Quantum Hoare Logic

Junyi Liu, Bohua Zhan, Shuling Wang, Shenggang Ying,
Tao Liu, Yangjia Li, Mingsheng Ying, and Naijun Zhan

March 17, 2025

Abstract

We formalize quantum Hoare logic as given in [1]. In particular,
we specify the syntax and denotational semantics of a simple model of
quantum programs. Then, we write down the rules of quantum Hoare
logic for partial correctness, and show the soundness and complete-
ness of the resulting proof system. As an application, we verify the
correctness of Grover’s algorithm.
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1 Complex matrices

theory Complexr-Matriz
imports
Jordan-Normal-Form. Matriz
Jordan-Normal-Form. Conjugate
Jordan-Normal-Form.Jordan-Normal-Form-FExistence
begin

1.1 Trace of a matrix

definition trace :: 'a::ring mat = 'a where
trace A = (> i € {0 ..< dim-row A}. A $$ (i,0))

lemma trace-zero [simpl:
trace (O nm) = 0
by (simp add: trace-def)

lemma trace-id [simp]:
trace (1,, n) = n
by (simp add: trace-def)
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lemma trace-comm:

fixes A B :: ‘a::comm-ring mat

assumes A: A € carrier-mat n n and B: B € carrier-mat n n

shows trace (A * B) = trace (B x A)
proof (simp add: trace-def)

have ()Ji=0..<n. (Ax* B)$$ (4,4) = (O i=0.<n. >, j= 0..<n. A $3 (i)
« B$S (1)

apply (rule sum.cong) using assms by (auto simp add: scalar-prod-def)

alsohave ... = (3.j=0..<n. Y.i = 0..<n. A $$ (i,j) * B $$ (4,i))
by (rule sum.swap)
also have ... = (>j = 0..<n. col A j - row B j)

by (metis (no-types, lifting) A B atLeastLessThan-iff carrier-matD index-col
indez-row scalar-prod-def sum.cong)
also have ... = (>_j = 0..<n. row Bj - col A j)
apply (rule sum.cong) apply auto
apply (subst comm-scalar-prod[where n=n|) apply auto
using assms by auto
also have ... = (3.7 = 0..<n. (B = A) $$ (j, j))
apply (rule sum.cong) using assms by auto
finally show (>_i = 0..<dim-row A. (A x B) $$ (i, 7)) = O_ i = 0..<dim-row
B. (B« A) $% (i, 7))
using A B by auto
qed

lemma trace-add-linear:

fixes A B :: ‘a::comm-ring mat

assumes A: A € carrier-mat n n and B: B € carrier-mat n n

shows trace (A + B) = trace A + trace B (is ?lhs = ?rhs)
proof —

have ?%lhs = (> i=0..<n. A$3(%, i) + B3$3(i, 7)) unfolding trace-def using A
B by auto

also have ... = (3" i=0..<n. A$8(i, ©)) + (O i=0..<n. B$3$(i, 7)) by (auto
stmp add: sum.distrib)

finally have I: ?lhs = (> i=0..<n. A$$(3, 7)) + (O i=0..<n. B$$(i, 7)).

have r: ?rhs = (3 i=0..<n. A$3(i, i)) + (3 i=0..<n. B$$(7, ¢)) unfolding
trace-def using A B by auto

from [ r show ?thesis by auto
qed

lemma trace-minus-linear:

fixes A B :: 'a::comm-ring mat

assumes A: A € carrier-mat n n and B: B € carrier-mat n n

shows trace (A — B) = trace A — trace B (is ?lhs = ?rhs)
proof —

have ?lhs = (3 i=0..<n. A$$(¢, i) — B$S$(7, 7)) unfolding trace-def using A
B by auto

also have ... = (3 i=0..<n. A$$(4, 7)) — (3. i=0..<n. B$$(i, i)) by (auto
simp add: sum-subtractf)



finally have I: ?lhs = (> i=0..<n. A$3(i, i)) —
have r: ?rhs = (> i=0..<n. A33(i, ©)) — (O 1
trace-def using A B by auto
from [ r show ?thesis by auto
qed

(3> i=0..<n. B$$(i, 7)).
=0..<n. B$$(i, 7)) unfolding

lemma trace-smult:
assumes A € carrier-mat n n
shows trace (¢ -, A) = ¢ * trace A
proof —
have trace (¢ -y A) = (Oi = 0..<dim-row A. ¢ * A $$ (4, 7)) unfolding

trace-def using assms by auto

also have ... = ¢ *x (> i = 0..<dim-row A. A $$ (i, )
by (simp add: sum-distrib-left)
also have ... = ¢ * trace A unfolding trace-def by auto
ultimately show ?thesis by auto
qed

1.2 Conjugate of a vector

lemma conjugate-scalar-prod:
fixes v w :: 'a::conjugatable-ring vec
assumes dim-vec v = dim-vec w
shows conjugate (v - w) = conjugate v - conjugate w
using assms by (simp add: scalar-prod-def sum-conjugate conjugate-dist-mul)

1.3 Inner product

abbreviation inner-prod :: ‘a vec = 'a vec = 'a :: conjugatable-ring
where inner-prod v w = w -c v

lemma conjugate-scalar-prod-Im [simp]:
Im (v-cv)=20
by (simp add: scalar-prod-def conjugate-vec-def sum.neutral)

lemma conjugate-scalar-prod-Re [simp):
Re (v-cv) >0
by (simp add: scalar-prod-def conjugate-vec-def sum-nonneg)

lemma self-cscalar-prod-geq-0:
fixes v :: 'a::conjugatable-ordered-field vec
shows v -cv > 0
by (auto simp add: scalar-prod-def, rule sum-nonneg, rule conjugate-square-positive)

lemma inner-prod-distrib-left:

fixes u v w :: (‘a::conjugatable-field) vec

assumes dimu: u € carrier-vec n and dimv:v € carrier-vec n and dimw: w €
carrier-vec n

shows inner-prod (v + w) u = inner-prod v u + inner-prod w u (is ?lhs = ?rhs)
proof —



have dimcv: conjugate v € carrier-vec n and dimcw: conjugate w € carrier-vec
n using assms by auto
have dimvw: conjugate (v + w) € carrier-vec n using assms by auto
have u - (conjugate (v + w)) = u - conjugate v + u - conjugate w
using dimv dimw dimu dimcv dimcw
by (metis conjugate-add-vec scalar-prod-add-distrib)
then show ?thesis by auto
qed

lemma inner-prod-distrib-right:
fixes u v w :: (‘a::conjugatable-field) vec
assumes dimu: u € carrier-vec n and dimv:v € carrier-vec n and dimw: w €
carrier-vec n
shows inner-prod u (v + w) = inner-prod u v + inner-prod v w (is ?lhs = ?rhs)
proof —
have dimvw: v + w € carrier-vec n using assms by auto
have dimcu: conjugate v € carrier-vec n using assms by auto
have (v + w) + (conjugate u) = v - conjugate v + w - conjugate u
apply (simp add: comm-scalar-prod[OF dimvw dimcu])
apply (simp add: scalar-prod-add-distrib| OF dimcu dimv dimw])
apply (insert dimv dimw dimcu, simp add: comm-scalar-prod|of - n])
done
then show ?thesis by auto
qed

lemma inner-prod-minus-distrib-right:
fixes u v w :: (‘a::conjugatable-field) vec
assumes dimu: u € carrier-vec n and dimv:v € carrier-vec n and dimw: w €
carrier-vec n
shows inner-prod u (v — w) = inner-prod u v — inner-prod v w (is ?lhs = ?rhs)
proof —
have dimvw: v — w € carrier-vec n using assms by auto
have dimcu: conjugate v € carrier-vec n using assms by auto
have (v — w) + (conjugate u) = v - conjugate v — w - conjugate u
apply (simp add: comm-scalar-prod[OF dimvw dimcu])
apply (simp add: scalar-prod-minus-distrib|OF dimcu dimv dimw])
apply (insert dimv dimw dimcu, simp add: comm-scalar-prod|of - n])
done
then show ?thesis by auto
qed

lemma inner-prod-smult-right:
fixes u v :: complex vec
assumes dimu: u € carrier-vec n and dimv:v € carrier-vec n
shows inner-prod (a -, u) v = conjugate a x inner-prod u v (is ?lhs = 2rhs)
using assms apply (simp add: scalar-prod-def conjugate-dist-mul)
apply (subst sum-distrib-left) by (rule sum.cong, auto)

lemma inner-prod-smult-left:



fixes u v :: complex vec

assumes dimu: u € carrier-vec n and dimv: v € carrier-vec n
shows inner-prod u (a -, v) = a * inner-prod u v (is ?lhs = 9rhs)
using assms apply (simp add: scalar-prod-def)

apply (subst sum-distrib-left) by (rule sum.cong, auto)

lemma inner-prod-smult-left-right:

fixes u v :: complex vec

assumes dimu: u € carrier-vec n and dimv: v € carrier-vec n

shows inner-prod (a -, u) (b -, v) = conjugate a * b * inner-prod u v (is ?lhs
= ?rhs)

using assms apply (simp add: scalar-prod-def)

apply (subst sum-distrib-left) by (rule sum.cong, auto)

lemma inner-prod-swap:
fixes z y :: complex vec
assumes y € carrier-vec n and T € carrier-vec n
shows inner-prod y © = conjugate (inner-prod z y)
apply (simp add: scalar-prod-def)
apply (rule sum.cong) using assms by auto

Cauchy-Schwarz theorem for complex vectors. This is analogous to
aux_ Cauchy and Cauchy_Schwarz_ ineq in Generalizations2.thy in QR_ De-
composition. Consider merging and moving to Isabelle library.

lemma auz-Cauchy:
fixes = y :: complex vec
assumes z € carrier-vec n and y € carrier-vec n
shows 0 < inner-prod x © + a * (inner-prod x y) + (cnj a) x ((¢nj (inner-prod
zy)) + a * (inner-prod y y))
proof —
have (inner-prod (z+ a - y) (z+a - y)) = (inner-prod (z+a -, y) ) +
(inner-prod (z+a - y) (a - y))
apply (subst inner-prod-distrib-right) using assms by auto
also have ... = inner-prod = z + (a) * (inner-prod z y) + cnj a * ((cnj
(inner-prod x y)) + (a) * (inner-prod y y))
apply (subst (1 2) inner-prod-distrib-left[of - n]) apply (auto simp add: assms)
apply (subst (1 2) inner-prod-smult-right[of - n]) apply (auto simp add: assms)
apply (subst inner-prod-smult-left[of - n]) apply (auto simp add: assms)
apply (subst inner-prod-swap[of y n z]) apply (auto simp add: assms)
unfolding distrib-left
by auto
finally show ?thesis by (metis self-cscalar-prod-geg-0)
qed

lemma Cauchy-Schwarz-complez-vec:

fixes = y :: complex vec

assumes x € carrier-vec n and y € carrier-vec n

shows inner-prod x y * inner-prod y x < inner-prod x = * inner-prod y y
proof —



define cnj-a where cnj-a = — (inner-prod = y)/ cnj (inner-prod y y)
define a where a = cnj (cnj-a)
have cnj-rw: (cnj a) = cnj-a
unfolding a-def by (simp)
have rw-0: cnj (inner-prod = y) + a * (inner-prod y y) = 0
unfolding a-def c¢nj-a-def using assms(1) assms(2) conjugate-square-eq-0-vec
by fastforce
have 0 < (inner-prod x x + a * (inner-prod z y) + (cnj a) = ((c¢nj (inner-prod
zy)) + a* (inner-prod y y)))
using aux-Cauchy assms by auto

also have ... = (inner-prod z © + a * (inner-prod x y)) unfolding rw-0 by
auto
also have ... = (inner-prod x © — (inner-prod z y) * cnj (inner-prod x y) /

(inner-prod y y))
unfolding a-def cnj-a-def by simp
finally have 0 < (inner-prod x x — (inner-prod z y) * cnj (inner-prod x y) /
(inner-prod y y))
hence 0 < (inner-prod x & — (inner-prod z y) * cnj (inner-prod z y) / (inner-prod
y y)) * (inner-prod y y)
by (auto simp: less-eq-complez-def)
also have ... = ((inner-prod z z)x(inner-prod y y) — (inner-prod x y) x cnj
(inner-prod x y))
by (smt (verit) add.inverse-neutral add-diff-cancel diff-0 diff-divide-eq-iff di-
vide-cancel-right mult-eq-0-iff nonzero-mult-div-cancel-right rw-0)
finally have (inner-prod x y) * cnj (inner-prod x y) < (inner-prod z x)x*(inner-prod
y y) by auto
then show ?thesis
apply (subst inner-prod-swap[of y n z]) by (auto simp add: assms)
qed

1.4 Hermitian adjoint of a matrix
abbreviation adjoint where adjoint = mat-adjoint

lemma adjoint-dim-row [simp):
dim-row (adjoint A) = dim-col A by (simp add: mat-adjoint-def)

lemma adjoint-dim-col [simp):
dim-col (adjoint A) = dim-row A by (simp add: mat-adjoint-def)

lemma adjoint-dim:
A € carrier-mat n n = adjoint A € carrier-mat n n
using adjoint-dim-col adjoint-dim-row by blast

lemma adjoint-def:
adjoint A = mat (dim-col A) (dim-row A) (A(4,j). conjugate (A $$ (j,7)))
unfolding mat-adjoint-def mat-of-rows-def by auto

lemma adjoint-eval:



assumes | < dim-col A j < dim-row A
shows (adjoint A) $$ (i,7) = conjugate (A $$ (j,7))
using assms by (simp add: adjoint-def)

lemma adjoint-row:
assumes i < dim-col A
shows row (adjoint A) i = conjugate (col A )
apply (rule eg-vecl)
using assms by (auto simp add: adjoint-eval)

lemma adjoint-col:
assumes i < dim-row A
shows col (adjoint A) i = conjugate (row A i)
apply (rule eq-vecl)
using assms by (auto simp add: adjoint-eval)

The identity <v, A w> = <A* v, w>

lemma adjoint-def-alter:
fixes v w :: 'a::conjugatable-field vec
and A :: 'a::conjugatable-field mat
assumes dims: v € carrier-vec n w € carrier-vec m A € carrier-mat n m
shows inner-prod v (A %, w) = inner-prod (adjoint A *, v) w (is ?lhs = ?rhs)
proof —
from dims have ?lhs = (Y i=0..<dim-vec v. (> j=0..<dim-vec w.
conjugate (v$i) * A$$(i, j) * w$j))
apply (simp add: scalar-prod-def sum-distrib-right )
apply (rule sum.cong, simp)
apply (rule sum.cong, auto)

done

moreover from assms have ?rhs = (> i=0..<dim-vec v. (}_ j=0..<dim-vec w.

conjugate (v8i) x A$$(4, 7) * w$j))
apply (simp add: scalar-prod-def adjoint-eval
sum-conjugate conjugate-dist-mul sum-distrib-left)

apply (subst sum.swap[where ?4 = {0..<n}])
apply (rule sum.cong, simp)
apply (rule sum.cong, auto)
done

ultimately show ?thesis by simp

qed

lemma adjoint-one:
shows adjoint (1,, n) = (1,, n:complex mat)
apply (rule eq-matl)
by (auto simp add: adjoint-eval)

lemma adjoint-scale:
fixes A :: ‘a::conjugatable-field mat
shows adjoint (a -, A) = (conjugate a) -, adjoint A
apply (rule eg-matl) using conjugatable-ring-class.conjugate-dist-mul



by (auto simp add: adjoint-eval)

lemma adjoint-add:
fixes A B :: 'a::conjugatable-field mat
assumes A € carrier-mat n m B € carrier-mat n m
shows adjoint (A + B) = adjoint A + adjoint B
apply (rule eq-matl)
using assms conjugatable-ring-class.conjugate-dist-add
by( auto simp add: adjoint-eval)

lemma adjoint-minus:
fixes A B :: 'a::conjugatable-field mat
assumes A € carrier-mat n m B € carrier-mat n m
shows adjoint (A — B) = adjoint A — adjoint B
apply (rule eq-matl)
using assms apply(auto simp add: adjoint-eval)
by (metis add-uminus-conv-diff conjugate-dist-add conjugate-neg)

lemma adjoint-mult:
fixes A B :: 'a::conjugatable-field mat
assumes A € carrier-mat n m B € carrier-mat m [
shows adjoint (A x B) = adjoint B * adjoint A
proof (rule eqg-matl, auto simp add: adjoint-eval adjoint-row adjoint-col)
fix ij
assume i < dim-col B j < dim-row A
show conjugate (row A j - col B i) = conjugate (col B i) - conjugate (row A j)
using assms apply (simp add: conjugate-scalar-prod)
apply (subst comm-scalar-prod[where n=dim-row B])
by (auto simp add: carrier-vecl)
qed

lemma adjoint-adjoint:
fixes A :: ‘a::conjugatable-field mat
shows adjoint (adjoint A) = A
by (rule eg-matl, auto simp add: adjoint-eval)

lemma trace-adjoint-positive:
fixes A :: complex mat
shows trace (A x adjoint A) > 0
apply (auto simp add: trace-def adjoint-col)
apply (rule sum-nonneg) by auto

1.5 Algebraic manipulations on matrices

lemma right-add-zero-mat|simp]:
(A :: 'a :: monoid-add mat) € carrier-mat nr nc = A + 0, nrnc = A
by (intro eqg-matl, auto)

lemma add-carrier-mat":



A € carrier-mat nr nc = B € carrier-mat nr nc = A + B € carrier-mat nr
ne
by simp

lemma minus-carrier-mat":

A € carrier-mat nr nc = B € carrier-mat nr nc = A — B € carrier-mat nr
ne

by auto

lemma swap-plus-mat:
fixes A B C :: 'a::semiring-1 mat
assumes A € carrier-mat n n B € carrier-mat n n C € carrier-mat n n
shows A+ B+ C=A+ C+ B
by (metis assms assoc-add-mat comm-add-mat)

lemma uminus-mat:
fixes A :: complex mat
assumes A € carrier-mat n n
shows -4 =(—-1) -, A
by auto

ML-file mat-alg. ML
method-setup mat-assoc = (mat-assoc-method»
Normalization of expressions on matrices

lemma mat-assoc-test:

fixes A B C D :: complex mat

assumes A € carrier-mat n n B € carrier-mat n n C € carrier-mat n n D €

carrier-mat n n

shows
(A*B)«(C*D)=AxBx*CxD
adjoint (A = adjoint B) x C = B * (adjoint A x C)
Ax 1, nx1, nxBx1, n=Ax%xB
(A—-B)+ (B-C)=A+(-B)+ B+ (-0)
A+ (B-C)=A+B-C
A-(B+C+D)=A-B-C-D
(A+B)*x(B+(C)=A*xB+Bx«xB+Ax(C+ BxC
A-—B=A+(-1)-n B
Ax(B—C)*D=Ax«xBxD—AxC=xD
trace (A « B x C) = trace (B x C x A)
trace (A * B x C x D) = trace (C x D x A x B)
trace (A + B *x C) = trace A + trace (C' % B)
A+ B=B+ A
A+B+C=C+B+ A4
A+ B+ (C+D)=A+ C+ (B+ D)

using assms by (mat-assoc n)+
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1.6 Hermitian matrices

A Hermitian matrix is a matrix that is equal to its Hermitian adjoint.

definition hermitian :: 'a::conjugatable-field mat = bool where
hermitian A <— (adjoint A = A)

lemma hermitian-one:
shows hermitian ((1,, n)::(‘a::conjugatable-field mat))
unfolding hermitian-def
proof—
have conjugate (1::'a) = 1
apply (subst mult-1-right[symmetric, of conjugate 1))
apply (subst conjugate-id[symmetric, of conjugate 1 * 1])
apply (subst conjugate-dist-mul)
apply auto
done
then show adjoint ((1,, n):(‘a::conjugatable-field mat)) = (1,, n)
by (auto simp add: adjoint-eval)
qed

1.7 Inverse matrices

lemma inverts-mat-symm:
fixes A B :: 'a::field mat
assumes dim: A € carrier-mat n n B € carrier-mat n n
and AB: inverts-mat A B
shows inverts-mat B A
proof —
have A x B = 1,, n using dim AB unfolding inverts-mat-def by auto
with dim have B * A = 1,, n by (rule mat-mult-left-right-inverse)
then show inverts-mat B A using dim inverts-mat-def by auto
qed

lemma inverts-mat-unique:
fixes A B C :: 'a::field mat
assumes dim: A € carrier-mat n n B € carrier-mat n n C € carrier-mat n n
and AB: inverts-mat A B and AC: inverts-mat A C
shows B = C
proof —
have AB1: A * B = 1,, n using AB dim unfolding inverts-mat-def by auto
have A x C' = 1,, n using AC dim unfolding inverts-mat-def by auto
then have CA1: C x A = 1, n using mat-mult-left-right-inverse[of A n C] dim

by auto
then have C' = C x 1, n using dim by auto
also have ... = C x (A = B) using ABI by auto
also have ... = (C % A) x B using dim by auto
also have ... = 1,, n x B using CAI by auto
also have ... = B using dim by auto

finally show B = C ..

11



qed

1.8 Unitary matrices

A unitary matrix is a matrix whose Hermitian adjoint is also its inverse.

definition unitary :: 'a::conjugatable-field mat = bool where

unitary A <— A € carrier-mat (dim-row A) (dim-row A) A inverts-mat A (adjoint
4)

lemma unitaryD2:
assumes A € carrier-mat n n
shows unitary A = inverts-mat (adjoint A) A
using assms adjoint-dim inverts-mat-symm unitary-def by blast

lemma unitary-simps [simp]:
A € carrier-mat n n = unitary A = adjoint A x A =1, n
A € carrier-mat n n = unitary A = A % adjoint A = 1,, n
apply (metis adjoint-dim-row carrier-matD(2) inverts-mat-def unitaryD2)
by (simp add: inverts-mat-def unitary-def)

lemma unitary-adjoint [simp]:

assumes A € carrier-mat n n unitary A

shows unitary (adjoint A)

unfolding unitary-def

using adjoint-dim[OF assms(1)] assms by (auto simp add: unitaryD2[OF assms]
adjoint-adjoint)

lemma unitary-one:
shows unitary ((1,, n):('a:conjugatable-field mat))
unfolding unitary-def
proof —
define I where I-def[simp]: I = ((1,, n)::('a::conjugatable-field mat))
have dim: I € carrier-mat n n by auto
have hermitian I using hermitian-one by auto
hence adjoint I = I using hermitian-def by auto
with dim show I € carrier-mat (dim-row I) (dim-row I) A inverts-mat I (adjoint
1)
unfolding inverts-mat-def using dim by auto
qed

lemma unitary-zero:
fixes A :: 'a::conjugatable-field mat
assumes A € carrier-mat 0 0
shows unitary A
unfolding unitary-def inverts-mat-def Let-def using assms by auto

lemma unitary-elim:

assumes dims: A € carrier-mat n n B € carrier-mat n n P € carrier-mat n n
and uP: unitary P and eq: P x A * adjoint P = P x B * adjoint P

12



shows A = B
proof —

have dimaP: adjoint P € carrier-mat n n using dims by auto

have : inverts-mat P (adjoint P) using uP unitary-def by auto

then have P x (adjoint P) = 1,, n using inverts-mat-def dims by auto

then have aPP: adjoint P * P = 1,, n using mat-mult-left-right-inverse| OF
dims(8) dimaP)] by auto

have adjoint P x (P * A % adjoint P) * P = (adjoint P x P) x A x (adjoint P

* P)
using dims dimaP by (mat-assoc n)
also have ... = 1,, n * A *x 1,, n using aPP by auto
also have ... = A using dims by auto

finally have eqA: A = adjoint P x (P * A % adjoint P) x P ..

have adjoint P x (P * B x adjoint P) x P = (adjoint P x P) * B * (adjoint P
* P)

using dims dimaP by (mat-assoc n)

also have ... = 1,, n * B x 1, n using aPP by auto

also have ... = B using dims by auto

finally have e¢B: B = adjoint P x (P x B x adjoint P) * P ..

then show “thesis using eqA eqB eq by auto
qed

lemma unitary-is-corthogonal:
fixes U :: 'a::conjugatable-field mat
assumes dim: U € carrier-mat n n
and U: unitary U
shows corthogonal-mat U
unfolding corthogonal-mat-def Let-def
proof (rule conjI)
have dima: adjoint U € carrier-mat n n using dim by auto
have aUU: mat-adjoint U * U = (1,, n)
apply (insert Ulunfolded unitary-def] dim dima, drule conjunct2)
apply (drule inverts-mat-symmlof U, OF dim dima), unfold inverts-mat-def,
auto)
done
then show diagonal-mat (mat-adjoint U * U)
by (simp add: diagonal-mat-def)
show Vi<dim-col U. (mat-adjoint U x U) $$ (i, i) # 0 using dim by (simp
add: aUU)
qed

lemma unitary-times-unitary:
fixes P Q :: 'a:: conjugatable-field mat
assumes dim: P € carrier-mat n n ) € carrier-mat n n
and uP: unitary P and uQ: unitary Q
shows unitary (P * Q)
proof —
have dim-pq: P * Q € carrier-mat n n using dim by auto
have (P x Q) * adjoint (P x Q) = P * (Q x adjoint Q) * adjoint P using dim

13



by (mat-assoc n)

also have ... = P x (1,, n) * adjoint P using u@ dim by auto
also have ... = P x adjoint P using dim by (mat-assoc n)
also have ... = 1,, n using uP dim by simp

finally have (P x Q) * adjoint (P x Q) = 1,, n by auto
hence inverts-mat (P x Q) (adjoint (P x Q))
using inverts-mat-def dim-pq by auto
thus unitary (Px(Q) using unitary-def dim-pq by auto
qed

lemma unitary-operator-keep-trace:

fixes U A :: complex mat

assumes dU: U € carrier-mat n n and dA: A € carrier-mat n n and u: unitary
U

shows trace A = trace (adjoint U x A x U)
proof —

have u”: U * adjoint U = 1,, n using u unfolding unitary-def inverts-mat-def
using dU by auto

have trace (adjoint U * A x U) = trace (U * adjoint U * A) using dU dA by
(mat-assoc n)

also have ... = trace A using u’ dA by auto
finally show ?thesis by auto
qed

1.9 Normalization of vectors

definition vec-norm :: complex vec = complex where
vec-norm v = csqrt (v -c v)

lemma vec-norm-geq-0:
fixes v :: complex vec
shows vec-norm v > 0
unfolding vec-norm-def by (insert self-cscalar-prod-geq-0[of v], simp add: less-eq-complez-def)

lemma vec-norm-zero:
fixes v :: complex vec
assumes dim: v € carrier-vec n
shows vec-norm v =0 +— v =0, n
unfolding vec-norm-def
by (subst conjugate-square-eq-0-vec| OF dim, symmetric], rule csqrt-eq-0)

lemma vec-norm-ge-0:
fixes v :: complex vec
assumes dim-v: v € carrier-vec n and neq0: v # 0, n
shows vec-norm v > 0
proof —
have geq: vec-norm v > 0 using vec-norm-geq-0 by auto
have neq: vec-norm v # 0
apply (insert dim-v neq0)
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apply (drule vec-norm-zero, auto)
done
show ?thesis using neq geq by (rule dual-order.not-eg-order-implies-strict)
qed

definition vec-normalize :: complex vec = complex vec where
vec-normalize v = (if (v = 0, (dim-vec v)) then v else 1 / (vec-norm v) -, v)

lemma normalized-vec-dim[simp):
assumes (v::complex vec) € carrier-vec n
shows vec-normalize v € carrier-vec n
unfolding vec-normalize-def using assms by auto

lemma vec-eq-norm-smult-normalized:
shows v = vec-norm v -, vec-normalize v
proof (cases v = 0, (dim-vec v))
define n where n = dim-vec v
then have dimv: v € carrier-vec n by auto
then have dimnv: vec-normalize v € carrier-vec n by auto
{
case True
then have v0: v = 0, n using n-def by auto
then have n0: vec-norm v = 0 using vec-norm-def by auto
have vec-norm v -, vec-normalize v = 0, n
unfolding smult-vec-def by (auto simp add: n0 carrier-vecD|OF dimnv))
then show “thesis using v0 by auto
next
case Fulse
then have v: v # 0, n using n-def by auto
then have ge0: vec-norm v > 0 using vec-norm-ge-0 dimv by auto
have vec-normalize v = (1 / vec-norm v) -, v using False vec-normalize-def
by auto
then have vec-norm v -, vec-normalize v = (vec-norm v x (1 / vec-norm v))
—
using smult-smult-assoc by auto
also have ... = v using ge0 by auto
finally have v = vec-norm v -, vec-normalize v..
then show v = vec-norm v -, vec-normalize v using v by auto

}
qed

lemma normalized-cscalar-prod:

fixes v w :: complex vec

assumes dim-v: v € carrier-vec n and dim-w: w € carrier-vec n

shows v -¢ w = (vec-norm v * vec-norm w) * (vec-normalize v -c vec-normalize
w)

unfolding vec-normalize-def apply (split if-split, split if-split)
proof (intro conjl impl)

note dim0 = dim-v dim-w
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have dim: dim-vec v = n dim-vec w = n using dim0 by auto
{
assume w =0, nv =0, n
then have lhs: v -c w = 0 by auto
then moreover have rhs: vec-norm v * vec-norm w * (v -¢ w) = 0 by auto
ultimately have v -¢c w = vec-norm v x vec-norm w x (v -¢ w) by auto
}
with dim show w = 0, (dim-vec w) = v = 0, (dim-vec v) = v ¢ w =
vec-norm v * vec-norm w * (v -¢ w) by auto
{
assume asm: w = 0, nv # 0, n
then have w0: conjugate w = 0, n by auto
with dim0 have (1 / vec-norm v -, v) ¢ w = 0 by auto
then moreover have rhs: vec-norm v * vec-norm w * ((1 / vec-norm v -, v)
-c w) = 0 by auto
moreover have v -c w = 0 using w0 dim0 by auto
ultimately have v -¢c w = vec-norm v * vec-norm w * ((1 / vec-norm v -, v)
-c w) by auto

with dim show w = 0, (dim-vec w) = v # 0, (dim-vec v) = v -c w =
vec-norm v * vec-norm w * ((1 / vec-norm v -, v) -c w) by auto
{
assume asm: w # 0, nv = 0, n
with dim0 have v -¢ (1 / vec-norm w -, w) = 0 by auto
then moreover have rhs: vec-norm v * vec-norm w * (v -¢ (1 / vec-norm w
» w)) = 0 by auto
moreover have v -c w = 0 using asm dim0 by auto
ultimately have v -¢c w = vec-norm v * vec-norm w * (v «¢ (1 / vec-norm w
» w)) by auto

with dim show w # 0, (dim-vec w) = v = 0, (dim-vec v) = v ¢ w =
vec-norm v * vec-norm w * (v -¢ (1 / vec-norm w -, w)) by auto
{
assume asmw: w # 0, n and asmv: v # 0, n
have vec-norm w > 0 by (insert asmw dim0, rule vec-norm-ge-0, auto)
then have cw: conjugate (1 / vec-norm w) = 1 / vec-norm w
by (simp add: complez-eq-iff complex-is-Real-iff less-complex-def)
from dim0 have
((1 / vec-norm v «, v) +¢ (1 / vec-norm w -, w)) = 1 [ vec-norm v * (v ¢
(1 / vec-norm w -, w)) by auto
also have ... = 1 / vec-norm v x (v + (conjugate (1 | vec-norm w) -, conjugate
w))

by (subst conjugate-smult-vec, auto)

also have ... = 1 / vec-norm v * conjugate (1 / vec-norm w) * (v - conjugate
w) using dim by auto
also have ... = 1 / vec-norm v * (1 / vec-norm w) x (v -¢ w) using

vec-norm-ge-0 cw by auto
finally have eql: (1 / vec-norm v -, v) ¢ (I / vec-norm w -, w) = 1 /
vec-norm v * (1 ]/ vec-norm w) * (v <c w) .
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then have vec-norm v * vec-norm w * ((1 / vec-norm v -, v) ¢ (1 / vec-norm
W w)) = (v-cw)
by (subst eql, insert vec-norm-ge-0[of v n, OF dim-v asmv] vec-norm-ge-0[of
w n, OF dim-w asmw], auto)

with dim show w # 0, (dim-vec w) = v # 0, (dim-vec v) = v ¢ w =
vec-norm v * vec-norm w x ((1 / vec-norm v -, v) ¢ (1 / vec-norm w -, w)) by
auto
qed

lemma normalized-vec-norm :
fixes v :: complex vec
assumes dim-v: v € carrier-vec n
and neq0: v # 0, n
shows vec-normalize v -c vec-normalize v = 1
unfolding vec-normalize-def
proof (simp, rule conjI)
show v = 0, (dim-vec v) — v -c v = 1 using neq0 dim-v by auto
have dim-a: (vec-normalize v) € carrier-vec n conjugate (vec-normalize v) €
carrier-vec n using dim-v vec-normalize-def by auto
note dim = dim-v dim-a
have nwvge0: vec-norm v > 0 using vec-norm-ge-0 neq0 dim-v by auto
then have vvvv: v -¢c v = (vec-norm v) * (vec-norm v) unfolding vec-norm-def
by (metis power2-csqrt power2-eq-square)
from nvge0 have conjugate (vec-norm v) = vec-norm v
by (simp add: complex-eq-iff complex-is-Real-iff less-complex-def)
then have v -¢ (I / vec-norm v -, v) = 1 / vec-norm v * (v +c v)
by (subst conjugate-smult-vec, auto)
also have ... = 1 / vec-norm v x vec-norm v % vec-norm v using vovv by auto
also have ... = vec-norm v by auto
finally have v -¢ (I / vec-norm v -, v) = vec-norm v.
then show v # 0, (dim-vec v) — vec-norm v # 0 A v +¢ (1 | vec-norm v -,
v) = vec-norm v
using neq0 nvgel by auto
qed

lemma normalize-zero:
assumes v € carrier-vec n
shows vec-normalize v = 0, n <— v =0, n
proof
show v = 0, n = vec-normalize v = 0, n unfolding vec-normalize-def by
auto
next
have v # 0, n = vec-normalize v # 0, n unfolding vec-normalize-def
proof (simp, rule impl)
assume asm: v # 0, n
then have vec-norm v > 0 using vec-norm-ge-0 assms by auto
then have nvge0: 1 / vec-norm v > 0 by (simp add: complezx-is-Real-iff
less-complex-def)
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have 3k < n. v $ k # 0 using asm assms by auto
then obtain & where kn: k < n and vkneq0: v $ k # 0 by auto
then have (I / vec-norm v -, v) $ k = (1 / vec-norm v) = (v $ k)
using assms carrier-vecD index-smult-vec(1) by blast

with nuge0 vkneq0 have (1 / vec-norm v -, v) $ k # 0 by auto
then show 1 / vec-norm v -, v # 0, n using assms kn by fastforce

qed

then show vec-normalize v = 0, n = v = 0, n by auto

qed

lemma normalize-normalize[simp:
vec-normalize (vec-normalize v) = vec-normalize v
proof (rule disjE[of v = 0, (dim-vec v) v # 0, (dim-vec v)], auto)
let ?n = dim-vec v
{
assume v = 0, ?n
then have vec-normalize v = v unfolding vec-normalize-def by auto
then show vec-normalize (vec-normalize v) = vec-normalize v by auto
}
assume neq0: v # 0, n
have dim: v € carrier-vec ?n by auto
have vec-norm (vec-normalize v) = 1 unfolding vec-norm-def
using normalized-vec-norm[OF dim neq0] by auto
then show vec-normalize (vec-normalize v) = vec-normalize v
by (subst (1) vec-normalize-def, simp)
qged

1.10 Spectral decomposition of normal complex matrices

lemma normalize-keep-corthogonal:
fixes vs :: complex vec list
assumes cor: corthogonal vs and dims: set vs C carrier-vec n
shows corthogonal (map vec-normalize vs)
unfolding corthogonal-def
proof (rule alll, rule impl, rule alll, rule impl, goal-cases)
case c: (11j)
let ?m = length vs
have len: length (map vec-normalize vs) = ?m by auto
have dim: Nk. k < #m = (vs | k) € carrier-vec n using dims by auto
have map: N\k. k < #m = map vec-normalize vs | k = vec-normalize (vs ! k)
by auto

have eql: N\jk. j < fm = k < ?m = ((vs ! j) «c (vs k) =0) = (j #k)
using assms unfolding corthogonal-def by auto
then have Ak. k < fm = (vs ! k) -c (vs | k) # 0 by auto
then have Ak. £ < om = (vs ! k) # (0, n) using dim
by (auto simp add: conjugate-square-eq-0-vec[of - n, OF dim])
then have vnneq0: Ak. k < ?m = vec-norm (vs | k) # 0 using vec-norm-zero[OF
dim] by auto
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then have 0: vec-norm (vs ! 7) # 0 and j0: vec-norm (vs ! j) # 0 using ¢ by
auto

have (vs ! ¢) ¢ (vs! j) = vec-norm (vs ! i) x vec-norm (vs | j) * (vec-normalize
(vs ! %) -c vec-normalize (vs ! j))

by (subst normalized-cscalar-prod|of vs ! i n vs ! j], auto, insert dim ¢, auto)

with {0 j0 have (vec-normalize (vs ! ©) -¢ vec-normalize (vs ! j) = 0) = ((vs !
i) «c (vs!j) = 0) by auto

with eq! ¢ have (vec-normalize (vs ! i) ¢ vec-normalize (vs ! j) = 0) = (i # j)
by auto

with map ¢ show (map vec-normalize vs ! i -c map vec-normalize vs | j = 0) =
(i # j) by auto
qed

lemma normalized-corthogonal-mat-is-unitary:
assumes W: set ws C carrier-vec n
and orth: corthogonal ws
and len: length ws = n
shows unitary (mat-of-cols n (map vec-normalize ws)) (is unitary ?W)
proof —
define vs where vs = map vec-normalize ws
define W where W = mat-of-cols n vs
have W' set vs C carrier-vec n using assms vs-def by auto
then have W' Ak. k < length vs = vs | k € carrier-vec n by auto
have orth’: corthogonal vs using assms normalize-keep-corthogonal vs-def by
auto
have len'[simp]: length vs = n using assms vs-def by auto
have dimW: W € carrier-mat n n using W-def len by auto
have adjoint W € carrier-mat n n using dimW by auto
then have dimaW: mat-adjoint W € carrier-mat n n by auto
{
fix ijassume i: i < nand j: j < n
have dimws: (ws ! i) € carrier-vec n (ws ! j) € carrier-vec n using Wlen i j
by auto
have (ws!7) «c (ws! i) # 0 (ws!j) -c (ws!j) # 0 using orth corthogonal-def|of
ws] len i j by auto
then have neq0: (ws ! 4) # 0, n (ws! j) # 0, n
by (auto simp add: conjugate-square-eq-0-vec[of ws ! i n])
then have vec-norm (ws ! ¢) > 0 vec-norm (ws! j) > 0 using vec-norm-ge-0
dimws by auto
then have ge0: vec-norm (ws ! ©) x vec-norm (ws ! j) > 0 by (auto simp:
less-complex-def)
have ws’”: vs | i = vec-normalize (ws ! 7)
vs | j = vec-normalize (ws ! j)
using len i j vs-def by auto
have ii1: (vs! i) -c (vs! i) =1
apply (simp add: ws’)
apply (rule normalized-vec-norm|[of ws ! i], rule dimws, rule neq0)
done
have 4j0: i # j = (ws ! %) -c (ws!j) = 0 using i j
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by (insert orth, auto simp add: corthogonal-def[of ws] len)
have i # j = (ws ! ©) -c (ws!j) = (vec-norm (ws! ) * vec-norm (ws ! 7))
* ((vs!1)-c(vs!j))
apply (auto simp add: ws’)
apply (rule normalized-cscalar-prod)
apply (rule dimws, rule dimuws)
done
with 40 have ij0" i # j = (vs ! i) -c (vs ! j) = 0 using ge0 by auto
have ¢Wk: N\k. k < n = col Wk = vs | k unfolding W-def
apply (subst col-mat-of-cols)
apply (auto simp add: W'
done
have (mat-adjoint W « W) $$ (4, i) = row (mat-adjoint W) j - col W i
by (insert dimW i j dimaW, auto)
also have ... = conjugate (col W j) - col Wi
by (insert dimW i j dimaW, auto simp add: mat-adjoint-def)
also have ... = col Wi - conjugate (col W j) using comm-scalar-prod[of col
W in] dimW by auto
also have ... = (vs ! i) -c (vs ! j) using W-def col-mat-of-cols i j len ¢cWk by
auto
finally have (mat-adjoint W x W) $$ (j, )
then have (mat-adjoint W x W) $$ (4, i) =
by (auto simp add: il ij0")
}

note maWW = this

then have mat-adjoint W x« W = 1, n unfolding one-mat-def using dimW
dimaW

by (auto simp add: maWW adjoint-def)

then have v0: adjoint W x W = 1,, n by auto

have dimaW: adjoint W € carrier-mat n n using dimaW by auto

then have wi1: W x adjoint W = 1,, n using mat-mult-left-right-inverse dim W
w0 by auto

then show unitary W unfolding unitary-def inverts-mat-def using dimW di-
maW w0 ivl by auto
qed

(vs14) -c (vs! 7).

(4, 1) =
i (if (j = 1) then 1 else 0)

) )

lemma normalize-keep-eigenvector:
assumes ev: eigenvector A v e
and dim: A € carrier-mat n n v € carrier-vec n
shows eigenvector A (vec-normalize v) e
unfolding eigenvector-def
proof
show vec-normalize v € carrier-vec (dim-row A) using dim by auto
have eg: A %, v = e -, v using ev dim eigenvector-def by auto
have vneq0: v # 0, n using ev dim unfolding eigenvector-def by auto
then have s0: vec-normalize v # 0, n
by (insert dim, subst normalize-zero[of v], auto)
from wvneq0 have vvge0: vec-norm v > 0 using vec-norm-ge-0 dim by auto
have s1: A %, vec-normalize v = e -, vec-normalize v unfolding vec-normalize-def
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using wvneq0 dim
apply (auto, simp add: mult-mat-vec)
apply (subst eg, auto)
done
with s0 dim show vec-normalize v # 0, (dim-row A) A A x, vec-normalize v =
e -, vec-normalize v by auto
qed

lemma four-block-mat-adjoint:
fixes A B C D :: 'a::conjugatable-field mat
assumes dim: A € carrier-mat nrl ncl B € carrier-mat nrl nc2
C € carrier-mat nr2 ncl D € carrier-mat nr2 nc2
shows adjoint (four-block-mat A B C' D)
= four-block-mat (adjoint A) (adjoint C) (adjoint B) (adjoint D)
by (rule eqg-matl, insert dim, auto simp add: adjoint-eval)

fun unitary-schur-decomposition :: complex mat = complex list = complex mat X
complexr mat x complex mat where
unitary-schur-decomposition A || = (4, 1., (dim-row A), 1., (dim-row A))
| unitary-schur-decomposition A (e # es) = (let
n = dim-row A;
nl =n— 1;
v’ = find-eigenvector A e;
v = vec-normalize v’
wsO = gram-schmidt n (basis-completion v);
ws = map vec-normalize ws0;
W = mat-of-cols n ws;
W' = corthogonal-inv W;
A= W'x Ax W,
(A1,A2,A0,A3) = split-block A’ 1 1;
(B,P,Q) = unitary-schur-decomposition A3 es;
z-row = (0, 1 nl1);
z-col = (0, n1 1);
one-1 = 1,, 1
in (four-block-mat A1 (A2 x P) A0 B,
W x four-block-mat one-1 z-row z-col P,
four-block-mat one-1 z-row z-col @ * W'))

theorem unitary-schur-decomposition:
assumes A: (A::complex mat) € carrier-mat n n
and c: char-poly A = ([] (e :: complex) < es. [:— e, 1:])
and B: unitary-schur-decomposition A es = (B,P,Q)
shows similar-mat-wit A B P Q N upper-triangular B A diag-mat B = es A
unitary P A (Q = adjoint P)
using assms
proof (induct es arbitrary: n A B P Q)
case Nil
with degree-monic-char-polylof A n]
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show ?case by (auto intro: similar-mat-wit-refl simp: diag-mat-def unitary-zero)
next
case (Conseesn A CP Q)
let on1 =n — 1
from Cons have A: A € carrier-mat n n and dim: dim-row A = n by auto
let ?cp = char-poly A
from Cons(3)
have cp: 7%cp = [: —e, 1 :] * (][] e < es. [— e, 1:]) by auto
have mon: monic ([] e« es. [:— e, 1:]) by (rule monic-prod-list, auto)
have deg: degree ?cp = Suc (degree (][] e« es. [:— e, 1:])) unfolding cp
by (subst degree-mult-eq, insert mon, auto)
with degree-monic-char-poly|OF A] have n: n # 0 by auto
define v’ where v’ = find-eigenvector A e
define v where v = vec-normalize v’
define b where b = basis-completion v
define ws0 where ws0 = gram-schmidt n b
define ws where ws = map vec-normalize ws0
define W where W = mat-of-cols n ws
define W’ where W' = corthogonal-inv W
define A’ where A’ = W' x A x W
obtain A1 A2 A0 A3 where splitA”: split-block A’ 1 1 = (A1,A2,40,A3)
by (cases split-block A’ 1 1, auto)
obtain B P’ Q' where schur: unitary-schur-decomposition A3 es = (B,P’,Q")
by (cases unitary-schur-decomposition A3 es, auto)
let P’ = four-block-mat (1., 1) (0p, 1 ?n1) (0, %nl 1) P’
let ?Q’ = four-block-mat (1, 1) (0 1 ?n1) (0 201 1) Q'
have C: C = four-block-mat A1 (A2 * P") A0 Band P: P= W % P’ and Q:
Q=72Q W’
using Cons(4) unfolding unitary-schur-decomposition.simps
Let-def list.sel dim
v’-def[symmetric] v-def[symmetric] b-def[symmetric] ws0-def[symmetric] ws-def[symmetric]
W'-def[symmetric] W-def[symmetric]
A'-def[symmetric] split splitA" schur by auto
have e: eigenvalue A e
unfolding eigenvalue-root-char-poly[OF A] cp by simp
from find-eigenvector[OF A e] have ev”: eigenvector A v’ e unfolding v’-def .
then have v’ € carrier-vec n unfolding eigenvector-def using A by auto
with ev’ have ev: eigenvector A v e unfolding v-def using A dim normal-
ize-keep-eigenvector by auto
from this[unfolded eigenvector-def]
have v[simp|: v € carrier-vec n and v0: v # 0, n using A by auto
interpret cof-vec-space n TYPE(complex) .
from basis-completion[OF v v0, folded b-def)
have span-b: span (set b) = carrier-vec n and dist-b: distinct b
and indep: — lin-dep (set b) and b: set b C carrier-vec n and hdb: hd b = v
and len-b: length b = n by auto
from hdb len-b n obtain vs where bv: b = v # vs by (cases b, auto)
from gram-schmidt-result|OF b dist-b indep refl, folded ws0-def]
have ws0: set ws0 C carrier-vec n corthogonal ws0 length ws0 = n
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by (auto simp: len-b)
then have ws: set ws C carrier-vec n corthogonal ws length ws = n unfolding
ws-def
using normalize-keep-corthogonal by auto
have wsOne: ws0 # [] using <length ws0 = n» n by auto
from gram-schmidt-hd[OF v, of vs, folded bv] have hdws0: hd ws0 = (vec-normalize
v’) unfolding ws0-def v-def .
have hd ws = wvec-normalize (hd ws0) unfolding ws-def using hd-map[OF
wsOne] by auto
then have hdws: hd ws = v unfolding v-def using normalize-normalize[of v’
hdws0 by auto
have orth-W: corthogonal-mat W using orthogonal-mat-of-cols ws unfolding
W-def.
have W: W € carrier-mat n n
using ws unfolding W-def using mat-of-cols-carrier(1)[of n ws] by auto
have W' W' e carrier-mat n n unfolding W'-def corthogonal-inv-def using
w
by (auto simp: mat-of-rows-def)
from corthogonal-inv-result| OF orth- W]
have W'W: inverts-mat W’ W unfolding W'-def .
hence WW' inverts-mat W W' using mat-mult-left-right-inverse[OF W' W]
W' W
unfolding inverts-mat-def by auto
have A”: A’ € carrier-mat n n using W W’ A unfolding A’-def by auto
have A’A-wit: similar-mat-wit A’ A W' W
by (rule similar-mat-witI[of - - n], insert W W' A A’ W'W WW', auto simp:
A'-def
inverts-mat-def)
hence A’A: similar-mat A’ A unfolding similar-mat-def by blast
from similar-mat-wit-sym[OF A’A-wit] have simAA": similar-mat-wit A A" W
W' by auto
have eigen[simp]: A x, v =¢e -, vand v0: v # 0, n
using v-def v’-def find-eigenvector[OF A e] A normalize-keep-eigenvector
unfolding eigenvector-def by auto
let ?f = (A 4. if i = 0 then e else 0)
have col0: col A’ 0 = vec n ?f
unfolding A’-def W'-def W-def
using corthogonal-col-ev-0[OF A v v0 eigen n hdws ws].
from A’ n have dim-row A’ = 1 + nl dim-col A’ = 1 + ?nl by auto
from split-block|OF splitA’ this] have A2: A2 € carrier-mat 1 ?nl
and A3: A3 € carrier-mat ?nl ?nl
and A'block: A’ = four-block-mat A1 A2 A0 A3 by auto
have Atlid: A1l =mat 11 (X - e)
using splitA’[unfolded split-block-def Let-def] arg-cong[OF col0, of X\ v. v $ 0]
A'n
by (auto simp: col-def)
have A1: A1 € carrier-mat 1 1 unfolding A1id by auto

{
fix 7
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assume i < nl
with arg-cong|OF col0, of X\ v. v § Suc i] A’
have 4’ $$ (Suc i, 0) = 0 by auto
} note A'0 = this
have AQid: A0 = 0,, ?nl 1
using splitA’[unfolded split-block-def Let-def] A'0 A’ by auto
have A0: A0 € carrier-mat %n1 1 unfolding A0id by auto
from cp char-poly-similar[OF A’A]
have cp: char-poly A’ = [: —e,1 :] * (] e « es. [:— e, 1:]) by simp
also have char-poly A’ = char-poly A1 % char-poly A3
unfolding A’block A0id
by (rule char-poly-four-block-zeros-col[OF A1 A2 A3])
also have char-poly A1 = [: —e,1 ]
by (simp add: Alid char-poly-defs det-def)
finally have cp: char-poly A3 = ([ e + es. [i— e, 13])
by (metis mult-cancel-left pCons-eq-0-iff zero-neg-one)
from Cons(1)[OF A3 cp schur]
have simIH: similar-mat-wit A3 B P’ Q' and ut: upper-triangular B and diag:
diag-mat B = es
and uP’: unitary P’ and Q'P": Q' = adjoint P’
by auto
from similar-mat-witD2[OF A3 simIH]
have B: B € carrier-mat ?nl ?nl and P’ P’ € carrier-mat ?nl1 ?nl and Q’:
Q' € carrier-mat ?nl ?nl
and PQ" P'x Q' = 1,, ?nl by auto
have A0-eq: A0 = P’ x A0 % 1,, 1 unfolding A0id using P’ by auto
have simA’C: similar-mat-wit A’ C 2P’ 2Q’ unfolding A’block C
by (rule similar-mat-wit-four-block|OF similar-mat-wit-refl| OF A1] simIH -
AQ-eq A1 A3 A0],
insert PQ' A2 P’ Q', auto)
have ut!: upper-triangular A1 unfolding Alid by auto
have ut: upper-triangular C' unfolding C A0id
by (intro upper-triangular-four-block[OF - B utl ut], auto simp: Alid)
from Alid have diagA1: diag-mat A1 = [e] unfolding diag-mat-def by auto
from diag-four-block-mat|OF A1 B] have diag: diag-mat C = e # es unfolding
diag diagA1 C by simp

have aW: adjoint W € carrier-mat n n using W by auto

have a W' adjoint W' € carrier-mat n n using W' by auto

have unitary W using W-def ws-def ws0 normalized-corthogonal-mat-is-unitary
by auto

then have iwWaW: inverts-mat W (adjoint W) using unitary-def W aW by
auto

with WW' have W/'aW: W' = (adjoint W) using inverts-mat-unique W W'
aW by auto

then have adjoint W' = W using adjoint-adjoint by auto

with wWaW have inverts-mat W' (adjoint W') using inverts-mat-symm W
aW W'aW by auto

then have unitary W' using unitary-def W' by auto
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have newP’: P’ € carrier-mat (n — Suc 0) (n — Suc 0) using P’ by auto
have rl: \ 21 22 28 zf yl y2 y3 y4 f. z1 = yl = 22 = Y2 — 23 = y8 —
2 =y4 = fal 228 x4 = fyl y2 y3 y4 by simp

have Q'aP’. ?Q' = adjoint ?P’

apply (subst four-block-mat-adjoint, auto simp add: newP’)

apply (rule rl[where f2 = four-block-mat))

apply (auto simp add: eqg-matl adjoint-eval Q'P’)

done
have adjoint P = adjoint ?P’ % adjoint W using W newP’ n

apply (simp add: P)

apply (subst adjoint-mult[of W, symmetric])

apply (auto simp add: W P’ carrier-matD[of W n n])

done
also have ... = 2Q' x W' using Q’aP’ W'aW by auto
also have ... = @ using @Q by auto

finally have QaP: @ = adjoint P ..

from similar-mat-wit-trans|OF simAA’ simA’'C, folded P Q] have smw: simi-
lar-mat-wit A C P @Q by blast

then have dimP: P € carrier-mat n n and dim@: @ € carrier-mat n n unfold-
ing similar-mat-wit-def using A by auto

from smw have P x Q = 1,, n unfolding similar-mat-wit-def using A by
auto

then have inverts-mat P @ using inverts-mat-def dimP by auto

then have uP: unitary P using QaP unitary-def dimP by auto

from wut similar-mat-wit-trans|OF simAA' simA'C, folded P Q] diag uP QaP
show ?case by blast
qed

lemma complex-mat-char-poly-factorizable:
fixes A :: complex mat
assumes A € carrier-mat n n
shows Jas. char-poly A = ([ a < as. :— a, 1:]) A length as = n
proof —
let ?ca = char-poly A
have ez0: 3 bs. Polynomial.smult (lead-coeff ?ca) ([] b<bs. [[— b, 1:]) = %ca A
length bs = degree ?ca
by (simp add: fundamental-theorem-algebra-factorized)
then obtain bs where Polynomial.smult (lead-coeff ?ca) ([]b+bs. [:— b, 1:])
= %ca N
length bs = degree ?ca by auto
moreover have lead-coeff ?ca = (1::complex)
using assms degree-monic-char-poly by blast
ultimately have exl: ?ca = (] b<bs. :— b, 1:]) A length bs = degree ?ca by
auto
moreover have degree 7ca = n
by (simp add: assms degree-monic-char-poly)
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ultimately show ?thesis by auto
qed

lemma complex-mat-has-unitary-schur-decomposition:
fixes A :: complex mat
assumes A € carrier-mat n n
shows 3 B P es. similar-mat-wit A B P (adjoint P) A unitary P
A char-poly A = ([] (e :: complex) < es. :— e, 1:]) A diag-mat B = es
proof —
have Jes. char-poly A = ([ e « es. :— e, 1:]) A length es = n
using assms by (simp add: complez-mat-char-poly-factorizable)
then obtain es where es: char-poly A = (][] e < es. — e, 1:]) A length es =
n by auto
obtain B P @) where B: unitary-schur-decomposition A es = (B,P,Q) by (cases
unitary-schur-decomposition A es, auto)

have similar-mat-wit A B P Q A upper-triangular B A unitary P A\ (Q = adjoint
P) A
char-poly A = (][] (e :: complex) + es. :— e, 1:]) A diag-mat B = es using
assms es B
by (auto simp add: unitary-schur-decomposition)
then show ?thesis by auto
qed

lemma normal-upper-triangular-matriz-is-diagonal:
fixes A :: 'a::conjugatable-ordered-field mat
assumes A € carrier-mat n n
and tri: upper-triangular A
and norm: A *x adjoint A = adjoint A x A
shows diagonal-mat A
proof (rule disjE[of n = 0 n > 0], blast)
have dim: dim-row A = n dim-col A = n using assms by auto
from norm have eq0: A7 j. (A x adjoint A)$$(i,5) = (adjoint A x A)$$(i,j) by
auto
have nat-induct-strong:
AP. (P:nat=bool) 0 = (\i. i <n= (A\k. k<i= Pk) = Pi) =
(Ni. i <n = Pi)
by (metis dual-order.strict-trans infinite-descent0 linorder-neqE-nat)
show n = 0 = ?thesis using dim unfolding diagonal-mat-def by auto
show n > 0 = ?thesis unfolding diagonal-mat-def dim
apply (rule alll, rule impl)
apply (rule nat-induct-strong)
proof (rule alll, rule impl, rule impI)
assume asm: n > 0
from tri upper-triangularD[of A 0 j| dim have 20: \j. 0< j = j < n =
A$8(j, 0) =0
by auto
then have ada00: (adjoint A * A)$$(0,0) = conjugate (A$$(0,0)) x A$$(0,0)
using asm dim by (auto simp add: scalar-prod-def adjoint-eval sum.atLeast-Suc-lessThan)
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have aad00: (A * adjoint A)$$(0,0) = (3> k=0..<n. A$$(0, k) * conjugate
(A$5(0, k)))
using asm dim by (auto simp add: scalar-prod-def adjoint-eval)
moreover have
. = A$%(0,0) * conjugate (A$$(0,0))
+ - k=1..<n. A$$(0, k) * conjugate (A$$(0, k)))
using dim asm by (subst sum.atLeast-Suc-lessThan[of 0 n \k. A$$(0, k) *
conjugate (A$$(0, k))], auto)
ultimately have fIineq0: (3_ k=(Suc 0)..<n. A$$(0, k) * conjugate (A$$(0,
k) =0
using eq0 ada00 by (simp)
have geq0: N\k. k < n = A$3(0, k) * conjugate (A$$(0, k)) > 0
using conjugate-square-positive by auto
have A\k. 1 <k = k < n = A$$(0, k) * conjugate (A$3(0, k)) = 0
by (rule sum-nonneg-0[of {1..<n}|, auto, rule geq0, auto, rule fltneq0)
with dim asm show
case0: N\j. 0 <n=j<n=0#j=— AS$$(0,5) =0
by auto
{
fix ¢
assume asm: n > 0i < ni> 0
and ih: Nk. k< i=Vj<n. k#j— AS$S(k, j) =10
then have \j. j<n = i #j = A$$ ({,5) =0
proof —
have inter-part: Ab me. (bunat) < e = b<m = m < e = {b.<m}
U {m..<e} = {b..<e} by auto
then have
Nomef (bunat) <e=b<m=m<e
= (O_k=b..<e. fk) = (O ke{b.<m}U{m..<e}. fk)
using sum.union-disjoint by auto
then have sum-part:
Nomef (binat) <e=b<m=—=m<e
= (Y k=b.<e. fk)= O k=b.<m. fk)+ O k=m.<e. fk)
by (auto simp add: sum.union-disjoint)
from tri upper-triangularD[of A j i] asm dim have
zsi0: N\j. j < i = A$$(i, j) = 0 by auto
from tri upper-triangularD[of A j i] asm dim have
zsil: Nk. i < k =k < n = A$$(k, i) = 0 by auto
have
(A * adjoint A)$$(i, 7)
= (3" k=0..<n. conjugate (A$$(7, k)) = A$3(i, k)) using asm dim
apply (auto simp add: scalar-prod-def adjoint-eval)
apply (rule sum.cong, auto)
done
also have
= (3 k=0..<i. conjugate (A$$(i, k)) * A$$(i, k))
+ (3 k=i..<n. conjugate (A$$(3, k)) = A$S$(i
using asm
by (auto simp add: sum-part[of 0 n i))
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also have
oo = (00 k=i..<n. conjugate (A$3(i, k)) x A$$(4, k))
using zsi0
by auto
also have
. = conjugate (A$$(i, ©)) = A$S(4, 7)
+ (O k=(Suc i)..<n. conjugate (A$$(7, k)) = A$$(i, k))
using asm
by (auto simp add: sum.atLeast-Suc-lessThan)
finally have
adaii: (A = adjoint A)$$(i, 1)
= conjugate (A$$(¢, 7)) = A$S(¢, )
+ (OC k=(Suc i)..<n. conjugate (A$$(i, k)) = A$$(4, k)) .
have
(adjoint A x A)$$(i, i) = (O k=0..<n. conjugate (A$S$(k, i)) = A$S$(k, 7))
using asm dim by (auto simp add: scalar-prod-def adjoint-eval)
also have
.. = (O0 k=0..<i. conjugate (A$$(k, ©)) * AS$(k, 7))
+ (3 k=i..<n. conjugate (A$$(k, 7)) = A$S$(k, 0))
using asm by (auto simp add: sum-part[of 0 n i))
also have
oo = O k=i..<n. conjugate (A$$(k, 7)) x A$$(k, 7))
using asm ih by auto
also have
. = conjugate (A$$(i, ©)) = A$$(1, )
using asm zsil by (auto simp add: sum.atLeast-Suc-lessThan)
finally have (adjoint A * A)$3(i, ©) = conjugate (A$$(¢, 7)) x A$S(4, ©) .
with adaii eq0 have
fsitoneq0: (3 k=(Suc i)..<n. conjugate (A$$(i, k)) = A$3(i, k)) = 0 by

auto
have Ak. k<n = i < k = conjugate (A$$(7, k)) = A$3(i, k) = 0
by (rule sum-nonneg-0[of {(Suc i)..<n}], auto, subst mult.commute,
rule conjugate-square-positive, rule fsitoneq0)
then have A\k. k<n = i<k = A $$ (i, k) = 0 by auto
with zsi0 show Aj. j<n = i £ j = A$$ (i,j) =0
by (metis linorder-neqE-nat)
qed
}
with case0 show Ai ia.
0<n=
1< n =
ia < n =
(Nk- bk <ia=Vij<n k#j— AS$$(k,j) =0 =
Vi<n.ia #j — A $$ (ia, j) = 0 by auto
qed
qed

lemma normal-complex-mat-has-spectral-decomposition:
assumes A: (A::complex mat) € carrier-mat n n
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and normal: A *x adjoint A = adjoint A x A
and c: char-poly A = ([] (e :: complex) < es. [:— e, 1:])
and B: unitary-schur-decomposition A es = (B,P,Q)
shows similar-mat-wit A B P (adjoint P) A diagonal-mat B A diag-mat B = es
A unitary P
proof —
have smw: similar-mat-wit A B P (adjoint P)
and ut: upper-triangular B
and uP: unitary P
and dB: diag-mat B = es
and (Q = adjoint P)
using assms by (auto simp add: unitary-schur-decomposition)
from smw have dimP: P € carrier-mat n n and dimB: B € carrier-mat n n
and dimaP: adjoint P € carrier-mat n n
unfolding similar-mat-wit-def using A by auto
have dimaB: adjoint B € carrier-mat n n using dimB by auto
note dims = dimP dimB dimaP dimaB

have inverts-mat P (adjoint P) using unitary-def uP dims by auto

then have iaPP: inverts-mat (adjoint P) P using inverts-mat-symm using dims
by auto

have aPP: adjoint P x P = 1,, n using dims iaPP unfolding inverts-mat-def
by auto

from smw have A: A = P x B x (adjoint P) unfolding similar-mat-wit-def
Let-def by auto

then have aA: adjoint A = P * adjoint B x adjoint P

by (insert A dimP dimB dimaP, auto simp add: adjoint-multlof - n n - n]

adjoint-adjoint)

have A x adjoint A = (P % B x adjoint P) % (P x adjoint B % adjoint P) using
A aA by auto

also have ... = P x B x (adjoint P x P) x (adjoint B x adjoint P) using dims
by (mat-assoc n)

also have ... = P x B x 1, n * (adjoint B x adjoint P) using dims aPP by
(auto)

also have ... = P x B x adjoint B * adjoint P using dims by (mat-assoc n)

finally have A x adjoint A = P * B x adjoint B % adjoint P.
then have adjoint P x (A * adjoint A) = P = (adjoint P x P) x B x adjoint B
* (adjoint P % P)
using dims by (simp add: assoc-mult-mat[of - n n - n - n])
also have ... = 1,, n x B % adjoint B x 1,, n using aPP by auto
also have ... = B x adjoint B using dims by auto
finally have eq0: adjoint P x (A * adjoint A) x P = B x adjoint B.

have adjoint A x A = (P * adjoint B * adjoint P) x (P * B x adjoint P) using
A aA by auto

also have ... = P x adjoint B  (adjoint P x* P) x (B * adjoint P) using dims
by (mat-assoc n)

also have ... = P x adjoint B * 1,, n * (B * adjoint P) using dims aPP by
(auto)
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also have ... = P x adjoint B * B x adjoint P using dims by (mat-assoc n)

finally have adjoint A x A = P * adjoint B * B x adjoint P by auto

then have adjoint P * (adjoint A * A) * P = (adjoint P x P) x adjoint B x B
* (adjoint P = P)

using dims by (simp add: assoc-mult-mat[of - n n - n - n])

also have ... = 1,, n x adjoint B x B x 1, n using aPP by auto

also have ... = adjoint B x B using dims by auto

finally have eql: adjoint P * (adjoint A x A) x P = adjoint B * B.

from normal have adjoint P % (adjoint A * A) x P = adjoint P x (A x adjoint
A) % P by auto

with eq0 eql have B x adjoint B = adjoint B x B by auto

with ut dims have diagonal-mat B using normal-upper-triangular-matriz-is-diagonal
by auto

with smw uP dB show similar-mat-wit A B P (adjoint P) A diagonal-mat B A
diag-mat B = es A unitary P by auto
qed

lemma complex-mat-has-jordan-nf:
fixes A :: complex mat
assumes A € carrier-mat n n
shows dn-as. jordan-nf A n-as
proof —
have Jas. char-poly A = ([ a « as. :— a, 1:]) A length as = n
using assms by (simp add: complez-mat-char-poly-factorizable)
then show ?thesis using assms
by (auto simp add: jordan-nf-iff-linear-factorization)
qed

lemma hermitian-is-normal:
assumes hermitian A
shows A x adjoint A = adjoint A x A
using assms by (auto simp add: hermitian-def)

lemma hermitian-eigenvalue-real:
assumes dim: (A::complex mat) € carrier-mat n n
and hA: hermitian A
and c: char-poly A = ([] (e :: complex) < es. [:— e, 1:])
and B: unitary-schur-decomposition A es = (B,P,Q)
shows similar-mat-wit A B P (adjoint P) N diagonal-mat B N diag-mat B = es
A unitary P A (Vi < n. B$$(4, i) € Reals)
proof —
have normal: A * adjoint A = adjoint A * A using hA hermitian-is-normal by
auto
then have schur: similar-mat-wit A B P (adjoint P) A diagonal-mat B A
diag-mat B = es A\ unitary P
using normal-complez-mat-has-spectral-decomposition| OF dim normal ¢ B] by
(simp)
then have similar-mat-wit A B P (adjoint P)
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and uP: unitary P and dB: diag-mat B = es
using assms by auto
then have A: A = P x B x (adjoint P)
and dimB: B € carrier-mat n n and dimP: P € carrier-mat n n
unfolding similar-mat-wit-def Let-def using dim by auto
then have dimaB: adjoint B € carrier-mat n n by auto
have adjoint A = adjoint (adjoint P) * adjoint (P * B)
apply (subst A)
apply (subst adjoint-mult[of P x B n n adjoint P n])
apply (insert dimB dimP, auto)

done
also have ... = P x adjoint (P * B) by (auto simp add: adjoint-adjoint)
also have ... = P x (adjoint B * adjoint P) using dimB dimP by (auto simp
add: adjoint-mult)
also have ... = P x adjoint B * adjoint P using dimB dimP by (subst as-

soc-mult-mat[symmetric, of P n n adjoint B n adjoint P n], auto)
finally have aA: adjoint A = P x adjoint B x adjoint P .
have A = adjoint A using hA hermitian-def|of A] by auto
then have P x B x adjoint P = P * adjoint B x adjoint P using A aA by auto
then have BaB: B = adjoint B using unitary-elim[OF dimB dimaB dimP] uP
by auto
{
fix ¢
assume i < n
then have B$$(i, i) = conjugate (B$$(i, i))
apply (subst BaB)
by (insert dimB, simp add: adjoint-eval)
then have B$$(i, i) € Reals unfolding conjugate-complez-def
using Reals-cnj-iff by auto
}
then have Vi<n. B$$(i, i) € Reals by auto
with schur show ?thesis by auto
qed

lemma hermitian-inner-prod-real:
assumes dimA: (A::complex mat) € carrier-mat n n
and dimv: v € carrier-vec n
and hA: hermitian A
shows inner-prod v (A *, v) € Reals
proof —
obtain es where es: char-poly A = (][] (e :: complex) + es. [i(— e, 1:])
using complex-mat-char-poly-factorizable dimA by auto
obtain B P @) where unitary-schur-decomposition A es = (B,P,Q)
by (cases unitary-schur-decomposition A es, auto)
then have similar-mat-wit A B P (adjoint P) A diagonal-mat B A diag-mat B
= es
A unitary P A (Vi < n. B$$(i, i) € Reals)
using hermitian-eigenvalue-real dimA es hA by auto
then have A: A = P x B x (adjoint P) and dB: diagonal-mat B
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and Bii: N\i. i < n = B3$3(i, i) € Reals
and dimB: B € carrier-mat n n and dimP: P € carrier-mat n n and dimaP:
adjoint P € carrier-mat n n
unfolding similar-mat-wit-def Let-def using dimA by auto
define w where w = (adjoint P) *, v
then have dimw: w € carrier-vec n using dimaP dimv by auto
from A have inner-prod v (A *, v) = inner-prod v ((P x B * (adjoint P)) *,

v) by auto
also have ... = inner-prod v (P * B) *, ((adjoint P) %, v)) using dimP dimB
dimv
by (subst assoc-mult-mat-vec[of - n n adjoint P n|, auto)
also have ... = inner-prod v (P %, (B *, ((adjoint P) *, v))) using dimP dimB

dimv dimaP
by (subst assoc-mult-mat-vec[of - n n B n], auto)
also have ... = inner-prod w (B *, w) unfolding w-def
apply (rule adjoint-def-alter|OF - - dimP])
apply (insert mult-mat-vec-carrier[OF dimB mult-mat-vec-carrier| OF dimaP
dimv)], auto simp add: dimv)

done
also have ... = (3 i=0..<n. (> j=0..<n.
conjugate (w$i) * B3$(i, j) x w$j)) unfolding scalar-prod-def using
dimw dimB

apply (simp add: scalar-prod-def sum-distrib-right)
apply (rule sum.cong, auto, rule sum.cong, auto)
done
also have ... = (> i=0..<n. B$$(7, ©) * conjugate (w$i) * w$7)
apply (rule sum.cong, auto)
apply (simp add: sum.remove)
apply (insert dB[unfolded diagonal-mat-def] dimB, auto)
done
finally have sum: inner-prod v (A *, v) = (> i=0..<n. B$$(i, i) * conjugate
(w$i) * whi) .
have Ai. i < n = B$$(i, i) * conjugate (w$i) * w$i € Reals using Bii by
(simp add: Reals-cnj-iff)
then have (> i=0..<n. B$$(i, i) * conjugate (w$i) * w$i) € Reals by auto
then show ?thesis using sum by auto
qged

lemma unit-vec-bracket:

fixes A :: complex mat

assumes dimA: A € carrier-mat nn and i: ¢ < n

shows inner-prod (unit-vec n i) (A x, (unit-vec n 7)) = A$3(4, 1)
proof —

define w where (w::complex vec) = unit-vec n i

have A %, w = col A ¢ using i dimA w-def by auto

then have 1: inner-prod w (A *, w) = inner-prod w (col A i) using w-def by
auto

have conjugate w = w unfolding w-def unit-vec-def conjugate-vec-def using i
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by auto
then have 2: inner-prod w (col A i) = A$$(i, ©) using i dimA w-def by auto
from 1 2 show inner-prod w (A %, w) = A$$(i, i) by auto

qed

lemma spectral-decomposition-extract-diag:
fixes P B :: complex mat
assumes dimP: P € carrier-mat n n and dimB: B € carrier-mat n n
and uP: unitary P and dB: diagonal-mat B and i: ¢ < n
shows inner-prod (col P i) (P * B * (adjoint P) %, (col P i)) = B$$(i, 1)
proof —
have dimaP: adjoint P€ carrier-mat n n using dimP by auto
have waP: unitary (adjoint P) using unitary-adjoint uP dimP by auto
then have inverts-mat (adjoint P) P by (simp add: unitary-def adjoint-adjoint)
then have v: (adjoint P) x P = 1,, n using dimaP inverts-mat-def by auto
define v where v = col P i
then have dimv: v € carrier-vec n using dimP by auto
define w where (w::complex vec) = unit-vec n i
then have dimw: w € carrier-vec n by auto
have BaPuv: B *, (adjoint P x, v) € carrier-vec n using dimB dimaP dimv by
auto
have (adjoint P) *, v = (col (adjoint P x P) 1)
by (simp add: col-mult2[OF dimaP dimP i, symmetric] v-def)
then have aPuv: (adjoint P) *, v = w
by (auto simp add: v ¢ w-def)
have inner-prod v (P * B x (adjoint P) %, v) = inner-prod v ((P x B) *, ((adjoint
P) %, v)) using dimP dimB dimv
by (subst assoc-mult-mat-vec[of - n n adjoint P n], auto)
also have ... = inner-prod v (P *, (B *, ((adjoint P) %, v))) using dimP dimB
dimv dimaP
by (subst assoc-mult-mat-vec[of - n n B n], auto)

also have ... = inner-prod (adjoint P x, v) (B *, (adjoint P x, v))
by (simp add: adjoint-def-alter[OF dimv BaPv dimP])

also have ... = inner-prod w (B *, w) using aPv by auto

also have ... = B$$(i, i) using w-def unit-vec-bracket dimB i by auto

finally show inner-prod v (P * B * (adjoint P) *, v) = B$$(4, ).
qed

lemma hermitian-inner-prod-zero:
fixes A :: complex mat
assumes dimA: A € carrier-mat n n and hA: hermitian A
and zero: V vEcarrier-vec n. inner-prod v (A %, v) = 0
shows A = 0,, nn
proof —
obtain es where es: char-poly A = (][ (e :: complex) < es. [:— e, 1:])
using complex-mat-char-poly-factorizable dimA by auto
obtain B P () where unitary-schur-decomposition A es = (B,P,Q)
by (cases unitary-schur-decomposition A es, auto)
then have similar-mat-wit A B P (adjoint P) A diagonal-mat B A diag-mat B
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= es
A unitary P A (Vi < n. B$$(i, i) € Reals)
using hermitian-eigenvalue-real dimA es hA by auto
then have A: A = P x B x (adjoint P) and dB: diagonal-mat B
and Bii: N\i. i < n = B$3(i, i) € Reals
and dimB: B € carrier-mat n n and dimP: P € carrier-mat n n and dimaP:
adjoint P € carrier-mat n n
and uP: unitary P
unfolding similar-mat-wit-def Let-def unitary-def using dimA by auto
then have uaP: unitary (adjoint P) using unitary-adjoint by auto
then have inverts-mat (adjoint P) P by (simp add: unitary-def adjoint-adjoint)
then have iv: adjoint P x P = 1,, n using dimaP inverts-mat-def by auto
have B=0,, nn
proof—
{
fix { assume i: ¢ < n
define v where v = col P i
then have dimv: v € carrier-vec n using v-def dimP by auto
have inner-prod v (4 *, v) = B$3$(i, {) unfolding A v-def
using spectral-decomposition-extract-diag| OF dimP dimB uP dB i] by auto
moreover have inner-prod v (A *, v) = 0 using dimv zero by auto
ultimately have B$$(i, i) = 0 by auto
}
note 2B = this
show B = 0, n n by (insert zB dB dimB, rule eq-matl, auto simp add:
diagonal-mat-def)
qed
then show A = 0,, n n using A dimB dimP dimaP by auto
qed

lemma complez-mat-decomposition-to-hermitian:
fixes A :: complex mat
assumes dim: A € carrier-mat n n
shows 3 B C. hermitian B A hermitian C N A =B +1-, C A B € carrier-mat
nn A C € carrier-mat n n
proof —
obtain B C where B: B= (1 / 2) - (A + adjoint A)
and C: C = (=i / 2) -y (A — adjoint A) by auto
then have dimB: B € carrier-mat n n and dimC: C € carrier-mat n n using
dim by auto
have hermitian B unfolding B hermitian-def using dim
by (auto simp add: adjoint-eval)
moreover have hermitian C' unfolding C hermitian-def using dim
apply (subst eq-matl)
apply (auto simp add: adjoint-eval algebra-simps)
done
moreover have A = B + i -, C using dim B C
apply (subst eg-matl)
apply (auto simp add: adjoint-eval algebra-simps)
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done
ultimately show ¢thesis using dimB dimC by auto
qed

1.11 Outer product

definition outer-prod :: 'a::conjugatable-field vec = 'a vec = 'a mat where
outer-prod v w = mat (dim-vec v) 1 (A(%, 7). v $ @) * mat 1 (dim-vec w) (A(, j).
(conjugate w) $ j)

lemma outer-prod-dim|[simp]:

fixes v w :: 'a::conjugatable-field vec

assumes v: v € carrier-vec n and w: w € carrier-vec m

shows outer-prod v w € carrier-mat n m

unfolding outer-prod-def using assms mat-of-cols-carrier mat-of-rows-carrier
by auto

lemma mat-of-vec-mult-eq-scalar-prod:

fixes v w :: 'a::conjugatable-field vec

assumes v € carrier-vec n and w € carrier-vec n

shows mat 1 (dim-vec v) (A(%, j). (conjugate v) $ j) * mat (dim-vec w) 1 (A(4,
5. w$9)

= mat 1 1 (Ak. inner-prod v w)

apply (rule eqg-matl) using assms apply (simp add: scalar-prod-def) apply (rule

sum.cong) by auto

lemma one-dim-mat-mult-is-scale:
fixes A B :: (‘a::conjugatable-field mat)
assumes B € carrier-mat 1 n
shows (mat 1 1 (Ak. a)) * B=a -y B
apply (rule eq-matl) using assms by (auto simp add: scalar-prod-def)

lemma outer-prod-mult-outer-prod:
fixes a b ¢ d :: 'a::conjugatable-field vec
assumes a: a € carrier-vec d1 and b: b € carrier-vec d2
and c: ¢ € carrier-vec d2 and d: d € carrier-vec d3
shows outer-prod a b * outer-prod ¢ d = inner-prod b ¢ -, outer-prod a d
proof —
let ?ma = mat (dim-vec a) 1 (\(i, j). a $ i)
let ?mb = mat 1 (dim-vec b) (A\(i, j). (conyugate b) $ 7)
let ?mc = mat (dim-vec ¢) 1 (A(i, j). ¢ $ 1)
let ?md = mat 1 (dim-vec d) (A(4, j). (conjugate d) $ )
have (?ma x ?mb) = (?mc * ?md) = ?ma * (?mb x (?mc x ?md))
apply (subst assoc-mult-mat|of ?ma d1 1 ?mb d2 ?me x ?md d3])
using assms by auto
also have ... = %ma * ((?mb x ?mc) x ?md)
apply (subst assoc-mult-mat[symmetric, of #mb 1 d2 ?mc 1 ?md d3])
using assms by auto
also have ... = %ma * ((mat 1 1 (\k. inner-prod b c)) x ¢md)
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apply (subst mat-of-vec-mult-eg-scalar-prod[of b d2 c]) using assms by auto

also have ... = ?ma * (inner-prod b ¢ -, ?md)
apply (subst one-dim-mat-mult-is-scale) using assms by auto
also have ... = (inner-prod b ¢) -, (Yma * ?md) using assms by auto
finally show ?thesis unfolding outer-prod-def by auto
qed

lemma indez-outer-prod:
fixes v w :: 'a::conjugatable-field vec
assumes v: v € carrier-vec n and w: w € carrier-vec m
and : i < nj<m
shows (outer-prod v w)$$(i, j) = v $ i * conjugate (w $ j)
unfolding outer-prod-def using assms by (simp add: scalar-prod-def)

lemma mat-of-vec-mult-vec:
fixes a b c :: 'a::conjugatable-field vec
assumes a: a € carrier-vec d and b: b € carrier-vec d
shows mat 1 d (A(4, j). (conjugate a) $ j) %, b = vec 1 (k. inner-prod a b)
apply (rule eg-vecl)
apply (simp add: scalar-prod-def carrier-vecD|OF a] carrier-vecD[OF b))
apply (rule sum.cong) by auto

lemma mat-of-vec-mult-one-dim-vec:
fixes a b :: 'a::conjugatable-field vec
assumes a: a € carrier-vec d
shows mat d 1 (A(4, 7). a $7) %, vec I (Mk. ¢) =c 4 a
apply (rule eg-vecl)
by (auto simp add: scalar-prod-def carrier-vecD]OF a))

lemma outer-prod-mult-vec:
fixes a b c :: 'a::conjugatable-field vec
assumes a: a € carrier-vec d1 and b: b € carrier-vec d2
and c: ¢ € carrier-vec d2
shows outer-prod a b *, ¢ = inner-prod b ¢ -, a
proof —
have outer-prod a b *, c
= mat d1 1 (A(3, 7). a $ 7)
* mat 1 d2 (\(4, j). (conjugate b) $ )
%, ¢ unfolding outer-prod-def using assms by auto
also have ... = mat dI 1 (\(i,j). a $9)
x, (mat 1 d2 (A4, j). (conjugate b) $ 7)
%, ¢) apply (subst assoc-mult-mat-vec) using assms by auto

also have ... = mat d1 1 (A\(4, j). a $ 7)
x, vec 1 (Ak. inner-prod b ¢) using mat-of-vec-mult-vec[of b] assms by auto
also have ... = inner-prod b ¢ -, a using mat-of-vec-mult-one-dim-vec assms
by auto
finally show ?thesis by auto
qed
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lemma trace-outer-prod-right:
fixes A :: 'a::conjugatable-field mat and v w :: 'a vec
assumes A: A € carrier-mat n n
and v: v € carrier-vec n and w: w € carrier-vec n
shows trace (A * outer-prod v w) = inner-prod w (A %, v) (is ?lhs = ?rhs)
proof —
define B where B = outer-prod v w
then have B: B € carrier-mat n n using assms by auto
have trace(A * B) = (3. i = 0..<n. >.j = 0..<n. A $$ (i,j) * B $$ (j,7))
unfolding trace-def using A B by (simp add: scalar-prod-def)
also have ... = (> i=0..<n. >.j = 0..<n. A $3$ (i,j) * v $ j * conjugate (w
5 1))
unfolding B-def
apply (rule sum.cong, simp, rule sum.cong, simp)
by (insert v w, auto simp add: indezx-outer-prod)
finally have ?lhs = (3. i = 0..<n. >.j = 0..<n. A $$ (i,j) * v $ j * conjugate
(w $ 7)) using B-def by auto
moreover have ?rhs = (Y i=0..<n. > j=0..<n. A$$ (i,j) * v§ j * conjugate
(w$ 7)) using A v w
by (simp add: scalar-prod-def sum-distrib-right)
ultimately show ?thesis by auto
qged

lemma trace-outer-prod:

fixes v w :: (‘a::conjugatable-field vec)

assumes v: v € carrier-vec n and w: w € carrier-vec n

shows trace (outer-prod v w) = inner-prod w v (is ?lhs = ?rhs)
proof —

have (1,, n) % (outer-prod v w) = outer-prod v w apply (subst left-mult-one-mat)
using outer-prod-dim assms by auto

moreover have 1,, n *, v = v using assms by auto

ultimately show ?thesis using trace-outer-prod-right[of 1,, n n v w] assms by
auto
qed

lemma inner-prod-outer-prod:
fixes a b ¢ d :: 'a::conjugatable-field vec
assumes a: a € carrier-vec n and b: b € carrier-vec n
and c: ¢ € carrier-vec m and d: d € carrier-vec m
shows inner-prod a (outer-prod b ¢ *, d) = inner-prod a b x inner-prod c¢ d (is
?lhs = ?rhs)
proof —
define P where P = outer-prod b c
then have dimP: P € carrier-mat n m using assms by auto
have inner-prod a (P *, d) = (>_i=0..<n. (O] j=0..<m. conjugate (a$7) *
P$$(i, j) * d$j)) using assms dimP
apply (simp add: scalar-prod-def sum-distrib-right)
apply (rule sum.cong, auto)
apply (rule sum.cong, auto)

37



done
also have ... = (> i=0..<n. (O j=0..<m. conjugate (a$i) * b$i * conju-
gate(c$j) * d$j))
using P-def b ¢ by(simp add: indezx-outer-prod algebra-simps)
finally have eq: ?lhs = (> i=0..<n. (> j=0..<m. conjugate (a$i) * b$i x con-
jugate(c$j) * d$j)) using P-def by auto

have ?rhs = (3 i=0..<n. conjugate (a$i) = b$7) * (3 j=0..<m. conjugate(c$7)
* d$j) using assms
by (auto simp add: scalar-prod-def algebra-simps)
also have ... = (3 i=0..<n. (>_j=0..<m. conjugate (a$i) * b$i * conju-
gate(c$j) = d$j))
using assms by (simp add: sum-product algebra-simps)
finally show ?lhs = ?rhs using eq by auto
qed

1.12 Semi-definite matrices

definition positive :: complex mat = bool where
positive A +—
A € carrier-mat (dim-col A) (dim-col A) A
(Y v. dim-vec v = dim-col A — inner-prod v (A %, v) > 0)

lemma positive-iff-normalized-vec:
positive A +—
A € carrier-mat (dim-col A) (dim-col A) A
(Vv. (dim-vec v = dim-col A N vec-norm v = 1) — inner-prod v (A *, v) >
0)
proof (rule)
assume positive A
then show A € carrier-mat (dim-col A) (dim-col A) A
(Vv. dim-vec v = dim-col A A\ vec-norm v =1 — 0 < inner-prod v (A *, v))
unfolding positive-def by auto
next
define n where n = dim-col A
assume A € carrier-mat (dim-col A) (dim-col A) A (Y. dim-vec v = dim-col A
A vec-norm v = 1 — 0 < inner-prod v (A %, v))
then have A: A € carrier-mat (dim-col A) (dim-col A) and geq0: ¥ v. dim-vec
v = dim-col A N\ vec-norm v =1 — 0 < inner-prod v (A *, v) by auto
then have dimA: A € carrier-mat n n using n-def[symmetric] by auto
{
fix v assume dimv: (v::complex vec) € carrier-vec n
have 0 < inner-prod v (A %, v)
proof (cases v = 0, n)
case True
then show 0 < inner-prod v (A x, v) using dimA by auto
next
case Fulse
then have 1: vec-norm v > 0 using vec-norm-ge-0 dimv by auto
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then have cnv: cnj (vec-norm v) = vec-norm v
using Reals-cnj-iff complex-is-Real-iff less-complex-def by auto
define w where w = vec-normalize v
then have dimw: w € carrier-vec n using dimv by auto
have nvw: v = vec-norm v -, w using w-def vec-eq-norm-smult-normalized
by auto
have vec-norm w = 1 using normalized-vec-norm[OF dimv False] vec-norm-def
w-def by auto
then have 2: 0 < inner-prod w (A *, w) using geq0 dimw dimA by auto
have inner-prod v (A *, v) = vec-norm v x vec-norm v * inner-prod w (A *,
w) using dimA dimv dimw
apply (subst (1 2) nvw)
apply (subst mult-mat-vec, simp, simp)
apply (subst scalar-prod-smult-left[of (A x, w) conjugate (vec-norm v -, w)
vec-norm v], simp)
apply (simp add: conjugate-smult-vec cnv)
done
also have ... > 0 using 1 2 by auto
finally show 0 < inner-prod v (A *, v) by auto
qed
}
then have geq: Vv. dim-vec v = dim-col A — 0 < inner-prod v (A *, v) using
dimA by auto
show positive A unfolding positive-def
by (rule, simp add: A, rule geq)
qged

lemma positive-is-hermitian:
fixes A :: complex mat
assumes pA: positive A
shows hermitian A
proof —
define n where n = dim-col A
then have dimA: A € carrier-mat n n using positive-def pA by auto
obtain B C where B: hermitian B and C: hermitian C and A: A = B + 1 -,
c
and dimB: B € carrier-mat n n and dimC: C € carrier-mat n n and dimiC"
iy C € carrier-mat n n
using complez-mat-decomposition-to-hermitian| OF dimA] by auto
{
fix v :: complex vec assume dimv: v € carrier-vec n
have dimvA: dim-vec v = dim-col A using dimv dimA by auto
have inner-prod v (A *, v) = inner-prod v (B %, v) + inner-prod v ((i +m C)
*y V)
unfolding A using dimB dimiC dimv by (simp add: add-mult-distrib-mat-vec
inner-prod-distrib-right)
moreover have inner-prod v ((i - C) *, v) = 1 % inner-prod v (C *, v) using
dimv dimC
apply (simp add: scalar-prod-def sum-distrib-left cong: sum.cong)
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apply (rule sum.cong, auto)
done
ultimately have ABC: inner-prod v (A *, v) = inner-prod v (B *, v) + i *
inner-prod v (C x, v) by auto
moreover have inner-prod v (B *, v) € Reals using B dimB dimv hermi-
tian-inner-prod-real by auto
moreover have inner-prod v (C %, v) € Reals using C dimC dimv hermi-
tian-inner-prod-real by auto
moreover have inner-prod v (A *, v) € Reals using pA unfolding positive-def

rule)

fold n-def)

simp add: complez-is-Real-iff [of inner-prod v (A *, v)])
auto simp add: dimvA less-complez-def less-eq-complex-def)

apply
apply
apply
apply
done
ultimately have inner-prod v (C *, v) = 0 using of-real-Re by fastforce

}

then have C = 0,, n n using hermitian-inner-prod-zero dimC C by auto

then have A = B using A dimC dimB by auto

then show hermitian A using B by auto

qed

A~ N

lemma positive-eigenvalue-positive:
assumes dimA: (A::complex mat) € carrier-mat n n
and pA: positive A
and c: char-poly A = ([] (e :: complex) < es. [:— e, 1:])
and B: unitary-schur-decomposition A es = (B,P,Q)
shows Ai. i < n = B$$(i, i) > 0
proof —
have hA: hermitian A using positive-is-hermitian pA by auto
have similar-mat-wit A B P (adjoint P) A diagonal-mat B A diag-mat B = es
A unitary P A (Vi < n. B$$(4, ¢) € Reals)
using hermitian-eigenvalue-real dimA hA B ¢ by auto
then have A: A = P % B x (adjoint P) and dB: diagonal-mat B
and Bii: N\i. i < n = B3$$(i, i) € Reals
and dimB: B € carrier-mat n n and dimP: P € carrier-mat n n and dimaP:
adjoint P € carrier-mat n n
and uP: unitary P
unfolding similar-mat-wit-def Let-def unitary-def using dimA by auto
{
fix ¢ assume i: { < n
define v where v = col P i
then have dimv: v € carrier-vec n using v-def dimP by auto
have inner-prod v (A *, v) = B3$3$(i, {) unfolding A v-def
using spectral-decomposition-extract-diag| OF dimP dimB uP dB i] by auto
moreover have inner-prod v (A %, v) > 0 using dimv pA dimA positive-def
by auto
ultimately show B$$(¢, i) > 0 by auto

}

40



qed

lemma diag-mat-mult-diag-mat:

fixes B D :: 'a::semiring-0 mat

assumes dimB: B € carrier-mat n n and dimD: D € carrier-mat n n

and dB: diagonal-mat B and dD: diagonal-mat D

shows B x D = mat n n (A\(4,j). (if i = j then (B$3(i, 7)) = (D$$(4, 7)) else 0))
proof(rule eg-matl, auto)

have Bij: Az y. 2 < n = y < n = x # y = B$$(z, y) = 0 using dB
diagonal-mat-def dimB by auto

have Dij: Az y. 2 < n = y < n = z # y = D$$(z, y) = 0 using dD
diagonal-mat-def dimD by auto
{

fix ijassume ij: i < nj<n

have (B * D) $$ (i, 5) = O_k=0..<n. (B $$ (i, k)) * (D $$ (k, j))) using dimB

dimD
by (auto simp add: scalar-prod-def ij)
also have ... = B$$(s, 7) = D$$(4, 7)

apply (simp add: sum.remove|of -i| ij)
apply (simp add: Bij Dij ij)
done
finally have (B = D) $$ (i, j) = B3$3(i, i) x D$$(s, j).
}
note BDij = this
from BDij show Aj.j <n = (Bx* D) $$ (j,5) = B$$ (j,7) = D$$ (4, j) by
auto
from BDij show N\ij.i<n=j<n=i#j=— (BxD)$$ (i,j) =0
using Bij Dij by auto
from assms show dim-row B = n dim-col D = n by auto
qed

lemma positive-only-if-decomp:
assumes dimA: A € carrier-mat n n and pA: positive A
shows 3 M € carrier-mat n n. M x adjoint M = A

proof —
from pA have hA: hermitian A using positive-is-hermitian by auto
obtain es where es: char-poly A = ([] (e :: complex) < es. [:— e, 1:])

using complex-mat-char-poly-factorizable dimA by auto
obtain B P () where schur: unitary-schur-decomposition A es = (B,P,Q)
by (cases unitary-schur-decomposition A es, auto)
then have similar-mat-wit A B P (adjoint P) N diagonal-mat B A diag-mat B
=es
A unitary P A (Vi < n. B$$(4, i) € Reals)
using hermitian-eigenvalue-real dimA es hA by auto
then have A: A = P % B x (adjoint P) and dB: diagonal-mat B
and Bii: N\i. ¢ < n = B3$$(i, i) € Reals
and dimB: B € carrier-mat n n and dimP: P € carrier-mat n n and dimaP:
adjoint P € carrier-mat n n
unfolding similar-mat-wit-def Let-def using dimA by auto
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have Bii: \i. i < n = B$$(i, ) > 0 using pA dimA es schur positive-eigenvalue-positive
by auto
define D where D = mat n n (A\(i, j). (if (i = 4) then csqrt (B$$(4, 1)) else 0))
then have dimD: D € carrier-mat n n and dimaD: adjoint D € carrier-mat n
n using dimB by auto
have dD: diagonal-mat D using dB D-def unfolding diagonal-mat-def by auto
then have daD: diagonal-mat (adjoint D) by (simp add: adjoint-eval diago-
nal-mat-def)
have Dii: Ai. i < n = D$$(7, i) = csqrt (B3$(i, 7)) using dimD D-def by
auto
{
fix ¢ assume i: i < n
define ¢ where ¢ = csqrt (B$$(i, ))
have c: ¢ > 0 using Bii i c-def by (auto simp: less-complez-def less-eq-complez-def)
then have conjugate ¢ = ¢
using Reals-cnj-iff complex-is- Real-iff unfolding less-complez-def less-eq-complez-def
by auto
then have ¢ x cnj ¢ = B3$3(4, ) using c-def ¢ unfolding conjugate-complez-def
by (metis power2-csqrt power2-eq-square)
}
note cBii = this
have D x adjoint D = mat n n (A\(i,j). (if (i = j) then B$S$(i, i) else 0))
apply (simp add: diag-mat-mult-diag-mat[OF dimD dimaD dD daD))
apply (rule eg-matl, auto simp add: D-def adjoint-eval cBii)
done
also have ... = B using dimB dB[unfolded diagonal-mat-def] by auto
finally have DaDB: D x adjoint D = B.
define M where M = P x D
then have dimM: M € carrier-mat n n using dimP dimD by auto
have M x adjoint M = (P x D) x (adjoint D x adjoint P) using M-def ad-
joint-mult| OF dimP dimD) by auto

also have ... = P x (D * adjoint D) * (adjoint P) using dimP dimD by
(mat-assoc n)
also have ... = P x B x (adjoint P) using DaDB by auto

finally have M x adjoint M = A using A by auto
with dimM show I M € carrier-mat n n. M x adjoint M = A by auto
qed

lemma positive-if-decomp:
assumes dimA: A € carrier-mat n n and IM. M x adjoint M = A
shows positive A

proof —
from assms obtain M where M: M x adjoint M = A by auto
define m where m = dim-col M
have dimM: M € carrier-mat n m using M dimA m-def by auto

{
fix v assume dimuv: (v::complex vec) € carrier-vec n
have dimaM: adjoint M € carrier-mat m n using dimM by auto
have dimaMuv: (adjoint M) *, v € carrier-vec m using dimaM dimv by auto
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have inner-prod v (A *, v) = inner-prod v (M * adjoint M *, v) using M by
auto

also have ... = inner-prod v (M *, (adjoint M *, v)) using assoc-mult-mat-vec
dimM dimaM dimv by auto

also have ... = inner-prod (adjoint M *, v) (adjoint M *, v) using ad-
joint-def-alter|OF dimv dimaMv dimM] by auto

also have ... > 0 using self-cscalar-prod-geq-0 by auto

finally have inner-prod v (A *, v) > 0.
}

note geq0 = this

from dimA geq0 show positive A using positive-def by auto
qed

lemma positive-iff-decomp:

assumes dimA: A € carrier-mat n n

shows positive A «— (3 Mecarrier-mat n n. M * adjoint M = A)
proof

assume pA: positive A

then show 3 M€ carrier-mat nn. M * adjoint M = A using positive-only-if-decomp
assms by auto
next

assume 3 M €Ecarrier-mat n n. M x adjoint M = A

then obtain M where M: M * adjoint M = A by auto

then show positive A using M positive-if-decomp assms by auto
qed

lemma positive-dim-eq:

assumes positive A

shows dim-row A = dim-col A

using carrier-matD(1)[of A dim-col A dim-col A] assms|unfolded positive-def]
by simp

lemma positive-zero:
positive (0, 1 1)
by (simp add: positive-def zero-mat-def mult-mat-vec-def scalar-prod-def)

lemma positive-one:
positive (1, n)
proof (rule positive-if-decomyp)
show 1,, n € carrier-mat n n by auto
have adjoint (1,, n) = 1,, n using hermitian-one hermitian-def by auto
then have 1, n * adjoint (1, n) = 1, n by auto
then show 3 M. M x adjoint M = 1,, n by fastforce
qed

lemma positive-antisym:
assumes pA: positive A and pnA: positive (—A)
shows A = 0,, (dim-col A) (dim-col A)

proof —
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define n where n = dim-col A
from pA have dimA: A € carrier-mat n n and dimnA: —A € carrier-mat n n
using positive-def n-def by auto
from pA have hA: hermitian A using positive-is-hermitian by auto
obtain es where es: char-poly A = ([] (e :: complex) < es. [:— e, 1:])
using complex-mat-char-poly-factorizable dimA by auto
obtain B P @) where schur: unitary-schur-decomposition A es = (B,P,Q)
by (cases unitary-schur-decomposition A es, auto)
then have similar-mat-wit A B P (adjoint P) A diagonal-mat B A unitary P
using hermitian-eigenvalue-real dimA es hA by auto
then have A: A = P % B x (adjoint P) and dB: diagonal-mat B and wP: unitary
P
and dimB: B € carrier-mat n n and dimnB: —B € carrier-mat n n
and dimP: P € carrier-mat n n and dimaP: adjoint P € carrier-mat n n
unfolding similar-mat-wit-def Let-def using dimA by auto
from es schur have geq0: N\i. i < n = B3$3(i, i) > 0 using positive-eigenvalue-positive
dimA pA by auto
from A have nA: —A = P % (—B) * (adjoint P) using mult-smult-assoc-mat
dimB dimP dimaP by auto
from dB have dnB: diagonal-mat (—B) by (simp add: diagonal-mat-def)
{
fix ¢ assume i: i < n
define v where v = col P i
then have dimv: v € carrier-vec n using v-def dimP by auto
have inner-prod v ((—A) *, v) = (—B)3%3%(4, 7) unfolding nA v-def
using spectral-decomposition-extract-diag|OF dimP dimnB uP dnB i] by auto
moreover have inner-prod v ((—A) %, v) > 0 using dimv pnA dimnA posi-
tive-def by auto
ultimately have B$$(¢, i) < 0 using dimB i by auto
moreover have B$$(i, i) > 0 using i geq0 by auto
ultimately have B$$(i, i) = 0
by (metis antisym,)

then have B = 0,, n n using dimB dB[unfolded diagonal-mat-def]
by (subst eq-matl, auto)
then show A = 0,, n n using A dimB dimP dimaP by auto
qed

lemma positive-add:

assumes pA: positive A and pB: positive B

and dimA: A € carrier-mat n n and dimB: B € carrier-mat n n

shows positive (A + B)

unfolding positive-def
proof

have dimApB: A + B € carrier-mat n n using dimA dimB by auto

then show A + B € carrier-mat (dim-col (A + B)) (dim-col (A + B)) using
carrier-matD[of A+ B] by auto

{

fix v assume dimv: (v::complex vec) € carrier-vec n
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have 1: inner-prod v (A *, v) > 0 using dimv pA[unfolded positive-def] dimA

by auto

have 2: inner-prod v (B %, v) > 0 using dimv pB[unfolded positive-def] dimB
by auto

have inner-prod v ((A + B) *, v) = inner-prod v (A *, v) + inner-prod v (B
sy V)

using dimA dimB dimv by (simp add: add-mult-distrib-mat-vec inner-prod-distrib-right)

also have ... > 0 using 1 2 by auto
finally have inner-prod v ((A + B) %, v) > 0.
}
note geq0 = this
then have Av. dim-vec v = n = 0 < inner-prod v ((A + B) %, v) by auto
then show Vv. dim-vec v = dim-col (A + B) — 0 < inner-prod v (4 + B)
%, v) using dimApB by auto
qed

lemma positive-trace:
assumes A € carrier-mat n n and positive A
shows trace A > 0
using assms positive-iff-decomp trace-adjoint-positive by auto

lemma positive-close-under-left-right-mult-adjoint:
fixes M A :: complex mat
assumes dM: M € carrier-mat n n and dA: A € carrier-mat n n
and pA: positive A
shows positive (M x A x adjoint M)
unfolding positive-def
proof (rule, simp add: mult-carrier-mat[ OF mult-carrier-mat| OF dM dA] adjoint-dim[OF
dM]] carrier-matD[OF dM], rule, rule)
have daM: adjoint M € carrier-mat n n using dM by auto
fix v::complex vec assume dim-vec v = dim-col (M = A x adjoint M)
then have dv: v € carrier-vec n using assms by auto
then have adjoint M *, v € carrier-vec n using daM by auto
have assoc: M x A x adjoint M %, v = M %, (A *, (adjoint M %, v))
using dA dM daM dv by (auto simp add: assoc-mult-mat-vec[of - n n - n])
have inner-prod v (M x A x adjoint M x, v) = inner-prod (adjoint M *, v) (A
*y (adjoint M x, v))
apply (subst assoc)
apply (subst adjoint-def-alter[where ?A = M])
by (auto simp add: dv dA daM dM carrier-matD|[OF dM| mult-mat-vec-carrier|of
- nnj)
also have ... > 0 using dA dv daM pA positive-def by auto
finally show inner-prod v (M * A * adjoint M *, v) > 0 by auto
qed

lemma positive-same-outer-prod:

fixes v w :: complex vec
assumes v: v € carrier-vec n
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shows positive (outer-prod v v)
proof —
have d1: adjoint (mat (dim-vec v) 1 (A(¢, 7). v § ©)) € carrier-mat 1 n using
assms by auto
have d2: mat 1 (dim-vec v) (A(i, y). conjugate v § y) € carrier-mat 1 n using
assms by auto
have dv: dim-vec v = n using assms by auto
have mat 1 (dim-vec v) (A(i, y). conjugate v $ y) = adjoint (mat (dim-vec v) 1
(A4, 7). v $ 4)) (is ?r = adjoint ?1)
apply (rule eg-matl)
subgoal for i j by (simp add: dv adjoint-eval)
using dI d2 by auto
then have outer-prod v v = 2l * adjoint ?l unfolding outer-prod-def by auto
then have A M. M x adjoint M = outer-prod v v by auto
then show positive (outer-prod v v) using positive-if-decomp| OF outer-prod-dim[OF
v v]] by auto
qed

lemma smult-smult-mat:
fixes k :: complex and [ :: complex
assumes A € carrier-mat nr n
shows k -, (I -y A) = (k % 1) -, A by auto

lemma positive-smult:
assumes A € carrier-mat n n
and positive A
and ¢ > 0
shows positive (¢ -, A)
proof —
have sc: csqrt ¢ > 0 using assms(3) by (fastforce simp: less-eq-complex-def)
obtain M where dimM: M € carrier-mat n n and A: M x adjoint M = A
using assms(1—2) positive-iff-decomp by auto
have ¢ -,, A = ¢ -, (M x adjoint M) using A by auto
have ccsq: conjugate (csqrt ¢) = (csqrt ¢) using sc Reals-cnj-iff [of csqrt ¢] com-
plex-is- Real-iff
by (auto simp: less-eq-complez-def)
have MM: (M x adjoint M) € carrier-mat n n using A assms by fastforce
have leftd: ¢ -, (M * adjoint M) € carrier-mat n n using A assms by fastforce
have rightd: (csqrt ¢ -, M) x (adjoint (csqrt ¢ -, M))E carrier-mat n n using
A assms by fastforce
have (csqrt ¢ -, M) * (adjoint (csqrt ¢ - M)) = (csqrt ¢ - M) * ((conjugate
(esqrt ¢)) m adjoint M)
using adjoint-scale assms(1) by (metis adjoint-scale)

also have ... = (c¢sqrt ¢ -y M) * (csqrt ¢ - adjoint M) using sc cesq by
fastforce
also have ... = csqrt ¢ -, (M * (csqrt ¢ -, adjoint M))
using mult-smult-assoc-mat index-smult-mat(2,3) by fastforce
also have ... = c¢sqrt ¢ -m ((csqrt ¢) -m (M * adjoint M))

using mult-smult-distrib by fastforce
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also have ... = ¢ -, (M * adjoint M)
using smult-smult-mat[of M x adjoint M n n (csqrt ¢) (csqrt ¢)] MM sc
by (metis power2-csqrt power2-eq-square )
also have ... = ¢ -, A using A by auto
finally have (csqrt ¢ -, M) * (adjoint (csqrt ¢ - M)) = ¢ -y A by auto
moreover have ¢ -, A € carrier-mat n n using assms(1) by auto
moreover have csqrt ¢ -, M € carrier-mat n n using dimM by auto
ultimately show ?thesis using positive-iff-decomp by auto
qed

Version of previous theorem for real numbers

lemma positive-scale:
fixes c :: real
assumes A € carrier-mat n n
and positive A
and ¢ > 0
shows positive (¢ -, A)
apply (rule positive-smult) using assms by (auto simp: less-eq-complez-def)

1.13 Lowner partial order

definition lowner-le :: complex mat = complex mat = bool (infix «<p» 50)
where

A <, B +— dim-row A = dim-row B A dim-col A = dim-col B A positive (B —
4)

lemma lowner-le-refi:
assumes A € carrier-mat n n
shows A < A
unfolding lowner-le-def
apply (simp add: minus-r-inv-mat[OF assms])
by (rule positive-zero)

lemma lowner-le-antisym:
assumes A: A € carrier-mat n n and B: B € carrier-mat n n
and L1: A <; Band L2: B<; A
shows A = B
proof —
from L1 have P1: positive (B — A) by (simp add: lowner-le-def)
from L2 have P2: positive (A — B) by (simp add: lowner-le-def)
have A — B = — (B — A) using A B by auto
then have P3: positive (— (B — A)) using P2 by auto
have BA: B — A € carrier-mat n n using A B by auto
have B — A = 0,, n n using BA by (subst positive-antisym|OF P1 P3|, auto)
then have B+ (—A) + A= 0,, nn + A using A B minus-add-uminus-mat|OF
B A] by auto
then have B + (—A + A) = 0,, n n + A using A B by auto
then show A = B using A B BA uminus-l-inv-mat|OF A] by auto
qed
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lemma lowner-le-inner-prod-le:
fixes A B :: complex mat and v :: complex vec
assumes A: A € carrier-mat n n and B: B € carrier-mat n n
and v: v € carrier-vec n
and A <r B
shows inner-prod v (A *, v) < inner-prod v (B *, v)
proof —
from assms have positive (B—A) by (auto simp add: lowner-le-def)
with assms have geq: inner-prod v ((B—A) *, v) > 0
unfolding positive-def by auto
have inner-prod v ((B—A) *, v) = inner-prod v (B %, v) — inner-prod v (A *,
v
)
unfolding minus-add-uminus-mat|OF B A]
by (subst add-mult-distrib-mat-vec[OF B - v], insert A B v, auto simp add:
inner-prod-distrib-right[ OF v))
then show ?thesis using geq by auto
qed

lemma lowner-le-trans:
fixes A B C :: complex mat
assumes A: A € carrier-mat n n and B: B € carrier-mat n n and C: C €
carrier-mat n n
and L1: A<y Band L2: B<; C
shows A <; C
unfolding lowner-le-def
proof (auto simp add: carrier-matD[OF A] carrier-matD[OF C])
have dim: C — A € carrier-mat n n using A C by auto
{
fix v assume v: (v::complex vec) € carrier-vec n
from L1 have inner-prod v (A %, v) < inner-prod v (B %, v) using lowner-le-inner-prod-le
A B v by auto
also from L2 have ... < inner-prod v (C *, v) using lowner-le-inner-prod-le
B C v by auto
finally have inner-prod v (A *, v) < inner-prod v (C x, v).
then have inner-prod v (C *, v) — inner-prod v (A %, v) > 0 by auto
then have inner-prod v ((C — A) *, v) > 0 using A C v
apply (subst minus-add-uminus-mat[OF C A])
apply (subst add-mult-distrib-mat-vec|OF C - v], simp)
apply (simp add: inner-prod-distrib-right[OF v])
done
}
note leq = this
show positive (C — A) unfolding positive-def
apply (rule, simp add: carrier-matD[OF A] dim)
apply (subst carrier-matD[OF dim)], insert leq, auto)
done
qed

lemma lowner-le-imp-trace-le:
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assumes A € carrier-mat n n and B € carrier-mat n n
and A <; B
shows trace A < trace B
proof —
have positive (B — A) using assms lowner-le-def by auto
moreover have B — A € carrier-mat n n using assms by auto
ultimately have trace (B — A) > 0 using positive-trace by auto
moreover have trace (B — A) = trace B — trace A using trace-minus-linear
assms by auto
ultimately have trace B — trace A > 0 by auto
then show trace A < trace B by auto
qed

lemma lowner-le-add:
assumes A € carrier-mat n n B € carrier-mat n n C € carrier-mat nn D €
carrier-mat n n
and A SL BC SL D
shows A + C <y B+ D
proof —
have B+ D — (A+ C)=B — A+ (D — C) using assms by auto
then have positive (B + D — (A 4+ C)) using assms unfolding lowner-le-def
using positive-add
by (metis minus-carrier-mat)
then show A + C <; B + D unfolding lowner-le-def using assms by fastforce
qed

lemma lowner-le-swap:
assumes A € carrier-mat n n B € carrier-mat n n

and A <; B
shows —B <; —A
proof —

have positive (B — A) using assms lowner-le-def by fastforce
moreover have B — A = (—A) — (—B) using assms by fastforce
ultimately have positive ((—A) — (—B)) by auto
then show ?thesis using lowner-le-def assms by fastforce

qed

lemma lowner-le-minus:

assumes A € carrier-mat n n B € carrier-mat n n C € carrier-mat n n D €
carrier-mat n n

and A SL BC SL D

shows A — D <; B—-C
proof —

have positive (D — C') using assms lowner-le-def by auto

then have —D <; —C using lowner-le-swap assms by auto

then have A + (—D) <; B + (—C) using lowner-le-add[of A n B] assms by
auto

moreover have A + (-D) = A — Dand B + (—C) = B — C by auto

ultimately show ?thesis by auto
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qed

lemma outer-prod-le-one:
assumes v € carrier-vec n
and inner-prod v v < 1
shows outer-prod v v <p 1, n
proof —
let 20 = outer-prod v v
have do: %0 € carrier-mat n n using assms by auto
{
fix u :: complex vec assume dim-vec u = n
then have du: u € carrier-vec n by auto
have r: inner-prod u u € Reals apply (simp add: scalar-prod-def carrier-vecD|OF
dul)
using complez-In-mult-cnj-zero complex-is-Real-iff by blast
have geq0: inner-prod v v > 0
using self-cscalar-prod-geq-0 by auto

have inner-prod u (%0 %, u) = inner-prod u v * inner-prod v u
apply (subst inner-prod-outer-prod)
using du assms by auto

also have ... < inner-prod u u * inner-prod v v using Cauchy-Schwarz-complez-vec
du assms by auto
also have ... < inner-prod u u using assms(2) r geq0

by (simp add: mult-right-le-one-le less-eq-complex-def)
finally have le: inner-prod u (%0 *, u) < inner-prod u u.

have inner-prod v ((1,, n — 20) *, u) = inner-prod u ((1,, n *, u) — 0 *,
w)
apply (subst minus-mult-distrib-mat-vec) using do du by auto
also have ... = inner-prod u v — inner-prod u (70 %, u)
apply (subst inner-prod-minus-distrib-right)
using du do by auto
also have ... > 0 using le by auto
finally have inner-prod w ((1,, n — %0) %, u) > 0 by auto
}
then have positive (1, n — outer-prod v v)
unfolding positive-def using do by auto
then show ?thesis unfolding lowner-le-def using do by auto
qed

lemma zero-lowner-le-positiveD:
fixes A :: complex mat
assumes dA: A € carrier-mat nn and le: 0,, nn <p A
shows positive A
using assms unfolding lowner-le-def by (subgoal-tac A — 0., n n = A, auto)

lemma zero-lowner-le-positivel :
fixes A :: complexr mat
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assumes dA: A € carrier-mat n n and le: positive A
shows 0,, nn <p A
using assms unfolding lowner-le-def by (subgoal-tac A — 0., n n = A, auto)

lemma lowner-le-trans-positivel:
fixes A B :: complex mat
assumes dA: A € carrier-mat n n and pA: positive A and le: A <; B
shows positive B
proof —
have dB: B € carrier-mat n n using le dA lowner-le-def by auto
have 0,, n n <; A using zero-lowner-le-positivel dA pA by auto
then have 0,, n n <; B using dA dB le by (simp add: lowner-le-trans|of - n
4 B))
then show ?thesis using dB zero-lowner-le-positiveD by auto
qed

lemma lowner-le-keep-under-measurement:

fixes M A B :: complex mat

assumes dM: M € carrier-mat n n and dA: A € carrier-mat n n and dB: B €
carrier-mat n n

and le: A <; B

shows adjoint M x A x M <p adjoint M x B x M

unfolding lowner-le-def
proof (rule conjl, fastforce)+

have daM: adjoint M € carrier-mat n n using dM by auto

have dBmA: B — A € carrier-mat n n using dB dA by fastforce

have positive (B — A) using le lowner-le-def by auto

then have p: positive (adjoint M x (B — A) x M)

using positive-close-under-left-right-mult-adjoint| OF daM dBmA] adjoint-adjoint|of
M] by auto

moreover have e: adjoint M x (B — A) x M = adjoint M * B * M — adjoint
M x A x M using dM dB dA by (mat-assoc n)

ultimately show positive (adjoint M * B * M — adjoint M * A x M) by auto
qed

lemma smult-distrib-left-minus-mat:
fixes A B :: ‘a::comm-ring-1 mat
assumes A € carrier-mat n n B € carrier-mat n n
shows ¢, (B—A)=c¢cw B—c-p A
using assms by (auto simp add: minus-add-uminus-mat add-smult-distrib-left-mat)

lemma lowner-le-smultc:
fixes c :: complex
assumes ¢ > 0 A <; B A € carrier-mat n n B € carrier-mat n n
shows ¢ -,, A <p ¢y, B
proof —
have eqBA: ¢ -, (B— A)=c-py B—c-p A
using assms by (auto simp add: smult-distrib-left-minus-mat)
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have positive (B — A) using assms(2) unfolding lowner-le-def by auto

then have positive (¢ -, (B — A)) using positive-smult|of B—A n c| assms by
fastforce

moreover have ¢ -, A € carrier-mat n n using indez-smult-mat(2,3) assms(3)
by auto

moreover have ¢ -, B € carrier-mat n n using indez-smult-mat(2,3) assms(4)
by auto

ultimately show ?thesis unfolding lowner-le-def using eqBA by fastforce
qed

lemma lowner-le-smult:
fixes c :: real
assumes ¢ > 0 A <; B A € carrier-mat n n B € carrier-mat n n
shows ¢ -,, A <p ¢y B
apply (rule lowner-le-smultc) using assms by (auto simp: less-eq-complez-def)

lemma minus-smult-vec-distrib:
fixes w :: ‘a::comm-ring-1 vec
shows (a — b)) y, w=a- w—"0 w
apply (rule eq-vecl)
by (auto simp add: scalar-prod-def algebra-simps)

lemma smult-mat-mult-mat-vec-assoc:
fixes A :: 'a::comm-ring-1 mat
assumes A: A € carrier-mat n m and w: w € carrier-vec m
shows a -, A %, w = a - (4 %, W)
apply (rule eg-vecl)
apply (simp add: scalar-prod-def carrier-matD[OF A] carrier-vecD[OF w])
apply (subst sum-distrib-left) apply (rule sum.cong, simp)
by auto

lemma mult-mat-vec-smult-vec-assoc:
fixes A :: 'a::comm-ring-1 mat
assumes A: A € carrier-mat n m and w: w € carrier-vec m
shows 4 x, (a -, w) = a + (4 %, w)
apply (rule eq-vecl)
apply (simp add: scalar-prod-def carrier-matD[OF A] carrier-vecD[OF w])
apply (subst sum-distrib-left) apply (rule sum.cong, simp)
by auto

lemma outer-prod-left-right-mat:

fixes A B :: complex mat

assumes du: u € carrier-vec d2 and dv: v € carrier-vec d3

and dA: A € carrier-mat d1 d2 and dB: B € carrier-mat d3 d/

shows A x (outer-prod u v) * B = (outer-prod (A x, u) (adjoint B x, v))

unfolding outer-prod-def
proof —

have eql: A x (m
(A(i, §). (A, v) 8

q;f (dim-vec u) 1 (A(7, 7). v $ 7)) = mat (dim-vec (A *, u)) 1
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apply (rule eg-matl)
by (auto simp add: dA du scalar-prod-def)
have conj: conjugate a * b = conjugate ((a::complexr) * conjugate b) for a b by
auto
have eg2: mat 1 (dim-vec v) (A(%, y). conjugate v $ y) * B = mat 1 (dim-vec
(adjoint B *, v)) (A(i, y). conjugate (adjoint B x, v) $ y)
apply (rule eg-matl)
apply (auto simp add: carrier-matD[OF dB] carrier-vecD[OF dv) scalar-prod-def
adjoint-def conjugate-vec-def sum-conjugate )
apply (rule sum.cong)
by (auto simp add: conj)
have A * (mat (dim-vec u) 1 (A(i, j). w $ @) * mat 1 (dim-vec v) (A(Z, y).
conjugate v § y)) * B =
(A = (mat (dim-vec u) 1 (A%, 7). u $ 7)) *(mat 1 (dim-vec v) (A(%, y).
conjugate v $ y)) * B
using dA du dv dB assoc-mult-mat[OF dA, of mat (dim-vec u) 1 (A\(%, §). u $
i) 1 mat 1 (dim-vec v) (A(4, y). conjugate v $ y)] by fastforce
also have ... = (A  (mat (dim-vec u) 1 (A(%, 7). © $ ©))) *((mat 1 (dim-vec v)
(A(i, y). conjugate v $ y)) * B)
using dA du dv dB assoc-mult-mat[OF - - dB, of (A * (mat (dim-vec u) 1 (A(i,
§)- w8 1)) d1 1] by fastforce
finally show A x (mat (dim-vec u) 1 (A(Z, 7). u $ @) x mat 1 (dim-vec v) (A(4,
y). conjugate v $ y)) * B =
mat (dim-vec (A *, u)) 1 (A(%, j). (A %, u) $ i) x mat 1 (dim-vec (adjoint B
x, 1)) (A(4, y). conjugate (adjoint B %, v) $ y)
using eq! eq2 by auto
qged

1.14 Density operators

definition density-operator :: compler mat = bool where
density-operator A <— positive A N trace A = 1

definition partial-density-operator :: compler mat = bool where
partial-density-operator A <— positive A N\ trace A < 1

lemma pure-state-self-outer-prod-is-partial-density-operator:
fixes v :: complex vec
assumes dimv: v € carrier-vec n and nv: vec-norm v = 1
shows partial-density-operator (outer-prod v v)
unfolding partial-density-operator-def
proof
have dimov: outer-prod v v € carrier-mat n n using dimv by auto
show positive (outer-prod v v) unfolding positive-def
proof (rule, simp add: carrier-matD(2)[OF dimov] dimov, rule alll, rule impI)
fix w assume dim-vec (w::complex vec) = dim-col (outer-prod v v)
then have dimw: w € carrier-vec n using dimov carrier-vecl by auto
then have inner-prod w ((outer-prod v v) %, w) = inner-prod w v * inner-prod
v w
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using inner-prod-outer-prod dimw dimv by auto

also have ... = inner-prod w v * conjugate (inner-prod w v) using dimw dimv
apply (subst conjugate-scalar-prod|of v conjugate w), simp)
apply (subst conjugate-vec-sprod-comm|of conjugate v - conjugate wl, auto)
apply (rule carrier-vec-conjugate] OF dimuv))
apply (rule carrier-vec-conjugate| OF dimw))

done
also have ... > 0 by (auto simp: less-eq-complez-def)
finally show inner-prod w ((outer-prod v v) %, w) > 0.
qged

have eq: trace (outer-prod v v) = (3 i=0..<n. v$i * conjugate(v$7)) unfolding
trace-def
apply (subst carrier-matD(1)[OF dimov])
apply (simp add: indezx-outer-prod|OF dimv dimv])
done
have vec-norm v = csqrt (3 i=0..<n. v$i x conjugate(v$i)) unfolding vec-norm-def
using dimv
by (simp add: scalar-prod-def)
then have (3 i=0..<n. v$i * conjugate(v$i)) = 1 using nv by auto
with eq show trace (outer-prod v v) < 1 by auto
qed

lemma lowner-le-trace:
assumes A: A € carrier-mat n n
and B: B € carrier-mat n n
shows A <; B «— (Vp€Ecarrier-mat n n. partial-density-operator o — trace
(A x 9) < trace (B * p))
proof (rule iffI)
have dimBmA: B — A € carrier-mat n n using A B by auto
{
assume A <; B
then have pBmA: positive (B — A) using lowner-le-def by auto
moreover have B — A € carrier-mat n n using assms by auto
ultimately have 3 M&carrier-mat n n. M x adjoint M = B — A using
positive-iff-decomplof B — A] by auto
then obtain M where dimM: M € carrier-mat n n and M: M x adjoint M
= B — A by auto
{
fix o assume dimr: ¢ € carrier-mat n n and pdr: partial-density-operator o
have eq: trace(B x 0) — trace(A * p) = trace((B — A) * o) using A B dimr
apply (subst minus-mult-distrib-mat, auto)
apply (subst trace-minus-linear, auto)
done
have pr: positive o using pdr partial-density-operator-def by auto
then have 3 Pecarrier-mat n n. o = P * adjoint P using positive-iff-decomp
dimr by auto
then obtain P where dimP: P € carrier-mat n n and P: o = P % adjoint
P by auto
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have trace((B — A) * 9) = trace(M * adjoint M * (P x adjoint P)) using P
M by auto

also have ... = trace((adjoint P x M) x adjoint (adjoint P x M)) using
dimM dimP by (mat-assoc n)
also have ... > 0 using trace-adjoint-positive by auto

finally have trace((B — A) % o) > 0.
with eq have trace (B * ¢) — trace (A x ) > 0 by auto

then show V o€ carrier-mat n n. partial-density-operator ¢ — trace (A * o)
< trace (B * p) by auto

{

assume asm: Y g€ carrier-mat n n. partial-density-operator o — trace (A * o)
< trace (B * 0)

have positive (B — A)

proof —

{

fix v assume dim-vec (v::complex vec) = dim-col (B — A) A vec-norm v =

then have dimv: v € carrier-vec n and nv: vec-norm v = 1
using carrier-matD[OF dimBmA] by (auto intro: carrier-vecl)
have dimov: outer-prod v v € carrier-mat n n using dimv by auto
then have partial-density-operator (outer-prod v v)
using dimv nv pure-state-self-outer-prod-is-partial-density-operator by auto
then have leq: trace(A * (outer-prod v v)) < trace(B * (outer-prod v v))
using asm dimov by auto
have trace((B — A) * (outer-prod v v)) = trace(B * (outer-prod v v)) —
trace(A * (outer-prod v v)) using A B dimov
apply (subst minus-mult-distrib-mat, auto)
apply (subst trace-minus-linear, auto)
done
then have trace((B — A) = (outer-prod v v)) > 0 using leq by auto
then have inner-prod v ((B — A) %, v) > 0 using trace-outer-prod-right[OF
dimBmA dimv dimv] by auto
}
then show positive (B — A) using positive-iff-normalized-vec[of B — A]
dimBmA A by simp
qed
then show A <; B using lowner-le-def A B by auto

}

qged

lemma lowner-le-tracel:
assumes A € carrier-mat n n
and B € carrier-mat n n
and Ap. ¢ € carrier-mat n n = partial-density-operator o = trace (A * o)
< trace (B * o)
shows A <; B
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using lowner-le-trace assms by auto

lemma trace-pdo-eq-imp-eq:
assumes A: A € carrier-mat n n
and B: B € carrier-mat n n
and teq: No. 0 € carrier-mat n n => partial-density-operator 0 = trace (A
% 0) = trace (B * )
shows A = B
proof —
from teq have A <; B using lowner-le-trace][OF A B] teq by auto
moreover from teq have B <; A using lowner-le-trace]OF B A] teq by auto
ultimately show A = B using lowner-le-antisym A B by auto
qed

lemma lowner-le-traceD:
assumes A € carrier-mat n n B € carrier-mat n n o € carrier-mat n n
and A <; B
and partial-density-operator o
shows trace (A * p) < trace (B * o)
using lowner-le-trace assms by blast

lemma sum-only-one-neq-0:
assumes finite Aand j € Aand \i. i€ A = i#j=— gi=10
shows sum g A = ¢ j
proof —
have {j} C A using assms by auto
moreover have Vi€cA — {j}. g i = 0 using assms by simp
ultimately have sum g A = sum g {j} using assms
by (auto simp add: comm-monoid-add-class.sum.mono-neutral-right[of A {j}
gl)
moreover have sum g {j} = g j by simp
ultimately show ?thesis by auto
qed

end

2 Matrix limits

theory Matrix-Limit
imports Complex-Matrix
begin
2.1 Definition of limit of matrices

definition limit-mat :: (nat = complex mat) = complex mat = nat = bool where
limit-mat X A m +— (V n. X n € carrier-mat m m AN A € carrier-mat m m A

VMi<mVji<m (An (Xn)$$ (4 5) —— (A8S$ (4, 9)))

lemma limit-mat-unique:
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assumes limA: limit-mat X A m and limB: limit-mat X B m
shows A = B
proof —
have dim: A € carrier-mat m m B € carrier-mat m m using limA limB limit-mat-def
by auto
{
fix i jassume i: i < mand j: j < m
have (A n. (X n) $$ (¢, j)) —— (A $3$ (¢, j)) using limit-mat-def limA i j
by auto
moreover have (A n. (X n) $$ (4, j)) —— (B $$ (4, j)) using limit-mat-def
limB i j by auto
ultimately have (4 $$ (i, j)) = (B $$ (4, j)) using LIMSEQ-unique by auto

then show A = B using mat-eq-iff dim by auto
qed

lemma limit-mat-const:
fixes A :: complex mat
assumes A € carrier-mat m m
shows limit-mat (Ak. A) A m
unfolding limit-mat-def using assms by auto

lemma limit-mat-scale:
fixes X :: nat = compler mat and A :: complex mat
assumes limX: limit-mat X A m
shows limit-mat (An. ¢ -+, X n) (¢ m A) m
proof —
have dimA: A € carrier-mat m m using limX limit-mat-def by auto
have dimX: A\n. X n € carrier-mat m m using limX unfolding limit-mat-def
by auto
have \ij.i<m=j<m= (An. (¢ m Xn)$$ (4, j) —— (c-m A) $3$
(4, §)
proof —
fix ¢ j assume i: i < mand j: j < m
have (An. (X n) $$ (4, j)) —— A$$(4, j) using limX limit-mat-def i j by
auto
moreover have (An. ¢) —— ¢ by auto
ultimately have (An. ¢ x (X n) $$ (4, 7)) —— ¢ * A$$(¢, j)
using tendsto-mult[of An. ¢ c] limX limit-mat-def by auto
moreover have (¢ -, X n) $$ (¢, j) = ¢ * (X n) $$ (¢, j) for n
using index-smult-mat(1)[of i X n j c] i j dimX[of n] by auto
moreover have (¢ -, A) $8 (4, j) = ¢ * A $3 (4, j)
using index-smult-mat(1)[of i A j c] i j dimA by auto
ultimately show (An. (¢ -y, X n) 88 (4, j)) —— (¢ -m 4) $$ (i, j) by auto
qed
then show ?thesis unfolding limit-mat-def using dimA dimX by auto
qed

lemma limit-mat-add:
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fixes X :: nat = compler mat and Y :: nat = compler mat and A :: complex

mat
and m :: nat and B :: complexr mat

assumes limX: limit-mat X A m and limY: limit-mat Y B m

shows limit-mat (M\k. Xk + Yk) (A + B) m
proof —

have dimA: A € carrier-mat m m using limX limit-mat-def by auto

have dimB: B € carrier-mat m m using limY limit-mat-def by auto

have dimX: An. X n € carrier-mat m m using limX unfolding limit-mat-def
by auto

have dimY: An. Y n € carrier-mat m m using limY unfolding limit-mat-def
by auto

then have dimXAB:Vn. X n + Y n € carrier-mat m m N A + B € carrier-mat
m m using dimA dimB dimX dimY

by (simp)

have (Nij.i<m=j<m= (An. (Xn+ Yn)$$ (i j) —— (A+ B)
$$ (i, 7))
proof —
fix ¢ jassume i: i < mand j: j < m
have (An. (X n) $$ (4, j)) —— AS$3(¢, j) using limX limit-mat-def i j by
auto
moreover have (An. (Y n) $$ (i, j)) —— BS$$(¢, j) using limY limit-mat-def
i j by auto
ultimately have (An. (X n)$$(¢, j) + (Y n) $$ (i, j)) —— (A8$(4, j) +
BS$5(i, j))
using tendsto-add[of An. (X n) 83 (¢, j) A $$ (4, j)] by auto
moreover have (X n + Y n) $$ (i, ) = (X n)$3(<, j) + (Y n) $$ (4, j) for n
using i j dimX dimY index-add-mat(1)[of i Y n j X n| by fastforce
moreover have (A + B) 33 (i, j) = A$$(4, j) + B3$3(4, 5)
using 7 j dimA dimB by fastforce
ultimately show (An. (X n + Y n) $$ (4, j)) —— (4 + B) $3 (4, j) by
auto
qed
then show ?thesis
unfolding limit-mat-def using dimXAB by auto
qed

lemma limit-mat-minus:

fixes X :: nat = compler mat and Y :: nat = compler mat and A :: complex
mat

and m :: nat and B :: complexr mat

assumes [imX: limit-mat X A m and limY: limit-mat Y B m

shows limit-mat (\k. Xk — Yk) (A — B) m
proof —

have dimA: A € carrier-mat m m using limX limit-mat-def by auto

have dimB: B € carrier-mat m m using limY limit-mat-def by auto

have dimX: An. X n € carrier-mat m m using limX unfolding limit-mat-def
by auto
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have dimY: An. Y n € carrier-mat m m using limY unfolding limit-mat-def
by auto

have —1 -, Y n = — Y n for n using dimY by auto
moreover have —1 -,, B = — B using dimB by auto
ultimately have limit-mat (An. — Y n) (— B) m using limit-mat-scale|OF

limY, of —1] by auto
then have limit-mat (An. X n + (— Y n)) (A + (— B)) m using limit-mat-add
limX by auto
moreover have X n 4+ (— Y n) = X n — Y n for n using dimX dimY by auto
moreover have A + (— B) = A — B by auto
ultimately show %thesis by auto
qed

lemma limit-mat-mult:
fixes X :: nat = complex mat and Y :: nat = compler mat and A :: complex
mat
and m :: nat and B :: complex mat
assumes limX: limit-mat X A m and limY: limit-mat Y B m
shows limit-mat (\k. X k x Yk) (A x B) m
proof —
have dimA: A € carrier-mat m m using limX limit-mat-def by auto
have dimB: B € carrier-mat m m using limY limit-mat-def by auto
have dimX: An. X n € carrier-mat m m using limX unfolding limit-mat-def
by auto
have dimY: An. Y n € carrier-mat m m using limY unfolding limit-mat-def
by auto
then have dimXAB:Vn. X nx Y n € carrier-mat m m N A x B € carrier-mat
m m using dimA dimB dimX dimY
by fastforce

have (Nij.i<m = j<m= (An. (X nx Yn)$$ (4, 5) —— (4% B)
$$ (4, 7))
proof —
fix ¢ j assume i: i < mand j: j < m
have eqn: (X nx Y n) $$ (4, j) = O k=0..<m. (X n)$3(i, k) * (Y n)$$(k, j))
for n
using i j dimX[of n] dimY|of n] by (auto simp add: scalar-prod-def)
have eq: (A * B) $$ (¢, j) = O_ k=0..<m. A$$(3,k) + B$$(k.5))
using i j dimB dimA by (auto simp add: scalar-prod-def)
have (An. (X n) $$ (i, k)) —— A8$3(i, k) if £ < m for k using limX
limit-mat-def that i by auto
moreover have (An. (Y n) $$ (k, j)) —— B$$(k, j) if £ < m for k using
limY limit-mat-def that j by auto
ultimately have (An. (X n)$$(4, k) = (Y n)$$(k,5)) —— A$$(4, k) » BSS$(k,
j)if k < m for k
using tendsto-mult[of An. (X n) $$ (4, k) A$$(i, k) - An. (Y n)$$(k, j) B$$(k,
§)] that by auto
then have (An. (3 k=0..<m. (X n)$3(i,k) * (Y n)$$(k,j))) —— O_ k=0..<m.
A$$(i,k)  BS$$(k,5))
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using tendsto-sum[of {0..<m} Mk n. (X n)$8(i,k) = (Y n)$8(k,j) Mk. A$S(i,
k) = B$$(k, j)] by auto
then show (An. (X nx Y n) $$ (i, j)) —— (4 = B) $3 (¢, j) using eqn eq
by auto
qed
then show ?thesis
unfolding limit-mat-def using dimXAB by fastforce
qed

Adding matrix A to the sequence X

definition mat-add-seq :: complex mat = (nat = complex mat) = nat = complex
mat where
mat-add-seg A X = (An. A + X n)

lemma mat-add-limit:

fixes X :: nat = complex mat and A :: complexr mat and m :: nat and B :
complexr mat

assumes dimB: B € carrier-mat m m and limX: limit-mat X A m

shows limit-mat (mat-add-seq B X) (B + A) m

unfolding mat-add-seq-def using limit-mat-add limit-mat-const|OF dimB] limX
by auto

lemma mat-minus-limit:

fixes X :: nat = compler mat and A :: complex mat and m :: nat and B ::
complex mat

assumes dimB: B € carrier-mat m m and limX: limit-mat X A m

shows limit-mat (An. B — X n) (B — A) m

using limit-mat-minus limit-mat-const|OF dimB] limX by auto

Multiply matrix A by the sequence X

definition mat-mult-seq :: complex mat = (nat = complex mat) = nat = com-
plex mat where
mat-mult-seqg A X = (An. A % X n)

lemma mat-mult-limit:

fixes X :: nat = complex mat and A B :: complex mat and m :: nat

assumes dimB: B € carrier-mat m m and limX: limit-mat X A m

shows limit-mat (mat-mult-seq B X) (B % A) m

unfolding mat-mult-seq-def using limit-mat-mult limit-mat-const| OF dimB] limX
by auto

lemma mult-mat-limit:

fixes X :: nat = complex mat and A B :: complex mat and m :: nat

assumes dimB: B € carrier-mat m m and limX: limit-mat X A m

shows limit-mat (Ak. X k x B) (A x B) m

unfolding mat-mult-seq-def using limit-mat-mult limit-mat-const| OF dimB] limX
by auto

lemma quadratic-form-mat:
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fixes A :: complex mat and v :: complex vec and m :: nat
assumes dimv: dim-vec v = m and dimA: A € carrier-mat m m
shows inner-prod v (A *, v) = (3 i=0..<m. (3 j=0..<m. conjugate (v$i) *
A$$(i, j) * v$j))
proof —
have inner-prod v (A *, v) = > i=0..<m. (>_j=0..<m.
conjugate (v8i) * A$$(4, j) * v$j))
unfolding scalar-prod-def using dimv dimA
apply (simp add: scalar-prod-def sum-distrib-right)
apply (rule sum.cong, auto, rule sum.cong, auto)
done
then show ?thesis by auto
qed

lemma sum-subtractff:

fixes h g :: nat = nat ='a::ab-group-add

shows (D z€A. > yeB. hxy —gzy) = (O z€A. Y yeB. hzy) — (O zeA.
Y YeB. gz y)
proof —

haveV z € A. (Y yeB. hzxy—gzy) = (> yeB. hzy) — (D yeB. gz y)
proof —

{

fix z assume z: z € A

have (Y yeB. hzy —gzy) = O yeB. hzy) — (O yeEB. gz y)
using sum-subtractf by auto
}

then show ?thesis using sum-subtractf by blast
qed
then have (> zcAY yeB. hzy —gazy) = O zcA (O yeB. hzy) —
(S yeB. g 5 9)) by auto

also have ... = (D> z€A. Y yeB. hzy) — (O z€A. Y yeB. gz y)
by (simp add: sum-subtractf)
finally have (> z€A. > yeB. hzy — gz y) = . z€A. sum (hz) B) —
(>_zeA. sum (g z) B) by auto
then show ?thesis by auto
qed

lemma sum-abs-complezx:

fixes h :: nat = nat = complex

shows cmod (D xz€AY yeB. hzy) < (D x€A. Y yeB. cmod(h z y))
proof —

have B:V z € A. emod( >  yeB .hzy) < (3. yeB. cmod(h z y)) using sum-abs
norm-sum by blast

have cmod (> z€A> yeB. hzy) < (Y z€A. cmod( > yeB .h z y)) using
sum-abs norm-sum by blast

also have ... < (3 z€A. Y yeB. emod(h x y)) using sum-abs norm-sum B

by (simp add: sum-mono)

finally have cmod (> z€A. > yeB. hxy) < O x€A. > yeB. cmod (h x y))

by auto
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then show ?thesis by auto
qed

lemma hermitian-mat-lim-is-hermitian:

fixes X :: nat = complex mat and A :: complex mat and m :: nat

assumes limX: limit-mat X A m and herX: V n. hermitian (X n)

shows hermitian A
proof —

have dimX:Vn. X n € carrier-mat m m using limX unfolding limit-mat-def
by auto

have dimA : A € carrier-mat m m using limX unfolding limit-mat-def by auto

from herX have herXn: V n. adjoint (X n) = (X n) unfolding hermitian-def
by auto
from limX have limXn: Vi<m. Vj<m. (An. X n $$ (i, j)) —— A $$ (4, 5)
unfolding limit-mat-def by auto
have Vi<m. Vj<m.(adjoint A)$$ (7, j) = A$S$ (i, j)
proof —
{
fix i jassume i: i < mand j: j < m
have aij: (adjoint A)$$ (i, j) = conjugate (A $$ (j,i)) using adjoint-eval i j
dimA by blast
have #: (An. X n 8% (i, j)) —— A $$ (4, §) using limXn i j by auto
have ji: (An. X n $$ (j, i)) —— A $$ (4, 9) using limXn i j by auto
then have Vr>0. Ino. Vn>no. dist (conjugate (X n $$ (4, ©))) (conjugate
(A$$(4,9) <r
proof —
{
fix r :: real assume r : r > 0
have 3 no. Yn>no. cmod (X n $$ (j, i) — A 3% (4, ©)) < r using ji r
unfolding LIMSEQ-def dist-norm by auto
then obtain no where Xji: Vn>no. cmod (X n $$ (4, i) — A $$ (j, 7))
< r by auto
then have Vn>no. cmod (conjugate (X n 88 (j,7) — A 88 (4, 7)) < r
using complez-mod-cnj conjugate-complez-def by presburger
then have Vn>no. dist (conjugate (X n $$ (4, 7))) (conjugate (A $$ (7,
i))) < r unfolding dist-norm by auto
then have I no. Vn>no. dist (conjugate (X n $3$ (4, 7))) (conjugate (A $3
(4, 1)) < r by auto

then show ?thesis by auto
qed
then have conjX: (An. conjugate (X n 3% (j, ©))) —— conjugate (A $$
(4, 1)) unfolding LIMSEQ-def by auto

from herXn have V n. conjugate (X n $$ (j,7)) = X n$3$ (¢, j) using
adjoint-eval i j dimX
by (metis adjoint-dim-col carrier-matD(1))
then have (An. X n $$ (4, j)) —— conjugate (A $$ (4, 7)) using conjX
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by auto
then have conjugate (A $$ (4,i)) = A$$ (i, j) using i by (simp add:
LIMSEQ-unique)
then have (adjoint A)$$ (7, j) = AS$$ (4, j) using adjoint-eval i j by (simp
add:aij)
}
then show ?thesis by auto
qed
then have hermitian A using hermitian-def dimA
by (metis adjoint-dim carrier-matD(1) carrier-matD(2) eg-matl)
then show ?thesis by auto
qed

lemma quantifier-change-order-once:
fixes P :: nat = nat = bool and m :: nat
shows Vj<m. dno. Vn>no. P nj = dno. Vj<m.Vn>no. Pnj
proof (induct m)
case (
then show ?case by auto
next
case (Suc m)
then show ?case
proof —
have mm: dno. Vj<m. VYn>no. P n j using Suc by auto
then obtain M where MM: Vj<m.Vn>M. P n j by auto
have sucm: Ino. Vn>no. P n m using Suc(2) by auto
then obtain N where NN: Vn>N. P n m by auto
let N = max M N
from MM NN have Vj<Suc m. Vn>?N. P nj
by (metis less-antisym maz.boundedE)
then have I no. Vj<Suc m. Vn>no. P n j by blast
then show ?thesis by auto
qed
qed

lemma quantifier-change-order-twice:
fixes P :: nat = nat = nat = bool and m n :: nat
shows Vi<m. Vj<n. 3 no. Vn>no. Pnij = I no. Vi<m. Vj<n. Vn>no. P
nij
proof —
assume fact: Vi<m. Vj<n. 3 no.Vn>no. Pnij
have one: Vi<m. 3noVj<n.Vn>no. Pnij
using fact quantifier-change-order-once by auto
have two: Vi<m. Ino.Vj<n. Vn>no. P nij = Ino. Vi<m. Vj<n. Vn>no.
Pnij
proof (induct m)
case (
then show ?case by auto
next
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case (Suc m)
then show ?case
proof —
obtain M where MM: ¥V i<m. Vj<n.Vn>M. P n i j using Suc by auto
obtain N where NN: Vj<n. Vn>N. P n m j using Suc(2) by blast
let YN = max M N
from MM NN have Vi<Suc m. Vj<n.Vn>¢?N. Pnij
by (metis less-antisym maz.boundedE)
then have dno. Vi<Suc m. Vj<n.Vn>no. P n ij by blast
then show ?thesis by auto
qed
qed
with fact show ?thesis using one by auto
qed

lemma pos-mat-lim-is-pos:

fixes X :: nat = complexr mat and A :: complex mat and m :: nat

assumes limX: limit-mat X A m and posX: V n. positive (X n)

shows positive A
proof (rule ccontr)

have dimX :Vn. X n € carrier-mat m m using limX unfolding limit-mat-def
by auto

have dimA : A € carrier-mat m m using limX unfolding limit-mat-def by auto

have herX : V n. hermitian (X n) using posX positive-is-hermitian by auto

then have herA : hermitian A using hermitian-mat-lim-is-hermitian limX by
auto

then have herprod: ¥V v. dim-vec v = dim-col A — inner-prod v (A *, v) €
Reals

using hermitian-inner-prod-real dimA by auto

assume npA: — positive A
from npA have — (A € carrier-mat (dim-col A) (dim-col A)) V = (Y. dim-vec
v = dim-col A — 0 < inner-prod v (A x, v))
unfolding positive-def by blast
then have evA: 3 v. dim-vec v = dim-col A N = inner-prod v (A %, v) > 0
using dimA by blast
then have 3 v. dim-vec v = dim-col A A inner-prod v (A %, v) < 0
proof —
obtain v where vA: dim-vec v = dim-col A N = inner-prod v (A *, v) > 0
using evA by auto
from vA herprod have — 0 < inner-prod v (A %, v) A inner-prod v (A x, v)
€ Reals by auto
then have inner-prod v (A %, v) < 0
using complex-is-Real-iff by (auto simp: less-complex-def less-eq-complex-def)
then have 3 v. dim-vec v = dim-col A A inner-prod v (A %, v) < 0 using
vA by auto
then show %thesis by auto
qged
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then obtain v where neg: dim-vec v = dim-col A A inner-prod v (A x, v) < 0
by auto

have nzero: v # 0, m

proof (rule ccontr)
assume nega: - v # 0, m
have zero: v = 0, m using nega by auto
have (A x, v) = 0, m unfolding mult-mat-vec-def using zero

using dimA by auto

then have zerov: inner-prod v (A *, v) = 0 by (simp add: zero)
from neg zerov have -~ v # 0, m = Fualse using dimA by auto
with nega show Fulse by auto

qed

have invgeq: inner-prod v v > 0
proof —
have inner-prod v v = vec-norm v * vec-norm v unfolding vec-norm-def
by (metis carrier-matD(2) carrier-vec-dim-vec dimA mult-cancel-left1 neg
normalized-cscalar-prod normalized-vec-norm nzero vec-norm-def)
moreover have vec-norm v > 0 using nzero vec-norm-ge-0 neg dimA
by (metis carrier-matD(2) carrier-vec-dim-vec)
ultimately have inner-prod v v > 0 by (auto simp: less-eq-complez-def
less-complex-def)
then show f?thesis by auto
qed

have invv: inner-prod v v = (3.1 = 0..<m. emod (conjugate (v $ ) * (v $ ©)))
proof —
{
have V i < m. conjugate (v $ i) * (v $ i) > 0 using conjugate-square-smaller-0
by (simp add: less-eq-complez-def)
then have vi: V i < m. conjugate (v $ i) * (v $ i) = cmod (conjugate (v $
i) * (v $ 7)) using cmod-eq-Re
by (simp add: complez.expand)

have inner-prod v v= (> i = 0..<m. ((v $ 7) * conjugate (v $ 7)))
unfolding scalar-prod-def conjugate-vec-def using neg dimA by auto

also have ... = (> i = 0..<m. (conjugate (v $ 7) * (v $ 7)))
by (meson mult.commute)
also have ... = (>_i = 0..<m. cmod (conjugate (v $ i) x (v $ 7))) using vi
by auto

finally have inner-prod v v = (>.i = 0..<m. cmod (conjugate (v $ 7) * (v
$ 4))) by auto
}

then show ?thesis by auto
qed

let ?r = inner-prod v (A x, v) have rl: ?r < 0 using neg by auto
have vAv: inner-prod v (A x, v) = (. i=0..<m. (>_j=0..<m.

65



conjugate (v3i) * A3$(¢, j) * v8j)) using quadratic-form-mat dimA
neg by auto
from limX have limij: Vi<m. Vj<m. (An. X n $$ (i, j)) —— A $$ (4, j)
unfolding limit-mat-def by auto
then have limXv: (A n. inner-prod v ((X n) *, v)) — inner-prod v (A *,
v)
proof —
have XAless: cmod (inner-prod v (X n %, v) — inner-prod v (A *, v)) <
>Zi=0..<m. > j= 0.<m. cmod (conjugate (v $ 7)) * cmod (X n $$ (i, 7)
— A 388 (4, ) * cmod (v $ j)) for n
proof —
have V i < m. V j < m. conjugate (v$i) * X n $3(4, j) * v$j — conjugate
(v87) * ASS(¢, §) * v8j =
conjugate (v$i) * (X n $3(¢, j)—A$3(¢, j)) * v$j
by (simp add: mult.commute right-diff-distrib)
then have ele: V i < m.(>] j=0..<m.(conjugate (v$7) * X n $$(i, j) * v$j —
conjugate (v87) * A$3(7, j) * v$7)) = O_j=0..<m.(
conjugate (v87) = (X n $3(7, j)—AS$3(4, j)) * v85)) by auto
have V i < m.V j < m. cmod(conjugate (v $ i) * (X n $$ (i, j) — A $$ (i,
o) =
cmod(conjugate (v $ i) * cmod (X n $$ (4, j) — A $$ (4, §)) * cmod(v
$j)
by (simp add: norm-mult)

then have less: V i < m.(>.j = 0..<m. cmod(conjugate (v $ i) * (X n $3
(>° 7 = 0..<m. ecmod(conjugate (v $ 7)) * cmod (X n $$ (¢, j) — A
$$ (i, §)) * cmod(v $ j)) by auto

have inner-prod v (X n %, v) — inner-prod v (A %, v) = (>_i=0..<m.
>oj=0..<m.
conjugate (v87) = X n $$(7, 7) * v8j)) — O i=0..<m. (3_j=0..<m.
conjugate (v87) * A$$(7, j) * v$7)) using quadratic-form-mat neg dimA
dimX by auto
also have ... = (> i=0..<m. (3 j=0..<m.(
conjugate (v8i) x+ X n $$(i, j) * v$j — conjugate (v$i) = A$S$(i, j) =
v$7)))

using sum-subtractff[of A i j. conjugate (v $ i) * X n 8% (¢, j) * v $j A i
j. conjugate (v $ i) x A $$ (¢, j) * v$j{0..<m}] by auto
also have ... = (> i=0..<m. (3 j=0..<m.(
conjugate (v$i) * (X n $8(¢, 7)—A$$(4, 7)) * v$j))) using ele by auto
finally have minusXA: inner-prod v (X n %, v) — inner-prod v (A x, v) =
>Ci=0..<m. > j= 0.<m. conjugate (v $ i) *x (X n $$ (i,7) — A $$ (i, 7)) * v
$ ) by auto

from minusXA have cmod (inner-prod v (X n %, v) — inner-prod v (A *,
v)) =
emod (30 = 0.<m. > j= 0..<m. conjugate (v $ ) * (X n $$ (4, j)

— A$$ (i, §)) * v $j) by auto
also have ... < (>Ji = 0..<m. > j = 0..<m. cmod(conjugate (v $ i) * (X
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nS$$(i,7) — AS$S (4, 7)) »v$ 7))
using sum-abs-complex by simp
also have ... = (3 i = 0..<m. >_j = 0..<m. cmod(conjugate (v $ 7)) *
cmod (X n $$ (4, 5) — A $8$ (4, j)) * cmod(v $ 7))
using less by auto
finally show ?thesis by auto
qed

from limij have limijm: Vi<m. Vj<m.Vr>0. Ino. Vn>no. cmod (X n $$
(ia .7) - A 8% (i7 ])) <r
unfolding LIMSEQ-def dist-norm by auto
from limX have mg: m > 0 using limit-mat-def
by (metis carrier-matD(1) carrier-matD(2) mat-eq-iff neq0-conv not-lessO
npA posX)

have cmoda: Ino. Vn>no. (i = 0..<m. > j = 0..<m. cmod (conjugate (v
$14)) x cmod (X n$$ (i,5) — AS$$ (i,7)) * cmod (v$j) <r
ifr:r >0 for r
proof —
let 2u = (> i=0..<m. > j= 0.<m.((cmod (conjugate (v $ 7)) * cmod (v
$.4))))
have ug: 2u > 0
proof —
have ur: 2u = (3. i = 0..<m. (¢cmod (conjugate (v $ 7)) * (O j = 0..<m.(
cemod (v $ 7)) by (simp add: sum-distrib-left)
have (3 j = 0..<m.( ecmod (v $ 7)) > cmod (v $ 7) if 4: ¢ < m for ¢
using member-le-sum[of ¢ {0..<m} X\ j. ecmod (v$j)] cmod-def i by simp
then have V ¢ < m. (cmod (conjugate (v $ i) * (3 5 = 0..<m.( cmod (v
$ 1)) > (cmod (conjugate (v $ 7)) * cmod (v $ 7))
by (simp add: mult-left-mono)
then have 2u > (3¢ = 0..<m. (cmod (conjugate (v $ 7))
using ur sum-mono[of {0..<m} X i. cmod (conjugate (v
$ i) A 4. emod (conjugate (v $ 7)) x (3.5 = 0..<m. cmod (v $ j))]
by auto
moreover have (3" i = 0..<m. cmod (conjugate (v $ 7) xcmod (v $§ 7))
= (321 = 0..<m. cmod (conjugate (v $ i) * (v $ 7))
using norm-ge-zero norm-mult norm-of-real by (metis (no-types, opaque-lifting)
abs-of-nonneg)
moreover have (> i = 0..<m. cmod (conjugate (v $ 7) * (v § 7)) =
inner-prod v v using invv by auto
ultimately have ?u > inner-prod v v
by (metis (no-types, lifting) Im-complex-of-real Re-complez-of-real invv
less-eq-complex-def norm-mult sum.cong)
then have %u > 0 wusing invgeq by (auto simp: less-eq-complex-def
less-complex-def)
then show ?thesis by auto
qed

sxcmod (v $ 7)))
$ 7)) * cmod (v

let s =1r /(2 % %u)
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have sgz: ?s > 0 using ug 7l
by (smt (verit) divide-pos-pos dual-order.strict-iff-order linordered-semiring-strict-class. mult-pos-pos
zero-less-norm-iff T)
from limijm have sij: 3no. Vn>no. cmod (X n $$ (i, j) — A $$ (4, j)) < %
ifi:i < mandj: j < mforij
proof —
obtain N where Ns: Vn>N. cmod (X n $$ (4, j) — A $$ (4, j)) < s using
sgz limigm i j by blast
then show ?thesis by auto
qed
then have 3 no. Vi<m. Vj<m. Vn>no. cmod (X n 8% (4, j) — A $$ (4, j))
< ?s
using quantifier-change-order-twice[of m m A n i j. (emod (X n 8% (i, j) —
A 88 (4, §))<?s)] by auto
then obtain N where Nno: Vi<m. Vj<m.Vn>N. cmod (X n $$ (i, j) —
A $8$ (i, j)) < ?s by auto
then have mmN: c¢cmod (conjugate (v $ ©)) * cmod (X n $$ (i, j) — A 38 (4,
§)) * cmod (v $ j)
< %s * (cmod (conjugate (v $ 7)) * cmod (v $ 7))
ifi:i<mandj j<mandn: n>Nforijn
proof —
have geq: cmod (conjugate (v $ 7)) > 0 A ecmod (v $ §)>0 by simp
then have cmod (conjugate (v $ 7)) * cmod (X n $$ (4, j) — A $$ (4, j))
<emod (conjugate (v $ i) * ?s using Nno i jn
by (smt (verit) mult-left-mono)
then have cmod (conjugate (v $ 7)) x cmod (X n $$ (4, ) — A $$ (4, j)) *
cmod (v $ §)
< cmod (conjugate (v $ i)) *%s x cmod (v $ j) using geq
mult-right-mono by blast

also have ... = %5 x (cmod (conjugate (v $ 7)) x cmod (v $ j)) by simp
finally show ?thesis by auto
qed

then have (> i = 0..<m. > j = 0..<m. cmod (conjugate (v $ ©)) * cmod
(Xn8$S$ (i,5) — ASS$ (¢, 7)) * cmod (v$j)) <r
if n: n > N for n
proof —
have mmX: Vi<m. Vj<m. cmod (conjugate (v $ 7)) x cmod (X n $$ (4, 5)
— A 88 (i, §)) * cmod (v $ )
< ?%s * (ecmod (conjugate (v $ i) * cmod (v $ 7)) using n mmN
by blast
have (>"j = 0..<m. cmod (conjugate (v $ 7)) x cmod (X n $$ (4, j) — A
$$ (i, 7)) * cmod (v $ 7))
< (32j=0..<m.(%s * (cmod (conjugate (v $ 7)) * cmod (v $ j))))
if i: ¢ < m for ¢
proof —
have Vj<m. cmod (conjugate (v $ ©)) * cmod (X n $$ (i, j) — A $$ (i,
7)) * cmod (v $ j)
< %s x (cmod (conjugate (v $ i) * cmod (v $ 7)) using mmX i by
auto
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then show “thesis
using sum-mono[of {0..<m} X j. emod (conjugate (v $ 7)) * cmod (X n
$8 (i, 5) — A 88 (i, 7)) * emod (v 8 j) Xj. (%s x (ecmod (conjugate (v $ ©)) * cmod
(v$ 7))
atLeastLessThan-iff by blast
qged
then have (3 i = 0..<m. > j = 0..<m. cmod (conjugate (v $ 7)) * cmod
(X n$$ (i, 5) — AS$S$ (4, 7)) « cmod (v $ j))
< OZi=0.<m. > j = 0..<m.(% * (cmod (conjugate (v $ 7)) *
cmod (v $ 7)))) using sum-mono atLeastLess Than-iff
by (metis (no-types, lifting))

also have ... = %5 x (3 i = 0..<m. > j = 0..<m.((cmod (conjugate (v $
7)) * cmod (v $ 7)))) by (simp add: sum-distrib-left)
also have ... = r / 2 using nonzero-mult-divide-mult-cancel-right sgz by
fastforce
finally show ?thesis using r by auto
qed
then show ?thesis by auto
qed

then have XnAv:3no. Vn>no. cmod (inner-prod v (X n *, v) — inner-prod v
(A *y0v)) <rifrir>0forr
proof —
obtain no where nno: Vn>no. (3. i= 0..<m. > j= 0..<m. cmod (conjugate
(v 8 i) * cmod (X n$$ (i,7) — AS$S$ (4, 7)) x cmod (v $j) <r
using r cmoda neg by auto
then have Vn>no. cmod (inner-prod v (X n %, v) — inner-prod v (A *, v))
< r using XAless neg by (smt (verit))
then show ?thesis by auto
qed
then have (An. inner-prod v (X n %, v)) —— inner-prod v (A *, v) un-
folding LIMSEQ-def dist-norm by auto
then show ?thesis by auto
qed

from limXv have Vr>0. Ino. Yn>no. cmod (inner-prod v (X n %, v) — in-
ner-prod v (A #, v)) < r unfolding LIMSEQ-def dist-norm by auto

then have Jno. Vn>no. ecmod (inner-prod v (X n *, v) — inner-prod v (A x*,
v)) < —?r using rl

by (auto simp: less-eq-complex-def less-complez-def)

then obtain N where Ng: Vn>N. cmod (inner-prod v (X n *, v) — inner-prod
v (A %, v)) < —?r by auto

then have XN: cmod (inner-prod v (X N %, v) — inner-prod v (A x, v)) < —?r
by auto

from posX have positive (X N) by auto
then have XNuv:inner-prod v (X N x, v) > 0
by (metis Complex-Matriz.positive-def carrier-matD(2) dimA dimX neg)

from 7l XNv have XX: cmod (inner-prod v (X N %, v) — inner-prod v (A %,
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v)) = emod(inner-prod v (X N x, v)) — cmod(inner-prod v (A x, v))
using XN cmod-eg-Re by (auto simp: less-eq-complezx-def less-complex-def)
then have YY: cmod(inner-prod v (X N %, v)) — cmod(inner-prod v (A *, v))
< —?r using XN by auto
then have cmod(inner-prod v (X N %, v)) — cmod(inner-prod v (A *, v)) <
cmod(inner-prod v (A %, v))
using 71 cmod-eq-Re by (auto simp: less-eq-complez-def less-complex-def)
then have cmod(inner-prod v (X N %, v)) < 0 using XNv XX YY cmod-eq-Re
by (auto simp: less-eq-complex-def less-complex-def)
then have Fulse using XNv by simp
with npA show False by auto
qed

lemma limit-mat-ignore-initial-segment:
limit-mat ¢ A d = limit-mat (An. g (n + k)) A d
proof —
assume asm: limit-mat g A d
then have lim:V i < d.V j < d. (A n. (gn)$3$ (i, j)) —— (4 3% (4, j))
using limit-mat-def by auto
then have limk:V i < d.V j<d. (An. (g (n+ k) $$ (i, ) —— (A $$ (4,
7))
proof —
{
fix i j assume dims: i < dj < d
then have (A n. (g n) $$ (4, j)) —— (A $3 (4, j)) using lim by auto
then have (A n. (g (n + k)) 88 (4, j)) —— (A $$ (¢, j)) using LIM-
SEQ-ignore-initial-segment by auto
}
then show V i < d. V j<d. A n. (g (n+ k) $8 (4, j)) —— (4 88 (4, j))
by auto
qed
have V n. g n € carrier-mat d d using asm unfolding limit-mat-def by auto
then have V n. g (n + k) € carrier-mat d d by auto
moreover have A € carrier-mat d d using asm limit-mat-def by auto
ultimately show limit-mat (An. g (n + k)) A d using limit-mat-def limk by
auto
qed

lemma mat-trace-limit:

limit-mat ¢ A d = (An. trace (g9 n)) —— trace A
proof —

assume lim: limit-mat g A d

then have dgn: g n € carrier-mat d d for n using limit-mat-def by auto

from lim have dA: A € carrier-mat d d using limit-mat-def by auto

have trg: trace (g n) = (O k=0..<d. (g n)$3(k, k)) for n unfolding trace-def
using carrier-matD[OF dgn] by auto

have Vk < d. (An. (g n)$$(k, k)) —— AS$S$(k, k) using limit-mat-def lim by
auto

then have (An. (3" k=0..<d. (g n)$$(k, k))) —— O_k=0..<d. A$$(k, k))

70



using tendsto-sum|[where ?I = {0..<d} and ?f = (Ak n. (g n)$$(k, k))] by
auto
then show (An. trace (g n)) —— trace A unfolding trace-def
using trg carrier-matD[OF dgn] carrier-matD[OF dA] by auto
qed

2.2 Existence of least upper bound for the Lowner order

definition lowner-is-lub :: (nat = complex mat) = complex mat = bool where
lowner-is-lub f M «— (Vn. fn <p M) AN YM'. (Vn. fn <, M) — M <,
M)

locale matriz-seq =
fixes dim :: nat
and [ :: nat = complex mat
assumes
dim: An. fn € carrier-mat dim dim and
pdo: A\n. partial-density-operator (f n) and
inc: An. lowner-le (f n) (f (Suc n))
begin

definition lowner-is-lub :: complex mat = bool where
lowner-is-lub M +— (Vn. fn <p M) A(VNM'". ¥Vn. fn<p M) — M <, M)

lemma lowner-is-lub-dim:
assumes lowner-is-lub M
shows M € carrier-mat dim dim
proof —
have f 0 <; M using assms lowner-is-lub-def by auto
then have 1: dim-row (f 0) = dim-row M A dim-col (f 0) = dim-col M
using lowner-le-def by auto
moreover have 2: f 0 € carrier-mat dim dim
using dim by auto
ultimately show #¢thesis by auto
qed

lemma trace-adjoint-eq-u:

fixes A :: complex mat

shows trace (A x adjoint A) = (> i € {0 ..< dim-row A}. > j € {0 ..< dim-col
A}. (norm(A $$ (i,5)))?)

proof —
have trace (A * adjoint A) = (> i € {0 ..< dim-row A}. row A i « conjugate
(row A 1))
by (simp add: trace-def cmod-def adjoint-def scalar-prod-def)
also have ... = (3. i € {0 ..< dim-row A}. Y. j € {0 ..< dim-col A}. (norm(A

$$ (4.1)))%)
proof (simp add: scalar-prod-def cmod-def)
have cnjmul: V i ia. A $$ (i, ia) * cnj (A $$ (4, ia)) =
((complez-of-real (Re (A $$ (i, ia))))? + (complex-of-real (Im (A
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$$ (i, ia))))?)
by (simp add: complez-mult-cnj)
then have V i. (3" ia = 0..<dim-col A. A $$ (i, ia) * cnj (A $$ (i, ia))) =
(3> da = 0..<dim-col A. ((complex-of-real (Re (A $$ (i, ia))))?
+ (complex-of-real (Im (A $$ (i, ia))))?))
by auto
then show ()i = 0..<dim-row A. Y ia = 0..<dim-col A. A $$ (i, ia) * cnj
(A 88 (4, ia))) =
>z = 0..<dim-row A. > xa = 0..<dim-col A. (complezx-of-real (Re (A
(z, 20))))?) +
Oz = 0.<dim-row A. Y za = 0..<dim-col A. (complez-of-real (Im (A
(2 2a))))?)
by auto
qed
finally show ?thesis .
qed

$$
$$

lemma trace-adjoint-element-ineq:
fixes A :: complex mat
assumes rindex: i € {0 ..< dim-row A}
and cindez: j € {0 ..< dim-col A}
shows (norm(A $$ (i,7)))? < trace (A * adjoint A)
proof (simp add: trace-adjoint-eq-u less-eq-complex-def)
have ineqi: (cmod (A $$ (i, §)))? < (3 za = 0..<dim-col A. (cmod (A $$ (i,
7a)))?)
using cindex member-le-sum[of j {0 ..< dim-col A} X z. (cmod (A $$ (i, z)))?]
by auto
also have ineqj: ... < -z = 0..<dim-row A. > za = 0..<dim-col A. (cmod
(485 (3, 20)))?)
using rindex member-le-sum[of i {0 ..< dim-row A} X z. > za = 0..<dim-col
A. (cmod (A $$ (z, za)))?]
by (simp add: sum-nonneg)
then show (cmod (A $$ (4, §)))? < (O-z = 0..<dim-row A. Y za = 0..<dim-col
A. (emod (A $$ (z, za)))?)
using ineqi by linarith
qed

lemma positive-is-normal:
fixes A :: complex mat
assumes pos: positive A
shows A x adjoint A = adjoint A x A
proof —
have hA: hermitian A using positive-is-hermitian pos by auto
then show %thesis by (simp add: hA hermitian-is-normal)
qed

lemma diag-mat-mul-diag-diag:

fixes A B :: complex mat
assumes dimA: A € carrier-mat n n and dimB: B € carrier-mat n n
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and dA: diagonal-mat A and dB: diagonal-mat B
shows diagonal-mat (A * B)
proof —
have AB: A x B = mat n n (\(4,5). (if (i = j) then (A$$(i, i) = (B$$(i, 7))
else 0))
using diag-mat-mult-diag-mat[of A n B] dimA dimB dA dB by auto
then have dAB: Vi<n.Vj<n. i # j — (A*B) $3$ (i,j) = 0
proof —
{
fix 7 jassume : i < nand j: j < nand 4j: ¢ # j
have (A*B) $$ (i,j) = 0 using AB i j ij by auto
}
then show ?thesis by auto
qed
then show ?thesis using diagonal-mat-def dAB dimA dimB
by (metis carrier-matD(1) carrier-matD(2) index-mult-mat(2) index-mult-mat(3))
qed

lemma diag-mat-mul-diag-ele:
fixes A B :: complex mat
assumes dimA: A € carrier-mat n n and dimB: B € carrier-mat n n
and dA: diagonal-mat A and dB: diagonal-mat B
shows Vi<n. (AxB) 83 (i,i) = A$3(i, i) » B$S$(4, 7)
proof —
have AB: A x B = mat nn (\(i,j). if i = j then (A$$(7, 1)) = (B$S$(7, 7)) else 0)
using diag-mat-mult-diag-mat[of A n B] dimA dimB dA dB by auto
then show ?thesis
using AB by auto
qed

lemma trace-square-less-square-trace:
fixes B :: complex mat
assumes dimB: B € carrier-mat n n
and dB: diagonal-mat B and pB: \i. i < n = B$$(i, i) > 0
shows trace (BxB) < (trace B)?
proof —
have tB: trace B = (3. i € {0 ..<n}. B $$ (i,7)) using assms trace-def|of B]
carrier-mat-def by auto
then have tBtB: (trace B)?> = (3. i € {0 ..<n}.> j € {0 ..<n}. B $$ (i,i)xB
$$ (7.4))
proof —
show ?thesis
by (metis (no-types) semiring-normalization-rules(29) sum-product tB)
qed
have BB: \i. i < n = (BxB) $$ (i,i) = (B$$(4, 1)) using diag-mat-mul-diag-ele[of
B n B) dimB dB
by (metis numeral-1-eq-Suc-0 power-SucO-right power-add-numeral semir-
ing-norm(2))
have tBB: trace (BxB) = (> ¢ € {0 ..<n}. (BxB) $$ (i,/)) using assms
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trace-def[of BxB] carrier-mat-def by auto
also have ... = (3 i € {0 ..<n}. (B$$(i, i))?) using BB by auto
finally have BBt: trace (B * B) = (3. i = 0..<n. (B $$ (4, i))?) by auto
have lesseq: Vi € {0 ..<n}. (B $$ (4, )2 < (3. j € {0 ..<n}. B $$ (i,i)xB $$
(4:4))
proof —
{
fix ¢ assume i: 1 < n
have (3>"j = 0..<n. B $$ (i, i) * B $$ (4, j)) = (B $$ (4, 0))?> + sum (X j.
(B 88 (i, i) * B$S$ (4, §))) ({0 ..<n} — {i})
by (metis (no-types, lifting) BB atLeastLess Than-iff dB diag-mat-mul-diag-ele
dimB finite-atLeastLessThan i not-le not-less-zero sum.remove)
moreover have (sum (A j. (B $3 (i, 7) * B $3% (4, 7)) ({0 ..<n} — {d})) > 0
proof (cases {0..<n} — {i} # {})
case True
then show ?thesis using pB i sum-nonneg[of {0..<n} — {i} X j. (B $$ (i,
i) « B $$ (4, 7))] by auto
next
case Fulse
have (> je{0..<n} — {i}. B $$ (4, i) * B $$ (j, j)) = 0 using False by
fastforce
then show ?thesis by auto
qed
ultimately have (3.7 = 0..<n. B $$ (i, i) = B $$ (j, 7)) > (B $$ (i, 9))? by
auto
}
then show ?thesis by auto
qed
from tBtB BBt lesseq have trace (BxB) < (trace B)?
using sum-mono|of {0..<n} X i. (B $$ (i, 49)*> Xi. (35 = 0..<n. B $$ (4, i)
B $S (j, 1))
by (metis (no-types, lifting))
then show ?thesis by auto
qed

lemma trace-positive-eq:

fixes A :: complex mat

assumes pos: positive A

shows trace (A * adjoint A) < (trace A)?
proof —

from assms have normal: A % adjoint A = adjoint A x+ A by (rule posi-
tive-is-normal)

moreover

from assms positive-dim-eq obtain n where cA: A € carrier-mat n n by auto

moreover

from assms complex-mat-char-poly-factorizable cA obtain es where charpo:
char-poly A = ([] a « es. [:— a, 1:]) A length es = n by auto

moreover

obtain B P @) where B: unitary-schur-decomposition A es = (B,P,Q) by (cases
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unitary-schur-decomposition A es, auto)
ultimately have
smw: similar-mat-wit A B P (adjoint P)
and ut: diagonal-mat B
and uP: unitary P
and dB: diag-mat B = es
and QaP: QQ = adjoint P
using normal-complez-mat-has-spectral-decomposition[of A n es B P Q] uni-
tary-schur-decomposition by auto
from smw cA QaP uP have c¢B: B € carrier-mat n n and cP: P € carrier-mat
nn and cQ: Q € carrier-mat n n
unfolding similar-mat-wit-def Let-def unitary-def by auto
then have caP: adjoint P € carrier-mat n n using adjoint-dim[of P n] by auto
from smw QaP cA have A: A = P x B x adjoint P and traceA: trace A = trace
(PxBxQand PB: P+x Q=1,nANQ*xP=1,n
unfolding similar-mat-wit-def by auto
have traceAB: trace (P * B * Q) = trace ((Q+P)*B)
using cQ cP ¢B by (mat-assoc n)
also have traceelim: ... = trace B using traceAB PB cA ¢B cP cQ left-mult-one-mat[of
PxQ n n]
using similar-mat-wit-sym by auto
finally have traceAB: trace A = trace B using traceA by auto
from A ¢B cP have aAa: adjoint A = adjoint((P * B) * adjoint P) by auto
have aA: adjoint A = P % adjoint B * adjoint P
unfolding aAa using cP ¢B by (mat-assoc n)
have hA: hermitian A using pos positive-is-hermitian by auto
then have AaA: A = adjoint A using hA hermitian-def[of A] by auto
then have PBaP: P x B x adjoint P = P * adjoint B * adjoint P using A oA
by auto
then have BaB: B = adjoint B using unitary-elim[of B n adjoint B P] uP c¢P
¢B adjoint-dim[of B n] by auto
have aPP: adjoint P x P = 1,, n using uP PB QaP by blast
have A x A = P x B x (adjoint P * P) * B x adjoint P
unfolding A using cP ¢B by (mat-assoc n)
also have ... = P x B % B x adjoint P
unfolding aPP using cP ¢B by (mat-assoc n)
finally have AA: A x A = P x B * B % adjoint P by auto
then have tAA: trace (AxA) = trace (P x B * B % adjoint P) by auto

also have tBB: ... = trace (adjoint P x P x B * B) using cP ¢B by (mat-assoc
n)

also have ... = trace (B * B) using uP unitary-def|of P] inverts-mat-def|of P
adjoint P]

using PB QaP ¢B by auto
finally have traceAABB: trace (A x A) = trace (B * B) by auto
have BP: \i. i < n = B$3$(i, i) > 0
proof —
{
fix ¢ assume i: i < n
then have B$$(i, ) > 0 using positive-eigenvalue-positive[of A n es B P Q

75



i] ¢A pos charpo B by auto
then show B$$(i, i) > 0 by auto
}

qed

have Brel: trace (BxB) < (trace B)? using trace-square-less-square-trace[of B
n] ¢B ut BP by auto

from AaA traceAABB traceAB Brel have trace (Axadjoint A) < (trace A)? by
auto

then show %thesis by auto
ged

lemma lowner-le-transitive:
fixes m n :: nat
assumes re: n > m
shows positive (f n — fm)
proof —
from re show positive (f n — f m)
proof (induct n)
case 0
then show ?case using positive-zero
by (metis dim le-0-eq minus-r-inv-mat)
next
case (Suc n)
then show ?case
proof (cases Suc n = m)
case True
then show ?thesis using positive-zero
by (metis dim minus-r-inv-mat)
next
case Fulse
then show ?thesis
proof —
from Fulse Suc have nm: n > m by linarith
from Suc nm have pnm: positive (f n — f m) by auto
from inc have positive (f (Suc n) — f n) unfolding lowner-le-def by auto
then have pf: positive ((f (Suc n) — fn) + (fn — fm)) using positive-add
dim pnm
by (meson minus-carrier-mat)
have (f (Suc n) — fn) + (fn — fm) = f (Suc n) + (= fn) + fn) + (-
fm)

using local.dim by (mat-assoc dim, auto)

also have ... = f (Suc n) + 0., dim dim + (— fm)

using local.dim by (subst uminus-l-inv-mat[where nc=dim and nr=dim],
auto)

also have ... = f (Sucn) — fm

using local.dim by (mat-assoc dim, auto)
finally have re: f (Sucn) — fn+ (fn—fm)=f(Sucn) —fm.
from pf re have positive (f (Suc n) — fm) by auto
then show ?thesis by auto
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qed
qed
qed
qed

The sequence of matrices converges pointwise.

lemma inc-partial-density-operator-converge:
assumes i: ¢ € {0 ..<dim} and j: j € {0 ..<dim}
shows convergent (An. fn $$ (4, j))
proof—
have tracefn: trace (fn) > 0 A trace (fn) < 1 for n
proof —
from pdo show ?thesis
unfolding partial-density-operator-def using positive-trace|of f n]
using dim by blast
qed
from tracefn have normf: norm(trace (f n)) < norm(trace (f (Suc n))) A
norm(trace (f n)) < 1 for n
proof —
have triess: trace (f n) < trace (f (Suc n))
using pdo inc dim positive-trace[of f(Suc n) — f n] trace-minus-linear|of f (Suc
n) dim f n]
unfolding partial-density-operator-def lowner-le-def
using Complex-Matriz.positive-def by force
moreover from triless tracefn have norm(trace (f n)) < norm(trace (f (Suc
n))) unfolding cmod-def
by (simp add: less-eq-complex-def less-complez-def)
moreover from trless tracefn have norm(trace (f n)) < 1 using pdo par-
tial-density-operator-def cmod-def
by (simp add: less-eq-complez-def less-complex-def)
ultimately show #thesis by auto
qed
then have inctrace: incseq (A n. norm(trace (f n))) by (simp add: incseq-Sucl)
then have tr-sup: (A n. norm(trace (f n))) —— (SUP 4. norm (trace (f i)))
using LIMSEQ-incseq-SUP|[of A n. norm(trace (f n))] pdo partial-density-operator-def
normf by (meson bdd-abovel2)
then have tr-cauchy: Cauchy (A n. norm(trace (fn))) using Cauchy-convergent-iff
convergent-def by blast
then have tr-cauchy-def: Ve>0. 3M. VY m>M. Vn>M. dist(norm(trace (f n)))
(norm(trace (f m))) < e unfolding Cauchy-def by blast
moreover have V m n. dist(norm(trace (f m))) (norm(trace (fn))) = norm(trace
(Fm) — trace (f n)
using tracefn cmod-eq-Re dist-real-def by (auto simp: less-eq-complex-def less-complez-def)
ultimately have norm-trace: Ve>0.3M. Vm>M. ¥n>M. norm((trace (f n))
— (trace (f m))) < e by auto

have eg-minus: ¥V m n. trace (f m) — trace (f n) = trace (f m — fn) using

trace-minus-linear dim by metis
from eq-minus norm-trace have norm-trace-cauchy: ¥ e>0.3aAM.Vm>M.¥ n>M.
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norm((trace (fn — fm))) < e by auto
then have norm-trace-cauchy-iff: ¥V e>0.3 M. ¥V m>M. ¥V n>m. norm((trace (f n
—fm)) < e
by (meson order-trans-rules(23))
then have norm-square: ¥e>0.3M. Vm>M. VY n>m. (norm((trace (f n — f
m))))? < e?
by (metis abs-of-nonneg norm-ge-zero order-less-le real-sqrt-abs real-sqrt-less-iff)

have tr-re: V. m. ¥V n > m. trace ((f n — f m) x adjoint (f n — fm)) < ((trace
(f n—fm)))?
using trace-positive-eq lowner-le-transitive by auto
have tr-re-g: ¥V m. VY n > m. trace ((f n — f m) x adjoint (fn — fm)) > 0
using lowner-le-transitive positive-trace trace-adjoint-positive by auto
have norm-trace-fmn: norm(trace ((f n — f m) *x adjoint (f n — f m))) <
(norm(trace (f n — fm)))? if nm: n > m for m n
proof —
have mnA: trace ((f n — f m) * adjoint (fn — fm)) < (trace (fn — f m))?
using tr-re nm by auto
have mnB: trace ((f n — fm) x adjoint (fn — fm)) > 0 using tr-re-g nm by
auto
from mnA mnB show ?thesis
by (smt (verit) cmod-eq-Re less-eq-complez-def norm-power zero-complez.sel(1)
zero-complex.sel(2))
qed
then have cauchy-adj: AM. VY m>M. ¥ n>m. norm(trace ((f n— f m) x adjoint
(fn—fm))) < e?ife:e> 0 for e
proof —
have 3 M.V m>M.V n>m. (cmod (trace (fn — fm)))? < e? using norm-square
e by auto
then obtain M where Vm>M.Vn>m. (cmod (trace (fn — fm)))? < e* by
auto
then have Vm>M. Vn>m. norm(trace ((f n— fm) * adjoint (fn — fm))) <
e? using norm-trace-fmn by fastforce
then show ?thesis by auto
qed

have norm-minus: ¥ m. ¥ n > m. (norm ((fn — fm) $$ (i, §)))? < trace ((f n
— fm) * adjoint (f n — fm))
using trace-adjoint-element-ineq i j
by (smt (verit) adjoint-dim-row carrier-matD(1) index-minus-mat(2) indez-mult-mat(2)
lowner-le-transitive matriz-seq-azioms matriz-seq-def positive-is-normal)
then have norm-minus-le: (norm ((fn — fm) $$ (4, j)))*> < norm (trace ((f n
— fm) * adjoint (f n — fm))) if nm: n > m for n m
proof —
have (norm ((fn — fm) $$ (4, j)))? < (trace ((f n — fm) * adjoint (fn — f
m))) using norm-minus nm by auto
also have ... = norm (trace ((f n — f m) % adjoint (f n — fm))) using tr-re-g
nm
by (smt (verit) Re-complex-of-real less-eq-complex-def matriz-seq.trace-adjoint-eq-u
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matriz-seg-axioms mult-cancel-left2 norm-one norm-scaleR of-real-def of-real-hom.hom-zero)
finally show ?thesis by (auto simp: less-eq-complex-def less-complex-def)
qed

from norm-minus-le cauchy-adj have cauchy-ij: IM. Vm>M. Vn>m. (norm
((fn—fm)$$ (i,4)* <e*ifee> 0 fore
proof —
have I M. Vm>M. V¥V n>m. norm(trace ((f n— fm) % adjoint (fn — fm))) <
e? using cauchy-adj e by auto
then obtain M where Vm>M.Vn>m. norm(trace ((f n — fm) x adjoint (f
n — fm))) < e by auto
then have Vm>M. Vn>m. (norm ((f n — f m) $$ (4, 7)))? < € using
norm-minus-le by fastforce
then show ?thesis by auto
qed
then have cauchy-ij-norm: IM.Vm>M.Vn>m. (norm ((fn — fm) $$ (4, j)))
< eifee>0fore
proof —
have 3 M.V m>M.V n>m. (norm ((fn — fm) $$ (i, §)))? < €* using cauchy-ij
e by auto
then obtain M where mn: Vm>M. VY n>m. (norm ((f n — fm) $$ (i, §)))?
< €2 by auto
have (norm ((fn — fm) $$ (4, 7)) < eif m: m > M and n: n > m for m n
it nat
proof —
from m n mn have (norm ((f n— fm) $$ (i, j)))* < €* by auto
then show ?thesis
using e power-less-imp-less-base by fastforce
qed
then show ?thesis by auto
qed

have cauchy-final: 3M. Y m>M. ¥V n>M. norm ((f m) $3$ (i, 7)) — (fn) $$ (4, j))
<eifee> 0 fore
proof —
obtain M where mnm: Vm>M. ¥ n>m. norm ((fn — fm) $$ (i, j)) < e
using cauchy-ij-norm e by auto
have norm ((fm) $$ (¢, ) — (fn) 33 (4, ) < eif m: m > M and n: n > M
for m n
proof (cases n > m)
case True
then show ?thesis
proof —
from mnm m True have norm ((fn) $$ (i, j) — (fm) $8 (4,4)) < e
by (metis atLeastLessThan-iff carrier-matD(1) carrier-matD(2) dim i
indez-minus-mat(1) j)
then have norm ((f m) $$ (4, j) — (f n) $$ (4, j)) < e by (simp add:
norm-minus-commute)
then show ?thesis by auto
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qed
next
case Fulse
then show %thesis
proof —
from False n mnm have norm: norm ((f m — fn) $3$ (i, j)) < e by auto
have minus: (fm — fn) 8% (i,5) = fm $8 (4, j) —f n $$ (4, j)
by (metis atLeastLessThan-iff carrier-matD(1) carrier-matD(2) dim i
index-minus-mat(1) j)
also have ... = — (fn — fm) $$ (i, j) using dim
by (metis atLeastLessThan-iff carrier-matD(1) carrier-matD(2) i in-
dez-minus-mat(1) j minus-diff-eq)
finally have fmn: (fm — fn) $$ (i, j) = — (fn — fm) 838 (¢, j) by auto
then have norm ((— (fn — fm)) $$ (4, j)) < e using norm
by (metis (no-types, lifting) atLeastLessThan-iff carrier-matD(1) car-
rier-matD(2) i
index-minus-mat(2) indez-minus-mat(3) index-uminus-mat(1) j ma-
triz-seq-axioms matriz-seq-def)
then have norm (((f n — fm)) $3$ (4, j)) < e using fmn norm by auto
then have norm (fn $$ (¢, 7)) — fm $$ (4, j)) < e
by (metis minus norm norm-minus-commaute)
then have norm (f m $$ (4, j) — fn 8% (4, j)) < e by (simp add:
norm-minus-commaute)
then show ?thesis by auto

qed
qged
then show ?thesis by auto
qed
from cauchy-final have Cauchy (A n. f n 8% (i, j)) by (simp add: Cauchy-def
dist-norm)
then show ¢thesis by (simp add: Cauchy-convergent-iff)
qed
definition mat-seq-minus :: (nat = complex mat) = complex mat = nat =

complexr mat where
mat-seqg-minus X A = (An. X n — A)

definition minus-mat-seq :: complex mat = (nat = complex mat) = nat = com-
plex mat where
minus-mat-seg A X = (An. A — X n)

lemma pos-mat-lim-is-pos-auzx:
fixes X :: nat = compler mat and A :: complex mat and m :: nat
assumes limX: limit-mat X A m and posX: 3 k. Vn>k. positive (X n)
shows positive A

proof —
from posX obtain k where posk: V n>k. positive (X n) by auto
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let 2Y = An. X (n + k)
have posY: V n. positive (¢Y n) using posk by auto

from limX have dimXA: Vn. X (n + k) € carrier-mat m m A A € carrier-mat
m m
unfolding limit-mat-def by auto

have (An. X (n + k) $$ (¢, j)) —— A $$ (4, j) if : ¢ < m and j: j < m for
ij
proof —
have (An. X n $$ (¢, j)) —— A $$ (4, j) using limX limit-mat-def i j by
auto
then have limseqX: Vr>0. Ino. Vn>no. dist (X n $$ (i, j)) (A $$ (4, j)) <
r unfolding LIMSEQ-def by auto
then have 3no. Vn>no. dist (X (n + k) $$ (¢, 5)) (A $$ (¢, 5)) <rifrir>
0 for r
proof —
obtain no where Vn>no. dist (X n $$ (4, j)) (A 3% (¢, §)) < r using limsegX
r by auto
then have Vn>no. dist (X (n + k) $$ (¢, j)) (4 33 (4, 7)) < r by auto
then show ?thesis by auto
qed
then show ?thesis unfolding LIMSEQ-def by auto
qed
then have limXA: limit-mat (An. X (n + k)) A m unfolding limit-mat-def
using dimXA by auto

from posY limXA have positive A using pos-mat-lim-is-pos[of ?Y A m] by auto
then show ?thesis by auto
qed

lemma minus-mat-limit:
fixes X :: nat = complex mat and A :: complexr mat and m :: nat and B :
complex mat
assumes dimB: B € carrier-mat m m and limX: limit-mat X A m
shows limit-mat (mat-seq-minus X B) (A — B) m
proof —
have dimXAB: Vn. X n — B € carrier-mat m m N A — B € carrier-mat m m
using index-minus-mat dimB by auto
have (An. (X n — B) $$ (i, j)) —— (A — B) $$ (i, j) if i: i < m and j: j <
m for i j
proof —
from limX ¢ j have (An. (X n) 88 (4, j)) —— (A4) $$ (¢, j) unfolding
limit-mat-def by auto
then have X: Vr>0. Ino. Va>no. dist (X n $$ (i, 7)) (A $$ (4, j)) < r
unfolding LIMSEQ-def by auto
then have XB: 3no. Vn>no. dist (X n — B) $$ (4, j)) (A — B) $$ (¢, j)) <
rifrir> 0 forr
proof —
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obtain no where Vn>no. dist (X n $$ (7, j)) (A $$ (4, j)) < r using r X
by auto
then have dist: Vn>no. norm (X n $3$ (i, j) — A $$ (¢, j)) < r unfolding
dist-norm by auto
then have norm (X n — B) 83 (¢,7) — (A — B) 83 (4, 4)) < rifn:n > no
for n
proof —
have (Xn — B) 8% (i,j) — (A — B) %3 (i, j) = (X n) 88 (4,5) — A$S (4,
7)
using dimB 1 j by auto
then have norm (X n — B) $8 (¢, j) — (A — B) $$ (4, j)) = norm ((X n)
88 (4, j) — A 383 (4, 7)) by auto
then show ?thesis using dist n by auto
qed
then show ?thesis using dist-norm by metis
qed
then show ?thesis unfolding LIMSEQ-def by auto
qed
then show ?thesis
unfolding limit-mat-def mat-seq-minus-def using dimXAB by auto
qed

lemma mat-minus-limit:

fixes X :: nat = complex mat and A :: complex mat and m :: nat and B :
complexr mat

assumes dimA: A € carrier-mat m m and limX: limit-mat X A m

shows limit-mat (minus-mat-seq B X) (B — A) m
proof—

have dimX : Vn. X n € carrier-mat m m using limX unfolding limit-mat-def
by auto

then have dimXAB: Vn. B — X n € carrier-mat m m AN B — A € carrier-mat
m m using index-minus-mat dimA

by (simp add: minus-carrier-mat)

have (An. (B — X n) $$ (i, j)) —— (B — A) $$ (i, j) if i: i < m and j: j <
m for 7 j
proof —
from limX ¢ j have (An. (X n) $8 (4, j)) —— (A4) $$ (¢, j) unfolding
limit-mat-def by auto
then have X: Vr>0. 3no. Vn>no. dist (X n $$ (i, j)) (A $$ (4, j)) < r
unfolding LIMSEQ-def by auto
then have XB: Ino. Vn>no. dist (B — X n) $$ (i, §)) (B — A) $$ (4, ) <
rif r:r > 0 for r
proof —
obtain no where Vn>no. dist (X n $3$ (¢, j)) (A 88 (4, j)) < r using r X
by auto
then have dist: Vn>no. norm (X n $$ (i, j) — A $% (4, j)) < r unfolding
dist-norm by auto
then have norm ((B — X n) $$ (4,7) — (B — A) $$ (¢, 7)) < rifn:n > no
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for n
proof —
have (B — Xn)$% (i,j) —(B—A4)$3 (i, j) =— ((Xn)$$ (4,5) — 4
$$ (4, 7))
using dimA i j
by (smt (verit) cancel-ab-semigroup-add-class.diff-right-commute can-
cel-comm-monoid-add-class. diff-cancel carrier-matD(1) carrier-matD(2) diff-add-cancel
dimX index-minus-mat(1) minus-diff-eq)
then have norm ((B — X n) $$ (4, j) — (B — A) $$ (4, j)) = norm ((X n)
$$ (i, j) — A $$ (i, ]))
by (metis norm-minus-cancel)
then show ?thesis using dist n by auto
qed
then show ?thesis using dist-norm by metis
qed
then show ?thesis unfolding LIMSEQ-def by auto
qed
then have limit-mat (minus-mat-seq B X) (B — A) m
unfolding limit-mat-def minus-mat-seq-def using dimXAB by auto
then show “thesis by auto
qed

lemma lowner-lub-form:
lowner-is-lub (mat dim dim (X (4, 7). (lim (A n. (f n) $$ (4, 1)))))
proof —
from inc-partial-density-operator-converge
have conf: ¥V i € {0 .<dim}. ¥ j € {0 .<dim}. convergent (A n. fn 33 (4, 7))
by auto
let ?A = mat dim dim (X (4, j). (Iim (A n. (fn) $$ (4, §))))
have dim-A: ?A € carrier-mat dim dim by auto
have lim-A: (An. fn 88 (4, j)) —— mat dim dim (A\(Z, j). lim (An. fn $$ (4,
7)) 88 (i, j)
if i: i < dim and j: j < dim for i j
proof —
from i j have ij: mat dim dim (A(3, j). lim (An. fn $$ (4, 5))) $$ (4, §) = lim
(An. fn 83 (4, j))
by (metis case-prod-conv index-mat(1))
have convergent (An. fn $$ (i, §)) using conf 7 j by auto
then have (An. fn 88 (i, j)) —— lim (An. fn $$ (4, j)) using conver-
gent-LIMSEQ-iff by auto
then show #?thesis using ij by auto
qed

from dim dim-A lim-A have lim-mat-A: limit-mat f ?A dim unfolding limit-mat-def
by auto

have is-ub: fn < ?A for n

proof —
have V m > n. positive (f m — f n) using lowner-le-transitive by auto
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then have le: V. m > n. fn <p fm unfolding lowner-le-def using dim
by (metis carrier-matD(1) carrier-matD(2))
have dimn: fn € carrier-mat dim dim using dim by auto
then have limAf: limit-mat (mat-seg-minus f (f n)) (?A — fn) dim using
manus-mat-limit lim-mat-A by auto

have Vm>n. positive (f m — f n) using lowner-le-transitive by auto

then have 3 k. Vm>k. positive (f m — f n) by auto

then have posAf: 3 k. V m > k. positive ((mat-seg-minus f (f n)) m) unfolding
mat-seq-minus-def by auto

from limAf posAf have positive (?A — f n) using pos-mat-lim-is-pos-auzx by
auto
then have fn <; mat dim dim (\(i, 7). lim (An. f n $$ (4, j))) unfolding
lowner-le-def using dim by auto
then show ?thesis by auto
qed

have is-lub: ?A <; M'if ub:Vn. fn <;, M’ for M’
proof —
have dim-M: M’ € carrier-mat dim dim using ub unfolding lowner-le-def
using dim
by (metis carrier-matD(1) carrier-matD(2) carrier-mat-triv)
from ub have posAf: V n. positive (minus-mat-seq M’ f n) unfolding mi-
nus-mat-seq-def lowner-le-def by auto
have limAf: limit-mat (minus-mat-seq M' f) (M' — ?A) dim
using mat-minus-limit dim-A lim-mat-A by auto
from posAf limAf have positive (M’ — ?A) using pos-mat-lim-is-pos-auz by
auto
then have ?A <; M’ unfolding lowner-le-def using dim dim-A dim-M by
auto
then show ?thesis by auto
qed

from is-ub is-lub show ?thesis unfolding lowner-is-lub-def by auto
qed

Lowner partial order is a complete partial order.

lemma lowner-lub-exists: 3 M. lowner-is-lub M
using lowner-lub-form by auto

lemma lowner-lub-unique: 3'M. lowner-is-lub M
proof (rule HOL.ex-ex1I)
show 3 M. lowner-is-lub M
by (rule lowner-lub-exists)
next
fix M N
assume M: lowner-is-lub M and N: lowner-is-lub N
have Md: M € carrier-mat dim dim using M by (rule lowner-is-lub-dim)
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have Nd: N € carrier-mat dim dim using N by (rule lowner-is-lub-dim)

have MN: M <; N using M N by (simp add: lowner-is-lub-def)

have NM: N <; M using M N by (simp add: lowner-is-lub-def)

show M = N using MN NM by (auto intro: lowner-le-antisym|OF Md Nd))
qed

definition lowner-lub :: complex mat where
lowner-lub = (THE M. lowner-is-lub M)

lemma lowner-lub-prop: lowner-is-lub lowner-lub
unfolding lowner-lub-def
apply (rule HOL.thel")
by (rule lowner-lub-unique)

lemma lowner-lub-is-limit:
limit-mat f lowner-lub dim
proof —
define A where A = lowner-lub
then have A = (THE M. lowner-is-lub M) using lowner-lub-def by auto
then have Af: A = (mat dim dim (X (i, j). (lim (A n. (fn) $$ (4, §)))))
using lowner-lub-form lowner-lub-unique by auto
show limit-mat f A dim unfolding Af limit-mat-def
apply (auto simp add: dim)
proof —
fix 7 j assume dims: i < dim j < dim
then have convergent (An. fn $$ (4, 7)) using inc-partial-density-operator-converge
by auto
then show (An. fn $3$ (4, j)) —— lim (An. f n 88 (i, j)) using conver-
gent-LIMSEQ-iff by auto
qed
qed

lemma lowner-lub-trace:
assumes V n. trace (fn) <z
shows trace lowner-lub < z
proof —
have V n. trace (fn) > 0 using positive-trace pdo unfolding partial-density-operator-def
using dim by blast
then have Re: V n. Re (trace (f n)) > 0 A Im (trace (fn)) = 0
by (auto simp: less-eq-complex-def less-complez-def)
then have lez: V n. Re (trace (f n)) < Re z A Im z = 0 using assms
by (auto simp: less-eq-complex-def less-complex-def)

have limit-mat f lowner-lub dim wusing lowner-lub-is-limit by auto
then have conv: (An. trace (f n)) —— trace lowner-lub using mat-trace-limit
by auto
then have (An. Re (trace (f n))) —— Re (trace lowner-lub)
by (simp add: tendsto-Re)
then have Rell: Re (trace lowner-lub) < Re x
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using lex Lim-bounded[of (An. Re (trace (f n))) Re (trace lowner-lub) 0 Re ]
by simp

from conv have (An. Im (trace (f n))) —— Im (trace lowner-lub)
by (simp add: tendsto-Im)

then have Imll: Im (trace lowner-lub) = 0 using Re
by (simp add: Lim-bounded Lim-bounded? dual-order.antisym)

from Rell Imll lex show ?thesis by (simp add: less-eq-complex-def less-complex-def)
qed

lemma lowner-lub-is-positive:

shows positive lowner-lub

using lowner-lub-is-limit pos-mat-lim-is-pos pdo unfolding partial-density-operator-def
by auto

end

2.3 Finite sum of matrices

Add f in the interval [0, n)

fun matriz-sum :: nat = (nat = 'b::semiring-1 mat) = nat = 'b mat where
matriz-sum d f 0 = 0., d d
| matriz-sum d f (Suc n) = fn + matriz-sum d fn

definition matriz-inf-sum :: nat = (nat = complex mat) = complex mat where
matriz-inf-sum d f = matriz-seq.lowner-lub (An. matriz-sum d f n)

lemma matriz-sum-dim:
fixes [ :: nat = 'b::semiring-1 mat
shows (Ak. k < n = fk € carrier-mat d d) = matriz-sum d f n € carrier-mat
dd
proof (induct n)
case (
show ?case by auto
next
case (Suc n)
then have fn € carrier-mat d d by auto
then show ?case using Suc by auto
qed

lemma matriz-sum-cong:

fixes [ :: nat = 'b::semiring-1 mat

shows (Ak. k <n = fk=f"k) = matriz-sum d f n = matriz-sum d f' n
proof (induct n)

case ()

show ?case by auto
next

case (Suc n)
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then show ?case unfolding matriz-sum.simps by auto
qed

lemma matriz-sum-add:
fixes f :: nat = ’'b::semiring-1 mat and g :: nat = 'b::semiring-1 mat and h
2 nat = 'bizsemiring-1 mat
shows (Ak. k < n = fk € carrier-mat d d) = (ANk- k < n = gk €
carrier-mat d d) = (Ak. k < n = h k € carrier-mat d d) =
(Nk.k<n= fk=gk+ hk) = matriz-sum d f n = matriz-sum d g n
+ matriz-sum d h n
proof (induct n)
case ()
then show ?case by auto
next
case (Suc n)
then show ?case
proof —
have gh: matriz-sum d g n € carrier-mat d d N\ matriz-sum d h n € carrier-mat
dd
using matriz-sum-dim Suc(3, 4) by (simp add: matriz-sum-dim)

have nSuc: n < Suc n by auto
have sumf: matriz-sum d f n = matriz-sum d g n + matriz-sum d h n using
Suc by auto
have matriz-sum d f (Suc n) = matriz-sum d g (Suc n) + matriz-sum d h (Suc
n)
unfolding matriz-sum.simps Suc(5)[OF nSuc] sumf
apply (mat-assoc d) using gh Suc by auto
then show ?thesis by auto
qed
qed

lemma matriz-sum-smult:
fixes [ :: nat = 'b::semiring-1 mat
shows (Ak. k < n = fk € carrier-mat d d) =
matriz-sum d (A k. ¢ -y f k) n = ¢ -y matriz-sum d fn
proof (induct n)
case (
then show ?case by auto
next
case (Suc n)
then show ?case
apply auto
using add-smult-distrib-left-mat Suc matriz-sum-dim
by (metis lessI less-Sucl)
qed

lemma matriz-sum-remove:
fixes [ :: nat = 'b::semiring-1 mat
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assumes j: j < n
and df: (Ak. k < n = fk € carrier-mat d d)
and " (Ak. f k= (if k = j then 0y, d d else f k))
shows matriz-sum d fn = fj + matriz-sum d f' n
proof —
have df": N\k. k < n = f'k € carrier-mat d d using f’ df by auto
have dsf: k < n = matriz-sum d f k € carrier-mat d d for k using ma-
triz-sum-dim[OF df] by auto
have dsf" k < n = matriz-sum d [’ k € carrier-mat d d for k using ma-
triz-sum-dim[OF df’] by auto
have fij: Nk. k < j= f"k = fk using j f' by auto
then have matriz-sum d fj = matriz-sum d f’ j using matriz-sum-conglof j f'
/. OF fij] df df’ j by auto
then have egj: matriz-sum d f (Suc j) = fj + matriz-sum d f' (Suc j) unfolding
matriz-sum.simps
by (subst (1) f', simp add: df dsf’ j)
have im: (j + 1) + | < n = matriz-sum d f ((j + 1) + 1) = fj + matriz-sum
df' (G + 1) + 1) for |
proof (induct )
case (
show ?case using j eqj by auto
next
case (Suc l) then have eq: matriz-sum d f ((j + 1) + 1) = fj + matriz-sum
df'((j + 1)+ 1) by auto
have s: ((j + 1) + Sucl) = Suc ((j + 1) + 1) by simp
have eqf . f' (j+ 1+ 1) =f (j+ 1 + 1) using [’ Suc by auto
have dims: f (j + 1 + 1) € carrier-mat d d fj € carrier-mat d d matriz-sum
df'(j+ 1 +1) € carrier-mat d d using df df’ dsf’ Suc by auto
show ?case apply (subst (1 2) s) unfolding matriz-sum.simps
apply (subst eq, subst eqf’)
apply (mat-assoc d) using dims by auto
qed
have p: (j + 1) + (n — j — 1) < n using j by auto
show ?thesis using Im|[OF p] j by auto
qed

lemma matriz-sum-Suc-remove-head:

fixes f :: nat = complexr mat

shows (Ak. k < n+ 1 = fk € carrier-mat d d) =

matriz-sum d f (n + 1) = f 0 + matriz-sum d (Ak. f (k+ 1)) n

proof (induct n)

case (

then show ?Zcase by auto
next

case (Suc n)

then have dSS: Ak. k < Suc (Suc n) = fk € carrier-mat d d by auto

have ds: matriz-sum d (\k. f (k+ 1)) n € carrier-mat d d using matriz-sum-dim|[OF
dSS, of n M\k. k + 1] by auto

have matriz-sum d f (Sucn + 1) = f (n + 1) + matriz-sum d f (n + 1) by
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auto

also have ... = f (n + 1) + (f 0 + matriz-sum d (Mk. f (k + 1)) n) using
Suc by auto
also have ... = f0 + (f (n + 1) + matriz-sum d (M\k. f (k + 1)) n)

using ds apply (mat-assoc d) using dSS by auto
finally show ?case by auto
qed

lemma matriz-sum-positive:

fixes f :: nat = complex mat

shows (Ak. k < n = fk € carrier-mat d d) = (\k. k < n = positive (f k))

= positive (matriz-sum d f n)

proof (induct n)

case ()

show ?case using positive-zero by auto
next

case (Suc n)

then have dfn: fn € carrier-mat d d and psn: positive (matriz-sum d f n) and
pn: positive (fn) and d: k < n = fk € carrier-mat d d for k by auto

then have dsn: matriz-sum d f n € carrier-mat d d using matriz-sum-dim by
auto

show Zcase unfolding matriz-sum.simps using positive-add|OF pn psn dfn dsn]
by auto
qed

lemma matriz-sum-mult-right:
shows (Ak. k < n = fk € carrier-mat d d) = A € carrier-mat d d
= matriz-sum d (Ak. (f k) * A) n = matriz-sum d (M\k. fk) n x A
proof (induct n)
case ()
then show ?Zcase by auto
next
case (Suc n)
then have t < n = fk € carrier-mat d d and dfn: fn € carrier-mat d d for
k by auto
then have dsfn: matriz-sum d fn € carrier-mat d d using matriz-sum-dim by
auto
have (f n + matriz-sum d fn) x A = fn x A + matriz-sum d fn x A
apply (mat-assoc d) using Suc dsfn by auto

also have ... = fn x A + matriz-sum d (\k. f k x A) n using Suc by auto
finally show ?case by auto
qged

lemma matriz-sum-add-distrib:
shows (Ak. k < n = fk € carrier-mat d d) = (Ak. k < n = gk €
carrier-mat d d)
= matriz-sum d (Mk. (f k) + (g k)) n = matriz-sum d f n + matriz-sum d g n
proof (induct n)
case (
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then show ?case by auto
next
case (Suc n)
then have dfn: fn € carrier-mat d d and dgn: g n € carrier-mat d d
and dfk: k < n = fk € carrier-mat d d and dgk: k < n = g k € carrier-mat
dd
and eq: matriz-sum d (Ak. fk + g k) n = matriz-sum d f n + matriz-sum d g
n for k by auto
have dsf: matriz-sum d fn € carrier-mat d d using matriz-sum-dim dfk by auto
have dsg: matriz-sum d g n € carrier-mat d d using matriz-sum-dim dgk by
auto
show ?case unfolding matriz-sum.simps eq
using dfn dgn dsf dsg by (mat-assoc d)
qed

lemma matriz-sum-minus-distrib:

fixes f g :: nat = complexr mat

shows (Ak. k < n = fk € carrier-mat d d) = (Ak. k < n = gk ¢
carrier-mat d d)

= matriz-sum d (Mk. (f k) — (g k)) n = matriz-sum d f n — matriz-sum d g n
proof —

have eq: —1 -, g k = — g k for k by auto

assume dfk: Ak. k < n = fk € carrier-mat d d and dgk: \k. k < n = (g
k) € carrier-mat d d

then have k < n = (fk) — (g k) = (fk) + (— (g k)) for k by auto

then have matriz-sum d (Ak. (f k) — (g k)) n = matriz-sum d (M\k. (f k) + (—

(9 k) n
using matriz-sum-cong[of n Ak. (f k) — (g k)] dfk dgk by auto

also have ... = matriz-sum d f n + matriz-sum d (M\k. — (g k)) n
using matriz-sum-add-distrib[of n f] dfk dgk by auto
also have ... = matriz-sum d f n — matriz-sum d g n
apply (subgoal-tac matriz-sum d (Ak. — (g k)) n = — matriz-sum d g n, auto)
apply (subgoal-tac — 1 -, matriz-sum d g n = — matriz-sum d g n)
by (simp add: matriz-sum-smult[of n g d —1, OF dgk, simplified eq, simplified],
auto)
finally show ?thesis .
qed

lemma matriz-sum-shift-Suc:
shows (Ak. k < (Suc n) = fk € carrier-mat d d)
= matriz-sum d f (Suc n) = f 0 + matric-sum d (k. f (Suc k)) n
proof (induct n)
case (
then show ?case by auto
next
case (Suc n)
have dfk: k < Suc (Suc n) = fk € carrier-mat d d for k using Suc by auto
have dsSk: k < Suc n = matriz-sum d (Ak. f (Suc k)) n € carrier-mat d d for
k using matriz-sum-dim|of - M\k. f (Suc k)] dfk by fastforce
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have matriz-sum d f (Suc (Suc n)) = f (Suc n) + matriz-sum d f (Suc n) by
auto

also have ... = f (Suc n) + f 0 + matriz-sum d (Ak. f (Suc k)) n using Suc
dsSk assoc-add-mat|of f (Suc n) d d f 0] by fastforce

also have ... = f 0 + (f (Suc n) + matriz-sum d (Mk. f (Suc k)) n) apply
(mat-assoc d) using dsSk dft by auto

also have ... = f 0 + matriz-sum d (\k. f (Suc k)) (Suc n) by auto

finally show ?Zcase .
qed

lemma lowner-le-matriz-sum:

fixes f g :: nat = complexr mat

shows (Ak. k < n = fk € carrier-mat d d) = (Ak. k < n = gk €
carrier-mat d d)

= (Ak-k<n=fk<pgk)
= matriz-sum d fn <p matriz-sum d g n

proof (induct n)

case ()

show ?case unfolding matriz-sum.simps using lowner-le-refl[of 0., d d d] by
auto
next

case (Suc n)

then have dfn: f n € carrier-mat d d and dgn: g n € carrier-mat d d and lel:
fn<p gn by auto

then have le2: matriz-sum d f n <p matriz-sum d g n using Suc by auto

have k < n = fk € carrier-mat d d for k using Suc by auto

then have dsf: matriz-sum d f n € carrier-mat d d using matriz-sum-dim by
auto

have k < n = g k € carrier-mat d d for k using Suc by auto

then have dsg: matriz-sum d g n € carrier-mat d d using matriz-sum-dim by
auto

show ?case unfolding matriz-sum.simps using lowner-le-add dfn dsf dgn dsg
lel le2 by auto
qed

lemma lowner-lub-add:

assumes matriz-seq d f matriz-seq d gV n. trace (fn 4+ gn) < 1

shows matriz-seq.lowner-lub (An. fn + g n) = matriz-seq.lowner-lub f + ma-
triz-seq.lowner-lub g
proof —

have msf: matriz-seq.lowner-is-lub f (matriz-seq.lowner-lub f) using assms(1)
matriz-seq.lowner-lub-prop by auto

then have limit-mat f (matriz-seq.lowner-lub f) d using matriz-seq.lowner-lub-is-limit

assms by auto
then have lim1: Vi<d. Vj<d. (An. fn 83 (4, j)) —— (matriz-seq.lowner-lub
f) $$ (i, j) using limit-mat-def assms by auto

have msg: matriz-seq.lowner-is-lub g (matriz-seq.lowner-lub g) using assms(2)
matriz-seq.lowner-lub-prop by auto
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then have limit-mat g (matriz-seq.lowner-lub g) d using matriz-seq.lowner-lub-is-limit
assms by auto

then have lim2: Vi<d. Vj<d. (An. g n $$ (i, j)) —— (matriz-seq.lowner-lub
g) $$ (i, j) using limit-mat-def assms by auto

have Vn. fn 4+ g n € carrier-mat d d using assms unfolding matriz-seq-def
by fastforce
moreover have V n. partial-density-operator (f n + g n) using assms
unfolding matriz-seq-def partial-density-operator-def using positive-add by
blast
moreover have (fn + g n) <p (f (Suc n) + g (Suc n)) for n
using assms
unfolding matriz-seg-def using lowner-le-add[of fn d f (Suc n) g n g (Suc
n)] by auto
ultimately have msfg: matriz-seq d (An. f n + g n) using assms unfolding
matriz-seq-def by auto
then have mslfg: matriz-seq.lowner-is-lub (An. fn + g n) (matriz-seq.lowner-lub
(\n. fn+ g )
using matriz-seq.lowner-lub-prop by auto
then have limit-mat (An. f n + g n) (matriz-seq.lowner-lub (An. fn + g n)) d
using matriz-seq.lowner-lub-is-limit msfg by auto
then have lim3: Vi<d.Vj<d. (An. (fn + gn) 33 (¢, j)) —— (matriz-seq.lowner-lub
(An. fn+ gn)) $$ (4, j) using limit-mat-def assms by auto

have V i<d.V j<d.¥ n. (fn+ gn)$$ (i, j) = fn$$ (4, ) + g n $$ (i, j)
using assms unfolding matriz-seq-def
by (metis carrier-matD(1) carrier-matD(2) indez-add-mat(1))
then have add: Vi<d. Vj<d. An. fn 8% (i, j) + g n 8% (¢, j)) ——
(matriz-seq.lowner-lub (An. fn + g n)) $$ (7, j) using lim3 by auto
have matriz-seq.lowner-lub f $$ (i, j) + matriz-seq.lowner-lub g $% (i, j) =
matriz-seq.lowner-lub (An. fn + g n) $$ (4, 7)
ifi:i<dandj: j<dforij
proof —
have (An. fn $$ (i, j)) —— matriz-seq.lowner-lub f $$ (i, j) using lim1 i j
by auto
moreover have (An. g n $$ (i, j)) —— matriz-seq.lowner-lub g $3$ (i, j)
using lim2 i j by auto
ultimately have (An. fn $3$ (4, j) + g n 33 (¢, j)) —— matriz-seq.lowner-lub
I $$ (4, j) + matriz-seq.lowner-lub g $$ (i, 5)
using tendsto-add[of An. f n $$ (i, j) matriz-seq.lowner-lub f $$ (i, j)
sequentially An. g n $$ (i, j) matriz-seq.lowner-lub g $$ (i, j)] by auto
moreover have (An. fn $$ (4, j) + g n $$ (4, j)) —— matriz-seq.lowner-lub
(An. fn + gn) $$ (4, j) using add i j by auto
ultimately show ?thesis using LIMSEQ-unique by auto
qed
moreover have matriz-seq.lowner-lub f € carrier-mat d d using matriz-seq.lowner-is-lub-dim
assms(1) msf unfolding matriz-seq-def by auto
moreover have matriz-seq.lowner-lub g € carrier-mat d d using matriz-seq.lowner-is-lub-dim
assms(2) msg unfolding matriz-seg-def by auto
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moreover have matriz-seq.lowner-lub (An. fn + g n) € carrier-mat d d using
matriz-seq.lowner-is-lub-dim msfg msifg unfolding matriz-seq-def by auto

ultimately show ¢thesis unfolding matriz-seq-def using mat-eq-iff by auto
qed

lemma lowner-lub-scale:
fixes c :: real
assumes matriz-seq d f ¥ n. trace (¢ -, fn) < 1 ¢>0
shows matriz-seq.lowner-lub (An. ¢ -, fn) = ¢ - matriz-seq.lowner-lub f
proof —
have msf: matriz-seq.lowner-is-lub f (matriz-seq.lowner-lub f)
using assms(1) matriz-seq.lowner-lub-prop by auto
then have limit-mat f (matriz-seq.lowner-lub f) d
using matriz-seq.lowner-lub-is-limit assms by auto
then have lim1: Vi<d. Vj<d. (An. fn 83 (4, 7)) —— (matriz-seq.lowner-lub
f) 88 (i, j)

using limit-mat-def assms by auto

have dimcf: Yn. ¢ -, fn € carrier-mat d d using assms unfolding ma-
triz-seq-def by fastforce
moreover have V n. partial-density-operator (¢ -, fn) using assms
unfolding matriz-seq-def partial-density-operator-def using positive-scale by
blast
moreover have Vn. ¢ -, fn < ¢ 4 f (Suc n) using lowner-le-smult
assms(1,3)
unfolding matriz-seq-def partial-density-operator-def by blast
ultimately have mscf: matriz-seq d (An. ¢ -, fn) unfolding matriz-seq-def
by auto
then have mslfg: matriz-seq.lowner-is-lub (An. ¢ -, fn) (matriz-seq.lowner-lub
(An. ¢ -m fn))
using matriz-seq.lowner-lub-prop by auto
then have limit-mat (An. ¢ -, fn) (matriz-seq.lowner-lub (An. ¢ -, fn)) d
using matriz-seq.lowner-lub-is-limit mscf by auto
then have lim3: Vi<d. ¥V j<d. (An. (¢ -m fn) 83 (4, j)) —— (matriz-seq.lowner-lub
(An. ¢ -m fn) $$ (4, §)

using limit-mat-def assms by auto

from mslfg mscf have dleft: matriz-seq.lowner-lub (An. ¢ -, fn) € carrier-mat
dd
using matriz-seq.lowner-is-lub-dim by auto
have dlif: matriz-seq.lowner-lub f € carrier-mat d d
using matriz-seq.lowner-is-lub-dim assms(1) msf unfolding matriz-seg-def by
auto
then have dright: ¢ -, matriz-seq.lowner-lub f € carrier-mat d d using in-
dex-smult-mat(2,3) by auto
have V i<d. V j<d.V n. (¢ m fn)$% (i, ) = cx fn$$ (4,7
using assms(1) unfolding matriz-seg-def using index-smult-mat(1)
by (metis carrier-matD(1—2))
then have smult: Vi<d.Vj<d. (An. c* fn$$ (i, j)) —— (matriz-seq.lowner-lub
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(An. ¢ -m fn)) 88 (4, )
using lim3 by auto
have ij: (¢ -p, matriz-seq.lowner-lub f) $$ (i, j) = (matriz-seq.lowner-lub (An. ¢
o 7)) 88 (i, )
ifi:i < dand j: j < d for ij
proof —
have (An. fn $$ (i, j)) —— matriz-seq.lowner-lub f $$ (i, j) using lim1 i j
by auto
moreover have Vi<d. Vj<d.(c -m, matriz-seq.lowner-lub f) $$ (i, j) = ¢ *
matriz-seq.lowner-lub f $$ (i, §)
using indez-smult-mat dllf by fastforce
ultimately have Vi<d. Vij<d. (An. ¢ x fn $$ (i, j)) ——(c m ma-
triz-seq.lowner-lub f) $$ (i, j)
using tendsto-intros(18)[of An. ¢ ¢ sequentially An. f n 3% (i, j) ma-
triz-seq.lowner-lub f $$ (i, j)] i j
by (simp add: lim1 tendsto-mult-left)
then show ?thesis using smult ¢ j LIMSEQ-unique by metis
qed

from dleft dright ij show ?thesis
using mat-eq-iff [of matriz-seq.lowner-lub (An. ¢ -, fn) ¢ - matriz-seq.lowner-lub
/l
by (metis (mono-tags) carrier-matD(1) carrier-matD(2))
qed

lemma trace-matriz-sum-linear:

fixes f :: nat = complexr mat

shows (Ak. k < n = fk € carrier-mat d d) = trace (matriz-sum d fn) =
sum (Ak. trace (f k)) {0..<n}
proof (induct n)

case ()

show ?case by auto
next

case (Suc n)

then have Ak. k < n = [k € carrier-mat d d by auto

then have ds: matriz-sum d f n € carrier-mat d d using matriz-sum-dim by
auto

have trace (matriz-sum d f (Suc n)) = trace (f n) + trace (matriz-sum d f n)

unfolding matriz-sum.simps apply (mat-assoc d) using ds Suc by auto

also have ... = sum (trace o f) {0..<n} + (trace o f) n using Suc by auto
also have ... = sum (trace o f) {0..<Suc n} by auto
finally show ?case by auto

qed

lemma matriz-sum-distrib-left:

fixes f :: nat = complex mat

shows P € carrier-mat d d = (Ak. k < n = fk € carrier-mat d d) =
matriz-sum d (Mk. P x (fk)) n = P * (matriz-sum d f n)
proof (induct n)
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case (

show ?case unfolding matriz-sum.simps using 0 by auto
next

case (Suc n)

then have Ak. £k < n = fk € carrier-mat d d by auto

then have ds: matriz-sum d f n € carrier-mat d d using matriz-sum-dim by
auto

then have dPf: N\k. k < n = P x fk € carrier-mat d d using Suc by auto
then have matriz-sum d (Ak. P * fk) n € carrier-mat d d using matriz-sum-dim[OF
dPf] by auto

have matriz-sum d (Ak. P % fk) (Suc n) = P * fn + matriz-sum d (Ak. P x f
k) n unfolding matriz-sum.simps using Suc(2) by auto

also have ... = P x fn 4+ P * matriz-sum d f n using Suc by auto

also have ... = P x (f n + matriz-sum d f n) apply (mat-assoc d) using ds
dPf Suc by auto

finally show matriz-sum d (Ak. P * f k) (Suc n) = P x (matriz-sum d f (Suc
n)) by auto
qed

2.4 Measurement

definition measurement :: nat = nat = (nat = complex mat) = bool where
measurement d n M <— (Vj < n. M j € carrier-mat d d)
A matriz-sum d (Aj. (adjoint (M §)) x M j) n=1,, d

lemma measurement-dim:
assumes measurement d n M
shows Ak. k < n= (M k) € carrier-mat d d
using assms unfolding measurement-def by auto

lemma measurement-id2:

assumes measurement d 2 M

shows adjoint (M 0) x M 0 + adjoint (M 1)« M1 = 1,, d
proof —

have ssz: (Suc (Suc 0)) = 2 by auto

have M 0 € carrier-mat d d M 1 € carrier-mat d d using assms measurement-def
by auto

then have adjoint (M 0) x M 0 + adjoint (M 1) * M 1 = matriz-sum d (A\j.
(adjoint (M 7)) * M j) (Suc (Suc 0))

by auto
also have ... = matriz-sum d (N\j. (adjoint (M 7)) = M j) (2::nat) by (subst
ssz, auto)
also have ... = 1, d using measurement-def[of d 2 M| assms by auto
finally show ?thesis by auto
qed

Result of measurement on p by matrix M

definition measurement-res :: complex mat = complex mat = complex mat where
measurement-res M o = M x p *x adjoint M
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lemma add-positive-le-reducel :
assumes dA: A € carrier-mat n n and dB: B € carrier-mat n n and dC: C €
carrier-mat n n
and pB: positive Band le: A + B < C
shows A <; C
unfolding lowner-le-def positive-def
proof (auto simp add: carrier-matD][OF dA|] carrier-matD[OF dC] simp del: less-eq-complex-def)
have eq: C — (A + B) = (C — A + (—B)) using dA dB dC by auto
have positive (C — (A + B)) using le lowner-le-def dA dB dC by auto
with eq have p: positive (C — A + (—B)) by auto
fix v :: complex vec assume n = dim-vec v
then have dv: v € carrier-vec n by auto
have ge: inner-prod v (B %, v) > 0 using pB dv dB positive-def by auto
have 0 < inner-prod v ((C — A + (—B)) *, v) using p positive-def dv dA dB
dC by auto
also have ... = inner-prod v ((C — A)*, v + (—B) *, v)
using dv dA dB dC add-mult-distrib-mat-vec[OF minus-carrier-mat[OF dA]]
by auto
also have ... = inner-prod v ((C — A) %, v) + inner-prod v ((—B) %, v)
apply (subst inner-prod-distrib-right)
by (rule dv, auto simp add: mult-mat-vec-carrier| OF minus-carrier-mat[OF
dA]] mult-mat-vec-carrier| OF uminus-carrier-mat|OF dB]| dv)
also have ... = inner-prod v ((C — A) %, v) — inner-prod v (B *, v) using dB
dv by auto
also have ... < inner-prod v ((C — A) %, v) using ge by auto
finally show 0 < inner-prod v ((C — A) %, v).
qged

lemma add-positive-le-reduce?2:
assumes dA: A € carrier-mat n n and dB: B € carrier-mat n n and dC: C €
carrier-mat n n
and pB: positive B and le: B+ A < C
shows A < C
apply (subgoal-tac B+ A = A + B) using add-positive-le-reducel[of A n B C]
assms by auto

lemma measurement-le-one-mat:
assumes measurement d n f
shows Aj. j < n = adjoint (fj) x fj <p 1m d
proof —
fix j assume j: j < n
define M where M = adjoint (fj) = fj
have df: k < n = fk € carrier-mat d d for k using assms measurement-dim
by auto
have daf: k < n = adjoint (f k) x f k € carrier-mat d d for k
proof —
assume k£ < n
then have f k € carrier-mat d d adjoint (f k) € carrier-mat d d using df
adjoint-dim by auto
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then show adjoint (f k) x f k € carrier-mat d d by auto
qed
have pafi: k < n = positive (adjoint (f k) = (fk)) for k
apply (subst (2) adjoint-adjoint|of f k, symmetric])
by (metis adjoint-adjoint daf positive-if-decomp)
define f' where Ak. f' k = (if k = j then 0,, d d else adjoint (f k) * k)
have pf": k < n = positive (f' k) for k unfolding f’-def using positive-zero
pafj j by auto
have df". k < n = [’ k € carrier-mat d d for k using daf j zero-carrier-mat
f’-def by auto
then have dsf”: matriz-sum d f' n € carrier-mat d d using matriz-sum-dim]|of
n f' d] by auto
have psf” positive (matriz-sum d f' n) using matriz-sum-positive pafj df’ pf’
by auto
have M + matriz-sum d f' n = matriz-sum d (\k. adjoint (fk) = fk) n
using matriz-sum-remove| OF j , of (k. adjoint (f k) = f k), OF daf, of f]
f’-def unfolding M-def by auto
also have ... = 1,, d using measurement-def assms by auto
finally have M + matriz-sum d f'n = 1,, d.
moreover have 1, d <; 1,, d using lowner-le-refl[of - d| by auto
ultimately have (M + matriz-sum d f' n) <p 1,, d by auto
then show M < 1,, d unfolding M-def using add-positive-le-reducel[OF -
dsf’ one-carrier-mat psf’] daf j by auto
qed

lemma pdo-close-under-measurement:
fixes M o :: complex mat
assumes dM: M € carrier-mat n n and dr: o € carrier-mat n n
and pdor: partial-density-operator o
and le: adjoint M « M <y 1,, n
shows partial-density-operator (M x ¢ * adjoint M)
unfolding partial-density-operator-def
proof
show positive (M * g * adjoint M)
using positive-close-under-left-right-mult-adjoint| OF dM dr] pdor partial-density-operator-def
by auto
next
have daM: adjoint M € carrier-mat n n using dM by auto
then have daMM: adjoint M x M € carrier-mat n n using dM by auto
have trace (M x o * adjoint M) = trace (adjoint M = M % p)
using dM dr by (mat-assoc n)
also have ... < trace (1, n * 0)
using lowner-le-trace[where B = 1,, n and ?A = adjoint M x M, OF daMM
one-carrier-mat] le dr pdor by auto
also have ... = trace ¢ using dr by auto
also have ... < I using pdor partial-density-operator-def by auto
finally show trace (M x o % adjoint M) < 1 by auto
qed
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lemma trace-measurement:
assumes m: measurement d n M and dA: A € carrier-mat d d
shows trace (matriz-sum d (Mk. (M k) x A % adjoint (M k)) n) = trace A
proof —
have dMk: k < n = (M k) € carrier-mat d d for k using m unfolding
measurement-def by auto
then have daMk: k < n = adjoint (M k) € carrier-mat d d for k using m
adjoint-dim unfolding measurement-def by auto
have dI: k < n = Mk * A x adjoint (M k) € carrier-mat d dfor k using dMk
daMFk dA by fastforce
then have ds!: k < n = matriz-sum d (M\k. M k x A % adjoint (M k)) k €
carrier-mat d d for k
using matriz-sum-dim[of k Ak. M k x A % adjoint (M k) d] by auto
have d2: k < n = adjoint (M k) xM k x A € carrier-mat d d for k using
daMk dMk dA by fastforce
then have ds2: k < n = matriz-sum d (Ak. adjoint (M k) «M k x A) k €
carrier-mat d d for k
using matriz-sum-dim[of k Ak. adjoint (M k) «M k = A d] by auto
have daMMk: k < n = adjoint (M k) x M k € carrier-mat d d for k using
dMFk by fastforce
have k < n = trace (matriz-sum d (M\k. (M k) = A x adjoint (M k)) k) = trace
(matriz-sum d (Mk. adjoint (M k) x (M k) = A) k) for k
proof (induct k)
case (
then show ?case by auto
next
case (Suc k)
then have k: k£ < n by auto
have trace (M k x A x adjoint (M k)) = trace (adjoint (M k) x M k = A)
using dA apply (mat-assoc d) using dMk k by auto
then show ?case unfolding matriz-sum.simps using ds1 ds2 d1 d2 k Suc
daMk dMk dA
by (subst trace-add-linear|of - d], auto)+
qed
then have trace (matriz-sum d (Ak. (M k) * A % adjoint (M k)) n) = trace
(matriz-sum d (Ak. adjoint (M k) x (M k) = A) n) by auto
also have ... = trace (matriz-sum d (\k. adjoint (M k) « (M k)) n = A) using
matriz-sum-mult-right|OF daMMk, of n id A] dA by auto
also have ... = trace A using m dA unfolding measurement-def by auto
finally show ?thesis by auto
qed

lemma mat-inc-seq-positive-transform:
assumes dfn: An. fn € carrier-mat d d
and inc: An. fn <p f (Suc n)
shows An. fn — f0 € carrier-mat d d and An. (fn — f0) <p (f (Sucn) — f
0)
proof —
show An. fn — f0 € carrier-mat d d using dfn by fastforce
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have f 0 <p f 0 using lowner-le-refljof f 0 d] dfn by auto
then show (fn — f0) <p (f (Sucn) — f0) for n
using lowner-le-minus[of fn d f (Suc n) f 0 f 0] dfn inc by fastforce
qed

lemma mat-inc-seq-lub:
assumes dfn: An. fn € carrier-mat d d
and inc: An. fn <g f (Sucn)
and ub: An. fn<p A
shows 3 B. lowner-is-lub f B A limit-mat f B d
proof —
have dmfn0: An. fn — f 0 € carrier-mat d d and incm0: An. (fn — f0) <,
(f (Suc n) — £ 0)
using mat-inc-seg-positive-transform[OF dfn, of id] assms by auto
define ¢ where ¢ = 1 / (trace (A — f0) + 1)
have f 0 <; A using ub by auto
then have dA: A € carrier-mat d d using ub unfolding lowner-le-def using
dfn[of 0] by fastforce
then have dAmf0: A — f 0 € carrier-mat d d using dfn[of 0] by auto
have positive (A — f 0) using ub lowner-le-def by auto
then have tgeq0: trace (A — f 0) > 0 using positive-trace dAmf0 by auto
then have trace (A — f0) + 1 > 0 by (auto simp: less-eq-complez-def less-complez-def)
then have gic: ¢ > 0 unfolding c-def using complez-is-Real-iff
by (auto simp: less-eq-complex-def less-complez-def)
then have gtci: (1 / ¢) > 0 using complez-is-Real-iff
by (auto simp: less-eq-complex-def less-complex-def)

have trace (¢ - (A — f0)) = ¢ * trace (A — f0)
using trace-smult dAmf0 by auto
also have ... = (1 / (trace (A — f0) + 1)) * trace (A — f 0) unfolding c-def
by auto
also have ... < 1 using tgeq0 by (simp add: complex-is-Real-iff less-eq-complex-def
less-complex-def)
finally have [t1: trace (¢ -m (A — f0)) < 1.

have le0: — f 0 <; — f 0 using lowner-le-refllof — f 0 d] dfn by auto

have dmf0: — f 0 € carrier-mat d d using dfn by auto
have mfOsmcle: (¢ + (X — f0)) <p (¢ ' m (Y — f0))if X <p Y and X €
carrier-mat d d and Y € carrier-mat d d for X Y
proof —
have (X — f0) <. (Y — f0)
using lowner-le-minus[of X d Y f 0 f 0] that dfn lowner-le-refl by auto
then show ?Zthesis using lowner-le-smultc[of ¢ (X — f0) Y — f 0 d]| using
that dfn gtc by fastforce
qed
have (¢ -y, (fn — f0)) <g (¢ m (A — f0)) for n
using mfOsmcle ub dfn dA by auto
then have trace (¢ -p, (fn — f0)) < trace (¢ -y, (A — f0)) for n
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using lowner-le-imp-trace-le[of ¢ -m, (fn — f0) d] dmfn0 dAmf0 by auto
then have trit1: trace (¢ -y, (fn — f0)) < 1 for n using lt1

unfolding less-eq-complex-def less-complex-def

by (metis add.commute add-less-cancel-right add-mono-thms-linordered-field(3))

have f0 < fn for n
proof (induct n)

case 0

then show ?case using dfn lowner-le-refl by auto
next

case (Suc n)

then show ?case using dfn lowner-le-trans|of f 0 d f n] inc by auto
qed
then have positive (f n — f 0) for n using lowner-le-def by auto
then have p: positive (¢ -p, (fn — f0)) for n

by (intro positive-smult, insert gtc dmfn0, auto)

have inc” ¢ -, (fn — f0) <p ¢ - (f (Sucn) — f0) for n
using inecm0 lowner-le-smultc[of ¢ fn — f 0] gtc dmfn0 by fastforce

define g where gn =c -, (fn — f0) for n
then have positive (g n) and trace (g n) < 1 and (g n) <, (g (Suc n)) and
dgn: (g n) € carrier-mat d d for n
unfolding g-def using p trit1 inc’ dmfn0 by auto
then have ms: matriz-seq d g unfolding matriz-seq-def partial-density-operator-def
by (simp add: less-eq-complez-def less-complex-def dual-order.strict-iff-not)
then have uniM: 3! M. matriz-seq.lowner-is-lub g M using matriz-seq.lowner-lub-unique
by auto
then obtain M where M: matriz-seq.lowner-is-lub ¢ M by auto
then have leg: g n <; M and lubg: AM'. (Vn. gn <p, M) — M <; M’ for
n
unfolding matriz-seq.lowner-is-lub-def[ OF ms| by auto
have M = matriz-seq.lowner-lub g
using matriz-seq.lowner-lub-def | OF ms| M uniM thel-unique|of matriz-seq.lowner-is-lub
g] by auto
then have limg: limit-mat g M d using M matriz-seq.lowner-lub-is-limit| OF ms]
by auto
then have dM: M € carrier-mat d d unfolding limit-mat-def by auto

define Bwhere B=f0+ (1 /¢)m M

have eginv: f0 + (1 / ¢) -m (¢ m (X — f0)) = X if X € carrier-mat d d for
X

proof —

have f 0 + (1 / ¢) om (¢ (X = F0) = F0 + (1 [ ¢ ) - (X — f0)
apply (subgoal-tac (1 / ¢) m (¢ m (X —f0))=(1 /) c*¢)-m (X — f0),
stmp)
using smult-smult-mat dfn that by auto
also have ... = f0 + 1 -, (X — f0) using gtc by auto
also have ... = f0 + (X — f 0) by auto
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also have ... = (— f0) + f 0 + X apply (mat-assoc d) using that dfn by
auto

also have ... = 0,, d d + X using dfn uminus-l-inv-mat|of f 0 d d] by fastforce
also have ... = X using that by auto
finally show ?thesis by auto

qed

have limit-mat (An. (1 / ¢) -m gn) (1 / ¢) -m M) d using limit-mat-scale[OF
limg| gtci by auto
then have limit-mat (An. fO + (1 / ¢) mgn) (fO+ (1 /¢)m M) d
using mat-add-limit[of f 0] limg dfn unfolding mat-add-seq-def by auto
then have limf: limit-mat f B d using eqinv[OF dfn] unfolding B-def g-def by
auto

have fOacmcile: (f0 + (1 /¢) m X) <o (fO+ (1 /¢)m YV )If X <, YV and
X € carrier-mat d d and Y € carrier-mat d d for X Y
proof —
have ((1 / ¢) m X) <p (1 / ¢) 'm Y)
using lowner-le-smultc[of 1/c] that gtci by fastforce
then show (fO0 + (1 /¢)m X) <o (fO+ (1 /¢)mY)
using lowner-le-add[of - d - (1 / ¢) m X (1 ] ¢) m Y]
that gtci dfn lowner-le-refi[of f 0, OF dfn] by fastforce
qed

have (fO0+ (1 /¢) mygn) <y (fO+ (1 /c)m M) forn
using fOacmcile[OF leg dgn dM] by auto
then have lubf: fn <; B for n using eqinv[OF dfn] g-def B-def by auto

{

fix B’ assume asm: Vn. fn <; B’

then have f 0 <; B’ by auto

then have dB”: B’ € carrier-mat d d unfolding lowner-le-def using dfn[of 0]

by auto

have fn <; B’ for n using asm by auto

then have (¢ -, (fn — f0)) < (¢ -m (B'— f0)) for n
using mfOsmcle[of f n B'] dfn dB' by auto

then have g n <p, (¢ -, (B’ — f0)) for n using g-def by auto

then have M <p (¢ -y, (B’ — f0)) using lubg by auto

then have (f 0 + (1 / ¢) m M) < (F0+ (1 / ) m (¢ m (B' = £ 0)))
using fOacmcile[of M (¢ - (B’ — f0)), OF - dM] using dB’ dfn by fastforce

then have B <; B’ unfolding B-def using eqinv[OF dB’] by auto

with limf lubf have (Vn. fn <y, B)A (VM. (Vn. fn<p M) — B <y M)
A limit-mat f B d by auto
then show ?thesis unfolding lowner-is-lub-def by auto

qed

end
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3 Quantum programs

theory Quantum-Program
imports Matriz-Limit
begin

3.1 Syntax

Datatype for quantum programs

datatype com =
SKIP
| Utrans complex mat
| Seq com com (<-3;/ - [60, 61] 60)
| Measure nat nat = complex mat com list
| While nat = complex mat com

A state corresponds to the density operator

type-synonym state = complex mat

List of dimensions of quantum states

locale state-sig =
fixes dims :: nat list
begin

definition d :: nat where
d = prod-list dims

Wellformedness of commands

fun well-com :: com = bool where
well-com SKIP = True

| well-com (Utrans U) = (U € carrier-mat d d A unitary U)
| well-com (Seq S1 S2) = (well-com S1 A well-com S2)
| well-com (Measure n M S) =

(measurement d n M A length S = n A list-all well-com S)
| well-com (While M S) =

(measurement d 2 M N well-com S)

3.2 Denotational semantics

Denotation of going through the while loop n times

fun denote-while-n-iter :: complex mat = complexr mat = (state = state) = nat
= state = state where

denote-while-n-iter M0 M1 DS 0 o = o
| denote-while-n-iter MO M1 DS (Suc n) o = denote-while-n-iter MO M1 DS n (DS
(M1 % ¢ * adjoint M1))

fun denote-while-n :: complex mat = complex mat = (state = state) = nat =
state = state where
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denote-while-n M0 M1 DS n o = MO * denote-while-n-iter M0 M1 DS n o x
adjoint MO

fun denote-while-n-comp :: complex mat = complex mat = (state = state) = nat
= state = state where

denote-while-n-comp M0 M1 DS n o = M1 % denote-while-n-iter M0 M1 DS n o
x adjoint M1

lemma denote-while-n-iter-assoc:
denote-while-n-iter M0 M1 DS (Suc n) o = DS (M1 * (denote-while-n-iter MO
M1 DS n o) * adjoint M1)
proof (induct n arbitrary: o)
case ()
show ?case by auto
next
case (Suc n)
show ?Zcase
apply (subst denote-while-n-iter.simps)
apply (subst Suc, auto)
done
qed

lemma denote-while-n-iter-dim:

0 € carrier-mat m m = partial-density-operator o = M1 € carrier-mat m m
= adjoint M1 « M1 <p 1,, m

= (Ao 0 € carrier-mat m m = partial-density-operator o = DS o € car-
rier-mat m m A partial-density-operator (DS g))

= denote-while-n-iter M0 M1 DS n o € carrier-mat m m A partial-density-operator
(denote-while-n-iter M0 M1 DS n o)
proof (induct n arbitrary: o)

case ()

then show ?case unfolding denote-while-n-iter.simps by auto
next

case (Suc n)

then have dr: o € carrier-mat m m and dM1: M1 € carrier-mat m m by auto

have dMr: M1 * o x adjoint M1 € carrier-mat m m using dr dM1 by fastforce

have pdoMr: partial-density-operator (M1 * o x adjoint M1) using pdo-close-under-measurement
Suc by auto

from Suc dMr pdoMr have d: DS (M1 x o * adjoint M1) € carrier-mat m m
and partial-density-operator (DS (M1 * o % adjoint M1)) by auto

then show ?case unfolding denote-while-n-iter.simps

using Suc by auto

qged

lemma pdo-denote-while-n-iter:

0 € carrier-mat m m = partial-density-operator o = M1 € carrier-mat m m
= adjoint M1 « M1 <p 1,, m

= (\o. 0 € carrier-mat m m A partial-density-operator o = partial-density-operator
(DS o))
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= (No. 0 € carrier-mat m m A partial-density-operator 0 = DS o € car-
rier-mat m m)

= partial-density-operator (denote-while-n-iter M0 M1 DS n p)
proof (induct n arbitrary: o)

case (

then show ?case unfolding denote-while-n-iter.simps by auto
next

case (Suc n)

have partial-density-operator (M1 * o x adjoint M1) using Suc pdo-close-under-measurement
by auto

moreover have M1 x g *x adjoint M1 € carrier-mat m m using Suc by auto

ultimately have p: partial-density-operator (DS (M1 * o x adjoint M1)) and
d: DS (M1 x o % adjoint M1) € carrier-mat m m using Suc by auto

show ?case unfolding denote-while-n-iter.simps using Suc(1)[OF d p Suc(4)
Suc(5)] Suc by auto
qed

Denotation of while is simply the infinite sum of denote_ while_ n

definition denote-while :: complex mat = complex mat = (state = state) = state
= state where
denote-while MO M1 DS ¢ = matriz-inf-sum d (An. denote-while-n M0 M1 DS n

0)

lemma denote-while-n-dim:
assumes g € carrier-mat d d
MO € carrier-mat d d
M1 € carrier-mat d d
partial-density-operator o
Ao’ o' € carrier-mat d d = partial-density-operator o' = positive (DS o)
A trace (DS o) < trace o' A DS o' € carrier-mat d d
shows denote-while-n M0 M1 DS n o € carrier-mat d d
proof (induction n arbitrary: o)
case ()
then show ?case
proof —
have M0 * o * adjoint M0 € carrier-mat d d
using assms assoc-mult-mat by auto
then show ?thesis by auto
qed
next
case (Suc n)
then show ?case
proof —
have denote-while-n M0 M1 DS n (DS (M1 * ¢ x adjoint M1)) € carrier-mat
dd
using Suc assms by auto
then show ?thesis by auto
qed
qed
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lemma denote-while-n-sum-dim:
assumes g € carrier-mat d d
MO € carrier-mat d d
M1 € carrier-mat d d
partial-density-operator o
No'. o' € carrier-mat d d = partial-density-operator o' = positive (DS o)
A trace (DS o) < trace o' A DS o' € carrier-mat d d
shows matriz-sum d (An. denote-while-n M0 M1 DS n o) n € carrier-mat d d
proof (induct n)
case (
then show ?case by auto
next
case (Suc n)
then show ?Zcase
proof —
have denote-while-n M0 M1 DS n o € carrier-mat d d
using denote-while-n-dim assms by auto
then have matriz-sum d (An. denote-while-n M0 M1 DS n p) (Suc n) €
carrier-mat d d
using Suc by auto
then show ?thesis by auto
qed
qed

lemma trace-decrease-mul-adj:

assumes pdo: partial-density-operator ¢ and dimr: o € carrier-mat d d

and dimx: x € carrier-mat d d and un: adjoint x * x < 1, d

shows trace (z * o * adjoint z) < trace o
proof —

have ad: adjoint ¢ x x € carrier-mat d d using adjoint-dim index-mult-mat dimx
by auto

have trace (z * o * adjoint x) = trace ((adjoint z * x) * o) using dimz dimr by
(mat-assoc d)

also have ... < trace (1,, d * p) using lowner-le-trace un ad dimr pdo by auto
also have ... = trace p using dimr by auto
ultimately show ?thesis by auto

qged

lemma denote-while-n-positive:

assumes dim0: MO € carrier-mat d d and dimi1: M1 € carrier-mat d d and
un: adjoint M1 « M1 <;, 1,,d

and DS: ANo. o € carrier-mat d d = partial-density-operator o = positive

(DS o) A trace (DS p) < trace o A DS ¢ € carrier-mat d d

shows partial-density-operator o A\ o € carrier-mat d d = positive (denote-while-n
Mo M1 DS n o)
proof (induction n arbitrary: o)

case (

then show ?case using positive-close-under-left-right-mult-adjoint dim0 unfold-
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ing partial-density-operator-def by auto
next
case (Suc n)
then show ?case
proof —
have pdoM: partial-density-operator (M1 * o * adjoint M1) using pdo-close-under-measurement
Suc dim1 un by auto
moreover have cM: M1 x g x adjoint M1 € carrier-mat d d using Suc dim1
adjoint-dim index-mult-mat by auto
ultimately have DSM1: positive (DS (M1 * o x adjoint M1)) A trace (DS
(M1 * ¢ * adjoint M1)) < trace (M1 * o * adjoint M1) N DS (M1 x o * adjoint
M1) € carrier-mat d d
using DS by auto
moreover have trace (M1 o * adjoint M1) < trace p using trace-decrease-mul-adj
Suc dim1 un by auto
ultimately have partial-density-operator (DS (M1 * ¢ % adjoint M1)) using
Suc unfolding partial-density-operator-def by auto
then have positive (M0 * denote-while-n-iter M0 M1 DS n (DS (M1 x o x
adjoint M1)) % adjoint M0O) using Suc DSM1 by auto
then have positive (denote-while-n M0 M1 DS (Suc n) g) by auto
then show ?thesis by auto
qed
qed

lemma denote-while-n-sum-positive:
assumes dim0: M0 € carrier-mat d d and dim1: M1 € carrier-mat d d and
un: adjoint M1 x M1 <; 1, d
and DS: Ao. 0 € carrier-mat d d = partial-density-operator ¢ = positive
(DS ) A trace (DS ) < trace o A DS ¢ € carrier-mat d d
and pdo: partial-density-operator o and r: o € carrier-mat d d
shows positive (matriz-sum d (An. denote-while-n M0 M1 DS n o) n)
proof —
have A\k. k < n = positive (denote-while-n M0 M1 DS k p) using assms
denote-while-n-positive by auto
moreover have Ak. k < n = denote-while-n M0 M1 DS k ¢ € carrier-mat d
d using denote-while-n-dim assms by auto
ultimately show %thesis using matriz-sum-positive by auto
qged

lemma trace-measure2-id:
assumes dM0: MO € carrier-mat n n and dM1: M1 € carrier-mat n n
and id: adjoint MO * MO + adjoint M1 « M1 = 1,, n
and dA: A € carrier-mat n n
shows trace (MO % A x adjoint MO) + trace (M1 x A * adjoint M1) = trace A
proof —
have trace (M0 * A x adjoint MO) + trace (M1 %= A % adjoint M1) = trace
((adjoint MO x MO + adjoint M1 x M1) x A)
using assms by (mat-assoc n)
also have ... = trace (1,, n * A) using id by auto
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also have ... = trace A using dA by auto
finally show ?thesis.
qed

lemma measurement-lowner-le-onel :
assumes dim0: M0 € carrier-mat d d and dim1: M1 € carrier-mat d d and id:
adjoint M0 « MO + adjoint M1 x M1 = 1,, d
shows adjoint M1 « M1 <p 1,, d
proof —
have paM0: positive (adjoint M0 * MO)
apply (subgoal-tac adjoint MO * adjoint (adjoint M0) = adjoint M0 * M0)
subgoal using positive-if-decomp|of adjoint MO x MO] dim0 adjoint-dim|[OF
dim0] by fastforce
using adjoint-adjoint[of M0] by auto
have le!: adjoint MO x MO + adjoint M1 «+ M1 <y, 1,, d using id lowner-le-refl[of
1., d] by fastforce
show adjoint M1 « M1 <p 1, d
using add-positive-le-reduce2[OF - - - paMQ0 lel] dim0 dim1 by fastforce
qed

lemma denote-while-n-sum-trace:
assumes dim0: M0 € carrier-mat d d and dim1: M1 € carrier-mat d d and id:
adjoint M0 « MO + adjoint M1 x M1 = 1,, d
and DS: No. o € carrier-mat d d = partial-density-operator o = positive
(DS o) A trace (DS p) < trace o A DS o € carrier-mat d d
and r: p € carrier-mat d d
and pdor: partial-density-operator o
shows trace (matriz-sum d (An. denote-while-n M0 M1 DS n o) n) < trace g
proof —
have un: adjoint M1 « M1 <p 1,, d using measurement-lowner-le-onel using
dim0 dim1 id by auto
have DS" (DS ¢ € carrier-mat d d) A partial-density-operator (DS o) if o €
carrier-mat d d and partial-density-operator o for o
proof —
have res: positive (DS p) A trace (DS p) < trace o A DS ¢ € carrier-mat d d
using DS that by auto
moreover have trace o < 1 using that partial-density-operator-def by auto
ultimately have trace (DS p) < I by auto
with res show ?thesis unfolding partial-density-operator-def by auto
qed
have dWk: denote-while-n-iter M0 M1 DS k o € carrier-mat d d for k
using denote-while-n-iter-dim[OF r pdor dim1 un] DS’ dim0 dim1 by auto
have pdo Wk: partial-density-operator (denote-while-n-iter M0 M1 DS k o) for k
using pdo-denote-while-n-iter|OF r pdor dim1 un] DS’ dim0 dim1 by auto
have dW0k: denote-while-n M0 M1 DS k o € carrier-mat d d for k using
denote-while-n-dim r dim0 dim1 pdor by auto
then have dsWok: matriz-sum d (An. denote-while-n M0 M1 DS n o) k €
carrier-mat d d for k
using matriz-sum-dim[of k Ak. denote-while-n M0 M1 DS k o] by auto
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have (denote-while-n-comp M0 M1 DS n o) € carrier-mat d d for n unfolding
denote-while-n-comp.simps using dim1 dWk by auto
moreover have
pdoW1k: partial-density-operator (denote-while-n-comp M0 M1 DS n o) for n
unfolding denote-while-n-comp.simps
using pdo-close-under-measurement| OF dim1 dWk pdoWk un] by auto
ultimately have trace (DS (denote-while-n-comp MO M1 DS n p)) < trace
(denote-while-n-comp M0 M1 DS n p) for n
using DS by auto
moreover have trace (denote-while-n-iter M0 M1 DS (Suc n) o) = trace (DS
(denote-while-n-comp M0 M1 DS n g)) for n
using denote-while-n-iter-assoc|folded denote-while-n-comp.simps| by auto
ultimately have leq3: trace (denote-while-n-iter M0 M1 DS (Suc n) o) < trace
(denote-while-n-comp MO M1 DS n o) for n by auto

have mainleq: trace (matriz-sum d (An. denote-while-n M0 M1 DS n p) (Suc n))
+ trace (denote-while-n-comp MO M1 DS n o) < trace o for n
proof (induct n)
case (
then show ?case unfolding matriz-sum.simps denote-while-n.simps denote-while-n-comp.simps
denote-while-n-iter.simps
apply (subgoal-tac MO * ¢ x adjoint MO + 0,, d d = M0 * o % adjoint M0)
using trace-measure2-id[OF dim0 diml1 id r] dim0 apply simp
using dim0 by auto
next
case (Suc n)

have eql: trace (matriz-sum d (An. denote-while-n M0 M1 DS n ) (Suc (Suc

n)))

= trace (denote-while-n M0 M1 DS (Suc n) o) + trace (matriz-sum d (An.
denote-while-n M0 M1 DS n o) (Suc n))

unfolding matriz-sum.simps

using trace-add-linear dWOk[of Suc n| dsWOk[of Suc n] by auto

have eq2: trace (denote-while-n M0 M1 DS (Suc n) o) + trace (denote-while-n-comp
M0 M1 DS (Suc n) o)
= trace (denote-while-n-iter M0 M1 DS (Suc n) o)
unfolding denote-while-n.simps denote-while-n-comp.simps using trace-measure2-id[ OF
dim0 dim1 id dWk[of Suc n]] by auto

have trace (matriz-sum d (An. denote-while-n M0 M1 DS n o) (Suc (Suc n)))
+ trace (denote-while-n-comp MO M1 DS (Suc n) o)

= trace (matriz-sum d (An. denote-while-n M0 M1 DS n 9) (Suc n)) + trace
(denote-while-n MO M1 DS (Suc n) ¢) + trace (denote-while-n-comp MO M1 DS

(Suc n) o)
using eq! by auto
also have ... = trace (matriz-sum d (An. denote-while-n M0 M1 DS n o) (Suc

n)) + trace (denote-while-n-iter MO M1 DS (Suc n) o)
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using eq2 by auto
also have ... < trace (matriz-sum d (An. denote-while-n M0 M1 DS n o) (Suc
n)) + trace (denote-while-n-comp M0 M1 DS n o)
using leq3 by auto

also have ... < trace g using Suc by auto
finally show Zcase.
qed

have reduce-le-complex: (b::complez) > 0 = a+ b<c= a < cforabc
by (simp add: less-eq-complez-def)
have positive (denote-while-n-comp MO M1 DS n o) for n using pdoW1k un-
folding partial-density-operator-def by auto
then have trace (denote-while-n-comp M0 M1 DS n ¢) > 0 for n using posi-
tive-trace
using «An. denote-while-n-comp M0 M1 DS n o € carrier-mat d d> by blast
then have trace (matriz-sum d (An. denote-while-n M0 M1 DS n o) (Suc n)) <
trace o for n
using mainleq reduce-le-complex|of trace (denote-while-n-comp MO M1 DS n
0)] by auto
moreover have trace (matriz-sum d (An. denote-while-n M0 M1 DS n 9) 0) <
trace @
unfolding matriz-sum.simps
using trace-zero positive-trace pdor unfolding partial-density-operator-def
using r by auto
ultimately show trace (matriz-sum d (An. denote-while-n MO M1 DS n o) n)
< trace o for n
apply (induct n) by auto
qed

lemma denote-while-n-sum-partial-density:
assumes dim0: M0 € carrier-mat d d and dim1: M1 € carrier-mat d d and id:
adjoint M0 x MO + adjoint M1 « M1 = 1, d
and DS: Ao. 0 € carrier-mat d d = partial-density-operator ¢ = positive
(DS o) A trace (DS p) < trace o A DS o € carrier-mat d d
and pdo: partial-density-operator o and r: o € carrier-mat d d
shows (partial-density-operator (matriz-sum d (An. denote-while-n M0 M1 DS n
0) )
proof —
have trace (matriz-sum d (An. denote-while-n M0 M1 DS n p) n) < trace o
using denote-while-n-sum-trace assms by auto
then have trace (matriz-sum d (An. denote-while-n M0 M1 DS n g) n) < 1
using pdo unfolding partial-density-operator-def by auto
moreover have positive (matriz-sum d (An. denote-while-n M0 M1 DS n o) n)
using assms DS denote-while-n-sum-positive measurement-lowner-le-onel [ OF
dim0 dim1 id] by auto
ultimately show #¢thesis unfolding partial-density-operator-def by auto
qed

lemma denote-while-n-sum-lowner-le:
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assumes dim0: MO € carrier-mat d d and dim1: M1 € carrier-mat d d and id:
adjoint M0 « MO + adjoint M1 « M1 = 1,, d
and DS: No. o € carrier-mat d d = partial-density-operator o = positive
(DS o) A trace (DS p) < trace o A DS o € carrier-mat d d
and pdo: partial-density-operator ¢ and dimr: o € carrier-mat d d
shows (matriz-sum d (An. denote-while-n M0 M1 DS n o) n <p matriz-sum d
(An. denote-while-n M0 M1 DS n o) (Suc n))
proof auto
have whilenc: denote-while-n M0 M1 DS n o € carrier-mat d d using de-
note-while-n-dim assms by auto
have sumc: matriz-sum d (An. denote-while-n MO M1 DS n 9) n € carrier-mat
dd
using denote-while-n-sum-dim assms by auto
have denote-while-n M0 M1 DS n ¢ + matriz-sum d (An. denote-while-n MO M1
DS n 9) n — matriz-sum d (An. denote-while-n MO M1 DS n o) n
= denote-while-n M0 M1 DS n o + matriz-sum d (An. denote-while-n M0
M1 DS n o) n + (— matriz-sum d (An. denote-while-n M0 M1 DS n ) n)
using minus-add-uminus-mat[of matriz-sum d (An. denote-while-n M0 M1 DS
n 9) n d d matriz-sum d (An. denote-while-n M0 M1 DS n g) n] by auto
also have ... = denote-while-n M0 M1 DSn o + 0,, dd
by (smt (verit) assoc-add-mat minus-add-uminus-mat minus-r-inv-mat sumc
uminus-carrier-mat whilenc)
also have ... = denote-while-n M0 M1 DS n ¢ using whilenc by auto
finally have simp: denote-while-n M0 M1 DS n o + matriz-sum d (An. de-
note-while-n M0 M1 DS n ¢) n — matriz-sum d (An. denote-while-n M0 M1 DS
no)n=
denote-while-n M0 M1 DS n o by auto
have positive (denote-while-n M0 M1 DS n o) using denote-while-n-positive
assms measurement-lowner-le-onel [OF dim0 dim1 id] by auto
then have matriz-sum d (An. denote-while-n M0 M1 DS n ¢) n <r, (denote-while-n
MO M1 DS n o + matriz-sum d (An. denote-while-n M0 M1 DS n ) n)
unfolding lowner-le-def using simp by auto
then show matriz-sum d (An. M0 * denote-while-n-iter MO M1 DS n o * adjoint
MO) n SL
(MO * denote-while-n-iter MO M1 DS n ¢ * adjoint M0 + matriz-sum
d (An. MO x denote-while-n-iter MO M1 DS n o x adjoint M0) n) by auto
qed

lemma lowner-is-lub-matriz-sum:
assumes dim0: M0 € carrier-mat d d and dim1: M1 € carrier-mat d d and id:
adjoint MO « MO + adjoint M1 « M1 = 1,, d
and DS: ANo. ¢ € carrier-mat d d = partial-density-operator o = positive
(DS o) A trace (DS ) < trace o AN DS ¢ € carrier-mat d d
and pdo: partial-density-operator o and dimr: o € carrier-mat d d
shows matriz-seq.lowner-is-lub (matriz-sum d (An. denote-while-n M0 M1 DS
n 0)) (matriz-seq.lowner-lub (matriz-sum d (An. denote-while-n M0 M1 DS n p)))
proof—
have sumdd: ¥V n. matriz-sum d (An. denote-while-n M0 M1 DS n o) n € car-
rier-mat d d
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using denote-while-n-sum-dim assms by auto
have sumtr: V n. trace (matriz-sum d (An. denote-while-n M0 M1 DS n g) n) <
trace o
using denote-while-n-sum-trace assms by auto
have sumpar: V n. partial-density-operator (matriz-sum d (An. denote-while-n
MO0 M1 DS n o) n)
using denote-while-n-sum-partial-density assms by auto
have sumle:¥Y n. matriz-sum d (An. denote-while-n M0 M1 DS n o) n <p ma-
triz-sum d (An. denote-while-n M0 M1 DS n o) (Suc n)
using denote-while-n-sum-lowner-le assms by auto
have seqd: matriz-seq d (matriz-sum d (An. denote-while-n M0 M1 DS n g))
using matriz-seq-def sumdd sumpar sumle by auto
then show %thesis using matriz-seq.lowner-lub-prop[of d (matriz-sum d (An.
denote-while-n M0 M1 DS n p))] by auto
qed

lemma denote-while-dim-positive:
assumes dim0: M0 € carrier-mat d d and dim1: M1 € carrier-mat d d and id:
adjoint M0 « MO + adjoint M1 « M1 = 1,, d
and DS: No. ¢ € carrier-mat d d = partial-density-operator o = positive
(DS o) A trace (DS ) < trace o A DS ¢ € carrier-mat d d
and pdo: partial-density-operator o and dimr: o € carrier-mat d d
shows
denote-while M0 M1 DS o € carrier-mat d d A positive (denote-while M0 M1
DS o) A trace (denote-while MO M1 DS o) < trace o
proof —
have sumdd: ¥ n. matriz-sum d (An. denote-while-n MO M1 DS n 9) n € car-
rier-mat d d
using denote-while-n-sum-dim assms by auto
have sumtr: V n. trace (matriz-sum d (An. denote-while-n M0 M1 DS n o) n) <
trace @
using denote-while-n-sum-trace assms by auto
have sumpar: ¥V n. partial-density-operator (matriz-sum d (An. denote-while-n
M0 M1 DS n o) n)
using denote-while-n-sum-partial-density assms by auto
have sumle:V n. matriz-sum d (An. denote-while-n M0 M1 DS n o) n <p ma-
triz-sum d (An. denote-while-n M0 M1 DS n g) (Suc n)
using denote-while-n-sum-lowner-le assms by auto
have seqd: matriz-seq d (matriz-sum d (An. denote-while-n M0 M1 DS n p))
using matriz-seq-def sumdd sumpar sumle by auto
have matriz-seq.lowner-is-lub (matriz-sum d (An. denote-while-n M0 M1 DS n
0)) (matriz-seq.lowner-lub (matriz-sum d (An. denote-while-n M0 M1 DS n p)))
using lowner-is-lub-matriz-sum assms by auto
then have matriz-seq.lowner-lub (matriz-sum d (An. denote-while-n M0 M1 DS
n o)) € carrier-mat d d
A positive (matriz-seq.lowner-lub (matriz-sum d (An. denote-while-n M0
M1 DS n g)))
A trace (matriz-seq.lowner-lub (matriz-sum d (An. denote-while-n MO M1
DS n p))) < trace o
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using matriz-seq.lowner-is-lub-dim seqd matriz-seq.lowner-lub-is-positive ma-
triz-seq.lowner-lub-trace sumtr by auto
then show ?thesis unfolding denote-while-def matriz-inf-sum-def by auto
qed

definition denote-measure :: nat = (nat = complex mat) = ((state = state) list)
= state = state where
denote-measure n M DS ¢ = matriz-sum d (Ak. (DS'k) (M k) * o * adjoint (M

k) n

lemma denote-measure-dim:
assumes g € carrier-mat d d
measurement d n M
Neo' k. o' € carrier-mat d d = k < n = (DS'k) ¢’ € carrier-mat d d
shows
denote-measure n M DS o € carrier-mat d d
proof —
have dMk: k < n = M k € carrier-mat d d for k using assms measurement-def
by auto
have d: k < n = (M k) x o % adjoint (M k) € carrier-mat d d for k
using mult-carrier-mat| OF mult-carrier-mat]| OF dMk assms(1)] adjoint-dim|[OF
dME]] by auto
then have k < n = (DS'k) (M k) % o x adjoint (M k)) € carrier-mat d d for
k using assms(3) by auto
then show ?thesis unfolding denote-measure-def using matriz-sum-dim[of n
Ak. (DSk) (M k) % o * adjoint (M k))] by auto
qged

lemma measure-well-com:
assumes well-com (Measure n M S)
shows Ak. k < n = well-com (S ! k)
using assms unfolding well-com.simps using list-all-length by auto

Semantics of commands

fun denote :: com = state = state where
denote SKIP o = o
| denote (Utrans U) o = U * p * adjoint U
| denote (Seq S1 52) o = denote S2 (denote S1 p)
| denote (Measure n M S) o = denote-measure n M (map denote S) o
| denote (While M S) o = denote-while (M 0) (M 1) (denote S) o

lemma denote-measure-expand:

assumes m: m < n and wc: well-com (Measure n M S)

shows denote (Measure m M S) o = matriz-sum d (\k. denote (S'k) (M k) * o
x adjoint (M k))) m

unfolding denote.simps denote-measure-def
proof —

have k < m = map denote S | k = denote (S'k) for k using wc m by auto
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then have k < m = (map denote S ' k) (M k * o x adjoint (M k)) = denote
(S'k) (M k) * o * adjoint (M k)) for k by auto
then show matriz-sum d (Ak. (map denote S 1 k) (M k * ¢ % adjoint (M k))) m
= matriz-sum d (\k. denote (S ! k) (M k * o * adjoint (M k))) m
using matriz-sum-conglof m Ak. (map denote S ' k) (M k * ¢ * adjoint (M k))
Ak. denote (S k) (M k x ¢ x adjoint (M k))] by auto
qed

lemma matriz-sum-trace-le:
fixes f :: nat = complex mat and g :: nat = complex mat
assumes (A\k. k < n = fk € carrier-mat d d)
(Nk. k< n = gk € carrier-mat d d)
(Ak. k < n = trace (f k) < trace (g k))
shows trace (matriz-sum d fn) < trace (matriz-sum d g n)
proof —
have sum (\k. trace (fk)) {0..<n} < sum (\k. trace (g k)) {0..<n}
using assms by (meson atLeastLessThan-iff sum-mono)
then show ?thesis using trace-matriz-sum-linear assms by auto
qed

lemma map-denote-positive-trace-dim:
assumes well-com (Measure x1 x2a x3a)
x4 € carrier-mat d d
partial-density-operator x4
Az3aa o. z3aa € set r3a = well-com z8aa = ¢ € carrier-mat d d =
partial-density-operator o
= positive (denote x3aa 9) N trace (denote x3aa 9) < trace ¢ A denote x3aa
o € carrier-mat d d
shows Vk < 1. positive ((map denote z3a ! k) (z2a k * x4 * adjoint (z2a k)))
A ((map denote z3a ! k) (z2a k * x4 * adjoint (x2a k))) € carrier-mat
dd
A trace ((map denote x3a ' k) (x2a k x x4 * adjoint (z2a k))) < trace
(z2a k * x4 * adjoint (z2a k))
proof —
have z2ak: ¥V k < z1. 220 k € carrier-mat d d using assms(1) measurement-dim
by auto
then have z2aa:V k < z1. (22a k x 24 * adjoint (z2a k)) € carrier-mat d d
using assms(2) by fastforce
have posct: positive ((map denote z3a ! k) (z2a k * 24 * adjoint (z2a k)))
A ((map denote z3a ! k) (z2a k * x4 * adjoint (z2a k))) € carrier-mat
dd
A trace ((map denote x3a | k) (z2a k * 24 * adjoint (z2a k))) < trace
(z2a k * x4 = adjoint (22a k))
if k: k < z1 for k
proof —
have lea: adjoint (z2a k) * x2a k < 1,, d using measurement-le-one-mat
assms(1) k by auto
have (z2a k x x4 * adjoint (x2a k)) € carrier-mat d d using k x2aa assms(2)
by fastforce
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moreover have (z3a ! k) € set £3a using k assms(1) by simp
moreover have well-com (z3a ! k) using k assms(1) using measure-well-com
by blast
moreover have partial-density-operator (z2a k x x4 * adjoint (22a k))
using pdo-close-under-measurement z2ak assms(2,3) lea k by blast
ultimately have positive (denote (z3a ! k) (22a k % x4 * adjoint (z2a k)))
A (denote (z3a ! k) (x2a k x x4 * adjoint (z2a k))) € carrier-mat d d
A trace (denote (x3a ! k) (22a k * x4 * adjoint (z2a k))) < trace (z2a k *
x4 * adjoint (z2a k))
using assms(4) by auto
then show ?thesis using assms(1) k by auto
qed
then show ?thesis by auto
qed

lemma denote-measure-positive-trace-dim:
assumes well-com (Measure x1 z2a r3a)
x4 € carrier-mat d d
partial-density-operator x4
Nz3aa o. z3aa € set 3¢ = well-com x3aa = ¢ € carrier-mat d d =
partial-density-operator o
= positive (denote x3aa 9) N trace (denote z3aa 9) < trace p A\ denote x3aa
o € carrier-mat d d
shows positive (denote (Measure x1 xz2a z3a) x4) A trace (denote (Measure x1
z2a x3a) x4) < trace x4
A (denote (Measure x1 x2a x3a) x4) € carrier-mat d d
proof —
have z2ak: ¥V k < z1. 220 k € carrier-mat d d using assms(1) measurement-dim
by auto
then have z2aa:V k < z1. (22a k * x4 * adjoint (z2a k)) € carrier-mat d d
using assms(2) by fastforce
have posct:V k < x1. positive ((map denote z3a ! k) (x2a k x x4 * adjoint (z2a

k)

dd

A ((map denote z3a | k) (z2a k * x4 * adjoint (x2a k))) € carrier-mat

A trace ((map denote x3a | k) (z2a k * 24 * adjoint (z2a k))) < trace
(22a k * x4 * adjoint (z2a k))
using map-denote-positive-trace-dim assms by auto

have trace (matriz-sum d (Ak. (map denote x3a ! k) (z2a k * x4 * adjoint (z2a

k))) =1)
< trace (matriz-sum d (Ak. (22a k * x4 * adjoint (z2a k))) z1)
using posct matriz-sum-trace-le[of 1 (Ak. (map denote z3a | k) (22a k * x4 *
adjoint (z2a k))) (Mk. 22a k % x4 * adjoint (z2a k)) |
z2aa by auto

also have ... = trace z/ using trace-measurement|of d x1 z2a x4] assms(1,2)
by auto

finally have trace (matriz-sum d (Ak. (map denote x3a ! k) (22a k % x4 * adjoint
(z2a k))) x1) < trace x4 by auto
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then have trace (denote-measure 1 z2a (map denote x3a) x4) < trace x4
unfolding denote-measure-def by auto
then have trace (denote (Measure x1 z2a z3a) x4) < trace x4 by auto
moreover from posct have positive (denote (Measure x1 z2a x5a) x4)
apply auto
unfolding denote-measure-def using matriz-sum-positive by auto
moreover have (denote (Measure x1 z2a xz3a) x4) € carrier-mat d d
apply auto
unfolding denote-measure-def using matriz-sum-dim posct
by (simp add: matriz-sum-dim,)
ultimately show %thesis by auto
qed

lemma denote-positive-trace-dim:
well-com S = ¢ € carrier-mat d d = partial-density-operator o
= (positive (denote S o) A trace (denote S p) < trace o A denote S ¢ €
carrier-mat d d)
proof (induction arbitrary: o)
case SKIP
then show ?case unfolding partial-density-operator-def by auto
next
case (Utrans x)
then show ?case
proof —
assume wc: well-com (Utrans z) and r: ¢ € carrier-mat d d and pdo: par-
tial-density-operator o
show positive (denote (Utrans ) o) A trace (denote (Utrans ) o) < trace o A
denote (Utrans x) o € carrier-mat d d
proof —
have trace (z * ¢ * adjoint z) = trace ((adjoint z * x) * o)
using r apply (mat-assoc d) using wec by auto

also have ... = trace (1,, d * g) using wec inverts-mat-def inverts-mat-symm
adjoint-dim by auto
also have ... = trace ¢ using r by auto

finally have fst: trace (z % o * adjoint x) = trace p by auto
moreover have positive (x x ¢ * adjoint x) using positive-close-under-left-right-mult-adjoint
r pdo wec unfolding partial-density-operator-def by auto
moreover have z * ¢ *x adjoint x € carrier-mat d d using r wc adjoint-dim
index-mult-mat by auto
ultimately show ?thesis by auto
qed
qed
next
case (Seq x1 x2a)
then show ?case
proof —
assume dz!: (\o. well-com x1 = ¢ € carrier-mat d d = partial-density-operator
0 = positive (denote z1 ) A trace (denote x1 ) < trace o A denote x1 ¢ € car-
rier-mat d d)
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and dz2a: (). well-com x2a = ¢ € carrier-mat d d = partial-density-operator
0 = positive (denote x2a o) N trace (denote z2a p) < trace p A denote z2a ¢ €
carrier-mat d d)
and we: well-com (Seq x1 z2a) and r: ¢ € carrier-mat d d and pdo:
partial-density-operator o
show positive (denote (Seq x1 z2a) o) A trace (denote (Seq x1 x2a) o) < trace
o A denote (Seq x1 z2a) o € carrier-mat d d
proof —
have ptc: positive (denote x1 o) A trace (denote x1 o) < trace o A denote x1
o € carrier-mat d d
using wc r pdo dz1 by auto
then have partial-density-operator (denote x1 o) using pdo unfolding
partial-density-operator-def by auto
then show ?thesis using ptc dx2a wc dual-order.trans by auto
qed
qged
next
case (Measure x1 z2a x3a)
then show ?case using denote-measure-positive-trace-dim by auto
next
case (While x1 x2a)
then show ?case
proof —
have adjoint (z1 0) % (z1 0) + adjoint (x1 1) % (1 1) = 1, d
using measurement-id2 While by auto
moreover have (Ap. 0 € carrier-mat d d = partial-density-operator ¢ —>
positive (denote z2a 0) A trace (denote x2a 9) < trace o N\ denote x2a o €
carrier-mat d d)
using While by fastforce
moreover have z! 0 € carrier-mat d d N\ x1 1 € carrier-mat d d
using measurement-dim While by fastforce
ultimately have denote-while (z1 0) (1 1) (denote x2a) ¢ € carrier-mat d d
N
positive (denote-while (z1 0) (z1 1) (denote z2a) o) A
trace (denote-while (z1 0) (z1 1) (denote z2a) p) < trace o
using denote-while-dim-positive[of x1 0 x1 1 denote x2a o] While by fastforce
then show %thesis by auto
qed
qed

lemma denote-dim-pdo:
well-com S = ¢ € carrier-mat d d = partial-density-operator o
= (denote S o € carrier-mat d d) A (partial-density-operator (denote S o))
using denote-positive-trace-dim unfolding partial-density-operator-def by fast-
force

lemma denote-dim:

well-com S = ¢ € carrier-mat d d = partial-density-operator o
= (denote S ¢ € carrier-mat d d)
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using denote-positive-trace-dim by auto

lemma denote-trace:
well-com S = o € carrier-mat d d = partial-density-operator o
= trace (denote S p) < trace g
using denote-positive-trace-dim by auto

lemma denote-partial-density-operator:
assumes well-com S partial-density-operator ¢ o € carrier-mat d d
shows partial-density-operator (denote S o)
using assms denote-positive-trace-dim unfolding partial-density-operator-def
using dual-order.trans by blast

lemma denote-while-n-sum-mat-seq:
assumes o € carrier-mat d d and
xl 0 € carrier-mat d d and
xl 1 € carrier-mat d d and
partial-density-operator o and
we: well-com 2 and mea: measurement d 2 x1
shows matriz-seq d (matriz-sum d (An. denote-while-n (z1 0) (z1 1) (denote z2)
n o))
proof —
let YA =2z1 0 and ?B = z1 1
have dz2:\o. ¢ € carrier-mat d d = partial-density-operator 0 =
positive ((denote x2) o) A trace ((denote x2) p) < trace o A (denote z2)
o € carrier-mat d d
using denote-positive-trace-dim wc by auto
have lo1: adjoint ?A x ?A + adjoint ?B x ?B = 1,, d using measurement-id2
assms by auto
have V n. matriz-sum d (An. denote-while-n (21 0) (x1 1) (denote £2) n o) n €
carrier-mat d d
using assms dz2
by (metis denote-while-n-dim matriz-sum-dim)
moreover have (V n. partial-density-operator (matriz-sum d (An. denote-while-n
(21 0) (21 1) (denote 22) n o) n))
using assms dz2 lol
by (metis denote-while-n-sum-partial-density)
moreover have (Vn. matriz-sum d (An. denote-while-n (z1 0) (z1 1) (denote
z2) n 0) n <p matriz-sum d (An. denote-while-n (z1 0) (x1 1) (denote z2) n o)
(Suc n))
using assms dz2 lol
by (metis denote-while-n-sum-lowner-le)
ultimately show ?thesis
unfolding matriz-seq-def by auto
qed

lemma denote-while-n-add:
assumes M0O: x1 0 € carrier-mat d d and
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M1: z1 1 € carrier-mat d d and
we: well-com 2 and mea: measurement d 2 z1 and
DS: (N\o1 02. 01 € carrier-mat d d = g9 € carrier-mat d d = partial-density-operator
01 =
partial-density-operator go = trace (01 + 02) < 1 = denote 22 (01 + 02)
= denote x2 01 + denote 22 02)
shows g1 € carrier-mat d d = g5 € carrier-mat d d = partial-density-operator
01 = partial-density-operator po = trace (01 + 02) < 1 =
denote-while-n (x1 0) (z1 1) (denote z2) k (01 + 02) = denote-while-n (z1 0)
(21 1) (denote 22) k o1 + denote-while-n (xz1 0) (xz1 1) (denote z2) k 02
proof (auto, induct k arbitrary: o1 02)
case ()
then show ?case
apply auto using M0 by (mat-assoc d)
next
case (Suc k)
then show ?case
proof —
let YA =210 and ?B = z1 1
have dxz2:(\o. 0 € carrier-mat d d = partial-density-operator ¢ = positive
((denote x2) o) A trace ((denote 22) o) < trace p A (denote ©2) o € carrier-mat d
d)
using denote-positive-trace-dim wc by auto
have lo1: adjoint ?B x ?B <, 1,, d using measurement-le-one-mat assms by
auto
have dim1: z1 1 * o1 % adjoint (x1 1) € carrier-mat d d using assms Suc
by (metis adjoint-dim mult-carrier-mat)
moreover have pdol: partial-density-operator (x1 1 * g1 * adjoint (z1 1))
using pdo-close-under-measurement assms(2) Suc(2,4) lol by auto
ultimately have dimr!: denote z2 (z1 1 * g1 * adjoint (x1 1)) € carrier-mat
dd
using dz2 by auto
have dim2: z1 1 * g3 % adjoint (z1 1) € carrier-mat d d using assms Suc
by (metis adjoint-dim mult-carrier-mat)
moreover have pdo2: partial-density-operator (z1 1 * g2 * adjoint (z1 1))
using pdo-close-under-measurement assms(2) Suc lol by auto
ultimately have dimr2: denote 2 (z1 1 * o3 % adjoint (z1 1)) € carrier-mat
dd
using dz2 by auto
have pdor1: partial-density-operator (denote x2 (z1 1 * g1 * adjoint (z1 1)))
using denote-partial-density-operator assms dim1 pdol by auto
have pdor2: partial-density-operator (denote x2 (z1 1 % g9 * adjoint (z1 1)))
using denote-partial-density-operator assms dim2 pdo2 by auto
have trace (denote z2 (x1 1 x o1 * adjoint (21 1))) < trace (z1 1 % o1 * adjoint

(z1 1))
using dz2 diml1 pdol by auto
also have tri: ... < trace 01 using trace-decrease-mul-adj assms Suc lol by
auto

finally have trri: trace (denote z2 (x1 1 * o1 * adjoint (z1 1))) < trace o1
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by auto
have trace (denote z2 (x1 1 * 2 * adjoint (21 1))) < trace (z1 1 % g2 * adjoint
(a1 1))
using dz2 dim2 pdo2 by auto
also have tr2: ... < trace oo using trace-decrease-mul-adj assms Suc lol by
auto
finally have trr2: trace (denote z2 (x1 1 * g2 * adjoint (z1 1))) < trace o2
by auto
from tr1 ¢r2 Suc have trace ( (z1 1 * g1 * adjoint (z1 1)) + (x1 1 * g9 *
adjoint (z1 1))) < trace (01 + 02)
using trace-add-linear trace-add-linear[of (x1 1 * o1 * adjoint (z1 1)) d (x1
1 % 09 * adjoint (z1 1))]
trace-add-linear[of 01 d 02)
using dim! dim2 by (auto simp: less-eq-complex-def)
then have trilessi: trace ( (z1 1 % o1 * adjoint (1 1)) + (xI 1 * g2 * adjoint
(21 1))) < 1 using Suc by auto
from trr! trr2 Suc have trace (denote ©2 (x1 1 * 1 * adjoint (z1 1)) + denote
22 (z1 1 * 02 * adjoint (z1 1))) < trace (01 + 02)
using trace-add-linear|of denote x2 (x1 1 * p1 * adjoint (z1 1)) d denote z2
(21 1 % oo * adjoint (x1 1))]
trace-add-linear[of 01 d 03]
using dimr! dimr2 by (auto simp: less-eq-complez-def)
then have triess2: trace (denote z2 (x1 1 * 01 * adjoint (z1 1)) + denote z2
(z1 1 % oo * adjoint (z1 1))) < 1
using Suc by auto
have z1 1 % (01 + 02) * adjoint (z1 1) = (x1 1 * o1 * adjoint (z1 1)) + (x1
1 * g2 * adjoint (z1 1))
using M1 Suc by (mat-assoc d)
then have deadd: denote z2 (21 1 * (01 + 02) * adjoint (z1 1)) =
denote x2 (x1 1 x 01 * adjoint (1 1)) 4+ denote 22 (x1 1 * o3 * adjoint (x1
1)

using assms(5) dim1 dim2 pdol pdo2 trlessl by auto
from dimr1 dimr2 pdorl pdor2 trless2 Suc(1) deadd show ?thesis by auto
qed
qed

lemma denote-while-add:
assumes r1: 91 € carrier-mat d d and
r2: po2 € carrier-mat d d and
MO: x1 0 € carrier-mat d d and
M1: x1 1 € carrier-mat d d and
pdol: partial-density-operator o1 and
pdo2: partial-density-operator go and tri2: trace (91 + 02) < 1 and
we: well-com 2 and mea: measurement d 2 x1 and
DS: (Ao1 02. 01 € carrier-mat d d = po € carrier-mat d d = partial-density-operator
01 —
partial-density-operator go = trace (01 + 02) < 1 = denote 22 (01 + 02)
= denote x2 01 + denote 22 02)
shows
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denote-while (1 0) (z1 1) (denote x2) (01 + 02) = denote-while (z1 0) (z1 1)
(denote x2) 01 + denote-while (1 0) (z1 1) (denote z2) o2
proof —
let YA =12z10 and ?B = z1 1
have dz2:(\o. 0 € carrier-mat d d = partial-density-operator 0 = positive
((denote z2) o) A trace ((denote z2) o) < trace o A (denote x2) o € carrier-mat d
d)
using denote-positive-trace-dim wc by auto
have lo1: adjoint ?A x ?A + adjoint ?B x ?B = 1,, d using measurement-id2
assms by auto
have pdo12: partial-density-operator (01 + 02) using pdol pdo2 unfolding par-
tial-density-operator-def using tri2 positive-add assms by auto
have ms1: matriz-seq d (matriz-sum d (An. denote-while-n ?A ?B (denote x2)
n o1))
using denote-while-n-sum-mat-seq assms by auto
have ms2: matriz-seq d (matriz-sum d (An. denote-while-n ?A ?B (denote x2)
n 02))
using denote-while-n-sum-mat-seq assms by auto
have dim1: (Vn. matriz-sum d (An. denote-while-n (z1 0) (z1 1) (denote 2) n
01) n € carrier-mat d d)
using assms dz2
by (metis denote-while-n-dim matriz-sum-dim)
have dim2: (V n. matriz-sum d (An. denote-while-n (z1 0) (z1 1) (denote z2) n
02) n € carrier-mat d d)
using assms dzx2
by (metis denote-while-n-dim matriz-sum-dim)
have trace (matriz-sum d (An. denote-while-n ?A ?B (denote z2) n 01) n +
matriz-sum d (An. denote-while-n ?A ?B (denote ©2) n g2) n) < trace
(01 + 02)
for n
proof —
have trace (matriz-sum d (An. denote-while-n ?A ¢?B (denote £2) n 01) n) <
trace 01
using denote-while-n-sum-trace dz2 lo1 assms by auto
moreover have trace (matriz-sum d (An. denote-while-n ?A ?B (denote ©2) n
02) n) < trace 09
using denote-while-n-sum-trace dz2 lol assms by auto
ultimately show %thesis
using trace-add-linear diml1 dim2
by (metis add-mono-thms-linordered-semiring(1) r1 r2)
qed
then have Vn. trace (matriz-sum d (An. denote-while-n ?A ?B (denote x2) n
01) n + matriz-sum d (An. denote-while-n ?A ?B (denote z2) n g3) n) < 1
using assms(7) dual-order.trans by blast
then have lladd: matriz-seq.lowner-lub (An. (matriz-sum d (An. denote-while-n
?A ?B (denote £2) n 01)) n + (matriz-sum d (An. denote-while-n ?A ?B (denote
x2) n 03)) n) = matriz-seq.lowner-lub (matriz-sum d (An. denote-while-n ?A ?B
(denote £2) n 01))
+ matriz-seq.lowner-lub (matriz-sum d (An. denote-while-n ?A ?B (denote z2)
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n 02))
using lowner-lub-add ms1 ms2 by auto

have matriz-sum d (An. denote-while-n (x1 0) (z1 1) (denote z2) n (01 + 02))
m =
matriz-sum d (An. denote-while-n A ?B (denote z2) n 1) m + matriz-sum d
(An. denote-while-n ?A ?B (denote x2) n p2) m
for m
proof —
have (Ak. k < m = denote-while-n (x1 0) (x1 1) (denote 22) k (01 + 02) €
carrier-mat d d)
using denote-while-n-dim dz2 pdol12 assms measurement-dim by auto
moreover have (Ak. k < m = denote-while-n (z1 0) (x1 1) (denote z2) k
01 € carrier-mat d d)
using denote-while-n-dim dx2 assms measurement-dim by auto
moreover have (Ak. k < m = denote-while-n (z1 0) (x1 1) (denote z2) k
02 € carrier-mat d d)
using denote-while-n-dim dz2 assms measurement-dim by auto
moreover have (V &k < m.
denote-while-n (z1 0) (z1 1) (denote z2) k (01 + 02) = denote-while-n (z1
0) (1 1) (denote z2) k 01 + denote-while-n (z1 0) (z1 1) (denote z2) k 02)
using denote-while-n-add assms by auto
ultimately show #thesis
using matriz-sum-add[of m (An. denote-while-n (z1 0) (z1 1) (denote z2) n
(01 + 02)) d (An. denote-while-n (z1 0) (x1 1) (denote z2) n 1)
(An. denote-while-n (x1 0) (z1 1) (denote z2) n 02)] by auto
qed
then have matriz-seq.lowner-lub (matriz-sum d (An. denote-while-n (x1 0) (x1
1) (denote z2) n (01 + 02))) =
matriz-seq.lowner-lub (An. (matriz-sum d (An. denote-while-n ?A ?B (denote
z2) n 01)) n + (matriz-sum d (An. denote-while-n ?A ?B (denote x2) n 02)) n)
using lladd by presburger
then show ?thesis unfolding denote-while-def matriz-inf-sum-def using lladd
by auto
qed

lemma denote-add:
well-com S = p1 € carrier-mat d d = 02 € carrier-mat d d =
partial-density-operator 91 = partial-density-operator go = trace (01 + 02)
<1 =
denote S (01 + 02) = denote S o1 + denote S 09
proof (induction arbitrary: o1 02)
case SKIP
then show ?case by auto
next
case (Utrans U)
then show ?case by (clarsimp, mat-assoc d)
next
case (Seq x1 x2a)
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then show ?case
proof —
have dim1: denote 1 p; € carrier-mat d d using denote-positive-trace-dim
Seq by auto
have dim2: denote z1 g3 € carrier-mat d d using denote-positive-trace-dim
Seq by auto
have trace (denote x1 01) < trace o1 using denote-positive-trace-dim Seq by
auto
moreover have trace (denote x1 g) < trace g using denote-positive-trace-dim
Seq by auto
ultimately have tr: trace (denote x1 91 + denote x1 92) < 1 using Seq(4,5,8)
trace-add-linear dim1 dim2
by (smt (verit) add-mono order-trans)

have denote (Seq x1 22a) (01 + 02) = denote x2a (denote z1 (01 + 02)) by
auto
moreover have denote 1 (01 + 02) = denote 1 o1 + denote x1 gy using
Seq by auto
moreover have partial-density-operator (denote x1 1) using denote-partial-density-operator
Seq by auto
moreover have partial-density-operator (denote 1 p3) using denote-partial-density-operator
Seq by auto
ultimately show %thesis using Seq dim1 dim2 tr by auto
qed
next
case (Measure 1 z2a x3a)
then show ?case
proof —
have ptc: Az3aa ¢. z3aa € set x3a = well-com x3aa = p € carrier-mat d
d = partial-density-operator o
= positive (denote z3aa o) A trace (denote x3aa o) < trace o A denote x3aa
o € carrier-mat d d
using denote-positive-trace-dim Measure by auto
then have map:\o. 0 € carrier-mat d d = partial-density-operator o =— V
k < z1. positive ((map denote x3a ! k) (z2a k * o * adjoint (z2a k)))
A ((map denote z3a ! k) (z2a k * o * adjoint (z2a k))) € carrier-mat
dd
A trace ((map denote z3a ! k) (z2a k x ¢ x adjoint (z2a k))) < trace
(z2a k * o x adjoint (z2a k))
using Measure map-denote-positive-trace-dim by auto

from map have mapdi: Nk. k < 21 = (map denote x3a | k) (22a k % o1 *
adjoint (z2a k)) € carrier-mat d d
using Measure by auto
from map have mapd2: Nk. k < 1 = (map denote z3a ! k) (z2a k % g2 *
adjoint (x2a k)) € carrier-mat d d
using Measure by auto
have dim1:\k. k < 1 = 22a k % 01 * adjoint (22a k) € carrier-mat d d
using well-com.simps(5) measurement-dim Measure by fastforce
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have dim2: Nk. k < 21 = 22a k x 02 * adjoint (x2a k) € carrier-mat d d
using well-com.simps(5) measurement-dim Measure by fastforce
have A\k. k < 21 = (22a k * (01 + 02) * adjoint (z2a k)) € carrier-mat d d
using well-com.simps(5) measurement-dim Measure by fastforce
have lea: \k. k < 21 = adjoint (22a k) x 22a k <p, 1,, d using measure-
ment-le-one-mat Measure by auto
moreover have dimz: \k. k < ©1 = z2a k € carrier-mat d d using Measure
measurement-dim by auto
ultimately have pdo12:\k. k < x1 = partial-density-operator (x2a k * 01 *
adjoint (z2a k)) A partial-density-operator (z2a k * 02 * adjoint (z2a k))
using pdo-close-under-measurement Measure measurement-dim by blast

have trless: trace (z2a k * 01 * adjoint (z2a k) + z2a k * g2 * adjoint (z2a k))
<1
if k: k < =1 for k
proof —
have trace (z2a k * 01 * adjoint (z2a k)) < trace o1 using trace-decrease-mul-adj
dimx Measure lea k by auto
moreover have trace (z2a k % 02 * adjoint (z2a k)) < trace g2 using
trace-decrease-mul-adj dimz Measure lea k by auto
ultimately have trace (z2a k x 01 * adjoint (x2a k) + z2a k x 02 * adjoint
(22a k)) < trace (01 + 02)
using trace-add-linear dim1 dim2 Measure k
by (metis add-mono-thms-linordered-semiring(1))
then show ?thesis using Measure(7) by auto
qged

have dist: (z2a k * (01 + 02) * adjoint (x2a k)) = (z2a k * 01 * adjoint (22a
k)) 4+ (z2a k * 0o * adjoint (z2a k))
if k: k < z1 for k
proof —
have (22a k * (01 + 02) * adjoint (x2a k)) = ((x2a k * 01 + z2a k x 03) *
adjoint (xz2a k))
using mult-add-distrib-mat Measure well-com.simps(4) measurement-dim
by (metis k)
also have ... = (z2a k x 01 * adjoint (z2a k)) + (22a k * 02 * adjoint (z2a
k)

apply (mat-assoc d) using Measure k well-com.simps(4) measurement-dim
by auto
finally show ?thesis by auto
qed

have mapadd: (map denote z3a ! k) (x2a k x (01 + 02) * adjoint (22a k)) =
(map denote x3a ! k) (x2a k * 01 * adjoint (z2a k)) + (map denote z3a ! k)
(z2a k % 02 * adjoint (z2a k))
if k: k < z1 for k
proof —
have (map denote z3a | k) (v2a k * (01 + 02) * adjoint (x2a k)) = denote
(z3a ! k) (x2a k * (01 + 02) * adjoint (z2a k))
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using Measure.prems(1) k by auto
then have mapz: (map denote x3a ! k) (z2a k * (01 + 02) * adjoint (z2a k))
= denote (z3a ! k) ((22a k * 01 * adjoint (z2a k)) + (z2a k * 02 * adjoint (z2a

)
using dist k by auto
have denote (z3a ! k) ((22a k * 01 * adjoint (x2a k)) + (z2a k * 0o x adjoint
(220 1))
= denote (z3a ! k) (z2a k * 01 % adjoint (z2a k)) + denote (z3a ! k) (z2a
k x 0o * adjoint (z2a k))
using Measure(1,2) diml dim2 pdo12 trless k
by (simp add: list-all-length)
then show ?thesis
using Measure.prems(1) mapz k by auto
qed
then have mapd12:(\k. k < 1 = (map denote z3a ! k) (z2a k * (01 + 02)
* adjoint (z2a k)) € carrier-mat d d)
using mapd1 mapd2 by auto

Dy

have matriz-sum d (Ak. (map denote x3a ! k) (22a k * (01 + 02) * adjoint (22a
K) ot =
matriz-sum d (Ak. (map denote x3a ! k) (22a k % o1 * adjoint (22a k))) x1
_|_
matriz-sum d (Ak. (map denote x3a ! k) (z2a k % g2 * adjoint (22a k))) x1
using matriz-sum-add[of 1 (Ak. (map denote z3a ! k) (22a k * (01 + 02) *
adjoint (x2a k))) d (Mk. (map denote z3a ! k) (x2a k * o1 * adjoint (z2a k))) (Ak.
(map denote x3a ! k) (z2a k x 02 * adjoint (z2a k)))]
using mapd12 mapdl mapd2 mapadd by auto
then show %thesis using denote.simps(4) unfolding denote-measure-def by
auto
qed
next
case (While z1 z2)
then show ?case
apply auto using denote-while-add measurement-dim by auto
qed

lemma mulfact:
fixes c:: real and a:: complex and b:: complex
assumes ¢c>0a < b
shows cx a < cx* b
using assms mult-le-cancel-left-pos unfolding less-eq-complez-def by force

lemma denote-while-n-scale:
fixes c:: real
assumes c>(
measurement d 2 x1 well-com x2
(No- o € carrier-mat d d = partial-density-operator o0 = trace (¢ m 0) < 1
_—
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denote 2 (¢ m 0) = ¢ -m denote 2 o)
shows o € carrier-mat d d = partial-density-operator o = trace (¢ -, 0) <
1 =
denote-while-n (x1 0) (z1 1) (denote x2) n (complex-of-real ¢ - 0) = ¢ *m
(denote-while-n (z1 0) (z1 1) (denote x2) n o)
proof (auto, induct n arbitrary: o)
case ()
then show ?case
apply auto apply (mat-assoc d) using assms measurement-dim by auto
next
case (Suc n)
then show ?case
proof —
let YA =210 and ?B = z1 1
have dz2:(\o. 0 € carrier-mat d d = partial-density-operator ¢ = positive
((denote x2) o) A trace ((denote 22) o) < trace p A (denote ©2) o € carrier-mat d
d)
using denote-positive-trace-dim assms by auto
have lo1: adjoint ?B x ?B <p 1,, d using measurement-le-one-mat assms by
auto
have dim1: x1 1 % o * adjoint (z1 1) € carrier-mat d d using assms(2) Suc(2)
measurement-dim
by (meson adjoint-dim mult-carrier-mat one-less-numeral-iff semiring-norm(76))
moreover have pdol: partial-density-operator (z1 1 * o % adjoint (x1 1))
using pdo-close-under-measurement assms Suc lol measurement-dim
by (metis One-nat-def lessI numeral-2-eq-2)
ultimately have dimr: denote 22 (z1 1 * ¢ x adjoint (x1 1)) € carrier-mat d
d
using dz2 by auto
have pdor: partial-density-operator (denote z2 (z1 1 * o * adjoint (z1 1)))
using denote-partial-density-operator assms dim1 pdol by auto
have trace (denote z2 (x1 1 * o x adjoint (x1 1))) < trace (z1 1 * o * adjoint
(a1 1))
using dz2 diml1 pdol by auto
also have trri: ... < trace ¢ using trace-decrease-mul-adj assms Suc lol
measurement-dim by auto
finally have trr: trace (denote 2 (x1 1 % o % adjoint (z1 1))) < trace ¢ by
auto
moreover have trace (¢ -, denote 2 (z1 1 * o * adjoint (x1 1))) = ¢ * trace
(denote z2 (z1 1 * o * adjoint (z1 1)))
using trace-smult dimr by auto
moreover have trer: trace (¢ -, 0) = ¢ x trace g using trace-smult Suc by
auto
ultimately have trace (¢ -, denote 2 (z1 1 * g * adjoint (z1 1))) < trace (¢
using assms(1) state-sig.mulfact by auto
then have trre: trace (¢ -, denote x2 (x1 1 % o x adjoint (z1 1))) < I using
Suc by auto
have trace (¢ -y, (z1 1 * o % adjoint (z1 1))) = ¢ * trace (z1 1 % o * adjoint
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(z1 1))

using trace-smult dim1 by auto
then have trace (¢ -+, (z1 1 * o x adjoint (z1 1))) < trace (¢ - 0) using
trer trrl assms(1)
using state-sig.mulfact by auto
then have trrie: trace (¢ -, (21 1 % ¢ * adjoint (z1 1))) < 1 using Suc by
auto
have z1 1 * (complez-of-real ¢ -, 0) * adjoint (z1 1) = complez-of-real ¢ -p,
(21 1 * o % adjoint (z1 1))
apply (mat-assoc d) using Suc.prems(1) assms measurement-dim by auto
then have denote z2 (z1 1 * (complex-of-real ¢ - 0) * adjoint (x1 1)) =
(denote 22 (¢ m (21 1 % (0) * adjoint (z1 1))))
by auto
moreover have denote 22 (¢ -y, (z1 1 * o * adjoint (z1 1))) = ¢ - denote
22 (z1 1 % o x adjoint (x1 1))
using assms(4) dim1 pdol trrle by auto
ultimately have denote 2 (x1 1 * (complez-of-real ¢ -, 0) % adjoint (x1 1))
= ¢ 'y, denote 22 (x1 1 * o * adjoint (z1 1))
using assms by auto
then show %thesis using Suc dimr pdor trrc by auto
qged
qged

lemma denote-while-scale:
fixes c:: real
assumes g € carrier-mat d d
partial-density-operator o
trace (¢ m 0) < 1c¢>0
measurement d 2 x1 well-com z2
(No. o € carrier-mat d d = partial-density-operator o = trace (¢ - 0) < 1
—
denote 2 (¢ 'y 0) = ¢ -m denote 22 )
shows denote-while (z1 0) (z1 1) (denote z2) (¢ - 0) = ¢ m denote-while (x1
0) (z1 1) (denote x2) o
proof —
let YA =2z10 and ?B = z1 1
have dz2:(\o. 0 € carrier-mat d d = partial-density-operator ¢ = positive
((denote x2) o) A trace ((denote z2) p) < trace p A (denote z2) o € carrier-mat d
d)
using denote-positive-trace-dim assms by auto
have lo1: adjoint ?A x ?A + adjoint ?B * ?B = 1,, d using measurement-id2
assms by auto
have ms: matriz-seq d (matriz-sum d (An. denote-while-n ?A ¢B (denote x2) n

0))

using denote-while-n-sum-mat-seq assms measurement-dim by auto
have trcless: trace (¢ -m matriz-sum d (An. denote-while-n (x1 0) (x1 1) (denote

z2) n o) n) < 1 for n
proof —
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have dimr: matriz-sum d (An. denote-while-n (z1 0) (z1 1) (denote z2) n o)
n € carrier-mat d d
using assms dz2 denote-while-n-dim matriz-sum-dim
using matriz-seq.dim ms by auto
have trace (matriz-sum d (An. denote-while-n ?A ?B (denote z2) n o) n) <
trace o
using denote-while-n-sum-trace dz2 lol assms measurement-dim by auto
moreover have trace (¢ -, matriz-sum d (An. denote-while-n (z1 0) (z1 1)
(denote 22) n o) n) = ¢ x trace (matriz-sum d (An. denote-while-n (z1 0) (z1 1)
(denote x2) n o) n)
using trace-smult dimr by auto
moreover have trace (¢ -, 0) = c¢ * trace o using trace-smult assms by auto

ultimately have trace (¢ -, matriz-sum d (An. denote-while-n (z1 0) (z1 1)
(denote 22) n 0) n) < trace (¢ m 0)
using assms(4) by (simp add: ordered-comm-semiring-class.comm-mult-left-mono
less-eq-complex-def)
then show ?thesis
using assms by auto
qed

have liscale: matriz-seq.lowner-lub (An. ¢ -, (matriz-sum d (An. denote-while-n
?A ?B (denote z2) n 0)) n)
= ¢ -y matriz-seq.lowner-lub (matriz-sum d (An. denote-while-n ?A ?B (denote
22) n 0))
using lowner-lub-scale[of d (matriz-sum d (An. denote-while-n (1 0) (x1 1)
(denote x2) n 0)) c| ms trcless assms(4) by auto
have matriz-sum d (An. denote-while-n (z1 0) (z1 1) (denote z2) n (complex-of-real
Cm 0)) M
= ¢ -y (matriz-sum d (An. denote-while-n ?A ?B (denote £2) n 0)) m
for m
proof —
have dim:(A\k. k < m = denote-while-n (z1 0) (x1 1) (denote z2) k o €
carrier-mat d d)
using denote-while-n-dim dz2 assms measurement-dim by auto
then have dimr: (Ak. k < m = ¢ -, denote-while-n (x1 0) (z1 1) (denote
z2) k o € carrier-mat d d)
using smult-carrier-mat by auto
have V n<m. denote-while-n (x1 0) (z1 1) (denote x2) n (complez-of-real ¢ -,
0) = ¢ m (denote-while-n (z1 0) (z1 1) (denote 2) n o)
using denote-while-n-scale assms by auto
then have (matriz-sum d (An. ¢ -, denote-while-n ?A ?B (denote z2) n o))
m =
matriz-sum d (An. denote-while-n (x1 0) (1 1) (denote x2) n (complex-of-real
Cm 0)) M
using matriz-sum-cong[of m An. complez-of-real ¢ -, denote-while-n (z1 0)
(21 1) (denote x2) n o] dimr
by fastforce
moreover have (matriz-sum d (An. ¢ -p, denote-while-n ?A ?B (denote 2) n
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0)) m = ¢ -y (matriz-sum d (An. denote-while-n ?A ?B (denote z2) n o)) m
using matriz-sum-smult[of m (An. denote-while-n (x1 0) (z1 1) (denote z2)
n o) d c] dim by auto
ultimately show ?thesis by auto
qed
then have matriz-seq.lowner-lub (matriz-sum d (An. denote-while-n (x1 0) (z1
1) (denote x2) n (complez-of-real ¢ -n, 0))) =
matriz-seq.lowner-lub (An. ¢ -, (matriz-sum d (An. denote-while-n A ¢B
(denote 22) n o)) n)
by meson
then show ?thesis
unfolding denote-while-def matriz-inf-sum-def using llscale by auto
qed

lemma denote-scale:
fixes c :: real
assumes c>()
shows well-com S = ¢ € carrier-mat d d = partial-density-operator o =
trace (¢ -y 0) < 1 = denote S (¢ 'y 0) = ¢ -y denote S p
proof (induction arbitrary: o)
case SKIP
then show ?case by auto
next
case (Utrans )
then show ?case
unfolding denote.simps apply (mat-assoc d) using Utrans by auto
next
case (Seq x1 x2a)
then show ?case
proof —
have cd: denote z1 (¢ - 0) = ¢ -y denote z1 o using Seq by auto
have z1: denote 1 ¢ € carrier-mat d d N partial-density-operator (denote x1
0) A trace (denote z1 p) < trace o
using denote-positive-trace-dim Seq denote-partial-density-operator by auto
have trace (c -, denote z1 p) = ¢ x trace (denote x1 p) using trace-smult 1
by auto
also have ... < ¢ * trace ¢ using z1 assms
by (metis Seq.prems cd denote-positive-trace-dim partial-density-operator-def
positive-scale smult-carrier-mat trace-smult well-com.simps(3))
also have ... < I using Seq(6) trace-smult Seq(4)
by (simp add: trace-smult)
finally have trace (¢ -, denote x1 p) <1 by auto
then have denote 22a (¢ -, denote 1 9) = ¢ -, denote z2a ( denote z1 o)
using z1 Seq by auto
then show ?%thesis using denote.simps(4) cd by auto
qed
next
case (Measure ©1 z2a x3a)
then show ?case
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proof —
have ptc: Az3aa ¢. z3aa € set x3a = well-com x3aa = ¢ € carrier-mat d
d = partial-density-operator o
= positive (denote z3aa o) A trace (denote x3aa o) < trace o A denote z3aa
o € carrier-mat d d
using denote-positive-trace-dim Measure by auto
have cad: z2a k * (¢ -y, 0) * adjoint (z2a k) = ¢ - (220 k % ¢ * adjoint (z2a
K)
if k: k < z1 for k
apply (mat-assoc d) using well-com.simps Measure measurement-dim k by
auto
have Vk<z!. z2a k x ¢ * adjoint (z2a k) € carrier-mat d d
using Measure(2) measurement-dim Measure(3) by fastforce
have lea: V k<z1. adjoint (x2a k) * 22a k <y, 1, d using measurement-le-one-mat
Measure(2) by auto
then have pdox: V k<zl. partial-density-operator (x2a k * o * adjoint (z2a
K)
using pdo-close-under-measurement Measure(2,3,4) measurement-dim
by (meson state-sig.well-com.simps(4))
have z2aa:V k < z1. (22a k * ¢ * adjoint (z2a k)) € carrier-mat d d using
Measure(2,8) measurement-dim by fastforce
have dimm: (Ak. k < 1 = (map denote z3a | k) (z2a k * o * adjoint (z2a
k)) € carrier-mat d d)
using map-denote-positive-trace-dim Measure(2,3,4) ptc by auto
then have dimem: (Ak. k < 21 = ¢ -, (map denote z3a ! k) (x2a k * ¢ *
adjoint (x2a k)) € carrier-mat d d)
using smult-carrier-mat by auto

have tra: V k < z1. trace ((z2a k % o * adjoint (z2a k))) < trace o
using trace-decrease-mul-adj Measure lea measurement-dim by auto

have tral: trace (¢ - (22a k x ¢ * adjoint (z2a k))) < 1 if k: k < z1 for k
proof —
have trle: trace (z2a k * o x adjoint (z2a k)) < trace o using tra k by auto
have trace (¢ -, (22a k % o * adjoint (z2a k))) = ¢ * trace ((z2a k * o *
adjoint (z2a k)))
using trace-smult z2aa k by auto
also have ... < ¢ * trace ¢
using trile assms mulfact by auto
also have ... < 1 using Measure(3,5) trace-smult by metis
finally show ?thesis by auto
qed

have (map denote z3a ! k) (22a k * (¢ - 0) * adjoint (x2a k))
= ¢ -y (map denote z3a ! k) (z2a k * o x adjoint (z2a k)) if k: k < z1 for k
proof —
have denote (z3a ! k) (z2a k % (¢ -m 0) * adjoint (z2a k)) = denote (z3a ! k)
(¢ -m (22a k x 0 * adjoint (z2a k)))
using cad k by auto
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also have ... = ¢ -, denote (z3a ! k) ( (22a k * o % adjoint (22a k)))
using Measure(1,2) pdox x2aa tral k using measure-well-com by auto
finally have denote (z3a ! k) (z2a k * (complex-of-real ¢ -, 0) * adjoint (22a
k)) = complex-of-real ¢ -, denote (z8a ! k) (x2a k * o * adjoint (z2a k))
by auto
then show %thesis using Measure.prems(1) k by auto
qed

then have matriz-sum d (Ak. ¢ -, (map denote z3a ! k) (z2a k * o * adjoint
(22a k))) z1 =
matriz-sum d (Ak. (map denote z3a ! k) (22a k * (¢ - 0) * adjoint (z2a k)))
)
using matriz-sum-conglof 1 (Ak. complex-of-real ¢ -, (map denote x3a ! k)
(22a k * o * adjoint (z2a k)))
(k. (map denote z3a ! k) (22a k x (complex-of-real ¢ -, 0) * adjoint (22a
k)] dimem by auto
then have matriz-sum d (Ak. (map denote z3a ! k) (z2a k % (¢ -y 0) * adjoint
(z2a k))) z1 =
¢ m matriz-sum d (Ak. (map denote z3a ! k) (z2a k * o * adjoint (z2a k)))
zl
using matriz-sum-smult[of x1 (Ak. (map denote x3a | k) (z2a k * ¢ * adjoint
(z2a k))) d c] dimm by auto
then have denote (Measure x1 z2a x3a) (¢ -m 0) = ¢ -m denote (Measure x1
z2a z3a)
using denote.simps(4)[of 1 z2a x8a ¢ -, 0)
using denote.simps(4)[of x1 x2a x3a 9] unfolding denote-measure-def by auto
then show ?thesis by auto
qed
next
case (While 1 z2a)
then show “case
apply auto
using denote-while-scale assms by auto
qed

lemma limit-mat-denote-while-n:
assumes wc: well-com (While M S) and dr: o € carrier-mat d d and pdor:
partial-density-operator o
shows limit-mat (matriz-sum d (Ak. denote-while-n (M 0) (M 1) (denote S) k
0)) (denote (While M S) o) d
proof —
have m: measurement d 2 M using wc by auto
then have dM0: M 0 € carrier-mat d d and dM1: M 1 € carrier-mat d d and
id: adjoint (M 0) x (M 0) + adjoint (M 1) x (M 1) =1, d
using measurement-id2 m measurement-def by auto
have wecs: well-com S using wc by auto
have DS: positive (denote S g) A trace (denote S p) < trace o A denote S o €
carrier-mat d d
if o € carrier-mat d d and partial-density-operator o for o
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using wcs that denote-positive-trace-dim by auto

have sumdd: (VY n. matriz-sum d (An. denote-while-n (M 0) (M 1) (denote S) n
0) n € carrier-mat d d)
if 0 € carrier-mat d d and partial-density-operator o for o
using denote-while-n-sum-dim dM0 dM1 DS that by auto
have sumtr: V n. trace (matriz-sum d (An. denote-while-n (M 0) (M 1) (denote
S) n o) n) < trace o
if o € carrier-mat d d and partial-density-operator o for p
using denote-while-n-sum-trace] OF dM0 dM1 id DS] that by auto
have sumpar: (¥ n. partial-density-operator (matriz-sum d (An. denote-while-n
(M 0) (M 1) (denote S) n o) n))
if o € carrier-mat d d and partial-density-operator o for o
using denote-while-n-sum-partial-density|OF dM0 dM1 id DS] that by auto
have sumle:(V n. matriz-sum d (An. denote-while-n (M 0) (M 1) (denote S) n
0) n <, matriz-sum d (An. denote-while-n (M 0) (M 1) (denote S) n o) (Suc n))
if 0 € carrier-mat d d and partial-density-operator o for o
using denote-while-n-sum-lowner-lefOF dM0 dM1 id DS] that by auto
have seqd: matriz-seq d (matriz-sum d (An. denote-while-n (M 0) (M 1) (denote
S) n o))
if 0 € carrier-mat d d and partial-density-operator o for o
using matriz-seq-def sumdd sumpar sumle that by auto

have matriz-seq.lowner-is-lub (matriz-sum d (An. denote-while-n (M 0) (M 1)
(denote S) n 9))
(matriz-seq.lowner-lub (matriz-sum d (An. denote-while-n (M 0) (M 1) (denote
S) n 0)))
using DS lowner-is-lub-matriz-sum dM0 dM1 id pdor dr by auto
then show limit-mat (matriz-sum d (k. denote-while-n (M 0) (M 1) (denote
S) k 9)) (denote (While M S) o) d
unfolding denote.simps denote-while-def matriz-inf-sum-def using matriz-seq.lowner-lub-is-limit[ OF
seqd[OF dr pdor]] by auto
qed

end

end

4 Partial state

theory Partial-State
imports Quantum-Program Deep-Learning. Tensor-Matricization
begin

lemma nths-intersection-eq:
assumes {0..<length zs} C A
shows nths s B = nths zs (A N B)
proof —
have Az. z € set (zip zs [0..<length zs]) = snd x < length s
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by (metis atLeastLess Than-iff atLeastLess Than-upt in-set-zip nth-mem)
then have Az. z € set (zip xs [0..<length zs]) = snd © € A using assms by
auto
then have egp: \z. x € set (zip xs [0..<length zs]) = snd x € B = (snd z €
(AN B)) by simp
then have filter (Ap. snd p € B) (zip xs [0..<length zs]) = filter (Ap. snd p €
(AN B)) (zip s [0..<length zs))
using filter-cong|of (zip xs [0..<length zs]) (zip zs [0..<length xs]), OF - eqp]
by auto
then show nths xs B = nths zs (A N B) unfolding nths-def by auto
qged

lemma nths-minus-eq:
assumes {0..<length zs} C A
shows nths zs (—B) = nths zs (A — B)
proof —
have Az. © € set (zip zs [0..<length zs]) = snd x < length s
by (metis atLeastLess Than-iff atLeastLessThan-upt in-set-zip nth-mem)
then have Az. z € set (zip zs [0..<length 1s]) = snd x € A using assms by
auto
then have egp: A\z. © € set (zip xs [0..<length zs]) = snd € (—B) = (snd z
€ (A — B)) by simp
then have filter (Ap. snd p € (—B)) (zip zs [0..<length xs]) = filter (Ap. snd p
€ (A—B)) (zip xs [0..<length zs])
using filter-cong|of (zip xs [0..<length zs]) (zip zs [0..<length xs]), OF - egp]
by auto
then show nths xs (—B) = nths zs (A — B) unfolding nths-def by auto
qed

lemma nths-split-complement-eq:
assumes A N B = {}
and {0..<length zs} C AU B
shows nths zs A = nths xs (—B)
proof —
have nths s (—B) = nths zs (A U B — B) using nths-minus-eq assms by auto
moreover have A U B — B = A using assms by auto
ultimately show ?thesis by auto
qged

lemma lt-set-card-lt:
fixes A :: nat set
assumes finite A and z € A
shows card {y. y € ANy <z} < card A
proof —
have z ¢ {y. y € A A y < z} by auto
then have {y. y € A Ay <z} C A — {z} by auto
then have card {y. y € ANy < z} < card (A — {z})
using card-mono finite-Diff[OF assms(1)] by auto
also have ... < card A using card-Diff1-less|OF assms] by auto
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finally show ?thesis by auto
qed

definition ind-in-set where
ind-in-set A x = card {i. i € A N i < x}

lemma bij-ind-in-set-bound:
fixes M :: nat and v0 :: nat set
assumes Az. fz = card {y. y € v0 N y < x}
shows bij-betw f ({0..<M} N v0) {0..<card ({0..<M} N v0)}
unfolding bij-betw-def
proof
let ?dom = {0..<M} N v0
let ?ran = {0..<card ({0..<M} N v0)}

fix z1 22 :: nat assume z1: z1 € ?dom and z2: z2 € ?dom and fxl = fx2
then have card {y. y € v0 Ay < 21} = card {y. y € v0 N y < z2} using
assms by auto
then have pick v0 (card {y. y € v0 Ny < x1}) = pick v0 (card {y. y € vO A
y < z2}) by auto
moreover have pick v0 (card {y. y € v0 A y < x1}) = 1 using pick-card-in-set
z1 by auto
moreover have pick v0 (card {y. y € v0 A y < 22}) = z2 using pick-card-in-set
z2 by auto
ultimately have z! = 22 by auto
}
then show inj-on f ?dom unfolding inj-on-def by auto
{
fix z assume z: z € ?dom
then have (y € v0 A y < z) = (y € ?dom A y < z) for y using z by auto
then have card {y. y € v0 A y < x} = card {y. y € 2dom A y < z} by auto
moreover have card {y. y € ?dom A y < z} < card ?dom using z lt-set-card-lt[of
¢dom] by auto
ultimately have fz € ?ran using assms by auto
}
then have sub: (f * ?dom) C %ran by auto
{
fix y assume y: y € ran
then have yle: y < card ?dom by auto
then have pyindom: pick ?dom y € ?dom using pick-in-set-le[of y ?dom| by
auto
then have pick ?dom y < M by auto
then have Az. (z < pick ?dom y = z € v0 = (z € ?dom)) by auto
then have {z. z € v0 A z < pick ?dom y} = {z. z € ?dom A z < pick ?dom
y} by auto
then have card {z. z € v0 A z < pick ?dom y} = card {z. z € ?dom N z <
pick ?dom y} by auto
then have f (pick ?dom y) = y using card-pick-le[OF yle] assms by auto
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with pyindom have Jx€?dom. f x = y by auto
}
then have sup: ?ran C (f ¢ ?dom) by fastforce
show (f ¢ 2dom) = ?ran using sub sup by auto
qed

lemma ind-in-set-bound:
fixes A :: nat set and M N :: nat
assumes N > M
shows ind-in-set A N ¢ (ind-in-set A * ({0..<M} N A))
proof —
have {0..<M}NA C {i. i € A AN i < N} using assms by auto
then have card ({0.<M}NA) < card {i. i€ ANi <N}
using card-mono[of {i. i € A N i < N}] by auto
moreover have ind-in-set A N = card {i. i € A A i < N} unfolding ind-in-set-def
by auto
ultimately have ind-in-set A N > card ({0..<M}NA) by auto

moreover have y € ind-in-set A ‘(AN {0..<M}) = y < card ({0..<M}NA)
for y
proof —
let ?dom = {0.<M} N A
assume y € ind-in-set A ‘(A N {0..<M})
then obtain z where z: z € ?dom and y: ind-in-set A z = y by auto
then have (y € ANy <) =(y € 2dom A y < z) for y using z by auto
then have card {y. y € ANy < x} = card {y. y € ?dom A y < z} by auto
moreover have card {y. y € 2dom A y < z} < card ?dom using z lt-set-card-lt[of
?dom] by auto
ultimately show y < card ({0..<M}NA) using y unfolding ind-in-set-def
by auto
qed
ultimately show %thesis by fastforce
qed

lemma bij-minus-subset:
bij-betwfAB=— CCA= (f‘A) —-(‘C)=f(4-0)
by (metis Diff-subset bij-betw-imp-inj-on bij-betw-imp-surj-on inj-on-image-set-diff )

lemma ind-in-set-minus-subset-bound:
fixes A B :: nat set and M :: nat
assumes B C A
shows (ind-in-set A * ({0..<M} N A)) — (ind-in-set A * B) = (ind-in-set A °
({0..<M} N A)) N (ind-in-set A ‘(A — B))
proof —
let ?dom = {0.<M} N A
let ?ran = {0..<card ({0.<M} N A)}
let ?f = ind-in-set A
let 2C = A — B
have bij: bij-betw ?f 2dom ?ran
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using bij-ind-in-set-bound|of ?f A M] unfolding ind-in-set-def by auto
then have eq: ?f ¢ ?dom = %ran using bij-betw-imp-surj-on by fastforce

have (?f “ B) = (2f * ({0.<M} 0 B)) U (?f * ({n. n > M} N B))
by fastforce
then have (?f * ?dom) — (?f * B)
= (9f ¢ 2dom) — (?f “({n.n > M} N B)) — (9 * ({0..<M} N B))
by fastforce
moreover have (?f ‘({n.n > M} N B)) N (?f ¢ ?dom) = {} using ind-in-set-bound|of
M - A] by auto
ultimately have eql: (?f ¢ ?dom) — (?f * B) = (2f © 2dom) — (?f * ({0..<M}
N B)) by auto
have {0..<M} N B C ?dom using assms by auto
then have (?2f ¢ ?dom) — (?f < ({0..<M} N B)) = ?f * (2dom — ({0..<M} N
B))
using bij bij-minus-subset[of ?f] by auto
also have ... = 2f * ({0..<M} n ?C) by auto
finally have eq2: (?f ‘ ?dom) — (?f * B) = 2f < ({0..<M} N ?C) using eq! by
auto

have (7f < 2C) = (2f “({0..<M} N 2C)) U (?f “({n. n > M} N 2C)) by fastforce
moreover have (?f ‘({n.n > M} N 2C)) N (?f ¢ 2dom) = {} using ind-in-set-bound|of
M - A] by auto

ultimately have eg3:(ind-in-set A * 2dom) N (?f < 2C) = (ind-in-set A * 2dom)
N (?f < ({0..<M} n 20)) by auto

have {0..<M} N 2C C ?dom using assms by auto

then have (ind-in-set A * ?dom) N (2f < ({0..<M} n 2C)) = (?f * {0..<M} N
2C)) using bij by fastforce

then show ?thesis using eq2 eq3 by auto
qed

lemma ind-in-set-iff:
fixes A B :: nat set
assumes z € Aand BC 4
shows ind-in-set A x € (ind-in-set A * B) = (¢ € B)
proof
have lemm: card {i. i € AN i < (zznat) } = card {i. i € A N i < (y:nat) }
—r€eAd=ycA=ax=yfor Azy
by (metis (full-types) pick-card-in-set)
{
assume ind-in-set A z € (ind-in-set A ‘ B)
then have 3y € B. card {i € A. i < z} = card {i € A. i < y} unfolding
ind-in-set-def by auto
then obtain y where yI: y € B and ceq: card {i € A. i < z} = card {i €
A. i < y} by auto
with yI assms have y0: y € A by auto
then have z = y using lemm|[OF ceq| y0 assms by auto
then show z € B using y! by auto
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}
qed (simp add: ind-in-set-def)

lemma nths-reencode-eq:
assumes B C A
shows nths (nths xs A) (ind-in-set A * B) = nths s B
proof (induction xs rule: rev-induct)
case Nil
then show “case by auto
next
case (snoc z zs)
have seteq: {i. i < length xs N i € A} = {i. i € A N i < length zs} by auto

show ?case
proof (cases length s € B)
case True
have nths (zs Q [z]) B = nths xs B Q nths [z] {l. | + length zs € B} using
nths-append|of xs| by auto
moreover have nths [z] {I. | + length zs € B} = [z]| using nths-singleton True
by auto
ultimately have eqT1: nths (zs @ [z]) B = nths xs B Q [z] by auto

then have length xs € A using True assms by auto
then have nths [z] {I. | 4+ length xs € A} = [z] using nths-singleton by auto
moreover have nths (zs Q [z]) A = nths zs A @ nths [z] {l. | + length zs €
A} using nths-append|of zs] by auto
ultimately have nths (zs Q [z]) A = nths xs A Q [z] by auto
then have eqT2: nths (nths (xs @ [z]) A) (ind-in-set A ‘ B) = nths (nths s
A @ [z]) (ind-in-set A ‘ B) by auto
have eqT3: nths (nths zs A Q [z]) (ind-in-set A * B)
= nths zs B @ (nths [z] {I. | 4+ length (nths xs A) € (ind-in-set A * B)})
using nths-append|of nths xs A] snoc by auto

have ind-in-set A (length xs) = card {i. i < length zs N i € A} using

ind-in-set-def seteq by auto

moreover have length (nths xs A) = card {i. i < length xs N\ i € A} using
length-nths by auto

ultimately have length (nths xs A) = ind-in-set A (length zs) by auto

moreover have ind-in-set A (length zs) € ind-in-set A * B using True by
auto

ultimately have length (nths zs A) € ind-in-set A * B by auto

then have (nths [z] {l. | 4+ length (nths zs A) € (ind-in-set A ‘ B)}) = [z]
using nths-singleton by auto

then have nths (nths zs A @Q [z]) (ind-in-set A * B) = nths xs B @Q [z] using
eqT3 by auto

then show ?thesis using eqT1 eqT2 by auto

next
case Fulse
have nths (zs Q [z]) B = nths xs B @ nths [z] {I. | + length xs € B} using
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nths-append|of xs| by auto

moreover have nths [z] {l. | + length xs € B} = [| using nths-singleton False
by auto

ultimately have eqT1: nths (zs @ [z]) B = nths xs B by auto

have nths (nths (zs Q [z]) A) (ind-in-set A * B) = nths xs B
proof (cases length s € A)
case True
then have nths [z] {I. | + length zs € A} = [z] using nths-singleton by auto
moreover have nths (zs Q [z]) A = nths xs A Q nths [z] {l. | + length xs €
A} using nths-append|of zs] by auto
ultimately have nths (zs @ [z]) A = nths zs A @Q [z] by auto
then have nths (nths (zs Q [z]) A) (ind-in-set A ¢ B) = nths (nths s A Q
[2]) (ind-in-set A ‘ B) by auto
then have eqT2: nths (nths (zs Q [z]) A) (ind-in-set A * B)
= nths xs B @ (nths [z] {I. | + length (nths zs A) € (ind-in-set A ‘ B)})
using nths-append|of nths s A] snoc by auto

have length (nths s A) € (ind-in-set A * B) = length xs € B
proof —
assume length (nths zs A) € (ind-in-set A * B)
moreover have length (nths xs A) = card {i. i € A N\ i < length xs}
using length-nths[of xs| seteq by auto
ultimately have card {i. i € A N i < length xs} € (ind-in-set A * B)
unfolding ind-in-set-def by auto
then show length xs € B using ind-in-set-iff True assms unfolding
ind-in-set-def by auto
qed
then have length (nths xs A) ¢ (ind-in-set A ‘ B) using Fualse by auto
then have nths [z] {I. | + length (nths zs A) € (ind-in-set A * B)} =[] using
nths-singleton by auto
then show nths (nths (xs Q [z]) A) (ind-in-set A * B) = nths zs B using
eqT2 by auto
next
case Fulse
then have nths [z] {I. | 4+ length zs € A} = [| using nths-singleton by auto
moreover have nths (zs Q [z]) A = nths xs A Q nths [z] {l. | + length xs €
A} using nths-append|of zs] by auto
ultimately have nths (xs @ [z]) A = nths xs A by auto
then show ?thesis using snoc by auto
qed
with eqT1 show ?thesis by auto
qed
qed

lemma nths-reencode-eq-comp:

assumes B C A

shows nths (nths xs A) (— ind-in-set A * B) = nths xs (A — B)
proof (induction zs rule: rev-induct)
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case Nil
then show ?case by auto
next
case (snoc z xs)
have sub20: A — B C A using assms by auto
have seteq: {i. i < length zs N i € A} = {i. i € A N i < length zs} by auto
show ?Zcase
proof (cases length zs € (A — B))
case True
have nths (zs Q [z]) (A — B) = nths xs (A — B) Q nths [z] {l. | + length zs
€ (A — B)} using nths-append|of zs] by auto
moreover have nths [z] {I. | 4+ length xs € (A — B)} = [z] using nths-singleton
True by auto
ultimately have eqT1: nths (zs @ [z]) (A — B) = nths zs (A — B) Q [z] by
auto

then have length xs € A using True sub20 by auto

then have nths [z] {I. | + length s € A} = [z] using nths-singleton by auto

moreover have nths (zs Q [z]) A = nths zs A @ nths [z] {l. | + length zs €
A} using nths-append|of zs] by auto

ultimately have nths (zs Q [z]) A = nths xs A Q [z] by auto

then have nths (nths (zs Q [z]) A) (— (ind-in-set A) ¢ B) = nths (nths zs A
@ [z]) (— (ind-in-set A) ¢ B) by auto

then have eqT2: nths (nths (zs @ [z]) A) (— (ind-in-set A) ‘ B)

= nths xs (A — B) Q (nths [z] {I. | + length (nths xs A) € (— (ind-in-set A)

‘B)})

using nths-append|of nths zs A] snoc by auto

have length (nths zs A) € ((ind-in-set A) * B) = length xs € B
proof —
assume length (nths zs A) € ((ind-in-set A) * B)
moreover have length (nths s A) = card {i. i € A A\ i < length xs}
using length-nths[of xs] seteq by auto
ultimately have ind-in-set A (length zs) € (ind-in-set A * B) unfolding
ind-in-set-def by auto
then show length xs € B using ind-in-set-iff True assms by auto
qged
moreover have length zs ¢ B using True by auto
ultimately have length (nths zs A) € (— (ind-in-set A) ¢ B) by auto
then have nths [z] {I. I 4+ length (nths s A) € (— (ind-in-set A) ‘ B)} = [z]
using nths-singleton by auto
then have nths (nths (xs Q [z]) A) (— (ind-in-set A) ‘ B) = nths zs (A — B)
@ [z] using eqT2 by auto
then show ?thesis using eqT1 by auto
next
case Fulse
have nths (zs @ [z]) (A — B) = nths xs (A — B) Q nths [z] {l. | + length zs
€ (A — B)} using nths-append|of zs] by auto
moreover have nths [z] {l. | + length xs € (A — B)} = || using nths-singleton
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False by auto
ultimately have eqT'1: nths (zs Q [z]) (A — B) = nths s (A — B) by auto

have nths (nths (zs Q [z]) A) (— (ind-in-set A) * B) = nths zs (A — B)
proof (cases length zs € A)

case True

then have Truel: length xs € B using Fulse by auto

then have nths [z] {l. | + length xs € A} = [z] using nths-singleton True
by auto

moreover have nths (zs Q [z]) A = nths xs A Q nths [z] {l. | + length xs €
A} using nths-append|of zs] by auto

ultimately have nths (zs @ [z]) A = nths zs A @Q [z] by auto

then have nths (nths (zs Q [z]) A) (— (ind-in-set A) ¢ B) = nths (nths zs A
@ [2]) (= (ind-in-set A) ¢ B) by auto

then have eqT2: nths (nths (zs Q [z]) A) (— (ind-in-set A) ‘ B)

= nths zs (A — B) @ (nths [z] {l. | + length (nths zs A) € (— (ind-in-set

4) < B)})

using nths-append|of nths s A] snoc by auto

have length (nths zs A) € ((ind-in-set A) ‘ B)
proof —
have length (nths xs A) = card {i. i € A N\ i < length xs}
using length-nths[of xs| seteq by auto
moreover have card {i. i € A A i < length xs} € (ind-in-set A ‘ B)
unfolding ind-in-set-def using True ind-in-set-iff [of length zs] Truel by
auto
ultimately show length (nths xs A) € (ind-in-set A) * B by auto
qed
then have nths [z] {I. | + length (nths zs A) € (— (ind-in-set A) ‘ B)} = |]
using nths-singleton by auto
then show nths (nths (xs @Q [z]) A) (— (ind-in-set A) ¢ B) = nths zs (A —
B) using eqT2 by auto
next
case Fulse
then have nths [z] {I. | + length zs € A} = [| using nths-singleton by auto
moreover have nths (zs @ [z]) A = nths s A Q nths [z] {l. | + length s €
A} using nths-append|of zs] by auto
ultimately have nths (zs Q [z]) A = nths zs A by auto
then show ?thesis using snoc by auto
qed
with eqT1 show ?thesis by auto
qed
qed

lemma nths-prod-list-split:
fixes A :: nat set and xzs :: nat list
assumes B C A
shows prod-list (nths xs A) = (prod-list (nths zs B)) x (prod-list (nths zs (A —

B)))
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proof (induction xs rule: rev-induct)
case Nil
then show ?case by auto
next
let C=A4A-B
case (snoc z zs)
have SA: nths (zs @ [z]) A = nths zs A Q nths [z] {j. j + length zs € A} using
nths-append|of zs] by auto
have SB: nths (zs Q [z]) B = nths xs B @ nths [z] {j. j + length xs € B} using
nths-append|of zs] by auto
have SC: nths (zs @Q [z]) ?C = nths xs ?C Q nths [z] {j. j + length zs € ?C}
using nths-append|of zs] by auto
show Zcase
proof (cases length zs € A)
case True
then have nths (zs Q [z]) A = nths zs A Q [z] using SA by auto
then have eqA: prod-list (nths (zs @ [z]) A) = prod-list (nths zs A) x x by
auto
show ?thesis
proof (cases length s € B)
case True
then have nths (zs Q [z]) B = nths zs B Q [z] using SB by auto
then have egB: prod-list (nths (zs @ [z]) B) = prod-list (nths zs B) * x by
auto
have length zs ¢ ?C using True assms by auto
then have nths (zs @Q [z]) ?C = nths zs ?C using SC by auto
then have eqC: prod-list (nths (zs @Q [z]) ?C) = prod-list (nths xs ?C) by
auto
then show ?thesis using snoc eqA eqB eqC by auto
next
case Fulse
then have nths (zs @ [z]) B = nths zs B using SB by auto
then have egB: prod-list (nths (zs Q [z]) B) = prod-list (nths s B) by auto

then have length xs € ?C using True False assms by auto
then have nths (zs Q [z]) ?C = nths zs ?C Q [z] using SC by auto
then have eqC: prod-list (nths (zs Q [z]) ?C) = prod-list (nths zs ?C) x x
by auto
then show ?thesis using snoc eqA eqB eqC by auto
qed
next
case Fulse
then have ninB: length zs ¢ B and ninC: length zs ¢ ?C using assms by
auto

have nths (xs Q [z]) A = nths xs A using SA False nths-singleton by auto
then have eqA: prod-list (nths (zs Q [z]) A) = prod-list (nths xs A) by auto
have nths (xs Q [z]) B = nths zs B using SB ninB nths-singleton by auto
then have eqB: prod-list (nths (xs Q [z]) B) = prod-list (nths zs B) by auto
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have nths (zs Q [z]) ?C = nths zs ¢?C using SC ninC nths-singleton by auto
then have eqC: prod-list (nths (xs Q [z]) 2C) = prod-list (nths s ?C) by auto
then show ?thesis using eqA eqB eqC snoc by auto
qed
qed

4.1 Encodings

lemma digit-encode-take:
take n (digit-encode ds a) = digit-encode (take n ds) a
proof (induct n arbitrary: ds a)
case (
then show ?case by auto
next
case (Suc n)
then show “case
proof (cases ds)
case Nil
then show ?thesis by auto
next
case (Cons d ds’)
then show ?thesis by (auto simp add: Suc)
qed
qed

lemma nths-minus-upt-eq-drop:
nths | (—{..<n}) = drop n 'l
apply (induct | rule: rev-induct)
by (auto simp add: nths-append)

lemma digit-encode-drop:
drop n (digit-encode ds a) = digit-encode (drop n ds) (a div (prod-list (take n
ds)))
proof (induct n arbitrary: ds a)
case ()
then show ?case by auto
next
case (Suc n)
then show ?case
proof (cases ds)
case Nil
then show %thesis by auto
next
case (Cons d ds’)
then show ?%thesis by (auto simp add: Suc div-mult2-eq)
qed
qed

List of active variables in the partial state

locale partial-state = state-sig +
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fixes vars :: nat set

context partial-state
begin

Dimensions of active variables

abbreviation avars :: nat set where
avars = {0..<length dims}

definition dims1 :: nat list where
dimsl = nths dims vars

definition dims2 :: nat list where
dims2 = nths dims (—vars)

lemma dimsI-alter:
assumes avars C A
shows dims! = nths dims (A N vars)
using nths-intersection-eq assms unfolding dimsi-def by auto

lemma dims2-alter:
assumes avars C A
shows dims2 = nths dims (A—vars)
using nths-minus-eq assms unfolding dims2-def by auto

Total dimension for the active variables

definition dI :: nat where
d1 = prod-list dims1

Total dimension for the non-active variables

definition d2 :: nat where
d2 = prod-list dims2

Translating dimension in d to dimension in d1

definition encodel :: nat = nat where
encodel i = digit-decode dims1 (nths (digit-encode dims i) vars)

lemma encodel-alter:

assumes avars C A

shows encodel i = digit-decode dims1 (nths (digit-encode dims i) (A N vars))

using length-digit-encode|of dims i] nths-intersection-eq[of digit-encode dims i A
vars] assms unfolding encodel-def

by (subgoal-tac nths (digit-encode dims ) (vars) = nths (digit-encode dims ) (A
N wvars), auto)

Translating dimension in d to dimension in d2

definition encode?2 :: nat = nat where
encode2 i = digit-decode dims2 (nths (digit-encode dims i) (—wvars))
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lemma encode2-alter:

assumes avars C A

shows encode2 i = digit-decode dims2 (nths (digit-encode dims i) (A—vars))

using length-digit-encode|of dims i] nths-minus-eq[of digit-encode dims i A] assms
unfolding encode2-def

by (subgoal-tac nths (digit-encode dims i) (— vars) = nths (digit-encode dims 1)
(A — wvars), auto)

lemma encodel-lt [simp]:
assumes i < d
shows encodel i < dI
unfolding d1-def encodel-def apply (rule digit-decode-lt)
using dimsli-def assms d-def digit-encode-valid-index valid-index-nths by auto

lemma encode2-lt [simp]:
assumes i < d
shows encode2 i < d2
unfolding d2-def encode2-def apply (rule digit-decode-lt)
using dims2-def assms d-def digit-encode-valid-index valid-indez-nths by auto

Given dimensions in d1 and d2, form dimension in d

fun encode1? :: nat x nat = nat where

encodel? (i, j) = digit-decode dims (weave vars (digit-encode dims1 i) (digit-encode
dims2 j))
declare encode12.simps [simp del]

lemma encodel2-inv:

assumes k < d

shows encodel2 (encodel k, encode2 k) = k

unfolding encodel2.simps encodel-def encode2-def

using assms d-def digit-encode-valid-index dims1-def dims2-def valid-index-nths
by auto

lemma encodel2-invi:
assumes | < dI j < d2
shows encodel (encodel?2 (i, j)) = i
unfolding encodel?2.simps encodel-def
using assms unfolding di-def d2-def dims1-def dims2-def
by (metis digit-decode-encode-lt digit-encode-decode digit-encode-valid-index valid-indez-weave(1,2))

lemma encodel2-inv2:
assumes { < dI j < d2
shows encode2 (encodel2 (i, j)) = j
unfolding encodel2.simps encode2-def
using assms unfolding di-def d2-def dimsli-def dims2-def
by (metis digit-decode-encode-lt digit-encode-decode digit-encode-valid-index valid-indez-weave(1,3))

lemma encodel2-1t:
assumes i < dI j < d2
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shows encodel2 (i, j) < d
using assms unfolding encode12.simps d-def d1-def d2-def dims1-def dims2-def
by (simp add: digit-decode-lt digit-encode-valid-index valid-indez-weave(1))

lemma sum-encode: (> i = 0..<d1.> . j= 0..<d2. fij) = sum (k. f (encodel
k) (encode2 k)) {0..<d}

apply (subst sum.cartesian-product)

apply (rule sum.reindez-bij-witnessjwhere i=Ak. (encodel k, encode2 k) and
j=encodel2])

by (auto simp: encodel2-invl encodel2-inv2 encodel2-inv encodel 2-t)

4.2 Tensor product of vectors and matrices

Given vector v1 of dimension d1, and vector v2 of dimension d2, form the
tensor vector of dimension d1 * d2 = d

definition tensor-vec :: ‘a::times vec = ’a vec = 'a vec where
tensor-vec vl v2 = Matriz.vec d (Ai. v1 $ encodel i x v2 § encode? i)

lemma tensor-vec-dim [simpl:
dim-vec (tensor-vec vl v2) = d
unfolding tensor-vec-def by auto

lemma tensor-vec-carrier:
tensor-vec vl v2 € carrier-vec d
unfolding tensor-vec-def by auto

lemma tensor-vec-eval:
assumes i < d
shows tensor-vec vl v2 $ i = vl $ encodel i x v2 $ encode? i
unfolding tensor-vec-def using assms by simp

lemma tensor-vec-addl:
fixes vl v2 v3 :: ‘a::comm-ring vec
assumes vl € carrier-vec d1
and v2 € carrier-vec d1
and v3 € carrier-vec d2
shows tensor-vec (vl + v2) v3 = tensor-vec vl v3 + tensor-vec v2 v3
apply (rule eg-vecl, auto)
unfolding tensor-vec-eval
using assms(2) comm-semiring-class.distrib by force

lemma tensor-vec-add2:
fixes vl v2 v3 :: 'a::comm-ring vec
assumes vl € carrier-vec d1
and v2 € carrier-vec d2
and v3 € carrier-vec d2
shows tensor-vec vl (v2 + v3) = tensor-vec vl v2 + tensor-vec vl v3
apply (rule eg-vecl, auto)
unfolding tensor-vec-eval
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using assms(3) semiring-class.distrib-left by force
Given d1-by-d1 matrix m1, and d2-by-d2 matrix m2, form d-by-d matrix

definition tensor-mat :: 'a::comm-ring-1 mat = 'a mat = 'a mat where
tensor-mat m1 m2 = Matriz.mat d d (A(i,5).
m1 $$ (encodel i, encodel j) * m2 $$ (encode2 i, encode? j))

lemma tensor-mat-dim-row [simp]:
dim-row (tensor-mat m1 m2) = d
unfolding tensor-mat-def by auto

lemma tensor-mat-dim-col [simp]:
dim-col (tensor-mat m1 m2) = d
unfolding tensor-mat-def by auto

lemma tensor-mat-carrier:
tensor-mat m1 m2 € carrier-mat d d
unfolding tensor-mat-def by auto

lemma tensor-mat-eval:

assumes i < dj < d

shows tensor-mat m1 m2 $$ (i, j) = mi1 $$ (encodel i, encodel j) x m2 $$
(encode2 i, encode? j)

unfolding tensor-mat-def using assms by simp

lemma tensor-mat-zerol:
shows tensor-mat (0, d1 d1) m1 = 0, d d
apply (rule eq-matl)
by (auto simp add: tensor-mat-eval)

lemma tensor-mat-zero2:
shows tensor-mat m1 (0, d2 d2) = 0., d d
apply (rule eq-matl)
by (auto simp add: tensor-mat-eval)

lemma tensor-mat-add1:
assumes ml € carrier-mat d1 di
and m2 € carrier-mat d1 d1
and m3 € carrier-mat d2 d2
shows tensor-mat (m1 + m2) m3 = tensor-mat m1 m3 + tensor-mat m2 m3
apply (rule eg-matl, auto)
unfolding tensor-mat-eval
using assms(2) comm-semiring-class.distrib by force

lemma tensor-mat-add2:
assumes ml € carrier-mat d1 di
and m2 € carrier-mat d2 d2
and m38 € carrier-mat d2 d2
shows tensor-mat m1 (m2 + m38) = tensor-mat m1 m2 + tensor-mat m1 m3
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apply (rule eq-matl, auto)
unfolding tensor-mat-eval
using assms(3) semiring-class.distrib-left by force

lemma tensor-mat-minusi:
assumes ml € carrier-mat d1 di
and m2 € carrier-mat d1 d1
and m3 € carrier-mat d2 d2
shows tensor-mat (m1 — m2) m3 = tensor-mat m1 m3 — tensor-mat m2 m3
apply (rule eq-matl, auto)
unfolding tensor-mat-eval
apply (subst index-minus-mat)
subgoal using assms by auto
subgoal using assms by auto
using assms(2) ring-class.left-diff-distrib by force

lemma tensor-mat-matriz-sum?2:
assumes ml € carrier-mat d1 d1
shows (Ak. k < n = fk € carrier-mat d2 d2)
= matriz-sum d (Ak. tensor-mat m1 (f k)) n = tensor-mat m1 (matriz-sum
d2 fn)
proof (induct n)
case (
then show ?case apply simp using tensor-mat-zero2[of m1] by auto
next
case (Suc n)
then have k < n = fk € carrier-mat d2 d2 for k by auto
then have ds: matriz-sum d2 f n € carrier-mat d2 d2 using matriz-sum-dim
by auto
have dn: fn € carrier-mat d2 d2 using Suc by auto
have matriz-sum d2 f (Suc n) = f n + matriz-sum d2 f n by simp
then have eq: tensor-mat m1 (matriz-sum d2 f (Suc n))
= tensor-mat m1 (f n) + tensor-mat m1 (matriz-sum d2 f n)
using tensor-mat-add2 dn ds assms by auto

have matriz-sum d (Ak. tensor-mat m1 (f k)) (Suc n)
= tensor-mat m1 (f n) + matriz-sum d (Ak. tensor-mat m1 (f k)) n by simp
also have ... = tensor-mat m1 (f n) + tensor-mat m1 (matriz-sum d2 f n)
using Suc by auto
finally show ?case using eq by auto
qed

lemma tensor-mat-scalel :
assumes ml € carrier-mat d1 di
and m2 € carrier-mat d2 d2
shows tensor-mat (a -, m1) m2 = a -, tensor-mat m1 m2
apply (rule eq-matl, auto)
unfolding tensor-mat-eval
using assms comm-semiring-class.distrib by force
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lemma tensor-mat-scale2:
assumes ml1 € carrier-mat d1 d1
and m2 € carrier-mat d2 d2
shows tensor-mat m1 (a - m2) = a -, tensor-mat m1 m2
apply (rule eq-matl, auto)
unfolding tensor-mat-eval
using assms comm-semiring-class.distrib by force

lemma tensor-mat-trace:
assumes ml € carrier-mat d1 d1
and m2 € carrier-mat d2 d2
shows trace (tensor-mat m1 m2) = trace m1 * trace m2
apply (auto simp add: tensor-mat-carrier trace-def tensor-mat-eval)
apply (subst Groups-Big.sum-product)
apply (subst sum-encode[symmetric])
using assms by auto

lemma tensor-mat-id:
tensor-mat (1, d1) (1, d2) = 1., d
proof (rule eq-matl, auto)
show tensor-mat (1,, d1) (1,, d2) $$ (i, i) = 1 if i < d for ¢
using that by (simp add: tensor-mat-eval)
next
show tensor-mat (1, d1) (1,, d2)$$ (i,j) =0ifi<dj<di#jforij
using that apply (simp add: tensor-mat-eval)
by (metis encodel2-inv)
qed

lemma tensor-mat-mult-vec:
assumes ml1 € carrier-mat d1 d1
and m2 € carrier-mat d2 d2
and vl € carrier-vec d1
and v2 € carrier-vec d2
shows tensor-vec (ml1 %, vl) (m2 x, v2) = tensor-mat m1 m2 =, tensor-vec vl

v2
proof (rule eg-vecl, auto)
fix ij :: nat

assume i: 7 < d
let ?i1 = encodel ¢ and %i2 = encode? i
have tensor-vec (m1 %, vl) (m2 %, v2) $ i = (ml *, v1) $ 21 * (M2 *, v2)

$ 22
using ¢ by (simp add: tensor-vec-eval)
also have ... = (row m1 ?i1 - v1) x (row m2 %2 - v2)
using assms i by auto
also have ... = (3" i=0..<dl. ml 88 (2i1,49) = vl $4) « (> j = 0..<d2. m2

$$ (22, §) * v2 $ §)
using assms ¢ by (simp add: scalar-prod-def)
alsohave ... = (> i = 0..<d1.> j= 0..<d2. (m1 $$ (%1, 7) * vl $ i) x (m2
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$$ (232, 5) * v2 $ 7))
by (rule Groups-Big.sum-product)
also have ... = (3>_i = 0..<d. (m1 $$ (%1, encodel i) * v $ (encodel 7)) *
(m2 $$ (22, encode2 i) * v2 $ (encodel i)))
by (rule sum-encode)
also have ... = row (tensor-mat m1 m2) i - tensor-vec vl v2
apply (simp add: scalar-prod-def tensor-mat-eval tensor-vec-eval 7)
by (rule sum.cong, auto)
finally show tensor-vec (m1 *, vl) (m2 %, v2) $ i = row (tensor-mat m1 m2)
i - tensor-vec vl v2 by auto
qged

lemma tensor-mat-mult:
assumes ml € carrier-mat d1 dI
and m2 € carrier-mat d1 d1
and m3 € carrier-mat d2 d2
and m4 € carrier-mat d2 d2
shows tensor-mat (m1 * m2) (m8 x m4) = tensor-mat m1 m3 * tensor-mat m2
m4
proof (rule eq-matl, auto)
fix ij :: nat
assume ¢: { < d and j: j < d
let %i1 = encodel i and %i2 = encode2 i and ?j1 = encodel j and %2 =
encode2 j
have tensor-mat (m1 * m2) (m3 * m4) 8% (¢, j) = (m1 = m2) $$ (%1, %1) *
(m3 * m4) $$ (%2, 7j2)
using i j by (simp add: tensor-mat-eval)

also have ... = (row m1 %i1 - col m2 %j1) * (row m3 ?i2 - col m4 %j2)
using assms i j by auto
also have ... = (>Ji = 0..<dIl. ml $$ (%1, i) x m2 $3% (4, %j1)) = O j =

0..<d2. m3 $$ (22, j) = m4 $$ (j, %j2))
using assms i j by (simp add: scalar-prod-def)
also have ... = (3°i = 0..<dl. Y j = 0.<d2. (ml $$ (%1, i) x m2 $$ (4,
051)) * (m3 $8 (%2, ) + m4 88 (j, %2))
by (rule Groups-Big.sum-product)
also have ... = (3" i = 0..<d. (m1 $$ (?2i1, encodel i) * m2 $3$ (encodel i,
2j1)) * (m3 $$ (%i2, encode2 i) * m4 $$ (encode2 i, 2j2)))
by (rule sum-encode)
also have ... = row (tensor-mat m1 m3) i « col (tensor-mat m2 m4) j
apply (simp add: scalar-prod-def tensor-mat-eval i j)
by (rule sum.cong, auto)
finally show tensor-mat (m1 * m2) (m3 x m4) $$ (i, j) = row (tensor-mat m1
m3) i - col (tensor-mat m2 m4) j .
qed

lemma tensor-mat-adjoint:
assumes ml € carrier-mat d1 dI
and m2 € carrier-mat d2 d2
shows adjoint (tensor-mat m1 m2) = tensor-mat (adjoint m1) (adjoint m2)
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apply (rule eq-matl, auto)
unfolding tensor-mat-def adjoint-def
using assms by (simp add: conjugate-dist-mul)

lemma tensor-mat-hermitian:
assumes ml € carrier-mat d1 d1
and m2 € carrier-mat d2 d2
and hermitian m1
and hermitian m2
shows hermitian (tensor-mat m1 m2)
using assms by (metis hermitian-def tensor-mat-adjoint)

lemma tensor-mat-unitary:
assumes ml € carrier-mat d1 dI
and m2 € carrier-mat d2 d2
and unitary ml
and wunitary m2
shows unitary (tensor-mat m1 m2)
using assms apply (auto simp add: unitary-def tensor-mat-adjoint)
using assms unfolding inverts-mat-def
apply (subst tensor-mat-mult[symmetric], auto)
by (rule tensor-mat-id)

lemma tensor-mat-positive:
assumes ml € carrier-mat d1 dI
and m2 € carrier-mat d2 d2
and positive m1
and positive m2
shows positive (tensor-mat m1 m2)
proof —
obtain M1 where M1: m1 = M1 x* adjoint M1 and dM1:M1 € carrier-mat d1
d1 using positive-only-if-decomp assms by auto
obtain M2 where M2: m2 = M2 x adjoint M2 and dM2:M2 € carrier-mat d2
d2 using positive-only-if-decomp assms by auto
have (adjoint (tensor-mat M1 M2)) = tensor-mat (adjoint M1) (adjoint M2)
using tensor-mat-adjoint dM1 dM2 by auto
then have tensor-mat M1 M2 x (adjoint (tensor-mat M1 M2)) = tensor-mat
(M1 * adjoint M1) (M2 * adjoint M2)
using dM1 dM2 adjoint-dim[OF dM1] adjoint-dim|OF dM2] by (auto simp
add: tensor-mat-mult)
also have ... = tensor-mat m1 m2 using M1 M2 by auto
finally have tensor-mat m1 m2 = tensor-mat M1 M2 x (adjoint (tensor-mat
M1 M2))..
then have A M. M x adjoint M = tensor-mat m1 m2 by auto
moreover have tensor-mat m1 m2 € carrier-mat d d using tensor-mat-carrier
by auto
ultimately show ?thesis using positive-if-decomp|of tensor-mat m1 m2] by auto
qed
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lemma tensor-mat-positive-le:
assumes ml € carrier-mat d1 d1
and m2 € carrier-mat d2 d2
and positive m1
and positive m2
and mI <p A
and m2 <, B
shows tensor-mat m1 m2 <p, tensor-mat A B
proof —
have dA: A € carrier-mat d1 d1 using assms lowner-le-def by auto
have pA: positive A using assms dA lowner-le-trans-positivel [of m1] by auto
have dB: B € carrier-mat d2 d2 using assms lowner-le-def by auto
have pB: positive B using assms dB lowner-le-trans-positivel [of m2] by auto
have A — m1 = A + (— m1) using assms by (auto simp add: minus-add-uminus-mat)
then have positive (A + (— m1)) using assms unfolding lowner-le-def by auto
then have p1: positive (tensor-mat (A + (— ml1)) m2) using assms ten-
sor-mat-positive by auto
moreover have tensor-mat (— m1) m2 = — tensor-mat m1 m2 using assms
apply (subgoal-tac — m1 = —1 -, m1)
by (auto simp add: tensor-mat-scalel )
moreover have tensor-mat (A + (— m1)) m2 = tensor-mat A m2 + (tensor-mat
(= m1) m2) using
assms by (auto simp add: tensor-mat-addl dA)
ultimately have tensor-mat (A + (— m1)) m2 = tensor-mat A m2 — (tensor-mat
ml1 m2) by auto
with p! have lel: tensor-mat m1 m2 <, tensor-mat A m2 unfolding lowner-le-def
by auto

have B — m2 = B + (— m2) using assms by (auto simp add: minus-add-uminus-mat)
then have positive (B + (— m2)) using assms unfolding lowner-le-def by auto
then have p2: positive (tensor-mat A (B + (— m2)))
using assms tensor-mat-positive positive-one dA dB pA by auto
moreover have tensor-mat A (—m2) = — tensor-mat A m2
using assms apply (subgoal-tac — m2 = —1 -, m2)
by (auto simp add: tensor-mat-scale2 dA)
moreover have tensor-mat A (B + (— m2)) = tensor-mat A B + tensor-mat
A (= m2)
using assms by (auto simp add: tensor-mat-add2 dA dB)
ultimately have tensor-mat A (B + (— m2)) = tensor-mat A B — tensor-mat
A m2 by auto
with p2 have le20: tensor-mat A m2 <j, tensor-mat A B unfolding lowner-le-def
by auto

show ?thesis apply (subst lowner-le-trans|of - d tensor-mat (A) m2])
subgoal using tensor-mat-carrier by auto
subgoal using tensor-mat-carrier by auto
using lel le20 by auto
qed
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lemma tensor-mat-le-one:
assumes mi € carrier-mat d1 di
and m2 € carrier-mat d2 d2
and positive m1
and positive m2
and mI <j 1,, dI
and m2 <j 1,, d2
shows tensor-mat mi1 m2 <gp 1,, d
proof —
have 1,, dI — m! = 1,, d1 + (— ml1) using assms by (auto simp add:
minus-add-uminus-mat)
then have positive (1,, d1 + (— ml1)) using assms unfolding lowner-le-def
by auto
then have pI1: positive (tensor-mat (1,, d1 + (— m1)) m2) using assms ten-
sor-mat-positive by auto
moreover have tensor-mat (— m1) m2 = — tensor-mat m1 m2 using assms
apply (subgoal-tac — m1 = —1 -, m1)
by (auto simp add: tensor-mat-scalel)
moreover have tensor-mat (1, d1 + (— ml1)) m2 = tensor-mat (1, d1) m2
+ (tensor-mat (— m1) m2) using
assms by (auto simp add: tensor-mat-addl)
ultimately have tensor-mat (1, d1 + (— m1)) m2 = tensor-mat (1,, d1) m2
— (tensor-mat m1 m2) by auto
with pI have lel: (tensor-mat m1 m2) <jp, tensor-mat (1,, d1) m2 unfolding
lowner-le-def by auto

have 1,, d2 — m2 = 1,, d2 + (— m2) using assms by (auto simp add:
minus-add-uminus-mat)

then have positive (1, d2 + (— m2)) using assms unfolding lowner-le-def
by auto

then have p2: positive (tensor-mat (1,, d1) (1, d2 + (— m2))) using assms
tensor-mat-positive positive-one by auto

moreover have tensor-mat (1, d1) (—m2) = — tensor-mat (1,, d1) m2 using
assms apply (subgoal-tac — m2 = —1 -, m2)

by (auto simp add: tensor-mat-scale2)

moreover have tensor-mat (1, d1) (1,, d2 + (— m2)) = tensor-mat (1,, dI)

(1., d2) + (tensor-mat (1,, d1) (— m2)) using
assms by (auto simp add: tensor-mat-add2)

ultimately have tensor-mat (1,, d1) (1,, d2 + (— m2)) = tensor-mat (1.,
d1) (1,, d2) — (tensor-mat (1,, d1) m2) by auto

with p2 have [e20: tensor-mat (1, d1) m2 <y tensor-mat (1, d1) (1,, d2)
unfolding lowner-le-def by auto

then have le2: tensor-mat (1., d1) m2 <, 1,, d apply (subst tensor-mat-id[symmetric])

by auto
have tensor-mat (1., d1) (1, d2) = 1, d using tensor-mat-id by auto

show ?thesis apply (subst lowner-le-trans|of - d tensor-mat (1., d1) m2])

subgoal using tensor-mat-carrier by auto
subgoal using tensor-mat-carrier by auto
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using lel le2 by auto
qed

4.3 Extension of matrices

definition mat-extension :: 'a::comm-ring-1 mat = 'a mat where
mat-extension m = tensor-mat m (1., d2)

lemma mat-extension-carrier:
mat-extension m € carrier-mat d d
by (simp add: mat-extension-def tensor-mat-carrier)

lemma mat-extension-add:
assumes ml € carrier-mat d1 d1
and m2 € carrier-mat d1 di
shows mat-eztension (m1 + m2) = mat-extension m1 + mat-extension m2
using assms by (simp add: mat-extension-def tensor-mat-add1)

lemma mat-extension-trace:
assumes m € carrier-mat d1 d1
shows trace (mat-extension m) = d2 x trace m
unfolding mat-extension-def
using assms by (simp add: tensor-mat-trace)

lemma mat-extension-id:
mat-extension (1., d1) = 1, d
unfolding mat-extension-def by (rule tensor-mat-id)

lemma mat-extension-mult:
assumes ml € carrier-mat d1 d1
and m2 € carrier-mat d1 di
shows mat-extension (m1 x m2) = mat-extension m1 * mat-extension m2
using assms by (simp add: mat-extension-def tensor-mat-mult[symmetric])

lemma mat-extension-hermitian:
assumes m € carrier-mat d1 d1
and hermitian m
shows hermitian (mat-extension m)
using assms by (simp add: hermitian-one mat-extension-def tensor-mat-hermitian)

lemma mat-extension-unitary:
assumes m € carrier-mat d1 d1
and unitary m
shows unitary (mat-extension m)
using assms by (simp add: mat-extension-def tensor-mat-unitary unitary-one)

end

abbreviation tensor-mat = partial-state.tensor-mat
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abbreviation mat-extension = partial-state.mat-extension

context state-sig
begin

Swapping the order of matrices, as well as switching vars, should have
no effect

lemma tensor-mat-comm:
assumes varsl N vars? = {}
and {0..<length dims} C varsl U vars2
and m1 € carrier-mat (prod-list (nths dims vars1)) (prod-list (nths dims vars1))
and m2 € carrier-mat (prod-list (nths dims vars2)) (prod-list (nths dims vars2))
shows tensor-mat dims varsl m1 m2 = tensor-mat dims vars2 m2 ml
proof —
{
fix ¢
have nths dims (— vars2) = nths dims vars1 using nths-split-complement-eq[symmetric]
assms by auto
then have eq2211: partial-state.dims2 dims vars2 = partial-state.dims1 dims
varsl
unfolding partial-state.dims2-def partial-state.dimsi-def by auto
have nths dims (— varsl) = nths dims vars2 using nths-split-complement-eq[symmetric,
of vars2] assms by auto
then have eq2112: partial-state.dims2 dims varsl = partial-state.dims1 dims
vars?
unfolding partial-state.dims2-def partial-state.dims1-def by auto

have vars! U vars2 — vars2 = varsl using assms by auto
then have el:partial-state.encode2 dims vars2 i = partial-state.encodel dims
(varsl) i
using assms(2) partial-state.encode2-alter|of dims varsl U vars2 vars2]
unfolding partial-state.encode2-def partial-state.encodel-def apply (subst eq2211[symmetric])
by auto

have vars! U vars2 — varsl = vars2 using assms by auto
then have e2:partial-state.encode2 dims varsl ¢ = partial-state.encodel dims
(vars2) i
using assms(2) partial-state.encode2-alter|of dims varsl U vars2 varsl]
unfolding partial-state.encode2-def partial-state.encodel-def apply (subst eq2112[symmetric])
by auto

note el e2
}
note e = this
show ?thesis
unfolding partial-state.tensor-mat-def apply (rule cong-mat, simp-all)
unfolding partial-state.dims1-def partial-state.dims2-def
using e by auto
qged
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end

4.4 Partial tensor product

In this context, we assume two disjoint sets of variables, and define the
tensor product of two matrices on these variables

locale partial-state2 = state-sig +
fixes varsl :: nat set
and vars?2 :: nat set
assumes disjoint: varsl N vars2 = {}

begin

definition vars0 :: nat set where
vars) = wvarsl U vars2

definition dims0 :: nat list where
dims0 = nths dims vars0

definition dims1 :: nat list where
dimsl = nths dims varsl

definition dims2 :: nat list where
dims2 = nths dims vars2

definition d0 :: nat where
d0 = prod-list dims0

definition dI :: nat where
d1 = prod-list dims1

definition d2 :: nat where
d2 = prod-list dims2

lemma dims-product:
do = d1 x d2
unfolding d0-def d1-def d2-def dims0-def dims1-def dims2-def vars0-def
using disjoint nths-prod-list-split[of varsl varsl U vars2 dims]
apply (subgoal-tac varsl U vars2 — varsl = vars2)
by auto

Locations of variables in varsl relative to vars0O. For example: if vars0 =
0,1,2,4,5,6,9 and varsl = 1,4,6,9, then varsl’ should be 1,3,5,6.

definition vars!’ :: nat set where
varsl’ = (ind-in-set vars0)  varsl

definition vars2’ :: nat set where
vars2’ = (ind-in-set vars0) ‘ vars2
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lemma vars?'I:
z € varsl = card {y€vars0. y < z} € varsl’
unfolding vars1’-def ind-in-set-def by auto

lemma vars!’'D:
i € varsl’ = Jx€varsl. card {ycvars0. y < z} = i
unfolding varsl’-def ind-in-set-def by auto

Main property of varsl’

lemma ind-in-set-bij:

bij-betw (ind-in-set vars0) ({0..<length dims} N vars0) {0..<card ({0..<length
dims} N vars0)}

using bij-ind-in-set-bound unfolding ind-in-set-def by auto

lemma length-dims0:
length dims0 = card ({0..<length dims} N vars0)
unfolding dims0-def using length-nths|of dims vars0]
apply (subgoal-tac {i. i < length dims A i € vars0}= {0..<length dims} N vars0)
by auto

lemma length-dims0-minus-vars2'-is-vars1"’:
{0..<length dims0} — vars2' = {0..<length dims0} N varsl’
proof —
have sub20: vars2 C vars0 unfolding varsO-def by auto
have subl: varsl = vars0 — vars2 unfolding varsO-def using disjoint by auto
have eq: {0..<length dims0} = ind-in-set vars0 ‘ ({0..<length dims} N vars0)
using ind-in-set-bij length-dims0 bij-betw-imp-surj-on|of ind-in-set varsQ] by
auto
show ?thesis unfolding vars2’-def vars1’-def eq using ind-in-set-minus-subset-bound| OF
sub20] subl by auto
qed

lemma length-dims0-minus-varsl'-is-vars2":
{0..<length dims0} — varsl’ = {0..<length dims0} N vars2’
proof —
have sub10: vars! C wvars0 unfolding varsO-def by auto
have sub2: vars2 = vars0 — varsl unfolding varsO-def using disjoint by auto
have eq: {0..<length dims0} = ind-in-set vars0 ‘ ({0..<length dims} N vars0)
using ind-in-set-bij length-dims0 bij-betw-imp-surj-on[of ind-in-set varsl] by
auto
show ?thesis unfolding vars2’-def vars1’-def eq using ind-in-set-minus-subset-bound| OF
sub10] sub2 by auto
qed

lemma nths-varsi':
nths dims0 varsl’ = dimsl
using nths-reencode-eq|of varsl vars0 dims]
using nths-reencode-eq-complof varsl vars0 dims]
unfolding varsO-def ind-in-set-def varsl’-def dimsi-def dimsO-def by auto
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lemma nths-varsl’-comp:
nths dims0 (—vars2’) = dimsl
using nths-reencode-eq-comp|of vars2 vars0 dims] disjoint
unfolding vars0-def ind-in-set-def vars2’-def dims1-def dimsO-def
apply (subgoal-tac (varsl U vars2 — vars2) = varsl) by auto

lemma nths-vars2":
nths dims0 (—varsl’) = dims2
using nths-reencode-eq-comp|of varsl vars0 dims] disjoint
unfolding vars0-def ind-in-set-def varsl’-def dims2-def dims0O-def
apply (subgoal-tac (varsl U vars2 — varsl) = vars2) by auto

lemma nths-vars2'-comp:
nths dims0 (vars2') = dims2
using nths-reencode-eq|of vars2 vars0 dims)
unfolding varsO-def ind-in-set-def vars2’-def dims2-def dims0-def
by auto

lemma ptensor-encodel-encode2:
partial-state.encodel dims0 varsl’' = partial-state.encode2 dims0 vars2’
proof —
have partial-state.encodel dims0 varsl’' i
= digit-decode (partial-state.dims1 dims0 varsl’) (nths (digit-encode dims0 i)
({0..<length dims0} N varsl’)) for i
using partial-state.encodel-alter by auto
moreover have partial-state.encode? dims0 vars2' i
= digit-decode (partial-state.dims2 dims0 vars2’) (nths (digit-encode dims0 7)
({0..<length dims0} — wvars2')) for i
using partial-state.encode2-alter by auto
moreover have partial-state.dimsl dims0 varsl’ = partial-state.dims2 dims0
vars2’
unfolding partial-state.dims1-def partial-state.dims2-def using nths-varsl’
nths-varsl’-comp by auto
ultimately show ?thesis using length-dims0-minus-vars2’-is-varsl’ by auto
qed

lemma ptensor-encode2-encodel :
partial-state.encodel dims0 vars2' = partial-state.encode? dims0 varsl’
proof —
have partial-state.encodel dims0 vars2' i
= digit-decode (partial-state.dims1 dims0 vars2’) (nths (digit-encode dims0 )
({0..<length dims0} N vars2’)) for i
using partial-state.encodel-alter by auto
moreover have partial-state.encode2 dims0 varsl’ i
= digit-decode (partial-state.dims2 dims0 varsl’) (nths (digit-encode dims0 i)
({0..<length dims0} — vars1’)) for i
using partial-state.encode2-alter by auto
moreover have partial-state.dimsl dims0 vars2’ = partial-state.dims2 dims0
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varsl’
unfolding partial-state.dims1-def partial-state.dims2-def using nths-vars2’
nths-vars2’-comp by auto
ultimately show ?thesis using length-dims0-minus-vars1’-is-vars2’ by auto
qed

Given vector v1 of dimension d1, and vector v2 of dimension d2, form
the tensor vector of dimension d1 * d2 = d0

definition ptensor-vec :: 'a::times vec = 'a vec = 'a vec where
ptensor-vec vl v2 = partial-state.tensor-vec dims0 varsl’ vl v2

lemma ptensor-vec-dim [simp]:
dim-vec (ptensor-vec vl v2) = d0
by (simp add: ptensor-vec-def partial-state.tensor-vec-dim state-sig.d-def d0-def)

lemma ptensor-vec-carrier:
ptensor-vec vl v2 € carrier-vec d0
by (simp add: carrier-dim-vec)

lemma ptensor-vec-add:
fixes vl v2 v3 :: 'a::comm-ring vec
assumes vl € carrier-vec d1
and v2 € carrier-vec d1
and v8 € carrier-vec d2
shows ptensor-vec (vl + v2) v3 = ptensor-vec vl v3 + ptensor-vec v2 v3
unfolding ptensor-vec-def
apply (rule partial-state.tensor-vec-addl)
unfolding partial-state.d1-def partial-state.d2-def
partial-state.dims1-def partial-state.dims2-def nths-vars1l’ nths-vars2’
using assms unfolding dI-def d2-def by auto

definition ptensor-mat :: 'a::comm-ring-1 mat = 'a mat = 'a mat where
ptensor-mat m1 m2 = partial-state.tensor-mat dims0 varsl’ m1 m2

lemma ptensor-mat-dim-row [simp]:
dim-row (ptensor-mat m1 m2) = d0
by (simp add: ptensor-mat-def partial-state.tensor-mat-dim-row d0-def state-sig.d-def)

lemma ptensor-mat-dim-col [simp]:
dim-col (ptensor-mat m1 m2) = d0
by (simp add: ptensor-mat-def partial-state.tensor-mat-dim-col d0-def state-sig.d-def)

lemma ptensor-mat-carrier:
ptensor-mat m1 m2 € carrier-mat d0 d0
by (simp add: carrier-matl)

lemma ptensor-mat-add:

assumes ml € carrier-mat d1 d1
and m2 € carrier-mat d1 d1
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and m& € carrier-mat d2 d2
shows ptensor-mat (m1 + m2) m8 = ptensor-mat m1 m3 + ptensor-mat m2
ms3
unfolding ptensor-mat-def
apply (rule partial-state.tensor-mat-addl)
unfolding partial-state.d1-def partial-state.d2-def
partial-state.dims1-def partial-state.dims2-def nths-vars1’
nths-vars2’
using assms unfolding di-def d2-def by auto

lemma ptensor-mat-trace:

assumes ml € carrier-mat d1 di
and m2 € carrier-mat d2 d2

shows trace (ptensor-mat m1 m2) = trace m1 * trace m2

unfolding ptensor-mat-def

apply (rule partial-state.tensor-mat-trace)

unfolding partial-state.d1-def partial-state.d2-def
partial-state.dims1-def partial-state.dims2-def nths-varsl' nths-vars2’

using assms unfolding di-def d2-def by auto

lemma ptensor-mat-id:
ptensor-mat (1,, d1) (1,, d2) = 1,, d0
unfolding ptensor-mat-def
by (metis d0-def d1-def d2-def nths-varsl’ nths-vars2’
partial-state.d1-def partial-state.d2-def partial-state.dims1-def
partial-state. dims2-def partial-state.tensor-mat-id state-sig.d-def)

lemma ptensor-mat-mult:
assumes ml € carrier-mat d1 di
and m2 € carrier-mat d1 d1
and m3 € carrier-mat d2 d2
and m4 € carrier-mat d2 d2
shows ptensor-mat (m1 * m2) (m8 x m4) = ptensor-mat m1 m3 x ptensor-mat
m2 m4
proof —
interpret st: partial-state dims0 varsl’.
have st.dl = d1 unfolding st.dI-def st.dims1-def d1-def nths-varsl’ by auto
moreover have st.d2 = d2 unfolding st.d2-def st.dims2-def d2-def nths-vars2’
by auto
ultimately show ?thesis unfolding ptensor-mat-def
using st.tensor-mat-mult assms by auto
qged

lemma ptensor-mat-mult-vec:
assumes ml1 € carrier-mat d1 d1
and vl € carrier-vec dl1
and m2 € carrier-mat d2 d2
and v2 € carrier-vec d2
shows ptensor-vec (m1 *, vl) (m2 %, v2) = ptensor-mat m1 m2 *, ptensor-vec
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vl v2
proof —
interpret st: partial-state dims0 vars1’.
have st.dl = d1 unfolding st.dI-def st.dims1-def d1-def nths-varsl’ by auto
moreover have st.d2 = d2 unfolding st.d2-def st.dims2-def d2-def nths-vars2’
by auto
ultimately show ?thesis unfolding ptensor-mat-def ptensor-vec-def
using st.tensor-mat-mult-vec assms by auto
qed

4.5 Partial extensions

definition pmat-extension :: 'a::comm-ring-1 mat = 'a mat where
pmat-extension m = ptensor-mat m (1,, d2)

lemma pmat-extension-carrier:
pmat-extension m € carrier-mat d0 d0
by (simp add: pmat-extension-def ptensor-mat-carrier)

lemma pmat-extension-add:
assumes ml € carrier-mat d1 di
and m2 € carrier-mat d1 d1
shows pmat-extension (m1 + m2) = pmat-extension m1 + pmat-extension m2
using assms by (simp add: pmat-extension-def ptensor-mat-add)

lemma pmat-extension-trace:
assumes m € carrier-mat d1 d1
shows trace (pmat-extension m) = d2 x trace m
using assms by (simp add: pmat-extension-def ptensor-mat-trace)

lemma pmat-extension-id:
pmat-extension (1, d1) = 1., d0
by (simp add: pmat-extension-def ptensor-mat-id)

lemma pmat-extension-mult:
assumes ml € carrier-mat d1 di
and m2 € carrier-mat d1 d1
shows pmat-extension (m1 * m2) = pmat-extension m1 * pmat-extension m2
using assms by (simp add: pmat-extension-def ptensor-mat-mult[symmetric))

end

context state-sig
begin

abbreviation ptensor-vec = partial-state2.ptensor-vec
abbreviation ptensor-mat = partial-state2.ptensor-mat
abbreviation pmat-extension = partial-state2.pmat-extension

Key property: commutativity of tensor product
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lemma ptensor-mat-comm:
fixes m1 m2 :: complex mat
assumes vars! N vars2 = {}
shows ptensor-mat dims varsl vars2 m1 m2 = ptensor-mat dims vars2 varsl m2
ml
proof —
interpret st1: partial-state2 dims varsl vars2
apply unfold-locales using assms by auto
interpret st2: partial-state2 dims vars2 varsl
apply unfold-locales using assms by auto

have eql: partial-state.encodel st1.dims0 st1.varsl’ = partial-state.encode2 st2.dims0
st2.varsl’
apply (subst st1.ptensor-encodel-encode2)
unfolding st1.dims0-def st1.varsO-def st1.vars2’-def st2.dims0-def st2.varsO-def
st2.varsl'-def
by (subgoal-tac varsl U vars2 = vars2 U varsl, auto)
have eq2: partial-state.encode2 st1.dims0 st1.varsl’ = partial-state.encodel st2.dims0
st2.varsl’
apply (subst st1.ptensor-encode2-encodel [symmetric])
unfolding st!.dims0-def st1.varsO-def st1.vars2’-def st2.dims0-def st2.varsO-def
st2.varsl'-def
by (subgoal-tac varsl U vars2 = vars2 U varsl, auto)

show ?thesis unfolding st1.ptensor-mat-def st2.ptensor-mat-def partial-state.tensor-mat-def
apply (rule cong-mat, auto)
subgoal unfolding st1.dims0-def st1.vars0-def st2.dims0-def st2.varsO-def by
(subgoal-tac varsl U vars2 = vars2 U varsl, auto)
subgoal unfolding st1.dims0-def st1.varsO-def st2.dims0-def st2.vars0-def by
(subgoal-tac varsl U vars2 = vars2 U varsl, auto)
using eql eq2 by auto
qed

Key property: associativity of tensor product

lemma ind-in-set-mono:
fixes a b :: nat and A :: nat set
assumes a € Abe Aa<b
shows ind-in-set A a < ind-in-set A b
unfolding ind-in-set-def
apply (rule psubset-card-mono)
subgoal by auto
proof —
havez € {i ¢ A. i <b}ifz e {ic A i < a} for
using assms that by auto
moreover have a € {i € A. i < b} using assms by auto
moreover have b ¢ {i € A. i < b} by auto
ultimately show {i € A. i < a} C {i € A. i < b} by blast
qed
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lemma ind-in-set-inj:
fixes a b :: nat and A :: nat set
assumes a € A b € A ind-in-set A a = ind-in-set A b
shows a = b
proof —
have ind-in-set A a < ind-in-set A b if a < b
by (rule ind-in-set-mono[OF assms(1) assms(2) that])
moreover have ind-in-set A b < ind-in-set A a if b < a
by (rule ind-in-set-mono[OF assms(2) assms(1) that])
ultimately show ?thesis using assms(3) by arith
qged

lemma ind-in-set-mono2:
fixes a b :: nat and A :: nat set
assumes a € A b € A ind-in-set A a < ind-in-set A b
shows a < b
using ind-in-set-mono ind-in-set-inj
by (metis assms not-less-iff-gr-or-eq)

lemma ind-in-set-bij-betw:
fixes A B :: nat set
assumes BC Ace B
shows bij-betw (ind-in-set A) {i € B. i < ¢} {i € ind-in-set A ‘ B. i < ind-in-set
A ¢}
unfolding bij-betw-def apply auto
proof —
show inj-on (ind-in-set A) {i € B. i < ¢}
unfolding inj-on-def apply auto
using assms(1) ind-in-set-inj by blast
show ind-in-set A © < ind-in-set A cif x € Bz < ¢ for x
by (meson assms that ind-in-set-mono subsetCFE)
show ind-in-set A x € ind-in-set A ‘{i € B. i < ¢} if ind-in-set A z < ind-in-set
Acze Bforz
using that ind-in-set-mono2 assms by blast
qed

lemma ind-in-set-assoc:
fixes A B C :: nat set
assumes C C BBC A
shows ind-in-set (ind-in-set A ‘ B) * (ind-in-set A * C) = ind-in-set B * C
proof —
have z € ind-in-set (ind-in-set A * B) ‘ (ind-in-set A < C) if ©: x € ind-in-set B
“Cfor z
proof —
obtain ¢ where ¢: ¢ € C and z-eq: © = card {i € B. i < ¢}
using z by (auto simp add: ind-in-set-def)
have card {i € B. i < ¢} = card {i € ind-in-set A * B. i < ind-in-set A c}
apply (rule bij-betw-same-card)
using ¢ assms by (auto intro: ind-in-set-bij-betw)
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then have ind-in-set (ind-in-set A * B) (ind-in-set A ¢) = x
apply (subst ind-in-set-def) using z-eq by auto
then show ?thesis
using «c € C» by blast
qed
moreover have z € ind-in-set B ¢ C if z: z € ind-in-set (ind-in-set A * B) *
(ind-in-set A < C) for z
proof —
obtain ¢ where ¢: ¢ € C and 2-eq: * = card {i € ind-in-set A * B. i <
ind-in-set A c}
using z by (auto simp add: ind-in-set-def)
have card {i € B. i < ¢} = card {i € ind-in-set A ‘ B. i < ind-in-set A c}
apply (rule bij-betw-same-card)
using ¢ assms by (auto intro: ind-in-set-bij-betw)
then have ind-in-set B c =z
apply (subst ind-in-set-def) using z-eq by auto
then show ?thesis
using <c € C» by blast
qed
ultimately show ¢thesis by auto
qed

lemma nths-reencode-eq3:

fixes A B C :: nat set

assumes C C BB C A

shows nths (nths zs (ind-in-set A * B)) (ind-in-set B * C) = nths s (ind-in-set
AC)

apply (subst ind-in-set-assoc| OF assms, symmetric|)

apply (rule nths-reencode-eq)

using assms by blast

lemma nths-assoc-three-A:

fixes A B C :: nat set

assumes A N B = {}

and (AU B)N C={}

shows nths (nths zs (ind-in-set (A U B U C) ‘(A U B))) (ind-in-set (A U B) *

4)
= nths zs (ind-in-set (A U B U C) ‘ A)
apply (rule nths-reencode-eq8) by auto

lemma nths-assoc-three-B:
fixes A B C :: nat set
assumes A N B = {}
and (AUB)NC={}
shows nths (nths zs (ind-in-set (A U B U C) ‘(A U B))) (ind-in-set (A U B)
B)
= nths (nths xs (ind-in-set (A U BU C) ‘(B U ())) (ind-in-set (BU C) ¢
B)
proof —
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have nths (nths zs (ind-in-set (A U B U C) ‘ (A U B))) (ind-in-set (A U B)

B) = nths zs (ind-in-set (AU BU C) ‘ B)
using nths-assoc-three-Alof B A C xs|] assms by (simp add: inf-commute

sup-commute)

moreover have nths (nths xzs (ind-in-set (A U B U C) ‘(B U C))) (ind-in-set
(BU Q) “B) = nths xs (ind-in-set (AU B U C) ‘ B)

using nths-assoc-three-Alof B C A xs| assms by (smt (verit) Un-empty inf-commute
inf-sup-distrib2 sup-assoc sup-commute)

ultimately show #¢thesis by auto
qed

lemma nths-assoc-three-C'
fixes A B C :: nat set
assumes A N B = {}
and (AUB)NC={}
shows nths (nths zs (ind-in-set (A U BU C) ‘(B U (C))) (ind-in-set (BU C) ¢
0)
= nths zs (ind-in-set (AU B U C) ‘ C)
using nths-assoc-three-Alof C B A xs] assms
by (smt (verit) Un-empty inf-commute inf-sup-distrib2 sup-assoc sup-commute)

lemma valid-indez-ind-in-set:
assumes is <1 nths dims A B C A
shows nths is (ind-in-set A * B) < nths dims B
apply (subst nths-reencode-eq(OF assms(2), symmetric])
apply (rule valid-indez-nths)
by (rule assms(1))

lemma ind-in-set-id:
fixes A :: nat set
assumes finite A
shows ind-in-set A ‘ A = {0..< card A}
unfolding ind-in-set-def apply auto
subgoal using assms lt-set-card-lt by auto
proof —
fix z assume z: x < card A
have «: card {{ € A. i < pick Az} =z
apply (rule card-pick-le) by (rule x)
show z € (A\z. card {i € A. i < z}) ‘A
apply (subst x[symmetric])
apply (rule imagel)
apply (rule pick-in-set-le) by (rule x)
qed

lemma nths-complement-ind-in-set:
fixes A B :: nat set
assumes A N B = {}
card (A U B) = length zs
shows nths zs (— ind-in-set (A U B) ‘ A) = nths zs (ind-in-set (A U B) ¢ B)
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apply (rule nths-split-complement-eq[symmetric])
subgoal apply auto using assms(1) ind-in-set-inj
by (metis disjoint-iff-not-equal subsetCE sup-gel sup-ge2)
proof —
have x: ind-in-set (A U B) ‘ B U ind-in-set (A U B) ‘ A = ind-in-set (A U B)
(AU B)
by auto
show {0..<length zs} C ind-in-set (A U B) * B U ind-in-set (AU B) ‘ A
apply (auto simp add: x assms(2))
using ind-in-set-id
by (metis assms(2) atLeastLess Than-iff card.infinite not-le-imp-less not-less-zero)
qed

lemma ind-in-set-inj":
fixes A B :: nat set
assumes B C A
shows inj-on (ind-in-set A) B
proof (rule inj-onlI)
fix z y assume z: z € B and y: y € B and eq: ind-in-set A © = ind-in-set A y
have z: € A using z assms by auto
have y”: y € A using y assms by auto
show z = y by (rule ind-in-set-inj[OF x’ y' eq))
qed

lemma ind-in-set-less:
fixes = :: nat and A :: nat set
assumes finite A x € A
shows ind-in-set A = < card A
unfolding ind-in-set-def
apply (rule psubset-card-mono) using assms by auto

lemma ptensor-mat-assoc:
assumes varsl N vars2 = {}
and (vars! U vars2) N vars3 = {}
and vars! U vars2 U vars8 C {0..< length dims}
shows ptensor-mat dims (varsl U vars2) vars3 (ptensor-mat dims varsl vars2
m1 m2) m3 =
ptensor-mat dims varsl (vars2 U vars3) ml1 (ptensor-mat dims vars2 vars3
m2 m3)
proof —
interpret a: partial-state2 dims varsi vars2
by (unfold-locales, rule assms(1))
interpret b: partial-state2 dims varsl U vars2 varss
by (unfold-locales, rule assms(2))
interpret c: partial-state2 dims vars2 vars3
apply unfold-locales using assms(2) by auto
interpret d: partial-state2 dims varsl vars2 U vars3
apply unfold-locales using assms by auto
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have uassoc: varsl U (vars2 U vars3) = varsl U vars2 U vars3
by auto

have xx: {i. i < length dims A (i € varsl V i € vars2 V i € vars3)} = varsl U
vars2 U vars3
using assms(3) by auto

have finite-union: finite (varsl U vars2 U vars3)
using assms(3)
using subset-eq-atLeast0-less Than-finite by blast

have m1eq: digit-encode a.dims0 (digit-decode b.dims1 (nths (digit-encode b.dims0
i) b.varsl’))
= nths (digit-encode b.dims0 i) b.varsl’ if i < state-sig.d b.dims0 for i
unfolding a.dims0-def a.varsO-def b.dims1-def b.dims0-def b.varsO-def b.vars1’-def
apply (subst digit-encode-decode)
apply (rule valid-index-ind-in-set)
apply (rule digit-encode-valid-index)
using that unfolding state-sig.d-def b.dims0-def b.vars0-def by auto
have mlindex: partial-state.encodel a.dims0 a.varsl’ (partial-state.encodel b.dims0
b.varsl’ i)
= partial-state.encodel d.dims0 d.varsl’ i if i < state-sig.d b.dims0 for i
unfolding partial-state.encodel-def partial-state.dimsi-def a.nths-varsl’ d.nths-varsl’
b.nths-varsl’
apply (rule arg-cong|where f=digit-decode d.dims1])
apply (subst m1eq[OF that])
unfolding a.varsO-def a.vars1’-def b.dims0-def b.vars0-def b.vars1'-def d.dims0-def
d.vars0-def d.vars1’-def
using nths-assoc-three-A[OF assms(1—2)] using uassoc by auto

have m2eq1: digit-encode a.dims0 (digit-decode (nths b.dims0 b.varsl’) (nths
(digit-encode b.dims0 i) b.varsl’))

= nths (digit-encode b.dims0 i) b.vars1’

if © < state-sig.d b.dims0 for i

unfolding a.dims0-def a.varsO-def b.nths-vars1’ b.dims1-def

apply (subst digit-encode-decode)

unfolding b.vars1’-def

apply (rule valid-index-ind-in-set)

unfolding b.dims0-def

apply (rule digit-encode-valid-indez)
using that unfolding state-sig.d-def b.dims0-def b.vars0-def by auto

have m2eq2: digit-encode c.dims0 (digit-decode (nths d.dims0 (— d.vars1’)) (nths
(digit-encode d.dims0 i) (— d.vars1’)))
= nths (digit-encode d.dims0 i) (— d.vars1’)
if i < state-sig.d b.dims0 for i
unfolding c.dims0-def c.varsO-def d.nths-vars2’' d.dims2-def
apply (subst digit-encode-decode)
unfolding d.vars1’-def d.vars0-def
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apply (subst nths-complement-ind-in-set)
subgoal using assms by auto
subgoal apply (auto simp only: length-digit-encode d.dims0-def d.varsO-def
length-nths)
by (auto simp add: ** uassoc)
apply (rule valid-index-ind-in-set)
unfolding d.dims0-def d.vars0-def
apply (rule digit-encode-valid-indez)
using that unfolding state-sig.d-def b.dims0-def b.vars0-def using uassoc by
auto

have m2index: partial-state.encode2 a.dims0 a.varsl’ (partial-state.encodel b.dims0
b.varsl’ i) =

partial-state.encodel c.dims0 c.varsl’ (partial-state.encode2 d.dims0 d.varsl’ i)

if 7 < state-sig.d b.dims0 for i

unfolding partial-state.encode2-def partial-state.encodel-def
partial-state.dims2-def a.nths-vars2’ partial-state.dims1-def c.nths-vars1’
a.dims2-def c.dims1-def

apply (rule arg-cong[where f=digit-decode (nths dims vars2)])

apply (subst m2eq1|[OF that))

apply (subst m2eq2|OF that))

unfolding b.dims0-def b.varsO-def b.varsl’-def a.vars1’-def a.vars0O-def
d.dims0-def d.vars0-def d.varsl’-def c.varsl’-def c.varsO-def

apply (subst nths-complement-ind-in-set)

subgoal using assms by auto

subgoal apply (auto simp only: length-nths length-digit-encode)

apply (rule bij-betw-same-card[where f=ind-in-set (varsl U vars2 U vars3)])
unfolding bij-betw-def apply (rule conjl)
subgoal apply (rule ind-in-set-inj’) by auto
apply auto using finite-union by (auto simp add: ** intro: ind-in-set-less)

apply (subst nths-complement-ind-in-set)

subgoal using assms by auto

subgoal apply (auto simp only: length-digit-encode length-nths)
by (auto simp add: *x uassoc)

using nths-assoc-three-B[OF assms(1—2)| uassoc by auto

have m3eq: digit-encode c.dims0 (digit-decode d.dims2 (nths (digit-encode d.dims0
i) (— d.varsl’)))
= nths (digit-encode d.dims0 i) (— d.varsl’) if i < state-sig.d b.dims0 for ¢
unfolding c.dims0-def c.varsO-def d.dims2-def d.dims0-def d.varsl’-def d.varsO-def
apply (subst digit-encode-decode)
apply (subst nths-complement-ind-in-set)
subgoal using assms by auto
subgoal apply (auto simp only: length-digit-encode length-nths)
by (auto simp add: *x uassoc)
apply (rule valid-indez-ind-in-set)
apply (rule digit-encode-valid-index)
using that unfolding state-sig.d-def b.dims0-def b.varsO-def using uassoc by
auto
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have m&index: partial-state.encode2 c.dims0 c.vars1’ (partial-state.encode2 d.dims0
d.varsl’ i) =
partial-state.encode2 b.dims0 b.varsl’ i
if 7 < state-sig.d b.dims0 for i
unfolding partial-state.encode2-def partial-state.dims2-def c.nths-vars2’ d.nths-vars2’
b.nths-vars2’
apply (rule arg-cong|[where f=digit-decode c.dims2])
apply (subst m3eq[OF that])
unfolding d.dims0-def d.varsO-def d.vars1’-def c.vars1’-def b.dims0-def b.vars1’-def
b.vars0-def c.vars0-def
apply (subst nths-complement-ind-in-set)
subgoal using assms by auto
subgoal apply (auto simp only: length-digit-encode length-nths)
by (auto simp add: ** uassoc)
apply (subst nths-complement-ind-in-set)
subgoal using assms by auto
subgoal apply (auto simp only: length-nths length-digit-encode)
apply (rule bij-betw-same-card[where f=ind-in-set (varsl U vars2 U vars3)])
unfolding bij-betw-def apply (rule conjI)
subgoal apply (rule ind-in-set-inj’) by auto
apply (auto simp add: uassoc) using finite-union
by (auto simp add: xx intro: ind-in-set-less)
apply (subst nths-complement-ind-in-set)
subgoal using assms by auto
subgoal apply (auto simp only: length-nths length-digit-encode)
by (auto simp add: *x uassoc)
using nths-assoc-three-C[OF assms(1—2)] uassoc by auto

show ?thesis
unfolding a.ptensor-mat-def b.ptensor-mat-def c.ptensor-mat-def d.ptensor-mat-def
partial-state.tensor-mat-def
apply (rule cong-mat)
subgoal unfolding b.dims0-def d.dims0-def b.vars0-def d.vars0-def
apply (subgoal-tac varsl U vars2 U vars3 = varsl U (vars2 U vars3)) by
auto
subgoal unfolding b.dims0-def d.dims0-def b.vars0-def d.vars0-def
apply (subgoal-tac varsl U vars2 U vars3 = varsl U (vars2 U vars3)) by
auto
subgoal for i j
proof —
assume lti: ¢ < state-sig.d b.dims0 and [tj: j < state-sig.d b.dims0
have lti": i < state-sig.d d.dims0 using <state-sig.d b.dims0) = state-sig.d
d.dims0» lti by auto
have [tj": j < state-sig.d d.dims0 using <state-sig.d b.dims0 = state-sig.d
d.dims0> Itj by auto
have eql: partial-state.d2 d.dims0 d.varsl’ = state-sig.d c.dims0
unfolding partial-state.d2-def partial-state.dims2-def d.nths-vars2’
d.dims2-def state-sig.d-def c.dimsO-def c.varsO-def by auto
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have eq2: partial-state.dl b.dims0 b.varsl’ = state-sig.d a.dims0
unfolding partial-state.d1-def partial-state.dims1-def b.nths-varsi’
b.dims1-def state-sig.d-def a.dims0-def a.varsO-def by auto
have [t1: partial-state.encode2 d.dims0 d.varsl’ i < state-sig.d c.dims0
using partial-state.encode2-lt[OF [ti’, where vars=d.varsl’] eql by auto
have [t2: partial-state.encode2 d.dims0 d.varsl’ j < state-sig.d c.dims0
using partial-state.encode2-It[OF ltj’, where vars=d.varsl’] eql by auto
have [t3: partial-state.encodel b.dims0 b.varsl’ i < state-sig.d a.dims0
using partial-state.encodel-lt| OF lti, where vars=b.varsl’] eq2 by auto
have [t}: partial-state.encodel b.dims0 b.varsl’ j < state-sig.d a.dims0
using partial-state.encodel-lt] OF ltj, where vars=b.varsl’] eq2 by auto
show ?thesis
apply (auto simp add: It1 1t2 1t3 1t})
apply (simp only: mlindex|[OF lti]| mIindex|OF ltj] m2index|OF lti] m2in-
dex|OF ltj] m3index[OF Iti] m3index|OF ltj])
by auto
qed
done
qed

Some simple consequences of associativity

lemma pmat-extension-assoc:
assumes vars! N vars2 = {}
and (vars! U vars2) N varsd = {}
and vars! U vars2 U vars8 C {0..< length dims}
shows pmat-extension dims varsl (vars2 U vars3) m =
pmat-extension dims (varsl U vars2) vars3 (pmat-extension dims varsl
vars2 m)
proof —
interpret a: partial-state2 dims varsl vars2
by (unfold-locales, rule assms(1))
interpret b: partial-state2 dims varsl U vars2 vars3
by (unfold-locales, rule assms(2))
interpret c: partial-state2 dims vars2 vars3
apply unfold-locales using assms(2) by auto
interpret d: partial-state2 dims varsl vars2 U vars3
apply unfold-locales using assms by auto
have a.d2 = c.d1
by (simp add: c.d1-def a.d2-def c.dimsi-def a.dims2-def)
have c.d0 = d.d2
by (simp add: c.d0-def d.d2-def c.dimsO-def d.dims2-def c.varsO-def)
show ?thesis
unfolding a.pmat-extension-def b.pmat-extension-def d.pmat-extension-def
apply (simp add: ptensor-mat-assoc|OF assms))
apply (simp add: <a.d2 = c.d1) c.ptensor-mat-id)
by (simp add: <c.d0 = d.d2»)
qed

end
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4.6 Commands on subset of variables

context state-sig
begin

definition Utrans-P :: nat set = complex mat = com where
Utrans-P vars U = Utrans (mat-extension dims vars U)

lemma well-com-Utrans-P:
assumes U € carrier-mat (prod-list (nths dims vars)) (prod-list (nths dims vars))
and unitary U
shows well-com (Utrans-P vars U)
proof —
have 1: mat-extension dims vars U € carrier-mat d d
by (rule partial-state.mat-extension-carrier)
have 2: unitary (mat-extension dims vars U)
apply (rule partial-state.mat-extension-unitary)
unfolding partial-state.d1-def partial-state.dims1-def using assms by auto
show well-com (Utrans-P vars U)
using 1 2 Utrans-P-def by auto
qed

definition Measure-P :: nat set = nat = (nat = complex mat) = com list =
com where
Measure-P vars n Ps Cs = Measure n (An. mat-extension dims vars (Ps n)) Cs

definition While-P :: nat set = complex mat = complexr mat = com = com
where
While-P vars M0 M1 C = While (An.
if n = 0 then mat-extension dims vars MO
else if n = 1 then mat-extension dims vars M1
else undefined) C

end

end

5 Standard gates

theory Gates
imports Complex-Matrix
begin

Pauli matrices

definition sigma-z :: compler mat where
sigma-x = mat-of-rows-list 2 [[0, 1], [1, 0]]

definition sigma-y :: compler mat where
sigma-y = mat-of-rows-list 2 ([0, —i], [i, 0]]
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definition sigma-z :: complex mat where
sigma-z = mat-of-rows-list 2 [[1, 0], [0, —1]]

Hadamard matrices

definition hadamard :: complexr mat where
hadamard = mat 2 2 (A(%, j). if (i =0V j = 0) then 1 ]/ csqrt 2 else — 1 /
sqrt 2)

lemma hadamard-dim:
hadamard € carrier-mat 2 2
unfolding hadamard-def mat-of-rows-list-def by auto

lemma hermitian-hadamard:
hermitian hadamard
unfolding hermitian-def hadamard-def
apply (rule eg-matl) by (auto simp add: adjoint-eval adjoint-dim)

lemma csqrt-2-sq:

complez-of-real (sqrt 2) * complex-of-real (sqrt 2) = 2

by (smt (verit) of-real-add of-real-hom.hom-one of-real-power one-add-one power2-eq-square
real-sqri-pow2)

lemma sum-le-2:
NA(f:nat=complex). sum f {0..<2} =f0 + f1
by (simp add: numeral-2-eq-2)

lemma unitary-hadamard:
unitary hadamard
unfolding unitary-def apply (rule)
subgoal using carrier-matD|[OF hadamard-dim] hadamard-def by auto
apply (subst hermitian-hadamard[unfolded hermitian-def])
unfolding inverts-mat-def
apply (rule eg-matl) unfolding hadamard-def
apply (auto simp add: carrier-matD]OF hadamard-dim] scalar-prod-def)
by (auto simp add: sum-le-2 csqrt-2-sq)
The matrix [00..0110..0001..00. . .. .. 00 .. 10] implements
i:=1i+ 1 in the last variable.
definition mat-incr :: nat = complex mat where
mat-incr n = mat n n (A(4,j). if i = 0 then (if j = n — 1 then 1 else 0) else (if
i =j+ 1then 1 else 0))

lemma mat-incr-dim:
mat-incr n € carrier-mat n n
unfolding mat-incr-def by auto

lemma adjoint-mat-incr:

adjoint (mat-incr n) = mat n n (N(4,§). if j = 0 then (if i = n — 1 then 1 else
0) else (if j = i + 1 then 1 else 0))
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apply (rule eq-matl) unfolding mat-incr-def
by (auto simp add: adjoint-eval)

lemma mat-incr-mult-adjoint-mat-incr:
shows mat-incr n * (adjoint (mat-incr n)) = 1, n
apply (rule eg-matl, simp)
apply (auto simp add: carrier-matD[OF mat-incr-dim] scalar-prod-def)
unfolding adjoint-mat-incr unfolding mat-incr-def
apply (simp-all)
apply (case-tac j = 0)
subgoal for j by (simp add: sum-only-one-neq-0[of - n — Suc 0])
subgoal for j by (simp add: sum-only-one-neq-0[of - j — 1])
done

lemma unitary-mat-incr:
unitary (mat-incr n)
unfolding unitary-def inverts-mat-def
using carrier-matD[OF mat-incr-dim| mat-incr-mult-adjoint-mat-incr by auto

end

6 Partial and total correctness

theory Quantum-Hoare
imports Quantum-Program
begin

context state-sig
begin

definition density-states :: state set where
density-states = {o € carrier-mat d d. partial-density-operator o}

lemma denote-density-states:
0 € density-states = well-com S = denote S p € density-states
by (simp add: denote-dim-pdo density-states-def)

definition is-quantum-predicate :: compler mat = bool where
is-quantum-predicate P <— P € carrier-mat d d N positive P N P <p 1,, d

lemma trace-measurement2:

assumes m: measurement n 2 M and dA: A € carrier-mat n n

shows trace (M 0) *x A * adjoint (M 0)) + trace (M 1) x A % adjoint (M 1))
= trace A
proof —

from m have dM0: M 0 € carrier-mat n n and dM1: M 1 € carrier-mat n n
and id: adjoint (M 0) x (M 0) + adjoint (M 1)« (M 1) =1, n

using measurement-def measurement-id2 by auto
have trace (M 1 = A * adjoint (M 1)) + trace (M 0 * A x adjoint (M 0))
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= trace ((adjoint (M 0) * M 0 + adjoint (M 1) * M 1) = A)
using dM0 dM1 dA by (mat-assoc n)
also have ... = trace (1,, n * A) using id by auto
also have ... = trace A using dA by auto
finally show ?thesis
using dA dM0O dM1 local.id state-sig.trace-measure2-id by blast
qed

lemma qp-close-under-unitary-operator:
fixes U P :: complexr mat
assumes dU: U € carrier-mat d d
and u: unitary U
and qp: is-quantum-predicate P
shows is-quantum-predicate (adjoint U x P % U)
unfolding is-quantum-predicate-def
proof (auto)
have dP: P € carrier-mat d d using qp is-quantum-predicate-def by auto
show adjoint U * P x U € carrier-mat d d using dU dP by fastforce
have positive P using gp is-quantum-predicate-def by auto
then show positive (adjoint U « P * U)
using positive-close-under-left-right-mult-adjoint[ OF adjoint-dim[OF dU] dP,
simplified adjoint-adjoint] by fastforce
have adjoint U * U = 1,, d apply (subgoal-tac inverts-mat (adjoint U) U)
subgoal unfolding inverts-mat-def using dU by auto
using v unfolding unitary-def using inverts-mat-symm|[OF dU adjoint-dim|[OF
dU]] by auto
then have v” adjoint U * 1,, d * U = 1,, d using dU by auto
have le: P <;, 1,, d using gp is-quantum-predicate-def by auto
show adjoint U * P x U <p 1, d
using lowner-le-keep-under-measurement|OF dU dP one-carrier-mat le] u' by
auto
qed

lemma q¢ps-after-measure-is-qp:

assumes m: measurement d n M and qpk: \k. k < n = is-quantum-predicate
(P k)

shows is-quantum-predicate (matriz-sum d (Mk. adjoint (M k) « Pk « M k) n)

unfolding is-quantum-predicate-def
proof (auto)

have dMk: k < n = M k € carrier-mat d d for k using m measurement-def
by auto

moreover have dPk: k < n = P k € carrier-mat d d for k using qpk
is-quantum-predicate-def by auto

ultimately have dk: k < n = adjoint (M k) * Pk %= M k € carrier-mat d d
for k by fastforce

then show d: matriz-sum d (Ak. adjoint (M k) * Pk * M k) n € carrier-mat
dd

using matriz-sum-dim[of n M\k. adjoint (M k) x P k = M k] by auto
have k < n = positive (P k) for k using qpk is-quantum-predicate-def by auto
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then have k < n = positive (adjoint (M k) x Pk« M k) for k
using positive-close-under-left-right-mult-adjoint[ OF adjoint-dim|[OF dMk] dPk,
simplified adjoint-adjoint] by fastforce
then show positive (matriz-sum d (k. adjoint (M k) * P k « M k) n) using
matriz-sum-positive dk by auto
have k < n = Pk <y 1,, d for k using qpk is-quantum-predicate-def by auto
then have k < n = positive (1,, d — P k) for k using lowner-le-def by auto
then have p: k < n = positive (adjoint (M k) * (1, d — P k) * M k) for k
using positive-close-under-left-right-mult-adjoint| OF adjoint-dim|[OF dMk], sim-
plified adjoint-adjoint, of - 1,, d — P k] dPk by fastforce
{
fix k£ assume k: k < n
have adjoint (M k) * (1,, d — P k) * M k = adjoint (M k) x M k — adjoint
(MFE)* Pk+ ME
apply (mat-assoc d) using dMk dPk k by auto
}

note split = this
have dk”: k < n = adjoint (M k) * M k — adjoint (M k) *x Pk x Mk €
carrier-mat d d for k using dMk dPk by fastforce
have k < n = positive (adjoint (M k) x M k — adjoint (M k) x Pk x M k)
for k using p split by auto
then have p': positive (matriz-sum d (Ak. adjoint (M k) * M k — adjoint (M k)
« Pk+ ME) n)
using matriz-sum-positive] OF dk’, of n id, simplified] by auto
have daMMk: k < n = adjoint (M k) x M k € carrier-mat d d for k using
dMFk by fastforce
have daMPMk: k < n = adjoint (M k) x Pk x M k € carrier-mat d d for k
using dMk dPk by fastforce
have matriz-sum d (\k. adjoint (M k) * M k — adjoint (M k) « Pk x M k) n
= matriz-sum d (k. adjoint (M k) x M k) n — matriz-sum d (k. adjoint (M
k)x Pk« Mk)n
using matriz-sum-minus-distrib| OF daMMk daMPMEk] by auto
also have ... = 1,, d — matriz-sum d (Ak. adjoint (M k) * Pk = M k) n using
m measurement-def by auto
finally have positive (1,, d — matriz-sum d (Ak. adjoint (M k) * P k x M k)
n) using p’ by auto
then show matriz-sum d (k. adjoint (M k) * Pk x M k) n <p 1,, d using
lowner-le-def d by auto
qed

definition hoare-total-correct :: complex mat = com = complex mat = bool (<=

{(1-)}/ (-)/ {(1-)}> 50) where
E: {P} S {Q} «+— (Vo€edensity-states. trace (P * 9) < trace (Q * denote S p))

definition hoare-partial-correct :: compler mat = com = complex mat = bool

(Fp {19}/ ()7 {(1-)p> 50) where

E, {P} S {Q} «— (Vpedensity-states. trace (P * o) < trace (Q * denote S p)
+ (trace o — trace (denote S 0)))
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lemma total-implies-partial:
assumes S: well-com S
and total: = {P} S {Q}
shows =, {P} S {Q}
proof —
have trace (P * 0) < trace (Q % denote S o) + (trace o — trace (denote S p)) if
0: 0 € density-states for o
proof —
have trace (P % 0) < trace (Q * denote S p)
using total hoare-total-correct-def o by auto
moreover have trace (denote S o) < trace
using denote-trace| OF S] o density-states-def by auto
ultimately show ?thesis by (auto simp: less-eq-complex-def)
qed
then show ?thesis
using hoare-partial-correct-def by auto
qed

lemma predicate-prob-positive:
assumes 0,, d d <; P
and ¢ € density-states
shows 0 < trace (P * p)
proof —
have trace (0., d d * g) < trace (P * o)
apply (rule lowner-le-traceD)
using assms unfolding lowner-le-def density-states-def by auto
then show ?thesis
using assms(2) density-states-def by auto
qed

lemma total-pre-zero:
assumes S: well-com S
and Q: is-quantum-predicate Q
shows =, {0, d d} S {Q}
proof —
have trace (0., d d x 9) < trace (Q * denote S p) if o0: o € density-states for o
proof —
have 1: trace (0, d d % 0) = 0
using o unfolding density-states-def by auto
show ?thesis
apply (subst 1)
apply (rule predicate-prob-positive)
subgoal apply (simp add: lowner-le-def, subgoal-tac @ — 0., d d = @) using
Q is-quantum-predicate-def|of Q] by auto
subgoal using denote-density-states o0 S by auto
done
qed
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then show ?thesis
using hoare-total-correct-def by auto
qed

lemma partial-post-identity:
assumes S: well-com S
and P: is-quantum-predicate P
shows =, {P} S {1,, d}
proof —
have trace (P * ¢) < trace (1,, d * denote S o) + (trace 0 — trace (denote S
0)) if o: o € density-states for o
proof —
have denote S ¢ € carrier-mat d d
using S denote-dim o density-states-def by auto
then have trace (1,, d * denote S g) = trace (denote S )
by auto
moreover have trace (P x 9) < trace (1, d x o)
apply (rule lowner-le-traceD)
using o unfolding density-states-def apply auto
using P is-quantum-predicate-def by auto
ultimately show Zthesis
using density-states-def that by auto
qed
then show ?thesis
using hoare-partial-correct-def by auto
qged

6.1 Weakest liberal preconditions

definition is-weakest-liberal-precondition :: compler mat = com = complex mat
= bool where
is-weakest-liberal-precondition W S P <—
is-quantum-predicate W A =, {W} S {P} A (V Q. is-quantum-predicate Q@ —
Fp {Q S{P} — Q@ <L W)

definition wip-measure :: nat = (nat = complex mat) = ((complex mat = com-
plex mat) list) = complex mat = complex mat where
wip-measure n M WS P = matriz-sum d (Ak. adjoint (M k) = ((WSk) P) = (M

fun wip-while-n :: complex mat = complex mat = (complex mat = complex mat)
= nat = complex mat = complex mat where

wlp-while-n MO0 M1 WS 0P = 1,, d
| wip-while-n MO M1 WS (Suc n) P = adjoint MO * P x M0 + adjoint M1 x (WS
(wlp-while-n M0 M1 WS n P)) x M1

lemma measurement2-leq-one-mat:
assumes dP: P € carrier-mat d d and dQ: Q € carrier-mat d d
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and leP: P <p 1,, d and leQ: Q <y 1,, d and m: measurement d 2 M
shows (adjoint (M 0) x P x (M 0) + adjoint (M 1) x Q x (M 1)) <, 1,, d
proof —
define M0 where M0 = M 0
define M1 where M1 = M 1
have dM0: M0 € carrier-mat d d and dM1: M1 € carrier-mat d d using m
MO-def M1-def measurement-def by auto

have adjoint M1 * Q x M1 <p, adjoint M1 % 1,, d x M1
using lowner-le-keep-under-measurement|OF dM1 dQ - leQ] by auto
then have lel: adjoint M1 x Q x M1 <p adjoint M1 x M1 using dM1 dQ by
fastforce
have adjoint MO * P x M0 <p adjoint M0 * 1,, d * MO
using lowner-le-keep-under-measurement| OF dM0 dP - leP] by auto
then have le0: adjoint MO « P x M0 <p adjoint MO x MO
using dMO0 dP by fastforce
have adjoint MO * P «+ M0 + adjoint M1 % Q = M1 <p adjoint MO = MO +
adjoint M1 = M1
apply (rule lowner-le-add|of adjoint MO * P x M0 d adjoint M0 * MO adjoint
M1 % Q x M1 adjoint M1 x M1])
using dM0 dP dM1 dQ le0 lel by auto
also have ... = 1, d using m M0-def MI1-def measurement-id2 by auto
finally show adjoint M0 x P x MO + adjoint M1 x @ x M1 <p 1,, d.
qed

lemma wip-while-n-close:
assumes close: \P. is-quantum-predicate P => is-quantum-predicate (WS P)
and m: measurement d 2 M and qpP: is-quantum-predicate P
shows is-quantum-predicate (wip-while-n (M 0) (M 1) WS k P)
proof (induct k)
case ()
then show ?case
unfolding wip-while-n.simps is-quantum-predicate-def using positive-one[of d]
lowner-le-refllof 1,, d] by fastforce
next
case (Suc k)
define M0 where M0 = M 0
define M1 where M1 = M 1
define W where W k = wip-while-n M0 M1 WS k P for k
show ?case unfolding wlp-while-n.simps is-quantum-predicate-def
proof (fold M0-def M1-def, fold W-def, auto)
have dM0: M0 € carrier-mat d d and dM1: M1 € carrier-mat d d using m
MO-def M1-def measurement-def by auto
have dP: P € carrier-mat d d using qpP is-quantum-predicate-def by auto
have qpWk: is-quantum-predicate (W k) using Suc MO-def M1-def W-def by
auto
then have ¢p WWk: is-quantum-predicate (WS (W k)) using close by auto
from gpWk have dWk: W k € carrier-mat d d using is-quantum-predicate-def
by auto
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from gp WWEk have dWWk: WS (W k) € carrier-mat d d using is-quantum-predicate-def
by auto

show adjoint MO * P x+ MO + adjoint M1 = WS (W k) x M1 € carrier-mat d
d using dM0 dP dM1 dW Wk by auto

have pP: positive P using qpP is-quantum-predicate-def by auto
then have pMOP: positive (adjoint MO x P x M0)
using positive-close-under-left-right-mult-adjoint[ OF adjoint-dim[OF dM0]]
dM0 dP adjoint-adjoint[of MO] by auto
have pWWk: positive (WS (W k)) using gp WWk is-quantum-predicate-def by
auto
then have pM1WWk: positive (adjoint M1 «+ WS (W k) « M1)
using positive-close-under-left-right-mult-adjoint| OF adjoint-dim[OF dM1]]
dM1 dWWE adjoint-adjoint[of M1] by auto
then show positive (adjoint MO * P x MO + adjoint M1 «+ WS (W k) x M1)
using positive-add|OF pMOP pM1WWk] dM0 dP dM1 dWWk by fastforce

have leWWk: WS (W k) <p, 1,,, d using gp WWk is-quantum-predicate-def by
auto
have leP: P <j 1,, d using ¢qpP is-quantum-predicate-def by auto
show (adjoint MO x P x MO + adjoint M1 « WS (W k) « M1) <p 1, d
using measurement2-leq-one-mat[OF dP dWWE leP leWWk m] M0O-def M1-def
by auto
qed
qed

lemma wlip-while-n-mono:
assumes AP. is-quantum-predicate P = is-quantum-predicate (WS P)
and AP Q. is-quantum-predicate P —> is-quantum-predicate Q@ — P <p Q
= WS P <, WSQ
and measurement d 2 M
and is-quantum-predicate P
and is-quantum-predicate @
and P < @
shows (wip-while-n (M 0) (M 1) WS k P) <p (wlp-while-n (M 0) (M 1) WSk
Q)
proof (induct k)
case (
then show ?case unfolding wip-while-n.simps using lowner-le-refl[of 1,, d] by
fastforce
next
case (Suc k)
define M0 where M0 = M 0
define M1 where M1 = M 1
have dM0: M0 € carrier-mat d d and dM1: M1 € carrier-mat d d using assms
MO-def M1-def measurement-def by auto
define W where W P k = wlp-while-n M0 M1 WS k P for k P

have dP: P € carrier-mat d d and dQ: @ € carrier-mat d d using assms
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is-quantum-predicate-def by auto

have eql: W P (Suc k) = adjoint M0 * P « M0 + adjoint M1 « (WS (W P k))
x M1 unfolding W-def wilp-while-n.simps by auto

have eq2: W Q (Suc k) = adjoint M0 * Q * M0 + adjoint M1 x (WS (W Q k))
*x M1 unfolding W-def wilp-while-n.simps by auto

have lel: adjoint MO = P x M0 <p, adjoint M0 x Q *x M0 using lowner-le-keep-under-measurement
dMO dP dQ assms by auto

have leWk: (W P k) <p (W Q k) unfolding W-def M0-def M1-def using Suc
by auto

have qp WPk: is-quantum-predicate (W P k) unfolding W-def MO-def M1-def
using wlp-while-n-close assms by auto

then have is-quantum-predicate (WS (W P k)) unfolding W-def M0-def M1-def
using assms by auto

then have dWWPk: (WS (W Pk)) € carrier-mat d d using is-quantum-predicate-def
by auto

have gpWQk: is-quantum-predicate (W @ k) unfolding W-def MO0-def M1-def
using wlp-while-n-close assms by auto

then have is-quantum-predicate (WS (W @ k)) unfolding W-def M0-def M1-def
using assms by auto

then have dWWQk: (WS (W Q k)) € carrier-mat d d using is-quantum-predicate-def
by auto

have (WS (W P k)) <p (WS (W Q k)) using gqp WPk qpWQk leWk assms by
auto
then have le2: adjoint M1 x (WS (W P k)) x M1 < adjoint M1 % (WS (W
Qk) = Mt
using lowner-le-keep-under-measurement dM1 dWWPk dWWQk by auto

have (adjoint M0 * P x M0 + adjoint M1 « (WS (W P k)) « M1) <p, (adjoint
MO x Q x M0 + adjoint M1 « (WS (W Q k)) x M1)
using lowner-le-add[OF - - - - lel le2] dMO dP dM1 dQ dWWPkL dWWQk lel
le2 by fastforce

then have W P (Suc k) < W @ (Suc k) using eql eq2 by auto
then show ?case unfolding W-def MO-def M1-def by auto
qed

definition wip-while :: complex mat = complex mat = (complex mat = complex
mat) = complex mat = complex mat where
wip-while MO M1 WS P = (THE Q. limit-mat (An. wlp-while-n M0 M1 WS n

P) Q d)

lemma wip-while-exists:
assumes AP. is-quantum-predicate P = is-quantum-predicate (WS P)
and AP Q. is-quantum-predicate P = is-quantum-predicate Q = P < Q
= WS P <, WSQ
and m: measurement d 2 M
and gpP: is-quantum-predicate P
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shows is-quantum-predicate (wip-while (M 0) (M 1) WS P)
A (Vn. (wlp-while (M 0) (M 1) WS P) <p (wlp-while-n (M 0) (M 1) WS n
P))
ANNVWL (Vo W <y (wlp-whilen (M 0) (M 1) WS n P)) — W' <,
(wlp-while (M 0) (M 1) WS P))
A limit-mat (An. wip-while-n (M 0) (M 1) WS n P) (wlp-while (M 0) (M 1)
WS P) d
proof (auto)
define M0 where M0 = M 0
define M1 where M1 = M 1
have dM0: M0 € carrier-mat d d and dM1: M1 € carrier-mat d d using assms
MO-def M1-def measurement-def by auto
define W where W k = wlp-while-n M0 M1 WS k P for k
have leP: P <y 1,, d and dP: P € carrier-mat d d and pP: positive P using
qpP is-quantum-predicate-def by auto
have pMOP: positive (adjoint MO * P x M0)
using positive-close-under-left-right-mult-adjoint[ OF adjoint-dim|[OF dM0]] ad-
joint-adjoint|of M0O] dP pP by auto

have le-gp: W (Suc k) <p Wk A is-quantum-predicate (W k) for k
proof (induct k)
case (
have is-quantum-predicate (1,, d)
unfolding is-quantum-predicate-def using positive-one lowner-le-refl[of 1,
d] by fastforce
then have is-quantum-predicate (WS (1,, d)) using assms by auto
then have (WS (1,, d)) € carrier-mat d d and (WS (1., d)) <, 1., d using
is-quantum-predicate-def by auto
then have W 1 <; W 0 unfolding W-def wip-while-n.simps MO-def M1-def
using measurement2-leg-one-mat[OF dP - leP - m] by auto
moreover have is-quantum-predicate (W 0) unfolding W-def wip-while-n.simps
is-quantum-predicate-def
using positive-one lowner-le-refl[of 1,, d] by fastforce
ultimately show ?case by auto
next
case (Suc k)
then have leWSk: W (Suc k) <p, Wk and qpWk: is-quantum-predicate (W
k) by auto
then have is-quantum-predicate (WS (W k)) using assms by auto
then have dWWk: WS (W k) € carrier-mat d d and leWWk1: (WS (W k))
<p 1, d and pWWk: positive (WS (W k))
using is-quantum-predicate-def by auto
then have leWSk1: W (Suc k) <p 1., d using measurement2-leg-one-mat[OF
dP dWWk leP leWWk1 m]
unfolding W-def wip-while-n.simps M0O-def M1-def by auto
then have dWSk: W (Suc k) € carrier-mat d d using lowner-le-def by fastforce
have pM1WWk: positive (adjoint M1 = (WS (W k)) = M1)
using positive-close-under-left-right-mult-adjoint| OF adjoint-dim[OF dM1]
AWWk pWWE] adjoint-adjoint[of M1] by auto
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have pWSk: positive (W (Suc k)) unfolding W-def wip-while-n.simps apply

(fold W-def)
using positive-add|OF pMOP pM1WWEk] dM0 dP dM1 by fastforce

have qp WSk:is-quantum-predicate (W (Suc k)) unfolding is-quantum-predicate-def
using dWSk pWSk leWSkI by auto

then have gp WWSk: is-quantum-predicate (WS (W (Suc k))) using assms(1)
by auto

then have dWWSk: (WS (W (Suck))) € carrier-mat d d using is-quantum-predicate-def
by auto

have WS (W (Suc k)) < WS (W k) using assms(2)[OF qp WSk qp Wk] le WSk
by auto
then have adjoint M1 = WS (W (Suc k)) « M1 <, adjoint M1 = WS (W k)
* M1
using lowner-le-keep-under-measurement[OF dM1 dWWSk dWWE] by auto
then have (adjoint M0 * P x M0 + adjoint M1 « WS (W (Suc k)) x M1)
< (adjoint MO x P x* MO + adjoint M1 x WS (W k) x M1)
using lowner-le-add[of - d - adjoint M1 « WS (W (Suc k)) * M1 adjoint M1
x WS (W k) M1,
OF - - - - lowner-le-refl[of adjoint MO x P « M0]] dM0 dM1 dP dWWSk
dWWE by fastforce
then have W (Suc (Suc k)) <p W (Suc k) unfolding W-def wip-while-n.simps
by auto
with ¢p WSk show ?case by auto
qed
then have dWk: W k € carrier-mat d d for k using is-quantum-predicate-def
by auto
then have dmWk: — W k € carrier-mat d d for k by auto
have incmWk: — (W k) <p — (W (Suc k)) for k using lowner-le-swap|of W
(Suc k) d W k] dWE le-gp by auto
have pWk: positive (W k) for k using le-qp is-quantum-predicate-def by auto
have ubmWk: — Wk <p 0,, d d for k
proof —
have 0,, d d <; W k for k using zero-lowner-le-positivel dWk p Wk by auto
then have — Wk <; — 0,, d d for k using lowner-le-swaplof 0, d d d W k]
dWk by auto
moreover have (— 0, d d :: complex mat) = (0., d d) by auto
ultimately show #thesis by auto
qed

have 3 B. lowner-is-lub (Ak. — W k) B A limit-mat (A\k. — W k) Bd
using mat-inc-seq-lublof A\k. — Wk d 0y, d d] dmWk incm Wk ubm Wk by auto

then obtain B where lubB: lowner-is-lub (Ak. — W k) B and limB: limit-mat
(Mk. — W k) B d by auto

then have dB: B € carrier-mat d d using limit-mat-def by auto

define A where A = — B

then have dA: A € carrier-mat d d using dB by auto

have limit-mat (A\k. (=1) -m (— WEk)) (=1 - B) d using limit-mat-scale[OF
limB] by auto
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moreover have Wk = —1 -, (— Wk) for k using dWk by auto

moreover have —1 -, B = — B by auto

ultimately have limA: limit-mat W A d using A-def by auto

moreover have (limit-mat WA' d = A’ = A) for A’ using limit-mat-unique[of
W A d] limA by auto

ultimately have eqA: (wlp-while (M 0) (M 1) WS P) = A unfolding wip-while-def
W-def MO-def M1-def
using the-equality[of A\X. limit-mat (An. wip-while-n (M 0) (M 1) WS n P) X

d A] by fastforce

show limit-mat (An. wip-while-n (M 0) (M (Suc 0)) WS n P) (wilp-while (M 0)
(M (Suc 0)) WS P) d
using limA eqA unfolding W-def MO-def M1-def by auto

have — Wk <; B for k using lubB lowner-is-lub-def by auto

then have glbA: A <; Wk for k unfolding A-def using lowner-le-swap|[of —
Wk d] dB dWk by fastforce

then show An. wip-while (M 0) (M (Suc 0)) WS P <p wip-while-n (M 0) (M
(Suc 0)) WS n P using egA unfolding W-def M0-def M1-def by auto

have Wk <; 1,, d for k using le-¢gp unfolding is-quantum-predicate-def by
auto

then have positive (1,, d — W k) for k using lowner-le-def by auto
moreover have limit-mat (A\k. 1, d — Wk) (1,, d — A) d using mat-minus-limit
limA by auto

ultimately have positive (1,, d — A) using pos-mat-lim-is-pos by auto

then have leA1: A <p 1,, d using dA lowner-le-def by auto

have pA: positive A using pos-mat-lim-is-pos limA pWk by auto

show is-quantum-predicate (wip-while (M 0) (M (Suc 0)) WS P) unfolding
is-quantum-predicate-def using pA dA leA1 eqA by auto

{
fix W' assume asmW"Vk. W'<;, Wk

then have dW': W' € carrier-mat d d unfolding lowner-le-def using car-
rier-matD[OF dWE| by auto
then have — Wk <; — W' for k using lowner-le-swap dWk asmW' by auto
then have B <; — W' using lubB unfolding lowner-is-lub-def by auto
then have W' <; A unfolding A-def
using lowner-le-swaplof B d — W' dB dW' by auto
then have W' < wip-while (M 0) (M 1) WS P using eqA by auto
}
then show AW'. Vn. W' <y wlp-while-n (M 0) (M (Suc 0)) WSn P = W'
<p wip-while (M 0) (M (Suc 0)) WS P
unfolding W-def M0O-def M1-def by auto
qed

lemma wlip-while-mono:
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assumes AP. is-quantum-predicate P = is-quantum-predicate (WS P)
and AP Q. is-quantum-predicate P —> is-quantum-predicate Q@ — P <p Q
= WS P <, WSQ
and measurement d 2 M
and is-quantum-predicate P
and is-quantum-predicate
and P <;, @
shows wip-while (M 0) (M 1) WS P <p wip-while (M 0) (M 1) WS Q
proof —
define M0 where M0 = M 0
define M1 where M1 = M 1
have dM0: M0 € carrier-mat d d and dM1: M1 € carrier-mat d d using assms
MO-def M1-def measurement-def by auto
define Wn where Wn P k = wip-while-n M0 M1 WS k P for P k
define W where W P = wlip-while M0 M1 WS P for P
have lePQk: Wn P k <; Wn @Q k for k unfolding Wn-def M0O-def M1-def
using wilp-while-n-mono assms by auto
have is-quantum-predicate (Wn P k) for k unfolding Wn-def M0-def M1-def
using wlp-while-n-close assms by auto
then have dWPk: Wn P k € carrier-mat d d for k using is-quantum-predicate-def
by auto
have is-quantum-predicate (Wn @ k) for k unfolding Wn-def M0O-def M1-def
using wlp-while-n-close assms by auto
then have dWQk: Wn Q k € carrier-mat d d for k using is-quantum-predicate-def
by auto
have is-quantum-predicate (W P) and lePk: (W P) <; (Wn P k) and limit-mat
(Wn P) (W P) d for k
unfolding W-def Wn-def M0O-def M1-def using wilp-while-exists assms by auto
then have dWP: W P € carrier-mat d d using is-quantum-predicate-def by
auto
have is-quantum-predicate (W Q) and (W Q) <p (Wn Q k)
and ¢glb:(Vk. W' <p (Wn Qk)) — W' <p (W Q) and limit-mat (Wn Q) (W
Q) d for k W'
unfolding W-def Wn-def M0O-def M1-def using wilp-while-exists assms by auto

have W P <; Wn Q k for k using lowner-le-trans[of W P d Wn P k Wn Q k]
lePk lePQk dWPk dWQk dWP by auto

then show W P <; W @ using glb by auto
qed

fun wlp :: com = complex mat = complex mat where
wlp SKIP P = P
| wlp (Utrans U) P = adjoint U x P x U
| wlp (Seq S1 52) P = wip S1 (wlp S2 P)
| wlp (Measure n M S) P = wlp-measure n M (map wip S) P
| wlp (While M S) P = wip-while (M 0) (M 1) (wlp S) P

lemma wip-measure-expand-m:
assumes m: m < n and wc: well-com (Measure n M S)
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shows wlp (Measure m M S) P = matriz-sum d (Ak. adjoint (M k) % (wlp (S'k)
P)x (M k) m
unfolding wlip.simps wilp-measure-def
proof —
have k < m = map wlp S ! k = wlp (S'k) for k using wc m by auto
then have k < m = (map wlp S ' k) P = wlp (S'k) P for k by auto
then show matriz-sum d (k. adjoint (M k) = ((map wlp S k) P) x (M k)) m
= matriz-sum d (Ak. adjoint (M k) = (wlp (S'k) P) x (M k)) m
using matriz-sum-cong[of m k. adjoint (M k) * ((map wilp S k) P) = (M k)
Ak. adjoint (M k) = (wlp (S'k) P) x (M k)] by auto
qged

lemma wip-measure-expand:
assumes wc: well-com (Measure n M S)
shows wip (Measure n M S) P = matriz-sum d (Ak. adjoint (M k) * (wlp (S'k)
using wip-measure-expand-m[OF Nat.le-refl[of n]] we by auto

lemma wip-mono-and-close:

shows well-com S = is-quantum-predicate P = is-quantum-predicate QQ =
P <, Q

= is-quantum-predicate (wlp S P) A wlp S P <p, wlp S @

proof (induct S arbitrary: P Q)

case SKIP

then show “case by auto
next

case (Utrans U)

then have dU: U € carrier-mat d d and u: unitary U and qp: is-quantum-predicate
P and le: P < @

and dP: P € carrier-mat d d and dQ: Q € carrier-mat d d using is-quantum-predicate-def
by auto

then have gp”: is-quantum-predicate (wlp (Utrans U) P) using gp-close-under-unitary-operator
by auto

moreover have adjoint U x P x U <y, adjoint U * @ x U using lowner-le-keep-under-measurement[ OF
dU dP dQ le] by auto

ultimately show ?case by auto
next

case (Seq S1 52)

then have ¢pP: is-quantum-predicate P and qpQ: is-quantum-predicate ) and
wel: well-com S1 and we2: well-com S2

and dP: P € carrier-mat d d and dQ: Q € carrier-mat d d and le: P <p,

Qusing is-quantum-predicate-def by auto

have ¢pP2: is-quantum-predicate (wlp S2 P) using Seq qpP wc2 by auto

have ¢pQ2: is-quantum-predicate (wlp S2 @) using Seq(2)[OF wc2 qp@ qpQ)
lowner-le-refl dQ by blast

have ¢pP1: is-quantum-predicate (wlp S1 (wlp S2 P))

using Seq(1)[OF wel qpP2 qpP2] qpP2 is-quantum-predicate-def|of wlp S2 P]

lowner-le-refl by auto

have wip S2 P <p wlp S2 @ using Seq(2) wc2 qpP qpQ le by auto
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then have wlp S1 (wip S2 P) <y wip S1 (wlp S2 Q) using Seq(1) wcl qpP2
qpQ2 by auto
then show ?case using ¢pP1 by auto
next
case (Measure n M S)
then have wc: well-com (Measure n M S) and wck: k < n = well-com (S'k)
and I: length S = n
and m: measurement d n M and le: P < @
and gpP: is-quantum-predicate P and dP: P € carrier-mat d d
and gpQ: is-quantum-predicate @@ and dQ: @ € carrier-mat d d
for k using measure-well-com is-quantum-predicate-def by auto
have dMk: k < n = M k € carrier-mat d d for k using m measurement-def
by auto
have set: k < n = Sk € set S for k using [ by auto
have gqpk: k < n = is-quantum-predicate (wlp (S'k) P) for k
using Measure(1)[OF set wck gpP gpP] lowner-le-refi[of P] dP by auto
then have dWEKP: k < n = wip (S'k) P € carrier-mat d d for k using
is-quantum-predicate-def by auto
then have dMkP: k < n = adjoint (M k) x (wlp (S'k) P) * (M k) € carrier-mat
d d for k using dMk by fastforce
have k < n = is-quantum-predicate (wip (S'k) Q) for k
using Measure(1)[OF set wck qpQ qpQ] lowner-le-refi[of Q] dQ by auto
then have dWkQ: k < n = wlp (S'k) Q € carrier-mat d d for k using
is-quantum-predicate-def by auto
then have dMkQ: k < n => adjoint (M k) * (wlp (S'k) Q) * (M k) € carrier-mat
d d for k using dMk by fastforce
have k < n = wip (S'k) P <p wip (S'k) Q for k
using Measure(1)[OF set wck qpP qpQ le] by auto
then have k < n = adjoint (M k) x (wlp (S'k) P) x (M k) < adjoint (M k)
* (wlp (S'k) Q) x (M k) for k
using lowner-le-keep-under-measurement| OF dMk dWkP dWkQ)] by auto
then have le”: wlp (Measure n M S) P <p, wlp (Measure n M S) @ unfolding
wip-measure-expand[ OF wc]
using lowner-le-matriz-sum dMkP dMkQ by auto
have qp”: is-quantum-predicate (wlp (Measure n M S) P) unfolding wip-measure-expand| OF
we]
using g¢ps-after-measure-is-qp|OF m| gpk by auto
show ?Zcase using le’ gp’ by auto
next
case (While M §)
then have m: measurement d 2 M and wcs: well-com S
and qpP: is-quantum-predicate P
by auto
have closeWS: is-quantum-predicate P = is-quantum-predicate (wlp S P) for
P
proof —
assume asm: is-quantum-predicate P
then have dP: P € carrier-mat d d using is-quantum-predicate-def by auto
then show is-quantum-predicate (wlp S P) using While(1)[OF wcs asm asm
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lowner-le-refl] dP by auto
qed
have monoWS: is-quantum-predicate P —> is-quantum-predicate Q =— P <[,
Q= wlp SP<y, wlpSQfor PQ
using While(1)[OF wcs] by auto
have is-quantum-predicate (wlp (While M S) P)
using wip-while-exists[of wip S M P)] closeWS monoWS m ¢pP by auto
moreover have wlp (While M S) P <y wlp (While M §) Q
using wip-while-monolof wlp S M P Q] closeWS monoWS m While by auto
ultimately show ?case by auto
qged

lemma wip-close:

assumes wc: well-com S and gp: is-quantum-predicate P

shows is-quantum-predicate (wlp S P)

using wip-mono-and-close[OF we qp qp] is-quantum-predicate-def|of P] qp lowner-le-refi
by auto

lemma wip-soundness:
well-com S =
(AP. (is-quantum-predicate P —>
(Vo € density-states. trace (wlp S P x g) = trace (P * (denote S 9)) + trace
0 — trace (denote S 0))))
proof (induct S)
case SKIP
then show ?case by auto
next
case (Utrans U)
then have dU: U € carrier-mat d d and u: unitary U and wc: well-com (Utrans
U)
and gp: is-quantum-predicate P and dP: P € carrier-mat d d using is-quantum-predicate-def
by auto
have qp’: is-quantum-predicate (wlp (Utrans U) P) using wip-close[OF we qp]
by auto
have eql: trace (adjoint U x P x U % g) = trace (P * (U * o * adjoint U)) if
dr: o € carrier-mat d d for o
using dr dP apply (mat-assoc d) using wc by auto
have eq2: trace (U * ¢ x adjoint U) = trace g if dr: 9 € carrier-mat d d for o
using unitary-operator-keep-trace]| OF adjoint-dim[OF dU] dr unitary-adjoint| OF
dU u]] adjoint-adjoint[of U] by auto
show ?case using qp’ eql eq2 density-states-def by auto
next
case (Seq S1 52)
then have ¢p: is-quantum-predicate P and wcl: well-com S1 and wc2: well-com
S2 by auto
then have ¢p2: is-quantum-predicate (wlp S2 P) using wip-close by auto
then have g¢p1: is-quantum-predicate (wlp S1 (wlp S2 P)) using wlip-close wel
by auto
have eql: trace (wlp S2 P * g) = trace (P * denote S2 o) + trace o — trace
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(denote S2 p)
if ds: o € density-states for p using Seq(2) wc2 gp ds by auto
have eq2: trace (wlp S1 (wlp S2 P) = o) = trace ((wlp S2 P) * denote S1 o) +
trace o — trace (denote S1 o)
if ds: o € density-states for o using Seq(1) wcl qp2 ds by auto
have eq3: trace (wlp S1 (wlp S2 P) % o) = trace (P * (denote S2 (denote S1
0))) + trace ¢ — trace (denote S2 (denote S1 p))
if ds: p € density-states for o
proof —
have denote S1 ¢ € density-states
using ds denote-density-states wcl by auto
then have trace ((wlp S2 P) % denote S1 p) = trace (P % denote S2 (denote
S1 0)) + trace (denote S1 p) — trace (denote S2 (denote S1 p))
using eq! by auto
then show trace (wip S1 (wlp S2 P) x o) = trace (P x (denote S2 (denote S1
0))) + trace o — trace (denote S2 (denote S1 0))
using eq2 ds by auto
qed
then show ?case using ¢p! by auto
next
case (Measure n M S)
then have wc: well-com (Measure n M S)
and wck: k < n = well-com (S'k)
and qpP: is-quantum-predicate P
and dP: P € carrier-mat d d
and @pWk: k < n = is-quantum-predicate (wlp (S'k) P)
and dWk: k < n = (wlp (S'k) P) € carrier-mat d d
and c¢: k < n = g € density-states = trace (wlp (S'k) P * o) = trace (P
denote (S'k) o) + trace o — trace (denote (S'k) o)
and m: measurement d n M
and aMMFkleq: k < n = adjoint (M k) « Mk <p 1,, d
and dMk: k < n = Mk € carrier-mat d d
for k o using is-quantum-predicate-def measurement-def measure-well-com mea-
surement-le-one-mat wip-close by auto
{
fix o assume p: ¢ € density-states
then have dr: o € carrier-mat d d and pdor: partial-density-operator ¢ using
density-states-def by auto
have dsr: k < n = (Mk) * o * adjoint (M k) € density-states for k unfolding
density-states-def
using dMk pdo-close-under-measurement|OF dMk dr pdor aMMkleq) dr by
fastforce
then have legk: k < n = trace (wlp (S'k) P * (M k) x o * adjoint (M k)))

trace (P * (denote (S'k) ((M k) * o * adjoint (M k)))) +
(trace (M k) * o x adjoint (M k)) — trace (denote (S ! k) (M k) * ¢ * adjoint
(M k)))) for k
using ¢ by auto
have k < n = M k x ¢ x adjoint (M k) € carrier-mat d d for k using dMk
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dr by fastforce
then have dsMrk: k < n = matriz-sum d (A\k. (M k * ¢ * adjoint (M k))) k
€ carrier-mat d d for k
using matriz-sum-dim[of k Ak. (M k * o % adjoint (M k)) d] by fastforce
have k < n = adjoint (M k) % (wlp (S'k) P) « M k € carrier-mat d d for k
using dMk by fastforce
then have dsMW: k < n = matriz-sum d (Ak. adjoint (M k) * (wlp (S'k)
P) x M k) k € carrier-mat d d for k
using matriz-sum-dim[of k Ak. adjoint (M k) * (wlp (S'k) P) * M k d] by
fastforce
have dSMrk: k < n => denote (S k) (M k x 0 x adjoint (M k)) € carrier-mat
d d for k
using denote-dim|OF wck, of k M k * o x adjoint (M k)] dsr density-states-def
by fastforce
have dsSMrk: k < n = matriz-sum d (Ak. denote (S'k) (M k * o x adjoint
(M k))) k € carrier-mat d d for k
using matriz-sum-dim[of k \k. denote (S 1 k) (M k % ¢ * adjoint (M k)) d,
OF dSMrk] by fastforce
have k < n —
trace (matriz-sum d (k. adjoint (M k) = (wlp (S'k) P) * M k) k % o)
= trace (P x (denote (Measure k M S) o)) + (trace (matriz-sum d (Ak. (M
k) x 0 * adjoint (M k)) k) — trace (denote (Measure k M S) p)) for k
unfolding denote-measure-expand[OF - wc]
proof (induct k)
case ()
then show ?case unfolding matriz-sum.simps using dP dr by auto
next
case (Suc k)
then have k: k < n by auto
have eql: trace (matriz-sum d (Ak. adjoint (M k) = (wlp (S'k) P) = M k)
(Suc k) * o)
= trace (adjoint (M k) * (wlp (S'k) P) x M k x 9) + trace (matriz-sum d
(Ak. adjoint (M k) * (wlp (S'k) P) « M k) k = o)
unfolding matriz-sum.simps
using dMk[OF k| dWE[OF k] dr dsMW|OF k] by (mat-assoc d)

have trace (adjoint (M k) * (wlp (S'k) P) « M k % 0) = trace ((wlp (S'k) P)
x (M k x o x adjoint (M k)))
using dMk[OF k] dWE[OF k| dr by (mat-assoc d)
also have ... = trace (P * (denote (S'k) (M k) % o * adjoint (M k)))) +
(trace (M k) * o x adjoint (M k)) — trace (denote (S ! k) (M k) * o *
adjoint (M k)))) using legk k by auto
finally have eq2: trace (adjoint (M k) * (wlp (S'k) P) * M k x o) = trace
(P * (denote (S'k) (M k) % o * adjoint (M k)))) +
(trace (M k) % o * adjoint (M k)) — trace (denote (S ! k) (M k) x o *
adjoint (M k)))) .

have eq3: trace (P * matriz-sum d (Ak. denote (S'k) (M k x ¢ x adjoint (M
k))) (Suc k))
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= trace (P x (denote (S'k) (M k x o x adjoint (M k)))) + trace (P x*
matriz-sum d (Ak. denote (S'k) (M k = o % adjoint (M k))) k)
unfolding matriz-sum.simps
using dP dSMrk[OF k] dsSMrk[OF k] by (mat-assoc d)

have eq/: trace (denote (S ! k) (M k x o * adjoint (M k)) + matriz-sum d
(Xk. denote (S'k) (M k x o * adjoint (M k))) k)
= trace (denote (S| k) (M k * o * adjoint (M k))) + trace (matriz-sum d
(Ak. denote (S'k) (M k = o * adjoint (M k))) k)
using dSMrk[OF k] dsSMrk[OF k] by (mat-assoc d)

show ?case
apply (subst eql) apply (subst eq3)
apply (simp del: less-eq-complex-def)
apply (subst trace-add-linear[of M k % o x adjoint (M k) d matriz-sum d
(Mk. Mk % o * adjoint (M k)) k])
apply (simp add: dMk adjoint-dim[OF dME] dr mult-carrier-mat[of - d d
-d] k)
apply (simp add: dsMrk k)
apply (subst eqf)
apply (insert eq2 Suc(1) k, fastforce)
done
qed
then have leg: trace (matriz-sum d (Ak. adjoint (M k) x (wlp (S'k) P) * M k)
n * o)
= trace (P x denote (Measure n M S) o) +
(trace (matriz-sum d (A\k. (M k) * o * adjoint (M k)) n) — trace (denote
(Measure n M S) p))
by auto
have trace (matriz-sum d (k. (M k) * o * adjoint (M k)) n) = trace o using
trace-measurement m dr by auto

with leg have trace (matriz-sum d (k. adjoint (M k) x (wlp (S'k) P) « M k)
n * o)
= trace (P * denote (Measure n M S) o) + (trace o — trace (denote (Measure
nMS) o))
unfolding denote-measure-def by auto
}

then show ?case unfolding wip-measure-expand|OF wc] by auto
next
case (While M S)
then have ¢pP: is-quantum-predicate P and dP: P € carrier-mat d d
and weS: well-com S and m: measurement d 2 M and wc: well-com ( While M
S)
using is-quantum-predicate-def by auto
define M0 where M0 = M 0
define M1 where M1 = M 1
have dM0: M0 € carrier-mat d d and dM1: M1 € carrier-mat d d using m
measurement-def MO-def M1-def by auto
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have leM1: adjoint M1 « M1 <j, 1,, d using measurement-le-one-mat m M1-def
by auto

define W where W k = wlip-while-n M0 M1 (wip S) k P for k

define DS where DS = denote S

define D0 where D0 = denote-while-n M0 M1 DS

define D1 where D1 = denote-while-n-comp M0 M1 DS

define D where D = denote-while-n-iter M0 M1 DS

have egk: ¢ € density-states = trace (W k) * 9) = (O] k=0..<k. trace (P *
(DO k 0))) + trace ¢ — (3. k=0..<k. trace (DO k p)) for k o
proof (induct k arbitrary: o)
case 0
then have dsr: o € density-states by auto
show ?case unfolding W-def wip-while-n.simps using dsr density-states-def
by auto
next
case (Suc k)
then have dsr: o € density-states and dr: o € carrier-mat d d and pdor:
partial-density-operator ¢ using density-states-def by auto
then have dsMir: M1 % o *x adjoint M1 € density-states unfolding den-
sity-states-def using pdo-close-under-measurement|OF dM1 dr pdor leM1] dr dM1
by auto
then have dsDSMIr: (DS (M1 * o * adjoint M1)) € density-states unfolding
density-states-def DS-def
using denote-dim[OF wcS| denote-partial-density-operator|OF wcS| dsMIr
by auto
have gqpWk: is-quantum-predicate (W k)
using wlip-while-n-close[OF - m qpP, folded MO-def M1-def, of wip S, folded
W-def] wip-close[OF wcS| by auto
then have is-quantum-predicate (wlp S (W k)) using wip-close[OF wcS] by
auto
then have dWWk: wip S (W k) € carrier-mat d d using is-quantum-predicate-def
by auto

have trace (P x (M0 x ¢ * adjoint M0)) + (3. k=0..<k. trace (P x (D0 k (DS
(M1 x o * adjoint M1)))))
= trace (P * (D0 0 0)) + (3 k=0..<k. trace (P * (D0 (Suc k) 0)))
unfolding D0-def by auto
also have ... = trace (P x (D0 0 o)) + (. k=1..<(Suc k). trace (P * (D0 k
2))
using sum.shift-bounds-Suc-ivl[symmetric, of Ak. trace (P x (D0 k 0))] by
auto
also have ... = (3" k=0..<(Suc k). trace (P x (D0 k 0))) using sum.atLeast-Suc-lessThan[of
0 Suc k \k. trace (P = (DO k ))] by auto
finally have eqi: trace (P * (MO * ¢ x adjoint M0)) + (3. k=0..<k. trace (P
x (DO k (DS (M1 * o * adjoint M1)))))
= (> k=0..<(Suc k). trace (P = (D0 k 0))).

have eq2: trace (M1 * o * adjoint M1) = trace 9 — trace (MO * ¢ x adjoint
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MO0)
unfolding M0-def M1-def using m trace-measurement2[OF m dr] dr by
(simp add: algebra-simps)

have trace (M0 * ¢ * adjoint MO) + (3 k=0..<k. trace (DO k (DS (M1 * o *
adjoint M1))))
= trace (D0 0 ¢) + (>  k=0..<k. trace (DO (Suc k) p)) unfolding DO-def
by auto

also have ... = trace (D0 0 o) + (3. k=1..<(Suc k). trace (D0 k p))
using sum.shift-bounds-Suc-ivl[symmetric, of k. trace (DO k 0)] by auto
also have ... = (D] k=0..<(Suc k). trace (D0 k p))

using sum.atLeast-Suc-lessThanlof 0 Suc k \k. trace (DO k o)] by auto
finally have eq3: trace (M0 * o * adjoint M0) + (> k=0..<k. trace (D0 k
(DS (M1 * ¢ * adjoint M1)))) = (O k=0..<(Suc k). trace (DO k p)).

then have trace (M1 * ¢ * adjoint M1) — (> k=0..<k. trace (DO k (DS (M1
x 0 * adjoint M1))))
= trace p — (trace (MO * ¢ * adjoint M0O) + (> k=0..<k. trace (DO k (DS
(M1 x o * adjoint M1)))))
by (simp add: algebra-simps eq2)
then have eq: trace (M1 x o x adjoint M1) — (> k=0..<k. trace (DO k (DS
(M1 % ¢ * adjoint M1)))) = trace o — (D> k=0..<(Suc k). trace (DO k 0))
by (simp add: eq3)

have trace (W (Suc k)) * 9) = trace (P * (MO * ¢ * adjoint MO0)) + trace
((wlp S (W k)) * (M1 x o x adjoint M1))
unfolding W-def wip-while-n.simps
apply (fold W-def) using dM0 dP dM1 dWWk dr by (mat-assoc d)
also have ... = trace (P x (M0 * o * adjoint M0)) + trace (W k) = (DS
(M1 % o % adjoint M1))) + trace (M1 x ¢ * adjoint M1) — trace (DS (M1 * o *
adjoint M1))
using While(1)[OF wcS, of W k] qpWk dsM1r DS-def by auto
also have ... = trace (P * (M0 * ¢ * adjoint M0))
+ Q- k=0..<k. trace (P = (DO k (DS (M1 x o % adjoint M1))))) + trace
(DS (M1 * ¢ * adjoint M1)) — (3 k=0..<k. trace (DO k (DS (M1 % ¢  adjoint
M1))))
+ trace (M1 * ¢ % adjoint M1) — trace (DS (M1 * o * adjoint M1))
using Suc(1)[OF dsDSM1r] by auto
also have ... = trace (P x (M0 * ¢ * adjoint M0)) + (> k=0..<k. trace (P
x (DO k (DS (M1 * o * adjoint M1)))))
+ trace (M1 = ¢ % adjoint M1) — (3 k=0..<k. trace (DO k (DS (M1 * o x*
adjoint M1))))
by auto
also have ... = (3 k=0..<(Suc k). trace (P x (D0 k p))) + trace o —
>-k=0..<(Suc k). trace (DO k p))
by (simp add: eql eq4)
finally show ?case.
qged
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{

fix o assume dsr: g € density-states
then have dr: ¢ € carrier-mat d d and pdor: partial-density-operator p using
density-states-def by auto
have limDW: limit-mat (An. matriz-sum d (Ak. DO k o) (n)) (denote (While
M S) o) d
using limit-mat-denote-while-n[OF we dr pdor] unfolding D0-def MO-def
M1i-def DS-def by auto
then have limit-mat (An. (P x (matriz-sum d (A\k. DOk 0) (n)))) (P * (denote
(While M S) o)) d
using mat-mult-limit|OF dP] unfolding mat-mult-seq-def by auto
then have limtrPm: (An. trace (P * (matriz-sum d (Ak. DOk o) (n)))) ——
trace (P x (denote (While M S) o))
using mat-trace-limit by auto

with limDW have limtrDW:(An. trace (matriz-sum d (Ak. DOk o) (n))) ——
trace (denote (While M S) o)
using mat-trace-limit by auto

have limm: (An. trace (matriz-sum d (M\k. DOk o) (n))) ——— trace (denote
(While M S) o)
using mat-trace-limit limDW by auto

have closeWS: is-quantum-predicate P = is-quantum-predicate (wlp S P) for
P
proof —
assume asm: is-quantum-predicate P
then have dP: P € carrier-mat d d using is-quantum-predicate-def by auto
then show is-quantum-predicate (wlp S P) using wlp-mono-and-close| OF
weS asm asm] lowner-le-refl by auto
qed
have monoWS: is-quantum-predicate P — is-quantum-predicate ) — P <y,
Q= wlp SP<pwlpSQfor PQ
using wip-mono-and-close|OF wcS] by auto

have is-quantum-predicate (wlp (While M S) P)
using wip-while-exists[of wlp S M P] closeWS monoWS m gpP by auto

have limit-mat W (wlp-while M0 M1 (wlp S) P) d unfolding W-def M0-def
M1-def
using wip-while-exists[of wlp S M P] closeWS monoWS m gpP by auto
then have limit-mat (M\k. (W k) % o) ((wlp-while M0 M1 (wlp S) P) * o) d
using mult-mat-limit dr by auto
then have lim1: (Ak. trace (W k) x 9)) —— trace ((wlp-while MO M1 (wip
S) P) + 0)

using mat-trace-limit by auto

have dDOkr: DOk o € carrier-mat d d for k unfolding DO-def
using denote-while-n-dim[OF dr dM0 dM1 pdor] denote-positive-trace-dim[OF
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weS, folded DS-def] by auto
then have (P * (matriz-sum d (A\k. DO k o) (n))) = matriz-sum d (Ak. P *
(DO k p)) n for n
using matriz-sum-distrib-left|OF dP] by auto
moreover have trace (matriz-sum d (Ak. P % (DO k 9)) n) = (O k=0..<n.
trace (P % (DO k p))) for n
using trace-matriz-sum-linear dDOkr dP by auto
ultimately have eqPsDOkr: trace (P = (matriz-sum d (Ak. DO k o) (n))) =
(3" k=0..<n. trace (P * (DO k p))) for n by auto
with limtrPm have lim2: (M\k. (O] k=0..<k. trace (P * (D0 k p)))) ——
trace (P = (denote (While M S) o)) by auto

have trace (matriz-sum d (Ak. DO k o) (n)) = (O] k=0..<n. trace (D0 k p))
for n
using trace-matriz-sum-linear dD0kr by auto
with limtrDW have lim3: (M\k. (3. k=0..<k. trace (DO k 0))) —— trace
(denote (While M S) o) by auto

have (M\k. (3] k=0..<k. trace (P * (DO k p))) + trace o) — trace (P
(denote (While M S) o)) + trace o
using tendsto-add[of \k. (O] k=0..<k. trace (P x (D0 k p)))] lim2 by auto
then have (\k. (3 k=0..<k. trace (P = (DO k 0))) + trace o — (> k=0..<k.
trace (DO k 9)))
—— trace (P x (denote (While M S) o)) + trace o — trace (denote (While
M S) o)
using tendsto-diff [of - - - Ak. (3] k=0..<k. trace (DO k p))] lim3 by auto
then have lim/: (\k. trace (W k) % 9)) —— trace (P x (denote (While M
S) 0)) + trace o — trace (denote (While M S) o)
using egk[OF dsr] by auto

then have trace ((wlp-while MO M1 (wlp S) P) % o) = trace (P * (denote
(While M S) 0)) + trace o — trace (denote (While M S) o)
using eqk[OF dsr| tendsto-unique[OF - lim1 lim4] by auto
}
then show ?case unfolding MO-def M1-def DS-def wlp.simps by auto
qed

lemma denote-while-split:

assumes wc: well-com (While M S) and dsr: ¢ € density-states

shows denote (While M S) 0 = (M 0) % ¢ * adjoint (M 0) + denote (While M
S) (denote S (M 1 * ¢ x adjoint (M 1)))
proof —

have m: measurement d 2 M using wc by auto

have wcs: well-com S using wc by auto

define M0 where M0 = M 0

define M1 where M1 = M 1

have dM0: M0 € carrier-mat d d and dM1: M1 € carrier-mat d d using m
measurement-def MO-def M1-def by auto

have M1leq: adjoint M1 x M1 <j, 1,, d using measurement-le-one-mat m MI1-def
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by auto
define DS where DS = denote S
define D0 where D0 = denote-while-n M0 M1 DS
define D1 where DI = denote-while-n-comp MO M1 DS
define D where D = denote-while-n-iter M0 M1 DS
define DW where DW ¢ = denote (While M S) o for o

{

fix o assume dsr: o € density-states
then have dr: 9o € carrier-mat d d and pdor: partial-density-operator o using
density-states-def by auto
have pdoDkr: A\k. partial-density-operator (D k o) unfolding D-def
using pdo-denote-while-n-iter|OF dr pdor dM1 M1leq]
denote-partial-density-operator| OF wes] denote-dim|[OF wcs, folded DS-def]
apply (fold DS-def) by auto
then have pDkr: A\k. positive (D k ) unfolding partial-density-operator-def
by auto
have dDkr: ANk. D k ¢ € carrier-mat d d
using denote-while-n-iter-dim[OF dr pdor dM1 Mlleq denote-dim-pdo| OF wcs,
folded DS-def], of id M0, simplified, folded D-def] by auto
then have dDOkr: Ak. DO k o € carrier-mat d d unfolding DO-def de-
note-while-n.simps apply (fold D-def) using dM0 by auto

note dD0k = this
have matriz-sum d (Mk. DO k ¢) k € carrier-mat d d if dsr: ¢ € density-states
for o k
using matriz-sum-dim[OF dDOk, of - \k. ¢ id, OF dsr] dsr by auto
{
fix k
have matriz-sum d (Ak. DOk o) (Suc k) = (D0 0 o) + matriz-sum d (Ak. DO
(Suc k) o) k
using matriz-sum-shift-Sucof - \k. DO k o] dDOK[OF dsr] by fastforce
also have ... = M0 x ¢ % adjoint MO + matriz-sum d (A\k. DO k (DS (M1 x
0 * adjoint M1))) k
unfolding D0-def by auto
finally have matriz-sum d (Ak. DO k 9) (Suc k) = MO * o * adjoint MO +
matriz-sum d (Ak. DO k (DS (M1 % o % adjoint M1))) k.
}

note eqk = this

have dr: o € carrier-mat d d and pdor: partial-density-operator o using den-
sity-states-def dsr by auto
then have M1 * g *x adjoint M1 € carrier-mat d d and partial-density-operator
(M1 * o * adjoint M1)
using dM1 dr pdo-close-under-measurement[OF dM1 dr pdor Ml1leq] by auto
then have dSM1r: (DS (M1 x o % adjoint M1)) € carrier-mat d d and pdoSM1r:
partial-density-operator (DS (M1 * o * adjoint M1))
unfolding DS-def using denote-dim-pdo[ OF wcs] by auto
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have limit-mat (matriz-sum d (Ak. DOk 0)) (DW o) d unfolding MO0-def M1-def
DO-def DS-def DW-def
using limit-mat-denote-while-n|OF wc dr pdor]| by auto
then have liml: limit-mat (Ak. matriz-sum d (Ak. DO k o) (Suc k)) (DW p) d
using limit-mat-ignore-initial-segment|of matriz-sum d (Ak. DO k o) DW o d
1] by auto

have dMO0Or: M0 x ¢ * adjoint M0 € carrier-mat d d using dM0 dr by fastforce
have limit-mat (matriz-sum d (Ak. DO k (DS (M1 * ¢ * adjoint M1)))) (DW
(DS (M1 * o x adjoint M1))) d
using limit-mat-denote-while-n|OF wc dSM1r pdoSM1r] unfolding MO0-def
M1-def DO-def DS-def DW-def by auto
then have
limr: limit-mat
(mat-add-seq (MO * ¢ * adjoint MO) (matriz-sum d (Ak. DO k (DS (M1 * o
x adjoint M1)))))
(MO * ¢ * adjoint MO + (DW (DS (M1 * o * adjoint M1))))
d
using mat-add-limit[OF dMO0Or] by auto
moreover have
(k. matriz-sum d (Ak. DOk o) (Suc k))
= (mat-add-seq (MO * ¢ x adjoint M0O) (matriz-sum d (k. DO k (DS (M1 x
0 * adjoint M1)))))
using eqgk mat-add-seq-def by auto
ultimately have
limit-mat
(Ak. matriz-sum d (Ak. DO k o) (Suc k))
(MO * o * adjoint MO + (DW (DS (M1 * o x adjoint M1))))
d by auto
with liml limit-mat-unique have
DW o = (MO % ¢ * adjoint MO + (DW (DS (M1 * ¢ % adjoint M1)))) by auto
then show ?thesis unfolding DW-def MO-def M1-def DS-def by auto
qed

lemma wip-while-split:

assumes wc: well-com (While M S) and ¢pP: is-quantum-predicate P

shows wlp (While M S) P = adjoint (M 0) x P x (M 0) + adjoint (M 1) * (wlp
S (wlp (While M S) P)) x (M 1)
proof —

have m: measurement d 2 M using wc by auto

have wcs: well-com S using wc by auto

define M0 where M0 = M 0

define M1 where M1 = M 1

have dM0: M0 € carrier-mat d d and dM1: M1 € carrier-mat d d using m
measurement-def MO-def M1-def by auto

have M1lleq: adjoint M1 x M1 <y, 1,, d using measurement-le-one-mat m MI1-def
by auto

define DS where DS = denote S

define D0 where D0 = denote-while-n M0 M1 DS
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define D1 where DI = denote-while-n-comp M0 M1 DS
define D where D = denote-while-n-iter M0 M1 DS
define DW where DW ¢ = denote (While M S) o for o

have dP: P € carrier-mat d d using qpP is-quantum-predicate-def by auto
have gp WP: is-quantum-predicate (wlp ( While M S) P) using ¢pP wc wip-close[OF
we gpP| by auto
then have is-quantum-predicate (wip S (wilp (While M S) P)) using wc wip-close[OF
wes| by auto
then have dWWP: (wlp S (wlp (While M S) P)) € carrier-mat d d using
is-quantum-predicate-def by auto
have dWP: (wlp (While M S) P) € carrier-mat d d using gp WP is-quantum-predicate-def
by auto
{
fix o assume dsr: o € density-states
then have dr: ¢ € carrier-mat d d and pdor: partial-density-operator ¢ using
density-states-def by auto
have dsM1r: M1 * o x adjoint M1 € density-states unfolding density-states-def
using pdo-close-under-measurement|OF dM1 dr pdor] Mlleq dM1 dr by
fastforce
then have dsDSM1r: DS (M1 % o * adjoint M1) € density-states unfolding
density-states-def DS-def
using denote-dim-pdo| OF wes| by auto
have dM0Or: M0 x o * adjoint MO € carrier-mat d d using dM0 dr by fastforce
have dDWDSM1r: DW (DS (M1 * o % adjoint M1)) € carrier-mat d d
unfolding DW-def using denote-dim|[OF wc] dsDSMIr density-states-def by
auto

have eq2: trace ((wlp (While M S) P) x DS (M1 * o x adjoint M1))
= trace (P x (DW (DS (M1 x o x adjoint M1)))) + trace (DS (M1 * o x*
adjoint M1)) — trace (DW (DS (M1 * ¢ * adjoint M1)))
unfolding DW-def using wip-soundness|OF wc gpP] dsDSMIr by auto
have eq3: trace (M1 * o * adjoint M1) = trace 9 — trace (MO * o x adjoint
MO0)
unfolding M0-def M1-def using m trace-measurement2[OF m dr] dr by
(simp add: algebra-simps)

have trace (adjoint M1 * (wip S (wlp (While M S) P)) x M1 * o)
= trace ((wlp S (wlp (While M S) P)) = (M1 % o x adjoint M1)) using
dWWP dM1 dr by (mat-assoc d)

also have ... = trace ((wlp (While M S) P) «= DS (M1 * ¢ * adjoint M1))

+ trace (M1 * ¢ * adjoint M1) — trace (DS (M1 x o * adjoint M1))

unfolding DS-def using wip-soundness|OF wecs qpWP] dsM1r by auto

also have ... = trace (P x (DW (DS (M1 x p x adjoint M1))))

+ trace (M1 * ¢ * adjoint M1) — trace (DW (DS (M1 x o * adjoint

M1)))
using eq2 by auto
also have ... = trace (P * (DW (DS (M1 % g * adjoint M1)))) + trace o0 —

(trace (MO % o x adjoint M0) + trace (DW (DS (M1 * o x adjoint M1))))
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using eq3 by auto
finally have eq4: trace (adjoint M1 = (wlp S (wlp (While M S) P)) * M1 % p)

= trace (P x (DW (DS (M1 x o * adjoint M1)))) + trace o — (trace (MO *
o0 * adjoint M0) + trace (DW (DS (M1 x o * adjoint M1)))).

have trace (adjoint MO x P « M0 x o) + trace (P x (DW (DS (M1 * o *
adjoint M1))))
= trace (P x (MO * ¢ * adjoint M0) + (DW (DS (M1 * g % adjoint M1)))))
using dP dr dM0 dDWDSMI1r by (mat-assoc d)
also have ... = trace (P * (DW p)) unfolding DW-def M0-def M1-def DS-def
using denote-while-split| OF wc dsr] by auto
finally have eq5: trace (adjoint MO x P x MO * o) + trace (P x (DW (DS
(M1 * ¢ * adjoint M1)))) = trace (P x (DW p)).

have trace (M0 * ¢ * adjoint M0O) + trace (DW (DS (M1 x ¢ % adjoint M1)))
= trace (MO * o * adjoint M0 + (DW (DS (M1 * ¢ * adjoint M1))))
using dr dM0 dDWDSM1r by (mat-assoc d)
also have ... = trace (DW p)
unfolding DW-def DS-def M0-def M1-def denote-while-split|OF wc dsr] by
auto
finally have eq6: trace (MO % ¢ x adjoint M0O) + trace (DW (DS (M1 x o *
adjoint M1))) = trace (DW p).

from eq5 eq) eq6 have
eq7: trace (adjoint MO = P x MO % o) + trace (adjoint M1 * wip S (wip
(While M S) P) x M1 % o)
= trace (P x DW p) + trace o — trace (DW p) by auto
have e¢8: trace (adjoint MO = P« MO x o) + trace (adjoint M1 x wlp S (wip
(While M 8) P) M1 * o)
= trace ((adjoint MO % P x MO + adjoint M1 % wlp S (wlp (While M S) P)
x M1) % o)
using dM0 dM1 dr dP dWWP by (mat-assoc d)
from eq7 eq8 have
eq9: trace ((adjoint MO * P x MO + adjoint M1 % wlp S (wip (While M S)
P) x M1) x g) = trace (P * DW p) + trace o — trace (DW p) by auto
have eq10: trace ((wlp (While M S) P) x o) = trace (P * DW ) + trace g —
trace (DW o)
unfolding DW-def using wlp-soundness|OF wc gpP] dsr by auto
with eq9 have trace ((wlp (While M S) P) % o) = trace ((adjoint MO x P x
MO + adjoint M1 x wlp S (wlp (While M S) P) * M1) % p) by auto
}
then have (wlp (While M S) P) = (adjoint M0 * P x M0 + adjoint M1 x wip
S (wlp (While M S) P) x M1)
using trace-pdo-eq-imp-eq|OF dWP, of adjoint MO * P x M0 + adjoint M1 x
wlp S (wlp (While M S) P) = M1]
dM0 dP dM1 dWWP density-states-def by fastforce
then show ?thesis using MO0-def M1-def by auto
qed
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lemma wlip-is-weakest-liberal-precondition:
assumes well-com S and is-quantum-predicate P
shows is-weakest-liberal-precondition (wlp S P) S P
unfolding is-weakest-liberal-precondition-def
proof (auto)
show ¢pWP: is-quantum-predicate (wlp S P) using wlip-close assms by auto
have eq: trace (wlp S P * p) = trace (P * (denote S p)) + trace o — trace (denote
S o) if dsr: o € density-states for o
using wlp-soundness assms dsr by auto
then show =, {wip S P} S {P} unfolding hoare-partial-correct-def by auto
fix Q assume ¢pQ: is-quantum-predicate ) and p: =, {Q} S {P}
{
fix ¢ assume dsr: ¢ € density-states
then have trace (Q x o) < trace (P * (denote S p)) + trace o — trace (denote
S o)
using hoare-partial-correct-def p by (auto simp: less-eq-complezx-def)
then have trace (Q * o) < trace (wlp S P * p) using eq[symmetric] dsr by
auto

then show @ < wip S P using lowner-le-trace density-states-def qp@Q qp WP
is-quantum-predicate-def by auto
qed

6.2 Hoare triples for partial correctness

inductive hoare-partial :: complexr mat = com = complex mat = bool (<,
({(1-)}/ (/ {(1)}) 50) where
is-quantum-predicate P =+, {P} SKIP {P}
| is-quantum-predicate P = F,, {adjoint U « P = U} Utrans U {P}
| is-quantum-predicate P = is-quantum-predicate Q = is-quantum-predicate R
BN
Fp {P} 51 {Q} = +, {Q} 2 {R} —
Fp, {P} Seq S1 S2 {R}
| (Ak. k < n = is-quantum-predicate (P k)) = is-quantum-predicate Q —>
Nk kE<n=F,{Pk} S'k{Q}) =
Fp {matriz-sum d (Ak. adjoint (M k) « Pk * M k) n} Measure n M S {Q}
| is-quantum-predicate P = is-quantum-predicate @ —>
Fo {Q} S {adjoint (M 0) * P x M 0 + adjoint (M 1) %« Q* M1} =
F, {adjoint (M 0) * P M 0 + adjoint (M 1) x Q » M 1} While M S {P}
| is-quantum-predicate P => is-quantum-predicate ) = is-quantum-predicate P’
= is-quantum-predicate Q' —>
P<p P =t+,{P}S{Q} = Q' <1 Q =+, {P} S{Q}

theorem hoare-partial-sound:

Fo, {P} S {Q} = well-com S = =, {P} S {Q}
proof (induction rule: hoare-partial.induct)

case (1 P)

then show ?case
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unfolding hoare-partial-correct-def by auto
next
case (2 P U)
then have dU: U € carrier-mat d d and unitary U and dP: P € carrier-mat d
d using is-quantum-predicate-def by auto
then have wU: adjoint U x U = 1, d using unitary-def by auto
show ?Zcase
unfolding hoare-partial-correct-def denote.simps(2)
proof
fix o assume g € density-states
then have dr: ¢ € carrier-mat d d using density-states-def by auto
have el: trace (U * ¢ * adjoint U) = trace ((adjoint U % U) * o)
using dr dU by (mat-assoc d)
also have ... = trace o
using uU dr by auto
finally have el: trace (U * o * adjoint U) = trace o .
have e2: trace (P % (U * ¢ % adjoint U)) = trace (adjoint U x P * U % o)
using dU dP dr by (mat-assoc d)
with el have trace (P % (U x ¢ *x adjoint U)) + (trace o — trace (U * o *
adjoint U)) = trace (adjoint U * P x U x o)
using el by auto
then show trace (adjoint U x P x U % o) < trace (P x (U x ¢ * adjoint U))
+ (trace o — trace (U * o * adjoint U)) by auto
qed
next
case (3 P Q R S1 52)
then have wcl: =, {P} S1 {Q} and wc2: =, {Q} S2 {R} by auto
show ?Zcase
unfolding hoare-partial-correct-def denote.simps(8)
proof clarify
fix o assume g: ¢ € density-states
have 1: trace (P * 9) < trace (Q * denote S1 ) + (trace 9 — trace (denote
S1 o))
using wcl hoare-partial-correct-def o by auto
have o”: denote S1 ¢ € density-states
using 3(8) denote-density-states o by auto
have 2: trace (Q * denote S1 p) < trace (R % denote S2 (denote S1 p)) +
(trace (denote S1 p) — trace (denote S2 (denote S1 0)))
using wc2 hoare-partial-correct-def o' by auto
show trace (P * p) < trace (R * denote S2 (denote S1 o)) + (trace o — trace
(denote S2 (denote S1 p)))
using 1 2 by (auto simp: less-eq-complex-def)
qed
next
case (4 n P QS M)
then have wc: k < n = well-com (S'k)
and c¢: k < n = |, {P k} (S'k) {Q} and m: measurement d n M
and dMk: k < n = Mk € carrier-mat d d
and aMMkleq: k < n = adjoint (M k) « Mk <p 1,, d
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and dPk: k < n = Pk € carrier-mat d d

and dQ: Q € carrier-mat d d

for k using is-quantum-predicate-def measurement-def measure-well-com mea-
surement-le-one-mat by auto

{

fix p assume g: ¢ € density-states
then have dr: ¢ € carrier-mat d d and pdor: partial-density-operator ¢ using
density-states-def by auto
have dsr: k < n = (M k) x ¢ * adjoint (M k) € density-states for k
unfolding density-states-def
using dMk pdo-close-under-measurement[OF dMk dr pdor aMMFkleq) dr by
fastforce
then have legk: k < n = trace (P k) x (M k) * o x adjoint (M k))) <
trace (Q * (denote (S'k) (M k) % o * adjoint (M k)))) +
(trace (M k) = o * adjoint (M k)) — trace (denote (S ! k) (M k) x o *
adjoint (M k)))) for k
using ¢ unfolding hoare-partial-correct-def by auto
have k < n = M k * ¢ * adjoint (M k) € carrier-mat d d for k using dMk
dr by fastforce
then have dsMrk: k < n = matriz-sum d (Ak. (M k % ¢ * adjoint (M k)))
k € carrier-mat d d for k
using matriz-sum-dim[of k \k. (M k * o * adjoint (M k)) d] by fastforce
have k < n = adjoint (M k) * Pk« M k € carrier-mat d d for k using
dMFk dPk by fastforce
then have dsMP: k < n = matriz-sum d (\k. adjoint (M k) = Pk x M k)
k € carrier-mat d d for k
using matriz-sum-dim[of k \k. adjoint (M k) = P k = M k d] by fastforce
have dSMrk: k < n = denote (S k) (M k % o * adjoint (M k)) € carrier-mat
d d for k
using denote-dim|[OF wc, of k M k x ¢ x adjoint (M k)] dsr density-states-def
by fastforce
have dsSMrk: k < n = matriz-sum d (Ak. denote (S'k) (M k * o * adjoint
(M E))) k € carrier-mat d d for k
using matriz-sum-dim[of k Ak. denote (S 1 k) (M k % ¢ = adjoint (M k)) d,
OF dSMrk] by fastforce
have kt < n =
trace (matriz-sum d (\k. adjoint (M k) x Pk« M k) k = o)
< trace (Q * (denote (Measure k M S) 9)) + (trace (matriz-sum d (A\k. (M
k) * o % adjoint (M k)) k) — trace (denote (Measure k M S) o)) for k
unfolding denote-measure-expand|OF - 4(5)]
proof (induct k)
case (
then show ?case using dQ dr pdor partial-density-operator-def positive-trace
by auto
next
case (Suc k)
then have k: k < n by auto
have eql: trace (matriz-sum d (\k. adjoint (M k) = Pk x M k) (Suc k) *
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)

= trace (adjoint (M k) * Pk * Mk % 9) + trace (matriz-sum d (k. adjoint
(ME)« Pk« ME) kL x o)

unfolding matriz-sum.simps

using dMk[OF k] dPk[OF k| dr dsMP[OF k] by (mat-assoc d)

have trace (adjoint (M k) x Pk x Mk % 0) = trace (P k x (M k x o
adjoint (M k)))
using dMk[OF k] dPk[OF k] dr by (mat-assoc d)
also have ... < trace (Q = (denote (S'k) ((M k) x o * adjoint (M k)))) +
(trace (M k) x o * adjoint (M k)) — trace (denote (S ' k) (M k) x o *
adjoint (M k)))) using legk k by auto
finally have eq2: trace (adjoint (M k) * Pk x Mk x 9) < trace (Q *
(denote (S'k) (M k) * o * adjoint (M k)))) +
(trace (M k) % o * adjoint (M k)) — trace (denote (S ! k) (M k) x o *
adjoint (M k)))).

have eq3: trace (Q * matriz-sum d (Ak. denote (S'k) (M k % ¢ * adjoint (M
K))) (Suc k)
= trace (Q * (denote (S'k) (M k * o * adjoint (M k)))) + trace (Q *
matriz-sum d (Ak. denote (S'k) (M k * o x adjoint (M k))) k)
unfolding matriz-sum.simps
using dQ dSMrk[OF k] dsSMrk[OF k] by (mat-assoc d)

have eq/: trace (denote (S| k) (M k x o * adjoint (M k)) + matriz-sum d
(Ak. denote (S'k) (M k = o * adjoint (M k))) k)
= trace (denote (S ! k) (M k % o * adjoint (M k))) + trace (matriz-sum d
(Xk. denote (S'k) (M k % o * adjoint (M k))) k)
using dSMrk[OF' k] dsSMrk[OF k] by (mat-assoc d)

show ?Zcase
apply (subst eql) apply (subst eq3)
apply (simp del: less-eq-complex-def)
apply (subst trace-add-linear[of M k x ¢ * adjoint (M k) d matriz-sum d
(M. M k % ¢ x adjoint (M k)) k])
apply (simp add: dMk adjoint-dim[OF dMEk] dr mult-carrier-mat|of - d
d-d]k)
apply (simp add: dsMrk k)
apply (subst eq4)
apply (insert eq2 Suc(1) k, fastforce simp: less-eq-complex-def)
done
qed
then have leq: trace (matriz-sum d (\k. adjoint (M k) x Pk« M k) n * o)
< trace (Q * denote (Measure n M S) o) +
(trace (matriz-sum d (Mk. (M k) % o x adjoint (M k)) n) — trace (denote
(Measure n M S) p))
by auto
have trace (matriz-sum d (Ak. (M k) * ¢ * adjoint (M k)) n) = trace ¢ using
trace-measurement m dr by auto

200



with leq have trace (matriz-sum d (Ak. adjoint (M k) x Pk« M k) n * p)
< trace (Q * denote (Measure n M S) o) + (trace o — trace (denote (Measure
nMS) o))
unfolding denote-measure-def by auto
}

then show ?case unfolding hoare-partial-correct-def by auto
next
case (5 P QS M)
define M0 where M0 = M 0
define M1 where M1 = M 1
from 5 have wes: well-com S and ¢: |=, {Q} S {adjoint MO x P + M0 + adjoint
M1 % Qx M1}
and m: measurement d 2 M
and dMO0: MO € carrier-mat d d and dM1: M1 € carrier-mat d d
and dP: P € carrier-mat d d and dQ: Q € carrier-mat d d
and ¢pQ: is-quantum-predicate Q)
and wc: well-com (While M S)
using measurement-def is-quantum-predicate-def M0O-def M1-def by auto
then have M0leq: adjoint MO « M0 <y, 1,, d and Mlleq: adjoint M1 x M1 <p,
1., d using measurement-le-one-mat[OF m| MO0-def M1-def by auto
define DS where DS = denote S

have V ¢ € density-states. trace (Q x o) < trace ((adjoint MO x P x M0 + adjoint
M1 % Q x M1) % DS o) + trace o — trace (DS o)
using hoare-partial-correct-def[of @ S adjoint MO * P x M0 + adjoint M1 x
Q * M1] ¢ DS-def
by (auto simp: less-eq-complex-def)
define D0 where D0 = denote-while-n M0 M1 DS
define D1 where DI = denote-while-n-comp MO M1 DS
define D where D = denote-while-n-iter M0 M1 DS
{
fix o assume dsr: ¢ € density-states
then have dr: g € carrier-mat d d and pr: positive o and pdor: partial-density-operator
o
using density-states-def partial-density-operator-def by auto
have pdoDkr: \k. partial-density-operator (D k o) unfolding D-def
using pdo-denote-while-n-iter|OF dr pdor dM1 M1leq]
denote-partial-density-operator| OF wcs] denote-dim[OF wes, folded DS-def)
apply (fold DS-def) by auto
then have pDkr: A\k. positive (D k ) unfolding partial-density-operator-def
by auto
have dDkr: Ak. D k ¢ € carrier-mat d d
using denote-while-n-iter-dim[OF dr pdor dM1 M1leq denote-dim-pdo] OF wcs,
folded DS-def], of id M0, simplified, folded D-def] by auto
then have dDOkr: N\k. DO k o € carrier-mat d d unfolding DO0-def de-
note-while-n.simps apply (fold D-def) using dM0 by auto
then have dPDOkr: Nk. P x (DO k o) € carrier-mat d d using dP by auto
have Ak. positive (D0 k o) unfolding D0-def denote-while-n.simps
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by (fold D-def, rule positive-close-under-left-right-mult-adjoint| OF dM0O dDkr
pDkr])
then have trge0: \k. trace (DO k o) > 0 using positive-trace dDOkr by blast
have DSr: ¢ € density-states => DS p € density-states for p unfolding DS-def
density-states-def
using denote-partial-density-operator denote-dim wcs by auto
have dsDinr: D1 n o € density-states for n unfolding D1-def denote-while-n-comp.simps

apply (fold D-def) unfolding density-states-def
apply (auto)
apply (insert dDkr dM1 adjoint-dim[OF dM1], auto)
apply (rule pdo-close-under-measurement|OF dM1 spec[OF allI[OF dDkr], of
Az. n] spec|OF allI[OF pdoDkr], of Ax. n] Mlleq])
done

have leQn: trace (Q *x DI n o)
< trace (P * DO (Suc n) o
+ trace (DI n g) — trace (
proof —
have (V goedensity-states. trace (Q * o) < trace ((adjoint MO * P x M0 +
adjoint M1 % Q * M1) % denote S o) + (trace ¢ — trace (denote S 0)))
using ¢ hoare-partial-correct-def by auto
then have leQn’: trace (Q * (D1 n p))
< trace ((adjoint MO * P x MO + adjoint M1 = Q « M1) = (DS (DI n

) + trace (Q * D1 (Suc n) o)
D (

Suc n) p) for n

0)))
+ (trace (D1 n g) — trace (DS (D1 n g)))

using dsDInr[of n] DS-def by auto
have (DS (D1 n p)) € carrier-mat d d unfolding DS-def using denote-dim[OF
wes| dsDInr density-states-def by auto
then have trace ((adjoint MO x P x+ M0 + adjoint M1 % Q = M1) = (DS
(D1 1 0)))
= trace (P x (M0 = (DS (D1 n 9)) * adjoint M0))
+ trace (Q * (M1 * (DS (D1 n 9)) * adjoint M1)) using dP dQ dM0O dM1
by (mat-assoc d)
moreover have trace (P x (M0 x (DS (D1 n 9)) * adjoint M0)) = trace (P
x DO (Suc n) o)
unfolding D0-def denote-while-n.simps
apply (subst denote-while-n-iter-assoc)
by (fold denote-while-n-comp.simps D1-def, auto)
moreover have trace (Q * (M1 % (DS (D1 n 9)) * adjoint M1)) = trace (Q
x D1 (Suc n) o)
apply (subst (2) D1-def) unfolding denote-while-n-comp.simps
apply (subst denote-while-n-iter-assoc)
by (fold denote-while-n-comp.simps D1-def, auto)
ultimately have trace ((adjoint MO * P x M0 + adjoint M1 x @Q x M1) x
(DS (D1 n 0)))
= trace (P % DO (Suc n) g) + trace (Q = D1 (Suc n) ) by auto
moreover have trace (DS (D1 n 9)) = trace (D (Suc n) o)
unfolding D-def
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apply (subst denote-while-n-iter-assoc)
by (fold denote-while-n-comp.simps D1-def, auto)
ultimately show ?thesis using leQn’ by (auto simp: less-eq-complez-def)
qed

have 12: trace (P * (MO x ¢ * adjoint M0)) + trace (Q * (M1 * o * adjoint
M1))
< 02 k=0..<(n+2). trace (P * (D0 k 0))) + trace (Q x (D1 (n+1) o))
+ O°k=0..<(n+1). trace (D1 k o) — trace (D (k+1) o)) for n
proof (induct n)
case (
show ?case apply (simp del: less-eq-complex-def)
unfolding D0-def D1-def D-def denote-while-n-comp.simps denote-while-n.simps
denote-while-n-iter.simps
using leQn[of 0] unfolding D1-def D0-def D-def denote-while-n.simps
denote-while-n-comp.simps denote-while-n-iter.simps
by (auto simp: less-eq-complez-def)
next
case (Suc n)
have trace (Q * D1 (n + 1) o)
< trace (P * DO (Suc (Suc n)) o) + trace (@ * DI (Suc (Suc n)) o)
+ trace (D1 (Suc n) g) — trace (D (Suc (Suc n)) o) using le@Qn[of n +
1] by auto
with Suc show ?case apply (simp del: less-eq-complez-def) by (auto simp:
less-eq-complex-def)
qged

have tr-measurement: o € carrier-mat d d
= trace (MO x o * adjoint M0) + trace (M1 x o x adjoint M1) = trace o
for o
using trace-measurement2[OF m, folded MO-def M1-def] by auto

have 14: (O k=0..<(n+1). trace (D1 k ¢) — trace (D (k+1) o)) = trace o —
trace (D (n+1) 0) — O_k=0..<(n+1). trace (DO k o)) for n
proof (induct n)
case (
show ?case apply (simp) unfolding D1-def DO-def denote-while-n-comp.simps
denote-while-n.simps denote-while-n-iter.simps
using tr-measurement[OF dr] by (auto simp add: algebra-simps)
next
case (Suc n)
have trace (D0 (Suc n) ¢) + trace (D1 (Suc n) g) = trace (D (Suc n) )
unfolding DO0-def D1-def denote-while-n.simps denote-while-n-comp.simps
apply (fold D-def)
using tr-measurement dDkr by auto
then have trace (D1 (Suc n) o) = trace (D (Suc n) g) — trace (DO (Suc n)
0)
by (auto simp add: algebra-simps)
then show ?case using Suc by simp
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qed

have 15: trace (Q x (D1 n p)) < trace (D n 9) — trace (D0 n p) for n
proof —
have Qleld: Q <p 1,, d using is-quantum-predicate-def qp@Q by auto
then have trace (Q * (D1 n p)) < trace (1,, d * (DI n p)) using
dsD1nr[of n] unfolding density-states-def lowner-le-trace[OF dQ) one-carrier-mat)]

by auto
also have ... = trace (D1 n o) using dsDInr[of n] unfolding density-states-def
by auto
also have ... = trace (M1 % (D n o) * adjoint M1) unfolding D1-def
denote-while-n-comp.simps D-def by auto
also have ... = trace (D n p) — trace (M0 * (D n p) * adjoint M0)
using tr-measurement|OF dDkr|[of n]] by (simp add: algebra-simps)
also have ... = trace (D n o) — trace (D0 n o) unfolding DO0-def de-

note-while-n.simps by (fold D-def, auto)
finally show ?thesis.
qed

have tmp: NAabec. 0 <a= b<c¢c— a= b < (c:complex)
by (simp add: less-eq-complez-def)
then have 151: An. trace (Q * (DI n o)) < trace (D n o)
by (auto simp add: tmp[OF trge0 15] simp del: less-eq-complez-def)

have main-leq: A\n. trace (P % (M0 % o x adjoint MO0)) + trace (Q * (M1 * o
* adjoint M1))
< trace (P * (matriz-sum d (A\k. DO k ) (n+2))) + trace o — trace
(matriz-sum d (k. DOk o) (n+2))
proof —
fix n
have (> k=0..<(n+2). trace (P x (D0 k 0))) + trace (Q * (DI (n+1) o))
+ - k=0..<(n+1). trace (D1 k ¢) — trace (D (k+1) o))
< OCk=0..<(n+2). trace (P x (DO k 0))) + trace (Q x (D1 (n+1) o))
+ trace 9 — trace (D (n+1) o) — (3. k=0..<(n+1). trace (DO k p))
by (subst 14, auto)
also have
e S (OCk=0..<(n+2). trace (P * (DO k 0))) + trace (D (n+1) o) — trace
(DO (n+1) o)
+ trace 9o — trace (D (n+1) o) — (3 k=0..<(n+1). trace (DO k p))
using 15[of n+1] by (auto simp: less-eq-complez-def)

also have ... = (3" k=0..<(n+2). trace (P * (D0 k p))) + trace o —
(3" k=0..<(n+2). trace (DO k o)) by auto
also have ... = trace (matriz-sum d (Ak. (P % (D0 k g))) (n+2)) + trace o

— O2k=0..<(n+2). trace (DO k p))
using trace-matriz-sum-linear[of n+2 Ak. (P % (D0 k o)) d, symmetric]
dPDOkr by auto
also have ... = trace (matriz-sum d (Mk. (P * (D0 k 0))) (n+2)) + trace o
— trace (matriz-sum d (A\k. DOk o) (n+2))
using trace-matriz-sum-linear[of n+2 Mk. DO k o d, symmetric] dDOkr by
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auto
also have ... = trace (P * (matriz-sum d (Ak. DOk o) (n+2))) + trace o —
trace (matriz-sum d (Ak. DOk 9) (n+2))
using matriz-sum-distrib-left|OF dP dDOkr, of id n+2] by auto
finally have
> k=0..<(n+2). trace (P x (DO k 0))) + trace (@ = (D1 (n+1) o))
+ 0" k=0..<(n+1). trace (D1 k 9) — trace (D (k+1) o))
< trace (P * (matriz-sum d (Ak. DO k o) (n+2))) + trace o — trace
(matriz-sum d (A\k. DOk o) (n+2)) .
then show trace (P x (MO x o % adjoint M0)) + trace (Q *x (M1 x o % adjoint
M1))
< trace (P * (matriz-sum d (A\k. DO k 0) (n+2))) + trace o — trace
(matriz-sum d (Ak. DOk ¢) (n+2)) using 12[of n] by auto
qed

have limit-mat (An. matriz-sum d (Ak. DOk 9) (n)) (denote (While M S) o) d
using limit-mat-denote-while-n[OF we dr pdor] unfolding D0-def MO-def
M1-def DS-def by auto
then have limp2: limit-mat (An. matriz-sum d (Ak. DOk 9) (n + 2)) (denote
(While M S) o) d
using limit-mat-ignore-initial-segment[of An. matriz-sum d (A\k. DOk o) (n)
(denote (While M S) o) d 2] by auto
then have limit-mat (An. (P * (matriz-sum d (Ak. DO k o) (n+2)))) (P =
(denote (While M S) o)) d
using mat-mult-limit|OF dP] unfolding mat-mult-seq-def by auto
then have limPm: (An. trace (P * (matriz-sum d (Ak. DOk o) (n+2)))) ——
trace (P = (denote (While M S) o))

using mat-trace-limit by auto

have limm: (An. trace (matriz-sum d (Ak. DOk 9) (n+2))) —— trace (denote
(While M S) o)
using mat-trace-limit limp2 by auto

have leg-lim: trace (P x (M0 x o % adjoint M0)) + trace (Q * (M1 * o * adjoint
M1))
< trace (P * (denote (While M S) p)) + trace o — trace (denote (While M
S) o) (is 2lhs < ?2rhs)
using main-leq
proof —
define seq where seq n = trace (P * matriz-sum d (Ak. DOk o) (n + 2)) —
trace (matriz-sum d (A\k. DOk o) (n + 2)) for n
define seglim where seqlim = trace (P x (denote (While M S) o)) — trace
(denote (While M S) o)
have main-leq”: ?lhs < trace o + seq n for n
unfolding seq-def using main-leq by (simp add: algebra-simps)
have limseq: seq — seqlim
unfolding seq-def seqlim-def using tendsto-diff [OF limPm limm| by auto
have limrs: (An. trace o + seq n) —— (trace p + seqlim) using tend-
sto-add[OF - limseq] by auto
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have limrsRe: (An. Re (trace o + seq n)) —— Re (trace ¢ + seqlim) using
tendsto-Re[OF limrs] by auto
have main-leqg-Re: Re ?lhs < Re (trace o + seq n) for n using main-leq’
by (auto simp: less-eq-complez-def)
have Re: Re ?lhs < Re (trace o + seqlim)
using Lim-bounded2[OF limrsRe | main-leq-Re by (auto simp: less-eq-complex-def)

have limrsIm: (An. Im (trace o + seqn)) —— Im (trace o + seglim) using
tendsto-Im[OF limrs] by auto
have main-leg-Im: Im ?lhs = Im (trace o + seq n) for n using main-leq’
unfolding less-eq-complez-def by auto
then have limIm: (An. Im (trace o + seq n)) —— Im ?lhs using tend-
sto-intros(1) by auto
have Im: Im ?lhs = Im (trace o + seqlim)
using tendsto-unique[OF - limIm limrsIm] by auto

have ?lhs < trace p + seqlim using Re Im by (auto simp: less-eq-complex-def)
then show ?lhs < ?rhs unfolding seglim-def by (auto simp: less-eq-complez-def)
qed

have trace ((adjoint MO * P « M0 + adjoint M1 x Q x M1) % o) =
trace (P x (MO * ¢ % adjoint M0O)) + trace (Q * (M1 * o x adjoint M1))
using dr dM0 dM1 dP dQ by (mat-assoc d)
then have trace ((adjoint MO x P «+ MO + adjoint M1 % Q x M1) % g) <
trace (P * (denote (While M S) o)) + (trace o — trace (denote (While M S)
2))

}

then show ?case unfolding hoare-partial-correct-def denote.simps(5)
apply (fold M0O-def M1-def DS-def DO-def D1-def) by auto
next
case (6 P Q P' Q'S)
then have wes: well-com S and ¢: |=, {P'} S {Q'}
and dP: P € carrier-mat d d and dQ: Q € carrier-mat d d
and dP’": P’ € carrier-mat d d and dQ" Q' € carrier-mat d d
using is-quantum-predicate-def by auto
show ?case unfolding hoare-partial-correct-def
proof
fix o assume pds: p € density-states
then have pdor: partial-density-operator o and dr: o € carrier-mat d d
using density-states-def by auto
have pdoSr: partial-density-operator (denote S p)
using denote-partial-density-operator pdor dr wcs by auto
have dSr: denote S o € carrier-mat d d
using denote-dim pdor dr wcs by auto
have trace (P * g) < trace (P’ x p) using lowner-le-trace]OF dP dP’] 6 dr pdor
by auto
also have ... < trace (Q' * denote S o) + (trace o — trace (denote S p))

using leg-lim by (auto simp: less-eq-complex-def)
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using ¢ unfolding hoare-partial-correct-def using pds by auto
also have ... < trace (Q * denote S g) + (trace o — trace (denote S p)) using
lowner-le-trace]OF dQ' dQ] 6 dSr pdoSr by auto
finally show trace (P * o) < trace (Q * denote S g) + (trace o — trace (denote
S o)) -
qed
qed

lemma wlip-complete:

well-com S = is-quantum-predicate P =+, {wlp S P} S {P}
proof (induct S arbitrary: P)

case SKIP

then show ?case unfolding wip.simps using hoare-partial.intros by auto
next

case (Utrans U)

then show ?case unfolding wlp.simps using hoare-partial.intros by auto
next

case (Seq S1 52)

then have wci: well-com S1 and wc2: well-com S2 and qpP: is-quantum-predicate
P

and p2: -, {wip S2 P} S2 {P} by auto

have gpW2P: is-quantum-predicate (wlp S2 P) using wlp-close]|OF wc2 qpP] by
auto

then have pi: b, {wlp S1 (wip S2 P)} S1 {wlp S2 P} using Seq by auto

have qpW1W2P: is-quantum-predicate (wlp S1 (wlp S2 P)) using wlip-close[OF
wel gpW2P] by auto

then show ?case unfolding wip.simps using hoare-partial.intros qp W1W2P
qpW2P qpP pl p2 by auto
next

case (Measure n M S)

then have wc: well-com (Measure n M S) and ¢pP: is-quantum-predicate P by
auto

have set: k < n = (S'k) € set S for k using wc by auto

have wck: k < n = well-com (S'k) for k using wc measure-well-com by auto

then have ¢qpWkP: k < n = is-quantum-predicate (wlp (S'k) P) for k using
wlp-close qpP by auto

have pk: k < n =+, {(wip (S'k) P)} (S'k) {P} for k using Measure(1) set
wck gpP by auto

show ?case unfolding wip-measure-expand|OF wc| using hoare-partial.intros
qpWkP qpP pk by auto
next

case (While M S)

then have we: well-com (While M S) and wcS: well-com S and gpP: is-quantum-predicate
P by auto

have gpWP: is-quantum-predicate (wlp (While M S) P) using wip-close| OF wc
gpP] by auto

then have ¢p WWP: is-quantum-predicate (wlp S (wlp (While M S) P)) using
wlp-close weS by auto

have -, {wlp S (wlp (While M S) P)} S {wlp (While M S) P} using While(1)
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weS qpWP by auto

moreover have eq: wlp (While M S) P = adjoint (M 0) x P x M 0 + adjoint
(M 1) % wlp S (wlp (While M S) P) « M 1

using wip-while-split we gpP by auto

ultimately have p: -, {wlp S (wip (While M S) P)} S {adjoint (M 0) = P *
M 0 + adjoint (M 1) * wlp S (wlp (While M S) P) x M 1} by auto

then show ?case using hoare-partial.intros(5)[OF qpP qpWWP p| eq by auto
qed

theorem hoare-partial-complete:

E, {P} S{Q} = well-com S => is-quantum-predicate P = is-quantum-predicate
Q = b, {P} S {@Q}
proof —

assume p: =, {P} S {Q} and wc: well-com S and ¢pP: is-quantum-predicate
P and ¢pQ: is-quantum-predicate @

then have dQ: Q € carrier-mat d d using is-quantum-predicate-def by auto

have gpWP: is-quantum-predicate (wlp S @) using wip-close we qgpQ by auto

then have dWP: wilp S Q) € carrier-mat d d using is-quantum-predicate-def by
auto

have eq: trace (wlp S Q * 0) = trace (Q = (denote S o)) + trace ¢ — trace (denote
S o) if dsr: o € density-states for o

using wip-soundness we qpQ dsr by auto
then have =, {wip S Q} S {Q} unfolding hoare-partial-correct-def by auto

fix o assume dsr: o € density-states
then have trace (P * g) < trace (Q * (denote S p)) + trace o — trace (denote
S o)
using hoare-partial-correct-def p by (auto simp: less-eq-complezx-def)
then have trace (P x ¢) < trace (wlp S @ * o) using eq[symmetric] dsr by
auto

then have le: P <p wip S @ using lowner-le-trace density-states-def qpP qp WP
is-quantum-predicate-def by auto

moreover have wip: -, {wip S Q} S {Q} using wip-complete we gp@Q by auto

ultimately show -, {P} S {Q} using hoare-partial.intros(6)[OF qpP qpQ
gp WP gpQ)] lowner-le-refl[OF dQ)] by auto
qed

6.3 Consequences of completeness

lemma hoare-patial-seq-assoc-sem:
shows =, {A} (51 31 §2) 3 83 {B} «— k=, {A} S1 33 (52 13 93) {B}
unfolding hoare-partial-correct-def denote.simps by auto

lemma hoare-patial-seq-assoc:
assumes well-com S1 and well-com S2 and well-com S3
and is-quantum-predicate A and is-quantum-predicate B
shows F, {A} (51 ;; 52) ;; S8 {B} «+— F, {4} S1 ;; (52 ;; S3) {B}

proof
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assume k-, {A} S1;; S2;; S8 {B}

then have =, {A} (S1 ;; 52) ;; S8 {B} using hoare-partial-sound assms by
auto

then have =, {4} S ;; (52 ;; S8) {B} using hoare-patial-seq-assoc-sem by
auto

then show F, {A} S1 ;; (S2 ;; S3) {B} using hoare-partial-complete assms by
auto
next

assume b, {4} S1;; (S2;; S8) {B}

then have =, {4} S1;; (52;; S8) {B} using hoare-partial-sound assms by auto

then have |=, {A} SI;; 52;; S3 {B} using hoare-patial-seg-assoc-sem by auto

then show -, {A} S1;; 52;; S3 {B} using hoare-partial-complete assms by
auto
qed

end

end

7 Grover’s algorithm

theory Grover
imports Partial-State Gates Quantum-Hoare
begin

7.1 Basic definitions

locale grover-state =
fixes n :: nat
and f :: nat = bool
assumes n: n > 1
and dimM: card {i. i < (2:nat) “n A fi} >0
card {i. i < (2:nat) “n A fi} < (2:nat) " n
begin

definition N where
N = (2:nat) " n

definition M where
M = card {i. i < N A fi}

lemma N-ge-0 [simp]: 0 < N by (simp add: N-def)
lemma M-ge-0 [simp]: 0 < M by (simp add: M-def dimM N-def)
lemma M-neg-0 [simp]: M # 0 by simp

lemma M-le-N [simp]: M < N by (simp add: M-def dimM N-def)
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lemma M-not-ge-N [simp]: = M > N using M-le-N by arith

definition v :: complex vec where
Y = Matriz.vec N (Xi. 1 / sqrt N)

lemma v-dim [simp]:
¥ € carrier-vec N
dim-vec ) = N
by (simp add: -def )+

lemma ¥-eval:
i< N=¢8$i=1/sqtN
by (simp add: 1-def)

lemma -inner:
inner-prod ¢ ¢ = 1
apply (simp add: ¥-eval scalar-prod-def)
by (smt (verit) of-nat-less-0-iff of-real-mult of-real-of-nat-eq real-sqrt-mult-self)

lemma ¥-norm:
vec-norm Y = 1
by (simp add: ¥-eval vec-norm-def scalar-prod-def)

definition « :: complex vec where
a = Matriz.vec N (Xi. if f i then 0 else 1 | sqrt (N — M))

lemma «a-dim [simp]:
« € carrier-vec N
dim-vec a« = N
by (simp add: a-def)+

lemma «-eval:
i< N= a$i=(if fithen Oelse 1 | sqrt (N — M))
by (simp add: a-def)

lemma a-inner:

inmer-prod o o = 1

apply (simp add: scalar-prod-def «-eval)

apply (subst sum.mono-neutral-cong-right[of {0.<N} {0.<N}—{i. i < N A f
i)

apply auto

apply (subgoal-tac card ({0.<N} — {i. i < N A fi}) =N — M)

subgoal by (metis of-nat-0-le-iff of-real-of-nat-eq of-real-power power2-eq-square
real-sqrt-pow2)

unfolding N-def M-def

by (metis (no-types, lifting) atLeastLessThan-iff card.infinite card-Diff-subset
card-atLeastLess Than diff-zero dimM (1) mem-Collect-eq neq0-conv subsetl zero-order(1))

definition 3 :: compler vec where
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B = Matriz.vec N (Ai. if fithen 1 / sqrt M else 0)

lemma S-dim [simp):
B € carrier-vec N
dim-vec B = N
by (simp add: B-def)+

lemma S-eval:
i< N= p38%i=(if fithen 1 ] sqrt M else 0)
by (simp add: B-def)

lemma S-inner:
inner-prod 8 B = 1
apply (simp add: scalar-prod-def (-eval)
apply (subst sum.mono-neutral-cong-right[of {0..<N} {i. i < N A fi}])
apply auto

apply (fold M-def)
by (metis of-nat-0-le-iff of-real-of-nat-eq of-real-power power2-eq-square real-sqrt-pow?2)

lemma alpha-beta-orth:
inner-prod o = 0
unfolding «-def B-def by (simp add: scalar-prod-def)

lemma beta-alpha-orth:
inner-prod 8 o = 0
unfolding a-def -def by (simp add: scalar-prod-def)

definition ¢ :: real where
¥ = 2 % arccos (sqrt (N — M) / N))

lemma cos-theta-div-2:
cos (9 / 2) = sqrt (N — M) / N)
proof —
have 9 / 2 = arccos (sqrt (N — M) / N)) using J-def by simp
then show cos (¥ / 2) = sqrt (N — M) / N)
by (simp add: cos-arccos-abs)
qed

lemma sin-theta-div-2:
sin (0 ) 2) = sqrt (M / N)
proof —
have a: ¥ / 2 = arccos (sqrt (N — M) / N)) using 9-def by simp
have N: N > 0 using N-def by auto
have M: M < N using M-def dimM N-def by auto
then show sin (¥ / 2) = sqrt (M / N)
unfolding a
apply (simp add: sin-arccos-abs)
proof —
have eq: real (N — M) = real N — real M using N M
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using M-not-ge-N nat-le-linear of-nat-diff by blast
have 1 — real (N — M) / real N = (real N — (real N — real M)) / real N
unfolding eq using N
by (metis diff-divide-distrib divide-self-if eq gr-implies-not0 of-nat-0-eq-iff)
then show 1 — real (N — M) / real N = real M / real N by auto
qed
qed

lemma ¥-neq-0:
¥ # 0
proof —
{
assume 9 = 0
then have ¥ / 2 = 0 by auto
then have sin (¢ / 2) = 0 by auto
}
note z = this
have sin (¥ / 2) = sqrt (M / N) using sin-theta-div-2 by auto
moreover have M > (0 unfolding M-def N-def using dimM by auto
ultimately have sin (¢ / 2) > 0 by auto
with z show ?thesis by auto
qged

abbreviation ccos where ccos ¢ = complez-of-real (cos )
abbreviation csin where csin ¢ = complez-of-real (sin ©)

lemma -eq:
Y =-ccos (V] 2)wa+csin(@/2) 0
apply (simp add: cos-theta-div-2 sin-theta-div-2)
apply (rule eg-vecl)
by (auto simp add: a-def B-def -def real-sqrt-divide)

lemma psi-inner-alpha:
inner-prod ¥ o = ccos (¥ | 2)
unfolding 1 -eq
proof —
have inner-prod (ccos (¢ / 2) - a) a = ccos (¥ ] 2)
apply (subst inner-prod-smult-right[of - N])
using a-dim a-inner by auto
moreover have inner-prod (csin (9 / 2) - ) a = 0
apply (subst inner-prod-smult-right[of - N])
using a-dim (-dim beta-alpha-orth by auto
ultimately show inner-prod (ccos (9 / 2) «» a + csin (¥ / 2) - B) a = ccos
W/ 2)
apply (subst inner-prod-distrib-left[of - N])
using a-dim B-dim by auto
qed

lemma psi-inner-beta:
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inner-prod ¢ B = csin (¥ / 2)
unfolding 1 -eq
proof —
have inner-prod (ccos (¢ / 2) - ) =10
apply (subst inner-prod-smult-right[of - N])
using «a-dim (B-dim alpha-beta-orth by auto
moreover have inner-prod (csin (0 / 2) - ) B = csin (¥ / 2)
apply (subst inner-prod-smult-right[of - N])
using B-dim B-inner by auto
ultimately show inner-prod (ccos (9 / 2) - a + csin (9 / 2) -, B) B = csin
W/ 2)
apply (subst inner-prod-distrib-left[of - N])
using a-dim B-dim by auto
qed

definition alpha-l :: nat = compler where
alpha-l1 = ccos (1 + 1/ 2) = 9)

lemma alpha-I-real:
alpha-1l € Reals
unfolding alpha-I-def by auto

lemma cnj-alpha-I:
conjugate (alpha-l1) = alpha-l1
using alpha-Il-real Reals-cnj-iff by auto

definition beta-l :: nat = complex where
beta-l 1 = csin (I 4+ 1 / 2) % V)

lemma beta-I-real:
beta-l | € Reals
unfolding beta-I-def by auto

lemma cnj-beta-I:
conjugate (beta-11) = beta-l1
using beta-l-real Reals-cnj-iff by auto

lemma csin-ccos-squared-add:

ccos (a::real) * ccos a + csin a x csin a = 1

by (smt (verit) cos-diff cos-zero of-real-add of-real-hom.hom-one of-real-mult)
lemma alpha-I-beta-l-add-norm:

alpha-l 1 * alpha-11 + beta-1 1 x beta-l 1l = 1

using alpha-Il-def beta-l-def csin-ccos-squared-add by auto

definition psi-l where
psi-l 1 = (alpha-l1) -, o + (beta-11) -, B

lemma psi-I-dim:
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psi-l 1 € carrier-vec N

unfolding psi-l-def a-def B-def by auto

lemma inner-psi-l:
inner-prod (psi-11) (psi-ll) = 1
proof —
have eq0: inner-prod (psi-l1 1) (psi-l 1)
= inner-prod ((alpha-11) -, «) (psi-l 1) + inner-prod ((beta-l1) -, B) (psi-l 1)
unfolding psi-I-def
apply (subst inner-prod-distrib-left)
using a-def B-def by auto
have inner-prod ((alpha-l1) -, «) (psi-l 1)
= inner-prod ((alpha-l1) -, o) ((alpha-11) -, o) + inner-prod ((alpha-l1) -, o)
((beta-l1) -, B)
unfolding psi-I-def
apply (subst inner-prod-distrib-right)
using a-def B-def by auto
also have ... = (conjugate (alpha-11)) * (alpha-l1) * inner-prod o «
+ (conjugate (alpha-11)) * (beta-l 1) * inner-prod «
apply (subst (1 2) inner-prod-smult-left-right) using a-def B-def by auto

also have ... = conjugate (alpha-l1) x (alpha-l1)
by (simp add: alpha-beta-orth a-inner)
also have ... = (alpha-l1) * (alpha-1 1) using cnj-alpha-l by simp

finally have eql: inner-prod (alpha-l1l -, «) (psi-l 1) = alpha-l 1 % alpha-1 [.

have inner-prod ((beta-11) -, B) (psi-l 1)
= inner-prod ((beta-l1) -, B) ((alpha-l1) -, «) + inner-prod ((beta-l1) -, B)
((beta-11) -, B)
unfolding psi-I-def
apply (subst inner-prod-distrib-right)
using a-def B-def by auto
also have ... = (conjugate (beta-11)) * (alpha-11) * inner-prod B «
+ (conjugate (beta-l 1)) x (beta-l1) x inner-prod B B
apply (subst (1 2) inner-prod-smult-left-right) using a-def -def by auto

also have ... = (conjugate (beta-l1)) = (beta-l 1) using S-inner beta-alpha-orth
by auto
also have ... = (beta-l1) * (beta-l 1) using cnj-beta-l by auto

finally have eq2: inner-prod (beta-l1 -, B8) (psi-l 1) = beta-l 1 * beta-1 I.

show ?thesis unfolding eq0 eql eq2 using alpha-l-beta-l-add-norm by auto
qed

abbreviation proj :: complexr vec = complex mat where
proj v = outer-prod v v

definition psi’-l where
psi’-l 1 = (alpha-11) -, o — (beta-11) -, B

lemma psi’-I-dim:
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psi’-l 1 € carrier-vec N

unfolding psi’-I-def a-def B-def by auto

definition proj-psi’-l where
proj-psi’-l 1 = proj (psi’-1 1)

lemma proj-psi’-dim:
proj-psi’-l | € carrier-mat N N
unfolding proj-psi’-l-def using psi’-lI-dim by auto

lemma psi-inner-psi’-I:
inner-prod ¥ (psi’-1 1) = (alpha-11 % ccos (¥ / 2) — beta-l1 * csin (9 / 2))
proof —
have inner-prod ¢ (psi’-l 1) = inner-prod ¢ (alpha-l1 -, &) — inner-prod ¢ (beta-l
l ‘v ﬁ)
unfolding psi’-l-def apply (subst inner-prod-minus-distrib-right[of - N]) by
auto

also have ... = alpha-l 1 x (inner-prod ¥ «) — beta-l 1 x (inner-prod ¢ ()
using Y-dim a-dim B-dim by auto
also have ... = alpha-l1 * (ccos (¥ / 2)) — beta-l1 * (csin (¥ / 2))

using psi-inner-alpha psi-inner-beta by auto
finally show ?thesis by auto
qed

lemma double-ccos-square:
2 % ccos (a:real) x ccos a = ccos (2 x a) + 1
proof —
have eq: ccos (2 * a) = ccos a * ccos a — csin a x csin a
using cos-add[of a a] by auto
have csin a * csin a = 1 — ccos a * ccos a
using csin-ccos-squared-add|of a]
by (metis add-diff-cancel-left’)
then have ccos a * ccos a — csin a * csin a = 2 % ccos a * ccos a — 1
by simp
with eq show ?thesis by simp
qed

lemma double-csin-square:
2 x csin (a:real) x csin a = 1 — ccos (2 * a)
proof —
have eq: ccos (2 x a) = ccos a * ccos a — csin a * csin a
using cos-add|of a a] by auto
have ccos a * ccos a = 1 — csin a * csin a
using csin-ccos-squared-add|of a]
by (auto intro: add-implies-diff)
then have ccos a % ccos a — csin a x csin a = 1 — 2 % csin (a::real) * csin a
by simp
with eq show %thesis by simp
qed
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lemma csin-double:
2 x csin (a:real) * ccos a = csin(2 * a)
using sin-add[of a a] by simp

lemma ccos-add:
ccos (x 4+ y) = ccos T x ccos y — csin x * csin y
using cos-add[of z y] by simp

lemma alpha-I-Suc-l-derive:
2 * (alpha-11 % ccos (¥ / 2) — beta-l 1 x csin (VY / 2)) * ccos (Y / 2) — alpha-l1
= alpha-l (I + 1)
(is ?lhs = %rhs)
proof —
have 2 x ((alpha-11) * ccos (9 | 2) — (beta-11) = csin (9 / 2)) % ccos (9 / 2)
= (alpha-11) % (2 % ccos (¥ | 2)x ccos (9 | 2)) — (beta-l1) * (2 * csin (¥ / 2)
* ccos (0 / 2))
by (simp add: left-diff-distrib)

also have ... = (alpha-11) % (ccos (¥) + 1) — (beta-11) x csin ¥
using double-ccos-square csin-double by auto
finally have 2 x ((alpha-l1) x ccos (9 / 2) — (beta-11) x csin (9 / 2)) * ccos
@/ 2)
= (alpha-11) * (ccos (¥) + 1) — (beta-l 1) x csin 9.
then have ?lhs = (alpha-l 1) * ccos () — (beta-l 1) x csin ¥ by (simp add:
algebra-simps)
also have ... = (alpha-l (I + 1))
unfolding alpha-I-def beta-I-def
apply (subst ccos-add[of (real ] + 1 | 2) % 9 ¥, symmetric))
by (simp add: algebra-simps)
finally show ?thesis by auto
qed

lemma csin-add:
csin (z 4+ y) = ccos T % csin y + csin x * ccos y
using sin-add[of z y] by simp

lemma beta-I-Suc-I-derive:
2 x (alpha-l1 x ccos (¥ | 2) — (beta-11) x csin (9 / 2)) * csin (9 / 2) + beta-l1
= beta-l (I + 1)
(is ?lhs = ?rhs)
proof —
have 2 % ((alpha-l1) % ccos (¥ / 2) — (beta-11) % csin (¥ ] 2)) % csin (¥ / 2)
= (alpha-11) % (2 = csin (9 | 2)% ccos (V / 2)) — (beta-11) % (2 % csin (9 / 2)
* csin (0 / 2))
by (simp add: left-diff-distrib)
also have ... = (alpha-11) % (csin ¥) — (beta-11) x (1 — ccos (¥))
using double-csin-square csin-double by auto
finally have 2 x ((alpha-l1) * ccos (¥ / 2) — (beta-l 1) * csin (¥ [ 2)) % csin
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W/ 2)
= (alpha-11) % (csin ¥) — (beta-11) * (1 — ccos (V).
then have ?lhs = (alpha-l [) * (csin ¥) + (beta-l 1) * ccos ¥ by (simp add:
algebra-simps)
also have ... = (beta-l (I + 1))
unfolding alpha-I-def beta-l-def
apply (subst csin-add[of (reall + 1 / 2) % 9 ¥, symmetric])
by (simp add: algebra-simps)
finally show ?thesis by auto
qed

lemma psi-I-Suc-Il-derive:
2 x (alpha-l11 x ccos (9 ] 2) — beta-l 1 % csin (¥ / 2)) - ¥ — psi’-l 1 = psi-l (1
+ 1)
(is ?lhs = ?rhs)
proof —
let 21 = 2 % ((alpha-11) % ccos (¥ ] 2) — (beta-l1) * csin (9 / 2))
have 21 -, ¢ = 21 -, (ccos (¥ / 2) -y o + ¢sin (9 / 2) -, ) unfolding i-eq by
auto
also have ... = 20 -, (ccos (9 ) 2) - ) + 21 -, (csin (O / 2) - B)
apply (subst smult-add-distrib-vec[of - N]) using a-dim S-dim by auto
also have ... = (20 % ccos (¥ / 2)) - a + (2l % csin (9 / 2)) -, B by auto
finally have 71 -, ¢p = (7l % ccos (9 / 2)) - o + (2l % csin (9 ] 2)) - B.
then have 71 -, ¢ — (psi’-l 1) = ((?l x ccos (¥ / 2)) » a — (alpha-l1) -, «
(7l % csin (U ) 2)) - B + (beta-l1) -, B)
unfolding psi’-I-def by auto
also have ... = (2] x ccos (¥ / 2) — alpha-l1) -, o + (2l % csin (¥ / 2) + beta-l
l) ‘v ﬂ
apply (subst minus-smult-vec-distrib) apply (subst add-smult-distrib-vec) by
auto
also have ... = (alpha-l (I + 1)) +» o + (beta-l (I + 1)) - B
using alpha-Il-Suc-l-derive beta-l-Suc-I-derive by auto
finally have 21 -, ¢ — (psi’-l 1) = (alpha-l (I + 1)) - o + (beta-l (I + 1)) - B.
then show ?thesis unfolding psi-I-def by auto
qed

) +

7.2 Grover operator

Oracle O

definition proj-O :: compler mat where
proj-0 = mat N N (A(4, 7). if ¢ = j then (if f i then 1 else 0) else 0)

lemma proj-O-dim:
proj-0 € carrier-mat N N
unfolding proj-O-def by auto

lemma proj-O-mult-alpha:

proj-0 *, o = zero-vec N
by (auto simp add: proj-O-def a-def scalar-prod-def)
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lemma proj-O-mult-beta:
proj-O %, B =
by (auto simp add: proj-O-def B-def scalar-prod-def sum-only-one-neq-0)

definition mat-O :: complex mat where
mat-O = mat N N (A(4,§). if i = j then (if fi then —1 else 1) else 0)

lemma mat-O-dim:
mat-O € carrier-mat N N
unfolding mat-O-def by auto

lemma mat-O-mult-alpha:
mat-0 %, o = «
by (auto simp add: mat-O-def «-def scalar-prod-def sum-only-one-neq-0)

lemma mat-O-mult-beta:
mat-0 *, = — 3
by (auto simp add: mat-O-def [-def scalar-prod-def sum-only-one-neg-0)

lemma hermitian-mat-O:
hermitian mat-0
by (auto simp add: hermitian-def mat-O-def adjoint-eval)

lemma unitary-mat-0O:
unitary mat-0
proof —
have mat-O € carrier-mat N N unfolding mat-O-def by auto
moreover have mat-0 * adjoint mat-O = mat-O x mat-O using hermitian-mat-O
unfolding hermitian-def by auto
moreover have mat-O * mat-O = 1,, N
apply (rule eg-matl)
unfolding mat-O-def
apply (simp add: scalar-prod-def)
subgoal for i j apply (rule)
subgoal apply (subst sum-only-one-neq-0[of {0..<N} j]) by auto
apply (subst sum-only-one-neg-0[of {0..<N} j]) by auto
by auto
ultimately show ?thesis unfolding unitary-def inverts-mat-def by auto
qed

definition mat-Ph :: complex mat where
mat-Ph = mat N N (X\(4,5). if i = j then if i = 0 then 1 else —1 else 0)

lemma hermitian-mat-Ph:
hermitian mat-Ph
unfolding hermitian-def mat-Ph-def
apply (rule eg-matl)
by (auto simp add: adjoint-eval)
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lemma unitary-mat-Ph:
unitary mat-Ph
proof —
have mat-Ph € carrier-mat N N unfolding mat-Ph-def by auto
moreover have mat-Ph x adjoint mat-Ph = mat-Ph * mat-Ph using hermi-
tian-mat-Ph unfolding hermitian-def by auto
moreover have mat-Ph x mat-Ph = 1,, N
apply (rule eg-matl)
unfolding mat-Ph-def
apply (simp add: scalar-prod-def)
subgoal for i j apply (rule)
subgoal apply (subst sum-only-one-neg-0lof {0..<N} 0]) by auto
apply (subst sum-only-one-neq-0[of {0..<N} j]) by auto
by auto
ultimately show ?thesis unfolding unitary-def inverts-mat-def by auto
qed

definition mat-G' :: complex mat where
mat-G' = mat N N (A(i,j). if i = jthen 2 /| N — 1 else 2 / N)
Geometrically, the Grover operator G is a rotation
definition mat-G :: complex mat where

mat-G = mat-G' x mat-0O

end

7.3 State of Grover’s algorithm

The dimensions are [2, 2, ..., 2, n]. We work with a very special case as in
the paper
locale grover-state-sig = grover-state + state-sig +

fixes R :: nat

fixes K :: nat

assumes dims-def: dims = replicate n 2 Q [K]

assumes R: R=pi / (2x0) — 1/ 2

assumes K: K > R

begin

lemma K-gt-0:
K >0
using K by auto

Bits q0 to q_(n-1)

definition varsl :: nat set where
varsl = {0 ..< n}

Bit r
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definition vars?2 :: nat set where
vars2 = {n}

lemma length-dims:
length dims = n + 1
unfolding dims-def by auto

lemma dims-nth-lt-n:
Il <n= nthdimsl=2
unfolding dims-def by (simp add: nth-append)

lemma nths-Suc-n-dims:
nths dims {0..<(Suc n)} = dims
using length-dims nths-upt-eq-take
by (metis add-Suc-right add-Suc-shift lessThan-atLeast0 less-add-eq-less less-numeral-extra(4)
not-less plus-1-eq-Suc take-all)

interpretation ps2-P: partial-state2 dims varsl vars2
apply unfold-locales unfolding varsi-def vars2-def by auto

interpretation ps-P: partial-state ps2-P.dims0 ps2-P.varsl’.

abbreviation tensor-P where
tensor-P A B = ps2-P.ptensor-mat A B

lemma tensor-P-dim:
tensor-P A B € carrier-mat d d
proof —
have ps2-P.d0 = prod-list (nths dims ({0..<n} U {n})) unfolding ps2-P.d0-def
ps2-P.dims0-def ps2-P.vars0-def
by (simp add: varsi-def vars2-def)

also have ... = prod-list (nths dims ({0..<Suc n}))
apply (subgoal-tac {0..<n} U {n} = {0..<(Suc n)}) by auto
also have ... = prod-list dims using nths-Suc-n-dims by auto
also have ... = d unfolding d-def by auto
finally show ?thesis using ps2-P.ptensor-mat-carrier by auto
qed

lemma dims-nths-le-n:
assumes [ < n
shows nths dims {0..<l} = replicate | 2
proof (rule nth-equalityl, auto)
have | <n = (i < Sucn ANi<l)= (i< for i
using less-trans by fastforce
then show [: length (nths dims {0..<l}) = [ using assms
by (auto simp add: length-nths length-dims)

have [lt: | < length dims using length-dims assms by auto
have v1: \i. i <= {a. a < i A a € {0..<l}} = {0..<i} unfolding varsi-def
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by auto
then have Ai. i <= card {j. j < i AN j € {0..<l}} =i by auto
then have nths dims {0..<l} ! i = dims ! i if ¢ < [ for i
using nth-nths-card|of i dims {0..<l}] that llt by auto
moreover have dims ! i = replicate n 2 ! i if i < n for ¢ unfolding dims-def
by (auto simp add: nth-append that)
moreover have replicate n 2 | i = replicate | 2! ¢ if i < [ for 7 using assms
that by auto
ultimately show nths dims {0..<l} | i = replicate | 2 | i if i < length (nths
dims {0..<1}) for ¢
using [ that assms by auto
qed

lemma dims-nths-one-lt-n:
assumes | < n
shows nths dims {1} = [2]
proof —
have {i. i < length dims A i € {I}} = {I} using assms length-dims by auto
then have nths dims {I} = [dims ! l] using nths-only-onelof dims {1} l] by auto
moreover have dims | | = 2 unfolding dims-def using assms by (simp add:
nth-append)
ultimately show ?thesis by auto
qed

lemma dims-varsi:
nths dims varsl = replicate n 2
proof (rule nth-equalityl, auto)
show [: length (nths dims varsl) = n
apply (auto simp add: length-nths vars1-def length-dims)
by (metis (no-types, lifting) Collect-cong Suc-lessD card-Collect-less-nat not-less-eq)

have vi: N\i. i <n = {a. a < i A a € varsl} = {0..<i} unfolding varsI-def
by auto
then have A\i. i < n = card {j. j < i A j € varsl} = i by auto
then have nths dims varsl | i = dims ! ¢ if i < n for ¢
using nth-nths-card[of i dims varsl] that length-dims varsl-def by auto
moreover have dims ! i = replicate n 2 | i if i < n for i unfolding dims-def
by (simp add: nth-append that)
ultimately show nths dims varsl | i = replicate n 2 ! i if i < length (nths dims
varsl) for i
using [ that by auto
qged

lemma nths-rep-2-n:
nths (replicate n 2) {n} =[]
by (metis (no-types, lifting) Collect-empty-eq card.empty length-0-conv length-replicate

less-Suc-eq not-less-eq nths-replicate singletonD)

lemma dims-vars2:
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nths dims vars2 = [K]
unfolding dims-def vars2-def
apply (subst nths-append)
apply (subst nths-rep-2-n)
by simp

lemma d-vars!:
prod-list (nths dims varsl) = N
proof —
have eq: {0..<n} = {..<n} by auto
have nths (replicate n 2 @Q [K]) {0..<n} = (replicate n 2)
apply (subst eq)
using nths-upt-eq-take by simp
then show ?thesis unfolding dims-def varsi-def N-def by auto
qed

lemma ps2-P-dims0:
ps2-P.dims0 = dims
proof —
have vars! U vars2 = {0..<Suc n} unfolding varsi-def vars2-def by auto
then have dims: nths dims (vars! U vars2) = dims unfolding varsi-def vars2-def
using nths-Suc-n-dims by auto
then show ?thesis unfolding ps2-P.dims0-def ps2-P.vars0O-def apply (subst
dims) by auto
qed

lemma ps2-P-varsl”:
ps2-P.varsl’ = varsl
unfolding ps2-P.varsl’-def ps2-P.vars0-def
proof —
have eq: varsl U vars2 = {0..<(Suc n)} unfolding varsi-def vars2-def by auto
have z < Suc n = {i € {0..<Suc n}. i < z} = {i. i < z} for x by auto
then have z < Suc n = ind-in-set {0..<(Suc n)} z = z for z unfolding
ind-in-set-def by auto
then have z € vars] = ind-in-set {0..<(Suc n)} ¢ = z for z unfolding
varsl-def by auto
then have ind-in-set {0..<(Suc n)} ‘ varsl = varsl by force
with eq show ind-in-set (vars! U vars2) ‘ varsl = varsl by auto
qed

lemma ps2-P-d0:
ps2-P.d0 = d
unfolding ps2-P.d0-def using ps2-P-dims0 d-def by auto
lemma ps2-P-d1:
ps2-P.d1 = N
unfolding ps2-P.d1-def ps2-P.dims1-def by (simp add: dims-varsl N-def)

lemma ps2-P-d2:
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ps2-P.d2 = K
unfolding ps2-P.d2-def ps2-P.dims2-def by (simp add: dims-vars2)

lemma ps-P-d:
ps-P.d = d
unfolding ps-P.d-def ps2-P-dims0 by auto

lemma ps-P-d1:

ps-P.dl = N

unfolding ps-P.d1-def ps-P.dimsi-def ps2-P.nths-varsl’ using ps2-P-d1 un-
folding ps2-P.d1-def by auto

lemma ps-P-d2:

ps-P.d2 = K

unfolding ps-P.d2-def ps-P.dims2-def ps2-P.nths-vars2’' using ps2-P-d2 un-
folding ps2-P.d2-def by auto

lemma nths-uminus-vars1:

nths dims (— varsl) = nths dims vars2

using ps2-P.nths-vars2’' unfolding ps2-P-dims0 ps2-P-varsl’ ps2-P.dims2-def
by auto

lemma tensor-P-mult:
assumes ml € carrier-mat (27n) (27n)
and m2 € carrier-mat (27n) (27n)
and m3 € carrier-mat K K
and m4 € carrier-mat K K
shows (tensor-P m1 m3) * (tensor-P m2 m4) = tensor-P (m1 * m2) (m3 x
m4)
proof —
have eq:{0..<n} = {..<n} by auto
have (nths dims varsl) = replicate n 2
unfolding dims-def varsi-def apply (subst eq)
by (simp add: nths-upt-eg-take[of (replicate n 2 Q [K]) n])

have ps2-P.d1 = 2"n unfolding ps2-P.d1-def ps2-P.dimsI-def using d-varsl
N-def by auto

moreover have ps2-P.d2 = K unfolding ps2-P.d2-def ps2-P.dims2-def using
dims-vars2 by auto

ultimately show ?thesis apply (subst ps2-P.ptensor-mat-mult) using assms
by auto
qed

lemma mat-ext-varsl:
shows mat-extension dims varsl A = tensor-P A (1,, K)
unfolding Utrans-P-def ps2-P.ptensor-mat-def partial-state.mat-extension-def
partial-state.d2-def partial-state. dims2-def ps2-P.nths-vars2'[simplified ps2-P-dims0
ps2-P-vars1’]
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using ps2-P-d2 unfolding ps2-P.d2-def using ps2-P-dims0 ps2-P-varsl’ by
auto

lemma Utrans-P-is-tensor-P1:

Utrans-P varsl A = Utrans (tensor-P A (1,, K))

unfolding Utrans-P-def ps2-P.ptensor-mat-def partial-state.mat-extension-def

partial-state.d2-def partial-state.dims2-def ps2-P.nths-vars2'[simplified ps2-P-dims0
ps2-P-varsl’|

using ps2-P-d2 unfolding ps2-P.d2-def using ps2-P-dims0 ps2-P-varsl’ by
auto

lemma nths-dims-uminus-vars2:
nths dims (—vars2) = nths dims varsl
proof —
have nths dims (—vars2) = nths dims ({0..<length dims} — vars2)
using nths-minus-eq by auto
also have ... = nths dims varsl unfolding varsI-def vars2-def length-dims
apply (subgoal-tac {0..<n + 1} — {n} = {0..<n}) by auto
finally show ?thesis by auto
qed

lemma mat-ext-vars2:
assumes A € carrier-mat K K
shows mat-eztension dims vars2 A = tensor-P (1,, N) A
proof —
have mat-extension dims vars2 A = tensor-mat dims vars2 A (1, N)
unfolding Utrans-P-def partial-state.mat-extension-def
partial-state.d2-def partial-state.dims2-def
nths-dims-uminus-vars2 dims-varsl N-def by auto
also have ... = tensor-mat dims vars! (1,, N) A
apply (subst tensor-mat-comm[of varsl vars2))
subgoal unfolding varsi-def vars2-def by auto
subgoal unfolding length-dims varsi-def vars2-def by auto
subgoal unfolding dims-varsi N-def by auto
unfolding dims-vars2 using assms by auto
finally show mat-extension dims vars2 A = tensor-P (1, N) A
unfolding ps2-P.ptensor-mat-def ps2-P-dims0 ps2-P-vars1’ by auto
qged

lemma Utrans-P-is-tensor-P2:
assumes A € carrier-mat K K
shows Utrans-P vars2 A = Utrans (tensor-P (1,, N) A)
unfolding Utrans-P-def using mat-ext-vars2 assms by auto

7.4 Grover’s algorithm

Apply hadamard operator to first n variables

definition hadamard-on-i :: nat = complex mat where
hadamard-on-i i = pmat-extension dims {i} (varsl — {i}) hadamard
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declare hadamard-on-i-def [simp]

fun hadamard-n :: nat = com where

hadamard-n 0 = SKIP
| hadamard-n (Suc i) = hadamard-n i ;; Utrans (tensor-P (hadamard-on-i i) (1,
K))

Body of the loop

definition D :: com where
D = Utrans-P varsl mat-O ;;
hadamard-n n ;;
Utrans-P varsl mat-Ph ;;
hadamard-n n ;;
Utrans-P vars2 (mat-incr K)

lemma unitary-ex-mat-0:
unitary (tensor-P mat-0O (1, K))
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-unitary)
subgoal using ps-P-dI mat-O-def by auto
subgoal using ps-P-d2 by auto
subgoal using unitary-mat-O by auto
using unitary-one by auto

lemma unitary-ex-mat-Ph:
unitary (tensor-P mat-Ph (1, K))
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-unitary)
subgoal using ps-P-d1 mat-Ph-def by auto
subgoal using ps-P-d2 by auto
subgoal using unitary-mat-Ph by auto
using unitary-one by auto

lemma unitary-hadamard-on-i:
assumes k < n
shows unitary (hadamard-on-i k)
proof —
interpret st2: partial-state2 dims {k} varsl — {k}
apply unfold-locales by auto
show ?thesis unfolding hadamard-on-i-def st2.pmat-extension-def st2.ptensor-mat-def
apply (rule partial-state.tensor-mat-unitary)
subgoal unfolding partial-state.d1-def partial-state.dims1-def st2.nths-varsl’
st2.dims1-def
using dims-nths-one-lt-n assms hadamard-dim by auto
subgoal unfolding st2.d2-def st2.dims2-def partial-state.d2-def partial-state. dims2-def
st2.nths-vars2’ st2.dims1-def
by auto
subgoal using unitary-hadamard by auto
subgoal using unitary-one by auto
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done
qed

lemma unitary-exhadamard-on-i:
assumes k < n
shows unitary (tensor-P (hadamard-on-i k) (1,, K))
proof —
interpret st2: partial-state2 dims {k} vars1 — {k}
apply unfold-locales by auto
have di: st2.d0 = partial-state.d1 ps2-P.dims0 ps2-P.varsl’
unfolding partial-state.d1-def partial-state.dims1-def ps2-P.nths-varsl’ ps2-P.dims1-def
st2.d0-def st2.dims0-def st2.varsO-def using assms
apply (subgoal-tac {k} U (varsl — {k}) = varsl) apply simp
unfolding varsi-def by auto
show ?thesis
unfolding ps2-P.ptensor-mat-def
apply (rule partial-state.tensor-mat-unitary)
subgoal unfolding hadamard-on-i-def st2.pmat-extension-def
using st2.ptensor-mat-carrier|of hadamard 1,, st2.d2]
using dI by auto
subgoal unfolding partial-state.d2-def partial-state.dims2-def ps2-P.nths-vars2’
ps2-P.dims2-def dims-vars2 by auto
using unitary-hadamard-on-i unitary-one assms by auto
qed

lemma hadamard-on-i-dim:
assumes k < n
shows hadamard-on-i k € carrier-mat N N
proof —
interpret st: partial-state2 dims {k} (varsl — {k})
apply unfold-locales by auto
have vars1: {k} U (varsl — {k}) = vars! unfolding varsi-def using assms by
auto
show ?thesis unfolding hadamard-on-i-def N-def using st.pmat-extension-carrier
unfolding st.d0-def st.dims0-def st.varsO-def
using varsl dims-varsl by auto
qed

lemma well-com-hadamard-k:
k < n = well-com (hadamard-n k)
proof (induct k)
case ()
then show ?Zcase by auto
next
case (Suc n)
then have well-com (hadamard-n n) by auto
then show ?case unfolding hadamard-n.simps well-com.simps using tensor-P-dim
unitary-erhadamard-on-i Suc by auto
qed
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lemma well-com-hadamard-n:
well-com (hadamard-n n)
using well-com-hadamard-k by auto

lemma well-com-mat-0O:
well-com (Utrans-P varsl mat-0)
apply (subst Utrans-P-is-tensor-P1)
apply simp using tensor-P-dim unitary-ez-mat-O by auto

lemma well-com-mat-Ph:
well-com (Utrans-P varsl mat-Ph)
apply (subst Utrans-P-is-tensor-P1)
apply simp using tensor-P-dim unitary-ex-mat-Ph by auto

lemma unitary-exmat-incr:

unitary (tensor-P (1,, N) (mat-incr K))

unfolding ps2-P.ptensor-mat-def

apply (subst ps-P.tensor-mat-unitary)

using unitary-mat-incr K unitary-one by (auto simp add: ps-P-d1 ps-P-d2
mat-incr-def)

lemma well-com-mat-incr:
well-com (Utrans-P vars2 (mat-incr K))
apply (subst Utrans-P-is-tensor-P2)
apply (simp add: mat-incr-def) using tensor-P-dim unitary-exmat-incr by auto

lemma well-com-D: well-com D
unfolding D-def apply auto
using well-com-hadamard-n well-com-mat-incr well-com-mat-O well-com-mat-Ph

by auto
Test at while loop

definition MO0 :: complex mat where
MO = mat K K (\(4,4). if i = j A i > R then 1 else 0)

lemma hermitian-MO:
hermitian MO
by (auto simp add: hermitian-def M0O-def adjoint-eval)

lemma MO-dim:
MO € carrier-mat K K
unfolding M0-def by auto

lemma MO-mult-MO:

MO « M0 = M0
by (auto simp add: MO-def scalar-prod-def sum-only-one-neg-0)
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definition M1 :: complex mat where
M1 = mat K K (A(i,j). if i = j N i < R then 1 else 0)

lemma MI1-dim:
M1 € carrier-mat K K
unfolding M1I1-def by auto

lemma hermitian-M1:
hermitian M1
by (auto simp add: hermitian-def M1-def adjoint-eval)

lemma M1-mult-M1:
M1 « M1 = M1
by (auto simp add: M1-def scalar-prod-def sum-only-one-neg-0)

lemma M1-add-M0O:
M1 + MO =1, K
unfolding MO-def M1-def by auto

Test at the end

definition testN :: nat = complex mat where
testN k= mat N N (A(i,j). if i = k A j=Fk then 1 else 0)

lemma hermitian-testN:
hermitian (testN k)
unfolding hermitian-def testN-def
by (auto simp add: scalar-prod-def adjoint-eval)

lemma testN-mult-testN:
testN k x testN k = testN k
unfolding testN-def
by (auto simp add: scalar-prod-def sum-only-one-neq-0)

lemma testN-dim:
testN k € carrier-mat N N
unfolding testN-def by auto

definition test-fst-k :: nat = complex mat where
test-fst-k k = mat N N (A(4, 7). if (i =3 N i < k) then I else 0)

lemma sum-test-k:
assumes m < N
shows matriz-sum N (Ak. testN k) m = test-fst-k m
proof —
have m < N = matriz-sum N (\k. testN k) m = mat N N (A(¢, j). if (i =]
A i < m) then 1 else 0) for m
proof (induct m)
case (
then show ?case apply simp apply (rule eg-matl) by auto
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next
case (Suc m)
then have m: m < N by auto
then have m” m < N by auto
have matriz-sum N testN (Suc m) = testN m + matriz-sum N testN m by
stmp
also have ... = mat N N (\(7, 7). if (i =7 A i < (Suc m)) then 1 else 0)
unfolding testN-def Suc(1)[OF m'] apply (rule eg-matl) by auto
finally show ?case by auto
qged
then show ?thesis unfolding test-fst-k-def using assms by auto
qed

lemma test-fst-kN:
test-fst-k N = 1,, N
apply (rule eg-matl)
unfolding test-fst-k-def by auto

lemma matriz-sum-tensor-P1:
(Nk. k < m = gk € carrier-mat N N) = (A € carrier-mat K K) =
matriz-sum d (k. tensor-P (g k) A) m = tensor-P (matriz-sum N g m) A
proof (induct m)
case ()
show ?case apply (simp) unfolding ps2-P.ptensor-mat-def
using ps-P.tensor-mat-zerol [simplified ps-P-d ps-P-d1, of A] by auto
next
case (Suc m)
then have ind: matriz-sum d (\k. tensor-P (g k) A) m = tensor-P (matriz-sum
Ngm) A
and dk: Ak. k < m = g k € carrier-mat N N and A € carrier-mat K K by
auto
have ds: matriz-sum N g m € carrier-mat N N apply (subst matriz-sum-dim)
using dk by auto
show ?case apply simp
apply (subst ind)
unfolding ps2-P.ptensor-mat-def apply (subst ps-P.tensor-mat-addl)
unfolding ps-P-d1 ps-P-d2 using Suc ds by auto
qged

Grover’s algorithm. Assume we start in the zero state

definition Grover :: com where
Grover = hadamard-n n 3;
While-P vars2 M0 M1 D ;;
Measure-P varsl N testN (replicate N SKIP)

lemma well-com-if:
well-com (Measure-P varsl N testN (replicate N SKIP))
unfolding Measure-P-def apply auto

proof —
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have eq0: An. mat-extension dims varsl (testN n) = tensor-P (testN n) (1.,
K)
unfolding mat-ext-varsl by auto
have eql: adjoint (tensor-P (testN j) (1., K)) * tensor-P (testN j) (1, K) =
tensor-P (testN j) (1,, K) for j
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-adjoint)
apply (auto simp add: ps-P-d1 ps-P-d2 testN-dim hermitian-testN [unfolded
hermitian-def] hermitian-one[unfolded hermitian-def])
apply (subst ps-P.tensor-mat-mult[symmetric])
by (auto simp add: ps-P-d1 ps-P-d2 testN-dim testN-mult-testN)
have measurement d N (An. tensor-P (testN n) (1., K))
unfolding measurement-def
apply (simp add: tensor-P-dim)
apply (subst eql)
apply (subst matriz-sum-tensor-P1)
apply (auto simp add: testN-dim)
apply (subst sum-test-k, simp)
apply (subst test-fst-kN)
unfolding ps2-P.ptensor-mat-def
using ps-P.tensor-mat-id ps-P-d ps-P-d1 ps-P-d2 by auto
then show measurement d N (An. mat-extension dims varsl (testN n)) using
eq0 by auto

show list-all well-com (replicate N SKIP)
apply (subst list-all-length) by simp
qged

lemma well-com-while:
well-com (While-P vars2 M0 M1 D)
unfolding While-P-def apply auto
apply (subst (1 2) mat-ext-vars2)
apply (auto simp add: M1-dim MO-dim)
proof —
have 2: 2 = Suc (Suc 0) by auto
have ad0: adjoint (tensor-P (1,, N) M0) = (tensor-P (1,, N) M0)
unfolding ps2-P.ptensor-mat-def apply (subst ps-P.tensor-mat-adjoint)
unfolding ps-P-d1 ps-P-d2 by (auto simp add: MO-dim adjoint-one hermi-
tian-MO[unfolded hermitian-def])
have ad?: adjoint (tensor-P (1,, N) M1) = (tensor-P (1,, N) M1)
unfolding ps2-P.ptensor-mat-def apply (subst ps-P.tensor-mat-adjoint)
unfolding ps-P-dI ps-P-d2 by (auto simp add: MI1-dim adjoint-one hermi-
tian-M1 [unfolded hermitian-def])
have m0: tensor-P (1,, N) M0 * tensor-P (1,, N) M0 = tensor-P (1., N) M0
unfolding ps2-P.ptensor-mat-def apply (subst ps-P.tensor-mat-mult[symmetric])
unfolding ps-P-d1 ps-P-d2 using MO0-dim MO-mult-M0 by auto
have m1: tensor-P (1,, N) M1 * tensor-P (1,, N) M1 = tensor-P (1, N) M1
unfolding ps2-P.ptensor-mat-def apply (subst ps-P.tensor-mat-mult[symmetric])
unfolding ps-P-d1 ps-P-d2 using M1-dim MI1-mult-M1 by auto
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have s: tensor-P (1, N) M1 + tensor-P (1,, N) M0 = 1,, d
unfolding ps2-P.ptensor-mat-def apply (subst ps-P.tensor-mat-add2[symmetric])
unfolding ps-P-d1 ps-P-d2
by (auto simp add: M1-dim MO-dim M1-add-MO ps-P.tensor-mat-id[simplified
ps-P-d1 ps-P-d2 ps-P-d])
show measurement d 2 (An. if n = 0 then tensor-P (1,, N) MO0 else if n = 1
then tensor-P (1,, N) M1 else undefined)
unfolding measurement-def apply (auto simp add: tensor-P-dim) apply (subst
2)
apply (simp add: ad0 adl m0 m1)
apply (subst assoc-add-mat[symmetric, of - d d]) using tensor-P-dim s by auto
show well-com D using well-com-D by auto
qed

lemma well-com-Grover:
well-com Grover
unfolding Grover-def apply auto
using well-com-hadamard-n well-com-if well-com-while by auto

7.5 Correctness

Pre-condition: assume in the zero state

definition ket-pre :: complex vec where
ket-pre = Matriz.vec N (Ak. if k = 0 then 1 else 0)

lemma ket-pre-dim:
ket-pre € carrier-vec N using ket-pre-def by auto

definition pre :: complex mat where
pre = proj ket-pre

lemma pre-dim:
pre € carrier-mat N N
using pre-def ket-pre-def by auto

lemma norm-pre:

inner-prod ket-pre ket-pre = 1

unfolding ket-pre-def scalar-prod-def

using sum-only-one-neq-0[of {0..<N} 0 Xi. (if i = 0 then 1 else 0) * cnj (if i
= 0 then 1 else 0)] by auto

lemma pre-trace:
trace pre = 1
unfolding pre-def
apply (subst trace-outer-prod[of - NJ)
subgoal unfolding ket-pre-def by auto using norm-pre by auto

lemma positive-pre:
positive pre
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using positive-same-outer-prod unfolding pre-def ket-pre-def by auto

lemma pre-le-one:
pre <p 1., N
unfolding pre-def using outer-prod-le-one norm-pre ket-pre-def by auto

Post-condition: should be in a state i with fi =1

definition post :: complex mat where
post = mat N N (A\(4, 7). if (¢ = 7 A f1i) then 1 else 0)

lemma post-dim:
post € carrier-mat N N
unfolding post-def by auto

lemma hermitian-post:
hermitian post
unfolding hermitian-def post-def
by (auto simp add: adjoint-eval)

Hoare triples of initialization

definition ket-zero :: complex vec where
ket-zero = Matriz.vec 2 (Mk. if k = 0 then 1 else 0)

lemma ket-zero-dim:
ket-zero € carrier-vec 2 unfolding ket-zero-def by auto

definition proj-zero where
proj-zero = proj ket-zero

definition ket-one where
ket-one = Matriz.vec 2 (Ak. if k = 1 then 1 else 0)

definition proj-one where
proj-one = proj ket-one

definition ket-plus where
ket-plus = Matriz.vec 2 (\k.1 | csqrt 2)

lemma ket-plus-dim:
ket-plus € carrier-vec 2 unfolding ket-plus-def by auto

lemma ket-plus-eval [simp]:
i< 2 = ket-plus$ i =1/ csqrt 2
apply (simp only: ket-plus-def)
using indez-vec less-2-cases by force

lemma csqrt-2-sq [simp]:

complez-of-real (sqrt 2) = complex-of-real (sqrt 2) = 2

by (smt (verit) of-real-add of-real-hom.hom-one of-real-power one-add-one power2-eq-square
real-sqri-pow?2)
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lemma ket-plus-tensor-n:
partial-state.tensor-vec [2, 2] {0} ket-plus ket-plus = Matriz.vec 4 (M\k. 1 / 2)
unfolding partial-state.tensor-vec-def state-sig.d-def
proof (rule eg-vecl, auto)
fix i :: nat assume i: | < 4
interpret st: partial-state [2, 2] {0} .
have di-eq: st.dl = 2
by (simp add: st.d1-def st.dims1-def nths-def)
have st.encodel i < st.d1
by (simp add: st.d-def ©)
then have i1-lt: st.encodel i < 2
using di-eq by auto
have d2-eq: st.d2 = 2
by (simp add: st.d2-def st.dims2-def nths-def)
have st.encode2 i < st.d2
by (simp add: st.d-def ©)
then have i2-lt: st.encode2 i < 2
using d2-eq by auto
show ket-plus $ st.encodel i * ket-plus $ st.encode2 i x 2 = 1
by (auto simp add: i1-1t i2-1t)
qged

definition proj-plus where
proj-plus = proj ket-plus

lemma hadamard-on-zero:
hadamard *, ket-zero = ket-plus
unfolding hadamard-def ket-zero-def ket-plus-def mat-of-rows-list-def
apply (rule eg-vecl, auto simp add: scalar-prod-def)
subgoal for i
apply (drule less-2-cases)
apply (drule disjE, auto)
by (subst sum-le-2, auto)+.

fun exH-k :: nat = complex mat where
exH-k 0 = hadamard-on-i 0
| exH-k (Suc k) = exH-k k * hadamard-on-i (Suc k)

fun H-k :: nat = complex mat where
H-k 0 = hadamard
| H-k (Suc k) = ptensor-mat dims {0..<Suc k} {Suc k} (H-k k) hadamard

lemma H-k-dim:

k < n= H-kk € carrier-mat (2 (Suc k)) (27 (Suc k))
proof (induct k)

case ()

then show ?case using hadamard-dim by auto
next
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case (Suc k)
interpret st: partial-state2 dims {0..<(Suc k)} {Suc k}
apply unfold-locales by auto

have Suc (Suc k) < n using Suc by auto

then have nths dims ({0..<Suc (Suc k)}) = replicate (Suc (Suc k)) 2 using
dims-nths-le-n by auto

moreover have prod-list (replicate | 2) = 271 for | by simp

moreover have {0..<Suc k} U {Suc k} = {0..<(Suc (Suc k))} by auto

ultimately have plssk: prod-list (nths dims ({0..<Suc k} U {Suc k})) = 27(Suc
(Suc k)) by auto

have dim-col (H-k (Suc k)) = 27(Suc (Suc k)) using st.ptensor-mat-dim-col
unfolding st.d0-def st.dims0-def st.varsO-def using plssk by auto

moreover have dim-row (H-k (Suc k)) = 27(Suc (Suc k)) using st.ptensor-mat-dim-row
unfolding st.d0-def st.dims0-def st.varsO-def using plssk by auto

ultimately show ?case by auto
qed

lemma exH-k-eq-H-k:
k < n = exH-k k = pmat-extension dims {0..<(Suc k)} {(Suc k)..<n} (H-k k)
proof (induct k)
case (
have {(Suc 0)..<n} = vars! — {0..<(Suc 0)} using varsi-def by fastforce
then show ?case unfolding exH-k.simps using varsl-def by auto
next
case (Suc k)
interpret st: partial-state2 dims {0..<Suc k} {(Suc k)..<n}
apply unfold-locales by auto
interpret sti: partial-state2 dims {Suc k} {(Suc (Suc k))..<n}
apply unfold-locales by auto
interpret st2: partial-state2 dims {Suc k} varsl — {Suc k}
apply unfold-locales by auto
interpret st3: partial-state2 dims {0..<Suc k} {Suc (Suc k)..<n}
apply unfold-locales by auto
interpret st{: partial-state2 dims {0..<Suc (Suc k)} {Suc (Suc k)..<n}
apply unfold-locales by auto

from Suc have eq0: exH-k (Suc k)
= (st.pmat-extension (H-k k)) = (st2.pmat-extension hadamard) by auto
have vars! — {0..<Suc k} = {(Suc k)..<n} using varsi-def by auto

then have eqll: st.pmat-extension (H-k k) = st.ptensor-mat (H-k k) (1, st.d2)
using st.pmat-extension-def by auto

from dims-nths-one-lt-n[OF Suc(2)] have st1d1: st1.d1 = 2 unfolding st1.d1-def
st1.dims1-def by fastforce

have {Suc k} U {Suc (Suc k)..<n} = {Suc k..<n} using Suc by auto

then have st1.d0 = st.d2 unfolding st!.d0-def st1.dims0-def st1.varsO-def
st.d2-def st.dims2-def by fastforce

then have eql2: st1.ptensor-mat (1., 2) (1 st1.d2) = 1, st.d2
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using st1.ptensor-mat-id st1d1 by auto
have eql3: st.ptensor-mat (H-k k) (1, st.d2) = st.ptensor-mat (H-k k) (st1.ptensor-mat
(Im 2) (1, st1.d2))
apply (subst eql2[symmetric]) by auto

have eqri: (st2.pmat-extension hadamard) = st2.ptensor-mat hadamard (1,
st2.d2) using st2.pmat-extension-def by auto

have splitset: {0..<Suc k} U {Suc (Suc k)..<n} = varsl — {Suc k} unfolding
varsl-def using Suc(2) by auto

have Sksplit: {Suc k} U {Suc (Suc k)..<n} = {Suc k..<n} using Suc(2) by auto
have Sksplit1: {0..<Suc k}U{Suc k} = {0..<Suc (Suc k)} by auto
have st.ptensor-mat (H-k k) (st1.ptensor-mat (1, 2) (1, st1.d2))
= ptensor-mat dims ({0..<Suc k}U{Suc k}) {Suc (Suc k)..<n} (ptensor-mat
dims {0..<Suc k} {Suc k} (H-kk) (1m 2)) (1, st1.d2)
apply (subst ptensor-mat-assoc[symmetric, of {0..<Suc k} {Suc k} {Suc (Suc
k).<n} H-k k 1, 21, st1.d2, simplified Sksplit))
using Suc length-dims by auto
also have ... = ptensor-mat dims ({0..<Suc k}J{Suc k}) {Suc (Suc k)..<n}
(ptensor-mat dims {Suc k} {0..<Suc k} (1, 2) (H-k k)) (1, st1.d2)
using ptensor-mat-comm|of {0..<Suc k} {Suc k}] by auto
also have ... = ptensor-mat dims {Suc k} ({0..<Suc k} U {Suc (Suc k)..<n})
(1 2)
(ptensor-mat dims {0..<Suc k} {Suc (Suc k)..<n} (H-k k) (1,
st1.d2))
apply (subst sup-commute)
apply (subst ptensor-mat-assocof {Suc k} {0..<Suc k} {Suc (Suc k)..<n} (1,
2) H-k k 1, st1.d2])
using Suc length-dims by auto
finally have eql/: st.pmat-extension (H-k k)
= st2.ptensor-mat (1., 2) (st3.ptensor-mat (H-k k) (1., st3.d2)) using eqll
eql3 splitset by auto

have st2.ptensor-mat (1, 2) (st3.ptensor-mat (H-k k) (1, st3.d2)) * st2.ptensor-mat
hadamard (1, st2.d2)
= st2.ptensor-mat ((1,, 2)xhadamard) ((st3.ptensor-mat (H-k k) (1,
st8.d2))x(1,, st2.d2))
apply (rule st2.ptensor-mat-mult[symmetric, of 1,, 2 hadamard (st3.ptensor-mat
(H-k k) (1, st3.d2)) (1, st2.d2)])
subgoal unfolding st2.d1-def st2.dims1-def
by (simp add: dims-nths-one-lt-n Suc(2))
subgoal unfolding st2.d1-def st2.dims1-def
apply (simp add: dims-nths-one-lt-n Suc(2)) using hadamard-dim by auto
subgoal unfolding st2.d2-def[unfolded st2.dims2-def]
using st3.ptensor-mat-dim-col[unfolded st3.d0-def st3.dims0-def st3.varsO-def,
simplified splitset]
st8.ptensor-mat-dim-row[unfolded st3.d0-def st3.dims0-def st3.vars0-def,
simplified splitset] by auto
by auto
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also have ... = st2.ptensor-mat (hadamard) (st3.ptensor-mat (H-k k) (1,
st3.d2))
unfolding st2.d2-def [unfolded st2.dims2-def]
using hadamard-dim st3.ptensor-mat-dim-col[unfolded st3.d0-def st3.dims0-def
st8.vars0-def, simplified splitset]
st3.ptensor-mat-dim-row[unfolded st3.d0-def st3.dims0-def st3.varsO-def,
sitmplified splitset] by auto
also have ... = ptensor-mat dims ({0..<Suc k}J{Suc k}) {Suc (Suc k)..<n}
(ptensor-mat dims {Suc k} {0..<Suc k} hadamard (H-k k)) (1, st3.d2)
apply (subst ptensor-mat-assoc[symmetric, of {Suc k} {0..<Suc k} {Suc (Suc
k)..<n} hadamard H-k k 1,, st3.d2, simplified splitset])
using Suc length-dims by auto
also have ... = ptensor-mat dims ({0..<Suc k}U{Suc k}) {Suc (Suc k)..<n}
(H-k (Suc k)) (1, st3.d2)
using ptensor-mat-comm|[of {Suc k}] Sksplit! by auto

also have ... = ptensor-mat dims ({0..<Suc (Suc k)}) {Suc (Suc k)..<n} (H-k
(Suc k)) (1, st3.d2) using Sksplitl by auto

also have ... = pmat-extension dims {0..<Suc (Suc k)} {Suc (Suc k)..<n} (H-k
(Suc k))

unfolding st/ .pmat-extension-def by auto
finally show ?case using eq0 eql eqrl by auto
qged

lemma mult-exH-k-left:
assumes Suc k < n
shows hadamard-on-i (Suc k) x exH-k k = exH-k (Suc k)
proof —
interpret st: partial-state2 dims {0..<Suc k} {(Suc k)..<n}
apply unfold-locales by auto
interpret stl: partial-state2 dims {Suc k} {(Suc (Suc k))..<n}
apply unfold-locales by auto
interpret st2: partial-state2 dims {Suc k} varsl — {Suc k}
apply unfold-locales by auto
interpret st3: partial-state2 dims {0..<Suc k} {Suc (Suc k)..<n}
apply unfold-locales by auto
interpret st/: partial-state2 dims {0..<Suc (Suc k)} {Suc (Suc k)..<n}
apply unfold-locales by auto

from ezH-k-eq-H-k assms have eq0: exH-k (Suc k)
= (st.pmat-estension (H-k k)) * (st2.pmat-extension hadamard) by auto
have vars! — {0..<Suc k} = {(Suc k)..<n} using varsi-def by auto

then have eqll: st.pmat-extension (H-k k) = st.ptensor-mat (H-k k) (1, st.d2)
using st.pmat-extension-def by auto

from dims-nths-one-lt-n[OF assms| have st1dl: st1.dl = 2 unfolding st1.d1-def
st1.dims1-def by fastforce

have {Suc k} U {Suc (Suc k)..<n} = {Suc k..<n} using assms by auto

then have st1.d0 = st.d2 unfolding st1.d0-def st1.dims0-def st1.varsO-def
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st.d2-def st.dims2-def by fastforce
then have eql2: st1.ptensor-mat (1., 2) (1m st1.d2) = 1, st.d2
using st1.ptensor-mat-id st1d1 by auto
have eql3: st.ptensor-mat (H-k k) (1, st.d2) = st.ptensor-mat (H-k k) (st1.ptensor-mat
(1m 2) (1, st1.d2))
apply (subst eql2[symmetric]) by auto

have eqri: (st2.pmat-extension hadamard) = st2.ptensor-mat hadamard (1,
st2.d2) using st2.pmat-eztension-def by auto

have splitset: {0..<Suc k} U {Suc (Suc k)..<n} = vars] — {Suc k} unfolding
varsl-def using assms by auto

have Sksplit: {Suc k} U {Suc (Suc k)..<n} = {Suc k..<n} using assms by auto
have Sksplit!: {0..<Suc k}U{Suc k} = {0..<Suc (Suc k)} by auto
have st.ptensor-mat (H-k k) (st1.ptensor-mat (1., 2) (1, st1.d2))
= ptensor-mat dims ({0..<Suc k}U{Suc k}) {Suc (Suc k)..<n} (ptensor-mat
dims {0..<Suc k} {Suc k} (H-k k) (1m 2)) (1, st1.d2)
apply (subst ptensor-mat-assoc[symmetric, of {0..<Suc k} {Suc k} {Suc (Suc
k).<n} H-kk 1, 2 1., st1.d2, simplified Sksplit])
using assms length-dims by auto
also have ... = ptensor-mat dims ({0..<Suc k}U{Suc k}) {Suc (Suc k)..<n}
(ptensor-mat dims {Suc k} {0..<Suc k} (1, 2) (H-k k)) (1, st1.d2)
using ptensor-mat-comm|of {0..<Suc k} {Suc k}] by auto
also have ... = ptensor-mat dims {Suc k} ({0..<Suc k} U {Suc (Suc k)..<n})
(Im 2)
(ptensor-mat dims {0..<Suc k} {Suc (Suc k)..<n} (H-k k) (1,
st1.d2))
apply (subst sup-commute)
apply (subst ptensor-mat-assoc[of {Suc k} {0..<Suc k} {Suc (Suc k)..<n} (1,
2) H-k k 1,, st1.d2]) using assms length-dims by auto
finally have st.pmat-extension (H-k k)
= st2.ptensor-mat (1,, 2) (st8.ptensor-mat (H-k k) (1,, st3.d2)) using eqll
eql3 splitset by auto
moreover have st.pmat-extension (H-k k) = exH-k k using exH-k-eq-H-k assms
by auto
ultimately have eql/: exH-k k = st2.ptensor-mat (1., 2) (st3.ptensor-mat (H-k
k) (1., st3.d2)) by auto

have st2.ptensor-mat hadamard (1, st2.d2) = st2.ptensor-mat (1., 2) (st3.ptensor-mat
(H-k k) (1,, st3.d2))
= st2.ptensor-mat (hadamard*(1,, 2)) (1, st2.d2)x (st3.ptensor-mat (H-k
k) (1., st3.d2)))
apply (rule st2.ptensor-mat-mult[symmetric, of hadamard 1,, 2 (1., st2.d2)
(st3.ptensor-mat (H-k k) (1., st3.d2))])
subgoal unfolding st2.d1-def st2.dims1-def apply (simp add: dims-nths-one-lt-n
assms) using hadamard-dim by auto
subgoal unfolding st2.d1-def st2.dims1-def by (simp add: dims-nths-one-lt-n
assms)
subgoal by auto
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subgoal unfolding st2.d2-def[unfolded st2.dims2-def] using st3.ptensor-mat-dim-col[unfolded
st3.d0-def st3.dims0-def st3.varsO-def, simplified splitset)
st3.ptensor-mat-dim-row|[unfolded st3.d0-def st3.dims0-def st3.vars0-def,
simplified splitset] by auto
done
also have ... = st2.ptensor-mat (hadamard) (st3.ptensor-mat (H-k k) (1,
st3.d2))
unfolding st2.d2-def [unfolded st2.dims2-def]
using hadamard-dim st3.ptensor-mat-dim-col[unfolded st3.d0-def st3.dims0-def
st8.vars0-def, simplified splitset]
st3.ptensor-mat-dim-row[unfolded st3.d0-def st3.dims0-def st3.varsO-def,
sitmplified splitset] by auto
also have ... = ptensor-mat dims ({0..<Suc k}U{Suc k}) {Suc (Suc k)..<n}
(ptensor-mat dims {Suc k} {0..<Suc k} hadamard (H-k k)) (1, st3.d2)
apply (subst ptensor-mat-assoc[symmetric, of {Suc k} {0..<Suc k} {Suc (Suc
k)..<n} hadamard H-k k 1, st3.d2, simplified splitset])
using assms length-dims by auto
also have ... = ptensor-mat dims ({0..<Suc k}U{Suc k}) {Suc (Suc k)..<n}
(H-k (Suc k)) (1 st3.d2)
using ptensor-mat-comm|of {Suc k}] Sksplit! by auto

also have ... = ptensor-mat dims ({0..<Suc (Suc k)}) {Suc (Suc k)..<n} (H-k
(Suc k)) (1,, st3.d2) using Sksplit! by auto
also have ... = pmat-extension dims {0..<Suc (Suc k)} {Suc (Suc k)..<n} (H-k
(Suc k))
unfolding st/ .pmat-extension-def by auto
also have ... = ezH-k (Suc k) using exH-k-eq-H-k[of Suc k] assms by auto

finally have st2.ptensor-mat hadamard (1,, st2.d2) * st2.ptensor-mat (1,, 2)
(st3.ptensor-mat (H-k k) (1., st3.d2))
=exH-k (Suc k).
then show ?thesis unfolding hadamard-on-i-def
using eql4 eqrl by auto
qed

lemma exH-eq-H:

exH-k (n — 1) = H-k (n — 1)
proof —

have I3m. n = Suc (Suc m) using n by presburger

then obtain m where m: n = Suc (Suc m) using n by auto

then have ezH-k m = pmat-extension dims {0..<(Suc m)} {(Suc m)..<n} (H-k
m) using exH-k-eq-H-k by auto

then have exH-k (Suc m) = pmat-extension dims {0..<(Suc m)} {(Suc m)..<n}
(H-k m)

* (pmat-extension dims {Suc m} (varsl — {Suc m})

hadamard) by auto

moreover have {(Suc m)..<n} = {Suc m} using m by auto

moreover have vars! — {Suc m} = {0..<Suc m} unfolding varsi-def using
m by auto

ultimately have eqSm: exH-k (Suc m) = pmat-extension dims {0..<(Suc m)}
{Suc m} (H-k m)
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* (pmat-extension dims {Suc m} {0..<Suc m} hadamard)
by auto

interpret stml: partial-state2 dims {Suc m} {0..<Suc m}
apply unfold-locales by auto
interpret stm2: partial-state2 dims {0..<Suc m} {Suc m}
apply unfold-locales by auto
have nths dims {0..<Suc m} = replicate (Suc m) 2 using dims-nths-le-n m by
auto
then have stm2d1: stm2.d1 = 27(Suc m) unfolding stm2.d1-def stm2.dims1-def
by auto
have stm2d2: stm2.d2 = 2 unfolding stm2.d2-def stm2.dims2-def using dims-nths-one-lt-n
m by auto

have m < n using m by auto

then have H-k m € carrier-mat (27 (Suc m)) (27(Suc m)) using H-k-dim by
auto

then have Hkm1: (H-k m) % (1,, stm2.d1) = (H-k m) unfolding stm2d! by
auto

have eqd12: stm1.d2 = stm2.d1 unfolding stm1.d2-def stm1.dims2-def stm2.d1-def
stm2.dims1-def by auto
have pmat-eztension dims {Suc m} {0..<Suc m} hadamard = stml1.ptensor-mat
hadamard (1,, stml1.d2) using stml1.pmat-extension-def by auto
also have ... = stm2.ptensor-mat (1., stm2.d1) hadamard using ptensor-mat-comm
eqd12 by auto
finally have egr: (pmat-extension dims {Suc m} {0..<Suc m} hadamard) =
stm2.ptensor-mat (1, stm2.d1) hadamard.
then have exH-k (Suc m) = stm2.ptensor-mat (H-km) (1, stm2.d2) % stm2.ptensor-mat
(1, stm2.d1) hadamard
using eqSm unfolding stm2.pmat-extension-def by auto
also have ... = stm2.ptensor-mat ((H-k m) * (1,, stm2.d1)) (1,, stm2.d2 x
hadamard)
apply (rule stm2.ptensor-mat-mult[symmetric, of H-k m 1,, stm2.d1 1,,
stm2.d2 hadamard))
unfolding stm2d1 stm2d2 using H-k-dim m hadamard-dim by auto

also have ... = stm2.ptensor-mat (H-k m) (hadamard) using H-k-dim hadamard-dim
stm2d1 stm2d2 Hkm1 by auto

also have ... = H-k (Suc m) unfolding stm2.ptensor-mat-def H-k.simps by
auto

finally have ezH-k (Suc m) = H-k (Suc m) by auto
moreover have Suc m = n — 1 using m by auto
ultimately show ?thesis by auto

qed

fun ket-zero-k :: nat = complex vec where
ket-zero-k 0 = ket-zero
| ket-zero-k (Suc k) = ptensor-vec dims {0..<(Suc k)} {Suc k} (ket-zero-k k)

ket-zero
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lemma ket-zero-k-dim:

assumes k < n

shows ket-zero-k k € carrier-vec (27 (Suc k))
proof (cases k)

case (

show ?thesis using ket-zero-dim 0 by auto
next

case (Suc k)

interpret st: partial-state2 dims {0..<(Suc k)} {Suc k}

apply unfold-locales by auto

have Suc (Suc k) < n using assms Suc by auto

then have nths dims ({0..<Suc (Suc k)}) = replicate (Suc (Suc k)) 2 using
dims-nths-le-n by auto

moreover have prod-list (replicate | 2) = 271 for | by simp

moreover have {0..<Suc k} U {Suc k} = {0..<(Suc (Suc k))} by auto

ultimately have plssk: prod-list (nths dims ({0..<Suc k} U {Suc k})) = 27(Suc
(Suc k)) by auto

show ?thesis apply (rule carrier-vecl) unfolding ket-zero-k.simps Suc

using st.ptensor-vec-dim[of ket-zero-k k ket-zero] plssk unfolding st.d0-def

st.dims0-def st.vars0-def by auto
qged

fun ket-plus-k where

ket-plus-k 0 = ket-plus
| ket-plus-k (Suc k) = ptensor-vec dims {0..<(Suc k)} {Suc k} (ket-plus-k k)
ket-plus

lemma ket-plus-k-dim:

assumes k < n

shows ket-plus-k k € carrier-vec (27(Suc k))
proof (cases k)

case (

show ?thesis using ket-plus-dim 0 by auto
next

case (Suc k)

interpret st: partial-state2 dims {0..<(Suc k)} {Suc k}

apply unfold-locales by auto

have Suc (Suc k) < n using assms Suc by auto

then have nths dims ({0..<Suc (Suc k)}) = replicate (Suc (Suc k)) 2 using
dims-nths-le-n by auto

moreover have prod-list (replicate | 2) = 271 for | by simp

moreover have {0..<Suc k} U {Suc k} = {0..<(Suc (Suc k))} by auto

ultimately have plssk: prod-list (nths dims ({0..<Suc k} U {Suc k})) = 27(Suc
(Suc k)) by auto

show ?thesis apply (rule carrier-vecl) unfolding ket-zero-k.simps Suc

using st.ptensor-vec-dim plssk unfolding st.d0-def st.dims0O-def st.vars0O-def

by auto
qed
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lemma H-k-ket-zero-k:

k < n = (H-k k) %, (ket-zero-k k) = (ket-plus-k k)
proof (induct k)

case (

show ?case using hadamard-on-zero unfolding H-k.simps ket-zero-k.simps ket-plus-k.simps
by auto
next

case (Suc k)

then have k: £ < n by auto

interpret st: partial-state2 dims {0..<(Suc k)} {Suc k}

apply unfold-locales by auto

have nths dims {0..<Suc k} = replicate (Suc k) 2 using dims-nths-le-n Suc by
auto

then have std!: st.d1 = 27(Suc k) unfolding st.d1-def st.dimsI-def by auto

have std2: st.d2 = 2 unfolding st.d2-def st.dims2-def using dims-nths-one-lt-n
Suc by auto

have H-k (Suc k) %, ket-zero-k (Suc k) = st.ptensor-mat (H-k k) hadamard *,
st.ptensor-vec (ket-zero-k k) ket-zero by auto

also have ... = st.ptensor-vec ((H-k k) *, (ket-zero-k k)) (hadamard =, ket-zero)

using st.ptensor-mat-mult-vec[unfolded stdl std2, OF H-k-dim[OF k] ket-zero-k-dim[OF
k] hadamard-dim ket-zero-dim] by auto

also have ... = st.ptensor-vec (ket-plus-k k) ket-plus using Suc hadamard-on-zero
by auto

finally show ?case by auto
qed

lemma encodel-replicate-2:
partial-state.encodel (replicate (Suc k) 2) {0..<k} i = i mod (2 " k)
proof —
have take-Suc: take k (replicate (Suc k) 2) = replicate k 2
apply (subst take-replicate) by auto
have take-encode: take k (digit-encode (replicate (Suc k) 2) i) = digit-encode
(replicate k 2) i
apply (subst digit-encode-take) using take-Suc by metis
show ?thesis
unfolding partial-state.encodel-def partial-state.dims1-def
nths-upt-eq-take[simplified lessThan-atLeast0] take-Suc take-encode
digit-decode-encode prod-list-replicate ..
qged

lemma encode2-replicate-2:

assumes { < 2~ Suc k

shows partial-state.encode2 (replicate (Suc k) 2) {0..<k} i = i div (2 k)
proof —

have drop-Suc: drop k (replicate (Suc k) 2) = [2]
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apply (subst drop-replicate) by auto
have drop-encode: drop k (digit-encode (replicate (Suc k) 2) i) = digit-encode [2]
(i div (2 " k))
unfolding digit-encode-drop drop-Suc take-replicate prod-list-replicate
by (metis lessI min.strict-order-iff)
have le2: i div 2 "k < 2
using assms by (auto simp add: less-mult-imp-div-less)
have prod-list-2: prod-list [2] = 2 by simp
show ?thesis
unfolding partial-state.encode2-def partial-state.dims2-def
nths-minus-upt-eq-drop|simplified lessThan-atLeast0] drop-Suc drop-encode
digit-decode-encode prod-list-2
using le2 by auto
qed

lemma ket-zero-k-decode:

k < n = ket-zero-k k = Matriz.vec (27 (Suc k)) (Mk. if k = 0 then 1 else 0)
proof (induct k)

case (

show ?Zcase apply (rule eq-vecl) by (auto simp add: ket-zero-def)
next

case (Suc k)

then have k: k£ < n by auto

have kzkk: ket-zero-k k = Matriz.vec (2 ~ Suc k) (Ak. if (k= 0) then 1 else 0)
using Suc(1)[OF k] by auto

have dSk: ket-zero-k (Suc k) € carrier-vec (27(Suc (Suc k))) using ket-zero-k-dim[OF
Suc(2)] by auto

interpret st: partial-state replicate (Suc (Suc k)) 2 {0..<Suc k}.
interpret st2: partial-state2 dims {0..<Suc k} {Suc k} by (unfold-locales, auto)

have splitset: ({0..<Suc k} U {Suc k}) = {0..<Suc (Suc k)} by auto
then have st2dims0: st2.dims0 = replicate (Suc (Suc k)) 2 unfolding st2.dims0-def
st2.vars0-def
using dims-nths-le-n[of Suc (Suc k)] Suc by auto
have Az. (z € {0..<Suc k} = {y € {0..<Suc (Suc k)}. y < z} = {0..<z})
by auto
then have cardeq: Nz. (z € {0..<Suc k} = card {y € {0..<Suc (Suc k)}. y
< z} = card {0..<z}) by auto
have setcong: AghI. (Nz. (z €] = gz =hz) = {gz |z zel}={hx
| z. © € I} by metis
have {card {y € {0..<Suc (Suc k)}. y < z} |z. = € {0..<Suc k}} = {card
{0..<z} |z. © € {0..<Suc k}}
using setcong|OF cardeq, of {0..<Suc k}] by auto
also have ... = {0..<Suc k} by auto
finally have st2varsi’. st2.varsl’ = {0..<Suc k} unfolding st2.varsl’-def
st2.vars0-def splitset ind-in-set-def by fastforce
have stZpusttv: st2.ptensor-vec = st.tensor-vec unfolding st2.ptensor-vec-def
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using st2dims0 st2varsl’ by auto
have st.encodel 0 = 0 using encodel-replicate-2[of Suc k 0] by auto
moreover have st.encode2 0 = 0 using encode2-replicate-2[of 0 Suc k| by auto
moreover have std: st.d = 27(Suc (Suc k)) unfolding st.d-def by auto
ultimately have kzkk0: ket-zero-k (Suc k) $ 0 = 1
unfolding ket-zero-k.simps st2puvsttv st.tensor-vec-def ket-zero-def using kzkk
by auto

have kzkki: ket-zero-k (Suc k) $ i = 0 if ine0: ¢ # 0 and ile: i < 27(Suc (Suc
k)) for i
proof (cases i mod (2 ~ Suc k) # 0)
case True
then have ket-zero-k k $ st.encodel i = 0 unfolding kzkk using encodel-replicate-2|of
Suc k 1] ile by auto
then show ?thesis unfolding ket-zero-k.simps st2puvsttv st.tensor-vec-def ket-zero-def
std using ile by auto
next
case Fulse
have i div (2 ~ Suc k) # 0 V i mod (2 ~ Suc k) # 0 using ine0 by fastforce
then have i div (2 ~ Suc k) # 0 using False by auto
moreover have i div (2 ~ Suc k) < 2 using ile less-mult-imp-div-less by auto
ultimately have i div (2 ~ Suc k) = 1 by auto
then have st.encode2 i = 1 using encode2-replicate-2[of i Suc k] ile by auto
then have Matriz.vec 2 (Mk. if k = 0 then I else 0) $ st.encode2 i = 0
unfolding kzkk by fastforce
then show ?thesis unfolding ket-zero-k.simps st2puvsttv st.tensor-vec-def ket-zero-def
std using ile by auto
qed

show ?case apply (rule eq-vecl)
subgoal for i using kzkk0 kzkki by auto
using carrier-vecD[OF dSk| by auto
qed

lemma ket-plus-k-decode:

k < n = ket-plus-k k = Matriz.vec (27 (Suc k)) (Al. 1 / csqrt (27(Suc k)))
proof (induct k)

case (

then show ?case unfolding ket-plus-k.simps ket-plus-def by auto
next

case (Suc k)

then have kpkk: ket-plus-k k = Matriz.vec (2 ~ Suc k) (Al. 1 / esqrt (2 ~ Suc
k)) by auto

have dSk: ket-plus-k (Suc k) € carrier-vec (2 (Suc (Suc k))) using ket-plus-k-dim|[OF
Suc(2)] by auto

interpret st: partial-state replicate (Suc (Suc k)) 2 {0..<Suc k}.
interpret st2: partial-state2 dims {0..<Suc k} {Suc k} by (unfold-locales, auto)
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have splitset: ({0..<Suc k} U {Suc k}) = {0..<Suc (Suc k)} by auto
then have st2dims0: st2.dims0 = replicate (Suc (Suc k)) 2 unfolding st2.dims0-def
st2.vars0-def
using dims-nths-le-n[of Suc (Suc k)] Suc by auto
have Az. (z € {0..<Suc k} = {y € {0..<Suc (Suc k)}. y < z} = {0..<z})
by auto
then have cardeq: N\z. (z € {0..<Suc k} = card {y € {0..<Suc (Suc k)}. y
< z} = card {0..<z}) by auto
have setcong: NAgh I. (Az. (x €] = gax=hz)) = {gz|z.ze€l}={hz
| z. z € I} by metis
have {card {y € {0..<Suc (Suc k)}. y < z} |z. = € {0..<Suc k}} = {card
{0.<z} |z. z € {0..<Suc k}}
using setcong[OF cardeq, of {0..<Suc k}] by auto
also have ... = {0..<Suc k} by auto
finally have st2varsl’. st2.varsl’ = {0..<Suc k} unfolding st2.varsl’-def
st2.vars0-def splitset ind-in-set-def by blast
have stZ2pusttv: st2.ptensor-vec = st.tensor-vec unfolding st2.ptensor-vec-def
using st2dims0 st2varsl’ by auto

have csqrt (2 ~ (Suc k)) = complez-of-real (sqrt (2 ~ (Suc k))) by simp

moreover have complez-of-real (sqrt (2 ~ (Suc k))) * complex-of-real (sqrt 2)
= complezx-of-real (sqrt (2 ~ (Suc (Suc k))))

by (metis of-real-mult power-Suc power-commutes real-sqrt-power)

ultimately have csqrt (2 ~ (Suc k)) * csqrt 2 = csqrt (2 = (Suc (Suc k))) by
auto

moreover have 1 / csqrt (2 ~Suc k) x 1 / csqrt 2 =1 / (esqrt (2 ~ (Suc k))
* csqrt 2) by simp

ultimately have csqrt2p :1 / csqrt (2 ~ Suc k) = 1 [ csqrt 2 =1 [ (¢esqrt (2~
(Suc (Suc k)))) by simp

have std: st.d = 27(Suc (Suc k)) unfolding st.d-def by auto

have nthsSSk2: nths (replicate (Suc (Suc k)) 2) {0..<Suc k} = replicate (Suc k)

2

unfolding nths-replicate[of Suc (Suc k) 2 {0..<Suc k}]

by (smt (verit) Collect-cong {card {0..<z} |z. x € {0..<Suc k}} = {0..<Suc
k}» atLeastLess Than-iff card-atLeastLessThan diff-zero less-Sucl)
then have stdl: st.d1 = 27(Suc k) unfolding st.d1-def st.dimsI-def nthsSSk2
by auto
have {i. i < Suc (Suc k) A i € {Suc k..}} = {Suc k} by auto
then have nths (replicate (Suc (Suc k)) 2) ({Suc k..}) = replicate 1 2 unfolding
nths-replicate by auto
moreover have (— {0..<Suc k}) = {Suc k..} by auto
ultimately have nthsSSk2c: nths (replicate (Suc (Suc k)) 2) (— {0..<Suc k})
= replicate 1 2 by auto
have std2: st.d2 = 2 unfolding st.d2-def st.dims2-def apply (subst nthsSSk2c)
by auto
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have st.encodel i < st.dl if i < st.d for i using that st.encodel-It[OF that] by
auto
then have kpkki: ket-plus-k k $ st.encodel i = 1 / csqrt (27 (Suc k)) if i < st.d
for 7 unfolding kpkk std! using that by auto
have st.encode2 i < st.d2 if i < st.d for i using that st.encode2-1t[OF that] by
auto
then have kpi: ket-plus $ st.encode2 i = 1 / csqrt 2 if i < st.d for ¢ unfolding
ket-plus-def std2 using that by auto
have kzkki: ket-plus-k (Suc k) $ ¢ =1 / (esqrt (2~ (Suc (Suc k)))) if i < st.d
for ¢
unfolding ket-plus-k.simps st2puvsttv st.tensor-vec-def using csqrt2p kpkki kpi
that by auto
show ?case apply (rule eg-vecl)
subgoal for i using kzkki unfolding std by auto
using carrier-vecD|OF dSk| by auto
qed

lemma exH-k-mult-pre-is-psi:

exH-k (n — 1) %, ket-pre = 1
proof —

have exzH-k (n — 1) = H-k (n — 1) using exH-eq-H by auto

moreover have ket-zero-k (n — 1) = ket-pre using ket-zero-k-decodelof n — 1]
ket-pre-def N-def n by auto

moreover have ket-plus-k (n — 1) = ¢ using ket-plus-k-decode[of n — 1] ¥-def
N-def n by auto

moreover have H-k (n — 1) *, ket-zero-k (n — 1) = ket-plus-k (n — 1) using
H-k-ket-zero-k n by auto

ultimately show ?thesis by auto
qed

definition ket-k :: nat = complex vec where
ket-k © = Matriz.vec K (\k. if k = z then 1 else 0)

lemma ket-k-dim:
ket-k k € carrier-vec K
unfolding ket-k-def by auto

lemma mat-incr-mult-ket-k:
k < K = (mat-incr K) *, (ket-k k) = (ket-k ((k + 1) mod K))
apply (rule eg-vecl)
unfolding mat-incr-def ket-k-def
apply (simp add: scalar-prod-def)
apply (case-tack = K — 1)
subgoal for i apply auto by (simp add: sum-only-one-neq-0[of - K — 1])
subgoal for i apply auto by (simp add: sum-only-one-neq-0[of - i — 1])
by auto

definition proj-k where
proj-k x = proj (ket-k x)
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lemma proj-k-dim:
proj-k k € carrier-mat K K
unfolding proj-k-def using ket-k-dim by auto

lemma norm-ket-k-lt-K:

k < K = inner-prod (ket-k k) (ket-k k) = 1

unfolding ket-k-def apply (simp add: scalar-prod-def)

using sum-only-one-neq-0[of {0..<K} k Xi. (if i = k then 1 else 0) * cnj (if i
= k then 1 else 0)] by auto

lemma norm-ket-k-ge-K:
k > K = inner-prod (ket-k k) (ket-k k) = 0
unfolding ket-k-def by (simp add: scalar-prod-def)

lemma norm-ket-k:
inner-prod (ket-k k) (ket-k k) < 1
apply (case-tac k < K)
using norm-ket-k-lt-K norm-ket-k-ge-K by (auto simp: less-eq-complex-def)

lemma proj-k-mat:
assumes k < K
shows proj-k k = mat K K (A\(4, ). if (i =j AN i =k) then 1 else 0)
apply (rule eq-matl)
apply (simp add: proj-k-def ket-k-def index-outer-prod)
using proj-k-dim by auto

lemma positive-proj-k:
positive (proj-k k)
using positive-same-outer-prod unfolding proj-k-def ket-k-def by auto

lemma proj-k-le-one:
(proj-k k) <p 1., K
unfolding proj-k-def using outer-prod-le-one norm-ket-k ket-k-def by auto

definition proj-psi where
Proj-psi = proj

lemma proj-psi-dim:
proj-psi € carrier-mat N N
unfolding proj-psi-def ¥-def by auto

lemma norm-psi:
inner-prod Y ¢ = 1
apply (simp add: ¢-eval scalar-prod-def)
by (metis norm-of-nat norm-of-real of-real-mult of-real-of-nat-eq real-sqrt-mult-self)

lemma proj-psi-mat:
proj-psi = mat N N (Ak. 1 / N)
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unfolding proj-psi-def
apply (rule eg-matl, simp-all)
apply (simp add: ¥-def index-outer-prod)
apply (smt (verit) of-nat-less-0-iff of-real-of-nat-eq of-real-power power2-eq-square
real-sqrt-pow?2)
by (auto simp add: carrier-matD[OF outer-prod-dim[OF )-dim(1) v-dim(1)]])

lemma hermitian-proj-psi:
hermitian proj-pst
unfolding hermitian-def proj-psi-mat apply (rule eg-matl)
by (auto simp add: adjoint-eval)

lemma hermitian-exproj-psi:
hermitian (tensor-P proj-psi (1., K))
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-hermitian)
using proj-psi-dim ps-P-d1 ps-P-d2 hermitian-proj-psi hermitian-one by auto

lemma proj-psi-is-projection:
Proj-pst x proj-psi = proj-psi
proof —
have proj-psi * proj-psi = inner-prod 1 ¢ -, proj-psi
unfolding proj-psi-def
apply (subst outer-prod-mult-outer-prod) using -def by auto
also have ... = proj-psi
using Y-inner by auto
finally show ?thesis.
qed

lemma proj-psi-trace:
trace (proj-psi) = 1
unfolding proj-psi-def
apply (subst trace-outer-prod[of - NJ)
subgoal unfolding v -def by auto using norm-psi by auto

lemma positive-proj-psi:
positive (proj-psi)
using positive-same-outer-prod unfolding proj-psi-def ¥-def by auto

lemma proj-psi-le-one:
(proj-psi) <p 1,, N
unfolding proj-psi-def using outer-prod-le-one norm-psi -def by auto

lemma hermitian-hadamard-on-k:
assumes k < n
shows hermitian (hadamard-on-i k)
proof —
interpret st2: partial-state2 dims {k} (vars! — {k})
apply unfold-locales by auto
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have st2d1: st2.dims1 = [2] unfolding st2.dims1-def dims-def
using assms dims-nths-one-lt-n local.dims-def st2.dims1-def by auto
show hermitian (hadamard-on-i k) unfolding hadamard-on-i-def st2.pmat-ezctension-def
st2.ptensor-mat-def
apply (rule partial-state.tensor-mat-hermitian)
subgoal unfolding partial-state.d1-def partial-state.dims1-def st2.nths-varsl’
hadamard-def by (simp add: st2d1)
subgoal unfolding partial-state.d2-def partial-state.dims2-def st2.nths-vars2’
st2.d2-def by auto
subgoal unfolding hermitian-def hadamard-def apply (rule eq-matl) by (auto
simp add: adjoint-dim adjoint-eval)
using hermitian-one by auto
qed

lemma hermitian-H-k:
k < n = hermitian (H-k k)
proof (induct k)
case ()
show ?case unfolding H-k.simps hermitian-def hadamard-def apply (rule eq-matl)
by (auto simp add: adjoint-dim adjoint-eval)
next
case (Suc k)
interpret st2: partial-state2 dims {0..<Suc k} {Suc k}
apply unfold-locales by auto
have st2d1: prod-list st2.dims1 = (27(Suc k)) unfolding st2.dimsI-def dims-def
using Suc(2)
using dims-nths-le-n local.dims-def st2.dims1-def by auto
have st2d2: st2.dims2 = [2] unfolding st2.dims2-def dims-def using Suc(2)
using dims-nths-one-lt-n local.dims-def st2.dims2-def by auto
show ?case unfolding H-k.simps st2.ptensor-mat-def
apply (rule partial-state.tensor-mat-hermitian)
subgoal unfolding partial-state.d1-def partial-state.dims1-def st2.nths-varsl’
using st2d1 H-k-dim Suc by auto
subgoal unfolding partial-state.d2-def partial-state.dims2-def st2.nths-vars2’
st2.d2-def using st2d2 by (simp add: hadamard-def)
subgoal using Suc by auto
using hermitian-hadamard by auto
qged

lemma unitary-H-k:
k < n = unitary (H-k k)
proof (induct k)
case (
show ?case using unitary-hadamard by auto
next
case (Suc k)
then have k: £ < n by auto
interpret st2: partial-state2 dims {0..<Suc k} {Suc k} by (unfold-locales, auto)
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have st2d1: prod-list st2.dims1 = (27(Suc k)) unfolding st2.dims1-def dims-def
using Suc(2)
using dims-nths-le-n local.dims-def st2.dims1-def by auto
have st2d2: st2.dims2 = [2] unfolding st2.dims2-def dims-def using Suc(2)
using dims-nths-one-lt-n local.dims-def st2.dims2-def by auto
show ?case unfolding H-k.simps st2.ptensor-mat-def
apply (rule partial-state.tensor-mat-unitary[of H-k k st2.dims0 st2.varsl’ hadamard|
)
unfolding partial-state.d1-def partial-state.dims1-def st2.nths-varsl’ partial-state.d2-def
partial-state.dims2-def
st2.nths-vars2’
apply (auto simp add: st2d1 st2d2 )
subgoal using H-k-dim[OF k]| by auto
subgoal using hadamard-dim by auto
subgoal using Suc by auto
using unitary-hadamard by auto
qed

lemma exH-k-dim:
shows k < n = exH-k k € carrier-mat N N
apply (induct k)
using hadamard-on-i-dim by auto

lemma exH-n-dim:
shows exH-k (n — 1) € carrier-mat N N
using exH-k-dim n by auto

lemma unitary-exH-k:
shows k < n = unitary (exH-k k)
proof (induct k)
case ()
then show ?case unfolding exH-k.simps using unitary-hadamard-on-i 0 by
auto
next
case (Suc k)
show ?case unfolding exH-k.simps apply (subst unitary-times-unitary[of - NJ)
subgoal using exH-k-dim Suc by auto
subgoal using hadamard-on-i-dim Suc by auto
subgoal using Suc by auto
using unitary-hadamard-on-i Suc by auto
qed

lemma hermitian-exH-n:
hermitian (exH-k (n — 1))
using hermitian-H-k exH-eq-H n by auto

lemma exH-k-mult-psi-is-pre:

exH-k (n — 1) %, v = ket-pre
proof —
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let YH = exH-k (n — 1)
have hermitian ?H using hermitian-H-k exH-eq-H n by auto
then have eqad: adjoint ?H = ?H unfolding hermitian-def by auto
have d: ?H € carrier-mat N N using exH-k-dim n by auto
have unitary ?H using unitary-exH-k n by auto
then have id: ?H x YH = 1,, N
unfolding unitary-def inverts-mat-def
using d apply (subst (2) eqad[symmetric]) by auto
have ?H x, ¥ = ?H x, (?H *, ket-pre)
using exH-k-mult-pre-is-psi by auto

also have ... = (?H * ?H) x, ket-pre
using d ket-pre-def by auto
also have ... = ket-pre

using id ket-pre-def by auto
finally show ?thesis by auto
qed

fun exexzH-k :: nat = compler mat where
exexH-k k = tensor-P (exH-k k) (1, K)

lemma unitary-exexH-k:

k < n = unitary (exexH-k k)

unfolding exexH-k.simps ps2-P.ptensor-mat-def

apply (subst partial-state.tensor-mat-unitary)

subgoal using exH-k-dim unfolding partial-state.d1-def partial-state.dims1-def
ps2-P.nths-varsl’ ps2-P.dims1-def dims-varsl N-def by auto

subgoal unfolding partial-state.d2-def partial-state.dims2-def ps2-P.nths-vars2’
ps2-P.dims2-def dims-vars2 by auto

using unitary-exH-k unitary-one by auto

lemma exexH-k-dim:
k < n = exexH-k k € carrier-mat d d
unfolding exexH-k.simps using ps2-P.ptensor-mat-carrier ps2-P-d0 by auto

lemma hoare-seq-utrans:
fixes P :: complex mat
assumes unitary Ul and unitary U2 and is-quantum-predicate P
and dUI: Ul € carrier-mat d d and dU2: U2 € carrier-mat d d
shows
Fp
{adjoint (U2 = Ul) * P x (U2 % Ul)}
Utrans Ul;; Utrans U2
(P}
proof —
have hp0: -, {adjoint (U2) = P = (U2)} Utrans U2 {P}
using assms hoare-partial.intros by auto
have gp: is-quantum-predicate (adjoint (U2) x P * (U2))
using gp-close-under-unitary-operator assms by auto
then have hpl: b, {adjoint Ul * (adjoint (U2) x P x (U2)) « U1} Utrans Ul
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{adjoint (U2) x P % (U2)}
using hoare-partial.intros by auto
have dP: P € carrier-mat d d using assms is-quantum-predicate-def by auto
have eq: adjoint Ul * (adjoint U2 x P x U2) x Ul = adjoint (U2 x Ul) * P
(U2 % Ul)
using dU! dU2 dP by (mat-assoc d)
with hp! have hp2: F, {adjoint (U2 = Ul) «x P x (U2 x= Ul)} Utrans Ul
{adjoint (U2) = P x (U2)} by auto

have is-quantum-predicate (adjoint Ul x (adjoint U2 x P % U2) % Ul) using
qp qp-close-under-unitary-operator assms by auto

then have is-quantum-predicate (adjoint (U2 % Ul) x P * (U2 % Ul)) using
eq by auto

then show ?thesis using hoare-partial.intros(8)[OF - gp assms(3)] hp0 hp2 by
auto
qed

lemma qp-close-after-exexH-k:
fixes P :: complex mat
assumes is-quantum-predicate P
shows k < n = is-quantum-predicate (adjoint (exexH-k k) * P % exexH-k k)
apply (subst gp-close-under-unitary-operator)
subgoal using exexH-k-dim by auto
subgoal using unitary-exexH-k by auto
using assms by auto

lemma hoare-hadamard-n:
fixes P :: complex mat
shows is-quantum-predicate P — k < n —>
Fp
{adjoint (exexH-k k) * P x exexH-k k}
hadamard-n (Suc k)
(P}
proof (induct k arbitrary: P)
case (
have gp: is-quantum-predicate (adjoint (exexH-k 0) x P * exexH-k 0)
using qp-close-under-unitary-operator[OF - unitary-exhadamard-on-i[of 0]] ten-
sor-P-dim 0 by auto
then have b, {adjoint (exexH-k 0) * P * exexH-k 0} SKIP {adjoint (exexH-k
0) x P x exexH-k 0}
using hoare-partial.intros(1) by auto
moreover have -, {adjoint (exexH-k 0) * P % exexH-k 0} Utrans (tensor-P
(hadamard-on-i 0) (1., K)) {P}
using hoare-partial.intros(2) 0 by auto
ultimately have b, {adjoint (exexH-k 0) * P * exexH-k 0} SKIP;; Utrans
(tensor-P (hadamard-on-i 0) (1., K)) {P}
using hoare-partial.intros(3) gp 0 by auto
then show ?case using ¢p by auto
next
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case (Suc k)
have hi: F,
{adjoint (tensor-P (hadamard-on-i (Suc k)) (1., K)) * P * (tensor-P (hadamard-on-i
(Suc k) (1m K))}
Utrans (tensor-P (hadamard-on-i (Suc k)) (1, K))
(P}
using hoare-partial.intros Suc by auto
have gp: is-quantum-predicate (adjoint (tensor-P (hadamard-on-i (Suc k)) (1,
K)) = P x (tensor-P (hadamard-on-i (Suc k)) (1., K)))
apply (subst qp-close-under-unitary-operator)
subgoal using ps2-P.ptensor-mat-carrier ps2-P-d0 by auto
subgoal unfolding ps2-P.ptensor-mat-def apply (subst partial-state.tensor-mat-unitary
)
subgoal unfolding partial-state.d1-def partial-state.dims1-def ps2-P.nths-vars1’
ps2-P.dims1-def d-varsl using hadamard-on-i-dim Suc by auto
subgoal unfolding partial-state.d2-def partial-state.dims2-def ps2-P.nths-vars2’
ps2-P.dims2-def using dims-vars2 by auto
using unitary-hadamard-on-i unitary-one Suc by auto
using Suc by auto
then have h2: -,
{adjoint (exexH-k k) * (adjoint (tensor-P (hadamard-on-i (Suc k)) (1., K)) *
P x (tensor-P (hadamard-on-i (Suc k)) (1,, K))) * exexH-k k}
hadamard-n (Suc k)
{adjoint (tensor-P (hadamard-on-i (Suc k)) (1., K)) * P * (tensor-P (hadamard-on-i
(Suc k) (1m K))}
using Suc by auto
have (tensor-P (hadamard-on-i (Suc k)) (1 K)) * exvexH-k k
= (tensor-P (hadamard-on-i (Suc k) * (exH-k k)) (1, K * (1,, K)))
apply (subst ps2-P.ptensor-mat-mult)
subgoal using hadamard-on-i-dim ps2-P-d1 Suc by auto
subgoal using exH-k-dim ps2-P-d1 Suc by auto
using ps2-P-d2 by auto
also have ... = ezexH-k (Suc k) using mult-exH-k-left Suc by auto
finally have eqi: (tensor-P (hadamard-on-i (Suc k)) (1, K)) % ezexH-k k =
exexH-k (Suc k).
then have eq2: adjoint (exexH-k k) * adjoint (tensor-P (hadamard-on-i (Suc k))
(1., K)) = adjoint (exexH-k (Suc k))
apply (subst adjoint-mult[symmetric, of - d d - d])
subgoal using tensor-P-dim by auto
using exezH-k-dim Suc by auto
have dP: P € carrier-mat d d using is-quantum-predicate-def Suc by auto
moreover have dH: erexH-k k € carrier-mat d d using ezexH-k-dim Suc by
auto
moreover have dHi: tensor-P (hadamard-on-i (Suc k)) (1., K) € carrier-mat
d d using tensor-P-dim by auto
ultimately have eq3: adjoint (exexH-k k) * (adjoint (tensor-P (hadamard-on-i
(Suc k) (1, K)) * P x tensor-P (hadamard-on-i (Suc k)) (1., K)) * exexH-k k
= (adjoint (exexH-k k) * adjoint (tensor-P (hadamard-on-i (Suc k)) (1, K)))
x P x (tensor-P (hadamard-on-i (Suc k)) (1., K) % exexH-k k)
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by (mat-assoc d)
show ?case apply (subst hadamard-n.simps)

apply (subst hoare-partial.intros(3)[of - adjoint (tensor-P (hadamard-on-i (Suc
k)) (1,, K)) = P * (tensor-P (hadamard-on-i (Suc k)) (1., K))])

subgoal using g¢p-close-after-exexH-k[of P Suc k| Suc by auto

subgoal using gp by auto

subgoal using Suc by auto

subgoal using h2[simplified eq3 eql eq2] by auto

using hl by auto
qed

lemma ¢p-pre:
is-quantum-predicate (tensor-P pre (proj-k 0))
unfolding is-quantum-predicate-def
proof (intro conjl)
show tensor-P pre (proj-k 0) € carrier-mat d d using tensor-P-dim by auto
interpret st: partial-state dims varsl .
have di: st.d1 = N unfolding st.dI-def st.dims1-def using d-varsl by auto
have d2: st.d2 = K unfolding st.d2-def st.dims2-def nths-uminus-varsl dims-vars2
by auto
show positive (tensor-P pre (proj-k 0))
unfolding ps2-P.ptensor-mat-def ps2-P-dims0 ps2-P-varsl’
apply (subst st.tensor-mat-positive)
subgoal unfolding pre-def using outer-prod-dim ket-pre-def d1 by auto
subgoal unfolding proj-k-def using outer-prod-dim ket-k-def d2 by auto
subgoal using positive-pre by auto
using positive-proj-k[of 0] K-gt-0 by auto
show tensor-P pre (proj-k 0) <p 1,, d
unfolding ps2-P.ptensor-mat-def ps2-P-dims0 ps2-P-varsl’
apply (subst st.tensor-mat-le-one)
subgoal using pre-def ket-pre-def outer-prod-dim d1 by auto
subgoal using proj-k-def K-gt-0 ket-k-def outer-prod-dim d2 by auto
using dI d2 K-gt-0 outer-prod-dim positive-pre positive-proj-k pre-le-one proj-k-le-one
by auto
qed

lemma ¢p-init-post:
is-quantum-predicate (tensor-P proj-psi (proj-k 0))
unfolding is-quantum-predicate-def
proof (intro conjI)
show tensor-P proj-psi (proj-k 0) € carrier-mat d d using tensor-P-dim by auto
interpret st: partial-state dims varsl .
have di: st.d1 = N unfolding st.d1-def st.dims1-def using d-varsl by auto
have d2: st.d2 = K unfolding st.d2-def st.dims2-def nths-uminus-vars1 dims-vars2
by auto
show positive (tensor-P proj-psi (proj-k 0))
unfolding ps2-P.ptensor-mat-def ps2-P-dims0 ps2-P-varsl’
apply (subst st.tensor-mat-positive)
subgoal unfolding proj-psi-def using outer-prod-dim -def d1 by auto
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subgoal unfolding proj-k-def using outer-prod-dim ket-k-def d2 by auto
subgoal using positive-proj-psi by auto
using positive-proj-k[of 0] K-gt-0 by auto
show tensor-P proj-psi (proj-k 0) <p 1, d
unfolding ps2-P.ptensor-mat-def ps2-P-dims0 ps2-P-varsl’
apply (subst st.tensor-mat-le-one)
subgoal using proj-psi-def outer-prod-dim d1 by auto
subgoal using proj-k-def K-gt-0 ket-k-def outer-prod-dim d2 by auto
using dI d2 K-gt-0 outer-prod-dim positive-proj-psi positive-proj-k proj-psi-le-one
proj-k-le-one by auto
qged

lemma tensor-P-adjoint-left-right:
assumes mil € carrier-mat N N and m2 € carrier-mat K K and m3 € car-
rier-mat N N and m4 € carrier-mat K K
shows adjoint (tensor-P m1 m2)  tensor-P m3 mJ * tensor-P m1 m2 = tensor-P
(adjoint m1 x m3 x m1) (adjoint m2 x m4 * m2)
proof —
have eql: adjoint (tensor-P m1 m2) = tensor-P (adjoint m1) (adjoint m2)
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-adjoint)
using ps-P-d1 ps-P-d2 assms by auto
have eq2: adjoint (tensor-P m1 m2) x tensor-P m3 mj = tensor-P (adjoint m1
* m3) (adjoint m2 * m4)
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-mult)
using ps-P-d1 ps-P-d2 assms eql unfolding ps2-P.ptensor-mat-def by (auto
stmp add: adjoint-dim)
have eq3: tensor-P (adjoint m1 = m3) (adjoint m2 * m4) * (tensor-P m1 m2)
= tensor-P (adjoint m1 x m3 = m1) (adjoint m2 x mj * m2)
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-mult[of adjoint m1 * m3])
using ps-P-dI ps-P-d2 assms by (auto simp add: adjoint-dim)
show ?thesis using eql eq2 eq3 by auto
qed

abbreviation exH-n where
exH-n = exH-k (n — 1)

lemma hoare-triple-init:

Fp

{tensor-P pre (proj-k 0)}

hadamard-n n

{tensor-P proj-psi (proj-k 0)}
proof —

have h: I,

{adjoint (exexH-k (n — 1)) % (tensor-P proj-psi (proj-k 0)) % (evexH-k (n —
)

hadamard-n n
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{tensor-P proj-psi (proj-k 0)}
using hoare-hadamard-n[OF gp-init-post, of n — 1] gp-init-post n by auto
have adjoint (exzexH-k (n — 1)) * tensor-P proj-psi (proj-k 0) * exexH-k (n —
1) =
tensor-P (adjoint exH-n * proj-psi * exH-n) (adjoint (1, K) * proj-k 0 *
Im K)
unfolding exexzH-k.simps
apply (subst tensor-P-adjoint-left-right)
using exH-k-dim proj-psi-def -def proj-k-def ket-k-def n by (auto)
moreover have adjoint exH-n * proj-psi x exH-n = pre
unfolding proj-psi-def pre-def
apply (subst outer-prod-left-right-mat[of - N - N - N - NJ)
subgoal using -def by auto
subgoal using exH-k-dim n by (simp add: adjoint-dim)
subgoal using exH-k-dim n by simp
apply (subst (1 2) hermitian-exH-n[simplified hermitian-def])
apply (subst (1 2) exH-k-mult-psi-is-pre)
by auto
moreover have adjoint (1,, K) * (proj-k 0) x (1., K) = proj-k 0
apply (subst adjoint-one) using proj-k-dim[of 0] K-gt-0 by auto
ultimately have adjoint (exexH-k (n — 1)) * tensor-P proj-psi (proj-k 0) x
exexH-k (n — 1) = tensor-P pre (proj-k 0)
by auto
with h show ?thesis by auto
qed

Hoare triples of while loop

definition proj-psi-l where
proj-psi-l I = proj (psi-1 1)

lemma positive-psi-i:
k < K = positive (proj-psi-l k)
unfolding proj-psi-I-def
apply (subst positive-same-outer-prod)
using psi-I-dim by auto

lemma hermitian-proj-psi-l:
k < K = hermitian (proj-psi-l k)
using positive-psi-l positive-is-hermitian by auto

definition P’ where
P’ = tensor-P (proj-psi-l R) (proj-k R)

lemma proj-psi-I-dim:

proj-psi-l 1 € carrier-mat N N

unfolding proj-psi-l-def using psi-l-def by auto
definition @ :: complex mat where

Q = matriz-sum d (M. tensor-P (proj-psi-l 1) (proj-k 1)) R
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lemma psi-l-le-id:
shows proj-psi-l 1 <p 1,, N
proof —
have inner-prod (psi-l 1) (psi-l1) = 1
using inner-psi-l by auto
then show ?thesis using outer-prod-le-one psi-l-def proj-psi-l-def by auto
qed

lemma positive-proj-psi-I:
shows positive (proj-psi-1 1)
using positive-same-outer-prod proj-psi-l-def psi-lI-dim by auto

definition proj-fst-k :: nat = complex mat where
proj-fst-k k = mat K K (A(4, §). if (i =j N i < k) then 1 else 0)

lemma hermitian-proj-fst-k:
adjoint (proj-fst-k k) = proj-fst-k k
by (auto simp add: proj-fst-k-def adjoint-eval)

lemma proj-fst-k-is-projection:
proj-fst-k k *x proj-fst-k k = proj-fst-k k
by (auto simp add: proj-fst-k-def scalar-prod-def sum-only-one-neq-0)

lemma positive-proj-fst-k:

positive (proj-fst-k k)
proof —

have (proj-fst-k k) = adjoint (proj-fst-k k) = (proj-fst-k k)

using hermitian-proj-fst-k proj-fst-k-is-projection by auto

then have 3 M. M x adjoint M = (proj-fst-k k) by auto

then show ?thesis apply (subst positive-if-decomp) using proj-fst-k-def by auto
qed

lemma proj-fst-k-le-one:
proj-fst-k k <p 1, K
proof —
define M where M | = mat K K (A(i, j). if (i =j A i > 1) then (1::complex)
else 0) for |
have eq: 1,, K — proj-fst-k k = M k unfolding M-def proj-fst-k-def
apply (rule eg-matl) by auto
have M k « M k = M k unfolding M-def
apply (rule eqg-matl) apply (simp add: scalar-prod-def)
apply (subst sum-only-one-neq-0[of - j]) by auto
moreover have adjoint (M k) = M k unfolding M-def
apply (rule eg-matl) by (auto simp add: adjoint-eval)
ultimately have M k x adjoint (M k) = M k by auto
then have 3 M. M x adjoint M = 1,, K — proj-fst-k k using eq by auto
then have positive (1,, K — proj-fst-k k)
apply (subst positive-if-decomp) using proj-fst-k-def by auto
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then show ?thesis unfolding lowner-le-def using proj-fst-k-def by auto
qed

lemma sum-proj-k:
assumes m < K
shows matriz-sum K (k. proj-k k) m = proj-fst-k m
proof —
have m < K = matriz-sum K (Ak. proj-k k) m = mat K K (A(¢, j). if (i =]
A i < m) then 1 else 0) for m
proof (induct m)
case (
then show ?case apply simp apply (rule eg-matl) by auto
next
case (Suc m)
then have m: m < K by auto
then have m” m < K by auto
have matriz-sum K proj-k (Suc m) = proj-k m + matriz-sum K proj-k m by
stmp
also have ... = mat K K (A(¢, j). if (i =j N i < (Suc m)) then 1 else 0)
unfolding proj-k-mat[OF m] Suc(1)[OF m'] apply (rule eq-matl) by auto
finally show ?case by auto
qed
then show ?thesis unfolding proj-fst-k-def using assms by auto
qed

lemma proj-psi-proj-k-le-exproj-k:
shows tensor-P (proj-psi-l k) (proj-k 1) <p, tensor-P (1,, N) (proj-k 1)
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-positive-le)
subgoal using proj-psi-l-def psi-l-dim ps-P-d1 by auto
subgoal using proj-k-def ket-k-def ps-P-d2 by auto
subgoal using positive-proj-psi-l by auto
subgoal using positive-same-outer-prod proj-k-def ket-k-def by auto
subgoal using psi-l-le-id by auto
apply (subst lowner-le-refl[of - K]) by (auto simp add: proj-k-def ket-k-def)

definition QI :: compler mat where
Q1 = matriz-sum d (Al. tensor-P (proj-psi’-l 1) (proj-k 1)) R

lemma tensor-P-left-right-partiall :
assumes ml € carrier-mat N N and m2 € carrier-mat N N and m3 € car-
rier-mat K K and mj4 € carrier-mat N N
shows tensor-P m1 (1,, K) * tensor-P m2 m3 * tensor-P m4 (1,, K) = tensor-P
(m1 x m2 x m4) m3
proof —
have tensor-P m1 (1,, K) * tensor-P m2 m3 = tensor-P (m1 x m2) m3
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-mult[symmetric])
using assms ps-P-d1 ps-P-d2 by auto
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moreover have tensor-P (m1 x m2) m3 * tensor-P m4 (1,, K) = tensor-P
(m1 * m2 % m4) m3
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-mult[symmetric])
using assms ps-P-d1 ps-P-d2 by auto
ultimately show ?thesis by auto
qed

lemma tensor-P-left-right-partial2:
assumes ml € carrier-mat K K and m2 € carrier-mat K K and m3 € car-
rier-mat N N and mj € carrier-mat K K
shows tensor-P (1,, N) ml % tensor-P m& m2 x tensor-P (1,, N) mj =
tensor-P m3 (m1 * m2 % m4)
proof —
have tensor-P (1,, N) m1 * tensor-P m8 m2 = tensor-P m3 (ml % m2)
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-mult[symmetric])
using assms ps-P-d1 ps-P-d2 by auto
moreover have tensor-P m3 (m1 x m2) x tensor-P (1,, N) mj = tensor-P
m3 (ml x m2 x m4)
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-mult[symmetric])
using assms ps-P-d1 ps-P-d2 by auto
ultimately show #?thesis by auto
qed

lemma matriz-sum-mult-left-right:
fixes A B :: complex mat
assumes dg: (Ak. k < | = g k € carrier-mat m m)
and dA: A € carrier-mat m m and dB: B € carrier-mat m m
shows matriz-sum m (Ak. A % g k x B) l = A x matriz-sum m g | x B
proof —
have eq: A x matriz-sum m g | = matriz-sum m (A\k. A x g k) 1
using matriz-sum-distrib-left assms by auto
have A x matriz-sum m g | * B = matriz-sum m (Ak. A x gk x B) [
apply (subst eq)
using matriz-sum-mult-right[of | k. A *x ¢ k] assms by auto
then show ?thesis by auto
qed

lemma mat-O-split:
mat-0 = 1,, N — 2 -, proj-O
apply (rule eg-matl)
unfolding mat-O-def proj-O-def by auto

lemma mat-O-mult-psi’-I:
mat-0 *,, (psi’-l1) = psi-l 1
proof —
have mat-O x, (psi’-l 1) = mat-O *, ((alpha-11) -, &) — mat-0 *, ((beta-l1) -,

258



B)
unfolding psi’-l-def apply (subst mult-minus-distrib-mat-vec)
using mat-O-dim a-dim B-dim by auto
also have ... = (alpha-11) -, (mat-0 x, «) — (beta-11) -, (mat-O *, B)
using mult-mat-vec-smult-vec-assoc[of mat-O N N| mat-O-dim a-dim B-dim
by auto

also have ... = (alpha-l1) -, o — (beta-ll) -, (— B)
using mat- O-mult-alpha mat-O-mult-beta by auto
also have ... = (alpha-11) -, a + (beta-11) -, B
by auto
finally show ?thesis unfolding psi-I-def by auto
qed

lemma mat-O-times-Q1:
adjoint (tensor-P mat-O (1., K)) x Q1 x (tensor-P mat-O (1, K)) = @
proof —
let #m1 = tensor-P mat-O (1,, K)
have eq:adjoint ?m1 = ?ml
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-adjoint)
apply (auto simp add: mat-O-dim ps-P-d1 ps-P-d2)
by (simp add: hermitian-mat-Olunfolded hermitian-def] hermitian-one[unfolded
hermitian-def))

fix [
let ?m2 = tensor-P (proj-psi’-l 1) (proj-k 1)
have ?m1 * ?m2 x ?ml1 = tensor-P (mat-O * (proj-psi’-l 1) * mat-O) (proj-k
)
apply (subst tensor-P-left-right-partiall)
using mat-O-dim proj-psi’-dim proj-k-dim by auto
moreover have mat-O * (proj-psi’-1 1) * mat-O = outer-prod (psi-l 1) (psi-l 1)
unfolding proj-psi’-l-def apply (subst outer-prod-left-right-mat[of - N - N -
N - )
using psi’-I-dim mat-O-dim mat-O-mult-psi’-l hermitian-mat-O[unfolded her-
mitian-def] by auto
ultimately have ?m1 * ?m2 x ?ml = tensor-P (proj-psi-l ) (proj-k ) un-
folding proj-psi-l-def by auto
}
note pl = this
have adjoint (tensor-P mat-O (1., K)) * Q1 * (tensor-P mat-O (1, K)) =
mil %« Q1 % ?ml
using eq by auto
also have ... = matriz-sum d (Al. 9m1 * (tensor-P (proj-psi’-l 1) (proj-k 1)) *
m1) R
unfolding Q1-def
apply (subst matriz-sum-mult-left-right) using tensor-P-dim by auto
also have ... = @Q
unfolding Q-def using p! by auto
finally show ?thesis by auto
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qed

definition @2 where
Q2 = matriz-sum d (\l. tensor-P (proj-psi-l (I + 1)) (proj-k 1)) R

lemma Q2-dim:
Q2 € carrier-mat d d
unfolding Q2-def apply (subst matriz-sum-dim) using tensor-P-dim by auto

lemma Q2-le-one:
Q2 <L lm d
proof —
have leq: Q2 <p matriz-sum d (\k. tensor-P (1, N) (proj-k k)) R
unfolding Q2-def
apply (subst lowner-le-matriz-sum)
subgoal using tensor-P-dim by auto
subgoal using tensor-P-dim by auto
using proj-psi-proj-k-le-exproj-k by auto
have matriz-sum d (Ak. tensor-P (1, N) (proj-k k)) R
= tensor-P (1, N) (matriz-sum K proj-k R)
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-matriz-sum2[simplified ps-P-d ps-P-d2])
subgoal using ps-P-d1 by auto
using proj-k-dim by auto
also have ... = tensor-P (1,, N) (proj-fst-k R) using sum-proj-k K by auto
also have ... <y, tensor-P (1, N) (1,, K) unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-positive-le)
subgoal using ps-P-d1 by auto
subgoal using ps-P-d2 proj-fst-k-def by auto
subgoal using positive-one by auto
subgoal using positive-proj-fst-k by auto
subgoal using lowner-le-refljof 1,, N N| by auto
using proj-fst-k-le-one by auto
also have ... = 1,, d unfolding ps2-P.ptensor-mat-def
using ps-P.tensor-mat-id ps-P-d1 ps-P-d2 ps-P-d by auto
finally have leg2: matriz-sum d (Ak. tensor-P (1, N) (proj-k k)) R <p 1., d
by auto
have ds: matriz-sum d (\k. tensor-P (1,, N) (proj-k k)) R € carrier-mat d d
apply (subst matriz-sum-dim) using tensor-P-dim by auto
then show ?thesis using leq leg2 lowner-le-trans|OF Q2-dim ds, of 1,, d] by
auto
qed

lemma ¢p-Q2:
is-quantum-predicate Q2
unfolding is-quantum-predicate-def
proof (intro conjl)
show Q2 € carrier-mat d d unfolding Q2-def
apply (subst matriz-sum-dim) using tensor-P-dim by auto
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next
show positive Q2 unfolding Q2-def
apply (subst matriz-sum-positive)
subgoal using tensor-P-dim by auto
subgoal for k unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-positive)
subgoal using proj-psi-l-def psi-lI-dim ps-P-d1 by auto
subgoal using proj-k-dim ps-P-d2 K by auto
subgoal using positive-proj-psi-l by auto
using positive-proj-k K by auto
by auto
next
show Q2 < 1,, d using (Q2-le-one by auto
qed

lemma pre-mat:

pre = mat N N (A\(i, 7). if i = j A i = 0 then 1 else 0)

apply (rule eq-matl)

subgoal for i j unfolding pre-def apply (subst index-outer-prod| OF ket-pre-dim
ket-pre-dim))

apply simp-all
unfolding ket-pre-def by auto
using outer-prod-dim[OF ket-pre-dim ket-pre-dim, folded pre-def] by auto

lemma mat-Ph-split:
mat-Ph = 2 -, pre — 1,, N
unfolding mat-Ph-def pre-mat
apply (rule eq-matl) by auto

lemma H-Ph-H:
exexH-k (n—1) * tensor-P mat-Ph (1., K) * exexH-k (n — 1) = 2 -, tensor-P
proj-psi (1, K) — 1,, d
unfolding mat-Ph-split exexH-k.simps
apply (subst tensor-P-left-right-partiall )
subgoal using exzH-k-dim[of n — 1] n by auto
subgoal using pre-dim by auto
subgoal by auto
proof —
have eq!: exH-n x exH-n = 1,, N
using unitary-exH-k[of n — 1]
unfolding unitary-def inverts-mat-def
using n hermitian-exH-n[simplified hermitian-def] exH-n-dim by auto
have eq2: exH-n * pre x exH-n = proj-psi
unfolding pre-def proj-psi-def
apply (subst outer-prod-left-right-mat[of - N - N - N - NJ)
subgoal using ket-pre-dim by auto
subgoal using exH-n-dim by auto
apply (subst hermitian-exH-n[simplified hermitian-def])
using exH-k-mult-pre-is-psi by auto
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have eq3: exH-n * (2 -, pre) x exH-n = 2 -, (exH-n * pre x exH-n)
using pre-dim exH-n-dim by (mat-assoc N)
have exH-n * (2 -, pre — 1,, N) % exH-n = exH-n x (2 -, pre) x exH-n —
exH-n x exH-n
using pre-dim exH-n-dim apply (mat-assoc N) by auto
also have ... = 2 -, (exH-n * pre x exH-n) — 1,, N
using eql eq3 by auto
finally have eq/: exH-n % (2 -, pre — 1,, N) % exH-n = 2 -, proj-psi — 1.,
N using eq2 by auto
show tensor-P (exH-n % (2 -y, pre — 1,y N) * exH-n) (1., K) = 2 -, tensor-P
pTOj—pSi (Im K) - 1m d
unfolding eqj unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-minusl)
unfolding ps-P-d1 ps-P-d2 apply (auto simp add: proj-psi-dim)
apply (subst ps-P.tensor-mat-scalel )
unfolding ps-P-dI ps-P-d2 apply (auto simp add: proj-psi-dim)
apply (subst ps-P.tensor-mat-id[simplified ps-P-d1 ps-P-d2 ps-P-d]) by auto
qed

lemma hermitian-proj-psi-minus-1:

hermitian (2 -y, proj-psi — 1, N)

unfolding hermitian-def

apply (subst adjoint-minus[of - N N])

apply (auto simp add: proj-psi-dim)

apply (subst adjoint-scale)

using hermitian-proj-psi[simplified hermitian-def] hermitian-def adjoint-one by
auto

lemma unitary-proj-psi-minus-1:
unitary (2 - proj-psi — 1, N)
proof —
have a: adjoint (2 -, proj-psi) = 2 -, proj-psi
apply (subst adjoint-scale) using hermitian-proj-psi|simplified hermitian-def]
by simp
have eq: adjoint (2 -, proj-psi — 1,, N) = 2 -, proj-psi — 1, N
apply (subst adjoint-minus) using proj-psi-dim a adjoint-one by auto
have (2 -, proj-psi) x (2 -m proj-psi) = 4 -m (proj-psi * proj-psi)
using proj-psi-dim by auto
also have ... = 4 -, proj-psi using proj-psi-is-projection by auto
finally have sq: (2 -, proj-psi) * (2 - proj-psi) = 4 -m proj-psi.
have I: (2 -, proj-psi) * (2 - proj-psi — 1, N) = 4 - proj-psi — (2 -m
proj-psi)
apply (subst mult-minus-distrib-mat) using proj-psi-dim sq by auto

have (2 -, proj-psi — 1, N) x adjoint (2 -, proj-psi — 1,, N)
= (2 -y proj-psi — 1,, N) * (2 -, proj-psi — 1,, N) using eq by auto
also have ... = (2 -, proj-psi) * (2 -p, proj-psi — 1, N) — 2 -, proj-psi +
1, N
apply (subst minus-mult-distrib-mat[of - N N]) using proj-psi-dim by auto
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also have ... = 4 -, proj-psi — (2 -y, proj-psi) — 2 -y proj-psi + 1, N
using [ by auto

also have ... = 1,, N using proj-psi-dim by auto

finally have (2 -, proj-psi — 1,, N) * adjoint (2 -, proj-psi — 1, N) = 1.,
N.

then show ?thesis unfolding unitary-def inverts-mat-def using proj-psi-dim
by auto
qed

lemma proj-psi-minus-1-mult-psi’-1:
(2 -y proj-psi — 1., N) %, psi’-l | = psi-l (I + 1)
proof —
have eql: (2 -, proj-psi — 1, N) %, psi’-l1l = 2 -, proj-psi *, psi’-l | — psi’-l
l
apply (subst minus-mult-distrib-mat-vec)
using psi’-l-dim proj-psi’-dim proj-psi-dim by auto
have eq2: 2 -, proj-psi =, (psi’-l1) = 2 -, (proj-psi *, (psi’-l1))
apply (subst smult-mat-mult-mat-vec-assoc)
using proj-psi-dim psi’-lI-dim by auto
have proj-psi *, (psi’-l 1) = inner-prod 1 (psi’-l1) -, ¢
unfolding proj-psi-def
apply (subst outer-prod-mult-vec[of - N - NJ)
using v-dim psi’-I-dim by auto
also have ... = ((alpha-11) * ccos (¥ / 2) — (beta-l1) % csin (9 ] 2)) - ¢
using psi-inner-psi’-l by auto
finally have proj-psi =, (psi’-l1) = ((alpha-11) % ccos (¥ |/ 2) — (beta-11) * csin
(9 / 2)) v ¥ by auto
then have eq3: 2 -, (proj-psi *, (psi’-l 1)) = 2 * ((alpha-l1) x ccos (9 / 2) —
(beta-l 1) x csin (U / 2)) -» ¢ by auto
then show (2 -, proj-psi — (1, N)) *, (psi’-l 1) = psi-l (I + 1)
using eql eq2 eq3 psi-l-Suc-I-derive by simp
qed

lemma proj-psi-minus-1-mult-psi-Suc-l:
(2 -y proj-psi — 1y, N) %, psi-l (1 + 1) = psi’-l1
proof —
have id: (2 -, proj-psi — 1, N) * (2 - proj-psi — 1,y N) = 1,, N
using unitary-proj-psi-minus-1 unfolding unitary-def hermitian-proj-psi-minus-1 [simplified
hermitian-def]
unfolding inverts-mat-def by auto
have (2 -, proj-psi — 1, N) %, psi-l (1 + 1) = (2 -y, proj-psi — 1, N) *, ((2
“m PTOj-psi — 1 N) %, psi’-11)
using proj-psi-minus-1-mult-psi’-l by auto

also have ... = ((2 -, proj-psi — 1, N) x (2 -, proj-psi — 1, N) %, psi’-l 1)
apply (subst assoc-mult-mat-vec) using proj-psi-dim psi’-l-dim by auto
also have ... = psi’-l [ using psi’-I-dim id by auto
finally show ?thesis by auto
qed
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lemma exproj-psi-minus-1-tensor:

(2 -m tensor-P proj-psi (1, K)) — 1, d = tensor-P (2 -, proj-psi — (1,, N))
(1 K)

unfolding ps2-P.ptensor-mat-def

apply (subst ps-P.tensor-mat-id[symmetric, simplified ps-P-d])

apply (auto simp add: ps-P-d1 ps-P-d2)

apply (subst ps-P.tensor-mat-scalel [symmetric])

apply (auto simp add: ps-P-d1 ps-P-d2 proj-psi-dim)
apply (subst ps-P.tensor-mat-minusl)
by (auto simp add: ps-P-d1 ps-P-d2 proj-psi-dim,)

lemma unitary-exproj-psi-minus-1:
unitary (2 -, tensor-P proj-psi (1, K) — 1, d)
unfolding exproj-psi-minus-1-tensor
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-unitary)
using ps-P-d1 ps-P-d2 unitary-proj-psi-minus-1 unitary-one by auto

lemma proj-psi-minus-1-Q2:
adjoint (2 -m tensor-P proj-psi (1, K) — 1, d) x Q2 * (2 -, tensor-P proj-psi
(Zm K) — Iy d) = Q1
proof —
have eq!: adjoint (2 -, tensor-P proj-psi (1,, K) — 1,, d) = 2 -, tensor-P
proj-psi (1, K) — 1., d
apply (subst adjoint-minus|of - d d])
subgoal using tensor-P-dim|[of proj-psi| by auto
subgoal by auto
apply (subst adjoint-one) apply (subst adjoint-scale)
using hermitian-exproj-psi|simplified hermitian-def] by auto
let #m1 = tensor-P (2 - proj-psi — (1, N)) (1 K)
{
fix [
let ?m2 = tensor-P (proj-psi-l (I + 1)) (proj-k )
have 121: m1 % ?m2 x ?ml
= tensor-P ((2 -y, proj-psi — (1, N)) = (proj-psi-l (I + 1)) * (2 -y, proj-psi
- (Zm N)))
(proj-k 1)
apply (subst tensor-P-left-right-partiall )
using proj-psi-dim proj-psi-lI-dim proj-k-dim by auto
have (2 -, proj-psi — (1,, N)) * (proj-psi-l (I + 1)) % (2 -, proj-psi — (1,
N))
= outer-prod ((2 «m proj-psi — (1m N)) *y (psi-l (1 + 1))) ((2 - proj-psi —
(Zm N)) *o (pSZ.'l (l + 1)))
unfolding proj-psi-I-def apply (subst outer-prod-left-right-mat[of - N - N -
N - N))
using proj-psi-dim psi-lI-dim hermitian-proj-psi-minus-1[simplified hermi-
tian-def] by auto
also have ... = outer-prod (psi’-l1) (psi’-l1)
using proj-psi-minus-1-mult-psi-Suc-l by auto

264



finally have (2 -, proj-psi — (1,, N)) * (proj-psi-l (I + 1)) * (2 -, proj-psi
(1 N))
= outer-prod (psi’-11) (psi’-11).
then have ?m1 x ?m2 x ?ml = tensor-P (proj-psi’-l 1) (proj-k 1)
using 121 proj-psi’-l-def by auto
}
note pl = this
have adjoint (2 -, tensor-P proj-psi (1 K) — 1, d) * Q2 % (2 -, tensor-P
proj-pst (1, K) — 1, d)
= (2 - tensor-P proj-psi (1, K) — 1, d) * Q2 % (2 -, tensor-P proj-psi
(1,, K) — 1,,, d)
using eq! by auto
also have ... = matriz-sum d
(Al (2 - tensor-P proj-psi (1, K) — 1., d) * tensor-P (proj-psi-l (I + 1))
(proj-k 1) % (2 -, tensor-P proj-psi (1, K) — 1, d))
R unfolding Q2-def apply (subst matriz-sum-mult-left-right)
using tensor-P-dim by auto

also have ... = matriz-sum d (A\l. tensor-P (proj-psi’-l 1) (proj-k 1)) R
using pl exproj-psi-minus-1-tensor by auto
also have ... = QI unfolding QI-def by auto
finally show ?thesis using eql by auto
qged
lemma ¢p-Q1:

is-quantum-predicate Q1

unfolding proj-psi-minus-1-Q2[symmetric|

apply (subst gp-close-under-unitary-operator)

using tensor-P-dim unitary-ezproj-psi-minus-1 qp-Q2 by auto

lemma ¢p-Q:
is-quantum-predicate ()
proof —
have u: unitary (tensor-P mat-O (1,, K))
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-unitary)
subgoal unfolding ps-P-d1 mat-O-def by auto
subgoal unfolding ps-P-d2 by auto
subgoal using unitary-mat-O by auto
using unitary-one by auto
then show ?thesis using tensor-P-dim qp-Q1
using g¢p-close-under-unitary-operator| OF tensor-P-dim v qp-Q1]
by (simp add: mat-O-times-Q1 )
qed

lemma hoare-triple-D1:
Fp
{Q}
Utrans-P varsl mat-O

{Q1}
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unfolding Utrans-P-is-tensor-P1
mat-O-times-Q1 [symmetric]

apply (subst hoare-partial.intros(2))

using ¢p-Q1 by auto

lemma hoare-triple-D2:
Fp
{Q1}
hadamard-n n ;;
Utrans-P varsl mat-Ph ;;
hadamard-n n
{Q2}
proof —
let ?H = exexH-k (n — 1)
let ?Ph = tensor-P mat-Ph (1,, K)
let 20 = tensor-P mat-0 (1., K)
have hi1: F,
{adjoint ?H * Q2 x ?H}
hadamard-n n
{Q2}
using hoare-hadamard-n|OF qp-Q2, of n — 1] n by auto
have ¢p1: is-quantum-predicate ((adjoint ?H) x Q2 * ?H)
using ¢p-close-under-unitary-operator unitary-evexH-k n ererH-k-dim qp-Q2
by auto
then have h2: -,
{adjoint ?Ph * (adjoint ?H x Q2 %= ?H) x ?Ph}
Utrans-P varsl mat-Ph
{adjoint ?H * Q2 x ?H}
using ¢p! Utrans-P-is-tensor-P1 hoare-partial.intros by auto
have ¢qp2: is-quantum-predicate (adjoint ?Ph x (adjoint ?H x Q2 x ?H) % ?Ph)
using gp-close-under-unitary-operator|of tensor-P mat-Ph (1, K)] ps2-P.ptensor-mat-carrier
ps2-P-d0 unitary-ex-mat-Ph gpl by auto
then have h3: I,
{adjoint ?H * (adjoint ?Ph = (adjoint ?H x Q2 x ¢H) x ?Ph) x ?H}
hadamard-n n
{adjoint ?Ph x (adjoint ?H x Q2 % ?H) x ?Ph}
using hoare-hadamard-n|OF qp2, of n — 1] n by auto
have ¢p3: is-quantum-predicate (adjoint ?H x (adjoint ?Ph x (adjoint ?H * Q2
x YH) x ?Ph) * ?H)
using gp-close-under-unitary-operator|of ?H| exexH-k-dim unitary-exexH-k qp2
n by auto
have h4: F,
{adjoint ?H * (adjoint ?Ph x (adjoint ?H % Q2 x ?H) x ?Ph) x ?H}
hadamard-n n ;;
Utrans-P varsl mat-Ph
{adjoint ?H * Q2 = ?H}
using h2 h3 qp1 qp2 qp3 hoare-partial.intros by auto
then have h5: -,
{adjoint ?H x (adjoint ?Ph * (adjoint ?H x Q2 = ?H) x ¢Ph) x ?H}
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hadamard-n n ;;
Utrans-P varsl mat-Ph ;;
hadamard-n n
{2}
using hl gp-Q2 qp3 qpl1 hoare-partial.intros(3)[OF qp3 qp1 qp-Q2 h4 h1] by
auto

have adjoint ?H * (adjoint ?Ph  (adjoint ?H x Q2 x ?H) x ¢Ph) x ?H =
adjoint (?H % ?Ph x ?H) x Q2 % (?H x ?Ph x 7H)
apply (mat-assoc d) using exexH-k-dim n tensor-P-dim Q2-dim by auto

also have ... = QI using H-Ph-H proj-psi-minus-1-Q2 by auto
finally show ?thesis using h5 by auto
qed

definition ezM(0 where
exM0 = tensor-P (1,, N) M0

lemma MO-mult-ket-k-R:
MO *, ket-k R = ket-k R
apply (rule eq-vecl)
unfolding MO-def ket-k-def
by (auto simp add: scalar-prod-def sum-only-one-neq-0)

lemma exP0-P".
adjoint exM0 x P’ * exM0 = P’
proof —
have eq: adjoint exM0 = exM0
unfolding exMO0-def ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-adjoint)
unfolding ps-P-d1 ps-P-d2 using M0-dim adjoint-one hermitian-MO[unfolded
hermitian-def] by auto
have eq2: M0 * (proj-k R) « M0 = (proj-k R)
unfolding proj-k-def
apply (subst outer-prod-left-right-mat[of - K - K - K - K])
unfolding hermitian-MO0[unfolded hermitian-def] MO-mult-ket-k-R
using ket-k-dim MO-dim by auto
show ?thesis unfolding eq unfolding exMO0-def P'-def
apply (subst tensor-P-left-right-partial2)
using MO0-dim proj-k-dim eq2 proj-psi-l-dim by auto
qed

definition exM1 where
exM1 = tensor-P (1,, N) M1

lemma MI1-mult-ket-k:
assumes k < R
shows M1 x, ket-k k = ket-k k
apply (rule eg-vecl)
unfolding M1-def ket-k-def
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by (auto simp add: scalar-prod-def assms R sum-only-one-neq-0)

lemma exP1-Q):
adjoint exM1 x Q x exM1 = @Q
proof —
have eq: adjoint exM1 = exM1
unfolding exM1-def ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-adjoint)
unfolding ps-P-d1 ps-P-d2 using MI1-dim adjoint-one hermitian-M1[unfolded
hermitian-def] by auto
{
fix k assume k: k£ < R
let ?m = tensor-P (proj-psi-l k) (proj-k k)
have exM1 * ?m x exM1 = tensor-P (proj-psi-l k) (M1 * (proj-k k) « M1)
unfolding exM1-def apply (subst tensor-P-left-right-partial2)
using M1-dim proj-k-dim proj-psi-l-dim by auto
also have ... = tensor-P (proj-psi-l k) (outer-prod (M1 =, ket-k k) (M1 x*,
ket-k k))
unfolding proj-k-def apply (subst outer-prod-left-right-mat[of - K - K - K -
K))
unfolding hermitian-M1 [unfolded hermitian-def]
using ket-k-dim M1-dim by auto
finally have exM1 * ?m % exM1 = ?m unfolding proj-k-def using k M1-mult-ket-k
by auto
}
note pl = this
have adjoint exM1 x* Q * exM1 = exM1 x @ * exM1 using eq by auto
also have ... = matriz-sum d (k. exM1 x (tensor-P (proj-psi-l k) (proj-k k))
x exM1) R
unfolding Q-def
apply (subst matriz-sum-mult-left-right)
using tensor-P-dim exM1-def by auto
also have ... = matriz-sum d (k. tensor-P (proj-psi-l k) (proj-k k)) R
apply (subst matriz-sum-cong)
using p! by auto
finally show ?thesis using Q-def by auto
qed

lemma gp-P":
is-quantum-predicate P’
unfolding is-quantum-predicate-def
proof (intro conjl)
show P’ € carrier-mat d d unfolding P’-def using tensor-P-dim by auto
show positive P’ unfolding P’-def ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-positive)
apply (auto simp add: ps-P-d1 ps-P-d2 proj-O-dim proj-k-dim)
using proj-psi-I-dim positive-proj-psi-l positive-proj-k K by auto
show P’ <y 1,, d unfolding P’-def ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-le-one[simplified ps-P-d))
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by (auto simp add: ps-P-d1 ps-P-d2 proj-psi-I-dim K proj-k-dim positive-proj-psi-
positive-proj-k proj-k-le-one psi-l-le-id)
qed

lemma P’-add-Q:
P’ + Q = matriz-sum d (M. tensor-P (proj-psi-l 1) (proj-k 1)) (R + 1)
apply simp unfolding P’-def Q-def by auto

lemma positive-Qk:
positive (tensor-P (proj-psi-l 1) (proj-k 1))
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-positive)
unfolding ps-P-d1 ps-P-d2
using proj-psi-l-dim proj-k-dim positive-proj-psi-l positive-proj-k by auto

lemma P’-Q-dim:
P’ + Q € carrier-mat d d
unfolding P’-add-Q
apply (subst matriz-sum-dim)
using tensor-P-dim by auto

lemma P’-add-Q-le-one:
P’ + Q SL lm d
proof —
have leq: matriz-sum d (M. tensor-P (proj-psi-l 1) (proj-k 1)) (
<1, matriz-sum d (Ak. tensor-P (1,, N) (proj-k k)) (R + 1
unfolding Q2-def
apply (subst lowner-le-matriz-sum)
subgoal using tensor-P-dim by auto
subgoal using tensor-P-dim by auto
using proj-psi-proj-k-le-exproj-k by auto
have matriz-sum d (\k. tensor-P (1,, N) (proj-k k)) (R + 1)
= tensor-P (1, N) (matriz-sum K proj-k (R + 1))
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-matriz-sum2[simplified ps-P-d ps-P-d2])
subgoal using ps-P-d1 by auto
using proj-k-dim by auto
also have ... = tensor-P (1, N) (proj-fst-k (R + 1)) using sum-proj-k[of R
+ 1] K by auto
also have ... <p tensor-P (1,, N) (1, K) unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-positive-le)
subgoal using ps-P-dI by auto
subgoal using ps-P-d2 proj-fst-k-def by auto
subgoal using positive-one by auto
subgoal using positive-proj-fst-k by auto
subgoal using lowner-le-refljof 1,, N N| by auto
using proj-fst-k-le-one by auto
also have ... = 1,, d unfolding ps2-P.ptensor-mat-def
using ps-P.tensor-mat-id ps-P-d1 ps-P-d2 ps-P-d by auto

R+ 1)
)
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finally have leq2: matriz-sum d (A\k. tensor-P (1., N) (proj-k k)) (R + 1) <g,
1,, d by auto
have ds: matriz-sum d (Ak. tensor-P (1,, N) (proj-k k)) (R + 1) € carrier-mat
dd
apply (subst matriz-sum-dim) using tensor-P-dim by auto
then show ?thesis
using leq leq2 lowner-le-trans|OF P’-Q-dim ds, of 1,, d] unfolding P’-add-Q
by auto
qed

lemma ¢p-P’-Q:
is-quantum-predicate (P’ + Q)
unfolding is-quantum-predicate-def
proof (intro conjl)
show P’ + @Q € carrier-mat d d
unfolding P’-add-Q apply (subst matriz-sum-dim)
using tensor-P-dim by auto
show positive (P’ + Q) unfolding P’-add-Q
apply (subst matriz-sum-positive)
using tensor-P-dim positive-Qk by auto
show P’'+ Q <y 1,, d using P’-add-Q-le-one by auto
qged

lemma Q2-leg-lemma:
tensor-P (1., N) (mat-incr K) x Q2 * adjoint (tensor-P (1., N) (mat-incr K))
<t P'"+ Q
proof —
have ad: adjoint (tensor-P (1,, N) (mat-incr K)) = tensor-P (1,, N) (adjoint
(mat-incr K))
unfolding ps2-P.ptensor-mat-def apply (subst ps-P.tensor-mat-adjoint)
using ps-P-d1 ps-P-d2 mat-incr-dim adjoint-one by auto
let 9m1 = tensor-P (1,, N) (mat-incr K)
let ?m3 = tensor-P (1., N) (adjoint (mat-incr K))
{
fix l assume | < R
then have | < K — 1 using K by auto
then have m: (mat-incr K) *, (ket-k 1) = (ket-k (I + 1))
using mat-incr-mult-ket-k by auto
let ?m2 = tensor-P (proj-psi-l (I + 1)) (proj-k )
have eq: ?m1 x ?m2 * ?m3 = tensor-P (proj-psi-l (I + 1)) ((mat-incr K) =
(proj-k 1) * adjoint (mat-incr K))
apply (subst tensor-P-left-right-partial2)
using proj-k-dim proj-psi-l-dim mat-incr-dim adjoint-dim[OF mat-incr-dim]
by auto
have (mat-incr K) * (proj-k 1) * adjoint (mat-incr K) = outer-prod ((mat-incr
K) x, (ket-k 1)) ((mat-incr K) =, (ket-k 1))
unfolding proj-k-def apply (subst outer-prod-left-right-mat[of - K - K - K -
K))
using ket-k-dim mat-incr-dim adjoint-dim[OF mat-incr-dim)| adjoint-adjoint|of

270



mat-incr K| by auto
also have ... = proj-k (I + 1) unfolding proj-k-def using m by auto
finally have ?mi * ?m2 x m3 = tensor-P (proj-psi-l (I + 1)) (proj-k (I +
1)) using eq by auto
}
note p1 = this
have ?m1 x Q2 * ?m3
= matriz-sum d (Al. fm1 x (tensor-P (proj-psi-l (I + 1)) (proj-k 1)) * ?m3) R
unfolding Q2-def apply(subst matriz-sum-mult-left-right)
using tensor-P-dim by auto
also have ... = matriz-sum d (\l. tensor-P (proj-psi-l (I + 1)) (proj-k (I + 1)))
R
apply (subst matriz-sum-cong) using p1 by auto
finally have eql: ?m1 * Q2 % ?m3 = matriz-sum d (Al. tensor-P (proj-psi-l (1
+ 1)) (proj-k (1 + 1)) R (is -=7r) .
have eq2: P’ + @Q = tensor-P (proj-psi-l 0) (proj-k 0) + or
unfolding P’-add-Q
apply (subst matriz-sum-Suc-remove-head) using tensor-P-dim by auto
have tensor-P (proj-psi-l 0) (proj-k 0) + ?r <p, P'+ @
unfolding eq2[symmetric] apply (subst lowner-le-refl) using P’-Q-dim by
auto
moreover have positive (tensor-P (proj-psi-l 0) (proj-k 0))
unfolding ps2-P.ptensor-mat-def apply (subst ps-P.tensor-mat-positive)
unfolding ps-P-dI ps-P-d2 using proj-psi-lI-dim proj-k-dim positive-proj-psi-l
positive-proj-k by auto
moreover have matriz-sum d (Al. tensor-P (proj-psi-l (I + 1)) (proj-k (I + 1)))
R € carrier-mat d d
apply (subst matriz-sum-dim) using tensor-P-dim by auto
ultimately have ?r <; P’ + @
apply (subst add-positive-le-reduce2]of ?r d tensor-P (proj-psi-l 0) (proj-k 0)
P'+ Q)
using tensor-P-dim P’-Q-dim by auto
then show ?thesis using eql ad by auto
qed

lemma Q2-leq:
Q2 <y, adjoint (tensor-P (1., N) (mat-incr K)) = (P’ + Q) * tensor-P (1,, N)
(mat-incr K)
proof —
let Ym1 = tensor-P (1,, N) (mat-incr K)
let #m2 = adjoint (tensor-P (1, N) (mat-incr K))
have ?mi1 x ?m2 = 1,, d
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-adjoint)
unfolding ps-P-dI ps-P-d2 apply (auto simp add: mat-incr-dim adjoint-one)
apply (subst ps-P.tensor-mat-mult[symmetric])
unfolding ps-P-dI ps-P-d2 apply (auto simp add: mat-incr-dim adjoint-dim
mat-incr-mult-adjoint-mat-incr)
using ps-P.tensor-mat-id ps-P-d ps-P-d1 ps-P-d2 by auto
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then have inv: ?m2 x ?mi1 = 1, d
using mat-mult-left-right-inverse[of #m1 d ¢m2]
tensor-P-dim adjoint-dim by auto
have d: ?m1 x Q2 * ?m2 € carrier-mat d d using tensor-P-dim adjoint-dim[OF
tensor-P-dim] Q2-dim by fastforce
have le: ?m2 * (?m1 % Q2 * ?m2) x ml <p ?m2 % (P’ + @) x ?ml1 (is
lowner-le 21 r)
apply (subst lowner-le-keep-under-measurement|of - d])
using Q2-leq-lemma tensor-P-dim P’-Q-dim d by auto
have 7l = (?m2 x ?m1) x Q2 * (?m2 *x ?ml)
apply (mat-assoc d) using tensor-P-dim Q2-dim by auto
also have ... = 1,, d * Q2 % 1,, d using inv by auto
also have ... = Q2 using Q2-dim by auto
finally have eq: 2l = Q2.
show ?thesis using eq le by auto
qed

lemma hoare-triple-D3:
Fp
{Q2}
Utrans-P vars2 (mat-incr K)
{adjoint exM0 x P’ x exM0 + adjoint exM1 % Q % exM1}
unfolding exzP0-P' exP1-Q
proof —
let ?m = tensor-P (1,, N) (mat-incr K)
have hi:F,
{adjoint ?m x (P' 4+ Q) * ?m}
Utrans ?m
{r'+ Qt
using gqp-P’-Q hoare-partial.intros by auto
have gp: is-quantum-predicate (adjoint ?m * (P’ + Q) * ?m)
using gp-close-under-unitary-operator tensor-P-dim qp-P’-Q unitary-exmat-incr
by auto
then have I,
{Q2}
Utrans ?m
{P'+ Q}
using hoare-partial.intros(6)[OF gp-Q2 qp-P’-Q qp gp-P’-Q] Q2-leq h1 lowner-le-refl OF
P’-Q-dim] by auto
moreover have Utrans ?m = Utrans-P vars2 (mat-incr K)
apply (subst Utrans-P-is-tensor-P2) unfolding mat-incr-def by auto
ultimately show t, {Q2} Utrans-P vars2 (mat-incr K) {P' + Q} by auto
qed

lemma gp-D3-post:
is-quantum-predicate (adjoint exM0 x P’ x exM0 + adjoint exM1 * Q * exM1)
unfolding exzP0-P’ exP1-(Q using qp-P’-Q by auto

lemma hoare-triple-D:
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Fp
{Q}
D
{adjoint exM0 x P’ x exM0 + adjoint exM1 x Q % exM1}
proof —
have +, {Q1} hadamard-n n;; (Utrans-P varsl mat-Ph;; hadamard-n n) {Q2}
using well-com-hadamard-n well-com-mat-Ph hoare-triple-D2 qp-Q1 qp-Q2 by
(auto simp add: hoare-patial-seq-assoc)
then have +, {Q} Utrans-P varsl mat-O;; (hadamard-n n;; (Utrans-P varsl
mat-Ph;; hadamard-n n)) {Q2}
using hoare-triple-D1 qp-Q qp-Q1 qp-Q2 hoare-partial.intros(3) by auto
moreover have well-com (Utrans-P vars1 mat-Ph;; hadamard-n n) using well-com-hadamard-n
well-com-mat-Ph by auto
ultimately have -, {Q} (Utrans-P varsl mat-O;; hadamard-n n);; (Utrans-P
varsl mat-Ph;; hadamard-n n) {Q2}
using well-com-hadamard-n well-com-mat-O qp-Q qp-Q2 by (auto simp add:
hoare-patial-seq-assoc)
moreover have well-com (Utrans-P varsl mat-Oy;; hadamard-n n)
using well-com-mat-O well-com-hadamard-n by auto
ultimately have b, {Q} Utrans-P varsl mat-0O;; hadamard-n n;; Utrans-P varsl
mat-Ph;; hadamard-n n {Q2}
using well-com-hadamard-n well-com-mat-Ph qp-Q qp-Q2 by (auto simp add:
hoare-patial-seq-assoc)
with gp-Q gp-Q2 gqp-D3-post hoare-triple-D3 show I,

{Q}
D

{adjoint exM0 % P’ exM0 + adjoint exM1 % Q * exM1}
unfolding D-def using hoare-partial.intros(3) by auto
qed

lemma psi-is-psi-10:
P = psi-1 0
unfolding -eq psi-lI-def alpha-l-def beta-I-def by auto

lemma proj-psi-is-proj-psi-10:
proj-psi = proj-psi-l 0
unfolding proj-psi-def psi-is-psi-l0 proj-psi-lI-def by auto

lemma lowner-le-Q:
tensor-P proj-psi (proj-k 0) <p, adjoint exM0 * P’ x exM0 + adjoint exM1 * Q
x exM1
proof —
let ?r = matriz-sum d (Al. tensor-P (proj-psi-1 1) (proj-k 1)) (R + 1)
let 2l = tensor-P (proj-psi-l 0) (proj-k 0)
have eq: ?r = 2] + matriz-sum d (Al tensor-P (proj-psi-l (I + 1)) (proj-k (I +
1) R(@As-=-4 %)
apply (subst matriz-sum-Suc-remove-head)
using tensor-P-dim by auto
have d: ?s € carrier-mat d d
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apply (subst matriz-sum-dim) using tensor-P-dim by auto
have pt: positive (tensor-P (proj-psi-l 1) (proj-k 1)) for 1
unfolding ps2-P.ptensor-mat-def apply (subst ps-P.tensor-mat-positive)
unfolding ps-P-d1 ps-P-d2 using proj-psi-lI-dim proj-k-dim positive-proj-psi-1
positive-proj-k by auto
have ps: positive ?s
apply (subst matriz-sum-positive)
subgoal using tensor-P-dim by auto
using pt by auto
have ¢l <; 7r
unfolding eq
apply (subst add-positive-le-reducel [of ?l d ?s])
subgoal using tensor-P-dim by auto
subgoal using d by auto
subgoal using tensor-P-dim d by auto
subgoal using ps by auto
apply (subst lowner-le-refl[of - d])
using tensor-P-dim d by auto
then show ?thesis unfolding exzP0-P’ exP1-Q P’-add-Q proj-psi-is-proj-psi-10
by auto
qed

lemma hoare-triple-while:
Fp
{adjoint exM0 x P’ x exM0 + adjoint exM1 x Q % exM1}
While-P vars2 M0 M1 D
(P
proof —
let ?m = A(n:nat). if n = 0 then mat-extension dims vars2 MO else
if n = 1 then mat-extension dims vars2 M1 else undefined
have dM0: M0 € carrier-mat K K unfolding MO0-def by auto
have dM1: M1 € carrier-mat K K unfolding M1-def by auto
have m0: ?m 0 = exM0 apply (simp) unfolding exMO0-def ps2-P.ptensor-mat-def
mat-ext-vars2[OF dM0] by auto
have m1: ?m 1 = exM1 unfolding exM1-def ps2-P.ptensor-mat-def mat-ext-vars2|OF
dM1] by auto
have -, {Q} D {adjoint (?m 0) x P' % (?m 0) + adjoint (?m 1) « Q % (?m 1)}
using hoare-triple-D m0 m1 by auto
then show ?thesis unfolding While-P-def using qp-D3-post qp-P’ hoare-partial.intros(5)[OF
gp-P’ qp-Q, of D ?m] m0 m1 by auto
qed

lemma R-and-a-half-9:
(R+1/2)«x09=pi/ 2
using R ¥-neq-0 by auto

lemma psi-IR-is-beta:

psi-l R = 3
unfolding psi-l-def alpha-l-def beta-l-def R-and-a-half-9 by auto
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lemma post-mult-beta:
post x, B =3
by (auto simp add: post-def (B-def scalar-prod-def sum-only-one-neq-0)

lemma post-mult-post:
post * post = post
by (auto simp add: post-def scalar-prod-def sum-only-one-neg-0)

lemma post-mult-proj-psi-lR:
post x proj-psi-l R = proj-psi-l R
proof —
let YR = proj-psi-l R
have post x ?R = post * YR x 1,, N
using post-dim proj-psi-lI-dim[of R] by auto
also have ... = outer-prod (post *, psi-l R) ((1,,, N) *, psi-l R)
unfolding proj-psi-l-def
apply (subst outer-prod-left-right-mat[of - N - N - N - NJ)
by (auto simp add: psi-l-dim post-dim adjoint-one)
also have ... = ?R unfolding proj-psi-I-def unfolding psi-IR-is-beta unfolding
post-mult-beta
using [-dim by auto
finally show post * ?R = ?R.
qed

lemma proj-psi-IR-mult-post:
proj-psi-l R % post = proj-psi-l R
proof —
let YR = proj-psi-l R
have ?R * post = 1,, N x ?R * post
using post-dim proj-psi-lI-dim[of R] by auto
also have ... = outer-prod ((1,, N) *, psi-l R) (post *, psi-l R)
unfolding proj-psi-I-def
apply (subst outer-prod-left-right-mat[of - N - N - N - NJ)
by (auto simp add: psi-I-dim post-dim hermitian-post[unfolded hermitian-def])
also have ... = ?R unfolding proj-psi-I-def unfolding psi-IR-is-beta unfolding
post-mult-beta
using (-dim by auto
finally show ?R x post = ?R.
qed

lemma proj-psi-IR-mult-proj-psi-IR:
proj-psi-l R % proj-psi-l R = proj-psi-l R
unfolding proj-psi-l-def psi-IR-is-beta
apply (subst outer-prod-mult-outer-prod[of - N - N - - NJ)
by (auto simp add: B-inner)

lemma proj-psi-IR-le-post:
proj-psi-l R <p, post
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proof —
let YR = proj-psi-l R
let s = post — ?R
have eql: post x (post — ?R) = post — 7R
apply (subst mult-minus-distrib-mat[of - N N - NJ])
apply (auto simp add: post-dim proj-psi-l-dim[of R])
using post-mult-post post-mult-proj-psi-IR by auto
have e¢2: 7R x (post — ?R) = 0,, NN
apply (subst mult-minus-distrib-mat[of - N N - NJ)
apply (auto simp add: post-dim proj-psi-lI-dim[of R])
unfolding proj-psi-IR-mult-post proj-psi-IR-mult-proj-psi-lR
using proj-psi-l-dim[of R] by auto
have adjoint ?s = ?s
apply (subst adjoint-minus[of - N N])
using post-dim proj-psi-lI-dim hermitian-post hermitian-proj-psi-l K by (auto
simp add: hermitian-def)
then have ?s x adjoint ?s = ?s x ?s by auto

also have ... = post * (post — R) — ?R x (post — ?R)
using post-dim proj-psi-lI-dim[of R] by (mat-assoc N)
also have ... = post — ?R

unfolding eq! eg2 using post-dim proj-psi-lI-dim[of R] by auto

finally have ?s x adjoint s = ?s.

then have A M. M * adjoint M = ?s by auto

then have positive ?s apply (subst positive-if-decomp|of ?s N]) using post-dim
proj-psi-lI-dim[of R] by auto

then show ?thesis unfolding lowner-le-def using post-dim proj-psi-l-dim][of R]
by auto
qed

lemma P’-le-post-R:
P’ <y, (tensor-P post (proj-k R))
proof —
let ?r = tensor-P post (proj-k R)
have ?r — P’ = tensor-P (post — proj-psi-l R) (proj-k R)
unfolding P’-def ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-minusl)
unfolding ps-P-d1 ps-P-d2
using post-dim proj-psi-l-dim proj-k-dim by auto
moreover have positive (tensor-P (post — proj-psi-l R) (proj-k R))
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-positive)
unfolding ps-P-d1 ps-P-d2
using proj-psi-IR-le-post[unfolded lowner-le-def]
post-dim proj-psi-l-dim[of R] proj-k-dim positive-proj-k
by auto
ultimately show P’ <; 2r
unfolding lowner-le-def P’-def
using tensor-P-dim by auto
qed
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lemma positive-post:

positive post
proof —

have ad: adjoint post = post using hermitian-post{unfolded hermitian-def] by
auto

then have post * adjoint post = post

unfolding ad post-mult-post by auto

then have 3 M. M x adjoint M = post by auto

then show ?thesis using positive-if-decomp post-dim by auto
qged

lemma lowner-le-P":
P’ <y, tensor-P post (1, K)
proof —
let ?r = tensor-P post (1, K)
let ?m = tensor-P post (proj-k R)
have ?m <; “r
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-positive-le)
unfolding ps-P-d1 ps-P-d2
using post-dim proj-k-dim positive-post positive-proj-k
lowner-le-refllof post] proj-k-le-one by auto
then show P’ <; or
using lowner-le-trans[of P’ d ?m ?r] P’-le-post-R
unfolding P’-def using tensor-P-dim by auto
qged

lemma post-mult-testNk:
assumes f k
shows post x (testN k) = testN k
using assms by (auto simp add: post-def testN-def scalar-prod-def sum-only-one-neq-0)

lemma post-mult-testNk-neg:
assumes - f k
shows post * testN k = 0,, NN
using assms by (auto simp add: post-def testN-def scalar-prod-def sum-only-one-neq-0)

lemma testN-post1:
f k = adjoint (testN k) = post = testN k = testN k
apply (subst assoc-mult-mat[of - N N - N - NJ)
apply (auto simp add: adjoint-dim testN-dim post-dim)
apply (subst post-mult-testNk, simp)
unfolding hermitian-testN[unfolded hermitian-def]
using testN-mult-testN by auto

lemma testN-post2:

- fk = adjoint (testN k) x post * testN k = 0,, N N
apply (subst assoc-mult-mat[of - N N - N - NJ)
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apply (auto simp add: adjoint-dim testN-dim post-dim)
apply (subst post-mult-testNk-neg, simp)
unfolding hermitian-testN [unfolded hermitian-def]
using testN-dim[of k] by auto

definition post-fst-k :: nat = compler mat where
post-fst-k k = mat NN (A (i, 7). if (i=47AfiANi<Ek)then 1 else 0)

lemma post-fst-kN:
post-fst-k N = post
unfolding post-fst-k-def post-def by auto

lemma post-fst-k-Suc:
fi = post-fst-k (Suc i) = testN i + post-fst-k i
apply (rule eq-matl)
unfolding post-fst-k-def testN-def by auto

lemma post-fst-k-Suc-neg:
- [ i = post-fst-k (Suc i) = post-fst-k i
apply (rule eq-matl)
unfolding post-fst-k-def
apply auto
using less-antisym by fastforce

lemma testN-sum:
matriz-sum N (Ak. adjoint (testN k) x post x testN k) N = post
proof —
have m < N = matriz-sum N (Ak. adjoint (testN k) % post * testN k) m =
post-fst-k m for m
proof (induct m)
case (
then show ?case apply simp unfolding post-fst-k-def by auto
next
case (Suc m)
then have m: m < N by auto
show ?Zcase
proof (cases f m)
case True
show ?thesis apply simp
apply (subst testN-postl [OF True])
apply (subst Suc(1)[OF m))
using post-fst-k-Suc True by auto
next
case Fulse
show ?thesis apply simp
apply (subst testN-post2[OF False])
apply (subst Suc(1)[OF m))
using post-fst-k-Suc-neg False post-fst-k-def by auto
qed
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qed
then show ?thesis using post-fst-kN by auto
qed

lemma tensor-P-testN-sum:
matriz-sum d (A\k. adjoint (tensor-P (testN k) (1,, K)) * tensor-P post (1,, K)
* tensor-P (testN k) (1,, K)) N =
tensor-P post (1,, K)
proof —
have eq: adjoint (tensor-P (testN k) (1., K)) * tensor-P post (1., K) * tensor-P
(testN k) (1., K) =
tensor-P (adjoint (testN k) x post * (testN k)) (1,, K) for k
apply (subst tensor-P-adjoint-left-right)
subgoal unfolding testN-def by auto
subgoal by auto
subgoal using post-dim by auto
using adjoint-one by auto
moreover have matriz-sum N (Ak. adjoint (testN k) * post x testN k) N = post
using testN-sum by auto
show ?thesis unfolding eq
apply (subst matriz-sum-tensor-P1)
subgoal unfolding testN-def by auto
subgoal by auto
using testN-sum by auto
qed

lemma post-le-one:
pOSt <L 1m N
proof —
let s =1,, N — post
have eql: 1,, N * (1,, N — post) = 1,, N — post
apply (mat-assoc N) using post-dim by auto
have eq2: post * (1,, N — post) = 0,, NN
apply (subst mult-minus-distrib-mat[of - N NJ)
using post-dim by (auto simp add: post-mult-post)

have adjoint ?s = ?s
apply (subst adjoint-minus)
apply (auto simp add: post-dim adjoint-dim)
using adjoint-one hermitian-post|unfolded hermitian-def] by auto
then have %s x adjoint ?s = ?s x ?s by auto

also have ... = 1, N % (1, N — post) — post * (1,, N — post)
apply (mat-assoc N) using post-dim by auto
also have ... = ?s unfolding eq! eq2 using post-dim by auto

finally have ?s *x adjoint ?s = ?s.

then have A M. M * adjoint M = ?s by auto

then have positive ?s apply (subst positive-if-decomp[of ?s N]) using post-dim
by auto

then show ?thesis unfolding lowner-le-def using post-dim by auto
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qed

lemma q¢p-post:
is-quantum-predicate (tensor-P post (1., K))
unfolding is-quantum-predicate-def
proof (intro conjl)
show tensor-P post (1,, K) € carrier-mat d d
using tensor-P-dim by auto
show positive (tensor-P post (1., K))
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-positive)
by (auto simp add: ps-P-d1 ps-P-d2 post-dim positive-post positive-one)
show tensor-P post (1,, K) <p, 1., d
unfolding ps-P.tensor-mat-id[symmetric, unfolded ps-P-d ps-P-d1 ps-P-d2]
unfolding ps2-P.ptensor-mat-def
apply (subst ps-P.tensor-mat-positive-le)
unfolding ps-P-d1 ps-P-d2 using post-dim positive-post positive-one post-le-one
lowner-le-refllof 1,, K K]
by auto
qed

lemma hoare-triple-if:
Fp
{tensor-P post (1,, K)}
Measure-P varsl N testN (replicate N SKIP)
{tensor-P post (1., K)}
proof —
define M where M = (An. mat-extension dims varsl (testN n))
define Post where Post = (A\(k::nat). tensor-P post (1,, K))
have M: M = (An. tensor-P (testN n) (1,, K))
unfolding M-def using mat-ext-varsl by auto
have skip: Ak. k < N = (replicate N SKIP) ! k = SKIP by simp
have h: Ak. k < N =+, {Post k} replicate N SKIP | k {tensor-P post (1,
K)}
unfolding Post-def skip using gp-post hoare-partial.intros by auto
moreover have A\k. k < N = is-quantum-predicate (Post k) unfolding Post-def
using gp-post by auto
ultimately show %thesis
unfolding Measure-P-def apply (fold M-def)
using hoare-partial.intros(4)[of N Post tensor-P post (1., K) replicate N SKIP
M]
unfolding M Post-def using tensor-P-testN-sum qp-post by auto
qed

theorem grover-partial-deduct:
Fp
{tensor-P pre (proj-k 0)}
Grover
{tensor-P post (1, K)}
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unfolding Grover-def
proof —

have -,

{tensor-P pre (proj-k 0)}

hadamard-n n

{adjoint exM0O x P’ x exM0 + adjoint exM1 x Q % exM1}

using hoare-partial.intros(6)[OF qp-pre qp-D3-post gp-pre qp-init-post]

hoare-triple-init lowner-le-refl| OF tensor-P-dim| lowner-le-Q by auto
then have I,

{tensor-P pre (proj-k 0)}

hadamard-n n;;

While-P vars2 M0 M1 D

!

using hoare-triple-while hoare-partial.intros(3) gp-pre qp-D3-post gp-P' by auto
then have I,

{tensor-P pre (proj-k 0)}

hadamard-n n;;

While-P vars2 M0 M1 D

{tensor-P post (1, K)}

using lowner-le-P’ hoare-partial.intros(6)[OF gp-pre gp-post gp-pre gp-P’)

lowner-le-P’ lowner-le-refi]| OF tensor-P-dim] by auto

then show K,

{tensor-P pre (proj-k 0)}

hadamard-n n;;

While-P vars2 M0 M1 D;;

Measure-P varsl N testN (replicate N SKIP)

{tensor-P post (1, K)}

using hoare-triple-if gp-pre qp-post hoare-partial.intros(3) by auto

qed

theorem grover-partial-correct:

Fp
{tensor-P pre (proj-k 0)}
Grover
{tensor-P post (1, K)}
using grover-partial-deduct well-com-Grover gqp-pre qp-post hoare-partial-sound
by auto
end

end
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