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Abstract

This work is a formalization of public announcement logic with
countably many agents. It includes proofs of soundness and complete-
ness for variants of the axiom system PA + DIST! + NEC! [1]. The
completeness proofs build on the Epistemic Logic theory.
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theory PAL imports Epistemic-Logic. Epistemic-Logic begin

1 Syntax

datatype i pfm
= FF («Lp)
| Pro’ id (<Proy)
| Dis <'i pfmy <'i pfm (infixr «Vy» 60)
| Con <"i pfmy <'i pfm> (infixr <Ap 65)
| Imp <'i pfm> i pfm> (infixr <— 55)
| K' ' i pfmy (<K1»)
| Ann i pfm> /i pfmy (<[-]y - [80, 80] 80)

abbreviation PIff :: <'i pfm = 'i pfm = 'i pfm> (infixr +—» 55) where
P11 q=(p—nq) N (¢g—>pp

abbreviation PNeg (<— - [70] 70) where
(W pPp=p—n J_g>

abbreviation PL (<L)») where
Lyip= (= (Kii(mp)))

primrec anns :: <'i pfm = 'i pfm set> where
<anns Ly = {}p

| <anns (Pro; -) = {}

| <anns (p Vi ¢) = (anns p U anns q)»

| <anns (p A1 q) = (anns p U anns q)»

| <anns (p —>1 q) = (anns p U anns q)»

| <anns (K i p) = anns p»

| <anns ([r)r p) = {r} U anns r U anns p

2 Semantics

fun

psemantics :: (i, 'w) kripke = 'w = 'i pfm = booly («-, - =1 - [50, 50, 50]
50) and

restrict :: <('i, 'w) kripke = 'i pfm = (i, 'w) kripke> (x-[-]) [50, 50] 50) where

M, w =y Ly +— Falsey

| <M, w = Proyx «— 7 Mw

| <M, wE pVig+— M, wkE pV M, wkE ¢

| <M, wEipANg— M, wEpANM, wk ¢

| <M, wkEp—qg— M, wkEp— M wE ¢

| M, wk= Kiip+— VoeWMNKMiw M, v p)
| <M, w = [rlip+— M, wE r— M, wkE p

| <M[rl]=M (W ={w.weWMAM, wl r})



abbreviation validPStar :: <(("i, 'w) kripke = bool) = 'i pfm set = 'i pfm =

bool»
(¢ - [=x - [50, 50, 50] 50) where

P; Glrxp=VM.PM — NVweWM NVge G. M, w =

= p)

primrec static :: <'i pfm = bool> where
<static Ly = Trues

| <static (Proy -) = True)

| <static (p Vi q) = (static p A static q)»

| <static (p Ny q) = (static p A static q)»

| <static (p —>1 q) = (static p A static q)»

| <static (K, i p) = static p»

| <static ([r]y p) = False

primrec lower :: <'i pfm = 'i fm» where
Jower Ly = L»

| <lower (Proy ) = Pro o

| <lower (p Vi q) = (lower p V lower q)»

| <lower (p Ay q) = (lower p A lower q)»

| <lower (p —>1 q) = (lower p —> lower q)»

| <lower (K, ip) = K i (lower p)

| <lower ([r]; p) = undefined>

primrec lift :: <'i fm = i pfm)> where
dift L = 1y

| <lift (Pro z) = Proy x»

| <lift (p v q) = (lift p V1 lift q)>

| <tift (p N q) = (lift p Ay Lift q)

| <dift (p —> q) = (lift p —>1 lift q)»

| <lift (K ip) =K i (lift p)»

lemma lower-semantics:
assumes <static p»
shows (M, w |= lower p) «— (M, w = p)
(proof )

lemma lift-semantics: «(M, w = p) «— (M, w [ lift p)

{proof)

lemma lower-lift: <lower (lift p) = p»
(proof)

lemma lift-lower: «<static p = lift (lower p) = p»
(proof )

3 Soundness of Reduction

primrec reduce’ :: <'i pfm = i pfm = i pfm> where

q) — M, w



<reduce’ v Ly = (r — L)

!
| <reduce’ r (Proy ) = (r — Proy z)»
| <reduce’ v (p V) q) = (reduce’ r p V reduce’ r q)»
| <reduce’ r (p A1 q) = (reduce’ r p Ay reduce’ r q)»
| <reduce’ r (p —1 q) = (reduce’ r p — reduce’ r q)»
| <reduce’ r (K i p) = (r —1 K, i (reduce’ r p))»
| <reduce’ r ([p]) q) = undefined>

primrec reduce :: <'i pfm = i pfm> where
<reduce L, = Lp

| <reduce (Proy ) = Proy x»

| <reduce (p Vi q) = (reduce p Vi reduce q)»

| <reduce (p Ay q) = (reduce p A reduce q)»

| <reduce (p — q) = (reduce p —> reduce q)»

| <reduce (K, i p) = K i (reduce p)»

| <reduce ([r]1 p) = reduce’ (reduce r) (reduce p)»

lemma static-reduce”: <static p = static r = static (reduce’ r p)»
{proof)

lemma static-reduce: <static (reduce p)»
{proof)

lemma reduce’-semantics:
assumes <static g
shows (M, w = [p) q) = (M, w = reduce’ p q)
(proof )

lemma reduce-semantics: <M, w = p «— M, w |= reduce p»
(proof)
4 Chains of Implications

primrec implyP :: <'i pfm list = 'i pfm = 'i pfm> (infixr <~ 56) where
((J~a=9
| <(p # ps ~1 q) = (p —>1 ps ~ q)»

lemma lift-implyP: <lift (ps ~ q) = (map lift ps ~ lift q)»
(proof )

lemma reduce-implyP: <reduce (ps ~ q) = (map reduce ps ~ reduce q)»
(proof )
5 Proof System

primrec peval :: <(id = bool) = (i pfm = bool) = 'i pfm = bool) where
<peval - - L, = False»
| <peval g - (Proy z) = g ©»



| <peval g b (p Vi q) = (peval g h p V peval g h q)»

| <peval g b (p A1 q) = (peval g h p A peval g h q)»

| <peval g b (p —1 q) = (peval g h p — peval g h q)»
| <peval - b (K1 ip) =h (K, ip)

| <peval - h ([r]y p) = h ([} p)>

abbreviation «ptautology p =V g h. peval g h p»

inductive PAK :: «('i pfm = bool) = ('i pfm = bool) = 'i pfm = bools
(¢ - F1 - [50, 50, 50] 50)
for A B :: /i pfm = booly where
PA1: <ptautology p = A; B+ p»
| PA2: (A; BH Ky ip A Ky i (p—» q) — Ky i @
| PAz: <A p = A; B p
| PR1: <A; BHp= A;Bhbp—1qg= A; Bh ¢
| PR2: <A; BHyp = A; BH Ky i p
| PAnn: <A; By p = Br = A; B+ [r »
‘ PFF: <A; Bk [7”}1 1y (7" — J.g))
| PPro: <A; B Fy [r])y Proy < (r — Proy z)»
| PDis: <A; Bby[rly (p Vi q) <1 [rhp Vi [r]r @
| PCon: <A; Bty [r]y (p A1 q) < [rh p Av ]y @
| PImp: <A; By [r]y (p —=1 q) <1 ([t p —1 [7] @)
| PK: <A; B by [r]y Ky dip <—n (r —» Ky i ([r) p))

abbreviation PAK-assms (<-; - - b1 - [50, 50, 50, 50] 50) where
<A; B; Gy p=3dgs. set gs C G A (A4; Bly gs~ p)

lemma eval-peval: <eval h (g o lift) p = peval h g (lift p)»
(proof )

lemma tautology-ptautology: <tautology p = ptautology (lift p)»
(proof )

theorem AK-PAK: <A o lift - p = A; B lift p»
(proof)

abbreviation validP
= «(("1, "1 fm set) kripke = bool) = i pfm set = 'i pfm = bool
(<_; - ":' - [507 50, 50] 50)
where <P; G |= p = P; G |E=x p»

lemma set-map-inv:
assumes <set zs C f * X»
shows (Jys. set ys C X A map fys = z»

{proof)

lemma strong-static-completeness’”:
assumes <(static p» and V¢ € G. static ¢» and <P; G |= p»
and <P; lower ¢ G |=x lower p = A o lift; lower * G + lower p»



shows «A; B; G FH p»
(proof)

theorem strong-static-completeness:
assumes <(static p» and V¢ € G. static ¢» and <P; G |= p»
and <\AGp. P; GlFp= Aolift, G+ p
shows «A; B; G+ p»
(proof)

corollary static-completeness’:
assumes <static p» and <P; {} [=i*x p»
and «P; {} |= lower p = A o lift & lower p»
shows <A; B F p»

{proof)

corollary static-completeness:
assumes <static p> and <P; {} |Ex pp and <Ap. P; {} |Fp= Ao lift -+ p
shows <A; B F p»

{proof)

corollary
assumes <static p> <«(A-. True); {} &= p
shows <A; B F p»

{proof)

6 Soundness

lemma peval-semantics:

<peval (val w) (Ag. (W =W, K=r,m=wal), wkE ¢ p=(W=W,K=r,
m = val), w ) p)

(proof )

lemma ptautology:
assumes <ptautology p>
shows <M, w = p»
{proof )

theorem soundnessp:

assumes
NMpw Ap=—=PM=—weWM=— M wk p
(NMr. PM = Br = P (M[rl])

shows <A; BHp—=PM —=weWM=— M,wk »

(proof)

corollary «(\-. False); BFvp = weW M = M, w = p
{proof)



7 Strong Soundness

lemma ptautology-imply-superset:
assumes <set ps C set ¢s)
shows <ptautology (ps ~»1 r —> qs ~ 1)

{(proof)

lemma PK-imply-weaken:
assumes (A; Bk ps ~ ¢ «set ps C set ps’
shows «A; By ps’ ~ ¢

(proof )

lemma implyP-append: «(ps @ ps’ ~» q) = (ps ~» ps’ ~ q)»
(proof)

lemma PK-Impl:
assumes (A; Bby p # G~ ¢
shows <4; Bk G~ (p — q)»
(proof)

corollary soundness-implyp:
assumes
NMpw Ap=—PM=—weWM= M wk p
(NMr. PM = Br = P (M[rl])
shows <A; BFigs~»p=—=PM = weWM=—Vq€setqgs. M, w q
= M, v p
(proof )

theorem strong-soundnessp:
assumes
NMwp. Ap—=PM—weWM=— M,wkEk p
(NMr. PM = Br = P (M[r]])
shows <4; B; G p = P; G |=* p
{proof)

8 Completeness

lemma ConkFE:
assumes (A; B p Ay @
shows (A; Bty p» <A; BH ¢
(proof )

lemma Iff-Dis:
assumes (A; Bt p < p) <A; BF g <— ¢»
shows «A; B ((p Vi q) <1 (p" Vi "))
(proof)

lemma Iff-Con:
assumes (A; B+ p < p) <A; BF g <— ¢)



shows <A4; Bt (p A1 q) <1 (p' A1 ¢')
(proof)

lemma Iff-Imp:
assumes (A; B+ p < p) <A; BF g < ¢»
shows <4; BE, ((p —1 q) +—1 (p — ¢"))»
(proof)

lemma Iff-sym: «(4; Bty p < q) = (A; Bk g <— p)»
{(proof)

lemma Iff-Iff:
assumes (A; By p < p" <A; By p > ¢
shows «A; B k) p/ +— ¢

(proof)

lemma K’-A2" <A; B Ky i(p—»q) —» Kiip—» K\ i@
(proof)

lemma K'’-map:
assumes (A; B p —» ¢
shows (A; BFH K, TP — K, 1 qQ
(proof)

lemma Conl:
assumes A; BF p» <A; B ¢
shows (4; By p Ay ¢

(proof)

lemma Iff-wk:
assumes (A; Bk p «— ¢
shows <A4; Bk (r — p) «— (r —1 q)»

(proof)

lemma Iff-reduce’:
assumes <static p»
shows (A4; Bk [r]y p «— reduce’ r p»
(proof )

lemma Iff-Annl:
assumes 1: (A; B+ r < v’y and «(static p
shows <A; Bk [r]y p «— [r') p»
(proof)

lemma Iff-Ann2:
assumes (A; B+ p < p’» and <B
shows <A; Bk [r]y p «— [r]y p»
(proof )



lemma Iff-reduce:
assumes V7 € anns p. B
shows (A; B k| p <— reduce p»

{proof)

lemma anns-implyP [simp):
canns (ps ~ q) = anns ¢ U (|Up € set ps. anns p)»
(proof )

lemma strong-completenessp’:
assumes «P; G |= p»
and <Vr € anns p. Br Vg€ G.Yr € anns q. Br»
and «P; lower ‘ reduce ‘ G |=x lower (reduce p) =
A o lift; lower ¢ reduce * G = lower (reduce p)»
shows «4; B; G - p»
(proof)

theorem strong-completenessp:
assumes P; G = p»
and «Vr € anns p. Bry Vg€ G.Vr € anns q. B
and <AGp. P; GE=xp= Ao lift; G+ p
shows (A; B; G H p»
(proof)

theorem mainp:
assumes (A\Mwp. Ap—=PM —=weWM=— M wk p
and <\AMr. PM = Br = P (M[r])
and <Vr € anns p. Bry Vg€ G.Vr € anns q. B r»
and <\AGp. P; G |=xp = Ao lift, G+ p
shows <P; G |Frp+— A; B; GH p
(proof )

corollary strong-completenesspp:
assumes (P; G |= p»
and <\AGp. P; G |=xp = Ao lift, G+ p
shows ¢A4; (A-. True); G H p»
(proof)

corollary completenessp’:
assumes P; {} &= »
and Vr € anns p. B
and <Ap. P; {} | lower p = A o lift - lower p»
shows <A; B F

{proof)

corollary completenessp:
assumes P; {} F »
and Vr € anns p. B r»
and «Ap. P; {} | p = Ao lift - p»

10



shows <A; B F p»
(proof)

corollary completenessp 4:
assumes ((A-. True); {} = »
shows (4; (A-. True) Fy p»
(proof)

9 System PAL + K

abbreviation SystemPK («- Fix - [50, 50] 50) where
<G kg p = (A False); (A-. True); G+ p»

lemma strong-soundnesspg: <G bix p = (A-. True); G |Ex p
(proof )

abbreviation validPK (¢- |=1x - [50, 50] 50) where
G Eik p = (A True); G = p»

lemma strong-completenesspi:
assumes (G |=1x p
shows <G Fg p»

{proof)

theorem mainpk: <G |1k p +— G g »
(proof )

corollary <G |=1x p = (A-. True); G |=1% p»
{proof)

10 System PAL + T

Also known as System PAL + M

inductive AzPT :: /i pfm = bool> where
<AzPT (K ip —> p)»

abbreviation SystemPT (¢- by - [50, 50] 50) where
«G v p = AzPT; (M- True); G B p

lemma soundness-AzPT: <AzPT p = reflezive M — w e W M = M, w |
P
(proof )

lemma reflexive-restrict: <reflexive M = reflexive (M[r!])
(proof )

lemma strong-soundnesspr: <G bir p = reflezive; G |=1% p

11



{proof)

lemma AxT-AzPT: «AzT = AzPT o lift»
(proof)

abbreviation validPT («- |=i1r - [50, 50] 50) where
<G |7 p = reflexive; G |=1 p»

lemma strong-completenesspr:
assumes (G |=i7 p
shows <G F i1 p

{proof)

theorem mainpr: <G |E=ir p +— G hir p

{proof)
corollary <G |=1r p = reflexive; G |=1% p»

{proof)

11 System PAL + KB

inductive AzPB :: <'i pfm = bool> where
<AzPB (p —» K, i (Ly i p))»

abbreviation SystemPKB («- Fixp - [50, 50] 50) where
<G Figp p = AzPB; (A-. True); G by p»

lemma soundness-AzPB: «(AxPB p = symmetric M — w € W M = M, w
Er
(proof )

lemma symmetric-restrict: <symmetric M = symmetric (M[r!])
(proof )

lemma strong-soundnesspx p: <G bixp p = symmetric; G |=1x p»

(proof)

lemma AxB-AxPB: «(AxB = AxzPB o lift)
(proof )

abbreviation validPKB («- |Fixp - [50, 50] 50) where
<G kB p = symmetric; G |= p

lemma strong-completenessp i B:
assumes (G |Fixp P
shows (G kg »

(proof)

theorem mainpkp: G “:!KB p G F!KB »

12



{proof)

corollary <G |=1xp p = symmetric; G |=x p
{proof)

12 System PAL + K4

inductive AzP/ :: <'i pfm = bool> where
<A$P4 (Kg ip — K! ) (Kg ip)>>

abbreviation SystemPK/ («- x4 - [50, 50] 50) where
<G Figg p = AzPj; (M- True); G F p»

lemma pos-introspection:

assumes <transitive M» <w € W M>»

shows (M, w ):! (K} Z'p —> K! 7 (K1 ip)))
(proof)

lemma soundness-AxzP/: «AzPj p = transitive M — w e W M = M, w =
P
(proof )

lemma transitive-restrict: <transitive M = transitive (M[r!])»
{proof)

lemma strong-soundnesspgq: <G Fixg p = transitive; G =% p
(proof)

lemma Axj-AzPj: <Axf = AxP4 o lifts
(proof)

abbreviation validPKj («- |=1x4 - [50, 50] 50) where
(G |Ei1k4 p = transitive; G |= p»

lemma strong-completenessp i 4:

assumes (G |=ix4 P
shows <G kg4

{proof)

theorem mainprq: <G |Fika p +— G Figa p

{proof)

corollary <G |=i1x4 p = transitive; G =% p»
{proof)

13 System PAL + K5

inductive AzP5 :: /i pfm = bool) where

13



<AzP5 (Ly ip —» Ky i (Ly i p))»

abbreviation SystemPK5 (- kx5 - [50, 50] 50) where
<G Figs p = AzP5; (M- True); G p

lemma soundness-AzP5: <AzP5 p = Fuclidean M — w e W M — M, w |
P
{proof )

lemma FEuclidean-restrict: «EBuclidean M = Euclidean (M[r!])
{proof)

lemma strong-soundnesspis: <G Figs p = FEuclidean; G |=x p
(proof )

lemma Ax5-AxP5: <Az5 = AxP5 o lifty
(proof)

abbreviation validPK5 («- |Fiks - [50, 50] 50) where
<G |E1ks p = Euclidean; G |= p»

lemma strong-completenesspis:
assumes (G |=1g5 p
shows (G kg5 p»

{proof)

theorem mainpks: <G |Fiks p +— G Figs p
(proof)

corollary <G |=1x5 p = Euclidean; G |=1x p»
{proof)
14 System PAL + S4

abbreviation SystemPSj («-tFis4 - [50, 50] 50) where
<G Figq p = AzPT & AzP4; (M- True); G H p»

lemma soundness-AzPTj: «(AzPT @® AzPj) p = refltrans M — w € W M
- Ma w ):! p
(proof )

lemma reflitrans-restrict: <refltrans M = refltrans (M[r!])»

{proof)

lemma strong-soundnesspsy: <G Figq4 p = refltrans; G =1 p»
(proof )

lemma AxT4-AzPTj: «(AzT & Az4) = (AzPT & AzPj) o lifty
{proof)

14



abbreviation validPS/ («- |Fis4 - [50, 50] 50) where
<G 154 p = refltrans; G |= p

theorem strong-completenesspgy:
assumes (G |=i54 P
shows (G Fig4 P>

{proof)

theorem mainpgs: <G |Fisa p — G bisa »
(proof)

corollary <G |=1g4 p = refltrans; G |=x p
{proof)

15 System PAL + S5

abbreviation SystemPS5 («- g5 - [50, 50] 50) where
<G Fig5 p = AzPT & AzPB @ AxzP/; (M- True); G -y p

abbreviation AzPTB/ :: <'i pfm = bool> where
<AzPTB4 = AxzPT @& AzPB & AzPj»

lemma soundness-AzPTB/: <AxPTB4 p = equivalence M — w € W M =
M, wE p
(proof )

lemma equivalence-restrict: <equivalence M = equivalence (M[r!])»
{proof)

lemma strong-soundnesspgs: <G g5 p = equivalence; G [=x p»
(proof)

lemma AxTBj-AxPTB4: <AxTBJ = AzPTB/ o lift)
(proof )

abbreviation validPS5 (<- |=ig5 -+ [50, 50] 50) where
<G |Eis5 p = equivalence; G |= p»

theorem strong-completenesspgs:
assumes (G |=is5 p
shows <G kg5 p»

{proof)

theorem mainpgs: <G |Fi1s5 p +— G Figs p
(proof )

corollary <G |Fis5 p = equivalence; G |=x p»
(proof)

15



16 System PAL + S5’

abbreviation SystemPS5' (¢- k155" - [50, 50] 50) where
<G Fig5' p = AzPT & AzP5; (\-. True); G H p

abbreviation AzPT5 :: <'i pfm = bool> where
CAzPT5 = AzPT & AzP5»

lemma soundness-AxzPT5: <AzPT5 p = equivalence M — w e W M = M,
w =y p
(proof )

lemma strong-soundnesspss” <G g5’ p = equivalence; G =i p»
(proof)

lemma AxT5-AxzPT5: <AzT5 = AzPTS o lifty
(proof )

theorem strong-completenesspgs’:
assumes (G =155 p
shows «G k55" p»

(proof)

theorem mainpgs” <G |Fis5 p +— G Figs’ p
(proof)

end
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