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Abstract

We present a formalization of Sequent Calculus, Natural Deduction,
Hilbert Calculus, and Resolution using a deep embedding of proposi-
tional formulas. We provide proofs of many of the classical results,
including Cut Elimination, Craig’s Interpolation, proof transformation
between all calculi, and soundness and completeness. Additionally, we
formalize the Model Existence Theorem.
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The files of this entry are organized as a web of results that should allow
loading only that part of the formalization that the user is interested in.
Special care was taken not to mix proofs that require semanics and proofs
that talk about transformation between proof systems. An overview of the
different theory files and their dependencies can be found in figures 1 and 2.

1 Formulas

theory Formulas

imports Main HOL— Library. Countable
begin

notation insert (<- > - [56,55] 55)

datatype (atoms: 'a) formula =
Atom 'a



| Bot (xL»)

| Not 'a formula (x=)

| And 'a formula 'a formula  (infix <A 68)

| Or 'a formula 'a formula  (infix V> 68)

| Imp 'a formula 'a formula  (infixr <—> 68)

lemma atoms-finite[simp,introl]: finite (atoms F) by(induction F; simp)

primrec subformulae where

subformulae L = [1] |

subformulae (Atom k) = [Atom k] |

subformulae (Not F) = Not F # subformulae F |

subformulae (And F G) = And F G # subformulae F Q subformulae G |
subformulae (Imp F G) = Imp F G # subformulae F Q subformulae G |
subformulae (Or F G) = Or F G # subformulae F Q subformulae G

lemma atoms-are-subformulae: Atom ‘ atoms F C set (subformulae F)
by (induction F) auto

lemma subsubformulae: G € set (subformulae F) = H € set (subformulae G)
= H € set (subformulae F)
by (induction F; force)

lemma subformula-atoms: G € set (subformulae F) = atoms G C atoms F
by (induction F) auto

lemma subformulae-self[simp,intro]: F € set (subformulae F')
by (induction F; simp)

lemma subformulas-in-subformulas:

G A H € set (subformulae F) = G € set (subformulae F) A H € set (subformulae
F)

GV H € set (subformulae F) = G € set (subformulae F) A H € set (subformulae
F)

G — H € set (subformulae F') = G € set (subformulae F) A H € set (subformulae
F)

- G € set (subformulae F) = G € set (subformulae F')

by (fastforce elim: subsubformulae)+

lemma length-subformulae: length (subformulae F) = size F by(induction F,
simp)

1.1 Derived Connectives

definition Top («T») where
T=1L— 1
lemma top-atoms-simp[simp]: atoms T = {} unfolding Top-def by simp



primrec BigAnd :: 'a formula list = 'a formula (</\->) where
ANil = (—L) — essentially, it doesn’t matter what I use here. But since I want to
use this in CNFs, implication is not a nice thing to have. |

N(F#Fs) = F A \Fs

lemma atoms-BigAnd[simp]: atoms (\Fs) = | (atoms ‘ set Fs)
by (induction Fs; simp)

primrec BigOr :: 'a formula list = 'a formula (<\/-) where
VNl = L |
V(F#Fs) = FV \/Fs

Formulas are countable if their atoms are, and countable-datatype is really
helpful with that.

instance formula :: (countable) countable by countable-datatype

definition prod-unions A B = case A of (a,b) = case B of (¢,d) = (a U ¢, b U

d)

primrec pn-atoms where

pn-atoms (Atom A) = ({A}{}) |

pn-atoms Bot = ({},{}) |

pn-atoms (Not F) = prod.swap (pn-atoms F) |

pn-atoms (And F G) = prod-unions (pn-atoms F) (pn-atoms G) |

pn-atoms (Or F G) = prod-unions (pn-atoms F) (pn-atoms G) |

pn-atoms (Imp F G) = prod-unions (prod.swap (pn-atoms F)) (pn-atoms G)

lemma pn-atoms-atoms: atoms F = fst (pn-atoms F) U snd (pn-atoms F)
by (induction F) (auto simp add: prod-unions-def split: prod.splits)

A very trivial simplifier. Does wonders as a postprocessor for the Harrison-
style Craig interpolations.

context begin
definition isstop F = F = =1LV F =T
fun simplify-consts where
simplify-consts (Atom k) = Atom k |
stmplify-consts L = L |
stmplify-consts (Not F) = (let S = simplify-consts F in case S of (Not G) = G |
- =
if isstop S then L else = S) |
simplify-consts (And F G) = (let S = simplify-consts F; T = simplify-consts G in

if S = L then L else
if isstop S then T —not T, T else
if T = 1 then L else
if isstop T then S else
if S = T then S else
SAT))|
stmplify-consts (Or F G) = (let S = simplify-consts F; T = simplify-consts G in (
if S = L then T else



if isstop S then T else
if T = L then S else
if isstop T then T else
if S = T then S else
SV 1)) |
sitmplify-consts (Imp F G) = (let S = simplify-consts F; T = simplify-consts G in

if S = 1 then T else

if isstop S then T else

if isstop T then T else

if T = 1 then = S else

if S = T then T else

case S of Not H = (case T of Not I =

I—-H|-=
HvT)|-=
S—T))

lemma simplify-consts-size-le: size (simplify-consts F) < size I
proof —

have [simp]: Suc (Suc 0) < size F + size G for F G :: 'a formula by(cases F;
cases G; simp)

show ?Zthesis by (induction F; fastforce simp add: Let-def isstop-def Top-def split:
formula.splits)
qed

lemma simplify-const: atoms F = {} = isstop (simplify-consts F) V (simplify-consts
F)=1

by (induction F; fastforce simp add: Let-def isstop-def Top-def split: formula.splits)
value (size T, size (—1))

end

fun all-formulas-of-size where
all-formulas-of-size K 0 = {L} U Atom ‘ K |
all-formulas-of-size K (Suc n) = (
let aof = (set [all-formulas-of-size K m. m «+ [0..<Suc n]]) in
(U Feaqf.
(U Geaf. if size F + size G < Suc n then {And F G, Or F' G, Imp F G} else

18]
U (if size F < Suc n then {Not F} else {}))

U af)

lemma all-formulas-of-size: F' € all-formulas-of-size K n +— (size F < Suc n A
atoms F C K) (is 2l <— ?r)
proof —

have rl: r = %I

proof (induction F arbitrary: n)



case (Atom x)
have x: Atom x € all-formulas-of-size K 0 using Atom by simp
hence *x: Atom z € |J (all-formulas-of-size K * set [0..<Suc m]) for m
by (simp; metis atLeastLess Than-iff le-zero-eq not-le)
thus ?case using Atom by(cases n; simp)
next
case Bot
have x: Bot € all-formulas-of-size K 0 by simp
hence *x: Bot € |J (all-formulas-of-size K * set [0..<Suc m]) for m
by (simp; metis atLeastLess Than-iff le-zero-eq not-le)
then show ?case using Bot by(cases n; simp)
next
case (Not F')
have *: size F' < n using Not by simp
then obtain m where n[simp|: n = Suc m by (metis Suc-diff-1 formula.size-neq
leD neq0-conv)
with Not have IH: F € all-formulas-of-size K m by simp
then show ?case using * by(simp add: bexl[where z=F])
next
case (And F G)
with And have x: size F' 4+ size G < n by simp
then obtain m where n[simp]: n = Suc m
by (metis Suc-diff-1 add-is-0 formula.size-neq le-zero-eq neq0-conv)
then obtain nF nG where nFG[simp|: size F < nF size G < nG n = nF +
nG
by (metis * add.assoc nat-le-iff-add order-refl)
then obtain mF mG where mFG[simp]: nF' = Suc mF nG = Suc mG
by (metis Suc-diff-1 formula.size-neq leD neq0-conv)
with And have IH: F € all-formulas-of-size K mF G € all-formulas-of-size K
mG
using nFG by simp+
let ?af = | (set [all-formulas-of-size K m. m < [0..<Suc m]])
have r: F € all-formulas-of-size K mF = mF < n = F € |J(set (map
(all-formulas-of-size K) [0..<Suc n]))
for F'' mF n by fastforce
have of: F € %af G € ?af using nFG(8) by(intro IH[THEN r]; simp)+
have m: F A G € (if size F + size G < Suc m then {F A G, FV G, F — G}
else {}) using * by simp
from [H x show ?Zcase using af by(simp only: n all-formulas-of-size.simps
Let-def, insert m) fast
next
case (Or F G) case (Imp F G) — analogous qed
have Ir: 2r if [: 2]
proof
have x: F € all-formulas-of-size K © = F € all-formulas-of-size K (z + n)
for z n
by (induction n; simp)
show size F' < Suc n using [
by (induction n; auto split: if-splits) (metis * le-Sucl le-eq-less-or-eq le-iff-add)



show atoms F C K using [
proof (induction n arbitrary: F rule: less-induct)
case (less 1)
then show ?Zcase proof(cases x)
case 0 with less show ?thesis by force
next
case (Suc y) with less show ?Zthesis
by (simp only: all-formulas-of-size.simps Let-def) (fastforce simp add:
less-Suc-eq split: if-splits)
qged
qed
qed
from [r rl show ?thesis proof ged
qed

end

1.2 Semantics

theory Sema
imports Formulas
begin

type-synonym ’a valuation = 'a = bool

The implicit statement here is that an assignment or valuation is always
defined on all atoms (because HOL is a total logic). Thus, there are no
unsuitable assignments.

primrec formula-semantics :: 'a valuation = 'a formula = bool (infix <= 51)
where

AE Atomk=Ak|

- = L = False |

AE=ENot F=(-AEF) |

AEAdFG=AEFNAEQG)|

A=EOrFG=AEFVAEQG |

AEImp FG=(AEF — AEG)

abbreviation valid (<= -» 51) where
EF=VA AEF

lemma irrelevant-atom[simp]: A ¢ atoms F = (A(A=V)EF+— AEF
by (induction F; simp)
lemma relevant-atoms-same-semantics: Vk € atoms F. A1 k= Ay k = A |
F<+—— .Ag ): F
by (induction F; simp)

context begin

Just a definition more similar to [9, p. 5]. Unfortunately, using this as the



main definition would get in the way of automated reasoning all the time.

private primrec formula-semantics-alt where
formula-semantics-alt A (Atom k) = A k |
formula-semantics-alt A (Bot) = Fualse |
formula-semantics-alt A (Not a) = (if formula-semantics-alt A a then False else
True) |
formula-semantics-alt A (And a b) = (if formula-semantics-alt A a then formula-semantics-alt
A b else Fulse) |
formula-semantics-alt A (Or a b) = (if formula-semantics-alt A o then True else
formula-semantics-alt A b) |
formula-semantics-alt A (Imp a b) = (if formula-semantics-alt A a then formula-semantics-alt
A b else True)
private lemma formula-semantics-alt A F +— A= F
by (induction F; simp)

If you fancy a definition more similar to [3, p. 39], this is probably the
closest you can go without going incredibly ugly.

private primrec formula-semantics-tt where
formula-semantics-tt A (Atom k) = Ak |
formula-semantics-tt A (Bot) = False |
formula-semantics-tt A (Not a) = (case formula-semantics-tt A a of True = False
| False = True) |
formula-semantics-tt A (And a b) = (case (formula-semantics-tt A a, formula-semantics-tt
A b) of
(False, False) = False
| (False, True) = False
| (True, False) = False
| (True, True) = True) |
formula-semantics-tt A (Or a b) = (case (formula-semantics-tt A a, formula-semantics-tt
A b) of
(False, False) = False
| (False, True) = True
| (True, False) = True
| (True, True) = True) |
formula-semantics-tt A (Imp a b) = (case (formula-semantics-tt A a, formula-semantics-tt
A b) of
(False, False) = True
| (False, True) = True
| (True, False) = False
| (True, True) = True)
private lemma A | F +— formula-semantics-tt A F
by (induction F; simp split: prod.splits bool.splits)
end

definition entailment :: ‘a formula set = 'a formula = bool («(- |=/ -)» [53,53]
53) where
''=F=VA (VGeTl.AE G) — (AEF)))

We write entailment differently than semantics (= vs. |=). For humans,



it is usually pretty clear what is meant in a specific situation, but it often
needs to be decided from context that Isabelle/HOL does not have.

Some helpers for the derived connectives

lemma top-semantics[simp,introl]: A = T unfolding Top-def by simp

lemma BigAnd-semantics[simp]: A = NF «— (Vf € set F. A = f) by(induction
F; simp)

lemma BigOr-semantics[simp]: A = \JF «— (3f € set F. A E f) by(induction
F; simp)

Definitions for sets of formulae, used for compactness and model existence.

definition sat S =3A.VF € S. A F
definition fin-sat S = (Vs C S. finite s — sat s)

lemma entail-sat: T | L +— — sat T
unfolding sat-def entailment-def by simp

lemma pn-atoms-updates: p ¢ snd (pn-atoms F) = n ¢ fst (pn-atoms F) =
(M EF — (M(p:= True) E F N M(n := False) = F))) A (0(M E F))
— (M (n := True) = F) A ~(M(p := False) = F))
proof (induction F arbitrary: n p)
case (Imp F G)
from Imp.prems have prems:
p & fst (pn-atoms F) p ¢ snd (pn-atoms G)
n ¢ snd (pn-atoms F) n ¢ fst (pn-atoms G)
by (simp-all add: prod-unions-def split: prod.splits)
have [HI: M = F = M(n:= True) = F M = F = M(p := False) = F -
MEF= -Mp:=True) EF-~MEF = - M(n:= False) = F
using Imp.IH(1)[OF prems(3) prems(1)] by blast+
have IH2: M = G = M(p := True) E G M E G = M(n := False) = G —
MEG= -Mn:=Tmue) G- ME G= - M(p:= False) E G
using Imp.IH(2)[OF prems(2) prems(4)] by blast+
show ?case proof (intro conjl; intro impl)
assume M = F — G
then consider -~ M | F | M =G by auto
thus M(p := True) | F — G A M(n := False) = F — G using IH1(3,4)
IH2(1,2) by cases simp-all
next
assume ~(M E F — G)
hence M = F -M = G by simp-all
thus = M(n := True) = F — G A -~ M(p := False) = F — G using IH1(1,2)
IH2(3,4) by simp
qed
next
case (And F G)
from And.prems have prems:
p & snd (pn-atoms F) p ¢ snd (pn-atoms G)
n & fst (pn-atoms F) n ¢ fst (pn-atoms G)
by (simp-all add: prod-unions-def split: prod.splits)



have [HI: M = F = M(p:= True) = F M = F = M(n := False) = F -
MEF= -M(n:=True)EF-MEF = - M(p:= Fualse) = F
using And.IH(1)[OF prems(1) prems(3)] by blast+
have IH2: M = G = M(p := True) = G M = G = M(n := False) = G -
MEG= - Mn:=True) G- ME G= - M(p:= False) E G
using And.TH(2)[OF prems(2) prems(4)] by blast+
show ?case proof (intro conjl; intro impl)
assume -M = FA G
then consider - M E F | = M EG by auto
thus - M(n := True) E FA G AN~ M(p := False) = F A G using IHI IH2
by cases simp-all
next
assume M = FA G
hence M = F M E G by simp-all
thus M(p := True) = FA G A M(n := False) = F A G using IH! IH2 by
stmp
qed
next
case (Or F G)
from Or.prems have prems:
p & snd (pn-atoms F) p ¢ snd (pn-atoms G)
n ¢ fst (pn-atoms F) n ¢ fst (pn-atoms G)
by (simp-all add: prod-unions-def split: prod.splits)
have [HI: M = F = M(p := True) = F M |= F = M(n = False) = F -
MEF= -Mn:=True)EF-MEF = - M(p := False) = F
using Or.IH(1)[OF prems(1) prems(3)] by blast+
have IH2: M = G = M(p := True) E G M E G = M(n := False) = G —
MEG= - Mn:=Tmue) G- ME G= - M(p:= False) E G
using Or.IH(2)[OF prems(2) prems(4)] by blast+
show ?case proof (intro conjl; intro impl)
assume M = FV G
then consider M = F | M =G by auto
thus M(p := True) = FV G A M(n := False) = FV G using IHI IH2 by
cases simp-all
next
assume -M E FV G
hence -M = F -M = G by simp-all
thus =M (n := True) = FV G AN ~M(p := False) = FV G using IHI [H2
by simp
qed
qed simp-all

lemma const-simplifier-correct: A = simplify-consts F +— A= F

by (induction F) (auto simp add: Let-def isstop-def Top-def split: formula.splits)

end

10



1.3 Substitutions

theory Substitution
imports Formulas
begin

primrec subst where

subst A F (Atom B) = (if A = B then F' else Atom B) |

subst - - L = 1|

subst AF (GV H) = (subst A F GV subst A F H) |

subst AF (GN H) = (subst A F G A subst A F H) |

subst AF (G — H) = (subst A F G — subst A F H) |

subst A F (- H) = (— (subst A F H))

term subst

abbreviation subst-syntaz (<(-[/(-/'//-)])> [70,70] 69) where
A[B/ C] = subst C B A

lemma no-subst[simp]: k ¢ atoms F = F|G / k] = F by(induction F; simp)
lemma subst-atoms: k € atoms F = atoms (F[G / k]) = atoms F — {k} U atoms
G
proof (induction F)

case (And F G) thus ?case by(cases k € atoms F'; force) next

case (Or F @) thus ?case by(cases k € atoms F'; force) next

case (Imp F G) thus Zcase by(cases k € atoms F'; force) next
qed simp-all

lemma subst-atoms-simp: atoms (F|G / k]) = atoms F — {k} U (if k € atoms F
then atoms G else {})
by(simp add: subst-atoms)

end

theory Substitution-Sema
imports Substitution Sema
begin

lemma substitution-lemma: A = F[G / n] +— A(n:= A E G) | F by(induction
F; simp)

end

1.4 Conjunctive Normal Forms

theory CNF
imports Main HOL— Library.Simps-Case-Conv
begin

datatype ‘a literal = Pos 'a (<(-7)» [1000] 999) | Neg 'a (<(-=1)» [1000] 999)

type-synonym ’a clause = 'a literal set
abbreviation empty-clause (<) ) where O = {} :: 'a clause

11



primrec atoms-of-lit where

atoms-of-lit (Pos k) = k |

atoms-of-lit (Neg k) = k

case-of-simps lit-atoms-cases: atoms-of-lit.simps

definition atoms-of-cnf ¢ = atoms-of-lit “|Jc
lemma atoms-of-cnf-alt: atoms-of-enf ¢ = |J (((¥) atoms-of-lit) * c)
unfolding atoms-of-cnf-def by blast

lemma atoms-of-cnf-Un: atoms-of-cnf (S U T) = atoms-of-cnf S U atoms-of-cnf
T
unfolding atoms-of-cnf-def by auto

term {0%}::inat clause
translations

{z} <= CONST insert z O
term {0V }::nat clause

end
CNFs alone are nice, but now we want to relate between CNFs and formulas.

theory CNF-Formulas
imports Formulas CNF
begin

context begin

function (sequential) nnf where

nnf (Atom k) = (Atom k) |

nnf L = 1|

nnf (Not (And F G)) = Or (nnf (Not F)) (nnf (Not G)) |
nnf (Not (Or F G)) = And (nnf (Not F)) (nnf (Not G)) |
nf (Not (Not F)) = nnf F |

nnf (Not (Imp F G)) = And (nnf F) (nnf (Not G)) |

nf (Not F) = (Not F) |
(
(
(
(

3

3

nnf (And F G) = And (nnf F) (nnf G) |

nnf (Or F G) = Or (nnf F) (nnf G) |

nnf (Imp F G) = Or (nnf (Not F)) (nnf G)
by (pat-completeness) auto

private fun nnf-cost where

nnf-cost (Atom -) = 42 |

nnf-cost L = 42 |

nnf-cost (Not F) = Suc (nnf-cost F') |

12



nnf-cost (And F G) = Suc (nnf-cost F + nnf-cost G) |
nnf-cost (Or F G) = Suc (nnf-cost F' + nnf-cost G) |
nnf-cost (Imp F G) = Suc (Suc (nnf-cost F' + nnf-cost G))

termination nnf by(relation measure (AF. nnf-cost F'); simp)

lemma nnf ((Atom (k::nat)) — (Not ((Atom 1) V (Not (Atom m))))) = = (Atom
k) V (= (Atom 1) A Atom m)
by code-simp

fun is-lit-plus where

is-lit-plus L = True |

is-lit-plus (Not 1) = True |

is-lit-plus (Atom -) = True |

is-lit-plus (Not (Atom -)) = True |

is-lit-plus - = False

case-of-simps is-lit-plus-cases: is-lit-plus.simps
fun is-disj where

is-disj (Or F G) = (is-lit-plus F A is-disj G) |
is-disj F = is-lit-plus F
fun is-cnf where

is-enf (And F G) = (is-enf F A is-enf G) |
is-enf H = is-disj H

fun is-nnf where

is-nnf (Imp F G) = False |

is-nnf (And F G) = (is-nnf F A is-nnf G) |
is-nnf (Or F' G) = (is-nnf F A is-nnf G) |

is-nnf F = is-lit-plus F

lemma is-nnf-nnf: is-nnf (nnf F)
by (induction F rule: nnf.induct; simp)
lemma nnf-no-imp: A — B ¢ set (subformulae (nnf F))
by (induction F rule: nnf.induct; simp)
lemma subformulae-nnf: is-nnf F = G € set (subformulae F) = is-nnf G
by (induction F rule: is-nnf.induct; simp add: is-lit-plus-cases split: formula.splits;
elim disjE conjE; simp)
lemma is-nnf-NotD: is-nnf (- F) = (Fk. F = Atom k) vV F = L
by (cases F; simp)

fun cnf :: 'a formula = 'a clause set where

enf (Atom k) = {{ kT }} |

enf (Not (Atom k)) = {{ k=1 }} |

enf 1= {0} |

enf (Not 1) = {} |

enf (And F G) = enf F U enf G |

enf (Or FG)={CUD|CD.CE¢€(enfF)ANDE€ (enf G)}

13



lemma cnf-fin:

assumes is-nnf F'

shows finite (enf F) C € enf F = finite C

proof —
have finite (enf F) A (C € enf F — finite C') using assms
by (induction F arbitrary: C rule: enf.induct; clarsimp simp add: finite-image-set2)
thus finite (enf F) C € enf F = finite C by simp+

qed

fun cnf-lists :: 'a formula = 'a literal list list where

enf-lists (Atom k) = [[ k+ ]] |

enf-lists (Not (Atom k)) = [[ k=1 ]] |

enf-lists L =[] |

enf-lists (Not L) =] |

enf-lists (And F G) = enf-lists F @Q cnf-lists G|

enf-lists (Or F G) = [f Q g. f « (enf-lists F), g < (cnf-lists G)]

primrec form-of-lit where

form-of-lit (Pos k) = Atom k |

form-of-lit (Neg k) = —(Atom k)

case-of-simps form-of-lit-cases: form-of-lit.simps

definition disj-of-clause ¢ = \/[form-of-lit I. | + c]

definition form-of-cnf F = \|disj-of-clause c. ¢ + F]

definition cnf-form-of = form-of-cnf o enf-lists

lemmas cnf-form-of-defs = cnf-form-of-def form-of-cnf-def disj-of-clause-def

lemma disj-of-clause-simps|simp]:

disj-of-clause [| = L

disj-of-clause (F#FF) = form-of-lit F V' disj-of-clause FF
by (simp-all add: disj-of-clause-def)

lemma is-cnf-BigAnd: is-cnf (Nls) «— (V1 € set Is. is-cnf 1)
by (induction ls; simp)

private lemma BigOr-is-not-cnf’’: is-enf (\/ls) = (V1 € set Is. is-lit-plus 1)
proof (induction ls)

case (Cons [ ls)

from Cons.prems have is-cnf (\/ Is)

by (metis BigOr.simps is-cnf.simps(3,5) is-disj.simps(1) list.exhaust)

thus “case using Cons by simp
qed simp
private lemma BigOr-is-not-cnf”: (V1 € set Is. is-lit-plus |) = is-cnf (\/1s)

by (induction ls; simp) (metis BigOr.simps(1, 2) formula.distinct(25) is-cnf.elims(2)
is-enf.simps(3) list.exhaust)

lemma BigOr-is-not-cnf: is-enf (\/ls) «— (V1 € set Is. is-lit-plus 1)
using BigOr-is-not-cnf’ BigOr-is-not-cnf’ by blast
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lemma is-nnf-BigAnd[simp]: is-nnf (A\ls) «— (V1 € set ls. is-nnf 1)
by (induction ls; simp)

lemma is-nnf-BigOr[simp]: is-nnf (\/ls) «— (V1 € set Is. is-nnf )
by (induction ls; simp)

lemma form-of-lit-is-nnf[simp,intro!]: is-nnf (form-of-lit x)
by (cases z; simp)

lemma form-of-lit-is-lit[simp,intro!]: is-lit-plus (form-of-lit z)
by (cases x; simp)

lemma disj-of-clause-is-nnf[simp,introl]: is-nnf (disj-of-clause F')
unfolding disj-of-clause-def by simp

lemma cnf-form-of-is: is-nnf F = is-cnf (cnf-form-of F')
by(cases F) (auto simp: cnf-form-of-defs is-cnf-BigAnd BigOr-is-not-cnf)

lemma nnf-cnf-form: is-nnf F = is-nnf (cnf-form-of F)
by(cases F) (auto simp add: cnf-form-of-defs)

lemma cnf-BigAnd: enf (Als) = (Uz € set ls. enf z)
by (induction Is; simp)

lemma cnf-BigOr: cnf (V (z @ y)) = {fU g |fg. f € enf (Vo) Ageenf (Vy)}

by (induction x arbitrary: y; simp) (metis (no-types, opaque-lifting) sup.assoc)

lemma cnf-cnf: is-nnf F = enf (enf-form-of F) = enf F
by (induction F rule: cnf.induct;
fastforce simp add: cnf-form-of-defs cnf-BigAnd cnf-BigOr)

lemma is-nnf-nnf-id: is-nnf ' = nnf F = F
proof (induction rule: is-nnf.induct)

fix v assume is-nnf (= v)

thus nnf (- v) = = v by(cases v rule: is-lit-plus. cases; simp)
qed simp-all

lemma disj-of-clause-is: is-disj (disj-of-clause R)
by (induction R; simp)

lemma form-of-cnf-is-nnf: is-nnf (form-of-cnf R)
unfolding form-of-cnf-def by simp

lemma cnf-disj: enf (disj-of-clause R) = {set R}

by (induction R; simp add: form-of-lit-cases split: literal.splits)
lemma cnf-disj-ex: is-disj F = 3R. enf F = {R} V enf F = {}

by (induction F rule: is-disj.induct; clarsimp simp: is-lit-plus-cases split: for-
mula.splits)

lemma cnf-form-of-enf: cnf (form-of-enf S) = set (map set S)
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unfolding form-of-cnf-def by (simp add: cnf-BigAnd cnf-disj) blast

lemma disj-is-nnf: is-disj F = is-nnf F
by (induction F rule: is-disj.induct; simp add: is-lit-plus-cases split: formula.splits)

lemma nnf-BigAnd: nnf (AF) = A(map nnf F)
by (induction F; simp)

end

end

theory CNF-Sema
imports CNF
begin

primrec lit-semantics :: (‘a = bool) = 'a literal = bool where
lit-semantics A (k*) = Ak |
lit-semantics A (k=1) = (=A k)
case-of-simps lit-semantics-cases: lit-semantics.simps
definition clause-semantics where

clause-semantics A C = AL € C. lit-semantics A L
definition cnf-semantics where

enf-semantics A S =V C € S. clause-semantics A C

end

theory CNF-Formulas-Sema

imports CNF-Sema CNF-Formulas Sema
begin

lemma nnf-semantics: A = nnf F +— A F
by (induction F rule: nnf.induct; simp)

lemma cnf-semantics: is-nnf F = cnf-semantics A (cnf F) «— A E F
by (induction F rule: cnf.induct; simp add: cnf-semantics-def clause-semantics-def
ball-Un; metis Un-iff)

lemma cnf-form-semantics:
fixes F' :: 'a formula
assumes nnf: is-nnf F
shows A | cnf-form-of F +— A= F
proof —
define cnf-semantics-list
where cnf-semantics-list A S «— (Vs € set S. 31 € set s. lit-semantics A (I
i 'a literal))
for A S
have tcn: enf F = set (map set (cenf-lists F)) using nnf
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by (induction F rule: cnf.induct) (auto simp add: image-UN image-comp comp-def
)
have A = F «— cnf-semantics A (cnf F) using cnf-semantics|OF nnf] by
stmp
also have ... = cnf-semantics A (set (map set (cnf-lists F'))) unfolding tcn ..
also have ... = cnf-semantics-list A (cnf-lists F)
unfolding cnf-semantics-def clause-semantics-def cnf-semantics-list-def by
fastforce
also have ... = A = (enf-form-of F) using nnf
by (induction F rule: cnf-lists.induct;
simp add: cnf-semantics-list-def cnf-form-of-defs ball-Un bez-Un)
finally show ?thesis by simp
qed

corollary 3G. AE F +— AE G A is-enf G
using cnf-form-of-is cnf-form-semantics is-nnf-nnf nnf-semantics by blast

end

1.4.1 Going back: CNFs to formulas

theory CNF-To-Formula
imports CNF-Formulas HOL— Library. List-Lexorder
begin

One downside of CNFs is that they cannot be converted back to formulas
as-is in full generality. If we assume an order on the atoms, we can convert
finite CNFs.

instantiation literal :: (ord) ord
begin
definition
literal-less-def: s < ys «— (
if atoms-of-lit xs = atoms-of-lit ys
then (case zs of Neg - = (case ys of Pos - = True | - = False) | - = Fulse)
else atoms-of-lit xs < atoms-of-lit ys)

definition

literal-le-def: (xs :: - literal) < ys «— xs < ys V xs = ys
instance ..
end

instance literal :: (linorder) linorder
by standard (auto simp add: literal-less-def literal-le-def split: literal.splits if-splits)

definition formula-of-cnf where
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formula-of-enf S = form-of-cnf (sorted-list-of-set (sorted-list-of-set ¢ S))

To use the lexicographic order on lists, we first have to convert the clauses
to lists, then the set of lists of literals to a list.

lemma simplify-consts (formula-of-cnf ({{Pos 0}} :: nat clause set)) = Atom 0
by code-simp

lemma cnf-formula-of-cnf:
assumes finite S VC € §. finite C
shows cnf (formula-of-enf S) = S
using assms by (simp add: cnf-BigAnd formula-of-cnf-def form-of-cnf-def enf-disj)

end

1.4.2 Tseytin transformation

theory Tseytin
imports Formulas CNF-Formulas
begin

The cnf transformation clearly has exponential complexity. If the intention
is to use Resolution to decide validity of a formula, that is clearly a deal-
breaker for any practical implementation, since validity can be decided by
brute force in exponential time. This theory pair shows the Tseytin transfor-
mation, a way to transform a formula while preserving validity. The enf of
the transformed formula will have clauses with maximally 3 atoms, and an
amount of clauses linear in the size of the formula, at the cost of introducing
one new atom for each subformula of F' (i.e. size F' many).

definition pair-fun-upd f p = (case p of (k,v) = fun-upd f k v)

lemma fold-pair-upd-triv: A ¢ fst ‘ set U = foldl pair-fun-upd F U A =F A
by (induction U arbitrary: F; simp)
(metis fun-upd-apply pair-fun-upd-def prod.simps(2) surjective-pairing)

lemma distinct-pair-update-one: (k,v) € set U = distinct (map fst U) = foldl
pair-fun-upd F Uk = v
by (induction U arbitrary: F; clarsimp simp add: pair-fun-upd-def fold-pair-upd-triv
split: prod.splits)
(insert fold-pair-upd-triv, fastforce)

lemma distinct-zipunzip: distinct s = distinct (map fst (zip xs ys)) by (simp
add: distinct-conv-nth)

lemma foldl-pair-fun-upd-map-of: distinct (map fst U) = foldl pair-fun-upd F U
= (Ak. case map-of U k of Some v = v | None = F k)
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by (unfold fun-eq-iff; induction U arbitrary: F'; clarsimp split: option.splits simp:
pair-fun-upd-def rev-image-eql)

lemma map-of-map-apsnd: map-of (map (apsnd t) M) = map-option t o (map-of
M)
by (unfold fun-eq-iff comp-def; induction M; simp)

definition biimp (infix «+>> 67) where F <> G = (F - G) A (G — F)
lemma atoms-biimp[simp]: atoms (F <> G) = atoms F U atoms G
unfolding biimp-def by auto
lemma biimp-size[simp]: size (F <> G) = (2 * (size F' + size G)) + 3
by (simp add: biimp-def)

locale freshstuff =

fixes fresh :: 'a set = 'a

assumes isfresh: finite S = fresh S ¢ S
begin

primrec nfresh where
nfresh S 0 =] |
nfresh S (Suc n) = (let f = fresh S in f # nfresh (f > S) n)

lemma length-nfresh: length (nfresh S n) = n
by (induction n arbitrary: S; simp add: Let-def)

lemma nfresh-isfresh: finite S = set (nfresh Sn) N S = {}
by (induction n arbitrary: S; auto simp add: Let-def isfresh)

lemma nfresh-distinct: finite S = distinct (nfresh S n)
by (induction n arbitrary: S; simp add: Let-def; meson disjoint-iff-not-equal fi-
nite-insert insertll nfresh-isfresh)

definition tseytin-assmt F = let SF = remdups (subformulae F) in zip (nfresh
(atoms F) (length SF)) SF

lemma tseytin-assmi-distinct: distinct (map fst (tseytin-assmt F))
unfolding tseytin-assmit-def using nfresh-distinct by (simp add: Let-def length-nfresh)

lemma tseytin-assmi-has: G € set (subformulae F) = 3 n. (n,G) € set (tseytin-assmt
F)
proof —
assume G € set (subformulae F)
then have In. G = subformulae F'! n A n < length (subformulae F)
by (simp add: set-conv-nth)
then have Ja. (a, G) € set (zip (nfresh (atoms F) (length (subformulae F)))
(subformulae F'))
by (metis (no-types) in-set-zip length-nfresh prod.sel(1) prod.sel(2))
thus ?thesis by(simp add: tseytin-assmi-def Let-def) (metis fst-conv in-set-conv-nth
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in-set-zip length-nfresh set-remdups snd-conv)
qed

lemma tseytin-assmi-new-atoms: (k,l) € set (tseytin-assmt F) = k ¢ atoms F
unfolding tseytin-assmt-def Let-def using nfresh-isfresh by (fastforce dest: set-zip-leftD)

primrec tseytin-tranl where

tseytin-tranl S (Atom k) = [Atom k <> S (Atom k)] |

tseytin-tranl S 1 =[L < S 1] |

tseytin-trani S (Not F) = [S (Not F) <> Not (S F)] Q tseytin-tranl S F |
tseytin-trani S (And F G) = [S (And F G) <> And (S F) (S G)] Q@ tseytin-tranl
S F @ tseytin-tranl S G |

tseytin-tranl S (Or FF G) =[S (Or F G) <> Or (S F) (S G)] Q tseytin-tranl S F
Q@ tseytin-tranl S G |

tseytin-trani S (Imp F G) =[S (Imp F G) <> Imp (S F) (S G)] Q tseytin-tranl
S F Q tseytin-tranl S G

definition tseytin-toatom F = Atom o the o map-of (map (A(a,b). (b,a)) (tseytin-assmt
7))

definition tseytin-tran F = \(let S = tseytin-toatom F in S F # tseytin-trani S
F)

lemma distinct-snd-tseytin-assmt: distinct (map snd (tseytin-assmt F))
unfolding tseytin-assmt-def by(simp add: Let-def length-nfresh)

lemma tseytin-assmi-backlookup: assumes J € set (subformulae F')

shows (the (map-of (map (A(a, b). (b, a)) (tseytin-assmt F)) J), J) € set
(tseytin-assmt F)
proof —

have 1: distinct (map snd M) = J € snd ‘ set M = (the (map-of (map (A(a,
b). (b, a)) M) J), J) € set M for J M

by (induction M; clarsimp split: prod.splits)

have 2: J € set (subformulae F) = J € snd * set (tseytin-assmt F') for J using
image-iff tseytin-assmt-has by fastforce

from 1[OF distinct-snd-tseytin-assmt 2, OF assms] show ?Zthesis .
qed

lemma tseytin-tran-small-clauses: ¥ C € enf (nnf (tseytin-tran F)). card C < 8
proof —
have 3: card S < 2 = card (a> S) < 3 for a S
by (cases finite S; simp add: card-insert-le-m1)
have 2: card S < 1 = card (a> S) < 2 for a S
by (cases finite S; simp add: card-insert-le-m1)
have 1: card S < 0 = card (a> S) < 1 for a S
by (cases finite S; simp add: card-insert-le-m1)
have «: [G € set (tseytin-tranl (Atom o S) F); C € enf (nnf G)] = card C
<3for GCS
by (induction F arbitrary: G; simp add: biimp-def; (elim disjE exE conjE | intro
12 3| simp)+)
show ?thesis
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unfolding tseytin-tran-def tseytin-toatom-def Let-def
by (clarsimp simp add: cnf-BigAnd nnf-BigAnd comp-assoc *)
qed

lemma tseytin-tran-few-clauses: card (cnf (nnf (tseytin-tran F))) < &8 * size F +
1
proof —
have size Bot = 1 by simp
have ws: {c> D |D. D ={c1} VvV D ={c2}} = {{c,c1},{c,c2}} for c1 ¢2 c by
auto
have grr: Suc (card S) < ¢ = card (a> S) < cfor a Sc
by (cases finite S; simp add: card-insert-le-m1)
have x: card (|J a€set (tseytin-tranl (Atom o S) F). enf (nnf a)) < 3 * size F
for S
by (induction F; simp add: biimp-def; ((intro grr card-Un-le] THEN le-trans] |
simp add: ws)+)?)
show ?thesis
unfolding tseytin-tran-def tseytin-toatom-def Let-def
by (clarsimp simp: nnf-BigAnd cnf-BigAnd; intro grr; simp add: comp-assoc *)
qed

lemma tseytin-tran-new-atom-count: card (atoms (tseytin-tran F)) < size F +
card (atoms F')
proof —
have tseytin-trani-atoms: H € set (tseytin-tranl (tseytin-toatom F) G) = G
€ set (subformulae F) =
atoms H C atoms F U ((JI € set (subformulae F). atoms (tseytin-toatom F
I)) for G H
proof (induction G arbitrary: H)
case (Atom k)
hence k € atoms F
by simp (meson formula.set-intros(1) rev-subsetD subformula-atoms)
with Atom show ?case by simp blast
next
case Bot then show ?case by simp blast
next
case (Not G)
show ?case by(insert Not.prems(1,2);
frule subformulas-in-subformulas; simp; elim disjE; (elim Not.IH | force))
next
case (And G1 G2)
show ?case by(insert And.prems(1,2);
frule subformulas-in-subformulas; simp; elim disjE; (elim And.IH; simp |
force))

next
case (Or G1 G2)
show ?case by(insert Or.prems(1,2);
frule subformulas-in-subformulas; simp; elim disjE; (elim Or.IH; simp |

force))
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next
case (Imp G1 G2)
show ?case by(insert Imp.prems(1,2);
frule subformulas-in-subformulas; simp; elim disjE; (elim Imp.IH; simp |
force))
qed
have tseytin-tranl-atoms: (| Geset (tseytin-tranl (tseytin-toatom F') F). atoms
G) C
atoms F U (|JI€set (subformulae F). atoms (tseytin-toatom F I))
using tseytin-tranl-atoms|OF - subformulae-self] by blast
have 1: card (atoms (tseytin-tran F)) <
card (atoms (tseytin-toatom F F) U (|Jz€set (tseytin-trani (tseytin-toatom F)
F). atoms x))
unfolding tseytin-tran-def by (simp add: Let-def tseytin-trani-atoms)
have 2: atoms (tseytin-toatom F F) U (|Jz€set (tseytin-tranl (tseytin-toatom
F) F). atoms x) C
(atoms F U (|J I€set (subformulae F). atoms (tseytin-toatom F I)))
using tseytin-trani-atoms by blast
have twofin: finite (atoms F U (| I€set (subformulae F). atoms (tseytin-toatom
FI))) by simp
have card-subformulae: card (set (subformulae F')) < size F using length-subformulae
by (metis card-length)
have card-singleton-union: finite S = card (Jz€S. {fz}) < card S for f S
by (induction S rule: finite-induct; simp add: card-insert-if)
have 3: card (| I€set (subformulae F). atoms (tseytin-toatom F I)) < size F
unfolding tseytin-toatom-def using le-trans| OF card-singleton-union card-subformulae)
by simp fast
have 4: card (atoms (tseytin-tran F)) < card (atoms F) + card (| f€set (subformulae
F). atoms (tseytin-toatom F f))
using le-trans[OF 1 card-mono[OF twofin 2]] card-Un-le le-trans by blast
show ?thesis using 3 4 by linarith
qed

end

definition freshnat S = Suc (Maz (0 > S))

primrec nfresh-natcode where

nfresh-natcode S 0 = [ |

nfresh-natcode S (Suc n) = (let f = freshnat S in f # nfresh-natcode (f > S) n)
interpretation freshnats: freshstuff freshnat unfolding freshnat-def by standard
(meson Maz-ge Suc-n-not-le-n finite-insert insertCI)

lemma [code-unfold): freshnats.nfresh = nfresh-natcode
proof —
have freshnats.nfresh S n = nfresh-natcode S n for S n by(induction n arbitrary:
S; simp)
thus “thesis by auto
qed
lemmas freshnats-code[code-unfold] = freshnats.tseytin-tran-def freshnats.tseytin-toatom-def
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freshnats.tseytin-assmt-def freshnats.nfresh.simps

lemma freshnats.tseytin-tran (Atom 0 — (= (Atom 1))) = A|
Atom 2,
Atom 2 < Atom 3 — Atom 4,
Atom 0 <> Atom 3,
Atom 4 <> = (Atom 5),
Atom 1 < Atom 5
| (is 2l = ?r)
proof —
have enf (nnf 9r) =
{{Pos 21,
{Neg 4, Pos 2}, {Pos 3, Pos 2}, {Neg 2, Neg 8, Pos 4},
{Neg 3, Pos 0}, {Neg 0, Pos 3},
{Pos 5, Pos 4}, {Neg 4, Neg 5},
{Neg 5, Pos 1}, {Neg 1, Pos 5}} by eval
have ?thesis by eval
show ?thesis by code-simp
qed

end

theory Tseytin-Sema
imports Sema Tseytin
begin

lemma bitmp-simp[simp]: A= F <+ G+— (AEF +— AE G)
unfolding biimp-def by auto

locale freshstuff-sema = freshstuff
begin

definition tseytin-update A F = (let U = map (apsnd (formula-semantics A))
(tseytin-assmt F) in foldl pair-fun-upd A U)

lemma tseyting-update-keep-subformula-sema: G € set (subformulae F) = tseytin-update
AFEG+— AEG
proof —
assume G € set (subformulae F)
hence sub: atoms G C atoms F by(fact subformula-atoms)
have natoms: k € atoms F = k ¢ fst * set (tseytin-assmt F) for k|
using tseytin-assmt-new-atoms by force
have k € atoms F —> tseytin-update A F' k = A k for k
unfolding tseytin-update-def Let-def
by (force intro!: fold-pair-upd-triv dest!: natoms)
thus ?thesis using relevant-atoms-same-semantics sub by (metis subsetCE)
qed

lemma (k,G) € set (tseytin-assmt F) = tseytin-update A F k +— tseytin-update
AFEG
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proof (induction F arbitrary: G)

case (Atom x)

then show Zcase by (simp add: tseytin-update-def tseytin-assmt-def Let-def pair-fun-upd-def)
next

case Bot

then show Zcase by(simp add: tseytin-update-def tseytin-assmt-def Let-def pair-fun-upd-def)
next

case (Not F)

then show ?case

oops

lemma tseytin-updates: (k,G) € set (tseytin-assmt F) = tseytin-update A F k
+— tseytin-update A F = G

apply (subst tseytin-update-def)

apply(simp add: tseytin-assmt-def Let-def foldl-pair-fun-upd-map-of map-of-map-apsnd
distinct-zipunzip| OF nfresh-distinct|OF atoms-finite]])

apply(subst tseyting-update-keep-subformula-sema)

apply(erule in-set-zipE; simp; fail)

lemma tseytin-tranl: G € set (subformulae F) = H € set (tseytin-tranl S G)
= VJ € set (subformulae F). tseytin-update A F |= J +— tseytin-update A F
E (S J) = tseytin-update A F |= H
proof (induction G arbitrary: H)
case Bot thus ?case by auto
next
case (Atom k) thus ?case by fastforce
next
case (Not G)
consider H = S (- G) + = (S G) | H € set (tseytin-tranl S G) using
Not.prems(2) by auto
then show ?case proof cases
case I then show ?thesis using Not.prems(3)
by (metis Not.prems(1) biimp-simp formula-semantics.simps(3) set-subset-Cons
subformulae.simps(3) subformulae-self subsetCE subsubformulae)
next
have D: =G € set (subformulae F) = G € set (subformulae F)
by (elim subsubformulae; simp)
case 2 then show ?thesis using D Not.IH Not.prems(1,3) by blast
qed
next
case (And G1 G2)
have el: G1 € set (subformulae F) G2 € set (subformulae F) using subsubfor-
mulae And.prems(1) by fastforce+
with And.IH And.prems(3) have IH: H € set (tseytin-tranl S G1) = tseytin-update
AFEH
H € set (tseytin-tranl S G2) = tseytin-update A F
E H for H
by blast+
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show ?case using And.prems IH el by (simp; elim disjE; simp; insert And.prems(1)
formula-semantics.simps(4 ), blast)
next

case (Or G1 G2)

have el: G1 € set (subformulae F) G2 € set (subformulae F) using subsubfor-
mulae Or.prems(1) by fastforce+

with Or.IH Or.prems(3) have IH: H € set (tseytin-tranl S G1) = tseytin-update
AFEH

H € set (tseytin-tranl S G2) = tseytin-update A F
E H for H
by blast+

show ?case using Or.prems(3,2) IH el by (simp; elim disjE; simp; metis Or.prems(1)
formula-semantics.simps(5))
next

case (Imp G1 G2)

have el: G1 € set (subformulae F) G2 € set (subformulae F) using subsubfor-
mulae Imp.prems(1) by fastforce+

with Imp.IH Imp.prems(3) have IH: H € set (tseytin-tranl S G1) = tseytin-update
AFEH

H € set (tseytin-tranl S G2) = tseytin-update A F
= H for H
by blast+

show ?case using Imp.prems(3,2) IH el by (simp; elim disjE; simp; metis Imp.prems(1)
formula-semantics.simps(6))
qed

lemma all-tran-formulas-validated: ¥V J € set (subformulae F). tseytin-update A F
= J <— tseytin-update A F = (tseytin-toatom F J)

apply(simp add: tseytin-toatom-def)

apply(intro balll)

apply (subst tseytin-updates)

apply(erule tseytin-assmi-backlookup)

lemma tseytin-tran-equisat: A = F <— tseytin-update A F |= (tseytin-tran F)
using all-tran-formulas-validated tseytin-tranl all-tran-formulas-validated tseyt-
ing-update-keep-subformula-sema by (simp add: tseytin-tran-def Let-def) blast

lemma tseytin-trani-orig-connection: G € set (subformulae F') => (V¥ Heset (tseytin-trani
(tseytin-toatom F) G). A = H) =

AE G +— A = tseytin-toatom F G

by (induction G; simp; drule subformulas-in-subformulas; simp)

lemma tseytin-untran: A |= (tseytin-tran F) = A = F
proof —
have I: [A [ tseytin-toatom F F; A = F] = tseytin-update A F = tseytin-toatom
FF
using all-tran-formulas-validated tseyting-update-keep-subformula-sema by blast
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let 2C = MA. (VH € set (tseytin-trani (tseytin-toatom F) F). A |= H)
have 2: ?C A = ?C (tseytin-update A F)
using all-tran-formulas-validated tseytin-trani by blast
assume A = tseytin-tran F
hence tseytin-update A F |= tseytin-tran F
unfolding tseytin-tran-def
apply(simp add: Let-def)
apply (intro conjl)
apply(elim conjE)
apply (drule tseytin-trani-orig-connection|OF subformulae-self])
apply(clarsimp simp add: tseytin-assmt-distinct foldl-pair-fun-upd-map-of 1
2)+
done
thus ?thesis using tseytin-tran-equisat by blast
qed
lemma tseytin-tran-equiunsatisfiable: = = F «— = — (tseytin-tran F) (is 7l +—
2r)
proof (rule iffI; erule contrapos-pp)
assume — 7]
then obtain A where A | F by auto
hence tseytin-update A F |= (tseytin-tran F) using tseytin-tran-equisat by simp
thus —2r by simp blast
next
assume —?r
then obtain A where A | tseytin-tran F by auto
thus ~ 7] using tseytin-untran by simp blast
qged

end

interpretation freshsemanats: freshstuff-sema freshnat
by (simp add: freshnats.freshstuff-axioms freshstuff-sema-def)
print-theorems

end

1.5 Implication-only formulas

theory MiniFormulas
imports Formulas
begin

fun is-mini-formula where

is-mini-formula (Atom -) = True |

is-mini-formula L = True |

is-mini-formula (Imp F G) = (is-mini-formula F A is-mini-formula G) |
is-mini-formula - = False

The similarity between these “mini” formulas and Johansson’s minimal cal-
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culus of implications [8] is mostly in name. Johansson does replace = F' by
F — 1 in one place, but generally keeps it. The main focus of [8] is on
removing rules from Calculi anyway, not on removing connectives. We are
only borrowing the name.

primrec to-mini-formula where

to-mini-formula (Atom k) = Atom k |

to-mini-formula L = L |

to-mini-formula (Imp F G) = to-mini-formula F — to-mini-formula G |
to-mini-formula (Not F) = to-mini-formula F — L |

to-mini-formula (And F' G) = (to-mini-formula F' — (to-mini-formula G — 1))
— 1]

to-mini-formula (Or F G) = (to-mini-formula F — 1) — to-mini-formula G

lemma to-mini-is-mini[simp,introl]: is-mini-formula (to-mini-formula F)
by (induction F; simp)
lemma mini-to-mini: is-mini-formula F = to-mini-formula F = F
by (induction F; simp)
corollary mini-mini[simp]: to-mini-formula (to-mini-formula F) = to-mini-formula
F
using mini-to-mini|OF to-mini-is-mind] .

We could have used an arbitrary other combination, e.g. Atom, =, and (A).
The choice for Atom, 1, and (—) was made because it is (to the best of
my knowledge) the only combination that only requires three elements and
verifies:

lemma mini-formula-atoms: atoms (to-mini-formula F) = atoms F

by (induction F; simp)

(The story would be different if we had different junctors, e.g. if we allowed
a NAND.)

end

theory MiniFormulas-Sema
imports MiniFormulas Sema
begin

lemma A = F «— A | to-mini-formula F
by (induction F) auto

end

1.6 Consistency

We follow the proofs by Melvin Fitting [2].

theory Consistency
imports Sema
begin
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definition Hintikka S = (

1¢S5

(Vk. Atom k € S — — (Atom k) € S — False)
VFG. FANGeS—FeSANGeS)
VFG.FVGeS—FeSvGebs)
VFG. F—- GeS—FeSVGebl)
VF. = (mF)eS—Fecbf)

VFG ~(FANG)eS——FeSVaGed)
(VFG.ﬂ(FVG)ES—>—|F€S/\—|G€S)
VFG ~(F>G eS—FeSA-Geb)

—_>>>>> > > >

lemma Hintikka {Atom 0 A ((— (Atom 1)) — Atom 2), ((— (Atom 1)) — Atom
2), Atom 0, =(— (Atom 1)), Atom 1}
unfolding Hintikka-def by simp

theorem Hintikkas-lemma:
assumes H: Hintikka S
shows sat S
proof —
from H[unfolded Hintikka-def]
have H 1L ¢ S
Atom k € S = = (Atom k) € S = False
FANGeS=FecSNGeS
FvGeS=FeSVvGeS
F>GeS=FeSvGeS
- (—| F) ceS=FelbS
“(FANG)eS=-FeSvaGeS
2 (FVvGE)eS=-FeSAN-GeS
“(F>G)eS=FeSA-GeS
for k F G by blast+
let M = \k. Atom k € S
have (Fe S — (MEF)AN(-FeS — (-(?M = F))) for F
by (induction F) (auto simp: H'(1) dest!: H'(2—))
thus ?thesis unfolding sat-def by blast
qed

definition pcp C = (VS € C.

1L ¢85

AN Vk. Atom k € S — = (Atom k) € S — False)
ANVFG FANGeS—FprGrSel)

ANVFG. FVGeS—FprSelCVvGrSel)
ANVFG F—-GeS—-FprSeCVGrSel)
ANNVF.~(-F)eS—FprSel)

ANVFG ~(FANG eSS ——-FprSeCV-_GrSel)
ANVFG =(FVGeS——-FpraGrSell)
A(VFG.—!(F—)G)ES—)FD—!GDSEC>

)
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lemma pep {} pep {{}} pep {{Atom 0}} by (simp add: pep-def)+
lemma pep {{(— (Atom 1)) — Atom 2},
{((— (Atom 1)) — Atom 2), =(— (Atom 1))},
{((— (Atom 1)) — Atom 2), =(— (Atom 1)), Atom 1}} by (auto simp add:

pep-def)

Fitting uses uniform notation [10] for the definition of pcp. We try to mimic
this, more to see whether it works than because it is ultimately necessary.

inductive Con :: 'a formula => 'a formula => 'a formula => bool where
Con (And F G) F G |

Con (Not (Or F G)) (Not F') (Not G) |

Con (Not (Imp F G)) F (Not G) |

Con (Not (Not F)) F' I

inductive Dis :: ‘a formula => 'a formula => 'a formula => bool where
Dis (Or F G) F G |

Dis (Imp F G) (Not F) G |

Dis (Not (And F' G)) (Not F') (Not G) |

Dis (Not (Not F)) F F

lemma Con (Not (Not F)) F F Dis (Not (Not F)) F F by(intro Con.intros
Dis.intros)+

lemma con-dis-simps:

Con al a2 a3 = (al = a2 AN a3V 3BFG al == (FV G)ANa2=—FAa3
== G)V(EGal ==(a2—> G ANa3=-G)Val == (-a2) A a3 = a2)
Dis al a2 a3 = (al = a2V a3V 3F G al =F — GANa2=—-F Aad =
G)VEFG al == (FAG)ANa2=-FANa8=-G)Val =-(-a2) A a3
= a2)

by (simp-all add: Con.simps Dis.simps)

lemma Hintikka-alt: Hintikka S = (
1L ¢85

A (Vk. Atom k € S — = (Atom k) € S — False)

ANVFGH.CmFGH —FeS— GeSANHEeNS)

ANVFGH.DisFGH—FeS—GeSVHEeNS)

)

apply(simp add: Hintikka-def con-dis-simps)

apply (rule iffT)

subgoal by blast
subgoal by safe metis+

done

lemma pcp-alt: pcp C = (VS € C.
1¢8
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A (VEk. Atom k € S — — (Atom k) € S — False)
ANVFGH. . CmFGH —FeS—GrHp>Sel)
ANVFGH.DsFGH—FeS—GprSeCVHprSel)
)

apply(simp add: pcp-def con-dis-simps)

apply(rule iffI; unfold Ball-def; elim all-forward)

by (auto simp add: insert-absorb split: formula.splits)

definition subset-closed C = (V.S € C.VsCS. s e C)
definition finite-character C = (V5. S € C +— (Vs C S. finite s — s € (C))

lemma exl: pcp C = 3C’. C C C’' A pep C' N subset-closed C'
proof (intro exI[of - {s . 35 € C. s C S}] conjl)

let E = {s. 35e¢C. s C S}

show C C ?F by blast

show subset-closed ?E unfolding subset-closed-def by blast

assume C: (pcp C

show pcp ?F using C unfolding pcp-alt

by (intro balll conjl; simp; meson insertll rev-subsetD subset-insert] sub-

set-insertl2)
qed

lemma salll: (A\s. s C S = Ps) = VsCS. Psby simp

lemma ex2:

assumes fc: finite-character C

shows subset-closed C

unfolding subset-closed-def
proof (intro balll salll)

fix s S

assume ¢: <S5 € C) and s: <s C S

hence x: t C s = t C S for ¢ by simp

from fc have t C S = finite t = t € C for t unfolding finite-character-def
using ¢ by blast

hence t C s = finite t = t € C for t using * by simp

with fc show <s € C) unfolding finite-character-def by blast
qed

lemma

assumes C: pcp C

assumes S: subset-closed C

shows ex3: 3C'. C C C' A pcp C' A finite-character C'
proof (intro exI[of - C U {S.Vs C S. finite s — s € C}] congl)

let ?E = {S.Vs C S. finite s — s € C}

show C C C U ?FE by blast

from S show finite-character (C U ?E) unfolding finite-character-def sub-
set-closed-def by blast

note C'' = Clunfolded pcp-alt, THEN bspec]
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have CON: G»> H> S € C U {S. VsCS. finite s — s € C} if si: As. [sCS;
finite s] = s € C and
un: Con G H and el: F € S for F G HS proof —
have k: Vs C S. finites — Fes— Gr Hpse C
using si un C’ by simp
have G> Hir S € ?F
unfolding mem-Collect-eq Un-iff proof safe
fix s
assume s C G H > S and f: finite s
hence F' > (s — {G,H}) C S using el by blast
with £ f have G> H> F > (s — {G,H}) € C by simp
hence FF > G > H > s € C using insert-absorb by fastforce
thus s € C using S unfolding subset-closed-def by fast
qed
thus G> Hr> S € C U ?E by simp
qed
have DIS: G > S € C U {S. VsCS. finites — s€ C} vV Hp> S e CU{S.
VsCS. finite s — s € C}
if si: N\s. sCS = finite s = s € C and un: Dis F G H and el: F € S
for FF G H S proof —
have I: 31e{G, H}. I>s1 € CANI>s2 e C
if s1 C S finite s1 F € s1
s2 C S finite s2 F € s2 for sl s2
proof —
let s = s1 U s2
have ?s C S finite ?s using that by simp-all
with si have ?s € C by simp
moreover have F' € ?s using that by simp
ultimately have 3/¢{G,H}. I > %s € C
using C" un by simp
thus 3Ie{G.H}. I>s1 e CANIps2eC
by (meson Slunfolded subset-closed-def, THEN bspec| insert-mono sup.cobounded?2
sup-gel)
qed
have m: [s1 C S; finite s1; F € s1; G > sl ¢ C; s2 C S; finite s2; F € s2;
H v s2 ¢ C] = False for s1 s2
using [ by blast
have Fulse if s1 C S finite s1 G > s1 ¢ C s2 C S finite s2 H > s2 ¢ C for sl1
s2
proof —
have x: F > s1 C S finite (F > sl) F € Fr sl if si C S finite s1 for s!
using that el by simp-all
have G>Fp>sl ¢ CH>Fp>s2¢ C
by (meson S insert-mono subset-closed-def subset-insertI that(3,6))+
from m[OF «[OF that(1—2)] this(1) *[OF that(4—5)] this(2)]
show Fulse .
qed
hence G Se€ EV Hp> S € ?E
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unfolding mem-Collect-eq Un-iff
by (metis (no-types, lifting) finite-Diff insert-Diff si subset-insert-iff)
thus G Se CU?EV Hp> S € C U ?E by blast
qed

have CON" \f2 g2 h2 F2 G2 82. [As. [s € C; h2 F2 G2 € s] = f2 F2 1 s €
CVg2G20rsce C
VsCS2. finite s — s € C; h2 F2 G2 € S2; False]
= f2F2> 52 € CU{S.VsCS. finites — s€ C} Vg2G2p>82¢€ CU
{S. VsCS. finite s — s € C}
by fast

show pcp (C U ?E) unfolding pcp-alt
apply (intro balll conjl; elim UnE; (unfold mem-Collect-eq) ?)
subgoal using C'"’ by blast
subgoal using C'’ by blast
subgoal using C"' by (simp;fail)
subgoal by (meson C'"' empty-subsetl finite.emptyl finite-insert insert-subset
subset-insertl)
subgoal using C'' by simp
subgoal using CON by simp
subgoal using C'’ by blast
subgoal using DIS by simp
done
qged

primrec pcp-seq where

pep-seq CS 0 = S |

pep-seq C'S (Suc n) = (
let Sn = pcp-seq C'S n; Snl = from-nat n > Sn in
if Sn1 € C then Sni else Sn

)

lemma pcp-seg-in: pcp C = S € C = pcp-seq C S n e C
proof (induction n)

case (Suc n)

hence pcp-seq C'Sn € C by simp

thus ?case by(simp add: Let-def)
qed simp

lemma pcp-seq-mono: n < m = pep-seq C S n C pep-seq C'S m
proof (induction m)

case (Suc m)

thus ?case by(cases n = Suc m; simp add: Let-def; blast)
qed simp

lemma pcp-seq-UN: | {pcp-seq C S n|n. n < m} = pcp-seq C' S m
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proof (induction m)

case (Suc m)

have {fn |n. n < Suc m} = f (Suc m) > {fn |n. n < m} for f using le-Suc-eq
by auto

hence {pcp-seq C S n |n. n < Suc m} = pep-seq C'S (Suc m) > {pcp-seq C' S n
[n. n < m} .

hence |J{pcp-seqg C S n |n. n < Suc m} = J{pcp-seq C S n |n. n < m} U
pep-seq C'S (Suc m) by auto

thus ?case using Suc pcp-seq-mono by blast
qed simp
lemma wont-get-added: (F :: ('a :: countable) formula) ¢ pep-seq C' S (Suc (to-nat
F)) = F ¢ pcp-seq C S (Suc (to-nat F') + n)

We don’t necessarily have n = to-nat (from-nat n), so this doesn’t hold.

oops
definition pep-lim C S = |J {pcp-seq C S n|n. True}

lemma pcp-seq-sub: pep-seq C'S n C pep-lim C' S
unfolding pcp-lim-def by (induction n; blast)

lemma pcp-lim-inserted-at-ex: x € pcp-lim C'S = 3k. x € pep-seq C' S k
unfolding pcp-lim-def by blast

lemma pcp-lim-in:
assumes c: pcp C
and el: S € C
and sc: subset-closed C
and fc: finite-character C
shows pcp-lim C S € C (is ?cl € C)
proof —
from pcp-seq-in|OF ¢ el, THEN alll] have V n. pcp-seq C Sn € C .
hence Vm. | {pcp-seq C S n|n. n < m} € C unfolding pcp-seq-UN .

have Vs C ?cl. finite s — s € C
proof safe
fix s :: ‘a formula set
have pcp-seq C' S (Suc (Maz (to-nat ¢ s))) C pep-lim C S using pep-seq-sub
by blast
assume <finite s» <s C pep-lim C S»
hence Jk. s C pcp-seq C' S k
proof (induction s rule: finite-induct)
case (insert z s)
then obtain k! where s C pcp-seq C' S kI by blast
moreover obtain k2 where x € pcp-seq C'S k2
by (meson pcp-lim-inserted-at-ex insert.prems insert-subset)
ultimately have z > s C pcp-seq C' S (mazx k1 k2)
by (meson pcp-seq-mono dual-order.trans insert-subset mazx.bounded-iff
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order-refl subsetCE)
thus ?case by blast
qed simp
with pep-seq-in[OF ¢ el] sc
show s € C unfolding subset-closed-def by blast
qed
thus ?cl € C using fc unfolding finite-character-def by blast
qed

lemma cl-max:
assumes c: pcp C
assumes sc: subset-closed C
assumes el: K € C
assumes su: pcp-lim C S C K
shows pep-lim C S = K (is %e)
proof (rule ccontr)
assume (—?e»
with su have pep-lim C' S C K by simp
then obtain F' where e: F' € K and ne: F' ¢ pep-lim C S by blast
from ne have F ¢ pcp-seq C' S (Suc (to-nat F)) using pcp-seg-sub by fast
hence 1: F > pep-seq C' S (to-nat F) ¢ C by (simp add: Let-def split: if-splits)
have F b pcp-seq C' S (to-nat F) C K using pcp-seq-sub e su by blast
hence F > pcp-seq C' S (to-nat F) € C using sc unfolding subset-closed-def
using el by blast
with 1 show False ..
qed

lemma cl-maz’:
assumes c: pcp C
assumes sc: subset-closed C
shows F > pep-lim C S € C = F € pcep-lim C' S
Fpo> G pep-lim CS e C = F € pep-lim C S AN G € pep-lim C S
using cl-maz[OF assms| by blast+

lemma pcp-lim-Hintikka:
assumes c: pcp C
assumes sc: subset-closed C
assumes fc: finite-character C
assumes el: S € C
shows Hintikka (pcp-lim C S)
proof —
let ?cl = pep-lim C S
have ?cl € C using pep-lim-in[OF c el sc fc] .
from c[unfolded pcp-alt, THEN bspec, OF this]
have d: 1 ¢ ?¢cl
Atom k € ?cl = — (Atom k) € ?cl = False
ConFGH=— Fec?%l = G Hp> %leC
DisFGH = Fe?%l= Gv>%%le CVHb>?2leC
for k£ F G H by blast+
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have
ConFGH= Fe%l= Ge&?%lNHEe
DisFGH= F € ?%l= Ge& ?%lV HEe %l
for FGH
by (auto dest: d(3—) cl-maz'[OF ¢ sc])
with d(1,2) show ?thesis unfolding Hintikka-alt by fast
qed

theorem pcp-sat: — model existence theorem
fixes S :: ‘a :: countable formula set
assumes c: pcp C
assumes el: S € C
shows sat S
proof —
note [[show-types]]
from c obtain Ce where C C Ce pcp Ce subset-closed Ce finite-character Ce
using ex![where ‘a='a] ex2[where 'a='a] ex3[where 'a='d]
by (meson dual-order.trans ex2)
have S € Ce using «C C Ce) el ..
with pep-lim-Hintikka <pcp Ce» <subset-closed Ces «finite-character Ce»
have Hintikka (pep-lim Ce S) .
with Hintikkas-lemma have sat (pcp-lim Ce S) .
moreover have S C pep-lim Ce S using pcp-seq.simps(1) pep-seq-sub by fast
ultimately show ?thesis unfolding sat-def by fast
qed

end

1.7 Compactness

theory Compactness
imports Sema
begin

lemma fin-sat-extend: fin-sat S = fin-sat (insert F'S) V fin-sat (insert (=F) S)
proof (rule ccontr)

assume fs: fin-sat S

assume nfs: = (fin-sat (insert F'S) V fin-sat (insert (- F) S))

from nfs obtain s where s1: s1 C insert F'S finite s1 —sat s1 unfolding
fin-sat-def by blast

from nfs obtain s2 where s2: s2 C insert (Not F') S finite s2 —sat s2 unfolding
fin-sat-def by blast

let u = (s1 — {F}) U (s2 — {Not F'})

have %u C S finite u using si s2 by auto

hence sat ?u using fs unfolding fin-sat-def by blast

then obtain A where A: VF € 2u. A E F unfolding sat-def by blast

have A = F V A = —F by simp

hence sat s1 V sat s2 using A unfolding sat-def by (fastforce introl: exl[where
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x=A])
thus False using s1(3) s2(3) by simp
qed

context
begin

lemma fin-sat-antimono: fin-sat F — G C F = fin-sat G unfolding fin-sat-def
by simp
lemmas fin-sat-insert = fin-sat-antimono|[OF - subset-insert]]

primrec extender :: nat = ('a :: countable) formula set = 'a formula set where
extender 0 S = S |
extender (Suc n) S = (

let r = extender n S;

rt = insert (from-nat n) r;

rf = insert (—(from-nat n)) r

in if fin-sat rf then rf else rt

)

private lemma extender-fin-sat: fin-sat S = fin-sat (extender n S)
proof (induction n arbitrary: S)
case (Suc n)
note mIH = Suc.IH[OF Suc.prems]
show ?Zcase proof(cases fin-sat (insert (Not (from-nat n)) (extender n S)))
case True thus ?thesis by simp
next
case Fulse
hence fin-sat (insert ((from-nat n)) (extender n S)) using mIH fin-sat-extend
by auto
thus ?thesis by(simp add: Let-def)
qed
qed simp

definition extended S = |J{extender n S|n. True}

lemma extended-max: F € extended S V Not F € extended S
proof —
obtain n where [simp]: F = from-nat n by (metis from-nat-to-nat)
have F' € extender (Suc n) S V Not F' € extender (Suc n) S by(simp add:
Let-def)
thus “thesis unfolding extended-def by blast
qed

private lemma extender-Sucset: extender k S C extender (Suc k) S by(force simp
add: Let-def)
private lemma extender-deeper: F € extender k S = k < | = F € extender |
S using extender-Sucset le-Suc-eq

by (induction 1) (auto simp del: extender.simps)
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private lemma extender-subset: S C extender k S
proof —
from extender-deeper|OF - le0] have F € extender 0 Sa = F € extender | Sa
for Sa l F .
thus ?thesis by auto
qed

lemma extended-fin-sat:
assumes fin-sat S
shows fin-sat (extended S)
proof —
have assm: [s C extender n S; finite s] = sat s for s n
using extender-fin-sat[OF assms| unfolding fin-sat-def by presburger
hence sat s if su: s C |J{extender n S |n. True} and fin: finite s for s proof —
{ fix z assume e: z € s
with su have = € |J{extender n S |n. True} by blast
hence dn. z € extender n S unfolding Union-eq by blast }
hence Vz € s. dn. z € extender n S by blast
from finite-set-choice|OF fin this] obtain f where ¢f: Vz€s. z € extender (f
z) S ..
have 3k. s C |J{extender n S |n. n < k} proof (intro exl subsetl)
fix z assume e: = € s
with ¢f have z € extender (fz) S ..
hence z € estender (Maz (f “ s)) S by(elim extender-deeper; simp add: e fin)
thus z € |J{extender n S |n. n < Maz (f “ s)} by blast
qged
moreover have | {eztender n S |n. n < k} = extender k S for k proof (induction
)
case (Suc k)
moreover have | {extender n S |n. n < Suc k} = |J{extender n S |n. n <
k} U extender (Suc k) S
unfolding Union-eq le-Suc-eq
using le-Suc-eq by(auto simp del: extender.simps)
ultimately show ?case using extender-Sucset by(force simp del: exten-
der.simps)
qed simp
ultimately show sat s using assm fin by auto
qed
thus ?thesis unfolding extended-def fin-sat-def by presburger
qed

lemma extended-superset: S C extended S unfolding extended-def using exten-
der.simps(1) by blast

lemma extended-complem:

assumes fs: fin-sat S

shows (F € extended S) # (Not F € extended S)
proof —

note fs = fs|[THEN extended-fin-sat|
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show ?thesis proof(cases F' € extended S)
case Fulse with extended-max show ?thesis by blast
next
case True have Not F ¢ extended S proof
assume False: Not F' € extended S
with True have {F, Not F} C extended S by blast
moreover have finite {F, Not F} by simp
ultimately have sat {F, Not F} using fs unfolding fin-sat-def by blast
thus Fulse unfolding sat-def by simp
qed
with True show ?thesis by blast
qed
qed

lemma not-fin-sat-extended-UNIV: fixes S :: 'a :: countable formula set assumes
—fin-sat S shows extended S = UNIV

Note that this crucially depends on the fact that we check first whether
adding — F' makes the set not satisfiable, and add F' otherwise without any
further checks. The proof of compactness does (to the best of my knowledge)
depend on neither of these two facts.

proof —
from assms[unfolded fin-sat-def, simplified] obtain s :: ‘a :: countable formula
set
where finite s = sat s by clarify
from this(2)[unfolded sat-def, simplified] have Fz€s. = A = z for 4 ..
have nfs: —fin-sat (insert x (extender n S)) for n
apply(rule notl)
apply(drule fin-sat-insert)
apply(drule fin-sat-antimono)
apply(rule extender-subset)
apply(erule notE[rotated))
apply(fact assms)
done
have z € |J{extender n S |n. True} for z proof cases
assume z € S thus ?Zthesis by (metis extended-def extended-superset in-
sert-absorb insert-subset)
next
assume z ¢ S
have z € extender (Suc (to-nat z)) S
unfolding extender.simps Let-def
unfolding if-not-P[OF nfs] by simp
thus ?thesis by blast
qged
thus ?thesis unfolding extended-def by auto
qed

lemma extended-tran: S C T = extended S C extended T
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This lemma doesn’t hold: think of making S empty and inserting a for-
mula into T s.t. it can never be satisfied simultaneously with the first
non-tautological formula in the extension S. Showing that this is possible is
not worth the effort, since we can’t influence the ordering of formulae. But
we showed it anyway.

oops
lemma extended-not-increasing: 38 T. fin-sat S A fin-sat T AN = (S C T —
extended S C extended (T :: 'a :: countable formula set))
proof —
have ez-then-min: 3z :: nat. Px = P (LEAST z. P z) for P using LeastI2-wellorder
by auto
define P where P z = (let F = (from-nat z :: 'a formula) in (3A. - A E F)
AN(F A AE=F)) forz
define © where ¢ = (LEAST n. P n)
hence In. P n unfolding P-def Let-def by(auto intro!: exl[where z=to-nat
(Atom undefined :: 'a formula)])
from ez-then-min|OF this] have Px: P x unfolding z-def .
have lessx: n < © = = P n for n unfolding z-def using not-less-Least by
blast
let 25 = {} :: 'a formula set let ?T = {from-nat z :: 'a formula}
have s: fin-sat 2S fin-sat T using Pz unfolding P-def fin-sat-def sat-def Let-def
by fastforce+
have reject: Q A = VA. = Q A = Fulse for A Q by simp
have y < z = F € extender y 2S = = F for F y
proof (induction y arbitrary: F)
case (Suc y)
have x: F € extender y {} = = F for F :: 'a formula using Suc.IH
Suc.prems(1) by auto
let ?Y = from-nat y :: 'a formula
have ex: (VA. = A | ?Y) V = ?Y unfolding formula-semantics.simps by
(meson P-def Suc.prems(1) Suc-le-lessD lesst)
have 1: VA. = A |= ?Y if fin-sat (Not ?Y > extender y 25)
proof —
note[[show-types])
from that have 3A. A = Not ?Y unfolding fin-sat-def sat-def by/(elim
allElwhere z={Not ?Y}]) simp
hence —= ?Y by simp
hence VA. = A |= ?Y using ex by argo
thus “thesis by simp
qed
have 2: = fin-sat (Not ?Y > extender y ?S) = = ?Y
proof (erule contrapos-np)
assume - = ?2Y
hence VA. - A | ?Y using ez by argo
hence = - ?Y by simp
thus fin-sat (- ?Y b extender y ¢5) unfolding fin-sat-def sat-def
by (auto intro!: exI[where z=\- :: ‘a. False] dest!: rev-subsetD[rotated] *)
qed
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show ?case using Suc.prems(2) by (simp add: Let-def split: if-splits; elim disjE;
simp add: x 1 2)
qed simp
hence fin-sat (— (from-nat z) > extender x 2S) using Pz unfolding P-def Let-def
by (clarsimp simp: fin-sat-def sat-def) (insert formula-semantics.simps(3),
blast)
hence Not (from-nat ) € extender (Suc z) 25 by(simp)
hence Not (from-nat x) € extended ?S unfolding extended-def by blast
moreover have Not (from-nat x) ¢ extended ?T using extended-complem ex-
tended-superset s(2) by blast
ultimately show ?thesis using s by blast
qed

private lemma not-in-extended-FE: fin-sat S = (—sat (insert (Not F) G)) =
F ¢ extended S = G C extended S = finite G = False
proof(goal-cases)

case I

hence Not F € extended S using extended-max by blast

thus Fulse using 1 extended-fin-sat fin-sat-def

by (metis Diff-eq-empty-iff finite.insertl insert-Diff-if )

qed

lemma extended-id: extended (extended S) = extended S
using eztended-complem extended-fin-sat extended-maz extended-superset not-fin-sat-extended-UNIV

by (intro equalityl[rotated] extended-superset) blast

lemma ext-model:
assumes r: fin-sat S
shows (Ak. Atom k € extended S) = F <— F € extended S
proof —
note fs = r[THEN extended-fin-sat]
have Elim: Fe SANGe S = {F,G} CSFe S = {F} CSfor FGS by
stmp+
show ?thesis
proof (induction F)
case Atom thus ?case by(simp)
next
case Bot
have Fulse if 1 € extended S proof —
have finite { L} by simp
moreover from that have {1} C extended S by simp
ultimately have 3A. A | L using fs unfolding fin-sat-def sat-def
by (elim allE[of - {L}]) simp
thus Fulse by simp
qed
thus ?case by auto

40



next
case (Not F')
moreover have A = F # A = —F for A F by simp
ultimately show ?case using extended-complem[OF r] by blast
next
case (And F G)
have (F' € extended S N G € extended S) = (F A G € extended S) proof —
have x: —sat {- (F A G), F, G} —=sat {= F, (FA G)} —sat {—~ G, (FA
()} unfolding sat-def by auto
show ?thesis by (intro iffT; rule ccontr) (auto intro: x| THEN not-in-extended-FE[OF
)
qed
thus ?case by(simp add: And)
next
case (Or F G)
have (F € extended S vV G € extended S) = (FV G € extended S) proof —
have —sat {—(F Vv G), F} =sat {—~(F V G), G} unfolding sat-def by auto
from this[ THEN not-in-extended-FE[OF r]] have 1: [F € extended S V G €
extended S; FV G ¢ extended S| = Fualse by auto
have —sat {—F, =G, F V G} unfolding sat-def by auto
hence 2: [FV G € extended S; F ¢ extended S; G ¢ extended S| = False
using extended-max not-in-extended-FE[OF 1] by fastforce
show ?thesis by (intro iffI; rule ccontr) (auto intro: 1 2)
qed
thus ?case by(simp add: Or)
next
case (Imp F Q)
have (F € estended S — G € extended S) = (F — G € extended S) proof

have —sat {—G, F, F — G} unfolding sat-def by auto
hence 1: [F— G € extended S; F € extended S; G ¢ extended S| = False
using extended-maz not-in-extended-FE[OF r] by blast
have —sat {—F,—(F — G)} unfolding sat-def by auto
hence 2: [F — G ¢ extended S; F ¢ extended S| —> Fulse using ez-
tended-max not-in-extended-FE[OF r| by blast
have —sat {—(F — G),G} unfolding sat-def by auto
hence 3: [F — G ¢ extended S; G € extended S| = False using ex-
tended-max not-in-extended-FE[OF r] by blast
show ?thesis by (intro iffI; rule ccontr) (auto intro: 1 2 3)
qed
thus ?case by(simp add: Imp)
qed
qed

theorem compactness:
fixes S :: ‘a :: countable formula set
shows sat S «+— fin-sat S (is 7l = ?r)
proof
assume ?/ thus ?r unfolding sat-def fin-sat-def by blast
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next
assume r: r
note ext-model|OF r, THEN iffD2]
hence V FeS. (\k. Atom k € extended S) = F using extended-superset by blast
thus ?] unfolding sat-def by blast
qed

corollary compact-entailment:
fixes F' :: 'a :: countable formula
assumes fent: I' |= F
shows 3T finite T'" AT/ CT AT/ |= F
proof —
have ND-sem: T' |= F <— —sat (insert (—F) T')
for I' F' unfolding sat-def entailment-def by auto
obtain I'" where 0: finite T' T/ |= F T C T proof(goal-cases)
from fent[unfolded ND-sem compactness| have — fin-sat (insert (— F) T) .
from this[unfolded fin-sat-def] obtain s where s: s C insert(—F) T' finite s
—sat s by blast
have 2: finite (s — {— F'}) using s by simp
have 3: s — {— F} |= F unfolding ND-sem using s(3) unfolding sat-def
by blast
have 4: s — {— F} C T using s by blast
case I from 2 3 4 show ?case by(intro 1[of s — {Not F}])
qed
thus ?thesis by blast
qed

corollary compact-to-formula:
fixes I' :: 'a :: countable formula
assumes fent: I' |= F
obtains I' where set I'' C T = (AI'!) —» F
proof goal-cases
case I
from compact-entailment[OF assms)
obtain I'' where I'”: finite ' A\T'CT AT/ |E F ..
then obtain I'’ where I'’ = set I'" using finite-list by auto
with T/ show thesis by(intro 1) (blast, simp add: entailment-def)
qed

end

end
theory Compactness-Consistency
imports Consistency
begin
theorem sat S «— fin-sat (S :: 'a :: countable formula set) (is 71 = ?7r)
proof
assume 0: ?r
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let 2C = {W :: 'a formula set. fin-sat W}
have 1: S € ?C using 0 unfolding mem-Collect-eq .
have 2: pcp ?C proof —
{ fix S :: ‘a formula set
assume S € 7C
hence a: VsCS. finite s — (3A. VFes. A = F) by (simp add: fin-sat-def
sat-def)
have conj: [h F G € S; s C fF > g G S; finite s;
N AEMRFG=AEfFANAE¢G) = FAVFes. AEF
for FF G s and f g :: 'a formula = 'a formula and h :: 'a formula = 'a
formula = 'a formula
proof goal-cases
case I
have h F G s — {f F,g G}CS finite (h F G > s—{f F,g G}) using 1 by
auto
then obtain A where 2: VHeh F G > s—{f F,g G}. A |E H using a by
presburger
hence A = fF A = g G using 1(4) by simp-all
with 2 have VHeh F G > s. A = H by blast
thus ?case by blast
qed
have disj: [h F G € S;s1 CfF > S; 82 C g G S; finite s1; VA. Fzesl.
- A E z; finite s2; VA. Jz€s2. - A E x;
N AERFG= AEfFV Al g G] = False
for F G s1 s2 and f g :: 'a formula = 'a formula and h :: 'a formula = 'a
formula = 'a formula
proof goal-cases
case 1
let 2U=hFGp>(s1 —{fF}) U (s2 —{g G})
have ?U C S finite ?U using I by auto
with a obtain A where 2: H € ?U = A | H for H by meson
with 1(1) 1(8) have A = fF VvV A |= g G by force
hence (VH € s1. AEH)V (VH € s1. A= H) using 1(7) 2
by (metis DiffI Diff-empty Diff-iff UnCI insert-iff)
thus “case using 1 by fast
qed
have 1: 1 ¢ S using a by (meson empty-subsetl finite.emptyl finite.insert]
formula-semantics.simps(2) insertll insert-subset)
have 2: Atom k € S — — (Atom k) € S — Fulse for k using o[ THEN
speclof - {Atom k, =(Atom k)}]] by auto
have 3: FA Ge€ § — F > G S € Collect fin-sat for F G unfolding
fin-sat-def sat-def mem-Collect-eq using conj[] by fastforce
have /: FV G € S — F v S € Collect fin-sat Vv G > S € Collect fin-sat
for F G
unfolding fin-sat-def sat-def mem-Collect-eq using disjlof Or F G - \k. k
- M. k] by (metis formula-semantics.simps(5))
have 5: F - G € § — = F > § € Collect fin-sat Vv G > S € Collect fin-sat
for F G
unfolding fin-sat-def sat-def mem-Collect-eq using disjlof Imp F G - Not -
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Ak. k] by (metis formula-semantics.simps(3,6))
have 6: = (= F) € S — F > S € Collect fin-sat for F unfolding fin-sat-def
sat-def mem-Collect-eq using conjlof N\F G. Not (Not F) F F - \k. k k. k] by
stmp
have 7: = (FA G) € S — = F > S € Collect fin-sat V - G > S € Collect
fin-sat for F G
unfolding fin-sat-def sat-def mem-Collect-eq using disjlof \F G. Not (And
F G) F G - Not - Not| by (metis formula-semantics.simps(8.,4))
have 8: VFG. - (FV G) € S — = Fr— G S € Collect fin-sat unfolding
fin-sat-def sat-def mem-Collect-eq using conj[] by fastforce
have 9:VF G. - (F— G) € S — F> - G S € Collect fin-sat unfolding
fin-sat-def sat-def mem-Collect-eq using conj[] by fastforce
note 1 23456789
}
thus pcp ?C unfolding pcp-def by auto
qged
from pcp-sat 2 1 show 71 .
next
assume ?] thus ?r unfolding sat-def fin-sat-def by blast
qed

end

1.8 Craig Interpolation using Semantics

theory Sema-Craig
imports Substitution-Sema
begin

Semantic proof of Craig interpolation following Harrison [5].

lemma subst-true-false:
assumes A = F
shows A = ((F[T / ) v (F[L / n]))
using assms by(cases A n; simp add: substitution-lemma fun-upd-idem)

theorem interpolation:
assumes = I' —> A
obtains ¢ where
FIT—=okFo—A
atoms o C atoms T’
atoms o C atoms A
proof(goal-cases)
let ?as = atoms I' — atoms A
have fas: finite ?as by simp
from fas assms have Jp. (ET — 0) A (F 0 = A) A (atoms o C atoms I") A
(atoms o C atoms A))
proof (induction ?as arbitrary: T rule: finite-induct)
case empty
from «({} = atoms I" — atoms A» have atoms I' C atoms A by blast
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with (=T — A» show ?case by(intro exI[where z=I) simp
next
case (insert a A)
hence e: a € atoms T' a ¢ atoms A by auto
define I'' where I'' = (T'[T / a]) V (T'[L / a])
have su: atoms I'' C atoms T' unfolding I'’-def by(cases a € atoms T'; simp
add: subst-atoms)
from <= T — A e have = T/ — A by (auto simp add: substitution-lemma
I'-def)
from <a > A = atoms T' — atoms Ay <a ¢ A» e have A = atoms '’ — atoms
A by(simp add: subst-atoms T''-def) blast
from insert.hyps(3)[OF this <=T'— A)] obtain ¢ where o: T/ — p = o
— A atoms o C atoms I'' atoms o C atoms A by clarify
have = T' — o using o(1) subst-true-false unfolding I'’-def by fastforce
with o su show ?case by(intro exI[where xz=p]) simp
qged
moreover case I
ultimately show thesis by blast
qed

The above proof is constructive, and it is actually very easy to write a
procedure down.

function interpolate where
interpolate F H = (
let K = atoms F — atoms H in
ifK = 1{)
then F
else (
let k = Min K
in interpolate ((F|T / k]) V (F[L / k])) H
)

) by pat-completeness simp

Showing termination is slightly technical. ..

termination interpolate
apply/(relation measure (A\(F,H). card (atoms F — atoms H)))

subgoal by simp
apply (simp add: subst-atoms-simp)
apply (intro congl impl)
apply(intro psubset-card-mono)
subgoal by simp
apply(subgoal-tac Min (atoms F — atoms H) ¢ atoms H)
subgoal by blast
apply (meson atoms-finite Diff-eq-empty-iff Diff-iff Min-in finite-Diff )+
done

Surprisingly, interpolate is even executable, despite all the set operations
involving atoms
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lemma interpolate (And (Atom (0::nat)) (Atom 1)) (Or (Atom 1) (Atom 2)) =
(T A Atom 1) V (L A Atom 1) by simp

value|code] simplify-consts (interpolate (And (Atom (0::nat)) (Atom 1)) (Or (Atom

1) (Atom 2)))

lemma let P = Atom (0 :: nat); Q = Atom 1; R = Atom 2; T = Atom §;
p=((PA Q) — (mRA Q)
b=(T— P)V (T = (=R));
I = interpolate ¢ ¥ in
(size I) = 23 A simplify-consts I = Atom 2 — Atom 0
by code-simp

theorem nonezistential-interpolation:
assumes = F — H
shows
E F — interpolate F H (is ?t1) | interpolate F H — H (is 2t2)
atoms (interpolate F H) C atoms F N atoms H (is ?s)
proof —
let ?as = atoms F — atoms H
have fas: finite ?as by simp
hence ?t1 A ?t2 A ?s using assms
proof (induction card ?as arbitrary: F H)
case (Suc n)
let ?inf = Min (atoms F — atoms H)
define G where G = (F[T / %inf]) V (F[L / %inf])
have e: Min (atoms F — atoms H) € atoms F — atoms H by (metis Min-in
Suc.hyps(2) Suc.prems(1) card.empty nat.simps(3))
with Suc(2) have n = card (atoms G — atoms H) unfolding G-def subst-atoms-simp
proof —
assume al: Suc n = card (atoms F — atoms H)
assume Min (atoms F — atoms H) € atoms F — atoms H
hence a2: Min (atoms F — atoms H) € atoms F A Min (atoms F — atoms
H) ¢ atoms H by simp
have n = card (atoms F — atoms H) — 1
using al by presburger
hence n = card (atoms (F[T / Min (atoms F — atoms H)]) U atoms (F[L
/ Min (atoms F — atoms H)]) — atoms H)
using a2 by (metis (full-types) formula.set(2) Diff-insert Diff-insert2
Suc.prems(1) Un-absorb Un-empty-right card-Diff-singleton e subst-atoms top-atoms-simp)

thus n = card (atoms ((F[T / Min (atoms F — atoms H)]) V (F[L / Min
(atoms F — atoms H)])) — atoms H) by simp
qed
moreover have finite (atoms G — atoms H) = G — H using Suc(3—) e
by (auto simp: G-def substitution-lemma)
ultimately have IH: = G — interpolate G H |= interpolate G H — H
atoms (interpolate G H) C atoms G N atoms H using Suc by blast+
moreover have = F — G unfolding G-def
using subst-true-false by fastforce
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moreover {
assume al: atoms (interpolate ((F[T/Min (atoms F — atoms H)]) V
(F[L/Min (atoms F — atoms H)])) H) C atoms (F[T/Min (atoms F — atoms
H)]) U atoms (F[L/Min (atoms F — atoms H)]) A atoms (interpolate ((F[T/Min
(atoms F — atoms H)]) V (F[L/Min (atoms F — atoms H)])) H) C atoms H
have f2: atoms ((L::'a formula) — 1) = atoms L
by simp
then have f3: atoms F' — {Min (atoms F — atoms H)} = atoms (F[T/Min
(atoms F — atoms H)])
by (metis (no-types) DiffD1 Top-def Un-empty-right e formula.simps(91)
subst-atoms)
have atoms (F[L/Min (atoms F — atoms H)]) = atoms (F[T/Min (atoms
F — atoms H))|)
using f2 by (metis (no-types) Diff D1 Top-def e subst-atoms)
then have — atoms F C atoms H — atoms (interpolate ((F[T/Min (atoms
F — atoms H)|) V (F[L/Min (atoms F — atoms H)])) H) C atoms F
using f3 al by blast
} ultimately show ?case
by (intro conjl; subst interpolate.simps; simp del: interpolate.simps add: Let-def
G-def; blast?)
ged auto
thus ?7t1 ?t2 ?s by simp-all
qed

So no, the proof is by no means easier this way. Admittedly, part of the fuzz
is due to Min, but replacing atoms with something that returns lists doesn’t
make it better.

end

2  Proof Systems

2.1 Sequent Calculus

theory SC
imports Formulas HOL— Library. Multiset
begin

abbreviation msins (<-, -» [56,56] 56) where ©,M == add-mset x M

We do not formalize the concept of sequents, only that of sequent calculus
derivations.

inductive SCp :: 'a formula multiset = 'a formula multiset = bool (+(- =/ -)»
[58] 53) where

BotL: L e# T = I's>A |

Az: Atom k e# T = Atom k e# A = I'=A |

NotL: T = F.A = Not F, T = A |

NotR: FI' = A =T = Not F, A |

AndL: F.GT = A = And F G, T = A |
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AndR: [T = FA; T = GA] =T = And F G, A |
OrL: [FT = A; G = A]= OrFG, T = A
OR:T=FGA=T=0OrFG,A|
ImpL: [T = FA; GT = A= Imp FG, T = A |
ImpR: FT' = GA =T = Imp F G, A

Many of the proofs here are inspired Troelstra and Schwichtenberg [11].

lemma
shows BotL-canonical[introl]: L I'=A
and Az-canonical[introl]: Atom k,I' = Atom k,A
by (meson SCp.intros union-single-eq-member)—+

lemma lem!: z #y =z, M = yN +— z €# N N M = y,(N — {#a#})
by (metis (no-types, lifting) add-eq-conv-ex add-mset-remove-trivial add-mset-remove-trivial-eq)

lemma lem2: x # y = x, M =y, N «— y €# M AN N =z, (M — {#y#})
using lem1 by fastforce

This is here to deal with a technical problem: the way the simplifier uses ?x,
Zy, M = ?y, ?x, ?M is really suboptimal for the unification of SC rules.

lemma sc-insertion-ordering|simpl:

NO-MATCH (I-»J) H = H,F—~G,S = F—G,H,S

NO-MATCH (I—J) H = NO-MATCH (IvJ) H = H,FNVG,S = FVG,H,S

NO-MATCH (I—»J) H = NO-MATCH (IvJ) H = NO-MATCH (INJ) H
— H,FAG,S = FAG,H,S

NO-MATCH (I—J) H = NO-MATCH (INVJ) H = NO-MATCH (INJ) H
— NO-MATCH (~J) H = H.~G,S = ~G.,H,S

NO-MATCH (I—»J) H = NO-MATCH (IVJ) H = NO-MATCH (INJ) H
— NO-MATCH (—~J) H = NO-MATCH (L) H = H,1,S = L,H,S

NO-MATCH (I—»J) H = NO-MATCH (IvJ) H = NO-MATCH (INJ) H
— NO-MATCH (=J) H => NO-MATCH (L) H = NO-MATCH (Atom k) H
= H,Atom [,S = Atom [,H,S

by simp-all

lemma shows
mR1:I'= G, HHA=T=H,G,A
and inll: G, H T = A= H, G T = A
and inR2: T = F, G, H,A —T = G, H, F, A
and inlL2: F, G, H, T = A= G, H, F,T = A by(simp-all add: add-mset-commute)
lemmas SCp-swap-applies|elim! intro] = inL1 inL2 inR1 inR2

lemma NotL-inv: Not F,T' = A — I' = F,A
proof (induction Not F, T' A arbitrary: T' rule: SCp.induct)

case (NotL T/ G A) thus ?case by(cases Not F' = Not G) (auto intro!: SCp.intros(3—)
dest!: multi-member-split simp: lem1 lem2)
qed (auto introl: SCp.intros(3—) dest!: multi-member-split simp: SCp.intros lem1
lem2)
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lemma AndL-inv: And F G, T = A = F,GI = A
proof (induction And F G, " A arbitrary: I rule: SCp.induct)
case (AndL F' G'T' A) thus ?case
by(cases And F G = And F' G,
auto introl: SCp.intros(8—) dest!: multi-member-split simp: lem1 lem?2;
metis add-mset-commute)
qed (auto introl: SCp.intros(3—) dest!: multi-member-split simp: SCp.intros lem1
lem2 inL2)

lemma OrL-inv:
assumes Or FF G, T' = A
shows i)' = AANGD = A
proof (insert assms, induction Or F G, ' A arbitrary: I' rule: SCp.induct)
case (OrL F' T’ A G’) thus ?case
by(cases Or F G = Or F' G;
auto introl: SCp.intros(8—) dest!: multi-member-split simp: lem1 lem?2;
blast)
qed (fastforce intro!: SCp.intros(3—) dest!: multi-member-split simp: SCp.intros
lem1 lem2)+

lemma ImpL-inv:
assumes Imp F G, ' = A
shows ' = FAANGID = A
proof (insert assms, induction Imp F G, T' A arbitrary: T rule: SCp.induct)
case (ImpL T'" F' A G') thus ?case
by(cases Or F G = Or F' G;
auto introl: SCp.intros(3—) dest!: multi-member-split simp: lem1 lem?2;
blast)
qed (fastforce intro!: SCp.intros(3—) dest!: multi-member-split simp: SCp.intros
lem1 lem2)+

lemma ImpR-inv:
assumes I' = Imp F G,A
shows FI' = G,A
proof (insert assms, induction T' Imp F G, A arbitrary: A rule: SCp.induct)
case (ImpR F'T G’ A’) thus Zcase
by(cases Or F G = Or F' G;
auto introl: SCp.intros(8—) dest!: multi-member-split simp: lem1 lem?2;
blast)
qed (fastforce intro!: SCp.intros(3—) dest!: multi-member-split simp: SCp.intros
lem1 lem2)+

lemma AndR-inv:
shows ' = And FG,A=T=F, ANT =G, A
proof (induction I' And F G, A arbitrary: A rule: SCp.induct)
case (AndR T F' A’ G’) thus ?case
by(cases Or F G = Or F' G;
auto introl: SCp.intros(3—) dest!: multi-member-split simp: lem1 lem2;
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blast)
qed (fastforce intro!: SCp.intros(3—) dest!: multi-member-split simp: SCp.intros
lem1 lem2)+

lemma OrR-inv:I' = Or F G, A =T = F,G,A
proof (induction T' Or F G, A arbitrary: A rule: SCp.induct)
case (OrR T F’ G’ A’) thus ?case
by(cases Or F G = Or F' G
auto introl: SCp.intros(8—) dest!: multi-member-split simp: lem1 lem2;
metis add-mset-commute)
qed (fastforce intro!: SCp.intros(3—) dest!: multi-member-split simp: SCp.intros
lem1 lem?2)+

lemma NotR-inv: I' = Not F, A = FI' = A
proof (induction T' Not F, A arbitrary: A rule: SCp.induct)
case (NotR G T A’) thus ?case
by(cases Not F = Not G;
auto introl: SCp.intros(8—) dest!: multi-member-split simp: lem1 lem?2;
metis add-mset-commute)
qed (fastforce intro!: SCp.intros(3—) dest!: multi-member-split simp: SCp.intros
lem1 lem2)+

lemma weakenl: I' = A = F.I' = A
by (induction rule: SCp.induct)
(auto introl: SCp.intros(3—) intro: SCp.intros(1,2))

lemma weakenR: ' = A = T' = FA
by (induction rule: SCp.induct)
(auto introl: SCp.intros(3—) intro: SCp.intros(1,2))

lemma weakenL-set: ' = A = F + T = A
by (induction F; simp add: weakenL)

lemma weakenR-set: ' = A =T = F + A
by (induction F; simp add: weakenR)

lemma extended-Az: T N# A £ {#} =T = A
proof —
assume I' N# A # {#}
then obtain W where W €# I' W €# A by force
then show ?thesis proof(induction W arbitrary: T' A)
case (Not W)
from Not.prems obtain I'' A’ where [simp]: ' = Not W.I'" A = Not W,A’
by (metis insert-Diff M)
have W e# W' W e# W, A’ by simp-all
from Not.IH|OF this| obtain n where W, T'' = W, A’ by presburger
hence Not W, T'' = Not W, A’ using SCp.intros(3,4) add-mset-commute by
metis
thus I' = A by auto
next
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case (And G H)
from And.prems obtain '’ A’ where [simp]: ' = And G HT' A = And G
H,A’ by (metis insert-DiffM)
have G €# G, H, T G €# G, A’ by simp-all
with And.IH(1) have [HI: G, H, T = G, A’.
have H ¢# G, H,I'' H €¢# H, A’ by simp-all
with And.IH(2) have IH2: G, H,T'' = H, A’.
from [H! IH2 have G, H,T''= G, A’ G, H, T = H, A’ by fast+
thus I' = A using SCp.intros(5,6) by fastforce
next
case (Or G H)
case (Imp G H)

analogously

qed (auto intro: SCp.intros)
qed

lemma Bot-delR: T = A =T = A—{#1#}
proof (induction rule: SCp.induct)

case BotL

thus ?case by (simp add: SCp.BotL)
next

case Az

thus ?case

by (metis SCp. Ax diff-union-swap formula.distinct(1) insert-Diff M union-single-eq-member)
next

case NotL

thus ?case

by (metis SCp.NotL diff-single-trivial diff-union-swap2)

next

case NotR

thus ?case by(simp add: SCp.NotR)
next

case AndL

thus ?case by (simp add: SCp.AndL)
next

case AndR

thus ?Zcase

by (metis SCp.AndR diff-single-trivial diff-union-swap diff-union-swap2 for-

mula.distinct(13))
next

case OrL

thus ?case by(simp add: SCp.OrL)
next

case OrR

thus ?Zcase

by (metis SCp.OrR diff-single-trivial diff-union-swap2 formula.distinct(15) in-

sert-iff set-mset-add-mset-insert)
next
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case ImpL

thus ?case by (metis SCp.ImpL diff-single-trivial diff-union-swap?2)
next

case ImpR

thus Zcase

by (metis SCp.ImpR diff-single-trivial diff-union-swap diff-union-swap2 for-

mula.distinct(17))
qed
corollary Bot-delR-simp: ' = LA =T = A

using Bot-delR weakenR by fastforce

end

theory SC-Cut
imports SC
begin

2.1.1 Contraction

First, we need contraction:

lemma contract:
(F,FT'=A—FI=A)AN(T=FFA—T=FA)
proof (induction F arbitrary: T' A)
case (Atom k)
have Atom k, Atom k, I' = A = Atom k, I' = A
by (induction Atom k, Atom k, ' A arbitrary: T rule: SCp.induct)
(auto dest!: multi-member-split intro!: SCp.intros(3—) simp add: lem2 lem1
SCp.intros)
moreover have I' = Atom k, Atom k, A = T' = Atom k, A
by (induction T' Atom k, Atom k, A arbitrary: A rule: SCp.induct)
(auto dest!: multi-member-split introl: SCp.intros(3—) simp add: lem2 lem1
SCp.intros)
ultimately show ?case by blast
next
case Bot
have L, 1, T'= A = 1, T = A by(blast)
moreover have (' = 1, |, A=T= 1, A)
using Bot-delR by fastforce
ultimately show ?case by blast
next
case (Not F)
then show ?case by (meson NotL-inv NotR-inv SCp.NotL SCp.NotR)
next
case (And F1 F2) then show ?case by(auto intro!: SCp.intros(3—) dest!:
AndR-inv AndL-inv) (metis add-mset-commute)
next
case (Or F1 F2) then show ?case by (auto introl: SCp.intros(3—) dest!: OrR-inv
OrL-inv) (metis add-mset-commute)
next
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case (Imp F1 F2) show ?case by (auto dest!: ImpR-inv ImpL-inv intro!: SCp.intros(3—))
(insert Imp.IH; blast)+
qed
corollary

shows contractL: F, F,T' == A —= F,I' = A

and contractR: T = F, F, A =T = F, A

using contract by blast+

2.1.2 Cut

Which cut rule we show is up to us:

lemma cut-cs-cf:
assumes context-sharing-Cut: \(A:'a formula) T A. T = AA = ATl = A
=TI =A
shows context-free-Cut: T = (A:'a formula),A — AT = A'=T+T'=
A+ A
by (intro context-sharing-Cutlof T + T/ A A + A'))
(metis add.commute union-mset-add-mset-left weakenL-set weakenR-set)+
lemma cut-cf-cs:
assumes context-free-Cut: N\(A::’a formula) TT/ A AT = AA = AT =
AN=T+T'= A+ A’
shows context-sharing-Cut: T' = (A:’'a formula),A —= ATl = A =T = A
proof —
have contractIT: T+l = A —=T'C# ' —=T = Afor T T’ A
proof (induction T/ arbitrary: T')
case empty thus ?case using weakenL-set by force
next
case (add z T'T)
from add.prems(2) have z €# T by (simp add: insert-subset-eg-iff)
then obtain I'” where T'[simp]: T' = z,I'” by (meson multi-member-split)
from add.prems(1) have z,2,I'"" + T/ = A by simp
with contractL have z, ' + T/ = A .
with add.IH[of T'| show ?case using I' add.prems(2) subset-mset.trans by
force
qed
have contractAA: T = A+A' = A'CH A =T = Afor ' A A’
proof (induction A’ arbitrary: A)
case empty thus ?case using weakenL-set by force
next
case (add z A" A)
from add.prems(2) have z €# A by (simp add: insert-subset-eq-iff)
then obtain A’ where A[simp]: A = z,A’ by (metis multi-member-split)
from add.prems(1) have T' = z,2,A” + A’ by simp
with contractR have I' = z, A" + A’.
with add.IH[of A] show Zcase using A add.prems(2) subset-mset.trans by
force
qed
show ' = AA = AT =A=T1T=A
using context-free-Cutlof T' A A T A] contractT'T contractAA
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by blast
qed

According to Troelstra and Schwichtenberg [11], the sharing variant is the
one we want to prove.

lemma Cut-Atom-pre: Atom kI’ = A —= T = Atom kLA —= T' = A
proof (induction Atom k,I' A arbitrary: T rule: SCp.induct)
case BotL
hence L €# T" by simp
thus ?case using SCp.BotL by blast
next
case (Az [ A)
show ?case proof cases
assume [ = k
with (Atom | €# A> obtain A’ where A = Atom k, A’ by (meson multi-member-split)
with I" = Atom k, A> have I' = A using contractR by blast
thus ?thesis by auto
next
assume [ # k
with <Atom | €# Atom k, I'» have Atom | €# I' by simp
with (Atom | €# A show ?thesis using SCp.Az[of I] by blast
qed
next
case NotL
thus ?case by(auto simp: add-eq-conv-ex introl: SCp.NotL dest!: NotL-inv)
next
case NotR
then show Zcase by(auto introl: SCp.NotR dest!: NotR-inv)
next
case AndL
thus ?case by(auto simp: add-eq-conv-ex introl: SCp.AndL dest!: AndL-inv)
next
case AndR
then show ?case by(auto introl: SCp.AndR dest!: AndR-inv)
next
case OrL
thus ?case by(auto simp: add-eq-conv-ex introl: SCp.OrL dest!: OrL-inv)
next
case OrR
thus Zcase by(auto introl: SCp.OrR dest!: OrR-inv)
next
case ImpL
thus ?case by(auto simp: add-eq-conv-ex introl: SCp.ImpL dest!: ImpL-inv)
next
case ImpR
then show ?case by (auto dest!: ImpR-inv introl: SCp.ImpR)
qed

We can show the admissibility of the cut rule by induction on the cut formula
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(or, if you will, as a procedure that splits the cut into smaller formulas that
get cut). The only mildly complicated case is that of cutting in an Atom
k. It is, contrary to the general case, only mildly complicated, since the cut
formula can only appear principal in the axiom rules.

theorem cut: I' = FA —= FI' = A=T1= A
proof (induction F arbitrary: T' A)

case Atom thus ?case using Cut-Atom-pre by metis
next

case Bot thus ?case using Bot-delR by fastforce
next

case Not with NotL-inv NotR-inv show Zcase by blast
next

case And thus ?case by (meson AndL-inv AndR-inv weakenlL)
next

case Or thus ?case by (metis OrL-inv OrR-inv weakenR)
next

case (Imp F G)

from ImpR-inv <I' = F — G, A) have R: F, T = G, A by blast
from ImpL-inv «<F — G, T = A have L. T' = F, A G, ' = A by blast+
from L(1) have I' = F, G, A using weakenR add-ac(3) by blast
with R have I' = G, A using Imp.IH(1) by simp
with L(2) show I' = A using Imp.IH(2) by clarsimp
qed

corollary cut-cf: [T = A, A AT = Al =T+T'= A+ A’
using cut-cs-cf cut by metis

lemma assumes cut: A T'' A’ (A::'a formula). [I' = A, A A, T = Al =T"
= A’
shows contraction-admissibility: F.F.T' = A = (F::'a formula),l’ = A
by(rule cutlof F.I' F A, OF extended-Az]) simp-all

end

theory SC-Depth
imports SC
begin

Many textbook arguments about SC use the depth of the derivation tree as
basis for inductions. We had originally thought that this is mandatory for
the proof of contraction, but found out it is not. It remains unclear to us
whether there is any proof on SC that requires an argument using depth.

We keep our formalization of SC with depth for didactic reasons: we think
that arguments about depth do not need much meta-explanation, but struc-
tural induction and rule induction usually need extra explanation for stu-
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dents unfamiliar with Isabelle/HOL. They are also a lot harder to execute.
We dare the reader to write down (a few of) the cases for, e.g. AndL-inv’,
by hand.

inductive SCc :: 'a formula multiset = 'a formula multiset = nat = bool («((-
=/-) ] -) [53,58] 53) where

BotL: L e# T = I'==A | Suc n |

Az: Atom k €# T = Atom k €e# A = T'=>A | Suc n |

NotL: T'= F,A |l n= Not F,T'= A | Sucn |

NotR: FT'= Al n=T = Not F, A | Sucn |

AndL: F,GT = Al n= And FG,T = A | Sucn |

AndR: [T=FA | nT=GAln]=T= And F G, A ] Sucn |
OrL: [FT=Aln Gl =Aln]= OrFG T = A] Sucn|
ORT = FGA|ln=—T=0rFG,A] Sucn |

ImpL: [T=FAln Gl =Aln]=Imp FG, T = A ] Sucn|
ImpR: FI' = GAln=T=Imp FG, Al Sucn

lemma
shows BotL-canonical [introl]: LT=A | Suc n
and Az-canonical’lintrol]: Atom k,I' = Atom k,A | Suc n
by (meson SCc.intros union-single-eq-member)+

lemma deeper:T' = A | n=—=T=Aln+m
by (induction rule: SCc.induct; insert SCc.intros; auto)
lemma deeper-suc: ' = A | n=T1 = A | Sucn

thm deeper|unfolded Suc-eg-plus1[symmetric]|
by (drule deeperlwhere m=11]) simp

The equivalence is obvious.

theorem SC-SCp-eq:
fixes I' A :: 'a formula multiset
shows (An. ' = A |l n) «— T = A (is %c «— 7p)
proof
assume ?c
then obtain n whereI' = A | n ..
thus ?p by(induction rule: SCc.induct; simp add: SCp.intros)
next
have deeper-maz: T’ = A |l mazmnl = Al maznmif ' = A | nfor nm
and I A :: 'a formula multiset
proof —
have n < m = Jk. m = n + k by presburger
with that[THEN deeper] that
show I' = A | maz n m unfolding maax-def by clarsimp
thus I' = A | maz m n by (simp add: maz.commute)
qed
assume ?p thus ?c by(induction rule: SCp.induct)
(insert SCc.introsjwhere 'a='a] deeper-max; metis)+
qed
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lemma no-0-SC|dest!]: T' = A | 0 = False
by (cases rule: SCe.cases[of T' A 0]) assumption

lemma inR1"T= G, H Al n=T= H, G, A | nby(simp add: add-mset-commute)
lemmainll” G,H,T'= Al n= H, G,T = A | nby(simp add: add-mset-commute)
lemma inR2" T = F, G, HL A |l n= T = G, H, F, A | n by(simp add:
add-mset-commute)

lemma inl2" F, G, HLT = A |l n= G, H, F,T = A | n by(simp add:
add-mset-commute)

lemma inR3" T = F, G, HH Al n=—T = H, F, G, A | n by(simp add:
add-mset-commute)

lemma inR/" T = F, G, H I,Aln=T=H, I, F, G, A | nby(simp add:
add-mset-commute)

lemma inlL3" F, G, HHT = A |l n= H, F, G, T = A | n by(simp add:
add-mset-commute)

lemma inl)" F, G, H, I, T = Al n= H,I,F, G,T = A | nby(simp add:
add-mset-commute)

lemmas SC-swap-applies|intro,elim!] = inL1’inL2’ inL8' inL4'inR1’inR2' inR3’
inR4’

lemma Atom C — Atom D — Atom FE,
Atom k — Atom C N Atom D,
Atom k, {#}
= {# Atom E #} | Suc (Suc (Suc (Suc (Suc 0))))
by (auto introl: SCe.intros(8—) intro: SCc.intros(1,2))

lemma Bot-delR" T = A |l n =T = A—{#L1#} | n
proof (induction rule: SCc.induct)

case BotL thus ?case by(rule SCc.BotL; simp)
next case (Az k) thus Zcase by(intro SCc.Az[of k|; simp; metis diff-single-trivial
formula.distinct(1) insert-Diff M lem1)
next case NotL thus %case using SCc.NotL by (metis add-mset-remove-trivial
diff-single-trivial diff-union-swap insert-Diff M)
next case NotR thus ?case using SCc.NotR by (metis diff-union-swap formula.distinct(11))
next case AndR thus ?case using SCc.AndR by (metis diff-single-trivial diff-union-swap
diff-union-swap2 formula.distinct(13))
next case OrR thus ?case using SCc.OrR by (metis diff-single-trivial diff-union-swap2
formula.distinct(15) insert-iff set-mset-add-mset-insert)
next case ImpL thus ?case using SCc.ImpL by (metis diff-single-trivial diff-union-swap2)
next case ImpR thus ?case using SCec.ImpR by (metis diff-single-trivial diff-union-swap
diff-union-swap2 formula.distinct(17))
qed (simp-all add: SCc.intros)

lemma NotL-inv: Not F, T = A|ln=—=T=FA |n

proof (induction Not F, T' A n arbitrary: T rule: SCc.induct)
case (NotL T G A n) thus ?case by(cases Not F = Not G)
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(auto introl: SCc.intros(3—) dest!: multi-member-split simp: lem1 lem2 deeper-suc)
qed (auto introl: SCc.intros(3—) dest!: multi-member-split simp: SCp.intros lem1
lem?2)

lemma AndL-inv": And F G, T = A|ln=— F.GI' = Al n
proof (induction And F G, T A n arbitrary: T rule: SCc.induct)
case (AndL F' G'T' A) thus ?case
by(cases And F G = And F' G,
auto introl: SCc.intros(3—) dest!: multi-member-split simp: lem1 lem2 deeper-suc;
metis add-mset-commute)
qed (auto introl: SCe.intros(3—) dest!: multi-member-split simp: SCe.intros lem1
lem2 inL2")

lemma OrL-inv”:
assumes Or FG,I'= A |n
shows FI' = Al nAGT=Aln
proof (insert assms, induction Or F G, T' A n arbitrary: T rule: SCe.induct)
case (OrL F'T' A n G') thus ?case
by(cases Or F G = Or F' G/
auto introl: SCc.intros(3—) dest!: multi-member-split simp: lem1 lem2 deeper-suc;
blast)
qed (fastforce introl: SCc.intros(3—) dest!: multi-member-split simp: SCe.intros
lem1 lem2)+

lemma ImpL-inv’:
assumes Imp F G, ' = A | n
shows'= FAlnAGT = Aln
proof (insert assms, induction Imp F G, T' A n arbitrary: T' rule: SCc.induct)
case (ImpL ' F' A n G') thus ?case
by(cases Or F G = Or F' G,
auto introl: SCe.intros(3—) dest!: multi-member-split simp: lem1 lem?2 deeper-suc;
blast)
qed (fastforce introl: SCec.intros(3—) dest!: multi-member-split simp: SCe.intros
lem1 lem2)+

lemma ImpR-inv”:
assumes ' = Imp F G,A | n
shows F)I' = G,A | n
proof (insert assms, induction T' Imp F G, A n arbitrary: A rule: SCe.induct)
case (ImpR F'T G’ A') thus Zcase
by(cases Or F G = Or F' G;
auto introl: SCe.intros(3—) dest!: multi-member-split simp: lem1 lem2 deeper-suc;
blast)
qed (fastforce introl: SCc.intros(3—) dest!: multi-member-split simp: SCc.intros
lem1 lem2)+

lemma AndR-inv"

shows ' = And FG,Aln=—=T=F AlnAT =G Aln
proof (induction T' And F G, A n arbitrary: A rule: SCe.induct)
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case (AndR T F' A’ n G’) thus ?case
by(cases Or F G = Or F' G;
auto introl: SCe.intros(3—) dest!: multi-member-split simp: lem1 lem2 deeper-suc;
blast)
qed (fastforce intro!: SCc.intros(3—) dest!: multi-member-split simp: SCc.intros
lem1 lem2)+

lemma OrR-inv: T'= OrFG, Al n—=—T1T=F,GA|n
proof (induction T' Or F G, A n arbitrary: A rule: SCe.induct)
case (OrR T F’ G’ A') thus ?case
by(cases Or F G = Or F' G;
auto introl: SCe.intros(3—) dest!: multi-member-split simp: lem1 lem2 deeper-suc;
metis add-mset-commute)
qed (fastforce introl: SCc.intros(3—) dest!: multi-member-split simp: SCc.intros
lem1 lem2)+

lemma NotR-inv: T' = Not F, Al n=— FI = Aln
proof (induction T' Not F, A n arbitrary: A rule: SCe.induct)
case (NotR G T A’) thus ?case
by(cases Not F' = Not G;
auto introl: SCe.intros(3—) dest!: multi-member-split simp: lem1 lem2 deeper-suc;
metis add-mset-commute)
qed (fastforce introl: SCc.intros(3—) dest!: multi-member-split simp: SCe.intros
lem1 lem2)+

lemma weakenl:" I’ = A |l n=— FI = A |n
by (induction rule: SCe.induct)
(auto intro!: SCe.intros(3—) intro: SCc.intros(1,2))

lemma weakenR" T = A | n=T=FA |n
by (induction rule: SCc.induct)
(auto intro!: SCe.intros(3—) intro: SCc.intros(1,2))

lemma contract”:
(FFT=Aln—FI'=Aln)ANIT=FFA]ln—TI=FA]|n)
proof (induction n arbitrary: F T' A)
case (Suc n)
hence IH: F, F, T=A]ln=F,T=>AlnlT=F F,Aln=T1T=F,
A | nfor F :: 'a formula and T" A by blast+
show ?case proof (intro conjl alll impl, goal-cases)
case 1
let 7ffs = A[.T — {# F #} — {# F #}
from 1 show ?case proof(insert 1; cases rule: SCc.cases[of F,F.I' A Suc n])
case (NotL T' QG)
show ?thesis
proof (cases)
assume e: F = -G
with NotL have I': T/ = =G, T" by simp
from NotL-inv’ NotL(2) have I' = G, G, A | n unfolding I'’.

99



with IH(2) have I' = G, A | n .
with SCc.NotL show ?thesis unfolding e .
next
assume e: F # -G
have ?thesis
using NotL(2) IH(1)[of F ?ffs T’ G, A] SCc.NotL[of F, T — {# F #}
(HF#) GAn
using e NotL(1) by (metis (no-types, lifting) insert-DiffM lem?2)
from e NotL(1) have I: T' = = G, ?ffs T/ by (meson lem1)
with NotL(1) have I': F.F,?ffs T/ = T/ by simp
show ?thesis using NotL(2) IH(1)[of F ?ffs T'' G, A] SCc.NotL[of F, ?ffs
I''"GAn]«F, T = A | Suc n» by blast
qed
next
case (AndL G H T") show ?thesis proof cases
assume e: F' = And G H
with AndL(1) have T': TV = And G H, T by simp
have G A H, G, H, T = A | n using AndL(2) unfolding I'' by auto
hence G, H, G, H, T = A | n by(rule AndL-inv")
hence G, H,T' = A | n using IH(1) by (metis inL1’ inL3")
thus F, T' = A | Suc n using e SCc.AndL by simp
next
assume ne: F' # And G H
with AndL(1) have I': T' = And G H, ?ffs T/ by (metis (no-types, lifting)
diff-diff-add lem2)
have F, F, G, H, ?ffs T = A | n using AndL(2) using T inLj’ lo-
cal. AndL(1) by auto
hence G, H, F, ?ffs T/ = A | n using IH(1) inL2 by blast
thus ?thesis using SCc.AndL unfolding I" using inL1 by blast
qed
next
case (OrL G T H) show ?thesis proof cases
assume e: F' = Or G H
with OrL(1) have I': T/ = Or G H, T by simp
have Or G H, G,T' = A |l nOr GH, H T = A | n using OrL(2,3)
unfolding I’ by simp-all
hence G, G, "= A | n H, H T = A | n using OrL-inv’ by blast+
hence G,T'= A | n H, T = A | n using IH(1) by presburger+
thus F, T' = A | Suc n unfolding e using SCc.OrL by blast
next
assume ne: F # Or G H
with OrL(1) have I': T' = Or G H, ?ffs T/ by (metis (no-types, lifting)
diff-diff-add lem?2)
have F, F, G, ?ffsT/= A | n F, F, H?fsT' = A | n using OrL T by
auto
hence G, F, ?ffsT'= A | n H, F, ?ffs T/ = A | n using IH(1) by(metis
add-mset-commute)+
thus ?thesis using SCec.OrL unfolding I" by auto
qed
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next
case (ImpL I'' G H) show ?thesis proof cases
assume e: F'= Imp G H
with ImpL(1) have T': TV = Imp G H, T by simp
have H,T'= A | nT = G,A | n using IH ImpL-inv’ ImpL(2,3) unfolding
F/
by (metis add-mset-commute)+
thus ?thesis unfolding e using SCc.ImpL[where 'a="a] by simp
next
assume ne: F' # Imp G H
with ImpL(1) have T': T' = Imp G H, ?ffs T/ by (metis (no-types, lifting)
diff-diff-add lem?2)
have F, F, ?ffsT/' = G, Al nF, F, H, ?ffsT' = A | n using ImpL T
by auto
thus ?thesis using SCc.ImpL IH unfolding T' by (metis inL1’)
qed
next
case ImpR thus ?thesis by (simp add: IH(1) SCc.intros(10) add-mset-commute)
next
case (NotR G A') thus ?thesis using IH(1) by (simp add: SCc.NotR
add-mset-commute)
qed (auto intro: IH SCc.intros(1,2) intro!: SCec.intros(8—10))
next
case 2
let ?ffs = A\[.T — {# F #) — {# F #)
have not-principal[dest]:
[F#fGH, F,F,A=fGH A| = A=fGH, ?ffs A'\ F, F, ?ffs A’
= A'for f G H A’ proof (intro conjl, goal-cases)
case 2
from 2 have F €# A’ by(blast dest: lem1[THEN iffD1])
then obtain A" where A: A’ = F. A" by (metis insert-Diff M)
with 2(2) have F, A = f G H, A" by(simp add: add-mset-commute)
hence F €# A’ using 2(1) by(blast dest: lem1[THEN iffD1])
then obtain A’ where A’: A" = F A’ by (metis insert-DiffM)
show ?case unfolding A’ A" by simp
case I show ?case using 1(2) unfolding A’ A" by(simp add: add-mset-commute)
qed
have principal[dest]: F, F, A= fGH, AN'=—= F=fGH = A'=fG H,
A for f G H A’ by simp
from 2 show ?case proof(cases rule: SCe.cases[of I' F,F,A Suc n])
case (ImpR G H A’) thus ?thesis proof cases
assume e[simp]: F = Imp G H
with ImpR(1) have A'[simp]: A" = Imp G H, A by simp
have G, T = Imp G H, H, A | n using ImpR(2) by simp
hence G, G, T' = H, H, A | n by(rule ImpR-inv’)
hence G, ' = H, A | n using IH by fast
thus I' = F, A | Suc n using SCc.ImpR by simp
next
assume a: F # Imp G H
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with ImpR(1) have A: A = Imp G H, ?ffs A’ by (metis (no-types, lifting)
diff-diff-add lem?2)
have GI' = F, F, H, ?ffs A’ | n using ImpR A by fastforce
thus ?thesis using SCc.ImpR IH unfolding A by (metis inR1’)
qed
next
case (AndR G A’ H) thus ?thesis proof(cases F' = And G H)
case True thus ?thesis using AndR by (auto introl: SCe.intros(3—) dest!:
AndR-inv’ intro: IH)
next
case Fulse
hence e: A = And G H, ?ffs A’ using AndR(1) using diff-diff-add lem?2
by blast
hence GA H, F, F, ?ffs A’= G A H, A’ using AndR(1) by simp
hence'= F, F, G, ?ffs A’ nT'= F, F, H, ?ffs A’ | n using AndR(2,3)
using add-left-imp-eq inR2 by fastforce+
hence I' = G, F, ?ffs A’ n T = H, F, ?ffs A’ | n using IH(2) by
blast+
thus ?thesis unfolding e by (intro SCc.AndR[THEN inR1'])
qed
next
case (OrR G H A’) thus ?thesis proof cases
assume a: F = Or G H
hence A: A’= GV H, A using OrR(1) by(intro principal)
hence I' = G, H, G, H, A | n using inR8'[THEN OrR-inv’] OrR(2) by
auto
henceI' = H, G, A | n using IH(2)[of T' G H,H,A] IH(2)[of T H G,A]
unfolding add-ac(3)[of {#H#} {#G+#}| using inR2 by blast
hence I' = G, H, A | n by(elim SC-swap-applies)
thus ?thesis unfolding a by (simp add: SCc.OrR)
next
assume a: F # Or G H
with not-principal have np: A = GV H, ?ffs A’ AN F, F, ?ffs A’ = A’ using
OrR(1) .
with OrR(2) have I' = G, H, F, ?ffs A’ | n using IH(2) by (metis inR2’
inR4")
henceI' = F, GV H, ?ffs A’ | Suc n by(intro SCc.OrR[THEN inR1'))
thus ?thesis using np by simp
qed
next
case (NotR G A’) thus ?thesis proof(cases F = Not G)
case True
with principal NotR(1) have A’ = - G, A .
with NotR-inv’ NotR(2) have G, G, T = A | n by blast
with [H(1) have G, T = A | n.
thus I' = F, A | Suc n unfolding True by(intro SCc.NotR)
next
case Fulse
with not-principal have np: A = = G, A" — (F, {#F#}) N F, F, A’ —
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(F, {#F+#}) = A’ using NotR(1) by auto
hence G, I' = F, F, ?ffs A’ | n using NotR(2) by simp
hence G, I' = F, ?ffs A’ | n by(elim IH(2))
thus “thesis using np SCc.NotR inR1 by auto
qed
next
case BotL thus ?thesis by(elim SCec.BotL)
next
case (Az k) thus ?thesis by(intro SCc.Az[where k=Fk]|) simp-all
next
case NotL thus ?thesis by (simp add: SCc.NotL Suc.IH add-mset-commute)
next
case AndL thus ?thesis using SCc.AndL Suc.IH by blast
next
case OrL thus ?thesis using SCc.OrL Suc.IH by blast
next
case ImpL thus %thesis by (metis SCc.ImpL Suc.IH add-mset-commute)
qed
qed
qed blast

lemma Cut-Atom-depth: Atom k' = Al n=T1 = Atom kA |l m=T1= A
In+m
proof (induction Atom k,T' A n arbitrary: T m rule: SCe.induct)
case (BotL A)
hence 1 €# T by simp
thus ?case using SCc.BotL by auto
next
case (Az [ A)
show ?case proof cases
assume [ = k
with <Atom | €4 A> obtain A’ where A = Atom k, A’ by (meson multi-member-split)
with «I"' = Atom k, A | m» have I' = A | m using contract’ by blast
thus ?thesis by (metis add.commute deeper)
next
assume | # k
with <Atom | €# Atom k, I'> have Atom | €# I" by simp
with (Atom | €# A» show ?thesis using SCc.Az[of l| by simp
qed
next
case (NotLT F A)
obtain I'" where I': T' = Not F, T'' by (meson NotL.hyps(3) add-eq-conv-ex
formula.simps(9))
show ?case unfolding I’
apply (unfold plus-nat.add-Suc)
apply(intro SCc.NotL)
apply (intro NotL.hyps )
subgoal using NotL T by (simp add: lem2)
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subgoal using I' NotL.prems NotL-inv’ by blast
done
next
case (NotR F A)
then show Zcase by(auto intro!: SCc.NotR dest!: NotR-inv’)
next
case (AndL F G T A)
obtain I’ where I': ' = And F G, T’ by (metis AndL.hyps(3) add-eq-conv-diff
formula.distinct(5))
show ?case unfolding I’
apply (unfold plus-nat.add-Suc)
apply(intro SCc.AndL)
apply(intro AndL.hyps )
subgoal using AndL T by (simp add: lem2)
subgoal using I' AndL.prems AndL-inv’ by blast
done
next
case (AndR F A G)
then show ?case
using AndR-inv’ SCc.AndR by (metis add-Suc inR1")
next
case (OrL FT' A n G)
obtain I'" where I': I = Or F G, '’ by (meson OrL.hyps(5) add-eq-conv-ex
formula.simps(13))
have ihm: F, T'' = Atom k, F, T'" G, T = Atom k, G, """ using OrL I" by
(simp-all add: lem2)
show ?case unfolding I'
apply (unfold plus-nat.add-Suc)
apply (intro SCc.OrL OrL.hyps(2)[OF ihm(1)] OrL.hyps(4)[OF ihm(2)])
subgoal using I' OrL.prems OrL-inv’ by blast
subgoal using I' OrL.prems OrL-inv’ by blast
done
next
case (OrR F G A)
then show Zcase by(auto introl: SCe.intros(3—) dest!: OrR-inv’)
next
case (ImpLT' F A n G)
obtain ' where I': T' = Imp F G, T'" by (metis ImpL.hyps(5) add-eg-conv-ex
formula.simps)
show ?case unfolding I
apply (unfold plus-nat.add-Suc)
apply (intro SCc.ImpL ImpL.hyps(2) ImpL.hyps(4))
subgoal using ImpL T by (simp add: lem2)
subgoal using ' ImpL.prems by(auto dest!: ImpL-inv’)
subgoal using ImpL T by (simp add: lem2)
subgoal using I' ImpL.prems ImpL-inv’ by blast
done
next

case (ImpR F G A)
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then show ?case by (auto dest!: ImpR-inv’ introl: SCe.ImpR)
qed
primrec cut-bound :: nat = nat = ’a formula = nat where

cut-bound n m (Atom -) = m + n |

cut-bound n m Bot = n |

cut-bound n m (Not F) = cut-bound m n F' |

cut-bound n m (And F G) = cut-bound n (cut-bound n m F) G |

cut-bound n m (Or F G) = cut-bound (cut-bound n m F) m G |

cut-bound n m (Imp F G) = cut-bound (cut-bound m n F) m G
theorem cut-bound: ' = F, Al n— FI = A | m=—T1 = A cut-bound n
m F
proof (induction F arbitrary: T A n m)

case (Atom k) thus ?case using Cut-Atom-depth by simp fast
next

case Bot thus ?case using Bot-delR’ by fastforce
next

case Not from Not.prems show ?case by (auto dest!: NotL-inv’ NotR-inv’ intro!:
Not.IH elim!: weakenL)
next

case (And F G) from And.prems show ?case by (auto dest!: AndL-inv’ AndR-inv
introl: And.IH elim!: weakenR' weakenL’)
next

case (Or F' G) from Or.prems show %case by(auto dest: OrL-inv’ OrR-inv’
introl: Or.IH elim!: weakenR' weakenL’)
next

case (Imp F Q)

from ImpR-inv' <I' = F— G, A | n have R: F, T = G, A | n by blast

from ImpL-inv’ <F — G, T = Al m have : T = F, Al m G T = Alm
by blast+

from L(1) have I' = F, G, A | m using weakenR’ by blast

from Imp.IH(1)[OF this R] have I' = G, A | cut-bound m n F .

from Imp.IH(2)[OF this L(2)] have I' = A | cut-bound (cut-bound m n F) m
G .

thus I' = A | cut-bound n m (F — G) by simp
qed

/

context begin

private primrec cut-bound’ :: nat = 'a formula = nat where
cut-bound’ n (Atom -) = 2xn |
cut-bound’ n Bot = n |
cut-bound’ n (Not F) = cut-bound’ n F' |
cut-bound’ n (And F G) = cut-bound’ (cut-bound’ n F) G |
cut-bound’ n (Or F G) = cut-bound’ (cut-bound’ n F) G |
cut-bound’ n (Imp F G) = cut-bound’ (cut-bound’ n F) G

private lemma cut-bound’-mono: a < b = cut-bound’ a F < cut-bound’ b F
by (induction F arbitrary: a b; simp)

private lemma cut-bound-mono: a < ¢ = b < d = cut-bound a b F <
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cut-bound ¢ d F
by (induction F arbitrary: a b ¢ d; simp)

private lemma cut-bound-maz: maz n (cut-bound’ (maz n m) F) = cut-bound’
(maz n m) F

by (induction F arbitrary: n m; simp; metis)
private lemma cut-bound-maz’s maz n (cut-bound’ n F) = cut-bound’ n F

by (induction F arbitrary: n ; simp; metis maz.assoc)

private lemma cut-bound-": cut-bound n m F < cut-bound’ (max n m) F
proof (induction F arbitrary: n m)

case (Not F)

then show ?case by simp (metis maz.commute)
next

case (And F1 F2)

from And.IH(1) have 1: cut-bound n (cut-bound n m F1) F2 < cut-bound n
(cut-bound’ (maz n m) F1) F2

by (rule cut-bound-mono[OF order.refl])

also from And.IH(2) have ... < cut-bound’ (maz n (cut-bound’ (maxz n m)
F1)) F2 by simp
also have ... = cut-bound’ (cut-bound’ (max n m) F1) F2 by (simp add:

cut-bound-maz)
finally show ?case by simp
next
case (Or F1 F2)
from Or.IH(1) have 1: cut-bound (cut-bound n m F1) m F2 < cut-bound
(cut-bound’ (max n m) F1) m F2
by (rule cut-bound-mono[OF - order.refl])

also from Or.IH(2)[of cut-bound’ (maz n m) F1] have ... < cut-bound’ (max
(cut-bound’ (maz n m) F1) m) F2 by simp
also have ... = cut-bound’ (cut-bound’ (max n m) F1) F2 by (simp add:

cut-bound-maz max.commute)
finally show ?case by simp
next
case (Imp F1 F2)
from Imp.IH(1) have 1: cut-bound (cut-bound m n F1) m F2 < cut-bound
(cut-bound’ (maz m n) F1) m F2
by (rule cut-bound-mono[OF - order.refl])

also from Imp.IH(2)[of cut-bound’ (max m n) F1] have ... < cut-bound’ (maz
(cut-bound’ (max m n) F1) m) F2 by simp
also have ... = cut-bound’ (cut-bound’ (mazx n m) F1) F2 by (simp add:

cut-bound-maz max.commute)
finally show ?case by simp
qed simp-all

primrec depth :: ‘a formula = nat where
depth (Atom -) = 0 |
depth Bot = 0 |
depth (Not F) = Suc (depth F) |
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depth (And F G) = Suc (maz (depth F) (depth G)) |
depth (Or F G) = Suc (maz (depth F') (depth G)) |
depth (Imp F' G) = Suc (mazx (depth F) (depth G))

private primrec cbnd where
chnd k 0 = 2xk |
chnd k (Suc n) = cbnd (cbnd kn) n

private lemma cbnd-grow: (k :: nat) < cbnd k d
by (induction d arbitrary: k; simp) (insert le-trans, blast)

private lemma cbnd-mono: assumes b < d shows cbnd (a::nat) b < cbnd a d
proof —
have cbnd (a:nat) b < cbnd a (b + d) for b d
by (induction d arbitrary: a b; simp) (insert le-trans cbnd-grow, blast)
thus ?thesis using assms using le-Suc-ex by blast
qed

private lemma cut-bound’-cbnd: cut-bound’ n F < cbnd n (depth F)
proof (induction F arbitrary: n)
next
case (Not F)
then show ?case using cbnd-grow dual-order.trans by fastforce
next
case (And F1 F2)
let ?md = maz (depth F1) (depth F2)
have cut-bound’ (cut-bound’ n F1) F2 < cut-bound’ (cbnd n (depth F1)) F2 by
(simp add: And.IH(1) cut-bound’-mono)
also have ... < cut-bound’ (cbnd n #md) F2 by (simp add: cbnd-mono cut-bound’-mono)
also have ... < cbnd (cbnd n ?md) (depth F2) using And.IH(2) by blast
also have ... < ¢bnd (cbnd n ?md) ?md by (simp add: cbnd-mono)
finally show ?case by simp
next
case (Imp F1 F2)
case (Or F1 F2)

analogous

qed simp-all

value map (cbnd (0::int)) [0,1,2,5,4]
value map (cbnd (1::int)) [0,1,2,5,4]
value map (cbnd (2::int)) [0,1,2,3,4]
value map (cbnd (8::int)) [0,1,2,5,4]

value [nbe] map (int o (An. n div 3) o cut-bound 3 3 o (An. (AF. And F F) ~
n) (Atom 0))) 10,1,2,5,4,5,6,7)

value [nbe] map (int o (An. n div 3) o cut-bound’ 8 o (An. (AF. And F F) " n)
(Atom 0))) [0,1,2,3,4]

value [nbe] map (int o (An. n div 8) o cut-bound 8 3 o (An. (AF. Imp (Or F F)
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(And F F)) " n) (Atom 0))) [0,1,2]
value [nbe] map (int o (An. n div 8) o cut-bound’ 3 o (An. (AF. Imp (Or F F)
(And F F)) "~ n) (Atom 0))) [0,1,2]

value [nbe] (AF. And (Or F F) (Or FF)) 72

lemma n + ((n + m) * 2 ~ (size F — Suc 0) +
(n+(n+m+ (n+m)* 2 (size F — Suc 0))) *x 2" (size G — Suc 0))
< (n 4 (m : nat)) x 2 7 (size F + size G)
oops

lemma cut-bound (n :: nat) m F < (n+ m) x (2 " (size F — 1) + 1)
proof (induction F arbitrary: n m)
next
case (Not F)
show ?case unfolding cut-bound.simps by (rule le-trans[OF Not]) (simp add:
add.commute)
next
have I < size F for F :: ‘a formula by(cases F; simp)
case (And F G)
from And(2) have cut-bound n (cut-bound n m F) G < (n + (cut-bound n m
F)) % (2 " (size G — 1) + 1) by simp
also from And(1) have ... < (n+ (n+ m) * (2 “(size F — 1) + 1)) x (2~
(size G — 1)+ 1)
by (meson add-le-cancel-left mult-le-monol)
also have ... < (n+ m)* (2 " (size (FAG)— 1)+ 1)
apply simp
oops

private lemma cbnd-comm: cbnd (I * k:nat) n = 1 * cbnd (k::nat) n
by (induction n arbitrary: k; simp)

private lemma cbnd-closed: cbnd (k:nat) n =k 2~ (2 " n)

by (induction n arbitrary: k;simp add: semiring-normalization-rules(26))

theorem cut” assumes I' = F A [ n FT' = A [ nshowsT = A | nx 2 (2
~ depth F)
proof —

from cut-bound[OF assms] have ¢: I' = A | cut-bound n n F .

have d: cut-bound nn F < maxnn x 2~ (2~ depth F)

using cut-bound-" cut-bound’-cbnd cbnd-closed by (metis order-trans)

show ?thesis using c d le-Suc-ex deeper unfolding maz.idem by metis

qed

end

end
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2.1.3 Mimicking the original

theory SC-Gentzen
imports SC-Depth SC-Cut
begin

This system attempts to mimic the original sequent calculus (“Reihen von
Formeln, durch Kommata getrennt”, translates roughly to sequences of for-
mulas, separated by a comma) [4].

inductive SCy :: ‘a formula list = 'a formula list = bool (infix <=» 30) where
Anfang: D] = [9D] |

FalschA: [1] =[] |

VerduennungA: T = © = D#I = O |

VerduennungS: T = O = T’ = D#06 |

ZusammenzichungA: DH#DH#I = 0 — D#[ = 0O |

ZusammenzichungS: I' = DH#DH#O0 — I’ = D#O |

VertauschungA: AQDH#EH#I = O — AQEHDH#I = O |

VertauschungS: T' = OQEH#DH#N — T' = OQDH#EHA |

Schnitt: [I' = D#0O; DH#A = A] = I'QA = OQA |

UES: [I' = A#0; T = B#0O] = T = AABH#O |

UEAL: A#T = © = AABH#T = © | UEA2: B#I = 0 = AABH#I = O |
OFA: [A#T = ©; B#I' = 0] = AVB#I' = O |

OES1: T = A#0 = T = AVB#O | OES2: T = B#60 — T = AVB#O |
FES: A#T = B#60 — T = A—>BH#O |

FEA: [l = A#0; B#A = A] = A—->BH#I'QA = OQA |

NES: A#I' = 0 = T = —A#0 |

NEA: T = A#0 — —A#I[ = O

Nota bene: E here stands for “Einfithrung”, which is introduction and not
elemination.

The rule for L is not part of the original calculus. Its addition is necessary
to show equivalence to our SCp.

Note that we purposefully did not recreate the fact that Gentzen sometimes
puts his principal formulas on end and sometimes on the beginning of the
list.

lemma AnfangTauschA: D#AQT = 0@ — AQD#I' = O

by (induction A arbitrary: T' rule: List.rev-induct) (simp-all add: VertauschungA)
lemma AnfangTauschS: I' = D#AQ0 — ' = AQDH#O

by (induction A arbitrary: © rule: List.rev-induct) (simp-all add: Vertauschungs)
lemma MittenTauschA: AQDH#I' = 0 — DH#AQI = O

by (induction A arbitrary: T' rule: List.rev-induct) (simp-all add: VertauschungA)
lemma MittenTauschS: T' = AQD#6O — I = DH#AQO

by (induction A arbitrary: © rule: List.rev-induct) (simp-all add: VertauschungS)

lemma BotLe: Leset I' = I'ssA
proof —

have A: L#I'=[| for I' by(induction T') (simp-all add: FalschA VerduennungA
VertauschungA[where A=Nil, simplified])
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have x: L #I'=A for T' by(induction A) (simp-all add: A VerduennungS)
assume L €set I' then obtain I'f T'2 where I: I' = T'1QL#I'2 by (meson
split-list)
show ?thesis unfolding I' using AnfangTauschA * by blast
qed

lemma Aze: A € set ' = A € set A =T = A
proof —

have A: A#T" = [A] for T by (induction T") (simp-all add: Anfang VertauschungA[where
A=Nil, simplified] VerduennungA)

have S: A#I' = A#A for ' A by(induction A) (simp-all add: A Anfang Ver-
tauschungS[where ©=Nil, simplified] Verduennung$S)

assume A € set I' A € set A thus ?thesis

apply(—)

apply(drule split-list)+
apply (clarify)
apply (intro AnfangTauschA AnfangTauschsS)
apply(rule S)

done
qed

lemma VerduennungListeA: I' = © = I'Ql"' = ©
proof —
have I’ = © =— 3T'". I'=I'"Ql'" = r‘ar = O for I'/
proof (induction T"')
case (Cons a as)
then obtain I''” where I' = '’/ Q a # as by blast
hence AT". T' =T @ as by(intro exl[where z=I'"" @ [a]]) simp
from Cons.IH[OF Cons.prems(1) this] have as @QT' = O .
thus ?case using VerduennungA by simp
qed simp
thus I' = O = T'QI' = O by simp
qed
lemma VerduennungListeS: T' = 0 — I' = 0Q0O
proof —
have ' = © = 30". ©=0"@0' = T = ©'QO for O’
proof (induction ©)
case (Cons a as)
then obtain ©" where © = 0" Q a # as by blast
hence 30". ©® = ©" @ as by(intro exI[where z=0" Q [a]]) simp
from Cons.IH[OF Cons.prems(1) this] have T' = as Q@ © .
thus ?case using VerduennungS by simp
qed simp
thus ' = 6 — I' = 0Q0O by simp
qed

lemma ZusammenziehungListeA: TQI' = 0 =—= T = O

proof —
have 'O’ = © = IT. I'=I""QI"' = T = © for I'’
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proof (induction T"')
case (Cons a T')
then obtain I'" where I'’": ' = T'" @Q a # I'/ by blast
then obtain '/ T'2 where I': ' =T1 @ a # I'2 by blast
from I'"" have xx: 3T". T = T'” Q I'’ by(intro exl[where z=I'"" Q [a]]) simp
from Cons.prems(1) have a # (o # /) @T1 QT2 = © unfolding I" using
MittenTauschA by (metis append-assoc)
hence (¢ # T'/) @QT'1 @QT'2 = O using ZusammenziehungA by auto
hence I'’ @ T = O unfolding I' using AnfangTauschA by (metis append-Cons
append-assoc)
from Cons.IH[OF this x| show I' = O .
qed simp
thus I'all' = © = T = O by simp
qed
lemma ZusammenziehungListeS: I' = 0Q0 — I = O
proof —
haveI' = ©'a60 — 30". 6=0"@0' —= T = O for O’
proof (induction ©)
case (Cons a ©)
then obtain ©" where ©': © = ©' @ a # O by blast
then obtain ©7 ©2 where ©: © = O1 @ a # ©2 by blast
from ©' have «x: 30". © = 0" Q@ O’ by(intro exl[where z=0" Q@ [a]]) simp
from Cons.prems(1) have I' = a # (a # 0’) @ ©1 @ ©2 unfolding ©
using MittenTauschS by (metis append-assoc)
hence I' = (a # ©') @ ©1 @Q ©2 using ZusammenziechungS by auto
henceI' = 0’ Q © unfolding © using AnfangTauschS by (metis append-Cons
append-assoc)
from Cons.IH[OF this xx| show I' = O .
qed simp
thus I' = 6@Q0 — I' =0 by simp
qed

theorem gentzen-sc-eq: mset I' = mset A «— I" = A proof
assume mset I' = mset A
then obtain n where mset I' = mset A | n unfolding SC-SCp-eq[symmetric]|

thusI' = A

proof (induction n arbitrary: T' A rule: nat.induct)
case (Suc n)
have sr: 3T1 T2. T =T1 Q F # T2 AT/ = mset (['1QT'2) (is %s) if mset T
= F,T"for I' T’ F proof —
from that obtain I'f T'2 where I: ' = T'1 @ F # T'2 by (metis split-list
add.commute ex-mset list.set-intros(1) mset.simps(2) set-mset-mset)
hence I'": T/ = mset (I'1 QI'2) using that by auto
show s using I' I’ by blast
qed
from Suc.prems show ?case proof (cases rule: SCc.cases)
case BotL thus ?thesis using BotLe by simp
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next
case Az thus ?thesis using Azxe by simp
next
case (NotL T F)
from <mset ' = = F, "> obtain '/ T'2 where I ' =171 Q = F # I'2
by (metis split-list add.commute ex-mset list.set-intros(1) mset.simps(2)
set-mset-mset)
hence I'’: T'' = mset (I'1 QI'2) using NotL(1) by simp
from <I'" = F, mset A | n» have mset (['1QT'2) = mset (F#A) | n
unfolding '’ by (simp add: add.commute)
from Suc.IH[OF this| show ?thesis unfolding I' using AnfangTauschA NEA
by blast
next
case (NotR F A')
from sr[OF NotR(1)] obtain Al A2 where A: A = Al @ = F # A2 A
A’ = mset (A1 @ A2)
by blast
with NotR have mset (F#I') = mset (A1QA2) | n by (simp add:
add.commute)
from Suc.IH[OF this| show ?thesis using A using AnfangTauschS NES by
blast
next
case (AndR F' A’ G)
from sr[OF AndR(1)] obtain A1 A2 where A: A = A1 Q FA G # A2
AN A= mset (A1 Q@ A2)
by blast
with AndR have mset T’ = mset (F # A1QA2) | n mset T' = mset (G #
A1QA2) | n by (simp add: add.commute)+
from this[THEN Suc.IH| show ?thesis using A using AnfangTauschS UES
by blast
next
case (OrR F G A)
from sr[OF OrR(1)] obtain A1 A2 where A: A =A1 QFV G # A2 A
A’ = mset (A1 @ A2)
by blast
with OrR have mset I' = mset (G # F # A1QA2) | n by (simp add:
add.commute add.left-commute add-mset-commute)
from thisTHEN Suc.IH| haveI' = G # F # A1 @ A2 .
with OES2 have I' = FV G # F # A1 @ A2 .
with VertauschungS[where ©=Nil, simplified] have ' = F # FV G # Al
@Az2.
with OES! have ' = FV G # FV G # A1 @ A2 .
hence ' = FV G # Al @ A2 using ZusammenziehungS by fast
thus ?thesis unfolding A[THEN conjunctl] using AnfangTauschS by blast
next
case (ImpR F G A)
from sr[OF ImpR(1)] obtain A7 A2 where A: A = A1 QF — G # A2
AN A" = mset (A1 Q@ A2)
by blast

72



with ImpR have mset (F#I') = mset (G # A1QA2) | n by (simp add:
add.commute)
from this| THEN Suc.IH| show ?thesis using A using AnfangTauschS FES
by blast
next
case (AndL F G T)
from sr[OF this(1)] obtain ' T'2 where I"' T =T1 Q FA G # T2 AT’
= mset (I'1 QT'2)
by blast
with AndL have mset (G # F # I'1QTI'2) = mset A | n by (simp add:
add.commute add.left-commute add-mset-commute)
from this]THEN Suc.IH| have G # F # I'1 QT'2 = A .
with UEA2 have FA G # F#T1QTl'2= A.
with VertauschungA[where A=Nil, simplified] have F # FA G #T'1 Q
rz = A.
with UEA1 have FA G# FA G #T1 QT2 = A.
hence FA G # T'1 @QT'2 = A using ZusammenziehungA by fast
thus ?thesis unfolding I'|THEN conjunctl] using AnfangTauschA by blast
next
case (OrL F A’ G)
from sr[OF this(1)] obtain 'l T'2 where I T =T1 Q FV G #T'2 A A’
= mset (I'1 @QT2)
by blast
with OrL have mset (F # I'1QI'2) = mset A | n mset (G # I'1QI'2) =
mset A | n by (simp add: add.commute)+
from this{ THEN Suc.IH] show ?thesis using I' using AnfangTauschA OFA
by blast
next
case (ImpL T F G)
from sr[OF this(1)] obtain I'1 T'2 whereI"'T' =11 Q F — G # T'2 AT’
= mset (I'1 QT2)
by blast
with ImpL have mset (I'1QI'2) = mset (F#A) | n mset (G # I'1QI'2) =
mset A | n by (simp add: add.commute)+
from this]THEN Suc.IH| have 'l QT2 = F# A G#T1QTI2= A.
from FEA[OF this) have F — G # ('t @T2) Q@ (I'f @QT2)= A QA.
hence F - G # ('t @TI2) @ (F—> G #T'1 Q@T2) = A Q A using
AnfangTauschA VerduennungA by blast
hence FF'— G # (I't @QTI'2) = A @Q A using ZusammenziehungListeA[where
I'=F — G # (I'1 @QTI2)] by simp
thus ?thesis unfolding I'[THEN conjunctl] by(intro AnfangTauschA; elim
ZusammenziehungListeS)
qed
qed blast
next
have mset-Cons[simp]: mset (A # S) = A, mset S for A::’a formula and S by
(simp add: add.commute)
note mset.simps(2)[simp del]
show I' = A = mset I' = mset A proof (induction rule: SCg.induct)
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case (Anfang ®©) thus ?case using extended-Az SC-SCp-eq by force
next
case (FualschA) thus ?case using SCp.BotL by force
next
case (VerduennungA T' © @) thus %case by (simp add: SC.weakenL)
next
case (VerduennungS T' © ©) thus ?case by (simp add: SC.weakenR)
next
case (ZusammenzichungA © T’ ©) thus ?case using contractL by force
next
case (ZusammenziehungS T' © O) thus ?case using contract by force
next
case (VertauschungA A © € T' ©) thus ?case by fastforce
next
case (VertauschungS T' © € © A) thus ?case by fastforce
next
case (Schnitt ' © © A A)
hence mset I' = ©,mset © D ,mset A = mset A using SC-SCp-eq by auto
from cut-cf[OF this] show ?case unfolding SC-SCp-eq by simp
next
case (UES T 20 © B) thus ?case using SCp.AndR by (simp add: SC-SCp-eq)
next
case (UEA1 AT © B)
from (mset (A # T') = mset ©» have 2B mset I' = mset © using SC.weakenL
by auto
thus ?case using SCp.AndL by force
next
case (UEA2 BT © 2)
from (mset (B # I') = mset O have A, B,mset I' = mset © using SC.weakenL
by auto
thus ?case using SCp.AndL by force
next
case (OEA 2A T © B) thus %case unfolding SC-SCp-eq by (simp add:
SCp.OrL)
next
case (OESI T' 2l © B) thus Zcase using SC.weakenR[where 'a='a] by (auto
introl: SCp.intros(3—))
next
case (OES2 T'B O ) thus ?case by (simp add: SC.weakenR SCp.OrR)
next
case (FES A T B O) thus ?Zcase using weakenR unfolding SC-SCp-eq by
(simp add: SCp.ImpR)
next
case (FEAT 200 B A A)
from <mset T' = mset (A # O)[THEN weakenL-set, THEN weakenR-set, of
mset A mset A]
have S: mset (TQA) = A, mset (@A) unfolding mset-append mset-Cons by
(simp add: add-ac)
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from FFEA obtain m where mset (B # A) = mset A by blast
hence mset I' + mset (B # A) = mset © + mset A using weakenL-set
weakenR-set by fast
hence A: B,mset (TQA) = mset (OQA) by (simp add: add.left-commute)
show ?Zcase using S A SC-SCp-eq SCp.ImpL unfolding mset-Cons by blast
next
case (NES A ' O) thus ?case using SCp.NotR by(simp add: SC-SCp-eq)
next
case (NEAT 2 ©) thus ?case using SCp.NotL by(simp add: SC-SCp-eq)
qged
qged

end

2.1.4 Soundness, Completeness

theory SC-Sema
imports SC Sema
begin

definition sequent-semantics :: 'a valuation = ’a formula multiset = 'a formula
multiset = bool («(- = (- =/ -))» [53, 53,53] 53) where

AET = A=WVye#T.AEy) — (0 e# A. AED)

abbreviation sequent-valid :: 'a formula multiset = 'a formula multiset = bool
((E (-=/-) [53,53] 53) where

ElT=A=VA AET=A

abbreviation sequent-nonvalid :: 'a valuation = 'a formula multiset = 'a formula
multiset = bool («(- == (- =/ -))» [63, 53,53] 53) where
A-ET=A=-AT= A

lemma sequent-intuitonistic-semantics: |= T’ = {#0#} «— set-mset T |= 4
unfolding sequent-semantics-def entailment-def by simp

lemma SC-soundness: I' = A = =T = A
by (induction rule: SCp.induct) (auto simp add: sequent-semantics-def)

definition sequent-cost T' A = Suc (sum-list (sorted-list-of-multiset (image-mset

size (' + A))))

function(sequential)
sc i 'a formula list = 'a list = 'a formula list = 'a list = ('a list x 'a list) set
where
sc(L#T)AAB={}]
sc[] A[] B= (if set AN set B={} then {(remdups A,remdups B)} else {}) |
sc (Atom k #T) A A B=scT (k#A) A B |
sc (Not F#T)AA B=scT' A(F#A) B |
sc (And F G #T)AA B=sc(F#G#I') AA B|
sc(OrFG#T)AAB=sc(F#I') AA BU sc (G#I') A A B |
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sc(ImpFG#T)AAB=scT' A(F#A) BU sc (G#I') AA B |
scT' A (L#A) B=scT" AA B|

scT" A (Atom k # A) B=scT" A A (k#B) |

scT A (Not F# A) B = sc (F#T) AA B |

scT A(And F G# A) B=scT A (F#A) BUscT' A (G#A) B |
scT A(Or FG# A)B=scT' A (F#G#A) B |
scTVA(Imp F G # A) B=sc (F#I') A (G#A) B

by pat-completeness auto

definition list-sequent-cost T' A = 2xsum-list (map size (TQA)) + length (TQA)
termination sc by (relation measure (\T',A,A,B). list-sequent-cost T' A)) (simp-all
add: list-sequent-cost-def)

lemma sc [| || [((Atom 0 — Atom 1) — Atom 0) — Atom 1] [| = {([0], [1 =
nat])}

by code-simp

lemma sc-sim:
fixes ' A :: ‘a formula list and G D :: 'a list
assumes sc I' A A B={}
shows image-mset Atom (mset A) + mset I' = image-mset Atom (mset B) +
mset A
proof —
have «[simp]: image-mset Atom (mset A) = image-mset Atom (mset B) (is %k)
if k € set Ak e set Bfor A B :: 'alist and k
proof —
from that obtain a where a € set A a € set B by blast
thus 2k by(force simp: in-image-mset intro: SCp.Az[where k=a])
qed
from assms show ?thesis
by (induction rule: sc.induct[where ‘a='a]) (auto
simp add: list-sequent-cost-def add.assoc Bot-delR-simp
split: if-splits option.splits
intro: SCp.intros(8—))
qed

lemma scc-ce-distinct:
(CLE) € scT G A D= set CNsetE={}

by (induction T' G A D arbitrary: C E rule: sc.induct)
(fastforce split: if-splits)+

Completeness set aside, this is an interesting fact on the side: Sequent Cal-
culus can provide counterexamples.

theorem SC-counterexample:

(C,D) e scT AA B=

(Aa. a € set C) == image-mset Atom (mset A) + mset T' = image-mset Atom
(mset B) + mset A
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by (induction rule: sc.induct[where 'a='al;
simp add: sequent-semantics-def split: if-splits;
blast)

corollary SC-counterezample’:

assumes (C,D) € sc T[] A []

shows (Ak. k € set C) == mset I' = mset A
using SC-counterexample| OF assms] by simp

theorem SC-sound-complete: T = A +— =T = A
proof
assume I' = A thus T’ = A using SC-soundness by blast
next
obtain I'" A’ where [simp]: I' = mset TV A = mset A’ by (metis ez-mset)
assume =T = A
hence sc T/ [| A'[| = {}
proof(rule contrapos-pp)
assume sc I'V [| A" [] # {}
then obtain C' F where (C,E) € sc ' [| A’ [] by fast
thus - =T = A using SC-counterezample’ by fastforce
qged
from sc-sim[OF this] show I' = A by auto
qed

theorem EI'== A =T1= A
proof —

assume s: ET' = A

obtain I'" A’ where p: ' = mset I'/ A = mset A’ by (metis ex-mset)

have mset T'' = mset A’

proof cases — just to show that we didn’t need to show the lemma above by
contraposition. It’s just quicker to do so.

assume sc I'V [| A’ [] = {}
from sc-sim[OF this] show mset I'' = mset A’ by auto
next

assume sc IV [| A" [] # {}
with SC-counterezample have — |= mset I'' = mset A’ by fastforce
moreover note s[unfolded p)
ultimately have False ..
thus mset T'' = mset A’ ..

qed

thus ?thesis unfolding p .

qed

end

theory SC-Depth-Limit
imports SC-Sema SC-Depth
begin
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lemma SC-completeness: = T' = A = T = A | sequent-cost I' A
proof (induction sequent-cost I' A arbitrary: I' A)

case () hence Fualse by(simp add: sequent-cost-def) thus ?case by clarify
next

case (Suc n)

from Suc(3) show ?case

using SCc.cases|OF Suc.hyps(1)]

oops

Making this proof of completeness go through should be possible, but finding
the right way to split the cases could get verbose. The variant with the search
procedure is a lot more elegant.

lemma sc-sim-depth:
assumes sc I' A A B={}
shows image-mset Atom (mset A) + mset I' = image-mset Atom (mset B) +
mset A | sum-list (map size (TQA)) + (if set A N set B = {} then 0 else 1)
proof —
have [simp]: image-mset Atom (mset A) = image-mset Atom (mset B) | Suc 0
(is ?k) if set AN set B # {} for A B
proof —
from that obtain a where a € set A a € set B by blast
thus %k by(force simp: in-image-mset intro: SCc.Az[where k=aql)
qed
note SCe.intros(3—)[intro]
have [elim!]: T = Al n=n<m =T= A | mfor ' A nm using
dec-induct by (fastforce elim!: deeper-suc)
from assms show ?thesis
by (induction T' A A B rule: sc.induct)
(auto
simp add: list-sequent-cost-def add.assoc deeper-suc weakenR'
split: if-splits option.splits)
qed

corollary sc-depth-complete:
assumes s: =T = A
shows I' = A | sum-mset (image-mset size (I'+A))
proof —
obtain I'" A’ where p: ' = mset I'’ A = mset A’ by (metis ex-mset)
with s have si: = mset '/ = mset A’ by simp
let ?d = sum-mset (image-mset size (I'+A))
have d: ?d = sum-list (map size (I''QA'))
unfolding p by (metis mset-append mset-map sum-mset-sum-list)
have mset I'' = mset A’ | 2d
proof cases
assume sc I [] A’ [] = {}
from sc-sim-depth[OF this| show mset I'' = mset A’ | ?d unfolding d by
auto
next
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assume sc ' [| A’ [] # {}
with SC-counterezample have — |= mset I'' = mset A’ by fastforce
moreover note s[unfolded p)
ultimately have Fualse ..
thus mset I'' = mset A' | %d ..

qed

thus ?thesis unfolding p .

qed

end

theory SC-Compl-Consistency
imports Consistency SC-Cut SC-Sema
begin

context begin
private lemma reasonable:
VI'. F v set-mset I' = set-mset I'' — PI'' = P (F, I
VI'. F > G > set-mset I' = set-mset '/ — P T = P (F, G, T') by simp-all

lemma SC-consistent: pcp {set-mset T| T. =(T' = {#})}
unfolding pcp-def
apply(intro balll conjl; erule contrapos-pp; clarsimp; ((drule reasonable)+)?)
apply(auto dest!: NotL-inv AndL-inv OrL-inv ImpL-inv NotR-inv AndR-inv
OrR-inv ImpR-inv multi-member-split contractL contractR intro!: SCp.intros(3—)
intro: contractR contractL)
apply (metis add-mset-commute contract)

done
end

lemma
fixes I' A :: ‘a :: countable formula multiset
shows EI'= A =T= A
proof (erule contrapos-pp)
have Notinv: T' 4+ image-mset Not A = {#} =T = A
by (induction A arbitrary: T'; simp add: NotL-inv)
assume (- [' = A)
hence (- T' + image-mset Not A = {#}> using NotInv by blast
with pcp-sat[OF SC-consistent]
have sat (set-mset (I' + image-mset = A)) by blast
thus - (T = A)) unfolding sat-def sequent-semantics-def not-all by (force
elim!: ez-forward)
qed

end
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2.2 Natural Deduction

theory ND
imports Formulas
begin

inductive ND :: 'a formula set = 'a formula = bool (infix «-» 30) where
A Fel =T+ F |

NotE: [ Not F;THFF]=TF 1|

NotI: F>TF 1L = TF Not F |

CC: Not FsT - L =T F F |
AndE1:TH And FG =T F F |
AndE2:TFH And F G =T +F G |

Andl: [TFF,TEFG])]=TF And F G |
Orll:T+HF=TFOrFG|
Orli2:THG=TFOrFQG|

OE: [THFOrFG FpT-H; G-TFH])=TFH)|
Impl: FoTFHG=TFInp F G|

ImpE: [THFImp FG,THF]=TFG

lemma Weaken: [T F; T CT'] =T'F F
proof (induct arbitrary: T'' rule: ND.induct)
case (Notl F T') thus ?case using ND.Notl by auto

next

case Az thus ?case by(blast intro: ND.Ax)
next

case NotE thus ?case by(blast intro: ND.NotE)
next

case CC thus ?case using ND.CC by blast
next

case AndFE1 thus ?case using ND.AndE1 by metis
next

case AndE2 thus ?case using ND.AndE2 by metis
next

case Andl thus ?case by (simp add: ND.AndI)
next

case Orll thus ?case using ND.Orll by blast
next

case Orl2 thus “case using ND.OrI2 by blast
next

case (OrE T F G H) show ?case apply(insert OrE.prems)

apply(rule ND.OrE[of T F G])
apply(rule OrE.hyps(2)[OF OrE.prems])

apply(rule OrE.hyps(4); blast)
apply(rule OrE.hyps(6); blast)

done

next
case Impl thus ?case using ND.Impl by blast
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next
case ImpE thus ?case using ND.ImpE by metis
qed

lemma BotE : ' 1 =T*FF
by (meson CC subset-insert] Weaken)

lemma Not2E: Not(Not F)>T' F F
by (metis CC ND.Ax NotE insertll insert-commute)

lemma Not2I: FoT' - Not(Not F)
by (metis CC ND.Ax NotE insertll insert-commute)

lemma Not2IE: FoI' G = Not (Not F)>T'+ G
by (meson ImpE Impl Not2E Weaken subset-insertl)

lemma NDtrans: ' - F — FoI'F G = TF G
using ImpFE Impl by blast

lemma AndL-sim: F> GoT'FH = And FGo T+ H
apply(drule Weaken|where I'' = And F G > F > G > T)
apply blast

by (metis AndE1 AndE2 ND.Ax NDtrans insertll insert-commute)

lemma NotSwap: Not F ' G = Not G>T' + F
using CC NotE insert-commute subset-insert] Weaken by (metis Ax insertll)
lemma AndR-sim: [ Not F> T+ H; Not G>T'+ H] = Not(And F G)>T + H
using Andl NotSwap by blast

lemma OrL-sim: [ FbT' - H; GoI' F H] = FV G>T+ H
using Weaken[where I'' = Fi> Or F G> T'] Weaken|[where I'' = G> Or F G T
by (meson ND.Axz OrE insertll insert-mono subset-insertl)

lemma OrR-sim: [~ F> - G>TF 1] = - (GV FpT'HF L
proof —
assume - F> -G I'F L
then have Af. f> - F> - G>T F L by (meson Weaken subset-insertl)
then have A\f. - G> - (fV F) > T + L by (metis NDtrans Not2E NotSwap
OrI2 insert-commute)
then show ?thesis by (meson NDtrans Not2I NotSwap Orll)
qed

lemma ImpL-sim: [~ Fo T F L; G>TFH 1] = F— G-TF L
by (meson CC ImpE Impl ND.Ax Weaken insertll subset-insertl)

lemma ImpR-sim: [~ G> FbT'F 1] = - (F— GpTF L
by (metis (full-types) Impl NotSwap insert-commute)

lemma ND-lem: {} - Not FV F
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apply(rule CC)
apply(rule OrE|[of - Not F' F])
apply(rule Orll)
apply(rule NotI)
apply(rule NotE|of - (= F V F)]; blast intro: Oril OrI2 Az)+
done

lemma ND-caseDistinction: [ FoI' - H; Not FoI' W H] = T'+ H
by (meson ND-lem OrE empty-subset] Weaken)

lemma [- FbT FH; GoT'HFH|=— F— G-TFH
apply(rule ND-caseDistinction|of F])
apply (meson ImpE Impl ND.intros(1) Weaken insertl1 subset-insertl)
apply (metis Weaken insert-commute subset-insertl)

done

lemma ND-deMorganAnd: {— (FAN G)} F =~ FV = G
apply(rule CC)
apply(rule NotE[of - F A G])
apply(simp add: Az; fail)
apply(rule AndI)
apply(rule CC)
apply(rule NotE[of - = F V = G])

apply(simp add: Az; fail)

apply(rule Orl1)
apply(simp add: Azx; fail)
apply(rule CC)
apply(rule NotE[of - = F V = G])
apply(simp add: Ax; fail)
apply(rule Orl2)
apply(simp add: Az; fail)

done

lemma ND-deMorganOr: {—~ (FV G)} F = FA =G
apply(rule ND-caseDistinction[of F]; rule ND-caseDistinction|of G])
apply(rule CC; rule NotE[of - F VvV GJ; simp add: Az OrI2 Orll; fail)+
apply(rule Andl; simp add: Az; fail)
done

lemma sim-sim: Fo ' H —= GoI'F F = G- T'F H
by (meson ImpE Impl Weaken subset-insertl)

thm sim-sim[where I'={}, rotated, no-vars]

lemma Top-provable[simp,intro!]: T' = T unfolding Top-def by (intro ND.Impl
ND.Az) simp

lemma NotBot-provable[simp,intro!]: T b = L using NotI BotE Ax by blast

lemma Top-useless: T - F =T — {T}F F
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by (metis NDtrans Top-provable Weaken insert-Diff-single subset-insertl)

lemma AssmBigAnd: set G+ F «— {} F (NG — F)
proof (induction G arbitrary: F)
case Nil thus ?case by(fastforce intro: ND.Impl elim: Weaken ImpE[OF -
NotBot-provable])
next
case (Cons G GS) show ?case proof
assume set (G # GS)+F F
hence set GS - G — F by(intro ND.ImpI) simp
with Cons.JH have x: {} F A GS — G — F ..
hence {G,AGS} F F proof —
have x: {\GS} + G —» F
using Weaken|OF x empty-subsetl] ImpE[where '={/\ GS} and F=A\
GS] by (simp add: ND.Ax)
show {G,A\GS} + F using Weaken[OF %] ImpE[where I'={G,\ GS} and
F=G] ND.Az by (simp add: ND.Ax)
qed
thus {} F A (G # GS) — F by(intro ND.ImpI; simp add: AndL-sim)
next
assume {} F A (G # GS) = F
hence {G A \GS} + F using ImpE[OF - Az[OF singletonl]] Weaken by
fastforce
hence {G,AGS} F F by (meson Andl ImpE Impl ND.intros(1) Weaken
insertll subset-insertl)
hence {AGS} + G — F using ImpI by blast
hence {} - A GS — G — F using ImpI by blast
with Cons.IH have set GS - G — F ..
thus set (G # GS) - F using ImpE Weaken by (metis Az list.set-intros(1)
set-subset-Cons)
qed
qed

end

theory ND-Sound
imports ND Sema
begin

lemma BigAndImp: A l= (AP — G) «— (VF €set P. A= F) — Al G)
by (induction P; simp add: entailment-def)

lemma ND-sound: THF =T | F
by (induction rule: ND.induct; simp add: entailment-def; blast)

end

theory ND-Compl-Truthtable
imports ND-Sound

begin
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This proof is inspired by Huth and Ryan [7].

definition turn-true A F = if A |= F then F else (Not F')
lemma lemma0[simp,introl]: A | turn-true A F unfolding turn-true-def by simp

lemma turn-true-simps|simp):

AEF = turn-true A F = F

- AEF = turntrue AF == F
unfolding turn-true-def by simp-all

definition line-assm :: 'a valuation = 'a set = 'a formula set where
line-assm A = () (Ak. turn-true A (Atom k))
definition line-suitable :: 'a set = 'a formula = bool where
line-suitable Z F = (atoms F C Z)
lemma line-suitable-junctors[simp]:
line-suitable A (Not F) = line-suitable A F
line-suitable A (And F G) = (line-suitable A F' A line-suitable A Q)
line-suitable A (Or F' G) = (line-suitable A F A line-suitable A G)
line-suitable A (Imp F G) = (line-suitable A F A line-suitable A G)
unfolding line-suitable-def by (clarsimp; linarith)+

lemma line-assm-Cons[simp]: line-assm A (k>ks) = (if A k then Atom k else Not
(Atom k)) > line-assm A ks
unfolding line-assm-def by simp

lemma NotD: T + = F = Fol' b L by (meson Not2I NotE Weaken sub-
set-insertl)

lemma truthline-ND-proof:

fixes F' :: 'a formula

assumes line-suitable Z F

shows line-assm A Z & turn-true A F
using assms proof (induction F)

case (Atom k) thus ?case using Az[where 'a="'a| by (simp add: line-suitable-def
line-assm-def)
next

case Bot

have turn-true A 1 = Not Bot unfolding turn-true-def by simp

thus ?case by (simp add: Az Notl)
next

have [simp]: T F = (0 F) +— T F F for F :: 'a formula and T by (metis
NDtrans Not2E Not2I)

case (Not F)

hence line-assm A Z + turn-true A F by simp

thus Zcase by(cases A = F; simp)
next

have [simp]: [line-assm A Z+ = F; - A= F] = F A Gv line-assm A Z
1 for F G by(blast introl: NotE[where F=F] intro: AndE1[OF Ax] Weaken[OF
- subset-insertl])
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have [simp]: [line-assm A Z F = G; = A= G] = F N G> line-assm A Z +
1 for F G by(blast intro!: NotE[where F=G] intro: AndE2[OF Axz] Weaken[OF
- subset-insertl])

case (And F G)

thus ?case by(cases A = F; cases A = G; simp; intro ND.Notl AndI; simp)
next

case (Or F G)

thus ?Zcase by(cases A |= F; cases A = G; simp; (elim ND.Orl1 ND.OrI2)?)
(force introl: NotI dest!: NotD dest: OrL-sim)
next

case (Imp F G)

hence mIH: line-assm A Z & turn-true A F line-assm A Z = turn-true A G by
stmp+

thus ?case by(cases A = F; cases A = G; simp; intro Impl Notl ImpL-sim;
simp add: Weaken|OF - subset-insertI] NotSwap NotD NotD[THEN BotE])
qed
thm NotD[THEN BotE)

lemma deconstruct-assm-set:

assumes [H: AA. line-assm A (kvZ) - F

shows AA. line-assm A Z -+ F
proof cases

assume k € Z with IH show ?thesis A for A by (simp add: insert-absorb)
next

assume k ¢ Z

fix A

Since we require the IH for arbitrary A, we use a modified A from the
conclusion like this:

from [H have av: line-assm (A(k := v)) (k»Z) b F for v by blast
However, that modification is only relevant for k£ > Z, nothing from Z gets
touched.

from <k ¢ Z» have line-assm (A(k := v)) Z = line-assm A Z for v unfolding
line-assm-def turn-true-def by force
That means we can rewrite the modified line-assm like this:

hence line-assm (A(k := v)) (kvZ) =

(if v then Atom k else Not (Atom k)) > line-assm A Z for v by simp

Inserting True and False for v yields the two alternatives.

with av have Atom k > line-assm A Z & F Not (Atom k) > line-assm A Z + F
by (metis (full-types))+
with ND-caseDistinction show line-assm A Z - F .
qed

theorem ND-complete:
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assumes taut: = F
shows {} - F
proof —
have [simp]: turn-true Z F = F for Z using taut by simp

have line-assm A {} - F for A
proof (induction arbitrary: A rule: finite-empty-induct)
show fat: finite (atoms F') by (fact atoms-finite)
next
have su: line-suitable (atoms F) F unfolding line-suitable-def by simp
with truthline-ND-proof [OF su] show base: line-assm A (atoms F) - F for A
by simp
next
case (3 k 7)
from <k € Z» have x: <k > Z — {k} = Z» by blast
from (A A. line-assm A Z + F»
show <line-assm A (Z — {k}) - F»
using deconstruct-assm-setlof k Z — {k} F A|
unfolding * by argo
qed

thus ?thesis unfolding line-assm-def by simp
qed

corollary ND-sound-complete: {} - F +— E F
using ND-sound|of {} F] ND-complete[of F] unfolding entailment-def by blast

end

theory ND-Compl-Truthtable-Compact
imports ND-Compl-Truthtable Compactness
begin

theorem
fixes I :: ’a :: countable formula set
showsI' | FF = TF F
proof —
assume <I' |= F)
then obtain G where set G C T = NG — F by (rule compact-to-formula)
from ND-complete <= NG — F» have «{} - A\G — F» .
with AssmBigAnd have (set G - F» ..
with Weaken show ?thesis using «set G C T'y .
qed

end

2.3 Hilbert Calculus
theory HC
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imports Formulas
begin

We can define Hilbert Calculus as the modus ponens closure over a set of
axioms:

inductive HC :: 'a formula set = 'a formula = bool (infix <> 30) for I" :: 'a
formula set where

Az: Fel = Tty F |

MP.Tt+ry F=T1TtFg F—>G=TFyg G

context begin

The problem with that is defining the axioms. Normally, we just write that
F — G — F is an axiom, and mean that anything can be substituted for F
and G. Now, we can’t just write down a set { F — (G — F), \dots. Instead,
defining it as an inductive set with no induction is a good idea.

inductive-set AX0 where
F— (G— F)e AX0 |
(F->(G—> H) - ((F—> G) —» (F— H)) € AX0
inductive-set AX10 where
Fe AX0 = F € AX10 |
F— (FV G) € AX10 |
G— (FV G)e AX10 |
(F—->H)—> ((G—>H)— (FV G) > H)) € AX10 |
(FANG)— F e AX10 |
(FAG) — Ge AX10 |
F— (G— (FAG)) € AX10 |
(F— 1) > ~F € AX10 |
-F— (F— 1) e AX10 |
(nF — 1) > F e AX10
lemmas HC-intros[introl] =
AXO0.intros] THEN HC.intros(1)]
AXO0.intros] THEN AX10.intros(1), THEN HC .intros(1)]
AX10.intros(2—)[THEN HC'.intros(1)]

The first four axioms, as originally formulated by Hilbert [6].

inductive-set AXH where

(F— (G— F)) € AXH |
(F— (F— @) > (F— G) € AXH |
(F—-(G— H)) > (G— (F— H)) € AXH |
(G—>H)—> (F—> G) —» (F— H)) € AXH

lemma HC-mono: Sty F— SC T — Tty F
by (induction rule: HC.induct) (auto intro: HC.intros)
lemma AX010: AX0 C AX10
apply/(rule)
apply(cases rule: AX0.cases, assumption)
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apply(auto intro: AX10.intros)
done
lemma AX100[simp]: AX0 U AX10 = AX10 using AX010 by blast

Hilbert’s first four axioms and A X0 are syntactically quite different. Deriv-
ability does not change:

lemma hilbert-folgeaziome-as-strong-as-AX0: AX0 UT by F +— AXHUT kg
F
proof —
have 0:
AXObtyg (F—> (F— Q) - (F— G)
AXOtyg (F— (G— H)) - (G— (F— H))
AXOtyg (G— H) - (F— G) —» (F— H))
for F G H using HC-intros(1,2) MP by metis+
have H:
AXHbtpyp (F— (G— H)) - (F— G) —» (F— H))
for FGH
proof —
note AXH .intros| THEN HC.Ax]
thus ?thesis using MP by metis
qged
note x = H 0
note x = x| THEN HC-mono, OF Un-upper!]
show ?thesis (is ?Z <— ?H)
proof
assume ?Z thus ?H proof induction
case MP thus ?case using HC.MP by blast
next
case (Axz F) thus ?case proof
assume I' € AX0 thus ?thesis by induction (simp-all add: AXH .intros(1)
HC. Az *)
next
assume F € T thus ?case using HC.Azx[of F] by simp
qed
qed
next
assume ?H thus ?Z proof induction
case MP thus ?case using HC.MP by blast
next
case (Az F) thus ?case proof
assume I' € AXH thus %thesis by induction (simp-all add: AX0.intros(1)
HC. Az %)
next
assume F € T thus ?case using HC.Az[of F] by simp
qed
qed
qed
qed
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lemma AX0 by F — F by (meson HC-intros(1,2) HC.MP)

lemma imp-self: AX0 g F — F proof —
let 2d = \f. AXO by f
note MP
moreover have ?d (F — (G — F)) for G using HC-intros(1)[where G=G
and F=F].
moreover {
note MP
moreover have ?d (FF — ((G — F) — F)) for G using HC-intros(1)[where
G=G — F and F=F] .
moreover have ?d (F - (G — F) > F)) » (F—> (G—> F)) —» (F—>
F))) for G using HC-intros(2)[where G=G — F and F=F and H=F] .
ultimately have ?d ((F — (G — F)) —» (F — F)) for G . }
ultimately show ?d (F — F) .
qed

theorem Deduction-theorem: AX0 U insert FI' g G — AX0UT' g F— G
proof (induction rule: HC.induct)
case (Az G)
show ?case proof cases
assume F = @
from imp-self have AX0 Fyp G — G .
with HC-mono show ?case unfolding «F = G) using sup-gel .
next
assume F # G
note HC.MP
moreover {
from (F # G) <G € AX0 U insert F Ty have G € AX0 UT by simp
with HC. Az have AX0 UT Fy G .
}
moreover from HC-mono|OF HC-intros(1) sup-gel] have AX0 UT kg G
- (F—> G).
ultimately show ?case .
qed
next
case (MP G H)
have AXOUT Fy (F— (G— H)) = (F— G) = (F — H)) using HC-mono
by blast
with HC.MP <AX0 UT +tyg F — (G — H)» have AXOUT bty (F— G) —
(F— H) .
with HC.MP <AX0 UT g F— G> show AXOUT bty F— H .
qed

end

end
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theory HC-Compl-Consistency
imports Consistency HC
begin

context begin
private lemma dt: F o I' U AX10+ty G —=T U AX10+yg F— G
by (metis AX100 Deduction-theorem Un-insert-right sup-left-commute)
lemma sim: ' U AX10 by F — FprT UAX10+ty G =T U AX10 +yg G
using MP dt by blast
lemma sim-conj: F> GoT'UAX10+Fy H =T U AXI10 g F =T U AX10
tp G =T U AXI10 by H
using MP dt by (metis Un-insert-left)
lemma sim-disj: [F>T U AX10 by H; GoT U AX10 by H; T U AX10 by F
VG =TUAXIO+Fg H
proof goal-cases
case I
have 2: T U AX10 by F — H by (simp add: 1 dt)
have 3: T'U AX10 by G — H by (simp add: 1 dt)
have 4: T'U AX10 -y (FV G) — H by (meson 2 3 HC.simps HC-intros(7)
HC-mono sup-ge2)
thus ?case using 1(8) MP by blast
qged

private lemma someaz: I' U AX10 Fyg F— - F— |
proof —
have FrT'U AX10 g - F— F— L
by (meson HC-intros(12) HC-mono subset-insertl sup-ge2)
then have - F> Fp>T' U AX10 by L
by (meson HC.simps HC-mono insertll subset-insertl)
then show ?thesis
by (metis (no-types) Un-insert-left dt)
qed

lemma lem: ' U AX10 by = FV F
proof —
thm HC-intros(7)[of F L Not F)
have F>T U AX10 by (-~ FV F)
by (metis AX10.intros(3) Az HC-mono MP Un-commute Un-insert-left insertl1
sup-gel)
hence FF>T'U AX10 g — (= FV F) — 1 using someaz by (metis HC.simps
Un-insert-left)
hence -~ (- FV F)>» Fo T U AX10 Fg L by (meson Az HC-mono MP
insertll subset-insertl)
hence = (= FV F) s T U AX10 Fyr F— L
by (metis Un-insert-left dt insert-commute)

have = Fp>T U AX10 by (- FV F)

by (metis HC .simps HC-intros(5) HC-mono inf-sup-ord(4) insertl1 insert-is-Un)
hence —-F > T' U AX10 kg = ( =~ FV F) — L using someaz by (metis
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HC' .simps Un-insert-left)
hence = ( = FV F)p =F>T U AX10 Fg L by (meson Az HC-mono MP
insertll subset-insertl)
hence - (- FV F)pT U AX10 kg -F — L
by (metis Un-insert-left dt insert-commute)

hence' U AX10 by =~ (- FV F)— L
by (meson HC-intros(13) HC-mono MP <= (= FV F)pT' U AX10 Fg F —
Ly dt subset-insertl sup-ge2)
thus ?thesis by (meson HC.simps HC-intros(13) HC-mono sup-ge2)

qed

lemma exchg: I' U AX10 by FVG=TUAXI0+ryg GV F
by (meson AX10.intros(3) HC.simps HC-intros(5) HC-intros(7) HC-mono sup-ge2)

lemma lem2: ' U AX10 g FV = F by (simp add: exchg lem)

lemma imp-sim: ' U AX10 by F—- G =T UAX10+yg - FV G
proof goal-cases case 1
have I' U AXI0 g F— = FV G
proof —
have fI:VF fFa. - (Fbty f)V-F CFaV Faty f
using HC-mono by blast
then have f2: F>T U AXI10 by F — G
by (metis 1 subset-insertl)
have ' U AX10 by G— - FV G
using fI by blast
then show ?thesis
using f2 f1 by (metis (no-types) HC.simps dt insertl1 subset-insertl)
qed
moreover have I' U AX10 by -F — = FV G by (simp add: AX10.intros(2)
Ax)
ultimately show ?case
proof —
have AF ffafo. - (Ftu f— fa)v- (b Frg f)V o> Fly fa
by (meson HC-mono MP subset-insertl)
then show ?thesis
by (metis Az <{I' U AX10 by F— -~ FVv Gy T UAX1I0+yg = F— ~ F
V G insertll lem sim-disj)
qed
qed

lemma inpep: ' U AX10 by | = T U AXI10 Fy F
by (meson HC-intros(18) HC-mono MP dt subset-insert] sup-ge2)

lemma HC-case-distinction: T U AX10 g F— G =T UAXIOV+yg - F— G
— T U AXI10 g G
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using HC-intros(7)[of F G Not F| lem?2
by (metis (no-types, opaque-lifting) HC.simps HC-mono insertll sim-disj sub-
set-insertl)

lemma nand-sim: T U AX10 by = (FAG) =T UAXI0Fg 2 FV - G
proof goal-cases case 1

have I' U AX10 -y F — G — F A G by (simp add: AX10.intros(7) Ax)

hence 2: F> G T'U AX10 g FA G

by (meson Az HC-mono MP insertll subset-insertl)

hence 3: F> G>T U AX10 by L using 1 by (meson HC-intros(12) HC-mono
MP subset-insert] sup-ge2)

from 2 have I' U AX10 -y G — F — F A G by (metis Un-insert-left dt)

have /: T'U AX10 g = F — = FV = G by (simp add: AX10.intros(2) Ax)

have 5: T U AX10tg - G— F—>—-FV -G

by (metis (full-types) AX10.intros(3) AX100 Az HC-mono MP Un-assoc

Un-insert-left dt inf-sup-ord(4) insertll subset-insertl sup-ge2)

have 6: T' U AX10 vy G — F — - F V — G using 3 inpcp by (metis
Un-insert-left dt)

have 7: T U AX10Fg F— = FV = G using 5 6 HC-case-distinction by blast

show ?case using 4 7 HC-case-distinction by blast
qed

lemma HC-contrapos-nn:

[TUAXIOFyg " F;TUAXIOFy G— F] =T UAXIOFy - G
proof goal-cases case I

from 7(7) have ' U AX10 g F — 1 using HC-intros(12) using HC-mono
MP by blast

hence I' U AX10 Fyg G — L by (meson 1(2) HC.intros(1) HC-mono MP dt
insertll subset-insertl)

thus Zcase by(meson HC-intros(11) HC-intros(3) HC-mono MP sup-ge2)
qed

lemma nor-sim:
assumes ' U AX10 by = (F'V G)
shows ' U AX10 g - F TU AX10 b5 - G
using HC-contrapos-nn assms by (metis HC-intros(5,6) HC-mono sup-ge2)+

lemma HC-contrapos-np:

[TUAXI0Fg - F;TUAXI0VFg - G— F] =T UAX10tyg G

by (meson HC-intros(12) HC-intros(18) HC-mono MP sup-ge2 HC-contrapos-nn|of
I F Not G))

lemma not-imp: ' U AX10 by - F—> F— G
proof goal-cases case 1

have I' U AX10 kg = F — F — 1 by (simp add: AX10.intros(9) Ax)

hence = F > F>T U AX10 by L by (meson HC.simps HC-mono insertl1
subset-insertl)

hence - F> F>T U AX10 by G by (metis (no-types, opaque-lifting) Un-commute
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Un-insert-right inpcp)
thus Zcase by (metis Un-insert-left dt insert-commute)
qed

lemma HC-consistent: pcp {T'| T. =(T U AX10 by L)}
unfolding pcp-def
apply (intro balll conjl; unfold mem-Collect-eq; elim exE conjE; erule contra-
pos-np; clarsimp)
subgoal by (simp add: HC.Ax)
subgoal by (meson Az HC-intros(12) HC-mono MP Un-upperl sup-ge2)
subgoal using sim-conj by (metis (no-types, lifting) Ax HC-intros(8)
HC-intros(9) HC-mono MP sup-gel sup-ge2)
subgoal using sim-disj using Az by blast
subgoal by (erule (1) sim-disj) (simp add: Az imp-sim)
subgoal by (metis Az HC-contrapos-nn MP Un-iff Un-insert-left dt inpcp
somear)
subgoal by(erule (1) sim-disj) (simp add: Ax nand-sim)
subgoal by(erule sim-conj) (meson Az Un-iff nor-sim)+
subgoal for I' F' G apply(erule sim-conj)
subgoal by (meson Az HC-Compl-Consistency.not-imp HC-contrapos-np
Un-iff)
subgoal by (metis Az HC-contrapos-nn HC-intros(3) HC-mono sup-gel sup-ge2)
done
done

end

corollary HC-complete:
fixes I' :: 'a :: countable formula
shows F F = AX10 by F
proof (erule contrapos-pp)
let W = {T| T. =((T :: (‘a :: countable) formula set) U AX10 g 1)}
note [[show-typesl]
assume - (AX10 by F)»
hence - (=F > AX10 g 1)
by (metis AX100 Deduction-theorem HC-intros(18) MP Un-insert-right)
hence {—F} € ?W by simp
with pep-sat HC-consistent have sat {— F} .
thus = | F by (simp add: sat-def)
qed

end

2.4 Resolution

theory Resolution
imports CNF HOL— Library. While-Combinator
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begin

Resolution is different from the other proof systems: its derivations do not
represent proofs in the way the other systems do. Rather, they represent
invariant additions (under satisfiability) to set of clauses.

inductive Resolution :: 'a literal set set = 'a literal set = bool («- F - [30] 28)
where

Ass: C € S = S+ C|
RSHFC=SFD=kteC=Fk'leD= S+ (C-{kt}) U (D -
{1}

The problematic part of this formulation is that we can’t talk about a "Res-
olution Refutation" in an inductive manner. In the places where Gallier’s
proofs [3] do that, we have to work around that.

lemma Resolution-weaken: S+ D = T U S+ D
by (induction rule: Resolution.induct; auto intro: Resolution.intros)

lemma Resolution-unnecessary:
assumes sd: VC e T. S+ C
shows TUSF D <«— S+ D (is 2l «— ?r)
proof
assume 7]
from <?]> sd show ?r
proof (induction T U S D rule: Resolution.induct)
case (Ass D)
show ?case proof cases
assume D € S with Resolution.Ass show ?thesis .
next
assume D ¢ S
with Ass.hyps have D € T by simp
with Ass.prems show ?thesis by blast
qed
next
case (R D H k) thus Zcase by (simp add: Resolution.R)
qed
next
assume ?r with Resolution-weaken show ?] by blast
qed

lemma Resolution-taint-assumptions: SU TH C = 3R C D. (U) D ‘S)U T
FRUC

proof (induction S U T C rule: Resolution.induct)
case (Ass C)
show ?Zcase proof(cases C € 5)
case True
hence DU C € (U) D ‘S U T by simp
with Resolution.Ass have (U) D *S)U T+ DU C.
thus ?thesis by blast
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next
case Fulse
with Ass have C' € T by simp
hence ((U) D *S) U T + C by(simp add: Resolution.Ass)
thus ?thesis by(intro exl[where z={}]) simp
qed
next
case (R C1 C2k)
let m = ((U) D *S)U T
from R obtain R! where [H1: R1 C D ?m+ R1 U C1 by blast
from R obtain R2 where [H2: R2 C D ?m F+ R2 U C2 by blast
from R have k' € R1 U C1k~! € R2 U C2 by simp-all
note Resolution.R{OF IH1(2) IH2(2) this]
hence ?m - (R1 — {k*}) U (R2 — {k~'}) U (C1 — {kT} U (C2 — {k71}))
by (simp add: Un-Diff Un-left-commute sup.assoc)
moreover have (R1 — {kT}) U (R2 — {k™'}) C D
using [HI1(1) IH2(1) by blast
ultimately show ?case by blast
qed

Resolution is “strange”: Given a set of clauses that is presumed to be satis-
fiable, it derives new clauses that can be added while preserving the satisfi-
ability of the set of clauses. However, not every clause that could be added
while keeping satisfiability can actually be added by resolution. Especially,
the above lemma Resolution-taint-assumptions gives us the derivability of a
clause R U C, where R C D. What we might actually want is the derivability
of D U C. Any model that satisfies R U C obviously satisfies D U C (since
they are disjunctions), but Resolution only allows to derive the former.

Nevertheless, Resolution-taint-assumptions, can still be a quite useful lemma:
picking D to be a singleton set only leaves two possibilities for R.

lemma Resolution-useless-infinite:
assumes R: S+ R
assumes finite R
shows 35’ C S. Ball S’ finite A finite S" A (S’ R)
using assms proof (induction rule: Resolution.induct)
case (Ass C' S) thus ?case using Resolution.Ass by(intro exI[where x={C'}])
auto
next
case (RS CDk)
from R.prems have finite C finite D by simp-all
with R.IH obtain SC SD where IH:
SCCS (VCeSC. finite C) finite SC SC + C
SDCS (VDeSD. finite D) finite SD SD + D
by blast
hence [Hw: SC U SD F C SC U SD F D using Resolution-weaken
by (simp-all add: sup-commute Resolution-weaken )
with TH(1—3,5—7) show ?case
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by (blast intro!: exl[where r=SC U SD| Resolution.R[OF - - <kt € C» k! €
D))
qed

Now we define and verify a toy resolution prover. Function res computes
the set of resolvents of a clause set:

context begin

definition res :: ‘a clause set = ’a clause set where
res S =

(UCteS yUczesS. ULt e Cct.yL2 € C2.

(case (L1,L2) of (Pos i,Neg j) = if i=j then {(C1 — {Pos i}) U (C2 — {Neg
N} else {}

| -={})

private definition ex! = {{Neg (0::int)}, {Pos 0, Pos 1, Neg 2}, {Pos 0, Pos
1, Pos 2}, {Pos 0, Neg 1}}
value res exl

definition Rwhile :: 'a clause set = 'a clause set option where
Rwhile = while-option (AS. O ¢ S A —res § € S) (AS. res S U S)

value [code] Rwhile exl
lemma O € the (Rwhile exl) by eval

lemma Rwhile-sound: assumes Rwhile S = Some S’

shows V C € S’. Resolution S C
apply(rule while-option-rule[OF - assms[unfolded Rwhile-def]])
apply (auto simp: Ass R res-def split: if-splits literal.splits)
done

definition all-clauses S = {s. s C {Pos k|k. k € atoms-of-cnf S} U {Neg klk. k €
atoms-of-cnf St}
lemma s-sub-all-clauses: S C all-clauses S
unfolding all-clauses-def
apply/(rule)
apply(simp)
apply/(rule)
apply(simp add: atoms-of-cnf-alt lit-atoms-cases|abs-def])
by (metis imagel literal.exhaust literal.simps(5) literal.simps(6))
lemma atoms-res: atoms-of-cnf (res S) C atoms-of-cnf S
unfolding res-def atoms-of-cnf-alt
apply (clarsimp simp: lit-atoms-cases [abs-def] split: literal.splits if-splits)
apply (clarsimp simp add: image-iff)
apply force
done
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lemma ezlitE: (Az. xze = Pos © = P 1) = (\z. ze = Neg x = False) =
Jx. ze = Posz AN Pz
by (cases ze) auto
lemma res-in-all-clauses: res S C all-clauses S
apply (clarsimp simp: res-def all-clauses-def atoms-of-cnf-alt lit-atoms-cases
split: literal.splits if-splits)
apply (clarsimp simp add: image-iff)
apply (metis atoms-of-lit.simps(1) atoms-of-lit.simps(2) lit-atoms-cases literal.exhaust)
done

lemma Res-in-all-clauses: res S U S C all-clauses S
by (simp add: res-in-all-clauses s-sub-all-clauses)
lemma all-clauses-Res-inv: all-clauses (res S U S) = all-clauses S
unfolding all-clauses-def atoms-of-cnf-Un
using atoms-res by fast
lemma all-clauses-finite: finite S N (VY C € S. finite C) = finite (all-clauses S)
unfolding all-clauses-def atoms-of-cnf-def by simp
lemma finite-res: ¥V C € S. finite C = VYV C € res S. finite C
unfolding res-def by(clarsimp split: literal.splits)

lemma finite T = S C T = card S < Suc (card T)
by (simp add: card-mono le-imp-less-Suc)

lemma finite S A (VC € S. finite C) = 3 T. Rwhile S = Some T
apply (unfold Rwhile-def)
apply (rule measure-while-option-Some[rotated, where f=AT. Suc (card (all-clauses

S)) — card T
and P=AT. finite T A (VY C € T. finite C) A all-clauses T = all-clauses S])
apply (simp;fail)

apply(intro conjl)
subgoal by (meson all-clauses-finite finite-Unl finite-subset res-in-all-clauses)
subgoal using finite-res by blast
subgoal using all-clauses-Res-inv by blast
subgoal
apply(rule diff-less-mono2)
subgoal by (metis Res-in-all-clauses all-clauses-finite card-seteq finite-subset
not-le sup-commute sup-ge2)
subgoal apply(intro card-mono le-imp-less-Suc)
subgoal using all-clauses-finite by blast
subgoal using s-sub-all-clauses by blast
done
done
done

partial-function(option) Res where
Res S = (let R = res S U S in if R = S then Some S else Res R)

declare Res.simps|code]

value [code] Res exl
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lemma O € the (Res exl) by code-simp

lemma res: C € res S = S+ C
unfolding res-def by(auto split: literal.splits if-splits) (metis Resolution.simps
literal.exhaust)

lemma Res-sound: Res S = Some ' — (VC € S". S+ C)
proof (induction arbitrary: S S’ rule: Res.fixp-induct)
fix XS5’
assume [H: AS S’ X S = Some ' = (V(CeS’". S+ O)
assume prem: (let R = res S U S in if R = S then Some S else X R) = Some S’
thus (VCeS". S+ C)
proof cases
assume 1es S U S = S
with prem show ?thesis by (simp add: Resolution.Ass)
next
assume [:res SU S # S
with prem have X (res S U S) = Some S’ by simp
with IH have V CeS’. res S U S F C by blast
thus ?thesis using Resolution-unnecessary res by blast
qged
qed (fast introl: option-admissible)+

lemma Res-terminates: finite S = VYV C € S. finite C = I T. Res S = Some T
proof (induction card (all-clauses S) — card S arbitrary: S rule: less-induct)
case less
let 9r = res SU S
show ?Zcase proof(cases ?r = 5)
case Fulse
have b: finite (res S U S) by (meson less Res-in-all-clauses all-clauses-finite
infinite-super)
have c¢: Ball (res S U S) finite using less.prems(2) finite-res by auto
have card S < card ?r by (metis False b psubset] psubset-card-mono sup-ge2)
moreover have card ?r < (card (all-clauses S))
by (meson less Res-in-all-clauses all-clauses-finite card-mono le-imp-less-Suc)
ultimately have a: (card (all-clauses ?r)) — card ?r < (card (all-clauses S))
— card S
using all-clauses-Res-inv[of S] by simp
from less(1)[OF a b ¢] show ?thesis by (subst Res.simps) (simp add: Let-def)
qed (simp add: Res.simps)
qed

code-pred Resolution .
print-theorems
end

end
theory Resolution-Sound
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imports Resolution CNF-Formulas-Sema
begin

lemma Resolution-insert: S + R = cnf-semantics A S = cnf-semantics A {R}
by (induction rule: Resolution.induct;

clarsimp simp add: cnf-semantics-def clause-semantics-def lit-semantics-cases
split: literal.splits;

blast)

lemma S + R = cnf-semantics A S «— cnf-semantics A (R > S)
using Resolution-insert cnf-semantics-def by (metis insert-iff)

corollary Resolution-cnf-sound: assumes S - [0 shows — cnf-semantics A S
proof (rule notl)

assume cnjf-semantics A S

with Resolution-insert assms have cnf-semantics A {0} .

thus False by(simp add: cnf-semantics-def clause-semantics-def)
qed

corollary Resolution-sound:
assumes rp: cnf (nnf F) - O
shows - A = F
proof —
from Resolution-cnf-sound rp have — cnf-semantics A (enf (nnf F)) .
hence —A E nnf F unfolding cnf-semantics|OF is-nnf-nnf] .
thus ?thesis unfolding nnf-semantics .
qed

end

2.4.1 Completeness

theory Resolution-Compl

imports Resolution CNF-Sema

begin

Completeness proof following Schéning [9].

definition make-lit v a = case v of True = Pos a | False = Neg a

definition restrict-cnf-atom a v C = {¢ — {make-lit (—v) a} | c. ¢ € C A make-lit

vaé¢c}

lemma restrict-cnf-remove: atoms-of-cnf (restrict-cnf-atom a v ¢) C
atoms-of-enf ¢ — {a}
unfolding restrict-cnf-atom-def atoms-of-cnf-alt lit-atoms-cases make-lit-def
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by (force split: literal.splits bool.splits)

lemma cnf-substitution-lemma:
enf-semantics A (restrict-cnf-atom a v S) = cnf-semantics (A(a := v)) S
unfolding restrict-cnf-atom-def cnf-semantics-def clause-semantics-def lit-semantics-cases
make-lit-def
apply (clarsimp split: bool.splits literal.splits)
apply safe
subgoal for s by(fastforce elim!: allE[of - s — {Neg a}])
subgoal by (metis DiffI singletonD)
subgoal for s by(fastforce elim!: allE[of - s — {Pos a}])
subgoal by (metis DiffI singletonD)
done

lemma finite-restrict: finite S = finite (restrict-cnf-atom a v S)
unfolding restrict-cnf-atom-def by(simp add: image-iff)

The next lemma describes what we have to (or can) do to a CNF after it has
been mangled by restrict-cnf-atom to get back to (a subset of) the original
CNF. The idea behind this will be clearer upon usage.

lemma unrestrict-effects:
(Ac. if {make-lit (—v) a} U ¢ € S then {make-lit (—v) a} U c else ¢) * re-
strict-cnf-atom a v S C S
proof —
have [za € restrict-cnf-atom a v S; {make-lit (- v) a} U za ¢ S; v = za] =
za € S for z za
unfolding restrict-cnf-atom-def using insert-Diff by fastforce
hence z € (Ac. if {make-lit (- v) a} U ¢ € S then {make-lit (= v) a} U c else
¢) ‘restrict-cnf-atom a v S = x € S for z
unfolding image-iff by(elim bexE) simp
thus ?thesis ..
qed

lemma can-cope-with-unrestrict-effects:
assumes pr: S + O
assumes su: S C T
shows IR C {make-lit v a}. (Ac. if ¢ € n then {make-lit va} U celsec) ‘ Tk
R
proof —
from Resolution-taint-assumptionsjwhere D={make-lit v a}|
have taint: T' U A F O = 3 RC{make-lit v a}. insert (make-lit va) ‘T U A+
R
for ' A by (metis image-cong insert-def sup-bot.right-neutral)
have S: S={ce S. cen}U{ceS. c¢n} by blast
hence SI: (Ac. if ¢ € n then {make-lit va} U celsec) ‘S =
(insert (make-lit va) ‘{ce€ S.cen})U{ceS. c¢n}
by auto
from pr have 3 R C {make-lit v a}.
(Ac. if ¢ € n then {make-lit v a} U celsec) ‘S F R
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apply(subst SI)
apply (subst(asm) S)
apply(elim taint)
done
thus ?thesis using Resolution-weaken su by (metis (no-types, lifting) image-Un
sup.order-iff)
qed

lemma unrestrict’”:
fixes R :: 'a clause
assumes rp: restrict-cnf-atom a v S = O
shows IR C {make-lit (-v) a}. S+ R
proof —
fix C :: 'a clause ix k :: 'a
from unrestrict-effects|of v a 5]

The idea is that the restricted set lost some clauses, and that some others
were crippled. So, there must be a set of clauses to heal and a set of clauses to
reinsert to get the original. (Mind you, this is not exactly what is happening,
because e.g. both C and {k~!} U C might be in there and get reduced to
one C. You then heal that C to {k~'} U C and insert the shadowed C...
Details.)

obtain n where S:
(Ac. if ¢ € n then {make-lit (- v) a} U c else ¢) ‘ restrict-cnf-atom a v S C S
using exl[where z={c. {make-lit (—v) a} U ¢ € S}] by force
note finite-restrict S
show ?thesis using can-cope-with-unrestrict-effects|OF rp]
by (metis (no-types) S Resolution-weaken subset-refl sup.order-iff)
qed

lemma Resolution-complete-standalone-finite:
assumes ns: YV A. -enf-semantics A S
assumes fin: finite (atoms-of-cnf S)
shows S 0O
using fin ns
proof (induction atoms-of-cnf S arbitrary: S rule: finite-psubset-induct)
case psubset
show ?case proof(cases)
assume e: atoms-of-cnf S = {}
from V. A. = cnf-semantics A S» have S # {} unfolding cnf-semantics-def
by blast
with e have S = {0} unfolding atoms-of-cnf-def by simp fast
thus ?case using Resolution.Ass by blast
next
have unsat-restrict: V. A. = cnf-semantics A (restrict-cnf-atom a v S) for a v
using V A. = cnf-semantics A S» by(simp add: cnf-substitution-lemma)
assume ne: atoms-of-cnf S # {}
then obtain a where a € atoms-of-cnf S by blast
hence atoms-of-cnf (restrict-cnf-atom a v S) C atoms-of-cnf S for v
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using restrict-cnf-remove[where ‘a='a] by blast
from psubset(2)[OF this unsat-restrict)
have IH: restrict-cnf-atom a v S - O for v .
from unrestrict’|OF IH, of — -] have unr-IH: 3 RC{make-lit v a}. S+ R
for v by simp
from this[of False] this[of True] show ?case using Resolution.R[OF - - single-
tonl singletonl]
by (simp add: make-lit-def) (fast dest: subset-singletonD)
qed
qed

What you might actually want is V.A. = cnf-semantics A S — S + 0.
Unfortunately, applying compactness (to get a finite set with a finite number
of atoms) here is problematic: You would need to convert all clauses to
disjunction-formulas, but there might be clauses with an infinite number of
atoms. Removing those has to be done before applying compactness, we
would possibly have to remove an infinite number of infinite clauses. Since
the notion of a formula with an infinite number of atoms is not exactly
standard, it is probably better to just skip this.

end

theory Resolution-Compl-Consistency

imports Resolution Consistency CNF-Formulas CNF-Formulas-Sema
begin

lemma Orl2”. (-P = Q) = P V Q by auto

lemma atomD: Atom k € S = {Pos k} € J(enf ¢ S) Not (Atom k) € § =
{Neg k} € U (enf < S) by force+

lemma pcp-disj:

[FV GeT; Vza. (za = F V za € T') — is-enf za) — (enf F U (Jzel'. enf
z) F0O); Vza. (za = GV za € T) — is-enf za) — (enf G U (Jz€el. enfz) b
0O); Vel is-enf z]

= (Jzel. enfz) O
proof goal-cases

case I

from 1(1,4) have is-cnf (FV G) by blast

hence db: is-disj F is-lit-plus F is-disj G by(cases F; simp)+

hence is-cnf F A is-enf G by(cases F'; cases G; simp)

with 1 have IH: (J(enf “(FoT))) F O (U(enf < (G 1)) F O by simp-all

let 7' = (U (enf ‘1))

from [H have [H-readable: enf F U 7' - O enf G U ' = O by auto

show ?case proof(cases enf F = {} V enf G = {})

case True

hence cnf (F'V G) = {} by auto

thus ?thesis using True IH by auto
next

case Fulse
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then obtain S T where ST: enf F' = {S} enf G = {T}
using cnf-disj-ex db(1,3) by metis

hence R: enf (FV G)={ S U T } by simp
have [So' - 0; ToT - 0] = S U T 7T+ O proof —
assume s: S> - O and ¢ 7o - O
hence s-w: S > S U T ' - O using Resolution-weaken by (metis in-
sert-commute insert-is-Un)
note Resolution-taint-assumptions[of {T} ' O S] t
then obtain R where R: SU T > I' b R RCS by (auto simp: Un-commute)
have literal-subset-sandwich: R = OV R = S if is-lit-plus F enf F = {S} R
cs
using that by(cases F rule: is-lit-plus.cases; simp) blast+
show ?thesis using literal-subset-sandwich[OF db(2) ST(1) R(2)] proof
assume R = O thus ?thesis using R(1) by blast
next
from Resolution-unnecessary[where T={-}, simplified] R(1)
have (R SU T T'FO)=(SU T» T+ 0O)
moreover assume R = S
ultimately show ?thesis using s-w by simp
qed
qed
thus ?thesis using IH ST R 1(1) by (metis UN-insert insert-absorb in-
sert-is-Un)
qed
qged

lemma R-consistent: pcp {T'|T. =((Vy € T. is-enf v) — (U (enf ‘T)) - 0O))}
unfolding pcp-def
unfolding Ball-def
unfolding mem-Collect-eq
apply (intro alll impl)
apply(erule contrapos-pp)
apply (unfold not-ex de-Morgan-conj de-Morgan-disj not-not not-all not-imp disj-not1)
apply(intro impl alll)
apply(elim disjE exE conjE; intro Orl2’)
apply (unfold not-ex de-Morgan-conj de-Morgan-disj not-not not-all not-imp
disj-notl Ball-def[symmetric])
apply safe
apply (metis Ass Pow-bottom Pow-empty UN-I cnf.simps(3))
apply (metis Diff-insert-absorb Resolution.simps insert-absorb singletonl
sup-bot.right-neutral atomD)
apply (simp; metis (no-types, opaque-lifting) UN-insert enf.simps(5) in-
sert-absorb is-cnf.simps(1) sup-assoc)
apply (auto intro: pep-disj)
done

theorem Resolution-complete:
fixes F :: ‘a :: countable formula
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shows = F = cnf (nnf (—-F)) - O
proof (erule contrapos-pp)

assume c: — (enf (nnf (- F)) F 0O)

have {cnf-form-of (nnf (—=F))} € {T |T. = ((V~y€T. is-enf v) — U (enf ‘T)
- O)}

by(simp add: cnf-enf[OF is-nnf-nnf] ¢ enf-form-of-is|OF is-nnf-nnf])

from pcp-sat[OF R-consistent this] have sat {cnf-form-of (nnf (= F))} .

thus — = F by(simp add: sat-def enf-form-semantics| OF is-nnf-nnf] nnf-semantics)
qed

end

3 Proof Transformation

This is organized as a ring closure

3.1 HC to SC

theory HCSC
imports HC SC-Clut
begin

lemma extended-AzE[introl]: F, T = F, A by (intro extended-Az) (simp add:
add.commute inter-add-right2)

theorem HCSC: AX10 U set-mset I' g F = T = {#F#}
proof (induction rule: HC.induct)
case (Az F) thus ?case proof
note SCp.intros(3—)[intro!]

Essentially, we need to prove all the axioms of Hibert Calculus in Sequent
Calculus.

have A: T = {#F — (FV G)#} for F G by blast

have B:T' = {#G — (F Vv G)#} for G F by blast

have C: T' = {#(F— H) - (G— H) —» (FV G) —» H))#} for FH G
by blast

have D: T' = {#(F A G) — F#} for F G by blast

have E: T = {#(F A G) — G#} for F G by blast

have F: T = {#F — (G — (F A G))#} for F G by blast

have G: T' = {#(F — 1) — = F#} for F by blast

have H: T = {#—~ F — (F — L1)#} for F by blast

have I:' T = {#(—~ F — 1) — F+#} for F by blast

have K: T' = {#F — (G — F)#} for F G by blast

have : T' = {#(F - (G — H)) » (F > G) » (F — H))#} for F G H
by blast

have J: F € AX0 — T’ = {#F#} for F by(induction rule: AX0.induct;
intro K L)
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assume F' € AX10 thus ?thesis by (induction rule: AX10.induct; intro A B C
DEFGHIJ)
next
assume F € set-mset I' thus ?thesis by (intro extended-Ax) simp
qed
next
case (MP F G)
from MP have IH: T = {#F#} T = {#F — G#} by blast+
with ImpR-inv[where A=«{#}>, simplified] have F.I' = {#G#} by auto
moreover from [H(1) weakenR have I' = F, {#G+#} by blast
ultimately show I' = {#G#} using cut|where F=F] by simp
qed

end

3.2 SC to ND

theory SCND
imports SC ND
begin

lemma SCND: T' = A = (set-mset I') U Not  (set-mset A) F L
proof (induction T' A rule: SCp.induct)

case BotL thus ?case by (simp add: ND.Ax)
next

case Az thus ?case by (meson ND.Az NotE UnCI image-iff)
next

case NotL thus ?case by (simp add: Notl)
next

case (NotR F T A) thus ?case by (simp add: Not2IF)
next

case (AndL F G T' A) thus %case by (simp add: AndL-sim)
next

case (AndRT F A G) thus ?case by(simp add: AndR-sim)
next

case OrL thus ?case by (simp add: OrL-sim)
next

case OrR thus ?case using OrR-sim[where 'a="a] by (simp add: insert-commute)
next

case (ImpL T F A G) from ImpL.IH show ?case by (simp add: ImpL-sim)
next

case ImpR from ImpR.IH show ?case by (simp add: ImpR-sim)
qed

end

3.3 ND to HC

theory NDHC
imports ND HC
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begin

The fundamental difference between the two is that Natural Deduction up-
dates its set of assumptions while Hilbert Calculus does not. The Deduction
Theorem AX0 U (?F > ') by 7G = AX0 U T' g ?F — ?G helps with
this.

theorem NDHC:T'H- F — AX10 UT' Fyx F
proof (induction rule: ND.induct)

case Az thus Zcase by(auto intro: HC.Ax)
next

case NotE thus ?case by (meson AX10.intros(9) HC.simps subsetCE sup-gel)
next

case (Notl FT)

from HC-intros(11) have HC-Notl: AX10 UT gy A - L = AX10 UT kg
- A for A

using MP HC-mono by (metis sup-gel)

from Notl show ?case using Deduction-theorem[where I'=AX10 U T'| HC-Notl
by (metis AX100 Un-assoc Un-insert-right)
next

case (CCFT)

hence AX10 UT Fy = F — L using Deduction-theorem[where I'=AX10 U
T'] by (metis AX100 Un-assoc Un-insert-right)

thus AX10 UT by F using AX10.intros(10) by (metis HC.simps UnCI)
next

case (AndE1 T' F G) thus ?case by (meson AX10.intros(5) HC.simps UnCI)
next

case (AndE2 T' F G) thus ?case by (meson AX10.intros(6) HC.simps UnCI)
next

case (Andl T F G) thus %case by (meson HC-intros(10) HC-mono HC.simps
sup-gel)
next

case (OrET F G H)

from <AX10 U (Fo>T) by Hy <AX10 U (G>T) by H> have

AX10 UT kg F— HAXI0UT gy G- H
using Deduction-theorem[where I'=AX10 U T'] by (metis AX100 Un-assoc

Un-insert-right)+

with HC-intros(7)[THEN HC-mono|OF - sup-gel]] MP

have AX10 UT Fg (FV G) — H by metis

with MP «(AX10 UT 5 FV G> show ?case .
next

case (Orl1 T' F G) thus ?case by (meson AX10.intros(2) HC.simps UnCI)
next

case (OrI2 T F G) thus ?case by (meson AX10.intros(3) HC.simps UnCI)
next

case (ImpE T F G)

from MP (AX10 UT +xg F» <(AX10UT kg F— G)> show ?case .
next

case (Impl F T' G) thus ?case using Deduction-theorem[where I'=AX10 U T
by (metis AX100 Un-assoc Un-insert-right)
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qed

end

3.4 HC, SC, and ND

theory HCSCND
imports HCSC SCND NDHC
begin

theorem HCSCND:
defines he¢ FF = AX10 g F
defines nd F = {} + F
defines sc F = {#} = {# F #}
shows hc F' <— nd F' and nd F <— sc F and sc F' <— hc F
using HCSC[where F=F and T'=«{#}», simplified]
SCND[where I'=«({#}» and A={#F+#}| ND.ND.CC|where F=F and I'={}]
NDHC|where I'={} and F=F]
by (simp-all add: assms) blast+

end

3.5 Transforming SC proofs into proofs of CNFs

theory LSC
imports CNF-Formulas SC-Cut
begin

Left handed SC with NNF transformation:

inductive LSC («(- =,)» [53]) where

— logic:

Az: —(Atom k),Atom kI =, |

BotL: LT =, |

AndL: F,GT =, = FAGT =, |

orL: FI' =, = GI =, = FVGTI =, |

— nnf rules:

NotOrNNF: - F -Gl =, — ﬂ(F\/G),F =>n |
NotAndNNF: =F T =, = -Gl =, = —(FAG)T =, |
ImpNNF: -FT =, = Gl =, = F->GTI =, |
NotImpNNF: F.-GTl =, = —=(F—>G), =, |
NotNotNNF: F.I' =, = —(=F),I' =,

lemmas LSC.intros[intro!]

You can prove that derivability in SCp is invariant to nnf, and then transform
SCp to LSC while assuming NNF. However, the transformation introduces
the trouble of handling the right side of SCp. The idea behind this is that
handling the transformation is easier when not requiring NNF.

One downside of the whole approach is that we often need everything to be
in NNF. To shorten:
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abbreviation is-nnf-mset I' = V& € set-mset I'. is-nnf x

lemma I' = {#} = is-nnf-mset I = T =,

proof (induction T {#}::'a formula multiset rule: SCp.induct)
case (BotL T)
then obtain I'' where I' = L .I'’ by(meson multi-member-split)
thus ?case by auto

next
case (Az A T) hence False by simp thus ?case ..

next
case (AndL T F G)
hence IH: T', F, G =, by force
thus ?case by auto
next
case (NotL) thus ?case

oops

lemma LSC-to-SC":
shows I' =, = T = {#}
proof (induction rule: LSC.induct)
qed (auto dest!: NotL-inv introl: SCp.intros(3—) intro: extended-Azx)

lemma SC-to-LSC"

assumes I' = A

shows I' + (image-mset Not A) =,
proof —

have GO[simp]:

NO-MATCH {# B #} F = (F.S) + T = F, (S+T)
NO-MATCH {# B #} S = § + (F,T) = F, (5+7T)
NO-MATCH (=H) F = F,=G,S = ~G,F,S

for BSF G H T by simp-all
from assms show ?thesis
proof (induction rule: SCp.induct)
case (BotL T)
then obtain I'' where I' = L .T"' by(meson multi-member-split)
thus ?case by auto
next
case (Az kT A)
then obtain T'" A’ where ' = Atom k, " A = Atom k, A’ by(meson
multi-member-split)
thus ?case using LSC.Az by simp
qged auto
qed

corollary SC-LSC: T = {#} +— T =, using SC-to-LSC LSC-to-SC by fastforce

The nice thing: The NNF-Transformation is even easier to show on the one-
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sided variant.

lemma LSC-NNF: T' =, = image-mset nnf I' =,
proof (induction rule: LSC.induct)

case (NotOrNNF F G T)

from NotOrNNF.IH have nnf (- F), nnf (- G), image-mset nnf T' =, by
stmp

with LSC.AndL have nnf (- F) A nnf (- G), image-mset nnf T' =, .

thus ?case by simp
next

case (AndL F G T)

from AndL.IH have nnf F, nnf G, image-mset nnf T' =, by simp

with LSC.AndL[where 'a='a] have nnf F' A nnf G, image-mset nnf T' =, by
stmp

thus ?case by simp
next
qed (auto, metis add-mset-commute)

lemma LSC-NNF-back: image-mset nnf I' =, = T =,
proof (induction image-mset nnf T' rule: LSC.induct)
oops

If we got rid of the rules for NNF, we could call it Gentzen-Schiitte-calculus.
But it turned out that not doing that works quite fine.

If you stare at left-handed Sequent calcului for too long, and they start
staring back: Try imagining that there is a L on the right hand side. Also,
bear in mind that provability of I' =,, and satisfiability of I' are opposites
here.

lemma LHCut:
assumes F\I' =, -F T =,
shows I' =,
using assms
unfolding SC-LSC[symmetric]
using NotL-inv cut by blast

lemma

shows LSC-AndL-inv: FAGI' =, = F,GI =,

and LSC-OrL-inv: FVGI =, —= FI =, AN GI =,
using SC-LSC AndL-inv OrL-inv by blast+

lemmas LSC-invs = LSC-AndL-inv LSC-OrL-inv

lemma LSC-weaken-set: I’ =, —= T + © =,

by (induction rule: LSC.induct) (auto simp: add.assoc)
lemma LSC-weaken: I’ =, = F,I' =,

using LSC-weaken-set by (metis add-mset-add-single)
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lemma LSC-Contract:
assumes sfp: F, F, T =,
shows F, ' =,
using SC-LSC contractL sfp by blast

lemma cnf:
shows
FV(GANH),T =,— (FVG ANFV H),T =, (is 211 «— 1)
(GANH)VFE,T=,+—=(GVF)ANHVF),T =, (is 212 +— r2)
proof —
have GO[simp]:
F.G.S =, = G,F,S =,
for F G :: 'a formula and S by (simp add: add-mset-commute)
have ?r1 if ?]1 proof —
from <?l1»[THEN LSC-invs(2)] have f: F,T =, GA H,T =, by simp-all
from this(2)[THEN LSC-invs(1)] have gh: G, H, T' =, by simp
show ?r! using f gh by(auto dest!: LSC-invs simp: LSC-weaken)
qed
moreover have ?r2 if 712 proof —
from «?12) have f: F, T =, G, H, ' =, by(auto dest!: LSC-invs)
thus ?r2 by(auto dest!: LSC-invs simp: LSC-weaken)
qed
moreover have ?[1 if ¢r1 proof —
from «?r{»[THEN LSC-invs(1)] have x: FV G, FV H, T =, by simp
hence F, T =, G, H, T’ =, by (auto elim!: LSC-Contract dest!: LSC-invs)
thus 2?11 by(intro LSC.intros)
qed
moreover have ?[2 if ?r2 proof —
from < %r2)[THEN LSC-invs(1)] have x: GV F, HV F,T' =, by simp
hence F,I' =, G, H, I" =, by(auto elim!: LSC-Contract dest!: LSC-invs)
thus 2?12 by(intro LSC.intros)
qed
ultimately show %11 «— 9r1 212 «<— ?r2 by argo+
qed

Interestingly, the DNF congruences are a lot easier to show, requiring neither
weakening nor contraction. The reasons are to be sought in the asymmetries
between the rules for (A) and (V).

lemma dnf:
shows

FA(GV H), T =, «— (FA QG)
(GV H)AF,T =, « (GA F)

proof —
have GO[simp]:
F.GS=,—= GFS =,
for F G HIJ S by(simp-all add: add-mset-commute)
show ?t1 ?t2 by(auto dest!: LSC-invs)

qed

(F A H), T =, (is 1)

Vv
V (HA F), T =, (is 22)
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lemma LSC-sim-Resolutionl:
assumes R: SV T, T =,
shows Atom k Vv S, (=(Atom k)) vV T, T =,
proof —
from R have r: T, T =, S, T =, by(auto dest: LSC-invs)
show ?thesis proof (rule LHCut[where F=Atom k])
have 2: T, Atom k, Atom kv S, I' =, using LSC-weaken r(1) by auto
hence — (Atom k) vV T, Atom k, Atom k Vv S, I' =,, by auto
thus Atom k, Atom kv S, = (Atom k) vV T, T =,
by (auto dest!: LSC-invs) (metis add-mset-commute)
next

analogously

show — (Atom k), Atom kV S, = (Atom k) vV T, T =, by simp
qed
qed

lemma
LSC-need-it-once-have-many:
assumes el: A € set F
assumes once: form-of-lit A V disj-of-clause (removeAll A F),I' =,
shows disj-of-clause F.I' =,
using assms
proof (induction F)
case Nil hence Fulse by simp thus ?case ..
next
case (Cons f F)
thus ?case proof(cases A = f)
case True
with Cons.prems have ihm: form-of-lit A \V disj-of-clause (removeAll A F), T
=, by simp
with True have split: form-of-lit f, I' =, disj-of-clause (removeAll A F), T’
=n
by (auto dest!: LSC-invs(2))
from Cons.IH[OF - ihm] have A € set F = disj-of-clause F, T =, .
with split(2) have disj-of-clause F', T' =, by(cases A € set F) simp-all
with split(1) show ?thesis by auto
next
case Fulse
with Cons.prems(2) have prem: form-of-lit A, T =, form-of-lit f, T =,
disj-of-clause (removeAll A F), T =,
by (auto dest!: LSC-invs(2))
hence d: form-of-lit A V disj-of-clause (removeAll A F), ' =, by blast
from Fulse Cons.prems have el: A € set F by simp
from Cons.IH[OF el d] have disj-of-clause F, T' =, .
with prem(2) show ?thesis by auto
qged
qed
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lemma LSC-Sim-resolution-la:
fixes k :: 'a
assumes R: disj-of-clause (removeAll (k¥) F @ removeAll (k7)) G), T =,
assumes el: kt € set F k™! € set G
shows disj-of-clause F', disj-of-clause G, I’ =,
proof —
have LSC-or-assoc: (FV G)V H,T' =, «— FV (GV H),I' =, if is-nnf F
is-nnf G is-nnf H for F G H
using that by(auto dest!: LSC-invs(2))
have dd: disj-of-clause (F @ G), I' =,, = disj-of-clause F V disj-of-clause G,
I' =, for FF G
by (induction F) (auto dest!: LSC-invs(2) simp add: LSC-or-assoc)
from LSC-sim-Resolutionl|[OF dd[OF R]]
have unord: Atom kV disj-of-clause (removeAll (k*) F), = (Atom k) V disj-of-clause
(removeAll (k=) G), T =, .
show ?thesis
using LSC-need-it-once-have-many|OF el(1)] LSC-need-it-once-have-many[OF
el(2)] unord
by(simp add: add-mset-commute del: sc-insertion-ordering)
qed

lemma two-list-induct[case-names Nil Cons]: P || [| = (Aa ST. PST = P
(a# 8) T &&& PS(a# T))= PST
apply (induction S)
apply (induction T)
apply(simp-all)
done

lemma distribl: [F, I' =,; image-mset disj-of-clause (mset G) + I’ =]
= mset (map (Ad. F V disj-of-clause d) G) + T' =,

proof (induction G arbitrary: T')
have GO[simp]:
NO-MATCH ({#IVJ#}) H = H+{#FVG#}+S = FVG,H+S
for F G H S IJ by(simp-all add: add-mset-commute)
case (Cons g G)
from «F, T =) have I: F, disj-of-clause g, T' =, by (metis LSC-weaken
add-mset-commute)
from <image-mset disj-of-clause (mset (g # G)) + T =,»
have 2: image-mset disj-of-clause (mset G) + (disj-of-clause g, T') =, by(simp
add: add-mset-commute)
from Cons.IH[OF 1 2] have IH: disj-of-clause g, mset (map (Ad. F'V disj-of-clause
d) G)+T =,
by(simp add: add-mset-commute)
from «F, ' =, have 3: F, mset (map (Ad. F V disj-of-clause d) G) + I' =,
using LSC-weaken-set by (metis add.assoc add.commute add-mset-add-single)
from [H 8 show ?case by auto
qed simp
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lemma mset-concat-map-cons:
mset (concat (map (Ac. F ¢ # G ¢) S)) = mset (map F S) + mset (concat (map
G 9))

by (induction S; simp add: add-mset-commute)

lemma distrib:

image-mset disj-of-clause (mset F) + ' =, =

image-mset disj-of-clause (mset G) + T =, =

mset [disj-of-clause ¢ V disj-of-clause d. ¢ < F, d < G] + T =,
proof (induction F G arbitrary: T rule: two-list-induct)

case (Cons a F' G)

case I

from <image-mset disj-of-clause (mset (a # F)) + T =,

have a: disj-of-clause a, image-mset disj-of-clause (mset F) + T' =, by(simp
add: add-mset-commute)

from <image-mset disj-of-clause (mset G) + ' =»

have b: image-mset disj-of-clause (mset G) + (image-mset disj-of-clause (mset
F)+T)=,

and c: image-mset disj-of-clause (mset G) + (mset (map (Ad. disj-of-clause a
V disj-of-clause d) G) + T') =,

using LSC-weaken-set by (metis add.commute union-assoc)+

from distrib1[OF a b]

have image-mset disj-of-clause (mset F') + (mset (map (Ad. disj-of-clause a V
disj-of-clause d) G) + T') =,

by (simp add: union-lcomm)

from Cons|OF this c]

have mset (concat (map (Ac. map (Ad. disj-of-clause ¢ V disj-of-clause d) G)
F)) +

(mset (map (Ad. disj-of-clause a V disj-of-clause d) G) + T') =, .

thus ?case by (simp add: add.commute union-assoc)
next

case (Cons a F' G) case 2

Just the whole thing again, with slightly more mset magic and swapping
things around.

from <image-mset disj-of-clause (mset (a # G)) + T =
have a: disj-of-clause a, image-mset disj-of-clause (mset G) + T' =, by(simp
add: add-mset-commute)
from <image-mset disj-of-clause (mset F) + T' =»
have b: image-mset disj-of-clause (mset F) + (image-mset disj-of-clause (mset
G)+7T)=,
and c: image-mset disj-of-clause (mset F) + (mset (map (A\d. disj-of-clause a
V disj-of-clause d) F) + T') =,
using LSC-weaken-set by (metis add.commute union-assoc)+
have list-commute: (mset (map (\d. disj-of-clause a V disj-of-clause d) F) + T")
=, =
(mset (map (\d. disj-of-clause d V disj-of-clause a) F) + T') =, for T
proof (induction F arbitrary: T')
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case (Cons [ F)
have mset (map (Ad. disj-of-clause a V' disj-of-clause d) (f # F)) + T =, =
disj-of-clause a V disj-of-clause f, mset (map (Ad. disj-of-clause a V disj-of-clause
d) F) + T =, by(simp add: add-mset-commute)
also have ... = disj-of-clause fV disj-of-clause a, mset (map (Ad. disj-of-clause
a V disj-of-clause d) F) + T =,
by (auto dest!: LSC-invs)

also have ... = mset (map (Ad. disj-of-clause a V disj-of-clause d) F) +
(disj-of-clause fV disj-of-clause a, T') =, by (simp add: add-mset-commute)
also have ... = mset (map (Ad. disj-of-clause d V disj-of-clause a) F) +

(disj-of-clause fV disj-of-clause a, T') =,, using Cons.TH
by (metis disj-of-clause-is-nnf insert-iff is-nnf.simps(3) set-mset-add-mset-insert)

finally show ?case by simp
qed simp
from distrib1[OF a b]
have image-mset disj-of-clause (mset G) + (mset (map (A\d. disj-of-clause a V
disj-of-clause d) F) + T') =,
by (auto simp add: add.left-commute)
from Cons[OF c this |
have mset (concat (map (Ac. map (Ad. disj-of-clause ¢ V disj-of-clause d) G)
F)) +
(mset (map (\d. disj-of-clause a V disj-of-clause d) F) + T') =, .
thus ?Zcase using list-commute by (simp add: mset-concat-map-cons add.assoc
add.left-commute)
qged simp

lemma LSC-BigAndL: mset F + T =, = AF, T =,

by (induction F arbitrary: T'; simp add: LSC-weaken) (metis LSC.AndL add-mset-commute
union-mset-add-mset-right)
lemma LSC-Top-unused: [I' =,; is-nnf-mset T] = T — {#- L#} =,
proof (induction rule: LSC.induct)

case Az thus ?case by (metis LSC. Az add.commute diff-union-swap formula.distinct(1,3)
formula.inject(2))
next

case BotL thus ?case by (metis LSC.BotL add.commute diff-union-swap for-
mula.distinct(11))
next

case (AndL F G T)

hence (F, G, T') — {#— L#} =, by simp-all

hence FA G, T — {#- L#} =,

by (metis AndL.hyps LSC.AndL diff-single-trivial diff-union-swap2)

thus ?case by (metis add.commute diff-union-swap formula.distinct(19))
next

case (OrL F T Q)

hence (F,T') — {#- 1L#} =, (G, I') — {#~ L#} =, by simp-all

hence FV G, T — {#- L#} =, by (metis LSC.OrL OrL.hyps(1) OrL.hyps(2)
diff-single-trivial diff-union-swap2)

thus Zcase by (metis diff-union-swap formula.distinct(21))
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qed auto

lemma LSC-BigAndL-inv: ANF, T =, = V[ € set F. is-nnf {f = is-nnf-mset T
— mset F + 1 =,
proof (induction F arbitrary: T')
case Nil
then show ?case using LSC-Top-unused by fastforce
next
case (Cons a F)
hence AF, a, T’ =, by(auto dest: LSC-invs simp: add-mset-commute)
with Cons have mset F + (a, I') =, by fastforce
then show Zcase by simp
qed

lemma LSC-reassociate-Ands: {#disj-of-clause ¢ V disj-of-clause d. (¢, d) €#
C#}+T =, =
is-nnf-mset ' —
{#disj-of-clause (¢ @ d). (¢, d) €# C#} + T =,
proof (induction C arbitrary: T')
case (add z C)
obtain a b where [simp]: © = (a, b) by(cases z)
from add.prems have a: (disj-of-clause a V disj-of-clause b), {#disj-of-clause ¢
V disj-of-clause d. (¢, d) €# C#} + T =, by(simp add: add-mset-commute)
hence (disj-of-clause (a@b)), {#disj-of-clause ¢ V disj-of-clause d. (¢, d) €#
C#} + T =, proof —
have pn: is-nnf-mset ({#disj-of-clause ¢ V disj-of-clause d. (¢, d) €# C#} +
r)
using <is-nnf-mset I'y by auto
have disj-of-clause a V disj-of-clause b, I' =,, = is-nnf-mset ' => disj-of-clause
(a@b), I =, for T
by (induction a) (auto dest!: LSC-invs)
from this[OF - pn] a show ?thesis .
qed
hence {#disj-of-clause ¢ V disj-of-clause d. (¢, d) €# CH#} + ((disj-of-clause
(a@b)),I') =, by(simp add: add-mset-commute)
with add.IH have {#disj-of-clause (¢ Q d). (¢, d) €# C#} + (disj-of-clause
(a@b), T) =,
using <is-nnf-mset I'» by fastforce
thus ?case by(simp add: add-mset-commute)
qed simp

lemma LSC-cenf: T =, = is-nnf-mset I' = image-mset cnf-form-of T' =,
proof (induction T rule: LSC.induct)

have [simp]: NO-MATCH (And I J) F = NO-MATCH (—L1) F = F,~L1T
=1, FT for FIJT by simp

have [intro!]: T' =, = -1, ' =, for I by (simp add: LSC-weaken)

case Az thus ?case by(auto simp: cnf-form-of-defs)
next

case BotL show ?Zcase by(auto simp: cnf-form-of-defs)
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next
have GO[simp]:
NO-MATCH ({#N\I#}) F = F + (AG, S) = \G, (F + 9)
for F G HS1Jabby(simp-all add: add-mset-commute)
case (AndL F G T) thus ?case
by (auto dest!: LSC-BigAndL-inv intro!: LSC-BigAndL simp add: cnf-form-of-defs)
(simp add: add-ac)
next
case (OrL F T G)
have 2: image-mset disj-of-clause (mset (concat (map (Af. map ((Q) f) (enf-lists
@) (enf-lists F)))) + T =,
if pig: is-nnf-mset I' and a:
mset (concat (map (Ac. map (M. disj-of-clause ¢ V disj-of-clause d) (cnf-lists
Q) (enf-lists F))) + T =,
for T’
proof —
note cms[simp| = mset-map|symmetric] map-concat comp-def
from a have image-mset (A(c¢,d). disj-of-clause ¢ V disj-of-clause d) (
mset (concat (map (Ac. map (Ad. (¢,d)) (enf-lists G)) (enf-lists F)))) + T =,
by simp
hence image-mset (A(c¢,d). disj-of-clause (cQd)) (
mset (concat (map (Ac. map (Ad. (c,d)) (enf-lists G)) (enf-lists F)))) + T =,

using LSC-reassociate-Ands pig by blast
thus ?thesis by simp
qged
have 1: [\ (map disj-of-clause (cnf-lists F)), T' =,; N\ (map disj-of-clause
(enf-lists G)), T' =4]
= is-nnf-mset T’
= A (map disj-of-clause (concat (map (Af. map ((Q) f) (enf-lists G)) (enf-lists
P T =,

for T" using distribjwhere ‘a='a] 2 by(auto dest!: LSC-BigAndL-inv intro!:
LSC-BigAndL)
from OrL show ?Zcase
by (auto elim!: 1 simp add: cnf-form-of-def form-of-cnf-def)
qed auto

end

3.6 Converting between Resolution and SC proofs

theory LSC-Resolution
imports LSC Resolution
begin

lemma literal-subset-sandwich:

assumes is-lit-plus F enf F = {C} RC C
shows R=0V R=C
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using assms by(cases F rule: is-lit-plus.cases; simp) blast+

Proof following Gallier [3].

theorem CSC-Resolution-pre: I’ =,, = Vv € set-mset T. is-enf v = (J (enf ¢
set-mset ")) + O
proof (induction rule: LSC.induct)
case (Az k T)
let s = |J (enf ¢ set-mset (- (Atom k), Atom k, T))
have ?s - {kT} ?s - {k™1} using Resolution. Assfwhere 'a='a] by simp-all
from Resolution.R[OF this, of k]
have ?s - O by simp
thus “case by simp
next
case (BotL T') thus ?case by(simp add: Ass)
next
case (AndL F G T)
hence |J (enf ¢ set-mset (F, G, T)) F O by simp
thus ?case by(simp add: Un-left-commute sup.assoc)
next

case (OrL F T Q)
hence is-cnf (FV G) by simp
hence d: is-disj (F V G) by simp
hence db: is-disj F is-lit-plus F is-disj G by (—, cases F) simp-all
hence is-cnf F A is-enf G by(cases F; cases G; simp)
with OrL have IH: (| (¢nf © set-mset (F, T))) = O (U (enf ¢ set-mset (G, T')))
F O by simp-all

let ' = (U (enf ¢ set-mset T'))
from [H have [H-readable: enf F U 7' - O enf G U 2" = O by auto
show ?Zcase proof(cases enf F = {} V enf G = {})

case True

hence enf (FV G) = {} by auto

thus ?thesis using True IH by auto
next

case Fulse

then obtain S T where ST: enf F' = {S} enf G = {T}

using cnf-disj-ex db(1,3) by metis

hence R: enf (FV G) ={ S U T } by simp
have [SoT - 0; ToT + 0] = S U T 7T+ O proof —
assume s: S>' - O and ¢ 7o - O
hence s-w: S > S U T ' - O using Resolution-weaken by (metis in-
sert-commute insert-is-Un)
note Resolution-taint-assumptions[of {T} ' O S] t
then obtain R where R: S U T > |J(enf ¢ set-mset T') = R RCS by (auto
simp: Un-commute)
show ?thesis using literal-subset-sandwich[OF db(2) ST (1) R(2)] proof
assume R = [0 thus ?thesis using R(1) by blast
next
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from Resolution-unnecessary[where T={-}, simplified] R(1)
have (R SU T TTFO) =(SU Tr» T+ 0O)
moreover assume R = §
ultimately show ?thesis using s-w by simp
qed
qed
thus ?thesis using IH ST R by simp
qed
hence case-readable: enf (FV G) U ' - O by auto
qed auto

corollary LSC-Resolution:

assumes [' =,

shows (| (enf “ nnf ¢ set-mset T)) = O
proof —

from assms

have image-mset nnf I' =,, by (simp add: LSC-NNF)

from LSC-cnf|[OF this]

have image-mset (cnf-form-of o nnf) I' =, by(simp add: image-mset.compositionality
is-nnf-nnf)

moreover have Vv € set-mset (image-mset (enf-form-of o nnf) T'). is-cnf v

using cnf-form-of-isfwhere ‘a='a, OF is-nnf-nnf] by simp

moreover note CSC-Resolution-pre

ultimately have | (¢nf ¢ set-mset (image-mset (cnf-form-of o nnf) I')) O by
blast

hence | (AF. enf (enf-form-of (nnf F)))  set-mset T') = O by simp

thus ?thesis unfolding cnf-cnf[OF is-nnf-nnf] by simp
qed

corollary SC-Resolution:
assumes I' = {#}
shows (| (enf ‘ nnf ¢ set-mset T)) = O
proof —
from assms have image-mset nnf I' =, by (simp add: LSC-NNF SC-LSC)
hence {J (enf‘ nnf ‘ set-mset (image-mset nnf T')) b O using LSC-Resolution
by blast
thus %thesis using is-nnf-nnf-id[where ‘a="a] is-nnf-nnf[where 'a="a] by auto
qged

lemma Resolution-LSC-pre:

assumes S F R

assumes finite R

assumes finite S Ball S finite

shows 35’ R". VI'. set R’ = R A set (map set S') = S A

(disj-of-clause R', {#disj-of-clause c. ¢ €# mset S'#} + T =, — {#disj-of-clause
c. ¢ €# mset S'#} + T =)
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using assms proof (induction S R rule: Resolution.induct)

case (Ass F S)

define Sm where Sm = S — {F}
hence Sm: S = F>Sm F ¢ Sm using Ass by fast+
with Ass have fsm: finite Sm Ball Sm finite by auto
then obtain Sm’ where Sm = set (map set Sm’) by (metis (full-types) ex-map-conv
finite-list)
moreover obtain R’ where [simp]: F = set R’ using Ass finite-list by blast
ultimately have S: S = set (map set (R'#Sm’)) unfolding Sm by simp
show ?Zcase
using LSC-Contract[where 'a='a]
by (intro exI[where x=R'#Sm’| exl[where z=R']) (simp add: S add-ac)

next
case (RS F Gk)
from R.prems have fin: finite F finite G by simp-all
from R.IH(1)[OF fin(1) R.prems(2,3)] obtain FR FS where IHF:
set FR = F set (map set FS) = S
AL GS. (disj-of-clause FR, image-mset disj-of-clause (mset (FSQGS)) + T =,

= image-mset disj-of-clause (mset (FSQGS)) + T =)
by simp (metis add.assoc)
from R.IH(2)[OF fin(2) R.prems(2,3)] obtain GR GS where IHG:
set GR = G set (map set GS) = S
AL HS. (disj-of-clause GR, image-mset disj-of-clause (mset (GSQHS)) + T
=n
= image-mset disj-of-clause (mset (GSQHS)) + T =)
by simp (metis add.assoc)
have IH: image-mset disj-of-clause (mset (FS @ GS)) +T' =,
if disj-of-clause FR, disj-of-clause GR, image-mset disj-of-clause (mset (FS Q
GS)) +T =,
for T" using THF(3)[of GS T'] IHG(3)[of FS disj-of-clause FR, T] that
by(simp add: add-mset-commute add-ac)
show Zcase
apply(intro exl[where z=FS @ GS] exl[where z=removeAll (k*) FR Q
removeAll (k=) GR] alll impl conjl)
apply(simp add: IHF IHG;fail)
apply(insert IHF IHG; simp;fail)
apply(intro IH)
apply(auto dest!: LSC-Sim-resolution-la simp add: IHF IHG R.hyps)
done
qed

lemma Resolution-LSC-pre-nodisj:
assumes S - R
assumes finite R
assumes finite S Ball S finite
shows 35’ R". VI. is-nnf-mset I' — is-disj R’ A is-nnf S A enf R’ = {R} A
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enf 8" C S A
(R, S\ T =, — S T =)
proof —
have mehorder: F, A\G,T = \G, F, T for F G T by(simp add: add-ac)
from Resolution-LSC-pre[where ‘a="a,OF assms]
obtain S’ R’ where o: AL. is-nnf-mset T = set R’ = R A set (map set S') =
S A
(disj-of-clause R’, image-mset disj-of-clause (mset S') + I' =,, — image-mset
disj-of-clause (mset S') + T' =)
by blast
hence p: is-nnf-mset I' = (disj-of-clause R’, image-mset disj-of-clause (mset
S") + T' =, = image-mset disj-of-clause (mset S’) + T’ =)
for T by blast
show ?thesis
apply(rule exl[where z=/Amap disj-of-clause S])
apply(rule exl[where z=disj-of-clause R'])
apply safe
apply(intro disj-of-clause-is;fail)
apply(simp add: cnf-disj o; fail)+
subgoal using o by(fastforce simp add: cnf-BigAnd enf-disj)
subgoal for I'
apply (frule p)
apply (unfold mehorder)
apply(drule LSC-BigAndL-inv)
apply (simp;fail)+
by (simp add: LSC-BigAndL)
done
qed

corollary Resolution-LSC1:
assumes S
shows 3 F. is-nnf F A\ enf F C S AN {#F#} =,
proof —
have x: {fU g |fg. fe FANge G} ={0} = F={0}for FF G
proof (rule ccontr)
assume m: {f U g |fg. f € FAge G} ={0O}
assume F # {00}
hence F = {} V (3E. E € F A E # [O) by blast
thus Fulse proof
assume F = {}
with m show Fulse by simp
next
assume JE. E € FAE # [0
then obtain £ where E: E € F A E # 0 ..
show Fulse proof cases
assume G = {} with m show Fualse by simp
next
assume G # {}
then obtain D where D € G by blast
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with F have EUD e {fUg|fg. f € F A ge G} by blast
with m E show Fulse by simp
qed
qed
qed
have x: F={O}ANG={0}if {fUg|fg. feEFANge G} ={0}for FG
proof (intro conjI)
show G = {0}
apply(rule *[of G F))
apply (subst that[symmetric])
by blast
qed (rule x[OF that])
have *: is-nnf F = is-nnf-mset I' = enf F = {0} = FI' =, for F' T
apply (induction F rule: enf.induct; simp)
apply blast
apply (metis LSC.LSC.AndL LSC-weaken add-mset-commute singleton-Un-iff)
apply(drule x; simp add: LSC.LSC.OrL)
done
from Resolution-useless-infinite] OF assms]
obtain S’ where su: S’CS and fin: finite S’ Ball S’ finite and pr: (S’ + O) by
blast
from Resolution-LSC-pre-nodisj[OF pr finite.emptyl fin]
obtain S’ where is-nnf S" enf S C S/ {# S" #} =,
using x [OF disj-is-nnf, of - {#}]
by (metis LSC-weaken add-mset-commute empty-iff set-mset-empty)
with su show ?thesis by blast
qged

corollary Resolution-SC1:
assumes S O
shows 3 F. enf (nnf F) C S N {#F#} = {#}
apply (insert Resolution-LSC1[OF assms])
apply(elim ex-forward)
apply(elim conjE; intro conjl)
subgoal by (subst is-nnf-nnf-id; assumption)
apply (unfold SC-LSC)
subgoal by (simp;fail)

done

end

theory ND-FiniteAssms
imports ND

begin

lemma ND-finite-assms: T' = F = 3T T/ CT A finiteT' N (T''F F)

proof (induction rule: ND.induct)
case (Az F' T') thus Zcase by(intro exI[of - {F}]) (simp add: ND.Ax)
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next
case (AndI T' F G)
from Andl.IH obtain I'7 T'2
where '] CT A finiteT'1 A (T'1 + F)
and T2 CT A finiteT2 A (T2 F G)
by blast
then show ?case by(intro exI[where z=I'1UT'2]) (force elim: Weaken intro!:
ND.AndI)
next
case (CCFT)
from CC.IH obtain I'" where I': TV C =~ F>T A finite T’ AN (TVF 1) ..

thus ?case proof(cases Not F € T")

case distinction: Did we actually use = F7?

case Fualse hence I'' C T" using I'’ by blast
with '’ show ?thesis using BotE by (intro exl[where z=T""]) fast
next

case True
then obtain I'" where I'' = — FoI'"' — F ¢ T'" by (meson Set.set-insert)

hence I'" C T finite ' — FoI'"' + L using I'' by auto
thus ?thesis using ND.CC by auto
qed

next
case AndE1 thus Zcase by(blast dest: ND.AndE1) next
case AndE2 thus Zcase by(blast dest: ND.AndE?2)
next
case Orll thus Zcase by(blast dest: ND.Orl1) next
case OrI2 thus ?case by(blast dest: ND.OrI2)
next
case (OrET F G H)
from OrE.IH obtain I'f T2 T'8
where IH:
't CT A finiteT'l A(T1FFV G)
T2 C FoT A finiteT2 AN (T2F H)
'3 C GoT A finite T3 A (T3 + H)
by blast
let 7w =T1U (T2 — {F}) U (T3 - {G})
from [H have ?wt FV G using Weaken|OF - sup-gel] by metis moreover
from IH have F>?w - H Gr?w + H using Weaken by (metis Un-commute
Un-insert-right Un-upperl Weaken insert-Diff-single)+ ultimately
have ?w F H using ND.OrE by blast
thus ?case using IH by (intro exI[where z="2%w]) auto

Clever evasion of the case distinction made for CC.

next
case (ImpIl F T G)
from Impl.IH obtain I'" where I'' C F > T' A finite T/ A (T''F G) ..
thus %case by (intro exI[where xz=I'" — {F}]) (force elim: Weaken intro!:

ND.Impl)
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next
case (ImpE T F G)
from ImpFE.IH obtain I'7 I'2 where
't CT A finiteT1 A(T1 +F— G)
[2 CT A finite 2 A (D2 - F)
by blast
then show ?case by(intro exI[where z=I'1 U I'2]) (force elim: Weaken intro:
ND.ImpE|where F=F])
next
case (NotET F)
from NotE.IH obtain I'1 I'2 where
I'1 CT A finite T1 A (T'1 - = F)
T2 C T A finite T2 A (D2 F F)
by blast
then show ?case by(intro exI[where z=I'1 U T'2]) (force elim: Weaken intro:
ND.NotE[where F=F])
next
case (Notl F' T')
from NotI.JH obtain I'' where I'' C F > T A finite TN (T'F L) ..
thus ?case by(intro exI[where ="' — {F'}]) (force elim: Weaken intro: ND.Notl[where
F=F)
qed

We thought that a lemma like this would be necessary for the ND complete-
ness by SC completeness proof (this lemma shows that if we made an ND
proof, we can always limit ourselves to a finite set of assumptions — and thus
put all the assumptions into one formula). That is not the case, since in the
completeness proof, we assume a valid entailment and have to show (the
existence of) a derivation. The author hopes that his misunderstanding can
help the reader’s understanding.

corollary ND-no-assms:
assumes I' - F
obtains I'" where set I C T A ({} F AT — F)
proof(goal-cases)
case 1
from ND-finite-assms|OF assms] obtain I'' where I''CT" finite T’ T/ F F by
blast
from «finite '’y obtain G where I'[simp]: T/ = set G using finite-list by blast
with «I''CT"» have set G C T by clarify
moreover from "'+ F» have {} F A G — F unfolding '’ AssmBigAnd .
ultimately show ?case by(intro 1[where I''=G] conjI)
qed

end

3.7 An alternate proof of ND completeness

theory ND-Compl-SC
imports SC-Sema ND-Sound SCND Compactness
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begin

lemma ND-sound-complete-countable:

fixes I' :: ’a :: countable formula set

showsT'F F «— T | F (is n +— %)
proof

assume ?n thus ?s by (fact ND-sound)
next

assume s: s

with compact-entailment obtain I'' where 0: finite T'T/ |= FT/CT

unfolding entailment-def by metis

then obtain I'’ where I'": I'/ = set-mset I''’ using finite-set-mset-mset-set by
blast

have su: set-mset I’’’ C T using 0 T'" by fast

from 0 have | T = {#F+#} unfolding sequent-semantics-def entailment-def
' by simp

with SC-sound-complete have T'" = {#F+#} by blast

with SCND have set-mset I''' U = * set-mset {#F#} F L .

thus ?n using ND.CC Weaken|OF - su[THEN insert-mono)| by force
qed

If you do not like the requirement that our atoms are countable, you can
also restrict yourself to a finite set of assumptions.

lemma ND-sound-complete-finite:

assumes finite I’

showsT'H F «— T | F (is %n +— %)
proof

assume ?n thus ?s by (fact ND-sound)
next

assume s: s

then obtain I'" where I'': ' = set-mset I'" using finite-set-mset-mset-set
assms by blast

have su: set-mset I'" C T using I'’”’ by fast

have = T = {#F#} using s unfolding sequent-semantics-def entailment-def
' by auto

with SC-sound-complete have T = {#F+#} by blast

with SCND have set-mset I U = ‘ set-mset {#F#} F L.

thus ?n using ND.CC Weaken[OF - su[ THEN insert-mono]| by force
qged

end

theory Resolution-Compl-SC-Small

imports LSC-Resolution Resolution SC-Sema CNF-Formulas-Sema
begin

lemma Resolution-complete’:
assumes fin: finite S
assumes val: S |= F
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shows |J ((enf o nnf) * ({—~F} U S)) O
proof —

from fin obtain S’ where S: S = set-mset S’ using finite-set-mset-mset-set by
blast

have cnf: VF € set-mset (image-mset (cnf-form-of o nnf) (- F, S"). is-enf F
by (simp add: cnf-form-of-is is-nnf-nnf)

note entailment-def[simp)

from wval

have S |= —(—F) by simp

hence S |= —(nnf (—F)) by (simp add: nnf-semantics)

hence S |= —(cenf-form-of (nnf (—F))) by (simp add: cnf-form-semantics|OF
is-nnf-nnf])

hence set-mset (image-mset nnf S') |= —(enf-form-of (nnf (—F))) using S by
(simp add: nnf-semantics)

hence set-mset (image-mset (cnf-form-of o nnf) S') |& —(enf-form-of (nnf
(—F))) by (simp add: cnf-form-semantics|OF is-nnf-nnf])

hence image-mset (cnf-form-of o nnf) S’ = {#-(cnf-form-of (nnf (—=F)))#}

unfolding SC-sound-complete sequent-intuitonistic-semantics .

hence image-mset (cnf-form-of o nnf) (=F, S') = {#} using NotR-inv by
simp

hence image-mset (cnf-form-of o nnf) (=F, S') =, by (simp add: SC-LSC
is-nnf-nnf nnf-cnf-form)

with CSC-Resolution-pre have |J (c¢nf ¢ set-mset (image-mset (cnf-form-of o
nnf) (- F, S)) F O using enf .

thus ?thesis using cnf-cnf[where 'a='a, OF is-nnf-nnf)

unfolding set-image-mset image-comp comp-def S by simp

qged

corollary Resolution-complete-single:
assumes = F
shows cnf (nnf (-F)) F O
using assms Resolution-complete’|OF finite.emptyl, of F)
unfolding entailment-def comp-def by simp

end
theory Resolution-Compl-SC-Full
imports LSC-Resolution Resolution SC-Sema Compactness
begin
theorem Resolution-complete:
fixes S :: ‘a :: countable formula set
assumes val: S |= F

shows |J ((enf o nnf) * ({—~F} U S)) O

proof —
let ?mun = As. J ((enf o nnf) ©s)

from compact-entailment]OF val] obtain S’ where fin: finite S” and su: S
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C S and wval” S" |= F by blast

from fin obtain S’ where S: S = set-mset S’ using finite-set-mset-mset-set
by blast

have cnf: VF € set-mset (image-mset (cnf-form-of o nnf) (- F, S"). is-enf F
by (simp add: cnf-form-of-is is-nnf-nnf)

note entailment-def[simp)

from val’ have S"' |= —(—=F) by simp

hence S’ = {#-(—F)#}

unfolding SC-sound-complete sequent-intuitonistic-semantics S .

hence —F, S’ = {#} by (simp add: NotR-inv)

hence image-mset nnf (—F, S') = {#} using LSC-NNF SC-LSC by blast

hence image-mset nnf (—F, S') =, by (simp add: SC-LSC is-nnf-nnf)

with LSC-Resolution have |J (enf ‘ nnf ¢ set-mset (image-mset nnf (- F, S7)))
FO .

hence ?mun ({—~ F} U S") 0O

unfolding set-image-mset image-comp comp-def S is-nnf-nnf-id[ OF is-nnf-nnf]

by simp

from Resolution-weaken|[OF this, of ?mun S| show ?thesis using su by (metis
UN-Un Un-left-commute sup.order-iff)
qed

end

3.8 SC and Implication-only formulas

theory MiniSC
imports MiniFormulas SC
begin

abbreviation is-mini-mset I' = VF € set-mset I'. is-mini-formula F
lemma to-mini-mset-is: is-mini-mset (image-mset to-mini-formula T') by simp

lemma SC-full-to-mini:
defines tms = image-mset to-mini-formula
assumes asm: [' = A
shows tms I' = tms A
proof —
have tmsi[simp]: tms (F,S) = to-mini-formula F, tms S for F S unfolding
tms-def by simp
from asm show ?thesis
proof (induction T' A rule: SCp.induct)
case (BotL T")
hence | €# tms I'" unfolding tms-def by force
thus ?case using SCp.BotL by blast
next
case (Az kT A)
hence Atom k €4 tms ' Atom k €# tms A unfolding tms-def using image-iff
by fastforce+
thus ?case using SCp.Ax[of k| by blast
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next
case (NotR F T A) thus ?case
unfolding tmsi to-mini-formula.simps
using weakenR SCp.ImpR by blast
next
case (NotL T' F A) from this(2) show ?case
by (auto introl: SCp.ImpL)
next
case ImpR thus ?case using SCp.ImpR by simp
next
case ImpL thus ?case using SCp.ImpL by simp
next
case AndR from AndR(3,4) show ?case
using weakenR by (auto introl: SCp.ImpR SCp.ImpL)
next
case AndL from AndL(2) show ?case
using weakenR[where 'a='a] by (fastforce introl: SCp.ImpR SCp.ImpL)
next
case OrR from OrR(2) show ?case
using weakenR by (fastforce introl: SCp.ImpR SCp.ImpL)
next
case (OrL FT A G)
note SCp.ImpL
moreover {
have to-mini-formula F, tms I' = tms A using OrL(3)[unfolded tmsi] .
with weakenR have to-mini-formula F, tms I’ = 1, tms A by blast
with SCp.ImpR have tms I' = to-mini-formula F — L, tms A . }
moreover have to-mini-formula G, tms I' = tms A using <tms (G, ') = tms
A) unfolding tmsi .
ultimately have (to-mini-formula F — 1) — to-mini-formula G, tms I' =
tms A .
thus ?case unfolding tmsi to-mini-formula.simps .
qed
qed

lemma SC-mini-to-full:

defines tms = image-mset to-mini-formula

assumes asm: tms I' = tms A

shows I' = A
proof —

have tmsi[simp]: tms (F,S) = to-mini-formula F, tms S for F S unfolding
tms-def by simp

note ImpL-inv ImpR-inv[dest]

have no: f # (AF G. Not F) f # Orf £ And if fF G, S'=tms S for fF G S
S/

by (metis that is-mini-formula.simps(4 —6) msed-map-invR tms-def to-mini-is-mini
union-commaute)+

note dr = no(1)[where f=\F G. Not F, simplified, dest!]

no(2)[where f=0r, simplified, dest!]
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no(3)[where f=And, simplified, dest!]
have whai:
(3S2HJ. S=H— J, S2 AN F = to-mini-formula H N G = to-mini-formula
J) Vv
(3S2HJ.S=HV J,S2 AN F = (to-mini-formula H— 1) A G = to-mini-formula
J) Vv
(3S2HJ.S=HANJ,S2 NF = to-mini-formula H— to-mini-formula J —
LAG=1)V
(3S2H. S =-H,S2 A F = to-mini-formula H N\ G = 1)
if F— G, S1 =tms S for F G S1 S proof —
note that[unfolded tms-def]
then obtain 52 pim where 52: S1 = image-mset to-mini-formula S2
and S: S = pim, S2
and pim: F — G = to-mini-formula pim
by (metis msed-map-invR union-commute)
show ?thesis using pim unfolding S by(cases pim; simp; blast)
qed
from asm show ?thesis
proof (induction tms I' tms A arbitrary: T' A rule: SCp.induct)
have x: to-mini-formula F = 1 = F = 1 for F by(cases F'; simp)
case BotL thus ?case unfolding tms-def using * SCp.BotL by (metis image-iff
multiset.set-map)
next
have x: Atom k = to-mini-formula F = F = Atom k for F k by(cases F;
sitmp)
case (Az - k) thus ?case
unfolding tms-def unfolding in-image-mset Set.image-iff
apply(elim bezE)
apply(drule )+
apply (intro SCp.Azx)
by simp-all
next
case (ImpLT' F G)
note whai[OF ImpL(5)]
thus ?case proof(elim disjE exE conjE)
fix S2HJ
assume x: I' = H — J, S2 F = to-mini-formula H G = to-mini-formula J
hence I'' = tms S2 F, tms A = tms (H,A) G, T/ = tms (J, S2) tms A =
tms A using ImpL.hyps(5) add-left-imp-eq by auto
from ImpL(2)[OF this(1,2)] ImpL(4)[OF this(3—)]
show ?thesis using SCp.ImpL by(simp add: x)
next
fix S2HJ
assume x: ' = HV J, S2 F = to-mini-formula H — 1 G = to-mini-formula
J
hence I'' = tms S2 F, tms A = tms (H — L,A) G, T = tms (J, S2) tms
A = tms A using ImpL.hyps(5) add-left-imp-eq by auto
from ImpL(2)[OF this(1,2)] ImpL(4)[OF this(3—)]
show ?thesis using Bot-delR by (force intro!: SCp.OrL dest!: ImpR-inv simp:
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0
next
fix S2HJ
assume x: I' = HA J, S2 F = to-mini-formula H — to-mini-formula J —
1L G=1
hence I'' = tms S2 F, tms A = tms (H — J — L,A) G, T/ = tms (L, 52)
tms A = tms A using ImpL.hyps(5) add-left-imp-eq by auto
from ImpL(2)[OF this(1,2)]
show ?thesis using Bot-delR SCp.AndL ImpR-inv * by (metis add-mset-remove-trivial
inL1)
next
fix S2 H
assume x: [' = = H, S2 F = to-mini-formula H G = L
hence I'' = tms S2 F, tms A = tms (H,A) G, TV = tms (L, S2) tms A =
tms A using ImpL.hyps(5) add-left-imp-eq by auto
from ImpL(2)[OF this(1,2)]
show %thesis by (force intro!: SCp.NotL dest!: ImpR-inv simp: x)
qed
next
case (ImpR F G A')
note whai[OF ImpR(3)]
thus ?case proof(elim disjE exE conjF)
fix S2HJ
assume A = H — J, S2 F = to-mini-formula H G = to-mini-formula J
thus ?thesis using ImpR.hyps(2,3) by (auto introl: SCp.ImpR)
next
fix S2HJ
assume x: A = HV J, S2 F = to-mini-formula H— 1 G = to-mini-formula
J
hence A’ = tms S2 F, tms A = tms (H— L,A) G, A" = tms (J, S2) tms
A = tms A using ImpR.hyps(3) add-left-imp-eq by auto
thus ?thesis using SCp.OrR|where 'a='a] * ImpR.hyps(2) by (simp add:
NotL-inv)
next
have botoff: I' = H, 1, 52 = T = H, S2 for I' H S2 using Bot-delR by
fastforce
fix S2HJ
assume x: A = HA J, 82 F = to-mini-formula H — to-mini-formula J —
1L G=1
hence F, tmsI' = tms (H— J— L, T') G, A’ = tms (L, 52)
using ImpR.hyps(3) by(auto)
from ImpR(2)][OF this] show ?thesis by(auto simp add: * introl: SCp.intros(3—)
dest!: ImpL-inv botoff)
next

fix S2 H

assume A = - H, S2 F = to-mini-formula H G = L

then obtain S2 H where x: A = = H, S2 F = to-mini-formula H N G =
1 by blast
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hence F, tims T' = tms (H, T') G, A’ = tms (L, S2) using ImpR(3) by
simp-all
with ImpR(2) have H,T' = 1, 52 .
hence I' = — H, 52 using SCp.NotR Bot-delR by fastforce
thus T' = A by(simp add: *)
qed
qged auto
qed

theorem MiniSC-eq: image-mset to-mini-formula I’ = image-mset to-mini-formula
A—T=A
using SC-mini-to-full SC-full-to-mini by blast

end

3.8.1 SC to HC

theory MiniSC-HC
imports MiniSC HC
begin

inductive-set AX! where

Fe AX0 = F € AX1 |

(F—>1)—> 1) > FeAX1I

lemma AX01: AX0 C AX1 by (simp add: AX1.intros(1) subsetl)
lemma AX1-away: AX1 UT = AX0 U (I' U AX1) using AX0! by blast

lemma Deductionl: F > (AX1 UT )by L +— (AX1 UT) by (F— 1) un-
folding A X1-away by (metis Deduction-theorem HC'.simps HC-mono Un-commute
Un-insert-left insertl1 subset-insertl)
lemma Deduction2: (F — L)> (AX1 UT) by L +— (AX1 UT) by F (is 7
— 7r)
proof

assume [: 7]

with Deduction-theorem[where '=AX1 UT and F=F — | and G=1]

have AX! UT kg (F— 1) — 1 unfolding AX1-away by(simp add: Un-commute)

moreover have AX!1 UT ty (F — L) — 1) — F using AXI.intros(2)
HC.Az by blast

ultimately show ¢r using HC.MP by blast
next

assume 7: ?r thus ¢ by (meson HC.simps HC-mono insertll subset-insertl)
qed

lemma
I' = A = is-mini-mset I' = is-mini-mset A —
(set-mset T’ U (AF. F — 1) ‘set-mset A U AX1)Fpg L
proof (induction T A rule: SCp.induct)
case (ImpLT F A G)
from ImpL.prems have is-mini-mset ' is-mini-mset (F, A) by simp-all
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with ImpL.IH(1) have IH1: set-mset ' U (AF. F — 1) ¢ set-mset (F, A) U
AX1 by L.

hence IH1: F — L > set-mset ' U (A\F. F — 1) ‘ set-mset A U AXI by L
by simp

from ImpL.prems have is-mini-mset (G, T') is-mini-mset A by simp-all

with ImpL.IH(2) have IH2: set-mset (G, ') U (A\F. F — 1) ‘ set-mset A U
AX1 by L.

hence IH2: G > (set-mset T' U (AF. F — 1) ‘ set-mset A U AX1) Fg L by
stmp

have R: F —- Gp> AX1 Ul Fy LifGr AX1UTFyg L F— 1L > AX1 UT
Fg L for I

using that by (metis Az Deduction! Deduction2 HC-mono MP insertll sub-

set-insertl)

from R[where I'=set-mset T U (AF. F — 1) ‘ set-mset A

have F' — G > (set-mset T U (AF. F — 1) ‘set-mset A U AX1) kg L using
IH2 IH1 by(simp add: Un-commute)

thus ?case by simp
next

case (ImpR FT G A)

hence is-mini-mset (F, T') is-mini-mset (G, A) by simp-all

with ImpR.IH have IH: F > G — L > set-mset ' U (A\F. F — 1) ‘ set-mset
AU AXI by L by(simp add: insert-commute)

have R: (F— G) > LpTUAXI bty Lif Fr G— L>T UAXI kg L for
T" using that

by (metis AX1-away Deduction2 Deduction-theorem Un-commute Un-insert-right)

thus ?case using IH by simp
next

case (Az kT A)

have R: F> F— LT U AXI by L for F :: 'a formula and T by (meson
HC'.simps insert-iff)

from R[where F=Atom k and I'=set-mset ' U (AF. F — 1) ‘ set-mset A]
show ?Zcase using Az.hyps

by (simp add: insert-absorb)

next

case BotL thus ?case by (simp add: HC.Ax)
qed simp-all

end

3.8.2 Craig Interpolation

theory MiniSC-Craig
imports MiniSC' Formulas
begin

abbreviation atoms-mset where atoms-mset © = |JF € set-mset ©. atoms F
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lemma interpolation-equal-styles:
VITAT'ANT+T'= A+ A"— (3F :: 'a formula. T = FANFT' = A’
A atoms F C atoms-mset (I' + A) A atoms F C atoms-mset (I'' + A’)))

—
VI A.T = A — (3F == 'a formula. T = {#F#} N {#F#} = A A atoms F
C atoms-mset I' A atoms F C atoms-mset A))
proof (intro iffI alll impl, goal-cases)

case (I T' A)

hence I' + {#} = {#} + A — 3F.T = F, {#} AN F, {#} = A A atoms F
C atoms-mset (I' + {#}) A atoms F C atoms-mset ({#} + A)) by presburger

with 1 show ?case by auto
next

case (2 AT’ AY)

from 2(2) have I' = A + image-mset Not I'' + A’ by(induction I'' arbitrary:
T; simp add: SCp.NotR)

hence T' + image-mset Not A = image-mset Not T'' + A’ by(induction A
arbitrary: A'; simp add: SCp.NotL) (metis SCp.NotL union-mset-add-mset-right)

from 2(1)[THEN spec, THEN spec, THEN mp, OF this]

have 3F. T + image-mset = A = {#F#} N {#F#} = image-mset = '/ 4+
A" A atoms F C atoms-mset (I' + image-mset = A) A atoms F C atoms-mset
(image-mset — T/ + A') .

then obtain F where n: I' + image-mset = A = {#F#} and p: {#F+#}
= image-mset = I'' + A’ and at: atoms F C atoms-mset (I' + A) atoms F C
atoms-mset (I'' + A') by auto

from n have n: T' = F, A by(induction A arbitrary: T; simp add: NotL-inv
inR1)

from p have p: F.I'' = A’ by(induction T arbitrary: A’; simp add: NotR-inv
inL1)

show ?case using p at n by blast
qed

The original version of the interpolation theorem is due to Craig [1]. Our
proof partly follows the approach of Troelstra and Schwichtenberg [11] but,
especially with the mini formulas, adds its own spin.

theorem SC-Craig-interpolation:
assumes I' + T/ = A + A/
obtains F' where
= FA
FI'= A’
atoms F C atoms-mset (T' + A)
atoms F C atoms-mset (T'' + A’)
proof —
have split-seq: (3H H=fFJH)v 31" I=fFJI)iffFJ, G=H+1
for fFGHIJ
proof —
from that have f F J €# H + I by(metis (mono-tags) add-ac(2) union-single-eq-member)
thus %thesis by (meson multi-member-split union-iff)
qed
have mini: 3 F.I' = F, AANF, T''= A’ A
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atoms F C atoms-mset (I' + A) A atoms F C atoms-mset (I'" + A') A
is-mini-formula F
if T +T'= A+ A is-mini-mset (P+T'+A+A’) for I' T/ A A’
using that proof (induction T + T/ A + A’ arbitrary: T T' A A’ rule: SCp.induct)
case BotL thus Zcase proof(cases; intro exl)
assume | €# ' with BotL
show ' = L, A AL T/ = A’ A atoms L C atoms-mset (I' + A) A atoms
L C atoms-mset (I'' + A') A is-mini-formula L
by (simp add: SCp.BotL)
next
assume —(L €# I') with BotL
show ' = T, AA T, TV = A’ A atoms T C atoms-mset (I' + A) A atoms
T C atoms-mset (' + A') A is-mini-formula T
by (auto simp add: Top-def SCp.ImpR SCp.ImpL SCp.BotL introl: SCp.intros(3—))
qed
next
case (Ax k)
let 9ss = AF. (' = F, A AN F, T/ = A’ A is-mini-formula F)
have ff: ?ss L if Atom k €# " Atom k €# A
using SCp.BotL SCp.Ax|of k| that by auto
have fs: ?ss (Atom k) if Atom k €# T Atom k €# A’
using that by (auto introl: SCp.Az[where k=k))
have sf: ?ss ((Atom k) — L) if Atom k €# '’ Atom k €# A
using that by(auto introl: SCp.ImpR SCp.ImpL intro: SCp.Az[where k=F]
SCp.BotL)
have ss: ?ss T if Atom k €# T/ Atom k €# A’
unfolding Top-def using that SCp.ImpR SCp.Ax BotL-canonical by fastforce
have in-sumE: [A €# (F + G); Ae# F — P; A e# G = P] = P for
A F G P by fastforce
have trust-firstE: PF — Q F = dF. PF A Q F for P @ F by blast
from Az show ?case by(elim in-sumE) (frule (1) ff fs sf ss; elim conjE
trust-firstE; force)+
next
case (ImpR F G A")
note split-seq[of Imp, OF ImpR(3)]
thus ?case proof(elim disjE ezE)
fix H assume A: A = F — G, H’
have F, T + I'= (F,T) + I/ G, A" = (G, A — {#F — G#}) + A’
is-mini-mset ((F,T') + T + (G, A — {#F — G#}) + A)
using that ImpR(3—) by (simp-all add: union-assoc A)
from ImpR(2)[OF this] obtain Fa where Fam:
F, T = Fa, G, H Fa, I'' = A’ is-mini-formula Fa
atoms Fa C atoms-mset ((F, T) + (G, H')) atoms Fa C atoms-mset (T'' +
A’) unfolding A by auto
thus ?thesis unfolding A proof (intro exI[where z=Fa] conjl <is-mini-formula
Fay)
show I' = Fa, FF — G, H' using Fam by(intro SCp.ImpR[THEN inR1];
fast)
show Fa, I'' = A’ using Fam by blast
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show atoms Fa C atoms-mset (I' + (F — G, H')) atoms Fa C atoms-mset
(T’ + A’) using Fam by auto
qed
next
fix I’ assume A A'=F — G, I’
have ;T + T =T + (F.,I') G, A” = A + (G, I') is-mini-mset (I' + (F,
'+ A+ (G, I)
using ImpR(3—) by (simp-all add: add.left-commute A')
from ImpR(2)[OF this| obtain Fa m where Fam:
I' = Fa, A Fa, F, T = G, I is-mini-formula Fa
atoms Fa C atoms-mset (I' + A) atoms Fa C atoms-mset ((F, T') + (G,
1)) unfolding A’ by auto
show ?thesis unfolding A’ proof (intro exI[where z=Fa| conjl <is-mini-formula
Fay)
show I' = Fa, A using Fam by fast
show Fa, ' = F — G, I’ using Fam by (simp add: SCp.ImpR inL1)
show atoms Fa C atoms-mset (I' + A) atoms Fa C atoms-mset (I'' + (F
— G, I')) using Fam by auto
qed
qed
next
case (ImpLT" F G)
note split-seq[of Imp, OF ImpL(5))
thus ?case proof(elim disjE exE)
fix H assume I I'= F — @G, H'
from T have x: T =T+ H' F, A + A=A’ + (F,A)
using ImpL(5—) by (simp-all add: union-assoc T")
hence is-mini-mset (I'' + H' + A’ + (F, A)) using ImpL(6) by(auto simp
add: T)
from ImpL(2)[OF « this] obtain Fa where IHI!: T'' = Fa, A’ Fa, H' = F,
A
atoms Fa C atoms-mset (H' + (F,A)) atoms Fa C atoms-mset (I'" + A’)
is-mini-formula Fa by blast
from I have x: G, I'"' = (G, H) + T" A + A’ = A + A’
using ImpL(5—) by (simp-all add: union-assoc)
hence is-mini-mset ((G, H') + T + A + A’) using ImpL(6) by(simp add:
r)
from ImpL(4)[OF x this] obtain Ga where IH2: G, H' = Ga, A Ga, T’
= A’
atoms Ga C atoms-mset ((G, H") + A) atoms Ga C atoms-mset (I'’ + A)
is-mini-formula Ga by blast

A big part of the difficulty of this proof is finding a way to instantiate the
IHs. Interestingly, this is not the only way that works. Originally, we used
I'=H'"+T"and F, A + A" = (F, A) + A’ to instantiate the IH (which
is in some sense more natural, less use of commutativity). This gave us a Fa
that verifies H' = Fa, F, A and Fa, I'' = A’and resulted in the interpolant
to-mini-formula (Fa V Ga).

let 2w = Fa — Ga
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show ?thesis proof (intro exI[where x=%w)| conjI)
from IH1(1) IH2(2) show ?w, ' = A’
by (simp add: SCp.ImpL)
from [H1(2) IH2(1) show I" = ?w, A unfolding T’
by (intro SCp.ImpL inR1[OF SCp.ImpR] SCp.ImpR) (simp-all add: weakenR
weakenL)
show atoms %w C atoms-mset (I' + A) atoms ?w C atoms-mset (I'' + A’)
using [H1(3—) IH2(3—) unfolding I" by auto
show is-mini-formula ?w using <is-mini-formula Fay <is-mini-formula Ga»
by simp
qed
next
fix I’ assume I'. I'' = F — G, I’ note ImpL(5)[unfolded T
fromI'have x: " =T+ I'F, A + A=A 4+ (F,A))
using ImpL(5—) by(simp-all add: union-assoc add-ac(2,3))
hence is-mini-mset (T' + I’ + A + (F, A")) using ImpL(6) by(auto simp
add: T)
from ImpL(2)[OF x this] obtain Fa
where [HI1: T = Fa, A Fa, I' = F, A’ is-mini-formula Fa
atoms Fa C atoms-mset (I' + (F,A’)) atoms Fa C atoms-mset (I' + A) by
blast
from I'" have x: G, T =T+ (G, I) A+ A'=A + A’
using ImpL(5) by (simp-all add: add-ac <I'" =T + I")
have is-mini-mset (I' + (G, I') + A + A’) using ImpL(6) by(auto simp
add: T)
from ImpL(4)[OF x this| obtain Ga [
where [H2: T = Ga, A Ga, G, I' = A’ is-mini-formula Ga
atoms Ga C atoms-mset ((G, I') + A') atoms Ga C atoms-mset (I' + A)
by blast

Same thing as in the other case, just with G, T'" = (G, I') + T, A + A’
=A'+ A T"=1"+T,and F, A + A’ = (F, A) + A resulting in
to-mini-formula (= (Fa V Ga))

let Yw = (Ga — (Fa — 1)) — L
have ?w = to-mini-formula (Ga A Fa) by (simp add: IH1(3) IH2(3)
mini-to-ming)
show ?thesis proof (intro exI[of - 2w| conjI)
from [H1(1) IH2(1) show I' = %w, A
by (intro SCp.ImpR SCp.ImpL) (simp-all add: inR1 weakenR BotL-canonical)
from [H1(2) IH2(2) show ?w, ' = A’ unfolding I'’/
by (blast intro!: SCp.ImpL SCp.ImpR dest: weakenL weakenR)-+
show atoms ?w C atoms-mset (I' + A)
atoms 2w C atoms-mset (I'' + A’) using IH1(3—) IH2(3—) unfolding
'’ by auto
show is-mini-formula ?w using <is-mini-formula Fay <is-mini-formula Ga»
by simp
qed
qed
next

135



The rest is just those cases that can’t happen because of the mini formula
property.
qed (metis add.commute is-mini-formula.simps union-iff union-single-eq-member)+
define tms :: 'a formula multiset = 'a formula multiset
where tms = image-mset to-mini-formula
have [simp]: tms (A + B) = tms A + tms B tms {#F#} = {#to-mini-formula
F#} for A B F unfolding tms-def by simp-all
have [simp]: atoms-mset (tms T') = atoms-mset T' for I' unfolding tms-def
using mini-formula-atoms by fastforce
have imm: is-mini-mset (tms T + tms T/ + tms A 4+ tms A’) unfolding tms-def
by auto
from assms have tms T’ + tms T'' = tms A + tms A’ unfolding tms-def using
SC-full-to-mini by force
from mini[OF this imm) obtain F where hp:
tms T = F, tms A F, tms T'' = tms A’
and su: atoms F C atoms-mset (tms T' 4+ tms A) atoms F C atoms-mset (tms
I’ + tms A
and mf: is-mini-formula F by blast
from hp mf have tmsT' = tms (F, A) tms (F,T'') = tms A’ using mini-to-mini[where
‘a='a] unfolding tms-def by simp-all
hence I' = F, A F, T'" = A’ using SC-mini-to-full unfolding tms-def by
blast+
with su show ?thesis using (AI. atoms-mset (tms ') = atoms-mset T'» im-
age-mset-union that by auto
qed

Note that there is an extension to Craig interpolation: One can show that
atoms that only appear positively /negatively in the original formulas will
only appear positively /negatively in the interpolant.

abbreviation patoms-mset S = |J F€set-mset S. fst (pn-atoms F)
abbreviation natoms-mset S = | J F€set-mset S. snd (pn-atoms F)

theorem SC-Craig-interpolation-pn:
assumes I' + T = A + A’
obtains F' where
= FA
FIT'= A’
fst (pn-atoms F) C (patoms-mset I' U natoms-mset A) N (natoms-mset T U
patoms-mset A’)
snd (pn-atoms F) C (natoms-mset T' U patoms-mset A) N (patoms-mset T'' U
natoms-mset A’)
proof —
have split-seq: (3H. H=fFJH)VvV 31" I=fFJI)iffFJ, G=H+ 1
for fFGHIJ
proof —
from that have f F J €# H + I by(metis (mono-tags) add-ac(2) union-single-eq-member)
thus %thesis by (meson multi-member-split union-iff)
qed
have mini: 3 F :: 'a formula. T = F, AN F, T/ = A’ A
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fst (pn-atoms F) C (patoms-mset I' U natoms-mset A) N (natoms-mset T'' U
patoms-mset A') A
snd (pn-atoms F) C (natoms-mset T' U patoms-mset A) N (patoms-mset T U
natoms-mset A') A is-mini-formula F
if T +T/= A+ A is-mini-mset (T+T"+A+A') for T T/ A A’/
using that proof (induction T + T'' A + A’ arbitrary: T T/ A A’ rule: SCp.induct)
case BotL
let Yom = AF. fst (pn-atoms F) C (patoms-mset I' U natoms-mset A) N
(natoms-mset T'' U patoms-mset A') A
snd (pn-atoms F) C (natoms-mset T' U patoms-mset A) N (patoms-mset T/
U natoms-mset A') A is-mini-formula (F :: 'a formula)
show ?case proof(cases; intro exl)
assume | €# I' with BotL
showI = 1, AAN LT = A’A om L by(simp add: SCp.BotL)
next
assume —(L €# I') with BotL
show I'= T, AAT, TV"=A'"A 2om T
by (auto simp add: Top-def SCp.ImpR SCp.ImpL SCp.BotL prod-unions-def
introl: SCp.intros(3—))
qed
next
case (Az k)
let ?2ss = AF. (' = F, AN F, T = A’ A fst (pn-atoms F') C (patoms-mset
I’ U natoms-mset A) N (natoms-mset I'' U patoms-mset A’) A
snd (pn-atoms F) C (natoms-mset T' U patoms-mset A) N (patoms-mset T/
U natoms-mset A’) A is-mini-formula F)
have ff: ?ss L if Atom k €# " Atom k €# A
using SCp.BotL SCp.Ax[of k] that by auto
have fs: ?ss (Atom k) if Atom k €# T Atom k e# A’
using that by(force introl: SCp.Azx[where k=Fk])
have sf: ?ss ((Atom k) — L) if Atom k €# T'/ Atom k €# A
using that by(auto introl: SCp.ImpR SCp.ImpL intro: SCp.Az[where k=F]
SCp.BotL exl[where z=Atom k] simp add: prod-unions-def; force)
have ss: ?ss T if Atom k €# T'' Atom k e# A’
unfolding Top-def using that SCp.ImpR by (auto simp add: prod-unions-def
SCp.Ax)
have in-sumE: [A €e# (F + G); Ae# F — P; A e# G = P] = P for
A F G P by fastforce
have trust-first: PF — Q F — 3dF. PF AN Q F for P Q F by blast
from Az show %case by(elim in-sumFE) (frule (1) ff fs sf ss; elim conjE
trust-firstE; force)+
next
next
case (ImpR F G A")
note split-seq[of Imp, OF ImpR(3)]
thus ?case proof(elim disjE exE)
fix H assume A: A = F — G, H’
have F, T + I = (F,T) + T/ G, A" = (G, A — {#F — G#}) + A’
is-mini-mset ((F,T) + T+ (G, A — {#F — G#}) + A)
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using that ImpR(3—) by (simp-all add: union-assoc A)
from ImpR(2)[OF this] obtain Fa where Fam:
F,T' = Fa, G, H' Fa, T = A’ is-mini-formula Fa
fst (pn-atoms Fa) C (patoms-mset (F, T') U natoms-mset (G, H')) N
(natoms-mset T'' U patoms-mset A
snd (pn-atoms Fa) C (natoms-mset (F, T') U patoms-mset (G, H')) N
(patoms-mset T'' U natoms-mset A') unfolding A by auto
thus ?thesis unfolding A proof (intro exI[where x=Fa] conjl <is-mini-formula
Fay)
show I' = Fa, FF — G, H' using Fam by(intro SCp.ImpR[THEN inR1];
fast)
show Fa, I'' = A’ using Fam by blast
show fst (pn-atoms Fa) C (patoms-mset I' U natoms-mset (F — G, H')) N
(natoms-mset T'' U patoms-mset A’)
snd (pn-atoms Fa) C (natoms-mset T' U patoms-mset (F — G, H')) N
(patoms-mset T'' U natoms-mset A
using Fam(4—) by (auto simp: prod-unions-def split: prod.splits)
qed
next
fix I’ assume A A'=F — G, I’
have ;T + T'=T + (F.,I') G, A” = A + (G, I') is-mini-mset (I' + (F,
'Y+ A+ (G, I)
using ImpR(3—) by (simp-all add: add.left-commute A’)
from ImpR(2)[OF this] obtain Fa m where Fam:
I'= Fa, A Fa, F, T = G, I' is-mini-formula Fa
fst (pn-atoms Fa) C (patoms-mset T' U natoms-mset A) N (natoms-mset (F,
') U patoms-mset (G, I"))
snd (pn-atoms Fa) C (natoms-mset I' U patoms-mset A) N (patoms-mset
(F, Ty U natoms-mset (G, 1')) unfolding A’ by auto
show ?thesis unfolding A’ proof (intro exI[where z=Fa| conjl <is-mini-formula
Fay)
show I' = Fa, A using Fam by fast
show Fa, I'' = F — G, I’ using Fam by (simp add: SCp.ImpR inL1)
show fst (pn-atoms Fa) C (patoms-mset I' U natoms-mset A) N (natoms-mset
I' U patoms-mset (F — G, I"))
snd (pn-atoms Fa) C (natoms-mset T' U patoms-mset A) N (patoms-mset
I’ U natoms-mset (F — G, I))
using Fam by (auto simp: prod-unions-def split: prod.splits)
qed
qed
next
next
case (ImpLT" F G)
note split-seq[of Imp, OF ImpL(5))
thus ?case proof(elim disjE exE)
fix H assume I"'T'=F — G, H'
from T have x: T =T+ H' F, A + A=A’ + (F,A)
using ImpL(5—) by (simp-all add: union-assoc T")
hence is-mini-mset (I'' + H' + A’ + (F, A)) using ImpL(6) by(auto simp
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add: T)
from ImpL(2)[OF « this] obtain Fa where IHI!: T = Fa, A’ Fa, H' = F,
A
fst (pn-atoms Fa) C (patoms-mset T'' U natoms-mset A') N (natoms-mset
H'’ U patoms-mset (F, A))
snd (pn-atoms Fa) C (natoms-mset T'' U patoms-mset A') N (patoms-mset
H' U natoms-mset (F', A)) is-mini-formula Fa by blast
from I" have x: G, """ = (G, H) + T A + A’ = A + A’
using ImpL(5—) by (simp-all add: union-assoc)
hence is-mini-mset ((G, H') + T + A + A’) using ImpL(6) by(simp add:
r)
from ImpL(4)[OF x this| obtain Ga where IH2: G, H' = Ga, A Ga, T’
= A’
fst (pn-atoms Ga) C (patoms-mset (G, H') U natoms-mset A) N (natoms-mset
'’ U patoms-mset A)
snd (pn-atoms Ga) C (natoms-mset (G, H') U patoms-mset A) N (patoms-mset
I’ U natoms-mset A’) is-mini-formula Ga by blast
let w = Fa — Ga
show ?thesis proof (intro exl[where z=%w| conjl)
from [H1(1) IH2(2) show ?w, '/ = A’
by (simp add: SCp.ImpL)
from [H1(2) IH2(1) show I' = %w, A unfolding I’
by (intro SCp.ImpL inR1[OF SCp.ImpR] SCp.ImpR) (simp-all add: weakenR
weakenL)
show fst (pn-atoms ?w) C (patoms-mset ' U natoms-mset A) N (natoms-mset
I’ U patoms-mset A’)
snd (pn-atoms ?w) C (natoms-mset T' U patoms-mset A) N (patoms-mset
I'" U natoms-mset A’)
using [H1(8—) IH2(3—) unfolding T" by (auto simp: prod-unions-def
split: prod.splits)
show is-mini-formula ?w using <is-mini-formula Fay <is-mini-formula Ga»
by simp
qed
next
fix I’ assume I': T'' = F — G, I’ note ImpL(5)[unfolded T
from I have x: " =T+ I'F, A + A=A 4+ (F,A))
using ImpL(5—) by(simp-all add: union-assoc add-ac(2,3))
hence is-mini-mset (I' + I’ + A + (F, A")) using ImpL(6) by(auto simp
add: T)
from ImpL(2)[OF x this] obtain Fa
where [HI1: T = Fa, A Fa, I' = F, A’ is-mini-formula Fa
fst (pn-atoms Fa) C (patoms-mset T' U natoms-mset A) N (natoms-mset I’
U patoms-mset (F, A'))
snd (pn-atoms Fa) C (natoms-mset T' U patoms-mset A) N (patoms-mset
I' U natoms-mset (F, A')) by blast
from I'" have «: G, I'"' = (G, I) + T A+ A'=A"+ A
using ImpL(5) by (simp-all add: add-ac T =T + I")
have is-mini-mset ((G, I') + T' + A’ + A) using ImpL(6) by(auto simp
add: T)
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from ImpL(4)[OF « this] obtain Ga
where [H2: G, I' = Ga, A’ Ga, T = A is-mini-formula Ga
fst (pn-atoms Ga) C (patoms-mset (G, I') U natoms-mset A’) N (natoms-mset
I’ U patoms-mset A)
snd (pn-atoms Ga) C (natoms-mset (G, I') U patoms-mset A') N (patoms-mset
' U natoms-mset A) by blast
let ?w = (Fa — Ga) — L
have Yw = to-mini-formula (=(Fa — Ga)) unfolding to-mini-formula.simps
mini-to-mini|OF IH1(3)] mini-to-mini[OF IH2(83)] by (simp add: IH1(8) IH2(3)
)
show ?thesis proof (intro exl[of - ?w] congl)
from [H1(1) IH2(2) show I' = %w, A
by (intro SCp.ImpR SCp.ImpL) (simp-all add: inR1 weakenR BotL-canonical)
from IH1(2) IH2(1) show ?w,I'" = A’ unfolding I'/
by (blast intro!: SCp.ImpL SCp.ImpR dest: weakenL weakenR)+
show fst (pn-atoms ?w) C (patoms-mset T' U natoms-mset A) N (natoms-mset
'’ U patoms-mset A)
snd (pn-atoms ?w) C (natoms-mset I' U patoms-mset A) N (patoms-mset
I'" U natoms-mset A’)
using THI(4—) IH2(/—) unfolding I'’ by (auto simp: prod-unions-def
split: prod.splits)
show is-mini-formula ?w using <is-mini-formula Fa) <is-mini-formula Ga»
by simp
qed
qed
next
qed (metis add.commute is-mini-formula.simps union-iff union-single-eq-member)+
define tms :: ‘a formula multiset = 'a formula multiset
where tms = image-mset to-mini-formula
have [simp]: tms (A + B) = tms A + tms B tms {#F#} = {#to-mini-formula
F+#} for A B F unfolding tms-def by simp-all
have imm: is-mini-mset (tms T + tms T/ 4+ tms A + tms A’) unfolding tms-def
by auto
from assms have tms I' + tms I'' = tms A + tms A’ unfolding tms-def using
SC-full-to-mini by force
from mini[OF this imm) obtain F where hp:
tmsT' = F, tms A F, tms "' = tms A’
and su: fst (pn-atoms F) C (patoms-mset (tms ') U natoms-mset (tms A)) N
(natoms-mset (tms I'') U patoms-mset (tms A'))
snd (pn-atoms F') C (natoms-mset (tms I') U patoms-mset (tms A)) N
(patoms-mset (tms T'') U natoms-mset (tms A'))
and mf: is-mini-formula F by blast
from hp mf have tmsT' = tms (F, A) tms (F,T'') = tms A’ using mini-to-mini[where
‘a="a] unfolding tms-def by simp-all
hence x: T' = F, A F, T = A’ using SC-mini-to-full unfolding tms-def by
blast+
have pn-atoms (to-mini-formula F) = pn-atoms F for F :: 'a formula by (induction
F; simp add: prod-unions-def split: prod.splits)
hence pn-tms: patoms-mset (tms I') = patoms-mset T' natoms-mset (tms T') =
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natoms-mset I' for I' unfolding tms-def by simp-all
from su[unfolded pn-tms] show ?thesis using that[of F, OF x - -] by auto

qed

end
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