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Abstract

This formalization includes a general framework for query opti-
mization consisting of the definitions of selectivities, query graphs, join
trees, and cost functions. Furthermore, it implements the join ordering
algorithm IKKBZ using these definitions. It verifies the correctness of
these definitions and proves that IKKBZ produces an optimal solution
within a restricted solution space.
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theory Selectivities
imports Complex-Main HOL— Library. Multiset
begin

1 Selectivities

type-synonym ’a selectivity = 'a = 'a = real

definition sel-symm :: 'a selectivity = bool where
sel-symm sel = (Vz y. sel x y = sel y x)

definition sel-reasonable :: 'a selectivity = bool where
sel-reasonable sel = Vzy. selzy < 1 A selzy > 0)

1.1 Selectivity Functions

fun list-sel-auz :: 'a selectivity = 'a = 'a list = real where
list-sel-aux sel x [| = 1
| list-sel-aux sel © (y#ys) = sel z y x list-sel-auz sel x ys



fun list-sel :: 'a selectivity = 'a list = 'a list = real where
list-sel sel || y = 1
| list-sel sel (z#xs) y = list-sel-auz sel x y * list-sel sel zs y

fun list-sel-auz’ :: 'a selectivity = 'a list = 'a = real where
list-sel-aux’ sel [| y = 1
| list-sel-aux’ sel (x#xs) y = sel x y * list-sel-auz’ sel xs y

fun list-sel’:: 'a selectivity = 'a list = 'a list = real where
list-sel’ sel x || = 1
| list-sel’ sel x (y#ys) = list-sel-auz’ sel x y * list-sel’ sel x ys

definition set-sel-auz :: 'a selectivity = 'a = 'a set = real where
set-sel-auz sel x Y = ([[y € Y. sel z y)

definition set-sel :: 'a selectivity = 'a set = 'a set = real where
set-sel sel X Y = ([[z € X. set-sel-aux sel z V)

definition set-sel-auz’ :: ‘a selectivity = 'a set = 'a = real where
set-sel-auzr’ sel X y = ([[z € X. sel z y)

definition set-sel’ :: 'a selectivity = 'a set = 'a set = real where
set-sel’ sel X Y = ([ly € Y. set-sel-auz’ sel X y)

fun ldeep-s :: 'a selectivity = 'a list = ’'a = real where
ldeep-s f [| = (A-. 1)
| ldeep-s | (z#txs) = (Na. if a=x then list-sel-auz’ f zs a else ldeep-s f xs a)

1.2 Proofs

lemma distinct-alt: (Vz€# mset xs. count (mset zs) x = 1) <— distinct xs
{proof)

lemma mset-y-eq-list-sel-auz-eq: mset y = mset z = list-sel-aux f x y = list-sel-aux
fxz
(proof)

lemma mset-y-eq-list-sel-eq: mset y = mset y' = list-sel f x y = list-sel f z y’
(proof )

lemma mset-z-eq-list-sel-eq: mset © = mset z = list-sel fx y = list-sel f z y

(proof)

lemma list-sel-empty: list-sel fz [| = 1
(proof )

lemma list-sel’-empty: list-sel’ f [ y = 1
(proof )



lemma list-sel-symm-app:
sel-symm [ = list-sel-auz f z y * list-sel f y xs = list-sel fy (v # xs)
(proof)

lemma list-sel-symm: sel-symm [ = list-sel f x y = list-sel fy z
(proof)

lemma list-sel-symm-auz-eq’: sel-symm [ = list-sel-auz [ x y = list-sel-auz’ [y
x
(proof )

lemma list-sel-sing-auz”: list-sel f x [y] = list-sel-aux’ fz y
(proof )

lemma list-sel-sing-aux: list-sel f [z] y = list-sel-aux f x y
(proof )

lemma list-sel’-sing-auz’: list-sel’ f x [y] = list-sel-auz’ fz y
(proof )

lemma list-sel’-sing-auz: list-sel’ f [z] y = list-sel-auz fx y
(proof )

lemma list-sel’-split-auz: list-sel’ f (z#xs) y = list-sel-auzx f z y * list-sel’ f zs y
(proof)

lemma list-sel-eq’: list-sel f x y = list-sel’ fz y
(proof )

lemma mset-z-eq-list-sel-aux’-eq: mset x = mset 2 = list-sel-aux’ f x y = list-sel-auz’
fzy
(proof )

lemma foldi-acc-extr: foldl (Aa b. a x fzb) zy = z * foldl (Aa b. a * fz D)
(1::real) y
(proof)

lemma list-sel-aux-eq-foldl: list-sel-auz f x y = foldl (Aa b. a x fzb) 1y
(proof)

lemma list-sel-eq-foldl: list-sel f x y = foldl (Aa b. a * list-sel-auz fb y) 1 x
(proof )

corollary list-sel-eq-foldl2: list-sel f x y = foldl (Aa x. a * foldl (Aa b. a * fx b)
1y 1z
(proof )

lemma list-sel-aux-eq-foldr: list-sel-aux f x y = foldr (A\b a. a x fz b) y 1
(proof)



lemma sel-foldl-eq-foldr:
foldl (Aa b. a * fzb) 1y= foldr (\b a. a x (f::'a selectivity) = b) y 1
(proof )

lemma list-sel-eq-foldr: list-sel f x y = foldr (\b a. a x list-sel-aux f b y) z 1
(proof)

lemma list-sel-eq-foldr2: list-sel f x y = foldr (Az a. a * foldr (A\b a. a x fzb) y
1)zt
(proof)

lemma list-sel-auz-reasonable:
sel-reasonable f = list-sel-aux fx y < 1 A list-sel-auz fzy > 0

(proof)

lemma list-sel-auz’-reasonable:
sel-reasonable f = list-sel-aux’ fxy < 1 A list-sel-auz’ fxy > 0
(proof)

lemma list-sel-reasonable: sel-reasonable f = list-sel fxy < 1 A list-sel fx y >
0

{proof)

lemma list-sel’-reasonable: sel-reasonable f = list-sel’ fzy < 1 A list-sel’ fzy
> 0

{proof)

lemma list-sel-auz-eq-set-sel-aux:
distinct ys = list-sel-auz f © ys = set-sel-aux f x (set ys)

(proof)

lemma list-sel-eq-set-sel:
[distinct xs; distinct ys] = list-sel f xs ys = set-sel [ (set xs) (set ys)
{proof)

lemma list-sel’-eqg-set-sel:
[distinct xs; distinct ys] = list-sel’ f xs ys = set-sel f (set xs) (set ys)
(proof )

lemma set-sel-symm-if-finite: [finite X; finite Y; sel-symm f] = set-sel f X Y =
set-sel f Y X
(proof)

lemma set-sel-auz-1-if-notfin: —finite Y —> set-sel-aux fz Y = 1
(proof )

lemma set-sel-1-if-notfinl: —finite X = set-sel fX Y = 1
(proof)



lemma set-sel-1-if-notfin2: —finite Y = set-sel f X Y = 1
(proof)

lemma set-sel-symm: sel-symm f = set-sel f X Y = set-sel f Y X
(proof)

lemma list-sel-auzx’-eq-set-sel-auz”:
distinct xs = list-sel-aux’ f s © = set-sel-auz’ f (set zs) x
(proof)

lemma list-sel’-eq-set-sel’:
[distinct xs; distinct ys] = list-sel’ f xs ys = set-sel’ f (set xs) (set ys)
{proof)

lemma list-sel-eq-set-sel’:
[distinct xs; distinct ys] = list-sel f xs ys = set-sel’ f (set xs) (set ys)
{proof)

lemma set-sel’-symm-if-finite: [finite X; finite Y; sel-symm f] = set-sel’ f X YV
= set-sel' f Y X
(proof )

lemma set-sel-aux’-1-if-notfin: —finite X = set-sel-auz’ f X y = 1
(proof)

lemma set-sel’-1-if-notfinl: —finite X = set-sel’ f X Y = 1
(proof )

lemma set-sel’-1-if-notfin2: —finite Y = set-sel’ f X Y = 1
(proof )

lemma set-sel’-symm: sel-symm [ = set-sel’ f X Y = set-sel’ f Y X
{proof )

lemma set-sel’-eq-set-sel: set-sel’ f X Y = set-sel f X Y
(proof )

lemma set-sel-auz-reasonable-fin:
[finite y; sel-reasonable f] = set-sel-aux fxy < 1 A set-sel-aux fxy > 0
(proof )

lemma set-sel-auz-reasonable:
sel-reasonable f = set-sel-auxr fx y < 1 A set-sel-aux fxy > 0
(proof )

lemma set-sel-auz’-reasonable-fin:
[finite x; sel-reasonable f] = set-sel-aux’ fzy < 1 A set-sel-aux’ fzy > 0

{proof)



lemma set-sel-auzx’-reasonable:
sel-reasonable f = set-sel-aux’ fzy < 1 A set-sel-auz’ fzy > 0

{proof)

lemma set-sel-reasonable-fin:
[finite z; sel-reasonable f] = set-sel fzy < 1 A set-sel fzy > 0
(proof)

lemma set-sel-reasonable: sel-reasonable f = set-sel fry < 1 A set-sel fzy >
0

{proof)

lemma set-sel’-reasonable-fin:
[finite y; sel-reasonable f] = set-sel’ fxy < 1 A set-sel’ fzy > 0
(proof )

lemma set-sel’-reasonable: sel-reasonable f = set-sel’ fxy < 1 A set-sel’ fzy
> 0

{proof)

lemma [deep-s-pos: sel-reasonable f = ldeep-s fxs x > 0
(proof)

lemma distinct-app-trans-r: distinct (ysQuxs) = distinct xs
(proof )

lemma distinct-app-trans-l: distinct (ysQuxs) = distinct ys
(proof )

lemma [deep-s-reasonable: sel-reasonable f = ldeep-s fxs y < 1 A ldeep-s fzs y
> 0

{proof)

lemma ldeep-s-eq-list-sel-auz’-split:
y € set xs = Jas bs. as Q y # bs = zs A ldeep-s sel xs y = list-sel-auz’ sel bs y

(proof)

lemma distinct-ldeep-s-eq-aux:
distinct xs = Jxs’. 1s'Qytys=xs = ldeep-s [ xs y = list-sel-auz’ f ys y
(proof)

lemma distinct-ldeep-s-eq-auz’:
[distinct xs; as Q y # bs = zs] = ldeep-s sel xs y = list-sel-auz’ sel bs y
(proof )

lemma ldeep-s-last1-if-distinct: distinct xs = ldeep-s sel xs (last xs) = 1
(proof)



lemma ldeep-s-revhd1-if-distinct: distinct xs = ldeep-s sel (rev xs) (hd xs) = 1
{proof)

lemma ldeep-s-1-if-nelem: x ¢ set 1s = ldeep-s sel xs © = 1
(proof )

lemma distinct-zs-not-ys: distinct (zsQys) = x € set s = x ¢ set ys
{proof)

lemma distinct-ys-not-zs: distinct (zsQys) = x € set ys = z ¢ set xs
(proof)

lemma distinct-change-order-first-eqg-nempty:
assumes distinct (zsQysQzsQrs)

and ys # ||

and zs # ||

and take 1 (2sQysQzsQrs) = take 1 (2sQzsQysQrs)
shows zs # |]

(proof)

lemma distinct-change-order-first-elem:

[distinct (xsQysQzsQrs); ys # [|; zs # [|; take 1 (zsQysQzsQrs) = take 1
(zsQ2zsQysQrs)]

= take 1 (zsQysQzsQrs) = take 1 xs

{proof)

lemma takel-singleton-app: take 1 xs = [r] = take 1 (zsQys) = [r]
{proof)

lemma hd-eq-takel: take 1 xs = [r] = hd zs = r

(proof)

lemma takel-eqg-hd: [zs # [); hd xs = r] = take 1 xs = [r]
{proof)

lemma nempty-if-takel: take 1 zs = [r] = xs # ||
(proof )

end

theory JoinTree
imports Complez-Main HOL— Library. Multiset Selectivities
begin



2 Join Tree

Relations have an identifier and cardinalities. Joins have two children and
a result cardinality. The datatype only represents the structure while car-
dinalities are given by a separate function.

datatype (relations:’a) joinTree = Relation 'a | Join 'a joinTree 'a joinTree

type-synonym ’‘a card = 'a = real

2.1 Functions

2.1.1 Functions for Information Retrieval

fun inorder :: ‘a joinTree = ’'a list where
inorder (Relation rel) = [rel]
| inorder (Join I r) = inorder | Q inorder r

fun revorder :: 'a joinTree = 'a list where
revorder (Relation rel) = [rel]
| revorder (Join I 1) = revorder r Q revorder |

fun relations-mset :: 'a joinTree = 'a multiset where
relations-mset (Relation rel) = {#rel#}
| relations-mset (Join I r) = relations-mset | + relations-mset r

fun card :: 'a card = 'a selectivity = 'a joinTree = real where
card cf f (Relation rel) = cf rel
| card cf f (Join lr) =
list-sel f (inorder 1) (inorder r) x card c¢f f1 x card cf fr

fun cards-list :: 'a card = 'a joinTree = (‘axreal) list where
cards-list cf (Relation rel) = [(rel,cf rel)]
| cards-list c¢f (Join 1) = cards-list c¢f | Q cards-list cf r

fun height :: 'a joinTree = nat where
height (Relation -) = 0
| height (Join I 1) = max (height 1) (height r) + 1
fun num-relations :: 'a joinTree = nat where
num-relations (Relation -) = 1
| num-relations (Join I r) = num-relations | + num-relations r
fun first-node :: 'a joinTree = 'a where

first-node (Relation r) = r
| first-node (Join I -) = first-node 1

2.1.2 Functions for Correctness Checks

Cardinalities must be positive and selectivities need to be € (0,1].
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fun reasonable-cards :: 'a card = 'a selectivity = 'a joinTree = bool where
reasonable-cards cf f (Relation rel) = (cf rel > 0)
| reasonable-cards cf f (Join I 1) = (let ¢ = card cf f (Join I 1) in
c<card cfflx card cffr N c> 0 A reasonable-cards cf f I N reasonable-cards

of fr)

definition pos-rel-cards :: 'a card = 'a joinTree = bool where
pos-rel-cards cf t = (V¥ (-,c)€set (cards-list ¢f t). ¢ > 0)

definition pos-list-cards :: 'a card = 'a list = bool where
pos-list-cards cf xs = (Vx€set xs. cf x > 0)

Each node should have a unique identifier.

definition distinct-relations :: 'a joinTree = bool where
distinct-relations t = distinct (inorder t)

2.1.3 Functions for Modifications

fun mirror :: ‘a joinTree = 'a joinTree where
mirror (Relation rel) = Relation rel
| mirror (Join I r) = Join (mirror r) (mirror 1)

fun create-rdeep :: 'a list = 'a joinTree where
create-rdeep [| = undefined

| create-rdeep [z] = Relation x

| create-rdeep (x#xs) = Join (Relation x) (create-rdeep xs)

fun create-ldeep-rev :: 'a list = 'a joinTree where
create-ldeep-rev || = undefined

| create-ldeep-rev [x] = Relation x

| create-ldeep-rev (x#xs) = Join (create-ldeep-rev xs) (Relation x)

definition create-ldeep :: 'a list = 'a joinTree where
create-ldeep xs = create-ldeep-rev (rev xs)

2.1.4 Additional properties

fun left-deep :: 'a joinTree = bool where
left-deep (Relation -) = True

| left-deep (Join | (Relation -)) = left-deep 1

| left-deep - = False

fun right-deep :: 'a joinTree = bool where
right-deep (Relation -) = True

| right-deep (Join (Relation -) r) = right-deep r

| right-deep - = False

fun zig-zag :: 'a joinTree = bool where

zig-zag (Relation -) = True
| zig-zag (Join | (Relation -)) = zig-zag |

11



| zig-zag (Join (Relation -) r) = zig-zag r
| zig-zag - = False

2.1.5 Cardinality Calculations for Left-deep Trees
Expects a reversed list of relations rs and calculates the cardinality of a
left-deep tree.

fun Ildeep-n :: 'a selectivity = 'a card = 'a list = real where

ldeep-n fef [| = 1
| Ideep-n f cf (r#trs) = cf r = (list-sel-aux’ frs r) x ldeep-n f cf rs

definition ldeep-T :: (‘a = real) = 'a card = 'a list = real where
ldeep-T sf cf xs = foldl (Aa b. a x cf b * sfb) 1 xs

fun ldeep-T' :: ("a = real) = 'a card = 'a list = real where

ldeep-T' fef [| = 1
| ldeep-T' f cf (rtrs) = c¢f v x fr * ldeep-T' f cf rs

2.2 Proofs

lemma Ideep-eq-rdeep: left-deep t = right-deep (mirror t)
(proof )

lemma mirror-twice-id[simp|: mirror (mirror t) =t
{proof)

lemma rdeep-eq-ldeep: right-deep t = left-deep (mirror t)
(proof )

lemma mirror-zig-zag-preserv: zig-zag (mirror t) = zig-zag t
{proof)

lemma [deep-zig-zag: left-deep t = zig-zag t
(proof )

lemma rdeep-zig-zag: right-deep t = zig-zag t
(proof)

lemma relations-nempty: relations ¢t # {}
(proof )

lemma set-implies-mset: © € relations t = x €# relations-mset t
(proof)

lemma mset-implies-set: © €# relations-mset t => x € relations t

{proof)

lemma inorder-eqg-mset: mset (inorder t) = relations-mset t
{proof)
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lemma relations-set-eq-mset: set-mset (relations-mset t) = relations t
{proof)

lemma inorder-eq-set: set (inorder t) = relations t
{proof)

lemma revorder-eg-mset: mset (revorder t) = relations-mset t
{proof)

lemma revorder-eq-set: set (revorder t) = relations t
{proof )

lemma revorder-eq-rev-inorder: revorder t = rev (inorder t)

(proof)

lemma inorder-eq-rev-revorder: inorder t = rev (revorder t)
{proof)

lemma mirror-mset-eq[simp): relations-mset (mirror t) = relations-mset t
{proof)

lemma distinct-rels-alt: distinct-relations t <— distinct (revorder t)
{proof)

lemma distinct-rels-alt”:

distinct-relations t «— (let multi=relations-mset t in ¥ x€# multi. count multi
x=1)

{proof )

lemma inorder-nempty: inorder t # ||
{proof)

lemma revorder-nempty: revorder t # ||
{proof)

lemma mirror-distinct: distinct-relations t = distinct-relations (mirror t)
(proof )

lemma mirror-set-eq[simp]: relations (mirror t) = relations t
{proof)

lemma mirror-inorder-rev: inorder (mirror t) = rev (inorder t)

{proof)

lemma mirror-revorder-rev: revorder (mirror t) = rev (revorder t)

(proof)

corollary mirror-revorder-inorder: revorder (mirror t) = inorder t

13



{proof)

corollary mirror-inorder-revorder: inorder (mirror t) = revorder t
{proof)

lemma mirror-card-eq[simp|: sel-symm f = card cf f (mirror t) = card cf ft
(proof)

lemma mirror-reasonable-cards:
[sel-symm f; reasonable-cards cf f t] = reasonable-cards cf f (mirror t)

(proof)

lemma joinTree-cases: (3r. t=(Relation r)) V (31 rr. t=(Join | (Relation r7)))
Vv 311 rr. t=(Join I (Join Ir rr)))

(proof)

lemma joinTree-cases-ldeep: left-deep t
= (I r. t=(Relation r)) V (31 rr. t=(Join | (Relation r7)))
(proof)

lemma Ideep-trans: left-deep (Join | r) = left-deep 1
(proof)

lemma subtree-elem-count-I:
assumes V z€# (relations-mset (Join I r)). count (relations-mset (Join 1)) x
=1
and z €4 relations-mset [
shows count (relations-mset 1) x = 1

(proof)

lemma subtree-elem-count-r:
assumes V z€# (relations-mset (Join I 1)). count (relations-mset (Join I 1)) z
=1
and z €# relations-mset r
shows count (relations-mset r) x = 1

(proof)

lemma first-node-first-inorder: 3 zs. inorder t = first-node t # ws
(proof)

lemma first-node-last-revorder: 3 zs. revorder t = xs Q [first-node t]
(proof)

lemma first-node-eq-hd: first-node t = hd (inorder t)
(proof )

lemma distinct-elem-right-not-left:

assumes distinct-relations (Join I 1)
and z € relations r

14



shows z ¢ relations |
(proof)

lemma distinct-elem-left-not-right:
assumes distinct-relations (Join I r)
and z € relations |
shows z ¢ relations r

{proof)

lemma distinct-relations-disjoint: distinct-relations (Join 1 r) = relations | N
relations r = {}
{proof )

lemma distinct-trans-l: distinct-relations (Join | r) = distinct-relations

(proof)

lemma distinct-trans-r: distinct-relations (Join | r) = distinct-relations r
{proof)

lemma distinct-and-disjoint-impl-count1 :
assumes distinct-relations [
and distinct-relations r
and relations | N relations r = {}
and z €# relations-mset (Join | r)
shows count (relations-mset (Join lr)) x = 1

(proof)

lemma distinct-and-disjoint-impl-distinct:
[distinct-relations I; distinct-relations r; relations | N relations r = {}]
= distinct-relations (Join [ 1)

(proof)

lemma reasonable-trans:
reasonable-cards cf f (Join | r) = reasonable-cards cf f 1 A\ reasonable-cards cf f
r

{proof)

lemma mirror-height-eq: height (mirror t) = height t
(proof )

lemma height-0-rel: height t = 0 = dr. t = Relation r
(proof )

lemma height-gt-0-join: height t > 0 = 3l r. t = Join Il r
{proof )

lemma height-decr-1: height (Join I r) > height |
(proof )
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lemma height-decr-r: height (Join 1 r) > height r
{proof )

lemma mirror-num-relations-eq: num-relations (mirror t) = num-relations t
(proof)

lemma zig-zag-num-relations-height: zig-zag t = num-relations t = height t + 1
(proof)

lemma [deep-num-relations-height: left-deep t => num-relations t = height t 4+ 1
(proof)

lemma rdeep-num-relations-height: right-deep t = num-relations t = height t +
1

(proof)

lemma num-relations-eq-length: num-relations t = length (inorder t)
{proof)

lemma reasonable-impl-pos: reasonable-cards cf f t = pos-rel-cards cf t
(proof )

lemma cards-list-eq-inorder: map (A(a,-). a) (cards-list c¢f t) = inorder t
{proof)

lemma cards-list-eq-relations: (A(a,-). a) ‘ set (cards-list cf t) = relations t
{proof)

lemma cards-eq-c: (rel,c)€set(cards-list cf t) = cf rel = ¢
{proof)

lemma finite-trans: finite (relations (Join 1 r)) = finite (relations 1) A finite
(relations r)

{proof)

lemma distinct-impl-card-eq-length:
finite (relations t) = height t < n = distinct-relations t
= Finite-Set.card (relations t) = length (inorder t)
(proof)

lemma card-le-length: Finite-Set.card (relations t) < length (inorder t)
(proof)

lemma card-eg-length-impl-disjunct:
assumes finite (relations (Join 1 1))
and Finite-Set.card (relations (Join | 1)) = length (inorder (Join I 1))
shows relations | N relations r = {}

(proof)
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lemma card-eq-length-trans-1:
assumes finite (relations (Join 1 1))
and Finite-Set.card (relations (Join | 1)) = length (inorder (Join I 1))
shows Finite-Set.card (relations 1) = length (inorder 1)

(proof)

lemma card-eq-length-trans-r:
assumes finite (relations (Join 1 1))
and Finite-Set.card (relations (Join [ 1)) = length (inorder (Join I 1))
shows Finite-Set.card (relations r) = length (inorder r)

(proof)

lemma card-eq-length-impl-distinct:
[finite (relations t); height t < n; Finite-Set.card (relations t) = length (inorder

t)]

= distinct-relations t

(proof)

lemma list-sel-revorder-eq-inorder-z: list-sel f (revorder 1) ys = list-sel f (inorder
1) ys
(proof )

lemma list-sel-revorder-eq-inorder-y: list-sel f xs (revorder r) = list-sel f xs (inorder
r)
(proof )

lemma list-sel-revorder-eq-inorder:
list-sel f (revorder 1) (revorder r) = list-sel f (inorder 1) (inorder r)

{proof)

lemma card-join-alt:
card cf f (Join 1 r) = list-sel f (revorder ) (revorder r) x card cf f 1 * card cf fr
(proof )

lemma distinct-alt:
finite (relations t)
= distinct-relations t «— Finite-Set.card (relations t) = length (inorder t)

{proof)

lemma distinct-alt2:
distinct-relations (Join [ 1)
«— distinct-relations | A\ distinct-relations r A relations I N relations r = {}

{proof)

lemma pos-rel-cards-subtrees:
pos-rel-cards cf (Join 1 r) = (pos-rel-cards cf | N pos-rel-cards cf r)

{(proof)

lemma pos-rel-cards-eq-pos-list-cards:
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pos-rel-cards cf t +— pos-list-cards cf (inorder t)
{proof)

lemma pos-list-cards-split:
pos-list-cards cf (xsQys) «— pos-list-cards cf xs N pos-list-cards cf ys
(proof)

lemma pos-sel-reason-impl-reason:
[pos-rel-cards cf t; sel-reasonable sel] = reasonable-cards cf sel t

{(proof)

lemma create-rdeep-order: zs # [| = inorder (create-rdeep xs) = s
(proof)

lemma create-ldeep-rev-order: xs # [| = inorder (create-ldeep-rev xs) = rev s

(proof)

lemma create-ldeep-order: xs # [| = inorder (create-ldeep zs) = xs
{proof)

lemma create-rdeep-rdeep: xs # [| = right-deep (create-rdeep xs)

(proof)

lemma create-ldeep-rev-ldeep: xs # [| = left-deep (create-ldeep-rev xs)
(proof)

lemma create-ldeep-ldeep: ©s # [| = left-deep (create-ldeep xs)
(proof)

lemma create-ldeep-rev-relations: xs # [| = relations (create-ldeep-rev xs) = set
zs

(proof)

lemma create-ldeep-relations: xs # [| = relations (create-ldeep zs) = set xs
{proof)

lemma create-ldeep-rev-Cons:
zs # [| = create-ldeep-rev (x#xs) = Join (create-ldeep-rev xs) (Relation x)
(proof )

lemma create-ldeep-snoc: zs # [| = create-ldeep (zsQ[z]) = Join (create-ldeep
xs) (Relation x)

{proof)

lemma create-ldeep-inorder|[simp|: left-deep t = create-ldeep (inorder t) = t
(proof )

lemma create-rdeep-inorder([simp|: right-deep t = create-rdeep (inorder t) = t

{proof)
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lemma ldeep-div-eq-sel:
assumes reasonable-cards cf f (Join | (Relation rel))
and ¢ = card cf f (Join | (Relation rel))
and cr = card cf f (Relation rel)
shows ¢ / (card ¢f f1 x cr) = list-sel f (inorder 1) [rel]

{proof)

lemma ldeep-n-eq-card:
[distinct-relations t; left-deep t] = ldeep-n f cf (revorder t) = card cf ft

(proof)

lemma ldeep-n-eq-card-subtree:

[distinct-relations (Join t r'); left-deep t] = ldeep-n f ¢f (revorder t) = card cf
ft

{proof)

lemma distinct-ldeep-T'-prepend:
distinct (ysQxs) = ldeep-T' (Ideep-s [ (ysQus)) cf xs = ldeep-T' (ldeep-s f xs)
cf xs

(proof)

lemma ldeep-T'-eq-ldeep-n: distinct zs = ldeep-T' (ldeep-s f zs) cf xs = ldeep-n
fefas
(proof)

lemma ldeep-T'-eq-foldl: acc x ldeep-T' f c¢f xs = foldl (Aa b. a x ¢f b x fb) acc xs
(proof)

lemma distinct-ldeep-T-prepend:

distinct (ysQus) = ldeep-T (ldeep-s f (ysQuxs)) cf xs = ldeep-T (ldeep-s f zs) cf
s

(proof)

lemma ldeep-T-eq-ldeep-T'-auz: ldeep-T sf cf vs = Ideep-T' sf cf s
(proof )

lemma Ideep-T-eq-ldeep-T': ldeep-T = ldeep-T'

(proof)
lemma ldeep-T-eq-ldeep-n: distinct xs = ldeep-T (ldeep-s f xs) cf s = ldeep-n f
cf xs

{proof)

lemma ldeep-T-app: ldeep-T f cf (xsQys) = ldeep-T f cf xs x ldeep-T f cf ys
(proof )

lemma Ildeep-T-empty: ldeep-T fcf [|] = 1
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{proof)

lemma ldeep-T-eq-if-cf-eq: Vx € set xs. fox = g v = ldeep-T sf f xs = ldeep-T sf
g s
(proof )

lemma Ildeep-n-pos: [pos-list-cards cf xs; sel-reasonable f]| = Ideep-n f cf zs > 0
(proof)

lemma ldeep-T-eq-card:
[distinct-relations t; left-deep t]
= ldeep-T (ldeep-s f (revorder t)) cf (revorder t) = card cf f t
(proof)

lemma Ideep-T-pos’:

[distinct xs; pos-list-cards cf xs; sel-reasonable ] = ldeep-T (ldeep-s f xs) cf xs
> 0

(proof)

lemma ldeep-T-pos: [V z€ set ys. cf © > 0; sel-reasonable f] = ldeep-T (ldeep-s
fas) efys >0
(proof )

end

theory CostFunctions
imports Complez-Main JoinTree Selectivities
begin

3 Cost Functions

3.1 General Cost Functions

fun c-out :: 'a card = 'a selectivity = 'a joinTree = real where
c-out - - (Relation -) = 0
| c-out ¢f f (Join I 1) = card cf f (Join I 1) + c-out ¢f f1 + c-out cf fr

fun c-nlj :: 'a card = 'a selectivity = 'a joinTree = real where
c-nlj - - (Relation -) = 0
| c-nlj cf f (Joinlr) = card cf fl*x card cf fr + cnljcf fl+ ecnljcffr

fun c-hj :: ‘a card = 'a selectivity = 'a joinTree = real where
c-hj - - (Relation -) = 0
| c-hjef f (Joinlr)=1.2xcard cf fl+ chjcffl+ chjcffr

fun c-smj :: 'a card = 'a selectivity = 'a joinTree = real where

c-smj - - (Relation -) = 0
| c-smj cf f (Join 1) = card cf f 1 log 2 (card cf f1) + card cf fr * log 2 (card
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cf fr)
+ csmjeffl+ c-smjeffr

3.2 Cost functions that are considered by IKKBZ.

fun ¢-IKKBZ :: (‘a = real = real) = 'a card = 'a selectivity = 'a joinTree =
real where

c¢-IKKBZ - - - (Relation -) = 0
| -IKKBZ h ¢f f (Join | (Relation rel)) = card cf f1 x (h rel (cf rel)) + ¢-IKKBZ

heffl
| ¢-IKKBZ - - - (Join I r) = undefined

A list of relations defines a unique left-deep tree. This functions computes
a cost function given by such a list representation of a tree according to
the formula Zizgn n{172,_._1~_1} hz(nz) where n{1727.._2~_1} = JoinTree.card
subtree = ldeep-n f c¢f (list subtree) The input list is expected to be in
reversed order for easier recursive processing i.e. the first element in xs is
the rightmost element of the left-deep tree
fun c-list’ :: 'a selectivity = 'a card = ('a list = 'a = real) = 'a list = real
where

c-list’ ---[] =0
| c-list’ - - -[z] =0
| c-list’ f cf h (z#xs) = ldeep-n f cf xs x h xs x + c-list’ f cf h xs

Equivalent definition which allows splitting the list at any point.

fun c-list = ('a = real) = 'a card = (‘a = real) = 'a = ’a list = real where
clist----[]]=0

| c-list - - h r [z] = (if z=r then 0 else h x)

| c-list sf cf h r (z#xs) = c-list sf ¢f h r s + ldeep-T sf cf xs x c-list sf cf h r [z]

Maps the h function to a static version that doesn’t require an input list.

fun create-h-list :: (‘a list = 'a = real) = 'a list = 'a = real where
create-h-list - [| = (A-. 1)

| create-h-list h (z#xs) = (Aa. if a=x then h xs x else create-h-list h xs a)

3.3 Properties of Cost Functions

definition symmetric :: (‘a joinTree = real) = bool where
symmetric f = Vz y. f (Join z y) = [ (Join y z))

definition symmetric’ :: ('a card = 'a selectivity = 'a joinTree = real) = bool
where
symmetric’ f = Vz y cf sf. sel-symm sf — (f ¢f sf (Join zy) = f cf sf (Join y

z)))

Uses reversed lists since the last joined relation should only appear once.
Therefore, it should be the head of the list and by inductive reasoning the
list should be reversed. Furthermore, the root must be the first relation in
the sequence (last in the reverse) or it must not be contained at all.
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definition asi’ :: 'a = (‘a list = real) = bool where
asi’ v ¢ = (3rank 2 (Ya list = real).
(YA UV B. distinct (AQUQV@B) A U £ [| A V # ]
A (r ¢ set (AQUQVQB) V (take 1 (AQUQVQB) = [r] A take 1 (AQVQUQB)
=[r])
— (¢ (rev (AQUQV@B)) < ¢ (rev (AQVQUQB)) +— rank (rev U) <
rank (rev V))))

definition asi :: (‘a list = real) = 'a = ('a list = real) = bool where
asi rank r ¢ = (VA U V B. distinct (AQUQVQB) AU 4[| AV # |
A (r ¢ set (AQUQVQB) V (take 1 (AQUQVQB) = [r] A take 1 (AQVQUQB)

=[)
— (¢ (rev (AQUQ@QV@B)) < ¢ (rev (AQVQUQ@B)) +— rank (rev U) <
rank (rev V)))

definition asi’’ :: (‘a list = real) = 'a = ('a list = real) = bool where
asi' rank r ¢ = (VA U V B. distinct (AQUQVQB) AU #[|AV [ AU #

[rl AV # 7]
— (¢ (rev (AQUQV@B)) < ¢ (rev (AQVQUQB)) +— rank (rev U) < rank

(rev V))))

3.4 Proofs

lemma c-out-symm: sel-symm f = symmetric (c-out cf f)
(proof)

lemma c-nlj-symm: symmetric (c-nlj cf f)
(proof )

lemma c-smj-symm: symmetric (c-smj cf f)
(proof )

3.4.1 Equivalence Proofs

theorem c-nlj-IKKBZ: left-deep t = c-nlj ¢f ft = ¢-IKKBZ (\-. id) cf ft
(proof)

theorem c-hj-IKKBZ: left-deep t = c-hj cf ft = ¢-IKKBZ (A--. 1.2) ¢f f t
{proof)

lemma change-fun-order: y#rel
= (Aa b. if a=rel then g a b else (Ac d. if c=y then h ¢ d else f ¢ d) a b)
= (Aa b. if a=y then h a b else (Ac d. if c=rel then g ¢ d else f ¢ d) a b)

(proof)

lemma c-IKKBZ-fun-notelem:
assumes left-deep t
and distinct-relations t
and y ¢ relations t
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and f' = (Aa b. if a=y then z b else f a b)
shows c-IKKBZ f' cf sf t = c-IKKBZ f cf sf t
(proof)

lemma distinct-c-IKKBZ-ldeep-s-prepend:
[distinct(ysQrevorder t); left-deep t]
= ¢-IKKBZ (Aa b. ldeep-s [ (ysQrevorder t) a = b) cf ft
= ¢-IKKBZ (Aa b. ldeep-s f (revorder t) a * b) cf f

(proof)

lemma distinct-c-IKKBZ-ldeep-s-subtree:
assumes distinct-relations (Join | (Relation rel))
and left-deep (Join | (Relation rel))
shows ¢-IKKBZ (\a b. ldeep-s f (revorder (Join I (Relation rel))) a = b) cf f1
= ¢-IKKBZ (\a b. ldeep-s | (revorder 1) a * b) cf f1

(proof)

theorem c-out-IKKBZ:
[distinct-relations t; reasonable-cards cf f t; left-deep t]
= ¢-IKKBZ (Ma b. ldeep-s f (revorder t) a *x b) cf ft = c-out cf ft

(proof)

theorem c-out-eq-c-list”:
[distinct-relations t; reasonable-cards cf f t; left-deep t]
= c-list’ f of (Azs x. (list-sel-auz’ f xs x) x cf x) (revorder t) = c-out ¢f f 1

(proof)

lemma rev-first-last-elem: (rev (z#z'#xs")) = (r#trs) = x €# mset s
{proof)

lemma distinct-first-uneg-last: distinct (z#x'#as’) = rev (x#z'#1s’) = r#rs
—r#z

{proof)

lemma distinct-create-eq-app:
[distinct (ysQus); x €# mset xs] = create-h-list h xs x = create-h-list h (ysQuxs)
T

{proof)

lemma c-list-single-h-list-not-elem-prepend:

z ¢ set ys

= c-list f ¢f (create-h-list h (ysQu#xs)) r [z] = c-list f cf (create-h-list h (z#xs))
r [z]

{proof)

lemma c-list-single-f-list-not-elem-prepend:
z ¢ set ys
= c-list (ldeep-s [ (ysQu#xs)) cf h r [x] = c-list (Ideep-s f (x#xs)) cf h r [z]
(proof)
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lemma c-list-prepend-h-disjunct:

assumes distinct (ysQuzs)

shows c-list f ¢f (create-h-list h (ysQuxs)) r xs = c-list f ¢f (create-h-list h zs) r
s

(proof)

lemma c-list-prepend-f-disjunct:

assumes distinct (ysQuxs)

shows c-list (ldeep-s f (ysQxs)) cf h r xs = c-list (ldeep-s f xs) cf h r xs
(proof)

lemma c-list’-eq-c-list:
assumes distinct s
and rev xs = r # rs
shows c-list (ldeep-s f xs) cf (create-h-list h xs) r xs = c-list’ f ¢f h xs
(proof)

lemma clist-eq-if-cf-eq:
V. set © C set zs — Ildeep-T sf c¢f' x = ldeep-T sf cf =
= c-list sf ¢f' h rxs = c-list sf ¢f h r zs
(proof)

lemma Ideep-s-h-eq-list-sel-auz’-h:
[distinct xs; ysQu#zs = 8]
= (Na. ldeep-s fxs a * cf a) x = (Aws x. (list-sel-auz’ f xs ©) * ¢f x) zs ©
(proof )

corollary Ideep-s-h-eq-list-sel-auz’-h'":
[distinct-relations t; ysQz#tzs = revorder t]
= (\a. ldeep-s | (revorder t) a * cf a) x = (Axs x. (list-sel-auz’ f xs z) * cf
x) 28 T

{proof)

lemma create-h-list-distinct-simp: [distinct xs; ysQz#tzs = xs] = create-h-list h
zsc =hzsz
(proof )

lemma ldeep-s-h-eq-create-h-list:
[distinct xs; ysQu#zs = 8]
= (Xa. ldeep-s f zs a * ¢f a) © = create-h-list (Azs x. (list-sel-aux’ f xs x) * cf
x) z8
(proof )

lemma Ideep-s-h-eq-create-h-list”:
[distinct-relations t; ysQz#tzs = revorder t]
= (\a. ldeep-s f (revorder t) a * cf a) x
= create-h-list (Axs x. (list-sel-auz’ f xs x) x cf x) (revorder t)

{proof)
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corollary Ideep-s-h-eq-create-h-list'":
distinct-relations t = Y ys © zs. ysQux#zs = revorder t
— (Xa. ldeep-s f (revorder t) a x ¢f a)
= create-h-list (Axs x. (list-sel-auz’ f xs x) x cf x) (revorder t) x
(proof)

lemma Ideep-s-h-eq-create-h-list’"":
[distinct-relations t; x € relations t]
= (\a. ldeep-s f (revorder t) a * cf a) x
= create-h-list (Axs x. (list-sel-auz’ f s x) x cf x) (revorder t)
{proof )

lemma cons2-if-2elems: [z € set xs; y € set xs; v # y] = Iy zz2s. as =y # z

# 2zs
(proof)

theorem c-IKKBZ-eq-c-list:
fixes ¢
defines s = revorder t
assumes distinct-relations t
and reasonable-cards cf ft
and left-deep t
and Vz € relations t. h1 z (¢fz) = h2x
shows ¢-IKKBZ h1 cf f t = c-list (ldeep-s f xs) cf h2 (first-node t) zs
{proof )

lemma c-IKKBZ-eq-c-list-cout:
fixes fcf t
defines s = revorder t
defines h = (\a. ldeep-s f xs a * cf a)
assumes distinct-relations t
and reasonable-cards cf ft
and left-deep t
shows ¢-IKKBZ (Aa b. ldeep-s f xs a x b) cf ft = c-list (ldeep-s f xs) cf h
(first-node t) xs
(proof )

lemma c-IKKBZ-eq-c-list-cout-hlist:

fixes fcf t
defines h = (Axs z. (list-sel-auz’ f xs ) * cf x)
defines zs = revorder t
assumes distinct-relations t

and reasonable-cards cf f t

and left-deep t
shows ¢-IKKBZ (Aa b. ldeep-s fxs a x b) c¢f ft

= c-list (ldeep-s f xs) cf (create-h-list h xs) (first-node t) s

(proof )
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theorem c-out-eq-c-list:
fixes fcf t
defines s = revorder t
defines h = (\a. ldeep-s f xs a * cf a)
assumes distinct-relations t
and reasonable-cards cf ft
and left-deep t
shows c-list (ldeep-s f xs) cf h (first-node t) xs = c-out cf f
(proof )

theorem c-out-eq-c-list-hlist:
fixes fcf t
defines h = (\zs z. (list-sel-auz’ f xs z) * cf )
defines s = revorder t
assumes distinct-relations t
and reasonable-cards cf ft
and left-deep t
shows c-list (ldeep-s f xs) cf (create-h-list h xs) (first-node t) xs = c-out cf ft

{proof)

lemma c-out-eq-c-list-altproof:
fixes fcf t
defines h = (\xs z. (list-sel-auz’ f xs z) * cf x)
defines s = revorder t
assumes distinct-relations t
and reasonable-cards cf ft
and left-deep t
shows c-list (ldeep-s f xs) cf (create-h-list h xs) (first-node t) xs = c-out cf ft

(proof)

Similarly, we can derive the equivalence for other cost functions like c-nlj
and c-hj by using the equivalence of ¢-IKKBZ and c-list.

lemma c-IKKBZ-eq-c-list-hyj:
fixes fcft
defines s = revorder t
assumes distinct-relations t
and reasonable-cards cf ft
and left-deep t
shows ¢-IKKBZ (A- -. 1.2) cf ft = c-list (ldeep-s f xs) cf (A-. 1.2) (first-node
t) xs
(proof )

corollary c-hj-eq-c-list:
fixes fcf t
defines zs = revorder t
assumes distinct-relations t
and reasonable-cards cf ft
and left-deep t
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shows c-list (ldeep-s f xs) ¢f (A-. 1.2) (first-node t) xs = c-hj cf f 1
{proof)

lemma c-IKKBZ-eq-c-list-nlj:
fixes fcft
defines zs = revorder t
assumes distinct-relations t
and reasonable-cards cf ft
and left-deep t
shows ¢-IKKBZ (A-. id) cf ft = c-list (Ideep-s f xs) cf cf (first-node t) xs
(proof )

corollary c-nlj-eq-c-list:
fixes fcft
defines zs = revorder t
assumes distinct-relations t
and reasonable-cards cf ft
and left-deep t
shows c-list (ldeep-s f xs) cf cf (first-node t) s = c-nlj cf f ¢
(proof )

lemma c-list-app:
c-list fef h r (ysQus) = c-list f c¢f h r xs + ldeep-T f cf xs * c-list f c¢f h r ys
(proof)

lemma create-h-list-pos:
[sel-reasonable sf; ¥z € set xs. cf x > 0]
= (create-h-list (A\zs x. (list-sel-auz’ sf zs x) * cf z) zs) z > 0
(proof)

lemma c-list-not-neg:
assumes sel-reasonable sf
and Vz € set ys. cfz > 0
and h = (\a. ldeep-s sf s a * cf a)
shows c-list (ldeep-s sf xs) c¢f h rys > 0
(proof)

lemma c-list-not-neg-hlist:
assumes sel-reasonable sf
and Vz € set zs. ¢fz > 0
and Vz € set ys. cfz > 0
and h = create-h-list (Axs z. (list-sel-auz’ sf xs ©) * cf x) xs
shows c-list (ldeep-s sf xs) ¢f h rys > 0
(proof)

lemma c-list-pos-if-h-pos:
[sel-reasonable sf; Vx € set xs. c¢f v > 0;Va € set xs. hx > 0; r & set xs; s #

[l

= c-list (Ideep-s sf ys) ¢f h ras > 0
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(proof)

lemma c-list-pos-r-not-elem:
assumes sel-reasonable sf
and Vz € set ys. ¢fz > 0
and ys # |
and r ¢ set ys
and h = (\a. ldeep-s sf zs a * cf a)
shows c-list (ldeep-s sf xs) ¢cf h rys > 0
(proof )

lemma c-list-pos-r-not-elem-hlist:

assumes sel-reasonable sf
and Vz € setzs. ¢fz > 0
and Vz € set ys. ¢fxz > 0
and ys # ||
and r ¢ set ys
and h = create-h-list (Axs z. (list-sel-auz’ sf xs z) * cf x) xs

shows c-list (ldeep-s sf xs) c¢f h rys > 0
(proof )

lemma c-list-pos-not-root:
assumes sel-reasonable sf
and Vz € set ys. ¢fz > 0
and ys # ]
and ys # [r]
and distinct ys
and h = (\a. ldeep-s sf zs a * cf a)
shows c-list (ldeep-s sf xs) c¢f h rys > 0
(proof)

lemma c-list-pos-not-root-hlist:
assumes sel-reasonable sf
and Vz € set s. ¢cfz > 0
and Vz € set ys. cfz > 0
and ys # ]
and ys # [r]
and distinct ys
and h = create-h-list (Azs x. (list-sel-auz’ sf xs x) * cf x) xs
shows c-list (ldeep-s sf xs) c¢f h rys > 0
(proof)

lemma c-list-split-four:
assumes 1T = ldeep-T f cf
and C = c-list fcfhr
shows C (rev (A@Q U @ V @QB)) = C (rev A) + T (rev A) * C (rev U)
+ T (revA) « T (rev U) x C (rev V)
+ T (revA) « T (rev U) x T (rev V) % C (rev B)
(proof )
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lemma c-list-A-pos-asi:
assumes c-list fcf b r (rev U) > 0
and c-list fefhr (rev V) > 0
and ldeep-T f cf (rev A) > 0
shows c-list fefhr (rev (A@Q U @V QB)) < clistfcfhr (rev(AQ TV @

U @ B))

> ((Ideep-T fcf (rev U) — 1) ] c-list fef hr (rev U)

< (ldeep-T fef (rev V) — 1) / c-list fc¢f hr (rev V)

(proof)

lemma c-list-asi-auz:
assumes sel-reasonable sf
and Vz. ¢cfz > 0
and ¢ = c-list fcfhr
and [ = (ldeep-s sf xs)
and Vys. (ys#[J AT ¢ setys) — cys > 0
and distinct (AQUQVQB)
and U # ||
and V # [|
and rank = (. (ldeep-T fcfl— 1)/ cl)
and r ¢ set (AQUQV@B) V (take 1 (AQUQV@B) = [r] A take I (AQVQUQB)
=[r])
shows (¢ (rev (AQUQ@V@B)) < ¢ (rev (AQVQUQB)) «— rank (rev U) <
rank (rev V))

(proof)

lemma c-list-pos-asi:
fixes sf ¢f h r xs
defines f = ldeep-s sf s
defines rank = (Al. (Ideep-T fefl — 1) / c-list fef hrl)
assumes sel-reasonable sf
and Vz. ¢cfz > 0
and Vys. (ys #[| A r & set ys) — c-list fefhrys >0
shows asi rank v (c-list f c¢f h 1)

{proof)

theorem c-list-asi:
fixes sf ¢f h r xs
defines f = ldeep-s sf s
defines rank = (Al. (Ideep-T fcfl — 1) / c-list fef hrl)
assumes sel-reasonable sf
and Vz. cfx > 0
and Vz. hz > 0
shows asi rank r (c-list f ¢f h 1)

{proof)

corollary c-out-asi:
fixes sf cf rxs
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defines f = ldeep-s sf s
defines h = (\a. ldeep-s sf s a * cf a)
defines rank = (M. (Ideep-T fefl — 1) / c-list fcf hrl)
assumes sel-reasonable sf
and Vz. cfz > 0
shows asi rank r (c-list f ¢f h 1)
(proof)

lemma c-out-asi-aux:
assumes sel-reasonable sf
and Vz. ¢cfx > 0
and ¢ = c-list fcfhr
and [ = (ldeep-s sf xs)
and h = (\a. ldeep-s sf zs a * cf a)
and distinct (AQUQV@B)
and U # |]
and V # [|
and rank = (Al. (ldeep-T fcfl — 1)/ cl)
and r ¢ set (AQUQV@QB) V (take 1 (AQUQVQB) = [r] A take 1 (AQVQUQB)
=[r])
shows (¢ (rev (AQUQ@QV@B)) < ¢ (rev (AQVQUQB)) «— rank (rev U) <
rank (rev V))

(proof)

lemma c-out-asi-aux-hlist:
assumes sel-reasonable sf
and Vz. ¢cfx > 0
and ¢ = c-list fcfhr
and f = (ldeep-s sf xs)
and h = create-h-list (Axs x. (list-sel-auz’ sf xs ©) * cf x) xs
and distinct (AQUQV@B)
and U # |]
and V # [|
and rank = (Al (Ideep-T fcfl — 1)/ cl)
and r ¢ set (AQUQV@B) V (take 1 (AQUQVQB) = [r] A take 1 (AQVQUQB)
=[r])
shows (¢ (rev (AQUQ@QV@B)) < ¢ (rev (AQVQUQB)) «— rank (rev U) <
rank (rev V))

(proof)

theorem c-out-asi-altproof:

assumes sel-reasonable sf
and Vz. ¢cfx > 0
and ¢ = c-list fcfhr
and f = (ldeep-s sf xs)
and h = (\a. ldeep-s sf zs a * cf a)

shows asi (Al. (ldeep-T fefl — 1)/ cl) r (c-list fefhr)
(proof)
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theorem c-out-asi-hlist:
assumes sel-reasonable sf
and Vz. cfz > 0
and ¢ = c-list fcfhr
and [ = (ldeep-s sf xs)
and h = create-h-list (\zs x. (list-sel-auz’ sf xs x) x cf x) xs
shows asi (Al. (ldeep-T fcfl — 1)/ cl) r (clist fcfhr)
(proof)

lemma asi-if-asi”: asi rank r ¢ = asi’ r c
(proof )

corollary c-out-asi”:
assumes sel-reasonable sf
and Vz. cfz > 0
and [ = (ldeep-s sf xs)
and h = (\a. ldeep-s sf s a * cf a)
shows asi’ r (c-list f ¢f h 1)
(proof )

corollary c-out-asi’-hlist:
assumes sel-reasonable sf
and Vz. cfz > 0
and [ = (ldeep-s sf xs)
and h = create-h-list (Axs z. (list-sel-auz’ sf xs ©) * cf x) xs
shows asi’ r (c-list f ¢f h )
(proof )

lemma c-out-asi’’-auz:
assumes sel-reasonable sf
and Vz. cfzx > 0
and ¢ = c-list fcfhr
and [ = (ldeep-s sf xs)
and h = create-h-list (Axs z. (list-sel-auz’ sf xs ©) * cf x) xs
and distinct (AQUQVQB)
and U # |]
and V # ||
and rank = (Al (ldeep-T fcfl — 1)/ ¢ )
and U # [7]
and V # [r]
shows (¢ (rev (AQUQV@B)) < ¢ (rev (AQVQU@B)) «— rank (rev U) <
rank (rev V))

(proof)

theorem c-out-asi’":
assumes sel-reasonable sf
and Vz. cfzx > 0
and ¢ = c-list fcfhr
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and [ = (ldeep-s sf xs)
and h = create-h-list (Axs z. (list-sel-auz’ sf xs z) * cf x) xs
shows asi”’ (Al. (ldeep-T fcfl — 1)/ cl) r (clistfefhr)
{proof)

3.4.2 Additional ASI Proofs

lemma asi-le-iff-notr:
[asi rank r cost; U # [|; V £ [|; r ¢ set (AQ U @ V @Q B); distinct (A Q U Q@
V @ B)]
= rank (rev U) < rank (rev V) <— cost (rev (AQUQV@QB)) < cost (rev
(AaVaU@B))

{proof)

lemma asi-le-iff-rfst:
[asi rank v cost; U # []; V # [|;
take 1 (AQ U @ V @ B) =[r]; take 1 (AQ V @Q U @Q B) = [r]; distinct (A
@U@V aB)
= rank (rev U) < rank (rev V) <— cost (rev (AQUQV@B)) < cost (rev
(AQVQU@B))

{proof)

lemma asi-le-notr:
lasi rank r cost; rank (rev U) < rank (rev V); U#[]; V#[;
distinct (AQUQV@DB); r ¢ set (AQUQV@AB)]
= cost (rev (AQUQV@B)) < cost (rev (AQVQUQB))
(proof )

lemma asi-le-rfst:
[asi rank r cost; rank (rev U) < rank (rev V); U#[]; V#[); distinct (AQUQV@QB);
take 1 (AQ U QV @B)=1Ir];take 1 (AQ V QU @ B) =[r]
= cost (rev (AQUQV@B)) < cost (rev (AQVQUQB))
{proof )

lemma asi-eq-notr:
assumes asi rank r cost
and rank (rev U) = rank (rev V)
and U # |]
and V # [|
and r ¢ set (AQUQV@B)
and distinct (A Q U @Q V @ B)
shows cost (rev (AQUQV@B)) = cost (rev (AQVQUQB))

(proof)

lemma asi-eq-notr’:
assumes asi rank r cost
and cost (rev (AQUQV@B)) = cost (rev (AQVQUQB))
and U # |]
and V # [|
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and r ¢ set (AQUQV@B)
and distinct (A Q U @ V Q B)
shows rank (rev U) = rank (rev V)

(proof)

lemma asi-eg-iff-notr:
[asi rank r cost; U # [|; V # [|; r ¢ set (AQUQV@QB); distinct (AQUQVQB)]
= rank (rev U) = rank (rev V) <— cost (rev (AQUQV@QB)) = cost (rev
(A@vQUua@B))

(proof)

lemma asi-eq-rfst:
assumes asi rank r cost
and rank (rev U) = rank (rev V)
and U # ||
and V # ||
and take 1 (AQ U @Q V Q B) = [r]
and take 1 (AQ V QU @Q B) = [r]
and distinct (A Q U @Q V @ B)
shows cost (rev (AQUQV@B)) = cost (rev (AQVQUQB))

(proof)

lemma asi-eq-rfst”:
assumes asi rank r cost
and cost (rev (AQUQV@B)) = cost (rev (AQVQUQB))
and U # ||
and V # ||
and take 1 (AQ U Q@ V Q B) = [r]
and take 1 (AQ V QU @Q B) = [r]
and distinct (A Q U @Q V @ B)
shows rank (rev U) = rank (rev V)

(proof)

lemma asi-eq-iff-rfst:
lasi rank r cost; U # [|; V # [J;
take 1 (AQ U @Q V @ B) =[r]; take 1 (AQ V @ U Q B) = [r]; distinct (A
@U@VaBhB)j
= rank (rev U) = rank (rev V) <— cost (rev (AQUQ@QV@B)) = cost (rev
(AaVaU@B))

{proof)

lemma asi-lt-iff-notr:
assumes asi rank r cost
and U # [ and V # ||
and r ¢ set (AQ U @V Q@ B)
and distinct (A Q U @Q V @ B)
shows rank (rev U) < rank (rev V) <— cost (rev (AQUQV@B)) < cost (rev
(A@vaQUuaB))

{proof)
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lemma asi-lt-iff-rfst:
assumes asi rank r cost
and U # [Jand V # ||
and take 1 (AQ U Q@ V Q B) = [r]
and take 1 (A@Q V @Q U @Q B) = [r]
and distinct (A Q U @ V Q B)
shows rank (rev U) < rank (rev V) <— cost (rev (AQUQV@B)) < cost (rev
(A@vQUua@B))

(proof)

lemma asi-lt-notr:
lasi rank r cost; rank (rev U) < rank (rev V); U#[]; V#[;
distinct (AQUQV@DB); r ¢ set (AQUQV@B)]
= cost (rev (AQUQV@B)) < cost (rev (AQVQUQRB))

(proof)

lemma asi-lt-rfst:
[asi rank r cost; rank (rev U) < rank (rev V); U#|]; V#]]; distinct (AQUQ VQB);
take 1 (AQ U QV @B)=1Ir];take 1 (AQ V QU @ B) =Ir]
= cost (rev (AQUQ@QV@B)) < cost (rev (AQVQUQRB))

{proof)

lemma asi’’-simp-iff:
[asi" rank v cost; U £ [|; V £ [|; U # [r]; V # [r]; distinct (A @Q U @ V @ B)]
= rank (rev U) < rank (rev V) «— cost (rev (AQUQV@B)) < cost (rev
(AQVQUa@B))

{proof)

lemma asi’’-simp:
[asi" rank r cost; rank (rev U) < rank (rev V); U#[); V#[]; distinct (AQUQV@QB);

U#[r]; VA
= cost (rev (AQUQV@B)) < cost (rev (AQVQUQRB))
{proof)

end
theory Graph-Additions
imports Complex-Main Graph-Theory. Graph-Theory Shortest-Path-Tree
begin
lemma two-elems-card-ge-2: finite xs = x € xs A\ y € xs N\ z#£y = Finite-Set.card

s > 2
(proof)

4 Graph Extensions

context wf-digraph
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begin

lemma awalk-dom-if-uneq: [u#v; awalk v p v] = Jz. z =g v
(proof)

lemma awalk-verts-dom-if-uneq: [u#v; awalk v p v] = Jz. ¢ g v A = € set
(awalk-verts u p)

{proof)

lemma awalk-verts-append-distinct:

[Zv. awalk r (p1Qp2) v; distinct (awalk-verts r (p1 Qp2))] = distinct (awalk-verts
rpl)

(proof)

lemma not-distinct-if-head-eq-tail:
assumes tail G p = v and head G e = u and awalk r (psQ[p]|Qe#p2) v
shows —(distinct (awalk-verts r (psQ[p]|Qe#p2)))

(proof)

lemma awalk-verts-subset-if-p-sub:
[owalk u p1 v; awalk u p2 v; set pI C set p2]
= set (awalk-verts u p1) C set (awalk-verts u p2)
(proof )

lemma awalk-to-apath-verts-subset:
awalk uw p v => set (awalk-verts u (awalk-to-apath p)) C set (awalk-verts u p)

{proof)

lemma unique-apath-verts-in-awalk:
[z € set (awalk-verts u pl); apath u pl v; awalk w p2 v; I!p. apath u p v]
= z € set (awalk-verts u p2)
(proof )

lemma unique-apath-verts-sub-awalk:

lapath v p v; awalk uw q v; Ip. apath u p v] = set (awalk-verts u p) C set
(awalk-verts u q)

(proof )

lemma awalk-verts-append3:
[owalk v (pQe#q) r; awalk v ¢ r] = awalk-verts u (pQe#q) = awalk-verts u p
Q@ awalk-verts v q

(proof )

lemma verts-reachable-connected:
verts G # {} = (Vzcverts G. Y ycverts G. © —* y) = connected G
{proof)

lemma out-degree-0-no-arcs:
assumes out-degree G v = 0 and finite (arcs G)
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shows Vy. (v,y) ¢ arcs-ends G
(proof)

lemma out-degree-0-only-self: finite (arcs G) = out-degree G v = 0 = v =>* x
==
(proof)

lemma not-elem-no-out-arcs: v ¢ verts G = out-arcs G v = {}
(proof)

lemma not-elem-no-in-arcs: v ¢ verts G = in-arcs G v = {}
{proof)

lemma not-elem-out-0: v ¢ verts G = out-degree G v = 0
{proof)

lemma not-elem-in-0: v ¢ verts G = in-degree G v = 0
{proof)

lemma new-vert-only-no-arcs:
assumes G = (verts = V U {v}, arcs = A, tail = t, head = h)
and G’ = (verts = V, arcs = A, tail = t, head = h|)
and wf-digraph G’
and v ¢ V
and finite (arcs G)
shows YV u. (v,u) ¢ arcs-ends G

(proof)

lemma new-leaf-out-sets-eq:
assumes G = (verts = V U {v}, arcs = A U {a}, tail = t(a := u), head = h(a
= v))
and G’ = (verts = V, arcs = A, tail = t, head = h)
and v € V
and v ¢ V
and a ¢ A
shows {e € arcs G. tail G e = v} = {e € arcs G'. tail G' e = v}

(proof)

lemma new-leaf-out-0:
assumes G = (verts = V U {v}, arcs = A U {a}, tail = t(a := u), head = h(a
=)
and G’ = (verts = V, arcs = A, tail = t, head = h)
and wf-digraph G’
and u € V
and v ¢ V
and a ¢ A
shows out-degree G v = 0

(proof)
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lemma new-leaf-no-arcs:
assumes G = (verts = V U {v}, arcs = A U {a}, tail = t(a := u), head = h(a
= v))
and G’ = (verts = V, arcs = A, tail = t, head = h)
and wf-digraph G’
and v € V
and v ¢ V
and a ¢ A
and finite (arcs G)
shows YV u. (v,u) ¢ arcs-ends G

(proof)

lemma tail-and-head-eq-impl-cas:
assumes cas T p y
and Vz € set p. tail Gz = tail G' x
and Vz € set p. head G x = head G' x
shows pre-digraph.cas G’ z p y

(proof)

lemma new-leaf-same-reachables-orig:
assumes T =" y
and G = (verts = V U {v}, arcs = A U {a}, tail = t(a := u), head = h(a
)
and G’ = (verts = V, arcs = A, tail = t, head = h)
and wf-digraph G’
and z € V
and v € V
and v ¢ V
and y # v
and a ¢ A
and finite (arcs G)
shows z ="/ y

(proof)

lemma new-leaf-same-reachables-new:
assumes r —* ~/ Y
and G = (verts = V U {v}, arcs = A U {a}, tail = t(a := u), head = h(a
= 0))
and G’ = (verts = V, arcs = A, tail = t, head = h|)
and wf-digraph G’
and z € V
and u € V
and v ¢ V
and y # v
and a ¢ A
shows © =% y

{(proof)

lemma new-leaf-reach-impl-parent:
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assumes y —* v
and G = (verts = V U {v}, arcs = A U {a}, tail = t(a := u), head = h(a
=)
and G’ = (verts = V, arcs = A, tail = t, head = h)
and wf-digraph G’
and y € V
and v ¢ V
shows y —* u

(proof)

end

context graph
begin

abbreviation min-degree :: 'a set = 'a = bool where
min-degree ©s © = x€xs N (¥ y€xs. oul-degree G x < out-degree G y)

lemma graph-del-vert-sym: sym (arcs-ends (del-vert x))
{proof)

lemma graph-del-vert: graph (del-vert x)
(proof)

lemma connected-iff-reachable:
connected G +— ((Vz€verts G. Vycverts G. © —* y) A verts G # {})

{proof)

end

context nomulti-digraph
begin

lemma no-multi-alt:
[el € arcs G; e2 € arcs G; el # e2] = head G el # head G e2 V tail G el

# tail G e2
(proof)

end

4.1 Vertices with Multiple Outgoing Arcs

context wf-digraph
begin

definition branching-points :: ‘a set where
branching-points = {x. Jy€arcs G. z€arcs G. y#z A tail Gy = x A tail G z

=z}
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definition is-chain :: bool where
is-chain = (branching-points = {})

definition last-branching-points :: 'a set where
last-branching-points = {x. (x€branching-points A =(Iy € branching-points. y£x
Az =" y))}

lemma branch-in-verts: © € branching-points = = € verts G

{proof)

lemma last-branch-is-branch:
(y€last-branching-points =—> y&<branching-points)
(proof )

lemma last-branch-alt: © € last-branching-points = (Vz. x =* 2 N 24 — 2 ¢
branching-points)

(proof)

lemma braching-points-alt:
assumes finite (arcs G)
shows z € branching-points <— out-degree G © > 2 (is 7P +— ?Q)

(proof)

lemma branch-in-supergraph:
assumes subgraph C G
and z € wf-digraph.branching-points C
shows x € branching-points

(proof)

lemma subgraph-no-branch-chain:
assumes subgraph C G
and verts C' C verts G — {z. Iy€branching-points. © —* 7 y}
shows wf-digraph.is-chain C
(proof)

lemma branch-if-leaf-added:
assumes z€wjf-digraph.branching-points G’
and G = (verts = V U {v}, arcs = A U {a}, tail = t(a := u), head = h(a
=)
and G’ = (verts = V, arcs = A, tail = t, head = h)
and wf-digraph G’
and a ¢ A
shows = € branching-points

(proof)

lemma new-leaf-no-branch:
assumes G = (verts = V U {v}, ares = A U {a}, tail = t(a := u), head = h(a

=)
and G’ = (verts = V, arcs = A, tail = t, head = h|)
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and wf-digraph G’
and u € V
and v ¢ V
and a ¢ A
shows v ¢ branching-points

(proof)

lemma new-leaf-not-reach-last-branch:
assumes ycwf-digraph.last-branching-points G’
and ~y =" u
and G = (verts = V U {v}, arcs = A U {a}, tail = t(a := u), head = h(a
=)
and G’ = (verts = V, arcs = A, tail = t, head = h)
and wf-digraph G’
and y € V
and v € V
and v ¢ V
and a ¢ A
and finite (arcs G)
shows —(3z € branching-points. z£y N y —* z)

(proof)

lemma new-leaf-parent-nbranch-in-orig:
assumes y<branching-points
and y # u
and G = (verts = V U {v}, arcs = A U {a}, tail = t(a := u), head = h(a
=)
and G’ = (verts = V, arcs = A, tail = t, head = h|)
and wf-digraph G’
shows ycwf-digraph.branching-points G’
(proof)

lemma new-leaf-last-branch-exists-preseruv:
assumes ycwf-digraph.last-branching-points G’
and z —* y
and G = (verts = V U {v}, arcs = A U {a}, tail = t(a := u), head = h(a
=)
and G’ = (verts = V, arcs = A, tail = t, head = h|)
and wf-digraph G’
and y € V
and u € V
and v ¢ V
and a ¢ A
and finite (arcs G)
and Vz. y - 2 — y#z
obtains y’ where y'€last-branching-points N x —* y’

{(proof)

end
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4.2 Vertices with Multiple Incoming Arcs

context wf-digraph
begin

definition merging-points :: 'a set where
merging-points = {z. y€arcs G. Iz€arcs G. y#z N head G y = = A head G 2

:.CL'}

definition is-chain’ :: bool where
is-chain’ = (merging-points = {})

definition last-merging-points :: 'a set where
last-merging-points = {z. (z€merging-points A —(Iy € merging-points. y#x N z
=" y)}

lemma merge-in-verts: © € merging-points => ¢ € verts G
{proof)

lemma last-merge-is-merge:
(y€last-merging-points = yEmerging-points)
(proof )

lemma last-merge-alt: © € last-merging-points — (Vz. ¢ =* 2 A 222 — 2 ¢
merging-points)
(proof )

lemma merge-in-supergraph:
assumes subgraph C G
and z € wf-digraph.merging-points C
shows z € merging-points

(proof)

lemma subgraph-no-merge-chain:
assumes subgraph C' G
and verts C' C verts G — {z. 3y€merging-points. © —* 7 y}
shows wf-digraph.is-chain’ C
(proof)

end

end

theory QueryGraph
imports Complex-Main Graph-Additions Selectivities JoinTree
begin
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5 Query Graphs

locale query-graph = graph +
fixes sel :: 'b weight-fun
fixes cf :: ‘a = real
assumes sel-sym: [tail G e; = head G es; head G e; = tail G es] = sel e; =
sel es
and not-arc-sel-1: e ¢ arcs G = sel e = 1
and sel-pos: sel e > 0
and sel-leg-1: sel e < 1
and pos-cards: © € verts G = c¢fz > 0

begin

5.1 Function for Join Trees and Selectivities

definition matching-sel :: 'a selectivity = bool where
matching-sel f = (Vx y.
(Je. (tail Ge) =z A (head Ge) =y A fay = sel e)
V (e (tail Ge) =z A (head Ge) =y) AN fry=1))

definition match-sel :: 'a selectivity where
match-sel Ty =
(if e € arcs G. (tail G e) = x A (head G e) = y
then sel (THE e. e € arcs G A (tail G e) = z A (head G e) = y) else 1)

definition matching-rels :: 'a joinTree = bool where
matching-rels t = (relations t C verts G)

definition remove-sel :: 'a = 'b weight-fun where
remove-sel © = (A\b. if be{a € arcs G. tail G a = x V head G a = x} then 1 else
sel b)

definition valid-tree :: ’a joinTree = bool where
valid-tree t = (relations t = verts G A distinct-relations t)

fun no-cross-products :: 'a joinTree = bool where
no-cross-products (Relation rel) = True
| no-cross-products (Join I r) = ((zerelations . Iyerelations r. z =g y)
A no-cross-products I A\ no-cross-products )

5.2 Proofs

Proofs that a query graph satisifies basic properties of join trees and selec-
tivities.
lemma sel-less-arc: sel x < 1 =z € arcs G

(proof)

lemma joinTree-card-pos: matching-rels t => pos-rel-cards cf t
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{proof)

lemma symmetric-arcs: x€arcs G = Jy. head G x = tail G y A tail G x = head
Gy
(proof )

lemma arc-ends-eq-impl-sel-eq: head G © = head G y = tail G z = tail G y =
sel x = sel y
(proof )

lemma arc-ends-eq-impl-arc-eq:

[el € arcs G; e2 € arcs G; head G el = head G e2; tail G el = tail G e2] =
el = e?2

(proof)

lemma matching-sel-simp-if-not1:

[matching-sel sf; sfxy # 1] = Je € arcs G. tail G e = x A head G e = y A
sfxy=sele

(proof)

lemma matching-sel-simp-if-arc:
[matching-sel sf; e € arcs G] = sf (tail G €) (head G e) = sel e
(proof)

lemma matching-sell-if-no-arc: matching-sel sf = =(z =qy VvV y =g z) = sf
zy =1
(proof)

lemma matching-sel-alt-auxl:
matching-sel f
= (Vzy. (e € arcs G. (tail Ge) =z A (head G e) = y A fay = sel e)
V ((Be ecarcs GA (tail Ge) =x A (head Ge) =y) AN fzy=1))
(proof)

lemma matching-sel-alt-aux2:
(Vzy.(Je € arcs G. (tail Ge) =x A (head Ge) =y A fzy = sele)
V ((Be e€arcs GA (tail Ge) =2 A (head Ge) =y) AN fzy=1))
= matching-sel f
(proof)

lemma matching-sel-alt:
matching-sel f
=zy. (e € arcs G. (tail G e) =z A (head G e) =y A fzy = sel e)
V ((fe. e € arcs G A (tail Ge) = x A (head Ge) =y) A foy=1))
(proof)

lemma matching-sel-symm:

assumes matching-sel f
shows sel-symm f
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{proof)

lemma matching-sel-reasonable: matching-sel f = sel-reasonable f
(proof )

lemma matching-reasonable-cards:
[matching-sel f; matching-rels t] = reasonable-cards cf f t

{proof)

lemma matching-sel-unique-aux:
assumes matching-sel f matching-sel g
shows fxy=guzy

(proof)

lemma matching-sel-unique: [matching-sel f; matching-sel 9] = f = ¢
(proof )

lemma match-sel-matchinglintro]: matching-sel match-sel
{proof)

corollary match-sel-unique: matching-sel f = f = match-sel
(proof)

corollary match-sell-if-no-arc: =(z =5 y V y =g ) = match-sel x y = 1
(proof )

corollary match-sel-symm]introl: sel-symm match-sel
(proof)

corollary match-sel-reasonable|introl: sel-reasonable match-sel

(proof)

corollary match-reasonable-cards: matching-rels t => reasonable-cards cf match-sel
t

{proof)

lemma matching-rels-trans: matching-rels (Join [ r) = (matching-rels I A match-
ing-rels r)
(proof )

lemma first-node-in-verts-if-rels-eq-verts: relations t = verts G = first-node t €
verts G

{proof)

lemma first-node-in-verts-if-valid: valid-tree t = first-node t € verts G
(proof )

lemma dominates—sym: (x -G y) — (Z/ de CC)

{proof)
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lemma no-cross-mirror-eq: no-cross-products (mirror t) = no-cross-products t
{proof )

lemma no-cross-create-ldeep-rev-app:

[ys#[); no-cross-products (create-ldeep-rev (zsQys))] = no-cross-products (create-ldeep-rev
ys)
(proof )

lemma no-cross-create-ldeep-app:

[xs#[]; no-cross-products (create-ldeep (zsQys))] = no-cross-products (create-ldeep
xs)

(proof)

lemma matching-rels-if-no-cross: [Vr. t # Relation r; no-cross-products t] =
matching-rels t

(proof)

lemma no-cross-awalk:
[matching-rels t; no-cross-products t; x € relations t; y € relations t]
= Jp. awalk z p y N\ set (awalk-verts z p) C relations t

(proof)

lemma no-cross-apath:
[matching-rels t; no-cross-products t; x € relations t; y € relations t]
= dp. apath  p y A set (awalk-verts x p) C relations t

{proof)

lemma no-cross-reachable:
[matching-rels t; no-cross-products t; x € relations t; y € relations t] = =z —* y

(proof)

corollary reachable-if-no-cross:

[3t. relations t = verts G A nmo-cross-products t; x € verts G; y € verts G] =
T ="y

{proof)

lemma remove-sel-sym:

[tail G e1 = head G ez; head G e1 = tail G ex] = (remove-sel z) e; = (remove-sel
x) ey

{proof)

lemma remove-sel-1: e ¢ arcs G => (remove-sel x) e = 1

{proof)

lemma del-vert-remove-sel-1:
assumes e ¢ arcs ((del-vert x))
shows (remove-sel ) e = 1

(proof)
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lemma remove-sel-pos: remove-sel x e > 0
(proof)

lemma remowve-sel-leq-1: remove-sel © e < 1
(proof)

lemma del-vert-pos-cards: © € verts (del-vert y) = c¢fz > 0
{proof)

lemma del-vert-remove-sel-query-graph:
query-graph G sel ¢f = query-graph (del-vert ) (remove-sel ) cf
(proof )

lemma finite-nempty-set-min:
assumes zs # {} and finite xs
shows Jz. min-degree xs z

(proof)

lemma no-cross-reachable-graph’:
[3t. relations t = verts G A no-cross-products t; x€verts G; yeverts G]

=T %*mk-symmetric GY
(proof)

lemma verts-nempty-if-tree: 3 t. relations t C verts G = verts G # {}
(proof )

lemma connected-if-tree: 3 t. relations t = verts G A no-cross-products t = con-
nected G

{proof)

end

locale nempty-query-graph = query-graph +
assumes non-empty: verts G # {}

5.3 Pair Query Graph

Alternative definition based on pair graphs

locale pair-query-graph = pair-graph +
fixes sel :: (‘a x 'a) weight-fun
fixes ¢f :: 'a = real
assumes sel-sym: [tail G e; = head G es; head G e; = tail G es] = sel e; =
sel ey
and not-arc-sel-1: e ¢ parcs G = sel e = 1
and sel-pos: sel e > 0
and sel-leg-1: sel e < 1
and pos-cards: © € pverts G = cfxz > 0
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sublocale pair-query-graph C query-graph
{proof)

context pair-query-graph
begin

lemma matching-sel f «+— (Vz y. sel (z,y) = fz y)
(proof )

end

end

theory Directed-Tree-Additions
imports Graph-Additions Shortest-Path-Tree
begin

6 Directed Tree Additions

context directed-tree
begin

lemma reachablel-not-reverse: © -t py = -y >z
(proof )

lemma in-arcs-root: in-arcs T root = {}
(proof)

lemma dominated-not-root: w —p v = v # root
(proof)

lemma dominated-notin-awalk: [u — 7 v; awalk r p u] = v ¢ set (awalk-verts r

p)
(proof)

lemma apath-if-awalk: awalk r p v = apath r p v

{proof)

lemma awalk-verts-arcl-app: tail T e € set (awalk-verts v (p1Qe#p2))
(proof )

lemma apath-over-inarc-if-dominated:
assumes u — 7 v
shows Jp. apath root p v A u € set (awalk-verts root p)

(proof)

end
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locale finite-directed-tree = directed-tree + fin-digraph T

Undirected, connected graphs are acyclic iff the number of edges is |verts| -
1. Since undirected graphs are modelled as bidirected graphs the number of
edges is doubled.

locale undirected-tree = graph +
assumes connected: connected G
and acyclic: card (arcs G) < 2 % (card (verts G) — 1)

6.1 Directed Trees of Connected Trees
6.1.1 Tranformation using BFS

Assumes existence of a conversion function (like BF'S) that contains all reach-
able vertices.

locale bfs-tree = directed-tree T root 4+ subgraph T G for G T root +
assumes root-in-G: root € verts G
and all-reachables: verts T = {v. root —=* 7 v}
begin

lemma dom-in-G: v =wpv=u =g v

(proof)

lemma tailT-eq-tailG: tail T = tail G
(proof )

lemma headT-eq-headG: head T = head G
(proof)

lemma verts-T-subset-G: verts T C wverts G
(proof)

lemma reachable-verts-G-subset-T':
Vzcverts G. root =% v = verts T D verts G

{proof)

lemma reachable-verts-G-eq-T: ¥V x€verts G. root —=* ¢ x = verts T = verts G
{proof)

lemma connected-verts-G-eq-T:
assumes graph G and connected G
shows verts T = verts G

(proof)

lemma Suc-card-if-fin: fin-digraph G = In. Suc n = card (verts Q)
(proof )

corollary Suc-card-if-graph: graph G = In. Suc n = card (verts G)
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{proof)

lemma con-Suc-card-arcs-eq-card-verts:
[graph G; connected G] = Suc (card (arcs T)) = card (verts G)

(proof)

lemma reverse-arc-in-G:
assumes graph G and el € arcs T
shows Je2 € arcs G. head G e2 = tail G el A head G el = tail G e2

{(proof)

lemma reverse-arc-notin-T"
assumes el € arcs T and head G e2 = tail G el and head G el = tail G e2
shows e2 ¢ arcs T

(proof)

lemma reverse-arc-in-G-only:

assumes graph G and el € arcs T

shows Je2 € arcs G. head G e2 = tail G el N head G el = tail G e2 N e2 ¢
arcs T

(proof)

lemma no-multi-T-G:
assumes el € arcs T and e2 € arcs T and el # e2
shows head G el # head G e2 V tail G el # tail G e2

(proof)

lemma T-arcs-compl-fin:

assumes fin-digraph G and es C arcs T

shows finite {e2€ arcs G. (3el € es. head G e2 = tail G el N head G el =
tail G e2)}

(proof)

corollary T-arcs-compl-fin':

assumes graph G and es C arcs T

shows finite {e2€ arcs G. (Jel € es. head G e2 = tail G el A head G el =
tail G e2)}

{proof)

lemma fin-verts-T: fin-digraph G = finite (verts T)
(proof )

corollary fin-verts-T". graph G = finite (verts T)
(proof)

lemma fin-arcs-T: fin-digraph G = finite (arcs T)
(proof )

corollary fin-arcs-T". graph G = finite (arcs T)
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{proof)

lemma T-arcs-compl-card-eq:

assumes graph G and es C arcs T

shows card {e2€ arcs G. (el € es. head G e2 = tail G el A head G el = tail
G e2)} = card es

{proof)

lemma arcs-graph-G-ge-2vertsT:
assumes graph G
shows card (arcs G) > 2 * (card (verts T) — 1)

(proof)

lemma arcs-graph-G-ge-2vertsG:
[graph G; connected G] = card (arcs G) > 2 * (card (verts G) — 1)

(proof)

lemma arcs-undir-G-eq-2vertsG:
[undirected-tree G] = card (arcs G) = 2 * (card (verts G) — 1)

{proof)

lemma undir-arcs-compl-un-eq-arcs:
assumes undirected-tree G
shows {e2¢€ arcs G. (Jel € arcs T. head G e2 = tail G el A head G el = tail
Ge2)}Uares T
= arcs G

(proof)

lemma split-fst-nonelem:

[-set zs C X; set as C Y] = Jz ys zs. ysQaH#zs=zs Nz ¢ X Nz € Y A set
ys C X
(proof)

lemma source-no-inarc-T: head G e = root = e ¢ arcs T
{proof)

lemma source-all-outarcs-T":
[undirected-tree G; tail G e = root; e € arcs G] = e € arcs T

{proof)

lemma cas-G-T: G.cas = cas
(proof)

lemma awalk-G-T: u € verts T = set p C arcs T — G.awalk v p = awalk u p
(proof)

corollary awalk-G-T-root: set p C arcs T = G.awalk root p = awalk root p
(proof)
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lemma awalk-verts-G-T: G.awalk-verts = awalk-verts
(proof )

lemma apath-sub-imp-apath: apath v p v = G.apath v p v
(proof )

lemma outarc-inT-if-head-not-inarc:
assumes undirected-tree G
and tail G e2 = v and e2 € arcs G and head G e2 # vand v =7 v
shows e2 € arcs T

(proof)

corollary reverse-arc-if-out-arc-undir:

[undirected-tree G; tail G e2 = v; e2 € arcs G; e2 ¢ arcs T; u —p v] = head
Ge2=u

(proof )

lemma undir-path-in-dir:
assumes undirected-tree G G.apath oot p v
shows set p C arcs T

(proof)

lemma source-reach-all: [graph G; connected G; v € verts G| = root —* ¢ v
(proof)

lemma apath-if-in-verts: [graph G; connected G; v € verts G] = Ip. G.apath
root p v
(proof)

lemma undir-unique-awalk: [undirected-tree G; v € verts G] = 3!p. G.apath root
P
(proof )

lemma apath-in-dir-if-apath-G:
assumes undirected-tree G G.apath oot p v
shows apath root p v

(proof)

end

locale bfs-locale =

fixes bfs :: (“a, 'b) pre-digraph = 'a = ('a, 'b) pre-digraph

assumes bfs-correct: [wf-digraph G; r € verts G; bfs G r = T| = bfs-tree G T
r

locale undir-tree-todir = undirected-tree G + bfs-locale bfs
for G :: (Ya, 'b) pre-digraph
and bfs :: (‘a, 'b) pre-digraph = 'a = ('a, 'b) pre-digraph
begin
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abbreviation dir-tree-r :: ‘a = (’a, 'b) pre-digraph where

dir-tree-r = bfs G

lemma directed-tree-r: r € verts G = directed-tree (dir-tree-r r) r
{proof)

lemma bfs-dir-tree-r: r € verts G = bfs-tree G (dir-tree-r ) r
{proof)

lemma dir-tree-r-dom-in-G: r € verts G = U = gjp_tree-r r V = U =G V
{proof)

lemma verts-nempty: verts G # {}

(proof)

lemma card-gt0: card (verts G) > 0
(proof)

lemma Suc-card-1-eq-card[intro]: Suc (card (verts G) — 1) = card (verts G)
{proof)

lemma verts-dir-tree-r-eq[simp: v € verts G = wverts (dir-tree-r r) = verts G
{proof)

lemma tail-dir-tree-r-eq: v € verts G = tail (dir-tree-r r) e = tail G e
(proof )

lemma head-dir-tree-r-eq: v € verts G = head (dir-tree-r ) e = head G e
{proof)

lemma awalk-verts-G-T: r € verts G = awalk-verts = pre-digraph.awalk-verts
(dir-tree-r 1)
(proof)

lemma dir-tree-r-all-reach: [r € verts G; v € verts G| = r =" gir_tree-r r ¥
(proof )

lemma fin-verts-dir-tree-r-eq: v € verts G = finite (verts (dir-tree-r r))
{proof)

lemma fin-arcs-dir-tree-r-eq: r € verts G = finite (arcs (dir-tree-r r))
{proof)

lemma fin-directed-tree-r: r € verts G = finite-directed-tree (dir-tree-r r) r
{proof)

lemma arcs-eg-2verts: card (arcs G) = 2 * (card (verts G) — 1)

{proof)
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lemma arcs-compl-un-eq-arcs:
r € verts G =
{e2 € arcs G. el €arcs (dir-tree-r r). head G e2 = tail G el A head G el =
tail G e2}
U ares (dir-tree-r r) = arcs G

{proof)

lemma unique-apath: [u € verts G; v € verts G] = 3!p. apath u p v
(proof )

lemma apath-in-dir-if-apath-G: apath r p v = pre-digraph.apath (dir-tree-r r) r
P v
(proof )

lemma apath-verts-sub-awalk:
[apath u p1 v; awalk u p2 v] = set (awalk-verts u p1) C set (awalk-verts u p2)

{proof)

lemma dir-tree-arci-in-apath:
assumes U — g tree-r - U and v € verts G
shows Jp. apath r p v A u € set (awalk-verts r p)

{proof)

lemma dir-tree-arcl-in-awalk:
(v = gir-tree-r r ¥; T € verts G; awalk r p v] = u € set (awalk-verts r p)

{proof)

end

6.1.2 Tranformation using PSP-Trees

Assumes existence of a conversion function that contains the n nearest nodes.
This sections proves that such a generated tree contains all vertices in a
connected graph.
locale find-psp-tree-locale =

fixes find-psp-tree :: ('a, 'b) pre-digraph = (b = real) = 'a = nat = ('a, 'b)
pre-digraph

assumes find-psp-tree: [r € verts G; find-psp-tree G wrn = T] = psp-tree G
Twrn

context psp-tree
begin

lemma dom-in-G: v =7 v = u =g v
{proof)

lemma tailT-eq-tailG: tail T = tail G
(proof )
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lemma headT-eq-headG: head T = head G
(proof)

lemma verts-T-subset-G: verts T C verts G
(proof )

lemma reachable-verts-G-subset-T':
assumes fin-digraph G
and Vzcverts G. source =" =
and Suc n = card (verts G)
shows verts T O wverts G

(proof)

lemma reachable-verts-G-eq-T:
[fin-digraph G; ¥ z€verts G. source —* x; Suc n = card (verts G)] = verts
T = verts G

{proof)

lemma connected-verts-G-eq-T":
assumes graph G
and connected G
and Suc n = card (verts G)
shows verts T = verts G

(proof)

lemma con-Suc-card-arcs-eq-card-verts:
assumes graph G
and connected G
and Suc n = card (verts G)
shows Suc (card (arcs T)) = card (verts G)

(proof)

lemma reverse-arc-in-G:
assumes graph G and el € arcs T
shows Je2 € arcs G. head G e2 = tail G el A head G el = tail G e2

(proof)

lemma reverse-arc-notin-T"
assumes el € arcs T and head G e2 = tail G el and head G el = tail G e2
shows e2 ¢ arcs T

(proof)

lemma reverse-arc-in-G-only:

assumes graph G and el € arcs T

shows Je2 € arcs G. head G e2 = tail G el A head G el = tail G e2 N e2 ¢
arcs T

(proof)
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lemma no-multi-T-G:
assumes el € arcs T and e2 € arcs T and el # e2
shows head G el # head G e2 V tail G el # tail G e2
{proof)

lemma T-arcs-compl-fin:

assumes fin-digraph G and es C arcs T

shows finite {e2€ arcs G. (3el € es. head G e2 = tail G el N head G el =
tail G e2)}

(proof)

corollary T-arcs-compl-fin':

assumes graph G and es C arcs T

shows finite {e2€ arcs G. (3el € es. head G e2 = tail G el N head G el =
tail G e2)}

(proof)

lemma T-arcs-compl-card-eq:

assumes graph G and es C arcs T

shows card {e2€ arcs G. (el € es. head G e2 = tail G el N head G el = tail
G e2)} = card es

(proof)

lemma arcs-graph-G-ge-2vertsT:
assumes graph G
shows card (arcs G) > 2 x (card (verts T) — 1)

(proof)

lemma arcs-graph-G-ge-2vertsG:

[graph G; connected G; Suc n = card (verts G)] = card (arcs G) > 2 * (card
(verts G) — 1)

(proof )

lemma arcs-undir-G-eq-2vertsG:

[undirected-tree G; Suc n = card (verts G)] = card (arcs G) = 2 * (card (verts
G) - 1)

(proof)

lemma undir-arcs-compl-un-eqg-arcs:
assumes undirected-tree G and Suc n = card (verts G)
shows {e2¢€ arcs G. (el € arcs T. head G e2 = tail G el N head G el = tail
Ge2)} Uares T
= arcs G

(proof)

lemma split-fst-nonelem:

[-set zs C X; set xs C V] = Jz ys zs. ysQa#zs=zs Ao ¢ X Nz € Y A set
ys € X
(proof )
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lemma source-no-inarc-T: head G e = source => e ¢ arcs T
{proof)

lemma source-all-outarcs-T:
[undirected-tree G; Suc n = card (verts G); tail G e = source; e € arcs G] =
e €arcs T

{proof)

lemma cas-G-T: G.cas = cas
(proof )

lemma awalk-G-T: u € verts T = set p C arcs T = G.awalk u p = awalk u p
(proof )

corollary awalk-G-T-root: set p C arcs T = G.awalk source p = awalk source p
(proof)

lemma awalk-verts-G-T: G.awalk-verts = awalk-verts
(proof)

lemma apath-sub-imp-apath: apath v p v — G.apath u p v
(proof)

lemma outarc-inT-if-head-not-inarc:
assumes undirected-tree G and Suc n = card (verts G)
and tail G e2 = v and e2 € arcs G and head G e2 # vand v =7 v
shows e2 € arcs T

(proof)

corollary reverse-arc-if-out-arc-undir:
[undirected-tree G; Suc n = card (verts G); tail G e2 = v; e2 € arcs G; e2 ¢
arcs T; u —p U]
= head G €2 = u
(proof)

lemma undir-path-in-dir:
assumes undirected-tree G Suc n = card (verts G) G.apath source p v
shows set p C arcs T

(proof)

lemma source-reach-all: [graph G; connected G; v € verts G] = source =" v
(proof)

lemma apath-if-in-verts: [graph G; connected G; v € verts G] = Ip. G.apath
source p v

(proof)

lemma undir-unique-awalk:
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[undirected-tree G; Suc n = card (verts G); v € verts G| = I!p. G.apath source
p v
(proof )

lemma apath-in-dir-if-apath-G-:
assumes undirected-tree G Suc n = card (verts G) G.apath source p v
shows apath source p v

{proof)

end

locale undir-tree-todir-psp = undirected-tree G + find-psp-tree-locale to-psp

for G :: ('a, 'b) pre-digraph

and to-psp :: (‘a, 'b) pre-digraph = ('b = real) = 'a = nat = ('a, 'b) pre-digraph
begin

abbreviation dir-tree-r :: '‘a = (’a, 'b) pre-digraph where
dir-tree-r v = to-psp G (A-. 1) r (Finite-Set.card (verts G) — 1)

lemma directed-tree-r: r € verts G = directed-tree (dir-tree-r r) r
{proof)

lemma psp-dir-tree-r:
r € verts G = psp-tree G (dir-tree-r r) (A-. 1) r (Finite-Set.card (verts G) —
1)

(proof)

lemma dir-tree-r-dom-in-G: r € verts G = U = gip_tree-r + V = U =G V
(proof )

lemma verts-nempty: verts G # {}
{proof)

lemma card-gt0: card (verts G) > 0
{proof)

lemma Suc-card-1-eq-card[intro]: Suc (card (verts G) — 1) = card (verts G)
(proof)

lemma verts-dir-tree-r-eq[simpl: r € verts G = verts (dir-tree-r r) = verts G
{proof)

lemma tail-dir-tree-r-eq: v € verts G = tail (dir-tree-r r) e = tail G e
(proof )

lemma head-dir-tree-r-eq: r € verts G = head (dir-tree-r r) e = head G e

(proof)

lemma awalk-verts-G-T: r € verts G = awalk-verts = pre-digraph.awalk-verts
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(dir-tree-r 1)
{proof)

lemma dir-tree-r-all-reach: [r € verts G; v € verts G| = r =" gir_tree-r r ¥
(proof )

lemma fin-verts-dir-tree-r-eq: v € verts G = finite (verts (dir-tree-r r))
{proof)

lemma fin-arcs-dir-tree-r-eq: r € verts G = finite (arcs (dir-tree-r r))
(proof)

lemma fin-directed-tree-r: r € verts G = finite-directed-tree (dir-tree-r r) r
{proof)

lemma arcs-eq-2verts: card (arcs G) = 2 * (card (verts G) — 1)
(proof)

lemma arcs-compl-un-eg-arcs:
r € verts G =
{€2 € arcs G. Fel€arcs (dir-tree-r r). head G e2 = tail G el A head G el =
tail G e2}
U arcs (dir-tree-r r) = arcs G

{proof)

lemma unique-apath: [u € verts G; v € verts G] = 3!p. apath u p v
(proof )

lemma apath-in-dir-if-apath-G: apath r p v = pre-digraph.apath (dir-tree-r r) r
P v
(proof )

lemma apath-verts-sub-awalk:
[apath w p1 v; awalk u p2 v] = set (awalk-verts u p1) C set (awalk-verts u p2)

{proof)

lemma dir-tree-arcl-in-apath:
assumes U — g tree-r ¥ and r € verts G
shows Jp. apath r p v A u € set (awalk-verts r p)

{proof)

lemma dir-tree-arc1-in-awalk:
(v = gir-tree-r r v; T € verts G; awalk v p v] = u € set (awalk-verts r p)

{proof)

end
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6.2 Additions for Induction on Directed Trees

lemma fin-dir-tree-single:
finite-directed-tree (verts = {r}, arcs = {}, tail = t, head = h) r
(proof)

corollary dir-tree-single: directed-tree (verts = {r}, arcs = {}, tail = t, head =
h) r
{proof)

lemma split-list-not-last: [y € set zs; y # last xs] = Tas bs. as Q y # bs = xs

A b # |
(proof)

lemma split-last-eq: [as Q@ y # bs = zs; bs # [|] = last bs = last zs
(proof )

lemma split-list-last-sep: [y € set zs; y # last zs] = Fas bs. as Q y # bs Q [last
xs] = xs
(proof )

context directed-tree
begin

lemma root-if-all-reach: Vv € verts T. + =% p v = z = 100t
(proof )

lemma add-leaf-cas-preserv:
fixes u v a
defines T' = (verts = verts T U {v}, arcs = arcs T U {a},
tail = (tail T)(a := u), head = (head T)(a := v)|
assumes a ¢ arcs T and set p C arcs T and cas z p y
shows pre-digraph.cas T' z p y

(proof)

lemma add-leaf-awalk-preserv:
fixes u v a
defines T' = (verts = verts T U {v}, arcs = arcs T U {a},
tail = (tail T)(a := u), head = (head T)(a := v))
assumes a ¢ arcs T and awalk z p y
shows pre-digraph.awalk T' z p y

(proof )

lemma add-leaf-awalk-T:
fixes u v a
defines T' = (verts = verts T U {v}, arcs = arcs T U {a},
tail = (tail T)(a := u), head = (head T)(a := v)|
assumes a ¢ arcs T and z € verts T
shows 3 p. pre-digraph.awalk T' root p x

{proof)
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lemma (in pre-digraph) cas-append-if:
[cas = ps u; tail G p = u; head G p = v] = cas z (psQ[p]) v
(proof)

lemma add-leaf-awalk-T-new:
fixes u v a
defines T' = (verts = verts T U {v}, arcs = arcs T U {a},
tail = (tail T)(a := u), head = (head T)(a := v))
assumes a ¢ arcs T and u € verts T
shows dp. pre-digraph.awalk T' root p v
(proof)

lemma add-leaf-cas-orig:
fixes u v a
defines T' = (verts = verts T U {v}, arcs = arcs T U {a},
tail = (tail T)(a := u), head = (head T)(a := v))
assumes a ¢ arcs T and set p C arcs T and pre-digraph.cas T' z p y
shows cas z p y

(proof)

lemma add-leaf-awalk-orig-aux:

fixes u v a

defines T' = (verts = verts T U {v}, arcs = arcs T U {a},

tail = (tail T)(a := u), head = (head T)(a := v))

assumes a ¢ arcs T and z € verts T and set p C arcs T and pre-digraph.awalk
T'zpy

shows awalk  p y

(proof)

lemma add-leaf-cas-zT-if-yT":

fixes u v a

defines T’ = (verts = verts T U {v}, arcs = arcs T U {a},

tail = (tail T)(a := u), head = (head T)(a := v))

assumes u € verts T and y € verts T and set p C arcs T' and pre-digraph.cas
T'zpy

shows z € verts T

(proof)

lemma add-leaf-cas-xT-arcsT-if-yT:
fixes u v a
defines T' = (verts = verts T U {v}, arcs = arcs T U {a},
tail = (tail T)(a := u), head = (head T)(a := v))
assumes v ¢ verts T and y € verts T and set p C arcs T’ and pre-digraph.cas
T zpuy
shows set p C arcs T and x € verts T

(proof)

lemma add-leaf-awalk-orig:
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fixes u v a
defines T' = (verts = verts T U {v}, arcs = arcs T U {a},
tail = (tail T)(a := u), head = (head T)(a := v))
assumes a ¢ arcs T and v ¢ verts T and y € verts T and pre-digraph.awalk
T'zpy
shows awalk z p y
(proof)

lemma add-leaf-awalk-orig-unique:
fixes u v a
defines T' = (verts = verts T U {v}, arcs = arcs T U {a},
tail = (tail T)(a := u), head = (head T)(a := v))
assumes a ¢ arcs T and v ¢ verts T and y € verts T
and pre-digraph.awalk T' root ps y and pre-digraph.awalk T' root es y
shows es = ps

(proof)

lemma add-leaf-awalk-new-split”:
fixes u v a
defines T' = (verts = verts T U {v}, arcs = arcs T U {a},
tail = (tail T)(a := u), head = (head T)(a := v)|
assumes v ¢ verts T and p # [| and pre-digraph.awalk T' z p v
shows Jas. as Q [a] = p

(proof)

lemma add-leaf-awalk-new-split:

fixes u v a

defines T' = (verts = verts T U {v}, arcs = arcs T U {a},

tail = (tail T)(a := u), head = (head T)(a := v))

assumes v ¢ verts T and u € verts T and p # [ and pre-digraph.awalk T' x
p v

shows Jas. as @Q [a] = p A pre-digraph.awalk T' z as u
(proof)

lemma add-leaf-awalk-new-unique:
fixes u v a
defines T' = (verts = verts T U {v}, arcs = arcs T U {a},
tail = (tail T)(a := u), head = (head T)(a := v))
assumes a ¢ arcs T and u € verts T and v ¢ verts T
and pre-digraph.awalk T' root ps v and pre-digraph.awalk T’ root es v
shows es = ps

(proof)

lemma add-leaf-awalk-unique:
fixes u v a
defines T' = (verts = verts T U {v}, arcs = arcs T U {a},
tail = (tail T)(a := u), head = (head T)(a := v))
assumes a ¢ arcs T and u € verts T and v ¢ verts T and = € verts T’
shows 3!p. pre-digraph.awalk T' root p x
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{proof)

lemma add-leaf-dir-tree:
la & arcs T; u € verts T; v ¢ verts T
= directed-tree (verts = verts T U {v}, arcs = arcs T U {a},
tail = (tail T)(a := u), head = (head T)(a := v)| root
{proof )

lemma add-leaf-dom-preserv:

la & arcs T; x =7 9]

= T (verts = verts T U {v}, arcs = arcs T U {a}, tail = (tail T)(a := u), head = (head T)(a := v
)

(proof)

end

6.3 Branching Points in Directed Trees

Proofs that show the existence of a last branching point given it is not a
chain.

context directed-tree
begin

lemma add-leaf-is-leaf:
assumes T’ = (verts = V, arcs = A, tail = t, head = h)
and T = (verts = V U {v}, arcs = A U {a}, tail = t(a := u), head = h(a
=)
and u € V
and v ¢ V
and a ¢ A
and directed-tree T root’
shows leaf v

(proof)

lemma reachable-via-child-impl-same:
assumes z »*pvand y +*pvand u »pzrzand v =7y
shows z = y

(proof)

lemma new-leaf-last-in-orig-if-arcs-in-orig:
assumes T —*p y
and T = (verts = V U {v}, arcs = A U {a}, tail = t(a := u), head = h(a
= )
and T’ = (verts = V, arcs = A, tail = t, head = h)
and z € V
and y € V
and v € V
and v ¢ V
and a ¢ A
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and al€arcs T' N a2€arcs T' N al#a2 ANtal =y ANta2 =y
and finite (arcs T)
and [3 acwf-digraph.branching-points T'. x —* 1 a; directed-tree T' 1]
= J acwf-digraph.last-branching-points T'. x = pra
and directed-tree T' r
shows 3y’c last-branching-points. © —*p y’

(proof)

lemma finite-branch-impl-last-branch:
assumes finite (verts T)
and 3 yecbranching-points. z =" 7 y
and directed-tree T r
shows 3 z€last-branching-points. © —* 7 2

(proof)

lemma subgraph-no-last-branch-chain:
assumes subgraph C T
and finite (verts T)
and verts C' C verts T — {z. Fy€last-branching-points. T —*p y}
shows wf-digraph.is-chain C
(proof )

lemma reach-from-last-in-chain:
assumes 3y € last-branching-points. y =+ p x
shows z € verts T — {z. Jy€last-branching-points. x —*p y}

(proof)
Directed Trees don’t have merging points.

lemma merging-empty: merging-points = {}
(proof )

lemma subgraph-no-last-merge-chain:
assumes subgraph C T
shows wf-digraph.is-chain’ C
(proof)

6.4 Converting to Trees of Lists

definition to-list-tree :: ('a list, 'b) pre-digraph where
to-list-tree =
(verts = (Az. [z]) ‘wverts T, arcs = arcs T, tail = (Az. [tail T z]), head = (Ax.
[head T z])))

lemma to-list-tree-union-verts-eq: | (set ¢ verts to-list-tree) = verts T
{proof)

lemma to-list-tree-cas: cas u p v <— pre-digraph.cas to-list-tree [u] p [v]
{proof)
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lemma to-list-tree-awalk: awalk uw p v +— pre-digraph.awalk to-list-tree [u] p [v]
{proof)

lemma to-list-tree-awalk-if-in-verts:
assumes v € verts to-list-tree
shows 3 p. pre-digraph.awalk to-list-tree [root] p v

(proof)

lemma to-list-tree-root-awalk-unique:
assumes v € verts to-list-tree
and pre-digraph.awalk to-list-tree [root] p v
and pre-digraph.awalk to-list-tree [root] y v
shows p =y
(proof)

lemma to-list-tree-directed-tree: directed-tree to-list-tree [root]
(proof)

lemma to-list-tree-disjoint-verts:
[w € verts to-list-tree; v € verts to-list-tree; u#v] = set u N set v = {}

(proof)

lemma to-list-tree-nempty: v € verts to-list-tree = v # ||
{proof)

lemma to-list-tree-single: v € verts to-list-tree => Jz. v = [z] A © € verts T
{proof)

lemma to-list-tree-dom-iff: x =1 y <— [2] =4o_list-tree Y]
{proof)

end

locale fin-list-directed-tree = finite-directed-tree T for T :: ('a list,’d) pre-digraph
+
assumes disjoint-verts: [u € verts T; v € verts T; u # v] = set u N set v =

{

and nempty-verts: v € verts T = v # ||

context finite-directed-tree
begin

lemma to-list-tree-fin-digraph: fin-digraph to-list-tree
(proof)

lemma to-list-tree-finite-directed-tree: finite-directed-tree to-list-tree [root]

(proof)

lemma to-list-tree-fin-list-directed-tree: fin-list-directed-tree [root] to-list-tree
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{proof)

end

end

theory Dtree
imports Complez-Main Directed-Tree-Additions HOL— Library.FSet
begin

7 Algebraic Type for Directed Trees

datatype (dverts:'a, darcs: 'b) dtree = Node (root: 'a) (sucs: (('a,’d) dtree x 'b)
fset)

7.1 Termination Proofs

lemma fset-sum-ge-elem: finite s = = € xs = (D>_ u€ws. (f::'a = nat) u) > f
T

{proof)

lemma dtree-size-decr-aux:
assumes (z,y) € fset xs
shows size z < size (Node r xs)

(proof)

lemma dtree-size-decr-aux’: t1 € fst ‘ fset xs = size t1 < size (Node r xs)
(proof )

lemma diree-size-decr|[termination-simpl:

assumes (z, y) € fset (zs:: ((‘a, 'b) diree x 'b) fset)

shows size z < Suc (Y u€map-prod (A\z. (z, size )) (Ay. y)  fset zs. Suc (Suc
(snd (fst u))))
(proof)

7.2 Dtree Basic Functions

fun darcs-mset :: ('a,’d) diree = 'b multiset where
darcs-mset (Node r zs) = (D (t,e) € fset xs. {#e#} + darcs-mset t)

fun dverts-mset :: (‘a,’d) dtree = 'a multiset where
dverts-mset (Node r xs) = {#r#} + (3_ (t,e) € fset zs. dverts-mset t)

abbreviation disjoint-darcs :: ((‘a,’d) dtree x 'b) fset = bool where
disjoint-darcs s = (V (z,el) € fset xs. el ¢ darcs x N (V(y,e2) € fset xs.
(dares z U {el}) N (dares y U {e2}) = {} V (z,e1)=(y,e2)))
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fun wf-darcs’ :: ('a,’d) diree = bool where
wf-darcs’ (Node r xs) = (disjoint-darcs zs N (V¥ (z,e) € fset zs. wf-darcs’ 1))

definition wf-darcs :: (‘a,’b) dtree = bool where
wf-darcs t = (Y& €# darcs-mset t. count (darcs-mset t) x = 1)

fun wf-dverts’ :: (‘a,’d) dtree = bool where
wf-dverts’ (Node r xs) = (V (z,el) € fset xs.
r ¢ dverts x A (Y (y,e2) € fset xs. (dverts x N dverts y = {} V (z,e1)=(y,e2)))
A wf-dverts’ x)

definition wf-dverts :: ('a,’d) diree = bool where
wf-dverts t = (V& €# dverts-mset t. count (dverts-mset t) x = 1)

fun dtail :: ('a,’d) dtree = (b = 'a) = 'b = 'a where
dtail (Node r zs) def = (Xe. if e € snd  fset zs then r
else (ffold (A(z,e2) b.
if (z,e2) ¢ fset xs V e & darcs x V —wf-darcs (Node r xs)
then b else dtail x def) def xs) e)

fun dhead :: ("a,’d) dtree = ('b = 'a) = 'b = 'a where
dhead (Node r xs) def = (Ae. (ffold (A(z,e2) b.
if (z,e2) ¢ fset xsV e ¢ (darcs z U {e2}) V —wf-darcs (Node r xs)
then b else if e=e2 then root x else dhead = def e) (def e) xs))

abbreviation from-dtree :: (‘b = 'a) = ('b = 'a) = (‘a,’b) dtree = ('a,’d)
pre-digraph where
from-dtree deft defh t =
(verts = dverts t, arcs = darcs t, tail = dtail t deft, head = dhead t defh|)

abbreviation from-dtree’ :: (‘a,’d) dtree = (’a,’b) pre-digraph where
from-ditree’ t = from-dtree (A-. Toot t) (A-. root t) ¢

fun is-subtree :: ('a,’d) dtree = (a,’d) dtree = bool where
is-subtree © (Node r xs) =

(z = Node r xzs V (3 (y,e) € fset xs. is-subtree  y))

definition strict-subtree :: ('a,’d) dtree = ('a,’b) ditree = bool where
strict-subtree t1 t2 +— is-subtree t1 t2 N t1 # t2

fun num-leaves :: (‘a,’b) dtree = nat where
num-leaves (Node r xzs) = (if zs = {||} then 1 else (3] (t,e)€ fset xs. num-leaves

t)

7.3 Dtree Basic Proofs

lemma finite-dverts: finite (dverts t)
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{proof)

lemma finite-darcs: finite (darcs t)
{proof)

lemma dverts-child-subseteq: © € fst * fset xs => dverts © C dverts (Node r zs)
{proof )

lemma dverts-suc-subseteq: x € fst * fset (sucs t) = dverts © C dverts t
(proof )

lemma dverts-root-or-child: v € dverts (Node r zs) = v =1 V v € (U(t,e) €
fset xs. dverts t)

{proof)

lemma dverts-root-or-suc: v € dverts t = v = root t V (I (t,e) € fset (sucs t).v
€ dverts t)

{proof)

lemma dverts-child-if-not-root:
[v € dverts (Node r xs); v # r] = Jt€fst * fset xs. v € dverts ¢

{proof)

lemma dverts-suc-if-not-root:
[v € dverts t; v # root t] = tefst ¢ fset (sucs t). v € dverts t

(proof)

lemma darcs-child-subseteq: x € fst ¢ fset s = darcs x C darcs (Node r xs)
(proof)

lemma mset-sum-elem: x €# Oy € fset Y. fy) = Jy € fset Y. x €# fy
(proof)

lemma mset-sum-elem-iff: © €# (> y € fset Y. fy) «— (Jy € fset Y. z €# f

Y)
(proof)

lemma mset-sum-eleml: [y € fset Yz €# fy] = v €# Oy € fset Y. fy)
(proof )

lemma darcs-mset-elem:
x €# darcs-mset (Node r 1s) = 3 (t,e) € fset xs. x €# darcs-mset t V z = e

{proof)

lemma darcs-mset-if-nsnd:
[z €# darcs-mset (Node r xs); x ¢ snd ‘ fset xs] = 3 (t1,el) € fset zs. © €#
darcs-mset t1

(proof)
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lemma darcs-mset-suc-if-nsnd:
[z €# darcs-mset t; x ¢ snd * fset (sucs t)] = 3 (t1,el) € fset (sucs t). x €#
darcs-mset t1

{proof)

lemma darcs-mset-if-nchild:
[z €# darcs-mset (Node r xs); Bt1 el. (t1,el) € fset s A x €4 darcs-mset t1]
= x € snd ‘ fset s

{proof)

lemma darcs-mset-if-nsuc:
[x €# darcs-mset t; Pt1 el. (t1,el) € fset (sucs t) A x €4 darcs-mset t1]
= 1 € snd ‘ fset (sucs t)

{proof)

lemma darcs-mset-if-snd[intro]: © € snd ‘ fset xs = x €# darcs-mset (Node
xs)
{proof)

lemma darcs-mset-suc-if-snd[intro]: x € snd  fset (sucs t) = = €# darcs-mset t
{proof)

lemma darcs-mset-if-child[introl:
[(t1,e1) € fset zs; © €# darcs-mset t1] = © €# darcs-mset (Node r xs)
{proof)

lemma darcs-mset-if-suc[intro):
[(t1,e1) € fset (sucs t); © €# darcs-mset t1] = x €# darcs-mset t
{proof)

lemma darcs-mset-sub-darcs: set-mset (darcs-mset t) C dares t

(proof)

lemma darcs-sub-darcs-mset: darcs t C set-mset (darcs-mset t)
(proof)

lemma darcs-mset-eq-darcs[simp]: set-mset (darcs-mset t) = dares ¢
{proof)

lemma dverts-mset-elem:
z €# dverts-mset (Node r zs) = (3 (t,e) € fset xs. © €# dverts-mset t) V x =
T

{proof)

lemma dverts-mset-if-nroot:
[z €# dverts-mset (Node r xs); x # r] = 3(t1,el) € fset xs. © €# dverts-mset
t1

(proof)
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lemma dverts-mset-suc-if-nroot:
[z €# dverts-mset t; © # root t] => 3 (t1,el) € fset (sucs t). x EF# dverts-mset
t1

{proof)

lemma dverts-mset-if-nchild:

[z €4 dverts-mset (Node r xs); Bt1 el. (t1,el) € fset xs A © €# dverts-mset 1]
= c=r

{proof)

lemma dverts-mset-if-nsuc:
[z €# dverts-mset t; Ht1 el. (t1,el) € fset (sucs t) A x €# dverts-mset t1] =
T = root t

{proof)

lemma dverts-mset-if-root[intro]: © = r => x €# dverts-mset (Node r xs)
(proof)

lemma dverts-mset-suc-if-root[intro): = root t = x €# dverts-mset ¢
{proof)

lemma dverts-mset-if-child[intro]:
[(t1,el) € fset xs; x €# dverts-mset t1] = © €# dverts-mset (Node r xs)

{proof)

lemma dverts-mset-if-suclintro):
[(t1,el) € fset (sucs t); © €# dverts-mset t1] = x €# dverts-mset t
{proof )

lemma dverts-mset-sub-dverts: set-mset (dverts-mset t) C dverts t

{(proof)

lemma dverts-sub-dverts-mset: dverts t C set-mset (dverts-mset t)
(proof)

lemma dverts-mset-eq-dverts[simp]: set-mset (dverts-mset t) = dverts t
(proof)

lemma mset-sum-count-le: y € fset Y = count (f y) v < count (> y € fset Y.

fy =
(proof )

lemma darcs-mset-alt:

darcs-mset (Node r xs) = (D (t,e) € fset xs. {#e#}) + O (t,e) € fset ws.
darcs-mset t)

{proof)

lemma darcs-mset-ge-child:
t1 € fst ¢ fset s = count (darcs-mset t1) © < count (darcs-mset (Node 1 zs)) =
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{proof)

lemma darcs-mset-ge-suc:
t1 € fst ¢ fset (sucs t) = count (darcs-mset t1) z < count (darcs-mset t) x

(proof)

lemma darcs-mset-count-sum-auz:
(O-(t1,e1) € fset xs. count (darcs-mset t1) z) = count ((3 (t,e) € fset xs.
darcs-mset t)) x

(proof)

lemma darcs-mset-count-sum-auz0:
z ¢ snd ‘ fset s => count ((3_ (t, e)Efset xs. {#e#})) z =0
(proof)

lemma darcs-mset-count-sum-eq:
x & snd ‘ fset xs
= (D_(t1,el) € fset xs. count (darcs-mset t1) x) = count (darcs-mset (Node
r1s)) ©

{proof)

lemma darcs-mset-count-sum-ge:
(>-(t1,el) € fset xs. count (darcs-mset t1) x) < count (darcs-mset (Node r zs))
T

{proof)

lemma wf-darcs-alt: wf-darcs t +— (Vz. count (darcs-mset t) x < 1)
(proof)

lemma disjoint-darcs-simp:
[(t1,el) € fset xs; (t2,e2) € fset xs; (t1,el) # (t2,e2); disjoint-darcs xs]
= (darcs t1 U {e1}) N (dares t2 U {e2}) = {}
(proof )

lemma disjoint-darcs-single: e ¢ darcs t «— disjoint-darcs {|(t,e)|}
{proof)

lemma disjoint-darcs-insert: disjoint-darcs (finsert x xs) = disjoint-darcs xs
(proof)

lemma wf-darcs-rec|dest]:
assumes wf-darcs (Node r zs) and t1 € fst * fset xs
shows wf-darcs t1

(proof)
lemma disjoint-darcs-if-wf-auzl: [wf-darcs (Node r xs); (t1,el) € fset zs] = el

¢ darcs t1
(proof)
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lemma fset-sum-ge-elem2:

[re€fset Xsyefset Xsx#y = (f::a=nat)z+fy< Oz € fset X.f
x)

(proof )

lemma darcs-children-count-ge2-auz:
assumes (t1,el) € fset s and (12,e2) € fset xs and (t1,el) # (12,e2)
and e € darcs t1 and e € darcs 12
shows (3 (t1, el )Efset xs. count (darcs-mset t1) e) > 2

{(proof)

lemma darcs-children-count-ge2:
assumes (t1,el) € fset s and (12,e2) € fset xs and (t1,el) # (12,e2)
and e € darcs t1 and e € darcs t2
shows count (darcs-mset (Node r zs)) e > 2

(proof)

lemma darcs-children-count-not1:
[(t1,e1) € fset xs; (t2,e2) € fset xs; (t1,el) # (12,e2); e € darcs t1; e € darcs
t2]
= count (darcs-mset (Node r xs)) e # 1
(proof )

lemma disjoint-darcs-if-wf-auz2:
assumes wf-darcs (Node r xs)
and (t1,el) € fset xs and (12,e2) € fset xs and (t1,el) # (t2,e2)
shows darcs t1 N dares t2 = {}
(proof)

lemma darcs-child-count-gel:
[(t1,el) € fset xs; e2 € darcs t1] = count (> (t, e)Efset xs. darcs-mset t) e2
> 1

{proof)

lemma darcs-snd-count-gel:
(t2,e2) € fset xs = count (>_ (t, e)Efset xs. {#He#}) e2 > 1
(proof)

lemma darcs-child-count-ge2:

[(t1,e1) € fset xs; (t2,e2) € fset xs; e2 € darcs t1] = count (darcs-mset (Node
ras)) e2 > 2

(proof)

lemma disjoint-darcs-if-wf-auz3:

assumes wf-darcs (Node r zs) and (t1,el) € fset s and (t2,e2) € fset xs
shows e2 ¢ darcs t1

{(proof)

lemma darcs-snds-count-ge2-auz:
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assumes (t1,el) € fset zs and (t2,e2) € fset zs and (t1,el) # (t2,e2) and el
=e2

shows count (> (t, e)Efset xs. {#e#}) e2 > 2
(proof)

lemma darcs-snds-count-ge2:
[(t1,e1) € fset zs; (t2,e2) € fset xs; (t1,e1) # (12,e2); el = e2]
= count (darcs-mset (Node r xs)) e2 > 2
{proof)

lemma disjoint-darcs-if-wf-auzs:
assumes wf-darcs (Node r xs)
and (t1,el) € fset xs
and (t2,e2) € fset zs
and (t1,el) # (t2,e2)
shows el # e2
(proof)

lemma disjoint-darcs-if-wf-auzs:
[wf-darcs (Node r xs); (t1,el) € fset zs; (12,e2) € fset xs; (t1,el) # (12,e2)]
= (darcs t1 U {el}) N (darcs t2 U {e2}) = {}
(proof )

lemma disjoint-darcs-if-wf-xs: wf-darcs (Node r xs) = disjoint-darcs xs
(proof )

lemma disjoint-darcs-if-wf: wf-darcs t = disjoint-darcs (sucs t)
(proof )

lemma wf-darcs’-if-darcs: wf-darcs t = wf-darcs’ t

{(proof)

lemma wf-darcs-if-darcs’-auz:
IV (z,e) € fset zs. wf-darcs x; disjoint-darcs zs] = wf-darcs (Node 1 xs)
{proof)

lemma wf-darcs-if-darcs”: wf-darcs’ t = wf-darcs t

(proof)

corollary wf-darcs-iff-darcs”. wf-darcs t <— wf-darcs’ t
(proof )

lemma disjoint-darcs-subset:
assumes zs |C| ys and disjoint-darcs ys
shows disjoint-darcs xs

(proof)

lemma disjoint-darcs-img:
assumes disjoint-darcs zs and V (t,e) € fset zs. darcs (f t) C dares t
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shows disjoint-darcs ((A(t,e). (f t,e)) | xs) (is disjoint-darcs ?xs)
(proof)

lemma dverts-mset-count-sum-ge:

(3" (t1,el) € fset xs. count (dverts-mset t1) xz) < count (dverts-mset (Node r
xs)) ©

(proof)

lemma dverts-children-count-ge2-aux:
assumes (t1,el) € fset s and (t2,e2) € fset zs and (t1,el) # (t2,e2)
and z € dverts t1 and = € dverts t2
shows (> (t1, el)€fset xs. count (dverts-mset t1) x) > 2

(proof)

lemma dverts-children-count-ge2:
assumes (t1,el) € fset s and (t2,e2) € fset xs and (t1,el) # (t2,e2)
and z € dverts t1 and = € dverts t2
shows count (dverts-mset (Node r xs)) © > 2

{proof)

lemma disjoint-dverts-if-wf-auz:
assumes wf-dverts (Node 1 xs)
and (t1,el) € fset xs and (t2,e2) € fset zs and (t1,el) # (t2,e2)
shows dverts t1 N dverts t2 = {}

(proof)

lemma disjoint-dverts-if-wf:
wf-dverts (Node r xs)
= V(z,el) € fset xs. V(y,e2) € fset xs. (dverts = N dverts y = {} V
(z,e1)=(y,e2))
(proof)

lemma disjoint-dverts-if-wf-sucs:
wf-dverts t
= VY (z,el) € fset (sucs t). V(y,e2) € fset (sucs t).
(dverts = N dverts y = {} V (z,e1)=(y,e2))
(proof)

lemma dverts-child-count-gel:
[(t1,e1) € fset zs; x € dverts t1] = count (D (t, e)Efset xs. dverts-mset t) x
> 1

(proof )

lemma root-not-child-if-wf-dverts: [wf-dverts (Node r zs); (t1,el) € fset zs] = r
¢ dverts t1

{proof)

lemma root-not-child-if-wf-dverts”. wf-dverts (Node r xs) = V (t1,el) € fset xs.
r ¢ dverts t1
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{proof)

lemma dverts-mset-ge-child:
t1 € fst ‘ fset xs => count (dverts-mset t1) x < count (dverts-mset (Node r xs))
T

{proof)

lemma wf-dverts-rec|dest]:
assumes wf-dverts (Node r zs) and t1 € fst * fset s
shows wf-dverts t1

(proof)

lemma wf-dverts’-if-dverts: wf-dverts t = wf-dverts’ t
(proof)

lemma wf-dverts-if-dverts’-auz:
[V (z,e) € fset xs. wf-dverts x;
Y (z,el) € fset xs. v ¢ dverts x N\ (¥ (y,e2) € fset xs.
(dverts x N dverts y = {} V (z,e1)=(y,e2)))]
= wf-dverts (Node r xs)

(proof)

lemma wf-dverts-if-dverts”. wf-dverts’ t = wf-dverts t
(proof)

corollary wf-dverts-iff-dverts”. wf-dverts t +— wf-dverts’ t
(proof )

lemma wf-dverts-sub:
assumes zs |C| ys and wf-dverts (Node r ys)
shows wf-dverts (Node r xs)

(proof)

lemma count-subset-le:
zs |C] ys = count (3 z € fset zs. fx) a < count (D x € fset ys. fz) a
(proof)

lemma darcs-mset-count-le-subset:
zs |C| ys = count (darcs-mset (Node v’ zs)) z < count (darcs-mset (Node r

ys)) ©
(proof)

lemma wf-darcs-sub: [zs |C| ys; wf-darcs (Node v’ ys)] = wf-darcs (Node r xs)
(proof)

lemma wf-darcs-sucs: [wf-dares t; x € fset (sucs t)] = wf-darcs (Node r {|z|})

(proof)

lemma size-fset-alt:
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size-fset (size-prod snd (A-. 0)) (map-prod (At. (t, size t)) (Az. z) | xs)
= (> (z,y)€ fset xs. size x + 2)
(proof)

lemma dtree-size-alt: size (Node r xs) = (Y (z,y)€ fset xs. size x + 2) + 1
(proof)

lemma dtree-size-eq-root: size (Node r xs) = size (Node 1’ xs)
{proof)

lemma size-combine-decr: size (Node (rQroot t1) (sucs t1)) < size (Node r {|(t1,

el)[})
(proof )

lemma size-le-if-child-subset: xs |C| ys = size (Node r xs) < size (Node v ys)
{proof)

lemma size-le-if-sucs-subset: sucs t1 |C| sucs t2 = size t1 < size 12
{proof)

lemma combine-uneq: Node r {|(t1, el)|} # Node (rQroot t1) (sucs t1)
{proof)

lemma child-uneq: t € fst © fset xs => Node r xs #
(proof )

lemma suc-uneq: t1 € fst  fset (sucs t) = t # t1
(proof )

lemma singleton-uneq: Node r {|(t,e)|} # t
{proof)

lemma child-uneq” t € fst ¢ fset xs = Node r xs # Node v (sucs t)
{proof)

lemma suc-uneq’: t1 € fst * fset (sucs t) = t # Node v (sucs t1)
(proof)

lemma singleton-uneq”: Node r {|(t,e)|} # Node v (sucs t)
{proof)

lemma singleton-suc: ¢ € fst  fset (sucs (Node r {|(¢,€)|}))
{proof)

lemma fcard-image-le: feard (f | xs) < feard zs
(proof )

lemma sum-img-le:
assumes Vi € fst ‘ fset zs. (g::'a = nat) (ft) < gt
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<Sh0}?\>/'S O (zy)e fset (A(te). (ft, €) | xs). gz) < (O (z,y)€ fset xs. g x)
proo

lemma dtree-size-img-le:
assumes Vi € fst ‘ fset xs. size (ft) < size t
shows size (Node r ((A(t,e). (ft, €)) || zs)) < size (Node r xs)
(proof)

lemma sum-img-It:
assumes Vit € fst ¢ fset xs. (¢::'a = nat) (ft) < gt
and 3t € fst ‘fsetxs. g (ft) < gt
and Vit € fst ‘ fset xs. gt > 0
shows (3 (.)€ fset (Mte)- (F1, €)) |1 25). g.2) < (5 (@y)e fset 25. g 2)
(proof)

lemma dtree-size-img-It:
assumes Vi € fst ¢ fset xs. size (ft) < size t
and 3t € fst ‘ fset xs. size (ft) < size t
shows size (Node r ((A(t,e). (ft, €)) |1 xs)) < size (Node r xs)
(proof)

lemma sum-img-eq:
assumes Vi € fst ‘ fset zs. (g::'a = nat) (ft) =gt
and feard ((A(t,e). (ft, e)) || zs) = feard xs
shows (3 (z,y)€ fset (M(t,e). (ft, e)) | xs). gz) = O (z,y)€ fset xs. g x)
(proof)

lemma elem-neg-if-fset-neq:
((A(t,e). (ft,e) || xs) # xs =Tt € fst ‘fsetas. ft #
(proof)

lemma ffold-commute-supset:
[zs |C| ys; P ys; Ays xs. [zs |C| ys; P ys] = P zs;
Nzs. comp-fun-commute (Aa b. if a & fset xs V = Q a bV —P zs then b else R
a b)]
= ffold (Ma b. if a & fset ysV —~Q a bV =P ys then b else R a b) acc xs
= ffold (Aa b. if a & fset zs V =Q a bV —P zs then b else R a b) acc s

(proof)

lemma ffold-eq-fold: [finite zs; f = g] = ffold f acc (Abs-fset xs) = Finite-Set.fold
g acc s
(proof )

lemma Abs-fset-sub-if-sub:
assumes finite ys and zs C ys
shows Abs-fset xs |C| Abs-fset ys

{(proof)

lemma fold-commute-supset:
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assumes finite ys and zs C ys and P ys and Ays xs. [zs C ys; P ys] = P s
and Azs. comp-fun-commute (Aa b. if a ¢ zsV = Q a bV =P zs then b else
R ab)
shows Finite-Set.fold (Aa b. if a ¢ ysV = Q a bV —P ys then b else R a b) acc
xs
= Finite-Set.fold (Aa b. ifa ¢ zsV ~Q a bV —P xs then b else R a b) acc
xs

(proof)

lemma dtail-commute-auz:
fixes r xs e def
defines f = (A(z,e2) b. if (z,e2) & fset xs V e ¢ darcs x V —wf-darcs (Node r
xs)
then b else dtail © def)
shows (fyo fz) z= (fzofy) 2
(proof)

lemma dtail-commute:
comp-fun-commute (N(z,e2) b. if (z,e2) ¢ fset xs V e ¢ darcs x V —wf-darcs
(Node r zs)
then b else dtail z def)

(proof)

lemma dtail-f-alt:
assumes P = (\xs. wf-darcs (Node r xs))
and Q = (A(t1,el) b. e € darcs t1)
and R = (\(t1,el) b. dtail t1 def)
shows (\(t1,e1) b. if (t1,el) ¢ fset xs V e ¢ darcs t1V —wf-darcs (Node r xs)
then b else dtail t1 def)
=Aab. ifad fsetasV - QabV - Puasthen b else R ab)

(proof)

lemma dtail-f-alt-commute:
assumes P = (A\zs. wf-darcs (Node r zs))
and @ = (A(t1,el) b. e € darcs t1)
and R = (\(t1,el) b. dtail t1 def)
shows comp-fun-commute (Aa b. if a ¢ fset xsV = Q a bV — P zs then b else
R ab)

{proof)

lemma dtail-ffold-supset:
assumes s |C| ys and wf-darcs (Node r ys)
shows ffold (A\(z,e2) b. if (x,e2) ¢ fset ys V e & darcs x V —wf-darcs (Node r
ys)
then b else dtail z def) def s
= ffold (A(z,e2) b. if (z,e2) ¢ fset xs V e ¢ darcs x V —wf-darcs (Node r zs)
then b else dtail x def) def xs

(proof)
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lemma dtail-in-child-eq-child-ffold:
assumes (t,el) € fset zs and e € darcs t and wf-darcs (Node r xs)
shows ffold (M(z,e2) b. if (z,e2) & fset xs V e ¢ darcs & V —wf-darcs (Node r
xs)
then b else dtail z def) def s
= dtail t def
(proof)

lemma dtail-in-child-eq-child:
assumes (t,el) € fset zs and e € darcs t and wf-darcs (Node r xs)
shows dtail (Node r xs) def e = dtail t def e

{proof)

lemma dtail-ffold-notelem-eq-def:
assumes V (t,el) € fset xs. e ¢ darcs t
shows ffold (A\(z,e2) b. if (x,e2) ¢ fset ys V e & darcs x V —wf-darcs (Node r
ys)
then b else dtail © def) def zs = def

(proof)

lemma dtail-notelem-eq-def:
assumes ¢ ¢ darcs t
shows dtail t def e = def e

(proof)

lemma dhead-commute-aux:
fixes r xs e def
defines f = (\(z,e2) b. if (z,e2) ¢ fset xs V e & (darcs x U {e2}) V —wf-darcs
(Node r xs)
then b else if e=e2 then root x else dhead x def e)
shows (fyofz)z=(fzofy) 2z
(proof)

lemma dhead-commute:
comp-fun-commute (N(z,e2) b. if (x,e2) ¢ fset zs V e ¢ (darcs ¢ U {e2}) V
—wf-darcs (Node 1 xs)
then b else if e=e2 then root x else dhead x def €)

{proof)

lemma dhead-ffold-f-alt:

assumes P = (Azs. wf-darcs (Node r zs)) and Q = (A(z,e2) -. e € (darecs z U
{e2}))

and R = (\(z,e2) -. if e=e2 then root z else dhead x def €)
shows (A(z,e2) b. if (x,e2) & fset xs V e ¢ (dares © U {e2}) V —wf-darcs (Node
r as) then b
else if e=e2 then root z else dhead x def e)
=(Aab. ifa¢ fsetasV - QabV — Puasthenbelse R ab)

(proof)
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lemma dhead-ffold-f-alt-commute:
assumes P = (Azs. wf-darcs (Node r zs)) and @ = (A(z,e2) -. e € (darcs z U
{e2}))
and R = (\(z,e2) -. if e=e2 then root x else dhead x def e)
shows comp-fun-commute (Aa b. if a ¢ fset xzsV = Q a bV — P zs then b else
R ab)

(proof)

lemma dhead-[fold-supset:
assumes s |C| ys and wf-darcs (Node r ys)
shows ffold (A(z,e2) b. if (z,e2) ¢ fset ys V e & (darcs x U {e2}) V —wf-darcs
(Node r ys) then b
else if e=e2 then root = else dhead x def €) (def e) s
= ffold (A(z,e2) b. if (z,e2) ¢ fset xs V e ¢ (darcs x U {e2}) V —~wf-darcs
(Node r xs) then b
else if e=e2 then root x else dhead x def €) (def €) xs
(is ffold ?f - - = ffold ?g - -)
(proof

lemma dhead-in-child-eq-child-ffold:
assumes (t,el) € fset zs and e € darcs t and wf-darcs (Node r xs)
shows ffold (A\(z,e2) b. if (z,e2) ¢ fset zs V e & (darcs x U {e2}) V —wf-darcs
(Node r xs)
then b else if e=e2 then root x else dhead x def e) (def €) xs
= dhead t def e

(proof)

lemma dhead-in-child-eq-child:
assumes (t,el) € fset zs and e € darcs t and wf-darcs (Node 1 xs)
shows dhead (Node r zs) def e = dhead t def e

(proof)

lemma dhead-ffold-notelem-eq-def:
assumes V (t,el) € fset xs. e ¢ darcs t N\ e # el
shows ffold (A(z,e2) b. if (z,e2) ¢ fset ys V e ¢ (darcs x U {e2}) V —wf-darcs
(Node r ys) then b
else if e=e2 then root x else dhead x def e) (def e) s = def e

(proof)

lemma dhead-notelem-eq-def:
assumes ¢ ¢ darcs t
shows dhead t def e = def e

(proof)

lemma dhead-in-set-eq-root-ffold:
assumes (t,e) € fset zs and wf-darcs (Node r xs)
shows ffold (A\(z,e2) b. if (x,e2) ¢ fset xs V e ¢ (darcs x U {e2}) V —wf-darcs
(Node r xs)
then b else if e=e2 then root x else dhead x def e) (def e) xs
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= root t (is ffold ?f' - - = -)
(proof)

lemma dhead-in-set-eq-root:
[(t,e) € fset xs; wf-darcs (Node r xs)] = dhead (Node r xzs) def e = root t
(proof )

lemma self-subtree: is-subtree t t
(proof )

lemma subtree-trans: is-subtree x y = is-subtree y z = is-subtree x z
(proof)

lemma subtree-trans’: transp is-subtree

(proof)

lemma subtree-if-child: x € fst ¢ fset xs = is-subtree x (Node 1 xs)
(proof )

lemma subtree-if-suc: t1 € fst * fset (sucs t2) = is-subtree t1 t2
(proof )

lemma child-sub-if-strict-subtree:
[strict-subtree t1 (Node r zs)] = 3t8 € fst * fset xs. is-subtree t1 t3

{proof)

lemma suc-sub-if-strict-subtree:
strict-subtree t1 t2 = 3t3 € fst * fset (sucs t2). is-subtree t1 t3

{proof)

lemma subtree-size-decr: [is-subtree t1 t2; t1 # t2] = size t1 < size t2
{proof)

lemma subtree-size-decr’: strict-subtree t1 t2 = size t1 < size t2
(proof )

lemma subtree-size-le: is-subtree t1 t2 = size t1 < size t2
(proof )

lemma subtree-antisym: [is-subtree t1 t2; is-subtree t2 t1] = t1 = t2
{proof)

lemma subtree-antisym’: antisymp is-subtree

{proof)

corollary subtree-eq-if-trans-eql: [is-subtree t1 t2; is-subtree t2 t3; t1 = t3] =
t1 = t2
(proof )
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corollary subtree-eq-if-trans-eq2: [is-subtree t1 t2; is-subtree t2 t3; t1 = t3] =
2 =13
(proof)

lemma subtree-partial-ord: class.order is-subtree strict-subtree
(proof)

lemma finite-subtrees: finite {x. is-subtree z t}

{proof)

lemma subtrees-insert-union:
{z. is-subtree x (Node r xs)} = insert (Node r xzs) (Jtl € fst ¢ fset zs. {x.
is-subtree x t1})

{proof)

lemma subtrees-insert-union-suc:
{z. is-subtree x t} = insert t ((Jt1 € fst * fset (sucs t). {x. is-subtree x t1})

{proof)

lemma darcs-subtree-subset: is-subtree x y = darcs x C darcs y
(proof )

lemma dverts-subtree-subset: is-subtree x y =—> dverts x C dverts y
(proof)

lemma single-subtree-root-dverts:
is-subtree (Node v2 {|(t2, e2)|}) t1 = v2 € dverts t1
(proof)

lemma single-subtree-child-root-dverts:
is-subtree (Node v2 {|(t2, e2)|}) t1 = root t2 € dverts t1
(proof)

lemma subtree-root-if-dverts: x € dverts t => Jxs. is-subtree (Node x xs) t
{proof)

lemma subtree-child-if-strict-subtree:
strict-subtree t1 t2 = 31 xs. is-subtree (Node r xs) t2 A t1 € fst ¢ fset xs

(proof)

lemma subtree-child-if-dvert-notroot:

assumes v # r and v € dverts (Node 1 xs)

shows 31’ ys zs. is-subtree (Node ' ys) (Node r xs) A Node v zs € fst * fset ys
(proof)

lemma subtree-child-if-dvert-notelem:

[v # root t; v € dverts t] = I’ ys zs. is-subtree (Node r’ ys) t A Node v zs €
fst ¢ fset ys

{proof )
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lemma strict-subtree-subset:
assumes strict-subtree t (Node r zs) and zs |C| ys
shows strict-subtree t (Node r ys)

(proof)

lemma strict-subtree-singleton:
[strict-subtree t (Node r {|z|}); = |€| xs]
= strict-subtree t (Node 1 xs)

(proof)

7.3.1 Finite Directed Trees to Dtree

context finite-directed-tree
begin

lemma child-subtree:
assumes e € out-arcs T r
shows {z. (head T e) =*p 2} C {z. r =% p z}

{(proof)

lemma child-strict-subtree:
assumes e € out-arcs T'r
shows {z. (head T e) =*p 2} C {z. r =% p z}

(proof)

lemma child-card-decr:
assumes e € out-arcs T r
shows Finite-Set.card {z. (head T e) —*p x} < Finite-Set.card {z. r —*p z}

{proof)

function to-dtree-aux :: 'a = ('a,’b) dtree where
to-dtree-aux v = Node r (Abs-fset {(z,e).
(if e € out-arcs T r then © = to-dtree-aux (head T e) else False)})

(proof)
termination

(proof)

definition to-dtree :: (‘a,’b) dtree where
to-dtree = to-dtree-auz root

abbreviation from-dtree :: (‘a,’d) dtree = ('a,’b) pre-digraph where
from-dtree t = Dtree.from-dtree (tail T) (head T) t

lemma to-dtree-root-eq-root[simp|: Dtree.root to-dtree = root
{proof)

lemma verts-fset-id: fset (Abs-fset (verts T)) = verts T
(proof)
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lemma arcs-fset-id: fset (Abs-fset (arcs T)) = arcs T
{proof)

lemma dtree-leaf-child-empty:

leaf 1 = {(z,e). (if e € out-arcs T r then x = to-diree-auz (head T e) else
False)} = {}

(proof)

lemma dtree-leaf-no-children: leaf r = to-dtree-aux v = Node r {||}
(proof)

lemma dtree-children-alt:
{(z,e). (if e € out-arcs T r then x = to-dtree-aux (head T e€) else False)}
= {(z,€). e € out-arcs T r A z = to-dtree-aux (head T e)}
(proof )

lemma dtree-children-img-alt:
(Me. (to-dtree-auz (head T €),e)) ‘ (out-arcs T r)
= {(z,e). (if e € out-arcs T r then x = to-dtree-auz (head T e) else False)}
(proof )

lemma dtree-children-fin:
finite {(z,e). (if e € out-arcs T r then x = to-dtree-aux (head T €) else False)}
{proof)

lemma dtree-children-fset-id:
assumes to-dtree-auzr v = Node r xs
shows fset zs = {(z,e). (if e € out-arcs T r then x = to-dtree-auz (head T e)
else False)}

{(proof)

lemma to-dtree-auz-empty-if-notT:
assumes r ¢ verts T
shows to-dtree-auz r = Node r {||}

(proof)

lemma to-dtree-aux-root: Diree.root (to-dtree-aux r) = r
{proof)

lemma out-arc-if-child:

assumes z € (fst ‘ {(z,e). (if e € out-arcs T r then x = to-dtree-aux (head T e)
else False)})

shows Je. e € out-arcs T r A x = to-dtree-auz (head T e)

(proof)
lemma dominated-if-child-aux:

assumes z € (fst ‘ {(z,e). (if e € out-arcs T r then x = to-dtree-auz (head T e)
else False)})
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shows r — p (Dtree.root x)
(proof)

lemma dominated-if-child:
[to-dtree-aux r = Node r xs; x € fst * fset xs] = r — p (Dtree.root x)

{proof)

lemma image-add-snd-snd-id: snd ¢ ((Ae. (to-dtree-auz (head T e),e)) ‘z) = x
{proof)

lemma to-dtree-aux-child-in-verts:
assumes Node r' xs = to-dtree-auz v and z € fst * fset s
shows Diree.root © € verts T

(proof)

lemma to-dtree-aux-parent-in-verts:
assumes Node r’ zs = to-dtree-auz r and z € fst * fset xs
shows r € verts T

(proof)

lemma dtree-out-arcs:
snd ‘ {(z,e). (if e € out-arcs T r then x = to-dtree-aux (head T e) else False)} =
out-arcs T r

{proof)

lemma dtree-out-arcs-eq-snd:
assumes to-dtree-aux v = Node T xs
shows (snd ‘ (fset xs)) = out-arcs T r

{proof)

lemma dtree-auz-fst-head-snd-aux:

assumes z € {(z,e). (if e € out-arcs T r then x© = to-dtree-aux (head T e) else
False)}

shows Dtree.root (fst ) = (head T (snd x))

{proof)

lemma dtree-auz-fst-head-snd:
assumes to-dtree-aux r = Node r zs and x € fset xs
shows Diree.root (fst ) = (head T (snd x))

{proof)

lemma child-if-dominated-aux:
assumes r —p
shows Jy € (fst “ {(x,e). (if e € out-arcs T r then © = to-dtree-aux (head T e)
else False)}).
Dtree.root y = x

{(proof)

lemma child-if-dominated:
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assumes to-diree-aur r = Node r zs and r =7 z
shows Jy € (fst ‘ (fset xs)). Dtree.root y = x

{proof)

lemma to-dtree-auz-reach-in-dverts: [t = to-dtree-aux r; v —*p x] = x € dverts
t

(proof)

lemma to-dtree-auz-dverts-reachable:
[t = to-dtree-auz r; x € dverts t; r € verts T| = r =" p x

(proof)

lemma dverts-eq-reachable: r € verts T = dverts (to-dtree-auzx v) = {x. r =" p
}
{proof)

lemma dverts-eq-reachable”: [r € verts T; t = to-dtree-aux r] = dverts t = {z.
r —*pa}
(proof )

lemma dverts-eq-verts: dverts to-dtree = verts T
(proof)

lemma arc-out-arc: e € arcs T —> v € verts T. e € out-arcs T v
(proof)

lemma darcs-in-out-arcs: t = to-dtree-aux r —> e € darcs t =—> Jvedverts t. e
€ out-arcs T v

(proof)

lemma darcs-in-arcs: e € darcs to-dtree — ¢ € arcs T
(proof)

lemma out-arcs-in-darcs: t = to-dtree-aux r —> Jvedverts t. e € out-arcs T v
— ¢ € darcs t

(proof)

lemma arcs-in-darcs: e € arcs T —> e € darcs to-dtree
(proof )

lemma darcs-eq-arcs: darcs to-dtree = arcs T
(proof )

lemma to-dtree-aux-self:
assumes Node r zs = to-diree-auz r and (y,e) € fset s
shows y = to-dtree-auz (Dtree.root y)

{(proof)

lemma to-dtree-aux-self-subtree:
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[t1 = to-dtree-auz r; is-subtree t2 t1] = t2 = to-dtree-auz (Dtree.root t2)
(proof)

lemma to-dtree-self-subtree: is-subtree t to-dtree = t = to-dtree-aux (Dtree.root
t)

{proof)

lemma to-dtree-self-subtree’: is-subtree (Node r xs) to-dtree = (Node r zs) =
to-dtree-auz r

(proof)

lemma child-if-dominated-to-dtree:
[is-subtree (Node r xs) to-dtree; r —p v] = 3t. t € fst * fset s A\ Dtree.root t
=v

(proof)

lemma child-if-dominated-to-dtree’:
[is-subtree (Node r xs) to-diree; r —p v] => Jys. Node v ys € fst * fset xs

{proof)

lemma child-darc-tail-parent:
assumes Node r zs = to-diree-auz r and (z,e) € fset s
shows tail T e = r

(proof)

lemma child-darc-head-root:
[Node r zs = to-dtree-auz r; (t,e) € fset xs] = head T e = Dtree.root t

{proof)

lemma child-darc-in-arcs:
assumes Node r xs = to-dtree-aur r and (z,e) € fset xs
shows e € arcs T

(proof)

lemma darcs-neq-if-dtrees-neq:
[Node r zs = to-dtree-auz r; (z,el) € fset xs; (y,e2) € fset xs; x#y] = el # e2
(proof)

lemma dtrees-neq-if-darcs-neq:
[Node r zs = to-diree-auz r; (z,e1) € fset zs; (y,e2) € fset xs; el#e2] = x # y
(proof )

lemma dverts-disjoint:
assumes Node r zs = to-diree-auz r and (z,el) € fset zs and (y,e2) € fset s
and (z,e1)(y,e2)
shows dverts z N dverts y = {}

{(proof)

lemma wf-dverts-to-dtree-auxl: v ¢ verts T = wf-dverts (to-dtree-auz r)
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{proof)

lemma wf-dverts-to-dtree-auz2: r € verts T = t = to-dtree-aur r —> wf-dverts
t

(proof)

lemma wf-dverts-to-diree-auz: wf-dverts (to-dtree-auz r)
{proof)

lemma wf-dverts-to-diree-auz’:. t = to-dtree-aux r = wf-dverts t
(proof)

lemma wf-dverts-to-dtree: wf-dverts to-dtree
(proof )

lemma darcs-not-in-subtree:
assumes Node r xs = to-dtree-auz r and (z,e) € fset s and (y,e2) € fset zs
shows e ¢ darcs y

(proof)

lemma darcs-disjoint:
assumes Node r xs = to-dtree-auzx r and r € verts T
and (z,el) € fset xs and (y,e2) € fset zs and (z,el)#(y,e2)
shows (darcs © U {el}) N (dares y U {e2}) = {}

(proof)

lemma wf-darcs-to-dtree-auxl: r ¢ verts T => wf-darcs (to-dtree-auz 1)
(proof)

lemma wf-darcs-to-dtree-auz2: r € verts T —> t = to-dtree-aur r —> wf-darcs t

{(proof)

lemma wf-darcs-to-dtree-aux: wf-darcs (to-dtree-auz r)
{proof)

lemma wf-darcs-to-dtree-auz’ t = to-diree-aux r = wf-darcs t
(proof)

lemma wf-darcs-to-dtree: wf-darcs to-dtree
(proof)

lemma dtail-auz-elem-eq-tail:
t = to-dtree-aux r => e € darcs t = dtail t def e = tail T e

(proof)

lemma dtail-elem-eqg-tail: e € darcs to-dtree = dtail to-dtree def e = tail T e

(proof)

lemma to-diree-dtail-eg-tail-auz: dtail to-dtree (tail T) e = tail T e
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{proof)

lemma to-diree-dtail-eg-tail: dtail to-dtree (tail T) = tail T
{proof)

lemma dhead-auz-elem-eq-head:
t = to-dtree-aux r => e € darcs t => dhead t def e = head T e

(proof)

lemma dhead-elem-eq-head: e € darcs to-dtree = dhead to-dtree def e = head T
e

{proof)

lemma to-dtree-dhead-eq-head-auz: dhead to-diree (head T) e = head T e
{proof)

lemma to-dtree-dhead-eq-head: dhead to-diree (head T) = head T
{proof)

lemma from-to-dtree-eq-orig: from-dtree (to-dtree) = T
(proof )

lemma subtree-darc-tail-parent:
[is-subtree (Node r xs) to-diree; (t,e) € fset xs] = tail T e = r
{proof)

lemma subtree-darc-head-root:
[is-subtree (Node r xs) to-dtree; (t,e) € fset xs] = head T e = Dtree.root t

{proof)

lemma subtree-darc-in-arcs:
[is-subtree (Node r xs) to-dtree; (t,e) € fset xs] = e € arcs T

{proof)

lemma subtree-child-dom: [is-subtree (Node r xs) to-dtree; (t,e) € fset xs] = r
— 1 Dtree.root t

(proof)
end

7.3.2 Well-Formed Dtrees

locale wf-dtree =
fixes ¢ :: ('a,’d) dtree
assumes wf-arcs: wf-darcs t
and wf-verts: wf-dverts t

begin
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lemma wf-dtree-rec: Node r xs = t = (x,€) € fset xs = wf-dtree ©
(proof)

lemma wf-dtree-sub: is-subtree x t = wf-dtree x

(proof)

lemma root-not-subtree: [(Node r zs) = t; x € fst * fset xs] = r ¢ dverts ©
{proof)

lemma dverts-child-subset: [(Node r zs) = t; © € fst ‘ fset xs] = dverts z C
dverts t

{proof)

lemma child-arc-not-subtree: [(Node r xs) = t; (z,el) € fset as] = el ¢ darcs x

(proof)

lemma darcs-child-subset: [(Node r zs) = t; x € fst ¢ fset xs] = darcs x C darcs
t

{proof)

lemma dtail-in-dverts: e € darcs t = dtail t def e € dverts t

(proof)

lemma dtail-in-childverts:
assumes e € darcs z and (z,e’) € fset xs and Node r zs = t
shows dtail t def e € dverts x

(proof)

lemma dhead-in-dverts: e € darcs t = dhead t def e € dverts t
(proof)

lemma dhead-in-childverts:
assumes e € darcs ¢ and (z,e’) € fset zs and Node r xs = t
shows dhead t def e € dverts x

(proof)

lemma dhead-in-dverts-no-root: e € darcs t = dhead t def e € (dverts t — {root

t})
(proof)

lemma dhead-in-childverts-no-root:
assumes ¢ € darcs z and (z,e’) € fset xs and Node r zs = t
shows dhead t def e € (dverts x — {root z})

(proof)

lemma dtree-cas-iff-subtree:
assumes (z,el) € fset zs and Node r zs = t and set p C darcs x
shows pre-digraph.cas (from-dtree dt dh ) w p v
+— pre-digraph.cas (from-dtree dt dh t) v p v
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(is pre-digraph.cas ?X - - - «— pre-digraph.cas ¢T - - -)
(proof)

lemma dtree-cas-exists:
v € dverts t => I p. set p C darcs t A\ pre-digraph.cas (from-dtree dt dh t) (root

t)ypo
(proof)

lemma dtree-awalk-ezists:
assumes v € dverts t
shows 3 p. pre-digraph.awalk (from-dtree dt dh t) (root t) p v

(proof)

lemma subtree-root-not-root: t = Node r xs = (x,e) € fset xs => root x # r
{proof)

lemma dhead-not-root:
assumes e € darcs t
shows dhead t def e # root t

(proof)

lemma nohead-cas-no-arc-in-subset:
[V ecdarcs t. dhead t dh e # v; p#[]; pre-digraph.cas (from-dtree dt dh t) u p v]
= —set p C darcs t

{proof)

lemma dtail-root-in-set:
assumes e € darcs t and t = Node r zs and dtail t dt e = r
shows e € snd ¢ fset xs

(proof)

lemma dhead-notin-subtree-wo-root:
assumes (z,e) € fset zs and p ¢ darcs z and p € darcs t and ¢ = Node r xs
shows dhead t dh p ¢ (dverts x — {root x})

(proof)

lemma subtree-uneq-if-arc-uneq:
[(x1,e1) € fset xs; (£2,e2) € fset xs; el#e2; Node r xs = t] = x1 # 22
(proof)

lemma arc-uneg-if-subtree-uneq:
[(x1,e1) € fset xs; (£2,e2) € fset xs; x1#x2; Node r xs = t] = el # e2
(proof )

lemma dhead-unique: e € darcs t => p € darcs t = e¢ # p = dhead t dh e #
dhead t dh p

{(proof)

lemma arc-in-subtree-if-tail-in-subtree:
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assumes dtail t dt p € dverts x
and p € darcs it
and ¢t = Node r zs
and (z,e) € fset zs
shows p € darcs x

(proof)

lemma dhead-in-verts-if-dtail:
assumes dtail t dt p € dverts x
and p € darcs t
and ¢t = Node r s
and (z,e) € fset xs
shows dhead t dh p € dverts x
(proof)

lemma cas-darcs-in-subtree:
assumes pre-digraph.cas (from-dtree dt dh t) u ps v
and set ps C darcs t
and ¢t = Node r zs
and (z,e) € fset zs
and u € dverts x
shows set ps C darcs x

(proof)

lemma dtree-cas-in-subtree:
assumes pre-digraph.cas (from-dtree dt dh t) u ps v
and set ps C darcs t
and ¢t = Node r zs
and (z,e) € fset xs
and u € dverts x
shows pre-digraph.cas (from-dtree dt dh x) u ps v

(proof)

lemma cas-to-end-subtree:
assumes set (p#ps) C darcs t and pre-digraph.cas (from-dtree dt dh t) (root t)
(pips) v
and ¢t = Node r zs and (z,e) € fset xs and v € dverts z
shows p = ¢
(proof)

lemma cas-unique-in-darcs: [v € dverts t; pre-digraph.cas (from-dtree dt dh t) (root
t) ps v;

pre-digraph.cas (from-dtree dt dh t) (root t) es v]

= ps = es V —set ps C darcs t V —set es C darcs t
(proof)

lemma dtree-awalk-unique:

[v € dverts t; pre-digraph.awalk (from-dtree dt dh t) (root t) ps v;
pre-digraph.awalk (from-dtree dt dh t) (root t) es v]
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= pSs = €s
{proof)

lemma dtree-unique-awalk-exists:
assumes v € dverts t
shows 3!p. pre-digraph.awalk (from-dtree dt dh t) (root t) p v
(proof)

lemma from-dtree-directed: directed-tree (from-dtree dt dh t) (root t)
{proof)

theorem from-dtree-fin-directed: finite-directed-tree (from-dtree dt dh t) (root t)
{proof)

7.3.3 Identity of Transformation Operations

lemma dhead-img-eq-root-img:
Node razs =1
= (Xe. ((dhead (Node r xs) dh e), e)) ‘snd ‘ fset xs = (A(z,e). (root z, €)) ¢
fset xs
(proof )

lemma childarcs-in-out-arcs:
[Node r zs = t; e € snd ‘ fset xs] = e € out-arcs (from-diree dt dh t) r

(proof)

lemma out-arcs-in-childarcs:
assumes Node r xs = t and e € out-arcs (from-dtree dt dh t) r
shows e € snd ¢ fset xs

(proof)

lemma childarcs-eq-out-arcs:
Node r xs = t = snd ‘ fset s = out-arcs (from-dtree dt dh t) r

{proof)

lemma dtail-in-subtree-eq-subtree:
[is-subtree t1 t; e € darcs t1] = dtail t def e = dtail t1 def e
(proof)

lemma dtail-in-subdverts:
assumes e € darcs ¢ and is-subtree x t
shows dtail t def e € dverts x

(proof)

lemma dhead-in-subtree-eq-subtree:
[is-subtree t1 t; e € darcs t1] = dhead t def e = dhead t1 def e

(proof)

lemma subarcs-in-out-arcs:
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assumes is-subtree (Node r xs) t and e € snd ‘ fset xs
shows e € out-arcs (from-dtree dt dh t) r

(proof)

lemma darc-in-sub-if-dtail-in-sub:
assumes dtail t dt e = v and e € darcs t and (z,el) € fset xs
and is-subtree t1 x and Node r vs = t and v € dverts t1
shows e € darcs «

(proof)

lemma out-arcs-in-subarcs-auz:
assumes is-subtree (Node r zs) t and dtail t dt e = r and e € darcs t
shows e € snd ¢ fset xs

(proof)

lemma out-arcs-in-subarcs:
assumes is-subtree (Node r xs) t and e € out-arcs (from-dtree dt dh t) r
shows e € snd ‘ fset s

{proof)

lemma subarcs-eq-out-arcs:
is-subtree (Node r zs) t => snd * fset zs = out-arcs (from-dtree dt dh t) r

{proof)

lemma dhead-sub-img-eq-root-img:
is-subtree (Node v ys) t
= (Xe. ((dhead t dh e), e)) ‘snd ‘ fset ys = (A(z,e). (root z, €)) * fset ys
(proof)

lemma subtree-to-dtree-auz-eq:
assumes is-subtree z t and v € dverts ©
shows finite-directed-tree.to-dtree-aux (from-dtree dt dh t) v
= finite-directed-tree.to-dtree-auzx (from-dtree dt dh x) v
A finite-directed-tree.to-dtree-aux (from-diree dt dh z) (root z) = x

(proof)

interpretation T': finite-directed-tree from-dtree dt dh t root t
(proof)

lemma to-from-dtree-aux-id: T.to-dtree-auz dt dh (root t) =t
{proof)

theorem to-from-dtree-id: T.to-dtree dt dh = t
(proof)

end
context finite-directed-tree

begin
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lemma wf-to-dtree-auz: wf-dtree (to-dtree-aux )
{proof)

theorem wf-to-dtree: wf-dtree to-dtree
(proof)

end

7.4 Degrees of Nodes

fun max-deg :: (‘a,’d) diree = nat where
maz-deg (Node r xs) = (if xs = {||} then 0 else maz (Maz (maz-deg © fst * fset
xs)) (feard xs))

lemma mdeg-eq-fecard-if-empty: s = {||} = maz-deg (Node r xs) = fcard zs
(proof )

lemma mdeg0-if-fcardQ: feard xs = 0 = maz-deg (Node r zs) = 0

{proof)

lemma mdeg0-iff-fcard0: feard xs = 0 +— maz-deg (Node r zs) = 0

{proof)

lemma nempty-if-mdeg-gt-fecard: max-deg (Node r xs) > feard s = zs # {||}
(proof )

lemma mdeg-img-nempty: maz-deg (Node 1 xs) > feard s = maz-deg ‘ fst ‘ fset

zs # {}
(proof)

lemma mdeg-img-fin: finite (maz-deg * fst * fset xs)
(proof )

lemma mdeg-Max-if-gt-feard:
maz-deg (Node r zs) > feard xs = maz-deg (Node 1 xs) = Max (maz-deg * fst ¢
fset xs)

{proof)

lemma mdeg-child-if-gt-fecard:
maz-deg (Node 1 xs) > feard xs => It € fst * fset xs. maz-deg t = maz-deg (Node
r I8)

{proof)

lemma mdeg-child-if-wedge:
[maz-deg (Node r zs) > n; fecard xs < n vV (¥t € fst  fset xs. maz-deg t < n)]
= dt € fst ‘ fset xs. maz-deg t > n
(proof)
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lemma mazif-eq-Maz: finite X = (if X # {} then maz x (Maz X) else z) = Max
(insert z X)

{proof)

lemma mdeg-img-empty-iff: maz-deg * fst * fset xs = {} «— xs = {||}
(proof )

lemma mdeg-alt: maz-deg (Node r xs) = Max (insert (fcard zs) (maz-deg  fst *

fset xs))
(proof)

lemma finite-fMaz-union: finite Y = finite (JyeY. {Maz (f y)})
{proof)

lemma Maz-union-Maz-out:
assumes finite Y and Vy € Y. finite (fy) and Vy € Y. fy # {} and Y # {}
shows Maz (JyeY. {Maz (fy)}) = Maz (JyeY. fy) (is 2M1=-)

(proof)

lemma Maz-union-Max-out-insert:

[finite Y;Vy € Y. finite (fy);Vy € Y. fy#{} Y # {}]
= Max (insert x (JyeY. {Maz (f y)})) = Mazx (insert x (JyeY. fy))

{proof)

lemma mdeg-alt2: max-deg t = Maz {fcard (sucs z)|z. is-subtree x t}

(proof)

lemma mdeg-singleton: maz-deg (Node r {|(t1,e1)|}) = max (maz-deg t1) (fcard

{I(t1,e1)]})
(proof )

lemma mdeg-ge-child-aux: (t1,el) € fset xs => maz-deg t1 < Maz (maz-deg *
fst ¢ fset xs)
(proof)

lemma mdeg-ge-child: (t1,el) € fset xs = maaz-deg t1 < maz-deg (Node r zs)
(proof)

lemma mdeg-ge-child”: t1 € fst * fset s = maz-deg t1 < maz-deg (Node r zs)
(proof )

lemma mdeg-ge-sub: is-subtree t1 t2 =—> max-deg t1 < maz-deg t2

(proof)

lemma mdeg-gt-0-if-nempty: zs # {||} = max-deg (Node r xs) > 0
{proof)

corollary empty-if-mdeg-0: maz-deg (Node r xs) = 0 = zs = {||}
(proof )
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lemma nempty-if-mdeg-n0: maz-deg (Node r xzs) # 0 = xs # {||}
{proof)

corollary empty-iff-mdeg-0: maz-deg (Node r zs) = 0 «— xs = {||}
(proof )

lemma mdeg-root: max-deg (Node 1 zs) = maz-deg (Node v xs)
{proof)

lemma mdeg-ge-feard: feard xs < maz-deg (Node r xs)
(proof)

lemma mdeg-fcard-if-fecard-ge-child:
Y (t,e) € fset xs. max-deg t < feard xs = maz-deg (Node r xs) = feard xs
(proof )

lemma mdeg-fcard-if-fcard-ge-child:
Vit e fst‘ fset xs. maz-deg t < fecard s = maz-deg (Node T xs) = fecard s
(proof )

lemma fcard-single-1: feard {|z|} = 1
(proof)

lemma feard-single-1-iff: feard zs = 1 +— (z. zs = {|z|})
(proof)

lemma feard-not0-if-elem: Ix. x € fset s = feard xs # 0
(proof)

lemma feard1-if-lel-elem: [feard xs < 1; z € fset xs] = feard xs = 1
(proof )

lemma singleton-if-fcard-le1-elem: [feard xs < 1; x € fset xs] = zs = {|z|}
{proof)

lemma singleton-if-mdeg-lel-elem: [maz-deg (Node r xs) < 1; © € fset xs] = wxs

= {[=]}
(proof )

lemma singleton-if-mdeg-lel-elem-suc: [maz-deg t < 1; x € fset (sucs t)] = sucs

t = {laf}

{proof)

lemma feard0-if-lel-not-singleton: [V x. zs # {|z|}; feard zs < 1] = feard xs =

0
(proof)

lemma empty-fset-if-fecard-le1-not-singleton: [V x. zs # {|z|}; feard xs < 1] = ws
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= Il
(proof)

lemma feard0-if-mdeg-lel-not-single: [V x. xs # {|z|}; maz-deg (Node r zs) < 1]
= fecard zs = 0
(proof )

lemma empty-fset-if-mdeg-le1-not-single: [V z. xs # {|z|}; maz-deg (Node r zs) <
1] = zs = {[[}
{proof)

lemma feard0-if-mdeg-le1-not-single-suc:
V. sucs t # {|z|}; max-deg t < 1] = feard (sucs t) = 0
{proof)

lemma empty-fset-if-mdeg-lel-not-single-suc: [V z. sucs t # {|z|}; maz-deg t < 1]
= sucs t = {||}
(proof )

lemma mdeg-1-singleton:
assumes maz-deg (Node r zs) = 1
shows Jz. zs = {|z|}

(proof)

lemma subtree-child-if-dvert-notr-mdeg-lel :
assumes maz-deg (Node r zs) < 1 and v # r and v € dverts (Node 1 xs)
shows 31’ e zs. is-subtree (Node r’' {|(Node v zs,e)|}) (Node r xs)

(proof)

lemma subtree-child-if-dvert-notroot-mdeg-lel :
[maz-deg t < 1; v # root t; v € dverts t]
= Jr’ e zs. is-subtree (Node v’ {|(Node v zs,e)|}) ¢

{proof)

lemma mdeg-child-sucs-eq-if-gt1:

assumes maz-deg (Node v {|(t,e)|}) > 1

shows max-deg (Node r {|(t,e)|}) = maz-deg (Node v (sucs t))
(proof )

lemma mdeg-child-sucs-le: maz-deg (Node v (sucs t)) < maz-deg (Node r {|(t,e)|})
{proof)

lemma mdeg-eq-child-if-singleton-gt1:
maz-deg (Node r {|(t1,e1)|}) > 1 = maz-deg (Node r {|(t1,e1)|}) = maz-deg
t1

{proof)

lemma fecard-gti-if-mdeg-gt-child:
assumes maz-deg (Node r zs) > n and t1 € fst ‘ fset xs and maz-deg t1 < n
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and n#£0
shows fecard zs > 1

(proof)

lemma fecard-gti-if-mdeg-gt-suc:

[maz-deg t2 > n; t1 € fst ¢ fset (sucs t2); max-deg t1 < n; n#0] = feard (sucs
t2) > 1

(proof )

lemma fecard-gti-if-mdeg-gt-child1:
[maz-deg (Node r zs) > 1; t1 € fst * fset xs; maz-deg t1 < 1] = feard zs > 1
(proof )

lemma fcard-gt1-if-mdeg-gt-sucl:

[maz-deg t2 > 1; t1 € fst ‘ fset (sucs t2); max-deg t1 < 1] = feard (sucs t2)
> 1

(proof)

lemma fecard-lt-non-inj-f:
[fa=fb; ac€ fset xs; b € fset xs; a£b] = feard (f | xs) < feard xs
(proof)

lemma mdeg-img-le:
assumes V (t,e) € fset xs. maz-deg (fst (f (t,e))) < maz-deg t
shows max-deg (Node r (f |9 zs)) < maz-deg (Node 1 xs)
(proof)

lemma mdeg-img-le’:
assumes V (t,e) € fset xs. maz-deg (f t) < max-deg 1
shows max-deg (Node r (A(t,e). (ft, e)) || zs)) < maz-deg (Node r zs)
{proof)

lemma mdeg-le-if-feard-and-child-le:
[V (t,e) € fset xs. max-deg t < m; feard zs < m] = maz-deg (Node r zs) < m
{proof)

lemma mdeg-child-if-child-mazx:
[V (t,e) € fset xs. maz-deg t < maz-deg t1; feard xs < max-deg t1; (t1,el) € fset
xs]
= maz-deg (Node r zs) = maz-deg t1
(proof )

corollary mdeg-child-if-child-mazx’:
[V (t,e) € fset xs. maz-deg t < maz-deg t1; feard zs < maz-deg t1; t1 € fst ‘ fset
xs]
= maz-deg (Node r zs) = maz-deg t1

(proof)

lemma mdeg-img-eq:
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assumes Y (t,e) € fset xs. maz-deg (fst (f (t,e))) = maz-deg ¢
and feard (f | zs) = feard zs
shows maz-deg (Node r (f | zs)) = maz-deg (Node r xs)

(proof)

lemma num-leaves-1-if-mdeg-1: mazx-deg t < 1 = num-leaves t = 1
(proof )

lemma num-leaves-gel: num-leaves t > 1

{(proof)

lemma num-leaves-ge-card: num-leaves (Node 1 xs) > fecard xs
(proof)

lemma num-leaves-root: num-leaves (Node r xs) = num-leaves (Node 1’ xs)
{proof)

lemma num-leaves-singleton: num-leaves (Node r {|(t,e)|}) = num-leaves t
{proof)

7.5 List Conversions

function dtree-to-list :: ('a,’d) dtree = (‘ax’b) list where
dtree-to-list (Node r {|(t,e)|}) = (root t,e) # dtree-to-list t
| V. zs # {|z|} = dtree-to-list (Node r xs) = |]

(proof)
termination (proof)

fun dtree-from-list :: 'a = (‘ax’b) list = ('a,’b) dtree where
dtree-from-list r [| = Node r {||}
| dtree-from-list r ((v,e)#xs) = Node r {|(dtree-from-list v s, €)|}

fun wf-list-arcs :: (‘ax’b) list = bool where
wf-list-ares [| = True
| wf-list-arcs ((v,e)#xs) = (e & snd ‘ set xs N\ wf-list-arcs xs)

fun wf-list-verts :: (‘ax’b) list = bool where
wf-list-verts [| = True
| wf-list-verts ((v,e)#xs) = (v & fst © set xs A wf-list-verts xs)

lemma dtree-to-list-sub-dverts-ins:
insert (root t) (fst ¢ set (dtree-to-list t)) C dverts t

(proof)

lemma dtree-to-list-eq-dverts-ins:
maz-deg t < 1 = insert (root t) (fst ‘ set (dtree-to-list t)) = dverts t

(proof)

lemma dtree-to-list-eq-dverts-sucs:
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maz-deg t < 1 = fst “ set (dtree-to-list t) = (Jz € fset (sucs t). dverts (fst x))
(proof)

lemma dtree-to-list-sub-dverts:
wf-dverts t = fst © set (dtree-to-list t) C dverts t — {root t}

(proof)

lemma dtree-to-list-eq-dverts:
[wf-dverts t; max-deg t < 1] = fst ‘ set (dtree-to-list t) = dverts t — {root t}
{(proof)

lemma dtree-to-list-eq-dverts-single:
[max-deg t < 1; sucs t = {|(¢1,el)|}] = fst * set (ditree-to-list t) = dverts t1
{proof)

lemma dtree-to-list-sub-darcs: snd ¢ set (dtree-to-list t) C darcs t

(proof)

lemma diree-to-list-eq-darcs: maz-deg t < 1 = snd * set (dtree-to-list t) = darcs
t

(proof)

lemma dtree-from-list-eq-dverts: dverts (dtree-from-list r zs) = insert r (fst ¢ set
xs)
(proof )

lemma ditree-from-list-eq-darcs: darcs (dtree-from-list r xs) = snd © set s
{proof )

lemma dtree-from-list-root-r[simpl: root (dtree-from-list r zs) = r
{proof)

lemma dtree-from-list-v-eq-r:
Node r xs = dtree-from-list v ys = r = v
{proof )

lemma dtree-from-list-fecard0-empty: fecard (sucs (dtree-from-list r [])) = 0
(proof )

lemma dtree-from-list-fcard0-iff-empty: feard (sucs (dtree-from-list r zs)) = 0 +—
s = ]
(proof )

lemma dtree-from-list-fecard1-iff-nempty: feard (sucs (dtree-from-list r xzs)) = 1
— xs # ]
(proof )

lemma dtree-from-list-fecard-le1: feard (sucs (dtree-from-list r xs)) < 1

{proof)
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lemma dtree-from-empty-deg-0: maz-deg (diree-from-list r [|) = 0
(proof )

lemma ditree-from-list-deg-le-1: maz-deg (dtree-from-list r xs) < 1

(proof)

lemma dtree-from-list-deg-1: xs # [| «+— maz-deg (dtree-from-list r zs) = 1
(proof)

lemma dtree-from-list-singleton: zs # [] = 3t e. dtree-from-list r xs = Node r

{I(ze)}
(proof )

lemma dtree-from-to-list-id: maz-deg t < 1 = dtree-from-list (root t) (dtree-to-list
t) =1t
(proof )

lemma diree-to-from-list-id: dtree-to-list (dtree-from-list r xs) = xs

(proof)

lemma dtree-from-list-eq-singleton-hd:
Node 10 {|(t0,e0)|} = dtree-from-list vl ys => (Fxs. (root t0, e0) # xs = ys)
{proof)

lemma dtree-from-list-eq-singleton:

Node r0 {|(t0,e0)|} = dtree-from-list v1 ys = r0 = v1 A (Js. (root t0, e0) #
xs = ys)

(proof)

lemma dtree-from-list-uneg-sequence:
[is-subtree (Node r0 {|(t0,e0)|}) (dtree-from-list v1 ys);
Node r0 {|(t0,e0)|} # dtree-from-list v1 ys]
= e as bs. as @Q (r0,e) # (root t0, e0) # bs = ys
(proof)

lemma dtree-from-list-sequence:
[is-subtree (Node r0 {|(t0,e0)|}) (dtree-from-list v1 ys)]
= Je as bs. as Q (r0,e) # (root t0, e0) # bs = ((v1,el)#ys)

{proof)

lemma dtree-from-list-eq-empty:
Node r {||} = dtree-from-list v ys = r = v A ys = |
(proof )

lemma dtree-from-list-sucs-cases:
Node r xs = dtree-from-list v ys = xs = {||} V (Fz. xs = {|z|})
(proof)
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lemma dtree-from-list-uneg-sequence-zs:
strict-subtree (Node 10 xs0) (dtree-from-list v1 ys)
= Je as bs. as @ (r0,e) # bs = ys A Node r0 zs0 = dtree-from-list r0 bs
(proof )

lemma dtree-from-list-sequence-xs:
[is-subtree (Node r xs) (dtree-from-list v1 ys)]
= Je as bs. as Q (r,e) # bs = ((vl,el)#ys) A Node r zs = dtree-from-list r
bs

(proof)

lemma dtree-from-list-sequence-dverts:
[és-subtree (Node r xs) (dtree-from-list v1 ys)]
= Jeas bs. as Q (r,e) # bs = ((vl,el)Fys) A dverts (Node r xs) = insert r
(fst © set bs)

(proof)

lemma dtree-from-list-dverts-subset-set:
set bs C set ds = dverts (dtree-from-list r bs) C dverts (dtree-from-list r ds)

{proof)

lemma wf-darcs’-iff-wf-list-arcs: wf-list-arcs xs <— wf-darcs’ (dtree-from-list r xs)
(proof )

lemma wf-darcs-iff-wf-list-arcs: wf-list-arcs xs +— wf-darcs (dtree-from-list r xs)
(proof )

lemma wf-dverts-iff-wf-list-verts:
r & fst ‘ set xzs N\ wf-list-verts xs <— wf-dverts (dtree-from-list r xs)
(proof )

theorem wf-dtree-iff-wf-list:
wf-list-arcs xs N r & fst ¢ set xs N wf-list-verts xs «— wf-dtree (dtree-from-list r

xs)
{proof)

lemma wf-list-arcs-if-wf-darcs: wf-darcs t = wf-list-arcs (dtree-to-list t)

(proof)

lemma wf-list-verts-if-wf-dverts: wf-dverts t = wf-list-verts (dtree-to-list t)
(proof)

lemma distinct-if-wf-list-arcs: wf-list-arcs xs = distinct xs

{proof)

lemma distinct-if-wf-list-verts: wf-list-verts xs = distinct xs

(proof)

lemma wf-list-arcs-alt: wf-list-arcs xs <— distinct (map snd s)
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{proof)

lemma wf-list-verts-alt: wf-list-verts xs «— distinct (map fst xs)
(proof )

lemma subtree-from-list-split-eq-if-wfverts:
assumes wf-list-verts (asQ(r,e)#bs)
and v ¢ fst ‘ set (asQ(r,e)#bs)
and is-subtree (Node r xs) (dtree-from-list v (asQ(r,e)#bs))
shows Node r s = dtree-from-list r bs

(proof)

lemma subtree-from-list-split-eq-if-wfdverts:
[wf-dverts (dtree-from-list v (asQ(r,e)#bs));
is-subtree (Node r xs) (dtree-from-list v (asQ(r,e)#bs))]
= Node r zs = dtree-from-list r bs

(proof)

lemma dtree-from-list-dverts-subset-wfdverts:
assumes set bs C set ds
and wf-dverts (dtree-from-list v (asQ(r,el)#bs))
and wf-dverts (dtree-from-list v (csQ(r,e2)#ds))
and is-subtree (Node 1 xs) (dtree-from-list v (asQ(r,el)#bs))
and is-subtree (Node 1 ys) (dtree-from-list v (csQ(r,e2)#ds))
shows dverts (Node r zs) C dverts (Node r ys)

(proof)

lemma dtree-from-list-dverts-subset-wfdverts’:
assumes wf-dverts (dtree-from-list v as)
and wf-dverts (dtree-from-list v cs)
and is-subtree (Node r xs) (dtree-from-list v as)
and is-subtree (Node r ys) (dtree-from-list v cs)
and Jas’ el bs cs’ e2 ds. as’Q(r,el)#bs = as A ¢s’Q(r,e2)#ds = cs N set
bs C set ds
shows dverts (Node r zs) C dverts (Node 1 ys)

{proof)

lemma dtree-to-list-sequence-subtree:
[maz-deg t < 1; strict-subtree (Node r xs) t]
= Jas e bs. dtree-to-list t = asQ(r,e)#bs A Node r xs = dtree-from-list r bs
(proof )

lemma dtree-to-list-sequence-subtree’:
[maz-deg t < 1; strict-subtree (Node 1 xs) t]
= Jas e bs. dtree-to-list t = asQ(r,e)#bs N diree-to-list (Node r xs) = bs
{proof)

lemma dtree-to-list-subtree-dverts-eq-fsts:
[maz-deg t < 1; strict-subtree (Node 1 xs) t]
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= Jas e bs. dtree-to-list t = asQ(r,e)#bs A insert r (fst * set bs) = dverts
(Node r xs)

{proof)

lemma dtree-to-list-subtree-dverts-eq-fsts’:
[maz-deg t < 1; strict-subtree (Node 1 xs) t]
= Jas e bs. dtree-to-list t = asQ(r,e)#bs N (fst ¢ set ((r,e)#bs)) = dverts
(Node r xs)

{proof)

lemma dtree-to-list-split-subtree:
assumes asQ(r,e)#bs = dtree-to-list ¢
shows Jus. strict-subtree (Node r xs) t A dtree-to-list (Node r zs) = bs

(proof)

lemma dtree-to-list-split-subtree-dverts-eq-fsts:

assumes maz-deg t < 1 and asQ(r,e)#bs = dtree-to-list t

shows Jus. strict-subtree (Node r xs) t A dverts (Node r xs) = insert r (fst‘set
bs)
(proof)

lemma diree-to-list-split-subtree-dverts-eq-fsts':
assumes maz-deg t < 1 and asQ(r,e)#bs = dtree-to-list t
shows 3 zs. strict-subtree (Node r xs) t A dverts (Node r zs) = (fst ‘ set ((r,e)#bs))

{proof)

lemma dtree-from-list-dverts-subset-wfdverts1:
assumes dverts t1 C fst ‘ set ((r,e2)#0bs)
and wf-dverts (dtree-from-list v (asQ(r,e2)#bs))
and is-subtree (Node r ys) (dtree-from-list v (asQ(r,e2)#bs))
shows dverts t1 C dverts (Node r ys)

(proof)

lemma dtree-from-list-dverts-subset-wfdverts1 "
assumes wf-dverts (dtree-from-list v cs)
and is-subtree (Node 1 ys) (dtree-from-list v cs)
and Jas e bs. asQ(r,e)#bs = cs A dverts t1 C fst “ set ((r,e)#bs)
shows dverts t1 C dverts (Node 1 ys)

{proof)

lemma dtree-from-list-1-leaf: num-leaves (dtree-from-list r xs) = 1
(proof )

7.6 Inserting in Dtrees

abbreviation insert-before ::
‘a = 'b="a = (('a,’b) diree x 'b) fset = (('a,’d) dtree x 'b) fset where
insert-before v e y xs = ffold (A(t1,el).
finsert (if root t1 = y then (Node v {|(t1,e1)|},e) else (t1,e1))) {||} xs
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fun insert-between :: 'a = 'b = 'a = 'a = ('a,’d) diree = ('a,’b) diree where
insert-between v e T y (Node r xs) = (if x=r A (3t. t € fst ‘ fset zs A root t = y)
then Node r (insert-before v e y xs)
else if x=r then Node r (finsert (Node v {||},e) zs)
else Node r ((A(t,el). (insert-between v e x y t,el)) | xs))

lemma insert-between-id-if-notin: © ¢ dverts t = insert-between v ez yt =1
(proof)

context wf-dtree
begin

lemma insert-before-commute-aux:

assumes f = (\(t1,el). finsert (if root t1 = yl then (Node v {|(t1,el)|},e) else
(t1,el)))

shows (fyo fz) z=(fzo fy) 2
(proof )

lemma insert-before-commute:

comp-fun-commute (A(t1,el). finsert (if root t1 = y1 then (Node v {|(t1,e1)|},e)
else (t1,el)))

(proof)

interpretation Comm:
comp-fun-commute A(t1,el). finsert (if root t1 = y then (Node v {|(t1,e1)|},e)
else (t1,el))

{proof)

lemma root-not-new-in-orig:
[(t1,e1) € fset (insert-before v e y xs); root t1 # v] = (t1,el) € fset xs
(proof)

lemma root-not-y-in-new:
[(t1,e1) € fset zs; root t1 # y] = (t1,el) € fset (insert-before v e y xs)
(proof )

lemma root-noty-if-in-insert-before:
[(t1,e1) € fset (insert-before v e y xs); v£y] = root t1 # y
(proof)

lemma in-insert-before-child-in-orig:
[(t1,el) € fset (insert-before v e y xs); (t1,el) ¢ fset xs]
= J(12,e2) € fset xs. (Node v {|(t2,e2)|}) = t1 A root t2 = y A el=e
(proof)

lemma insert-before-not-y-id:
—(3t. t € fst ¢ fset xs A root t = y) = insert-before v e y xs = xs

(proof)
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lemma insert-before-alt:
insert-before v e y s
= (A(t1,el). if root t1 = y then (Node v {|(t1,e1)|},e) else (t1,e1)) | xs
(proof )

lemma dverts-insert-before-auzx:
Jt. t € fst “fsetxs N roott =y
= (Jz€Efset (insert-before v e y xs). |J (dverts ‘ Basic-BNFs.fsts z))
= insert v ((Jz€fset zs. |J (dverts * Basic-BNFs.fsts x))

(proof)

lemma insert-between-add-v-if-z-in:
z € dverts t = dverts (insert-between v e x y t) = insert v (dverts t)

(proof)

lemma insert-before-only1-new:
assumes V(z,el) € fset xzs. ¥ (y,e2) € fset xs. (dverts x N dverts y = {} V
(z.e1)=(y,¢2))
and (t1,el) # (t2,e2)
and (t1,el) € fset (insert-before v e y xs)
and (t2,e2) € fset (insert-before v e y xs)
shows (t1,el) € fset zs V (12,e2) € fset xs
(proof)

lemma disjoint-dverts-auzl:
assumes V (t1,el) € fset xs. V (12,e2) € fset xs. (dverts t1 N dverts t2 = {} V
(t1,e1)=(12,e2))
and v ¢ dverts (Node r xs)
and (t1,el) € fset (insert-before v e y xs)
and (t2,e2) € fset (insert-before v e y xs)
and (t1,el) # (t2,e2)
shows dverts t1 N dverts t2 = {}
(proof)

lemma disjoint-dverts-auzl’:
assumes wf-dverts (Node r xs) and v ¢ dverts (Node r xs)
shows V (z,e1) € fset (insert-before v e y xs). V (y,e2) € fset (insert-before v e y
xs).
dverts © N dverts y = {} V (z,el) = (y,e2)
(proof)

lemma insert-before-wf-dverts:
[V (t,el) € fset xs. wi-dverts t; v & dverts(Node r xs); (t1,el) € fset (insert-before

veyuzs)
= wf-dverts t1

{(proof)

lemma insert-before-root-nin-verts:
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[V (t,el)Efset zs. r ¢ dverts t; v & dverts (Node 1 xs); (t1,el) € fset (insert-before
vey s
= r ¢ dverts t1

(proof)

lemma disjoint-dverts-auz2:
assumes wf-dverts (Node r zs) and v ¢ dverts (Node r xs)
shows V (z,el) € fset (finsert (Node v {||},e) xs). V (y,e2) € fset (finsert (Node
v {ll},e) s).
dverts x N dverts y = {} V (z,el) = (y,e2)
(proof)

lemma disjoint-dverts-auz3:
assumes (t2,e2) € (A(t1,el). (insert-between v e x y t1, el)) * fset xs
and (t3,e8) € (A(t1,el). (insert-between v e x y t1, el)) * fset xs
and (t2,e2)#£(t3,e3)
and (t,el) € fset xs
and z € dverts t
and wf-dverts (Node r xs)
and v ¢ dverts (Node r xs)
shows dverts t2 N dverts t3 = {}

(proof)

lemma insert-between-wf-dverts: v ¢ dverts t = wf-dverts (insert-between v e x
y i)
(proof)

lemma darcs-insert-before-aux:
Jt. t € fst “fset xs N roott =y
= (Uz€efset (insert-before v e y zs). |J (darcs ‘ Basic-BNFs.fsts x) U Ba-
sic-BNFs.snds x)
= insert e ((Jz€fset xs. |J (darcs ¢ Basic-BNFs.fsts x) U Basic-BNFs.snds
T
)

(proof)

lemma insert-between-add-e-if-z-in:
z € dverts t = darcs (insert-between v e x y t) = insert e (darcs t)

(proof)

lemma disjoint-darcs-auzri-auxl:
assumes disjoint-darcs xs
and wf-dverts (Node r xs)
and v ¢ dverts (Node r xs)
and e ¢ darcs (Node 1 xs)
and (t1,el) € fset (insert-before v e y xs)
and (t2,e2) € fset (insert-before v e y xs)
and (t1,el) # (t2,e2)
shows (darcs t1 U {e1}) N (darcs t2 U {e2}) = {}
(proof )
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lemma disjoint-darcs-auxl-auz?:
assumes disjoint-darcs xs
and e ¢ darcs (Node 1 xs)
and (t1,el) € fset (insert-before v e y xs)
shows el ¢ darcs t1
(proof)

lemma disjoint-darcs-auzl:
assumes wf-dverts (Node r xs) and v ¢ dverts (Node r xs)
and wf-darcs (Node r zs) and e ¢ darcs (Node 1 xs)
shows disjoint-darcs (insert-before v e y xs) (is disjoint-darcs ?xs)
(proof)

lemma insert-before-wf-darcs:
[wf-darcs (Node r zs); e ¢ darcs (Node r xs); (t1,el) € fset (insert-before v e y

)

= wf-darcs t1
(proof)

lemma disjoint-darcs-auz2:
assumes wf-darcs (Node r xs) and e ¢ darcs (Node r xs)
shows disjoint-darcs (finsert (Node v {||},e) zs)

{proof)

lemma disjoint-darcs-auz3-auzrl:
assumes (t,el) € fset xs
and z € dverts t
and wf-darcs (Node r xs)
and e ¢ darcs (Node 1 zs)
and (t2,e2) € (A(t1,el). (insert-between v e x y t1, el)) * fset xs
and (13,e8) € (A(t1,el). (insert-between v e x y t1, el)) * fset zs
and (12,e2)#£(t3,e3)
and wf-dverts (Node r xs)
shows (darcs t2 U {e2}) N (dares t8 U {e3}) = {}

(proof)

lemma disjoint-darcs-auz3-auz2:
assumes (t,el) € fset xs
and z € dverts t
and wf-darcs (Node r xs)
and e ¢ darcs (Node 1 xs)
and (12,e2) € (A\(t1,el). (insert-between v e x y t1, el)) * fset zs
and wf-dverts (Node r xs)
shows e2 ¢ darcs t2

(proof)

lemma disjoint-darcs-auzs:
assumes (t,el) € fset xs
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and z € dverts t
and wf-darcs (Node r xs)
and e ¢ darcs (Node 1 xs)
and wf-dverts (Node r xs)
shows disjoint-darcs ((A(t1,el). (insert-between v e x y t1, el)) | zs)

(proof)

lemma insert-between-wf-darcs:
le ¢ darcs t; v ¢ dverts t | = wf-darcs (insert-between v e z y t)

{(proof)

theorem insert-between-wf-dtree:
le & darcs t; v ¢ dverts t | = wf-diree (insert-between v e x y t)

{proof)

lemma snds-neg-card-eq-card-snd:

Y (t,e) € fset zs. ¥ (t2,e2) € fset xs. e#e2 V (t,e) = (12,e2) = feard xs = fcard
(snd | zs)
(proof)

lemma snds-neg-img-snds-neq:
assumes V (t,e) € fset xs. V (12,e2) € fset xs. e£e2 V (t,e) = (12,e2)
shows V (t1,el) € fset ((A(t1,el). (ft1, el)) | zs).
Y (t2,e2) € fset (M(tl,el). (ft1, el)) | xs). el#e2 V (t1,el) = (12,e2)
(proof)

lemma snds-neg-if-disjoint-darcs:
assumes disjoint-darcs xs
shows V (t,e) € fset xs. V (12,e2) € fset xs. e£e2 V (t,e) = (t2,e2)
(proof )

lemma snds-neg-img-card-eq:
assumes V (t,e) € fset xzs. V (12,e2) € fset xs. e£e2 V (t,e) = (12,e2)
shows fecard ((A(t1,el). (f t1, el)) || xs) = feard xs

(proof )

lemma fst-neq-img-card-eq:
assumes V (t,e) € fset xs. V (12,e2) € fset xs. ft # f12 V (t,e) = (12,e2)
shows fecard ((A(t1,e1). (ft1, el)) || xs) = feard xs

(proof )

lemma z-notin-insert-before:
assumes z |¢| zs and wf-dverts (Node r (finsert © xs))
shows (\(t1,el). if root t1 = y then (Node v {|(t1,el)|},e) else (t1,el)) x
|¢| (insert-before v e y xs) (is ?f z |¢]|-)
(proof)

end
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end

theory List-Dtree
imports Complex-Main Graph-Additions Dtree
begin

8 Dtrees of Lists

8.1 Functions

abbreviation remove-child :: 'a = (('a,’d) dtree x 'b) fset = (('a,’d) dtree x 'b)
fset where
remove-child x xs = ffilter (\(t,e). root t # x) s

abbreviation child?2 ::

‘a = (("a,’d) dtree x 'b) fset = ((‘a,’d) dtree x 'b) fset = (('a,’d) dtree x 'b)
fset where

child2 x zs xs = ffold (\(t,-) b. case t of Node r ys = if r = x then ys |U| b else
b) zs s

Combine children sets to a single set and append element to list.

fun combine :: 'a list = 'a list = ('a list,’d) dtree = ('a list,’b) dtree where
combine x y (Node 1 xs) = (if z=r A (3t. t € fst ‘ fset xs A root t = y)
then Node (rQy) (child2 y (remove-child y xs) xs)
else Node r ((A\(t,e). (combine z y t.e)) || zs))

Basic wf-dverts property is not strong enough to be preserved in combine
operation.

fun dlverts :: (‘a list,’b) dtree = 'a set where
dlverts (Node 1 xs) = set v U (|JzEfset xs. dlverts (fst x))

abbreviation disjoint-dlverts :: (('a list, 'b) dtree x 'b) fset = bool where
disjoint-dlverts xs =
(V(z,el) € fset xs. ¥ (y,e2) € fset xs. dlverts x N dlverts y = {} V (z,el)=(y,e2))

fun wf-dlverts :: ('a list,’b) dtree = bool where
wf-dlverts (Node 1 zs) =
(r # [ N (V(x,el) € fset xs. set r N dlverts x = {} N wf-dlverts z) N dis-
joint-dlverts xs)

definition wf-dlverts’ :: (‘a list,’d) dtree = bool where
wf-dlverts’ t +—
wf-dverts t A [| ¢ dverts t A (Y vl Edverts t. Vv2€dverts t. set v1 N set v2 =
{} V v1=0v2)

fun wf-list-lverts :: ('a listx'b) list = bool where

wf-list-lverts [| = True
| wf-list-lverts ((v,e)#xs) =
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(v£] A (VYv2 € fst “set xs. set v N set v2 = {}) A wf-list-lverts xs)

8.2 List Dtrees as Well-Formed Dtrees

lemma list-in-verts-if-lverts: © € dlverts t = (Jv € dverts t. x € set v)
{proof)

lemma list-in-verts-iff-lverts: © € dlverts t +— (v € dverts t. x € set v)
(proof )

lemma lverts-if-in-verts: [v € dverts t; x € set v] = z € dlverts t
{proof)

lemma nempty-inter-notin-dverts: [v # []; set v N dlverts t = {}] = v ¢ dverts
t

{proof)

lemma empty-notin-wf-dlverts: wf-dlverts t =[] ¢ dverts t
{proof)

lemma wf-dlverts’-rec: [wf-dlverts’ (Node r zs); t1 € fst * fset xs] = wf-dlverts’
t1

{proof)

lemma wf-dlverts’-suc: [wf-dlverts’ t; t1 € fst * fset (sucs t)] = wf-dlverts’ t1
(proof )

lemma wf-dlverts-suc: [wf-dlverts t; t1 € fst * fset (sucs t)] = wf-dlverts t1
(proof )

lemma wf-dlverts-subtree: Jwf-dlverts t; is-subtree t1 t] = wf-dlverts t1
(proof)

lemma dlverts-eq-dverts-union: dlverts t = |J (set ¢ dverts t)
{proof)

lemma dlverts-eq-dverts-union’”:. dlverts t = (|Jz€ dverts t. set x)
{proof)

lemma dverts-nempty: dverts t # {}
(proof )

lemma dlverts-nempty-auz: || ¢ dverts t = dlverts t # {}
{proof)

lemma dlverts-nempty-if-wf: wf-dlverts t = dlverts t # {}
(proof )

lemma nempty-root-in-lverts: root t # [| = hd (root t) € dlverts t
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{proof)

lemma roothd-in-lverts-if-wf: wf-dlverts t = hd (root t) € dlverts t
(proof )

lemma hd-in-lverts-if-wf: [wf-dlverts t; v € dverts t] = hd v € dlverts ¢
(proof)

lemma dlverts-notin-root-sucs:
[wf-dlverts t; t1 € fst ¢ fset (sucs t); x € dlverts t1] => = ¢ set (root t)

(proof)

lemma dverts-inter-empty-if-verts-inter:
assumes dlverts © N dlverts y = {} and wf-dlverts z
shows dverts x N dverts y = {}

(proof)

lemma disjoint-dlverts-if-wf: wf-dlverts t = disjoint-dlverts (sucs t)
(proof)

lemma disjoint-dlverts-subset:
assumes zs |C| ys and disjoint-dlverts ys
shows disjoint-dlverts s

(proof)

lemma root-empty-inter-subset:
assumes zs |C| ys and V (z,el) € fset ys. set r N dlverts x = {}
shows V (z,el) € fset xs. set r N dlverts z = {}

{proof)

lemma wf-dlverts-sub:
assumes zs |C| ys and wf-dlverts (Node r ys)
shows wf-dlverts (Node r xs)

(proof)

lemma wf-dlverts-sucs: [wf-dlverts t; © € fset (sucs t)] = wf-dlverts (Node (root

t) {l=]})

{proof)

lemma wf-dverts-if-wf-dlverts: wf-dlverts t =—> wf-dverts t
(proof)

lemma notin-dlverts-child-if-wf-in-root:
[wf-dlverts (Node 1 xs); © € set r; t € fst  fset as] = x ¢ dlverts t
(proof )

lemma notin-dlverts-suc-if-wf-in-root:
[wf-dlverts t1; x € set (root t1); t2 € fst * fset (sucs t1)] = z ¢ dlverts t2
(proof)
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lemma root-if-same-lvert-wf:
[wf-dlverts (Node r xs); x € set r; v € dverts (Node r xs); © € set v] = v =r
{proof)

lemma dverts-same-if-set-wf:
[wf-dlverts t; vl € dverts t; v2 € dverts t; x € set vl; z € set vV2] = vl = v2
(proof)

lemma dtree-from-list-empty-inter-iff:
(Vv e fst “set ((v, €) # xs). set r N set v = {})
«— (V(z,el) € fset {|(dtree-from-list v xs,e)|}. set r N dlverts x = {}) (is ?P
s 2Q)
(proof)

lemma wf-dlverts-iff-wf-list-lverts:
(Vv € fst “setas. set v N setv={}) ANr#][ A wflist-lverts xs
+— wf-dlverts (dtree-from-list r xs)

(proof)

lemma vert-disjoint-if-not-root:
assumes wf-dlverts t
and v € dverts t — {root t}
shows set (root t) N set v = {}

(proof)

lemma vert-disjoint-if-to-list:
[wf-dlverts (Node v {|(t1,e1)|}); v € fst ‘ set (dtree-to-list t1)]
= set (root t1) N set v = {}

{proof)

lemma wf-list-lverts-if-wf-dlverts: wf-dlverts t = wjf-list-lverts (dtree-to-list t)

(proof)

lemma child-in-dlverts: (t1,e) € fset xs = dlverts t1 C dlverts (Node r xs)
{proof)

lemma suc-in-dlverts: (t1,e) € fset (sucs t2) = dlverts t1 C dlverts t2
(proof)

lemma suc-in-dlverts”: t1 € fst * fset (sucs t2) = dlverts t1 C dlverts t2
(proof)

lemma subtree-in-dlverts: is-subtree t1 t2 —> dlverts t1 C dlverts t2

{proof)

lemma subtree-root-if-dlverts: x € dlverts t => I r xs. is-subtree (Node r xs) t A
T € setr

{proof)
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lemma z-not-root-strict-subtree:
assumes z € dlverts t and z ¢ set (root t)
shows 31 s t1. is-subtree (Node r xs) t A t1 € fst ‘ fset xs A\ x € set (root t1)

(proof)

lemma dverts-disj-if-wf-dlverts:
[wf-dlverts t; v1 € dverts t; v2 € dverts t; vl # v2] = set vI N set v2 = {}

(proof )
thm empty-notin-wf-dlverts

lemma wf-dlverts’-if-dlverts: wf-dlverts t = wf-dlverts’ t
(proof)

lemma disjoint-dlverts-if-wf'-aux:
assumes wf-dlverts’ (Node r xs)
and (t1,el) € fset xs
and (t2,e2) € fset zs
and (t1,el) # (t2,e2)
shows dlverts t1 N dlverts t2 = {}
(proof)

lemma disjoint-dlverts-if-wf’. wf-dlverts’ (Node r xs) = disjoint-dlverts xs
(proof )

lemma root-nempty-if-wf’ wf-dlverts’ (Node r xs) = r # |[]
(proof )

lemma disjoint-root-if-wf’-auz:
assumes wf-dlverts’ (Node r xs)
and (t1,el) € fset zs
shows set r N diverts t1 = {}

(proof)

lemma disjoint-root-if-wf’:
wf-dlverts’ (Node r xs) = ¥ (t1,el) € fset zs. set r N dlverts t1 = {}
(proof )

lemma wf-dlverts-if-dlverts”. wf-dlverts’ t = wf-dlverts t
(proof)

lemma wf-dlverts-iff-dlverts’: wf-dlverts t +— wf-dlverts’ t
(proof )

locale list-dtree =
fixes t :: (‘a list,’d) dtree
assumes wf-arcs: wf-darcs t
and wf-lverts: wf-dlverts t

114



sublocale list-dtree C wf-dtree
(proof)

theorem list-dtree-iff-wf-list:
wf-list-arcs xs N (Vv € fst ‘ set xs. set v N set v ={}) A r # [| A wf-list-lverts xs
> list-dtree (dtree-from-list r xs)

{proof)

lemma list-dtree-subset:
assumes zs |C| ys and list-diree (Node r ys)
shows list-dtree (Node 1 xs)

{proof)

context fin-list-directed-tree
begin

lemma dlverts-disjoint:
assumes r € verts T and (Node r zs) = to-dtree-auz r
and (z,el) € fset zs and (y,e2) € fset zs and (z,el)#(y,e2)
shows dlverts x N dlverts y = {}

(proof)

lemma wf-dlverts-to-dtree-aux: [r € verts T; t = to-diree-auz r] = wf-dlverts t
(proof)

lemma wf-dlverts-to-dtree: wf-dlverts to-dtree
(proof)

theorem [ist-dtree-to-dtree: list-dtree to-dtree

(proof)

end

context [list-dtree
begin

lemma list-dtree-rec: [Node r xs = t; (z,e) € fset xs] = list-dtree x
{proof)

lemma list-dtree-rec-suc: (z,e) € fset (sucs t) = list-dtree x
(proof)

lemma list-dtree-sub: is-subtree v t = list-dtree x
(proof)

theorem from-dtree-fin-list-dir: fin-list-directed-tree (root t) (from-dtree dt dh t)
(proof )
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8.3 Combining Preserves Well-Formedness

lemma remove-child-sub: remove-child x xs |C| zs
{proof)

lemma child?2-commute-auz:
assumes f = (A(¢,-) b. case t of Node r ys = if r = a then ys |U| b else b)
shows (fy o fz) z=(fzofy) 2

(proof)

lemma child2-commute:
comp-fun-commute (A(t,-) b. case t of Node r ys = if r = z then ys |U| b else b)
(proof)

interpretation Comm:
comp-fun-commute \(t,-) b. case t of Node r ys = if r = x then ys |U| b else b
(proof )

lemma input-in-child2:
28 |C| child2 x zs ys

(proof)

lemma child2-subset-if-inputl:
zs" |C| zs = child2 z zs' ys |C| child2 z zs ys
(proof )

lemma child2-subset-if-input2:
ys" |C| ys = child2 z xs ys' |C| child2 = xs ys
(proof )

lemma darcs-split: darcs (Node r (zs|U|ys)) = darcs (Node r xs) U darcs (Node r
ys)
(proof )

lemma darcs-sub-if-children-sub: xs |C| ys = darcs (Node r xs) C darcs (Node v
ys)
(proof)

lemma darc-in-child2-snd-if-nin-fst:
e € darcs (Node z (child2 a zs ys)) = e ¢ darcs (Node v ys) = e € darcs
(Node r zs)

(proof)

lemma darc-in-child2-fst-if-nin-snd:

e € darcs (Node z (child2 a xs ys)) = e ¢ darcs (Node v xs) => e € darcs
(Node r ys)

(proof )

lemma darcs-child2-sub: darcs (Node x (child2 y xs ys)) C darcs (Node 1 xs) U
darcs (Node ' ys)
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{proof)

lemma darcs-combine-sub-orig: darcs (combine z y t1) C darcs t1

(proof)

lemma child2-in-child:
[b € fset (child2 a ys zs); b |¢] ys] = Irs e. (Node a rs, e) € fset xs A b |€| rs

(proof)

lemma child-in-darcs: (y,e2) € fset s = darcs y U {e2} C darcs (Node r xs)
(proof)

lemma disjoint-darcs-child2:
assumes wf-darcs (Node r xs)
shows disjoint-darcs (child2 a (remove-child a xs) xs) (is disjoint-darcs ?P)

(proof)

lemma wf-darcs-child?2:
assumes wf-darcs (Node r zs) and (z,e) € fset (child2 a (remove-child a xs) xs)
shows wf-darcs x

(proof)

lemma disjoint-darcs-combine:
assumes Node r s = t
shows disjoint-darcs ((A(t,e). (combine z y t,e)) || zs)

(proof)

lemma wf-darcs-combine: wf-darcs (combine x y t)
(proof)

lemma v-in-dlverts-if-in-comb: v € dlverts (combine ¢ y t) = v € dlverts t

(proof)

lemma ez-subtree-if-in-lverts: v € dlverts t1 = 3t2. is-subtree t2 t1 N v € set
(root t2)

{proof)

lemma child’-in-child2:
assumes (Node y rs1,el) € fset zs and (t2,e2) € fset rsl
shows (12,e2) € fset (child2 y ys xs)

(proof)

lemma v-in-comb-if-in-dlverts: v € dlverts t = v € dlverts (combine x y t)

(proof)

lemma dlverts-comb-id[simp]: dlverts (combine z y t) = dlverts ¢

(proof)

lemma wf-dlverts-comb-aux:
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assumes V (t,e) € fset xs. dlverts (combine x y t) = dlverts t
and VY (t1,el) € fset zs. YV (12,e2) € fset xs. dlverts t1 N dlverts t2 = {} V
(t1,e1)=(t2,e2)
and (t1,el) € fset ((A(t,e). (combine z y t, e)) || zs)
and (t2,e2) € fset ((A(t,e). (combine x y t, e)) || zs)
shows dlverts t1 N dlverts t2 = {} V (t1,el)=(t2,e2)
(proof)

lemma wf-dlverts-child2:
assumes (t1,e) € fset (child2 y (remove-child y xs) xs)
and V (t,e) € fset xs. wf-dlverts t
shows wf-dlverts t1

(proof)

lemma wf-dlverts-child2-aux1:
assumes (t1,el) € fset (child2 y (remove-child y xs) xs)
and 3t. ¢t € fst ‘ fset xs A\ root t =y
and wf-dlverts (Node r xs)
shows set (rQy) N dlverts t1 = {}

(proof)

lemma wf-dlverts-child2-auz2:
assumes V (t1,el) € fset xs. ¥V (12,e2) € fset xs. dlverts t1 N dlverts t2 = {} V
(t1,e1)=(t2,e2)
and Y (t,e) € fset xs. wf-dlverts t
and (t1,el) € fset (child2 y (remove-child y xs) xs)
and (t2,e2) € fset (child2 y (remove-child y xs) xs)
and (t1,el)#(t2,e2)
shows dlverts t1 N dlverts t2 = {}
(proof)

lemma wf-dlverts-combine: wf-dlverts (combine x y t)

(proof)

theorem list-dtree-comb: list-dtree (combine z y t)
{proof)

end

end

theory IKKBZ
imports Complex-Main CostFunctions QueryGraph List-Dtree HOL— Library.Sorting-Algorithms
begin
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9 IKKBZ
9.1 Additional Proofs for Merging Lists

lemma merge-comm-if-not-equiv: ¥ x € set xs. Vy € set ys. compare cmp x y %+
Equiv =
Sorting-Algorithms.merge cmp zs ys = Sorting-Algorithms.merge cmp ys xs
(proof )

lemma set-merge: set xs U set ys = set (Sorting-Algorithms.merge cmp xs ys)
(proof)

lemma input-empty-if-merge-empty: Sorting-Algorithms.merge cmp s ys = [| =
zs =[] Ays =]
(proof)

lemma merge-assoc:
Sorting-Algorithms.merge ecmp s (Sorting-Algorithms.merge cmp ys zs)
= Sorting-Algorithms.merge cmp (Sorting-Algorithms.merge cmp xs ys) zs
(is ?merge - xs (?merge cmp - 28) = -)

(proof)

lemma merge-comp-commute:
assumes Vz € set zs. Yy € set ys. compare cmp x y # Equiv
shows Sorting-Algorithms.merge cmp xs (Sorting-Algorithms.merge cmp ys 2s)
= Sorting-Algorithms.merge cmp ys (Sorting-Algorithms.merge cmp s 2s)

{proof)

lemma wf-list-arcs-merge:
[wf-list-arcs xs; wf-list-arcs ys; snd ‘ set s N snd * set ys = {}]
= wf-list-arcs (Sorting-Algorithms.merge cmp s ys)
(proof)

lemma wf-list-lverts-merge:
[wf-list-lverts xs; wf-list-lverts ys;
Yol € fst “set zs. V2 € fst ‘ set ys. set vl N set v2 = {}]
= wf-list-lverts (Sorting-Algorithms.merge cmp s ys)
(proof)

lemma merge-hd-exists-preseru:
[3(t1,el) € fset xs. hd as = (root t1,el); I(t1,el) € fset xs. hd bs = (root t1,el)]
= J(t1,el) € fset xs. hd (Sorting-Algorithms.merge cmp as bs) = (root t1,el)

(proof)
lemma merge-split-supset:
assumes asQr#bs = (Sorting-Algorithms.merge cmp xs ys)
shows s’ as’. set bs’ C set bs A (as’Qr#bs’ = zs V as’Qr#bs’ = ys)
(proof)

lemma merge-split-supset-fst:
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assumes asQ(r,e)#bs = (Sorting-Algorithms.merge cmp xs ys)
shows Jas’ bs’. set bs’ C set bs A (as’Q(r,e)#bs’ = zs V as’Q(r,e)#bs’ = ys)
{proof)

lemma merge-split-supset’:
assumes r € set (Sorting-Algorithms.merge cmp xs ys)
shows Jas bs as’ bs’. asQr#bs = (Sorting-Algorithms.merge cmp xs ys)
A set bs’ C set bs A (as’@Qr#bs’ = xs V as’Qr#bs’ = ys)
(proof )

lemma merge-split-supset-fst”:
assumes 1 € fst ¢ set (Sorting-Algorithms.merge cmp s ys)
shows Jas e bs as’ bs’. asQ(r,e)#bs = (Sorting-Algorithms.merge cmp xs ys)
A set bs’ C set bs A (as’Q(r,e)#bs’ = xs V as’Q(r,e)#bs’ = ys)
{proof )

lemma merge-split-supset-subtree:
assumes Y as bs. asQ(r,e)#bs = s —
(3 zs. is-subtree (Node 1 zs) t A\ dverts (Node 1 zs) C fst ‘ set ((r,e)#bs))
and Vas bs. asQ(r,e)#bs = ys —
(3 zs. is-subtree (Node 1 zs) t A dverts (Node r zs) C fst ‘ set ((r,e)#bs))
and asQ(r,e)#bs = (Sorting-Algorithms.merge cmp s ys)
shows 3 zs. is-subtree (Node r zs) t A\ dverts (Node r zs) C (fst ‘ set ((r,e)#bs))
(proof)

lemma merge-split-supset-strict-subtree:
assumes Y as bs. asQ(r,e)#bs = zs — (I zs. strict-subtree (Node r zs) t

A dverts (Node r zs) C fst ‘ set ((r,e)#bs))

and Vas bs. asQ(r,e)#bs = ys — (I zs. strict-subtree (Node r zs) t
A dverts (Node 1 zs) C fst ‘ set ((r,e)#bs))

and asQ(r,e)#bs = (Sorting-Algorithms.merge cmp s ys)

shows Jzs. strict-subtree (Node 1 2s) t

A dverts (Node r zs) C (fst “ set ((r,e)#bs))

(proof)

lemma sorted-app-l: sorted cmp (xsQys) = sorted cmp xs
(proof )

lemma sorted-app-r: sorted cmp (xsQys) = sorted cmp ys
(proof)

9.2 Merging Subtrees of Ranked Dtrees

locale ranked-diree = list-dtree t for t :: (‘a list,’d) dtree +
fixes rank :: 'a list = real
fixes cmp :: (“a listx'b) comparator
assumes cmp-antisym:
[vl # []; v2 # [); compare ecmp (vl,el) (v2,e2) = Equiv] = set vI N set v2

#{} Vel=e2
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begin

lemma ranked-dtree-rec: [Node r zs = t; (z,e) € fset xs] = ranked-dtree z cmp
{proof)

lemma ranked-dtree-rec-suc: (x,e) € fset (sucs t) = ranked-diree x cmp
(proof)

lemma ranked-dtree-subtree: is-subtree x t = ranked-dtree x cmp

{(proof)

9.2.1 Definitions

lift-definition cmp’ :: (‘a listx'b) comparator is
(Az y. if rank (rev (fst z)) < rank (rev (fst y)) then Less
else if rank (rev (fst x)) > rank (rev (fst y)) then Greater
else compare cmp  y)

{proof)

abbreviation disjoint-sets :: (('a list, 'b) dtree x 'b) fset = bool where
disjoint-sets xs = disjoint-darcs xs N disjoint-dlverts xzs N (¥ (t,e) € fset xs. [| ¢
dverts t)

abbreviation merge-f :: ‘a list = (('a list, 'b) diree x 'b) fset
= ('a list, 'b) dtree x 'b = (‘a list x 'b) list = (‘a list x 'b) list where
merge-f  xs = A(t,e) b. if (t,e) € fset xs A list-dtree (Node r xs)
A (V(v,e’) € set b. set v N dlvertst ={} ANv#[ A e’ ¢ darest U {e})
then Sorting-Algorithms.merge cmp’ (dtree-to-list (Node r {|(t,e)|})) b else b

definition merge :: (‘a list,’b) dtree = ('a list,’b) dtree where
merge t1 = dtree-from-list (root t1) (ffold (merge-f (root t1) (sucs t1)) || (sucs

t1))

9.2.2 Commutativity Proofs

lemma cmp-sets-not-dsjnt-if-equiv:
[vl # []; v2 # []] = compare cmp’ (v1,el) (v2,e2) = Equiv = set vl N set
v2 #{} V el=e2

{proof)

lemma dtree-to-list-z-in-dverts:
z € fst ¢ set (dtree-to-list (Node r {|(t1,e1)|})) = = € dverts t1
(proof)

lemma dtree-to-list-z-in-dlverts:
x € fst ‘ set (dtree-to-list (Node r {|(t1,e1)|})) = set x C dlverts t1

(proof)

lemma dtree-to-list-x1-disjoint:
dlverts t1 N dlverts t2 = {}
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= Val € fst ¢ set (dtree-to-list (Node r {|(t1,e1)|})). set x1 N dlverts t2 =

{
(proof)

lemma dtree-to-list-zs-disjoint:
dlverts t1 N dlverts t2 = {}
= Vi € fst ‘set (dtree-to-list (Node r {|(t1,e1)|})).
V2 € fst < set (diree-to-list (Node v’ {|(¢2,e2)|})). set z1 N set 22 = {}

{proof)

lemma dtree-to-list-e-in-darcs:
e € snd ‘ set (dtree-to-list (Node r {|(t1,el)|})) = e € darcs t1 U {el}

{proof)

lemma dtree-to-list-e-disjoint:
(dares t1 U {el1}) N (dares t2 U {e2}) = {}
= Ve € snd ‘ set (diree-to-list (Node r {|(t1,e1)|})). e ¢ darcs t2 U {e2}

{proof)

lemma dtree-to-list-es-disjoint:
(dares t1 U {el1}) N (dares t2 U {e2}) = {}
= Vel € snd ‘ set (dtree-to-list (Node r {|(t1,e1)|})).
Ve4d € snd ‘ set (diree-to-list (Node r' {|(t2,e2)|})). e3 # e4

{proof)

lemma dtree-to-list-rs-not-equiv:
assumes dlverts t1 N dlverts t2 = {}
and (darcs t1 U {e3}) N (darcs t2 U {e4}) = {}
and (z1,el) € set (diree-to-list (Node r {|(t1,e3)|})) and z1 # |]
and (22,e2) € set (dtree-to-list (Node r’ {|(t2,e4)|})) and 22 # ||
shows compare cmp’ (z1,el) (22,e2) # Equiv
(proof )

lemma merge-dtreel-not-equiv:
assumes dlverts t1 N dlverts t2 = {}
and (darcs t1 U {el}) N (darcs t2 U {e2}) = {}
and [| ¢ dverts t1
and [| ¢ dverts t2
and zs = dtree-to-list (Node r {|(t1,e1)|})
and ys = dtree-to-list (Node r' {|(t2,e2)|})
shows V (z1,el)€set xs. V(z2,e2)€eset ys. compare cmp’ (x1,el) (22,e2) #
FEquiv
(proof)

lemma merge-commute-auxl:
assumes dlverts t1 N dlverts t2 = {}
and (darcs t1 U {el}) N (darcs t2 U {e2}) = {}
and [| ¢ dverts t1
and [| ¢ dverts t2
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and zs = dtree-to-list (Node r {|(t1,e1)|})
and ys = dtree-to-list (Node r' {|(t2,e2)|})
shows Sorting-Algorithms.merge cmp’ xs ys = Sorting-Algorithms.merge cmp’
ySs xS

(proof)

lemma dtree-to-list-x1-list-disjoint:
set x2 N dlverts t1 = {}
= Vuzl € fst ‘set (dtree-to-list (Node r {|(t1,el)|})). set z1 N set 22 = {}
{proof)

lemma dtree-to-list-el-list-disjoint’:
set 2 N darcs t1 U {el} = {}
= Val € snd ‘ set (dtree-to-list (Node r {|(t1,e1)|})). z1 ¢ set x2

(proof)

lemma dtree-to-list-e1-list-disjoint:
e2 ¢ darcs t1 U {el}
= Val € snd ‘ set (dtree-to-list (Node r {|(t1,e1)|})). z1 # e2

{proof)

lemma dtree-to-list-zs-list-not-equiv:
assumes (z1,el) € set (diree-to-list (Node r {|(t1,e3)|}))
and z1 # ]
and Y (v,e) € set ys. set v N dlverts t1 = {} A v #[] A e ¢ darcs t1 U {e3}
and (z2,e2) € set ys
shows compare ecmp’ (x1,el) (22,e2) # Equiv
(proof)

lemma merge-commute-auz2:
assumes [| ¢ dverts t1
and xs = dtree-to-list (Node r {|(t1,e1)|})
and V (v,e) € set ys. set v N dlverts t1 = {} AN v#£[] A e & darcs t1 U {el}
shows Sorting-Algorithms.merge cmp’ xs ys = Sorting-Algorithms.merge cmp’
YSs xS

(proof)

lemma merge-inter-preserv'”:
assumes f = (merge-f r xs)
and —(V (v,-) € set z. set v N dlverts t1 = {})
shows —(V (v,-) € set (f (t2,e2) z). set v N dlverts t1 = {})

(proof)

lemma merge-inter-preserv:
assumes f = (merge-f r xs)
and —(V (v,e) € set z. set v N dlverts t1 = {} A e ¢ darcs t1 U {el})
shows —(V (v,e) € set (f (¢2,e2) z). set v N dlverts t1 = {} A e ¢ darcs t1 U
{el})
(proof )

123



lemma merge-f-eq-z-if-inter”:
—(V(v,-) € set z. set v N dlverts t1 = {}) = (merge-f r zs) (t1,el) z = z
{proof)

lemma merge-f-eq-z-if-inter:
(Y (v,e) € set z. set v N dlverts t1 = {} A e ¢ darcs t1 U {el})
= (merge-f ras) (tl,el) z = z
{proof)

lemma merge-empty-inter-preserv-auz:
assumes f = (merge-f r xs)
and (t2,e2) € fset xs
and Y (v,e) € set z. set v N dlverts t2 = {} N v#[] A e ¢ dares t2 U {e2}
and list-dtree (Node r xs)
and (t1,el) € fset zs
and (t1,el) # (t2,e2)
and V (v,e) € set z. set v N dlverts t1 = {} N v#[] A e & dares t1 U {el}
shows V (v,e) € set (f (t2,e2) z). set v N dlverts t1 = {} A v£[] A e ¢ darcs
t1 U {el}
(proof)

lemma merge-empty-inter-preserv:
assumes f = (merge-f r xs)
and Y (v,e) € set z. set v N dlverts t1 = {} N v#[]| A e ¢ dares t1 U {el}
and (t1,el) € fset xs
and (t1,el) # (t2,e2)
shows V (v,e) € set (f (£2,e2) z). set v N dlverts t1 = {} N v#£[] A e ¢ dares
t1 U {el}
(proof)

lemma merge-commute-aux3:
assumes f = (merge-f r xs)
and list-dtree (Node r xs)
and (t1,el) # (t2,e2)
and (V(v,e) € set z. set v N dlverts t1 = {} Av# [ A e ¢ darcs t1 U {el})
and (V(v,e) € set z. set v N dlverts t2 = {} A v #[| A e ¢ darcs t2 U {e2})
and (t1,el) € fset zs
and (t2,e2) € fset s
shows (f (2, e2) o f (t1, el)) z = (f (t1, el) o f (12, €2)) z
(proof)

lemma merge-commute-auz:
assumes f = (merge-f r xs)

shows (fyo fz) z=(fzo fy) 2
(proof)

lemma merge-commute: comp-fun-commaute (merge-f r xs)

{proof)
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interpretation Comm: comp-fun-commute merge-f r xs (proof)

9.2.3 Merging Preserves Arcs and Verts

lemma empty-list-valid-merge:
(V(v,e) € set []. set v N dlverts t1 ={} ANv# [ A ed darcs t1 U {el})
{proof)

lemma disjoint-sets-sucs: disjoint-sets (sucs t)

{proof)

lemma empty-not-elem-subset:
[zs |C| ys; V (t,e) € fset ys. [| ¢ dverts t] = ¥ (t,e) € fset zs. [| ¢ dverts ¢
(proof)

lemma disjoint-sets-subset:
assumes zs |C| ys and disjoint-sets ys
shows disjoint-sets xs

(proof)

lemma merge-mdeg-le-1: maz-deg (merge t1) < 1
{proof )

lemma merge-mdeg-lel-sub: is-subtree t1 (merge t2) = maz-deg t1 < 1

(proof)

lemma merge-feard-lel: fecard (sucs (merge t1)) < 1
{proof)

lemma merge-fecard-lel-sub: is-subtree t1 (merge t2) = feard (sucs t1) < 1
(proof )

lemma merge-f-alt:
assumes P = (\us. list-dtree (Node r zs))
and Q = (A(t,e) b. (V(v,e’) € set b. set v N dlverts t = {} A v£[]] A €’
dares t U {e}))

and R = (A(t,e) b. Sorting-Algorithms.merge cmp’ (dtree-to-list (Node r

{I(z¢)[})) 0)

shows merge-f rzs = (Aa b. if a & fset xsV = Q a bV — P xs then b else R a

b)
(proof )

lemma merge-f-alt-commute:
assumes P = (\zs. list-diree (Node r xs))

and Q = (A(t,e) b. (V(v,e’) € set b. set v N dlvertst ={} Nv#£[ ANe ¢

dares t U {e}))

and R = (\(t,e) b. Sorting-Algorithms.merge cmp’ (dtree-to-list (Node r

{I(ze)[})) 0)
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shows comp-fun-commute (Aa b. if a ¢ fset xs V = Q a bV — P zs then b else
R ab)

(proof)

lemma merge-ffold-supset:

assumes zs |C| ys and list-diree (Node r ys)

shows ffold (merge-f r ys) acc xs = ffold (merge-f r xs) acc xs
(proof)

lemma merge-f-merge-if-not-snd:

merge-f r xs (t1,el) z # 2 =

merge-f r xs (t1,el) z = Sorting-Algorithms.merge cmp’ (dtree-to-list (Node r
{I(t1,e1)[})) =

{proof)

lemma merge-f-merge-if-conds:
[list-dtree (Node r xs); V (v,e) € set z. set v N dlverts t1 = {} AN v#£[] A e ¢ darcs
t1 U {el};
(t1,e1) € fset xs]
= merge-f r xs (t1,el) z = Sorting-Algorithms.merge cmp’ (dtree-to-list (Node
r{l(t1,e1)[})) =

{proof)

lemma merge-f-merge-if-conds-empty:
[list-dtree (Node r xs); (t1,el) € fset xs]
= merge-f r as (t1,el) ||
= Sorting-Algorithms.merge cmp’ (dtree-to-list (Node r {|(t1,e1)|})) |]
(proof)

lemma merge-ffold-empty-inter-preseruv:
[list-dtree (Node r ys); xs |C| ys;
Y (v,e) € set z. set v N dlverts t1 = {} N v#£[] A e & darcs t1 U {el};
(t1,e1) € fset ys; (t1,el) ¢ fset zs; (v,e) € set (ffold (merge-f r xs) z xs)]
= set v N dlverts t1 = {} Nv# [ A e ¢ darcs t1 U {el}
(proof)

lemma merge-ffold-empty-inter-preserv’:
[list-dtree (Node r (finsert x xs));
YV (v,e) € set z. set v N dlverts t1 = {} AN v#£[] A e & dares t1 U {el};
(t1,el) € fset (finsert x xs); (t1,el) & fset xs; (v,e) € set (ffold (merge-f r xs)
= set v N dlverts t1 = {} Nv# [ A e ¢ darcstl U {el}

{proof)

lemma merge-ffold-set-sub-union:
list-dtree (Node 1 xs)
= set (ffold (merge-f r xs) [| xs) C (JzEfset xs. set (dtree-to-list (Node r
{l=[})))
(proof )
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lemma merge-ffold-nempty:
[list-dtree (Node r xs); xs # {||}] = ffold (merge-f r xs) || xs # ||
(proof)

lemma merge-f-ndisjoint-sets-aux:
—disjoint-sets xs
= —((t,e) € fset xs A disjoint-sets zs A (V (v,-) € set b. set v N dlverts t = {}

Av#(])
(proof)

lemma merge-f-not-list-diree: —list-dtree (Node r zs) = (merge-f r xs) a b =b
{proof)

lemma merge-ffold-empty-if-nwf: —list-dtree (Node r ys) = ffold (merge-f r ys)
[ zs =]
(proof)

lemma merge-empty-if-nwf: —list-dtree (Node r xs) = merge (Node r zs) = Node

A}

(proof)

lemma merge-empty-if-nwf-sucs: —list-dtree t1 = merge t1 = Node (root t1) {||}
{proof)

lemma merge-empty: merge (Node r {||}) = Node r {||}
(proof)

lemma merge-empty-sucs:
assumes sucs t1 = {||}
shows merge t1 = Node (root t1) {||}

(proof)

lemma merge-singleton-sucs:
assumes list-diree (Node (root t1) (sucs t1)) and sucs t1 # {||}
shows 3t e. merge t1 = Node (root t1) {|(t,e)|}

(proof)

lemma merge-singleton:
assumes list-dtree (Node r zs) and zs # {||}
shows 3t e. merge (Node r zs) = Node r {|(t,e)|}

(proof )

lemma merge-cases: 3t e. merge (Node r xs) = Node r {|(t,e)|} V merge (Node r
xs) = Node r {||}

{proof)

lemma merge-cases-sucs:
3t e. merge t1 = Node (root t1) {|(t,e)|} V merge t1 = Node (root t1) {||}
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{proof)

lemma merge-single-root:
(t2,e2) € fset (sucs (merge (Node r xs))) = merge (Node r xs) = Node r

{I(t2,e2)]}

{proof)

lemma merge-single-root-sucs:
(t2,e2) € fset (sucs (merge t1)) = merge t1 = Node (root t1) {|(t2,e2)|}

(proof)

lemma merge-single-root1:
12 € fst ‘ fset (sucs (merge (Node 1 xs))) = Fe2. merge (Node r xs) = Node r

{I(t2,e2)[}
(proof)

lemma merge-single-root1-sucs:
t2 € fst ¢ fset (sucs (merge t1)) = Je2. merge t1 = Node (root t1) {|(12,e2)|}

{proof)

lemma merge-nempty-sucs: [list-dtree t1; sucs t1 # {||}] = sucs (merge t1) #

{11}
{proof)

lemma merge-nempty: [list-ditree (Node r xs); zs # {||}] = sucs (merge (Node r

zs)) # {II}

{proof)

lemma merge-zs: merge (Node r zs) = dtree-from-list r (ffold (merge-f r xs) [| xs)
{proof)

lemma merge-root-eq[simp]: root (merge t1) = root t1

{proof)

lemma merge-ffold-fsts-in-childverts:
[list-dtree (Node r xzs); y € fst “ set (ffold (merge-f r zs) [| zs)]
= dt1 € fst * fset xs. y € dverts t1
(proof)

lemma verts-child-if-merge-child:
assumes t1 € fst ¢ fset (sucs (merge t0)) and z € dverts t1
shows 3t2 € fst * fset (sucs t0). x € dverts t2

(proof)

lemma sucs-dverts-eq-dtree-list:
assumes (t1,el) € fset (sucs t) and maz-deg t1 < 1
shows dverts (Node (root t) {|(t1,el)|}) — {root t}
= fst ‘ set (dtree-to-list (Node (root t) {|(t1,el)|}))

(proof)
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lemma merge-ffold-set-eq-union:
list-dtree (Node 1 xs)
= set (ffold (merge-f r xs) [| xs) = (JzEfset xs. set (dtree-to-list (Node r
{l=[})))
(proof )

lemma sucs-dverts-no-root:
(t1,e1) € fset (sucs t) = dverts (Node (root t) {|(t1,e1)|}) — {root t} = dverts
t1

(proof)

lemma dverts-merge-sub:
assumes Vit € fst ¢ fset (sucs t0). maz-deg t < 1
shows dverts (merge t0) C dverts t0

(proof)

lemma dverts-merge-eq[simp:
assumes Vi € fst ¢ fset (sucs t). maz-deg t < 1
shows dverts (merge t) = dverts t

(proof)

lemma dlverts-merge-eq[simp]:
assumes Vi € fst ¢ fset (sucs t). maz-deg t < 1
shows dlverts (merge t) = dlverts t

(proof)

lemma sucs-darcs-eq-dtree-list:
assumes (t1,el) € fset (sucs t) and maz-deg t1 < 1
shows darcs (Node (root t) {|(t1,e1)|}) = snd ‘ set (dtree-to-list (Node (root t)

{I(¢1,e1)[}))

(proof)

lemma darcs-merge-eq[simp]:
assumes Vi € fst ¢ fset (sucs t). maz-deg t < 1
shows darcs (merge t) = darcs t

(proof)

9.2.4 Merging Preserves Well-Formedness

lemma dtree-to-list-z-in-darcs:
z € snd ‘ set (dtree-to-list (Node r {|(t1,el)|})) = z € (dares t1 U {el})

(proof)

lemma dtree-to-list-snds-disjoint:
(dares t1 U {el}) N (dares t2 U {e2}) = {}
= snd ‘ set (dtree-to-list (Node r {|(t1,e1)|})) N (darcs t2 U {e2}) = {}

(proof)
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lemma dtree-to-list-snds-disjoint2:
(dares t1 U {el}) N (dares t2 U {e2}) = {}
= snd ‘ set (dtree-to-list (Node r {|(t1,e1)|}))
N snd * set (dtree-to-list (Node r {|(t2,e2)|})) = {}

(proof)

lemma merge-ffold-arc-inter-preserv:
[list-dtree (Node r ys); xs |C| ys; (darcs t1 U {el}) N (snd ‘ set z) = {};
(t1,el) € fset ys; (t1,el) ¢ fset xs]
= (darcs t1 U {e1}) N (snd ‘ set (ffold (merge-f r xs) z xs)) = {}
(proof )

lemma merge-ffold-wf-list-arcs:
[Az. z € fset zs = wf-darcs (Node r {|z|}); list-dtree (Node r xs)]
= wf-list-arcs (ffold (merge-f r xs) || zs)

(proof)

lemma merge-wf-darcs: wf-darcs (merge t)
(proof)

lemma merge-ffold-wf-list-lverts:
[Az. z € fset xs = wf-dlverts (Node r {|x|}); list-dtree (Node r zs)]
= wf-list-lverts (ffold (merge-f r xs) || xs)
(proof )

lemma merge-ffold-root-inter-preseru:
[list-dtree (Node r zs); Y t1 € fst * fset xs. set v’ N dlverts t1 = {};
Yol € fst “set z. set v/ N set vl = {}; (v,e) € set (ffold (merge-f r xs) z xs)]
= set r' N set v ={}
(proof)

lemma merge-wf-dlverts: wf-dlverts (merge t)

(proof)

theorem merge-list-dtree: list-dtree (merge t)
{proof)

corollary merge-ranked-dtree: ranked-dtree (merge t) cmp
(proof)

9.2.5 Additional Merging Properties

lemma merge-ffold-distinct:
[list-dtree (Node r xs); V1 € fst © fset xs. ¥ vEdverts t1. distinct v;
Vol € fst “set z. distinct v1; v € fst “ set (ffold (merge-f r xs) z xs)]
= distinct v

(proof)

lemma distinct-merge:
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assumes YV v€dverts t. distinct v and vEdverts (merge t)
shows distinct v

(proof)

lemma merge-hd-root-eq[simp]: hd (root (merge t1)) = hd (root t1)
(proof)

lemma merge-ffold-hd-is-child:
[list-dtree (Node r xzs); xs # {||}]
= 3(t1,el) € fset xs. hd (ffold (merge-f r zs) [| xs) = (root t1,el)
(proof )

lemma merge-ffold-nempty-if-child:
assumes (t1,el) € fset (sucs (merge t0))
shows ffold (merge-f (root t0) (sucs t0)) [] (sucs t0) # []

(proof)

lemma merge-ffold-hd-eq-child:
assumes (t1,el) € fset (sucs (merge t0))
shows hd (ffold (merge-f (root t0) (sucs t0)) [] (sucs t0)) = (root t1,el)

(proof)

lemma merge-child-in-orig:
assumes (t1,el) € fset (sucs (merge t0))
shows 3(t2,e2) € fset (sucs t0). (root t2,e2) = (root t1,el)

(proof)

lemma ffold-singleton: comp-fun-commute f = ffold f z {|z|} = fz 2
(proof )

lemma ffold-singletont:
[comp-fun-commute (Aa b. if P a b then Q a b else R a b); P x 7]
= ffold (Aa b. if Pabthen Qabelse Rab) z{|z|]} = Qzz

{proof)

lemma ffold-singleton2:
[comp-fun-commute (Aa b. if P a b then Q a b else R a b); =P x 2]
= ffold (Aa b. if P a b then Qabelse Rab)z{|z|]} =Rzz

{proof)

lemma merge-ffold-singleton-if-wf:
assumes list-dtree (Node r {|(t1,e1)|})
shows ffold (merge-fr {|(t1,e1)|}) [] {|(t1,e1)|} = dtree-to-list (Node r {|(t1,e1)|})

(proof)

lemma merge-singleton-if-wf:
assumes list-dtree (Node r {|(t1,e1)|}
shows merge (Node r {|(t1,el)|}) = dtree-from-list r (dtree-to-list (Node r

{I(t1,en)]})
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{proof)

lemma merge-disjoint-if-child:
merge (Node r {|(t1,e1)|}) = Node r {|(t2,e2)|} = list-dtree (Node r {|(t1,e1)|})
(proof)

lemma merge-root-child-eq:
merge (Node r {|(t1,e1)|}) = Node r {|(t2,e2)|} = root t1 = root t2
(proof)

lemma merge-ffold-split-subtree:
[Vt e fst ‘ fset xs. max-deg t < 1; list-diree (Node r xs);
as@(v,e)#bs = ffold (merge-f r zs) [| xs]
= Jys. strict-subtree (Node v ys) (Node 1 zs) A dverts (Node v ys) C (fst ¢
set ((v,e)#bs))
(proof)

lemma merge-strict-subtree-dverts-sup:
assumes Vi € fst ¢ fset (sucs t). maz-deg t < 1
and strict-subtree (Node r zs) (merge t)
shows Jys. is-subtree (Node r ys) t A dverts (Node r ys) C dverts (Node r xs)

(proof)

lemma merge-subtree-dverts-supset:
assumes YV tefst ¢ fset (sucs t). maz-deg t < 1 and is-subtree (Node r xs) (merge

t)

shows Jys. is-subtree (Node r ys) t A dverts (Node r ys) C dverts (Node 1 xs)
(proof)

lemma merge-subtree-dlverts-supset:
assumes YV tefst ¢ fset (sucs t). maz-deg t < 1 and is-subtree (Node r xs) (merge

t)

shows Jys. is-subtree (Node r ys) t A dlverts (Node r ys) C dlverts (Node r xs)
(proof)

end

9.3 Normalizing Dtrees

context ranked-dtree
begin

9.3.1 Definitions

function normalizel :: (‘a list,’d) dtree = ('a list,’b) diree where
normalizel (Node r {|(t1,e)|}) =
(if rank (rev (root t1)) < rank (rev r) then Node (rQroot t1) (sucs t1)
else Node r {|(normalizel t1,e)|})
| Va. xs # {|z|} = normalizel (Node r zs) = Node r ((A(t,e). (normalizel t,e))
| @s)
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{proof)

termination (proof)

lemma normalizel-size-decr[termination-simp):
normalizel t1 # t1 = size (normalizel t1) < size t1

(proof)

lemma normalizel-size-le: size (normalizel t1) < size t1
{proof)

fun normalize :: (‘a list,’b) dtree = ('a list,’b) dtree where
normalize t1 = (let t2 = normalizel t1 in if t1 = t2 then t2 else normalize t2)

9.3.2 Basic Proofs

lemma root-normalizel-eql :

—rank (rev (root t1)) < rank (rev r) = root (normalizel (Node r {|(t1,e1)|}))
=r

{proof)

lemma root-normalizel-eql "

—rank (rev (root t1)) < rank (rev r) = root (normalizel (Node r {|(t1,e1)|}))
=r

{proof)

lemma root-normalizel-eq2: ¥ z. xs # {|x|} = root (normalizel (Node r zs)) =
T

{proof)

lemma fset-img-eq: Vo € fset xs. fo =z = f |1 s = xs
(proof )

lemma fset-img-uneq: f | xs # zs = Jx € fset zs. fz # x
(proof )

lemma fset-img-uneq-prod: (A(t,e). (ft, e)) |1 xs # xs = I (t,e) € fset xs. ft #
t
{proof)

lemma contr-if-normalizel-uneq:
normalizel t1 # t1
= Ju t2 e2. is-subtree (Node v {|(t2,e2)|}) t1 A rank (rev (root t2)) < rank
(rev v)

(proof)

lemma contr-before-normalizel :
[is-subtree (Node v {|(t1,e1)|}) (normalizel t3); rank (rev (root t1)) < rank (rev

v)]

= Jv’ 12 e2. is-subtree (Node v’ {|(t2,e2)|}) t3 A rank (rev (root t2)) < rank
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(rev v')
{proof)

9.3.3 Normalizing Preserves Well-Formedness

lemma normalizel-darcs-sub: darcs (normalizel t1) C darcs t1
(proof)

lemma disjoint-darcs-normalizel :
wf-darcs t1 = disjoint-darcs ((A(t,e). (normalizel t,e)) | (sucs t1))

{proof)

lemma wf-darcs-normalizel: wf-darcs t1 = wf-darcs (normalizel t1)
(proof)

lemma normalizel-dlverts-eq[simp): dlverts (normalizel t1) = dlverts t1

(proof)

lemma normalizel-dverts-contr-subtree:
[v € dverts (normalizel t1); v ¢ dverts t1]
= J02 t2 e2. is-subtree (Node v2 {|(12,e2)|}) t1
A v2 Q root t2 = v A rank (rev (root t2)) < rank (rev v2)

(proof)

lemma normalizel-dverts-app-contr:
[v € dverts (normalizel t1); v ¢ dverts t1]
= Jwvl€Edverts t1. Av2€dverts t1. vl Q v2 = v A rank (rev v2) < rank (rev
vl)
(proof)

lemma disjoint-dlverts-img:
assumes disjoint-dlverts zs and V (t,e) € fset xs. dlverts (f t) C dlverts t
shows disjoint-dlverts (\(t,e). (f t,e)) | zs) (is disjoint-dlverts ?xs)
(proof)

lemma disjoint-dlverts-normalizel :
disjoint-dlverts s = disjoint-dlverts ((A(t,e). (normalizel t,e)) | xs)
{proof )

lemma disjoint-dlverts-normalizel-sucs:
disjoint-dlverts (sucs t1) = disjoint-dlverts ((A(t,e). (normalizel t,e)) |4 (sucs

t1))

(proof)

lemma disjoint-dlverts-normalizel-wf:
wf-dlverts t1 = disjoint-dlverts ((A(t,e). (normalizel t,e)) || (sucs t1))

(proof)

lemma disjoint-dlverts-normalizel-wf":
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wf-dlverts (Node r zs) = disjoint-dlverts ((A(t,e). (normalizel t,e)) || xs)
{proof)

lemma root-empty-inter-dlverts-normalizel :
assumes wf-dlverts t1 and (z1,el) € fset ((A(t,e). (normalizel t,e)) | (sucs

t1))

shows set (root t1) N dlverts z1 = {}
(proof)

lemma wf-dlverts-normalizel: wf-dlverts t1 —> wf-dlverts (normalizel t1)

(proof)

corollary list-dtree-normalizel: list-dtree (normalizel t)
{proof)

corollary ranked-dtree-normalizel: ranked-dtree (normalizel t) cmp
{proof )

lemma normalize-darcs-sub: darcs (normalize t1) C darcs t1
{proof)

lemma normalize-dlverts-eq: dlverts (normalize t1) = dlverts t1
{proof )

theorem ranked-diree-normalize: ranked-dtree (normalize t) cmp
(proof)

9.3.4 Distinctness and hd preserved

lemma distinct-normalizel: [V v€dverts t. distinct v; v€dverts (normalizel t)] =
distinct v

(proof)

lemma distinct-normalize: Y vedverts t. distinct v = Y vE€dverts (normalize t).
distinct v

{(proof)

lemma normalizel-hd-root-eq[simpl:
assumes root t1 # ||
shows hd (root (normalizel t1)) = hd (root t1)

(proof)

corollary normalizel-hd-root-eq':
wf-dlverts t1 = hd (root (normalizel t1)) = hd (root t1)

{proof )
lemma normalizel-root-nempty:

assumes root t1 # ||
shows root (normalizel t1) # ]
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(proof)

lemma normalize-hd-root-eq[simpl: root t1 # [| = hd (root (normalize t1)) = hd
(root t1)

(proof)

corollary normalize-hd-root-eq'[simp|: wf-dlverts t1 = hd (root (normalize t1))
= hd (root t1)

{proof)

9.3.5 Normalize and Sorting

lemma normalizel-uneq-if-contr:
[is-subtree (Node r1 {|(t1,e1)|}) t2; rank (rev (root t1)) < rank (rev r1); wf-darcs
2]
= t2 # normalizel t2

(proof)

lemma sorted-ranks-if-normalizel-eq:
[wf-dares t2; is-subtree (Node r1 {|(t1,e1)|}) t2; t2 = normalizel t2]
= rank (rev r1) < rank (rev (root t1))

{proof)

lemma normalize-sorted-ranks:
[és-subtree (Node r {|(t1,e1)|}) (normalize t)] = rank (rev r) < rank (rev (root

t1))
(proof)

lift-definition cmp’’ :: (‘a listx'b) comparator is
(Az y. if rank (rev (fst z)) < rank (rev (fst y)) then Less
else if rank (rev (fst z)) > rank (rev (fst y)) then Greater
else Equiv)
{proof )

lemma dtree-to-list-sorted-if-no-contr:
[Arl t1 el. is-subtree (Node r1 {|(t1,e1)|}) t2 = rank (rev r1) < rank (rev
(root t1))]
= sorted cmp'’ (dtree-to-list (Node r {|(t2,e2)|}))

(proof)

lemma dtree-to-list-sorted-if-no-contr’:
[Arl t1 el. is-subtree (Node r1 {|(t1,e1)|}) t2 = rank (rev r1) < rank (rev
(root t1))]
= sorted cmp'’ (dtree-to-list t2)

(proof)
lemma dtree-to-list-sorted-if-subtree:

[és-subtree t1 t2;
Arl t1 el. is-subtree (Node 1 {|(t1,e1)|}) t2 = rank (rev r1) < rank (rev
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(root t1))]
= sorted cmp’’ (diree-to-list (Node r {|(¢1,e1)|}))

{proof)

lemma dtree-to-list-sorted-if-subtree’:
[és-subtree t1 t2;
Arl t1 el. is-subtree (Node 1 {|(t1,e1)|}) t2 = rank (rev r1) < rank (rev
(root t1))]
= sorted cmp’’ (dtree-to-list t1)

(proof)

lemma normalize-dtree-to-list-sorted:
is-subtree t1 (normalize t) = sorted cmp’’ (dtree-to-list (Node v {|(¢1,e1)|}))

{proof)

lemma normalize-dtree-to-list-sorted:
is-subtree t1 (normalize t) = sorted cmp'’ (dtree-to-list t1)

{proof)

lemma gt-if-rank-contr: rank (rev r0) < rank (rev r) = compare cmp'’ (r, e)
(r0, e0) = Greater
{proof)

lemma rank-le-if-ngt: compare cmp' (r, €) (r0, e0) # Greater => rank (rev r)
< rank (rev r0)

(proof)

lemma rank-le-if-sorted-from-list:

assumes sorted cmp’’ ((v1,el)Fys) and is-subtree (Node r0 {|(10,e0)|}) (dtree-from-list
vl ys)

shows rank (rev r0) < rank (rev (root t0))

(proof)

lemma cmp’-gt-if-cmp'’-gt: compare cmp’ x y = Greater = compare cmp’ z vy
= Greater
(proof)

lemma cmp’-lt-if-cmp’’-lt: compare cmp’’ © y = Less = compare cmp’ x y = Less
(proof)

lemma cmp'’-ge-if-cmp’-gt:

compare cmp’ z y = Greater = compare cmp’’ z y = Greater V compare cmp'’
zy = Equiv

(proof)

lemma cmp'-nit-if-cmp’-gt: compare cmp’ x y = Greater => compare cmp’ y x
# Greater
(proof )
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interpretation Comm: comp-fun-commute merge-f r xs (proof)

lemma sorted-cmp’’-merge:
[sorted cmp’ xs; sorted cmp’ ys] = sorted cmp’ (Sorting-Algorithms.merge
cmp’ xs ys)

(proof)

lemma merge-ffold-sorted:

[list-dtree (Node r xs); A\t2 r1 t1 el. [t2 € fst * fset xs; is-subtree (Node rl
{I(t1,e1)]}) 2]

= rank (rev r1) < rank (rev (root t1))]

= sorted cmp'’ (ffold (merge-f r zs) [] xs)

(proof)

lemma not-single-subtree-if-nwf:
—list-dtree (Node r xs) = —is-subtree (Node r1 {|(t1,e1)|}) (merge (Node r xs))
(proof)

lemma not-single-subtree-if-nwf-sucs:
~list-dtree t2 = —is-subtree (Node r1 {|(t1,el)|}) (merge t2)

(proof)

lemma merge-strict-subtree-nocontr:
assumes A2 r1 t1 el. [t2 € fst  fset as; is-subtree (Node r1 {|(t1,e1)|}) t2]
= rank (rev r1) < rank (rev (root t1))
and strict-subtree (Node r1 {|(t1,e1)|}) (merge (Node r zs))
shows rank (rev r1) < rank (rev (root t1))

(proof)

lemma merge-strict-subtree-nocontr2:
assumes Ari t1 el. is-subtree (Node r1 {|(t1,e1)|}) (Node r xs)
= rank (rev r1) < rank (rev (root t1))
and strict-subtree (Node r1 {|(t1,e1)|}) (merge (Node r xs))
shows rank (rev r1) < rank (rev (root t1))

{proof)

lemma merge-strict-subtree-nocontr-sucs:
assumes At2 r1 tl el. [t2 € fst ‘ fset (sucs t0); is-subtree (Node r1 {|(t1,el)|})
t2]
= rank (rev r1) < rank (rev (root t1))
and strict-subtree (Node r1 {|(t1,e1)|}) (merge t0)
shows rank (rev r1) < rank (rev (root t1))

{proof)

lemma merge-strict-subtree-nocontr-sucs2:
assumes Ar! t1 el. is-subtree (Node r1 {|(t1,e1)|}) t2 = rank (rev r1) <
rank (rev (root t1))
and strict-subtree (Node r1 {|(t1,e1)|}) (merge t2)
shows rank (rev r1) < rank (rev (root t1))
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{proof)

lemma no-contr-imp-parent:
[is-subtree (Node r1 {|(t1,e1)|}) (Node r xs) => rank (rev r1) < rank (rev (root

t1));
t2 € fst ¢ fset xs; is-subtree (Node r1 {|(t1,e1)|}) t2]
= rank (rev r1) < rank (rev (root t1))

{proof)

lemma no-contr-imp-subtree:
[A\t2 r1 t1 el. [t2 € fst * fset xs; is-subtree (Node r1 {|(t1,el)|}) t2]
= rank (rev r1) < rank (rev (root t1));
is-subtree (Node r1 {|(t1,e1)|}) (Node r zs); Vz. xs # {|z|}]
= rank (rev r1) < rank (rev (root t1))

(proof)

lemma no-contr-imp-subtree-fcard:
[At2 r1 t1 el. [t2 € fst  fset xs; is-subtree (Node r1 {|(t1,e1)|}) t2]
= rank (rev r1) < rank (rev (root t1));
is-subtree (Node r1 {|(t1,e1)|}) (Node r xs); feard xs # 1]
= rank (rev r1) < rank (rev (root t1))

{proof)

end

9.4 Removing Wedges

context ranked-dtree
begin

fun merge! :: ('a list,’d) dtree = ('a list,’b) diree where
mergel (Node r zs) = (
if feard zs > 1 N\ (Vt € fst ¢ fset xs. maz-deg t < 1) then merge (Node r zs)
else Node r ((A\(t,e). (mergel tye)) | xs))

lemma mergel-dverts-eq[simp): dverts (mergel t) = dverts t
(proof)

lemma mergel-dlverts-eq[simp): dlverts (mergel t) = dlverts t

(proof)

lemma dverts-mergel-img-sub:
V (t2,e2) € fset xs. dverts (mergel t2) C dverts t2
= dverts (Node r ((A(t,e). (mergel t.e)) |1 zs)) C dverts (Node r xs)

(proof)

lemma mergel-dverts-sub: dverts (mergel t1) C dverts t1
(proof)
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lemma disjoint-dlverts-mergel: disjoint-dlverts (A(t,e). (mergel t,e)) | (sucs t))
(proof)

lemma root-empty-inter-dlverts-mergel :
assumes (z1,el) € fset ((A(t,e). (mergel tye)) | (sucs t))
shows set (root t) N dlverts 1 = {}

(proof)

lemma wf-dlverts-mergel: wf-dlverts (mergel t)

{(proof)

lemma mergel-darcs-eq[simp|: darcs (mergel t) = darcs t
(proof)

lemma disjoint-darcs-mergel: disjoint-darcs ((A(t,e). (mergel t,e)) | (sucs t))

(proof)

lemma wf-darcs-mergel: wf-darcs (mergel t)
(proof)

theorem ranked-dtree-mergel: ranked-dtree (mergel t) ecmp
(proof)

lemma distinct-mergel:
[V vedverts t. distinct v; veEdverts (mergel t)] = distinct v

(proof)

lemma mergel-root-eq|simp]: root (mergel t1) = root t1
{proof)

lemma mergel-hd-root-eq[simp]: hd (root (mergel t1)) = hd (root t1)
{proof)

lemma mergel-mdeg-le: maz-deg (mergel t1) < max-deg t1
(proof)

lemma mergel-childdeg-gt1-if-feard-gt1:
feard (sucs (mergel t1)) > 1 = 3t € fst ¢ fset (sucs t1). maz-deg t > 1
(proof)

lemma mergel-fecard-le: feard (sucs (mergel (Node r xs))) < fcard xs
(proof)

lemma mergel-subtree-if-fecard-gt1:
[is-subtree (Node r xs) (mergel t1); feard xs > 1]
= Jys. mergel (Node r ys) = Node r xzs A is-subtree (Node r ys) t1 A feard
zs < feard ys

(proof)
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lemma mergel-childdeg-gt1-if-feard-gt1-sub:
[is-subtree (Node r xs) (mergel t1); feard xs > 1]
= Jys. mergel (Node r ys) = Node r zs A is-subtree (Node r ys) t1
A (3t € fst * fset ys. max-deg t > 1)
(proof )

lemma mergel-img-eq: V (12,e2) € fset xs. mergel 12 = t2 = ((A(t,e). (mergel
te)) |1 as) = as
(proof )

lemma mergel-wedge-if-uneq:

mergel t1 # t1

= Jr axs. is-subtree (Node r xs) t1 A feard zs > 1 N (VL € fst ¢ fset xs. maz-deg
t<1)
{proof )

lemma mergel-mdeg-gt1-if-uneq:
assumes mergel t1 # t1
shows maz-deg t1 > 1

(proof)

corollary mergel-eq-if-mdeg-lel: mazx-deg t1 < 1 = mergel t1 = t1
(proof)

lemma mergel-not-merge-if-fcard-gt1:
[mergel (Node r ys) = Node r xs; feard xs > 1] = merge (Node r ys) # Node
T xS

{proof)

lemma mergel-img-if-not-merge:
mergel (Node r xs) # merge (Node 1 xs)
= mergel (Node r zs) = Node r ((\(t,e). (mergel t.e)) || xs)
(proof)

lemma mergel-img-if-fcard-gt1:
[mergel (Node r ys) = Node r xs; feard zs > 1]
= mergel (Node r ys) = Node r ((A(t,e). (mergel t.e)) | ys)
(proof )

lemma mergel-elem-in-img-if-feard-gt1:
[mergel (Node r ys) = Node r xs; feard xs > 1; (t2,e2) € fset xs]
= Jt1. (t1,e2) € fset ys N\ mergel t1 = t2
(proof)

lemma child-mdeg-gt1-if-sub-fcard-gt1:
[és-subtree (Node r zs) (Node v ys); Node r xs # Node v ys; feard xs > 1]
= Jt1 e2. (t1,e2) € fset ys A maz-deg t1 > 1

(proof)
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lemma mergel-subtree-if-mdeg-gt1:
[is-subtree (Node r xs) (mergel t1); maz-deg (Node r zs) > 1]
= Jys. mergel (Node r ys) = Node r zs A is-subtree (Node r ys) t1

(proof)

lemma mergel-child-in-orig:
assumes mergel (Node r ys) = Node r xs and (t1,el) € fset xs
shows 3t2. (t2,el) € fset ys A root t2 = root t1

(proof)

lemma dverts-if-subtree-mergel :
is-subtree (Node r zs) (mergel t1) = r € dverts t1

{proof)

lemma subtree-mergel-orig:
is-subtree (Node r zs) (mergel t1) = ys. is-subtree (Node r ys) t1

(proof)

lemma mergel-subtree-dlverts-supset:
is-subtree (Node r xs) (mergel t)
= Jys. is-subtree (Node r ys) t A dlverts (Node r ys) C dlverts (Node r xs)

(proof)

end

9.5 IKKBZ-Sub

function denormalize :: ('a list, 'b) dtree = 'a list where
denormalize (Node r {|(t,e)|}) = r @ denormalize t
| V. zs # {|z|} = denormalize (Node r zs) = r

{proof)
termination (proof)

lemma denormalize-set-eq-dlverts: maz-deg t1 < 1 = set (denormalize t1) =
dlverts t1

(proof)

lemma denormalize-set-sub-dlverts: set (denormalize t1) C dlverts t1
{proof)

lemma denormalize-distinct:
[Vv € dverts t1. distinct v; wf-dlverts t1] = distinct (denormalize t1)

(proof)

lemma denormalize-hd-root:
assumes root t # ||
shows hd (denormalize t) = hd (root t)

(proof)
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lemma denormalize-hd-root-wf: wf-dlverts t => hd (denormalize t) = hd (root t)
{proof)

lemma denormalize-nempty-if-wf: wf-dlverts t = denormalize t # ||
(proof )

context ranked-dtree
begin

lemma fcard-normalize-img-if-disjoint:
disjoint-darcs xs = fcard ((A\(t,e). (normalizel t,e)) | zs) = feard xs
(proof)

lemma fcard-mergel-img-if-disjoint:
disjoint-darcs xs = feard ((A(t,e). (mergel t,e)) || xs) = feard xs
{proof)

lemma fsts-uneq-if-disjoint-lverts-nempty:
[disjoint-dlverts xs; V (t, e)Efset zs. dlverts t # {}]
= V(t, e)Efset xs. V (12, e2)Efset xs. t # t2 V (t, e) = (12, €2)
(proof )

lemma normalizel-dlverts-nempty:
Y (t, e)efset zs. dlverts t # {}
= VY (¢, e)efset ((\(t, e). (normalizel t, €)) | xs). dlverts t # {}
(proof)

lemma normalizel-fsts-uneq:

assumes disjoint-dlverts xs and V (¢, e)€fset xs. dlverts t # {}

shows V (t, e)efset zs. V (2, e2)Efset xs. normalizel t # normalizel t2 V (t,e)
= (t2,e2)

(proof )

lemma fcard-normalize-img-if-disjoint-lverts:
[disjoint-dlverts xs; ¥ (t, e)Efset xs. dlverts t # {}]
= feard ((\(t,e). (normalizel tye)) |9 xs) = feard s
(proof)

lemma fcard-normalize-img-if-wf-dlverts:
wf-dlverts (Node r zs) = fecard ((A(t,e). (normalizel t,e)) || zs) = feard xs
{proof)

lemma feard-normalize-img-if-wf-dlverts-sucs:
wf-dlverts t1 = feard ((A(t,e). (normalizel t,e)) | (sucs t1)) = feard (sucs t1)

(proof)
lemma singleton-normalizel :

assumes disjoint-darcs xs and V. zs # {|z|}
shows V. (A(t,e). (normalizel t,e)) | zs # {|z|}
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(proof)

lemma num-leaves-normalizel-eq[simp: wf-darcs t1 = num-leaves (normalizel
t1) = num-leaves t1

(proof)

lemma num-leaves-normalize-eq[simp|: wf-darcs t1 = num-leaves (normalize t1)
= num-leaves t1

(proof)

lemma num-leaves-normalizel-le: num-leaves (normalizel t1) < num-leaves t1

(proof)

lemma num-leaves-normalize-le: num-leaves (normalize t1) < num-leaves t1

(proof)

lemma num-leaves-mergel-le: num-leaves (mergel t1) < num-leaves t1
(proof)

lemma num-leaves-mergel-lt: maz-deg t1 > 1 = num-leaves (mergel t1) <
num-leaves t1

(proof)

lemma ikkbz-num-leaves-decr:
maz-deg t1 > 1 = num-leaves (mergel (normalize t1)) < num-leaves t1

(proof)

function ikkbz-sub :: (‘a list,’d) dtree = ('a list,’d) dtree where
tkkbz-sub t1 = (if maz-deg t1 < 1 then t1 else ikkbz-sub (mergel (normalize t1)))

{proof)
termination (proof)

lemma ikkbz-sub-darcs-sub: darcs (ikkbz-sub t) C darcs t
(proof)

lemma ikkbz-sub-dlverts-eq[simpl: dlverts (ikkbz-sub t) = dlverts t
(proof)

lemma ikkbz-sub-wf-darcs: wf-darcs (ikkbz-sub t)
(proof)

lemma ikkbz-sub-wf-dlverts: wf-dlverts (ikkbz-sub t)
(proof)

theorem ikkbz-sub-list-dtree: list-dtree (ikkbz-sub t)
{proof)

corollary ikkbz-sub-ranked-dtree: ranked-dtree (ikkbz-sub t) cmp
{proof )
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lemma ikkbz-sub-mdeg-le1: max-deg (ikkbz-sub t1) < 1
{proof)

corollary denormalize-ikkbz-eq-dlverts: set (denormalize (ikkbz-sub t)) = dlverts t
(proof)

lemma distinct-ikkbz-sub: [V vEdverts t. distinct v; vEdverts (ikkbz-sub t)] =
distinct v

{(proof)

corollary distinct-denormalize-ikkbz-sub:
YV vedverts t. distinct v => distinct (denormalize (ikkbz-sub t))

{proof)

lemma ikkbz-sub-hd-root[simp]: hd (root (ikkbz-sub t)) = hd (root t)
(proof)

corollary denormalize-ikkbz-sub-hd-root[simp|: hd (denormalize (ikkbz-sub t)) =
hd (root t)

(proof)

end

locale precedence-graph = finite-directed-tree +
fixes rank :: 'a list = real
fixes cost :: 'a list = real
fixes cmp :: (‘a listx'b) comparator
assumes asi-rank: asi rank root cost
and cmp-antisym:
[vl # []; v2 # [|; compare cmp (v1,el) (v2,e2) = FEquiv] = set vl N set v2

#{} Vel=e2
begin

definition to-list-diree :: ('a list, 'b) dtree where
to-list-dtree = finite-directed-tree.to-dtree to-list-tree [root)

lemma to-list-dtree-single: v € dverts to-list-diree = Iz. v = [z] A © € verts T
{proof)

lemma to-list-dtree-wf-dverts: wf-dverts to-list-dtree
(proof )

lemma to-list-dtree-wf-dlverts: wf-dlverts to-list-dtree
(proof)

lemma to-list-dtree-wf-darcs: wf-darcs to-list-dtree
(proof )
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lemma to-list-dtree-list-dtree: list-dtree to-list-dtree
(proof )

lemma to-list-dtree-ranked-dtree: ranked-dtree to-list-dtree cmp
(proof )

interpretation t: ranked-dtree to-list-dtree {proof)

definition ikkbz-sub :: 'a list where
ikkbz-sub = denormalize (t.ikkbz-sub to-list-dtree)

lemma dverts-eq-verts-to-list-tree: dverts to-list-dtree = pre-digraph.verts to-list-tree
(proof)

lemma dverts-eq-verts-img: dverts to-list-dtree = (Az. [z]) ‘ verts T
{proof)

lemma dlverts-eq-verts: dlverts to-list-dtree = verts T
(proof)

theorem ikkbz-set-eq-verts: set ikkbz-sub = verts T
(proof)

lemma distinct-to-list-tree: ¥V v€wverts to-list-tree. distinct v
(proof)

lemma distinct-to-list-dtree: ¥V vedverts to-list-dtree. distinct v
(proof )

theorem distinct-ikkbz-sub: distinct ikkbz-sub

(proof)

lemma to-list-dtree-root-eq-root: Diree.root (to-list-dtree) = [root]
{proof)

lemma to-list-dtree-hd-root-eq-root[simp|: hd (Dtree.root to-list-dtree) = root
(proof)

theorem ikkbz-sub-hd-eq-root[simp|: hd ikkbz-sub = root
{proof)

end

9.6 Full IKKBZ

locale tree-query-graph = undir-tree-todir G + query-graph G for G

locale cmp-tree-query-graph = tree-query-graph +
fixes cmp :: (“a listx'b) comparator
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assumes cmp-antisym:
[vl # []; v2 # [); compare emp (vl,el) (v2,e2) = Equiv] = set vI N set v2

#{} Vel=e2

locale ikkbz-query-graph = cmp-tree-query-graph +

fixes cost :: 'a joinTree = real

fixes cost-r :: 'a = ('a list = real)

fixes rank-r :: 'a = ('a list = real)

assumes asi-rank: r € verts G = asi (rank-r r) r (cost-r r)

and cost-correct:
[valid-tree t; no-cross-products t; left-deep t]
= cost-r (first-node t) (revorder t) = cost t

begin

abbreviation ikkbz-sub :: 'a = ’a list where
ikkbz-sub r = precedence-graph.ikkbz-sub (dir-tree-r r) r (rank-r r) cmp

abbreviation cost-1 :: ‘a list = real where
cost-l xs = cost (create-ldeep xs)

lemma precedence-graph-r:
r € verts G = precedence-graph (dir-tree-r ) r (rank-r r) (cost-r r) cmp
(proof)

lemma nempty-if-set-eq-verts: set s = verts G = xs # []
(proof )

lemma revorder-if-set-eq-verts: set xs = verts G = revorder (create-ldeep xs) =
rev s

{proof)

lemma cost-correct”:
[set xs = werts G; distinct xs; no-cross-products (create-ldeep zs)]
= cost-r (hd zs) (rev zs) = cost-l zs

{proof)

lemma ikkbz-sub-verts-eq: r € verts G = set (ikkbz-sub r) = verts G
{proof)

lemma ikkbz-sub-distinct: r € verts G = distinct (ikkbz-sub 1)
{proof)

lemma ikkbz-sub-hd-eq-root: r € verts G => hd (ikkbz-sub r) = r
(proof)

definition ikkbz :: 'a list where
ikkbz = arg-min-on cost-l {ikkbz-sub r|r. r € verts G}

lemma ikkbz-sub-set-fin: finite {ikkbz-sub r|r. r € verts G}
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{proof)

lemma ikkbz-sub-set-nempty: {ikkbz-sub r|r. r € verts G} # {}
(proof)

lemma ikkbz-in-ikkbz-sub-set: ikkbz € {ikkbz-sub r|r. r € verts G}
(proof)

lemma ikkbz-eq-ikkbz-sub: 31 € verts G. ikkbz = ikkbz-sub r
(proof )

lemma ikkbz-min-ikkbz-sub: r € verts G = cost-l ikkbz < cost-l (ikkbz-sub r)
{proof)

lemma ikkbz-distinct: distinct ikkbz
(proof)

lemma ikkbz-set-eq-verts: set ikkbz = verts G
(proof)

lemma ikkbz-nempty: ikkbz # ||
{proof)

lemma ikkbz-hd-in-verts: hd ikkbz € verts G
(proof)

lemma inorder-ikkbz: inorder (create-ldeep ikkbz) = ikkbz
(proof)

lemma inorder-ikkbz-distinct: distinct (inorder (create-ldeep ikkbz))

(proof)

lemma inorder-relations-eq-verts: relations (create-ldeep ikkbz) = verts G
{proof)

theorem ikkbz-valid-tree: valid-tree (create-ldeep ikkbz)
(proof)

end

locale old = list-dtree ¢ for t :: (‘a list,’d) dtree +
fixes rank :: 'a list = real
begin

function find-pos-auz :: 'a list = 'a list = (‘a list,’d) dtree = ('a list x 'a list)

where
find-pos-auxz v p (Node r {|(t1,-)|}) =
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(if rank (rev v) < rank (rev r) then (p,r) else find-pos-aux v r t1)
| V. zs # {|z|} = find-pos-auz v p (Node r zs) =
(if rank (rev v) < rank (rev r) then (p,r) else (r,r))

{proof)
termination (proof)

function find-pos :: 'a list = ('a list,’b) diree = ('a list x 'a list) where
find-pos v (Node r {|(t1,-)|}) = find-pos-auzx v r t1
| Va. xs # {|z|} = find-pos v (Node r xs) = (r,r)

{proof)
termination (proof)

abbreviation insert-chain :: ('a listx'b) list = ('a list,’d) dtree = (a list,’d) diree
where
insert-chain zs t1 =
foldr (A(v,e) t2. case find-pos v t2 of (z,y) = insert-between v e x y t2) xs t1

fun merge :: (‘a list,’b) diree = (a list,’b) diree where
merge (Node 1 xs) = ffold (A(t,e) b. case b of Node r xs =
if xs = {||} then Node r {|(t,e)|} else insert-chain (dtree-to-list t) b)
(Node r {||}) zs

lemma ffold-if-False-eq-acc:
[Va. =P a; comp-fun-commute (Aa b. if =P a then b else Q a b)]
= ffold (Aa b. if =P a then b else Q a b) acc xs = acc

(proof)

lemma find-pos-rank-less: rank (rev v) < rank (rev r) = find-pos-auz v p (Node
ras) = (p,r)
{proof)

lemma find-pos-y-in-dverts: (z,y) = find-pos-auzx v p t1 = y € dverts t1

(proof)

lemma find-pos-z-in-dverts: (z,y) = find-pos-auz v p t1 = x € dverts t1 V p=zx
(proof)

end

end

theory IKKBZ-Optimality
imports Complez-Main CostFunctions QueryGraph IKKBZ HOL— Library.Sublist
begin

10 Optimality of IKKBZ

context directed-tree
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begin
fun forward-arcs :: 'a list = bool where
forward-arcs || = True
| forward-arcs [x] = True
| forward-arcs (z#xs) = ((3y € set xs. y = ) A forward-arcs zs)

fun no-back-arcs :: 'a list = bool where
no-back-arcs [| = True
| no-back-arcs (z#xs) = ((By. y € set as A y —p x) A no-back-arcs s)

definition forward :: 'a list = bool where
forward xs = (Vi € {1..(length xs — 1)}. 3§ < 4. zslj —p xsli)

definition no-back :: 'a list = bool where
no-back zs = (Bij. i < j A j < length xs A zs\j —p zsli)

definition seq-conform :: 'a list = bool where
seq-conform xs = forward-arcs (rev xs) A no-back-arcs xs

definition before :: ‘a list = 'a list = bool where
before s1 s2 = seq-conform s1 A seg-conform s2 A set s1 N set s2 = {}
A 3z € setsl. Jy € set s2. x —py)

definition before2 :: ‘a list = 'a list = bool where
before2 sl s2 = seq-conform s1 A seg-conform s2 A set s1 N set s2 = {}
A Bz € setsl.Jy € set s2. x —py)
AN (Vz € set s1.Vv € verts T — set s1 — set s2. = x —p V)

lemma before-alt!:

(3¢ < length s1. 37 < length s2. s1li —p s21j) «— (Jz € set s1. Jy € set s2.
T =7 Y)

(proof )

lemma before-alt2:
(Vi < length s1. Vv € verts T — set s1 — set s2. = s1li = v)
—— (Vo € set s1.Vv € verts T — set s1 — set s2. = x —p v)

(proof)

lemma no-back-alt-aux: (Vi j. ¢ > jV j > length xs V —(aslj —p zsli)) =
no-back xs
(proof)

lemma no-back-alt: (Yij. i > jV j > length zs V —(zslj — 7 zsli)) «— no-back
s
(proof )

lemma no-back-arcs-alt-auzl: [no-back-arcs xs; i < j; j < length xs] = —(aslj

— o xsli)

(proof)
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lemma no-back-insert-auz:
(Vij.i>jVj> length (x#xs) V =((aftzs)lj —p (x#xs)lD))
= (Vij. i >jVj> length xs V —=(zslj —p xsli))
(proof )

lemma no-back-insert: no-back (z#xs) = no-back xs
{proof)

lemma no-arc-fst-if-no-back:
assumes no-back (z#zs) and y € set xs
shows -y =7 2

(proof )

lemma no-back-arcs-alt-auz2: no-back xs — no-back-arcs xs
(proof)

lemma no-back-arcs-alt: no-back s <— no-back-arcs xs
(proof )

lemma forward-arcs-alt-auzl:

[forward-arcs zs; i € {1..(length (rev xs) — 1)}] = 3j < i. (rev xs)lj = (rev
xs)li
(proof)

lemma forward-split-auz:
assumes forward (xsQys) and i€{1..length xs — 1}
shows 3 j<i. xslj — 7 zsli

(proof)

lemma forward-split: forward (xsQys) = forward s
(proof )

lemma forward-cons:
forward (rev (z#xs)) = forward (rev xs)

{proof)

lemma arc-to-Ist-if-forward:
assumes forward (rev (z#xs)) and zs = y#ys
shows Jy € set xs. y =7 x

(proof)

lemma forward-arcs-alt-auz2: forward (rev xs) = forward-arcs xs

(proof)

lemma forward-arcs-alt: forward zs <— forward-arcs (rev zs)

(proof)

corollary forward-arcs-alt’: forward (rev xs) «— forward-arcs xs
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{proof)

corollary forward-arcs-split: forward-arcs (ysQzs) = forward-arcs s

{proof)

lemma seq-conform-alt: seq-conform xs <— forward zs A no-back s
(proof)

lemma forward-app-auz:
assumes forward sl forward s2 Ix€set s1. x —p hd s2 i€{1..length (s1Qs2) —

1}
shows Jj<i. (s1@s2)lj —p (s1@s2)l4
(proof)

lemma forward-app: [forward s1; forward s2; Axeset s1. © — p hd s2] = forward
(s1@s2)
(proof)

lemma before-conforml1l: before s1 s2 = seq-conform sl

{proof)

lemma before-forward1I: before s1 s2 = forward sl
{proof )

lemma before-no-backl1I: before s1 s2 = no-back s1

(proof)

lemma before-Arcl: before s1 s2 = 3z € set s1. Jy € set s2. v — 7y
(proof)

lemma before-conform2l: before s1 s2 = seq-conform s2

(proof)

lemma before-forward2l: before s1 s2 = forward s2
(proof)

lemma before-no-back2l: before s1 s2 = no-back s2
(proof)

lemma hd-reach-all-forward-arcs:
[hd (rev xzs) € verts T; forward-arcs xs; x € set xs] = hd (rev zs) =*p x

(proof)

lemma hd-reach-all-forward:
[hd zs € verts T; forward zs; x € set xs] = hd xs —=*p

{proof)

lemma hd-in-verts-if-forward: forward (z#y#xs) = hd (x#y#xs) € verts T
(proof )
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lemma two-elems-if-length-gt1: length zs > 1 = Az y ys. cH#y#ys=xs
(proof)

lemma hd-in-verts-if-forward”: [length xs > 1; forward zs] = hd zs € verts T
(proof )

lemma hd-reach-all-forward’:
llength xs > 1; forward zs; © € set xs] = hd xs =" p x

(proof)

lemma hd-reach-all-forward’”:

[forward (z#y#xs); z € set (z#y#as)] = hd (z#HyH#as) =*p z
(proof)

lemma no-back-if-distinct-forward: [forward xs; distinct s] = no-back s

(proof)

corollary seg-conform-if-dstnct-fwd: [forward zs; distinct zs] = seq-conform zs
(proof )

lemma forward-arcs-single: forward-arcs [z]
{proof )

lemma forward-single: forward [x]
(proof )

lemma no-back-arcs-single: no-back-arcs [x]
{proof)

lemma no-back-single: no-back [z]
{proof)

lemma seg-conform-single: seq-conform [x]
(proof)

lemma forward-arc-to-head’:
assumes forward ys and = ¢ set ys and y € set ysand z —p y
shows y = hd ys

(proof)

corollary forward-arc-to-head:
[forward ys; set xs N set ys = {}; © € set zs; y € set ys; x — 7 Y]
= y = hd ys
(proof)

lemma forward-app':

[forward s1; forward s2; set s1 N set s2 = {}; Jxcset s1. Jyeset s2. x —p Y]
= forward (s1Qs2)
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{proof)

lemma reachablel-from-outside-dom:
[z =Ty oz ¢ setys; y € setys) = 3z’ Jy' € set ys. ' ¢ set ys Nz’ —py’
(proof )

lemma hd-reachablel-from-outside’:
[z =T 1 y; forward ys; x ¢ set ys; y € set ys] = Iy’ € set ys. x =T p hd ys
(proof)

lemma hd-reachablel-from-outside:
[ %*T y; forward ys; set zs N set ys = {}; x € set zs; y € set ys]
= Jy’ € set ys. © > p hd ys
{proof)

lemma reachablel-append-old-if-arc:
assumes Jz€set xs. Jyeset ys. © =y
and z ¢ set s
and forward xs
and yeset (xs Q ys)
and z =Ty
shows Jyeset ys. z >t py

(proof)

lemma reachablel-append-old-if-arcU:
[Bzeset xs. Jyeset ys. x —p y; set U N set xs = {}; z € set U;
forward zs; yeset (zs Q ys); z =T 7 y]
= Jyeset ys. z =Ty
(proof)

lemma before-arc-to-hd: before xs ys = Iz € set xs. x = hd ys
(proof )

lemma no-back-backarc-appl:
[7 < length (zsQys); j > length xs; i < j; no-back ys; (xsQys)lj — p (zsQys)!i]
= 1 < length zs
(proof )

lemma no-back-backarc-app2: [no-back zs; i < j; (zsQys)lj —p (zsQys)li] = j
> length xs
(proof )

lemma no-back-backarc-i-in-xs:
[no-back ys; j < length (xsQys); i < j; (xsQys)lj — 7 (zsQys)!4]
= zsli € set xs A (xsQys)li = wsli
(proof )

lemma no-back-backarc-j-in-ys:
[no-back zs; j < length (xsQys); i < 7; (xzsQys)lj —p (zsQys)!i]
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= ysl(j—length xs) € set ys A (zsQys)!j = ys!(j—length xs)
{proof )

lemma no-back-backarc-difsets:
assumes no-back s and no-back ys
and ¢ < jand j < length (zs Q ys) and (zs @ ys) ! j —p (zs Q@ ys) ! ¢
shows Jz € set xs. 3y € set ys. y =7 @
(proof)

lemma no-back-backarc-difsets’:
[no-back xs; no-back ys; 3¢ j. ¢ < j A j < length (zsQys) A (zsQys)lj —
(zsQys)!]
— dz € setxs. Jy € setys. y =7 x
(proof )

lemma no-back-before-aux:
assumes seq-conform xs and seqg-conform ys
and set zs N set ys = {} and (Fz€set xs. Jycset ys. x =7 y)
shows no-back (zs @ ys)

{proof)

lemma no-back-before: before xs ys = no-back (zsQys)
(proof)

lemma seg-conform-if-before: before xs ys = seq-conform (xsQys)
(proof )

lemma no-back-arc-if-fwd-dstct:
assumes forward (asQbs) and distinct (asQbs)
shows —~(Jz€set bs. Jyeset as. x =7 y)

{(proof)

lemma no-back-reachl-if-fwd-dstct:
assumes forward (asQbs) and distinct (as@Qbs)
shows —(Jz€set bs. Jyeset as. © =1 y)

(proof)

lemma split-length-i: i < length bs = Jxs ys. xsQys = bs A length xs = i
(proof)

lemma split-length-i-prefiz:
assumes length as < i i < length (asQbs)
shows Jzs ys. zsQys = bs A length (asQzs) = i

(proof)

lemma forward-alt-auzl:
assumes i € {I..length s — 1} and j<i and zslj —p zsli
shows Jas bs. asQbs = xs A length as = i A (3z € set as. © —p xsli)

(proof)
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lemma forward-alt-auzl’:
forward xs
= Vi€ {I.length zs — 1}. Fas bs. asQbs = zs A length as = i A (3z € set
as. x —p xsli)
(proof )

lemma forward-alt-auz2:
[as@bs = zs; length as = 4; Fz € set as. ¥ —p xsli] = Fj<i. xslj —p asli
(proof )

lemma forward-alt-auz2’:
Vi e {1.length s — 1}. as bs. asQbs = zs A length as = i A (3z € set as.
— 5l4)
= forward xs
(proof )

corollary forward-alt:
Vi e {1.length zs — 1}. Jas bs. asQbs = zs A length as = i A (3z € set as.
— 7 51%)
+— forward zs
(proof )

lemma move-mid-forward-if-noarc-aux:
assumes as # [|
and —(3z € set U. Jy € set bs. x = y)
and forward (asQU@bsQcs)
and 7 € {1..length (as@QbsQU@Qcs) — 1}
shows 3j<i. (as@Qbs@QUQcs) ! j —p (as@QbsQUQcs) ! ¢

(proof)

lemma move-mid-forward-if-noarc:
[as # []; =(3z € set U. Iy € set bs. x = y); forward (asQUQbsQcs)]
= forward (asQbs@QUQcs)

{proof)

lemma move-mid-backward-if-noarc-auz:
assumes Jzcset U. x = hd V
and forward V
and forward (asQU@QbsQ V@cs)
and i € {1..length (asQUQVQbsQcs) — 1}
shows 3j<i. (asQUQV@QbsQcs) ! j — 7 (asQUQVQbsQcs) ! ¢

(proof)

lemma move-mid-backward-if-noarc:
[before U V; forward (asQUQbsQV@Qcs)]| = forward (asQUQ VQbsQcs)

(proof)

lemma move-mid-backward-if-noarc’:
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[Bzeset U. Jyeset V. v —p y; forward V; set U N set V = {}; forward
(as@U@Qbs@ V@Qcs)]
= forward (asQUQV@QbsQcs)

{proof)

end

10.1 Sublist Additions

lemma fst-sublist-if-not-snd-sublist:
[zsQys=AQB; — sublist B ys] = Jas bs. as Q bs = zs A bs Q ys = B

{proof)

lemma sublist-before-if-mid:
assumes sublist U (AQV)and A Q V @Q B = zsand set U N set V = {} and

U#]]
shows Jas bs ¢cs. as @ U Q bs @ V @Q ¢cs = zs

(proof)

lemma list-empty-if-subset-dsjnt: [set xs C set ys; set s N set ys = {}] = zs =

[
(proof)

lemma empty-if-sublist-dsjnt: [sublist xs ys; set xs N set ys = {}] = zs = |]
(proof )

lemma sublist-snd-if-fst-dsjnt:
assumes sublist U (V@B) and set U N set V = {}
shows sublist U B

(proof)

lemma sublist-fst-if-snd-dsjnt:
assumes sublist U (BQV) and set U N set V = {}
shows sublist U B

(proof)

lemma sublist-app: sublist (A Q@ B) C = sublist A C' A sublist B C
{proof)

lemma sublist-Cons: sublist (A # B) C = sublist [A] C A sublist B C
{proof)

lemma sublist-set-elem: [sublist zs (AQB); z € set xs] = x € set AV x € set B
{proof)

lemma subset-snd-if-hd-notin-fst:
assumes sublist ys (V Q B) and hd ys ¢ set V and ys # |]
shows set ys C set B

(proof)
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lemma suffiz-ndjsnt-snd-if-nempty: [suffic zs (AQV); V # [|; as # [|]] = set xs
Nset V #{}
{proof)

lemma sublist-not-mid:
assumes sublist U (A @Q V) @Q B) and set U N set V = {} and V # [|
shows sublist U A V sublist U B

(proof)

lemma sublist-Y-cases-UV:
assumes Vs € Y. Vys € Y. zs = ys V set zs N set ys = {}
and U € YV
and V€Y
and U # ||
and V # ||
and (Vs € Y. sublist xs (asQUQbsQ V@Qcs))
and zs € Y
shows sublist xs as V sublist s bs V sublist xs cs V U = xzs V V = xs

{proof)

lemma sublist-behind-if-nbefore:
assumes sublist U zs sublist V zs Das bs ¢s. as Q@ U Q bs Q V Q ¢s = s set U

Nset V={}
shows Jas bs cs. as @ V @ bs Q U @Q ¢cs = zs
(proof)

lemma sublists-preserv-move-U:
[set zs N set U = {}; set zs N set V = {}; V#[]; sublist zs (asQUQbsQVQcs)]
= sublist xs (asQbsQUQ V@Qcs)

(proof)

lemma sublists-preserv-move-UY:
[Vzse V. Vyse Y. zs=ysV setasNsetys={};zs € Y; U Y; V € Y;
V # []; sublist zs (asQU@QbsQ V@Q@cs)]
= sublist xs (asQbsQUQ VQcs)

(proof)

lemma sublists-preserv-move-UY-all:
[Vzs e V. Vys€ Y. as=ysV setasNsetys={}; U Y; Ve Y;
V #[;Vas € Y. sublist zs (asQUQbsQVQcs)]
= Vaus € Y. sublist xs (asQbsQUQVQcs)

{proof)

lemma sublists-preserv-move-V:
[set zs N set U = {}; set s N set V = {}; U#]]; sublist xs (asQUQbsQ V@Qcs)]
= sublist xs (asQUQVQbsQcs)

(proof)

158



lemma sublists-preserv-move-VY:
[Vzs € V. Vyse Y.as=ysV setasNsetys={};zs € Y; U Y; V€Y,
U # []; sublist xs (asQUQbs@ VQcs)]
= sublist xs (asQUQVQbsQcs)

(proof)

lemma sublists-preserv-move-VY-all:
[Vase Y.Vyse Y.as=ysV setasNsetys={}; Ue€Y; Ve,
U#;Vas € Y. sublist zs (asQUQbsQVQcs)]
= Vas € Y. sublist s (asQUQVQbsQcs)

(proof)

lemma distinct-sublist-first:
[sublist as (x#xs); distinct (z#xs); © € set as] = take (length as) (x#xs) = as

(proof)

lemma distinct-sublist-first-remainder:

[sublist as (xftxs); distinct (xz#xs); x € set as] => as @ drop (length as) (z#xs)
= x#uxs

{proof)

lemma distinct-set-diff: distinct (zsQys) = set ys = set (zsQys) — set zs
(proof)

lemma [list-of-sublist-concat-eq:
assumes Vas € Y. Vbs € Y. as = bs V set as N set bs = {}
and Vas € Y. sublist as xs
and distinct xs
and set zs = |J(set ¢ Y)
and finite Y
shows Jys. set ys = Y A concat ys = zs A distinct ys

(proof)

lemma extract-length-decr|termination-simp:
List.extract P xs = Some (as,z,bs) = length bs < length xs

{proof)

fun separate-P :: (a = bool) = 'a list = 'a list = 'a list x 'a list where
separate-P P acc xs = (case List.extract P zs of
None = (acc,zs)
| Some (as,x,bs) = (case separate-P P (x#tacc) bs of (acc’,xs’) = (acc’,
asQzs’)))

lemma separate-not-P-snd: separate-P P acc xs = (as,bs) = Yz € set bs. =P ¢
(proof)

lemma separate-input-impl-none: separate-P P acc xs = (acc,zs) => List.extract
P xs = None

{proof)
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lemma separate-input-iff-none: List.extract P xs = None <— separate-P P acc s
= (acc,xs)
(proof )

lemma separate-P-fst-acc:
separate-P P acc xs = (as,bs) = Jas’. as = as’'Qacc N (Vz € set as’. P z)

(proof)

lemma separate-P-fst: separate-P P [| xs = (as,bs) = V& € set as. P«
(proof)

10.2 Optimal Solution for Lists of Fixed Sets

lemma distinct-seteg-set-length-eq:
z € {ys. set ys = xs A distinct ys} = length x = Finite-Set.card xs
(proof )

lemma distinct-seteq-set-Cons:
[Finite-Set.card s = Suc n; x € {ys. set ys = xs A distinct ys}]
= Jy ys. y # ys = x A length ys = n A distinct ys A finite (set ys)
(proof)

lemma distinct-seteq-set-Cons':
[Finite-Set.card s = Suc n; x € {ys. set ys = xs A distinct ys}]
= dy ys zs. y # ys = & A\ Finite-Set.card zs = n A distinct ys N\ set ys = zs

{proof)

lemma distinct-seteq-set-Cons'”:
[Finite-Set.card xs = Suc n; x € {ys. set ys = xs A distinct ys}]
= dyyszs. y#H ys=x Ny € zs
A set ys = zs N\ Finite-Set.card zs = n N\ distinct ys A finite zs

{proof)

lemma distinct-seteqg-set-Cons-in-set:
[Finite-Set.card s = Suc n; x € {ys. set ys = xs A distinct ys}]
= Jy ys zs. y#ys = x N y € xs A Finite-Set.card zs = n N ys€{ys. set ys =
zs N distinct ys}

{proof)

lemma distinct-seteq-set-Cons-in-set”:
[Finite-Set.card xs = Suc n; © € {ys. set ys = zs A distinct ys}]
= Jy ys. ¢ = y#ys N y € zs A ys€{ys. set ys = (zs — {y}) A distinct ys}
(proof)

lemma distinct-seteg-eq-set-union:
Finite-Set.card xs = Suc n
= {ys. set ys = zs A distinct ys}
={y# ys|yys. y € as A ys € {as. set as = (zs — {y}) A distinct as}}
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{proof)

lemma distinct-seteq-sub-set-union:
Finite-Set.card xs = Suc n
= {ys. set ys = xs A distinct ys}
Cly# ys|yys.y € xs Ayse {as. Ja € 5. set as = (vs — {a}) A distinct
as}}
(proof)

lemma finite-set-union: [finite ys; Vy € ys. finite y] = finite (Jy € ys. y)
(proof )

lemma Cons-set-eq-union-set:

{z#ylzyy . zcashyey ny eyst={a#ylazy zeashye Uy
€ ys. y)}

(proof )

lemma finite-set-Cons-union-finite:
[finite xs; finite ys; Vy € ys. finite y]
= finite{z # y|lzy zczsnye Uy € ys y)}
(proof )

lemma finite-set-Cons-finite:
[finite xs; finite ys; Vy € ys. finite y]
= finite{z # y|lzyy. z€asNyecy ANy € ys}
(proof )

lemma finite-set-Cons-finite:
[finite xs; finite ys] = finite {z # y |z y. x € zs A y € ys}
(proof)

lemma Cons-set-alt: {z # y|lzy.x €axs Ny € yst ={zs. Jzy. s # y=2s Nz
€ xs Ay € ys}
(proof )

lemma Cons-set-sub:
assumes Finite-Set.card zs = Suc n
shows {ys. set ys = xs A distinct ys}
Clz#ylryzeasNhye Uy €< xs. {as. set as = xs — {y} A distinct as})}
(proof)

lemma distinct-seteq-finite: finite xs = finite {ys. set ys = xs A distinct ys}

(proof)

lemma distinct-setsub-split:

{ys. set ys C xs A distinct ys}

= {ys. set ys = xs A distinct ys} U (Jy € zs. {ys. set ys C (zs—{y}) N distinct
ys})

{proof )
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lemma valid-UV-lists-finite:
finite s = finite {z. Fas bs cs. asQUQbsQVQcs = = A set © = xs A distinct
z}

(proof)

lemma valid-UV-lists-r-subset:
{z. Jas bs cs. asQUQbsQVQcs = z A set x = xs A distinct z N\ take 1 z = [r]}
C {z. Jas bs cs. asQUQbsQVQcs = = A set x = zs A distinct z}

(proof)

lemma valid-UV-lists-r-finite:
finite xs = finite {z. T as bs cs. asQUQbsQVQcs = z A set x = xzs A distinct
x A take 1 z = [r]}

(proof)

lemma valid- UV-lists-arg-min-ez-auz:
[finite ys; ys # {}; ys = {z. Tas bs cs. asQUQbIsQVQcs = x A set © = x5 A
distinct x}]
= Jyecys. Vzeys (f:alist = real) y<fz
(proof )

lemma valid-UV-lists-arg-min-ex:
[finite zs; ys # {}; ys = {x. Tas bs cs. asQUQbsQVQcs = z A set © = x5 A
distinct x}]
= dyecys. Vze ys. (f::'alist = real) y < fz
(proof )

lemma valid-UV-lists-arg-min-r-ez-auz:
[finite ys; ys # {};
ys = {x. Fas bs cs. asQUQbsQVQcs = z A set x = xs A distinct © A take 1 x
= [r]}]
= dye€ys. Vze ys. (f::'alist = real) y < fz
{proof )

lemma valid-UV-lists-arg-min-r-ex:

[finite xs; ys # {};
ys = {z. Jas bs ¢s. asQUQbsQVQcs = x A set © = xs A distinct x A take 1 x

=[r}}]

= Jycys. Vzeys. (f = 'alist = real) y < fz
{proof)

lemma valid-UV-lists-nemipy:
assumes finite zs set (UQV) C xs distinct (UQV)
shows {z. Jas bs cs. asQUQbsQVQcs = z A set x = xs A distinct ©} # {}

(proof)

lemma valid-UV-lists-nemtpy":
[finite xs; set U N set V = {}; set U C xs; set V C ws; distinct U; distinct V]
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= {z. Jas bs cs. asQUQHsQVQcs = x A set © = xs A distinct x} # {}
{proof)

lemma valid-UV-lists-nemtpy-r:
assumes finite s and set (UQV) C zs and distinct (UQV)
and take 1 U =[r]V r ¢ set UU set Vand r € zs
shows {z. (Fas bs ¢s. asQUQbsQVQcs = ) A set x = xs A distinct © N\ take 1
z=[r]} #{}
(proof )

lemma valid-UV-lists-nemtpy-r":
[finite zs; set U N set V = {}; set U C xzs; set V C xs; distinct U; distinct V;
take 1 U = [r] V r ¢ set U U set V; r € zs]
= {z. Jas bs cs. asQUQIsQVQcs = z A set © = zs A distinct x A take 1 z
= [} #{}

(proof)

lemma valid-UV-lists-arg-min-ex”:
[finite xs; set U N set V = {}; set U C xs; set V C as; distinct U; distinct V;
ys = {z. (Jas bs cs. asQUQbsQVQcs = x) A set z = xs A distinct z}]
= dye€ys.Vz e ys. (f::'alist = real) y < fz

{proof)

lemma valid-UV-lists-arg-min-r-ex’:
[finite xs; set U N set V = {}; set U C xs; set V C as; distinct U; distinct V;
take 1 U =[r]V r ¢ set UU set V; r € axs;
ys = {z. (Jas bs cs. asQUQbsQVQcs = z) A set x = xs A distinct x A take 1
z = [r]}]
= Jyecys.Vzeys (f::'alist = real) y < f2z
(proof )

lemma valid-UV-lists-alt:
assumes P = (Az. (Fas bs cs. asQUQbsQVQcs = ) A set & = zs A distinct )
shows {z. (Fas bs ¢s. asQUQbsQVQcs = z) A set © = xs N\ distinct } = {ys.
P ys}
{proof)

lemma valid-UV-lists-argmin-ex:
fixes cost :: 'a list = real
assumes P = (Az. (Fas bs cs. asQUQbsQVQcs = z) A set © = zs A distinct x)
and finite xs
and set U N set V = {}
and set U C zs
and set V C zs
and distinct U
and distinct V
shows Jas’ bs’ cs’. P (as’@QUQbs'QVQcs") A
(Vas bs cs. P (asQU@Qbs@QV@Qcs) — cost (as@QUQbs'QVQcs’) < cost
(as@UQ@Qbs@V@cs))
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(proof)

lemma valid-UV-lists-argmin-ex-noP:
fixes cost :: 'a list = real
assumes finite xs
and set U N set V = {}
and set U C zs
and set V C zs
and distinct U
and distinct V
shows Jas’ bs’ ¢s’. set (as’ @ U @Q bs’ @ V Q@ ¢s') = zs A distinct (as’ @ U
@bs'@ V Q@ cs)
A (Vas bs cs. set (as@ U @Q bs @ V @ ¢s) = zs A distinct (as @ U @Q bs Q V
@ cs)
— cost (as’ @ U Q bs' @ V @ ¢s’) < cost (as@ U Q bs @ V Q@ ¢s))

(proof)

lemma valid-UV-lists-argmin-r-ex:
fixes cost :: 'a list = real
assumes P = (A\z. (Fas bs ¢s. asQUQbsQVQcs = z) A set © = xs A distinct
A take 1z = [r])
and finite xs
and set U N set V = {}
and set U C zs
and set V C zs
and distinct U
and distinct V
and take 1 U =[r] V r ¢ set UU set V
and r € s
shows Jas’ bs’ ¢s’. P (as’'QUQbs'QVQcs’) A
(Vas bs cs. P (asQU@Qbs@QV@Qcs) —» cost (as'@QUQbs'QVQcs’) < cost
(as@QUQbs@V@cs))

(proof)

lemma valid-UV-lists-argmin-r-ez-noP:
fixes cost :: 'a list = real
assumes finite xs
and set U N set V = {}
and set U C zs
and set V C zs
and distinct U
and distinct V
and take 1 U =1[r] V r ¢ set UU set V
and r € zs
shows Jas’ bs’ cs’. set (as’ @ U @Q bs' @ V Q ¢s') = s
A distinct (as’ @ U @ bs’' Q@ V @ cs’) A take I (as’ @ U @Q bs’ Q V Q@ ¢s') =
[r]
A (Vas bs cs. set (as @ U @Q bs @ V Q ¢s) = s
A distinct (as @ U @Q bs @ V @ ¢s) A take I (as @ U @ bs @ V @ ¢s) = [r]
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— cost (as’ @ U Q bs’ @ V @ ¢s') < cost (as @ U Q bs @ V Q@ cs))
{proof)

lemma valid-UV-lists-argmin-r-ex-noP":
fixes cost :: 'a list = real
assumes finite xs
and set U N set V = {}
and set U C zs
and set V C zs
and distinct U
and distinct 'V
and take 1 U =[r]V r ¢ set UU set V
and r € xs
shows Jas’ bs’ ¢s'. set (as’ @ U @ bs' @ V Q ¢s’) = s
A distinct (as’ @ U @ bs’' Q@ V Q ¢s’) A take I (as’ @ U @Q bs' Q@ V Q@ ¢s’) =
[]
A (Vas bs cs. set (as @ U @Q bs @ V Q c¢s) = s
A distinct (as @ U @Q bs @ V Q@ ¢s) A take I (as @ U @ bs @ V @ ¢s) = [r]
— cost (rev (as’ @ U @Q bs’ @ V Q ¢s’)) < cost (rev (as @ U Q@ bs Q V
Q@ ¢s)))

(proof)

lemma takel-split-nempty: ys # [| = take 1 (zsQysQzs) = take 1 (xsQys)
{proof)

lemma takel-elem: [take 1 (zsQys) = [r]; r € set xs] = take 1 xs = [r]
{proof)

lemma takel-nelem: [take 1 (zsQys) = [r]; r ¢ set ys] = take 1 zs = [r]
{proof)

lemma takel-split-nelem-nempty: [take 1 (zsQysQzs) = [r]; ys # [|; r ¢ set ys]
= take 1 zs = [r]
{proof)

lemma takel-empty-if-nelem: [take 1 (as@QbsQcs) = [r]; r ¢ set as] = as = |]
(proof)

lemma takel-empty-if-mid: [take 1 (asQbsQcs) = [r]; v € set bs; distinct (asQbsQcs)]
= as =[]
{proof)

lemma takel-mid-if-elem:
[take 1 (as@QbsQcs) = [r]; r € set bs; distinct (asQbsQcs)] = take 1 bs = [r]

(proof )
lemma contr-optimal-nogap-no-r:

assumes asi rank r cost
and rank (rev V) < rank (rev U)
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and finite xs
and set U N set V = {}
and set U C zs
and set V C zs
and distinct U
and distinct 'V
and r ¢ set U U set V
and r € xs
shows Jas’ ¢cs’. distinct (as’ Q@ U @ V @ ¢s’) A take 1 (as’ @ U @ V Q cs’)
= [r]
A set (as’@ U @V @ cs’) =xs A (Vas bs cs. set (as @ U @ bs Q@ V @ ¢s)

[7]

cs)))
(proof)

A distinct (as Q U Q@ bs @Q V Q ¢s) A take I (as @ U Q bs Q V Q ¢s) =

— cost (rev (as’ @ U Q@ V @ ¢s’)) < cost (rev (as @ U @ bs @ V @

fun combine-lists-P :: ('a list = bool) = 'a list = 'a list list = 'a list list where
combine-lists-P - y [| = [y]

| combine-lists-P Py (x#xs) = (if P (zQy) then combine-lists-P P (zQy) zs else

(zQy)#xs)

fun make-list-P :: ("a list = bool) = 'a list list = 'a list list = 'a list list where
make-list-P P acc ©s = (case List.extract P zs of
None = rev acc @ zxs
| Some (as,y,bs) = make-list-P P (combine-lists-P P y (rev as @ acc)) bs)

lemma combine-lists-concat-rev-eq: concat (rev (combine-lists-P P y xs)) = concat
(rev zs) @ y
{proof)

lemma make-list-concat-rev-eq: concat (make-list-P P acc xs) = concat (rev acc)
Q concat xs

(proof)

lemma combine-lists-sublists:
Jz € {y} U set zs. sublist as x => Tz € set (combine-lists-P P y xs). sublist as
T

(proof)

lemma make-list-sublists:
Jz € set acc U set xs. sublist cs x = Jx € set (make-list-P P acc xs). sublist
cs x

(proof)
lemma combine-lists-nempty: [[] ¢ set zs; y # []] = [] ¢ set (combine-lists-P P

y @s)
(proof)
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lemma make-list-nempty:
[ & set ace; || ¢ set as] =[] ¢ set (make-list-P P acc xs)

(proof)

lemma combine-lists-notP:

Vzeset xs. P & = (Jx. combine-lists-P P y xs = [z]) V (VY z€set (combine-lists-P
Py xs). =P x)

{proof)

lemma combine-lists-single: xs = [z] = combine-lists-P P y xs = [zQy]
{proof)

lemma combine-lists-lastP:
P (last xs) = (Fz. combine-lists-P P y xs = [z]) V (P (last (combine-lists-P P
y 75)))

(proof)

lemma make-list-notP:
[(Vz € set acc. =P z) V P (last acc)]
= (Vzeset (make-list-P P acc zs). =P ) V (3y ys. make-list-P P acc xs = y

# ys N Py)
(proof )

corollary make-list-notP-empty-acc:

(Vzeset (make-list-P P[] zs). =P x) V (3y ys. make-list-P P [| zs = y # ys A
Py)

(proof)

definition unique-set-r :: 'a = 'a list set = 'a list = bool where
unique-set-r v Y ys +— set ys = |J (set ¢ Y) A distinct ys A take 1 ys = [r]

context directed-tree
begin

definition fwd-sub :: 'a = 'a list set = 'a list = bool where
fwd-sub T Y ys <+— unique-set-r v Y ys A forward ys A (Vas € Y. sublist zs ys)

lemma distinct-mid-uniquel: [distinct (zsQUQys); U#[]; zsQUQys = asQUQbs]
= as = xs
{proof)

lemma distinct-mid-unique2: [distinct (zsQUQys); U#[]; zsQUQys = asQUQbs]
— ys = bs
{proof )

lemma concat-all-sublist: ¥z € set xs. sublist x (concat zs)
{proof)
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lemma concat-all-sublist-rev: ¥ & € set xs. sublist x (concat (rev xs))
{proof)

lemma concat-all-sublist1:
assumes distinct (asQUQbs)
and concat ¢s @ U Q concat ds = asQUQbs
and U # |]
and set (csQU#ds) = Y
shows 3X. X C Y A set as = |J(set * X) A (Vas € X. sublist xs as)

{(proof)

lemma concat-all-sublist2:
assumes distinct (asQU@Qbs)
and concat cs @ U Q concat ds = asQUQbs
and U # ||
and set (csQU#ds) = YV
shows 3X. X C YV A set bs = J(set * X) A (Vas € X. sublist zs bs)

(proof)

lemma concat-split-mid:
assumes Vas € Y. Vys € Y. zs = ys V set zs N set ys = {}
and finite YV
and U € Y
and distinct (asQU@Qbs)
and set (asQU@bs) = |J(set © Y)
and Vs € Y. sublist xs (asQUQbs)
and U # |]
shows Jc¢s ds. concat cs = as A concat ds = bs A set (¢csQUHds) = Y A
distinct (csQUHds)
(proof)

lemma mid-all-sublists-set1:
assumes Vs € Y. Vys € Y. zs = ys V set zs N set ys = {}
and finite Y
and U € Y
and distinct (asQU@bs)
and set (asQU@bs) = |J(set © Y)
and Vs € Y. sublist xs (asQUQbs)
and U # |]
shows 3X. X C Y A set as = |J(set * X) A (Vas € X. sublist xs as)

(proof)

lemma mid-all-sublists-set2:
assumes Vzis € Y. Vys € Y. zs = ys V set zs N set ys = {}
and finite Y
and U € Y
and distinct (asQU@bs)
and set (asQU@Qbs) = |J(set © Y)
and Vs € Y. sublist xs (asQUQbs)
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and U # |]
shows 3X. X C Y A set bs = J(set “ X) A (Vas € X. sublist zs bs)

(proof)

lemma nonempty-notin-distinct-prefiz:
assumes distinct (asQbs@QV@Qcs) and concat as’ = as and V # []
shows V ¢ set as’

(proof)

lemma concat-split-UV':
assumes Vas € V. Vys € Y. zs = ys V set zs N set ys = {}
and finite Y
and U € Y
and V €Y
and distinct (asQU@QbsQ VQcs)
and set (asQU@Qbs@QV@Qcs) = |J(set ° Y)
and Vs € Y. sublist xs (asQUQbsQV@Qcs)
and U # |]
and V # ||
shows Jas’ bs’ cs’. concat as’ = as A concat bs' = bs N\ concat cs’ = cs
A set (as’/QU#bs'QV#cs") = Y A distinct (asQUH#bs'QV#cs’)
(proof)

lemma cost-decr-if-noarc-lessrank:
assumes asi rank r cost
and b # ||
and r ¢ set U
and U # |]
and set (asQU@QbsQcs) = |J(set < Y)
and distinct (asQU@QbsQcs)
and take 1 (asQU@QbsQcs) = [r]
and forward (asQU@bsQcs)
and concat (b#bs’) = bs
and (Vs € Y. sublist zs as V sublist zs U
V (3z € set (b#bs’). sublist xs x) V sublist zs cs)
and —(3z € set U. Jy € set b. x = y)
and rank (rev b) < rank (rev U)
shows fwd-sub r Y (as@bQ U®Q@concat bs'Qcs)
A cost (rev (as@QbQUQconcat bs'Qcs)) < cost (rev (asQUQbsQcs))

(proof)

lemma cost-decr-if-noarc-lessrank’:
assumes asi rank r cost
and b # ||
and r ¢ set U
and U # |]
and set (asQU@bsQcs) = |J(set © Y)
and distinct (as@QU@QbsQcs)
and take 1 (asQU@QbsQcs) = [r]
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and forward (asQU@QbsQcs)
and concat (b#bs’) = bs
and (Vs € Y. sublist zs as V sublist xs U
V (Fz € set (b#bs’). sublist xs x) V sublist zs cs)
and —~(3z € set U. Jy € set b. x = y)
and rank (rev b) < rank (rev V')
and rank (rev V) < rank (rev U)
shows fwd-sub r Y (as@b@UQconcat bs'Qcs)
A cost (rev (as@QbQUQconcat bs'Qcs)) < cost (rev (asQUQbsQcs))

(proof)

lemma sublist-exists-append:
Jaeset ((x # xs) Q [b]). sublist ys a = Jacset(xs Q [zQb]). sublist ys a

{proof)

lemma sublist-set-concat-cases:
Jacset ((x # xs) Q [b]). sublist ys a = sublist ys (concat (rev xs)) V sublist ys
x V sublist ys b

{proof)

lemma sublist-set-concat-or-cases-auxl:
sublist ys as V sublist ys U V sublist ys cs
= sublist ys (as Q U Q concat (rev zs)) V sublist ys cs

{proof)

lemma sublist-set-concat-or-cases-aux2:
Jacset ((xz # xs) Q [b]). sublist ys a
= sublist ys (as Q@ U Q concat (rev zs)) V sublist ys x V sublist ys b

{proof)

lemma sublist-set-concat-or-cases:
sublist ys as V sublist ys U V (Fa€set ((xtxs) Q [b]). sublist ys a) V sublist ys
cs —>
sublist ys (asQUQ concat (rev xs)) V sublist ys x V (F acset [b]. sublist ys a) V
sublist ys cs

{proof)

corollary not-reachablel-append-if-not-old:
[- (3zeset U. Fyeset b. z =T 7 y); set U N set x = {}; forward z;
dze€set x. Jycset b. z = Y]
= — (Jz€set U. Jye€set (zQb). z =T 7 y)

(proof )

lemma combine-lists-notP:
assumes asi rank r cost
and b # ||
and r ¢ set U
and U # |]
and set (asQU@QbsQcs) = |J(set © Y)
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and distinct (asQUQbsQcs)
and take 1 (asQUQbsQcs) = [r]
and forward (asQU@QbsQcs)
and concat (rev ys Q [b]) = bs
and (Vs € Y. sublist xs as V sublist xs U
V (Fz € set (ys Q [b]). sublist zs x) V sublist xs cs)
and rank (rev V) < rank (rev U)
and ~(3z € set U. Jy € set b. x =T py)
and rank (rev b) < rank (rev V)
and P = (\z. rank (rev z) < rank (rev V))
and Vzeset ys. P x
and Vzs. fwd-sub r Y xs — cost (rev (asQU@QbsQcs)) < cost (rev zs)
and Vz € set ys. © # []
and Vz € set ys. forward z
and forward b
shows V ze€set (combine-lists-P P b ys). =P x A forward z

(proof)

lemma sublist-app-l: sublist ys cs = sublist ys (zs Q cs)
(proof )

lemma sublist-split-concat:
assumes a € set (acc Q@ (asQz#bs)) and sublist ys a
shows (Ja€set (rev acc @ as Q [z]). sublist ys a) V sublist ys (concat bs Q cs)

(proof)

lemma sublist-split-concat:
Ja € set (acc Q (asQz#bs)). sublist ys a V sublist ys cs
= (Jacset (rev acc Q as Q [z]). sublist ys a) V sublist ys (concat bs Q cs)

{proof)

lemma make-list-notP:
assumes asi rank r cost

and r ¢ set U

and U # |]

and set (asQU@bsQcs) = |J(set © Y)

and distinct (asQUQbsQcs)

and take 1 (asQU@QbsQcs) = [r]

and forward (asQU@QbsQcs)

and concat (rev acc Q ys) = bs

and (Vzs € Y. sublist zs as V sublist zs U
V (3z € set (acc @ ys). sublist xs x) V sublist zs cs)

and rank (rev V) < rank (rev U)

and Auws. [zs € set ys; Jz € set U. Jy € set xs. =1 ]
= rank (rev V) < rank (rev xs)

and P = (A\z. rank (rev z) < rank (rev V))

and Vzs. fwd-sub r Y s — cost (rev (asQU@QbsQcs)) < cost (rev xs)

and Yz € set ys. z # |]

and Vz € set ys. forward
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and Vz € set acc. © # |]
and Vz € set acc. forward x
and Vz € set acc. P x
shows V z€set (make-list-P P acc ys). °P

(proof)

lemma no-back-reachl-if-fwd-dstct-bs:
[forward (as@concat bsQV@Qcs); distinct (asQconcat bs@QV@Qcs); zs € set bs]
= —~(Fz'eset V. Jyeset zs. ' =T p y)

(proof)

lemma mid-ranks-ge-if-reachl:
assumes [| ¢ Y
and U € Y
and distinct (asQU@QbsQ VQcs)
and forward (asQU@Qbs@QV@cs)
and concat bs' = bs
and concat cs’ = cs
and set (as’‘QU#bs'QV#cs’) =Y
and Auws. [zs € Y; Jye€set xs. ~(Fz'eset V. 2’ =T p y) A (Jz€set U. z
=t py); as £ U]
= rank (rev V) < rank (rev xs)
shows Vzs € set bs’. (Jzeset U. Fyeset zs. x =1 py) — rank (rev V) <
rank (rev xs)

(proof)

lemma bs-ranks-only-ge:
assumes asi rank r cost

and Vzs € Y. forward s

and | ¢ YV

and r ¢ set U

and U € Y

and set (asQUQbs@QV@Qcs) = |J(set ‘' Y)

and distinct (asQUQbsQ V@Qcs)

and take 1 (asQUQbsQV@Qcs) = [r]

and forward (asQU@bsQ VQcs)

and concat as’ = as

and concat bs’ = bs

and concat cs’ = cs

and set (as’/QU#bs'QV#cs') =Y

and rank (rev V) < rank (rev U)

and V zs. fwd-sub r Y zs — cost (rev (asQU@QbsQV@Qcs)) < cost (rev zs)

and Auws. [zs € Y; Jyeset zs. ~(Fz'eset V. z' =T p y) A (Jz€set U. z
ot g); a5 # U]

= rank (rev V) < rank (rev xs)
shows 3 zs. concat zs = bs N (Vz € set zs. rank (rev V) < rank (rev 2)) A []

¢ set zs

(proof)
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lemma cost-ge-if-all-bs-ge:

assumes asi rank r cost
and V # ||
and distinct (asQdsQconcat bs@QV@cs)
and take 1 as = [r]
and forward V
and V z€set bs. rank (rev V) < rank (rev z)
and [| ¢ set bs

shows cost (rev (as@QdsQ V@Q@concat bsQes)) < cost (rev (asQdsQconcat bs@Q VQcs))

{(proof)

lemma bs-ge-if-all-ge:

assumes asi rank r cost
and V # [|
and distinct (asQbsQV@Qcs)
and take 1 as = [r]
and forward V
and concat bs’ = bs
and Y ze€set bs'. rank (rev V) < rank (rev 2)
and [| ¢ set bs’
and bs # [|

shows rank (rev V) < rank (rev bs)
(proof)

lemma bs-ge-if-optimal:
assumes asi rank r cost

and Vzs € Y. Vys € Y. xs = ys V set zs N set ys = {}
and Vzs € Y. forward xs
and [| ¢ YV
and finite Y
and r ¢ set U
and U € Y
and V€Y
and distinct (asQUQbsQ V@Qcs)
and set (asQUQ@QbsQV@Qcs) = |J(set © Y)
and Vs € Y. sublist xs (asQUQbsQV@Qcs)
and take 1 (asQU@QbsQV@Qcs) = [r]
and forward (as@QU@Qbs@QV@cs)
and bs # []
and rank (rev V) < rank (rev U)
and V zs. fwd-sub r Y zs — cost (rev (asQU@QbsQV@Qcs)) < cost (rev zs)
and Auws. [zs € Y; Jy€set xs. ~(Fz'eset V. 2’ =T p y) A (Jz€set U. z

=t py);as £ U]

= rank (rev V) < rank (rev zs)
shows rank (rev V) < rank (rev bs)

(proof)

lemma bs-ranks-only-ge-r:
assumes [| ¢ Y
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and distinct (asQUQbsQ V@Qcs)
and forward (asQU@QbsQ V@Qcs)
and as = ||
and concat bs’ = bs
and concat cs’ = cs
and set (U#bs'QV#ecs') =Y
and Azs. [zs € YV; Jyeset zs. =(Fz'eset V. z' =T p y) A (Jz€set U. z
=t y); as # U]
= rank (rev V) < rank (rev xs)
shows V z € set bs'. rank (rev V) < rank (rev z2)

(proof)

lemma bs-ge-if-rU:
assumes asi rank r cost
andVzs € Y. Vys € Y. xs = ys V set zs N set ys = {}
and Vs € Y. forward zs
and [| ¢ YV
and finite Y
and r € set U
and U € Y
and V€Y
and distinct (asQU@bsQ VQcs)
and set (asQUQbs@QV@Qcs) = |J(set ° Y)
and Vs € Y. sublist xs (asQU@QbsQ V@Qcs)
and take 1 (asQU@bs@QV@Qcs) = [r]
and forward (as@QU@QbsQ VQcs)
and bs # |]
and Azs. [zs € YV; Jy€set zs. =(Fz'eset V. z' =T p y) A (Jz€set U. z
=T y); as # U]
= rank (rev V) < rank (rev xs)
shows rank (rev V) < rank (rev bs)

(proof)

lemma sublist-before-if-before:
assumes hd xs = root and forward zs and distinct xs
and sublist U zs and sublist V xs and before U V
shows Jas bs cs. as @ U @Q bs Q V Q ¢s = wxs

(proof)

lemma forward-UV-lists-subset:

{z. set © = X A distinct x A take 1 © = [r] A forward z N (Vas € Y. sublist s
)}

C {z. set x = X A distinct z}

(proof )

lemma forward-UV-lists-finite:
finite xs
= finite {x. set x = xs A distinct © A take 1 x = [r] A forward x N (Vzs €
Y. sublist zs )}
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{proof)

lemma forward-UV-lists-arg-min-ex-auz:
[finite ys; ys # {};
ys = {x. set x = zs A distinct © N take 1 x = [r] A forward z N (Vas € Y.
sublist zs z)}]
= Jyecys. Vze ys. (f:'alist = real) y < fz
(proof)

lemma forward-UV-lists-arg-min-ex:
[finite xs; ys # {};
ys = {x. set x = zs A distinct © A take 1 x = [r] A forward z N (Vas € Y.
sublist zs z)}]
= Jyecys. Vzeys (f:'alist = real) y < fz

(proof)

lemma forward-UV-lists-argmin-ex’:
fixes f :: 'a list = real
assumes P = (Az. set x = X A distinct x A take 1 x = [r])
and Q = (Ays. P ys A forward ys N (Vazs € Y. sublist xs ys))
and dz. Q z
shows Jzs. @ zs A (Vas. Q as — fzs < fas)
(proof)

lemma forward-UV-lists-argmin-ex:
fixes [ :: 'a list = real
assumes Jz. fwd-sub r Y x
shows Jzs. fwd-sub r Y zs A (Vas. fwd-subr Y as — fzs < f as)

{proof)

lemma no-gap-if-contr-seq-fwd:
assumes asi rank root cost
andVas € Y. Vys € Y. zs = ys V set xs N set ys = {}
and Vas € Y. forward xs
and | ¢ YV
and finite Y
and U €Y
and V €Y
and before U V
and rank (rev V) < rank (rev U)
and Azs. [zs € Y; Jyeset zs. =(Fa'eset V. &' =T py) A (Jz€set U. z
=t py); as £ U]
= rank (rev V) < rank (rev xs)
and Jz. fwd-sub root Y x
shows 3 zs. fwd-sub root Y zs A sublist (UQV) zs
A (Vas. fwd-sub root Y as — cost (rev zs) < cost (rev as))

{(proof)

lemma combine-union-sets-alt:
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fixes X Y

defines Z =X U{z.z € Y AsetznJ(set * X) = {}}

assumes Vas € Y. Vys € Y. zs = ys V set zs N set ys = {}
and Vs € X. Vys € X. xs = ys V set zs N set ys = {}
shows Z = X U (Y — {z. set . N J(set ‘ X) # {}})

{proof)

lemma combine-union-sets-disjoint:
fixes X Y
defines Z =X U {z. 2 € Y AsetznJ(set * X) = {}}
assumes Vas € V. Vys € Y. zs = ys V set zs N set ys = {}
and Vas € X.Vys € X. zs = ys V set xs N set ys = {}
shows Vs € Z.Vys € Z. zs = ys V set zs N set ys = {}

{proof)

lemma combine-union-sets-set-subl-aux:
assumes Vs € Y. Vys € Y. zs = ys V set zs N set ys = {}
andVys € X.3U € V.3V € Y. UQV = ys
and z € (J(set ‘ Y)
shows z € [J(set ‘(X U{z. 2z € Y AsetznU(set ‘X)={}})

(proof)

lemma combine-union-sets-set-subl:
assumes Vzs € Y. Vys € Y. s = ys V set zs N set ys = {}
andVyse X. AU € Y. 3V € Y. UQV = ys
shows |J(set ‘YY) C U(set ‘(X U{z. 2z € Y AsetznJ(set “X)={}})

{proof)

lemma combine-union-sets-set-sub2:
assumes Vys € X. 3U € Y. IV e Y. UQV = ys
shows |J(set * (X U{z. 2 € Y AsetanNJ(set ‘X)={}}) CU(set ‘Y)

(proof)

lemma combine-union-sets-set-eq:
assumes Vas € Y. Vys € Y. zs = ys V set zs N set ys = {}
andVyse X.dU € Y. 3V e Y. UQV = ys
shows |J(set ‘(X U{z.z € Y AsetanN J(set ‘X)={}})) =U(set °Y)

{proof)

lemma combine-union-sets-sublists:
assumes sublist x ys
andVzs € X U{z. 2 € Y A setz N (set * X) = {}}. sublist xs ys
and xs € insert t X U {zs. xs € Y A set s N |J (set * (insert z X)) = {}}
shows sublist zs ys

(proof )
lemma combine-union-sets-optimal-cost:

assumes asi rank root cost
and Vzs € V. Vys € Y. zs = ys V set xs N set ys = {}
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and Vzs € Y. forward s
and [| ¢ YV
and finite Y
and Jz. fwd-sub root Y x
andVys e X.3U € Y. 3V € Y. UQV = ys A before UV A rank (rev V)
< rank (rev U)
AN (Vas € Y. (Jyeset zs. ~(Fa'eset V. z' =T py) A (Jz€set U. z =T p
y) N s # U)
— rank (rev V) < rank (rev xs))
and Vs € X.Vys € X. xs = ys V set xs N set ys = {}
and Vzs € X. Vys € X. zs = ys V ~(Faz€set zs. Fyeset ys. z »T p y)
and finite X
shows 3 zs. fwd-sub root (X U{z. z € Y Asetz N J(set ‘X)={}}) zs
A (Vas. fwd-sub root Y as — cost (rev zs) < cost (rev as))

(proof)

lemma bs-ge-if-geV:
assumes asi rank r cost
andVzs € Y. Vys € Y. xs = ys V set zs N set ys = {}
and Vzs € Y. forward zs
and [| ¢ YV
and finite YV
and U € Y
and V€Y
and distinct (asQU@QbsQ VQcs)
and set (asQU@Qbs@QV@Qcs) = |J(set  Y)
and Vs € Y. sublist xs (asQUQbsQ VQcs)
and take 1 (asQU@QbsQVQcs) = [r]
and bs # []
and Vs € Y. xs # U — rank (rev V) < rank (rev zs)
shows rank (rev V) < rank (rev bs)

(proof)

lemma no-gap-if-geV:
assumes asi rank root cost
andVzs € Y. Vys € Y. xs = ys V set zs N set ys = {}
and Vs € Y. forward zs
and | ¢ YV
and finite Y
and U € Y
and V € Y
and before U V
and Vs € Y. zs # U — rank (rev V) < rank (rev xs)
and Jz. fwd-sub root Y x
shows 3 zs. fwd-sub root Y zs A sublist (UQV) zs
A (Vas. fwd-sub root Y as — cost (rev zs) < cost (rev as))

{(proof)

lemma app-UV-set-optimal-cost:
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assumes asi rank root cost
andVas € Y. Vys € Y. zs = ys V set xs N set ys = {}
and Vzs € Y. forward xzs
and [ ¢ YV
and finite Y
and U € Y
and V €Y
and before U V
and Vs € Y. xs # U — rank (rev V) < rank (rev zs)
and Jz. fwd-sub root Y x
shows Jzs. fwd-sub root {UQV}Y U {z. 2 € YAz A UANz# V}) zs
A (Yas. fwd-sub root Y as — cost (rev zs) < cost (rev as))

(proof)
end

context tree-query-graph
begin

lemma no-cross-ldeep-rev-if-forward:

assumes zs # [| and r € verts G and directed-tree.forward (dir-tree-r r) (rev
xs)

shows no-cross-products (create-ldeep-rev xs)
(proof)

lemma no-cross-ldeep-if-forward:
[xs # [); r € verts G; directed-tree.forward (dir-tree-r r) xs]
= no-cross-products (create-ldeep xs)

{proof)

lemma no-cross-ldeep-if-forward’:
[set xs = verts G; r € verts G; directed-tree.forward (dir-tree-r r) xs]
= no-cross-products (create-ldeep xs)

{proof)

lemma forward-if-ldeep-rev-no-cross:
assumes r € verts G and no-cross-products (create-ldeep-rev xs)
and hd (rev zs) = r and distinct xs
shows directed-tree.forward-arcs (dir-tree-r r) xs

(proof)

lemma forward-if-ldeep-no-cross:
[r € verts G; no-cross-products (create-ldeep xs); hd xs = r; distinct xs]
= directed-tree.forward (dir-tree-r r) xs

(proof)
lemma no-cross-ldeep-iff-forward:

[xs # [|; r € verts G; hd zs = r; distinct zs]
= no-cross-products (create-ldeep zs) «— directed-tree.forward (dir-tree-r r)
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zs
{proof)

lemma no-cross-if-fwd-ldeep:
[r € verts G; left-deep t; directed-tree.forward (dir-tree-r r) (inorder t)]
= no-cross-products t

{proof)

lemma forward-if-ldeep-no-cross’”:
[first-node t € verts G; distinct-relations t; left-deep t; no-cross-products t]
= directed-tree.forward (dir-tree-r (first-node t)) (inorder t)

{proof)

lemma no-cross-iff-forward-ldeep:
[first-node t € verts G; distinct-relations t; left-deep ]
= no-cross-products t <+— directed-tree.forward (dir-tree-r (first-node t))
(inorder t)

{proof)

lemma sublist-before-if-before:
assumes hd zs = r and no-cross-products (create-ldeep zs) and r € verts G and
distinct xs
and sublist U zs and sublist V zs and directed-tree.before (dir-tree-r r) U V
shows Jas bs cs. as @ U Q bs @ V Q ¢s = zs

{proof)

lemma nocross-UV-lists-subset:
{z. set x = X A distinct x A take 1 x = [r]
A no-cross-products (create-ldeep ©) N (Yas € Y. sublist zs x)}
C {z. set x = X A distinct z}

(proof)

lemma nocross-UV-lists-finite:
finite xs
= finite {z. set x = xs A distinct A take 1 z = [r]
A no-cross-products (create-ldeep x) A (Vs € Y. sublist xs x)}

(proof)

lemma nocross-UV-lists-arg-min-ex-auz:
[finite ys; ys # {};
ys = {z. set x = xs A distinct x A take 1 x = [r]
A no-cross-products (create-ldeep ©) A (Vxs € Y. sublist zs )}]
= dyecys.Vz e ys. (f::'alist = real) y < fz
(proof)

lemma nocross-UV-lists-arg-min-ex:

Lfinite s; ys # {};
ys = {x. set x = xs A distinct x A take 1 x = [r]
A no-cross-products (create-ldeep ©) A (Yxs € Y. sublist zs x)}]
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= dye€ys. Vz e ys. (f::'alist = real) y < fz
{proof )

lemma nocross-UV-lists-argmin-ex:
fixes [ :: 'a list = real
assumes P = (\z. set z = X A distinct © N\ take 1 z = [r])
and @ = (Ays. P ys A no-cross-products (create-ldeep ys) N (Vas € Y. sublist

75 45))
and dz. Q x
shows Jzs. Q zs A (Vas. Q as — fzs < fas)
(proof)

lemma no-gap-if-contr-seq:
fixes Yr
defines X = J(set ‘ Y)
defines P = (Ays. set ys = X A distinct ys A take 1 ys = [r])
defines Q = (Ays. P ys A no-cross-products (create-ldeep ys) A (Vs € Y. sublist
s y3))
assumes asi rank r ¢
and Vs € Y. Vys € Y. xs = ys V set zs N set ys = {}
and Vs € Y. directed-tree.forward (dir-tree-r r) xs
and [| ¢ YV
and finite Y
and U € Y
and V ¢ Y
and r € verts G
and directed-tree.before (dir-tree-r r) UV
and rank (rev V) < rank (rev U)
and Azs. [zs € YV; Jyeset zs. ~(Iz'eset V. 2" > girpreer r Y)
A (zeset U. 2 =7 girpreer r Y); 28 # U]
= rank (rev V) < rank (rev xs)
and dz. Q z
shows Jzs. Q zs A sublist (UQV) zs A (Vas. Q as — ¢ (rev zs) < ¢ (rev as))

(proof)

end

10.3 Arc Invariants

function path-lverts :: ('a list,’b) ditree = 'a = 'a set where

path-lverts (Node r {|(t,e)|}) z = (if © € set r then {} else set r U path-lverts t
)
| V. zs # {|z|} = path-lverts (Node r zs) x = (if € set r then {} else set 1)

{proof)
termination (proof)

definition path-lverts-list :: (‘a list x 'b) list = 'a = 'a set where
path-lverts-list xs © = (|J (¢,e)€ set (takeWhile (A(t,e). = ¢ set t) xs). set t)
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definition dom-children :: ('a list,’b) dtree = ('a,’d) pre-digraph = bool where
dom-children t1 T = (Vt € fst * fset (sucs t1). YV € dverts t.
dr € set (root t1) U path-lverts t (hd ). r — 7 hd x)

abbreviation children-degl :: (('a,’d) dtree x 'b) fset = (('a,’d) diree x 'b) set
where
children-degl zs = {(t,e). (t,e) € fset xs A\ maz-deg t < 1}

lemma path-lverts-subset-dlverts: path-lverts t © C dlverts t
(proof )

lemma path-lverts-to-list-eq:
path-lverts t © = path-lverts-list (dtree-to-list (Node 0 {|(t,e)|})) =
{proof)

lemma path-lverts-from-list-eq:
path-lverts (dtree-from-list 0 ys) x = path-lverts-list ((r0,e0)#ys) x
{proof)

lemma path-lverts-child-union-root-sub:

assumes t2 € fst  fset (sucs t1)

shows path-lverts t1 x C set (root t1) U path-lverts t2
(proof)

lemma path-lverts-simpsI-sucs:
[x ¢ set (root t1); sucs t1 = {|(t2,e2)|}]
= set (root t1) U path-lverts t2 © = path-lverts t1 x
(proof)

lemma subtree-path-lverts-sub:
[wf-dlverts t1; maz-deg t1 < 1; is-subtree (Node r xs) t1; t2 € fst  fset xs; rEset
(root t2)]
= set r C path-lverts t1 z

(proof)

lemma path-lverts-empty-if-roothd:
assumes root t # [|
shows path-lverts t (hd (root t)) = {}

(proof)

lemma path-lverts-subset-root-if-childhd:
assumes t1 € fst ¢ fset (sucs t) and root t1 # ||
shows path-lverts t (hd (root t1)) C set (root t)
(proof)

lemma path-lverts-list-merge-supset-xs-notin:
Vv € fst “set ys. a ¢ set v
= path-lverts-list xs a C path-lverts-list (Sorting-Algorithms.merge cmp xs ys)
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(proof)

lemma path-lverts-list-merge-supset-ys-notin:
Vv € fst “setxs. a¢ setv
= path-lverts-list ys a C path-lverts-list (Sorting-Algorithms.merge cmp s ys)
a
(proof)

lemma path-lverts-list-merge-supset-xs:
[Fv € fst ‘setas. a € set v; Vol € fst ‘ set xs. V2 € fst “ set ys. set vl N set
v2 = {}]
= path-lverts-list xs a C path-lverts-list (Sorting-Algorithms.merge cmp xs ys)
a

{proof)

lemma path-lverts-list-merge-supset-ys:
[Bv e fst ‘setys. ac€ setv; Yol € fst ‘ set xs. Vv2 € fst © set ys. set vl N set
v2 = {}]
= path-lverts-list ys a C path-lverts-list (Sorting-Algorithms.merge cmp xs ys)
a
(proof )

lemma dom-children-if-all-singletons:

V (t1,el) € fset xs. dom-children (Node r {|(t1, el)|}) T = dom-children (Node
ras) T

(proof)

lemma dom-children-all-singletons:
[dom-children (Node r xs) T; (t1,el) € fset xs] = dom-children (Node r {|(t1,

el)[}) T
(proof)

lemma dom-children-all-singletons':
[dom-children (Node r zs) T; t1€ fst ¢ fset zs] = dom-children (Node r {|(¢1,

el)[}) T
(proof )

lemma root-arc-if-dom-root-child-nempty:
[dom-children (Node r xs) T; t1 € fst ‘ fset xs; root t1 # ]]
= Juzeset r. Jyeset (root t1). x =y

{proof)

lemma root-arc-if-dom-root-child-wfdlverts:
[dom-children (Node r xs) T; t1 € fst ¢ fset xs; wf-dlverts t1]
= Juzeset r. Jyeset (root t1). x —py

{proof)

lemma root-arc-if-dom-wfdlverts:
[dom-children (Node r zs) T; t1 € fst ¢ fset zs; wf-dlverts (Node r xs)]
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= Juzeset r. Jyeset (root t1). x —py
{proof)

lemma children-deg1-sub-zs: {(t,e). (t,e) € fset zs A maz-deg t < 1} C (fset xs)
(proof)

lemma finite-children-degl: finite {(t,e). (t,e) € fset xs N max-deg t < 1}
(proof )

lemma finite-children-degl’: {(t,e). (t,e) € fset xs A\ maz-deg t < 1} € {A. finite
A}
{proof)

lemma children-deg1-fset-id[simp]: fset (Abs-fset (children-degl xs)) = children-deg1
]
(proof )

lemma zs-sub-children-degl: Yt € fst ‘ fset xs. max-deg t < 1 = (fset zs) C
children-degl ws

{proof)

lemma children-deg1-full:
Vit € fst‘ fset zs. max-deg t < 1 = (Abs-fset (children-degl xs)) = xs
(proof )

locale ranked-dtree-with-orig = ranked-dtree t rank cmp + directed-tree T root
for ¢ :: ('a list, 'b) diree and rank cost cmp and T :: (‘a, 'b) pre-digraph and
root +
assumes asi-rank: asi rank root cost
and dom-mdeg-gt1:
[is-subtree (Node r xs) t; t1 € fst * fset xs; maz-deg (Node r zs) > 1]
= Jv € set r. v —p hd (Dtree.root t1)
and dom-sub-contr:
[is-subtree (Node r zs) t; t1 € fst * fset xs;
Ju t2 e2. is-subtree (Node v {|(t2,e2)|}) (Node r xs) A rank (rev (Dtree.root
t2)) < rank (rev v)]
= Jv € set r. v —p hd (Dtree.root t1)
and dom-contr:
[is-subtree (Node r {|(t1,e1)|}) t; rank (rev (Dtree.root t1)) < rank (rev r);
maz-deg (Node r {|(t1,e1)|}) = 1]
= dom-children (Node r {|(t1,e1)|}) T
and dom-wedge:
[is-subtree (Node r xs) t; feard zs > 1]
= dom-children (Node r (Abs-fset (children-degl zs))) T
and arc-in-dlverts:
[is-subtree (Node r zs) t; x € set r; x —p y] = y € dlverts (Node r zs)
and verts-conform: v € dverts t => seq-conform v
and verts-distinct: v € dverts t => distinct v
begin
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lemma dom-contr':
[is-subtree (Node r {|(t1,e1)|}) t; rank (rev (Dtree.root t1)) < rank (rev r);
maz-deg (Node r {|(t1,e1)|}) < 1]
= dom-children (Node r {|(t1,el)|}) T

{proof)

lemma dom-self-contr:
[és-subtree (Node r {|(t1,e1)|}) t; rank (rev (Dtree.root t1)) < rank (rev r)]
= v € set r. v = hd (Dtree.root t1)

(proof)

lemma dom-wedge-full:
[is-subtree (Node r xs) t; feard xs > 1;Vt € fst * fset xs. max-deg t < 1]
= dom-children (Node r zs) T

(proof)

lemma dom-wedge-singleton:
[és-subtree (Node 1 xs) t; feard xs > 1; t1 € fst * fset xs; maz-deg t1 < 1]
= dom-children (Node r {|(t1,el)|}) T
(proof )

lemma arc-to-dverts-in-subtree:
[is-subtree (Node r zs) t; x € set r; x —p y; y € set v; v € dverts {]
= v € dverts (Node 1 xs)

(proof)

lemma dlverts-arc-in-dlverts:
[is-subtree t1 t; x —p y; x € dlverts t1] = y € dlverts t1

(proof)

lemma dverts-arc-in-dlverts:
[is-subtree t1 t; vl € dverts t1; x € set vl; x =7 y] = y € dlverts t1

{proof)

lemma dverts-arc-in-dverts:

assumes is-subtree t1 t
and vl € dverts t1
and z € set vl
and z =7y
and y € set v2
and v2 € dverts t

shows v2 € dverts t1

(proof)

lemma dlverts-reachi-in-dlverts:
[z =1 y; is-subtree t1 t; z € dlverts t1] = y € dlverts t1

(proof)
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lemma dlverts-reach-in-dlverts:
[z —=*p y; is-subtree t1 t; x € dlverts t1] = y € dlverts t1

{proof)

lemma dverts-reachl-in-dlverts:
is-subtree t1 t; vl € dverts t1; z € set vi; z =T y] = y € dlverts t1
T

{proof)

lemma dverts-reach-in-dlverts:
[is-subtree t1 t; v1 € dverts t1; x € set v1; x —*p y] = y € dlverts t1

(proof)

lemma dverts-reachl-in-dverts:
is-subtree t1 t; vl € dverts t1; x € set vl; x —T 1 y; y € set v2; v2 € dverts t
T
= v2 € dverts t1

(proof)

lemma dverts-same-if-set-subtree:
[is-subtree t1 t; v1 € dverts t1; © € set vl; x € set v2; v2 € dverts t] = vl =
v2

(proof)

lemma dverts-reach-in-dverts:
is-subtree t1 t; vl € dverts t1; x € set vl; x =" 7 y; y € set v2; v2 € dverts t
T
= v2 € dverts t1

(proof)

lemma dverts-reachi-in-dverts-root:
[is-subtree t1 t; v € dverts t; 3x€set (Diree.root t1). Jyeset v. © =1 7 y]
= v € dverts t1

(proof)

lemma dverts-reachl-in-dverts-r:
[is-subtree (Node r xs) t; v € dverts t; Jz€set r. Jyeset v. =1 7 1]
= v € dverts (Node 1 xs)

{proof)

lemma dom-mdeg-gt1-subtree:
[is-subtree tn t; is-subtree (Node r xs) tn; t1 € fst © fset xs; maz-deg (Node r xs)
> 1]
= Jv € set r. v = hd (Dtree.root t1)
(proof )

lemma dom-sub-contr-subtree:
[is-subtree tn t; is-subtree (Node r xs) tn; t1 € fst  fset xs;
Ju t2 e2. is-subtree (Node v {|(t2,e2)|}) (Node r xs) A rank (rev (Diree.root
t2)) < rank (rev v)]
= v € set r. v = hd (Dtree.root t1)

{proof)
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lemma dom-contr-subtree:
[is-subtree tn t; is-subtree (Node r {|(t1,el)|}) tn; rank (rev (Diree.root t1)) <
rank (rev r);
maz-deg (Node r {|(t1,e1)|}) = ]
= dom-children (Node r {|(t1,e1)|}) T
{proof )

lemma dom-wedge-subtree:
[és-subtree tn t; is-subtree (Node r xs) tn; fecard xs > 1]
= dom-children (Node r (Abs-fset (children-degl xs))) T

{proof)

corollary dom-wedge-subtree’:
is-subtree tn t =V r xs. is-subtree (Node r xs) tn — feard xs > 1
— dom-children (Node r (Abs-fset {(t, e). (t, €) € fset zs N maz-deg t < Suc
0}) T
{proof)

lemma dom-wedge-full-subtree:
[is-subtree tn t; is-subtree (Node r xs) tn; fecard xs > 1; V't € fst * fset xs. maz-deg
t< 1]
= dom-children (Node r zs) T
(proof)

lemma arc-in-dlverts-subtree:
is-subtree tn t; is-subtree (Node r xs) tn; © € set r; x —p y] = y € dlverts
T
(Node r xs)

{proof)

corollary arc-in-dlverts-subtree’:
is-subtree tn t => V' r xs. is-subtree (Node r xs) tn — (Vz. z € set r
— Vy.z =py — y € setrV (Icefset xs. y € dlverts (fst c))))

{proof)

lemma verts-conform-subtree: [is-subtree tn t; v € dverts tn] = seq-conform v
(proof )

lemma verts-distinct-subtree: [is-subtree tn t; v € dverts tn] = distinct v
{proof)

lemma ranked-dtree-orig-subtree: is-subtree x t = ranked-dtree-with-orig x rank
cost cmp T root

{proof)

corollary ranked-dtree-orig-rec:
[Node r zs = t; (z,e) € fset xs] = ranked-dtree-with-orig x rank cost cmp T root

(proof)
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lemma child-disjoint-root:
[is-subtree (Node r xs) t; t1 € fst ¢ fset xs] = set r N set (Dtree.root t1) = {}
{proof)

lemma distint-verts-subtree:
assumes is-subtree (Node r xs) t and t1 € fst * fset xs
shows distinct (r @ Ditree.root t1)

(proof)

corollary distint-verts-singleton-subtree:
is-subtree (Node r {|(t1,e1)|}) t = distinct (r @Q Dtree.root t1)
(proof)

lemma dom-between-child-roots:

assumes is-subtree (Node r {|(t1,e1)|}) t and rank (rev (Dtree.root t1)) < rank
(rev )

shows Jze€set r. Jyeset (Dtree.root t1). x — 7y

{proof)

lemma contr-before:

assumes is-subtree (Node r {|(t1,e1)|}) t and rank (rev (Dtree.root t1)) < rank
(rev )

shows before r (Dtree.root t1)

(proof)

lemma contr-forward:

assumes is-subtree (Node r {|(t1,e1)|}) t and rank (rev (Dtree.root t1)) < rank
(rev )

shows forward (r@QDtree.root t1)

(proof)

lemma contr-seg-conform:
[is-subtree (Node r {|(t1,e1)|}) t; rank (rev (Dtree.root t1)) < rank (rev )]
= segq-conform (r @Q Ditree.root t1)

{proof)

lemma verts-forward: ¥ v € dverts t. forward v
(proof)

lemma dverts-reachablel-if-dom-children-aux-root:
assumes YV vedverts (Node r xs). Jz€set r0 U X U path-lverts (Node r xs) (hd
v). z —phdv
and VyeX. Jzcset r0. z -1 py
and forward r
shows Vyeset r. Jz€set 0. z - py

(proof)

lemma dverts-reachablel-if-dom-children-aux:
[V vedverts t1. 3xeset r0 U X U path-lverts t1 (hd v). x — 7 hd v;
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VyeX. Fxeset r0. x =T p y; Vuedverts t1. forward v; vedverts t1]
= Vycset v. Jz€set 0. z >y

(proof)

lemma dlverts-reachablel-if-dom-children-auz:
[V vedverts t1. 3xcset r U X U path-lverts t1 (hd v). x —p hd v;
VyeX. Fxeset r. x =T p y; Yoedverts t1. forward v; yEdlverts t1]
= Jzesetr.z >t py

{proof)

lemma dverts-reachable1-if-dom-children:

assumes dom-children t1 T and v € dverts t1 and v # Dtree.root t1 and
Y vEdverts t1. forward v

shows V y€set v. Jz€set (Diree.root t1). z =Ty

(proof)

lemma subtree-dverts-reachablel-if-mdeg-gt1:
[is-subtree t1 t; maz-deg t1 > 1; v € dverts t1; v # Diree.root t1]
= Vy€eset v. Jz€set (Dtree.root t1). & =T py

(proof)

lemma subtree-dverts-reachablel-if-mdeg-gt1-singleton:
assumes is-subtree (Node r {|(t1,e1)|}) t
and maz-deg (Node r {|(t1,e1)|}) > 1
and v € dverts t1
and v # Dtree.root t1
shows V yeset v. Jz€set (Diree.root t1). z =T py

(proof)

lemma subtree-dverts-reachablel-if-mdeg-lel-subconitr:
[is-subtree t1 t; maz-deg t1 < 1; is-subtree (Node v2 {|(t2,e2)|}) t1;
rank (rev (Dtree.root t2)) < rank (rev v2); v € dverts t1; v # Dtree.root t1]
= Vy€Eset v. Jz€set (Dtree.root t1). z =T py

(proof)

lemma subtree-y-reach-if-mdeg-gt1-notroot-reach:
assumes is-subtree (Node r {|(t1,el)|}) t
and max-deg (Node r {|(t1,e1)|}) > 1
and v # r
and v € dverts t
and v # Diree.root t1
and y € setv
and Jz€set .z =T py
shows Jz’eset (Dtree.root t1). ' =ty

(proof)

lemma subtree-eqroot-if-mdeg-gt1-reach:
[is-subtree (Node r {|(t1,e1)|}) t; maz-deg (Node r {|(t1,e1)|}) > 1; v € dverts
t.

)
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Jyeset v. ~(Fz'Eset (Dtree.root t1). z' =T py) A (Jz€set r. x =T p y); v #

r]
— Dtree.root t1 = v
(proof)

lemma subtree-rank-ge-if-mdeg-gt1-reach:
[is-subtree (Node r {|(t1,e1)|}) t; maz-deg (Node r {|(t1,el)|}) > 1; v € dverts
3

]
= rank (rev (Dtree.root t1)) < rank (rev v)
(proof)

Jyeset v. ~(Fz'Eset (Dtree.root t1). z' =T py) A (Ja€set r. x =1 py); v #

lemma subtree-y-reach-if-mdeg-le1-notroot-subcontr:
assumes is-subtree (Node r {|(t1,e1)|}) t
and maz-deg (Node r {|(t1,e1)|}) < 1
and is-subtree (Node v2 {|(t2,e2)|}) t1
and rank (rev (Diree.root t2)) < rank (rev v2)
and v # r
and v € dverts t
and v # Dtree.root t1
and y € set v
and Jzeset .z =T py
shows Jz’eset (Dtree.root t1). ' =ty

(proof)

lemma rank-ge-if-mdeg-le1-dvert-nocontr:
assumes maz-deg t1 < 1
and A v2 t2 e2. is-subtree (Node v2 {|(t2,e2)|}) t1 A rank (rev (Dtree.root
t2)) < rank (rev v2)
and v € dverts t1
shows rank (rev (Dtree.root t1)) < rank (rev v)

(proof)

lemma subtree-rank-ge-if-mdeg-le1-nocontr:
assumes is-subtree (Node r {|(t1,el)|}) t
and maz-deg (Node r {|(t1,e1)|}) < 1
and B v2 t2 e2. is-subtree (Node v2 {|(t2,e2)|}) t1 A rank (rev (Dtree.root
t2)) < rank (rev v2)
and v # r
and v € dverts t
and y € setv
and Jz€set .z =T py
shows rank (rev (Dtree.root t1)) < rank (rev v)

(proof)
lemma subtree-rank-ge-if-mdeg-lel .

[is-subtree (Node r {|(t1,e1)|}) t; max-deg (Node r {|(t1,e1)|}) < 1; v # 13
v € dverts t; y € set v; z€set r. x =+ py; ~(Iz'Eset (Diree.root t1). ' = p
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y)]

= rank (rev (Dtree.root t1)) < rank (rev v)
{proof)

lemma subtree-rank-ge-if-mdeg-lel:
[is-subtree (Node r {|(t1,e1)|}) t; max-deg (Node r {|(t1,e1)|}) < 1; v # 13
v € dverts t; y € set v. ~(Iz'Eset (Dtree.root t1). ' =T 1 y) A (FzEset r.

z ="yl
= rank (rev (Dtree.root t1)) < rank (rev v)

(proof)

lemma subtree-rank-ge-if-reach:
[is-subtree (Node r {|(t1,e1)|}) t; v # r; v € dverts &;
Jy € set v. ~(Fz'eset (Dtree.root t1). z' =+ py) A (Jz€set r. z =1 7 y)]
= rank (rev (Dtree.root t1)) < rank (rev v)

(proof)

lemma subtree-rank-ge-if-reach’:
is-subtree (Node r {|(t1,el)|}) t = Vv € dverts t.
(Jyeset v. = (Fz’eset (Diree.root t1). z' =T py) A (Fz€set r. z =1 p y) A
v #£T)
— rank (rev (Dtree.root t1)) < rank (rev v)
{proof )

10.3.1 Normalizing preserves Arc Invariants

lemma normalizel-mdeg-le: max-deg (normalizel t1) < maz-deg t1
(proof )

lemma normalizel-mdeg-eq:
wf-dares t1
= maz-deg (normalizel t1) = maz-deg t1 V (maz-deg (normalizel t1) = 0 A
maz-deg t1 = 1)
(proof)

lemma normalizel-mdeg-eq’:
wf-dlverts t1
= maz-deg (normalizel t1) = maz-deg t1 V (max-deg (normalizel t1) = 0 A
maz-deg t1 = 1)
(proo)

lemma normalizel-dom-mdeg-gt1:
[is-subtree (Node r zs) (normalizel t); t1 € fst * fset xs; maz-deg (Node r xs) >

1]

= Jwv € set r. v = hd (Dtree.root t1)
(proof)

lemma child-contr-if-new-contr:
assumes —rank (rev (Dtree.root t1)) < rank (rev r)
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and rank (rev (Dtree.root (normalizel t1))) < rank (rev r)
shows 312 e2. sucs t1 = {|(t2,e2)|} A rank (rev (Dtree.root t2)) < rank (rev
(Dtree.root t1))

(proof)

lemma sub-contr-if-new-contr:
assumes —rank (rev (Dtree.root t1)) < rank (rev r)
and rank (rev (Dtree.root (normalizel t1))) < rank (rev r)
shows Jv t2 e2. is-subtree (Node v {|(t2,e2)|}) t1 A rank (rev (Dtree.root t2))
< rank (rev v)

(proof)

lemma normalizel-subtree-same-hd:
[és-subtree (Node v {|(t1,e1)|}) (normalizel t)]

= 3t3 e3. (is-subtree (Node v {|(t3,e3)|}) t A hd (Dtree.root t1) = hd
(Dtree.root t3))

V (3v2. v = v2 @ Dtree.root t3 A sucs t3 = {|(t1,el)|}

A is-subtree (Node v2 {|(t3,e3)|}) t A rank (rev (Dtree.root t3)) < rank (rev

v2))
(proof)

lemma normalizel-dom-sub-contr:
[is-subtree (Node r xs) (normalizel t); t1 € fst  fset zs;
Ju t2 e2. is-subtree (Node v {|(t2,e2)|}) (Node r xs) A rank (rev (Diree.root
t2)) < rank (rev v)]
= v € set r. v = hd (Dtree.root t1)

(proof)

lemma dom-children-combine-auz:
assumes dom-children (Node r {|(t1, el)|}) T
and 12 € fst ‘ fset (sucs t1)
and z € dverts t2
shows Jv € set (r @ Diree.root t1) U path-lverts t2 (hd z). v —p (hd )

{proof)

lemma dom-children-combine:

dom-children (Node r {|(t1, el)|}) T = dom-children (Node (r@QDtree.root t1)
(sucs t1)) T

{proof )

lemma path-lverts-normalizel-sub:
[wf-dlverts t1; x € dverts (normalizel t1); max-deg (normalizel t1) < 1]
= path-lverts t1 (hd ) C path-lverts (normalizel t1) (hd x)

(proof)

lemma dom-children-normalizel-aux-1:
assumes dom-children (Node r {|(t1, e1)|}) T
and sucs t1 = {|(t2,e2)|}
and wf-dlverts t1
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and normalizel t1 = Node (Dtree.root t1 @ Dtree.root t2) (sucs t2)
and maz-deg t1 = 1
and z € dverts (normalizel t1)

shows Jv € set r U path-lverts (normalizel t1) (hd z). v =7 (hd )

(proof)

lemma dom-children-normalizel-1:
[dom-children (Node r {|(t1, e1)|}) T; sucs t1 = {|(t2,e2)|}; wf-dlverts t1;
normalizel t1 = Node (Dtree.root t1 @ Dtree.root t2) (sucs t2); maz-deg t1 =
1]
= dom-children (Node r {|(normalizel t1, el)|}) T

{proof)

lemma dom-children-normalizel-aux:
assumes Vzedverts t1. Jv € set 0 U path-lverts t1 (hd ). v —p hd
and wf-dlverts t1
and maz-deg t1 < 1
and z € dverts (normalizel t1)
shows Jv € set 10 U path-lverts (normalizel t1) (hd z). v = (hd z)

(proof)

lemma dom-children-normalizel:
[dom-children (Node r0 {|(t1,e1)|}) T; wf-dlverts t1; maz-deg t1 < 1]
= dom-children (Node r0 {|(normalizel t1,el)|}) T

{proof)

lemma dom-children-child-self-auz:
assumes dom-children t1 T
and sucs t1 = {|(t2, e2)|}
and rank (rev (Dtree.root t2)) < rank (rev (Dtree.root t1))
and ¢ = Node r {|(t1, el)|}
and z € dverts t1
shows v € set r U path-lverts t1 (hd z). v —p hd

(proof)

lemma dom-children-child-self:
assumes dom-children t1 T
and sucs t1 = {|(t2, e2)|}
and rank (rev (Diree.root t2)) < rank (rev (Dtree.root t1))
and ¢t = Node r {|(t1, el1)|}
shows dom-children (Node r {|(t1, el)|}) T

(proof )

lemma normalizel-dom-contr:
[is-subtree (Node r {|(t1,e1)|}) (normalizel t); rank (rev (Diree.root t1)) < rank
(rev r);
maz-deg (Node r {|(t1,e1)|}) = 1]
= dom-children (Node r {|(t1,el)|}) T

(proof)
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lemma dom-children-normalizel-img-full:
assumes dom-children (Node r zs) T
and Y (t1,el) € fset xs. wf-dlverts t1
and V (t1,el) € fset xs. maz-deg t1 < 1
shows dom-children (Node v ((\(t1,el). (normalizel t1,e1)) || zs)) T
(proof)

lemma children-degl-normalizel-sub:
(A(t1,el). (normalizel t1,e1)) ¢ children-degl xs
C children-degl ((A(t1,el). (normalizel t1,el)) | zs)
(proof)

lemma normalizel-children-deg1-sub-if-wfarcs:
V (t1,el)Efset xs. wf-darcs t1
= children-degl ((A(t1,el). (normalizel t1,e1)) | xs)
C (A(t1,el). (normalizel t1,el)) ¢ children-degl xs
(proof)

lemma normalizel-children-deg1-eq-if-wfarcs:
Y (t1,el)Efset xs. wf-darcs t1
= (A(t1,el). (normalizel t1,el)) * children-degl xs
= children-degl ((A\(t1,el). (normalizel t1,el)) || zs)
(proof)

lemma normalizel-children-deg1-sub-if-wflverts:
Y (t1,el)€efset xs. wf-dlverts t1
= children-degl ((A(t1,el). (normalizel t1,e1)) || xs)
C (M(t1,el). (normalizel t1,e1)) ‘ children-degl zs
{proof)

lemma normalizel-children-deg1-eq-if-wflverts:
Y (t1,el)€efset xs. wf-dlverts t1
= (A\(t1,el). (normalizel t1,el)) * children-degl zs
= children-degl ((A(t1,el). (normalizel t1,e1)) || zs)
{proof)

lemma dom-children-normalizel-img:
assumes dom-children (Node r (Abs-fset (children-degl zs))) T
and V (t1,el) € fset xs. wf-dlverts t1
shows dom-children (Node r (Abs-fset (children-degl ((A(t1,el). (normalizel
t1,e1)) |1 2s)))) T
(proof)

lemma normalizel-dom-wedge:
[és-subtree (Node r zs) (normalizel t); feard zs > 1]
= dom-children (Node r (Abs-fset (children-deg! xs))) T

(proof)
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corollary normalizel-dom-wedge’:
V1 xs. is-subtree (Node r xs) (normalizel t) — feard s > 1
— dom-children (Node r (Abs-fset {(t, e). (¢, e) € fset zs A maz-deg t < Suc
0})) T

(proof)

lemma normalizel-verts-conform: v € dverts (normalizel t) = seq-conform v
(proof)

corollary normalizel-verts-distinct: v € dverts (normalizel t) = distinct v
(proof)

lemma dom-mdeg-lel-aux:
assumes max-deg t < 1
and is-subtree (Node v {|(t2, e2)|}) t
and rank (rev (Dtree.root t2)) < rank (rev v)
and t1 € fst ‘ fset (sucs t)
and z € dverts t1
shows Jreset (Dtree.root t) U path-lverts t1 (hd z). 1 —p hd x

(proof)

lemma dom-mdeg-lel:
assumes mazx-deg t < 1
and is-subtree (Node v {|(t2, e2)|}) t
and rank (rev (Dtree.root t2)) < rank (rev v)
shows dom-children t T

{proof)

lemma dom-children-normalizel-preserv:

assumes maz-deg (normalizel t1) < 1 and dom-children t1 T and wf-dlverts
t1

shows dom-children (normalizel t1) T

(proof)

lemma dom-mdeg-lel-normalizel:
assumes maz-deg (normalizel t) < 1
shows dom-children (normalizel t) T

(proof)

and normalizel t # ¢

lemma normalize-mdeg-eq:
wf-dares t1
= maz-deg (normalize t1) = maz-deg t1 V (maz-deg (normalize t1) = 0 A
maz-deg t1 = 1)
(proof)

lemma normalize-mdeg-eq:
wf-dlverts t1
= maz-deg (normalize t1) = maz-deg t1 V (maz-deg (normalize t1) = 0 A
maz-deg t1 = 1)
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{proof)

corollary mdeg-lel-normalize:
[maz-deg (normalize t1) < 1; wf-dlverts t1] = maaz-deg t1 < 1
{proof)

lemma dom-children-normalize-preserv:
assumes maz-deg (normalize t1) < 1 and dom-children t1 T and wf-dlverts t1
shows dom-children (normalize t1) T

{(proof)

lemma dom-mdeg-lel-normalize:
assumes maz-deg (normalize t) < 1
shows dom-children (normalize t) T

(proof)

and normalize t # t

lemma normalizel-arc-in-dlverts:
[is-subtree (Node v ys) (normalizel t); © € set v;  —p y] = y € dlverts (Node

v ys)
(proof)

lemma normalizel-arc-in-dlverts”:
Y r xzs. is-subtree (Node r zs) (normalizel t) — (Vz. x € set r
— Vy.z =y — y € setrV (Jaefset zs. y € dlverts (fst x))))

{proof)

theorem ranked-dtree-orig-normalizel : ranked-dtree-with-orig (normalizel t) rank
cost cmp T root

{proof)

theorem ranked-dtree-orig-normalize: ranked-dtree-with-orig (normalize t) rank
cost cmp T root

(proof)

10.3.2 Merging preserves Arc Invariants

interpretation Comm: comp-fun-commute merge-f r s (proof)

lemma path-lverts-supset-z:
[list-dtree (Node r zs); V11 € fst * fset xs. a ¢ dlverts t1]
= path-lverts-list z a C path-lverts-list (ffold (merge-f r xs) z xs) a

(proof)
lemma path-lverts-merge-ffold-sup:

[list-dtree (Node r zs); t1 € fst * fset xs; a € dlverts t1]
= path-lverts t1 a C path-lverts-list (ffold (merge-f r zs) [| xs) a

(proof)

lemma path-lverts-merge-sup-aux:
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assumes list-diree (Node r xs) and t1 € fst ¢ fset xs and a € dlverts t1
and ffold (merge-f r zs) || zs = (v1, el) # ys
shows path-lverts t1 a C path-lverts (dtree-from-list v1 ys) a

(proof)

lemma path-lverts-merge-sup:
assumes list-diree (Node r xs) and t1 € fst ¢ fset xs and a € dlverts t1
shows 3t2 e2. merge (Node r xs) = Node r {|(t2,e2)|}
A path-lverts t1 a C path-lverts t2 a

{(proof)

lemma path-lverts-merge-sup-sucs:
assumes list-diree t0 and t1 € fst ‘ fset (sucs t0) and o € dlverts t1
shows 3t2 e2. merge t0 = Node (Dtree.root t0) {|(12,e2)|}
A path-lverts t1 a C path-lverts t2 a

(proof)

lemma merge-dom-children-aux:
assumes list-dtree t0
and Vzedverts t1. v € set (Dtree.root t0) U path-lverts t1 (hd z). v —p hd

T
and t1 € fst ¢ fset (sucs t0)
and wf-dlverts t1
and z € dverts t1
shows 3112 € fst * fset (sucs (merge t0)).
Jv € set (Dtree.root (merge t0)) U path-lverts t2 (hd z). v — (hd )
(proof )

lemma merge-dom-children-auz':
assumes dom-children t0 T
and Vi1 € fst ¢ fset (sucs t0). wf-dlverts t1
and 12 € fst ¢ fset (sucs (merge t0))
and z € dverts t2
shows Jveset (Dtree.root (merge t0)) U path-lverts t2 (hd z). v —p hd

(proof)

lemma merge-dom-children-sucs:
assumes dom-children t0 T and Vt1 € fst ‘ fset (sucs t0). wf-dlverts t1
shows dom-children (merge t0) T

{proof)

lemma merge-dom-children:
[dom-children (Node r zs) T; Vt1 € fst ¢ fset zs. wf-dlverts t1]
= dom-children (merge (Node r zs)) T

{proof)

lemma merge-dom-children-if-ndisjoint:
—list-dtree (Node r xs) => dom-children (merge (Node 1 xzs)) T

{proof)
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lemma merge-subtree-feard-lel: is-subtree (Node r xs) (merge t1) = feard xs <
1

{proof)

lemma merge-dom-mdeg-gt1:
[is-subtree (Node r zs) (merge t2); t1 € fst * fset xs; maz-deg (Node r xs) > 1]
= Jwv € set r. v = hd (Dtree.root t1)

{proof)

lemma merge-root-if-contr:
[Ar1 t2 e2. is-subtree (Node r1 {|(t2,e2)|}) t1 = rank (rev r1) < rank (rev
(Dtree.root t2));
is-subtree (Node v {|(t2,e2)|}) (merge t1); rank (rev (Dtree.root t2)) < rank
(rev v)]
= Node v {|(t2,e2)|} = merge t1
{proof )

lemma merge-new-contr-feard-gt1:
assumes Arl t2 e2. is-subtree (Node r1 {|(t2,e2)|}) t1 = rank (rev r1) <
rank (rev (Dtree.root t2))
and Node v {|(t2,e2)|} = (merge t1)
and rank (rev (Dtree.root 12)) < rank (rev v)
shows feard (sucs t1) > 1

(proof)

lemma merge-dom-sub-contr-if-nocontr:
assumes A1l t2 e2. is-subtree (Node r1 {|(12,e2)|}) t = rank (rev r1) < rank

(rev (Dtree.root t2))

and is-subtree (Node 1 zs) (merge t)

and t1 € fst ¢ fset zs

and Jv t2 e2. is-subtree (Node v {|(t2,e2)|}) (Node r xs)

A rank (rev (Dtree.root t2)) < rank (rev v)
shows v € set r. v —p hd (Dtree.root t1)

(proof)

lemma merge-dom-contr-if-nocontr-mdeg-lel :
assumes A1l t2 e2. is-subtree (Node r1 {|(t2,e2)|}) t = rank (rev r1) < rank

(rev (Dtree.root t2))

and is-subtree (Node r {|(t1,e1)|}) (merge t)

and rank (rev (Dtree.root t1)) < rank (rev r)

and V¢ € fst ¢ fset (sucs t). maz-deg t < 1

shows dom-children (Node r {|(t1,e1)|}) T

(proof)

lemma merge-dom-wedge:
[is-subtree (Node r xs) (merge t1); feard xs > 1; V't € fst * fset xs. maz-deg t <

1

= dom-children (Node r zs) T
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{proof)

10.3.3 Mergel preserves Arc Invariants

lemma mergel-dom-mdeg-gt1:

assumes is-subtree (Node r xzs) (mergel t) and t1 € fst ¢ fset xs and maz-deg
(Node 7 zs) > 1

shows Jv € set r. v = hd (Dtree.root t1)

(proof)

lemma maz-deg1-gt-1-if-new-contr:
assumes Ar! t2 e2. is-subtree (Node r1 {|(t2,e2)|}) t0 = rank (rev rl)
rank (rev (Dtree.root t2))
and is-subtree (Node r {|(t1,e1)|}) (mergel t0)
and rank (rev (Dtree.root t1)) < rank (rev r)
shows max-deg t0 > 1

{proof)

IN

lemma mergel-subtree-if-new-contr:
assumes Arl t2 e2. is-subtree (Node r1 {|(t2,e2)|}) t0 = rank (rev rl)
rank (rev (Dtree.root t2))
and is-subtree (Node 1 xs) (mergel t0)
and is-subtree (Node v {|(t1,e1)|}) (Node r xs)
and rank (rev (Dtree.root t1)) < rank (rev v)
shows Jys. is-subtree (Node r ys) t0 A mergel (Node r ys) = Node r xs

(proof)

IN

lemma mergel-dom-sub-contr:
assumes Arl t2 e2. is-subtree (Node r1 {|(t2,e2)|}) t = rank (rev rl) < rank
(rev (Dtree.root t2))
and is-subtree (Node r xs) (mergel t)
and t1 € fst ¢ fset zs
and Jv t2 e2. is-subtree (Node v {|(12,e2)|}) (Node r zs)Arank (rev (Dtree.root
t2))<rank (rev v)
shows Jv € set r. v = hd (Dtree.root t1)

{(proof)

lemma mergel-merge-point-if-new-contr:
assumes Arl t2 e2. is-subtree (Node r1 {|(t2,e2)|}) t0 = rank (rev r1) <
rank (rev (Dtree.root t2))
and wf-darcs t0
and is-subtree (Node r {|(t1,e1)|}) (mergel t0)
and rank (rev (Dtree.root t1)) < rank (rev r)
shows Jys. is-subtree (Node r ys) t0 A feard ys > 1 N (Vi€ fst * fset ys.
maz-deg t < 1)
A mergel (Node r ys) = Node r {|(¢1,el)|}
(proof)

lemma mergel-dom-contr:
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assumes A1l t2 e2. is-subtree (Node r1 {|(12,e2)|}) t = rank (rev r1) < rank
(rev (Dtree.root t2))
and is-subtree (Node r {|(t1,e1)|}) (mergel t)
and rank (rev (Dtree.root t1)) < rank (rev r)
and maz-deg (Node r {|(t1,e1)|}) = 1
shows dom-children (Node r {|(t1,e1)|}) T

(proof)

lemma mergel-dom-children-merge-sub-aux:
assumes mergel t = t2
and is-subtree (Node v’ xs’) t
and feard zs’ > 1
and (Vtefst  fset xs’. maz-deg t < 1)
and maz-deg t2 < 1
and z € dverts t2
and z # Dtree.root t2
shows v € path-lverts t2 (hd x). v = hd x

(proof)

lemma mergel-dom-children-fcard-gti-auz:
assumes dom-children (Node r (Abs-fset (children-degl ys))) T
and is-subtree (Node 1 ys) t
and mergel (Node r ys) = Node r xs
and fcard xs > 1
and maz-deg t2 < 1
and t2 € fst ‘ fset xs
and z € dverts t2
shows Jveset r U path-lverts t2 (hd z). v —p hd

(proof)

lemma mergel-dom-children-fcard-gt1:
assumes dom-children (Node r (Abs-fset (children-degl ys))) T
and is-subtree (Node 1 ys) t
and mergel (Node r ys) = Node r xs
and fcard xs > 1
shows dom-children (Node r (Abs-fset (children-degl xs))) T

(proof)

lemma mergel-dom-wedge:
assumes is-subtree (Node 1 xs) (mergel t) and feard zs > 1
shows dom-children (Node r (Abs-fset (children-degl xs))) T

(proof)

corollary mergel-dom-wedge’:
V1 xs. is-subtree (Node r xs) (mergel t) — feard xs > 1
— dom-children (Node r (Abs-fset {(t, e). (¢, e) € fset xs A maz-deg t < Suc
0})) T

(proof)
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corollary mergel-verts-conform: v € dverts (mergel t) = seq-conform v
{proof )

corollary mergel-verts-distinct: [v € dverts (mergel t)] = distinct v
(proof)

lemma mergel-mdeg-lel-wedge-if-fcard-gt1:
assumes maz-deg (mergel t1) < 1
and wf-darcs t1
and is-subtree (Node v ys) t1
and feard ys > 1
shows (Vt € fst ‘ fset ys. maz-deg t < 1)
(proof)

lemma dom-mdeg-lel-mergel-aux:
assumes maz-deg (mergel t) < 1
and mergel t #£ ¢
and t1 € fst ‘ fset (sucs (mergel t))
and z € dverts t1
shows Jreset (Dtree.root (mergel t)) U path-lverts t1 (hd z). r —p hd

(proof)

lemma dom-mdeg-lel-mergel:
[max-deg (mergel t) < 1; mergel t # t] = dom-children (mergel t) T
{proof)

lemma mergel-arc-in-dlverts:

[is-subtree (Node r xs) (mergel t); © € set r; ¢ — 7 y] = y € dlverts (Node
xs)

{proof)

theorem mergel-ranked-dtree-orig:

assumes A1l t2 e2. is-subtree (Node r1 {|(12,e2)|}) t = rank (rev r1) < rank
(rev (Dtree.root t2))

shows ranked-dtree-with-orig (mergel t) rank cost cmp T root

{proof)

theorem mergel-normalize-ranked-dtree-orig:
ranked-dtree-with-orig (mergel (normalize t)) rank cost cmp T root

{proof)

theorem ikkbz-sub-ranked-dtree-orig: ranked-dtree-with-orig (ikkbz-sub t) rank cost
cmp T root

(proof)
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10.4 Optimality of IKKBZ-Sub result constrained to Invari-
ants

lemma dtree-size-skip-decr|termination-simp|: size (Node r (sucs t1)) < size (Node

v {|(t1,e1)[})

(proof)

lemma dtree-size-skip-decrl: size (Node (r @Q Dtree.root t1) (sucs t1)) < size
(Node r {|(t1,e1)|})

{proof)

function normalize-full :: (‘a list,’d) dtree = ('a list,’d) diree where
normalize-full (Node r {|(t1,e1)|}) = normalize-full (Node (rQDtree.root t1)

(sucs t1))

| Va. xs # {|z|} = normalize-full (Node r xs) = Node r s

{proof)
termination (proof)

10.4.1 Result fulfills the requirements

lemma ikkbz-sub-eq-if-mdeg-lel: maz-deg t1 < 1 = ikkbz-sub t1 = t1
(proof )

lemma ikkbz-sub-eq-iff-mdeg-le1: maz-deg t1 < 1 <— ikkbz-sub t1 = t1
(proof)

lemma dom-mdeg-lel-ikkbz-sub: ikkbz-sub t # t = dom-children (ikkbz-sub t) T
(proof)

lemma combine-denormalize-eq:
denormalize (Node r {|(t1,el)|}) = denormalize (Node (rQ@QDtree.root t1) (sucs

t1))
(proof)

lemma normalizel-denormalize-eq: wf-dlverts t1 = denormalize (normalizel t1)
= denormalize t1

(proof)

lemma normalizel-denormalize-eq”: wf-darcs t1 = denormalize (normalizel t1)
= denormalize t1

(proof)

lemma normalize-denormalize-eq: wf-dlverts t1 = denormalize (normalize t1) =
denormalize t1

{proof)

lemma normalize-denormalize-eq’: wf-darcs t1 = denormalize (normalize t1) =
denormalize t1

(proof)
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lemma normalize-full-denormalize-eq[simp|: denormalize (normalize-full t1) = de-
normalize t1

(proof)

lemma combine-dlverts-eq: dlverts (Node r {|(t1,e1)|}) = dlverts (Node (r@QDtree.root
t1) (sucs t1))
(proof)

lemma normalize-full-dlverts-eq[simp]: dlverts (normalize-full t1) = dlverts t1
{proof)

lemma combine-darcs-sub: darcs (Node (r@QDtree.root t1) (sucs t1)) C darcs (Node

rAl(t,en)]})

{proof)

lemma normalize-full-darcs-sub: darcs (normalize-full t1) C darcs t1
{proof )

lemma combine-nempty-if-wf-dlverts: wf-dlverts (Node r {|(t1,e1)|}) = r @ Dtree.root

i # |
(proof)

lemma combine-empty-inter-if-wf-dlverts:

assumes wf-dlverts (Node r {|(t1,e1)|})

shows YV (z, el)€fset (sucs t1). set (r @ Dtree.root t1) N dlverts = {} A
wf-dlverts

(proof)

lemma combine-disjoint-if-wf-dlverts:
wf-dlverts (Node r {|(t1,e1)|}) = disjoint-dlverts (sucs t1)
(proof)

lemma combine-wf-dlverts:

wf-dlverts (Node r {|(t1,e1)|}) = wf-dlverts (Node (r@QDtree.root t1) (sucs t1))
{proof)

lemma combine-distinct:
assumes Vv € dverts (Node r {|(t1,e1)|}). distinct v
and wf-dlverts (Node r {|(t1,e1)|})
and v € dverts (Node (rQDtree.root 1) (sucs t1))
shows distinct v

(proof)

lemma normalize-full-wfdlverts: wf-dlverts t1 = wf-dlverts (normalize-full t1)
(proof)

corollary normalize-full-wfdverts: wf-dlverts t1 = wf-dverts (normalize-full t1)
(proof )
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lemma combine-wf-arcs: wf-darcs (Node r {|(t1,e1)|}) = wf-darcs (Node (r@Dtree.root
t1) (sucs t1))

{proof)

lemma normalize-full-wfdarcs: wf-darcs t1 = wf-darcs (normalize-full t1)
(proof)

lemma normalize-full-dom-preserv: dom-children t1 T = dom-children (normalize-full
t1) T
(proof )

lemma combine-forward:
assumes dom-children (Node r {|(t1,e1)|}) T
and Vv € dverts (Node r {|(t1,e1)|}). forward v
and wf-dlverts (Node r {|(t1,e1)|})
and v € dverts (Node (r@QDtree.root t1) (sucs t1))
shows forward v

(proof)

lemma normalize-full-forward:
[dom-children t1 T; Y v € dverts t1. forward v; wf-dlverts t1]
= Vv € dverts (normalize-full t1). forward v

(proof)

lemma normalize-full-maz-deg0: maz-deg t1 < 1 = max-deg (normalize-full t1)
=0
(proof)

lemma normalize-full-mdeg-eq: maz-deg t1 > 1 = maz-deg (normalize-full t1)
= maz-deg t1

(proof)

lemma normalize-full-empty-sucs: maz-deg t1 < 1 = Fr. normalize-full t1 =
Node r {||}

(proof)

lemma normalize-full-forward-singleton:
[maz-deg t1 < 1; dom-children t1 T; Vv € dverts t1. forward v; wf-dlverts t1]
= Jr. normalize-full t1 = Node r {||} N forward r

{proof)

lemma denormalize-empty-sucs-simp: denormalize (Node v {||}) = r
{proof)

lemma normalize-full-dverts-eq-denormalize:
assumes mazx-deg t1 < 1
shows dverts (normalize-full t1) = {denormalize t1}

(proof)
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lemma normalize-full-normalize-dverts-eq-denormalize:
assumes wf-dlverts t1 and maz-deg t1 < 1
shows dverts (normalize-full (normalize t1)) = {denormalize t1}

(proof)

lemma normalize-full-normalize-dverts-eq-denormalize’:
assumes wf-darcs t1 and maz-deg t1 < 1
shows dverts (normalize-full (normalize t1)) = {denormalize t1}

(proof)

lemma denormalize-full-forward:
[maz-deg t1 < 1; dom-children t1 T; Vv € dverts t1. forward v; wf-dlverts t1]
= forward (denormalize (normalize-full t1))

{proof)

lemma denormalize-forward:
[maz-deg t1 < 1; dom-children t1 T; Vv € dverts t1. forward v; wf-dlverts t1]
= forward (denormalize t1)

{proof)

lemma ikkbz-sub-forward-if-uneq: ikkbz-sub t # t = forward (denormalize (ikkbz-sub

t)
{proof)

theorem ikkbz-sub-forward:
[maz-deg t < 1 = dom-children t T] = forward (denormalize (ikkbz-sub t))

{proof)

lemma root-arc-singleton:
assumes dom-children (Node r {|(t1,e1)|}) T and wf-dlverts (Node r {|(t1,e1)|})
shows Jzeset r. Jyeset (Diree.root t1). x — 7 y

(proof)

lemma before-if-dom-children-wf-conform:
assumes dom-children (Node r {|(t1,e1)|}) T
and Vv € dverts (Node r {|(t1,e1)|}). seq-conform v
and wf-dlverts (Node r {|(t1,e1)|})
shows before r (Dtree.root t1)

(proof)

lemma root-arc-singleton’:
assumes Node r {|(t1,e1)|} = t and dom-children t T
shows Jz€set r. Jyeset (Diree.root t1). x =7 y

{proof)

lemma root-before-if-dom:
assumes Node r {|(t1,e1)|} = t and dom-children t T
shows before r (Dtree.root t1)

(proof)
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lemma combine-conform:
[dom-children (Node r {|(t1,el)|}) T;V v € dverts (Node r {|(t1,e1)|}). seq-conform
v;
wf-dlverts (Node r {|(t1,e1)|}); v € dverts (Node (r@QDtree.root t1) (sucs t1))]
= seg-conform v

{proof)

lemma denormalize-full-set-eq-dlverts:
maz-deg t1 < 1 = set (denormalize (normalize-full t1)) = dlverts t1

(proof)

lemma denormalize-full-set-eq-dverts-union:
maz-deg t1 < 1 = set (denormalize (normalize-full t1)) = J (set * dverts t1)

(proof)

corollary hd-eq-denormalize-full:
wf-dlverts t1 = hd (denormalize (normalize-full t1)) = hd (Dtree.root t1)

{proof)

corollary denormalize-full-nempty-if-wf:
wf-dlverts t1 = denormalize (normalize-full t1) # []
{proof )

lemma takel-eq-denormalize-full:
wf-dlverts t1 = take 1 (denormalize (normalize-full t1)) = [hd (Dtree.root t1)]

{proof)

lemma P-denormalize-full:
assumes wf-dlverts t1
and Vv € dverts t1. distinct v
and hd (Dtree.root t1) = root
and maz-deg t1 < 1
shows unique-set-r root (dverts t1) (denormalize (normalize-full t1))

{proof)

lemma P-denormalize:
fixes t1 :: ('a list,’d) dtree
assumes wf-dlverts t1
and Vv € dverts t1. distinct v
and hd (Dtree.root t1) = root
and maz-deg t1 < 1
shows unique-set-r root (dverts t1) (denormalize t1)

{proof)

lemma denormalize-full-fwd:
assumes wf-dlverts t1
and maz-deg t1 < 1
and Vzs € (dverts t1). seq-conform zs
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and dom-children t1 T
shows forward (denormalize (normalize-full t1))

{proof)

lemma normalize-full-verts-sublist:
v € dverts t1 = Jv2 € dverts (normalize-full t1). sublist v v2

(proof)

lemma normalize-full-sublist-preserv:
[sublist xs v; v € dverts t1] => Jv2 € dverts (normalize-full t1). sublist xs v2

(proof)

lemma denormalize-full-sublist-preserv:
assumes sublist xs v and v € dverts t1 and maz-deg t1 < 1
shows sublist zs (denormalize (normalize-full t1))

(proof)

corollary denormalize-sublist-preserv:
[sublist xs v; v € dverts (t1::('a list,’d) dtree); maz-deg t1 < 1]
= sublist xs (denormalize t1)
(proof )

lemma @Q-denormalize-full:
assumes wf-dlverts t1
and Vv € dverts t1. distinct v
and hd (Dtree.root t1) = root
and maz-deg t1 < 1
and Vzs € (dverts t1). seq-conform zs
and dom-children t1 T
shows fwd-sub root (dverts t1) (denormalize (normalize-full t1))

(proof)

corollary Q-denormalize:
assumes wf-dlverts t1
and Vv € dverts t1. distinct v
and hd (Dtree.root t1) = root
and maz-deg t1 < 1
and Vzs € (dverts t1). seq-conform xs
and dom-children t1 T
shows fwd-sub root (dverts t1) (denormalize t1)

{proof)

corollary Q-denormalize-t:
assumes hd (Dtree.root t) = root
and maz-deg t < 1
and dom-children t T
shows fwd-sub root (dverts t) (denormalize t)

(proof)
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lemma P-denormalize-ikkbz-sub:
assumes hd (Dtree.root t) = root
shows unique-set-r root (dverts t) (denormalize (ikkbz-sub t))

(proof)

lemma mergel-sublist-preseruv:
[sublist xs v; v € dverts t] => Fv2 € dverts (mergel t). sublist s v2

{proof)

lemma normalizel-verts-sublist: v € dverts t1 = 3v2 € dverts (normalizel t1).
sublist v v2

(proof)

lemma normalizel-sublist-preserv:
[sublist xs v; v € dverts t1] = Jv2 € dverts (normalizel t1). sublist xs v2

(proof)

lemma normalize-verts-sublist: v € dverts t1 = Jv2 € dverts (normalize t1).
sublist v v2

(proof)

lemma normalize-sublist-preserv:
[sublist zs v; v € dverts t1] => Jv2 € dverts (normalize t1). sublist zs v2

{proof)

lemma ikkbz-sub-verts-sublist: v € dverts t => Jv2 € dverts (ikkbz-sub t). sublist
v v2

(proof)

lemma ikkbz-sub-sublist-preserv:
[sublist xs v; v € dverts t] = Jv2 € dverts (ikkbz-sub t). sublist zs v2

(proof)

lemma denormalize-ikkbz-sub-verts-sublist:
Vs € (dverts t). sublist xs (denormalize (ikkbz-sub t))

{proof)

lemma denormalize-ikkbz-sub-sublist-preserv:
[sublist xs v; v € dverts t] = sublist zs (denormalize (ikkbz-sub t))

{proof)

lemma Q-denormalize-ikkbz-sub:
[hd (Dtree.root t) = root; maz-deg t < 1 => dom-children t T
= fwd-sub root (dverts t) (denormalize (ikkbz-sub t))

{proof)

10.4.2 Minimal Cost of the result

lemma normalizel-dverts-app-before-contr:
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[v € dverts (normalizel t); v ¢ dverts t]
= Jwl&dverts t. Jv2edverts t. vI Q v2 = v A before v1 v2 A rank (rev v2)
< rank (rev vl)

{proof)

lemma normalizel-dverts-app-bfr-cntr-rnks:
assumes v € dverts (normalizel t) and v ¢ dverts t
shows 3 Uedverts t. 3 Vedvertst. U Q V = v A before UV A rank (rev V) <
rank (rev U)
A (Vs € dverts t. (Jy€set zs. - (Fz'e€set V. z' =T py) A (Jz€set U. z
St py) A s £ U)
— rank (rev V) < rank (rev xs))
(proof)

lemma normalizel-dverts-app-bfr-cntr-rnks'’:
assumes v € dverts (normalizel t) and v ¢ dverts t
shows 3 Ucdverts t. 3 Vedvertst. U Q V = v A before UV A rank (rev V) <
rank (rev U)
A (Vas € dverts t. (yeset zs. = (Fz'eset V. z' =T p y) A (Ja€set U. z
S ) Az £ U)
— rank (rev V) < rank (rev xs))
(proof )

lemma normalizel-dverts-split:

dverts (normalizel t1)

= {v € dverts (normalizel t1). v ¢ dverts t1} U {v € dverts (normalizel t1). v
€ dverts t1}

{proof)

lemma normalizel-dlverts-split:
dlverts (normalizel t1)
= |J(set ‘ {v € dverts (normalizel t1). v ¢ dverts t1})
U U (set “ {v € dverts (normalizel t1). v € dverts t1})

{proof)

lemma normalizel-dsjnt-in-dverts:
assumes wf-dlverts t1
and v € dverts t1
and set v N Y (set ‘ {v € dverts (normalizel t1). v ¢ dverts t1}) = {}
shows v € dverts (normalizel t1)

(proof)

lemma normalizel-dsjnt-subset-split1:

fixes t1

defines X = {v € dverts (normalizel t1). v ¢ dverts t1}

assumes wf-dlverts t1

shows {z. z€dverts t1 A set x N |J(set * X) = {}} C {v € dverts (normalizel
t1). v € dverts t1}

{proof)
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lemma normalizel-dsjnt-subset-split2:

fixes t1

defines X = {v € dverts (normalizel t1). v ¢ dverts t1}

assumes wf-dlverts t1

shows {v € dverts (normalizel t1). v € dverts t1} C {z. x€dverts t1 A set z N
U (set * X) = {}}

{proof )

lemma normalizel-dsjnt-subset-eq-split:

fixes t1

defines X = {v € dverts (normalizel t1). v ¢ dverts t1}

assumes wf-dlverts t1

shows {v € dverts (normalizel t1). v € dverts t1} = {x. z€dverts t1 A set N
U(set * X) = {}}

{proof)

lemma normalizel-dverts-split2:

fixes t1

defines X = {v € dverts (normalizel t1). v ¢ dverts t1}

assumes wf-dlverts t1

shows X U {z. z € dverts t1 N set x N | (set * X) = {}} = dverts (normalizel
t1)

(proof)

lemma set-subset-if-normalizel-vert: vl € dverts (normalizel t1) = set vl C
dlverts t1

{proof)

lemma normalizel-new-verts-not-reachl:
assumes vl € dverts (normalizel t) and v1 ¢ dverts ¢
and v2 € dverts (normalizel t) and v2 ¢ dverts t
and v! # v2
shows —(Jz€set v1. Jyeset v2. z =T 7 y)

(proof)

lemma normalizel-dverts-split-optimal:
defines X = {v € dverts (normalizel t). v ¢ dverts t}
assumes Jz. fwd-sub root (dverts t) x
shows 3 zs. fwd-sub root (X U {z. z € dverts t A\ set x N |J(set * X) = {}}) zs
A (Y as. fwd-sub root (dverts t) as — cost (rev z8) < cost (rev as))

(proof)

corollary normalizel-dverts-optimal:
assumes Jz. fwd-sub root (dverts t) x
shows 3 zs. fwd-sub root (dverts (normalizel t)) zs
A (Y as. fwd-sub root (dverts t) as — cost (rev zs) < cost (rev as))

(proof)
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lemma normalize-dverts-optimal:
assumes Jz. fwd-sub root (dverts t) x
shows 3 zs. fwd-sub root (dverts (normalize t)) zs
A (Y as. fwd-sub root (dverts t) as — cost (rev zs) < cost (rev as))

(proof)

lemma mergel-dverts-optimal:
assumes Jz. fwd-sub root (dverts t) x
shows 3 zs. fwd-sub root (dverts (mergel t)) zs
A (Vas. fwd-sub root (dverts t) as — cost (rev zs) < cost (rev as))

(proof)

theorem ikkbz-sub-dverts-optimal:
assumes Jz. fwd-sub root (dverts t) x
shows 3 zs. fwd-sub root (dverts (ikkbz-sub t)) zs
A (Vas. fwd-sub root (dverts t) as —> cost (rev zs) < cost (rev as))

(proof)

lemma ikkbz-sub-dverts-optimal:
assumes hd (Dtree.root t) = root and maz-deg t < 1 = dom-children t T
shows 3 zs. fwd-sub root (dverts (ikkbz-sub t)) zs
A (Vas. fwd-sub root (dverts t) as —> cost (rev zs) < cost (rev as))

{proof)

lemma combine-strict-subtree-orig:
assumes strict-subtree (Node r1 {|(t2,e2)|}) (Node (rQDtree.root t1) (sucs t1))
shows is-subtree (Node r1 {|(t2,e2)|}) (Node r {|(t1,e1)|})

(proof)

lemma combine-subtree-orig-uneq:
assumes is-subtree (Node r1 {|(t2,e2)|}) (Node (r@Dtree.root t1) (sucs t1))
shows Node r1 {|(t2,e2)|} # Node r {|(t1,e1)|}

(proof)

lemma combine-strict-subtree-ranks-le:
assumes Arl t2 e2. strict-subtree (Node r1 {|(t2,e2)|}) (Node r {|(t1,el)|})
= rank (rev r1) < rank (rev (Dtree.root t2))
and strict-subtree (Node r1 {|(t2,e2)|}) (Node (r@Dtree.root t1) (sucs t1))
shows rank (rev r1) < rank (rev (Dtree.root t2))

{proof)

lemma subtree-child-uneq:
[is-subtree t1 t2; t2 € fst * fset xs] = t1 # Node r s
(proof )

lemma subtree-singleton-child-uneq:
is-subtree t1 t2 = t1 # Node r {|(t2,e2)|}

(proof)

210



lemma child-subtree-ranks-le-if-strict-subtree:
assumes Arl t2 e2. strict-subtree (Node r1 {|(t2,e2)|}) (Node r {|(t1,el)|})
= rank (rev r1) < rank (rev (Dtree.root t2))
and is-subtree (Node r1 {|(t2,e2)|}) tI
shows rank (rev r1) < rank (rev (Dtree.root t2))

{proof)

lemma verts-ge-child-if-sorted:
assumes Arl t2 e2. strict-subtree (Node r1 {|(t2,e2)|}) (Node r {|(t1,el)|})
= rank (rev r1) < rank (rev (Dtree.root t2))
and maz-deg (Node v {|(t1,e1)|}) < 1
and v € dverts t1
shows rank (rev (Dtree.root t1)) < rank (rev v)

(proof)

lemma verts-ge-child-if-sorted’:
assumes Arl t2 e2. strict-subtree (Node r1 {|(t2,e2)|}) (Node r {|(t1,el)|})
= rank (rev r1) < rank (rev (Dtree.root t2))
and maz-deg (Node r {|(t1,e1)|}) < 1
and v € dverts (Node r {|(t1,e1)|})
and v # r
shows rank (rev (Dtree.root t1)) < rank (rev v)

{proof)

lemma not-combined-sub-dverts-combine:
{r@QDtree.root t1} U {z. = € dverts (Node r {|(t1,el)|}) Az # r A x # Dtree.root
t1}
C dverts (Node (r @ Dtree.root t1) (sucs t1))
(proof)

lemma dverts-combine-orig-not-combined:

assumes wf-dlverts (Node r {|(t1,el)|}) and x € dverts (Node (r @ Dtree.root
t1) (sucs t1)) and x # rQDtree.root t1

shows = € dverts (Node r {|(t1,e1)|}) A x # r A © # Dtree.root t1

(proof)

lemma dverts-combine-sub-not-combined:
wf-dlverts (Node r {|(t1,e1)|}) = dverts (Node (r @ Dtree.root t1) (sucs t1))
C {r@Dtree.root t1} U {z. x € dverts (Node r {|(tl,el)|}) Nz # r ANz #
Dtree.root t1}

{proof)

lemma dverts-combine-eq-not-combined:
wf-dlverts (Node r {|(t1,el)|}) = dverts (Node (r @ Dtree.root t1) (sucs t1))
= {rQ@Dtree.root t1} U {x. x € dverts (Node r {|(t1,el)|}) Nz # r N x #
Dtree.root t1}

(proof)

lemma normalize-full-dverts-optimal-if-sorted:
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assumes asi rank root cost
and wf-dlverts t1
and Vs € (dverts t1). distinct xs
and Vs € (dverts t1). seq-conform xs
and Ar1 t2 e2. strict-subtree (Node r1 {|(t2,e2)|}) t1
= rank (rev r1) < rank (rev (Dtree.root t2))
and maz-deg t1 < 1
and hd (Dtree.root t1) = root
and dom-children t1 T
shows 3 zs. fwd-sub root (dverts (normalize-full t1)) zs
A (Vas. fwd-sub root (dverts t1) as — cost (rev zs) < cost (rev as))

(proof)

corollary normalize-full-dverts-optimal-if-sorted:
assumes max-deg t < 1
and hd (Dtree.root t) = root
and dom-children t T
and Ar1 t2 e2. strict-subtree (Node r1 {|(t2,e2)|}) t
= rank (rev r1) < rank (rev (Dtree.root t2))
shows 3 zs. fwd-sub root (dverts (normalize-full t)) zs
A (Y as. fwd-sub root (dverts t) as — cost (rev zs) < cost (rev as))

{proof)

lemma normalize-full-normalize-dverts-optimal:
assumes max-deg t < 1
and hd (Dtree.root t) = root
and dom-children t T
shows 3 zs. fwd-sub root (dverts (normalize-full (normalize t))) zs
A (Yas. fwd-sub root (dverts t) as — cost (rev zs) < cost (rev as))

(proof)

lemma single-set-distinct-sublist: [set ys = set x; distinct ys; sublist ¢ ys] = =
= ys
(proof)

lemma denormalize-optimal-if-mdeg-lel:
assumes maz-deg t < 1 and hd (Dtree.root t) = root and dom-children t T
shows V as. fwd-sub root (dverts t) as — cost (rev (denormalize t)) < cost (rev
as)
(proof)

theorem denormalize-ikkbz-sub-optimal:
assumes hd (Dtree.root t) = root and maz-deg t < 1 = dom-children t T
shows (V as. fwd-sub root (dverts t) as
— cost (rev (denormalize (ikkbz-sub t))) < cost (rev as))

(proof)

end
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10.5 Arc Invariants hold for Conversion to Dtree

context precedence-graph
begin

interpretation t: ranked-dtree to-list-dtree {proof)

lemma subtree-to-list-dtree-tree-dom:
[is-subtree (Node 1 xs) to-list-dtree; t € fst ‘ fset xs] == 1 —4,_list-tree Dlree.root
t

{proof)

lemma subtree-to-list-dtree-dom:
assumes is-subtree (Node 1 xs) to-list-dtree and t € fst * fset xs
shows hd r —p hd (Dtree.root t)

(proof)

lemma to-list-dtree-nempty-root: is-subtree (Node r xs) to-list-diree = r # ||
{proof)

lemma dom-children-auz:
assumes is-subtree (Node r xs) to-list-dtree
and maz-deg t1 < 1
and (t1,el) € fset xs
and z € dlverts t1
shows Jv € set r U path-lverts t1 z. v = =

(proof)

lemma hd-dverts-in-dlverts:
[is-subtree (Node r xs) to-list-diree; (t1,el) € fset xs; x € dverts t1] = hd z €
dlverts t1

(proof)

lemma dom-children-auz?2:
[is-subtree (Node 1 xs) to-list-diree; maz-deg t1 < 1; (t1,el) € fset xs; x € dverts
t1]
= Jv € set r U path-lverts t1 (hd z). v =7 (hd )
{proof)

lemma dom-children-full:
[is-subtree (Node r xs) to-list-dtree; ¥Vt € fst ¢ fset xs. maz-deg t < 1]
= dom-children (Node r xs) T

{proof)

lemma dom-children:
assumes is-subtree (Node r xs) to-list-dtree
shows dom-children (Node r (Abs-fset (children-degl xs))) T

(proof)

lemma dom-children-maxdeg-1:
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[is-subtree (Node r xs) to-list-diree; max-deg (Node r xs) < 1]
= dom-children (Node r zs) T

(proof)

lemma dom-child-subtree:
[is-subtree (Node r xs) to-list-dtree; t € fst © fset xs] = Jveset r. v —p hd
(Dtree.root t)

{proof)

lemma dom-children-mazdeg-1-self:
maz-deg to-list-ditree < 1 = dom-children to-list-dtree T

{proof)

lemma seq-conform-list-tree: ¥ v€verts to-list-tree. seq-conform v

(proof)

lemma conform-list-dtree: ¥V vedverts to-list-dtree. seq-conform v
{proof )

lemma to-list-dtree-vert-single: [v € dverts to-list-dtree; © € set v] = v = [z] A
z € verts T

{proof)

lemma to-list-dtree-vert-single-sub:
[is-subtree (Node r xs) to-list-dtree; © € set r] = r = [z] A x € verts T

(proof)

lemma to-list-dtree-child-if-to-list-tree-arc:
[is-subtree (Node r xs) to-list-dtree; r — ;o ist-tree V] = Jys. (Node v ys) € fst
¢ fset xs

(proof)

lemma to-list-dtree-child-if-arc:
[is-subtree (Node r xzs) to-list-dtree; © € set r; x — 7 Y]
= Jys. Node [y] ys € fst * fset zs
(proof)

lemma to-list-dtree-dverts-if-arc:

[is-subtree (Node r xs) to-list-diree; x € set r; x —p y| = [y] € dverts (Node r
xs)

{proof)

lemma to-list-dtree-dlverts-if-arc:

[is-subtree (Node 1 xs) to-list-dtree; © € set r; x —p y] = y € dlverts (Node
xs)

(proof )

theorem to-list-dtree-ranked-orig: ranked-dtree-with-orig to-list-dtree rank cost cmp
T root
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(proof)
interpretation t: ranked-dtree-with-orig to-list-dtree (proof)

lemma forward-ikkbz-sub: forward ikkbz-sub
(proof )

10.6 Optimality of IKKBZ-Sub

lemma ikkbz-sub-optimal-Q:
(V as. fwd-sub root (verts to-list-tree) as — cost (rev ikkbz-sub) < cost (rev as))
{proof)

lemma to-list-tree-sublist-if-set-eq:
assumes set ys = |J (set ‘ verts to-list-tree) and zs € verts to-list-tree
shows sublist xs ys

(proof)

lemma hd-eq-tk1-if-set-eq-verts: set xs = verts T =—> hd xs = root <— take 1 s
= [root|
(proof)

lemma ikkbz-sub-optimal:
[set xs = verts T; distinct xs; forward xzs; hd xs = root]
= cost (rev ikkbz-sub) < cost (rev xs)

(proof)

end

10.7 Optimality of IKKBZ

context ikkbz-query-graph
begin

Optimality only with respect to valid solutions (i.e. contain every relation
exactly once). Furthermore, only join trees without cross products are con-
sidered.

lemma ikkbz-sub-optimal-cost-r:
[set zs = wverts G; distinct zs; no-cross-products (create-ldeep zs); hd xs = r; r €
verts G|
= cost-r r (rev (ikkbz-sub r)) < cost-r r (rev xs)

(proof)

lemma ikkbz-sub-no-cross: r € verts G = no-cross-products (create-ldeep (ikkbz-sub

r))
{proof)

lemma ikkbz-sub-cost-r-eq-cost:
r € verts G = cost-r v (rev (ikkbz-sub r)) = cost-l (ikkbz-sub )
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{proof)

corollary ikkbz-sub-optimal:
[set zs = wverts G; distinct zs; no-cross-products (create-ldeep xs); hd xs = r; r €
verts (]
= cost-1 (ikkbz-sub r) < cost-l xs

{proof)

lemma ikkbz-no-cross: no-cross-products (create-ldeep ikkbz)
{proof)

lemma hd-in-verts-if-set-eq: set xs = verts G =—> hd zs € verts G
(proof)

lemma ikkbz-optimal:
[set xs = werts G; distinct xs; no-cross-products (create-ldeep xs)]
— cost-l ikkbz < cost-l zs

{proof)

theorem ikkbz-optimal-tree:
[valid-tree t; no-cross-products t; left-deep t] = cost (create-ldeep ikkbz) < cost
t

(proof)
end
end
theory IKKBZ-FExamples

imports IKKBZ-Optimality
begin

11 Examples of Applying IKKBZ

11.1 Computing Contributing Selectivity without Lists

context directed-tree
begin

definition contr-sel :: 'a selectivity = 'a = real where
contr-sel sel y = (if 3z. v = y then sel (THE . v =1 y) y else 1)

definition tree-sel :: 'a selectivity = bool where
tree-sel sel = Vz y. =(x = pyVy—px) — selzy=1)

lemma contr-sel-gt0: sel-reasonable sf = contr-sel sf x > 0
(proof )
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lemma contr-sel-lel: sel-reasonable sf = contr-sel sf v < 1
{proof )

lemma nempty-if-not-fud-conc: —forward-arcs (y#1s) = s # ||
(proof )

lemma len-gt1-if-not-fwd-conc: —forward-arcs (y#xs) = length (y#xs) > 1
(proof )

lemma two-elems-if-not-fwd-conc: —~forward-arcs (y#xs) = Ja bcs. a # b # cs
= y#us
(proof)

lemma hd-reach-all-if-nfwd-app-fwd:
[~forward-arcs (y#xs); forward-arcs (y#ysQus); x € set (y#ysQus)]
= hd (rev (y#ysQzs)) =*p x
(proof)

lemma hd-not-y-if-if-nfwd-app-fwd:
assumes —forward-arcs (y#xs) and forward-arcs (y#ysQzxs)
shows hd (rev (y#ysQus)) # y

(proof)

lemma hd-reachl-y-if-nfwd-app-fwd:
[—forward-arcs (y#as); forward-arcs (y#ysQus)] = hd (rev (y#ysQus)) =T p

Y
{proof)

lemma not-fwd-if-skip1:

[— forward-arcs (y#a#x'#xs); forward-arcs (z#x'#1s)] = — forward-arcs
(y#a'#as)

(proof )

lemma fwd-arcs-conc-nlast-elem:
assumes forward-arcs xs and y € set s and y # last xs
shows forward-arcs (y#xs)

(proof)

lemma fwd-app-nhead-elem: [forward zs; y € set xs; y # hd zs] = forward

(zsQ[y))
(proof )

lemma hd-last-not-fwd-arcs: —forward-arcs (x#xsQ[z])

(proof)

lemma hd-not-fwd-arcs: —forward-arcs (ysQr#zsQ|x))

(proof)

lemma hd-last-not-fwd: —forward (z#xsQ[z])
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{proof)

lemma hd-not-fwd: —forward (z#xsQ[z|Qys)
{proof)

lemma y-not-dom-if-nfwd-app-fwd:
[—forward-arcs (y#xs); forward-arcs (y#ysQus); x € set as]) = -z =y
(proof )

lemma not-y-dom-if-nfwd-app-fwd:
[—forward-arcs (y#zs); forward-arcs (y#ysQuxs); x € set xs] = =y w7
(proof )

lemma list-sel-auzx'1-if-tree-sel-nfwd:
[tree-sel sel; —forward-arcs (y#tas); forward-arcs (y#ysQxs)]
= list-sel-auz’ sel zs y = 1

(proof)

lemma contr-sel-eq-list-sel-auz'-if-tree-sel:
[tree-sel sel; distinct (y#xs); forward-arcs (y#xs); xs # [|]
= contr-sel sel y = list-sel-auzx’ sel zs y

(proof)

corollary contr-sel-eq-list-sel-auz'-if-tree-sel .
[tree-sel sel; distinct (zsQly]); forward (zsQly]); zs # []]
= contr-sel sel y = list-sel-auz’ sel (rev zs) y

{proof)

corollary contr-sel-eq-list-sel-auz'-if-tree-sel’":
[tree-sel sel; distinct (zsQly]); forward (zsQly]); zs # []]
= contr-sel sel y = list-sel-auzx’ sel zs y

(proof)

lemma contr-sel-root[simp|: contr-sel sel root = 1
{proof)

lemma contr-sel-notvert[simp): v ¢ verts T = contr-sel sel v = 1
{proof)

lemma hd-reach-all-forward-verts:
[forward zs; set xs = verts T; v € verts T] = hd s —=*p v

(proof )

lemma hd-eg-root-if-forward-verts: [forward xs; set xs = verts T| = hd xs = root
(proof)

lemma contr-sel-eq-ldeep-s-if-tree-dst-fwd-verts:

assumes tree-sel sel and distinct s and forward zs and set xs = verts T
shows contr-sel sel y = ldeep-s sel (rev zs) y
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(proof)

corollary contr-sel-eq-ldeep-s-if-tree-dst-fwd-verts’:
[tree-sel sel; distinct xs; forward xs; set xs = verts T
= contr-sel sel = ldeep-s sel (rev xs)

{proof)

lemma add-leaf-forward-arcs-preserv:
la & arcs T; u € verts T; v ¢ verts T; forward-arcs xs]
= directed-tree.forward-arcs (verts = verts T U {vw}, arcs = arcs T U {a},
tail = (tail T)(a := u), head = (head T)(a := v)) xs
(proof )

end

11.2 Contributing Selectivity Satisfies ASI Property

context finite-directed-tree
begin

lemma dst-fwd-arcs-all-verts-ex: 3 xs. forward-arcs s N distinct s A\ set s = verts
T

(proof)

lemma dst-fwd-all-verts-ex: I xs. forward s A distinct xs N set xs = verts T
(proof)

lemma c-list-asi-if-tree-sel:
fixes sfcfhr
defines rank = (A\l. (Ideep-T (contr-sel sf) ¢f I — 1) / c-list (contr-sel sf) cf h
rl)
assumes tree-sel sf
and sel-reasonable sf
and Vz. cfz > 0
and Vz. hax > 0
shows asi rank r (c-list (contr-sel sf) c¢f h r)

{proof)

end

context tree-query-graph
begin

abbreviation sel-r :: ‘a = 'a = real where
sel-r r = directed-tree.contr-sel (dir-tree-r r) match-sel

Since cf is only required to be positive for verts of G, we map all others to
1.

definition ¢f’ :: 'a = real where
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cf" z = (if x € verts G then cf x else 1)

definition c-list-r :: (‘a = real) = 'a = 'a list = real where
c-list-r h r = c-list (sel-r r) ¢f " hr

definition rank-r :: (‘a = real) = 'a = 'a list = real where
rank-r h r s = (ldeep-T (sel-rr) ¢f" xs — 1) | c-list-r h 1 xs

lemma dom-in-dir-tree-r:
assumes r € verts G and T — 5 ¥y
shows = = i treer 1+ Y V Y = dir-tree-r r ©

(proof)

lemma dom-in-dir-tree-r-iff-aux:
r € verts G = (T = gir-tree-r r Y V Y — dir-tree-r r T) < (z =GYVY—qg z)
(proof )

lemma dom-in-dir-tree-r-iff:
r € verts G = (z —dir-tree-r v Y ¥V Y = dir-tree-r r T) +— -Gy
(proof )

lemma dir-tree-sellintro]: r € verts G = directed-tree.tree-sel (dir-tree-r r) match-sel
(proof)

lemma pos-cards’[introl]: Vz. cf 'z > 0
(proof)

theorem c-list-asi: [r € verts G; Vz. h x > 0] = asi (rank-r h ) r (c-list-r h
r)
{proof)

11.3 Applying IKKBZ

lemma cf’-simp: © € verts G = c¢f' z = cfz
(proof )

lemma ldeep-T-cf'"-eq: set s C verts G = ldeep-T sf ¢f’ xs = ldeep-T sf cf xs
(proof)

lemma clist-cf’-eq: set xs C verts G = c-list sf ¢f’ h v xs = c-list sf ¢f h r xs
(proof)

lemma card-cf’-eq: matching-rels t = card c¢f’ ft = card ¢f [t
(proof )

lemma c¢-IKKBZ-cf’-eq: matching-rels t = ¢-IKKBZ h cf’ sf t = ¢-IKKBZ h cf
sft
{proof )
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lemma c-IKKBZ-cf’-eq”: valid-tree t = c-IKKBZ h cf' sf t = ¢-IKKBZ h cf sf t
{proof )

lemma c-out-cf’-eq: matching-rels t = c-out cf’ sf t = c-out cf sf t
(proof )

lemma c-out-cf’-eq”: valid-tree t = c-out ¢f’ sf t = c-out ¢f sf t
(proof )

lemma joinTree-card’-pos|intro]: pos-rel-cards cf’ t
(proof)

lemma match-reasonable-cards’[intro]: reasonable-cards cf’ match-sel t
{proof)

lemma sel-r-gt0: r € verts G = sel-rrxz > 0
(proof)

lemma sel-r-lel: r € verts G = sel-rrz < 1
(proof)

lemma sel-r-eq-ldeep-s-if-dst-fwd-verts:
[r € verts G; distinct xs; directed-tree.forward (dir-tree-r r) zs; set xs = verts G]
= sel-r r = ldeep-s match-sel (rev xs)

{proof)

lemma sel-r-eq-ldeep-s-if-valid-fwd:
[r € verts G; valid-tree t; directed-tree.forward (dir-tree-r r) (inorder t)]
= sel-r r = ldeep-s match-sel (revorder t)

{proof)

lemma sel-r-eq-ldeep-s-if-valid-no-cross:
[valid-tree t; no-cross-products t; left-deep t]
= sel-r (first-node t) = ldeep-s match-sel (revorder t)
(proof)

lemma c-list-ldeep-s-eq-c-list-r-if-valid-no-cross:
[valid-tree t; no-cross-products t; left-deep t]
= c-list (Ideep-s match-sel (revorder t)) cf” h (first-node t) xs
= c-list-r h (first-node t) xs
(proof)

lemma c-IKKBZ-list-correct-if-simple-h:

assumes valid-tree t and no-cross-products t and left-deep t

shows c-list-r (Az. h z (¢f" x)) (first-node t) (revorder t) = c¢-IKKBZ h cf
match-sel t

{(proof)

end
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11.3.1 Applying IKKBZ on Simple Cost Functions

For simple cost functions like c-nlj and c-hj that do not depend on the con-
tributing selectivies as c-out does, the h function does not change. Therefore,
we can apply it directly using c-IKKBZ and c-list.

context cmp-tree-query-graph
begin

context
fixes h :: ‘a = real = real
assumes h-pos: V. hz (¢f z) > 0
begin

theorem ikkbz-query-graph-if-simple-h:
defines cost = c-IKKBZ h cf match-sel
defines h' = (Az. h z (¢f’ 1))
shows ikkbz-query-graph bfs sel ¢f G ecmp cost (c-list-r h') (rank-r h")
(proof )

interpretation ikkbz-query-graph bfs sel cf G cmp
c-IKKBZ h cf match-sel c-list-r (Az. h z (¢f’ z)) rank-r (Az. h z (¢f' z))
{proof)

corollary ikkbz-simple-h-nempty: ikkbz # ||
(proof )

corollary ikkbz-simple-h-valid-tree: valid-tree (create-ldeep ikkbz)
(proof )

corollary ikkbz-simple-h-no-cross:
no-cross-products (create-ldeep ikkbz)

{proof)

theorem ikkbz-simple-h-optimal:
[valid-tree t; no-cross-products t; left-deep t]
= ¢-IKKBZ h cf match-sel (create-ldeep ikkbz) < ¢-IKKBZ h cf match-sel t
(proof)

abbreviation ikkbz-simple-h :: 'a list where
ikkbz-simple-h = ikkbz
end

We can now apply these results directly to valid cost functions like ¢-nlj and
c-hj.
lemma id-cf’-gt0: Vz. id (c¢f ) > 0

(proof )

corollary ikkbz-nempty-nlj: ikkbz-simple-h (A-. id) # ||
(proof )
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corollary ikkbz-valid-tree-nlj: valid-tree (create-ldeep (ikkbz-simple-h (A-. id)))
{proof)

corollary ikkbz-no-cross-nlj: no-cross-products (create-ldeep (ikkbz-simple-h (A-.
id)))
{proof )

corollary kkbz-optimal-nlj:

[valid-tree t; no-cross-products t; left-deep t]

= c-nlj ¢f match-sel (create-ldeep (ikkbz-simple-h (A\-. id))) < c-nlj ¢f match-sel
t

(proof)

corollary ikkbz-nempty-hj: ikkbz-simple-h (A- -. 1.2) # []
(proof )

corollary ikkbz-valid-tree-hj: valid-tree (create-ldeep (ikkbz-simple-h (A- -. 1.2)))
(proof )

corollary ikkbz-no-cross-hj: no-cross-products (create-ldeep (ikkbz-simple-h (A- -.

1.2)))
(proof )

corollary ikkbz-optimal-hj:
[valid-tree t; no-cross-products t; left-deep t]
= c¢-hj c¢f match-sel (create-ldeep (ikkbz-simple-h (M- -. 1.2))) < c¢-hj cf
match-sel t
(proof)

end

11.3.2 Applying IKKBZ on C_ out

Since c-out uses the contributing selectivity as part of its h, we can not use
the general approach we used for the "simple" cost functions. Instead, we
show the applicability directly.

context tree-query-graph
begin

definition c-out-list-r :: 'a = 'a list = real where
c-out-list-r r = c-list-r (Aa. sel-r r a x ¢f" a) r

definition c-out-rank-r :: 'a = ‘a list = real where
c-out-rank-r r = rank-r (Aa. sel-r r a * ¢f a) r

lemma c-out-eq-c-list-cf:

fixes ¢
defines zs = revorder t
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defines h = (\a. ldeep-s match-sel zs a % ¢f' a)
assumes distinct-relations t and left-deep t
shows c-list (ldeep-s match-sel xs) cf’ h (first-node t) zs = c-out cf’ match-sel t

{proof)

lemma c-out-list-correct-cf”:
fixes ¢
defines h = (\a. sel-r (first-node t) a * cf’ a)
assumes valid-tree t and no-cross-products t and left-deep t
shows c-list-r h (first-node t) (revorder t) = c-out c¢f’ match-sel ¢

(proof)

lemma c-out-list-correct-cf:
fixes t
defines h = (Aa. sel-r (first-node t) a x cf’ a)
assumes valid-tree t and no-cross-products t and left-deep t
shows c-list-r h (first-node t) (revorder t) = c-out ¢f match-sel t

{proof)

lemma c-out-list-correct:
[valid-tree t; no-cross-products t; left-deep t]
= c-out-list-r (first-node t) (revorder t) = c-out cf match-sel t
(proof)

lemma c-out-h-gt0: r € verts G = (Aa. sel-rra* cf a) x > 0
(proof)

lemma c-out-r-asi: v € verts G = asi (c-out-rank-r r) r (c-out-list-r r)

(proof)
end

context cmp-tree-query-graph
begin

theorem ikkbz-query-graph-c-out:
ikkbz-query-graph bfs sel c¢f G cmp (c-out cf match-sel) c-out-list-r c-out-rank-r
(proof)

interpretation QG,q;:
tkkbz-query-graph bfs sel c¢f G cmp c-out cf match-sel c-out-list-r c-out-rank-r
(proof )

corollary ikkbz-nempty-cout: QG pu¢.ikkbz # |]
(proof )

corollary ikkbz-valid-tree-cout: valid-tree (create-ldeep QG oy +.ikkbz)
(proof )
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corollary ikkbz-no-cross-cout: no-cross-products (create-ldeep QG ,y+.ikkbz)
(proof)

corollary kkbz-optimal-cout:
[valid-tree t; no-cross-products t; left-deep t]
= c-out ¢f match-sel (create-ldeep QG oyr-ikkbz) < c-out cf match-sel t
(proof)

end

11.4 Instantiating Comparators with Linorders

locale alin-tree-query-graph = tree-query-graph bfs sel cf G
for bfs sel and cf :: 'a :: linorder = real and G
begin

lift-definition cmp :: (‘a listx'b) comparator is
(Ax y. if hd (fst x) < hd (fst y) then Less
else if hd (fst ©) > hd (fst y) then Greater else Equiv)

{proof)

lemma cmp-hd-eg-if-equiv: compare ecmp (vl ,el) (v2,e2) = Equiv = hd vl = hd
v2
(proof )

lemma cmp-sets-not-dsjnt-if-equiv:
[vl # [|; v2 # []; compare emp (vl,el) (v2,e2) = Equiv] = set v1 N set v2 #

(proof )

lemma cmp-tree-qg: cmp-tree-query-graph bfs sel c¢f G cmp
(proof)

interpretation cmp-tree-query-graph bfs sel cf G cmp
(proof )

thm ikkbz-optimal-hj ikkbz-optimal-cout

end

locale blin-tree-query-graph = tree-query-graph bfs sel c¢f G
for bfs and sel :: 'b :: linorder = real and cf G

begin

lift-definition cmp :: (‘a listx'b) comparator is

(Az y. if snd x < snd y then Less
else if snd © > snd y then Greater else Equiv)
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{proof)

lemma cmp-arcs-eq-if-equiv: compare cmp (vl,el) (v2,e2) = Equiv = el = e2
(proof )

lemma cmp-tree-qg: cmp-tree-query-graph bfs sel c¢f G cmp
(proof)

interpretation cmp-tree-query-graph bfs sel cf G cmp
(proof )

thm ikkbz-optimal-hj ikkbz-optimal-cout

end

end
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