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Abstract

This entry is a formalization of the metatheory of Qg in Isabelle/HOL. Qq [2] is a
classical higher-order logic equivalent to Church’s Simple Theory of Types. In this entry
we formalize Chapter 5 of [2], up to and including the proofs of soundness and consistency
of Qp. These proof are, to the best of our knowledge, the first to be formalized in a proof
assistant.
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1 Utilities

theory Utilities
imports
Finite— Map— Extras. Finite-Map-Fxtras
begin

1.1 Utilities for lists

fun foldr1 :: ('a = 'a = 'a) = 'a list = 'a where
foldrl f [z] =

| foldrl f (z # zs) = fx (foldrl f xs)

| foldr1 f || = undefined f

abbreviation [set where Iset = List.set

lemma rev-induct2 [consumes 1, case-names Nil snoc]:
assumes length s = length ys
and P [] ]
and Az zs y ys. length xs = length ys = P xs ys = P (zs Q [z]) (ys Q [y])
shows P xs ys

{proof)

1.2 Utilities for finite maps

no-syntax
-fmaplet :: ['a, 'a] = fmaplet (- /$$:=/ - )
-fmaplets :: ['a, 'a] = fmaplet («- /[$%:=]/ -
syntax

-fmaplet :: ['a, 'a] = fmaplet (- /—/ )
-fmaplets :: ['a, 'a] = fmaplet (<- /[—]/ -»)

lemma fmdom'-fmap-of-list [simp):
shows fmdom’ (fmap-of-list ps) = Iset (map fst ps)
(proof)

lemma fmran’-singleton [simpl:
shows fmran’ {k — v} = {v}

{proof)

lemma fmran’-fmupd [simp]:
assumes m $$ z = None
shows fmran' (m(z — y)) = {y} U fmran’ m

(proof)

lemma fmran’-fmadd [simp]:
assumes fmdom’ m N fmdom’ m' = {}
shows fmran’ (m ++¢ m’) = fmran’ m U fmran’ m’

(proof )



lemma finite-fmran’:
shows finite (fmran’ m)

(proof)

lemma fmap-of-zipped-list-range:
assumes length ks = length vs
and m = fmap-of-list (zip ks vs)
and k € fmdom’ m
shows m $$! k € lset vs

(proof)

lemma fmap-of-zip-nth [simp]:
assumes length ks = length vs
and distinct ks
and i < length ks
shows fmap-of-list (zip ks vs) $3! (ks ! i) = vs 1 d
(proof)

lemma fmap-of-zipped-list-fmran’ [simp]:

assumes distinct (map fst ps)

shows fmran’ (fmap-of-list ps) = lset (map snd ps)
(proof)

lemma fmap-of-list-nth [simp]:
assumes distinct (map fst ps)
and j < length ps
shows fmap-of-list ps $3 ((map fst ps) ! j) = Some (map snd ps ! j)
(proof)

lemma fmap-of-list-nth-split [simp):
assumes distinct xs
and j < length xs
and length ys = length xs and length zs = length xs
shows fmap-of-list (zip xs (take k ys Q drop k 2s)) $$ (zs ! j) =
(if § < k then Some (take k ys ! j) else Some (drop k zs ! (j — k)))
(proof )

lemma fmadd-drop-cancellation [simp]:
assumes m $$ k = Some v
shows {k — v} ++¢ fmdrop k m = m
(proof )

lemma fmap-of-list-fmmap [simp]:
shows fmap-of-list (map2 (Av’ A’. (v, f A")) xs ys) = fmmap [ (fmap-of-list (zip xs ys))
(proof)

end



2 Syntax

theory Syntax
imports
HOL— Library.Sublist
Utilities
begin

2.1 Type symbols

datatype type =
Tind (<)
| TBool (<o)
| TFun type type (infixr «(—> 101)

primrec type-size :: type = nat where
type-size © = 1
| type-size 0 = 1
| type-size (o — B) = Suc (type-size o + type-size B)

primrec subtypes :: type = type set where
subtypes i = {}
| subtypes o = {}
| subtypes (« — B) = {a, B} U subtypes o U subtypes

lemma subtype-size-decrease:
assumes a € subtypes (3
shows type-size o < type-size 3

(proof)

lemma subtype-is-not-type:
assumes « € subtypes [
shows a #

(proof)

lemma fun-type-atoms-in-subtypes:
assumes k < length ts
shows ts | k € subtypes (foldr (=) ts )

(proof)

lemma fun-type-atoms-neq-fun-type:
assumes k < length ts
shows ts | k # foldr (=) ts v

(proof)

2.2 Variables

Unfortunately, the Nominal package does not support multi-sort atoms yet; therefore, we need
to implement this support from scratch.



type-synonym var = nat X type

abbreviation var-name :: var = nat where
var-name = fst

abbreviation var-type :: var = type where
var-type = snd

lemma fresh-var-existence:
assumes finite (vs :: var set)
obtains r where (z, a) ¢ vs

(proof)

lemma fresh-var-name-list-existence:
assumes finite (ns :: nat set)
obtains ns’ where length ns’ = n and distinct ns’ and Iset ns' N ns = {}

{proof)

lemma fresh-var-list-existence:
fixes xs :: var list
and ns :: nat set
assumes finite ns
obtains vs’ :: var list
where length vs' = length xs
and distinct vs’
and var-name ‘lset vs' N (ns U var-name * lset zs) = {}
and map var-type vs' = map var-type xs

{proof)

2.3 Constants

type-synonym con = nat X type

2.4 Formulas

datatype form =
FVar var
| FCon con
| FApp form form (infixl < 200)
| FAbs var form

syntax

-FVar :: nat = type = form (<--» [899, 0] 900)

-FCon :: nat = type = form (<{-}-» [899, 0] 900)

-FAbs :: nat = type = form = form (<(4\--./ -)» [0, 0, 104] 104)
syntax-consts

-FVar = FVar and

-FCon = FCon and

-FAbs = FAbs
translations



zo = CONST FVar (z, a)
{c}a = CONST FCon (¢, a)
Atq. A = CONST FAbs (z, a) A

2.5 Generalized operators

Generalized application. We define +2, A [By, By, ..., By]Jas A+ By + By« -+ + By:

definition generalized-app :: form = form list = form (<<, - - [241, 241] 2/1) where
[simp]: +C, A Bs = foldl (+) A Bs

Generalized abstraction. We define A2, [z1, ..., z,] A as Azy. -+ Azy,. A:

definition generalized-abs :: var list = form = form (\\°, - - [141, 141] 141) where
[simp]: A2, vs A = foldr (\(z, &) B. A\zg. B) vs A

fun form-size :: form = nat where
form-size (zq) = 1
| form-size ({cfta) = 1
| form-size (A « B) = Suc (form-size A + form-size B)
| form-size (Axzq. A) = Suc (form-size A)

fun form-depth :: form = nat where
form-depth (zq) = 0
| form-depth ({c}a) = 0
| form-depth (A « B) = Suc (max (form-depth A) (form-depth B))
| form-depth (Azq. A) = Suc (form-depth A)

2.6 Subformulas

fun subforms :: form = form set where
subforms (zq) = {}

| subforms ({c}a) = {}

| subforms (A« B) = {A, B}

| subforms (Azq. A) = {A}

datatype direction = Left (<«») | Right («»)
type-synonym position = direction list

fun positions :: form = position set where
positions (ze) = {[]}
| positions ({c}a) = {[1}
| positions (A« B) = {[]} U {« # p | p. p € positions A} U {» # p | p. p € positions B}
| positions (Axq. A) = {[]} U {« # p | p. p € positions A}

lemma empty-is-position [simp):
shows [| € positions A

(proof)

fun subform-at :: form = position — form where
subform-at A [| = Some A



| subform-at (A « B) (« # p) = subform-at A p

| subform-at (A = B) (» # p) = subform-at B p

| subform-at (Azq. A) (« # p) = subform-at A p
| subform-at - - = None

fun is-subform-at :: form = position = form = bool (<(- <./ -)» [51,0,51] 50) where
is-subform-at A [] A (A A’

| is-subform-at C (« # p) (A« B) = is-subform-at C p A

| is-subform-at C' (» # p) (A « B) = is-subform-at C p B

| is-subform-at C (« # p) ()\xa A) = is-subform-at C'p A

| is-subform-at - - - = False

lemma is-subform-at-alt-def:
shows A’ <, A = (case subform-at A p of Some B = B = A’ | None = Fulse)
(proof)

lemma superform-existence:
assumes B jp @ [d] C
obtains A where B j[d] Aand A =, C

(proof)

lemma subform-at-subforms-con:
assumes {c}q <p C
shows #A. A jp Q@ [d] C

(proof)

lemma subform-at-subforms-var:
assumes 7o =<p C
shows #1A4. A jp Q@ [d] C

(proof)

lemma subform-at-subforms-app:
assumes A« B =) C
shows A jp @ [«] C and B jp @ [»] C

(proof)

lemma subform-at-subforms-abs:
assumes \zq. A <p C
shows A jp @ [« C

(proof )
lemma is-subform-implies-in-positions:

assumes B =<, A
shows p € positions A

(proof)

lemma subform-size-decrease:
assumes A <, B and p # ||

10



shows form-size A < form-size B
{proof )

lemma strict-subform-is-not-form:
assumes p # [ and A’ <) A
shows A’ # A

(proof)

lemma no-right-subform-of-abs:
shows # B. B =y #p AZq. A

(proof)

lemma subforms-from-var:
assumes A =p zq
shows A = z4 and p = |]

{proof)

lemma subforms-from-con:
assumes A =p {cfa
shows A = {c}}o and p = ||
(proof)

lemma subforms-from-app:
assumes A <, B+ C

shows
(A=B-CAp=])V
(A£B-CA

(Ip’ € positions B. p =« # p' N A =’ B) v (3p’ € positions C.p=» # p' N A =y a))
(proof )

lemma subforms-from-abs:
assumes A =X, Azq. B
shows (A = Xzq. BAp=1[]) V (4 # Azq. BA (Ip’ € positions B.p =« # p' AN A =y B))
(proof )

lemma leftmost-subform-in-generalized-app:

shows B j1"eplicat‘e (length As) « 2, B 4s
(proof)

lemma self-subform-is-at-top:
assumes A <, A
shows p = ||

(proof)

lemma at-top-is-self-subform:
assumes A jH B
shows A = B
(proof )

11



lemma is-subform-at-uniqueness:
assumes B <p Aand C =<p A
shows B = C

(proof)

lemma is-subform-at-existence:
assumes p € positions A
obtains B where B <, A

(proof)

lemma is-subform-at-transitivity:
assumes A =<5, Band B =, C
shows A jm ap C

(proof)

lemma subform-nesting:
assumes strict-prefiz p’ p
and B < ' A
and C =p A

shows C jdmp (length p’) p B
(proof)

lemma loop-subform-impossibility:
assumes B =<p A
and strict-prefix p’ p
shows = B < ' A

(proof)

lemma nested-subform-size-decreases:
assumes strict-prefiz p’ p
and B =< ' A
and C =p A
shows form-size C' < form-size B

{proof)

definition is-subform :: form = form = bool (infix <<» 50) where
[simp]: A X B = (3p. A Zp B)

instantiation form :: ord
begin

definition
A< B+ A<XB

definition
A<B+— A<BANA#B

instance (proof)

12



end

instance form :: preorder

{proof)

lemma position-subform-existence-equivalence:
shows p € positions A «— (A" A’ < A)
(proof)

lemma position-prefiz-is-position:
assumes p € positions A and prefiz p’ p
shows p’ € positions A

{proof)

2.7 Free and bound variables

consts vars :: 'a = var set

overloading
vars-form = wvars :: form = var set
vars-form-set = vars :: form set = var set
begin

fun vars-form :: form = var set where
vars-form (zq) = {(z, a)}

| vars-form ({cka) = {}

| vars-form (A = B) = vars-form A U vars-form B

| vars-form (Azg. A) = vars-form A U {(z, a)}

fun vars-form-set :: form set = var set where
vars-form-set S = ((JA € S. vars A)

end

abbreviation var-names :: 'a = nat set where
var-names X = var-name ‘ (vars X)

lemma vars-form-finiteness:
fixes A :: form
shows finite (vars A)

(proof)

lemma vars-form-set-finiteness:
fixes S :: form set
assumes finite S
shows finite (vars S)

(proof)

lemma form-var-names-finiteness:

13



fixes A :: form
shows finite (var-names A)

(proof)

lemma form-set-var-names-finiteness:
fixes S :: form set
assumes finite S
shows finite (var-names S)

(proof)

consts free-vars :: 'a = var set

overloading
free-vars-form = free-vars :: form = var set
free-vars-form-set = free-vars :: form set = var set
begin

fun free-vars-form :: form = var set where
free-vars-form (zq) = {(z, a)}
| free-vars-form ({cla) = {}
| free-vars-form (A = B) = free-vars-form A U free-vars-form B
| free-vars-form (Azq. A) = free-vars-form A — {(z, o))}

fun free-vars-form-set :: form set = wvar set where
free-vars-form-set S = ((JA € S. free-vars A)

end

abbreviation free-var-names :: 'a = nat set where
free-var-names X = var-name ‘ (free-vars X')

lemma free-vars-form-finiteness:
fixes A :: form
shows finite (free-vars A)

(proof)

lemma free-vars-of-generalized-app:
shows free-vars (+©, A Bs) = free-vars A U free-vars (lset Bs)

(proof)

lemma free-vars-of-generalized-abs:
shows free-vars (A2, vs A) = free-vars A — lset vs

(proof)

lemma free-vars-in-all-vars:
fixes A :: form
shows free-vars A C vars A

(proof )

14



lemma free-vars-in-all-vars-set:
fixes S :: form set
shows free-vars S C wvars S

(proof)

lemma singleton-form-set-vars:
shows vars {FVar y} = {y}

(proof)

fun bound-vars where
bound-vars (zq) = {}
| bound-vars ({]cl}a) ={}
| bound-vars (B« C') = bound-vars B U bound-vars C
| bound-vars ()\xa B) = {(z, a)} U bound-vars B

lemma vars-is-free-and-bound-vars:
shows vars A = free-vars A U bound-vars A

(proof)

fun binders-at :: form = position = var set where
binders-at (A « B) (« # p) = binders-at A p

| binders-at (A« B) (» # p) = binders-at B p

| binders-at (Azq. A) (« # p) = {(z, &)} U binders-at A p

| binders-at A [| = {}

| binders-at A p = {}

lemma binders-at-concat:
assumes A’ <) A
shows binders-at A (p @Q p’) = binders-at A p U binders-at A’ p’
(proof)

2.8 Free and bound occurrences

definition occurs-at :: var = position = form = bool where
[iff]: occurs-at v p B «— (FVar v <p B)

lemma occurs-at-alt-def:
shows occurs-at v [| (FVar v’) +— (v = v)
and occurs-at v p ({c}a) +— False
and occurs-at v (« # p) (A« B) «— occurs-at vp A
and occurs-at v (» # p) (A« B) +— occurs-at vp B
and occurs-at v (« (Azq. A) «— occurs-at vp A
and occurs-at v (F'Var v') «— False
and occurs-at v (» (Azg. A) «— False
and occurs-at v [] ( )
and occurs-at v [] (/\a:a A) «+— False

(proof)

(
(
(d
(

definition occurs :: var = form = bool where

15



[iff]: occurs v B «<— (3 p € positions B. occurs-at v p B)

lemma occurs-in-vars:
assumes occurs v A
shows v € vars A

(proof)

abbreviation strict-prefizes where
strict-prefizes xs = [ys + prefizes zs. ys # xs]

definition in-scope-of-abs :: var = position = form = bool where
[¢ff]: in-scope-of-abs v p B +— (
p# A
(

Ip’ € lset (strict-prefizes p).
case (subform-at B p’) of
Some (FAbs v’ -) = v =’
| - = False
)
)

lemma in-scope-of-abs-alt-def:

shows
in-scope-of-abs v p B
—
p £ [ A (3p’ € positions B. 3 C. strict-prefix p’ p A FAbs v C jp/ B)
(proof)

lemma in-scope-of-abs-in-left-app:
shows in-scope-of-abs v (« # p) (A « B) <— in-scope-of-abs v p A
(proof )

lemma in-scope-of-abs-in-right-app:
shows in-scope-of-abs v (» # p) (A « B) <— in-scope-of-abs v p B
(proof )

lemma in-scope-of-abs-in-app:

assumes in-scope-of-abs v p (A + B)

obtains p’ where (p = « # p’ A in-scope-of-abs v p’ A) V (p = » # p’ N\ in-scope-of-abs v p' B)
(proof)

lemma not-in-scope-of-abs-in-app:

assumes
Vp'
(p = « # p’ — — in-scope-of-abs v’ p’ A)
N

(p = » # p’ — — in-scope-of-abs v’ p’ B)
shows — in-scope-of-abs v’ p (A + B)
{proof)

16



lemma in-scope-of-abs-in-abs:
shows in-scope-of-abs v (« # p) (FAbs v’ B) +— v = v’ V in-scope-of-abs v p B
(proof )

lemma not-in-scope-of-abs-in-var:
shows — in-scope-of-abs v p (FVar v’)

(proof)

lemma in-scope-of-abs-in-vars:
assumes in-scope-of-abs v p A
shows v € vars A

{proof)

lemma binders-at-alt-def:
assumes p € positions A
shows binders-at A p = {v | v. in-scope-of-abs v p A}
(proof)

definition is-bound-at :: var = position = form = bool where
[iff]: is-bound-at v p B +— occurs-at v p B N\ in-scope-of-abs v p B

lemma not-is-bound-at-in-var:
shows - is-bound-at v p (FVar v’)

{proof)

lemma not-is-bound-at-in-con:
shows - is-bound-at v p (FCon k)
(proof )

lemma is-bound-at-in-left-app:
shows is-bound-at v (« # p) (B« C) <— is-bound-at v p B
(proof)

lemma is-bound-at-in-right-app:
shows is-bound-at v (» # p) (B« C) +— is-bound-at v p C
{proof)

lemma is-bound-at-from-app:

assumes is-bound-at vp (B« C)

obtains p’ where (p = « # p’ A is-bound-at v p' B) V (p = » # p’ A is-bound-at v p’ C)
(proof )

lemma is-bound-at-from-abs:
assumes is-bound-at v (« # p) (FAbs v’ B)
shows v = v’ V is-bound-at v p B

(proof)

lemma is-bound-at-from-absk:

17



assumes is-bound-at v p (FAbs v’ B)
obtains p’ where p = « # p’and v = v’ V is-bound-at v p’ B
(proof )

lemma is-bound-at-to-abs:
assumes (v = v’ A occurs-at v p B) V is-bound-at v p B
shows is-bound-at v (« # p) (FAbs v’ B)

(proof)

lemma is-bound-at-in-bound-vars:
assumes p € positions A
and is-bound-at v p A V v € binders-at A p
shows v € bound-vars A

{proof)

lemma bound-vars-in-is-bound-at:
assumes v € bound-vars A
obtains p where p € positions A and is-bound-at v p A V v € binders-at A p

{proof)

lemma bound-vars-alt-def:
shows bound-vars A = {v | v p. p € positions A A (is-bound-at v p AV v € binders-at A p)}

(proof)

definition is-free-at :: var = position = form = bool where
[iff]: is-free-at v p B +— occurs-at v p B A — in-scope-of-abs v p B

lemma is-free-at-in-var:
shows is-free-at v [| (FVar v') +— v =

(proof)

!

lemma not-is-free-at-in-con:
shows — is-free-at v [| ({c}a)
(proof )

lemma is-free-at-in-left-app:
shows is-free-at v (« # p) (B« C) +— is-free-at v p B
(proof )

lemma is-free-at-in-right-app:
shows is-free-at v (» # p) (B« C) +— is-free-at vp C
(proof )

lemma is-free-at-from-app:
assumes is-free-at v p (B« C)

obtains p’ where (p = « # p’ A is-free-at v p’ B) V (p = » # p' A is-free-at v p’ C)
(proof )

lemma is-free-at-from-abs:
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assumes is-free-at v (« # p) (FAbs v’ B)
shows is-free-at v p B

(proof)

lemma is-free-at-from-absk:

assumes is-free-at v p (FAbs v’ B)

obtains p’ where p = « # p’ and is-free-at v p’ B
(proof)

lemma is-free-at-to-abs:
assumes is-free-at v p B and v # v’
shows is-free-at v (« # p) (FAbs v’ B)

{proof)

lemma is-free-at-in-free-vars:
assumes p € positions A and is-free-at vp A
shows v € free-vars A

{proof)

lemma free-vars-in-is-free-at:
assumes v € free-vars A
obtains p where p € positions A and is-free-at v p A

{proof)

lemma free-vars-alt-def:
shows free-vars A = {v | v p. p € positions A A is-free-at v p A}

(proof)

In the following definition, note that the variable immeditately preceded by A counts as a
bound variable:

definition is-bound :: var = form = bool where
[iff]: is-bound v B +— (I p € positions B. is-bound-at v p B V v € binders-at B p)

lemma is-bound-in-app-homomorphism:
shows is-bound v (A « B) +— is-bound v A V is-bound v B

{proof)

lemma is-bound-in-abs-body:
assumes is-bound v A
shows is-bound v (Azq. A)

{proof)

lemma absent-var-is-not-bound:
assumes v ¢ vars A
shows — is-bound v A

(proof)

lemma bound-vars-alt-def2:
shows bound-vars A = {v € vars A. is-bound v A}

19



(proof)

definition is-free :: var = form = bool where
[iff]: is-free v B «— (I p € positions B. is-free-at v p B)

2.9 Free variables for a formula in another formula

definition is-free-for :: form = var = form = bool where
[iff]: is-free-for A v B +—

Vo' € free-vars A.
V' p € positions B.
is-free-at v p B — — in-scope-of-abs v’ p B

)

lemma is-free-for-absent-var [intro):
assumes v ¢ vars B
shows is-free-for A v B

(proof)

lemma is-free-for-in-var [intro]:
shows is-free-for A v (z¢,)

{proof)

lemma is-free-for-in-con [intro]:
shows is-free-for A v ({c}a)
(proof)

lemma is-free-for-from-app:

assumes is-free-for A v (B« C)

shows is-free-for A v B and is-free-for A v C
(proof)

lemma is-free-for-to-app [intro):
assumes is-free-for A v B and is-free-for A v C
shows is-free-for A v (B« C)

(proof )

lemma is-free-for-in-app:
shows is-free-for A v (B« C) «— is-free-for A v B A is-free-for A v C
(proof )

lemma is-free-for-to-abs [intro]:
assumes is-free-for A v B and (z, o) ¢ free-vars A
shows is-free-for A v (Azq. B)

(proof)

lemma is-free-for-from-abs:
assumes is-free-for A v (Azo. B) and v # (z, «)
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shows is-free-for A v B

{proof)

lemma closed-is-free-for [intro]:
assumes free-vars A = {}
shows is-free-for A v B

(proof)

lemma is-free-for-closed-form [intro]:
assumes free-vars B = {}
shows is-free-for A v B

(proof)

lemma is-free-for-alt-def:
shows
is-free-for A v B
—
(
Bp.
(
p € positions B A is-free-at vp B A p # [| A
(v’ € free-vars A. Ap’ C. strict-prefiz p’ p N FAbs v’ C jp/ B)
)

)
(proof)

lemma binding-var-not-free-for-in-abs:
assumes is-free x B and © # w
shows - is-free-for (FVar w) z (FAbs w B)

{proof)

lemma absent-var-is-free-for [intro):
assumes z ¢ vars A
shows is-free-for (FVar z) y A
{proof )

lemma form-is-free-for-absent-var [intro):
assumes = ¢ vars A
shows is-free-for B z A

(proof)

lemma form-with-free-binder-not-free-for:
assumes v # v’ and v’ € free-vars A and v € free-vars B
shows — is-free-for A v (FAbs v’ B)

(proof )

2.10 Replacement of subformulas

inductive
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is-replacement-at :: form = position = form = form = bool

(((4-(- < -) © ) [1000, 0, 0, 0] 900)
where

pos-found: A{p < C) > C'if p=[ and C = C’
| replace-left-app: (G« H){« # p < C) > (G'« H) if p € positions G and G(p < C) > G’
| replace-right-app: (G« H){» # p + C) > (G« H') if p € positions H and H{p < C) > H’
| replace-abs: (Az~. E){« # p < C) > (Azy. E') if p € positions E and E{p < C) > E’

lemma is-replacement-at-implies-in-positions:
assumes C{p «+ A) > D
shows p € positions C

(proof)
declare is-replacement-at.intros [intro!]

lemma is-replacement-at-existence:
assumes p € positions C
obtains D where C(p < A) > D

{proof)

lemma is-replacement-at-minimal-change:
assumes C(p «+ A) > D
shows A <, D
and Vp' € positions D. = prefix p’ p A — prefiz p p’ — subform-at D p’ = subform-at C p’
(proof)

lemma is-replacement-at-binders:
assumes C(p <+ A) > D
shows binders-at D p = binders-at C' p

(proof)

lemma is-replacement-at-occurs:
assumes C{p «+ A) > D
and — prefiz p’ p and — prefiz p p’
shows occurs-at v p’ C <— occurs-at v p’ D

{proof)

lemma fresh-var-replacement-position-uniqueness:
assumes v ¢ vars C
and C(p < FVarv) > G
and occurs-at v p’ G
shows p’ = p

{proof)

lemma is-replacement-at-new-positions:
assumes C{p + A) > D and prefiz p p’ and p’ € positions D
obtains p’’ where p’ = p Q p’ and p'’ € positions A

(proof)
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lemma replacement-override:
assumes C(p <~ B) > D and C{p < A) > F
shows D{p < A) > F

{proof)

lemma leftmost-subform-in-generalized-app-replacement:
shows (+2, C As)(replicate (length As) « + D) > (+<, D As)
(proof )

2.11 Logical constants

abbreviation (input) r where r = 0
abbreviation (input) y where y = Suc ¢
abbreviation (input) 3 where 3 = Suc 9
abbreviation (input) f where § = Suc 3
abbreviation (input) g where g = Suc f
abbreviation (input) h where h = Suc g
abbreviation (input) ¢ where ¢ = Suc b
abbreviation (input) ¢g where ¢g = Suc ¢
abbreviation (input) ¢, where ¢, = Suc ¢g

e~

definition Q-constant-of-type :: type = con where
[simp]: Q-constant-of-type o = (¢g, a—a—0)

definition iota-constant :: con where
[simp]: iota-constant = (c,, (i—0)—1)

definition Q :: type = form (<Q->) where
[simp]: Qo = FCon (Q-constant-of-type o)

definition iota :: form (<) where
[simp]: ¢ = FCon iota-constant

definition is-Q-constant-of-type :: con = type = bool where
[iff]: is-Q-constant-of-type p o <— p = Q-constant-of-type o

definition is-iota-constant :: con = bool where
[iff]: is-iota-constant p +— p = iota-constant

definition is-logical-constant :: con = bool where
[iff]: is-logical-constant p <— (3 B. is-Q-constant-of-type p B) V is-iota-constant p

definition type-of-Q-constant :: con = type where
[simp]: type-of-Q-constant p = (THE «. is-Q-constant-of-type p «)

lemma constant-cases|case-names non-logical Q-constant t-constant, cases type: con]:
assumes — is-logical-constant p => P
and AS. is-Q-constant-of-type p § = P
and is-iota-constant p = P
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shows P
(proof )

2.12 Definitions and abbreviations

definition equality-of-type :: form = type = form = form («(- =-/ -)» [103, 0, 103] 102) where
[simp]: A= B= Qq+A+B

definition equivalence :: form = form = form (infixl «=<) 102) where
[simp]: A =2 B = A =, B— more modular than the definition in [2]

definition true :: form («T») where
[simp]: To= Qo =0—0—0 Qo

definition false :: form (<Fy)) where
[simp]: Fo=Xo. To =0—0 Mo Yo

definition PI :: type = form («][]-») where
[simp]: [Ta = Qa—o * (Mta- To)

definition forall :: nat = type = form = form («(4¥V-../ -)» [0, 0, 141] 141) where
[simp]: Vao. A =]a Aza. A)

Generalized universal quantification. We define V2, [z1, ..., z,] AasVzy. -+ Vi, A:

definition generalized-forall :: var list = form = form (V< - - [141, 141] 141) where
[simp]: V<, vs A = foldr (\(z, a) B.Vzq. B) vs A

lemma innermost-subform-in-generalized-forall:
assumes vs # ||
shows A =014 (\ p. [,«] @ p) vs || ¥ 5 V8 4
(proof)

lemma innermost-replacement-in-generalized-forall:

assumes vs # ||

shows (V <, vs O){foldr (A-. (@) [»,«]) vs [] + B) > (V< vs B)
(proof)

lemma false-is-forall:
shows Fy, = Vio. ¥o
(proof )

definition conj-fun :: form (¢\A\o—o—so*) Where
[simp]: No—o—0 =
ALo. ADo.
(

(Ago—0—s0- Bo—o0—0* To+ To) =(0o—=0—0)—0 (Ago—s0—s0- Bo—0—0 * Lo * Vo)

)

definition conj-op :: form = form = form (infixl <A<) 131) where
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[simp]: A N2 B = Ao—sos0+A+B

Generalized conjunction. We define A2, [A1, ..., Ap] as 4y NS (- NS (Ap—1 NS Ap) )
definition generalized-cong-op :: form list = form (<A2, -» [0] 131) where
[simp]: A2, As = foldrl (A9) As

definition imp-fun :: form (Dp—o0—0’) where — = used instead of =, see [2]
[simp]: Do—o—s0 = Aro- ADo. (to =< 1o A2 90)

definition imp-op :: form = form = form (infixl <2<, 111) where
[S’me] A :)Q B = Do—0—0 " A+B

Generalized implication. We define [A1, ..., A,] D9, Bas A1 22 (--- D2 (4, D¢ B) ---):
definition generalized-imp-op :: form list = form = form (infixl <D<,) 111) where

[simp]: As D2, B = foldr (D2) As B
Given the definition below, it is interesting to note that ~2 A and F, =2 A are exactly the
same formula, namely @, = F, « A:
definition neg :: form = form («~< - [141] 141) where

[simp]: ~C A= Qo+ Fo- A

definition disj-fun :: form («Vo—o0—0’) where
[simp]: Vooo—0 = Ao- A\Do. ~2Q (NQ o A2 ~Q UO)

definition disj-op :: form = form = form (infixl «v<, 126) where
[simp]: AVE B = Vo030 A+B

definition exists :: nat = type = form = form («(43-../ -)» [0, 0, 141] 141) where
[simp]: Fzq. A = ~2 (Vg ~2 A)

lemma exists-fv:
shows free-vars (3zq. A) = free-vars A — {(z, o)}
(proof)

definition inequality-of-type :: form = type = form = form («(- #./ -)» [103, 0, 108] 102) where
[simp]: A #o B = ~2 (A =4 B)

2.13 Well-formed formulas

inductive is-wff-of-type :: type = form = bool where
var-is-wff: is-wff-of-type a (zq,)
| con-is-wff: is-wff-of-type a ({cl}a)
| app-is-wff: is-wff-of-type B (A « B) if is-wff-of-type (a—B) A and is-wff-of-type o B
| abs-is-wff: is-wff-of-type (a—p3) (Azq. A) if is-wff-of-type A

definition wffs-of-type :: type = form set (<wffs-> [0]) where
wffsa, = {f == form. is-wff-of-type « [}

abbreviation wffs :: form set where
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wffs = Ja. wffsa

lemma is-wff-of-type-wffs-of-type-eq |pred-set-convl:
shows is-wff-of-type a« = (M. f € wffsa)
(proof )

lemmas wffs-of-type-intros [introl] = is-wff-of-type.intros|to-set]

lemmas wffs-of-type-induct [consumes 1, induct set: wffs-of-type] = is-wff-of-type.induct[to-set]
lemmas wffs-of-type-cases [consumes 1, cases set: wffs-of-type] = is-wff-of-type.cases[to-set]
lemmas wffs-of-type-simps = is-wff-of-type.simps[to-set]

lemma generalized-app-wff [introl:
assumes length As = length ts
and Yk < length As. As ' k € wffs;s 1

and B € wffspigr () ts 8
shows 2, B As € wjj”s/g
(proof )

lemma generalized-abs-wff [intro]:
assumes B ¢ wﬁs/g

shows \<, vs B € wﬁsfoldr (=) (
(proof)

map snd vs) 8

lemma Q-wff [intro]:
shows Qq € wffsa—a—o

(proof)

lemma iota-wff [intro]:
shows ¢ € wﬁs(

{proof)

i—0)—>i

lemma equality-wff [intro]:
assumes A € wffsq and B € wffsq
shows A =4 B € wffso

(proof)

lemma equivalence-wff [intro]:
assumes A € uffso and B € wffs,
shows A =2 B € uffs,
(proof)

lemma true-wff [intro]:
shows T € wffso

(proof)

lemma false-wff [intro]:
shows F, € wffso

(proof)
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lemma pi-wff [intro]:
shows [« € wﬁS(a_)O)_}O

(proof)

lemma forall-wff [introl:
assumes A € wffsy
shows Vzy. A € wffso

(proof)

lemma generalized-forall-wff [intro]:
assumes B € wffs,
shows V<, vs B € wffs,

{proof)

lemma conj-fun-wff [introl:
shows Ap—o0—0 € WIfs0—0—0

(proof)

lemma conj-op-wff [intro]:
assumes A € wffsp and B € wffs,
shows A A2 B € wffs,

(proof)

lemma imp-fun-wff [intro]:
shows Do 00 € Wffso—0—0

(proof)

lemma imp-op-wff [intro]:
assumes A € uffsy and B € wffs,
shows A D2 B € wffs,
{proof )

lemma neg-wff [intro]:
assumes A € wffs,
shows ~2 A € wffs,
{proof )

lemma disj-fun-wff [intro]:
shows Vo—o0—0 € wffso—o—0

(proof)

lemma disj-op-wff [intro]:
assumes A € wffsp and B € wffs,
shows A Ve B € wffs,

(proof)

lemma exists-wff [introl:
assumes A € wffsy
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shows Jzq. A € wffsy
(proof)

lemma inequality-wff [intro]:

assumes A € wffsq and B € wffsq

shows A #4 B € wffso
{proof )

lemma wffs-from-app:
assumes A - B € wffs

obtains a where A € wffso—p and B € wffsa

(proof)

lemma wffs-from-generalized-app:
assumes 2, B As € wﬁ”sﬁ
obtains ts
where length ts = length As

and V& < length As. As ' k € wffsis 1 1

and B € wﬁSfoldr (=) ts B
(proof)

lemma wffs-from-abs:
assumes \zq. A € wffsy

obtains 5 where vy = a—f and A € wﬁsﬁ

(proof)

lemma wffs-from-equality:
assumes A =4 B € wffso
shows A € wffsq and B € wffsq

(proof)

lemma wffs-from-equivalence:
assumes A =2 B € wffs,
shows A € wffsy, and B € wffs,

(proof)

lemma wffs-from-forall:
assumes Vzy. A € wffso
shows A € wffso

(proof)

lemma wffs-from-conj-fun:
assumes NAp—sp—o * A+ B € wffso
shows A € wffsy, and B € wffs,

(proof)

lemma wffs-from-conj-op:
assumes A A9 B € wffs,
shows A € wffsp and B € wffs,
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(proof)

lemma wffs-from-imp-fun:
assumes D00 = A = B € wffs,
shows A € wffsy, and B € wffs,

(proof)

lemma wffs-from-imp-op:
assumes A D¢ B € wffs,
shows A € wffsp and B € wffs,

(proof)

lemma wffs-from-neg:
assumes ~< A € wffs,
shows A € wffs,

(proof)

lemma wffs-from-disj-fun:
assumes Voo * A+ B € wffso
shows A € wffsp and B € wffs,

(proof)

lemma wffs-from-disj-op:
assumes A V¢ B € wffs,
shows A € wffsy and B € wffs,

(proof)

lemma wffs-from-exists:
assumes Jzq. A € wffso
shows A € wffso

(proof)

lemma wffs-from-inequality:
assumes A #4 B € wffsy
shows A € wffsq and B € wffsy

{proof)

lemma wff-has-unique-type:
assumes A € wffsq and A € wifsg
shows o = 8

{proof)

lemma wffs-of-type-o-induct [consumes 1, case-names Var Con App):
assumes A € wffsy
and Az. P (zo)
and Ac. P ({clo)
and AA B a. A € wffsq—0 = B € wffsa, = P (A + B)
shows P A
(proof)

29



lemma diff-types-implies-diff-wffs:
assumes A € wffsq and B € wﬁsﬁ
and o #
shows A # B

(proof)

lemma is-free-for-in-generalized-app [introl:
assumes is-free-for A v B and V C € Iset Cs. is-free-for A v C
shows is-free-for A v (+<, B Cs)

(proof )

lemma is-free-for-in-equality [intro]:
assumes is-free-for A v B and is-free-for A v C
shows is-free-for A v (B =4 C)
(proof )

lemma is-free-for-in-equivalence [introl:
assumes is-free-for A v B and is-free-for A v C
shows is-free-for A v (B =2 C)
(proof )

lemma is-free-for-in-true [intro):
shows is-free-for A v (Ty)
{proof)

lemma is-free-for-in-false [intro]:
shows is-free-for A v (Fy)
(proof )

lemma is-free-for-in-forall [intro):
assumes is-free-for A v B and (z, ) ¢ free-vars A
shows is-free-for A v (Vzq. B)

(proof)

lemma is-free-for-in-generalized-forall [introl:
assumes is-free-for A v B and Iset vs N free-vars A = {}
shows is-free-for A v (V <, vs B)

(proof )

lemma is-free-for-in-conj [intro):
assumes is-free-for A v B and is-free-for A v C
shows is-free-for A v (B A2 C)

(proof)

lemma is-free-for-in-imp [intro):
assumes is-free-for A v B and is-free-for A v C
shows is-free-for A v (B 22 C)

(proof )
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lemma is-free-for-in-neg [intro]:
assumes is-free-for A v B
shows is-free-for A v (~< B)

(proof)

lemma is-free-for-in-disj [introl:
assumes is-free-for A v B and is-free-for A v C
shows is-free-for A v (B V€ C)

(proof )

lemma replacement-preserves-typing:
assumes C(p < B) > D
and A =, C
and A € wffsq and B € wffsq
shows C € wffsg «— D € wffsg

(proof )

corollary replacement-preserves-typing’:
assumes C{(p < B) > D
and A =, C
and A € wffsq and B € wffsq
and C € wﬁ55 and D € wffsy
shows 3 = v
(proof)

Closed formulas and sentences:

definition is-closed-wff-of-type :: form = type = bool where
[iff]: is-closed-wff-of-type A o +— A € wffsoq A free-vars A = {}

definition is-sentence :: form = bool where
[iff]: is-sentence A +— is-closed-wff-of-type A o

2.14 Substitutions

type-synonym substitution = (var, form) fmap

definition is-substitution :: substitution = bool where
[iff]: is-substitution ¥ <+— (¥ (z, o) € fmdom’ 9. 9 $$! (z, o) € wffsa)

fun substitute :: substitution = form = form (<S - - [51, 51]) where
S Y (za) = (case ¥ $$ (z, o) of None = zq | Some A = A)
| S 9 ({cka) = {cla
|SY (A-B)=(S9 A)-(SY B)
| S 9 (A\zq. A) = (if (z, &) ¢ fmdom’ O then Axg. S O A else Axg. S (fmdrop (z, o) ¥) A)

lemma empty-substitution-neutrality:

shows S {$$} A =4
(proof)
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lemma substitution-preserves-typing:
assumes is-substitution
and A € wffsqy
shows S ¥ A € wffsqy

{proof)

lemma derived-substitution-simps:
shows S9Y T, =T,
and S 19 Fo = FO

and S Y (J]a) =[la

and S ¥ (~¢ B) = ~2 (S¥ B)

and SY (B=4 C)=(SY¥ B) =4 (SS9 C)

and S 0 (B A2 C) = (Sm?B)/\Q(SﬁC)

and SY (BVe C)=(S¥Y B) vV (S190)

and SY (BD22 C)=(S¥ B) 22 (S¥ O)

and S 9 (B=2 C) = (S0 B) =2 (S v O)

and S 9 (B #q C) = (S 9 B) #a (S 9 C)

and S ¢ (Vzqo. B) = (if (2, a) ¢ fmdom’ 9 then Vzy. S ¢ B else Vig. S (fmdrop (z, )
and S ¢ (3zo. B) = (if (z, a) ¢ fmdom’ ¥ then Jzn. S ¢ B else Jzq. S (fmdrop (z, )

(proof)

lemma generalized-app-substitution:
shows S ¥ (2, A Bs) =9, (S¥Y A) (map (A\B. S ¥ B) Bs)
(proof)

lemma generalized-abs-substitution:
shows S 9 (A2, wvs A) = A2, ws (S (fmdrop-set (fmdom’ 9 N Iset vs) ¥) A)
(proof)

lemma generalized-forall-substitution:
shows S ¥ (Y2, vs A) = V<, vs (S (fmdrop-set (fmdom’ ¥ N Iset vs) V) A)
(proof )

lemma singleton-substitution-simps:
shows S {(z, a) — A} (yg) = (if (z, @) # (y, B) then yg else A)
and S {(z, o) — A} (ﬂCﬂa) = {clta
and S {(z, ) — A} (B« C) = (S {(z, a) — A} B) « (S
?nd ]Sc>{(3% a) — A} (Ayﬁ B) = Ayg. (if (z, @) = (y, B)
proo

{(z, @) — A} C)
then B else S {(z, a) — A} B)

lemma substitution-preserves-freeness:
assumes y ¢ free-vars A and y # 2
shows y ¢ free-vars S {x — FVar z} A

{proof)

lemma renaming-substitution-minimal-change:
assumes y ¢ vars A and y # 2z
shows y ¢ vars (S {z — FVar z} A)
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{proof)

lemma free-var-singleton-substitution-neutrality:
assumes v ¢ free-vars A
shows S {v — B} A=A
(proof)

lemma identity-singleton-substitution-neutrality:
shows S {v — FVarv} A=A

(proof)

lemma free-var-in-renaming-substitution:
assumes r # y
shows (z, a) ¢ free-vars (S {(z, a) — yao} B)
(proof)

lemma renaming-substitution-preserves-form-size:
shows form-size (S {v — FVar v’} A) = form-size A

{proof)
The following lemma corresponds to X5100 in [2]:

lemma substitution-composability:

assumes v’ ¢ vars B

shows S {v' — A} S {v — FVarv'y B=S {v— A} B
(proof )

The following lemma corresponds to X5101 in [2]:

lemma renaming-substitution-composability:

assumes z ¢ free-vars A and is-free-for (FVar z) = A

shows S {z — FVar y} S {z — FVar z} A=S {x — FVary} A
(proof )

lemma absent-vars-substitution-preservation:
assumes v ¢ vars A
and Vv’ € fmdom’ 9. v ¢ vars (V $$! v')
shows v ¢ vars (S ¥ A)

(proof )

lemma substitution-free-absorption:
assumes ¥ $$ v = None and v ¢ free-vars B
shows S ({v — A} ++;9) B=S 9 B
(proof )

lemma substitution-absorption:
assumes ¢ $$ v = None and v ¢ vars B
shows S ({v — A} ++;9) B=S 9 B
(proof )

lemma is-free-for-with-renaming-substitution:
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assumes is-free-for A © B

and y ¢ vars B

and z ¢ fmdom’ ¢

and Vv € fmdom’ 9. y & vars (9 $$! v)

and Vv € fmdom’ 9. is-free-for (9 $$! v) v B

shows is-free-for A y (S ({z — FVar y} ++; 9) B)
(proof)

The following lemma allows us to fuse a singleton substitution and a simultaneous substitution,
as long as the variable of the former does not occur anywhere in the latter:

lemma substitution-fusion:
assumes is-substitution ¥ and is-substitution {v — A}
and Y $$ v = None and Vv’ € fmdom’ V. v ¢ vars (0 $3$! v’)
shows S {v — A} SY B=S8 ({v— A} ++; V) B

{proof)

lemma updated-substitution-is-substitution:
assumes v ¢ fmdom’ 9 and is-substitution (V(v — A))
shows is-substitution ¥

{proof)

definition is-renaming-substitution where
[iff]: is-renaming-substitution ¥ <— is-substitution 9 A fmpred (A\- A. Jv. A = FVar v) 9

1 n 1 n
The following lemma proves that S ;'1’1 vtenp g z?l S ;:S”B provided that
ay  Jan o an
o x), ... a0 are distinct variables
. ycly1 ..+ Yg, are distinct variables, distinct from xal ... g, and from all variables in B

(i.e., they are fresh variables)

In other words, simultaneously renaming distinct variables with fresh ones is equivalent to
renaming each variable one at a time.

lemma fresh-vars-substitution-unfolding:
fixes ps :: (var x form) list
assumes 9 = fmap-of-list ps and is-renaming-substitution
and distinct (map fst ps) and distinct (map snd ps)
and vars (fmran’ 9) N (fmdom’ ¥ U vars B) = {}
shows S ¢ B = foldr (\(z, y) C. S {z — y} C) ps B
(proof )

lemma free-vars-agreement-substitution-equality:
assumes fmdom’ ¥ = fmdom’ ¥’
and Vv € free-vars A N fmdom’ 9. 9 $8! v = ¥’ $$! v
shows S99 A=S9' A

(proof)
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. Lo, .. TR T xk zy .
The following lemma proves that S % S 3' /" B =S " _ 22 B provided
¢ a1 vt Fan Ao ST AL U AL,

1 n

that x, is distinct from x,, ..., 27

and A!, is free for 2!, in B:
7 1

lemma substitution-consolidation:

assumes v ¢ fmdom’ 9

and Vv’ € fmdom’ 9. is-free-for (Y $$! v’) v’ B

shows S {v— A} SY¥ B=S ({v— A} ++5 fmmap (AA". S {v — A} A))¥) B
(proof)

lemma vars-range-substitution:
assumes is-substitution ¥
and v ¢ vars (fmran’ 9)
shows v ¢ vars (fmran’ (fmdrop w 9))

{proof)

lemma excluded-var-from-substitution:
assumes is-substitution
and v ¢ fmdom’ ¥
and v ¢ vars (fmran’ )
and v ¢ vars A
shows v ¢ vars (S ¥ A)

(proof )

2.15 Renaming of bound variables

fun rename-bound-var :: var = nat = form = form where
rename-bound-var v y (zq) = Za
| rename-bound-var v y ({c}a) = {cla
| rename-bound-var v y (B« C') = rename-bound-var v y B « rename-bound-var v y C
| rename-bound-var vy (Azq. B) =
(
if (z, @) = v then
M- S {(z, @) — ya} (rename-bound-var v y B)
else
Aq. (rename-bound-var v y B)
)

A~ N N~

lemma rename-bound-var-preserves-typing:
assumes A € wffsq
shows rename-bound-var (y, v) z A € wffsa

(proof )

lemma old-bound-var-not-free-in-abs-after-renaming:
assumes A € wffsy
and 2y # Yy
and (z, v) ¢ vars A
shows (y, v) ¢ free-vars (rename-bound-var (y, v) z (Ay~. A))
(proof)
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lemma rename-bound-var-free-vars:
assumes A € wffsy
and zy # Yy
and (z,v) ¢ vars A
shows (z, v) ¢ free-vars (rename-bound-var (y, v) z A)

(proof)

lemma old-bound-var-not-free-after-renaming:
assumes A € wffsq
and 2y # Yy
and (z, v) ¢ vars A
and (y, v) ¢ free-vars A
shows (y, v) ¢ free-vars (rename-bound-var (y, v) z A)

{proof)

lemma old-bound-var-not-ocurring-after-renaming:

assumes A € wffsq

and zy # yy

shows — occurs-at (y, v) p (S {(y, v) — 2y} (rename-bound-var (y, v) z A))
(proof)

The following lemma states that the result of remame-bound-var does not contain bound
occurrences of the renamed variable:

lemma rename-bound-var-not-bound-occurrences:
assumes A € wffsq
and 2y # Yy
and (z, v) ¢ vars A
and occurs-at (y, v) p (rename-bound-var (y, v) z A)
shows — in-scope-of-abs (z, v) p (rename-bound-var (y, v) z A)

{proof)

lemma is-free-for-in-rename-bound-var:
assumes A € wffsy

and (z, v) ¢ vars A

shows is-free-for (zv) (y, v) (rename-bound-var (y, v) z A)
{proof)

lemma renaming-substitution-preserves-bound-vars:
shows bound-vars (S {(y, v) — 2y} A) = bound-vars A

{proof)

lemma rename-bound-var-bound-vars:
assumes A € wffsq

and zy # yy
shows (y, v) ¢ bound-vars (rename-bound-var (y, ) z A)

(proof)

lemma old-var-not-free-not-occurring-after-rename:
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assumes A € wffsq

and zy # yy
and (y, v) ¢ free-vars A

and (z,v) ¢ vars A
shows (y, v) ¢ vars (rename-bound-var (y, v) z A)

(proof)

end

3 Boolean Algebra

theory Boolean-Algebra
imports
ZFC-in-HOL.ZFC-Typeclasses
begin

This theory contains an embedding of two-valued boolean algebra into V.

hide-const (open) List.set

definition bool-to-V :: bool = V where
bool-to-V = (SOME f. inj f)

lemma bool-to- V-injectivity [simp]:
shows inj bool-to-V

(proof)

definition bool-from-V :: V = bool where
[simp]: bool-from-V = inv bool-to-V

definition top :: V (\T)) where
[simp]: T = bool-to-V True

definition bottom :: V (<F») where
[simp]: F = bool-to-V False

definition two-valued-boolean-algebra-universe :: V (<\B») where
[simp]: B = set {T, F}

definition negation :: V.= V («~ - [141] 141) where
[simp]: ~ p = bool-to-V (= bool-from-V p)

definition conjunction :: V.= V = V (infixr <A> 136) where
[simp]: p A g = bool-to-V (bool-from-V p A bool-from-V q)

definition disjunction :: V = V = V (infixr <V» 131) where
[simp]: pV g =~ (~pA~q)

definition implication :: V = V = V (infixr <D» 121) where
[simpl: p D ¢ =~DpV q
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definition iff :: V = V = V (infixl <=» 150) where
[simpl: p=q=(pD a) A (gD p)

lemma boolean-algebra-simps [simp]:
assumes p € elts B and ¢ € elts B and r € elts B
shows ~ ~ p=1p

and ((~p) = (~q) =(p=4q)
and ~ (p = q) = (p = (~ q))
and (pV~p) =T

and (~pVp) =T

and (p=p) =T

and (~ p) # p
and p £ (~ p)

and (T=p)=p

and (p=T)=1p

and (F = p) = (~ p)

and (p = F) = (~ p)

and (T D p)=1p

and (F D p)=T

and (p D T)=T

and (p Dp) =T

and (p D F) = (~ p)

and (p D ~ p) = (~ p)
and (p AT)=1p

and (T Ap)=0p
and (p AF)=F
and (F Ap)=F

and (p A p) =p

and (p A (p A q)) = (pA q)
and (p A ~p)=F

and (~ p A p) =

and (pvT)=T

and (Tvyp) =T
and (p VF)=p

and (FVp)=p

and (p V p) =p

and (pV (pV q) =(pV q)
and pAg=qgADp

and pA (gAT)=gA(pAT)

and pV ¢g=qVp

and pV (¢vVr)=qV(pVr)

and (pV g Vr=pV(gVr)

andpA (¢gVr)=pAgVpATr

and (pV g Ar=pArVgAr

and pV (qAT)=(V g A(pVr)
and (pAqVr=(Vr)A(gVr)
and (p D (¢ A7) =((pD g A(pDr))
and ((pAg)Dr)=(D(¢Dr)
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and ((pV ¢ Dr)=((pDr)A(gDr))
and (pDg)Vr)=(pDgVr)

and (¢V (pD7)=(PDqVr)

and ~ (pV qg)=~pA~gq
and ~ (pAq)=~pV~gq
and~ (pD g =pA~gq
and ~pV qg=(pDq)
and pV ~ ¢ = (¢D p)
and (p D gq) = (~p) V¢
and pV ¢g=~pDg

and (p=¢q)=(pDq) A(¢Dp)
and (p D g) A(~pDqg)=g¢
andp=T = - (p=F)

and p=F = - (p=T)

and p=TVp=F

(proof )

lemma tv-cases [consumes 1, case-names top bottom, cases type: V]:
assumes p € elts B
and p=T =P
and p=F = P
shows P
{proof )

end

4 Propositional Well-Formed Formulas

theory Propositional- Wff
imports
Syntaz
Boolean-Algebra
begin

4.1 Syntax

inductive-set pwffs :: form set where

T-pwff: Ty € puwffs
| F-pwff: Fo € puffs
| var-puff: po € puwffs
| neg-pwff: ~2 A € puffs if A € puffs
| conj-pwff: A A B € puffs if A € pwffs and B € puffs
| disj-pwff: A Ve B € puffs if A € puwffs and B € puwffs
| imp-puwff: A D2 B € puffs if A € puwffs and B € puffs
| equ-puwff: A =2 B € puffs if A € puwffs and B € puffs

lemmas [intro!] = pwffs.intros

lemma puwffs-distinctnesses [induct-simp):
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shows T, # F,
and Ty # po
and T, # ~2 A

and T, # A NS B
and T, # AVe B
and T, # A D¢ B
and T, # A=°B
and Fy # po
and F, # ~° A

and F, # A N° B
and F, # AV B
and F, # A D¢ B
and F, # A=° B
and p, # ~° A

and p, # A NC B

and p, # A Ve B

and p, # A D¢ B
and p, # A =2 B
and ~2 A # B A9 C
and ~2 A # BVe C
and ~¢ A # B>2 C
and - (B=Fy,ANA=C)=~2A#B=2C—~2 Aisthesameas F, =< A
and AANC B#CVeD
and AN B# C 22D
and AN® B#C=2D
and AVeE B# C D22 D
and AVe B# C=°D
and AD° B#C=°D
(proof)

lemma puwffs-injectivities [induct-simp):
shows ~9 A =~2 A'— A=A’
and AN B=A'AN®B'=—= A=A'"AB=DB
and AVe B=A'VeB' = A=A'AB=DB’
and A D2 B=A"29B' = A=A'"AB=RB'
and A=2 B=A"=°B'=—= A=A'"AB=R'
(proof )

lemma pwff-from-neg-pwff [elim!]:
assumes ~2 A € puffs
shows A € puffs
(proof )

lemma pwffs-from-conj-pwff [elim!]:
assumes A AC B € puffs
shows {4, B} C puffs
(proof )

lemma pwffs-from-disj-pwff [elim!]:
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assumes A VS B € puffs
shows {4, B} C puffs
(proof)

lemma puwffs-from-imp-pwff [elim!]:
assumes A D9 B ¢ puffs
shows {4, B} C puffs
(proof )

lemma puwffs-from-equ-pwff [elim!]:
assumes A =2 B ¢ puffs
shows {4, B} C puffs
(proof )

lemma pwffs-subset-of-wffso:
shows puwffs C wffso
(proof)

lemma puwff-free-vars-simps [simp]:
shows T-fv: free-vars Ty = {}
and F-fv: free-vars Fy = {}
and var-fu: free-vars (po) = {(p, 0)}
and neg-fu: free-vars (~2 A) = free-vars A
and conj-fv: free-vars (A N2 B) = free-vars A U free-vars B
and disj-fu: free-vars (A V€ B) = free-vars A U free-vars B
and imp-fv: free-vars (A D2 B) = free-vars A U free-vars B
and equ-fv: free-vars (A =< B) = free-vars A U free-vars B

(proof)

lemma pwffs-free-vars-are-propositional:
assumes A € puffs
and v € free-vars A
obtains p where v = (p, 0)

{proof)

lemma is-free-for-in-pwff [intro:
assumes A € puffs
and v € free-vars A
shows is-free-for B v A

{proof)

4.2 Semantics

Assignment of truth values to propositional variables:

definition is-tv-assignment :: (nat = V) = bool where
[iff]: is-tv-assignment ¢ +— (V' p. ¢ p € elts B)

Denotation of a pwit:

definition is-pwff-denotation-function where
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[iff]: is-pwff-denotation-function V +—

(
V. is-tv-assignment ¢ —>
(
(Vp. Vo (po) = ¢ p) A
(VA. A€ puffs — Vo (~2A) =~V p A) A
(VAB. Acpuffs N BE€puffs —Vp(ANEB) =VpAAY e B)A
(VAB. Acpuffs\ BE€puffs —Vp(AVEB) =V pAVYpB)A
(VAB. Acpuffs N\ BEpuffs — Ve (AD2SB) =V pADVeB)A
(VAB. Acpuffs N BEpuffs —Vp(A=2B)=Vp A=V ¢ B)
)

)

lemma pwff-denotation-is-truth-value:
assumes A € puwffs
and is-tv-assignment @
and is-pwff-denotation-function V
shows V p A € elts B

(proof)

lemma closed-pwff-is-meaningful-regardless-of-assignment:
assumes A € puffs
and free-vars A = {}
and is-tv-assignment
and is-tv-assignment 1
and is-pwff-denotation-function V
shows Vp A=V ¢y A

(proof)

inductive Vg-graph for ¢ where
Vg-graph-T: Vg-graph ¢ Ty T
| V-graph-F: Vg-graph ¢ Fo F
| Vi-graph-var: Vg-graph ¢ (po) (¢ p)
| Vg-graph-neg: Vg-graph ¢ (~2 A) (~ ba) if Vg-graph ¢ A ba
| Vg-graph-conj: Vg-graph ¢ (A A° B) (ba A bg) if Vg-graph ¢ A ba and Vg-graph ¢ B by
| V-graph-disj: V-graph ¢ (A Ve B) (ba V bp) if V-graph ¢ A by and Vp-graph ¢ B bp
| Vg-graph-imp: Vg-graph ¢ (A D2 B) (ba D bp) if Vp-graph ¢ A by and Vp-graph ¢ B bp
| V-graph-equ: V-graph ¢ (A =2 B) (by = bp) if Vp-graph ¢ A by and Vp-graph ¢ B bg and A
# Fo

lemmas [introl] = Vp-graph.intros

lemma Vg-graph-denotation-is-truth-value [elim!]:
assumes Vp-graph ¢ A'b
and is-tv-assignment
shows b € elts B

{proof)
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lemma Vg-graph-denotation-uniqueness:

assumes A € puffs
and is-tv-assignment

and Vg-graph ¢ A b and Vg-graph ¢ A b’

shows b = b’

{proof)

lemma Vg-graph-denotation-existence:

assumes A € puffs
and is-tv-assignment
shows 3b. Vg-graph ¢ A b

{proof)

lemma Vg-graph-is-functional:
assumes A € puffs
and is-tv-assignment @
shows 3!b. Vg-graph ¢ A b
(proof)

definition Vg :: (nat = V) = form = V where

[simp]: Vg ¢ A = (THE b. Vg-graph ¢ A b)

lemma Vg-equality:
assumes A € puffs
and is-tv-assignment
and Vp-graph ¢ A b
shows Vp p A=
(proof)

lemma Vg-graph-Vp:
assumes A € puffs
and is-tv-assignment @
shows Vp-graph ¢ A Vg ¢ A)
(proof)

named-theorems Vg-simps

lemma Vp-T [Vp-simps]:
assumes is-tv-assignment
shows Vg ¢ Ty =T
{proof)

lemma Vp-F [Vp-simps|:
assumes is-tv-assignment
shows Vp ¢ Fp = F
(proof )

lemma Vg-var [Vpg-simps]:
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assumes is-tv-assignment
shows Vg ¢ (po) = ¢ p
(proof)

lemma Vp-neg [Vg-simps]:
assumes A € puffs
and is-tv-assignment @
shows Vp ¢ (~2 A) =~ Vp p A
(proof)

lemma Vg-disj [V p-simps]:

assumes A € puwffs and B € pwffs

and is-tv-assignment @

shows Vg 0 (AVe B) =V ¢ AV Vg ¢ B
(proof)

lemma Vg-conj [Vp-simps]:

assumes A € puffs and B € puwffs

and is-tv-assignment @

shows Vg 0 (AANS B) =V 9 ANV ¢ B
(proof )

lemma Vg-imp [V p-simps]:

assumes A € puffs and B € puwffs

and is-tv-assignment @

shows Vg ¢ (AD2 B)=Vp 9o ADVp ¢ B
(proof )

lemma Vp-equ [Vp-simps:

assumes A € puffs and B € puwffs

and is-tv-assignment

shows Vg 0 (A= B)=Vp p A=Vpp B
(proof)

declare puwjffs.intros [V g-simps]

lemma pwff-denotation-function-existence:
shows is-pwff-denotation-function Vg

(proof)

Tautologies:

definition is-tautology :: form = bool where
[iff]: is-tautology A +— A € puwffs N (V. is-tv-assignment ¢ — Vg ¢ A =T)

lemma tautology-is-wffo:
assumes is-tautology A
shows A € wffso

(proof)
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lemma propositional-implication-reflexivity-is-tautology:
shows is-tautology (po D2 po)

(proof)

lemma propositional-principle-of-simplification-is-tautology:
shows is-tautology (po D2 (1o D2 po))
(proof )

lemma closed-pwff-denotation-uniqueness:
assumes A € puwffs and free-vars A = {}
obtains b where V. is-tv-assignment ¢ — Vg ¢ A =b

(proof)

lemma pwff-substitution-simps:
shows S {(p, 0) — A} To =T,

and S {(p, o) — A} Fo=F,

and S {(p, 0) — A} (p'0) = (if p = p’ then A else (p'y))

and S {(p, 0) — A} (~2 B) = ~2 (S {(p, 0) — A} B)

and S {(p, 0) — A} (B A° C) = (S {(p, 0) — A} B) A2 (S {(p, 0) — 4} O)
and S {(p, 0) — A} (B V< C) = (S {(p, o) — A} B) V2 (S {(p, 0) — 4} O)
and S {(p, 0) — A} (B 22 C) = (S {(p, 0) — A} B) 22 (S {(p, 0) — A} C)
?nd ?>{(P, 0) — A} (B=° C) = (S {(p, o) — A} B) =2 (S {(p, 0) — A} C)
proo,

lemma pwff-substitution-in-pwffs:
assumes A € puffs and B € puwffs
shows S {(p, 0) — A} B € puffs
(proof)

lemma pwff-substitution-denotation:

assumes A € pwffs and B € puwffs

and is-tv-assignment @

shows Vi ¢ (S {(p, 0) — A} B) = Vp (p(p :=Vp ¢ 4)) B
(proof)

lemma pwff-substitution-tautology-preservation:
assumes is-tautology B and A € puwffs
and (p, o) € free-vars B
shows is-tautology (S {(p, 0) — A} B)
(proof)

lemma closed-pwff-substitution-free-vars:

assumes A € puwffs and B € puwffs

and free-vars A = {}

and (p, o) € free-vars B

shows free-vars (S {(p, o) — A} B) = free-vars B — {(p, 0)} (is «free-vars (S % B) = -»)
(proof )

Substitution in a pwit:
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definition is-pwff-substitution where
[iff): is-pwff-substitution ¥ +— is-substitution ¥ A (V(z, a) € fmdom’ 9. o = o)

Tautologous pwif:

definition is-tautologous :: form = bool where
[¢ff]: is-tautologous B «+— (39 A. is-tautology A N is-pwff-substitution 9 N B =S 9 A)

lemma tautologous-is-wffo:
assumes is-tautologous A
shows A € wffs,

(proof)

lemma implication-reflexivity-is-tautologous:
assumes A € wffs,
shows is-tautologous (A D2 A)

{proof)

lemma principle-of-simplification-is-tautologous:
assumes A € wffsp and B € wffs,
shows is-tautologous (A D2 (B D2 A))
(proof)

lemma pseudo-modus-tollens-is-tautologous:

assumes A € wffsp and B € wffs,

shows is-tautologous ((A D¢ ~< B) D2 (B D2 ~2 A))
(proof)

end

5 Proof System

theory Proof-System
imports
Syntaz
begin

5.1 Axioms

inductive-set
axioms :: form set
where
axiom-1:
goso* To A% goso* Fo=2Vro. goso*to € azioms
| aziom-2:
(ta =a Ya) oe (ha—o * ta =2 ha—o* Do) € axioms
| aziom-3:
(fa—>ﬂ “a—f ga—>ﬂ) =< Via- (fa—)ﬂ *ta =8 8a—p " ta) € azioms
| aziom-4-1-con:
(Aza. {cbg) = A =g {clg € azioms if A € wffsa
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| aziom-4-1-var:
(Azq. yﬂ) A =3 Ypg € awioms if A € wffsq and Yg % Tg
| aziom-4-2:
(Azq. zo) = A = A € azioms if A € wffsy
| aziom-4-3:
(Aza. B+ ()« A=5 ((A\ta. B) » A) » (A\za. C) - A) € azioms
‘ if A € wffsq and B € wﬁs,yﬁﬁ and C € wffsy
azTiom-4-4:
(Aza. Ayy. B) » A =, 5 (\yy. (Aza. B) = A) € azioms
‘ if A € wffsq and B € wffss and (y, v) ¢ {(z, o)} U vars A
axiom-4-5:
(Azq. Azq. B) « A =, _5 (Aza. B) € azioms if A € wffsq and B € wffss
| aziom-5:
v+ (Q4* v4) = v; € azioms

lemma azioms-are-wffs-of-type-o:
shows azioms C wffs,

(proof)

5.2 Inference rule R

definition is-rule-R-app :: position = form = form = form = bool where
[iff]: is-rule-R-app p D C E +—
(
Ja A B.

E=A=q BANA € uffsa N B € wffse, N — E is a well-formed equality
A=p CA
D € wffsg A
Clp+~ B)>D

)

lemma rule-R-original-form-is-wffo:
assumes is-rule-R-app p D C E
shows C € wffso

(proof)

5.3 Proof and derivability

inductive is-derivable :: form = bool where
dv-aziom: is-derivable A if A € axioms
| dv-rule-R: is-derivable D if is-derivable C' and is-derivable E and is-rule-R-app p D C' E

lemma derivable-form-is-wffso:
assumes is-derivable A
shows A € wffso

(proof)

definition is-proof-step :: form list = nat = bool where
[iff]: is-proof-step S i’ +—
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S !i’' € azioms V

Hpijk {4, k} C{0..<i’} A is-rule-R-app p (S i) (S!)) (S'!k))

definition is-proof :: form list = bool where
[iff]: is-proof S +— (VY i’ < length S. is-proof-step S ')

lemma common-prefiz-is-subproof:
assumes is-proof (S @ Sy)
and i’ < length S
shows is-proof-step (S Q Sy) i’
(proof)

lemma added-suffiz-proof-preservation:
assumes is-proof S
and i’ < length (S @ §’) — length S’
shows is-proof-step (S @ S') i’
(proof)

lemma append-proof-step-is-proof:
assumes is-proof S
and is-proof-step (S @Q [A]) (length (S @ [A]) — 1)
shows is-proof (S @ [4])
(proof)

lemma added-prefix-proof-preservation:
assumes is-proof S’
and i’ € {length S..<length (S @ S")}
shows is-proof-step (S @ S') i’
(proof)

lemma proof-but-last-is-proof:
assumes is-proof (S Q [A])
shows is-proof S
(proof)

lemma proof-prefix-is-proof:
assumes is-proof (S1 @ Ss)
shows is-proof S
(proof)

lemma single-axiom-is-proof:
assumes A € axioms
shows is-proof [A]
(proof)

lemma proofs-concatenation-is-proof:
assumes is-proof S and is-proof Ss
shows is-proof (81 @ S»)

(proof)
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lemma elem-of-proof-is-wffo:
assumes is-proof S and A € Iset S
shows A € wffs,

(proof)

lemma aziom-prepended-to-proof-is-proof:
assumes is-proof S
and A € azioms
shows is-proof ([A] @ S)
(proof)

lemma aziom-appended-to-proof-is-proof:
assumes is-proof S
and A € azioms
shows is-proof (S Q [4])
(proof)

lemma rule-R-app-appended-to-proof-is-proof:
assumes is-proof S
and i¢c < length S and S ! ic = C
and ig < length S and S!ig = F
and is-rule-R-app p D C E
shows is-proof (S @ [D])
(proof )

definition is-proof-of :: form list = form = bool where
[iff]: is-proof-of S A +— S # [] A is-proof S A last S = A

lemma proof-prefiz-is-proof-of-last:
assumes is-proof (S @ §’) and S # ||
shows is-proof-of S (last S)

(proof)

definition is-theorem :: form = bool where
[iff]: is-theorem A <— (3S. is-proof-of S A)

lemma proof-form-is-wffo:
assumes is-proof-of S A
and B € Iset S
shows B € wffsy

(proof)

lemma proof-form-is-theorem:
assumes is-proof S and S # [|
and i’ < length S
shows is-theorem (S! i)

(proof )
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theorem derivable-form-is-theorem:
assumes is-derivable A
shows is-theorem A

{proof)

theorem theorem-is-derivable-form:
assumes is-theorem A
shows is-derivable A

{proof)

theorem theoremhood-derivability-equivalence:
shows is-theorem A <— is-derivable A

(proof)

lemma theorem-is-wffo:
assumes is-theorem A
shows A € wffs,

{proof)

lemma equality-reflexivity:
assumes A € wffsq
shows is-theorem (A =q A) (is is-theorem ?As)

{proof)

lemma equality-reflexivity’:
assumes A € wffsy
shows is-theorem (A =4 A) (is is-theorem ?As)

{proof)

5.4 Hypothetical proof and derivability

The set of free variables in X that are exposed to capture at position p in A:

definition capture-exposed-vars-at :: position = form = 'a = wvar set where
[simp]: capture-exposed-vars-at p A X =
{(z, B) | B p' E. strict-prefiz p’ p A Azg. B jp/ AN (z, B) € free-vars X'}

lemma capture-exposed-vars-at-alt-def:
assumes p € positions A
shows capture-exposed-vars-at p A X = binders-at A p N free-vars X

(proof )
Inference rule R/:

definition rule-R’-side-condition :: form set = position = form = form = form = bool where
[iff]: rule-R’-side-condition H p D C' E +—
capture-exposed-vars-at p C E N capture-exposed-vars-at p C H = {}

lemma rule-R’-side-condition-alt-def:

fixes H :: form set
assumes C € wffsq
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shows

rule-R’-side-condition H p D C (A =4 B)

—

(

Az B Ep

strict-prefiz p’ p A
)\:L’ﬂ. E jp/ C A
(z, B) € free-vars (A =q B) A
(3H € H. (z, B) € free-vars H)

)

{proof)

definition is-rule-R’-app :: form set = position = form = form = form = bool where
[iff]: is-rule-R’-app H p D C E +— is-rule-R-app p D C E A rule-R’-side-condition H p D C E

lemma is-rule-R’-app-alt-def:
shows

is-rule-R’-app H p D C E
—

da A B.
E=A=q BANA € uwffsa N B € wffse, N — E is a well-formed equality
Clp+ B)> DA

3z B Eyp
strict-prefiz p’ p A
)‘Iﬂ E jp/ C A
(z, B) € free-vars (A =qo B) A
(3H € H. (z, B) € free-vars H)
)
)
(proof)

lemma rule-R’-preserves-typing:
assumes is-rule-R’-app H p D C E
shows C € wffsg «— D € wffso

(proof)

abbreviation is-hyps :: form set = bool where
is-hyps H = H C wffso A finite H

inductive is-derivable-from-hyps :: form set = form = bool (<- = - [50, 50] 50) for H where
dv-hyp: H+ A if A € H and is-hyps H

| dv-thm: H + A if is-theorem A and is-hyps H

| dv-rule-R: H+F Dif H+ C and H + E and is-rule-R’-app H p D C E and is-hyps H

lemma hyp-derivable-form-is-wffso:
assumes is-derivable-from-hyps H A
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shows A € wffs,
{proof )

definition is-hyp-proof-step :: form set = form list = form list = nat = bool where
[iff]: is-hyp-proof-step H S1 Sz i’ +—
S li'eHV
Sy li’ € lset S1 Vv
Bpjk. {j, k} C{0..<i'} Ais-rule-R’-app H p (S2 ! i) (S2!j) (S2 ! k))

type-synonym hyp-proof = form list x form list

definition is-hyp-proof :: form set = form list = form list = bool where
[iff]: is-hyp-proof H S1 So +— (Vi' < length Sa. is-hyp-proof-step H S1 Sa i')

lemma common-prefiz-is-hyp-subproof-from:
assumes is-hyp-proof H S1 (S2 @ S3’)
and i’ < length So
shows is-hyp-proof-step H S1 (S2 @ S3'') i’
(proof)

lemma added-suffiz-thms-hyp-proof-preservation:
assumes is-hyp-proof H S1 So
shows is-hyp-proof H (S1 Q@ §1') Sa
(proof)

lemma added-suffiz-hyp-proof-preservation:
assumes is-hyp-proof H S1 So
and i’ < length (S @ Sy') — length Sy’
shows is-hyp-proof-step H S1 (S @ Sy') i’
(proof )

lemma appended-hyp-proof-step-is-hyp-proof:
assumes is-hyp-proof H S1 So
and is-hyp-proof-step H S1 (S2 @ [4]) (length (S2 @ [A]) — 1)
shows is-hyp-proof H S1 (S2 @ [A])

(proof)

lemma added-prefix-hyp-proof-preservation:
assumes is-hyp-proof H S1 Sy’
and i’ € {length Sy..<length (S3 @ S2")}
shows is-hyp-proof-step H S1 (S @ Sy') i’

(proof )

lemma hyp-proof-but-last-is-hyp-proof:
assumes is-hyp-proof H S1 (S2 @ [4])

shows is-hyp-proof H S1 Ss
(proof )

lemma hyp-proof-prefiz-is-hyp-proof:
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assumes is-hyp-proof H S1 (Sz @ Sy)
shows is-hyp-proof H S1 S»
(proof )

lemma single-hyp-is-hyp-proof:
assumes A € H
shows is-hyp-proof H S1 [A]
(proof )

lemma single-thm-is-hyp-proof:
assumes A € lset 1
shows is-hyp-proof H S1 [A]
(proof )

lemma hyp-proofs-from-concatenation-is-hyp-proof:
assumes is-hyp-proof H S1 S1’ and is-hyp-proof H Ss S’
shows is-hyp-proof H (S1 @ S3) (S1' @ Sy')

(proof)

lemma elem-of-hyp-proof-is-wffo:
assumes is-hyps H
and Iset S1 C wffso
and is-hyp-proof H &1 Ss
and A € Iset Sy
shows A € wffso

(proof )

lemma hyp-prepended-to-hyp-proof-is-hyp-proof:
assumes is-hyp-proof H S1 S»
and A € H
shows is-hyp-proof H S1 ([A] @ S3)
(proof )

lemma hyp-appended-to-hyp-proof-is-hyp-proof:
assumes is-hyp-proof H S1 S»
and A € H
shows is-hyp-proof H S1 (S2 Q [4])
(proof)

lemma dropped-duplicated-thm-in-hyp-proof-is-hyp-proof:
assumes is-hyp-proof H (A # S1) S
and A € Iset S
shows is-hyp-proof H S1 Ss
(proof)

lemma thm-prepended-to-hyp-proof-is-hyp-proof:
assumes is-hyp-proof H S1 S»
and A € lset Sy
shows is-hyp-proof H S1 ([A] @ S5)
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(proof)

lemma thm-appended-to-hyp-proof-is-hyp-proof:
assumes is-hyp-proof H S1 S»
and A € lset S;
shows is-hyp-proof H S1 (S2 @ [4])
(proof)

lemma rule-R’-app-appended-to-hyp-proof-is-hyp-proof:
assumes is-hyp-proof H S’ S
and i¢ < length S and S ! ic = C
and ig < length Sand S ! ip = FE
and is-rule-R’-app H p D C E
shows is-hyp-proof H S’ (S @ [D])
(proof )

definition is-hyp-proof-of :: form set = form list = form list = form = bool where
[¢ff]: is-hyp-proof-of H S1 Sa A +—
is-hyps H N
is-proof S1 A
Sy # [ A
is-hyp-proof H S1 Sa A
last S = A

lemma hyp-proof-prefix-is-hyp-proof-of-last:
assumes is-hyps H
and is-proof S
and is-hyp-proof H S"” (S @ §’) and S # |]
shows is-hyp-proof-of H 8" S (last S)
(proof )

theorem hyp-derivability-implies-hyp-proof-existence:
assumes H + A
shows 381 Ss. is-hyp-proof-of H S1 S2 A

(proof)

theorem hyp-proof-existence-implies-hyp-derivability:
assumes 3851 So. is-hyp-proof-of H S1 So A
shows H + A

(proof)

theorem hypothetical-derivability-proof-existence-equivalence:
shows H + A +— (381 Ss. is-hyp-proof-of H S1 S2 A)
(proof)

proposition derivability-from-no-hyps-theoremhood-equivalence:
shows {} - A +— is-theorem A

(proof )
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abbreviation is-derivable-from-no-hyps (<+ -» [50] 50) where
FA={}+r A

corollary derivability-implies-hyp-derivability:
assumes - A and is-hyps H
shows H + A

(proof)

lemma aziom-is-derivable-from-no-hyps:
assumes A € axioms
shows F A

(proof)

lemma aziom-is-derivable-from-hyps:
assumes A € azioms and is-hyps H
shows H +H A

(proof)

lemma rule-R [consumes 2, case-names occ-subform replacement):
assumes - Cand - A =4 B
and A <, C and C{p < B) > D
shows - D

{proof)

lemma rule-R’ [consumes 2, case-names occ-subform replacement no-capture]:
assumes H+- Cand H+H A =4 B
and A <, Cand C{p < B) > D
and rule-R’-side-condition H p D C (A = B)
shows H + D
(proof)

end

6 Elementary Logic

theory FElementary-Logic
imports
Proof-System
Propositional- Wff
begin

unbundle no funcset-syntax
notation funcset (infixr <+ 60)

6.1 Proposition 5200

proposition prop-5200:
assumes A € wffsy
shows - A =, A
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(proof)

corollary hyp-prop-5200:
assumes is-hyps H and A € wffsy
shows H+H A=, A

(proof)

6.2 Proposition 5201 (Equality Rules)

proposition prop-5201-1:
assumes X+ Aand H+ A =2 B
shows H - B

(proof )

proposition prop-5201-2:
assumes H+ A =4 B
shows HF B =4 A
(proof )

proposition prop-5201-3:
assumes H+- A= Band H+ B =4 C
shows H+ A=, C
(proof )

proposition prop-5201-4:
assumesHFA:a_wBandHF C=qD
showsHl—A-C:ﬂB-D

(proof )

proposition prop-5201-5:
assumes H+ A =, .3 Band C € wffsa
showsHFA-C=5B-C

(proof)

proposition prop-5201-6:
assumes H - C =q D and 4 € wffs,_,z
shows’Hl—A-C:ﬁA-D

(proof )

lemmas Fquality-Rules = prop-5201-1 prop-5201-2 prop-5201-3 prop-5201-4 prop-5201-5 prop-5201-6

6.3 Proposition 5202 (Rule RR)

proposition prop-5202:
assumes - A =4 BVF B =4 A
and p € positions C and A < C and C(p < B) > D
and H+ C
shows H - D

(proof)
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lemmas rule-RR = prop-5202

6.4 Proposition 5203

proposition prop-5203:
assumes A € wffsq and B € wﬁsﬁ
and Vv € vars A. = is-bound v B
shows b (Azo. B) - A =5 S {(z, @) — A} B

{proof)

6.5 Proposition 5204

proposition prop-5204:
assumes A € wffsq and B € wﬁsﬁ and C € wﬁsﬁ
and - B =4 C
and Vv € vars A. = is-bound v B A = is-bound v C'
shows i S {(z, @) — A} (B =5 C)

(proof )

6.6 Proposition 5205 (n-conversion)

proposition prop-5205:
shows = fo_,3 =a—p (Aya- fa—sp * Yar)
(proof)

6.7 Proposition 5206 (a-conversion)

proposition prop-5206:

assumes A € wffsq

and (z, 8) ¢ free-vars A

and is-free-for (23) (z, B) A

shows b (Azg. A) =5, (A\23. S {(z, B) — 23} A)
(proof)

lemmas o = prop-5206

6.8 Proposition 5207 (/-conversion)

context
begin

private lemma bound-var-renaming-equality:
assumes A € wffsq

and 2y # Yy
and (z, v) ¢ vars A
shows - A =, rename-bound-var (y, v) z A

{proof)

proposition prop-5207:
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assumes A € wffsq and B € wffsg

and is-free-for A (z, ) B

shows - (Azq. B) - A =3 S {(z, @) — A} B
(proof)

end

6.9 Proposition 5208
proposition prop-5208:

assumes vs # [| and B € wffsg

shows -2, (A2, vs B) (map FVar vs) =3 B
{proof )

6.10 Proposition 5209

proposition prop-5209:
assumes A € wffsq and B € wjj”slg and C € wﬁsﬁ
and - B =5 C
and is-free-for A (z, ) (B =g C)
shows i S {(z, @) — A} (B =5 O)
(proof)

6.11 Proposition 5210

proposition prop-5210:
assumes B € wffsg
shows = Ty =, (B =g B)
(proof)

6.12 Proposition 5211

proposition prop-5211:
ShOWS l_ (To /\Q To) =0 TO
(proof)

lemma true-is-derivable:
shows - T,

(proof)

6.13 Proposition 5212

proposition prop-5212:
shows - T, A2 T,
(proof)

6.14 Proposition 5213
proposition prop-5213:
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assumes - A =4 Band - C =3 D
shows - (A =4 B) A2 (C =g D)
(proof )

6.15 Proposition 5214
proposition prop-5214:

shows - Ty NS Fy =0 Fy
(proof)

6.16 Proposition 5215 (Universal Instantiation)

proposition prop-5215:
assumes H F Vzy. B and A € wffsq
and is-free-for A (z, ) B
shows H + S {(z, a) — A} B
(proof)

lemmas VI = prop-5215

6.17 Proposition 5216

proposition prop-5216:
assumes A € wffsy
shows - (Ty AC A) =, A
(proof)

6.18 Proposition 5217
proposition prop-5217:

ShOWS l_ (TO =0 Fo) =0 FO
(proof )

6.19 Proposition 5218

proposition prop-5218:
assumes A € wffsy
shows b+ (T =9 A) = A
(proof )

6.20 Proposition 5219 (Rule T)

proposition prop-5219-1:
assumes A € wffsy
shows HEF A+— HEF Ty=0 A

{proof)

proposition prop-5219-2:
assumes A € wffs,
shows HEF A+— HEF A=, T,
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(proof)

lemmas rule-T = prop-5219-1 prop-5219-2

6.21 Proposition 5220 (Universal Generalization)

context
begin

private lemma const-true-a-conversion:
shows F ()\.’I/'a To) =a—o0 ()\Za To)
(proof)

proposition prop-5220:
assumes H + A
and (z, ) ¢ free-vars H
shows H F Vzo. A

(proof )

end
lemmas Gen = prop-5220

proposition generalized-Gen:
assumes H + A
and Iset vs N free-vars H = {}
shows H + V2, vs A

(proof )

6.22 Proposition 5221 (Substitution)

context
begin

private lemma prop-5221-auzx:
assumes H + B
and (z, o) ¢ free-vars H
and is-free-for A (z, ) B
and A € wffsq
shows H + S {(z, a) — A} B
(proof )

proposition prop-5221:
assumes H + B
and is-substitution 0
and Vv € fmdom’ 9. var-name v ¢ free-var-names H A is-free-for (¢ $3! v) v B
and 9 # {$$}
shows H+- S ¢ B

{proof)
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end

lemmas Sub = prop-5221

6.23 Proposition 5222 (Rule of Cases)

lemma forall-a-conversion:

assumes A € wffs,

and (z, 8) ¢ free-vars A

and is-free-for (2g) (z, B) A

shows - Vag. A =0 Vzg. S {(z, B) — 25} A
(proof )

proposition prop-5222:
assumes H = S {(z, 0) — To} Aand HF S {(z, 0) — Fo} A
and A € wffs,
shows H F A

{proof)

lemmas Cases = prop-5222

6.24 Proposition 5223

proposition prop-5223:
ShOWS l_ (To DQ t)o) =0 l)o

(proof)

corollary generalized-prop-5223:
assumes A € wffsy
shows - (T, D2 A) =, A
(proof )

6.25 Proposition 5224 (Modus Ponens)

proposition prop-5224:
assumes X+ Aand H+ A D¢ B
shows H + B

{proof)

lemmas MP = prop-5224

corollary generalized-modus-ponens:
assumes H F hs D2, Band VH € lset hs. H+ H
shows H - B

(proof )

6.26 Proposition 5225

proposition prop-5225:
shows - [« * fa—o o9 fa—o * ta
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{proof)

6.27 Proposition 5226

proposition prop-5226:
assumes A € wffsq and B € wffsy
and is-free-for A (z, ) B
shows - V4. B D¢ S {(z,a) — A} B
(proof)

6.28 Proposition 5227

corollary prop-5227:
shows - F, D2 10

{proof)

corollary generalized-prop-5227:
assumes A € wffs,
shows - F, D¢ 4

{proof)

6.29 Proposition 5228

proposition prop-5228:
shows - (T, D2 Ty) =¢ Ty
and - (T D2 Fy) =0 Fo
and I (Fo 22 Ty) =0 To
and - (Fp D9 Fy) =0 T
(proof)

6.30 Proposition 5229

lemma false-in-conj-provability:
assumes A € wffs,
shows - F, A A =° F,
(proof)

proposition prop-5229:
shows - (Ty A€ Ty) =¢ To
and - (To A Fy) =0 Fy
and - (Fy AC Ty) =0 F)
and - (Fy A€ Fy) =0 F
(proof)

6.31 Proposition 5230

proposition prop-5230:
shows - (T =2 Ty) =o Ty
and - (T, =2 F,) =0 Fo
and - (Fp, =2 T,) =0 F)
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and - (Fp, =9 Fy) =0 T
{proof)

6.32 Proposition 5231

proposition prop-5231:
shows F ~2 T, =, Fy
and - ~2 F, =, T
(proof)

6.33 Proposition 5232

lemma disj-op-alt-def-provability:

assumes A € wffsp and B € wffs,

shows - A Ve B =, ~2¢ (~2 A A2 ~2 B)
(proof )

context begin

private lemma prop-5232-aux:
assumes - ~2 (A A2 B) =, C
andF~2 A'=, Aand + ~°2 B'=, B
shows - A’ Ve B' =, C

(proof)

proposition prop-5232:
ShOWS l_ (TO \/Q To) =0 TO
al’ld l_ (TO \/Q Fo) =0 TO

and '7 (FO \/Q To) =0 TO
and - (F, V€ Fy) =, F
(proof)
end

6.34 Proposition 5233

context begin

private lemma lem-prop-5233-no-free-vars:
assumes A € puwffs and free-vars A = {}

shows (V. is-tv-assignment ¢ — Vg ¢ A =T) — I
and (V. is-tv-assignment ¢ — Vg ¢ A =F) —

(proof)
proposition prop-5233:

assumes is-tautology A
shows - A

{proof)

end
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6.35 Proposition 5234 (Rule P)

According to the proof in [2], if [A' A---AA"] D B is tautologous, then clearly A' D (... (A" D
B)...) is also tautologous. Since this is not clear to us, we prove instead the version of Rule
P found in [1]:

proposition tautologous-horn-clause-is-hyp-derivable:
assumes is-hyps H and is-hyps G
andVAceG HFA
and lset hs = G
and is-tautologous (hs D2, B)
shows H - B

{proof)

corollary tautologous-is-hyp-derivable:
assumes is-hyps H
and is-tautologous B
shows H - B

(proof)

lemmas prop-5234 = tautologous-horn-clause-is-hyp-derivable tautologous-is-hyp-derivable

lemmas rule-P = prop-5234

6.36 Proposition 5235

proposition prop-5235:

assumes A € puffs and B € puwffs

and (z, a) ¢ free-vars A

shows - V4. (A VS B) D9 (A Ve V. B)
(proof)

6.37 Proposition 5237 (D V Rule)

The proof in [2] uses the pseudo-rule Q and the axiom 5 of F. Therefore, we prove such axiom,
following the proof of Theorem 143 in [1]:

context begin

private lemma prop-5237-aux:

assumes A € wffsp and B € wffs,

and (z, ) ¢ free-vars A

shows - V4. (A D2 B) =2 (4 22 (Vzq. B))
(proof)

proposition prop-5237:
assumes is-hyps H
and X+ A D9 B
and (z, a) ¢ free-vars ({A} U H)
shows H - A D2 (V4. B)
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(proof)
lemmas DV = prop-5237

corollary generalized-prop-5237:
assumes is-hyps H
and H+ A D9 B
and Vv € S. v ¢ free-vars ({A} U H)
and lset vs = §
shows H - A D2 (V2, vs B)

{proof)

end

6.38 Proposition 5238

context begin

private lemma prop-5238-aux:
assumes A € uwffsq and B € wffsqy

shows - ((Azg. A) =5_,, (Azg. B)) =< Vag. (A =a B)

{proof)

proposition prop-5238:
assumes vs # [| and A € wffsq and B € wffsq
shows + /\Q* vs A :foldr (*)) (

{proof)

map var-type vs) a

end

6.39 Proposition 5239

lemma replacement-derivability:
assumes C € wffsﬂ
and A =, C
and - A=, B
and C(p «+ B) > D
shows - C =3 D

(proof )

context
begin

private lemma prop-5239-auz-1:

AC, vs B=2VC, vs (A =4 B)

assumes p € positions (+<, (FVar v) (map FVar vs))

and p # replicate (length vs) «
shows

(3A B. A+ B <y (+<, (FVar v) (map FVar vs)))

\Y
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(3v € Iset vs. occurs-at v p (<, (FVar v) (map FVar vs)))

(proof) lemma prop-52389-auz-2:

assumes t ¢ [set vs U vars C

and C(p <+ (+<, (FVart) (map FVar vs))) > G

and C(p + (-9, (A9, vs A) (map FVar vs))) > G’

shows S {t — A9, vs A} G = G' (is S 2 G = G")
(proof) lemma prop-5239-auz-3:

assumes t ¢ lset vs U vars {4, C}

and C(p + (-9, (FVar t) (map FVar vs))) > G

and occurs-at t p’ G

shows p’ = p @ replicate (length vs) « (is <p’ = ?py»)
(proof) lemma prop-52389-auz-4:

assumes t ¢ Ilset vs U vars {4, C}

and A =, C

and Iset vs O capture-exposed-vars-at p C A

and C(p «+ (+<, (FVar t) (map FVar vs))) > G

shows is-free-for (A2, vs A) t G
(proof)

proposition prop-5239:
assumes is-rule-R-app p D C (A =4 B)
and Iset vs =
{(z, B) | = B p" E. strict-prefix p' p A Azg. E =y C A (z, B) € free-vars (A =q B)}
shows - V<, vs (A =4 B) D¢ (C =2 D)
(proof )

end

6.40 Theorem 5240 (Deduction Theorem)

lemma pseudo-rule-R-is-tautologous:

assumes C € wffsp and D € wffsp and E € wffsp and H € wffs,

shows is-tautologous (((H D2 C) 22 ((H 22 E) 22 ((E 22 (C =2 D)) 22 (H 22 D)))))
(proof )

syntax

-HypDer :: form = form set = form = bool (<-,- & -» [50, 50, 50] 50)
syntax-consts

-HypDer = is-derivable-from-hyps
translations

H,H-P—~HU{H} P

theorem thm-5240:
assumes finite H
and #, H+ P
shows H+ H D2 P

{proof)

lemmas Deduction-Theorem = thm-5240
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We prove a generalization of the Deduction Theorem, namely that if H U {Hy, ... ,H,} F P
then H - Hy D2 (--- D¢ (H, D2 P) ---):

corollary generalized-deduction-theorem:
assumes finite H and finite H’
and HUH'FP
and Iset hs = H'
shows H + hs D2, P

(proof )

6.41 Proposition 5241

proposition prop-5241:
assumes is-hyps G
and HF Aand H C G
shows G - A

(proof)

6.42 Proposition 5242 (Rule of Existential Generalization)

proposition prop-5242:
assumes A € wffsq and B € wffsy
and X+ S {(z, ) — A} B
and is-free-for A (z, ) B
shows H F dz,. B
(proof )

lemmas 3 Gen = prop-5242

6.43 Proposition 5243 (Comprehension Theorem)

context
begin

private lemma prop-5243-aux:
assumes 2, B (map FVar vs) € wffsy
and B € wﬁ'sﬂ
and k < length vs
shows 8 # var-type (vs | k)

(proof)

proposition prop-5243:
assumes B € wﬁsﬁ
and v = foldr (=) (map var-type vs) S
and (u, v) ¢ free-vars B
shows F Juy. V<, vs ((*¢, uy (map FVar vs)) =g B)

{proof)

end
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6.44 Proposition 5244 (Existential Rule)

The proof in [2] uses the pseudo-rule Q and 2123 of F. Therefore, we instead base our proof
on the proof of Theorem 170 in [1]:

lemma prop-5244-auz:

assumes A € wffsp and B € wffs,

and (z, a) ¢ free-vars A

shows - V4. (B D9 A) 22 (1. B D2 A)
(proof)

proposition prop-5244:
assumes H, B+ A
and (z, ) ¢ free-vars (H U {4})
shows H, 3zo. BF A

(proof )

lemmas 3 -Rule = prop-5244

6.45 Proposition 5245 (Rule C)

lemma prop-52/5-aux:

assumes t # y

and (y, a) ¢ free-vars (3 zq. B)

and is-free-for (yq) (z, @) B

shows is-free-for (zq) (y, @) S {(z, @) — ya} B
{proof)

proposition prop-5245:
assumes H F Jzy. B
and H, S {(z, o) — ya} BF A
and is-free-for (yo) (z, @) B
and (y, a) ¢ free-vars (H U {3 zq. B, A})
shows H - A
(proof)

lemmas Rule-C = prop-5245

end

7 Semantics

theory Semantics
imports
ZFC-in-HOL.ZFC-Typeclasses
Syntaz
Boolean-Algebra
begin

unbundle no funcset-syntax
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notation funcset (infixr «+> 60)

abbreviation vfuncset :: V = V = V (infixr +— 60) where
A~ B= VPi A (\. B)

notation app (infixl «» 300)

syntax

-vlambda :: pttrn = V = (V.= V) = V («(8A--./ - [0, 0, 3] 3)
syntax-consts

-vlambda = VLambda
translations

Az: A. f = CONST VLambda A (Axz. f)

lemma viambda-extensionality:
assumes A\z. z € elts A = fz =gz
shows (Az: A. fz) = (Az: A. g x)
(proof)

7.1 Frames

locale frame =
fixes D : type = V
assumes truth-values-domain-def: D o = B
and function-domain-def: Va 8. D (a—8) < Davr— D j
and domain-nonemptiness: Ya. D o # 0
begin

lemma function-domainD:
assumes f € elts (D (a—f))
shows f € elts (D a — D )

(proof)

lemma vlambda-from-function-domain:
assumes f € elts (D (a—p))
obtains b where f = (Az: D a. bz) and Vz € elts (D «). bz € elts (D )

(proof)

lemma app-is-domain-respecting:
assumes f € elts (D (a—p)) and z € elts (D «)
shows f - z € elts (D )

(proof)

One-element function on D a:

definition one-element-function :: V = type = V («{-}-» [901, 0] 900) where
[simp]: {z}a = (Ay : D a. bool-to-V (y = x))

lemma one-element-function-is-domain-respecting:
shows {z}q € elts (D a — D o)
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(proof)

lemma one-element-function-simps:
shows z € elts (D a) = {2}q -2 =T
and [{z, y} C elts (D a); y # 2] = {a}a -y =F
(proof)

lemma one-element-function-injectivity:
assumes {z, '} C elts (D i) and {z}; = {z'};
shows z = z’

(proof)

lemma one-element-function-uniqueness:
assumes z € elts (D i)
shows (SOME «z'. 2’ € elts (D i) A {z}; = {z'};) = =
(proof )

Identity relation on D a:

definition identity-relation :: type = V (<q-» [0] 100) where
[simp]: go = (Az: D . {z}a)

lemma identity-relation-is-domain-respecting:
shows ¢q € elts (D a— D o — D o)

(proof)

lemma ¢-is-equality:
assumes {z, y} C elts (D «)
shows (¢o) - z-y=T+—az=y
(proof)
Unique member selector:
definition is-unique-member-selector :: V = bool where
[iff]: is-unique-member-selector f «— (Vz € elts (D i). f - {z}; = z)
Assignment:
definition is-assignment :: (var = V) = bool where
[iff]: is-assignment ¢ «— (Vz a. ¢ (2, a) € elts (D «a))

end

abbreviation one-element-function-in (<{-}-7> [901, 0, 0] 900) where
{x}aD = frame.one-element-function D z «

abbreviation identity-relation-in (<g-"» [0, 0] 100) where
an = frame.identity-relation D «

1 is a “v-variant” of ¢ if 1 is an assignment that agrees with ¢ except possibly on v:

definition is-variant-of :: (var = V) = var = (var = V) = bool (- ~_ -» [51, 0, 51] 50) where
[iff]: ¥ ~p @ +— (Vv v £ v — v =)
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7.2 Pre-models (interpretations)

We use the term “pre-model” instead of “interpretation” since the latter is already a keyword:

locale premodel = frame +

fixes J :: con = V

assumes @Q-denotation: Va. J (Q-constant-of-type o) = qq

and ¢-denotation: is-unique-member-selector (J iota-constant)

and non-logical-constant-denotation: ¥V ¢ a.. = is-logical-constant (¢, o) — J (¢, o) € elts (D «)
begin

W1 denotation function:

definition is-wff-denotation-function :: ((var = V) = form = V) = bool where
[iff]: is-wff-denotation-function V +—
(
Y . is-assignment o —

VA a. A€ wffsa — V ¢ A€ elts (D a)) AN — closure condition, see note in page 186
(V5 a.V ¢ (z0) = ¢ (3, ) A
(Vea Vo (dda) = J (6 a) A
(VABapB A€ uwffsgyo NBeuffsg—Vp(A-B)=VepA-VeB)A
(Ve BapB. Beuffsg — Ve (Ata. B) = (Az: D a. V (¢((z, @) == 2)) B))

)

lemma wff-denotation-function-is-domain-respecting:
assumes is-wff-denotation-function V
and A € wffsq
and is-assignment ¢
shows V ¢ A € elts (D «)

(proof)

lemma wff-var-denotation:
assumes is-wff-denotation-function V
and is-assignment ¢
shows V ¢ (zq) = ¢ (z, o)
(proof )

lemma wff-Q-denotation:
assumes is-wff-denotation-function V
and is-assignment ¢
shows V ¢ (Qa) = qa
(proof)

lemma wff-iota-denotation:
assumes is-wff-denotation-function V
and is-assignment ¢
shows is-unique-member-selector (V ¢ ()

(proof)

lemma wff-non-logical-constant-denotation:
assumes is-wff-denotation-function V
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and is-assignment

and — is-logical-constant (c, o)
shows V ¢ ({c}o) = J (¢, @)
(proof)

lemma wff-app-denotation:
assumes is-wff-denotation-function V
and is-assignment ¢
and A € wﬁsﬁéa
and B € wffsﬂ
shows Vo (A-B)=VpA-V¢B
(proof )

lemma wff-abs-denotation:
assumes is-wff-denotation-function V
and is-assignment ¢
and B € wﬁsﬂ
shows V ¢ (Azq. B) = (Az: D a. V (¢((z, @) := 2)) B)
(proof)

lemma wff-denotation-function-is-uniquely-determined:
assumes is-wff-denotation-function V
and is-wff-denotation-function V'
and is-assignment ¢
and A € wffs
shows Vp A=V ¢ A
(proof)

end

7.3 General models

type-synonym model-structure = (type = V) x (con = V) x ((var = V) = form = V)

The assumption in the following locale implies that there must exist a function that is a wif
denotation function for the pre-model, which is a requirement in the definition of general
model in [2]:

locale general-model = premodel +

fixes V :: (var = V) = form = V

assumes V-is-wff-denotation-function: is-wff-denotation-function V
begin

lemma mized-beta-conversion:
assumes is-assignment @
and y € elts (D «)
and B € wﬁsﬂ
shows V ¢ (Azq. B) - y =V (¢((z, @) :=y)) B
(proof)
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lemma conj-fun-is-domain-respecting:
assumes is-assignment @
shows V ¢ (Ap—o0—0) € elts (D (0—0—0))

(proof)

lemma fully-applied-conj-fun-is-domain-respecting:
assumes is-assignment @
and {z, y} C elts (D o)
shows V ¢ (Ap—o—0) - Z - y € elts (D o)
(proof )

lemma imp-fun-denotation-is-domain-respecting:
assumes is-assignment @
shows V ¢ (Dp—o0—0) € elts (D (0—0—0))

(proof)

lemma fully-applied-imp-fun-denotation-is-domain-respecting:
assumes is-assignment @
and {z, y} C elts (D o)
shows V ¢ (Do—o0—0) - Z - y € elts (D o)

(proof)

end

abbreviation is-general-model :: model-structure = bool where
is-general-model M = case M of (D, J, V) = general-model D J V

7.4 Standard models

locale standard-model = general-model +
assumes full-function-domain-def: Voo 8. D (a—f) =D a+— D

abbreviation is-standard-model :: model-structure = bool where
is-standard-model M = case M of (D, J, V) = standard-model D J V

lemma standard-model-is-general-model:
assumes is-standard-model M
shows is-general-model M

(proof)

7.5 Validity

abbreviation is-assignment-into-frame (<- ~ -» [51, 51] 50) where
@ ~ D = frame.is-assignment D ¢

abbreviation is-assignment-into-model (<- ~>pr -» [51, 51] 50) where
w~py M= (case M of (D, T, V) = ¢~ D)

abbreviation satisfies (<- =- - [50, 50, 50] 50) where
My A= case M of (D, J, V)=V A=T
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abbreviation is-satisfiable-in where
is-satisfiable-in A M = 3. ¢ ~pyp MAM [y A

abbreviation is-valid-in (s- = - [50, 50] 50) where
MEA=Vo. g~y M — M, A

abbreviation is-valid-in-the-general-sense (<= - [50] 50) where
E A =V M. is-general-model M — M = A

abbreviation is-valid-in-the-standard-sense (=g - [50] 50) where
Es A = VM. is-standard-model M — M = A

abbreviation is-true-sentence-in where
is-true-sentence-in A M = is-sentence A N M =y defined A — assignments are not meaningful

abbreviation is-false-sentence-in where
is-false-sentence-in A M = is-sentence A N -~ M ':undeﬁned A — assignments are not meaningful

abbreviation is-model-for where

is-model-for M G=VAe G ME A

lemma general-validity-in-standard-validity:
assumes = A
shows =g A

(proof)

end

8 Soundness

theory Soundness
imports
Elementary-Logic
Semantics
begin

unbundle no funcset-syntax
notation funcset (infixr <+ 60)

8.1 Proposition 5400

proposition (in general-model) prop-5400:
assumes A € wffsq
and ¢ ~ D and ¢ ~ D
and Vv € free-vars A. p v =1 v
shows Vp A=V ¢ A

(proof)
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corollary (in general-model) closed-wff-is-meaningful-regardless-of-assignment:
assumes is-closed-wff-of-type A a
and ¢ ~ D and ¥ ~ D
shows YV p A=V ¢y A
(proof )

8.2 Proposition 5401

lemma (in general-model) prop-5401-a:

assumes ¢ ~ D

and A € wffsqy

and B € wﬁsﬂ

shows V ¢ ((Azq. B) + A) =V (o((z, o) .=V ¢ A)) B
(proof )

lemma (in general-model) prop-5401-b:

assumes ¢ ~ D

and A € wffsqy

and B € wffsq

shows V p (A= B)=T+—=>VpA=V ey B
(proof)

corollary (in general-model) prop-5401-b":
assumes @ ~ D
and A € wffso
and B € wffso
shows V9 (A=2B) =T+~ VA=V pB
(proof)

lemma (in general-model) prop-5401-c:
assumes ¢ ~ D
shows V ¢ To=T

(proof)

lemma (in general-model) prop-5401-d:
assumes ¢ ~ D
shows V ¢ Fp=F

(proof)

lemma (in general-model) prop-5401-e:

assumes @ ~ D

and {z, y} C elts (D o)

shows V ¢ (Ap—o—0) 2y = (if t =T Ay =T then T else F)
(proof)

corollary (in general-model) prop-5401-¢”:
assumes ¢ ~ D
and A € wffsp and B € wffso
shows Vo (ANSB)=VpAAV B
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{proof)

lemma (in general-model) prop-5401-f:

assumes @ ~ D

and {z, y} C elts (D o)

shows V ¢ (Dp—o—0) 2y =(ift =T Ay=F thenF else T)
(proof)

corollary (in general-model) prop-5401-f":
assumes ¢ ~ D
and A € wffsp and B € wffs,
shows V ¢ (AD9B)=VpADVy¢B
(proof)

lemma (in general-model) forall-denotation:

assumes ¢ ~ D

and A € wffso

shows V ¢ (Vzq. A) =T <— (Vz € elts (D a). V (¢((z, a) :=2)) A=T)
(proof)

lemma prop-5401-g:
assumes is-general-model M
and ¢ ~py M
and A € wffs,
shows M =y Vig. A < (V9. ¢~y MA Y ~(

{proof)

T, )

lemma (in general-model) aziom-1-validity-aux:

assumes ¢ ~ D

shows V ¢ (go—o0 * To NS go—o " Fo =2 Vy,. Go—o0*to) =T (isV ¢ (74 =2 ?B) =T)
{proof)

lemma azxiom-1-validity:
shows |= go—o * To NS go—o " Fo =< Vy,. fo—o0 " Lo (is F 74 =< ?B)

(proof )

lemma (in general-model) ariom-2-validity-aux:

assumes @ ~ D

shows V ¢ ((ta =a 9a) 22 (ha—o * ta =< ba—o *9a)) = T (is V ¢ (24 D2 ?B) = T)
(proof)

lemma aziom-2-validity:
shows = (ta =a Ya) D2 (ha—o * fa =2 ba—o * Ya) (is = 24 D ?B)
(proof )

lemma (in general-model) axiom-3-validity-auz:
assumes ¢ ~ D
shows V ¢ ((fa_>ﬁ =a—f ga_>/3) =2 Via. (fa—>ﬁ *fa =g Ba—p " ta)) =T
(isV ¢ (24 =2 ?B) = T)
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{proof)

lemma aziom-3-validity:
shows = (fo—5 =a—4 8a—p) =2 Via. (Fasp * Ta =g 8a—p * Fa) (is = 74 =< ?B)
(proof)

lemma (in general-model) axiom-4-1-con-validity-auz:
assumes ¢ ~ D
and A € wffsqy
shows V ¢ ((Aza. {c}g) - A =g {c}tg) =T

(proof)

lemma aziom-4-1-con-validity:
assumes A € wffsy
shows |= (Aza. {c}g) - A =g {cltg
(proof)

lemma (in general-model) axiom-4-1-var-validity-aux:
assumes @ ~ D
and A € wffsq
and (y, §) # (z, a)
shows V ¢ ((Aza- yg) - A =g yg) =T
{proof)

lemma aziom-4-1-var-validity:
assumes A € wffsy
and (y, §) # (z, a)
shows |= (Aza. yg) - A =3 yg
{proof )

lemma (in general-model) axiom-4-2-validity-auz:
assumes ¢ ~ D
and A € wffsq
shows V ¢ ((Azq. zq) * A =q A) =T

(proof)

lemma aziom-4-2-validity:
assumes A € wffsq
shows = (Azq. o) * A =q A
(proof)

lemma (in general-model) axiom-4-3-validity-auz:
assumes ¢ ~ D
and A € wffsq, and B € wﬁsvﬁﬂ and C € wffsy
shows V ¢ ((Aza. B = C) « A =g ((Aza. B) » A) + (Aza. C) - 4)) =T
(isV o (?A=5 ?B) =T)
(proof)

lemma aziom-4-3-validity:
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assumes A € wffsq and B € wffsy_, 53 and C € wffsy
shows |= (Azq. B+ C) » A =g ((Aza. B) = 4) - (Aza. C) - A) (is = ?A =4 ?B)
(proof )

lemma (in general-model) aziom-4-4-validity-aux:
assumes ¢ ~ D
and A € wffsq and B € wffss
and (y, v) ¢ {(z, @)} U vars A
shows V ¢ ((Aza. Ayy. B) » A =, 5 (\yy. (\za. B) » A)) =T
(isV o (?PA=,5 ?B) =T)
{proof)

lemma aziom-4-4-validity:

assumes A € wffsq and B € wffsg

and (y, v) ¢ {(z, @)} U vars A

shows |= (Aza. Ayy. B) « A =, 5 (\yy. (Aza. B) + A) (is = ?A =, _,5 ?B)
(proof)

lemma (in general-model) axiom-4-5-validity-auz:
assumes @ ~ D
and A € wffsq and B € wffs;
shows V ¢ ((Azq. Azq. B) - A =,_5 (Azq. B)) =T
(proof)

lemma azxiom-4-5-validity:

assumes A € wffsq and B € wffss

shows = (Azq. Azq. B) + A =,_5 (Azq. B)
(proof)

lemma (in general-model) aziom-5-validity-aux:
assumes @ ~ D
shows V ¢ (1+ (Q;+9i)) =ivs) =T

{proof)

lemma aziom-5-validity:
shows |= v+ (Q; * vj) = v;
(proof)

lemma azioms-validity:
assumes A € axioms
shows = A

(proof)

lemma (in general-model) rule-R-validity-auz:
assumes A € wffsq and B € wffsq
andVop.o~D — VA=V pB
and C € wffsg and C' € wffsg
and p € positions C and A <, C and C(p < B) > C’
shows V. o~ D — Vo C=V p C'
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{proof)

lemma rule-R-validity:
assumes C € wffsp and C’ € wffso and E € wffsy
and = Cand E F
and is-rule-R-app p C' C F
shows = C’'
(proof)

lemma individual-proof-step-validity:
assumes is-proof S and A € lset S
shows = A

{proof)

lemma semantic-modus-ponens:
assumes is-general-model M
and A € wffsp and B € wffs,
and M = A D¢ B

and M = A
shows M = B
{proof)

lemma generalized-semantic-modus-ponens:
assumes is-general-model M
and Iset hs C wffso
and VH € lset hs. M = H
and P € wffso
and M |= hs D9, P
shows M = P
(proof)

8.3 Proposition 5402(a)

proposition theoremhood-implies-validity:
assumes is-theorem A
shows = A

(proof)

8.4 Proposition 5402(b)

proposition hyp-derivability-implies-validity:
assumes is-hyps G
and is-model-for M G
and G- A
and is-general-model M

shows M = A
{proof)
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8.5 Theorem 5402 (Soundness Theorem)
lemmas thm-5402 = theoremhood-implies-validity hyp-derivability-implies-validity

end

9 Consistency

theory Consistency
imports
Soundness
begin

definition is-inconsistent-set :: form set = bool where
[iff]: is-inconsistent-set G +— G F F,

definition Qg-is-inconsistent :: bool where
[¢ff]: Qo-is-inconsistent «— F F,

definition is-wffo-consistent-with :: form = form set = bool where
[iff]: is-wffo-consistent-with B G <— — is-inconsistent-set (G U {B})

9.1 Existence of a standard model

We construct a standard model in which D 7 is the set {0}:

primrec singleton-standard-domain-family («D°)) where
D% i=1—ie., D% i= ZFC-in-HOL.set {0}

| D% 0 =B

| D% (a—B) = D% a > D%

interpretation singleton-standard-frame: frame D°

{proof)

definition singleton-standard-constant-denotation-function («J°)) where
[simp]: T° k =

(

if

3. is-Q-constant-of-type k B
then

. DS

let B = type-of-Q-constant k in a3
else
if

is-iota-constant k
then

Az : DY (i—0). 0
else

case k of (¢, a) = SOME z. z € elts (D% )
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interpretation singleton-standard-premodel: premodel DS J%

{proof)

fun singleton-standard-wff-denotation-function (<VS>) where
V%o (za) = ¢ (2, a)

[V e ({cha) = T° (¢, @)

| VS (A« B)= (V¢ A)-(V°yB)

| VS o (Azq. A) = (Az: D% a. V¥ (p((z, a) := 2)) A)

lemma singleton-standard-wff-denotation-function-closure:
assumes frame.is-assignment D ¢
and A € wffsq
shows V¥ ¢ A € elts (D° «)

(proof)

interpretation singleton-standard-model: standard-model D J° V5

{proof)

proposition standard-model-existence:
shows 3 M. is-standard-model M

(proof)

9.2 Theorem 5403 (Consistency Theorem)

proposition model-existence-implies-set-consistency:
assumes is-hyps G
and 3 M. is-general-model M A is-model-for M G
shows — is-inconsistent-set G

(proof )

proposition Qg-is-consistent:
shows — Qq-is-inconsistent

{proof)

lemmas thm-5403 = Qg-is-consistent model-existence-implies-set-consistency
proposition principle-of-explosion:
assumes is-hyps G

shows is-inconsistent-set G «— (VA € (wffso). G - A)

(proof)

end
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