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1 Overview

These theories formalise the following results for psi-calculi. Note that there
is only an early semantics for psi-calculi, although a late one may appear
later.

« strong bisimilarity is preserved by all operators except the input-prefix
e strong equivalence is a congruence

e weak bisimilarity is preserved by all operators except case and the
input-prefix

e weak congruence is a congruence
« strong equivalence respect the laws of structural congruence

o all strongly equivalent agents are also weakly congruent which in turn
are weakly bisimilar. Moreover, strongly equivalent agents are also
strongly bisimilar

« as a corollary of the last two points, all mentioned equivalences respect
the law of structural congruence

« for instances of psi-calculi where assertion composition satisfies weak-
ening, the definition of weak bisimilarity can be simplified significantly
and proven equivalent to the version that applies when weakening does
not hold



o for certain versions of psi-calculi, sum can be encoded

o for certain versions of psi-calculi, the tau-prefix can be encoded and
when weakening is satisfied, all of the tau-laws hold.

The file naming convention is hopefully self explanatory, where the pre-
fixes Strong and Weak denote that the file covers theories required to for-
malise properties of strong and weak bisimilarity respectively; files with the
prefix Weaken cover theories where weakening holds for the static implica-
tion; if the file name contains Sim the theories cover simulation, file names
containing Bisim cover bisimulation, and file names containing Cong cover
weak congruence; files with the suffix Pres deal with theories that reason
about preservation properties of operators such as a simulation or bisimula-
tion being preserved by a certain operator; files with the suffix StructCong
reason about structural congruence.

For a complete exposition of all of theories, please consult Bengtson’s Ph.
D. thesis [1]. A shorter presentation can be found in our TPHOLs paper
'Psi-calculi in Isabelle’ from 2009 [3]. There are also two LICS-papers that
focus on the mathematical theories, rather than the Isabelle formalisations
(2, 4].

2 Formalisation

theory Chain
imports HOL— Nominal. Nominal
begin

lemma pt-set-nil:
fixes Xs :: 'a set
assumes pt: pt TYPE('a) TYPE ('z)
and  at: at TYPE('z)

shows ([]::'z prm)-Xs = Xs
(proof)

lemma pt-set-append:
fixes pil :: 'z prm
and pi2 :: 'z prm
and Xs :: 'a set
assumes pt: pt TYPE('a) TYPE ('z)
and  at: at TYPE('z)

shows (pil Qpi2)-Xs = pil-(pi2-Xs)
(proof)

lemma pt-set-prm-eq:



fixes pil :: 'z prm

and pi2 :: 'z prm

and Xs :: 'a set

assumes pt: pt TYPE('a) TYPE ('z)
and  at: at TYPE('z)

shows pil £ pi2 = pil-Xs = pi2-Xs
(proof)

lemma pt-set-inst:
assumes pt: pt TYPE('a) TYPE ('z)
and  at: at TYPE('z)

shows pt TYPE('a set) TYPE('z)
(proof)

lemma pt-ball-equt:
fixes pi :: 'a prm
and Xs: b set
and P ::'b = bool

assumes pt: pt TYPE('b) TYPE('a)
and  at: at TYPE('a)

shows (pi - (Vz € Xs. Pz)) = (Y € (pi - Xs). pi - P (rev pi - z))
(proof)

lemma perm-cart-prod:
fixes Xs :: 'b set
and Ys: ‘c set
and p :'a prm

assumes ptl: pt TYPE('b) TYPE('a)
and  pt2: pt TYPE('c) TYPE('a)
and  at: at TYPE('a)

shows (p - (Xs x Ys)) = (((p - Xs) x (p - Ys))::(("b x 'c) set))
(proof)

lemma supp-member:
fixes Xs :: 'b set

and z = 'a

assumes pt: pt TYPE('b) TYPE('a)
and  at: at TYPE('a)

and fs: fs TYPE('b) TYPE('a)
and  finite Xs

and z € ((supp Xs)::'a set)



obtains X where (
(proof)

X::'b) € Xs and z € supp X

lemma supp-cart-prod-empty|simp]:

fixes Xs :: 'b set

shows supp (Xs x {}) =
and

(proof)

lemma supp-cart-prod:
fixes Xs :: 'b set
and Ys:: ‘c set

({}:'a set)
supp ({} x Xs) = ({}::'a set)

assumes ptl: pt TYPE('b) TYPE('a)

and  pt2: pt TYPE('c)
and  fsI: fs TYPE('D)
and  fs2: fs TYPE('c)
and  at: at TYPE('a)
and  fI: finite Xs
and  f2: finite Ys
and a Xs# {}
and b Ys#{}

shows ((supp (Xs x Ys)):’

(proof)

lemma fresh-cart-prod:
fixesz :: 'a
and Xs :
and Ys

b set
‘c set

TYPE('a)
TYPE('a)
TYPE('a)

a set) =

assumes ptl: pt TYPE('b) TYPE('a)

pt TYPE('c) TYPE('a)
fs TYPE('0) TYPE('a)
fs TYPE('c) TYPE('a)

t XsAztYs)

and pt2:
and  fsi:
and  fs2:
and  at: at TYPE('a)
and  fI: finite Xs
and f2: finite Ys
and a Xs#{}
and b Ys#{}
shows (z § (Xs x Ys)) = (=
(proof)
lemma fresh-star-cart-prod:
fixes Zs :: 'a set
and zvec :: 'a list
and Xs b set

((supp Xs) U

(supp Ys))



and Ys ::'c set

assumes ptl: pt TYPE('b) TYPE('a)
and  pt2: pt TYPE('c) TYPE('a)
and  fsi: fs TYPE('b) TYPE('a)
and  fs2: fs TYPE('c) TYPE('a)
and at: at TYPE('a)

and  fI: finite Xs
and  f2: finite Ys
and a Xs # {}
and b: Ys#{}

shows (Zs #x (Xs x Ys)) = (Zs fx Xs A Zs tx Ys)
and (avec fx (Xs x Ys)) = (avec §x Xs A zvec #x Ys)

(proof)

lemma permCommute:
fixes p :: 'a prm
and ¢ : 'a prm
and P 'z
and Xs: ‘a set
and VYs: ‘a set

assumes pt: pt TYPE('z) TYPE('a)
and  at: at TYPE('a)

and  a: (setp) C Xs x Ys

and b: Xs #x ¢

and c: Ystx q

shows p-q-P=¢q-p-P
{proof )

definition
distinctPerm :: 'a prm = bool where
distinctPerm p = distinct((map fst p)Q(map snd p))

lemma at-set-avoiding-auz’”:
fixes Xs::'a set
and As:'a set
assumes at: at TYPE('a)
and a: finite Xs
and b: Xs C As
and c: finite As
and  d: finite ((supp c)::’a set)

shows 3 (YVs::'a set) (pi::’a prm). Ysixe A Ys N As = {} A (pi-Xs=Ys) A

set pi C Xs x Ys A finite Ys A (distinctPerm pi)
(proof)



lemma at-set-avoiding:

fixes Xs::'a set

assumes at: at TYPE('a)

and a: finite Xs

and  b: finite ((supp c)::'a set)

obtains pi::’a prm where (pi - Xs) fx ¢ and set pi C Xs x (pi - Xs) and
distinctPerm pi

(proof)

lemma pt-swap:

fixes z :: 'a

and ¢ :: 'z

and b :: 'z

assumes pt: pt TYPE('a) TYPE('z)
and  at: at TYPE('z)

shows [(a, b)] - z = [(b, a)] - z
(proof)

atom-decl name

lemma supp-subset:
fixes Xs :: ‘a::fs-name set
and Ys : ‘a:fs-name set

assumes Xs C Ys
and  finite Xs
and  finite Ys

shows (supp Xs) C ((supp Ys):name set)
(proof)

abbreviation mem-def :: 'a = 'a list = bool (- mem -» [80, 80] 80) where
T mem s = x € set s

lemma memFresh:
fixes z :: name
and p :: 'a:fs-name
and [ :: (‘a:fs-name) list

assumes z f§ [
and p mem |

shows z ff p

{(proof)

lemma mem#FreshChain:



fixes zvec :: name list

and p : ‘a:fs-name
and [ :: 'a:fs-name list
and Xs : name set

assumes p mem [

shows zvec fix | = zvec §x p
and Xsfix |l = Xstxp

{(proof)

lemma fresh-star-list-append[simpl:
fixes A :: name list
and B :: name list
and C :: name list

shows (4 #x (B @ ()) = ((A fx B) A (4 tx O))
(proof)

lemma unionSimps[simpl:
fixes Xs :: name set
and Ys : name set
and C : ‘a:fs-name

shows ((Xs U Ys) x C) = ((Xs fx C) A (Vs 8% C))
(proof)

lemma substFreshAuz|[simpl:
fixes C'  :: 'a:fs-name
and zvec :: name list

shows zvec #x (supp C — set zvec)

(proof)

lemma fresh-star-perm-app|simp):
fixes Xs :: name set
and zvec :: name list
and p :: name prm
and C : 'd:fs-name

shows [Xs tx p; Xs fx C] = Xs #x (p - C)
and [zvec #* p; zvec fx C] = zvec #x (p - C)
(proof)

lemma freshSets[simp]:

fixes x :: name
and y : name
and zvec :: name list
and X : name set



and C :'a

shows ([]::name list) §x C

and ([J::name list) = [y].C

and ({}:name set) fx C

and ({}:name set) * [y].C

and ((z#azvec) tx C) = (z § C A zvec fx C)

and  ((z#tzvec) b ([4].C)) = (x £ ([4]-C) A wvee 85 ([5).C))
and ((insert z X))+ C) = (z 4 C A X tx C)
<an6}> ((insert & X) tx ([4].C)) = (& ([y]-C) A X £+ ([y].C))
Proo

lemma freshStarAtom|[simp|: (zvec::name list) t* (z::name) = z § zvec
(proof)

lemma name-list-set-fresh|simp):
fixes zvec :: name list
and z :: ‘a:fs-name

shows (set zvec) fx x = zvec §x x
(proof)

lemma name-list-supp:
fixes zvec :: name list

shows set zvec = supp xvec

(proof)

lemma abs-fresh-list-star:
fixes zvec :: name list
and a :: name
and P : 'a:fs-name

shows (zvec #x [a].P) = ((set avec) — {a}) §x P
(proof)

lemma abs-fresh-set-star:
fixes X :: name set
and a :: name
and P :: 'a:fs-name

shows (X #x [a].P) = (X — {a}) tx P
(proof)

lemmas abs-fresh-star = abs-fresh-list-star abs-fresh-set-star

lemma abs-fresh-list-star’[simp):
fixes zvec :: name list
and a : name



and P : 'a:fs-name
assumes a § zvec

shows zvec i+ [a].P = avec #§x P

(proof)

lemma freshChainSym/[simp]:
fixes zvec :: name list
and yvec :: name list

shows zvec #x yvec = yvec §x zvec
(proof )

lemmas [equt] = perm-cart-prod|OF pt-name-inst, OF pt-name-inst, OF at-name-inst]

lemma name-set-avoiding:
fixes ¢ :: 'a::fs-name
and X :: name set

assumes finite X
and  Apizname prm. [(pi - X) % ¢; distinctPerm pi; set pi C X x (pi + X)]
= thesis

shows thesis

(proof)

lemmas simps[simp] = fresh-atm fresh-prod
pt3[OF pt-name-inst, OF at-dsl, OF al-name-inst|
pt-fresh-fresh[OF pt-name-inst, OF at-name-inst)
pt-rev-pi| OF pt-name-inst, OF at-name-inst]
pt-pi-rev] OF pt-name-inst, OF at-name-inst]

lemmas name-supp-cart-prod = supp-cart-prod| OF pt-name-inst, OF pt-name-inst,

OF fs-name-inst, OF fs-name-inst, OF at-name-inst)

lemmas name-fresh-cart-prod = fresh-cart-prod[OF pt-name-inst, OF pt-name-inst,

OF fs-name-inst, OF fs-name-inst, OF at-name-inst)

lemmas name-fresh-star-cart-prod = fresh-star-cart-prod| OF pt-name-inst, OF pt-name-inst,
OF fs-name-inst, OF fs-name-inst, OF at-name-inst]

lemmas name-swap-bij[simp] = pt-swap-bij[OF pt-name-inst, OF at-name-inst]
lemmas name-swap = pt-swap[OF pt-name-inst, OF at-name-inst]

lemmas name-set-fresh-fresh|simp| = pt-freshs-freshs| OF pt-name-inst, OF at-name-inst]
lemmas list-fresh[simp| = fresh-list-nil fresh-list-cons fresh-list-append

definition equt :: 'a::fs-name set = bool where
equt X =V e X.Vpiname prm. p - x € X



lemma equtUnion[intro):
fixes Rel :: ('d::fs-name) set
and Rel’ :: 'd set

assumes FqutRel: equt Rel
and  EquiRel’: equt Rel’

shows equt (Rel U Rel’)
(proof)

lemma equtPerm|simpl:
fixes X :: ('d::fs-name) set
and <z : name
and vy :: name

assumes equt X

shows ([(z, y)] - X) = X
(proof)

lemma equtl:
fixes X :: 'd::fs-name set
and z:'d
and p :: name prm

assumes equt X
and re X

shows (p - z) € X
(proof)

lemma fresh-star-list-nil[simp):
fixes zvec :: name list
and Xs :: name set

shows zvec fi* ||
and Xs fx []

(proof)

lemma fresh-star-list-cons[simp):
fixes xvec :: name list

and Xs : name set

and z :: ‘a:fs-name

and zs :: alist

shows (zvec #x (z#zs)) = ((zvec ﬁ* x) A zvec * xs)

and (Xs t* (z#zs)) = ((Xs #x ) A (Xs fx xs))
(proof)

10



lemma freshStarPair|simp]:

fixes X :: name set

and zvec :: name list
and z :: 'a:fs-name
and y : 'b:fs-name

shows (X fx (z, y)) = (X tx 2 A X fx y)
and (avec i* (z, y)) = (zvec % = A zvec §* y)

(proof)
lemma name-list-avoiding:
fixes ¢ :: 'a:fs-name

and zvec :: name list

assumes /\pi::name prm. [(pi - zvec) tx c¢; distinctPerm pi; set pi C (set zvec)
x (set (pi - zvec))] = thesis

shows thesis
(proof)

lemma distinctPermSimps[simp):
fixes p :: name prm
and «a :: name
and b :: name

shows distinctPerm([]::name prm)
and (distinctPerm((a, b)#p)) = (distinctPerm p A a b A affp Abfp)
(proof)

lemma map-equt[equt]:
fixes p :: name prm
and st :: 'a::pt-name list

shows (p - (map f Ist)) = map (p - f) (p - Ist)
{proof)

lemma consPerm:
fixes z :: name
and y :: name
and p :: name prm
and C : 'a:pt-name

shows ((‘7’” y)#p) - 0= [(CE, y)] D C
(proof)

(ML)
lemma distinctEqut]equt]:

fixes p :: mame prm
and s :: ‘a:pt-name list

11



shows (p - (distinct xs)) = distinct (p + xs)
(proof)

lemma distinctClosed[simp]:
fixes p :: mame prm
and zs :: ‘a:pt-name list

shows distinct (p - zs) = distinct xs

{(proof)

lemma lengthEqut[equt]:
fixes p :: name prm
and s :: 'a:pt-name list

shows p - (length zs) = length (p + xs)
(proof)

lemma lengthClosed|[simp):
fixes p :: mame prm
and zs :: 'a::pt-name list

shows length (p - xs) = length xs
(proof)

lemma subsetEqut|equt]:
fixes p :: name prm
and S :: (‘a:pt-name) set
and T : (‘a:pt-name) set

shows (p+ (S € T)) = ((p 8) C (p+ T))
(proof)

lemma subsetClosed|simp]:
fixes p :: name prm
and S :: (‘a:pt-name) set
and T : (‘a:pt-name) set

shows ((p-S) S (p- 7)) =(5SCT)
(proof)

lemma subsetClosed’[simp]:
fixes p :: mame prm
and zvec :: name list
and P : 'a:fs-name

shows (set (p - zvec) C supp (p - P)) = (set avec C supp P)
(proof)

12



lemma memFEqut[equt]:
fixes p :: name prm
and <z : 'a:pt-name
and s :: (‘a:pt-name) list

shows (p - (z mem zs)) = ((p + =) mem (p - zs))
(proof)

lemma memClosed[simp:
fixes p :: name prm
and =z : 'a:pt-name
and s :: (‘a:pt-name) list

shows (p - ) mem (p + xs) = (z mem xs)

(proof)

lemma memClosed'[simp]:
fixes p :: name prm
and <z :: 'a:pt-name
and vy :: 'b:pt-name
and s (‘a x 'b) list

shows ((p - @, p - y) mem (p - 25)) = ((z, y) mem as)
(proof)

lemma freshPerm:
fixes z :: name
and p :: name prm

assumes = f{ p

shows p -z ==z
(proof)

lemma freshChainPermSimp:
fixes zvec :: name list
and p :: name prm

assumes zvec fix p

shows p - zvec = xvec
and rev p - zvec = zvec

(proof)

lemma freshChainAppend[simp):
fixes zvec :: name list
and yvec :: name list
and C : 'a:fs-name

13



shows (zvecQyuec) #x C = ((zvec §x C) A (yvec tx C))
(proof)

lemma subsetFresh:
fixes zvec :: name list
and yvec :: name list
and C : 'd:fs-mame

assumes set zvec C set yvec
and yvec fx C

shows zvec fix C
(proof)

lemma distinctPermCancel[simp]:
fixes p :: name prm
and T : 'a:pt-name

assumes distinctPerm p

shows (p-(p-T) =T
(proof)

fun composePerm :: name list = name list = name prm
where
Base: composePerm || [| = |]
| Step: composePerm (z#txs) (y#ys) = (z, y)#(composePerm xs ys)
| Empty: composePerm - -= []

lemma composePermInduct[consumes 1, case-names cBase cStep):
fixes zvec :: name list
and yvec :: name list
and P :: name list = name list = bool

assumes L: length xvec = length yvec
and  rBase: P[] []
and  rStep: Az zvec y yvec. [length zvec = length yvec; P xvec yvec] = P (z

# avec) (y # yvec)

shows P zvec yvec

{proof )

lemma composePermEqut[equt]:
fixes p :: mame prm
and zvec :: name list

and yvec :: name list

shows (p - (composePerm xvec yvec)) = composePerm (p + zvec) (p + yvec)

14



(proof)

abbreviation

composePermJudge (<[- -] -, - [80, 80, 80] 80) where [zvec yvec] -, p =

(composePerm xvec yvec) « p

abbreviation
composePermInvJudge («[- -]~ -, - [80, 80, 80] 80) where [zvec yvec]™ -, p
(rev (composePerm xvec yvec)) - p

lemma permChainSimps|simp):
fixes zvec :: name list
and yvec :: name list
and perm :: name prm

and p : 'a:pt-name
shows ((composePerm zvec yvec) @ perm) - p = [zvec yvec] +, (perm - p)
(proof)

lemma permChainEqut[equt]:
fixes p :: mame prm
and zvec :: name list
and yvec :: name list
and z :: 'a:pt-name

shows (p - ([zvec yvec] «, z)) = [(p - avec) (p - yvec)] « (p + )
and (p - ([zvec yvec]” «, x)) = [(p - 2vec) (p - yvec)]™ « (p + )
(proof )

lemma permChainBij:
fixes zvec :: name list
and yvec :: name list
and p :: 'a:pt-name
and ¢ :: 'a:pt-name

assumes length zvec = length yvec

shows (([zvec yvec] -, p) = ([zvec yvec] +, q)) = (p = q)
and (([zvec yvec|™ -, p) = ([zvec yvec]™ « q)) = (p = q)
(proof)

lemma permChainAppend:
fixes zvecl :: name list
and yvecl :: name list
and zvec? :: name list
and yvec? :: name list
and p : ‘a:pt-name

assumes length zvecl = length yvecl

15



shows ([(zvecl Qzvec?) (yvecl Qyuec2)| -, p) = [zvecl yvecl] «, [zvec? yvec2] -,
p

and ([(zvecl Qzvec?) (yvecl Qyuec2)]™ -, p) = [zvec? yvec2]™ -, [zvecl yvecl]™
v P
(proof)

lemma calcChainAtom:
fixes zvec :: name list
and yvec :: name list
and z :: name

assumes length zvec = length yvec
and z § avec
and z § yvec

shows [zvec yvec] +, z = x
(proof)

lemma calcChainAtomRev:
fixes zvec :: name list
and yvec :: name list
and z :: name

assumes length zvec = length yvec
and T § avec
and z § yvec

shows [zvec yvec]” «, z = x
(proof)

lemma permChainFresh[simp]:
fixes x :: name
and zvec :: name list
and yvec :: name list
and p : 'a:pt-name

assumes z f zvec
and z { yvec
and length xvec = length yvec

shows z ff [zvec yvec] -, p=x £ p
and z ff [zvec yvec]” y p =z § D

(proof)

lemma chainFreshFresh:
fixes z :: name
and y : name

and zvec :: name list

16



and p :: 'a:pt-name

assumes z f zvec
and y t zvec

shows zvec #x ([(z, y)] + p) = (zvec #* p)
(proof)

lemma permChainFreshFresh:
fixes zvec :: name list
and yvec :: name list
and p :: 'a:pt-name

assumes zvec fix p
and yvec % p
and length zvec = length yvec

shows [zvec yvec] <, p = p
and [zvec yvec]” +, p =D
(proof)

lemma setFresh[simp]:
fixes ¢ :: name
and zvec :: name list

shows z ¢ set zvec = © § zvec
(proof )

lemma calcChain:
fixes zvec :: name list
and yvec :: name list

assumes yvec f* zvec

and length zvec = length yvec
and distinct zvec

and distinct yvec

shows [zvec yvec] +, zvec = yvec
(proof)

lemma freshChainPerm:
fixes zvec :: name list
and yvec :: name list
and z : name
and C : 'a:pt-name

assumes length zvec = length yvec

and yvec fix C
and  zvec #x yvec

17



and T mem zvec
and distinct yvec

shows z f [zvec yvec] -, C

(proof)

lemma memFreshSimp[simp]:
fixes y @ name
and yvec :: name list

shows (—(y mem yvec)) = y t yvec

(proof)

lemma freshChainPerm’:
fixes zvec :: name list
and yvec :: name list
and p :: 'a:pt-name

assumes length xvec = length yvec
and yvec % p

and zvec f* yvec

and distinct yvec

shows zvec i+ ([zvec yvec| -, p)

(proof)

lemma permSym:
fixes © :: name
and y : name

and zvec :: name list
and yvec :: name list
and p : 'a:pt-name

assumes z f zvec

and z § yvec

and y t zvec

and y 1 yvec

and length zvec = length yvec

shows ([(z, y)] - [zvec yvec] -, p) = [zvec yvec] +, [(z, y)]
(proof)

lemma distinctPermClosed[simp]:
fixes p :: name prm
and ¢ :: name prm

assumes distinctPerm p

shows distinctPerm(q - p)

18
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(proof)

lemma freshStarSimps:
fixes © :: name
and Xs :: name set
and Ys : name set
and C : ‘a:fs-name
and p : name prm

assumes set p C Xs x Ys
and Xs gx z
and Ys tx x

showszf(p-C)=2x24C
(proof)

lemma freshStarChainSimps:
fixes zvec :: name list

and Xs : name set
and Ys : name set
and C : a:fs-name
and p :: name prm

assumes set p C Xs x Ys
and Xs #x zvec
and Ys #x avec

shows zvec t*x (p - C) = zvec fix C
(proof)

lemma permStarFresh:
fixes zvec :: name list
and p :: name prm
and T :: 'a:pt-name

assumes zvec fix p

shows zvec #x (p - T) = avec fx T
(proof)

lemma swapStarFresh:
fixes z :: name
and p : name prm
and T : 'a:pt-name

assumes z ff p

showszf(p-T)=z 4T
(proof)

19



lemmas freshChainSimps = freshStarSimps freshStarChainSimps permStarFresh
swapStarFresh chainFreshFresh freshPerm subsetFresh

lemma freshAlphaPerm:
fixes zvec :: name list

and Xs :: name set
and Ys :: name set
and p :: name prm

assumes S: set p C Xs x Ys
and Xs #x zvec
and Ys fx zvec

shows zvec f* p

(proof)

lemma freshAlphaSwap:
fixes = :: name
and Xs :: name set
and Ys :: name set
and p : name prm

assumes S: set p C Xs x Ys
and Xs fx x
and Ys #x x

shows z f p
(proof )

lemma setToListFresh]simp:
fixes zvec :: name list

and C : 'a:fs-name
and yvec :: name list
and Xs :: name set
and =z : name

shows zvec #x (set yvec) = zvec * yvec
and Xs fx (set yvec) = Xs #x yvec
and z f (set yvec) = z § yvec

and set zvec #x Xs = zvec §x Xs

(proof)

end
theory Subst-Term

imports Chain
begin

20



locale substType =
fixes subst :: 'a::fs-name = name list = 'b::fs-name list = 'a (<-[-:=-]> [80, 80
,80] 130)

assumes eq[equt]: Ap::name prm. (p - (M[zvec::=Tvec])) = ((p - M)[(p + zvec)::=(p
- Twec)])

and subst3: Nzvee Tvec T z. [length zvec = length Tvec; distinct zvec;
set(azvec) C supp(T); (z::name) § T[azvec::=Tvec]] = z § Tvec

and renaming:  MNzvec Tvec p T. [length zvec = length Tvec; (set p) C set zvec
x set (p + avec);
distinctPerm p; (p « avec) tx T] =
T|zvec::=Tvec] = (p - T)[(p - zvec)::=Tvec]
begin

lemma suppSubst:
fixes M :'a
and zvec :: name list
and Twvec :: b list

shows (supp(M[zvec::=Tvec|)::name set) C ((supp M) U (supp zvec) U (supp
Tvec))
(proof)

lemma subst2|[intro:
fixes x :: name
and M :'a
and zvec :: name list
and Twvec :: b list

assumes z § M
and z { zvec
and z§ Tvec

shows z # M[zvec::=Tvec]

(proof)

lemma subst2Chain[intro:
fixes yvec :: name list
and M :'a
and zvec :: name list
and Twvec :: b list

assumes yvec fx M
and yvec #x zvec

and yvec tx Tvec

shows yvec fx M[zvec::=Tvec]
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(proof)

lemma fs[simp]: finite ((supp subst)::name set)

(proof)

lemma subst3Chain:
fixes zvec :: name list
and Twvec :: b list
and Xs : name set
and T :'a

assumes length zvec = length Tvec
and distinct zvec

and set xvec C supp T

and  Xs fx T[zvec::=Tvec]

shows Xs fx Tvec
(proof )

lemma subst4Chain:
fixes zvec :: name list
and Twvec :: b list
and T :'a

assumes length zvec = length Tvec
and distinct zvec
and zvec fx Tvec

shows zvec i+ T|[zvec::=Tvec]
(proof)

definition segSubst :: 'a = (name list x 'b list) list = 'a (<-[<->]> [80, 80] 130)
where M[<o>] = foldl (AN. A(zvec, Tvec). N|zvec::=Tvec]) M o

lemma seqSubstNil[simp):
seqSubst M [| = M

(proof)

lemma segSubstCons|simp]:
shows seqSubst M ((zvec, Tvec)#0) = seqSubst(M [zvec::=Tvec]) o

{proof)

lemma seqSubstTermAppend|simp]:
shows seqSubst M (cQo’) = seqSubst (seqSubst M o) o’

(proof)

definition wellFormedSubst :: (('d::fs-name) list x ('e::fs-name) list) list = bool
where wellFormedSubst o = ((filter (A(zvec, Tvec). —(length zvec = length Tvec
A distinct zvec)) o) = [])
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lemma wellFormedSubstEqut|equt]:
fixes o :: (('d::fs-name) list x (‘e::fs-name) list) list
and p :: name prm

shows p - (wellFormedSubst o) = wellFormedSubst(p - o)
(proof)

lemma wellFormedSimp[simp]:
fixes o :: (('d::fs-name) list x ('e::fs-name) list) list
and p : name prm

shows wellFormedSubst(p - o) = wellFormedSubst o
(proof)

lemma wellFormedNil[simp):
wellFormedSubst []

(proof)

lemma wellFormedCons|[simpl:
shows wellFormedSubst((zvec, Tvec)#o) = (length zvec = length Tvec A distinct
avec A wellFormedSubst o)

(proof)

lemma wellFormedAppend[simp):
fixes o (('d::fs-name) list x ('e::fs-name) list) list
and o' ((“d::fs-name) list x (e::fs-name) list) list

shows wellFormedSubst(cQo') = (wellFormedSubst o A wellFormedSubst o)
(proof)

lemma segSubst2[intro]:
fixes o :: (name list x 'b list) list
and T :'a
and <z : name

assumes z § o
and zy T

shows z § T[<o>]
(proof)

lemma seqSubst2Chain[intro]:
fixes o :: (name list x 'b list) list
and T :'a
and zvec :: name list

assumes zvec fx o
and  avec ix T
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shows zvec i T[<o>]
(proof)

end
end
theory Agent
imports Subst-Term
begin
nominal-datatype ('term, 'assertion, 'condition) psi =

PsiNil (<0y 190)

| Output "term::fs-name "term ('term, 'assertion::fs-name, 'condition::fs-name) psi

(¢=(=).-> [120, 120, 110] 110)

| Input "term ('term, 'assertion, 'condition) input («-(-»
1120, 120] 110)
| Case (("term, 'assertion, 'condition) psiCase) («Case
5 [120] 120)
| Par ("term, ‘assertion, 'condition) psi ("term, 'assertion, 'condition) psi (infix]
> 90)
| Res «namex(('term, 'assertion, 'condition) psi) («(v-)-
(120, 120] 110)
| Assert 'assertion «{-b
[120] 120)
| Bang (‘term, 'assertion, 'condition) psi («!-
[110] 110)
and ('term, 'assertion, 'condition) input =

Trm "term (("term, 'assertion, 'condition) psi) (<])-.-»
1130, 130] 130)
| Bind «name»(('term, 'assertion, 'condition) input) («v--

[120, 120] 120)

and (‘term, 'assertion, 'condition) psiCase =
EmptyCase (xLe> 120)
| Cond 'condition ((‘term, 'assertion, 'condition) psi)
(("term, 'assertion, 'condition) psiCase) (<O
C= oy [120, 120, 120] 120)

lemma psiFreshSet[simp]:
fixes X :: name set
and M : 'a:fs-name
and N :'a
and P :: (‘a, 'b::fs-name, 'c::fs-name) psi
and I : (‘a, b, 'c) input
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and C
and @
and z : name
and VU
and ¢

shows X #x (M(N).P) = (X« M A X §x N A X tx P)
and X fx M(I = (X 8« M N X tx I)

and X f#x Case C = X fx C

and X8+ (P Q) = (X t+ P A X t Q)

and X #x (vz)P = (X t* [z].P)

and X #x {U} = X g« U

and X fx!P= X4« P

and X #x 0

and X fx Trm NP = (X g« N A X §x P)

and X fx Bindz I = X tx ([z].])

and X f#x 1.
and X« OP=PC=(XtxPAXf#xPAXtxC)
(proof)

lemma psiFresh Vec[simp]:
fixes zvec :: name list

shows zvec i+ (M(N).P) = (zvec * M A xvec $x N A zvec fi* P)
and avec fx M(I = (zvec fx M A zvec §x I)

and avec x Case C' = xvec #x C

and zvec fx (P || Q) = (avec ix P A zvec fx Q)

and zvec fx (vz)P = (zvec #* [z].P)

and avec fx {U} = zvec x U

and azvec fix |P = zvec fx P

and zvec fx 0

and avec fx Trm N P = (avec §x N A zvec §* P)
and avec #§x Bind z I = avec #x ([z].)

and zvec fx L.
and avec fx O & = P C = (zvec fx ® A zvec g% P A avec fx C)

(proof)

fun psiCases :: (‘c::ifs-name x (‘a::fs-name, 'b::fs-name, 'c) psi) list = (‘a, 'b, 'c)
psiCase
where
base: psiCases [| = L.
| step: psiCases ((®, P)#uxs) = Cond ® P (psiCases xs)

lemma psiCasesEqut|equt]:

fixes p :: mame prm
and Cs :: (‘eiifs-name x ('a::fs-name, 'b::fs-name, 'c) psi) list
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shows (p - (psiCases Cs)) = psiCases(p - Cs)
(proof)

lemma psiCasesFresh[simp]:
fixes = :: name
and Cs :: (‘ciifs-name x ('a:fs-name, 'b::fs-name, 'c) psi) list

shows z t psiCases Cs = z t Cs
{(proof)

lemma psiCasesFreshChain|simp]:
fixes zvec :: name list
and Cs :: (‘cifs-name x (‘a::fs-name, 'b::fs-name, 'c) psi) list
and Xs : name set

shows (zvec i+ psiCases Cs) = xvec fx Cs
and (Xs f* psiCases Cs) = Xs tx Cs
(proof)

abbreviation
psiCasesJudge («Cases -y [80] 80) where Cases Cs = Case(psiCases Cs)

primrec resChain :: name list = ('a::fs-name, 'b::fs-name, 'c::fs-name) psi = ('a,
‘b, 'c) psi where

base: resChain [| P = P
| step: resChain (x#xs) P = (vz|)(resChain zs P)

notation resChain (<(vx-)-» [80, 80] 80)

lemma resChainEqut[equt]:
fixes perm :: name prm
and st :: name list
and P :: (‘a:fs-name, 'b::fs-name, 'c::fs-name) psi

shows perm - ((v+azvec) P) = (vx(perm - zvec)|)(perm - P)
(proof)

lemma resChainSupp:
fixes zvec :: name list
and P (‘a:fs-name, 'b:ifs-name, ‘c::fs-name) psi

shows supp((vxzvec)P) = (supp P) — set zvec
(proof)

lemma resChainFresh:
fixes x :: name
and zvec :: name list
and P :: (‘a:fs-name, 'b::fs-name, 'c::fs-name) psi
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shows z § (v*xzvec)|P = (z € set zvec V z  P)
(proof)

lemma resChainFreshSet:
fixes Xs :: name set
and zvec :: name list
and yvec :: name list
and P (‘a:fs-name, 'b:ifs-name, ‘c::fs-name) psi

shows Xs fix ((v+zvec)P) = (Vaz€Xs. x € set zvec V x f P)
and yvec fx ((vxavec)P) = (Vz€(set yvec). x € set zvec V z ff P)
(proof )

lemma resChainFreshSimps|simp]:

fixes Xs :: name set
and zvec :: name list
and P :: (‘a:fs-name, 'b::fs-name, 'c::fs-name) psi

and yvec :: name list

shows Xs fx zvec => Xs fx ((v+zvec)P) = (Xs tix P)
and yvec fx avec => yovec tx ((vxavec) P) = (yvec fx P)
and zvec fx ((v*zvec|) P)

(proo)

lemma resChainAlpha:
fixes p :: mame prm
and zvec :: name list
and P :: (‘a:fs-name, 'b::fs-name, 'c::fs-name) psi

assumes zvecFreshP: (p - xvec) fx P
and  S: set p C set zvec X set (p - xvec)

shows (vxavec)P = (vx(p + avec))(p - P)
(proof)

lemma resChainAppend:
fixes zvec :: name list
and yvec :: name list
and P :: (‘a:fs-name, 'b:ifs-name, ‘c::fs-name) psi

shows (vx(avecQyuec)) P = (vxavec)((v+yvec)) P)
(proof)

lemma resChainSimps|dest]:
fixes zvec :: name list
and P (‘a:fs-name, 'biifs-name, ‘c::fs-name) psi
and @ ::('a, ', 'c) psi
and P’ : (‘a,’b, 'c) psi
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and Q' : (‘a, ', 'c) psi

shows (((vavec)(P || @) = P'|| @) = (P = P'A Q = Q)
2nd (P1Q = (el (P @) = (P= P'A Q= @)
proo

primrec inputChain :: name list = 'a:fs-name = (‘a, 'b::fs-name, 'c::fs-name)
psi = ('a, 'b, 'c) input where

base: inputChain [| N P = |)(N).P
| step: inputChain (z#xs) N P = v z (inputChain xs N P)

abbreviation
inputChainJudge (<-(Ax- -).-> [80, 80, 80, 80] 80) where M (Axzvec N|).P =
M ((inputChain zvec N P)

lemma inputChainEqut[equt]:

fixes p :: mame prm

and zvec :: name list

and N : 'a:fs-name

and P (‘a, 'b::fs-name, ‘c::fs-name) psi

shows p - (inputChain zvec N P) = inputChain (p - zvec) (p + N) (p - P)
(proof)

lemma inputChainFresh:

fixes ¢ :: name

and zvec :: name list

and N :: ’a:fs-name

and P :: (‘a, 'b::fs-name, 'c::fs-name) psi

shows z # (inputChain avec N P) = (z € set zvec V (x § N A z § P))
(proof)

lemma inductChainSimps[simp):
fixes zvec :: name list
and N : 'a:fs-name
and P :: (‘a, 'bi:fs-name, ‘c::fs-name) psi

shows zvec #x (inputChain zvec N P)

(proof)
lemma inputChainFreshSet:
fixes Xs :: name set
and zvec :: name list
and N : 'a:fs-name
and P :: (‘a, 'b::fs-name, 'c::fs-name) psi

shows Xs t* (inputChain zvec N P) = (Vz€Xs. z € set zvec V (z § N A z § P))
(proof)
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lemma inputChainAlpha:
fixes p :: name prm
and Xs :: name set
and Ys :: name set

assumes XsFreshP: Xs fx (inputChain zvec N P)

and YsFreshN: Ys #x N
and YsFreshP: Ys #x P
and S:setp C Xs X Ys

shows (inputChain zvec N P) = (inputChain (p - avec) (p -

(proof)
lemma inputChainAlpha':

fixes p :: mame prm

and zvec :: name list

and N : 'a:fs-name

and P :: (‘a, 'b::fs-name, 'c::fs-name) psi

assumes zvecFreshP: (p - xvec) fx P
and  avecFreshN: (p - zvec) #x N
and  S: set p C set zvec X set (p - zvec)

shows (inputChain zvec N P) = (inputChain (p - avec) (p -

(proof)

lemma alphaRes:
fixes M :: 'a::fs-name
and =z :: name
and P :: (‘a, 'b:ifs-name, 'c::fs-name) psi
and y : name

assumes yFreshP: y § P

shows (vz)P = (vy)([(z, y)] - P)
(proof)

lemma alphalnput:
fixes x :: name

and 1 :: (‘a::fs-name, 'bifs-name, ‘c::fs-name) input

and c¢ : name
assumes Al: ct [

shows v z I =v ¢([(z, ¢)] - I)
(proof )

lemma inputChainLengthEq:
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fixes zvec :: name list

and yvec :: name list

and M : 'a:fs-name

and P (‘a, 'b:fs-name, ‘c::fs-name) psi

assumes length zvec = length yvec
and zvec fx yvec

and distinct yvec

and yvec fix M

and yvec tix P

obtains N @ where inputChain xvec M P = inputChain yvec N Q)
(proof)

lemma inputChainFq:
fixes zvec :: name list
and M : ’a:fs-name
and P :: (‘a, 'b::fs-name, 'c::fs-name) psi
and yvec :: name list
and N :'a
and @ ::('a, ', 'c) psi

assumes inputChain zvec M P = inputChain yvec N @
and xvec fx yvec
and distinct zvec
and distinct yvec

obtains p where (set p) C (set avec) x set (p - avec) and distinctPerm p and
yvec =p-avecand N=p- Mand Q=p- P
(proof)

lemma inputChainFEqLength:
fixes zvec :: name list
and M : 'a:fs-name
and P :: (‘a, 'b::fs-name, 'c::fs-name) psi
and yvec :: name list
and N :'a
and @ ::('a, ', ‘c) psi

assumes inputChain zvec M P = inputChain yvec N @

shows length zvec = length yvec

(proof)

lemma alphalnputChain:
fixes yvec :: name list
and zvec :: name list
and M : 'a:fs-name
and P :: (‘a, 'bifs-name, 'c::fs-name) psi
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assumes length zvec = length yvec
and yvec fx M

and yvec tix P

and yvec fx xvec

and distinct yvec

shows inputChain zvec M P = inputChain yvec ([zvec yvec] «, M) ([zvec yvec]
v P)
(proof)

lemma inputChainInject|simp]:

shows (inputChain zvec M P = inputChain zvec N Q) = (M = N) A (P = Q))
(proof)

lemma alphalnputDistinct:
fixes zvec :: name list
and M : 'a:fs-name
and P (‘a, 'b::fs-name, ‘c::fs-name) psi
and yvec :: name list
and N :'a
and @ ::('a,’'db, ‘c) psi

assumes Eq: inputChain zvec M P = inputChain yvec N Q
and zvecDist: distinct zvec

and Mem: Nz. © € set avec = = € supp M

and zvecFreshyvec: xvec fx yvec

and xvecFreshN: zvec g% N

and zvecFreshQ): xvec fx Q

shows distinct yvec

(proof)

lemma psiCasesInject|simp]:
fixes CsP :: (‘c::fs-name x ('a:fs-name, 'b::fs-name, 'c) psi) list
and CsQ :: (‘c x (‘a, 'b, 'c) psi) list

shows (psiCases CsP = psiCases CsQ) = (CsP = CsQ)
(proof)
lemma casesInject|simp):
fixes CsP :: (‘c::ifs-name x ('a:fs-name, 'b::fs-name, 'c) psi) list

and CsQ :: (‘e x ("a, 'b, 'c) psi) list

shows (Cases CsP = Cases CsQ) = (CsP = CsQ)
(proof)

nominal-primrec
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guarded :: ('a::fs-name, 'b::fs-name, ‘c::fs-name) psi = bool
and guarded’ :: (‘a::fs-name, 'b::fs-name, 'c::fs-name) input = bool
and guarded” :: ('a::fs-name, 'b::fs-name, 'c::fs-name) psiCase = bool

where

guarded (0) = True
| guarded (M(N).P) = True
| guarded (M(I) = True
| guarded (Case C) = guarded” C
| guarded (P || Q) = ((guarded P) A (guarded Q))
| guarded ((vz))P) = (guarded P)
| guarded ({¥}) = False
| guarded (\P) = guarded P

| guarded’ (Trm M P) = False
| guarded’ (v y I) = False

| guarded’ (1.) = True
| guarded” (Op = P C) = (guarded P A guarded’’ C)

(proof )
lemma guardedEqut[equt]:
fixes p :: mame prm
and P :: (‘a:fs-name, 'b:ifs-name, ‘c::fs-name) psi

and I :: (‘a,’d, 'c) input
and C : (‘a, ', 'c) psiCase

shows (p - (guarded P)) = guarded (p - P)

and (p - (guarded’ I)) = guarded’ (p - I)

and (p - (guarded” C)) = guarded” (p - C)
(proof)

lemma guardedClosed|simp]:
fixes P :: (‘a:fs-name, 'b::fs-name, 'c::fs-name) psi
and p :: name prm

assumes guarded P

shows guarded(p - P)
(proof)

locale substPsi =
substTerm?: substType substTerm +
substAssert?: substType substAssert +
substCond?: substType substCond

for substTerm :: ('a::fs-name) = name list = 'a::fs-name list = 'a

and substAssert :: ('b::fs-name) = name list = 'a::fs-name list = 'b
and substCond :: ('c::fs-name) = name list = 'a:fs-name list = 'c
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begin

nominal-primrec

subs i (‘azfs-name, 'bifs-name, ‘c::fs-name) psi = name list = 'a list = ('a,
b, 'c) psi
and subs’ :: ('a::fs-name, 'b::fs-name, 'c::fs-name) input = name list = 'a list =
("a, 'b, 'c) input
and subs’ :: ('a::fs-name, 'b::fs-name, ‘c::fs-name) psiCase = name list = 'a list
= ('a, 'b, 'c) psiCase

where
subs (0) zvec Tvec = 0
| (subs (M{N).P) zvec Tvec) = (substTerm M zvec Tvec){(substTerm N zvec Tvec)).(subs
P avec Tvec)
| (subs (M(I) zvec Tvec) = (substTerm M zvec Tvec)((subs’ I xvec Tvec)

| (subs (Case C) zvec Tvec) = (Case (subs” C zvec Tvec))

| (subs (P || Q) avec Tvec) = (subs P avec Tvec) || (subs Q zvec Tvec)

| [y & azvec; y § Tvec] = (subs ((vy)P) zvec Tvec) = (vy|)(subs P zvec Tvec)
| (subs ({T}) zvec Tvec) = {(substAssert U zvec Tvec)|

| (subs (IP) avec Tvec) = !(subs P xvec Tvec)

| (subs’” ((Trm M P):('a::fs-name, 'b::fs-name, ‘c::fs-name) input) zvec Tvec) =
() (substTerm M zvec Tvec).(subs P zvec Tvec))
| [y £ avec; y & Tvec] = (subs’ (v y I) zvec Tvec) = (v y (subs’ I zvec Tvec))

| (subs” (Le:('az:fs-name, 'b::fs-name, 'c::fs-name) psiCase) zvec Tvec) = L.
| (subs”” (O® = P C) avec Tvec) = (O(substCond ® zvec Tvec) = (subs P xvec
Tvec) (subs’" C zvec Tvec))

(proof)

lemma substEqut[equt]:
fixes p :: mame prm
and P ::(‘a,’d, 'c) psi
and zvec :: name list
and Tvec :: 'a list
and I :(a,’d, 'c) input
and C : (‘a, ', 'c) psiCase

shows (p - (subs P avec Tvec)) = subs (p - P) (p + avec) (p - Tvec)

and (p - (subs’ I zvec Tvec)) = subs’ (p - I) (p - zvec) (p - Tvec)

and (p - (subs” C zvec Tvec)) = subs’’ (p - C) (p - zvec) (p » Tvec)
(proof)

lemma subst2|[intro|:
fixes zvec :: name list
and Tvec :: 'a list
and z : name
and P :: (‘a,’b, 'c) psi
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and I ::('a,’b, 'c) input
and C :(‘a,’b, 'c) psiCase

assumes z § Tvec
and T § avec

shows = § P = = § (subs P zvec Tvec)
and z I = z 4§ (subs’ I zvec Tvec)
and 2§ C = x { (subs” C zvec Tvec)

{(proof)

lemma subst2Chain[intro:

fixes xvec :: name list

and Tvec :: 'a list

and Xs : name set

and P ::(‘a,’b, 'c) psi
and I ::('a,’b, 'c) input
and C :(‘a,’b, 'c) psiCase

assumes Xs fix zvec
and Xs tx Tvec

shows Xs fix P = Xs #x (subs P zvec Tvec)
and Xs fx I = Xs #x (subs’ I zvec Tvec)
and Xs fx C = Xs f#x (subs’” C zvec Tvec)

(proof)

lemma renaming:
fixes xvec :: name list
and Tvec :: 'a list
and p : name prm
and P ::(‘a,’b, 'c) psi
and I :(‘a,'d, 'c) input
and C :(‘a,’b, 'c) psiCase

assumes length rvec = length Tvec
and set p C set xvec x set (p - xvec)
and distinctPerm p

shows [(p - avec) fx P] = (subs P zvec Tvec) = subs (p - P) (p - avec) Tvec
and [(p - zvec) fx I| = (subs’ I xvec Tvec) = subs’ (p - I) (p - zvec) Tvec
and [(p - zvec) fx C] = (subs” C avec Tvec) = subs” (p - C) (p - avec) Tvec

(proof)

lemma subst4 Chain:
fixes zvec :: name list
and Tvec :: 'a list
and P :(‘a,’b, 'c) psi
and I ::('a,’b, 'c) input
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and C : (‘a, ’b, 'c) psiCase

assumes length zvec = length Tvec
and distinct zvec
and zvec fx Tvec

shows zvec #x (subs P avec Tvec)
and zvec fx (subs’ I zvec Tvec)
and avec fx (subs” C zvec Tvec)

{(proof)

lemma guardedSubst[simpl:
fixes P :: (‘a, 'b, 'c) psi
and I ::(‘a,’d, 'c) input
and C : (‘a, ', 'c) psiCase
and zvec :: name list
and Tvec :: 'a list

assumes length zvec = length Tvec
and distinct zvec

shows guarded P => guarded(subs P xvec Tvec)
and guarded’ I = guarded’(subs’ I zvec Tvec)
and guarded” C = guarded’'(subs’’ C zvec Tvec)

(proof)

definition seqSubs :: (‘a, 'b, 'c) psi = (name list x ‘a list) list = (‘a, 'b, 'c) psi
(«[<->]» [80, 80] 130)
where P[<o>] = foldl (AQ. A(avec, Tvec). subs @ zvec Tvec) P o

definition seqSubs’ :: (‘a, 'b, 'c) input = (name list x 'a list) list = (‘a, 'b, 'c)
nput
where seqSubs’ I o = foldl (AQ. A(zvec, Tvec). subs’ Q zvec Tvec) I o

definition seqSubs’’ :: (‘a, b, 'c) psiCase = (name list x 'a list) list = ('a, 'b,
‘c) psiCase
where seqSubs”’ C o = foldl (AQ. A(zvec, Tvec). subs” Q xvec Tvec) C o

lemma substInputChain[simp]:
fixes xvec :: name list
and N :'a
and P :(‘a,’b, 'c) psi
and yvec :: name list
and Tvec :: 'a list

assumes zvec f* yvec
and zvec §x Tvec

shows subs’ (inputChain zvec N P) yvec Tvec = inputChain zvec (substTerm N
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yvec Tvec) (subs P yvec Tvec)
(proof)

fun caseListSubst :: (‘e x ('a, 'b, 'c) psi) list = name list = 'a list = ('c x (‘a,

'b, 'c) psi) list
where
caseListSubst || - - = |]
| caseListSubst ((¢, P)#Cs) avec Tvec = (substCond ¢ avec Tvec, (subs P xvec
Tvec))# (caseListSubst Cs zvec Tvec)

lemma substCases[simp]:
fixes Cs :: (‘¢ x ('a, 'b, 'c) psi) list
and zvec :: name list
and Tvec :: 'a list

shows subs (Cases Cs) zvec Tvec = Cases(caseListSubst Cs xvec Tvec)

(proof)

lemma substCases’[simp]:
fixes Cs :: (‘¢ x ('a, 'b, 'c) psi) list
and zvec :: name list
and Tvec :: 'a list

shows (subs’ (psiCases Cs) zvec Tvec) = psiCases(caseListSubst Cs zvec Tvec)
(proof)

lemma segSubstSimps|simp]:

shows seqSubs (0) 0 = 0

and (seqSubs (M(N).P) o) = (substTerm.seqSubst M o)((substTerm.seqSubst
N o)).(seqSubs P o)

and (seqSubs (M(I) o) = (substTerm.seqSubst M o)((seqSubs’ I o)

and (seqSubs (Case C) o) = (Case (seqSubs’’ C o))

and (seqSubs (P || Q) o) = (seqSubs P o) || (seqSubs @ o)
and [y f o] = (seqgSubs ((vy)P) o) = (vy|)(seqSubs P o)
and (seqSubs ({U}) o) = {(substAssert.seqSubst ¥ o)}
and (seqSubs (!P) o) = !(seqSubs P o)

and (seqSubs’ ((Trm M P)::(‘a::fs-name, 'b::fs-name, 'c::fs-name) input) o) =
(D) (substTerm.seqSubst M o).(seqSubs P o))
and [yt o] = (seqSubs’ (v y I) o) = (v y (seqSubs’ I o))

and (seqSubs” (L.::(a::fs-name, 'b::fs-name, 'c::fs-name) psiCase) o) = L.
and (segSubs” (O® = P C) o) = (O(substCond.seqSubst ® o) = (seqSubs P
o) (seqSubs’ C o))

(proof)

lemma seqSubsNil[simp]:
seqSubs P[] = P

36



(proof)

lemma seqSubsCons[simp]:
shows seqSubs P ((zvec, Tvec)#c) = seqSubs(subs P zvec Tvec) o

(proof)

lemma seqSubsTermAppend]|simp]:
shows seqSubs P (0@Qo’) = seqSubs (seqSubs P o) o’

(proof)

fun caseListSeqSubst :: (c x ('a, 'b, 'c) psi) list = (name list x 'a list) list = ('c
x ('a, 'b, 'c) psi) list
where
caseListSeqSubst || - = |]
| caseListSeqSubst ((p, P)#Cs) o = (substCond.seqSubst ¢ o, (seqSubs P o))#(caseListSeqSubst
Cs o)

lemma seqSubstCases[simp):
fixes Cs :: (¢ x ('a, 'b, 'c) psi) list
and o :: (name list x 'a list) list

shows seqSubs (Cases Cs) o = Cases(caseListSeqSubst Cs o)
(proof)

lemma seqSubstCases’[simp]:
fixes Cs :: (¢ x (‘a, 'b, 'c) psi) list
and o :: (name list x 'a list) list

shows (seqSubs’’ (psiCases Cs) o) = psiCases(caseListSeqSubst Cs o)
(proof)
lemma seqSubstEqut[equt]:

fixes P :: (‘a, 'b, 'c) psi

and o :: (name list x 'a list) list

and p :: name prm

shows (p - (P[<o>])) = (p - P)[<(p - 0)>]
(proof)

lemma guardedSeqSubst:
assumes guarded P
and wellFormedSubst o

shows guarded(seqSubs P o)
(proof)

end

lemma inter-equt:
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shows (pi::name prm) - ((X:name set) N'Y) = (pi - X) N (pi - Y)
(proof)

lemma delete-equt:
fixes p :: name prm
and X :: name set
and Y : name set

showsp- (X - Y)=(p-X)—(p-Y)
(proof )

lemma perm-singleton[simpl:
shows (p::name prm) - {(z::name)} = {p - =}
(proof )

end

theory Frame
imports Agent
begin

lemma permLength|simp]:
fixes p :: mame prm
and zvec :: 'a:pt-name list

shows length(p - zvec) = length zvec

(proof)

nominal-datatype 'assertion frame =
FAssert 'assertion::fs-name
| FRes «name» (‘assertion frame) (<(v-)-» [80, 80] 80)

primrec frameResChain :: name list = ('a::fs-name) frame = 'a frame where
base: frameResChain [| F = F
| step: frameResChain (z#xs) F = (vz))(frameResChain zs F)

notation frameResChain («(v*-)-» [80, 80] 80)

notation FAssert («(e, -)»> [80] 80)

abbreviation FAssertJudge (¢(-, -)> [80, 80] 80) where (A, ¥ ) = frameResChain
Ap (FAssert Up)

lemma frameResChainEqut]equt]:
fixes perm :: name prm
and st :: name list
and F :: 'a:fs-name frame

shows perm « ((vxzvec)F) = (v+(perm « zvec)))(perm - F)

(proof)
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lemma frameResChainFresh:

fixes ¢ :: name
and zvec :: name list
and F : 'a:fs-name frame

shows z f (vxavec)F = (z € set zvec V z § F)
(proof )

lemma frameResChainFreshSet:

fixes Xs :: name set
and zvec :: name list
and F : 'a:fs-name frame

shows Xs fx ((vxavec)F) = (Vz€Xs. x € set avec V ¢ § F)
(proof)

lemma frameChainAlpha:

fixes p :: mame prm
and zvec :: name list
and F : 'a:fs-name frame

assumes zvecFreshF: (p - zvec) fx F
and  S: set p C set zvec X set (p - zvec)

shows (vxavec)F = (vx(p - zvec))(p - F)

(proof)

lemma frameChainAlpha’:
fixes p :: mame prm
and Ap :: name list

and VYp :: 'a:fs-name

assumes (p + Ap) #§x Up
and S:set p C set Ap x set (p - Ap)

shows <Ap7 \I/P> = <(p . Ap), p - \IJP>
(proof)

lemma alphaFrameRes:
fixes = :: name
and F :: 'a:fs-name frame
and y :: name

assumes y f F

shows (vz)F = (vy)([(z, y)] - F)
{(proof)

lemma frameChainAppend:
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fixes zvec :: name list
and yvec :: name list
and F : 'a:fs-name frame

shows (vx(avecQyuec))F = (vxavec) ((v+yvec)) F)
(proof)

lemma frameChainEqLength:
fixes zvec :: name list

and VU :: 'a:fs-name
and yvec :: name list
and U’ :: ’a:fs-name

assumes (zvec, ¥) = (yvec, U’

shows length zvec = length yvec

(proof)

lemma frameEqFresh:
fixes F :: (‘a::fs-name) frame
and G : a frame
and =z :: name
and vy :: name

assumes (vz)F = (vy) G

and zfF
shows y t G
(proof )

lemma frameFEqSupp:
fixes F :: (‘a::fs-name) frame
and G : a frame
and =z :: name
and vy :: name

assumes (vz)F = (vy) G
and T € supp F

shows y € supp G
(proof)

lemma frameChainEqSuppEmpty|dest]:
fixes zvec :: name list

and U :: 'a:fs-name
and yvec :: name list
and VU’ : 'a:fs-name

assumes (zvec, U) = (yvec, ')
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and  supp ¥ = ({}::name set)

shows ¥ = ¥’
(proof)

lemma frameChainEq:
fixes zvec :: name list

and U :: 'a:fs-name
and yvec :: name list
and V' : 'a:fs-name

assumes (zvec, ¥) = (yvec, ')
and xvec fx yvec

obtains p where (set p) C (set zvec) x set (yvec) and distinctPerm p and ¥’
=p- v
(proof)

lemma frameChainEq’:
fixes zvec :: name list

and VU :: 'a:fs-name
and yvec :: name list
and U’ :: ’a:fs-name

assumes (zvec, ¥) = (yvec, V')
and zvec f* yvec
and distinct zvec
and distinct yvec

obtains p where (set p) C (set zvec) X set (p - zvec) and distinctPerm p and
yvec = p - zvec and V' = p - ¥
(proof)

lemma frameEq[simp]:
fixes A :: name list
and VU : ‘a:fs-name
and VY’ :'a

shows (Ap, ¥) = (6, U) = (Ap =[] AT =T
and (¢, V) = (A4p, V) = (Ap =] AT =T
(proof)
lemma distinctFrame:
fixes Ar :: name list
and Up :: ‘a:fs-name

and C : 'b:fs-name

assumes Ap #x C
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obtains Ap’ where (Ap, Up) = (Ap’, Up) and distinct Ap’ and Ap’ fx C
(proof)

lemma freshFrame:
fixes F :: (‘a::fs-name) frame
and C :'b:fs-name

obtains Arp Uy where ' = (Ap, Up) and distinct Ap and Ap $§x C
(proof)

locale assertionAuz =
fixes SCompose :: 'b::fs-name = 'b = b (infixr «®» 80)
and SImp b = 'cifs-name = bool («-+ - [70, 70] 70)
and SBottom ::'b («L> 90)
and SChanEq :: 'a:fs-name = 'a = ‘¢ («- + - [80, 80] 80)

assumes statEqut[equt]:  Ap:name prm.p - (P E @)= (p - ¥)F (p - ®)
and  statEqut'[equt]: Ap:name prm.p - (T @ ¥) = (p - V) ® (p - ¥
and  statEqut'[equt]: Ap:iname prm.p - (M < N)=(p- M) + (p - N)
and  permBottom|[equt]: Ap::name prm. (p - SBottom) = SBottom

begin

lemma statClosed:
fixes ¥ :: b
and ¢ ::'c
and p : name prm

assumes ¥ F ¢

shows (p - ¥) F (p - ¢)

(proof)

lemma compSupp:
fixes U ::'b
and ¥': b

shows (supp(¥ ® U')::name set) C ((supp V) U (supp ¥))
(proof)
lemma chanFEqSupp:

fixes M :: a

and N ::'a

shows (supp(M <> N):name set) C ((supp M) U (supp N))
(proof)

lemma freshComplintro):
fixes z :: name
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and U b
and U’: b

assumes z § ¥
and zf VU’

shows z f ¥ @ U’
(proof )

lemma freshCompChain[intro]:
fixes zvec :: name list
and Xs :: name set
and ¥ )
and ¥’ b

shows [zvec i+ U; zvec #fx U] = zvec i (¥ @ T')
and [Xst* U; Xs tx U] = Xs % (¥ @ U)
(proof )

lemma freshChanEq[intro]:
fixes z :: name
and M :'a
and N ::'a

assumes z § M
and zf§ N

shows z f M < N
(proof )

lemma freshChanEqChainlintro]:
fixes zvec :: name list

and Xs :: name set
and M :'a
and N :'a

shows [zvec §x M; zvec fx N| = zvec §x (M < N)
and [Xsfx M; Xs fx N] = Xs tx (M < N)
(proof )

lemma suppBottom[simp):
shows ((supp SBottom)::name set) = {}

(proof)

lemma freshBottom|[simp]:
fixes x :: name

shows z ff L

(proof)
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lemma freshBottoChain[simp]:
fixes zvec :: name list
and Xs :: name set

shows zvec i+ (L)
and Xs (1)

(proof)
lemma chanFEqClosed:
fixes ¥ :: b
and M :'a
and N ::'a

and p :: name prm
assumes ¥V - M < N

shows (p- V) F (p- M) < (p- N)
(proof)
definition

AssertionStatImp :: 'b = 'b = bool (infix «—» 70)
where (U < U)) = (VO. U - & — U’ ®)

definition
AssertionStatEq :: 'b = b = bool (infix >~ 70)
where (U~ U ) =0 — U/ AT — T

lemma statImpFEnt:

fixes U :: b
and U': b
and @ :'c

assumes ¥ — ¥’

and UEd
shows ¥’ - @
(proof)
lemma statEqEnt:
fixes U :: b
and U':'b
and @ :'c

assumes ¥ ~ ¥’

and UEHO
shows U’/ - &
(proof)
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lemma AssertionStatImpClosed:
fixes ¥ ::'b
and ¥': b
and p :: name prm

assumes ¥ «— U’

shows (p - ¥) < (p - ¥)
{(proof)

lemma AssertionStatEqClosed:
fixes U :: b
and U’':'b
and p : name prm

assumes ¥ ~ ¥’

shows (p - ¥) ~ (p - ¥
(proof)

lemma AssertionStatImpEqut|equt]:
fixes U :: b
and U’: b
and p : name prm

shows (p - (V = @) = ((p - ¥) = (p -

(proof)

lemma AssertionStatEqEqut|equt]:
fixes ¥ ::'b
and V’': b
and p : name prm

)

shows (p- (T ~U'))=((p-¥)~(p-7T)

(proof)

lemma AssertionStatImpRefi[simp]:
fixes ¥ :: b

shows U — ¥

(proof)

lemma AssertionStatEqRefl][simp]:
fixes U :: b

shows ¥ ~ ¥
(proof)
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lemma AssertionStatEqSym:
fixes U b
and VU’ b

assumes ¥ ~ ¥’

shows ¥/ ~ ¥
(proof)
lemma AssertionStatImp Trans:
fixes U b
and U’ b
and ¥ : '

assumes ¥ — ¥’
and U/ v

shows U — ¥’

(proof)

lemma AssertionStatEqTrans:
fixes U b
and ¥’ b
and U”:'b

assumes ¥ ~ U’
and U/~ g

shows ¥ ~ ¥/
(proof )

definition
Framelmp :: 'b::fs-name frame = 'c = bool (infix] <-p> 70)
where (F Fr @) = (EAF Up F = <AF, \I/F> AN Ap ﬁ* D A (\I/F = (I)))

lemma framelmpl:
fixes F' :: 'b frame

and ¢ = 'c
and Ap :: name list
and Up ::'b

assumes F = (Ap, Up)
and Ap gx @
and Up ko

shows F Fp ¢
(proof)

lemma framelmpAlphaFEnt:
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fixes Ar :: name list

and Up b
and Ar’:: name list
and Yr': b
and ¢ :'c

assumes (Ap, Up) = (Ap’', Up')
and Afp fx @
and Ap' % @
and \Ilpll_ ©

shows Up F ¢

(proof)
lemma framelmpFEAux:
fixes F' :: 'b frame

and @ :'c

assumes FrFp ©
and F=(Ap, UF)
and Ap #x @

shows Up - ©®
(proof)

lemma framelmpkE:
fixes F' :: 'b frame
and @ :'c

assumes (Ap, ¥p) Fp @
and Ap % @

shows U - ©®
(proof)

lemma framelmpClosed:
fixes F :: 'b frame
and @ :'c
and p :: name prm

assumes F Fp @

shows (p - F) bg (p - ®)
(proof)

lemma framelmpEqut[equt):
fixes F :: 'b frame
and @ :'c
and p :: name prm
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shows (p- (FFp®)=(p-F)Fr(p-®)

(proof )
lemma framelImpEmpty[simp]:
fixes ¥ :: b
and ¢ ::'c
shows (e, U) brp o =T | ¢
{(proof)
definition

FrameStatImp :: 'b frame = 'b frame= bool (infix (—p» 70)
where (F' —p G)= Vp. Flpp — GlFp @)

definition
FrameStatEq :: 'b frame = 'b frame= bool (infix «~p)> 70)
where (F ~p G) = F —<p GAN G —p F

lemma FrameStatImpClosed:
fixes F :: 'b frame
and G ::'b frame
and p :: name prm

assumes F —p G

shows (p - F) <F (p - G)
(proof)

lemma FrameStatEqClosed:
fixes F :: 'b frame
and G :'b frame

and p :: name prm
assumes I ~p G

shows (p - F) ~r (p - G)
(proof)

lemma FrameStatImpEqut[equi]:
fixes F :: 'b frame
and G :'b frame
and p : name prm

shows (p - (F —r G)=((p+ F) =Fr (p - G))
{(proof )

lemma FrameStatEqEqut[equt]:
fixes F :: 'b frame
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and G :'b frame
and p :: name prm

shows (p - (F ~p G)) =((p+ F) ~r (p -

(proof)

lemma FrameStatImpRefl[simp:
fixes I' :: 'b frame

shows F —p F

(proof)

lemma FrameStatEqRefl[simp]:
fixes F' :: 'b frame

shows F ~p F

(proof)

lemma FrameStatEqSym:
fixes F' :: 'b frame
and G :'b frame

assumes F ~p G

shows G ~p F

(proof)

lemma FrameStatImp Trans:
fixes I' :: 'b frame
and G :'b frame
and H ::'b frame

assumes F —p G
and G—pr H

shows F —p H

(proof)

lemma FrameStatEqTrans:
fixes I' :: 'b frame
and G :'b frame
and H ::'b frame

assumes F ~p G
and G~ H

shows F ~p H
(proof)
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lemma fsCompose[simp]: finite((supp SCompose)::name set)
(proof)

nominal-primrec
insertAssertion :: 'b frame = ‘b = 'b frame
where
insertAssertion (FAssert U) W' = FAssert (V' ® V)
| © § U = insertAssertion ((vz)F) U’ = (vz)(insertAssertion F U

(proof)

lemma insertAssertionEqut[equt]:
fixes p :: name prm
and F :: b frame
and U :'b

shows p - (insertAssertion F V) = insertAssertion (p - F) (p + ¥)
(proof)

nominal-primrec
mergeFrame :: 'b frame = 'b frame = 'b frame
where
mergeFrame (FAssert W) G = insertAssertion G U
| 8 G = mergeFrame ((vz)F) G = (vz|)(mergeFrame F G)
(proof)

notation mergeFrame (infixr (g 80)

abbreviation
frameBottomJudge (< Lp») where Lp = (FAssert SBottom)

lemma mergeFrameEqut|equt]:
fixes p :: name prm
and F :: b frame
and G :'b frame

shows p - (mergeFrame F G) = mergeFrame (p - F) (p - G)
(proof)

nominal-primrec

extractFrame :: (‘a, 'b, 'c) psi = 'b frame
and eztractFrame’ :: (‘a, 'b, 'c) input = 'b frame
and extractFrame’ :: (‘a, 'b, 'c) psiCase = 'b frame

where

extractFrame (0) = (e, 1)
| extractFrame (M(I) = (e, L)
| extractFrame (M(N).P) = (e, 1)
| extractFrame (Case C) = (g, L)
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| extractFrame (P || Q) = (extractFrame P) Qp (extractFrame Q)
| extractFrame (({¥}::("a, b, 'c) psi)) = (e, ¥)

| extractFrame ((vz)P) = (vz|)(extractFrame P)
| extractFrame (1P) = (e, L)

| extractFrame’ ((Trm M P)::('a::fs-name, 'b::fs-name, 'c::fs-name) input) = (e, 1)
| extractFrame’ (Bind z I) = (e, L)

| extractFrame’ (L.::(‘a::fs-name, 'b::fs-name, 'c::fs-name) psiCase) = (e, L)
| extractFrame’ (O® = P C) = (g, 1)
(proof)

lemmas extractFrameSimps = extractFrame-estractFrame’-extractFrame’’ . simps

lemma extractFrameEqut[equt]:
fixes p :: name prm
and P :: (‘a, ’d, 'c) psi
and I : (‘a, ’d, 'c) input
and C :: (‘a, 'b, 'c) psiCase

shows p - (eztractFrame P) = extractFrame (p - P)
and p - (extractFrame’ I) = extractFrame’ (p - I)
and p - (extractFrame’ C) = eatractFrame” (p - C)

(proof)

lemma insertAssertionFresh[intro]:
fixes I' :: 'b frame
and VU : b
and =z :: name

assumes z f F

and zf{ VU

shows z f (insertAssertion F U)
(proof)
lemma insertAssertionFreshChain[intro]:

fixes I' ::'b frame

and ¢ =)

and zvec :: name list

and Xs : name set

shows [zvec fx F; avec §x VU] = zvec fx (insertAssertion F )
and [Xs tx F; Xs g+ U] = Xs * (insertAssertion F W)
(proof)

lemma mergeFrameFresh[intro]:
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fixes F :: 'b frame
and G :'b frame
and =z :: name

shows [z § F; z § G] = = § (mergeFrame F G)
(proof)

lemma mergeFrameFreshChain|[introl:
fixes ' :: 'b frame
and G :'b frame
and zvec :: name list
and Xs : name set

shows [zvec i+ F; zvec fx G] = zvec §x (mergeFrame F Q)
and [Xs tx F; Xs fx G] = Xs t* (mergeFrame F G)
(proof)

lemma extractFrameFresh:
fixes P :: (‘a, 'b, 'c) psi
and I : (‘a, ’d, 'c) input
and C :: (‘a, 'b, 'c) psiCase
and z :: name

shows z § P = z { extractFrame P
and z %I = zt extractFrame’ I
and z{ C = z { extractFrame’” C

(proof)

lemma extractFrameFreshChain:
fixes P :: (‘a, 'b, 'c) psi
and I ::(‘a,’d, 'c) input
and C : (‘a, ', 'c) psiCase
and zvec :: name list
and Xs : name set

shows zvec ix P = zvec #* extractFrame P
and zvec fx I = xvec #x extractFrame’ I
and zvec fx C = avec fx extractFrame’ C
and Xs tx P = Xs t* extractFrame P
and Xs fx I = Xs #* extractFrame’ I
and Xstx C = Xs fi* extractFrame’ C

(proof)

lemma guardedFrameSupp[simpl:
fixes P :: (‘a, 'b, 'c) psi
and I : (‘a, ’d, 'c) input
and C :: (‘a, b, 'c) psiCase
and z :: name
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shows guarded P = x § (extractFrame P)
and guarded’ I = z t (extractFrame’ I)
and guarded” C = z t (extractFrame’ C)

(proof)

lemma frameResChainFresh’:
fixes zvec :: name list
and yvec :: name list
and F b frame

shows (zvec i+ ((vxyvec)F)) = (Vz € set zvec. x € set yvec V z § F)
(proof)

lemma frameChainFresh[simp):
fixes zvec :: name list
and ¥ b
and Xs : name set

shows zvec §x (FAssert U) = avec fx ¥
and Xs f* (FAssert U) = Xs #x ¥

(proof)

lemma frameResChainFresh'/[simp):
fixes zvec :: name list
and yvec :: name list
and F b frame

assumes zvec fx yvec

shows zvec x ((v+yvec)F) = zvec i F

(proof)

lemma frameResChainFresh'[simp]:
fixes ¢ :: name
and zvec :: name list
and F b frame

assumes z f zvec

shows = # ((v*xzvec)F) =z § F
(proof)

lemma FFreshBottom[simpl:
fixes zvec :: name list
and Xs :: name set

shows zvec i (Lp)
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and Xsfx (Lp)
(proof)

lemma SFreshBottom[simp]:
fixes zvec :: name list
and Xs : name set

shows zvec #x (SBottom)
and Xs #x (SBottom)

{(proof)

lemma freshFrameDest[dest]:
fixes A :: name list
and Yp b
and zvec :: name list

assumes rvec i+ ((Ap, Up))

shows avec fix Ap = avec §x Up
and Ap #x avec = avec fx Up

(proof)

lemma insertAssertionSimps|simp):
fixes A :: name list
and Up:'b
and ¥ b

assumes Ap fx ¥

shows insertAssertion ((Ap, Vp)) ¥ = (Ap, ¥ @ Up)
(proof)

lemma mergeFrameSimps[simp]:
fixes A :: name list
and Up::'b
and U b

assumes Ap fix U

shows ((Ap, Ur)) ®F (¢, ¥) = (Ap, Vr ® ¥)
(proof)

lemma mergeFrames[simp]:
fixes Ar :: name list

and Up ::'b
and Ag :: name list
and Yg:'b

assumes Ap fix Ag
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and Afp fix Ug
and Ag fix Up

<Sh0“>’s ((Ap, ¥r)) ®F ((Ag, Ya)) = (Ar@Ag), ¥r ® ¥g))
proof

lemma framelmpResFreshLeft:
fixes I' :: 'b frame
and z : name

assumes z f F'

shows (vz)F —p F
(proof)

lemma framelmpResFreshRight:
fixes F :: 'b frame
and =z :: name

assumes z { F

shows F —p (vz)F
(proof)

lemma frameResFresh:
fixes F :: 'b frame
and x :: name

assumes z f F

shows (vz)F ~p F
(proof)

lemma framelmpResPres:
fixes I :: 'b frame
and G :'b frame
and =z :: name

assumes F —p G

shows (vz)F —F (vz) G
{proof )
lemma frameResPres:
fixes I' :: 'b frame
and G :'b frame

and z :: name

assumes F' ~p G
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shows (vz)F ~p (vz|)G
(proof)

lemma framelmpResComm:
fixes z :: name
and vy :: name
and F :: b frame

shows (vz)((vy)F) —r (vy)((ve)F)
(proof)

lemma frameResComm:
fixes = :: name
and y :: name
and F :: b frame

shows (va)((vy)F) = (vy)((va)F)
(proof)

lemma frameImpResCommULeft”:
fixes z :: name
and zvec :: name list
and F b frame

shows (vz|)((vxzvec) F) — g (vsazvec)((vz)F)
(proof)

lemma framelmpResCommRight':
fixes ¢ :: name
and zvec :: name list
and F b frame

shows (vxavec|)((vz) F) —r (vz|)((v+zvec) F)
(proof)

lemma frameResComm':
fixes x :: name
and zvec :: name list

and F b frame

shows (vz))((v+zvec)F) ~p (vxzvec)((vz)F)

(proof)

lemma framelmpChainComm:
fixes zvec :: name list
and yvec :: name list
and F :: b frame
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shows (vxzvec|) ((v+yvec)F) —p (vxyvec))((vxavec) F)
(proof)

lemma frameResChainComm:
fixes zvec :: name list
and yvec :: name list
and F :'b frame

shows (vxavec)((v+yvec) F) ~p (vxyvec)((|v*zvec|) F)

{(proof)

lemma frameImpNilStatEq[simp):
fixes U :: b
and U’':'b

shows ((g, ) —p (g, ) = (¥ — V)
(proof)

lemma frameNilStatEq[simp):
fixes ¥ ::'b
and V’': b

shows ((g, ¥) ~p (¢, ¥)) = (¥ ~ ¥’)
(proof)

lemma extractFrameChainStatImp:
fixes zvec :: name list

and P ::(‘a,’d, 'c) psi

shows extractFrame((vxzvec|)P) — g (v*zvec|)(extractFrame P)

(proof)

lemma extractFrameChainStatEq:
fixes xvec :: name list
and P ::(‘a,’b, 'c) psi

shows extractFrame((vxzvec|)P) ~p (v+zvec))(extractFrame P)
(proof)

lemma insertAssertionExtractFrameFreshimp:
fixes zvec :: name list
and ¥ b
and P ::(‘a,’b, 'c) psi

assumes zvec fx U

shows insertAssertion(extractFrame((vxzvec) P)) U — g (v*zvec)) (insertAssertion
(extractFrame P) ¥)
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(proof)

lemma insertAssertionExtractFrameFresh:

fixes zvec :: name list
and ¥ b
and P ::(‘a,’b, 'c) psi

assumes zvec fix ¥

shows insertAssertion(extractFrame((vxzvec)) P)) U ~p (vxavec)) (insertAssertion
(extractFrame P) WU)

(proof)

lemma framelmpResChainPres:
fixes I ::'b frame
and G :'b frame

and zvec :: name list
assumes F' —p G

shows (vxavec)F —p (vxzvec)G

(proof)

lemma frameResChainPres:
fixes I' :: b frame
and G :'b frame
and zvec :: name list

assumes I ~p G

shows (vxavec)F ~p (v*zvec) G

(proof)

lemma insertAssertionk:
fixes F :: ('b::fs-name) frame
and ¥ b
and U': b
and Ap :: name list

assumes insertAssertion F U = (Ap, ¥')
and Ap ix F

and Ap tx W

and  distinct Ap

obtains Uy where F = (Ap, Up) and V' =¥ ® Up
(proof)

lemma mergeFramekE:
fixes F' :: 'b frame
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and G ::'b frame
and Apg :: name list
and UYpg o 'b

assumes mergeFrame F G = (Arg, Yrg)
and distinct Arpg

and AFG Ij* F

and Apg t*x G

obtains Arp Vp Ag Vo where Apg = ApQAg and Vpg = VY ® Vg and F
= (Ap, Ur) and G = (Ag, U¢) and Ap fx Ug and Ag fx Up
(proof)

lemma mergeFrameRes! [simp]:
fixes Ar :: name list

and Up:'b

and z :: name
and Ag :: name list
and Ug b

assumes Ap fx Vg
and Ap tx Ag
and zf Ap
and zfUYp
and Ag tx YR

<Sh0XS (Ap, ¥p)) @ ((vz)({Ac, Ya))) = (ArQz#dg), Vr @ Ya))
proo

lemma mergeFrameRes2|[simp]:
fixes Ar :: name list

and Up:'b

and <z :: name
and Ag :: name list
and Ug o 'b

assumes Ap fx Vg
and Ag tx Ap
and zf Ap
and zfUYp
and Ag tx ¥R

<Sh0XS (Ap, ¥p)) @F ((vz)({Ac, Ya))) = (ArQz#dg), Vr @ Ya))
proo.

lemma insertAssertionResChain[simp):
fixes zvec :: name list
and F :: b frame
and ¥ b
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assumes zvec fx ¥

shows insertAssertion ((vxzvec)F) U = (vxzvec|(insertAssertion F ¥)

(proof)

lemma extractFrameResChain[simp]:
fixes zvec :: name list
and P :(‘a,’d, 'c) psi

shows extractFrame((vxavec) P) = (vxavec|)(extractFrame P)

(proof)

lemma frameResFreshChain:
fixes zvec :: name list
and F :: b frame

assumes zvec fx F

shows (vxavec)F ~p F

(proof)

end

locale assertion = assertionAux SCompose SImp SBottom SChanEq
for SCompose :: 'b::fs-name = 'b = 'b
and SImp = 'b = 'ci:fs-name = bool
and SBottom ::'b
and SChanFEq :: 'a:fs-name = 'a = 'c +

assumes chanEqSym:  SImp ¥ (SChanEq M N) = SImp U (SChanEq N M)

and  chanEqTrans: [SImp ¥ (SChanEq M N); SImp ¥ (SChanEq N L)] =
SImp U (SChanEq M L)

and Composition:  assertionAuz. AssertionStatEq SImp ¥ U/ = asser-
tionAux. AssertionStatEq SImp (SCompose ¥ ') (SCompose ¥’ ¥")

and  Identity: assertionAuz. AssertionStatEq SImp (SCompose U SBottom,)
v

and  Associativity: assertionAux.AssertionStatEq SImp (SCompose (SCompose
U ¢) ©') (SCompose ¥ (SCompose W' U'"))

and Commutativity: assertionAux.AssertionStatEq SImp (SCompose ¥ U)
(SCompose ' V)

begin
notation SCompose (infixr «®» 90)
notation SImp («- + - [85, 85] 85)

notation SChanEq («- < -» [90, 90] 90)
notation SBottom («L» 90)
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lemma compositionSym:

fixes U :: b
and U’ b
and 0”7 : '

assumes ¥ ~ ¥’

shows 0" @ U ~ ¢ @ U’/

(proof)

lemma Composition':
fixesU b
and ¥’ b
and 9" b
and 9"’

assumes ¥ ~ ¥’
and \II” ~ \Il//,

shows U @ "/ ~ ¢/ @ ¥
(proof)

lemma composition”:

fixesV b
and ¥’ b
and ¥ b
and U :'b

assumes ¥ ~ U’

shows (0 @ U") @ U ~ (V' @ ¥ @ U
{proof)

lemma associativitySym:

fixes U =D
and ¥’ b
and U : b

shows (V@ U)o V'~ (T ¥") g ¥’
(proof)

lemma framelntAssociativity:
fixes Ar :: name list

and ¥ b
and U’ b
and U”: '

shows (Ap, (¥ © U) @ U ~p (Ap, ¥ ® (U' @ U')
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(proof)

lemma framelntCommutativity:
fixes Arp :: name list
and ¥ b
and U’ b

shows (Ap, ¥ ® ¥/) ~p (Ap, ¥/ ® U)
(proof )

lemma framelntldentity:

fixes Ar :: name list
and Up ::'b

shows (Ar, U ® SBottom) ~p (Ap, UF)
(proof)

lemma framelntComposition:

fixes U :: b

and U':'b

and Ap :: name list
and Up:'b

assumes ¥ ~ U’

shows <AF7 U ® \I/F> ~p <AF, v’ (29 ‘I’F>
(proof)

lemma framelntCompositionSym:

fixes U :: b

and U':'b

and Ap :: name list
and Up b

assumes ¥ ~ ¥’

shows <AF7 \I/F X \I/> ~p <AF, \I/F X ‘I’/>
(proof )

lemma frameCommutativity:
fixes F :: 'b frame
and G :'b frame

shows F ®p G ~p G Qp F
(proof)

lemma frameScopeExt:

fixes z :: name
and F :: b frame
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and G :'b frame
assumes z f F

shows (vz)(F ®@p G) ~p F @p ((vz)G)
(proof)

lemma insertDoubleAssertionStatEq:
fixes F' :: 'b frame
and U b
and V’: '

shows insertAssertion(insertAssertion F W) W' ~p (insertAssertion F) (¥ ®
T
(proof)

lemma guardedStatEq:
fixes P :: (‘a, 'b, 'c) psi
and [ :: (‘a, ’d, 'c) input
and C : (‘a,'b, 'c) psiCase
and Ap :: name list
and Up:'b

shows [guarded P; extractFrame P = (Ap, Up)] = ¥Up ~ 1 A supp Up =
({}::name set)

and [guarded’ I; extractFrame' I = (Ap, Up)] = Up ~ L A supp Up =
({}::name set)

and [guarded” C; extractFrame' C = (Ap, Up)] = ¥p ~ L A supp Up =
({}::name set)
{proof)

end
end

theory Semantics
imports Frame
begin

nominal-datatype (‘a, 'b, 'c) boundOutput =
BOut 'a::fs-name ('a, 'b::fs-name, 'c::fs-name) psi («- <" - [110, 110] 110)
| BStep «name» (‘a, 'b, 'c) boundOutput («(v-)- [110, 110] 110)

primrec BOresChain :: name list = ('a::fs-name, 'b::fs-name, 'c::fs-name) bound-
Output =
('a, 'b, 'c) boundOutput where
Base: BOresChain || B = B
| Step: BOresChain (z#xs) B = (vz|)(BOresChain zs B)
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abbreviation
BOresChainJudge («(v*-)-» [80, 80] 80) where (vxzvec)B = BOresChain zvec
B

lemma BOresChainEqut]equt]:
fixes perm :: name prm
and st :: name list
and B : (‘a:fs-name, 'b::fs-name, ‘c::fs-name) boundOutput

shows perm « ((vxzvec) B) = (v+(perm - zvec)|)(perm - B)

(proof)

lemma BOresChainSimps[simp):
fixes zvec :: name list

and N : 'a:fs-name

and P :: (‘a, 'bi:fs-name, ‘c::fs-name) psi
and N’ :'a

and P’ :('a,’d, 'c) psi

and B (‘a, b, 'c) boundOutput

and B’ : (Ya, b, 'c¢) boundOutput

shows ((vxavec)N <" P = N’ <’ P’) = (zvec =[] AN = N'A P = P’)
and (N’ <’'P’'= (vxzvec)N <’ P) = (zvec =[] NN = N'AN P = P/)
and (N'<'P'=N <'P)=(N=N'AP=P

and ((v+zvec)B = (v+avec)B') = (B = B’)

{proof)
lemma outputFresh|simp]:
fixes Xs :: name set
and zvec :: name list
and N : 'a:fs-name
and P :: (‘a, 'bi:fs-name, 'c::fs-name) psi

shows (Xs fx (N <’ P)) = ((Xs fx N) A (Xs % P))
<an(ic> (zvec tx (N <" P)) = ((zvec #x N) A (zvec fx P))
Proo

lemma boundQOutputFresh:
fixes x :: name
and zvec :: name list
and B : (‘a:fs-name, 'bifs-name, 'c::fs-name) boundOutput

shows (z  ((v+zvec)B)) = (z € set avec V z § B)

(proof)
lemma boundQutputFreshSet:
fixes Xs :: name set
and zvec :: name list
and B : (‘a:fs-name, 'b:fs-name, ‘c:fs-name) boundOutput
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and yvec :: name list
and 2z : name

shows Xs fx ((vxzvec)B) = (Vz€Xs. z € set avec V z § B)
and gyvec fx ((vxzvec) B) = (Vz€(set yvec). © € set avec V z § B)
and Xs tx ((vz)B) = Xs #* [z].B
and zvec #x ((vz|)B) = zvec #* [z].B
(proof)

lemma BOresChainSupp:
fixes zvec :: name list
and B : (‘a:fs-name, 'b:fs-name, ‘c:fs-name) boundOutput

shows (supp((vxzvec) B)::name set) = (supp B) — (supp zvec)
(proof)

lemma boundOutputFreshSimps[simp):

fixes Xs :: name set

and zvec :: name list

and B (‘a:fs-name, 'b::fs-name, ‘c::fs-name) boundOutput
and yvec :: name list

and =z : mame

shows Xs fix avec = (Xs #x ((vxavec))B)) = (Xs fx B)
and yvec fx zvec => yvec fx ((v*xzvec) B) = yvec fx B
and avec #x ((vxzvec|) B)

and 1z f zvec = = § (vxavec)B =z £ B

(proof)

lemma boundQutputChainAlpha:
fixes p :: mame prm
and zvec :: name list
and B : (‘a:fs-name, 'b:fs-name, ‘c:fs-name) boundOutput
and yvec :: name list

assumes zvecFreshB: (p - zvec) fx B
and  S: set p C set zvec X set (p - zvec)
and  (set zvec) C (set yvec)

shows ((vxyvec) B) = ((v+(p - yvec))(p + B))
(proof)

lemma boundOQutputChainAlpha':
fixes p :: mame prm
and zvec :: name list
and B (‘a:fs-name, 'b::fs-name, ‘c::fs-name) boundOutput
and yvec :: name list
and zvec :: name list
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assumes zvecFreshB: zvec fx B
and S: set p C set zvec X set yvec
and  yvec fx ((vxzvec)B)

shows ((vxzvec)B) = ((v(p + zvec))(p + B))

(proof)
lemma boundOutputChainAlpha'":
fixes p :: name prm
and zvec :: name list
and M : 'a:fs-name
and P :: (‘a:fs-name, 'b::fs-name, 'c::fs-name) psi

and yvec :: name list

assumes (p - zvec) fx M

and  (p - xvec) x P

and set p C set xvec X set (p - zvec)
and  (set zvec) C (set yvec)

shows ((vxyvec)M <’ P) = ((vx(p « yvec))(p - M) <’ (p - P))
(proof )

lemma boundOutputChainSwap:

fixes ¢ :: name

and y : name

and N : 'a:fs-name

and P :: (‘a, 'bi:fs-name, 'c::fs-name) psi

and zvec :: name list

assumes y ff N
and yiP
and x € (set zvec)

shows (vxzvec) N <" P = (vx([(z, y)] - avec))([(z ,y)] - N) <" ([(z, y)] - P)
(proof)

lemma alphaBoundOutput:
fixes = :: name
and vy :: name
and B : ('a:fs-name, 'b::fs-name, 'c::fs-name) boundQutput

assumes y | B

shows (ve)B = (vy)([(z. y)] - B)
(proof)

lemma boundOutputEqFresh:

fixes B :: (‘a::fs-name, 'b::fs-name, 'c::fs-name) boundOutput
and C :: (‘a, 'b, '¢) boundOutput
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and 1z :: name
and vy :: name

assumes (vz)B = (vy)C

and =z B
shows y t C
(proof )

lemma boundOutput EqSupp:
fixes B :: (‘a::fs-name, 'b::fs-name, 'c::fs-name) boundOutput
and C :: (a, b, '¢) boundOutput
and =z : name
and vy :: name

assumes (vz)B = (vy)C
and z € supp B

shows y € supp C
(proof)

lemma boundOutputChainEq:
fixes xvec :: name list
and B : (‘a:fs-name, 'b::fs-name, ‘c::fs-name) boundOutput
and yvec :: name list
and B’ : (‘a, 'b, 'c) boundOutput

assumes (vkzvec) B = (vxyvec) B’
and xvec fx yvec
and length xvec = length yvec

shows Jp. (set p) C (set zvec) x set (yvec) A distinctPerm p A B =p - B’ A
(set (map fst p)) C (supp B) A zvec t* B’ A yvec f§x B
(proof )

lemma boundOutputChainEqLength:
fixes zvec :: name list

and M : 'a:fs-name

and P :: (‘a, 'bifs-name, 'c::fs-name) psi
and yvec :: name list

and N : 'a:fs-name

and Q : (‘a, 'bifs-name, 'c::fs-name) psi

assumes (vxzvec)M <’ P = (vxyvec)N <’ Q

shows length xvec = length yvec

{(proof)

lemma boundOutputChainEq'":
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fixes zvec :: name list

and M : 'a:fs-name

and P :: (‘a, 'b::fs-name, 'c::fs-name) psi

and yvec :: name list

and N :'a

and @ :: ("a:fs-name, 'bi:fs-name, 'c::fs-name) psi

assumes (vxavec)M <’ P = (vxyvec)N <’ Q
and zvec §x yvec

shows Jp. (set p) C (set zvec) x set (yvec) A distinctPerm p A M =p - N A
P=yp-. QA zvec §x N A avec fx Q N yvec §x M A yvec fx P
(proof)

lemma boundOQutputChainEq'":
fixes zvec :: name list
and M : 'a:fs-name
and P :: (‘a, 'b::fs-name, 'c::fs-name) psi
and yvec :: name list
and N :'a
and @ :: (‘a:fs-name, 'bi:fs-name, 'c::fs-name) psi

assumes (vszvec)M <’ P = (vxyvec)N <’ Q
and xvec fx yvec
and distinct zvec
and distinct yvec

obtains p where (set p) C (set avec) x set (p - avec) and distinctPerm p and
yvec = p » zvec and N = p - M and @ = p -+ P and zvec ffx N and zvec fx @
and (p - zvec) tx M and (p - zvec) §x P

(proof)
lemma boundOutputEqSupp’:
fixes © :: name
and zvec :: name list
and M : 'a:fs-name
and P :: (‘a, 'bi:fs-name, ‘c::fs-name) psi
and y : name
and yvec :: name list
and N =:'a

and Q ::(‘a,’d, 'c) psi

assumes Fq: (vz))((vxzvec) M <’ P) = (vy)((vxyvec)N <’ Q)
and z#£y

and z § yvec

and z § avec

and y t zvec

and y 1 yvec

and zvec fx yvec
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and x € supp M

shows y € supp N
(proof )

lemma boundOutputChainOpenlH:
fixes zvec :: name list

and =z : name

and B (‘a:fs-name, 'b::fs-name, ‘c::fs-name) boundOutput
and yvec :: name list

and y : name

and B’ : (‘a, 'b, 'c) boundOutput

assumes Fq: (vxzvec|)((vz)B) = (vxyvec)((vy) B’
and L: length xvec = length yvec

and  xFreshB" z B’

and xFreshxvec: x f xvec

and xFreshyvec: x f yvec

shows (vxzvec) B = (vxyvec)([(z, y)] - B)
(proof )

lemma boundOutputPariDest:
fixes zvec :: name list
and M : 'a:fs-name
and P :: (‘a, 'bi:fs-name, ‘c::fs-name) psi
and yvec :: name list
and N :'a
and Q :: (‘a,’d, 'c) psi
and R :: (‘a, ', c) psi

assumes (vxzvec)M <’ P = (vxyvec)N <’ (Q || R)
and  zvec fx R
and yvec §x R

obtains T where P = T || R and (vxzvec)M <’ T = (vxyvec)N <’ Q
(proof )

lemma boundOutputPariDest’:
fixes zvec :: name list
and M : 'a:fs-name
and P :: (‘a, 'b::fs-name, ‘c::fs-name) psi
and yvec :: name list
and N :'a
and Q ::(‘a,’d, 'c) psi
and R : (‘a, 'd, 'c) psi

assumes (vxzvec)M <’ P = (vsyvec)N <’ (Q || R)
and  zvec #x yvec
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obtains T p where set p C set zvec x set yvec and P = T
(vxzvec)M <’ T = (vsyvec)N <' Q
(proof)

lemma boundQutputPar2Dest:
fixes zvec :: name list
and M : 'a:fs-name
and P (‘a, 'b:fs-name, 'c::fs-name) psi
and yvec :: name list
and N :'a
and @ ::('a,’db, ‘c) psi
and R :: (‘a, ', c) psi

assumes (vxzvec)M <’ P = (vxyvec)N <’ (Q || R)
and zvec fx Q
and yvec fx Q

| (p - R) and

obtains T where P = @ || T and (vxzvec)M <’ T = (v*yvec)N <’ R

(proof)

lemma boundQutputPar2Dest”:
fixes zvec :: name list
and M : 'a:fs-name
and P (‘a, 'b:ifs-name, 'c::fs-name) psi
and yvec :: name list
and N :'a
and @ ::('a,’'b, ‘c) psi
and R : (‘a, ', c) psi

assumes (vxzvec)M <' P = (vxyvec)N <’ (Q || R)
and zvec §x yvec

obtains T p where set p C set zvec X set yvec and P = (p
(vxavec)M <" T = (v*yvec)N <' R
(proof)

lemma boundOQutputApp:
fixes xvec :: name list
and yvec :: name list
and B : (‘a:fs-name, 'b::fs-name, ‘c::fs-name) boundOutput

shows (vx(zvecQyuec)) B = (vxavec)((v+yvec|) B)
(proof)

lemma openinjectAuzAuzAuz:
fixes z :: name
and zvec :: name list
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shows 3y yvec. © # avec = yvec @ [y| A length zvec = length yvec
(proof )

lemma openlnjectAuzAuz:
fixes zvecl :: mame list
and zvec? :: name list
and yvec :: name list

assumes length(zvecl Qrvec?) = length yvec

shows J yvecl yvec2. yvec = yvecl Qyuec2 A length zvecl = length yvecl A length
zvec? = length yvec?

(proof)

lemma openlnjectAuz:
fixes zvecl :: name list
and =z 1 name
and zvec?2 :: name list
and yvec :: name list

assumes length(zvecl Qr#azvec?) = length yvec

shows Jyvecl y yvec2. yvec = yvecl Qy#yvec2 A length xvecl = length yvecl N
length zvec?2 = length yvec?

(proof)

lemma boundOutputOpenDest:
fixes yvec :: name list

and M : 'a:fs-name

and P :: (‘a, 'bifs-name, 'c:fs-name) psi
and zvecl :: name list

and =z  name

and zvec? :: name list
and N :='a
and Q ::(‘a, b, 'c) psi

assumes Fq: (vx(azvecl Qu#avec2))M <’ P = (vxyvec)N <’ Q
and z § avecl
and z { yvec

and zf N
and zdQ
and distinct yvec

obtains yvecl y yvec2 where yvec=yvecl Qy#yvec?2 and length zvecl = length
yvecl and length xvec2 = length yvec?
and (vx(zvecl Qrvec2))M <’ P = (vx(yvecl Qyvec2)|)([(x,
)] - N) <" ([(z, 9)] - Q)
(proof)
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lemma boundOutputOpenDest’:
fixes yvec :: name list

and M : 'a:fs-name

and P : (‘a, 'b:fs-name, 'c::fs-name) psi
and zvecl :: name list

and =z  name

and zvec? :: name list
and N :'a
and Q :(‘a, b, 'c) psi

assumes Fq: (vx(zvecl Qu#avec2))M <’ P = (vxyvec)N <’ Q
and z f 2vecl

and z § yvec

and x4 N

and z4@Q

obtains yvecl y yvec2 where yvec=yvecl Qy#yvec?2 and length zvecl = length
yvecl and length xvec? = length yvec2
and (vx(avecl Qavec2))M <’ P = (v+(yvecl Q[(z, y)] -
yvec2))([(z, y)] - N) <" ([(z, y)] - Q)
(proof)

lemma boundOQutputScopeDest:
fixes zvec :: name list

and M : 'a:fs-name

and P :: (‘a, 'bifs-name, 'c::fs-name) psi
and yvec :: name list

and N =:'a

and =z : name

and @ ::('a, ', 'c) psi

assumes (vxzvec)M <’ P = (vxyvec)N <’ (vz)) Q
and z § zvec
and z # yvec

obtains R where P = (vz))R and (vxavec)M <’ R = (vxyvec)N <’ Q
(proof)

nominal-datatype ('a, ‘b, 'c) residual =

RIn 'a:fs-name 'a ('a, 'b::fs-name, 'c::fs-name) psi
| ROut 'a ('a, b, 'c) boundOutput
| RTau (‘a, 'b, 'c) psi

nominal-datatype 'a action = In 'a::fs-name 'a («<-(-)> [90, 90] 90)

| Out 'a::fs-name name list 'a (<-(v*-)(-)» [90, 90, 90] 90)
| Tau (xm> 90)
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nominal-primrec bn :: (‘a::fs-name) action = name list
where
bn (M(N)) = [

| bn (M (v+zvec)(N)) = zvec

| on (r) = ]

(proof)

lemma bnEqut[equt]:
fixes p :: name prm
and « :: (‘a::fs-name) action

shows (p - bn ) = bn(p - @)
(proof)

nominal-primrec create-residual :: (‘a::fs-name) action = (‘a, 'b::fs-name, 'c::fs-name)
psi = ('a, 'b, 'c) residual (x- < - [80, 80] 80)
where
(M(N)) < P = RIn M N P
| M(vxazvec)(N) < P = ROut M ((vxzvec)(N <’ P))
| 7 < P = (RTau P)
(proof )

nominal-primrec subject :: ('a::fs-name) action = 'a option
where
subject (M(|N))) = Some M

| subject (M (vxavec)(N)) = Some M

| subject () = None

(proof)

nominal-primrec object :: (‘a::fs-name) action = 'a option
where
object (M(N|) = Some N

| object (M (v+zvec)(N)) = Some N

| object (1) = None

(proof)

lemma optionFreshChain[simp]:
fixes zvec :: name list
and X :: name set

shows zvec fx (Some z) = avec f* z
and X fx (Somez) = X x x

and zvec fix None
and X f#x None

(proof)

lemmas [simp] = fresh-some fresh-none

lemma actionFresh[simp]:
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fixes = :: name
and « :: (‘a::fs-name) action

shows (z § a) = (z § (subject @) A =t (bn ) A x § (object )
(proof)

lemma actionFreshChain[simp]:
fixes X :: name set
and «a : (‘a:fs-name) action
and zvec :: name list

shows (X fx a) = (X fx (subject a) A X #x (bn o) A X t* (object a))
and (avec f*x o) = (avec fx (subject a) A zvec #* (bn o) A avec §x (object o))

(proof)

lemma subjectEqut]equt]:
fixes p :: name prm
and « :: (‘a::fs-name) action

shows (p - subject a) = subject(p - a)
{proof)

lemma okjectEqut[equt):
fixes p :: name prm
and « :: (‘a::fs-name) action

shows (p - object o) = object(p - @)
(proof)

lemma create-residual Equt|equt]:
fixes p :: name prm
and « :: (‘a::fs-name) action
and P :: (‘a, 'bi:fs-name, ‘c::fs-name) psi

shows (p- (e <P)=(p-a)<(p-P)
(proof)

lemma residualFresh:
fixes z :: name
and o :: 'a:fs-name action
and P :: (‘a, 'b::fs-name, ‘c::fs-name) psi

shows (z § (o < P)) = (z § (subject a) A (z € (set(bn(a))) V (z § object(a) A
z 4 P)))
(proof)

lemma residualFresh2[simp:
fixes z :: name
and « :: (‘a:fs-name) action
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and P :: (‘a, 'bi:fs-name, ‘c::fs-name) psi

assumes z f o
and z g P

shows z f « < P
(proof )

lemma residualFreshChain2|[simp):
fixes zvec :: name list

and X :: name set
and « : (‘a:fs-name) action
and P :: (‘a, 'b::fs-name, 'c::fs-name) psi

shows [zvec i+ «; zvec §x P] = zvec f* (o < P)
and [X fx o; X % P] = X tx (a < P)
(proof)

lemma residualFreshSimp[simp):
fixes = :: name
and M : 'a:fs-name
and N :'a
and P :: (‘a, 'bi:fs-name, ‘c::fs-name) psi

shows z f (M(N) < P)=(zf4 M Az NAzfP)
and 2§ (M(vxavec)(N) < P) = (z § M A z § ((vxavec)(N <’ P)))
and zf(r<P)=(z4P)

(proof)

lemma residuallnject':

shows (¢ < P=RIn M N Q) =(P=QAa=M(|N))

and (o < P = ROut M B) = (avec N. « = M (vxavec))(N) A B = (vxavec|)(N
=<' P))

and (a < P=RTau Q)= (a=7ANP=Q)

and (RInMNQ@Q=a<P)=(P=QAa=M(|N))

and (ROut M B =« < P) = (Favec N. « = M(vxavec))(N) A B = (vxavec|)(N
<'P))

and (RTou Q=a <P)=(a=7ANP=0Q)

(proof)

lemma residualFreshChainSimp|simp):
fixes zvec :: name list
and X : name set
and M : 'a:fs-name
and N :'a
and yvec :: name list
and P :: (‘a, 'bifs-name, 'c::fs-name) psi
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shows zvec §x (M(N]) < P) = (zvec x M A zvec i N A zvec §x P)

and  zvec fx (M(v*yvec)(N) < P) = (avec fx M A avec #x ((vxyvec)(N <’
P))

and avec #x (1 < P) = (zvec §* P)

and X fx (M(N) < P)= (X« M AN X tix NA X tx P)

and X f#x (M(vxyvec)(N) < P) = (X ttx M A X #x ((vxyvec)(N <’ P)))

and X #x (r < P) = (X tx P)
(proof)

lemma residualFreshChainSimp2|[simp]:
fixes zvec :: name list
and X : name set
and M : 'a:fs-name
and N :'a
and yvec :: name list
and P :: (‘a, 'bifs-name, 'c::fs-name) psi

shows zvec #x (RIn M N P) = (zvec §x M A zvec x N A zvec x P)
and avec fx (ROut M B) = (zvec tx M A xvec % B)
and avec #x (RTau P) = (avec §x P)
and X # (RIn M N P) = (X tx M A X tx N A X #x P)
and X #x (ROut M B) = (X t« M A X t+ B)
and X f#x (RTau P) = (X #x P)
(proof)

lemma freshResidual3[dest]:
fixes = :: name
and « :: (‘a::fs-name) action
and P :: (‘a, 'b:ifs-name, 'c::fs-name) psi

assumes z § bn «
and zfa <P

shows z f o and z § P
(proof)

lemma freshResidualChain3[dest]:
fixes zvec :: name list
and a : (‘a:fs-name) action
and P :: (‘a, 'b:fs-name, 'c::fs-name) psi

assumes zvec #x (@ < P)
and  zvec #x bn «

shows zvec #* o and zvec tix P

{(proof)

lemma freshResidualf[dest]:
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fixes z :: name
and « :: (‘a::fs-name) action
and P :: (‘a, 'b::fs-name, 'c::fs-name) psi

assumes z f a < P

shows z { subject «
(proof )

lemma freshResidualChainj [dest]:
fixes zvec :: name list
and « : (‘a:fs-name) action
and P :: (‘a, 'b::fs-name, 'c::fs-name) psi

assumes zvec % (o < P)

shows zvec fix subject

(proof)
lemma alphaOQutputResidual:
fixes M :: 'a:fs-mame
and zvec :: name list
and N :'a
and P :: (‘a, 'b::fs-name, 'c::fs-name) psi
and p :: name prm

assumes (p - zvec) fx N

and  (p - avec) fx P

and  set p C set zvec X set(p « avec)
and set zvec C set yvec

shows M (vxyvec)(N) < P = M(vx(p - yvec)){(p - N)} < (p - P)
(proof)

lemmas[simp del] = create-residual.simps
lemma residuallnject’”:
assumes bn o = bn 8

shows (a < P=38<Q)=(a=8ANP=Q)
(proof)

lemmas residuallnject = residual.inject create-residual.simps residuallnject’ resid-
uallnject”

lemma bnFreshResidual[simp):
fixes « :: (‘a::fs-name) action
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shows (bn a) #x (o < P) = bn a #* (subject «)
(proof)

lemma actionCases|[case-names cInput cOutput ¢ Tau):
fixes « :: (‘a::fs-name) action

assumes AM N. o = M(N|) = Prop
and  AM zvec N. a = M(v+zvec|)(N) = Prop
and a =71 = Prop

shows Prop

(proof)

lemma actionPariDest:
fixes a :: (‘a::fs-name) action
and P :: (‘a, 'b::fs-name, 'c::fs-name) psi
and S :: (‘a:fs-name) action
and Q :: (‘a, 'b, 'c) psi
and R : (‘a, b, 'c) psi

assumes a < P = < (Q || R)
and bn « fx bn

obtains T p where set p C set(bn «) x set(bn ) and P =T | (p -

a<T=0<Q
(proof)

lemma actionPar2Dest:
fixes a :: (‘a::fs-name) action
and P :: (‘a, 'b:ifs-name, 'c::fs-name) psi
and f = (Ya:fs-name) action
and @ :: (‘a, b, 'c) psi
and R : ('a, ', 'c) psi

assumes a < P =6 < (Q | R)
and bn « fx bn 8

R) and

obtains T p where set p C set(bn o) x set(bn ) and P = (p - Q) | T and

a<T=p<R
(proof)

lemma actionScopeDest:
fixes « :: (‘a::fs-name) action
and P :: (‘a, 'bi:fs-name, ‘c::fs-name) psi
fixes 8 :: (‘a::fs-name) action
and =z : name
and Q@ :: (‘a, 'b, 'c) psi

assumes o < P = 8 < (vz)Q
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and zfbna
and z§bnp

obtains R where P = (vz)Rand a < R= 0 < Q
(proof)

abbreviation
outputJudge (<-(-)» [110, 110] 110) where M(N) = M (v=([])){(N)

declare [[unify-trace-bound=100]]

locale env = substPsi substTerm substAssert substCond +
assertion SCompose’ SImp’ SBottom’ SChanEq’
for substTerm :: (‘a::fs-name) = name list = 'a::fs-name list = 'a
and substAssert :: ('b::ifs-name) = name list = 'a::fs-name list = 'b
and substCond :: ('c::fs-name) = name list = 'a::fs-name list = 'c
and SCompose’ :: 'b = b= 'b
and SImp’ 2 'b = 'c = bool
and SBottom’ ::'b
and SChanEq' ::'a = 'a='c
begin
notation SCompose’ (infixr «®) 90)
notation SImp’ (- + - [85, 85] 85)
notation Framelmp («- Fr - [85, 85] 85)
abbreviation
FBottomJudge (<Lp» 90) where L = (FAssert SBottom’)
notation SChanEq’ (- < -» [90, 90] 90)
notation substTerm («-[-:=-]> [100, 100, 100] 100)
notation subs («-[-:=-]» [100, 100, 100] 100)
notation AssertionStatEq (<- =~ -» [80, 80] 80)
notation FrameStatEq («- ~p - [80, 80] 80)
notation SBottom’ (<1 190)
abbreviation insertAssertion’ (<insertAssertion)) where insertAssertion’ = as-
sertionAuz.insertAssertion (®)

inductive semantics :: 'b = (‘a, 'b, 'c) psi = ('a, 'b, 'c) residual = bool
(- - — o [50, 50, 50] 50)
where
clnput: [V F M < K; distinct zvec; set zvec C supp N; zvec #x Tvec;
length xvec = length Tvec;

avec fx U; avec fx M; zvec §x K| = U > M(Axavec N|).P —
K((N[zvec::=Tvec])|) < Plavec::=Tvec]
| Output: [V - M < K] = ¥ > M(N).P — K(N) < P
| Case: [¥ > P — Rs; (¢, P) mem Cs; ¥ = ¢; guarded P] = ¥ > Cases Cs
— Rs

| cParl: [(¥ ® ¥q) > P +——a < P'; extractFrame Q = (Ag, ¥q); distinct Ag;

Ag #x P; Ag tx Q; Ag fx U5 Ag #x a; Ag #x P'; distinct(bn «);
bn o fx U5 bn o fx Wg; bn o ix Q; bn a i+ P; bn a tx (subject a)] =
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U P Qo< (P Q
| cPar2: [(¥ @ ¥p) > Q —ra < Q'; extractFrame P = (Ap, Vp); distinct Ap;
Ap tx P; Ap % Q; Ap #x U; Ap #x a; Ap fix Q; distinct(bn a);
bn o fx U; bn o §x Up; bn a fx P; bn a fx Q; bn o * (subject o)] =
Pl Q-—a=<(P|Q)
| cCommi: [¥ ® Vg > P+ M(N|) < P’; extractFrame P = (Ap, Up); distinct
Ap;
U ®Up > Qv K(vszvec)(N) < Q'; extractFrame Q = (Ag, ¥q);
distinct Ag;
Ve Up®Ughk Mo K;
Ap ﬂ* \I/; Ap ﬂ* \I/Q; Ap ﬂ* P; Ap ﬁ* M; AP ﬂ* N; AP ﬂ* Pl;
Ap 2 Qs Ap b Q% Ap t Ags Ap tr avec
Ag tx U; Ag % Up; Ag fx P; Ag % N; Ag i P/
Ag i+ Q; Ag i+ K; Ag tx Q'; Ag #* avec; distinct avec;
zvec fx W; zvec i Wp; zvec ix Wo; zvec §x P; zvec f§x M;
zvec fx Q; zvec fx K| =
UpeP| Q7 =< (vsavec)(P' || Q)
| cComm?2: [¥ @ ¥g > P +—— M(vxazvec)(N) < P’ extractFrame P = (Ap,
Up); distinct Ap;
U ®¥p>Q— K(N) < Q' extractFrame Q = (Ag, Vq); distinct
AQ;
\P(X)\I/p@\l/Ql—M(—)K;
Ap % U; Ap fx Wg; Ap fx P; Ap i+ M; Ap #x N; Ap fx P/
Ap % Q; Ap #x Qs Ap #x Ag; Ap fx wvec;
AQ ﬁ* \IJ; AQ ﬁ* \I/p; AQ ﬁ* P; AQ ﬁ* N; AQ ﬂ* P/;
Ag i+ Q; Ag i+ K; Ag tx Q'; Ag #* avec; distinct zvec;
avec fx W; zvec §x Wp; avec fx Wo; avec fx P; zvec fx M;
avec fx Q; zvec fx K| =
U Pl Qv+ 7 < (vxavec)(P'| Q)
| cOpen: ¥ > P — M(vx(zvecQyuec))(N) < P’; x € supp N; x t zvec; z 4
yvec; x f M; x ¢ U;
distinct zvec; distinct yvec;
zvec fx W zvec §x P; xvec fx M; zvec % yvec; yvec fx V; yvec f#x P,
yvec fx M| =
U > (vz)P — M(v+(zvecQz#yvec))(N) < P’
| cScope: [¥ > Pr—a < Pzt U;z8a; bnafx U; bn a fx P; bn o fx (subject
a); distinct(bn o)] = U > (vz)P —a < ((vz)P’)
| Bang: [¥ > P ||!P+— Rs; guarded P] = ¥ > |P — Rs

abbreviation
semanticsBottomJudge (<- — -» [50, 50] 50) where P — Rs =1 1> P —
Rs

equivariance env.semantics
nominal-inductive2 env.semantics
avoids clnput: set zvec

| cParl: set Ag U set(bn «)
| cPar2: set Ap U set(bn «)
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cComml: set Ap U set Ag U set zvec
| Q

cComm2: set Ap U set Ag U set zvec
| Q
| cOpen: {z} U set zvec U set yvec
| cScope: {z} U set(bn «)

(proof)
lemma nilTrans|dest]:
fixes U b
and Rs :: (‘a,’d, 'c) residual

and M :'a

and zvec :: name list

and N :'a

and P ::(‘a,’d, 'c) psi

and K :'a

and yvec :: name list

and N’ :'a

and P’ : (‘a,’b, 'c) psi

and CsP :: (‘c x ('a, 'b, 'c) psi) list
and U’ b

shows U > 0 — Rs = False

and U > M(Axzvec N|).P — K (vxyvec)(N’) < P’ = False
and U > M(Axzvec N|).P —7 < P’ = Faulse

and Y > M(N).P+—K(N') < P/ = False

and ¥ > M(N).P —7 < P’ = False

and ¥ > {U'} — Rs = Fulse

(proof)

lemma residualFEq:
fixes « :: ‘a action
and P :: (‘a, b, 'c) psi
and 3 :: 'a action
and @ :: (‘a, 'b, 'c) psi

assumes a < P =3 < @
and  bn «a #x (bn B)
and  distinct(bn «)
and  distinct(bn )
and bnatx (o < P)
and bn Bt (8 < Q)

obtains p where set p C set(bn «) x set(bn(p - «)) and distinctPerm p and
B=p-aand Q=p-Pand bn atx § and bn o fx Q and bn(p - o) fx « and
bn(p » ) fx P
(proof )

lemma semanticsInduct[consumes 8, case-names cAlpha cInput cOutput cCase

cParl cPar2 cComml1 cComm2 cOpen cScope cBang:
fixes U b

81



and P ::(‘a,’b, 'c) psi

and o :: a action

and P’ ::(‘a,’d, 'c) psi

and Prop :: 'd::fs-name = 'b = (‘a, 'b, 'c¢) psi =
‘a action = ('a, 'b, 'c) psi = bool

and C : 'd:fs-name

assumes ¥ > P —a < P’
and  bn o tx (subject )
and  distinct(bn «)
and  rAlpha: AU P a P'p C. [bn a fx U; bn a #x P; bn o §x (subject o);
bn a fx C; bn « tx (bn(p + a));
set p C set(bn «) x set(bn(p + «)); distinctPerm p;
(bn(p - a)) #x «; (bn(p - «)) t* P’; Prop C ¥ P «
P =
Prop C9 P (p-a)(p- P
and  rlnput: AV M K avec N Tvec P C.
[¥ - M + K; distinct zvec; set zvec C supp N;
length zvec = length Tvec; zvec fix W;
avec fx M; zvec §x K; avec fx O] =
Prop C U (M (Axzvec N|).P)
(K ((N[zvec::=Tvec)))) (Plzvec::=Tvec])
and rOutput: N\ W M KNP C. [V + M < K| = Prop C VU (M{(N).P)
(K(N)) P
and rCase: A\® Pa P o Cs C. [V > P+—a < P’; NC. Prop C¥ P« P/
(¢, P) mem Cs; ¥ F ¢; guarded P] =
Prop C U (Cases Cs) a P’
and rParl: AV Yo Pa P Ag Q C.
[V ® Yo > P+——a < P’ extractFrame Q = (Aq, Vq); distinct
Ag;
AC. Prop C (¥ ® ¥q) P a P
Ag = P; Ag % Q; Ag t* U; Ag #x a; Ag #x P’ Ag tx C;
distinct(bn «); bn a fx @;
bn a fx U; bn o % Ug; bn o % P; bn « §x subject a; bn a x C]
_—
Prop C W (P || Q) o (P Q)
and rPar2: AV Up Q a Q' Ap P C.
[¥ @ ¥p > Q+—a < Q; extractFrame P = (Ap, Up); distinct
Ap;
NC. Prop C (¥ ® Up) Q a Q
Ap fx P; Ap #x Q; Ap #x V; Ap #x o; Ap #x Q' Ap #* C;
distinct(bn «); bn o fx Q;
bn o tx U; bn o fx Up; bn a fx P; bn a fx subject a; bn o §x C]
_
Prop C U (P || Q) a (P Q)
and rComml: N\W ¥o PM NP’ Ap ¥p Q K avec Q' Ag C.
[V ® ¥g > P—M(N|) < P NC. Prop C (¥ @ ¥q) P (M(N))

extractFrame P = (Ap, ¥p); distinct Ap;
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U Up > Qr—K(vszvec)(N) < Qs NC. Prop C (¥ ® Up) Q
(K (v*zvec)(N)) Q;
extractFrame Q = (Ag, Vq); distinct Ag;
Ve Up® Uk Mo K;
AP li* \I/, Ap ﬁ* \IJQ, Ap ﬁ* P, Ap ﬁ* ]\/[7 AP ﬂ* N, AP ﬂ* Pl;
Ap % Q; Ap i+ Q'; Ap fix Ag; Ap tx zvec; Ag i U; Ag i Up;
Ag tx P; Ag fx N; Ag #x P’ Ag tx Q; Ag tx K; Ag x Q%
distinct zvec;
Ag B zvec; zvec i W; zvec §x Wp; avec fx Vg; zvec fx P; zvec #x*
M;
zvec Bx Q; zvec fx K; Ap tx C; Ag tx C; zvec tx O] =
Prop C W (P || Q) (r) ((vavec)(P' || Q")
and  rComm2: \¥ ¥ P M zvec N P' Ap ¥p Q K Q' Ag C.
[¥ ® g > P +—M(v*zvec)(N) < P AC. Prop C (¥ ® ¥g) P
(M (v*zvec)(N)) P’
extractFrame P = (Ap, Up); distinct Ap;
U@Up>Q+—K(N)=< Q5 ANC. Prop C (¥ @ p) Q (K(NJ))
Q"
extractFrame @ = (Ag, Vq); distinct Ag;
Ve Up® Uk Mo K;
AP li* \I/, Ap ﬁ* \I/Q, Ap ﬁ* P, Ap ﬁ* ]\/[7 AP ﬂ* N, AP ﬂ* Pl;
Ap % Q; Ap % Q'; Ap fx Ag; Ap tx zvec; Ag i U; Ag i Up;
Ag tx P; Ag fx N; Ag #x P’ Ag tx Q; Ag tx K; Ag fx Q%
distinct zvec;
Ag B zvec; zvec i W; zvec §x Wp; avec fx Vg; zvec fx P; zvec fx*
M;
zvec tx Q; zvec fx K; Ap tx C; Ag tx C; zvec tx O] =
Prop C W (P || Q) (r) ((vsavec)(P' || Q1)
and rOpen: AV P M zvec yvec N P’ z C.
[¥ > P +——M(v*(zvecQyuec))(N) < P'; x € supp N; AC. Prop C
U P (M(vx(zvecQyuec))(N)) P’
x4 W, x f M; xt zvec; x § yvec; azvec g% WU; zvec §x P; zvec §x M;
distinct zvec; distinct yvec;
yvec #x U; yvec fx P; yvec fx M; yvec §x C; z f C; zvec §x C] =
Prop C ¥ ((vz)P) (M(vx(zvecQu#yvec))(N)) P’
and  rScope: AU P a P’z C.
[¥ > Pr+—a < P; ANC. Prop C¥ P« P
zt WUz a; bn o tx U
bn a i P; bn o #x (subject o); z § C; bn « fx C; distinct(bn o]
—
Prop C ¥ ((vz)P) a ((vz)P’)
and rBang: AV Pa P'C.
[¥ > P||!P+——a < P’; guarded P; ANC. Prop C ¥ (P || !P) a
P =
Prop C ¥ (\P) a P’

shows Prop C ¥ P o P’
(proof)
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lemma outputInduct[consumes 1, case-names cOutput cCase cParl cPar2 cOpen
cScope cBang|:

fixes U = 'b

and P ::(‘a,’b, 'c) psi

and M :'a

and B : (‘a, 'b, 'c) boundOutput

and Prop :: 'd::fs-name = 'b = ('a, b, 'c) psi =

‘a = (‘a, 'b, 'c) boundOutput = bool
and C : 'd:fs-name

assumes ¥ > P —ROut M B
and  rOutput: AW MKNPC. [V + M <+ K] = Prop C¥ (M(N).P) K
(N <'P)
and rCase: A\ PM B ¢ Cs C.
[¥ > P+—(ROut M B); ANC. Prop C ¥ P M B; (¢, P) mem Cs;
U+ ¢; guarded P] =
Prop C ¥ (Cases Cs) M B
and  rParl: AV ¥g P M zvec N P’ Ag Q C.
[V ® o > P —M(vxzvec)(N) < P’ extractFrame Q = (Ag,
Ug); distinct Ag;
NC. Prop C (¥ ® ¥go) P M ((vxzvec)N <’ P’);
AQ ﬁ* P; AQ ﬂ* Q; AQ ﬂ* \IJ; AQ ﬁ* M;
Ag tx zvec; Ag #x N; Ag tx P’y Ag tx C; zvec fx Q;
zvec fx U; avec fx Wo; avec §x P; zvec §x M; avec fx C] =
Prop C'W (P || Q) M ((vxzvec)N <" (P" || Q))
and  rPar2: NV Up Q M avec N Q' Ap P C.
[¥ @ Up > Q — M(vkzvec)(N) < Q; extractFrame P = (Ap,
Up); distinct Ap;
AC. Prop C (¥ @ Up) Q M ((vxzvec)N <’ Q");
Ap fx Py Ap % Q; Ap i U5 Ap ix M;
Ap f* zvec; Ap fx N; Ap #x Q'; Ap t#* C; zvec fi* P;
zvec fx U; zvec fx Up; avec §x Q; zvec tx M; zvec i+ C] =
Prop C ¥ (P || Q) M ((vszvec)N <’ (P || Q"))
and rOpen: AV P M zvec yvec N P’ z C.
[¥ > P +—M(v*(zvecQyuec))(N) < P'; x € supp N; AC. Prop C
U P M ((v+(zvecQyvec))N <’ P’);
x84V, x g M; x§ avec; © § yvec; zvec fix V; zvec §x P; zvec fx M;
avec fx yvec; yvec tx W; yvec tx P; yvec fx M; yvec §x C; x  C;
zvec fx O] =
Prop C ¥ ((vz)P) M ((v+(zvecQz#yvec))N <’ P’)
and  rScope: ANV P M zvec N P’ z C.
[¥ > P +—M(vszvec)(N) < P NC. Prop C U P M ((vzvec) N
<Py,
x Uz M; xf avec; z § N; avec i+ U; zvec % P; zvec §x M,
z f C; avec tx C] =
Prop C ¥ ((vz)P) M ((v+avec)N <’ (vz)P’)
and rBang: AV PMBC.
[¥ > P || P —(ROut M B); guarded P; NC. Prop C ¥ (P ||
IP) M B] =
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Prop C ¥ (IP) M B
shows Prop C vV P M B

(proof)

lemma boundOutputBindObject:
fixes U :: b
and P ::(‘a,’b, 'c) psi
and M :'a

and yvec :: name list
and N :'a

and P’ : (‘a,’b, 'c) psi
and y :: name

assumes ¥ > P —a < P’
and bn a #x subject «
and  distinct(bn «)

and y € set(bn «)

shows y € supp(object )
(proof)

lemma alphaBoundOutputChain’:
fixes yvec :: name list
and zvec :: name list
and B : (‘a, 'b, 'c) boundOutput

assumes length zvec = length yvec
and yvec §x B

and yvec fx zvec

and distinct yvec

shows (vxzvec) B = (vxyvec|)([zvec yvec| +, B)

(proof)

lemma alphaBoundOutputChain'"
fixes yvec :: name list
and zvec :: name list
and N :'a
and P ::(‘a,’b, 'c) psi

assumes length zvec = length yvec
and yvec ix N

and yvec x P

and yvec fx zvec

and distinct yvec

shows (vxavec)(N <’ P) = (vxyvec))(([zvec yvec] +, N) <’ ([zvec yvec] -, P))
(proof)
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lemma alphaDistinct:
fixes xvec :: name list
and N :'a
and P ::(‘a,’b, 'c) psi
and yvec :: name list
and M :'a
and @ ::('a,’'db, ‘c) psi

assumes @ < P =03 < @

and  distinct(bn «)

and Az z € set(bn o) = = € supp(object )
and bn « fx bn

and  bn « #x (object B)

and bn afx Q

shows distinct(bn ()

(proof)

lemma boundQutputDistinct:
fixesU b
and P :(‘a,’b, 'c) psi
and o :: 'a action

and P’ :: (‘a,’b, 'c) psi
assumes ¥ > P —a < P’

shows distinct(bn «)

(proof)

lemma inputDistinct:
fixes U b
and M :'a
and zvec :: name list

and N =:='a
and P ::(‘a,’d, 'c) psi
and Rs :: (‘a, ’d, 'c) residual

assumes U > M(Axzvec N|).P — Rs

shows distinct xvec
(proof)

lemma outputInduct’[consumes 2, case-names cAlpha cOutput cCase cParl cPar2
c¢Open cScope cBang]:

fixes U b

and P ::(‘a,’d, 'c) psi

and M :'a

and yvec :: name list

and N :'a
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and P’ :: (‘a,’b, 'c) psi
and Prop :: 'd::fs-name = 'b = (‘a, 'b, 'c) psi =

'a = name list = 'a = ('a, 'b, 'c) psi = bool
and C : 'd:fs-name

assumes ¥ > P —— M (v*zvec)(N) < P’
and zvec fx M
and rAlpha: NV P M axvec N P’ p C. [zvec §x V; zvec §x P; zvec fx M; zvec
gx C; avec #x (p - zvec);
set p C set zvec x set(p - avec); distinctPerm p;
(p - zvec) g% N; (p » zvec) $x P’; Prop C ¥ P M
avec N P =
Prop C ¥ P M (p - avec) (p+ N) (p- P
and  rOutput: AW MKNPC. [V + M <+ K] = Prop C¥ (M(N).P) K
MNP
and rCase: A\¥ P M zvec N P’ ¢ Cs C. [¥ > P — M (vxavec))(N) < P;
NC. Prop C ¥ P M zvec N P’; (p, P) mem Cs; ¥ = ¢; guarded P] =
Prop C ¥ (Cases Cs) M zvec N P’
and  rParl: AV Wg P M zvece N P' Ag Q C.
[¥ @ Uy > P —M(vsavec)(N) < P'; extractFrame @ = (Ag,
Uo); distinct Ag;
AC. Prop C (¥ ® ¥g) P M zvec N P/,
Ag tx P; Ag tx Qs Ag tx W5 Ag ix M;
Ag t* zvec; Ag % N; Ag i P’ Ag #x C; zvec fx Q;
zvec gx U; zvec i Ug; zvec i P; zvec §x M; zvec i+ C] =
Prop C U (P || Q) M zvec N (P'|| Q)
and rPar2: AV ¥p Q M zvec N Q' Ap P C.
[¥ @ Up > Q—M(vxzvec)(N) < Q; extractFrame P = (Ap,
Up); distinct Ap;
AC. Prop C (¥ ® Up) @ M zvec N Q%
Ap % Py Ap tx Q5 Ap #x W5 Ap fx M;
Ap t* zvec; Ap % N; Ap % Q' Ap #x C; xvec #*x Q;
zvec fx U; zvec fx Up; zvec fx P; zvec fx M; avec §x O] =
Prop C ¥ (P || Q) M zvec N (P || Q)
and  rOpen: AV P M zvec yvec N P’ z C.
[¥ > P —M(vx(zvecQyuec))(N) < P’; z € supp N; ANC. Prop C
U P M (zvecQyuec) N P’
x U xt M; xf avec; x f yvec; zvec ix V; zvec fx P; xvec fx M,
yvec fx U; yvec ix P; yvec fx M; yvec tx C; z  C; zvec fx C] =
Prop C ¥ ((vz)P) M (zvecQz#yvec) N P’
and  rScope: ANV P M zvec N P’ z C.
[¥ > P —M(vxzvec)(N) < P’; NC. Prop C ¥ P M zvec N P’;
x Uz M; xf avec; © § N; avec fx U;
zvec §x P; avec tx M; z § C; avec §x C] =
Prop C ¥ ((vz)P) M avec N ((vz)P’)
and  rBang: AY P M zvec N P’ C.
[¥ > P || P —M(vxavec)(N) < P’; guarded P; ANC. Prop C
U (P ||!'P) M avec N P'| =
Prop C ¥ (1P) M zvec N P’
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shows Prop C ¥ P M zvec N P’

(proof)
lemma inputInduct[consumes 1, case-names clnput cCase cParl cPar2 cScope
cBang:

fixes U b

and P ::(‘a,’b, 'c) psi

and M :'a

and N :'a

and P’ :(‘a,’b, 'c) psi

and Prop :: 'd:fs-name = 'b = ('a, b, 'c) psi =
'a = 'a = (‘a, b, 'c) psi = bool

and C : 'd:fs-mame

assumes Trans: ¥ > P — M(N|) < P’
and  rlnput: A\¥ M K zvec N Tvec P C.
[¥ + M + K; distinct zvec; set zvec C supp N;
length xvec = length Tvec; xvec §x U;
avec {x M; zvec §x K; avec fx O] =
Prop C U (M (Axzvec N|).P)
K (N[zvec::=Tvec]) (Plzvec::=Tvec])
and rCase: N\ W PM NP ¢ Cs C. [V > P+—M(N|) < P AC. Prop C ¥
P M N P’ (¢, P) mem Cs; U+ ¢; guarded P] =
Prop C ¥ (Cases Cs) M N P’
and  rParl: AV g PM NP’ Ag Q C.
[¥ @ g > P +—M(N|) < P’ extractFrame Q = (Ag, ¥q);
distinct Ag;
AC. Prop C (¥ ® ¥go) P M N P’ distinct Ag;
Ag tx P; Ag tx Q; Ag % ¥; Ag tx M; Ag fx N;
AQ i Pl; AQ f Cﬂ -
Prop CW (P Q) MN (P'] Q)
and rPar2: A\ ¥p Q M N Q' Ap P C.
[ ® ¥p > Q+—M(|N|) < Qs extractFrame P = (Ap, Up);
distinct Ap;
NC. Prop C (¥ @ Up) Q M N Q'; distinct Ap;
Ap g+ Py Ap i+ Q; Ap i+ W5 Ap §x M; Ap fx N;
Ap tx Q% Ap tx (] =
Prop CW (P | Q) MN (P Q)
and  rScope: AW P M N P’z C.
[¥ > P+—M(N) < P; NC. Prop C¥ PMNP;z47T;zt
M;z4 N;z4 C] =
Prop C U ((vz)P) M N ((vz|)P’)
and rBang: AV PMNP' C.
[¥ > P || !P—M(N|) < P’ guarded P; NC. Prop C ¥ (P ||
IP) M N P'] = Prop C U (IP) M N P’
shows Prop C ¥ P M N P’
(proof)

lemma taulnduct[consumes 1, case-names cCase cParl cPar2 cComm1 cComm2
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cScope cBang):

fixes ¥ b
and P ::(‘a,’d, 'c) psi
and Rs :: (‘a,’d, 'c) residual

and Prop :: 'd::fs-name = 'b = (‘a, 'b, 'c) psi =
("a, 'b, 'c) psi = bool
and C : 'd:fs-name

assumes Trans: ¥ > P ——71 < P’
and rCase: A\U PP ¢ Cs C.[¥ > P +—7 < P AC. Prop C U P P’; (o,
P) mem Cs; ¥ + ¢; guarded P] =
Prop C ¥ (Cases Cs) P’
and rParl: N\U ¥g PP’ Ag Q C.
[V ® o > P +——71 < P'; extractFrame Q = (Ag, ¥q); distinct
AQ;
AC. Prop C (¥ @ ¥g) P P/
Ag tx P; Ag tx Q; Ag tx U
Prop C W (P | Q) (P ]| Q)
and rPar2: NV Up Q Q" Ap P C.
[¥ @ Up > Q —7 < Q5 extractFrame P = (Ap, Up); distinct
Ap;
AC. Prop C (¥ ® Up) Q Q
Ap fx Py Ap % Q; Ap §x U;
Ap ﬂ* Q/; Ap ﬁ* C]] —
Prop CU (P Q) (P | @)
and rCommi: N\ ¥g PM N P’ Ap ¥p Q K zvec Q' Ag C.
[¥ @ g > P —M(N) < P'; extractFrame P = (Ap, ¥p);
distinct Ap;
U@ Up > Q+—K(vxavec)(N) < QF extractFrame Q = (A,
Ug); distinct Ag;
\I/(X)\I/p@\IIQl—M(—)K;
AP ﬂ* \IJ; Ap ﬁ* \I/Q; Ap ﬁ* P; Ap ﬁ* M; AP ﬂ* N; AP ﬂ* Pl;
Ap % Q; Ap % Q'; Ap fx Ag; Ap tx zvec; Ag i U; Ag t* Up;
AQ ﬁ* P; AQ ﬂ* N; AQ ﬁ* P’; AQ ﬁ* Q; AQ ﬁ* K; AQ ﬁ* Q/;
Ag B zvec; zvec i W; zvec §x Wp; avec fx Vg; zvec fx P; zvec fx*

zvec Bx Q; zvec fx K; Ap tx C; Ag tx C; zvec tx O] =
Prop C W (P || Q) ((vavec)(P' || Q")
and  rComm2: N\¥ ¥ P M zvec NP’ Ap ¥p Q K Q' Ag C.
[¥ @ Ug > P+—M(vxzvec)(N) < P’ extractFrame P = (Ap,
Up); distinct Ap;
U Up > Q—K(N) < Q; extractFrame Q = (Ag, Vg);
distinct Ag;
UV VUpVghk M+ K;
AP ﬁ* \I/; Ap ﬁ* \I/Q; Ap ﬁ* P; Ap ﬁ* M; AP ﬁ* N; Ap Ij* P/;
Ap B Q; Ap ix Q' Ap #x Ag; Ap t* avec; Ag fx V; Ag f* Vp;
AQ ﬂ* P; AQ ﬂ* N; AQ ﬂ* Pl; AQ ﬂ* Q; AQ ﬂ* K; AQ ﬂ* Q/;
Ag t* zvec; zvec fx W; zvec §x Wp; zvec §* Vo; zvec fx P; zvec §x
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zvec fx Q; zvec tx K; Ap fx C; Ag x C; zvec tx C] =
Prop C W (P || Q) ((vswech(P' || @)
and  rScope: N\U P P’z C.
[¥>Pr—7<P; ANC.PropCU PPzt U;z4(C] =
Prop C ¥ ((vz)P) ((vz)P’)
and rBang: AV P P'C.
[¥ > P | !P+~—7 < P’; guarded P; NC. Prop C U (P || |P) P]
= Prop C ¥ (IP) P’
shows Prop C ¥ P P’
(proof )

lemma semanticsFramelInduct[consumes 3, case-names cAlpha cInput cOutput cCase
cParl cPar2 cComml1 cComm2 cOpen cScope cBang:

fixesV b

and P ::(‘a,’b, 'c) psi
and Rs : (‘a, 'd, 'c) residual
and Ap :: name list

and UYp b
and Prop :: 'd::fs-name = 'b = (‘a, 'b, 'c¢) psi =

("a, 'b, 'c) residual = name list = 'b = bool
and C : 'd:fs-name

assumes Trans: ¥ > P — Rs
and  FrP: extractFrame P = (Ap, ¥p)
and distinct Ap
and rAlpha: NV P Ap Up p Rs C. [Ap tx U; Ap #x P; Ap tx (p - Ap); Ap
fx Rs; Ap §x C;
set p C set Ap x set(p - Ap); distinctPerm p;
Prop CV P Rs Ap Up]| = Prop C ¥ P Rs (p
CAp) (5 - Tp)
and  rlnput: A\¥ M K zvec N Tvec P C.
[¥ + M + K; distinct zvec; set zvec C supp N;
length zvec = length Tvec; xvec §x U;
avec $x M; zvec §x K; avec fx O] =
Prop C U (M(Axzvec N|).P)
(K((Nzvec::=Tvec])) < (Plazvec::=Tvecl)) ([]) (1)
and  rOutput: A\ W MKNPC.V+ M+ K= Prop C¥ (M(N).P) (K(N)
<Py () (1)
and rCase: N\ P Rs ¢ Cs Ap Wp C. [¥ > P — Rs; extractFrame P =
(Ap, Up); distinct Ap; NC. Prop C ¥ P Rs Ap Up;
(¢, P) mem Cs; U & ¢; guarded P; ¥Up ~ 1;
(supp Up) = ({}::name set);
Ap tx U; Ap #x P; Ap #x Rs; Ap tx C] =
Prop C ¥ (Cases Cs) Rs ([]) (1)
and rParl: AW ¥g Pa P'Ag Q Ap ¥p C.
[V® Vg > Pr+—a < P
extractFrame P = (Ap, Up); distinct Ap;
extractFrame @Q = (Ag, Vq); distinct Ag;
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AC. Prop C (¥ ® ¥g) P (o« < P') Ap Up; distinct(bn «);
Ap % P; Ap #x Q; Ap fix W5 Ap #x a; Ap #x P, Ap #x Ag; Ap
gx U
AQ ﬁ* P; AQ ﬂ* Q; AQ ﬂ* \I/; AQ ﬁ* Q AQ ﬁ* Pl; AQ ﬁ* \I/p;
bn o fx U; bn a fix P; bn o fix Q; bn o f* subject a; bn a fx Up;
bn o tx Vo;
Ap #x C; Ag % C; bn a tx (] =
Prop C W (P || Q) (a < (P']| Q) (ApQAq) (¥p @ Vq)
and rPar2: AU ¥p Q a Q' Ap P Ag ¥g C.
[¥® Tp > Qr—a< Q)
extractFrame P = (Ap, ¥p); distinct Ap;
extractFrame Q = (Ag, Vq); distinct Ag;
AC. Prop C (¥ @ ¥p) Q (o <= Q) Ag Vg distinct(bn «);
Ap #x P; Ap #x Q; Ap 1+ U; Ap #x a; Ap fx Q5 Ap f#x Ag; Ap
gx U
Ag tx P; Ag tx Q; Ag % ¥; Ag tx a; Ag tx Q' Ag i Up;
bn a tx U; bn a $x P; bn o fx Q; bn « fx subject a; bn a fx Up;
bn o fx Vo;
Ap tx C; Ag tx C; bn o ix C] =
Prop C U (P || Q) (a < (P || Q) (ApQ@Aq) (¥p @ ¥q)
and rCommi: N\ ¥g PM N P’ Ap ¥p Q K zvec Q' Ag C.
[¥ @ g > P —M(N) < P’; extractFrame P = (Ap, ¥Up);
distinct Ap;
AC. Prop C (¥ @ ¥go) P (M(N)) < P') Ap ¥p;
U ® Up > Q+—K(vxavec)(N) < Q7 extractFrame Q = (Ag,
Ug); distinct Ag;
\If®\I/p®\I/Q|—M<—>K;
AC. Prop C (¥ @ Up) Q (K(vsavec)(N) < Q') Ag ¥q; distinct

Tvec;
AP ﬁ* \If; Ap ﬁ* \I/Q; Ap ﬁ* P; Ap ﬁ* M; AP ﬁ* N; Ap Ij* P/;
Ap % Q; Ap i+ Q'; Ap % Ag; Ap tx zvec; Ag i U; Ag i Up;
AQ ﬂ* P; AQ ﬂ* N; AQ ﬂ* Pl; AQ ﬂ* Q; AQ ﬂ* K; AQ ﬂ* Q/;
Ag t* zvec; zvec fx W; zvec §x Wp; zvec §* Vo; zvec fx P; zvec §x
M;

zvec fx Q; zvec tx K; Ap fx C; Ag #x C; avec tx C] =
Prop C W (P || Q) (r < (veavec) (P' | @) (Ap@Ag) (¥p © W)
and  rComm2: N\¥ ¥g P M zvec N P’ Ap ¥p Q K Q' Ag C.
[¥ ® Ug > P +—M(vsavec)(N) < P’; extractFrame P = (Ap,
Up); distinct Ap;
NC. Prop C (¥ ® ¥g) P (M(v*avec))(N) < P') Ap Up;
U Up > Q—K(N|) < Q' estractFrame Q = (Ag, Vg);
distinct Ag;
AC. Prop C (¥ © Wp) @ (KIN) < Q") Ag Tg;
Ve¥p Vgl M~ K; distinct zvec;
Ap i+ U; Ap 8% Ug; Ap % P; Ap fix M; Ap #x N; Ap % P’;
Ap % Q; Ap ix Q' Ap #x Ag; Ap t* avec; Ag #x V; Ag f* Vp;
AQ ﬁ* P; AQ ﬂ* N; AQ ﬁ* P/; AQ ﬁ* Q; AQ ﬁ* K; AQ ﬁ* Q/;
Ag t* zvec; zvec fx U; azvec §x Wp; zvec §* Vo; zvec fx P; zvec §x*
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zvec fx Q; zvec fx K; Ap tx C; Ag tx C; zvec tx (] =
Prop C U (P | Q) (1 < (vxzvec)(P'| Q') (Ap@QAg) (¥p @ ¥g)
and  rOpen: AV P M xvec yvec N P' x Ap Up C.
[¥ > P +— M(v*(zvecQyuec))(N) < P’; extractFrame P = (Ap,
Up); distinct Ap;
NC. Prop C U P (M(vx(azvecQyuec))(N) < P’) Ap Up; z € supp
Nz g Wz f M;
x tt Ap; = f avec; x § yvec; Ap % U; Ap % P; Ap #x M; Ap fx

N; Ap #x P/
Ap #* zvec; Ap fix yvec; zvec §* yvec; distinct zvec; distinct yvec;
avec fx U5 zvec fx P; zvec §x M; zvec §x Up; yvec tix Vp;
yvec §x W; yvec §x P; yvec fix M; Ap #x C; z  C; zvec §x C; yvec
tx O] =

Prop C U ((vz)P) (M(v+(zvecQz#yvec))(N) < P) (z#Ap) ¥p
and rScope: NV P o P’z Ap Up C.
[¥ > Pr—a < P’ extractFrame P = (Ap, Up); distinct Ap;
NC. Prop C ¥ P (o < P') Ap ¥p;
iU zfa;xl Ap; Ap §x U Ap ix P;
Ap tx «; Ap fx P’y distinct(bn «);
bn a fx U; bn o §x P; bn a #x subject a; bn a fix Vp;
Ap tx C;z 4 C; bn a fx (] =
Prop C ¥ ((vz)P) (a < ((vz)P") (z#Ap) ¥p
and rBang: A¥Y P Rs Ap ¥p C.
[¥ > P | P — Rs; guarded P; extractFrame P = (Ap, Up);
distinct Ap;
NC. Prop C U (P || !P) Rs Ap (¥p ® 1); Up ~ 1; supp Up =
({}::name set);

() (@)
shows Prop C ¥ P Rs Ap ¥p

{(proof)

Ap #x U; Ap tx P; Ap tix Rs; Ap i« C] = Prop C U (IP) Rs

lemma semanticsFramelnduct'[consumes 5, case-names cAlpha cFrameAlpha cIn-
put cOutput cCase cParl cPar2 cComml1 cComm?2 cOpen cScope cBang]:

fixes U = 'b

and P ::(‘a,’b, 'c) psi

and Rs :: (‘a, 'b, 'c) residual

and Ap :: name list

and Up =D

and Prop :: 'd::fs-name = 'b = (‘a, 'b, '¢) psi = 'a action =

("a, b, 'c) psi = name list = 'b = bool
and C : 'd:fs-name

assumes Trans: ¥ > P —a < P’

and  FrP: extractFrame P = (Ap, ¥p)

and distinct Ap

and bn a #x subject «

and  distinct(bn «)

and  rAlpha: NV P a P'p Ap Up C. [bn o fx U; bn o fx P; bn a #x subject
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a; bn o fx Up;
bn a fx C; bn a fx (p - «); Ap i+ U; Ap fx P;
Ap % a; Ap #* P’ Ap #x C;
set p C set(bn «) x set(bn(p - «)); distinctPerm
p;
bn(p « «) tx «; (bn(p - @) 4% P’; Prop C ¥ P «
P’ Ap \pr]] =
Prop C¥ P(p-a)(p-P) Ap Up
and  rFrameAlpha: NV P Ap UVp p o P’ C. [Ap #x U; Ap fx P; Ap fx (p -
Ap); Ap #x a; Ap §x P’y Ap §x C;
set p C set Ap x set(p - Ap); distinctPerm
p; Ap tx subject «;
Prop CV Pa P'Ap Yp] = Prop C ¥ P
aP'(p-Ap) (p- Vp)
and rinput: AV M K zvec N Tvec P C.
[¥ + M + K; distinct zvec; set zvec C supp N;
length zvec = length Tvec; zvec fix W;
avec $x M; zvec i K; zvec fx O] =
Prop C U (M (Axzvec N|).P)
(K((Nzvec::=Twvec])) (Plavec::=Tvec]) ([]) (1)
and rOutput: A\W MKNPC. U+ M+ K= Prop C¥ (M(N).P) (K(N))
P ) (1)
and rCase: AW P o P' ¢ Cs Ap Up C. [V > P —a < P’; extractFrame
P = (Ap, Up); distinct Ap; NC. Prop C ¥ P o P' Ap Up;
(¢, P) mem Cs; ¥ & ¢; guarded P; ¥p ~ 1;
(supp Up) = ({}::name set);
Ap #x U; Ap % P; Ap tx o; Ap i P'; Ap fx
C] = Prop C U (Cases Cs) o P’ ([]) (1)
and rParl: N\W Yo P a P'Ag Q Ap Up C.
[V® Vg > Pr+—a < P
extractFrame P = (Ap, Up); distinct Ap;
extractFrame Q = (Ag, Uq); distinct Ag;
AC. Prop C (¥ ® ¥g) Pa P' Ap Up;
Ap #x P; Ap #x Q; Ap ix W; Ap fix o; Ap i+ P’y Ap fx Ag; Ap
g Vs
AQ ﬁ* P; AQ ﬂ* Q; AQ ﬂ* \I/; AQ ﬁ* Q AQ ﬁ* Pl; AQ ﬁ* \pr;
bn a fx U; bn a fix P; bn o fix Q; bn o f* subject a; bn o fx Up;
bn o tx Vo;
Ap #x C; Ag % C; bn a i+ (] =
Prop C U (P Q) a (P']| Q) (Ap@dg) (Up © Wg)
and rPar2: AV ¥p Q a Q' Ap P Ag ¥g C.
[¥® Tp > Qr—a=< Q)
extractFrame P = (Ap, ¥p); distinct Ap;
extractFrame @Q = (Ag, Uq); distinct Ag;
NC. Prop C (¥ @ ¥p) Q o Q' Ag Vo;
Ap #x P; Ap #x Q; Ap 1+ U; Ap i a; Ap fx Q5 Ap f#x Ag; Ap
e Wo;
Ag fix P; Ag tx Q; Ag % ¥; Ag tx a; Ag tx Q' Ag % Up;
bn « fx U; bn a tx P; bn o fix Q; bn o fx subject a; bn « fx Up;
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bn o tx Vo;
Ap tx C; Ag tx C; bn o ix C] =
Prop € (P Q) a (P | Q) (Ap8Ag) (¥p @ Ug)
and rCommi: N\¥ ¥g PM N P’ Ap ¥p Q K zvec Q' Ag C.
[¥ @ g > P —M(N) < P’; extractFrame P = (Ap, ¥p);
distinct Ap;
NC. Prop C (¥ ® ¥g) P (M(N)) P' Ap Up;
U ® Up > Q—K(vxzvec)(N) < Q'; extractFrame Q = (Ag,
Ug); distinct Ag;
VR Up® Vgt M & K, distinct zvec;
AC. Prop C (¥ ® ¥p) Q (K(vxzvec)(N)) Q' Ag Vq;
Ap i+ U; Ap % Ug; Ap tx P; Ap tx M; Ap fx N; Ap tx P/,
Ap % Q; Ap ix Q' Ap tx Aq; Ap #* avec; Aq i+ U5 Ag #x Up;
AQ ﬁ* P; AQ ﬂ* N; AQ ﬁ* P’; AQ ﬁ* Q; AQ ﬁ* K; AQ ﬁ* Q/;
Ag B zvec; zvec i W; zvec §x Wp; avec fx Vg; zvec fx P; zvec #x*

zvec Bx Q; zvec fx K; Ap tx C; Ag tx C; zvec tx (] =
Prop C W (P || Q) (7) ((vsavec)(P" | Q') (Ap@Ag) (¥p & W)
and  rComm2: N\¥ ¥ P M zvec N P' Ap Vp Q K Q' Ag C.
[¥ @ Ug > P +—M(vsavec)(N) < P’; extractFrame P = (Ap,
Up); distinct Ap;
AC. Prop C (¥ ® Yg) P (M(v*avec|)(N)) P’ Ap Up;
U ¥p > Q—K(N) < Q' extractFrame Q = (Ag, Vg);
distinct Ag;
AC. Prop C (¥ ® Wp) Q (K(N)) Q' Aq Wo;
VR Up®VYghk M & K; distinct zvec;
Ap ]i* \I/; Ap ﬂ* \I/Q; Ap ﬂ* P; Ap ﬁ* M; AP ﬂ* N; AP ﬂ* Pl;
Ap % Q; Ap #x Q' Ap #x Ag; Ap tx avec; Aq #x V; Ag f* Vp;
Ag t* P; Ag % N; Ag % P’ Ag tx Q; Ag tx K; Ag i+ Q
Ag B zvec; zvec i W; zvec §x W p; avec fx Vg; zvec §x P; zvec fx

zvec tx Q; zvec fx K; Ap tx C; Ag tx C; zvec tx O] =
Prop C W (P | @) (7) ((vxavec)(P" || Q') (ApQAq) (Vp @ ¥q)
and rOpen: ANV P M zvec yvec N P' z Ap ¥p y C.
[¥ > P — M(vx(zvecQyuec))(N) < P’ extractFrame P = (Ap,
Up); distinct Ap;
NC. Prop C U P (M(v(zvecQyuec))(N)) P’ Ap Up; x € supp
N;z Uz 4 M;
ztt Ap; x f avec; x § yvec; Ap % U; Ap % P; Ap #x M; Ap fx

N; Ap #x P/,
Ap #* zvec; Ap fix yvec; zvec fx yvec; distinct xvec; distinct yvec;
zvec fx U; zvec fx P; xvec fx M; zvec fx Vp;
yvec §x W; yvec §x P; yvec fix M; Ap #x C; z  C; xvec fx C; yvec
g C5

y#F 7yt Wyt Pyt M;ydavee; yf yvee; y § Ny g Pyt
Ap;y 8 ¥Up;yt O]l =
Prop C ¥ ((va)P) (M(vx(zvecQy#yvee)){(([(z, y)] - N))) ([(z,
y)| - P') (z#Ap) Vp
and rScope: N\U P a P 'z Ap ¥p C.

94



[¥ > Pr+—a < P’ extractFrame P = (Ap, Up); distinct Ap;
NC. Prop C¥ P a P'Ap Up;
iV zia;xl Ap; Ap §x U Ap ix P
Ap a5 Ap fx P’
bn a fx U; bn a §x P; bn a #x subject a; bn a fix Up;
Ap tx C; z 4 C; bn a fx (] =
Prop C ¥ ((vz)P) a ((vz)P’) (z#Ap) ¥p
and rBang: AY P o P’ Ap Up C.
[¥ > P || !P+—a < P’; guarded P; extractFrame P = (Ap, Up);
distinct Ap;
NC. Prop C¥ (P ||!P)a P'Ap (UYp ® 1); Up ~ 1; supp Up
= ({}::name set);
Ap ttx U; Ap #x P; Ap #x a; Ap tx P’; Ap % C] = Prop C' ¥
(P) o P/ () (1)
shows Prop C VWV P o P' Ap Up
(proof )

lemma inputFramelnduct[consumes &, case-names cAlpha cInput cCase cParl
cPar2 cScope cBang]:

fixes U b

and P :(‘a,’b, 'c) psi

and M :'a

and N :'a

and P’ ::('a,’d, 'c) psi

and Prop :: 'd::fs-name = 'b = (‘a, 'b, 'c) psi =

‘a = 'a = ("a, 'b, 'c) psi = name list = 'b = bool
and C : 'd:fs-name

assumes Trans: ¥ > P —M(N|) < P’
and  FrP: extractFrame P = (Ap, ¥p)
and distinct Ap
and rAlpha: N\O P M NP’ Ap Up p C. [Ap tx U; Ap tix P; Ap tx M; Ap
fx N; Ap #x P’s Ap i+ (p - Ap); Ap §x C;
set p C set Ap x set(p + Ap); distinctPerm p;
Prop CY PM NP’ Ap Up] = Prop C ¥
PMNP' (p-Ap) (p-Vp)
and  rlnput: AV M K avec N Tvec P C.
[¥ + M + K; distinct zvec; set zvec C supp N;
length zvec = length Tvec; xvec §x U;
avec $x M; zvec i K; avec fx O] =
Prop C U (M (Axzvec N|).P)
K (N[zvec::=Tvec]) (Plzvec::=Tuvec]) ([]) (1)
and rCase: AW P M N P' ¢ Cs Ap ¥p C. [V > P —M(N|) < P/
extractFrame P = (Ap, ¥p); distinct Ap; NC. Prop C W P M N P’ Ap Up;
(¢, P) mem Cs; U F ¢; guarded P; Up ~ 1;
(supp Up) = ({}::name set);
Ap fx W5 Ap tx P; Ap % M; Ap §x N; Ap
fx P’y Ap #x C] = Prop C U (Cases Cs) M N P’ (]]) (1)
and TPCLT’]:/\\I/\I/QPMNP/AQ QAP\I/P C.
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[¥ ® ¥g > P+—M(N) < P
extractFrame P = (Ap, ¥p); distinct Ap;
extractFrame Q = (Ag, Vq); distinct Ag;
AC. Prop C (U @ W) P MNP’ Ap Ups;
Ap tx P; Ap fx Q; Ap fx W; Ap i+ M; Ap #x N; Ap #x P'; Ap f#x
Ag; Ap i Vg
Ag % P; Ag % Q; Ag tx U; Ag = M; Ag i+ N; Ag #x P’; Ag
fx Up;
Ap % C; Ag tx C] =
Prop C ¥ (P | Q) MN (P'| Q) (ApQAg) (¥p @ ¥g)
and rPar2: /\\I/ \I/p QMN Q/Ap PAQ \I/Q C.
[ ® Up > Q+—M(N) < Q
extractFrame P = (Ap, ¥p); distinct Ap;
extractFrame Q = (Ag, Vq); distinct Ag;
/\C Prop C (\I’ ® \I/p) Q M N Q/ AQ \I’Q;
Ap tx Py Ap i Q: Ap £+ U; Ap s M: Ap tx N; Ap t Q' Ap
fx Ag; Ap t#x Yo
Ag % P; Ag tx Q; Ag % U; Ag #x M; Ag #x N; Ag #x Q' Ag
fx Up;
Ap % C; Ag tx C] =
Prop CV (P || Q) M N (P || Q) (ApQAg) (¥p @ ¥gq)
and rScope: N\W P M N P’z Ap ¥p C.
[¥ > P—M(N|) < P’; extractFrame P = (Ap, Up); distinct Ap;
NC. Prop C¥ PMN P’ Ap Up; 2§ U; x § M; x § N;
r§ Ap; Ap fx U5 Ap fx P; Ap fx M; Ap §x N; Ap % P,
Ap tx C; z § C] =
Prop C U ((vz)P) M N ((vz)P’) (z#Ap) ¥p
and rBang: A¥ P M NP’ Ap ¥p C.
[¥ > P || 'P—M(N) < P’; guarded P; extractFrame P = (Ap,
Up); distinct Ap;
ANC. Prop C¥ (P ||'P) M N P' Ap (¥p ® 1); Up ~ 1; (supp
Up) = ({}:name set);
Ap % U; Ap #x P; Ap i« M; Ap i« N; Ap #x P’; Ap #x C] =
Prop C ¥ (1P) M N P’ ([]) (1)
shows Prop C W P M N P’ Ap ¥p
(proof)

lemma outputFramelnduct[consumes 3, case-names cAlpha cOutput cCase cParl
cPar2 c¢Open cScope cBang]:

fixes ¥ b

and P ::(‘a,’d, 'c) psi

and M :'a

and B : (Ya, b, 'c¢) boundOutput

and Ap :: name list

and Up b

and Prop :: 'd::fs-name = 'b = (‘a, 'b, 'c) psi =

'a = (‘a, b, 'c) boundOutput = name list = 'b = bool
and C : 'd:fs-name
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assumes Trans: ¥ > P —ROut M B
and  FrP: extractFrame P = (Ap, ¥p)
and distinct Ap
and rAlpha: NV P M Ap Up p B C. [Ap #x U; Ap fix P; Ap tx M; Ap fx
(p- Ap); Ap i B; Ap tx C;
set p C set Ap x set(p - Ap); distinctPerm p;
Prop C VUV PMB Ap ¥p] = Prop CV PMB
(p-Ap) (p- ¥p)
and  rOutput: N\WMKNPC. V- M+ K= Prop C¥ (M(N).P) K (N
<P (D) (1)
and rCase: A\ PM B¢ Cs Ap Up C. [¥ > P+——(ROut M B); extractFrame
P = (Ap, Up); distinct Ap; NC. Prop C ¥ P M B Ap Up;
(¢, P) mem Cs; ¥ & ¢; guarded P; ¥p ~ 1;
(supp Up) = ({}::name set);
AP ﬁ* \If, AP ﬁ* P, AP ﬂ* ]\47 AP ﬁ* B, AP ﬂ*
C] = Prop C ¥ (Cases Cs) M B ([]) (1)
and rParl: ANV $g P M avec N P' Ag Q Ap ¥p C.
[V ® Vg > P +—M(vkzvec)(N) < P
extractFrame P = (Ap, ¥p); distinct Ap;
extractFrame Q = (Ag, Vq); distinct Ag;
AC. Prop C (¥ @ Ug) P M ((vxzvec)N <" P') Ap ¥Up;
Ap tix P; Ap #x Q; Ap #x U; Ap fix M; Ap f#x avec; Ap x N; Ap
fx P Ap fx Ag; Ap x Vo
Ag tx P; Ag i Q; Ag tx W; Ag tix M; Ag fx zvec; Ag ix N; Ag
fx P’ Ag tx Wp;
zvec fx W; zvec fx P; zvec fx Q; zvec §x M; xvec §x Wp; zvec fx Wi,
Ap % C; Ag #x C; zvec fx C] =
Prop C ¥ (P | Q) M ((vxzvec)N <’ (P'| Q)) (ApQAg) (¥p ®
Vo)
and  rPar2: NV ¥p Q M avec N Q' Ap P Ag ¥q C.
[V @ Up > Q —M(vxavec)(N) < Q'
extractFrame P = (Ap, Up); distinct Ap;
extractFrame Q = (Ag, Vq); distinct Ag;
AC. Prop C (¥ @ ¥p) Q M ((vxzvec)N <" Q") Ag Yo
Ap tx P; Ap #x Q; Ap fix U; Ap #§x M; Ap t* zvec; Ap §x N; Ap
fx Q% Ap §x Ag; Ap §x Vg;
Ag tx P; Ag tx Q; Ag #x ¥; Ag % M; Ag i zvec; Ag tx N; Ag
Q" Ag B Up;
avec §x Vs gvec fx P; zvec §x Q; avec fx M; avec tx Vp; avec fx Vo,
Ap tx C; Ag tx C; zvec g O] =
Prop C ¥ (P || Q) M ((vxazvec)N <’ (P || Q) (Ap@QAg) (¥p @
Vo)
and rOpen: ANV P M zvec yvec N P' © Ap ¥p C.
[¥ > P +—M(v*(zvecQyuec))(N) < P’; extractFrame P = (Ap,
Up); distinct Ap;
AC. Prop C U P M ((vx(zvecQyuec))N <’ P’) Ap Up; x € supp
N;z§V;zd M;
xf Ap; x ff xvec; x § yvec; Ap % U; Ap tix P; Ap tix M; Ap fix
N; Ap #x P/;
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Ap #x avec; Ap #x yvec;
avec fx U; zvec #x P; xvec §x M; zvec §x Up;
yvec fix U; yvec ix P; yvec ix M; Ap tx C; z §f C; avec fx C; yvec
tx O] =
Prop C U ((vz)P) M ((v+(zvecQa#tyvec))N <’ P’) (z#Ap) Up
and rScope: N\U P M zvec N Pz Ap ¥p C.
[¥ > P +—M(vszvec)(N) < P, extractFrame P = (Ap, ¥p);
distinct Ap;
AC. Prop C ¥ P M ((vxzvec)N <’ P') Ap Up;
c Uzl M,z avec; v § Ny xff Ap; Ap 8% U; Ap tix P;
Ap ttx M; Ap #x N; Ap #x P’ Ap f* zvec;
avec fx U5 zvec #x P; xvec §x M; zvec §x Up;
Ap tx C; z t C; zvec x C] =
Prop C ¥ ((vz)P) M ((v*azvec)N <’ ((vz)P")) (z#Ap) ¥p
and rBang: AV P M B Ap ¥p C.
[¥ > P | !P+—ROut M B; guarded P; extractFrame P = (Ap,
Up); distinct Ap;
NC. Prop C¥ (P ||!P) M BAp (¥p ® 1); ¥p ~ 1; supp Yp
= ({}::name set);
Ap % U; Ap #x P; Ap #x M; Ap #x C] = Prop C ¥ (IP) M
B () ()

shows Prop C W PM B Ap ¥p
(proof)

lemma tauFramelnduct[consumes 3, case-names cAlpha cCase cParl cPar2 cComml
cComm2 cScope cBang:

fixes U = 'b

and P ::(‘a,’b, 'c) psi

and P’ ::('a,’d, 'c) psi

and Prop :: 'd::fs-name = 'b = (‘a, 'b, 'c) psi =

("a, 'b, 'c) psi = name list = 'b = bool
and C : 'd:fs-name

assumes Trans: ¥ > P —7 < P’
and  FrP: extractFrame P = (Ap, ¥p)
and distinct Ap
and  rAlpha: NV P P’ Ap Up p C. [Ap #x U; Ap fx P; Ap #x P’; Ap tix (p
- Ap); Ap #x C;
set p C set Ap x set (p - Ap); distinctPerm p;
Prop C WV PP’ Ap Up] = Prop C ¥V PP’ (p -
Ap) (p - ¥p)
and rCase: AU PP’ o Cs Ap Up C. [V > P —7 < P’; extractFrame P =
(Ap, Up); distinct Ap; NC. Prop C ¥ P P’ Ap Up;
(¢, P) mem Cs; U+ ¢; guarded P; Up ~ 1;
(supp ¥p) = ({}::name set);
Apﬁ*\:[/; Ap ﬁ*P, Ap Ij*P/; Apﬁ* C]]:>
Prop C ¥ (Cases Cs) P'([]) (1)
and rParl: A\U ¥g PP’ Ag Q Ap ¥p C.
[V® Vg > Pr—71 < P
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extractFrame P = (Ap, ¥p); distinct Ap;
extractFrame Q = (Ag, Vq); distinct Ag;
/\C Prop C (\I’ & \I/Q) PP/AP \I/p;
Ap % P; Ap tx Q; Ap fix ;5 Ap §x P Ap t§x Ag; Ap t* Vg;
AQ ﬂ* P; AQ ﬂ* Q; AQ ﬂ* \I/; AQ ﬂ* Pl; AQ ﬂ* \I/p;
Ap #x C; Ag #x C] =
Prop C U (P ]| Q) (P']| Q) (Ap@Ag) (Up © Wg)
and  rPar2: N\V ¥p Q Q" Ap P Ag Vg C.
[¥® Up > Qr—1 < Q)
extractFrame P = (Ap, Up); distinct Ap;
extractFrame @ = (Ag, Vq); distinct Ag;
AC. Prop C (¥ @ ¥p) Q Q' Ag Vg;
Ap % P; Ap % Q; Ap fix U5 Ap #x Q' Ap fx Ag; Ap fx Vg
AQ ﬁ* P; AQ ﬁ* Q; AQ ﬂ* \If; AQ ﬁ* Q/; AQ ﬂ* \pr;
Ap % C; Ag tx C] =
Prop CU (P Q) (P || @) (Ap@Ag) (Wp © Wg)
and rCommi: N\ ¥g PM N P’ Ap ¥p Q K zvec Q' Ag C.
[V ® Vg > P+—M(N|) < P'; extractFrame P = (Ap, ¥p);
distinct Ap;
U@ Up > Q+—K(vxavec)(N) < Q7 extractFrame Q = (A,
Uo); distinct Ag;
Ve¥p Vgt M K; distinct zvec;
Ap i+ U; Ap tx Ug; Ap tx P; Ap tx M; Ap i+ N; Ap tx P/,
Ap % Q; Ap ix Q'; Ap tx Aq; Ap #x avec; Aq i+ U5 Ag #x Up;
AQ ﬁ* P; AQ ﬂ* N; AQ ﬁ* Pl; AQ ﬁ* Q; AQ ﬁ* K; AQ ﬁ* Q/;
Ag B zvec; zvec i W; zvec §x Wp; avec fx Vg; zvec §x P; zvec fx*

zvec fx Q; zvec tx K; Ap fx C; Ag x C; avec tx C] =
Prop C W (P || Q) ((vsavec)(P' || Q) (Ap@Ag) (¥ © Wg)
and  rComm2: \¥ ¥ P M zvec N P' Ap Vp Q K Q' Ag C.

[¥ @ Ug > P —M(vszvec)(N) < P’; extractFrame P = (Ap,

Up); distinct Ap;
U Up > Q—K(N) < Q' extractFrame Q = (Ag, Vg);

distinct Ag;

Ve VUp® Vg M« K; distinct zvec;

Ap ﬁ* \I/; AP ﬁ* \I/Q; Ap ﬁ* P; Ap ﬁ* M; AP ﬂ* N; AP ﬂ* P/;

Ap % Q; Ap 8% Q' Ap #x Ag; Ap t* avec; Ag fx V; Ag f* Vp;

AQ ﬁ* P; AQ ﬂ* N; AQ ﬁ* P'; AQ ﬁ* Q; AQ ﬁ* K; AQ ﬁ* Ql;

A t* zvec; zvec f§x W; avec §x Wp; zvec §* Vo; zvec fx P; zvec §x

zvec fx Q; zvec fx K; Ap tx C; Ag tx C; avec §x O] =
Prop C W (P || Q) ((eavec) (P' | @) (Ap@Aq) (¥p @ Wo)
and rScope: N\U P P 'z Ap ¥p C.
[¥ > P71 < P’ extractFrame P = (Ap, Up); distinct Ap;
NC. Prop C¥ PP Ap Up; x § V;
z§ Ap; Ap fix U5 Ap fx P; Ap fix P/
Ap tx C; z § O] =
Prop C ¥ ((vz)P) ((vz)P') (x#Ap) ¥p
and rBang: AV P P’ Ap ¥p C.
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[ > P | !P+——1 < P’ guarded P; extractFrame P = (Ap, Up);
distinct Ap;
ANC. Prop CU (P ||!P) P Ap (¥p ® 1); Up ~ 1; supp Up =
({}::name set);

() (@)
shows Prop C ¥V P P’ Ap Up

Ap tx U; Ap tx P; Ap tx P’; Ap tx C] = Prop C ¥ (IP) P’

(proof)
lemma inputFreshDerivative:
fixes U ::'b
and P :(a,'b, 'c) psi
and M :'a
and N :'a

and P’: (‘a, ’d, 'c) psi
and 1z : name

assumes ¥ > P —M(N|) < P’
and z 4P
and z g N

shows z P’
(proof )

lemma inputFreshChainDerivative:
fixesU b
and P :: (‘a,’b, 'c) psi
and M :'a
and N :'a
and P’ ::(‘a,’d, 'c) psi
and zvec :: name list

assumes ¥ > P — M(N|) < P’
and xvec fx P
and zvec fx N

shows zvec f#x P’

(proof)

lemma outputFreshDerivative:
fixes U b
and P :(‘a,’b, 'c) psi
and M :'a
and zvec :: name list

and N :'a
and P’ ::(‘a,’d, 'c) psi
and z : name

assumes ¥ > P —— M (v*zvec)(N) < P’
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and  zvec §x M

and distinct zvec

and z 4P

and T § avec

shows z § N

and z{ P’
(proof)

lemma outputFreshChainDerivative:

fixes U b

and P ::(‘a,’b, 'c) psi

and M :'a

and zvec :: name list

and N :'a

and P’ : (‘a,’b, 'c) psi

and yvec :: name list

assumes ¥ > P — M (vxavec))(N) < P’
and zvec gx M

and distinct zvec

and yvec tx P

and yvec fx zvec

shows yvec fix N
and yvec fx P’
(proof)

lemma tauFreshDerivative:
fixes U :: b
and P :: (‘a,’d, 'c) psi
and P’: ('a,’b, 'c) psi
and 1z : name

assumes ¥ > P ——7 < P’
and x4 P

shows z P’

(proof )

lemma tauFreshChainDerivative:
fixes U = 'b
and P ::(‘a,’b, 'c) psi
and M :'a
and N :'a
and P’ ::(‘a,’d, 'c) psi
and zvec :: name list

assumes ¥ > P ——7 < P’
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and  zvec fx P

shows zvec fx P’
(proof)

lemma freeFreshDerivative:
fixes U :: b
and P : (‘a, ’d, 'c) psi
and o« : 'a action
and P’: (‘a, ’d, 'c) psi
and =z :: name

assumes ¥ > P —a < P’

and bn o fx subject «
and  distinct(bn «)
and T fa

and zf P

shows 1z f P’
(proof)

lemma freeFreshChainDerivative:
fixes ¥ = 'b
and P (‘a, ', 'c) psi
and « :: 'a action
and P’ :(‘a, ', c) psi
and zvec :: mame list

assumes ¥ > P —a < P’

and bn a fx subject «
and  distinct(bn «)
and zvec fx P

and  zvec fx «

shows zvec fx P’

(proof)

lemma Input:
fixes U = 'b
and M :'a
and K :'a

and zvec :: name list
and N :'a
and Twec :: 'a list

assumes ¥V - M < K
and distinct xvec
and set xvec C supp N

and length zvec = length Tvec
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shows U > M (Axavec N|).P — K (N [zvec::=Tvec]|) < Plavec::=Tvec]
(proof)

lemma residualAlpha:
fixes p :: name prm
and « :: 'a action
and P :: (‘a, ’d, 'c) psi

assumes bn(p - «) fx object «

and bn(p - «a) tx P

and bn « fx subject «

and  bn(p - a) #x subject «

and  set p C set(bn a) x set(bn(p - a))

showsa < P=(p-a)<(p- P)
(proof)

lemma Pari:
fixes U ')
and Vgo =D
and P ::(‘a,’b, 'c) psi

and o :: a action
and P’ ::('a,’d, 'c) psi
and Ag :: name list

and Q ::(‘a,’d, 'c) psi

assumes Trans: ¥ ® Yo > P —a < P’
and  extractFrame Q = (Ag, ¥g)

and n o fx Q

and Ag i+ ¥

and Ag #x P

and Ag t* «

shows U > P || Q —a < (P’ Q)
(proof)

lemma Par2:

fixesU b

and UYp b

and Q ::(‘a,’d, 'c) psi
2 'a action

and «
and Q' : (‘a, ', 'c) psi
and Ap :: name list

and P ::(‘a,’d, 'c) psi
assumes Trans: ¥V @ Up > Q —ra < Q'

and extractFrame P = (Ap, Up)
and bn « fx P
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and Ap fix ¥
and Ap #x Q
and Ap #x «

shows U > P || Q —a < (P || Q)
(proof)

lemma Open:
fixes U b
and P :(‘a,’b, 'c) psi
and M :'a
and zvec :: name list
and yvec :: name list

and N :'a
and P’ :(‘a,’b, 'c) psi
and z :: name

assumes Trans: ¥ > P — M (vx(zvecQyuec))(N) < P’
and z € supp N

and z iU

and zf M

and z § avec

and z { yvec

shows U > (vz|)P — M (vx(zvecQz#yvec))(N) < P’
(proof)

lemma Scope:

fixesU b

and P ::(‘a,’d, 'c) psi
and o : 'a action
and P’ : (‘a,’b, 'c) psi
and z :: name

assumes ¥ > P —a < P’
and z iU
and T fa

shows U > (vz)P —a < (vz)P’

(proof )

lemma inputSwapFrameSubject:
fixes U :: b
and P :(a,'b, 'c) psi
and M :'a
and N :'a

and P’: (‘a, ’d, 'c) psi
and =z :: name
and y : name
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assumes ¥ > P — M(N|) < P’
and z 4P
and yi P

shows ([(z, y)] - ¥) & P — ([(x, y)] - M)(N) < P’
(proof)

lemma inputPermFrameSubject:

fixes U :: b
and P :(a,’b, 'c) psi
and M :'a
and N :'a

and P’: (‘a, ’d, 'c) psi
and p : name prm
and Xs :: name set
and Ys :: name set

assumes ¥ > P — M(N|) < P’
and S:setp C Xs x Ys

and Xsfx P

and Ys gx P

shows (p - ¥) > P — (p - M)(N|) < P’
(proof)

lemma inputSwapSubject:

fixes U :: b
and P : (‘a, ’d, 'c) psi
and M :'a
and N :'a

and P’: ('a,’b, 'c) psi
and z :: name
and vy :: name

assumes ¥ > P — M(N|) < P’

and zf§P
and ytt P
and zf{ VU
and ytw

shows ¥ > P — ([(z, y)] - M)(N) < P’
(proof)

lemma inputPermSubject:

fixes U :: b
and P : (‘a, ’d, 'c) psi
and M :'a
and N :'a
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and P’: ('a, ', 'c) psi
and p : name prm
and Xs :: name set
and Ys :: name set

assumes ¥ > P — M(N|) < P’
and S:set p C Xs x Ys

and Xs % P

and Ys g+ P

and Xsfx U

and Ys g+ W

shows ¥ > P — (p - M)(N) < P’
(proof)

lemma inputSwapFrame:

fixes U :: b
and P :(a,'b, 'c) psi
and M :'a
and N :'a

and P’: (‘a, 'd, 'c) psi
and =z :: name
and vy :: name

assumes ¥ > P — M(N|) < P’
and zf§P

and ytt P
and x4 M
and yt M

shows ([(z, y)] - ¥) > P — M(N) < P’
(proof)

lemma inputPermFrame:

fixes U :: b
and P :: (‘a, ’d, 'c) psi
and M :'a
and N :'a

and P’: (a,’b, 'c) psi
and p : name prm
and Xs :: name set
and Ys :: name set

assumes ¥ > P — M(N|) < P’
and S:setp C Xs x Ys

and Xs % P

and Ys % P

and Xs 4« M

and Ys g« M
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shows (p - ¥) > P — M(N|) < P’

(proof)
lemma inputAlpha:
fixes U b
and P ::(‘a,’b, 'c) psi
and M :'a
and N :'a
and P’ :(‘a,’b, 'c) psi
and p :: name prm

and zvec :: name list

assumes ¥ > P — M(N|) < P’

and  set p C (set zvec) x (set (p - xvec))
and distinctPerm p

and  zvec fx P

and  (p - avec) fx P

shows ¥ > P —M((p- N)) < (p - P
(proof)

lemma frameFresh[dest]:
fixes = :: name
and Ap :: name list
and Urp:'b

assumes z f Ap
and zf (4, Up)

shows z § Up

(proof)

lemma outputSwapFrameSubject:
fixes U b
and P ::(‘a,’b, 'c) psi
and M :'a
and zvec :: name list

and N :'a
and z :: name
and y : name

assumes ¥ > P —— M (vszvec)(N) < P’
and  zvec §x M

and zfP

and yt P

shows ([(z, y)] - ¥) > P —([(z, y)] - M)(v*zvec)(N) < P’
{proof)

107



lemma outputPermFrameSubject:
fixes U b
and P ::(‘a,’b, 'c) psi
and M :'a
and zvec :: name list

and N :'a
and P’ ::('a,’d, 'c) psi
and p :: name prm

and yvec :: name list
and zvec :: name list

assumes ¥ > P — M (vxavec))(N) < P’
and S: set p C set yvec X set zvec
and yvec tix P

and zvec tix P

shows (p - ¥) > P +—(p « M)(vxavec)(N) < P’
(proof)

lemma outputSwapSubject:

fixes U b

and P ::(‘a,’b, 'c) psi

and M :'a

and B : (‘a, 'b, 'c) boundOutput
and =z :: name

and y : name

assumes ¥ > P — M (vxavec)(N) < P’
and zvec fx M

and x4 P
and ytt P
and zf VU
and yiw

shows ¥ > P —([(z, y)] - M)(v*zvec)(N) < P’
(proof )

lemma outputPermSubject:
fixes U =D
and P ::(‘a,’d, 'c) psi
and M :'a
and B : (Ya, b, 'c¢) boundOutput
and p :: name prm
and yvec :: name list
and zvec :: name list

assumes ¥ > P — M (vxzvec))(N) < P’
and S: set p C set yvec X set zvec
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and yvec §x P
and zvec tix P
and yvec fix W
and zvec tix W

shows U > P +——(p - M)(v*zvec)(N) < P’
(proof)

lemma outputSwapFrame:

fixes¥U b

and P :: (‘a,’b, 'c) psi

and M :'a

and B : (‘a, 'b, 'c) boundOutput
and z : name

and y : name

assumes ¥ > P —— M (v*zvec)(N) < P’
and zvec fx M

and z 4P
and yi P
and zf M
and yt M

shows ([(z, y)] - ) > P — M (vxavec)(N) < P’
(proof)

lemma outputPermFrame:

fixes U b

and P ::(‘a,’d, 'c) psi

and M :'a

and B : (‘a, 'b, 'c) boundOutput
and p :: name prm

and yvec :: name list
and zvec :: name list

assumes ¥ > P — M (vxavec))(N) < P’
and S: set p C set yvec X set zvec
and yvec tx P

and zvec tix P

and yvec fx M

and zvec fx M

shows (p - ¥) > P — M (vxzvec))(N) < P’
(proof)

lemma Comml:
fixes U ')
and Ug =
and P :: (‘a,’b, 'c) psi
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and M :'a

and N :'a

and P’ ::(‘a,’d, 'c) psi
and Ap :: name list
and Yp b

and @ ::('a,’db, ‘c) psi
and K :'a

and zvec :: name list
and Q' :: (‘a,’d, 'c) psi
and Ag :: name list

assumes ¥ ® ¥g > P —M(N|) < P’
and  extractFrame P = (Ap, Up)
and U Q® Up > Qvr—K(vsavec)(N) < Q'
and extractFrame @ = (Ag, ¥q)
and \I/®\I’p®‘1/Q|—M<—)K
and Ap fix W

and Ap tx P

and Ap #x Q

and Ap fx M

and AP ﬂ* AQ

and Ag t*x W

and Ag i+ P

and Ag t+ @

and Ag fx K

and  zvec §x P

shows ¥ > P || Q —7 < (vxzvec)(P' ] Q)
(proof)

lemma Comm?2:

fixes U ')
and Ug =
and P ::(‘a,’d, 'c) psi
and M :'a

and zvec :: name list
and N :'a

and P’ : (‘a,’b, 'c) psi
and Ap :: name list
and Up b

and Q ::(‘a,’d, 'c) psi
and K :'a

and Q' : (‘a, ', 'c) psi
and Ag :: name list

assumes ¥ ® ¥g > P — M(vxzvec)(N) < P’
and extractFrame P = (Ap, Up)

and VY ®U¥Ypp> Qr—K(N) =< Q'

and  extractFrame @ = (Ag, ¥g)
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and \If®\1/p®\I/QFM<—)K
and Ap #x ¥
and Ap tx P
and Ap fx Q
and Ap tx M
and Ap tx Ag
and Ag i+ ¥
and Ag tx P
and Ag t* Q
and Ag tx K
and  avec fix Q

shows ¥ > P || Q —7 < (vxzvec)(P' ] Q)
{(proof )

lemma semanticsCasesAuz[consumes 1, case-names cInput cOutput cCase cParl
cPar2 cComml1 cComm?2 cOpen cScope cBang]:

fixes U ::'b

and c¢P :: (‘a, b, 'c) psi

and cRs :: (‘a, 'b, 'c) residual

and C :: 'd:fs-name

and =z : name

assumes ¥ > ¢P — cRs
and rlnput: AM K zvec N Tvec P. [cP = M(Axzvec N|).P; cRs = K((N|[zvec::=Tvec]))
=< Plavec::=Tvec];
U = M < K; distinct xvec; set zvec C supp N,
length xvec=length Tvec;
zvec fx Twec; zvec % VU; zvec §x M; zvec fx K;
avec §x C] = Prop
and  rOutput: AM K N P. [cP = M(N).P; cRs = K(N) < P; U+ M < K]
= Prop
and rCase: NCs P . [¢P = Cases Cs; ¥ > P — cRs; (¢, P) mem Cs; ¥
F ¢; guarded P] = Prop

and rParl: A\Vg Pa P’ Q Ag. [cP =P | Q; cRs=a < (P'| Q);
(T @ Ug) > P+ (a < P'); extractFrame Q = (Aqg, ¥q); distinct
AQ;
Ag tx P; Ag % Q; Ag % U; Ag i a5 Ag % C; Ag i P'; bn o tx
U bn a fx Yo
bn o #x Q; bn « fx P; bn « fx subject a; bn « i C; distinct(bn )]
_—
Prop
and rPar2: AVYp Qa Q' PAp. [cP=P | Q; cRs=a < (P | Q;
(T ® Up) > Q —ra < Q' extractFrame P = (Ap, Vp); distinct
Ap;
Ap §x Py Ap i+ Q; Ap fx U5 Ap fx a5 Ap §x C
Ap #x Q'; bn a #x U; bn o fx Up; bn a fx P; bn o ix Q; bn o i subject
a; bn o #x C; distinct(bn «)] = Prop
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and rComml: N\¥g P M N P’ Ap Up Q K zvec Q' Ag.
[ecP =P | Q; cRs =7 < (vxavec) P’ || Q
U@ ¥y > Pr—M(N|) < P’ extractFrame P = (Ap, Up);
distinct Ap;
U ®Up > Qr— K(vxzvec)(N) < Qs extractFrame Q = (Ag,
Ug); distinct Ag;
VR Up®Ug - Mo K; Ap tx U5 Ap tx Uo; Ap tx Py Ap t+

M; Ap #* N,

Ap tx P’y Ap fix Q; Ap i+ Q'; Ap #x Ag; Ap ti* zvec; Ag tx U;
AQ ﬁ* \I’p;

Ag tx P; Ag tx K; Ag tix N; Ag % P’; Ag i Q; Ag i+ Q' Ag
fx zvec;

avec fx U5 gvec i+ Wp; avec i Wq; zvec i P; zvec ix M; zvec
Q;

zvec fx K; Ap tx C; Ag tx C; zvec #x C; distinct zvec] = Prop
and rComm2: AN¥g P M zvec NP' Ap Up Q K Q' Ag.
[ecP =P | Q; cRs =7 < (vxavec) P’ || Q
U ® Vo > Pr+——M(vxzvec)(N) < P’ extractFrame P = (Ap,
Up); distinct Ap;
UQUp> Q+— K(N) < Q' extractFrame Q = (Ag, ¥g);
distinct Ag;
UV@Up@VUoghk M+ K; Ap #x U; Ap fx Ug; Ap fx P; Ap f#x

M; Ap #* N,

Ap tx P Ap tx Q; Ap fix Q' Ap tx Aq; Ap i wvec; Ag i+ V;
Aq §x Vp;

AQ ﬁ* P; AQ ﬂ* K; AQ ﬁ* N; AQ ﬁ* P/; AQ ﬁ* Q; AQ ﬁ* Q/; AQ
fx zvec;

zvec fx W; avec §x Wp; avec §x Wqo; avec §x P; avec §x M; zvec f*
Q;

zvec fx K; Ap tx C; Ag tx C; zvec % C; distinct zvec] = Prop
and rOpen: AP M zvec yvec N P’ x.
[eP = (vz)P; cRs = M(vx(zvecQu#yvec))(N) < P’
U > P — M(vx(zvecQyuec))(N) < P’ z € supp N; z t zvec; x 4
yvec; x §# M; x # V; distinct zvec; distinct yvec;
avec fx W zvec §x P; zvec fx M; zvec fx yvec; yvec ix W; yvec fx P;
yvec tx M; zvec §x C; z § C; yvec fx C] =
Prop
and rScope: AP a P’ z. [¢P = (vz)P; cRs = a < (vz|) P
Up>Pr—a<PiztUzta;zt C;bnalx¥; bna
fx P; bn « * subject a; bn a fx C; distinct(bn )] = Prop
and rBang: AP.[cP =!P; ¥ > P || !P +— cRs; guarded P] = Prop
shows Prop

(proof)

nominal-primrec
inputLength :: (‘a::fs-name, 'b::fs-name, 'c::fs-name) psi = nat
and inputLength’ :: (‘a::fs-name, 'b::fs-name, 'c::fs-name) input = nat
and inputLength’ :: ('a::fs-name, 'b::fs-name, 'c::fs-name) psiCase = nat
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where

inputLength (0) =
| inputLength (M<N> P) =
| inputLength (M(I) = mputLength I
| inputLength (Case C) =
| inputLength (P || Q) = 0
| inputLength ((vz)P) = 0
| inputLength ({¥}) = 0
| inputLength (\P) =

| inputLength’ (Trm M P) = 0
| inputLength’ (v y I) = 1 + (inputLength’ I)

| inputLength’' (L.) = 0
| inputLength’ (O® = P C) = 0
(proof )

nominal-primrec boundOutputLength :: ('a, 'b, 'c) boundOutput = nat
where

boundOutputLength (BOut M P) = 0
| boundOutputLength (BStep x B) = (boundOutputLength B) + 1

(proof)

nominal-primrec residualLength :: (‘a, 'b, 'c) residual = nat
where
residualLength (RIn M N P) = 0
| residualLength (ROut M B) = boundOutputLength B
| residualLength (RTau P) = 0

(proof)

lemma inputLengthProc|simp]:
shows inputLength(M (Axzvec N|).P) = length xvec

(proof)

lemma boundOutputLengthSimp[simp]:
shows residualLength(M (vxavec)(N) < P) = length zvec

(proof)

lemma boundOuputLengthSimp2[simp):
shows residualLength(a < P) = length(bn «)

(proof)

lemmas [simp del] = inputLength-inputLength’-inputLength’.simps residualLength.simps
boundQutputLength.simps

lemma constructPerm:

fixes xvec :: name list
and yvec :: name list
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assumes length zvec = length yvec
and zvec §x yvec
and distinct zvec
and distinct yvec

obtains p where set p C set avec x set(p - avec) and distinctPerm p and yvec
= p - avec
(proof)

lemma distinctApend|simp]:
fixes zvec :: name list
and yvec :: name list

shows (set zvec N set yvec = {}) = zvec f* yvec

(proof)

lemma lengthAux:
fixes zvec :: name list
and y : name
and yvec :: name list

assumes length zvec = length(y#yvec)

obtains z zvec where xvec = z#zvec and length zvec = length yvec

(proof)

lemma lengthAuz2:
fixes zvec :: name list
and yvec :: name list
and zvec :: name list

assumes length zvec = length(yvecQy# zvec)

obtains zvecl x zvec2 where zvec=zvecl Qz#avec? and length xvecl = length
yvec and length xvec2 = length zvec

(proof)

lemma semanticsCases[consumes 11, case-names cInput cCase cParl cPar2 cComm1
cComm2 cScope cBang]:

fixes U :: 'b

and c¢P : (‘a, b, 'c) psi

and cRs :: (‘a, b, 'c) residual

and C :: 'd:fs-name
and zI :: name
and z2 : name

and zvecl :: name list
and zvec?2 :: name list
and zvec3 :: name list
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and zvecq :: name list
and zvech :: name list

assumes ¥ > cP ——cRs
and length zvecl = inputLength cP and distinct zvecl
and length zvec2 = residualLength cRs and distinct zvec2
and length zvec3 = residualLength cRs and distinct zvec3
and length zvec4 = residualLength cRs and distinct xvecs
and length xvecd = residualLength cRs and distinct xvech
and  rlnput: AM K N Tvec P. (Jzvecl % U; zvecl #x cP; zvecl * cRs] =
cP = M(Aszvecl N).P A cRs = K((Nzvecl::=Tvec])) < Plzvecl ::=Tvec] A
U+ M <+ K A distinct xzvecl A set xvecl C
supp N A length zvecl=length Tvec N
zvecl #x Tvec N xvecl fx W A zvecl fx M A
avecl #x K) = Prop
and  rOutput: AM K N P. [¢cP = M(N).P; cRs=K(N) < P; U+ M + K]
= Prop
and  rCase: A\Cs P . [cP = Cases Cs; ¥ > P — cRs; (p, P) mem Cs; ¥
F ¢; guarded P] = Prop
and rParl: NUq P a P’ Q Ag. (Javec2 #x U; zvec? x cP; zvec? #x cRs|
[
¢cP=P| QA cRs=a=<(P'| Q) A zvec2 =
bn a A
U ® ¥g > Pr+—a < P'A estractFrame @ =
<AQ, \IJQ> A distinct Ag N
Ag fx PN Ag 8x Q N Ag tx U A Ag #x a A
Ag tx P’ N Ag tx C') = Prop
and rPar2: NUp Q o Q' P Ap. ([zvecd #x U; zvecd fx cP; zvecd fx cRs]
—
¢cP=P| QA cRs=a =< (P Q) A avec3 =
bn a A
URVUp> Q+—a< QA extractFrame P =
<AP, ‘pr> A distinct Ap N
Ap tx PN Ap tx Q N Ap §x ¥ A Ap fx a A
Ap tx Q' AN Ap #x C') = Prop
and rComml: A\¥g PM NP’ Ap Up Q K zvec Q' Ag.
[cP=P| Q; cRs =7 < (vxzvec) P’ || Q
U ® ¥g > Pr—M(N|) < P’ extractFrame P = (Ap, Up);
distinct Ap;
U@ Upr> Q+— K(vxzvec)(N) < Q' extractFrame Q = (Ag,
Ug); distinct Ag;

M; Ap #x N;

Ap i+ P’y Ap fix Q; Ap i+ Q; Ap i Ag; Ap t* zvec; Ag tx U;
AQ ﬁ* \I/P;

AQ ﬁ* P; AQ ﬂ* K; AQ ﬁ* N; AQ ﬁ* P/; AQ ﬁ* Q; AQ ﬁ* QI; AQ
f* zvec;

zvec fx V5 zvec i+ Wp; zvec i Wq; zvec i P; zvec tx M; zvec fx*
@
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zvec fx K; Ap tx C; Ag tx C; zvec #x C; distinct zvec] = Prop
and  rComm2: N\¥qg P M zvec N P' Ap ¥p Q K Q' Ag.
[ecP =P | Q; cRs =7 < (vxavec) P’ || Q
U ® Vg > P—M(vszvec))(N) < P'; extractFrame P = (Ap,
Up); distinct Ap;
U QR Up > Q+— K(N) < Qs extractFrame Q = (Ag, ¥g);
distinct Ag;
Ve Up®Ugh Mo K; Ap tx U5 Ap tx Uo; Ap tx Py Ap tx

M; Ap #* N,

Ap tx P’y Ap fix Q; Ap i+ Q'; Ap #x Ag; Ap ti* zvec; Ag tx U;
AQ ﬁ* \I’p;

Ag tx P; Ag tx K; Ag tix N; Ag % P’; Ag i Q; Ag i+ Q' Ag
fx zvec;

avec fx U5 gvec i+ Wp; avec i Wq; zvec i P; zvec ix M; zvec
Q;

zvec fx K; Ap tx C; Ag tx C; zvec #x C; distinct zvec] = Prop
and 7rOpen: AP M zvec y yvec N P’.
([zvecs t* U; zvec) #x cP; zvec #x cRs; z1 § U; z1  cP; 1 f
cRs; x1 § zvec)] =
c¢P = (vzl)P N c¢Rs = M(v*(zvecQzlF#yvec))(N) < P’ A
zvec) =xvecQy#yvec N\
U > P —M(vx(zvecQyuec))(N) < P’ A 1 € supp N A z1 4
avec A\ 1 f yvec A
distinct xvec A distinct yvec N\ zvec fx U A zvec fix P A xvec fix M
A zvec §x yvec A
yvec tx U A yvec % P A yvec fx M) = Prop
and  rScope: AP o P’ (Jzvecs §x U; zvecs fx cP; zvech % cRs; x2 § U; x2 ff
cP; 22 § cRs; 22 § zvecH]| =
c¢P = (vz2))P A ¢cRs = a < (va2))P' N zvecs = bn a A
UpPr—a<P Az280Az248aAbnalx subject o
A distinct(bn o)) = Prop
and rBang: A\P.[cP =!P; U > P || |P +— cRs; guarded P] => Prop
shows Prop
(proof)

lemma parCases[consumes 5, case-names cParl cPar2 cComml cComm2]:
fixes @ b
and P ::(‘a,’b, 'c) psi

and @ ::('a,’db, ‘c) psi
and « : 'a action

and T :(‘a,’d, 'c) psi
and C : 'd:fs-name

assumes Trans: V> P || Q —a < T

and bn o fx ¥

and bn o fx P

and bn afx Q

and bn a #x subject o

and rParl: AP’ Ag V. [V ® ¥g > P —a < P’; extractFrame Q = (Ag,
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Uo); distinct Ag;
Ag i+ W5 Ag tx P; Ag #* Q; Ag i «; Ag i+ P'; Ag
4+ C] = Propa (P'] Q)
and rPar2: NQ' Ap Up. [T @ Up > Q —a < Q'; extractFrame P = (Ap,
Up); distinct Ap;
Ap B W; Ap fx Py Ap # Q5 Ap fx a; Ap fix Q' Ap fx
€] = Propa (P || Q)
and rCommi1: N\Wo M N P' Ap ¥p K zvec Q' Ag.
[¥ ® g > P—M(N) < P’; extractFrame P = (Ap, Up); distinct Ap;
U Q Up > Q+—K(vxavec)(N) < Q'; extractFrame Q = (Ag, Vo);
distinct Ag;
UV Vp® Vg M K; distinct zvec;
Ap tx U; Ap #x U, Ap ix P; Ap i« M; Ap i« N; Ap tx P; Ap
tx Q; Ap f#x zvec; Ap #x Q' Ap ix Ag; Ap #x C
AQ ﬁ* ‘I’; AQ ﬁ* \I’p; AQ ﬂ* P; AQ ﬁ* K; AQ ﬁ* N; AQ ﬁ* P/; AQ ﬂ*
Q; Ag fx zvec; Ag fx Q'; Ag t* C
avec x W; zvec §x Wp; zvec fx P; xvec fx M; xvec fx K; zvec fx Q;
zvec fx Ug; avec fx C] =
Prop (1) ((vezvec) (P' | Q)
and rComm2: N\¥g M zvec N P' Ap Up K Q' Ag.
[¥ @ g > P ——M(v*avec)(N) < P'; extractFrame P = (Ap, Up);
distinct Ap;
U ¥p> Q—K(N) < Q' extractFrame Q = (Aqg, Vq); distinct Ag;
UV Up® Vg M K; distinct zvec;
Apﬁ*\lf; Apﬁ*\I/Q; Apﬁ*P; Apﬁ*M; Apﬁ*N; Apﬁ*Pl; AP
fx Q; Ap fx avec; Ap fx Q% Ap §x Ag; Ap §x C;
AQ ﬂ* \I’; AQ ﬂ* ‘Ilp; AQ ﬂ* P; AQ ]i* K; AQ ﬂ* N; AQ ﬁ* P/; AQ ﬂ*
Q; Ag fx avec; Ag fx Q'; Ag tx C
avec fx VU; avec fx VUp; xvec fx P; zvec fix M; xvec fx K; xzvec fx Q;
zvec fx Wg; avec fx C] =
Prop (1) ((vxavec) (P’ || Q)

shows Prop a T
(proof)

lemma parInputCases[consumes 1, case-names cParl cPar2]:
fixes U :: b
and P : ('a, ', 'c) psi

and @ :: (‘a, 'b, 'c) psi
and M :'a

and N :'a

and R : (a, b, 'c) psi
and C :: 'd:fs-name

assumes Trans: V> P || Q — M(N) < R
and  rParl: AP' Ag ¥q. [¥ ® Yo > P —M(N|) < P’; extractFrame Q =
(Ag, ¥q); distinct Ag;
AQ ﬂ* \I’; AQ ﬂ* P; AQ ﬂ* Q; AQ ]i* M; AQ ﬂ* N; AQ ﬁ* C]]
— Prop (P']| Q)
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and  rPar2: NQ' Ap Up. [V ® Up > Q —M(N) < Q; extractFrame P =
<AP, \I/p>; distinct Ap;
Ap i+ W; Ap fx P; Ap #x Q; Ap fx M; Ap fx N; Ap fx (]
— Prop (P || Q)
shows Prop R
(proof)

lemma parOutputCases[consumes 5, case-names cParl cPar2]:
fixes U :: b
and P :: (‘a, b, 'c) psi
and @ :: (‘a, b, 'c) psi

and M ::'a
and zvec :: name list
and N ::'a

and R : (‘a, 'b, 'c) psi
and C :: 'd:fs-name

assumes Trans: U > P || Q —> M (vszvec)(N) < R

and zvec fx U
and xvec fx P
and zvec fx @
and zvec fx M

and rParl: AP'Ag ¥g. [¥ ® ¥ > Pr—M(vzvec)(N) < P’ extractFrame
Q= <AQ, \IJQ>; distinct Ag;
Ag #x U5 Ag % P; Ag % Q; Ag tix M; Ag fx avec; Ag fx N;
Ag tx C; Ag tx zvec; distinct zvec] => Prop (P’ || Q)
and rPar2: NQ' Ap Up. [T ® Up > Q —> M (vkzvec)(N) < Q'; extractFrame
P = (Ap, Up); distinct Ap;
Ap #x U Ap §x Py Ap tx Q5 Ap §x M; Ap fx zvec; Ap §x N;
Ap tx C; Ap #x zvec; distinct zvec] = Prop (P || @)
shows Prop R
(proof)

lemma theFEqut|equt-force]:
fixes p :: name prm
and « :: 'a action

assumes o # T

shows (p - the(subject ) = the(p - (subject «))
(proof)

lemma theSubjectFresh[simp):
fixes o :: ‘a action
and «z : name

assumes o # T

shows = f the(subject o) = x § subject o
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(proof)

lemma theSubjectFreshChain|simp):
fixes o« :: 'a action
and zvec :: name list

assumes o # T

shows zvec fix the(subject a) = zvec §* subject o

{(proof)

lemma obtainPrefix:

fixes ¥ :: 'b
and P :: (‘a, ', c) psi
and «a : a action

and P’ : (‘a, ', 'c) psi
and Ap :: name list
and Up ::'b

and B : name list

assumes ¥ > P ——a < P’
and  extractFrame P = (Ap, ¥p)
and distinct Ap

and bn « fx subject «
and  distinct(bn a)
and aFT

and B gx P

and Ap fix ¥
and Ap #x B
and Ap % P
and Ap #* subject «

obtains M where ¥ ® Up + the(subject a) +» M and B+ M
(proof)

lemma inputRenameSubject:

fixes U :: b
and P :(a,’b, 'c) psi
and M :'a
and N :'a

and P’: (‘a, 'd, 'c) psi
and Ap :: name list
and Up ::'b

assumes ¥ > P — M(N|) < P’
and  extractFrame P = (Ap, Up)
and distinct Ap

and VQUpt M+ K

and Ap fix ¥
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and Ap fix P
and Ap #tx M
and Ap tx K
shows ¥ > P —K(N|) < P’
(proof)
lemma outputRenameSubject:
fixes U b
and P :(‘a,’b, 'c) psi
and M :'a
and zvec :: name list
and N :'a
and P’ ::(‘a,’d, 'c) psi
and Ap :: name list
and Up b

assumes ¥ > P — M (vxavec))(N) < P’

and  extractFrame P = (Ap, Up)

and distinct Ap

and VR Upk Mo K

and Ap #x W

and Ap fx P

and Ap #tx M

and Ap tx K

shows U > P —— K (vxzvec)(N) < P’
(proof)
lemma parCasesSubject[consumes 7, case-names cParl cPar2 cComm1 ¢cComm?2):

fixes U =)

and P ::(‘a,’b, 'c) psi

and @ ::('a,’db, ‘c) psi

and « : ‘a action

and R : (‘a, 'd, 'c) psi

and C : 'd:fs-name

and yvec :: name list

assumes Trans: U > P || Q —a < R

and bn o fx U

and bn o 4+ P

and bn a fx Q

and bn « fx subject «

and yvec fx P

and yvec fx @

and  rParl: AP Ag Vq. [¥ ® ¥g > P+—a < P’} extractFrame Q = (Ag,

Ug); distinct Ag;

and

Ag i+ WU; Ag % P; Ag tx a; Ag #x C] = Prop a (P’ Q)
rPar2: NQ' Ap Up. [V ® Up > Q —ra < Q' extractFrame P = (Ap,
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Up); distinct Ap;
Ap b5 W5 Ap 5 Q; Ap t o5 Ap tx O] = Prop a (P || Q)
and rComml: N\¥g M N P’ Ap Up K zvec Q' Ag.
[¥ ® g > P—M(N) < P’; extractFrame P = (Ap, Up); distinct Ap;
U ® Up > Q+—K(vxavec)(N) < Q'; extractFrame Q = (Ag, Vo);
distinct Ag;
UVeWUp®Votk M & K; yvee §x M; yvec ix K; distinct zvec;
Ap ﬁ* \I/, Ap ﬁ* \IJQ, Ap ﬂ* P; Ap ﬁ* ]\4-7 Ap li* N, AP ﬁ* P’; AP
tx Q; Ap f#x zvec; Ap §x Q' Ap ix Ag; Ap #x C
AQ ﬁ* \I/; AQ ﬂ* \I’p; AQ ﬂ* P; AQ ﬁ* K; AQ ﬁ* N; AQ ﬁ* P/; AQ ﬂ*
Q; Ag fx zvec; Ag fx Q'; Ag t* C
avec x W; zvec §x Wp; zvec fx P; xvec fx M; xvec fx K; zvec fx Q;
zvec fx Uq; avec fx C] =
Prop (1) ((vxzvec)(P" | Q"))
and rComm2: N\¥g M zvec N P' Ap Up K Q' Aq.
[¥ @ g > P ——M(v*zvec)(N) < P'; extractFrame P = (Ap, Up);
distinct Ap;
U ¥Up > Q—K(N) < Q' extractFrame Q = (Aqg, Vq); distinct Ag;
UV Up® Vg kM K; yvec §x M; yvec i+ K; distinct zvec;
Ap tx U; Ap tx Wq; Ap x P; Ap #x M; Ap fx N; Ap g P, Ap
g% Q; Ap B wvec; Ap §x Qs Ap §x Ag; Ap tx C;
AQ ﬂ* \I/; AQ ﬁ* \I/p; AQ ﬂ* P; AQ ]i* K; AQ ﬁ* N; AQ ﬁ* P/; AQ ﬂ*
Q; Ag fx avec; Ag fx Q'; Ag tx C
avec fx U; avec fx VUp; xvec §x P; zvec fix M; xvec fx K; xzvec fx Q;
zvec fx Wg; avec fx C] =
Prop (1) ((vxazvec) (P’ || Q)

shows Prop a R
(proof)

lemma inputCases|[consumes 1, case-names cInput]:
fixes U b
and M :'a
and zvec :: name list

and N :'a
and P ::(‘a,’b, 'c) psi
and o :: 'a action

and P’ : (‘a,’b, 'c) psi

assumes Trans: ¥ > M(Axzvec N|).P —a < P’
and  rinput: AK Tvec. [V F M + K; set avec C supp N; length xvec = length
Tvec; distinct zvec] = Prop (K (N[zvec::=Tvec]|)) (P[zvec::=Tvec])

shows Prop o P’
(proof)

lemma outputCases[consumes 1, case-names cOutput]:

fixes ¥ :: b
and M :'a
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/

and N :'a

and P : (‘a,’d, 'c) psi
and o : 'a action
and P’: (‘a, ’d, 'c) psi

assumes ¥ > M(N).P —a < P’
and AK. U+ M« K = Prop (K(N)) P

shows Prop o P’
{(proof)

lemma caseCases[consumes 1, case-names cCase]:

fixes ¥ :: b

and Cs: (‘e x (‘a, 'b, 'c) psi) list

and « :: ‘e action

and P’: (‘a,’b, 'c) psi

assumes Trans: U > (Cases Cs) — Rs

and  rCase: Ap P. [¥ > P —— Rs; (p, P) mem Cs; ¥ - ¢; guarded P] =
Prop

shows Prop

(proof)
lemma resCases|[consumes 7, case-names cOpen cRes]:
fixes U b
and =z : mame
and P ::(‘a,’b, 'c) psi
and o :: a action
and P’ ::(‘a,’d, 'c) psi
and C : 'd:fs-name

assumes Trans: ¥ > (vz)P —a < P’

and zf{ VU
and zfa
and zf P’

and bn o gx ¥
and bn o x P
and bn « fx subject «
and  rOpen: AM zvec yvec y N P'. [V > P —— M (v(zvecQ@yuec)){([(z, y)] -
N)) < ([(z, y)l - P’); y € supp N;
s Nyz§ Phaosy;ylavee; y § yvec; y § M;
distinct zvec; distinct yvec;
avec tx U y § U; yvec §x U zvec §x P; y 4 P,
yvec fx P; xvec fx M; y § M;
yvec fx M; zvec #x yvec] =
Prop (M (vx(zvecQy#yvec))(N)) P’
and  rScope: AP’ [¥ > P+—a < P'] = Prop a ((vz)P’)
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shows Prop o P’

(proof)
lemma resCases’[consumes 7, case-names cOpen cRes]:
fixes U = 'b
and z : name
and P ::(‘a,’b, 'c) psi
and « :: 'a action
and P’ :(‘a,’d, 'c) psi
and C : 'd:fs-name

assumes Trans: ¥ > (vz)P —a < P’

and zf{ VU
and zfa
and =z P’

and bn o gx ¥
and bn a fx P
and bn « fx subject «
and  rOpen: AM zvec yvec y N P'. [V > ([(z, y)] - P) —> M (v*(zvecQyuvec)|)(N)
< P’y € supp N;
T i N;xf Phx+#y;ytavee y§ yoec; y § M;
distinct zvec; distinct yvec;
avec tx U y § U; yvec §x U; zvec §x P; y § P,
yvec fx P; zvec fx M; y § M;
yvec fx M; zvec §x yvec] =
Prop (M (vx(zvecQy#yvec))(N)) P’
and  rScope: AP’ [V > P+—a < P'| = Prop a ((vz)P’)

shows Prop o P’
(proof)

abbreviation
statImpJudge (- — -» [80, 80] 80)
where ¥ — U’ = AssertionStatImp ¥ ¥’

lemma statEqTransition:
fixes ¥ ::'b
and P :(a,’b, 'c) psi
and Rs: (‘a, 'b, 'c) residual
and U’':'b

assumes ¥ > P —— Rs
and U ~ ¥’

shows ¥/ > P — Rs
(proof )

lemma actionPariDest”:
fixes « :: (‘a::fs-name) action
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and P :: (‘a, 'bi:fs-name, ‘c::fs-name) psi
and f : (‘a:fs-name) action

and Q :: (‘a, 'b, 'c) psi

and R : (‘a, b, 'c) psi

assumes o < P = < (Q || R)
and bn o fx R
and bn 5+ R

obtains T where P=T || Randa < T =8< @
(proof)

lemma actionPar2Dest’:
fixes « :: (‘a::fs-name) action
and P :: (‘a, 'b::fs-name, ‘c::fs-name) psi
and S :: (‘a:fs-name) action
and @ :: (‘a, 'b, 'c) psi
and R : (‘a, b, 'c) psi
assumes a < P =3 < (Q || R)
and bn a fx Q
and bn B #x Q

obtains T where P = Q|| Tanda < T =08 <R

(proof)

lemma expandNonTauFrame:
fixes U b
and P ::(‘a,’d, 'c) psi
and o :: a action
and P’ :(‘a,’d, 'c) psi
and Ap :: name list
and Up =D
and C :: 'd:fs-name
and C’ :: 'e:fs-name

assumes Trans: ¥ > P —a < P’
and  extractFrame P = (Ap, ¥p)
and distinct Ap

and bn « fx subject «

and Ap tx P

and Ap tx «

and Ap tx C

and Ap tx C'

and bn o gx P

and bnafx C’

and a#T

obtains p U’ Ap’ ¥p’ where set p C set(bn o) x set(bn(p + «)) and (p - Up)
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® U’ ~ Up’and distinctPerm p and

extractFrame P' = (Ap', Up’) and Ap’ #x P’ and Ap’ #*
aand Ap’ fx (p - o) and

Ap'#x C and (bn(p - a)) fx C’ and (bn(p - o)) #§* o and
(bn(p - @) t* P’ and distinct Ap’
(proof )

lemma expandTauFrame:
fixes U b
and P : (a, 'b/c) psi
and P’ : (‘a,’b, 'c) psi

and Ap :: name list
and Up b
and C : 'd:fs-name

assumes ¥ > P —7 < P’

and  extractFrame P = (Ap, Up)
and distinct Ap

and Ap x P

and Ap tx C

obtains U’ Ap’ Up' where extractFrame P’ = (Ap’, ¥p’) and Up ®@ U’ ~
Up'and Ap’ #x C and Ap’ #x P’ and distinct Ap’

(proof)
lemma expandFrame:
fixes UV b
and P ::(‘a,’b, 'c) psi
and o : 'a action
and P’ ::(‘a,’d, 'c) psi
and Ap :: name list
and Up = 'b
and C : 'd:fs-name
and C' : 'e:fs-name

assumes Trans: ¥ > P —sa < P’
and extractFrame P = (Ap, Up)
and distinct Ap

and bn « fx subject «

and  distinct(bn «)

and Ap #x «

and Ap tx P

and Ap tx C

and Ap tx C'

and bn o gx P

and bnafx C’

obtains p U’ Ap’ Up’ where set p C set(bn o) x set(bn(p - «)) and (p - Up)
® U’ ~ Up’and distinctPerm p and
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extractFrame P' = (Ap', Up') and Ap' fx P’ and Ap’ #x
a and Ap’ fx (p - o) and

Ap'#x C and (bn(p - o)) fx C’ and (bn(p - o)) §* o and
(bn(p - «)) t+x P’ and distinct Ap’
(proof)

abbreviation
frameImpJudge (<- —p - [80, 80] 80)
where F —r G = FrameStatlmp F G

lemma FrameStatEqImpCompose:
fixes F :: 'b frame
and G ::'b frame
and H :: 'b frame
and I :'b frame

assumes F ~p G
and G—pr H
and He~p T

shows F —p [

(proof)

lemma transferNonTauFrame:
fixes U == 'b
and P :(‘a,’b, 'c) psi
and o : 'a action
and P’ ::(‘a,’b, 'c) psi
and Ap :: name list
and Ag :: name list

and Yo ='b

assumes ¥p > P —a < P’

and  extractFrame P = (Ap, Up)
and distinct Ap

and  distinct(bn a)

and <AF, Up ® \I/p> —F <Ag, Vo ® \I/p>
and Ap tx P

and Ag i+ P

and Ap #x subject o

and Ag f* subject o

and Ap tx Ap

and Ap tx Ag

and Ap fix Up

and Ap tx Ug

and a#T

shows U5 > P —a < P’

(proof)
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lemma transferTauFrame:
fixes U == 'b
and P :: (‘a, ’d, 'c) psi
and P’ :(‘a,’b, 'c) psi
and Ar :: name list
and Ag :: name list
and Yo b

assumes ¥p > P ——7 < P’

and  extractFrame P = (Ap, ¥p)

and distinct Ap

and <AF, Ur ® \I/p> —F <Ag, Vo ® \I/p>
and Ap % P

and Ag tx P

and Ap fx Ap

and Ap f* Ag

and Ap tx Up

and Ap tx Ug

shows Vg > P ——7 < P’/

(proof)

lemma transferFrame:
fixes U == 'b
and P :(‘a,’b, 'c) psi
and o : 'a action
and P’ ::(‘a,’b, 'c) psi
and Ap :: name list
and Ag :: name list

and Yo ='b

assumes ¥p > P —a < P’

and  extractFrame P = (Ap, Up)
and distinct Ap

and <AF7 Up ® \I/p> —F <Ag, Ve ® \I/p>
and Ap tx P

and Ag tx P

and Ap #x subject o

and Ag % subject o

and Ap #x Ap

and AP ﬂ* AG’

and Ap gx Up

and Ap fix Ug

shows ¥g > P —a < P’

{(proof)

lemma parCasesInputFrame[consumes 7, case-names cParl cPar2):
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fixes U b

and P ::(‘a,’d, 'c) psi
and Q ::(‘a,’d, 'c) psi
and M :'a

and zvec :: name list
and N :'a

and T : (‘a,’d, ’c) psi
and C : 'd:fs-mame

assumes Trans: ¥ > P || Q — M(N) < T
and  extractFrame(P || Q) = (Apg, Ypq)
and distinct Apg
and Apg fx ¥
and Apg fx P
and Apg t*x @
and Apg tx M
and rParl: AP’ Ap Up Ag Uq. [¥ @ ¥g > P—M(N|) < P’; extractFrame
P = (Ap, Up); extractFrame Q = (Aqg, Yg);
distinct Ap; distinct Ag; Ap §x W; Ap #x P; Ap fx
Q; Ap #x M; Ag % V; Ag fix P; Ag fx Q; Ag tx M;
Ap ﬂ* ‘I’Q; AQ ﬁ* \I/p; AP ﬂ* AQ; APQ = AP@AQ;
Vpqo =Vp ® Vq] = Prop (P'| Q)
and rPar2: NQ'Ap Up Ag ¥q. [¥Y @ Up > Q —M(N) < Q'; extractFrame
P = (Ap, Up); extractFrame Q = (Aqg, Yo);
distinct Ap; distinct Ag; Ap i+ ¥; Ap fx P; Ap
Q; Ap tx M; Aq x W5 Aq tx P; Ag ix Q; Ag fx M;
Ap ﬁ* \I/Q; AQ ﬁ* \I/p; AP ﬂ* AQ; APQ = AP@AQ;
\IIPQ =Up ® \IJQ]] = Prop (P || QI)
shows Prop T
(proof)

lemma parCasesOutputFrame[consumes 11, case-names cParl cPar2):
fixes U b
and P ::(‘a,’d, 'c) psi
and Q ::(‘a,’d, 'c) psi
and M :'a
and zvec :: name list
and N :'a
and T : (‘a,’d, 'c) psi
and C : 'd:fs-mame

assumes Trans: ¥ > P || Q — M (vxzvec)(N) < T
and  avec fx ¥

and  zvec fx P

and zvec fx @

and zvec fx M

and  extractFrame(P || Q) = (Apqg, Ypq)

and distinct Apg

and Apg fx ¥
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and Apg fx P
and APQ ﬁ* Q
and Apg fx M
and rParl: NAP' Ap ¥p Ag ¥g. [¥ @ ¥g > P —M(vsavec)(N) < P’
extractFrame P = (Ap, Up); extractFrame Q = (Ag, ¥g);
distinct Ap; distinct Ag; Ap i+ U; Ap fx P; Ap f#x
Q; Ap fx M; Ag tx U; Ag tx P; Ag i Q; Ag Hx M;
Ap ﬁ* \IJQ; AQ ﬁ* \I/p; Ap ﬁ* AQ; APQ = AP@AQ;
Wrq = Wp & Vo] — Prop (P']| Q)
and  rPar2: NQ' Ap Up Ag Vg. [V ® ¥p > Q —>M(vxzvec)(N) < Q%
extractFrame P = (Ap, Up); extractFrame Q = (Ag, ¥g);
distinct Ap; distinct Ag; Ap #x W; Ap #x P; Ap fx
Q; Ap #x M; Ag tx U; Ag tx P; Ag tix Q; Ag fx M;
Ap ﬁ* \I/Q; AQ ﬁ* \I/p; Ap ﬁ* AQ; APQ = AP@AQ;
Upg =¥p ® Vo] = Prop (P || Q)
shows Prop T
(proof)

inductive bangPred :: (‘a, 'b, 'c) psi = (‘a, 'b, 'c) psi = bool
where

auzxl: bangPred P (!P)
| auz2: bangPred P (P || !P)

lemma bangInduct[consumes 1, case-names cParl cPar2 cComml cComm?2 cBang):
fixes U b
and P :(‘a,’b, 'c) psi
and Rs : (‘a, ’d, 'c) residual
and Prop :: 'd::fs-name = 'b = ('a, 'b, 'c) psi = (‘a, 'b, '¢c) residual = bool
and C :'d

assumes ¥ > |P — Rs
and rParl: Ao P' C. [¥ > P ——a < P’; bn o tx ¥; bn o ix P; bn « fx*
subject a; bn a % C; distinct(bn )] = Prop C ¥ (P || 'P) (o < (P"] IP))
and rPar2: Na P' C. [¥ > P —a < P’ bn a 8% U; bn a #x P; bn a fx
subject a; bn a % C; distinct(bn «);
AC. Prop C U (IP) (o« < P))] = Prop C ¥ (P || !P) («
< (P | PY)
and rCommi: AM N P' K avec P C. [V > P —M(N|) < P’; ¥ > |P
— K (vxavec)(N) < P"; NC. Prop C ¥ (IP) (K (v*zvec)(N) < P"); U F M «
K;
zvec §x U; xvec #x P; zvec fx M; zvec fx K;
zvec gx C; distinct zvec] = Prop C U (P || |P) (7 < (vxavec) (P’ || P"))
and  rComm2: AM avec N P' K P” C. [V > P —— M(vsavec)(N) < P’; ¥
> P +—K(N) < P"; NC. Prop C ¥ (IP) (K(N)) < P"); UV - M < K,
avec fx U; zvec §x P; xvec #x M; zvec #§x K;
zvec §x C; distinct zvec] = Prop C U (P || |P) (7 < (vxavec)(P' || P"))
and rBang: ANRs C. [¥ > P || P — Rs; ANC. Prop C ¥ (P | !P) Rs;
guarded P] = Prop C' ¥ (IP) Rs
shows Prop C ¥ (!P) Rs
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(proof)

lemma bangInputinduct[consumes 1, case-names cParl cPar2 c¢Bang]:
fixes U b
and P :(‘a,’b, 'c) psi
and M :'a
and N :'a
and P’ ::('a,’d, 'c) psi
and Prop:: b= (‘a, 'b, 'c) psi = 'a = ‘a = (‘a, 'b, '¢) psi = bool

assumes ¥ > |P — M(N|) < P’

and rParl: AP". ¥ > P+—M(N) < P'= Prop ¥ (P ||!P) M N (P’ |
IP)

and  rPar2: AP [¥ > |P —M(N|) < P’ Prop ¥ (\P) M N P']| = Prop
W (P | 1) MN (P P)

and rBang: AP". [¥ > P || \P —M(N| < P’; Prop ¥ (P || !P) M N P/
guarded P| = Prop ¥ (IP) M N P’

shows Prop ¥ (IP) M N P’
(proo)

lemma bangOutputinduct[consumes 1, case-names cParl cPar2 cBang|:

fixes U b

and P ::(‘a,’b, 'c) psi

and M :'a

and zvec :: name list

and N :'a

and P’ : (‘a,’b, 'c) psi

and Prop :: 'd::fs-name = 'b = ('a, 'b, 'c) psi = 'a = (‘a, 'b, 'c) boundOutput
= bool

and C :'d

assumes ¥ > |P — M (vxzvec)(N) < P’

and  rParl: Azvec N P' C. [V > P — M (vkzvec)(N) < P'; zvec fx ¥; zvec
fx P; zvec % M; zvec §x C; distinct zvec] = Prop C U (P || \P) M ((v*azvec) N
(P 1))

and  rPar2: Nzvec N P' C. [¥ > |P — M (vsavec)(N) < Ps ANC. Prop C ¥
(IP) M ((vxzvec)N <' P’); zvec fx U; zvec §x P; zvec #x M; avec §x C; distinct
zvec] =

Prop C U (P || !P) M ((v*zvec)N <’ (P | P’))

and  rBang: ABC.[¥ > P || |P ——(ROut M B); ANC. Prop C ¥ (P || !P)

M B; guarded P] = Prop C ¥ (!P) M B

shows Prop C ¥ (1P) M ((vxavec)N <’ P’)

(proof)
lemma bangTaulnduct[consumes 1, case-names cParl cPar2 cComml cComm?2
cBang:

fixesU b

and P :: (‘a,’b, 'c) psi
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and P’ :: (‘a,’b, 'c) psi
and Prop :: 'd::fs-name = 'b = (‘a, 'b, 'c) psi = ('a, 'b, 'c) psi = bool
and C :'d

assumes ¥ > |P ——7 < P’
and rPari: AP'C. ¥ > P+—7 <P = Prop C¥ (P | !P) (P']!P)
and  rPar2: AP’ C. [¥ > P +——7 < P AC. Prop C ¥ (IP) P']| = Prop
cw (PP (P P
and rCommi: AM N P' K avec P C. [V > P —M(N|) < P’; ¥ > |P
— K (vxavec)(N) < P"; O = M < K;
avec fx V; zvec fx P; xzvec #x M; zvec $x K;
zvec §x C] = Prop C U (P || \P) ((vxavec)(P' || P"))
and  rComm2: AM N P’ K zvec P" C. [V > P — M (vxzvec)(N) < P, U
S IP s K(N) < P W F M < K;
zvec §x U; xvec #x P; zvec fx M; zvec fx K;
avec fx C] = Prop C U (P || !P) ((v*zvec)(P' || P'))
and rBang: NP' C. [¥ > P || \P —7 < P; ANC. Prop C ¥ (P || !P) P/
guarded P] = Prop C' ¥ (\P) P’

shows Prop C ¥ (IP) P’

(proof )
lemma bangInduct’[consumes 2, case-names cAlpha cParl cPar2 cComm1 cComm2
cBang:

fixes U b

and P :(‘a,’b, 'c) psi

and o :: a action

and P’ ::(‘a,’b, 'c) psi

and Prop :: 'd::fs-name = 'b = (‘a, 'b, 'c) psi = 'a action = ('a, 'b, 'c) psi
= bool

and C : 'd:fs-name

assumes ¥ > |P —a < P’
and bn « fx subject «
and  rAlpha: Ao P’ p C. [bn o i+ U; bn o fx P; bn « #* subject «; bn o #x
&
set p C set(bn «) x set(bn(p « «)); distinctPerm p;
bn(p «+ a) #x a; bn(p - ) §x P, Prop C ¥ (P || !P) «
P =
Prop C W (P ||'P) (p - a) (p - P’)
and rParl: Na P’ C.
[¥ > P—a < Py bn afx U; bn o §x P; bn o §x subject a; bn «
fx C; distinct(bn )] =
Prop C 9 (P ||!P) a (P’ || !P)
and  rPar2: Aa P’ C.
[¥ > P +—a < P5 ANC. Prop CT (IP) o P
bn o fx U; bn a fix P; bn o $x subject a; bn o % C; distinct(bn
a)] =
Prop C 9 (P ||!P) a (P | P’
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and rCommi: AM N P'" K avec P C. [V > P —M(N|) < P’; ¥ > |P
— K (vxzvec)(N) < P"; NC. Prop C' ¥ (\P) (K (v*avec)(N)) P"; O + M + K;

zvec §x U; xvec #x P; zvec fx M; zvec §x K;
avec #x C; distinct zvec] = Prop C ¥ (P || \P) (1) ((v*zvec)(P' | P"))
and  rComm2: AM avec N P' K P” C. [V > P —— M(vsavec)(N) < P’; U
> 1P —K(N) < P" \C. Prop C ¥ (IP) (K(N)) P"; ¥ - M s K;
avec fx U; zvec §x P; xvec #x M; zvec #§x K;
avec #x C; distinct zvec] = Prop C ¥ (P || \P) (1) ((v*zvec)(P' | P"))
and  rBang: Aa P’ C.
[¥ > P||!P+——a < P’; guarded P; ANC. Prop C ¥ (P || 'P) a
P’; guarded P; distinct(bn o)] =
Prop C ¥ (\P) a P’
shows Prop C ¥ (IP) a P’
(proof)

lemma comml1Auz:
fixes¥U b
and Ygo ='b
and R :: (‘a, ', c) psi
and K :'a
and zvec :: name list

and N :'a
and R’ : (Ya, b, 'c) psi
and Agr :: name list

and Y¥p = 'b
and P :: (‘a,’b, 'c) psi
and M :'a

and L :'a

and P’ ::(‘a,’d, 'c) psi
and Ap :: name list
and Up b

and Ag :: name list

assumes RTrans: ¥ @ Wg > R — K (vxzvec)(N) < R’
and  FrR: extractFrame R = (AR, UR)

and  PTrans: ¥ ® ¥ > P+—M(L) < P’

and MegK: ¥ @ U @ Up - M < K

and PeqQ: <AQ, (T ® \I/Q) ® URr) = (Ap, (T @ Up) @ Ugr)
and  FrP: extractFrame P = (Ap, ¥p)

and  FrQ: extractFrame Q = (Ag, Ug)

and distinct Ap

and distinct Ag

and Ap tx Ap

and Agr 8% Ag

and Ag tx U

and AR % P

and AR % @

and Ag tx R
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and Ag tx K
and Ap #x ¥
and Ap #x R
and Ap fx P
and Ap tx M
and Ag t* R
and Ag tx M

obtains K’ where ¥ ® ¥p > R —K'(v+avec)(N) < R'and ¥ @ Up @ Up
F M+ K’'and Ag t*x K’

(proof)
lemma comm2Auzx:
fixesU '
and Tg =D
and R : (‘a,’b, c) psi
and K :'a
and N :'a
and R’ ("a, 'b, 'c) psi
and Ag :: name list

and Yp :='b

and P ::(‘a,’b, 'c) psi
and M :'a

and zvec :: name list
and P’ ::(‘a,’d, 'c) psi

and Ap :: name list
and Yp b
and Ag :: name list

assumes RTrans: ¥ @ ¥ > R —K(N|) < R’

and  FrR: extractFrame R = (AR, UR)

and  PTrans: ¥ ® ¥p > P +—M(vszvec)(N) < P’
and MegK: ¥ @ U @ Up - M < K

and QimpP: (Ag, (¥ ® ¥g) @ Ug) —r (Ap, (T ® Up) ® ¥UR)
and  FrP: extractFrame P = (Ap, ¥p)

and  FrQ: extractFrame Q = (Ag, Ug)

and distinct Ap

and distinct Ag

and AR fx Ap

and Agr #x Ag

and AR tx U

and AR tx P

and AR tx Q

and Ag tx R

and Ag fix K

and Ap #x ¥

and Ap 8% R

and Ap fx P

and Ap fx M
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and Ag t* R
and Ag tx M
and AR t* zvec
and xvec gx M

obtains K'where ¥ @ Up > R+—K/'(N) < R'and ¥ ® ¥p @ Up - M
K’ and Ag #x K’
(proof )

end
end

theory Simulation
imports Semantics
begin

context env begin

definition
simulation : 'b = (‘a, 'b, 'c) psi =
(b x ('a, 'b, 'c) psi x (‘a, 'b, c) psi) set =
("a, 'b, 'c) psi = bool («- > - ~~[-] - [80, 80, 80, 80] 80)
where
Up PRl Q=VaQ . U Qr—a<Q — bnatsx ¥ — bn afxP
— 3P ¥ > P+——a <P A (U, P, Q) € Rel)

abbreviation
simulationNilJudge (¢- ~[-] -» [80, 80, 80] 80) where P ~~[Rel] @ = SBottom’
> P ~[Rel] Q

lemma simlI[consumes 1, case-names cSim|:
fixes U :'b
and P : (‘a, ', 'c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and Q : (‘a,’b, 'c) psi
and C : 'd:fs-name

assumes FEqut: equt Rel
and Sim: ANa Q. [V > Q —a < Q5 bn afx P; bnatx Q; bn a f#x U;
distinct(bn «);
bn « #x (subject a); bn o g% C] = IP". ¥ > P —a < P’
A (T, P, Q) € Rel

shows U > P ~»[Rel] Q
(proof)

lemma simI2[case-names cSim):
fixesU :'b
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and P : (‘a, ', 'c) psi

and Rel :: ('b x (Ya, 'b, 'c) psi x ('a, b, 'c) psi) set
and Q : (‘a,’d, 'c) psi

and C : 'd:fs-name

assumes Sim: Na Q. [V > Q —a < Q% bn a tx P; bn a tx U; distinct(bn
Q)] = IP. U > Pra < P A (U, P, Q') € Rel

shows ¥ > P ~~[Rel] Q
{(proof)

lemma simIChainFresh|[consumes 4, case-names c¢Sim]:
fixes U =D
and P ::(‘a,’d, 'c) psi
and Rel :: (b x ('a, b, 'c) psi x (‘a, 'b, 'c) psi) set
and @ ::('a, ', 'c) psi
and zvec :: name list
and C :: 'd:fs-name

assumes Fqut: equt Rel
and  zvec §x ¥
and  avec fix P
and zvec fx @
and Sim: Aa Q. [¥ > Q+—a < Q; bnatx P; bn afx Q; bn a fx U;
bn « #x subject «; distinct(bn «); bn a fx C; zvec f*x «; xvec
i+ Q] =
IP. U > P+——a <P A (U, P, Q) € Rel
shows U > P ~~[Rel] @
(proof)

lemma simIFresh[consumes 4, case-names c¢Sim:
fixes U b
and P : (‘a, ', 'c) psi
and Rel :: ('b x (Ya, 'b, 'c) psi x ('a, b, 'c) psi) set
and Q : (‘a,’d, 'c) psi
and =z : name
and C : 'd:fs-name

assumes FEqut: equt Rel

and zf{ VU
and x4 P
and zdQ

and Na Q. [¥ > Q+—a=< Q) bnatx P, bn afx Q; bn a fx T;
bn o t* subject a; distinct(bn a); bn a tx C; z o5 2§ Q] =
IP. W > Prsa < P A(, P, Q') € Rel

shows U > P ~~[Rel] Q
(proof)
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lemma simkE:

fixes ' '}

and P : (‘a,’b, 'c) psz

and Rel :: (b >< (’ ‘c) psi x (‘a, 'b, 'c) psi) set
and @ : (‘a,’d, 'c) psz

assumes ¥ > P ~~[Rel] Q

shows Aa Q" [¥ > Q —a < Q; bn a tix U; bn o §x P] = IP. IV > P
—a < P'A (P, P/, Q) € Rel
(proof)

lemma simClosedAux:
fixes U ::'b
and P : (‘a, ', c) psi
and Rel :: ('b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and @ : (‘a, ’d, 'c) psi
and p :: name prm

assumes FqutRel: equt Rel
and  PSimQ: ¥ > P ~~[Rel] Q

shows (p - ) > (p - P) ~[Rel] (p - Q)
(proof)

lemma simClosed:
fixes U :: b
and P : (‘a, ', 'c) psi
and Rel :: ('b x (Ya, 'b, 'c) psi x ('a, b, 'c) psi) set
and Q : (‘a,’d, 'c) psi
and p : name prm

assumes FEqutRel: equt Rel

shows W > P ~[Rel] Q = (p- ¥) > (p- P) ~[Rel] (p- Q)
and P ~[Rel] Q = (p- P) [ el] (p Q)
{proof)

lemma reflexive:
fixes Rel :: (b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and ¥ b
and P : (‘a, ', c) psi
assumes {(V, P, P) | ¢ P. True} C Rel

shows ¥ > P ~~[Rel] P
(proof)

lemma transitive:
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fixes ¥ /)

and P ('a, 'b, 'c) psi
and Rel ('b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and Q :: (‘a, b, 'c) psi
and Rel” :: ('b x (‘a, b, 'c) psi x (‘a, 'b, 'c) psi) set
and R ("a, 'b, 'c) psi

(

and Rel” :: ('b x ('a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes PSim@Q: ¥ > P ~~[Rel] Q

and  QSimR: U > Q ~~[Rell R

and  Equt: equt Rel”

and  Set: {(¥, P, R) | ¥ PR.3Q. (U, P, Q) € Rel A (¥, Q, R) € Rel’} C
Rel”

shows U > P ~~[Rel”] R
(proof)

lemma statEqSim:
fixes U :: b
and P : (‘a, ', c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and @ : (‘a, 'd, 'c) psi
and ¥’ b

assumes PSim@Q: ¥ > P ~~[Rel] Q

and equt Rel’

and U~

and  COI: N\U" R S U, [(0”, R, S) € Rel; 0" ~ U] = (¥, R, §) €
Rel’

shows U’ > P ~~[Rel’] @

(proof )
lemma monotonic:
fixes U :: b
and P :: (‘a, ’b, 'c) psi
and A : (b x (‘a, b, 'c) psi x (‘a, 'b, 'c) psi) set
and @ :: (‘a, b, 'c) psi
and B : (b x ('a,'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes ¥ > P ~[4] Q
and ACB

shows ¥ > P ~[B] @
(proof)

end

end
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theory Tau-Chain
imports Semantics
begin

context env begin

abbreviation tauChain :: 'b = (‘a, 'b, '¢) psi = (‘a, 'b, 'c) psi = bool (¢- > -
—". 5 [80, 80, 80] 80)
where U > P =, P'= (P, P) € {(P,P). ¥ > P+—7 < P} %

abbreviation tauStepChain :: 'b = ('a, 'b, 'c) psi = ('a, b, 'c) psi = bool (<- 1>
- =, - [80, 80, 80] 80)
where ¥ > P —, P'= (P, P) e {(P, P). ¥ > P+—7 < P'} ™+

abbreviation tauContextChain :: (‘a, 'b, 'c) psi = ('a, 'b, 'c) psi = bool (- =,
5 (80, 80] 80)

where P— , P'=1p> P — , P’

abbreviation tauContextStepChain :: ('a, 'b, 'c) psi = ('a, 'b, 'c) psi = bool («-
—, - [80, 80] 80)

where P —, P'=1> P =, P’

lemmas tauChainInduct[consumes 1, case-names TauBase TauStep] = rtrancl.induct]of
--{(P, P"). ¥ > P ——7 < P'}, simplified] for ¥

lemmas tauStep ChainInduct[consumes 1, case-names TauBase TauStep| = trancl.induct|of
--{(P, P"). ¥ > P +——7 < P'}, simplified] for ¥

lemma tauActTauStep Chain:
fixes ¥ :: b
and P :: (‘a,’d, 'c) psi
and P’: ('a,’b, 'c) psi

assumes ¥ > P ——7 < P’

shows ¥ > P —, P’

(proof)

lemma tauActTauChain:
fixes ¥ :: 'b
and P : (‘a, ’d, 'c) psi
and P’: (‘a, 'd, 'c) psi

assumes ¥ > P ——7 < P’

shows U > P = . P’

{(proof)

lemma tauStep ChainEqut[equt]:
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fixes U :: b

and P : (‘a,’d, 'c) psi
and P’: (‘a, 'd, 'c) psi
and p : name prm

assumes ¥ > P —, P’

shows (p - ¥) > (p - P) =, (p - P/
(proof)

lemma tauChainEqut[equt]:
fixes U :: b
and P : (‘a, ’d, 'c) psi
and P’: (‘a, ’d, 'c) psi
and p : name prm

assumes ¥ > P — . P’

shows (p - ¥) > (p- P) = , (p- P
(proof)

lemma tauStep ChainEqut'[equt]:
fixes ¥ :: 'b
and P : (‘a, ’d, 'c) psi
and P’: (‘a, ’d, 'c) psi
and p :: name prm

shows (p- (¥ > P=,P))=(p-9)>(p:P) =, (p- P
(proof)

lemma tauChainEqut'[equt]:
fixes ¥ :: b
and P :(a,'b, 'c) psi
and P’: (‘a, ’d, 'c) psi
and p : name prm

shows (p- (¥ >P =, P))=(p-¥)>(p-P)= - (p-P)
(proof)

lemma tauStep ChainFresh:
fixes ¥ :: b
and P :: (‘a, ’d, 'c) psi
and P’: ('a, ', 'c) psi
and =z : name

assumes ¥ > P —>_ P’
and x4 P

shows z f P’
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(proof)

lemma tauChainFresh:
fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi
and P’: ('a,’b, 'c) psi
and <z : name

assumes ¥ > P = . P’
and zf§P

shows z P’
(proof )

lemma tauStep ChainFreshChain:
fixes U b
and P = (a,'b, 'c) psi
and P’ :(‘a, ', 'c) psi
and zvec :: name list

assumes ¥ > P — P’
and  avec fix P

shows zvec #x P’

(proof)

lemma tauChainFreshChain:
fixes U = 'b
and P (Ya, ', 'c) psi

and P’ :(‘a,’db, 'c) psi
and zvec :: name list

assumes ¥ > P — . P’
and xvec fx P

shows zvec f#x P’

(proof)

lemma tauStep ChainCase:
fixes U :: b
and P : (‘a, ’d, 'c) psi
and P’: (‘a, 'd, 'c) psi
and ¢ = 'c
and Cs:: (e x ('a, 'b, 'c) psi) list

assumes ¥ > P —>_ P’
and (o, P) mem Cs
and UE o

and guarded P
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shows ¥ > (Cases Cs) =, P’
(proof )

lemma tauStep ChainResPres:
fixes ¥ :: b
and P :(a,'b, 'c) psi
and P’: (‘a, ’d, 'c) psi
and =z : name

assumes ¥ > P — P’
and zf VU

shows ¥ > (vz)P =, (vz)P’

(proof)

lemma tauChainResPres:
fixes ¥ :: b
and P : (‘a, ’d, 'c) psi
and P’: (‘a, ’d, 'c) psi
and =z :: name

assumes ¥ > P = . P’
and zf{V

shows ¥ > (vz)P =, (vz)P’

(proof)

lemma tauStep ChainResChainPres:
fixes U b
and P ::(‘a,’b, 'c) psi
and P’ : (‘a,’b, 'c) psi
and zvec :: name list

assumes ¥ > P —>_ P’
and zvec fx U

shows U > (vkxzvec)P =, (vxavec|) P’
(proof)

lemma tauChainResChainPres:
fixes U = 'b
and P ::(‘a,’b, 'c) psi
and P’ : (‘a,’b, 'c) psi
and zvec :: name list

assumes ¥ > P — . P’
and zvec fx U

141



shows U > (vkxavec)P = , (vxavec|) P’
(proof)

lemma tauStep ChainParl:
fixes ¥ ::'b
and Tqg b
and P : (‘a,'b, 'c) psi
and P’ :: (‘a, ', 'c) psi
and Q : (‘a,’d, 'c) psi
and Ag :: name list

assumes ¥ ® ¥g > P =, P’
and  extractFrame Q = (Ag, ¥g)
and Ag fx VU

and Ag i+ P

shows U > P || Q =, P'|| @
(proof)

lemma tauChainParl:
fixes U :: b
and Tqg ::'b
and P : (‘a,'b, 'c) psi
and P’ :: (‘a, ', 'c) psi
and Q : (‘a,’d, 'c) psi
and Ag :: name list

assumes ¥ ®@ Vo > P R
and  extractFrame Q = (Ag, ¥g)
and Ag fx VU

and Ag i+ P

shows U > P || Q= , P'| Q
(proof)

lemma tauStep ChainPar2:
fixes ¥ ::'b
and Up:'b
and @ : (‘a, 'd, 'c) psi
and Q' :: (‘a, ’d, 'c) psi
and P : (‘a,’b, c) psi
and Ap :: name list
assumes ¥V @ Up > Q =, Q'
and  extractFrame P = (Ap, Up)
and Ap #x ¥
and Ap fx Q

shows U > P || Q =, P || Q'
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(proof)

lemma tauChainPar2:
fixes U :: b
and Up:'b
and @ : (‘a, 'd, 'c) psi
and Q' :: (‘a, ', ‘c) psi
and P : (‘a, ', c) psi
and Ap :: name list

assumes ¥ ®@ Up > Q = , Q'
and  extractFrame P = (Ap, Up)
and Ap #x W

and Ap #x Q

shows U > P || Q= , P | Q'
(proof)

lemma tauStepChainBang:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and P’: ('a, ', 'c) psi

assumes ¥ > P || |P =, P’
and guarded P

shows ¥ > |P —_ P’/

(proof)

lemma tauStep ChainStatEq:
fixes U ::'b
and P : (‘a,’b, 'c) psi
and P’ : (‘a, b, 'c) psi
and V¥':'b

assumes ¥ > P —_ P’
and U~

shows ¥/ > P —>_ P’
(proof)

lemma tauChainStatEq:
fixes ¥ ::'b
and P : (‘a, ', 'c) psi
and P’ :: (‘a, ', 'c) psi
and U’':'b

assumes ¥ > P — ", P’
and U~ U’
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shows U/ > P —"_ P’
(proof)

definition weakTransition :: 'b = (‘a, 'b, 'c) psi = (‘a, 'b, 'c) psi = 'a action
= (‘a, 'b, 'c) psi = bool (¢-: -1> - =>-< - [80, 80, 80, 80, 80] 80)
where
U:Q>P=a<P =3P". V> P= , P"A (insertAssertion (extractFrame
Q) V) —p (insertAssertion (extractFrame P') ¥) A
V> P’v+—a < P’

lemma weakTransitionl :

fixes U :: b

and Q ::(‘a,’d, 'c) psi
and P :(‘a,’b, 'c) psi
and P” : (‘a, 'd, 'c) psi
and « : a action

and P’ :('a,’d, 'c) psi

assumes ¥ > P — . P/

and insertAssertion (extractFrame Q) VU < insertAssertion (extractFrame
P//) ql

and UYp P'——a< P’

shows U : Q> P =—=a«a < P’

(proof )

lemma weakTransitionk:
fixes U b
and Q ::(‘a,’d, ‘c) psi
and P ::(‘a,’b, 'c) psi
and o : 'a action

and P’ : (‘a,’b, 'c) psi
assumes ¥V : Q > P =—a < P’
obtains P” where ¥ > P = . P’ and insertAssertion (extractFrame Q) ¥

< insertAssertion (extractFrame P'") ¥
and ¥ > P"+—a < P’

(proof)
lemma weakTransitionClosed[equt]:

fixes U :: b

and @ ::('a,’'db, ‘c) psi

and P ::(‘a,’d, 'c) psi

and « : 'a action

and P’ :(‘a,’d, 'c) psi

and p :: name prm
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assumes ¥ : Q > P —«a < P’

shows (p - ¥): (p- Q) > (p- P) =(p-a)<(p- P
(proof)

lemma weakQutputAlpha:
fixes U b
and Q ::(‘a,’d, 'c) psi
and P :(‘a,’d, 'c) psi
and M :'a
and zvec :: name list
and N :'a
and P’ ::('a,’d, 'c) psi
and p :: name prm
and yvec :: name list

assumes PTrans: ¥ : Q > P = M(vx(p - zvec)){(p - N)) < P’
and  S: set p C set zvec x set(p + zvec)

and distinctPerm p

and zvec fx P

and  avec §* (p + avec)

and  (p - zvec) tx M

and distinct zvec

shows ¥ : Q > P =M (vxavec)(N) < (p - P’)

(proof )

lemma weakFreshDerivative:
fixes U b
and Q ::(‘a,’d, ‘c) psi
and P ::(‘a,’b, 'c) psi
and o : 'a action
and P’ : (‘a,’b, 'c) psi
and =z name

assumes PTrans: ¥ : Q > P =« < P’

and zf§P

and bl

and bn « fx subject «
and  distinct(bn «)

shows z P’

(proof)

lemma weakFreshChainDerivative:
fixes U b
and Q ::(‘a,’d, ‘c) psi
and P :(‘a,’b, 'c) psi
and o : 'a action
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and P’ :: (‘a,’b, 'c) psi
and yvec :: name list

assumes PTrans: ¥ : Q > P =«a < P’
and yvec tix P

and yvec f* «

and bn « fx subject «

and  distinct(bn «)

shows yvec fx P’
(proof)

lemma weakInputFreshDerivative:
fixes U ::'b
and Q :(‘a,’d, ‘c) psi
and P ::(‘a,’b, 'c) psi
and M :'a

and N :'a
and P’ ::(‘a,’d, 'c) psi
and z : name

assumes PTrans: ¥ : Q > P =M(N|) < P’
and zfP
and zf N

shows z P’
(proof )

lemma weakInputFreshChainDerivative:
fixes U :: b
and Q ::(‘a,’d, 'c) psi
and P ::(‘a,’b, 'c) psi
and M :'a
and N :'a
and P’ ::(‘a,’d, 'c) psi
and zvec :: name list

assumes PTrans: ¥ : Q > P =M(N|) < P’
and zvec fx P
and zvec fx N

shows zvec i P’
(proof )

lemma weakQutputFreshDerivative:
fixes U ::'b
and Q ::(‘a,’d, ‘c) psi
and P :(‘a,’b, 'c) psi
and M :'a
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and zvec :: name list

and N :'a
and P’ ::(‘a,’d, 'c) psi
and z : name

assumes PTrans: ¥ : Q > P = M (vxzvec))(N) < P’
and zfP

and z § avec

and zvec fx M

and distinct xvec

shows z § N

and zf P’
(proof)

lemma weakQutputFreshChainDerivative:
fixes U b
and Q :: (‘a,’d, 'c) psi
and P ::(‘a,’d, 'c) psi
and M :'a
and zvec :: name list
and N :'a
and P’ :: (‘a,’b, 'c) psi
and yvec :: name list

assumes PTrans: U : @ > P =M (v*zvec)(N) < P’
and yvec tx P

and  zvec #x yvec
and zvec fx M
and distinct zvec

shows yvec x N
and yvec fx P’

(proof)
lemma weakOutputPermSubject:
fixes UV b
and P ::(‘a,’b, 'c) psi
and M :'a
and zvec :: name list
and N :'a
and P’ :(‘a,’d, 'c) psi
and p :: name prm

and yvec :: name list
and zvec :: name list

assumes PTrans: U : Q > P =M (v*zvec)(N) < P’

and S: set p C set yvec X set zvec
and yvec fx U
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and zvec tix U
and yvec §x P
and zvec fx P

shows ¥ : Q > P =>(p - M)(v*zvec)(N) < P’
(proof)

lemma weakInputPermSubject:
fixes U :: b
and Q ::(‘a,’d, 'c) psi
and P :: (‘a,’b, 'c) psi
and M :'a

and N :'a
and P’ ::(‘a,’d, 'c) psi
and p : name prm

and yvec :: name list
and zvec :: name list

assumes PTrans: ¥ : Q > P =M(N)) < P’
and S: set p C set yvec X set zvec

and yvec fix W

and zvec tix W

and yvec §x P

and zvec tix P

shows ¥ : Q > P =(p - M)(N) < P’
(proof)

lemma weakInput:
fixes U '
and Q ::(‘a,’d, 'c) psi
and M :'a
and K :'a
and zvec :: name list
and N :'a
and Tvec :: 'a list
and P :(‘a,’b, 'c) psi

assumes V - M < K

and distinct xvec

and set xvec C supp N

and length xvec = length Tvec

and QeqV: insertAssertion (extractFrame Q) ¥ —p (¢, ¥ ® 1)

shows U : Q > M(Asxavec N|).P =K ((N]zvec::=Tvec])) < Plzvec::=Tvec]
(proof)

lemma weakQutput:
fixes U b

148



and @ ::('a,’db, ‘c) psi
and M :'a
and K ‘a
and N :'a
and P :(‘a,’b, 'c) psi

assumes ¥V - M < K
and QeqV: insertAssertion (extractFrame Q) ¥ —p (¢, ¥ ® 1)

shows ¥ : Q > M(N).P =K (N) < P
(proof )

lemma insertGuardedAssertion:
fixes P :: (‘a, 'b, 'c) psi

assumes guarded P

shows insertAssertion(extractFrame P) U ~p (¢, U ® 1)

(proof)
lemma weakCase:
fixes U b
and @ ::('a,’'db, ‘c) psi
and P ::(‘a,’d, 'c) psi
and o :: 'a action
and P’ :('a,’d, 'c) psi
and R : (‘a, ', 'c) psi

assumes PTrans: ¥ : Q > P =« < P’

and (¢, P) mem CsP

and UE o

and guarded P

and RImpQ: insertAssertion (extractFrame R) U — p insertAssertion (extractFrame

Q) v

and  ImpR: insertAssertion (extractFrame R) U —p (¢, ¥)

shows ¥ : R > Cases CsP =>a < P’

(proof)

lemma weakOpen:
fixes U :: b
and Q ::(‘a,’d, ‘c) psi
and P ::(‘a,’b, 'c) psi
and M :'a
and zvec :: name list
and yvec :: name list
and N :'a
and P’ : (‘a,’b, 'c) psi
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assumes PTrans: ¥ : Q > P = M (vx(zvecQyuec)))(N) < P’
and z € supp N

and z v

and i M

and T § avec

and z § yvec

shows U : (vz)Q > (vz))P = M (v*(zvecQz#yvec))(N) < P’
(proof)

lemma weakScope:

fixes U b

and @ :: (‘a,’d, 'c) psi
and P ::(‘a,’d, 'c) psi
and o : 'a action

and P’ : (‘a,’b, 'c) psi
assumes PTrans: ¥ : Q > P =« < P’
and z v

and zfa

shows VU : (vz)Q > (vz)P =« < (vz)P’

(proof)
lemma weakPari:
fixes UV b
and R : (‘a, ', 'c) psi
and P ::(‘a,’b, 'c) psi
and o :: 'a action
and P’ ::(‘a,’d, 'c) psi
and Q ::(‘a,’d, 'c) psi
and Ag :: name list

and Tg :='b

assumes PTrans: ¥ ® Vg : R > P =a < P’
and  FrQ: extractFrame Q = (Ag, Ug)

and bn a fx Q

and Ag t*x W

and Ag i+ P

and Ag B «

and Ag xR

shows UV: R || Q> P || Q=a<P'| Q
(proof)

lemma weakPar2:
fixes U b
and R : (‘a,’b, c) psi
and @ ::('a,’db, ‘c) psi
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and M :'a

and zvec :: name list
and N :'a

and Q' : (‘a,’d, 'c) psi
and P :(‘a,’b, 'c) psi
and Ap :: name list
and Up =D

assumes QTrans: ¥ @ Up : R > Q —a < Q'
and FrP: extractFrame P = (Ap, ¥p)

and bn o x P

and Ap fix ¥

and Ap #x Q

and Ap #x «

and Ap 8% R

shows UV: P||R>P| Q=a<P| Q
(proof)

lemma weakComm1:

fixes UV b

and R : (‘a,’b, 'c) psi
and P ::(‘a,’b, 'c) psi
and o :: 'a action

and P’ ::(‘a,’d, 'c) psi
and Q ::(‘a,’d, 'c) psi
and Ag :: name list

and T¥g =D

assumes PTrans: ¥ @ Ug : R> P =M(N|) < P’
and  FrR: extractFrame R = (AR, UR)

and  QTrans: ¥ ® Yi > Q — K (vxavec)(N) < Q'
and FrQ: extractFrame Q = (Aqg, ¥Yg)

and MegK: ¥ @ Up @ Yo - M < K

and AR tx U

and AR fx P

and AR ﬁ* Q

and Ag tx R

and Ag fx M

and Agr #x Ag

and Ag fx VU

and Ag t* P

and Ag t* @

and Ag t* R

and Ag i+ K

and zvec §x P

shows ¥ > P || Q =, ((vxzvec)(P'| Q)
(proof)

151



lemma weakComm2:

fixes U :: b

and R :: (‘a, ', c) psi
and P :(‘a,’b, 'c) psi
and o :: a action
and P’ : (‘a,’b, 'c) psi
and Q ::(‘a,’d, 'c) psi
and Ag :: name list

and Vgo =D

assumes PTrans: ¥ @ Uy : R > P =M (v*zvec)(N) < P’
and  FrR: estractFrame R = (Agr, UR)

and QTrans: ¥ @ g > Q —K(N) < Q'
and FrQ: extractFrame Q = (Ag, ¥g)

and MegK: ¥V @ Up @ Vo - M < K
and AR tx U

and Ag % P

and AR tx Q

and AR i* R

and AR tx M

and AR fx Ag

and Ag i+ ¥

and Ag tx P

and Ag t* Q

and Ag t* R

and Ag tx K

and zvec fx Q

and zvec fx M

and  zvec fx Ag

and zvec fx AR

shows ¥ > P || Q =, ((vxzvec)(P' || Q')

(proof)
lemma framelImpIntComposition:
fixes ¥ ::'b
and V’': b
and Ap :: name list
and Up ::'b

assumes ¥ ~ U’

shows <AF7 U ® \I/F> —r <AF, U’ ® \I/F>

(proof)

lemma insertAssertionStatimp:
fixes F' :: 'b frame
and VU b
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and G :'b frame
and VU': ')

assumes FeqG: insertAssertion F ¥ —p insertAssertion G W
and U~ v’

shows insertAssertion F' W' < insertAssertion G ¥’
(proof)

lemma insertAssertionStatEq:
fixes F' :: 'b frame

and ¥ b
and G :'b frame
and U’': b

assumes FeqG: insertAssertion F ¥ ~p insertAssertion G ¥
and U~ J’

shows insertAssertion F' W' ~p insertAssertion G U’
(proof)

lemma weak TransitionStatEq:
fixes U b
and Q ::(‘a,’d, 'c) psi
and P ::(‘a,’d, 'c) psi

and o : 'a action
and P’ : (‘a,’b, 'c) psi
and U’ b

assumes PTrans: ¥ : Q > P =« < P’
and U~

shows ¥': Q> P —a < P’
(proof)

lemma transition WeakTransition:
fixes U b
and @ ::('a, ', ‘c) psi
and P ::(‘a,’b, 'c) psi
and « : 'a action
and P’ :(‘a,’d, 'c) psi
assumes ¥ > P —a < P’
and  insertAssertion(extractFrame Q) ¥ < insertAssertion(extractFrame P)

v

shows U : Q> P =« < P’
(proof)

153



lemma weakParlGuarded:

fixes U ::'b

and R : (‘a, 'd, 'c) psi
and P ::(‘a,’b, 'c) psi
and o :: a action
and P’ : (‘a,’b, 'c) psi
and @ ::('a,’'db, ‘c) psi

assumes PTrans: ¥ : R > P =« < P’
and bn a fx Q
and guarded @

shows V: (R|| Q> P Q=a<P'|Q

(proof)

lemma weakBang:
fixes U :: b
and R : (‘a, ', c) psi
and P ::(‘a,’d, 'c) psi
and o : 'a action
and P’ :(‘a,’b, 'c) psi
and @ ::('a, ', ‘c) psi

assumes PTrans: ¥ : R> P || |P =a < P’
and guarded P

shows ¥ : R > |P =—a < P’
(proof)

lemma weak TransitionFramelmp:
fixes UV b
and @ ::('a, ', 'c) psi
and P ::(‘a,’b, 'c) psi
and M :'a
and zvec :: name list
and N :'a
and P’ :('a,’b, 'c) psi
and R : (‘a, ', 'c) psi

assumes PTrans: ¥ : Q > P =« < P’
and insertAssertion(extractFrame R) U < g insertAssertion(extractFrame

Q) v

shows ¥ : Rp> P =—=a < P’
(proof)

lemma guardedFrameStatEq:
fixes P :: (‘a, 'b, 'c) psi
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assumes guarded P

shows extractFrame P ~p (g, 1)

(proof )

lemma weakGuarded Transition:
fixes U b
and Q ::(‘a,’d, 'c) psi
and P :(‘a,’d, 'c) psi
and o : 'a action
and P’ !

= (
= (

a, 'b, 'c) psi
a, 'b, 'c) psi

!

and R

assumes PTrans: ¥ : Q > P =« < P’
and guarded Q

shows U : 0 > P =a < P’
(proof)

lemma expandTauChainFrame:
fixes U :: 'b
and P :(a,’b, 'c) psi
and P’: ('a,’b, 'c) psi
and Ap :: name list
and Up ::'b
and C :: 'd:fs-name

assumes PChain: U > P = | P’

and  FrP: extractFrame P = (Ap, ¥p)
and distinct Ap

and Ap fx P

and Ap tx C

obtains V' Ap’ Up’ where extractFrame P' = (Ap’, Up'y and ¥p @ U/~ Up’
and Ap'fx P'and Ap’ 4 C and distinct Ap’

(proof )
lemma framelntImpComposition:
fixes U :: b
and ¥': b
and Ap :: name list
and Yrp:'b

assumes ¥ ~ ¥’

shows <AF7 U ® \I/F> —F <AF, U ® \I/F>
{proof )

lemma tauChainlnduct2]consumes 1, case-names TauBase TauStep]:
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fixes ¥ :: b
and P : (‘a,’d, 'c) psi
and P’: (‘a, 'd, 'c) psi

assumes PChain: ¥ > P =", P’

and  cBase: AP. Prop P P

and cStep: NP P’ P". [¥ > P' +—=7 < P"; U > P = . P’; Prop P P’
= Prop P P"

shows Prop P P’
(proof)

lemma tauStep ChainInduct2[consumes 1, case-names TauBase TauStep]:
fixes ¥ :: b
and P :: (‘a,’d, 'c) psi
and P’: (‘a,’b, 'c) psi

assumes PChain: ¥ > P =, P’/

and  cBase: AP PV > P+—7 < P'= Prop P P’

and  cStep: APP'P". [V > P +—7 <P U >P=, P Prop PP| =
Prop P P"

shows Prop P P’
(proof)

lemma weakTransfer TauChainFrame:

fixes Up :: b

and P :(a,'b, 'c) psi

and P’: (‘a, ’d, 'c) psi

and Ap :: name list

and Up:'b

and Ap :: name list

and Ag :: name list

and Vg b

assumes PChain: Up > P = | P’

and FrP: extractFrame P = (Ap, ¥p)

and distinct Ap

and FeqG: N\¥. insertAssertion ((Ap, ¥r ® Up)) U —p insertAssertion
(A, Y ® ¥p)) ¥

and Ap tx Vg

and Ag tx ¥

and Ag t*x Up

and Afp t* Ag

and Ap tx P

and Ag tx P

and Ap fx Ap

and Ap tx Ag

and Ap fix Up
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and Ap fix Ug
and Ap #x P

shows U > P = . P’

(proof)

coinductive quiet :: (‘a, 'b, 'c) psi = bool
where [V U. (insertdssertion (extractFrame P) ¥ ~p (g, ¥) A
(VRs. U > P+ Rs — (3P’ Rs =1 < P’ A quiet P')))] = quiet
P

lemma quietFrame:
fixes U :: b
and P ::(‘a,’d, 'c) psi

assumes quiet P

shows insertAssertion (extractFrame P) ¥ ~p (g, W)
(proof)

lemma quietTransition:
fixes ¥ :: /b
and P :(a,'b, 'c) psi
and Rs: (‘a, 'b, 'c) residual

assumes quiet P
and Up>P+— Rs

obtains P’ where Rs = 7 < P’ and quiet P’
(proof)

lemma quietEqut:
fixes P :: (‘a, 'b, 'c) psi
and p :: name prm
assumes quiet P
shows quiet(p « P)
(proof)

lemma quietOutput:

fixes U b
and P ::(‘a,’b, 'c) psi
and M :'a

and zvec :: name list
and N :'a
and P’ : (‘a,’b, 'c) psi
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assumes ¥ > P —— M (v*zvec)(N) < P’
and quiet P

shows Fulse

{proof)
lemma quietInput:
fixes U :: b
and P : (‘a, ’d, 'c) psi
and M :'a
and N :'a

and P’: ('a,'b, 'c) psi

assumes ¥ > P — M(N|) < P’
and quiet P

shows Fulse
(proof)

lemma quietTau:
fixes U :: 'b
and P :(a,’b, 'c) psi
and P’: ('a,’b, 'c) psi

assumes ¥ > P —7 < P’
and  insertAssertion (extractFrame P) ¥ ~p (e, ¥)
and quiet P

shows quiet P’
(proof)

lemma tauChainCases[consumes 1, case-names TauBase TauStep]:
fixes U :: b
and P :(a,'b, 'c) psi
and P’: (‘a, ’d, 'c) psi
assumes ¥ > P — . P’
and P = P' = Prop
and VYp> P—, P = Prop

shows Prop

(proof)

end
end

theory Weak-Simulation
imports Simulation Tau-Chain
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begin
context env begin

definition
weakSimulation :: 'b = ('a, 'b, 'c) psi =
('b x ('a, 'b, 'c) psi x ('a, 'b, 'c) psi) set =
(‘a, 'b, 'c) psi = bool (s- > - ~<-> - [80, 80, 80, 80] 80)
where
Up>Pw<Rel>Q=NVIVaQ V> Qr—a<Q —bmaifx¥ — bna
f*x P— a#717—
@GP U:Q>P=a<P'A@P. U@V >P'=, P
A (T ® U/ P Q) € Rel))) A
VQ. U > Q1 <Q — (AP .U >P =", P'A (T, P
Q') € Rel))

abbreviation
weakSimulationNilJudge (<- ~><-> - [80, 80, 80] 80) where P ~»<Rel> @ =
SBottom’ 1> P ~»<Rel> Q

lemma weakSimlI[consumes 1, case-names cAct cTau]:
fixesU :'b
and P : (‘a,'b, 'c) psi
and Rel :: ('b x (Ya, 'b, 'c) psi x (‘a, b, 'c) psi) set
and Q : (‘a,’d, 'c) psi
and C :: 'd:fs-name

assumes FEqut: equt Rel
and rAct: AV a Q. [¥ > Qr—a < Q) bnatxV; bnatx P;bnalx Q;
bn a f* subject a; bn « fx C; distinct(bn o); o # 7] =

PV :Q>P=a<P'ANEBP. YRV '>P'=,
P'A (¥ ® W', P', Q) € Rel)
and  rTaw: NQ. ¥ > Q1< Q' = IP. U > P =", P'A (T, P, Q)
€ Rel

shows ¥ > P ~~»<Rel> @
(proof)

lemma weakSimI2|case-names cAct c¢Tau:
fixes U b
and P : (‘a, ', c) psi
and Rel :: ('b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and @ : (‘a, 'd, 'c) psi
and C : 'd:fs-name

assumes rOutput: AV « Q' [¥ > Q —a < Q5 bn atx U; bn a ix P; a #

7] =
PV :Q> P=a<P'ANEP. ¥V > P
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=, P'AN (Y ®V, P, Q" €E Rel)
and rTau: NQ. V> Q+—7<Q = IP. U >P= , P' AV, P, Q)
€ Rel

shows ¥ > P ~~»<Rel> @
(proof)

lemma weakSimIChainFresh[consumes 4, case-names cOutput cInput]:
fixes U = 'b
and P :(‘a,’b, 'c) psi
and Rel :: ('b x ('a, b, 'c) psi x ('a, 'b, 'c) psi) set
and @ ::('a,’db, ‘c) psi
and yvec :: name list
and C : 'd:fs-name

assumes FEqut: equt Rel

and yvec fx U

and yvec §x P

and yvec fx @

and rAct: AV a Q. [¥ > Q+—a < Q5 bnafx U; bnatx P; bn o fx Q
o # T

i U] =

bn a #x subject a; bn a tx C; yvec #x a; yvec x Q'; yvec

APV :Q>P=a<P'ANEBP. ¥RV > P'= .
P'A (¥ ® W, P, Q') € Rel)
and  rTou: NQ". [V > Q —7 < Q' yvec tx Q] = IP. ¥ > P =, P’
A (T, P, Q") € Rel

shows ¥ > P ~»<Rel> @Q
(proof )

lemma weakSimIFresh|consumes 4, case-names cAct cTaul:
fixes U ::'b
and P : (‘a, ', c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and Q : (‘a,’b, 'c) psi
and <z : name
and C :: 'd:fs-name

assumes FEqut: equt Rel

and z v
and zfP
and z4 @

and Ao Q' V. [¥D> Qr—a<Q;bnalxP;bnatxP;bnafx Q; a#T;
bn « fx subject o; bn afix C;z s 2 Q24 V] =
JP" ¥ : Q> P=a<P'ABP. Y@V > P'= | P
A (T @ P Q" E Rel)
and AQ. [¥Yp>Qr—7<Q74Q]=3P.V>P= P A P,
Q") € Rel
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shows ¥ > P ~»<Rel> @Q
(proof )

lemma weakSimE:
fixes ' b
and P : (‘a,'b, 'c) psi
and Rel :: ('b x (Ya, 'b, 'c) psi x (‘a, b, 'c) psi) set
and Q : (‘a,’d, 'c) psi

assumes U > P ~»<Rel> @

shows AU/ a Q. [¥ > Q+—a < Q;bnatxV; bnafx P;a #17] =
AP". ¥ : Q> P=a<P'ANBP. ¥ QU >P'=,
P'A (¥ ® W, P, Q') € Rel)
and AQ. ¥ D> Q+—=7<Q =3P .V >P=, P A, P, Q)c Rel
(proo)

lemma weakSimClosed Auz:
fixes U b
and P : (‘a, ', c) psi
and Rel :: ('b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and @ : (‘a, 'd, 'c) psi
and p :: name prm

assumes FqutRel: equt Rel
and PSim@: ¥ > P ~<Rel> @

shows (p - ) > (p - P) ~<Rel> (p - Q)
{(proof )

lemma weakSimClosed:
fixes U :: b
and P : (‘a, ', 'c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and Q : (‘a,’b, 'c) psi
and p :: name prm

assumes FEqutRel: equt Rel

shows U > P ~»<Rel> Q = (p-¥) > (p - P) ~<Rel> (p - Q)
and P ~~<Rel> Q@ = (p - P) ~<Rel> (p - Q)
(proof)

lemma weakSimReflexive:
fixes Rel :: (b x (‘a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and ¥ b
and P : (‘a, ', 'c) psi
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assumes {(¥, P, P) | ¢ P. True} C Rel

shows U > P ~»<Rel> P

(proof)

lemma weakSimTauChain:
fixes U = 'b
and Q : (‘a,’d, ’c) psi
and Q' : (’ , 'c) psi

= (Ya, b
and P : (‘a, ', 'c) psi
and Rel :: ('b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set

assumes ¥ > Q — , Q'
and (¥, P, Q) € Rel
and  Sim: AU’ RS. (U, R, S) € Rel = U’ > R ~~»<Rel> S

obtains P’ where ¥ > P = . P’ and (V, P/, Q') € Rel
(proof)

lemma weakSimFE2:
fixes ¥ ::'b
and P : (‘a, ', 'c) psi
and Rel :: ('b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and Q : (‘a,’d, 'c) psi

assumes PRelQ: (U, P, Q) € Rel

and  Sim: AU’ R S. (P, R, S) € Rel = U’ > R ~»<Rel> S
and QTrans: ¥ : R> Q —a < Q'

and bn o fx ¥

and bn o 4+ P

and aFET

obtains P’ P’ where V : R> P =—=a < P"and ¥ ® ¥'> P’ =", P'and
(U ® U, P, Q') € Rel

(proof)
lemma weakSim Transitive:
fixes ¥ )
and P = (‘a,'b, 'c) psi
and Rel v x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set

(
and Q ::(‘a, b, 'c) psi
and Rel’ :: ('b x (‘a, b, 'c) psi x ('a, 'b, 'c) psi) set
and T : (‘a,’b, 'c) psi
and Rel” :: ('b x ('a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes PRelQ: (¥, P, Q) € Rel

and QSimR: ¥ > Q ~<Rel’> R

and  Equt: equt Rel”

and  Set: {(¥, P, R) | ¥ PR.3Q. (U, P, Q) € Rel A (¥, Q, R) € Rel’} C
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Rel”
and Sim: AU'RS. (U, R, S) € Rel = U' > R ~<Rel> §

shows ¥ > P ~~<Rel"”"> R

(proof)

lemma weakSimStatEq:
fixes U :: b
and P : (‘a,’b, c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and @ : (‘a, 'd, 'c) psi
and ¥’ b

assumes PSim@Q: ¥ > P ~~»<Rel> @

and equt Rel’

and U~

and Cl1: N/ RS " [(V, R, S) € Rel; V"'~ 0] = (¥, R, S) € Rel’

shows ¥/ > P ~~<Rel> @

(proof)
lemma weakSimMonotonic:
fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi
and A : (b x (Ya, b, 'c) psi x (‘a, 'b, 'c) psi) set
and Q = (‘a, 'b, 'c) psi
and B : (b x (‘a, b, 'c) psi x ('a, 'b, 'c) psi) set

assumes ¥ > P ~»<A> Q
and ACB

shows ¥ > P ~~<B> @
(proof)

lemma strongSim WeakSim:
fixes U :: b
and P : (‘a, ', c) psi
and @ : (‘a, 'd, 'c) psi
and Rel :: ('b x ('a, 'b, c) psi x (‘a, 'b, c) psi) set

assumes PRelQ: (U, P, Q) € Rel

and StatImp: AP’ R S. (U, R, S) € Rel = insertAssertion(extractFrame
S) U’ —p insertAssertion(extractFrame R) ¥’

and Sim: AU’ RS. (P R,S) € Rel = V' 1> R ~[Rel] S

and Ext: AU RSU". (V) R,S) € Rel = (¥'® V" R, S) € Rel

shows ¥ > P ~~»<Rel> @
(proof)
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lemma strongAppend:

fixes U = 'b

and P ('a, 'b, 'c) psi

and Q :: (‘a, ', c) psi

and R 2 (Ya, b, c) psi

and Rel : (b x (‘a, b, 'c) psi x ('a, 'b, 'c) psi) set

and Rel’” :: (b x (Ya, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
(

and Rel” :: ('b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set

assumes PSim@Q: ¥ > P ~»<Rel> @

and QSimR: ¥ > @Q ~~[Rel] R

and Equt': equt Rel”

and RimpQ: insertAssertion (extractFrame R) ¥ < insertAssertion (extractFrame
Q) v

and Set: {(¥, P, R) | P PR.3Q. (¥, P, Q) € Rel A (¥, Q, R) € Rel’} C
Rel”

and CI: N\U PQU' (¥, P, Q) € Rel'—= (V@ U/, P, Q) € Rel’

shows ¥ > P ~~<Rel"”"> R
(proof )

lemma quietSim:
fixes ¥ :: b
and P :: (‘a, ’d, 'c) psi

assumes quiet P
and equt Rel
and cQuiet: \P. quiet P = (¥, 0, P) € Rel

shows ¥ > 0 ~»<Rel> P

{(proof)

end
end

theory Weak-Stat-Imp
imports Tau-Chain
begin

context env begin

definition
weakStatImp :: 'b = ('a, 'b, 'c) psi =
('b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set =
("a, 'b, 'c) psi = bool («- > - Z<-> - [80, 80, 80, 80] 80)
where ¥ > P S<Rel> Q = VU 3Q' Q". ¥ > Q = , Q' A insertAsser-
tion(extractFrame P) ¥ —p insertAssertion(extractFrame Q') ¢ AN ¥ @ U/ > Q'
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=, Q"N (¥ ® V', P, Q") € Rel

lemma weakStatImpMonotonic:

fixes ¥ :: b

and P : ('a, ', 'c) psz’

and A: (b >< (’ ‘'c) psi x (‘a, b, 'c) psi) set
and @ : (‘a, ) psz

and B : (b x ( ‘c) psi x ('a, 'b, 'c) psi) set
assumes ¥ > P S<A> @

and ACB

shows ¥ > P S<B> @
(proof )

lemma weakStatImpl|case-names cStatImp):
fixes ¥ :: b
and P :: (‘a, ’d, 'c) psi
and Rel :: ('b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and Q : (‘a,’b, 'c) psi
and U':'b

assumes AU’ 3Q’ Q". ¥ > Q = , Q' A insertAssertion(estractFrame P) W
< r insertAssertion(extractFrame Q) VAV @ U'> Q' = , Q" AN (¥ @ ¥/, P,
Q") € Rel

shows ¥ > P S<Rel> Q
(proof)

lemma weakStatImpFE:
fixes ¥ :: b
and P : ('a, ', 'c) psi
and Rel :: ('b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and Q : (‘a,’d, 'c) psi
and VU’

assumes ¥ > P S<Rel> @

obtains Q' Q" where ¥ > Q = , Q' and insertAssertion(extractFrame P)
U < insertAssertion(extractFrame Q') ¥ and ¥ @ ¥/ > Q' = , Q" and (¥
® W', P, Q") € Rel

(proof)

lemma weakStatImp Closed:
fixes U :: b
and P : (‘a, ', c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and @ : (‘a, 'd, 'c) psi
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and p :: name prm

assumes FEqutRel: equt Rel
and PStatImp@: ¥ > P S<Rel> Q

shows (p - ¥) > (p - P) S<Rel> (p - Q)
(proof)

lemma weakStatImpReflexive:
fixes Rel :: (b x ('a, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and ¥ b
and P : (‘a,’b, 'c) psi
assumes {(U, P, P) | ¥ P. True} C Rel

shows ¥ > P S<Rel> P

(proof)
lemma weakStatImp Transitive:
fixes ¥ = 'b
and P (‘a, '), ¢ psz’
and Rel ('b >< (’ ‘c) psi x (‘a, 'b, 'c) psi) set
and @ : (‘a, ) psz
and Rel’ :: (b >< (’ ‘c) psi x ('a, 'b, 'c) psi) set
and R : (‘a )psz
and Rel” :: ('b x ( ‘c) psi x ('a, 'b, 'c) psi) set

assumes PStatImpQ: U > P T<Rel> Q

and  QRelR: (¥, Q, R) € Rel’

and  Set: {(¥/, S, U) | W' SU.3IT. (¥, S, T) € Rel A (¥', T, U) € Rel'}
C Rel”

and CI:AY'ST. (9,5, T)€ Rel'= V'>8 S<Rel’>T

and C2: AU/ STS.[(¥,S, T)€Rel; W' > S =, 8= 3T ¥ >
T= ,T A (¥, S T € Rel

shows ¥ > P S<Rel”> R

(proof)

lemma weakStatImpStatEq:
fixes U :: b
and P : (‘a,’b, c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and @ : (‘a, 'd, 'c) psi
and ¥’ b

assumes PSimQ: U > P S<Rel> Q

and U~ y’
and Cl: A" RSU". [(V, R, S) € Rel; V"'~ V"] = (¥, R, S) € Rel’
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shows ¥/ > P S<Rel> Q
(proof)

lemma statImp WeakStatImp:
fixes U ::'b
and P : (‘a, ', 'c) psi
and @ : (‘a, 'd, 'c) psi
and Rel :: ('b x (Ya, 'b, 'c) psi x (‘a, b, 'c) psi) set

assumes PImpQ: insertAssertion(extractFrame P) U < insertAssertion(extractFrame

Qv
and CI1: \U'. (U ® U/, P, Q) € Rel

shows ¥ > P S<Rel> Q

(proof)

end
end

theory Bisimulation
imports Simulation
begin

context env begin

lemma monoCoinduct: Nz y za xb xzc P Q V.
<y —
(¢ > Q ~[{(zc, b, za). x zc zb za}] P) —
(¥ > Q ~[{(ab, za, zc). y zb za zc}] P)
(proof)

coinductive-set bisim :: (b x (‘a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
where
step: [(insertAssertion (extractFrame P)) VU ~p (insertAssertion (extractFrame
Q) ¥);
U > P ~»[bisim] Q;
VUL (T P, P, Q)€ bisim; (U, Q, P) € bisim] = (U, P, Q) € bisim
monos monoCoinduct

abbreviation

bisimJudge (¢<- > - ~ -» [70, 70, 70] 65) where ¥ > P ~ Q = (U, P, Q) €
bisim
abbreviation

bisimNilJudge (<- ~ -» [70, 70] 65) where P ~ Q = SBottom’' > P ~ Q

lemma bisimCoinductAuz[consumes 1]:

fixes F' :: b
and P : ('a, ', 'c) psi
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and @ :: (‘a, 'b, 'c) psi
and X :: ('b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes (U, P, Q) € X
and A¥ P Q. (¥, P, Q) € X = insertAssertion (extractFrame P) U ~p
insertAssertion (extractFrame Q) ¥ A
(U > P ~[(X U bisim)] Q) A
VI (T U, P QeXV(PeU, P Q) e
bisim) A
(T, Q, P) € X V (U, Q, P) € bisim)

shows (U, P, Q) € bisim
(proof)

lemma bisimCoinduct[consumes 1, case-names cStatEq cSim cExt cSym):
fixes F :: b
and P : ('a, ', 'c) psi
and Q :: (‘a, 'b, 'c) psi
and X :: (b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes (U, P, Q) € X

and AY'RS. (V' R, S) € X = insertAssertion (extractFrame R) U’ ~p
insertAssertion (extractFrame S) U’

and AU'RS. (¥, R,S)eX = V' R~[(XU bisim)] S

and AU/ RSU"” (U, R, S)eX= (0&U" R S)eXV (U eU"R,
S) € bisim

and AU'RS. (V' R S)eX= (V)S, R)eXV (V'S R)E bisim

shows (U, P, Q) € bisim
(proof)

lemma bisim WeakCoinductAux|consumes 1]:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and X :: (b x (‘a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set

assumes (U, P, Q) € X
and A¥ P Q. (¥, P, Q) € X = insertAssertion (extractFrame P) U ~p
insertAssertion (extractFrame Q) ¥ A
U > P~[X QA
V. (TU, P, Q) eX) A Q P)eX

shows (U, P, Q) € bisim
(proof)

lemma bisim WeakCoinduct[consumes 1, case-names c¢StatEq cSim cExt ¢Sym|:
fixes F :: b
and P : ('a, ', 'c) psi
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and @ :: (‘a, 'b, 'c) psi
and X :: ('b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes (U, P, Q) € X

and A¥ P Q. (¥, P, Q) € X = insertAssertion (extractFrame P) U ~p
insertAssertion (extractFrame Q) W

and AUPQ. (U,P,Q)e X = U P~[X]Q

and AV PQU. (V,P,QeX= (IPxU P Q) cX

and AUPQ (U,P, Q) eX= (V,0Q P)eX

shows (U, P, Q) € bisim
(proof )

lemma bisimkFE:
fixes P :: (‘a, 'b, 'c) psi
and @ : (‘a, b, 'c) psi
and ¥ b
and U’: '

assumes (U, P, Q) € bisim

shows insertAssertion (extractFrame P) W ~p insertAssertion (extractFrame Q)
v

and U > P ~[bisim] Q

and (¥ ® U/, P, Q) € bisim

and (¥, Q, P) € bisim
(proof)

lemma bisiml:
fixes P :: (‘a, 'b, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and VY : b

assumes insertAssertion (extractFrame P) U ~p insertAssertion (extractFrame

Qv
and U > P ~~[bisim] Q
and VU (¥ ® ¥/ P, Q)€ bisim
and (U, @, P) € bisim

shows (U, P, Q) € bisim
(proof)

lemma bisimReflexive:

fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi

shows ¥ > P ~ P
(proof)
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lemma bisimClosed:
fixes ¥ :: b
and P :: (‘a, 'd, 'c) psi
and @ :: (‘a, b, 'c) psi
and p :: name prm

assumes PBisim@: ¥V > P ~ @

shows (p-¥)> (p-P)~(p- Q)
(proof)

lemma bisimEqut[simp]:
shows equt bisim

(proof)

lemma statFEqBisim:
fixes U :: 'b
and P : (‘a, ’d, 'c) psi
and Q : (‘a, 'd, 'c) psi
and U’':'b

assumes ¥ > P ~ @
and U~ U’

shows U/ > P ~ @
(proof)

lemma bisim Transitive:
fixes ¥ :: b
and P :: (‘a, b, 'c) psi
and @ :: (‘a, b, 'c) psi
and R : ('a, ', 'c) psi

assumes PQ: V> P ~ @)
and QR: V> Q ~R

shows ¥ > P ~ R
(proof)

lemma weak Transitive Coinduct|case-names cStatEq cSim cExt cSym, case-conclusion
bisim step, consumes 2]:

fixes U :: b

and P : ('a, ', ‘c) psi

and Q : (‘a, 'b, 'c) psi

and X :: (b x (“a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes p: (U, P, Q) € X
and FEqut: equt X

170



and rStatEq: A\¥ P Q. (¥, P, Q) € X = insertAssertion (extractFrame P) W
~p insertAssertion (extractFrame @) U
and rSim: AU P Q. (U, P, Q) e X =9 > P ~[({(¥,P, Q) | Y PP Q' Q.
Up>P~PA
(T, P, Q) e X A
U Q' ~ Q)] Q
and rExt: AP PQU. (¥, P, Qe X = (YU, P Q) X
and rSym: AV P Q. (¥, P, Q) e X = (¥, Q, P) e X

shows ¥ > P ~ ()
(proof )

lemma weak Transitive Coinduct’[case-names cStatEq cSim cExt cSym, case-conclusion
bisim step, consumes 2]:

fixes U :: b

and P : ('a,'b, 'c) psi

and @ :: (‘a, 'b, 'c) psi

and X :: ('b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes p: (U, P, Q) € X
and Equt: equt X
and rStatEq: \V P Q. (¥, P, Q) € X = insertAssertion (extractFrame P) U
~p insertAssertion (extractFrame @) U
and rSim: AU P Q. (U, P, Q) € X = U > P ~[({(¥, P, Q)| ¥ P P' Q' Q.
Up>P~PA
(T, P, Q) e X A
U@~ Q) Q
and rEzt: N\U P QU (U, P, Q)€ X = (U@ U, P, Q) € X
and rSym: AV P Q. (¥, P, Q) € X =
(T, Q,P) € {(U, P, Q)| ¥ PP' Q' Q. ¥ > P~ P AT, P
RNEXNT > Q' ~ @}

shows ¥ > P ~ @
(proof)

lemma weak Transitive Coinduct''[case-names cStatEq cSim cExt cSym, case-conclusion
bisim step, consumes 2]:

fixes U :: 'b

and P : ('a, ', 'c) psi

and Q :: (‘a, 'b, 'c) psi

and X :: (b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes p: (U, P, Q) € X
and FEqut: equt X
and rStatEq: AV P Q. (¥, P, Q) € X = insertAssertion (estractFrame P) W
~p insertAssertion (extractFrame @) U
and rSim: N¥ P Q. (¥, P, Q) € X = U > P ~[({(¥, P, Q) | ¥ P P’ Q' Q.
Up>P~P A
(T, P, Q)e XA
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U Q' ~ Q)] Q
and rExt: AU PQU'. (¥, P, Q) e{(V,P, Q)| Y PP Q' Q. ¥Y1>P~ P'A
(I, P, QNeXANT>Q ~ Q=
(TRU, P, Q) e{(V,P,Q)| VPP Q Q. U¥1>P~PA

(T, P, QN e XANT > Q' ~ Q}
and rSym: AU P Q. (U, P, Q) e {(¥,P, Q) |V PP Q Q. ¥1>P~P A
(\IjaAP/aQI)GAX/\\IIDQlf\/Q}:>

(U, Q, P)e{(¥,P, Q)| VPP Q QU 1>P~P AT, P,
QeXAT>Q ~ Q)

shows U > P ~ @)
(proof)

lemma transitiveCoinduct|[case-names cStatEq cSim cExt ¢Sym, case-conclusion
bisim step, consumes 2]:

fixes U :: b

and P : ('a, ', 'c) psi

and Q :: (‘a, 'b, 'c) psi

and X :: (b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes p: (U, P, Q) € X
and FEqut: equt X
and rStatEq: NV’ R S. (¥, R, S) € X = insertAssertion (extractFrame R) ¥’
~p insertAssertion (extractFrame S) ¥’
and rSim: AU/ R S. (P, R, S) e X = U'> R ~[({(V,R,S)| V' RR'S'
S.¥'>R~R'A
(¥, R, SYeXVI'>
R~ 8) A
U S~ 8 S
and rExt: AP RS U (U, R, S)e X = (P'QU" R, S)eXVvIeu”
>R~S
and rSym: AP R S. (W, R, S)e X = (V' S, R) e X VUV ' >S5 ~R

shows ¥ > P ~ @
(proof)

lemma transitiveCoinduct’[case-names c¢StatEq ¢Sim cExt ¢Sym, case-conclusion
bisim step, consumes 2]:

fixes ¥ :: b

and P :: (‘a, ’d, 'c) psi

and Q :: (‘a, 'b, 'c) psi

and X :: (b x ('a, b, 'c) psi x ('a, 'b, 'c) psi) set

assumes p: (U, P, Q) € X

and Fqut: equt X

and rStatEq: AV P Q. (¥, P, Q) € X = insertAssertion (extractFrame P) ¥
~p insertAssertion (extractFrame Q) ¥

and rSim: AV P Q. (U, P, Q) e X = U > P~[{(T,P,Q)|¥ PP Q Q.
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Up>P~PA
(¥, P, Q) € (XU
U Q' ~Q})
and rBrt: A\UP QU (U, P, Q)e X —= (V@ U, P, Q) e XVU QU > P
~Q
and rSym: AV P Q. (¥, P, Q) € X =
(¥, Q P)e{(V, P, Q)| ¥ PP QQY¥rP~P AP,
QR € (X Ubisim)) NU > Q' ~ Q}

bisim) A
]

shows ¥ > P ~ ()
(proof )

lemma bisimSymmetric:
fixes U :: b
and P :: (‘a, b, 'c) psi
and @ :: (‘a, b, 'c) psi

assumes ¥ > P ~ @)

shows ¥ > Q ~ P
(proof)

lemma equt Trans[intro):
assumes equt X

shows equt {(¥, P, Q) | YV PP Q' Q. IV >P~P A((T,P,Q)eXVI
P ~QNYANT D> Q ~ Q}
(proof)

lemma equt Weak Trans|intro):
assumes equt X

shows equt {(U, P, Q)| Y PP Q' Q. Y >P~P AU, P,Q)eXANTD>
Q' ~ Q}
(proof)
end
end
theory Sim-Pres
imports Simulation
begin
context env begin
lemma inputPres:

fixes U b
and P :: (‘a,’b, 'c) psi
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and Rel :: ('b x ('a, b, 'c) psi x ('a, 'b, 'c) psi) set
and @ :: (‘a,’d, 'c) psi

and M :'a

and zvec :: name list

and N :'a

assumes PRelQ: \Tvec. length xvec = length Tvec =—> (¥, Plzvec::=Tvec],
Q[zvec::=Tvec]) € Rel

shows U > M(Axzvec N|).P ~~[Rel] M(Axzvec N|).Q
(proof)

lemma outputPres:
fixes U = 'b
and P :(‘a,’b, 'c) psi
and Rel :: ('b x ('a, 'b, ') psi x ('a, 'b, 'c) psi) set
and @ ::('a,’'db, ‘c) psi
and M :'a
and N =:'a

assumes PRelQ: (U, P, Q) € Rel

shows U > M(N).P ~[Rel] M(N).Q
(proof)

lemma casePres:
fixes U b
and CsP : (‘¢ x (‘a, 'b, 'c) psi) list
and Rel :: (b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and CsQ :: (‘c x (Ya, b, 'c) psi) list
and M :'a
and N :'a

assumes PRel@: Ny Q. (¢, Q) mem CsQ = I P. (¢, P) mem CsP A guarded
P A (U, P, Q) € Rel

and  Sim: AU/ RS. (U, R, S) € Rel = U’ > R ~~[Rel] S

and Rel C Rel’

shows U > Cases CsP ~~[Rel’] Cases CsQ
(proof)

lemma resPres:
fixes U b
and P ::(‘a,’b, 'c) psi
and Rel :: (b x (‘a, b, 'c) psi x (‘a, 'b, 'c) psi) set
and Q ::(‘a,’d, 'c) psi
and =z : name
and Rel’:: (b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
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assumes PSimQ: ¥ > P ~~[Rel] Q

and equt Rel’

and z v

and Rel C Rel’

and C1: AU/ RSy [(¥,R,S)€ Rel; yi V] = (¥, (vy)R, (vy)S) €
Rel’

shows W > (vz)P ~[Rel’] (vz)) Q
(proof)

lemma resChainPres:
fixesU b
and P ::(‘a,’d, 'c) psi
and Rel :: (b x (‘a, b, 'c) psi x (‘a, 'b, 'c) psi) set
and Q :(‘a,’d, ‘c) psi
and zvec :: name list

assumes PSimQ: ¥ > P ~~[Rel] Q

and equt Rel

and zvec fx U

and C1: AV RSy [(¥,R,S) € Rel; yi V] = (¥, (vy)R, (vy)S) €
Rel

shows U > (vxzvec|)P ~~[Rel| (vxzvec) Q
(proof)

lemma parPres:

fixes ¥ b

and P ::(‘a,’d, 'c) psi
and Rel :: (b x (‘a, b, 'c) psi x (‘a, 'b, 'c) psi) set
and Q ::(‘a,’d, 'c) psi
and R : (‘a,’b, c) psi
and Rel’:: ('b x ('a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes PRelQ: NAr Yg. [extractFrame R = (Ag, Ug); Ar #x U; Ag fx P;
ARﬁ*Q]]:>(\II®\I’R,P,Q>ER€l

and Equt: equt Rel

and  Equt”: equt Rel’

and  StatImp: AU’ S T. (¥, S, T) € Rel = insertAssertion (extractFrame
T) V' —F insertAssertion (extractFrame S) U’

and Sim: AU ST. (9,5, T)€ Rel = V' 1> 8§ ~[Rel] T

and Ext: AU/ ST U [(V, S, T) € Rel] = (¥' @ U", S, T) € Rel

and Cl1: NV ST Ay 9y U. (Y ® Yy, S, T) € Rel; extractFrame U =
(Ay, Uy); Ay % W% Ay #x S; Ay 8« T] = (9, S | U, T || U) € Rel

and  C2: AU’ S T avec. [(P', S, T) € Rel’; avec §x U] = (¥', (vxzvec)S,
(vxzvec)T) € Rel’
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and  C3: \U' S T " [(U, S, T) € Rel; U/ ~ U] = (U", S, T) € Rel

shows U > P || R ~[Rell Q|| R
(proof )

unbundle no relcomp-syntax
lemma bangPres:

fixes U :: b

and P ::(‘a,’d, 'c) psi

and Q ::(‘a,’d, 'c) psi

and R : (‘a,’b, c) psi

and Rel :: ('b x ('a, b, 'c) psi x ('a, 'b, 'c) psi) set
and Rel’:: ('b x ('a, b, 'c) psi x ('a, 'b, 'c) psi) set

assumes (U, P, Q) € Rel
and equt Rel’
and guarded P
and guarded @
and  cSim: A\U'ST. (9, S, T) € Rel = V' > S ~[Rel] T
and  cEzt: NV ST U (U, S, T)€ Rl = (V'@ 9", S, T) € Rel
and eSym: NV S T. (0,5, T) € Rel = (V', T, S) € Rel
and  StatEq: NU' S T U". [(U', S, T) € Rel; W' ~ U] = (0", 8, T) €
Rel
and Closed: N\U' S T p. (¢', S, T) € Rel = ((p::name prm) - ¥/, p - S, p
- T) € Rel
and  Assoc: AU/ STU. (O, S| (T|U),S| T)| U)e Rel
and  ParPres: N\OV' ST U. (9,5, T) € Rel = (¥, S| U, T|| U) € Rel
and  FrameParPres: A\O' Uy ST U Ay. [(V' ® Uy, S, T) € Rel; extractFrame
U= (Au, Yu); Au = O5 Ay §x S; Ay i+ T] =
(U || S, U|| T) € Rel
and  ResPres: AU’ S T avec. [(¥', S, T) € Rel; zvec fx U] = (U, (v*avec) S,
(v*avec) T) € Rel
and  ScopeEzt: Nzvec V' S T. [zvec f§x U'; zvec $x T = (¥, (vxzvec|) (S ||
T), ((v*xzvec)S) | T) € Rel
and Trans: AU’ S T U. [(¥', S, T) € Rel; (¥, T, U) € Rel] = (¥', 9,
U) € Rel
and Compose: NU' S T U O. [(¥', S, T) € Rel; (¥, T, U) € Rel’; (¥, U,
0O) € Rel] = (¥, S, O) € Rel’
and C1: N STU.[(V,S, T) € Rel; guarded S; guarded T] = (¥, U ||
1S, U || !T) € Rel’
and Der: AU/ Sa S’ T.[V' > IS +—a =< 8% (¥, S, T) € Rel; bn a fx ¥
bn a i+ S; bn a fx T; guarded T; bn « §* subject o] =
IT' U 0. U 1T —a < T'A (T, 8, U S)
€ Rel AN (¥, T, O||'T) € Rel A
(U, U, O) € Rel A ((supp U)::name set) C
supp S’ A
((supp O)::name set) C supp T’

shows U > R || |P ~[Rell R || 'Q
(proof)
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unbundle relcomp-syntaz
end

end

theory Bisim-Pres
imports Bisimulation Sim-Pres
begin

context env begin

lemma bisimInputPres:
fixes U b
and P ::(‘a,’d, 'c) psi
and Q :(‘a,’d, ‘c) psi
and M :'a
and zvec :: name list

and N =g
assumes /\ Tvec. length zvec = length Tvec = U 1> Plavec::=Tvec] ~ Q[zvec::= Tvec]

shows U > M(Asxzvec N|).P ~ M(Axzvec NJ).Q
(proof)

lemma bisimQutputPres:
fixes U :: b
and P : (‘a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi
and M :'a
and N :'a

assumes ¥V > P ~ @

shows U > M(N).P ~ M(N).Q
(proof)

lemma bisimCasePres:
fixes U ::'b
and CsP :: (‘c x (Ya, 'b, 'c) psi) list
and CsQ :: (‘e x ("a, 'b, 'c) psi) list

assumes Ay P. (p, P) mem CsP = 3 Q. (¢, Q) mem CsQ A guarded Q@ N ¥
> P~ Q

and Ag¢ Q. (¢, Q) mem CsQ = IP. (¢, P) mem CsP A guarded P N ¥ 1>
P~ Q

shows ¥ > Cases CsP ~ Cases CsQ
{proof)
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lemma bisimResPres:
fixes ¥ :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and z :: name

assumes ¥ > P ~ @
and z v

shows ¥ > (vz)P ~ (vz)Q
(proof)

lemma bisimResChainPres:
fixes U b
and P :(‘a,’b, 'c) psi
and @ ::('a, ', 'c) psi
and zvec :: name list

assumes ¥ > P ~ ()
and zvec fx U

shows U > (vxzvec) P ~ (vxzvec) @
(proof)

lemma bisimParPresAux:

fixes ¥ ::'b

and Ug:'b

and P :(a,'b, 'c) psi
and Q : (‘a, 'd, 'c) psi
and R : (‘a, b, 'c) psi
and Apg :: name list

assumes ¥V @ Vp > P ~ ()

and  FrR: estractFrame R = (Agr, UR)
and AR tx U

and AR fx P

and AR ﬁ* Q

shows UV > P || R~ Q| R
(proof)

lemma bisimParPres:
fixes ¥ :: /b
and P : ('a, ', ‘c) psi
and Q : (‘a, 'b, 'c) psi
and R : (‘a, 'd, 'c) psi

assumes ¥ > P ~ ()
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shows UV > P||R~ Q| R
(proof)

end
end

theory Sim-Struct-Cong
imports Simulation
begin

lemma partitionListLeft:
assumes rsQys=zs'Qy#ys’
and Yy mem x$
and  distinct(zsQys)

obtains zs where zs = zs'Qy#zs and ys'=zsQys
(proof )

lemma partitionListRight:
assumes rsQys=zs'Qy#tys’
and Yy mem ys
and  distinct(zsQys)

obtains zs where zs’ = 1sQzs and ys=zsQy#ys’

(proof)

context env begin

lemma resComm:

fixes U =D
and z :: name
and y : name

and Rel :: ('b x (Ya, 'b, 'c) psi x ('a, b, 'c) psi) set
and P :: (‘a, ', c) psi

assumes ¢ §f ¥

and ytw

and equt Rel

and RI1: AUV Q. (¥, Q, Q) € Rel

and R2: AV 'ab Q. [afd¥;504 V] = (¥, (va)((vd)Q), (vb)((ra)Q)) €
Rel

shows U > (vz)((vy)P) ~[Rel] (vy)((vz)P)
(proof)

lemma parAssocLeft:

fixes U :: b
and P : (‘a, ', 'c) psi
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and @ : (‘a, 'd, 'c) psi
and R : ('a,’d, 'c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes equt Rel

and CLAVSTU. (9, (S| T)| US| (T]| U)) € Rel

and  C2: Azvec U/ S T U. [avec §x U'; zvec #x S| = (¥’ (vxzvec)((S || T)
| ), 8 || ((veovec)(T | U))) € Rel

and C8: Nzvec U’ S T U. [zvec tx U'; zvec fx U] = (¥, ((vxavec)(S |
D) | U, (vxzvec)(S || (T [| U))) € Rel

and Ci: NV S T avec. [(V', S, T) € Rel; avec fx U] = (¥, (vxavec)S,
(vxzvec) T) € Rel

shows ¥ > (P || Q) || R ~[Rel] P | (Q [ R)
(proof)

lemma parNilLeft:
fixes ¥ :: b
and P :: (‘a, ', c) psi
and Rel :: ('b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes equt Rel

and C1: AQ. (¥, Q] 0, Q) € Rel

shows ¥ > (P || 0) ~[Rel] P
(proof)

lemma parNilRight:
fixes ¥ :: b
and P : (‘a, ', c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes equt Rel

and C1: AQ. (T, @, (Q | 0)) € Rel

shows U > P ~~[Rel] (P || 0)

(proof)

lemma resNilLeft:
fixes ¢ :: name
and ¥ b

and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set

shows U > (vz))0 ~~[Rel] O

(proof)
lemma resNilRight:
fixes z :: name

and U b
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and Rel :: ('b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set

shows ¥ > 0 ~[Rel] (vz)0

(proof )

lemma inputPushResLeft:
fixes U = 'b
and z :: name
and M :'a

and zvec :: name list
and N :'a
and P ::(‘a,’b, 'c) psi

assumes equt Rel

and z iU
and z i M
and z { zvec
and zf N

and C1: ANQ. (¥, Q, Q) € Rel

shows ¥ > (vz) (M (Axzvec N|).P) ~~[Rel] M( xzvec N|.(vz)P
(proof)

lemma inputPushResRight:
fixes U b
and z : name
and M :'a
and zvec :: name list
and N :'a
and P ::(‘a,’d, 'c) psi

assumes equt Rel

and zf VU
and zf M
and z § avec
and x4 N

and C1: ANQ. (¥, Q, Q) € Rel

shows U > M(Asxzvec N)).(vz) P ~~[Rel] (vz|)(M(Axzvec N|.P)
(proof)

lemma outputPushResLeft:

fixes U b
and z :: name
and M :'a
and N :'a

and P :(‘a,’b, 'c) psi

assumes equt Rel
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and zf VU
and zf M
and zd N
and C1: ANQ. (¥, Q, Q) € Rel

shows U > (vz)(M(N).P) ~~[Rel] M(N).(vz)P

(proof)
lemma outputPushResRight:
fixes U :: b
and =z : mame
and M :'a
and N :'a
and P ::(‘a,’d, 'c) psi

assumes equt Rel

and zf VU
and zf M
and zd N

and C1: AQ. (T, Q, Q) € Rel

shows U > M(N).(vz)P ~[Rel] (vz)(M(N).P)
(proof)

lemma casePushResLeft:
fixes ¥ ::'b
and =z : name
and Cs:: (‘e x (‘a, 'b, 'c) psi) list

assumes equt Rel

and z iU

and z § map fst Cs

and C1: AQ. (¥, Q, Q) € Rel

shows ¥ > (vz|)(Cases Cs) ~»[Rel] Cases (map (A(p, P). (¢, (vz)P)) Cs)
(proof)

lemma casePushResRight:
fixes ¥ ::'b
and =z : name
and Cs: (‘e x (‘a, b, 'c) psi) list

assumes equt Rel

and zf VU

and x § map fst Cs

and C1: AQ. (¥, Q, Q) € Rel

<sh0}7\>/s U > Cases (map (M, P). (¢, (vz)P)) Cs) ~[Rel] (vz))(Cases Cs)
proo,
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lemma resinputCases|consumes 5, case-names cRes]:

fixes U b

and z :: name

and P :(‘a,’b, 'c) psi
and M :'a

and N :'a

and P’ ::('a,’d, 'c) psi
and C : 'd:fs-name

assumes Trans: ¥ > (vz)P — M(N|) < P’

and zf VU
and zf M
and zd N
and =z P’

and  rScope: AP’ [¥ > P+——M(N) < P'| = Prop ((vz)P’)

shows Prop P’

(proof)

lemma scopeExtLeft:
fixes z :: name
and P : (‘a,'b, 'c) psi
and U b

and Q : (‘a,’d, 'c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes z f P

and zf{ VU

and equt Rel

and C1: A\U'R. (V') R, R) € Rel

and C2: ANy V'R Szvec. [y ¥ y 4§ R; zvec % U] = (¥, (vy)((v+zvec) (R
I'8)), (wsauec) (R || (v4)S)) € Rel

and C3: NV’ zvec R y. [y § V'; zvec 8x U] = (¥, (vy)((v*zvec)R),
(v*zvec) ((vy)R)) € Rel

shows U > (vz)(P || Q) ~[Rel] P | (vz)Q

(proof)

lemma scopeFExtRight:
fixes ¢ :: name
and P : (‘a, ', c) psi
and ¥ b

and @ : (‘a, 'd, 'c) psi
and Rel :: ('b x (Ya, 'b, 'c) psi x ('a, b, 'c) psi) set

assumes z f P

and Y
and equt Rel
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and CI: AU'R. (U, R, R) € Rel
and C2: Ny V' R S zvec. [y § ¥ y § R; zvec fx O] = (', (v*zvec)(R |
(w3)S), (wy)((vezvec)(R || $))) € Rel

shows U > P || (vz) Q ~[Rel] (vz)(P || Q)
(proof )

lemma simParComm:
fixes U :: b
and P : (‘a, ', 'c) psi
and @ : (‘a, 'd, 'c) psi
and Rel :: ('b x ('a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes equt Rel

and CI: N\O/RS. (W, R|S,S| R) € Rel

and C2: NV’ R S avec. [(V', R, S) € Rel; zvec fx U] = (U, (vxavec)R,
(vxzvec)S) € Rel

shows ¥ > P || Q ~[Rel] Q|| P
(proof)

lemma bangEztLeft:
fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi

assumes guarded P
and AP Q. (V') Q, Q) € Rel

shows U > |P ~~[Rel] P || |P
(proof)

lemma bangEzrtRight:
fixes ¥ :: b
and P :: (‘a, ’d, 'c) psi
assumes C1: AU’ Q. (¥, Q, Q) € Rel

shows ¥ > P || |P ~~[Rel] |P
(proof)

end
end
theory Structural-Congruence

imports Agent
begin
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inductive structCong :: (('a::fs-name), ('b::fs-name), ('c::fs-name)) psi = (‘a, 'b,
‘'c) psi = bool (<- =4 - [70, 70] 70)
where
Refl: P =, P
| Sym: P=, Q = Q =5 P
| Trans: [P =5 Q; @ =s R] = P = R

| ParComm: P || Q =5 Q || P
| Pardssoc: (P || Q) || R=s P | (Q| R)
| Parld: P || 0 =5 P

| ResNil: (vz))0 =, 0

| ResComm: (vz|)((vy)P) =s (vy)((vz)P)

| ScopeExtPar: x 4 P = (vz)(P || Q) =s P | (vz) @

| InputRes: [z § M; z § avec; ¢ § N] = (va)(M(Axavec N|).P) =; M(Mxzvec
N)-((vz) P)

| OutputRes: [z § M; z § N] = (vz)(M(N).P) =5 M{(N).((vz|)P)

| CaseRes: z t (map fst Cs) = (vz|)(Cases Cs) =5 Cases(map (A(¢, P). (¢,
(vs)P)) Cs)

| BangUnfold: guarded P — P =4 P || P
end

theory Bisim-Struct-Cong
imports Bisim-Pres Sim-Struct-Cong Structural-Congruence
begin

context env begin

lemma bisimParComm:
fixes ¥ :: 'b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi

shows UV > P || Q~ Q|| P
(proof)

lemma bisimResComm:
fixes z :: name
and ¥ :: b
and y :: name
and P : ('a, ', 'c) psi

shows U > (vz)((vy)P) ~ (vy)((vz)P)
(proof)

lemma bisimResComm':
fixes ¢ :: name
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and U b
and zvec :: name list
and P ::(‘a,’d, 'c) psi

assumes ¢ §f ¥
and  avec fix ¥

shows U > (vz|)((v+zvec) P) ~ (v+zvec|)((vz|)P)
(proof)

lemma bisimScopeFExt:
fixes x :: name
and U : b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi

assumes z f P

shows ¥ > (vz) (P || Q) ~ P || (vz)@Q
(proof)

lemma bisimScopeExrtChain:
fixes xvec :: name list
and U b
and P :: (‘a, ’d, 'c) psi
and Q = (‘a, 'b, 'c) psi

assumes zvec fx ¥
and zvec fx P

shows U > (vxzvec)(P || Q) ~ P || ((v+avec) Q)
(proof)

lemma bisimParAssoc:
fixes ¥ :: /b
and P :: (‘a, ’b, 'c) psi
and Q@ : (‘a, 'b, 'c) psi
and R : (‘a, b, 'c) psi

shows U > (P | Q) [| R~ P || (Q [ R)
(proof)

lemma bisimParNil:
fixes P :: (‘a, 'b, 'c) psi

shows ¥ > P || 0 ~ P
(proof)

lemma bisimResNil:
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fixes z :: name

and U :'b

shows ¥ > (vz)0 ~ 0
(proof)

lemma bisimQutputPushRes:
fixes x :: name

and U ::'b
and M ::'a
and N ::'a

and P : ('a, ', 'c) psi

assumes z § M

and x4 N

shows U > (vz)(M(N).P) ~ M(N).(vz)P
(proof)
lemma bisimInputPushRes:

fixes z :: name

and U b

and M :'a

and zvec :: name list

and N :'a

and P :(‘a,’b, 'c) psi

assumes z § M
and z { zvec
and zd N

shows ¥ > (vz) (M (Axzvec N|).P) ~ M(A«zvec N|).(vz)P
(proof)

lemma bisimCasePushRes:
fixes x :: name
and ¥ b
and Cs:: (‘¢ x (‘a, 'b, 'c) psi) list

assumes z § (map fst Cs)

shows ¥ > (vz|)(Cases Cs) ~ Cases(map (A, P). (¢, (vz)P)) Cs)
(proof)

lemma bangFaxt:
fixes ¥ :: b
and P :: (‘a, b, 'c) psi

assumes guarded P
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shows U > |P ~ P | IP
(proof)

lemma bisimParPresSym:
fixes U :: 'b
and P : ('a, ', ‘c) psi
and Q :: (‘a, 'b, 'c) psi
and R : (‘a, 'b, 'c) psi

assumes ¥ > P ~ @

shows V> R || P~ R Q
(proof)

lemma bisimScopeExtSym:
fixes z :: name
and Q :: (‘a, 'b, 'c) psi
and P :: (‘a, ’d, 'c) psi

assumes z §f ¥
and z4 @

shows U > (vz)(P || Q) ~ ((vz)P) || @
(proof)

lemma bisimScopeExtChainSym:
fixes zvec :: name list
and Q :: (‘a,’d, 'c) psi
and P ::(‘a,’d, 'c) psi

assumes zvec fx ¥
and  zvec #x @

shows U > (vszvec)(P || Q) ~ ((vxavec)P) || @
(proof)

lemma bisimParPresAuxSym:
fixes ¥ :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and R : (a, b, 'c) psi

assumes ¥V @ Up > P ~ ()

and  extractFrame R = (Ar, UR)
and Ag tx U

and AR % P

and AR % @
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shows ¥ > R|| P~ R| Q

(proof)
lemma bangDerivative:
fixes U b
and P ::(‘a,’b, 'c) psi
and o« :: 'a action

and P’ ::('a,’d, 'c) psi

assumes ¥ > P —a < P’
and Up> P~Q

and bn o fx ¥

and bn o gx P

and bn afx Q

and bn a #x subject «
and guarded Q

obtains Q' R T where UV > !Q —a < Q’and ¥ > P’ ~ R || !P and ¥ >
Q'~T|!'Qand ¥ >R~ T
and ((supp R)::name set) C supp P’ and ((supp T)::name set) C
supp Q'
(proof )

lemma structCongBisim:
fixes P :: (‘a, 'b, 'c) psi
and Q = (‘a, 'b, 'c) psi

assumes P =; @)

shows P ~ @)

(proof)

lemma bisimBangPres:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (Ya, 'b, 'c) psi
assumes ¥ > P ~ @
and guarded P
and guarded Q)

shows ¥ > |P ~ 1@
(proof)

end
end

theory Weak-Bisimulation
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imports Weak-Simulation Weak-Stat-Imp Bisim-Struct-Cong
begin

context env begin

lemma monoCoinduct: Nz y za xb xzc P Q V.
<y —
(¥ > Q ~<{(zc, zb, za). z zc b za}> P) —
(P > Q ~<{(xb, za, zc). y zb za zc}> P)
{(proof)

lemma monoCoinduct2: Nz y za zb xzc P Q V.
< y—
(¥ > Q S<{(zc, zb, za). x zc zb za}> P) —
(T > Q S<{(zb, za, zc). y xb za zc}> P)
(proof)

coinductive-set weakBisim :: (‘b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set
where
step: [U > P g<weakBisim> Q; ¥ > P ~»<weakBisim> Q;
YU (T ® ¥, P, Q)€ weakBisim; (¥, Q, P) € weakBisim] = (¥, P,
Q) € weakBisim
monos monoCoinduct monoCoinduct2

abbreviation

weakBisimJudge (<- > - =~ -» [70, 70, 70] 65) where ¥ > P~ Q = (U, P, Q)
€ weakBisim
abbreviation

weakBisimNilJudge (<- = - [70, 70] 65) where P~ Q =1> P~ @

lemma weakBisimCoinductAux|consumes 1]:
fixes F :: 'b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi
and X :: (b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes (U, P, Q) € X
and AU PQ. (¥, P, Q)€ X = (V> P I<(XUweakBisim)> Q) A
(U > P ~<(X U weakBisim)> Q) A
VP (TU,P, Q) eXV(TeU, P Q) e
weakBisim) N
(¥, @, P) e X vV (¥, Q, P) € weakBisim)

shows (U, P, Q) € weakBisim
(proof)

lemma weakBisimCoinduct[consumes 1, case-names cStatImp cSim cExt c¢Sym]:

fixes F' :: b
and P : ('a, ', 'c) psi
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and @ :: (‘a, 'b, 'c) psi
and X :: ('b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes (U, P, Q) € X

and AU'RS. (V) R,S)eX = V' RI<(XU weakBisim)> S

and AU’ RS (PR, S)eX = U'> R~ ~<(XU weakBisim)> S

and AU RSU” (W, R S)eX=— (WaU RS ecXVIQUI' >
R~S

and AU/'RS. (U, R S)eX = (U,S,R)e XVU'>S~R

\II/
\I"7

shows U > P =~ @)

(proof )
lemma weakBisim WeakCoinductAuz[consumes 1]:
fixes U :: b
and P :: (‘a, b, 'c) psi
and @ :: (‘a, 'b, 'c) psi
and X :: ('b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes (U, P, Q) € X
and AUPQ (I,P, Qe X =TUD>PI<X>QATUD>P<X>QA
(VUL (U@ W, P, Q) e X) A (T, QP) € X

shows ¥ > P = @
(proof)

lemma weakBisim WeakCoinduct[consumes 1, case-names cStatImp cSim cExt cSym]:
fixes F :: b

and P :: (‘a, ’d, 'c) psi

and Q :: (‘a, 'b, 'c) psi

and X :: (b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set
assumes (¥, P, Q) € X

and /\\I/PQ(\II,P,Q)GX:>\I/>P§<X>Q
and AUV PQ (U,P,QeX =T P<X>Q
and AUPQU.(V,P,QeX— (T@V,P, Q) cX
and AT PQ. (U,P,Q)eX = (V,Q P)eX

shows (U, P, Q) € weakBisim
(proof)

lemma weakBisimFE:
fixes P :: (‘a, 'b, 'c) psi
and @ : (‘a, 'b, 'c) psi
and ¥ b
and ¥': b

assumes ¥ > P =~ @
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shows ¥ > P T<weakBisim>
and VU > P ~»<weakBisim> @
and VQU'> P~ Q
and Y>> Q=P

(proof)

lemma weakBisimI:
fixes P :: (‘a, 'b, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and ¥ :'b

assumes ¥ > P S<weakBisim>
and U > P ~<weakBisim> @
and VUV U@ U'>P~x~Q
and > Q=P

shows ¥ > P =~ @)
(proof)

lemma weakBisimReflexive:
fixes U :: 'b
and P : (‘a, ', 'c) psi

shows U > P =~ P
(proof)

lemma weakBisimClosed:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and p : name prm

assumes ¥ > P =~ @)

shows (p-¥)> (p-P)=(p- Q)
(proof )

lemma weakBisimEqut[simp):
shows equt weakBisim

(proof)

lemma statFEqWeakBisim:
fixes U :: b
and P : (‘a,’d, 'c) psi
and Q : (‘a, 'd, 'c) psi
and V’': b

assumes ¥ > P =~ (@)
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and U~ §’

shows U/ > P ~ @
(proof)

lemma weakBisim Transitive:
fixes ¥ :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and R : (‘a, 'd, 'c) psi

assumes PQ: UV > P = @
and QR: ¥ > Q~R

shows ¥V > P~ R
(proof)

lemma strongBisim WeakBisim:
fixes U :: b
and P :: (‘a, 'b, 'c) psi
and Q@ : (‘a, 'b, 'c) psi

assumes ¥ > P ~ @

shows ¥ > P =~ @
(proof)

lemma structCongWeakBisim:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi

assumes P =, ()

shows P ~ ()
(proof)

lemma simTauChain:

fixes U :: b

and P : (‘a, ’d, 'c) psi

and Q : (‘a, 'd, 'c) psi

and Q': (‘a,’b, ‘c) psi

assumes (¥, P, Q) € Rel

and Up Q= , Q'

and  Sim: AU P Q. (¥, P, Q) € Rel = U > P ~~[Rel] Q

obtains P’ where ¥ > P = . P’ and (¥, P’, Q') € Rel
(proof)
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lemma quietBisimNil:
fixes U :: b
and P :: (‘a, 'd, 'c) psi

assumes quiet P

shows U > P~ 0
(proof)

lemma weak Transitive Weak Coinduct[case-names cStatImp cSim cExt cSym, case-conclusion
bisim step, consumes 2]:

fixes ¥ :: b

and P :: (‘a, ’d, 'c) psi

and Q :: (‘a, 'b, 'c) psi

and X :: (b x ('a, b, 'c) psi x ('a, b, 'c) psi) set

assumes p: (U, P, Q) € X

and Fqut: equt X

and rStatImp: AW P Q. (¥, P, Q) € X = U > P I<X> @

and rSim: AU P Q. (U, P, Q) € X = U > P ~<({(¥, P, Q)| T P Q. 3P’
Q.Y p>P~PA

(¥, P, Q) € X A

v Q' ~ QN> Q
and rEzt: AU PQU. (U, P, Q)eX = (YQVU P, Q) eX
and rSym: AV P Q. (¥, P, Q) e X = (¥, Q, P) e X

shows ¥ > P =~ @)
(proof)

lemma weak Transitive Coinduct|case-names cStatImp cSim cExt cSym, case-conclusion
bisim step, consumes 2]:

fixes U :: b

and P :: (‘a, ’d, 'c) psi

and Q :: (‘a, 'b, 'c) psi

and X :: (b x (‘a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set

assumes p: (U, P, Q) € X

and FEqut: equt X

and rStatImp: A\¥ P Q. (¥, P, Q) € X = ¥ > P $<(X U weakBisim)> Q

and rSim: N P Q. (U, P, Q) € X = U > P ~<({(¥, P, Q) | ¥ P Q. 3P’
Q.Y p>P~PA

(¥, P, Q) e (XU
weakBisim) A
> Q'~ Q> Q

and rEzt: AU P Q V. (¥, P, Q)EX:>(\I’®\I/’ P, Q) € X U weakBisim

and rSym: AV P Q. (U, P, Q) € X = (¥, Q, P) € X U weakBisim

shows U > P =~ @)
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(proof)

lemma weak Transitive Coinduct2[case-names cStatImp cSim cExt cSym, case-conclusion
bisim step, consumes 2]:

fixes U :: b

and P : (‘a, b, 'c) psi

and @ :: (‘a, 'b, 'c) psi

and X :: (b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes p: (U, P, Q) € X
and FEqut: equt X
and rStatImp: AU P Q. (\IJ, P,Q)e X = ¥ PI<X>Q

and rSim: AV P Q. (P, Q)GX:>\11>Pw<({(\P P,Q)|VvPQ 3P
Q’.\I/DP%P’/\(‘LP’ Q)GX/\\IIDQ'NQ})>Q
and rEzt: AU P Q V' (7, Q)EXz(\Il@)\I/’PQ)eX

and rSym: AV P Q. (¥, P Q) €EX= (V,Q,P) €

shows ¥ > P = @
(proof)

end
end

theory Weak-Sim-Pres
imports Sim-Pres Weak-Simulation Weak-Stat-Imp
begin

context env begin

lemma weakInputPres:
fixes U b
and P ::(‘a,’b, 'c) psi
and Rel :: (b x (‘a, b, 'c) psi x (‘a, 'b, 'c) psi) set
and Q ::(‘a,’d, 'c) psi
and M :'a
and zvec :: name list
and N :'a

assumes PRelQ: \ Tvec U'. length zvec = length Tvec = (¥ @ V', Plzvec::=Tvec],
Q[zvec::=Tuec]) € Rel

shows U > M(Axzvec N|).P ~~<Rel> M (A xzvec NJ|).Q
(proof)

lemma weakOutputPres:
fixes U b
and P :(‘a,’b, 'c) psi
and Rel :: ('b x ('a, b, 'c) psi x ('a, 'b, 'c) psi) set
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and @ ::('a,’db, ‘c) psi

and M :'a

and N :'a

assumes PRelQ: AV’ (¥ @ U/, P, Q) € Rel

shows U > M(N).P ~»<Rel> M(N).Q

(proof)

lemma resTauCases[consumes 3, case-names cRes]:
fixes & = 'b
and z :: name

and P ::(‘a,’d, 'c) psi
and P’ ::(‘a,’d, 'c) psi
and C : 'd:fs-name

assumes Trans: U > (vz)P —7 < P’

and zf{ VU

and =z§P’

and  rScope: AP’ [¥ > P+—71 < P] = Prop ((vz)P’)

shows Prop P’
(proof)

lemma weakResPres:
fixesU b
and P :: (‘a,’b, 'c) psi
and Rel :: ('b x ('a, b, 'c) psi x ('a, 'b, 'c) psi) set
and Q :: (‘a,’d, 'c) psi
and =z : name
and Rel’:: (b x (‘a, b, 'c) psi x (‘a, 'b, 'c) psi) set

assumes PSim@: ¥ > P ~~»<Rel> @

and equt Rel’

and z v

and Rel C Rel’

and C1: AU R Sy. [(V,R,S) € Rel; yt ] = (¥, (vy)R, (vy)S) €
Rel’

shows U > (vz)P ~<Rel™> (vz)Q
(proof)

lemma weakResChainPres:
fixesU b
and P ::(‘a,’d, 'c) psi
and Rel :: (b x ('a, b, 'c) psi x (‘a, 'b, 'c) psi) set
and Q ::(‘a,’d, ‘c) psi
and zvec :: name list
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assumes PSimQ@: ¥ > P ~~»<Rel> @

and equt Rel

and zvec fx U

and CI1: AV’ R Syvec. [(V', R, S) € Rel; yvec §x '] = (V', (vxyvec)R,
(v*yvec)S) € Rel

shows U > (vxavec)P ~»<Rel> (vxzvec) Q
(proof)

lemma parTauCases[consumes 1, case-names cParl cPar2 cComm1 cComm2]:
fixes ¥ :: b

and P : ('a, ', 'c) psi
and Q : (‘a, 'b, 'c) psi
and R : (‘a, 'd, 'c) psi

and C : 'd:fs-name

assumes Trans: ¥ > P || Q —7 < R
and rParl: A\P' Ag Vq. [¥ ® Vg > P 71 < P’ extractFrame Q = (Aq,
Uq); distinct Ag;
Aq = W; Ag x Py Ag 4+ Q; Ag tx C] = Prop (P'|| Q)
and  rPar2: NQ' Ap Up. [¥ @ Up > Q —7 < Q; extractFrame P = (Ap,
Up); distinct Ap;
Ap #x U; Ap #x P; Ap fx Q; Ap tx C] = Prop (P || Q)
and rComml1: N\Wo M N P' Ap ¥p K zvec Q' Ag.
[¥ ® g > P—M(N) < P’; extractFrame P = (Ap, Up); distinct Ap;
U ® Up > Q+—K(vxavec)(N) < Q'; extractFrame Q = (Ag, Vo);
distinct Ag;
UV Vp ® Vg M K; distinct zvec;
Ap % U; Ap #x Uo; Ap i P; Ap i+ M; Ap x N; Ap tx P; Ap
tx Q; Ap f#x zvec; Ap #x Q' Ap ix Ag; Ap #x C
AQ ﬁ* ‘I’; AQ ﬁ* \I/p; AQ ﬂ* P; AQ ﬁ* K; AQ ﬁ* N; AQ ﬁ* P/; AQ ﬂ*
Q; Ag fx zvec; Ag fx Q'; Ag t* C
avec x W; zvec §x Wp; zvec fx P; xvec fx M; xvec fx K; zvec fx Q;
zvec fx Uq; avec fx C] =
Prop ((vswec)(P' || Q)
and rComm2: N¥g M zvec NP' Ap Up K Q' Ag.
[¥ @ g > P ——M(v*avec)(N) < P'; extractFrame P = (Ap, Up);
distinct Ap;
U ¥p > Q—K(N) < Q' extractFrame Q = (Aqg, Vq); distinct Ag;
UV Up® Vg M K; distinct zvec;
Apﬁ*\:[f; Apﬁ*\I/Q; Apﬁ*P; Apﬁ*M; Apﬁ*N; Apﬁ*Pl; AP
fx Q; Ap fx avec; Ap fx Q% Ap §x Ag; Ap §x C;
AQ ﬂ* \I’; AQ ﬂ* ‘Ilp; AQ ﬂ* P; AQ ]i* K; AQ ﬂ* N; AQ ﬁ* P/; AQ ﬂ*
Q; Ag fx avec; Ag fx Q'; Ag tx C
avec fx U; avec fx VUp; xvec fx P; zvec fix M; xvec fx K; xzvec fx Q;
zvec fx Wg; avec fx C] =
Prop ((v*zvec)(P' || Q")

shows Prop R
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(proof)

lemma weakParPres:

fixes U ')

and P :(‘a,’b, 'c) psi

and Rel :: ('b x ('a, b, 'c) psi x ('a, 'b, 'c) psi) set
and @ ::('a,’'db, ‘c) psi

and R : (‘a, 'd, 'c) psi

and Rel’:: (b x (“a, b, 'c) psi x (‘a, 'b, 'c) psi) set

assumes PRelQ: NAr Vg. [extractFrame R = (AR, UR); Ag t* ¥; AR #x P;
Ap tx Q] = (¥ ® VR, P, Q) € Rel

and
and

and
and
and
and
and

Equt: equt Rel
Equt’: equt Rel’

Sim: AU’ ST. (¥ S, T)€ Rel = V' > 8§ ~»<Rel> T

Sym: AU’ ST. (U, S, T)€ Rel = (¥', T, S) € Rel

Ext: AU/ ST U [(V, S, T) € Rel] = (¥’ ® ©", S, T) € Rel
StatImp: AW’ S T. (¥, S, T) € Rel = ¥' > S S<Rel> T

Cl: NV ST Ay Uy U. [(¥' ® Py, S, T) € Rel; extractFrame U =

<AU, \I/U>, AU ﬁ* \I//; AU ﬁ* S, AU ﬁ* T]] — (\I//, S || U, T || U) € Rel’

and

C2: N¥' S T zvec. [(V', S, T) € Rel’; zvec §x U] = (V'] (v*avec)) S,

(vxzvec)T) € Rel’

and

C3: NU/ ST U [(U', S, T) € Rel; ' ~ U] = (", S, T) € Rel

shows U > P || R ~<Rel’> Q | R

(proof)

unbundle no relcomp-syntax
lemma weakSimBangPres:

fixes U :: b

and P :: (‘a, b, 'c) psi

and @ :: (‘a, b, 'c) psi

and Rel :: ('b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set

and Rel’:: (b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and Rel” :: ('b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set

assumes (U, P, )) € Rel

and
and
and
and

and

equt Rel”
guarded P
guarded Q)
Rel’Rel: Rel’ C Rel

FrameParPres: N\V' Oy ST U Ay. [(¥'® Yy, S, T) € Rel; extractFrame

U= <AU7 \I’U>; AU ﬁ* \I//; AU ]i* S; AU ﬂ* T]] >

and

(¥, U|S,U| T)e€ Rel
Cl1: NV STU.[(¥, S, T) € Rel; guarded S; guarded T] = (¥', U

| 1S, U || 'T) € Rel”

and

ResPres: N\U' S T avec. [(V', S, T) € Rel; zvec §x U] = (V', (v*zvec)S,

(vxzvec) T) € Rel
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and ResPres” N\U' S T zvec. [(¥', S, T) € Rel’; zvec tx ¥'] = (¥,
(vxzvec)S, (v+avec) T) € Rel’

and  Closed: AV’ S Tp. (V) S, T) € Rel = ((p::name prm) - ¥/, p - S, p
- T) € Rel

and Closed”: N\U' S T p. (V') S, T) € Rel'’ = ((p::name prm) - ¥/, p . §,
p+T) € Rel

and  StatEqg: N\V' ST O [(¥', S, T) € Rel; ¥/ ~ V"] = (¥, 5, T) €
Rel

and  StatEq: NU'S T U". [(¥, S, T) € Rel’, ' ~ ¥"] = (", S, T) €
Rel’

and Trans: AU’ S T U. [(¥', S, T) € Rel; (V/, T, U) € Rel] = (¥/, S,
U) € Rel

and  Trans" N\’ ST U. [(¥', S, T) € Rel’; (¥, T, U) € Rel'] = (¥, S,
U) € Rel’

and  ¢Sim: AU/ ST. (U, S, T) € Rel = ¥'> S ~»<Rel> T

and  cEzt: NV ST V" (U, S, T)€ Rl = (V'@ V", S, T) € Rel
and  cExt" AU ST V" (V)85 T)€ Rel' = (V'@ V" S5, T) € Rel
and eSym: NV S T. (0,5, T) € Rel = (V', T, S) € Rel

and cSym” NV S T. (¢S, T) € Rel'! = (V/, T, S) € Rel’

and  ParPres: N\U' ST U. (¢, S, T) € Rel = (¥, S| U, T| U) € Rel
and  ParPres2: N\V' S T. (V') S, T) € Rel = (¥, S || S, T| T) € Rel
and  ParPres" AU’ ST U. (9,5, T)€ Rel' = (¥, U | S, U | T) € Rel’

and  Assoc: NV STU. (O, S| (T|U),S||T)]| U)e€ Rel

and  Assoc" NV STU. (O, S| (T|U),S| T)]| U)e Rel

and  ScopeExt: Nzvec U’ T S. [zvec fx V'; zvec fx T] = (¥, (vxzvec)(S ||
T), ((vxzvec)S) || T) € Rel

and  ScopeEaxt” Naxvec U’ T S. [zvec tx U'; zvec §x T] = (', (vxavec))(S ||
T), ((v*zvec)S) || T) € Rel’

and  Compose: NU' ST U O. [(V', S, T) € Rel; (¥', T, U) € Rel”; (', U,
0O) € Rel] = (¥', S, O) € Rel”

and rBangActE: AN’ S a S [¥' > 1S —a < S guarded S; bn o % S; «
# 7, bn o % subject o] = IT. ¥'> S+—a < T A (1, S, T|!S) € Rel
and rBangTauE: AU’ S S [¥' > 1S —71 < 8% guarded S] = 3T. ¥' >
S| S+—r<TA(@ S, T|!'S) € Rel
and  rBangTaul: N\O' S S [¥'> S || S =, S’ guarded S] = 3 T. V' >
IS =", T A (¥, T,8"|'S) € Rel'
shows ¥ > R || !P ~<Rel"”> R || !Q
(proof)
unbundle relcomp-syntax
end

end
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theory Weak-Stat-Imp-Pres
imports Weak-Stat-Imp
begin

context env begin

lemma weakStatImplInputPres:
fixes U b
and P :(‘a,’d, 'c) psi
and Rel :: (b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and @ ::('a, ', 'c) psi
and M :'a
and zvec :: name list
and N :'a

assumes PRelQ: ANV’ (¥ @ U’/ M(Axzvec N|).P, M(Axzvec N|).Q) € Rel

shows ¥ > M(Axzvec N|).P L<Rel> M(Axzvec NJ|).Q
(proof)

lemma weakStatImpOutputPres:
fixes U b
and P : (‘a,'b, 'c) psi
and Rel :: ('b x (Ya, 'b, 'c) psi x (‘a, b, 'c) psi) set
and Q : (‘a,’d, 'c) psi
and M :'a
and N :'a

assumes PRelQ: AU’ (¥ ® ¥/, M(N).P, M(N).Q) € Rel

shows ¥ > M(N).P S<Rel> M(N).Q
(proof)

lemma weakStatImpResPres:
fixes U = 'b
and P ::(‘a,’b, 'c) psi
and Rel :: (b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and @ ::('a, ', ‘c) psi
and =z : name
and Rel’:: (b x ('a, b, 'c) psi x (‘a, 'b, 'c) psi) set

assumes PSim@Q: ¥ > P S<Rel> @

and equt Rel

and zf VU

and Cl1: NV R Sy. [(V,R,S) € Rel; y t ] = (¥, (vy)R, (vy)S) €
Rel’

shows U > (vz)P S<Rel™> (vz)Q
(proof)
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lemma weakStatImpParPres:
fixes U = 'b
and P ::(‘a,’b, 'c) psi

and Rel :: (b x (‘a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and @ ::('a,’db, ‘c) psi
and R : (‘a, ', 'c) psi
and Rel’:: (b x ('a, b, 'c) psi x (‘a, 'b, 'c) psi) set

assumes PStatImpQ: \NAr Ug. [extractFrame R = (Ag, UR); Ag #x ¥; Ag f#*
P; Ap fix Q] = ¥ ® ¥p > P S<Rel> Q

and zvec fx W

and Equt: equt Rel

and Cl: NV ST Ay Uy U. [(¥'® Uy, S, T) € Rel; extractFrame U =
<AU, \I/U>, Ay ﬁ* \I//; Ay ﬂ* S; Ay ﬂ* T]] - (\I//, S || u,T || U) € Rel’

and  C2: ANV’ S T yvec. [(¥', S, T) € Rel’; yvec f§x '] = (V’, (vxyvec)S,
(vxyvec) T) € Rel’

and  C3: \NU'S T U". [(U), S, T) € Rel; ¥ =~ ¥"] = (", S, T) € Rel

shows ¥ > (vszvec)(P || R) S<Rel™> (vszvec)(Q || R)
(proof)

end
end

theory Weak-Bisim-Pres
imports Weak-Bisimulation Weak-Sim-Pres Weak-Stat-Imp-Pres
begin

context env begin

lemma weakBisimInputPres:
fixes U = 'b
and P ::(‘a,’b, 'c) psi
and @ ::('a, ', 'c) psi
and M :'a
and zvec :: name list

and N =g
assumes /\ Tvec. length zvec = length Tvec = U 1> Plavec::=Tvec] = Q[zvec::= Tvec]

shows U > M(Axavec N|).P ~ M (M xzvec NJ).Q
(proof)

lemma weakBisim OQutputPres:

fixes U b
and P :: (‘a,’b, 'c) psi
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and @ ::('a,’db, ‘c) psi
and M :'a

and zvec :: name list
and N :'a

assumes ¥ > P =~ (@)

shows U > M(N).P ~ M(N).Q
(proof)

lemma weakBisimResPres:
fixes ¥ :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and z : name

assumes ¥ > P =~ @)
and zf{ VU

shows U > (vz)P =~ (vz)Q
(proof)

lemma weakBisimResChainPres:
fixes U b
and P ::(‘a,’d, 'c) psi
and Q ::(‘a,’d, 'c) psi
and zvec :: name list

assumes ¥ > P = ()
and zvec fx U

shows U > (vkxzvec|) P =~ (vxzvec)) Q

(proof)

lemma weakBisimParPresAux:

fixes U :: b

and Tg:'b

and P :(a,’b, 'c) psi
and @ : (‘a, b, 'c) psi
and R :: (‘a, 'd, 'c) psi
and Apg :: name list

assumes ¥V @ Vp > P =~ @

and  FrR: extractFrame R = (Agr, UR)
and Ag fx U

and AR tix P

and AR * Q

shows UV > P||R= Q| R
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(proof)

lemma weakBisimParPres:
fixes ¥ :: 'b
and P : (‘a, b, 'c) psi
and @ :: (‘a, 'b, 'c) psi
and R :('a, 'b, 'c) psi

assumes ¥ > P =~ ()

shows UV > P||R= Q| R
(proof)

end
end

theory Weak-Bisim-Struct-Cong
imports Weak-Bisim-Pres Bisim-Struct-Cong
begin

context env begin

lemma weakBisimParComm:
fixes ¥ :: /b
and P :: (‘a, b, 'c) psi
and @ :: (‘a, b, 'c) psi

shows UV > P || Q~ Q| P
(proof)

lemma weakBisimResComm:
fixes z :: name
and V¥ ')
and vy :: name
and P :: (‘a, ’b, 'c) psi

assumes z f ¥
and yiw

shows ¥ > (vz)((vy)P) = (vy)((vz)P)
(proof)

lemma weakBisimResComm':
fixes x :: name
and ¥ b
and zvec :: name list
and P :(‘a,’b, 'c) psi

203



assumes z f ¥
and zvec fx U

shows U > (vz)((v+avec) P) = (vxavec)((vz))P)
(proof)

lemma weakBisimScopeFExt:
fixes x :: name
and ¥ :: b
and P : ('a,'b, 'c) psi
and @ :: (‘a, b, 'c) psi

assumes z f ¥
and z 4P

shows U > (vz)(P || Q) = P || (vz) @
(proof)

lemma weakBisimScopeExtChain:
fixes zvec :: name list
and ¥ b
and P : (‘a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi

assumes zvec fx U
and  zvec §x P

shows U > (uvxzvec) (P || Q) = P || ((vxzvec) Q)
(proof)

lemma weakBisimParAssoc:
fixes ¥ :: 'b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi
and R : (‘a, b, 'c) psi

shows U > (P || Q) | R~ P [ (Q| R)
(proof)

lemma weakBisimParNil:
fixes P :: (‘a, 'b, 'c) psi

shows U > P || 0~ P
(proof)

lemma weakBisimResNil:
fixes z :: name
and U ::'b
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assumes z f ¥

shows ¥ > (vz)0 ~ 0
(proof)

lemma weakBisim QutputPushRes:
fixes x :: name

and U b
and M ::'a
and N ::'a

and P : ('a, ', 'c) psi

assumes z f ¥

and zd M

and x4 N

shows U > (vz)(M(N).P) ~ M(N).(vz)P
(proof)
lemma weakBisimInputPushRes:

fixes x :: name

and ¥ b

and M :'a

and zvec :: name list

and N :'a

and P :(‘a,’b, 'c) psi

assumes z f ¥

and zf M
and z § avec
and z g N

shows U > (vz))(M( xzvec N|).P) =~ M (A xzvec N|).(vz)P
(proof)

lemma weakBisimCasePushRes:
fixes x :: name
and ¥ b
and Cs:: (‘e x (‘a, 'b, 'c) psi) list

assumes z § ¥
and z § (map fst Cs)

shows U > (vz))(Cases Cs) = Cases(map (A(p, P). (¢, (vz)P)) Cs)
(proof)

lemma weakBangFEuxt:

fixes U :: b
and P : ('a, ', 'c) psi
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assumes guarded P

shows ¥ > |P~ P | IP
(proof)

lemma weakBisimParSym:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and R : ('a, b, 'c) psi

assumes ¥ > P = ()

shows UV > R| P~ R| Q
(proof)

lemma weakBisimScopeExtSym:
fixes x :: name
and Q = (‘a, 'b, 'c) psi
and P :: ('a, b, 'c) psi

assumes z f ¥
and z4 @

shows U > (vz)(P || Q) = ((vz)P) || @
(proof)

lemma weakBisimScopeEztChainSym:
fixes zvec :: name list
and Q ::(‘a,’d, 'c) psi
and P ::(‘a,’b, 'c) psi

assumes zvec fx ¥
and zvec fx Q

shows U > (vkzvec) (P || Q) =~ ((v*zvec)P) || @
(proof)

lemma weakBisimParPresAuxSym:
fixes U :: b
and P :: (‘a, b, 'c) psi
and @ :: (‘a, b, 'c) psi
and R :('a,'b, 'c) psi

assumes ¥ @ UVp > P~ ()

and extractFrame R = (AR, Ug)
and AR fx U

and Ag tx P
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and Ag tx Q

shows UV > R| P=R| @
(proof)

lemma weakBisimParPresSym:
fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and R : (‘a, 'd, 'c) psi

assumes ¥ > P =~ @)

shows UV > R| P~ R| @
(proof)

lemma guardedFrameStatEq:
fixes P :: (‘a, 'b, 'c) psi

assumes guarded P

shows extractFrame P ~p (e, 1)
(proof )

lemma guardedInsertAssertion:
fixes P :: (‘a, 'b, 'c) psi
and VY : b

assumes guarded P

shows insertAssertion (extractFrame P) ¥ ~p (¢, ¥)

(proof)

lemma insertDoubleAssertionStatEq':
fixes F' :: 'b frame
and ¥ b
and U’':'b

shows insertAssertion(insertAssertion F ) U’ ~p (insertAssertion F) (V' ®
v)
(proof)

lemma bangActE:
assumes ¥ > !P ——a < P’

and bn « fx subject «
and guarded P
and aFT

and bn o gx P
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obtains ) where ¥V > P —a < Qand P'~ Q || !P
(proof)

lemma bangTaukE:
assumes ¥ > |P —7 < P’
and guarded P

obtains Q where ¥ > P || P+——7 < Qand P’ ~ Q || P
(proof )

lemma tauBangl:
fixes U :: b
and P : (‘a, ’d, 'c) psi
and P’: (‘a, ’d, 'c) psi

assumes ¥ > P || P ——71 < P’
and guarded P

obtains ) where ¥ > !P ——7 < Qand Q ~ P’ || !P
(proof)

lemma tauChainBangl:
fixes U :: b
and P : (‘a, ’d, 'c) psi
and P’: (‘a, ’d, 'c) psi

assumes ¥ > P | P =, P’
and guarded P

obtains Q where ¥ > !P =, Qand ¥ > Q ~ P’ || P
{proof )

lemma weakBisimBangPresAux:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (Ya, 'b, 'c) psi
and R : (a, 'd, 'c) psi

assumes ¥ > P =~ @)
and guarded P
and guarded Q)

shows ¥ > R||!IP=R|!Q
(proof)

lemma weakBisimBangPres:
fixes U :: b
and P : ('a, ', 'c) psi
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and @ :: (‘a, 'b, 'c) psi

assumes ¥ > P =~ ()
and guarded P
and guarded @

shows U > !P=!Q
(proof)

end
end

theory Close-Subst
imports Agent
begin

context substPsi
begin

definition closeSubst :: ('b::fs-name x (‘a::fs-name, ‘b, ‘c::fs-name) psi x ('a, 'b,
‘c) psi) set = ('b x (‘a, b, 'c) psi x (‘a, b, 'c) psi) set

where closeSubst Rel = {(V, P, Q) | ¥ P Q. (Vo. wellFormedSubst 0 — (U,
Pl[<o>], Q[<o>]) € Rel)}

lemma closeSubstl:
fixes ¥ :: b
and P : ('a, ', ‘c) psi
and Q : (‘a, 'b, 'c) psi

assumes Ao. wellFormedSubst 0 = (¥, P[<o>], Q[<o>]) € Rel

shows (U, P, Q) € closeSubst Rel
(proof)

lemma closeSubstE:
fixes ¥ :: b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi
and o :: (name list x 'a list) list

assumes (U, P, Q) € closeSubst Rel
and wellFormedSubst o

shows (U, P[<o>], Q[<o>]) € Rel
(proof)

lemma closeSubstClosed:
fixes ¥ :: b
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and P : ('a, ', 'c) psi
and Q : (‘a, 'b, 'c) psi
and p :: name prm

assumes equt Rel
and (U, P, Q) € closeSubst Rel

shows (p - U, p - P, p - Q) € closeSubst Rel
(proof)

lemma closeSubstEqut:
assumes equt Rel

shows equt(closeSubst Rel)
(proof)

lemma closeSubstUnfold:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and Q = (‘a, 'b, 'c) psi
and o :: (name list x 'a list) list

assumes (U, P, Q) € closeSubst Rel
and wellFormedSubst o

shows (U, P[<o>], Q[<o>]) € closeSubst Rel
(proof)

end
end

theory Bisim-Subst
imports Bisim-Struct-Cong Close-Subst
begin

context env begin

abbreviation
bisimSubstJudge («- > - ~4 - [70, 70, 70] 65) where ¥ > P ~, Q = (¥, P,
Q) € closeSubst bisim

abbreviation
bisimSubstNilJudge (<- ~4 - [70, 70] 65) where P ~g @ = SBottom' > P ~;
Q

lemmas bisimSubstClosed|equt] = closeSubstClosed| OF bisimEqut]
lemmas bisimSubstEqut[simp] = closeSubstEqut|OF bisimEqut]

lemma bisimSubstOutputPres:
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fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi

and Q :: (‘a, 'b, 'c) psi
and M :'a
and N :'a

assumes ¥ > P ~; @)

shows ¥ > M(N).P ~s M(N).Q
{(proof)

lemma seqSubstinputChain|simp]:
fixes zvec :: name list
and N :'a
and P ::(‘a,’b, 'c) psi
and o (name list x 'a list) list

assumes zvec fix o

shows seqSubs’ (inputChain zvec N P) o = inputChain zvec (substTerm.seqSubst
N o) (seqSubs P o)

(proof)

lemma bisimSubstInputPres:
fixesU b
and P :: (‘a,’b, 'c) psi
and @ ::('a,’'b, ‘c) psi
and M :'a
and zvec :: name list
and N :'a

assumes ¥ > P ~; @)
and zvec fx U
and distinct zvec

shows ¥ > M(Axzvec N|).P ~; M(Axzvec NJ|).Q
(proof)

lemma bisimSubstCasePresAux:
fixes U b
and CsP :: (c x (‘a, 'b, 'c) psi) list
and CsQ :: (¢ x ('a, b, 'c) psi) list

assumes CI1: Ay P. (¢, P) mem CsP = 3 Q. (p, Q) mem CsQ A guarded Q
AU D>P~; Q

and C2: N Q. (p, Q) mem CsQ = IP. (¢, P) mem CsP A guarded P A
U P~ Q
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shows U > Cases CsP ~4 Cases CsQ

(proof)

lemma bisimSubstReflexive:
fixes U :: 'b
and P : ('a, ', 'c) psi

shows ¥ > P ~, P
(proof)

lemma bisimSubst Transitive:
fixes ¥ :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and R : (‘a, 'b, 'c) psi

assumes ¥ > P ~; @)
and Up> @ ~s R

shows ¥ > P ~, R
(proof)

lemma bisimSubstSymmetric:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and Q = (‘a, 'b, 'c) psi

assumes ¥ > P ~; @)

shows ¥ > @ ~5 P
{proof )

lemma bisimSubstParPres:
fixes ¥ :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (Ya, 'b, 'c) psi
and R : (a, 'd, 'c) psi

assumes ¥ > P ~; @)

shows ¥ > P || R ~;, Q|| R
(proof)

lemma bisimSubstResPres:
fixes ¥ :: b
and P :: (‘a, ’d, 'c) psi
and Q@ :: (‘a, 'b, 'c) psi
and z :: name
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assumes ¥ > P ~; @)
and zf{ VU

shows U > (vz)P ~; (vz)Q
(proof)

lemma bisimSubstBangPres:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi

assumes U > P ~; @)
and guarded P
and guarded Q)

shows ¥ > IP ~, 1Q
(proof)

lemma substNil[simp]:
fixes zvec :: name list
and Twec :: 'a list

assumes wellFormedSubst o
and distinct xvec

shows (0[<o>]) =0

(proof)

lemma bisimSubstParNil:
fixes ¥ :: 'b
and P :: (‘a, b, 'c) psi

shows U > P || 0 ~, P
(proof)

lemma bisimSubstParComm:
fixes ¥ :: b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi

shows U > P || Q ~s Q| P
(proof)

lemma bisimSubstParAssoc:
fixes ¥ :: /b
and P :: (‘a, ’d, 'c) psi
and Q@ :: (‘a, 'b, 'c) psi
and R : (a, 'd, 'c) psi
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shows U > (P || Q) || R~s P | (Q || R)
{(proof)

lemma bisimSubstResNil:
fixes ¥ :: b
and z :: name

shows ¥ > (vz)0 ~; 0
(proof)

lemma seqSubst2:
fixes x :: name
and P :: (‘a, ’d, 'c) psi

assumes wellFormedSubst o
and zfo
and zf P

shows z § P[<o>]
(proof)

notation substTerm.seqSubst (¢-[<->]» [100, 100] 100)

lemma bisimSubstScopeFzt:
fixes ¥ :: b
and =z :: name
and P : (‘a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi

assumes z ff P

shows U > (vz)(P || Q) ~s P | (vz)Q
(proof)

lemma bisimSubstCasePushRes:
fixes x :: name
and ¥ b
and Cs:: (‘¢ x (‘a, 'b, 'c) psi) list

assumes z f map fst Cs

shows ¥ > (vz|)(Cases Cs) ~; Cases map (A(p, P). (¢, (vz)P)) Cs
(proof)

lemma bisimSubstOQutputPushRes:
fixes = :: name

and U ::'b
and M ::'a
and N ::'a
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and P : ('a, ', 'c) psi

assumes z § M
and z g N

shows U > (vz)(M(N).P) ~3 M(N).(vz)P
(proof)

lemma bisimSubstInputPushRes:
fixes x :: name
and ¥ b
and M :'a
and zvec :: name list
and N :'a

assumes z § M
and z { zvec

and zf N

shows ¥ > (vz|)(M(Axzvec N|).P) ~g M(Axzvec NJ|).(vz|) P
(proof )

lemma bisimSubstResComm:
fixes z :: name
and vy :: name

shows U > (vz)((vy)P) ~s (vy)((vz)P)
(proof)

lemma bisimSubstExtBang:
fixes ¥ :: b
and P : ('a, ', 'c) psi

assumes guarded P

shows ¥ > |P ~, P | IP
(proof)

lemma structCongBisimSubst:
fixes P :: (‘a, 'b, 'c) psi
and Q :: (‘a, 'b, 'c) psi

assumes P =, ()

shows P ~, @
(proof)

end
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end

theory Weak-Bisim-Subst
imports Weak-Bisim-Struct-Cong Weak-Bisim-Pres Bisim-Subst
begin

context env begin

abbreviation

weakBisimSubstJudge (s- > - =5 - [70, 70, 70] 65) where ¥ > P ~, Q = (U,
P, Q) € closeSubst weakBisim
abbreviation

weakBisimSubstNilJudge (<- =5 -» [70, 70] 65) where P ~;, Q =11> P =~; Q

lemmas weakBisimSubstClosed]equt] = closeSubstClosed|OF weakBisimEqut]
lemmas weakBisimEqut[simp] = closeSubstEqut]| OF weakBisimEqut]

lemma strongBisimSubst WeakBisimSubst:
fixes U :: b
and P :: (‘a, 'b, 'c) psi
and Q@ : (‘a, 'b, 'c) psi

assumes ¥ > P ~; @)

shows ¥ > P ~; @
(proof)

lemma weakBisimSubstOutputPres:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and M :'a
and N :'a

assumes ¥ > P =, @

shows ¥ > M(N).P ~; M(N).Q
(proof)

lemma bisimSubstInputPres:
fixes U b
and P :(‘a,’b, 'c) psi
and @ ::('a,’db, ‘c) psi
and M :'a
and zvec :: name list
and N :'a

assumes ¥ > P =, @
and  zvec fx ¥
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and distinct xvec

shows U > M(Axzvec N|).P =5 M (A xzvec NJ|).Q
(proof)

lemma weakBisimSubstReflexive:
fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi

shows U > P =, P
(proof)

lemma bisimSubstTransitive:
fixes ¥ :: /b
and P :: (‘a, b, 'c) psi
and @ :: (‘a, b, 'c) psi
and R : ('a, b, 'c) psi

assumes ¥ > P =, @
and U Qs R

shows ¥ > P ~, R
(proof)

lemma weakBisimSubstSymmetric:
fixes U :: b
and P : (‘a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi

assumes ¥ > P =, @

shows ¥ > @ ~;

(proof)

lemma weakBisimSubstParPres:
fixes ¥ :: 'b
and P :: ('a, b, 'c) psi
and @ :: (‘a, b, 'c) psi
and R :('a, b, 'c) psi

assumes ¥ > P =, @

shows U > P || R~, Q|| R
(proof)

lemma weakBisimSubstResPres:
fixes ¥ :: 'b
and P : ('a,'b, 'c) psi
and @ :: (‘a, 'b, 'c) psi
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and <z :: name

assumes ¥ > P =, ()
and z iU

shows U > (vz)P =~ (vz)Q
(proof)

lemma weakBisimSubstParNil:
fixes ¥ :: b
and P :: (‘a, ’d, 'c) psi

shows U > P || 0 =, P
(proof)

lemma weakBisimSubstParComm:
fixes ¥ :: b
and P :: (‘a, 'b, 'c) psi
and Q@ : (‘a, 'b, 'c) psi

shows U > P || Q =, Q| P
(proof)

lemma weakBisimSubstParAssoc:
fixes ¥ :: 'b
and P : ('a, ', ‘c) psi
and Q : (‘a, 'b, 'c) psi
and R : (‘a, 'd, 'c) psi

shows U > (P || Q) | R~, P| (Q| R)
(proof)

lemma weakBisimSubstResNil:
fixes ¥ :: b
and 1z :: name

shows U > (vz)0 ~, 0
(proof)

lemma weakBisimSubstScopeEt:
fixes ¥ :: /b
and z :: name
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi

assumes z f P
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shows U > (vz)(P || Q) =5 P | (vz)@
(proof)

lemma weakBisimSubstCasePushRes:

fixes = :: name
and U b
and Cs:: (‘e x (Ya, 'b, 'c) psi) list

assumes z § map fst Cs

shows U > (vz))(Cases Cs) =, Cases map (A(p, P). (¢, (vz)P)) Cs
(proof)

lemma weakBisimSubstOutputPushRes:
fixes z :: name

and U ::'b
and M ::'a
and N ::'a

and P :: (‘a, ’d, 'c) psi

assumes z §f ¥

and zd M

and z i N

shows U > (vz)(M(N).P) ~; M(N).(vz)P
(proof)
lemma weakBisimSubstInputPushRes:

fixes ¢ :: name

and ¥ b

and M :'a
and zvec :: name list
and N :'a

assumes z § M
and T § avec
and zf§ N

shows U > (vz)(M(Axzvec N|).P) ~, M(Axzvec N|.(vz)P
(proof)

lemma weakBisimSubstResComm:
fixes z :: name
and vy :: name

shows ¥ > (vz)((vy)P) ~s (vy)((vz)P)
(proof )

lemma weakBisimSubstExtBang:
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fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi

assumes guarded P

shows U > |P =, P | |P
(proof)

end
end
theory Weakening
imports Weak-Bisimulation
begin
locale weak = env +
assumes weaken: U — ¥ @ U’
begin
lemma entWeaken:
fixes ¥ :: b
and ¢ :'c

assumes U - ¢

shows ¥ @ ¥’ ¢

(proof)

lemma assert Weaken:
fixes U :: b
and U': b

shows ¥ «— U @ U’
(proof)

lemma frame Weaken:

fixes F :: 'b frame
and G :'b frame

shows F —p F Qr G
(proof)

lemma unitAssert Weaken:

fixes ¥ :: 'b

shows 1 — W

(proof)

220



lemma unitFrame Weaken:
fixes I :: 'b frame

shows (e, 1) —p F

(proof)

lemma insertAssertion Weaken:
fixes I' :: 'b frame
and U ::'b

shows (e, U) < insertAssertion F U

(proof)

lemma framelmpStatEq:
fixes Arp :: name list

and ¥ b
and U’': b
and ¢ = 'c

assumes ((Ap, ¥)) Fr @
and ¥~ U’

shows ((Ap, ¥)) Fp ¢
(proof)

lemma statImpTauDerivative:
fixes UV b
and P ::(‘a,’b, 'c) psi
and P’ ::('a,’d, 'c) psi

assumes ¥ > P ——7 < P’

shows insertAssertion (extractFrame P) U —p insertAssertion (extractFrame
PH O
(proof)

lemma weaken Transition:
fixes U :: b
and P :(a,'b, 'c) psi
and Rs :: (‘a, 'b, 'c) residual
and ¥': b

assumes ¥V > P —— Rs

shows U @ U'> P+ Rs
(proof )

end
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end

theory Weaken-Transition
imports Weakening
begin

context weak
begin

definition weakenTransition :: 'b = (‘a, 'b, 'c¢) psi = 'a action = ('a, 'b, 'c) psi
= bool (- > - =>- < - [80, 80, 80, 80] 80)
where

UV>P=a<P=3P"P"Vp> P=— . P"ANUD>P"—a<P'AT
>P'= ,P)V(P=P ANa=rT)

lemma weaken TransitionCases[consumes 1, case-names cBase cStep):

assumes ¥ > P —=a < P’

and Prop (1) P

and AP P".[¥>P= ,P";¥>P"+—a<P¥p>P' =, P]=
Prop o P’

shows Prop o P’
(proof)

lemma statImp TauChainDerivative:
fixes U :: b
and P :: (‘a,’b, 'c) psi
and P’ ::(‘a,’b, 'c) psi

assumes ¥ > P = . P’
shows insertAssertion (extractFrame P) VU —p insertAssertion (extractFrame

P W
{proof)

lemma weakenTauChain:
fixes U :: b
and P :(a,’b, 'c) psi
and P’: (a,’b, 'c) psi
and ¥': b

assumes ¥ > P — . P’

shows ¥ @ ¥'> P = . P’
(proof)

end

end
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theory Weaken-Stat-Imp
imports Weaken-Transition
begin

context weak begin

definition
weakenStatImp :: 'b = (a, 'b, 'c) psi =
('b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set =
("a, 'b, 'c) psi = bool (- > - Su<-> - [80, 80, 80, 80] 80)
where U > P S, <Rel> Q=3Q" V> Q= ., QA insertAssertion(extractFrame
P) U < insertAssertion(extractFrame Q') ¥ A (¥, P, Q') € Rel

lemma weakenStatImpMonotonic:

fixes ¥ :: b

and P : ('a,'b, 'c) psi

and A : (b x (‘a, 'b, ') psi x (‘a, 'b, 'c) psi) set
and Q :: (‘a, 'b, 'c) psi

and B : (b x (‘a, 'd, 'c) psi x ('a, 'b, 'c) psi) set

assumes ¥ > P 5,<A> @
and ACB

shows ¥ > P <, <B> @
(proof )

lemma weakenStatIimpl:
fixes ¥ :: b
and P :: (‘a, ’d, 'c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and Q : (‘a,’d, 'c) psi
and V’': b

assumes ¥ > Q — , Q'

and  insertAssertion(extractFrame P) ¥ — g insertAssertion(extractFrame Q')
LG
and (T, P, Q') € Rel

shows ¥ > P S, <Rel> Q
(proof )

lemma weakenStatImpFE:
fixes U :: b
and P : ('a, ', ‘c) psi
and Rel :: ('b x (Ya, 'b, 'c) psi x ('a, b, 'c) psi) set
and Q : (‘a,’d, 'c) psi
and U':'b

assumes ¥ > P 5, <Rel> Q
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obtains Q' where ¥ > Q =, Q' and insertAssertion(estractFrame P) ¥
—p insertAssertion(extractFrame Q') ¥ and (¥, P, Q') € Rel

(proof)

lemma weakStatImp WeakenStatImp:
fixes U :: 'b
and P : (‘a, ', c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and Q : (‘a,’b, 'c) psi

assumes cSim: ¥ > P S<Rel> Q
and  cStatEq: NV R S U". [(¥', R, S) € Rel; V'~ ¥'] = (V" R, §) €
Rel

shows ¥ > P T, <Rel> Q

(proof)

lemma weakenStatImp WeakStatImp:
fixes U ::'b
and P : (‘a, ', c) psi
and Rel :: ('b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and @ : (‘a, 'd, 'c) psi

assumes ¥ > P 5, <Rel> Q
and cExt: N\ RS U”. (V| R, S) € Rel = (¥'@ V" R, S) € Rel

shows ¥ > P T<Rel> Q
(proof)

end
end

theory Weaken-Simulation
imports Weaken-Stat-Imp
begin

context weak
begin

definition
weakenSimulation :: 'b = ('a, 'b, '¢) psi =
("6 x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set =
("a, 'b, 'c) psi = bool (- 1> -~y <-> - [80, 80, 80, 80] 80)
where
U P ~sy<Rel>Q=Va Q. ¥Vp>Qr—a<Q — bnatsxV¥U — bna fx
P— (3P .9 > P=a<P AT, P, Q)€ Rel)
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lemma weakenSimlI|[case-names cAct]:
fixes U b
and P : (‘a, ', c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and @ : (‘a, 'd, 'c) psi
and C :: 'd:fs-name

assumes rOutput: Aa Q. [V > Q —a < Q; bn a #x U; bn o i+ P] =
IP. U > P =a < P'A (U, P!, Q') € Rel

shows U > P~ ,<Rel> @Q
(proof )

lemma weakenSim WeakSim:
fixes U :: b
and P : (‘a, ', 'c) psi
and Rel :: ('b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and Q : (‘a,’d, 'c) psi

assumes (U, P, Q) € Rel

and cStatImp: AU’ R S. (¥, R, S) € Rel = ¥ > R Sy<Rel> S
and ¢Sim: AU/ RS. (U, R, S) € Rel = U > R ~,<Rel’™> S
and  cEzt: AR S U (¥, R, S) € Rel'! = (¥ ® ¥/, R, §) € Rel’
and ¢Sym: AV RS. (¥, R, S) € Rel = (¥, S, R) € Rel

shows ¥ > P ~<Rel’> @

(proof)

lemma weakSim WeakenSim:
fixes ¥ ::'b
and P : (‘a, ', c) psi
and Rel :: ('b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and @ : (‘a, 'd, 'c) psi

assumes cSim: ¥ > P ~~<Rel> @
and  cStatEq: ANV’ RS U [(¢', R, S) € Rel; ¥/~ V"] = (V" R, S) €
Rel

shows ¥ > P~ ,<Rel> @
(proof)

lemma weakenSimkE:
fixes ' b
and P : (‘a, ', 'c) psi
and Rel :: ('b x (Ya, 'b, 'c) psi x ('a, b, 'c) psi) set
and Q : (‘a,’d, 'c) psi

assumes ¥ > P ~v, <Rel> @
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shows Aa Q. [V > Q —a < Q) bn a fx U; bn a fx P] =
AP U > P =a~<P A (U, P, Q) € Rel

(proof )
lemma weakenSimMonotonic:
fixes ¥ :: b
and P : ('a, ', ‘c) psi
and A : (b x (Ya, b, 'c) psi x (‘a, 'b, 'c) psi) set
and Q :: (‘a, 'b, 'c) psi
and B : (b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes ¥ > P~ ,<A> @
and ACB

shows ¥ > P ~~,<B> @

(proof)

end
end

theory Weaken-Bisimulation
imports Weaken-Simulation Weaken-Stat-Imp
begin

context weak
begin

lemma weakenMonoCoinduct: Nz y za zb zc P Q V.
<y —
(U > Q ~yp<{(zc, zb, za). T zc b za}> P) —
(U > Q ~yp<{(2b, za, zc). y zb za zc}> P)
(proof)

lemma weakenMonoCoinduct2: Nz y za zb zc P Q V.
<y —=
(¥ > Q Sw<{(zc, zb, za). z xzc b za}> P) —
(¥ > Q Sw<{(zb, za, zc). y zb za zc}> P)
(proof)

coinductive-set weakenBisim :: ('b x (‘a, 'b, '¢) psi x ('a, 'b, 'c) psi) set
where
step: [U > P Sy<weakenBisim> Q; U > P ~»,,<weakenBisim> Q;
VU (T ® ¥, P, Q)€ weakenBisim; (¥, Q, P) € weakenBisim] = (U,
P, Q) € weakenBisim
monos weakenMonoCoinduct weakenMonoCoinduct2

abbreviation
weakenBisimJudge («- > - &, - [70, 70, 70] 65) where ¥ > P ~,, Q = (7,
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P, Q) € weakenBisim
abbreviation
weakenBisimNilJudge (¢- /=, - [70, 70] 65) where P ~,, Q =101 P =, Q

lemma weakenBisimCoinductAuz|consumes 1]:
fixes F :: b
and P : ('a, ', ‘c) psi
and Q :: (‘a, 'b, 'c) psi
and X :: (b x (‘a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set

assumes (U, P, Q) € X
and AU PQ. (¥, P, Q) X = (V> P Z,<(X U weakenBisim)> Q) A
(T > P~y <(X U weakenBisim)> Q) N
VI (T U, P, QeXV(PTeVU, P Q) e
weakenBisim) A
(P, @, P) e XV (¥, Q, P) € weakenBisim)

shows (U, P, Q) € weakenBisim
(proof)

lemma weakenBisimCoinduct[consumes 1, case-names cStatImp cSim cExt cSym):
fixes F :: b
and P : ('a, ', ‘c) psi
and Q : (‘a, 'b, 'c) psi
and X :: (b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes (¥, P, Q) € X

and AU'RS. (V)| R, S)eX = ¥'> R Z,<(X U weakenBisim)> S

and AU'RS. (V) R,S)eX = V' R ~~,<(X U weakenBisim)> S

and AU/'RSU" (U, R S)eX= (VoU,RSecXVU®U >
R=~, S

and AU/ RS. (U, R, S)cX— (0,5 R e€XVU'>Sr~,R

shows ¥ > P =, @
(proof)

lemma weakenBisim WeakCoinductAuz[consumes 1]:
fixes ¥ :: b
and P : ('a, ', 'c) psi
and Q :: (‘a, 'b, 'c) psi
and X :: (b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes (¥, P, Q) € X

and AU PQ (¥,P,Q €X = TP ,<X>QA
U Paoy<X>QANVIU. (TRU,P Q) e X)A
(¥, Q, P) € X

shows ¥ > P =, @
(proof)
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lemma weakenBisimFE:
fixes P :: (‘a, 'b, 'c) psi
and Q : (‘a, 'd, 'c) psi
and ¥ b
and U': b

assumes ¥ > P =, @

shows ¥ > P 3, <weakenBisim> @
and VYV > P ~,<weakenBisim> @
and Y QU > P~ry, Q

and V> Q= P

(proof)
lemma weakenBisim WeakCoinduct[consumes 1, case-names cStatImp cSim cExt
cSym|:

fixes I' :: b

and P :: (‘a, ’d, 'c) psi

and Q : (Ya, b, )psi

and X :: (b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

and AV PQ (¥,P,Q e€X=TD>P,<X>Q
and AU PQ. (U,P,Q)eX = TUD> P ~,<X>Q
and AT PQU. (U, P, Q) cX— (\I/®\I"PQ)€X
and AV PQ (V,P,Q) X = (V,Q,P)c

shows (U, P, Q) € weakenBisim
(proof)

lemma weakenBisimEqWeakBisim[simp|: weakenBisim = weakBisim

(proof)

lemma weaken Transitive WeakCoinduct|case-names cStatImp cSim cExt cSym, case-conclusion
bisim step, consumes 2]:

fixes U :: b

and P : (‘a, b, 'c) psi

and @ :: (‘a, 'b, 'c) psi

and X :: (b x (‘a, 'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes p: (U, P, Q) € X
and FEqut: equt X
and rStatImp: N\U P Q. (U, P, Q) € X = ¥ > P 5, <X> Q
and rSim: AV P Q. (U, P, Q) € X = U D> P~ ,<{(¥,P,Q)| ¥ PQ.IP
Q.U >P~PA
(T, P, Q) e X A
U Q' ~ Q> Q
and rExt: N\UP QU'. (I, P, Q)€ X = (V@ ¥, P, Q) € X
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and rSym: AU P Q. (¥, P, Q) e X = (¥, Q, P) e X

shows ¥ > P =, @
(proof )

lemma weaken TransitiveCoinduct|case-names cStatImp cSim cExt cSym, case-conclusion
bisim step, consumes 2]:

fixes ¥ :: /b

and P :: (‘a, ’d, 'c) psi

and Q :: (‘a, 'b, 'c) psi

and X :: (b x ('a, b, 'c) psi x ('a, b, 'c) psi) set

assumes p: (U, P, Q) € X

and Fqut: equt X

and rStatImp: AV P Q. (¥, P, Q) € X = V¥ > P 3, <(X U weakenBisim)>
Q

and rSim: \U P Q. (U, P, Q) € X = U > P ~,<({(¥, P, Q) | ¥ P Q. 3P
Q. ¥V >P~P A

(¥, P, Q) e (X U
weakenBisim) A
Ve Q' ~QhH>Q
and rEzt: AU PQU'. (¥, P, Q) e X = (Y V' P, Q) X U weakenBisim
and rSym: AV P Q. (¥, P, Q) € X = (¥, @, P) € X U weakenBisim

shows ¥ > P =, @
(proof)

end
end

theory Weak-Cong-Simulation
imports Weak-Simulation Tau-Chain
begin

context env begin

definition
weakCongSimulation :: 'b = ('a, 'b, 'c) psi =
('b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set =
(‘a, 'b, 'c) psi = bool (¢- > - ~«-» - [80, 80, 80, 80] 80)
where
U P~Rely Q=VQR. I > Qr—7<Q — @P.¥>P=, P A (T,
P’, Q') € Rel)

abbreviation

weakCongSimulationNilJudge (- ~>«-» -» [80, 80, 80] 80) where P ~~«Rel» Q
= SBottom' > P ~«Rel» Q
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lemma weakCongSimlI|case-names cTau]:
fixes U b
and P : (‘a, ', c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and @ : (‘a, 'd, 'c) psi
and C :: 'd:fs-name

assumes rTau: ANQ. V> Q+—7 < Q' = IP. V> P =, P' A (T, P/
Q") € Rel

shows U > P ~~«Rel» @
(proof)

lemma weakCongSimE:
fixes ' :: b
and P : (‘a, ', 'c) psi
and Rel :: ('b x (Ya, 'b, 'c) psi x ('a, b, 'c) psi) set
and Q : (‘a,’d, 'c) psi

assumes U > P ~»«Rel» @
and ¥ > Q ——7 < Q'

obtains P’ where ¥ > P —>, P’ and (¥, P/, Q') € Rel
(proof)

lemma weakCongSimClosedAux:
fixes U :: b
and P : (‘a, ', c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and Q : (‘a,’d, 'c) psi
and p :: name prm

assumes FEqutRel: equt Rel
and PSim@Q: U > P ~»«Rel» Q

shows (p - ¥) > (p - P) ~«Rel» (p - Q)
(proof)

lemma weakCongSimClosed:
fixes U b
and P : (‘a, ', c) psi
and Rel :: ('b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and @ : (‘a, 'd, 'c) psi
and p :: name prm

assumes FqutRel: equt Rel

shows U > P ~«Rel» Q@ = (p - ) > (p -+ P) ~«Rel» (p - Q)
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and P ~«Rely Q@ = (p - P) ~«Rel» (p - Q)

(proof)

lemma weakCongSimReflezive:

fixes Rel :
and U b
and P : (‘a,’d,

(b x ("a, b,

‘c) psi

‘c) psi x ('a,

b,

assumes {(V, P, P) | ¥ P. True} C Rel

shows U > P ~>«Rel» P

c) psi

‘c) psz

(proof)

lemma weakStepSim TauChain:
fixes U :: b
and @ : ('a,'b,
and Q' :: ('q, ’b ‘c) psi
and P : (‘a,
and Rel :: (b x (’

assumes ¥ > Q =, Q'
U > P ~>«Rel» Q
Sim: AT P Q. (U, P, Q) € Rel = ¥ > P ~<Rel> Q

and
and

obtains P’ where ¥ > P —>, P’and (¥, P/, Q') € Rel

‘c) psi x (

(proof)
lemma weakCongSim Transitive:
fixes U b
and P : (Ya, 'b, 'c) psi
and Rel = ('bx (’ ‘c) psi X
and @ = (Ya, b, 'c) psi
and Rel’ (b x (! ‘c) psi x
and T = (Ya, b, 'c) psi
and Rel” :: (b x (’ ‘c) psi X

assumes PRelQ: (U, P, Q) € Rel

and
and
and
Rel”
and

shows U > P ~«Rel'”’» R

(proof)

lemma weakCongSimStatEq:

fixes U b
and P : (‘a, b,

‘'c) psi

PSim@: ¥ > P ~»«Rel» @
QSimR: ¥ > Q ~«Rel’» R
Set: {(U, P, R) | Y PR.3Q. (¥, P, Q) € Rel A (T, Q,

Ia’

(a,
(a,
(a,
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‘c) psi) set

Ib’ !/

/b7
/b7

Ib’

c) psi) set

‘c) psi) set
‘c) psi) set

‘c) psi) set

Sim: NU P Q. (U, P, Q) € Rel = ¥ 1> P ~~<Rel> Q

R) € Rel’} C



and Rel :: ('b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set

and Q : (‘a,’d, 'c) psi

and VU’ b

assumes PSim@: ¥ > P ~»«Rel» @

and U~ v’

and CI:AVPQU.[(Y,P, Q) €Rel; $ ~V'] = (¥, P, Q) € Rel’

shows U’ > P ~~«Rel’» Q

(proof )
lemma weakCongSimMonotonic:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and A : (b x (‘a, b, 'c) psi x (‘a, 'b, 'c) psi) set
and @ :: (‘a, b, 'c) psi
and B : (b x ('a,'b, 'c) psi x ('a, 'b, 'c) psi) set

assumes ¥ > P ~«A» @
and ACRB

shows ¥ > P ~»«B» )
(proof)

lemma strongSim WeakCongSim:
fixes U :: b
and P : (‘a, ', 'c) psi
and Rel :: ('b x ('a, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and Q : (‘a,’d, 'c) psi

assumes ¥ > P ~~[Rel] Q
and Rel C Rel’

shows U > P ~»«Rel’» Q
(proof)

end
end
theory Weak-Psi-Congruence
imports Weak-Cong-Simulation Weak-Bisimulation
begin
context env begin
definition weakPsiCongruence :: 'b = (‘a, 'b, 'c) psi = ('a, 'b, 'c) psi = bool (x-

> - = - [70, 70, 70] 65)
where
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Up>P=Q=Yp>PxQAYD> P ~weakBisimy» Q NV > Q ~«weakBisimy
P

abbreviation
weakPsiCongNilJudge (- = - [70, 70] 65) where P = Q=1> P = Q

lemma weakPsiCongSym:
fixes U :: 'b
and P : (‘a, ’d, 'c) psi
and Q : (‘a, 'd, 'c) psi

assumes ¥ > P = (@)

shows ¥ > Q = P
{proof )

lemma weakPsiCongFE:
fixes U b
and P :: (‘a, ', c) psi
and Q : (‘a,’b, 'c) psi
and U’ ::'b

assumes ¥ > P = ()

shows ¥ > P =~ @)
and V¥ > P ~s«weakBisim» @
and VYV > @ ~«weakBisim» P

(proof)

lemma weakPsiCongl|case-names ¢ WeakBisim cSimLeft cSimRight]:
fixes ¥ ::'b
and P : (‘a, ', 'c) psi
and Q : (‘a,’d, 'c) psi
and VU’

assumes ¥ > P ~ ()
and U > P ~»«weakBisim» @
and U > @ ~«weakBisim» P

shows ¥ > P = @
(proof)

lemma weakPsiCongSyml|consumes 1, case-names cSym c¢WeakBisim c¢Sim]:

fixes U :: b

and P : 'd:fs-name
and Q :'d
and V’': b
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assumes Prop P ()
and AP Q. Prop P Q= Prop QP

and APQ. PropPQ= 9> (CP)=(CQ)
and AP Q. Prop P Q= ¥ > (C P) ~«weakBisim» (C Q)

shows U > (C P) = (C Q)
(proof)

lemma weakPsiCongSym?2|[consumes 1, case-names ¢ WeakBisim cSim):
fixes U :: b
and U':'b

assumes ¥ > P = ()
and APQUB>P=Q=VU(CP)=(CQ)
and APQ U>P=Q= V> (CP)~«weakBisim» (C Q)

shows U > (CP) = (C Q)
(proof)

lemma statEqWeakCong:
fixes U ::'b
and P :: (‘a,’d, 'c) psi
and @ : (‘a, b, 'c) psi
and U': b

assumes ¥ > P = ()
and U~

shows ¥/ > P = (
(proof)

lemma weakPsiCongReflexive:
fixes U :: b
and P : ('a, ', 'c) psi

shows UV > P = P
(proof)

lemma weakPsiCongClosed:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and Q@ :: (‘a, 'b, 'c) psi
and p : name prm
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assumes ¥ > P = (@)

shows (p-¥)> (p-P)=(p- Q)
(proof)

lemma weakPsiCongTransitive:
fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and R : (‘a, 'd, 'c) psi

assumes ¥ > P = (@)
and Up>Q=R

shows UV > P = R
(proof)

lemma strongBisim WeakPsiCong:
fixes U :: b
and P :: (‘a, 'b, 'c) psi
and Q@ : (‘a, 'b, 'c) psi
assumes ¥ > P ~ @

shows ¥ > P = @
(proof)

lemma structCongWeakPsiCong:
fixes P :: (‘a, 'b, 'c) psi
and Q :: (‘a, 'b, 'c) psi

assumes P =, ()

shows P = ()
(proof)

end
end
theory Weak-Cong-Sim-Pres
imports Weak-Sim-Pres Weak-Cong-Simulation
begin
context env begin
lemma case WeakSimPres:

fixes U = 'b
and CsP :: (‘c x (‘a, 'b, 'c) psi) list
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and Rel :: ('b x ('a, b, 'c) psi x ('a, 'b, 'c) psi) set
and CsQ :: (‘c x (‘a, 'b, 'c) psi) list

and M :'a

and N =:'a

assumes PRel@: N\¢ Q. (¢, Q) mem CsQ = I P. (¢, P) mem CsP A guarded
PAEQU P Q

and Sim: AU'PQ. (U, P, Q) € Rel = ¥'1> P ~<Rel> Q

and  EqRel: NV P Q. EqV' P Q = (¥, P, Q) € Rel

and  EqSim: AU/ P Q. EqU' P Q= U’'> P ~«Rel» Q

shows U > Cases CsP ~~<Rel> Cases CsQ

(proof)
lemma weakCongSz'mCasePres:

fixes \I/ 2 'b

and 2 ('e x (Ya, b, 'c) psi) list

and Rel : (b x (‘a, ’b )psi x (‘a, 'b, 'c) psi) set

and CsQ : (’c ("a, 'b, 'c) psi) list

and M :'a

and N ‘a

assumes PRel@: \¢ Q. (¢, Q) mem CsQ = I P. (¢, P) mem CsP A guarded
PANEqU PQ
and Eq¢Sim: NV P Q. EqU' P Q = U'> P ~~¢Rel» Q

shows ¥ > Cases CsP ~~«Rel» Cases CsQ
(proof)

lemma weakCongSimResPres:
fixes¥U b
and P ::(‘a,’b, 'c) psi
and Rel :: (b x ('a, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and Q :: (‘a,’d, 'c) psi
and =z : name
and Rel’:: (b x ('a, b, 'c) psi x (‘a, 'b, 'c) psi) set

assumes PSim@: U > P ~»«Rel» @

and equt Rel’

and zf{ VU

and Rel C Rel’

and Ci: N\ V'R Sz [(¥),R,S) € Rel; 2 § V'] = (V', (vz|)R, (vz)S) €
Rel’

shows U > (vz)P ~«Rel’» (vz)Q
(proof)

lemma weakCongSimResChainPres:
fixes U b
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and P :('a, ', c) psz
and Rel : (’b >< (’ ‘c) psi x ('a, 'b, 'c) psi) set
and (@ ) psz

and zvec :: name lzst

assumes PSim@: U > P ~>«Rel» @

and equt Rel

and zvec fx U

and CI1: AVY’'R Savec. [(¥', R, S) € Rel; zvec fx U] = (¥’ (vxavec)R,
(v*avec)S) € Rel

shows U > (vszvec)P ~>«Rely (vxavec)) Q

(proof)
lemma weakCongSimParPres:
fixes U b
and P :('a, ', 'c) psi
and Rel :: (b >< (’ ‘c) psi x (‘a, 'b, 'c) psi) set
and Q : (‘a, ) psz
and R : (a, ) psz
and Rel" (b x (’ ‘c) psi x ('a, 'b, 'c) psi) set

assumes PSim@Q: AU’ ' > P ~»«Rely Q
and  PSimQ" AU ¥'> P ~><Rel> Q
and  StatImp: NV ¥’ > Q S<Rel> P

and equt Rel
and equt Rel’

and Sym: AU/ ST.[(V,S, T)e€ Rel] = (¥, T, S) € Rel
and Ext: AU/ ST U [(V, S, T) € Rel] = (V'@ ¥, S, T) € Rel

and Cl: NV ST Ay Uy U. [(¥'® Yy, S, T) € Rel; extractFrame U =
<AU, \I/U> Ay tx U5 Ay tx S; Ay #x T]]:>(\I// SH U, T” U)GRCZ’

and  C2: AV’ S T zvec. [(V/, S, T) € Rel’; zvec §x V'] = (¥', (vxavec|)S,
(vxzvec)T) € Rel’

and 03 \NU'S T U". [(U, S, T) € Rel; O/ ~ U] = (¥, S, T) € Rel

shows U > P || R ~«Rel» Q|| R

(proof)
unbundle no relcomp-syntax

lemma weakCongSimBangPres:
fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and Rel :: (b x (Ya, 'b, 'c) psi x ('a, 'b, 'c) psi) set
and Rel’:: (b x ('a, 'b, 'c) psi x (‘a, 'b, 'c) psi) set
and Rel” :: (b x ('a, 'b, 'c) psi x ('a, 'b, 'c) psi) set
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assumes PFEq(Q): FEq P Q

and PRelQ: (¥, P, Q) € Rel

and guarded P

and guarded @

and Rel’Rel: Rel’ C Rel

and  FrameParPres: N\O' Uy ST U Ay. [(V' ® Uy, S, T) € Rel; extractFrame
U= (Au, Yu); Av # V5 Ay i+ S; Ay i+ T] =

(W, U || 8, U| T) e Rel

and Cl1: N¥'STU.[(Y,S, T) € Rel; guarded S; guarded T] = (V/, U
1S, U || 'T) € Rel”

and Closed: N\U' S T p. (¥', S, T) € Rel = ((p::name prm) - ¥/, p - S, p
- T) € Rel

and Closed”: N®' S T p. (', S, T) € Rel'’ = ((p::name prm) - ¥/, p - S,
p+T) € Rel

and  StatEq: NU' S T U". [(U', S, T) € Rel; @' ~ '] = (0", 8, T) €
Rel

and  StatEq: NV’ ST V" [(V, S, T) € Rel'; W'~ V"] = (V" S, T) €
Rel’

and Trans: AO' ST U. [(¥', S, T) € Rel; (¥, T, U) € Rel] = (¥', 9,
U) € Rel

and Trans” N\U' S T U. [(¢', S, T) € Rel’; (U, T, U) € Rel] = (¥', S,
U) € Rel’

and EqSim: NV ST. EqST = ¥ 1> 8 ~«Rely T

and  ¢Sim: N\U' S T. (¥, S, T) € Rel = V' > S ~»<Rel> T

and eSym: NV ST. (9,85, T) € Rel = (V', T, S) € Rel

and  cSym" AU’ S T. (¥, S, T) € Rel’ = (¥', T, S) € Rel’

and  cEzt: AU/ ST O (U, S, T)€ Rel = (¥' @ V", 5, T) € Rel

and  cEzt" AU ST U (V)85 T)€ Rel' = (V'@ V" 5, T) € Rel

and  ParPres: N\V' ST U. (¥, S, T) € Rel = (¥, S| U, T || U) € Rel

and  ParPres> N\U' STU. (0, S, T)€ Rel’—= (O, U || S, U| T) € Rel

and  ParPres2: N\V'ST.EqST = Eq (S| S)(T| T)

and  ResPres: AU’ S T zvec. [(¥', S, T) € Rel; zvec §x U] = (V/, (vxavec) S,
(vxzvec) T) € Rel

and ResPres”. N\U' S T zvec. [(V', S, T) € Rel’; avec #x ¥'] = (¥/,
(vxzvec) S, (v+avec) T) € Rel’

and  Assoc: NV STU. (U, S| (T| U),S||T)]| U)e€ Rel

and  Assoc" N\ STU. (O, S| (T|U),S|T)]| U)e Rel

and  ScopeExt: Nzvec W' T S. [zvec §x V'; zvec fx T| = (¥, (vxzvec)(S ||
T), ((v*xzvec)S) || T) € Rel

and  ScopeEaxt" Naxvec U’ T S. [zvec tx U'; zvec §x T] = (', (vxavec))(S ||
T), ((v+zvec)S) || T) € Rel’

and  Compose: N’ ST UO. [(V', S, T) € Rel; (¥, T, U) € Rel”; (V', U,
O) € Rel] = (¥', S, O) € Rel”

and  rBangActE: AU’ S a S [¥' > 1S —a < S5 guarded S; bn o #x S; a
# 7; bn a fx subject o] = IT. ¥'> S —a < T AQ, S, T|!S) € Rel’

and  rBangTauE: NV’ S S’ [V > IS 7 < 5 guarded S| = 3 T. ¥’ >
S| S+ <TA@, S, T|!S) € Rel

and  rBangTaul: AU’ S S [V > S || S = S'; guarded S| = 3T. ¥’ >
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1S =, T ANV, T,S"|!S) € Rel
shows U > R || |P ~«Rel’”» R || !Q

(proof)
unbundle relcomp-syntax

end
end

theory Weak-Cong-Pres
imports Weak-Psi-Congruence Weak-Cong-Sim-Pres Weak-Bisim-Pres
begin

context env begin

lemma weakPsiConglInputPres:
fixes U b
and P ::(‘a,’d, 'c) psi
and Q ::(‘a,’d, 'c) psi
and M :'a
and zvec :: name list
and N :'a

assumes /\ Tvec. length zvec = length Tvec => W > Plavec::=Tvec] ~ Q[zvec::= Tvec]

shows ¥ > M(Axzvec N|).P = M(Axzvec NJ|).Q
(proof)

lemma weakPsiCongOutputPres:
fixes U b
and P ::(‘a,’b, 'c) psi
and @ ::('a, ', 'c) psi
and M :'a
and zvec :: name list
and N :'a

assumes ¥V > P = ()

shows U > M(N).P = M(N).Q
(proof)

lemma weakBisimCasePres:
fixes U :: b
and CsP :: ('c x (Ya, 'b, 'c) psi) list
and CsQ :: (‘e x ('a, 'b, 'c) psi) list

assumes A: A\¢ P. (p, P) mem CsP = 3 Q. (¢, Q) mem CsQ A guarded Q A

YU. T > P = Q)
and B: Ap Q. (¢, Q) mem CsQ = I P. (¢, P) mem CsP A guarded P A
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(VU. ¥ > P = Q)

shows U > Cases CsP =~ Cases CsQ
(proof)

lemma weakPsiCongCasePres:
fixes U :: b
and CsP :: (c x (‘a, 'b, 'c) psi) list
and CsQ :: (‘e x ('a, 'b, 'c) psi) list

assumes A: Ay P. (p, P) mem CsP = 3 Q. (¢, Q) mem CsQ A guarded Q A
VU. 0> P = Q)

and B: Ay Q. (¢, Q) mem CsQ = 3 P. (¢, P) mem CsP A guarded P A
VU. T > P = Q)

shows ¥ > Cases CsP = Cases CsQ
(proof)

lemma weakPsiCongResPres:
fixes ¥ :: /b
and P :: ('a, b, 'c) psi
and @ :: (‘a, 'b, 'c) psi
and z : name

assumes ¥ > P = ()
and zf§V

shows U > (vz)P = (vz)Q
(proof)

lemma weakPsiCongResChainPres:
fixes U :: b
and P ::(‘a,’b, 'c) psi
and Q :: (‘a,’d, 'c) psi
and zvec :: name list

assumes ¥V > P = ()
and  avec fix ¥

shows U > (vxzvec) P = (v+zvec) Q

(proof)

lemma weakPsiCongParPres:
fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and R : (‘a, b, 'c) psi

assumes VU. U > P = ()
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shows V> P||R=Q| R
(proof)

end
end

theory Weak-Cong-Struct-Cong
imports Weak-Cong-Pres Weak-Bisim-Struct-Cong
begin

context env begin

lemma weakPsiCongParComm:
fixes U :: b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi

shows UV > P || Q=Q | P
(proof)

lemma weakPsiCongResComm:
fixes z :: name
and VU : b
and y :: name
and P : (‘a, ', 'c) psi

assumes z ff ¥
and ytw

shows U > (vz)((vy)P) = (vy)((vz)P)
(proof)

lemma weakPsiCongResComm':
fixes ¢ :: name
and ¥ b
and zvec :: name list
and P ::(‘a,’b, 'c) psi

assumes z § ¥
and  zvec §x ¥

shows U > (vz|) ((v+zvec) P) = (v+zvec|)((vz|) P)
(proof)

lemma weakPsiCongScopeFxt:

fixes z :: name
and U :'b
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and P : ('a, ', 'c) psi
and Q : (‘a, 'b, 'c) psi

assumes z § ¥
and zf§P

shows U > (vz)(P || Q) = P || (vz) @
(proof)

lemma weakPsiCongScope ExtChain:
fixes zvec :: name list
and ¥ b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi

assumes zvec fx ¥
and  zvec fx P

shows U > (vkxzvec)(P || Q) = P || ((v*zvec) Q)
(proof)

lemma weakPsiCongParAssoc:
fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi
and R : (a, 'd, 'c) psi

shows U > (P | Q) | R=P || (Q [ R)
{(proof)

lemma weakPsiCongParNil:
fixes P :: (‘a, 'b, 'c) psi

shows U > P |0 =P
(proof)

lemma weakPsiCongResNil:

fixes z :: name
and U ::'b

assumes z § ¥

shows ¥ > (vz)0 =0
(proof)

lemma weakPsiCongOutputPushRes:
fixes z :: name
and VU : b
and M ::'a
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and N :'a
and P :: (‘a, ’d, 'c) psi

assumes z § ¥

and zf M

and x4 N

shows U > (vz)(M(N).P) = M(N).(vz)P
(proof)
lemma weakPsiCongInputPushRes:

fixes x :: name

and U b

and M :'a

and zvec :: name list

and N :'a

and P :: (‘a,’b, 'c) psi

assumes z f§ U

and i M
and T § avec
and z 4 N

shows U > (vz|) (M (A xzvec N|).P) = M (A xzvec N|).(|vz|)P
(proof)

lemma weakPsiCongCasePushRes:
fixes z :: name

and U b
and Cs: (‘e x (‘a, 'b, 'c) psi) list

assumes z §f ¥
and  z f (map fst Cs)

shows U > (vz))(Cases Cs) = Cases(map (A(p, P). (¢, (vz)P)) Cs)
(proof)

lemma weakBangFExt:
fixes ¥ :: b
and P :: (‘a, ’d, 'c) psi

assumes guarded P

shows U > |P = P || IP
(proof)

lemma weakPsiCongParSym:

fixes U :: b
and P : ('a, ', 'c) psi
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and @ :: (‘a, 'b, 'c) psi
and R : (‘a, b, 'c) psi

assumes VU. U > P = ()

shows UV > R||P=R| Q
(proof)

lemma weakPsiCongScopeExtSym:
fixes z :: name
and @ :: (‘a, b, 'c) psi
and P : ('a, ', 'c) psi

assumes z § ¥
and zdQ

shows ¥ > (vz)(P || Q) = ((vz)P) || @
{(proof )

lemma weakPsiCongScopeExtChainSym:
fixes zvec :: name list
and @ ::('a, ', ‘c) psi
and P ::(‘a,’b, 'c) psi

assumes zvec fx U
and zvec fx Q

shows U > (vkzvec)(P || Q) = ((v*zvec)P) || @
(proof)

lemma weakPsiCongParPresSym:
fixes U :: b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi
and R : (‘a, b, 'c) psi

assumes AV. U > P = (@

shows UV > R || P=R| Q
(proof)

lemma tauCongChainBangl:
fixes U :: b
and P :(a,'b, 'c) psi
and P’: (‘a, ’d, 'c) psi

assumes ¥ > P || P =, P’
and guarded P
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obtains ) where ¥V > P —, Qand ¥ > Q ~ P’ | !P
(proof)

lemma weakPsiCongBangPres:
fixes U :: 'b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi

assumes PeqQ: VU. U > P = (Q
and  guarded P
and guarded @

shows U > I!P=1Q
(proof)

end
end

theory Weak-Congruence
imports Weak-Cong-Struct-Cong Bisim-Subst
begin

context env begin

definition weakCongruence :: (‘a, 'b, 'c) psi = ('a, 'b, 'c¢) psi = bool (- =. -
(70, 70] 65)
where

P =.Q=VV 0. wellFormedSubst 0 — ¥ > P[<o>] = Q[<o>]

lemma weakCongFE:
fixes U :: b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi
and o :: (name list x 'a list) list

assumes P =, ()
wellFormedSubst o

shows U > P[<o>] = Q[<o>]
(proof)

lemma weakCongl|case-names ¢ WeakPsiCong|:
fixes P :: (‘a, 'b, 'c) psi
and Q : (‘a,’d, 'c) psi
assumes AV o. wellFormedSubst 0 = ¥ 1> P[<o>] = Q[<o>]

shows P =, @)
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(proof)

lemma weakCongClosed:
fixes ¥ :: b
and P : (‘a, b, 'c) psi
and @ :: (‘a, 'b, 'c) psi
and p :: name prm

assumes P =, @

shows (p - P) =. (p - Q)
(proof)

lemma weakCongReflexive:
fixes U :: b
and P :(a,’b, 'c) psi

shows P =, P
(proof)

lemma weakCongSym:
fixes ¥ ::'b
and P :(a,'b, 'c) psi
and Q : (‘a, 'd, 'c) psi

assumes P =, ()

shows Q) =. P
(proof)

lemma weakCongTransitive:
fixes U :: b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi
and R : (‘a, b, 'c) psi

assumes ¥V > P = ()
and Up> Q=R

shows ¥ > P = R

(proof)

lemma weakCongWeakBisim:
fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi

assumes P =, )
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shows ¥ > P =~ @)
(proof)

lemma weakCongWeakPsiCong:
fixes U :: b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi

assumes P =, @

shows U > P = @)
(proof)

lemma strongBisim WeakCong:
fixes U :: b
and P : ('a,'b, 'c) psi
and @ :: (‘a, 'b, 'c) psi

assumes P ~; @

shows P =, @
(proof)

lemma structCongWeakCong:
fixes ¥ :: b
and P :: (‘a, b, 'c) psi
and @ :: (‘a, b, 'c) psi

assumes P =, @)

shows P =, @)
(proof)

lemma weakCongUnfold:
fixes U :: b
and P :: (‘a, ’b, 'c) psi
and Q@ : (‘a, 'b, 'c) psi

and o :: (name list x 'a list) list

assumes P =, @
and wellFormedSubst o

shows Pl<o>] =, Q[<o>]
(proof )

lemma weakCongOutputPres:
fixes U :: b
and P : ('a,'b, 'c) psi
and @ :: (‘a, 'b, 'c) psi
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and M ::'a
and N ::'a

assumes P =, ()

shows M(N).P =. M(N).Q
(proof)

lemma weakConglInputPres:
fixesV b
and P :: (‘a,’b, 'c) psi
and @ ::('a,’db, ‘c) psi
and M :'a
and zvec :: name list
and N :'a

assumes P =, ()
and distinct xvec

shows M (Axzvec N|).P =, M(A«zvec N)).Q
(proof )

lemma weakCongCasePresAux:
fixes U b
and CsP :: (c x (‘a, 'b, 'c) psi) list
and CsQ :: (‘e x ('a, 'b, 'c) psi) list

assumes CI1: Ay P. (¢, P) mem CsP = 3 Q. (p, Q) mem CsQ A guarded @
NP = Q

and C2: N Q. (p, Q) mem CsQQ = IP. (¢, P) mem CsP A guarded P A
P=.4Q

shows Cases CsP =. Cases CsQ)
(proof)

lemma weakCongParPres:
fixes U :: b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi
and R : (‘a, b, 'c) psi

assumes P =, ()

shows P || R=. Q|| R
(proof)

lemma weakCongResPres:

fixes P :: (‘a, 'b, 'c) psi
and @ :: (‘a, 'b, 'c) psi

248



and 1z :: name
assumes P =, @

shows (vz)P =, (vz|) @
(proof)

lemma weakCongBangPres:
fixes P :: (‘a, 'b, 'c) psi
and Q :: (‘a, 'b, 'c) psi

assumes P =, ()
and guarded P
and guarded Q)

shows 1P =, 1@
(proof)

end
end

theory Tau
imports Weak-Congruence Bisim-Struct-Cong
begin

locale tau = env +
fixes nameTerm :: name = 'a

assumes ntEqut[equt]: (p::name prm) - (nameTerm x) = nameTerm(p -+ )
and  ntSupp: supp(nameTerm x) = {x}
and ntEq: U+ (nameTerm z) <> M = (M = nameTerm x)
and subst4: [length zvec = length Tvec; distinct xvec; zvec §x (M::'a)] =
M{zvec::=Tvec] = M
begin

lemma ntChanEq[simp]:
fixes U :: b
and z :: name

shows U F (nameTerm z) + (nameTerm z)
(proof)
lemma nameTermFresh[simp]:

fixes z :: name

and vy :: name

shows z # (nameTerm y) = (z # y)
(proof)
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lemma nameTermFreshChain[simp]:
fixes xvec :: name list
and z :: name

shows zvec #x (nameTerm x) = z f zvec
(proof)

definition tauPrefiz :: ('a, 'b, 'c) psi = (‘a, 'b, 'c) psi («7.-» [85] 85)
where tauPrefic P = THE P'. 3x:name. © § P A P’ = (vz)(((nameTerm
z)(Ax([]) (nameTerm z))).0) || ((nameTerm z){(nameTerm x)).P))

lemma tauActionUnfold:
fixes P :: (‘a, 'b, 'c) psi
and C : 'd:fs-name

obtains z::name where z § P and z § C and 7.(P) = (vz)(((nameTerm
z)(A*([]) (nameTerm z))).0) || ((nameTerm z){(nameTerm z)).P)

(proof)

lemma tauActionl:
fixes P :: (‘a, 'b, 'c) psi

shows 3P U > 7.(P) —7 < PNV > P ~ P’
(proof)

lemma outputEmpy|dest]:
assumes ¥ > M(N).P — K (v*xzvec)(N') < P’

shows zvec = ||

{(proof)

lemma tauActionE:
fixes P :: (‘a, 'b, 'c) psi

assumes ¥ > 7.(P) —7 < P’

shows U > P ~ P’ and supp P’ = ((supp P)::name set)
(proof)
lemma tauActionEqut[equt]:

fixes P :: (‘a, 'b, 'c) psi

and p : name prm

shows (p - 7.(P)) = 7.(p - P)
(proof)

lemma resCases’[consumes 7, case-names cOpen cRes]:
fixes U = 'b
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and = : name

and P ::(‘a,’d, 'c) psi
and o :: a action
and P’ :(‘a,’d, 'c) psi
and C : 'd:fs-name

assumes Trans: ¥ > (vz)P —za < P’
and zf{ VU

and z § za

and =z zP’

and bn xa tx W
and bn xa tix P
and bn xa tx subject o

and  rOpen: AM zvec yvec y N P'. [U > P —— M (vx(zvecQyuec)){([(z, y)] -
N)) < ([(z, y)] - P’); y € supp N;
i Nzt Pho# oy oyt avec; y § yoec; y f M;
distinct zvec; distinct yvec;
avec tx U y § U; yvec §x U; zvec §x P; y § P,
yvec §x P; zvec §x M; y § M;
yvec #x M; zvec #x yvee; zoo = M (v*(zvecQy#yvec)) (N);
zP'= P =
Prop
and  rScope: AP’ [V > P —za < P'; 2P’ = (vz)P’] = Prop

shows Prop

(proof)

lemma parCases’[consumes 5, case-names cParl cPar2 cComml1 cComm2]:
fixes ¥ b
and P ::(‘a,’d, 'c) psi

and Q ::(‘a,’d, 'c) psi
and o :: a action

and T : (‘a,’d, 'c) psi
and C :: 'd:fs-name

assumes Trans: ¥ > P || Q —za < T
and bn xa tx W
and bn xa x P
and bn xa fx Q
and bn za f* subject za
and rParl: AP Ag ¥q. [¥ ® ¥g > P +——za < P’y extractFrame Q =
(Ag, q); distinct Ag;
Ag i+ U; Ag tx P; Ag i+ Q; Ag t* za; Ag i P’y Ag
fx C; 2T = P'| Q] = Prop
and rPar2: NQ' Ap ¥p. [V ® Up > Q —rza < Q; extractFrame P =
<Ap, \I/p>; distinct AP;
Ap 4+ U5 Ap % P; Ap i+ Q; Ap tx za; Ap §x Q' Ap
fx C; 2T = P || Q'] = Prop
and rCommi1: N\¥g M NP’ Ap Up K zvec Q' Ag.
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[¥ ® Vg > P—M(N) < P’; extractFrame P = (Ap, Up); distinct Ap;
U ® Up > Q+—K(vxavec)(N) < Q' extractFrame @ = (Ag, Yo);
distinct Ag;
VeUp® Vgl M <& K; distinet zvec;
AP ﬁ* \I/, Ap ﬁ* ‘IIQ, Ap ﬂ* f)7 AP ﬂ* ]\/[7 Ap u* ]V7 AP ﬁ* Pl; Ap
fx Q; Ap fx zvec; Ap fx Q5 Ap §x Ag; Ap tx C;
Ag i+ W5 Ag fx Up; Ag % P; Ag #x K; Ag fx N; Ag i+ P, Ag tx
Q; Ag fx avec; Ag tx Q' Ag #x C
avec fx U; zvec tix Wp; zvec fx P; zvec fx M; xzvec #x K; zvec f*x Q;
zvec tx Vg, avec fx C; za=T; 2T = (v*zvec)(P' || Q)] = Prop
and rComm2: N¥g M zvec N P' Ap Up K Q' Ag.
[¥ @ g > P —M(vszvec)(N) < P'; extractFrame P = (Ap, Up);
distinct Ap;
UQUp> Q+—K(N) < Q' extractFrame Q = (Aq, Uq); distinct Ag;
UVeUp® VYol M <& K; distinet zvec;
Ap b W; Ap tx Wo; Ap tx Py Ap tx M; Ap tx N; Ap tx P% Ap
fx Q; Ap #x zvec; Ap fx Q5 Ap fx Ag; Ap tx C;
Ag % W5 Ag fx Up; Ag % P; Ag #x K; Ag fx N; Ag i+ P’ Ag t*
Q; Ag fx avec; Ag tx Q' Ag #x C
zvec §x U; zvec §x Up; zvec fx P; zvec fx M; xvec #x K; zvec fx @
zvec tx Vg, zvec fx C; za=T; 2T = (v*zvec)(P' | Q)] = Prop

shows Prop
(proof)

lemma inputCases’[consumes 1, case-names cInput]:
fixes UV b
and M :'a
and zvec :: name list

and N :'a
and P ::(‘a,’b, 'c) psi
and o : 'a action

and P’ : (‘a,’b, 'c) psi

assumes Trans: ¥ > M(Axzvec N|).P —a < P’

and rinput: AK Tvec. [T F M + K; set zvec C supp N; length zvec =
length Tvec; distinct zvec; a=K (N [zvec::=Tvec])); P’ = Plavec::=Tvec]] = Prop
(K(N[zvec::=Tvec]|)) (Plzvec::=Tvec])

shows Prop o P’

(proof)
lemma outputCases’[consumes 1, case-names cOutput):
fixes ¥ :: b
and M :'a
and N :'a
and P : (‘a, ’d, 'c) psi
and o« : a action
and P’: ('a,’b, 'c) psi
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assumes ¥ > M(N).P —a < P’
and AK.[¥+F M < K; subject a=Some K] = Prop (K(N)) P

shows Prop a P’

(proof)

lemma tauOutput|dest]:
fixes UV b
and P :(‘a,’b, 'c) psi
and M :'a
and zvec :: name list
and N :'a
and P’ ::(‘a,’d, 'c) psi

assumes U > 7.(P) — M (v*zvec)(N) < P’

shows Fulse

(proof)

lemma taulnput|dest]:
fixes ¥ :: b
and P :(a,'b, 'c) psi
and M :'a
and N :'a

and P’: (‘a, 'd, 'c) psi
assumes ¥ > 7.(P) — M (N|) < P’

shows Fulse

{(proof)

lemma tauPrefixFrame:
fixes P :: (‘a, 'b, 'c) psi

shows eztractFrame(r.(P)) ~p (¢, 1)

(proof)

lemma insertTauAssertion:
fixes P :: (‘a, 'b, 'c) psi
and U ')

shows insertAssertion (extractFrame(r.(P))) ¥ ~p (g, ¥)

(proof)

lemma seqSubsts:
assumes y { o
and wellFormedSubst o
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shows substTerm.seqSubst (nameTerm y) o = nameTerm y
(proof)

lemma tauSeqSubst[simp:
fixes P :: (‘a, 'b, 'c) psi
and o :: (name list x 'a list) list

assumes wellFormedSubst o

shows (7.(P))[<o>] = 7.(P[<o>])

(proof)

lemma tauSubst[simp]:
fixes P :: (‘a, 'b, 'c) psi
and zvec :: name list
and Tvec :: 'a list

assumes distinct zvec
and length xvec = length Tvec

shows (7.(P))[zvec::=Tvec] = 7.(Plzvec::=Tvec])

(proof)

lemma tauFresh[simp]:
fixes P :: (‘a, 'b, 'c) psi
and <z : name

shows z  7.(P) =z P
(proof)

lemma tauFreshChain|simp]:
fixes P :: (a, b, 'c) psi
and zvec :: name list

shows zvec #x (7.(P)) = (zvec §x P)
(proof)

lemma guardedTau:
fixes P :: (‘a, 'b, 'c) psi

shows guarded(r.(P))
(proof)

lemma tauChainBisim:
fixes U ::'b
and P : (‘a, ', c) psi
and P’ :: (‘a,’b, 'c) psi
and P”: (‘a, 'd, 'c) psi
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assumes ¥ > P — . P’
and > P~ P

obtains P’"’ where ¥ > P =", P and ¥ > P’ ~ P'"
(proof)

lemma tauChainStepCons:
fixes U :: b
and P : (‘a, ’d, 'c) psi
and P’: (‘a, ’d, 'c) psi

assumes PChain: U > P = | P’

obtains P’ where ¥ > 7.(P) =, P’ and ¥ > P’ ~ P"
{proof )

lemma tauChainCons:
fixes ¥ :: b
and P : (‘a, ’d, 'c) psi
and P’: (‘a, ’d, 'c) psi

assumes ¥ > P — . P’

obtains P” where ¥ > 7.(P) = ., P”and ¥ > P' ~ P"
(proof)

lemma weakTransition Taou:
fixes U b
and Q :: (‘a,’d, 'c) psi
and P ::(‘a,’d, 'c) psi
and o : a action
and P’ : (‘a,’b, 'c) psi
assumes PTrans: ¥ : Q > P =« < P’
and bn o fx ¥
and bn o gx P

obtains P where ¥ : Q > 7.(P) =a < P”and ¥ > P/~ P”
(proof)

end
end
theory Sum
imports Semantics Close-Subst

begin

context env
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begin

abbreviation sumAssertJudge (- &- - [150, 50, 50] 150)
where (P::('a, 'b, 'c) psi) ®, Q = Cases [(¢, P), (¢, Q)]

lemma SumAssertl:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi

assumes ¥V > P —— Rs
and UE o
and guarded P

shows ¥ > P ©, Q — Rs
(proof)

lemma SumAssert2:
fixes ¥ :: b
and P :: (‘a, 'b, 'c) psi
and Q@ : (‘a, 'b, 'c) psi

assumes ¥ > ) — Rs
and UE o
and guarded Q)

shows ¥ > P ©, Q — Rs
(proof)

lemma sumAssertCases[consumes 2, case-names cSuml cSum?2):
fixes U :: b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi
and ¢ :'c

assumes ¥ > P @&, @ — Rs

and UE

and  rSumli: [¥ > P +—— Rs; guarded P] = Prop
and rSum2: [ > @ — Rs; guarded Q] = Prop

shows Prop

(proof)

lemma sumFElim[dest]:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and Q@ :: (‘a, 'b, 'c) psi
and ¢ ::'c
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assumes ¥ > P ¢, @ — Rs
and (U F )

shows Fulse

(proof)

end

locale sum = env +
fixes T :: 'c

assumes Top: ¥ - T

and TopEqut[equt]: ((p::name prm) « T) = T

and  TopSubst[simp]: substCond T zvec Tvec = T
begin

abbreviation topJudge (xT» 150) where T = T
abbreviation sumJudge (infixr «®) 80) where P & @ = P &1 Q

lemma topSeqSubst[simp]:
shows (substCond.seqSubst T o) = T

(proof)

lemma supp Top:
shows ((supp(T))::name set) = {}
(proof)

lemma freshTop[simp]:
fixes x :: name
and zvec :: name list
and Xs : name set

shows z # T and zvec fx T and Xs #x T
(proof )

lemma sumSubst[simp]:
fixes P :: (‘a, 'b, 'c) psi
and @ ::('a, ', ‘c) psi
and zvec :: name list
and Tvec :: 'a list

assumes length zvec = length Tvec
and distinct xvec

shows (P @ Q)[zvec::=Tvec] = (Plzvec::=Tvec] & Q[zvec:=Tvec])
(proof)

lemma sumSeqSubst[simp]:
fixes P :: (‘a, 'b, 'c) psi
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and @ :: (‘a, 'b, 'c) psi
and o :: (name list x 'a list) list

assumes wellFormedSubst o

shows (P & Q)[<o>] = ((P[<o>]) & (Q[<o>]))
(proof)

lemma Suml1:
fixes ¥ :: b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi

assumes ¥V > P +—— Rs
and guarded P

shows ¥ > P ® Q — Rs
(proof)

lemma Sum?2:
fixes ¥ :: b
and P : (‘a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi

assumes ¥ > @ — Rs
and guarded @

shows ¥ > P & QQ — Rs
(proof)

lemma sumCases[consumes 1, case-names cSuml cSum2]:
fixes U :: b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi
assumes ¥ > P ® @ — Rs
and  rSuml: [¥ > P — Rs; guarded P] = Prop
and  rSum2: [¥ > Q — Rs; guarded Q] = Prop

shows Prop

(proof)

end
end
theory Tau-Sim

imports Tau Sum
begin
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nominal-datatype 'a prefix =
pInput 'a::fs-name name list 'a

| pOutput 'a 'a

| pTau

context tau
begin

nominal-primrec bindPrefiz :: 'a prefic = (‘a, 'b, 'c) psi = (‘a, 'b, 'c) psi (-
[100, 100] 100)
where
bindPrefix (pInput M zvec N) P = M (Axzvec N|).P
| bindPrefiz (pOutput M N) P = M(N).P
| bindPrefiz (pTau) P = 7.(P)
(proof)

lemma bindPrefixrEqut[equt]:
fixes p :: name prm
and « : 'a prefix
and P :: ('a, b, 'c) psi

shows (p - («P)) = (p - a)-(p - P)
(proof)

lemma prefizCases[consumes 1, case-names cInput cOutput cTau):
fixes ¥ :: b
and « : 'a prefiz
and P : (‘a, ’d, 'c) psi
and B : ‘a action
and P’: (‘a, ’d, 'c) psi

assumes ¥ > a-P —f3 < P’
and rinput: ANM zvec N K Tvec. [¥ F M « K; set zvec C supp N; length
zvec = length Tvec; distinct zvec] =
Prop (pInput M zvec N) (K(N[zvec::=Tvec]))
(P[zvec::=Tvec])
and  rOutput: AMNK. U+ M <« K = Prop (pOutput M N) (K(N)) P
and rTaw: ¥ > P ~ P'= Prop (pTau) (1) P’

shows Prop o 8 P’
{proof )

lemma prefirTauCases[consumes 1, case-names cTaul:
fixes a :: 'a prefix
and P : (‘a, ’d, 'c) psi
and P’: (‘a, ’d, 'c) psi

assumes ¥ > o-P —7 < P’

259



and rTaow: ¥ > P ~ P’ = Prop (pTau) P’

shows Prop o P’
(proof)

lemma hennessySim1:
fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi

assumes ¥ > P ~<Rel> @
and CI: NV PQR.[¥Y>P~ Q; (¥, Q,R) € Rl] = (¥, P, R) € Rel

shows ¥ > 7.(P) ~«Rel» Q
(proof)

lemma hennessySim2:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and Q = (‘a, 'b, 'c) psi

assumes PTrans: ¥ > P ——7 < P’/
and  P’RelQ: (¥, P, Q) € Rel
and Cl: A\ PQR.[(V,P, Q) € Rel; ¥ > Q ~ R] = (¥, P, R) € Rel

shows ¥ > P ~»«Rel» 7.(Q)
(proof)

lemma hennessySim3:
fixes U :: b
and P :: (‘a, b, 'c) psi
and @ :: (‘a, b, 'c) psi

assumes U > P ~»<Rel> @
and CI: NQ". U > Qr—71 < Q = (¥, P, Q) ¢ Rel

shows U > P ~~«Rel» @
(proof)

lemma tauLawlSimLeft:
fixes ¥ :: b
and P :: (‘a, b, 'c) psi
and @ :: (‘a, b, 'c) psi
assumes U > P ~»<Rel> @
and equt Rel
and CI: AV PQR.[¥V>P~Q;(V,Q R)€ Rel] = (¥, P, R) € Rel

shows U > 7.(P) ~»<Rel> Q
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(proof)

lemma tauLawlSimRight:
fixes ¥ :: /b
and P : (‘a, b, 'c) psi
and @ :: (‘a, 'b, 'c) psi

assumes equt Rel
and (¥, P, Q) € Rel
and Cl: A\ PQR.[(V,P, Q) €Rel; ¥ > Q ~R] = (¥, P, R) € Rel

shows U > P ~»<Rel> 7.(Q)
(proof)

lemma tauLaw3SimLeft:
fixes U :: b
and P : ('a, ', 'c) psi
and Q :: (‘a, 'b, 'c) psi
and o : 'a prefix

assumes equt Rel

and (U, P, Q) € Rel

and Subst: Nzvec Tvec. length zvec = length Tvec = (¥, Plavec::=Tvec|,
Q[zvec::=Tvec]) € Rel

and CI:A\UPQRS. [Ur>P~Q(V,Q,R)€ Rel; U > R~ S| — (V,
P, S) € Rel

and rExt: AU PQ U’ (¥, P, Q) € Rel = (v ® U/, P, Q) € Rel

shows U > o-(7.(P)) ~<Rel> a-Q
(proof)

lemma tauLaw3SimRight:
fixes ¥ :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi

assumes equt Rel

and  Subst: AV avec Tvec. length zvec = length Tvec = (U, P[zvec::=Tvec],
7.(Qlzvec::=Tvec])) € Rel

and CIL:AYPPQRS. [V>P~Q; (¥ Q,R)€E Rel; U > R~ 5] = (7T,
P, S) € Rel

and AVU. (¥, P, 7.(Q)) € Rel

shows ¥ > a-P ~~»<Rel> a-(7.(Q))
{(proof)

lemma tauLaw3CongSimLeft:

fixes U :: b
and P : ('a, ', 'c) psi
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and @ :: (‘a, 'b, 'c) psi

assumes (¥, P, )) € Rel

and CL:ANVPQRS.[ViP~ Q; (¥, Q, R)€Rel; U > R~ S| = (U,

P, S) € Rel

and rExt: AU PQ U’ (¥, P, Q) € Rel = (v ® U/, P, Q) € Rel

shows U > - (7.(P)) ~«Rel» a-Q
(proof)

lemma tauLaw3CongSimRight:
fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi
and Q :: (‘a, 'b, 'c) psi

assumes (¥, P, @) € Rel

and CI:ANVPQRS.[Vi>P~ Q; (¥, Q R)€Rel; U > R~ ] = (T,

P, S) € Rel
and AU (¥, P, 7.(Q)) € Rel

shows U > a-P ~«Rel» a-(1.(Q))
(proof )

end

locale tauSum = tau + sum
begin

lemma tauLaw2SimLeft:
fixes ¥ :: b
and P :: (‘a, b, 'c) psi

assumes Id: AV P. (U, P, P) € Rel

and CI:ANUVPQRS.[V>P~Q (¥, Q R)€ERel; U > R ~ ] = (T,

P, S) € Rel

shows ¥ > P @ 7.(P) ~<Rel> 7.(P)
(proof)
lemma tauLaw2CongSimLeft:

fixes U :: b

and P :: (‘a, b, 'c) psi

assumes Id: AV P. (U, P, P) € Rel

and CL:ANUVPQRS.[Vi>P~ Q; (¥, Q, R) € Rel; U > R ~ ] = (U,

P, S) € Rel

shows U > P @ 7.(P) ~>«Rel» 7.(P)
(proof)
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lemma tauLaw2SimRight:
fixes U :: b
and P :: (‘a, 'd, 'c) psi

assumes C1: AV P Q. V> P~ Q= (U, P, Q) € Rel

shows ¥ > 7.(P) ~»<Rel> P & 7.(P)
(proof)

lemma tauLaw2CongSimRight:
fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi

assumes CI: AU PQ. ¥ > P~ Q = (U, P, Q) € Rel

shows U > 7.(P) ~«Rel» P @ 7.(P)
(proof)

lemma tauLaw4SimLeft:
fixes U :: 'b
and P : (‘a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi
and M :'a
and N :'a

assumes AV P. (U, P, P) € Rel
and CL:AVPQ UsP~Q= (¥, P, Q)€ Rel

shows ¥ > avP @ a-(7.(P) ® Q) ~<Rel> a-(7.(P) ® Q)
{(proof)

lemma tauLawqCongSimLeft:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
and Q :: (Ya, 'b, 'c) psi
and M :'a
and N :'a

assumes AVY P. (U, P, P) € Rel
and CI:APPQUD>P~Q= (¥ P, Q)€ Rel

shows U > a-P @ a-(7.(P) ® Q) ~«Rel» a-(1.(P) ® Q)
(proof)

lemma tauLaw/SimRight:
fixes ¥ :: b
and P : ('a,'b, 'c) psi
and @ :: (‘a, 'b, 'c) psi
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and « :: 'a prefix

assumes CI: AU PQ. ¥ > P~ Q= (U, P, Q) € Rel
and A¥ P. (¥, P, P) € Rel

shows U > o+ (7.(P) ® Q) ~<Rel> a-P & a-(7.(P) @ Q)
(proof)

lemma tauLaw4CongSimRight:
fixes U :: b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi
and o : 'a prefix

assumes CI: AU PQ. ¥ > P~ Q = (U, P, Q) € Rel

shows U > o+ (7.(P) ® Q) ~«Rel» a-P @ a-(1.(P) & Q)
(proof)

end
end

theory Tau-Stat-Imp
imports Tau-Sim Weaken-Stat-Imp
begin

locale weakTauLaws = weak + tau
begin

lemma tauLawlStatImpLeft:
fixes U :: b
and P : ('a, ', 'c) psi
and @ :: (‘a, 'b, 'c) psi

assumes ¥ > P T, <Rel> @
and (T, 7.(P), Q) € Rel

shows ¥ > 7.(P) Sw<Rel> Q
(proof )

lemma tauLawlStatImpRight:
fixes U :: b
and P : ('a, ', ‘c) psi
and Q : (‘a, 'b, 'c) psi

assumes ¥ > P S<Rel> @
and Cl: A\ PQR.[(V,P, Q) €Rel; U > Q ~ R] = (¥, P, R) € Rel’
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shows ¥ > P S<Rel’™> 7.(Q)
{(proof)

end
context tau begin

lemma tauLaw3StatImpLeft:
fixes ¥ :: b
and P : ('a,'b, 'c) psi
and @ :: (‘a, b, 'c) psi
and « :: 'a prefix

assumes CI1: AU’ (U @ U/, a-(7.(P)), a-Q) € Rel

shows ¥ > o (7.(P)) S<Rel> a-Q

(proof)
lemma tauLaw3StatImpRight:
fixes ¥ :: b
and P :: ('a, b, 'c) psi
and @ :: (‘a, 'b, 'c) psi
assumes CI1: AU (¥ ® ¥/, a-P, o-(7.(Q))) € Rel

shows ¥ > a-P S<Rel> a-(7.(Q))

(proof)

end
context tauSum begin
lemma tauLaw2StatImpLeft:
fixes U :: b
and P :: (‘a, ’d, 'c) psi
assumes CI1: AV’ (U @ U/, P ® 7.(P), 7.(P)) € Rel

shows U > P @ 7.(P) S<Rel> 7.(P)
(proof )

lemma tauLaw2StatImpRight:
fixes U :: b
and P : ('a, ', ‘c) psi
assumes CI1: AU’ (U @ U/, 7.(P), P ® 7.(P)) € Rel

shows ¥ > 7.(P) S<Rel> P & 7.(P)
(proof)
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lemma tauLawjStatImpLeft:
fixes ¥ :: b
and P :: (‘a, 'd, 'c) psi
and @ :: (‘a, b, 'c) psi
and M :'a
and N ::'’a

assumes CI1: AV (U @ U/, «-P & a-(7.(P) & @), a-(7.(P) & Q)) € Rel

shows ¥ > P @ o (7.(P) & Q) S<Rel> a-(1.(P) & Q)
(proof)

lemma tauLaw4StatImpRight:
fixes U :: b
and P : ('a,'b, 'c) psi
and @ :: (‘a, 'b, 'c) psi
and o :: 'a prefix

assumes CI1: AV’ (U @ U/, a-(7.(P) ® Q), a-P & a-(7.(P) & Q)) € Rel

shows ¥ > a-(7.(P) & Q) S<Rel> a-P & a-(1.(P) & Q)
(proof )

end
end

theory Tau-Laws-Weak
imports Weaken-Bisimulation Weak-Congruence Tau-Sim Tau-Stat-Imp
begin

context weakTauLaws begin

lemma tauLawl:
fixes ¥ :: b
and P :: ('a, b, 'c) psi

shows ¥ > 7.(P) = P
(proof)

lemma touLaw3:
fixes U :: b
and « :: 'a prefix
and P :: (‘a, ’d, 'c) psi

shows U > o-(7.(P)) =~ a-P
(proof)
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lemma tauLaw3PsiCong:
fixes U :: b
and P :: (‘a, ’d, 'c) psi

shows ¥ > a-(7.(P)) = P
(proof)

lemma tauLaw3Cong:
fixes ¥ :: b
and P : ('a,'b, 'c) psi

shows a-(7.(P)) =, a-P
(proof)

end
end

theory Tau-Laws-No-Weak
imports Tau-Sim Tau-Stat-Imp
begin

context tauSum
begin

lemma tauLaw?2:
fixes ¥ :: b
and P : ('a, ', ‘c) psi

shows ¥ > P @ 7.(P) = 7.(P)
{(proof)

lemma tauLawPsiCong2:
fixes U :: b
and P :: (‘a, ’d, 'c) psi

shows U > P @ 7.(P) = 7.(P)
(proof)

lemma tauLawCong2:
fixes ¥ :: b
and P :: (‘a, b, 'c) psi

shows P & 7.(P) =. 7.(P)
(proof)

lemma taulLawy:

fixes U :: b
and P : ('a, ', 'c) psi
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and « :: 'a prefix

shows ¥ > a-P @ a+(7.(P) & Q) = a-(7.(P) & Q)
(proof )

lemma tauLaw4PsiCong:
fixes ¥ :: 'b
and P :: (‘a, ’d, 'c) psi
and o : 'a prefix
and Q :: (‘a, 'b, 'c) psi

shows U > o-P @ a-(7.(P) @ Q) = o-(7.(P) & Q)
(proof)
lemma tauLaw/Cong:

fixes P :: (‘a, 'b, 'c) psi

and « :: 'a prefix

and Q :: (‘a, 'b, 'c) psi

shows a-P @ a-(1.(P) ® Q) =. a:(7.(P) & Q)
(proof )

end

end
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