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Abstract

This entry formalizes pushdown automata and proves their equiv-
alence with context-free grammars. It also shows that acceptance by
empty stack and by final state are equivalent.
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1 Pushdown Automata (PDA)

theory Pushdown__Automata
imports Main
begin

1.1 Definitions

In the following, we define pushdown automata and show some basic prop-
erties of them. The formalization is based on the Lean formalization by
Leichtfried[2].



We represent the transition function § by splitting it into two different
functions 41 : @ X X xI' - Q@ x I and d : Q xI' = @Q x I'*, where
0(q,a,2) :=9(q,a,Z) and 62(q, Z) := 6(q,€, Z).

record ('q,’a,’s) pda = init_state ::'q
init_symbol ::'s
final_states :: 'q set
delta  ::'q= 'a="s= ('q x 's list) set
delta__eps w'qg='s = (g x 's list) set
locale pda =

fixes M :: ('q :: finite, ‘a :: finite, 's :: finite) pda
assumes finite_delta: finite (delta M p a Z)
and finite_delta__eps: finite (delta_eps M p Z)
begin

notation delta (9)
notation delta_eps (d¢)

‘a list x 's list) set where

qpB. (¢, 8)€d MpaZ}
qB. (q,B) €de MpZ}
(¢, B) € 6e M p Z}

fun step :: ‘g x ‘a list x ‘s list = (g x
step (p, a#w, Z#a) = {(q, w, fQa) |
U {(¢, a#w, fQa) |
| step (p, I, Z#a) = {(q, [], BQa) | ¢ B.
| step (, ., [))=1{}

fun step; :: 'q x 'a list x 's list = 'q x 'a list x 's list = bool
((_~ _) [0, 50] 50) where
(p1, w1, 1) ~ (p2, wa, az) < (p2, wa, a2) € step (p1, w1, ay)

definition steps :: 'q x 'a list x 's list = 'q x 'a list x 's list = bool
((_ ~x_) [50, 50] 50) where
steps = step; Tk

inductive stepn :: nat = 'q x 'a list x 's list = 'q x 'a list x 's list = bool
where

refl,: stepn 0 (p, w, ) (p, w, a) |

stepn: stepn n (p1, w1, a1) (p2, w2, as) = stepy (p2, wa, as) (p3, ws, az) =
stepn (Suc n) (p1, w1, 1) (p3, w3, as)

abbreviation stepsn ((_ /~'(_"/ _) [50, 0, 50] 50) where
¢ ~(n) ¢/ = stepnncc’
The language accepted by empty stack:

definition accept_stack :: 'a list set where
accept_stack = {w. 3 q. (init_state M, w, [init_symbol M]) ~>x (q, [], [|)}

The language accepted by final state:

definition accept_final :: 'a list set where



accept_final = {w. I q € final_states M. I~. (init_state M, w, [init_symbol M])
~* (g, [, 1)}

1.2 Basic Lemmas

1.2.1 step and step;

lemma card_trans step: card (6 M p a Z) = card {(q, w, fQ«) | ¢ B. (¢, B) €
MpaZ}
(proof)

lemma card_eps_step: card (de M p Z) = card {(q, w, fQa«) | ¢ B. (¢, B) € d¢
Mp Z}
(proof)

lemma card _empty_ step: card (step (p, [|, Z#a)) = card (6e M p Z)
(proof)

lemma finite_delta_step: finite {(q, w, 8 Q@ «) |q B. (¢, B) € 6 M p a Z} (is finite
2A)
(proof)

lemma finite_delta_eps_step: finite {(q, w, B8 @ «) |q 8. (¢, B) € 0e M p Z} (is
finite ?A)
(proof)

lemma card_nonempty_step: card (step (p, af#w, Z#a)) = card (6 M p a Z) +
card (6e M p Z)
(proof)

lemma finite_step: finite (step (p, w, Z#a))
(proof )

lemma step;__nonempty_stack: (p1, w1, a1) ~ (p2, we, @) = IZ' a’. a1 =
7'#a’
(proof)

lemma step__empty_stack: = (p1, wi, []) ~ (p2, w2, a2)
(proof)

lemma step;__rule: (p1, w1, Z#a1) ~ (p2, wa, as) <— (/. wy = w1 A ag =
BQay A (p2, B) € e M py Z)
V (Ja B. wy =a# wy Aag = fQa; A
(pg,ﬁ)EaMpl G,Z)
(proof)

lemma stepy__rule_ext: (p1, wy, o) ~ (p2, we, o) «— (32" a'. ay = Z'#a’ A
((38. way = w1 A ag = BQa’ A (p2, B) € 6e M py Z)

V (3aB. wy =a# w A ay = Qa’ A
(p2, B) € 6 M py a Z')) (is 2l +— ?2r)



{proof)

lemma step;__stack_app: (p1, wi, a1) ~ (p2, we, as) = (p1, w1, a1 Q ) ~~
(p2, w2, ap @ )
(proof)

1.2.2 steps

lemma steps_refl: (p, w, @) ~* (p, w, @)
(proof)

lemma steps_trans: [ (p1, wy, or) ~% (p2, w2, a2); (P2, wa, az) ~* (p3, w3, a3)
I

= (p1, w1, a1) ~* (p3, w3, az)

(proof )

lemma step;_ steps: (pla Wi, al) ~> (pza Wz, 02) - (P17 Wi, al) Ik (Pz, wa,
0[2)
(proof )

lemma steps_empty_stack: (p1, w, []) ~>* (p2, wa, a2) = p1 = pa A w1 = ws
Aaz =]
(proof )

lemma steps induct2[consumes 1]:
assumes ! ~x 2

and Ap w a. P (p, w, ) (p, w, @)

and Ap1 wy a1 p2 wa ag p3 w3 az. (p1, wi, 1) ~ (p2, w2, az) = (p2, wa,
az) ~x (p3, w3, az) =

P (p2, w2, a2) (p3, w3, az) = P (p1, w1, a1) (ps, ws, as)
shows P z1 z2

(proof)

lemma steps _induct2 bw[consumes 1, case _names base step):
assumes steps vl z2
and A\p w a. P (p, w, a) (p, w, @)
and Ap1 w1 a1 p2 we az p3 w3 ag. (p1, wi, 1) ~x (P2, w2, az) = (po,
wy, az) ~ (p3, w3, az) =
P (p1, w1, a1) (p2, wa, ag) = P (p1, w1, a1) (p3, w3, az)
shows P z1 z2
(proof )

lemmas converse rtranclp__induct3 _auxr =

converse__rtranclp__induct [of stepy (az, ay, az) (bx, by, bz), split_rule]
lemmas steps induct =

converse__rtranclp_induct3_auzx [of M, folded steps _def ,consumes 1, case_names

refl step)

lemma step;__word__app: stepy (p1, wi, a1) (p2, we, ag) +— stepy (p1, w1 @ w,



0[1) (p27 w2 @ w, 0[2)
(proof)

lemma decreasing _word: (p1, wi, a1) ~>* (p2, we, @) = Jw. w1 = w Q wy
(proof )

1.2.3 stepn

inductive__cases stepn_ zeroE[elim!]: (p1, w1, a1) ~=(0) (p2, w2, a2)
thm stepn_ zeroE

inductive__cases stepn_sucE[elim!]: (p1, w1, a1) ~>(Suc n) (p2, wa, as)
thm stepn_ suck

declare stepn.intros[simp, intro)

lemma step;__stepn__one: (p1, wy, ay) ~ (pa2, wa, ag) +— (p1, wi, a1) ~(1) (pa,
w2, a2)
(proof)

lemma stepn_split_last: (3p’ w’ o’. (p1, w1, a1) ~(n) (p', w’, a’) A (p’, w', )
~ (p2, wa, a2))
< (p1, w1, a1) ~(Suc n) (p2, w2, az)
(proof)

lemma stepn_ split_first: (Ap’ w’ o’ (p1, w1, 1) ~ (p’, w’, &) A (p, W', &)
~(n) (p2, w2, az))

+— (p1, wi, a1) ~(Suc n) (p2, we, ag) (is 2l «+— 9r)
(proof)

lemma stepn_induct[consumes 1, case_names basen stepn]:
assumes z! ~(n) x2
and Ap wa. P 0 (p, w, @) (p, w, @)
and An p; wy a1 py wa g p3 w3 az. (p1, wi, ar) ~ (p2, w2, az) = (p2,
wa, az) ~(n) (p3, w3, az) =
Pn (p2, wa, a2) (ps, w3, az) = P (Suc n) (p1, w1, 1) (p3, w3, a3)
shows P n z1 x2

(proof)

lemma stepn_ trans:
assumes (p1, wi, a1) ~+(n) (p2, w2, )
and (pg, wa, az) ~(m) (ps, w3, az)
shows (p1, wi, a1) ~(n+m) (p3, ws, as)

(proof)

lemma stepn_steps: (In. (p1, w1, a1) ~(n) (p2, w2, az)) < (p1, w1, @) ~x
(p2, wa, ag) (is 2l +— 7r)

(proof)

lemma stepn_word_app: (p1, wi, a1) ~(n) (p2, we, az) «— (p1, w1 Q@ w, ay)



?(”)fgpz, we @ w, ag) (is 7l +— ?r)
PrOOo,

lemma steps _word__app: (p1, wi, a1) ~>* (p2, we, az) +— (p1, w1 @ w, 1) ~>x*
(p2, w2 @ w, ay)
(proof)

lemma stepn_not_refi_split_first:
assuimes (p17 w1y, Oll) W(n) (p27 w2, OZQ)
and (p1, w1, a1) # (p2, w2, ag)
shows 3n’ p’ w' a’. n = Suc n’ A (p1, w1, a1) ~ (p/, w', &) A (p', W', &)
~(n') (p2, w2, az)

(proof)

lemma stepn_not_refi_split_last:
assumes (p1, wi, ai) ~(n) (p2, wa, az)
and (pl, wi, 011> # (pQ, wa, Olg)
shows 3n’ p’ w’ a’. n = Suc n’ A (p1, w1, a1) ~(n’) (p/, w’, a’) A (p/, W/,
a’) ~ (p2, w2, az)

(proof)

lemma steps not_refl split_first:
assumes (p1, w1, a1) ~>* (P2, wa, a2)
and (p1, wi, 1) # (p2, w2, az)
shows dp’ w’ o’. (p1, w1, a1) ~ (p’, w', &’) A (p’, W', &’) ~x* (pa, wa, az)

(proof)

lemma steps not_refi split_last:
assumes (p1, w1, a1) ~>* (p2, wa, a2)

and (p1, wi, a1) # (p2, w2, @)
shows Hp/ ’LU/O[/. (ph wi, Oé]) K (pla ’U)/, Oé/) A (pla U)/, Oé,) ~ (p27 w2, a?)

(proof)

lemma stepn_stack _app: (p1, w1, a1) ~(n) (p2, w2, az) = (p1, w1, a1 Q f)
~(n) (p2, wa, az @ f3)
(proof)

lemma steps_stack_app: (p1, w1, a1) ~* (p2, wa, as) = (p1, w1, a1 @ B) ~x
(p2, wa, ag @ )
(proof)

lemma step,_ stack_drop:
assumes (p1, wi, a; @ y) ~ (p2, wa, ap @ )
and ag # |]
shows (p1, w1, a1) ~ (p2, wa, a3)
(proof )

lemma stepn_ reads input:
assumes (p1, a # w, a1) ~(n) (p2, [], az)



shows 3n' k q1 g2 71 y2. n = Sucn’ Ak < n' A (p1, a # w, a1) ~(k) (q1, a
# w, y1) A
(g1, @ # w, 71) ~ (g2, w, 72) A (g2, w, v2) ~(n'=k) (p2, [, a2)
(proof)

lemma split__word:

(p1, w @ w’', 1) ~(n) (p2, ||, a2) = Ik qgv. k < n A (p1, w, a1) ~(k) (g, [],
7) A (g, w', y) ~(n—k) (p2, |, a2)

(proof)

lemma split_ stack:
stepn n (p1, wi, ar @ By1) (p2, [, ) = 3p" m1 ma y y" w1 =y @ y" A my +
mo = 1N

~(ma2) (p2, ], 1)
(proof)

A (ph Y, al) W(ml) (p/? []7 []) A (p’, y/7 51)

end

end

2 Equivalence of Final and Stack Acceptance

2.1 Stack Acceptance to Final Acceptance

Starting from a PDA that accepts by empty stack we construct an equivalent
PDA that accepts by final state, following Kozen [1].

theory Stack _To Final PDA
imports Pushdown__Automata
begin

datatype 'q st_extended = Old_st 'q | New_init | New_ final
datatype 's sym__extended = Old_sym 's | New_sym

lemma inj Old_sym: inj Old__sym
(proof)

instance st_extended :: (finite) finite

(proof)

instance sym__extended :: (finite) finite
(proof)

context pda begin

fun final _of stack_delta :: 'q st_extended = 'a = 's sym__extended = ('q st__extended
x s sym__extended list) set where
final_of stack_delta (Old_st q) a (Old_sym Z) = (A(p, a). (Old_st p, map



Old_sym «)) ‘(6 M qa Z)
| final _of stack delta = {}

We slight modify the transition function from Kozen’s proof to simplify
the formalization (see stack_to_final_pda__last_step):

fun final_of stack_delta_eps :: 'q st_extended = 's sym__extended = ('q st__extended
x 's sym__extended list) set where

final_of _stack_delta_eps (Old_st q) (Old_sym Z) = (A(p, «). (Old_st p, map
Old_sym «)) “(0e M q Z)
| final _of stack_delta__eps New__init New__sym = {(Old__st (init_state M), [Old__sym
(init_symbol M), New_sym])}
| final_of _stack_delta__eps (Old_st q) New_sym = {(New_final, [])}
| final_of stack delta_eps = {}

definition final_of stack pda :: ('q st_extended, 'a, ’s sym__extended) pda where
final_of _stack_pda = ( init_state = New__init, init_symbol = New_sym, fi-
nal__states = {New_ final},
delta = final_of stack__delta, delta__eps = final_of stack delta__eps
)

lemma pda_final of stack: pda final_of stack pda
{proof )

lemma final _of stack pda_ trans:
(p,B)€d MqgaZ +—
(Old__st p, map Old_sym () € 0 final_of stack pda (Old_st q) a (Old_sym
Z)
(proof)

lemma final of stack pda__eps:

(p, B) € 0e M q Z +— (Old_st p, map Old_sym ) € e final_of stack pda
(Old_st q) (Old_sym Z)
(proof )

lemma final of stack pda_ step:
(p1, w1, 1) ~ (p2, wa, a2)
pda.stepy final _of stack_pda (Old_st p1, w1, map Old_sym 1) (Old_st pa,
wa, map Old_sym asg) (is 71 +— 7r)

(proof)

abbreviation o_ with _new :: 's list = 's sym__extended list where
a__with_new o = map Old_sym o @ [New__sym]

lemma final of stack_pda__stepi_ drop:
assumes pda.stepy final _of stack_pda (Old_st p1, wi, o with _new o)
(Old_st pa, we, a__with_new «z)
shows (p1, w1, a1) ~ (p2, w2, az)
(proof)



lemma final of stack pda_ from_old:
assumes pda.stepy final _of stack_pda (Old_st p1, wi, a1) (p2, wa, a2)
shows (I py’. po = Old_st p3’) V pa = New_final
(proof )

lemma final of stack pda_no_step_ final:
—pda.stepy final_of stack pda (New_final, wy, a1) (p, wa, as)

{proof)

lemma final of stack_pda_ from_oldn:
assumes pda.steps final_of stack_pda (Old_st p1, wy, a1) (p2, we, as)
shows 3¢’ po = Old_st q' V pa = New_ final

(proof)

lemma final of stack pda_to_old:
assumes pda.stepy final _of stack_pda (p1, wi, 1) (Old_st pa, wa, a2)
shows (¢’ p1 = Old_st ¢') V p1 = New__init
(proof)

lemma final of stack pda_ bottom__elem:
assumes pda.steps final_of _stack_pda (Old_st p1, w1, a__with_new ay)
(Old__st pa, wa, )
shows Ja. v = a__with_new «
(proof)

lemma final of stack pda_ stepn:
(p1, w1, a1) ~(n) (p2, w2, az) «—
pda.stepn final _of stack _pdan (Old_st py, w1, a__with _new aq) (Old__st
Pa2, Wa, a__with_new «as) (is 2l +— or)
(proof)

lemma final of stack pda_ steps:
(P1, w1, a1) ~* (p2, w2, az) <—
pda.steps final _of stack pda (Old_st p1, wy, a__with_new aq) (Old__st
Pa2, Wa, a__with _new as)
(proof)

lemma final of stack_pda_ first_step:
assumes pda.step; final _of stack_pda (New init, wi, [New_sym]) (p2, w2, @)
shows py, = Old_st (init_state M) N wy = wy A a = [Old_sym (init_symbol
M), New__sym]
(proof)

By not allowing any moves from the new final state, we obtain a distinct
last step, which simplifies the argument about splitting the path that the
constructed automaton takes upon accepting a word:

lemma final of stack pda_last_step:
assumes pda.stepy final _of stack_pda (p1, wi, a1) (New_final, we, as)
shows d¢q. py = Old_st g A wy = was A ay = New__sym # as



(proof)

lemma final of stack_pda__split_path:
assumes pda.stepn final_of _stack_pda (Suc (Suc n)) (New_init, wy, [New_sym])

(Newjnalv Wz, rY)
shows 3 ¢. pda.step final_of stack pda (New _init, w1, [New__sym])

(Old__st (init_state M), wy, [Old_sym
(init_symbol M), New__sym]) A
pda.stepn final_of _stack_pda n (Old_st (init_state M), wy, [Old_sym
(init_symbol M), New__sym])
(Old__st q, wa, [New_sym]) A
pda.stepy final_of _stack _pda (Old_st q, we, [New__sym])
(New_final, w3, 7) Ay = |
(proof)

lemma final of stack_pda_ path_length:
assumes pda.stepn final _of stack_pdan (New_init, wy, [New__sym]) (New_ final,

w2, 7)
shows 3n’. n = Suc (Suc (Suc n'))

(proof)

lemma accepted_final _of stack:
(3 q. (init_state M, w, [init_symbol M]) ~>x (q, [], [])) «— (g 7. q € final_states
final_of stack pda A

pda.steps final_of _stack_pda (init_state final _of stack_pda, w, [init_symbol
final_of _stack_pdal) (g, [], 7)) (is 2l «— ?r)
(proof)

lemma final _of stack: pda.accept stack M = pda.accept final final _of stack_pda
(proof )

end
end

2.2 Final Acceptance to Stack Acceptance

Starting from a PDA that accepts by final state we construct an equivalent
PDA that accepts by empty stack, following Kozen [1].

theory Final To_Stack PDA
imports Pushdown__Automata
begin

datatype 'q st_extended = Old_st 'q | New_init | New_ final
datatype 's sym__extended = Old_sym 's | New__sym

lemma inj Old_sym: inj Old__sym
(proof)

instance st_extended :: (finite) finite

10



(proof)

instance sym__extended :: (finite) finite

(proof)

context pda begin

fun stack_of final delta :: 'q st_extended = 'a = 's sym__extended = ('q st__extended
x s sym__extended list) set where

stack_of _final_delta (Old_st q) a (Old_sym Z) = (A(p, a). (Old_st p, map
Old_sym «)) ‘(6 M qa Z)
| stack_of final delta = {}

fun stack_of final delta_eps :: 'q st_extended = 's sym__extended = ('q st__extended
x s sym__extended list) set where

stack_of _final_delta__eps (Old_st q) (Old_sym Z) = (if q € final _states M then
{(New_final, [Old_sym Z])} else {}) U

(Mp, ). (Old_st p, map Old_sym

@) (6= M g 2)
| stack_of final_delta_eps (Old_st q) New_sym = (if ¢ € final_states M then
{(New_final, [New_sym])} else {})
| stack_of final delta__eps New _init New_sym = {(Old__st (init_state M), [Old__sym
(init_symbol M), New_sym])}
| stack_of final _delta_eps New_final _ = {(New_final, [])}
| stack_of final_delta_eps _ _ = {}

definition stack of final_pda :: ('q st__extended, 'a, 's sym__extended) pda where
stack_of final _pda = ( init_state = New__init, init_symbol = New__sym, fi-

nal_states = {New_ final},
delta = stack_of final _delta, delta__eps = stack_of _final_delta__eps))

lemma pda_ final to_stack:
pda stack_of final pda

(proof)

lemma stack _of final _pda_ trans:
(p,B) € MqaZ <
(Old__st p, map Old_sym () € 0 stack_of final _pda (Old_st q) a (Old__sym
Z)
(proof )

lemma stack of final _pda__eps:

(p, B) € 0e M q Z +— (Old_st p, map Old_sym ) € de stack_of final_pda
(Old_st q) (Old_sym Z)
{proof)

lemma stack of final _pda__step:

(p1, w1, a1) ~ (p2, w2, az) <—
pda.stepy stack_of final_pda (Old__st p1, wy, map Old_sym «y) (Old__st

11



P2, wa, map Old_sym «g) (is 21 «+— ?r)
(proof)

abbreviation o_ with _new :: 's list = 's sym__extended list where
o_with_new o = map Old_sym o @ [New__sym]

lemma stack_of final pda__stepi_ drop:
assumes pda.stepy stack_of final_pda (Old_st p1, w1, a__with _new o)
(Old__st pa, wa, a_with_new as)
shows (p1, wi, a1) ~ (P2, we, as)

(proof)

lemma stack of final _pda_ from _old:
assumes pda.stepy stack_of final_pda (Old_st p1, w1, a1) (p2, wa, a2)
shows (I pa’. po = Old_st p3’) V pa = New__final
{proof)

lemma stack of final _pda_ from_ final:
assumes pda.stepy stack_of final_pda (New_final, wi, aq) (p2, we, as)
shows 3Z'. po = New_final A wy = w1 A a1 = Z'#ay
(proof )

lemma stack_of final pda_ from__oldn:
assumes pda.steps stack _of final _pda (Old_st p1, wy, a1) (p2, we, asz)
shows 3¢q’. po = Old_st q' V ps = New_final

(proof)

lemma stack_of final pda_to old:
assumes pda.step; stack_of final_pda (p1, w1, a1) (Old_st pa, wa, )
shows (3¢’ p1 = Old_st q¢') V py = New__init
(proof)

lemma stack of final _pda_ bottom __elem:
assumes pda.steps stack_of _final _pda (Old__st p1, w1, a__with _new ;) (Old__st

P2, w2, ’V)
shows Ja. v = a__with_new «

(proof)

lemma stack _of final pda_ stepn:
(p1, w1, a1) ~(n) (p2, w2, az) <
pda.stepn stack_of final _pda n (Old_st p1, wy, a__with_new «ay) (Old__st ps,
wa, a__with_new as) (is 21 «— ?r)

(proof)

lemma stack of final _pda_ steps:
(p1, w1, a1) ~* (p2, we, az)
pda.steps stack_of _final_pda (Old_st p1, wy, a__with_new ay) (Old_st pa,
wa, a__with_new as)

(proof)

12



lemma stack of final pda_ final dump:
pda.steps stack_of _final_pda (New_ final, w, v) (New_final, w, [])
(proof)

lemma stack of final _pda_ first_step:
assumes pda.step; stack_of final_pda (New_init, wi, [New_sym]) (p2, w2, @)
shows py, = Old_st (init_state M) N wy = wy A a = [Old_sym (init_symbol
M), New__sym]
{proof)

lemma stack_of final _pda__empty only_final:
assumes pda.steps stack _of final _pda (New_init, wy, [New_sym]) (g, wa, [])
shows ¢ = New_ final

(proof)

lemma stack of final pda_ split _old_final:
assumes pda.stepn stack_of _final _pda (Suc n) (Old_st p1, w1, aq) (New_final
g st__extended, wa, o)
shows 3¢k v. k < n A q € final_states M A

pda.stepn stack_of final_pda k (Old_st p1, wi, ay) (Old_st q, wa, v) A
pda.stepy stack _of final _pda (Old_st q, wa, v) (New_ final, wa, v) A
pda.stepn stack_of final_pda (n—k) (New_ final, wa, v) (New_ final, wa,

0[2)

(proof)

lemma stack of final _pda__split_path:
assumes pda.stepn stack_of _final_pda (Suc (Suc n)) (New_init, wy, [New__sym])
(New__final, wa, )
shows dq¢ k a. kK < n A q € final_states M N pda.stepy stack_of final_pda
(New_init, wy, [New_sym])
(Old_st (init_state M), wy, [Old_sym
(init_symbol M), New__sym]) A
pda.stepn stack_of _final _pda k (Old_st (init_state M), wq, [Old_sym
(init_symbol M), New__sym))
(Old_st q, wa, &) A
pda.stepy stack_of _final_pda (Old_st q, wa, o) (New_final, wa, ) A
pda.stepn stack_of _final_pda (n—k) (New_final, wa, ) (New_ final, wo,
7)
(proof)

lemma stack of final _pda__path_length:
assumes pda.stepn stack_of_final_pda n (New__init, wy, [New__sym]) (New_ final,

w2, 7)
shows 3n’. n = Suc (Suc n’)

(proof)

lemma accepted_final_to_ stack:
(3¢ v. q € final_states M A (init_state M, w, [init_symbol M]) ~x (q, [], 7))

13



—
(3 ¢. pda.steps stack_of final_pda (init_state stack_of _final _pda, w, [init__symbol

stack_of _final_pdal) (g, [], [])) (is 2l +— ?r)
(proof)

lemma final to_stack:
pda.accept_final M = pda.accept__stack stack__of final pda

{proof)

end
end

3 Equivalence of CFG and PDA
3.1 CFG to PDA

Starting from a CFG, we construct an equivalent single-state PDA. The
formalization is based on the Lean formalization by Leichtfried[2].

theory CFG_To PDA
imports

Pushdown__Automata

Context_Free  Grammar.Context Free  Grammar
begin

datatype sing st = @Q_loop

instance sing_ st :: finite

(proof)

instance sym :: (finite, finite) finite
(proof)

locale cfg _to_pda =
fixes G :: ('n = finite, 't :: finite) Cfg
assumes finite_G: finite (Prods G)
begin

fun pda_of cfg :: sing_st = 't = ('n,’t) sym = (sing_st x ('n,’t) syms) set
where

pda_of _cfg Q_loop a (Tm b) = (if a = b then {(Q_loop, [])} else {})
| pda_of cfg = {}

fun pda_eps_of cfg :: sing_st = ('n,'t) sym = (sing_st x ('n,’t) syms) set
where

pda__eps_of _cfg Q_loop (Nt A) = {(Q_loop, )] a. (4, o) € Prods G}
| pda_eps_of cfg = {}

definition c¢fg_to_pda_pda :: (sing_st, 't, ('n,'t) sym) pda where
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cfg_to_pda_pda = ( init_state = @ _loop, init_symbol = Nt (Start G), fi-
nal_states = {},
delta = pda__of _cfg, delta_eps = pda__eps_of _cfg )

lemma pda_ cfg to pda: pda cfg_to pda_pda
(proof)

lemma cfg to pda_cons_tm:
pda.stepy cfg_to_pda_pda (Q_loop, attw, Tm a#vy) (Q_loop, w, )
{(proof)

lemma cfg to_pda_cons nt:

assumes (A, a) € Prods G

shows pda.stepy cfg_to_pda_pda (Q_loop, w, Nt A#vy) (Q_loop, w, a@~)
(proof)

lemma cfg to pda_cons_tms:
pda.steps cfg_to_pda_pda (Q_loop, wQuw’, map Tm w @ ~) (Q_loop, w’, v)
(proof)

lemma cfg_to_pda_nt_cons:
assumes pda.stepy cfg_to_pda_pda (Q_loop, w, Nt A#~) (Q _loop, w’, )
shows Ja. (4, @) € Prods GAB=aQy A w =w

(proof )

lemma cfg to pda_tm_ stack cons:
assumes pda.step; cfg_to_pda_pda (Q_loop, w, Tm a # B) (Q_loop, w', 8
shows w =a # w' AN =70

(proof)

lemma cfg to_ pda_tm_ stack path:
assumes pda.steps cfg_to_pda_pda (Q_loop, w, Tm a # «) (Q_loop, [], [])
shows Jw’. w = a#w’ A pda.steps cfg_to_pda_pda (Q_loop, w’, ) (Q_loop,
1)
(proof)

lemma cfg to pda_tms stack_path:
assumes pda.steps cfg_to__pda_pda (Q_loop, w, map Tm v Q &) (Q_loop, [], [])
shows Jw’. w = v @ w’ A pda.steps cfg_to_pda_pda (Q_loop, w’, o) (Q_loop,
I,
(proof )

lemma cfg to pda_accepts if G__derives:

assumes Prods G F a =Ilx map Tm w

shows pda.steps cfg_to_pda_pda (Q_loop, w, ) (Q _loop, [], [])
(proof)

lemma G _derives_if cfg _to_pda__accepts:
assumes pda.steps cfg_to__pda_pda (Q _loop, w, o) (Q_loop, [], [])
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shows Prods G - a =% map Tm w
(proof)

lemma cfg_to_pda: LangS G = pda.accept_stack cfg_to_pda_pda (is ?L = ?P)
(proof)

end
end

3.2 PDA to CFG

Starting from a PDA that accepts by empty stack, we construct an equiva-
lent CFG. The formalization is based on the Lean formalization by Leicht-
fried[2].

theory PDA_To CFG
imports

Pushdown__Automata

Context_Free  Grammar.Context Free  Grammar
begin

datatype ('q, 's) pda_nt = Start_sym | Single_sym 'q 's 'q | List_sym 'q 's list
i
q

context pda begin

abbreviation all pushes :: s list set where
all_pushes={a. I pqgaz (p,a)ed Mqgaz}U{aIpqz (p,a)€de Mqz}

abbreviation max_push :: nat where
maz_push = Suc (Maz (length ‘ all_pushes))

abbreviation is_allowed_nt :: ('q, 's) pda_nt set where
is_allowed_nt = {List_sym p a q| p « q. length o < maz_push} U (Up Z q.
{Single_sym p Z q}) U {Start_sym}

abbreviation empty rule :: '¢ = (('q, 's) pda_nt, 'a) Prods where
empty_rule ¢ = {(List_sym q [] ¢, [])}

abbreviation trans rule :: '¢ = ‘¢ = 'a = ‘s = (('q, 's) pda_nt, 'a) Prods
where

trans_rule qo q1 a Z = (A(p, «). (Single_sym qo Z q1, [Tm a, Nt (List_sym p
aq)]) ‘0 MqoaZ

abbreviation eps_rule :: ‘¢ = ‘¢ = 's = (('q, 's) pda_nt, 'a) Prods where
eps_rule o ¢1 Z = (Mp, «). (Single_sym qo Z q1, [Nt (List_sym p « ¢1)]))
oe M q0 A

¢

fun split_rule :: 'q = ('q, 's) pda_nt = (('q, 's) pda_nt, 'a) Prods where
split__rule g (List_sym po (Z#a) p1) = {(List_sym po (Z#«) p1, [Nt (Single__sym
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po Z q), Nt (List_sym q a p1)])}
| split_rule = {}

abbreviation start_rule :: 'q = (('q, 's) pda_nt, 'a) Prods where
start_rule g = {(Start_sym, [Nt (List_sym (init_state M) [init_symbol M] q)])}

abbreviation rule_set :: (('q, 's) pda_nt, 'a) Prods where
rule_set = (| q. empty_rule ¢) U ((Ugp a Z. trans_rule g p a Z) U (Ugp Z.
eps_rule g p Z) U
U {split_rule g nt| ¢ nt. nt € is_allowed_nt} U (| q. start_rule q)

definition G :: (('q, 's) pda_nt,’a) Cfg where
G = Cfg rule__set Start__sym

lemma finite_is_allowed_nt: finite (is_allowed_nt)

(proof)

lemma finite_split_rule: finite (split_rule g nt)
(proof )

lemma finite (Prods G)
(proof)

lemma split_rule simp:
(A, w) € split_rule g nt +—
(3po Z a p1. nt = (List_sym po (Z#a) p1) A
A = List_sym po (Z#a) p1 A w = [Nt (Single_sym po Z q), Nt
(List_sym q o p1)])
{proof)

lemma pda_to_cfqg derive__empty:
Prods G+ [Nt (List_sym p1 [ p2)] = 2 +— p2 =p1 ANz =]
(proof)

lemma finite all_pushes: finite all_pushes
(proof)

lemma push_trans_leq max:
(p, ) € d M qa Z = length o < max_push
(proof)

lemma push_eps leq max:
(p, @) € de M q Z = length o < max_push
(proof)

lemma pda_to_cfqg derive_ split:

Prods G+ [Nt (List_sym p1 (Z#a) p2)] = w +—

(3 q. length (Z#a) < maz_push A w = [Nt (Single_sym p1 Z q), Nt (List_sym
q « p2)])
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(is 2l «— 1)
(proof)

lemma pda_to_cfqg derive_single:
Prods G + [Nt (Single_sym qo Z q1)] = w +—
Hpaa (p,a)€ed MqgyoaZ ANw=[Tma, Nt (List_symp « q1)]) V
(3p a. (p, @) € de M qo Z N w = [Nt (List_sym p o q1)])
(proof)

lemma pda_to_cfq derive_start:

Prods G & [Nt Start_sym] = w «— (Iq. w = [Nt (List_sym (init_state M)
[init_symbol M] q)])

(proof)

lemma pda_to_cfqg derives if stepn:

assumes (g, , 7) ~(n) (p, [], [I)
and length v < maz_push

shows Prods G & [Nt (List_sym q v p)] =* map Tm z
(proof)

lemma pda_to_cfq steps if derivel:
assumes Prods G = [Nt (List_sym q v p)] =1l(n) map Tm z
shows (g, z, 7) ~* (p, [|, [I)

(proof)

lemma pda_to_cfg: LangS G = accept_stack (is ?L = ?P)
(proof )

end
end
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