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Abstract

We formalize pushdown systems and the correctness of the pushdown reachability algorithms post*
(forward search), pre* (backward search) and dual* (bi-directional search). For pre* we refine the
algorithm to an executable version for which one can generate code using Isabelle’s code generator. For
pre* and post* we follow Stefan Schwoon’s PhD thesis [Sch02a]. The dual* algorithm is from a paper
by Jensen et. al presented at ATVA2021 [JSST21]. The formalization is described in our FMCAD2022
paper [SSST22] in which we also document how we have used it to do differential testing against a C++
implementation of pushdown reachability called PDAAAL. Lammich et al. [Lam09, LMWO09] formalized
the pre* algorithm for dynamic pushdown networks (DPN) which is a generalization of pushdown systems.
Our work is independent from that because the post* of DPNs is not regular and additionally the DPN
formalization does not support epsilon transitions which we use for post* and dual*.
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1 Introduction

Pushdown reachability was studied by Biichi in 1964 [Biic64] and has been used for, among other things,
interprocedural control-flow analysis of recursive programs [EK99, CNDE05], model checking [ES01, Sch02b,
SSE05, BEM97] and communication network analysis [JKMT18, JKS*20, vDJJ*21]. In this formalization
we formalize the pre* and post* algorithms [Sch02a] and the dual* algorithm [JSST21]. For pre* we have
also an executable version. In our FMCAD2022 paper [SSST22] we describe the formalization and use it to
do differential testing against a C++ implementation of pushdown reachability called PDAAAL [JSST21].
The differential testing revealed a number of bugs in PDAAAL that we were then able to fix.



theory P Automata imports Labeled Transition_ Systems.LTS begin

2 Automata

2.1 P-Automaton locale

locale P_ Automaton = LTS transition_relation

for transition_relation :: “('state:finite, 'label) transition set” +
fixes Init :: “'ctr_loc::enum = 'state”
and finals :: “'state set”
begin

definition initials :: “’state set” where
“initials = Init ¢ UNIV”

lemma initials list:
“initials = set (map Init Enum.enum)”
using enum_ UNIV unfolding initials def by force

definition accepts aut :: “'ctr _loc = 'label list = bool” where
“accepts _aut = A\p w. (3 q € finals. (Init p, w, q) € trans_star)”

definition lang_aut :: “(‘ctr_loc * 'label list) set” where
“lang_aut = {(p,w). accepts_aut p w}”

definition nonempty where
“nonempty +— lang_aut # {}”

lemma nonempty__ alt:
“nonempty +— (Ip. q € finals. Jw. (Init p, w, q) € trans_star)”
unfolding lang aut def nonempty_ def accepts aut def by auto

typedef ‘a mark_state = “{(Q :: ‘a set, I). I C Q}”

by auto
setup-lifting type_definition_mark_ state
lift-definition get_wvisited :: “’a mark_state = 'a set” is fst .
lift-definition get next :: “’a mark_state = 'a set” is snd .

lift-definition make__mark_state :: “’a set = 'a set = 'a mark_state” is “A\Q J. (Q U J, J)” by auto
lemma get next get visited: “get_next ms C get_ visited ms”
by transfer auto
lemma get_next_set_next[simp|: “get_next (make_mark_state Q J) = J”
by transfer auto
lemma get visited__set_next[simp]: “get_wvisited (make_mark_state Q J) = Q U J”
by transfer auto

function mark where
“mark ms +—
(let Q = get_visited ms; I = get_next ms in
if I N finals # {} then True
else let J = (U (q,w,q")Etransition_relation. if ¢ € I A q’ ¢ Q then {q'} else {}) in
if J = {} then False else mark (make_mark_state Q J))”
by auto
termination by (relation “measure (Ams. card (UNIV :: 'a set) — card (get_visited ms :: 'a set))”)
(fastforce intro!: diff _less_mono2 psubset__card_mono split: if _splits)+

declare mark.simps[simp del]

lemma trapped transitions: “(p, w, q) € trans_star =
Vpe Q. (Vv q. (p, 7, q) € transition_relation — q € Q) =
pEQR=qeQ”

by (induct p w q rule: trans_star.induct) auto

lemma mark_complete: “(p, w, q) € trans_star = (get_visited ms — get_next ms) N finals = {} =



Vp € get_wvisited ms — get_mnext ms. ¥V q v. (p, v, q) € transition_relation —> q € get_visited ms —
p € get_visited ms = q € finals = mark ms”
proof (induct p w q arbitrary: ms rule: trans_star.induct)
case (trans_star_refl p)
then show ?case by (subst mark.simps) (auto simp: Let_def)
next
case step: (trans_star_step p v ¢’ w q)
define J where “J = |J(q, w, q')Etransition_relation. if ¢ € get_next ms A q' ¢ get_visited ms then {q'} else
{}”
show ?case
proof (cases “J = {}”)
case True
then have “q¢’ € get_wisited ms”
by (smt (23) Diffl Diff _disjoint Int_iff J_def SUP_bot__conv(2) case_prod__conv insertl1
step.hyps(1) step.prems(2) step.prems(8))
with True show ?thesis
using step(1,2,4,5,7)
by (subst mark.simps)
(auto 10 0 introl: step(8) elim!: set_mplof _ “get_next ms”] simp: split_beta J_def
dest: trapped_transitions|of ¢’ w q “get_visited ms”])
next
case Fulse
then have [simp]: “get_visited ms U J — J = gel_visited ms”
by (auto simp: J_def split: if _splits)
then have “p € get_visited ms = (p, v, q) € transition__relation = q ¢ get_visited ms = q € J” for p v q
using step(5)
by (cases “p € get_next ms”)
(auto simp only: J_def simp__thms if _True if False introl: UN_I[of “(p, v, q)”])
with False show ?thesis
using step(1,4,5,6,7)
by (subst mark.simps)
(auto 0 2 simp add: Let_def J_def[symmetric] disj_commute
introl: step(3)[of “make_mark_state (get_visited ms) J”])
qed
qed

lemma mark__sound: “mark ms = (Ip € get_next ms. Iq € finals. Jw. (p, w, q) € trans_star)”
by (induct ms rule: mark.induct)
(subst (asm) (2) mark.simps, fastforce dest: trans_star_step simp: Let_def split: if _splits)

lemma nonempty__code[code]: “nonempty = mark (make_mark_state {} (set (map Init Enum.enum)))”
using mark__complete[of _ __ __ “make_mark__state {} initials”]
mark__sound|of “make_mark__state {} initials”] nonempty__alt
unfolding initials_def initials_list[symmetric] by auto

end

2.2 Intersection P-Automaton locale

locale Intersection P _Automaton =
Al: P_Automaton ts1 Init finals1 +
A2: P_Automaton ts2 Init finals2

for ts1 :: “('state :: finite, 'label) transition set”
and Init == “‘ctr_loc :: enum = ’'state”
and finalsl :: “'state set”
and ts2 :: “('state, 'label) transition set”
and finals2 :: “'state set”
begin

sublocale pa: P_Automaton “inters ts1 ts2” “(Ap. (Init p, Init p))” “inters_finals finalsl finals2”



definition accepts aut_inters where
“accepts__aut_inters p w = pa.accepts _aut p w”

definition lang_aut_inters :: “(‘ctr_loc * 'label list) set” where
“lang__aut_inters = {(p,w). accepts _aut_inters p w}”

lemma trans star_inter:
assumes “(pl, w, p2) € Al.trans_star”
assumes “(ql, w, q2) € A2.trans_star”
shows “((p1,q1), w :: 'label list, (p2,q2)) € pa.trans_star”
using assms
proof (induction w arbitrary: p1 q1)
case (Cons a wi1’)

obtain p’ where p’_p: “(p1, o, p’) € ts1 A (p', wi', p2) € Al.trans_star’

using Cons by (metis LTS .trans__star_cons)

obtain ¢’ where ¢’ _p: “(q1, , q¢') € ts2 A(q’, wl’, q2) € A2.trans_star”

using Cons by (metis LTS.trans_star_cons)
have ind: “((p’, q¢'), wi1’, p2, q2) € pa.trans_star”
proof —
have “Suc (length w1') = length (a#wli’)”
by auto
moreover
have “(p’, wi’, p2) € Al.trans_star”
using p’_p by simp
moreover
have “(q', w1', q2) € A2.trans_star”
using ¢’ _p by simp
ultimately
show “((p’, q'), wl', p2, q2) € pa.trans_star”
using Cons(1) by auto
qed
moreover
have “((p1, q1), o, (p’, ¢)) € (inters tsl ts2)”
by (simp add: inters_def p’_p q'_p)
ultimately
have “((p1, q1), a#wl’, p2, q2) € pa.trans_star”
by (meson LTS.trans_star.trans__star_step)
moreover
have “length ((a#wl’)) > 0”
by auto
moreover
have “hd ((a#wl’)) = a”
by auto
ultimately
show ?case
by force
next
case Nil
then show ?case

by (metis LTS .trans__star.trans__star_refl LTS.trans_star_empty)

qged

lemma inters trans starl:
assumes “(p1¢2, w :: 'label list, p2q2) € pa.trans_star”
shows “(fst p1q2, w, fst p2q2) € Al.trans_star”
using assms
proof (induction rule: LTS .trans_star.induct|OF assms(1)])
case (1 p)
then show ?case
by (simp add: LTS.trans_star.trans__star_refl)
next
case (2p 7y q' wq)
then have ind: “(fst ¢/, w, fst q) € Al.trans_star”

J



by auto

from 2(1) have “(p, v, ¢') €

{((p1, q1), a, p2, q2) |p1 q1 @ p2 q2. (pl, a, p2) € ts1 A (ql, a, ¢2) € ts2}”

unfolding inters_def by auto

then have “Ipl ql. p = (p1, q1) A (3p2q2. ¢' = (p2, ¢2) A (pl, v, p2) € ts1 A (q1, 7, q2) € ts2)”
by simp

then obtain p! qf where “p = (p1, q1) A (3p2 q2. ¢’ = (p2, ¢2) A (p1, v, p2) € ts1 A (ql,~, q2) € ts2)”
by auto

then show ?case
using LTS.trans_star.trans_star_step ind by fastforce

qed

lemma inters trans star:
assumes “(p1g2, w :: 'label list, p2q2) € pa.trans_star”
shows “(snd p1¢2, w, snd p2q2) € A2.trans_star”
using assms
proof (induction rule: LTS.trans_star.induct|OF assms(1)])
case (1 p)
then show ?case
by (simp add: LTS.trans_star.trans__star_refl)
next
case (2p 7y q' wq)
then have ind: “(snd ¢, w, snd q) € A2.trans_star”
by auto
from 2(1) have “(p, v, ¢') €
{((p1, q1), o, p2, q2) |p1 q1 @ p2 q2. (pl, «a, p2) € tsl A (ql, a, ¢2) € ts2}”
unfolding inters_def by auto
then have “Ipl ql. p = (p1, q1) A (3p2q2. ¢' = (p2, ¢2) A (pl, 7, p2) € ts1 A (q1,, q2) € ts2)”
by simp
then obtain p! g where “p = (p1, q1) A (3p2 q2. ¢' = (p2, ¢2) A (p1, v, p2) € tsl A (ql, v, q2) € ts2)”
by auto
then show ?case
using LTS.trans_star.trans_star__step ind by fastforce
qed

lemma inters trans_star__iff:
“((p1,92), w :: 'label list, (p2,q2)) € pa.trans_star < (p1, w, p2) € Al.trans_star A (¢2, w, q2) € A2.trans_star”
by (metis fst_conv inters__trans_star inters_trans_starl snd__conv trans__star_inter)

lemma inters_accept iff: “accepts aut_inters p w <— Al.accepts aut p w N A2.accepts_aut p w”
proof
assume “accepts_aut_inters p w”
then show “Al.accepts _aut p w A A2.accepts _aut p w”
unfolding accepts _aut_inters_def Al.accepts _aut_def A2.accepts aut_def pa.accepts _aut__def
unfolding inters_ finals_def
using inters_trans_star_iff[of _ _ w __]
using SigmakF fst__conv inters trans star inters_trans_starl snd__conv
by (metis (no__types, lifting))
next
assume a: “Al.accepts_aut p w N A2.accepts_aut p w”
then have “(3¢<€finalsi. (Init p, w, q) € Al.trans_star) A
(3 ¢efinals2. (Init p, w, q) € A2.trans_star)”
unfolding A1.accepts_aut _def A2.accepts _aut_def by auto
then show “accepts aut_inters p w”
unfolding accepts_aut_inters__def pa.accepts _aut def inters_finals__def
by (auto simp: P_Automaton.accepts__aut__def intro: trans__star_inter)
qged

lemma lang aut_alt:
“pa.lang_aut = {(p, w). (p, w) € lang_aut_inters}”
unfolding pa.lang aut def lang _aut _inters def accepts _aut inters_ def pa.accepts _aut__def
by auto



lemma inters_lang: “lang_aut_inters = Al.lang aut N A2.lang_aut”
unfolding lang aut_inters def Al.lang aut_def A2.lang aut_def using inters accept iff by auto

end

3 Automata with epsilon

3.1 P-Automaton with epsilon locale

locale P_Automaton_e = LTS ¢ transition_relation for transition_ relation :: “(’state:finite, 'label option) tran-
sition set” +

fixes finals ::
begin

«wl wl

state set” and Init :: “'ctr_loc :: enum = 'state”

definition accepts aut_e :: “'ctr_loc = ’label list = bool” where
“accepts_aut_e = Ap w. (q € finals. (Init p, w, q) € trans_star_e)”

definition lang_aut_e :: “(‘ctr_loc * 'label list) set” where
“lang_aut_e = {(p,w). accepts_aut_e p w}”

definition nonempty_e where
“nonempty_e +— lang_aut_e # {}”

end

3.2 Intersection P-Automaton with epsilon locale

locale Intersection P Automaton e =
Al: P_Automaton_e tsl finalsl Init +
A2: P_Automaton_ e ts2 finals2 Init

for ts1 :: “('state :: finite, 'label option) transition set”
and finalsl :: “’state set”
and Init :: “‘ctr_loc :: enum = 'state”
and ts2 :: “('state, 'label option) transition set”
and finals2 :: “'state set”
begin
abbreviation ¢ :: “label option” where
“e == None”

sublocale pa: P_Automaton_e “inters_e tsl ts2” “inters_finals finalsl finals2” “(Ap. (Init p, Init p))”

definition accepts aut_inters e where
“accepts__aut_inters_e p w = pa.accepts_aut_e p w”

definition lang_aut_inters e :: “(‘ctr_loc * 'label list) set” where
“lang__aut_inters_e = {(p,w). accepts_aut_inters_e p w}”

lemma trans star trans star e inter:
assumes “LTS c.c_exp wl w”
assumes “LTS e.e__exp w2 w”
assumes “(pl1, wl, p2) € Al.trans_star”
assumes “(ql, w2, q2) € A2.trans_star”
shows “((p1,q1), w :: 'label list, (p2,q2)) € pa.trans_star_c”
using assms
proof (induction “length w1 + length w2” arbitrary: wl w2 w pl qI rule: less_induct)
case less
then show Zcase
proof (cases “Ja w1’ w2’ B. wi=Some a#wl’' A w2=Some B#Hw2'")
case True
from True obtain o 8 w1’ w2’ where True’”:



“wi=Some aFtwl’”
“w2=Some BHw2'”
by auto
have “a ="
by (metis True’'(1) True''(2) LTS e.c_exp_Some_hd less.prems(1) less.prems(2))
then have True”:
“wi=Some aftwl’”
“w2=Some a#w2'”
using True’’ by auto
define w’ where “w’ = tl w”
obtain p’ where p’_p: “(p1, Some a, p’) € ts1 A (p’, wl’, p2) € Al.trans_star”
using less True'(1) by (metis LTS_c.trans_star_cons_¢)
obtain ¢’ where ¢’ _p: “(q1, Some «, q') € ts2 A(q’, w2', q2) € A2.trans_star”
using less True’(2) by (metis LTS e.trans_star_cons_¢)
have ind: “((p’, ¢'), w’, p2, q¢2) € pa.trans_star_e”
proof —
have “length w1’ + length w2’ < length wl + length w2”
using True’(1) True'(2) by simp
moreover
have “LTS c.e_exp wl' w'”
by (metis (no__types) LTS c.e__exp_def less(2) True'(1) list. map(2) list.sel(3)
option.simps(3) removeAll.simps(2) w'_def)
moreover
have “LTS c.e_exp w2' w'”
by (metis (no_types) LTS c.e_exp def less(8) True'(2) list.map(2) list.sel(3)
option.simps(3) removeAll.simps(2) w’_def)
moreover
have “(p’, w1’ p2) € Al.trans_star”
using p’_p by simp
moreover
have “(q’, w2’, q2) € A2.trans_star”
using ¢’ _p by simp
ultimately
show “((p’, ¢'), w’, p2, q2) € pa.trans_star_c”
using less(1)[of w1’ w2’ w’ p’ q] by auto
qged
moreover
have “((p1, q1), Some a, (p', q)) € (inters_c ts1 ts2)”
by (simp add: inters_e_def p’_p q'_p)
ultimately
have “((p1, q1), a#w’, p2, q2) € pa.trans_star_e”
by (meson LTS_e.trans__star_e.trans__star_e__step_7y)
moreover
have “length w > 07
using less(3) True’ LTS_e.c__exp_Some_length by metis
moreover
have “hd w = o”
using less(3) True’' LTS e.c__exp_Some_hd by metis
ultimately
show ?%thesis
using w’_def by force
next
case False
note False outer outer outer outer = False
show %thesis
proof (cases “wl =[] AN w2 =[]7)
case True
then have same: “p1 = p2 A ql = ¢2”
by (metis LTS .trans star _empty less.prems(3) less.prems(4))
have “w = []”
using True less(2) LTS e.exp__empty empty by auto
then show ?%thesis
using less True



by (simp add: LTS _e.trans_star_c.trans_star_e__refl same)
next
case False
note False outer outer outer = False
show ?thesis
proof (cases “Jwi’. wi=e#wl'”)
case True
then obtain w1’ where True”:
“wl=eHwl'”
by auto
obtain p’ where p’_p: “(p1, e, p’) € ts1 A (p', wl’, p2) € Al.trans_star”
using less True'(1) by (metis LTS c.trans_star_cons_¢)
have ¢'_p: “(q1, w2, q2) € A2.trans_ star”
using less by metis
have ind: “((p’, q1), w, p2, q2) € pa.trans_star_e”
proof —
have “length w1’ + length w2 < length wi + length w2”
using True’(1) by simp
moreover
have “LTS c.e exp wl' w”
by (metis (no_types) LTS c.c__exp_def less(2) True'(1) removeAll.simps(2))
moreover
have “LTS c.c_exp w2 w”
by (metis (no__types) less(3))
moreover
have “(p’, w1’ p2) € Al.trans_star”
using p’_p by simp
moreover
have “(q1, w2, q2) € A2.trans_star”
using ¢’_p by simp
ultimately
show “((p’, q1), w, p2, q2) € pa.trans_star_c”
using less(1)[of w1’ w2 w p' q1] by auto
qed
moreover
have “((p1, q1), ¢, (p', q1)) € (inters_e tsl ts2)”
by (simp add: inters_e_def p’_p q'_p)
ultimately
have “((p1, q1), w, p2, ¢2) € pa.trans_star_c”
using LTS e.trans_star_e.simps by fastforce
then
show %thesis
by force
next
case False
note False outer outer = Fualse
then show %thesis
proof (cases “Fw2’. w2 = ¢ # w2'”)
case True
then obtain w2’ where True”:
“w2=eHw2'”
by auto
have p’_p: “(p1, wi, p2) € Al.trans_star”
using less by (metis)
obtain ¢’ where q'_p: “(q1, ¢, q') € ts2 A(q', w2, q2) € A2.trans_star”
using less True’(1) by (metis LTS e.trans_star_cons_¢)
have ind: “((p1, q¢'), w, p2, ¢2) € pa.trans_star_e”
proof —
have “length w1 + length w2’ < length w1 + length w2”
using True'(1) True'(1) by simp
moreover
have “LTS e.e_exp wl w”
by (metis (no__types) less(2))



moreover
have “LTS e.e_exp w2’ w”
by (metis (no_types) LTS e.c__exp_def less(8) True'(1) removeAll.simps(2))
moreover
have “(p1, w1, p2) € Al.trans_star”
using p’_p by simp
moreover
have “(q, w2', q2) € A2.trans_star”
using ¢’_p by simp
ultimately
show “((p1, q'), w, p2, q2) € pa.trans_star_e”
using less(1)[of wl w2’ w p1 q| by auto
qed
moreover
have “((p1, q1), ¢, (p1, q')) € inters_e tsl ts2”
by (simp add: inters_c_def p’_p q'_p)
ultimately
have “((p1, q1), w, p2, ¢2) € pa.trans_star_c”
using LTS e.trans_star_e.simps by fastforce
then
show ?thesis
by force
next
case False
then have “(w! = [| A (Ja w2’ w2 = Some a # w2')) V (Ba wi’. wl = Some a # wi1') A w2 =[])”
using Fualse outer outer False__outer _outer outer False__outer _outer outer outer
by (metis neq_Nil _conv option.ezhaust_sel)
then show ?%thesis
by (metis LTS e.e__exp def LTS c.e__exp_Some_length less.prems(1) less.prems(2)
less_numeral _extra(3) list.simps(8) list.size(3) removeAll.simps(1))
qed
qed
qed
qed
qed

lemma trans star e inter:
assumes “(p1, w :: 'label list, p2) € Al.trans_star_e”
assumes “(ql, w, q2) € A2.trans_star_e”
shows “((p1, q1), w, (p2, q2)) € pa.trans_star_e”
proof —
have “Jwi1'. LTS e.c_exp wil’' w A (p1, wl', p2) € Al.trans_star”
using assms by (simp add: LTS e.trans_star_e_e__exp_trans_star)
then obtain wi’ where “LTS e.c_exp wl' w A (pl, wl', p2) € Al.trans_star”
by auto
moreover
have “Jw2'. LTS c.e__exp w2’ w A (q1, w2’, q2) € A2.trans_star”
using assms by (simp add: LTS e.trans_star_e_e__exp trans_star)
then obtain w2’ where “LTS e.c_exp w2’ w A (ql, w2', q2) € A2.trans_star”
by auto
ultimately
show ?thesis
using trans_star_trans_star_e__inter by metis
qged

lemma inters trans star e1:
assumes “(p1¢2, w :: 'label list, p2q2) € pa.trans_star_c”
shows “(fst p1q2, w, fst p2q2) € Al.trans_star_e”
using assms
proof (induction rule: LTS e.trans_star_e.induct|OF assms(1)])
case (1 p)
then show ?case
by (simp add: LTS e.trans_star_c.trans_star_e__refl)
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next
case (2p 7y q' wq)
then have ind: “(fst q/, w, fst q) € Al.trans_star_e”
by auto
from 2(1) have “(p, Some v, ¢') €
{((p1, q1), a, p2, q2) |p1 q1 @ p2 ¢2. (pl, a, p2) € ts1 A (g1, «, ¢2) € ts2} U
{((p1, q1), €, p2, q1) |p1 p2 q1. (p1, €, p2) € ts1} U
{((p1, q1), €, p1, q2) |p1 q1 q2. (q1, &, q2) € ts1}”
unfolding inters_e_ def by auto
moreover
{
assume “(p, Some v, q') € {((p1, q1), o, p2, q2) |p1 q1 o p2q2. (p1, a, p2) € ts1 A (ql, o, q2) € ts2}”
then have “Ip1 q1. p = (p1, q1) A (3p2q2. ¢' = (p2, q2) A (p1, Some v, p2) € ts1 A (ql, Some v, q2) €
ts2)”
by simp
then obtain p! qI where “p = (p1, q1) A (3p2 q2. ¢’ = (p2, q2) A (p1, Some v, p2) € ts1 A (ql, Some v,
q2) € ts2)”
by auto
then have ?case
using LTS e.trans_star_e.trans_star_e__step_~y ind by fastforce
}

moreover
{
assume “(p, Some v, q') € {((p1, q1), €, p2, q1) |p1 p2 q1. (p1, e, p2) € ts1}”
then have ?case
by auto
}

moreover
{
assume “(p, Some v, q') € {((pl, q1), ¢, p1, q2) |p1 q1 q2. (q1, ¢, q2) € ts1}”
then have ?case
by auto
}

ultimately
show Zcase
by auto
next
case (3p q' wq)
then have ind: “(fst ¢/, w, fst q) € Al.trans_star_e”
by auto
from 3(1) have “(p, ¢, ¢') €
{((p1, q1), o, (p2, ¢2)) | 1 q1 a p2q2. (p1, o, p2) € ts1 A (g1, @, g2) € ts2} U
{((p1, q1), ¢, (p2, q1)) | p1 p2 q1. (p1, &, p2) € ts1} U
{((p1, q1), &, (p1, ¢2)) | 1 q1 q2. (q1, ¢, q2) € ts2}”
unfolding inters_e_ def by auto
moreover

{
assume “(p, ¢, ¢') € {((p1, q1), a, p2, ¢2) |pl q1 a p2q2. (pl, a, p2) € ts1 A (ql, o, ¢2) € ts2}”
then have “Ipi qi. p = (p1, q1) A (Ip2 q2. ¢' = (p2, ¢2) A (p1, ¢, p2) € ts1 A (q1, ¢, q2) € ts2)”
by simp
then obtain p7 q7 where “p = (p1, q1) A (3p2 ¢2. ¢' = (p2, ¢2) A (pl, ¢, p2) € tsl A (ql, ¢, q2) € ts2)”
by auto
then have Zcase
using LTS e.trans_star_e.trans__star_e_ step_e ind by fastforce
}

moreover
{
assume “(p, €, q¢') € {((p1, q1), ¢, p2, q1) |p1 p2 ql. (p1, ¢, p2) € ts1}”
then have “Ipi p2 ql. p = (pl, q1) A ¢’ = (p2, q1) A (pl, €, p2) € ts1”
by auto
then obtain p! p2 qf where “p = (p1, q1) A ¢' = (p2, q1) A (pl, &, p2) € ts1”
by auto
then have ?case
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using LTS e.trans_star_e.trans__star_e_ step_e ind by fastforce

}

moreover
{
assume “(p, €, q¢') € {((p1, q1), €, p1, q2) |p1 q1 q2. (q1, ¢, q2) € ts2}”
then have “Ipl qf ¢2. p = (p1, q1) A q¢' = (p1, q2) A (q1, €, ¢2) € ts2”
by auto
then obtain p! q1 q2 where “p = (p1, q1) A q¢' = (p1, q2) A (q1, €, q2) € ts2”
by auto
then have ?case
using LTS e.trans_star_e.trans_star_c__step_e ind by fastforce
}

ultimately
show Zcase
by auto
qed

lemma inters trans star e:
assumes “(p1q2, w :: 'label list, p2q2) € pa.trans_star_c”
shows “(snd p1¢2, w, snd p2q2) € A2.trans_star_e”
using assms
proof (induction rule: LTS e.trans_star_e.induct|OF assms(1)])
case (1 p)
then show ?case
by (simp add: LTS _e.trans_star_c.trans_star_e__refl)
next
case (2p v q' wq)
then have ind: “(snd q’, w, snd q) € A2.trans_star_c”
by auto
from 2(1) have “(p, Some v, ¢') €
{((p1, q1), o, p2, q2) |p1 q1 o p2 q2. (pl, o, p2) € ts1 A (g1, o, q2) € ts2} U
{((p1, q1), €, p2, q1) |pl p2 q1. (p1, €, p2) € ts1} U
{((p1, q1), €, p1, q2) |p1 q1 q2. (g1, ¢, q2) € ts2}”
unfolding inters _e_ def by auto
moreover
{
assume “(p, Some v, q¢') € {((p1, q1), o, p2, q2) |pl q1 a p2 q2. (p1, a, p2) € ts1 A (ql, o, q2) € ts2}”
then have “Ip1 q1. p = (p1, q1) A (3p2q2. ¢' = (p2, q2) A (p1, Some v, p2) € ts1 A (ql, Some v, q2) €
ts2)”
by simp
then obtain p! q! where “p = (p1, q1) A (3p2 ¢2. ¢’ = (p2, q2) A (p1, Some v, p2) € tsl A (q1, Some v,
q2) € ts2)”
by auto
then have Zcase
using LTS _e.trans_star_e.trans__star_e__step_y ind by fastforce
}

moreover
{
assume “(p, Some v, q¢') € {((p1, q1), ¢, p2, ql1) |p1 p2 q1. (p1, e, p2) € ts1}”
then have ?case
by auto
}

moreover
{
assume “(p, Some v, q') € {((p1, q1), €, p1, q2) |pl q1 q2. (q1, &, q2) € ts2}”
then have “case
by auto
}

ultimately
show Zcase
by auto
next
case (8p q' wq)
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then have ind: “(snd q', w, snd q) € A2.trans_star_e”
by auto
from 3(1) have “(p, ¢, ¢') €
{((p1, q1), a, (p2, q2)) | p1 q1 a p2 q2. (pl, o, p2) € ts1 A (ql, , q2) € ts2} U
{((p1, q1), ¢, (p2, q1)) | p1 p2 q1. (p1, &, p2) € ts1} U
{((p1, q1), &, (p1, ¢2)) | 1 q1 q2. (q1, ¢, q2) € ts2}”
unfolding inters e def by auto
moreover
{
assume “(p, ¢, ¢") € {((p1, q1), o, p2, ¢2) |pI q1 o p2 q2. (p1, a, p2) € ts1 A (q1, o, q2) € ts2}”
then have “Ipi qi. p = (p1, q1) A (3p2 q2. ¢' = (p2, ¢2) A (p1, ¢, p2) € ts1 A (q1, ¢, q2) € ts2)”
by simp
then obtain p1 q7 where “p = (p1, q1) A (3p2 q2. ¢' = (p2, q2) A (p1, ¢, p2) € tsl A (ql, ¢, q2) € ts2)”
by auto
then have ?case
using LTS e.trans_star_e.trans_star_e_ step_ e ind by fastforce
}

moreover
{
assume “(p, €, ¢') € {((p1, q1), ¢, p2, q1) |p1 p2 ql. (p1, ¢, p2) € ts1}”
then have “Ipl p2 qi. p = (p1, q1) A q¢' = (p2, q1) A (pl, &, p2) € ts1”
by auto
then obtain p! p2 qf where “p = (p1, q1) A ¢' = (p2, q1) A (pl, &, p2) € ts1”
by auto
then have ?case
using LTS e.trans_star_e.trans_star_e_ step e ind by fastforce
}

moreover
{
assume “(p, ¢, ¢') € {((p1, q1), €, p1, q2) Ip1 q1 q2. (q1, &, q2) € ts2}”
then have “Ipi qf ¢2. p = (p1, q1) A q¢' = (p1, q2) A (q1, ¢, q2) € ts2”
by auto
then obtain p1 q1 ¢2 where “p = (p1, q1) A q¢' = (p1, ¢2) A (q1, €, q2) € ts2”
by auto
then have ?case
using LTS e.trans_star_e.trans__star_e_ step_e ind by fastforce
}

ultimately
show ?case
by auto
qed

lemma inters _trans_star_e__ iff:
“((p1,92), w :: 'label list, (p2,q2)) € pa.trans_star_e <>
(pl, w, p2) € Al.trans_star_e N (¢2, w, q2) € A2.trans_star_e”
by (metis fst_conv inters__trans_star_e inters_trans_star_e1 snd__conv tmnsﬁstarfsﬁinter)

lemma inters_e__accept_e__iff:
“accepts__aut_inters e p w <— Al.accepts_aut_ec p w N A2.accepts_aut_e p w”
proof
assume “accepts_aut_inters e p w”
then show “Al.accepts aut_e p w N A2.accepts_aut e p w”
unfolding accepts aut_inters e_def Al.accepts aut_e_def A2.accepts aut_e_ def pa.accepts _aut_e_ def
unfolding inters_ finals _def
using inters_trans_star_e__iff[of _ _ w __|]
using SigmakF fst_conv inters trans star_e inters trans star_e1 snd__conv
by (metis (no__types, lifting))
next
assume a: “Al.accepts_aut_e p w N A2.accepts_aut_e p w”
then have “(3¢<finalsi. (Init p, w, q) € Al.trans_star_g) A
(3 qefinals2. (Init p, w, q) € LTS _e.trans_star_c ts2)”
unfolding A1.accepts_aut_e__def A2.accepts_aut_c__def by auto
then show “accepts aut_inters e p w”
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unfolding accepts _aut_inters_e_ def pa.accepts aut_e__def inters_finals__def
by (auto simp: P__Automaton_c.accepts_aut_e__def intro: trans_star_e__inter)
qed

lemma inters_c_lang e: “lang _aut_inters € = Al.lang aut e N A2.lang_aut €”
unfolding lang aut_inters_e_ def P_Automaton_e.lang aut_e_ def using inters_e__accept_e_ iff by auto

end

end
theory PDS imports “P_Automata” “HOL— Library. While__ Combinator” begin

4 PDS

datatype ‘label operation = pop | swap 'label | push 'label 'label
type-synonym ('ctr_loc, 'label) rule = “(‘ctr_loc x 'label) x ('ctr_loc x 'label operation)”
type-synonym (‘ctr_loc, 'label) conf = “’ctr_loc x 'label list”

We define push down systems.

locale PDS =
fixes A 2 “(“ctr_loc, 'label:finite) rule set”

begin

primrec bl :: “'label operation = ’label list” where
“Ibl pop = []”

| “Wbl (swap ) = []

| “l (push v v') = [v, 7"

”

definition is_rule :: “’ctr_loc X 'label = ‘ctr_loc x 'label operation = bool” (infix «—» 80) where
“py = p'w = (py.p'w) € A7

inductive-set transition_rel :: “(('ctr_loc, 'label) conf x unit x ('ctr_loc, 'label) conf) set” where
“(pv) = (ps w) =
((p, v#w'), (), (p', (Ibl w)Qw")) € transition_rel”

interpretation LTS transition_rel .

notation step_relp (infix <= 80)
notation step_ starp (infix (=) 80)

lemma step_ relp_ def2:
“(p, yw') = (pww’) +— Iy w' w. yw’ = y#w’ A ww' = (bl w)Qu' A (p, v) = (p', w))”
by (metis (no__types, lifting) PDS.transition__rel.intros step__relp__def transition__rel.cases)

end

5 PDS with P automata

type-synonym (’ctr_loc, 'label) sat_rule = “(’ctr_loc, 'label) transition set = (‘ctr_loc, 'label) transition set =
bool”

datatype ('ctr_loc, 'noninit, 'label) state =
is_Init: Init (the_Ctr_Loc: 'ctr_loc)
| is_Noninit: Noninit (the_St: 'noninit)
| is_Isolated: Isolated (the__Ctr_Loc: 'ctr_loc) (the_Label: 'label)

lemma finitely__many__states:
assumes “finite (UNIV :: ‘ctr_loc set)”
assumes “finite (UNIV :: 'noninit set)”
assumes “finite (UNIV :: 'label set)”

14



shows “finite (UNIV :: (‘ctr_loc, 'moninit, 'label) state set)”
proof —

define Isolated’ :: “(‘ctr_loc * 'label) = ('ctr_loc, 'noninit, 'label) state” where
“Isolated’ == X(c :: 'ctr_loc, I:: 'label). Isolated c 1”

define Init’ :: “'ctr_loc = (‘ctr_loc, 'noninit, 'label) state” where
“Init’ = Init”

define Noninit’ :: “'noninit = (‘ctr_loc, 'noninit, 'label) state” where
“Noninit’ = Noninit”

have split: “UNIV = (Init’ * UNIV) U (Noninit’ * UNIV) U (Isolated’ ‘ (UNIV ::

unfolding Init’_def Noninit’ _def
proof (rule; rule; rule; rule)

fix z :: “(‘ctr_loc, 'noninit, 'label) state”

assume “z € UNIV”

moreover

assume “z ¢ range Isolated’”

moreover

assume “z ¢ range Noninit”

ultimately

show “z € range Init”

by (metis Isolated’__def prod.simps(2) range__eql state.exhaust)

qed

have “finite (Init’ < (UNIV:: 'ctr_loc set))”
using assms by auto

moreover

have “finite (Noninit’ ¢ (UNIV:: 'noninit set))”
using assms by auto

moreover

have “finite (UNIV :: (('ctr_loc * 'label) set))”
using assms by (simp add: finite_Prod_UNIV)

then have “finite (Isolated’ * (UNIV :: (('ctr_loc * 'label) set)))”
by auto

ultimately

show “finite (UNIV :: (‘ctr_loc, 'noninit, 'label) state set)”
unfolding split by auto

qed

instantiation state :: (finite, finite, finite) finite begin
instance by standard (simp add: finitely__many__states)
end

locale PDS with P automata = PDS A
for A 2 “(‘ctr_loc::enum, 'label:finite) rule set”

+
fixes final _inits :: “('ctr_loc::enum) set”
fixes final_noninits :: “('noninit::finite) set”
begin
definition finals :: “(’ctr_loc, 'noninit::finite, 'label) state set” where

“finals = Init © final_inits U Noninit ‘ final _noninits”

lemma F_not_FExt: “—(3 f€finals. is_Isolated f)”
using finals_def by fastforce

definition inits :: “('ctr_loc, 'noninit, 'label) state set” where
“inits = {q. is_Init q}”
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lemma inits_code[code]: “inits = set (map Init Enum.enum)”
by (auto simp: inits_def is_Init_def simp flip: UNIV_enum)

definition noninits :: “(‘ctr_loc, 'noninit, 'label) state set” where
“noninits = {q. is_Noninit q}”

definition idsols :: “('ctr_loc, 'noninit, 'label) state set” where
“isols = {q. is_Isolated q}”

sublocale LTS transition rel .
notation step_relp (infix <= 80)
notation step_ starp (infix =) 80)

definition accepts :: “(('ctr_loc, 'noninit, 'label) state, 'label) transition set = ('ctr_loc, 'label) conf = bool” where
“accepts ts = N(p,w). (3 q € finals. (Init p,w,q) € LTS.trans_star ts)”

lemma accepts__accepts _aut: “accepts ts (p, w) «— P_ Automaton.accepts_aut ts Init finals p w”
unfolding accepts_def P_ Automaton.accepts_aut_def inits _def by auto

definition accepts e = “(('ctr_loc, 'noninit, 'label) state, 'label option) transition set = (‘ctr_loc, 'label) conf =
bool” where
“accepts_e ts = Mp,w). (3 q € finals. (Init p,w,q) € LTS _ec.trans_star_e ts)”

abbreviation ¢ :: “’label option” where
“e == None”

lemma accepts_mono|mono): “mono accepts”
proof (rule, rule)
fix ¢ :: “(“ctr_loc, 'label) conf”
fix ts ts' :: “(('ctr_loc, 'noninit, 'label) state, 'label) transition set”
assume accepts_ts: “accepts ts ¢”
assume tsts”: “ts C ts'”
obtain p [ where pl_p: “c = (p,l)”
by (cases c)
obtain ¢ where ¢_p: “q € finals A (Init p, 1, q¢) € LTS .trans_star ts”
using accepts_ts unfolding pl_p accepts def by auto
then have “(Init p, I, q) € LTS.trans_star ts'”
using tsts’ LTS trans star_mono monoD by blast
then have “accepts ts' (p,l)”
unfolding accepts def using ¢ p by auto
then show “accepts ts’ c”
unfolding pl_p .
qed

lemma accepts__cons: “(Init p, 7, Init p') € ts => accepts ts (p', w) = accepts ts (p, v # w)”
using LT'S.trans__star.trans__star_step accepts_def by fastforce

definition lang :: “(('ctr_loc, 'noninit, 'label) state, 'label) transition set = ('ctr_loc, 'label) conf set” where
“lang ts = {c. accepts ts c}”

lemma lang_lang_aut: “lang ts = (A(s,w). (s, w)) * (P_Automaton.lang_aut ts Init finals)”
unfolding lang def P_ Automaton.lang aut_ def
by (auto simp: inits__def accepts__def P__Automaton.accepts__aut__def image__iff introl: exI[of _ “Init __"])

lemma lang aut_lang: “P_ Automaton.lang aut ts Init finals = lang ts”
unfolding lang lang aut
by (auto 0 8 simp: P_Automaton.lang_aut_def P_ Automaton.accepts_aut_def inits_def image__iff)

definition lang e :: “((‘ctr_loc, 'noninit, 'label) state, 'label option) transition set = (‘ctr_loc, 'label) conf set”

where
“lang_e ts = {c. accepts_e ts c}”
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5.1 Saturations

definition saturated :: “(’c, 'l) sat_rule = (c, 'l) transition set = bool” where
“saturated rule ts +— (Pts’. rule ts ts’)”

definition saturation :: “(’c, 'l) sat_rule = ('c, 'l) transition set = (c, 'l) transition set = bool” where
“saturation rule ts ts’ «— rule*” ts ts’ A saturated rule ts'”

lemma no__infinite:
assumes “Ats ts’ :: (‘c ::finite, 'l::finite) transition set. rule ts ts' = card ts’ = Suc (card ts)”
assumes “Vi :: nat. rule (tts i) (tts (Suc i))”
shows “False”
proof —
define f where “f i = card (tts i)” for i
have [ Suc: “Vi. fi < f (Suci)”
using assms f_def less] by metis
have “Vi. 3j. fj > i”
proof
fix i
show “3j. ¢ < fj”7
proof (induction 1)
case (
then show ?Zcase
by (metis f_Suc neq0__conv)
next
case (Suc 1)
then show ?Zcase
by (metis Suc_lessI f_Suc)
qged
qed
then have “3j. fj > card (UNIV :: (‘c, 'l) transition set)”
by auto
then show Fulse
by (metis card_seteq f_def finite_ UNIV le__eq less_or_eq nat_neq_iff subset_UNIV)
qed

lemma saturation termination:
assumes “Ats ts’ :: (‘c ::finite, 'l::finite) transition set. rule ts ts' = card ts’ = Suc (card ts)”
shows “=(3its. (Vi :: nat. rule (tts ©) (tts (Suc 7))))”
using assms no__infinite by blast

lemma saturation exi:
assumes “Ats ts’ :: (‘c ::finite, 'l::finite) transition set. rule ts ts' = card ts’ = Suc (card ts)”
shows “Jts’. saturation rule ts ts'”
proof (rule ccontr)
assume a: “fts’. saturation rule ts ts
define g where “g ts = (SOME ts'. rule ts ts’)” for ts
define tts where “its i = (g ~ i) ts” for i
have “Vi :: nat. rule®™ ts (tts i) A rule (tts ©) (tts (Suc 7))”
proof
fix ¢
show “rule™™ ts (tts i) A rule (tts i) (tts (Suc 7))”
proof (induction 1)
case (
have “rule ts (g ts)”
by (metis g_def a rtranclp.rtrancl_refl saturation__def saturated__def somel)
then show ?case
using tts_def a saturation__def by auto
next
case (Suc 1)
then have sat_Suc: “rule*™ ts (tts (Suc 7))”
by fastforce
then have “rule (g ((9 = i) ts)) (9 (9 ((g 7 9) ts)))”
by (metis Suc.IH tts_def g_def a r_into_ rtranclp rtranclp__trans saturation__def saturated__def

1
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somel)
then have “rule (tts (Suc ©)) (tts (Suc (Suc 7)))”
unfolding tts def by simp
then show ?case
using sat_Suc by auto
qed
qed
then have “Vi. rule (tts i) (tts (Suc ©))”
by auto
then show Fulse
using no__infinite assms by auto
qed

5.2 Saturation rules

inductive pre_star_rule :: “((‘ctr_loc, 'moninit, 'label) state, 'label) transition set = (('ctr_loc, 'noninit, 'label)
state, 'label) transition set = bool” where
add_trans: “(p, v) = (p’, w) = (Init p’, Ibl w, q) € LTS.trans_star ts —>
(Init p, v, q) ¢ ts = pre_star_rule ts (ts U {(Init p, 7y, ¢)})”

definition pre_star! :: “(('ctr_loc, 'noninit, 'label) state, 'label) transition set = (('ctr_loc, 'noninit, 'label) state,
"label) transition set” where
“pre__starl ts =

(U ((p, v), (p', w)) € A. Uq € LTS.reach ts (Init p’) (Ibl w). {(Init p, v, ¢)})”

lemma pre_starl_mono: “mono pre_starl”
unfolding pre starl def
by (auto simp: mono_def LTS .trans_star_code[symmetric] elim!: bexI[rotated]
LTS trans_star_mono| THEN monoD, THEN subsetD])

lemma pre_star_rule pre_stari:
assumes “X C pre_starl ts”
shows “pre_star_rule™™ ts (ts U X)”

proof —
have “finite X”
by simp

from this assms show ?thesis
proof (induct X arbitrary: ts rule: finite_induct)
case (insert x F)
then obtain p v p’ w ¢ where *: “(p, v) — (p/, w)”
“(Init p', Ibl w, q) € LTS.trans_star ts” and =:
“c = (Init p, v, q)”
by (auto simp: pre_starl__def is_rule_def LTS .trans_star_code)
with insert show ?case
proof (cases “(Init p, 7, q) € ts”)
case False
with insert(1,2,4) x show ?thesis
by (intro converse_rtranclp_into_rtranclplof pre_star_rule, OF add_trans[OF * Fualse]])
(auto intro!: insert(3)|of “insert x ts”, simplified x Un__insert_left]
intro: pre__starl_mono[THEN monoD, THEN set_mp, of ts])
qed (simp add: insert_absorb)
qed simp
qged

lemma pre_star_rule_pre_starls: “pre_star_rule™™ ts (((As. s U pre_starl s) ~ k) ts)”
by (induct k) (auto elim!: rtranclp__trans intro: pre_star_rule_pre_starl)

definition “pre_star_loop = while_option (As. s U pre_starl s # s) (As. s U pre_starl s)”
definition “pre_star_exec = the o pre_star_loop”

definition “pre_star_exec_ check A = (if inits C LTS.srcs A then pre_star_loop A else None)”

definition “accept_pre_star_exec_check A ¢ = (if inits C LTS.srcs A then Some (accepts (pre_star_exec A) c)
else None)”
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lemma while_option_finite_subset_Some: fixes C :: “'a set”
assumes “mono f” and “I!1X. X C C = fX C C” and “finite C” and X: “X C C” “X C fX”
shows “J P. while_option (AA. fA # A) f X = Some P”
proof (rule measure_while_option_Some[where
f= “%A:"a set. card C — card A” and P= “%A. AC CANACfA” and s= X])
fix Aassume A: “ACCNACfA” “fFA#A”
show “(fAC CANFfACF (fA) A card C — card (f A) < card C — card A”
(is “2L A ?R7)
proof
show ?L by(metis A(1) assms(2) monoD[OF «<mono f3])
show ?R
by (metis A assms(2,3) card__seteq diff _less_mono2 equalityl linorder_le_less_linear
rev_finite__subset)
qed
qed (simp add: X)

lemma pre_star_exec_terminates: “It. pre_star_loop s = Some t”
unfolding pre_star_loop__def
by (rule while_option_ finite__subset_Some[where C=UNIV])
(auto simp: mono__def dest: pre__starl_mono| THEN monoD])

lemma pre_star_exec_code[code]:
“pre_star_exec s = (let s’ = pre_starl s in if s’ C s then s else pre_star_ezec (s U s'))”
unfolding pre_star__exec def pre_star__loop__def o__apply
by (subst while__option__unfold)(auto simp: Let_def)

lemma saturation_pre_star_exec: “saturation pre_star_rule ts (pre_star_exec ts)”
proof —
from pre_star_erec_ terminates obtain t where t: “pre_star_loop ts = Some t”
by blast
obtain k where k: “t = ((As. s U pre_starl s) ~ k) ts” and le: “pre_starl ¢t C t”
using while_option__stop2[OF t[unfolded pre__star_loop__def]] by auto
have “(|J{us. pre_star_rule t us}) — t C pre_starl t”
by (auto simp: pre_starl_def LTS .trans_star_code[symmetric] prod.splits is_rule_ def
pre__star_rule.simps)
from subset_trans[OF this le] show ?thesis
unfolding saturation__def saturated__def pre_star _exec_def o _apply k t
by (auto 9 0 simp: pre__star_rule_pre__starls subset__eq pre__star_rule.simps)
qged

inductive post_star_rules :: “(('ctr_loc, 'noninit, 'label) state, 'label option) transition set = (('ctr_loc, 'noninit,
"label) state, 'label option) transition set = bool” where
add__trans__pop:
“(p, v) = (p', pop) =
(Init p, [v], q) € LTS _e.trans_star_e ts =
(Init p', €, q) ¢ ts =
post_star_rules ts (ts U {(Init p’, &, ¢)})”
| add_trans _swap:
“(p, v) = (p', swap v') =
(Init p, [v], q) € LTS_e.trans_star_e ts =
(Init p’, Some v, q) & ts =
post_star_rules ts (ts U {(Init p’, Some ', ¢)})”
| add_trans_push_1:
“(p,7) = (0, push v v") =
(Init p, [v], q) € LTS _e.trans_star_c ts =
(Init p’, Some ', Isolated p' v') & ts —>
post__star_rules ts (ts U {(Init p’, Some ~', Isolated p’ v")})”
| add_trans_push_ 2:
“(p, 7) = (p', push v' ") =
(Init p, [v], q) € LTS _e.trans_star_e ts =
(Isolated p’ ', Some v, q) & ts =
(Init p’, Some ', Isolated p' v') € ts =
post_star_rules ts (ts U {(Isolated p’ v', Some v, ¢)})”
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lemma pre_star_rule _mono:
“pre__star_rule ts ts' => ts C ts
unfolding pre star_rule.simps by auto

/9

lemma post__star_rules _mono:
“post__star_rules ts ts' == ts C ts'”

proof (induction rule: post_star_rules.induct)
case (add_trans_pop p v p’ q ts)
then show ?case by auto

next
case (add_trans_swap p v p’ v’ q ts)
then show ?case by auto

next
case (add_trans_push_1p vy p' v 7" qts)
then show ?case by auto

next
case (add_trans_push_2p v p' v 7" q ts)
then show ?case by auto

qed

lemma pre_star_rule_card_Suc: “pre_star_rule ts ts’ = card ts' = Suc (card ts)”
unfolding pre_star_rule.simps by auto

lemma post_star_rules_card_Suc: “post_star_rules ts ts’ = card ts’ = Suc (card ts)”
proof (induction rule: post_star_rules.induct)
case (add_trans_pop p v p’ q ts)
then show ?case by auto
next
case (add_trans_swap p v p’ v’ q ts)
then show ?case by auto
next
case (add_trans_push_1p~vy p' v 7" qts)
then show ?case by auto
next
case (add_trans_push_2p vy p' v 7" q ts)
then show ?case by auto
qed

lemma pre_star_saturation__termination:
“=(tts. (Vi = nat. pre_star_rule (tts i) (tts (Suc 7))))”
using no__infinite pre__star_rule_card_Suc by blast

lemma post__star__saturation__termination:
“=(3tts. (Vi = nat. post_star_rules (tts i) (tts (Suc i))))”
using no__infinite post_star_rules card_Suc by blast

lemma pre_star__saturation__exi:
shows “Jts’. saturation pre_star_rule ts ts
using pre_star_rule_card_Suc saturation__exi by blast

13

lemma post_star__saturation__exi:
shows “Jts’. saturation post_star rules ts ts
using post_star_rules__card__Suc saturation__exi by blast

19

lemma pre_star_rule_incr: “pre_star_rule A B=— A C B”
proof (induction rule: pre_star_rule.inducts)
case (add_trans p v p" w q rel)
then show ?case
by auto
qed
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lemma post_star_rules_incr: “post_star_rules A B— A C B”
proof (induction rule: post_star_rules.inducts)
case (add_trans_pop p v p’ q ts)
then show Zcase
by auto
next
case (add_trans_swap p vy p’ v’ q ts)
then show ?case
by auto
next
case (add_trans_push_1p vy p' v 7" qts)
then show ?case
by auto
next
case (add_trans_push_2p v p' v 7" q ts)
then show ?case
by auto
qed

lemma saturation_rtranclp__pre_ star_rule_incr: “pre_star_rule*™ A B — A C B”
proof (induction rule: rtranclp__induct)

case base

then show ?case by auto
next

case (step y z)

then show Zcase

using pre_ star_rule_incr by auto

qed

lemma saturation_rtranclp__post_star_rule_incr: “post_star_rules™ A B — A C B”
proof (induction rule: rtranclp__induct)

case base

then show ?case by auto
next

case (step y z)

then show ?case

using post_star_rules_incr by auto

qed

lemma preistarLz’ncritmnsistar:
“pre_star_rule*™ A A" = LTS.trans_star A C LTS.trans_star A’”
using mono__def LTS _trans_star_mono saturation_ rtranclp__pre_ star_rule__incr by metis

lemma postfstar’7incr7tmnsistar:
“post__star_rules*™ A A" = LTS.trans_star A C LTS.trans_star A’”
using mono__def LTS trans_star_mono saturation__rtranclp__post_star_rule_incr by metis

lemma post_star'_incr_tmns_star_a:
“post_star_rules*™™ A A’ = LTS e.trans_star € A C LTS e.trans_star e A’”
using mono__def LTS e trans star_e__mono saturation__rtranclp_post_star_rule_incr by metis

lemma pre_star_lim’_incr_trans_star:
“saturation pre_star _rule A A’ = LTS .trans_star A C LTS .trans_star A'”
by (simp add: pre_star’_incr_trans_star saturation__def)

lemma post_star_lim’ _incr_trans star:
“saturation post_star rules A A’ = LTS.trans_star A C LTS.trans_star A'”
by (simp add: post_star’_incr_trans__star saturation__def)

lemma post_star_lim' _incr_trans star_e:

“saturation post_star rules A A’ = LTS e.trans_star e A C LTS e.trans_star_e A'”
by (simp add: post_star’_incr_trans_star_e saturation__def)
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5.3 Pre* lemmas

lemma inits _srcs_iff Ctr_Loc_srcs:
“ingts C LTS.srcs A < (Bq~y ¢’ (g, 7, Init ¢') € A)”
proof
assume “inits C LTS.srcs A”
then show “Bq v ¢’ (¢, v, Init ¢') € A”
by (simp add: Collect_mono__iff LTS .srcs_def inits__def)
next
assume “Bq v ¢ (q, v, Init ¢') € A”
show “inits C LTS.srcs A”
by (metis LTS.srcs_def2 inits_def B q v q'. (q, v, Init ¢") € A> mem_ Collect_eq
state.collapse(1) subsetl)
qged

lemma lemma_3 1:
assumes “‘p'w =* pv”
assumes “pv € lang A”
assumes “saturation pre_star_rule A A’”
shows “accepts A’ p'w”
using assms
proof (induct rule: converse__rtranclp__induct)
case base
define p where “p = fst pv”
define v where “v = snd pv”
from base have “Jq € finals. (Init p, v, q) € LTS.trans_star A'”
unfolding lang def p_def v_def using pre_star_lim’_incr_trans_star accepts_def by fastforce
then show ?case
unfolding accepts_def p_ def v_def by auto
next
case (step p'w p''u)
define p’ where “p’ = fst p'w”
define w where “w = snd p'w”

1, 2

define p’’ where “p’’ = fst p''u

define ©v where “u = snd p''u”

have p'w_def: “p'w = (p’, w)”
using p’_def w_def by auto
have p''u_def: “p"'u = (p"’, u)”
using p’’_def u_def by auto

then have “accepts A’ (p”, u)”
using step by auto
then obtain ¢ where ¢_p: “q € finals A (Init p'’, u, q) € LTS.trans_star A'”
unfolding accepts def by auto
have “Tv wi ul. w=y#wl A u=Ilbl ul@Quwi A (p’, v) = (p”, ul)”
using p’’u__def p'w__def step.hyps(1) step_relp__def2 by auto
then obtain v wi vl where v_wl_ul_p: “w=y#wl A u=Ilbl ulQuwi A (p’,v) = (p”, ul)”
by blast

then have “Jq1. (Init p”’, bl ul, q1) € LTS.trans_star A’ A (q1, wl, q) € LTS.trans_star A'”
using g p LTS.trans_star_split by auto

then obtain ¢/ where q1_p: “(Init p”’, Ibl ul, q1) € LTS.trans_star A’ A (q1, wi, q) € LTS.trans_star A'”
by auto

then have in_ A" “(Init p’, v, q1) € A"”
using v_wl_ul_p add_trans[of p’ v p’’ ul q1 A'] saturated_def saturation__def step.prems by metis

then have “(Init p’, v#w1, q) € LTS.trans_star A'”
using LTS.trans_star.trans__star_step q1__p by meson
then have t_in_ A" “(Init p’, w, q) € LTS.trans_star A"”

using v_wl_ul_p by blast

from ¢ _pt_in_A’ have “q € finals A (Init p’, w, q) € LTS.trans_star A'”
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by auto
then show ?case
unfolding accepts def p'w_def by auto
qed

lemma word__into__init_empty_ states:
fixes A :: “((‘ctr_loc, 'noninit, 'label) state, 'label) transition set”
assumes “(p, w, ss, Init q) € LTS.trans_star_states A”
assumes “inits C LTS.srcs A”

shows “w =[] A p = Init ¢ A ss=[p]”
proof —
define g1 :: “(’ctr_loc, 'noninit, 'label) state” where
“q1 = Init q7

have q1_path: “(p, w, ss, q1) € LTS .trans__star_states A”
by (simp add: assms(1) ql__def)
moreover
have “q1 € inits”
by (simp add: inits__def q1__def)
ultimately
have “w =[] A p = ¢ A ss=[p]”
proof (induction rule: LTS .trans_star_states.induct|OF q1__path])
case (1 p)
then show ?case by auto
next
case (2p v q¢' wss q)
have “Aq v q’. (q, v, Init ¢') € A”
using assms(2) unfolding inits _def LTS.srcs_def by (simp add: Collect_mono__iff)
then show ?case
using 2 assms(2) by (metis inits_def is_Init_def mem__Collect__eq)
qed
then show %thesis
using q1_def by fastforce
qed

lemma word__into__init__empty:
fixes A :: “((‘ctr_loc, 'noninit, 'label) state, 'label) transition set”
assumes “(p, w, Init q) € LTS .trans__star A”
assumes “inits C LTS.srcs A”
shows “w =[] A p = Init ¢”
using assms word__into__init_empty_states LTS.trans star_trans_star_states by metis

lemma step relp__append__auz:
assumes “pu =" ply”
shows “(fst pu, snd pu @ v) =" (fst ply, snd ply Q v)”
using assms
proof (induction rule: rtranclp__induct)
case base
then show ?case by auto
next
case (step p'w ply)
define p where “p = fst pu”
define u where “u = snd pu”
define p’ where “p’ = fst p'w”
define w where “w = snd p'w”
define p1 where “pl = fst ply”
define y where “y = snd ply”
have step_1: “(p,u) =* (p’,w)”
by (simp add: p’_def p__def step.hyps(1) u_def w__def)
have step2: “(p’,w) = (p1,y)”
by (simp add: p’_def p1__def step.hyps(2) w_def y_def)
have step_3: “(p, u Q@ v) =* (p/, w Q v)”
by (simp add: p’_def p_ def step.IH u__def w__def)
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note step’ = step_ 1 step_ 2 step_ 3

from step’(2) have “TIy w’ wa. w=~v # w' Ay = Iblwa Q@ w’ A (p’,7) = (pI, wa)”
using step__relp__def2[of p’ w p1 y] by auto
then obtain v w’ wa where v_w’_wa_p: “w =~ # w' Ay = 1blwa Q@ w' A (p/,v) = (pl, wa)”
by metis
then have “(p, v Q v) =" (pI, y Q v)”
by (metis (no__types, lifting) PDS.step__relp__def2 append.assoc append__Cons rtranclp.simps step__3)
then show ?case
by (simp add: p1__def p_def u__def y_ def)
qed

lemma step relp append:
assumes “(p, u) =" (pl, y)”
shows “(p, v Q@ v) =" (p1, y Q v)”
using assms step__relp__append__aux by auto

lemma step_ relp__append__empty:
assumes “(p, u) =" (p1,[])”
shows “(p, v Q@ v) =~ (p1, v)”
using step_relp _append[OF assms| by auto

lemma lemma_3 2 a”
assumes “inits C LTS.srcs A”
assumes “pre_star_rule*™ A A"
assumes “(Init p, w, q) € LTS.trans_star A’”
shows “Ap’ w'. (Init p’, w’, q) € LTS.trans_star A A (p, w) =" (p’, w')”
using assms(2) assms(3)
proof (induction arbitrary: p ¢ w rule: rtranclp__induct)
case base
then have “(Init p, w, q) € LTS.trans_star A N (p, w) =" (p, w)”
by auto
then show ?case
by auto
next
case (step Aiminusl At)

from step(2) obtain p! v p2 w2 q' where pl_~y_p2 w2 q'_p:
“Ai = Aiminust U {(Init p1, v, ¢")}”
“(p1,v) <= (p2, w2)”
“(Init p2, Ibl w2, q') € LTS.trans_star Aiminus1”
“(Ingt p1, v, q') ¢ Aiminusl”
by (meson pre__star_rule.cases)

define t :: “(('ctr_loc, 'noninit, 'label) state, 'label) transition”
where “t = (Init p1, v, q')”

obtain ss where ss_p: “(Init p, w, ss, q) € LTS.trans_star_states Ai”
using step(4) LTS.trans_star_trans__star_states by metis

define j where “j = count (transitions_of ' (Init p, w, ss, q)) t”

from j def ss_p show ?case
proof (induction j arbitrary: p q w ss)
case (
then have “(Init p, w, q) € LTS.trans_star Aiminusl”
using count_zero__remove__trans__star_states_trans__star pli'yip,?iw,?iq;p(]) t_def by metis
then show ?case
using step.IH by metis
next
case (Suc j')
have “Ju v u_ ssv_ss.
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ss = u_ss@Qu_ss A w = u@[y]Quv A
(Init p,u,u_ss, Init p1) € LTS.trans_star_states Aiminusl A
(Init p1,[v],q") € LTS .trans_star Ai A
(q',v,u_ss,q) € LTS.trans_star_states Ai A
(Init p, w, ss, q) = ((Init p, u, u_ss, Init p1), v) QQ" (¢, v, v_ss, q)”
using split_at_first_t[of “Init p” w ss q Ai j' “Init p1” v q' Aiminus1]
using Suc(2,3) t_def pl_~v_p2 w2 q' p(1,4) t_def by auto
then obtain u v u_ss v_ss where uv_v_wu_ss v _ss p:
“ss = u_ssQu_ss A w = u@Q[y]Quv”
“(Init p,u,u_ss, Init p1) € LTS .trans_star_states Aiminusl”
“(Init p1,[y],q') € LTS.trans_star Ai”
“(q',v,u_ss,q) € LTS.trans_star__states Ai”
“(Init p, w, ss, q) = ((Init p, u, u_ss, Init p1), v) @QQ" (q’, v, v_ss, q)
by blast
from this(2) have “Ip"" w'. (Init p", w'’, Init p1) € LTS.trans_star A A (p, u) =* (p”, w')”
using Suc(1)[of p u _ “Init p1”] step.IH step.prems(1)
by (meson LTS.trans_star_states_trans__star LTS.trans__star_trans_star_states)
from this this(1) have VIII: “(p, u) =" (p1,[])”
using word__into__init__empty assms(1) by blast

”

note IX = pl_~y_p2 w2 _q'_p(2)

note III = pl_~v p2 w2 q" p(3)

from III have III_2: “Jw2_ss. (Init p2, Ibl w2, w2_ss, q') € LTS.trans_star_states Aiminus1”
using LTS.trans_star_trans_star__states|of “Init p2” “Ibl w2” q' Aiminus1]| by auto

then obtain w2 ss where III_2: “(Init p2, bl w2, w2_ss, q¢') € LTS.trans_star_states Aiminus1”
by blast

from /II have V:
“(Init p2, bl w2, w2_ss, q") € LTS.trans_star_states Aiminus1”
“(q', v, v_ss, q) € LTS.trans_star_states Ai”
using I1I_2 «(q’, v, v_ss, q) € LTS.trans_star_states Ai> by auto

define w2v where “w2v = bl w2 Q v”
define w2v ss where “w2v _ss = w2 ss Q tl v_ss”

from V(1) have “(Init p2, Ibl w2, w2_ss, q¢') € LTS.trans_star_states Ai”

using trans_star_states_mono pl_~_p2 w2 q'_p(1) using Un__iff subset] by (metis (no_types))
then have V_merged: “(Init p2, w2v, w2v_ss, q) € LTS .trans__star_states Ai”

using V(2) unfolding w2v_def w2y_ss_def by (meson LTS.trans_star_states__append)

have j'_count: “' = count (transitions_of' (Init p2, w2v, w2v_ss, q)) t”
proof —
define countts where
“countts == Az. count (transitions_of' ) t”

”

have “countts (Init p, w, ss, q) = Suc j'
using Suc.prems(1) countts_def by force
moreover
have “countts (Init p, u, u_ss, Init p1) = 0”
using LTS.avoid__count_zero countts_def pl_~v_p2 w2 _q'_p(4) t_defu v _u_ss_v_ss_p(2)
by fastforce
moreover
from u_v_u_ss_v_ss_p(5) have “countts (Init p, w, ss, q) = countts (Init p, u, u_ss, Init p1) + 1 + countts
(ql> UV, U_SS, q) 7
using count__combine__trans__star_states countts_def t_def u_v_u_ss v _ss p(2)
u_v_u_ss_v_ss_p(4) by fastforce
ultimately
have “Suc j' = 0 + 1 + countts (q', v, v_ss, q)”
by auto
then have %' = countts (¢, v, v_ss, q)’
by auto
moreover
have “countts (Init p2, Ibl w2, w2_ss, q¢') = 07

4
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using 112 LTS.avoid__count_zero countts_def pl_~_p2 w2 _q'_p(4) t_def by fastforce
moreover
have “(Init p2, w2v, w2v_ss, q) = (Init p2, bl w2, w2_ss, ¢') QQ" (q’, v, v_ss, q)”
using w2v_def w2v_ss_def by auto
then have “countts (Init p2, w2v, w2v_ss, q) = countts (Init p2, Ibl w2, w2_ss, q') + countts (q¢', v, v_ss, q)”
using «(Init p2, bl w2, w2_ss, q¢') € LTS.trans_star_states Ai»
count__append__trans__star_states countts_def t _def u_v_u_ss _v_ss_p(4) by fastforce
ultimately
show ?thesis
by (simp add: countts_def)
qed

have “Ip’ w'. (Init p’, w’, q) € LTS .trans_star A A (p2, w2v) =* (p’, w')”
using Suc(1) using j'_count V_merged by auto

then obtain p’ w’ where p’_w’_p: “(Init p', w', q) € LTS.trans_star A” “(p2, w2v) =" (p’, w')”
by blast

note X = p"_w’_p(2)

have “(p,w) = (p,u@[y]@Qv)”
using (ss = u_ss @ v_ss A w = u Q [y] @ v» by blast

have “(p,u@[y]@Quv) =~ (pI,7#v)”
using VIII step_ relp _append__empty by auto

from X have “(p! y#v) = (p2, w2v)”
by (metis IX LTS.step_relp_def transition__rel.intros w2v_ def)

from X have
“(p2, w2v) =" (p', w')”
by simp

have “(p, w) =* (p’, w')”
using X «(p, u @ [y] @ v) =" (p1, v # v)» «(p, w) = (p, u @ [y] @ v)» «(pl, v # v) = (p2, w2v)> by auto

then have “(Init p’, w’, q) € LTS.trans_star A A (p, w) =* (p/, w')”
using p’_w’_p(1) by auto
then show ?case
by metis
qed
qed

lemma lemma_ 3 2 a:
assumes “inits C LTS.srcs A”
assumes “saturation pre_star_rule A A'”
assumes “(Init p, w, q) € LTS .trans_star A'”
shows “Ip’ w'. (Init p’, w’, q) € LTS.trans_star A A (p, w) =* (p’, w')”
using assms lemma_3 2 a’ saturation_ def by metis

— Corresponds to one direction of Schwoon’s theorem 3.2
theorem pre_star_rule subset_pre_ star_lang:
assumes “inits C LTS.srcs A”
assumes “pre_star_rule*™ A A"
shows “{c. accepts A’ ¢} C pre_star (lang A)”
proof
fix ¢ :: “‘ctr_loc x 'label list”
assume c¢_a: “c € {w. accepts A" w}”
define p where “p = fst ¢”
define w where “w = snd ¢”
from p_def w_def ¢c_a have “accepts A’ (p,w)
by auto
then have “Jq € finals. (Init p, w, q) € LTS.trans_star A'”
unfolding accepts def by auto

wl

”
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then obtain ¢ where q_p: “q € finals” “(Init p, w, q) € LTS.trans_star A’”
by auto

then have “Ip’ w’. (p,w) =* (p/,w’) A (Init p’, w', q) € LTS.trans_star A”
using lemma_3 2 a’ assms(1) assms(2) by metis

then obtain p’ w’ where p’_w’_p: “(p,w) =* (p’,w’)” “(Init p’, w’, q) € LTS .trans_star A”
by auto

then have “(p’, w’) € lang A”
unfolding lang def unfolding accepts_def using q _p(1) by auto

then have “(p,w) € pre_star (lang A)”
unfolding pre_star _def using p’_w’_p(1) by auto

then show “c € pre_star (lang A)”
unfolding p_def w_def by auto

qed

— Corresponds to Schwoon’s theorem 3.2
theorem pre_star_rule _accepts _correct:
assumes “inits C LTS.srcs A”
assumes “saturation pre_star_rule A A'”
shows “{c. accepts A’ ¢} = pre_star (lang A)”
proof (rule; rule)
fix ¢ :: “‘ctr_loc x 'label list”
define p where “p = fst ¢”
define w where “w = snd ¢”
assume “c € pre_star (lang A)”
then have “(p,w) € pre_star (lang A)”
unfolding p def w_def by auto
then have “Ip’ w’. (p’,w’) € lang A A (p,w) = (p,w’)”
unfolding pre_ star_def by force
then obtain p’ w’ where “(p’,w’) € lang A A (p,w) =" (p',w")”
by auto
then have “Jq € finals. (Init p, w, q) € LTS .trans_star A'”
using lemma_3_1 assms(2) unfolding accepts_def by force
then have “accepts A’ (p,w)”
unfolding accepts_def by auto
then show “c € {c. accepts A’ c}”
using p_def w_def by auto
next
fix ¢ :: “‘ctr_loc x 'label list”
assume “c € {w. accepts A" w}”
then show “c € pre_star (lang A)”
using pre_star_rule_subset_pre_star_lang assms unfolding saturation__def by auto
qged

wl

— Corresponds to Schwoon’s theorem 3.2
theorem pre_star_rule correct:
assumes “inits C LTS.srcs A”
assumes “saturation pre_star_rule A A7
shows “lang A" = pre_star (lang A)”
using assms(1) assms(2) lang_def pre_star_rule__accepts_correct by auto

theorem pre_ star_erec__accepts correct:
assumes “inits C LTS.srcs A”
shows “{c. accepts (pre_star_exec A) c} = pre_star (lang A)”
using pre_star_rule__accepts__correct[of A “pre_star_ezec A”] saturation_pre_star_exec|of A]
assms by auto

theorem pre_star_exec_lang correct:
assumes “inits C LTS.srcs A”
shows “lang (pre_star_exec A) = pre_star (lang A)”
using pre_star_rule_correct[of A “pre_star_exec A”] saturation__pre_star_exec[of A] assms by auto

theorem pre_star__exec_check__accepts_correct:
assumes “pre_star__exec_ check A # None”
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shows “{c. accepts (the (pre_star_exec_check A)) ¢} = pre_star (lang A)”
using pre_star__exec__accepts_correct assms unfolding pre_ star_exec_check def pre__star__exec _def
by (auto split: if _splits)

theorem pre_star exec_check__correct:
assumes “pre_star__exec__check A # None”
shows “lang (the (pre_star_exec_ check A)) = pre_star (lang A)”
using pre_star__exec__check__accepts correct assms unfolding lang_def by auto

theorem accept_pre_ star__exec_ correct_ True:
assumes “inits C LTS.srcs A”
assumes “accepts (pre__star_exec A) c¢”
shows “c € pre_star (lang A)”
using pre_star _exec accepts correct assms(1) assms(2) by blast

theorem accept_pre_star__exec__correct_ False:
assumes “inits C LTS.srcs A”
assumes “—accepts (pre__star_exec A) ¢”
shows “c ¢ pre_star (lang A)”

using pre star _exec accepts correct assms(1) assms(2) by blast

theorem accept_pre_star__exec__correct__Some__True:
assumes “accept_pre_star_exec_check A ¢ = Some True”
shows “c € pre_star (lang A)”
proof —
have “inits C LTS.srcs A”
using assms unfolding accept pre star__exec_ check__def
by (auto split: if _splits)
moreover
have “accepts (pre_star_exec A) c¢”
using assms
using accept_pre_star_exec__check_def calculation by auto
ultimately
show “c € pre_star (lang A)”
using accept_pre__star__exec__correct_True by auto
qged

theorem accept_pre_star_exec_ correct__Some_ False:
assumes “accept_pre_ star__exec_check A ¢ = Some False”
shows “c ¢ pre_star (lang A)”
proof —
have “inits C LTS.srcs A”
using assms unfolding accept pre star_exec_check__def
by (auto split: if _splits)
moreover
have “—accepts (pre_star_exec A) ¢”
using assms
using accept__pre_star_exec__check__def calculation by auto
ultimately
show “c ¢ pre_star (lang A)”
using accept__pre_star_exec__correct_ False by auto
qed

theorem accept _pre star _exec correct_None:
assumes “accept_pre_star__exec_check A ¢ = None”
shows “—inits C LTS.srcs A”
using assms unfolding accept pre star__exec check__def by auto

5.4 Post* lemmas

lemma lemma_3 3"
assumes “pv =* p'w”
and “(fst pv, snd pv) € lang_ec A”
and “saturation post_star _rules A A'”
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shows “accepts_e A’ (fst p'w, snd p'w)”
using assms
proof (induct arbitrary: pv rule: rtranclp__induct)
case base
show Zcase
using assms post__star__lim " incr_trans_star_e
by (auto simp: lang_e__def accepts_e__def)
next
case (step p''u p'w)
define p’ where “p’ = fst p'w”
define w where “w = snd p'w”

11, »

define p’’ where “p’’ = fst p''u

define ©v where “u = snd p''u”

have p'w_def: “p'w = (p’, w)”
using p’_def w_def by auto
have p''u_def: “p"'u = (p"’, u)”
using p’’_def u_def by auto

then have “accepts ¢ A’ (p"', u)”
using assms(2) p'’_def step.hyps(8) step.prems(2) u_def by metis
then have “Jq. q € finals A (Init p”’, u, q) € LTS_c.trans_star_e A'”
by (auto simp: accepts_e__def)
then obtain ¢ where ¢ _p: “q € finals A (Init p"’, u, q) € LTS _e.trans_star_e A’”
by metis
then have “Ju_e. g € finals A LTS e.c_exp u_e u A (Init p”’, u_e, q) € LTS .trans_star A'”
using LTS e.trans_star_c_iff e_exp_trans_star[of “Init p"’” u q¢ A'] by auto
then obtain u_e where II: “q € finals” “LTS _c.e_exp u_e u” “(Init p”', u_e, q) € LTS.trans_star A'”
by blast
have “Iv ul wi. u=y#ul A w=Ibl wiQul A (p",v) — (p/, w1)”
using p’’u__def p'w__def step.hyps(2) step_relp__def2 by auto
then obtain v u! w! where III: “u=y#ul1” “w=Ibl wiQul” “(p", v) = (p’, wi1)”
by blast

have p’_inits: “Init p’ € inits”
unfolding inits def by auto

have p’’_inits: “Init p"’ € inits”
unfolding inits def by auto

have “Iv_c ul_e. LTS e.c_expy_e [y] AN LTS e.c_exp ul_e ul A (Init p"’, v_eQul_e, q) € LTS.trans_star
A/}7
proof —
have “3v_ec ul_e. LTS ce_expy_ec [y N LTS cc_expul_eul Nu_e=+y_cQul_e”
using LTS c.e_exp_split'[of u_e v ul] II(2) HI(1) by auto
then obtain v_e ul_e where “LTS ec_expv_e [y] N LTS ce_expul_eul Nu_ec=~_e Qul e’
by auto
then have “(Init p'', v_ecQuil_¢ , q) € LTS.trans_star A'”
using II(8) by auto
then show ?thesis
using (LTS ee_exp vy e [y] N LTS ce_expul_eul Nu_e =v_c Q ul_e» by blast
qed
then obtain v_¢ ul_¢ where
iii: “LTS _e.c_exp v_e |y]” and
iv: “LTS_e.c_exp ul_g ul” “(Init p", v_eQui_eg, q) € LTS .trans_star A'”
by blast
then have VI: “Jq1. (Init p"’, v_e, q1) € LTS.trans_star A’ A (q1, ul_eg, q) € LTS .trans_star A'”
by (simp add: LTS.trans__star_split)
then obtain ¢! where VI: “(Init p'’, v_e, q1) € LTS.trans_star A'” “(q1, ul_g, q) € LTS.trans_star A'”
by blast

then have VI_2: “(Init p"'| [v], q1) € LTS e.trans_star_e A'” “(q1, ul, q) € LTS e.trans_star_e A"”
by (meson LTS _e.trans_star_e__iff e_exp_trans_star it VI(2) iv(1))+

show ?case
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proof (cases wl)
case pop
then have r: “(p”, v) < (p’, pop)”
using I11(3) by blast
then have “(Init p’, ¢, q1) € A'”
using VI_2(1) add_trans_pop assms saturated_def saturation__def p'_inits by metis
then have “(Init p’, w, q) € LTS e.trans_star_c A'”
using II1(2) VI_2(2) pop LTS _e.trans_star_c.trans_star_e__step_e by fastforce
then have “accepts_e A’ (p', w)”
unfolding accepts_e__ def using II1(1) by blast
then show ?thesis
using p’_def w_def by force
next
case (swap ')
then have r: “(p”, v) < (p’, swap v")”
using I11(3) by blast
then have “(Init p’, Some ~', q1) € A’”
by (metis VI_2(1) add_trans_swap assms(3) saturated__def saturation__def)
have “(Init p’, w, q) € LTS e.trans_star_e¢ A’”
using III(2) LTS _e.trans_star_e.trans_star_e__step_~y VI_2(2) append__Cons append__self _conv2
Ibl.simps(3) swap <(Init p’, Some ', q1) € A" by fastforce
then have “accepts ¢ A’ (p/, w)”
unfolding accepts e def
using II(1) by blast
then show ?thesis
using p’_def w_def by force
next
case (push v' ~v"")
then have r: “(p”, v) < (p’, push v' ~')”
using III(3) by blast
from this VI_2 iii post_star_rules.intros(3)[OF this, of q1 A’, OF VI_2(1)]
have “(Init p’, Some ', Isolated p’ v') € A'”
using assms(8) by (meson saturated__def saturation__def)
from this r VI_2 i post_star_rules.intros(4)[OF r, of q1 A’, OF VI_2(1)]
have “(Isolated p’ ', Some ', q1) € A"”
using assms(3) using saturated__def saturation__def by metis
have “(Init p’, [v'], Isolated p’ v") € LTS e.trans_star_e A’ A
(Isolated p’ v', [v"], q1) € LTS e.trans_star_e A’ A
(q1, ul, q) € LTS _e.trans_star_e A'”
by (metis LTS e.trans_star_e.simps VI_2(2) «(Init p’, Some ~’, Isolated p' v") € A"
«(Isolated p' v', Some ~'', q1) € A")
have “(Init p’, w, q) € LTS e.trans_star_e A'”
using I11(2) VI_2(2) «(Init p’, Some v/, Isolated p' v') € A"
«(Isolated p' v', Some "', q1) € A"y push LTS_c.append_edge__edge_trans_star_e by auto
then have “accepts_e A’ (p', w)”
unfolding accepts e_ def
using II(1) by blast
then show %thesis
using p’_def w_def by force

qed
qed

lemma lemma_3 3:
assumes “(p,v) =* (p/,w)”
and “(p, v) € lang_e A”
and “saturation post_star _rules A A'”
shows “accepts_e A’ (p’, w)”
using assms lemma_3_3' by force

lemma init_only_hd:

assumes “(ss, w) € LTS .path_with _word A”
assumes “inits C LTS.srcs A”
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assumes “count (transitions_of (ss, w)) t > 07

assumes “t = (Init p1, v, q1)”

shows “hd (transition_list (ss, w)) = t A count (transitions_of (ss, w)) t = 17

using assms LTS.source_only_hd by (metis LTS.srcs__def2 inits_srcs_iff _Ctr_Loc__srcs)

lemma no__edge to_ Ctr_Loc__avoid__Ctr__Loc:
assumes “(p, w, qq) € LTS.trans_star Aiminusl”
assumes “w # |7
assumes “inits C LTS.srcs Aiminusl”
shows “qq ¢ inits”
using assms LTS.no__end_in__source by (metis subset_iff)

lemma no__edge to_ Ctr_Loc_avoid_ Ctr_Loc_e:
assumes “(p, [v], qq) € LTS e.trans_star_e Aiminusl”
assumes “inits C LTS.srcs Aiminusl”
shows “qq ¢ inits”
using assms LTS _e.no__edge_to__source_e by (metis subset_iff)

lemma no_edge to Ctr Loc_post_star _rules”:
assumes “post_star_rules™™ A Ai”
assumes “Aq v ¢’ (¢, v, Init ¢) € A”
shows “Aq v q’. (q, v, Init ¢') € Ai”
using assms
proof (induction rule: rtranclp__induct)
case base
then show ?case by auto
next
case (step Aiminusl A1)
then have ind: “Bq v ¢’ (g, v, Init ¢’) € Aiminusl”
by auto
from step(2) show ?case
proof (cases rule: post_star_rules.cases)
case (add__trans_pop p vy p' q)
have “q ¢ inits”
using ind no__edge_to_ Ctr_Loc__avoid_Ctr_Loc_e inits _srcs iff Ctr_Loc_srcs
by (metis local.add_trans_pop(8))
then have “fqq. ¢ = Init qq”
by (simp add: inits__def is_Init_def)
then show %thesis
using ind local.add_trans_pop(1) by auto
next
case (add_trans_swap p v p' 7' q)
have “q ¢ inits”
using add_trans _swap ind no__edge_to_ Ctr_Loc__avoid_Ctr_Loc_ e inits_srcs_iff Ctr_Loc_srcs
by metis
then have “fqq. ¢ = Init qq”
by (simp add: inits__def is_Init_def)
then show %thesis
using ind local.add__trans_swap(1) by auto
next
case (add_trans_push_1p~yp' v 7" q)
have “q ¢ inits”
using add_trans push__1 ind no__edge_to_Ctr_Loc__avoid_Ctr_Loc_ e inits srcs_iff Ctr_Loc_ srcs
by metis
then have “fqq. ¢ = Init qq”
by (simp add: inits_def is_Init_def)
then show %thesis
using ind local.add_trans_push_1(1) by auto
next
case (add_trans_push_2p~y p' v 7" q)
have “q ¢ inits”
using add__trans _push__ 2 ind no__edge_to_Ctr__Loc__avoid__Ctr_Loc_e inits_srcs_iff Ctr_Loc__srcs
by metis
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then have “Bqq. ¢ = Init qq”
by (simp add: inits_def is_Init_def)
then show %thesis
using ind local.add__trans_push_2(1) by auto
qed
qed

lemma no__edge to_ Ctr_Loc_post_star__rules:
assumes “post_star_rules™ A Ai”
assumes “inits C LTS.srcs A”
shows “inits C LTS.srcs Ai”
using assms no__edge_to_ Ctr_Loc_post_star _rules’ inits_srcs iff Ctr_Loc_srcs by metis

lemma source and_sink_isolated:
assumes “N C LTS.srcs A”
assumes “N C LTS.sinks A”
shows “Vp~yq. (p,v,9) €A—p¢& NANqg¢ N”
by (metis LTS.srcs_def2 LTS.sinks_def2 assms(1) assms(2) in_mono)

lemma post_star _rules Isolated source invariant’:
assumes “post_star _rules™ A A"
assumes “isols C LTS.isolated A”
assumes “(Init p’, Some «', Isolated p' v') ¢ A’”
shows “Bp v. (p, v, Isolated p’ v') € A"”
using assms
proof (induction rule: rtranclp__induct)
case base
then show ?case
unfolding isols def is_Isolated def using LTS.isolated_no__edges by fastforce
next
case (step Aiminusl A1)
from step(2) show ?case
proof (cases rule: post_star_rules.cases)
case (add_trans_pop p'"" 7" p"' q)
then have “(Init p’, Some ~', Isolated p' v') ¢ Ai”
using step.prems(2) by blast
then have nin: “Ap . (p, v, Isolated p’ v') € Aiminus1”
using local.add__trans_pop(1) step.IH step.prems(1,2) by fastforce
then have “Isolated p’ v/ # q”
using add_trans_pop(4) LTS e.trans_star_not_to_source_e LTS.srcs__def2
by (metis local.add_trans pop(8) state.distinct(3))
then have “Bp v. (p, v, Isolated p’ v") = (Init p”’, €, q)”
by auto
then show ?thesis
using nin add__trans_pop(1) by auto
next
case (add_trans_swap p"""" v"" p"" """ q)
then have “(Init p’, Some ~', Isolated p' v') ¢ Ai”
using step.prems(2) by blast
then have nin: “Ap . (p, v, Isolated p’ v') € Aiminus1”
using local.add__trans_swap(1) step.IH step.prems(1,2) by fastforce
then have “Isolated p’ v’ # q”
using LTS.srcs__def2
by (metis state.distinct(4) LTS _e.trans__star_not_to_source_e local.add_trans_swap(3))
then have “Ap v. (p, v, Isolated p’ v') = (Init p”’, Some v""', q)”
by auto
then show %thesis
using nin add_trans_swap(1) by auto
next
case (add_trans_push_1p"" v p" 4" 4" q)
then have “(Init p’, Some ~', Isolated p' v') ¢ Ai”
using step.prems(2) by blast
then show %thesis

!
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using add__trans_push__1(1) Un__iff state.inject(2) prod.inject singleton_ iff step.IH
step.prems(1,2) by blast
next
case (add_trans_push_ 2 p""" v p"" """ ~
have “(Init p’, Some ', Isolated p’ v') ¢ Ai”
using step.prems(2) .
then have nin: “Ap 7. (p, v, Isolated p’ v') € Aiminus1”
using local.add_trans_push_2(1) step.IH step.prems(1) by fastforce
then have “Isolated p’ ' # q”
using LTS.srcs__def2 local.add__trans_push__2(8)
by (metis state.disc(1,3) LTS _e.trans_star_not_to__source_eg)
then have “Bp v. (p, v, Isolated p’ v") = (Init p”’, €, q)”
by auto
then show ?thesis
using nin add__trans_push_2(1) by auto
qed
qed
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lemma post_star_rules Isolated__source__invariant:
assumes “post_star rules™™ A A"
assumes “isols C LTS.isolated A”
assumes “(Init p’, Some «’, Isolated p' v') ¢ A’”
shows “Isolated p' v' € LTS.srcs A'”
by (meson LTS.srcs_def2 assms(1) assms(2) assms(3) post_star_rules_Isolated__source__invariant”)

lemma post_star _rules Isolated sink invariant”:
assumes “post_star _rules™ A A"
assumes “isols C LTS.isolated A”
assumes “(Init p’, Some «', Isolated p' v') ¢ A'”
shows “Bp v. (Isolated p’ v', v, p) € A"”
using assms
proof (induction rule: rtranclp__induct)
case base
then show ?case
unfolding isols def is_Isolated__def
using LTS.isolated_no__edges by fastforce
next
case (step Aiminusl At)
from step(2) show ?case
proof (cases rule: post_star_rules.cases)
case (add_trans_pop p""" 7" p'' q)
then have “(Init p', Some ~', Isolated p' v') ¢ Ai”
using step.prems(2) by blast
then have nin: “Ap . (Isolated p’ v', v, p) € Aiminus1”
using local.add__trans_pop(1) step.IH step.prems(1,2) by fastforce
then have “Isolated p’ ' # q”
using add__trans_pop(4)
LTS _e.trans__star_not_to__source_elof “Init p'"’” “[y"']” q Aiminusl “Isolated p’ v'”
post__star_rules_Isolated__source__invariant local.add__trans_pop(1) step.hyps(1) step.prems(1,2)
Unll1 local.add_trans_pop(3) by (metis (full types) state.distinct(3))
then have “Bp . (p, 7, Isolated p' v") = (Init p”’, €, q)”
by auto
then show ?thesis
using nin add__trans_pop(1) by auto
next
case (add_trans_swap p""" v p"" 4" q)
then have “(Init p', Some ~', Isolated p' v') ¢ Ai”
using step.prems(2) by blast
then have nin: “Ap . (Isolated p’ v', v, p) € Aiminus1”
using local.add__trans_swap(1) step.IH step.prems(1,2) by fastforce
then have “Isolated p’ v’ # q”
using LTS e.trans_star_not__to_source_e[of “Init p [v"]” q Aiminusl]
local.add__trans__swap(3) post_star_rules_Isolated__source_invariant[of __ Aiminusi p’~'] UnCI

11115«
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) step.prems(1,2) state.simps(7) by metis

local.add__trans_swap(1) step.hyps(1
Y = (Init p"'; Some v, q)”

then have “Ap 5. (p, v, Isolated p’ v
by auto
then show ?%thesis
using nin add_trans_swap(1) by auto
next
case (add_trans_push_1p""" v p"" """ """ q)
then have “(Init p’, Some ~', Isolated p' v') ¢ Ai”
using step.prems(2) by blast
then show ?thesis
using add__trans_push__1(1) Un__iff state.inject prod.inject singleton__iff step.IH
step.prems(1,2) by blast
next
case (add_trans_push_2 p""" v p"" """ v
have “(Init p’, Some ', Isolated p’ v') ¢ Ai”
using step.prems(2) by blast
then have nin: “Ap v. (Isolated p’ v', v, p) € Aiminus1”
using local.add__trans_push_2(1) step.IH step.prems(1,2) by fastforce
then have “Isolated p’ ' # q”
using state.disc(3)
LTS _e.trans__star_not_to__source_elof “Init p""""” “|v")” q Aiminus1 “Isolated p' v'”]
local.add__trans_push_2(3)
using post__star_rules_Isolated__source__invariant[of __ Aiminusl p’ 'y'] UnCI
local.add_trans_push__2(1) step.hyps(1) step.prems(1,2) state.disc(1) by metis
then have “Ap v. (Isolated p’ v', v, p) = (Init p”’, ¢, q)”
by auto
then show ?thesis
using nin add_trans_push_2(1)
using local.add_trans_push__2 step.prems(2) by auto
qed
qed

e
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lemma post_star_rules Isolated__sink__invariant:
assumes “post_star rules™ A A"
assumes “isols C LTS.isolated A”
assumes “(Init p’, Some v', Isolated p' v') ¢ A'”
shows “Isolated p' v' € LTS.sinks A'”
by (meson LTS.sinks_def2 assms(1,2,3) post_star_rules Isolated_sink_invariant’)

— Corresponds to Schwoon’s lemma 3.4
lemma rtranclp__post__star_rules_constains__successors__states:
assumes “post_star rules™ A A"
assumes “inits C LTS.srcs A”
assumes “isols C LTS.isolated A”
assumes “(Init p, w, ss, q) € LTS.trans_star_states A'”
shows “(=is_Isolated ¢ — (3p’ w'. (Init p’, w’, q) € LTS_e.trans_star_e A A (p',w’) =* (p, LTS_e.remove_¢
w))) A
(is_Isolated ¢ — (the_Ctr_Loc gq, [the_ Label q]) =" (p, LTS e.remove_e w))”
using assms
proof (induction arbitrary: p q w ss rule: rtranclp__induct)
case base
{
assume ctr_loc: “is_Init q V is_Noninit q”
then have “(Init p, LTS e.remove_e w, q) € LTS e.trans_star_e A”
using base LTS e.trans star_states_ trans_star_e by metis
then have “dp’ w’. (p’, w’, q) € LTS e.trans_star_e A”
by auto
then have Zcase
using ctr_loc «(Init p, LTS _e.remove_e w, q) € LTS _e.trans_star_e A> by blast
}

moreover

{
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assume “is_Isolated q”
then have ?case
proof (cases w)
case Nil
then have Fulse using base
using LTS.trans_star_empty LTS .trans_star__states trans_star <is_Isolated q>
by (metis state.disc(7))
then show ?thesis
by metis
next
case (Cons v w_rest)
then have “(Init p, v#w_rest, ss, q) € LTS.trans_star_states A”
using base Cons by blast
then have “Is v’ (s,v’, q) € A”
using LTS.trans_star_states transition__relation by metis
then have Fulse
using «is_Isolated ¢> isols_def base.prems(2) LTS.isolated_no__edges
by (metis mem__Collect_eq subset__eq)
then show %thesis
by auto
qed
}
ultimately
show ?Zcase
by (meson state.exhaust__disc)
next
case (step Aiminusl At)
from step(2) have “Ipl v p2 w2 q1. Ai = Aiminusl U {(p1, v, q1)} A (pl,~, q1) ¢ Aiminusl”
by (cases rule: post_star_rules.cases) auto
then obtain p! v qI where pl_~v p2 w2 q' p:
“Ai = Aiminusl U {(p1, v, q¢1)}”
“(p1,~, q1) ¢ Aiminusl”
by auto

define ¢t where “t = (p1, v, q1)”
define j where % = count (transitions_of ' (Init p, w, ss, q)) t”

note ss_p = step(6)

from j def ss_p show ?case
proof (induction j arbitrary: p q w ss)
case (
then have “(Init p, w, ss, q) € LTS.trans_star_states Aiminusl”
using count_zero__remove__path__with__word__trans_star_states p1_~y_p2_ w2 q Lp(l) t_def
by metis
then show ?case
using step by auto
next
case (Suc j)
from step(2) show ?case
proof (cases rule: post_star_rules.cases)
case (add__trans_pop p2 v2 pl ql)
note III = add_trans_pop(3)
note VI = add_trans_pop(2)
have t_def: “t = (Init p1, €, q1)”
using local.add__trans_pop(1) local.add_trans_pop p1_~_p2_ w2 _q’'_p(1) t_def by blast
have it Ai: “inits C LTS.srcs Ai”
using step(1,2) step(4)
using no__edge_to_Ctr_Loc_post_star_rules
using r_into_rtranclp by (metis)
have ¢ _hd_once: “hd (transition_list (ss, w)) = t A count (transitions_of (ss, w)) t = 17
proof —
have “(ss, w) € LTS.path_with_word Ai”
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using Suc(8) LTS.trans_star_states__path_with__word by metis
moreover
have “inits C LTS.srcs Ai”
using init_Ai by auto
moreover
have “0 < count (transitions_of (ss, w)) t”
by (metis Suc.prems(1) transitions_of .simps zero_less_ Suc)
moreover
have “t = (Init p1, e, q1)”
using t_def by auto
moreover
have “Init p1 € inits”
by (simp add: inits_def)
ultimately
show “hd (transition_list (ss, w)) = t A count (transitions_of (ss, w)) t = 17
using init_only_hd[of ss w Ai ¢t pl € q1] by auto
qed
have “transition_list (ss, w) # []”
by (metis LTS .trans_star_states__path__with_word LTS .path__with__word.simps Suc.prems(1)
Suc.prems(2) count__empty less_not_refl2 list.distinct(1) transition_ list.simps(1)
transitions_ of .simps transitions_of .simps(2) zero_less_Suc)
then have ss_w_split: “([Init p1,q1], [€]) Q" (¢l ss, tl w) = (ss, w)”
using t_hd_once t_def hd__transition__list_append__path__with__word by metis
then have ss_w_split". “(Init p1, [g], [Init p1,q1], q1) @QQ" (qI, tl w, tl ss, q) = (Init p1, w, ss, q)”
by auto
have VII: “p = p1”
proof —
have “(Init p, w, ss, q) € LTS.trans_star_states Ai”
using Suc.prems(2) by blast
moreover
have “t = hd (transition_list’ (Init p, w, ss, q))”
using <hd (transition_list (ss, w)) = t A count (transitions_of (ss, w)) t = 1»
by fastforce
moreover
have “transition_list’ (Init p, w, ss, q) # [|”
by (simp add: <transition__list (ss, w) # []>)
moreover
have “t = (Init p1, ¢, q1)”
using t_def by auto
ultimately
show “p = p1”
using LTS.hd_is_hd by fastforce
qed
have “=0"
using Suc(2) <hd (transition_list (ss, w)) = t A count (transitions_of (ss, w)) t = 1>
by force
have “(Init p1, [e], [Init p1, q1], q1) € LTS.trans_star_states Ai”
proof —
have “(Init p1, ¢, q1) € Ai”
using local.add__trans_pop(1) by auto
moreover
have “(Init p1, e, q1) ¢ Aiminusl”
by (simp add: local.add__trans_pop)
ultimately
show “(Init p1, [¢], [Init p1, q1], q1) € LTS.trans_star_states Ai”
by (meson LTS.trans_star_states.trans__star_states_refl
LTS.trans__star_states.trans__star_states__step)
qed
have “(q1, tl w, tl ss, q) € LTS.trans_star_states Aiminusl”
proof —
from Suc(3) have “(ss, w) € LTS.path with word Az”
by (meson LTS.trans_star_states__path__with_word)
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then have tl_ss_w_Ai: “(tl ss, tl w) € LTS.path__with_word Ai”
by (metis LTS .path_with _word.simps <transition_list (ss, w) # []» list.sel(3)
transition__list.simps(2))
from t_hd_once have zero_pl_e_ql: “0 = count (transitions_of (tl ss, tl w)) (Init p1, €, q1)”
using count__append_path__with_word_~[of “[hd ss]” “[|” “tl ss” “hd w” “tl w” “Init p1” € q1, simplified)
«(Init p1, [e], [Init p1, q1], q1) € LTS.trans_star_states Ai>
<transition__list (ss, w) # [|» Suc.prems(2) VII
LTS transition__list_Conslof “Init p” w ss q Ai € q1] by (auto simp: t_def)
have Ai_Aiminusl: “Ai = Aiminusl U {(Init p1, €, q1)}”
using local.add_trans_pop(1) by auto
from ¢ _hd_once tl_ss w_Ai zero_pl_e_ql Ai_Aiminusl
count__zero__remove__path__with_word[OF tl_ss_w__Ai, of “Init p1” € q1 Aiminusi|
have “(tl ss, tl w) € LTS.path__with_word Aiminusl”
by auto
moreover
have “hd (tl ss) = q1”
using Suc.prems(2) VII <transition list (ss, w) # []» t_def
LTS .transition__list_Cons t_hd__once by fastforce
moreover
have “last ss = q”
by (metis LTS.trans_star_states_last Suc.prems(2))
ultimately
show “(q1, tl w, ¢l ss, q) € LTS .trans_star_states Aiminusl”
by (metis (no__types, lifting) LTS .trans_star_states_path_with_word
LTS.path_with_word__trans__star_states LTS.path__with_word_not__empty Suc.prems(2)
last_ConsR list.collapse)
qed
have “w = ¢ # (tl w)”
by (metis Suc(8) VII <transition_list (ss, w) # []» list.distinct(1) list.exhaust_sel
list.sel(1) t_def LTS .transition_list_Cons t_hd__once)
then have w_tl_e: “LTS _e.remove_e w = LTS e.remove_c (tl w)”
by (metis LTS e.remove_e__def removeAll.simps(2))

have “Iv2'. LTS e.e_exp v2' [v2] A (Init p2, v2', q1) € LTS.trans_star Aiminusl”
using add__trans_pop
by (simp add: LTS e.trans_star_e_e__exp_trans_star)

then obtain v2' where “LTS e.c__exp v2' [v2] A (Init p2, v2', q1) € LTS.trans_star Aiminusl”
by blast

then have “Jss2. (Init p2, v2/, ss2, q1) € LTS.trans_star_states Aiminusl”
by (simp add: LTS.trans_star_trans__star__states)

then obtain ss2 where ITI]_1: “(Init p2, v2', ss2, q1) € LTS.trans_star_states Aiminus1”
by blast

have IIII_2: “(q1, tl w, tl ss, q) € LTS.trans_star_states Aiminusl”
using ss_w_split’ Suc(3) Suc(2) «j=0»
using «(q1, tl w, tl ss, q) € LTS.trans_star_states Aiminusly by blast

have I1II: “(Init p2, v2' @ tl w, ss2 Q@ (¢l ( ss)), q) € LTS.trans_star_states Aiminusl”
using IIII_1 IIII_2 by (meson LTS.trans__star_states__append)

from Suc(1)[of p2 “v2' @ tl w” “ss2 @ (¢ (¢l ss))” q]
have V: “(—is_Isolated ¢ —
(3p’ w'. (Init p’, w', q) € LTS_e.trans_star_e A A (p', w’) =™ (p2, LTS _e.remove_c (72’ @ tl w)))) A
(4s_Isolated ¢ — (the_Ctr_Loc gq, [the_Label q]) =* (p2, LTS _e.remove_c (v2' Q tl w)))”
using 111
using step.lH step.prems(1,2,3) by blast
have “—is_Isolated q V is_Isolated q”
using state.exhaust_disc by blast
then show %thesis
proof
assume ctr_q: “—is_Isolated q”
then have “Ip’ w’. (Init p’, w’, q) € LTS _e.trans_star_e A A (p’, w') =* (p2, LTS _c.remove_c (v2' Q
w))”
using V by auto
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then obtain p’ w’ where
VIII:“(Init p’, w', q) € LTS _c.trans_star_e A” and steps: “(p’, w’) =* (p2, LTS _e.remove_c (v2' Q tl

w))”
by blast
then have “(p’,w’) =* (p2, LTS c.remove_c (v2' Q tl w)) A
(p2, LTS e.remove_e (v2' @Q tl w)) = (p, LTS e.remove_e (H w))”
proof —
have v2'_~2: “LTS_e.remove_e v2' = [y2]”
by (metis LTS _e.c_exp_def LTS e.remove_e_def <LTS c.c_exp v2' [v2] A (Init p2, v2', ql1) €
LTS trans__star Aiminusl»)
have “(p’,w’) =* (p2, LTS e.remove_e (v2' Q tl w))”
using steps by auto
moreover
have rule: “(p2, v2) < (p, pop)”
using VI VII by auto
from steps have steps”: “(p’, w') =* (p2, v2 # (LTS _c.remove_c (tl w)))”
using v2'_~2
by (metis Cons__eq _appendl LTS _e.remove_e__append__dist self _append_conv2)
from rule steps’ have “(p2, v2 # (LTS _c.remove_e (tl w))) =" (p, LTS _c.remove_c (tl w))”
using VIII
by (metis PDS.transition__rel.intros append__self _conv2 Ibl.simps(1) r_into_rtranclp
step__relp__def)
then have “(p2, LTS e.remove_c (v2' @Q tl w)) =* (p, LTS e.remove_c (tl w))”
by (simp add: LTS_e.remove_e__append__dist v2'_~v2)
ultimately
show “(p’,w’) =* (p2, LTS e.remove_e (v2' @ tl w)) A
(p2, LTS e.remove_e (v2' @ tl w)) =* (p, LTS e.remove_e (H w))”
by auto
qed
then have “(p’,w’) =* (p, LTS _e.remove_c (tl w)) A (Init p’, w’, q) € LTS _e.trans_star_ec A”
using VIII by force
then have “Ip’ w'. (Init p’, w', q) € LTS_e.trans_star_e A A (p’, w') =* (p, LTS _e.remove_eg w)”
using w_tl_e by auto
then show ?thesis
using ctr_q <p = pl> by blast
next
assume “is_Isolated q”
from V have “(the_ Ctr_Loc g, [the_Label q]) =" (p2, v2#(LTS_e.remove_e w))”
by (metis LTS e.e__exp_def LTS _e.remove_e__append__dist LTS _e.remove_e__def
(LTS c.e_exp v2' [v2] A (Init p2, v2', q1) € LTS.trans_star Aiminusl» <is_Isolated ¢»
append__Cons append__self _conv2 w__tl_e)

then have “(the_Ctr_Loc q, [the_Label q)) =" (p1, LTS_c.remove_e w)”
using VI by (metis append__Nil Ibl.simps(1) rtranclp.simps step__relp__def2)
then have “(the_Ctr_Loc q, [the_Label q]) = (p, LTS_e.remove_e w)”
using VII by auto
then show %thesis
using <is_Isolated ¢» by blast
qed
next
case (add_trans_swap p2 v2 pl v’ q1)
note III = add_trans_swap(3)
note VI = add_trans swap(2)
have t_def: “t = (Init p1, Some ', q1)”
using local.add_trans_swap(1) local.add_trans_swap pl_~v_p2 w2 q' _p(1) t_def by blast
have init _Ai: “inits C LTS.srcs Ai”
using step(1,2,4) no_edge_to_ Ctr_Loc_post_star_rules by (meson r_into_rtranclp)
have ¢ hd_once: “hd (transition_list (ss, w)) = t A count (transitions_of (ss, w)) t = 17
proof —
have “(ss, w) € LTS.path_with _word Ai”
using Suc(8) LTS.trans_star__states__path__with_word by metis
moreover
have “inits C LTS.srcs Ai”
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using init_Ai by auto
moreover
have “0 < count (transitions of (ss, w)) t”
by (metis Suc.prems(1) transitions_of .simps zero_less_Suc)
moreover
have “t = (Init p1, Some ', q1)”
using t_def
by auto
moreover
have “Init p1 € inits”
using inits_def by force
ultimately
show “hd (transition_list (ss, w)) = t A count (transitions_of (ss, w)) t = 17
using init_only_hd[of ss w Ai t p1 __ q1] by auto
qed
have “transition_list (ss, w) # []”
by (metis LTS .trans_star_states_path__with_word LTS .path__with__word.simps Suc.prems(1,2)
count__empty less_not_refl2 list.distinct(1) transition_ list.simps(1) transitions of'.simps
transitions__of .simps(2) zero_less Suc)
then have ss_w_split: “([Init p1,q1], [Some v]) Q" (¢l 55, tl w) = (ss, w)”
using t hd_once t_def hd_transition_ list__append_ path__with__word by metis
then have ss_w_split"s “(Init p1, [Some ~'], [Init p1,q1], q1) QQ" (q1, tl w, tl ss, q) = (Init p1, w, ss, q)”
by auto
have VII: “p = p1”
proof —
have “(Init p, w, ss, q) € LTS.trans_star_states Ai”
using Suc.prems(2) by blast
moreover
have “t = hd (transition_list’ (Init p, w, ss, q))
using <hd (transition_list (ss, w)) = t A count (transitions_of (ss, w)) t = 1> by fastforce
moreover
have “transition_list’ (Init p, w, ss, q) # [|”
by (simp add: <transition_list (ss, w) # []»)
moreover
have “t = (Init p1, Some ', q1)”
using t_def by auto
ultimately
show “p = p1”
using LTS.hd_is_hd by fastforce
qed
have “=0"
using Suc(2) <hd (transition_list (ss, w)) = t A count (transitions_of (ss, w)) t = 1» by force
have “(Init p1, [Some '], [Init p1, q1], q1) € LTS.trans_star_states Ai”
proof —
have “(Init p1, Some v/, q1) € Ai”
using local.add__trans_swap(1) by auto
moreover
have “(Init p1, Some ~', q1) ¢ Aiminus1”
using local.add__trans_swap(4) by blast
ultimately
show “(Init p1, [Some '], [Init p1, q1], q1) € LTS.trans_star_states Ai”
by (meson LTS.trans_star_states.trans__star_states_refl LTS .trans__star_states.trans__star_states__step)
qed
have “(q1, tl w, tl ss, q) € LTS .trans_star_states Aiminusl”
proof —
from Suc(8) have “(ss, w) € LTS.path_with _word Ai”
by (meson LTS.trans_star__states_path__with__word)
then have tl_ss_w_Ai: “(t ss, tl w) € LTS.path__with_word Ai”
by (metis LTS.path__with_word.simps <transition__list (ss, w) # []» list.sel(3)
transition_list.simps(2))
from t_hd_once have zero_pl_e_ql: “0 = count (transitions_of (tl ss, tl w)) (Init p1, Some ', q1)”
using count__append__path_with_word_~[of “[hd ss]” “[|” “tl ss” “hd w” “tl w” “Init p1” “Some v'” q1,

»
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simplified]
«(Init p1, [Some ~'), [Init p1, q1], q1) € LTS.trans_star_states Ai> <transition_list (ss, w) # [
Suc.prems(2) VII LTS .transition_list_Cons|of “Init p” w ss q Ai “Some ~'” q1]
by (auto simp: ¢_def)
have Ai_Aiminusl: “Ai = Aiminusl U {(Init p1, Some ', q1)}”
using local.add__trans_swap(1) by auto
from ¢_hd_once tl_ss w_Ai zero_pl_e_ql Ai_Aiminusl

count__zero__remove__path__with_word[OF tl_ss_w__Ai, of “Init p1” __ q1 Aiminus!]
have “(tl ss, tl w) € LTS.path with word Aiminus1”

by auto
moreover

have “hd (tl ss) = q1”
using Suc.prems(2) VII <transition_list (ss, w) # []» t_def LTS.transition_list_Cons t_hd_once by
fastforce
moreover
have “last ss = q”
by (metis LTS .trans star_states last Suc.prems(2))
ultimately
show “(q1, tl w, tl ss, q) € LTS.trans_star_states Aiminusl”
by (metis (no__types, lifting) LTS.trans_star_states__path__with__word
LTS .path_with_word_trans_star_states LTS.path__with_word_not_empty Suc.prems(2)
last__ConsR list.collapse)
qed
have “w = Some v’ # (tl w)”
by (metis Suc(3) VII <transition_list (ss, w) # []» list.distinct(1) list.exhaust_sel
list.sel(1) t_def LTS .transition_list_Cons t_hd__once)
then have w_tl _e: “LTS e.remove_c w = LTS e.remove_c (Some ~v'#tl w)”
using LTS e.remove_e__def removeAll.simps(2)
by presburger
have “I~2'. LTS e.e_exp v2' [v2] A (Init p2, v2', q1) € LTS.trans_star Aiminusl”
using add_trans_swap by (simp add: LTS _e.trans_star_e_e__exp_trans_star)
then obtain v2' where “LTS e.c_exp v2' [v2] A (Init p2, v2', q1) € LTS.trans_star Aiminusl”
by blast
then have “Jss2. (Init p2, v2', ss2, q1) € LTS.trans_star_states Aiminusl”
by (simp add: LTS.trans_star_trans__star_states)
then obtain ss2 where ITI]_1: “(Init p2, v2', ss2, q1) € LTS.trans_star_states Aiminus1”
by blast
have IIII_2: “(q1, tl w, tl ss, q) € LTS.trans__star_states Aiminus1”
using ss_w_split’ Suc(3) Suc(2) <j=0>
using «(q1, tl w, tl ss, q) € LTS.trans_star_states Aiminusl> by blast
have IIII: “(Init p2, v2' @ tl w, ss2 Q (¢l (t ss)), q) € LTS.trans_star_states Aiminusl”
using [III_1 IIII_2 by (meson LTS.trans_star_states__append)

from Suc(1)[of p2 “v2' @ tl w” “ss2 @ (H (¢l ss))” q]
have V: “(—is_Isolated ¢ —
3p’ w'. (Init p’, w', q) € LTS_c.trans_star_e A A (p’, w’) =" (p2, LTS _e.remove_c (v2' Q tl w)))) A
(is_Isolated ¢ — (the_Ctr_Loc gq, [the_Label q]) =* (p2, LTS e.remove_c (v2' Q tl w)))”
using /111
using step.IH step.prems(1,2,3) by blast
have “—is_Isolated q V is_Isolated q”
using state.exhaust_disc by blast
then show ?%thesis
proof
assume ctr_q: “—is_Isolated q”
then have “Ip’ w’. (Init p’, w’, q) € LTS_e.trans_star_e A A (p’, w') =* (p2, LTS _c.remove_e (v2' Q tl
w))”
using V by auto
then obtain p’ w’ where
VIII:“(Init p', w', q) € LTS _e.trans_star_e A” and steps: “(p’, w’) =* (p2, LTS _e.remove_c (v2' Q il
w))”
by blast

then have “(p’,w’) =* (p2, LTS _c.remove_c (v2' Q tl w)) A
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(p2, LTS e.remove_e (v2' Q tl w)) =* (p, v’ # LTS _e.remove_c (tl w))”
proof —
have v2'_~2: “LTS_e.remove_e v2' = [y2]”
by (metis LTS c.e_exp_def LTS e.remove_c__def <LTS e.e_exp v2' [v2] A (Init p2, v2', q1) €
LTS trans_star Aiminusl»)
have “(p’,w’) =* (p2, LTS e.remove_e (v2' @ tl w))”
using steps by auto
moreover
have rule: “(p2, v2) — (p, swap v')”
using VI VII by auto
from steps have steps” “(p/, w') =* (p2, v2 # (LTS _e.remove_e (tl w)))”
using v2'_~2
by (metis Cons_eq_appendl LTS _e.remove_e__append__dist self _append__conv2)
from rule steps’ have “(p2, 2 # (LTS _e.remove_e (t w))) =* (p, v’ # LTS _e.remove_c (tl w))”
using VIII
using PDS.transition__rel.intros append__self _conv2 Ibl.simps(1) r_into__rtranclp step_ relp_ def
by fastforce
then have “(p2, LTS e.remove_c (v2' Q tl w)) =* (p, 7' # LTS _e.remove_e (tl w))”
by (simp add: LTS _e.remove_e__append_dist v2'_~2)
ultimately
show “(p’,w’) =* (p2, LTS e.remove_e (v2' Q #l w)) A
(p2, LTS c.remove_e (v2' @Q tl w)) =* (p, v’ # LTS e.remove_c (tl w))”
by auto
qed
then have “(p’,w’) =* (p, v’ # LTS _c.remove_e (t w)) A (Init p’, w’, q) € LTS_c.trans_star_e A”
using VIII by force
then have “Jp’ w'. (Init p', w', q) € LTS_e.trans_star_e A A (p’, w') =* (p, LTS_e.remove_eg w)”
using LTS e.remove_c_ Cons_tl by (metis <w = Some v’ # tl w»)
then show %thesis
using ctr_q <p = pl> by blast
next
assume “is_Isolated q”
from V this have “(the_Ctr_Loc q, [the_Label q) =* (p2, LTS e.remove_e (v2' Q ¢l w))”
by auto
then have “(the Ctr_Loc q, [the_Label q]) = (p2, v2# (LTS _e.remove_e (il w)))”
by (metis LTS e.e__exp_def LTS _e.remove_e__append__dist LTS _e.remove_e__def
(LTS c.e_exp v2' [v2] A (Init p2, v2', q1) € LTS.trans_star Aiminusl> append_ Cons
append__self _conv2)
then have “(the_Ctr_Loc q, [the__Label q]) =* (p1, v' # LTS _e.remove_e (tl w))”
using VI
by (metis (no_types) append__Cons append_Nil Ibl.simps(2) rtranclp.rtrancl_into_rtrancl
step__relp__def2)
then have “(the_Ctr_Loc q, [the_Label q]) =* (p, v’ # LTS _e.remove_c (tl w))”
using VII by auto
then show ?thesis
using «<is_Isolated ¢
by (metis LTS _e.remove_e__Cons_tl w_tl_¢)
qged
next
case (add_trans_push_1 p2 v2 pl v1 7" q1’)
then have t_def: “t = (Init p1, Some 1, Isolated p1 v1)”
using local.add_trans_pop(1) local.add_trans_pop pl_~v_p2 w2 q' p(1) t_def by blast
have init_Ai: “inits C LTS.srcs Ai”
using step(1,2) step(4)
using no__edge_to_Ctr_Loc__post_star_rules
by (meson r_into__rtranclp)
have ¢ _hd_once: “hd (transition_list (ss, w)) = t A count (transitions_of (ss, w)) t = 17
proof —
have “(ss, w) € LTS.path with word Ai”
using Suc(8) LTS.trans_star_states_path_with _word by metis
moreover
have “inits C LTS.srcs Ai”
using init_Ai by auto
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moreover
have “0 < count (transitions of (ss, w)) t”
by (metis Suc.prems(1) transitions_of '.simps zero_less_Suc)
moreover
have “t = (Init p1, Some v1, Isolated p1 v1)”
using t_def by auto
moreover
have “Init p1 € inits”
using inits_def by fastforce
ultimately
show “hd (transition_list (ss, w)) = ¢t A count (transitions_of (ss, w)) t = 1”
using init_only_hd[of ss w Ai t] by auto
qed
have “transition_list (ss, w) # []
by (metis LTS .trans_star_states__path__with_word LTS .path__with__word.simps Suc.prems(1,2)
count__empty less_not_refl2 list.distinct(1) transition_list.simps(1)
transitions_of '.simps transitions_of .simps(2) zero_less_Suc)

»

have VII: “p = p1”
proof —
have “(Init p, w, ss, q) € LTS.trans_star_states Ai”
using Suc.prems(2) by blast
moreover
have “t = hd (transition_list’ (Init p, w, ss, q))
using <hd (transition_list (ss, w)) = t A count (transitions_of (ss, w)) t = 1> by fastforce
moreover
have “transition_list’ (Init p, w, ss, q) # [|”
by (simp add: <transition_list (ss, w) # []»)
moreover
have “t = (Init p1, Some v1, Isolated p1 v1)”
using t_def by auto
ultimately
show “p = p1”
using LTS.hd_is_hd by fastforce
qed
from add_trans_push_1(4) have “Dp ~. (Isolated p1 v1, v, p) € Aiminusl”
using post__star_rules_Isolated__sink__invariant[of A Aiminusl p1 1] step.hyps(1)
step.prems(1,2,8) unfolding LTS.sinks__def by blast
then have “Bp ~. (Isolated p1 v1, v, p) € Ai”
using local.add_trans_push__1(1) by blast
then have ss_w_short: “ss = [Init p1, Isolated p1 v1] A w = [Some y1]”
using Suc.prems(2) VII <hd (transition_list (ss, w)) = t A count (transitions_of (ss, w)) t = 1» t_def
LTS.nothing_after_sink[of “Init p1”7 “Isolated p1 ~17” “tl (il ss)” “Some v17 “tl w” Ai] <transition_list (ss,
w) # [
LTS trans__star_states__path__with_word|of “Init p” w ss q Al
LTS transition_list_Cons[of “Init p” w ss q Ai]
by (auto simp: LTS.sinks_def2)
then have ¢ ext: “q = Isolated p1 ~v1”
using LTS.trans_star_states_last Suc.prems(2) by fastforce
have “(p1, [y1]) =" (p, LTS e.remove_c w)”
using ss_w_short unfolding LTS e.remove_e_ def
using VII by force
have “(the_Ctr_Loc g, [the Label q]) =" (p, LTS e.remove_c w)”
by (simp add: «(pl, [y1]) =" (p, LTS _e.remove_e w)> q_ext)
then show %thesis
using ¢ ext by auto
next
case (add_trans_push_2 p2 v2 p1 v1 v" q')
note IX = add_trans_push_2(3)
note XIII = add_trans_push_2(2)
have t_def: “t = (Isolated p1 v1, Some v, q')”
using local.add_trans_push_2(1,4) pl_~_p2_ w2 _q'_p(1) t_def by blast
have init  Ai: “inits C LTS.srcs Ai”

»
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using step(1,2) step(4)
using no__edge_to_Ctr__Loc__post_star_rules
by (meson r_into__rtranclp)

from Suc(2,3) split_at_first_tlof “Init p” w ss q Ai j “Isolated p1 v1” “Some v"'” q' Aiminusi] t_def
have “Ju v u_ssv_ss.
ss = u_ss @ v _ss A
w=u @ [Some "] @uv A
(Init p, u, w_ss, Isolated p1 ~v1) € LTS.trans_star_states Aiminusl A
(Isolated p1 ~v1, [Some v"), q¢') € LTS.trans_star Ai A (q', v, v_ss, q) € LTS.trans_star_states Ai”
using local.add__trans_push_2(1,4) by blast
then obtain v v u_ss v_ss where
ss_split: “ss = u_ss @ v_ss” and
w_split: “w = u @ [Some v"] @ v” and
X _1: “(Init p, u, u__ss, Isolated p1 v1) € LTS .trans_star_states Aiminusl” and
out_trans: “(Isolated p1 ~v1, [Some v"], q¢') € LTS.trans_star Ai” and
path: “(q’, v, v_ss, q) € LTS.trans_star__states Ai”
by auto
from step(3)[of p u u_ss “Isolated p! v1”] X_1 have
“(—is_Isolated (Isolated p1 v1) —
(3p' w'. (Init p', w’, Isolated p1 v1) € LTS e.trans_star_e A A (p’, w’) =* (p, LTS _e.remove_c u))) A
(is_Isolated (Isolated p1 v1) —>
(the__Ctr_Loc (Isolated p1 ~1), [the_Label (Isolated p1 v1)]) =" (p, LTS e.remove_e u))”
using step.prems(1,2,3) by auto
then have “(the_Ctr_Loc (Isolated p1 1), [the_ Label (Isolated p1 v1)]) =" (p, LTS _e.remove_e u)”
by auto
then have pI_~1_p_u: “(pl, [y1]) =" (p, LTS _e.remove_c u)”
by auto
from IX have “Jv2ec v2ss. LTS c.c_exp v2¢ [v2] A (Init p2, v2¢, v2ss, q') € LTS.trans_star_states
Aiminus1”
by (meson LTS.trans_star_trans_star_states LTS e.trans_star_e_e__exp_trans_star)
then obtain y2¢ y2ss where XI_1: “LTS e.e__exp v2¢ [y2] A (Init p2, v2¢, v2ss, q') € LTS .trans__star_states
Aiminus1”
by blast
have “(q’, v, v_ss, q) € LTS.trans_star_states Ai”
using path .
have ind:
“(—is_Isolated ¢ — (3p’ w’. (Init p’, w', q) € LTS _e.trans_star_e A A (p’, w') =* (p2, LTS _c.remove_¢
(726 @ v)))) A
(is_Isolated ¢ — (the__Ctr_Loc q, [the_Label q]) = (p2, LTS e.remove_c (y2¢ Q v)))”
proof —
have v2ss_len: “length v2ss = Suc (length y2¢)”
by (meson LTS.trans_star_states_length XI 1)

have v_ss_empty: “v_ss # [|”
by (metis LTS .trans_star_states.simps path list.distinct(1))

have v2ss_last: “last y2ss = hd v_ss”
by (metis LTS.trans_star_states_hd LTS.trans_star_states_last XI 1 path)

have cv: “ = count (transitions_of ((v_ss, v))) t”
proof —
have last_u_ss: “Isolated p1 v1 = last u_ss”
by (meson LTS.trans_star_states_last X_1)
have ¢’ _hd v _ss: “qg’ = hd v_ss”
by (meson LTS.trans_star_states__hd path)

have “count (transitions_of’ (((Init p, u, u_ss, Isolated p1 v1), Some v'") @QQY (q', v, v_ss, q)))
(Isolated p1 1, Some ", q¢') =
count (transitions_of’ (Init p, u, u_ss, Isolated p1 1)) (Isolated p1 1, Some 7", q’) +
(if Isolated p1 v1 = last u_ss A q¢' = hd v_ss A Some v'' = Some ' then 1 else 0) +
count (transitions_of’ (¢, v, v_ss, q)) (Isolated p1 v1, Some v", q')”
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using count__append__trans_star_states_~y__length[of u_ss uw v_ss “Init p” “Isolated p1 v1” “Some ~v"'” q'

v q “Isolated p1 1”7 “Some v"'” q'| t_def ss_split w_split X_1
by (meson LTS.trans_star_states_length v__ss_empty)
then have “count (transitions_of (u_ss @ v_ss, u @ Some v # v)) (last u_ss, Some "', hd v_ss) =
Suc (count (transitions_of (u_ss, u)) (last u_ss, Some v"'; hd v_ss) + count (transitions_of (v_ss, v)) (last u__ss,
Some v"', hd v_ss))”
using last_u_ss ¢'_hd_v_ss by auto
then have “ = count (transitions_of’ ((q¢',v, v_ss, q))) t”
using last_u_ss q'_hd_v_ss X_1 ss_split w_split add_trans_push_2(4) Suc(2)
LTS.avoid__count_zero[of “Init p” u u__ss “Isolated p1 v1” Aiminusl “Isolated p1 v1” “Some v''” q’]
by (auto simp: t_def)
then show “ = count (transitions_of ((v_ss, v))) t”
by force
qed
have p2_q'_states Aiminusi: “(Init p2, v2¢, v2ss, q') € LTS.trans_star_states Aiminus1”
using XI 1 by blast
then have c¢y2: “count (transitions_of (y2ss, y2¢)) t = 07
using LTS.avoid__count_zero local.add_trans_push_2(4) t_def by fastforce
have “ = count (transitions_of ((y2ss, v2¢) Q" (v_ss, v))) t”
using LTS.count_append__path__with_word[of v2ss v2¢ v_ss v “Isolated p1 v1” “Some v''” q'| t_def
cy2 cv v2ss_len v_ss_empty v2ss_last
by force
then have j_count: “j = count (transitions_of ' (Init p2, v2¢ Q v, v2ss Q tl v_ss, q)) t”
by simp

have “(y2ss, v2¢) € LTS.path _with _word Aiminusl”

by (meson LTS .trans_star_states_path__with_word p2_q '_states_Aiminusl)
then have v2ss_path: “(vy2ss, v2¢) € LTS.path_with_word Ai”

using add__trans_push_2(1)

path__with__word_mono’[of y2ss v2e Aiminusl Ai] by auto

have path": “(v_ss, v) € LTS.path_with_word Ai”
by (meson LTS.trans_star_states__path__with_word path)
have “(y2ss, v2¢) Q" (v_ss, v) € LTS.path__with_word Ai”
using v2ss_path path’ LTS.append__path_ with__word_path_ with__word ~y2ss_last
by auto
then have “(y2ss @ tl v_ss, v2e @Q v) € LTS.path_with_word Ai”
by auto

have “(Init p2, v2e @Q v, v2ss Q tl v_ss, q) € LTS.trans__star_states Ai”
by (metis (no__types, lifting) LTS.path_with _word__trans__star_states
LTS.trans__star_states__append LTS .trans_star_states _hd XI__1 path ~2ss_path v2ss_last)

from this Suc(1)[of p2 “y2e Q v” “y2ss @ tl v_ss” q]
show
“(—is_Isolated ¢ — (3p’ w’. (Init p’, w', q) € LTS_e.trans_star_e A A (p’, w') =* (p2, LTS_e.remove_¢
(72 @ v)))) A
(is_Isolated ¢ — (the_Ctr_Loc g, [the_Label q]) =" (p2, LTS e.remove_e (y2¢ Q v)))”
using j count by fastforce
qged

show ?thesis
proof (cases “is_Init q¢ V is_Noninit q”)
case True
have “(3p’ w’. (Init p’, w’, q) € LTS e.trans_star_e A A (p’, w') =* (p2, LTS e.remove_c (y2¢ Q v)))”
using True ind by fastforce
then obtain p’ w’ where p’_w’ p: “(Init p’, w’, q) € LTS e.trans_star_e A A (p’, w') =" (p2,
LTS e.remove_c (y2e Q v))”
by auto
then have “(p’, w’) =* (p2, LTS _e.remove_c (y2¢ Q v))”
by auto
have p2 ~v2ev_pl_~v1_~"_v: “(p2, LTS _e.remove_c (y2¢ @ v)) =" (pl1, y1#~"'#LTS_c.remove_e v)”
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proof —
have “y2 #(LTS e.remove_c v) = LTS e.remove_e (y2e¢ @ v)”
using X[ 1
by (metis LTS e.e__exp_def LTS e.remove_e__append__dist LTS _e.remove_c__def append_ Cons
self _append__conv2)
moreover
from XIII have “(p2, v2 #(LTS_c.remove_e v)) =* (p1, v1#~y""#LTS c.remove_e v)”
by (metis PDS.transition__rel.intros append_Cons append_ Nil Ibl.simps(3) r_into_rtranclp
step__relp__def)
ultimately
show “(p2, LTS e.remove_e (y2e @ v)) =* (p1, v1#~y"#LTS _e.remove_c v)”
by auto
qed
have p1_~yi1v"v_p_uv: “(p1, v1#~y"#LTS_e.remove_c v) =* (p, (LTS_e.remove_c u) Q (y""#LTS_e.remove_e
0)”
by (metis pI_~v1_p_u append__Cons append__Nil step__relp__append)
have “(p, (LTS e.remove_e u) @ (y"#LTS e.remove_e v)) = (p, LTS e.remove_c w)”
by (metis (no__types, lifting) Cons_eq _append_conv LTS _e.remove_e_ Cons__tl
LTS _e.remove_e__append__dist w__split hd_Cons__tl list.inject list.sel(1) list.simps(3)
self_append__conv2)
then show ?thesis
using True pl_~v1v"v_p wv p2 ~2ev_pl ~v1 " vp' w' p by fastforce
next
case False
then have ¢ nlqg p2 ~y2ev: “(the__Cir_Loc q, [the_Label q]) =" (p2, LTS e.remove_e (y2e @Q v))”
using ind state.exhaust_disc
by blast
have p2 ~2cv_pl_~v1vy'"v: “(p2, LTS c.remove_e (y2¢ @ v)) =* (pl,v1 # v # LTS _e.remove_c v)”
by (metis (mono__tags) LTS c.e__exp_def LTS e.remove_c__append__dist LTS e.remove_e__def XIIT
XI 1 append__Cons append__Nil Ibl.simps(3) r_into__rtranclp step__relp__def2)

have pi1_~v1v" _v_p uy'v: “(p1, v1 # ~v" # LTS e.remove_e v) =* (p, LTS _e.remove_e u @ ~v"" #
LTS _e.remove_c v)”
by (metis pI_~v1_p_u append__Cons append__Nil step__relp__append)

have “(p, LTS _e.remove_e v @ v # LTS _e.remove_c v) = (p, LTS _e.remove_c w)”
by (metis LTS _e.remove_e__ Cons_tl LTS _e.remove_¢e__append__dist append__Cons append_ Nil w__split
hd__Cons__tl list.distinct(1) list.inject)

then show %thesis
using False p1_~1~""_v_p_ uy'vp2 ~2ev_pl _~vy1vy"v ¢ nlg p2 ~2ev
by (metis (no__types, lifting) ind rtranclp__trans)
qed
qed
qed
qed

— Corresponds to Schwoon’s lemma 3.4
lemma rtranclp__post_star__rules constains _successors:

assumes “post_star rules*™ A A"

assumes “inits C LTS.srcs A”

assumes “isols C LTS.isolated A”

assumes “(Init p, w, q) € LTS.trans_star A'”

shows “(=is_Isolated ¢ — (3p’ w'. (Init p’, w', q) € LTS_e.trans_star_e A A (p',w’) =* (p, LTS_e.remove_¢
w))) A

(is_1Isolated ¢ — (the_Ctr_Loc q, [the_ Label q]) =" (p, LTS e.remove_e w))”
using rtranclp_post_star__rules constains__successors__states assms
by (metis LTS.trans_star_trans__star__states)

— Corresponds to Schwoon’s lemma 3.4
lemma post__star__rules_saturation__constains__successors:
assumes “saturation post_star rules A A'”
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assumes “inits C LTS.srcs A”
assumes “isols C LTS.isolated A”
assumes “(Init p, w, q) € LTS.trans_star A’”
shows “(—is_Isolated ¢ — (3p’ w'. (Init p’, w', q) € LTS _c.trans_star_e A A (p',w’) =* (p, LTS_e.remove_¢
w))) A
(is_Isolated ¢ — (the_Cir_Loc q, [the_Label q]) =" (p, LTS e.remove_e w))”
using rtranclp _post_star_rules constains__successors assms saturation__def by metis

— Corresponds to one direction of Schwoon’s theorem 3.3
theorem post_star _rules subset_post star_lang:
assumes “post_star rules™™ A A"
assumes “inits C LTS.srcs A”
assumes “isols C LTS.isolated A”
shows “{c. accepts_e A’ ¢} C post_star (lang_e A)”
proof
fix ¢ iz “(“ctr_loc, 'label) conf”
define p where “p = fst ¢”
define w where “w = snd ¢”
assume “c € {c. accepts_e A’ c}”
then have “accepts_c A’ (p,w)”
unfolding p_def w_def by auto
then obtain ¢ where ¢ p: “q € finals” “(Init p, w, q) € LTS c.trans_star_e A'”
unfolding accepts e__def by auto
then obtain w’ where w'_def: “LTS ec.c_exp w' w A (Init p, w’', q) € LTS.trans_star A'”
by (meson LTS _e.trans_star_e__iff _e_ exp_trans_star)
then have path: “(Init p, w’, q) € LTS.trans_star A'”
by auto
have “— is_Isolated q”
using F_not_Ext q_p(1) by blast
then obtain p’ w’a where “(Init p’, w'a, q) € LTS_e.trans_star_e A A (p’, w'a) =* (p, LTS_e.remove_cg w')”
using rtranclp__post_star_rules constains_successors|OF assms(1) assms(2) assms(3) path] by auto
then have “(Init p', w'a, q) € LTS e.trans_star_ec A A (p', w'a) =* (p, w)”
using w’_def
by (metis LTS e.e__exp_def LTS _e.remove_e__def
(LTS _c.e_exp w' w A (Init p, w', q) € LTS.trans_star A")
then have “(p,w) € post_star (lang e A)”
using <«q € finals» unfolding LTS.post _star_def accepts _e_ def lang _e__def by fastforce
then show “c € post_star (lang e A)”
unfolding p_def w_def by auto
qed

— Corresponds to Schwoon’s theorem 3.3
theorem post_star_rules accepts e correct:
assumes “saturation post_star rules A A'”
assumes “inits C LTS.srcs A”
assumes “isols C LTS.isolated A”
shows “{c. accepts e A’ ¢} = post_star (lang_e A)”
proof (rule; rule)
fix ¢ :: “(“ctr_loc, 'label) conf”
define p where “p = fst ¢”
define w where “w = snd c¢”
assume “c € post_star (lang_e A)”
then obtain p’ w’ where “(p’, w') =* (p, w) A (p’, w') € lang_c A”
by (auto simp: post_star_def p__def w_def)
then have “accepts ¢ A’ (p, w)”
using lemma_3_S[of p’ w' p w A A'] assms(1) by auto
then have “accepts ¢ A’ ¢”
unfolding p def w_def by auto
then show “c € {c. accepts e A’ c}”

by auto
next
fix ¢ :: “(“ctr_loc, 'label) conf”

assume “c € {c. accepts_e A’ c}”
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then show “c € post_star (lang_e A)”

using assms post__star_rules__subset__post__star__lang unfolding saturation__def by blast
qed

— Corresponds to Schwoon’s theorem 3.3
theorem post_star_rules_correct:
assumes “saturation post_star rules A A'”
assumes “inits C LTS.srcs A”
assumes “isols C LTS.isolated A”
shows “lang & A’ = post_star (lang_e A)”
using assms lang_e__def post__star_rules _accepts_e__correct by presburger

end

5.5 Intersection Automata

definition accepts_inters :: “(('ctr_loc, 'noninit, 'label) state x ('ctr_loc, 'noninit, 'label) state, 'label) transition set
= (('ctr_loc, 'noninit, 'label) state * ('ctr_loc, 'noninit, 'label) state) set = ('ctr_loc, 'label) conf = bool” where
“accepts__inters ts finals = A(p,w). (I qq € finals. ((Init p, Init p),w,qq) € LTS.trans_star ts)”

lemma accepts inters _accepts _aut__inters:
assumes “ts12 = inters tsl ts2”
assumes “finals12 = inters_finals finals1 finals2”
shows “accepts_inters ts12 finals12 (p,w) <—
Intersection_ P__Automaton.accepts _aut__inters ts1 Init finals1 ts2
finals2 p w”
by (simp add: Intersection_P__Automaton.accepts__aut_inters_def PDS_with_P__automata.inits__def
P_Automaton.accepts__aut__def accepts__inters__def assms)

definition lang_inters :: “(('ctr_loc, 'noninit, 'label) state x (‘ctr_loc, moninit, 'label) state, 'label) transition set

= (('ctr_loc, 'noninit, 'label) state x ('ctr_loc, 'noninit, 'label) state) set = (’ctr_loc, 'label) conf set” where
“lang_inters ts finals = {c. accepts_inters ts finals c}”

lemma lang inters_lang aut_inters:
assumes “ts12 = inters ts1 ts2”
assumes “finals12 = inters_finals finals1 finals2”
shows “(A(p,w). (p, w)) ‘lang_inters ts12 finals12 =

Intersection_ P__Automaton.lang__aut_inters tsl Init finalsl ts2 finals2”
using assms

by (auto simp: Intersection_P__Automaton.lang__aut_inters__def
Intersection_ P__Automaton.inters__accept_ iff
accepts__inters__accepts__aut__inters lang_inters__def is__Init_def
PDS_with__P_automata.inits_def P_ Automaton.accepts__aut_def image__iff)

lemma inters__accept__iff:
assumes “ts12 = inters tsl ts2”

assumes “finals12 = inters_finals (PDS_with_P__automata.finals final_initssl final _noninits1)

(PDS_with__P_automata.finals final _initss2 final_noninits2)”
shows

“accepts_inters ts12 finals12 (p,w) <—
PDS _with_P__automata.accepts final_initss1 final_noninits! ts1 (p,w) A
PDS _with__P__automata.accepts final_initss2 final _noninits2 ts2 (p,w)”
using accepts inters__accepts__aut_inters Intersection_ P Automaton.inters__accept_iff assms

by (simp add: Intersection_P__Automaton.inters__accept_iff accepts_inters__accepts__aut_inters
PDS _with_P__automata.accepts__accepts__aut)

lemma inters_lang:
assumes “ts12 = inters tsl ts2”
assumes “finals12 =
inters_finals (PDS_with_ P_automata.finals final _initss1 final _noninits!)
(PDS_with__P_automata.finals final_initss2 final _noninits2)”

shows “lang_inters ts12 finals12 =
PDS _with_P_automata.lang final__initss1 final noninitsl ts1 N
PDS__with_P_automata.lang final _initss2 final _noninits2 ts2”
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using assms by (auto simp add: PDS_with_P__automata.lang_def inters__accept_iff lang_inters_def)

5.6 Intersection epsilon-Automata

context PDS_with_ P_automata begin

interpretation LTS transition_rel .
notation step_relp (infix <= 80)
notation step_ starp (infix (=) 80)

definition accepts_e__inters :: “((‘ctr_loc, 'noninit, 'label) state * ('ctr_loc, 'noninit, 'label) state, 'label option)
transition set = ('ctr_loc, 'label) conf = bool” where

“accepts_e__inters ts = A(p,w). (3¢l € finals. ¢2 € finals. ((Init p, Init p),w,(ql,q2)) € LTS e.trans_star_e
ts) ”

definition lang_e_inters :: “((‘ctr_loc, 'noninit, 'label) state * ('ctr_loc, 'noninit, 'label) state, 'label option) tran-
sition set = (‘ctr_loc, 'label) conf set” where
“lang_e__inters ts = {c. accepts_e__inters ts c}”

lemma trans star trans star e inter:
assumes “LTS e.e__exp wl w”
assumes “LTS c.c_ exp w2 w”
assumes “(p1, wl, p2) € LTS.trans_star ts1”
assumes “(ql, w2, ¢2) € LTS.trans_star ts2”
shows “((p1,q1), w :: 'label list, (p2,q2)) € LTS e.trans_star_e (inters_e ts1 ts2)”
using assms
proof (induction “length w1 + length w2” arbitrary: wl w2 w pl qI rule: less_induct)
case less
then show “case
proof (cases “Ja w1’ w2’ B. wi=Some a#wl’' A w2=Some B#Hw2'")
case True
from True obtain o f wi1’ w2’ where True'”
“wl=Some a#wl'”
“w2=Some BHw2'”
by auto
have “a = (7
by (metis True'’(1) True'’(2) LTS _e.c_exp_Some_hd less.prems(1) less.prems(2))
then have True”
“wl=Some a#wl'”
“w2=Some aftw2’'”
using True’’ by auto
define w’ where “w’ = tl w”
obtain p’ where p’_p: “(p1, Some a, p’) € ts1 A (p', wi’, p2) € LTS.trans_star ts1”
using less True’(1) by (metis LTS_e.trans__star_cons_¢)
obtain ¢’ where q'_p: “(q1, Some «, q’) € ts2 A(q’, w2’, q2) € LTS.trans_star ts2”
using less True'(2) by (metis LTS_c.trans_star_cons_¢)
have ind: “((p’, ¢'), w’, p2, ¢2) € LTS e.trans_star_c (inters_c tsl ts2)”
proof —
have “length w1’ + length w2’ < length wl + length w2”
using True’(1) True'(2) by simp
moreover
have “LTS c.e_exp wl' w'”
by (metis (no_types) LTS c.e__exp def less(2) True'(1) list. map(2) list.sel(3)
option.simps(83) removeAll.simps(2) w’_def)
moreover
have “LTS c.c_exp w2’ w’
by (metis (no_types) LTS e.c_exp def less(3) True'(2) list.map(2) list.sel(3)
option.simps(3) removeAll.simps(2) w'_def)
moreover
have “(p’, w1’, p2) € LTS.trans_star ts1”
using p’_p by simp
moreover
have “(q’, w2', q2) € LTS.trans_star ts2”
using ¢’_p by simp

»
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ultimately
show “((p’, q'), w’, p2, q2) € LTS _c.trans_star_e (inters_c tsl ts2)”
using less(1)[of w1’ w2’ w' p’ q] by auto
qged
moreover
have “((p1, q1), Some a, (p', q)) € (inters_e ts1 ts2)”
by (simp add: inters_e_def p’_p q’_p)
ultimately
have “((p1, q1), a#w’, p2, q2) € LTS _e.trans_star_c (inters_e tsl ts2)”
by (meson LTS _c.trans_star_e.trans_star_e__step_ )
moreover
have “length w > 0”7
using less(3) True’ LTS c.c_exp_Some_length by metis
moreover
have “hd w = o”
using less(3) True’ LTS c.c_exp Some hd by metis
ultimately
show ?thesis
using w’_def by force
next
case False
note False outer outer outer outer = False
show ?%thesis
proof (cases “wl =[] A w2 =[]7)
case True
then have same: “p1 = p2 A q1 = ¢2”
by (metis LTS .trans__star_empty less.prems(3) less.prems(4))
have “w = []”
using True less(2) LTS _e.exp__empty _empty by auto
then show %thesis
using less True
by (simp add: LTS e.trans_star_ec.trans__star_e__refl same)
next
case Fualse
note Fualse outer outer outer = False
show ?thesis
proof (cases “Jwl’. wi=e#wl'”)
case True
then obtain w1’ where True”:
“wl=eHwl'”
by auto
obtain p’ where p’_p: “(p1, ¢, p’) € ts1 A (p', wl', p2) € LTS.trans_star ts1”
using less True'(1) by (metis LTS e.trans_star_cons_¢)
have ¢'_p: “ (q1, w2, q2) € LTS.trans_star ts2”
using less by (metis)
have ind: “((p’, q1), w, p2, q2) € LTS e.trans_star_c (inters_e tsl ts2)”
proof —
have “length w1’ + length w2 < length w1 + length w2”
using True’(1) by simp
moreover
have “LTS c.e_exp wl' w”
by (metis (no_types) LTS _e.c_exp_def less(2) True'(1) removeAll.simps(2))
moreover
have “LTS e.c_exp w2 w”
by (metis (no__types) less(3))
moreover
have “(p’, wl’, p2) € LTS.trans_star ts1”
using p’_p by simp
moreover
have “(q1, w2, ¢q2) € LTS.trans_star ts2”
using ¢'_p by simp
ultimately
show “((p’, q1), w, p2, ¢2) € LTS c.trans_star_c (inters_c tsl ts2)”
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using less(1)[of w1’ w2 w p’ q1] by auto
qged
moreover
have “((p1, q1), ¢, (p’, q1)) € (inters_e tsl ts2)”
by (simp add: inters_e_def p’_p q'_p)
ultimately
have “((p1, q1), w, p2, q2) € LTS e.trans_star_c (inters_e tsl ts2)”
using LTS e.trans_star_e.simps by fastforce
then
show ?thesis
by force
next
case Fulse
note False outer outer = False
then show %thesis
proof (cases “TJw2'. w2 = ¢ # w2'”)
case True
then obtain w2’ where True”:
“w2=eHw2'”
by auto
have p’_p: “(p1, wi, p2) € LTS.trans_star ts1”
using less by (metis)
obtain ¢’ where q'_p: “(q1, ¢, q') € ts2 A(q', w2, q2) € LTS.trans_star ts2”
using less True'(1) by (metis LTS_c.trans__star_cons_¢)
have ind: “((p1, q'), w, p2, q2) € LTS_e.trans_star_e (inters_c tsl ts2)”
proof —
have “length w1 + length w2’ < length w1 + length w2”
using True’(1) True'(1) by simp
moreover
have “LTS e.e_exp wl w”
by (metis (no__types) less(2))
moreover
have “LTS c.e_exp w2’ w”
by (metis (no_types) LTS e.c__exp_def less(3) True'(1) removeAll.simps(2))
moreover
have “(p1, w1, p2) € LTS.trans_star ts1”
using p’_p by simp
moreover
have “(q’, w2', q2) € LTS.trans_star ts2”
using ¢’_p by simp
ultimately
show “((p1, q'), w, p2, q2) € LTS _e.trans_star_c (inters_e tsl ts2)”
using less(1)[of wl w2’ w pl q'] by auto
qed
moreover
have “((p1, q1), ¢, (p1, q')) € (inters_e tsl ts2)”
by (simp add: inters_e_def p’_p q'_p)
ultimately
have “((p1, q1), w, p2, q2) € LTS e.trans_star_e (inters_c tsl ts2)”
using LTS e.trans_star_e.simps by fastforce
then
show ?thesis
by force
next
case Fualse
then have “(w! =[] A (Ja w2’ w2 = Some a # w2')) V (o wl’. wl = Some a # wl') A w2 =[])”
using False_outer _outer False outer outer outer False outer outer outer _outer
by (metis neq_Nil_conv option.ezhaust__sel)
then show ?%thesis
by (metis LTS e.e_exp_def LTS e.c_exp Some_length less.prems(1,2) less_numeral _extra(3)
list.simps(8) list.size(3) removeAll.simps(1))
qed
qed
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qged
qed
qed

lemma trans star e inter:
assumes “(p1, w :: 'label list, p2) € LTS_c.trans_star_e ts1”
assumes “(ql, w, ¢2) € LTS e.trans_star_e ts2”
shows “((p1, q1), w, (p2, q2)) € LTS e.trans_star_c (inters_e tsl ts2)”
proof —
have “Jwi1'. LTS ec.e_exp wi’' w A (p1, wl’, p2) € LTS.trans_star ts1”
using assms by (simp add: LTS e.trans_star_e_e__exp_trans_star)
then obtain wi!’ where “LTS e.c_exp wl' w A (pl, wl', p2) € LTS.trans_star ts1”
by auto
moreover
have “Jw2'. LTS e.c_exp w2’ w A (ql, w2’, q2) € LTS.trans_star ts2”
using assms by (simp add: LTS e.trans_star_e_e__exp trans_star)
then obtain w2’ where “LTS e.c_exp w2’ w A (ql, w2’, q2) € LTS.trans_star ts2”
by auto
ultimately
show ?thesis
using trans_star_trans_star_e__inter by metis
qed

lemma inters trans star e1:
assumes “(p1g2, w :: 'label list, p2q2) € LTS _c.trans_star_e (inters_c ts1 ts2)”
shows “(fst p1q2, w, fst p2q2) € LTS e.trans_star_e ts1”
using assms
proof (induction rule: LTS e.trans_star_e.induct|OF assms(1)])
case (1 p)
then show ?case
by (simp add: LTS _e.trans_star_c.trans_star_e__refl)
next
case (2p v q' wq)
then have ind: “(fst q/, w, fst q) € LTS_c.trans_star_e ts1”
by auto
from 2(1) have “(p, Some v, q’) €
{((p1, q1), o, p2, q2) |p1 q1 a p2q2. (pl, a, p2) € tsl A (ql, a, ¢2) € ts2} U
{((p1, q1), €, p2, q1) |pl p2 q1. (p1, €, p2) € ts1} U
{((p1, q1), €, p1, q2) |p1 q1 q2. (q1, ¢, q2) € ts1}”
unfolding inters_e_ def by auto
moreover

{
assume “(p, Some v, q¢') € {((p1, q1), o, p2, q2) |pl q1 a p2 q2. (p1, a, p2) € ts1 A (ql, o, q2) € ts2}”
then have “Ip1 q1. p = (p1, q1) A (3p2q2. ¢' = (p2, q2) A (p1, Some v, p2) € ts1 A (ql, Some v, q2) €
ts2)”
by simp
then obtain p! q! where “p = (p1, q1) A (Ip2 q2. ¢’ = (p2, q2) A (p1, Some v, p2) € tsl A (q1, Some v,
q2) € ts2)”
by auto
then have ?case
using LTS e.trans_star_e.trans_star_e_ step_~y ind by fastforce
}

moreover
{
assume “(p, Some v, q') € {((p1, q1), ¢, p2, ql1) |p1 p2 q1. (p1, e, p2) € ts1}”
then have ?case
by auto
}

moreover

{
assume “(p, Some 7, ¢') € {((p1, q1), €, p1, q2) |p1 q1 q2. (q1, ¢, q2) € ts1}”
then have ?case
by auto
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}

ultimately
show ?case
by auto
next
case (3p q' wq)
then have ind: “(fst q/, w, fst q) € LTS_c.trans_star_¢ ts1”
by auto
from 3(1) have “(p, ¢, ¢') €
{((p1, q1), a, (p2, q2)) | p1 q1 a p2 q2. (pl, o, p2) € ts1 A (ql, , q2) € ts2} U
{((p1, q1), ¢, (p2, q1)) | p1 p2 q1. (p1, &, p2) € ts1} U
{((p1, q1), €, (p1, q2)) | p1 q1 ¢2. (q1, ¢, ¢2) € ts2}”
unfolding inters e def by auto
moreover
{
assume “(p, ¢, ¢") € {((p1, q1), o, p2, ¢2) |pI q1 o p2 q2. (p1, a, p2) € ts1 A (q1, o, q2) € ts2}”
then have “Ipi qi. p = (p1, q1) A (3p2 q2. ¢' = (p2, ¢2) A (p1, ¢, p2) € ts1 A (q1, ¢, q2) € ts2)”
by simp
then obtain p1 q7 where “p = (p1, q1) A (3p2 q2. ¢’ = (p2, ¢2) A (p1, ¢, p2) € tsl A (ql, ¢, q2) € ts2)”
by auto
then have ?case
using LTS e.trans_star_e.trans_star_e_ step_ e ind by fastforce
}

moreover

{
assume “(p, €, ¢') € {((p1, q1), ¢, p2, q1) |p1 p2 ql. (p1, ¢, p2) € ts1}”
then have “Ipl p2 ql. p = (pl, q1) A ¢’ = (p2, q1) A (pl, €, p2) € ts1”
by auto
then obtain p! p2 qf where “p = (p1, q1) A ¢' = (p2, q1) A (pl, &, p2) € ts1”
by auto
then have ?case
using LTS e.trans_star_e.trans_star_e_ step e ind by fastforce
}

moreover

{
assume “(p, ¢, ¢') € {((p1, q1), €, p1, q2) Ip1 q1 q2. (q1, &, q2) € ts2}”
then have “Ipi qf ¢2. p = (p1, q1) A q¢' = (p1, q2) A (q1, ¢, q2) € ts2”
by auto
then obtain p1 q1 ¢2 where “p = (p1, q1) A q¢' = (p1, ¢2) A (q1, €, q2) € ts2”
by auto
then have Zcase
using LTS _e.trans_star_e.trans__star_e_ step_e ind by fastforce
}

ultimately
show ?case
by auto
qed

lemma inters trans star e:
assumes “(p1g2, w :: 'label list, p2q2) € LTS_c.trans_star_e (inters_c tsi ts2)”
shows “(snd p1q2, w, snd p2q2) € LTS _e.trans_star_c ts2”
using assms
proof (induction rule: LTS e.trans_star_e.induct[OF assms(1)])
case (1 p)
then show ?case
by (simp add: LTS _e.trans_star_e.trans__star_e__refl)
next
case (2p 7y q' wq)
then have ind: “(snd ¢, w, snd q) € LTS _e.trans_star_c ts2”
by auto
from 2(1) have “(p, Some v, ¢’) €
{((p1, q1), o, p2, q2) |p1 q1 @ p2 q2. (p1, «a, p2) € ts! A (¢, o, ¢2) € ts2} U
{((p1, q1), €, p2, q1) |p1 p2 q1. (p1, &, p2) € ts1} U
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{((p1, q1), €, p1, q2) |p1 q1 q2. (g1, ¢, q2) € ts2}”
unfolding inters_e__def by auto
moreover
{
assume “(p, Some v, q') € {((p1, q1), o, p2, q2) |p1 q1 o p2 q2. (p1, a, p2) € ts1 A (ql, o, q2) € ts2}”
then have “dpi q1. p = (p1, q1) A (3p2 q2. ¢’ = (p2, q2) A (p1, Some v, p2) € ts1 A (ql, Some v, q2) €
ts2)”
by simp
then obtain p! q! where “p = (p1, q1) A (Ip2 ¢2. ¢' = (p2, q2) A (p1, Some v, p2) € tsl A (g1, Some 7,
q2) € ts2)”
by auto
then have ?case
using LTS e.trans_star_e.trans_star_e_ step_ -y ind by fastforce
}

moreover
{
assume “(p, Some v, q') € {((p1, q1), ¢, p2, q1) |p1 p2 q1. (p1, e, p2) € ts1}”
then have ?case
by auto
}

moreover
{
assume “(p, Some v, q¢') € {((p1, q1), &, p1, q2) |p1 q1 q2. (q1, ¢, q2) € ts2}”
then have Zcase
by auto
}

ultimately
show ?case
by auto
next
case (3p q' wq)
then have ind: “(snd ¢, w, snd q) € LTS e.trans_star_c ts2”
by auto
from 3(1) have “(p, ¢, q¢') €
{((p1, q1), o, (p2, q2)) | p1 q1 « p2 q2. (p1, o, p2) € ts1 A (ql, o, q2) € ts2} U
{((p1, q1), &, (p2, q1)) | p1 p2 q1. (p1, ¢, p2) € tsl} U
{((p1, q1), ¢, (p1, q2)) | p1 q1 q2. (q1, ¢, q2) € ts2}”
unfolding inters_c__def by auto
moreover
{
assume “(p, €, q¢') € {((p1, q1), o, p2, q2) |p1 q1 a p2 q2. (p1, a, p2) € ts1 A (ql, a, q2) € ts2}”
then have “Ipl q1. p = (p1, q1) A (3p2q2. ¢' = (p2, ¢2) A (pl, &, p2) € ts] A (ql, ¢, q2) € ts2)”
by simp
then obtain p! q7 where “p = (p1, q1) A (3p2 ¢2. ¢' = (p2, ¢2) A (pl, ¢, p2) € tsl A (ql, ¢, q2) € ts2)”
by auto
then have ?case
using LTS e.trans_star_e.trans_star_e_ step_ e ind by fastforce
}
moreover
{
assume “(p, ¢, ¢') € {((p1, q1), ¢, p2, q1) |p1 p2 ql. (p1, ¢, p2) € ts1}”
then have “Ipi p2 qi. p = (pl, q1) A ¢’ = (p2, q1) A (pl, €, p2) € ts1”
by auto
then obtain p1 p2 qf where “p = (p1, q1) A ¢' = (p2, q1) A (pl, €, p2) € ts1”
by auto
then have ?case
using LTS e.trans_star_e.trans__star_e_ step_e ind by fastforce
}
moreover
{
assume “(p, €, q¢') € {((p1, q1), €, p1, q2) |p1 q1 q2. (q1, ¢, q2) € ts2}”
then have “Ipl qf ¢2. p = (p1, q1) A q¢' = (p1, q2) A (q1, €, q2) € ts2”
by auto
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then obtain p1 q1 ¢2 where “p = (p1, q1) A q¢' = (p1, ¢2) A (ql, €, q2) € ts2”
by auto
then have “case
using LTS e.trans_star_e.trans_star_e_ step_ e ind by fastforce
}
ultimately
show ?Zcase
by auto
qed

lemma inters_trans_star_e_ iff:
“((p1,q2), w :: 'label list, (p2,q2)) € LTS e.trans_star_e (inters_e tsl ts2) +—
(p1, w, p2) € LTS e.trans_star_e tsl A (¢2, w, q2) € LTS _e.trans_star_c ts2”
by (metis fst_conv inters_trans_star_c inters_trans_star_e1 snd__conv trans_star_e__inter)

lemma inters_e__accept_e__iff:

“accepts_e__inters (inters_e tsl ts2) ¢ <— accepts_e tsl ¢ A accepts_e ts2 c”
proof

assume “accepts_c__inters (inters_c tsl ts2) c¢”

then show “accepts e ts1 ¢ A accepts e ts2 c¢”

using accepts_e__def accepts_e__inters def inters_trans_star_e inters_trans_star_e1 by fastforce

next

assume asm: “accepts_e tsl ¢ N\ accepts_e ts2 c¢”

define p where “p = fst ¢”

define w where “w = snd ¢”

from asm have “accepts_e ts1 (p,w) A accepts_e ts2 (p,w)”

using p_def w_def by auto
then have “(3¢€finals. (Init p, w, q) € LTS _c.trans_star_e ts1) A

(3 g€finals. (Init p, w, q) € LTS_e.trans_star_c ts2)”

unfolding accepts_e_ def by auto
then show “accepts_e__inters (inters_e tsl ts2) c¢”

using accepts_e_ inters__def p_ def trans_star_e__inter w_def by fastforce

qed

lemma inters_e_lang e: “lang_e_inters (inters_e tsl ts2) = lang_c tsl N lang e ts2”
unfolding lang e inters def lang e_ def using inters_e__accept_e_ iff by auto

5.7 Dual search

lemma duall:
“post_star (lang_e A1) N pre_star (lang A2) = {c. Jcl € lang e Al.3c2 € lang A2. ¢ =" ¢ A c =" c2}”
proof —
have “post_star (lang_e A1) N pre_star (lang A2) = {c. ¢ € post_star (lang_e A1) A ¢ € pre_star (lang A2)}”
by auto
moreover
have “.. = {c. (3¢l € lang e Al. ¢l =" ¢) A (3c2 € lang A2. ¢ =" ¢2)}”
unfolding post_star__def pre__star__def by auto
moreover
have “.. = {c. ¢l € lang e A1. 32 € lang A2. c1 =" ¢ A\ ¢ =" ¢2}7
by auto
ultimately
show ?thesis by metis
qed

lemma dual2:

“post_star (lang_e A1) N pre_star (lang A2) # {} «— (Fcl € lang € Al.3c2 € lang A2. c1 =" c2)”
proof (rule)

assume “post_star (lang_e A1) N pre_star (lang A2) # {}”

then show “Jcl€lang ¢ Al. I c2€lang A2. c1 =~ 27

by (auto simp: pre_star_def post_star__def intro: rtranclp__trans)

next

assume “Jdcl€lang e Al. Fc2€lang A2. c1 =" ¢27

then show “post_star (lang_e A1) N pre_star (lang A2) # {}”
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using duall by auto
qed

lemma LTS e_of LTS Some: “(p, Some v, q') € LTS e_of LTS A2’ <+ (p, 7, q¢') € A2"”
unfolding LTS e_of LTS def c_edge of edge_def by (auto simp add: rev_image__eql)

lemma LTS e_of LTS None: “(p, None, q¢') ¢ LTS e_of LTS A2'”
unfolding LTS e_of LTS def ¢_edge of edge_def by (auto)

lemma trans_ star_e_ LTS e of LTS trans_star:
assumes “(p,w,q) € LTS c.trans_star_e (LTS_e_of LTS A2")”
shows “(p,w,q) € LTS.trans_star A2'”
using assms
proof (induction rule: LTS e.trans_star_e.induct[OF assms(1)] )
case (1 p)
then show ?case
by (simp add: LTS.trans_star.trans__star_refl)
next
case (2p 7y q' wq)
moreover
have “(p, v, ¢') € A2"”
using 2(1) using LTS e of LTS Some by metis
moreover
have “(q¢', w, q) € LTS.trans_star A2'”
using “2.IH” 2(2) by auto
ultimately show ?case
by (meson LTS.trans_star.trans_star_step)
next
case (3p q' wq)
then show ?case
using LTS e of LTS None by fastforce
qed

lemma trans_star_trans_star_e_ LTS e_of LTS:
assumes “(p,w,q) € LTS.trans_star A2'”
shows “(p,w,q) € LTS _e.trans_star_e (LTS _e_of LTS A2")”
using assms
proof (induction rule: LTS .trans_star.induct|OF assms(1)])
case (1 p)
then show ?case
by (simp add: LTS _e.trans_star_e.trans__star_e__refl)
next
case (2p 7y q' wq)
then show “case
by (meson LTS e.trans_star_e.trans_star_e_step_~y LTS _e_of LTS Some)
qed

lemma accepts_e_ LTS e_of LTS _iff accepts: “accepts_e (LTS e_of LTS A2') (p, w) <— accepts A2’ (p, w)”
using accepts e def accepts def trans_star_e_ LTS e_of LTS trans star
trans__star_trans_star_e_ LTS e of LTS by fastforce

lemma lang e LTS e_of LTS is lang: “lang_e (LTS e_of LTS A2') = lang A2'”
unfolding lang e def lang_def using accepts e LTS e_of LTS iff accepts by auto

theorem dual star_correct _early termination:
assumes “inits C LTS.srcs A1”
assumes “inits C LTS.srcs A27
assumes “isols C LTS.isolated A1”
assumes “isols C LTS.isolated A2”
assumes “post_star_rules*™ A1 A1'”
assumes “pre_star_rule*™ A2 A2'”
assumes “lang_e__inters (inters_e A1’ (LTS e_of LTS A2") # {}”
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shows “Jc¢l € lang_e A1.3c2 € lang A2. c1 =~ ¢27
proof —
have “{c. accepts_e A1’ c} C post_star (lang_ec A1)”
using assms using post_star_rules_subset_post_star_lang by auto
then have A1’ _correct: “lang_e A1’ C post_star (lang_e A1)”
unfolding lang e def by auto

have “{c. accepts A2' ¢} C pre_star (lang A2)”

using pre_star_rule_subset_pre_star_lang[of A2 A2'] assms by auto
then have A2’ correct: “lang A2’ C pre_star (lang A2)”

unfolding lang def by auto

have “lang_c_ inters (inters_e A1’ (LTS e_of LTS A2")) = lang_e A1’ N lang e (LTS e_of LTS A2")”
using inters_e_lang elof A1" “(LTS_e_of LTS A2')”] by auto

moreover
have “.. = lang_e A1’ N lang A2"”
using lang ¢ LTS e of LTS is lang by auto
moreover
have “... C post_star (lang_e A1) N pre_star (lang A2)”
using A1’ correct A2’ correct by auto
ultimately
have inters_correct: “lang_c_ inters (inters_e A1’ (LTS e_of LTS A2')) C post_star (lang_e A1) N pre_star
(lang A2)”
by metis

from assms have “post_star (lang e A1) N pre_star (lang A2) # {}”
using inters__correct by auto

then show “Jci€lang e A1. Ic2€lang A2. c1 =" ¢2”
using dual?2 by auto

qed

theorem dual star correct saturation:
assumes “inits C LTS.srcs A17
assumes “inits C LTS.srcs A27

assumes “isols C LTS.isolated A1”
assumes “isols C LTS.isolated A2”
assumes “saturation post_star_ rules A1 A1'”
assumes “saturation pre_star rule A2 A2'”
shows “lang_c_ inters (inters_e A1’ (LTS e_of LTS A2") # {} +— (3¢l € lang_e A1. Ic2 € lang A2. cl
=" c2)”
proof —
have “{c. accepts_¢ A1’ c} = post_star (lang_e A1)”
using post_star_rules _accepts_e__correct[of A1 A1’] assms by auto
then have A1’ _correct: “lang_e A1’ = post_star (lang_e A1)”
unfolding lang e def by auto

have “{c. accepts A2' c} = pre_star (lang A2)”
using pre_star_rule__accepts__correct[of A2 A2'] assms by auto
then have A2’ correct: “lang A2' = pre_star (lang A2)”
unfolding lang def by auto

have “lang_c_ inters (inters_e A1’ (LTS _e_of LTS A2")) = lang_e A1’ N lang e (LTS e_of LTS A2")”
using inters_e_lang _elof A1’ “(LTS_e_of LTS A2')”] by auto

moreover
have “.. = lang ¢ A1' N lang A2'”

using lang e LTS e of LTS is lang by auto
moreover
have “... = post_star (lang_e A1) N pre_star (lang A2)”

using A1’ correct A2 correct by auto
ultimately
have inters__correct: “lang_c__inters (inters_e A1’ (LTS _e_of LTS A2')) = post_star (lang_e A1) N pre_star
(lang A2)”
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by metis

show ?%thesis
proof
assume “lang_e_ inters (inters_e A1’ (LTS _e_of LTS A2")) # {}”
then have “post_star (lang_e A1) N pre_star (lang A2) # {}”
using inters__correct by auto
then show “Jcl€lang e A1. Fc2€lang A2. c1 =" c2”
using dual2 by auto
next
assume “Jdcl€lang € Al. Fc2€lang A2. c1 =" c2”
then have “post_star (lang_e A1) N pre_star (lang A2) # {}”
using dual2 by auto
then show “lang_c_ inters (inters_e A1’ (LTS _e_of LTS A2") # {}”
using inters__correct by auto
qed
qed

theorem dual_star_correct _early termination__configs:
assumes “inits C LTS.srcs A17
assumes “inits C LTS.srcs A2”

assumes “isols C LTS.isolated A1”

assumes “isols C LTS.isolated A2”

assumes “lang_e Al = {c1}”

assumes “lang A2 = {c2}”

assumes “post_star _rules*™ A1 A1'”

assumes “pre_star_rule*™ A2 A2'”

assumes “lang_e__inters (inters_e A1’ (LTS e_of LTS A2") # {}”
shows “c1 =" ¢2”

using dual _star__correct__early_termination assms by (metis singletonD)

theorem dual_star_correct saturation__configs:
assumes “inits C LTS.srcs A1”
assumes “inits C LTS.srcs A2”
assumes “isols C LTS.isolated A1”
assumes “isols C LTS.isolated A2”
assumes “lang e Al = {c1}”
assumes “lang A2 = {c2}”
assumes “saturation post_star_rules A1 Al
assumes “saturation pre_star rule A2 A2'”
shows “lang e_inters (inters_e A1’ (LTS e_of LTS A2")) # {} +— ¢l =* 2”7
using assms dual__star__correct__saturation by auto

!

end

end
theory PDS_Code

imports PDS “Deriving.Derive”
begin

global-interpretation pds: PDS with_P__automata A F__ctr_loc F_ctr_loc_ st
for A = “(‘ctr_loc::{enum, linorder}, 'label::{finite, linorder}) rule set”
and F_ctr_loc :: “('ctr_loc) set”
and F_ctr_loc_st :: “('state::finite) set”

defines pre_star = “PDS_with_P__automata.pre__star_exec A”
and pre_star_check = “PDS_with_P__automata.pre__star__exec_check A”
and inits = “PDS_with P__automata.inits”

and finals = “PDS_with_P__automata.finals F_ctr_loc F__ctr_loc__st”

and accepts = “PDS__with_P_automata.accepts F_ctr_loc F_ctr_loc_st”

and language = “PDS_with_P__automata.lang F__ctr_loc F_ctr_loc_st”

and step__starp = “rtranclp (LTS.step__relp (PDS.transition_rel A))”

and accepts _pre_star__check = “PDS_with__ P__automata.accept_pre__star__exec_check A F_ctr_loc F_ctr_loc_st”
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global-interpretation inter: Intersection_ P__Automaton
initial__automaton Init “finals initial__F_ctr_loc initial__F__ctr_loc__st”
“pre__star A final__automaton” “finals final _F_ctr_loc final _F_ctr_loc_st”

for A 2 “(‘ctr_loc::{enum, linorder}, 'label::{finite, linorder}) rule set”

and initial_automaton :: “(('ctr_loc, 'state::finite, 'label) state, 'label) transition set”
and initial F_ctr_loc :: “'ctr_loc set”

and initial F_ctr_loc_ st :: “'state set”

and final_automaton :: “(('ctr_loc, 'state, 'label) state, 'label) transition set”

and final F_ctr_loc :: “'ctr_loc set”

and final F_ctr_loc_st :: “'state set”

defines nonempty_inter = “P__ Automaton.nonempty

(inters initial__automaton (pre_star A final__automaton))
((Ap. (Init p, Init p)))
(inters_finals (finals initial_F_ctr_loc initial_F_ctr_loc__st)

(finals final _F__ctr_loc final_F_ctr_loc_st))”

definition “check A I IF IF st F FF FF st =
(if pds.inits C LTS.srcs F then Some (nonempty inter A I IF IF st F FF FF_st) else None)”

lemma check_None: “check A I IF IF_st F FF FF_st = None +— — (inits C LTS.srcs F)”
unfolding check__def by auto

lemma check_Some: “check A I IF IF st F' FF FF st = Some b +—

(inits C LTS.sres FA b= (3pwp’ w'
(p, w) € language IF IF st I A
(p', w") € language FF FF_st F A
step._starp A (p, w) (p', w)))”

unfolding check__def nonempty_inter__def P_ Automaton.nonempty_ def
inter.lang__aut__alt inter.inters_lang
pds.lang _aut_lang

by (auto 0 5 simp: pds.pre__star_exec_lang_ correct pds.pre__star__def image__iff
elim!: bexl[rotated)])

declare P__

Automaton.mark.simps|code]

export-code check checking SML

end
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