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Abstract

Pseudo-hoops are algebraic structures introduced in [1, 2] by B.
Bosbach under the name of complementary semigroups. This is a
formalization of the paper [4]. Following [4] we prove some properties
of pseudo-hoops and we define the basic concepts of filter and normal
filter. The lattice of normal filters is isomorphic with the lattice of
congruences of a pseudo-hoop. We also study some important classes
of pseudo-hoops. Bounded Wajsberg pseudo-hoops are equivalent to
pseudo-Wajsberg algebras and bounded basic pseudo-hoops are equiv-
alent to pseudo-BL algebras. Some examples of pseudo-hoops are given
in the last section of the formalization.
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1 Overview

Section 2 introduces some operations and their infix syntax. Section 3 and 4
introduces some facts about residuated and complemented monoids. Section



5 introduces the pseudo-hoops and some of their properties. Section 6 intro-
duces filters and normal filters and proves that the lattice of normal filters
and the lattice of congruences are isomorphic. Following [3], section 7 in-
troduces pseudo-Waisberg algebras and some of their properties. In Section
8 we investigate some classes of pseudo-hoops. Finally section 9 presents
some examples of pseudo-hoops and normal filters.

2 Operations
theory Operations
imports Main

begin

class left-imp =
fixes imp-1 :: 'a = 'a = 'a (infixr <{—» 65)

class right-imp =

fixes imp-r :: 'a = 'a = 'a (infixr r—» 65)

class left-uminus =
fixes uminus-l :: 'a => 'a (<=1 - [81] 80)

class right-uminus =
fixes uminus-r :: 'a => 'a (<=1 - [81] 80)

end

3 Left Complemented Monoid
theory LeftComplementedMonoid
imports Operations Lattice Properties. Lattice- Prop

begin

class right-pordered-monoid-mult = order + monoid-mult +
assumes mult-right-mono: a < b = a*x c < b * ¢

class one-greatest = one + ord +
assumes one-greatest [simp]: a < 1

class integral-right-pordered-monoid-mult = right-pordered-monoid-mult + one-greatest

class left-residuated = ord + times + left-imp +
assumes left-residual: (z * a < b) = (z < a l— b)

class left-residuated-pordered-monoid = integral-right-pordered-monoid-mult + left-residuated

class left-inf = inf + times + left-imp +
assumes inf-l-def: (a M'b) = (al— b) xa



class left-complemented-monoid = left-residuated-pordered-monoid + left-inf +
assumes right-divisibility: (a < b) = (3 ¢.a = c x b)

begin

lemma Ilem-D: a l— a = 1
apply (rule order.antisym, simp)
by (unfold left-residual [THEN sym], simp)

subclass semilattice-inf
apply unfold-locales
apply (metis inf-I-def right-divisibility)
apply (metis inf-I-def left-residual order-refl)
by (metis inf-lI-def left-residual mult-right-mono right-divisibility)

lemma left-one-inf [simp]: 1 Ma = a
by (rule order.antisym, simp-all)

lemma left-one-impl [simp]: 11— a = a

proof —
have 1 = a = 1 M a by (unfold inf-I-def, simp)
also have 1 M a = a by simp
finally show ?thesis .

qed

lemma lem-A: (al— b)) x a = (bl— a) x b
apply (unfold inf-I-def [THEN sym])
by (simp add: inf-commute)

lemma lem-B: ((a % b) 1= ¢) = (a = (b 1= ¢))
apply (rule order.antisym)
apply (simp add: left-residual [THEN sym| mult.assoc)
apply (simp add: left-residual)

apply (simp add: left-residual [THEN sym)])
apply (rule-tac y=(b I— ¢) * b in order-trans)
apply (simp add: mult.assoc [THEN sym))
apply (rule mult-right-mono)

by (simp-all add: left-residual)

lemma lem-C: (a < b) = ((a l— b) = 1)

proof —
have (a < b) = (1 * a < b) by simp
also have ... = (1 < a l— b) by (unfold left-residual, simp)
also have ... = (a [ b = 1) apply safe by(rule order.antisym, simp-all)
finally show ?thesis .
qed



end

class less-def = ord +
assumes less-def: (a < b) = ((a < b) A = (b < a))

class one-times = one + times +
assumes one-left [simp]: 1 * a = a
and one-right [simp]: a x 1 = a

class left-complemented-monoid-algebra = left-imp + one-times + left-inf + less-def
_|_

assumes left-impl-one [simp]: a = a = 1

and left-impl-times: (a l— b) x a = (bl— a) x b

and left-impl-ded: ((a * b) I— ¢) = (a l— (b 1= ¢))

and left-lesseq: (a < b) = ((a l— b) = 1)

begin
lemma A: (11— a)l— 1 =1
proof —
have (1 = a) = 1 = (11— a) x 1 l— 1 by simp
also have ... = (a l— 1) * a = 1 by (subst left-impl-times, simp)
also have ... = I by (simp add: left-impl-ded)
finally show ?thesis .
qed
subclass order
proof
fix z y show (z < y) = (z < y A = y < z) by (unfold less-def, simp)
next
fix z show z < z by (unfold left-lesseq, simp)
next

fix z y z assume a: z < y assume b: y < 2
have z l— 2z =1 % ¢ [— z by simp

also have ... = (z = y) * x I— z by (cut-tac a, simp add: left-lesseq)
also have ... = (y l— z) *x y I— z by (simp add: left-impl-times)
also have ... = (y l— z) I— (y l— 2) by (simp add: left-impl-ded)
also have ... = (y [— z) I— 1 by (cut-tac b, simp add: left-lesseq)
also have ... = (1 *x y l— z) I— 1 by simp
also have ... = (1 [— (y = x)) I— 1 by (subst left-impl-ded, simp)
also have ... = 1 by (simp add: A)
finally show z < z by (simp add: left-lesseq)

next

fix z y z assume a: ¢ < y assume b: y < z
have = = (z = y) x = by (cut-tac a, simp add: left-lesseq)

also have ... = (y l— z) * y by (simp add: left-impl-times)
also have ... = y by (cut-tac b, simp add: left-lesseq)
finally show =z = vy .

qed



lemma B: (11— a) < 1
apply (unfold left-lesseq)
by (rule A)

lemma C: a < (11— a)
by (simp add: left-lesseq left-impl-ded [THEN sym])

lemma D: a < 1
apply (rule-tac y = 1 l— a in order-trans)
by (simp-all add: C B)

lemma less-eq: (a < b) = (3 ¢.a=(cxb))

apply safe

apply (unfold left-lesseq)

apply (rule-tac z = b l— a in exl)
apply (simp add: left-impl-times)
apply (simp add: left-impl-ded)
apply (case-tac ¢ < 1)

apply (simp add: left-lesseq)

by (simp add: D)

Py

lemma F: (a x b) x cl—> z=ax* (bxc) > z
by (simp add: left-impl-ded)

lemma associativity: (a * b) x ¢ = a * (b x ¢)

apply (rule order.antisym)
apply (unfold left-lesseq)
apply (simp add: F)

by (simp add: F [THEN sym))

lemma H: a x b<b
apply (simp add: less-eq)
by auto

lemma [: a x bl— b= 1
apply (case-tac a x b < b)
apply (simp add: left-lesseq)
by (simp add: H)

lemma K: a < b=—axc<bxc
apply (unfold less-eq)
apply clarify
apply (rule-tac & = ca in exl)
by (simp add: associativity)

lemma L: (zxa<b)=(xz<al=>0b)



by (simp add: left-lesseq left-impl-ded)

subclass left-complemented-monoid
apply unfold-locales
apply (simp-all add: less-def D associativity K)
apply (simp add: L)
by (simp add: less-eq)
end

lemma (in left-complemented-monoid) left-complemented-monoid:
class.left-complemented-monoid-algebra (%) inf (I—) (<) (<) 1
by (unfold-locales, simp-all add: less-le-not-le lem-A lem-B lem-C lem-D)

end

4 Right Complemented Monoid

theory RightComplementedMonoid
imports LeftComplementedMonoid
begin

class left-pordered-monoid-mult = order + monoid-mult +
assumes mult-left-mono: a < b= c*xa < c* b

class integral-left-pordered-monoid-mult = left-pordered-monoid-mult + one-greatest

class right-residuated = ord + times + right-imp +
assumes right-residual: (a * £ < b) = (z < a r— b)

class right-residuated-pordered-monoid = integral-left-pordered-monoid-mult 4+ right-residuated

class right-inf = inf + times + right-imp +
assumes inf-r-def: (aMb) = a* (a r— b)

class right-complemented-monoid = right-residuated-pordered-monoid + right-inf

_|_
assumes left-divisibility: (a < b) = (3 ¢.a=bx* ¢)

sublocale right-complemented-monoid < dual: left-complemented-monoid X a b .
bxa (M) (r—) 1 (<) (<)

apply unfold-locales

apply (simp-all add: inf-r-def mult.assoc mult-left-mono)

apply (simp add: right-residual)

by (simp add: left-divisibility)

context right-complemented-monoid begin
lemma rem-D: a r— a = 1



by (rule dual.lem-D)

subclass semilattice-inf
by unfold-locales

lemma right-semilattice-inf: class.semilattice-inf inf (<) (<)
by unfold-locales

lemma right-one-inf [simpl: 1 M a = a
by simp

lemma right-one-impl [simp]: 1 r— a = a
by simp

lemma rem-A: a % (a 7— b) = b x (b r— a)
by (rule dual.lem-A)

lemma rem-B: ((b * a) 7— ¢) = (a r— (b r— ¢))
by (rule dual.lem-B)

lemma rem-C: (a < b) = ((a r— b) = 1)
by (rule dual.lem-C')
end

class right-complemented-monoid-nole-algebra = right-imp + one-times + right-inf
+ less-def +

assumes right-impl-one [simpl: a r— a = 1

and right-impl-times: a * (a — b) = b x (b r— a)

and right-impl-ded: ((a * b) r— ¢) = (b r— (a r— ¢))

class right-complemented-monoid-algebra = right-complemented-monoid-nole-algebra
_|_
assumes right-lesseq: (a < b) = ((a r— b) = 1)
begin
end

sublocale right-complemented-monoid-algebra < dual-algebra: left-complemented-monoid-algebra
Aab.bxainf (r—) (L) (<) 1

apply (unfold-locales, simp-all)

by (rule inf-r-def, rule right-impl-times, rule right-impl-ded, rule right-lesseq)

context right-complemented-monoid-algebra begin

subclass right-complemented-monoid
apply unfold-locales
apply simp-all
apply (simp add: dual-algebra.mult.assoc)
apply (simp add: dual-algebra.mult-right-mono)
apply (simp add: dual-algebra.left-residual)



by (simp add: dual-algebra.right-divisibility)
end

lemma (in right-complemented-monoid) right-complemented-monoid: class.right-complemented-monoid-algebr
(<) (<) 1 (x) inf (r—)

by (unfold-locales, simp-all add: less-le-not-le rem-A rem-B rem-C rem-D)

end

5 Pseudo-Hoops

theory PseudoHoops
imports RightComplementedMonoid
begin

lemma drop-assumption:
p = True
by simp

class pseudo-hoop-algebra = left-complemented-monoid-algebra 4+ right-complemented-monoid-nole-algebra
Jr
assumes left-right-impl-times: (a = b) * a = a * (a r— b)
begin
definition
inf-rrab = ax (ar—b)

definition
lesseg-r a b= (ar— b=1)

definition
less-r a b = (lesseq-r a b A — lesseq-r b a)
end

context pseudo-hoop-algebra begin

lemma right-complemented-monoid-algebra: class.right-complemented-monoid-algebra
lesseg-r less-r 1 (%) inf-rr (r—)

apply unfold-locales

apply simp-all

apply (simp add: less-r-def)

apply (simp add: inf-rr-def)

apply (rule right-impl-times, rule right-impl-ded)
by (simp add: lesseq-r-def)



lemma inf-rr-inf [simp]: inf-rr = (M)
by (unfold fun-eq-iff, simp add: inf-rr-def inf-I-def left-right-impl-times)

lemma lesseq-lesseq-r: lesseqg-r a b = (a < b)
proof —
interpret A: right-complemented-monoid-algebra lesseg-r less-r 1 (%) inf-rr
(r—)
by (rule right-complemented-monoid-algebra)
show lesseq-r a b = (a < b)
apply (subst le-iff-inf)
apply (subst A.dual-algebra.inf.absorb-iff1 [of a b))
apply (unfold inf-rr-inf [THEN sym])
by simp
qed
lemma [simp]: lesseq-r = (<)
apply (unfold fun-eq-iff, simp add: lesseg-lesseq-r) done

lemma [simp]: less-r = (<)
by (unfold fun-eq-iff, simp add: less-r-def less-le-not-le)

subclass right-complemented-monoid-algebra
apply (cut-tac right-complemented-monoid-algebra)
by simp

end

sublocale pseudo-hoop-algebra <
pseudo-hoop-dual: pseudo-hoop-algebra X a b . b+ a (M) (r—) (<) (<) 1 (I-)
apply unfold-locales
apply (simp add: inf-l-def)
apply simp
apply (simp add: left-impl-times)
apply (simp add: left-impl-ded)
by (simp add: left-right-impl-times)

context pseudo-hoop-algebra begin
lemma commutative-ps: (V ab.axb=">bxa)= (=)= (r—))
apply (simp add: fun-eq-iff)
apply safe
apply (rule order.antisym)
apply (simp add: right-residual [THEN sym))
apply (subgoal-tac © * (x l— za) = (z l— za) * x)
apply (drule drop-assumption)
apply simp
apply (simp add: left-residual)
apply simp
apply (simp add: left-residual [THEN sym)])
apply (simp add: right-residual)



apply (rule order.antisym)

apply (simp add: left-residual)

apply (simp add: right-residual [THEN sym))
apply (simp add: left-residual)

by (simp add: right-residual [THEN sym))

lemma lemma-2-4-5: a l— b < (¢ l— a) = (¢ = b)
apply (simp add: left-residual [THEN sym] mult.assoc)
apply (rule-tac y = (a l—= b) % a in order-trans)
apply (rule mult-left-mono)
by (simp-all add: left-residual)

end
context pseudo-hoop-algebra begin

lemma lemma-2-4-6: a r— b < (¢ r— a) 7— (¢ r— b)
by (rule pseudo-hoop-dual.lemma-2-4-5)

primrec
imp-power-l:: 'a => nat = 'a = 'a («(-) I-(-)— (-)» [65,0,65] 65) where
al—0—b=10
al—(Suc n)— b= (al— (a l-n— b))

primrec
imp-power-r:: 'a => nat = 'a = ‘a («(-) r—(-)= (-)» [65,0,65] 65) where
ar—0—b="|
a r—(Suc n)— b= (a r— (a r—n— b))

lemma lemma-2-4-7-a: a l-n— b=a " nl—b
apply (induct-tac n)
by (simp-all add: left-impl-ded)

lemma lemma-2-4-7-b: a r—n— b=a "~ nr— b
apply (induct-tac n)
by (simp-all add: right-impl-ded [THEN sym] power-commutes)

lemma lemma-2-5-8-a [simp]: a * b < a
by (rule dual-algebra.H)

lemma lemma-2-5-8-b [simp]: a x b < b

by (rule H)

lemma lemma-2-5-9-a: a < b l— a
by (simp add: left-residual [THEN sym] dual-algebra.H)

lemma lemma-2-5-9-b: a < b r— a
by (simp add: right-residual [THEN sym] H)

10



lemma lemma-2-5-11: a x b < all b
by simp

lemma lemma-2-5-12-a: a < b= cl—a<cl—=>b
apply (subst left-residual [THEN sym)])
apply (subst left-impl-times)
apply (rule-tac y = (a I— ¢) * b in order-trans)
apply (simp add: mult-left-mono)
by (rule H)

lemma lemma-2-5-13-a: a < b— bl—>c<al—>c
apply (simp add: left-residual [THEN sym])
apply (rule-tac y = (b I— ¢) * b in order-trans)
apply (simp add: mult-left-mono)
by (simp add: left-residual)

lemma lemma-2-5-14: (bl— ¢) * (al= b) <al— ¢
apply (simp add: left-residual [THEN sym])
apply (simp add: mult.assoc)
apply (subst left-impl-times)
apply (subst mult.assoc [THEN sym])
apply (subst left-residual)
by (rule dual-algebra.H)

lemma lemma-2-5-16: (a l— b) < (bl— ¢) r— (al— ¢)
apply (simp add: right-residual [THEN sym))
by (rule lemma-2-5-14)

lemma lemma-2-5-18: (a l— b) < axcl—= bxc
apply (simp add: left-residual [THEN sym])
apply (subst mult.assoc [THEN sym)])
apply (rule mult-right-mono)
apply (subst left-impl-times)
by (rule H)

end
context pseudo-hoop-algebra begin

lemma lemma-2-5-12-b: a < b—= cr—a<cr—b
by (rule pseudo-hoop-dual.lemma-2-5-12-a)

lemma lemma-2-5-13-b: a < b— br—c<ar—c
by (rule pseudo-hoop-dual.lemma-2-5-15-a)

lemma lemma-2-5-15: (a r— b) * (br— ¢) < ar— ¢
by (rule pseudo-hoop-dual.lemma-2-5-14)

11



lemma lemma-2-5-17: (a r— b) < (br— ¢) l= (a r— ¢)
by (rule pseudo-hoop-dual.lemma-2-5-16)

lemma lemma-2-5-19: (a r— b) < c*ar— cx*xb
by (rule pseudo-hoop-dual.lemma-2-5-18)

definition
lower-bound A = {a .V 2 € A.a < z}

definition
infimum A = {a € lower-bound A . (V x € lower-bound A . z < a)}

lemma infimum-unique: (infimum A = {z}) = (z € infimum A)
apply safe
apply simp
apply (rule order.antisym)
by (simp-all add: infimum-def)

lemma lemma-2-6-20:
a € infimum A => b l— a € infimum (((I—) b)‘A4)
apply (subst infimum-def)
apply safe
apply (simp add: infimum-def lower-bound-def lemma-2-5-12-a)
by (simp add: infimum-def lower-bound-def left-residual [THEN sym))

end
context pseudo-hoop-algebra begin

lemma lemma-2-6-21:
a € infimum A = b r— a € infimum (((r—) b)‘A)
by (rule pseudo-hoop-dual.lemma-2-6-20)

lemma infimum-pair: a € infimum {z .z =bV e =c}=(a=>bMc)
apply (simp add: infimum-def lower-bound-def)
apply safe
apply (rule order.antisym)
by simp-all

lemma lemma-2-6-20-a:

al= (bNe)=(al—bd)N(al—> ¢

apply (subgoal-tac b M ¢ € infimum {z .z =bV z = c})

apply (drule-tac b = a in lemma-2-6-20)

apply (case-tac ((I—=) a) ‘{z.(z=b)V(z=c)}={z.2=0al>bV =
al— c})

apply (simp-all add: infimum-pair)

by auto
end

12



context pseudo-hoop-algebra begin

lemma lemma-2-6-21-a:
ar— (bNe)=(ar— b)) MN(ar—c)
by (rule pseudo-hoop-dual.lemma-2-6-20-a)

lemma mult-mono: a < b —= c<d=— a*xc<bxd
apply (rule-tac y = a * d in order-trans)
by (simp-all add: mult-right-mono mult-left-mono)

lemma lemma-2-7-22: (a l— b) * (cl— d) < (a M ¢) I— (bM d)
apply (rule-tac y = (a T ¢ 1= b) * (a M ¢ l— d) in order-trans)
apply (rule mult-mono)
apply (simp-all add: lemma-2-5-13-a)
apply (rule-tac y = (a M ¢ l— b) M (a N ¢ I— d) in order-trans)
apply (rule lemma-2-5-11)
by (simp add: lemma-2-6-20-a)

end

context pseudo-hoop-algebra begin

lemma lemma-2-7-23: (a r— b) * (cr— d) < (a M ¢) r— (b1 d)
apply (rule-tac y = (¢ M a) r— (d M b) in order-trans)
apply (rule pseudo-hoop-dual.lemma-2-7-22)
by (simp add: inf-commute)

definition
upper-bound A = {a .V 2 € A.z < a}

definition
supremum A = {a € upper-bound A . (¥ x € upper-bound A . a < z)}

lemma supremum-unique:
a € supremum A => b € supremum A => a = b
apply (simp add: supremum-def upper-bound-def)
apply (rule order.antisym)
by auto

lemma lemma-2-8-i:

a € supremum A = a l— b € infimum (A z . z 1= b)‘A)

apply (subst infimum-def)

apply safe

apply (simp add: supremum-def upper-bound-def lower-bound-def lemma-2-5-13-a)

apply (simp add: supremum-def upper-bound-def lower-bound-def left-residual
[THEN sym)])

by (simp add: right-residual)

end

13



context pseudo-hoop-algebra begin

lemma lemma-2-8-i1:
a € supremum A = a r— b € infimum (A z . z r— b)‘A)
by (fact pseudo-hoop-dual.lemma-2-8-7)

definition
times-set :: 'a set = 'a set = 'a set (infixl +xx> 70) where
(Asx By={a.32z€A. 3 yeB.a=xx*y}

lemma times-set-assoc: A xx (B *x C) = (A xx B) *x C
apply (simp add: times-set-def)
apply safe
apply (rule-tac x = za * zb in exl)
apply safe
apply (rule-tac © = za in bexl)
apply (rule-tac © = zb in bexl)
apply simp-all
apply (subst mult.assoc)
apply (rule-tac x = ya in bexl)
apply simp-all
apply (rule-tac = zb in bexl)
apply simp-all
apply (rule-tac x = ya * y in exl)
apply (subst mult.assoc)
apply simp
by auto

primrec power-set :: 'a set = nat = ’'a set (infixr <+ 80) where
power-set-0: (A x~0) = {1}
| power-set-Suc: (A *x~ (Suc n)) = (A *x (A " n))

lemma infimum-singleton [simp]: infimum {a} = {a}
apply (simp add: infimum-def lower-bound-def)
by auto

lemma lemma-2-8-ii:
a € supremum A = (a " n) I— b € infimum (A z . 21— b){(4 «+" n))
apply (induct-tac n)
apply simp
apply (simp add: left-impl-ded)
apply (drule-tac a = a “nl— band b = a in lemma-2-6-20)
apply (simp add: infimum-def lower-bound-def times-set-def)
apply safe
apply (drule-tac b = y I— b in lemma-2-8-1)

14



apply (simp add: infimum-def lower-bound-def times-set-def left-impl-ded)
apply (rule-tac y = a l— y l— b in order-trans)

apply simp-all

apply (subgoal-tac (Vza € A x " n. z < a l— xa l— b))
apply simp

apply safe

apply (drule-tac b = za l— b in lemma-2-8-7)

apply (simp add: infimum-def lower-bound-def)

apply safe

apply (subgoal-tac (Vzb € A. z < xb l— za l— b))

apply simp

apply safe

apply (subgoal-tac © < xb * za — b)

apply (simp add: left-impl-ded)

apply (subgoal-tac (3z € A. Jy € A " n. b *x za = z * y))
by auto

lemma power-set-Suc2:
Ax"(Sucn) =A% " nx*x A
apply (induct-tac n)
apply (simp add: times-set-def)
apply simp
apply (subst times-set-assoc)
by simp

lemma power-set-add:
Ax"(n+m)=(Ax*x"n)* (Ax"m)
apply (induct-tac m)
apply simp
apply (simp add: times-set-def)
apply simp
apply (subst times-set-assoc)
apply (subst times-set-assoc)
apply (subst power-set-Suc2 [THEN sym)])
by simp

end

context pseudo-hoop-algebra begin

lemma lemma-2-8-ii1:
a € supremum A = (a " n) r— b € infimum (A z . z 7— b)(A " n))
apply (induct-tac n)
apply simp
apply (subst power-Suc2)
apply (subst power-set-Suc2)
apply (simp add: right-impl-ded)
apply (drule-tac a = ¢« “n r— b and b = a in lemma-2-6-21)
apply (simp add: infimum-def lower-bound-def times-set-def)
apply safe
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apply (drule-tac b = za r— b in lemma-2-8-i1)

apply (simp add: infimum-def lower-bound-def times-set-def right-impl-ded)
apply (rule-tac y = a r— za r— b in order-trans)

apply simp-all

apply (subgoal-tac (Vza € A x " n. z < a r— xa r— b))
apply simp

apply safe

apply (drule-tac b = za r— b in lemma-2-8-i1)

apply (simp add: infimum-def lower-bound-def)

apply safe

apply (subgoal-tac (Vab € A. x < zb r— za r— b))

apply simp

apply safe

apply (subgoal-tac © < za * xb r— b)

apply (simp add: right-impl-ded)

apply (subgoal-tac (Ax € A x"n. Iy € A . za * zb = x x y))
by auto

lemma lemma-2-9-i:
b € supremum A = a * b € supremum ((x) a * A)
apply (simp add: supremum-def upper-bound-def)
apply safe
apply (simp add: mult-left-mono)
by (simp add: right-residual)

lemma lemma-2-9-i1:
b € supremum A = b x a € supremum (A z .z x a) ‘ A)
apply (simp add: supremum-def upper-bound-def)
apply safe
apply (simp add: mult-right-mono)
by (simp add: left-residual)

lemma lemma-2-9-ii:
b € supremum A = a M b € supremum ((MN) a < A)
apply (subst supremum-def)
apply safe
apply (simp add: supremum-def upper-bound-def)
apply safe
apply (rule-tac y = x in order-trans)
apply simp-all
apply (subst inf-commute)
apply (subst inf-I-def)
apply (subst left-right-impl-times)
apply (frule-tac a = (b r— a) in lemma-2-9-i1)
apply (simp add: right-residual)
apply (simp add: supremum-def upper-bound-def)
apply (simp add: right-residual)
apply safe
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apply (subgoal-tac (Vza € A. b r— a < za r— 1))
apply simp

apply safe

apply (simp add: inf-l-def)

apply (simp add: left-right-impl-times)

apply (rule-tac y = za r— b x (b r— a) in order-trans)
apply simp

apply (rule lemma-2-5-12-b)

apply (subst left-residual)

apply (subgoal-tac (VzacA. za < (b r— a) I— z))
apply simp

apply safe

apply (subst left-residual [THEN sym])

apply (rule-tac y = zaa x (zaa r— a) in order-trans)
apply (rule mult-left-mono)

apply (rule lemma-2-5-13-b)

apply simp

apply (subst right-impl-times)

by simp

lemma lemma-2-10-2/:
a<(al=b)r—=1b
by (simp add: right-residual [THEN sym)] inf-I-def [THEN sym])

lemma lemma-2-10-25:
a<(al=b)r—a
by (rule lemma-2-5-9-b)
end

context pseudo-hoop-algebra begin
lemma lemma-2-10-26:
a<(ar—b)Il=>1b
by (rule pseudo-hoop-dual.lemma-2-10-24)

lemma lemma-2-10-27:
a<(ar—b)l—a
by (rule lemma-2-5-9-a)

lemma lemma-2-10-28:
bl—= ((al=b)r—a)=bl>a
apply (rule order.antisym)
apply (subst left-residual [THEN sym))
apply (rule-tac y = ((a I— b) r— a) M a in order-trans)
apply (subst inf-I-def)
apply (rule-tac y = (((a I— b) r— a) I— b) * ((a I= b) r— a) in order-trans)
apply (subst left-impl-times)
apply simp-all
apply (rule mult-right-mono)
apply (rule-tac y = a l— b in order-trans)
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apply (rule lemma-2-5-13-a)
apply (fact lemma-2-10-25)
apply (fact lemma-2-10-20)
apply (rule lemma-2-5-12-a)
by (fact lemma-2-10-25)

end
context pseudo-hoop-algebra begin

lemma lemma-2-10-29:
br— ((ar—=b)l—>a)=br—a
by (rule pseudo-hoop-dual.lemma-2-10-28)

lemma lemma-2-10-30:
(bl a)r—a)l>a=bl—a
apply (rule order.antisym)
apply (simp-all add: lemma-2-10-26)
apply (rule lemma-2-5-13-a)
by (rule lemma-2-10-24)

end
context pseudo-hoop-algebra begin

lemma lemma-2-10-31:
(br—a)l=a)r—a=br—a
by (rule pseudo-hoop-dual.lemma-2-10-30)

lemma lemma-2-10-32:
((bl=a)r—=a)l—=0b)l=(bl=a)=bl—a
proof —
have ((((b 1= a) r— a) I=> b) = (b l— a) = (((b 1= a) — a) = b) I—
(((bl= a) r— a) I— a))
by (simp add: lemma-2-10-30)
also have ... = ((((b l—= a) r— a) I—= b) * (b 1= a) r— a) I— a)
by (simp add: left-impl-ded)
also have ... = (((bl— a) r— a) N b) I= a
by (simp add: inf-I-def)
also have ... = b [— a apply (subgoal-tac ((b 1= a) r— a) M b = b, simp,
rule order.antisym)
by (simp-all add: lemma-2-10-24)
finally show ?thesis .
qed

end

context pseudo-hoop-algebra begin
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lemma lemma-2-10-33:
((br—a)l=a)r—b)r—» (br—a)=br—a
by (rule pseudo-hoop-dual.lemma-2-10-32)

end

class pseudo-hoop-sup-algebra = pseudo-hoop-algebra + sup +
assumes
sup-comute: a Ll b=>bU a
and sup-le [simp]: a < a U b
and le-sup-equiv: (a < b) = (a U b= 1)
begin
lemma sup-le-2 [simp]:
b<alUbd
by (subst sup-comute, simp)

lemma le-sup-equiv-r:
(aUb=1>)=(a<bh)
by (simp add: le-sup-equiv)

lemma sup-idemp [simp]:

ala=a
by (simp add: le-sup-equiv-T)
end

class pseudo-hoop-sup1-algebra = pseudo-hoop-algebra + sup +
assumes
sup-def: a U b= ((al—=b) r— b) N ((bl— a) r— a)

begin

lemma sup-comutel: a Ll b=5bUa
apply (simp add: sup-def)
apply (rule order.antisym)
by simp-all

lemma sup-lel [simp]: a < a U b
by (simp add: sup-def lemma-2-10-24 lemma-2-5-9-b)

lemma le-sup-equivi: (a < b) = (a U b = b)
apply safe
apply (simp add: left-lesseq)
apply (rule order.antisym)
apply (simp add: sup-def)
apply (simp add: sup-def)
apply (simp-all add: lemma-2-10-24)
apply (simp add: le-iff-inf)
apply (subgoal-tac (aMb=aN (aU b)) A (al (ald) =a))
apply simp
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apply safe

apply simp

apply (rule order.antisym)
apply simp

apply (drule drop-assumption)
by (simp add: sup-comutel)

subclass pseudo-hoop-sup-algebra
apply unfold-locales
apply (simp add: sup-comutel)
apply simp
by (simp add: le-sup-equivl)
end

class pseudo-hoop-sup2-algebra = pseudo-hoop-algebra + sup +
assumes
sup-2-def: a U b= ((ar— b) I— b) 1 ((b r— a) I— a)

context pseudo-hoop-sup1-algebra begin end

sublocale pseudo-hoop-sup2-algebra < supl-dual: pseudo-hoop-supl-algebra (L) A
ab.bxa (M) (r—) (L) (<) 1 (I-)

apply unfold-locales

by (simp add: sup-2-def)

context pseudo-hoop-sup2-algebra begin

lemma sup-comute-2: a Ub=>bU a
by (rule supl-dual.sup-comute)

lemma sup-le2 [simp]: a < a U b
by (rule sup1-dual.sup-le)

lemma le-sup-equiv2: (a < b) = (a U b = b)
by (rule supl-dual.le-sup-equiv)

subclass pseudo-hoop-sup-algebra
apply unfold-locales
apply (simp add: sup-comute-2)
apply simp
by (simp add: le-sup-equiv2)

end
class pseudo-hoop-lattice-a = pseudo-hoop-sup-algebra +
assumes sup-inf-le-distr: a U (bM ¢) < (a U b) N (a U ¢)

begin
lemma sup-lower-upper-bound [simp]:
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t0<c=b<c=—=aldb<c
apply (subst le-iff-inf)
apply (subgoal-tac (a Ub)Mec=(aUb)MN(aUc)ANal(bMc)<(albd)
MaUe)Aal(bMe)=alb)
apply (rule order.antisym)
apply simp
apply safe
apply auto[1]
apply (simp add: le-sup-equiv)
apply (rule sup-inf-le-distr)
by (simp add: le-iff-inf)
end

sublocale pseudo-hoop-lattice-a < lattice (M) (<) (<) (V)
by (unfold-locales, simp-all)

class pseudo-hoop-lattice-b = pseudo-hoop-sup-algebra +
assumes le-sup-cong: a < b= allc<bUc

begin
lemma sup-lower-upper-bound-b [simp]:
ae<c=b<c=alUb<e¢
proof —
assume A: a < ¢
assume B: b < ¢
have a U b < ¢ U b by (cut-tac A, simp add: le-sup-cong)

also have ... = b U ¢ by (simp add: sup-comute)
also have ... < ¢ U ¢ by (cut-tac B, rule le-sup-cong, simp)
also have ... = ¢ by simp
finally show ?Zthesis .
qed

lemma sup-inf-le-distr-b:
al(bNe)<(aUbd)MN(alc)
apply (rule sup-lower-upper-bound-b)
apply simp
apply simp
apply safe
apply (subst sup-comute)
apply (rule-tac y = b in order-trans)
apply simp-all
apply (rule-tac y = ¢ in order-trans)
by simp-all

end

context pseudo-hoop-lattice-a begin end
sublocale pseudo-hoop-lattice-b < pseudo-hoop-lattice-a (L) (x) (M) (I—=) (<) (<)

1 (r—) -
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by (unfold-locales, rule sup-inf-le-distr-b)

class pseudo-hoop-lattice = pseudo-hoop-sup-algebra +
assumes sup-assoc-1: a Ll (bU ¢) = (alU b) U c
begin
lemma le-sup-cong-c:
a6<b=alUc<bUc
proof —
assume A: a < b
have a Uc U (bU c¢)=a U (cU (bU c¢)) by (simp add: sup-assoc-1)

also have ... = a U ((b U ¢) U ¢) by (simp add: sup-comute)
also have ... = a U (b U (¢ U ¢)) by (simp add: sup-assoc-1 [THEN sym))
also have ... = (a U b) U ¢ by (simp add: sup-assoc-1)
also have ... = b U ¢ by (cut-tac A, simp add: le-sup-equiv)
finally show ?thesis by (simp add: le-sup-equiv)
qed

end

sublocale pseudo-hoop-lattice < pseudo-hoop-lattice-b (L) (x) (M) (I=) (L) (<)
1 (r—)
by (unfold-locales, rule le-sup-cong-c)

sublocale pseudo-hoop-lattice < semilattice-sup (U) (<) (<)
by (unfold-locales, simp-all)

sublocale pseudo-hoop-lattice < lattice (M) (<) (<) (L)
by unfold-locales

lemma (in pseudo-hoop-lattice-a) supremum-pair [simp:
supremum {a, b} = {a U b}
apply (simp add: supremum-def upper-bound-def)
apply safe
apply simp-all
apply (rule order.antisym)
by simp-all

sublocale pseudo-hoop-lattice < distrib-lattice (M) (<) (<) (L)
apply unfold-locales
apply (rule distrib-imp1)
apply (case-tac za M (ya U za) € supremum (M) za  {ya, za}))
apply (simp add: supremum-pair)
apply (erule notFE)
apply (rule lemma-2-9-ii)
by (simp add: supremum-pair)

class bounded-semilattice-inf-top = semilattice-inf + order-top
begin
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lemma inf-eq-top-iff [simpl:
(inf x y = top) = (x = top A\ y = top)
by (simp add: order.eq-iff)

end

sublocale pseudo-hoop-algebra < bounded-semilattice-inf-top (M) (<) (<) 1
by unfold-locales simp

definition (in pseudo-hoop-algebra)
supl:'a = 'a = ’a (infixl L1» 70) where
allb=((al=b) r— b N {(bl— a) r— a)

sublocale pseudo-hoop-algebra < supl: pseudo-hoop-supl-algebra (U1) (%) (M)
(1) () (<) 1 (r—)

apply unfold-locales

by (simp add: supl-def)

definition (in pseudo-hoop-algebra)
sup2::'a = 'a = 'a (infixl 12> 70) where
al2b=((ar—b)Il=b N {(br— a) l— a)

sublocale pseudo-hoop-algebra < sup2: pseudo-hoop-sup2-algebra (U2) (x) (M)
(1) () (<) 1 (r—)

apply unfold-locales

by (simp add: sup2-def)

context pseudo-hoop-algebra
begin
lemma lemma-2-15-i:
1 € supremum {a, b} = axb=allb
apply (rule order.antisym)
apply (rule lemma-2-5-11)
apply (simp add: inf-lI-def)
apply (subst left-impl-times)
apply (rule mult-right-mono)
apply (subst right-lesseq)
apply (subgoal-tac a U1 b = 1)
apply (simp add: supl-def)
apply (rule order.antisym)
apply simp
by (simp add: supremum-def upper-bound-def)

lemma lemma-2-15-ii:
1 € supremum {a, b} = a < ¢ = b < d = 1 € supremum {c, d}
apply (simp add: supremum-def upper-bound-def)
apply safe
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apply (drule-tac z = z in spec)

apply safe
by simp-all

lemma sup-union:

a € supremum A = b € supremum B = supremum {a, b} = supremum (A U
B)

apply safe

apply (simp-all add: supremum-def upper-bound-def)

apply safe

apply auto

apply (subgoal-tac (Vz € A U B. z < za))

by auto

lemma sup-singleton [simpl: a € supremum {a}
by (simp add: supremum-def upper-bound-def)

lemma sup-union-singleton: a € supremum X = supremum {a, b} = supremum
(X U {b})

apply (rule-tac B = {b} in sup-union)

by simp-all

lemma sup-le-union [simp]: a < b = supremum (A U {a, b}) = supremum (A
U {o})

apply (simp add: supremum-def upper-bound-def)

by auto

lemma sup-sup-union: a € supremum A = b € supremum (B U {a}) = b €
supremum (A U B)

apply (simp add: supremum-def upper-bound-def)

by auto

end

lemma [simp]:
n<2 " n
apply (induct-tac n)
apply auto
apply (rule-tac y = 1 + 2 " n in order-trans)
by auto

context pseudo-hoop-algebra
begin

lemma sup-le-union-2:
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a<b=a€ A= bec A= supremum A = supremum ((A — {a}) U {b})

apply (case-tac supremum ((A — {a , b}) U {a, b}) = supremum ((A — {a, b})
U {o})

apply (case-tac ((A — {a, b}) U {a, b} = A) A (A — {a, b}) U {b} = (4 —
{a}) U {8}))

apply safe[1]

apply simp

apply simp

apply (erule notE)

apply safe [1]

apply (erule notFE)

apply (rule sup-le-union)

by simp

lemma lemma-2-15-i1i-0:

1 € supremum {a, b} = 1 € supremum {a ~ 2, b ~ 2}

apply (frule-tac a = a in lemma-2-9-7)

apply simp

apply (frule-tac a = a and b = b in sup-union-singleton)

apply (subgoal-tac supremum ({a * a, a x b} U {b}) = supremum ({a * a, b}))
apply simp-all

apply (frule-tac a = b in lemma-2-9-i)

apply simp

apply (drule-tac a = band A ={bx (a*a), b+ b} and b = 1 and B = {a

% a} in sup-sup-union)

apply simp

apply (case-tac {a * a, b} = {b, a * a})

apply simp

apply auto [1]

apply simp

apply (subgoal-tac supremum {a % a, b * (a * a), b * b} = supremum {a * a,

bx b})

apply(simp add: power2-eq-square)

apply (case-tac b * (a * a) = b * b)

apply auto[1]

apply (cut-tac A ={a*a, b (a*a),bxb}and a=>bx* (axa)and b=

a * ain sup-le-union-2)

{a

apply simp

apply simp

apply simp

apply (subgoal-tac ({a * a, b * (a *x a), b x b} — {b* (a x a)} U {a * a}) =
% a, bx b})

apply simp

apply auto[1]

apply (case-tac a x a = a * b)

apply (subgoal-tac {b, a % a, a x b} = {a * a, b})
apply simp

apply auto[1]
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apply (cut-tac A = {b, a *x a, a * b} and ¢« = a * b and b = b in

sup-le-union-2)

apply simp

apply simp

apply simp

apply (subgoal-tac {b, a * a, a x b} — {a x b} U {b} = {a * a, b})

apply simp

by auto

o~ ~

lemma [simp]: m < n=a "n<a " m
apply (subgoal-tac a “n = (a " m) * (a ~ (n—m)))
apply simp
apply (cut-tac a = a and m = m and n = n — m in power-add)
by simp

lemma [simp]: a (2 "n) <a " n
by simp

lemma lemma-2-15-iii-1: 1 € supremum {a, b} = 1 € supremum {a ~ (2 " n),
b7 (2 " n)}
apply (induct-tac n)
apply auto[!]
apply (drule drop-assumption)
apply (drule lemma-2-15-iii-0)
apply (subgoal-tac Va . (a ~ (2:nat) ~n)? = a ~ (2:nat) ~ Suc n)
apply simp
apply safe
apply (cut-tac a = aa and m = 2 "nand n = 2 in power-mult)
apply auto
apply (subgoal-tac ((2::nat) ~n * (2::nat)) = ((2::nat) x (2:nat) ~n))
by simp-all

lemma lemma-2-15-iii:

1 € supremum {a, b} = 1 € supremum {a " n, b " n}
apply (drule-tac n = n in lemma-2-15-iii-1)
apply (simp add: supremum-def upper-bound-def)
apply safe
apply (drule-tac = z in spec)
apply safe
apply (rule-tac y = a ~ n in order-trans)
apply simp-all
apply (rule-tac y = b ~ n in order-trans)
by simp-all

end

end
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6 Filters and Congruences

theory PseudoHoopFilters
imports PseudoHoops
begin

context pseudo-hoop-algebra
begin
definition
filters={F . F{}ANNMab.ac FANbEF —axbeF)A(N ab.ac
FAha<b—beF)}

definition
properfilters = {F . F € filters N\ F # UNIV}

definition
mazimalfilters = {F . F € filters N (N A. A€ filters \F CA— A=FV A
= UNIV)}

definition
ultrafilters = properfilters N mazimalfilters

lemma filter-i: F € fillers = a€ F —=bec F = axbec F
by (simp add: filters-def)

lemma filter-ii: F € filters —= a € F —= a < b= b€ F
by (simp add: filters-def)

lemma filter-iii [simp]: F € filters = 1 € F
by (auto simp add: filters-def)

lemma filter-left-impl:
(F e fitersy=(1 e F)ANVNab.a€e FANal>beF —beF))
apply safe
apply simp
apply (frule-tac a = a l— b and b = «a in filter-i)
apply simp
apply simp
apply (rule-tac a = (a l— b) x a in filter-ii)
apply simp
apply simp
apply (simp add: inf-l-def [THEN sym))
apply (subst filters-def)
apply safe
apply (subgoal-tac a l— (b l— a x b) € F)
apply blast
apply (subst left-impl-ded [THEN sym])
apply (subst left-impl-one)
apply safe
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apply (subst (asm) left-lesseq)
by blast

lemma filter-right-impl:
(F e fitersy=(1 e F)AVNab.ae FANar-beF —beF))
apply safe
apply simp
apply (frule-tac a = a and b = a r— b in filter-7)
apply simp
apply simp
apply (rule-tac a = a * (a r— b) in filter-i)
apply simp
apply simp
apply (simp add: inf-r-def [THEN sym)])
apply (subst filters-def)
apply safe
apply (subgoal-tac b r— (a r— a x b) € F)
apply blast
apply (subst right-impl-ded [THEN sym))
apply (subst right-impl-one)
apply safe
apply (subst (asm) right-lesseq)
by blast

lemma [simp]: A C filters = (| A € filters
apply (simp add: filters-def)
apply safe
apply (simp add: Inter-eq)
apply (drule-tac z = 1 in spec)
apply safe
apply (erule notE)
apply (subgoal-tac z € filters)
apply simp
apply (simp add: filters-def)
apply blast
apply (frule rev-subsetD)
apply simp
apply simp
apply (frule rev-subsetD)
apply simp
apply (subgoal-tac a € X)
apply blast
by blast

definition
filterof X = (| {F . F € filters N X C F}

lemma [simp)]: filterof X € filters
by (auto simp add: filterof-def)
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lemma times-le-mono [simp]: 2 <y = u<v=—=zxu<yxv
apply (rule-tac y = x % v in order-trans)
by (simp-all add: mult-left-mono mult-right-mono)

lemma prop-3-2-i:
fiterof X ={a .3 nzx.z€ X+ nAz<a}
apply safe
apply (subgoal-tac {a . I nx .z € X x" n Az < a} € filters)
apply (simp add: filterof-def)
apply (drule-tac z = {a::'a. I (nunat) z'a. v € X x " n A z < a} in spec)
apply safe
apply (rule-tac x = 1::nat in exl)
apply (rule-tac z = za in ezl)
apply (simp add: times-set-def)
apply (drule drop-assumption)
apply (simp add: filters-def)
apply safe
apply (rule-tac ¢ = 1 in exl)
apply (rule-tac x = 0 in exl)
apply (rule-tac x = 1 in exl)
apply simp
apply (rule-tac © = n + na in exl)
apply (rule-tac ¢ = x * za in exl)
apply safe
apply (simp add: power-set-add times-set-def)
apply blast
apply simp
apply (rule-tac ¢ = n in exl)
apply (rule-tac ¢ = z in ezl)
apply simp
apply (simp add: filterof-def)
apply safe
apply (rule filter-ii)
apply simp-all
apply (subgoal-tac Vo .z € X x~n — x € xb)
apply simp
apply (induct-tac n)
apply (simp add: power-set-0)
apply (simp add: power-set-Suc times-set-def)
apply safe
apply (rule filter-i)
apply simp-all
by blast

lemma ultrafilter-union:

ultrafilters = {F . F € filters N F # UNIVAN (N .z ¢ F — filterof (F U
{z}) = UNIV)}

apply (simp add: ultrafilters-def maximalfilters-def properfilters-def filterof-def)

29



by auto

lemma filterof-sub: F € filters — X C F = filterof X C F

apply (simp add: filterof-def)
by blast

lemma filterof-elem [simp]: x € X = z € filterof X

apply (simp add: filterof-def)
by blast

lemma [simp)]: filterof X € filters
apply (simp add: filters-def prop-3-2-i)
apply safe
apply (rule-tac x = 1 in exl)
apply (rule-tac x = 0 in exl)
apply (rule-tac z = 1 in exl)
apply auto [1]
apply (rule-tac © = n + na in exl)
apply (rule-tac ¢ = x * za in exl)
apply safe
apply (unfold power-set-add)
apply (simp add: times-set-def)
apply auto [1]
apply (rule-tac y = z * b in order-trans)
apply (rule mult-left-mono)
apply simp
apply (simp add: mult-right-mono)
apply (rule-tac © = n in exl)
apply (rule-tac ¢ = z in exl)
by simp

lemma singleton-power [simp]: {a} x " n ={b.b=a " n}
apply (induct-tac n)
apply auto [1]
by (simp add: times-set-def)
lemma power-pair: ¢ € {a, b} x n= 3 ij.i+j=nAz<a iAzx -
apply (subgoal-tacV z .z € {a, b} x " n— (Fij.i+j=nAz <
z<b7j))
apply auto|1]
apply (drule drop-assumption)
apply (induct-tac n)
apply auto [1]
apply safe
apply (simp add: times-set-def)
apply safe
apply (drule-tac z = y in spec)

<b7j
a i A
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apply safe

apply (rule-tac x =i + 1 in exl)
apply (rule-tac z = j in exl)

apply simp

apply (rule-tac y = y in order-trans)
apply simp-all

apply (drule-tac z = y in spec)
apply safe

apply (rule-tac x = i in exl)

apply (rule-tac x = j+1 in exl)
apply simp

apply (rule-tac y = y in order-trans)
by simp-all

lemma filterof-supremum:

¢ € supremum {a, b} = filterof {c} = filterof {a} N filterof {b}

apply safe

apply (cut-tac X = {c} and F = filterof {a} in filterof-sub)

apply simp-all

apply (simp add: supremum-def upper-bound-def)

apply safe

apply (rule-tac a = a in filter-ii)

apply simp-all

apply blast

apply (cut-tac X = {c} and F = filterof {b} in filterof-sub)

apply simp-all

apply (simp add: supremum-def upper-bound-def)

apply safe

apply (rule-tac a = b in filter-ii)

apply simp-all

apply blast

apply (subst (asm) prop-3-2-i)

apply simp

apply (subst (asm) prop-3-2-i)

apply simp

apply safe

apply (cut-tac A = {a, b} and o« = cand b = z and n = n + na in
lemma-2-8-iil)

apply simp

apply (subst prop-3-2-i)

apply simp

apply (rule-tac x = n + na in exl)

apply (subgoal-tac infimum ((Aza::’a. za r— z) ‘ ({a, b} *~ (n + na))) = {1})

apply simp

apply (simp add: right-lesseq)

apply (subst infimum-unique)

apply (subst infimum-def lower-bound-def)

apply (subst lower-bound-def)

apply safe
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apply simp-all

apply (drule power-pair)

apply safe

apply (subst right-residual [THEN sym))
apply simp

apply (case-tac n < i)

apply (rule-tac y = a ~ n in order-trans)
apply (rule-tac y = a ~ 4 in order-trans)
apply simp-all

apply (subgoal-tac na < j)

apply (rule-tac y = b " na in order-trans)
apply (rule-tac y = b ~ j in order-trans)
by simp-all

definition df a b = (a I— b) * (b I— a)
definition d2 a b = (a r— b) * (b r— a)

definition d3 a b =dl b a
definition d/ a b= d2 b a

lemma [simp]: (axb=1)=(a=1ANb=1)
apply (rule iffI)
apply (rule conjI)
apply (rule order.antisym)
apply simp
apply (rule-tac y = axb in order-trans)
apply simp
apply (drule drop-assumption)
apply simp
apply (rule order.antisym)
apply simp
apply (rule-tac y = axb in order-trans)
apply simp
apply (drule drop-assumption)
apply simp
by simp

lemma lemma-3-5-i-1: (dl a b= 1) = (a = b)
apply (simp add: di-def left-lesseq [THEN sym))
by auto

lemma lemma-3-5-i-2: (d2ab=1) = (a =)
apply (simp add: d2-def right-lesseq [THEN sym))
by auto

lemma lemma-3-5-i-3: (d3a b= 1) = (a = b)
apply (simp add: d3-def lemma-3-5-i-1)
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by auto

lemma lemma-3-5-i-4: (df a b=1) = (a = b)
apply (simp add: dj-def lemma-3-5-i-2)
by auto

lemma lemma-3-5-ii-1 [simp]: dI a a = 1
apply (subst lemma-3-5-i-1)
by simp

lemma lemma-3-5-ii-2 [simp]: d2 a a = 1
apply (subst lemma-3-5-i-2)
by simp

lemma lemma-3-5-ii-3 [simp]: d3 a a = 1
apply (subst lemma-3-5-i-3)
by simp

lemma lemma-3-5-ii-4 [simp|: df a a = 1
apply (subst lemma-3-5-i-4)
by simp

lemma [simp]: (a l— 1) = 1
by (simp add: left-lesseq [THEN sym)])

end
context pseudo-hoop-algebra begin

lemma [simp]: (a r— 1) = 1
by simp

lemma lemma-3-5-iii-1 [simp]: dl a 1 = a
by (simp add: d1-def)

lemma lemma-3-5-iii-2 [simp]: d2 a 1 = a
by (simp add: d2-def)

lemma lemma-3-5-iii-3 [simp]: d3 a 1 = a
by (simp add: d3-def d1-def)

lemma lemma-3-5-iii-4 [simp]: df a 1 = a
by (simp add: d4-def d2-def)

lemma lemma-3-5-iv-1: (d1 b c) * (dl ab) * (dI bc) < dl ac
apply (simp add: d1-def)
apply (subgoal-tac (b l— ¢) * (¢ l— b) * ((a = b) *x (b= a)) * ((b 1= ¢) * (c
I— b)) =
(bl=c)x(cl=b) x(al= b)) *x((bl=a)x (bl= ¢) x (cl= D))
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apply simp

apply (rule mult-mono)

apply (rule-tac y = (b I— ¢) * (a = b) in order-trans)
apply (rule mult-right-mono)

apply simp

apply (simp add: lemma-2-5-14)

apply (rule-tac y = (b I— a) * (¢ I—= b) in order-trans)
apply (rule mult-right-mono)

apply simp

apply (simp add: lemma-2-5-14)

by (simp add: mult.assoc)

lemma lemma-3-5-iv-2: (d2 a b) * (d2bc) * (d2ab) < d2ac

apply (simp add: d2-def)

apply (subgoal-tac (a r— b) * (b r— a) x (b r— ¢) * (¢ r— b)) * ((a r— b) *
(br—a)) =

((ar—=b)x(br—a)*x (br— ¢)) *x ((cr—= b) = (ar— b) * (b r— a)))

apply simp

apply (rule mult-mono)

apply (rule-tac y = (a r— b) * (b r— ¢) in order-trans)

apply (rule mult-right-mono)

apply simp

apply (simp add: lemma-2-5-15)

apply (rule-tac y = (¢ 7— b) x (b r— a) in order-trans)

apply (rule mult-right-mono)

apply simp

apply (simp add: lemma-2-5-15)

by (simp add: mult.assoc)

lemma lemma-3-5-iv-3: (d3 a b) * (d3 b c¢) * (d3ab) < dfac
by (simp add: d3-def lemma-3-5-iv-1)

lemma lemma-3-5-iv-4: (d4 b c) * (df ab) * (df bc) < d4 ac
by (simp add: d4-def lemma-3-5-iv-2)

definition
cong-r Fab=dl abeF

definition
cong-lFab=d2abeF

lemma cong-r-filter: F' € filters = (cong-r Fab) = (al>be FAbl>a€F)
apply (simp add: cong-r-def d1-def)
apply safe
apply (rule filter-ii)
apply simp-all
apply simp
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apply (rule filter-ii)
apply simp-all
apply simp

by (simp add: filter-i)

lemma cong-r-symmetric: F € filters => (cong-r F a b) = (cong-r F b a)
apply (simp add: cong-r-filter)
by blast

lemma cong-r-d3: F € filters = (cong-r F a b) = (d3a b € F)
apply (simp add: d3-def)
apply (subst cong-r-symmetric)
by (simp-all add: cong-r-def)

lemma cong-l-filter: F € filters = (cong-l Fab) = (ar—be FAbr— ac
F)

apply (simp add: cong-l-def d2-def)

apply safe

apply (rule filter-ii)

apply simp-all

apply simp

apply (rule filter-ii)

apply simp-all

apply simp

by (simp add: filter-i)

lemma cong-l-symmetric: F € filters = (cong-l F a b) = (cong-l F' b a)
apply (simp add: cong-l-filter)
by blast

lemma cong-l-d4: F € filters = (cong-l F a b) = (d4 a b € F)
apply (simp add: dj-def)
apply (subst cong-l-symmetric)
by (simp-all add: cong-l-def)

lemma cong-r-reflexive: F € filters => cong-r F a a
by (simp add: cong-r-def)

lemma cong-r-transitive: F' € filters = cong-r F' a b => cong-r F' b ¢ = cong-r
Fac

apply (simp add: cong-r-filter)

apply safe

apply (rule-tac a = (b l— ¢) * (a = b) in filter-ii)

apply simp-all

apply (rule filter-i)

apply simp-all

apply (simp add: lemma-2-5-14)

apply (rule-tac a = (b l— a) * (¢ = b) in filter-i7)
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apply simp-all

apply (rule filter-i)

apply simp-all

by (simp add: lemma-2-5-14)

lemma cong-l-reflexive: F' € filters = cong-l F a a
by (simp add: cong-l-def)

lemma cong-l-transitive: F € filters = cong-l F' a b => cong-l F' b ¢ => cong-l
Fac

apply (simp add: cong-l-filter)

apply safe

apply (rule-tac a = (a r— b) * (b r— ¢) in filter-i)

apply simp-all

apply (rule filter-i)

apply simp-all

apply (simp add: lemma-2-5-15)

apply (rule-tac a = (¢ r— b) * (b r— a) in filter-i)

apply simp-all

apply (rule filter-i)

apply simp-all

by (simp add: lemma-2-5-15)

lemma lemma-3-7-i: F € filters = F = {a . cong-r F a 1}
by (simp add: cong-r-def)

lemma lemma-3-7-ii: F' € filters = F = {a . cong-l F a 1}
by (simp add: cong-l-def)

lemma lemma-3-8-i: F € filters = (cong-r Fab)= 3 zy.z € FAye F A
Txa=yxD)

apply (subst cong-r-filter)

apply safe

apply (rule-tac x = a l— b in exl)

apply (rule-tac x = b l— a in exl)

apply (simp add: left-impl-times)

apply (subgoal-tac © < a l— b)

apply (simp add: filter-ii)

apply (simp add: left-residual [THEN sym])

apply (subgoal-tac y < b l— a)

apply (simp add: filter-ii)

apply (simp add: left-residual [THEN sym])

apply (subgoal-tac y * b = z * a)

by simp-all

lemma lemma-3-8-ii: F € filters = (cong-l Fab)=(F zy.2 € FAye F A
axz=>bxy)
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apply (subst cong-l-filter)

apply safe

apply (rule-tac ¢ = a r— b in exl)
apply (rule-tac x = b r— a in exl)

apply (simp add: right-impl-times)

apply (subgoal-tac © < a r— b)

apply (simp add: filter-ii)

apply (simp add: right-residual [THEN sym))
apply (subgoal-tac y < b r— a)

apply (simp add: filter-it)

apply (simp add: right-residual [THEN sym))
apply (subgoal-tac b x y = a * z)

by simp-all

lemma lemma-3-9-i: F € filters = cong-r Fa b = cong-r Fcd = (al— ¢
eF)=(bl—>deF)

apply (simp add: cong-r-filter)

apply safe

apply (rule-tac a = (a l— d) % (b = a) in filter-ii)

apply (simp-all add: lemma-2-5-14)

apply (rule-tac a = ((c 1= d) * (a I ¢)) * (b I— a) in filter-i)

apply simp-all

apply (simp add: filter-i)

apply (rule mult-right-mono)

apply (simp-all add: lemma-2-5-14)

apply (rule-tac a = (b 1= ¢) * (a = b) in filter-ii)

apply (simp-all add: lemma-2-5-14)

apply (rule-tac a = ((d 1= ¢) x (b l— d)) * (a = b) in filter-ii)
apply simp-all

apply (simp add: filter-7)

apply (rule mult-right-mono)

by (simp-all add: lemma-2-5-14)

lemma lemma-3-9-ii: F' € filters = cong-l Fa b = cong-l Fcd = (ar— ¢
eEF)=(br—=deF)

apply (simp add: cong-l-filter)

apply safe

apply (rule-tac a = (b r— a) * (a r— d) in filter-ii)

apply (simp-all add: lemma-2-5-15)

apply (rule-tac a = (b r— a) * ((a r— ¢) x (¢ r— d)) in filter-i)

apply simp-all

apply (simp add: filter-i)

apply (rule mult-left-mono)

apply (simp-all add: lemma-2-5-15)

apply (rule-tac a = (a r— b) * (b r— ¢) in filter-i)

apply (simp-all add: lemma-2-5-15)
apply (rule-tac a = (a r— b) * (b r— d) * (d r— ¢)) in filter-i7)
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apply simp-all

apply (simp add: filter-i)

apply (rule mult-left-mono)

by (simp-all add: lemma-2-5-15)

definition
normalfilters = {F . F € filters AN (¥V ab.(al=>be F)=(ar—beF))}

lemma normalfilter-i:
H € normalfilters = al—-be H=— ar—-be H
by (simp add: normalfilters-def)

lemma normalfilter-ii:
H € normalfilters = ar—be H=— al—>be H
by (simp add: normalfilters-def)

lemma [simp|: H € normalfilters = H € filters
by (simp add: normalfilters-def)

lemma lemma-3-10-i-ii:
H € normalfilters = {a} *x H = H *x {a}
apply (simp add: times-set-def)
apply safe
apply simp
apply (rule-tac © = a l— a * y in bexl)
apply (simp add: inf-lI-def [THEN sym))
apply (rule order.antisym)
apply simp
apply simp
apply (rule normalfilter-ii)
apply simp-all
apply (rule-tac a = y in filter-i7)
apply simp-all
apply (simp add: right-residual [THEN sym))

apply (rule-tac © = a r— za * a in bexl)
apply (simp add: inf-r-def [THEN sym)])
apply (rule order.antisym)

apply simp

apply simp

apply (rule normalfilter-i)

apply simp-all

apply (rule-tac a = za in filter-ii)

apply simp-all

by (simp add: left-residual [THEN sym])
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H € filters = (V a . {a} *x H = H *x {a}) = cong-r H = cong-l H
apply (subst fun-eq-iff)

apply (subst fun-eq-iff)

apply safe

apply (subst (asm) lemma-3-8-7)
apply simp-all

apply safe

apply (subst lemma-3-8-ii)

apply simp-all

apply (subgoal-tac zb x x € {z} *+ H)
apply (subgoal-tac y * za € {za} **x H)
apply (drule drop-assumption)

apply (drule drop-assumption)

apply (simp add: times-set-def)

apply safe
apply (rule-tac © = ya in exl)
apply simp
apply (rule-tac © = yb in exl)
apply simp

apply (drule-tac z = za in spec)
apply (simp add: times-set-def)
apply auto[!]

apply (drule-tac z = z in spec)
apply simp

apply (simp add: times-set-def)
apply (rule-tac x = zb in bexl)
apply simp-all

apply (subst (asm) lemma-3-8-i7)
apply simp-all

apply safe

apply (subst lemma-3-8-i)

apply simp-all

apply (subgoal-tac x * zb € H *x {z})
apply (subgoal-tac za * y € H *x {za})
apply (drule drop-assumption)

apply (drule drop-assumption)

apply (simp add: times-set-def)

apply safe
apply (rule-tac © = xc in ezl)
apply simp
apply (rule-tac x = zd in exl)
apply simp

apply (drule-tac z = za in spec)
apply (simp add: times-set-def)
apply auto|1]

apply (drule-tac x = z in spec)
apply (subgoal-tac x x xb € {z} *+ H)
apply simp
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apply (subst times-set-def)
by blast

lemma lemma-3-10-i-iii:
H € normalfilters = cong-r H = cong-l H

lemma order-impl-l [simp]: a < b= al— b= 1
by (simp add: left-lesseq)

end
context pseudo-hoop-algebra begin

lemma impl-I-d1: (a I— b) = dI a (a 1M D)
by (simp add: d1-def lemma-2-6-20-a )

lemma impl-r-d2: (a r— b) = d2 a (a 11 b)
by (simp add: d2-def lemma-2-6-21-a)

lemma lemma-3-10-iii-i:
H € filters = cong-r H = cong-l H = H € normalfilters
apply (unfold normalfilters-def)
apply (simp add: impl-I-d1 impl-r-d2)
apply safe
apply (subgoal-tac cong-r H a (a M b))
apply simp
apply (subst (asm) cong-l-def)
apply simp
apply (subst cong-r-def)
apply simp
apply (subgoal-tac cong-r H a (a M b))
apply (subst (asm) cong-r-def)
apply simp
apply simp
apply (subst cong-l-def)
by simp

lemma lemma-3-10-ii-i:
H € filters = (V a . {a} *x H = H »x {a}) = H € normalfilters
apply (rule lemma-3-10-iii-i)
apply simp

by simp-all

definition
allpowersxn={y . Ji.i<nAy=z i}
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lemma times-set-in: a € A= beB=—=c=axb=—c€ Axx B
apply (simp add: times-set-def)
by auto

lemma power-set-power: a € A = a ne€ Ax"n
apply (induct-tac n)
apply simp
apply simp
apply (rule-tac a = a and b = a ~ n in times-set-in)
by simp-all

lemma normal-filter-union: H € normalfilters = (H U {z}) ™ n = (H *x
(allpowers x n)) U {z " n}
apply (induct-tac n)
apply (simp add: times-set-def allpowers-def)
apply safe
apply simp
apply (simp add: times-set-def)
apply safe
apply (simp add: allpowers-def)
apply safe
apply (subgoal-tac x * za € H xx {x})
apply (simp add: times-set-def)
apply safe
apply (drule-tac x = zb in bspec)
apply simp
apply (drule-tac z =z ~ (i + 1) in spec)
apply simp
apply safe
apply (erule notFE)
apply (rule-tac x = i + 1 in exl)
apply simp
apply (erule notFE)
apply (simp add: mult.assoc [THEN sym])
apply (drule-tac a = z in lemma-3-10-i-ii)
apply (subgoal-tac H xx {z} = {z} ** H)
apply simp
apply (simp add: times-set-def)
apply auto[!]
apply simp
apply (drule-tac x = zaa in bspec)
apply simp
apply (drule-tac z = z ~ n in bspec)
apply (simp add: allpowers-def)
apply blast
apply simp
apply (drule-tac x = zaa * zb in bspec)
apply (simp add: filter-i)
apply (simp add: mult.assoc)
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apply (drule-tac z = ya in bspec)

apply (simp add: allpowers-def)

apply safe

apply (rule-tac x = i in exl)

apply simp

apply simp

apply (subst (asm) times-set-def)

apply (subst (asm) times-set-def)

apply simp

apply safe

apply (subst (asm) allpowers-def)

apply (subst (asm) allpowers-def)

apply safe

apply (case-tac i = 0)

apply simp

apply (rule-tac a = za and b = 1 in times-set-in)
apply blast

apply (simp add: allpowers-def times-set-def)
apply safe

apply simp

apply (drule-tac z = 1 in bspec)

apply simp

apply (drule-tac z = 1 in spec)

apply simp

apply (drule-tac x = 0 in spec)

apply auto|1]

apply simp

apply (rule-tac a = zaa and b = z ~ i in times-set-in)
apply blast

apply (case-tac ¢ = n)

apply simp

apply (simp add: allpowers-def)

apply safe

apply (subgoal-tac x i € H xx {y.di<n.y =2z ~i})
apply simp

apply (rule-tac a = 1 and b = z ~ i in times-set-in)
apply simp

apply simp

apply (rule-tac x = i in exl)

apply simp

apply simp

apply (rule power-set-power)

by simp

lemma lemma-3-11-i: H € normalfilters = filterof (H U {z}) ={a .3 nh.h
eHARxz n<a}

apply (subst prop-3-2-i)

apply (subst normal-filter-union)

42



apply simp-all

apply safe

apply (rule-tac ¢ = n in exl)

apply (rule-tac x = 1 in exl)

apply simp

apply (simp-all add: allpowers-def times-set-def)
apply safe

apply (rule-tac x = i in exl)

apply (rule-tac x = zb in exl)
apply simp

apply (rule-tac z = n + 1 in exl)
apply (rule-tac x = h x z ~ n in exl)
apply safe

apply (erule notE)

apply (rule-tac x = h in bexl)
apply (rule-tac x = z ~ n in exl)

by auto

lemma lemma-3-11-i: H € normalfilters = filterof (H U {z}) ={a.3I nh.h
e HA(z " n)xh<a}
apply (subst lemma-3-11-i)
apply simp-all
apply safe
apply (rule-tac ¢ = n in exl)
apply (subgoal-tac h x x “n € {x " n} xx H)
apply (simp add: times-set-def)
apply auto|[1]
apply (drule-tac a =  ~ n in lemma-3-10-i-ii)
apply simp
apply (simp add: times-set-def)
apply auto|1]
apply (rule-tac = n in exl)
apply (subgoal-tac (z " n) x h € H xx {x ~ n})
apply (simp add: times-set-def)
apply auto|1]
apply (drule-tac a =  ~ n in lemma-3-10-i-ii)
apply (drule-tac sym)
apply simp
apply (simp add: times-set-def)
by auto

lemma lemma-3-12-i-ii:
H € normalfilters = H € ultrafilters = ¢ H=— (I n.z nl—>a€ H)
apply (subst (asm) ultrafilter-union)
apply clarify
apply (drule-tac z = z in spec)
apply clarify
apply (subst (asm) lemma-3-11-7)
apply assumption
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apply (subgoal-tac a € {a::'a. I(n::nat) h:'a. h € HA hxz " n < a})
apply clarify

apply (rule-tac ¢ = n in exl)

apply (simp add: left-residual)

apply (rule filter-ii)

by simp-all

lemma lemma-3-12-ii-:
H € normalfilters = H € properfilters —= YV za .2 ¢ H— (I n.z nl—o
a € H)) = H € mazimalfilters
apply (subgoal-tac H € ultrafilters)
apply (simp add: ultrafilters-def)
apply (subst ultrafilter-union)
apply clarify
apply (subst (asm) properfilters-def)
apply clarify
apply (subst lemma-3-11-i)
apply simp-all
apply safe
apply simp-all
apply (drule-tac z = z in spec)
apply clarify
apply (drule-tac z = zb in spec)
apply clarify
apply (rule-tac x = n in exl)
apply (rule-tac x = x "~ n l— zb in exl)
apply clarify
apply (subst inf-I-def [THEN sym))
by simp

lemma lemma-3-12-i-iii:
H € normalfilters = H € ultrafilters = ¢ H=—= (I n.z nr— a€ H)
apply (subst (asm) ultrafilter-union)
apply clarify
apply (drule-tac x = z in spec)
apply clarify
apply (subst (asm) lemma-3-11-ii)
apply assumption
apply (subgoal-tac a € {a::'a. I(n:inat) h:'a. h € H A (x " n) x h < a})
apply clarify
apply (rule-tac x = n in exl)
apply (simp add: right-residual)
apply (rule filter-ii)
by simp-all

lemma lemma-3-12-iii-i:
H € normalfilters = H € properfilters = Y za .2 ¢ H— 3 n.z " n
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r— a € H)) = H € mazimalfilters
apply (subgoal-tac H € ultrafilters)
apply (simp add: ultrafilters-def)
apply (subst ultrafilter-union)
apply clarify
apply (subst (asm) properfilters-def)
apply clarify
apply (subst lemma-3-11-i7)
apply simp-all
apply safe
apply simp-all
apply (drule-tac z = z in spec)
apply clarify
apply (drule-tac x = zb in spec)
apply clarify
apply (rule-tac = n in exl)
apply (rule-tac x = x ~n r— zb in exl)
apply clarify
apply (subst inf-r-def |[THEN sym)])
by simp

definition
cong H= (Azy.cong-l Hzxy A cong-r Hzy)

definition
congruences = {R . equivp RA (Y abcd.RabANRcd— R (ax*c) (b=
d)AN R(al=c)(bl=d)AN R(ar—c) (br— d))}

lemma cong-l: H € normalfilters = cong H = cong-l H
by (simp add: cong-def lemma-3-10-i-iii)

lemma cong-r: H € normalfilters = cong H = cong-r H
by (simp add: cong-def lemma-3-10-i-iii)

lemma cong-equiv: H € normalfilters = equivp (cong H)

apply (simp add: cong-l)

apply (simp add: equivp-reflp-symp-transp refip-def refl-on-def cong-l-reflexive
cong-l-symmetric symp-def sym-def transp-def trans-def)

apply safe

apply (rule cong-l-transitive)

by simp-all

lemma cong-trans: H € normalfilters = cong H x y = cong H y 2 = cong H
Tz

apply (drule cong-equiv)

apply (drule equivp-transp)

by simp-all

lemma lemma-3-13 [simp]:
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H € normalfilters = cong H € congruences
apply (subst congruences-def)

apply safe

apply (simp add: cong-equiv)

apply (rule-tac y = b * c in cong-trans)
apply simp-all

apply (simp add: cong-r lemma-3-8-i)
apply safe

apply (rule-tac x = z in exl)

apply simp

apply (rule-tac = y in exl)

apply (simp add: mult.assoc [THEN sym])
apply (simp add: cong-l lemma-3-8-i7)
apply safe

apply (rule-tac x = za in exl)

apply simp

apply (rule-tac x = ya in exl)

apply (simp add: mult.assoc)

apply (rule-tac y = a I— d in cong-trans)
apply simp

apply (simp add: cong-r cong-r-filter)
apply safe

apply (rule-tac a = ¢ l— d in filter-i7)
apply simp-all

apply (subst left-residual [THEN sym))
apply (simp add: lemma-2-5-14)

apply (rule-tac a = d I— ¢ in filter-ii)
apply simp-all

apply (subst left-residual [THEN sym])
apply (simp add: lemma-2-5-14)

apply (subst cong-l)

apply simp

apply (simp add: cong-r cong-r-filter cong-l-filter)
apply safe

apply (rule-tac a = b l— a in filter-ii)
apply simp-all

apply (subst right-residual [THEN sym))
apply (simp add: lemma-2-5-14)

apply (rule-tac a = a l— b in filter-ii)
apply simp-all

apply (subst right-residual [THEN sym))
apply (simp add: lemma-2-5-14)

apply (rule-tac y = a r— d in cong-trans)
apply simp

apply (simp add: cong-l cong-I-filter)
apply safe

apply (rule-tac a = ¢ r— d in filter-ii)
apply simp-all
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apply (subst right-residual [THEN sym])
apply (simp add: lemma-2-5-15)

apply (rule-tac a = d r— c in filter-ii)
apply simp-all

apply (subst right-residual [THEN sym))
apply (simp add: lemma-2-5-15)

apply (subst cong-r)

apply simp

apply (simp add: cong-l cong-I-filter cong-r-filter)
apply safe

apply (rule-tac a = b r— a in filter-ii)
apply simp-all

apply (subst left-residual [THEN sym))
apply (simp add: lemma-2-5-15)
apply (rule-tac a = a r— b in filter-ii)
apply simp-all

apply (subst left-residual [THEN sym])
by (simp add: lemma-2-5-15)

lemma cong-times: R € congruences = R ab= Rcd = R (a* c¢) (b * d)
by (simp add: congruences-def)

lemma cong-impl-I: R € congruences = Ra b= Rc¢d = R (al— ¢) (bl—
d)
by (simp add: congruences-def)

lemma cong-impl-r: R € congruences = Rab= Rcd = R (ar— ¢c) (b
r— d)
by (simp add: congruences-def)

lemma cong-refl [simp]: R € congruences = R a a
by (simp add: congruences-def equivp-reflp)

lemma cong-trans-a: R € congruences = Rab=— Rbc=—= Rac
apply (simp add: congruences-def)
apply (rule-tac y = b in equivp-transp)
by simp-all

lemma cong-sym: R € congruences = Ra b= R ba
by (simp add: congruences-def equivp-symp)

definition
normalfilter R = {a . R a 1}

lemma lemma-3-14 [simpl:
R € congruences = (normalfilter R) € normalfilters
apply (unfold normalfilters-def)

apply safe
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apply (simp add: filters-def)

apply safe

apply (simp add: normalfilter-def)

apply (drule-tac x = 1 in spec)

apply (simp add: congruences-def equivp-refip)

apply (simp add: normalfilter-def)

apply (drule-tac a = a and ¢ = band b = 1 and d = 1 and R = R in
cong-times)

apply simp-all

apply (simp add: normalfilter-def)

apply (simp add: left-lesseq)

apply (cut-tac R=Rand a = aand b= 1 and ¢ = b and d = b in cong-impl-1)

apply simp-all

apply (simp add: cong-sym)

apply (simp-all add: normalfilter-def)

apply (cut-tac R=Rand a =al— band b= 1 and ¢ = ¢ and d = ¢ in
cong-times)

apply simp-all

apply (simp add: inf-l-def [THEN sym))

apply (cut-tac R= Rand a = aand b =a M band ¢ = b and d
cong-impl-r)

apply simp-all

apply (simp add: cong-sym)

apply (cut-tac R= Rand c=ar— band d =1 and a = aand b = ¢ in
cong-times)

apply simp-all

apply (simp add: inf-r-def [THEN sym)])

apply (cut-tac R= R and ¢ = aand b =a M band ¢ = b and d
cong-impl-1)

apply simp-all

by (simp add: cong-sym)

b in

b in

lemma lemma-3-15-i:
H € normalfilters = normalfilter (cong H) = H
by (simp add: normalfilter-def cong-r cong-r-filter)

lemma lemma-3-15-ii:

R € congruences = cong (normalfilter R) = R

apply (simp add: fun-eq-iff cong-r cong-r-filter)

apply (simp add: normalfilter-def)

apply safe

apply (cut-tac R= Rand a = zl— zaand b = 1 and ¢ = z and d = z in
cong-times)

apply simp-all

apply (cut-tac R= R and a = za l— zand b = 1 and ¢ = za and d = za in
cong-times)

apply simp-all

apply (simp add: inf-l-def [THEN sym))

apply (rule-tac b = z M za in cong-trans-a)
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apply simp-all

apply (subst cong-sym)

apply simp-all

apply (subst inf.commute)

apply simp-all

apply (cut-tac R = R and ¢« = z and b = za and ¢ = za and d = za
cong-impl-1)

apply simp-all

apply (cut-tac R = R and ¢ = za and b = za and ¢ = z and d = za
cong-impl-1)

by simp-all

lemma lemma-38-15-iii: H1 € normalfilters — H2 € normalfilters — (H1
H2) = (cong H1 < cong H2)

apply safe

apply (simp add: cong-l cong-I-filter)

apply blast

apply (subgoal-tac cong H2 x 1)

apply (simp add: cong-l cong-I-def)

apply (subgoal-tac cong HI z 1)

apply blast

by (simp add: cong-l cong-l-def)

definition
pryz=((zl=y) r—2)N(zl=y r— 2

lemma lemma-3-16-i: prxrzy=yApxrxyy==2x
apply safe
apply (simp-all add: p-def)
apply (rule order.antisym)
apply (simp-all add: lemma-2-10-24)
apply (rule order.antisym)
by (simp-all add: lemma-2-10-24)

definition Mz y 2z = (yl—= z) r— 2) N ((zl—= y) r— y) N ((z 1= 2) r— 2)

lemma Mzzy=zsAMzyz=xANMyzz=c=
apply (simp add: M-def)
apply safe
apply (rule order.antisym)
apply (simp-all add: lemma-2-10-24 lemma-2-5-9-b)
apply (rule order.antisym)
apply (simp-all add: lemma-2-10-24 lemma-2-5-9-b)
apply (rule order.antisym)
by (simp-all add: lemma-2-10-24 lemma-2-5-9-b)
end

end
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7 Pseudo Waisberg Algebra

theory PseudoWaisbergAlgebra
imports Operations
begin

class impl-lr-algebra = one + left-imp + right-imp +
assumes Wla [simp]: 11— a = a
and W1b [simp]: 1 r— a = a

and W2a: (al— b)) r— b= (bl—= a) r— a
and W2b: (bl— a) r—>a=(br—a)l—a
and W2c: (br— a)l—> a=(ar— b) I— b

and W3a: (al— b) I— ((bl—= ¢) r— (al—=¢)) =1
and Wsb: (ar— b)) r— (br— ¢) = (ar—¢)) = 1

begin

lemma Pl-a [simp]: z1— z = 1
apply (cut-tac a = 1 and b = 1 and ¢ = z in W3b)
by simp

lemma P1-b [simp]: z r— z = 1
apply (cut-tac a = 1 and b = 1 and ¢ = z in W3a)
by simp

lemma P2-a: zl— y=1 = yloz=1=2x=y
apply (subgoal-tac (y l— z) r— = = y)
apply simp
apply (subgoal-tac (z 1= y) r— y = y)
apply (unfold W2a)
by simp-all

lemma P2-b: zr—y=1—=yr—>z=1=—2x=1y
apply (subgoal-tac (y r— z) l— =z = y)
apply simp
apply (subgoal-tac (z r— y) I— y = y)
apply (unfold W2c)
by simp-all

lemma P2-cczl—-y=1=yr—az=1=z=y
apply (subgoal-tac (y r— z) l— z = y)
apply simp
apply (subgoal-tac (z 1= y) r— y = y)
apply (unfold W2b) [1]
apply (unfold W2c) [1]
by simp-all
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lemma P3-a: (z1— 1) r— 1 = 1
apply (unfold W2a)
by simp

lemma P3-b: (xr— 1) 1= 1 =1
apply (unfold W2c)
by simp

lemma Pj-a [simp]: z1— 1 = 1
apply (subgoal-tac z 1— ((z1— 1) r— 1) = 1)
apply (simp add: P3-a)
apply (cut-tac a = 1 and b = z and ¢ = 1 in W3a)
by simp

lemma P4-b [simp]: x r— 1 = 1
apply (subgoal-tac x r— ((xr— 1) 1— 1) =1)
apply (simp add: P3-b)
apply (cut-tac a = 1 and b = z and ¢ = 1 in W3b)
by simp

lemma Ps-a:zl—y=1=ylo2=1=2l—>2=1
apply (cut-tac a = z and b = y and ¢ = z in W3a)
by simp

lemma P5-b:cr—y=1—=yr—>z=1=—=zxr—>2=1
apply (cut-tac e = z and b = y and ¢ = z in W3b)
by simp

lemma Pé6-a: zl— (y r— z) = 1
apply (cut-tac a = yand b = 1 and ¢ = z in W3b)
by simp

lemma P6-b: z r— (y l— z) = 1
apply (cut-tac a = yand b = [ and ¢ = z in W3a)
by simp

lemma P7: (z1— (yr—2)=1)=(yr— (zl— 2) = 1)
proof
fixzyzassume A: zl— yr— z2=1show yr— zl— 2 =1
apply (rule-tac y = (2 r— y) l— y in P5-b)
apply (simp add: P6-b)
apply (unfold W2c)
apply (subgoal-tac (z1— (y r— 2)) I= ((yr— 2) = 2) r—>zl—= 2) = 1)
apply (unfold A) [1]
apply simp
by (simp add: W3a)
next
fix xyzassume A: yr— 2z l— 2= 1showzl— yr— 2= 1
apply (rule-tac y = (2 l— z) r— z in P5-a)
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apply (simp add: P6-a)
apply (unfold W2a)
apply (subgoal-tac (y r— zl— 2) r— (((zl—= 2) r— 2) > yr— 2) = 1)
apply (unfold A) [1]
apply simp
by (simp add: W3b)
qed

lemma PS8-a: (z 1= y) r— ((z1—= z) I—= (21> y)) = 1
by (simp add: W3a P7 [THEN sym)])

lemma P8-b: (zr— y)l— (zr—2)r— (zr—>y)) =1
by (simp add: W3b P7)

lemma P9: zl— (yr— 2) = yr— (z 1= 2)
apply (rule P2-c)
apply (subst P7)
apply (rule-tac y = (z r— y) I— y in P5-b)
apply (simp add: P6-b)
apply (subst W2c)
apply (rule P8-a)

apply (subst P7 [THEN sym))

apply (rule-tac y = (z l— z) r— z in P5-a)

apply (simp add: P6-a)

apply (subst W2a)

by (simp add: P8-b)

definition
lesseg-a a b= (al— b=1)

definition
less-a a b = (lesseq-a a b A — lesseq-a b a)

definition
lesseqg-b a b= (ar— b=1)

definition
less-b a b = (lesseq-b a b A — lesseq-b b a)

definition
sup-a a b= (al—b) r— b

end
sublocale impl-lr-algebra < order-a:order lesseq-a less-a
apply unfold-locales

apply (simp add: less-a-def)
apply (simp-all add: lesseq-a-def)
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apply (rule P5-a)
apply simp-all
apply (rule P2-a)
by simp-all

sublocale impl-lr-algebra < order-b:order lesseq-b less-b
apply unfold-locales
apply (simp add: less-b-def)
apply (simp-all add: lesseq-b-def)
apply (rule P5-b)
apply simp-all
apply (rule P2-b)
by simp-all

sublocale impl-lr-algebra < slattice-a:semilattice-sup sup-a lesseq-a less-a
apply unfold-locales
apply (simp-all add: lesseg-a-def sup-a-def)
apply (simp add: P9)
apply (simp add: P9)
apply (subst W2a)
apply (subgoal-tac ((z 1= y) r— y) I— ((yl—= z) r— x) = 1)
apply simp
apply (subgoal-tac ((z 1= y) r— y) I= (xl—> y) r— y) = 1)
apply (simp add: W2a)
apply (subgoal-tac ((z 1= y) r— y) I= (xl= y) r— y = ((z 1= y) r— (21—

—~ T~~~

y) r—= (((z 1= y) r—= y) I= (zl=y) 1= y))
apply (simp add: W3b)
apply (subgoal-tac (zl— y) r— z1l— y=1)
apply simp
apply (cut-tac a = z and b = z and ¢ = y in W3a)
by simp

sublocale impl-lr-algebra < slattice-b:semilattice-sup sup-a lesseq-b less-b

apply unfold-locales

apply (simp-all add: lesseq-b-def sup-a-def)

apply (simp-all add: W2b)

apply (simp add: P9 [THEN sym])

apply (simp add: P9 [THEN sym])

apply (subst W2c)

apply (subgoal-tac ((z 17— y) = y) r— (yr— z) > z) = 1)

apply simp

apply (subgoal-tac ((z r— y) 1= y) r— (xr— y) = y) = 1)

apply (simp add: W2c)

apply (subgoal-tac ((zr— y) = y) r—= (zr—= y) =y = ((zr— y) = (zr—
y) = (zr—=y) = y) r= (1= y) = y))

apply (simp add: W3a)

apply (subgoal-tac (z r— y) l— zr— y=1)

apply simp

apply (cut-tac a = z and b = z and ¢ = y in W3b)
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by simp

context impl-lr-algebra

begin

lemma lesseq-a-b: lesseq-b = lesseqg-a
apply (simp add: fun-eq-iff)
apply clarify
apply (cut-tac ¢ = ¢ and y = za in slattice-a.le-iff-sup)
apply (cut-tac ¢ = z and y = za in slattice-b.le-iff-sup)
by simp

lemma P10: (al—-b=1)=(ar—b=1)
apply (cut-tac lesseq-a-b)
by (simp add: fun-eq-iff lesseq-a-def lesseq-b-def)
end

class one-ord = one + ord

class impl-lr-ord-algebra = impl-lr-algebra + one-ord +
assumes
order: a < b= (al=>b=1)
and
strict: a <b=(a<bA-b<a)
begin
lemma order-lI: (a < b) = (al=b=1)
by (simp add: order)

lemma order-r: (a < b) = (a r— b= 1)
by (simp add: order P10)

lemma Pll-a: a < bl— a
by (simp add: order-r P6-b)

lemma P11-b: a < br— a
by (simp add: order-l P6-a)

lemma P12: (a < bl—c¢)=(b<ar— ¢
apply (subst order-r)
apply (subst order-l)
by (simp add: P7)

lemma Pi13-a:a < b= bl—wc<al—c
apply (subst order-r)
apply (simp add: order-l)
apply (cut-tac a = a and b = b and ¢ = ¢ in W3a)
by simp

lemma P13-b: a < b=—=br—c<ar—c
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apply (subst order-1)

apply (simp add: order-r)

apply (cut-tac a = a and b = b and ¢ = ¢ in W3b)
by simp

lemma Pij-a: a < b= cl—>a<cl—=>1b
apply (simp add: order-l)
apply (cut-tac x = a and y = b and z = ¢ in P8§-a)
by simp

lemma Pi1j-b: a < b= cr—a<cr—b
apply (simp add: order-r)
apply (cut-tac z = a and y = b and z = ¢ in P8-b)
by simp

subclass order
apply (subgoal-tac (<) = lesseg-a N (<) = less-a)
apply simp
apply unfold-locales
apply safe
by (simp-all add: fun-eq-iff lesseq-a-def less-a-def order-1 strict)

end
class one-zero-uminus = one + zero + left-uminus + right-uminus

class impl-neg-lr-algebra = impl-lr-ord-algebra + one-zero-uminus +
assumes
Wi —11=—r1
and Woa: (=lar— —1b)l— (bl—a) =1
and W5b: (—ral— —rb)l—= (br— a) = 1
and zero-def: 0 = —1 1
begin

lemma zero-r-def: 0 = —r 1
by (simp add: zero-def W4)

lemma C1-a [simp]: (=lzr— 0)l— z =1
apply (unfold zero-def)
apply (cut-tac a = z and b = 1 in Wja)
by simp

lemma C1-b [simp]: (—rzl— 0) r— z = 1
apply (unfold zero-r-def)
apply (cut-tac a = z and b = 1 in W5b)
by (simp add: P10)

lemma C2-b [simp]: 0 r— z = 1
apply (cut-tac z= —rzl— 0 and y = z and z = 0 in P8-b)
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by (simp add: P6-b)

lemma C2-a [simp]: 01— z = 1
by (simp add: P10)

lemma C3-a: zl— 0 =—lz
proof —

have A: —lzl— (z1— 0) =1
apply (cut-tac z = —lz and y = —1 (—r 1) in P6-a)
apply (cut-tac a = —r 1 and b = z in Wja)
apply (unfold zero-r-def)
apply (rule-tac y = —1 (—r (1::'a)) r— —l z in P5-a)
by simp-all

have B: (z1— 0) r— —lxz =1
apply (cut-tac a = —lzr— 0 and b = z and ¢ = 0 in W3a)
apply simp
apply (cut-tac b = —l z and a = 0 in W2c)
by simp

show z [— 0 = —lz
apply (rule order.antisym)
apply (simp add: order-r B)
by (simp add: order-l A)

qed

lemma C3-b: zr— 0 = —rz
apply (rule order.antisym)
apply (simp add: order-l)
apply (cut-tac x = z in C1-b)
apply (cut-tac a = —r zl— 0 and b = z and ¢ = 0 in W3b)
apply simp
apply (cut-tac b = —r z and a = 0 in W2a)
apply simp
apply (cut-tac x = —rz and y = —r (=1 1) in P6-b)
apply (cut-tac a = —1 1 and b = z in W5b)
apply (unfold zero-def order-r)
apply (rule-tac y = —r (=1 (1::'a)) I= —r z in P5-b)
by (simp-all add: P10)

lemma C4-a [simp]: —r (—lz) ==z
apply (unfold C3-b [THEN sym| C3-a [THEN sym])
apply (subst W2a)
by simp

lemma C4-b [simp]: = (—r2z) =z
apply (unfold C3-b [THEN sym| C3-a [THEN sym)])
apply (subst W2c)
by simp

lemma C5-a: —rzl— —ry=yr—z
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apply (rule order.antisym)

apply (simp add: order-l W5b)

apply (cut-tac a = —ry and b = —r z in Wha)
by (simp add: order-l)

lemma C5-b: —lzr— —ly=yl—> =z
apply (rule order.antisym)
apply (simp add: order-l Wha)
apply (cut-tac a = —l y and b = —l z in W5b)
by (simp add: order-l)

lemma C6: —rzl—>y=—-lyr—z
apply (cut-tac z = z and y = —1 y in C5-a)
by simp

lemma C7-a: (z < y) = (-ly < —lz)
apply (subst order-l)
apply (subst order-r)
by (simp add: C5-b)

lemma C7-b: (z < y)=(—ry < —ruz
apply (subst order-r)
apply (subst order-l)
by (simp add: C5-a)

end

class pseudo-wajsberg-algebra = impl-neg-lr-algebra +
assumes
W6: —r (al— —1b) ==l (br— —ra)

begin

definition
mult a b= —r (al— —1b)

definition
inf-aab=—1(ar— —r (al= b))

definition
inf-bab=—r(bl— —1(br— a))

end

sublocale pseudo-wajsberg-algebra < slattice-inf-a:semilattice-inf inf-a (<) (<)
apply unfold-locales
apply (simp-all add: inf-a-def)
apply (subst C7-b)
apply (simp add: order-l P9 C5-a P10 [THEN sym] P6-a)
apply (subst C7-b)
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apply (simp add: order-l P9 C5-a P10 [THEN sym] P6-a)
apply (subst W6 [THEN sym])
apply (subst C7-a)
apply simp
proof —
fixzyz
assume A: z < y
assume B: z < z
have C: z l— y = 1 by (simp add: order-l [THEN sym] A)
have E: (yl—= 2) = —ly) = —-lz=((yl=2) 1= —-ly) - ((z - y) I—
—lx)
by (simp add: C)
have F: ((yl— 2) = —ly) = (zl= y) = —lz) = (yl= 2) = —ly)
= ((-lyr— —lz) = —lz)
by (simp add: C5-b)
have G: ((yl— 2) = —ly) = (“lyr— —lz) = —lz) = ((yl— 2) = -1
y) = (lzr— =ly) = —ly)
by (simp add: W2c)
have H: ((yl— 2) I— —ly) = (mlzr— —ly) = —ly) = (yl— 2) = =1
y) = ((y = 2) I —ly)
by (simp add: C5-b)
have I: ((yl— 2) = —ly) = ((yl= 2) > —ly) =1
apply (simp add: order-l [THEN sym] P14-a)
apply (rule P13-a)
apply (rule P14-a)
by (simp add: B)
show (yl— 2) l—» —ly < —lz
by (simp add: order-l EF G H I)
next
qed

sublocale pseudo-wajsberg-algebra < slattice-inf-b:semilattice-inf inf-b (<) (<)
apply unfold-locales
apply (simp-all add: inf-b-def)
apply (subst C7-a)
apply (simp add: order-r P9 [THEN sym] C5-b P10 P6-b)
apply (subst C7-a)
apply (simp add: order-r P9 [THEN sym| C5-b P10 P6-b)
apply (subst W6)
apply (subst C7-b)
apply simp
proof —
fixxyz
assume A: z < y
assume B: z < z
have C: z r— z = 1 by (simp add: order-r [THEN sym] B)
have E: (zr— y) r— —rz) r—» —rx = ((zr— y) r— —rz) r— ((z r— 2)
r— —r)
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by (simp add: C)
have F: ((zr— y) r— —rz) r— ((tr— 2) r— —rz) = ((zr— y) r— —r
z2) r—= ((-rzl= —rz) r— —rz)
by (simp add: C5-a)
have G: ((zr— y) r— —rz) r— (-rzlo —raz) r— —rz) = ((zr— y) r—
—rz)r—= ((mrzxl-> —rz) r— —r2)
by (simp add: W2a)
have H: ((zr— y) r— —rz) r— ((-rzl—= —r2) r— —rz) = ((z r— y) r—
—rz)r—= (zr— 2) r— —r2)
by (simp add: C5-a)
have I: (zr—y) r— —r2)r—» ((zr—>z)r— —rz) =1
apply (simp add: order-r [THEN sym))
apply (rule P13-b)
apply (rule P14-b)
by (simp add: A)
show (zr— y) r— —rz< —rz
by (simp add: order-r EF G H I)
next
qed

context pseudo-wajsberg-algebra
begin
lemma inf-a-b: inf-a = inf-b
apply (simp add: fun-eq-iff)
apply clarify
apply (rule order.antisym)
by simp-all

end
end

8 Some Classes of Pseudo-Hoops

theory SpecialPseudoHoops
imports PseudoHoopFilters PseudoWaisbergAlgebra
begin

class cancel-pseudo-hoop-algebra = pseudo-hoop-algebra +
assumes mult-cancel-left: a *x b=a*x ¢c = b= ¢
and mult-cancel-right: b x a = cx a = b = ¢
begin
lemma cancel-left-a: b l— (a * b) = a
apply (rule-tac a = b in mult-cancel-right)
apply (subst inf-l-def [THEN sym)])
apply (rule order.antisym)
by simp-all
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lemma cancel-right-a: b r— (b * a) = a
apply (rule-tac a = b in mult-cancel-left)
apply (subst inf-r-def |[THEN sym])
apply (rule order.antisym)
by simp-all

end

class cancel-pseudo-hoop-algebra-2 = pseudo-hoop-algebra +
assumes cancel-left: b l— (a x b) = a
and cancel-right: b r— (b * a) = a

begin
subclass cancel-pseudo-hoop-algebra

apply unfold-locales

apply (subgoal-tacb =ar— (axb) ANar— (axb) =ar— (a*xc)ANar— (a
*x ¢) = ¢)

apply simp

apply (rule conjI)

apply (subst cancel-right)

apply simp

apply (rule conjI)

apply simp

apply (subst cancel-right)

apply simp

apply (subgoal-tac b = al— (bx a) ANal— (bxa)=al— (c*a) Aal= (c
* a) = c)

apply simp

apply (rule conjI)

apply (subst cancel-left)

apply simp

apply (rule conjI)

apply simp

apply (subst cancel-left)

by simp

end

context cancel-pseudo-hoop-algebra
begin

lemma lemma-4-2-i: a I— b= (a * ¢) = (b * ¢)

apply (subgoal-tac a l— b= al—= (cl—= (bx¢c)) ANal— (cl— (bx ) = (a*
¢) = (b * ¢))

apply simp

apply (rule conjI)

apply (simp add: cancel-left-a)

by (simp add: left-impl-ded)
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lemma lemma-4-2-ii: a r— b = (c *x a) — (¢ * b)

apply (subgoal-tac a r— b =ar— (cr— (¢ *x b)) Nar— (cr— (cx b)) = (c
* a) r— (¢ * b))

apply simp

apply (rule conjI)

apply (simp add: cancel-right-a)

by (simp add: right-impl-ded)

lemma lemma-4-2-iii: (a * ¢ < b x ¢) = (a < b)
by (simp add: left-lesseq lemma-4-2-i [THEN sym)])

lemma lemma-4-2-iv: (¢ * a < ¢ x b) = (a < b)
by (simp add: right-lesseq lemma-4-2-it [THEN sym))

end

class wajsberg-pseudo-hoop-algebra = pseudo-hoop-algebra +
assumes wajsbergl: (a l— b) r— b= (bl— a) r— a
and wagsberg2: (a r— b) I=> b= (br— a) l— a

context wajsberg-pseudo-hoop-algebra
begin

lemma lemma-4-3-i-a: a U1 b= (al—= b) r— b
by (simp add: supl-def wajsbergl)

lemma lemma-4-3-i-b: a U1 b= (b 1= a) r— a
by (simp add: supl-def wajsbergl)

lemma lemma-4-3-ii-a: a U2 b = (a r— b) I— b
by (simp add: sup2-def wajsberg2)

lemma lemma-4-3-ii-b: a U2 b = (b r— a) l— a
by (simp add: sup2-def wajsberg2)
end

sublocale wajsberg-pseudo-hoop-algebra < latticel:pseudo-hoop-lattice-b (LU1) (%)
(M) (1=) (<) (<) 1 (r—)

apply unfold-locales

apply (simp add: lemma-4-3-i-a)

by (simp add: lemma-2-5-13-b lemma-2-5-153-a)

class zero-one = zero + one

class bounded-wajsberg-pseudo-hoop-algebra = zero-one + wajsberg-pseudo-hoop-algebra

61



Jr

assumes zero-smallest [simp]: 0 < a
begin
end

sublocale wajsberg-pseudo-hoop-algebra < lattice2:pseudo-hoop-lattice-b (L2) (x)
(M) (=) (<) (<) 1 (r)

apply unfold-locales

apply (simp add: lemma-4-3-ii-a)

by (simp add: lemma-2-5-13-b lemma-2-5-13-a)

lemma (in wajsberg-pseudo-hoop-algebra) supl-eq-sup2: (U1) = (U2)
apply (simp add: fun-eq-iff)
apply safe
apply (cut-tac a = ¢ and b = za in latticel .supremum-pair)
apply (cut-tac a = ¢ and b = za in lattice2.supremum-pair)
by blast

context bounded-wajsberg-pseudo-hoop-algebra
begin
definition

negla = al— 0

definition
negr a = a r— 0

lemma [simp]: 01— a = 1
by (simp add: order [THEN sym])

lemma [simp]: 0 r— a = 1
by (simp add: order-r [THEN sym])
end

sublocale bounded-wajsberg-pseudo-hoop-algebra < wajsberg: pseudo-wajsberg-algebra
1 (I=) (r—) (L) (<) 0 negl negr

apply unfold-locales

apply simp-all

apply (simp add: lemma-4-3-i-a [THEN sym])

apply (rule order.antisym)

apply simp-all

apply (simp add: lemma-4-3-i-a [THEN sym] lemma-4-3-ii-a [THEN sym])

apply (rule order.antisym)

apply simp-all

apply (simp add: lemma-4-3-i-a [THEN sym] lemma-4-3-ii-a [THEN sym])

apply (rule order.antisym)

apply simp-all

apply (subst left-lesseq [THEN sym))

apply (simp add: lemma-2-5-16)
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subst right-lesseq [THEN sym])

simp add: lemma-2-5-17)

simp add: left-lesseq)

simp add: less-def)

simp-all add: negl-def negr-def)

subst left-lesseq [THEN sym)])

apply (subgoal-tac b I— a = ((b1— 0) r— 0) = ((a l— 0) r— 0))
apply (simp add: lemma-2-5-17)

apply (subst wajsbergl)

apply simp

apply (subst wajsbergl)

apply simp

apply (subst left-lesseq [THEN sym))

apply (subgoal-tac b r— a = (b r— 0) I— 0) r— ((a r— 0) I— 0))
apply (simp add: lemma-2-5-16)

apply (subst wajsberg2)

apply simp

apply (subst wajsberg2)

apply simp

apply (simp add: left-impl-ded [THEN sym))

apply (simp add: right-impl-ded [THEN sym])

apply (simp add: lemma-4-3-i-a [THEN sym] lemma-4-3-ii-a [THEN sym])
apply (rule order.antisym)

by simp-all

apply
apply
apply
apply
apply
apply

Py

context pseudo-wajsberg-algebra
begin
lemma class.bounded-wajsberg-pseudo-hoop-algebra mult inf-a (I—) (<) (<) 1
(r—) (0::"a)
apply unfold-locales
apply (simp add: inf-a-def mult-def W6)
apply (simp add: strict)
apply (simp-all add: mult-def order-1 strict)
apply (simp add: zero-def [THEN sym] C3-a)
apply (simp add: W6 inf-a-def |[THEN sym])
apply (rule order.antisym)
apply simp-all
apply (simp add: C6 P9 [THEN sym] C5-b)
apply (simp add: inf-b-def [THEN sym))
apply (rule order.antisym)
apply simp-all
apply (simp add: inf-b-def [THEN sym))
apply (rule order.antisym)
apply simp-all
apply (simp add: W6)
apply (simp add: C6 [THEN sym)])
apply (simp add: P9 C5-a)
apply (simp add: inf-b-def [THEN sym)])
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apply (simp add: W6 inf-a-def [THEN sym))
apply (rule order.antisym)

apply simp-all

apply (simp add: W2a)

by (simp add: W2c)

end

class basic-pseudo-hoop-algebra = pseudo-hoop-algebra +
assumes BI: (al= b)) l—= c < ((bl=a)l= ¢)l= ¢
and B2: (ar— b)) r—c<((br—a) r—c) r— ¢
begin
lemma lemma-4-5-i: (a = b) U1 (bl— a) = 1
apply (cut-tac a = aand b = b and ¢ = (a = b) UI (b= a) in BI)
apply (subgoal-tac (a l— b) I— (al—= d) Ul (bl—= a)=1 A ((bl= a) = (a
= b)) U1 (bl—a)=1)
apply (erule conjF)
apply simp
apply (rule order.antisym)
apply simp
apply simp
apply safe
apply (subst left-lesseq [THEN sym))
apply simp
apply (subst left-lesseq [THEN sym))
by simp

lemma lemma-4-5-ii: (a r— b) U2 (br— a) = 1

apply (cut-tac a = aand b = band ¢ = (a r— b) U2 (b r— a) in B2)

apply (subgoal-tac (a r— b) r— (a r— d) U2 (br— a) =1 A ((b r— a) r—
(ar—d) U2 (br—a)=1)

apply (erule conjF)

apply simp

apply (rule order.antisym)

apply simp

apply simp

apply safe

apply (subst right-lesseq [THEN sym)])

apply simp

apply (subst right-lesseq [THEN sym])

by simp

lemma lemma-4-5-iii: a l— b= (a U1 b) I b
apply (rule order.antisym)
apply (rule-tac y = ((a I— b) r— b) l— b in order-trans)
apply (rule lemma-2-10-26)
apply (rule lemma-2-5-13-a)
apply (simp add: supl-def)
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apply (rule lemma-2-5-13-a)
by simp

lemma lemma-4-5-iv: a r— b= (a U2 b) r— b
apply (rule order.antisym)
apply (rule-tac y = ((a r— b) I— b) r— b in order-trans)
apply (rule lemma-2-10-24)
apply (rule lemma-2-5-15-b)
apply (simp add: sup2-def)
apply (rule lemma-2-5-13-b)
by simp

lemma lemma-4-5-v: (a U1 b) I—= c= (al— ¢) N (b= ¢)

apply (rule order.antisym)

apply simp

apply safe

apply (rule lemma-2-5-13-a)

apply simp

apply (rule lemma-2-5-13-a)

apply simp

apply (subst right-lesseq)

apply (rule order.antisym)

apply simp

apply (rule-tac y = (a = b) 1= ((al=> )N (bl— ¢) r— a Ul bl— ¢) in
order-trans)

apply (subst left-residual [THEN sym))

apply simp

apply (subst lemma-4-5-iii)

apply (subst right-residual [THEN sym))

apply (subst left-residual [THEN sym))

apply (rule-tac y = b M ¢ in order-trans)

apply (subst (2) inf-l-def)

apply (rule-tac y = ((a l— ¢) N (b l— ¢)) * ((a UL b) M b) in order-trans)

apply (subst (8) inf-lI-def)

apply (simp add: mult.assoc)

apply (subgoal-tac (a U1 b M b) = b)

apply simp

apply (rule order.antisym, simp)

apply simp

apply simp

apply (rule-tac y = ((bl— a) I—= ((al= )N (bl—= ¢) r—= a Ul bl— ¢)) I—
((al= )1 (bl= ¢) r— a Ul bl— c¢) in order-trans)

apply (rule B1)

apply (subgoal-tac (b 1= a) l— ((al—= c)N(bl=¢c)r—all bl c)=1)

apply simp

apply (rule order.antisym)

apply simp

apply (subst left-residual [THEN sym)])
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apply simp

apply (subst lemma-4-5-iii)

apply (subst right-residual [THEN sym))
apply (subst left-residual [THEN sym))
apply (rule-tac y = a M ¢ in order-trans)
apply (subst (2) inf-lI-def)

apply (rule-tac y = ((a l— ¢) M (b l— ¢)) * ((a UL b) M a) in order-trans)
apply (subst (8) inf-lI-def)

apply (subst supl.sup-comutel )

apply (simp add: mult.assoc)

apply (subgoal-tac (a U1 b1 a) = a)
apply simp

apply (rule order.antisym, simp)

apply simp

by simp

PRy

lemma lemma-4-5-vi: (a U2b) r— ¢ = (ar— ¢) N (b r— ¢)

apply (rule order.antisym)

apply simp

apply safe

apply (rule lemma-2-5-13-b)

apply simp

apply (rule lemma-2-5-13-b)

apply simp

apply (subst left-lesseq)

apply (rule order.antisym)

apply simp

apply (rule-tac y = (a r— b) r— ((ar— ¢) N (br— ¢) = aU2br— ¢) in
order-trans)

apply (subst right-residual [THEN sym))

apply simp

apply (subst lemma-4-5-iv)

apply (subst left-residual [THEN sym])

apply (subst right-residual [THEN sym))

apply (rule-tac y = b M ¢ in order-trans)

apply (subst (2) inf-r-def)

apply (rule-tac y = ((a U2 0) M b) * ((a r— ¢) M (b r— ¢)) in order-trans)

apply (subst (2) inf-r-def)

apply (simp add: mult.assoc)

apply (subgoal-tac (a U2 b b) = b)

apply simp

apply (rule order.antisym, simp)

apply simp

apply simp

apply (rule-tacy = (b r— a) r— ((ar— )N (br— ¢) > al2br— ¢)) r—
((ar—=c)N(br— ¢)l—= aU2br— c)in order-trans)

apply (rule B2)

apply (subgoal-tac (b r— a) r— ((ar— )N (br— ¢)l= al2br— ¢) = 1)
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apply simp

apply (rule order.antisym)

apply simp

apply (subst right-residual [THEN sym))
apply simp

apply (subst lemma-4-5-iv)

apply (subst left-residual [THEN sym])
apply (subst right-residual [THEN sym))
apply (rule-tac y = a M ¢ in order-trans)
apply (subst (2) inf-r-def)

apply (rule-tac y = ((a U2 b) M a) x ((a 7— ¢) M (b r— ¢)) in order-trans)
apply (subst (2) inf-r-def)

apply (subst (2) sup2.sup-comute)
apply (simp add: mult.assoc)

apply (subgoal-tac (a U2 b1 a) = a)
apply simp

apply (rule order.antisym, simp)

apply simp

by simp

lemma lemma-4-5-a: a < c = b<c= alUlb<c
apply (subst left-lesseq)
apply (subst lemma-4-5-v)
by simp

lemma lemma-4-5-b: a < c=—=b<c=— alU2b<c
apply (subst right-lesseq)
apply (subst lemma-4-5-vi)
by simp

lemma lemma-4-5: a U1 b= a U2 b

apply (rule order.antisym)

by (simp-all add: lemma-4-5-a lemma-4-5-b)
end

sublocale basic-pseudo-hoop-algebra < basic-lattice:lattice (M) (<) (<) (U1)
apply unfold-locales
by (simp-all add: lemma-4-5-a)

context pseudo-hoop-lattice begin end

sublocale basic-pseudo-hoop-algebra < pseudo-hoop-lattice (L11) (x) (M) (=) (<)
(<) 1 (r—)

apply unfold-locales

by (simp-all add: basic-lattice.sup-assoc)

class sup-assoc-pseudo-hoop-algebra = pseudo-hoop-algebra +

assumes supl-assoc: ¢ U1 (b U1 ¢) = (a Ul b)UIc
and sup2-assoc: a U2 (b U2 ¢) = (aU2b) U2¢
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sublocale sup-assoc-pseudo-hoop-algebra < supl-lattice: pseudo-hoop-lattice (L1)
() (M) (1=) (<) (<) 1 (r—)

apply unfold-locales

by (simp add: sup1-assoc)

sublocale sup-assoc-pseudo-hoop-algebra < sup2-lattice: pseudo-hoop-lattice (L2)
() (M) (1=) (<) (<) 1 (r—)

apply unfold-locales

by (simp add: sup2-assoc)

class sup-assoc-pseudo-hoop-algebra-1 = sup-assoc-pseudo-hoop-algebra +
assumes union-impl: (a I— b) U1 (bl— a) = 1
and union-impr: (a r— b) Ul (br— a) = 1

lemma (in pseudo-hoop-algebra) [simp]: infimum {a, b} = {a N b}
apply (simp add: infimum-def lower-bound-def)
apply safe
apply (rule order.antisym)
by simp-all

lemma (in pseudo-hoop-lattice) sup-impl-inf:
(alUb)l= c=(al—=c)M(bl—=c)
apply (cut-tac A = {a, b} and a = a U b and b = ¢ in lemma-2-8-7)
by simp-all

lemma (in pseudo-hoop-lattice) sup-impr-inf:
(alUb) r— c=(ar— ¢) N (br—c)
apply (cut-tac A = {a, b} and ¢ = a U b and b = ¢ in lemma-2-8-il)
by simp-all

lemma (in pseudo-hoop-lattice) sup-times:
ax(bU c)=(ax*xbd) U/ (axc)
apply (cut-tac A = {b, ¢} and b = b U ¢ and a = a in lemma-2-9-i)
by simp-all

lemma (in pseudo-hoop-lattice) sup-times-right:
(bU¢)xa=(bxa)lU(cxa)
apply (cut-tac A = {b, c} and b = b U ¢ and @ = a in lemma-2-9-i1)
by simp-all

context basic-pseudo-hoop-algebra begin end

sublocale sup-assoc-pseudo-hoop-algebra-1 < basic-1: basic-pseudo-hoop-algebra
() (M) (I=) (=) (<) 1 (r—)

apply unfold-locales

apply (subst left-residual [THEN sym))

apply (rule-tac y = (a I— b) U1 (b l— a) l— c in order-trans)
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apply (subst supl-lattice.sup-impl-inf)

apply (simp add: lemma-2-5-11)

apply (simp add: union-impl)

apply (subst right-residual [THEN sym))

apply (rule-tac y = (b r— a) U1 (a r— b) r— ¢ in order-trans)
apply (subst supl-lattice.sup-impr-inf)

apply (simp add: lemma-2-5-11)

by (simp add: union-impr)

context basic-pseudo-hoop-algebra
begin

lemma lemma-4-8-i: a x (b M ¢) = (a * b) M (a * ¢)
apply (rule order.antisym)
apply simp
apply (subgoal-tac a x (bM ¢) = (a* (b * (br— ¢))) Ul (a* (c* (cr— b))))
apply simp
apply (drule drop-assumption)
apply (rule-tac y = (((a * b) M (a * ¢)) * (b r— ¢)) UL (((a *x b) M (a * ¢)) *
(¢ = b)) in order-trans)
apply (subst sup-times [THEN sym)])
apply (simp add: lemma-4-5 lemma-4-5-ii)
apply (simp add: mult.assoc [THEN sym])
apply safe
apply (rule-tac y = a * b * (b r— ¢) in order-trans)
apply simp
apply simp
apply (rule-tac y = a * ¢ * (¢ r— b) in order-trans)
apply simp
apply simp
apply (simp add: inf-r-def [THEN sym)])
apply (subgoal-tac b M ¢ = ¢ M b)
apply simp
apply (rule order.antisym)
by simp-all

lemma lemma-4-8-ii: (bM ¢) x a = (b a) N (¢ x a)

apply (rule order.antisym)

apply simp

apply (subgoal-tac (b1 ¢) * a = (((b1— ¢) * b) *x a) UL (((c = b) * ¢) * a))

apply simp

apply (drule drop-assumption)

apply (rule-tac y = (b 1= ¢) * (b a) 1 (¢ % @))) UL ((c I B) * (b * a)
(¢ % a))) in order-trans)

apply (subst sup-times-right [THEN sym])

apply (simp add: lemma-4-5-i)

apply (simp add: mult.assoc)

apply safe
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apply (rule-tac y = (b l— ¢) * (b * a) in order-trans)
apply simp-all

apply (rule-tac y = (¢ I— b) % (¢ * a) in order-trans)
apply simp-all

apply (simp add: inf-lI-def [THEN sym))

apply (subgoal-tac b M ¢ = ¢ M b)

apply simp

apply (rule order.antisym)

by simp-all

lemma lemma-4-8-iii: (a l— b) I= (bl— a) =bl— a
apply (rule order.antisym)
apply (cut-tac a = a and b = b in lemma-4-5-i)
apply (unfold supl-def right-lesseq, simp)
by (simp add: lemma-2-5-9-a)

lemma lemma-4-8-iv: (a r— b) r— (br— a) =br— a
apply (rule order.antisym)

apply (cut-tac a = a and b = b in lemma-4-5-ii)
apply (unfold sup2-def left-lesseq, simp)

by (simp add: lemma-2-5-9-b)

end

context wajsberg-pseudo-hoop-algebra
begin
subclass sup-assoc-pseudo-hoop-algebra-1
apply unfold-locales
apply (simp add: latticel .sup-assoc)
apply (simp add: lattice2.sup-assoc)
apply (simp add: lemma-4-3-i-a)
apply (subgoal-tac (a I— b) I— (b l— a) = b l— a)
apply simp
apply (subst lemma-2-10-30 [THEN sym))
apply (subst wajsbergl)
apply (simp add: lemma-2-10-52)
apply (subst supl-eq-sup2)
apply (simp add: lemma-4-3-ii-a)
apply (subgoal-tac (a r— b) r— (b r— a) = b r— a)
apply simp
apply (subst lemma-2-10-31 [THEN sym))
apply (subst wajsberg2)
by (simp add: lemma-2-10-33)
end

Py

class bounded-basic-pseudo-hoop-algebra = zero-one + basic-pseudo-hoop-algebra
+
assumes zero-smallest [simp]: 0 < a
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class inf-a =
fixes inf-a :: 'a => 'a => 'a (infixl <M1 65)

class pseudo-bl-algebra = zero + sup + inf + monoid-mult + ord + left-imp +
right-imp +

assumes bounded-lattice: class.bounded-lattice inf (<) (<) sup 0 1

and left-residual-bl: (z * a < b) = (z < a l— b)

and right-residual-bl: (a * x < b) = (z < a r— b)

and inf-l-bl-def: a M b= (al— b) *x a

and inf-r-bl-def: a M b =a * (a r— b)

and impl-sup-bl: (a l— b) U (bl— a) = 1

and impr-sup-bl: (a r— b) U (br— a) = 1

sublocale bounded-basic-pseudo-hoop-algebra < basic: pseudo-bl-algebra 1 (x) 0
(M) (L1) (=) () (<) (<)

apply unfold-locales

apply (rule zero-smallest)

apply (rule left-residual)

apply (rule right-residual)

apply (rule inf-l-def)

apply (simp add: inf-r-def [THEN sym)])

apply (rule lemma-4-5-i)

apply (simp add: lemma-4-5)

by (rule lemma-4-5-ii)

sublocale pseudo-bl-algebra < bounded-lattice: bounded-lattice inf (<) (<) sup 0
1
by (rule bounded-lattice)

context pseudo-bl-algebra
begin
lemma impl-one-bl [simp]: a = a = 1
apply (rule bounded-lattice.order.antisym)
apply simp-all
apply (subst left-residual-bl [THEN sym))
by simp

lemma impr-one-bl [simp]: a r— a = 1
apply (rule bounded-lattice.order.antisym)
apply simp-all
apply (subst right-residual-bl [THEN sym))
by simp

lemma impl-ded-bl: ((a * b) I— ¢) = (a l— (b l— ¢))
apply (rule bounded-lattice.order.antisym)
apply (case-tac (a*x bl=c<al=bl=c)=(axbl=c)xa<bl=>c)
AN(axbl=c)xa<bloc)=(((axbl>c)*xa)xb<c)
A((axdbl=c)xa)xb<c)=((axbl=c)x(axb) <c)
AN(axbl=c)*x(axb)<c)=((axbl>c)<(axblc)))

71



apply simp

apply (erule notE)

apply (rule conjI)

apply (simp add: left-residual-bl)

apply (rule conjl)

apply (simp add: left-residual-bl)

apply (rule conjI)

apply (simp add: mult.assoc)

apply (simp add: left-residual-bl)

apply (simp add: left-residual-bl [THEN sym)])
apply (rule-tac y=(b I— ¢) * b in bounded-lattice.order-trans)
apply (simp add: mult.assoc [THEN sym])
apply (subst inf-I-bl-def [THEN sym))

apply (subst bounded-lattice.inf-commute)
apply (subst inf-I-bl-def)

apply (subst mult.assoc)

apply (subst left-residual-bl)

apply simp

apply (subst left-residual-bl)

by simp

PRy

lemma impr-ded-bl: (b * a r— ¢) = (a r— (b r— ¢))
apply (rule bounded-lattice.order.antisym)
apply (case-tac (bx ar— c<ar—br—c)=(a*x (bxar—c) <br— ¢
ANlax(bxar=c¢)<broc)=((bx*(ax(bxar—c) <c)
ANb*x(ax(bxar—c)<c)=((bxa)x(bxar—c)<c)
Albxa)x(bxar—c¢)<c)=((bxar—c)<(bxar— c)))
apply simp
apply (erule notE)
apply (rule conjl)
apply (simp add: right-residual-bl)
apply (rule conjI)
apply (simp add: right-residual-bl)
apply (rule conjI)
apply (simp add: mult.assoc)
apply (simp add: right-residual-bl)
apply (simp add: right-residual-bl [THEN sym))
apply (rule-tac y=>b * (b r— ¢) in bounded-lattice.order-trans)
apply (simp add: mult.assoc)
apply (subst inf-r-bl-def [THEN sym])
apply (subst bounded-lattice.inf-commute)
apply (subst inf-r-bl-def)
apply (subst mult.assoc [THEN sym))
apply (subst right-residual-bl)
apply simp
apply (subst right-residual-bl)
by simp

lemma lesseq-impl-bl: (a < b) = (al— b= 1)
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apply (rule iffI)

apply (rule bounded-lattice.order.antisym)
apply simp

apply (simp add: left-residual-bl [THEN sym)])
apply (subgoal-tac 1 < a l— b)

apply (subst (asm) left-residual-bl [THEN sym))
by simp-all

end

context pseudo-bl-algebra

begin

subclass pseudo-hoop-lattice
apply unfold-locales
apply (rule inf-I-bl-def)
apply (simp add: bounded-lattice.less-le-not-le)
apply (simp add: mult-1-left)
apply (simp add: mult-1-right)
apply (simp add: impl-one-bl)
apply (simp add: inf-lI-bl-def [THEN sym))
apply (rule bounded-lattice.inf-commute)
apply (rule impl-ded-bl)
apply (rule lesseq-impl-bl)
apply (rule inf-r-bl-def)
apply (simp add: impr-one-bl)
apply (simp add: inf-r-bl-def [THEN sym])
apply (rule bounded-lattice.inf-commute)
apply (rule impr-ded-bl)
apply (simp add: inf-r-bl-def [THEN sym] inf-I-bl-def [THEN sym])
apply (rule bounded-lattice.sup-commute)
apply simp
apply safe
apply (rule bounded-lattice.order.antisym)
apply simp-all
apply (subgoal-tac a < a U b)
apply simp
apply (drule drop-assumption)
apply simp
by (simp add: bounded-lattice.sup-assoc)

P

subclass bounded-basic-pseudo-hoop-algebra
apply unfold-locales
apply simp-all
apply (simp add: left-residual [THEN sym])
apply (rule-tac y = ((a I— b) U (b I— a)) I— ¢ in bounded-lattice.order-trans)
apply (simp add: sup-impl-inf)
apply (simp add: impl-sup-bl)
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apply (simp add: right-residual [THEN sym])

apply (rule-tac y = ((a — b) U (b r— a)) r— ¢ in bounded-lattice.order-trans)
apply (simp add: sup-impr-inf)

by (simp add: impr-sup-bl)

end

class product-pseudo-hoop-algebra = basic-pseudo-hoop-algebra +
assumes P1: bl— bx b < (aM(al—= b)) I—=b
and P2: br—bxb<(aN(ar— b)) r—b
and P3: ((al=b)l=b) *x (cxal—>dxa)*x (cxbl>dxb)<cl—>d
and P4: ((ar—b)r—b)x(axcr—axd)x(bxcr—>bxd)<cr—d

class cancel-basic-pseudo-hoop-algebra = basic-pseudo-hoop-algebra + cancel-pseudo-hoop-algebra
begin
subclass product-pseudo-hoop-algebra

apply unfold-locales

apply (rule-tac y = 1 l— b in order-trans)

apply (cut-tac a = 1 and b = b and ¢ = b in lemma-4-2-7)

apply simp

apply (simp add: lemma-2-5-9-a)

apply (rule-tac y = 1 r— b in order-trans)

apply (cut-tac a = 1 and b = b and ¢ = b in lemma-4-2-i7)
apply simp

apply (simp add: lemma-2-5-9-b)

apply (simp add: lemma-4-2-i [THEN sym])

by (simp add: lemma-4-2-ii [THEN sym))

end

class simple-pseudo-hoop-algebra = pseudo-hoop-algebra +
assumes simple: normalfilters N properfilters = {{1}}

class proper = one +
assumes proper: 4 a . a #* 1

class strong-simple-pseudo-hoop-algebra = pseudo-hoop-algebra +
assumes strong-simple: properfilters = {{1}}
begin

subclass proper
apply unfold-locales
apply (cut-tac strong-simple)
apply (simp add: properfilters-def)
apply (case-tac {1} = UNIV)
apply blast
by blast
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lemma lemma-4-12-i-ii: a # 1 = filterof ({a}) = UNIV
apply (cut-tac strong-simple)
apply (simp add: properfilters-def)
apply (subgoal-tac filterof {a} ¢ {F € filters. F # UNIV})
apply (drule drop-assumption)
apply (drule drop-assumption)
apply simp
apply simp
apply safe
apply (subgoal-tac a € filterof {a})
apply simp
apply (subst filterof-def)
by simp

lemma lemma-4-12-i-iii: a # 1 = (I n.a “n < b)
apply (drule lemma-4-12-i-i7)
apply (simp add: prop-3-2-i)
by blast

lemma lemma-4-12-i-ivia # 1 = (I n.al-n— b=1)
apply (subst lemma-2-4-7-a)
apply (subst left-lesseq [THEN sym))
by (simp add: lemma-4-12-i-iii)

lemma lemma-4-12-i-v: a # 1 = (I n.ar—n—b=1)
apply (subst lemma-2-4-7-b)
apply (subst right-lesseq [THEN sym])
by (simp add: lemma-4-12-i-iii)

end

lemma (in pseudo-hoop-algebra) [simp]: {1} € filters
apply (simp add: filters-def)
apply safe
apply (rule order.antisym)
by simp-all

class strong-simple-pseudo-hoop-algebra-a = pseudo-hoop-algebra + proper +
assumes strong-simple-a: a # 1 = filterof ({a}) = UNIV
begin
subclass strong-simple-pseudo-hoop-algebra
apply unfold-locales
apply (simp add: properfilters-def)
apply safe
apply simp-all
apply (case-tac zb = 1)
apply simp
apply (cut-tac a = zb in strong-simple-a)
apply simp
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apply (simp add: filterof-def)
apply blast
apply (cut-tac proper)
by blast
end

sublocale strong-simple-pseudo-hoop-algebra < strong-simple-pseudo-hoop-algebra-a
apply unfold-locales
by (simp add: lemma-4-12-i-i7)

lemma (in pseudo-hoop-algebra) power-impl: bl— a=a= b " nl— a=a
apply (induct-tac n)
apply simp
by (simp add: left-impl-ded)

lemma (in pseudo-hoop-algebra) power-impr: br— a=a=>b " nr— a=a
apply (induct-tac n)
apply simp
by (simp add: right-impl-ded)

context strong-simple-pseudo-hoop-algebra
begin

lemma lemma-4-13-i: bl a=a=—a=1V b= 1
apply safe
apply (drule-tac a = b and b = a in lemma-4-12-i-iii)
apply safe
apply (subst (asm) left-lesseq)
apply (drule-tac n = n in power-impl)
by simp

lemma lemma-4-13-ii: br— a=a= a=1V b= 1
apply safe
apply (drule-tac a = b and b = a in lemma-4-12-i-iit)
apply safe
apply (subst (asm) right-lesseq)
apply (drule-tac n = n in power-impr)
by simp

end

class basic-pseudo-hoop-algebra-A = basic-pseudo-hoop-algebra +
assumes left-impl-one: bl— a=a= a=1V b= 1
and right-impl-one: br—a=a = a=1V b= 1
begin
subclass linorder
apply unfold-locales
apply (cut-tac a = z and b = y in lemma-4-8-iii)
apply (drule left-impl-one)
apply (simp add: left-lesseq)
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by blast

lemma [simp]: (a = b) r— b < (bl— a) r— a
apply (case-tac a = b)
apply simp
apply (cut-tac x = a and y =b in linear)
apply safe
apply (subst (asm) left-lesseq)
apply (simp add: lemma-2-10-24)
apply (subst (asm) left-lesseq)
apply simp
apply (subst left-lesseq)
apply (cut-tac b = ((a I= b) r— b) l— a and a = a l— b in left-impl-one)
apply (simp add: lemma-2-10-52)
apply (simp add: left-lesseq [THEN sym))
apply safe
apply (erule notFE)
by simp

end
context basic-pseudo-hoop-algebra-A begin

lemma [simp]: (a r— b) I b < (br— a)l— a
apply (case-tac a = b)

apply simp

apply (cut-tac x = a and y =b in linear)
apply safe

apply (subst (asm) right-lesseq)

apply simp

apply (simp add: lemma-2-10-26)

apply (unfold right-lesseq)

apply (cut-tac b = ((a r— b) I— b) r— a and a = a r— b in right-impl-one)
apply (simp add: lemma-2-10-33)

apply (simp add: right-lesseq [THEN sym])

apply safe

apply (erule notE)

by simp

subclass wajsberg-pseudo-hoop-algebra
apply unfold-locales
apply (rule order.antisym)
apply simp-all
apply (rule order.antisym)
by simp-all

end

class strong-simple-basic-pseudo-hoop-algebra = strong-simple-pseudo-hoop-algebra
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+ basic-pseudo-hoop-algebra

begin

subclass basic-pseudo-hoop-algebra-A
apply unfold-locales
apply (simp add: lemma-4-13-i)
by (simp add: lemma-4-13-ii)

subclass wajsberg-pseudo-hoop-algebra
by unfold-locales

end

end

9 Examples of Pseudo-Hoops

theory Fxamples
imports SpecialPseudoHoops LatticeProperties. Lattice- Ordered- Group
begin

declare add-uminus-conv-diff [simp del] right-minus [simp]
lemmas diff-minus = diff-conv-add-uminus

context lgroup

begin

lemma (in lgroup) less-eq-inf-2: (x < y) = (inf y z = x)
by (simp add: le-iff-inf inf-commute)

end

class lgroup-with-const = lgroup +
fixes u::'a
assumes [simp]: 0 < u

definition G = {a::'a::lgroup-with-const. (0 < a A a < u)}
typedef (overloaded) ‘a G = G::'a:lgroup-with-const set
proof

show 0 € G by (simp add: G-def)
qed

instantiation G :: (lgroup-with-const) bounded-wajsberg-pseudo-hoop-algebra
begin

definition
times-def: a * b = Abs-G (sup (Rep-G a — u + Rep-G b) 0)

lemma [simp]: sup (Rep-G a — u + Rep-G b) 0 € G
apply (cut-tac x = a in Rep-G)
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apply (cut-tac x = b in Rep-G)
apply (unfold G-def)

apply safe

apply (simp-all add: diff-minus)
apply (rule right-move-to-right)
apply (rule-tac y = 0 in order-trans)
apply (rule right-move-to-right)
apply simp

apply (rule right-move-to-left)

by simp

definition
impl-def: a l— b = Abs-G ((Rep-G b — Rep-G a + u) M u)

lemma [simp]: inf (Rep-G (b::'a G) — Rep-G a + u) u € G
apply (cut-tac x = a in Rep-G)
apply (cut-tac x = b in Rep-G)
apply (unfold G-def)
apply (simp-all add: diff-minus)
apply safe
apply (rule right-move-to-left)
apply (rule right-move-to-left)
apply simp
apply (rule-tac y = 0 in order-trans)
apply (rule left-move-to-right)
by simp-all

definition
impr-def: a r— b = Abs-G (inf (u — Rep-G a + Rep-G b) u)

lemma [simp]: inf (u — Rep-G a + Rep-G b) u € G
apply (cut-tac x = a in Rep-G)
apply (cut-tac z = b in Rep-G)
apply (unfold G-def)
apply (simp-all add: diff-minus)
apply safe
apply (rule right-move-to-left)
apply (rule right-move-to-left)
apply simp
apply (rule left-move-to-right)
apply (rule-tac y = u in order-trans)
apply simp-all
apply (rule right-move-to-left)
by simp-all

definition
one-def: 1 = Abs-G u
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definition
zero-def: 0 = Abs-G 0

definition
order-def: ((a::'a G) < b) = (al=b=1)

definition
strict-order-def: (a::'a G) < b=(a < bA-b<a)

definition
inf-def: (a::’"a G) M b= ((al— b) * a)

lemma [simp]: (u::'a) € G
by (simp add: G-def)

lemma [simp]: (1:'a G) * a = a
apply (simp add: one-def times-def)
apply (cut-tac y = wu::'a in Abs-G-inverse)
apply simp-all
apply (subgoal-tac sup (Rep-G a) (0::'a) = Rep-G a)
apply (simp add: Rep-G-inverse)
apply (cut-tac x = a in Rep-G)
apply (rule antisym)
apply (simp add: G-def)
by simp

lemma [simp]: a * (1::'a G) = a
apply (simp add: one-def times-def)
apply (cut-tac y = w::’a in Abs-G-inverse)
apply (simp-all add: diff-minus add.assoc)
apply (subgoal-tac sup (Rep-G a) (0::'a) = Rep-G a)
apply (simp add: Rep-G-inverse)
apply (cut-tac x = a in Rep-G)
apply (rule antisym)
by (simp-all add: G-def)

lemma [simp]: a = a = (1:a G)
by (simp add: one-def impl-def)

lemma [simp]: a r— a = (1::'a G)
by (simp add: one-def impr-def diff-minus add.assoc)

lemma [simp]: a € G = Rep-G (Abs-G a) = a
apply (rule Abs-G-inverse)
by simp

lemma inf-def-1: ((a::’a G) I—= b) x a = Abs-G (inf (Rep-G a) (Rep-G b))

apply (simp add: times-def impl-def)
apply (subgoal-tac sup (inf (Rep-G b) (Rep-G a)) 0 = inf (Rep-G a) (Rep-G b))
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apply simp

apply (rule antisym)

apply (cut-tac z = a in Rep-G)

apply (cut-tac © = b in Rep-G)

apply (simp add: G-def)

apply (subgoal-tac inf (Rep-G a) (Rep-G b) = inf (Rep-G b) (Rep-G a))
apply simp

apply (rule antisym)

by simp-all

lemma inf-def-2: (a::'a G) * (a r— b) = Abs-G (inf (Rep-G a) (Rep-G b))
apply (simp add: times-def impr-def)
apply (simp add: diff-minus add.assoc [THEN sym))
apply (simp add: add.assoc)
apply (subgoal-tac sup (inf (Rep-G b) (Rep-G a)) 0 = inf (Rep-G a) (Rep-G b))
apply simp
apply (rule antisym)
apply (cut-tac z = a in Rep-G)
apply (cut-tac z = b in Rep-G)
apply (simp add: G-def)
apply (subgoal-tac inf (Rep-G a) (Rep-G b) = inf (Rep-G b) (Rep-G a))
apply simp
apply (rule antisym)
by simp-all

lemma Rep-G-order: (a < b) = (Rep-G a < Rep-G b)

apply (simp add: order-def impl-def one-def)

apply safe

apply (subgoal-tac Rep-G (Abs-G (inf (Rep-G b — Rep-G a + u) u)) = Rep-G
(Abs-G u))

apply (drule drop-assumption)

apply simp

apply (subst (asm) less-eq-inf-2 [THEN sym)])

apply (simp add: diff-minus)

apply (drule-tac a = v and b = Rep-G b + — Rep-G a + v and v = —u in
add-order-preserving-right)

apply (simp add: add.assoc)

apply (drule-tac a = 0 and b = Rep-G b + — Rep-G a and v = Rep-G a in
add-order-preserving-right)

apply (simp add: add.assoc)

apply simp

apply (subgoal-tac Rep-G (Abs-G (inf (Rep-G b — Rep-G a + u) u)) = Rep-G
(Abs-G u))

apply simp

apply simp

apply (subst less-eg-inf-2 [THEN sym])

apply (rule right-move-to-left)

apply simp

apply (simp add: diff-minus)
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apply (rule right-move-to-left)
by simp

lemma ded-left: ((a::’a G) x b) I c=al=>bl—= ¢
apply (simp add: times-def impl-def)
apply (simp add: diff-minus minus-add)
apply (simp add: add.assoc [THEN sym])
apply (simp add: inf-assoc)
apply (subgoal-tac inf (Rep-G ¢ + u) u = u)
apply (subgoal-tac inf (v + — Rep-G a + u) v = u)
apply simp
apply (rule antisym)
apply simp
apply simp
apply (simp add: add.assoc)
apply (rule add-pos)
apply (cut-tac x = a in Rep-G)
apply (simp add: G-def)
apply (rule left-move-to-left)
apply simp
apply (rule antisym)
apply simp
apply simp
apply (rule add-pos-left)
apply (cut-tac © = ¢ in Rep-G)
by (simp add: G-def)

lemma ded-right: ((a::'a G) x b) r— c=br— ar—c
apply (simp add: times-def impr-def)
apply (simp add: diff-minus minus-add)
apply (simp add: add.assoc [THEN sym))
apply (simp add: inf-assoc)
apply (subgoal-tac inf (v + Rep-G ¢) u = u)
apply (subgoal-tac inf (v + — Rep-G b + u) u = u)
apply simp
apply (rule antisym)
apply simp
apply simp
apply (simp add: add.assoc)
apply (rule add-pos)
apply (cut-tac © = b in Rep-G)
apply (simp add: G-def)
apply (rule left-move-to-left)
apply simp
apply (rule antisym)
apply simp
apply simp
apply (rule add-pos)
apply (cut-tac x = ¢ in Rep-G)
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by (simp add: G-def)

lemma [simp]: 0 € G
by (simp add: G-def)

lemma [simp]: 0 < (a::’a G)
apply (simp add: order-def impl-def zero-def one-def diff-minus)
apply (subgoal-tac inf (Rep-G a + u) u = u)
apply simp
apply (rule antisym)
apply simp
apply (cut-tac z = a in Rep-G)
apply (unfold G-def)
apply simp
apply (rule add-pos-left)
by simp

lemma lemma-W1: ((a::'a G) I—= b) r— b= (bl— a) r— a
apply (simp add: impl-def impr-def)
apply (simp add: diff-minus minus-add)
apply (simp add: add.assoc)
apply (subgoal-tac Rep-G a U Rep-G b = Rep-G b U Rep-G a)
apply simp
apply (rule antisym)
by simp-all

lemma lemma-W2: ((a::'a G) r— b) I= b= (br— a) I— a
apply (simp add: impl-def impr-def)
apply (simp add: diff-minus minus-add)
apply (simp add: add.assoc)
apply (subgoal-tac Rep-G a Ll Rep-G b = Rep-G b L Rep-G a)
apply simp
apply (rule antisym)
by simp-all

instance proof

fix a show (I1::'a G) * a = a by simp

fix a show a * (1::'a G) = a by simp

fix a show a = a = (1::'a G) by simp

fix a show a r— a = (1::'a G) by simp
next

fix a b have a: ((a::’a G) I= b) * a= (bl— a) *x b

by (simp add: inf-def-1 inf-commute)

show ((a::’a G) I— b) * a = (b = a) * b by (rule a)

next

fix a b have a: a * ((a::'a G) r— b) = b x (b r— a) by (simp add: inf-def-2
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inf-commute)

show a * ((a::’a G) r— b) = b * (b r— a) by (rule a)
next

fix a b have lla b . ((a::’a G) 1= b) * a = a * (a r— b) by (simp add: inf-def-2
inf-def-1)

from this show ((a::’a G) I— b) x a = a x (a r— b) by simp
next

fix a b ¢ show (a::'a G) * b l— ¢ = al— b l— ¢ by (rule ded-left)
next

fix a b ¢ show (a::’a G) x b r— ¢ = b r— a r— c by (rule ded-right)
next

fix a::'a G have 0 < a by simp

from this show 0 < a by simp
next

fix a b::’a G show (¢ < b) = (al—= b= 1) by (simp add: order-def)
next

fix a b::’a G show (a < b) = (a < b A= b < a)by (simp add: strict-order-def)
next

fix a b::'a G show (a 1= b) r— b= (bl— a) r— a by (rule lemma-W1)
next

fix a b::’a G show (a r— b) I— b = (b r— a) I— a by (rule lemma-W2)
next

fix a b::'a G show a M b = (a l— b) * a by (rule inf-def)
next

fix a b::’a G show a M b= a * (a r— b) by (simp add: inf-def inf-def-2 inf-def-1)

qged
end

context order

begin

definition
closed-interval::'a="a="a set (<|[ -, - ]|> [0, 0] 900) where
closed-interval a b = {c . a < ¢ A ¢ < b}

definition
conver ={A .Y ab.a€ ANbeE A —|la, b]] C A}

end

context group-add
begin

definition

subgroup ={A . 0 € ANNMab.ac ANbEA—a+be AN —-ac A}

lemma [simp]: A € subgroup = 0 € A
by (simp add: subgroup-def)
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lemma [simp]: A € subgroup = a € A=be A= a+bc A
apply (subst (asm) subgroup-def)
by simp

lemma minus-subgroup: A € subgroup — —a € A = a € A
apply (subst (asm) subgroup-def)
apply safe
apply (drule-tac z=—a in spec)
by simp

definition
add-set:: 'a set = 'a set = 'a set (infix]l «(++-+> 70) where
add-set AB={c.3 a€c A3 beB.c=a+ b}

definition
normal = {A . (VY a. A +++ {a} = {a} +++ A)}
end

context lgroup
begin
definition
Isubgroup = {A . A € subgroup N (V ab.a€ ANbEA— infabe AN sup
abe A}

lemma inf-lsubgroup:
A € lsubgroup — a € A= be A= infabe A
by (simp add: lsubgroup-def)

lemma sup-lsubgroup:
A € lsubgroup = a € A= be A= supabe A
by (simp add: lsubgroup-def)

end

definition
F K ={a:"a G. (u:'a:lgroup-with-const) — Rep-G a € K}

lemma F-def2: K € normal = F K ={a:: 'a G . — Rep-G a + (u::'a:lgroup-with-const)
€ K}
apply (simp add: normal-def F-def)
apply safe
apply (drule-tac z = Rep-G z in spec)
apply (subgoal-tac u € K +++ {Rep-G z})
apply simp
apply (drule drop-assumption)
apply (drule drop-assumption)
apply (simp add: add-set-def)
apply safe
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apply (subgoal-tac — Rep-G x + uw = — Rep-G z + Rep-G z + b)
apply simp

apply (subst add.assoc)

apply simp

apply (subst add-set-def)

apply simp

apply (rule-tac ¢ = u — Rep-G z in bexl)
apply (simp add: diff-minus add.assoc)
apply simp

apply (drule-tac x = Rep-G z in spec)
apply (subgoal-tac u € K +++ {Rep-G z})
apply (drule drop-assumption)

apply (drule drop-assumption)

apply (simp add: add-set-def)

apply safe

apply (subgoal-tac u — Rep-G © = a + (Rep-G © — Rep-G 1))
apply simp

apply (subst diff-minus)

apply (subst diff-minus)

apply (subst add.assoc [THEN sym)])

apply simp

apply simp

apply (subst add-set-def)

apply simp

apply (rule-tac x = — Rep-G z + u in bexl)
apply (simp add: add.assoc [THEN sym))
by simp

context lgroup begin
lemma sup-assoc-lgroup: a U b U c=a U (bU c)
by (rule sup-assoc)

end

lemma normal-1: K € normal = K € convex = K € lsubgroup = z € {a}
wxx F K = z € F K *x {a}

apply (subst (asm) times-set-def)

apply simp

apply safe

apply (subst (asm) F-def2)

apply simp-all

apply (subgoal-tac —u + Rep-G y € K)

apply (subgoal-tac Rep-G a — u + Rep-G y € K +++ {Rep-G a})

apply (subst (asm) add-set-def)

apply simp

apply safe

apply (simp add: times-set-def)

apply (rule-tac x = Abs-G (inf (sup (aa + u) 0) u) in bexl)

apply (subgoal-tac aa = Rep-G a — u + Rep-G y — Rep-G a)
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apply (subgoal-tac inf (sup (aa + w) (0::'a)) u € G)

apply safe

apply simp

apply (simp add: times-def)

apply (subgoal-tac (sup (Rep-G a — u + Rep-G y) 0) = (sup (inf (sup (Rep-G
a — u+ Rep-G y — Rep-G a + u — u + Rep-G a) (— u + Rep-G a)) (Rep-G a))
0))

apply simp

apply (simp add: diff-minus add.assoc)

apply (subgoal-tac inf (sup (Rep-G a + (— u + Rep-G y)) (— v + Rep-G a))
(Rep-G a) = (sup (Rep-G ¢ + (— u + Rep-G y)) (— u + Rep-G a)))

apply simp

apply (subst sup-assoc-lgroup)

apply (subgoal-tac (sup (— u + Rep-G a) (0::'a)) = 0)
apply simp

apply (rule antisym)

apply simp

apply (rule left-move-to-right)

apply simp

apply (cut-tac = a in Rep-QG)

apply (simp add: G-def)

apply simp

apply (rule antisym)

apply simp

apply simp

apply safe

apply (rule left-move-to-right)

apply simp

apply (rule left-move-to-right)

apply simp

apply (cut-tac x = y in Rep-G)

apply (simp add: G-def)

apply (rule left-move-to-right)

apply simp

apply (rule right-move-to-left)

apply simp

apply (simp add: G-def)

apply (simp add: diff-minus)

apply (simp add: add.assoc)

apply (simp add: F-def)

apply (subgoal-tac inf (sup (aa + u) (0::'a)) u € G)
apply simp

apply (simp add: diff-minus minus-add add.assoc [THEN sym))
apply (subst (asm) convex-def)

apply simp

apply (drule-tac x = 0 in spec)

apply (drule-tac z = sup (— aa) 0 in spec)
apply safe
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apply (subst (asm) lsubgroup-def)
apply simp

apply (rule sup-lsubgroup)

apply simp

apply (rule minus-subgroup)
apply (subst (asm) lsubgroup-def)
apply simp

apply simp

apply (subst (asm) lsubgroup-def)
apply simp

apply (subgoal-tac sup (inf (— aa) w) (0::'a) € |[ 0:'a , sup (— aa) (0::'a) ]|)
apply blast

apply (subst closed-interval-def)
apply safe

apply simp

apply simp

apply (simp add: G-def)

apply (subst (asm) normal-def)

apply simp

apply (drule drop-assumption)

apply (simp add: add-set-def)

apply (rule-tac © = —u + Rep-G y in bexl)
apply (simp add: diff-minus add.assoc)
apply simp

apply (rule minus-subgroup)

apply (simp add: lsubgroup-def)

by (simp add: minus-add)

lemma normal-2: K € normal = K € conver = K € lsubgroup — z € F K
sk {a} =z € {a} +x F K

apply (subst (asm) times-set-def)

apply simp

apply safe

apply (subst (asm) F-def)

apply simp-all

apply hypsubst-thin

apply (subgoal-tac Rep-G x — u € K)

apply (subgoal-tac Rep-G x — u + Rep-G a € {Rep-G a} +++ K)

apply (subst (asm) add-set-def)

apply simp

apply safe

apply (simp add: times-set-def)

apply (rule-tac x = Abs-G (inf (sup (u + b) 0) u) in bexl)

apply (subgoal-tac b = — Rep-G a + Rep-G z — u + Rep-G a)
apply (subgoal-tac inf (sup (v + b) 0) v € G)

apply safe

apply simp

apply (simp add: times-def)
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apply (simp add: diff-minus add.assoc)

apply (simp add: add.assoc [THEN sym)])

apply (subgoal-tac sup (Rep-G  + — u + Rep-G a) 0 = sup (inf (sup (Rep-G
z + — u + Rep-G a) (Rep-G a + — u)) (Rep-G a)) 0)

apply simp

apply (subgoal-tac inf (sup (Rep-G = + — u + Rep-G a) (Rep-G a + — u))
(Rep-G a) = sup (Rep-G © + — u + Rep-G a) (Rep-G a + — u))

apply simp

apply (subst sup-assoc-lgroup)

apply (subgoal-tac (sup (Rep-G a + — u) (0::'a)) = 0)
apply simp

apply (rule antisym)

apply simp

apply (rule right-move-to-right)

apply simp

apply (cut-tac x = a in Rep-G)

apply (simp add: G-def)

apply simp

apply (rule antisym)

apply simp

apply simp

apply safe

apply (rule right-move-to-right)

apply simp

apply (rule right-move-to-right)

apply simp

apply (cut-tac x = z in Rep-G)

apply (simp add: G-def)

apply (rule right-move-to-right)

apply simp

apply (rule left-move-to-left)

apply simp

apply (simp add: G-def)

apply (simp add: diff-minus)

apply (simp add: add.assoc)

apply (simp add: F-def2)

apply (subgoal-tac inf (sup (v + b) (0::'a)) u € G)
apply simp

apply (simp add: diff-minus minus-add add.assoc [THEN sym))
apply (subst (asm) convez-def)

apply simp

apply (drule-tac z = 0 in spec)

apply (drule-tac z = sup (— b) 0 in spec)
apply safe

apply (subst (asm) lsubgroup-def)

apply simp

apply (rule sup-lsubgroup)

apply simp
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apply (rule minus-subgroup)
apply (subst (asm) lsubgroup-def)

apply simp
apply simp

apply (subst (asm) lsubgroup-def)

apply simp

apply (simp add: add.assoc)
apply (subgoal-tac sup (inf (— b) u) (0::'a) € |[ 0::'a , sup (=b) 0]|)

apply blast

apply (subst closed-interval-def)

apply safe
apply simp
apply simp

apply (simp add: G-def)
apply (subgoal-tac {Rep-G a} +++ K = K +++ {Rep-G a})

apply simp

apply (simp add: add-set-def)
apply (subst (asm) normal-def)

apply simp

apply (rule minus-subgroup)
apply (simp add: lsubgroup-def)
by (simp add: diff-minus minus-add)

lemma K € normal = K € convex = K € Ilsubgroup = F K € normalfilters
apply (rule lemma-3-10-ii-i)
apply (subgoal-tac K € subgroup)
apply (subst filters-def)

apply safe

apply (subgoal-tac 1 € F K)

apply simp

apply (subst F-def)

apply safe

apply (subst one-def)

apply simp

apply (simp add: F-def)
apply (simp add: convez-def)

apply (drule-tac
apply (drule-tac
apply simp

apply (subgoal-tac

a) 1)

apply blast

0 in spec)
(u — Rep-G b) + (u — Rep-G a) in spec)

— Rep-G (a * b) € |[ 0:'a , w — Rep-G b + (u — Rep-G

apply (simp add: closed-interval-def)

apply safe

apply (cut-tac = a * b in Rep-G)
apply (simp add: G-def diff-minus)
apply (rule right-move-to-left)

apply simp
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apply (simp add: times-def)

apply (subgoal-tac (u — (Rep-G a — u + Rep-G b)) = u — Rep-G b + (u —
Rep-G a))

apply simp

apply (simp add: diff-minus add.assoc minus-add)

apply (subst (asm) Rep-G-order)

apply (simp add: F-def)

apply (subst (asm) convez-def)
apply simp

apply (drule-tac z = 0 in spec)
apply (drule-tac z = u — Rep-G a in spec)
apply simp

apply (subgoal-tac u — Rep-G b € |[ 0::'a , u — Rep-G a ]|)
apply blast

apply (subst closed-interval-def)
apply simp

apply safe

apply (cut-tac z = b in Rep-G)
apply (simp add: G-def)

apply (safe)

apply (simp add: diff-minus)

apply (rule right-move-to-left)
apply simp

apply (simp add: diff-minus)

apply (rule add-order-preserving-left)
apply (rule minus-order)

apply simp

apply (simp add: lsubgroup-def)
apply (rule normal-1)

apply simp-all

apply (rule normal-2)

by simp-all

definition N = {a::’a::lgroup. a < 0}
typedef (overloaded) (‘a::lgroup) N = N :: 'a::lgroup set
proof
show 0 € N by (simp add: N-def)
qed

class cancel-product-pseudo-hoop-algebra = cancel-pseudo-hoop-algebra + product-pseudo-hoop-algebra
context group-add

begin

subclass cancel-semigroup-add

proof ged

end
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instantiation N :: (lgroup) pseudo-hoop-algebra
begin

definition
times-N-def: a * b = Abs-N (Rep-N a + Rep-N b)

lemma [simp]: Rep-N a + Rep-Nb € N
apply (cut-tac © = a in Rep-N)
apply (cut-tac £ = b in Rep-N)
apply (simp add: N-def)
apply (rule-tac left-move-to-right)
apply (rule-tac y = 0 in order-trans)
apply simp-all
apply (rule-tac minus-order)
by simp

definition
impl-N-def: a l— b = Abs-N (inf (Rep-N b — Rep-N a) 0)

definition
inf-N-def: (a:: "a N) M b= (al—=b) xa

lemma [simp]: inf (Rep-N b — Rep-N a) 0 € N
apply (cut-tac © = a in Rep-N)
apply (cut-tac £ = b in Rep-N)
by (simp add: N-def)

definition
impr-N-def: a r— b = Abs-N (inf (— Rep-N a + Rep-N b) 0)

lemma [simp]: inf (— Rep-N a + Rep-Nb) 0 € N
apply (cut-tac x = a in Rep-N)
apply (cut-tac x = b in Rep-N)
by (simp add: N-def)

definition
one-N-def: 1 = Abs-N 0

lemma [simp]: 0 € N
by (simp add: N-def)
definition

order-N-def: ((a::'a N) < b) = (al=> b= 1)

definition
strict-order-N-def: (a::'"a N) < b=(a<bA-b<a)
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lemma order-Rep-N:

((a::’a N) < b) = (Rep-N a < Rep-N b)

apply (subst order-N-def)

apply (simp add: impl-N-def one-N-def)

apply (subgoal-tac (Abs-N (inf (Rep-N b — Rep-N a) (0::'a)) = Abs-N (0::'a))
= ((Rep-N (Abs-N (inf (Rep-N b — Rep-N a) (0::'a))) = Rep-N(Abs-N (0::'a)))))

apply simp

apply (drule drop-assumption)

apply (simp add: Abs-N-inverse)

apply safe

apply (subgoal-tac 0 < Rep-N b — Rep-N a)

apply (drule-tac v = Rep-N a in add-order-preserving-right)

apply (simp add: diff-minus add.assoc)

apply (rule-tac y = inf (Rep-N b — Rep-N a) (0::'a) in order-trans)

apply simp

apply (drule drop-assumption)

apply simp

apply (rule antisym)

apply simp

apply simp

apply (simp add: diff-minus)

apply (rule right-move-to-left)

apply simp

apply simp

by (simp add: Abs-N-inverse)

lemma order-Abs-N:

a€ N=be N= (a<b) = (Abs-N a < Abs-N b)

apply (subst order-N-def)

apply (simp add: impl-N-def one-N-def)

apply (simp add: Abs-N-inverse)

apply (subgoal-tac inf (b — a) 0 € N)

apply (subgoal-tac (Abs-N (inf (b — a) (0::'a)) = Abs-N (0::'a)) = (Rep-N
(Abs-N (inf (b — a) (0::'a))) = Rep-N (Abs-N (0::'a))))

apply simp

apply (simp add: Abs-N-inverse)

apply (drule drop-assumption)

apply (drule drop-assumption)

apply (drule drop-assumption)

apply (drule drop-assumption)

apply simp

apply safe

apply (rule antisym)

apply simp-all

apply (simp add: diff-minus)

apply (rule right-move-to-left)

apply simp

apply (subgoal-tac 0 < b — a)
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apply (drule-tac v = a in add-order-preserving-right)
apply (simp add: diff-minus add.assoc)

apply (rule-tac y = inf (b — a) (0::'a) in order-trans)
apply simp

apply (drule drop-assumption)

apply simp

apply (simp add: Abs-N-inverse)

by (simp add: N-def)

lemma [simp]: (1::'a N) * a = a
by (simp add: one-N-def times-N-def Abs-N-inverse Rep-N-inverse)

lemma [simp]: a * (1::'a N) = a
by (simp add: one-N-def times-N-def Abs-N-inverse Rep-N-inverse)

lemma [simp]: a - o = (1::'a N)
by (simp add: impl-N-def one-N-def Abs-N-inverse Rep-N-inverse)

lemma [simp]: a r— a = (1::’a N)
by (simp add: impr-N-def one-N-def Abs-N-inverse Rep-N-inverse)

lemma impl-times: (a l— b) * a = (b 1= a) * (b::'a N)
apply (simp add: impl-N-def impr-N-def times-N-def Abs-N-inverse Rep-N-inverse)

apply (subgoal-tac inf (Rep-N b — Rep-N a + Rep-N a) (Rep-N a) = inf (Rep-N
a — Rep-N b + Rep-N b) (Rep-N b))

apply simp

apply (subgoal-tac Rep-N b — Rep-N a + Rep-N a = Rep-N b )

apply simp

apply (subgoal-tac Rep-N a — Rep-N b + Rep-N b = Rep-N a)

apply simp

apply (rule antisym)

by simp-all

lemma impr-times: a * (a r— b) = (b::'a N) % (b r— a)

apply (simp add: impr-N-def times-N-def Abs-N-inverse Rep-N-inverse)

apply (subgoal-tac inf (Rep-N a + (— Rep-N a + Rep-N b)) (Rep-N a) = inf
(Rep-N b + (— Rep-N b + Rep-N a)) (Rep-N b))

apply simp

apply (simp add: add.assoc [THEN sym))

apply (rule antisym)

by simp-all

lemma impr-impl-times: (a I— b) x a = (a::’a N) * (a 7— b)
by (simp add: impl-N-def impr-N-def times-N-def Abs-N-inverse Rep-N-inverse)

lemma impl-ded: (a::'a N) * bl— c=al— bl— ¢
apply (simp add: impl-N-def impr-N-def times-N-def Abs-N-inverse Rep-N-inverse)
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apply (subgoal-tac inf (Rep-N ¢ — (Rep-N a + Rep-N b)) (0::'a) = inf (inf
(Rep-N ¢ — Rep-N b — Rep-N a) (— Rep-N a)) (0::'a))

apply simp

apply (rule antisym)

apply simp-all

apply safe

apply (rule-tac y = Rep-N ¢ — (Rep-N a + Rep-N b) in order-trans)

apply simp

apply (simp add: diff-minus minus-add add.assoc)

apply (rule-tac y = 0 in order-trans)

apply simp

apply (cut-tac x = a in Rep-N)

apply (simp add: N-def)

apply (drule-tac w = 0 and v = — Rep-N a in add-order-preserving)

apply simp

apply (rule-tac y = inf (Rep-N ¢ — Rep-N b — Rep-N a) (— Rep-N a) in
order-trans)

apply (rule inf-lel)

apply (rule-tac y = Rep-N ¢ — Rep-N b — Rep-N a in order-trans)

apply simp

by (simp add: diff-minus minus-add add.assoc)

lemma impr-ded: (a::’a N) x br— c=br— ar— ¢
apply (simp add: impr-N-def impr-N-def times-N-def Abs-N-inverse Rep-N-inverse)

apply (subgoal-tac inf (— (Rep-N a + Rep-N b) + Rep-N ¢) (0::'a) = inf (inf
(= Rep-N b + (— Rep-N a + Rep-N ¢)) (— Rep-N b)) (0::'a))

apply simp

apply (rule antisym)

apply simp-all

apply safe

apply (rule-tac y = — (Rep-N a + Rep-N b) + Rep-N c¢ in order-trans)

apply simp

apply (simp add: diff-minus minus-add add.assoc)

apply (rule-tac y = 0 in order-trans)

apply simp

apply (cut-tac £ = b in Rep-N)

apply (simp add: N-def)

apply (drule-tac v = 0 and v = — Rep-N b in add-order-preserving)

apply simp

apply (rule-tac y = inf (— Rep-N b + (— Rep-N a + Rep-N ¢)) (— Rep-N b) in
order-trans)

apply (rule inf-lel)

apply (rule-tac y = — Rep-N b + (— Rep-N a + Rep-N ¢) in order-trans)

apply simp

by (simp add: diff-minus minus-add add.assoc)

instance proof
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fix a show (1::'a N) x a = a by simp

fix a show a * (1::’a N) = a by simp

fix a show a l— a = (1::'a N) by simp

fix a show a r— a = (1::'a N) by simp
next

fix a b::'a N show (a = b) * a = (b 1= a) * b by (simp add: impl-times)
next

fix a b::’a N show a * (a — b) = b x (b r— a) by (simp add: impr-times)
next

fix a b::'a N show (a l— b) *x a = a % (a — b) by (simp add: impr-impl-times)
next

fix a b ¢::'a N show a x bl— ¢ = al—= bl— ¢ by (simp add: impl-ded)

fix a b c::'a N show a * b r— ¢ = b r— a r— ¢ by (simp add: impr-ded)
next

fix a b::’a N show (a < b) = (a l— b= 1) by (simp add: order-N-def)
next

fix a b::’a N show (a < b) = (a < b A= b < a) by (simp add: strict-order-N-def)
next

fix a b::’a N show a M b = (a l— b) *x a by (simp add: inf-N-def)
next

fix a b::'a N show a M b= a* (a r— b) by (simp add: inf-N-def impr-impl-times)
qged

end

lemma Rep-N-inf: Rep-N ((a::'a::lgroup N) M b) = (Rep-N a) M (Rep-N b)
apply (rule antisym)
apply simp-all
apply safe
apply (simp add: order-Rep-N [THEN sym))
apply (simp add: order-Rep-N [THEN sym))
apply (subgoal-tac inf (Rep-N a) (Rep-N b) € N)
apply (subst order-Abs-N)
apply simp-all
apply (cut-tac z = a M b in Rep-N)
apply (simp add: N-def)
apply (simp add: Rep-N-inverse)
apply safe
apply (subst order-Rep-N)
apply (simp add: Abs-N-inverse)
apply (subst order-Rep-N)
apply (simp add: Abs-N-inverse)
apply (simp add: N-def)
apply (rule-tac y = Rep-N a in order-trans)
apply simp
apply (cut-tac x = a in Rep-N)
by (simp add: N-def)

Py

context lgroup begin
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lemma sup-inf-distrib2-lgroup: (b M ¢) U a = (bU a) N (cU a)
by (rule sup-inf-distrib2)

lemma inf-sup-distrib2-lgroup: (b U ¢) Ma=(bMa)U (cM a)
by (rule inf-sup-distrib2)
end

instantiation N :: (Ilgroup) cancel-product-pseudo-hoop-algebra
begin

lemma cancel-times-left: (a::'a N) x b=a*x c = b= ¢

apply (simp add: times-N-def Abs-N-inverse Rep-N-inverse)

apply (subgoal-tac Rep-N (Abs-N (Rep-N a + Rep-N b)) = Rep-N (Abs-N (Rep-N
a + Rep-N ¢)))

apply (drule drop-assumption)

apply (simp add: Abs-N-inverse)

apply (subgoal-tac Abs-N (Rep-N b) = Abs-N (Rep-N c))

apply (drule drop-assumption)

apply (simp add: Rep-N-inverse)

by simp-all

lemma cancel-times-right: b * (a::'a N) = cx a = b= ¢

apply (simp add: times-N-def Abs-N-inverse Rep-N-inverse)

apply (subgoal-tac Rep-N (Abs-N (Rep-N b + Rep-N a)) = Rep-N (Abs-N (Rep-N
¢ + Rep-N a)))

apply (drule drop-assumption)

apply (simp add: Abs-N-inverse)

apply (subgoal-tac Abs-N (Rep-N b) = Abs-N (Rep-N c))

apply (drule drop-assumption)

apply (simp add: Rep-N-inverse)

by simp-all

lemma prod-1: ((a::'a N) 1= b) I—= ¢ < ((bl— a) I= ¢) I— ¢

apply (unfold impl-N-def times-N-def Abs-N-inverse Rep-N-inverse order-N-def
one-N-def)

apply (subst Abs-N-inverse)

apply simp

apply (subst Abs-N-inverse)

apply simp

apply (subst Abs-N-inverse)

apply simp

apply (subst Abs-N-inverse)

apply simp

apply (subst Abs-N-inverse)

apply simp

apply (subgoal-tac inf (inf (Rep-N ¢ — inf (Rep-N ¢ — inf (Rep-N a — Rep-N
b) 0) 0) 0 — inf (Rep-N ¢ — inf (Rep-Nb — Rep-N a) 0) 0) 0 = 0)

apply simp
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apply (rule antisym)

apply simp

apply (rule inf-greatest)

apply (subst diff-minus)

apply (subst diff-minus)

apply (subst diff-minus)

apply (subst diff-minus)

apply (rule right-move-to-left)

apply simp-all

apply (simp add: diff-minus minus-add)

apply (subst sup-inf-distrib2-lgroup)
apply simp

apply (subst inf-sup-distrib2-lgroup)
apply simp

apply (rule-tac y=Rep-N ¢ + (Rep-N a + — Rep-N b + — Rep-N ¢) in or-
der-trans)

apply simp-all

apply (rule-tac y=Rep-N ¢ + (Rep-N a + — Rep-N b) in order-trans)

apply simp-all

apply (rule add-order-preserving-left)

apply (simp add: add.assoc)

apply (rule add-order-preserving-left)

apply (rule left-move-to-left)

apply simp

apply (cut-tac x = ¢ in Rep-N)

apply (simp add: N-def)

apply (rule minus-order)

by simp

lemma prod-2: ((a::'a N) r— b) r— ¢ < ((br— a) r— ¢) r— ¢

apply (unfold impr-N-def times-N-def Abs-N-inverse Rep-N-inverse right-lesseq
one-N-def)

apply (subst Abs-N-inverse)

apply simp

apply (subst Abs-N-inverse)

apply simp

apply (subst Abs-N-inverse)

apply simp

apply (subst Abs-N-inverse)

apply simp

apply (subst Abs-N-inverse)

apply simp

apply (subgoal-tac inf (— inf (— inf (— Rep-N a + Rep-N b) (0::'a) + Rep-N
¢) (0::'a) + inf (— inf (— inf (— Rep-N b + Rep-N a) (0::'a) + Rep-N ¢) (0::'a)
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+ Rep-N ¢) (0::'a))

(0::'a) = 0)
apply simp
apply (rule antisym)
apply simp

apply (rule inf-greatest)
apply (rule minus-order)
apply (subst minus-add)
apply (subst minus-minus)
apply (subst minus-zero)
apply (rule left-move-to-right)
apply (subst minus-minus)
apply simp

apply (simp add: minus-add)
apply simp-all

apply (subst sup-inf-distrib2-lgroup)
apply simp

apply (subst inf-sup-distrib2-lgroup)
apply simp

apply (rule-tac y = — Rep-N ¢ + (— Rep-N b + Rep-N a) + Rep-N ¢ in
order-trans)

apply simp-all

apply (rule-tac y = — Rep-N b + Rep-N a + Rep-N c in order-trans)

apply simp-all

apply (rule add-order-preserving-right)

apply (simp add: add.assoc [THEN sym))

apply (rule add-order-preserving-right)

apply (rule left-move-to-left)

apply (rule right-move-to-right)

apply simp

apply (cut-tac x = ¢ in Rep-N)

by (simp add: N-def)

lemma prod-3: (b::'"a N) I bxb<al(al—=b)Il—=b

apply (simp add: impl-N-def times-N-def Abs-N-inverse Rep-N-inverse order-N-def
one-N-def Rep-N-inf)

apply (subst Abs-N-inverse)

apply (simp add: add.assoc N-def)

apply (subst Abs-N-inverse)

apply (simp add: add.assoc N-def)

apply (subgoal-tac inf (inf (sup (Rep-N b — Rep-N a) (sup (Rep-N b — (Rep-N
b — Rep-N a)) (Rep-N b))) (0::'a) — inf (Rep-N b + Rep-N b — Rep-N b) (0::'a))
(0::'a) = 0)

apply simp
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apply (rule antisym)

apply simp

apply (subst diff-minus)
apply (subst diff-minus)
apply (subst diff-minus)
apply (subst diff-minus)
apply (subst diff-minus)
apply (rule inf-greatest)
apply (rule right-move-to-left)
apply (subst minus-minus)
apply simp-all

apply (simp add: add.assoc)
apply (rule-tac y = Rep-N b in order-trans)
by simp-all

lemma prod-4: (b::'"a N) r— b+ b<al (ar— b)) r— b

apply (simp add: impr-N-def times-N-def Abs-N-inverse Rep-N-inverse Rep-N-inf
minus-add)

apply (subst order-Abs-N [THEN sym])

apply (simp add: N-def)

apply (simp add: N-def)

apply simp

apply (rule-tac y = — Rep-N a + Rep-N b in order-trans)

apply simp-all

apply (rule-tac y = Rep-N b in order-trans)

apply simp

apply (rule right-move-to-left)

apply simp

apply (rule minus-order)

apply simp

apply (cut-tac © = a in Rep-N)

by (simp add: N-def)

lemma prod-5: (((a::'a N) 1= b) I— b) x (cx al— f*xa)* (cx bl fxb) <
cl= f

apply (simp add: impl-N-def times-N-def Abs-N-inverse Rep-N-inverse Rep-N-inf
minus-add)

apply (subst Abs-N-inverse)

apply (simp add: N-def)

apply (subst Abs-N-inverse)

apply (simp add: N-def)

apply (subst Abs-N-inverse)

apply (simp add: N-def)

apply (subst order-Abs-N [THEN sym)])

apply (simp add: N-def inf-assoc [THEN sym))

apply (simp add: N-def)
apply (simp only: diff-minus minus-add minus-minus add.assoc)
apply (subst (4) add.assoc [THEN sym))
apply (subst (5) add.assoc [THEN sym])
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apply (simp only: right-minus add-0-left)

apply (rule right-move-to-right)

apply (simp only: minus-add add.assoc [THEN sym| add-0-left right-minus)
by (simp add: minus-add)

lemma prod-6: (((a::’"a N) r— b) r— b) x (ax cr—ax f)x (bxcr— b« f) <
cr— f

apply (simp add: impr-N-def times-N-def Abs-N-inverse Rep-N-inverse Rep-N-inf
minus-add)

apply (subst Abs-N-inverse)

apply (simp add: N-def)

apply (subst Abs-N-inverse)

apply (simp add: N-def)

apply (subst Abs-N-inverse)

apply (simp add: N-def)

apply (subst order-Abs-N [THEN sym])

apply (simp add: N-def inf-assoc [THEN sym))

apply (simp add: N-def)

apply (simp only: diff-minus minus-add minus-minus add.assoc)

apply (subst (4) add.assoc [THEN sym))

apply (subst (5) add.assoc [THEN sym])

apply (simp only: left-minus add-0-left)

apply (rule right-move-to-right)
apply (simp only: minus-add add.assoc [THEN sym| add-0-left right-minus)
by (simp add: minus-add)

instance
apply intro-classes
by (fact cancel-times-left cancel-times-right prod-1 prod-2 prod-3 prod-4 prod-5 prod-6)+

end

definition OrdSum =

{z. (3 a::’a::pseudo-hoop-algebra. © = (a, 1::'b::pseudo-hoop-algebra)) V (3 b::'b.
z=(1:'a, b))}
typedef (overloaded) (‘a, 'b) OrdSum = OrdSum :: ('a:pseudo-hoop-algebra x
'b::pseudo-hoop-algebra) set
proof

show (1, 1) € OrdSum by (simp add: OrdSum-def)
qed

lemma [simp]: (1, b) € OrdSum
by (simp add: OrdSum-def)

lemma [simp]: (a, 1) € OrdSum
by (simp add: OrdSum-def)
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definition
first x = fst (Rep-OrdSum )

definition
second x = snd (Rep-OrdSum x)

lemma if-unfold-left: ((if a then b else ¢) = d) = (a— b=d) A (ma — ¢c =
d))

apply auto

done

lemma if-unfold-right: (d = (if a then b else ¢)) = ((a — d =b) A (—wa — d
=¢))

apply auto

done

lemma fst-snd-eq: fst a = v = snd a = y = (z, y) = a
apply (subgoal-tac © = fst a)
apply (subgoal-tac y = snd a)
apply (drule drop-assumption)
apply (drule drop-assumption)
by simp-all

instantiation OrdSum :: (pseudo-hoop-algebra, pseudo-hoop-algebra) pseudo-hoop-algebra
begin

definition
times-OrdSum-def: a x b = (

if second a = 1 A second b = 1 then
Abs-OrdSum (first a = first b, 1)

else if first a = 1 N first b = 1 then
Abs-OrdSum (1, second a x second b)

else if first a = 1 N second b = 1 then
b

else

a)

definition
one-OrdSum-def: 1 = Abs-OrdSum (1, 1)

definition
impl-OrdSum-def: a l— b =

(if second a = 1 N second b = 1 then
Abs-OrdSum (first a l— first b, 1)

else if first a = 1 A first b = 1 then
Abs-OrdSum (1, second a l— second b)

else if first a = 1 N second b = 1 then
b

else

102



1)

definition
impr-OrdSum-def: a r— b =

(if second a = 1 A second b = 1 then
Abs-OrdSum (first a r— first b, 1)

else if first a = 1 N first b = 1 then
Abs-OrdSum (1, second a r— second b)

else if first a = 1 N second b = 1 then
b

else

1)

definition
order-OrdSum-def: ((a::('a, 'b) OrdSum) < b) = (al— b= 1)

definition
inf-OrdSum-def: (a::(‘a, 'b) OrdSum) M b= (a l— b) * a

definition
strict-order-OrdSum-def: (a::(‘a, 'b) OrdSum) < b= (a < b A - b < a)

lemma OrdSum-first [simp]: (a, 1) € OrdSum
by (simp add: OrdSum-def)

lemma OrdSum-second [simp]: (1, b) € OrdSum
by (simp add: OrdSum-def)

lemma Rep-OrdSum-eq: Rep-OrdSum x = Rep-OrdSum y — = = y

apply (subgoal-tac Abs-OrdSum (Rep-OrdSum x) = Abs-OrdSum (Rep-OrdSum
y))

apply (drule drop-assumption)

apply (simp add: Rep-OrdSum-inverse)

by simp

lemma Abs-OrdSum-eq: © € OrdSum —> y € OrdSum =—> Abs-OrdSum z =
Abs-OrdSum y =z =y

apply (subgoal-tac Rep-OrdSum (Abs-OrdSum z) = Rep-OrdSum (Abs-OrdSum
v))

apply (unfold Abs-OrdSum-inverse) [1]

by simp-all

lemma [simp]: fst (Rep-OrdSum a) # 1 = (snd (Rep-OrdSum a) # 1 = False)
apply (cut-tac x = a in Rep-OrdSum)
apply (simp add: OrdSum-def)
by auto

lemma fst-not-one-snd: fst (Rep-OrdSum a) # 1 = (snd (Rep-OrdSum a) = 1)
apply (cut-tac x = a in Rep-OrdSum)
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apply (simp add: OrdSum-def)
by auto

lemma snd-not-one-fst: snd (Rep-OrdSum a) # 1 = (fst (Rep-OrdSum a) = 1)
apply (cut-tac © = a in Rep-OrdSum)
apply (simp add: OrdSum-def)
by auto

lemma fst-not-one-simp [simpl: fst (Rep-OrdSum c¢) # 1 = Abs-OrdSum (fst
(Rep-OrdSum ¢), 1) = ¢

apply (rule Rep-OrdSum-eq)

apply (simp add: Abs-OrdSum-inverse)

apply (rule fst-snd-eq)

apply simp-all

by (simp add: fst-not-one-snd)

lemma snd-not-one-simp [simpl: snd (Rep-OrdSum c¢) # 1 = Abs-OrdSum (1,
snd (Rep-OrdSum c)) = ¢

apply (rule Rep-OrdSum-eq)

apply (simp add: Abs-OrdSum-inverse)

apply (rule fst-snd-eq)

apply simp-all

by (simp add: snd-not-one-fst)

lemma A: fixes a b::('a, 'b) OrdSum shows (a l— b) * a = a * (a r— D)

apply (simp add: one-OrdSum-def impr-OrdSum-def impl-OrdSum-def second-def
first-def Abs-OrdSum-inverse Rep-OrdSum-inverse)

apply safe

apply (simp-all add: fst-snd-eq times-OrdSum-def left-right-impl-times first-def
second-def Abs-OrdSum-inverse Rep-OrdSum-inverse )

apply safe

by simp-all

instance
proof
fix a::('a, 'b) OrdSum show 1 * a = a
by (simp add: fst-snd-eq one-OrdSum-def times-OrdSum-def first-def second-def
Abs-OrdSum-inverse Rep-OrdSum-inverse)
next
fix a::(‘a, 'b) OrdSum show a x I = a
by (simp add: fst-snd-eq one-OrdSum-def times-OrdSum-def first-def second-def
Abs-OrdSum-inverse Rep-OrdSum-inverse)
next
fix a::('a, 'b) OrdSum show a l— a = 1
by (simp add: one-OrdSum-def impl-OrdSum-def)
next
fix a::(‘a, 'b) OrdSum show a r— a = 1
by (simp add: one-OrdSum-def impr-OrdSum-def)
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next
fix a b::('a, 'b) OrdSum show (a l— b) x a = (bl— a) x b

apply (unfold one-OrdSum-def impl-OrdSum-def second-def first-def Abs-OrdSum-inverse
Rep-OrdSum-inverse)

apply simp

apply safe

by (simp-all add: times-OrdSum-def left-impl-times first-def second-def Abs-OrdSum-inverse
Rep-OrdSum-inverse )
next
fix a b::(‘a, 'b) OrdSum show a * (a r— b) = b * (b r— a)

apply (unfold one-OrdSum-def impr-OrdSum-def second-def first-def Abs-OrdSum-inverse
Rep-OrdSum-inverse)

apply (simp)

apply safe

by (simp-all add: fst-snd-eq times-OrdSum-def right-impl-times first-def second-def
Abs-OrdSum-inverse Rep-OrdSum-inverse )
next
fix a b::('a, 'b) OrdSum show (a l— b) * a = a * (a 7— b) by (rule A)
next
fix a b c::('a, 'b) OrdSum show a x bl— c=al—= bl— ¢

apply (unfold times-OrdSum-def)

apply simp apply safe

apply (simp-all add: impl-OrdSum-def)

apply (simp-all add: first-def second-def)

apply (simp-all add: Abs-OrdSum-inverse Rep-OrdSum-inverse)

apply (simp-all add: fst-snd-eq)

apply (simp-all add: Abs-OrdSum-inverse Rep-OrdSum-inverse)

apply (simp-all add: left-impl-ded)

apply (simp-all add: fst-snd-eq one-OrdSum-def times-OrdSum-def left-impl-ded
impl-OrdSum-def second-def first-def Abs-OrdSum-inverse Rep-OrdSum-inverse)

by auto
next
fix a b c::('a, 'b) OrdSum show a x br— c=br— ar— c

apply (simp add: right-impl-ded impr-OrdSum-def second-def first-def one-OrdSum-def
times-OrdSum-def second-def first-def Abs-OrdSum-inverse Rep-OrdSum-inverse)

by auto
next

fix a b::('a, 'b) OrdSum show (a < b) =(al=>b=1)

by (simp add: order-OrdSum-def)

next

fix a b::('a, 'b) OrdSum show (a < b) = (a < bA-b<a)

by (simp add: strict-order-OrdSum-def)

next

fix a b::('a, 'b) OrdSum show a M b= (al— b) x a by (simp add: inf-OrdSum-def)
next

fix a b::(a, 'b) OrdSum show a b= a * (a r— b) by (simp add: inf-OrdSum-def
4)

qed
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definition
Second = {x .3 b.xz= Abs-OrdSum(1:'a, b::'b)}

end

lemma Second € normalfilters

apply (unfold normalfilters-def)

apply safe

apply (unfold filters-def)

apply safe

apply (unfold Second-def)

apply auto

apply (rule-tac x = ba * bb in exl)

apply (simp add: times-OrdSum-def second-def first-def Abs-OrdSum-inverse
Rep-OrdSum-inverse)

apply (rule-tac © = second b in exI)

apply (subgoal-tac Abs-OrdSum (1::'a, second b) = Abs-OrdSum (first b, second
)

apply simp

apply (simp add: first-def second-def Rep-OrdSum-inverse)

apply (subgoal-tac first b = 1)

apply simp

apply (simp add: order-OrdSum-def one-OrdSum-def impl-OrdSum-def second-def
first-def Abs-OrdSum-inverse Rep-OrdSum-inverse)

apply (unfold second-def first-def)

apply (case-tac ba = (1::'b) A snd (Rep-OrdSum b) = (1::'d))

apply simp

apply (simp add: Abs-OrdSum-inverse Rep-OrdSum-inverse)

apply (subgoal-tac Rep-OrdSum (Abs-OrdSum (fst (Rep-OrdSum b), 1::'b)) =
Rep-OrdSum (Abs-OrdSum (1::'a, 1::'b)))

apply (drule drop-assumption)

apply (simp add: Abs-OrdSum-inverse Rep-OrdSum-inverse)

apply simp

apply simp

apply (simp add: Abs-OrdSum-inverse Rep-OrdSum-inverse)

apply (case-tac fst (Rep-OrdSum b) = (1::'a))

apply simp

apply simp

apply (simp add: Abs-OrdSum-inverse Rep-OrdSum-inverse)

apply (case-tac snd (Rep-OrdSum b) = (1::'b))

apply simp-all

apply (simp add: Abs-OrdSum-inverse Rep-OrdSum-inverse)

apply (simp add: impr-OrdSum-def impl-OrdSum-def second-def first-def Abs-OrdSum-inverse
Rep-OrdSum-inverse)

apply safe

apply (unfold second-def first-def)

apply (simp-all add: second-def first-def Abs-OrdSum-inverse Rep-OrdSum-inverse)

apply (case-tac snd (Rep-OrdSum a) = (1::'b))
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apply simp-all

apply auto

apply (case-tac snd (Rep-OrdSum a) = (1::'))

apply auto

apply (rule-tac x = 1 in exl)

apply (rule Rep-OrdSum-eq)

apply (simp-all add: second-def first-def Abs-OrdSum-inverse Rep-OrdSum-inverse)
apply (subgoal-tac Rep-OrdSum (Abs-OrdSum (fst (Rep-OrdSum a) l— fst (Rep-OrdSum
b), 1::'b)) = Rep-OrdSum (Abs-OrdSum (1::'a, ba)))

apply (drule drop-assumption)

apply (simp add: second-def first-def Abs-OrdSum-inverse Rep-OrdSum-inverse)
apply (simp add: left-lesseq [THEN sym)] right-lesseq [THEN sym)])

apply simp

apply (rule-tac x = 1 in exl)

apply (rule Rep-OrdSum-eq)

apply (simp-all add: second-def first-def Abs-OrdSum-inverse Rep-OrdSum-inverse)
apply (subgoal-tac Rep-OrdSum (Abs-OrdSum (fst (Rep-OrdSum a) l— fst (Rep-OrdSum
b), 1::'b)) = Rep-OrdSum (Abs-OrdSum (1::'a, ba)))

apply (drule drop-assumption)

apply (simp add: second-def first-def Abs-OrdSum-inverse Rep-OrdSum-inverse)

apply (simp add: left-lesseq [THEN sym| right-lesseq [THEN sym))

apply simp

apply (simp add: impr-OrdSum-def impl-OrdSum-def second-def first-def Abs-OrdSum-inverse
Rep-OrdSum-inverse)

apply safe

apply (unfold second-def first-def)

apply (simp-all add: second-def first-def Abs-OrdSum-inverse Rep-OrdSum-inverse)

apply (case-tac snd (Rep-OrdSum a) = (1::'))

apply simp-all

apply auto

apply (case-tac snd (Rep-OrdSum a) = (1::'d))

apply auto

apply (rule-tac x = 1 in exl)

apply (rule Rep-OrdSum-eq)

apply (simp-all add: second-def first-def Abs-OrdSum-inverse Rep-OrdSum-inverse)
apply (subgoal-tac Rep-OrdSum (Abs-OrdSum (fst (Rep-OrdSum a) r— fst (Rep-OrdSum
b), 1::'b)) = Rep-OrdSum (Abs-OrdSum (1::'a, ba)))

apply (drule drop-assumption)

apply (simp add: second-def first-def Abs-OrdSum-inverse Rep-OrdSum-inverse)

apply (simp add: left-lesseq [THEN sym| right-lesseq [THEN sym)])

apply simp

apply (rule-tac z = 1 in exl)

apply (rule Rep-OrdSum-eq)

apply (simp-all add: second-def first-def Abs-OrdSum-inverse Rep-OrdSum-inverse)
apply (subgoal-tac Rep-OrdSum (Abs-OrdSum (fst (Rep-OrdSum a) r— fst (Rep-OrdSum
b), 1::'b)) = Rep-OrdSum (Abs-OrdSum (1::'a, ba)))

apply (drule drop-assumption)

apply (simp add: second-def first-def Abs-OrdSum-inverse Rep-OrdSum-inverse)
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apply (simp add: left-lesseq [THEN sym)] right-lesseq [THEN sym)])
by simp

class linear-pseudo-hoop-algebra = pseudo-hoop-algebra + linorder

instantiation OrdSum :: (linear-pseudo-hoop-algebra, linear-pseudo-hoop-algebra)
linear-pseudo-hoop-algebra
begin
instance
proof
fix z y::('a, 'b) OrdSum show z <y V y <z
apply (simp add: order-OrdSum-def impl-OrdSum-def one-OrdSum-def sec-
ond-def first-def Abs-OrdSum-inverse Rep-OrdSum-inverse)
apply (cut-tac © = fst (Rep-OrdSum z) and y = fst (Rep-OrdSum y) in linear)
apply (cut-tac © = snd (Rep-OrdSum z) and y = snd (Rep-OrdSum y) in
linear)
apply (simp add: left-lesseq)
by auto [1]
qed
end

instantiation bool:: pseudo-hoop-algebra

begin

definition impl-bool-def:
al=b=(a—0)

definition impr-bool-def:
ar— b= (a—b)

definition one-bool-def:
1 = True

definition times-bool-def:
axb=(aANb)

lemma inf-bool-def: (a :: bool) M b = (al— b) * a

by (auto simp add: times-bool-def impl-bool-def)

instance

apply intro-classes

apply (simp-all add: impl-bool-def impr-bool-def one-bool-def times-bool-def le-bool-def
less-bool-def inf-bool-def)

by auto

end

context cancel-pseudo-hoop-algebra begin end
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lemma — class.cancel-pseudo-hoop-algebra (x) (M) (I—) (<) (<) (1:: bool) (r—)
apply (unfold class.cancel-pseudo-hoop-algebra-def)
apply (unfold class.cancel-pseudo-hoop-algebra-axioms-def)
apply safe
apply (drule drop-assumption)
apply (drule-tac z = False in spec)
apply (drule drop-assumption)
apply (drule-tac x = True in spec)
apply (drule-tac x = False in spec)
by (simp add: times-bool-def)

context pseudo-hoop-algebra begin

lemma classorder: class.order (<) (<)
proof qed

end

lemma impl-OrdSum-first: Abs-OrdSum (z, 1) l— Abs-OrdSum (y, 1) = Abs-OrdSum
(zl=y, 1)
by (simp add: impl-OrdSum-def first-def second-def Abs-OrdSum-inverse Rep-OrdSum-inverse)

lemma impl-OrdSum-second: Abs-OrdSum (1, x) I— Abs-OrdSum (1, y) = Abs-OrdSum
(1, 1= y)
by (simp add: impl-OrdSum-def first-def second-def Abs-OrdSum-inverse Rep-OrdSum-inverse)

lemma impl-OrdSum-first-second: x # 1 = Abs-OrdSum (x, 1) l— Abs-OrdSum

(1,y) =1

by (simp add: one-OrdSum-def impl-OrdSum-def first-def second-def Abs-OrdSum-inverse
Rep-OrdSum-inverse)

lemma Abs-OrdSum-bijective: x € OrdSum = y € OrdSum = (Abs-OrdSum z
= Abs-OrdSum y) = (z = y)

apply safe

apply (subgoal-tac Rep-OrdSum (Abs-OrdSum z) = Rep-OrdSum (Abs-OrdSum
v))

apply (unfold Abs-OrdSum-inverse) [1]

by simp-all

context pseudo-hoop-algebra begin end

context linear-pseudo-hoop-algebra begin end
context basic-pseudo-hoop-algebra begin end

lemma class.pseudo-hoop-algebra (x) (M) (I—) (<) (<) (1::a::pseudo-hoop-algebra)
(r—)
= = (class.linear-pseudo-hoop-algebra (<) (<) (x) (M) (=) (1::a) (r—))
= - class.basic-pseudo-hoop-algebra (x) (M) (I=) (L) (<) (1:("a, bool)
OrdSum) (r—)
apply (unfold class.linear-pseudo-hoop-algebra-def)

109



apply (unfold class.linorder-def)

apply (unfold class.linorder-axioms-def)

apply safe

apply (rule classorder)

apply (unfold class.basic-pseudo-hoop-algebra-def) [1]

apply simp

apply (unfold class.basic-pseudo-hoop-algebra-azioms-def) [1]

apply safe

apply (subgoal-tac (Abs-OrdSum (z, 1) I— Abs-OrdSum (y, 1)) I— Abs-OrdSum
(1, False) <

((Abs-OrdSum (y, 1) I— Abs-OrdSum (z, 1)) I— Abs-OrdSum (1, Fualse))

l— Abs-OrdSum (1, False))

apply (unfold impl-OrdSum-first) [1]

apply (case-tacxl— y £ 1 ANyl—>x # 1)

apply (simp add: impl-OrdSum-first-second)

apply (unfold order-OrdSum-def one-OrdSum-def one-bool-def impl-OrdSum-second
impl-bool-def ) [1]

apply simp

apply (cut-tac x = (1::'a, False) and y = (1::'a, True) in Abs-OrdSum-eq)
apply simp-all

apply (unfold left-lesseq)

by simp

end
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