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Abstract

In relation algebras, which model unweighted graphs, the cardinal-
ity operation counts the number of edges of a graph. We generalise the
cardinality axioms to Stone relation algebras, which model weighted
graphs, and study the relationships between various axioms for cardi-
nality. We also give a representation theorem for Stone relation alge-
bras.
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The theories formally verify results in [1]. See this papers for further details
and related work. Stone relation algebras have been introduced in [2] and
formalised in [3].

theory Representation
imports Stone-Relation-Algebras. Matriz- Relation-Algebras

begin

1 Representation of Stone Relation Algebras

We show that Stone relation algebras can be represented by matrices if we
assume a point axiom. The matrix indices and entries and the point axiom
are based on the concepts of ideals and ideal-points. We start with general
results about sets and finite suprema.

lemma finite-ne-subset-induct’ [consumes 8, case-names singleton insert]:
assumes finite F'
and F # {}
and F C §
and singleton: Az .z € S = P {a}
and insert: Ao F . finite F = F#{} = FCS=—=z2ze€S= a2 ¢F
= P F = P (insert z F)
shows P F
using assms(1—3)
apply (induct rule: finite-ne-induct)
apply (simp add: singleton)
by (simp add: insert)

context order-bot
begin

abbreviation atom :: ‘a = bool
where atom x =z # bot N Vy .y # bot Ny <z — y = 1)

end



context semilattice-sup
begin

lemma nested-sup-fin:
assumes finite X
and X # {}
and finite Y
and Y # {}
shows Sup-fin { Sup-fin { fey|z.z€ X }|y.ye Y }=Sup-fin{fay]|
zy. € XNyeY}
proof (rule order.antisym)
have I: finite { fzy|zy. 2 € X ANye Y}
proof —
have finite (X x Y)
by (simp add: assms(1,3))
hence finite { f (fstz) (sndz) | z.2€ X x Y }
by (metis (mono-tags) Collect-mem-eq finite-image-set)
thus ?thesis
by auto
qed
show Sup-fin { Sup-fin { fzy|z.z2€e X} |y.ye Y }< Sup-fin{fzy|=
y.z€XANyeY}
apply (rule Sup-fin.boundedI)
subgoal by (simp add: assms(3))
subgoal using assms(4) by blast
subgoal for a
proof —
assume a € { Sup-fin { fry|z.2€e X} |y.ye Y}
from this obtain y where 2: y € Y Aa= Sup-fin { fzy|z.2€ X }
by auto
have Sup-fin { fry |z .2 € X } < Sup-fin { fzy|zy.z€ X Nye Y}
apply (rule Sup-fin.boundedl)
subgoal by (simp add: assms(1))
subgoal using assms(2) by blast
subgoal using Sup-fin.coboundedl 1 2 by blast
done
thus ?thesis
using 2 by simp
qed
done
show Sup-fin { fzy|zy. 2 € X ANye Y } < Sup-fin { Sup-fin { fzy |z .z
eEX}ly.yeY}
apply (rule Sup-fin.boundedl)
subgoal using I by simp
subgoal using assms(2,4) by blast
subgoal for a
proof —
assume ¢ € { fzy|lzy.2 € X ANye Y}
from this obtain z y where 3: z € X ANye Y ANa=fzy



by auto

have a < Sup-fin { fzy|z.2€ X }
apply (rule Sup-fin.coboundedl)
apply (simp add: assms(1))
using 3 by blast

also have ... < Sup-fin { Sup-fin { fzy|z. 2 X} |y.ye YV}

apply (rule Sup-fin.coboundedl)
apply (simp add: assms(3))
using 3 by blast

finally show a < Sup-fin { Sup-fin { fry|lz.2€ X} |y.ye Y}

qed
done
qed

end

context bounded-semilattice-sup-bot
begin

lemma one-point-sup-fin:
assumes finite X
and y € X
shows Sup-fin { (if z = y then fzelsebot) |z .2 € X } =fy
proof (rule order.antisym)
show Sup-fin { (if x = y then fxelse bot) |z .z € X } < fy
apply (rule Sup-fin.boundedl)
apply (simp add: assms(1))
using assms(2) apply blast
by auto
show fy < Sup-fin { (if x = y then fz else bot) |z .z € X }
apply (rule Sup-fin.cobounded)
using assms by auto
qed

end

1.1 1Ideals and Ideal-Points

We study ideals in Stone relation algebras, which are elements that are both
a vector and a covector. We include general results about Stone relation

algebras.

context times-top
begin

abbreviation ideal :: 'a = bool where ideal z = vector x N\ covector x

end



context bounded-non-associative-left-semiring
begin

lemma ideal-fizpoint:
ideal x <— top *x x x top =
by (metis order.antisym top-left-mult-increasing top-right-mult-increasing)

lemma ideal-top-closed:
ideal top
by simp

end

context bounded-idempotent-left-semiring
begin

lemma ideal-mult-closed:
ideal ¥ = ideal y = ideal (z * y)
by (metis mult-assoc)

end

context bounded-idempotent-left-zero-semiring
begin

lemma ideal-sup-closed:
ideal z = ideal y = ideal (z U y)
by (simp add: covector-sup-closed vector-sup-closed)

end

context idempotent-semiring
begin

lemma sup-fin-sum:
fixes [ :: 'b::finite = 'a
shows Sup-fin { fz |z .2 € UNIV } = (s fz)
proof (rule order.antisym)
show Sup-fin { fe |z .2 € UNIV } < (s f2)
apply (rule Sup-fin.boundedI)
apply (metis (mono-tags) finite finite-image-set)
apply blast
using ub-sum by auto
next
show (| |, fz) < Sup-fin { fe |z .2 € UNIV }
apply (rule lub-sum, rule alll)
apply (rule Sup-fin.coboundedl)
apply (metis (mono-tags) finite finite-image-set)
by auto



qed
end

context stone-relation-algebra
begin

lemma dedekind-univalent:
assumes univalent y
shows z x yMz=(zMNzx*xyl)*xy
proof (rule order.antisym)
showz xyMz<(zMNzx*y")*y
by (simp add: dedekind-2)
next
have (z Mz*x yD)xy<azxyNzx*xyl xy
using comp-left-subdist-inf by auto
also have ... <z x y Mz
by (metis assms comp-associative comp-inf.mult-right-isotone comp-right-one
mult-right-isotone)
finally show (z Mz * yT) sy <z *xyMz

qged

lemma dedekind-injective:
assumes injective x
shows z x y Mz =% (yMal x 2)
proof (rule order.antisym)
show z x y Mz <z x (yMal x 2)
by (simp add: dedekind-1)
next
have z x (y Mal x2) <z sxyNaxal xz
using comp-associative comp-right-subdist-inf by auto
also have ... <z x y Mz
by (metis assms coreflexive-comp-top-inf inf.boundedE inf.boundedl
inf.cobounded? inf-lel)
finally show = * (yMal x2) <z *yMNz

qged

lemma domain-vector-conuv:

IMzxtop=1Nzxx*al

by (metis comp-right-one dedekind-eq ex231a inf.sup-monoid.add-commute
inf-top.right-neutral total-conv-surjective vector-conuv-covector vector-top-closed)

lemma domain-vector-covector:
1 Mxx*top=1T1 top* xT

by (metis conv-dist-comp one-inf-conv symmetric-top-closed)

lemma domain-covector-conv:



I Mtopxzl =1MNzxa”
using domain-vector-conv domain-vector-covector by auto

lemma ideal-bot-closed:
ideal bot
by simp

lemma ideal-inf-closed:
ideal 1 = ideal y = ideal (z N y)
by (simp add: covector-comp-inf vector-inf-comp)

lemma ideal-conv-closed:
ideal x = ideal (z7)
using covector-conv-vector vector-conv-covector by blast

lemma ideal-complement-closed:
ideal ¥ = ideal (—x)
by (simp add: covector-complement-closed vector-complement-closed)

lemma ideal-conv-id:

ideal 1 = © = x7

by (metis covector-comp-inf-1 inf.sup-monoid.add-commute inf-top.right-neutral
mult-left-one vector-inf-comp)

lemma ideal-mult-inf:
ideal t = ideal y = zxy=x My
by (metis inf-top-right vector-inf-comp)

lemma ideal-mult-import:
idealr = yx zMNz=(yNaz)*(2MNx)
using covector-comp-inf inf.sup-monoid.add-commute vector-inf-comp by auto

lemma point-meet-one:
pointx => z x 7 =M 1
by (metis domain-vector-conv inf.absorb2 inf.sup-monoid.add-commute)

lemma below-point-eq-domain:
pointr = y< o= y==zax2’ xy
by (metis inf.absorb2 vector-export-comp-unit point-meet-one)

lemma covector-mult-vector-ideal:
vector ¥ = vector z = ideal (z7 * y * 2)
by (metis comp-associative vector-conv-covector)

abbreviation ideal-point :: '‘a = bool where ideal-point x = point z A Vy z .
point y A ideal z N z # bot Ny x z <z — y < x)

lemma different-ideal-points-disjoint:
assumes ideal-point p



and ideal-point q
and p # ¢
shows p M ¢ = bot
proof (rule ccontr)
let 2r = p” % (p M q)
assume 1: p M q # bot
have 2: pMg=px ?r
by (metis assms(1) comp-associative inf.left-idem vector-export-comp-unit
point-meet-one)
have ideal ?r
by (meson assms(1,2) covector-mult-closed vector-conv-covector
vector-inf-closed vector-mult-closed)
hence p < ¢
using 1 2 by (metis assms(1,2) inf-le2 semiring.mult-not-zero)
thus Fulse
by (metis assms dual-order.eq-iff epm-8)
qed

lemma points-disjoint-iff:
assumes vector T
shows z M y = bot «+— 2T % y = bot
by (metis assms inf-top-right schroeder-1)

lemma different-ideal-points-disjoint-2:
assumes ideal-point p
and ideal-point q
and p # ¢
shows pT x ¢ = bot
using assms different-ideal-points-disjoint points-disjoint-iff by blast

lemma mult-right-dist-sup-fin:
assumes finite X
and X # {}
shows Sup-fin { fz |2z:'b .z € X } xy=Sup-fin{ fzxy|xz.2€ X}
proof (rule finite-ne-induct[where F=X))
show finite X
using assms(1) by simp
show X # {}
using assms(2) by simp
show Az . Sup-fin { fe|z.z€ {2} } xy=Sup-fin{ faxy|z.ze{z}}
by auto
fix z F
assume [: finite FF £ {} 2 ¢ FSup-fin { fz|z.2 € F }xy= Sup-fin{ fz
xy|lz.zeF}
have { fz |z .2z € insert z F } = insert (fz) { fz |z .2 € F}
by auto
hence Sup-fin { fe |z .z € insert z F } x y=(fzU Sup-fin { fe |z .2 € F
} oy

using Sup-fin.insert 1 by auto



also have ... = fzxyU Sup-fin { fz |z .2 € F } xy
using mult-right-dist-sup by blast
also have ... = fzxyU Sup-fin { frxy |z .2 € F}
using 1 by simp
also have ... = Sup-fin (insert (fzxy) { fexy|z.z € F})
using 1 by auto
also have ... = Sup-fin { fe xy |z .z € insert z F }
by (rule arg-conglwhere f = Sup-fin], auto)
finally show Sup-fin { fz |z .z € insert zF } x y = Sup-fin { fexy| 2.z
€ insert z F }

qed

lemma mult-left-dist-sup-fin:
assumes finite X
and X # {}
shows y x Sup-fin { fe |z2'b. 2 € X } = Sup-fin{y*xfo|z.z€e X}
proof (rule finite-ne-induct[where F=X])
show finite X
using assms(1) by simp
show X # {}
using assms(2) by simp
show Az .y Sup-fin { fe|z.z € {2z} }=Supfin{y*xfa|z.ze{z}}
by auto
fix z F
assume [: finite FF £ {} 2 ¢ Fyx Sup-fin { fe|z.2z € F } = Sup-fin { y
xfzx|lz.z€F}
have { fz |z .2z € insert z F } = insert (fz) {fz |z .2 € F}
by auto
hence y x Sup-fin { fz |z .z €insert zF } =y * (fzU Sup-fin { fz |z .z

er})

using Sup-fin.insert 1 by auto

alsohave ... = yx fzUy* Sup-fin{ fz|z.2€ F}
using mult-left-dist-sup by blast

alsohave ... =y x fzU Sup-fin { yx fz|z.2€F}
using 1 by simp

also have ... = Sup-fin (insert (y x fz){ yxfa|z.z € F})
using 1 by auto

also have ... = Sup-fin { y x fz | .z € insert z F' }

by (rule arg-conglwhere f = Sup-fin], auto)
finally show y * Sup-fin { fz |z .z € insert z F } = Sup-fin { yxfz| 2.z
€ insert z F }

qed

lemma inf-left-dist-sup-fin:
assumes finite X
and X # {}
shows y M Sup-fin { fz|z:'b.z€ X } = Sup-fin{yNfz|z.2e X}



proof (rule finite-ne-induct[where F=X])
show finite X
using assms(1) by simp
show X # {}
using assms(2) by simp
show Az.yMN Sup-fin { fe|z.z€ {2} } =Sup-fin{yNfzx|z.xe{z}}
by auto
fix z F
assume [: finite FF £ {} 2 ¢ FyN Sup-fin { fz|z.z€ F } = Sup-fin{y
Nfz|z.z€F}
have { fz |z .x € insert z F } = insert (fz) {fz |z .2 € F}
by auto
hence y M Sup-fin { fe |z .z €insert zF } =y N (fzU Sup-fin{ fz|z.zx

€Fr}

using Sup-fin.insert 1 by auto

also have ... = (y N fz) U (y N Sup-fin { fe|z.x € F})
using inf-sup-distribl by auto

also have ... = (y M fz) U Sup-fin { yNfz|z.z€ F}
using 1 by simp

also have ... = Sup-fin (insert (yNfz){yNfaz|z.2€F})
using 1 by auto

also have ... = Sup-fin { y N fx |z .z € insert z F }

by (rule arg-cong[where f = Sup-fin|, auto)
finally show y M Sup-fin { fz |z .z € insert z F } = Sup-fin { y N fz |z .z
€ insert z F }

qged

lemma top-one-sup-fin-iff:
assumes finite P
and P # {}
and V peP . point p
shows top = Sup-fin P <— 1 = Sup-fin { p*p" |p.p € P}
proof
assume top = Sup-fin P
hence 1 = 1 M Sup-fin P
using inf-top-right by auto

also have ... = Sup-fin { I M p|p.pe P}
using inf-Sup1-distrib assms(1,2) by simp
also have ... = Sup-fin { pxpT |p.pe P}

by (metis (no-types, opaque-lifting) point-meet-one assms(3)
inf.sup-monoid.add-commute)
finally show 7 = Sup-fin { p*pT |p.p€ P}

next
assume 1 = Sup-fin { p*xp’ |p.p€E P}
hence top = Sup-fin { p*xpT | p.p€ P} * top
using total-one-closed by auto
also have ... = Sup-fin { INp|p.p€ P} x top
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by (metis (no-types, opaque-lifting) point-meet-one assms(3)
inf.sup-monoid.add-commute)

also have ... = Sup-fin { (I Mp) «top |p.p € P}
using mult-right-dist-sup-fin assms(1,2) by auto
also have ... = Sup-fin {p|p.p€ P}

by (metis (no-types, opaque-lifting) assms(3) inf.sup-monoid.add-commute
inf-top.right-neutral vector-inf-one-comp)
finally show top = Sup-fin P
by simp
qged

abbreviation ideals :: ‘a set where ideals = { = . ideal z }
abbreviation ideal-points :: ‘a set where ideal-points = { = . ideal-point z }

lemma surjective-vector-top:

surjective v = vector v => z1 % x = top

by (metis domain-vector-conv covector-inf-comp-3 ex231a
inf.sup-monoid.add-commute inf-top.left-neutral vector-export-comp-unit)

lemma point-mult-top:
point 1 => zT % x = top
using surjective-vector-top by blast

lemma point-below-equal:
pointp = point q = p < qg=p =4
by (metis below-point-eq-domain comp-associative)

lemma ideal-point-without-ideal:
ideal-point p <— (point p A (Vq . point ¢ — ¢ < p V q¢ < —p))
proof
assume 1: ideal-point p
have Vq . point g — g <pV ¢ < —p
proof (rule alll, rule impl)
fix ¢
assume 2: point q
hence 3: ideal (¢7 * p)
using 1 by (metis comp-associative vector-conv-covector)
have ¢ * (¢ * p) < p
using 2 shunt-mapping surjective-conv-total by force
hence ¢7 x p = bot V ¢ < p
using 1 2 3 by blast
thus ¢ <pVg<—p
using 2 by (metis bot-least schroeder-3-p)
qed
thus point p A (Vq . point ¢ — ¢ <pV q¢< —p)
using 1 by blast
next
assume /: point p A (Vq . point ¢ — ¢ < pV ¢ < —p)
have Vy z . point y AN ideal z N z £ bot Ny* z2<p—y<p
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proof (intro alll, rule impl)
fix y z
assume 5: point y A ideal z N z # bot Ny x 2z < p
show y < p
proof (rule ccontr)
assume -y < p
hence y < —p
using 4 5 by blast
hence 47 * p = bot
using 5 points-disjoint-iff pseudo-complement by blast
thus Fulse
using 5 bot-unique shunt-mapping surjective-conv-total by force
qed
qed
thus ideal-point p
using 4 by blast
qed

lemma ideal-point-without-ideal-2:

ideal-point p «— (point p A (Vq . point ¢ — ¢ =p V q¢ < —p))

by (smt (verit) ideal-point-without-ideal point-below-equal comp-associative
mult-semi-associative)

lemma ideal-point-without-ideal-3:
ideal-point p «— (point p A (Vq . point ¢ A ¢ # p — q¢ < —p))
using ideal-point-without-ideal-2 by force

end

1.2 Point Axiom

The following class captures the point axiom for Stone relation algebras.

class stone-relation-algebra-pa = stone-relation-algebra +
assumes finite-ideal-points: finite ideal-points
assumes ne-ideal-points: ideal-points # {}
assumes top-sup-ideal-points: top = Sup-fin ideal-points
begin

lemma one-sup-ideal-points:
1 = Sup-fin { p * p* | p . ideal-point p }
proof —
have 1 = Sup-fin { p x pT | p . p € ideal-points }
using top-one-sup-fin-iff finite-ideal-points ne-ideal-points top-sup-ideal-points
by blast
also have ... = Sup-fin { p * pT | p . ideal-point p }
by simp
finally show ?thesis

qged
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lemma ideal-point-rep-1:
= Sup-fin { p* pT xx % q* q" | pq. ideal-point p A ideal-point q }
proof —
let ?p = { p* pT | p. p € ideal-points }
have z = Sup-fin ?p x (z * Sup-fin p)
using one-sup-ideal-points by auto
also have ... = Sup-fin { p x pT * (z * Sup-fin ?p) | p . p € ideal-points }
apply (rule mult-right-dist-sup-fin)
using finite-ideal-points ne-ideal-points by simp-all

also have ... = Sup-fin { p x pT x z x Sup-fin ?p | p . p € ideal-points }
using mult-assoc by simp
also have ... = Sup-fin { Sup-fin { p x p¥ x 2 % ¢ * ¢ | q . q € ideal-points } |
p . p € ideal-points }
proof —

have Ap . p * pT * = % Sup-fin ?p = Sup-fin { p*x pT xx+ (¢* ¢¥) | q.q €
ideal-points }
apply (rule mult-left-dist-sup-fin)
using finite-ideal-points ne-ideal-points by simp-all
thus ?thesis
using mult-assoc by simp
qed
also have ... = Sup-fin { p* pT * x % ¢ * ¢q7 | qp . q € ideal-points N p €
ideal-points }
apply (rule nested-sup-fin)
using finite-ideal-points ne-ideal-points by simp-all

also have ... = Sup-fin { p x pT x xx ¢+ ¢ | p q. p € ideal-points A q €
ideal-points }
by meson
also have ... = Sup-fin { p x p¥ * % ¢ * ¢* | p q . ideal-point p A ideal-point
q}
by auto

finally show ?thesis
qed

lemma atom-below-ideal-point:
assumes atom a
shows Jdp . ideal-point p N a < p
proof —
have a = a M Sup-fin { p | p . p € ideal-points }
using top-sup-ideal-points by auto
also have ... = Sup-fin { a M p | p . p € ideal-points }
apply (rule inf-left-dist-sup-fin)
using finite-ideal-points apply blast
using ne-ideal-points by blast
finally have 1: Sup-fin { a M p | p . p € ideal-points } # bot
using assms by auto
have 3 p€ideal-points . a M p # bot

13



proof (rule ccontr)
assume — (3 p€ideal-points . a M p # bot)
hence V peideal-points . a M p = bot
by auto
hence { a M p | p . p € ideal-points } = { bot | p . p € ideal-points }
by auto
hence Sup-fin { a M p | p . p € ideal-points } = Sup-fin { bot | p . p €
ideal-points }
by simp
also have ... < bot
apply (rule Sup-fin.boundedl)
apply (simp add: finite-ideal-points)
using ne-ideal-points apply simp
by blast
finally show Fulse
using 1 le-bot by blast
qed
from this obtain p where p € ideal-points A a M p # bot
by auto
hence ideal-point p A a < p
using assms inf.absorb-iff1 inf-lel by blast
thus ?thesis
by auto
qed

lemma point-ideal-point-1:
assumes point a
shows ideal-point a
proof (cases a = bot)
case True
thus %thesis
using assms by fastforce
next
case Fulse
have a = a M Sup-fin { p | p . p € ideal-points }
using top-sup-ideal-points by auto
also have ... = Sup-fin { a M p | p . p € ideal-points }
apply (rule inf-left-dist-sup-fin)
using finite-ideal-points apply blast
using ne-ideal-points by blast
finally have 1: Sup-fin { a M p | p . p € ideal-points } # bot
using Fulse by auto
have 3 p€ideal-points . a M p # bot
proof (rule ccontr)
assume — (3 p€ideal-points . a M p # bot)
hence V peideal-points . a M p = bot
by auto
hence { a M p | p . p € ideal-points } = { bot | p . p € ideal-points }
by auto
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hence Sup-fin { a M p | p . p € ideal-points } = Sup-fin { bot | p . p €
ideal-points }
by simp
also have ... < bot
apply (rule Sup-fin.boundedl)
apply (simp add: finite-ideal-points)
using ne-ideal-points apply simp
by blast
finally show Fulse
using 1 le-bot by blast
qed
from this obtain p where 2: p € ideal-points A\ a M p # bot
by auto
hence a < pVa< —p
using assms ideal-point-without-ideal by auto
hence a < p
using 2 pseudo-complement by blast
thus ?thesis
using 2 assms point-below-equal by blast
qed

lemma point-ideal-point:
point x <— ideal-point x
using point-ideal-point-1 by blast

end

1.3 Ideals, Ideal-Points and Matrices as Types

Stone relation algebras will be represented by matrices with ideal-points as
entries and ideals as indices. To define the type of such matrices, we first
derive types for the set of ideals and ideal-points.

typedef (overloaded) ‘a ideal = ideals::’a::stone-relation-algebra-pa set
using surjective-top-closed by blast

setup-lifting type-definition-ideal

instantiation ideal :: (stone-relation-algebra-pa) stone-algebra
begin

lift-definition uminus-ideal :: 'a ideal = 'a ideal is uminus
using ideal-complement-closed by blast

lift-definition inf-ideal :: 'a ideal = 'a ideal = 'a ideal is inf
by (simp add: ideal-inf-closed)

lift-definition sup-ideal :: 'a ideal = 'a ideal = 'a ideal is sup
by (simp add: ideal-sup-closed)
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lift-definition bot-ideal :: 'a ideal is bot
by (simp add: ideal-bot-closed)

lift-definition top-ideal :: 'a ideal is top
by simp

lift-definition less-eg-ideal :: 'a ideal = 'a ideal = bool is less-eq .
lift-definition less-ideal :: 'a ideal = 'a ideal = bool is less .

instance
apply intro-classes
subgoal apply transfer by (simp add: less-le-not-le)
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by (simp add: sup-inf-distribl)
subgoal apply transfer by (simp add: pseudo-complement)
subgoal apply transfer by simp
done

end

instantiation ideal :: (stone-relation-algebra-pa) stone-relation-algebra
begin

lift-definition conv-ideal :: 'a ideal = 'a ideal is id
by simp

lift-definition times-ideal :: 'a ideal = ’'a ideal = 'a ideal is inf
by (simp add: ideal-inf-closed)

lift-definition one-ideal :: 'a ideal is top
by simp

instance
apply intro-classes
apply (metis comp-inf.comp-associative inf-ideal-def times-ideal-def)
apply (metis inf-commute inf-ideal-def inf-sup-distrib1 times-ideal-def)
apply (metis (mono-tags, lifting) comp-inf.mult-left-zero inf-ideal-def
times-ideal-def)
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apply (metis (mono-tags, opaque-lifting) comp-inf.mult-1-left inf-ideal-def
one-ideal.abs-eq times-ideal-def top-ideal.abs-eq)

using Rep-ideal-inject conv-ideal.rep-eq apply fastforce

apply (metis (mono-tags) Rep-ideal-inverse conv-ideal.rep-eq)

apply (metis (mono-tags) Rep-ideal-inverse conv-ideal.rep-eq inf-commaute
inf-ideal-def times-ideal-def)

apply (metis (mono-tags, opaque-lifting) Rep-ideal-inverse conv-ideal.rep-eq
inf-ideal-def le-inf-iff order-refl times-ideal-def)

apply (metis inf-ideal-def p-dist-inf p-dist-sup times-ideal-def)

by (metis (mono-tags) one-ideal.abs-eq regular-closed-top top-ideal-def)

end

typedef (overloaded) ‘a ideal-point = ideal-points::'a::stone-relation-algebra-pa
set
using ne-ideal-points by blast

instantiation ideal-point :: (stone-relation-algebra-pa) finite
begin

instance
proof
have Abs-ideal-point ‘ ideal-points = UNIV
using type-definition. Abs-image type-definition-ideal-point by blast
thus finite (UNIV::'a ideal-point set)
by (metis (mono-tags, lifting) finite-ideal-points finite-imagel)
qged

end
type-synonym ‘o ideal-matriz = ('a ideal-point,’a ideal) square

interpretation ideal-matriz-stone-relation-algebra: stone-relation-algebra where
sup = sup-matriz and inf = inf-matriz and less-eq = less-eq-matriz and less =
less-matriz and bot = bot-matriz::'a::stone-relation-algebra-pa ideal-matriz and
top = top-matriz and uminus = uminus-matriz and one = one-matriz and
times = times-matriz and conv = conv-matrixz

by (rule matriz-stone-relation-algebra.stone-relation-algebra-axioms)

lemma ideal-point-rep-2:
assumes z = Sup-fin { Rep-ideal-point p * Rep-ideal (f p q) * (Rep-ideal-point
T | paq. True}
shows [ r s = Abs-ideal ((Rep-ideal-point r
proof —
let 9r = Rep-ideal-point r
let ?s = Rep-ideal-point s
have ?rT x z x ?s = 2rl x Sup-fin { Rep-ideal-point p * Rep-ideal (f p q) *
(Rep-ideal-point ¢)T | p q . True } * %s
using assms by simp

)T % z % (Rep-ideal-point s))
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also have ... = 2T x Sup-fin { Rep-ideal-point p * Rep-ideal (f p q) *
(Rep-ideal-point ¢)* | p q. p € UNIV A g € UNIV } % s
by simp
also have ... = 2rl x Sup-fin { Sup-fin { Rep-ideal-point p * Rep-ideal (f p q) *
(Rep-ideal-point ¢)T | p.p € UNIV } | q. q € UNIV } % s
proof —
have Sup-fin { Rep-ideal-point p * Rep-ideal (f p q) * (Rep-ideal-point q)T | p
q.p€ UNIV A q € UNIV } = Sup-fin { Sup-fin { Rep-ideal-point p * Rep-ideal
(f p q) * (Rep-ideal-point )T | p.p € UNIV } | q. q € UNIV }
by (rule nested-sup-fin[symmetric], simp-all)
thus ?thesis
by simp
qed
also have ... = Sup-fin { Sup-fin { ?rT * Rep-ideal-point p * Rep-ideal (f p q) *
(Rep-ideal-point ¢)T | p.p€ UNIV } | q. g€ UNIV } x %s
proof —
have 1: ?r7 % Sup-fin { Sup-fin { Rep-ideal-point p * Rep-ideal (f p q) *
(Rep-ideal-point ¢)T | p.p € UNIV } | q. g € UNIV } = Sup-fin { 2rT
Sup-fin { Rep-ideal-point p * Rep-ideal (f p q) * (Rep-ideal-point ¢)T | p . p €
UNIV } | q.qe€ UNIV }
by (rule mult-left-dist-sup-fin, simp-all)
have 2: Aq . ?2r" x Sup-fin { Rep-ideal-point p * Rep-ideal (f p q) *
(Rep-ideal-point ¢)T | p . p € UNIV } = Sup-fin { #r" x (Rep-ideal-point p *
Rep-ideal (f p q) * (Rep-ideal-point ¢)T) | p . p € UNIV }
by (rule mult-left-dist-sup-fin, simp-all)
have Ap ¢ . 2rT x (Rep-ideal-point p * Rep-ideal (f p q) * (Rep-ideal-point
0)T) = 2rT % Rep-ideal-point p * Rep-ideal (f p q) * (Rep-ideal-point q)T
by (simp add: mult.assoc)
thus ?thesis
using 1 2 by simp

qed

also have ... = Sup-fin { Sup-fin { ?rT % Rep-ideal-point p * Rep-ideal (f p q) *
(Rep-ideal-point q)T * ?s | p.p € UNIV }| q.q€ UNIV }

proof —

have 3: Sup-fin { Sup-fin { ?rT x Rep-ideal-point p * Rep-ideal (f p q) *
(Rep-ideal-point ¢)T | p.p € UNIV } | q. q € UNIV } % ?s = Sup-fin { Sup-fin
{ 2rT % Rep-ideal-point p * Rep-ideal (f p q) » (Rep-ideal-point ¢)T | p . p €
UNIV } % %s| q.q€ UNIV }

by (rule mult-right-dist-sup-fin, simp-all)

have Aq . Sup-fin { ?rT % Rep-ideal-point p * Rep-ideal (f p q) *
(Rep-ideal-point ¢)T | p . p € UNIV } x ?s = Sup-fin { ?rT x Rep-ideal-point p *
Rep-ideal (f p q) * (Rep-ideal-point ¢)T * ?s | p . p € UNIV }

by (rule mult-right-dist-sup-fin, simp-all)
thus ?thesis
using 3 by simp
qed
also have ... = Sup-fin { Sup-fin { if p = r then ?rT x Rep-ideal-point p *
Rep-ideal (f p q) * (Rep-ideal-point q)T * ?s else bot | p.p € UNIV } | q.q €
UNIV }
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proof —
have Ap . 2T x Rep-ideal-point p = (if p = r then ?rT x Rep-ideal-point p
else bot)
proof —
fix p
show ?r” % Rep-ideal-point p = (if p = r then ?r’ % Rep-ideal-point p else
bot)
proof (cases p =)
case True
thus %thesis
by auto
next
case Fulse
have 2T % Rep-ideal-point p = bot
apply (rule different-ideal-points-disjoint-2)
using Rep-ideal-point apply blast
using Rep-ideal-point apply blast
using Fualse by (simp add: Rep-ideal-point-inject)
thus ?thesis
using False by simp
qed
qed
hence A\p q . ?rT % Rep-ideal-point p * Rep-ideal (f p q) * (Rep-ideal-point
Q)T x s = (if p = r then ?r"T % Rep-ideal-point p * Rep-ideal (f p q) *
(Rep-ideal-point q)T * ?s else bot)
by (metis semiring.mult-zero-left)
thus ?thesis
by simp
qed
also have ... = Sup-fin { 2rT x ?r x Rep-ideal (f r q) * (Rep-ideal-point q)T x
% |q.qe UNIV }
by (subst one-point-sup-fin, simp-all)
also have ... = Sup-fin { if ¢ = s then ?rT x ?r x Rep-ideal (f r q) *
(Rep-ideal-point q)T * ?s else bot | ¢ . ¢ € UNIV }
proof —
have \q . (Rep-ideal-point )T * ?s = (if ¢ = s then (Rep-ideal-point q)T * ?s
else bot)
proof —
fix ¢
show (Rep-ideal-point q)T * ?s = (if ¢ = s then (Rep-ideal-point q)T * s
else bot)
proof (cases ¢ = s)
case True
thus ?thesis
by auto
next
case Fulse
have (Rep-ideal-point q)T * ?s = bot
apply (rule different-ideal-points-disjoint-2)
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using Rep-ideal-point apply blast
using Rep-ideal-point apply blast
using False by (simp add: Rep-ideal-point-inject)
thus ?thesis
using False by simp
qed
qed
hence A\q . 7T x ?r x Rep-ideal (f r q) * (Rep-ideal-point q)T x ?s = (if ¢ =
s then ?rT % 2r x Rep-ideal (f v q) * (Rep-ideal-point q)T x ?s else bot
by (metis comp-associative mult-right-zero)
thus ?thesis

T

by simp
qed
also have ... = 2rT x 2r x Rep-ideal (f v s) x ?sT % s
by (subst one-point-sup-fin, simp-all)
also have ... = top = Rep-ideal (f r s) x top
proof —

have ?r” % ?r = top A 25T x %5 = top
using point-mult-top Rep-ideal-point by blast
thus ?thesis
by (simp add: mult.assoc)
qed
also have ... = Rep-ideal (f r s)
by (metis (mono-tags, lifting) Rep-ideal mem-Collect-eq)
finally show ?thesis
by (simp add: Rep-ideal-inverse)
qged

1.4 Isomorphism

The following two functions comprise the isomorphism between Stone rela-
tion algebras and matrices. We prove that they are inverses of each other
and that the first one is a homomorphism.

definition sra-to-mat :: ’'a::stone-relation-algebra-pa = 'a ideal-matriz
where sra-to-mat x = \(p,q) . Abs-ideal ((Rep-ideal-point p)T * x *
Rep-ideal-point q)

definition mat-to-sra :: 'a::stone-relation-algebra-pa ideal-matriz = 'a
where mat-to-sra f = Sup-fin { Rep-ideal-point p x Rep-ideal (f (p,q)) *
(Rep-ideal-point ¢)* | p q . True }

lemma sra-mat-sra:

mat-to-sra (sra-to-mat x) = x
proof —

have mat-to-sra (sra-to-mat z) = Sup-fin { Rep-ideal-point p * Rep-ideal
(Abs-ideal ((Rep-ideal-point p)T x x * Rep-ideal-point q)) * (Rep-ideal-point q)7 |
pq. True }

by (unfold sra-to-mat-def mat-to-sra-def, simp)
also have ... = Sup-fin { Rep-ideal-point p * (Rep-ideal-point p)T * z *
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Rep-ideal-point q * (Rep-ideal-point )T | p q . True }
proof —
have Ap q . ideal ((Rep-ideal-point p)T * x % Rep-ideal-point q)
using Rep-ideal-point covector-mult-vector-ideal by force
hence A\p q . Rep-ideal (Abs-ideal ((Rep-ideal-point p)T x x % Rep-ideal-point
q)) = (Rep-ideal-point p)T * x * Rep-ideal-point q
using Abs-ideal-inverse by blast
thus ?thesis
by (simp add: mult.assoc)
qed
also have ... = Sup-fin { p x pT x zx ¢+ ¢* | p q . ideal-point p A ideal-point
q}
proof —
have { Rep-ideal-point p * (Rep-ideal-point p)* * x x Rep-ideal-point q
(Rep-ideal-point ¢)T | p q . True } = { px pT x 2 x ¢ x ¢© | p q . ideal-point p A
ideal-point q }
proof (rule set-eql)
fix z
show z € { Rep-ideal-point p * (Rep-ideal-point p)! x z * Rep-ideal-point q
* (Rep-ideal-point Q)T | pq. True } «— z€{pxpl sz xq*xq' | pq.
ideal-point p A ideal-point q }
proof
assume z € { Rep-ideal-point p * (Rep-ideal-point p)T * z *
Rep-ideal-point q * (Rep-ideal-point )T | p q . True }
from this obtain p ¢ where z = Rep-ideal-point p x (Rep-ideal-point p
* z x Rep-ideal-point q x (Rep-ideal-point ¢)T
by auto
thus z € { p* pT 2% ¢ x ¢° | p q . ideal-point p A ideal-point q }
using Rep-ideal-point by blast
next
assume 2z € { px pT x z x q¢* ¢ | p q . ideal-point p A ideal-point q }
from this obtain p ¢ where 1: ideal-point p A ideal-point ¢ A z = p * p*
x Tk gk gl
by auto
hence Rep-ideal-point (Abs-ideal-point p) = p A Rep-ideal-point
(Abs-ideal-point q) = ¢
using Abs-ideal-point-inverse by auto
thus z € { Rep-ideal-point p * (Rep-ideal-point p
* (Rep-ideal-point )T | p q . True }
using 1 by (metis (mono-tags, lifting) mem-Collect-eq)
qed
qed
thus ?thesis
by simp
qed
also have ... =z
by (rule ideal-point-rep-1[symmetric])
finally show ?thesis

)T

)T

)T

)T % z % Rep-ideal-point q
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qed

lemma mat-sra-mat:

sra-to-mat (mat-to-sra f) = f

by (unfold sra-to-mat-def mat-to-sra-def, simp add:
ideal-point-rep-2[symmetric|)

lemma sra-to-mat-sup-homomorphism:
sra-to-mat (z U y) = sra-to-mat z U sra-to-mat y
proof (rule ext,unfold split-paired-all)
fix pgq
have sra-to-mat (z U y) (p,q) = Abs-ideal ((Rep-ideal-point p)T * (z U y) *
Rep-ideal-point q)
by (unfold sra-to-mat-def, simp)
also have ... = Abs-ideal ((Rep-ideal-point p
(Rep-ideal-point p)T * y % Rep-ideal-point q)
by (simp add: comp-right-dist-sup
idempotent-left-zero-semiring-class.semiring. distrib-left)
also have ... = Abs-ideal ((Rep-ideal-point p)T * x % Rep-ideal-point q) LI
Abs-ideal ((Rep-ideal-point p)T % y * Rep-ideal-point q)
proof (rule sup-ideal.abs-eq[symmetric))
have 1: Az . ideal-point (Rep-ideal-point x::'a)
using Rep-ideal-point by blast
hence 2: covector ((Rep-ideal-point p)T')
using vector-conv-covector by blast
thus eg-onp ideal ((Rep-ideal-point p)T * x * Rep-ideal-point q)
((Rep-ideal-point p)T % z * Rep-ideal-point q)
using 1 by (simp add: comp-associative covector-mult-closed
eq-onp-same-args)
show eg-onp ideal ((Rep-ideal-point p)* x y x Rep-ideal-point q)
((Rep-ideal-point p)T % y * Rep-ideal-point q)
using 1 2 by (simp add: comp-associative covector-mult-closed
eq-onp-same-args)
qed
also have ... = sra-to-mat z (p,q) U sra-to-mat y (p,q)
by (unfold sra-to-mat-def, simp)
finally show sra-to-mat (z U y) (p,q) = (sra-to-mat z U sra-to-mat y) (p,q)
by simp
qed

)T % z x Rep-ideal-point q |

)T

lemma sra-to-mat-inf-homomorphism:

sra-to-mat (xz M y) = sra-to-mat x M sra-to-mat y
proof (rule ext,unfold split-paired-all)

fix pgq

have sra-to-mat (x M y) (p,q) = Abs-ideal ((Rep-ideal-point p
Rep-ideal-point q)

by (unfold sra-to-mat-def, simp)

also have ... = Abs-ideal ((Rep-ideal-point p)T * x % Rep-ideal-point q I

(Rep-ideal-point p)T * y * Rep-ideal-point q)

s (z M y) *
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by (metis (no-types, lifting) Rep-ideal-point conv-involutive
injective-comp-right-dist-inf mem-Collect-eq univalent-comp-left-dist-inf)
also have ... = Abs-ideal ((Rep-ideal-point p)T * x % Rep-ideal-point q) M
Abs-ideal ((Rep-ideal-point p)T % y * Rep-ideal-point q)
proof (rule inf-ideal.abs-eq[symmetric])
have 1: Az . ideal-point (Rep-ideal-point x::'a)
using Rep-ideal-point by blast
hence 2: covector ((Rep-ideal-point p)T)
using vector-conv-covector by blast
thus eg-onp ideal ((Rep-ideal-point p)T * x * Rep-ideal-point q)
((Rep-ideal-point p)T * z * Rep-ideal-point q)
using 1 by (simp add: comp-associative covector-mult-closed
eq-onp-same-args)
show eg-onp ideal ((Rep-ideal-point p)* x y x Rep-ideal-point q)
((Rep-ideal-point p)T % y * Rep-ideal-point q)
using 1 2 by (simp add: comp-associative covector-mult-closed
eq-onp-same-args)
qed
also have ... = sra-to-mat x (p,q) N sra-to-mat y (p,q)
by (unfold sra-to-mat-def, simp)
finally show sra-to-mat (z M y) (p,q) = (sra-to-mat x N sra-to-mat y) (p,q)
by simp
qed

)T

lemma sra-to-mat-conv-homomorphism:
sra-to-mat (z1) = (sra-to-mat )t

proof (rule ext,unfold split-paired-all)
fix p q

have sra-to-mat (z7) (p,q) = Abs-ideal ((Rep-ideal-point p)T * (zT) x
Rep-ideal-point q)
by (unfold sra-to-mat-def, simp)
also have ... = Abs-ideal (((Rep-ideal-point q)* x x * Rep-ideal-point p)T)
by (simp add: conv-dist-comp mult.assoc)
also have ... = Abs-ideal ((Rep-ideal-point q)T * x x Rep-ideal-point p)
proof —

have ideal-point (Rep-ideal-point p) A ideal-point (Rep-ideal-point q)
using Rep-ideal-point by blast
thus ?thesis
by (metis (full-types) covector-mult-vector-ideal ideal-conv-id)
qed

also have ... = (Abs-ideal ((Rep-ideal-point q)T * z * Rep-ideal-point p))T
by (metis Rep-ideal-inject conv-ideal.rep-eq)
also have ... = (sra-to-mat = (gq,p))T

by (unfold sra-to-mat-def, simp)
finally show sra-to-mat (z7) (p,q) = ((sra-to-mat x)*) (p,q)
by (simp add: conv-matriz-def)
qed

lemma sra-to-mat-complement-homomorphism:
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sra-to-mat (—z) = —(sra-to-mat x)
proof (rule ext,unfold split-paired-all)
fixpgq
have sra-to-mat (—x) (p,q) = Abs-ideal ((Rep-ideal-point p)T x —x *
Rep-ideal-point q)
by (unfold sra-to-mat-def, simp)
also have ... = Abs-ideal (—((Rep-ideal-point p)T * z x Rep-ideal-point q))
proof —
have 1: (Rep-ideal-point p)T x —z = —((Rep-ideal-point p)T * )
using Rep-ideal-point comp-mapping-complement surjective-conv-total by
force
have —((Rep-ideal-point p)T x x) x Rep-ideal-point ¢ = —((Rep-ideal-point
)T %z % Rep-ideal-point q)
using Rep-ideal-point comp-bijective-complement by blast
thus ?thesis
using I by simp
qed
also have ... = — Abs-ideal ((Rep-ideal-point p)* x x * Rep-ideal-point q)
proof (rule uminus-ideal.abs-eq[symmetric])
have 1: Az . ideal-point (Rep-ideal-point z::'a)
using Rep-ideal-point by blast
hence covector ((Rep-ideal-point p)T)
using vector-conv-covector by blast
thus eg-onp ideal ((Rep-ideal-point p)* % z * Rep-ideal-point q)
((Rep-ideal-point p)T % z * Rep-ideal-point q)
using 1 by (simp add: comp-associative covector-mult-closed
eq-onp-same-args)
qed
also have ... = —sra-to-mat z (p,q)
by (unfold sra-to-mat-def, simp)
finally show sra-to-mat (—z) (p,q) = (—sra-to-mat z) (p,q)
by simp
qed

)T

p

lemma sra-to-mat-bot-homomorphism:
sra-to-mat bot = bot
proof (rule ext,unfold split-paired-all)
fix p ¢ :: 'a ideal-point
have sra-to-mat bot (p,q) = Abs-ideal ((Rep-ideal-point p
Rep-ideal-point q)
by (unfold sra-to-mat-def, simp)
also have ... = bot
by (simp add: bot-ideal.abs-eq)
finally show sra-to-mat bot (p,q) = bot (p,q)
by simp
qed

)T % bot *

lemma sra-to-mat-top-homomorphism:
sra-to-mat top = top
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proof (rule ext,unfold split-paired-all)
fix p q :: 'a ideal-point
have sra-to-mat top (p,q) = Abs-ideal ((Rep-ideal-point p
Rep-ideal-point q)
by (unfold sra-to-mat-def, simp)
also have ... = top
proof —
have Az . ideal-point (Rep-ideal-point z::'a)
using Rep-ideal-point by blast
thus ?thesis
by (metis (full-types) conv-dist-comp symmetric-top-closed top-ideal.abs-eq)
qed
finally show sra-to-mat top (p,q) = top (p,q)
by simp
qed

)T % top *

lemma sra-to-mat-one-homomorphism:
sra-to-mat 1 = one-matriz
proof (rule ext,unfold split-paired-all)
fix p q :: 'a ideal-point
have sra-to-mat 1 (p,q) = Abs-ideal ((Rep-ideal-point p)T x Rep-ideal-point q)
by (unfold sra-to-mat-def, simp)

also have ... = one-matriz (p,q)
proof (cases p = q)
case True

hence (Rep-ideal-point p)T % Rep-ideal-point q = top
using Rep-ideal-point point-mult-top by auto

hence Abs-ideal ((Rep-ideal-point p)T * Rep-ideal-point q) = Abs-ideal top
by simp

also have ... = one-matriz (p,q)
by (unfold one-matriz-def, simp add: True one-ideal-def)

finally show ?thesis

next
case Fulse
have (Rep-ideal-point p)T * Rep-ideal-point ¢ = bot
apply (rule different-ideal-points-disjoint-2)
using Rep-ideal-point apply blast
using Rep-ideal-point apply blast
by (simp add: False Rep-ideal-point-inject)
also have ... = one-matriz (p,q)
by (unfold one-matriz-def, simp add: False)
finally show ?thesis
by (simp add: False bot-ideal-def one-matriz-def)
qed
finally show sra-to-mat 1 (p,q) = one-matriz (p,q)
by simp
qed
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lemma Abs-ideal-dist-sup-fin:
assumes finite X
and X # {}
and VzeX . ideal (f x)
shows Abs-ideal (Sup-fin { fz |z .z € X }) = Sup-fin { Abs-ideal (fz) | = .
re X}
proof (rule finite-ne-subset-induct'[where F=X])
show finite X
using assms(1) by simp
show X # {}
using assms(2) by simp
show X C X
by simp
fix y
assume 1: y € X
thus Abs-ideal (Sup-fin { fz |z .z € {y} }) = Sup-fin { Abs-ideal (fz) |z .z
€{y}}
by auto
fix F
assume 2: finite FF # {} F C X y ¢ F Abs-ideal (Sup-fin { fz |z .2 € F })
= Sup-fin { Abs-ideal (fz) |z .x€ F}
have Abs-ideal (Sup-fin { fx |z .z € insert y F }) = Abs-ideal (f y U Sup-fin
proof —
have Sup-fin { fz |z .z €insert y F } =fy U Sup-fin{ fz|xz.2 € F }
apply (subst Sup-fin.insert[symmetric])
using 2 apply simp
using 2 apply simp
by (auto intro: arg-cong[where f=Sup-fin])
thus ?thesis
by simp
qed
also have ... = Abs-ideal (f y) U Abs-ideal (Sup-fin { fz |z .2z € F })
proof (rule sup-ideal.abs-eq[symmetric])
show eg-onp ideal (fy) (fy)
using 1 by (simp add: assms(3) eq-onp-same-args)
have top * Sup-fin { fe |z .z € F } = Sup-fin { topx fz |z .z € F}
using 2 mult-left-dist-sup-fin by fastforce
hence top x Sup-fin { fz |z .2z € F } x top = Sup-fin { top * fz |z .z € F

} * top
by simp
also have ... = Sup-fin { top x fa x top |z .z € F }
using 2 mult-right-dist-sup-fin by force
also have ... = Sup-fin { fz |z .2 € F }

using 2 by (metis assms(3) subset-iff)
finally have top * Sup-fin { fz |z .2 € F } x top = Sup-fin { fz |z .2 € F

}

hence ideal (Sup-fin { fz |z .z € F})
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using ideal-fixpoint by blast
thus eg-onp ideal (Sup-fin { fz |z .z € F}) (Sup-fin { fe |z .2 € F})
by (simp add: eq-onp-def)
qed
also have ... = Abs-ideal (f y) U Sup-fin { Abs-ideal (fz) |z .z € F}
using 2 by simp
also have ... = Sup-fin { Abs-ideal (fz) |z .z € insert y F }
apply (subst Sup-fin.insert[symmetric])
using 2 apply simp
using 2 apply simp
by (auto intro: arg-cong[where f=Sup-fin])
finally show Abs-ideal (Sup-fin { fx |z .z € insert y F }) = Sup-fin {
Abs-ideal (fz) | z .z € insert y F }

qed

lemma sra-to-mat-mult-homomorphism:
sra-to-mat (z * y) = sra-to-mat x @ sra-to-mat y
proof (rule ext,unfold split-paired-all)
fix p q
have sra-to-mat (z * y) (p,q) = Abs-ideal ((Rep-ideal-point p)T x (z * y) *
Rep-ideal-point q)
by (unfold sra-to-mat-def, simp)

also have ... = Abs-ideal ((Rep-ideal-point p)T *  * 1 * y * Rep-ideal-point q)
by (simp add: mult.assoc)
also have ... = Abs-ideal ((Rep-ideal-point p)T * x * Sup-fin { r* rT | r.

ideal-point v } * y % Rep-ideal-point q)
by (unfold one-sup-ideal-points[symmetric|, simp)
also have ... = Abs-ideal ((Rep-ideal-point p)T x x % Sup-fin { Rep-ideal-point r
* (Rep-ideal-point r)T | r . r € UNIV } % y x Rep-ideal-point q)
proof —
have { r x rT | r:’a . ideal-point r } = { Rep-ideal-point v * (Rep-ideal-point
nT | r.re UNIV}
proof (rule set-eql)
fix z
show z € { r x rT | ri:/a . ideal-point v } <— x € { Rep-ideal-point r *
(Rep-ideal-point )T | r . r € UNIV }
proof
assume 7 € { 7 * rT | r:i'a . ideal-point r }
from this obtain r where 1: ideal-point r Nz =1 % r
by auto
hence Rep-ideal-point (Abs-ideal-point r) = r
using Abs-ideal-point-inverse by auto
thus z € { Rep-ideal-point v * (Rep-ideal-point r)T | r . r € UNIV }
using 1 by (metis (mono-tags, lifting) UNIV-I mem-Collect-eq)
next
assume z € { Rep-ideal-point r * (Rep-ideal-point )T | r . r € UNIV }
from this obtain r where = = Rep-ideal-point r * (Rep-ideal-point )7
by auto

T
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thus z € { r x 7 | r:/a . ideal-point r }
using Rep-ideal-point by blast
qed
qed
thus ?thesis
by simp
qed
also have ... = Abs-ideal (Sup-fin { (Rep-ideal-point p)T * x * Rep-ideal-point r
* (Rep-ideal-point )T | r . r € UNIV } x (y * Rep-ideal-point q))
by (subst mult-left-dist-sup-fin, simp-all add: mult.assoc)
also have ... = Abs-ideal (Sup-fin { (Rep-ideal-point p)T * x * Rep-ideal-point r
* (Rep-ideal-point )T x y * Rep-ideal-point q | v . r € UNIV })
by (subst mult-right-dist-sup-fin, simp-all add: mult.assoc)
also have ... = Sup-fin { Abs-ideal ((Rep-ideal-point p)T x x * Rep-ideal-point r
* (Rep-ideal-point )T * y % Rep-ideal-point q) | r . v € UNIV }
proof —
have 1: A\r . ideal ((Rep-ideal-point p)T * x % Rep-ideal-point r x
(Rep-ideal-point )T % y x Rep-ideal-point q)
proof —
fix r :: 'a ideal-point
have Az . ideal-point (Rep-ideal-point z::'a)
using Rep-ideal-point by blast
thus ideal ((Rep-ideal-point p)T % z * Rep-ideal-point r x (Rep-ideal-point
)T % y x Rep-ideal-point q)
by (simp add: covector-mult-closed vector-conv-covector vector-mult-closed)
qged
show ?thesis
apply (rule Abs-ideal-dist-sup-fin)
using 1 by simp-all
qed
also have ... = (||, Abs-ideal ((Rep-ideal-point p)T * z * Rep-ideal-point r *
(Rep-ideal-point )T % y x Rep-ideal-point q))
by (rule sup-fin-sum)

also have ... = (| |, Abs-ideal ((Rep-ideal-point p)T * x * Rep-ideal-point r N
(Rep-ideal-point )T % y x Rep-ideal-point q))
proof —

have Ar . (Rep-ideal-point p)T % z * Rep-ideal-point r x ((Rep-ideal-point r)T
* y * Rep-ideal-point q) = (Rep-ideal-point p)T x x * Rep-ideal-point r I
(Rep-ideal-point )T % y x Rep-ideal-point q
proof (rule ideal-mult-inf)
fix r :: 'a ideal-point
have 2: Az . ideal-point (Rep-ideal-point z::'a)
using Rep-ideal-point by blast
thus ideal ((Rep-ideal-point p)* % z * Rep-ideal-point r)
by (simp add: covector-mult-closed vector-conv-covector vector-mult-closed)
show ideal ((Rep-ideal-point 7)1 x y * Rep-ideal-point q)
using 2 by (simp add: covector-mult-closed vector-conv-covector
vector-mult-closed)

qed
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thus ?thesis
by (simp add: mult.assoc)

qed

also have ... = (||, Abs-ideal ((Rep-ideal-point p)* x x * Rep-ideal-point r) *
Abs-ideal ((Rep-ideal-point 7)1 x y x Rep-ideal-point q))

proof —

have Ar . Abs-ideal ((Rep-ideal-point p)T % z % Rep-ideal-point r M
(Rep-ideal-point )T % y x Rep-ideal-point q) = Abs-ideal (( Rep-ideal-point p
z * Rep-ideal-point r) x Abs-ideal ((Rep-ideal-point )T * y * Rep-ideal-point q)

proof (rule times-ideal.abs-eq[symmetric])

fix r :: 'a ideal-point
have 3: Az . ideal-point (Rep-ideal-point z::'a)
using Rep-ideal-point by blast
hence 4: covector ((Rep-ideal-point p)T) A covector ((Rep-ideal-point r)T)
using vector-conv-covector by blast
thus eq-onp ideal ((Rep-ideal-point p)* * z * Rep-ideal-point 1)
((Rep-ideal-point p)T % z * Rep-ideal-point r)
using 3 by (simp add: comp-associative covector-mult-closed
eq-onp-same-args)
show eg-onp ideal ((Rep-ideal-point r
((Rep-ideal-point )T % y * Rep-ideal-point q)
using 3 / by (simp add: comp-associative covector-mult-closed
eq-onp-same-args)
qed
thus ?thesis
by simp
qed
also have ... = (| |, sra-to-mat = (p,r) * sra-to-mat y (r,q))
by (unfold sra-to-mat-def, simp)
finally show sra-to-mat (z * y) (p,q) = (sra-to-mat z ® sra-to-mat y) (p,q)
by (simp add: times-matriz-def)
qged

)T

)T % y x Rep-ideal-point q)

end
theory Cardinality

imports List— Infinite. InfiniteSet2 Representation
begin

unbundle (in uminus) no uminus-syntax

2 Atoms Below an Element in Partial Orders

We define the set and the number of atoms below an element in a partial
order. To handle infinitely many atoms we use enat, which are natural
numbers with infinity, and icard, which modifies card by giving a separate
option of being infinite. We include general results about enat, icard, sets
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functions and atoms.

lemma enat-mult-strict-mono:
assumes a < b ¢ < d (0:enat) < b0 < c
shows a x ¢ < b * d
proof —
have a # 00 A ¢ #
using assms(1,2) linorder-not-le by fastforce
thus ?thesis
using assms by (smt (verit, del-insts) enat-0-less-mult-iff idiff-eq-conv-enat
tlel1 imult-ile-mono imult-is-infinity-enat less-eq-idiff-eq-sum less-le-not-le
mult-eSuc-right order.strict-transl order-le-neg-trans zero-enat-def)
qed

lemma enat-mult-strict-mono’:
assumes ¢ < b and ¢ < d and (0::enat) < aand 0 < ¢
shows a x ¢ < b * d
using assms by (auto simp add: enat-mult-strict-mono)

lemma finite-icard-card:
finite A = icard A = icard B = card A = card B
by (metis icard-def icard-eq-enat-imp-card)

lemma icard-eq-sum:
finite A = icard A = sum (Az. 1) A
by (simp add: icard-def of-nat-eq-enat)

lemma icard-sum-constant-function:
assumes V€A . fz = ¢
and finite A
shows sum f A = (icard A) * c
by (metis assms icard-finite-conv of-nat-eq-enat sum.cong sum-constant)

lemma icard-le-finite:
assumes icard A < icard B
and finite B
shows finite A
by (metis assms enat-ord-simps(5) icard-infinite-conv)

lemma bij-betw-same-icard:
bij-betw f A B = icard A = icard B
by (simp add: bij-betw-finite bij-betw-same-card icard-def)

lemma surj-icard-le: B C f ¢ A = icard B < icard A
by (meson icard-image-le icard-mono preorder-class.order-trans)

lemma icard-image-part-le:
assumes Vz€Ad . fz C B
and VzeA . fz # {}
and Vzed . VyecA . 24y — fanfy={}
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shows icard A < icard B
proof —
haveVzeAd . Jy . ye fz N B
using assms(1,2) by fastforce
hence 3g . Vz€Ad . gz € fx N B
using bchoice by simp
from this obtain g where 1: Vz€A . gz € fz N B
by auto
hence inj-on g A
by (metis Int-iff assms(3) empty-iff inj-onI)
thus icard A < icard B
using 1 icard-inj-on-le by fastforce
qed

lemma finite-image-part-le:
assumes Vz€A . fz C B
and VzeAd . fz # {}
and Vzed . VyecA .24y — fanfy={}
and finite B
shows finite A
by (metis assms icard-image-part-le icard-le-finite)

context semiring-1
begin

lemma sum-constant-function:
assumes VzeAd . fx =c¢
shows sum f A = of-nat (card A) * ¢
proof (cases finite A)
case True
show ?thesis
proof (rule finite-subset-induct)
show finite A
using True by simp
show A C A
by simp
show sum f {} = of-nat (card {}) * ¢
by simp
fix a F
assume finite F a € A a ¢ F sum f F = of-nat (card F) * ¢
thus sum f (insert a F) = of-nat (card (insert a F)) * ¢
using assms by (metis sum.insert sum-constant)
qed
next
case Fulse
thus ?thesis
by simp
qed
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end

context order
begin

lemma ne-finite-has-minimal:
assumes finite S
and S # {}
shows dmeS .VzeS .z <m —z=m
proof (rule finite-ne-induct)
show finite S
using assms(1) by simp
show S # {}
using assms(2) by simp
show Az . 3Ime{z}. Vye{z}. y<m — y=m
by auto
show Az F . finite F —= F # {} = ¢t ¢ F = (ImeF .VyeF .y < m —
y=m) = (Im€insert x F . Vycinsert z F . y < m — y = m)
by (metis finite-insert insert-not-empty finite-has-minimal)
qed

end

context order-bot
begin

abbreviation atoms-below :: 'a = 'a set ({AB))
where atoms-below x = { a . atoma AN a <z}

definition num-atoms-below :: 'a = enat (<nAB»)
where num-atoms-below x = icard (atoms-below )

lemma AB-iso:
x<y=— ABzx C ABy
by (simp add: Collect-mono dual-order.trans)

lemma A B-bot:

AB bot = {}
by (simp add: bot-unique)

lemma nAB-bot:
nAB bot = 0
proof —
have nAB bot = icard (AB bot)
by (simp add: num-atoms-below-def)
also have ... = 0
by (metis (mono-tags, lifting) AB-bot icard-empty)
finally show ?thesis
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qed

lemma AB-atom:
atom a +— AB a = {a}
by blast

lemma nAB-atom:
atom a = nAB a = 1
proof —
assume atom a
hence AB a = {a}
using AB-atom by meson
thus nABa =1
by (simp add: num-atoms-below-def one-eSuc)
qed

lemma nAB-iso:
r<y= nABz < nABy
using icard-mono AB-iso num-atoms-below-def by auto

end

context bounded-semilattice-sup-bot
begin

lemma nAB-iso-sup:
nAB z < nAB (z U y)
by (simp add: nAB-iso)

end

context bounded-lattice
begin

lemma different-atoms-disjoint:
atom v = atomy = x # y = x [y = bot
using inf-lel le-iff-inf by auto

lemma AB-dist-inf:
AB (zMy)=ABxznN ABy
by auto

lemma AB-iso-inf:
AB (zMy) C ABz
by (simp add: Collect-mono)

lemma A B-iso-sup:

ABxz C AB (z U y)
by (simp add: Collect-mono le-supll)
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lemma A B-disjoint:
assumes z 1y = bot
shows ABz N ABy = {}
proof (rule Int-emptyl)
fix a
assume a € ABzra € ABy
hence atomaANa<zANa<y
by simp
thus False
using assms bot-unique by fastforce
qed

lemma nAB-iso-inf:
nAB (x My) < ndBzx
by (simp add: nAB-iso)

end

context distrib-lattice-bot
begin

lemma atom-in-sup:
assumes atom a
and a <z Uy
shows a <z Va<y
proof —
have 1: a = (a M z) U (a M y)
using assms(2) inf-sup-distribl le-iff-inf by force
have aMax =botVallzxz=a
using assms(1) by fastforce
thus ?thesis
using 1 le-iff-inf sup-bot-left by fastforce
qed

lemma atom-in-sup-iff:
assumes atom a
shows e <zlUy<+—a<zVa<ly
using assms atom-in-sup le-supll le-supI2 by blast

lemma atom-in-sup-zor:
atomae=—=a<zUy=—zNy=bit= (a<zA-a<y)V(a<zAa

<)
using atom-in-sup bot-unique le-inf-iff by blast

lemma atom-in-sup-zor-iff:
assumes atom a
and z M y = bot
showsa <zUy+— (a<zA-a<y)V(ia<zAa<y)
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using assms atom-in-sup-zor le-supll le-supl2 by auto

lemma A B-dist-sup:
AB (zxUy)=ABz U ABy
proof
show AB (z U y) C ABz U AB y
using atom-in-sup by fastforce
next
show ABz U ABy C AB (z U y)
using le-supll le-supI2 by fastforce
qged

end

context bounded-distrib-lattice
begin

lemma nAB-add:
nAB x + nABy = nAB (z U y) + nAB (z N y)
proof —
have nAB z + nAB y = icard (AB x U AB y) + icard (AB z N AB y)
using num-atoms-below-def icard-Un-Int by auto
also have ... = nAB (z U y) + nAB (z M y)
using num-atoms-below-def AB-dist-inf AB-dist-sup by auto
finally show ?thesis

qged

lemma nA B-split-disjoint:
assumes z [y = bot
shows nAB (z U y) = nABz + nABy
by (simp add: assms nAB-add nAB-bot)

end

context p-algebra
begin

lemma atom-in-p:
atoma — a < zVa< —zx
using inf.orderl pseudo-complement by force

lemma atom-in-p-zor:
atoma= (a<zAN-a<-2z)V(ha<zAa<—2x)
by (metis atom-in-p le-iff-inf pseudo-complement)

The following two lemmas also hold in distributive lattices with a least
element (see above). However, p-algebras are not necessarily distributive,
so the following results are indepenent.
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lemma atom-in-sup’:
atoma=—=a<zUy=—a<zVa<y
by (metis inf.absorb-iff2 inf.sup-ge2 pseudo-complement sup-least)

lemma AB-dist-sup:
AB (zxUy)=ABz U ABy
proof
show AB (z U y) C ABzU AB y
using atom-in-sup’ by fastforce
next
show ABz U ABy C AB (z U y)
using le-supl! le-supI2 by fastforce
qed

lemma AB-split-1:
ABz = AB ((z M y) U (z 1 —y))
proof
show ABxz C AB ((z M y) U (z 1 —y))
proof
fix a
assume a € AB
hence atom a N a < z
by simp
hence atom a A a < (z M y) U (z N —y)
by (metis atom-in-p-zor inf.boundedl le-supll le-supl2)
thus a € AB ((z M y) U (z N —y))
by simp
qed
next
show AB ((zMy)U (zN —y)) C AB«x
using atom-in-sup’ inf.boundedE by blast
qed

lemma AB-split-2:
ABz = AB (zMy) U AB (z 1N —y)
using AB-dist-sup’ AB-split-1 by auto

lemma A B-split-2-disjoint:
AB (zMy) N AB (z N —y) = {}
using atom-in-p-zor by fastforce

lemma AB-pp:
AB (——z) = ABx
by (metis (opaque-lifting) atom-in-p-zor)

lemma nAB-pp:

nAB (——z) = nAB x
using A B-pp num-atoms-below-def by auto
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lemma nAB-split-1:
nABxz =nAB ((z M y) U (z N — y))
using AB-split-1 num-atoms-below-def by simp

lemma nAB-split-2:
nAB 1z = nAB (z M y) + nAB (z N —vy)
proof —
have icard (AB (z M y)) + icard (AB (x 1 —y)) = icard (AB (z M y) U AB (=
M —y)) + icard (AB (z 11 y) N AB (z 1 —y))
using icard-Un-Int by auto
also have ... = icard (AB 1)
using A B-split-2 AB-split-2-disjoint by auto
finally show ?thesis
using num-atoms-below-def by auto
qed

end

3 Atoms Below an Element in Stone Relation
Algebras

We extend our study of atoms below an element to Stone relation algebras.
We consider combinations of the following five assumptions: the Stone rela-
tion algebra is atomic, atom-rectangular, atom-simple, a relation algebra, or
has finitely many atoms. We include general properties of atoms, rectangles
and simple elements.

context stone-relation-algebra
begin

abbreviation rectangle :: ‘a = bool where rectangle © = z * top x < x
abbreviation simple :: ‘a = bool where simple 1 = top x = * top = top

lemma rectangle-eq:
rectangle x <— T * top x T = x
by (simp add: order.eq-iff ex231d)

lemma arc-univalent-injective-rectangle-simple:

arc a «<— univalent a A injective a N\ rectangle a N\ simple a

by (smt (23) arc-top-arc comp-associative conv-dist-comp conv-involutive
ideal-top-closed surjective-vector-top rectangle-eq)

lemma conv-atom:
atom ¥ = atom (z
by (metis conv-involutive conv-isotone symmetric-bot-closed)

)

lemma conv-atom-iff:

atom x <— atom (a7)
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by (metis conv-atom conv-involutive)

lemma counterezample-different-atoms-top-disjoint:
atom x = atomy = # y = x * top [ y = bot
nitpick|ezpect=genuine,card=4]
oops

lemma counterezample-different-univalent-atoms-top-disjoint:

atom © = univalent © = atom y =—> univalent y = = # y = x * top M y
= bot

nitpick|ezpect=genuine,card=4]

oops

lemma AB-card-4-1:
a<zNa<ly+s—a<zUyANa<zlly
using le-supl! by auto

lemma AB-card-4-2:
assumes atom a
shows (a <z A-a<y)V(a<zAa<y+—a<zUyA-a<zMNy
using assms atom-in-sup le-supll le-supl2 by auto

lemma AB-card-4-3:
assumes atom a
shows " a <z A" a<y+— - a<zUyN—-a<zNy
using assms AB-card-4-2 by auto

lemma AB-card-5-1:
assumes atom a
and a < z7 x y Mz
showszxaMy<zxxzMNy
and z * a M y # bot
proof —
show zxaMy<zxzx2zMNy
using assms(2) comp-inf.mult-left-isotone mult-right-isotone by auto
show z x a M y # bot
by (smt assms inf .left-commute inf.left-idem inf-absorbl schroeder-1)
qged

lemma AB-card-5-2:
assumes univalent x
and atom a
and atom b
and b < zT xy Mz
and a # b
shows (z x a M y) M (z % b M y) = bot
andzxalyFzxbMy
proof —
show (z x a M y) M (z x b1 y) = bot
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by (metis assms(1—3,5) comp-inf.semiring.mult-zero-left inf.cobounded!
inf.left-commute inf.sup-monoid.add-commute semiring.mult-not-zero
univalent-comp-left-dist-inf)
thuszxaNMy#zxbMNy
using AB-card-5-1(2) assms(3,4) by fastforce
qed

lemma AB-card-6-0:
assumes univalent x
and atom a
and a < z
and atom b
and b < z
and a # b
shows a * top M b *x top = bot
proof —
have o x b < 1
by (meson assms(1,3,5) comp-isotone conv-isotone dual-order.trans)
hence a x top M b = bot
by (metis assms(2,4,6) comp-inf.semiring.mult-zero-left comp-right-one
inf.coboundedl inf.cobounded2 inf.orderE schroeder-1)
thus ?thesis
using vector-bot-closed vector-export-comp by force
qed

lemma AB-card-6-1:
assumes atom a
and a <z Myx*z
shows a x 2 My < z*xzMy
and a x z M y # bot
proof —
show a x 2 My <z xzMy
using assms(2) inf.sup-left-isotone mult-left-isotone by auto
show a % 2z M y # bot
by (metis assms inf.absorb2 inf.boundedE schroeder-2)
qed

T

lemma AB-card-6-2:
assumes univalent
and atom a
and a <z My x* 2
and atom b
and b <z My * 2T
and a # b
shows (a x z M y) M (b * z M y) = bot
and a*x zMy#bxzMy
proof —
have (a x 2 M y) N (bx2zMy) < ax* top M bx top
by (meson comp-inf.comp-isotone comp-inf.ex231d inf.boundedE

T
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mult-right-isotone)
also have ... = bot
using A B-card-6-0 assms by force
finally show (a * z M y) M (b x z M y) = bot
using le-bot by blast
thusax 2Ny #bxzMy
using AB-card-6-1(2) assms(4,5) by fastforce
qed

lemma nAB-conv:
nAB z = nAB (27)
proof (unfold num-atoms-below-def, rule bij-betw-same-icard)
show bij-betw conv (AB ) (AB (z1))
proof (unfold bij-betw-def, rule conjI)
show inj-on conv (AB x)
by (metis (mono-tags, lifting) inj-onl conv-involutive)
show conv ‘ ABz = AB (z7)
proof
show conv ‘ ABx C AB (a7)
using conv-atom-iff conv-isotone by force
show AB (zT) C conv  AB x
proof
fix y
assume y € AB (z1)
hence atom y A y < zT
by auto
hence atom (y7) A yT <z
using conv-atom-iff conv-order by force
hence y” € AB z
by auto
thus y € conv ‘ AB x
by (metis (no-types, lifting) image-iff conv-involutive)
qed
qed
qed
qed

lemma domain-atom:
assumes atom a
shows atom (a * top M 1)
proof
show a *x top M 1 # bot
by (metis assms domain-vector-conv ex231a inf-vector-comp mult-left-zero
vector-export-comp-unit)
next
show Vy. y A bot Ny<axtopl 1 — y=axtopl 1
proof (rule olll, rule impl)
fix y
assume 1: y # bot Ay < a * top M 1
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hence 2: y =1 My * a x top
using dedekind-injective comp-associative coreflexive-idempotent
coreflexive-symmetric inf.absorb2 inf.sup-monoid.add-commute by auto
hence y * a # bot
using 1 comp-inf.semiring.mult-zero-right vector-bot-closed by force
hence a = y * a
using 1 by (metis assms comp-right-one coreflexive-comp-top-inf
inf.boundedE mult-sub-right-one)
thus y = a % top N 1
using 2 inf.sup-monoid.add-commute by auto
qed
qed

lemma codomain-atom:
assumes atom a
shows atom (top * a 1 1)
proof —
have top x a M 1 = a” * top M 1
by (simp add: domain-vector-covector inf.sup-monoid.add-commute)
thus ?thesis
using domain-atom conv-atom assms by auto
qged

lemma atom-rectangle-atom-one-rep:
(Va.atoma— ax*top*xa<a)+— Va.atomaNa<1— axtopx*a
<1)
proof
assume Va . atom a — a * top ¥ a < a
thus Va.atomaNa<1— axtop*a<1
by auto
next
assume 1:Va.atomaNa<1— axtopx*a<1
show Va . atom a — a x top x a < a
proof (rule alll, rule impl)
fix a
assume atom a
hence atom (a * top M 1)
by (simp add: domain-atom)
hence (a * top M 1) * top x (a x top M 1) < 1
using 1 by simp
hence a * top x af < 1
by (smt comp-associative conv-dist-comp coreflexive-symmetric ex231e
inf-top.right-neutral symmetric-top-closed vector-export-comp-unit)
thus a * top x a < a
by (smt comp-associative conv-dist-comp domain-vector-conv order.eg-iff
ex231e inf.absorb?2 inf.sup-monoid.add-commute mapping-one-closed
symmetric-top-closed top-right-mult-increasing vector-export-comp-unit)
qged
qed
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lemma AB-card-2-1:
assumes a * top * a < a
shows (a * top M 1) *x top * (top * aM 1) = a
by (metis assms comp-inf.vector-top-closed covector-comp-inf ex231d
order.antisym inf-commute surjective-one-closed vector-export-comp-unit
vector-top-closed mult-assoc)

lemma atomsimple-atom1simple:
(Va . atom a — top x a * top = top) +— (Va . atoma A a <1 — top x a
* top = top)
proof
assume Va . atom a — top * a * top = top
thus Va . atoma N a < 1 — top x a *x top = top
by simp
next
assume 1:Va .atoma A a < 1 — top x a * top = top
show Va . atom a — top x a x top = top
proof (rule alll, rule impl)
fix a
assume atom a
hence 2: atom (a * top N 1)
by (simp add: domain-atom)
have top * (a * top M 1) * top = top * a * top
using comp-associative vector-export-comp-unit by auto
thus top * a x top = top
using 1 2 by auto
qed
qed

lemma AB-card-2-2:
assumes atom a
and a < I
and atom b
and b < 1
and Va . atom a — top x a x top = top
shows a x top x b x topM 1 = aand top x a x topx bMN 1 =10
proof —
show a x top x b x top M 1 = a
using assms(2,3,5) comp-associative coreflexive-comp-top-inf-one by auto
show top x a x topx b1 =10
using assms(1,4,5) epm-3 inf.sup-monoid.add-commute by auto
qed

abbreviation dom-cod :: 'a = 'a X 'a
where dom-cod a = (a * top M 1, top x a M 1)

lemma dom-cod-atoms-1:
dom-cod “ AB top C AB1 x AB 1
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proof
fix z
assume z € dom-cod ‘ AB top
from this obtain a where 1: atom a N\ © = dom-cod a
by auto
hence a x top M1 € AB1 Ntopxall 1€ AB 1
using domain-atom codomain-atom by auto
thus x € AB1 x AB 1
using 1 by auto
qed

end

class stone-relation-algebra-simple = stone-relation-algebra +
assumes simple: © # bot — simple
begin

lemma point-ideal-point:
point  <— ideal-point x
using simple by fastforce

end

3.1 Atomic

class stone-relation-algebra-atomic = stone-relation-algebra +
assumes atomic: x # bot — (3a . atom a A a < x)
begin

lemma AB-nonempty:
x # bot = ABx # {}
using atomic by fastforce

lemma A B-nonempty-iff:
x # bot +— ABz # {}
using AB-nonempty AB-bot by blast

lemma atomsimple-simple:
(Va . a# bot — top x a *x top = top) +— (Va . atom a —> top * a * top =
top)
proof
assume Va . a # bot — top x a *x top = top
thus Va . atom a — top % a x top = top
by simp
next
assume 1: Va . atom a — top * a * top = top
show Ya . a # bot — top x a * top = top
proof (rule alll, rule impl)
fix a
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assume a # bot
from this atomic obtain b where 2: atom b A b < a
by auto
hence top x b x top = top
using 1 by auto
thus top * a x top = top
using 2 by (metis order.antisym mult-left-isotone mult-right-isotone
top.extremum)
qed
qged

lemma AB-card-2-3:
assumes a # bot
and a < I
and b # bot
and b < I
and Va . a # bot — top * a * top = top
shows a x top x b« topM 1 = aand top x a x topx b1 =10
proof —
show a x top x b« top M 1 = a
using assms(2,3,5) comp-associative coreflexive-comp-top-inf-one by auto
show top x a x topx b1 1 =1
using assms(1,4,5) epm-3 inf.sup-monoid.add-commute by auto
qed

lemma injective-down-closed:
z < y = injective y = injective x
using conv-isotone mult-isotone by fastforce

lemma univalent-down-closed:
r < y = univalent y = univalent x
using conv-isotone mult-isotone by fastforce

lemma nAB-bot-iff:
x = bot +— nABz =0
by (smt (verit, best) icard-0-eq AB-nonempty-iff num-atoms-below-def)

It is unclear if atomic is necessary for the following two results, but it
seems likely.

lemma nAB-univ-comp-meet:
assumes univalent x
shows nAB (27 % y M 2) < nAB (z % 2 N y)
proof (unfold num-atoms-below-def, rule icard-image-part-le)
show Va € AB (27 + yMz) . AB(z*aMy) C AB (z % 21 y)
proof
fix a
assume a € AB (27 % y M 2)
hencez xaMy<zxzMNy
using AB-card-5-1(1) by auto
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thus AB (z x aMy) C AB (z x 2z M y)
using AB-iso by blast
qed
next
show Va € AB (z7 sy 2) . AB (z * a N y) # {}
proof
fix a
assume a € AB (27 x y M 2)
hence z x a M y # bot
using AB-card-5-1(2) by auto
thus AB (z x a M y) # {}
using atomic by fastforce
qed
next
show Va € AB (27 xyMz2) .Vbe AB (a7 vy 2).a# b — AB (z % a T
y) N AB (% b1 y) = {}
proof (intro balll, rule impI)
fix a b
assume a € AB (27 x yMz2)be AB (2T xyNz) a# b
hence (z x a M y) N (z x b M y) = bot
using assms AB-card-5-2(1) by auto
thus AB (zxaMy) NAB (zxbNy)={}
using AB-bot AB-dist-inf by blast
qed
qed

lemma nAB-univ-meet-comp:
assumes univalent x
shows nAB (z My * 27) < nAB (z % 2 M y)
proof (unfold num-atoms-below-def, rule icard-image-part-le)
show Va € AB (z My« 27) . AB(a* 2My) C AB (z % 2 M y)
proof
fix a
assume a € AB (z M y x 27T)
hence a x z2My <z xzMy
using AB-card-6-1(1) by auto
thus AB (a*x z2My) C AB (z * 2z M y)
using AB-iso by blast
qed
next
show Va € AB (z My« 2T) . AB (a* zMy) # {}
proof
fix a
assume a € AB (z M y x 27T)
hence a x 2z M y # bot
using AB-card-6-1(2) by auto
thus AB (a x 2z M y) # {}
using atomic by fastforce
qed
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next
show Va € AB (zMyx2T) . Vbe AB(zMyx*zl) . a#b— AB (ax* 2z
y) OB (b 21 y) = {}
proof (intro balll, rule impl)
fixabd
assume a € AB (zMyx20)be AB (z My 2") a# b
hence (a x zMy) N (b* 2z M y) = bot
using assms AB-card-6-2(1) by auto
thus AB (ax zMy) N AB (bx zMNy) ={}
using AB-bot AB-dist-inf by blast
qed
qed

end

3.2 Atom-rectangular

class stone-relation-algebra-atomrect = stone-relation-algebra +
assumes atomrect: atom a — rectangle a
begin

lemma atomrect-eq:
atom a = a * top x a = a
by (simp add: order.antisym ex231d atomrect)

lemma AB-card-2-4:
assumes atom a
shows (a * top M 1) *x top * (top x aM 1) = a
by (simp add: assms AB-card-2-1 atomrect)

lemma simple-atom-2:
assumes atom a
and a < !
and atom b
and b < I
and z # bot
and z < a * top * b
shows z = a * top x b
proof —
have 1: z * top M 1 # bot
by (metis assms(5) inf-top-right le-bot top-right-mult-increasing
vector-bot-closed vector-export-comp-unit)
have z « top M 1 < a * top x b x top M 1
using assms(6) comp-inf.comp-isotone comp-isotone by blast
also have ... < a * top M 1
by (metis comp-associative comp-inf.mult-right-isotone
inf.sup-monoid.add-commute mult-right-isotone top.extremum)
also have ... = a
by (simp add: assms(2) coreflexive-comp-top-inf-one)
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finally have 2: z x top M 1 = a
using 1 by (simp add: assms(1) domain-atom)
have 3: top x 2 M 1 # bot
using 1 by (metis schroeder-1 schroeder-2 surjective-one-closed
symmetric-top-closed total-one-closed)
have top x x M 1 < top * a x top x b M 1
by (metis assms(6) comp-associative comp-inf.comp-isotone mult-right-isotone
reflexive-one-closed)
also have ... < top x b1 1
using inf.sup-mono mult-left-isotone top-greatest by blast
also have ... = b
using assms(4) epm-3 inf.sup-monoid.add-commute by auto
finally have top x x 1 1 = b
using 3 by (simp add: assms(3) codomain-atom)
hence a * top *x b = = * top * x
using 2 by (smt abel-semigroup.commute covector-comp-inf
inf.abel-semigroup-axioms inf-top-right surjective-one-closed
vector-export-comp-unit vector-top-closed mult-assoc)
also have ... = a % top * b * top *x (z M a * top * b)
using assms(6) calculation inf-absorbl by auto
also have ... < a x top x (z M a * top * b)
by (metis comp-associative comp-inf-covector inf.idem inf.order-iff
mult-right-isotone)
also have ... < a * top x (z M a * top)
using comp-associative comp-inf.mult-right-isotone mult-right-isotone by auto
also have ... = a * top * a *
by (metis comp-associative comp-inf-vector inf-top.left-neutral)
also have ... = a * top * a *x ¢
by (simp add: assms(2) coreflexive-symmetric)
also have ... = a x z
by (simp add: assms(1) atomrect-eq)
also have ... < z
using assms(2) mult-left-isotone by fastforce
finally show ?thesis
using assms(6) order.antisym by blast
qed

lemma dom-cod-inj-atoms:
inj-on dom-cod (AB top)
proof
fix a b
assume 1: a € AB top b € AB top dom-cod a = dom-cod b
have a = a * top x a
using 1 atomrect-eq by auto
also have ... = (a * top M 1) = top = (top x a 11 1)
using calculation AB-card-2-1 by auto
also have ... = (b * top M 1) * top x (top x bM 1)
using I by simp
also have ... = b * top * b

47



using abel-semigroup.commute comp-inf-covector inf.abel-semigroup-axioms
vector-export-comp-unit mult-assoc by fastforce
also have ... = b
using 1 atomrect-eq by auto
finally show a = b

qed

lemma finite-AB-iff:
finite (AB top) +— finite (AB 1)
proof
have AB 1 C AB top
by auto
thus finite (AB top) = finite (AB 1)
by (meson finite-subset)
next
assume I: finite (AB 1)
show finite (AB top)
proof (rule inj-on-finite)
show inj-on dom-cod (AB top)
using dom-cod-inj-atoms by blast
show dom-cod ‘ AB top C AB1 x AB 1
using dom-cod-atoms-1 by blast
show finite (AB 1 x AB 1)
using 1 by blast
qged
qged

lemma nAB-top-1:
nAB top < nAB 1 * nAB 1
proof (unfold num-atoms-below-def icard-cartesian-product| THEN sym], rule
icard-ing-on-le)
show inj-on dom-cod (AB top)
using dom-cod-inj-atoms by blast
show dom-cod * AB top C AB1 x AB 1
using dom-cod-atoms-1 by blast
qed

lemma atom-vector-injective:
assumes atom x
shows injective (z * top)
proof —
have atom (x * top M 1)
by (simp add: assms domain-atom)
hence (z * top M 1) * top x (z x top M 1) < 1
using atom-rectangle-atom-one-rep atomrect by auto
hence z * top x 7 < 1
by (smt comp-associative conv-dist-comp coreflexive-symmetric ex231e
inf-top.right-neutral symmetric-top-closed vector-export-comp-unit)
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thus injective (z * top)
by (metis comp-associative conv-dist-comp symmetric-top-closed
vector-top-closed)
qed

lemma atom-injective:

atom v = injective x

by (metis atom-vector-injective comp-associative conv-dist-comp
dual-order.trans mult-right-isotone symmetric-top-closed top-left-mult-increasing)

lemma atom-covector-univalent:

atom & = univalent (top * x)

by (metis comp-associative conv-involutive atom-vector-injective conv-atom-iff
conv-dist-comp symmetric-top-closed)

lemma atom-univalent:
atom r = univalent
using atom-injective conv-atom-iff univalent-conv-injective by blast

lemma counterexample-atom-simple:
atom T —> simple x
nitpick|[ezpect=genuine,card=3]
oops

lemma symmetric-atom-below-1:
assumes atom T
and 7 = o7
shows z < 1
proof —
have z = x x top x x
using assms atomrect-eq by auto
also have ... < I
by (metis assms(1) atom-vector-injective conv-dist-comp
equivalence-top-closed ideal-top-closed mult-assoc)
finally show ?thesis

T

qed

end

3.3 Atomic and Atom-Rectangular

class stone-relation-algebra-atomic-atomrect = stone-relation-algebra-atomic +
stone-relation-algebra-atomrect
begin

lemma point-dense:

assumes z # bot
and z < [
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shows Ja.a# bot Naxtopxa<1ANa<cz
proof —
from atomic obtain a where 1: atoma AN a < z
using assms(1) by auto
hence a * top x a < a
by (simp add: atomrect)
also have ... < I
using 1 assms(2) order-trans by blast
finally show ?thesis
using ! by blast
qed

end

3.4 Atom-simple

class stone-relation-algebra-atomsimple = stone-relation-algebra +
assumes atomsimple: atom a —> simple a
begin

lemma AB-card-2-5:
assumes atom a
and a < 1
and atom b
and b < 1
shows a x top x b« topM 1 = aand top x a x topx b1 =10
using assms AB-card-2-2 atomsimple by auto

lemma simple-atom-1:

atom a => atom b => a * top * b #* bot

by (metis order.antisym atomsimple bot-least comp-associative mult-left-zero
top-right-mult-increasing)

end

3.5 Atomic and Atom-simple

class stone-relation-algebra-atomic-atomsimple = stone-relation-algebra-atomic +
stone-relation-algebra-atomsimple
begin

subclass stone-relation-algebra-simple
apply unfold-locales
using atomsimple atomsimple-simple by blast

lemma AB-card-2-6:
assumes a # bot
and a < I
and b # bot
and b < 1
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shows a x top x b« topM 1 = aand top x a x topx bMN 1 =0
using assms AB-card-2-3 simple atomsimple-simple by auto

lemma dom-cod-atoms-2:
AB 1 x AB 1 C dom-cod ‘ AB top
proof
fix z
assume z € AB 1 x AB 1
from this obtain a b where 1: atoma A a < I AN atombAb<1Axz=(ab)
by auto
hence a * top * b # bot
by (simp add: simple-atom-1)
from this obtain ¢ where 2: atom ¢ A ¢ < a * top x b
using atomic by blast
hence ¢ x top M 1 < a *x top M 1
by (smt comp-inf.comp-isotone inf.boundedE inf.orderE inf-vector-comp
reflexive-one-closed top-right-mult-increasing)
also have ... = a
using 1 by (simp add: coreflexive-comp-top-inf-one)
finally have 3: ¢ x top M 1 = a
using 1 2 domain-atom by simp
have top x ¢ < top * b
using 2 3 by (smt comp-associative comp-inf.reflexive-top-closed
comp-inf.vector-top-closed comp-inf-covector comp-isotone simple
vector-export-comp-unit)
hence top x c 11 < b
using 1 by (smt epm-3 inf.cobounded1 inf.left-commute inf.orderE
injective-one-closed reflexive-one-closed)
hence top x ¢ 1 = b
using 1 2 codomain-atom by simp
hence dom-cod ¢ = ¢
using 1 3 by simp
thus z € dom-cod * AB top
using 2 by auto
qed

lemma dom-cod-atoms:
AB 1 x AB 1 = dom-cod ‘ AB top

using dom-cod-atoms-2 dom-cod-atoms-1 by blast

end

3.6 Atom-rectangular and Atom-simple

class stone-relation-algebra-atomrect-atomsimple =
stone-relation-algebra-atomrect + stone-relation-algebra-atomsimple
begin

lemma simple-atom:
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assumes atom a
and a < I
and atom b
and b < I
shows atom (a * top = b)
using assms simple-atom-1 simple-atom-2 by auto

lemma nAB-top-2:
nAB 1 * nAB 1 < nAB top
proof (unfold num-atoms-below-def icard-cartesian-product THEN sym], rule
icard-ing-on-le)
let 2f = A(a,b) . a * top x b
show inj-on ?f (AB1 x AB 1)
proof
fix z y
assume ¢ € AB1 x AB1ye€ AB1 x AB 1
from this obtain a b ¢ d where 1: atoma AN a < 1 ANatombANb< 1 ANz=
(a,b) Natome ANec<1ANatomdANd<1ANy=cd)
by auto
assume fz = fy
hence 2: a x top x b = ¢ * top * d
using 1 by auto
hence 3: a = ¢
using I by (smt atomsimple comp-associative coreflexive-comp-top-inf-one)
have b = d
using 1 2 by (smt atomsimple comp-associative epm-3 injective-one-closed)
thus z =y
using 1 8 by simp
qed
show ?f * (AB 1 x AB 1) C AB top
proof
fix z
assume z € ?f ‘(AB 1 x AB 1)
from this obtain a b where j: atoma A a < 1 NatombAb< 1 Nzxz=ax
top x b
by auto
hence a x top x b € AB top
using simple-atom by simp
thus z € AB top
using 4 by simp
qed
qged

lemma nAB-top:
nAB 1 * nAB 1 = nAB top
using nAB-top-1 nAB-top-2 by auto

lemma atom-covector-mapping:
atom a = mapping (top * a)
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using atom-covector-univalent atomsimple by blast

lemma atom-covector-regular:
atom a = regular (top * a)
by (simp add: atom-covector-mapping mapping-reqular)

lemma atom-vector-bijective:
atom a = bijective (a * top)
using atom-vector-injective comp-associative atomsimple by auto

lemma atom-vector-reqular:
atom a = regular (a * top)
by (simp add: atom-vector-bijective bijective-reqular)

lemma atom-rectangle-reqular:

atom a = regular (a * top x a)

by (smt atom-covector-reqular atom-vector-reqular comp-associative
pp-dist-comp regular-closed-top)

lemma atom-regular:
atom a = regular a
using atom-rectangle-regular atomrect-eq by auto

end

3.7 Atomic, Atom-rectangular and Atom-simple

class stone-relation-algebra-atomic-atomrect-atomsimple =
stone-relation-algebra-atomic + stone-relation-algebra-atomrect +
stone-relation-algebra-atomsimple

begin

subclass stone-relation-algebra-atomic-atomrect ..
subclass stone-relation-algebra-atomic-atomsimple ..
subclass stone-relation-algebra-atomrect-atomsimple ..

lemma nAB-atom-iff:
atom a <— nAB a =1
proof
assume atom a
thus nABa =1
by (simp add: nAB-atom)
next
assume nAB a = 1
from this obtain b where 1: AB a = {b}
using icard-1-imp-singleton num-atoms-below-def one-eSuc by fastforce
hence 2: atom b A b < a
by auto
hence 3: AB (a M b) = {b}
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by fastforce

have AB (aMb) UAB (¢ —b) = ABa AN AB (aT1b) N AB (a1 —b) = {}
using A B-split-2 A B-split-2-disjoint by simp

hence {b} U AB (a 11 —=b) = {b} A {b} N AB (a 1 =b) = {}
using 1 & by simp

hence AB (a M —b) = {}
by auto

hence a M —b = bot
using A B-nonempty-iff by blast

hence a < b
using 2 atom-regular pseudo-complement by auto

thus atom a
using 2 by auto

qed

end

3.8 Finitely Many Atoms

class stone-relation-algebra-finiteatoms = stone-relation-algebra +
assumes finiteatoms: finite { a . atom a }
begin

lemma finite-AB:
finite (AB 1)
using finite-Collect-conjl finiteatoms by force

lemma nA B-top-finite:
nAB top # oo
by (smt (verit, best) finite-AB icard-infinite-conv num-atoms-below-def)

end

3.9 Atomic and Finitely Many Atoms

class stone-relation-algebra-atomic-finiteatoms = stone-relation-algebra-atomic +
stone-relation-algebra-finiteatoms
begin

lemma finite-ideal-points:
finite { p . ideal-point p }
proof (cases bot = top)
case True
hence Ap . ideal-point p = p = bot
using le-bot top.extremum by blast
hence { p . ideal-point p } C {bot}
by auto
thus ?thesis
using finite-subset by auto
next
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case Fulse
let %p = { p . ideal-point p }
show 0: finite ?p
proof (rule finite-image-part-le)
show Vze? . ABx C AB top
using top.extremum by auto
have Vze? . z # bot
using Fualse by auto
thus Vze? . AB z # {}
using A B-nonempty by auto
show Vzefp .Vye?p .o £y — ABz N ABy = {}
proof (intro balll, rule impl, rule ccontr)
fixzy
assume z € py € prFy
hence 1: x M y = bot
by (simp add: different-ideal-points-disjoint)
assume ABz N ABy # {}
from this obtain a where atom a AN a <z ANa <y
by auto
thus Fulse
using 1 by (metis comp-inf.semiring.mult-zero-left inf.absorb2
inf.sup-monoid.add-assoc)
qed
show finite (AB top)
using finite-AB by blast
qged
qed

end

3.10 Atom-rectangular and Finitely Many Atoms

class stone-relation-algebra-atomrect-finiteatoms =
stone-relation-algebra-atomrect + stone-relation-algebra-finiteatoms

3.11 Atomic, Atom-rectangular and Finitely Many Atoms

class stone-relation-algebra-atomic-atomrect-finiteatoms =
stone-relation-algebra-atomic + stone-relation-algebra-atomrect +
stone-relation-algebra-finiteatoms

begin

subclass stone-relation-algebra-atomic-atomrect ..
subclass stone-relation-algebra-atomic-finiteatoms ..
subclass stone-relation-algebra-atomrect-finiteatoms ..

lemma counterexample-nAB-atom-iff:
atom x <— nAB z = 1
nitpick|[ezpect=genuine,card=3]
oops
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lemma counterezample-nA B-top-iff-eq:
nAB © = nAB top «— x = top
nitpick|ezpect=genuine,card=3]
oops

lemma counterezample-nA B-top-iff-leq:
nAB top < nAB x +— x = top
nitpick|ezpect=genuine,card=3]
oops

end

3.12 Atom-simple and Finitely Many Atoms

class stone-relation-algebra-atomsimple-finiteatoms =
stone-relation-algebra-atomsimple + stone-relation-algebra-finiteatoms

3.13 Atomic, Atom-simple and Finitely Many Atoms

class stone-relation-algebra-atomic-atomsimple-finiteatoms =
stone-relation-algebra-atomic + stone-relation-algebra-atomsimple +
stone-relation-algebra-finiteatoms

begin

subclass stone-relation-algebra-atomic-atomsimple ..
subclass stone-relation-algebra-atomic-finiteatoms ..
subclass stone-relation-algebra-atomsimple-finiteatoms ..

lemma nAB-top-2:
nAB 1 x nAB 1 < nAB top
proof (unfold num-atoms-below-def icard-cartesian-product| THEN sym)], rule
surj-icard-le)
show AB 1 x AB 1 C dom-cod ‘ AB top
using dom-cod-atoms-2 by blast
qed

lemma counterexample-nAB-atom-iff-2:
atom © «— nABx = 1
nitpick|ezpect=genuine,card=6]
oops

lemma counterexample-nAB-top-iff-eq-2:
nAB © = nAB top «<— x = top
nitpick|ezpect=genuine,card=6]
oops

lemma counterexample-nA B-top-iff-leq-2:

nAB top < nAB z +— x = top
nitpick|ezpect=genuine,card=6]
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oops

lemma counterezample-nA B-atom-top-iff-leq-2:

(atom  +— nABxz = 1)V (nAB y = nAB top +— y = top) V (nAB top <
nAB y +— y = top)

nitpick|[ezpect=genuine,card=6]

oops

end

3.14 Atom-rectangular, Atom-simple and Finitely Many
Atoms

class stone-relation-algebra-atomrect-atomsimple-finiteatoms =
stone-relation-algebra-atomrect + stone-relation-algebra-atomsimple +
stone-relation-algebra-finiteatoms

begin

subclass stone-relation-algebra-atomrect-atomsimple ..
subclass stone-relation-algebra-atomrect-finiteatoms ..
subclass stone-relation-algebra-atomsimple-finiteatoms ..

end

3.15 Atomic, Atom-rectangular, Atom-simple and Finitely
Many Atoms

class stone-relation-algebra-atomic-atomrect-atomsimple-finiteatoms =
stone-relation-algebra-atomic + stone-relation-algebra-atomrect +
stone-relation-algebra-atomsimple + stone-relation-algebra-finiteatoms
begin

subclass stone-relation-algebra-atomic-atomrect-atomsimple ..
subclass stone-relation-algebra-atomic-atomrect-finiteatoms ..
subclass stone-relation-algebra-atomic-atomsimple-finiteatoms ..
subclass stone-relation-algebra-atomrect-atomsimple-finiteatoms ..

lemma all-regular:
regqular
proof (cases © = bot)
case True
thus ?thesis
by simp
next
case Fulse
hence 1: ABz # {}
using A B-nonempty by blast
have 2: finite (AB x)
using finite-AB by blast
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have 3: regular (Sup-fin (AB 1))
proof (rule finite-ne-subset-induct”)
show finite (AB )
using 2 by simp
show AB z # {}
using 1 by simp
show AB z C AB top
by auto
show Aa . a € AB top = Sup-fin {a} = ——Sup-fin {a}
using atom-regular by auto
show Aa F . finite F = F # {} = F C ABtop = a € ABtop = a ¢ F

= Sup-fin F = ——Sup-fin F = Sup-fin (insert a F) = ——Sup-fin (insert a F)
using atom-reqular by auto
qed

have z M —Sup-fin (AB x) = bot
proof (rule ccontr)
assume z M —Sup-fin (AB z) # bot
from this obtain b where /: atom b A b < z M —Sup-fin (AB z)
using atomic by blast
hence b < Sup-fin (AB )
using Sup-fin.coboundedl 2 by force
thus Fulse
using 4 atom-in-p-xor by auto
qed
hence 5: © < Sup-fin (AB )
using 3 by (simp add: pseudo-complement)
have Sup-fin (AB z) < x
using 1 2 Sup-fin.boundedl by fastforce
thus ?thesis
using 3 5 order.antisym by force
qed

sublocale ra: relation-algebra where minus = Az y . 2 M — y
proof
show Az .z M — z = bot
by simp
show Az .z U — z = top
using all-regular pp-sup-p by fast
show Azy.zMN—y=2MN—y
by simp
qed

end

class stone-relation-algebra-finite = stone-relation-algebra + finite
begin

subclass stone-relation-algebra-atomic-finiteatoms
proof
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show finite { a . atom a }
by simp
show Az. z # bot — (Fa. atom a A a < x)
proof
fix z
assume [: x # bot
let %s={y.y<zAy#bot}
have 2: finite ?s
by auto
have 3: %s # {}
using 1 by blast
from ne-finite-has-minimal obtain m where me? A (Vz€?%s .2 <m — z
= m)
using 2 3 by meson
hence atom m A m <z
using order-trans by blast
thus Ja. atoma N a < zx
by auto
qed
qed

end

3.16 Relation Algebra and Atomic

class relation-algebra-atomic = relation-algebra + stone-relation-algebra-atomic
begin

lemma nAB-atom-iff:
atom a <— nAB a =1
proof
assume atom a
thus nABa =1
by (simp add: nAB-atom)
next
assume nAB a = 1
from this obtain b where 1: AB a = {b}
using icard-1-imp-singleton num-atoms-below-def one-eSuc by fastforce
hence 2: atom b A b < a
by auto
hence 3: AB (a N b) = {b}
by fastforce
have AB (aMb) UAB (¢ —b) = ABa AN AB (aT1b) N AB (a1 —b) = {}
using AB-split-2 AB-split-2-disjoint by simp
hence {b} U AB (a 1 —=b) = {b} A {b} N AB (a 1 =b) = {}
using 1 3 by simp
hence AB (a N —b) = {}
by auto
hence a M —b = bot
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using A B-nonempty-iff by blast
hence a < b
by (simp add: shunting-1)
thus atom a
using 2 by auto
qed

end

3.17 Relation Algebra, Atomic and Finitely Many Atoms

class relation-algebra-atomic-finiteatoms = relation-algebra-atomic +
stone-relation-algebra-atomic-finiteatoms
begin

Sup-fin only works for non-empty finite sets.

lemma atomistic:
assumes z #* bot
shows z = Sup-fin (AB 1)
proof (rule order.antisym)
show z < Sup-fin (AB )
proof (rule ccontr)
assume - ¢ < Sup-fin (AB 1)
hence z M —Sup-fin (AB z) # bot
using shunting-1 by blast
from this obtain a where 1: atom a A a < z M —Sup-fin (AB z)
using atomic by blast
hence a € AB z
by simp
hence a < Sup-fin (AB z)
using Sup-fin.coboundedl finite-AB by auto
thus Fulse
using 1 atom-in-p-xor by auto
qed
show Sup-fin (AB z) < z
proof (rule Sup-fin.boundedl)
show finite (AB 1)
using finite-AB by auto
show AB z # {}
using assms atomic by blast
show Aa. a € ABz —= a <z
by auto
qed
qed

lemma counterezample-nA B-top:
1 # top = nAB top = nAB 1 x nAB 1
nitpick|[ezpect=genuine,card=/]
oops
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end

class relation-algebra-atomic-atomsimple-finiteatoms =
relation-algebra-atomic-finiteatoms +
stone-relation-algebra-atomic-atomsimple-finiteatoms
begin

lemma counterexample-atom-rectangle:
atom © — rectangle x
nitpick|ezpect=genuine,card=4]
oops

lemma counterexample-atom-univalent:
atom © — univalent x
nitpick|ezpect=genuine,card=4]
00ps

lemma counterexample-point-dense:
assumes z # bot
and z < I
shows da .a # bot Naxtopxa<1ANa<cz
nitpick|[ezpect=genuine,card=/]
oops

end
class relation-algebra-atomic-atomrect-atomsimple-finiteatoms =

relation-algebra-atomic-atomsimple-finiteatoms +
stone-relation-algebra-atomic-atomrect-atomsimple-finiteatoms

4 Cardinality in Stone Relation Algebras

We study various axioms for a cardinality operation in Stone relation alge-
bras.
class card =

fixes cardinality :: 'a = enat («#-» [100] 100)

class sra-card = stone-relation-algebra + card

begin

abbreviation card-bot :: 'a = bool where card-bot - = #bot
=0

abbreviation card-bot-iff :: 'a = bool where card-bot-iff - =
Vzi'a. #z =0 <— x = bot

abbreviation card-top 2 'a = bool where card-top - =
H#top = #1 x #1

abbreviation card-conv 2 'a = bool where card-conv -=

Vas'a . #(27) = #z
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abbreviation card-add it 'a = bool where card-add -=Vz
yu'a . #r + #y=#(@Uy) + #@Ny)

abbreviation card-iso :: 'a = bool where card-iso -=Vz
yila .z <y — #ax < #y

abbreviation card-univ-comp-meet :: 'a = bool where card-univ-comp-meet -
=Vryzi'a. univalent 1 — #(zT x y M 2) < #(z + 2 M y)

abbreviation card-univ-meet-comp :: 'a = bool where card-univ-meet-comp -
=Vayzi'a. univalent 1 — #(x Ny x 27) < #(z % 2 M y)

abbreviation card-comp-univ :: 'a = bool where card-comp-univ -=

Vzy:'a . univalent v — #(y * ) < #y
abbreviation card-univ-meet-vector :: 'a = bool where card-univ-meet-vector -
=Vzy:'a. univalent v — #(z Ny * top) < #y

abbreviation card-univ-meet-conv :: 'a = bool where card-univ-meet-conv -
=Vazy:'a. univalent 1 — #(x My * y7) < #y

abbreviation card-domain-sym :: 'a = bool where card-domain-sym -
=Varila . #(1 Nxxal) < #x

abbreviation card-domain-sym-conv :: ‘a = bool where card-domain-sym-conv
-=Varla. #(1 Nal x2) < #a

abbreviation card-domain :: 'a = bool where card-domain -=
Va:'a . #(1 Nz * top) < #x

abbreviation card-domain-conv :: 'a = bool where card-domain-conv -
=Va:'a. #(1 12T x top) < #a

abbreviation card-codomain :: 'a = bool where card-codomain -=
Va:'a . #(1 MNtop * ) < #z

abbreviation card-codomain-conv  :: 'a = bool where card-codomain-conv -
=Vaula . #(1 N top x 1) < #a

abbreviation card-univ :: 'a = bool where card-univ - =
Vz:'a . univalent 1 — #x < #(z * top)

abbreviation card-atom :: 'a = bool where card-atom -=
Vz:'a . atomz — #z = 1

abbreviation card-atom-iff :: 'a = bool where card-atom-iff -=
Vx:'a . atom x +— #zx = 1

abbreviation card-top-iff-eq 2 'a = bool where card-top-iff-eq -=
Va:'a . #x = #top +— z = top

abbreviation card-top-iff-leq 2 'a = bool where card-top-iff-leq -=
Vax:'a . #top < #x +— 1 = top

abbreviation card-top-finite :: 'a = bool where card-top-finite - =
#top # oo

lemma card-domain-iff:
card-domain - <— card-domain-sym -
by (simp add: domain-vector-conv)

lemma card-codomain-conv-iff:
card-codomain-conv - <— card-domain -

by (simp add: domain-vector-covector)

lemma card-codomain-iff:
assumes card-conv: card-conv -
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shows card-codomain - <— card-codomain-conv -
by (metis card-conv conv-involutive)

lemma card-domain-conv-iff:
card-codomain - <— card-domain-conv -
using domain-vector-covector by auto

lemma card-domain-sym-conv-iff:
card-domain-conv - <— card-domain-sym-conuv -
by (simp add: domain-vector-conv)

lemma card-bot:
assumes card-bot-iff: card-bot-iff -
shows card-bot -
using card-bot-iff by auto

lemma card-comp-univ-implies-card-univ-comp-meet:
assumes card-conv: card-conv -
and card-comp-univ: card-comp-univ -
shows card-univ-comp-meet -
proof (intro alll, rule impl)
fixzyz
assume I: univalent x
have #(z7 * y M z) = #(yT * z 1 2T)
by (metis card-conv conv-dist-comp conv-dist-inf conv-involutive)
also have ... = #((y? M 2T x z7) x )
using 1 by (simp add: dedekind-univalent)
also have ... < #(yT 1 27 % 27)
using 1 card-comp-univ by blast
also have ... = #(z x z M y)
by (metis card-conv conv-dist-comp conv-dist-inf inf.sup-monoid.add-commute)
finally show # (27 * y M 2) < #(z * 2 M y)

qed

lemma card-univ-meet-conv-implies-card-domain-sym:
assumes card-univ-meet-conv: card-univ-meet-conv -
shows card-domain-sym -
by (simp add: card-univ-meet-conv)

lemma card-add-disjoint:
assumes card-bot: card-bot -
and card-add: card-add -
and z M y = bot

shows #(z U y) = #z + #vy
by (simp add: assms(3) card-add card-bot)

lemma card-dist-sup-disjoint:
assumes card-bot: card-bot -
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and card-add: card-add -
and 4 # {}
and finite A
and Vz€A . VyecA .z #y — x My = bot
shows #Sup-fin A = sum cardinality A
proof (rule finite-ne-subset-induct”)
show finite A
using assms(4) by simp
show A # {}
using assms(3) by simp
show A C A
by simp
show Az . z € A = #Sup-fin {z} = sum cardinality {z}
by auto
fix ¢ F
assume I: finite FF £ {} FC Az € Ax ¢ F #Sup-fin F = sum cardinality F
have #Sup-fin (insert x F) = #(z U Sup-fin F)
using 1 by simp
also have ... = #z + #Sup-fin F
proof —
have z M Sup-fin F = Sup-fin { z Ny |y.y € F}
using 1 inf-Sup1-distrib by simp
also have ... = Sup-fin { bot |y .y € F }
using 1 assms(5) by (metis (mono-tags, opaque-lifting) subset-iff)
also have ... < bot
by (rule Sup-fin.boundedl, simp-all add: 1)
finally have x M Sup-fin F = bot
by (simp add: order.antisym)
thus ?thesis
using card-add-disjoint assms by auto
qed
also have ... = sum cardinality (insert z F)
using 1 by simp
finally show #Sup-fin (insert x F') = sum cardinality (insert x F)

qed

lemma card-dist-sup-atoms:
assumes card-bot: card-bot -
and card-add: card-add -
and A # {}
and finite A
and A C AB top
shows #Sup-fin A = sum cardinality A
proof —
have VzeA . VycA .z #y — x My = bot
using different-atoms-disjoint assms(5) by auto
thus ?thesis
using card-dist-sup-disjoint assms(1—4) by auto
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qed

lemma card-univ-meet-comp-implies-card-domain-sym:
assumes card-univ-meet-comp: card-univ-meet-comp -
shows card-domain-sym -
by (metis card-univ-meet-comp inf.idem mult-1-left univalent-one-closed)

lemma card-top-greatest:
assumes card-iso: card-iso -
shows #x < #top
by (simp add: card-iso)

lemma card-pp-increasing:
assumes card-iso: card-iso -
shows #x < #(——x)
by (simp add: card-iso pp-increasing)

lemma card-top-iff-eq-leq:
assumes card-iso: card-iso -
shows card-top-iff-eq - +— card-top-iff-leq -
using card-iso card-top-greatest nle-le by blast

lemma card-univ-comp-meet-implies-card-comp-univ:
assumes card-iso: card-iso -
and card-conv: card-conv -
and card-univ-comp-meet: card-univ-comp-meet -
shows card-comp-univ -
proof (intro alll, rule impl)
fix x y
assume I: univalent x
have #(y * z) = #(z7 * yT)
by (metis card-conv conv-dist-comp)
also have ... = #(top M 27 * yT)
by simp
also have ... < #(z * top M yT)
using 1 by (metis card-univ-comp-meet inf.sup-monoid.add-commute)
also have ... < #(y7)
using card-iso by simp
also have ... = #y
by (simp add: card-conv)
finally show #(y * z) < #y

qed

lemma card-comp-univ-iff-card-univ-comp-meet:
assumes card-iso: card-iso -
and card-conv: card-conv -
shows card-comp-univ - +— card-univ-comp-meet -
using card-iso card-univ-comp-meet-implies-card-comp-univ card-conv
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card-comp-univ-implies-card-univ-comp-meet by blast

lemma card-univ-meet-vector-implies-card-univ-meet-comp:
assumes card-iso: card-iso -
and card-univ-meet-vector: card-univ-meet-vector -
shows card-univ-meet-comp -
proof (intro alll, rule impl)
fixxyz
assume 1: univalent x
have #(x My * 27) = #(@x N (y Nz * 2) * (21 1 y? x 2))
by (metis conv-involutive dedekind-eq inf.sup-monoid.add-commute)
also have ... < #(x M (y Nz * 2) * top)
using card-iso inf.sup-right-isotone mult-isotone by auto
also have ... < #(z x z M y)
using 1 by (simp add: card-univ-meet-vector inf.sup-monoid.add-commute)
finally show #(z My * 27) < #(z * 2 M y)

qed

lemma card-univ-meet-comp-implies-card-univ-meet-vector:
assumes card-iso: card-iso -
and card-univ-meet-comp: card-univ-meet-comp -
shows card-univ-meet-vector -
proof (intro alll, rule impl)
fixzyz
assume [: univalent =
have #(z M y x top) < #(z * top M y)
using 1 by (metis card-univ-meet-comp symmetric-top-closed)
also have ... < #y
using card-iso by auto
finally show #(z M y x top) < #y

qed

lemma card-univ-meet-vector-iff-card-univ-meet-comp:
assumes card-iso: card-iso -
shows card-univ-meet-vector - «+— card-univ-meet-comp -
using card-iso card-univ-meet-comp-implies-card-univ-meet-vector
card-univ-meet-vector-implies-card-univ-meet-comp by blast

lemma card-univ-meet-vector-implies-card-univ-meet-conuv:
assumes card-iso: card-iso -
and card-univ-meet-vector: card-univ-meet-vector -
shows card-univ-meet-conv -
proof (intro alll, rule impl)
fixzyz
assume 1: univalent x
have #(z My * yT) < #(x N y * top)
using card-iso comp-inf.mult-right-isotone mult-right-isotone by auto
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also have ... < #y
using 1 by (simp add: card-univ-meet-vector)
finally show #(z My x y7) < #y

qed

lemma card-domain-sym-implies-card-univ-meet-vector:
assumes card-comp-univ: card-comp-univ -
and card-domain-sym: card-domain-sym -
shows card-univ-meet-vector -
proof (intro alll, rule impl)
fixzyz
assume 1: univalent
have #(z M y * top) = #((y * top M 1) x (z M y * top))
by (simp add: inf.absorb2 vector-export-comp-unit)
also have ... < #(y x top M 1)
using 1 by (simp add: card-comp-univ univalent-inf-closed)
also have ... < #y
using card-domain-sym card-domain-iff inf.sup-monoid.add-commute by auto
finally show #(z M y x top) < #y

qged

lemma card-domain-sym-iff-card-univ-meet-vector:
assumes card-iso: card-iso -
and card-comp-univ: card-comp-univ -
shows card-domain-sym - <— card-univ-meet-vector -
using card-iso card-comp-univ card-domain-sym-implies-card-univ-meet-vector
card-univ-meet-vector-implies-card-univ-meet-conv
card-univ-meet-conv-implies-card-domain-sym by blast

lemma card-univ-meet-conv-iff-card-univ-meet-comp:
assumes card-iso: card-iso -
and card-comp-univ: card-comp-univ -
shows card-univ-meet-conv - «— card-univ-meet-comp -
using card-iso card-comp-univ card-domain-sym-implies-card-univ-meet-vector
card-univ-meet-vector-iff-card-univ-meet-comp
card-univ-meet-vector-implies-card-univ-meet-conv univalent-one-closed by blast

lemma card-domain-sym-iff-card-univ-meet-comp:

assumes card-iso: card-iso -

and card-comp-univ: card-comp-univ -
shows card-domain-sym - <— card-univ-meet-comp -

using card-iso card-comp-univ card-domain-sym-implies-card-univ-meet-vector
card-univ-meet-conv-iff-card-univ-meet-comp
card-univ-meet-vector-iff-card-univ-meet-comp
card-univ-meet-conv-implies-card-domain-sym by blast

lemma card-univ-comp-mapping:
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assumes card-comp-univ: card-comp-univ -
and card-univ-meet-comp: card-univ-meet-comp -
and univalent
and mapping y
shows #(z x y) = #x
proof —
have #z = #(x M top * yT)
using assms(4) total-conv-surjective by auto
also have ... < #(z x y M top)
using assms(3) card-univ-meet-comp by blast
finally have #z < #(z * y)
by simp
thus ?thesis
using assms(4) card-comp-univ nle-le by blast
qed

lemma card-point-one:
assumes card-comp-univ: card-comp-univ -
and card-univ-meet-comp: card-univ-meet-comp -
and card-conv: card-conv -
and point x
shows #x = #1
proof —
have mapping (z7)
using assms(4) surjective-conv-total by auto
thus %thesis
by (smt card-univ-comp-mapping card-comp-univ card-conv
card-univ-meet-comp coreflexive-comp-top-inf inf.absorb2 reflexive-one-closed
top-right-mult-increasing total-one-closed univalent-one-closed)
qed

lemma counterexample-card-univ-comp-meet-card-comp-univ:

assumes card-add: card-add -

and card-conv: card-conv -

and card-bot-iff: card-bot-iff -

and card-atom-iff: card-atom-iff -

and card-univ-meet-comp: card-univ-meet-comp -

shows card-univ-comp-meet - <— card-comp-univ -

nitpick|[ezpect=genuine]
00ps

lemma counterexample-card-univ-meet-comp-card-univ-meet-vector:

assumes card-add: card-add -

and card-conv: card-conv -

and card-bot-iff: card-bot-iff -

and card-atom-iff: card-atom-iff -

and card-univ-comp-meet: card-univ-comp-meet -

shows card-univ-meet-comp - <— card-univ-meet-vector -

nitpick|ezpect=genuine]
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oops

lemma counterexample-card-univ-meet-comp-card-univ-meet-conv:

assumes card-add: card-add -

and card-conv: card-conv -

and card-bot-iff: card-bot-iff -

and card-atom-iff: card-atom-iff -

and card-univ-comp-meet: card-univ-comp-meet -

shows card-univ-meet-comp - <— card-univ-meet-conv -

nitpick|expect=genuine]
oops

lemma counterexample-card-univ-meet-vector-card-domain-sym:

assumes card-add: card-add -

and card-conv: card-conv -

and card-bot-iff: card-bot-iff -

and card-atom-iff: card-atom-iff -

and card-univ-comp-meet: card-univ-comp-meet -

shows card-univ-meet-vector - «— card-domain-sym -

nitpick|exzpect=genuine]
oops

lemma counterexample-card-univ-meet-conv-card-domain-sym:

assumes card-add: card-add -

and card-conv: card-conv -

and card-bot-iff: card-bot-iff -

and card-atom-iff: card-atom-iff -

and card-univ-comp-meet: card-univ-comp-meet -

shows card-univ-meet-conv - «— card-domain-sym -

nitpick|exzpect=genuine]
oops

end

4.1 Cardinality in Relation Algebras

class ra-card = sra-card + relation-algebra
begin

lemma card-iso:
assumes card-bot: card-bot -
and card-add: card-add -
shows card-iso -
proof (intro alll, rule impl)
fix zy
assume v < y
hence #y = #(z U (—z M y))
by (simp add: sup-absorb2)
also have ... = #(z U (—z M y)) + #(z N (=2 N y))
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by (simp add: card-bot)
also have ... = #x + #(—z M y)
by (metis card-add)
finally show #z < #y
using le-iff-add by blast
qed

lemma card-top-iff-eq:
assumes card-bot-iff: card-bot-iff -
and card-add: card-add -
and card-top-finite: card-top-finite -
shows card-top-iff-eq -
proof (rule alll, rule iffT)
fix z
assume [: #x = #top
have #top = #(z U —1)
by simp
also have ... = #x + #(—x)
using card-add card-bot-iff card-add-disjoint inf-p by blast
also have ... = #top + #(—x)
using 1 by simp
finally have #(—z) = 0
by (simp add: card-top-finite)
hence —z = bot
using card-bot-iff by blast

thus z = top
using comp-inf.pp-total by auto
next
fix z

assume z = top
thus #z = #top
by simp
qed

end

class sra-card-atomic-finiteatoms = sra-card +
stone-relation-algebra-atomic-finiteatoms
begin

lemma counterezample-card-nAB:
assumes card-bot-iff: card-bot-iff -
and card-atom-iff: card-atom-iff -
and card-conv: card-conv -
and card-add: card-add -
and card-iso: card-iso -
and card-top-iff-eq: card-top-iff-eq -
and card-top-finite: card-top-finite -
shows #x = nAB z
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nitpick|[ezpect=genuine]
oops

end

class ra-card-atomic-finiteatoms = ra-card + relation-algebra-atomic-finiteatoms
begin

lemma card-nAB:
assumes card-bot: card-bot -
and card-add: card-add -
and card-atom: card-atom -
shows #z = nAB z
proof (cases z = bot)
case True
thus ?thesis
by (simp add: card-bot nAB-bot)
next
case Fulse
have I: finite (AB x)
using finite-AB by blast
have 2: AB z # {}
using False AB-nonempty-iff by blast
have #z = #Sup-fin (AB z)
using atomistic False by auto
also have ... = sum cardinality (AB z)
using 1 2 card-bot card-add card-dist-sup-disjoint different-atoms-disjoint by
force
also have ... = sum (Az . 1) (AB x)
using card-atom by simp

also have ... = icard (AB x)
by (metis (mono-tags, lifting) icard-eq-sum finite-AB)
also have ... = nAB z

by (simp add: num-atoms-below-def)
finally show ?thesis

qed
end

class card-ab = sra-card +
assumes card-nAB": #x = nAB z

class sra-card-ab-atomsimple-finiteatoms = sra-card + card-ab +
stone-relation-algebra-atomsimple-finiteatoms +

assumes card-bot-iff: card-bot-iff -

assumes card-top: card-top -
begin
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subclass stone-relation-algebra-atomic-atomsimple-finiteatoms
proof
show Az . z # bot — (Ja . atom a A a < 1)
proof
fix z
assume z # bot
hence #xz # 0
using card-bot-iff by auto
hence nAB = # 0
by (simp add: card-nAB’)
hence AB z # {}
by (metis (mono-tags, lifting) icard-empty num-atoms-below-def)
thus 3a . atoma AN a <z
by auto
qed
qed

lemma dom-cod-inj-atoms:
inj-on dom-cod (AB top)
proof (rule eq-card-imp-inj-on)
show 1: finite (AB top)
using finite-AB by blast
have icard (dom-cod ¢ AB top) = icard (AB 1 x AB 1)
using dom-cod-atoms by auto

also have ... = icard (AB 1) * icard (AB 1)
using icard-cartesian-product by blast
also have ... = #1 % #1
by (simp add: card-nAB’ num-atoms-below-def)
also have ... = #top
by (simp add: card-top)
also have ... = icard (AB top)

by (simp add: card-nAB' num-atoms-below-def)
finally have icard (dom-cod ¢ AB top) = icard (AB top)

thus card (dom-cod ¢ AB top) = card (AB top)
using 1 by (smt (23) finite-icard-card)
qed

subclass stone-relation-algebra-atomic-atomrect-atomsimple-finiteatoms
proof
have/\a.atoma/\agl —> axtopxa< 1
proof
fix a
assume 1: atoma A a < 1
show a * top * a < 1
proof (rule ccontr)
assume — a x top x a < 1
hence a * top * a M —1 # bot
by (simp add: pseudo-complement)
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from this obtain b where 2: atom b A b < a * top x a M —1
using atomic by blast
hence b * top < a * top
by (metis comp-associative dual-order.trans inf.boundedE mult-left-isotone
mult-right-isotone top.extremum)
hence b x top M 1 < a % top M 1
using 1 comp-inf.comp-isotone by auto
hence 3: b x top M 1 = a x top M 1
using 1 2 domain-atom by simp
have top x b < top x a
using 2 by (metis comp-associative comp-inf.vector-top-closed
comp-inf-covector inf.boundedE mult-right-isotone vector-export-comp-unit
vector-top-closed)
hence top x b1 1 < top x a 1M 1
using inf-mono by blast
hence top x b1 1 = top * a 1 1
using 1 2 codomain-atom by simp
hence 4: dom-cod b = dom-cod a
using 3 by simp
have b € AB top A a € AB top
using 1 2 by simp
hence b = a
using inj-onD dom-cod-inj-atoms 4 by smt
thus Fulse
using 1 2 comp-inf.coreflexive-pseudo-complement le-bot by fastforce
qged
qed
thus Aa . atoma — a * top x a < a
by (metis atom-rectangle-atom-one-rep)
qed

lemma atom-rectangle-card:
assumes atom a
shows #(a x top x a) = 1
by (simp add: assms atomrect-eq card-nAB' nAB-atom)

lemma atom-regular-rectangle:
assumes atom a

shows ——a = a * top * a
proof (rule order.antisym)
show ——a < a x top * a

using assms atom-rectangle-reqular ex231d pp-dist-comp by auto
show a * top x a < ——a
proof (rule ccontr)
assume - a x top x a < ——a
hence a * top x a M —a # bot
by (simp add: pseudo-complement)
from this obtain b where 1: atom b A b < a * top * a [l —a
using atomic by blast
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hence 2: b # a
using inf.absorb2 by fastforce
have 3: a € AB (a x top x a) A b € AB (a * top * a)
using 1 assms ex231d by auto
from atom-rectangle-card obtain ¢ where AB (a * top * a) = {c}
using card-nAB’ num-atoms-below-def assms icard-1-imp-singleton one-eSuc
by fastforce
thus Fulse
using 2 3 by auto
qged
qged

sublocale ra-atom: relation-algebra-atomic where minus = Az y . x 1 — ¥y ..
end

class ra-card-atomic-atomsimple-finiteatoms = ra-card +
relation-algebra-atomic-atomsimple-finiteatoms +
assumes card-bot: card-bot -
assumes card-add: card-add -
assumes card-atom: card-atom -
assumes card-top: card-top -
begin

subclass ra-card-atomic-finiteatoms

subclass sra-card-ab-atomsimple-finiteatoms
apply unfold-locales
using card-add card-atom card-bot card-nAB apply blast
using card-add card-atom card-bot card-nAB nAB-bot-iff apply presburger
using card-top by auto

subclass relation-algebra-atomic-atomrect-atomsimple-finiteatoms

end

4.2 Counterexamples

class ra-card-notop = ra-card +
assumes card-bot-iff: card-bot-iff -
assumes card-conv: card-conv -
assumes card-add: card-add -
assumes card-atom-iff: card-atom-iff -
assumes card-univ-comp-meet: card-univ-comp-meet -
assumes card-univ-meet-comp: card-univ-meet-comp -

class ra-card-all = ra-card-notop +
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assumes card-top: card-top -
assumes card-top-finite: card-top-finite -

class ra-card-notop-atomic-finiteatoms = ra-card-atomic-finiteatoms +
ra-card-notop

class ra-card-all-atomic-finiteatoms = ra-card-notop-atomic-finiteatoms +
ra-card-all

abbreviation 70000 :: bool = bool = bool where 10000 x y = Fulse
abbreviation 71000 :: bool = bool = bool where 11000 x y = -z A -y
abbreviation r0001 :: bool = bool = bool where 0001 x y = x A y
abbreviation 71001 :: bool = bool = bool where 11001 x y =2 =y
abbreviation r0110 :: bool = bool = bool where 0110z y =z # y
abbreviation r1111 :: bool = bool = bool where ri111 z y = True

lemma r-all-different:
r0000 # r1000 10000 # r0001 0000 # r1001 r0000 # r0110

r0000 # r1111

r1000 # r0000 r1000 # r0001 r1000 # r1001 1000 # r0110
r1000 # ri111

0001 # r0000 r0001 # r1000 r0001 # r1001 r0001 # r0110
r0001 # r1111

r1001 # r0000 r1001 # r1000 r1001 # r0001 r1001 # r0110
r1001 # r1111

r0110 # r0000 r0110 # r1000 r0110 # r0001 r0110 # r1001
r0110 # r1111

ri1111 # r0000 r1111 # r1000 r1111 # r0001 r1111 # r1001 r1111 # r0110

by metis+

typedef (overloaded) ral = {r0000,r1001,r0110,r1111}
by auto

typedef (overloaded) ra2 = {r0000,r1000,r0001,r1001}
by auto

setup-lifting type-definition-ral
setup-lifting type-definition-ra2
setup-lifting type-definition-prod

instantiation Enum.finite-/ :: ra-card-atomic-finiteatoms
begin

definition one-finite-4 :: Enum.finite-4 where one-finite-4 = finite-4.az
definition conv-finite-4 :: Enum.finite-4 = Enum.finite-/ where conv-finite-/ x
==z

definition times-finite-4 :: Enum.finite-4 = Enum.finite-4 = Enum.finite-4
where times-finite-4 © y = (case (z,y) of (finite-4.a1,-) = finite-4.a; |
(-finite-4 .a1) = finite-4.a1 | (finite-4.a2,y) = y | (z,finite-4.a2) = = | - =
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finite-4 .a4)
definition cardinality-finite-4 :: Enum.finite-4 = enat where cardinality-finite-4
z = (case z of finite-4.a; = 0 | finite-4.a4 = 2 | - = 1)

instance
apply intro-classes
subgoal by (simp add: times-finite-4-def split: finite-4 .splits)
subgoal by (simp add: times-finite-4-def sup-finite-4-def split: finite-4.splits)
subgoal by (simp add: times-finite-4-def)
subgoal by (simp add: times-finite-4-def one-finite-4-def split: finite-4 .splits)
subgoal by (simp add: conv-finite-4-def)
subgoal by (simp add: sup-finite-4-def conv-finite-4-def)
subgoal by (simp add: times-finite-4-def conv-finite-4-def split: finite-4.splits)
subgoal by (simp add: times-finite-4-def inf-finite-4-def conv-finite-4-def
less-eq-finite-4-def split: finite-4 .splits)
subgoal by (simp add: times-finite-4-def)
subgoal by simp
subgoal by (auto simp add: less-eq-finite-4-def split: finite-4.splits)
subgoal by simp
done

e o e e T

end

instantiation Enum.finite-/ :: ra-card-notop-atomic-finiteatoms
begin

instance
apply intro-classes
subgoal 7
apply (clarsimp simp: cardinality-finite-4-def split: finite-4 .splits)
by (metis enat-0 one-neg-zero zero-neg-numeral)
subgoal 2 by (simp add: conv-finite-4-def)
subgoal & by (simp add: cardinality-finite-4-def sup-finite-4-def inf-finite-4-def
split: finite-4 .splits)
subgoal / using zero-one-enat-neq(2) by (auto simp add:
cardinality-finite-4-def less-eq-finite-4-def split: finite-4 .splits)
subgoal 5 using I 3 / by (metis (no-types, lifting) card-nAB
nA B-univ-comp-meet)
subgoal 6 using 1 3 / by (metis (no-types, lifting) card-nAB
nA B-univ-meet-comp)
done

end

instantiation ral :: ra-card-atomic-finiteatoms
begin

lift-definition bot-ral :: ral is 70000 by simp
lift-definition one-ral :: ral is 1001 by simp
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lift-definition top-ral :: ral is r1111 by simp
lift-definition conv-ral :: ral = ral is id by simp

lift-definition uminus-ral :: ral = ral is Arz y . - r = y by auto
lift-definition sup-ral :: ral = ral = ral isAqrzy.qxyV rzy by auto
lift-definition inf-ral :: ral = ral = ral is A\qrzy. gz y A rx y by auto

lift-definition times-ral :: ral = ral = ral isA\grzxy .3z .

fastforce

qgrzArzyby

lift-definition minus-ral :: ral = ral = ral isAgqrzy.qzy AN~ rzxy by

auto

lift-definition less-eq-ral :: ral = ral = boolis \qr .Yz y.qexy —rzy.
lift-definition less-ral :: ral = ral = boolis \gqr . Vzy.qrzy — rxy) A

qF T

lift-definition cardinality-ral :: ral = enat is Aq . if ¢ = r0000 then 0 else if q

= r1111 then 2 else 1 .

instance

apply intro-classes

subgoal apply transfer by blast
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by auto
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by auto

subgoal apply transfer by meson

subgoal apply transfer by simp
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp

subgoal apply transfer by fastforce

subgoal apply transfer by auto
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by blast
subgoal apply transfer by simp
done
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end

lemma four-cases:
assumes Pzl P22 P x3 P zj
showsVye{z.z¢e{xl,22, 23,24} } . Py
using assms by auto

lemma r-auz:
Az y. r1001 x y vV r0110 z y (
Az y. r0110 x y vV 71001 z y Az y. r0110 x y A 11001 z y
Az y. 1000 x y V 0001 x y Az y. r1000 z y A 10001 x y r0000
Az y. r1000 x y vV r1001 x y 71001 (Az y. r1000 z y A r1001 z y r1000
(
(
(
(

) =rl111 ) =
( ) = ) =
z . .
Az y. 70001 z y V 11000 x y) ; 71001 (Az y. r0001 =y A 71000 z y) ; r0000
( ) = ) =
( ) = ) =
( ) = ) =

ri111
r1001

Ary. r1001 x y A r0110 xz y r0000

0000

Az y. r0001 z y VvV r1001 x y r1001 (Az y. r0001 zy N\ r1001 x y r0001
Az y. r1001 x y V r1000 x y r1001
Az y. 1001 xz y V 0001 x y r1001
by meson+

Az y. r1001 x y A 1000 x y
Az y. r1001 zy A 70001 x y

r1000
r0001

instantiation ral :: ra-card-notop-atomic-finiteatoms
begin

instance
apply intro-classes
subgoal 1 apply transfer by (metis zero-neqg-numeral zero-one-enat-neq(1))
subgoal 2 apply transfer by simp
subgoal & apply transfer using r-auzx r-all-different by auto
subgoal / apply transfer using r-all-different zero-one-enat-neq(1) by auto
subgoal 5 using 1 3 / card-nAB nAB-univ-comp-meet by (metis (no-types,
lifting) card-nAB nAB-univ-comp-meet)
subgoal 6 using I 3 / by (metis (no-types, lifting) card-nAB
nA B-univ-meet-comp)
done

end

instantiation ra2 :: ra-card-atomic-finiteatoms
begin

lift-definition bot-ra2 :: ra2 is r0000 by simp

lift-definition one-ra2 :: ra2 is r1001 by simp

lift-definition top-ra2 :: ra2 is r1001 by simp

lift-definition conv-ra2 :: ra2 = ra2 is id by simp

lift-definition uminus-ra2 :: a2 = ra2 is A\rxy .z = y A = r z y by auto
lift-definition sup-ra2 :: 1a2 = a2 = a2 isAgqrzy . qx yV rz y by auto
lift-definition inf-ra2 :: 1a2 = 12 = ra2 is Aqrzy . qx y A r z y by auto
lift-definition times-ra2 :: ra2 = ra2 = ra2 is A\qrzy.3Jz.qzz AN rzy by
auto

lift-definition minus-ra2 :: ra2 = ra2 = ra2 is A\qrzy.qzxy AN~ rzy by
auto
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lift-definition less-eq-ra2 :: 1a2 = ra2 = boolis \qr .Vzy.qexy —rzy.
lift-definition less-ra2 :: ra2 = ra2 = boolis \gqr . Vzy.qzy — rxy) A
q#F .

lift-definition cardinality-ra2 :: ra2 = enat is Aq . if ¢ = r0000 then 0 else if q
= r1001 then 2 else 1 .

instance
apply intro-classes
subgoal apply transfer by blast
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by auto
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by (clarsimp, metis (full-types))
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by simp
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by simp
done

end

instantiation ra2 :: ra-card-notop-atomic-finiteatoms
begin

instance
apply intro-classes
subgoal 1 apply transfer by (metis one-neq-zero zero-neq-numeral)
subgoal 2 apply transfer by simp
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subgoal & apply transfer
apply (rule four-cases)
subgoal using r-all-different by auto
subgoal apply (rule four-cases) using r-aux r-all-different by auto
subgoal apply (rule four-cases) using r-aux r-all-different by auto
subgoal using r-aux r-all-different by auto
done
subgoal 4 apply transfer using r-all-different zero-one-enat-neq(1) by auto
subgoal 5 using I 3 / by (metis (no-types, lifting) card-nAB
nA B-univ-comp-meet)
subgoal 6 using 1 3 / by (metis (no-types, lifting) card-nAB
nA B-univ-meet-comp)
done

end

instantiation prod :: (stone-relation-algebra,stone-relation-algebra)
stone-relation-algebra
begin

lift-definition bot-prod :: ‘a x 'b is (bot::'a,bot::'d) .

lift-definition one-prod :: ‘a x 'bis (1::'a,1::'b) .

lift-definition top-prod :: 'a x 'b is (top::'a,top::'b) .

lift-definition conv-prod :: 'a x 'b = 'a x 'b is A(u,v) . (conv u,conv v) .
lift-definition uminus-prod :: 'a x ‘b = ’a x b is AM(u,v) . (uminus u,uminus v)

lift-definition sup-prod :: ‘a x 'b = 'a x 'b = 'a x 'bis A(u,v) (w,x) . (v U

w,v U z) .

lift-definition inf-prod :: ‘a X 'b = ‘a x 'b = 'a x 'bis A(u,v) (w,z) . (u M w,v
nz).

lift-definition times-prod :: 'a x 'b = 'a x 'b = 'a x 'bis AM(u,v) (w,z) . (u *
W, * T) .

lift-definition less-eg-prod :: 'a x 'b = 'a x 'b = bool is A\(u,v) (w,x) . u < w A
v<ux.

lift-definition less-prod :: 'a x 'b = 'a x 'b = bool is A\(u,v) (w,z) . v < w A v
<zA-(u=wAv=uz).

instance

apply intro-classes

subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal by (unfold less-eq-prod-def, clarsimp)
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by auto
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subgoal apply transfer by auto

subgoal apply transfer by auto

subgoal apply transfer by (clarsimp, simp add: sup-inf-distrib1)
subgoal apply transfer by (clarsimp, simp add: pseudo-complement)
subgoal apply transfer by auto

subgoal apply transfer by (clarsimp, simp add: mult.assoc)
subgoal apply transfer by (clarsimp, simp add: mult-right-dist-sup)
subgoal apply transfer by simp

subgoal apply transfer by simp

subgoal apply transfer by auto

subgoal apply transfer by (clarsimp, simp add: conv-dist-sup)
subgoal apply transfer by (clarsimp, simp add: conv-dist-comp)
subgoal apply transfer by (clarsimp, simp add: dedekind-1)
subgoal apply transfer by (clarsimp, simp add: pp-dist-comp)
subgoal apply transfer by simp

done

end

instantiation prod :: (relation-algebra,relation-algebra) relation-algebra
begin

lift-definition minus-prod :: '‘a x 'b = 'a x 'b = 'a x 'bis A(u,v) (w,z) . (v —
w,v — ) .

instance
apply intro-classes
subgoal apply transfer by auto
subgoal apply transfer by auto
subgoal apply transfer by (clarsimp, simp add: diff-eq)
done

end

instantiation prod ::
(relation-algebra-atomic-finiteatoms,relation-algebra-atomic-finiteatoms)
relation-algebra-atomic-finiteatoms

begin

instance
apply intro-classes
subgoal apply transfer by (clarsimp, metis atomic bot.extremum
inf.antisym-conv)
subgoal
proof —
have 1: Va:'a . Vb:'b . atom (a,b) — (a = bot A atom b) V (atom a A b =
bot)
proof (intro alll, rule impI)
fixa:'aand b: b
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assume 2: atom (a,b)
show (a = bot A atom b) V (atom a A b = bot)
proof (cases a = bot)
case 3: True
show ?thesis
proof (cases b = bot)
case True
thus ?thesis
using 2 3 by (simp add: bot-prod.abs-eq)
next
case Fulse
from this obtain ¢ where 4: atom c A ¢ < b
using atomic by auto
hence (bot,c) < (a,b) A (bot,c) # bot
by (simp add: less-eg-prod-def bot-prod.abs-eq)
hence (bot,c) = (a,b)
using 2 by auto
thus ?thesis
using 4 by auto
qed
next
case Fulse
from this obtain ¢ where 5: atom ¢ A ¢ < a
using atomic by auto
hence (c¢,bot) < (a,b) A (¢,bot) # bot
by (simp add: less-eg-prod-def bot-prod.abs-eq)
hence (c¢,bot) = (a,b)
using 2 by auto
thus ?thesis
using 5 by auto
qed
qed
have 6: { (a,b) | a b . atom (a,b) } C { (bot,b) | b::'b . atom b } U { (a,bot) |
a:'a . atom a }
proof
fixz:'ax'b
assume z € { (a,b) | a b . atom (a,b) }
from this obtain a b where 7: x = (a,b) A atom (a,b)
by auto
hence (a = bot A atom b) V (atom a A b = bot)
using 1 by simp
thus = € { (bot,b) | b. atom b } U { (a,bot) | a . atom a }
using 7 by auto
qed
have finite { (bot,b) | b:=:'b . atom b } A finite { (a,bot) | a::’a . atom a }
by (simp add: finiteatoms)
hence 8: finite ({ (bot,b) | b::'b . atom b } U { (a,bot) | a::’a . atom a })
by blast
have 9: finite { (a,b) | a b . atom (a::'a,b::'b) }
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by (rule rev-finite-subset, rule 8, rule 6)
have { (a,b) | a b . atom (a,b) } ={ z: 'a x 'b. atomz }
by auto
thus finite { z :: 'a x 'b . atom z }
using 9 by simp
qed
done

end

instantiation prod :
(ra-card-notop-atomic-finiteatoms,ra-card-notop-atomic-finiteatoms)
ra-card-notop-atomic-finiteatoms

begin

lift-definition cardinality-prod :: 'a x 'b = enat is A\(u,v) . #u + #v .

instance
apply intro-classes
subgoal apply transfer by (smt (verit) card-bot-iff case-prod-conv surj-pair
zero-eg-add-iff-both-eq-0)
subgoal apply transfer by (simp add: card-conv)
subgoal apply transfer by (clarsimp, metis card-add
semiring-normalization-rules(20))
subgoal apply transfer apply (clarsimp, rule iffI)
subgoal by (metis add.commute add.right-neutral bot.extremum card-atom-iff
card-bot-iff dual-order.refl)
subgoal for a b proof —
assume [: #a + #b =1
show ?thesis
proof (cases #a = 0)
case True
hence #0b = 1
using 1 by auto
thus ?thesis
by (metis True bot.extremum-unique card-atom-iff card-bot-iff)
next
case Fulse
hence #a > 1
by (simp add: ilell one-eSuc)
hence 2: #a =1
using 1 by (metis ile-addl order-antisym)
hence #b = 0
using 1 by auto
thus ?thesis
using 2 by (metis bot.extremum-unique card-atom-iff card-bot-iff)
qed
qed
done
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subgoal apply transfer by (simp add: add-mono card-univ-comp-meet)
subgoal apply transfer by (simp add: add-mono card-univ-meet-comp)
done

end
type-synonym finite-4-square = Enum.finite-4 X Enum.finite-4

interpretation finite-4-square: ra-card-atomic-finiteatoms where cardinality =
cardinality and inf = (M) and less-eq = (<) and less = (<) and sup = (/) and
bot = bot::finite-4-square and top = top and uminus = uminus and one = 1
and times = (x) and conv = conv and minus = (—) .

interpretation finite-4-square: ra-card-all-atomic-finiteatoms where cardinality
= cardinality and inf = (M) and less-eq = (<) and less = (<) and sup = (U)
and bot = bot::finite-4-square and top = top and uminus = uminus and one =
1 and times = (x) and conv = conv and minus = (—)

apply unfold-locales

subgoal apply transfer by (simp add: cardinality-finite-4-def one-finite-4-def)

subgoal apply transfer by (smt (verit) card-add card-atom-iff card-bot-iff
card-nAB cardinality-prod.abs-eq nAB-top-finite top-prod.abs-eq)

done

lemma counterezample-atom-rectangle-2:
atom a — a * top * a < (a:finite-4-square)
nitpick|expect=genuine]
oops

lemma counterezample-atom-univalent-2:
atom a — univalent (a::finite-4-square)
nitpick|expect=genuine]
oops

lemma counterezample-point-dense-2:
assumes z # bot
and z < I
shows Ja::finite-4-square . a # bot Naxtopxa<1ANa<czx
nitpick|ezpect=genuine]
oops

type-synonym rall = ral X ral

interpretation rall: ra-card-atomic-finiteatoms where cardinality = cardinality
and inf = (M) and less-eq = (<) and less = (<) and sup = (U) and bot =
bot::rall and top = top and uminus = uminus and one = 1 and times = (x)
and conv = conv and minus = (—) ..

interpretation rall: ra-card-all-atomic-finiteatoms where cardinality =

cardinality and inf = (M) and less-eq = (<) and less = (<) and sup = (L) and
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bot = bot::rall and top = top and uminus = uminus and one = 1 and times
= (x) and conv = conv and minus = (—)
apply unfold-locales
subgoal apply transfer apply transfer using r-all-different by auto
subgoal apply transfer apply transfer using numeral-ne-infinity by fastforce
done

interpretation rall: stone-relation-algebra-atomrect where inf = (M) and
less-eq = (<) and less = (<) and sup = (L) and bot = bot::rall and top = top
and uminus = uminus and one = 1 and times = (x) and conv = conv

apply unfold-locales

apply transfer apply transfer

nitpick|[ezpect=genuine]

oops

lemma - (Va:ral Xxral . atom a — a * top x a < a)
proof —
let %a = (1::ral,bot::ral)
have 1: atom %a
proof
show ?a # bot
by (metis (full-types) bot-prod.transfer bot-ral.rep-eq one-ral.rep-eq
prod.inject)
have A(a :: ral) (b ral) . (a,b) < %a = (a,b) # bot = a =1 A b = bot
proof —
fix a b: ral
assume (a,b) < %a
hence 2: a < 1 AN b < bot
by (simp add: less-eq-prod-def)
assume (a,b) # bot
hence 3: a # bot A b = bot
using 2 by (simp add: bot.extremum-unique bot-prod.abs-eq)
have atom (1::ral)
apply transfer apply (rule conjl)
subgoal by (simp add: r-all-different)
subgoal by auto
done
thus a = 1 A b = bot
using 2 3 by blast
qed
thusVy .y # bot ANy < %0 — y= %a
by clarsimp
qed
have — ?2a % top * %a < %a
apply (unfold top-prod-def times-prod-def less-eq-prod-def)
apply transfer
by auto
thus ?thesis
using 1 by auto
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qed

end
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