =1 A disjoint-set-forest p A h = bot |
proof vcg-tc-simp
fix hp
let ?z = choose-point h
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let ?m = make-set p %x
assume 1: reqular h A\ vector h A\ p — h=1 — h A h # bot
show vector (—%z M h) A
fmMN (——% U —h)=1MN(——% U —h) A
card { z . reqular z Nz < =%z ANx < h} <hl
proof (intro conjI)
show vector (—%z M h)
using 1 choose-point-point vector-complement-closed vector-inf-closed by
blast
have 2: point ?z A regular ?x
using 1 bijective-reqular choose-point-point by blast
have 3: —h < — 7
using choose-point-decreasing p-antitone-iff by auto
have 4: 22N ?m = %2 % 22T A =% N 2m=—%2Mp
using 1 choose-point-point make-set-function make-set-postcondition-def by
auto
have m M (——%z U —h) = (m N 2z) U (?m — h)
using 2 comp-inf.comp-left-dist-sup by auto
also have ... = %z * 227 U (?m N — %2 1 —h)
using 3 / by (smt (23) inf-absorb2 inf-assoc inf-commute)
also have ... = %z x 227 U (1 — h)
using 1 8 4 inf.absorb2 inf.sup-monoid.add-assoc inf-commute by auto
also have ... = (1 M %z) U (1 — h)
using 2 by (metis inf.cobounded? inf.sup-same-context one-inf-conv
vector-covector)
also have ... = 1 M (——% U —h)
using 2 comp-inf.semiring.distrib-left by auto
finally show m M (——%z U —h) =1 M (——% U —h)

have 5: = %2 < — 7?2
using 1 2 by (metis comp-commute-below-diversity conv-order
inf.cobounded? inf-absorb2 pseudo-complement strict-order-var top.extremum)
have 6: %z < h
using I by (metis choose-point-decreasing)
show card { = . reqular z Nz < —%z ANx < h } < hl
apply (rule psubset-card-mono)
using finite-reqular apply simp
using 2 5 6 by auto
qed
qed

end

6.2 Path Halving

Path halving is a variant of the path compression technique. Similarly to
path compression, we implement path halving independently of find-set,
using a second while-loop which iterates over the same path to the root.
We prove that path halving preserves the equivalence-relational semantics
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of the disjoint-set forest and also preserves the roots of the component trees.
Additionally we prove the exact effect of path halving, which is to replace
every other parent pointer with a pointer to the respective grandparent.

context stone-kleene-relation-algebra-tarski-finite-regular
begin

definition path-halving-invariant p z y p0 =
find-set-precondition p x A point y Ay < pt* x x Ay < (p0 * p0)T* x z A
pO[(p0 * p0)™* x & — p0™™* x y—(p0 * p0)*] = p A
disjoint-set-forest p0

definition path-halving-postcondition p x y p0 =
disjoint-set-forest p AN y = root px Apl 1 =p0 M 1A fecp=fcpo A
pO[(p0 * p0)™* % w—(p0 * p0)"] = p

lemma path-halving-invariant-auz-1:
assumes point x
and point y
and disjoint-set-forest p0
shows p0 < wee (p0[(p0 * p0)T* x x — p0T* x y—(p0 * p0)T])
proof —
let ?p2 = p0 * p0
let 7p2t = 7p2T
let ?p2ts = ?p2t*
let ?px = ?p2ts * x
let 7py = —(p0"* * y)
let ?pxy = 2px M 2py
let ?p = p0|?pry— ?p2t
have 1: reqular ?pzy
using assms(1,3) bijective-reqular find-set-precondition-def mapping-regular
pp-dist-comp regular-closed-star regular-conv-closed path-halving-invariant-def by
auto
have 2: vector x N vector ?pz A vector ?py
using assms(1,2) find-set-precondition-def vector-complement-closed
vector-mult-closed path-halving-invariant-def by auto
have 3: Zpay M p0 M —2p2 < — ZpaT
proof —
have /: injective x A univalent ?p2 N regular p0
using assms(1,3) find-set-precondition-def mapping-regular
univalent-mult-closed path-halving-invariant-def by auto
have ?p2* x p0 M1 < pO0t N1
using comp-inf.mult-left-isotone comp-isotone comp-right-one
mult-sub-right-one star.circ-square star-slide by auto
also have ... < p0
using acyclic-plus-loop assms(3) path-halving-invariant-def by auto
finally have 5: ?p2* %« p0 N 1 < p0

hence 6: 7p2ts * (1 — p0) < —p0

by (smt (verit, ccfv-SIG) conv-star-commute dual-order.trans
inf.sup-monoid.add-assoc order.refl p-antitone-iff pseudo-complement
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schroeder-4-p schroeder-6-p)
have ?p2tt % p0 M 1 = 2p2ts * p0T * (p0T * p0) M 1
by (metis conv-dist-comp star-plus mult-assoc)
also have ... < ?p2ts x p0T M 1
by (metis assms(3) comp-inf.mult-left-isotone comp-isotone comp-right-one
mult-sub-right-one)
also have ... < p0
using 5 by (metis conv-dist-comp conv-star-commute inf-commute
one-inf-conv star-slide)
finally have ?p2tT x p0 < —1 U p0
by (metis reqular-one-closed shunting-var-p sup-commute)
hence 7: ?p2% x (1 — p0) < —p0
by (smt (23) conv-dist-comp conv-star-commute half-shunting
inf.sup-monoid.add-assoc inf.sup-monoid.add-commute pseudo-complement
schroeder-4-p schroeder-6-p star.circ-plus-same)
have (1 M 2pzx) = top = (1 M %px M —p0) = px M top = (1 N Zpz M —p0)
using 2 by (metis inf-commute vector-inf-one-comp mult-assoc)
also have ... = ?pz M ?pa” * (1 — p0)
using 2 by (smt (verit, ccfv-threshold) covector-inf-comp-3
inf.sup-monoid.add-assoc inf.sup-monoid.add-commaute inf-top.left-neutral)
also have ... = ?px M 27 x 2p2* x (1 — p0)
by (simp add: conv-dist-comp conv-star-commute)
also have ... = (%pz M zT) * ?p2* % (1 — p0)
using 2 vector-inf-comp by auto
also have ... = ?p2ts x (z x 27) * 2p2* * (1 — p0)
using 2 vector-covector mult-assoc by auto
also have ... < 2p2ts x ?p2* x (1 — p0)
using / by (metis inf.order-lesseq-imp mult-left-isotone
star. circ-mult-upper-bound star.circ-reflexive)

also have ... = (?p2ts U ?p2*) * (1 — p0)
using 4 by (simp add: cancel-separate-eq)
also have ... = (?p2ts U #p21) % (1 — p0)

by (metis star.circ-plus-one star-plus-loops sup-assoc sup-commute)
also have ... < —p0

using 6 7 by (simp add: mult-right-dist-sup)
finally have (1 M ?pz)T % p0 * (1 N Zpx 1 —p0)T < bot

by (smt (23) inf.boundedI inf-p top.extremum triple-schroeder-p)
hence 8: (1 M ?px) * p0 * (1 M ?px M —p0) = bot

by (simp add: coreflexive-inf-closed coreflexive-symmetric le-bot)
have ?px M p0 M ?pz’ = (1 N ?px) * p0 M ?pxT

using 2 inf-commute vector-inf-one-comp by fastforce

also have ... = (1 M %pz) * p0 = (1 N ?px)
using 2 by (metis comp-inf-vector mult-1-right vector-conv-covector)
also have ... = (1 M %pzx) x p0 x (1 M Zpz M p0) U (1 M %px) * p0 * (1 1M
Zpz M —p0)
using 4/ by (metis madduz-3-11-pp mult-left-dist-sup)
also have ... = (1 M ?pz) * p0 = (1 N ?pz N p0)

using 8 by simp
also have ... < ?p2
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by (metis comp-isotone coreflexive-comp-top-inf inf.cobounded1
inf.cobounded?)
finally have ?pz 1 p0 M —?%p2 < — ?pzT
using 4 p-shunting-swap reqular-mult-closed by fastforce
thus ?thesis
by (meson comp-inf.mult-left-isotone dual-order.trans inf.coboundedl)
qed
have p0 < ?p2 * p0*
by (metis assms(8) comp-associative comp-isotone comp-right-one eq-refl
total-var)
hence ?pzy M p0 M —2p2 < 2p2 * p0”
by (metis inf.coboundedl! inf.sup-monoid.add-commute)
hence ?pzy M p0 M —2p2 < Zpay M 2p2 * p0T M — 2pa™
using 3 by (meson dual-order.trans inf.boundedl inf.coboundedl)

also have ... = (Zpzy M ?p2) * p0T M —Zpa”
using 2 vector-inf-comp by auto
also have ... = (?pzy N ?p2) * (—?pz N p0)T

using 2 by (simp add: covector-comp-inf inf.sup-monoid.add-commute
vector-conv-compl conv-complement conv-dist-inf)
also have ... < ?p x (—?pz 1 p0)T
using comp-left-increasing-sup by auto
also have ... < % x 7p7
by (metis comp-inf.mult-right-isotone comp-isotone conv-isotone inf.eq-refl
inf.sup-monoid.add-commute le-supll p-antitone-inf sup-commute)
also have ... < wce %p
using star.circ-sub-dist-2 by auto
finally have 9: ?pxy M p0 M —%p2 < wee ?p

have p0 = (?pzy N p0) U (—?pzy N p0)
using 1 by (metis inf.sup-monoid.add-commute madduz-3-11-pp)
also have ... < (Zpxy M p0) U ?p
using sup-right-isotone by auto
also have ... = (Zpzy M p0 M —2p2) U (%pxy M p0 N 2p2) U ?p
by (smt (23) assms(8) madduz-3-11-pp mapping-regular pp-dist-comp
path-halving-invariant-def)
also have ... < (Zpxy M p0 M —2p2) U (Zpzy M ?p2) U &p
by (meson comp-inf.comp-left-subdist-inf inf.boundedE semiring.add-left-mono
semiring.add-right-mono)
also have ... = (Zpzy M p0 M —9%p2) U %p
using sup-assoc by auto
also have ... < wce ?p U ?p
using 9 sup-left-isotone by blast
also have ... < wce 7p
by (simp add: star.circ-sub-dist-1)
finally show ?thesis

qed

lemma path-halving-invariant-aux:

70



assumes path-halving-invariant p x y p0
shows p[[yl] = p0l[y]
and p[[p[[y]]]] = p0[[p0[[y]]]
and p([p[[p[[y]]]]]] = pO[[p0[[pO[[y]]]]]]
and pn 1 =p0 Nl
and fc p = fe p0
proof —
let ?p2 = p0 * p0
let ?p2t = ?p27
let ?p2ts = ?p2t*
let %pr = ?p2ts * x
let 7py = —(p0™™* * y)
let ?pxy = ?px 1 ?py
let ?p = p0[?pry— ?p2t
have ?p([y]] = pO[[y]]
apply (rule put-get-different-vector)
using assms find-set-precondition-def vector-complement-closed
vector-inf-closed vector-mult-closed path-halving-invariant-def apply force
by (meson inf.cobounded?2 order-lesseq-imp p-antitone-iff path-compression-1b)
thus 1: p[y]] = p0[[y]]
using assms path-halving-invariant-def by auto
have #p[[p0[[y]]]] = p0l[pO[[y]]
apply (rule put-get-different-vector)
using assms find-set-precondition-def vector-complement-closed
vector-inf-closed vector-mult-closed path-halving-invariant-def apply force
by (metis comp-isotone inf.boundedE inf.coboundedI2 inf.eq-refl p-antitone-iff
selection-closed-id star.circ-increasing)
ehus 2: pl{p[[y]]]] = p0[lp0[y]]]
using 1 assms path-halving-invariant-def by auto
have #p[[p0[[p0[[y]]]]]] = pO[lp0O[[pO[[y]]]]]
apply (rule put-get-different-vector)
using assms find-set-precondition-def vector-complement-closed
vector-inf-closed vector-mult-closed path-halving-invariant-def apply force
by (metis comp-associative comp-isotone conv-dist-comp conv-involutive
conv-order inf.coboundedI2 inf .le-iff-sup mult-left-isotone p-antitone-iff
p-antitone-inf star.circ-increasing star.circ-transitive-equal)
thus p([p([p[[y]]]ll] = pO[[pO[[pO[[y]]]]]
using 2 assms path-halving-invariant-def by auto
have 3: reqular ?pxy
using assms bijective-regular find-set-precondition-def mapping-regular
pp-dist-comp regular-closed-star regular-conv-closed path-halving-invariant-def by
auto
have pM1 =% M1
using assms path-halving-invariant-def by auto

also have ... = (%pzy M ?p2 N 1) U (—%paxy N p0 M 1)
using comp-inf.semiring.distrib-right conv-involutive by auto
also have ... = (pay M p0 M 1) U (—?pxy M p0 M 1)

using assms acyclic-square path-halving-invariant-def
inf.sup-monoid.add-assoc by auto
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also have ... = (%pzy U —?pzy) M p0 M 1
using inf-sup-distrib2 by auto
also have ... = p0 N I
using 3 by (metis inf.sup-monoid.add-commute inf-sup-distrib1
maddux-3-11-pp)
finally show p M1 =p0 N1

have p < p0™
by (metis assms path-halving-invariant-def update-square-ub-plus)
hence 4: fc p < fc p0
using conv-plus-commute fc-isotone star.left-plus-circ by fastforce
have wece p0 < wee %p
by (meson assms wece-below-wee path-halving-invariant-aua-1
path-halving-invariant-def find-set-precondition-def)
hence fc p0 < fc %p
using assms find-set-precondition-def path-halving-invariant-def fc-wee by auto
thus fc p = fc p0
using 4 assms path-halving-invariant-def by auto
qed

lemma path-halving-1:
find-set-precondition p0 © = path-halving-invariant p0 x x p0
proof —
assume 1: find-set-precondition p0 x
show path-halving-invariant p0 x x p0
proof (unfold path-halving-invariant-def, intro conjl)
show find-set-precondition p0 x
using 1 by simp
show wvector x injective x surjective x
using 1 find-set-precondition-def by auto
show 2 < p0T* % z
by (simp add: path-compression-1b)
show z < (p0 * p0)T* * z
by (simp add: path-compression-1b)
have (p0 * p0)T* x © < p0T* x z
by (simp add: conv-dist-comp mult-left-isotone star.circ-square)
thus p0[(p0 * p0)T* x z — p0T* x 2—(p0 * p0)T] = po
by (smt (23) inf.le-iff-sup inf-commute madduz-3-11-pp p-antitone-inf
pseudo-complement)
show univalent p0 total p0 acyclic (p0 — 1)
using 1 find-set-precondition-def by auto
qed
qged

lemma path-halving-2:

path-halving-invariant p = y p0 A y # plly]] = path-halving-invariant
(ply—pllp[ly) = ((ply—p[lpllyIIDIY]) PO A ((ply—pllp[ly]IDT™ =
((ply—p[lp[BNDIYIDE < (™ * y)l

proof —
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let ?py = p[[y]

let ?ppy = p[[?py]]

let ?pyppy = ply— ?ppy]

let %p2 = p0 * p0

let 2p2t = ?p27

let %p2ts = ?p2t*

let %pz = ?p2ts * z

let ?py2 = —(p0T* * y)

let ?pxy = ?px M ?py2

let ?p = p0[?pry— ?p2t

let ?pty = p0T x y

let 2pt2y = p0T x p0T * y

let 2pt2sy = p0T* * p0T x p0T x y

assume 1: path-halving-invariant p x y p0 N y # ?py

have 2: point ?pty N point ?pt2y

using 1 by (smt (verit) comp-associative read-injective read-surjective

path-halving-invariant-def)

show path-halving-invariant ?pyppy = (?pyppy([yl]) p0 A (Ppyppy™™ *

(Zpyppyllyl))d < (p7* * y)i
proof

show path-halving-invariant ?pyppy = (?pyppyl[y]]) p0O
proof (unfold path-halving-invariant-def, intro conjI)
show 38: find-set-precondition ?pyppy x
proof (unfold find-set-precondition-def, intro conjl)
show univalent ?pyppy
using 1 find-set-precondition-def read-injective update-univalent
path-halving-invariant-def by auto
show total ?pyppy
using 1 bijective-reqular find-set-precondition-def read-surjective
update-total path-halving-invariant-def by force
show acyclic (?pyppy — 1)
apply (rule update-acyclic-3)
using 1 find-set-precondition-def path-halving-invariant-def apply blast
using 1 2 comp-associative path-halving-invariant-auz(2) apply force
using 1 path-halving-invariant-def apply blast
by (metis inf.order-lesseq-imp mult-isotone star.circ-increasing
star.circ-square mult-assoc)
show vector x injective x surjective x
using 1 find-set-precondition-def path-halving-invariant-def by auto
qed
show vector (#pyppyl[y]])
using 1 comp-associative path-halving-invariant-def by auto
show injective (#pyppy([y]])
using 1 & read-injective path-halving-invariant-def find-set-precondition-def
by auto
show surjective (?pyppy|[y]])
using 1 & read-surjective path-halving-invariant-def
find-set-precondition-def by auto
show Zpyppy(ly]] < Zpyppy”* * =
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proof —
have y = (y M p™™*) * z
using 1 le-iff-inf vector-inf-comp path-halving-invariant-def by auto
also have ... = ((y M 1) U (y 1 (pT 11 —yT)F)) x 2
using 1 omit-redundant-points-3 path-halving-invariant-def by auto
also have ... < (1 U (y 11 (p"' 1 —yT))) x =
using 1 sup-inf-distrib2 vector-inf-comp path-halving-invariant-def by
auto
also have ... < (1 U (pT M —yT)F) x z
by (simp add: inf.coboundedI2 mult-left-isotone)
also have ... = (p M —y)T* x 2z
by (simp add: conv-complement conv-dist-inf star-left-unfold-equal)
also have ... < ?pyppy”™* * z
by (simp add: conv-isotone inf.sup-monoid.add-commute mult-left-isotone
star-isotone)
finally show ?thesis
by (metis mult-isotone star.circ-increasing star.circ-transitive-equal
mult-assoc)
qed
show Zpyppy[ly]] < ?pz
proof —

have Zpyppy([y]] = pl[?py]]
using 1 put-get vector-mult-closed path-halving-invariant-def by force

also have ... = p0[[p0][y]]]]
using 1 path-halving-invariant-auz(2) by blast
also have ... = %p2t x y

by (simp add: conv-dist-comp mult-assoc)
also have ... < ?p2t x ?px
using 1 path-halving-invariant-def comp-associative mult-right-isotone by

force
also have ... < 7pz
by (metis comp-associative mult-left-isotone star.left-plus-below-circe)
finally show ?thesis
qed
show p0[?pz — p0™* « (Zpyppyl[yl])— ?p2t] = Zpyppy
proof —

have ?pz M ?pty = Zpx M p0T * Zpx M Ppty
using 1 inf.absorb2 inf.sup-monoid.add-assoc mult-right-isotone
path-halving-invariant-def by force
also have ... = (?p2ts 1 p0T x ?p2ts) * z N Zpty
using 3 comp-associative find-set-precondition-def
injective-comp-right-dist-inf by auto
also have ... = (1 M p0) * (?p2ts M p0T x 2p2ts) x x M ?pty
using 1 even-odd-root mapping-regular path-halving-invariant-def by auto
also have ... < (1 M p0) * top N ?pty
by (metis comp-associative comp-inf.mult-left-isotone
comp-inf.star.circ-sub-dist-2 comp-left-subdist-inf dual-order.trans
mult-right-isotone)

74



also have 4: ... = (1 M p07T) * ?pty

using coreflexive-comp-top-inf one-inf-conv by auto
also have ... < ?pt2y

by (simp add: mult-assoc mult-left-isotone)
finally have 5: ?pz M ?pty < ?pt2y

have 6: p[?pz M — ?pt2sy M Ppty— ?p2t) = p
proof (cases ?pty < Zpx M — ?pt2sy)
case True
hence ?pty < ?pt2y
using 5 conv-dist-comp inf.absorb2 by auto
hence 7: ?pty = ?pt2y
using 2 epm-3 by fastforce
have p[%pz M —?pt2sy M Zpty—s ?p2t] = p|Zpty— 7p2t]
using True inf.absorb2 by auto

also have ... = p[?pty— ?p2[[?pty]]]
using 2 update-point-get by auto
also have ... = p[?pty——p07 * p0T x p0T * 9
using comp-associative conv-dist-comp by auto
also have ... = p|?pty— ?pt2y]
using 7 mult-assoc by simp
also have ... = p|[?pty—p|[ ?pty]]]
using 1 path-halving-invariant-auz(1,2) mult-assoc by force
also have ... = p

using 2 get-put by auto
finally show ?thesis

next
case Fulse
have mapping ?p2
using 1 mapping-mult-closed path-halving-invariant-def by blast
hence 8: regular (?pz M — ?pt2sy)
using 1 bijective-reqular find-set-precondition-def mapping-reqular
pp-dist-comp regular-closed-star reqular-conv-closed path-halving-invariant-def by
auto
have vector (Zpz M — ?pt2sy)
using 1 find-set-precondition-def vector-complement-closed
vector-inf-closed vector-mult-closed path-halving-invariant-def by force
hence %pty < —(%px M — ?pt2sy)
using 2 8 point-in-vector-or-complement False by blast
hence ?px M —?pt2sy M ?pty = bot
by (simp add: p-antitone-iff pseudo-complement)
thus ?thesis
by simp
qed
have 9: p[?px M —?pt2sy M y— ?p2t] = Zpyppy
proof (cases y < — ?pt2sy)
case True
hence p[?%px M — 2pt2sy N y— 2p2t] = ply— ?p2t]
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using 1 inf.absorb2 path-halving-invariant-def by auto
also have ... = Zpyppy
using ! by (metis comp-associative conv-dist-comp
path-halving-invariant-auz(2) path-halving-invariant-def update-point-get)
finally show ?thesis

next
case Fulse
have vector (— ?pt2sy)
using 1 vector-complement-closed vector-mult-closed
path-halving-invariant-def by blast
hence 10: y < ?pt2sy
using 1 by (smt (verit, del-insts) False bijective-regular
point-in-vector-or-complement regular-closed-star reqular-mult-closed
total-conv-surjective univalent-conv-injective path-halving-invariant-def)
hence ?px M —?pt2sy M y = bot
by (simp add: inf.coboundedI2 p-antitone pseudo-complement)
hence 11: p[%pz M —?pt2sy M y— %p2t] = p
by simp
have y < p0T+ % y
using 10 by (metis mult-left-isotone order-lesseq-imp
star.circ-plus-same star.left-plus-below-circ)
hence 12: y = root p0 y
using 1 loop-root-2 path-halving-invariant-def by blast
have ?pyppy = p[y—p0([p0[[y]]]]]
using 1 path-halving-invariant-auz(2) by force
also have ... = p[y—p0|[y]]]
using 1 12 by (metis root-successor-loop path-halving-invariant-def)
also have ... = p[y— ?py]
using 1 path-halving-invariant-auz(1) by force
also have ... = p
using 1 get-put path-halving-invariant-def by blast
finally show ?thesis
using 11 by simp
qed
have 13: —?pt2sy = —(p0T™* x y) U (—2pt2sy M Zpty) U (—?pt2sy M y)
proof (rule order.antisym)
have 14: regular (p0™™* % y) A regular ?pt2sy
using 1 by (metis order.antisym conv-complement conv-dist-comp
conv-involutive conv-star-commute forest-components-increasing mapping-reqular
pp-dist-star reqular-mult-closed top.extremum path-halving-invariant-def)
have p0T* = p0T* « p0™ x poT U poT U 1
using star.circ-back-loop-fizpoint star.circ-plus-same
star-left-unfold-equal sup-commute by auto
hence p0T* x y < ?pt2sy U ?pty U y
by (metis inf.eq-refl mult-1-left mult-right-dist-sup)

also have ... = ?pt2sy U (— pt2sy M ?pty) U y
using 14 by (metis madduz-3-21-pp)
also have ... = ?pt2sy U (— ?pt2sy M ?pty) U (— ?pt2sy M y)
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using 14 by (smt (28) madduz-3-21-pp sup.left-commute sup-assoc)
hence p0T* x y M —2pt2sy < (—Zpt2sy M ?pty) U (—Zpt2sy M y)
using calculation half-shunting sup-assoc sup-commute by auto
thus — ?pt2sy < —(p0T™* x y) U (—?pt2sy M ?pty) U (—pt2sy M y)
using 14 by (smt (23) inf.sup-monoid.add-commute shunting-var-p
sup.left-commute sup-commute)
have —(p0T* x y) < —?pt2sy
by (meson mult-left-isotone order.trans p-antitone
star.right-plus-below-circ)
thus —(p0T* x y) U (—2pt2sy M ?pty) U (—pt2sy M y) < — ptsy
by simp
qed
have reqular ?pz reqular ?pty regular y
using 1 bijective-reqular find-set-precondition-def mapping-reqular
pp-dist-comp regular-closed-star regular-conv-closed path-halving-invariant-def by
auto
hence 15: regular (?pz M —pt2sy M ?pty) regular (¢px M —pt2sy M y)
by auto
have p0[?pz — p0™* * (Zpyppyl[yl])— ?p2t] = p0[?pz — p0™* *
(pl[#py]l)— ?p2i]
using 1 put-get vector-mult-closed path-halving-invariant-def by auto

also have ... = p0[%pz — ?pt2sy— ?p2t]
using 1 comp-associative path-halving-invariant-auz(2) by force
also have ... = p0[?pzy U (?pz M —?pt2sy M ?pty) U (Ppz M — 2pt2sy 1M
y)— 7p2t]

using 13 by (metis comp-inf.semiring.distrib-left
inf.sup-monoid.add-assoc)
also have ... = (p[?px M — ?pt2sy M Ipty— 2p2t])[Zpx M — Ppt2sy M
y— ?p2t]
using 15 by (smt (28) update-same-3 comp-inf.semiring.mult-not-zero
inf.sup-monoid.add-assoc inf.sup-monoid.add-commute)

also have ... = (p[?px T —?pt2sy N Zpty— ?p2t])[px N — ?pt2sy M
y— ?p2t]
using 1 path-halving-invariant-def by auto
also have ... = p[%pz M —?pt2sy M y— ?p2t]
using 6 by simp
also have ... = ?pyppy

using 9 by auto
finally show ?thesis

qed
show univalent p0 total p0 acyclic (p0 — 1)
using 1 path-halving-invariant-def by auto

qed
let s ={ z. reqular z A z < p'* x y }
let 7t = { z . reqular 2 N z < Zpyppy™™* * (?pyppylly]]) }
have Zpyppy™™* * (Zpyppyl[y]]) = Zpyppy”™* * (pl[?py]])

using 1 put-get vector-mult-closed path-halving-invariant-def by force
also have ... < p™7* x (p[[?py]])

T
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using 1 path-halving-invariant-def update-square-plus conv-order
mult-left-isotone star-isotone by force
also have ... = pT* % pT x pT x y
by (simp add: conv-plus-commute star.left-plus-circ mult-assoc)
also have ... < pT+ x y
by (metis mult-left-isotone star.left-plus-below-circ star-plus)

finally have 16: 2pyppy™™* = (Zpyppylly]]) < p* x y

hence Zpyppy”* * (Zpyppyllyl]) < p™* * y
using mult-left-isotone order-lesseq-imp star.left-plus-below-circ by blast
hence 17: 2t C %s
using order-trans by auto
have 18: y € %
using 1 bijective-reqular path-compression-1b path-halving-invariant-def by
force
have 19: -y € 2t
proof
assume y € ¢
hence y < Zpyppy™* * (Zpyppyllyl])
by simp
hence y < p7* x y
using 16 dual-order.trans by blast
hence y = root p y
using 1 find-set-precondition-def loop-root-2 path-halving-invariant-def by
blast
hence y = ?py
using 1 by (metis find-set-precondition-def root-successor-loop
path-halving-invariant-def)
thus Fulse
using 1 by simp
qed
show card ?t < card ?s
apply (rule psubset-card-mono)
subgoal using finite-regular by simp
subgoal using 17 18 19 by auto
done
qged
qged

lemma path-halving-3:
path-halving-invariant p z y p0 A y = pl[y]] = path-halving-postcondition p x y
p0
proof —
assume [: path-halving-invariant p x y p0 A y = p[[y]]
show path-halving-postcondition p x y p0
proof (unfold path-halving-postcondition-def, intro conjI)
show univalent p total p acyclic (p — 1)
using 1 find-set-precondition-def path-halving-invariant-def by blast+
have find-set-invariant p z y
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using 1 find-set-invariant-def path-halving-invariant-def by blast
thus y = root p x
using 1 find-set-3 find-set-postcondition-def by blast
show p M1 =p0 M1
using 1 path-halving-invariant-auz(4) by blast
show fc p = fc p0
using [ path-halving-invariant-auz(5) by blast
have 2: y = p0[[y]]
using 1 path-halving-invariant-auz(1) by auto
hence p07* x y =y
using order.antisym path-compression-1b star-left-induct-mult-equal by auto
hence 3: p0[(p0 * p0)™* x x — y——(p0 * p0)T] = p
using 1 path-halving-invariant-def by auto
have (p0 * p0)T x y =y
using 2 mult-assoc conv-dist-comp by auto
hence y M p0 * p0 = y M p0O
using 1 2 by (smt path-halving-invariant-def update-postcondition)
hence 4: yMp =y M p0 * p0
using 1 2 by (smt path-halving-invariant-def update-postcondition)
have p0[(p0 * p0)T* x x—(p0 * p0)T] = (p0[(p0 * p0)T™* * x — y—(p0 *
pO) DI(p0 * p0)™ x x 1 y—(p0 * p0)"]
using 1 bijective-reqular path-halving-invariant-def update-split by blast

also have ... = p[(p0 * p0)T* x x M y—(p0 * p0)7T)
using 3 by simp
also have ... = p

apply (rule update-same-sub)

using 4 apply simp

apply simp

using 1 bijective-reqular inf.absorb2 path-halving-invariant-def by auto
finally show p0[(p0 x p0)T* x z—(p0 * p0)T] = p

qed
qed

theorem find-path-halving:
VARS p y
[ find-set-precondition p x A p0 = p |
y =
WHILE y # pl[y]
INV { path-halving-invariant p z y p0 }
VAR { (p"* % y)I }
DO ply] = pllp[[y]l]};
y == pl[yl]
oD
[ path-halving-postcondition p x y p0 ]
apply vcg-te-simp
apply (fact path-halving-1)
apply (fact path-halving-2)
by (fact path-halving-3)
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6.3 Path Splitting

Path splitting is another variant of the path compression technique. We im-
plement it again independently of find-set, using a second while-loop which
iterates over the same path to the root. We prove that path splitting pre-
serves the equivalence-relational semantics of the disjoint-set forest and also
preserves the roots of the component trees. Additionally we prove the ex-
act effect of path splitting, which is to replace every parent pointer with a
pointer to the respective grandparent.

definition path-splitting-invariant p x y p0 =
find-set-precondition p x A point y Ay < p0T* x 2 A
p0[p0T* x x — p0T* % y—(p0 x p0)T] = p A
disjoint-set-forest p0
definition path-splitting-postcondition p x y p0 =
disjoint-set-forest p N y = root px ApM 1 =p0 M 1Afecp=fcpl A
pO[p0™* * z—(p0 * p0)"] = p

lemma path-splitting-invariant-auz-1:
assumes point
and point y
and disjoint-set-forest p0
shows (p0[p0T* x 2 — p0T* x y—(p0 x p0)T]
and fc (p0[p0T* x x — p0T* * y—=(p0 * p0)
and p0T* « z < p0* * root p0
proof —
let ?p2 = p0 * p0
let ?p2t = ?p27
let ?pz = p07* x z
let 2py = —(p0"* * y)
let ?pxy = 2px 1 ?2py
let 9q1 = %pxy M p0
let 9¢2 = — ?pzy M p0
let 2¢3 = %pxy N ?p2
let q4 = —%pzy N ?p2
let %p = p0[?pry— ?p2t]
let 9r0 = root p0 x
let ?rp = root ?p x
have 1: reqular ?pz A reqular (p0™* * y) A reqular ?pzy
using assms bijective-regular find-set-precondition-def mapping-regular
pp-dist-comp reqular-closed-star regular-conv-closed path-halving-invariant-def
regular-closed-inf by auto
have 2: vector x N vector ?pz A vector ?py N vector ?pzy
using assms(1,2) find-set-precondition-def vector-complement-closed
vector-mult-closed path-halving-invariant-def vector-inf-closed by auto
have 3: 2r0 < p0 * 9r0
by (metis assms(3) dedekind-1 inf.le-iff-sup root-successor-loop top-greatest)
hence ?pxy M p0 *x 9r0 < ?pxy M 2p2 % ?r0
by (metis comp-associative inf.eq-refl inf.sup-right-isotone mult-isotone)

mi1=ponil
)

)
1) = fe po
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hence /: ?q1 * 7r0 < 293 * ?r0
using 2 by (simp add: vector-inf-comp)
have 5: 2q1 * 2¢2 < 243
using 2 by (smt (23) comp-isotone inf.coboundedl inf.cobounded? inf-greatest
vector-export-comp)
have 2q1 x 2q2* % 2r0 = ?q1 * 2r0 U 2q1 * 2q2 % 2q2* x 2r0
by (metis comp-associative semiring.distrib-left star.circ-loop-fizpoint
sup-commute)
also have ... < %q1 % 2r0 U 2q8 * 292> % %r0
using 5 by (meson mult-left-isotone sup-right-isotone)
also have ... < 2¢8 % 2r0 U 293 x 2¢2* x 2r0
using 4 sup-left-isotone by blast
also have ... = 298 x 2¢2* x r0
by (smt (verit, del-insts) comp-associative semiring.distrib-left
star.circ-loop-fizpoint star.circ-transitive-equal star-involutive sup-commute)
finally have 6: 2q1 x 2g2* x 2r0 < 298 x 2q2* x ?r0

have 2q1 x (—?pzy M p0+) x Zpzy < (Ppx M p0) * (—2pxy M pO™T) * Ppxy
by (meson comp-inf.comp-left-subdist-inf inf.boundedE mult-left-isotone)
also have ... < (?px 1 p0) * (—?pzy M p0™) x ?py
by (simp add: mult-right-isotone)
also have ... < ZpzT * (—Zpzy M p0*) x ?py
proof —
have ?pz M p0 < ?pz’ * p0
using 2 by (simp add: vector-restrict-comp-conv)
also have ... < ?pz”
by (metis comp-associative conv-dist-comp conv-involutive conv-star-commute
mult-right-isotone star.circ-increasing star.circ-transitive-equal)
finally show ?thesis
using mult-left-isotone by auto
qed
also have ... = top * (?pz M —2pay M p0T) * ?py
using 2 by (smt (28) comp-inf.star-plus conv-dist-inf covector-inf-comp-3
inf-top.right-neutral vector-complement-closed vector-inf-closed)
also have ... < top * (—%py N p0™) x Zpy
by (metis comp-inf.comp-isotone comp-isotone inf.cobounded? inf.eq-refl
inf-import-p)
also have ... = top * (—?py M p0+ M 2py”) * top
using 2 by (simp add: comp-associative covector-inf-comp-3)
also have ... = bot
proof —
have p07* x y — y7 % p0* = p0T* % y x yT x —p0*
using 2 by (metis assms(2) bijective-conv-mapping
comp-mapping-complement vector-covector vector-export-comp vector-mult-closed)
also have ... < p0T* x —p0*
by (meson assms(2) mult-left-isotone order-refl shunt-bijective)
also have ... < —p0*
by (simp add: conv-complement conv-star-commute pp-increasing
schroeder-6-p star.circ-transitive-equal)
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also have ... < —p0+
by (simp add: p-antitone star.left-plus-below-circ)
finally have — ?py M p0* 1 ?py” = bot
by (metis comp-inf.p-pp-comp conv-complement conv-dist-comp
conv-involutive conv-star-commute p-shunting-swap pp-isotone
pseudo-complement-pp reqular-closed-p)
thus ?thesis
by simp
qed
finally have 7: ?q1 * (—?pzy M p0™) x ?pry = bot
using le-bot by blast
have 2¢2% < —?pxy
using 2 by (smt (28) comp-isotone complement-conv-sub inf.order-trans
inf . sup-right-divisibility inf-commute symmetric-top-closed top-greatest)
hence ?¢2T < —2pxy M p0™*
by (simp add: comp-isotone star-isotone)
hence 8: ?q1 * 2q2% * ?pzy = bot
using 7 mult-left-isotone mult-right-isotone le-bot by auto
have ?q1 * 2q2% % 2¢8* = 2q1 * 2g27 U 2q1 * 2g27 x 2q3+
by (smt (23) comp-associative star.circ-back-loop-fixpoint star.circ-plus-same
sup-commute)
also have ... < ?q1 * 227 U 2q1 * 2¢2% * ?pxy
using 2 by (smt (28) inf.coboundedl mult-right-isotone sup-right-isotone
vector-inf-comp)
finally have 9: 2q1 * 2g2% x 2¢3* < 2q1 * 2¢27F
using 8 by simp
have 10: 2q1 x ?q4 * ?pxy = bot
proof —
have ?p2 < p0™*
by (simp add: mult-right-isotone star.circ-increasing)
thus ?thesis
using 7 by (metis mult-left-isotone mult-right-isotone le-bot
comp-inf.comp-isotone eq-refl)
qed
have 11: 2q1 * 292 x ?pzy = bot
proof —
have p0 < p0t
by (simp add: star.circ-mult-increasing)
thus ?thesis
using 7 by (metis mult-left-isotone mult-right-isotone le-bot
comp-inf.comp-isotone eq-refl)
qed
have 12: 2g2 < p0 x 2¢3* x 2¢2*
by (smt (verit, del-insts) conv-dist-comp conv-order conv-star-commute
inf.coboundedI1 inf.orderE inf.sup-monoid.add-commute path-compression-1b)
have 2¢3 x p0 x 2¢3* x 72q2* = 2q1 x p0 * p0 * 9q3* * 2¢2*
using 2 vector-inf-comp by auto
also have ... = 2q1 * (298 U 2q4) * 9g3* x 2¢2*
using 1 by (smt (28) comp-associative comp-inf.mult-right-dist-sup
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comp-inf.star-slide inf-top.right-neutral regular-complement-top)
also have ... = 2q1 % 2q8 x 2q3* = 2q2* U 2q1 * 2qf % 2q8* x 2¢2*
using mult-left-dist-sup mult-right-dist-sup by auto
also have ... < 2q1 x 2¢3* % 2q2* U 2q1 * ?q4 * 2q3* x 2¢2*
by (smt (23) mult-left-isotone mult-left-sub-dist-sup-right sup-left-isotone
sup-right-divisibility mult-assoc star.left-plus-below-circ)
also have ... = 2q1 * 2q8* * 2q2* U 2q1 * 2q4 * 2q2* U 2q1 x ?qf * 2q37 x
2q2*
by (smt (23) semiring.combine-common-factor star.circ-back-loop-fixpoint
star-plus sup-monoid.add-commute mult-assoc)
also have ... < 2q1 % 2¢8* x 2q2* 1 2q1 = %q4 * 292* U 2q1 x 2q} x Ppxy *
2q3* x 9q2*
by (smt (verit, ccfo-threshold) comp-isotone inf.sup-right-divisibility
inf-commute order.refl semiring.add-left-mono mult-assoc)
also have ... = 2q1 x 2g3* x 2q2* U ?2q1 x ?q4 x 2q2*
using 10 by simp
also have ... = 2q1 * 2¢3* x 2¢2* LU 2q1 * 2q2 % p0 * 2¢2*
using 2 by (smt vector-complement-closed vector-inf-comp mult-assoc)
also have ... = 9q1 x 2g3* x 2q2* U 2q1 = 292 % (992 U ?q1) x 2¢2*
using 1 by (smt (28) comp-associative comp-inf.mult-right-dist-sup
comp-inf.star-slide inf-top.right-neutral reqular-complemenit-top)
also have ... = 2q1 x 2¢8* x 2¢2* Ll 2q1 * 292 * 292 x 2q2* U 2q1 x 2q2 x
2q1 * 2¢2*
using mult-left-dist-sup mult-right-dist-sup sup-commute sup-left-commute by
auto
also have ... < g1 % 2¢8* % 2g2* U 2q1 % 292 x 2q2 % 2q2* U 2q1 % 2q2 %
pry x 2q2*
by (smt (verit, ccfu-threshold) comp-isotone inf.sup-right-divisibility
inf-commute order.refl semiring.add-left-mono mult-assoc)
also have ... = 9q1 x 2¢3* x 2¢2* U 2q1 * 22 % 292 x 2¢q2*
using 11 by simp
also have ... < 2q1 * 2¢3* * 2¢2* U 2q1 * 2¢2*
by (smt comp-associative comp-isotone mult-right-isotone star.circ-increasing
star.circ-transitive-equal star.left-plus-below-circ sup-right-isotone)
also have ... = %q1 x 2¢3* x 2¢2*
by (smt (verit, best) comp-associative semiring.distrib-left
star.circ-loop-fizpoint star.circ-transitive-equal star-involutive)
finally have 13: 2¢3 * p0 * 2¢3* x 2¢q2* < p0 * 2q3* * 2¢2*
by (meson inf.cobounded?2 mult-left-isotone order-lesseq-imp)
hence 7¢3 * p0 * 993* * 2¢2* U 2g2 < p0 x 2q3* x 2¢2*
using 12 by simp
hence 7¢3* x 2¢q2 < p0 * 2q3* * 2¢2*
by (simp add: star-left-induct mult-assoc)
hence 2q1 x 2g3* x 292 < 2q1 x p0 x 2¢3* x 2¢2*
by (simp add: comp-associative mult-right-isotone)
hence ?2q1 * 2¢3* * 292 < 2q3% * 2¢2*
using 2 by (simp add: vector-inf-comp)
hence 14: 2q1 % 2g3* x 292 < 2¢3* x 2¢2*
using mult-left-isotone order-lesseq-imp star.left-plus-below-circ by blast
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have p0 * 7r0 < p0 * 2¢3* % 2¢2* x 2r0
by (metis comp-associative mult-1-right mult-left-isotone mult-right-isotone
reflexive-mult-closed star.circ-reflexive)
hence 15: 2r0 < p0 x 2¢3* x 2¢2* x 2r0
using 3 dual-order.trans by blast
have 2¢3 * p0 x 2q3* x 2¢q2* = 7r0 < p0 * 2¢3* % 2¢2* * 2r0
using 13 mult-left-isotone by blast
hence 7¢3 *x p0 % 2q8* % 2¢2* x 2r0 U 270 < p0 * 2¢3* % 2¢2* % 2r0
using 15 by simp
hence 2¢3* x 7270 < p0 * 2¢3* % 2q2* x 2r0
by (simp add: star-left-induct mult-assoc)
hence 2q1 x 2g3* x 2r0 < 2q1 * p0 % 2¢3* x 2q2* x 2r0
by (simp add: comp-associative mult-right-isotone)
hence ?2q1 * 2¢3* * 2r0 < 2¢37 x 2¢2* * 2r0
using 2 by (simp add: vector-inf-comp)
hence 16: 2q1 x 2g3* x 2r0 < 2¢8* *x 2q2* * %r0
using mult-left-isotone order-lesseq-imp star.left-plus-below-circ by blast
have ?q1 * 2q3* * 2q2* x ?r0 = 2q1 * 2q3* * 270 U 2q1 * 2q3* * 2g27 x 2r0
by (smt (23) comp-associative mult-right-dist-sup star.circ-back-loop-fixpoint
star.cire-plus-same sup-commute)
also have ... < 2¢3* x 2¢2* x 2r0 U 2q1 * 2¢3* * 2q2% % 2r0
using 16 sup-left-isotone by blast
also have ... < 2¢8* % 2¢2* x 2r0 U 2¢q3* * 2q2* x 2¢2* * 2r0
using 14 by (smt (28) inf.eg-refl semiring.distrib-right
star.circ-transitive-equal sup.absorb? sup-monoid.add-commute mult-assoc)
also have ... = 2¢8* % 2¢2* x 710
by (simp add: comp-associative star.circ-transitive-equal)
finally have 17: ?q1 x 2q3* * 2g2* x 9r0 < 2¢3* x 2q2* % 2r0

have 7r0 < 2¢2* x 7r0

using star.circ-loop-fixpoint sup-right-divisibility by auto
also have ... < 2¢8* * 2¢2* x 7r0

using comp-associative star.circ-loop-fixpoint sup-right-divisibility by force
also have ... < 2¢2* % 2¢3* * 2¢q2* % ?r0

using comp-associative star.circ-loop-fixpoint sup-right-divisibility by force
finally have 18: 7r0 < 2¢2* x 2¢3* % 2¢2* % ?r0

have p0 * 2¢2* x 2¢8* x 2q2* x 2r0 = (9¢2 U 2q1) * 2q2* * 2q3* = 2q2* * 2r0
using 1 by (smt (28) comp-inf.mult-right-dist-sup comp-inf.star-plus
inf-top.right-neutral regular-complement-top)
also have ... = 9¢2 x 2¢2* % 2¢3* % 2q2* % 2r0 U 2q1 * 2g2* % 2¢8* % 2¢2* x
7ro
using mult-right-dist-sup by auto
also have ... < 2¢2* x 2¢3* * 2g2* % 9r0 U 2q1 x 2q2* * 2¢q3* % 2q2* x 2r0
by (smt (23) comp-left-increasing-sup star.circ-loop-fizpoint sup-left-isotone
mult-assoc)
also have ... = 9¢2* x 2¢8* x 2¢2* % 9r0 U 2q1 % 2q3* x 2¢2* % 9r0 U ?q1 *
2q2F x 293* x 2q2* x 10
by (smt (23) mult-left-dist-sup semiring.combine-common-factor
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star.circ-loop-fixpoint sup-monoid.add-commute mult-assoc)
also have ... < 2¢2* % 2¢3* * 2¢2* % 9r0 U 2q1 % 2q3* * 2¢2* % 2r0 U ?q1 %
2027 * 292% % ?r0
using 9 mult-left-isotone sup-right-isotone by auto
also have ... < 2¢2* x 2¢8* x 2q2* = 9r0 U 2q1 x 2¢3* % 2¢2* x 2r0 U 2q1 x
2q2* x 2r0
by (smt (23) comp-associative comp-isotone inf.eq-refl
semiring.add-right-mono star.circ-transitive-equal star.left-plus-below-cire
sup-commute)
also have ... < 9¢2* x 2¢8* x 2¢2* % 9r0 U 2q1 % 2q3* x 2¢2* % 9r0 U 9¢3 *

2q2* x 2r0
using 6 sup-right-isotone by blast
also have ... = 2¢2* x 2¢8* x 2¢2* x ?r0 U 293 x 2¢2* x ?r0

using 17 by (smt (23) le-iff-sup semiring.combine-common-factor
semiring. distrib-right star.circ-loop-fizpoint sup-monoid.add-commute)
also have ... < 2¢2* x 2¢3* * 2¢2* x 7r0 U 2¢3* x 2¢2* * 2r0
by (meson mult-left-isotone star.circ-increasing sup-right-isotone)
also have ... = 2¢2* % 2¢3* x 2¢q2* % ?r0
by (smt (23) comp-associative star.circ-loop-fixpoint star.circ-transitive-equal
star-involutive)
finally have p0 x 2g2* x 2¢8* = 292* % 2r0 U 2r0 < 2¢2* x 2q8* x 2¢2* % r0
using 18 sup.boundedl by blast
hence p0* x 2r0 < 292* x 2¢3* *x 2q2* x ?r0
by (simp add: comp-associative star-left-induct)
also have ... < 2p* x 2¢8* x 2¢2* % 2r0
by (metis mult-left-isotone star.circ-sub-dist sup-commute)
also have ... < 2p* % 2p* x 2¢2* % 2r0
by (simp add: mult-left-isotone mult-right-isotone star-isotone)
also have ... < %p* x 2p* x 2p* x 2r0
by (metis mult-isotone order.refl star.circ-sub-dist sup-commute)
finally have 19: p0* % 2r0 < ?p* x 210
by (simp add: star.circ-transitive-equal)
have 20: ?p* < p0*
by (metis star.left-plus-circ star-isotone update-square-ub-plus)
hence 21: p0* x 2r0 = ?p* x 210
using 19 order.antisym mult-left-isotone by auto
have ?7p M1 = (%¢g3 M 1)U (%g2 1 1)
using comp-inf.semiring.distrib-right conv-involutive by auto
also have ... = (g1 M 1)U (%g2 1 1)
using assms(3) acyclic-square path-splitting-invariant-def
inf.sup-monoid.add-assoc by auto

also have ... = (?pzy U —%pzy) M p0 M 1
using inf-sup-distrib2 by auto
also have ... = p0 M I

using 1 by (metis inf.sup-monoid.add-commute inf-sup-distrib1
maddux-3-11-pp)
finally show 22: 9p 1 = p0 M 1

have ?p7* % z < p0T* x
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using 20 by (metis conv-isotone conv-star-commute mult-left-isotone)
hence 23: ?rp < %r0
using 22 comp-inf.mult-left-isotone by auto
have 2/: disjoint-set-forest ?p
using 1 2 assms(3) disjoint-set-forest-update-square by blast
hence 25: point ?rp
using root-point assms(1) by auto
have 270 x ?2rpT = 2r0 x 27 x ?p* x (?p 1 1)
by (smt (23) comp-associative conv-dist-comp conv-dist-inf conv-involutive
conv-star-commute inf.sup-monoid.add-commute one-inf-conv root-var star-one
star-sup-one wce-one)
also have ... < (p0 M 1) * p0T* % 1 % ?p* x (?p 1 1)
by (smt (23) assms(1) comp-associative mult-left-isotone mult-right-isotone
root-var)
also have ... < (p0 M 1) * p0T* x p0* * (p0 N 1)
using 20 22 comp-isotone by force
also have ... = (p0 M 1) * p0* % (p0 M 1) U (p0 M 1) % p0T* % (p0 M 1)
by (simp add: assms(3) cancel-separate-eq sup-monoid.add-commute
mult-assoc mult-left-dist-sup semiring.distrib-right)

also have ... = (p0 M 1) * (p0 M1 1) U (p0 M 1) % p0T* % (p0 11 1)
using univalent-root-successors assms(3) by simp
also have ... = (p0 M 1) * (p0 11 1) U (p0 M 1) % ((p0 1 1) * p0*)T

by (smt (28) comp-associative conv-dist-comp conv-dist-inf conv-star-commute
inf.sup-monoid.add-commute one-inf-conv star-one star-sup-one wcc-one)
also have ... = (p0 M 1) x (p0 M 1)
by (metis univalent-root-successors assms(3) conv-dist-inf
inf.sup-monoid.add-commute one-inf-conv sup-idem symmetric-one-closed)
also have ... < I
by (simp add: coreflexive-mult-closed)
finally have #r0  ?rp’ < 1

hence 2r0 < 1 * %rp
using 25 shunt-bijective by blast
hence 26: 2r0 = %rp
using 23 order.antisym by simp
have ?pz * 20T = ?px * a1 % p0* * (p0 M 1)
by (smt (23) comp-associative conv-dist-comp conv-dist-inf conv-involutive
conv-star-commute inf.sup-monoid.add-commute one-inf-conv root-var star-one
star-sup-one wce-one)
also have ... < p0T* % 1 x p0* % (p0 1 1)
by (smt (23) assms(1) comp-associative mult-left-isotone mult-right-isotone
root-var)
also have ... = p0* % (p0 M 1) U p0T* x (p0 M 1)
by (simp add: assms(3) cancel-separate-eq sup-monoid.add-commute
mult-right-dist-sup)
also have ... = p0* % (p0 M 1) U ((p0 1 1) % p0*)T
by (smt (23) conv-dist-comp conv-dist-inf conv-star-commute
inf.sup-monoid.add-commute one-inf-conv star-one star-sup-one wee-one)
also have ... = p0* x (p0 M 1) U (p0 M 1)
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by (metis univalent-root-successors assms(3) conv-dist-inf
inf.sup-monoid.add-commute one-inf-conv symmetric-one-closed)
also have ... = p0* = (p0 M 1)
by (metis conv-involutive path-compression-1b sup.absorb2 sup-commute)
also have ... < p0*
by (simp add: inf.coboundedll star.circ-increasing star.circ-mult-upper-bound)
finally have 27: ?pz x ?r07 < p0*

thus 28: ?pz < p0* * 2r0
by (simp add: assms(1,3) root-point shunt-bijective)
have 29: point ?r0
using root-point assms(1,3) by auto
hence 30: mapping (?r0T)
using bijective-conv-mapping by blast
have 2r0 x (?px M p0) = 2r0 x top = (Zpz M p0)
using 29 by force
also have ... = 2r0 * ?pz” * p0
using 29 by (metis assms(1) covector-inf-comp-8 vector-covector
vector-mult-closed)
also have ... = 270 * 7 * p0* * p0
using comp-associative conv-dist-comp conv-star-commute by auto
also have ... < 2r0 * z7 % p0*
by (simp add: comp-associative mult-right-isotone star.circ-plus-same
star.left-plus-below-circ)
also have ... = 270 * ?pz”
by (simp add: comp-associative conv-dist-comp conv-star-commute)
also have ... = (?pz * ?r0T)T
by (simp add: conv-dist-comp)
also have ... < pOT*
using 27 conv-isotone conv-star-commute by fastforce
finally have 2r0 x (?pz M p0) < p0T*

hence ?pz M p0 < 2r0T x p0™*

using 30 shunt-mapping by auto
hence ?pz M p0 < p0* x 2r0 M 207 % p0T*

using 28 inf.coboundedI2 inf.sup-monoid.add-commute by fastforce
also have ... = p0* = 2r0 x 2r0" * p0T*

using 29 by (smt (28) vector-covector vector-inf-comp vector-mult-closed)
also have ... = %p* x 270 x 2107 * 2pT*

using 21 by (smt comp-associative conv-dist-comp conv-star-commute)
also have ... = %p* x 2rp x 2rpT x 2pT*

using 26 by auto
also have ... < %p* % 1 % 2T~

using 25 by (smt (28) comp-associative mult-left-isotone mult-right-isotone)
finally have 31: %pz M p0 < fc ?p

by auto
have —?pz M p0 < ?p

by (simp add: inf.sup-monoid.add-commute le-supll sup-commute)
also have ... < fe 7p
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using fc-increasing by auto
finally have p0 < fc %p
using 1 31 by (smt (28) inf.sup-monoid.add-commute maddux-3-11-pp
semiring.add-left-mono sup.orderE sup-commute)
also have ... < wce 7p
using star.circ-sub-dist-3 by auto
finally have 32: wce p0 < wce ?p
using wcce-below-wee by blast
have ?p < wee p0
by (simp add: inf.coboundedll inf.sup-monoid.add-commute
star.circ-mult-upper-bound star.circ-sub-dist-1)
hence wee ?p < wee p0
using wce-below-wee by blast
hence wee 7p = wee p0
using 32 order.antisym by blast
thus fc ?p = fc p0
using 24 assms(3) fe-wee by auto
qed

lemma path-splitting-invariant-aux:
assumes path-splitting-invariant p  y p0
shows p[[y]] = p0[[y]]
and p{[p[[y]]]] = pO[[pO[[y]]]]
and p([p([p([y]]]]]] = pO[[pO[[pO[y]]]]]
and pn 1 =ponil
and fc p = fc p0
proof —
let ?p2 = p0 * p0
let 7p2t = 7p2T
let ?pz = p0T™*  x
let 7py = —(p0™™* * y)
let ?pry = ?px M 2py
let %p = p0[?pry— ?p2t]
have ?p[[y]] = p0[[y]]
apply (rule put-get-different-vector)
using assms find-set-precondition-def vector-complement-closed
vector-inf-closed vector-mult-closed path-splitting-invariant-def apply force
by (meson inf.cobounded?2 order-lesseq-imp p-antitone-iff path-compression-1b)
thus 1: p[[y]] = p0][y]]
using assms path-splitting-invariant-def by auto
have #p[[p0[[y]l]] = p0O[[pO[[y]]]]
apply (rule put-get-different-vector)
using assms find-set-precondition-def vector-complement-closed
vector-inf-closed vector-mult-closed path-splitting-invariant-def apply force
by (metis comp-isotone inf.boundedE inf.coboundedI? inf.eq-refl p-antitone-iff
selection-closed-id star.circ-increasing)
thus 2: p([p[[y]l] = pO[[pO[[y]]]]
using 1 assms path-splitting-invariant-def by auto
have #p[[p0[[p0][y]]l]]] = pOllpOllpO[ly]I]]]]
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apply (rule put-get-different-vector)
using assms find-set-precondition-def vector-complement-closed
vector-inf-closed vector-mult-closed path-splitting-invariant-def apply force
by (metis comp-associative comp-isotone conv-dist-comp conv-involutive
conv-order inf.coboundedI2 inf.le-iff-sup mult-left-isotone p-antitone-iff
p-antitone-inf star.circ-increasing star.circ-transitive-equal)
¢hus p{[p[lpllyll]l = pollpol[p0[ly))]]
using 2 assms path-splitting-invariant-def by auto
show p M 1 =p0 N1
using assms path-splitting-invariant-auz-1(1) path-splitting-invariant-def
find-set-precondition-def by auto
show fc p = fc p0
using assms path-splitting-invariant-auz-1(2) path-splitting-invariant-def
find-set-precondition-def by auto
qed

lemma path-splitting-1:
find-set-precondition p0 x = path-splitting-invariant p0 x z p0
proof —
assume 1: find-set-precondition p0 x
show path-splitting-invariant p0 x x p0
proof (unfold path-splitting-invariant-def, intro conjl)
show find-set-precondition p0 x
using 1 by simp
show wvector x injective x surjective x
using 1 find-set-precondition-def by auto
show z < p0T* % z
by (simp add: path-compression-1b)
have (p0 * p0)T* x © < p0T* x z
by (simp add: conv-dist-comp mult-left-isotone star.circ-square)
thus p0[p0T* x z — p0T* x z—(p0 * p0)T] = po
by (smt (23) inf.le-iff-sup inf-commute madduz-3-11-pp p-antitone-inf
pseudo-complement)
show univalent p0 total p0 acyclic (p0 — 1)
using 1 find-set-precondition-def by auto
qed
qed

lemma path-splitting-2:

path-splitting-invariant p x y p0 N y # plly]] = path-splitting-invariant
(ply—p[[p[[yI]) = (olly]]) pO A ((ply—pllp[[Y]I)T* * (¥4 < (07 * y)d
proof —

let ?py = p|[y]]

let ?ppy = p[[?py]]

let ?pyppy = ply— ?ppy]

let ?p2 = p0 * p0

let ?p2t = ?p27

let ?p2ts = ?p2t*

let ?pz = p0T™* * x
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let 7py2 = —(p01* x y)
let ?pry = ?px N ?2py2
let ?p = p0[?pry— ?p2t
let ?pty = p07 * y
let ?pt2y = p07T * p0T x y
let ?pt2sy = p0T™* x p0T * p0T x y
let ?ptpy = p0T+ x y
assume 1: path-splitting-invariant p z y p0 N y # py
have 2: point ?pty N point ?pt2y
using 1 by (smt (verit) comp-associative read-injective read-surjective
path-splitting-invariant-def)
show path-splitting-invariant Zpyppy = (p[[y]]) p0 A (Zpyppy™™ * (p[[yl))} <
(p"* * y)l
proof
show path-splitting-invariant ?pyppy = (p[[y]]) pO
proof (unfold path-splitting-invariant-def, intro conjl)
show 38: find-set-precondition ?pyppy x
proof (unfold find-set-precondition-def, intro conjl)
show univalent ?pyppy
using 1 find-set-precondition-def read-injective update-univalent
path-splitting-invariant-def by auto
show total ?pyppy
using 1 bijective-regular find-set-precondition-def read-surjective
update-total path-splitting-invariant-def by force
show acyclic (?pyppy — 1)
apply (rule update-acyclic-3)
using 1 find-set-precondition-def path-splitting-invariant-def apply blast
using 1 2 comp-associative path-splitting-invariant-aux(2) apply force
using 1 path-splitting-invariant-def apply blast
by (metis inf.order-lesseq-imp mult-isotone star.circ-increasing
star. circ-square mult-assoc)
show vector x injective x surjective x
using 1 find-set-precondition-def path-splitting-invariant-def by auto
qed
show vector (p[[y]])
using 1 comp-associative path-splitting-invariant-def by auto
show injective (p[[y]])
using 1 & read-injective path-splitting-invariant-def find-set-precondition-def
by auto
show surjective (p[[y]])
using 1 & read-surjective path-splitting-invariant-def
find-set-precondition-def by auto
show p[[y]] < pz
proof —
have p[y]] = p0[[y]]
using 1 path-splitting-invariant-auz(1) by blast
also have ... < p0T x ?px
using 1 path-splitting-invariant-def mult-right-isotone by force
also have ... < 7pz
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by (metis comp-associative mult-left-isotone star.left-plus-below-circ)
finally show ?thesis

qed
show p0[?pz — p0™™* * (plly]])— ?p2t] = Zpyppy
proof —
have 4: p[?pz M — ?ptpy M y— 2p2t] = ?pyppy
proof (cases y < —?ptpy)
case True
hence p[?px M —?ptpy M y— ?p2t] = ply— ?p2t]
using 1 inf.absorb2 path-splitting-invariant-def by auto
also have ... = Zpyppy
using 1 by (metis comp-associative conv-dist-comp
path-splitting-invariant-auz(2) path-splitting-invariant-def update-point-get)
finally show ?thesis

next
case Fulse
have vector (— ?ptpy)
using 1 vector-complement-closed vector-mult-closed
path-splitting-invariant-def by blast
hence 5: y < ?ptpy
using 1 by (smt (verit, del-insts) False bijective-regular
point-in-vector-or-complement regular-closed-star reqular-mult-closed
total-conv-surjective univalent-conv-injective path-splitting-invariant-def)
hence ?px M — 2ptpy M y = bot
by (simp add: inf.coboundedI2 p-antitone pseudo-complement)
hence 6: p[?px M — ?ptpy M y— 2p2t] = p
by simp
have 7: y = root p0 y
using 1 5 loop-root-2 path-splitting-invariant-def by blast
have ?pyppy = p[y—p0[[p0[[y]]]]]
using 1 path-splitting-invariant-aux(2) by force
also have ... = p[y—p0[[y]]]
using 1 7 by (metis root-successor-loop path-splitting-invariant-def)
also have ... = p[y— ?py|
using 1 path-splitting-invariant-auz(1) by force
also have ... = p
using 1 get-put path-splitting-invariant-def by blast
finally show ?thesis
using 6 by simp
qged
have 8: —%ptpy = ?py2 U (— ?ptpy M y)
proof (rule order.antisym)
have 9: reqular (p0™* * y) A reqular ?ptpy
using 1 bijective-regular mapping-conv-bijective pp-dist-star
regular-mult-closed path-splitting-invariant-def by auto
have p0™* x y < Zptpy U y
by (simp add: star.circ-loop-fizpoint mult-assoc)
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also have ... = #ptpy U (— ?ptpy M y)
using 9 by (metis madduz-3-21-pp)
hence p0T* x y M —ptpy < —Iptpy M y
using calculation half-shunting sup-commute by auto
thus —#pipy < 7py2 U (—?ptpy M y)
using 9 by (smt (23) inf.sup-monoid.add-commute shunting-var-p
sup.left-commute sup-commute)
have —(p0T* = y) < —?ptpy
by (simp add: comp-isotone p-antitone star.left-plus-below-circ)
thus —(p0™™* * y) U (= ?ptpy M y) < —?pipy
by simp
qed
have reqular ?pz reqular y
using 1 bijective-reqular find-set-precondition-def mapping-reqular
pp-dist-comp regular-closed-star reqular-conv-closed path-splitting-invariant-def by
auto
hence 10: regular (¢pz N —ptpy M y)
by auto
have p0[?pz 1 —(p0™™* * (p[[y]]))— ?p2t] = p0[?pz N — Zptpy— ?7p2t]
using 1 by (smt comp-associative path-splitting-invariant-auz(1)
star-plus)
also have ... = p0[?%pzy U (%px M — ?ptpy N y)— ?p2t]
using 8 by (metis comp-inf.semiring.distrib-left
inf.sup-monoid.add-assoc)
also have ... = ?p[?pz M —ptpy M y— ?p2t]
using 10 by (smt (23) update-same comp-inf.semiring.mult-not-zero
inf.sup-monoid.add-assoc inf.sup-monoid.add-commute)

also have ... = p[?%px M — Zptpy M y— ?p2t]
using 1 path-splitting-invariant-def by auto
also have ... = ?pyppy

using 4 by auto
finally show ?thesis

qed
show univalent p0 total p0 acyclic (p0 — 1)
using 1 path-splitting-invariant-def by auto

qged
let s ={ 2. reqular z A z < p** x y }
let 7t = { z . reqular z A\ 2z < ?pyppy™™ * (p[[y]]) }
have Zpyppy™™* + (pllyl]) < p*7* = (pllyl])

using 1 path-splitting-invariant-def update-square-plus conv-order

mult-left-isotone star-isotone by force

also have ... = pT* x pT x y

by (simp add: conv-plus-commute star.left-plus-circ mult-assoc)
also have ... = pT* x y

by (simp add: star-plus)
finally have 11: Zpyppy™™ * (p[[y]]) < p" T * y

T x

hence Zpyppy”™*  (p[[y]]) < p** * y
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using mult-left-isotone order-lesseq-imp star.left-plus-below-circ by blast
hence 12: 2t C %s
using order-trans by auto
have 13: y € %s
using 1 bijective-reqular path-compression-1b path-splitting-invariant-def by
force
have 1/: -y € 2t
proof
assume y € %t
hence y < Zpyppy™™* * (p[[y]])
by simp
hence y < pT*t x y
using 11 dual-order.trans by blast
hence y = root p y
using 1 find-set-precondition-def loop-root-2 path-splitting-invariant-def by
blast
hence y = %py
using I by (metis find-set-precondition-def root-successor-loop
path-splitting-invariant-def)
thus Fulse
using 1 by simp
qed
show card ?t < card %s
apply (rule psubset-card-mono)
subgoal using finite-regular by simp
subgoal using 12 13 14 by auto
done
qed
qed

lemma path-splitting-3:
path-splitting-invariant p © y p0 N y = p[ly]] = path-splitting-postcondition p x
y p0
proof —
assume [: path-splitting-invariant p = y p0 N y = p|[y]]
show path-splitting-postcondition p x y p0
proof (unfold path-splitting-postcondition-def, intro conjl)
show univalent p total p acyclic (p — 1)
using 1 find-set-precondition-def path-splitting-invariant-def by blast+
show 2: pM 1 =p0n1
using 1 path-splitting-invariant-auz(4) by blast
show 3: fc p = fe p0
using 1 path-splitting-invariant-auz(5) by blast
have y < p0T* * z
using 1 path-splitting-invariant-def by simp
hence 4: y * 27 < fc p0
using 1 by (metis dual-order.trans fe-wce find-set-precondition-def
shunt-bijective star.circ-decompose-11 star-decompose-1 star-outer-increasing
path-splitting-invariant-def)
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have 5: y = p0[[y]]
using [ path-splitting-invariant-auz(1) by auto
hence y = root p0 y
using 1 path-splitting-invariant-def loop-root by auto
also have ... = root p0 z
using 1 4 find-set-precondition-def path-splitting-invariant-def
same-component-same-root by auto

also have ... = root p x
using 1 2 8 by (metis find-set-precondition-def path-splitting-invariant-def
same-root)

finally show y = oot p z

have p0™* x y =y
using 5 order.antisym path-compression-1b star-left-induct-mult-equal by
auto
hence 6: p0[p0T* * 2 — y——(p0 * p0)T] = p
using 1 path-splitting-invariant-def by auto
have (p0 * p0)T x y =y
using 5 mult-assoc conv-dist-comp by auto
hence y M p0 * p0 = y M p0O
using 1 5 by (smt path-splitting-invariant-def update-postcondition)
hence 7: y M p =y M p0 * p0
using 1 5 by (smt path-splitting-invariant-def update-postcondition)
have p0[p0T* * z—(p0 x p0)T] = (p0[p0T™* * z — y—=(p0 x p0)T))[p0T* *
2 M y—(p0 * p0)]
using 1 bijective-reqular path-splitting-invariant-def update-split by blast

also have ... = p[p0T* x 2 M y——(p0 * p0)7)
using 6 by simp
also have ... = p

apply (rule update-same-sub)

using 7 apply simp

apply simp

using 1 bijective-reqular inf.absorb2 path-splitting-invariant-def by auto
finally show p0[p0T* x z—(p0 * p0)T] = p

qed
qed

theorem find-path-splitting:
VARS pty
[ find-set-precondition p x A p0 = p |
y =1
WHILE y # pl[y]]
INV { path-splitting-invariant p = y p0 }
VAR { (p™* = y)l }

DO t = p[[yl];
plyl = pllp[ll];
y:=1

OD
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[ path-splitting-postcondition p z y p0 |
apply vcg-te-simp
apply (fact path-splitting-1)
apply (fact path-splitting-2)
by (fact path-splitting-3)

end

7 Verifying Union by Rank

In this section we verify the union-by-rank operation of disjoint-set forests.
The rank of a node is an upper bound of the height of the subtree rooted
at that node. The rank array of a disjoint-set forest maps each node to its
rank. This can be represented as a homogeneous relation since the possible
rank values are 0, ..., n—1 where n is the number of nodes of the disjoint-set
forest.

7.1 Peano structures

Since ranks are natural numbers we start by introducing basic Peano arith-
metic. Numbers are represented as (relational) points. Constant Z rep-
resents the number 0. Constant S represents the successor function. The
successor of a number z is obtained by the relational composition ST * z.
The composition S * z results in the predecessor of x.

class peano-signature =
fixes Z :: 'a
fixes S :: 'a

The numbers will be used in arrays, which are represented by homoge-
neous finite relations. Such relations can only represent finitely many num-
bers. This means that we weaken the Peano axioms, which are usually used
to obtain (infinitely many) natural numbers. Axiom Z-point specifies that 0
is a number. Axiom S-univalent specifies that every number has at most one
‘successor’. Together with axiom S-total, which is added later, this means
that every number has exactly one ‘successor’. Axiom S-injective specifies
that numbers with the same successor are equal. Axiom S-star-Z-top speci-
fies that every number can be obtained from 0 by finitely many applications
of the successor. We omit the Peano axiom S * Z = bot which would specify
that 0 is not the successor of any number. Since only finitely many numbers
will be represented, the remaining axioms will model successor modulo m
for some m depending on the carrier of the algebra. That is, the algebra
will be able to represent numbers 0, ..., m — 1 where the successor of m — 1
is 0.
class skra-peano-1 = stone-kleene-relation-algebra-tarski-consistent +
peano-signature +
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assumes Z-point: point Z

assumes S-univalent: univalent S

assumes S-injective: injective S

assumes S-star-Z-top: ST* x Z = top
begin

lemma conv-Z-7:
ZT % Z = top
by (simp add: Z-point point-conv-comp)

lemma Z-below-S-star:
Z < 5*
proof —
have top x Z7 < §T*
using S-star-Z-top Z-point shunt-bijective by blast
thus ?thesis
using Z-point conv-order conv-star-commute vector-conv-covector by force
qed

lemma S-connected:

ST x §* = top

by (metis Z-below-S-star S-star-Z-top mult-left-dist-sup sup.orderE sup-commute
top.extremum)

lemma S-star-connex:
S* U 8T* = top
using S-connected S-univalent cancel-separate-eq sup-commute by auto

lemma Z-sup-conv-S-top:
Z U ST x top = top
using S-star-Z-top star.circ-loop-fixpoint sup-commute by auto

lemma top-S-sup-conv-Z:

top x S U ZT = top

by (metis S-star-Z-top conv-dist-comp conv-involutive conv-star-commute
star. circ-back-loop-fizpoint symmetric-top-closed)

lemma S-inf-1-below-Z:
SNni1<Zz
proof —
have (S 1) * ST < S 1
by (metis S-injective conv-dist-comp coreflexive-symmetric inf.boundedl
inf.cobounded1 inf.cobounded? injective-codomain)
hence (S 1) ST < S 1
using star-right-induct-mult by blast
hence (ST 1)+« ST*x Z < (SN1)*Z
by (simp add: mult-left-isotone)
also have ... < 7
by (metis comp-left-subdist-inf inf.boundedE mult-1-left)
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finally show ?thesis
using S-star-Z-top inf.order-trans top-right-mult-increasing mult-assoc by
auto
qed

lemma S-inf-1-below-conv-Z:
Sni1<zt
using S-inf-1-below-Z conv-order coreflexive-symmetric by fastforce

The successor operation provides a convenient way to compare two nat-
ural numbers. Namely, k < m if m can be reached from k by finitely many
applications of the successor, formally m < ST* x k or k < S* * m. This
does not work for numbers modulo m since comparison depends on the cho-
sen representative. We therefore work with a modified successor relation S’
which is a partial function that computes the successor for all numbers ex-
cept m — 1. If S is surjective, the point M representing the greatest number
m — 1 is the predecessor of 0 under S. If S is not surjective (like for the set
of all natural numbers), M = bot.

abbreviation S’ = S — 727
abbreviation M = S x Z

lemma M-point-iff-S-surjective:
point M +— surjective S
proof
assume 1: point M
hence 1 < ZT « ST « S % Z
using comp-associative conv-dist-comp surjective-var by auto
hence Z < ST « S x Z
using 1 Z-point bijective-reverse mult-assoc by auto
also have ... < ST x top
by (simp add: comp-isotone mult-assoc)
finally have ST % ST x top U Z < ST x top
using mult-isotone mult-assoc by force
hence S7* « Z < ST x top
by (simp add: star-left-induct mult-assoc)
thus surjective S
by (simp add: S-star-Z-top order.antisym surjective-conv-total)
next
assume surjective S
thus point M
by (metis S-injective Z-point comp-associative injective-mult-closed)
qged

lemma S'’-univalent:
univalent S’

by (simp add: S-univalent univalent-inf-closed)

lemma S'-injective:
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injective S’
by (simp add: S-injective injective-inf-closed)

lemma S'-Z:
S’'* Z = bot
by (simp add: Z-point covector-vector-comp injective-comp-right-dist-inf)

lemma S'-irreflexive:

irreflexive S’

using S-inf-1-below-conv-Z order-lesseq-imp p-shunting-swap pp-increasing by
blast

end

class skra-peano-2 = skra-peano-1 +
assumes S-total: total S
begin

lemma S-mapping:
mapping S
by (simp add: S-total S-univalent)

lemma M-bot-iff-S-not-surjective:
M # bot <— surjective S
proof
assume M # bot
hence top x S x Z = top
by (metis S-mapping Z-point bijective-reqular comp-associative
mapping-reqular reqular-mult-closed tarski)
hence Z7 < top x S
using M-point-iff-S-surjective S-injective Z-point comp-associative
injective-mult-closed by auto
thus surjective S
using sup.orderE top-S-sup-conv-Z by fastforce
next
assume surjective S
thus M # bot
using M-point-iff-S-surjective consistent covector-bot-closed by force
qed

lemma M-point-or-bot:
point M vV M = bot
using M-bot-iff-S-not-surjective M-point-iff-S-surjective by blast

Alternative way to express S’

lemma S’-var:
S'=8—-M

proof —
have S'= S x (1 — ZT)
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by (simp add: Z-point covector-comp-inf vector-conv-compl)
also have ... = S % (1 — 2)
by (metis conv-complement one-inf-conv)

alsohave ... =S x IS % -7
by (simp add: S-mapping univalent-comp-left-dist-inf)
also have ... =S — M

by (simp add: comp-mapping-complement S-mapping)
finally show ?thesis

qged
Special case of just 1 number

lemma M-is-Z-iff-1-is-top:
M=7Z<¢+—1=top
proof
assume M = Z
hence Z = ST x Z
by (metis S-mapping Z-point order.antisym bijective-reverse inf.eq-refl
shunt-mapping)
thus 1 = top
by (metis S-star-Z-top Z-point inf.eq-refl star-left-induct sup.absorb2
symmetric-top-closed top-le)
next
assume [ = top
thus M =7
using S-mapping comp-right-one mult-1-left by auto
qed

lemma S-irreflexive:
assumes M # 7
shows irreflexive S
proof —
have (S 1) * ST < S 1
by (smt (23) S-injective S-mapping coreflexive-comp-top-inf dual-order.eq-iff
inf.coboundedl inf.sup-monoid.add-commute inf.sup-same-context
mult-left-isotone one-inf-conv top-right-mult-increasing total-var)
hence (S 1) ST < S 1
using star-right-induct-mult by blast
hence (ST 1)+ ST*x Z < (SN1)*Z
by (simp add: mult-left-isotone)

also have ... = M N Z
by (simp add: Z-point injective-comp-right-dist-inf)
also have ... = bot

by (smt (verit, ccfo-threshold) M-point-or-bot assms Z-point
bijective-one-closed bijective-reqular comp-associative conv-complement
coreflexive-comp-top-inf epm-3 inf.sup-monoid.add-commute one-inf-conv
reqular-mult-closed star.circ-increasing star.circ-zero tarski vector-conv-covector
vector-export-comp-unit)
finally have S M 1 < bot
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using S-star-Z-top comp-associative le-bot top-right-mult-increasing by
fastforce
thus ?thesis
using le-bot pseudo-complement by blast
qed

We show that S’ satisfies most properties of S.

lemma M-reqular:

reqular M

using S-mapping Z-point bijective-regular mapping-reqular reqular-mult-closed
by blast

lemma S’-reqular:
reqular S’
using S-mapping mapping-regular by auto

lemma S’-star-Z-top:
ST* x 7 = top
proof —
have ST* x Z = (S"U (ST M))T* % Z
by (metis M-regular maddux-3-11-pp S'-var)
also have ... < §T* x Z
proof (cases M = bot)
case True
thus ?thesis
by simp
next
case Fulse
hence point M
using M-point-or-bot by auto
hence arc (S 1 M)
using S-mapping mapping-inf-point-arc by blast
hence 1: arc ((S 11 M)T)
using conv-involutive by auto
have 2: SN M < Z7
by (metis S'-var Z-point bijective-reqular conv-complement inf.cobounded2
p-shunting-swap)
have (S’ U (ST M) % Z = (ST U (Sn MDY x Z
by (simp add: S'-var conv-dist-sup)

also have ... = (ST x (S M)T % ST* 1y ST*) x Z
using 1 star-arc-decompose sup-commute by auto
also have ... = ST* 5« (ST M)T « ST* %« Z U ST* x Z

using mult-right-dist-sup by auto
also have ... < §T* « ZTT 4« §T* « 7 1) ST* x 7
using 2 by (meson comp-isotone conv-isotone inf.eq-refl semiring.add-mono)
also have ... < §™* x 7
by (metis Z-point comp-associative conv-involutive le-supl mult-right-isotone
top.extremum)
finally show ?thesis
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qed
finally show ?thesis
using S-star-Z-top top-le by auto
qed

lemma Z-below-S’-star:

7 S Sl*

by (metis S'-star-Z-top Z-point comp-associative comp-right-one conv-order
conv-star-commute mult-right-isotone vector-conv-covector)

lemma S’-connected:

ST % §™ = top

by (metis Z-below-S'-star S'-star-Z-top mult-left-dist-sup sup.orderE
sup-commute top.extremum)

lemma S’-star-connex:
S 1 8T = top
using S’-connected S’-univalent cancel-separate-eq sup-commute by auto

lemma Z-sup-conv-S’-top:
Z U ST x top = top
using S’-star-Z-top star.circ-loop-fizpoint sup-commute by auto

lemma top-S’'-sup-conv-Z:

top x S8'U ZT = top

by (metis S’-star-Z-top conv-dist-comp conv-involutive conv-star-commute
star.circ-back-loop-fixpoint symmetric-top-closed)

lemma S-power-point-or-bot:
assumes regular S’
shows point (ST “nx Z) v ST "nx Z = bot
proof —
have 1: reqular (S " n x Z)
using assms Z-point bijective-reqular regular-conv-closed reqular-mult-closed
regqular-power-closed by auto
have injective (S'7 " n)
by (simp add: injective-power-closed S'-univalent)
hence injective (ST " n x Z)
using Z-point injective-mult-closed by blast
thus ?thesis
using 1 Z-point comp-associative tarski by force
qed

end

7.2 Initialising Ranks
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We show that the rank array satisfies three properties which are estab-
lished /preserved by the union-find operations. First, every node has a rank,
that is, the rank array is a mapping. Second, the rank of a node is strictly
smaller than the rank of its parent, except if the node is a root. This im-
plies that the rank of a node is an upper bound on the height of its subtree.
Third, the number of roots in the disjoint-set forest (the number of disjoint
sets) is not larger than m — k where m is the total number of nodes and & is
the maximum rank of any node. The third property is useful to show that
ranks never overflow (exceed m — 1). To compare the number of roots and
m — k we use the existence of an injective univalent relation between the set
of roots and the set of m — k largest numbers, both represented as vectors.
The three properties are captured in rank-property.

class skra-peano-3 = stone-kleene-relation-algebra-tarski-finite-reqular +
skra-peano-2
begin

definition card-less-eq v w = 314 . injective i A univalent i A\ reqular i AN v < @ % w
definition rank-property p rank = mapping rank A (p — 1) * rank < rank * S'T
A card-less-eq (roots p) (—(S' * rank®™ x top))

end

class skra-peano-4 = stone-kleene-relation-algebra-choose-point-finite-reqular +
skra-peano-2
begin

subclass skra-peano-3 ..

The initialisation loop is augmented by setting the rank of each node to
0. The resulting rank array satisfies the desired properties explained above.

theorem init-ranks:
VARS h p x rank
[ True ]
FORFEACH x
USING h
INV{p—h=1—hArank—h=2T —h}
DO p := make-set p x;
rank[z] == Z
oD
[ p =1 A disjoint-set-forest p A rank = ZT A rank-property p rank A h = bot ]
proof vcg-tc-simp
fix h p rank
let 2z = choose-point h
let ?m = make-set p %z
let ?rank = rank|?z— Z)
assume 1: reqular h A vectorh A p — h=1 —hArank — h =2 — h A h #
bot
show vector (—%z M h) A
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mn(——%U—-h)=1N0(——2% U —h) A
frank M (——%z U —h) = ZT N (——%x U —h) A
card { z . reqular zt Nz < —%x ANz < h} <hl
proof (intro conjl)
show vector (—%x M h)
using 1 choose-point-point vector-complement-closed vector-inf-closed by
blast
have 2: point %z N\ regular ?x
using 1 bijective-regular choose-point-point by blast
have 3: —h < — %
using choose-point-decreasing p-antitone-iff by auto
have 4: 22N ?m =%z % 2T A =% N %m=—2zMp
using 1 choose-point-point make-set-function make-set-postcondition-def by
auto
have ?m M (——%zx U —h) = (m N ?2) U (?m — h)
using 2 comp-inf.comp-left-dist-sup by auto
also have ... = %z * 227 U (?m M — %z 11 —h)
using 3 4/ by (smt (23) inf-absorb2 inf-assoc inf-commute)
also have ... = %z x ?27 LU (1 — h)
using 1 8 4 inf.absorb2 inf.sup-monoid.add-assoc inf-commute by auto
also have ... = (1 M %z) U (I — h)
using 2 by (metis inf.cobounded? inf.sup-same-context one-inf-conv
vector-covector)
also have ... = 1 M (——%z U —h)
using 2 comp-inf.semiring.distrib-left by auto
finally show #m M (——=%c U —h) = 1 M (——% U —h)

have 5: %2 M %rank = %z 11 ZT A — %2z 1 2rank = — 2z 1 rank

by (smt (283) inf-commute order-refl update-inf-different update-inf-same)
have ?rank M (——%x U —h) = (Zrank N 2z) U (?rank — h)

using 2 comp-inf.comp-left-dist-sup by auto
also have ... = (?z 1 ZT) U (#rank M — 2z 1 —h)

using 3 5 by (smt (23) inf-absorb2 inf-assoc inf-commute)
also have ... = (ZT 1 2z) U (ZT — h)

using 1 8 5 inf.absorb2 inf.sup-monoid.add-assoc inf-commute by auto
also have ... = ZT N (——%z U —h)

using 2 comp-inf.semiring.distrib-left by auto
finally show ?rank M (——%z U —h) = ZT N (——%z U —h)

have 5: = %2 < — 22
using 1 2 by (metis comp-commute-below-diversity conv-order
inf.cobounded? inf-absorb2 pseudo-complement strict-order-var top.extremum)
have 6: %z < h
using I by (metis choose-point-decreasing)
show card { = . reqular c Nz < =%z ANx < h} <hl
apply (rule psubset-card-mono)
using finite-reqular apply simp
using 2 5 6 by auto
qed
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next
show rank-property 1 (Z7)
proof (unfold rank-property-def, intro conjI)
show univalent (Z1) total (Z7)
using Z-point surjective-conv-total by auto
show (1 — 1) (Z7) < (Z7) x S"*
by simp
have top < 1 * —(S"" * Z x top)
by (simp add: S’-Z comp-associative star-simulation-right-equal)
thus card-less-eq (roots 1) (—(S'T * ZTT x top))
by (metis conv-involutive inf.idem mapping-one-closed regular-one-closed
card-less-eq-def bijective-one-closed)
qed
qed

end

7.3 Union by Rank

We show that path compression and union-by-rank preserve the rank prop-
erty.

context stone-kleene-relation-algebra-tarski-finite-regqular
begin

lemma union-sets-1-swap:
assumes union-sets-precondition p0 T y
and path-compression-postcondition p1 x r p0
and path-compression-postcondition p2 y s pl
shows union-sets-postcondition (p2[s—r]) = y p0
proof (unfold union-sets-postcondition-def union-sets-precondition-def, intro
congl)
let ?p = p2[s—7]
have 1: disjoint-set-forest p1 N\ point v AN v =root pl x A pl M1 =p0 1A
fe p1 = fe po
by (smt assms(1,2) union-sets-precondition-def
path-compression-postcondition-def root-point)
have 2: disjoint-set-forest p2 N point s A s = root p2 y A p2 M1 =plMN1A
fep2 = fe pl
by (smt assms(1,3) union-sets-precondition-def
path-compression-postcondition-def root-point)
hence 3: fc p2 = fc p0
using 1 by simp
show /: univalent ?p
using 1 2 update-univalent by blast
show total ?p
using 1 2 bijective-regular update-total by blast
show acyclic (7p — 1)
proof (cases r = s)
case True
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thus ?thesis
using 2 update-acyclic-5 by fastforce
next
case Fulse
hence bot = sMr
using 1 2 distinct-points inf-commute by blast

also have ... = s M p1T* x r
using 1 by (smt root-transitive-successor-loop)
also have ... = s M p27* x r

using 1 2 by (smt (23) inf-assoc inf-commute same-root)
finally have r M p2* x s = bot
using schroeder-1 conv-star-commute inf.sup-monoid.add-commute by
fastforce
thus ?thesis
using 1 2 update-acyclic-4 by blast
qged
show fc ?p = wee (p0 Uz x yT)
proof (rule order.antisym)
have s = p2[[s]]
using 2 by (metis root-successor-loop)
hence s * s < p27
using 2 eq-refl shunt-bijective by blast
hence s x sT < p2
using 2 conv-order coreflexive-symmetric by fastforce
hence s < p2 x s
using 2 shunt-bijective by blast
hence 5: p2[[s]] < s
using 2 shunt-mapping by blast
have s M p2 < s * (top M s * p2)
using 2 by (metis dedekind-1)
also have ... = s % s x p2
by (simp add: mult-assoc)
also have ... < s % s7
using 5 by (metis comp-associative conv-dist-comp conv-involutive
conv-order mult-right-isotone)
also have ... < 1
using 2 by blast
finally have 6: s M p2 < 1
by simp
have p0 < wce p0
by (simp add: star.circ-sub-dist-1)

also have ... = wce p2

using 3 by (simp add: star-decompose-1)
also have 7: ... < wee 9p
proof —

have wce p2 = wee ((—s M p2) U (s N p2))
using 2 by (metis bijective-regular inf.sup-monoid.add-commute
maddux-3-11-pp)
also have ... < wee ((—s M p2) U 1)

105



using 6 wcc-isotone sup-right-isotone by simp
also have ... = wee (—s M p2)
using wcc-with-loops by simp
also have ... < wce 7p
using wcc-isotone sup-ge2 by blast
finally show ?thesis
by simp
qed
finally have 8: p0 < wce %p
by force
have s < p2T* x y
using 2 by (metis inf-lel)
hence 9: s * y7 < p2T*
using assms(1) shunt-bijective union-sets-precondition-def by blast
hence y * s < p2*
using conv-dist-comp conv-order conv-star-commute by force
also have ... < wce p2
by (simp add: star.circ-sub-dist)
also have ... < wce ?p
using 7 by simp
finally have 10: y * sT < wce ?p
by simp
have 11: s * T < wee %p
using 1 2 star.circ-sub-dist-1 sup-assoc vector-covector by auto
have r < p1T* x z
using 1 by (metis inf-lel)
hence 12: r * 27 < p17T*
using assms(1) shunt-bijective union-sets-precondition-def by blast
also have ... < wce pl
using star-isotone sup-ge2 by blast
also have ... = wce p2
using 2 by (simp add: star-decompose-1)
also have ... < wce ?p
using 7 by simp
finally have 13: r * z7 < wce 7p
by simp
have < z * r *r/\ygy*sT*s
using 1 2 shunt-bijective by blast
hence y * 27 < y * s7
using comp-isotone conv-isotone by blast
also have ... = y * s7 x s x 1T % r % g7
by (simp add: comp-associative conv-dist-comp)
also have ... < wce #p x (s x rT) % (r x zT)
using 10 by (metis mult-left-isotone mult-assoc)
also have ... < wee ?p x wee ?p x (r x a7)
using 11 by (metis mult-left-isotone mult-right-isotone)
also have ... < wce ?p x wee ?p x wee ?p
using 13 by (metis mult-right-isotone)
also have ... = wee ?p

T

xsx (T x )T

106



by (simp add: star.circ-transitive-equal)
finally have z * y7 < wce %p
by (metis conv-dist-comp conv-involutive conv-order wee-equivalence)
hence p0 U z x y7 < wee %p
using 8 by simp
hence wee (p0 Uz * yT) < wee ?p
using wce-below-wee by simp
thus wee (p0 U z x y©') < fe #p
using 4 fc-wce by simp
have —s M p2 < wee p2
by (simp add: inf.coboundedI2 star.circ-sub-dist-1)
also have ... = wce p0
using 3 by (simp add: star-decompose-1)
also have ... < wece (p0 U y * z7)
by (simp add: wce-isotone)
finally have 1/: —s M p2 < wee (p0 U y * zT)
by simp
have s * y7 < wee p2
using 9 inf.order-trans star.circ-sub-dist sup-commute by fastforce
also have ... = wce p0
using 1 2 by (simp add: star-decompose-1)
also have ... < wee (p0 U y * z7)
by (simp add: wce-isotone)
finally have 15: s * y7 < wce (p0 U y * zT)
by simp
have 16: y x 27 < wce (p0 U y x 27)
using le-supE star.circ-sub-dist-1 by blast
have z * r7 < p1*
using 12 conv-dist-comp conv-order conv-star-commute by fastforce
also have ... < wece pl
using star.circ-sub-dist sup-commute by fastforce
also have ... = wce p0
using I by (simp add: star-decompose-1)
also have ... < wece (p0 U y * z7)
by (simp add: wcc-isotone)
finally have 17: z * 7 < wee (p0 U y * 27T)
by simp
have r < rxazl sz As<sxyl xy
using assms(1) shunt-bijective union-sets-precondition-def by blast
hence s * T < sx yT x yx (r x 27 x )7
using comp-isotone conv-isotone by blast
also have ... = s x yT x y x 27 T

T

X T xT
by (simp add: comp-associative conv-dist-comp)

also have ... < wee (p0 Uy x 27) * (y * 27) * (z * r
using 15 by (metis mult-left-isotone mult-assoc)

also have ... < wee (p0 U y x 27) x wee (p0 Uy * z7) * (z x r
using 16 by (metis mult-left-isotone mult-right-isotone)

also have ... < wee (p0 U y * 27) % wee (p0 U y * zT) x wee (p0 U y * 27)
using 17 by (metis mult-right-isotone)

)

)
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also have ... = wce (p0 U y * zT)
by (simp add: star.circ-transitive-equal)

finally have ?p < wce (p0 U y * a7)
using 1 2 14 wvector-covector by auto

hence wee ?p < wee (p0 U y * z7)
using wce-below-wee by blast

also have ... = wce (p0 U z * yT)
using conv-dist-comp conv-dist-sup sup-assoc sup-commute by auto

finally show fc ?p < wee (p0 U z % yT)
using 4 fc-wce by simp

qed
qed

lemma union-sets-1-skip:
assumes union-sets-precondition p0  y
and path-compression-postcondition p1 x r p0
and path-compression-postcondition p2 y r pl
shows union-sets-postcondition p2 x y p0
proof (unfold union-sets-postcondition-def union-sets-precondition-def, intro
congl)
have 1: point r A v = root pl © A fc pl = fc p0 N disjoint-set-forest p2 N r =
root p2 y N fc p2 = fc pl
by (smt assms(1—3) union-sets-precondition-def
path-compression-postcondition-def root-point)
thus univalent p2 total p2 acyclic (p2 — 1)
by auto
have r < p1T* x ¢
using 1 by (metis inf-lel)
hence r * 27 < pIT*
using assms(1) shunt-bijective union-sets-precondition-def by blast
hence 2: z x r7 < pI*
using conv-dist-comp conv-order conv-star-commute by force
have r < p27* x y
using 1 by (metis inf-lel)
hence 3: r x yT < p2T*
using assms(1) shunt-bijective union-sets-precondition-def by blast
have z * y7 < 2z rT % r x ¢T
using 1 mult-left-isotone shunt-bijective by blast
also have ... < pI1* % p2T*
using 2 3 by (metis comp-associative comp-isotone)
also have ... < wce p0
using 1 by (metis star.circ-mult-upper-bound star-decompose-1 star-isotone
sup-ge2 star.circ-sub-dist)
finally show fc p2 = wce (p0 U x * yT)
using 1 by (smt (28) fe-star star-decompose-1 sup-absorbl wee-sup-wee
star.circ-sub-dist-8 sup-commute wce-equivalence)
qed

end
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syntax
-Cond1 :: 'bexp = 'com = ‘com («(1IF -/ THEN -/ FI)» [0,0] 61)
translations IF b THEN ¢ FI == IF b THEN ¢ ELSE SKIP FI

context skra-peano-3
begin

lemma path-compression-preserves-rank-property:
assumes path-compression-postcondition p x y p0
and point
and disjoint-set-forest p0
and rank-property p0 rank
shows rank-property p rank
proof (unfold rank-property-def, intro conjI)
let %pz = p0™™* x x
have 1: point y
by (smt assms(1,2) path-compression-postcondition-def root-point)
have 2: vector ?px
using assms(1,2) comp-associative path-compression-postcondition-def by
auto
have root p0 x = root p x
by (smt (verit) assms(1,3) path-compression-postcondition-def same-root)
hence root p0 x = y
using assms(1) path-compression-postcondition-def by auto
hence ?px < p0* *x y
by (meson assms(2,3) path-splitting-invariant-auz-1(3))
hence %z * y7 < p0*
using 1 shunt-bijective by blast
hence ?pz M y? < p0o*
using 1 2 by (simp add: vector-covector)
also have ... = (p0 — 1)" U 1
using reachable-without-loops star-left-unfold-equal sup-commute by fastforce
finally have 3: #pz My’ M —1 < (p0 — 1)*
using half-shunting by blast
have p0[?pz—y] = p
using assms(1) path-compression-postcondition-def by auto
hence (p — 1) * rank = (?pzx My M —1) % rank U (—%pz M p0 M —1) * rank
using inf-sup-distrib2 mult-right-dist-sup by force
also have ... < (Zpx My M —1) * rank U (p0 — 1) * rank
by (meson comp-inf.mult-semi-associative le-infE mult-left-isotone
sup-right-isotone)
also have ... < (?pz My M —1) * rank U rank * S’
using assms(4) rank-property-def sup-right-isotone by auto
also have ... < (p0 — 1)" x rank U rank x S'*
using 3 mult-left-isotone sup-left-isotone by blast
also have ... < rank x St
proof —
have (p0 — 1)* x rank < rank * S"*
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using assms(4) rank-property-def star-simulation-left star.left-plus-circ by
fastforce
hence (p0 — 1)* % rank < (p0 — 1) * rank = S™
by (simp add: comp-associative mult-right-isotone)
also have ... < rank %« S'T
by (smt (23) assms(4) rank-property-def comp-associative
comp-left-subdist-inf inf.boundedE inf.sup-right-divisibility
star.circ-transitive-equal)
finally show ?thesis
by simp
qed
finally show (p — 1) * rank < rank = S'*

show univalent rank total rank
using rank-property-def assms(4) by auto
show card-less-eq (roots p) (—(S'T * rank™ * top))
using assms(1,4) path-compression-postcondition-def rank-property-def by
auto
qed

theorem union-sets-by-rank:
VARS p r s rank
[ union-sets-precondition p x y A rank-property p rank A p0 = p ]
r := find-set p x;
p := path-compression p & r;
s := find-set p y;
p := path-compression p y s;
IF r # s THEN
IF rank[[r]] < S'* % (rank[[s]]) THEN
plr] == s
ELSE
pls] =13
IF rank([r]] = rank[[s]] THEN
rank[r] := ST x (rank|[[r]])
FI
FI
FI
[ union-sets-postcondition p x y p0 A rank-property p rank ]
proof vcg-tc-simp
fix rank
let ?r = find-set p0 x
let ?p1 = path-compression p0 x ?r
let ?s = find-set 7p1 y
let ?p2 = path-compression ?pl y %s
let ?p5 = path-compression ?pl y ?r
let 2rr = rank|[[?r]]
let ?rs = rank[[?s]]
let ?rank = rank[?r—— ST % ?rs|
let ?p3 = ?p2[?r—> ?s]
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let %p/ = ?p2[%s— ?r]
assume 1: union-sets-precondition p0 x y N\ rank-property p0 rank
hence 2: path-compression-postcondition ?pl x ?r p0
using find-set-function find-set-postcondition-def find-set-precondition-def
path-compression-function path-compression-precondition-def
union-sets-precondition-def by auto
hence 3: path-compression-postcondition ?p2 y ?s ?p1
using 1 find-set-function find-set-postcondition-def find-set-precondition-def
path-compression-function path-compression-precondition-def
union-sets-precondition-def path-compression-postcondition-def by meson
have rank-property ?p1 rank
using 1 2 path-compression-preserves-rank-property
union-sets-precondition-def by blast
hence /4: rank-property ?p2 rank
using 1 2 8 by (meson path-compression-preserves-rank-property
path-compression-postcondition-def union-sets-precondition-def)
have 5: point ?r point ?s
using 1 2 8 by (smt path-compression-postcondition-def
union-sets-precondition-def root-point)+
hence 6: point ?rr point ?rs
using 1 comp-associative read-injective read-surjective rank-property-def by
auto
have top < S$™* U ST
by (metis S'-star-connex conv-dist-comp conv-star-commute eq-refl
star.circ-reflexive star-left-unfold-equal star-simulation-right-equal sup.orderE
sup-monoid.add-assoc)
hence 7: —S"*T < §*
by (metis comp-inf.case-split-left comp-inf.star.circ-plus-one
comp-inf.star.circ-sup-2 half-shunting)
show (2r #£ 2s — (2rr < S'T x 2rs — union-sets-postcondition ?p3 T y p0 A
rank-property ?p3 rank) A
(= 2rr < S % 2rs — ((2rr = 2rs —
union-sets-postcondition ?p4 x y p0 N rank-property ?p4 rank) A
(9rr # 2rs — union-sets-postcondition ?p4 x
y p0 A rank-property ?p4 rank)))) A
(9r = ?s — undon-sets-postcondition ?p5 x y p0 N rank-property ?p5 rank)
proof
show ?r # 25 — (2rr < S'T x 2rs — union-sets-postcondition ?p3 x y p0
A rank-property ?p3 rank) A
(= 2rr < S x Prs — ((Prr = 2rs —
union-sets-postcondition ?p4 x y p0 A rank-property ?p4 ?rank) A
(2rr # 2rs — union-sets-postcondition ?pj x
y p0 A rank-property ?p4 rank)))
proof
assume 8: 7r # %s
show (2rr < S'F x 2rs — union-sets-postcondition ?p3 z y p0 A
rank-property ?p3 rank) A
(= 2rr < 8" % 2rs — ((2rr = ?rs — union-sets-postcondition ?pj x
y p0 A rank-property ?p4 ?rank) A
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(2rr # ?rs — union-sets-postcondition ?pj x y p0 A
rank-property ?p4 rank)))
proof
show ?rr < S'* % ?rs — union-sets-postcondition ?p3 x y p0 A
rank-property ?p8 rank
proof
assume 9: ?rr < S x 2rs
show union-sets-postcondition ?p3 x y p0 A rank-property ?p3 rank
proof
show union-sets-postcondition ?p3 x y p0
using 1 2 8 by (simp add: union-sets-1)
show rank-property ?p3 rank
proof (unfold rank-property-def, intro conjI)
show univalent rank total rank
using 1 rank-property-def by auto
have 25 < —?r
using 5 8 by (meson order.antisym bijective-regular
point-in-vector-or-complement point-in-vector-or-complement-2)
hence ?r M 257 1 1 = bot
by (metis (full-types) bot-least inf.left-commute
inf.sup-monoid.add-commute one-inf-conv pseudo-complement)
hence ?p3 M1 < ?p2
by (smt half-shunting inf.cobounded? pseudo-complement
regular-one-closed semiring.add-mono sup-commute)
hence roots ?p3 < roots ?p2
by (simp add: mult-left-isotone)
thus card-less-eq (roots ?p3) (—(S™* x rank™ * top))
using 4 by (meson rank-property-def card-less-eq-def order-trans)
have (7p3 — 1) * rank = (?r 11 2sT M —1) * rank U (—2r 1 Zp2 N
—1) % rank
using comp-inf.semiring. distrib-right mult-right-dist-sup by auto
also have ... < (2r M 257 M —1) * rank U (p2 — 1) * rank
using comp-inf.mult-semi-associative mult-left-isotone
sup-right-isotone by auto
also have ... < (2r M 2s7 1 —1) % rank U rank x S'*
using 4 sup-right-isotone rank-property-def by blast
also have ... < (#r M 2sT) x rank U rank * S'F
using inf-lel mult-left-isotone sup-left-isotone by blast

also have ... = 2r % 27 % rank U rank = S’
using 5 by (simp add: vector-covector)

also have ... = rank = 't

proof —

have rankT x 9r < S'F % rankT x %s
using 9 comp-associative by auto
hence 7r < rank x St % rankT x s
using 4 shunt-mapping comp-associative rank-property-def by auto
hence 2r x 25T < rank x St % rank”
using 5 shunt-bijective by blast
hence 7r x 2sT % rank < rank x S'+
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using 4 shunt-bijective rank-property-def mapping-conv-bijective by

auto
thus ?thesis
using sup-absorb2 by blast
qged
finally show (%p8 — 1) * rank < rank x S'T
qed
qed
qged

show — 2rr < S x 2rs — ((%rr = ?rs — union-sets-postcondition ?p4
x y p0 A rank-property ?p4 ¢rank) A
(9rr # 2rs — union-sets-postcondition ?p4 x y p0
A rank-property ?p4 rank))
proof
assume — ?2rr < §'F x s
hence ?rr < —(S' x ?rs)
using 6 by (meson point-in-vector-or-complement S'-reqular
bijective-reqular regular-closed-star reqular-mult-closed vector-mult-closed)
also have ... = —8'" x ?rs
using 6 comp-bijective-complement by simp
finally have ?rs < —S"*7T x 2rr
using 6 by (metis bijective-reverse conv-complement)
also have ... < 8" x 2rr
using 7 by (simp add: mult-left-isotone)
also have ... = St * 2rr U 2rr
using star.circ-loop-fizpoint mult-assoc by auto
finally have 10: ?rs — ?rr < S'" x 2rr
using half-shunting by blast
show ((9rr = %rs — union-sets-postcondition ?pj x y p0 N
rank-property ?p4 ?rank) A
(9rr # %rs — union-sets-postcondition ?p4 x y p0 A rank-property
?p4 rank))
proof
show ?rr = %rs — union-sets-postcondition ?p4 x y p0 A
rank-property ?p4 ?rank
proof
assume 11: ?rr = 9rs
show union-sets-postcondition ?p4 x y p0 N rank-property ?p4 ?rank
proof
show union-sets-postcondition ?p4 z y p0
using 1 2 8 by (simp add: union-sets-1-swap)
show rank-property ?p4 ?rank
proof (unfold rank-property-def, intro conjI)
show univalent ?rank
using 4 5 6 by (meson S’-univalent read-injective
update-univalent rank-property-def)
have card-less-eq (roots ?p2) (—(S™* x rank™ x top))
using 4 rank-property-def by blast
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from this obtain 7 where 12: injective i N\ univalent i A reqular i
A roots ?p2 < i x —(S" x rank” * top)
using card-less-eq-def by blast
let 2 = (i[2s——i[[i = 2rr]]])[i * 2rr—si[[?s]]]
have 13: % = (i x 2rr 11 25T % i) U (—(i * 2rr) 1 25 11 2rrT % 47
* 1) U (—(i % 2rr) M —2s M 1)
by (smt (23) conv-dist-comp conv-involutive
inf.sup-monoid.add-assoc inf-sup-distribl sup-assoc)
have 1/: injective ?i
apply (rule update-injective-swap)
subgoal using 12 by simp
subgoal using 5 by simp
subgoal using 6 12 injective-mult-closed by simp
subgoal using 5 comp-associative by simp
done
have 15: univalent 2i
apply (rule update-univalent-swap)
subgoal using 12 by simp
subgoal using 5 by simp
subgoal using 5 by simp
subgoal using 6 12 injective-mult-closed by simp
subgoal using 5 comp-associative by simp
done
have 16: reqular ?i
using 5 6 12 by (smt (23) bijective-reqular p-dist-inf p-dist-sup
pp-dist-comp reqular-closed-inf reqular-conv-closed)
have 17: regular (i * ?rr)
using 6 12 bijective-reqular reqular-mult-closed by blast
have 18: find-set-precondition ?p1 y
using 1 2 find-set-precondition-def
path-compression-postcondition-def union-sets-precondition-def by blast
hence ?s = root ?p1 y
by (meson find-set-function find-set-postcondition-def)
also have ... = root ?p2 y
using 3 18 by (smt (23) find-set-precondition-def
path-compression-postcondition-def same-root)
also have ... < roots ?p2
by simp
also have ... < i x —(S" % rank™ * top)
using 12 by simp
finally have 19: 25 < i x —(S™ x rank® x top)

have roots ?p4 < ?i x —(S"t x Zrank” x top)
proof —
have 2r < —%s
using 5 8 by (meson order.antisym bijective-regular
point-in-vector-or-complement point-in-vector-or-complement-2)
hence ?s 1 2T M 1 = bot
by (metis (full-types) bot-least inf.left-commute
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inf.sup-monoid.add-commute one-inf-conv pseudo-complement)
hence ?p4 M1 < —9% 1M ?p2
by (smt (23) bot-least comp-inf.semiring.distrib-left
inf.cobounded2 inf.sup-monoid.add-commute le-supl)
hence roots ?p4 < roots (—?%s 1 ?p2)
by (simp add: mult-left-isotone)
also have ... = —?2s M roots ?p2
using 5 inf-assoc vector-complement-closed vector-inf-comp by
auto
also have ... = (i x 2rr 11 —2s M roots ?p2) U (—(i * 2rr) M —%s
M roots ?p2)
using 17 by (smt (28) comp-inf.star-plus inf-sup-distrib2
inf-top.right-neutral reqular-complement-top)
also have ... < 2 * (—(S'" * Zrank™ x top))
proof (rule sup-least)
have ?rank™ x top = (?r 1 (S % 2rs)T)T  top LU (—2r N
rank)T * top
using conv-dist-sup mult-right-dist-sup by auto
also have ... = (2rT 11 8T x #rs) x top U (—#rT 11 rank™) * top
using conv-complement conv-dist-inf conv-involutive by auto
also have ... = ST x ?rs x (2r M top) U (—2rT 1 rankT)  top
using 5 by (smt (28) covector-inf-comp-3 inf-commute)
also have ... = ST x 2rs x (2r M top) U rank™ x (—#r M top)
using 5 by (smt (23) conv-complement
vector-complement-closed covector-inf-comp-3 inf-commute)
also have ... = ST % %rs x ?r U rank” * —?r
by simp
also have ... < 8T % 2rs x 2r U rank” * top
using mult-right-isotone sup-right-isotone by force
also have ... < ST % 2rs U rank” * top
using 5 6 by (metis inf.eq-refl mult-assoc)
finally have S x Zrank” x top < S'T % ST x 2rs U ™ «
rank” * top
by (smt comp-associative mult-left-dist-sup mult-right-isotone)
also have ... = §™ x (§" % S'7) x #rs U S" x rank™ x top
by (smt star-plus mult-assoc)
also have ... < ™ % 2rs U §'F % rank” * top
by (metis S’-injective comp-right-one mult-left-isotone
mult-right-isotone sup-left-isotone)
also have ... = 2rs U S'T x 2rs U ST % rank” * top
using comp-associative star.circ-loop-fixpoint sup-commute by
fastforce
also have ... = 2rs U S’ * rank™ * top
by (smt (verit, del-insts) comp-associative mult-left-dist-sup
sup.orderE sup-assoc sup-commute top.extremum,)
finally have 20: St % 2rank™ * top < ?rs U 8™ % rank™ * top

have s  #s7 = (2s M i % —(S'" % rankT * top)) 25T
using 19 inf.orderE by fastforce
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also have ... = (?s M i * —(S" x rank™ * top)) * top M 2sT
using 5 by (smt (28) covector-comp-inf vector-conv-covector
vector-covector vector-top-closed)
also have ... = 2s M i x —(S"" x rank® x top) * top 1 2sT
using 5 vector-inf-comp by auto
also have ... < 1 M4 x —(S™ x rank™ x top) * top
using 5 by (smt (verit, ccfv-SIG) inf.coboundedl
inf.cobounded? inf-greatest order-trans vector-covector)
also have ... = 1 M i x —(S™ x rank® x top)
using comp-associative vector-complement-closed
vector-top-closed by auto
also have ... < 1 M i x —(S"" % rank™)
by (meson comp-inf.mult-right-isotone mult-right-isotone
p-antitone top-right-mult-increasing)
also have ... < 1 M i % S*T % rankT
proof —
have ST x rank™ U S™ % rank™ = (S7* U S'F) * rank”
by (simp add: conv-star-commaute mult-right-dist-sup)
also have ... = (S7* U §) % rank™
by (smt (23) comp-associative semiring.distrib-right
star.circ-loop-fizpoint sup.left-commute sup-commute sup-idem)

also have ... = top * rank”
by (simp add: S'-star-connex sup-commute)
also have ... = top

using 4 rank-property-def total-conv-surjective by blast
finally have — (St * rank®) < §*T x rank™
by (metis half-shunting inf.idem top-greatest)
thus ?thesis
using comp-associative inf.sup-right-isotone
mult-right-isotone by auto
qed
also have ... = I M rank * S™ * ¢
by (metis comp-associative conv-dist-comp conv-involutive

T

one-inf-conv)
also have ... < rank * S™ % T
by simp
finally have ?s < rank x S™ % i
using 5 shunt-bijective by auto
hence ?rs < §™ « T
using 4 shunt-mapping comp-associative rank-property-def by

Ty 25

* 75

auto
hence ?s * (i x #rr M —%s [ roots ?p2) < %s * (i * S™ x il x
2s M —2s M roots ?p2)
using 11 comp-associative comp-inf.mult-left-isotone
comp-isotone inf.eq-refl by auto
also have ... = 25 % ((i x S'T % T % Zs Ui x i1 % 25) M —2s 1
roots ?p2)
by (metis comp-associative mult-left-dist-sup
star.cire-loop-fixpoint)
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also have ... < %5 % ((i * S™" %7 % 251U 1 * 25) 1 —25 1
roots ?p2)
using 12 by (metis mult-left-isotone sup-right-isotone
comp-inf.mult-left-isotone mult-right-isotone)
also have ... = %5 x (i * S"* % T % 25 1 — 25 I roots ?p2)
using comp-inf.comp-right-dist-sup by simp
also have ... < 25 x (i * S"F % i % 25 1 roots ?p2)
using comp-inf.mult-left-isotone inf.cobounded1
mult-right-isotone by blast
also have ... < 2s x (i * S % T % 2514 % —(S"" * rank™ *

top))
using 12 comp-inf.mult-right-isotone mult-right-isotone by auto
also have ... = 25 x (i * S x i1 % 2511 4)  —(S™" x rank” *
top)
using 5 by (simp add: comp-associative vector-inf-comp)
also have ... = (%s 1 (i * S'7 % i % 25)T) % i x+ —(S'T * rank”
* top)
using 5 covector-inf-comp-3 mult-assoc by auto
also have ... = (2s 11 257 x i % ST« 4T) % i % —(S'T % rank”
* top)
using conv-dist-comp conv-involutive mult-assoc by auto
also have ... = (2s 11 2s7) % i % ST 5 T % i —(S'F % rank”
* top)

using 5 vector-inf-comp by auto
also have ... < i * ST x 4T x i x —(S'" % rank™ * top)
using 5 by (metis point-antisymmetric mult-left-isotone
mult-left-one)
also have ... < i * ST x« —(S"F % rank™ * top)
using 12 by (smt mult-left-isotone mult-right-isotone
mult-assoc comp-right-one)
also have ... < i x —(S™ % rank®™ * top)
proof —
have S'* x S x rank™ * top < S'F x rank™ * top
by (simp add: comp-associative star.circ-transitive-equal)
hence ST x —(S"" x rank™ x top) < —(S™ x rank™ * top)
by (smt (verit, ccfv-SIG) comp-associative
conv-complement-sub-leq mult-right-isotone order.trans p-antitone)
thus ?thesis
by (simp add: comp-associative mult-right-isotone)
qed
also have ... < i x —(S" % Zrank™ x top)
proof —
have S x 2rank™ x top < 2rs U S % rank” * top
using 20 by simp
also have ... < rank” * top U S'F x rank” * top
using mult-right-isotone sup-left-isotone top.extremum by
blast
also have ... = S x rank” * top
using comp-associative star.circ-loop-fixpoint sup-commute
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by auto
finally show ?thesis
using mult-right-isotone p-antitone by blast
qed
finally have s x (i * ?rr [ —2s M roots ?p2) < i * —(S' *
Zrank” x top)

hence i * ?rr I —?s [ roots ?p2 < 2sT % i x —(S"" x Prank™ *
top)
using 5 shunt-mapping bijective-conv-mapping mult-assoc by
auto
hence i * ?rr M —?s [ roots ?p2 < i * Zrr M 2T x i % —(9'F x
Zrank™ x top)
by (simp add: inf.sup-monoid.add-assoc)
also have ... = (i * 2rr 1 257 % i) x —(S'T * Zrank™  top)
using 6 vector-inf-comp vector-mult-closed by simp
also have ... < 2 x —(S™* x 2rank™ * top)
using 13 comp-left-increasing-sup sup-assoc by auto
finally show i * ?rr I —%s 1 roots ?p2 < ?i x —(S" % 2rank™
* top)

have —(i * 2rr) M roots ?p2 < —(i * 2rr) M i x —(S™* x rank”
* top)
using 12 inf.sup-right-isotone by auto
also have ... < —(i % 2rr) M4 x —(?rs U S'" % rank™ * top)
proof —
have 21: regular (?rs U S'T % rank™ * top)
using 4 6 rank-property-def mapping-reqular S'-reqular
pp-dist-star reqular-conv-closed regular-mult-closed bijective-regqular
regular-closed-sup by auto
have 2rs U S % rankT * top < S'F % rank™ = top U 2rr
using 11 by simp
hence (?rs LI S™* % rank™ * top) — S™* x rank™  top < ?rr
using half-shunting sup-commute by auto
hence —(S"* % rank® x top) < —(?rs U S x rank™ * top) U
?rr
using 21 by (metis inf.sup-monoid.add-commaute
shunting-var-p sup-commute)
hence i * —(S™ x rank™ x top) < i * —(Zrs U S'T * rank” *
top) U i x rr
by (metis mult-left-dist-sup mult-right-isotone)
hence —(i * ?rr) M4 % —(S'" * rank™ * top) < i % —(%rs U
S™ % rankT x top)
using half-shunting inf.sup-monoid.add-commute by fastforce
thus ?thesis
using inf.le-sup-iff by blast
qed
also have ... < —(i x #rr) M i % —(S'T % Zrank” x top)
using 20 by (meson comp-inf.mult-right-isotone
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mult-right-isotone p-antitone)
finally have —(i % #rr) M —%s M roots ?p2 < —(i * 2rr) M —%s
Mi* —(S™" x 2rank™ * top)
by (smt (23) inf.boundedI inf.coboundedl inf.coboundedI2
inf.sup-monoid.add-assoc inf.sup-monoid.add-commute)
also have ... < 2 x (—(S'" * Zrank™ x top))
using 5 6 13 by (smt (23) sup-commute
vector-complement-closed vector-inf-comp vector-mult-closed
comp-left-increasing-sup)
finally show —(i * ?rr) M —%s 1 roots 7p2 < % x —(S't x
Zrank” x top)

qed
finally show ?thesis

qed
thus card-less-eq (roots ?p4) (—(S"* x frank® x top))
using 14 15 16 card-less-eq-def by auto
have ?s < i * —(S™ x rank™ * top)
using 19 by simp
also have ... < i x —(S'T * 2rr)
using mult-right-isotone p-antitone top.extremum mult-assoc by
auto
also have ... = i * —S't x 2rr
using 6 comp-bijective-complement mult-assoc by fastforce
finally have ?rr < -8+ % T x s
using 5 6 by (metis conv-complement conv-dist-comp
conv-plus-commute bijective-reverse)
also have ... < 8% x T % %5
using 7 conv-plus-commute mult-left-isotone by auto
finally have 22: ?rr < S™ x 7 % %s

have ?r = root ?pl x
using 2 path-compression-postcondition-def by blast
also have ... = root ?p2 z
using 3 18 by (smt (23) find-set-precondition-def
path-compression-postcondition-def same-root)
also have ... < roots ?p2
by simp
also have ... < i x —(S"" % rank™ * top)
using 12 by simp
also have ... < i % —(S"" % 2rr)
using mult-right-isotone p-antitone top.extremum mult-assoc by
auto
also have ... = i * =St x 2pr
using 6 comp-bijective-complement mult-assoc by fastforce
finally have ?rr < -8+ « T x or
using 5 6 by (metis conv-complement conv-dist-comp
conv-plus-commute bijective-reverse)
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also have ... < 8% x T x 2r
using 7 conv-plus-commute mult-left-isotone by auto
finally have 2rr < §™ % T % 2r

hence 2rr < 8™ %7 x 2r M S™ x T x %
using 22 inf.boundedl by blast
also have ... = (S x T « 2r U7 % 2r) M1 8™ % T % s
by (simp add: star.circ-loop-fixpoint mult-assoc)
also have ... < S x T « 2r U (i7 % 2r 11.8™ T x 2s)
by (metis comp-inf.mult-right-dist-sup eg-refl inf.cobounded!
semiring.add-mono)
also have ... < S’ x top U (iT * 2r 1 S™ x i7" x %5)
using comp-associative mult-right-isotone sup-left-isotone
top.extremum by auto
also have ... = S/ x top U (iT * 2r 1 (S'F % T % 25 U T x 2s))
by (simp add: star.circ-loop-fixpoint mult-assoc)
also have ... < S’ x top U S'T % T % 2s U (i1 x 2r M T x 2s)
by (smt (28) comp-inf.semiring.distrib-left inf.sup-right-divisibility
star.circ-loop-fixpoint sup-assoc sup-commute sup-inf-distribl)
also have ... < 8’ x top U (iT x 2r 1T % 2s)
by (metis comp-associative mult-right-isotone order.refl
sup.orderE top.extremum)

also have ... = S’ x top L iT = (2r M 2s)
using 12 conv-involutive univalent-comp-left-dist-inf by auto
also have ... = S/ x top

using 5 8 distinct-points by auto
finally have top < ?rrT x S’ x top
using 6 by (smt conv-involutive shunt-mapping
bijective-conv-mapping mult-assoc)
hence surjective (S x ?7rs)
using 6 11 by (smt conv-dist-comp conv-involutive
point-conv-comp top-le)
thus total ?rank
using 4 5 bijective-regular update-total rank-property-def by blast
show (?p4 — 1) % ?rank < ?rank x S’
proof —
have 23: univalent ?p2
using & path-compression-postcondition-def by blast
have 2/: 2r M (?p4 — 1) * Zrank < 257 x rank x S’ S’
proof —
have ?r M (?p4 — 1) * %rank = (9r 1N %p4 M —1) * Zrank
using 5 vector-complement-closed vector-inf-comp inf-assoc by
auto
also have ... = (9r M —%s M %p/ M —1) x ?rank
using 5 8 by (smt (23) order.antisym bijective-reqular
point-in-vector-or-complement point-in-vector-or-complement-2 inf-absorbl)
also have ... = (r M —% M %2 N —1) * Zrank
by (simp add: inf.left-commute inf.sup-monoid.add-commute
inf-sup-distrib1 inf-assoc)
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also have ... < (9r M %p2 M —1) * Zrank
using inf.sup-left-isotone inf-lel mult-left-isotone by blast
also have ... = bot
proof —
have ?r = root ?pl x
using 2 path-compression-postcondition-def by blast
also have ... = root %p2 z
using 3 18 by (smt (23) find-set-precondition-def
path-compression-postcondition-def same-root)
also have ... < roots ?p2
by simp
finally have ¢r M ?p2 < roots %p2 M ?p2
using inf.sup-left-isotone by blast
also have ... < (?p2 1 1) x (?p2 1 1)T % 72
by (smt (23) comp-associative comp-inf.star-plus dedekind-1
inf-top-right order-lesseq-imp)
also have ... = (?p2 M 1) % (%p2 N 1) % 7p2
using coreflexive-symmetric by force
also have ... < (9p2 M 1) % %p2
by (metis coreflexive-comp-top-inf inf.cobounded?
mult-left-isotone)
also have ... < ?p2 M 1
by (smt 23 comp-inf.mult-semi-associative conv-dist-comp
conv-dist-inf conv-order equivalence-one-closed inf.absorbl
inf.sup-monoid.add-assoc injective-codomain)
also have ... < 1
by simp
finally have ¢r 1 ?p2 < 1

thus ?thesis
by (metis pseudo-complement regular-one-closed
semiring.mult-not-zero)
qed
finally show ?thesis
using bot-least le-bot by blast
qed
have 25: —2r M (?p4 — 1) x ?rank < rank * S'*
proof —
have —%r M (%p4 — 1) * Zrank = (=% M %p4 M —1) % ?rank
using 5 vector-complement-closed vector-inf-comp inf-assoc by
auto
also have ... = (=2, M (2s U —%) M %p4 M —1) * Zrank
using 5 bijective-reqular inf-top-right reqular-complement-top
by auto
also have ... = (=2 M %M %p4 M —1) % Zrank U (—%r N —%s
M %p4 M —1) * Zrank
by (smt (23) inf-sup-distribl inf-sup-distrib2
mult-right-dist-sup)
also have ... = (=2r 11 #s M 277 M —1) * Zrank U (—2r M —%s
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M %2 N —1) * ?rank
using 5 by (smt (28) bijective-regular
comp-inf.comp-left-dist-sup inf-assoc inf-commute inf-top-right mult-right-dist-sup
regular-complement-top)
also have ... < (%s 1 27T M —1) % Zrank U (—%s 1 2p2 1 —1)
x Zrank
by (smt (23) comp-inf.semiring.distrib-left inf.cobounded?2
inf.sup-monoid.add-assoc mult-left-isotone mult-right-dist-sup)
also have ... < (?s M 2r7) x Zrank U (?p2 — 1) * ?rank
by (smt (23) inf.cobounded! inf.cobounded2
inf.sup-monoid.add-assoc mult-left-isotone semiring.add-mono)
also have ... = %s x (9r M 2rank) U (%p2 — 1) * Zrank
using 5 by (simp add: covector-inf-comp-3)
also have ... = 2s x (2r M (S x 2rs)T) U (#p2 — 1) x Prank
using inf-commute update-inf-same mult-assoc by force
also have ... = %5 x (2r 11 257 x rank + S") U (%p2 — 1) * Zrank
using comp-associative conv-dist-comp conv-involutive by auto
also have ... < s x 2s7 % rank * S' U (?p2 — 1) * ?rank
using comp-associative inf.cobounded? mult-right-isotone
semiring.add-right-mono by auto
also have ... < 1 x rank x S U (%p2 — 1) * Zrank
using 5 by (meson mult-left-isotone order.refl
semiring.add-mono)
also have ... = rank * S’ U (#p2 — 1) = (?r 11 (S  2rr)T) U
(2p2 — 1) % (—2r N rank)
using 11 comp-associative mult-1-left mult-left-dist-sup
sup-assoc by auto
also have ... < rank * S' U (?p2 — 1) * (?r 11 2rT x rank * S)
U (%p2 — 1) * rank
using comp-associative conv-dist-comp conv-involutive
inf.coboundedl inf.sup-monoid.add-commute mult-right-isotone
semiring.add-left-mono by auto
also have ... = rank * S' U (?p2 — 1) * (?r 11 2rT) x rank x S’
U (?p2 — 1) * rank
using 5 comp-associative vector-inf-comp by auto
also have ... < rank * S'U (#p2 — 1) x rank x S’ U (%p2 — 1)
x rank
using 5 by (metis point-antisymmetric mult-left-isotone
mult-right-isotone sup-left-isotone sup-right-isotone comp-right-one)
also have ... < rank * S’ U rank x S'* x S'U (?p2 — 1) * rank
using 4 by (metis rank-property-def mult-left-isotone
sup-left-isotone sup-right-isotone)
also have ... < rank = S’ U rank * S « S’ U rank « St
using /4 by (metis rank-property-def sup-right-isotone)
also have ... < rank = S’
using comp-associative eq-refl le-sup-iff mult-right-isotone
star.circ-mult-increasing star.circ-plus-same star.left-plus-below-circ by auto
finally show ?thesis
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qed
have (%p4 — 1) * %rank = (9r 1 (%p4 — 1) * Zrank) U (—2r N
(%p4 — 1) * Zrank)
using 5 by (smt (verit, ccfo-threshold) bijective-reqular
inf-commute inf-sup-distrib2 inf-top-right reqular-complement-top)
also have ... < (#r M 27 % rank x S'x S™) U (—2r M rank *
S
using 24 25 by (meson inf.boundedl inf.cobounded1
semiring.add-mono)
also have ... = (?r M 2s7 x rank x S’) « S'F U (—2r N rank) *
St
using 5 vector-complement-closed vector-inf-comp by auto
also have ... = ?rank = S'*
using conv-dist-comp mult-right-dist-sup by auto
finally show ?thesis

qed
qed
qed
qed
show 2rr # %rs — union-sets-postcondition ?p4 x y p0 A
rank-property ?p4 rank
proof
assume ?2rr # rs
hence ?rs M ?rr = bot
using 6 by (meson bijective-regular dual-order.eq-iff
point-in-vector-or-complement point-in-vector-or-complement-2
pseudo-complement)
hence 26: ?2rs < 8t x 2prr
using 10 le-iff-inf pseudo-complement by auto
show union-sets-postcondition ?p4 x y p0 N rank-property ?p4 rank
proof
show union-sets-postcondition ?pj = y p0
using 1 2 & by (simp add: union-sets-1-swap)
show rank-property ?p4 rank
proof (unfold rank-property-def, intro congl)
show univalent rank total rank
using 1 rank-property-def by auto
have 2r < —%s
using 5 8 by (meson order.antisym bijective-reqular
point-in-vector-or-complement point-in-vector-or-complement-2)
hence ?s M 2r" M 1 = bot
by (metis (full-types) bot-least inf.left-commute
inf.sup-monoid.add-commute one-inf-conv pseudo-complement)
hence ?p4 M1 < ?p2
by (smt half-shunting inf.cobounded? pseudo-complement
reqular-one-closed semiring.add-mono sup-commute)
hence roots ?p4 < roots ?p2
by (simp add: mult-left-isotone)

123



thus card-less-eq (roots ?p4) (—(S'* * rank™ * top))
using / by (meson rank-property-def card-less-eq-def order-trans)
have (?p4 — 1) x rank = (2s 11 2rT M —1) % rank U (—2s 1 7p2
M —1) % rank
using comp-inf.semiring.distrib-right mult-right-dist-sup by auto
also have ... < (2s 1 277 M —1) * rank U (9p2 — 1) * rank
using comp-inf.mult-semi-associative mult-left-isotone
sup-right-isotone by auto
also have ... < (2s 1 27T 1 —1) * rank U rank » S'*
using 4 sup-right-isotone rank-property-def by blast
also have ... < (?s M 2rT) x rank U rank * S'*
using inf-lel mult-left-isotone sup-left-isotone by blast

also have ... = % * 27 x rank U rank * S’
using 5 by (simp add: vector-covector)

also have ... = rank = S'"

proof —

have rank” x 2s < S'T x rank™ % or
using 26 comp-associative by auto
hence 2s < rank x S™ % rankT x 7r
using 4 shunt-mapping comp-associative rank-property-def by

auto
hence ?%s * 2rT < rank * S'* % rank™
using 5 shunt-bijective by blast
hence %s x 2rT % rank < rank x S't
using 4 shunt-bijective rank-property-def mapping-conv-bijective
by auto
thus ?thesis
using sup-absorb2 by blast
qed
finally show (?p4 — 1) * rank < rank * S’
qed
qged
qed
qed
qed
qed
qed

show ?r = %s — union-sets-postcondition ?p5 x y p0 N rank-property ?p5
rank
proof
assume 27: ?r = %s
show union-sets-postcondition ?p5 x y p0 A rank-property ?p5 rank
proof
show union-sets-postcondition ?p5 x y p0
using 1 2 8 27 by (simp add: union-sets-1-skip)
show rank-property ?p5 rank
using 4 27 by simp
qed
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qed
qed
qed

end

end

8 Matrix Peano Algebras

We define a Boolean matrix representation of natural numbers up to n,
where n the size of an enumeration type ‘a::enum. Numbers (obtained by
Z-matriz for 0 and N-matriz n for n) are represented as relational vectors.
The total successor function (S-matriz, modulo n) and the partial successor
function (S’-matriz, for numbers up to n—1) are relations that are (partial)
functions.

We give an order-embedding of nat into this representation. We show
that this representation satisfies a relational version of the Peano axioms.
We also implement a function CP-matriz that chooses a number in a non-
empty set.

theory Matriz-Peano-Algebras

imports Aggregation-Algebras. M-Choose-Component
Relational-Disjoint-Set-Forests. More-Disjoint-Set-Forests

begin
no-notation minus-class.minus (infixl <—> 65)

definition Z-matriz :: (‘a::enum,’b::{bot,top}) square («mZeroy) where mZero =
(A(4,4) . if i = hd enum-class.enum then top else bot)

definition S-matriz :: (‘a::enum,’d::{bot,top}) square (¢msuccmod>) where
msucemod = (A(i,j) . let e = (enum-class.enum :: 'a list) in if (& . Suc
k<lengthe Ni=¢e!kNj=¢e! Suck)V (i = e! minus-class.minus (length e) 1
A j = hd €) then top else bot)

definition S’-matriz :: (‘a::enum,’b:{bot,top}) square (¢msucc)) where msucc =
(A(7,7) . let e = (enum-class.enum :: 'a list) in if Ik . Suc k<length e N i =e!k
A j = el Suc k then top else bot)

definition N-matriz :: nat = (‘a::enum,’b::{bot,top}) square (¢mnat>) where
mnat n = (\(4,j) . if i = enum-class.enum | n then top else bot)

definition CP-matriz :: (‘a::enum,’b::{bot,uminus}) square = ('a,’d) square
(¢<mep>) where mcep f = (A(4,§) . if Some i = find Az . f (z,2) # bot)
enum-class.enum then uminus-class.uminus (uminus-class.uminus (f (i,7))) else
bot)

lemma S’-matriz-S-matriz:
(msucc == ("a::enum,’b::stone-relation-algebra) square) = msuccmod © mZerot
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proof (rule ext, rule prod-cases)
let ?e = enum-class.enum :: 'a list
let ?h = hd %e
let s = msuccmod :: ('a,’d) square
let ?s’ = msucc :: (‘a,’b) square
let 2 = mZero :: ('a,’b) square
fix ij
have ?s’ (i,j) = ?s (i,j) — %z (j,i)
proof (cases j = ?h)
case True
have ?s’ (i,j) = bot
proof (unfold S’-matriz-def, clarsimp)
fix k
assume 1: Suc k < length %e j = %e | Suc k
have (UNIV :: 'a set) # {}
by simp
hence ?e! Suc k= ?e! 0
using I by (simp add: hd-conv-nth UNIV-enum True)
hence Suc k = 0
apply (subst nth-eg-iff-index-eq] THEN sym, of ?e])
using 1 enum-distinct by auto
thus top = bot
by simp
qed
thus ?thesis
by (simp add: Z-matriz-def True)
next
case Fulse
thus ?thesis
by (simp add: Z-matriz-def S-matriz-def S’-matriz-def)
qed
thus 25’ (i,j) = (s © 22%) (i,9)
by (simp add: minus-matriz-def conv-matriz-def Z-matriz-def)
qed

lemma N-matriz-power-S:

n < length (enum-class.enum :: 'a list) — mnat n = matriz-monoid.power
(msuccmod?) n ® (mZero :: ('a::enum,’b::stone-relation-algebra) square)
proof (induct n)

let 2z = mZero :: ('a,’b) square

let s = msuccmod :: ('a,’d) square

let ?e = enum-class.enum :: 'a list

let ?h = hd %e

let ¢l = length %e

let 7g = ?e | minus-class.minus ?I 1

let ?p = matriz-monoid.power (?s')

case 0

have (UNIV :: 'a set) # {}

by simp
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hence ?h = %e! 0
by (simp add: hd-conv-nth UNIV-enum)
thus ?case
by (simp add: N-matriz-def Z-matriz-def)
case (Suc n)
assume 1:n < 2l — mnatn = %pn O 2z
show Suc n < 2l — mnat (Suc n) = ?p (Suc n) © 2z
proof
assume 2: Suc n < ?I
hence n < 7l
by simp
hence Vi<?l . (?e!l= % !n — [ =n)
using nth-eq-iff-indezx-eq enum-distinct by auto
hence 3: Ai . (Fi<?l. %eln="2elIANi= %! Sucl) — (i = %e! Sucn)
by auto
have 4: A\i. (1. Sucl<?lA Ze!'n= "2 IANi= %! Sucl) +— (i = %!
Suc n)
apply (rule iffI)
using 3 apply (metis Suc-lessD)
using 2 by auto
show mnat (Suc n) = p (Suc n) © %z
proof (rule ext, rule prod-cases)
fixij:'a
have (?p (Suc n) © ?z) (i,j) = (%s* © mnat n) (i,j)
using 1 2 by (simp add: matriz-monoid.mult-assoc)

also have ... = (| |x ((%s (k,i))T x mnat n (k,j)))
by (simp add: times-matriz-def conv-matriz-def)
also have ... = (|| ((if (31 . Suc i<length ?e Nk = 2el I AN i = %e! Suc

)V (k= 29 A i= ?h) then top else bot)T x (if k = ?e ! n then top else bot)))
by (simp add: S-matriz-def N-matriz-def)
also have ... = (|| ((if (31 . Suc I<length ?e N k= 2el I N i = %e! Suc
DV (k= %9 N i= ?h) then top else bot) * (if k = %e ! n then top else bot)))
by (smt (verit, best) sup-monoid.sum.cong symmetric-bot-closed
symmetric-top-closed)
also have ... = (| |x (¢f (31 . Suc I<length ?e Nk = %e ! I AN i= %e! Sucl
ANk=721n)V (k=% Ni= % Nk= 2e!n) then top else bot))
by (smt (verit, best) covector-bot-closed idempotent-bot-closed
sup-monoid.sum.cong surjective-top-closed vector-bot-closed)
also have ... = (¢f 1. Suc I<length %e A\ 2e!n = %e! Il ANi= %! Sucl
then top else bot)
proof —
have Ak . (k=29 ANi=?0ANk=%!n)
using 2 distinct-conv-nthlof ?e] enum-distinct by auto
thus ?thesis
by (smt (verit, del-insts) comp-inf.ub-sum sup.order-iff
sup-monotd.sum.neutral sup-top-right)
qed
also have ... = (if i = e ! Suc n then top else bot)
using 4 by simp
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also have ... = mnat (Suc n) (i,j)
by (simp add: N-matriz-def)

finally show mnat (Suc n) (i,j) = (%p (Suc n) © ?z) (i,7)
by simp

qed
qed

qed

lemma N-matriz-power-S’:

n < length (enum-class.enum :: 'a list) — mnat n = matriz-monoid.power
(msucct) n ® (mZero :: ('a::enum,’b::stone-relation-algebra) square)
proof (induct n)

let 2z = mZero :: ('a,’b) square
let ?s = msuce :: ('a,’d) square
let ?e = enum-class.enum :: 'a list
let ?h = hd %e
let ¢l = length %e
let ?p = matriz-monoid.power (?s')
case (
have (UNIV :: 'a set) # {}
by simp

hence ?h = %e ! 0
by (simp add: hd-conv-nth UNIV-enum)
thus ?case
by (simp add: N-matriz-def Z-matriz-def)
case (Suc n)
assume I1: n < 2l — mnatn= % n® %2
show Suc n < 2l — mnat (Suc n) = ?p (Suc n) © 2z
proof
assume 2: Suc n < ?I
hence n < 7l

by simp

hence Vi<?l . (?e!l= % !n — [ =n)

using nth-eq-iff-index-eq enum-distinct by auto

hence 3: A\i . (Fi<?l. %eln="2ellNi= %! Sucl) — (i = ?e! Sucn)

by auto

have 4: Ai. (31 . Sucl<?lN %eln= "% IANi= 2] Sucl) «— (i = %!
Suc n)

apply (rule iff)
using 3 apply (metis Suc-lessD)
using 2 by auto

show mnat (Suc n) = ?p (Suc n) ® 2z
proof (rule ext, rule prod-cases)

fixij:'a
have (?p (Suc n) ® ?2z2) (i,j) = (%s'" @ mnat n) (i,j)
using 1 2 by (simp add: matriz-monoid.mult-assoc)

also have ... = (| |x ((?s (k,i))T x mnat n (k,j)))
by (simp add: times-matriz-def conv-matriz-def)
also have ... = (| | ((¢f 1. Suc I<length e Nk = eV I N i= 2e! Sucl
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then top else bot)T x (if k = ?e ! n then top else bot)))
by (simp add: S’-matriz-def N-matriz-def)
also have ... = (|| ((if 31 . Suc I<length ?e N k= %e ! I AN i = 2e! Sucl
then top else bot) x (if k = ?e | n then top else bot)))
by (smt (verit, best) sup-monoid.sum.cong symmetric-bot-closed
symmetric-top-closed)
also have ... = (|| (¢f 31 . Suc I<length ?e Nk = 2e! I Ni=%2e! SuclA
k = %e ! n then top else bot))
by (smt (verit, best) covector-bot-closed idempotent-bot-closed
sup-monoid.sum.cong surjective-top-closed vector-bot-closed)
also have ... = (¢f 1. Suc I<length %e N 2e!n = %e! Il ANi= %! Sucl
then top else bot)
by (smt (verit, del-insts) comp-inf.ub-sum sup.order-iff
sup-monoid.sum.neutral sup-top-right)

also have ... = (if i = %e | Suc n then top else bot)
using 4 by simp
also have ... = mnat (Suc n) (i,j)

by (simp add: N-matriz-def)
finally show mnat (Suc n) (i,j) = (?p (Suc n) © ?z) (i,5)
by simp
qed
qed
qed

lemma N-matriz-power-S’-hom-zero:
mnat 0 = (mZero :: ('a::enum,’d::stone-relation-algebra) square)
proof —
let ?e = enum-class.enum :: 'a list
have (UNIV :: 'a set) = set ?e
using UNIV-enum by simp
hence 0 < length ?e
by auto
thus ?thesis
using N-matriz-power-S’ by force
qed

lemma N-matriz-power-S’-hom-succ:
assumes Suc n < length (enum-class.enum :: 'a list)
shows mnat (Suc n) = msucc® © (mnat n ::
('a::enum,’b::stone-relation-algebra) square)
proof —
let ?e = enum-class.enum :: 'a list
let 22 = mZero :: ('a,’b) square
have 1: n < length ?e
using assms by simp
have mnat (Suc n) = matriz-monoid.power (msucc') (Suc n) © ?z
using assms N-matriz-power-S’ by blast
also have ... = msucc! ® matriz-monoid.power (msucc') n © 2z
by simp
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also have ... = msucc! ©® (matriz-monoid.power (msucct) n ©® 2z)
by (simp add: matriz-monoid.mult-assoc)

also have ... = msucct © mnat n
using 1 by (metis N-matriz-power-S’)

finally show ?thesis

qed

lemma N-matriz-power-S’-hom-inj:
assumes m < length (enum-class.enum :: 'a list)
and n < length (enum-class.enum :: 'a list)
and m # n
shows mnat m # (mnat n :: ('a::enum,’b::stone-relation-algebra-consistent)
square)
proof —
let ?e = enum-class.enum :: 'a list
let m = %e!'m
have 1: mnat m (9m,%m) = top
by (simp add: N-matriz-def)
have mnat n (9m,?m) = bot
apply (unfold N-matriz-def)
using assms enum-distinct nth-eq-iff-indez-eq by auto
thus ?thesis
using 1 by (metis consistent)
qed

syntax
-sum-sup-monoid :: idt = nat = 'a::bounded-semilattice-sup-bot = "a («(| |-<- .
-» [0,51,10] 10)
syntax-consts
-sum-sup-monoid == sup-monoid.sum
translations
L |z<y . t => XCONST sup-monoid.sum (Az . t) {z .z <y}

context bounded-semilattice-sup-bot
begin

lemma ub-sum-nat:
fixes [ :: nat = a
assumes i < [
shows fi < (L|k<l. fk)
by (metis (no-types, lifting) assms finite-Collect-less-nat sup-gel
sup-monoid.sum.remove mem-Collect-eq)

lemma [ub-sum-nat:
fixes [ :: nat = 'a
assumes Vi<l . fk <=z
shows (| |k<l. fk) <z
apply (rule finite-subset-inductjwhere A={k . k < l}])
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by (simp-all add: assms)
end

lemma ext-sum-nat:
fixes [ :: nat
shows (| k<l . fkz)= (Uk<l.fk)z
apply (rule finite-subset-inductjwhere A={k . k < I}])
apply simp
apply simp
apply (metis (no-types, lifting) bot-apply sup-monoid.sum.empty)
by (metis (mono-tags, lifting) sup-apply sup-monoid.sum.insert)

interpretation matriz-skra-peano-1: skra-peano-1 where sup = sup-matriz and
inf = inf-matriz and less-eq = less-eq-matriz and less = less-matriz and bot =
bot-matriz ::
("a::enum,’b::linorder-stone-kleene-relation-algebra-tarski-consistent-expansion)
square and top = top-matriz and uminus = uminus-matriz and one =
one-matriz and times = times-matriz and conv = conv-matriz and star =
star-matric and Z = Z-matriz and S = S-matriz
proof

let 2 = mZero :: ('a,’b) square

let %s = msuccmod :: ('a,’d) square

let ?e = enum-class.enum :: 'a list

let ?h = hd %e

let 2] = length ?%e

let 29 = ?e ! minus-class.minus ?l 1

let ?p = matriz-monoid.power (?s')

have 1: 22 © mtop = ?z

proof (rule ext, rule prod-cases)

fixij:'a
have (?z © mtop) (4,j) = (| (%2 (i,k) * top))
by (simp add: times-matriz-def top-matriz-def)

also have ... = (| |g::'a (if i = ?h then top else bot) * top)
by (simp add: Z-matriz-def)

also have ... = (if i = ?h then top else bot) * (top :: 'b)
using sum-const by blast

also have ... = 2z (i,5)

by (simp add: Z-matriz-def)
finally show (%2 ® mtop) (i,j) = %z (4,5)

qed
have 2: %22 ® 22t < mone
proof (unfold less-eq-matriz-def, rule alll, rule prod-cases)

fixij:'a

have (22 ® 22') (i,7) = (x (%2 (i,k) * (22 (4,k))T))

by (simp add: times-matriz-def conv-matriz-def)
also have ... = (| |x::/a (if i = ?h then top else bot) * (if j = ?h then top else
bot))
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by (simp add: Z-matriz-def)

also have ... = (if i = %h then top else bot) * (if j = ?h then top else bot)
using sum-const by blast

also have ... < mone (i,j)
by (simp add: one-matriz-def)

finally show (22 ® 22%) (i,5) < mone (i,j)

qed
have 3: mtop ©® ?z = mtop
proof (rule ext, rule prod-cases)
fixij:'a
have mtop (i,j) = (top::'d) = (if ?h = ?h then top else bot)
by (simp add: top-matriz-def)
also have ... < (| |x::'a (top x (if k = 2h then top else bot)))
by (rule ub-sum)

also have ... = (| |, (top * 2z (k,j)))
by (simp add: Z-matriz-def)
also have ... = (mtop © ?22) (i,j)

by (simp add: times-matriz-def top-matriz-def)
finally show (mtop ® ?z) (i,j) = mtop (i,j)
by (simp add: inf.le-bot top-matriz-def)
qed
show matriz-stone-relation-algebra.point z
using 1 2 3 by simp
have Vi (j::'a) (k:'a) . (31<?2 . I3m<?2 . k=%2elINi= %! SuclNk= %
'mAj= %! Sucm)—i=j
using distinct-conv-nth enum-distinct by auto
hence 4: Vi (§::'a) (k:'a) . (3l m . Suc I<?LN Suc m<?lNk= %! lNi=
el SuclANk=%!mAj= %! Sucm) —i=j
by (metis Suc-lessD)
show 2st ® %s < mone
proof (unfold less-eq-matriz-def, rule alll, rule prod-cases)
fixij:'a
have (%5t © 2s) (i) = (| Jx (%5 (ki) x 25 (k,5)))
by (simp add: times-matriz-def conv-matriz-def)
also have ... = (| |x:'a ((if (31 . Sucl<?iNk=2ellNi= 2! Sucl)V (k
= %9 N i = ?h) then top else bot) * (if (Im . Suc m<?lANk = %e!mANj= %e!
Suc m) V (k= %9 A j= ?h) then top else bot)))
by (simp add: S-matriz-def)
also have ... = (| |x:’a (if (3l m . Suc I<?UN Suc m<?2lNk= %I Ni=
el SuclANk=%e!mANj="7%! Sucm)V (k=72 Ni= ?hAj= ?h) then
top else bot))
proof —
have 5: Ak . =((31. Sucl<?2ink=Y%ellNi= %! Sucl) N(k= %% Nj
— n))
using distinct-conv-nthlof ?e] enum-distinct by auto
have Ak . (k=% ANi=2?0) AN (Em.Sucm<?lNk=7%!mAj= %!
Suc m))
using distinct-conv-nth[of ?e] enum-distinct by auto
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thus ?thesis
using 5 by (smt (verit) covector-bot-closed idempotent-bot-closed
sup-monoid.sum.cong surjective-top-closed vector-bot-closed)
qed
also have ... < (| |g::/a (if i = j then top else bot))
using / by (smt (verit, best) comp-inf.ub-sum order-top-class.top-greatest
sup-monoid.sum.not-neutral-contains-not-neutral top.extremum-uniquel)
also have ... < (if i = j then top else bot)
by (simp add: sum-const)
also have ... = mone (i,j)
by (simp add: one-matriz-def)
finally show (?st @ 2s) (i,j) < mone (i,j)

qed
have 6: Vi (j::'a) (k:'a) . (31 m . Suc I<?LN Suc m<?lNi= % lNk= "7
VSuclANj=2%!mAk="2!Sucm)—i=j
using distinct-conv-nth enum-distinct by auto
show 2s ® 2st < mone
proof (unfold less-eqg-matriz-def, rule alll, rule prod-cases)
fixij:'a
have (%s ® 2s') (i,j) = (L|x (?s (3,k) x ?s (j,k)))
by (simp add: times-matriz-def conv-matriz-def)
also have ... = (| r:'a ((if (3. Sucl<?2iNi=%e!INk= 2! Sucl)V (i
= %9 N k = ?h) then top else bot) * (if (Im . Sucm<?lNj= 2! mAk= %
Suc m) V (j = %9 N k = ?h) then top else bot)))
by (simp add: S-matriz-def)
also have ... = (| |x::'a (if (3Im . Suc I<?UN Suc m<?2lNi= el INk=
el SuclANj=%c!mAk="%!Sucm)V (i=9% Nk= % Nj= %) then
top else bot))
proof —
have 7: Al . Suc I<?l — 0< 9l
by auto
have 8: ?h = %e ! 0
proof (rule hd-conv-nth, rule)
assume %e = ||
hence (UNIV::'a set) = {}
by (auto simp add: UNIV-enum)
thus False
by simp
qed
have 9: Ak . —((31. Sucl<?2iNni= 2V INk=%!Sucl) AN(j= 29Nk
— )
using 7 8 distinct-conv-nth[of €] enum-distinct by auto
have Ak . =((i =29 AN k=20 A(3m.Sucm<?lNj=%!mANk= %!
Suc m))
using 7 8 distinct-conv-nth[of ?e] enum-distinct by auto
thus 2thesis
using 9 by (smt (verit) covector-bot-closed idempotent-bot-closed
sup-monoid.sum.cong surjective-top-closed vector-bot-closed)
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qed
also have ... < (| |g::'a (if i = j then top else bot))
using 6 by (smt (verit, best) comp-inf.ub-sum order-top-class.top-greatest
sup-monoid.sum.not-neutral-contains-not-neutral top.extremum-uniquel )
also have ... < (if i = j then top else bot)
by simp
also have ... = mone (i,5)
by (simp add: one-matriz-def)
finally show (%5 ® ?s') (i,j) < mone (i,j)

qed
have (mtop :: ('a,’d) square) = (|| k<?l . mnat k)
proof (rule ext, rule prod-cases)
fixij:'a
have mtop (¢,7) = (top :: 'b)
by (simp add: top-matriz-def)
also have ... = (| |k<?l . (if i = e ! k then top else bot))
proof —
have i € set %e
using UNIV-enum by auto
from this obtain k where 6: k < 2l AN (= %e!k
by (metis in-set-conv-nth)
hence (Ak . if i = 2e ! k then top else bot) k < (| |k<?l . (if i = %e ! k then
top else bot :: 'b))
by (metis ub-sum-nat)
hence top < (| |k<?l . (if i = ?e ! k then top else bot :: 'b))
using 6 by simp
thus ?thesis
using top.extremum-uniquel by force

qed

also have ... = (| |k<?l . mnat k (i,5))
by (simp add: N-matriz-def)

also have ... = (| |k<?l . mnat k) (i,5)

by (simp add: ext-sum-nat)
finally show (mtop (i,7) :: 'b) = (k<2 . mnat k) (4,5)

qged
also have ... = (| |[k<? . %p k © ?z)
proof —
have Ak . k<? — mnat k= ?p k © %z
using N-matriz-power-S by auto
thus ?thesis
by (metis (no-types, lifting) mem-Collect-eq sup-monoid.sum.cong)
qed
also have ... < %5t© © %2
proof (unfold less-eqg-matriz-def, rule alll, rule prod-cases)
fixij:'a
have (| |k<?l. %o k © %2) (i,j) = (Uk<? . (?p k © ?2) (4,)))
by (metis ext-sum-nat)
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also have ... < (%'© © 22) (i,))
apply (rule lub-sum-nat)
by (metis less-eq-matriz-def matriz-idempotent-semiring. mult-left-isotone
matriz-kleene-algebra. star. power-below-circ)
finally show (| |k<?. ?p k ©® ?22) (i,j) < (2s'© © %2) (i,j)

qed
finally show ?2s'© © 2z = mtop
by (simp add: matriz-order.antisym-conv)
qged

interpretation matriz-skra-peano-2: skra-peano-2 where sup = sup-matriz and
inf = inf-matriz and less-eq = less-eq-matriz and less = less-matriz and bot =
bot-matriz ::
("a::enum,’b::linorder-stone-kleene-relation-algebra-tarski-consistent-expansion)
square and top = top-matriz and uminus = uminus-matriz and one =
one-matriz and times = times-matriz and conv = conv-matriz and star =
star-matriz and Z = Z-matriz and S = S-matriz
proof
let s = msuccmod :: ('a,’d) square
let ?e = enum-class.enum :: 'a list
let ?h = hd %e
let 2] = length ?e
let 7g = ?e | minus-class.minus ?I 1
show matriz-bounded-idempotent-semiring.total %s
proof (rule ext, rule prod-cases)
fixij:'a
have (%s ® mtop) (i,5) = (| |x (%s (i,k) * top))
by (simp add: times-matriz-def top-matriz-def)
also have ... = (| |x:’a if (31 . Sucl<?2Ni= 2ellNk= 2! Sucl)V (i
= 29 N k = ?h) then top else bot)
by (simp add: S-matriz-def)
also have ... = top
proof —
have Ai . (31 . Sucl<?Ni= 2 11])Vi=7%
by (metis in-set-conv-nth in-enum Suc-lessI diff-Suc-1)
hence Ai .3k . (3. Sucl<?iNni=72e!IANk="%e!Sucl)V(i=72NEk
= %h)
by blast
thus ?thesis
by (smt (verit, ccfu-threshold) comp-inf.ub-sum top.extremum-uniquel)
qed
finally show (%s @ mtop) (i,j) = mtop (i,5)
by (simp add: top-matriz-def)
qed
qed

interpretation matriz-skra-peano-3: skra-peano-8 where sup = sup-matriz and
inf = inf-matriz and less-eq = less-eq-matriz and less = less-matriz and bot =
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bot-matrizx ::
("a::enum,’b::linorder-stone-kleene-relation-algebra-tarski-consistent-expansion)
square and top = top-matriz and uminus = uminus-matriz and one =
one-matriz and times = times-matriz and conv = conv-matriz and star =
star-matriz and Z = Z-matriz and S = S-matriz
proof (unfold-locales, rule finite-surj)
show finite (UNIV :: 'a rel set)
by simp
let 2f = AR p . if p € R then top else bot
show { f :: (‘a,’b) square . matriz-p-algebra.regular f } C range ?f
proof
fix f :: ('a,’d) square
let R = { (z,y) . f (z,y) = top }
assume [ € { f . matriz-p-algebra.regular f }
hence matriz-p-algebra.reqular f
by simp
hence Ap . fp # top — fp = bot
by (metis linorder-stone-algebra-expansion-class. uminus-def
uminus-matriz-def)
hence f = ?f 7R
by fastforce
thus f € range ?f
by blast
qed
qed

interpretation matriz-skra-peano-4: skra-peano-/ where sup = sup-matriz and

inf = inf-matriz and less-eq = less-eq-matriz and less = less-matriz and bot =

bot-matrix ::

('a::enum,’b::linorder-stone-kleene-relation-algebra-tarski-consistent-plus-expansion)

square and top = top-matriz and uminus = uminus-matriz and one =

one-matriz and times = times-matriz and conv = conv-matric

and star = star-matriz and Z = Z-matriz and S = S-matriz and choose-point =

agg-square-m-kleene-algebra-2.m-choose-component-algebra-tarski.choose-component-point
apply unfold-locales
apply (simp add:

agg-square-m-kleene-algebra-2.m-choose-component-algebra-tarski. choose-component-point-point)
by (simp add:

agg-square-m-kleene-algebra-2.m-choose-component-algebra-tarski.choose-component-point-decreasing)

interpretation matriz’-skra-peano-1: skra-peano-1 where sup = sup-matriz
and inf = inf-matriz and less-eq = less-eq-matriz and less = less-matriz and
bot = bot-matriz ::
("a::enum,’b::linorder-stone-kleene-relation-algebra-tarski-consistent-expansion)
square and top = top-matriz and uminus = uminus-matriz and one =
one-matriz and times = times-matriz and conv = conv-matriz and star =
star-matriz and Z = Z-matriz and S = S’-matriz
proof

let 2z = mZero :: ('a,’d) square

136



let %s = msucc :: ('a,’b) square
let ?e = enum-class.enum :: 'a list
let 2] = length ?e
let ?p = matriz-monoid.power (?s')
show matriz-stone-relation-algebra.point 2z
using matriz-skra-peano-1.Z-point by auto
have Vi (j::'a) (k:'a) . (3l<?l . Im<?l . k=2 INi= %! Sucl Nk = %
ImANj= %! Sucm)—i=j
using distinct-conv-nth enum-distinct by auto
hence 4: Vi (j::'a) (k:'a) . (3lm . Suc I<?lA Sucm<?lANk=721INi=
el SuclANk=%2%!mAj= %! Sucm)—i=j
by (metis Suc-lessD)
show 25t ® 2s < mone
proof (unfold less-eqg-matriz-def, rule alll, rule prod-cases)
fixij:'a
have (%s' ©® %s) (i,j) = (Lx (?s (k,i) x ?s (k,j)))

by (simp add: times-matriz-def conv-matriz-def)

also have ... = (| |x:'a ((if 1. Sucl<?IN k= %2e! I ANi= %! Suclthen
top else bot) x (if Im . Suc m<?l ANk = %e!l m A j= %e! Suc m then top else
bot)))
by (simp add: S’-matriz-def)
also have ... = (| |g:'a (if 3Im . Suc I<?I AN Suc m<?2lNk= %!l Ni=

el Sucl ANk = %! mAj= %e! Suc m) then top else bot))
by (smt (verit) covector-bot-closed idempotent-bot-closed
sup-monoid.sum.cong surjective-top-closed vector-bot-closed)
also have ... < (| |g::/a (if i = j then top else bot))
using / by (smt (verit, best) comp-inf.ub-sum order-top-class.top-greatest
sup-monoid.sum.not-neutral-contains-not-neutral top.extremum-uniquel)
also have ... < (if i = j then top else bot)
by (simp add: sum-const)
also have ... = mone (i,j)
by (simp add: one-matriz-def)
finally show (?st @ 2s) (i,j) < mone (i,j)

qed
have 5: Vi (j::'a) (k:'a) . (31 m . Suc I<ZIN Sue m<?2lNi= 2! INk= 2
P'SuclANj=2c!'mAk="%!Sucm)—i=j
using distinct-conv-nth enum-distinct by auto
show 2s ® 2st < mone
proof (unfold less-eqg-matriz-def, rule alll, rule prod-cases)
fixij:'a
have (%s ® 2s') (i,j) = (L|x (?s (3,k) * ?s (j,k)))
by (simp add: times-matriz-def conv-matriz-def)
also have ... = (| |g::/a ((if 31 . Suc <2l N i = 2e! I N k= %e! Suclthen
top else bot) x (if Im . Suc m<?l AN j= %e!m A k= ?%e! Suc m then top else
bot)))
by (simp add: S’-matriz-def)
also have ... = (| |x:t'a (if (3Im . Suc I<?UN Suc m<?2INi= el INk=
el Sucl ANj=%e!mANAk= %! Sucm) then top else bot))
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by (smt (verit) covector-bot-closed idempotent-bot-closed
sup-monoid.sum.cong surjective-top-closed vector-bot-closed)
also have ... < (| |g::'a (if i = j then top else bot))
using 5 by (smt (verit, best) comp-inf.ub-sum order-top-class.top-greatest
sup-monoid.sum.not-neutral-contains-not-neutral top.extremum-uniquel )
also have ... < (if i = j then top else bot)
by simp
also have ... = mone (i,j)
by (simp add: one-matriz-def)
finally show (%s ® ?s') (i,j) < mone (i,j)

qed
have (mtop :: ('a,’d) square) = (|| k<?l . mnat k)
proof (rule ext, rule prod-cases)
fixij:'a
have mtop (i,j) = (top :: 'b)
by (simp add: top-matriz-def)
also have ... = (| |k<?l . (if { = e ! k then top else bot))
proof —
have i € set %e
using UNIV-enum by auto
from this obtain k£ where 6: k < 2l AN i = %e ! k
by (metis in-set-conv-nth)
hence (Ak . if i = 2e | k then top else bot) k < (| |k<?l . (if i = ?e ! k then
top else bot :: 'b))
by (metis ub-sum-nat)
hence top < (| |k<?l . (if i = ?e ! k then top else bot :: 'b))
using 6 by simp
thus ?thesis
using top.extremum-uniquel by force

qed

also have ... = (| |k<?l . mnat k (i,7))
by (simp add: N-matriz-def)

also have ... = (| |k<?l . mnat k) (4,5)

by (simp add: ext-sum-nat)
finally show (mtop (i,j) :: 'b) = (L] k<?l . mnat k) (,5)

qed
also have ... = (| Jk<? . ?p k © ?2)
proof —
have Ak . k<? — mnatk = % k © %2
using N-matriz-power-S’ by auto
thus ?thesis
by (metis (no-types, lifting) mem-Collect-eq sup-monoid.sum.cong)
qed
also have ... < 2%!© ® %2
proof (unfold less-eq-matriz-def, rule alll, rule prod-cases)
fixij:'a
have (| |k<?l. ?%p k © %2) (i,j) = (LUk<? . (?p k © ?2) (i,4))
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by (metis ext-sum-nat)
also have ... < (%'© © 22) (i,))
apply (rule lub-sum-nat)
by (metis less-eq-matrixz-def matriz-idempotent-semiring. mult-left-isotone
matriz-kleene-algebra.star. power-below-circe)
finally show (| k<2 . ?p k © %2) (i,j) < (2s'© © ?2) (i,5)

qed
finally show %5'© © 2z = mtop
by (simp add: matriz-order.antisym-conuv)
qged

lemma nat-less-lesseq-pred:
(m :: nat) < n = m < minus-class.minus n 1
by simp

lemma S’-matriz-acyclic:
matriz-stone-kleene-relation-algebra.acyclic (msucc ::
("a::enum,’b::linorder-stone-kleene-relation-algebra-tarski-consistent-expansion)
square)
proof (rule ccontr)
let %e = enum-class.enum :: 'a list
let 2] = length ?e
let ?l1 = minus-class.minus ?1 1
let ?s = msuce :: ('a,’d) square
have (UNIV :: 'a set) # {}
by simp
hence 1: %e # ]
by (simp add: UNIV-enum)
hence 2: 71 # 0
by simp
assume — matriz-stone-kleene-relation-algebra.acyclic %s
hence ?s ® ?25© ® mone # mbot
by (simp add: matriz-p-algebra.pseudo-complement)
from this obtain il i2 where (%s ® 7s° ® mone) (il,i2) # bot
by (metis bot-matriz-def ext surj-pair)
hence 3: (7s ® 2s®) (i1,i2) N mone (il,i2) # bot
by (simp add: inf-matriz-def)
hence mone (i1,i2) # (bot :: 'b)
by force
hence i1 = 2
by (metis (mono-tags, lifting) prod.simps(2) one-matriz-def)
hence (%s ® 2s9) (il,il) # bot
using & by force
hence (| | %s (il,k) * (259) (k,il)) # bot
by (smt (verit, best) times-matriz-def case-prod-conv sup-monoid.sum.cong)
from this obtain i3 where /: ?s (i1,i3) x (2s®) (i3,il) # bot
by force
hence ?s (i1,i3) # bot
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by force
hence (if 3j1 . Suc j1<?l N il = %e! j1 N i3 = %e ! Suc j1 then top else bot ::
'b) # bot
by (simp add: S’-matriz-def)
from this obtain j1 where 5: Suc j1 < 2l AN il = ?e ! j1 AN i8 = ?e ! Suc j1
by meson
have j1 # ?I1
using 5 enum-distinct by auto
hence i1 # last %e
apply (subst last-conv-nth)
using 1 apply simp
apply (subst 5)
apply (subst nth-eq-iff-indez-eq|of ?e])
using 1 5 enum-distinct by auto
hence 6: mone (last ?e,il) = (bot :: 'b)
by (simp add: one-matriz-def)
have 7: (2s®) (i3,il) # bot
using 4 by force
have A\j2 . Suc jl + j2 < 2l — (2s%) (Ze ! (Suc j1 + j2),il) # bot
proof —
fix j2
show Suc j1 + j2 < 2l — (2s%) (?e ! (Suc jI + j2),il) # bot
proof (induct j2)
case (
show ?case
using 5 7 by simp
next
case (Suc j3)
show ?case
proof
assume 8: Suc j1 + Suc j3 < ¥l
hence (2s?) (%e ! (Suc jl + j3),il) # bot
using Suc by simp
hence (mone & s © 2s9) (%e ! (Suc j1 + j3),il) # bot
by (metis matriz-kleene-algebra.star-left-unfold-equal)
hence 9: mone (?e ! (Suc jl + j3),il) U (%s ® 2s©) (%e ! (Suc jl +
8),i1) # bot
by (simp add: sup-matriz-def)
have ?e ! (Suc j1 + j3) # il
using 5 8 distinct-conv-nth[of ?e] enum-distinct by auto
hence mone (?e ! (Suc j1 + j3),il) = (bot :: 'b)
by (simp add: one-matriz-def)
hence (7s ® 2s°) (?e ! (Suc jl + j3),il) # bot
using 9 by simp
hence (||, %s (?e ! (Suc jI + j3),k) = (95°) (k,i1)) # bot
by (smt (verit, best) times-matriz-def case-prod-conv
sup-monoid.sum.cong)
from this obtain i where 10: ?s (%e ! (Suc jl + j3),i4) * (2s®) (i4,il)
# bot
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by force
hence ?s (%e | (Suc j1 + j8),i4) # bot
by force
hence (if 344 . Suc j4<?L N 2e) (Suc jl + j3) = %e ! j4 N if = ?e! Suc
j4 then top else bot :: 'b) # bot
by (simp add: S’-matriz-def)
from this obtain j4 where 11: Suc j4<?l N\ ?e ! (Suc j1 + j3) = %e ! j4
A if = %el Suc j4
by meson
hence Suc j1 + j3 = j4
apply (subst nth-eq-iff-index-eqof ?e, THEN sym)])
using 8 enum-distinct by auto
hence i4 = %e ! (Suc jI + Suc j3)
using 11 by simp
thus (259) (?e ! (Suc j1 + Suc j3),il) # bot
using 10 by force
qed
qed
qed
hence A\j5 . Suc j1 < j5 N j5 < 21l — (2s©) (%e ! j5,il) # bot
using le-Suc-ex by blast
hence (7s©) (last ?e,il) # bot
apply (subst last-conv-nth)
using 1 2 5 nat-less-lesseg-pred by auto
hence (mone @ ?s ® ?s°) (last ?e,il) # bot
by (metis matriz-kleene-algebra.star-left-unfold-equal)
hence mone (last ?e,il) U (25 ® 2s°) (last ?e,il) # bot
by (simp add: sup-matriz-def)
hence (%s ® 2s©) (last ?e,il) # bot
using 6 by simp
hence (| | ?s (last ?e,k) * (259) (k,il)) # bot
by (smt (verit, best) times-matriz-def case-prod-conv sup-monoid.sum.cong)
from this obtain i5 where ?s (last %e,i5) = (2s®) (i5,il) # bot
by force
hence ?s (last %e,i5) # bot
by force
hence (if 3j6 . Suc j6<?l A last ?e = e ! j6 N i5 = %e ! Suc j6 then top else
bot :: 'b) # bot
by (simp add: S’-matriz-def)
from this obtain j6 where 12: Suc j6<?l A last ?e = Ze ! j6 N i5 = Ze ! Suc
j6
by force
hence %e! ?l1 = %e! j6
using 1 5 by (metis last-conv-nth)
hence ?l1 = j6
apply (subst nth-eq-iff-index-eqof ?e, THEN sym))
using 2 12 enum-distinct by auto
thus False
using 12 by auto
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qed

lemma N-matriz-point:
assumes n < length (enum-class.enum :: 'a list)
shows matriz-stone-relation-algebra.point (mnat n ::
("a::enum,’b::linorder-stone-kleene-relation-algebra-tarski-consistent-expansion)
square)
proof —
let ?e = enum-class.enum :: 'a list
let n = mnat n = (‘a,’d) square
let %s = msucc :: (‘a,’b) square
let 2 = mZero :: ('a,’b) square
have 1: ?n = matriz-monoid.power (?s') n © %z
using assms N-matriz-power-S’ by blast
have ?s = matriz-skra-peano-1.5’
by (simp add: S'-matriz-S-matriz inf-matriz-def minus-matriz-def
uminus-matriz-def)
hence 2: matriz-p-algebra.regular ?s
by (metis matriz-skra-peano-2.S'-reqular)
have ?n # mbot
proof
assume ?n = mbot
hence %n (%e ! n,%e ! n) = mbot (?e! n,% ! n)
by simp
hence top = (bot :: 'b)
by (simp add: N-matriz-def bot-matriz-def)
thus Fulse
by (metis bot-not-top)
qed
thus matriz-stone-relation-algebra.point ?n
using 1 2 by (metis (no-types, lifting) matriz’-skra-peano-1.S-univalent
matriz'-skra-peano-1.Z-point matriz-stone-relation-algebra.injective-power-closed
ma-
triz-stone-relation-algebra-tarski-consistent.reqular-injective-vector-point-ror-bot
matriz-stone-relation-algebra.reqular-power-closed
matriz-stone-relation-algebra.bijective-regular
matriz-stone-relation-algebra.comp-associative
matriz-stone-relation-algebra.injective-mult-closed
matriz-stone-relation-algebra.reqular-conv-closed
matriz-stone-relation-algebra.reqular-mult-closed
matriz-stone-relation-algebra.univalent-conv-injective)
qged

lemma N-matriz-power-S’-hom-lesseq:
assumes m < length (enum-class.enum :: 'a list)
and n < length (enum-class.enum :: 'a list)
shows m < n +— mnat m < msucc ® msucc® © (mnat n
("a::enum,’b::linorder-stone-kleene-relation-algebra-tarski-consistent-expansion)
square)
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proof —
let #m = mnat m :: (‘a,’d) square
let ?n = mnat n :: (‘a,’d) square
let ?s = msuce :: ('a,’d) square
let 22 = mZero :: ('a,’b) square
have 1: ?m = matriz-monoid.power (2s) m © %z
using assms(1) N-matriz-power-S’ by blast
have 2: ?n = matriz-monoid.power (?s') n ® %z
using assms(2) N-matriz-power-S’ by blast
have &: matriz-stone-relation-algebra.point ?m
by (simp add: assms(1) N-matriz-point)
have 4: matriz-stone-relation-algebra.point n
by (simp add: assms(2) N-matriz-point)
show m < n+— m < %5 ©® 2s° ® n
proof
assume m < n
from this obtain k£ where n = Suc k + m
using less-iff-Suc-add by auto
hence ?n = matriz-monoid.power (?s') (Suc k) © matriz-monoid.power (?st)
m @ %z
using 2 by (metis matriz-monoid.power-add)
also have ... = matriz-monoid.power (?s) (Suc k) ® ?m
using I by (simp add: matriz-monoid.mult-assoc)
also have ... = (matriz-monoid.power ?s (Suc k))* @ ?m
by (metis matriz-stone-relation-algebra.power-conv-commaute)
finally have ?m < matriz-monoid.power ?s (Suc k) ® n
using 3 / by (simp add: matriz-stone-relation-algebra.bijective-reverse)
also have ... = %s ©® matriz-monoid.power ?s k ® %n
by simp
also have ... < %5 ® 25© @ 7n
using matriz-idempotent-semiring. mult-left-isotone
matriz-idempotent-semiring. mult-right-isotone
matriz-kleene-algebra.star.power-below-circ by blast
finally show ?m < %5 ® 25© ® n

next
assume 5: 2m =< 25 ® 2s© ® n
show m < n
proof (rule ccontr)
assume = m < n
from this obtain k£ where m =k + n
by (metis add.commute add-diff-inverse-nat)
hence ?m = matriz-monoid.power (2st) k ® matriz-monoid.power (2st) n
© ?z
using I by (metis matriz-monoid.power-add)

also have ... = matriz-monoid.power (?s') k © ?n
using 2 by (simp add: matriz-monoid.mult-assoc)
also have ... = (matriz-monoid.power ?s k)t © #n

by (metis matriz-stone-relation-algebra.power-conv-commute)
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finally have ?n < matriz-monoid.power ?s k ©® ?m
using 3 4/ by (simp add: matriz-stone-relation-algebra.bijective-reverse)
also have ... < %59 ® %m
using matriz-kleene-algebra.star.power-below-cire
matriz-stone-relation-algebra.comp-left-isotone by blast
finally have ?n < 2s© © ?m

hence m < 25 ® %5° ® 2s° ® ?m
using 5 by (metis (no-types, opaque-lifting) matriz-monoid.mult-assoc
matriz-order.dual-order.trans matriz-stone-relation-algebra.comp-right-isotone)
hence ?2m < 25 ® 259 ® 2m
by (metis matriz-kleene-algebra.star. circ-transitive-equal
matriz-monoid.mult-assoc)
thus Fulse
using 3 S’-matriz-acyclic
matriz-stone-kleene-relation-algebra-consistent.acyclic-reachable-different by blast
qed
qed
qed

end
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