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Abstract

The infinite form of Ramsey’s Theorem is proved following Boolos
and Jeffrey, Chapter 26.
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1 Ramsey’s Theorem

theory Ramsey
imports Main HOL— Library. Infinite-Set
begin

declare [[simp-depth-limit = 5]]

1.1 Library lemmas

lemma infinite-inj-infinite-image: infinite 7 = inj-on f Z = infinite (f * Z)
(proof )

lemma infinite-dom-finite-rng: || infinite A; finite (f * A) || ==> b € f ¢ A.
infinite {a : A. fa = b}
(proof )

lemma infinite-mem: infinite X — dx. z € X
(proof )

lemma not-empty-least: (Y:nat set) #{}y = 3Im. me Y A(¥Vm' . m'€e ¥ —
m < m’)
{proof)



1.2 Dependent Choice Variant

primrec choice :: (‘a = bool) = ('a = 'a = bool) = nat = 'a where
choice PR 0 = (SOME x. P x)
| choice P R (Suc n) = (let © = choice P R nin SOME y. Py A Rz y)

lemma dc:
Vzyz. Rxy ANRyz— Ruzz)
A (320. P z0)
ANWNz. Px— (3y. Py AN Rzy))
— (3funat="b. ¥Vn. P (fn)) A (¥Ynm. R (fn) (f (n+m+1))))

{proof)

1.3 Partitions

definition
part :: nat = nat = 'a set = ('a set = nat) = bool where
partrs Y f=NVX. XCYAfinite X Ncard X =r — fX <)

lemma part: || infinite YY; part (Suc n) s YY f; 9y : YY || ==> part n s (YY
— {yy}) (Au. f (insert yy u))
(proof )

lemma part-subset: part (Sucn) s YY f —= Y C YY = part (Sucn) s Y f
(proof )

1.4 Ramsey’s theorem

lemma ramsey:
V (s:nat) (rinat) (YY:'a set) (f:'a set = nat).
infinite YY
ANVX. XCYYAfinite X ANcard X =1 — fX < 3)
— (3Y' .
Y'CYY
A infinite Y’
ANt <s
ANVX.XCY'Afinite XNcard X =r — fX =1t'))
(proof)

end
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