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Abstract

Regular algebras axiomatise the equational theory of regular ex-
pressions as induced by regular language identity. We use Isabelle/HOL
for a detailed systematic study of regular algebras given by Boffa, Con-
way, Kozen and Salomaa. We investigate the relationships between
these classes, formalise a soundness proof for the smallest class (Sa-
lomaa’s) and obtain completeness of the largest one (Boffa’s) relative
to a deep result by Krob. In addition we provide a large collection of
regular identities in the general setting of Boffa’s axiom.
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1 Introductory Remarks

These Isabelle theories complement the article on On the Fine-Structure of
Regular Algebra [5]. For an introduction to the topic, conceptual explana-
tions and references we refer to this article. Our regular algebra hierar-
chy is orthogonal to the Kleene algebra hierarchy in the Archive of Formal
Proofs [1]; we have not aimed at an integration for pragmatic reasons.

2 Dioids, Powers and Finite Sums

theory Dioid-Power-Sum
imports Kleene-Algebra.Dioid Kleene-Algebra. Finite-Suprema

begin

We add a few facts about powers and finite sums—in fact, finite suprema—to
an existing theory field for dioids.

context dioid-one-zero
begin

lemma add-iso-r: y < z=—=x+y< x4+ 2
using local.join.sup-mono by blast

notation power («-7» [101,50] 100)

lemma power-subdist: ™ < (x + y)"
apply (induct n)
apply simp
using local.mult-isol-var local.power-Suc2 by auto

lemma power-inductl-var: x -y <y = z" -y <y

apply (induct n)

apply simp

by (metis (no-types, lifting) local.dual-order.trans local.mult-isol local.power-Suc2
mult-assoc)

lemma power-inductr-var: y -z < y= gy -z" < gy
by (induct n, metis eq-refl mult-oner power.simps(1), metis mult.assoc mult-isor

order-refl order-trans power.simps(2) power-commutes)

definition powsum :: ‘a = nat = nat = 'a (x--7» [101,50,50] 100) where
powsum x m n = sum ((7) ) {m..n + m}

lemmas powsum-simps = powsum-def atLeastAtMostSuc-conv numerals

lemma powsuml [simp]: zp,0 = 2™
by (simp add:powsum-simps)



lemma powsum?2: an“c m— z,m 4 g Sue m

proof—
have 2,5U¢ ™ = sum ((7) z) {n..(Suc m)+n}
using powsum-def by blast
also have ... = sum ((7) z) {n..m4n} + gn+Sucm
by (simp add: ab-semigroup-add-class.add.commute atLeastAtMostSuc-conv lo-
cal.join.sup-commute)
finally show ?thesis
by (simp add: powsum-def)
qged

lemma powsum-00 [simp]: z9” = 1
by (simp add: powsum-def)

lemma powsum-01 [simp]: .’1?01 =1+=x
by (simp add: powsum2)

lemma powsum-10 [simp]: ;7 = &
by (simp add: powsum-simps)

lemma powsum—splz't: xmiJrSUC n= l‘mi + Tm+Suc z’n

by (induct n, simp-all add:powsum-simps ac-simps)

lemma powsum-split-varl: zo" 1 = 1 + z;™

proof —
have x0n+ 1_ 3300 + Suc n
by simp
also have ... = 2y + z, 4 Suc 0"
by (subst powsum-split, rule refl)
also have ... = 1 + 29 4 gyc 0"
by simp
finally show ?thesis
by simp
qed

lemma powsum-split-var2 [simp]: ™ + zo™ = zo™

proof (induct m)
case 0 show Zcase
by (metis add-idem’ power-0 powsum-00)
case (Suc n) show Zcase
by (simp add: add-commute powsum?2)
qed
lemma powsum-split-var3: x0m+5uc n
by (subst powsum-split, simp)

=zo™ + L0+Suc mn

m+n m+n

lemma powsum-split-vars [simpl: zg
proof (induct n)
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case 0 show Zcase
by (metis add-0-iff add-comm powsuml powsum-split-var2)
next
case (Suc n) note hyp = this
show ?Zcase

roof —
phave 2™ + Sucn 4 meuc n— g, + n 4 pSuc (m + n) + (zm" + 2™ + Suc o)

by (auto simp add: powsum?2)

also have ... = (z)™ t " 4 z,) + g5uc (m +mn) 4 gm + Sucn
by (metis add.assoc add.left-commute)

also have ... = gSuc (m+n) | zymtn
by (metis add-Suc-right add.assoc add.commute add-idem’ hyp)

also have ... = zy™ * Suc n

by (simp add: add-commute powsum2)
finally show ?thesis .
qed
qed
(Suc k)+Suc n

lemma powsum-split-var6: zg = Iosuc kot To+Suc (Suc k)n

by (metis powsum-split-var3)
lemma powsum-ext: © < zy U ™
proof (induct n)

case 0 show ?case

by (metis One-nat-def local.join.sup-ge2 powsum-01)

next

case (Suc n) thus Zcase

by (auto simp add:less-eq-def powsum-simps, metis (lifting, no-types) add.left-commute)
qed
lemma powsum-one: 1 < xOSuc n

by (induct n, metis One-nat-def local.join.sup.cobounded! powsum-01, metis
(full-types) Suc-eq-plusl local.join.sup.coboundedl powsum-split-varl)

lemma powsum-shiftl: z - zm" = T4 1"

apply (induct n)

apply (simp-all add: powsum-simps)

apply (metis local.add-left-comm local.distrib-left powsum-def)

done
lemma powsum-shift: 2% - z," = Tl

by (induct k, simp-all, metis Suc-eq-plusl mult.assoc powsum-shift1)
lemma powsum-prod-suc: z"™ -z uc " = 5,5uC (m+n)
proof (induct m)

case 0 show ?case

by simp
case (Suc m)
note hyp = this



show ?case

proof —
have xoS’uc m . xOSuc n= g™ .

by (simp add: powsum?2)

xOSuc n o xSuc m mOS’uc n

also have ... = z,%u¢ (m+n) 4 gpSucm . ggouc n
by (simp add:hyp)
also have ... = g,5uc (m +n) 4 T Gue m> e "

by (subst powsum-shift, simp)

also have ... = gy5uc (m +n) 4 (Zgue m" + gSuc m + Suc n)
by (simp add:powsum2)
also have ... = zU¢ (m+mn) 4 TSue m" + pSuc (Suc (m + n))

by (metis add-Suc-right add-Suc-shift add.assoc add.left-commute)
also have ... = :EOS“C (m +mn) 4 gSuc (Suc (m + n))
by (simp only: add-Suc-right| THEN sym] add-Suc-shiftf THEN sym| pow-
sum-split-varj)
also have ... = z,5u¢ (Suc m + n)
by (simp add: powsum?2)
finally show ?thesis .
qed
qed

lemma powsum-prod: zy™ - zg" = zy™ "
by (cases n, simp, simp add: powsum-prod-suc)

end

end

3 Regular Algebras

theory Regular-Algebras
imports Dioid-Power-Sum Kleene-Algebra. Finite-Suprema Kleene-Algebra. Kleene-Algebra
begin

3.1 Conway’s Classical Axioms

Conway’s classical axiomatisation of Regular Algebra from [4].
class star-dioid = dioid-one-zero + star-op + plus-ord
class conway-dioid = star-dioid +

assumes CI11: (z + y)* = (¥ - y)* - «*

and C12: (z - y)* =14z -(y - 2)* -y

class strong-conway-dioid = conway-dioid +
assumes C13: (z*)* = z*

class C-algebra = strong-conway-dioid +



assumes C14: z* = (") . zy"
We tried to dualise using sublocales, but this causes an infinite loop on
dual.dual.dual....

lemma (in conway-dioid) C11-var: (x + y)* = z* - (y - «*)*
proof —
have z* - (y - o*)* =a* + 2* - y - (a* - y)* - z*
by (metis C12 distrib-left mult.assoc mult-oner)
also have ... = (I + z* -y - (z* - y)*) - =¥
by (metis distrib-right mult.assoc mult-onel)
finally show ?thesis
by (metis C11 C12 mult-onel mult-oner)
qed

lemma (in conway-dioid) dual-conway-dioid:
class.conway-dioid (+) (®©) 1 0 (L) (<) star
proof
fixzyz:'a
show (z ® y) ©® 2z =2 Oy © 2)
by (metis mult.assoc opp-mult-def)
show (2 4+ y) @O z=2024+y 0Oz
by (metis distrib-left opp-mult-def)
show z + z ==z
by (metis add-idem)
show 1 ©z =1z
by (metis mult-oner opp-mult-def)
show z © 1 ==z
by (metis mult-onel opp-mult-def)
show 0 +z =2
by (metis add-zerol)
show 0 © z = 0
by (metis annir times.opp-mult-def)
showz © (y+2)=20y+ 20 2
by (metis opp-mult-def distrib-right’)
show 2 © 0 = 0
by (metis annil opp-mult-def)
show (z + y)* = (2* © y)* © z*
by (metis C11-var opp-mult-def)
show (z O y)*=1+z2z060 (yoOo2)* Oy
by (metis C12 mult.assoc opp-mult-def)
qed

lemma (in strong-conway-dioid) dual-strong-conway-dioid: class.strong-conway-dioid
(+)) ((©) ) 10 (<) (<) star
proof
fixzyz:'a
show (z O y) @ z=20 (y © 2)
by (metis mult.assoc opp-mult-def)
show (2 +y) O z=202+y O 2



by (metis distrib-left opp-mult-def)
show z + z =z

by (metis add-idem)
show I Gz =<z

by (metis mult-oner opp-mult-def)
show z © 1 =z

by (metis mult-onel opp-mult-def)
show 0 +z =2

by (metis add-zerol)
show 0 © z =0

by (metis annir opp-mult-def)
showz © (y+2)=20y+ 20 2

by (metis opp-mult-def distrib-right”)
show z © 0 = 0

by (metis annil opp-mult-def)
show (z + y)* = (2 © y)* @ z*

by (metis C11-var opp-mult-def)
show (z O y)*=14+z2060 (yoa)* Oy

by (metis C12 mult.assoc opp-mult-def)
show (2*)* = z*

by (metis C13)

qged

Nitpick finds counterexamples to the following claims.

lemma (in conway-dioid) 1* = 1

nitpick [ezpect=genuine] — 3-element counterexample
oops
lemma (in conway-dioid) (z*)* = z*

nitpick [ezpect=genuine] — 3-element counterexample
oops
context C-algebra
begin
lemma C-unfoldl [simp]: 1 + z - ¥ = z*

by (metis C12 mult-onel mult-oner)

lemma C-slide: (x - y)* -z =z - (y - 2)*
proof—
have (z - y)* z=z+z-(y-2) -y -z
by (metis C12 mult-onel distrib-right”)
alsohave ... =z - (1 + (y - )" -y - z)
by (metis distrib-left mult.assoc mult-oner)
finally show ?thesis
by (metis C12 mult.assoc mult-onel mult-oner)
qed

lemma powsum-ub: i < n — zh < "



proof (induct n)
case 0 show ?case
by (metis (opaque-lifting, mono-tags) 0.prems order.eq-iff le-0-eq power-0 pow-
sum-00)
next
case (Suc n) show ?case
proof —
{ assume aal: Sucn # i
have ff1: 2% " < 255U A Sue n # i
using aal by fastforce
have ff2: 3z1. 29" + 71 < 297U " A Sucn # i
using ffI powsum?2 by auto
have z¢ < xgPue
by (metis Suc.hyps Suc.prems ff2 le-Suc-eq local. dual-order.trans local.join.le-supE)
L
thus z* < zg
using local.less-eq-def local.powsum-split-var2 by blast
qged
qed

Suc n

lemma C14-auz: m < n = z™ . (z")* = (z™)* - z™

proof —
assume assm: m < n
hence 2z - (z™)* = " . (a7 . gM)*
by (metis (full-types) le-add-diff-inverse2 power-add)
also have ... = (g~ ™ . g™)* . M
by (metis (opaque-lifting, mono-tags) C-slide ab-semigroup-add-class.add.commute
power-add)

finally show ?thesis

by (metis (full-types) assm le-add-diff-inverse ab-semigroup-add-class.add.commute
power-add)
qed

end

context dioid-one-zero
begin

lemma opp-power-def:
power.power 1 (®) zn = z™
proof (induction n)
case 0 thus ?case
by (metis power.power.power-0)
next
case (Suc n) thus Zcase
by (metis power.power.power-Suc power-Suc?2 times.opp-mult-def)
qed

lemma opp-powsum-def:



dioid-one-zero.powsum (+) (®) 1 0z m n = zp"

proof —
have sum (power.power 1 (®) z) {m..n + m} = sum ((7) z) {m..n + m}
by (induction n, simp-all add:opp-power-def)
thus ?thesis
by (simp add: dioid-one-zero.powsum-def[of - - - - (<) (<)] dual-dioid-one-zero
powsum-def)
qed

end
lemma C1/4-dual:

fixes z::'a:: C-algebra
shows z* = zg" - (a1 1)*

proof —
have z* = (z"T1)* . g,
by (rule C14)
also have ... = (z"t1)* . (Y i=0..n. 27%)
by (subst powsum-def, auto)
also have ... = (3 i=0..n. (z"T1)* . 27%)
by (metis le0 sum-interval-distl)
also have ... = (Y i=0..n. 7% - (z"T1)*)
by (auto intro: sum-interval-cong simp only: C14-auzx)
also have ... = zy" - (" 1)*

by (simp only: sum-interval-distr[ THEN sym| powsum-def Nat.add-0-right)
finally show ?thesis .
qged

lemma C-algebra: class.C-algebra () (©) (1::'a::C-algebra) 0 (<) (<) star
proof
fix zy :: '/a and n :: nat
show (z + y)* = (2 © y)* @ z*
by (metis C11-var opp-mult-def)
show (z O y)*=14+z2060 (yoOoa)* Oy
by (metis C12 mult.assoc opp-mult-def)
show (2*)* = z*
by (metis C13)
show z* = power.power 1 (®) z (n + 1)* ® dioid-one-zero.powsum (+) (®) 1
0z 0n
by (metis C14-dual opp-mult-def opp-power-def opp-powsum-def)
qed (simp-all add: opp-mult-def mult.assoc distrib-left)

3.2 Boffa’s Axioms

Boffa’s two axiomatisations of Regular Algebra from [2, 3].

class Bl-algebra = conway-dioid +
assumes R:z -z =z = 2" =1+ 2

class B2-algebra = star-dioid +



assumes B21: 1 + z < z*
and B22 [simp]: z* - * = z*
and B23: [ +z<y;y-y=y] = 2" <y

lemma (in BI-algebra) Bl-algebra:
class.B1-algebra (+) (©) 1 0 (<) (<) star
proof
fixzyz:'a
showz O yO©z=20 (y © 2)
by (metis mult.assoc opp-mult-def)
show (2 +y) O z=202+y O 2
by (metis distrib-left opp-mult-def)
show z + z =z
by (metis add-idem)
show 1 © z =2
by (metis mult-oner opp-mult-def)
show z © 1 =z
by (metis mult-onel opp-mult-def)
show 0 + z ==z
by (metis add-zerol)
show 0 © z =0
by (metis annir opp-mult-def)
showz ® (y+2)=20y+20 2
by (metis distrib-right opp-mult-def)
show z © 0 = 0
by (metis annil opp-mult-def)
show (z + y)* = (z* © y)* © z*
by (metis C11-var opp-mult-def)
show (z O y)*=14+z2060 (yoOo2)* Oy
by (metis C12 mult.assoc opp-mult-def)
showz @Oz == 2a2"=1+ =2
by (metis R opp-mult-def)
qed

lemma (in B2-algebra) B2-algebra:
class.B2-algebra (+) (©) 1 0 (<) (<) star
proof
fixzyz:'a
showz @y O z=20 (y © 2)
by (metis mult.assoc opp-mult-def)
show (z 4+ y) O z=202+y0 2
by (metis distrib-left times.opp-mult-def)
show z + z =1z
by (metis add-idem)
show 1 Gz =12
by (metis mult-oner opp-mult-def)
show z © I =z
by (metis mult-onel opp-mult-def)
show 0 +z =z
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by (metis add-zerol)
show 0 © z = 0
by (metis annir opp-mult-def)
showz O (y+2)=20y+1z20 2
by (metis distrib-right opp-mult-def)
show z ©® 0 = 0
by (metis annil opp-mult-def)
show 1 + z < z*
by (metis B21)
show z* © z* = 2~
by (metis B22 opp-mult-def)
show [ +2<yyoy=y]l=2"<y
by (metis B23 opp-mult-def)
qed

instance BI-algebra C B2-algebra
proof
fixzy:'a
show 1 + 2z < z*
by (metis C12 add-iso-r distrib-right join.sup.coboundedl mult-onel)
show two: z* - z* = z*
by (metis (no-types, lifting) C11-var C12 R add-idem’ mult-onel mult-oner)
show [ I +2<yy-y=y]|=1"<y
by (metis (no-types, lifting) C11-var R two distrib-left join.sup.bounded-iff
less-eq-def mult.assoc mult.right-neutral)
qged

context B2-algebra
begin

lemma star-ref: 1 < z*
using local.B21 by auto

lemma star-plus-one [simpl: 1 + z* = x
by (metis less-eq-def star-ref)

lemma star-trans: ©* - x* < z*
by (metis B22 order-refl)

lemma star-trans-eq [simp]: z* - 2* = z

by (metis B22)

*

lemma star-invol [simp]: (z*)* = z*

by (metis B21 B22 B23 order.antisym star-plus-one)

lemma star-10: z - z* < z*
by (metis local. B21 local.join.sup.boundedE local.mult-isor local.star-trans-eq)

lemma star-one [simp]: 1* = 1

11



by (metis B23 add-idem order.antisym mult-oner order-refl star-ref)

lemma star-subdist: z* < (z + y)*
by (meson local. B21 local. B23 local.join.sup.bounded-iff local.star-trans-eq)

lemma star-iso: z < y = z* < y*
by (metis less-eq-def star-subdist)

lemma star2: (1 + z)* = z*
by (metis B21 add.commute less-eq-def star-invol star-subdist)

lemma star-unfoldl: 1 + z - z* < x*
by (metis local.join.sup.bounded-iff star-11 star-ref)

lemma star-unfoldr: 1 + z* - z < z*
by (metis (full-types) B21 local.join.sup.bounded-iff mult-isol star-trans-eq)

lemma star-ext: © < z*
by (metis B21 local.join.sup.bounded-iff’)

lemma star-1r: z* - ¢ < z*
by (metis mult-isol star-ext star-trans-eq)
lemma star-unfoldl-eq [simp]: 1 + x - z* = z*
proof —
have (I +z-2*) - (I +z-2%)=1-(Il +z-2*)+z-2*- (I +2z- 2%
by (metis distrib-right)
alsohave ... =1 +z - 2"+ (z - 2% -z - 2%)
by (metis add-assoc’ add-idem’ distrib-left mult.assoc mult-onel mult-oner)
also have ... = 1 + z - ¥
by (metis add.assoc add.commute distrib-left less-eq-def mult.assoc star-11
star-trans-eq)
finally show ?thesis
by (metis B23 local.join.sup.mono local.join.sup.cobounded! distrib-left or-
der.eq-iff mult-1-right star-plus-one star-unfoldl)
qed
lemma star-unfoldr-eq [simp]: 1 + z* -z = z*
proof —
have (1 +2* - 2z) - (I +2*-2)=1-(1+a* - z)+a* -z (1 + 2" 2
by (metis distrib-right)
also have ... = 1 + ¢* -z + (2" -z - z* - 1)
by (metis add.assoc add-idem’ distrib-left mult-1-left mult-1-right mult.assoc)
also have ... = 1 + z* -z
by (metis add-assoc’ distrib-left mult.assoc mult-oner distrib-right’ star-trans-eq
star-unfoldl-eq)
finally show ?thesis
by (metis B21 B23 add.commute local.join.sup.mono local.join.sup.coboundedl
order.eq-iff eq-refl mult-1-left distrib-right’ star-unfoldl-eq star-unfoldr)

12



qed

lemma star-prod-unfold-le: (z - y)* < 1 +z-(y-z)* -y
proof —
have (1 +z-(y-2)*-y)- (I +z-(y-2)" -y =
1-(I+z-(y-2a) y+@-(y-2) -y L+ (y 2y
by (metis distrib-right’)
alsohave ... =1 +z-(y-2)* - y+z-(y-2)* - y-z-(y-2)* -y
by (metis add.assoc local.join.sup.coboundedl distrib-left less-eq-def mult-1-right
mult.assoc mult-onel)
finally have (1 + z - (y - 2)* - y) - (I +z-(y-2) -y)=1+z-(y-2)* -y
by (metis add.assoc distrib-left distrib-right mult.assoc mult-oner star-trans-eq
star-unfoldr-eq)
moreover have (z - y) < I +z-(y-2z)* -y
by (metis local.join.sup.cobounded?2 mult-1-left mult.assoc mult-double-iso or-
der-trans star-ref)
ultimately show ?thesis
by (simp add: local. B23)
qed

lemma star-prod-unfold [simp]: 1 + z - (y - z)* -y = (z - y)*
proof —
have 1 +z - (y-2)  y<I1+z- (I +y-(z-y)* z)y
by (metis local.join.sup.mono mult-double-iso order-refl star-prod-unfold-le)
alsohave ... =1 +z-y+az-y-(z-y)* -z-y
by (metis add.assoc distrib-left mult-1-left mult.assoc distrib-right”)
finally have 1 + z - (y - 2)* -y < (z - y)*
by (metis add.assoc distrib-left mult-1-right mult.assoc star-unfoldl-eq star-unfoldr-eq)
thus ?thesis
by (metis order.antisym star-prod-unfold-le)
qed

lemma star-slidel: (z - y)* -z <z - (y - z)*
proof —
have (z - y)* 2= +z-(y-2)*-y) -z
by (metis star-prod-unfold)

alsohave ... = (z +z - (y-2)* -y - z)
by (metis mult-onel distrib-right’)
alsohave ... =z - (1 + (y - )" -y - 2)

by (metis distrib-left mult.assoc mult-oner)
finally show ?thesis
by (metis eq-refl mult.assoc star-unfoldr-eq)
qged

lemma star-slide-varil: z* - ¢ < x - z*
by (metis mult-onel mult-oner star-slidel)

lemma star-slide: (z - y)* -z =2z - (y - z)*
proof (rule order.antisym)

13



show (z - y)* -z <z - (y-2)*
by (metis star-slidel)

havez - (y-2)*=z- (1 +y-(z-y)*- 2
by (metis star-prod-unfold)

alsohave ... =z 4+z-y-(z-y)* -z
by (metis distrib-left mult.assoc mult-oner)
alsohave ... = (I +z-y-(z-y)*) -z

by (metis mult-onel distrib-right’)
finally show z - (y - 2)* < (z - y)* -«
by (metis mult-isor star-unfoldl)
qged

lemma star-rtcl: 1 + z + z* - 2* < 2*

using local. B21 local.join.sup-least local.star-trans by blast
lemma star-rtcl-eq: 1 + ¢ + x* - 2% = x*

by (metis B21 B22 less-eq-def)

lemma star-subdist-var-1: z < (z + y)*
using local.join.le-supF local.star-ext by blast

lemma star-subdist-var-2: z - y < (z + y)*
by (metis (full-types) local.join.le-supE mult-isol-var star-ext star-trans-eq)

lemma star-subdist-var-3: z* - y* < (z 4+ y)*
by (metis add.commute mult-isol-var star-subdist star-trans-eq)

lemma R-lemma:
assumes r - £ = ¥
shows z* = 1 + 2
proof (rule order.antisym)
show 1 + 2z < z*
by (metis B21)
have (1 +z)- (1 +z)=1+ 2z
by (metis add.commute add-idem’ add.left-commute assms distrib-left mult-onel
mult-oner distrib-right’)
thus 2z < 1 + z
by (metis B23 order-refl)
qed

lemma star-denest-var-0: (z + y)* = (z* - y)* - «*
proof (rule order.antisym)
have one-below: 1 < (z* - y)* - =
by (metis mult-isol-var star-one star-ref star-trans-eq)
have z-below: z < (z* - y)* - z*
by (metis mult-isol mult-oner order-trans star-ext star-ref star-slide)
have y-below: y < (z* - y)* - z*
by (metis mult-isol-var mult-onel mult-oner order-trans star-ext star-slide star-unfoldl-eq
subdistl)

*
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from one-below x-below y-below have 1 + x + y < (z* - y)* - z*

by simp

moreover have (z* - y)* - z* - (¥ - y)* - a* = (" - y)* -z

by (metis star-trans-eq star-slide mult.assoc
ultimately show (z + y)* < (z* - y)* - «*

by (metis B23 add-assoc’ mult.assoc)

show (z* - y)* - o* < (z + y)*

by (metis (full-types) add.commute mult-isol-var star-invol star-iso star-subdist-var-1
star-trans-eq)

qged

* *

lemma star-denest: (z + y)* = (z* - y*)*
by (metis R-lemma add.commute star-denest-var-0 star-plus-one star-prod-unfold
star-slide star-trans-eq)

lemma star-sum-var: (x + y)* = (z* + y*)*
by (metis star-denest star-invol)

lemma star-denest-var: (x + y)* = z* - (y - 2*)*
by (metis star-denest-var-0 star-slide)

lemma star-denest-var-2: (z* - y*)* = z* - (y - 2°)*
by (metis star-denest star-denest-var)

lemma star-denest-var-3: (z* - y*)* = a* - (y* - 2*)*
by (metis B22 add-comm mult.assoc star-denest star-denest-var-2)

lemma star-denest-var-4: (z* - y*)* = (y* - 2*)*
by (metis add-comm star-denest)

lemma star-denest-var-5: z* - (y - 2*)* = y* - (x - y*)*
by (metis add.commute star-denest-var)

lemma star-denest-var-6: (x + y)* = «* - y* - (z + y)*
by (metis mult.assoc star-denest star-denest-var-3)

lemma star-denest-var-7: (z + y)* = (z + y)* - =* - y*
by (metis star-denest star-denest-var star-denest-var-3 star-denest-var-5 star-slide)

lemma star-denest-var-8: (z* - y*)* = a* - y* - (¢ - y*)*
by (metis star-denest star-denest-var-6)

lemma star-denest-var-9: (z* - y*)* = (z * - y*)* - 2* - y
by (metis star-denest star-denest-var-7)

lemma star-slide-var: z* - ©x = ¢ - z*
by (metis mult-1-left mult-oner star-slide)

lemma star-sum-unfold: (z + y)* = z* + 2* -y - (z + y)*
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by (metis distrib-left mult-1-right mult.assoc star-denest-var star-unfoldl-eq)

lemma troeger: * - (y - (¢ + y)* - 2) + 2) = (e + y)* - 2
proof —
have z* - (y - ((z + )" - 2) + 2) = (" + 2" -y - (z+ y)*) - 2
by (metis add-comm distrib-left mult.assoc distrib-right’)
thus ?thesis
by (metis star-sum-unfold)
qed

lemma meyer-1: ¥ = (1 + z) - (z - 2)*
proof (rule order.antisym)
have (1 +z) - (z-2)* - (I +z) - (z-2)*=(z-2)*+z-(z-2)) - ((z-2)*
to (a2
by (metis mult.assoc mult-onel distrib-right”)

Eilsol)l*ave...:((a:-;z:)*—kx-(x-x)*)~(a:~a:)*+((a:-a:)*+a:-(x-x)*)-J;
by (metis distrib-left mult.assoc)
alsohave ...=(z-2)* - (z-2)*+2z-(z-2)* - (z-2) "+ (z-2)* -z (z-

)4+ z-(z-2)-x-(x-x)*
by (metis combine-common-factor distrib-right)

alsohave ... =(z-2)*+z-(z-2)*+z -z (z 2)*
by (metis add.assoc add-idem’ mult.assoc star-slide star-trans-eq)
alsohave ... =1 +z -2z -(z-2)*+z-(z-2)*+z- -2z (z-2)
by (metis star-unfoldi-eq)
also have ... = (z - 2)* + z - (z - z)*

by (metis add-comm add-idem’ add.left-commute star-unfoldi-eq)
finally have (1 + z) - (z - 2)* - (I +z) - (z-2)*=(1 + z) - (z - 2)*
by (metis mult-1-left distrib-right’)
moreover have I + z < (1 + z) - (z - 2)*
by (metis mult-1-right star-unfoldl-eq subdistl)
ultimately show z* < (1 + z) - (z - 2)*
by (metis B23 mult.assoc)
next
have (1 +z) - (z-z)*=(z-2)* +z - (z - 2)*
by (metis mult-1-left distrib-right’)
thus (1 +2) - (z - z)* < z*
by (metis local.add-zeror local.join.sup-least local.mult-isol-var local.mult-oner
local.star-ext local.star-invol local. star-iso local. star-subdist-var-2 local.star-trans-eq
local.subdistl-eq)
qed

lemma star-zero [simpl: 0* =
by (metis add-zeror star2 star-one)

lemma star-subsum [simp]: a* + a* - & = z*
by (metis add.assoc add-idem star-slide-var star-unfoldl-eq)

lemma prod-star-closure: © < 25 —= y < z* =z -y < 2*
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by (metis mult-isol-var star-trans-eq)
end

sublocale B2-algebra C Bl-algebra
by unfold-locales (metis star-denest-var-0, metis star-prod-unfold, metis R-lemma)

context B2-algebra
begin

lemma power-le-star: z" < z*
by (induct n, simp-all add: star-ref prod-star-closure star-ext)

lemma star-power-slide:
assumes k£ < n
shows zF . (z™)* = (z™)* . 2F
proof —
from assms have z¥ - (z7)* = (zF . z" Ry . gk
by (metis (full-types) le-add-diff-inverse2 power-add star-slide)
with assms show ?thesis
by (metis (full-types) le-add-diff-inverse2 ab-semigroup-add-class.add.commute
power-add)
qed

lemma powsum-le-star: ;" < z*
by (induct n, simp-all add: powsum?2, metis power-le-star, metis power-Suc
power-le-star)

lemma star-sum-power-slide:

assumes m < n

shows zy™ - (2™)* = (¢™)* - zg
using assms
proof (induct m)

case 0 thus ?case

by (metis mult-onel mult-oner powsum-00)

next

case (Suc m) note hyp = this

have xOSuc m . (mn)* _ (370m + xSuc m) . (xn)*

by (simp add:powsum2)

m

also have ... = g - (z")* 4 gSucm . (gny*
by (metis distrib-right”)

also have ... = (z™)* - g™ + Suc m . (gny*
by (metis Suc.hyps Suc.prems Suc-leD)

also have ... = (z")* - 7)™ + (z")* - goUc ™
by (metis Suc.prems star-power-slide)

also have ... = (z")* - (zy™ + 25Uuc ™)

by (metis distrib-left)
finally show ?case
by (simp add:powsum2)
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qed

lemma aarden-aux:
assumes y <y -z + 2
shows y < y - g(Sucn) 4
proof (induct n)
case 0
havey-m+z§y-x(suco)+z-x*
by (metis (mono-tags) One-nat-def add.commute add-iso mult-1-right power-one-right
star-plus-one subdistl)
thus ?Zcase
by (metis assms order-trans)
next
case (Suc n)
havey-x+z§(y-x(suc”)+z-x*)-x+z
by (metis Suc add-iso mult-isor)
also have ... = y,l,(Sucn) x4z (zF x4+ 1)
by (subst distrib-right, metis add-assoc’ distrib-left mult.assoc mult-oner)
finally show ?case
by (metis add.commute assms mult.assoc order-trans power-Suc2 star-unfoldr-eq)
qged

z - T*

lemma conway-powerstar: (z"F)* - g . (P gt = (2"HD)x L gy

proof (cases n)
case 0 thus ?thesis
by simp
next
case (Suc m) thus ?thesis
proof —
assume assm: n = Suc m
have (xm—l—g)* . $0m+1 . (mm—i—,?)* . m0m—|—1 — (Im—i—Q)* . (mm—i—.?)* . wOm—&—] .
x0m+1

by (subgoal-tac m + 1 < m + 2, metis mult.assoc star-sum-power-slide, simp)

also have ... = (zMT2)x . gymtl. gomtl
by (metis star-trans-eq)
also have ... = (z™12)*. a:g(suc m)+(Suc m)
by (simp add: mult.assoc powsum-prod)
also have ... = (z™2)* . (zp5uem 4 g + 2™
by (metis monoid-add-class.add.left-neutral powsum-split-var3 add-2-eq-Suc’)
also have ... = (z2)* . g Sucm 4 (pm+2y . T(m + 2)+ o
by (simp add: local.distrib-left)
also have ... = (zT2)* . ggouc m 4 (gm2)x . gmt2. g ,m
by (subst powsum-shift{ THEN sym], metis mult.assoc)
also have ... = (z™T2)* . (go™ 4 Mty 4 (amF2)x . gm+2 . g ,m
by (simp add:powsum2)
also have ... = (z™T2)* . gy 4 (aMF2)x . gm+2 . gym 4 (pmt2)x . gmtl
by (metis add.assoc add.commute add.left-commute distrib-left mult.assoc)
also have ... — ($m+2)* Czg™ + (l,m—FQ)* Czp™ 4 (xm—|—2)* . g1
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by (metis add-idem’ distrib-right’ star-subsum)

also have ... = (z™T2)* . (zo™ 4 z™mH1)
by (metis add-idem’ distrib-left)
also have ... = (z12)* . g m+1

by (simp add:powsum?2)
finally show ?thesis
by (simp add: assm)
qed
qed

n—|—1)* . l,On

lemma conway-powerstar2: 1 + z < (z
proof (cases n)
case 0 show ?Zthesis
using 0 local. B21 by auto
next
case (Suc m) show ?thesis
proof —
have one: z < (zMT2)* . gymH!
by (metis Suc-eq-plusl powsum-ext mult-isor mult-onel order-trans star-ref)
have two: 1 < (z™T2)* . g,mt1
by (metis Suc-eq-plus1 local.join.le-sup E mult-isor mult-onel powsum-split-varl
star-ref)
from one two show ?thesis
by (metis Suc Suc-eq-plusl add-2-eq-Suc’ local.join.sup-least)
qed
qged

l,n+1>* . Ion

theorem powerstar: x* = (
proof (rule order.antisym)
show z* < (2"t 1)* . z)m
by (metis conway-powerstar! conway-powerstar? mult.assoc B23)
have (ITL-FZ)* cxg" < (@) -z
by (metis mult-isor power-le-star star-iso)
also have ... = z* - zy"
by (metis star-invol)
also have ... < z* - z*
by (simp add: local.prod-star-closure powsum-le-star)
finally show (z"+1)* . 2" < z*
by (metis star-trans-eq)
qed

end

sublocale B2-algebra C strong-conway-dioid
by wunfold-locales (metis star-invol)

sublocale B2-algebra C C-algebra
by unfold-locales (metis powerstar)

The following fact could neither be verified nor falsified in Isabelle. It does
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not hold for other reasons.

lemma (in C-algebra) z-0 = v — z* = 1+
00ps

3.3 Boffa Monoid Identities

typedef (‘a , 'b) boffa-mon = {f :: 'a::{finite,monoid-mult} = 'b::Bl-algebra.
True}
by auto

notation
Rep-boffa-mon (<--»)

lemma finite (range (Rep-boffa-mon M))
by (metis finite-code finite-imagel)

abbreviation boffa-pair :: (‘a, 'b) boffa-mon = 'a::{finite,monoid-mult} = 'a =
'b:: B1-algebra where
boffa-pair x i j = > { x| k. i-k = j}

notation
boffa-pair (¢---»)

abbreviation conway-assms where
conway-assms ¥ = (¥ i j. (v; - 25 < 24.5) A (24)" = 77 4)

lemma pair-one: 7 1 = 4
by (simp)

definition conway-assm1 where conway-assml z = (V ij. x; - zj < 2;.5)
definition conway-assm2 where conway-assm2 x = (Vi. z; ;" = ;)

lemma pair-star:
assumes conway-assm2 x
shows z1* = x4

proof —
have z;* = z7 1*
by simp
also from assms have ... = z; ;

by (metis (mono-tags) conway-assm2-def)
finally show ?thesis
by simp
qed

lemma conway-monoid-one:
assumes conway-assm2 x
shows z; = 1 + z;

proof —
from assms have z; = z*
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by (metis pair-star)
thus ?thesis
by (metis star-plus-one)
qed

lemma conway-monoid-split:
assumes conway-assm2
shows Y {z;|i.i€ UNIV} =1+ > {x;]|i.i€ UNIV}
proof —
have Y {z;|i.i€ UNIV} =5 {z;| 4.7 € (insert 1 (UNIV — {1}))}
by (metis UNIV-I insert-Diff-single insert-absorb)
also have ... = > (Rep-boffa-mon x ‘ (insert 1 (UNIV — {1})))
by (metis fset-to-im)
also have ... = x; + Y (Rep-boffa-mon z * (UNIV — {1}))
by (subst sum-fun-insert, auto)
also have ... = z; + Y { z; | i. ie(UNIV — {1})}
by (metis fset-to-im)
also from assms have unfid:... = 1 + z7 + > { z; | i. i€(UNIV — {1})}
by (metis (lifting, no-types) conway-monoid-one)
finally show ?thesis
by (metis (lifting, no-types) ac-simps unfld)
qged

lemma boffa-mon-auzi: {z;;|ij.i € UNIV A j€ UNIV} = {z;|i. i€ UNIV}
by (auto, metis monoid-mult-class.mult.left-neutral)

lemma sum-intro’ [intro]:
[finite (A :: 'a::join-semilattice-zero set); finite B; VacA. 3beB. a < b | =
SA<YB

by (metis sum-intro)

lemma boffa-auz2:
conway-assml r =
Y Azpxj|ij. i€ UNIVANje UNIVY <) {z;;|ij. i€ UNIV Aje€ UNIV}
unfolding conway-assml1-def
using [[simproc add: finite-Collect]]
by force

lemma boffa-auz3:
assumes conway-assml
shows (> {z;|i. i€UNIV}) + (3 {z; - zj|ij.i€UNIV A jeUNIV}) = (3
{z; | i. i€ UNIVY)
proof —
from assms
have (3 {z;| 4. i€UNIV}) + (32 {z;- zj|ij.i€UNIV AJEUNIV}) < (3
{2 [ 4. i€UNIVH)+(32 {zgj | ij . i€UNIV A jeUNIVY)
apply (subst add-iso-r)
apply (subst boffa-auz2)
by simp-all
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also have ... = (3 {z; | i. i€UNIV})
by (metis (mono-tags) add-idem boffa-mon-auzl)
ultimately show ?thesis
by (simp add: dual-order.antisym)
qed

lemma conway-monoid-identity:
assumes conway-assml x conway-assm2 x
shows (> {z4i. icUNIV})* = (3. {xy] i. iecUNIV})
proof —
have one:(Y" {xgi. icUNIVY}) - (30 {x4i. icUNIVY}) = (1 + (O {z4]i. icUNIV}))
(1 4+ O° {=m4]i. i€UNIVY))
by (metis (mono-tags) assms(2) conway-monoid-split)
also have ... = 1 + (3 {z4]i. i€UNIV}) + (O {wgli. i€ UNIVY) - (30 {z4]i.
i€ UNIV}))
by (metis (lifting, no-types) calculation less-eq-def mult-isol mult-isol-equiv-subdistl
mult-oner)
also have ... = 1 + (3 {zgli. i€UNIV}) + (32 {z;- xj | i j. i€UNIV A
jeUNIV})
by (simp only: dioid-sum-prod finite-UNIV')
finally have S {z; |i. i € UNIV} - 3 {a; |i. i € UNIV} = 3 {a; |i. i
UNIV}
apply (simp only:)
proof —
assume al: Yy {z; |i. i € UNIV} - > {z;|i. i € UNIV} = 1 + > {z; |i. i
UNIV} + > {x; - zjlij. i € UNIV A j € UNIV}
hence > {zp |R. R € UNIV} - > {zp |R. R € UNIV} = > {zp |IR. R
UNIV'}
using assms(1) assms(2) boffa-auzd conway-monoid-split by fastforce
thus 1 + > {z;[i. i € UNIV} + > {x; - xj|ij. i € UNIV A\ j€ UNIV} =
S {x; |i. i € UNIV}
using al by simp
qed
thus ?thesis
by (metis (mono-tags) one Bl-algebra-class.R star-trans-eq)
qed

m

m

m

3.4 Conway’s Conjectures

class C0-algebra = strong-conway-dioid +
assumes C0: z-y=y-z2=2a"-y=1y 2"

class C1l-algebra = strong-conway-dioid +
assumes CIll: z-y<y-z=2a2"-y<y-2*

class ClIr-algebra = strong-conway-dioid +
assumes ClIr: y-z<z-y=y -z*<z"-y

class C2l-algebra = conway-dioid +
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assumes C2l: z =y -z =z =y" -z

class C2r-algebra = conway-dioid +
assumes C2r:z =z -y =z =1 y*

class C3l-algebra = conway-dioid +
assumes C3l: z - y<y= 2" -y<y

class C3r-algebra = conway-dioid +
assumes C3r: y- -z <y=y-2* <y

sublocale C1r-algebra C dual: Cll-algebra
() () 10 (<) (<) star
proof
fixzyz:'a
showz QyO© 2=20 (y ® 2)
by (metis mult.assoc opp-mult-def)
show (z +y) O z2=202+y0 2
by (metis distrib-left opp-mult-def)
show z + z ==z
by (metis add-idem)
show 1 Gz =1z
by (metis mult-oner opp-mult-def)
show 2 © 1 =z
by (metis mult-onel opp-mult-def)
show 0 + z =1z
by (metis add-zerol)
show 0 ©® z = 0
by (metis annir opp-mult-def)
showz ® (y+2)=20y+20 2z
by (metis distrib-right opp-mult-def)
show 2 ©® 0 = 0
by (metis annil opp-mult-def)
show (z + y)* = (2 © y)* © z*
by (metis C11-var opp-mult-def)
show (z O y)*=14+z20 (yo0a) Oy
by (metis C12 mult.assoc opp-mult-def)
show (2*)* = z*
by (metis C13)
showz O y<y@:2=z2*0y<y 0O 2
by (metis C1r opp-mult-def)
qged

sublocale C2r-algebra C dual: C2l-algebra
(+) (®) 10 (<) (<) star
proof
fixzyz:'a
showz O yOz=20 (y ® 2)
by (metis mult.assoc opp-mult-def)
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show (z +y) @ z2=202+y0 2
by (metis distrib-left opp-mult-def)
show z + z =z
by (metis add-idem)
show 1 0z =1z
by (metis mult-oner opp-mult-def)
show 2 © 1 =z
by (metis mult-onel opp-mult-def)
show 0 + z ==z
by (metis add-zerol)
show 0 © . =0
by (metis annir opp-mult-def)
showz ® (y+2)=20y+20 2
by (metis distrib-right opp-mult-def)
show z © 0 = 0
by (metis annil opp-mult-def)
show (z + y)* = (2 © y)* © z*
by (metis C11-var opp-mult-def)
show (z O y)*=14+z20(yo0a)* Oy
by (metis C12 mult.assoc opp-mult-def)
showr=yo0r=zc=9y" 0z
by (metis C2r opp-mult-def)
qed

sublocale C38r-algebra C dual: C3l-algebra
(+) (©) 10 (<) (<) star
proof

fixzyz:'a
showz O yO© z=20 (y © 2)

by (metis mult.assoc opp-mult-def)
show (2 4+ ¢y) O z=2024+y 0Oz

by (metis distrib-left opp-mult-def)
show z + z =z

by (metis add-idem)
show 1 Gz =1z

by (metis mult-oner opp-mult-def)
show 2 © 1 =z

by (metis mult-onel opp-mult-def)
show 0 +z =z

by (metis add-zerol)
show 0 © z = 0

by (metis annir opp-mult-def)
showz O (y+2)=20y+ 20 2

by (metis distrib-right opp-mult-def)
show 2 © 0 = 0

by (metis annil opp-mult-def)
show (z + y)* = (2* © y)* © z*

by (metis C11-var opp-mult-def)
show (z O y)*=1+z2z060 (yoOo2)* Oy
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by (metis C12 mult.assoc opp-mult-def)
show 20 y<y=2"0y<y
by (metis C3r opp-mult-def)
qed

lemma (in CSl-algebra) k2-var: z + z -y <y = 2* - 2<y
by (metis local. C3l local.join.le-supE local.join.sup.absorb2 local.subdistl)

instance C2l-algebra C Bl-algebra
by (intro-classes, metis C2l monoid-mult-class.mult.left-neutral mult-oner con-
way-dioid-class.C12)

instance C2r-algebra C Bl-algebra
by (intro-classes, metis C2r conway-dioid-class.C12)

The following claims are refuted by Nitpick

lemma (in conway-dioid)
assumesxoy:y~z:>x*.y:y.z
shows 1* =

*

oops

lemma (in conway-dioid)
assumes z - y < y-z= 22" -y <y 2"
shows 1* = 1

oops

The following fact could not be refuted by Nitpick or Quickcheck; but an
infinite counterexample exists.

lemma (in BI-algebra) z = z-y— = = z-y*
oops

instance C3l-algebra C C2l-algebra
by (intro-classes, metis C3l conway-dioid-class. C12 dual-order.antisym join.sup.cobounded
mult-isol-var mult-onel order-refl)

sublocale C2l-algebra C C3l-algebra
proof
fix zy
showz -y <y=12a2"-y<y
proof —
assume z - Yy < ¥y
hence (z + 1) -y=y
by (metis less-eq-def mult-onel distrib-right’)
hence (z + 1)* -y =y
by (metis C2I)
hence z* - y =y
by (metis C11 C2l add-comm mult-1-left mult-1-right)
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thus z* -y <y
by (metis eq-refl)
qed
qed

sublocale C1l-algebra C C3l-algebra
by unfold-locales (metis mult-oner C1l C12 C13 add-zeror annir)

sublocale CS3l-algebra C Cll-algebra
proof
fixzyz
show (z*)* =z
by (metis local. C11-var local. C12 local. C3l order.eq-iff local.eq-refl local.join.sup.absorb2
local.join.sup-gel local.mult-onel local.mult-oner)
showz -y <y-z=2a2"-y<y-2*
proof —
assume assm: T -y <y - 2
have r1:y < y - 2*
by (metis C12 mult-isol mult-oner order-prop)
from assm have z - y - 2 < y - z -2*
by (metis mult-isor)
also have ... < y - 2*
by (metis local.C12 local.join.sup-commute local.mult-onel local.mult-oner
local.subdistl mult-assoc)
finally have y + z -y - 2* < y - 2
by (simp add: r1)
thus z* -y <y - z*
by (metis k2-var mult.assoc)
qed
qed

*

*

sublocale C1l-algebra C C2l-algebra
by (unfold-locales, metis C12 C3l add.commute local.join.sup.cobounded! dis-
trib-right less-eq-def mult-1-left order-refl)

sublocale C3r-algebra C C2r-algebra
by (unfold-locales, metis C12 C3r add.commute local.join.sup.coboundedl dis-
trib-left less-eq-def mult-1-right order-refl)

sublocale C2r-algebra C C3r-algebra
by unfold-locales (metis dual.CS3l opp-mult-def)

sublocale C1r-algebra C C8r-algebra
by unfold-locales (metis dual.C3l opp-mult-def)

sublocale C3r-algebra C Clr-algebra
by (unfold-locales, metis dual.C13, metis dual.C1l opp-mult-def)

class CI-algebra = Cll-algebra + Clr-algebra
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class C2-algebra = C2l-algebra + C2r-algebra
class C3-algebra = CSl-algebra + C3r-algebra

sublocale C0-algebra C C2-algebra
by unfold-locales (metis C12 C13 add-zeror annil mult-oner mult-onel CO)+

sublocale C2-algebra C CO0-algebra
by unfold-locales (metis C1l Clr order.eq-iff)

sublocale C2-algebra C C1-algebra ..
sublocale C1-algebra C C2-algebra ..
sublocale C2-algebra C C3-algebra ..

sublocale C3-algebra C C2-algebra ..

3.5 Kozen’s Kleene Algebras

Kozen’s Kleene Algebras [7, 6].
class Kl-base = star-dioid +

assumes Kl: 1 +z - z2* < z*

class Kr-base = star-dioid +
assumes Kr: 1 + z* - ¢ < z*

class K1l-algebra = Kl-base +
assumes star-inductl: ¢ -y <y = z* -y <y

class Kl1r-algebra = Kr-base +
assumes star-inductr: y -z <y =y -z <y

class K2l-algebra = Kl-base +
assumes star-inductl-var: z + x -y <y=—= 2z -2 <y

class K2r-algebra = Kr-base +
assumes star-inductr-var: z +y -z < y=—= z - 2* < y

class K1-algebra = Kll-algebra + Klir-algebra

class K2-algebra = K2l-algebra + K2r-algebra

sublocale K1r-algebra C dual: K1l-algebra
(+) (©) 10 (<) (<) star

proof

fixzyz:'a
show 1O y®2z2=20 (y© 2)
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by (metis mult.assoc opp-mult-def)
show (z +y) O z2=202+y0 2

by (metis distrib-left opp-mult-def)
show z + z ==z

by (metis add-idem)
show 1 0z =1z

by (metis mult-oner opp-mult-def)
show 2 © 1 =z

by (metis mult-onel opp-mult-def)
show 0 + z =1z

by (metis add-zerol)
show 0 © z =0

by (metis annir opp-mult-def)
showz ® (y+2)=20y+20 2z

by (metis distrib-right opp-mult-def)
show z ©® 0 =0

by (metis annil opp-mult-def)
show 1 + 2z ©® z* < z*

by (metis Kr opp-mult-def)
showz QO y<y=z*0y<y

by (metis star-inductr opp-mult-def)

qged

sublocale K1l-algebra C B2-algebra
proof
fixzy:'a
show 1 + 2z < z*
by (metis add-iso-r local.join.sup.coboundedl mult-isol mult-oner order-trans
KI)
show z* - z* = z*
using local. Kl order.eq-iff local.phl-cons1 local.star-inductl by fastforce
show [ I +z2<y;y-y=y] =a"<y
by (metis local. distrib-right’ local.join.le-sup-iff local.join.sup.order-iff local.mult-isol
local.mult-oner local.star-inductl)
qed

*

sublocale Kl1r-algebra C B2-algebra
by unfold-locales (metis dual.B21 dual.B22 dual.B23 opp-mult-def )+

sublocale K1l-algebra C C2l-algebra
by (unfold-locales, metis less-eq-def mult-1-left mult.assoc star-inductl star-invol

star-one star-plus-one star-trans-eq troeger)

sublocale C2I-algebra C Kl1l-algebra
by (unfold-locales, metis C12 order.eq-iff mult-1-left mult-1-right, metis C3l)

sublocale Kl1r-algebra C C2r-algebra
by unfold-locales (metis dual.C2l opp-mult-def)
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sublocale C2r-algebra C Klir-algebra
by (unfold-locales, metis dual.star-unfoldl opp-mult-def, metis C3r)

sublocale K1-algebra C C0-algebra
by unfold-locales (metis C1l Clr order.eq-iff)

sublocale C0-algebra C Kl1l-algebra ..

sublocale K2r-algebra C dual: K2l-algebra
(+) (©) 10 (<) (<) star
proof
fixzyz:'a
show 20 y02z=20 (y© 2)
by (metis mult.assoc opp-mult-def)
show (2 +y) O z=2024+y 0Oz
by (metis distrib-left opp-mult-def)
show z + z =z
by (metis add-idem)
show 1 ©z =1z
by (metis mult-oner opp-mult-def)
show 2 © 1 =z
by (metis mult-onel opp-mult-def)
show 0 + z =1z
by (metis add-zerol)
show 0 © z = 0
by (metis annir opp-mult-def)
showz © (y+2)=20y+ 20 2
by (metis distrib-right opp-mult-def)
show 2 © 0 = 0
by (metis annil opp-mult-def)
show 1 + 2z ©® z* < z*
by (metis opp-mult-def Kr)
show z + 20 y<y=2a2*02<y
by (metis opp-mult-def star-inductr-var)
qed

sublocale K1l-algebra C K2l-algebra
by unfold-locales (metis local.join.le-supE star-inductl order-prop subdistl)

sublocale K2l-algebra C K1l-algebra
by (unfold-locales, simp add: local.star-inductl-var)

sublocale Kir-algebra C K2r-algebra
by unfold-locales (metis dual.star-inductl-var opp-mult-def)

sublocale K2r-algebra C KI1r-algebra
by unfold-locales (metis dual.star-inductl opp-mult-def)

sublocale kleene-algebra C K1-algebra
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by (unfold-locales, metis star-unfoldl, metis star-inductl-var, metis star-unfoldr,
metis star-inductr-var)

sublocale K1-algebra C K2-algebra ..

sublocale K2-algebra C koz: kleene-algebra
by (unfold-locales, metis Kl, metis star-inductl-var, metis star-inductr-var)

3.6 Salomaa’s Axioms

Salomaa’s axiomatisations of Regular Algebra [9].

class salomaa-base = star-dioid +
fixes ewp :: 'a = bool
assumes S11: (I 4+ z)* = z*
and EWP:ewpz+— (By.x2 =14+ y A - ewp y)

class Sr-algebra = salomaa-base +
assumes S12r: 1 + z* -z = z*
and Ar: [~ewpy;z=z-y+z]=z=2-y*

The following claim is ruled out by Nitpick. The unfold law cannot be
weakened as in Kleene algebra.

lemma (in salomaa-base)
assumes S12r": 1 + 2* -z < z*
and Ar': [~ewpy;z=2z-y+z]=z=2-y
shows z* < 1 + z* -

*

oops

class Sl-algebra = salomaa-base +
assumes SI12l: 1 + z - 2* = z*
and Al : [—ewpy; 2 =yat+z] = z=y"z

class S-algebra = Sl-algebra + Sr-algebra

sublocale Si-algebra C dual: Sr-algebra
(+) (©) 10 (L) (<) star ewp
proof
fixzyz:'a
show (z O y) ©z2=20 (y ® 2)
by (metis mult.assoc opp-mult-def)
show (2 4+ y) O z=2024+y 0Oz
by (metis distrib-left opp-mult-def)
show =z + z =z
by (metis add-idem)
show 1 ©z =1z
by (metis mult-oner opp-mult-def)
show z © 1 ==z
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by (metis mult-onel opp-mult-def)
show 0 +z =z
by (metis add-zerol)
show 0 © z =0
by (metis annir times.opp-mult-def)
showz © (y+2)=20y+ 202
by (metis opp-mult-def distrib-right’)
show z © 0 = 0
by (metis annil opp-mult-def)
show (I + z)* = z*
by (metis S11)
show ewpz = (Jy. 2 =1+ y A - ewp y)
by (metis EWP)
show 1 + 2* ©® z = 2*
by (metis S121 opp-mult-def)
show[[ﬂewpy;;z::x@y—kz]]=>$:z®y*
by (metis opp-mult-def Al)
qed

context Sr-algebra
begin

lemma kozen-induct-r:
assumes y -z + 2 < y
shows 2z - z* < y
proof (cases ewp x)
case Fulse thus ?thesis
by (metis add-commute assms local. Ar local.join.le-supE local.join.sup.orderE
local. mult-isor)
next
case True thus ?thesis
proof —
assume ewp
then obtain z’ where assmi1: z = 1 + 2z’ and assm2: — ewp z’
by (metis EWP)
have y = (z + y) - =¥
by (metis S11 local.join.le-supE assm1 assm2 assms order.eq-iff less-eq-def Ar
subdistl)
thus z - z* < gy
by (metis local.join.sup.coboundedl local.mult-isor)
qed
qged

end

context Sl-algebra
begin

lemma kozen-induct-I:
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assumes z -y + 2 < y
shows z*-2 < y
by (metis dual.kozen-induct-r times.opp-mult-def assms)

end

sublocale Sr-algebra C K2r-algebra
by unfold-locales (metis S12r order-refl, metis add-comm kozen-induct-r)

sublocale Sr-algebra C Klir-algebra ..

sublocale Si-algebra C K2l-algebra
by unfold-locales (metis S121 order-refl, metis add-comm kozen-induct-I)

sublocale Si-algebra C Kl1l-algebra ..
sublocale S-algebra C K1-algebra ..

sublocale S-algebra C K2-algebra ..

The following claim could be refuted.

*

lemma (in K2-algebra) (-1 < 2) — s =z-y+z2—zx=2 Yy
00pSs

class salomaa-conj-r = salomaa-base +
assumes salomaa-small-unfold: 1 + 2* -z = x*

assumes salomaa-small-r: [ " ewpy;z =z -y+ 1] = z=y*

sublocale Sr-algebra C salomaa-conj-r
by (unfold-locales, metis S12r, metis mult-onel Ar)

lemma (in salomaa-conj-r) (mewp y) Nz =z-y+2) — =2 -9y
00pSs

end

4 Models of Regular Algebra
theory Regular-Algebra-Models

imports Regular-Algebras Kleene-Algebra. Kleene-Algebra-Models
begin

4.1 Language Model of Salomaa Algebra

abbreviation w-length :: ‘a list = nat ( <|-]»)
where |z| = length

definition l-ewp :: ‘a lan = bool where
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lewp X «— {[]} € X
interpretation lan-kozen: K2-algebra (+) (1) 1 :: 'a lan 0 (C) (C) star ..
interpretation lan-boffa: Bl-algebra (+) (-) 1 :: 'a lan 0 (C) (C) star ..

lemma length-lang-pow-Ib:
assumes VzeX. |z| > kz € X n
shows |z| > kxn
using assms proof (induct n arbitrary: x)
case (0 thus ?case by auto
next
case (Suc n)
note hyp = this
thus ?case
proof —
have 1 € X9UCn 5 (F yz z=yQzAye X Aze XN
by (simp add:c-prod-def times-list-def)
also from hyp have ... — (3 y z. z = yQz A |y| > k A |z| > kxn)
by auto
also have ... «— (F yz. 2 = yQz A |ly| > kA |z| = kxn A (2| = |y| + |2] )
by force
alsohave ... «— (F yz. o =yQz Ayl > kA |z| > kxn A (2] > (n+ 1) =

k)
by (auto, metis add-mono mult.commute, force)
finally show ?thesis
by (metis Suc-eq-plusl hyp(8) mult.commute)
qed
qed

lemma [l-prod-elim: weX - YV +— (Juv. w = uQu A ueX A veY)
by (simp add: c-prod-def times-list-def)

lemma power-minor-var:
assumes YV weX. k<|w|
shows V we XU ™, nxk<|uw|
using assms
apply (auto simp add: l-prod-elim)
using length-lang-pow-lb trans-le-add2
by (simp add: length-lang-pow-1b trans-le-add2 mult.commute)

lemma power-Ib: (VweX. k<|w| ) — (Vw. weXUC " — nxk<|w| )
by (metis power-minor-var)

lemma prod-Ib:

[ VweX. m < length w); YVweY. n < length w) | = (Vwe(X-Y). (m+n) <
length w)

by (metis l-prod-elim add-le-mono length-append)
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lemma suicide-auz-I:

[ VweY. 0<length w); (V weXSUe Ny < length w) ] = (¥ wexSucn .y n
< length w)

apply (auto simp: l-prod-elim)

apply (drule-tac x=ua Q va in bspec)

apply (auto simp add: I-prod-elim)
done

lemma suicide-auz-r:

[ (VweY. 0<length w); (VwEXS“c " n < length w) | = (VweY - xSuen p
< length w)

by (auto, metis (full-types) le0 plus-nat.add-0 prod-1b)

lemma word-suicide-I:
assumes — l-ewp X Y # {}
shows (VweY. In. wg XSucn . y)
proof —
have VwveY. 0<length v
by (metis le0)
from assms have VveX. 1<length v
by (simp add: l-ewp-def, metis le-0-eq length-0-conv not-less-eq-eq)
hence YweY. In. wgXSUen . y
by (metis nat-mult-1-right power-lb suicide-auz-l le0 Suc-n-not-le-n)
thus ?thesis by metis
qed

lemma word-suicide-r:
assumes — l-ewp X Y # {}
shows (YweY. 3n. wgy - Xucn)
proof —
have VwveY. 0<length v
by (metis le0)
from assms have VveX. 1<length v
by (simp add: l-ewp-def, metis le-0-eq length-0-conv not-less-eq-eq)
hence VweY. 3n. wgY - Xoucn
by (metis nat-mult-1-right power-lb suicide-auz-r le0 Suc-n-not-le-n)
thus “thesis by metis
qged

lemma word-suicide-lang-l: [ = l-ewp X; ¥ # {} ] = 3 n. = (Y < X5ucn . y)
by (metis Set.set-eql empty-iff in-mono word-suicide-I)

lemma word-suicide-lang-r: [ 7 l-ewp X; YV #{} ] =3I n. - (Y <Y - X Sue ny
by (metis Set.set-eql empty-iff in-mono word-suicide-r)

These duality results cannot be relocated easily

context KI1-algebra
begin
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lemma power-dual-transfer [simp]:
power.power (1::'a) (®) zn = z"
by (induct n, simp-all, metis opp-mult-def power-commutes)

lemma aarden-aux-I:
y<z-y+z=y< Uy 4 .,
using dual.aarden-auz[of y © z n]
by (auto simp add:opp-mult-def)

end

lemma arden-I:
assumes — l-ewp y £ = y-r + 2
shows z = y* - 2
proof (rule antisym)
show one: y* - z < x
by (metis assms(2) join-semilattice-class.add-comm left-near-kleene-algebra-class. star-inductl-eq)
show z < y* - 2
proof (cases z = 0)
show z = 0 = z < y*-2
by simp
assume assms’: x # 0
have/\n.xgysucn~:1:+y*~z
by (metis assms(2) kleene-algebra-class.aarden-auz-1 subsetl)
moreover then have A wn. w €z => w € yoUC ™. gV we y* - 2
by (force simp: plus-set-def)
ultimately show z < y* - 2
by (metis (full-types) all-not-in-conv assms(1) subsetl word-suicide-l)
qged
qged

lemma arden-r:
assumes - l-ewp yr =2 -y + 2
shows z = z - y*
proof (rule antisym)
show one: z - y* <z
by (metis assms(2) join.sup-commute kleene-algebra-class.star-inductr-var or-
der-refl)
show z < z - gy
proof (cases z = 0)
show 2 = 0 —= 2z < z - y*
by simp
assume assms” x # 0
have/\n.a:§$~ysuc”+z-y*
by (metis assms(2) kleene-algebra-class.aarden-auz subsetl)
moreover then have A\ w n. werz=wez YUV ez y*
by (force simp: plus-set-def)
ultimately show z < z - y*
by (metis (full-types) all-not-in-conv assms(1) subset] word-suicide-r)

*
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qed
qed

The following two facts provide counterexamples to Arden’s rule if the empty
word property is not considered.
lemma arden-l-counter: 3 (z::'a lan) (y::'a lan) (z::’alan). x =y -z + 2z ANz #
Y-z
proof —
have one: (0::'a lan) + 1 - 1 = 1
by (metis ab-near-semiring-one-class.mult-onel kleene-algebra-class. dual.add-zerol)
have two: (1::'a lan) # 1* - 0
proof —
have 3. (0::'a list set) # x1
by auto
hence (1::'a list set) # 0
by (metis kleene-algebra-class. dual.annir kleene-algebra-class. dual.mult.right-neutral)
thus (1::'a list set) # 1* - 0
by simp
qed
show ?thesis using one and two
by (metis kleene-algebra-class. dual.add-zerol kleene-algebra-class. dual.add-zeror)
qged

lemma arden-r-counter: 3 (z::'a lan) (y::'a lan) (z:'a lan). =z -y + 2z Az #
z-y*
proof —
have one: (0::'alan) + 1 - 1 = 1
by (metis ab-near-semiring-one-class.mult-onel kleene-algebra-class. dual.add-zerol)
have two: (1::'a lan) # 0 - 1*
proof —
have Jz;. (0::'a list set) # x;
by auto
hence (1::'a list set) # 0
by (metis kleene-algebra-class. dual.annir kleene-algebra-class. dual.mult.right-neutral)
thus (1::'a list set) # 0 - 1*
by simp
qed
show ?thesis using one and two
by (metis kleene-algebra-class.dual.add-zerol kleene-algebra-class. dual.add-zeror)
qed

interpretation lan-salomaa-l: Sl-algebra () (-) 1 == 'a lan 0 (C) (C) star l-ewp
proof

fixzyz: 'alan

show (1 + z)* = z*

by (metis kleene-algebra-class.dual.star2)
show l-ewp z = 3y. 2 =1+ y A = l-ewp y)
by (simp add:l-ewp-def one-set-def one-list-def plus-set-def, metis insertCI

mk-disjoint-insert)
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show 1 + z - ¥ = z*
by (metis kleene-algebra-class.star-unfoldl-eq)
show mlewpy = 2=y -2+ 2= z=9y" -z
by (metis arden-l)
qed

interpretation lan-salomaa-r: Sr-algebra (+) (-) 1 :: 'a lan 0 (C) (C) star l-ewp
proof
fixzyz: 'alan
show 1 + z* -z =z~
by (metis kleene-algebra-class.star-unfoldr-eq)
show = l-ewpy =z =2z - y+2=—=zx=2 -y
by (metis arden-r)
qed

*

4.2 Regular Language Model of Salomaa Algebra

notation
Atom («(-)») and
Plus (infix] «+,» 65) and
Times (infixl «,» 70) and
Star («-*,» [101] 100) and
Zero (¢0,») and

One (<1,)

fun rezp-ewp :: ‘a rexp = bool where
rexp-ewp 0, = False |
rexp-ewp 1, = True |
rexp-ewp (a) = False |
rexp-ewp (s 4+, t) = (rexp-ewp s V rexp-ewp t) |
rexp-ewp (s - t) = (rexp-ewp s A\ rexp-ewp t) |
rexp-ewp (%) = True

abbreviation ro(s) = (if (rexp-ewp s) then 1, else 0,)
lift-definition r-ewp :: 'a reg-lan = bool is l-ewp .

lift-definition 7-lang :: 'a rexp = 'a reg-lan is lang
by (simp)

abbreviation r-sim :: ‘a rexp = ‘a rexp = bool (infix <~> 50) where
p~ q = r-lang p = r-lang q

declare Rep-reg-lan [simp]
declare Rep-reg-lan-inverse [simp]

declare Abs-reg-lan-inverse [simp]

lemma rexp-ewp-l-ewp: l-ewp (lang ) = rexp-ewp x
proof (induct x)
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case (Star z) thus ?case
by (simp, metis lan-salomaa-l. EWP left-near-kleene-algebra-class. star-plus-one)
qed (simp-all add:l-ewp-def zero-set-def one-set-def one-list-def plus-set-def c-prod-def
times-list-def)

theorem regexp-ewp:
defines P-def: P(t) =3 t'. t ~ ro(t) +, t' A ro(t)) = 0,
shows Pt
proof (induct t)
show P(0,)
by (simp add:P-def r-lang-def, rule-tac =0, in exl, simp)
next
fix a
show P((a))
by (simp add:P-def r-lang-def, rule-tac z=(a) in exl, simp)
next
show P(1,)
by (simp add:P-def r-lang-def, rule-tac =0, in exl, simp)
next
fix t1t2
assume P(t1) P(t2)
then obtain t1'¢2’
where t1 ~ ro(t1) 4+, t1' ro(t1’) =
t2 ~ ro(t2) +, t2' ro(t2’) = 0,
by (metis assms rexp.distinct(1)
thus P(t1 +, t2)
apply (subst P-def, transfer)
apply (rule-tac z=t1' 4+, t2'in exl)
apply clarsimp
by (metis (no-types, lifting) add.left-commute join.sup-assoc join.sup-left-idem
rexp.distinct(2))
next
fix t1 t2
assume P(t1) P(t2)
then obtain 1’ t2’
where t1: t1 ~ ro(tl) +, t1' ro(t1’) =
t2: t2 ~ ro(t2) +, t2' ro(t2’) = 0,
by (metis assms rexp.distinct(1))
thus P(t1 -, t2)
proof —
let 2t/ = ro(t1) - t2' 4+, t1’ - ro(t2) +, t1’ -, 12’
from t1 t2 have r1: ro(?t’) = 0,
by (auto)
from t1 ¢2 have t1 -, t2 ~ (ro(tl) +, t1') - (ro(t2) +, t27) (is 7l ~ ?r)
by (transfer, simp)
also have 2r ~ ro(t1) -, ro(t2) +, ro(t1) - t2' +, t1’ -, 10(t2) +, t1' -, 12’
(is 21 ~ 2r)
apply (transfer, unfold lang.simps)
apply (simp only: distrib-right’ semiring-class. distrib-left)

Oy

0, and
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apply (metis (opaque-lifting, no-types) join-semilattice-class.add-comm semir-
ing-class.combine-common-factor)
done
also have ?r ~ ro(tl - t2) 4+, ro(tl) - t2' 4+, t1’ - ro(t2) +, t1’ . t2’ (is
2l ~ 7r)
by (transfer, simp)
also have ?r ~ ro(tl -. t2) +, ?t'
apply (transfer, unfold lang.simps)
apply (metis (mono-tags) join-semilattice-class.add-assoc’)
done
finally show ?thesis using r1
apply (unfold P-def)
apply (rule-tac x="2t" in exl, simp)
done
qed
next
fix s
assume assm:P s
then obtain s’ where r1: s ~ ro(s) +, s’ ro(s’) = 0,
by (metis assms rexp.distinct(1))
thus P (s*,)
proof —
let 2t' = s’ - (s)*,
have r2: ro(?t") = 0,
by (metis r1(2) rexp.distinct(1) rexp-ewp.simps(5))
from assm r1 have (ro(s) +, s)*, ~ (s")* (is 2l ~ %r)
by (transfer, auto)
also have 2r ~ 1, 4+, s" - (s")*, (is 2l ~ %r)
by (transfer, auto)
also have ?r ~ ro(s*,.) +, 7t
by (metis (full-types) rexp-ewp.simps(6))
finally show ?thesis
by (metis assms lang.simps(6) r1(1) 2 r-lang.abs-eq r-lang.rep-eq)
qed
qed

instantiation reg-lan :: (type) Sr-algebra
begin

lift-definition ewp-reg-lan :: 'a reg-lan = bool is l-ewp .

instance proof
fix = :: 'a reg-lan
show (1 + z)* = z*
by (metis kleene-algebra-class.dual.star2)
next
fix z :: 'a reg-lan
show 1 + z* -z =z~
by (metis kleene-algebra-class.star-unfoldr-eq)
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next
fix z :: ‘a reg-lan
show ewpz = (Jy. 2 =1+ y A - ewp y)
proof —
obtain ¢ where r-lang t = =
by (transfer, auto)
moreover obtain ¢’ where t ~ ro(t) +, t’' ro(t’) = 0,
by (metis regexp-ewp)
ultimately show #thesis
apply (transfer, auto)
apply (metis (full-types) lang.simps(2) rexp.distinct(1) rexp-ewp-l-ewp)
apply (metis lan-salomaa-l. EWP)
done
qed
next
fix zy 2z :: 'a reg-lan
show [~ewpy;c=z - y+z]=z=2"-y
by (transfer, metis lan-salomaa-r.Ar)
qed
end

*

instantiation reg-lan :: (type) Sl-algebra
begin

instance proof
fix z :: 'a reg-lan
show 1 + z - ¥ = z*
by (metis left-pre-kleene-algebra-class.star-unfoldl-eq)
next
fix zyz:: 'a reg-lan
show [~ewpy; 2=y -2+ z] = 2=y" 2
by (transfer, metis lan-salomaa-1.Al)
qed
end

instance reg-lan :: (type) S-algebra ..

theorem arden-regexp-I:

assumes r0(y) = 0, T~ Y - T + 2

shows z ~ y*,. - 2

using assms

by (transfer, metis arden-l lang.simps(4) lang.simps(5) lang.simps(6) rexp.distinct(1)
rexp-ewp-l-ewp)

theorem arden-regexp-r:
assumes r0(y) = 0, T~ T Y +, 2
shows z ~ z - y*,
using assms
by transfer (metis lan-salomaa-r.Ar lang.simps(4) lang.simps(5) lang.simps(6)
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rexp.distinct(1) rexp-ewp-l-ewp)

end

5 Pratt’s Counterexamples

theory Pratts-Counterexamples
imports Regular-Algebras
begin

We create two regular algebra models due to Pratt [8] which are used to
distinguish K1 algebras from K1l and K1r algebras.

datatype prattl =
Pi1Bot («L1») |
P1Nat nat (<[-]1>) |
Plinfty (<oco1)) |
P1Top (xT1»)

datatype pratt2 =
P2Bot («Lg») |
P2Nat nat (<[-]2>) |
P2Infty (<009) |
P2Top («Ta»)

fun prattl-mazr where
prattl-maz [z]; [y]1 = [maz = y]1 |
prattl-maz z 11 = x|
prattl-maz Ly y =y |
prattl-maz oo [y]; = ooq |
prattl-maz [y]; co; = oo1 |
prattl-maz 001 0013 = 001 |
prattl-mazr T1 xz = Tq |
prattl-mar x T1 = T

fun pratti-plus :: prattl = prattl = pratt! (infixl <+1> 65) where

[z]1 +1 [yl = [z + y]1 |
J_l +1 Tr = J_l |

T +1 J_1 = J_l |

001 +1 [0]1 = ooy |

[0]1 41 001 = 001 |

001 +1 001 = T |

Tl +1 Tr = Tl |

T 41 Ty =Ty

[#]1 +1 001 = 001 |

o001 +1 =T,

lemma plusi-top-infty: T1 +1 001 = T3
by (simp)
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lemma plusl-infty-top: co1 +1 T1 = T
by (simp)

lemma plusl-bot-infty: 11 +1 o001 = 13
by (simp)

lemma plusl-infty-bot: oco1 +1 11 = 14
by (simp)

lemma plusl-zero-infty: [0]1 +1 001 = 001
by (simp)

lemma plusl-infty-zero: co; +1 [0]1 = oo1
by (simp)

lemma plusl-infty-num [simp]: £ > 0 = ooy +1 [z]1 = T1
by (case-tac x, simp-all)

lemma plusl-num-infty [simp]: x > 0 = [z]; +1 001 = 001
by (case-tac z, simp-all)

fun pratt2-mazxr where
pratt2-maz [z]2 [y]2 = [maz z y]2 |
pratt2-mar x Ly = x|
pratt2-maz Lo y =y |
pratt2-maz ooz [y]2 = cog |
pratt2-maz [y]z 002 = 0og |
pratt2-maz 0oy 00y = 003 |
pratt2-maz To x = Ta |
pratt2-maxr x To = To

fun pratt2-plus :: pratt2 = pratt2 = pratt2 (infixl <+9> 65) where
[z]2 +2 [yl2 = [z + yl2 |
J_2 +2 Tr = J_Q |
T 4o 1o =19 |
002 +2 [0]2 = 00 |
[0]2 +2 002 = 003 |
00 +2 002 = T3 |
TQ +2 r = T2 |
T 4o To =Ty
Z 49 009 = Ta |
002 +2 [z]z = 002

instantiation pratt! :: selective-semiring
begin

definition zero-pratti-def:
0= J—l
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definition one-pratti-def:
1 = [0]1

definition plus-pratt1-def:
T + y = prattl-maz x y

definition times-pratti-def:
T*xY=2T +1 Y

definition less-eq-pratti-def:
(zuprattl) <y=z+y=1y

definition less-pratt1-def:
(zuprattl) < y=z < yAz#y

instance
proof
fix x y z :: pratt]
show z + y+ 2=z + (y + 2)
by (case-tac z, case-tac|!] y, case-tacl!] z, simp-all add: plus-pratti-def)
showz + y=y + =z
by (cases x, case-tacll] y, simp-all add: plus-pratt1-def)
show z x y x z =z x (y * 2)
apply (cases z, case-tac[!] y, case-tac|!] z, simp-all add: plus-pratti-def
times-pratt1-def)
apply (rename-tac[!] n, case-tac[!] n, auto)
apply (metis nat.exhaust plusl-zero-infty pratt1-plus.simps(14))
apply (metis not0-implies-Suc plusl-infty-zero plusl-zero-infty pratt1-plus.simps(14))
apply (metis neq0-conv plusl-num-infty plusl-zero-infty pratti-plus.simps(15))
apply (metis not0-implies-Suc plusl-infty-zero pratt1-plus.simps(15) pratti-plus.simps(9))
apply (metis not0-implies-Suc plusl-infty-zero pratt1-plus.simps(15) pratti-plus.simps(9))
done
show (z + y)*x 2=z %2+ y * 2
apply (cases z, case-tacll] y, case-tacll] z, simp-all add: plus-prattl-def
times-pratt1-def)
apply (rename-tac[!] n, case-tac[!] n, auto)
apply (metis neq0-conv plusl-num-infty plusl-zero-infty pratti-mazx.simps(8))+
done
show 1 xz =2z
by (cases x, simp-all add: one-pratti-def times-pratt1-def)
show z x 1 =z
by (cases x, simp-all add: one-pratti-def times-pratti-def)
show 0 + z ==z
by (cases x, simp-all add: plus-pratti-def zero-pratti-def)
show 0 x z = 0
by (cases x, simp-all add: times-pratti-def zero-prattl-def)
show z x 0 = 0
by (cases x, simp-all add: times-prattl-def zero-pratti-def)
show 2 < y<+—z+y=y
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by (metis less-eg-pratti-def)
show z < y+—z<yANz#y
by (metis less-pratt1-def)
showzrz +y=zVao+y=y
by (cases z, case-tacll] y, simp-all add: plus-pratti-def maz-def)
show z % (y+2) =z *xy+ %2
apply (cases z, case-tacll] y, case-tacll] z, simp-all add: plus-prattl-def
times-pratt1-def)
apply (rename-tac[!] n, case-tac[!] n, auto)
apply (metis nat.exhaust plusl-zero-infty prattl-mazx.simps(7) prattl-plus.simps(14))
apply (metis neq0-conv plusl-num-infty plusl-zero-infty pratti-maz.simps(7))
apply (metis nat.ezhaust plusl-zero-infty pratt1-maz.simps(6) prattl-plus.simps(14))
apply (metis neq0-conv plusl-num-infty plusl-zero-infty pratti-maz.simps(6))
apply (metis neq0-conv plusl-infty-num plusl-infty-zero prattl-maz.simps(10)
prattl-maz.simps(8))
apply (metis not0-implies-Suc plusl-infty-zero pratt1-maz.simps(11) prattl-mazx.simps(13)
prattl-plus.simps(15))
done
qed
end

instance pratt! :: dioid-one-zero ..

instantiation pratt2 :: selective-semiring
begin

definition zero-pratt2-def:
0 = J_Q

definition one-pratt2-def:
1= [0]2

definition times-pratt2-def:
T*xY=2T 42y

definition plus-pratt2 :: pratt2 = pratt2 = pratt2 where
plus-pratt2 x y = pratt2-mazx z y

definition less-eq-pratt2-def:
(zupratt?2) <y=z+y=y

definition less-pratt2-def:
(zupratt2) <y=z<yAzx#y

instance
proof
fix z y z :: pratt2
show z + y+z=z+ (y + 2)
by (case-tac x, case-tac[!] y, case-tac[!] z, simp-all add: plus-pratt2-def)
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show z + y=y + z
by (cases x, case-tacll] y, simp-all add: plus-pratt2-def)
show z x y x 2 =z % (y % 2)
apply (cases z, case-tac[!] y, case-tacll] z, auto simp add: times-pratt2-def)
apply (rename-tac[!] n, case-tac[!] n, auto)
apply (metis not0-implies-Suc pratt2-plus.simps(14) pratt2-plus.simps(6)
pratt2-plus.simps(7) pratt2-plus.simps(9))
apply (metis not0-implies-Suc pratt2-plus.simps(14) pratt2-plus.simps(15)
pratt2-plus.simps(7) pratt2-plus.simps(9))
apply (metis notO-implies-Suc pratt2-plus.simps(15) pratt2-plus.simps(6))
apply (metis not0-implies-Suc pratt2-plus.simps(15) pratt2-plus.simps(6))
done
show (z + y)*x 2=z %2+ y* 2
apply (cases z, case-tac|!] y, case-tac|!] z, simp-all add: plus-pratt2-def
times-pratt2-def)
apply (rename-tac[!] n, case-tac[!] n, auto)
apply (metis notO-implies-Suc pratt2-maz.simps(10) pratt2-maz.simps(8)
pratt2-plus.simps(14) pratt2-plus.simps(7))
apply (metis maz-0L maz-0R maz.left-idem nat.exhaust pratt2-maz.simps(11)

pratt2-maz.simps(13) pratt2-plus.simps(14) pratt2-plus.simps(7))
done
show 1 xz =2
by (cases x, simp-all add: one-pratt2-def times-pratt2-def)
show z x 1 =z
by (cases x, simp-all add: one-pratt2-def times-pratt2-def)
show 0 + z ==z
by (cases x, simp-all add: plus-pratt2-def zero-pratt2-def)
show 0 x z = 0
by (cases x, simp-all add: times-pratt2-def zero-pratt2-def)
show z x 0 = 0
by (cases x, simp-all add: times-pratt2-def zero-pratt2-def)
show z < y+—z+y=y
by (metis less-eq-pratt2-def)
show z < y+—z<yANz#y
by (metis less-pratt2-def)
showz +y=zVae+y=y
by (cases z, case-tacll] y, simp-all add: plus-pratt2-def maz-def)
show z x (y + 2) =z xy+ 2z * 2
apply (cases z, case-tac|!] y, case-tac|!] z, simp-all add: plus-pratt2-def
times-pratt2-def)
apply (rename-tac[!] n, case-tac[!] n, auto)
apply (metis notO-implies-Suc pratt2-maz.simps(12) pratt2-maz.simps(7)
pratt2-plus.simps(14) pratt2-plus.simps(7))
apply (metis nat.ezhaust pratt2-maz.simps(12) pratt2-maz.simps(7) pratt2-plus.simps(14)
pratt2-plus.simps(7))
apply (metis not0-implies-Suc pratt2-maz.simps(6) pratt2-maz.simps(9)
pratt2-plus.simps(14) pratt2-plus.simps(7))
apply (metis nat.ezhaust pratt2-maz.simps(6) pratt2-maz.simps(9) pratt2-plus.simps(14)
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pratt2-plus.simps(7))
apply (metis notO-implies-Suc pratt2-maz.simps(8) pratt2-plus.simps(15)
pratt2-plus.simps(6))
apply (metis not0-implies-Suc pratt2-max.simps(8) pratt2-plus.simps(15)
pratt2-plus.simps(6))
done
qed
end

lemma top-greatest: x < T,
by (case-tac x, auto simp add: less-eq-prattl-def plus-pratti-def)

instantiation pratt! :: star-op
begin

definition star-pratt! where
¥ =if (x =11 Vz =10]1) then [0]1 else T
instance ..
end

instantiation pratt2 :: star-op
begin
definition star-pratt2 where
z* =if (x = Lo V 2 = [0]2) then [0]2 else To
instance ..
end

instance pratt! :: Klr-algebra
proof
fix z :: prattl
show 1 + z* -z < z*
by (case-tac z, auto simp add: star-pratti-def one-pratti-def times-pratti-def
less-eq-pratti-def plus-pratti-def)
next
fix x y :: pratti
show y -z <y= vy -2* <y
apply (case-tac z, case-tacl!] y)
apply (auto simp add:star-prattl-def one-prattl-def times-pratt1-def less-eq-pratt1-def
plus-pratti-def)
apply (rename-tac n, case-tac n)
apply (simp-all)
by (metis not0-implies-Suc plusl-zero-infty pratt! .distinct(7) pratt1-maz.simps(6)
prattl-plus.simps(14))
qed

instance pratt2 :: Klil-algebra
proof

fix = :: pratt2

show 1 + z-2* < z*
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by (case-tac x, auto simp add: star-pratt2-def one-pratt2-def times-pratt2-def
less-eq-pratt2-def plus-pratt2-def)
next
fix z y :: pratt2
showz -y <y= 22" -y<y
apply (case-tac x, case-tac|!] y)
apply (auto simp add:star-pratt2-def one-pratt2-def times-pratt2-def less-eq-pratt2-def
plus-pratt2-def)
apply (rename-tac n, case-tac n)
apply (simp-all)
apply (rename-tac n, case-tac n)
apply (auto simp add:star-pratt2-def one-pratt2-def times-pratt2-def less-eq-pratt2-def
plus-pratt2-def)
done
qed

lemma one-star-top: [1];* = Ty
by (simp add:star-pratt1-def one-pratti-def)

lemma pratti-kozen-1l-counterexample:
Jazyuprattl. - (z-y<yAa*-y<y)
proof —
have = ([1]1 - 001 < 001 A [1]1* - 001 < 0071)
by (auto simp add: star-pratt1-def times-pratt-def less-eq-pratt1-def plus-pratt1-def)
thus ?thesis
by auto
qged

lemma pratt2-kozen-1r-counterexample:
Jzyupratt2. ~(y -z <yANy-z*<y)
proof —
have = (003 - [1]2 < 009 A 003 + [1]2* < 002)
by (auto simp add: star-pratt2-def times-pratt2-def less-eq-pratt2-def plus-pratt2-def)
thus ?thesis
by auto
qed

end

6 Variants of Regular Algebra

theory Regular-Algebra- Variants
imports Regular-Algebras Pratts-Counterexamples
begin

Replacing Kozen’s induction axioms by Boffa’s leads to incompleteness.

lemma (in star-dioid)
assumes A\z. I +z-z* = z
and A\z. I + 2* -z = z*

*
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and \v.z -z == 12"=1+z
shows Az y. (z + y)* =2 - (y - 2°)*

oops

lemma (in star-dioid)
assumes A\z. I +z-z* = =z
and \z. I + 2" -z = z*
and A\z.z-z=2=2"=1+z
shows Az y. 2 <y — z* < y*

*

oops

lemma (in star-dioid)
assumes Az. I + -2 = z
and A\z. I +z* -z = z*
and Azy. I +2<yAy-y<y—a*<y
shows Az. 1 + z < z*
by (metis add-iso-r assms(1) mult-oner subdistl)

*

lemma (in star-dioid)
assumes Az. I + z - ¥ = z*
and Az. 1 + z* -2 = z*
and Azy. I +2<yAhy-y<y—a*<y
shows Az. z* = (1 + 2)*
oops — need to reconsider this

lemma (in star-dioid)
assumes A\z. I +z-z* = z
and A\z. I + 2* -z = z*
and A\zy. I +z+y y<y=z"<y
shows Az. z* - z* < z*

oops

lemma (in star-dioid)
assumes Az. I + z -2 = 2
and Az. I + 25 -z = z*
and A\eyz.z-y=y - 2= 22" - y=y- 2"
shows 1* = 1

*

oops

lemma (in star-dioid)
assumes A\z. I +z-z* = =z
and Az. 1 + z* -2 = z*
and Azyz 2y <
and A\zyz y-2<z-y=y-a*
shows 1* = 1

INIA
N
*
<
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oops

lemma (in star-dioid)
assumes Az. I + z-2* = 2
and Az. I + 25 -z = z*
and A\ey. 2=y - z=z=y" - x
and A\ey.z=2-y=z=z"-y
shows Az y.y -z <y= vy -2* <y
oops

*

class C3l-var = conway-dioid +
assumes CSl-var: z+z - y<y=—2a2"-2<y

class C8r-var = conway-dioid +
assumes CSr-var: z +y -z <y=—=z -2 <y

class C3-var = C3l-var + C3r-var

sublocale CSl-var C C8l-algebra
apply unfold-locales
by (simp add: local. C3l-var)

sublocale C$l-algebra C C3l-var
by (unfold-locales, metis star-inductl-var)

sublocale C3-var C C3-algebra
apply unfold-locales
by (simp add: local.C3r-var)

sublocale C3-algebra C C3-var
by (unfold-locales, metis star-inductr-var)

class Bric-algebra = star-dioid +
assumes rtcl: 1 + 2 -5 +z < z*
and 1tc2: 1 +z4+y-y<y=z"<y

sublocale B2-algebra C Brtc-algebra
proof
fix x y
show 1 + 25 - 2" + 2 < z*
by (simp add: local.star-ext)
show I + 2+ y - y<y= 2" <y
by (metis B23 local.join.le-sup-iff order.eq-iff mult-1-right subdistl)
qed

sublocale Brtc-algebra C B2-algebra
proof

fix zy

show 1 + 2z < z*
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by (metis rtcl join.le-sup-iff)
show z* - z* = z*
proof (rule order.antisym)
show z* - z* < z*
by (metis rtcl join.le-sup-iff)
show z* < z* - z*
by (metis rtcl add.commute join.le-sup-iff less-eq-def mult-isor mult-onel)
qed
show [ I +2<y;y-y=y] =2"<y
by (metis rtc2 eg-refl less-eq-def)
qged

class wBI1-algebra = conway-dioid +
assumes wR: z -z <z = 2" =1+ 2z

sublocale wB1-algebra C Bl-algebra
by (unfold-locales, metis order-refl wR)

lemma (in BI-algebra) one-plus-star: z* = (1 + z)*
by (metis C11-var R add-idem’ mult-onel mult-oner)

sublocale B1-algebra C wB1-algebra

proof unfold-locales

fix z:: 'a

assume r - v < z
hence z - (1 + z) ==z
by (simp add: local.distrib-left local.join.sup-absorbl)
hence (1 +z)- (1 +z)=1+=z
using add.left-commute distrib-right’ by simp
thus z* =1 + 2
by (metis R add-assoc’ add-idem’ one-plus-star)
qed

end
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