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Abstract

In this work we present a formalization of the QR decomposition,
an algorithm which decomposes a real matrix A in the product of
another two matrices @ and R, where @ is an orthogonal matrix and
R is invertible and upper triangular. The algorithm is useful for the
least squares problem, i.e. the computation of the best approximation
of an unsolvable system of linear equations. As a side-product, the
Gram-Schmidt process has also been formalized. A refinement using
immutable arrays is presented as well. The development relies, among
others, on the AFP entry Implementing field extensions of the form
Q[v/b] by René Thiemann, which allows to execute the algorithm using
symbolic computations. Verified code can be generated and executed
using floats as well.
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1 Miscellaneous file for the QR algorithm

theory Miscellaneous-QR
imports

Gauss-Jordan. Examples- Gauss-Jordan-Abstract
begin

These two lemmas maybe should be in the file Code-Matriz.thy of the Gauss-
Jordan development.

lemma [code abstract]: vec-nth (a — b) = (%i. a$i — b$i) by (metis vector-minus-component)
lemma [code abstract]: vec-nth (¢ xg x) = (Ni. ¢ xg (2$¢)) by auto



This lemma maybe should be in the file Mod-Type.thy of the Gauss-Jordan
development.

lemma from-nat-le:
fixes i::'a::{mod-type}
assumes i: to-nat i< k
and k: k<CARD('a)
shows i < from-nat k
by (metis (full-types) from-nat-mono from-nat-to-nat-id i k)

Some properties about orthogonal matrices.

lemma orthogonal-mult:
assumes orthogonal a b
shows orthogonal (x *r a) (y *r b)
using assms unfolding orthogonal-def by simp

lemma orthogonal-matriz-is-orthogonal:
fixes A::real™n"'n
assumes o: orthogonal-matriz A
shows (pairwise orthogonal (columns A))
proof (unfold pairwise-def columns-def, auto)
fix ij
assume column-i-not-j: column i A # column j A
hence i-not-j: i # j by auto
have 0 = (mat 1) $ ¢ $ j by (metis i-not-j mat-1-fun)

also have ... = (transpose A xx A) $ i $ j using o unfolding orthogonal-matriz
by simp

also have ... = row i (transpose A) - column j A unfolding matriz-matriz-mult-inner-mult
by simp

also have ... = column 7 A - column j A unfolding row-transpose ..

finally show orthogonal (column i A) (column j A) unfolding orthogonal-def ..
qed

lemma orthogonal-matriz-norm:

fixes A::real™'n"'n

assumes o: orthogonal-matriz A

shows norm (column i A) = 1
proof —

have I = (transpose A xx A) $ i $ i using o unfolding orthogonal-matriz by
(simp add: mat-1-fun)

also have ... = (column i A) + (column i A) unfolding matriz-matriz-mult-inner-mult
row-transpose ..

finally show norm (column ¢ A) = 1 using norm-eg-1 by auto
qed

lemma orthogonal-matriz-card:
fixes A::real'n"'n
assumes o: orthogonal-matriz A
shows card (columns A) = ncols A

proof (rule ccontr)



assume card-not-ncols: card (columns A) # ncols A
have 37 j. column i A = column j A N\ i#£j
proof (rule ccontr, auto)
assume col-eq: V1 j. column i A = columnjA — i=j
have card (columns A) = card {i. i € (UNIV::'n set)}
by (rule bij-betw-same-card[symmetric, of Ai. column i A],
auto simp add: bij-betw-def columns-def inj-on-def col-eq)

also have ... = ncols A unfolding ncols-def by simp
finally show Fulse using card-not-ncols by contradiction
qged

from this obtain i j where col-eq: column i A = column j A and i-not-j: i # j
by auto
have 0 = (mat 1) $ i $ j using mat-1-fun i-not-j by metis

also have ... = (transpose A xx A) $ i $ j using o unfolding orthogonal-matriz
by simp
also have ... = column i A - column j A unfolding matriz-matriz-mult-inner-mult

row-transpose ..
show Fulse
by (metis calculation col-eq mat-1-fun matriz-matriz-mult-inner-mult
o orthogonal-matriz zero-neq-one)
qed

lemma orthogonal-matriz-intro:
fixes A::real™'n"'n
assumes p: (pairwise orthogonal (columns A))
and n: Vi. norm (column i A) = 1
and c¢: card (columns A) = ncols A
shows orthogonal-matriz A
proof (unfold orthogonal-matrixz vec-eq-iff, clarify, unfold mat-1-fun, auto)
fix ia
have (transpose A +x A) $ ia $ ia = column ia A - column ia A
unfolding matriz-matriz-mult-inner-mult unfolding row-transpose ..

also have ... = 1 using n norm-eq-1 by blast
finally show (transpose A xx A) $ia $ ia =1 .
fix ¢

assume i-not-ia: © # ia
have column-i-not-ia: column i A # column ia A
proof (rule ccontr, simp)
assume col-i-ia: column i A = column ia A
have rw: (Ai. column i A)* (UNIV—{ia}) = {column i Ali. i#ia} unfolding
columns-def by auto
have card (columns A) = card ({column i Ali. i#ia})
by (rule bij-betw-same-card|of id], unfold bij-betw-def columns-def)
(auto, metis col-i-ia i-not-ia)
also have ... = card ((Ai. column i A)* (UNIV—{ia})) unfolding rw ..
also have ... < card (UNIV — {ia}) by (metis card-image-le finite-code)
also have ... < CARD ('n) by simp
finally show Fulse using ¢ unfolding ncols-def by simp



qed
hence oia: orthogonal (column i A) (column ia A)
using p unfolding pairwise-def unfolding columns-def by auto
have (transpose A +x A) $ i $ ia = column i A - column ia A
unfolding matriz-matriz-mult-inner-mult unfolding row-transpose ..

also have ... = (0 using oia unfolding orthogonal-def .
finally show (transpose A +x A) $i$ia =0 .
qed

lemma orthogonal-matriz2:
fixes A::real'n"n
shows orthogonal-matriz A = ((pairwise orthogonal (columns A)) A (Vi. norm
(column i A) = 1) A
(card (columns A) = ncols A))
using orthogonal-matriz-introlof A]
orthogonal-matriz-is-orthogonal|of A]
orthogonal-matriz-norm[of Al
orthogonal-matriz-card|of A]
by auto

lemma orthogonal-matriz': orthogonal-matriz (Q:: real “'n"'n) +— @ *x trans-
pose Q= mat 1
by (metis matriz-left-right-inverse orthogonal-matriz-def)

lemma orthogonal-matriz-intro2:
fixes A::real™'n"'n
assumes p: (pairwise orthogonal (rows A))
and n: Vi. norm (row i A) = 1
and c: card (rows A) = nrows A
shows orthogonal-matriz A
proof (unfold orthogonal-matriz’ vec-eq-iff, clarify, unfold mat-1-fun, auto)
fix ia
have (A *x transpose A) $ ia $ ia = row ia A - row ia A
unfolding matriz-matriz-mult-inner-mult unfolding column-transpose ..

also have ... = 1 using n norm-eq-1 by blast
finally show (A *x transpose A) $ ia $ ia = 1 .
fix ¢

assume i-not-ia: { # ia
have row-i-not-ia: row i A # row ia A
proof (rule ccontr, simp)
assume row-i-ia:row ¢ A = row ia A
have rw: (Ai. row ¢ A)‘ (UNIV—{ia}) = {row i Ali. i#ia} unfolding rows-def
by auto
have card (rows A) = card ({row i A|i. i#ia})
by (rule bij-betw-same-card|of id], unfold bij-betw-def rows-def)
(auto, metis row-i-ia i-not-ia)
also have ... = card ((Ai. row i A)‘ (UNIV—{ia})) unfolding rw ..
also have ... < card (UNIV — {ia}) by (metis card-image-le finite-code)



also have ... < CARD ('n) by simp
finally show Fulse using ¢ unfolding nrows-def by simp
qed
hence oia: orthogonal (row i A) (row ia A)
using p unfolding pairwise-def unfolding rows-def by auto
have (A xx transpose A) $ i $ ia = row i A - row ia A
unfolding matriz-matriz-mult-inner-mult unfolding column-transpose ..

also have ... = 0 using oia unfolding orthogonal-def .
finally show (A *x transpose A) $ i $ ia = 0 .
qed

lemma is-basis-imp-full-rank:
fixes A::’a::{field} cols::{mod-type} ~rows::{mod-type}
assumes b: is-basis (columns A)
and c¢: card (columns A) = ncols A
shows rank A = ncols A

proof —
have rank A = col-rank A unfolding rank-col-rank ..
also have ... = vec.dim (col-space A) unfolding col-rank-def ..
also have ... = card (columns A)

by (metis b col-space-def independent-is-basis vec.dim-eq-card-independent vec.dim-span)

also have ... = ncols A using c .
finally show ?thesis .
qed

lemma card-columns-le-ncols:

card (columns A) < ncols A
proof —

have columns-rw: columns A = (Ai. column i A)‘ UNIV unfolding columns-def
by auto

show ?thesis unfolding columns-rw ncols-def by (rule card-image-le, auto)
qed

lemma full-rank-imp-is-basis:
fixes A::’a::{field} “n::{mod-type} “n::{mod-type}
assumes r: rank A = ncols A
shows is-basis (columns A) A card (columns A) = ncols A
proof (rule conjl, unfold is-basis-def, rule conjI)
have rank A = col-rank A unfolding rank-col-rank ..
also have ... = vec.dim (col-space A) unfolding col-rank-def ..
also have ... = card (columns A)
by (metis (full-types) antisym-conv calculation card-columns-le-ncols col-space-def
finite-columns r vec.dim-le-card vec.dim-span vec.span-superset)
finally have x: rank A = card (columns A) .
then show c-eq: card (columns A) = ncols A unfolding r ..
show vec.independent (columns A)
by (metis * vec.card-eq-dim-span-indep col-rank-def



col-space-def finite-columns rank-col-rank)
thus vec.span (columns A) = (UNIV::('a"'n:{mod-type}) set)
using independent-is-basis[of columns A] c-eq unfolding is-basis-def ncols-def
by simp
qed

lemma full-rank-imp-is-basis2:
fixes A::’a::{field} n::{mod-type} ~'m::{ mod-type}
assumes r: rank A = ncols A
shows vec.independent (columns A) A vec.span (columns A) = col-space A
A card (columns A) = ncols A

proof —
have rank A = col-rank A unfolding rank-col-rank ..
also have ... = vec.dim (col-space A) unfolding col-rank-def ..
also have ... = card (columns A)

by (metis (full-types) antisym-conv calculation card-columns-le-ncols col-space-def
finite-columns r vec.dim-le-card vec.dim-span vec.span-superset)
finally have x: rank A = card (columns A) .
then have c-eq: card (columns A) = ncols A unfolding r ..
moreover have vec.independent (columns A)
by (metis * vec.card-eq-dim-span-indep
col-rank-def col-space-def finite-columns rank-col-rank)
moreover have vec.span (columns A) = col-space A by (metis col-space-def)
ultimately show ?thesis by simp
qed

corollary full-rank-eq-is-basis:

fixes A::'a::{field} “n::{mod-type} “n::{mod-type}

shows (is-basis (columns A) A (card (columns A) = ncols A)) = (rank A = ncols
4)

using full-rank-imp-is-basis is-basis-imp-full-rank by blast

lemma full-col-rank-imp-independent-columns:
fixes A::’a::{field} “n::{mod-type} “m::{ mod-type}
assumes rank A = ncols A
shows vec.independent (columns A)
by (metis assms full-rank-imp-is-basis2)

lemma matriz-vector-right-distrib-minus:
fixes A::’a::{ring-1}"7'n"'m
shows A xv (b — ¢) = (A xv b) — (A *v ¢)

proof —
have A xv (b — ¢) = A xv (b + — ¢) by (metis diff-minus-eq-add minus-minus)
also have ... = (4 xv b) + (4 *v (— ¢)) unfolding matriz-vector-right-distrib ..
also have ... = (4 xv b) — (A *v ¢)

by (metis (no-types, opaque-lifting) add.commute add-minus-cancel
matriz-vector-right-distrib uminus-add-conv-diff)
finally show ?thesis .



qed

lemma inv-matriz-vector-mul-left:
assumes i: invertible A
shows (A xvz = A xv y) = (z=y)
by (metis i invertible-def matriz-vector-mul-assoc matriz-vector-mul-lid)

lemma norm-mult-vec:
fixes a::(real,’d::finite) vec
shows norm (z - ) = norm z * norm z
by (metis inner-real-def norm-cauchy-schwarz-eq norm-mult)

lemma norm-equivalence:
fixes A::real™'n"'m
shows ((transpose A) xv (A xv x) = 0) +— (A xvz = 0)
proof —
have A xv z = 0 if transpose A xv (A xv z) = 0
proof —
have eq: (z v+ (transpose A)) = (A *v x)
by (metis transpose-transpose transpose-vector)
have eg-0: 0 = (z v« (transpose A)) * (A *v )
by auto (metis that dot-lmul-matriz inner-eq-zero-iff inner-zero-left mult-not-zero
transpose-vector)
hence 0 = norm ((z vx (transpose A)) x (A xv z)) by auto

also have ... = norm ((A xv 2)*(A *v z)) unfolding eq ..
also have ... = norm ((A xv z) - (4 *v z))
by (metis eq-0 that dot-lmul-matriz eq inner-zero-right norm-zero)
also have ... = norm (A xv z)"2 unfolding norm-mult-vec[of (A *v z)]

power2-eq-square ..
finally show A xvz = 0
by simp
qed
then show ?thesis
by auto
qed

lemma invertible-transpose-mult:
fixes A::real”cols::{mod-type} ~rows::{mod-type}
assumes r: rank A = ncols A
shows invertible (transpose A *x A)
proof —
have null-eq: null-space A = null-space (transpose A xx A)
proof (auto)
fix z assume z: © € null-space A
show = € null-space (transpose A xx A) using z unfolding null-space-def
by (metis (lifting, full-types) matriz-vector-mul-assoc matriz-vector-mult-0-right
mem-Collect-eq)
next



fix x assume z: z € null-space (transpose A xx A)
show z € null-space A
by (metis is-solution-def matriz-vector-mul-assoc mem-Collect-eq
norm-equivalence null-space-eg-solution-set solution-set-def x)
qged
have rank A = vec.dim (UNIV ::(real” cols::{mod-type}) set) — vec.dim (null-space
4)
using rank-nullity-theorem-matrices|of A
unfolding rank-eq-dim-col-space’[of A, symmetric]
by (simp only: add.commute diff-add-inverse2 ncols-def vec-dim-card)
also have ... = vec.dim (UNIV::(real ™ cols::{mod-type}) set) — vec.dim (null-space
(transpose A *x A))
unfolding null-eq ..
also have ... = rank (transpose A xx A)
by (metis add.commute diff-add-inverse2 ncols-def rank-eq-dim-col-space
rank-nullity-theorem-matrices vec-dim-card)
finally have r-A: rank A = rank (transpose A xx A) .
show ?thesis using full-rank-implies-invertible r unfolding ncols-def nrows-def
r-A .
qed

lemma matriz-inv-mult:
fixes A::'a::{semiring-1} 'n"'n
and B::'a:{semiring-1} ""n""n
assumes invertible A and invertible B
shows matriz-inv (A xx B) = matriz-inv B xx matriz-inv A
proof (rule matriz-inv-unique[of AxxB])
show A xx B xx (matriz-inv B *x matriz-inv A) = mat 1
by (metis assms(1) assms(2) matriz-inv-right matriz-mul-assoc matriz-mul-lid)
show matriz-inv B xx matriz-inv A xx (A %+ B) = mat 1
by (metis assms(1) assms(2) matriz-inv-left matriz-mul-assoc matriz-mul-lid)
qed

lemma invertible-transpose:
fixes A::’a::{field} "n"n
assumes invertible A
shows invertible (transpose A)
by (metis invertible-det-nz assms det-transpose)

The following lemmas are generalizations of some parts of the library. They
should be in the file Generalizations.thy of the Gauss-Jordan AFP entry.

context vector-space
begin
lemma span-eq: (span S = span T) = (S C span T A T C span S)
using span-superset[unfolded subset-eq| using span-monolof T span S| span-mono|of
S span T
by (auto simp add: span-span)
end
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lemma basis-orthogonal:
fixes B :: 'a:real-inner set
assumes [fB: finite B
shows 3 C. finite C N card C < card B N span C
= span B A pairwise orthogonal C
(is 3C. ?P B ()
using B
proof (induct rule: finite-induct)
case empty
then show ?case
apply (rule exI[where z={}])
apply (auto simp add: pairwise-def)
done
next
case (insert a B)
note fB = (finite B> and aB = (a ¢ B»
from 3 C. finite C A card C < card B N\ span C = span B A pairwise orthogonal
(o)
obtain C where C': finite C card C' < card B
span C' = span B pairwise orthogonal C by blast
let %a = a — sum (A\z. (z - a/ (z-1z)) *xgx) C
let ?C = insert ?a C
from C(1) have fC: finite 7C
by simp
from fB aB C(1,2) have cC: card ?C < card (insert a B)
by (simp add: card-insert-if)
{
fix z k
have th0: A(a::'a) bec.a — (b—c¢)=c+ (a — b)
by (simp add: field-simps)
have z — kg (a — O zeC. (z - a / (z - 2)) *r z)) € span C
+—— 1z — k*xg a € span C
apply (simp only: scaleR-right-diff-distrib th0)
apply (rule span-add-eq)
apply (rule span-mul)
apply (rule span-sum)
apply (rule span-mul)
apply (rule span-base)
apply assumption
done

A~~~

}

then have SC: span ?C = span (insert a B)
unfolding set-eq-iff span-breakdown-eq C(3)[symmetric] by auto
{
fix y
assume yC: y € C
then have Cy: C = insert y (C — {y})
by blast

11



have fth: finite (C — {y})
using C by simp
have orthogonal ?a y
unfolding orthogonal-def
unfolding inner-diff inner-sum-left right-minus-eq
unfolding sum.remove [OF (finite C» <y € C]
apply (clarsimp simp add: inner-commute|of y a))
apply (rule sum.neutral)
apply clarsimp
apply (rule C(4)[unfolded pairwise-def orthogonal-def, rule-format])
using <y € C» by auto
}
with (pairwise orthogonal C» have CPO: pairwise orthogonal ?C
by (rule pairwise-orthogonal-insert)
from fC ¢C SC CPO have ?P (insert a B) 7C
by blast
then show ?case by blast
qed

lemma op-vec-scaleR: (xs) = (xg)
by (force simp: scalar-mult-eq-scaleR)

end

2 Projections

theory Projections
imports

Miscellaneous-QR
begin

2.1 Definitions of vector projection and projection of a vec-
tor onto a set.

definition projvu = (v-u/ (u- u)) *g u

definition proj-onto a S = (sum (Az. proj a z) S)

2.2 Properties

lemma proj-onto-sum-rw:
sum Az. (z-v/ (z-2) *gx) A=sum (Az. (v-z/(z-2))*gpx) A
by (rule sum.cong, auto simp add: inner-commute)

lemma vector-sub-project-orthogonal-proj:
fixes b z :: 'a::euclidean-space
shows inner b (z — projz b) = 0
using vector-sub-project-orthogonal
unfolding proj-def inner-commute|of  b)

12



by auto

lemma orthogonal-proj-set:
assumes yC: yeC and C: finite C' and p: pairwise orthogonal C
shows orthogonal (a — proj-onto a C) y
proof —
have Cy: C = insert y (C — {y}) using yC
by blast
have fth: finite (C — {y})
using C by simp
show orthogonal (a — proj-onto a C) y
unfolding orthogonal-def unfolding proj-onto-def unfolding proj-def|abs-def]
unfolding inner-diff
unfolding inner-sum-left
unfolding right-minus-eq
unfolding sum.remove[OF C yC]
apply (clarsimp simp add: inner-commaute|of y a])
apply (rule sum.neutral)
apply clarsimp
apply (rule p[unfolded pairwise-def orthogonal-def, rule-format))
using yC by auto
qed

lemma pairwise-orthogonal-proj-set:
assumes C': finite C' and p: pairwise orthogonal C
shows pairwise orthogonal (insert (a — proj-onto a C) C)
by (rule pairwise-orthogonal-insert[OF p|, auto simp add: orthogonal-proj-set C

p)

2.3 Orthogonal Complement
definition orthogonal-complement W = {z. Vy € W. orthogonal = y}

lemma in-orthogonal-complement-imp-orthogonal:
assumes z: y € S
and z € orthogonal-complement S
shows orthogonal x y
using assms orthogonal-commute
unfolding orthogonal-complement-def
by blast

lemma subspace-orthogonal-complement: subspace (orthogonal-complement W)
unfolding subspace-def orthogonal-complement-def
by (simp add: orthogonal-def inner-left-distrib)

lemma orthogonal-complement-mono:

assumes A-in-B: A C B
shows orthogonal-complement B C orthogonal-complement A

13



proof
fix z assume z: x € orthogonal-complement B
show x € orthogonal-complement A using z unfolding orthogonal-complement-def
by (simp add: orthogonal-def, metis A-in-B in-mono)
qed

lemma B-in-orthogonal-complement-of-orthogonal-complement:
shows B C orthogonal-complement (orthogonal-complement B)
by (auto simp add: orthogonal-complement-def orthogonal-def inner-commute)

lemma phytagorean-theorem-norm:
assumes o: orthogonal = y
shows norm (z+y) 2=norm z~2 + norm y 2

proof —
have norm (z+y) 2 = (z+vy) - (z+y) unfolding power2-norm-eg-inner ..
also have ... = ((z+y) - z) + ((z+y) - y) unfolding inner-right-distrib ..
alsohave ... = (z-z)+ (z-y)+ (y-2) + (v + v)
unfolding real-inner-class.inner-add-left by simp
also have ... = (z - ) + (y - y) using o unfolding orthogonal-def
by (metis monoid-add-class.add.right-neutral inner-commute)
also have ... = norm 272 + norm y 2 unfolding power2-norm-eg-inner ..
finally show ?thesis .
qed

lemma in-orthogonal-complement-basis:
fixes B::'a::{euclidean-space} set
assumes S: subspace S
and ind-B: independent B
and B: BC §
and span-B: S C span B
shows (v € orthogonal-complement S) = (V a€B. orthogonal a v)
proof (unfold orthogonal-complement-def, auto)
fix a assume V z€S. orthogonal v z and a € B
thus orthogonal a v
by (metis B orthogonal-commute rev-subsetD)
next
fix z assume o: Va€B. orthogonal a v and z: ¢ € S
have finite-B: finite B using independent-bound-general|OF ind-B] ..
have span-B-eq: S = span B using B S span-B span-subspace by blast
obtain f where f: (> a€B. f a xg a) = z using span-finite| OF finite-B|
using z unfolding span-B-eq by force
have v - z = v - (3 a€B. f a *g a) unfolding f ..

also have ... = (> a€B. v - (f a *g a)) unfolding inner-sum-right ..
also have ... = ()" a€B. fa *x (v + a)) unfolding inner-scaleR-right ..
also have ... = 0 using sum.neutral o by (simp add: orthogonal-def inner-commute)
finally show orthogonal v x unfolding orthogonal-def .
qed

See https://people.math.osu.edu/husen.1/teaching/571 /least__squares.pdf
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Part 1 of the Theorem 1.7 in the previous website, but the proof has been
carried out in other way.

lemma v-minus-p-orthogonal-complement:
fixes X::'a::{euclidean-space} set
assumes subspace-S: subspace S
and ind-X: independent X
and X: X C S8
and span-X: S C span X
and o: pairwise orthogonal X
shows (v — proj-onto v X) € orthogonal-complement S
unfolding in-orthogonal-complement-basis| OF subspace-S ind-X X span-X|
proof
fix a assume a: a € X
let ?p=proj-onto v X
show orthogonal a (v — ?p)
unfolding orthogonal-commute[of a v— ?p]
by (rule orthogonal-proj-set|OF a - o])
(simp add: independent-bound-general| OF ind-X])
qed

Part 2 of the Theorem 1.7 in the previous website.

lemma UNIV-orthogonal-complement-decomposition:
fixes S::'a::{euclidean-space} set
assumes s: subspace S
shows UNIV = S + (orthogonal-complement S)
proof (unfold set-plus-def, auto)

fix v
obtain X where ind-X: independent X
and X: X C §

and span-X: S C span X

and o: pairwise orthogonal X

by (metis order-refl orthonormal-basis-subspace s)
have finite-X: finite X by (metis independent-bound-general ind-X)
let ?p=proj-onto v X
have v="2p +(v—?p) by simp
moreover have ?p € S unfolding proj-onto-def proj-def|abs-def]

by (rule subspace-sum|[OF s])

(simp add: X s rev-subsetD subspace-mul)

moreover have (v—?p) € orthogonal-complement S

by (rule v-minus-p-orthogonal-complement|OF s ind-X X span-X o))
ultimately show JacS. 3 beorthogonal-complement S. v = a + b by force

qed

2.4 Normalization of vectors

definition normalize

where normalize x = ((1/norm z) *g )
definition normalize-set-of-vec

where normalize-set-of-vec X = normalize‘ X
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lemma norm-normalize:
assumes z #
shows norm (normalize z) = 1
by (simp add: normalize-def assms)

lemma normalize-0: (normalize x = 0) = (z = 0)
unfolding normalize-def by auto

lemma norm-normalize-set-of-vec:
assumes z # 0
and z € normalize-set-of-vec X
shows norm z = 1
using assms norm-normalize normalize-0 unfolding normalize-set-of-vec-def by

blast

end

3 The Gram-Schmidt algorithm

theory Gram-Schmidt

imports
Miscellaneous-QR
Projections

begin

3.1

Gram-Schmidt algorithm

The algorithm is used to orthogonalise a set of vectors. The Gram-Schmidt
process takes a set of vectors S and generates another orthogonal set that
spans the same subspace as .

We present three ways to compute the Gram-Schmidt algorithm.

1.

The fist one has been developed thinking about the simplicity of its
formalisation. Given a list of vectors, the output is another list of
orthogonal vectors with the same span. Such a list is constructed
following the Gram-Schmidt process presented in any book, but in the
reverse order (starting the process from the last element of the input
list).

Based on previous formalization, another function has been defined to
compute the process of the Gram-Schmidt algorithm in the natural
order (starting from the first element of the input list).

The third way has as input and output a matrix. The algorithm is
applied to the columns of a matrix, obtaining a matrix whose columns
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are orthogonal and where the column space is kept. This will be a
previous step to compute the QR decomposition.

Every function can be executed with arbitrary precision (using rational num-

bers).

3.1.1 First way

definition Gram-Schmidt-step :: (‘a::{real-inner}™b) => ('a™b) list => ('a™'b)
list
where Gram-Schmidt-step a ys = ys @ [(a — proj-onto a (set ys))]

definition Gram-Schmidt zs = foldr Gram-Schmidt-step xs [|

lemma Gram-Schmidt-cons:
Gram-Schmidt (a#xs) = Gram-Schmidt-step a (Gram-Schmidt zs)
unfolding Gram-Schmidt-def by auto

lemma basis-orthogonal:
fixes zs::('a::{real-inner} 'b) list
shows length (Gram-Schmidt xs) = length (zs) A
span (set (Gram-Schmidt zs)) = span (set xs) A
pairwise orthogonal (set (Gram-Schmidt xs))
proof (induct s)
case Nil
show ?case unfolding Gram-Schmidt-def pairwise-def by fastforce
next
case (Cons a xs)
have I: length (Gram-Schmidt zs) = length xs
and s: span (set (Gram-Schmidt xs)) = span (set xs)
and p: pairwise orthogonal (set (Gram-Schmidt xs)) using Cons.hyps by auto
show length (Gram-Schmidt (a # xs)) = length (a # xs) A
span (set (Gram-Schmidt (a # xs))) = span (set (a # xs))
A pairwise orthogonal (set (Gram-Schmidt (a # xs)))
proof
show length (Gram-Schmidt (a # xs)) = length (a # xs)
unfolding Gram-Schmidt-cons unfolding Gram-Schmidt-step-def using [ by
auto
show span (set (Gram-Schmidt (a # xs)))
= span (set (a # xs)) A pairwise orthogonal (set (Gram-Schmidt (a # xs)))
proof
have set-rwi: set (a # xzs) = insert a (set xs) by simp
have set-rw2: set (Gram-Schmidt (a # xs))
= (insert (a — (3. zeset (Gram-Schmidt xs). (a + x / (z - ) *r z)) (set
(Gram-Schmidt xs)))
unfolding Gram-Schmidt-cons Gram-Schmidt-step-def proj-onto-def proj-def[abs-def]
by auto
define C where C = set (Gram-Schmidt xs)
have finite-C: finite C unfolding C-def by auto
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{
fix z k

have th0: !(a::'a™b) be.a —(b—¢)=c+ (a — b)
by (simp add: field-simps)
have x — k g (a — O z€C. (a -z / (z - z)) *g x)) € span C
<1z — kx*p a € span C
apply (simp only: scaleR-right-diff-distrib th0)
apply (rule span-add-eq)
apply (rule span-mul)
apply (rule span-sum)
apply (rule span-mul)
apply (rule span-base)
apply assumption
done

Py

then show span (set (Gram-Schmidt (a # xs))) = span (set (a # xs))
unfolding set-eq-iff set-rw2 set-rwl span-breakdown-eq C-def s[symmetric]
by auto
with p show pairwise orthogonal (set (Gram-Schmidt (a # zs)))
using pairwise-orthogonal-proj-set| OF finite-C]
unfolding set-rw2 unfolding C-def proj-def[symmetric] proj-onto-def[symmetric]
by simp
qed
qed
qed

lemma card-Gram-Schmidt:
fixes zs:('a::{real-inner}™'b) list
assumes distinct s
shows card(set (Gram-Schmidt xs)) < card (set (xs))
using assms
proof (induct xs)
case Nil show ?case unfolding Gram-Schmidt-def by simp
next
case (Cons z zs)
define b where b = ()" za€set (Gram-Schmidt xs). (z - za / (za - za)) *g za)
have distinct-xs: distinct xs using Cons.prems by auto
show Zcase
proof (cases ¢ — b ¢ set (Gram-Schmidt xs))
case True
have card (set (Gram-Schmidt (z # xs))) = card (insert (x — b) (set (Gram-Schmidt
zs)))
unfolding Gram-Schmidt-cons Gram-Schmidt-step-def b-def
unfolding proj-onto-def proj-def|abs-def] by simp
also have ... = Suc (card (set (Gram-Schmidt xs)))
proof (rule card-insert-disjoint)
show finite (set (Gram-Schmidt xs)) by simp
show z — b ¢ set (Gram-Schmidt zs) using True .
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qed
also have ... < Suc (card (set xs)) using Cons.hyps|OF distinct-zs] by simp
also have ... = Suc (length (remdups zs)) unfolding List.card-set ..
also have ... < (length (remdups (z # xs)))
by (metis Cons.prems distinct-xs impossible-Cons not-less-eg-eq remdups-id-iff-distinct)
also have ... < (card (set (z # xs)))
by (metis dual-order.refl length-remdups-card-conv)
finally show ?thesis .
next
case False
have z-b-in: © — b € set (Gram-Schmidt zs) using False by simp
have card (set (Gram-Schmidt (z # xs))) = card (insert (x — b) (set (Gram-Schmidt
%))
unfolding Gram-Schmidt-cons Gram-Schmidt-step-def b-def
unfolding proj-onto-def proj-def[abs-def] by simp
also have ... = (card (set (Gram-Schmidt zs))) by (metis False insert-absorb)
also have ... < (card (set zs)) using Cons.hyps|OF distinct-zs] .
also have ... < (card (set (z # zs))) unfolding List.card-set by simp
finally show ?thesis .
qed
qed

lemma orthogonal-basis-exists:
fixes V :: (real™b) list
assumes B: is-basis (set V)
and d: distinct V
shows wvec.independent (set (Gram-Schmidt V)) A (set V) C wvec.span (set
(Gram-Schmidt V')
A (card (set (Gram-Schmidt V')) = vec.dim (set V)) A pairwise orthogonal (set
(Gram-Schmidt V')
proof —
have (set V) C vec.span (set (Gram-Schmidt V))
using basis-orthogonal’lof V]
using vec.span-superset|where ?'a=real, where ?'b="0]
by (auto simp: span-vec-eq)
moreover have pairwise orthogonal (set (Gram-Schmidt V'))
using basis-orthogonal’lof V] by blast
moreover have c¢: (card (set (Gram-Schmidt V)) = vec.dim (set V))
proof —
have card-eg-dim: card (set V) = vec.dim (set V)
by (metis B independent-is-basis vec.dim-span vec.indep-card-eq-dim-span)
have vec.dim (set V) < (card (set (Gram-Schmidt V'))) using B unfolding
is-basis-def
using vec.independent-span-bound[of (set (Gram-Schmidt V)) set V]
using basis-orthogonal’[of V]
by (simp add: calculation(1) local.card-eq-dim)
moreover have (card (set (Gram-Schmidt V))) < vec.dim (set V)
using card-Gram-Schmidt[OF d] card-eq-dim by auto
ultimately show #thesis by auto
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qed
moreover have vec.independent (set (Gram-Schmidt V'))
proof (rule vec.card-le-dim-spanning|of - UNIV::(real™b) set))
show set (Gram-Schmidt V) C (UNIV::(real™b) set) by simp
show UNIV C wvec.span (set (Gram-Schmidt V'))
using basis-orthogonal’[of V] using B unfolding is-basis-def
by (simp add: span-vec-eq)
show finite (set (Gram-Schmidt V)) by simp
show card (set (Gram-Schmidt V)) < vec.dim (UNIV::(real™b) set)
by (metis ¢ top-greatest vec.dim-subset)
qed
ultimately show ?thesis by simp
qed

corollary orthogonal-basis-exists’:
fixes V :: (real™b) list
assumes B: is-basis (set V)
and d: distinct V
shows is-basis (set (Gram-Schmidt V'))
A distinct (Gram-Schmidt V) A pairwise orthogonal (set (Gram-Schmidt V))
using B orthogonal-basis-exists basis-orthogonal’ card-distinct d
vec.dim-unique distinct-card is-basis-def subset-refi
by (metis span-vec-eq)

3.1.2 Second way

This definition applies the Gram Schmidt process starting from the first
element of the list.

definition Gram-Schmidt2 xs = Gram-Schmidt (rev xs)

lemma basis-orthogonal2:
fixes zs:('a::{real-inner}™'b) list
shows length (Gram-Schmidt2 xs) = length (zs)
A span (set (Gram-Schmidt2 xs)) = span (set xs)
A pairwise orthogonal (set (Gram-Schmidt2 xs))
by (metis Gram-Schmidt2-def basis-orthogonal’ length-rev set-rev)

lemma card-Gram-Schmidt2:
fixes zs:('a::{real-inner} ~'b) list
assumes distinct xs
shows card(set (Gram-Schmidt2 xs)) < card (set (xs))
by (metis Gram-Schmidt2-def assms card-Gram-Schmidt distinct-rev set-rev)

lemma orthogonal-basis-exists2:
fixes V :: (real™b) list
assumes B: is-basis (set V)
and d: distinct V
shows vec.independent (set (Gram-Schmidt2 V)) A (set V) C wec.span (set
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(Gram-Schmidt2 V))
A (card (set (Gram-Schmidt2 V)) = vec.dim (set V)) A pairwise orthogonal (set
(Gram-Schmidt2 V)
by (metis Gram-Schmidt.orthogonal-basis-exists Gram-Schmidt2-def distinct-rev
set-rev
B basis-orthogonal2 d)

3.1.3 Third way

The following definitions applies the Gram Schmidt process in the columns
of a given matrix. It is previous step to the computation of the QR decom-
position.

definition Gram-Schmidt-column-k :: 'a::{real-inner} ' cols::{mod-type} ~rows =
nat

= 'acols::{mod-type} “rows

where Gram-Schmidt-column-k A k

= (x a. (x b. (if b = from-nat k

then (column b A — (proj-onto (column b A) {column i Ali. i < b}))

else (column b A)) $ a))

definition Gram-Schmidt-upt-k A k = foldl Gram-Schmidt-column-k A [0..<(Suc
k)]

definition Gram-Schmidt-matriz A = Gram-Schmidt-upt-k A (ncols A — 1)

Some definitions and lemmas in order to get execution.

definition Gram-Schmidt-column-k-row A k a =
vec-lambda(\b. (if b = from-nat k then
(column b A — (3 ze{column i Ali. i < b}. ((column b A) « z / (z - x)) *g x))
else (column b A)) $ a)

lemma Gram-Schmidt-column-k-row-code[code abstract]:

vec-nth (Gram-Schmidt-column-k-row A k a)

= (%b. (if b = from-nat k

then (column b A — (3 ze{column i Ali. i < b}. ((column b A) -z / (z - x)) *R
7))

else (column b A)) $ a)

unfolding Gram-Schmidt-column-k-row-def

by (metis (lifting) vec-lambda-beta)

lemma Gram-Schmidt-column-k-code[code abstract):
vee-nth ( Gram-Schmidt-column-k A k) = Gram-Schmidt-column-k-row A k
unfolding Gram-Schmidt-column-k-def unfolding Gram-Schmidt-column-k-row-def[abs-def]
unfolding proj-onto-def proj-def[abs-def]
by fastforce

Proofs

lemma Gram-Schmidt-upt-k-suc:
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Gram-Schmidt-upt-k A (Suc k) = (Gram-Schmidt-column-k (Gram-Schmidt-upt-k
A k) (Suc k))
proof —
have rw: [0..<Suc (Suc k)] = [0..<Suc k] @ [(Suc k)] by simp
show ?thesis unfolding Gram-Schmidt-upt-k-def
unfolding rw unfolding foldl-append unfolding foldl.simps ..
qed

lemma column-Gram-Schmidt-upt-k-preserves:
fixes A::’a::{real-inner} ™ cols:{mod-type} ~rows
assumes i-less-suc: to-nat i<(Suc k)
and suc-less-card: Suc k < CARD ('cols)
shows column i (Gram-Schmidt-upt-k A (Suc k)) = column i (Gram-Schmidt-upt-k
A k)
proof —
have column i (Gram-Schmidt-upt-k A (Suc k))
= column i (Gram-Schmidt-column-k ( Gram-Schmidt-upt-k A k) (Suc k))
unfolding Gram-Schmidt-upt-k-suc ..
also have ... = column i (Gram-Schmidt-upt-k A k) unfolding Gram-Schmidt-column-k-def
column-def using i-less-suc by (auto simp add: to-nat-from-nat-id| OF suc-less-card))
finally show ?thesis .
qged

lemma column-set-Gram-Schmidt-upt-k:
fixes A::’a::{real-inner}cols:{mod-type} ~'rows
assumes k: Suc k < CARD (’cols)
shows {column i (Gram-Schmidt-upt-k A (Suc k)) |i. to-nat i<(Suc k)} =
{column i (Gram-Schmidt-upt-k A k) |i. to-nat i<k} U {column (from-nat (Suc
k)) (Gram-Schmidt-upt-k A k)
— (- ze{column i (Gram-Schmidt-upt-k A k) |i. to-nat i<k}. (z - (column
(from-nat (Suc k)) (Gram-Schmidt-upt-k A k)) / (z - z)) *g )}
proof —
have set-rw: {x ia. Gram-Schmidt-upt-k A k $ ia $ 7 |i.
i < from-nat (Suc k)} = {x ia. Gram-Schmidt-upt-k A k $ ia $ 7 |i. to-nat i <
k}
proof (auto, vector, metis less-Suc-eq-le to-nat-le)
fix i::'cols
assume to-nat 1 < k
hence to-nat i < Suc k by simp
hence i-less-suc: i < from-nat (Suc k) using from-nat-le[OF - k] by simp
show 31. (Aj. Gram-Schmidt-upt-k A k$ j$ i) = (\j. Gram-Schmidt-upt-k A
kE$ 3% 1) A I < mod-type-class.from-nat (Suc k)
by (rule exI[of - i], simp add: i-less-suc)
qed
have rw: [0..<Suc (Suc k)] = [0..<Suc k] @ [(Suc k)] by simp
have {column i (Gram-Schmidt-upt-k A (Suc k)) |i. to-nat i<(Suc k)}
= {column i (Gram-Schmidt-column-k (Gram-Schmidt-upt-k A k) (Suc k)) |i.
to-nat i < Suc k}
unfolding Gram-Schmidt-upt-k-def
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unfolding rw unfolding foldl-append unfolding foldl.simps ..
also have ... = {column i (Gram-Schmidt-upt-k A k) |i. to-nat i<k} U {column
(from-nat (Suc k)) (Gram-Schmidt-upt-k A k)
— (> ze{column i (Gram-Schmidt-upt-k A k) |i. to-nat i<k}. (x - (column
(from-nat (Suc k)) (Gram-Schmidt-upt-k A k)) / (z - z)) *g )}
proof (auto)
fix i::'cols
assume k: to-nat 1 < k
show Jia. column i (Gram-Schmidt-upt-k A k)
= column ia (Gram-Schmidt-column-k (Gram-Schmidt-upt-k A k) (Suc k)) A
to-nat ia < Suc k
proof (rule exI[of - 4|, rule conjl)
have i-less-suc: to-nat i < Suc k using ik by auto
thus to-nat i < Suc k by simp
show column i (Gram-Schmidt-upt-k A k) = column ¢ (Gram-Schmidt-column-k
(Gram-Schmidt-upt-k A k) (Suc k))
using column-Gram-Schmidt-upt-k-preserves| OF i-less-suc k, of A
unfolding Gram-Schmidt-upt-k-suc ..
qed
next
show Ja. column (from-nat (Suc k)) (Gram-Schmidt-upt-k A k) —
>" ze{column i (Gram-Schmidt-upt-k A k) |i.
to-nat ¢ < k}. (z + column (from-nat (Suc k)) (Gram-Schmidt-upt-k A k) / (z
) *n 2) =
column a (Gram-Schmidt-column-k (Gram-Schmidt-upt-k A k) (Suc k)) A
to-nat a < Suc k
proof (rule exI[of - from-nat (Suc k)::'cols], rule congI)

show to-nat (from-nat (Suc k)::'cols) < Suc k unfolding to-nat-from-nat-id| OF
show column (from-nat (Suc k)) (Gram-Schmidt-upt-k A k) —
(3" ze{column i (Gram-Schmidt-upt-k A k) |i.
to-nat i < k}. (z - column (from-nat (Suc k)) (Gram-Schmidt-upt-k A k) /
(2 - 2)) # 7) =
column (from-nat (Suc k)) (Gram-Schmidt-column-k ( Gram-Schmidt-upt-k
A k) (Suc k))
unfolding Gram-Schmidt-column-k-def column-def apply auto unfolding
set-rw
unfolding vector-scaleR-component[symmetric]
unfolding sum-component|symmetric|
unfolding proj-onto-def proj-def|abs-def]
unfolding proj-onto-sum-rw
by wector
qed
next
fix ¢
assume col-not-eq: column i (Gram-Schmidt-column-k ( Gram-Schmidt-upt-k A

k) (Suc k)) #
column (from-nat (Suc k)) (Gram-Schmidt-upt-k A k) —
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(5" ze{column i (Gram-Schmidt-upt-k A k) |i.
to-nat ¢ < k}. (z + column (from-nat (Suc k)) (Gram-Schmidt-upt-k A k) / (x
) *n o)
and i: to-nat 1 < Suc k
have i-not-suc-k: i # from-nat (Suc k)
proof (rule ccontr, simp)
assume ¢2: i = from-nat (Suc k)
have column i (Gram-Schmidt-column-k (Gram-Schmidt-upt-k A k) (Suc k))

column (from-nat (Suc k)) (Gram-Schmidt-upt-k A k) —
(3" ze{column i (Gram-Schmidt-upt-k A k) |i.
to-nat i < k}. (z - column (from-nat (Suc k)) (Gram-Schmidt-upt-k A k) /
(z - 2)) #p 7)
unfolding 72 Gram-Schmidt-column-k-def column-def
apply auto
unfolding set-rw
unfolding vector-scaleR-component|[symmetric]
unfolding sum-component|symmetric]
unfolding proj-onto-def proj-def|abs-def]
unfolding proj-onto-sum-rw
by vector
thus False using col-not-eq by contradiction
qed
show Jia. column i (Gram-Schmidt-column-k (Gram-Schmidt-upt-k A k) (Suc
)
= column ia (Gram-Schmidt-upt-k A k) A to-nat ia < k
proof (rule exI[of - i], rule conjl, unfold Gram-Schmidt-upt-k-suc[symmetric],
rule column-Gram-Schmidt-upt-k-preserves)
show to-nat i < Suc k using i i-not-suc-k by (metis le-imp-less-or-eq
from-nat-to-nat-id)
thus to-nat ¢ < k using less-Suc-eq-le by simp
show Suc k < CARD(’cols) using k .
qed
qed
finally show ?thesis .
qed

lemma orthogonal-Gram-Schmidt-upt-k:
assumes s: k < ncols A
shows pairwise orthogonal ({column i (Gram-Schmidt-upt-k A k) |i. to-nat i<k})
using s
proof (induct k)
case (
have set-rw: {column i (Gram-Schmidt-upt-k A 0) |i. to-nat i < 0} = {column
0 (Gram-Schmidt-upt-k A 0)}
by (simp add: to-nat-eq-0)
show ?Zcase unfolding set-rw unfolding pairwise-def by auto
next
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case (Suc k)
have rw: [0..<Suc (Suc k)] = [0..<Suc k] @ [(Suc k)] by simp
show ?Zcase
unfolding column-set-Gram-Schmidt-upt-k|OF Suc.prems[unfolded ncols-def],
of A]
unfolding proj-onto-sum-rw
by (auto simp add: proj-def[symmetric] proj-onto-def[symmetric])
(rule pairwise-orthogonal-proj-set, auto simp add: Suc.hyps Suc.prems Suc-lessD)
qed

lemma columns-Gram-Schmidt-matriz-rw:

{column i (Gram-Schmidt-matriz A) |i. i € UNIV}

= {column i (Gram-Schmidt-upt-k A (ncols A — 1)) |i. to-nat i< (ncols A — 1)}
proof (auto)

fix 7

show Jia. column i (Gram-Schmidt-matriz A)

= column ia (Gram-Schmidt-upt-k A (ncols A — Suc 0)) A to-nat ia < ncols A

— Suc 0

apply (rule exI[of - i]) unfolding Gram-Schmidt-matriz-def using to-nat-less-card[of

1]
unfolding ncols-def by fastforce
show Fia. column i (Gram-Schmidt-upt-k A (ncols A — Suc 0)) = column ia
(Gram-Schmidt-matriz A)
unfolding Gram-Schmidt-matriz-def by auto
qged

corollary orthogonal-Gram-Schmidt-matrix:
shows pairwise orthogonal ({column i (Gram-Schmidt-matriz A) |i. i € UNIV})
unfolding columns-Gram-Schmidt-matriz-rw
by (rule orthogonal-Gram-Schmidt-upt-k, simp add: ncols-def)

corollary orthogonal-Gram-Schmidt-matriz2:
shows pairwise orthogonal (columns (Gram-Schmidt-matriz A))
unfolding columns-def using orthogonal-Gram-Schmidt-matriz .

lemma column-Gram-Schmidt-column-k:
fixes A::'a::{real-inner} 'n::{mod-type} “'m::{mod-type}
shows column k (Gram-Schmidt-column-k A (to-nat k)) =
(column k A) — (O xe{column i Ali. i < k}. (z - (column k A) / (z - x)) *g )
unfolding Gram-Schmidt-column-k-def column-def
unfolding from-nat-to-nat-id
unfolding proj-onto-def proj-def[abs-def]
unfolding proj-onto-sum-rw
by wvector

lemma column-Gram-Schmidt-column-k':
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fixes A::'a::{real-inner} 'n::{mod-type} “m::{mod-type}

assumes i-not-k: i£k

shows column i (Gram-Schmidt-column-k A (to-nat k)) = (column i A)
using ¢-not-k

unfolding Gram-Schmidt-column-k-def column-def

unfolding from-nat-to-nat-id by vector

definition cols-upt-k A k = {column i A|i. i<from-nat k}

lemma cols-upt-k-insert:
fixes A::'a"'n::{mod-type} “'m::{mod-type}
assumes k: (Suc k)<ncols A
shows cols-upt-k A (Suc k) = (insert (column (from-nat (Suc k)) A) (cols-upt-k
4 1))
proof (unfold cols-upt-k-def, auto)
fix i::'n
assume i: ¢ < from-nat (Suc k) and column i A # column (from-nat (Suc k))
A
hence i-not-suc-k: i # from-nat (Suc k) by auto
have i-le: i < from-nat k
proof —
have i < from-nat (Suc k) by (metis le-imp-less-or-eq i i-not-suc-k)
thus ?thesis by (metis Suc-eg-plusl from-nat-suc le-Suc not-less)
qed
thus Jia. column i A = column ia A A ia < from-nat k by auto
next
fix i::'n
assume i: i < from-nat k
also have ... < from-nat (Suc k)
by (rule from-nat-mono[OF - k[unfolded ncols-def]], simp)
finally have i < from-nat (Suc k) by simp
thus Jia. column i A = column ia A A ia < from-nat (Suc k) by auto
qed

lemma columns-eq-cols-upt-k:
fixes A::'acols::{mod-type} ~'rows::{mod-type}
shows cols-upt-k A (ncols A — 1) = columns A
proof (unfold cols-upt-k-def columns-def, auto)
fix ¢
show Jia. column i A = column ia A A ia < from-nat (ncols A — Suc 0)
proof (rule exI[of - i], simp)
have to-nat i < ncols A using to-nat-less-card|[of i| unfolding ncols-def by
stmp
hence to-nat i < (ncols A — 1) by simp
hence to-nat i < to-nat (from-nat (ncols A — 1)::'cols)
using to-nat-from-nat-id[of ncols A — 1, where ?’a='cols] unfolding ncols-def
by simp
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thus ¢ < from-nat (ncols A — Suc 0)
by (metis One-nat-def less-le-not-le linear to-nat-mono)
qed
qed

lemma span-cols-upt-k- Gram-Schmidt-column-k:
fixes A::’a::{real-inner} 'n:{mod-type} ~'m::{mod-type}
assumes k < ncols A
and j < ncols A
shows span (cols-upt-k A k) = span (cols-upt-k (Gram-Schmidt-column-k A j) k)
using assms
proof (induct k)
case ()
have set-rw: {x ia. A $ia $ i |i. i < 0} = {} using least-mod-type not-less by
auto
have set-rw2: {column i (Gram-Schmidt-column-k A j) |i. i < 0} = {column 0
(Gram-Schmidt-column-k A 7)}
by (auto, metis eq-iff least-mod-type)
have set-rw3: {column i A |i. i < 0} ={column 0 A} by (auto, metis eq-iff
least-mod-type)
have col-0-eq: column 0 (Gram-Schmidi-column-k A j) = column 0 A
unfolding Gram-Schmidt-column-k-def column-def
unfolding proj-onto-def proj-def[abs-def]
by (simp add: set-rw)
show ?case unfolding cols-upt-k-def from-nat-0 unfolding set-rw2 set-rws un-
folding col-0-¢q ..
next
case (Suc k)
have hyp: span (cols-upt-k A k) = span (cols-upt-k (Gram-Schmidt-column-k A
J) k)
using Suc.prems Suc.hyps by auto
have set-rwl: (cols-upt-k A (Suc k)) = insert (column (from-nat (Suc k)) A)
(cols-upt-k A k)
using cols-upt-k-insert
by (auto intro!: cols-upt-k-insert|OF Suc.prems(1)])
have set-rw2: (cols-upt-k (Gram-Schmidt-column-k A j) (Suc k)) =
insert (column (from-nat (Suc k)) (Gram-Schmidt-column-k A 7)) (cols-upt-k
(Gram-Schmidt-column-k A j) k)
using cols-upt-k-insert Suc.prems(1) unfolding ncols-def by auto
show ?Zcase
proof (cases j=Suc k)
case Fulse
have suc-not-k: from-nat (Suc k) # (from-nat j::'n)
proof (rule ccontr, simp)
assume from-nat (Suc k) = (from-nat j::'n)
hence Suc k = j apply (rule from-nat-eq-imp-eq) using Suc.prems unfolding
ncols-def .
thus Fulse using Fualse by simp
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qed
have tnfnj: to-nat (from-nat j::'n) = j using to-nat-from-nat-id| OF Suc.prems(2)[unfolded
neols-def]] .
let ?a-suc-k = column (from-nat (Suc k)) A
have col-eq: column (from-nat (Suc k)) (Gram-Schmidt-column-k A j) =
7a-suc-k
using column-Gram-Schmidt-column-k'[OF suc-not-k] unfolding tnfnj .
have k: k<CARD('n) using Suc.prems(1)[unfolded ncols-def] by simp
show ?thesis unfolding set-rwl set-rw2 col-eq unfolding span-insert unfold-
ing hyp ..
next
case True
define C where C = cols-upt-k A k
define B where B = cols-upt-k (Gram-Schmidt-column-k A j) k
define a where a = column (from-nat (Suc k)) A
let %a=a — sum (M\z. (z - a / (z - 2)) *xg z) C
let ?C=insert %a C
have col-rw: {column i A |i. i < from-nat k} = {column i A |i. i < from-nat
(Suc k)}
proof (auto)
fix i::'n assume i: i < from-nat k
also have ... < from-nat (Suc k) by (rule from-nat-mono[OF - Suc.prems(1)[unfolded
ncols-def]], simp)
finally show Jia. column i A = column ia A N\ ia < from-nat (Suc k) by
auto
next
fix i::'n
assume i: i < from-nat (Suc k)
hence i< from-nat k unfolding Suc-eq-plus! unfolding from-nat-suc by
(metis le-Suc not-less)
thus Jdia. column i A = column ia A A ia < from-nat k by auto
qed
have rw: column (from-nat (Suc k)) (Gram-Schmidt-column-k A j) = (a —
(> zecols-upt-k A k. (z - a / (x+ x)) *g x))
unfolding Gram-Schmidt-column-k-def True unfolding cols-upt-k-def a-def
C-def
unfolding column-def apply auto
unfolding column-def[symmetric] col-rw minus-vec-def
unfolding column-def vec-lambda-beta
unfolding proj-onto-def proj-def|abs-def)
unfolding proj-onto-sum-rw
by auto
have finite-C: finite C unfolding C-def cols-upt-k-def by auto
{
fix z b
have th0: '(a::’a”"m:{mod-type}) b c. a — (b — ¢) = ¢ + (a — b)
by (simp add: field-simps)
have z — bxg (a — O 2€C. (z-a/ (x-1x)) *gr x)) € span C +— z —
b xp a € span C
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apply (simp only: scaleR-right-diff-distrib th0)
apply (rule span-add-eq)
apply (rule span-mul)
apply (rule span-sum)
apply (rule span-mul)
apply (rule span-base)
apply assumption
done
}
thus ?thesis unfolding set-eq-iff
unfolding C-def B-def unfolding set-rw! unfolding set-rw2
unfolding span-breakdown-eq unfolding hyp
by (metis (mono-tags) B-def a-def rw)
qed
qed

corollary span-Gram-Schmidt-column-k:
fixes A::’a::{real-inner} 'n:{mod-type} ~'m::{mod-type}
assumes k<ncols A
shows span (columns A) = span (columns (Gram-Schmidt-column-k A k))
unfolding columns-eg-cols-upt-k[symmetric]
using span-cols-upt-k-Gram-Schmidt-column-k[of ncols A — 1 A k]
using assms unfolding ncols-def by auto

corollary span-Gram-Schmidt-upt-k:
fixes A::'a::{real-inner} 'n::{mod-type} “m::{mod-type}
assumes k<ncols A
shows span (columns A) = span (columns (Gram-Schmidt-upt-k A k))
using assms
proof (induct k)
case (
have columns (Gram-Schmidt-column-k A 0) = columns A
proof (unfold columns-def, auto)
fix ¢
have set-rw: {x ia. A $ ia $ ¢ |i. i < from-nat 0} = {}
by (auto, metis less-le-not-le least-mod-type from-nat-0)
thus Jia. column i (Gram-Schmidt-column-k A 0) = column ia A
unfolding Gram-Schmidt-column-k-def column-def
unfolding proj-onto-def proj-def[abs-def] by auto
show Jia. column i A = column ia (Gram-Schmidt-column-k A 0)
using set-rw unfolding Gram-Schmidt-column-k-def column-def
unfolding from-nat-0
unfolding proj-onto-def proj-def|abs-def]
by force
qed
thus ?case unfolding Gram-Schmidt-upt-k-def by auto
next
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case (Suc k)

have hyp: span (columns A) = span (columns (Gram-Schmidt-upt-k A k))
using Suc.prems Suc.hyps by auto

have span (columns (Gram-Schmidt-upt-k A (Suc k)))
= span (columns (Gram-Schmidt-column-k (Gram-Schmidt-upt-k A k) (Suc k)))
unfolding Gram-Schmidt-upt-k-suc ..

also have ... = span (columns (Gram-Schmidt-upt-k A k))
using span-Gram-Schmidt-column-k[of Suc k (Gram-Schmidt-upt-k A k)]
using Suc.prems unfolding ncols-def by auto

finally show ?case using hyp by auto

qged

corollary span-Gram-Schmidt-matriz:
fixes A::’a::{real-inner} 'n:{mod-type} ~'m::{mod-type}
shows span (columns A) = span (columns (Gram-Schmidt-matriz A))
unfolding Gram-Schmidt-matriz-def
by (simp add: span-Gram-Schmidt-upt-k ncols-def)

lemma is-basis-columns-Gram-Schmidt-matriz:
fixes A::real™n::{mod-type} “m::{mod-type}
assumes b: is-basis (columns A)
and c: card (columns A) = ncols A
shows is-basis (columns (Gram-Schmidt-matriz A))
A card (columns (Gram-Schmidt-matriz A)) = ncols A
proof —
have span-UNIV: vec.span (columns ( Gram-Schmidt-matriz A)) = (UNIV::(real 'm::{mod-type})
set)
using span-Gram-Schmidt-matriz b unfolding is-basis-def
by (metis span-vec-eq)
moreover have c-eq: card (columns (Gram-Schmidt-matriz A)) = ncols A
proof —
have card (columns A) < card (columns (Gram-Schmidt-matriz A))
by (metis b is-basis-def finite-columns vec.independent-span-bound span-UNIV
top-greatest)
thus ?thesis using c using card-columns-le-ncols by (metis le-antisym ncols-def)
qed
moreover have vec.independent (columns (Gram-Schmidt-matriz A))
proof (rule vec.card-le-dim-spanninglof - UNIV ::(real™'m::{mod-type}) set])
show columns (Gram-Schmidt-matriz A) C UNIV by simp
show UNIV C vec.span (columns ( Gram-Schmidt-matriz A)) using span- UNIV
by auto
show finite (columns (Gram-Schmidt-matriz A)) using finite-columns .
show card (columns (Gram-Schmidt-matriz A)) < vec.dim (UNIV ::(real”'m::{mod-type})
set)
by (metis b ¢ c-eq eg-iff is-basis-def vec.dim-span-eq-card-independent)
qed
ultimately show “thesis unfolding is-basis-def by simp
qed

From here on, we present some lemmas that will be useful for the formali-
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sation of the QR decomposition.

lemma column-gr-k-Gram-Schmidt-upt:
fixes A::real™n::{mod-type} “m::{mod-type}
assumes >k
and i: i<ncols A
shows column (from-nat 7) (Gram-Schmidt-upt-k A k) = column (from-nat 7) A
using assms(1)
proof (induct k)
assume 0 < 1
hence (from-nat i::'n) # 0
unfolding from-nat-0[symmetric] using bij-from-nat[where ?’a='n] unfold-
ing bij-betw-def
by (metis from-nat-eq-imp-eq gr-implies-not0 i ncols-def neq0-conv)
thus column (from-nat @) (Gram-Schmidt-upt-k A 0) = column (from-nat i) A
unfolding Gram-Schmidt-upt-k-def
by (simp add: Gram-Schmidt-column-k-def from-nat-0 column-def)
next
case (Suc k)
have hyp: column (from-nat i) (Gram-Schmidt-upt-k A k) = column (from-nat
i) A
using Suc.hyps Suc.prems by auto
have to-nat-from-nat-suc-k: (to-nat (from-nat (Suc k)::'n)) = Suc k
by (metis Suc.prems dual-order.strict-trans from-nat-not-eq i ncols-def)
have column (from-nat ©) (Gram-Schmidt-upt-k A (Suc k))
= column (from-nat i) (Gram-Schmidt-column-k (Gram-Schmidt-upt-k A k)

(Suc k))
unfolding Gram-Schmidt-upt-k-suc ..
also have ... = column (from-nat i) (Gram-Schmidt-upt-k A k)

proof (rule column-Gram-Schmidt-column-k’
[of from-nat i from-nat (Suc k) (Gram-Schmidt-upt-k A k), unfolded to-nat-from-nat-suc-k])
show from-nat i # (from-nat (Suc k)::'n)
by (metis Suc.prems not-less-iff-gr-or-eq
from-nat-not-eq i ncols-def to-nat-from-nat-suc-k)
qed
finally show ?case unfolding hyp .
qged

lemma columns-Gram-Schmidt-upt-k-rw:
fixes A::real™n::{mod-type} “m::{mod-type}
assumes k: Suc k < ncols A
shows {column i (Gram-Schmidt-upt-k A (Suc k)) |i. i < from-nat (Suc k)}
= {column i (Gram-Schmidt-upt-k A k) |i. i < from-nat (Suc k)}
proof (auto)
fix i::'n assume i: i < from-nat (Suc k)
have to-nat-from-nat-k: to-nat (from-nat (Suc k)::'n) = Suc k
using to-nat-from-nat-id k unfolding ncols-def by auto
show Fia. column i (Gram-Schmidt-upt-k A (Suc k)) = column ia (Gram-Schmidt-upt-k
A k) A ia < from-nat (Suc k)
by (metis column-Gram-Schmidt-upt-k-preserves i k ncols-def to-nat-le)
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show Jia. column i (Gram-Schmidt-upt-k A k) = column ia (Gram-Schmidt-upt-k
A (Suc k)) A da < from-nat (Suc k)
by (metis column-Gram-Schmidt-upt-k-preserves i k ncols-def to-nat-le)
qed

lemma column-Gram-Schmidt-upt-k:
fixes A::real™n::{mod-type} “m::{mod-type}
assumes k<ncols A
shows column (from-nat k) (Gram-Schmidt-upt-k A k) =
(column (from-nat k) A) — (O z€{column i (Gram-Schmidt-upt-k A k)|i. i <
(from-nat k)}. (z - (column (from-nat k) A) / (z - z)) *g x)
using assms
proof (induct k, unfold from-nat-0)
have set-rw: {column i (Gram-Schmidt-upt-k A 0) |i. i < 0} = {} by (auto,
metis least-mod-type not-le)
have set-rw2: {column i A |i. i < 0} = {} by (auto, metis least-mod-type not-le)
have col-rw: column 0 A = column 0 (Gram-Schmidt-upt-k A 0)
unfolding Gram-Schmidt-upt-k-def apply auto unfolding Gram-Schmidt-column-k-def
from-nat-0
unfolding column-def
using set-rw2 unfolding proj-onto-def proj-def[abs-def]
by wector
show column 0 (Gram-Schmidt-upt-k A 0)
= column 0 A — (3 z€{column i (Gram-Schmidt-upt-k A 0) |i. i < 0}. (z -
column 0 A | (z - z)) *p x)
unfolding set-rw col-rw by simp
next
case (Suc k)
let Zak=column (from-nat k) A
let 2uk=column (from-nat k) (Gram-Schmidt-upt-k A k)
let 2a-suck= column (from-nat (Suc k)) A
let Zu-suck=column (from-nat (Suc k)) (Gram-Schmidt-upt-k A (Suc k))
have to-nat-from-nat-k: to-nat (from-nat (Suc k)::'n) = (Suc k)
using to-nat-from-nat-id Suc.prems unfolding ncols-def by auto
have a-suc-rw: column (from-nat (Suc k)) (Gram-Schmidt-upt-k A k) = %a-suck
by (rule column-gr-k-Gram-Schmidt-upt, auto simp add: Suc.prems)
have set-rw: {column i (Gram-Schmidt-upt-k A (Suc k)) |i. i < from-nat (Suc
)
= {column i (Gram-Schmidt-upt-k A k) |i. i < from-nat (Suc k)}
by (rule columns-Gram-Schmidt-upt-k-rw[OF Suc.prems])
have ?u-suck = column (from-nat (Suc k)) (Gram-Schmidt-upt-k A k) —
(>~ ze{column i (Gram-Schmidt-upt-k A k) |i.
i < from-nat (Suc k)}. (z - column (from-nat (Suc k)) (Gram-Schmidt-upt-k A
B/ (@ 2)) *r 2)
unfolding Gram-Schmidt-upt-k-suc
using column-Gram-Schmidt-column-k[of from-nat (Suc k) ( Gram-Schmidt-upt-k
A K)

unfolding to-nat-from-nat-k by auto
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also have ... = %a-suck —
(5" ze{column i (Gram-Schmidt-upt-k A k) |i.
i < from-nat (Suc k)}. (z - ?a-suck / (z - x)) *g z) unfolding a-suc-rw ..
finally show ?Zu-suck = %a-suck — (3 z€{column i (Gram-Schmidt-upt-k A (Suc
k) [i.
i < from-nat (Suc k)}. (z + %a-suck / (z - x)) *gr )
unfolding set-rw .
qed

lemma column-Gram-Schmidt-upt-k-preserves2:
fixes A::real™n::{mod-type} “m::{mod-type}
assumes a<(from-nat 7)
and i < j
and j<ncols A
shows column a (Gram-Schmidt-upt-k A i) = column a (Gram-Schmidt-upt-k A
7)
using assms
proof (induct j)
case (
show column a (Gram-Schmidt-upt-k A i) = column a (Gram-Schmidt-upt-k A
0) by (metis 0.prems(2) le-0-eq)
next
case (Suc j)
show Zcase
proof (cases a=from-nat (Suc 7))
case Fulse note a-not-suc-j=Fualse
have rwl: (to-nat (from-nat (Suc j)::'n)) = Suc j
using to-nat-from-nat-id Suc.prems unfolding ncols-def by auto
show ?thesis unfolding Gram-Schmidt-upt-k-suc using column-Gram-Schmidt-column-k'[OF
a-not-suc-j| unfolding rw1
by (metis Gram-Schmidt-upt-k-suc Suc.hyps Suc.prems(2) Suc.prems(3)
Suc-le-lessD assms(1) le-Suc-eq nat-less-le)
next
case True
have (from-nat i::'n) < from-nat (Suc j) by (rule from-nat-mono’|OF Suc.prems(2)
Suc.prems(3)[unfolded ncols-def]])
hence from-nat i = (from-nat (Suc j)::'n) using Suc.prems(1) unfolding True
by simp
hence i-eg-suc: i=Suc j apply (rule from-nat-eq-imp-eq) using Suc.prems
unfolding ncols-def by auto
show ?thesis unfolding True i-eq-suc ..
qed
qed

lemma set-columns-Gram-Schmidt-matriz:
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fixes A::real™'n::{mod-type} ~'m::{mod-type}
shows {column i (Gram-Schmidt-matriz A)|i. i < k} = {column i (Gram-Schmidt-upt-k
A (to-nat k))|i. i < k}
proof (auto)
fix ¢ assume i: i<k
show Jia. column i (Gram-Schmidt-matriz A) = column ia (Gram-Schmidt-upt-k
A (to-nat k)) A da < k
proof (rule exI[of - i, rule conjI)
show column i (Gram-Schmidt-matriz A) = column i (Gram-Schmidt-upt-k A
(to-nat k))
unfolding Gram-Schmidt-matriz-def
proof (rule column-Gram-Schmidt-upt-k-preserves2|symmetric|)
show ¢ < from-nat (to-nat k) using ¢ unfolding from-nat-to-nat-id by auto
show to-nat k < ncols A — 1 unfolding ncols-def using to-nat-less-card|of

k] by auto
show ncols A — 1 < ncols A unfolding ncols-def by simp
qed
show i < k using 7 .
qed
show Jia. column i (Gram-Schmidt-upt-k A (to-nat k)) = column ia (Gram-Schmidt-matriz
A) Nia < k

proof (rule exI[of - i, rule conjI)
show column i (Gram-Schmidt-upt-k A (to-nat k)) = column i (Gram-Schmidt-matriz
4)
unfolding Gram-Schmidt-matriz-def
proof (rule column-Gram-Schmidt-upt-k-preserves2)
show i < from-nat (to-nat k) using i unfolding from-nat-to-nat-id by auto
show to-nat k < ncols A — 1 unfolding ncols-def using to-nat-less-card|of

k] by auto
show ncols A — 1 < ncols A unfolding ncols-def by simp
qed
show 7 < k using i .
qed
qed

lemma column-Gram-Schmidt-matriz:

fixes A::real™'n::{mod-type} 'm::{mod-type}

shows column k (Gram-Schmidt-matriz A)

= (column k A) — (3" z€{column i (Gram-Schmidt-matriz A)|i. i < k}. (z -
(column k A) [ (x - x)) *g )
proof —

have k: to-nat k < ncols A using to-nat-less-card|of k] unfolding ncols-def by
simp

have column k (Gram-Schmidt-matric A) = column k (Gram-Schmidt-upt-k A
(ncols A — 1))

unfolding Gram-Schmidt-matriz-def ..
also have ... = column k (Gram-Schmidt-upt-k A (to-nat k))
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proof (rule column-Gram-Schmidi-upt-k-preserves2[symmetric])
show k < from-nat (to-nat k) unfolding from-nat-to-nat-id ..
show to-nat k < ncols A — 1 unfolding ncols-def using to-nat-less-card[where
?'a="n]
by (metis le-diff-conv2 add-leE less-diff-conv less-imp-le-nat less-le-not-le
nat-le-linear suc-not-zero to-nat-plus-one-less-card”)
show ncols A — 1 < ncols A unfolding ncols-def by auto
qed
also have ... = column k A — (3 z€{column i (Gram-Schmidt-upt-k A (to-nat
k) |i. i < k}. (z - column k A [ (x - z)) *g x)
using column-Gram-Schmidt-upt-k[OF k] unfolding from-nat-to-nat-id by auto
also have ... = column k A — (3 z€{column i (Gram-Schmidt-matriz A) |i. i
< k}. (z - column k A/ (z - z)) *g x)
unfolding set-columns-Gram-Schmidt-matriz[symmetric] ..
finally show ?thesis .
qed

corollary column-Gram-Schmidt-matriz2:

fixes A::real™n::{mod-type} “m::{mod-type}

shows (column k A) = column k (Gram-Schmidt-matriz A)

+ O ze{column i (Gram-Schmidt-matriz A)|i. i < k}. (x - (column k A) / (z -
x)) *R T)

using column-Gram-Schmidt-matriz[of k A] by simp

lemma independent-columns-Gram-Schmidt-matriz:

fixes A::real™n::{mod-type} “m::{mod-type}

assumes b: vec.independent (columns A)

and c: card (columns A) = ncols A

shows wvec.independent (columns (Gram-Schmidt-matriz A)) A card (columns
(Gram-Schmidt-matriz A)) = ncols A

using b ¢ card-columns-le-ncols vec.card-eq-dim-span-indep vec.dim-span eq-iff
finite-columns

vec.independent-span-bound ncols-def span-Gram-Schmidt-matriz

by (metis (no-types, lifting) vec.card-ge-dim-independent vec.dim-span-eq-card-independent

span-vec-eq)

lemma column-eq-Gram-Schmidt-matrix:

fixes A::realn::{mod-type} “m::{mod-type}

assumes r: rank A = ncols A

and c: column i (Gram-Schmidt-matriz A) = column ia (Gram-Schmidt-matriz
A)

shows i = ia
proof (rule ccontr)

assume i-not-ia: © # ia

have columns (Gram-Schmidt-matriz A) = (Az. column z (Gram-Schmidt-matriz
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A)) ¢ (UNIV::('n::{mod-type}) set)
unfolding columns-def by auto
also have ... = (Az. column z (Gram-Schmidt-matriz A)) ¢ ((UNIV::('n::{mod-type})
set)—{ia})
proof (unfold image-def, auto)
fix za
show Fzc€UNIV — {ia}. column za (Gram-Schmidt-matriz A) = column x
(Gram-Schmidt-matriz A)
proof (cases za = ia)
case True thus ?thesis using c i-not-ia by (metis Diffl UNIV-I empty-iff
insert-iff)
next
case Fulse thus ?thesis by auto
qed
qed
finally have columns-rw: columns (Gram-Schmidt-matriz A) = (Az. column
(Gram-Schmidt-matriz A)) ¢ (UNIV — {ia}) .
have ncols A = card (columns (Gram-Schmidt-matriz A))
by (metis full-rank-imp-is-basis2 independent-columns-Gram-Schmidt-matriz r)
also have ... < card (UNIV — {ia}) unfolding columns-rw by (rule card-image-le,
simp)
also have ... = card (UNIV::'n set) — 1 by (simp add: card-Diff-singleton)
finally show Fulse unfolding ncols-def
by (metis Nat.add-0-right le-diff-conv2 One-nat-def Suc-n-not-le-n add-Suc-right
one-le-card-finite)
qged

lemma scaleR-columns-Gram-Schmidt-matrix:
fixes A::real™n::{mod-type} “m::{mod-type}
assumes i # j
and rank A = ncols A
shows column j (Gram-Schmidt-matriz A) - column i (Gram-Schmidt-matriz A)
=0
proof —
have column j (Gram-Schmidt-matriz A) # column i (Gram-Schmidt-matriz A)
using column-eq-Gram-Schmidt-matriz assms by auto
thus ?thesis using orthogonal-Gram-Schmidt-matriz2 unfolding pairwise-def
orthogonal-def columns-def
by blast
qed

3.1.4 Examples of execution

Code lemma

lemmas Gram-Schmidt-step-def[unfolded proj-onto-def proj-def[abs-def],code]

value let a = map (list-to-vec::real list=> real™4) [[4,—2,—1,2],
[_673a41_8]7 [55_5’_37_4]] in
map vec-to-list (Gram-Schmidt a)
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value let a = map (list-to-vec::real list=> real™4) [[4,—2,—1,2],
[_673747_8}7 [57_57_37_4” in
map vec-to-list (Gram-Schmidt2 a)

value let A = list-of-list-to-matriz [[4,—2,—1,2],
[767374a78}7 [5375773774]]::7”60’1/\4/\3 in
matriz-to-list-of-list (Gram-Schmidt-matriz A)

end

4 QR Decomposition

theory QR-Decomposition
imports Gram-Schmidt
begin

4.1 The QR Decomposition of a matrix

First of all, it’s worth noting what an orthogonal matrix is. In linear algebra,
an orthogonal matrix is a square matrix with real entries whose columns and
rows are orthogonal unit vectors.

Although in some texts the QR decomposition is presented over square ma-
trices, it can be applied to any matrix. There are some variants of the
algorithm, depending on the properties that the output matrices satisfy (see
for instance, http://inst.eecs.berkeley.edu/~eel27a/book/login/l _mats_qr.
html). We present two of them below.

Let A be a matrix with m rows and n columns (A is m x n).

Case 1: Starting with a matrix whose column rank is maximum. We can
define the QR decomposition to obtain:

e A= Q@ *x R

e (Q has m rows and n columns. Its columns are orthogonal unit vectors
and Finite-Cartesian-Product.transpose Q * Q = mat 1. In addition,
if A is a square matrix, then Q will be an orthonormal matrix.

e Ris n x n, invertible and upper triangular.

Case 2: The called full QR decomposition. We can obtain:
e A=(Q xx R
o Q is an orthogonal matrix (Q is m x m).

e Ris m x n and upper triangular, but it isn’t invertible.
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We have decided to formalise the first one, because it’s the only useful for
solving the linear least squares problem (http://math.mit.edu/linearalgebra/
120403.pdf).

If we have an unsolvable system A v x = b, we can try to find an approx-
imate solution. A plausible choice (not the only one) is to seek an z with
the property that ||A %+ = — y|| (the magnitude of the error) is as small as
possible. That z is the least squares approximation.

We will demostrate that the best approximation (the solution for the linear
least squares problem) is the z that satisfies:

(transpose A) xx A xv x = (transpose A) xv b

Now we want to compute that x.

If we are working with the first case, A can be substituted by @Q+*R and
then obtain the solution of the least squares approximation by means of the
QR decomposition:

x = (inverse R)xx(transpose Q) *v b

On the contrary, if we are working with the second case after substituting
A by Q*xR we obtain:

(transpose R) xx R xv x = (transpose R) xx (transpose Q) *v b

But the R matrix is not invertible (so neither is transpose R). The left part

of the equation (transpose R) #x R is not going to be an upper triangular
matrix, so it can’t either be solved using backward-substitution.

4.1.1 Divide a vector by its norm

An orthogonal matrix is a matrix whose rows (and columns) are orthonormal
vectors. So, in order to obtain the QR decomposition, we have to normalise
(divide by the norm) the vectors obtained with the Gram-Schmidt algorithm.

definition divide-by-norm A = (x a b. normalize (column b A) $ a)

Properties

lemma norm-column-divide-by-norm:
fixes A::'a::{real-inner} ' cols 'rows
assumes a: column a A # 0
shows norm (column a (divide-by-norm A)) = 1
proof —
have not-0: norm (x i. A$ i $ a) # 0 by (metis a column-def norm-eg-zero)
have column a (divide-by-norm A) = (x i. (1 /[ norm (x i. A$i$ a)) xg A$ i

$ a)
unfolding divide-by-norm-def column-def normalize-def by auto
also have ... = (I /norm (x i. A$i$a)) *r (xi. A$i8$a)

unfolding vec-eg-iff by auto
finally have norm (column a (divide-by-norm A)) = norm ((1 / norm (x i. A

$i%a)*r(xi. A$i$a))
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by simp

also have ... = |1 / norm (x . A${$ a)| x norm (x i. A$¢$ a)
unfolding norm-scaleR ..
also have ... = (I / norm (x i. A$i$ a)) x norm (x i. A$ 789 a)
by auto
also have ... = 1 using not-0 by auto
finally show ?thesis .
qed

lemma span-columns-divide-by-norm:
shows span (columns A) = span (columns (divide-by-norm A))
unfolding real-vector.span-eq
proof (auto)
fix x assume z: © € columns (divide-by-norm A)
from this obtain ¢ where z-col-i: x=column i (divide-by-norm A) unfolding
columns-def by blast
also have ... = (1/norm (column i A)) *r (column i A)
unfolding divide-by-norm-def column-def normalize-def by vector
finally have z-eq: x=(1/norm (column i A)) xg (column i A) .
show z € span (columns A)
by (unfold x-eq, rule span-mul, rule span-base, auto simp add: columns-def)
next
fix z
assume z: ¢ € columns A
show z € span (columns (divide-by-norm A))
proof (cases ©=0)
case True show ?thesis by (metis True span-0)
next
case Fulse
from z obtain i where z-col-i: z=column i A unfolding columns-def by blast
have z=column i A using z-col-i .
also have ... = norm (column i A) *r column i (divide-by-norm A)
using Fulse unfolding z-col-i columns-def divide-by-norm-def column-def
normalize-def by vector
finally have z-eq: * = norm (column i A) xg column i (divide-by-norm A) .
show z € span (columns (divide-by-norm A))
by (unfold z-eq, rule span-mul, rule span-base,
auto simp add: columns-def Let-def)
qed
qed

Code lemmas

definition divide-by-norm-row A a = vec-lambda(% b. ((1 / norm (column b A))
xp column b A) $ a)

lemma divide-by-norm-row-code[code abstract):

vec-nth (divide-by-norm-row A a) = (% b. ((1 / norm (column b A)) xg column
bA)S a)

unfolding divide-by-norm-row-def by (metis (lifting) vec-lambda-beta)
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lemma divide-by-norm-code [code abstract]:
vec-nth (divide-by-norm A) = divide-by-norm-row A
unfolding divide-by-norm-def unfolding divide-by-norm-row-def[abs-def]
unfolding normalize-def
by fastforce

4.1.2 The QR Decomposition

The QR decomposition. Given a real matrix A, the algorithm will return
a pair (@, R) where @ is an matrix whose columns are orthogonal unit
vectors, R is upper triangular and A = @ *x R.

definition QR-decomposition A = (let Q = divide-by-norm ( Gram-Schmidt-matriz
A) in (Q, (transpose Q) xx A))

lemma is-basis-columns-fst-QR-decomposition:
fixes A::realn::{mod-type} “m::{mod-type}
assumes b: is-basis (columns A)
and c¢: card (columns A) = ncols A
shows is-basis (columns (fst (QR-decomposition A)))
A card (columns (fst (QR-decomposition A))) = ncols A
proof (rule conjl, unfold is-basis-def, rule conjI)
have vec.span (columns (fst (QR-decomposition A))) = vec.span (columns (Gram-Schmidt-matrix
4))
unfolding vec.span-eq
proof (auto)
fix x show z € vec.span (columns (Gram-Schmidt-matriz A))
using assms(1) assms(2) is-basis-columns-Gram-Schmidt-matriz is-basis-def
by auto
next
fix z
assume z: ¢ € columns (Gram-Schmidt-matriz A)
from this obtain i where z-col-i: z=column i (Gram-Schmidt-matriz A)
unfolding columns-def by blast
have zero-not-in: x # 0 using is-basis-columns-Gram-Schmidt-matriz|OF b c]
unfolding is-basis-def
using vec.dependent-zero[of (columns (Gram-Schmidt-matriz A))] x by auto
have z=column i (Gram-Schmidt-matriz A) using z-col-i .
also have ... = norm (column i (Gram-Schmidt-matric A)) *r column i
(divide-by-norm ( Gram-Schmidt-matriz A))
using zero-not-in unfolding x-col-i columns-def divide-by-norm-def column-def
normalize-def by vector
finally have z-eq: © = norm (column i (Gram-Schmidt-matriz A)) *gr column
i (divide-by-norm (Gram-Schmidt-matriz A)) .
show z € vec.span (columns (fst (QR-decomposition A)))
unfolding z-eq span-vec-eq
apply (rule subspace-mul)
apply (auto simp add: columns-def QR-decomposition-def Let-def subspace-span
intro: span-superset)
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using span-superset by force
qed
thus s: vec.span (columns (fst (QR-decomposition A))) = (UNIV::(real™m::{mod-type})
set)
using is-basis-columns-Gram-Schmidt-matriz|OF b ¢] unfolding is-basis-def
by simp
thus card (columns (fst (QR-decomposition A))) = ncols A
by (metis (opaque-lifting, mono-tags) b ¢ card-columns-le-ncols vec. card-le-dim-spanning

finite-columns vec.indep-card-eq-dim-span is-basis-def ncols-def top-greatest)
thus vec.independent (columns (fst (QR-decomposition A)))
by (metis s b ¢ vec. card-eq-dim-span-indep finite-columns vec.indep-card-eq-dim-span
is-basis-def)
qed

lemma orthogonal-fst-QR-decomposition:
shows pairwise orthogonal (columns (fst (QR-decomposition A)))
unfolding pairwise-def columns-def
proof (auto)
fix i da
assume col-not-eq: column i (fst (QR-decomposition A)) # column ia (fst (QR-decomposition
4))
hence i-not-ia: i # ia by auto
from col-not-eq obtain a
where (fst (QR-decomposition A)) $ a $ ¢ # (fst (QR-decomposition A)) $ a $
ia
unfolding column-def by force
hence col-not-eq2: (column i (Gram-Schmidt-matriz A)) # (column ia ( Gram-Schmidt-matric
1))
using col-not-eq unfolding QR-decomposition-def Let-def fst-conv
by (metis (lifting) divide-by-norm-def vec-lambda-beta)
have d1: column i (fst (QR-decomposition A))
= (1 / norm (x ia. Gram-Schmidt-matriz A $ ia $ 7)) *r (column i (Gram-Schmidt-matriz
)
unfolding QR-decomposition-def Let-def fst-conv
unfolding divide-by-norm-def column-def normalize-def unfolding vec-eq-iff
by auto
have d2: column ia (fst (QR-decomposition A))
= (1 / norm (x i. Gram-Schmidt-matric A $ i $ ia)) xg (column ia (Gram-Schmidt-matric
4))
unfolding QR-decomposition-def Let-def fst-conv
unfolding divide-by-norm-def column-def normalize-def unfolding vec-eq-iff
by auto
show orthogonal (column i (fst (QR-decomposition A))) (column ia (fst (QR-decomposition
)))
unfolding d1 d2 apply (rule orthogonal-mult) using orthogonal-Gram-Schmidt-matriz|of
4]

unfolding pairwise-def using col-not-eq2 by auto
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qed

lemma qk-uk-norm:

(1/(norm (column k (( Gram-Schmidt-matriz A))))) *g (column k (( Gram-Schmidt-matriz
4)))

= column k (fst(QR-decomposition A))

unfolding QR-decomposition-def Let-def fst-conv divide-by-norm-def

unfolding column-def normalize-def by vector

lemma norm-columns-fst-QR-decomposition:
fixes A::real™n::{mod-type} “m::{mod-type}
assumes rank A = ncols A
shows norm (column i (fst (QR-decomposition A))) = 1
proof —
have vec.independent (columns (Gram-Schmidt-matriz A))
by (metis assms full-rank-imp-is-basis2 independent-columns- Gram-Schmidt-matriz)
hence column i (Gram-Schmidt-matriz A) # 0
using vec.dependent-zero|of columns (Gram-Schmidt-matriz A)]
unfolding columns-def by auto
thus norm (column i (fst (QR-decomposition A))) = 1
unfolding QR-decomposition-def Let-def fst-conv
by (rule norm-column-divide-by-norm)
qed

corollary span-fst-QR-decomposition:
fixes A::realn::{mod-type} “m::{mod-type}
shows vec.span (columns A) = vec.span (columns (fst (QR-decomposition A)))
unfolding span-Gram-Schmidt-matriz[of A]
unfolding QR-decomposition-def Let-def fst-conv
by (metis <span (columns A) = span (columns (Gram-Schmidt-matriz A))> span-columns-divide-by-norm

span-vec-eq)

corollary col-space-QR-decomposition:
fixes A::real™'n::{mod-type} ~'m::{mod-type}
shows col-space A = col-space (fst (QR-decomposition A))
unfolding col-space-def using span-fst-QR-decomposition
by auto

lemma independent-columns-fst-QR-decomposition:
fixes A::real™n::{mod-type} “m::{mod-type}
assumes b: vec.independent (columns A)
and c: card (columns A) = ncols A
shows vec.independent (columns (fst (QR-decomposition A)))
A card (columns (fst (QR-decomposition A))) = ncols A
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proof —
have r: rank A = ncols A thm is-basis-imp-full-rank

proof —
have rank A = col-rank A unfolding rank-col-rank ..
also have ... = vec.dim (col-space A) unfolding col-rank-def ..
also have ... = card (columns A)

unfolding col-space-def using b
by (rule vec.dim-span-eq-card-independent)

also have ... = ncols A using c .
finally show ?thesis .
qed

have vec.independent (columns (fst (QR-decomposition A)))
by (metis b ¢ col-rank-def col-space-QR-decomposition col-space-def
full-rank-imp-is-basis2 vec.indep-card-eq-dim-span ncols-def rank-col-rank)
moreover have card (columns (fst (QR-decomposition A))) = ncols A
by (metis col-space-QR-decomposition full-rank-imp-is-basis2 ncols-def r rank-eq-dim-col-space”)
ultimately show ?thesis by simp
qed

lemma orthogonal-matriz-fst-QR-decomposition:
fixes A::real™'n::{mod-type} ~'m::{mod-type}
assumes 7: rank A = ncols A

shows transpose (fst (QR-decomposition A)) xx (fst (QR-decomposition A)) =
mat 1

proof (unfold vec-eq-iff, clarify, unfold mat-1-fun, auto)
define @ where Q = fst (QR-decomposition A)

have n: Vi. norm (column i Q) = 1 unfolding Q-def using norm-columns-fst-QR-decomposition| OF
r] by auto

have c¢: card (columns Q) = ncols A unfolding @-def
by (metis full-rank-imp-is-basis2 independent-columns-fst-QR-decomposition r)
have p: pairwise orthogonal (columns Q) by (metis Q-def orthogonal-fst-@QR-decomposition)
fix ia
have (transpose Q *+ Q) $ ia $ ia = column ia Q - column ia Q
unfolding matriz-matriz-mult-inner-mult unfolding row-transpose ..

also have ... = 1 using n norm-eq-1 by blast
finally show (transpose Q ** Q) $ ia $ ia = 1 .
fix 7

assume i-not-ia: { # ia
have column-i-not-ia: column i Q) # column ia Q
proof (rule ccontr, simp)
assume col-i-ia: column i Q) = column ia @
have rw: (Ai. column i Q) (UNIV—{ia}) = {column i Q|i. i#ia} unfolding
columns-def by auto
have card (columns Q) = card ({column i Q|i. i#ia})
by (rule bij-betw-same-card|of id], unfold bij-betw-def columns-def, auto, metis
col-i-ia i-not-ia)
also have ... = card ((Ai. column i Q) (UNIV—{ia})) unfolding rw ..
also have ... < card (UNIV — {ia}) by (metis card-image-le finite-code)

43



also have ... < CARD ('n) by simp
finally show Fulse using ¢ unfolding ncols-def by simp
qed
hence oia: orthogonal (column i Q) (column ia Q)
using p unfolding pairwise-def unfolding columns-def by auto
have (transpose Q *x Q) $ i $ ia = column i Q - column ia Q
unfolding matriz-matriz-mult-inner-mult unfolding row-transpose ..

also have ... = 0 using oia unfolding orthogonal-def .
finally show (transpose Q *x Q) $i$ ia =0 .
qed

corollary orthogonal-matriz-fst-QR-decomposition’:
fixes A::real™n::{mod-type} “n::{mod-type}
assumes rank A = ncols A
shows orthogonal-matriz (fst (QR-decomposition A))
by (metis assms orthogonal-matrix orthogonal-matriz-fst-QR-decomposition)

lemma column-eq-fst-QR-decomposition:
fixes A::real™n::{mod-type} “m::{mod-type}
assumes r: rank A = ncols A
and c: column i (fst (QR-decomposition A)) = column ia (fst (QR-decomposition
1))
shows i = ia
proof (rule ccontr)
assume i-not-ia: © # ia
have columns (fst (QR-decomposition A)) = (Ax. column x (fst (QR-decomposition
A))) ¢ (UNIV::('n::{mod-type}) set)
unfolding columns-def by auto
also have ... = (Az. column z (fst (QR-decomposition A)))* ((UNIV::("n::{mod-type})
set)—{ia})
proof (unfold image-def, auto)
fix za
show Jz€ UNIV — {ia}. column za (fst (QR-decomposition A)) = column z
(fst (QR-decomposition A))
proof (cases za = ia)
case True thus ?thesis using c i-not-ia by (metis Diffl UNIV-I empty-iff
insert-iff)
next
case Fulse thus ?thesis by auto
qed
qed
finally have columns-rw: columns (fst (QR-decomposition A))
= (Az. column z (fst (QR-decomposition A))) ‘ (UNIV — {ia}) .
have ncols A = card (columns (fst (QR-decomposition A)))
by (metis full-rank-imp-is-basis2 independent-columns-fst-QR-decomposition r)
also have ... < card (UNIV — {ia}) unfolding columns-rw by (rule card-image-le,
simp)
also have ... = card (UNIV::'n set) — 1 by (simp add: card-Diff-singleton)
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finally show Fulse unfolding ncols-def

by (metis Nat.add-0-right le-diff-conv2 One-nat-def Suc-n-not-le-n add-Suc-right
one-le-card-finite)
qed

corollary column-QR-decomposition:
fixes A::real™'n::{mod-type} ~'m::{mod-type}
assumes r: rank A = ncols A
shows column k ((Gram-Schmidt-matriz A))
= (column k A) — (3 z€{column i (fst (QR-decomposition A))|i. i < k}. (z -
(column k A) / (z - x)) *r z)
proof —
let Zuk=column k ((Gram-Schmidt-matriz A))
let ?gk=column k (fst( QR-decomposition A))
let 2ak=(column k A)
define f where fz = (1/norm z) xg x for z :: real 'm::{mod-type}
let Zg=MAx::real™'m::{mod-type}. (x - (column k A) | (z - z)) *p ©
have set-rw: {column i (fst (QR-decomposition A))|i. i < k} = f{column i
(Gram-Schmidt-matriz A)|i. i < k}
proof (auto)
fix i
assume i: 7 < k
have col-rw: column i (fst (QR-decomposition A)) =
(1/norm (column i (Gram-Schmidt-matriz A))) xg (column i (Gram-Schmidt-matriz
A))
unfolding QR-decomposition-def Let-def fst-conv divide-by-norm-def col-
umn-def normalize-def by vector
thus column i (fst (QR-decomposition A)) € f “{column i (Gram-Schmidt-matriz
A) li. i < k}
unfolding f-def using i
by auto
show Fia. f (column i (Gram-Schmidt-matriz A)) = column ia (fst (QR-decomposition
A)) Nia < k
by (rule exI[of - i|, simp add: f-def col-rw )

qed
have (3 ze{column i (fst (QR-decomposition A))|i. i < k}. (z - %ak / (z - z))
*R I)
= (O ze(f{ column i (Gram-Schmidt-matriz A)|i. i < k}). (x -+ 2ak / (z - 1))
*R LL’)
unfolding set-rw ..
also have ... = sum (%9 o f) {column i (Gram-Schmidt-matriz A)|i. i < k}

proof (rule sum.reindex, unfold inj-on-def, auto)
fix i ia assume i: { < k and ia: ia < k
and f-eq: f (column i (Gram-Schmidt-matriz A)) = f (column ia (Gram-Schmidt-matriz

4))
have fi: f (column i (Gram-Schmidt-matriz A)) = column ¢ (fst (QR-decomposition

A4))
unfolding f-def QR-decomposition-def Let-def fst-conv divide-by-norm-def

column-def normalize-def
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by wector
have fia: f (column ia (Gram-Schmidt-matriz A)) = column ia (fst (QR-decomposition
1))
unfolding f-def QR-decomposition-def Let-def fst-conv divide-by-norm-def
column-def normalize-def
by wector
have ¢ = ia using column-eq-fst-QR-decomposition|OF r] f-eq unfolding fi fia
by simp
thus column i (Gram-Schmidt-matriz A) = column ia (Gram-Schmidt-matriz
A) by simp
qed
also have ... = (3 z€{column i (Gram-Schmidt-matriz A) |i.
i <k} ((I /norma)*gpx- %ak / (1 / normz) xg x - (1 / norm x) *xg x))
g (1 / norm z) *p =) unfolding o-def f-def ..
also have ... = (3 z€{column i (Gram-Schmidt-matriz A) |i.
i <k} (1 / normzx) xg x - %ak) =g (1 / norm x) xr x)
proof (rule sum.cong, simp)
fix x assume z: © € {column i (Gram-Schmidt-matriz A) |i. i < k}
have vec.independent {column i (Gram-Schmidt-matriz A) |i. i < k}
proof (rule vec.independent-mono|of columns (Gram-Schmidt-matriz A)])
show vec.independent (columns (Gram-Schmidt-matriz A))
using full-rank-imp-is-basis2[of (Gram-Schmidt-matriz A)]
by (metis full-rank-imp-is-basis2 independent-columns-Gram-Schmidt-matriz

)
show {column i (Gram-Schmidt-matriz A) |i. i < k} C columns (Gram-Schmidt-matrix
A)
unfolding columns-def by auto
qed
hence z # 0 using vec.dependent-zero[of {column i (Gram-Schmidt-matriz
A li.i <k} z
by blast
hence ((1 / norm z) xg x - (1 / norm ) xg ) = 1 by (metis inverse-eq-divide
norm-eq-1 norm-sgn sgn-div-norm)
thus ((1 / norm x) xg z - %ak / (1 / norm x) xg © - (1 / norm x) g ©)) *R
(1 / norm z) xg x =
((1 / norm z) *g z - column k A) xg (1 / norm z) *g = by auto
qged
also have ... = (> z€{column i (Gram-Schmidt-matriz A) |i. i < k}. (((z -
2ak)) / (z - ©)) *r 2)
proof (rule sum.cong, simp)
fix x
assume z: z € {column i (Gram-Schmidt-matriz A) |i. i < k}
show ((1 / norm x) xg x « column k A) xg (1 / norm x) xg x = (x + column
kA /) (x-2)*pz
by (metis (opaque-lifting, no-types) mult.right-neutral inner-commute in-
ner-scaleR-right
norm-cauchy-schwarz-eq scaleR-one scaleR-scaleR times-divide-eq-right
times-divide-times-eq)
qed
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finally have %ak — (3> z€{column i (fst (QR-decomposition A))|i. i < k}. (x +
%ak | (z - z)) *g x)
= %ak — (3 z€{column i (Gram-Schmidt-matriz A) |i. i < k}. ((z - %ak)) /
(z - x)) xg x) by auto

also have ... = ?uk using column-Gram-Schmidt-matriz[of k A] by auto
finally show ?thesis ..
qed

lemma column-QR-decomposition’:

fixes A::realn::{mod-type} “m::{mod-type}

assumes r: rank A = ncols A

shows (column k A) = column k ((Gram-Schmidt-matriz A))

+ O ze{column i (fst (QR-decomposition A))|i. i < k}. (z + (column k A) / (z
. 2)) *n 2)

using column-QR-decomposition| OF r| by simp

lemma norm-uk-eq:
fixes A::real™n::{mod-type} “m::{mod-type}
assumes r: rank A = ncols A
shows norm (column k ((Gram-Schmidt-matriz A))) = ((column k (fst(QR-decomposition
A))) + (column k A))
proof —
let 2uk=column k ((Gram-Schmidt-matriz A))
let ?gk=column k (fst( QR-decomposition A))
let 2ak=(column k A)
have sum-rw: (?uk - (3 x€{column i (Gram-Schmidt-matriz A) |i. i < k}. (z -
%ak / (z - x)) *xg 2)) = 0
proof —
have (?uk - (3 z€{column i (Gram-Schmidt-matriz A) |i. i < k}. (z - %ak /
(z - 2)) *r 1))
= (O ze{column i (Gram-Schmidt-matriz A) |i. i < k}. %uk - ((x - %ak /| (z
) *r 1))
unfolding inner-sum-right ..
also have ... = (> z€{column i (Gram-Schmidt-matriz A) |i. i < k}. ((z - %ak
/ (@~ @) * (uk - 2)))
unfolding inner-scaleR-right ..
also have ... = 0
proof (rule sum.neutral, clarify)
fix z i assume i<k
hence ?7uk - column i (Gram-Schmidt-matriz A) = 0
by (metis less-irrefl r scaleR-columns-Gram-Schmidt-matriz)
thus column i (Gram-Schmidt-matriz A) - 2ok / (column ¢ (Gram-Schmidt-matriz
A) -+ column i (Gram-Schmidt-matriz A)) *
(2uk - column i (Gram-Schmidt-matriz A)) = 0 by auto
qed
finally show ?thesis .
qged
have ?¢k - %ak = ((1/(norm ?2uk)) xg %uk) - ?ak unfolding gk-uk-norm ..
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also have ... = (1/(norm ?uk)) x (2uk - 2ak) unfolding inner-scaleR-left ..
also have ... =
(1/(norm 2uk)) = (2uk « (2uk + (> z€{column i (Gram-Schmidt-matriz A) |i.
i <k} (z- %ak [/ (z - 2)) *g )))
using column-Gram-Schmidt-matriz2]of k A] by auto
also have ... = (1/(norm %uk)) = ((fuk - 2uk) + (%uk - (O z€{column i
(Gram-Schmidt-matriz A) |i. ¢ < k}. (z + %ak [/ (x + z)) *g )))
unfolding inner-add-right ..
also have ... = (1/(norm ?uk)) * (?uk - ?uk) unfolding sum-rw by auto
also have ... = norm ?%uk
by (metis abs-of-nonneg divide-eg-imp div-by-0 inner-commute inner-ge-zero
inner-real-def
norm-mult-vec real-inner-1-right real-norm-def times-divide-eq-right)
finally show ?thesis ..
qed

corollary column-QR-decomposition2:
fixes A::real™n::{mod-type} “'m::{mod-type}
assumes r: rank A = ncols A
shows (column k A)
= (> z€{column i (fst (QR-decomposition A))|i. i < k}. (z - (column k A)) *xp
x)
proof —
let 2uk=column k ((Gram-Schmidt-matriz A))
let ?gk=column k (fst( QR-decomposition A))
let 2ak=(column k A)
have set-rw: {column i (fst (QR-decomposition A))|i. i < k}
= insert (column k (fst (QR-decomposition A))) {column i (fst (QR-decomposition
A)i. 1 < k}
by (auto, metis less-linear not-less)
have uk-norm-uk-qk: ?uk = norm ?uk xg ?qk
proof —
have vec.independent (columns (Gram-Schmidt-matriz A))
by (metis full-rank-imp-is-basis2 independent-columns-Gram-Schmidt-matriz
)
moreover have ?uk € columns (Gram-Schmidt-matriz A) unfolding columns-def
by auto
ultimately have 7uk # 0
using vec.dependent-zero[of columns (Gram-Schmidt-matriz A)] unfolding
columns-def by auto
hence norm-not-0: norm ?uk # 0 unfolding norm-eq-zero .
have norm (%uk) xr 29k = (norm %uk) xr ((I / norm ?uk) xgr ?uk) using
gk-uk-norm[of k A] by simp

also have ... = ((norm ?uk) x (1 / norm %uk)) *g ?uk unfolding scaleR-scaleR
also have ... = Zuk using norm-not-0 by auto
finally show ?thesis ..

qged

have norm-qk-1: %qk - %qk = 1
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using norm-eg-1 norm-columns-fst-QR-decomposition| OF r]
by auto
have %ak = 2uk + (3 z€{column i (fst (QR-decomposition A))|i. i < k}. (z -
%ak | (z - 1)) *g )
using column-QR-decomposition’|OF r] by auto
also have ... = (norm ?uk xg ?q¢k) + (O z€{column i (fst (QR-decomposition
ANi. i < k}. (x - %ak / (z - 2)) *p T)
using uk-norm-uk-qk by simp
also have ... = ((%¢k - ?ak) xr ?qk)
+ (OC ze{column i (fst (QR-decomposition A))|i. i < k}. (z - %ak | (z - x)) *p
x)
unfolding norm-uk-eq[OF 7] ..

also have ... = ((%qk - %ak)/(?qk - ?qk)) xg ?qk
+ (3 ze{column i (fst (QR-decomposition A))|i. i < k}. (z - %ak / (z - x)) *g
x) using norm-gk-1 by fastforce
also have ... = (}_ z€insert ?gk {column i (fst (QR-decomposition A))|i. i < k}.
(z - %ak / (z - x)) *Rr 2)
proof (rule sum.insert[symmetric|)
show finite {column i (fst (QR-decomposition A)) |i. i < k} by simp
show column k (fst (QR-decomposition A)) & {column i (fst (QR-decomposition
A)) |i. i < k}
proof (rule ccontr, simp)
assume 3. column k (fst (QR-decomposition A)) = column i (fst (QR-decomposition
A Ni <k
from this obtain ¢ where col-eq: column k (fst (QR-decomposition A)) =
column i (fst (QR-decomposition A))
and i-less-k: i < k by blast
show Fulse using column-eg-fst-QR-decomposition|OF r col-eq] i-less-k by
stmp
qed
qed
also have ... = (> z€{column i (fst (QR-decomposition A))|i. i < k}. (z -
(column k A)) xgr z)
proof (rule sum.cong, simp add: set-rw)
fix  assume z: z € {column i (fst (QR-decomposition A)) |i. i < k}
from this obtain ¢ where i: z=column i (fst (QR-decomposition A)) by blast
hence (z - ) = 1 using norm-eq-1 norm-columns-fst-QR-decomposition[ OF r]
by auto
thus (z - column k A / (x - x)) g z = (z - column k A) xg z by simp
qed
finally show ?thesis .
qged

lemma orthogonal-columns-fst-QR-decomposition:

assumes i-not-ia: (column i (fst (QR-decomposition A))) # (column ia (fst
(QR-decomposition A)))

shows (column i (fst (QR-decomposition A)) - column ia (fst (QR-decomposition
4)) =0
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proof —

have i: column i (fst (QR-decomposition A)) € columns (fst (QR-decomposition
A)) unfolding columns-def by auto

have ia: column ia (fst (QR-decomposition A)) € columns (fst (QR-decomposition
A)) unfolding columns-def by auto

show ?thesis

using orthogonal-fst-QR-decomposition[of A] i ia i-not-ia unfolding pair-
wise-def orthogonal-def
by auto

qed

lemma scaler-column-fst-QR-decomposition:
fixes A::real™n::{mod-type} “m::{mod-type}
assumes i: i>j
and 7: rank A = ncols A
shows column i (fst (QR-decomposition A)) « column j A = 0
proof —
have column i (fst(QR-decomposition A)) + column j A
= column i (fst (QR-decomposition A)) - (3. xz€{column i (fst (QR-decomposition
A)i. i < j}. (z - (column j A)) xg )
using column-QR-decomposition2|OF r] by presburger
also have ... = (3" z€{column i (fst (QR-decomposition A))|i. i < j}.
column i (fst (QR-decomposition A)) + (z + (column j A)) g z) unfolding
real-inner-class.inner-sum-right ..
also have ... = (3 z€{column i (fst (QR-decomposition A))|i. i < j}.
(z - (column j A)) *(column i (fst (QR-decomposition A)) - x)) unfolding
real-inner-class.inner-scaleR-right ..
also have ... = 0
proof (rule sum.neutral, clarify)
fix ¢a assume ia: ia < j
have i-not-ia: i # ia using i ia by simp
hence (column i (fst (QR-decomposition A)) # column ia (fst (QR-decomposition
)
by (metis column-eq-fst-QR-decomposition r)
hence (column i (fst (QR-decomposition A)) « column ia (fst (QR-decomposition
) = 0
by (rule orthogonal-columns-fst-QR-decomposition)
thus column ia (fst (QR-decomposition A)) - column j A * (column i (fst
(QR-decomposition A)) - column ia (fst (QR-decomposition A))) = 0
by auto
qed
finally show ?thesis .
qed

lemma R-Qi-Aj:

fixes A::real™n::{mod-type} “m::{mod-type}

shows (snd (QR-decomposition A)) $ ¢ $ j = column i (fst (QR-decomposition
A)) « column j A

unfolding QR-decomposition-def Let-def snd-conv matriz-matriz-mult-inner-mult
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unfolding row-transpose by auto

lemma sums-columns-Q-0:

fixes A::realn::{mod-type} “m::{mod-type}

assumes r: rank A = ncols A

shows (3 ze{column i (fst (QR-decomposition A)) |i. i>b}. x « column b A x x
$a)=0
proof (rule sum.neutral, auto)

fix | assume b<¢

thus column i (fst (QR-decomposition A)) - column b A = 0

by (rule scaler-column-fst-QR-decomposition, simp add: )

qed

lemma QR-decomposition-mult:
fixes A::real'n::{mod-type} “m::{mod-type}
assumes r: rank A = ncols A
shows A = (fst (QR-decomposition A)) ** (snd (QR-decomposition A))
proof —
have ¥V b. column b A = column b ((fst (QR-decomposition A)) xx (snd (QR-decomposition
1))
proof (clarify)
fix b
have (fst (QR-decomposition A) xx snd (QR-decomposition A))
= (x ij. Y. k€UNIV. fst (QR-decomposition A) $ i $ k x (column k (fst
(QR-decomposition A)) - column j A))
unfolding matriz-matriz-mult-def R-Qi-Aj by auto
hence column b ((fst (QR-decomposition A) xx snd (QR-decomposition A))) =

column b ((x i 7. >, k€ UNIV. fst (QR-decomposition A) $ i $ k = (column k
(fst (QR-decomposition A)) - column j A)))
by auto
also have ... = (3 ze€{column i (fst (QR-decomposition A)) |i. i < b}. (z -
column b A) xp x)
proof (subst column-def, subst vec-eg-iff, auto)
fix a
define f where fi = column i (fst (QR-decomposition A)) for i
define g where g x = (THE i. x = column i (fst (QR-decomposition A)))
for z
have f-eq: f'UNIV = {column i (fst (QR-decomposition A)) |i. i€ UNIV'}
unfolding f-def by auto
have inj-f: inj f
by (metis inj-on-def f-def column-eq-fst-QR-decomposition )
have (> z€{column i (fst (QR-decomposition A)) |i. i < b}. x + column b A
xz $ a)
= (> ze{column i (fst (QR-decomposition A)) |i. i€ UNIV}. x + column b
Axz$a)
proof —
let 2c= {column i (fst (QR-decomposition A)) |i. ic UNIV'}
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let 2d= {column i (fst (QR-decomposition A)) |i. i<b}
let ?f = {column i (fst (QR-decomposition A)) |i. i>b}
have set-rw: ?c = ?d U ?f by force
have (3 z€%c. x - column b A x z § a)
= (> ze(?d U ?f). & - column b A x = $ a) using set-rw by simp

also have ... = (> z€?d. x - column b A x z$ a) + (O z€?. = - column
bAxz$a)
by (rule sum.union-disjoint, auto, metis f-def inj-eq inj-f not-le)
also have ... = (> z€?d. z - column b A x x $ a) using sums-columns-Q-0[OF
r] by auto
finally show ?thesis ..
qed
also have ... = (" z€f‘UNIV. z + column b A x x $§ a) using f-eq by auto
also have ... = (3" k€ UNIV. fst (QR-decomposition A) $ a $ k = (column k

(fst (QR-decomposition A)) - column b A))
unfolding sum.reindex|OF inj-f] unfolding f-def column-def by (rule
sum.cong, simp-all)
finally show (> k€UNIV. fst (QR-decomposition A) $ a $ k = (column k
(fst (QR-decomposition A)) « column b A)) =
(>~ ze{column i (fst (QR-decomposition A)) |i. i < b}. z - column b A x z
$a)..
qed
also have ... = column b A
using column-QR-decomposition2|OF r] by simp
finally show column b A = column b (fst (QR-decomposition A) xx snd
(QR-decomposition A)) ..
qed
thus ?thesis unfolding column-def vec-eq-iff by auto
qed

lemma upper-triangular-snd-QR-decomposition:
fixes A::real™'n::{mod-type} ~'m::{mod-type}
assumes 7: rank A = ncols A
shows upper-triangular (snd (QR-decomposition A))
proof (unfold upper-triangular-def, auto)
fix i j::'n
assume j-less-i: j < i
have snd (QR-decomposition A) $ i $ j = column i (fst (QR-decomposition A))
- column j A
unfolding QR-decomposition-def Let-def fst-conv snd-conv
unfolding matriz-matriz-mult-inner-mult row-transpose ..
also have ... = 0 using scaler-column-fst-QR-decomposition|OF j-less-i ] .
finally show snd (QR-decomposition A) $ i $ j = 0 by auto
qed

lemma upper-triangular-invertible:
fixes A :: real n:{finite,wellorder} “n::{ finite,wellorder}
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assumes u: upper-triangular A
and d:Vi. A$i$i#£0
shows invertible A
proof —
have det-R: det A = (prod (\i. A$i$i) (UNIV::'n set))
using det-upperdiagonal u unfolding upper-triangular-def by blast
also have ... # 0 using d by auto
finally show ?thesis by (metis invertible-det-nz)
qed

lemma invertible-snd-QR-decomposition:
fixes A::real™n::{mod-type} “m::{mod-type}
assumes r: rank A = ncols A
shows invertible (snd (QR-decomposition A))
proof (rule upper-triangular-invertible)
show upper-triangular (snd (QR-decomposition A))
using upper-triangular-snd-QR-decomposition| OF ] .
show Vi. snd (QR-decomposition A) $ ¢ $ i # 0
proof (rule alll)
fix i
have ind: vec.independent (columns (Gram-Schmidt-matriz A))
by (metis full-rank-imp-is-basis2
independent-columns- Gram-Schmidt-matriz )
hence zero-not-in: 0 ¢ (columns (Gram-Schmidt-matriz A)) by (metis vec.dependent-zero)
hence c:column i (Gram-Schmidt-matriz A) # 0 unfolding columns-def by
stmp
have snd (QR-decomposition A) $ i $ i = column i (fst (QR-decomposition A))
- column i A
unfolding QR-decomposition-def Let-def snd-conv fst-conv
unfolding matriz-matriz-mult-inner-mult
unfolding row-transpose ..
also have ... = norm (column i (Gram-Schmidt-matriz A))
unfolding norm-uk-eq(OF r, symmetric] ..
also have ... # 0 by (rule ccontr, simp add: c)
finally show snd (QR-decomposition A) $i$ i # 0 .
qged
qged

lemma QR-decomposition:

fixes A::realn::{mod-type} “m::{mod-type}

assumes r: rank A = ncols A

shows A = fst (QR-decomposition A) *x snd (QR-decomposition A) A

pairwise orthogonal (columns (fst (QR-decomposition A))) A

(V. norm (column i (fst (QR-decomposition A))) = 1) A

(transpose (fst (QR-decomposition A))) ** (fst (QR-decomposition A)) = mat 1
A

vec.independent (columns (fst (QR-decomposition A))) A

col-space A = col-space (fst (QR-decomposition A)) A
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card (columns A) = card (columns (fst (QR-decomposition A))) A

invertible (snd (QR-decomposition A)) N

upper-triangular (snd (QR-decomposition A))

by (metis QR-decomposition-mult col-space-def full-rank-imp-is-basis2
independent-columns-fst-QR-decomposition invertible-snd-QR-decomposition
norm-columns-fst-QR-decomposition orthogonal-fst-QR-decomposition
orthogonal-matriz-fst- QR-decomposition r span-fst-QR-decomposition
upper-triangular-snd-QR-decomposition)

lemma QR-decomposition-square:
fixes A::real™'n::{mod-type} 'n::{mod-type}
assumes r: rank A = ncols A
shows A = fst (QR-decomposition A) ** snd (QR-decomposition A) A
orthogonal-matriz (fst (QR-decomposition A)) A
upper-triangular (snd (QR-decomposition A)) A
invertible (snd (QR-decomposition A)) N
pairwise orthogonal (columns (fst (QR-decomposition A))) A
(V4. norm (column i (fst (QR-decomposition A))) = 1) A
vec.independent (columns (fst (QR-decomposition A))) A
col-space A = col-space (fst (QR-decomposition A)) A
card (columns A) = card (columns (fst (QR-decomposition A)))
by (metis QR-decomposition orthogonal-matriz-fst-QR-decomposition’ 1)

QR for computing determinants

lemma det-QR-decomposition:
fixes A::real”n::{mod-type} “n::{mod-type}
assumes 7: rank A = ncols A
shows |det A| = |(prod (M\i. snd(QR-decomposition A)$i$7) (UNIV::'n set))]
proof —
let ?Q=fst( QR-decomposition A)
let ?R=snd(QR-decomposition A)
have det-R: det ?R = (prod (\i. snd(QR-decomposition A)$i$i) (UNIV::'n set))
apply (rule det-upperdiagonal)
using upper-triangular-snd-QR-decomposition| OF ]
unfolding upper-triangular-def by simp
have |det A| = |det ?Q * det ?R| by (metis QR-decomposition-mult det-mul 1)

also have ... = |det ?Q)|  |det ?R| unfolding abs-mult ..
also have ... = [ x |det ?R| using det-orthogonal-matriz| OF orthogonal-matriz-fst-QR-decomposition’| OF
r]]
by auto
also have ... det ?R| by simp

also have ...
folding det-R ..

finally show ?thesis .
qed

(prod (Ai. snd(QR-decomposition A)$i$i) (UNIV::'n set))| un-

end
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5 Least Squares Approximation

theory Least-Squares-Approximation
imports

QR-Decomposition
begin

5.1 Second part of the Fundamental Theorem of Linear Al-
gebra

See http://en.wikipedia.org/wiki/Fundamental theorem of linear algebra

lemma null-space-orthogonal-complement-row-space:
fixes A::real”cols rows::{ finite,wellorder}
shows null-space A = orthogonal-complement (row-space A)
proof (unfold null-space-def orthogonal-complement-def, auto)
fix z za assume Az: A xv z = 0 and za: za € row-space A
obtain y where y: za = transpose A xv y using za unfolding row-space-eq by
blast
have y vx A = za
using transpose-vector y by fastforce
thus orthogonal x za unfolding orthogonal-def
using Az dot-lmul-matrix inner-commute inner-zero-right
by (metis Az dot-lmul-matriz inner-commute inner-zero-right)
next
fix x assume za: Y za€row-space A. orthogonal r xa
show A xvz = 0
using za unfolding row-space-eq orthogonal-def
by (auto, metis transpose-transpose dot-lmul-matriz inner-eq-zero-iff trans-
pose-vector)
qed

lemma left-null-space-orthogonal-complement-col-space:
fixes A::realcols::{finite,wellorder} “rows
shows left-null-space A = orthogonal-complement (col-space A)
using null-space-orthogonal-complement-row-space|of transpose A]
unfolding left-null-space-eq-null-space-transpose
unfolding col-space-eq-row-space-transpose .

5.2 Least Squares Approximation
See https://people.math.osu.edu/husen.1/teaching/571 /least_ squares.pdf

Part 3 of the Theorem 1.7 in the previous website.

lemma least-squares-approximation:
fixes X::'a::{euclidean-space} set
assumes subspace-S: subspace S
and ind-X: independent X
and X: X C S8
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and span-X: S C span X
and o: pairwise orthogonal X
and not-eq: proj-onto v X # y
and y: y € S
shows norm (v — proj-onto v X) < norm (v — y)
proof —
have S-eq-spanX: S = span X
using X span-X span-subspace subspace-S by auto
let ?p=proj-onto v X
have not-0: (norm(?p — y)) "2 # 0
by (metis (lifting) eq-iff-diff-eq-0 norm-eg-zero not-eq power-eq-0-iff)
have norm (v—y) "2 = norm (v — %p + %p — y) 2 by auto

also have ... = norm ((v — %p) + (%p — y)) 2
unfolding add.assoc[symmetric] by simp
also have ... = (norm (v — 2p)) "2 + (norm(?p — y)) 2

proof (rule phytagorean-theorem-norm, rule in-orthogonal-complement-imp-orthogonal)

show ?p — y € S unfolding proj-onto-def proj-def|abs-def]
proof (rule subspace-diff[OF subspace-S - y],
rule subspace-sum|[OF subspace-S])
showze X = (v-z/(z-1x))*gxz € S for z
by (metis S-eq-spanX X rev-subsetD span-mul)
qed
show v — %p € orthogonal-complement S
using v-minus-p-orthogonal-complement assms by auto
qged
finally have norm (v—%p) "2 < norm (v—y) 2 using not-0 by fastforce
thus ?thesis by (metis (full-types) norm-gt-square power2-norm-eq-inner)
qed

lemma least-squares-approximation2:

fixes S::'a::{euclidean-space} set

assumes subspace-S: subspace S

and y: y € S

shows 3 peS. norm (v — p) < norm (v — y) A (v—p) € orthogonal-complement
S

proof —
obtain X where ind-X: independent X
and X: X C S

and span-X: S C span X

and o: pairwise orthogonal X

by (metis order-refl orthonormal-basis-subspace subspace-S)
let ?p=proj-onto v X
show ?thesis
proof (rule bexI[of - ?p], rule conjI)

show norm (v — proj-onto v X) < norm (v — y)

proof (cases ?p=y)

case True thus norm (v — ?p) < norm (v — y) by simp
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next
case Fulse
have norm (v — ?p) < norm (v — y)
by (rule least-squares-approzimation|OF subspace-S ind-X X span-X o False
y])
thus norm (v — 2p) < norm (v — y) by simp
qed
show %p € §
using [[unfold-abs-def = false]]
proof (unfold proj-onto-def proj-def, rule subspace-sum)
show subspace S using subspace-S .
show z€ X — projvz € § for z
by (simp add: proj-def X rev-subsetD subspace-S subspace-mul)
qed
show v — ?pe orthogonal-complement S
by (rule v-minus-p-orthogonal-complement| OF subspace-S ind-X X span-X o))
qed
qed

corollary least-squares-approximation3:

fixes S::'a::{euclidean-space} set

assumes subspace-S: subspace S

shows JpeS. VyeS. norm (v — p) < norm (v — y) A (v—p) € orthogo-
nal-complement S

proof —
obtain X where ind-X: independent X
and X: X C S

and span-X: S C span X
and o: pairwise orthogonal X
by (metis order-refl orthonormal-basis-subspace subspace-S)
let ?p=proj-onto v X
show ?thesis
proof (rule bexI|of - ?p|, auto)
fix y assume y: y€S
show norm (v — ?p) < norm (v — y)
proof (cases ?p=y)
case True thus ?thesis by simp
next
case Fulse
have norm (v — ?p) < norm (v — y)
by (rule least-squares-approzimation|OF subspace-S ind-X X span-X o False
y))
thus ?thesis by simp
qed
show v — %p € orthogonal-complement S
by (rule v-minus-p-orthogonal-complement| OF subspace-S ind-X X span-X o])
next
show ?p € §
proof (unfold proj-onto-def, rule subspace-sum)
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show subspace S using subspace-S .
show z € X = projvz € S for z
by (metis Projections.proj-def X subset-iff subspace-S subspace-mul)
qed
qed
qed

lemma norm-least-squares:
fixes A::realcols::{finite,wellorder} rows
shows 3z. Vz'. norm (b — A xv z) < norm (b — A *v z’)
proof —
have 3 pecol-space A. V¥ y€col-space A. norm (b — p) < norm (b — y) A (b—p)
€ orthogonal-complement (col-space A)
using least-squares-approximation3|OF subspace-col-spacelof A, unfolded sub-
space-vec-eq]] .
from this obtain p where p: p € col-space A and least: V y€ col-space A. norm
(b— p) < norm (b — y)
and bp-orthogonal: (b—p) € orthogonal-complement (col-space A)
by blast
obtain z where z: p = A *v z using p unfolding col-space-eq by blast
show ?thesis
proof (rule exI[of - z], auto)
fix z’
have A xv 2’ € col-space A unfolding col-space-eq by auto
thus norm (b — A v z) < norm (b — A xv z’) using least unfolding z by
auto
qed
qed

definition set-least-squares-approzimation A b = {z. Vy. norm (b — A xv z) <
norm (b — A xv y)}

corollary least-squares-approximations:
fixes S::'a::{euclidean-space} set
assumes subspace-S: subspace S
shows J1peS. VyeS—{p}. norm (v — p) < norm (v — y)
proof (auto)
obtain X where ind-X: independent X
and X: X C S
and span-X: S C span X
and o: pairwise orthogonal X
by (metis order-refl orthonormal-basis-subspace subspace-S)
let ?p=sum (proj v) X
show Jp. p € S A (VyeS — {p}. norm (v — p) < norm (v — y))
proof (rule exI[of - ?p], rule conjl, rule subspace-sum)
show subspace S using subspace-S .
show z € X = projvz € S for z
by (metis Projections.proj-def X subset-iff subspace-S subspace-mul)
show VyeS — {?p}. norm (v — %p) < norm (v — y)
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using X ind-X least-squares-approximation o span-X subspace-S proj-onto-def
by (metis (mono-tags) Diff-iff singletonI)
qed
fixpy
assume p: p € S
and VyeS — {p}. norm (v — p) < norm (v — y)
and y € S
and VyaeS — {y}. norm (v — y) < norm (v — ya)
thus p = y by (metis member-remove not-less-iff-gr-or-eq remove-def)
qed

corollary least-squares-approzimation .
fixes S::'a::{euclidean-space} set
assumes subspace-S: subspace S
shows J1peS. VyeS. norm (v — p) < norm (v — y)
proof (auto)
obtain X where ind-X: independent X
and X: X C S
and span-X: S C span X
and o: pairwise orthogonal X
by (metis order-refl orthonormal-basis-subspace subspace-S)
let Zp=sum (proj v) X
show Jp. p € S A (VyeS. norm (v — p) < norm (v — y))
proof (rule exI[of - ?p], rule conjl, rule subspace-sum)
show subspace S using subspace-S .
show z € X = projvz € S for z
by (metis Projections.proj-def X subset-iff subspace-S subspace-mul)
show VyeS. norm (v — ?p) < norm (v — y)
by (metis (mono-tags) proj-onto-def X dual-order.refl ind-X
least-squares-approximation less-imp-le o span-X subspace-S)
qed
fixpy
assume p: p € S and p" Vy€eS. norm (v — p) < norm (v — y)
and y: y € S and y": VyaeS. norm (v — y) < norm (v — ya)
obtain a where a: a€S and a” VyeS—{a}. norm (v — a) < norm (v — y)
and a-uniq: Vb. (b€S A (Vc€S—{b}. norm (v — b) < norm (v — ¢))) — b=a
using least-squares-approzimation [OF subspace-S]
by metis
have p=a using p p’ a-uniq leD by (metis a a’ member-remove remove-def)
moreover have y=a using y y' a-uniq
by (metis a a’ leD member-remove remove-def)
ultimately show p = y by simp
qed

corollary least-squares-approxzimations:
fixes S::'a::{euclidean-space} set
assumes subspace-S: subspace S
shows 3lpeS. VyeS—{p}. norm (v — p) < norm (v — y) A v—p € orthogo-
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nal-complement S
proof (auto)
obtain X where ind-X: independent X
and X: X C §
and span-X: S C span X
and o: pairwise orthogonal X
by (metis order-refl orthonormal-basis-subspace subspace-S)
let Zp=sum (proj v) X
show dp. p € S A (VyeS — {p}. norm (v — p) < norm (v — y) ANv — p €
orthogonal-complement S)
proof (rule exI[of - ?p], rule conjl, rule subspace-sum)
show subspace S using subspace-S .
show z € X = projvz € S for z
by (simp add: Projections.proj-def X rev-subsetD subspace-S subspace-mul)
have VyeS — {?p}. norm (v — %p) < norm (v — y)
using least-squares-approzimation|OF subspace-S ind-X X span-X o]
unfolding proj-onto-def
by (metis (no-types) member-remove remove-def)
moreover have v — ?p € orthogonal-complement S
by (metis (no-types) X ind-X o span-X subspace-S v-minus-p-orthogonal-complement
proj-onto-def)
ultimately show VyeS — {%p}. norm (v — p) < norm (v — y) ANv — %p €
orthogonal-complement S
by auto
qed
fixpy
assume p: p € S and p": VyeS — {p}. norm (v — p) < norm (v — y) ANv —p
€ orthogonal-complement S
and y: y € S and y” VyaeS — {y}. norm (v — y) < norm (v — ya) AN v — y
€ orthogonal-complement S
show p=y
by (metis least-squares-approzimationd p p’ subspace-S y y')
qed

corollary least-squares-approzimations:

fixes S::'a::{euclidean-space} set

assumes subspace-S: subspace S

shows J!1peS. VyeS. norm (v — p) < norm (v — y) A v—p € orthogonal-complement
S

by (metis least-squares-approximations least-squares-approzimation ' subspace-S)

corollary least-squares-approximationt:
fixes S::'a::{euclidean-space} set
assumes subspace-S: subspace S
and peS
and VyeS. norm (v — p) < norm (v — y)
shows v—p € orthogonal-complement S
proof —
obtain a¢ where a: ¢€S and a” VyeS. norm (v — a) < norm (v — y) A v—a
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€ orthogonal-complement S
and Vb. (b€S A (VyeS. norm (v — b) < norm (v — y) A v—b € orthogo-
nal-complement §)) — b=a
using least-squares-approzimation5 '|OF subspace-S] by metis
have p=a
by (metis a a’ assms(2) assms(8) least-squares-approzimation’ subspace-S)
thus ?thesis using a’ by (metis assms(2))
qed

corollary least-squares-approximation7:
fixes S::'a::{euclidean-space} set
assumes subspace-S: subspace S
and v — p € orthogonal-complement S
and pes
and y € S
shows norm (v — p) < norm (v — y)
proof (cases y=p)
case True thus ?thesis by simp
next
case Fulse
have norm (v — y) "2 = norm ((v — p) + (p — y)) "2
by (metis (opaque-lifting, no-types) add-diff-cancel-left add-ac(1) add-diff-add
add-diff-cancel)
also have ... = norm (v — p) "2 + norm (p — y) 2
proof (rule phytagorean-theorem-norm, rule in-orthogonal-complement-imp-orthogonal)
show p — y € S by (metis assms(3) assms(4) subspace-S subspace-diff)
show v — p € orthogonal-complement S by (metis assms(2))
qed
finally have norm (v — p)"2 < norm (v — y) "2 by auto
thus norm (v — p)< norm (v — y) by (metis norm-ge-zero power2-le-imp-le)
qed

lemma in-set-least-squares-approrimation:
fixes A::realcols::{finite, wellorder} rows
assumes o: A xv x — b € orthogonal-complement (col-space A)
shows (z € set-least-squares-approzimation A b)
proof (unfold set-least-squares-approximation-def, auto)
fix y
show norm (b — A xv ) < norm (b — A *v y)
proof (rule least-squares-approzimation?)
show subspace (col-space A) using subspace-col-space[of A, unfolded sub-
space-vec-eq| .
show b — A xv z € orthogonal-complement (col-space A)
using o subspace-orthogonal-complement|of (col-space A)]
using minus-diff-eq subspace-neg by metis
show A xv z € col-space A unfolding col-space-eqlof A] by auto
show A xv y € col-space A unfolding col-space-eq by auto
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qed
qed

lemma in-set-least-squares-approrimation-eq:
fixes A::realcols::{finite,wellorder} rows
shows (z € set-least-squares-approzimation A b) = (transpose A xx A xv x =
transpose A *v b)
proof
assume z: = € set-least-squares-approzimation A b
hence a: V a. norm (b — A #v ) < norm (b — A xv a) unfolding set-least-squares-approzimation-def
by simp
have b — A xv z € orthogonal-complement (col-space A)
proof (rule least-squares-approxzimationt)
show subspace (col-space A) using subspace-col-space[of A, unfolded sub-
space-vec-eq) .
show A xv z € col-space A unfolding col-space-eqlof A] by auto
show VY yecol-space A. norm (b — A xv z) < norm (b — y) using « unfolding
col-space-eq by auto
qed
hence b — A v z € null-space (transpose A)
unfolding null-space-orthogonal-complement-row-space
unfolding col-space-eq-row-space-transpose .
hence transpose A xv (b — A xv ) = 0 unfolding null-space-def by simp
thus (transpose A xx A) xv z = (transpose A) xv b
by (metis eq-iff-diff-eq-0 matriz-vector-mul-assoc matriz-vector-right-distrib-minus)
next
assume transpose A xx A xv x = transpose A *v b
hence (transpose A) xv (A xvx — b) = 0
by (metis diff-self matriz-vector-mul-assoc matriz-vector-right-distrib-minus)
hence (4 *xv z — b) € null-space (transpose A) unfolding null-space-def by
simp
hence (A xv z — b) € orthogonal-complement (col-space A)
by (metis left-null-space-eq-null-space-transpose left-null-space-orthogonal-complement-col-space)
thus z € set-least-squares-approzimation A b by (rule in-set-least-squares-approzimation)
qed

lemma in-set-least-squares-approximation-eq-full-rank:

fixes A::real” cols::mod-type 'rows::mod-type

assumes r: rank A = ncols A

shows (z € set-least-squares-approzimation A b) = (x = matriz-inv (transpose
A xx A)xxtranspose A *v b)
proof —

have int-tA: invertible (transpose A xx A) using invertible-transpose-mult[ OF r]

show ?thesis
proof
fix z assume z € set-least-squares-approximation A b
hence transpose A xx A xv x = transpose A xv b using in-set-least-squares-approximation-eq
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by auto

thus = = matriz-inv (transpose A xx A) xx transpose A xv b
by (metis int-tA matriz-inv-left matriz-vector-mul-assoc matriz-vector-mul-lid)

next
fix x assume = = matriz-inv (transpose A xx A) xx transpose A xv b
hence transpose A *x A xv x = transpose A *v b
by (metis int-tA matriz-inv-right matriz-vector-mul-assoc matriz-vector-mul-lid)

thus z € set-least-squares-approzimation A b unfolding in-set-least-squares-approximation-eq

qged
qged

lemma in-set-least-squares-approximation-eq-full-rank-QR:
fixes A::real”cols::{mod-type} ~rows::{mod-type}
assumes r: rank A = ncols A
shows (z € set-least-squares-approzimation A b) = ((snd (QR-decomposition A))
*xv ¢ = transpose (fst (QR-decomposition A)) v b)
proof —
let ?Q = fst (QR-decomposition A)
let 7R = snd (QR-decomposition A)
have inv-tR: invertible (transpose ?R)
by (metis invertible-snd-QR-decomposition invertible-transpose 1)
have inv-inv-tR: invertible (matriz-inv (transpose ?R))
by (metis inv-tR invertible-fst-Gauss-Jordan-PA matriz-inv-Gauss-Jordan-PA)
have (z € set-least-squares-approximation A b) = (transpose A xx A xv z =
transpose A xv b)
using in-set-least-squares-approximation-eq .

also have ... = (transpose (?Q *x ?R) xx (?Q *x ?R) xv x = transpose (7Q) *x
?R) xv b)
using QR-decomposition-mult[OF r] by simp
also have ... = (transpose ?R xx transpose ?@Q *x (2Q *x ?R) xv x = transpose

?R xx transpose ?@Q) v b)
by (metis (opagque-lifting, no-types) matriz-transpose-mul)
also have ... = (transpose 7R xv (transpose ?Q *x (2Q *x ?R) xv z) = transpose
?R xv (transpose ?Q v b))
by (metis (opaque-lifting, no-types) matriz-vector-mul-assoc)
also have ... = (matriz-inv (transpose ?R) v (transpose ?R xv (transpose ?Q
wx (7Q) xx 7R) xv 1))
= matriz-inv (transpose ?R) xv (transpose ?R xv (transpose ?Q) *v b)))
using inv-matriz-vector-mul-left|OF inv-inv-tR] by auto
also have ... = ((matriz-inv (transpose ?R) *x transpose ?R) xv (transpose 2Q
xk (2Q *x ?R) *v 1)
= (matriz-inv (transpose ?R) *x transpose ?R) xv (transpose ?Q *v b))
by (metis (opaque-lifting, no-types) matriz-vector-mul-assoc)
also have ... = (transpose 7Q) #x (?Q *x*x ?R) xv x = transpose ?Q xv b)
unfolding matriz-inv-left| OF inv-tR)
unfolding matriz-vector-mul-lid ..
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also have ... = ((transpose ?Q *x ?Q) xx ?R xv x = transpose ?Q xv b)
by (metis (opaque-lifting, no-types) matriz-mul-assoc)
also have ... = (YR xv © = transpose ?Q) xv b)
unfolding orthogonal-matriz-fst-QR-decomposition| OF )
unfolding matriz-mul-lid ..
finally show (z € set-least-squares-approzimation A b) = (¢R xv x = (transpose
2Q) xv b) .
qed

corollary in-set-least-squares-approximation-eq-full-rank-QR2:
fixes A::real”cols::{mod-type} ~rows::{mod-type}
assumes r: rank A = ncols A
shows (z € set-least-squares-approzimation A b) = (z = matriz-inv (snd (QR-decomposition
A)) =% transpose (fst (QR-decomposition A)) v b)
proof —
let Q) = fst (QR-decomposition A)
let ?R = snd (QR-decomposition A)
have inv-R: invertible YR by (metis invertible-snd-QR-decomposition 1)
have (z € set-least-squares-approzimation A b) = (?R xv x = transpose ?Q *v
b)
using in-set-least-squares-approximation-eg-full-rank-QR[OF ] .
also have ... = (matriz-inv ?R *x ?R xv x = matriz-inv R xx transpose ?Q *v
b)
by (metis (opaque-lifting, no-types) Gauss-Jordan-PA-eq calculation fst-Gauss-Jordan-PA
inv-R
inv-matriz-vector-mul-left invertible-fst-Gauss-Jordan-PA matriz-inv-Gauss
matriz-vector-mul-assoc)
also have ... = (z = matriz-inv 7R *x transpose ?Q) *v b)
by (metis inv-R matriz-inv-left matriz-vector-mul-lid)
finally show (z € set-least-squares-approzimation A b) = (x = matriz-inv ?R
xx transpose ?Q xv b) .
qed

lemma set-least-squares-approximation-unique-solution:
fixes A::real™cols::{mod-type} ~rows::{mod-type}
assumes r: rank A = ncols A
shows (set-least-squares-approzimation A b) = {matriz-inv (transpose A xx
A)sxtranspose A xv b}
by (metis (opaque-lifting, mono-tags) empty-iff in-set-least-squares-approzimation-eq-full-rank
empty-iff insertl1 r subsetl subset-singletonD)

lemma set-least-squares-approximation-unique-solution-QR:

fixes A::real™cols::{mod-type} ~rows::{mod-type}

assumes r: rank A = ncols A

shows (set-least-squares-approxzimation A b) = {matriz-inv (snd (QR-decomposition
A)) #x transpose (fst (QR-decomposition A)) xv b}

by (metis (opaque-lifting, mono-tags) empty-iff in-set-least-squares-approximation-eq-full-rank-QR2
insertll r subsetl subset-singletonD)
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end

6 Examples of execution using floats

theory Examples-QR-Abstract-Float
imports

QR-Decomposition

HOL- Library. Code-Real- Approz- By-Float
begin

6.0.1 Examples

definition ezamplel = (let A = list-of-list-to-matriz [[1,2,4],]9,4,5],10,0,0]])::real"373
mn
matriz-to-list-of-list (divide-by-norm A))

definition ezample? = (let A = list-of-list-to-matriz [[1,2,4],[9,4,5],[0,0,4]]::real "373
m
matriz-to-list-of-list (fst (QR-decomposition A)))

definition example3 = (let A = list-of-list-to-matriz [[1,2,4],[9,4,5],[0,0,4]]::real "33
mn
matriz-to-list-of-list (snd (QR-decomposition A)))

definition examplej = (let A = list-of-list-to-matriz [[1,2,4],(9.,4,5],]0,0,4]])::real"373
n
matriz-to-list-of-list (fst (QR-decomposition A) *x (snd (QR-decomposition A))))

definition ezample5 = (let A = list-of-list-to-matriz [[1,sqrt 2,4],[sqrt 5,4,5],[0,sqrt
7,4]]::real "33 in
matriz-to-list-of-list (fst (QR-decomposition A)))

export-code examplel example?2 exampled examples example5 in SML mod-
ule-name QR

end

7 Examples of execution using symbolic computa-
tion

theory Examples-QR-Abstract-Symbolic
imports

QR-Decomposition

Real-Impl. Real- Unique-Impl
begin
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7.1 Execution of the QR decomposition using symbolic com-
putation

7.1.1 Some previous definitions and lemmas

The symbolic computation is based on the René Thiemann’s work about
implementing field extensions of the form Q[sqrt(b)].
definition show-vec-real v = (x i. show-real (v $§ 7))

lemma [code abstract]: vec-nth (show-vec-real v) = (% i. show-real (v $ 7))
unfolding show-vec-real-def by auto

definition show-matriz-real A = (x 4. show-vec-real (A $ 7))

lemmal|code abstract]: vec-nth (show-matriz-real A) = (% 4. show-vec-real (A $ 7))
unfolding show-matriz-real-def by auto

7.1.2 Examples

value let A = list-of-list-to-matriz [[1,2,4],[9,4,5],]0,0,0]]::real"373 in
matriz-to-list-of-list (show-matriz-real (divide-by-norm A))

value let A = list-of-list-to-matriz [[1,2,4],[9,4,5],]0,0,4]]::real"373 in
matriz-to-list-of-list (show-matriz-real (fst (QR-decomposition A)))

value let A = list-of-list-to-matriz [[1,2,4],[9,4,5],]0,0,4]]::real"373 in

matriz-to-list-of-list (show-matriz-real (snd (QR-decomposition A)))

value let A = list-of-list-to-matriz ([1,2,4],]9.,4,5],[0,0,4])::real "378 in
matriz-to-list-of-list (show-matriz-real ((fst (QR-decomposition A)) xx (snd (QR-decomposition

4))))

value let A = list-of-list-to-matriz [[1,2,4],[9,4,5],[0,0,4],[3,5,4]]::real "874 in
matriz-to-list-of-list (show-matriz-real ((fst (QR-decomposition A)) xx (snd (QR-decomposition

4))))

value let A = list-of-list-to-matriz [[1,2,1],[9,4,9],(2,0,2],[0,5,0]]::real "84 in
matriz-to-list-of-list (show-matriz-real ((fst (QR-decomposition A)) xx (snd (QR-decomposition

4))))

value let A = list-of-list-to-matriz [[1,2,1],[9,4,9],(2,0,2],[0,5,0]]::real "84 in
matriz-to-list-of-list (show-matriz-real (fst (QR-decomposition A)))

value let A = list-of-list-to-matriz [[1,2,1],[9,4,9],[2,0,2],]0,5,0])::real"874 in
vec-to-list (show-vec-real ((column 0 (fst (QR-decomposition A)))))

value let A = list-of-list-to-matriz [[1,2,1],[9,4,9],(2,0,2],[0,5,0]]::real "84 in
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vec-to-list (show-vec-real ((column 1 (fst (QR-decomposition A)))))

value let A = list-of-list-to-matriz [[1,2,1],[9,4,9],(2,0,2],10,5,0])::real "374 in
matriz-to-list-of-list (show-matriz-real (snd (QR-decomposition A)))

value let A = list-of-list-to-matriz [[1,2,1],(9,4,9]]::real"872 in
matriz-to-list-of-list (show-matriz-real ((fst (QR-decomposition A)) xx (snd (QR-decomposition

4))))

value let A = list-of-list-to-matriz [[1,2,1],[9,4,9]]::real"372 in
matriz-to-list-of-list (show-matriz-real ((fst (QR-decomposition A))))

value let A = list-of-list-to-matriz [[1,2,1],[9,4,9]]::real"372 in
matriz-to-list-of-list (show-matriz-real ((snd (QR-decomposition A))))

definition ezamplel = (let A = list-of-list-to-matriz [[1,2,1],[9,4,9]]::real"872 in
matriz-to-list-of-list (show-matriz-real ((snd (QR-decomposition A)))))

export-code examplel in SML module-name QR

end

8 IArray Addenda QR

theory IArray-Addenda-QR
imports

HOL—- Library.[Array
begin

The new file about Iarrays, with different instantiations from the presented
ones in the Gauss-Jordan algorithm.

In order to make the formalisation of the QR algorithm easier, we have
decided to present here some alternative instantiatons for immutable arrays.

Let see an example. The following definition is the one presented in the
Gauss-Jordan AFP entry to sum two vectors:

plus-iarray A B = IArray.of-fun (An. Alln + B ! n) (IArray.length A)

While the following is the one we will present in this development:

plus-iarray A B =
(let length-A = (IArray.length A);
length-B= (IArray.length B);
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n=maz length-A length-B ;

A'= TArray.of-fun (Aa. if a < length-A then Alla else 0) n;
B'=IArray.of-fun (Ma. if a < length-B then Blla else 0) n
in IArray.of-fun (Aa. A’ a + B' !l a) n)

Now the sum is done up to the length of the shortest vector and it is com-
pleted with zeros up to the length of the largest vector. This allows us to
prove that iarray is an instance of comm-monoid-add, which is quite use-
ful for the QR algorithm (we will be able to do sums involving immutable
arrays).

These are just alternative definitions of the main operations over immutable
arrays. They have the advantage of being an instance of comm-monoid-add;
nevertheless, the performance is slower and proofs become more cumber-
some. The user should decide what definitions to use (the presented here
or the presented ones in the Gauss-Jordan AFP entry) depending on the
algorithm to formalise.

lemma iarray-exhaust?:
(zs = ys) = (IArray.list-of xs = IArray.list-of ys)
by (metis iarray.exhaust list-of .simps)

lemma of-fun-nth:
assumes i: 1<n
shows (IArray.of-fun fn) ! i = fi
unfolding IArray.of-fun-def using map-nth i by auto

8.1 Some previous instances

instantiation iarray :: ({plus,zero}) plus
begin

definition plus-iarray :: 'a iarray = 'a iarray = 'a iarray
where plus-iarray A B =
(let length-A = (IArray.length A);
length-B= (IArray.length B);
n=mazx length-A length-B ;
A'= IArray.of-fun (Aa. if a < length-A then Alla else 0) n;
B'=IArray.of-fun (\a. if a < length-B then Blla else 0) n
in
IArray.of-fun (Aa. A’ a + B’ !l a) n)

instance proof qed
end

instantiation iarray :: (zero) zero

begin

definition zero-iarray = (IArrayl]::'a iarray)
instance proof ged
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end

instantiation iarray :: (comm-monoid-add) comm-monoid-add
begin

instance
proof
fix a b c::'a iarray
have maz-eq: (maz (IArray.length 0) (IArray.length a)) =(IArray.length a)
proof —
have maz (length (IArray.list-of (0::'a iarray))) (length (IArray.list-of a)) =
length (IArray.list-of a)
by (metis list.size(3) list-of .simps maz-0L zero-iarray-def)
thus maz (IArray.length 0) (IArray.length o) = IArray.length a
by (metis [Array.length-def list.size(8) list-of .simps zero-iarray-def)
qged
have length0: IArray.length 0 = 0 unfolding zero-iarray-def by auto
show 0 + a = a
proof (unfold iarray-exhaust?2 list-eq-iff-nth-eq, auto, unfold IArray.length-def[symmetric]
TArray.sub-def[symmetric])
show length-eq: TArray.length (0 + a) = IArray.length o unfolding plus-iarray-def
Let-def using max-eq by auto
fix i assume i: { < IArray.length (0 + a)
have i2: i < IArray.length a by (metis length-eq 7)
have (0 + a) !! i = (Maa. IArray.of-fun (Aa. if a < 0 then 0 !l a else 0)
(IArray.length a) !! aa +
TArray.of-fun (Aaa. if aa < IArray.length a then a !l aa else 0) (IArray.length
a) ! aa) i
unfolding plus-iarray-def Let-def
unfolding maz-eq unfolding length0 unfolding sub-def[symmetric]
by (rule of-fun-nth[OF i2])
also have ... = (A\aa. 0 + IArray.of-fun (Aaa. if aa < IArray.length a then a
Il aa else 0) (IArray.length a) ! aa) ¢
using 2 by auto

also have ... = a !l 7 using i2 by simp
finally show (0 + a) ! i = all 7.
qged

show a + b=0+a
proof (unfold iarray-exhaust2 list-eq-iff-nth-eq, auto, unfold IArray.length-def|symmetric]
IArray.sub-def [symmetric])
have maz-eq: (maz (IArray.length a) (IArray.length b)) = IArray.length (a +
b)
unfolding plus-iarray-def Let-def by auto
show length-eq: IArray.length (a + b) = IArray.length (b + a)
unfolding plus-iarray-def Let-def by auto
fix i assume i: { < IArray.length (a + b)
have i2: i < IArray.length (b+a) using ¢ unfolding length-eq .
have 3: i < (mazx (IArray.length a) (IArray.length b)) by (metis i max-eq)
have #/: i < (mazx (IArray.length b) (IArray.length a)) by (metis i3 max.commute)
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show (a + )l i=(b+a) !4
unfolding plus-iarray-def Let-def
unfolding of-fun-nth[OF i3]
unfolding of-fun-nth[OF i4)
by (simp only: add.commute)
qed
showa+b+c=a+ (b+ ¢
proof (unfold iarray-exhaust? list-eq-iff-nth-eq, auto, unfold IArray.length-def [symmetric]
TArray.sub-def[symmetric])
show length-eq: IArray.length (a + b + ¢) = IArray.length (a + (b + ¢))
unfolding plus-iarray-def Let-def by auto
fix i assume i: { < IArray.length (a + b + ¢)
have i2: i<(maz (IArray.length (IArray.of-fun (Aaa. IArray.of-fun
(Aaa. if aa < IArray.length a then a !l aa else 0) (maz (IArray.length a)
(IArray.length b)) ! aa +
TArray.of-fun (Xa. if a < IArray.length b then b ! a else 0) (maz (IArray.length
a) (IArray.length b)) ! aa)
(maz (IArray.length a) (IArray.length b))))
(IArray.length c)) using ¢ unfolding plus-iarray-def Let-def by auto
have i3: i< (max (IArray.length a) (IArray.length (IArray.of-fun
(Aa. IArray.of-fun (Aa. if a < IArray.length b then b !l a else 0) (max
(IArray.length b) (IArray.length ¢)) ! a +
IArray.of-fun (Aa. if a < IArray.length ¢ then ¢! a else 0) (maz (IArray.length
b) (IArray.length c)) ! a)
(maz (IArray.length b) (IArray.length c)))))
using ¢ unfolding plus-iarray-def Let-def by auto
show (a + b+ c)!li=(a+ (b+¢)) i
unfolding plus-iarray-def unfolding Let-def
unfolding of-fun-nth[OF i2]
unfolding of-fun-nth[OF i3]
using 2 i3
by (auto simp add: add.assoc)
qed
qed
end

instantiation iarray :: (uminus) uminus
begin
definition uminus-iarray :: 'a iarray = 'a iarray
where uminus-iarray A = IArray.of-fun (An. — Alln) (IArray.length A)
instance proof ged
end

instantiation iarray :: ({minus,zero}) minus
begin

definition minus-iarray :: 'a iarray = 'a iarray = 'a iarray

where minus-iarray A B =
(let length-A= (IArray.length A);

70



length-B= (IArray.length B);

n=mazx length-A length-B ;

A'= IArray.of-fun (Aa. if a < length-A then Alla else 0) n;
B'=IArray.of-fun (Aa. if a < length-B then Blla else 0) n
in

IArray.of-fun (Aa. A’V a — B' !l a) n)

instance proof qed
end

8.2 Some previous definitions and properties for IArrays
8.2.1 Lemmas

8.2.2 Definitions

fun all :: (a = bool) = 'a iarray = bool
where all p (IArray as) = (ALL a : set as. p a)
hide-const (open) all

fun exists :: ("a = bool) = 'a iarray = bool
where exists p (IArray as) = (EX a : set as. p a)
hide-const (open) ezists

8.3 Code generation

code-printing
constant ITArray-Addenda-QR.exists — (SML) Vector.exists
| constant JArray-Addenda-QR.all — (SML) Vector.all

end

9 DMatrices as nested IArrays

theory Matrixz-To-IArray-QR

imports
Rank- Nullity- Theorem. Mod- Type
Gauss-Jordan. Elementary-Operations
IArray-Addenda-QR

begin

The file is similar to the Matrixz-To-IArray.thy one, presented in the Gauss-
Jordan algorithm. But now, some proofs have changed slightly because of
the new instantiations presented in the file IArray-Addenda-QR.thy.
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9.1 Isomorphism between matrices implemented by vecs and
matrices implemented by iarrays

9.1.1 Isomorphism between vec and iarray

definition vec-to-iarray :: 'a"'n::{mod-type} = 'a iarray

where vec-to-iarray A = IArray.of-fun (Ai. A $ (from-nat 7)) (CARD('n))

definition iarray-to-vec :: 'a iarray = 'a”'n::{mod-type}
where iarray-to-vec A = (x i. A !l (to-nat 7))

lemma vec-to-iarray-nth:
fixes A::'a"'n::{finite, mod-type}
assumes i: i <CARD('n)
shows (vec-to-iarray A) ' i = A $ (from-nat 7)
unfolding vec-to-iarray-def using of-fun-nth[OF i| .

lemma vec-to-iarray-nth':
fixes A::’a"'n::{mod-type}
shows (vec-to-iarray A) ! (to-nat i) = A $ i
proof —
have to-nat-less-card: to-nat i< CARD('n)
using bij-to-nat[where ?’a='n] unfolding bij-betw-def by fastforce
show ?thesis
unfolding vec-to-iarray-def unfolding of-fun-nth[OF to-nat-less-card] from-nat-to-nat-id

qed

lemma iarray-to-vec-nth:
shows (iarray-to-vec A) $ i = A Il (to-nat 7)
unfolding iarray-to-vec-def by simp

lemma vec-to-iarray-morph:
fixes A::’a"'n::{mod-type}
shows (4 = B) = (vec-to-iarray A = vec-to-iarray B)
by (metis vec-eq-iff vec-to-iarray-nth’)

lemma inj-vec-to-iarray:
shows inj vec-to-iarray
using vec-to-iarray-morph unfolding inj-on-def by blast

lemma iarray-to-vec-vec-to-iarray:
fixes A::’a"'n::{mod-type}
shows iarray-to-vec (vec-to-iarray A)=A
proof (unfold vec-to-iarray-def iarray-to-vec-def, vector, auto)
fix i::'n
have to-nat i< CARD('n) using bij-to-nat[where ?’a='n| unfolding bij-betw-def
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by auto
thus map (A\i. A $ from-nat i) [0..<CARD('n)] ! to-nat i = A $ i by simp
qed

lemma vec-to-iarray-iarray-to-vec:
assumes length-eq: TArray.length A = CARD('n::{mod-type})
shows vec-to-iarray (iarray-to-vec A::'a 'n::{mod-type}) = A
proof (unfold vec-to-iarray-def iarray-to-vec-def, vector, auto)
obtain zs where zs: A = [Array xzs by (metis iarray.exhaust)
show IArray (map (Ai. IArray.list-of A to-nat (from-nat i::'n)) [0..< CARD('n)])
=A
proof (unfold xs iarray.inject list-eq-iff-nth-eq, auto)
show CARD('n) = length zs using length-eq unfolding zs by simp
fix ¢ assume i: ¢ < CARD('n)
show zs | to-nat (from-nat i::'n) = xs ! ¢ unfolding to-nat-from-nat-id|OF i]

qed
qed

lemma length-vec-to-iarray:
fixes za::'a "n:{mod-type}
shows IArray.length (vec-to-iarray xa) = CARD('n)
unfolding vec-to-iarray-def by simp

9.1.2 Isomorphism between matrix and nested iarrays

definition matriz-to-iarray :: 'a”'n::{mod-type} “'m::{mod-type} => 'a iarray iar-
ray

where matriz-to-iarray A = IArray (map (vec-to-iarray o ((8) A) o (from-nat::nat=>'m))
[0..<CARD('m)))

definition iarray-to-matriz :: 'a iarray iarray = ‘a”'n:{mod-type} ~'m::{mod-type}
where iarray-to-matric A = (x ¢ j. A (to-nat i) !! (to-nat 7))

lemma matriz-to-iarray-morph:
fixes A::'a"'n::{mod-type} 'm::{mod-type}
shows (4 = B) = (matriz-to-iarray A = matriz-to-iarray B)
unfolding matriz-to-iarray-def apply simp
unfolding forall-from-nat-rwlof Az. vec-to-iarray (A $ z) = vec-to-iarray (B $

z)]

by (metis from-nat-to-nat-id vec-eq-iff vec-to-iarray-morph)

lemma matriz-to-iarray-eq-of-fun:

fixes A::'a” columns::{mod-type} ~rows::{mod-type}

assumes vec-eq-f: Vi. vec-to-iarray (A $ i) = f (to-nat 7)

and n-eg-length: n=IArray.length (matriz-to-iarray A)

shows matriz-to-iarray A = IArray.of-fun fn
proof (unfold IArray.of-fun-def matriz-to-iarray-def iarray.inject list-eg-iff-nth-eq,
auto)
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show x: CARD('rows) = n using n-eg-length unfolding matriz-to-iarray-def
by auto
fix i assume i: i < CARD('rows)
hence i-less-n: i<n using * i by simp
show wvec-to-tarray (A $ from-nat i) = map f [0..<n] ! i
using vec-eq-f using i-less-n
by (simp, unfold to-nat-from-nat-id[OF ], simp)
qed

lemma map-vec-to-iarray-rw[simp:
fixes A::'a”columns::{mod-type} ~rows::{ mod-type}
shows map (Az. vec-to-iarray (A $ from-nat x)) [0..< CARD('rows)] ! to-nat i =
vec-to-iarray (A $ 7)
proof —
have i-less-card: to-nat i < CARD('rows)
using bij-to-nat[where ?'a='rows] unfolding bij-betw-def by fastforce
hence map (Az. vec-to-iarray (A $ from-nat x)) [0..< CARD('rows)] ! to-nat i
= vec-to-iarray (A $ from-nat (to-nat i)) by simp

also have ... = wvec-to-iarray (A $ i) unfolding from-nat-to-nat-id ..
finally show ?thesis .
qed

lemma matriz-to-iarray-nth:
matriz-to-iarray A ! to-nat i ! to-nat j = A$ 1§ j
unfolding matriz-to-iarray-def o-def using vec-to-iarray-nth’ by auto

lemma vec-matriz: vec-to-iarray (A$7) = (matriz-to-iarray A) ! (to-nat 7)
unfolding matriz-to-iarray-def o-def by fastforce

lemma iarray-to-matriz-matriz-to-iarray:
fixes A::'a”columns::{mod-type} ~rows::{ mod-type}
shows iarray-to-matriz (matriz-to-iarray A) = A
unfolding matriz-to-iarray-def iarray-to-matriz-def o-def
by (vector, auto, metis IArray.sub-def vec-to-iarray-nth’)

9.2 Definition of operations over matrices implemented by
iarrays

definition mult-iarray :: 'a::{times} iarray => 'a => 'a iarray
where mult-iarray A q¢ = IArray.of-fun (An. ¢ x Alln) (IArray.length A)

definition row-iarray :: nat => 'a iarray iarray => 'a iarray
where row-iarray k A = Al k

definition column-iarray :: nat => 'a iarray iarray => 'a iarray
where column-iarray k A = IArray.of-fun (Am. A\ m Il k) (IArray.length A)

definition nrows-iarray :: 'a iarray iarray => nat
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where nrows-iarray A = [Array.length A

definition ncols-iarray :: 'a iarray iarray => nat
where ncols-iarray A = IArray.length (AN0)

definition rows-iarray A = {row-iarray i A | i. i € {..<nrows-iarray A}}
definition columns-iarray A = {column-iarray i A | i. © € {..<ncols-iarray A}}
definition tabulate2 :: nat => nat => (nat => nat => 'a) => 'a iarray iarray
where tabulate2 m n f = IArray.of-fun (Ai. IArray.of-fun (f i) n) m

definition transpose-iarray :: 'a iarray iarray => 'a iarray iarray
where transpose-iarray A = tabulate2 (ncols-iarray A) (nrows-iarray A) (Aa b.
Allblla)

definition matriz-matriz-mult-iarray :: 'a::{times, comm-monoid-add} iarray iar-
ray => 'a iarray tarray => 'a iarray iarray (infixl exiy 70)

where A xxi B = tabulate2 (nrows-iarray A) (ncols-iarray B) (Ai j. sum (k.
((ANDONE) = ((BE)9)) {0..<ncols-iarray A})

definition matriz-vector-mult-iarray :: 'a::{semiring-1} iarray iarray => 'a iarray
=> 'a jarray (infix] v 70)

where A xiv z = TArray.of-fun (Ni. sum (Aj. ((AN)!1) = (215)) {0..<IArray.length
z}) (nrows-iarray A)

definition vector-matriz-mult-iarray :: 'a::{semiring-1} iarray => 'a iarray iarray
=> 'a jarray (infix] <vxi> 70)

where z vxi A = IArray.of-fun (N\j. sum (Ai. (zV9) x ((AN)N))) {0..<IArray.length
z}) (ncols-iarray A)

definition mat-iarray :: 'a::{zero} => nat => 'a iarray iarray
where mat-iarray k n = tabulate2 nn (X i j. if i = j then k else 0)

definition is-zero-iarray :: 'a::{zero} iarray = bool
where is-zero-iarray A = IArray-Addenda-QR.all (\i. AV i = 0) (IArray[0..<IArray.length
A))

9.2.1 Properties of previous definitions

lemma is-zero-iarray-eq-iff:

fixes A::’a::{zero} “n:{mod-type}

shows (4 = 0) = (is-zero-iarray (vec-to-iarray A))
proof (auto)

show is-zero-iarray (vec-to-iarray 0) by (simp add: vec-to-iarray-def is-zero-iarray-def
Option.is-none-def find-None-iff)

show is-zero-iarray (vec-to-iarray A) = A = 0

proof (simp add: vec-to-iarray-def is-zero-iarray-def Option.is-none-def find-None-iff
vec-eq-iff , clarify)

fix i:'n
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assume YV i€{0..<CARD('n)}. A § mod-type-class.from-nat i = 0
hence eg-zero: Ve<CARD('n). A $ from-nat x = 0 by force
have to-nat i< CARD('n) using bij-to-nat[where ?'a='n| unfolding bij-betw-def
by fastforce
hence A $ (from-nat (to-nat i)) = 0 using eg-zero by blast
thus A $ ¢ = 0 unfolding from-nat-to-nat-id .
qed
qed

lemma mult-iarray-works:
assumes a<IArray.length A shows mult-iarray A q!! a = ¢ x Alla
unfolding mult-iarray-def
unfolding IArray.of-fun-def unfolding sub-def
using assms by simp

lemma length-eq-card-rows:
fixes A::'a”columns::{mod-type} ~'rows::{mod-type}
shows IArray.length (matriz-to-iarray A) = CARD('rows)
unfolding matriz-to-iarray-def by auto

lemma nrows-eq-card-rows:
fixes A::'a”columns::{mod-type} “rows::{mod-type}
shows nrows-iarray (matriz-to-iarray A) = CARD('rows)
unfolding nrows-iarray-def length-eq-card-rows ..

lemma length-eq-card-columns:
fixes A::'a”columns::{mod-type} ~rows::{ mod-type}
shows IArray.length (matriz-to-iarray A1l 0) = CARD (’'columns)
unfolding matriz-to-iarray-def o-def vec-to-iarray-def by simp

lemma ncols-eq-card-columns:
fixes A::'a”columns::{mod-type} ~rows::{ mod-type}
shows ncols-iarray (matriz-to-iarray A) = CARD('columns)
unfolding ncols-iarray-def length-eq-card-columns ..

lemma matriz-to-iarray-nrows:
fixes A::'a”columns::{mod-type} ~rows::{ mod-type}
shows nrows A = nrows-iarray (matriz-to-iarray A)
unfolding nrows-def nrows-eq-card-rows ..

lemma matriz-to-iarray-ncols:
fixes A::’a”columns::{mod-type} ~rows::{ mod-type}
shows ncols A = ncols-iarray (matriz-to-iarray A)
unfolding ncols-def ncols-eq-card-columns ..

lemma vec-to-iarray-row|code-unfold): vec-to-iarray (row i A) = row-iarray (to-nat
i) (matriz-to-iarray A)

unfolding row-def row-iarray-def vec-to-iarray-def

by (auto, metis IArray.sub-def IArray.of-fun-def vec-matriz vec-to-iarray-def)
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lemma vec-to-iarray-row”: vec-to-iarray (row i A) = (matriz-to-iarray A) ! (to-nat
i

unfolding row-def vec-to-iarray-def

by (auto, metis IArray.sub-def IArray.of-fun-def vec-matriz vec-to-iarray-def)

lemma vec-to-iarray-column|code-unfold): vec-to-iarray (column i A) = column-iarray
(to-nat i) (matriz-to-iarray A)

unfolding column-def vec-to-iarray-def column-iarray-def length-eq-card-rows

by (auto, metis IArray.sub-def from-nat-not-eq vec-matriz vec-to-iarray-nth’)

lemma vec-to-iarray-column’:
assumes k: k<ncols A
shows (vec-to-iarray (column (from-nat k) A)) = (column-iarray k (matriz-to-iarray

4))

unfolding vec-to-iarray-column unfolding to-nat-from-nat-id| OF k[unfolded ncols-def]]

lemma column-iarray-nth:
assumes i: i<nrows-iarray A
shows column-iarray j A i = AN illj
proof —
have column-iarray j A i = map (Am. Al m ! §) [0..<IArray.length A] ! {
unfolding column-iarray-def by auto

also have ... = (Am. Al m Il j) ([0..<IArray.length A] ! {) using i nth-map
unfolding nrows-iarray-def by auto
also have ... = (Am. A !l m !l j) ({) using nth-upt[of 0 i IArray.length A] i

unfolding nrows-iarray-def by simp
finally show ?thesis .
qed

lemma vec-to-iarray-rows: vec-to-iarray‘ (rows A) = rows-iarray (matriz-to-iarray
4)
unfolding rows-def unfolding rows-iarray-def
apply (auto simp add: vec-to-iarray-row to-nat-less-card nrows-eq-card-rows)
by (unfold image-def, auto, metis from-nat-not-eq vec-to-iarray-row)

lemma vec-to-iarray-columns: vec-to-iarray (columns A) = columns-iarray (matriz-to-iarray
4)

unfolding columns-def unfolding columns-iarray-def

apply (auto simp add: ncols-eq-card-columns to-nat-less-card vec-to-iarray-column)

by (unfold image-def, auto, metis from-nat-not-eq vec-to-iarray-column)

9.3 Definition of elementary operations

definition interchange-rows-iarray :: 'a iarray iarray => nat => nat => 'a iarray
iarray

where interchange-rows-iarray A a b = IArray.of-fun (An. if n=a then Allb else
if n=>0 then Alla else Alln) (IArray.length A)
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definition mult-row-iarray :: 'a::{times} iarray iarray => nat => '‘a => 'a iarray
iarray

where mult-row-iarray A a ¢ = IArray.of-fun (An. if n=a then mult-iarray (Alla)
q else Alln) (IArray.length A)

definition row-add-iarray :: 'a:{plus, times,zero} iarray iarray => nat => nat
=> 'a => 'a iarray iarray

where row-add-iarray A a b ¢ = IArray.of-fun (An. if n=a then Alla + mult-iarray
(ANb) q else Alln) (IArray.length A)

definition interchange-columns-iarray :: 'a iarray iarray => nat => nat => 'a
iarray tarray

where interchange-columns-iarray A a b = tabulate2 (nrows-iarray A) (ncols-iarray
A) (Nij.ifj=athen AN il belseifj=0bthen AN ill aelse Al illj)

definition mult-column-iarray :: 'a:{times} iarray iarray => nat => 'a => 'a
iarray tarray

where mult-column-iarray A n q¢ = tabulate2 (nrows-iarray A) (ncols-iarray A)
(Nij.ifj=nthen ANl illjx qelse ANl illj)

definition column-add-iarray :: 'a::{plus, times} iarray iarray => nat => nat
=> 'a => 'a iarray iarray

where column-add-iarray A n m q = tabulate2 (nrows-iarray A) (ncols-iarray
Ay (Nij.ifj=nthen Al illn+ ANillmxqgelse AN gllj)

9.3.1 Code generator

lemma vec-to-iarray-plus[code-unfold): vec-to-iarray (a + b) = (vec-to-iarray a)
+ (vec-to-iarray b)

unfolding vec-to-iarray-def

unfolding plus-iarray-def Let-def by auto

lemma matriz-to-iarray-plus|code-unfold|: matriz-to-iarray (A + B) = (matriz-to-iarray
A) + (matriz-to-iarray B)

unfolding matriz-to-iarray-def o-def

by (simp add: plus-iarray-def Let-def vec-to-iarray-plus)

lemma matriz-to-iarray-mat|code-unfold):

matriz-to-iarray (mat k ::'a::{zero} “n::{mod-type} “'n::{mod-type}) = mat-iarray
k CARD('n::{mod-type})

unfolding matriz-to-iarray-def o-def vec-to-iarray-def mat-def mat-iarray-def tab-
ulate2-def

using from-nat-eq-imp-eq by fastforce

lemma matriz-to-iarray-transpose|code-unfold):
shows matriz-to-iarray (transpose A) = transpose-iarray (matriz-to-iarray A)
unfolding matriz-to-iarray-def transpose-def transpose-iarray-def
o-def tabulate2-def nrows-iarray-def ncols-iarray-def vec-to-iarray-def
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by auto

lemma matriz-to-iarray-matriz-matriz-mult| code-unfold):
fixes A::'a::{semiring-1} "'m::{mod-type} ~'n::{mod-type} and B::'a”b::{mod-type} ~'m::{mod-type}
shows matriz-to-iarray (A *xx B) = (matriz-to-iarray A) xxi (matriz-to-iarray
B)
unfolding matriz-to-iarray-def matriz-matriz-mult-iarray-def matriz-matriz-mult-def

unfolding o-def tabulate2-def nrows-iarray-def ncols-iarray-def vec-to-iarray-def
using sum.reindez-conglof from-nat::nat=>'m] using bij-from-nat unfolding
bij-betw-def by fastforce

lemma vec-to-iarray-matriz-matriz-mult[code-unfold):

fixes A::'a::{semiring-1} "'m:{mod-type} “'n::{mod-type} and z::'a"'m::{mod-type}

shows vec-to-iarray (A *v x) = (matriz-to-iarray A) xiv (vec-to-iarray x)

unfolding matriz-vector-mult-iarray-def matriz-vector-mult-def

unfolding o-def tabulate2-def nrows-iarray-def ncols-iarray-def matriz-to-iarray-def
vec-to-iarray-def

using sum.reindez-conglof from-nat::nat=>'m| using bij-from-nat unfolding
bij-betw-def by fastforce

lemma vec-to-iarray-vector-matriz-mult[code-unfold):

fixes A::'a::{semiring-1} "'m:{mod-type} “'n::{mod-type} and z::’a"'n::{mod-type}

shows vec-to-iarray (z v« A) = (vec-to-iarray x) vxi (matriz-to-iarray A)

unfolding vector-matriz-mult-def vector-matriz-mult-iarray-def

unfolding o-def tabulate2-def nrows-iarray-def ncols-iarray-def matriz-to-iarray-def
vec-to-tarray-def
proof (auto)

fix za

show (> i€UNIV. 28 i+ A$ i8S from-nat za) = (> i = 0.<CARD('n). z $§
from-nat i * A $ from-nat i $ from-nat xa)

apply (rule sum.reindex-cong|of from-nat::nat=>'n]) using bij-from-nat[where

?’a='n] unfolding bij-betw-def by fast+
qed

lemma matriz-to-iarray-interchange-rows|code-unfold):

fixes A::’a::{semiring-1} " columns::{mod-type} ~rows::{ mod-type}

shows matriz-to-iarray (interchange-rows A i j) = interchange-rows-iarray (matriz-to-iarray
A) (to-nat 7) (to-nat j)
proof (unfold matriz-to-iarray-def interchange-rows-iarray-def o-def map-vec-to-iarray-rw,
auto)

fix z assume z-less-card: x < CARD('rows)

and z-not-j: x # to-nat j and z-not-i:  # to-nat i

show wvec-to-iarray (interchange-rows A i j $ from-nat x) = vec-to-iarray (A $

from-nat )
by (metis interchange-rows-preserves to-nat-from-nat-id x-less-card x-not-i z-not-j)
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qed

lemma matriz-to-iarray-mult-row|code-unfold):
fixes A::’a::{semiring-1} " columns::{mod-type} ~rows::{ mod-type}
shows matriz-to-iarray (mult-row A i q¢) = mult-row-iarray (matriz-to-iarray A)
(to-nat @) ¢
unfolding matriz-to-iarray-def mult-row-iarray-def o-def
unfolding mult-iarray-def vec-to-iarray-def mult-row-def apply auto
proof —
fix iz
assume i-contr:i # to-nat (from-nat i::'rows) and x < CARD('columns)
and i< CARD('rows)
hence i = to-nat (from-nat i::'rows) using to-nat-from-nat-id by fastforce
thus ¢ x A $ from-nat i § from-nat v = A $ from-nat i $ from-nat
using i-contr by contradiction
qed

lemma matriz-to-iarray-row-add|code-unfold):
fixes A::’a::{semiring-1} " columns::{mod-type} ~rows::{ mod-type}
shows matriz-to-iarray (row-add A i j q) = row-add-iarray (matriz-to-iarray A)
(to-nat i) (to-nat j) q
proof (unfold matriz-to-iarray-def row-add-iarray-def o-def, auto)
show vec-to-iarray (row-add A i j q $ i) = vec-to-iarray (A $ i) + mult-iarray
(vec-to-iarray (A $ j)) q
unfolding mult-iarray-def vec-to-iarray-def unfolding plus-iarray-def Let-def
row-add-def by auto
fix ia assume ia-not-i: ia # to-nat i and ia-card: ia < CARD('rows)
have from-nat-ia-not-i: from-nat ia # i
proof (rule ccontr)
assume — from-nat ia # ¢ hence from-nat ia = ¢ by simp
hence to-nat (from-nat ia::'rows) = to-nat i by simp
hence ia=to-nat i using to-nat-from-nat-id ia-card by fastforce
thus False using ia-not-i by contradiction
qed
show wvec-to-iarray (row-add A i j q $ from-nat ia) = vec-to-iarray (A $ from-nat
ia)
using ‘a-not-i
unfolding vec-to-iarray-morph[symmetric] unfolding row-add-def using from-nat-ia-not-i
by wvector
qed

lemma matriz-to-iarray-interchange-columns|code-unfold):
fixes A::'a::{semiring-1} " columns::{mod-type} ~'rows::{mod-type}
shows matriz-to-iarray (interchange-columns A i j) = interchange-columns-iarray
(matriz-to-iarray A) (to-nat i) (to-nat j)
unfolding interchange-columns-def interchange-columns-iarray-def o-def tabu-
late2-def

unfolding nrows-eg-card-rows ncols-eq-card-columns
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unfolding matriz-to-iarray-def o-def vec-to-iarray-def
by (auto simp add: to-nat-from-nat-id to-nat-less-card|of i] to-nat-less-card|of j])

lemma matriz-to-iarray-mult-columns|code-unfold):

fixes A::'a::{semiring-1} " columns::{mod-type} ~'rows::{mod-type}

shows matriz-to-iarray (mult-column A i q¢) = mult-column-iarray (matriz-to-iarray
A) (to-nat i) q

unfolding mult-column-def mult-column-iarray-def o-def tabulate2-def

unfolding nrows-eg-card-rows ncols-eq-card-columns

unfolding matriz-to-iarray-def o-def vec-to-iarray-def

by (auto simp add: to-nat-from-nat-id)

lemma matriz-to-iarray-column-add|code-unfold):

fixes A::’a::{semiring-1} " columns::{mod-type} ~rows::{ mod-type}

shows matriz-to-iarray (column-add A i j q) = column-add-iarray (matriz-to-iarray
A) (to-nat ) (to-nat j) q

unfolding column-add-def column-add-iarray-def o-def tabulate2-def

unfolding nrows-eq-card-rows ncols-eq-card-columns

unfolding matriz-to-iarray-def o-def vec-to-iarray-def

by (auto simp add: to-nat-from-nat-id to-nat-less-card|of i] to-nat-less-card]of j))

end

10 Gram Schmidt over IArrays

theory Gram-Schmidt-IArrays
imports
QR-Decomposition
Matriz-To-IArray-QR
begin

10.1 Some previous definitions, lemmas and instantiations
about iarrays

definition iarray-of-iarray-to-list-of-list :: 'a iarray iarray => 'a list list
where iarray-of-iarray-to-list-of-list A = map IArray.list-of (map () A) [0..<IArray.length
A))

instantiation iarray :: (scaleR) scaleR

begin

definition scaleR-iarray k A = IArray.of-fun (Mi. k xg (A 1 7)) (IArray.length A)
instance proof qed

end

instantiation iarray :: (times) times
begin
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definition times-iarray A B = IArray.of-fun (Ni. AlYi x B !l i) (IArray.length A)
instance proof qed
end

lemma plus-iarray-component:
assumes iA: (<[Array.length A
and iB: i<IArray.length B
shows (A+B) Il i = Alli + Bl
proof (unfold plus-iarray-def Let-def )
have IArray.of-fun
(Ma. IArray.of-fun (Aa. if a < IArray.length A then A ! a else 0) (maz
(IArray.length A) (IArray.length B)) !l a +
IArray.of-fun (Aa. if a < IArray.length B then B !l a else 0) (max (IArray.length
A) (IArray.length B)) ! a)
(max (IArray.length A) (IArray.length B)) !
i = IArray.of-fun (Xa. if a < IArray.length A then A ! a else 0) (maz
(IArray.length A) (IArray.length B)) 1! i +
IArray.of-fun (Aa. if a < IArray.length B then B !l a else 0) (max (IArray.length
A) (IArray.length B)) !l i
by (rule of-fun-nth, metis iB less-mazx-iff-disj)
also have ...= (\a. if a < IArray.length A then Al a else 0) i +
(Aa. if a < IArray.length B then B !! a else 0) i
using of-fun-nthlof i (mazx (IArray.length A) (IArray.length B))] using iB by
stmp
also have ...= Alli + B !l i using A B by simp
finally show IArray.of-fun
(Aa. IArray.of-fun (Aa. if a < IArray.length A then A ! a else 0) (maz
(IArray.length A) (IArray.length B)) !l a +
IArray.of-fun (Aa. if a < IArray.length B then B !l a else 0) (max (IArray.length
A) (IArray.length B)) ! a)
(max (IArray.length A) (IArray.length B)) !
—
Alli 4+ Bllq.
qed

lemma minus-iarray-component:
assumes iA: (<IArray.length A
and ¢B: i<IArray.length B
shows (A—B) !l i = Alli — Bll§
proof (unfold minus-iarray-def Let-def )
have IArray.of-fun
(Aa. IArray.of-fun (Aa. if a < IArray.length A then A ! a else 0) (maz
(IArray.length A) (IArray.length B)) !l a —
IArray.of-fun (Aa. if a < IArray.length B then B !l a else 0) (max (IArray.length
A) (IArray.length B)) !l a)
(maz (IArray.length A) (IArray.length B)) !
i = TArray.of-fun (Ma. if a < IArray.length A then A !l a else 0) (max
(IArray.length A) (IArray.length B)) ! ¢ —
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IArray.of-fun (Xa. if a < IArray.length B then B!l a else 0) (max (IArray.length
A) (IArray.length B)) ! i
by (rule of-fun-nth, metis iB less-maz-iff-disj)
also have ...= (\a. if a < TArray.length A then A !l a else 0) i —
(Ma. if a < IArray.length B then B!l a else 0) i
using of-fun-nthlof i (max (IArray.length A) (IArray.length B))] using iB by
stmp
also have ...= Alli — B !! i using iA iB by simp
finally show [Array.of-fun
(Aa. IArray.of-fun (Xa. if a < IArray.length A then A !l a else 0) (max
(IArray.length A) (IArray.length B)) !l a —
IArray.of-fun (Aa. if a < IArray.length B then B !l a else 0) (max (IArray.length
A) (IArray.length B)) !l a)
(maz (IArray.length A) (IArray.length B)) ' i= Al i— B!l q.
qed

lemma length-plus-iarray:
IArray.length (A+B)=maz (IArray.length A) (IArray.length B)
unfolding plus-iarray-def Let-def by auto

lemma length-sum-iarray:
assumes finite S and S#{}
shows IArray.length (sum fS) = Maz {IArray.length (f z)| z. x € S}
using assms
proof (induct S,simp)
case (insert « F)
show ?case
proof (cases F={})
case True show ?thesis unfolding True by auto
next
case Fulse
have rw: IArray.length (sum f F) = Max {IArray.length (f z) |z. x € F}
by (rule insert.hyps, simp add: False)
have set-rw: (insert (IArray.length (f z)) {IArray.length (f z) |z. © € F}) =
{IArray.length (f a) |a. a € insert x F}
by auto
have IArray.length (sum f (insert x F)) = IArray.length (f © + sum f F)
by (metis insert.hyps(1) insert.hyps(2) sum-clauses(2))

also have ... = max (IArray.length (f z)) (IArray.length (sum f F))
unfolding length-plus-iarray ..
also have ... = mazx (IArray.length (f z)) (Maz {IArray.length (f a) |a. a € F})
unfolding rw by simp
also have ... = Maz (insert (IArray.length (f z)) {IArray.length (f a) |a. a €
r})

proof (rule Maz-insert[symmetric|)
show finite {IArray.length (f z) |x. * € F} using insert.hyps(1) by auto
show {IArray.length (f z) |z. x € F} # {} by (metis (lifting, mono-tags) False
empty-Collect-eq ex-in-conv)
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qed
also have ..= Maxz {IArray.length (f a) |a. a € insert z F'} unfolding set-rw

finally show ?thesis .
qged
qed

lemma sum-component-iarray:
assumes a: Vz€S. i<IArray.length (f )
and f: finite S
and S: S#{} — If S is empty, then the sum will return the empty iarray and it
makes no sense to access the component i
shows sum fS Il i = (3 zeS. fa !l 9)
using fa S
proof (induct S, simp)
case (insert z F)
have finite-F: finite F' by (metis insert.hyps(1))
show ?Zcase
proof (cases F={})

case True
have sum f (insert x F) ! ¢ = fz !l ¢ unfolding True by auto
also have ... = (> z€insert ¢ F. fz !! i) unfolding True by auto
finally show ?thesis .

next
case False

have hyp: (sum fF Il i)=>_x€F. fz Il 4)

proof (rule insert.hyps)
show VzeF. i < IArray.length (f x) by (metis insert.prems(1) insertCI)
show F' # {} using Fulse .

qed

have sum f (insert x F) ! i = (fz + sum f F) ! 4
by (metis insert.hyps(1) insert.hyps(2) sum-clauses(2))

also have ... = (fz) !l { 4+ (sum fF !l )

proof (rule plus-iarray-component)
obtain ¢ where a: a€F using Fualse by auto
have finite-C: finite {IArray.length (f x) |z. x € F} using finite-F by auto
have not-empty-C: {IArray.length (f x) |z. © € F} #{} using Fualse by simp

show i < IArray.length (f x) by (metis insert.prems(1) insertil)
show i < IArray.length (sum f F)
unfolding length-sum-iarray[OF finite-F False]
unfolding Maz-gr-iff[OF finite-C not-empty-C)|
proof (rule bexl|of - IArray.length (f a)])
show i < IArray.length (f a) using insert.prems(1) a by auto
show IArray.length (f a) € {IArray.length (f z) |x. € F} using a by auto
qed
qed
also have ...= (fz) ' i + (3 z€F. fz !! i) unfolding hyp ..
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also have ...= (Y z€insert x F. fz 1! 7)
by (metis (mono-tags) insert.hyps(1) insert.hyps(2) sum-clauses(2))
finally show sum f (insert  F) Il ¢ = (3 a€insert x F. fz 1 i) .
qed
qed

lemma length-zero-iarray: IArray.length 0 = 0
unfolding zero-iarray-def by simp

lemma minus-zero-iarray:
fixes A::'a::{group-add} iarray
shows A — 0 = A
proof (unfold iarray-ezhaust2 list-eq-iff-nth-eq, auto, unfold IArray.length-def[symmetric]
IArray.sub-def[symmetric))
have maz-eq: (mazx (IArray.length A) (IArray.length 0))= IArray.length A
unfolding zero-iarray-def by auto
show length-eq: IArray.length (A — 0) = IArray.length A
unfolding minus-iarray-def Let-def unfolding max-eq by auto
fix i assume i: i < IArray.length (A — 0)
hence i2: i< (IArray.length A) unfolding length-eq .
have A — 0 = IArray.of-fun
(Aa. TArray.of-fun (Ma. if a < IArray.length A then Al a else 0) (IArray.length
A)Ma—
TArray.of-fun (Xa. if a < IArray.length (0::'a iarray) then 0 ! a else 0)
(IArray.length A) ! a)
(IArray.length A)
unfolding minus-iarray-def Let-def unfolding maz-eq ..

also have ... !! i = A !! { unfolding of-fun-nth[OF 2] length-zero-iarray using
i2 by auto

finally show (A — 0) !l i= Al q.
qed

10.2 Inner mult over real iarrays

definition inner-iarray :: real iarray => real iarray => real (infixl <-i» 70)
where inner-iarray A B = sum (An. Al n x B!l n) {0..<IArray.length A}

lemma vec-to-iarray-inner:
a - b = vec-to-iarray a +i vec-to-iarray b
proof (unfold inner-iarray-def inner-vec-def , auto, unfold IArray.sub-def[symmetric]
IArray.length-def [symmetric))
have set-rw: {0..<IArray.length (vec-to-iarray a)} = (to-nat) (UNIV:'a set)
unfolding vec-to-iarray-def
using to-nat-less-card using bij-to-nat[where ?'a='a]
unfolding bij-betw-def by auto
have inj: inj-on (to-nat::'a=>nat) (UNIV::'a set)
by (metis strict-mono-imp-inj-on strict-mono-to-nat)
have (> n = 0..<IArray.length (vec-to-iarray a). vec-to-iarray a !l n x vec-to-iarray
bl n)
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= (3. n€range (to-nat::'a=>nat). vec-to-iarray a ! n * vec-to-iarray b ! n)
unfolding set-rw ..
also have ... = (3" z€(UNIV::'a set). vec-to-iarray a ! to-nat x % vec-to-iarray
b !l to-nat x)
unfolding sum.reindex[OF inj] o-def ..
also have ...= (> z€UNIV. a $ = x b $ z) unfolding vec-to-iarray-nth’ ..
finally show (> icUNIV. a$ ¢+ b$ i)
= (Y. n = 0..<IArray.length (vec-to-iarray a). vec-to-iarray a ! n x vec-to-iarray
bl n) ..
qged

lemma vec-to-iarray-scaleR:
vec-to-iarray (a xg ) = a *gr (vec-to-iarray x)
unfolding scaleR-vec-def scaleR-iarray-def vec-to-iarray-def by auto

10.3 Gram Schmidt over IArrays

definition Gram-Schmidt-column-k-iarrays A k

= tabulate2 (nrows-iarray A) (ncols-iarray A) (Aa b. (if b =k

then (column-iarray b A — sum (Az. (((column-iarray b A) i z) / (z +i x)) *gr
)

(set (List.map (An. column-iarray n A) [0..<b])))

else (column-iarray b A)) ! a)

definition Gram-Schmidt-upt-k-iarrays A k = List.foldl Gram-Schmidt-column-k-iarrays
A [0..<(Suc k)]

definition Gram-Schmidt-matriz-iarrays A = Gram-Schmidt-upt-k-iarrays A (ncols-iarray
A-1)

lemma matriz-to-iarray- Gram-Schmidt-column-k:
fixes A::real™cols::{mod-type} ~rows::{mod-type}
assumes k: k<ncols A
shows matriz-to-iarray (Gram-Schmidi-column-k A k) = Gram-Schmidt-column-k-iarrays
(matriz-to-iarray A) k
proof (unfold iarray-ezhaust? list-eq-iff-nth-eq, rule conjl, auto, unfold IArray.sub-def [symmetric]
IArray.length-def[symmetric])
show IArray.length (matriz-to-iarray (Gram-Schmidt-column-k A k)) = IAr-
ray.length (Gram-Schmidt-column-k-iarrays (matriz-to-iarray A) k)
unfolding matriz-to-iarray-def Gram-Schmidt-column-k-iarrays-def tabulate2-def
unfolding nrows-iarray-def by auto
fix i assume i: i < IArray.length (matriz-to-iarray (Gram-Schmidt-column-k A
K)
show [Array.length (matriz-to-iarray (Gram-Schmidt-column-k A k) ! ©)
= TArray.length (Gram-Schmidt-column-k-iarrays (matriz-to-iarray A) k! ©)
unfolding matriz-to-iarray-def Gram-Schmidt-column-k-iarrays-def tabulate2-def

unfolding nrows-iarray-def ncols-iarray-def o-def
proof (auto)
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have f1: i < card (UNIV::'rows set)
by (metis i length-eq-card-rows)
have f2: \zs. IArray.list-of (vec-to-iarray xs)
= List.map (Auua. x5 $ (from-nat wua::’cols)::real) [0..<card (UNIV::'cols
set)]
by (metis list-of .simps IArray.of-fun-def vec-to-iarray-def)

thus length (IArray.list-of (List.map (Ax. vec-to-iarray ( Gram-Schmidt-column-k
A k8 from-nat x)) [0..<card (UNIV::'rows set)] ! 7))

= length (IArray.list-of (List.map (\i. IArray (List.map (A\b. IArray.list-of (if
b = k then column-iarray b (IArray (List.map (Ax. vec-to-iarray (A $ from-nat 1))
[0..<card (UNIV::'rows set)]))

— (O zeset (List.map (An. column-iarray n (IArray (List.map (Az. vec-to-iarray
(A $ from-nat z)) [0..<card (UNIV:'rows set)]))) [0..< b]). (column-iarray b
(IArray (List.map (Az. vec-to-iarray (A $ from-nat z)) [0..<card (UNIV::'rows
set)])) six / (x-ix)) xg x) else column-iarray b (IArray (List.map (Az. vec-to-iarray
(A'$ from-nat x)) [0..<card (UNIV::'rows set)]))) ! ) [0..< length (IArray.list-of
(vec-to-iarray (A $ from-nat 0)))])) [0..<card (UNIV::'rows set)] | ©))

using f1 by auto

qed
next

fix i ia

assume i: i < IArray.length (matriz-to-iarray (Gram-Schmidt-column-k A k))
and da: ia < IArray.length (matriz-to-iarray (Gram-Schmidt-column-k A k) !
i

have i-nrows: i<nrows A using i unfolding matriz-to-iarray-def nrows-def by
auto
have ia-ncols: ia<ncols A using ia unfolding matriz-to-iarray-def o-def vec-to-iarray-def
ncols-def
by (auto, metis (no-types) Ez-list-of-length i-nrows length-map list-of .simps
map-nth nrows-def nth-map)
have i-nrows-iarray: i<nrows-iarray (matriz-to-iarray A) using i-nrows by
(metis matriz-to-iarray-nrows)
have ia-ncols-iarray: ia<ncols-iarray (matriz-to-iarray A) using ia-ncols by
(metis matriz-to-iarray-ncols)
show matriz-to-iarray (Gram-Schmidt-column-k A k) 1! i I ia = Gram-Schmidt-column-k-iarrays
(matriz-to-iarray A) k1! i I {a
unfolding Gram-Schmidt-column-k-def Gram-Schmidt-column-k-iarrays-def
unfolding matriz-to-iarray-nth|of - from-nat i::'rows from-nat ia::'cols,
unfolded to-nat-from-nat-id] OF i-nrows[unfolded nrows-def])
to-nat-from-nat-id| OF ia-ncols[unfolded ncols-def]]]
unfolding tabulate2-def
unfolding of-fun-nth[OF i-nrows-iarray]
unfolding of-fun-nth[OF ia-ncols-iarray]
proof (unfold proj-onto-def proj-def[abs-def], auto, unfold IArray.sub-def [symmetric])
have inj: inj-on vec-to-iarray {column i A |i. i < from-nat k} unfolding
inj-on-def
by (auto, metis vec-to-iarray-morph)
have set-rw: {column i A |i. i < from-nat k} = (An. column n A)*{0..<from-nat

k}
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proof (unfold image-def, auto)
fix a::'cols assume a: a < from-nat k
show Jze{0..<from-nat k}. column a A = column z A
by (rule bezl[of - a], auto simp add: a least-mod-type)
qed
have set-rw2: vec-to-iarray‘ {column i A |i. i < from-nat k}
= (An. column-iarray n (matriz-to-iarray A)) “{0..<k}
proof (unfold image-def, auto)
fix a::’cols assume a: a < from-nat k

show Jze{0..<k}. vec-to-iarray (column a A) = column-iarray x (matriz-to-iarray

4)
by (rule bexI[of - to-nat a), auto simp add: a to-nat-le vec-to-iarray-column)
next
fix za assume za: za < k
have za” (from-nat za::’cols) < from-nat k by (rule from-nat-mono[OF za
klunfolded ncols-def]])
show Jz. (4. ¢ = column i A N i < from-nat k) A column-iarray za
(matriz-to-iarray A) = wvec-to-iarray x
apply (rule exI[of - column (from-nat za) A])
apply auto apply (rule exI[of - from-nat za))
apply (auto simp add: za’ vec-to-iarray-column)
by (metis k order.strict-trans vec-to-iarray-column vec-to-iarray-column’ za)
qed
show column (from-nat k) A $ from-nat i —
O- ze{column i A |i. i < from-nat k}. column (from-nat k) A - z * z $
from-nat i / (z - x)) =
(column-iarray k (matriz-to-iarray A) —
(5" ze(An. column-iarray n (matriz-to-iarray A)) ‘{0..<k}. (column-iarray k
(matriz-to-iarray A) i z [/ (z i z)) xg x)) 1 ¢
proof (cases k=0)
case True
have set-rw-empty: {column i A |i. i < from-nat k}={}
unfolding True from-nat-0 using least-mod-type not-le by auto
have column (from-nat k) A $ from-nat i —
>- xe{column i A |i. i < from-nat k}. column (from-nat k) A «
*« z $ from-nat i / (z - z)) =
column (from-nat k) A $ from-nat i — 0 unfolding set-rw-empty by simp
also have ...= column (from-nat k) A $ from-nat i by simp
also have ...= (column-iarray k (matriz-to-iarray A) — 0) 1l ¢
unfolding minus-zero-iarray
unfolding vec-to-iarray-column'|OF k, symmetric]
unfolding vec-to-iarray-nth[OF i-nrows[unfolded nrows-def]] ..
also have ...= (column-iarray k (matriz-to-iarray A) —
(>° ze(An. column-iarray n (matriz-to-iarray A)) ‘{0..<k}. (column-iarray
k (matriz-to-iarray A) iz / (z +i x)) *r T))
I 7 unfolding True by auto
finally show ?thesis .
next
case Fulse
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have (> z€(An. column-iarray n (matriz-to-iarray A)) ‘{0..<k}. (column-iarray
k (matriz-to-iarray A) i z/ (x «i z)) *g ) I i =
(>" ze(An. column-iarray n (matriz-to-iarray A)) ‘{0..<k}.
(( column-iarray k (matriz-to-iarray A) -i z/ (x i x)) *g z) ! ©)
proof (rule sum-component-iarray)
show Vze(An. column-iarray n (matriz-to-iarray A)) ‘ {0..<k}. i < IAr-
ray.length ((column-iarray k (matriz-to-iarray A) -i z/ (z i x)) *r x)
proof (unfold column-iarray-def, auto)
fix z :: nat
have i < length (IArray.list-of (IArray (map (vec-to-iarray o (3) A o
mod-type-class.from-nat) [0..<card (UNIV::'rows set)])))
by (metis i-nrows-iarray IArray.length-def matriz-to-iarray-def nrows-iarray-def)
thus i < length (IArray.list-of ((IArray (map (An. IArray.list-of (IArray.list-of
(matriz-to-iarray A) ! n) | k) [0..<length (IArray.list-of (matriz-to-iarray A))])
i IArray (map (An. IArray.list-of (IArray.list-of (matriz-to-iarray A) ! n) ! z)
[0..<length (IArray.list-of (matriz-to-iarray A))]) / (IArray (map (An. [Array.list-of
(IArray.list-of (matriz-to-iarray A) ! n) ! z) [0..<length (IArray.list-of (matriz-to-iarray
A)))) i IArray (map (An. [Array.list-of (IArray.list-of (matriz-to-iarray A) ! n) !
z) [0..<length (IArray.list-of (matriz-to-iarray A))]))) *r IArray (map (An. IAr-
ray.list-of (IArray.list-of (matriz-to-iarray A) ! n) ! z) [0..<length (IArray.list-of
(matriz-to-iarray A))])))
by (simp add: matriz-to-iarray-def scaleR-iarray-def)
qged
show finite ((An. column-iarray n (matriz-to-iarray A)) < {0..<k}) by auto
show (An. column-iarray n (matriz-to-iarray A)) ‘ {0..<k} # {} using
Fulse by auto
qed
also have ... = (3>  z€(An. column-iarray n (matriz-to-iarray A)) ‘{0..<k}.
(column-iarray k (matriz-to-iarray A) i z / (z <i z)) xg « ! ©)
proof (rule sum.cong)
fix z assume z € (An. column-iarray n (matriz-to-iarray A)) ‘{0..<k}
from this obtain n where z: x = column-iarray n (matriz-to-iarray A)
and n: n<k by auto
have n-ncols: n<ncols A by (metis k n order.strict-trans)
have c-eq: column-iarray k (matriz-to-iarray A) = vec-to-iarray (column
(from-nat k::'cols) A)
by (metis k vec-to-iarray-column’)
show ((column-iarray k (matriz-to-iarray A) «i x / (z «i x)) *gp z) 11 i
= (column-iarray k (matriz-to-iarray A) <i x / (z i x)) xg z !l ¢
unfolding z
unfolding vec-to-iarray-column|[symmetric, of from-nat n::’cols,
unfolded to-nat-from-nat-id| OF n-ncols[unfolded ncols-def]]]
unfolding c-eq
unfolding vec-to-iarray-inner|symmetric]
unfolding vec-to-iarray-nth[OF i-nrows[unfolded nrows-def]]
unfolding vector-scale R-component|[symmetric]
unfolding vec-to-iarray-nth'[symmetric]
unfolding to-nat-from-nat-id|OF i-nrows[unfolded nrows-def]]
unfolding vec-to-iarray-scaleR ..
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qged (simp)
also have ... = (> z€vec-to-iarray ‘ {column i A |i. i < from-nat k}.
(column-iarray k (matriz-to-iarray A) «ix / (z -i z)) xg x 1 1)
unfolding set-rw2[symmetric] ..
also have ...=
- zef{column i A |i. i < from-nat k}. (column (from-nat k) A -z / (x -
x)) *r vec-to-iarray x ! 7)
unfolding sum.reindez[OF inj] o-def
unfolding vec-to-iarray-column|of from-nat k::'cols,symmetric,unfolded
to-nat-from-nat-id|OF k[unfolded ncols-def]]]
unfolding vec-to-iarray-inner[symmetric] ..
also have ...
= (O ze{column i A |i. i < from-nat k}. column (from-nat k) A -z z §
from-nat i / (z - z))
unfolding vec-to-iarray-nth[OF i-nrows[unfolded nrows-def]] by auto
finally have x: (> z€(An. column-iarray n (matriz-to-iarray A)) “ {0..<k}.
(column-iarray k (matriz-to-iarray A) iz / (z i x)) xg z) !l §
= (O ze{column i A |i. i < from-nat k}. column (from-nat k) A -z z §
from-nat i | (z - x)) .
have (column-iarray k (matriz-to-iarray A) —
(3" ze(An. column-iarray n (matriz-to-iarray A)) ‘ {0..<k}. (column-iarray
k (matriz-to-iarray A) «ix / (z «ix)) xg z)) 1 i =
(column-iarray k (matriz-to-iarray A) !l i —
(>- ze(An. column-iarray n (matriz-to-iarray A)) “{0..<k}. (column-iarray
k (matriz-to-iarray A) iz | (x i x)) *xg x) Il ©)
proof (rule minus-iarray-component)
have finite: finite ((An. column-iarray n (matriz-to-iarray A)) ‘{0..<k})
using False by auto
have not-empty: (An. column-iarray n (matriz-to-iarray A)) < {0..<k} # {}
by (metis False atLeastLessThan-empty-iff2 empty-is-image neq0-conv)
let ?C={IArray.length ((column-iarray k (matriz-to-iarray A) i z [ (z +i
z)) *g ) |z. z € (An. column-iarray n (matriz-to-iarray A)) ‘{0..<k}}
have finite-C: finite ?C by auto
have not-empty-C: ?C # {} using Fulse by auto
let ?z=(column-iarray 0 (matriz-to-iarray A))
let ?c=IArray.length ((column-iarray k (matriz-to-iarray A) «i %z / (%x -i
1)) xg 1)
show ¢ < TArray.length (column-iarray k (matriz-to-iarray A))
unfolding column-iarray-def
by (auto, metis i-nrows-iarray IArray.length-def nrows-iarray-def)
show ¢ < IArray.length (3 z€(An. column-iarray n (matriz-to-iarray A))
{0..<k}. (column-iarray k (matriz-to-iarray A) i z / (x +i x)) *g )
unfolding length-sum-iarray|OF finite not-empty]
unfolding Maz-gr-iff[OF finite-C not-empty-C]
proof (rule bexI|of - %c])
show ¢ < %c
proof (unfold column-iarray-def, auto)
have i < card (UNIV::"rows set)
by (metis (no-types) i-nrows nrows-def)
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thus i < length (IArray.list-of ((IArray (map (An. IArray.list-of
(IArray.list-of (matriz-to-iarray A) ! n) L k) [0..<length (IArray.list-of (matriz-to-iarray
A))]) i IArray (map (An. TArray.list-of (IArray.list-of (matriz-to-iarray A) ! n)
1'0) [0..<length (IArray.list-of (matriz-to-iarray A))]) / (IArray (map (An. IAr-
ray.list-of (IArray.list-of (matriz-to-iarray A) ! n) ! 0) [0..<length (IArray.list-of
(matriz-to-iarray A))]) +i [Array (map (An. IArray.list-of (IArray.list-of (matriz-to-iarray
A) I'n) 1 0) [0..<length (IArray.list-of (matriz-to-iarray A))]))) *r [Array (map
(An. IArray.list-of (IArray.list-of (matriz-to-iarray A) ! n) ! 0) [0..<length (IArray.list-of
(matriz-to-iarray A))])))
by (simp add: matriz-to-iarray-def scaleR-iarray-def)
qed
show ?c € {IArray.length ((column-iarray k (matriz-to-iarray A) iz / (z
|z. © € (An. column-iarray n (matriz-to-iarray A)) ‘{0..<k}}
using False by auto
qged
qed
also have ... = column-iarray k (matriz-to-iarray A) 1! i —
O-xe{column i A |i. i < from-nat k}. column (from-nat k) A - x * = $
from-nat i / (z - x))
unfolding * ..
also have ... = column (from-nat k) A $ from-nat i —
> ze{column i A |i. i < from-nat k}. column (from-nat k) A - z % z §
from-nat i / (z - z))
unfolding vec-to-iarray-column|of from-nat k::'cols,symmetric,unfolded
to-nat-from-nat-id|OF k[unfolded ncols-def]]]
unfolding vec-to-iarray-nth[OF i-nrows[unfolded nrows-def]] ..
finally show column (from-nat k) A $ from-nat i —
O ze{column i A |i. i < from-nat k}. column (from-nat k) A - z % z §
from-nat i | (z - z)) =
(column-iarray k (matriz-to-iarray A) —
(3" ze(An. column-iarray n (matriz-to-iarray A)) ‘ {0..<k}. (column-iarray
k (matriz-to-iarray A) +i z/ (z i x)) xgr z)) !l {

qed
show column (from-nat ia) A $ from-nat i = column-iarray ia (matriz-to-iarray
AN
unfolding vec-to-iarray-nth[symmetric, OF i-nrows[unfolded nrows-def]]
unfolding vec-to-iarray-column’[symmetric, OF ia-ncols] ..
assume ia-not-k: ia # k
and eq: from-nat ia = (from-nat k::'cols)
have ia=k by (rule from-nat-eq-imp-eq|OF eq ia-ncols[unfolded ncols-def]
klunfolded ncols-def]])
thus column (from-nat k) A $ from-nat i
— (O-ze{column i A |i. i < from-nat k}.
column (from-nat k) A - z x x § from-nat i / (z - z))
= column-iarray ia (matriz-to-iarray A) ! 4
using ia-not-k by contradiction
qed

91



qed

lemma matriz-to-iarray-Gram-Schmidt-upt-k:
fixes A::real”cols::{mod-type} ~'rows::{mod-type}
assumes k: k<ncols A
shows matriz-to-iarray (Gram-Schmidt-upt-k A k) = Gram-Schmidt-upt-k-iarrays
(matriz-to-iarray A) k
using k
proof (induct k)
case (
show ?case unfolding Gram-Schmidt-upt-k-def Gram-Schmidt-upt-k-iarrays-def
by (simp add: matriz-to-iarray- Gram-Schmidt-column-k[OF 0.prems])
next
case (Suc k)
have k: k<ncols (Gram-Schmidt-upt-k A k) using Suc.prems unfolding ncols-def
by simp
have k2: Suc k < ncols (Gram-Schmidt-upt-k A k) using Suc.prems unfolding
ncols-def .
have list-rw: [0..<Suc (Suc k)] = [0..<Suc k] Q [(Suc k)] by simp
have hyp: matriz-to-iarray ( Gram-Schmidt-upt-k A k) = Gram-Schmidt-upt-k-iarrays
(matriz-to-iarray A) k
by (metis Suc.hyps Suc.prems Suc-lessD)
show matriz-to-iarray (Gram-Schmidt-upt-k A (Suc k)) = Gram-Schmidt-upt-k-iarrays
(matriz-to-iarray A) (Suc k)
unfolding Gram-Schmidt-upt-k-def Gram-Schmidt-upt-k-iarrays-def
unfolding list-rw
unfolding foldl-append
unfolding foldl.simps
unfolding Gram-Schmidt-upt-k-def[symmetric] Gram-Schmidt-upt-k-iarrays-def|symmetric]
unfolding hyp[symmetric]
by (rule matriz-to-iarray-Gram-Schmidt-column-k[OF k2])
qed

lemma matriz-to-iarray-Gram-Schmidt-matriz|code-unfold):
fixes A::real™cols::{mod-type} ~rows::{mod-type}
shows matriz-to-iarray (Gram-Schmidt-matriz A) = Gram-Schmidt-matriz-iarrays
(matriz-to-iarray A)
unfolding Gram-Schmidt-matriz-def Gram-Schmidt-matriz-iarrays-def
unfolding matriz-to-iarray-ncols[symmetric]
by (rule matriz-to-iarray-Gram-Schmidt-upt-k, simp add: ncols-def)

Examples:

valuelet A = list-of-list-to-matriz [[4,5),[8,1],]—1,5]]::real 273
in tarray-of-iarray-to-list-of-list (matriz-to-iarray (Gram-Schmidt-matriz A))

value let A = IArray[IArray(4,5],IArray[8,1],IArray[—1,5]]
in iarray-of-iarray-to-list-of-list (Gram-Schmidt-matriz-iarrays A)

92



end

11 QR Decomposition over iarrays

theory QR-Decomposition-IArrays
imports

Gram-Schmidt-IArrays
begin

11.1 QR Decomposition refinement over iarrays

definition norm-iarray A = sqrt (A -i A)

definition divide-by-norm-iarray A = tabulate2 (nrows-iarray A) (ncols-iarray
A)

(Aa b. ((1/norm-iarray (column-iarray b A)) *r (column-iarray b A)) !! a)

4 i m i Z n Z. 4 y ( ; ll'm'de by non m—Z’a? T ay (Gmm—SChmiﬂt—m ; —Z. y
) at? Tr-1arrays
.n (Q, t7 ans?)()se—ial?ay Q **Z A))

lemma vec-to-iarray-norm]|code-unfold):
shows (norm A) = norm-iarray (vec-to-iarray A)
unfolding norm-eq-sqrt-inner norm-iarray-def
unfolding vec-to-iarray-inner ..

lemma matriz-to-iarray-divide-by-norm[code-unfold):
fixes A::real™cols::{mod-type} ~rows::{mod-type}
shows matriz-to-iarray (divide-by-norm A) = divide-by-norm-iarray (matriz-to-iarray
A)
proof (unfold iarray-ezhaust2 list-eq-iff-nth-eq, rule conjl, auto, unfold IArray.sub-def[symmetric]
TArray.length-def [ symmetric))
show [Array.length (matriz-to-iarray (divide-by-norm A)) = IArray.length (divide-by-norm-iarray
(matriz-to-iarray A))
unfolding matriz-to-iarray-def divide-by-norm-iarray-def tabulate2-def unfold-
ing nrows-iarray-def by auto
fix ¢ assume i:i < [Array.length (matriz-to-iarray (divide-by-norm A))
show IArray.length (matriz-to-iarray (divide-by-norm A) ! i) = IArray.length
(divide-by-norm-iarray (matriz-to-iarray A) ! 7)
unfolding matriz-to-iarray-def divide-by-norm-iarray-def tabulate2-def
unfolding nrows-iarray-def ncols-iarray-def o-def
proof —
have f1: i < card (UNIV::'rows set) by (metis i length-eq-card-rows)
have Azy. vec-to-iarray x4 = IArray (map (Auua. x4 $ (from-nat uua::'cols)::real)
[0..<card (UNIV::'cols set)]) by (simp add: vec-to-iarray-def)
hence 0 < card (UNIV::'rows set) A length (IArray.list-of (IArray (map
(AR. IArray.of-fun (ARa. ((1 / norm-iarray (column-iarray Ra (IArray (map (AR.
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vec-to-iarray (A $ from-nat R)) [0..<card (UNIV::'rows set)])))) *r column-iarray
Ra (IArray (map (AR. vec-to-iarray (A $ from-nat R)) [0..<card (UNIV::'rows
set)]))) ! R) (card (UNIV::'cols set))) [0..<card (UNIV::'rows set)]) I! i)) = length
(IArray.list-of (IArray (map (AR. vec-to-iarray (divide-by-norm A $ from-nat R))
[0..<card (UNIV::'rows set)]) ! i)) using fI by auto
thus IArray.length (IArray (map (Az. vec-to-iarray (divide-by-norm A $ from-nat
z)) [0..<card (UNIV:'rows set)]) ! ©) = IArray.length (IArray.of-fun (Ai. IAr-
ray.of-fun (Ab. ((1 / norm-iarray (column-iarray b (IArray (map (Az. vec-to-iarray
(A'$ from-nat z)) [0..<card (UNIV::'rows set)])))) *gr column-iarray b (IArray
(map (Az. vec-to-iarray (A $ from-nat x)) [0..<card (UNIV::'rows set)]))) !! i)
(IArray.length (IArray (map (Az. vec-to-iarray (A $ from-nat x)) [0..<card (UNIV::'rows
set)]) 1 0))) (IArray.length (IArray (map (Az. vec-to-iarray (A $ from-nat x))
[0..<card (UNIV::'rows set)]))) ! i) by (simp add: vec-to-iarray-def)
qed
fix ia assume ia: ia < IArray.length (matriz-to-iarray (divide-by-norm A) ! §)
have i-nrows: i<nrows A using i unfolding matriz-to-iarray-def nrows-def by
auto
have ia-ncols: ia<ncols A using ia unfolding matriz-to-iarray-def o-def vec-to-iarray-def
ncols-def
by (auto, metis (no-types) Ex-list-of-length i-nrows length-map list-of .simps
map-nth nrows-def nth-map)
have i-nrows-iarray: i<nrows-iarray (matriz-to-iarray A) using i-nrows by
(metis matriz-to-iarray-nrows)
have ia-ncols-iarray: ia<ncols-iarray (matriz-to-iarray A) using ia-ncols by
(metis matriz-to-iarray-ncols)
show matriz-to-iarray (divide-by-norm A) !l i !l 4a
= divide-by-norm-iarray (matriz-to-iarray A) ' i ! ia
unfolding divide-by-norm-def divide-by-norm-iarray-def
unfolding matriz-to-iarray-nth|of - from-nat i::'rows from-nat ia::'cols,
unfolded to-nat-from-nat-id[OF i-nrows[unfolded nrows-def]]
to-nat-from-nat-id[ OF ia-ncols[unfolded ncols-def]]]
unfolding tabulate2-def
unfolding of-fun-nth[OF i-nrows-iarray|
unfolding of-fun-nth[OF ia-ncols-iarray|
unfolding vec-to-iarray-column’|OF ia-ncols, symmetric]
unfolding vec-to-iarray-norm|[symmetric
unfolding vector-scaleR-component
unfolding vec-to-iarray-scaleR][symmetric]
unfolding vec-to-iarray-nth[OF i-nrows[unfolded nrows-def]]
unfolding normalize-def
by auto
qged

lemma matriz-to-iarray-fst-QR-decomposition[code-unfold):

shows matriz-to-iarray (fst (QR-decomposition A)) = fst (QR-decomposition-iarrays
(matriz-to-iarray A))
proof (unfold iarray-exhaust2 list-eq-iff-nth-eq, rule conjl, auto, unfold IArray.sub-def[symmetric]
TArray.length-def[symmetric])
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fix 7 ia

show [Array.length (matriz-to-iarray (fst (QR-decomposition A)))
= IArray.length (fst (QR-decomposition-iarrays (matriz-to-iarray A)))
and [Array.length (matriz-to-iarray (fst (QR-decomposition A)) !l i)
= IArray.length (fst (QR-decomposition-iarrays (matriz-to-iarray A)) ! 7)
and matriz-to-iarray (fst (QR-decomposition A)) Il i !l ia
= fst (QR-decomposition-iarrays (matriz-to-iarray A)) ! i 1! da
unfolding QR-decomposition-def QR-decomposition-iarrays-def Let-def fst-conv
unfolding matriz-to-iarray-divide-by-norm
unfolding matriz-to-iarray-Gram-Schmidt-matriz by rule+

qged

lemma matriz-to-iarray-snd-QR-decomposition|code-unfold):
shows matriz-to-iarray (snd (QR-decomposition A)) = snd (QR-decomposition-iarrays
(matriz-to-iarray A))
proof (unfold iarray-ezhaust? list-eq-iff-nth-eq, rule conjl, auto, unfold IArray.sub-def [symmetric]
IArray.length-def[symmetric])
fix 7 ia
show [Array.length (matriz-to-iarray (snd (QR-decomposition A)))
= IArray.length (snd (QR-decomposition-iarrays (matriz-to-iarray A)))
and IArray.length (matriz-to-iarray (snd (QR-decomposition A)) ! i)
= [Array.length (snd (QR-decomposition-iarrays (matriz-to-iarray A)) ! 7)
and matriz-to-iarray (snd (QR-decomposition A)) ! i !l ia
= snd (QR-decomposition-iarrays (matriz-to-iarray A)) !l i !l da
unfolding QR-decomposition-iarrays-def QR-decomposition-def Let-def snd-conv
unfolding matriz-to-iarray-matriz-matriz-mult
unfolding matriz-to-iarray-transpose
unfolding matriz-to-iarray-divide-by-norm
unfolding matriz-to-iarray- Gram-Schmidt-matriz by rule+
qed

definition matriz-to-iarray-pair X = (matriz-to-iarray (fst X), matriz-to-iarray

(snd X))

lemma matriz-to-iarray- QR-decomposition|code-unfold):

shows matriz-to-iarray-pair (QR-decomposition A) = QR-decomposition-iarrays
(matriz-to-iarray A)

unfolding matriz-to-iarray-pair-def

unfolding matriz-to-iarray-fst-QR-decomposition

unfolding matriz-to-iarray-snd-QR-decomposition by simp
end

12 Examples of execution using floats and IArrays
theory Examples-QR-IArrays-Float
imports

QR-Decomposition-1Arrays
HOL- Library. Code-Real- Approx-By-Float
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begin

12.1 Examples

definition ezamplel = (let A = list-of-list-to-matriz [[1,2,4],]9.,4,5],]0,0,0]])::real"373
mn
iarray-of-iarray-to-list-of-list (matriz-to-iarray (divide-by-norm A)))

definition example2 = (let A = list-of-list-to-matriz [[1,2,4],[9,4,5],[0,0,4]]::real "33
mn
iarray-of-iarray-to-list-of-list (matriz-to-iarray (fst (QR-decomposition A))))

definition ezample3 = (let A = list-of-list-to-matriz [[1,2,4],]9,4,5],10,0,4]])::real"373
m
itarray-of-tarray-to-list-of-list (matriz-to-iarray (snd (QR-decomposition A))))

definition examples = (let A = list-of-list-to-matriz [[1,2,4],[9,4,5],[0,0,4]]::real "373
mn

iarray-of-iarray-to-list-of-list (matriz-to-iarray (fst (QR-decomposition A) xx (snd
(QR-decomposition A)))))

definition ezample5 = (let A = list-of-list-to-matriz [[1,sqrt 2,4],[sqrt 5,4,5],[0,sqrt
7,4]]::real "33 in
itarray-of-tarray-to-list-of-list (matriz-to-iarray (fst (QR-decomposition A))))

definition ezample6 = (let A = list-of-list-to-matriz [[1,sqrt 2,4],[sqrt 5,4,5],[0,sqrt
7,4]]::real "33 in
iarray-of-iarray-to-list-of-list (matriz-to-iarray ((fst (QR-decomposition A)))))

definition example1b = (let A = IArray[IArray(1,2,4],IArray(9,4,5::real], IArray[0,0,0])
mn
iarray-of-iarray-to-list-of-list ((divide-by-norm-iarray A)))

definition example2b = (let A = IArray[IArray[1,2,4],IArray|9,4,5],1Array[0,0,4]]in
iarray-of-iarray-to-list-of-list ((fst (QR-decomposition-iarrays A))))

definition ezample3b = (let A = IArray[IArray[1,2,4),IArray|9,4,5],1Array[0,0,4]]
m
tarray-of-tarray-to-list-of-list ( (snd (QR-decomposition-iarrays A))))

definition examplejb = (let A = IArray[IArray(1,2,4),IArray[9,4,5],1Array[0,0,4]]
mn
iarray-of-iarray-to-list-of-list (
((fst (QR-decomposition-iarrays A)) xxi (snd (QR-decomposition-iarrays A)))))

definition example5b = (let A = IArray[IArray(1,2,4),IArray[9,4,5],1Array[0,0,4],IArray[3,5,4]]in
tarray-of-iarray-to-list-of-list (
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((fst (QR-decomposition-iarrays A)) xxi (snd (QR-decomposition-iarrays A)))))

definition ezample6b = (let A = IArray [IArray(1,sqrt 2,4],IArray[sqrt 5,4 ,5],IArray[0,sqrt

7,4]]
in tarray-of-iarray-to-list-of-list (fst (QR-decomposition-iarrays A)))

The following example is presented in Chapter 1 of the book Numerical
Methods in Scientific Computing by Dahlquist and Bjorck
definition book-example = (let A = list-of-list-to-matriz
[1,—0.6691),[1,—0.3907),[1,—0.1219],[1,0.3090],[1,0.5878])::real 25
b = list-to-vec [0.3704,0.5,0.6211,0.8333,0.9804]::real”5;
QR = (QR-decomposition A);
Q = fst QR;
R = snd QR
in IArray.list-of (vec-to-iarray (the (inverse-matriz R) *x transpose @ %v b)))

export-code examplel example2 example3 examples example5 exampleb
examplelb example2b example3b erxample4b examplebb example6b
book-example
in SML module-name QR

end

13 Examples of execution using symbolic compu-
tation and iarrays

theory FExamples-QR-IArrays-Symbolic

imports
Examples-QR-Abstract-Symbolic
QR-Decomposition-1Arrays

begin

13.1 Execution of the QR decomposition using symbolic com-
putation and iarrays

definition show-vec-real-iarrays v = IArray.of-fun (Ai. show-real (v!! 7)) (IArray.length

v)

lemma vec-to-iarray-show-vec-real|code-unfold): vec-to-iarray (show-vec-real v)
= show-vec-real-iarrays (vec-to-iarray v)
unfolding show-vec-real-def show-vec-real-iarrays-def vec-to-iarray-def by auto

The following function is used to print elements of type vec as lists of char-
acters; useful for printing vectors in the output panel.

definition print-vec = IArray.list-of o show-vec-real-iarrays o vec-to-iarray

definition show-matriz-real-iarrays A = IArray.of-fun (Ai. show-vec-real-iarrays
(A 19) (IArray.length A)
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lemma matriz-to-iarray-show-matriz-real| code-unfold]: matriz-to-iarray (show-matriz-real
)

= show-matriz-real-iarrays (matriz-to-iarray v)

unfolding show-matriz-real-iarrays-def show-matriz-real-def

unfolding matriz-to-iarray-def

by (simp add: vec-to-iarray-show-vec-real)

The following functions are useful to print matrices as lists of lists of char-
acters; useful for printing in the output panel.

definition print-vec-mat = IArray.list-of o show-vec-real-iarrays

definition print-mat-auz A = IArray.of-fun (N\i. print-vec-mat (A !l 7)) (IArray.length
A4)

definition print-mat = IArray.list-of o print-mat-auzr o matriz-to-iarray

13.1.1 Examples

value let A = list-of-list-to-matriz [[1,2,4],[9,4,5],]0,0,0]]::real"373 in
itarray-of-iarray-to-list-of-list (matriz-to-iarray (show-matriz-real (divide-by-norm

4)))

value let A = list-of-list-to-matriz [[1,2,4],[9,4,5],]0,0,4]]::real"373 in
iarray-of-iarray-to-list-of-list (matriz-to-iarray (show-matriz-real (fst (QR-decomposition

4))))

value let A = list-of-list-to-matriz [[1,2,4],[9,4,5],[0,0,4]]::real"373 in
tarray-of-iarray-to-list-of-list (matriz-to-iarray (show-matriz-real (snd (QR-decomposition

4))))

value let A = list-of-list-to-matriz [[1,2,4],[9,4,5],]0,0,4]]::real"373 in
iarray-of-iarray-to-list-of-list (matriz-to-iarray
(show-matriz-real ((fst (QR-decomposition A)) =+ (snd (QR-decomposition

4)))))

value let A = list-of-list-to-matriz [[1,2,3],[9,4,5],[0,0,4]),[1,2,3])::real "374 in rank
A = ncols A

value let A = list-of-list-to-matriz [[1,2,3],[9,4,5],10,0,4],[1,2,3]])::real "374;
b = list-to-vec [1,2,8,4]::real ™4 in
print-result-solve (solve A b)

value let A = list-of-list-to-matriz [[1,2,3],[9,4,5],[0,0,4],[1,2,3]]::real "374;

b = list-to-vec [1,2,3,4]::real 4

mn

vec-to-list (show-vec-real (the (inverse-matriz (snd (QR-decomposition A))) sx
transpose (fst (QR-decomposition A)) *v b))
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value let A = list-of-list-to-matriz [[1,2,8],[9,4,5],[0,0,4],[1,2,3]]::real "374;
b = list-to-vec [1,2,3,4]::real ™4
in matriz-to-list-of-list (show-matriz-real ((snd (QR-decomposition A))))
least squares solution
definition A = list-of-list-to-matriz [[1,3/5,3],[9,4,5/3),[0,0,4],[1,2,3]]::real "3/
definition b = list-to-vec [1,2,3,4]::real

value let Q = fst (QR-decomposition A); R = snd (QR-decomposition A)
in print-vec ((the (inverse-matriz R) ** transpose Q) *v b))

A times least squares solution

value let Q = fst (QR-decomposition A); R = snd (QR-decomposition A)
in print-vec (A *v (the (inverse-matriz R) ** transpose @ *v b))

The matrix Q

value print-mat (fst (QR-decomposition A))

The matrix R
value print-mat (snd (QR-decomposition A))

The inverse of matrix R

value let R = snd (QR-decomposition A) in print-mat (the (inverse-matriz R))

The least squares solution is in the left null space of A

value let Q = fst (QR-decomposition A); R = snd (QR-decomposition A);
b2 = (A xv (the (inverse-matriz R) ** transpose @ v b))
in print-vec (b — b2)vx A)

value let A = list-of-list-to-matriz [[1,2,41,[9,4,5],[0,0,4],[3,5,4]]::real "874 in
tarray-of-iarray-to-list-of-list (matriz-to-iarray
(show-matriz-real ((fst (QR-decomposition A)) *x (snd (QR-decomposition

4)))))

value let A = [Array[IArray[1,2,4],IArray|9,4,5::real], IArray[0,0,0]] in
tarray-of-iarray-to-list-of-list (show-matriz-real-iarrays (divide-by-norm-iarray

4))

value let A = IArray[IArray(1,2,4],1Array[9,4,5],1Array]0,0,4]] in
tarray-of-iarray-to-list-of-list (show-matriz-real-iarrays (fst (QR-decomposition-iarrays

4)))

value let A = TArray[IArray(1,2,4],1Array[9,4,5],IArray[0,0,4]] in
iarray-of-iarray-to-list-of-list (show-matriz-real-iarrays (snd (QR-decomposition-iarrays

4)))

value let A = list-of-list-to-matriz [[1,2,3],]9,4,5],[0,0,4],[1,2,3]]::real "3 in rank
A = ncols A
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value let A = list-of-list-to-matriz [[1,2,3],[9,4,5],[0,0,4],[1,2,3]]::real "374;
b = list-to-vec [1,2,8,4]::real ™4 in
print-result-solve (solve A b)

value let A = list-of-list-to-matriz [[1,2,3],[9,4,5],[0,0,4],[1,2,3]]::real "374;

b = list-to-vec [1,2,3,4]::real ™4

n

vec-to-list (show-vec-real (the (inverse-matriz (snd (QR-decomposition A))) sx
transpose (fst (QR-decomposition A)) xv b))

value let A = list-of-list-to-matriz [[1,2,8],[9,4,5],[0,0,4],[1,2,3]]::real "374;
b = list-to-vec [1,2,3,4]::real ™4
in matriz-to-list-of-list (show-matriz-real ((snd (QR-decomposition A))))

value let A = list-of-list-to-matriz [[1,2,3],[9,4,5],10,0,4],[1,2,3]]::real "374;

b = list-to-vec [1,2,3,4]::real ™4;

b2 = (A *v (the (inverse-matriz (snd (QR-decomposition A))) *x transpose (fst
(QR-decomposition A)) xv b))

m

vec-to-list (show-vec-real ((b — b2)vx A))

value let A = [Array[IArray|1,2,4],IArray[9,4,5],1Array[0,0,4]] in
tarray-of-iarray-to-list-of-list (show-matriz-real-iarrays
((fst (QR-decomposition-iarrays A)) *xi (snd (QR-decomposition-iarrays A))))

value let A = IArray[IArray(1,2,4],1Array[9,4,5],IArray[0,0,4],IArray[3,5,4]]in
iarray-of-iarray-to-list-of-list (show-matriz-real-iarrays
((fst (QR-decomposition-iarrays A)) xxi (snd (QR-decomposition-iarrays A))))

The following example is presented in Chapter 1 of the book Numerical
Methods in Scientific Computing by Dahlquist and Bjorck

value let A = list-of-list-to-matrix
[[1,-0.6691],[1,—0.8907),[1,—0.1219],[1,0.3090],[1,0.5878]]::real " 275;
b = list-to-vec [0.3704,0.5,0.6211,0.8333,0.9804]::real”5;
QR = (QR-decomposition A);
Q = fst QR;
R = snd QR

in print-vec (the (inverse-matriz R) xx transpose @ *v b)

definition ezample = (let A = IArray[IArray(1,2,4],1Array[9,4,5],IArray[0,0,4],IArray[3,5,4]]in
tarray-of-iarray-to-list-of-list (show-matriz-real-iarrays
((fst (QR-decomposition-iarrays A)) *xi (snd (QR-decomposition-iarrays A)))))
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export-code example in SML module-name QR

end

14 Generalization of the Second Part of the Fun-
damental Theorem of Linear Algebra

theory Generalizations?2
imports
Rank-Nullity- Theorem. Fundamental-Subspaces
begin

14.1 Conjugate class

class cnj = field +
fixes cnj :: 'a="a
assumes cnj-idem[simpl: cnj (enj a) = a
and cnj-add: cnj (a+b) = cnja + cnj b
and cnj-mult: cnj (a *x b) = cnj a * cnj b
begin

lemma two-not-one: 2 # (1::'a)
proof (rule ccontr, simp)

assume 2 = (1::'a)

hence 2 — 1 = 1 — (1::'a) by auto

hence I = (0::'a) by auto

thus Fulse using one-neq-zero by contradiction
qed

lemma cnj-0[simp]: cnj 0 = 0

proof —
have ¢nj 0 = cnj (0 + 0) by auto
also have ... = ¢nj 0 + cnj 0 unfolding cnj-add ..
also have ... = 2 % (¢nj 0) by (simp add: local.mult-2)

finally have cnj 0 = 2 % ¢nj 0 .
thus %thesis by (auto simp add: two-not-one)
qed

lemma cnj-0-eq[simpl: (enja = 0) = (a = 0)
proof auto
assume cnj-rw: 0 = cnj a
have cnj (¢nj a) = a using cnj-idem by simp
hence cnj 0 = a unfolding cnj-rw .
hence a = 0 by simp
thus a = ¢nj a using cnj-rw by simp
qed

lemma a-cnj-a-0: (axenja = 0) = (a = 0)
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by simp
end

lemma cnj-sum: cnj (3 za€A. ((f za))) = O zacA. cnj (f za))
by (cases finite A, induct set: finite, auto simp add: cnj-add)

instantiation real :: cnj
begin

definition (cnj-real :: real=real)= id

instance
by (intro-classes, auto simp add: cnj-real-def)
end

instantiation complex :: cnj
begin

definition (cnj-complex :: complex=-complex)= Complex.cnj

instance
by (intro-classes, auto simp add: cnj-complez-def)
end

14.2 Real of extended class

class real-of-extended = real-vector + cnj +

fixes real-of :: 'a = real

assumes real-add:real-of ((a::’a) + b) = real-of a + real-of b
and real-uminus: real-of (—a) = — real-of a
and real-scalar-mult: real-of (¢ xg a) = ¢ * (real-of a)
and real-a-cnj-ge-0: real-of (axcnj a)>0

begin

lemma real-minus: real-of (a — b) = real-of a — real-of b
proof —
have real-of (a — b) = real-of (a + — b) by simp

also have ... = real-of a + real-of (— b) unfolding real-add ..
also have ... = real-of a + — real-of b unfolding real-uminus ..
also have ... = real-of a — real-of b by simp
finally show ?thesis .
qed
lemma real-0[simp]: real-of 0 = 0
proof —
have real-of 0 = real-of (0+0) by auto
also have ... = real-of 0 + real-of 0 unfolding real-add ..
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also have ... = 2x(real-of 0) by auto

finally have real-of 0 = 2x real-of 0 .

thus ?thesis by (auto simp add: two-not-one)
qed

lemma real-sum:
real-of (sum (Ai. fi) A) = sum (Ai. real-of (f 7)) A
proof (cases finite A)
case Fulse thus ?thesis by auto
next
case True
thus ?thesis
by (induct, auto simp add: real-add)
qed

end

instantiation real :: real-of-extended
begin

definition real-of-real :: real = real where real-of-real = id

instance
by (intro-classes, auto simp add: real-of-real-def cnj-real-def)
end

instantiation complex :: real-of-extended
begin

definition real-of-complex :: complex = real where real-of-compler = Re

instance
by (intro-classes, auto simp add: real-of-complex-def cnj-complex-def)
end

14.3 Generalizing HMA
14.3.1 Inner product spaces

We generalize the real-inner class to more general inner product spaces.

locale inner-product-space = vector-space scale
for scale :: ('a::{field, cnj, real-of-extended} => 'b::ab-group-add => 'b) +
fixes inner :: 'b = 'b = 'a
assumes inner-commute: inner £ y = cnj (inner y x)
and inner-add-left: inner (z+y) z = inner x z + inner y z
and inner-scaleR-left [simp]:inner (scale r ) y = r * inner z y
and inner-ge-zero [simp]:0 < real-of (inner r x)
and inner-eg-zero-iff [simpl: inner x z = 0 +— =0
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and real-scalar-mult2: real-of (inner z x) xg A = inner © x % A
and inner-gt-zero-iff: 0 < real-of (inner z z) +— x # 0

interpretation RV-inner: inner-product-space scaleR inner
by (unfold-locales) (auto simp: cnj-real-def inner-add-left real-of-real-def alge-
bra-simps inner-commute)

interpretation RR-inner: inner-product-space scaleR (*)
by (unfold-locales, auto simp add: cnj-real-def distrib-right real-of-real-def)
(metis not-real-square-gt-zero)

interpretation CC-inner: inner-product-space ((x)::complex=-complez=-complex)
AT Y. xxenj y

apply (unfold-locales)

apply (auto simp add: real-of-complex-def cnj-complex-def distrib-left distrib-right
complez-mult-cnj complez-neq-0 cmod-power2 complex-norm-square)

apply (metis Re-complez-of-real complex-neq-0 less-numeral-extra(3) of-real-add
of-real-power zero-complex.simps(1))

by (simp add: distrib-left mult.commute scaleR-conv-of-real)

context inner-product-space
begin

lemma inner-zero-left [simp]: inner 0 = 0
using inner-add-left [of 0 0 x] by (auto simp add: two-not-one)

lemma inner-minus-left [simp|: inner (— z) y = — inner z y
using inner-add-left [of  — z y] using add-eq-0-iff by force

lemma inner-diff-left: inner (x — y) z = inner x z — inner y z
using inner-add-left [of © — y 2] by simp

lemma inner-sum-left: inner (3. z€A. fz) y = (O z€A. inner (fz) y)
by (cases finite A, induct set: finite, simp-all add: inner-add-left)

Transfer distributivity rules to right argument.

lemma inner-add-right: inner x (y + z) = inner x y + inner z z
proof —
have inner x (y + 2) = cnj (inner (y + 2) z) using inner-commute by blast

also have ... = c¢nj ((inner y ) +(inner z x)) using inner-add-left by simp
also have ... = c¢nj (inner y x) + cnj (inner z z) using cnj-add by blast
also have ... = inner x y + inner x z

using inner-commutelof x y] using inner-commute[of x z] by simp
finally show ?thesis .
qed
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lemma inner-scaleR-right [simp]: inner x (scale r y) = (cnj r) * (inner x y)
using inner-scaleR-left [of T y ]
by (metis (no-types) cnj-mult local.inner-commute)

lemma inner-zero-right [simpl: inner x 0 = 0
using inner-zero-left [of x|
by (metis local.inner-commute local.inner-eq-zero-iff’)

lemma inner-minus-right [simp|: inner z (— y) = — inner xz y
using inner-minus-left [of y ]
by (metis (no-types) add-eq-0-iff local.inner-add-right local.inner-zero-right)

lemma inner-diff-right: inner x (y — z) = inner x y — inner x z
using inner-diff-left [of y z ]
by (metis add-uminus-conv-diff local.inner-add-right local.inner-minus-right)

lemma inner-sum-right: inner x (> y€A. fy) = O yeA. inner z (fy))
proof —

have inner z (Y yeA. fy) = cnj (inner (3 yeA. fy) x) using inner-commute
by blast

also have ... = cnj (3 za€A. inner (f za) =) unfolding inner-sum-left [of f A
also have ... = (D zacA. cnj (inner (f za) z)) unfolding cnj-sum ..
also have ... = (3 zacA. inner x (f za)) by (rule sum.cong, simp, metis in-

ner-commute)
finally show ?thesis .

qed
lemmas inner-add [algebra-simps] = inner-add-left inner-add-right
lemmas inner-diff [algebra-simps| = inner-diff-left inner-diff-right

lemmas inner-scaleR = inner-scaleR-left inner-scaleR-right

Legacy theorem names

lemmas inner-left-distrib = inner-add-left
lemmas inner-right-distrib = inner-add-right
lemmas inner-distrib = inner-left-distrib inner-right-distrib

lemma auz-Cauchy:
shows 0 < real-of (inner z x + (cnj a) * (inner  y) + a * ((cnj (inner z y)) +
(cnj a) x (inner y y)))
proof —
have (inner (z+scale a y) (xz+scale a y)) = (inner (z+scale a y) =) + (inner
(z+scale a y) (scale a y))
unfolding inner-add-right ..
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also have ... = inner z  + (¢nj a) x (inner z y) + a * ((cnj (inner x y)) + (cnj
a) * (inner y y))
unfolding inner-add-left
unfolding inner-scaleR-left
unfolding inner-scaleR-right
unfolding inner-commute|of y x|
unfolding distrib-left
by auto
finally show ?thesis by (metis inner-ge-zero)
qed

lemma real-inner-inner: real-of (inner z z * inner y y) = real-of (inner x x) x
real-of (inner y y)
by (metis real-scalar-mult real-scalar-mult2)

lemma Cauchy-Schwarz-ineq:
real-of (cnj (inner x y) * inner x y) < real-of (inner x ) * real-of (inner y y)
proof —
define cnj-a where cnj-a = — cnj (inner z y)/ (inner y y)
define a where a = cnj (cnj-a)
have cnj-rw: (cnj a) = cnj-a
unfolding a-def by (simp)
have rw-0: (¢enj (inner z y)) + (cnj a) * (inner y y) = 0
unfolding cnj-rw cnj-a-def by auto
have 0 < real-of (inner z z + (cnj a) * (inner x y) + a x ((cnj (inner z y)) +
(cn a) * (inner y y))
using aux-Cauchy by auto

also have ... = real-of (inner x z + (¢nj a) * (inner z y)) unfolding rw-0 by
auto
also have ... = real-of (inner x x — cnj (inner z y) * inner z y / inner y y)

unfolding cnj-rw cnj-a-def by auto
finally have 0 < real-of (inner z x — cnj (inner x y) * inner x y / inner y y)

hence 0 < real-of (inner y y) * real-of (inner z x — cnj (inner x y) * inner x
y / inner y y) by auto
also have ... = real-of (real-of (inner y y)*xg(inner x x — cnj (inner x y) * inner

zy [ inner yy))
unfolding real-scalar-mult ..

also have ... = real-of ((inner y y) * (inner x x — cnj (inner x y) * inner zy /
inner y y))
unfolding real-scalar-mult2 ..
also have ... = real-of ((inner © ¢ — cnj (inner x y) * inner x y / inner y

y)x(inner y y))
by (simp add: mult.commute)

also have ... = real-of (((inner x x)x(inner y y) — cnj (inner x y) x inner z y))

by (simp add: left-diff-distrib)

also have ... = real-of ((inner x x)x(inner y y)) — real-of (cnj (inner z y) *
inner z y)

unfolding real-minus ..
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finally have real-of (cnj (inner z y) x inner z y) < real-of ((inner x z)x(inner
y y)) by auto

thus ?thesis unfolding real-inner-inner .
qed
end

hide-const (open) norm

context inner-product-space
begin

definition norm z = (sqrt (real-of (inner x x)))
lemmas norm-eq-sqrt-inner = norm-def

lemma inner-cnj-ge-zero[simpl: real-of ((inner z y) * cnj (inner z y)) > 0
using real-a-cnj-ge-0 by auto

lemma power2-norm-eq-inner: (norm z)* = real-of (inner x z)
by (simp add: norm-def)

lemma Cauchy-Schwarz-ineq2:
sqrt (real-of (cnj (inner z y) x inner x y)) < norm x * norm y
proof (rule power2-le-imp-le)
have eq: 0 < real-of (cnj (inner z y) * inner z y)
by (simp add: mult.commaute)
have real-of (¢nj (inner z y) * inner z y) < real-of (inner x x) x real-of (inner
yy)
using Cauchy-Schwarz-ineq .
thus (sqrt (real-of (cnj (inner x y) * inner x y)))? < (norm z x norm y)?
unfolding power-mult-distrib
unfolding power2-norm-eg-inner unfolding real-sqrt-pow2[OF eq] .
show 0 < norm x * norm y
unfolding norm-eq-sqrt-inner
by (intro mult-nonneg-nonneg real-sqrt-ge-zero inner-ge-zero)
qed

end

14.3.2 Orthogonality

hide-const (open) orthogonal

context inner-product-space
begin

definition orthogonal z y <— inner x y = 0

lemma orthogonal-clauses:
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orthogonal a 0
orthogonal a © = orthogonal a (scale ¢ x)
orthogonal a © = orthogonal a (— z)

orthogonal a * = orthogonal a y = orthogonal a (x + y)
orthogonal a * = orthogonal a y = orthogonal a (x — y)

orthogonal 0 a
orthogonal ¥ a = orthogonal (scale ¢ ) a
orthogonal ¥ a = orthogonal (— ) a

orthogonal x a => orthogonal y a = orthogonal (z + y) a
orthogonal x a = orthogonal y a = orthogonal (x — y) a
unfolding orthogonal-def inner-add inner-diff by auto

lemma inner-commute-zero: (inner xza x = 0) = (inner x za = 0)

by (metis cnj-0 local.inner-commaute)

lemma vector-sub-project-orthogonal:
inner b (z — scale (inner © b / (inner b b)) b) = 0
proof —

have f1: A\b a ba. inner b (scale a ba) = cnj (a * inner ba b)
by (metis local.inner-commute local.inner-scaleR-left)

{ assume b # 0

hence cnj (inner x b) = inner b z A inner b b # 0

by (metis (no-types) local.inner-commute local.inner-eq-zero-iff)
hence inner b (z — scale (inner x b / inner b b) b) = 0

using f1 local.inner-diff-right by force }
thus “thesis by fastforce
qged

lemma orthogonal-commute: orthogonal x y <— orthogonal y x
unfolding orthogonal-def using inner-commute-zero by auto

lemma pairwise-orthogonal-insert:
assumes pairwise orthogonal S
and Ay. y € S = orthogonal = y
shows pairwise orthogonal (insert z S)
using assms unfolding pairwise-def
by (auto simp add: orthogonal-commute)

end

lemma sum-0-all:
assumes a: Va€A. fa > (0 :: real)
and s0: sum f A = 0 and f: finite A
shows Va€A. fa =10
using a f s0 sum-nonneg-eq-0-iff by blast

14.4 Vecs as inner product spaces

locale vec-real-inner = F?: inner-product-space ((x) ::
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for inner-field :: 'a="'a="a::{field,cnj,real-of-extended}
+ fixes inner :: '‘a”'n = ‘a”'n ='a
assumes inner-vec-def: inner x y = sum (\i. inner-field (z$7) (y$¢)) UNIV

begin

lemma inner-ge-zero [simp]: 0 < real-of (inner z x)
by (auto simp add: inner-vec-def real-sum sum-nonneg)

lemma real-scalar-mult2: real-of (inner z z) *g A = inner zx * A
by (auto simp add: inner-vec-def)
(metis (mono-tags, lifting) Finite-Cartesian-Product.sum-cong-aux
real-scalar-mult2 real-sum scaleR-left.sum scale-sum-left)

lemma i1: inner z y = cnj (inner y z)
by (auto simp add: inner-vec-def cnj-sum cnj-mult mult.commute)
(meson local.inner-commute)

lemma i2: inner (z + y) z = inner  z + inner y z
using local.inner-left-distrib sum.distrib inner-vec-def by force

lemma ¢3: inner (r xsx) y = r * inner x y
by (auto simp add: inner-vec-def scale-sum-right)

lemma ij: assumes inner x x = 0
shows z = 0
proof (unfold vec-eq-iff, clarify, simp)
fix a
have 0 = real-of (3> i€ UNIV. inner-field (z $ @) (z $ 7))
using assms by (simp add: inner-vec-def)
also have ... = (3 i€ UNIV. real-of (inner-field (z $ ) (z $ 7)))
using real-sum by auto
finally have 0 = (> i€ UNIV. real-of (i
hence real-of (inner-field (z $ a) (z $ a)
using sum-0-all F.inner-ge-zero
by (metis (no-types, lifting) finite iso-tuple-UNIV-I)
then show z $ a = 0
by (metis F.inner-eq-zero-iff F.inner-gt-zero-iff real-0)
qged

nner-field (z $ 7) (z $ 7))) .
) =10

lemma inner-0-0[simpl: inner 0 0 = 0
unfolding inner-vec-def by auto
sublocale v? inner-product-space ((xs) :: 'a = ‘a”'n = 'a”'n) inner
proof (unfold-locales, auto simp add: real-scalar-mult2)
fix zy z::'a”'n and r
show inner z y = cnj (inner y x) using il [of z y] by simp
show inner (z + y) z = inner x z + inner y z using i2 by blast
show inner (r xs ) y = r * inner z y using i3 by blast
show i: inner x t = 0 = x = 0 using i4 by blast
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assume z # 0
thus 0 < real-of (inner x x) by (metis ¢ <x # 0y inner-0-0 local.inner-ge-zero
local.real-scalar-mult2 mult. commute mult-1-left order.not-eq-order-implies-strict
real-0)
qed
end

14.5 Matrices and inner product

locale matriz =
COLS?: vec-real-inner Az y. x * cnj y inner-cols
+ ROWS?: vec-real-inner Az y. x * cnj y inner-rows
for inner-cols :: 'acols::{finite, wellorder} = 'a"cols::{finite, wellorder} =
‘a::{field, cnj, real-of-extended}
and inner-rows :: 'a”'rows::{finite, wellorder} = 'a"rows::{finite, wellorder} =
‘a

begin

lemma dot-lmul-matriz: inner-rows (z v« A) y = inner-cols z ((x i j. cnj (A $ i

$ 7)) *vy)
apply (simp add: COLS.inner-vec-def ROWS.inner-vec-def matriz-vector-mult-def

vector-matriz-mult-def sum-distrib-right cnj-sum ac-simps)
proof (unfold sum-distrib-left, subst sum.swap, rule sum.cong, simp)
fix za::'cols
show (3 icUNIV. cnj (y$ i) * (3 za*x AS za$ 1))
=(>_neUNIV.z$ zaxcnj (y$n=*cnj(AS$ za$ n)))
proof (rule sum.cong, simp)
fix zb:: ‘rows
show cnj-class.cnj (y $ zb) * (z $ za x A $ xa $ zb)
=z $ za * cnj-class.cnj (y $ xb * cnj-class.cnj (A $ za $ zb))
unfolding cnj-mult cnj-idem unfolding mult.assoc
unfolding mult.commute[of A $ za $ zb] by auto
qed
qed

end

14.6 Orthogonal complement generalized

context inner-product-space
begin

definition orthogonal-complement W = {z. Vy € W. orthogonal y x}
lemma subspace-orthogonal-complement: subspace (orthogonal-complement W)

unfolding subspace-def orthogonal-complement-def
by (auto simp add: orthogonal-def local.inner-right-distrib)
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lemma orthogonal-complement-mono:
assumes A-in-B: A C B
shows orthogonal-complement B C orthogonal-complement A
proof
fix z assume z: © € orthogonal-complement B
show x € orthogonal-complement A using z unfolding orthogonal-complement-def
by (simp add: orthogonal-def, metis A-in-B in-mono)
qed

lemma B-in-orthogonal-complement-of-orthogonal-complement:
shows B C orthogonal-complement (orthogonal-complement B)
by (auto simp add: orthogonal-complement-def orthogonal-def inner-commute-zero)

end

14.7 Generalizing projections

context inner-product-space
begin

Projection of two vectors: v onto u

definition proj v u = scale (inner v u / inner u u) u

Projection of a onto S

definition proj-onto a S = (sum (Az. proj a z) S)

lemma vector-sub-project-orthogonal-proj:
shows inner b (x — projz b) = 0
using vector-sub-project-orthogonal unfolding proj-def by simp

lemma orthogonal-proj-set:
assumes yC: yeC and C: finite C' and p: pairwise orthogonal C
shows orthogonal (a — proj-onto a C) y
proof —
have Cy: C = insert y (C — {y}) using yC
by blast
have fth: finite (C — {y})
using C by simp
show orthogonal (a — proj-onto a C) y
unfolding orthogonal-def unfolding proj-onto-def unfolding proj-def|abs-def]
unfolding inner-diff
unfolding inner-sum-left
unfolding right-minus-eq
unfolding sum.remove[OF C yC]
apply (clarsimp simp add: inner-commaute|of y a])
apply (rule sum.neutral)
apply clarsimp
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apply (rule p[unfolded pairwise-def orthogonal-def, rule-format))
using yC by auto
qed

lemma pairwise-orthogonal-proj-set:
assumes C': finite C' and p: pairwise orthogonal C
shows pairwise orthogonal (insert (a — proj-onto a C) C)
by (rule pairwise-orthogonal-insert|OF pl, auto simp add: orthogonal-proj-set C

)
end

lemma orthogonal-real-eq: RV-inner.orthogonal = real-inner-class.orthogonal
unfolding RV-inner.orthogonal-def[abs-def)
unfolding real-inner-class.orthogonal-def[abs-def] ..

14.8 Second Part of the Fundamental Theorem of Linear Al-
gebra generalized

context matric
begin

A

lemma cnj-cnj-matriz[simpl: (x ij. enj ((x i 5. enj (A$i$75)%$48)
unfolding vec-eg-iff by auto

lemma cnj-transpose[simp|: (x i j. cnj (transpose A $ i $ j)) = transpose (x i j.
enj (A$i$7))
unfolding vec-eg-iff transpose-def by auto

lemma null-space-orthogonal-complement-row-space:
fixes A::’acols::{ finite, wellorder} ~rows::{finite, wellorder}
shows null-space A = COLS.v.orthogonal-complement (row-space (x @ j. cnj (A
$i%5 7))
proof —
interpret m: matriz inner-rows inner-cols by unfold-locales
let ?A=(x ij. cnj (A $i$37)
show ?thesis
proof (unfold null-space-def COLS.v.orthogonal-complement-def, auto)
fix z za assume Az: A xv z = 0 and za: za € row-space (x 1 j. cnj (A $ 7 $
)
obtain y where y: za = transpose (x i j. cnj (A $ 7 $ 7)) *v y using za
unfolding row-space-eq by blast
have y2: yvx (x ij. cnj (A $ i 8 7)) = za
using transpose-vector y by fastforce
show COLS.v.orthogonal za x
using m.dot-lmul-matriz[of y ?A z]
unfolding cnj-cnj-matric Az ROWS.v.inner-zero-right
unfolding y2
unfolding COLS.v.orthogonal-def .
next
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fix z assume za: V za€row-space (x i j. cnj (A $ i $ j)). COLS.v.orthogonal xa
x
show A xvz = 0
using za unfolding row-space-eq COLS .v.orthogonal-def using COLS.v.inner-eq-zero-iff
using m.dot-Imul-matriz[of - ?4]
unfolding transpose-vector
by auto
(metis ROWS. i/ m.cnj-cnj-matriz m.dot-lmul-matriz transpose-vector)
qed
qged

lemma left-null-space-orthogonal-complement-col-space:
fixes A::’acols::{ finite, wellorder} rows::{finite, wellorder}
shows left-null-space A = ROWS.v.orthogonal-complement (col-space (x i j. cnj
(48108 7)
proof —
interpret m: matriz inner-rows inner-cols by unfold-locales
show ?thesis
using m.null-space-orthogonal-complement-row-space|of transpose A
unfolding left-null-space-eq-null-space-transpose
unfolding col-space-eq-row-space-transpose by auto
qed

end

We can get the explicit results for complex and real matrices

interpretation real-matriz: matriz Az y::real” cols::{ finite,wellorder}.
sum (Ai. (2$7) = (y$¢)) UNIV Az y. sum (Ai. (2$7) * (y$7)) UNIV
apply (unfold-locales, auto simp add: cnj-real-def real-of-real-def distrib-right)
using not-real-square-gt-zero by blast

interpretation complez-matriz: matriz Az y::complex™ cols::{ finite,wellorder}.
sum (M. (x87) * cng (y$4)) UNIV Az y. sum (Ai. (x$9) * cnj (y$i)) UNIV
by (unfold-locales, auto simp add: distrib-right)

lemma null-space-orthogonal-complement-row-space-complex:

fixes A::complex™ cols::{ finite,wellorder} ~rows::{ finite,wellorder}

shows null-space A = complex-matriz.orthogonal-complement (row-space (x i j.
cenj (A$i8%3)))

using complex-matriz.null-space-orthogonal-complement-row-space .

lemma left-null-space-orthogonal-complement-col-space-complex:

fixes A::complex™ cols::{finite, wellorder} “rows::{finite, wellorder}

shows left-null-space A = complex-matriz.orthogonal-complement (col-space (x i
joenj (A$:83)))

using complex-matriz.left-null-space-orthogonal-complement-col-space .
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lemma null-space-orthogonal-complement-row-space-reals:
fixes A::real™cols::{ finite,wellorder} ~rows::{ finite,wellorder}
shows null-space A = real-matriz.orthogonal-complement (row-space A)
using real-matriz.null-space-orthogonal-complement-row-space[of A
unfolding cnj-real-def by (simp add: vec-lambda-eta)

lemma left-null-space-orthogonal-complement-col-space-real:
fixes A::realcols::{finite, wellorder} ~rows::{finite, wellorder}
shows left-null-space A = real-matriz.orthogonal-complement (col-space A)
using real-matriz.left-null-space-orthogonal-complement-col-space|of A]
by (simp add: cnj-real-def vec-lambda-eta)

end

15 Improvements to get better performance of the
algorithm

theory QR-Efficient
imports QR-Decomposition-IArrays
begin

15.1 Improvements for computing the Gram Schmidt algo-
rithm and QR decomposition using vecs

Essentialy, we try to avoid removing duplicates in each iteration. They will
not affect the sum-list since the duplicates will be the vector zero.

15.1.1 New definitions

definition Gram-Schmidt-column-k-efficient A k
= (x ab. (if b = from-nat k
then column b A — sum-list (map (Az. ((column b A - z) / (z - 2)) *g )
((map (An. column (from-nat n) A) [0..<to-nat b]))) else column b A) $ a)

15.1.2 General properties about sum-list

lemma sum-list-remdups:
assumes 7 j. i<length zs N j<length xs N i # j
Nasli=as!j—as!li=0ANzs!j=20
shows sum-list (remdups zs) = sum-list xs
using assms

proof (induct xs)
case Nil
thus ?case by auto

next
case (Cons a xs)
show ?Zcase
proof (cases a € set (zs))
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case Fulse

have sum-list (remdups (a # zs)) = sum-list (a # (remdups zs)) by (simp
add: False)

also have ... = a + sum-list (remdups zs) by auto
also have ... = a + sum-list xs using Cons.hyps Cons.prems Fulse
by fastforce
also have ... = sum-list (a # zs) by simp
finally show ?thesis .
next
case True

have a: a=0 using Cons.hyps Cons.prems True
by (metis Suc-less-eq add.right-neutral add-Suc-right add-gr-0
in-set-conv-nth lessI list.size(4) nat.simps(3) nth-Cons-0 nth-Cons-Suc)
have sum-list (remdups (a # xs)) = sum-list (remdups zs) using True by auto

also have ... = sum-list zs using Cons.hyps Cons.prems True
by fastforce
also have ... = a + sum-list xs using a by simp
also have ... = sum-list (a # zs) by simp
finally show ?thesis .
qed
qed

lemma sum-list-remdups-2:
fixes f:: ‘a::{zero, monoid-add}="a
assumes i j. i<length xs A j<length xzs N i # j A (zs ! i) = (xs ! j)
— fxzs!li)=0ANf(zs!j) =0
shows sum-list (map f (remdups xs)) = sum-list (map f xs)
using assms
proof (induct s)

case Nil
show ?case by auto
next

case (Cons a xs)
show Zcase
proof (cases a € set xs)
case False
hence sum-list (map f (remdups (a # zs))) = sum-list (map f (a # (remdups

2s)))

by simp

also have ... = sum-list (f a # (map [ (remdups zs))) by auto

also have ... = fa + sum-list (map f (remdups xs)) by auto

also have ... = fa + sum-list (map f zs) using Cons.prems Cons.hyps
using id-apply by fastforce

also have ... = sum-list (map f (a # zs)) by auto

finally show ?thesis .

next
case True

have fa-0: f a = 0 using Cons.hyps Cons.prems True
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by (metis Suc-less-eq add.right-neutral add-Suc-right add-gr-0
in-set-conv-nth lessl list.size(4) nth-Cons-0 nth-Cons-Suc)

have sum-list (map f (remdups (a # xs5))) = sum-list (map f (remdups xs))
using True by simp

also have ... = sum-list (map f xs) using Cons.prems Cons.hyps
using id-apply by fastforce

also have ... = fa + sum-list (map f zs) using fa-0 by simp

also have ... = sum-list (map f (a # zs)) by auto

finally show ?thesis .

qged
qged

15.1.3 Proving a code equation to improve the performance

lemma set-map-column:
set (map (An. column (from-nat n) G) [0..<to-nat b)) = {column i G|i. i<b}
proof (auto)
fix n assume n < to-nat b
hence from-nat n < b using from-nat-mono to-nat-less-card by fastforce
thus 3. column (from-nat n) G = column i GA i < b by auto
next
fix 7 assume { < b hence ib: to-nat i < to-nat b by (simp add: to-nat-le)
show column i G € (An. column (from-nat n) G) ‘{0..<to-nat b}
unfolding image-def
by (auto, rule bexI[of - to-nat i], auto simp add: ib)
qed

lemma column-Gram-Schmidt-column-k-repeated-0:

fixes A::’a::{real-inner} 'n:{mod-type} ~'m::{mod-type}

assumes i-not-k: i#k and ik: i<k

and c-eq: column k (Gram-Schmidt-column-k A (to-nat k))

= column i (Gram-Schmidt-column-k A (to-nat k))

and o: pairwise orthogonal {column i Ali. i<k}

shows column k (Gram-Schmidt-column-k A (to-nat k)) = 0

and column i (Gram-Schmidt-column-k A (to-nat k)) = 0

proof —

have column k (Gram-Schmidt-column-k A (to-nat k))
= column k A — (3 z€{column i A |i. i < k}. (z - column k A / (z - z)) *p z)
by (rule column-Gram-Schmidt-column-k)

also have ... = column k A — proj-onto (column k A) {column i A |i. i < k}
unfolding proj-onto-def proj-def[abs-def]
by (metis (no-types, lifting) inner-commute)

finally have col-k-rw: column k (Gram-Schmidt-column-k A (to-nat k))
= column k A — proj-onto (column k A) {column i A |i. i < k} .

have orthogonal (column k (Gram-Schmidt-column-k A (to-nat k)))
(column i (Gram-Schmidt-column-k A (to-nat k)))
unfolding col-k-rw

proof (rule orthogonal-proj-set|OF - - o])
have column i (Gram-Schmidt-column-k A (to-nat k)) = column i A
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using column-Gram-Schmidt-column-k'[OF i-not-k| .
also have ... € {column i A |i. i < k} using assms(2) by blast
finally show column i (Gram-Schmidi-column-k A (to-nat k)) € {column i A
li. 1 < k} .
show finite {column i A |i. i < k} by auto
qed
thus column k (Gram-Schmidt-column-k A (to-nat k)) = 0
and column i (Gram-Schmidt-column-k A (to-nat k)) = 0
unfolding orthogonal-def c-eq inner-eq-zero-iff by auto
qed

lemma column-Gram-Schmidt-upt-k-repeated-0":
fixes A::realn::{mod-type} “m::{mod-type}
assumes i-not-k: i#j and ij: i<j and j: j<from-nat k
and c-eq: column j (Gram-Schmidt-upt-k A k)
= column i (Gram-Schmidt-upt-k A k)
and k: k<ncols A
shows column j (Gram-Schmidt-upt-k A k) = 0
using j c-eq k
proof (induct k)
case (
thus Zcase
using ij least-mod-type
unfolding from-nat-0
by (metis (no-types) dual-order.strict-transl ij least-mod-type not-less)
next
case (Suc k)
have k: k<ncols A using Suc.prems unfolding ncols-def by auto
have i-not-k: i#from-nat (Suc k) using j Suc.prems by auto
have col-i-rw: column i (Gram-Schmidt-upt-k A (Suc k)) = column i (Gram-Schmidt-upt-k
Ak)
by (simp add: i-not-k Gram-Schmidt-column-k-def Gram-Schmidt-upt-k-suc col-
umn-def)
have tn-fn-suc: to-nat (from-nat (Suc k)::'n) = Suc k
using to-nat-from-nat-id Suc.prems
unfolding ncols-def by blast
show Zcase
proof (cases j=from-nat (Suc k))
case Fulse
have jk: j < from-nat k
by (metis False One-nat-def Suc.prems(1) add.right-neutral add-Suc-right
from-nat-suc le-Suc less-le linorder-not-le)
have col-j-rw: column j (Gram-Schmidt-upt-k A (Suc k)) = column j (Gram-Schmidt-upt-k
A k)
by (simp add: False Gram-Schmidt-column-k-def Gram-Schmidt-upt-k-suc
column-def)
have col-j-eq-col-i-k: column j (Gram-Schmidt-upt-k A k) = column i (Gram-Schmidt-upt-k
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Ak)
using Suc.prems unfolding col-j-rw col-i-rw by simp
show ?thesis using Suc.hyps col-j-eq-col-i-k k jk unfolding col-j-rw by blast
next
case True
show ?thesis unfolding True unfolding Gram-Schmidt-upt-k-suc
proof (rule column-Gram-Schmidt-column-k-repeated-0(1)
[of © from-nat (Suc k) Gram-Schmidt-upt-k A k, unfolded tn-fn-suc])
have set-rw: {column i (Gram-Schmidt-upt-k A k) |i. i < from-nat (Suc k)}
= {column i (Gram-Schmidt-upt-k A k) |i. to-nat ¢ < k}
by (metis (mono-tags, opaque-lifting) less-Suc-eq-le less-le not-less tn-fn-suc
to-nat-mono)
show i # from-nat (Suc k) using i-not-k .
show i < from-nat (Suc k) using True ij by blast
show column (from-nat (Suc k)) (Gram-Schmidt-column-k (Gram-Schmidt-upt-k
A k) (Suck)) =
column i (Gram-Schmidt-column-k (Gram-Schmidt-upt-k A k) (Suc k))
using Suc.prems True by (simp add: Gram-Schmidt-upt-k-suc)
show pairwise orthogonal { column i (Gram-Schmidt-upt-k A k) |i. © < from-nat
(Suc k)}
unfolding set-rw by (rule orthogonal-Gram-Schmidt-upt-k[OF k])
qed
qed
qed

lemma column-Gram-Schmidt-upt-k-repeated-0:
fixes A::realn::{mod-type} “m::{mod-type}
assumes i-not-k: i#j and 3j: i<j and j: j<k
and c-eq: column j (Gram-Schmidt-upt-k A (to-nat k))
= column i (Gram-Schmidt-upt-k A (to-nat k))
shows column j (Gram-Schmidt-upt-k A (to-nat k)) = 0
using assms column-Gram-Schmidt-upt-k-repeated-0' to-nat-less-card ncols-def
by (metis c-eq column-Gram-Schmidt-upt-k-repeated-0’
from-nat-to-nat-id i-not-k ij j ncols-def to-nat-less-card)

corollary column-Gram-Schmidt-upt-k-repeated:
fixes A::realn::{mod-type} “m::{mod-type}
assumes i-not-k: i#j and 3j: i<k and j<k
and c-eq: column j (Gram-Schmidt-upt-k A (to-nat k))
= column i (Gram-Schmidt-upt-k A (to-nat k))
shows column j (Gram-Schmidt-upt-k A (to-nat k)) = 0
and column i (Gram-Schmidt-upt-k A (to-nat k)) = 0
proof —
show column j (Gram-Schmidt-upt-k A (to-nat k)) = 0
proof (cases i<j)
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case True

thus ?thesis using assms column-Gram-Schmidt-upt-k-repeated-0 by metis
next

case Fualse hence ji: j<i using i-not-k by auto

thus ?thesis using assms column-Gram-Schmidt-upt-k-repeated-0 by metis
qed
show column i (Gram-Schmidt-upt-k A (to-nat k)) = 0
proof (cases i<j)

case True

thus ?thesis using assms column-Gram-Schmidt-upt-k-repeated-0 by metis
next

case Fulse hence ji: j<i using i-not-k by auto

thus ?thesis using assms column-Gram-Schmidt-upt-k-repeated-0 by metis
qed

qed

lemma column-Gram-Schmidt-column-k-eq-efficient:
fixes A::real™n::{mod-type} “m::{mod-type}
assumes Gram-Schmidt-upt-k A k = foldl Gram-Schmidt-column-k-efficient A
[0..<Suc k]
and suc-k: Suc k < ncols A
shows column b (Gram-Schmidt-column-k (Gram-Schmidt-upt-k A k) (Suc k))
= column b (Gram-Schmidt-column-k-efficient (Gram-Schmidt-upt-k A k) (Suc
)
proof (cases b = from-nat (Suc k))
case Fulse thus ?thesis
unfolding Gram-Schmidt-column-k-efficient-def Gram-Schmidt-column-k-def
column-def by auto
next
case True
have tn-fn-suc: to-nat (from-nat (Suc k)::'n) = Suc k
using suc-k to-nat-from-nat-id unfolding ncols-def by auto
define G whereG = Gram-Schmidt-upt-k A k
let ?f=(Az. (column b G - z / (z + x)) *g )
let 2g=(An. column (from-nat n) G)
have proj-eq: proj-onto (column b G) {column i G |i. i < b}
= sum-list (map ?f (map 29 [0..<to-nat b]))
proof —
have proj-onto (column b G) {column i G |i. i < b} = sum ?f {column i G |i.
i< b}
unfolding proj-onto-def proj-def[abs-def] by simp

also have ... = sum ?f (set (map ?g [0..<to-nat b]))
by (rule sum.cong, auto simp add: set-map-column[symmetric])
also have ... = sum-list (map ?f (remdups (map ?g [0..<to-nat b]))) unfolding
sum-code ..
also have ... = sum-list ((map ?f ((map ?g [0..<to-nat b]))))

proof (rule sum-list-remdups-2, auto)
fix 7 j assume i: { < to-nat b
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and j: j < to-nat b and ij: 7 # j
and col-eq: column (from-nat i) G = column (from-nat j) G
and col-0: column (from-nat j) G # 0
have k: to-nat (from-nat k::'n) = k
by (metis Suc-lessD ncols-def suc-k to-nat-from-nat-id)
have column (from-nat j) G = 0
proof (unfold G-def, rule column-Gram-Schmidt-upt-k-repeated(1)
[of (from-nat i)::'n from-nat j from-nat k A, unfolded k])
have from-nat i < (from-nat (Suc k)::'n)
using from-nat-monolof i Suc k] suc-k i
unfolding True tn-fn-suc ncols-def by simp
thus from-nat i < (from-nat k::'n)
by (metis Suc-lessD True from-nat-mono’ i less-Suc-eg-le ncols-def suc-k
tn-fn-suc)
have from-nat j < (from-nat (Suc k)::'n)
using from-nat-mono[of j Suc k] suc-k j
unfolding True tn-fn-suc ncols-def by simp
thus from-nat j < (from-nat k::'n)
by (metis Suc-lessD True from-nat-mono’ j less-Suc-eg-le ncols-def suc-k
tn-fn-suc)
show from-nat i # (from-nat j::'n) using ij ¢ j True suc-k
by (metis (no-types, lifting) dual-order.strict-trans from-nat-eg-imp-eq
ncols-def tn-fn-suc)
show column (from-nat j) (Gram-Schmidt-upt-k A k)
= column (from-nat i) (Gram-Schmidt-upt-k A k) using G-def col-eq by
auto
qed
thus column b G + column (from-nat j) G = 0 using col-0 by contradiction
qed
finally show ?thesis .
qed
have column b (Gram-Schmidt-column-k G (Suc k))
= column b G — proj-onto (column b G) {column i G |i. i < b}
unfolding True
unfolding Gram-Schmidt-column-k-def G-def column-def by vector
also have ... = column b G
— OZax+map (An. column (from-nat n) G) [0..<to-nat b]. (column b G - x /
(z - 7)) *r T)
unfolding proj-eq ..
also have ... = column b (Gram-Schmidt-column-k-efficient G (Suc k))
unfolding True Gram-Schmidt-column-k-efficient-def G-def column-def by wvec-
tor
finally show ?thesis unfolding G-def .
qed

lemma Gram-Schmidt-upt-k-efficient-induction:
fixes A::real'n::{mod-type} “'m::{mod-type}
assumes Gram-Schmidt-upt-k A k = foldl Gram-Schmidt-column-k-efficient A
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[0..<Suc k|
and suc-k: Suc k < ncols A
shows Gram-Schmidt-column-k ( Gram-Schmidt-upt-k A k) (Suc k)
= Gram-Schmidt-column-k-efficient (Gram-Schmidt-upt-k A k) (Suc k)
using column-Gram-Schmidt-column-k-eq-efficient[ OF assms)
unfolding column-def vec-eq-iff by wvector

lemma Gram-Schmidt-upt-k-efficient:
fixes A::realn::{mod-type} “m::{mod-type}
assumes k: k<ncols A
shows Gram-Schmidt-upt-k A k = foldl Gram-Schmidt-column-k-efficient A [0..<Suc
5
using k
proof (induct k)
case (
have {column i A |i. i < 0} = {} using least-mod-type using leD by auto
thus ?case
by (simp, auto simp add: Gram-Schmidt-column-k-efficient-def
Gram-Schmidt-upt-k-def Gram-Schmidt-column-k-def
proj-onto-def proj-def vec-eq-iff from-nat-0 to-nat-0)
next
case (Suc k)
have Gram-Schmidt-upt-k A (Suc k) = Gram-Schmidt-column-k ( Gram-Schmidt-upt-k
A k) (Suc k)
by (rule Gram-Schmidt-upt-k-suc)
also have ... = Gram-Schmidt-column-k-efficient (Gram-Schmidt-upt-k A k) (Suc
)
proof (rule Gram-Schmidt-upt-k-efficient-induction)
show Gram-Schmidt-upt-k A k = foldl Gram-Schmidt-column-k-efficient A
[0..<Suc k]
using Suc.hyps Suc.prems by auto
show Suc k < ncols A using Suc.prems by auto
qed
also have ... = Gram-Schmidt-column-k-efficient
(foldl Gram-Schmidt-column-k-efficient A [0..<Suc k]) (Suc k)
using Suc.hyps Suc.prems by auto
also have ... = (foldl Gram-Schmidt-column-k-efficient A [0..<Suc (Suc k)]) by
auto
finally show ?Zcase .
qed

This equation is now more efficient than the original definition of the al-
goritm, since it is not removing duplicates in each iteration, which is more
expensive in time than adding zeros (if there appear duplicates while apply-
ing the algorithm, they are zeros and then the sum-list is the same in each
step).

lemma Gram-Schmidt-matriz-efficient|code-unfold):
fixes A::realn::{mod-type} “m::{mod-type}
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shows Gram-Schmidt-matriz A = foldl Gram-Schmidt-column-k-efficient A [0..<ncols
4]
proof —
have n: (ncols A — 1) < ncols A unfolding ncols-def by auto
have Gram-Schmidt-matrix A = Gram-Schmidt-upt-k A (ncols A — 1)
unfolding Gram-Schmidt-matriz-def ..
also have ... = foldl Gram-Schmidt-column-k-efficient A [0..<ncols A]
using Gram-Schmidt-upt-k-efficient| OF n] unfolding ncols-def by auto
finally show ?thesis .
qed

15.2 Improvements for computing the Gram Schmidt algo-
rithm and QR decomposition using immutable arrays

15.2.1 New definitions

definition Gram-Schmidt-column-k-iarrays-efficient A k =

tabulate2 (nrows-iarray A) (ncols-iarray A) (Aa b. let column-b-A = column-iarray
bAin

(if b = k then (column-b-A — sum-list (map (Az. ((column-b-A i x) / (z +i x))
*R iC)

((List.map (An. column-iarray n A) [0..<b]))))

else column-b-A) !l a)

definition Gram-Schmidt-matriz-iarrays-efficient A
= foldl Gram-Schmidt-column-k-iarrays-efficient A [0..<ncols-iarray A]

definition QR-decomposition-iarrays-efficient A =
(let Q@ = divide-by-norm-iarray (Gram-Schmidt-matriz-iarrays-efficient A)
in (Q, transpose-iarray Q *xi A))

15.2.2 (General properties

lemma tabulate2-nth:
assumes i: i<nr and j: j<nc
shows (tabulate2 nrnc f) N il j=fij
unfolding tabulate2-def using i j nth-map by auto

lemma vec-to-iarray-minus|code-unfold):
vec-to-iarray (a — b) = (vec-to-iarray a) — (vec-to-iarray b)
unfolding vec-to-iarray-def
unfolding minus-iarray-def Let-def by auto

lemma vec-to-iarray-minus-nth:
assumes A: i<IArray.length (vec-to-iarray A)
and B: i<IArray.length (vec-to-iarray B)
shows (vec-to-iarray A — vec-to-iarray B) !l {
= vec-to-tarray A ! i — vec-to-iarray B ! i
proof —
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have i: i<CARD(’b) using A unfolding vec-to-iarray-def by auto
have i2: i<CARD(’c) using B unfolding vec-to-iarray-def by auto
have i-length: i < length [0..<maxz CARD('D) CARD(’c)] using i i2 by auto
have i-nth: [0..<maz CARD('d) CARD(’c)] ! i = i using i-length by auto
let ?f=(Aa. map (Ma. if a < CARD('D) then IArray
(map (Mi. A'$ from-nat 7) [0..<CARD('b)]) !! a else 0) [0..<max CARD('b)
CARD('c)] !
a — map (Aa. if a < CARD('c) then
IArray (map (Mi. B $ from-nat i) [0.<CARD(’c)]) !! a else 0) [0..<maz
CARD('b) CARD(’c)] ! a)
have (vec-to-iarray A — vec-to-iarray B) = (IArray (map (Mi. A $ from-nat 7)
[0..<CARD('b)])
— IArray (map (Mi. B $ from-nat ©) [0..<CARD('c)]))
unfolding vec-to-iarray-def by auto
also have ... = TArray (map ?f [0..<maxz CARD(’d) CARD('c)])
unfolding minus-iarray-def Let-def by simp

also have ... ' i = A $ from-nat i — B $ from-nat i
using i-length using nth-map i i2 by auto
also have ... = vec-to-iarray A ! i — vec-to-iarray B !! i

by (metis i i2 vec-to-iarray-nth)
finally show ?thesis .
qged

lemma sum-list-map-vec-to-iarray:
assumes s # ||
shows sum-list (map (vec-to-iarray o f) xs) = vec-to-iarray (sum-list (map f xs))
using assms
proof (induct xs)
case Nil
thus “case unfolding o-def by auto
next
case (Cons a xs)
show ?case
proof (cases zs=[])
case True
have l-rw: sum-list (map (vec-to-iarray o f) xs) = IArray]]
unfolding True by (simp add: zero-iarray-def)
have sum-list (map (vec-to-iarray o f) (a # xs))
= sum-list ((vec-to-iarray o f) a # map (vec-to-iarray o f) xs)

by simp
also have ... = (vec-to-iarray o f) a + sum-list (map (vec-to-iarray o f) xs)
by simp
also have ... = vec-to-iarray (f a) + IArray[] unfolding l-rw by auto
also have ... = vec-to-iarray (f a) + vec-to-iarray (0::('b,’c) vec)
unfolding plus-iarray-def Let-def vec-to-iarray-def by auto
also have ... = vec-to-iarray (sum-list (map (f) (a # xs)))

unfolding True unfolding plus-iarray-def Let-def vec-to-iarray-def by auto
finally show ?%thesis .
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next
case Fulse
have sum-list (map (vec-to-iarray o f) (a # xs))
= sum-list ((vec-to-iarray o f) a # map (vec-to-iarray o f) xs)

by simp
also have ... = (vec-to-iarray o f) a + sum-list (map (vec-to-iarray o f) xs)
by simp
also have ... = (vec-to-iarray o f) a + vec-to-iarray (sum-list (map f xs))
using Cons.prems Cons.hyps False by presburger
also have ... = vec-to-iarray (f a) + vec-to-iarray (sum-list (map f xs)) by auto
also have ... = vec-to-iarray (f a + (sum-list (map f xs)))
by (simp add: vec-to-iarray-plus)
also have ... = vec-to-iarray (sum-list (map (f) (a # xs))) by simp
finally show ?thesis .
qed
qed

15.2.3 Proving the equivalence

lemma matriz-to-iarray- Gram-Schmidt-column-k-efficient:
fixes A::real'n::{mod-type} “'m::{mod-type}
assumes k: k<ncols A
shows matriz-to-iarray (Gram-Schmidt-column-k-efficient A k)
= Gram-Schmidt-column-k-iarrays-efficient (matriz-to-iarray A) k
proof (unfold iarray-exhaust2 list-eq-iff-nth-eq, rule conjl, auto,
unfold IArray.sub-def[symmetric] IArray.length-def[symmetric])
show IArray.length (matriz-to-iarray ( Gram-Schmidt-column-k-efficient A k))
= [Array.length (Gram-Schmidt-column-k-iarrays-efficient (matriz-to-iarray A)
)
unfolding matriz-to-iarray-def Gram-Schmidt-column-k-iarrays-efficient-def
tabulate2-def
unfolding nrows-iarray-def by auto
fix ¢
show ¢ < IArray.length (matriz-to-iarray (Gram-Schmidt-column-k-efficient A
k) =
TArray.length (matriz-to-iarray (Gram-Schmidt-column-k-efficient A k) ! i) =
IArray.length (Gram-Schmidt-column-k-iarrays-efficient (matriz-to-iarray A) k
114)
by (simp add: matriz-to-iarray-def Gram-Schmidt-column-k-iarrays-efficient-def

Gram-Schmidt-column-k-efficient-def tabulate2-def ncols-iarray-def
nrows-tarray-def vec-to-iarray-def)

fix 7 ia
assume i:¢ < [Array.length (matriz-to-iarray (Gram-Schmidt-column-k-efficient
AK))
and ia: ia < IArray.length (matriz-to-iarray (Gram-Schmidt-column-k-efficient
A k)i

show matriz-to-iarray (Gram-Schmidt-column-k-efficient A k) ! i 1! da
= Gram-Schmidt-column-k-iarrays-efficient (matriz-to-iarray A) k! i ! ia
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proof —
let ?f=(X\a b. let column-b-A = column-iarray b (matriz-to-iarray A)
in (if b = k then column-b-A
— (3 z«map (An. column-iarray n (matriz-to-iarray A)) [0..<b].
(column-b-A -i z / (z +i 1)) *Rr x) else column-b-A) ! a)
have i2: i<nrows A using i unfolding nrows-def matriz-to-iarray-def by auto
have ia2: ia<ncols A
using ia unfolding ncols-def matriz-to-iarray-def o-def vec-to-iarray-def
by (metis i2 ia length-vec-to-iarray nrows-def to-nat-from-nat-id vec-matriz)
have Gram-Schmidt-column-k-iarrays-efficient (matriz-to-iarray A) k! i I! ia
= ?fiia
unfolding Gram-Schmidt-column-k-iarrays-efficient-def
proof (rule tabulate2-nth)
show i < nrows-iarray (matriz-to-iarray A)
using 72 unfolding matriz-to-iarray-nrows .
show ia < ncols-iarray (matriz-to-iarray A)
using a2 unfolding matriz-to-iarray-ncols .
qed
also have ... = (Gram-Schmidt-column-k-efficient A k) $ (from-nat i) $ (from-nat
ia)
unfolding Gram-Schmidt-column-k-efficient-def Let-def
proof (auto)
assume ia-neg-k: ia # k and f-eq: (from-nat ia::'n) = from-nat k
have ia = k using f-eq by (metis assms from-nat-eg-imp-eq ia2 ncols-def)
thus IArray.list-of (column-iarray ia (matriz-to-iarray A)) ! i =
column (from-nat k) A $ from-nat i —
sum-list (map ((A\z. (column (from-nat k) A -z / (z - x)) *r 2)
o (An. column (from-nat n) A)) [0..<to-nat (from-nat k)]) $ from-nat i
using ia-neq-k by contradiction
next
assume ia # k
thus TArray.list-of (column-iarray ia (matriz-to-iarray A)) ! i
= column (from-nat ia) A $ from-nat i
by (metis IArray.sub-def i ia2 length-eq-card-rows to-nat-from-nat-id
vec-to-iarray-column’ vec-to-iarray-nth’)
next
assume ia = k

let ?f=Az. ((column (from-nat k) A) + (column (from-nat z) A) /
((column (from-nat z) A) + (column (from-nat x) A))) *r (column (from-nat
z) A)

let ?l=sum-list (map ?f [0..<K])
show [Array.list-of
(column-iarray k (matriz-to-iarray A) —
sum-list (map ((Az. (column-iarray k (matriz-to-iarray A) i x | (z -i x))
*R iC)
o (An. column-iarray n (matriz-to-iarray A))) [0..<k])) ! i =
column (from-nat k) A $ from-nat i —
sum-list (map ((Az. (column (from-nat k) A -z / (z - z)) *p T)
o (An. column (from-nat n) A)) [0..<to-nat (from-nat k::'n)]) $ from-nat i
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proof (cases k=0)
case True
show ?thesis
unfolding vec-to-iarray-column’[OF k, symmetric]
unfolding True from-nat-0 to-nat-0
by (auto, metis IArray.sub-def i2 minus-zero-iarray nrows-def vec-to-iarray-nth)

next
case False
have tn-fn-k: to-nat (from-nat k::'n) = k
by (metis assms from-nat-to-nat ncols-def)
have column-rw: column-iarray k (matriz-to-iarray A)
= wvec-to-tarray (column (from-nat k) A)
by (rule vec-to-iarray-column’[symmetric, OF k])
have sum-list-rw: (3 z+[0..<k]. (column-iarray k (matriz-to-iarray A)
-1 column-iarray © (matriz-to-iarray A) / (column-iarray x (matriz-to-iarray

A)
-1 column-iarray x (matriz-to-iarray A))) *g column-iarray x (matriz-to-iarray
4))
= wvec-to-iarray ?l
proof —
have (> z<[0..<k]. (column-iarray k (matriz-to-iarray A)
-1 column-iarray x (matriz-to-iarray A) / (column-iarray x (matriz-to-iarray
4)
-i column-iarray x (matriz-to-iarray A))) xr column-iarray x (matriz-to-iarray
4))

= sum-list (map (vec-to-iarray o 2f) [0..<k])
proof (unfold interv-sum-list-conv-sum-set-nat, rule sum.cong, auto)
fix z assume z<k
hence z: z<ncols A using k by auto
show (column-iarray k (matriz-to-iarray A) -i column-iarray x (matriz-to-iarray

(column-iarray x (matriz-to-iarray A) +i column-iarray x (matriz-to-iarray
4))) *r
column-iarray © (matriz-to-iarray A) =
vec-to-iarray ((column (from-nat k) A - column (from-nat ) A /
(column (from-nat z) A - column (from-nat z) A)) xr column (from-nat
z) A)
unfolding vec-to-iarray-scaleR vec-to-iarray-inner
unfolding column-rw unfolding vec-to-iarray-column’|OF x, symmetric|

qed
also have ... = vec-to-iarray (sum-list (map ?f [0..<k]))
by (rule sum-list-map-vec-to-iarray, auto simp add: False)
finally show ?thesis .
qed

have [Array.list-of
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(column-iarray k (matriz-to-iarray A) —
sum-list (map ((A\z. (column-iarray k (matriz-to-iarray A) i z / (z +i x))
*R CE)
o (An. column-iarray n (matriz-to-iarray A))) [0..<k])) ! i =
(column-iarray k (matriz-to-iarray A) —
OC z+-[0..<k]. (column-iarray k (matriz-to-iarray A) -i column-iarray x
(matriz-to-iarray A) /
(column-iarray = (matriz-to-iarray A) i column-iarray x (matriz-to-iarray
4))) *r
column-iarray x (matriz-to-iarray A))) !l ¢
unfolding vec-to-iarray-inner tn-fn-k o-def
unfolding IArray.sub-def[symmetric] ..
also have ... = (vec-to-iarray (column (from-nat k) A) — vec-to-iarray 1)
i
unfolding sum-list-rw unfolding column-rw ..
also have ... = ((vec-to-iarray (column (from-nat k) A)) ! i) — (vec-to-iarray
2010 7)
proof (rule vec-to-iarray-minus-nth)
show ¢ < IArray.length (vec-to-iarray (column (from-nat k) A))
by (metis i2 length-vec-to-iarray nrows-def)
show i < TArray.length (vec-to-iarray 1)
by (metis (no-types, lifting) i2 length-vec-to-iarray nrows-def)
qged
also have ... = column (from-nat k) A $ from-nat i — 21 $ from-nat i
unfolding column-rw
by (metis (no-types, lifting) i2 nrows-def vec-to-iarray-nth)
also have ... = column (from-nat k) A $ from-nat i —
sum-list (map ((Az. (column (from-nat k) A -z / (z - x)) *g
o (An. column (from-nat n) A)) [0..<to-nat (from-nat k::'n)])
unfolding o-def tn-fn-k ..
finally show IArray.list-of
(column-iarray k (matriz-to-iarray A) —
sum-list (map ((Az. (column-iarray k (matriz-to-iarray A) i z | (x +i x))

x)
$ from-nat i

*R Z’)
o (An. column-iarray n (matriz-to-iarray A))) [0..<k])) ! i =
column (from-nat k) A $ from-nat i —
sum-list (map ((Az. (column (from-nat k) A - z / (z - x)) *g )
o (An. column (from-nat n) A)) [0..<to-nat (from-nat k::'n)]) $ from-nat
i.
qed
qed
also have ... = matriz-to-iarray (Gram-Schmidt-column-k-efficient A k) !l 7 1!
ia

using matriz-to-iarray-nthlof (Gram-Schmidt-column-k-efficient A k) from-nat
i from-nat ia)
using a2 i2
unfolding to-nat-from-nat-id[OF i2[unfolded nrows-def]]
unfolding to-nat-from-nat-id[OF ia2[unfolded ncols-def]] by simp
finally show ?%thesis ..
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qed
qed

lemma matriz-to-iarray- Gram-Schmidt-upt-k-efficient:
fixes A::real™'n::{mod-type} ~'m::{mod-type}
assumes k: k<ncols A
shows matriz-to-iarray (Gram-Schmidt-upt-k A k)
= foldl Gram-Schmidt-column-k-iarrays-efficient (matriz-to-iarray A) [0..<Suc
k]
using assms
proof (induct k)
case ()
have zero-le: 0<ncols A unfolding ncols-def by simp
thus ?case unfolding Gram-Schmidt-upt-k-efficient][ OF zero-le] unfolding Gram-Schmidt-upt-k-efficient
by (simp add: matriz-to-iarray-Gram-Schmidt-column-k-efficient[ OF 0.prems])
next
case (Suc k)
let ?G=foldl Gram-Schmidt-column-k-iarrays-efficient (matriz-to-iarray A)
have k: k<ncols (Gram-Schmidt-upt-k A k) using Suc.prems unfolding ncols-def
by simp
have k2: Suc k < ncols (Gram-Schmidt-upt-k A k) using Suc.prems unfolding
ncols-def .
have list-rw: [0..<Suc (Suc k)] = [0..<Suc k] Q [(Suc k)] by simp
have hyp: matriz-to-iarray (Gram-Schmidt-upt-k A k) = ?G [0..<Suc k]
by (metis Suc.hyps Suc.prems Suc-lessD)
show matriz-to-iarray (Gram-Schmidt-upt-k A (Suc k)) = ?G [0..<Suc (Suc k)]
unfolding Gram-Schmidt-upt-k-def
unfolding list-rw
unfolding foldl-append
unfolding foldl.simps
unfolding Gram-Schmidt-upt-k-def[symmetric]
unfolding hyp[symmetric]
using matriz-to-iarray- Gram-Schmidt-column-k-efficient
by (metis (no-types) Gram-Schmidt-upt-k-efficient Gram-Schmidt-upt-k-efficient-induction

Suc.prems k matriz-to-iarray-Gram-Schmidt-column-k-efficient ncols-def)
qed

lemma matriz-to-iarray- Gram-Schmidt-matriz-efficient| code-unfold):
fixes A::real'n::{mod-type} “m::{mod-type}
shows matriz-to-iarray (Gram-Schmidt-matriz A)
= Gram-Schmidt-matriz-iarrays-efficient (matriz-to-iarray A)
proof —
have n: ncols A — 1 < ncols A unfolding ncols-def by auto
thus ?thesis

unfolding Gram-Schmidt-matriz-iarrays-efficient-def Gram-Schmidt-matriz-def
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using matriz-to-iarray- Gram-Schmidt-upt-k-efficient OF n|
unfolding matriz-to-iarray-ncols by auto
qed

lemma QR-decomposition-iarrays-efficient|code]:
QR-decomposition-iarrays (matriz-to-iarray A)
= QR-decomposition-iarrays-efficient (matriz-to-iarray A)
unfolding QR-decomposition-iarrays-def QR-decomposition-iarrays-efficient-def
Let-def
unfolding matriz-to-iarray- Gram-Schmidt-matriz-efficient[symmetric]
unfolding matriz-to-iarray- Gram-Schmidt-matriz ..

15.3 Other code equations that improve the performance

lemma inner-iarray-code|code]:
inner-iarray A B = sum-list (map (An. A !l n x B!l n) [0..<IArray.length A])
proof —
have set-Eq: {0..<IArray.length A} = set ([0..<IArray.length A]) using atLeast-
LessThan-upt by blast
have inner-iarray A B = sum (An. Al n x B!l n) {0..<IArray.length A}
unfolding inner-iarray-def ..

also have ... = sum (An. A !l nx B!l n) (set [0..<IArray.length A])
unfolding set-Eq ..
also have ... = sum-list (map (An. A" n x B!l n) [0..<IArray.length A])

unfolding sum-set-upt-conv-sum-list-nat ..
finally show ?thesis .
qed

definition Gram-Schmidt-column-k-iarrays-efficient?2 A k =
tabulate2 (nrows-iarray A) (ncols-iarray A)
(let col-k = column-iarray k A;
col = (col-k — sum-list (map (Ax. ((col-k -i z) / (x -i x)) *p x)
((List.map (An. column-iarray n A) [0..<k]))))
in (Aa b. (if b = k then col else column-iarray b A) !! a))

lemma Gram-Schmidt-column-k-iarrays-efficient-eq|code]: Gram-Schmidt-column-k-iarrays-efficient
Ak

= Gram-Schmidt-column-k-iarrays-efficient2 A k

unfolding Gram-Schmidt-column-k-iarrays-efficient-def

unfolding Gram-Schmidt-column-k-iarrays-efficient2-def

unfolding Let-def tabulate2-def

by simp

end
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