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Abstract

We present a formalization of probabilistic timed automata (PTA) for which we try to follow the
formula “MDP + TA = PTA” as far as possible: our work starts from our existing formalizations
of Markov decision processes (MDP) and timed automata (TA) and combines them modularly.
We prove the fundamental result for probabilistic timed automata: the region construction that is
known from timed automata carries over to the probabilistic setting. In particular, this allows us
to prove that minimum and maximum reachability probabilities can be computed via a reduction
to MDP model checking, including the case where one wants to disregard unrealizable behavior.
Further information can be found in our ITP paper [2].

The definition of the PTA semantics can be found in Section 3.3, the region MDP is in Section 4.1,
the bisimulation theorem is in Section 1, and the final theorems can be found in Section 7.4. The
background theory we formalize is described in the seminal paper on PTA [1].
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theory PTA
imports library/Lib
begin

1 Bisimulation on a Relation

definition rel-set-strong :: (‘a = 'b = bool) = 'a set = 'b set = bool
where rel-set-strong R A B+— (Vzy. Rzy — (z € A +— y € B))

lemma T-eq-rel-half[consumes 4, case-names prob sets cont]:
fixes R::'s = 't = bool and f :: 's = "t and S :: 's set
assumes R-def: Ast. Rst+— (s€ S A fs=1)
assumes A[measurable]: A € sets (stream-space (count-space UNIV'))
and B[measurable]: B € sets (stream-space (count-space UNIV'))
and AB: rel-set-strong (stream-all2 R) A B and KL: rel-fun R (rel-pmf R) K L and zy: Rz y
shows MC-syntaz.T K x A = MC-syntax. T L y B
proof —
interpret K: MC-syntax K by unfold-locales
interpret L: MC-syntaz L by unfold-locales

have z € S using (R z y> by (auto simp: R-def)

define g where gt = (SOME s. R s t) for t
have measurable-g: g € count-space UNIV — p; count-space UNIV by auto
have g: Rij=— R (gj) jforij

unfolding g-def by (rule somel)

have K-subset: 1 € S — Kz C S for z
using KL|THEN rel-funD, of z f x, THEN rel-pmf-imp-rel-set] by (auto simp: rel-set-def R-def)

have in-S: AE win K.T z. w € streams S
using K.AE-T-enabled
proof eventually-elim
case (elim w) with «x € S) show Zcase
apply (coinduction arbitrary: © w)
subgoal for z w using K-subset by (cases w) (auto simp: K.enabled-Stream,)
done
qed

have L-eq: L y = map-pmf f (K z) if zy: Rz y for z y
proof —
have rel-pmf (A\z y. = = y) (map-pmf f (K z)) (L y)
using KL[THEN rel-funD, OF zy] by (auto intro: pmf.rel-mono-strong simp: R-def pmf.rel-map)
then show ?thesis unfolding pmf.rel-eq by simp
qed

let D = Az. distr (K.T z) K.S (smap f)
have prob-space-D: ¢?D x € space (prob-algebra K.S) for x
by (auto simp: space-prob-algebra K.T.prob-space-distr)

have D-eq-D: Dz = ¢?Dz'if Rzy Rz’ yforzz'y
proof (rule stream-space-eq-sstart)
define A where A = K.acc ““ {z, z'}
have z-A: z € A 2’ € A by (auto simp: A-def)
let Q=f‘A
show countable Q)
unfolding A-def by (intro countable-image K .countable-acc) auto
show prob-space (2D z) prob-space (2D z') by (auto intro!: K.T.prob-space-distr)
show sets (?D z) = sets L.S sets (?D z') = sets L.S by auto
have AFE-streams: AE x in ?D z'. z € streams ?Q if 2" € A for z"’



apply (simp add: space-stream-space streams-sets AE-distr-iff)
using K.AE-T-reachable|of z"'] unfolding alw-HLD-iff-streams
proof eventually-elim
fix s assume s € streams (K.acc ““ {z'"})
moreover have K.acc “{z"} C A
using <z’ € Ay by (auto simp: A-def Image-def intro: rtrancl-trans)
ultimately show smap f s € streams (f < A)
by (auto intro: smap-streams)
qed
with z-A show AFE z in ?D z'. x € streams %Q AE x in ?D x. x € streams %
by auto
from «x € A «z' € Ay that show ?D x (sstart (f © A) zs) = ?D z’ (sstart (f © A) zs) for zs
proof (induction zs arbitrary: z z' y)
case Nil
moreover have ?D z (streams (f * A)) = 1 if x € A for z
using AE-streams|of x| that
by (intro prob-space.emeasure-eq-1-AE[OF K. T .prob-space-distr]) (auto simp: streams-sets)
ultimately show ?case by simp
next
case (Cons z zs z x' y)
have rel-pmf (R OO R~'71) (K z) (K z/)
using KL[THEN rel-funD, OF Cons(4)] KL[THEN rel-funD, OF Cons(5)]
unfolding pmf.rel-compp pmf.rel-flip by auto
then obtain p :: (s x 's) pmf where p: Aa b. (a, b)) € p = (R 00 R7'71) a b and
eq: map-pmf fst p = K © map-pmf snd p = K z’
by (auto simp: pmf.in-rel)
let 25 = stream-space (count-space UNIV')
have «: (##) y —“smap f —* sstart (f * A) (z # zs) = (if fy = z then smap [ —* sstart (f ¢ A) zs else
{}) for y z zs
by auto
have «x: 2D z (sstart (f * A) (z # 2s)) = ([T y". (if fy' = z then ?D y’ (sstart (f * A) zs) else 0) OK x)
for z
apply (simp add: emeasure-distr)
apply (subst K.T-eq-bind)
apply (subst emeasure-bind[where N=725])
apply simp
apply (rule measurable-distr2[where M=725])
apply measurable
apply (intro nn-integral-cong-AE AE-pmfI)
apply (auto simp add: emeasure-distr)
apply (simp-all add: x space-stream-space)
done
have fst-A: fst ab € A if ab € p for ab
proof —
have fst ab € K x using <ab € p) set-map-pmf [of fst p| by (auto simp: eq)
with «x € A) show fst ab € A
by (auto simp: A-def intro: rtrancl.rtrancl-into-rtrancl)
qed
have snd-A: snd ab € A if ab € p for ab
proof —
have snd ab € K 2z’ using <ab € p> set-map-pmf [of snd p] by (auto simp: eq)
with <z’ € A> show snd ab € A
by (auto simp: A-def intro: rtrancl.rtrancl-into-rtrancl)
qed
show ?case
unfolding #x eq[symmetric] nn-integral-map-pmf
apply (intro nn-integral-cong-AE AE-pmfT)
subgoal for ab using p[of fst ab snd ab] by (auto simp: R-def introl: Cons(1) fst-A snd-A)
done
qed
qed



have L-eq-D: L.T y = ?D
using <R z
proof (coinduction arbitrary: z y rule: L.T-coinduct)
case (cont z y)
then have Kz-Ly: rel-pmf R (K z) (L y)
by (rule KL[THEN rel-funD))
then have *: y' € L y = 32’¢eK z. Rz’ y' for y’
by (auto dest!: rel-pmf-imp-rel-set simp: rel-set-def)
have xx: y' € Ly = R (g y') y' for y’
using *[of y'] unfolding g-def by (auto intro: somel)

have D-SCons-eq-D-D: distr (K. T i) K.S (Ax. z ## smap fx) = distr (?D i) K.S (Ax. z ## z) for i z
by (subst distr-distr) (auto simp: comp-def)
have D-eq-D-gi: D i = ?D (g (f 1)) if i: i € K « for i
proof —
obtain j where je LyRijfi=j
using Kz-Ly i by (force dest!: rel-pmf-imp-rel-set simp: rel-set-def R-def)
then show ?thesis
by (auto introl: D-eq-D[OF <R i ] g)
qed

have sxx: ?D © = measure-pmf (L y) >= (Ay. distr (?D (g y)) K.S ((##) y))

apply (subst K.T-eq-bind)

apply (subst distr-bind[of - - K.S])
apply (rule measurable-distr2[of - - K.S])

apply (simp-all add: Pi-iff)

apply (simp add: distr-distr comp-def L-eq|OF cont] map-pmf-rep-eq)

apply (subst bind-distrjwhere K=K.S])
apply measurable ||
apply (rule measurable-distr2[of - - K.S])
apply measurable ||
apply (rule measurable-compose[OF measurable-g])
apply measurable []

apply simp

apply (rule bind-measure-pmf-conglwhere N=K_.S5])
apply (auto simp: space-subprob-algebra space-stream-space intro!: K.T.subprob-space-distr)
unfolding D-SCons-eq-D-D D-eq-D-gi ..

show ?Zcase

by (intro exI[of - At. distr (K.T (g t)) (stream-space (count-space UNIV)) (smap f)])

(auto simp add: K.T.prob-space-distr xxx dest: %x)
qed (auto intro: K.T.prob-space-distr)

have stream-all2 R s t «<— (s € streams S A smap fs = t) for s ¢
proof safe
show stream-all2 R s t = s € streams S
apply (coinduction arbitrary: s t)
subgoal for s t by (cases s; cases t) (auto simp: R-def)
done
show stream-all2 R st = smap fs =1
apply (coinduction arbitrary: s t rule: stream.coinduct)
subgoal for s ¢ by (cases s; cases t) (auto simp: R-def)
done
qed (auto intro!: stream.rel-refl-strong simp: stream.rel-map R-def streams-iff-sset)
then have w € streams S = w € A +— smap f w € B for w
using AB by (auto simp: rel-set-strong-def)
with in-S have K.Tz A= K.T z (smap f —° B N space (K.T x))
by (auto intro!: emeasure-eq-AE streams-sets)

also have ... = (distr (K.T z) K.S (smap f)) B
by (intro emeasure-distr[symmetric]) auto
also have ... = (L.T y) B unfolding L-eg-D ..



finally show ?thesis .
qed

no-notation ccval (<{-}> [100))

hide-const succ

2 Additional Facts on Regions
declare reset-set11[simp] reset-set[simp)

Defining the closest successor of a region. Only exists if at least one interval is upper-bounded.

abbreviation is-upper-right where
is-upper-right R= (VY t > 0.V v € R. u® t € R)

definition

succ R R =

if is-upper-right R then R else

(THER'."R'"A#RAR € SuccRRAN ueRVt>0.(udt)gR— T t'/<t.(udtheR N0
t))

lemma region-continuous:
assumes valid-region X k I r
defines R: R = region X I r
assumes between: 0 < t1 t1 < t2
assumes elem: ©u € Ru ® t2 € R
shows u ¢ t1 € R
unfolding R
proof
from <0 < t1) <u € Ry show VzeX. 0 < (u @ t1) z by (auto simp: R cval-add-def)

have intv-elem = (v @ t1) (I z) if z € X for z

proof —
from elem that have intv-elem z u (I ) intv-elem = (v @ t2) (I ) by (auto simp: R)
with between show ?thesis by (cases I z, auto simp: cval-add-def)

qed

then show V z € X. intv-elem z (u @ t1) (I z) by blast

let ?Xg = {z € X. 3d. I x = Intv d}
show ?X, = 2Xg ..

from elem have V z € ?Xo. V y € ?Xq. (z, y) € r +— frac (u z) < frac (u y) by (auto simp: R)
moreover
{fixzycdassume A:z € Xye XTz=Intvcly=Intvd
from A elem between have x:
c<uzuzrz<cH+lc<uz+tluz+tl <c+ 1
by (fastforce simp: cval-add-def R)+
moreover from A(2,4) elem between have xx:
d<uyuy<d+ld<uy+tluy+tl <d+ 1
by (fastforce simp: cval-add-def R)+
ultimately have v z = ¢ + frac (v z) vy = d + frac (u y) using nat-intv-frac-decomp by auto
then have
frac (v z + t1) = frac (u z) + t1 frac (uy + t1) = frac (v y) + t1
using *(3,4) *xx(3,4) nat-intv-frac-decomp by force+
then have
frac (u z) < frac (u y) «— frac ((u @ t1) z) < frac ((u @ t1) y)
by (auto simp: cval-add-def)

}

ultimately show



Vaoe ?2Xo. ¥V ye ?Xo. (2, y) € 7 <— frac ((u ® t1) z) < frac (v @ t1)
by (auto simp: cval-add-def)
qed

lemma upper-right-eq:

assumes finite X valid-region X k I r

shows (V = € X. isGreater (I x)) <— is-upper-right (region X I r)
using assms
proof (safe, goal-cases)

case (1t u)

then show ?case

by — (standard, force simp: cval-add-def)+

next

case (2 x)

from region-not-empty[OF assms] obtain v where u: u € region X I'r ..
moreover have (I :: real) > 0 by auto
ultimately have (u ® 1) € region X I r using 2 by auto
with <z € X» u have intv-elem z u (I z) intv-elem z (v ® 1) (I z) by auto
then show ?case by (cases I z, auto simp: cval-add-def)

qed

lemma bounded-region:
assumes finite X valid-region X k I r
defines R: R = region X I r
assumes — is-upper-right R u € R
shows u ® 1 ¢ R
proof —
from upper-right-eq|OF assms(1,2)] assms(4) obtain z where x:
z € X - isGreater (I z)
by (auto simp: R)
with assms have intv-elem z u (I z) by auto

Y)

with z(2) have — intv-elem x (u @ 1) (I z) by (cases I x, auto simp: cval-add-def)

with z(1) assms show ?thesis by auto
qed

context AlphaClosure-global
begin

no-notation Regions-Beta.part (<[-]-» [61,61] 61)

lemma succ-ex:
assumes R € R
shows succ R R € R (is ?G1) and succ R R € Succ R R (is ?G2)
andV ueRVt>0 (udt)¢R— Bt/ <t (udt) €sueccRRA
proof —
from <R € R» obtain I r where R: R = region X I r valid-region X k I r
unfolding R-def by auto
from region-not-empty[OF finite] R obtain u where u: v € R
by blast
let ?Z ={ze€ X .3 c. Iz = Const c}
let ?succ =
AR"R'"#RAR' € Succ R R
AVueRVYE>0.(udt)¢d R— T t'<t (uddt)e
consider (upper-right) V x € X. isGreater (I z) | (intv) 3 z €
| (const) 27 # {}
apply (cases V z € X. isGreater (I z))
apply fast
apply (cases ?Z = {})
apply safe

0 <t (is 7G3)

=Intvd N ?Z = {}



apply (rename-tac x)
apply (case-tac I x)
by auto
then have ?G1 A ?G2 AN ?G3
proof cases
case const
with upper-right-eq[OF finite R(2)] have — is-upper-right R by (auto simp: R(1))
from closest-prestable-1(1,2)[OF const finite R(2)] closest-valid-1[OF const finite R(2)] R(1)
obtain R’ where R"
VueRY t>0.3t'<t. (udth)eRANt'>0R €eRY ueR.Vit>0. (udt)¢R
unfolding R-def by auto
with region-not-empty[OF finite] obtain u’ where u’ € R’ unfolding R-def by blast
with R’(%) have neq: R’ # R by (fastforce simp: cval-add-def)
obtain ¢:: real where t > 0 by (auto intro: that[of 1])
with R'(1,2) <u € R» obtain ¢t where ¢t > 0 u & t € R’ by auto
with <R € R) <R’ € R» <u € R> have R’ € Succ R R by (intro Succl3)
moreover have (V u € RV t>0. (u@t) ¢ R— 3t/ <t (udt)eR A0 <L)
using R’(1) unfolding cval-add-def
apply clarsimp
subgoal for u ¢
by (cases t = 0) auto
done
ultimately have *: ?succ R’ using neq by auto
have succ R R = R’ unfolding succ-def
proof (simp add: <= is-upper-right R), intro the-equality, rule %, goal-cases)
case prems: (1 R")
from prems obtain t’ v’ where R'":
R'eERR'"A2Rt'>0R"=[u"®tlg v €R
using R'(1) by fastforce
from this(1) obtain I r where R"'2:
R = region X I r valid-region X kI r
by (auto simp: R-def)
from R have u' @ t’' ¢ R using assms region-unique-spec by blast
with * <t > 0> <u’ € R> obtain t'" where t": t"" < t' ' & t"" € R' t"" > 0 by auto
from this(2) neq have u' & t'’ ¢ R using R'(2) assms region-unique-spec by auto
with t"" prems <u’ € R)> obtain t'"’ where t'":
t/// S t// u/ @ t/// e R// t/// Z 0
by auto
with region-continuous|OF R"'2(2) - - t'"(2)[unfolded R"'2(1)], of t'" — ¢'"" t' — "
t"" R" regions-closed’-spec[OF <R € Ry R"(5,3)]
have u’ @ t” € R"” by (auto simp: R"'2 cval-add-def)
with t"/(2) show ?case using R"(1) R'(2) region-unique-spec by blast
qed
with R’ x show ?thesis by auto
next
case intv
then have *: VzeX. - Regions.isConst (I z) by auto
let ?Xy = {z € X. isIntv (I z)}
let ?M = {z € ?X,. Vye?Xy. (z,y) € 7 — (y, z) € 1}
from intv obtain z ¢ where z: x € X — isGreater (I z) and c¢: I z = Intv ¢ by auto
with <z € X» have ?X( # {} by auto
have ?X, = {z € X. 3d. I x = Intv d} by auto
with R(2) have r: total-on ?X¢ r trans r by auto
from total-finite-trans-maz[OF <?Xo # {}» - this] finite
obtain z’ where z”: 2z’ € ?XoV y € ?Xo. 2’ # y — (v, z') € r by fastforce
from this(2) have Vye?X,. (z/, y) € r — (y, ) € r by auto
with z'(1) have *x: ?2M # {} by fastforce
with upper-right-eq[ OF finite R(2)] have — is-upper-right R by (auto simp: R(1))
from closest-prestable-2(1,2)[OF x finite R(2) *x] closest-valid-2[OF « finite R(2) xx] R(1)
obtain R’ where R"
VueRVt>0. (udt)¢ R— B t'<t(udt)eR ANO<Lt)R eR



YueR.YV >0 (udt)¢R
unfolding R-def by auto
with region-not-empty|OF finite] obtain u’ where v’ € R’ unfolding R-def by blast
with R’(%) have neq: R’ # R by (fastforce simp: cval-add-def)
from bounded-region[OF finite R(2), folded R(1), OF «— is-upper-right R> u] have
u@ (1 t)¢gR(L=t)>0
by auto
with R'(1) u obtain ¢’ where t' < (1 :: t) (u ® t’) € R’ 0 < t' by fastforce
with <R € R» <R’ € Ry <u € R> have R’ € Succ R R by (intro Succl3)
with R'(1) neq have *: ?succ R’ by auto
have succ R R = R’ unfolding succ-def
proof (simp add: «— is-upper-right Ry, intro the-equality, rule , goal-cases)
case prems: (1 R”)
from prems obtain t’ v’ where R'":
R'ERR"#Rt'>0R"=[u'® t|r u' € R
using R'(1) by fastforce
from this(1) obtain I r where R"'2:
R"" = region X I r valid-region X k I r
by (auto simp: R-def)
from R” have v’ @ t’' ¢ R using assms region-unique-spec by blast
with x ¢/ > 0» «u’ € R> obtain t"’ where t": t"" < t' v’ ® t'" € R’ t"" > 0 by auto
from this(2) neq have u' @ t'" ¢ R using R'(2) assms region-unique-spec by auto
with t” prems «u’ € R> obtain t'"’ where t'"":
t/// < t// u/ @ t/// e R// tll/ > 0
by auto
with region-continuous[OF R"2(2) - - t"(2)[unfolded R''2(1)], of t"" — t""" t' — ¢
t"" R" regions-closed’-spec[OF <R € Ry R"(5,3)]
have v’ ® t" € R" by (auto simp: cval-add-def R"'2)
with ¢"/(2) show ?case using R"'(1) R'(2) region-unique-spec by blast
qed
with R’ x show ?thesis by auto
next
case upper-right
with upper-right-eq[OF finite R(2)] have succ R R = R by (auto simp: R succ-def)
with (R € R» u show ?thesis by (fastforce simp: cval-add-def intro: Succl3)
qed
then show ?G1 ?G2 ?G3 by auto
qed

lemma region-set’-closed:
fixes d :: nat
assumes R € Rd > 0Vzesetr.d < kxzsetr CX
shows region-set’ Rrd € R
proof —
from region-not-empty|OF finite] assms(1) obtain u where u € R using R-def by blast
from region-set’-id[OF - - finite, of - k, folded R-def] assms this show ?thesis by fastforce
qed

lemma clock-set-cong|simp:

assumes VY c € set r. uc=4d

shows [r = dju = u
proof standard

fix c

from assms show ([r — dlu) ¢ = u ¢ by (cases ¢ € set r; auto)
qed

lemma region-reset-not-Succ:

notes regions-closed’-spec|intro]
assumes R € R setr C X



shows region-set’ R r 0 = R V region-set’ R r 0 ¢ Succ R R (is YR =R V -)
proof —
from assms finite obtain u where u € R by (meson Succ.cases succ-ex(2))
with (R € R» have u € V [ulg = R by (auto simp: region-unique-spec dest: region-V)
with region-set’-id[OF <R € R>[unfolded R-def] <u € R» finite] assms(2) have
?R = [[r—0]ulr
by (force simp: R-def)
show ?thesis
proof (casesV z € setr. uz = 0)
case True
then have [r—0]u = u by simp
with <R = -» <- = R» have ?R = R by (force simp: R-def)
then show ?thesis ..
next
case Fulse
then obtain z where z: © € set r v x # 0 by auto
{ assume ?R € Succ R R
with <u € Ry <R € R) obtain ¢t where
t>0[udtlr =?R?RER
by (meson Succ.cases set-of-regions-spec)
with «u € Ry assms(1) have u @ t € YR by blast
moreover from (YR = -» <u € Ry have [r—0]u € ?R by (fastforce simp: region-set’-def)
moreover from z <t > 0y <u € V» assms have (u @ t) z > 0 by (force simp: cval-add-def V-def)
moreover from z have ([r—0]u) z = 0 by auto
ultimately have Fualse using <?R € Ry z(1) by (fastforce simp: region-set’-def)
}
then show ?thesis by auto
qed
qed

end

3 Definition and Semantics
3.1 Syntactic Definition

We do not include:

e a labelling function, as we will assume that atomic propositions are simply sets of states
« a fixed set of locations or clocks, as we will implicitly derive it from the set of transitions

e start or end locations, as we will primarily study reachability

type-synonym
("e, 't, 's) transition = 's x (‘c, 't) cconstraint * ('c set x 's) pmf

type-synonym
(‘e, 't, 's) pta = ('c, 't, 's) transition set * ('c, 't, 's) invassn

definition

edges :: ('e, 't, 's) transition = ('s x (‘c, 't) cconstraint x ('c set x 's) pmf x 'c set x 's) set
where

edges = X (1, g, p)- {(I, g, p, X, U') | X 1" (X, I') € set-pmf p}

definition
Edges A = {edges t | t. t € fst A}

definition
trans-of = ('c, 't, 's) pta = (¢, 't, 's) transition set
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where
trans-of = fst

definition

inv-of :: (‘c, 'time, 's) pta = ('c, "time, 's) invassn
where

imv-of = snd

no-notation transition («-+ - —>>" - [61,61,61,61,61,61] 61)

abbreviation transition :

('c, "time, 's) pta = 's = ('c, 'time) cconstraint = ('c set * 's) pmf = 'c set = 's = bool
(- b - —77 5 [61,61,61,61,61,61] 61) where

(A1 —9:p, X N=(Wg,p X, 1) € Edges A

definition
locations :: (c, 't, 's) pta = s set
where
locations A = (fst < Edges A) U ((snd o snd o snd o snd) ‘ Edges A)

3.1.1 Collecting Information About Clocks

definition collect-clkt :: (c, 't::time, 's) transition set = ('c *'t) set
where
collect-clkt S = |J {collect-clock-pairs (fst (snd t)) | t .t € S}

definition collect-clki :: ('c, 't :: time, 's) invassn = ('c *'t) set
where
collect-clki I = |J {collect-clock-pairs (I z) | z. True}

definition clkp-set :: (‘c, 't :: time, 's) pta = (‘¢ * 't) set
where
clkp-set A = collect-clki (inv-of A) U collect-clkt (trans-of A)

definition collect-clkvt :: (‘c, 't :: time, 's) pta = 'c set
where
collect-clkvt A = |J ((fst 0 snd 0 snd o snd) ‘ Edges A)

abbreviation clocks where clocks A = fst ¢ clkp-set A U collect-clkvt A

definition wvalid-abstraction
where
valid-abstraction A X k =
(V(z,m) € clkp-set A. m < kx ANz € X ANm € N) A collect-clkut A C X A finite X

lemma valid-abstractionD|dest]:

assumes valid-abstraction A X k

shows (V (z,m) € clkp-set A. m < kz Az € X Am e N) collect-clkvt A C X finite X
using assms unfolding valid-abstraction-def by auto

lemma valid-abstractionl [intro]:
assumes (V(z,m) € clkp-set A. m < kzx ANz € X Am € N) collect-clkvt A C X finite X
shows wvalid-abstraction A X k

using assms unfolding valid-abstraction-def by auto

3.2 Operational Semantics as an MDP

abbreviation (input) clock-set-set :: 'c set = 't::time = (‘¢,’t) cval = ('¢,’t) cval
(=]~ [65,65,65] 65)
where

[X:=t]u = clock-set (SOME r. setr = X) t u
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term region-set’

abbreviation region-set-set :: 'c set = 't::time = (‘¢,’t) zone = (’c,’t) zone
([-:=-]> [65,65,65] 65)
where

[X::=t]R = region-set’ R (SOME r. set r = X) t

no-notation zone-set («-_ _, o [71] 71)

abbreviation zone-set-set :: ('c, 't::time) zone = 'c set = ('c, 't) zone
(s g0 [71] 71)
where

Zx _y o = zone-set Z (SOME r. set r = X)

abbreviation (input) ccval («{-}» [100]) where ccval cc = {v. v F cc}

locale Probabilistic- Timed- Automaton =
fixes A :: (¢, 't :: time, 's) pta
assumes admissible-targets:
(I, g, u) € trans-of A = (X, 1l") € p = {9l x — ¢ C {inv-of AU’}
(1, g, n) € trans-of A = (X, ') € u = X C clocks A
— Not necessarily what we want to have
begin

3.3 Syntactic Definition

definition L = locations A
definition X = clocks A
definition S={(l,u) . l€e LAV z € X. uz>0)ANut inv-of A1}

inductive-set
K :: (s * ("e, 't) cval) = ('s x (“e, 't) cval) pmf set for st :: ('s x ('c, 't) cval)
where
— Passage of time delay:
steS=st=(,u) = t>0= udtk inv-of Al = return-pmf (I, u ® t) € K st |
— Discrete transitions action:
ste S = st=(,u) = (I, g, p) € trans-of A = ut g
= map-pmf (A (X, ). (I, ([X = 0]w))) pu € K st |
— Self loops — Note that this does not assume st € S loop:
return-pmf st € K st

declare K.intros[intro]
sublocale MDP: Markov-Decision-Process K by (standard, auto)

end

4 Constructing the Corresponding Finite MDP on Regions

locale Probabilistic- Timed-Automaton-Regions =
Probabilistic- Timed-Automaton A 4+ Regions-global X
for A :: (e, t, 's) pta +
— The following are necessary to obtain a finite MDP
assumes finite: finite X finite L finite (trans-of A)
assumes not-trivial: 3 1 € L. 3 w € V. u 'k inv-of Al
assumes valid: valid-abstraction A X k

begin
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lemmas finite-R = finite-R[OF finite(1), of k, folded R-def]

4.1 Syntactic Definition
definition S={({, R) .l € LARe€ R AN R C {u. ut inv-of Al}}

lemma S-alt-def: S = {(l,u) .l € LA u€eE V Aut inv-of A1} unfolding V-def S-def by auto

Note how we relax the definition to allow more transitions in the first case. To obtain a more compact
MDP the commented out version can be used an proved equivalent.

inductive-set
K (s % (Ye, t) cval set) = ('s x (e, t) cval set) pmf set for st :: (s * (‘e, t) cval set)
where

— Passage of time delay:

ste S = st = (l,R) = R’ € Succ R R = R’ C {inv-of A I} = return-pmf (I, R') € K st |
— Discrete transitions action:

steS=st=(,R) = (I, g, n) € trans-of A = R C {g|

= map-pmf (A (X, 1). (I, region-set’ R (SOME r. set r = X) 0)) p € K st |

— Self loops — Note that this does not assume st € S loop:

return-pmf st € K st

lemmas [intro] = K.intros

4.2 Many Closure Properties

lemma transition-def:
(AF 1 —91X 1Y = (I, g, p) € trans-of A A (X, I') € p)
unfolding Edges-def edges-def trans-of-def by auto

lemma transitionI[intro]:
AF 1 —9mX pif (I, g, 1) € trans-of A (X, 1) € p
using that unfolding transition-def ..

lemma transitionD|dest]:
(1, g, p) € trans-of A (X, 1) € pif A+ 1 —GmX [/
using that unfolding transition-def by auto

lemma bez-FEdges:
(3 x€EdgesA. Px)=3 lgp XU . AF1 — X P AP (1, g, 1, X, 1))
by fastforce

lemma L-trans[intro]:
assumes (I, g, p) € trans-of A (X, ') € p
shows le L1l'e L
using assms unfolding L-def locations-def by (auto simp: image-iff bex-Edges transition-def)

lemma transition-X:
X CXif Ak | —9mX ]
using that unfolding X-def collect-clkvt-def clkp-set-def by auto

lemma admissible-targets-alt:
Ak 1 —9mX 1 — fgby , o C {Jinv-of A I}
A1 —9X ' = X C clocks A
by (intro admissible-targets; blast)+

lemma V-reset-closed|intro):
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assumes u € V
shows [r — (d::nat)lu € V
using assms unfolding V-def
apply safe
subgoal for z
by (cases z € set r; auto)
done

lemmas V-reset-closed[intro] = V-reset-closed|of - - 0, simplified)

lemma regions-part-ex|[intro):
assumes u € V
shows u € [ulr [ulr € R
proof —
from assms regions-partition]| OF meta-eg-to-obj-eq| OF R-def]] have
JIRRRERANuER
unfolding V-def by auto
then show [u]g € R u € [u|r
using alpha-interp.region-unique-spec by auto
qed

lemma rep-R-ex[intro]:
assumes R € R
shows (SOME u. v € R) € R
proof —
from assms region-not-empty|OF finite(1)] have 3 u. v € R unfolding R-def by auto
then show ?thesis ..
qed

lemma V-nn-closed[intro:
veEV=1t>20=udtelV
unfolding V-def cval-add-def by auto

lemma K-S-closed[intro]:
assumes y € Kss'e upse S
shows s’ € S
using assms
by (cases rule: K.cases, auto simp: S-alt-def dest: admissible-targets[unfolded zone-set-def])

lemma S-V{introl:
(LueS=ueV
unfolding S-alt-def by auto

lemma L-V[intro|:
(LuyeS=1lel
unfolding S-def by auto

lemma S-V{intro|:
(LR) e S= ReR
unfolding S-def by auto

lemma admissible-targets’:
assumes ([, g, p) € trans-of A (X, ') € p R C {g|}
shows region-set’ R (SOME r. set r = X) 0 C {inv-of A l'}
using admissible-targets(1)[OF assms(1,2)] assms(8) unfolding region-set’-def zone-set-def by auto

4.3 The Region Graph is a Finite MDP

lemma S-finite:
finite S
using finite finite-R unfolding S-def by auto
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lemma K-finite:
finite (KC st)
proof —
let ?B1 = {(R’, [, R). st € S A st=(l, R) AR € Succ R R AN R' C {inv-of A I}
let 251 = (A(R', I, R). return-pmf (I, R’)) ¢ ?B1
let 251 = {return-pmf (I, R") | R"lR. st € S A st = (I, R) N R’ € Succ R R A R’ C {inv-of A I|}}
let 252 = {map-pmf (X (X, 1). (I, region-set’ R (SOME r. set r = X) 0)) u
|Ru.3lg. steSAst=(,R)N(,g,p) € trans-of A AN R C {g}}
have ?B1 C {(R', I, R). R" € R A (I, R) € § } unfolding S-def by auto
with S-finite finite-R have finite Bl by — (rule finite-subset, auto)
moreover have 951 = (A(R’, I, R). return-pmf (I, R')) ¢ ?B1 by (auto simp: image-def)
ultimately have x: finite ?S1 by auto
have {u. 31 g. (I, g, u) € PTA.trans-of A} = (A (I, g, n). p) * PTA.trans-of A) by force
with finite(3) finite-R have finite {(R, p). 3 lg. R € R A (I, g, p) € trans-of A} by auto
moreover have
{(R,n). 3 1g.ste SAst=(,R)N(, g, pn) € trans-of AN RC {g}} C ...
unfolding S-def by fastforce
ultimately have xx:
finite {(R, n). 3 lg. st e SAst=(,R)AN(, g, p) € trans-of A AN R C {g}}
unfolding S-def by (blast intro: finite-subset)
then have finite 252 unfolding S-def by auto
have IC st = 951 U 252 U {return-pmf st} by (safe, cases rule: K.cases, auto)
with * xx show ?thesis by auto
qed

lemma R-not-empty:

R #{}

proof —
let ?r = {}
let I = X\ c. Const 0
let 7R = region X ?2I ?r
have valid-region X k 21 ?r
proof
show {} = {x € X. 3d. Const 0 = Intv d} by auto
show refi-on {} {} and trans {} and total-on {} {} unfolding trans-def by auto
show V1 € X. Regions.valid-intv (k z) (Const 0) by auto
qed
then have ?R € R unfolding R-def by auto
then show R # {} by blast
qed

lemma S-not-empty:
S # {}
proof —
from not-trivial obtain [ v where st: [ € L u € V u F inv-of A [ by blast
then obtain R where R: R € R u € R using R-V by auto
from wvalid have
Y (z, m)€collect-clock-pairs (inv-of Al). m < real (kz) Nz € X Am €N
by (fastforce simp: clkp-set-def collect-clki-def)
from ccompatible] OF this, folded R-def] R st(8) have
R C {inv-of A I}
unfolding ccompatible-def ccval-def by auto
with st(1) R(1) show ?thesis unfolding S-def by auto
qed

lemma K-S-closed:
assumes s € S
shows (|J DeK s. set-pmf D) C S
proof (safe, cases rule: K.cases, blast, goal-cases)
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case (1 zablR)
then show ?case unfolding S-def by (auto intro: alpha-interp.succ-ex(1))
next
case (3 a b x)
with <s € S) show Zcase by auto
next
case prems: (21" R'"pl R g p)
then obtain X where x: (X, ') € set-pmf u R’ = region-set’ R (SOME r. set r = X) 0 by auto

show ?Zcase unfolding S-def

proof safe
from (1) have (I, g, u, X, l') € edges (1,9, n) unfolding edges-def by auto
with prems(6) have (I, g, u, X, l') € Edges A unfolding Fdges-def trans-of-def by auto
then show [’ € L unfolding L-def locations-def by force

show u b inv-of A I"if u € R’ for u
using admissible-targets'|OF prems(6) (1) prems(7)] x(2) that by auto

from admissible-targets(2)[OF prems(6) #(1)] have X C X unfolding X -def by auto
with finite(1) have finite X by (blast intro: finite-subset)
then obtain r where set r = X using finite-list by auto
then have set (SOME r. set r = X) = X by (rule somel)
with <X C X» have set (SOME r. set r = X) C X by auto
with alpha-interp.region-set’-closed[of R 0 SOME r. set r = X| prems(4,5) *(2)
show R’ € R unfolding S-def X-def by auto
qged
qed

sublocale R-G: Finite-Markov-Decision-Process K S
by (standard, auto simp: S-finite S-not-empty K-finite K-S-closed)

lemmas K-S-closed’[intro] = R-G.set-pmf-closed

5 Relating the MDPs
5.1 Translating From K to K

lemma ccompatible-inv:
shows ccompatible R (inv-of A 1)
proof —
from wvalid have
Y (z, m)€collect-clock-pairs (inv-of Al). m < real (kz) Nz € X A m €N
unfolding valid-abstraction-def clkp-set-def collect-clki-def by auto
with ccompatible[of - k X, folded R-def] show ?thesis by auto
qed

lemma ccompatible-guard:
assumes (I, g, u) € trans-of A
shows ccompatible R g
proof —
from assms valid have
Y (z, m)€collect-clock-pairs g. m < real (kz) Nz € X AmeN
unfolding wvalid-abstraction-def clkp-set-def collect-clkt-def trans-of-def by fastforce
with assms ccompatible[of - k X, folded R-def] show ?thesis by auto
qed

lemmas ccompatible-def = ccompatible-def[unfolded ccval-def]
lemma region-set’-eq:

fixes X :: 'c set
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assumes R € R u € R
and A [ —9mX [/
shows
[[X:=0]ulr = region-set’ R (SOME r. set r = X) 0 [[X:=0]ulr € R [X:=0]u € [[X:=0]u]r
proof —
let ?r = (SOME r. set r = X)
from admissible-targets-alt|OF assms(3)] X-def finite have finite X
by (auto intro: finite-subset)
then obtain r where set r = X using finite-list by blast
then have set ?r = X by (intro somel)
with valid assms(3) have set r C X
by (simp add: transition-X)
from region-set’-id[of - X k, folded R-def, OF assms(1,2) finite(1) - - this]
show
[[X:=0]ulr = region-set’ R (SOME r. set r = X) 0 [[X:=0]ulr € R [X:=0]u € [[X:=0]u]r
by force+
qed

lemma regions-part-ezx-reset:

assumes u € V

shows [r — (d:nat)]u € [[r — dlulr [[r — dlulr € R
using assms by auto

lemma reset-sets-all-equiv:
assumes v € Vu' € [[r = (d :: nat)|ulg © € set rsetr CX d < kuz
shows v’z = d

proof —
from assms(1) have u: [r — dju € [[r = dJu]g [[r = dJulr € R by auto
then obtain I ¢ where I: [[r — dlu]lgr = region X I o valid-region X kI o

by (auto simp: R-def)

with u(1) assms(3—) have intv-elem = ([r — d]u) (I z) valid-intv (k z) (I z) by fastforce+
moreover from assms have ([r — dJu) z = d by simp
ultimately have I z = Const d using assms(5) by (cases I z) auto
moreover from I assms(2—) have intv-elem z v’ (I z) by fastforce
ultimately show v’ z = d by auto

qed

lemma reset-eq:
assumes v € V ([[r = 0lulr) = ([[r' — 0)u|r) set r C X set r' C X
shows [r — 0Ju = [r’ — 0]u using assms
proof —
have x: v’ z = 0 if u' € [[r — 0lulgr = € set r for v’ z
using reset-sets-all-equiv[of uw u’ r 0 z] that assms by auto
have v’z = 0 if u’' € [[r' — OJulg = € set v’ for u' z
using reset-sets-all-equiv[of u u’ v’ 0 z] that assms by auto
from regions-part-ex-reset|OF assms(1), of - 0] assms(2) have sx:
([r" = 0]u) € [[r = 0lulgr ([r — 0lu) € [[r = Olulr [[r — Olulr € R
by auto
have (([r — 0Ju) z) = (([r’ — 0]u) z) for z
proof (cases z € set 1)
case True
then have ([r — 0Ju) x = 0 by simp
moreover from x xx True have ([r' — 0Ju) x = 0 by auto
ultimately show ¢thesis ..
next
case Fulse
then have id: ([r—0]u) x = u z by simp
show ?thesis
proof (cases z € set 1)
case True
then have reset: ([r’ — 0lu) © = 0 by simp
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show ?thesis

proof (cases z € X)
case True
from *%(8) obtain I ¢ where

([([r = 0]u)]r) = Regions.region X I o Regions.valid-region X k I o
by (auto simp: R-def)
with *x <z € &) have *xx:
intv-elem z ([r" — 0Ju) (I z) intv-elem z ([r — 0]u) (I z)

by auto
with reset have I x = Const 0 by (cases I x, auto)
with #xx(2) have ([r — 0]u) z = 0 by auto
with reset show ?thesis by auto

next
case Fulse
with assms(3—) have = ¢ set r x ¢ set r’ by auto
then show ?thesis by simp

qed

next

case Fulse

then have reset: ([r’ — 0]Ju) z = u x by simp

with id show ?thesis by simp

qed
qged
then show ?thesis ..
qed

lemma admissible-targets-clocks:
assumes (I, g, p) € trans-of A (X, ') € u
shows X C X set (SOME r. setr = X) C X
proof —
from admissible-targets(2)[OF assms] finite have
finite X X C X
by (auto intro: finite-subset simp: X -def)
then obtain r where set r = X using finite-list by blast
with <X C X) show X C X set (SOME r. setr = X) C X
by (metis (mono-tags, lifting) somel-ex)+
qed

lemma

rel-pmf (A a b. fa = b) pu (map-pmf f )
by (subst pmf.rel-map(2)) (rule rel-pmf-refll, auto)

lemma K-pmf-rel:

defines f = X (I, u). (I, [u]r)

shows rel-pmf (A (I, u) st. (I, [ulr) = st) p (map-pmf f 1) unfolding f-def
by (subst pmf.rel-map(2)) (rule rel-pmf-refll, auto)

lemma K-pmf-rel:

assumes A: p € K (I, R)

defines f = A (I, u). (I, SOME u. u € R)

shows rel-pmf (A (I, u) st. (I, SOME u. u € R) = st) p (map-pmf f p) unfolding f-def
by (subst pmf.rel-map(2)) (rule rel-pmf-refll, auto)

lemma K-elem-abs-inj:
assumes A: p € K (I, u)
defines f = A (I, u). (I, [u]r)
shows inj-on f i

proof —
have (I1, ul) = (12, u2)
if id: (11, [ullr) = (12, [u2]r) and elem: (11, ul) € p (12, u2) € p for 11 12 ul u2
proof —
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from id have [simp]: 12 = I1 by auto
from A
show ?thesis
proof (cases, safe, goal-cases)
case (4 - -1 ')
from «u = -» elem obtain X1 X2 where
ul = [(SOME r. set r = X1)—=0]u (X1, 11) € p’
u2 = [(SOME r. set r = X2)—0]u (X2, 11) € '
by auto
with «- € trans-of - admissible-targets-clocks have
set (SOME r. set r = X1) C X set (SOME r. set r = X2) C X
by auto
with id <ul = - w2 = - reset-eqof u] «<- € S» show ?case by (auto simp: S-def V-def)
qged (—, insert elem, simp)+
qged
then show ?thesis unfolding f-def inj-on-def by auto
qed

lemma K-elem-repr-ing:
notes alpha-interp.valid-regions-distinct-spec|intro]
assumes A: p € K (I, R)
defines f = A (I, R). (I, SOME u. u € R)
shows inj-on f u
proof —
have (1, R1) = (12, R2)
if id: (11, SOME u. w € R1) = (12, SOME u. w € R2) and elem: (1, R1) € u (12, R2) € u
for 1112 R1 R2
proof —
let r1 = SOME u. v € R1 and %12 = SOME u. u € R2
from id have [simp]: 12 = I ?r2 = ?r1 by auto
{fixgu'z
assume (I, R) € S (I, g, p’) € PTA.trans-of A R C {v. v F g}
and p = map-pmf (M(X, ). (I, region-set’ R (SOME r. set r = X) 0)) p’
from «u = -» elem obtain X1 X2 where
R1 = region-set' R (SOME r. set r = X1) 0 (X1,11) € u’
R2 = region-set’ R (SOME r. set r = X2) 0 (X2,11) € '
by auto
with < € trans-of -» admissible-targets-clocks have
set (SOME r. set r = X1) C X set (SOME r. set r = X2) C X
by auto
with alpha-interp.region-set’-closed[of - 0] <R1 = -» (R2 = -» <- € §) have
RI €e RR2€R
unfolding S-def by auto
with region-not-empty|OF finite(1)] have
R1 #{} R2 #{} Ju. w € RI Ju. u € R2
by (auto simp: R-def)
from somel-ex|OF this(3)] somel-ex|OF this(4)] have ?r1 € R1 ?r! € R2 by simp+
with «(R1 € R» <R2 € R» have RI = R2 ..
}
from A elem this show Zthesis by (cases, auto)
qed
then show ?thesis unfolding f-def inj-on-def by auto
qed

lemma K-elem-pmf-map-abs:
assumes A: p € K (I, u) (I, v) € u
defines f = A (I, u). (I, [u]r)

shows pmf (map-pmf f 1) (f (', w')) = pmf p (I, u))
using A unfolding f-def by (blast intro: pmf-map-inj K-elem-abs-inj)

lemma K-elem-pmf-map-repr:
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assumes A: p € K (I, R) (I, R") e u
defines f = A (I, R). (I, SOME u. u € R)

shows pmf (map-pmf { p) (f (I, R)) = pmf p (I, R)
using A unfolding f-def by (blast intro: pmf-map-inj K-elem-repr-ing)

definition transp :: (‘s * ('c, t) cval = bool) = 's * ('c, t) cval set = bool where
transp o = X (I, R).V u € R. ¢ (I, u)

5.2 Translating Configurations
5.2.1 States

definition
abss :: s x (e, t) cval = 's x ('c, t) cval set
where

abss = X (I, u). if u € Vthen (I, [ulr) else (I, = V)

definition
reps : 's % ('c, t) cval set = 's x ('c, t) cval
where
reps = A (I, R). if R € R then (I, SOME u. u € R) else (I, \-. —1)

lemma S-reps-S|introl:
assumes s € S
shows reps s € S
using assms R-V unfolding S-def S-def reps-def V-def by force

lemma S-abss-Slintrol:
assumes s € S
shows abss s € S
using assms ccompatible-inv unfolding S-def S-alt-def abss-def ccompatible-def by force

lemma S-abss-reps|simp]:
s €S = abss (reps s) = s
using R-V alpha-interp.region-unique-spec by (auto simp: S-def S-def reps-def abss-def; blast)

lemma map-pmf-abs-reps:
assumes s € S p € K s
shows map-pmf abss (map-pmf reps p) = p
proof —
have map-pmf abss (map-pmf reps p) = map-pmf (abss o reps) p by (simp add: pmf.map-comp)
also have ... = p
proof (rule map-pmf-idI, safe, goal-cases)
case prems: (11’ R')
with assms have (I/, R") € S reps (I', R') € S by auto
then show ?case by auto
qged
finally show ?thesis by auto
qed

lemma abss-reps-id:
notes R-G.cfg-onD-state[simp del]
assumes s’ € S s € set-pmf (action cfg) cfg € R-G.cfg-on s’
shows abss (reps s) = s
proof —
from assms have s € S by auto
then show ?thesis by auto
qed
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lemma abss-S[intro]:
assumes ([, u) € S
shows abss (I, u) = (I, [u]r)
using assms unfolding abss-def by auto

lemma reps-Slintro]:

assumes (I, R) € S

shows reps (I, R) = (I, SOME u. u € R)
using assms unfolding reps-def by auto

lemma fst-abss:
fst (abss st) = fst st for st
by (cases st) (auto simp: abss-def)

lemma K-elem-abss-inj:

assumes A: p € K (I, u) (I, u) € S

shows inj-on abss
proof —

from assms have abss s' = (X (I, w). (I, [u]r)) s if s’ € u for s’

using that by (auto split: prod.split)

from inj-on-cong[OF this] K-elem-abs-inj|OF A(1)] show ?thesis by force
qed

lemma K-elem-reps-ing:
assumes A: p € KL (I, R) (I, R) € S
shows inj-on reps u
proof —
from assms have reps s’ = (A (I, R). (I, SOME u. u € R)) s"if s’ € u for s’
using that by (auto split: prod.split)
from inj-on-cong|OF this| K-elem-repr-inj|OF A(1)] show ?thesis by force
qed

lemma P-elem-pmf-map-abss:

assumes A: p € K (I, u) (I, u) € Ss' € p

shows pmf (map-pmf abss p) (abss s’) = pmf p s’
using A by (blast intro: pmf-map-inj K-elem-abss-inyj)

lemma K-elem-pmf-map-reps:

assumes A: p € K (I, R) (I, R) e S (I, R) € u

shows pmf (map-pmf reps p) (reps (I';, R")) = pmf p (I, R')
using A by (blast intro: pmf-map-inj K-elem-reps-ing)

We need that X is non-trivial here

lemma not-S-reps:
(L,R)¢ S=reps (I, R) ¢ S
proof —
assume (I, R) ¢ S
let 2u = SOME u. v € R
have — ?u - inv-of AlifRe Rle L
proof —

from region-not-empty|OF finite(1)] <R € R» have Ju. u € R by (auto simp: R-def)
from somel-ex[OF this] have %u € R .
moreover from «(I, R) ¢ S» that have = R C {inv-of A I} by (auto simp: S-def)
ultimately show ?thesis
using ccompatible-inv[of I| <R € R» unfolding ccompatible-def by fastforce
qed
with non-empty (I, R) ¢ S» show ?thesis unfolding S-def S-def reps-def by auto
qed
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lemma neg- V-not-region:
-V¢R
using R-V rep-R-ex by auto

lemma S-abss-S:
absss € S = s € S
unfolding abss-def S-def S-def

apply safe
subgoal for - - - u

by (cases u € V) auto
subgoal for - - - u

using neg- V-not-region by (cases u € V, (auto simp: V-def; fail), auto)
subgoal for I’ y | u

using neq- V-not-region by (cases u € V; auto dest: regions-part-ex)
done

lemma S-pred-stream-abss-S:
pred-stream (A s. s € S) zs «— pred-stream (X s. s € S) (smap abss xs)
using S-abss-S S-abss-S by (auto simp: stream.pred-set)

sublocale MDP: Markov-Decision-Process-Invariant K S by (standard, auto)
abbreviation (input) valid-cfg = MDP.valid-cfg

lemma K-closed:
s € S = (|UDeK s. set-pmf D) C S
by auto

5.2.2 Intermezzo

abbreviation timed-bisim (infixr <~ 60) where

~

s~ s’ = abss s = abss s’

lemma bisim-loc-id[intro]:
(Lvw~ )= 1=1
unfolding abss-def by (cases u € V; cases u' € V; simp)

lemma bisim-val-id[intro]:
[ulr = [u]r ifue V (I, u)~ (I, v
proof —
have (I', — V) # (I, [ulr)
using that by blast
with that have v’ € V
by (force simp: abss-def)
with that show ?thesis
by (simp add: abss-def)
qed

lemma bisim-symmetric:
(L w) ™ (1 w') = (U )~ (1 w)
by (rule eg-commute)

lemma bisim-val-id2[intro]:
weV=(u"~ (I u)= ur=[ur
apply (subst (asm) eq-commute)

apply (subst eq-commute)

apply (rule bisim-val-id)

by auto

lemma K-bisim-unique:
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!

assumes s€ Spue Kszepuz' epx ™z
shows z = 2z’
using assms(2,1,3—)
proof (cases rule: K.cases)
case prems: (action l u 7 p’)
with assms obtain /1 12 X1 X2 where A:
(X1, 11) € set-pmf u' (X2,12) € set-pmf u'
z = (l1, [X1:=0]u) =’ = (12, [X2:=0]u)
by auto
from <z ~ 2z A s € Sy «<s = (I, u)» have [[XI:=0]ulg = [[X2:=0]u]r
using bisim-val-id|OF S-V] K-S-closed assms(2—4) by (auto intro!: bisim-val-id[OF S-V1])
then have [X1:=0]u = [X2:=0]u
using A admissible-targets-clocks(2)[OF prems(4)] prems(2,3) by — (rule reset-eq, force)
with A <x ~ z's show ?thesis by auto
next
case delay
with assms(3—) show ?thesis by auto
next
case loop
with assms(3—) show ?thesis by auto
qed

5.2.3 Predicates

definition absp where
absp ¢ = ¢ o reps

definition repp where
repp ¢ = © 0 absp

5.2.4 Distributions

definition

abst = ('s x (e, t) cval) pmf = ('s * ('c, t) cval set) pmf
where

abst = map-pmf abss

lemma abss-SD:
assumes abss s € S
obtains [ u where s = (I, u) u € [u]g [ulr € R
proof —
obtain [ u where s = (I, u) by force
moreover from S-abss-S[OF assms] have s € S .
ultimately have abss s = (I, [u]lg) v € Vu € [ulg [ulr € R by auto
with (s = -» show ?thesis by (auto intro: that)
qed

lemma abss-SD"
assumes abss s € S abss s = (I, R)
obtains v where s = (I, u) u € [u]g [ulg € R R = [ulr
proof —
from abss-SD[OF assms(1)] obtain !’ u where u:
s=(,u) u€furlur €R
by blast+
with R-V have u € V by auto
with s = - assms(2) have I’ = | R = [u]g unfolding abss-def by auto
with u show ?thesis by (auto intro: that)
qed
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definition infR R = X c. of-int |(SOME u. u € R) ¢

term let a = 3 in b

definition delayedR R u =
u @ (
let I = (SOME I. 3 r. valid-region X kIr A R = region X Ir);
m =1 — Maz ({frac (uc) | c. c € X AisIntv (I ¢)} U {0})
in SOMEt. u®te RAt>m /2

)

lemma delayedR-correct-aux-aur:
fixes c :: nat
fixes a b :: real
assumes c < aa < Succb>0a+ b < Succ
shows frac (a + b) = fraca + b

proof —
have f1: a + b < real (¢ + 1)
using assms(4) by auto
have f2: Ar ra. (r:real) + (— 7 + 1a) = 10
by linarith
have f3: Ar. (rureal) = — (— 1)
by linarith
have f/: Ar ra. — (rureal) + (ra + 1) = 10
by linarith
then have f5: A\rn.r+ — fracr =realn VvV ~r <real (n+ 1)V - realn < r
using f2 by (metis nat-intv-frac-decomp)
then have frac a + real ¢ = a
using f4 f3 by (metis One-nat-def add.right-neutral add-Suc-right assms(1) assms(2))
then show ?thesis
using f5 f1 assms(1) assms(3) by fastforce
qed

lemma delayedR-correct-aux:
fixes I'r
defines R = region X Ir
assumes u € R valid-region X kIr V¥ ¢ € X. = isConst (I c)
Vce X isIntv (Ic) — (u@® t) c < intv-const (Ic)+ 1
t>0
shows u @ ¢t € R unfolding R-def
proof

from assms have R € R unfolding R-def by auto
with v € R» R-V have u € V by auto
with «t > 0» show VzeX. 0 < (u & t) z unfolding V-def by (auto simp: cval-add-def)
have intv-elem z (v @ t) (I z) if x € X for z
proof (cases I x)

case Const

with assms «x € X» show ?thesis by auto
next

case (Intv ¢)

with assms <z € X) show ?thesis by (simp add: cval-add-def) (rule; force)
next

case (Greater c)
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with assms <z € X) show ?thesis by (fastforce simp add: cval-add-def)
qed
then show VzeX. intv-elem z (u @ t) (I z) ..

let ?Xg = {z € X.3d. Iz = Intv d}
show ?X, = ?X, by auto

have frac (u z + t) = frac (v z) + t if z € X, for z
proof —
show ?thesis
apply (rule delayedR-correct-auz-auz[where ¢ = intv-const (I z)])
using assms <z € ?Xo» by (force simp add: cval-add-def)+
qed
then have frac (u z) < frac (v y) +— frac (uz + t) < frac (uy + t) if z € ?Xy y € ?X, for z y
using that by auto
with assms show
Vaze?Xo. Vye?Xo. ((z, y) € ) = (frac ((u ® t) z) < frac (v B t) y))
unfolding cval-add-def by auto
qed

lemma delayedR-correct-aux’:
fixes I'r
defines R = region X Ir
assumes u & tI € R valid-region X kIr Y c € X. = isConst (I ¢)
V ce X isIntv (Ic) — (u@® t2) ¢ < intv-const (I ¢) + 1
t1 <12
shows u @ t2 € R
proof —
have (u @ t1) @ (t2 — t1) € R unfolding R-def
using assms by — (rule delayedR-correct-auz, auto simp: cval-add-def)
then show u @ t2 € R by (simp add: cval-add-def)
qed

lemma valid-regions-intv-distinct:
valid-region X k I r = wvalid-region X k I' ' = u € region X I 1 = u € region X I' r’
—=zcX=Jz=1"z
proof goal-cases
case A: 1
note r = «x € X»
with A have valid-intv (k x) (I z) by auto
moreover from A(2) z have valid-intv (k z) (I’ ) by auto
moreover from A(3) z have intv-elem = u (I z) by auto
moreover from A(/) x have intv-elem z u (I’ ) by auto
ultimately show [ z = I’ z using valid-intv-distinct by fastforce
qed

lemma delayedR-correct:
fixes I'r
defines R’ = region X Ir
assumes v € R R € R valid-region X kIrV ¢ € X. - isConst (I ¢) R’ € Succ R R
shows
delayedR R' v € R’
3 t>0. delayedR R' v =u @ t
ANt > (1 — Max ({frac (uc) | c.ce X NisIntv (Ic)} U{0}))/ 2
proof —
let 2u = SOME u. v € R
let 2I = SOME I. 3 r. valid-region X kI r AN R' = region X Ir
let 25 = {frac (v c) | c. c € X A isIntv (I ¢)}
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let #m = 1 — Max (25 U {0})
let %t = SOMEt. u®te R'ANt> 2m /] 2
have Max (S U {0}) > 0 ?m < 1 using finite(1) by auto
have Max (25 U {0}) € 25 U {0} using finite(1) by — (rule Maz-in; auto)
with frac-it-1 have Maz (25 U {0}) < 1 ?m > 0 by auto
from assms(3, 6) <u € R> obtain t where t:
u®teER t>0
by (metis alpha-interp.regions-closed’-spec alpha-interp.set-of-regions-spec)
have I-cong: V ¢ € X. I' ¢ = I c if valid-region X k I’ v’ R’ = region X I' v’ for I' r'
using valid-regions-intv-distinct assms(4) t(1) that unfolding R’-def by auto
have I-cong: ?Ic=1cif c € X for ¢
proof —
from assms have
3 r. valid-region X k ?Ir N R’ = region X ?Ir
by — (rule somel[where P = X I. 3 r. valid-region X kI r A R’ = region X I r]; auto)
with I-cong that show ?thesis by auto
qed
then have 25 = {frac (v ¢) | c. ¢ € X A isIntv (I ¢)} by auto
have upper-bound: (u @ ?m / 2) ¢ < intv-const (I ¢) + 1 if ¢ € X isIntv (I ¢) for ¢
proof (cases u ¢ > intv-const (I c))
case True
from t that assms have u ¢ + t < intv-const (I ¢) + 1 unfolding cval-add-def by fastforce
with <t > 0» True have x: intv-const (I ¢) < u ¢ u ¢ < intv-const (I ¢) + 1 by auto
have frac (u ¢) < Maxz (S U {0}) using finite(1) that by — (rule Max-ge; auto)
then have ?m < I — frac (u ¢) by auto
then have ?m / 2 < 1 — frac (u ¢) using * nat-intv-frac-decomp by fastforce
then have (v ® ?m / 2) ¢ < u ¢ + 1 — frac (u ¢) unfolding cval-add-def by auto
also from * have
. = intv-const (I ¢) + 1
using nat-intv-frac-decomp of-nat-1 of-nat-add by fastforce
finally show ?thesis .
next
case Fulse
then have u ¢ < intv-const (I ¢) by auto
moreover from <0 < ?my <?m < 1» have ?m / 2 < 1 by auto
ultimately have v ¢ + ?m / 2 < intv-const (I ¢) + 1 by linarith
then show %thesis by (simp add: cval-add-def)
qged
have %t > 0 AN u® 2t € R'AN 2t > %m [/ 2
proof (casest > ?m / 2)
case True
from <t > ?m / 2> t <Max (?S U {0}) < I»have u ® %t € RN 2%t > ?m | 2
by — (rule somel; auto)
with (?m > 0» show ?thesis by auto
next
case Fulse
have u ® ?m / 2 € R’ unfolding R’-def
apply (rule delayedR-correct-auz’)
apply (rule t[unfolded R’-def])
apply (rule assms)+
using upper-bound False by auto
with «?m > 0> show ?thesis by — (rule somel2; fastforce)
qged
then show delayedR R’ vw € R’ 3t>0. delayedR R' u=u @t ANt > ?m [ 2
by (auto simp: delayedR-def «?S = -»)
qed

definition

rept :: 's * (‘c, t) cval = ('s x ('c, t) cval set) pmf = ('s = ('c, t) cval) pmf
where

rept s p-abs = let (I, u) = s in
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if (3 R (I, u) € SA p-abs = return-pmf (I, R’) A
([ur =R'AN(V c€ X.uc>kc)))
then return-pmf (I, u @ 0.5)
else if
(3 R. (I, u) € S A p-abs = return-pmf (I, R') A R’ € Succ R ([u]lr) N [ulr # R’
AVYueR.VYeeX Pdd<kcA uc=reld))
then return-pmf (I, delayedR (SOME R'. u-abs = return-pmf (I, R")) u)
else SOME p. € K s A abst p = p-abs

lemma S-L:
le Lif (I,R) e S
using that unfolding S-def by auto

lemma S-inv:
(I, R) ¢ S = R C {inv-of A I}
unfolding S-def by auto

lemma upper-right-closed:
assumes VceX. real (kc¢) <ucu€ RRERt> 0
shows u & t € R
proof —
from (R € R» obtain [ r where R:
R = region X I r valid-region X kI r
unfolding R-def by auto
from assms R-V have u € V by auto
from assms R have V ¢ € X. I ¢ = Greater (k ¢) by safe (case-tac I c; fastforce)
with R <u € V) assms show
u@®teR
unfolding V-def by safe (rule; force simp: cval-add-def)
qed

lemma S-I[intro]:
(LueSifle Lue Vulk inv-of Al
using that by (auto simp: S-def V-def)

lemma rept-ex:
assumes p € K (abss s)
shows rept s 4 € K s A abst (rept s p) = p using assms
proof cases
case prems: (delay | R R)
then have R € R by auto
from prems(2) have s € S by (auto intro: S-abss-S)
from abss-SD[OF prems(2)] obtain !’ v’ where s = (I, u’) v’ € [u]r
by metis
with prems(8) have x: s = (I, ') Au’ € R
apply simp
apply (subst (asm) abss-S[OF S-abss-5))
using prems(2) by auto
with prems(4) alpha-interp.set-of-regions-spec|OF <R € R»] obtain ¢ where R’
t>0R =[u & tlr
by auto
with «<s€ S xhave u' ® te€ R'uv' &t € VIe L by auto
with prems(5) have (I, v’ @ t) € S unfolding S-def V-def by auto
with <R’ = [u’ @ t]g> have *x: abss (I, u' @ t) = (I, R’) by (auto simp: abss-S)
let ?u = return-pmf (I, v’ & t)
have ?u € K s using * <s € S)» <t > 0) «u’ ® t € R’ prems by blast
moreover have abst u = p by (simp add: =+ abst-def prems(1))
moreover note default = calculation
have R’ € R using prems(4) by auto
have R: [u]g = R by (simp add: * <R € R» alpha-interp.region-unique-spec)
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from (R’ € R» obtain I r where R"
R’ = region X I r valid-region X kI r
unfolding R-def by auto
have v’ € V using * prems R-V by force
let 7u’ = return-pmf (I, v’ @ 0.5)
have elapsed: abst (return-pmf (I, v’ @ t)) = p return-pmf (I, v’ & t) € K s
ifu®te R t>0fort
proof —
let 2u = u' @ ¢ let ?2u’ = return-pmf (I, v’ @ 1)
from <?u € R"» <R’ € Ry R-V have ?u € V by auto
with <%u € R» <R’ € R» have [?u]lg = R’ using alpha-interp.region-unique-spec by auto
with «%u € Vy «%u € R" <l € Ly prems(4,5) have abss (I, ?u) = (I, R’
by (subst abss-S) auto
with prems(1) have abst ?u’ = p by (auto simp: abst-def)
moreover from * <?u € R’y <s € S» prems <t > 0> have 7u’ € K s by auto
ultimately show abst ?u’ = u ?u’ € K s by auto
qed
show ?thesis
proof (cases R = R’)
case T: True
show ?thesis
proof (casesV c € X. u' ¢ > k ¢)
case True
with T x R prems(1,4) «<s € > have
rept s p = return-pmf (I, v’ @ 0.5) (is - = 2u)
unfolding rept-def by auto
from upper-right-closed|OF True] * <R’ € Ry T have v’ @ 0.5 € R’ by auto
with elapsed <rept - - = -» show ?thesis by auto
next
case Fulse
with T % R prems(1) have
rept s = (SOME p'. p' € K s A abst p' = )
unfolding rept-def by auto
with default show Zthesis by simp (rule somel; auto)
qed
next
case F: Fulse
show ?thesis
proof (casesV u€ R.Y c€ X.} d. d < ke Awuc=reld)
case Fulse
with F' « R prems(1) have
rept s = (SOME p'. p' € K s A abst ' = )
unfolding rept-def by auto
with default show ?thesis by simp (rule somel; auto)
next
case True
from True F x R prems(1,4) <s € S» have
rept s p = return-pmf (I, delayedR (SOME R’. p = return-pmf (I, R')) u’)
(is - = return-pmf (I, delayedR ?R u'))
unfolding rept-def by auto
let ?u = delayedR ?R u’
from prems(1) have p = return-pmf (I, R) by auto
with prems(1) have ?R = R’ by auto
moreover from R’ True <- € R’ have V ceX. = Regions.isConst (I ¢) by fastforce
moreover note delayedR-correctjof u' R I 1] *x <R € Ry R’ True <R’ € Succ R R»
ultimately obtain ¢ where *x: delayedR R’ v’ € R’ t > 0 delayedR R’ v’ = v’ @ t by auto

moreover from (?R =- rept - - = -» have rept s p = return-pmf (I, delayedR R’ u") by auto
ultimately show ?thesis using elapsed by auto
qed
qged
next
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case prems: (action | R T p’)
from abss-SD'[OF prems(2,3)] obtain u where u:
s=(l,u) uelur [ur €RR=lur
by auto
with ¢- € &) have (I, u) € § by (auto intro: S-abss-S)
let 2u = map-pmf (A(X, 1). (I, [X:=0]u)) p’
from u prems have %u € K s by (fastforce intro: S-abss-S)
moreover have abst ?u = p unfolding prems(1) abst-def
proof (subst map-pmf-comp, rule pmf.map-cong, safe, goal-cases)
case A: (1 X 1)
from u have u € V using R-V by auto
then have [X:=0]u € V by auto
from prems(1) A
have (I’, region-set’ R (SOME r. set r = X) 0) € p by auto
from A prems R-G.K-closed «u € -» have
I’ € L region-set’ R (SOME r. set r = X) 0 C {inv-of A l'}
by (force dest: S-L S-inv)+
with v have [X:=0]u F inv-of A I’ unfolding region-set’-def by auto
with «’ € Ly ([X:=0]u € V» have (I, [X:=0]u) € S unfolding S-def V-def by auto
then have abss (I, [X:=0]u) = (I, [[X:=0]u]r) by auto
also have
... = (I', region-set’ R (SOME r. set r = X) 0)
using region-set’-eq(1)|unfolded transition-def] prems A u by force
finally show ?Zcase .
qed
ultimately have default: ?thesis if rept s p = (SOME p'. ' € K s A abst p' = p) using that
by simp (rule somel; auto)
show ?thesis
proof (cases 3 R. 1 = return-pmf (I, R))
case Fulse
with «s = (I, u)» have rept s p = (SOME p'. ' € K s A abst p’ = p) unfolding rept-def by auto
with default show ?thesis by auto
next
case True
then obtain R’ where R’y = return-pmf (I, R") by auto
show ?thesis
proof (cases R = R/)
case Fulse
from R’ prems(1) have
vV (X, 1) e p' (I, region-set’ R (SOME r. set r = X) 0) = (I, R')
by (auto simp: map-pmf-eq-return-pmf-iff[of - n’ (I, R")])
then obtain X where
region-set’ R (SOME r. setr = X) 0 = R' (X, 1) e u’
using set-pmf-not-empty by force
with prems(4) have X C X by (simp add: admissible-targets-clocks(1))
moreover then have
set (SOME r. setr = X) =X
by — (rule somel-ex, metis finite-list finite(1) finite-subset)
ultimately have set (SOME r. set r = X) C X by auto
with alpha-interp.region-reset-not-Succ False <- = R’ u(3,4) have R’ ¢ Succ R R by auto
with «s = (I, u)» R’ u(4) False have
rept s p = (SOME p'. p' € K s A abst p' = p)
unfolding rept-def by auto
with default show ?thesis by auto
next
case T: True
show ?thesis
proof (cases ¥V ceX. real (k ¢) < u ¢)
case Fulse
with T <s = (I, u)» R’ u(4) have
rept s p = (SOME p'. n' € K s A abst p/ = p)
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unfolding rept-def by auto
with default show ?thesis by auto
next
case True
with T «s = (I, u)» R' u(4) «(I, u) € S> have
rept s p = return-pmf (I, u ® 0.5)
unfolding rept-def by auto
from upper-right-closed[OF True] T u R-V have u @ 0.5 € R’ u® 0.5 € V by force+
moreover then have [u ® 0.5|g = R’
using T alpha-interp.region-unique-spec u(3,4) by blast
moreover note * = <rept - - = -» R’ <abss s € ) <abss s = -» prems(9)
ultimately have abst (rept s pu) = p
apply (simp add: abst-def)
apply (subst abss-S)
by (auto simp: S-L S-def V-def T dest: S-inv)
moreover from x <s = -» <(l, u) € S» <- € R"» have
rept s p € K s
apply simp
apply (rule K.delay)
by (auto simp: T dest: S-inv)
ultimately show %thesis by auto
qed
qed
qed
next
case loop
obtain [ u where s = (I, u) by force
show ?thesis
proof (cases s € S)
case T: True
with <s = - have x: [ € L u € [ulg [ulr € R abss s = (I, [ulr) by auto
then have abss s = (I, [ulgr) by auto
with «s € §» S-abss-S have (I, [u]r) € S by auto
with S-inv have [ulg C {u. u F inv-of A I} by auto
show ?thesis
proof (cases VceX. real (k ¢) < u ¢)
case True
with x (4 = -» s = -» <s € S) have
rept s p = return-pmf (I, v @ 0.5)
unfolding rept-def by auto
from upper-right-closed|OF True] * have u @ 0.5 € [u]g by auto
moreover with x R-V have u @ 0.5 € V by auto
moreover with calculation x alpha-interp.region-unique-spec have [u @ 0.5]g = [u]g by blast

moreover note x <rept - - = - <s = T «u = - (I, -) € S» S-inw
ultimately show ?thesis unfolding rept-def

apply simp

apply safe

apply fastforce
apply (simp add: abst-def)
apply (subst abst-def abss-S)
by fastforce+
next
case Fulse
with x (s = -» <4 = -» have
rept s p = (SOME p'. p' € K s A abst ' = p)
unfolding rept-def by auto

with «u = - show ?thesis by simp (rule somel[where z = return-pmf s|, auto simp: abst-def)
qed
next
case Fulse
with <s = - <u = -» have
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rept s p = (SOME p'. pu' € K s A abst p' = )
unfolding rept-def by auto

with (u = -» show ?thesis by simp (rule somel[where © = return-pmf s|, auto simp: abst-def)
qged
qed
lemmas rept-K|[intro) = rept-ex| THEN conjunctl1]

lemmas abst-rept-id[simp] = rept-ex| THEN conjunct2]

lemma abst-rept2:
assumes p € L sse S
shows abst (rept (reps s) u) = p
using assms by auto

lemma rept-K2:
assumes p € L sse S
shows rept (reps s) 1 € K (reps s)
using assms by auto

lemma thel”:
assumes P a
and A\z. Pz =z =aq
shows P (THE z. Px) AN (V y. Py — y = (THE z. P 1))
using thel assms by metis

lemma cont-cfg-defined:

fixes cfqg s

assumes cfg € valid-cfg s € abst (action cfg)

defines © = THE z. abss © = s A © € action cfg

shows (abss x = s A z € action cfg) A (V y. abss y = s A y € action cfg — y = 1)
proof —

from assms(2) obtain s’ where s’ € action cfg s = abss s’ unfolding abst-def by auto

with assms show ?thesis unfolding z-def

by —(rule thel [of - s'],auto intro: K-bisim-unique MDP.valid-cfg-state-in-S dest: MDP.valid-cfgD)
qed

definition
absc’ : (s % (‘e, t) cval) cfg = ('s * (¢, t) cval set) cfy
where

absc’ cfg = cfg-corec
(abss (state cfg))
(abst o action)
(X ¢fg s. cont cfg (THE x. abss x = s A © € action cfg)) cfg

5.2.5 Configuration

definition
absc :: (s x (¢, t) cval) cfg = ('s * (‘c, t) cval set) cfg
where

absc cfg = cfg-corec
(abss (state cfg))
(abst o action)
(X ¢fg s. cont cfg (THE x. abss x = s A © € action cfg)) cfg

definition
repes : 's % (e, t) cval = (‘s x (‘e, t) cval set) cfg = (‘s x (‘e, t) cval) cfg
where
repcs s cfg = cfg-corec
s

(X (s, cfg). rept s (action cfg))
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(A (s, cfg) s". (s, cont cfg (abss 7)) (s, cfg)

definition
repc cfg = repes (reps (state cfg)) cfg

lemma S-state-absc-repc[simp]:
state cfg € S = state (absc (repe cfg)) = state cfy
by (simp add: absc-def repc-def repes-def)

lemma action-repc:
action (repc cfg) = rept (reps (state cfg)) (action cfg)
unfolding repc-def repcs-def by simp

lemma action-absc:
action (absc cfg) = abst (action cfg)
unfolding absc-def by simp

lemma action-absc”:
action (absc cfg) = map-pmf abss (action cfg)
unfolding absc-def unfolding abst-def by simp

lemma
notes R-G.cfg-onD-state[simp del]
assumes state cfg € S s’ € set-pmf (action (repc cfg)) cfg € R-G.cfg-on (state cfyg)
shows cont (repc cfg) s’ = repes s’ (cont cfg (abss s'))

using assms by (auto simp: repc-def repcs-def abss-reps-id)

lemma cont-repcsi:
notes R-G.cfg-onD-state[simp del]
assumes abss s € S s’ € set-pmf (action (repcs s cfg)) cfg € R-G.cfg-on (abss s)
shows cont (repcs s cfg) s’ = repes s’ (cont cfg (abss s'))

using assms by (auto simp: repc-def repcs-def abss-reps-id)

lemma cont-absc-1:
notes MDP.cfg-onD-state[simp del]
assumes cfg € valid-cfg s’ € set-pmf (action cfg)
shows cont (absc cfg) (abss s’) = absc (cont cfg s’)
proof —
define z where t = THE z. © ~ s’ A x € set-pmf (action cfg)
from assms(2) have abss s’ € set-pmf (abst (action cfg)) unfolding abst-def by auto
from cont-cfg-defined[OF assms(1) this] have
(z ~ 8" Nz € set-pmf (action cfg)) N Vy. y ~ s' Ay € set-pmf (action cfg) — y = x)
unfolding z-def .
with assms have s’ = z by fastforce
then show ?thesis
unfolding absc-def abst-def repc-def z-def using assms(2) by auto
qed

lemma state-repc:
state (repc cfg) = reps (state cfg)
unfolding repc-def repcs-def by simp

lemma abss-reps-id’:
notes R-G.cfg-onD-state[simp del]
assumes cfg € R-G.valid-cfg s € set-pmf (action cfg)
shows abss (reps s) = s
using assms by (auto intro: abss-reps-id R-G.valid-cfg-state-in-S R-G.valid-cfgD)

lemma valid-cfg-coinduct|coinduct set: valid-cfg]:
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assumes P cfg
assumes \cfg. P c¢fg = state cfg € S
assumes Acfg. P ¢fg = action cfg € K (state cfg)
assumes Acfg t. P ¢fg = t € action ¢fg = P (cont cfg t)
shows cfg € valid-cfg
proof —
from assms have cfg € MDP.cfg-on (state cfg) by (coinduction arbitrary: cfg) auto
moreover from assms have state ¢fg € S by auto
ultimately show ?thesis by (intro MDP.valid-cfgI)
qed

lemma state-repcD[simpl:
assumes cfg € R-G.cfg-on s
shows state (repc cfg) = reps s
using assms unfolding repc-def repcs-def by auto

lemma ccompatible-subs|intro]:
assumes ccompatible R gRe€e Rue Rulb g
shows R C {u. u F g}

using assms unfolding ccompatible-def by auto

lemma action-abscD[dest]:
cfg € MDP.cfg-on s = action (absc cfg) € KC (abss s)
unfolding absc-def abst-def
proof simp
assume cfg: c¢fg € MDP.cfg-on s
then have action cfg € K s by auto
then show map-pmf abss (action cfg) € K (abss s)
proof cases
case prems: (delay | u t)
then have [u @ t]gr € R by auto
moreover with prems ccompatible-inv[of ] have
[u® tlg C {v. v PTA.inv-of A I}
unfolding ccompatible-def by force
moreover from prems have abss (I, u & t) = (I, [u ® t|r) by (subst abss-S) auto
ultimately show ¢thesis using prems by auto
next
case prems: (action | u g p)
then have [u]g € R by auto
moreover with prems ccompatible-guard have [ulg C {u. u t g}
by (intro ccompatible-subs) auto
moreover have
map-pmf abss (action cfg)
= map-pmf (A(X, 1). (I, region-set’ ([ulr) (SOME r. set r = X) 0)) p
proof —
have abss (I/, [X:=0]u) = (I', region-set’ ([ulr) (SOME r. set r = X) 0)
if (X,0)epfor X1’
proof —
from that prems have A F | — 9
by auto
from that prems MDP.action-closed[OF - cfg] have (I', [X:=0]u) € S by force
then have abss (I, [X:=0]u) = (I, [[X:=0]u|gr) by auto
also have
. = (I, region-set’ ([ulr) (SOME r. set r = X) 0)
using region-set’-eq(1)[OF - - <A b | —9HX 1] prems by auto
finally show ?thesis .
qed
then show ?thesis
unfolding prems(1)

Xl/
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by (auto intro: pmf.map-cong simp: map-pmf-comp)

qed
ultimately show ?thesis using prems by auto

next
case prems: loop
then show ?thesis by auto

qed

qed

lemma repcs-valid[intro]:

assumes cfg € R-G.valid-cfg abss s = state cfg

shows repcs s cfg € valid-cfg
using assms
proof (coinduction arbitrary: cfg s)

case I

then show ?case

by (auto simp: repcs-def S-abss-S dest: R-G.valid-cfg-state-in-S)
next

case (2 ¢fg’ s)

then show ?case

by (simp add: repcs-def) (rule rept-K, auto dest: R-G.valid-cfgD)
next

case prems: (3 s’ cfg)

let ?cfg = cont cfg (abss s”)

from prems have abss s’ € abst (rept s (action cfg)) unfolding repcs-def abst-def by auto

with prems have

abss s’ € action cfg
by (subst (asm) abst-rept-id) (auto dest: R-G.valid-cfgD)
with prems show ?Zcase
by (inst-existentials ?cfg ', subst cont-repcs!)
(auto dest: R-G.valid-cfg-state-in-S intro: R-G.valid-cfgD R-G.valid-cfg-cont)

qed

lemma repc-valid|introl:
assumes cfg € R-G.valid-cfg
shows repc cfg € valid-cfg
using assms unfolding repc-def by (force dest: R-G.valid-cfg-state-in-S)

lemma action-abst-repcs:

assumes cfg € R-G.valid-cfg abss s = state cfg

shows abst (action (repcs s cfg)) = action cfg
proof —

from assms show ?thesis

unfolding repc-def repcs-def

apply simp

apply (subst abst-rept-id)

by (auto dest: R-G.cfg-onD-action R-G.valid-cfgD)
qed

lemma action-abst-repc:
assumes cfg € R-G.valid-cfg
shows abst (action (repc cfg)) = action cfy
proof —
from assms have abss (reps (state cfg)) = state cfg by (auto dest: R-G.valid-cfg-state-in-S)
with action-abst-repcs|OF assms| show ?thesis unfolding repc-def by auto
qed

lemma state-absc:
state (absc cfg) = abss (state cfg)
unfolding absc-def by auto
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lemma state-repcs[simp]:
state (repes s cfg) = s
unfolding repcs-def by auto

lemma repcs-bisim:
notes R-G.cfg-onD-state[simp del]
assumes cfg € R-G.valid-cfg x € Sz~ z' abss © = state cfg
shows absc (repcs x cfg) = absc (repes x' cfg)
using assms
proof —
from assms have abss z’ = state cfg by auto
from assms have abss 2’ € S by auto
then have z’ € S by (auto intro: S-abss-S)
with assms show ?thesis
proof (coinduction arbitrary: cfg x z')
case state
then show ?case by (simp add: state-absc)
next
case action
then show ?case unfolding absc-def repcs-def by (auto dest: R-G.valid-cfgD)
next
case prems: (cont s cfg © z')
define cfg’ where cfg’ = cont cfg s
define ¢ where ¢t = THE y. abss y = s A y € action (repcs © cfg)
define ¢t where t' =THE y. abss y = s A\ y € action (repcs z' ¢fg)
from prems have valid: repcs x cfg € valid-cfg by (intro repcs-valid)
from prems have x: s € abst (action (repes z cfg))
unfolding cfg’-def by (simp add: action-absc)
with prems have s € action cfg by (auto dest: R-G.valid-cfgD simp: repcs-def)
with prems have s € S by (auto intro: R-G.valid-cfg-action)
from cont-cfg-defined| OF valid *] have t:
abss t = s t € action (repcs z cfg)
unfolding t-def by auto
have cont (absc (repcs x cfg)) s = cont (absc (repes x cfg)) (abss t) using t by auto
have cont (absc (repcs x cfg)) s = absc (cont (repes x cfg) t)
using ¢ valid by (auto simp: cont-absc-1)
also have ... = absc (repes t (cont cfg s))
using prems t by (subst cont-repcsl) (auto dest: R-G.valid-cfgD)
finally have cont-z: cont (absc (repcs x cfg)) s = absc (repes t (cont cfg s)) .
from prems have wvalid: repcs ©’ cfg € valid-cfg by auto
from «s € action cfg> prems have s € abst (action (repcs z' cfg))
by (auto dest: R-G.valid-cfgD simp: repcs-def)
from cont-cfg-defined| OF valid this] have t":
abss t' = s t’ € action (repes z' cfg)
unfolding t’-def by auto
have cont (absc (repcs x' cfg)) s = cont (absc (repes ¢’ cfg)) (abss t') using t’ by auto
have cont (absc (repes ' cfg)) s = absc (cont (repcs x’ cfg) t')
using t’ valid by (auto simp: cont-absc-1)
also have ... = absc (repcs t' (cont cfg s))
using prems t’ by (subst cont-repesl) (auto dest: R-G.valid-cfgD)
finally have cont (absc (repcs x’ ¢fg)) s = absc (repes t’ (cont cfy s)) .
with cont-z <s € action cfg) prems(1) tt' s € S»
show ?Zcase
by (inst-existentials cont cfg s t t)
(auto intro: S-abss-S R-G.valid-cfg-action R-G.valid-cfg-cont)
qed
qed

named-theorems R-G-I
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lemmas R-G.valid-cfg-state-in-S[R-G-I| R-G.valid-cfgD[R-G-I| R-G.valid-cfg-action

lemma absc-repes-id:
notes R-G.cfg-onD-state[simp del]
assumes cfg € R-G.valid-cfg abss s = state cfg
shows absc (repes s cfg) = cfg using assms
proof (subst eq-commute, coinduction arbitrary: cfg s)
case state
then show ?case by (simp add: absc-def repe-def repes-def)
next
case prems: (action cfg)
then show Zcase by (auto simp: action-abst-repcs action-absc)
next
case prems: (cont s’)
define cfg’ where cfg’ = repcs s cfg
define t wheret = THE x. abss x = s’ A\ x € set-pmf (action cfg’)
from prems have cfg € R-G.cfg-on (state cfqg) state cfg € S by (auto dest: R-G-I)
then have *: ¢fg € R-G.cfg-on (abss (reps (state cfg))) abss (reps (state cfg)) € S by auto
from prems have s’ € S by (auto intro: R-G.valid-cfg-action)
from prems have wvalid: cfg’ € valid-cfg unfolding cfg’-def by (intro repcs-valid)
from prems have s’ € abst (action cfg’) unfolding cfg’-def by (subst action-abst-repcs)
from cont-cfg-defined[OF valid this] have t:
abss t = s’ t € action cfg’
unfolding i-def cfg’-def by auto
with prems have ¢ ~ reps (abss t)
apply —
apply (subst S-abss-reps)
by (auto intro: R-G.valid-cfg-action)
have cont (absc cfg’) s’ = cont (absc cfg’) (abss t) using t by auto
have cont (absc cfg’) s’ = absc (cont cfg’ t) using ¢ valid by (auto simp: cont-absc-1)
also have ... = absc (repcs t (cont cfg s')) using prems t * <t ~ - valid
by (fastforce dest: R-G-I intro: repes-bisim simp: cont-repcsl cfg’-def)
finally show ?Zcase
apply —
apply (rule exI[where x = cont cfg s'], rule exI[where z = t])
unfolding cfg’-def using prems ¢t by (auto intro: R-G.valid-cfg-cont)
qed

lemma absc-repc-id:
notes R-G.cfg-onD-state[simp del]
assumes cfg € R-G.valid-cfg
shows absc (repe cfg) = cfg using assms
unfolding repc-def using assms by (subst absc-repes-id) (auto dest: R-G-I)

lemma K-cfg-map-absc:
cfg € valid-cfg = K-cfg (absc cfg) = map-pmf absc (K-cfg cfg)
by (auto simp: K-cfg-def map-pmf-comp action-absc abst-def cont-absc-1 intro: map-pmf-cong)

lemma smap-comp:

(smap f o smap g) = smap (f 0 g)
by (auto simp: stream.map-comp)

lemma state-abscD[simp]:
assumes cfg € MDP.cfg-on s
shows state (absc cfg) = abss s
using assms unfolding absc-def by auto
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lemma R-G-valid-cfg-coinduct[coinduct set: valid-cfg]:
assumes P cfg
assumes Acfg. P ¢fg = state c¢fg € S
assumes Acfg. P ¢fg = action cfg € K (state cfg)
assumes Acfg t. P ¢fg = t € action ¢fg = P (cont cfg t)
shows cfg € R-G.valid-cfg

proof —
from assms have cfg € R-G.cfg-on (state cfg) by (coinduction arbitrary: cfg) auto
moreover from assms have state cfg € S by auto
ultimately show ?thesis by (intro R-G.valid-cfgI)

qed

lemma absc-valid[intro]:
assumes cfg € valid-cfg
shows absc cfg € R-G.valid-cfg
using assms
proof (coinduction arbitrary: cfg)
case 1
then show Zcase by (auto simp: absc-def dest: MDP .valid-cfg-state-in-S)
next
case (2 cfg’)
then show ?case by (subst state-abscD) (auto intro: MDP.valid-cfgD action-abscD)
next
case prems: (3 s’ ¢fg)
define ¢t where ¢t = THE x. abss x = s’ A z € set-pmf (action cfg)
let ?cfg = cont cfg t
from prems obtain s where s’ = abss s s € action cfg by (auto simp: action-absc’)
with cont-cfg-defined[OF prems(1), of s] have
abss t = s’ t € set-pmf (action cfg)
Vy. abss y = s’ Ay € set-pmf (action cfg) — y =t
unfolding t-def abst-def by auto
with prems show ?case
by (inst-existentials ?cfq)
(auto intro: MDP.valid-cfg-cont simp: abst-def action-absc absc-def t-def)
qed

lemma K-cfg-set-absc:
assumes cfg € valid-cfg cfg’ € K-cfg cfg
shows absc cfg’ € K-cfg (absc cfg)

using assms by (auto simp: K-cfg-map-absc)

lemma abst-action-repcs:
assumes cfg € R-G.valid-cfg abss s = state cfg
shows abst (action (repcs s cfg)) = action cfg
unfolding repc-def repcs-def using assms by (simp, subst abst-rept-id) (auto intro: R-G-I)

lemma abst-action-repc:
assumes cfg € R-G.valid-cfg
shows abst (action (repc cfg)) = action cfg
using assms unfolding repc-def by (auto intro: abst-action-repcs simp: R-G-I)

lemma K-elem-abss-inj’:
assumes i € K s
and s € S
shows inj-on abss (set-pmf p)
using assms K-elem-abss-inj by (simp add: K-bisim-unique inj-onl)

lemma K-cfg-rept-aux:
assumes cfg € R-G.valid-cfg abss s = state cfg x € rept s (action cfg)
defines t = A\ ¢fg’. THE s’. s’ € rept s (action cfg) N s’ ™~ x
shows t cfg’ = z
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proof —

from assms have rept s (action cfg) € K s s € S by (auto simp: R-G-I S-abss-S)

from K-bisim-unique|OF this(2,1) - assms(3)] assms(83) show ?thesis unfolding t-def by blast
qed

lemma K-cfg-rept-action:
assumes cfg € R-G.valid-cfg abss s = state cfg cfg’ € set-pmf (K-cfg cfg)
shows abss (THE s’. s’ € rept s (action cfg) N abss s’ = state cfg’) = state cfg’
proof —
let ?u = rept s (action cfg)
from abst-rept-id assms have action cfg = abst ?u by (auto simp: R-G-I)
moreover from assms have state cfg’ € action cfg by (auto simp: set-K-cfq)
ultimately have state cfg’ € abst ?u by simp
then obtain s’ where s’ € 2u abss s’ = state cfg’ by (auto simp: abst-def pmf.set-map)
with K-cfg-rept-auz[OF assms(1,2) this(1)] show ?thesis by auto
qed

lemma K-cfg-map-repcs:
assumes cfg € R-G.valid-cfg abss s = state cfg
defines repc’ = (A c¢fg’. repes (THE s'. s’ € rept s (action cfg) A abss s’ = state cfg’) cfg’)
shows K-cfg (repcs s cfg) = map-pmf repc’ (K-cfg cfg)
proof —
let %u = rept s (action cfg)
define ¢t where t = X ¢fg’. THE s. s € ?u A abss s = state cfg’
have ¢: ¢t (cont cfg (abss s")) = s’ if s" € Zu for s’
using K-cfg-rept-auz|OF assms(1,2) that] unfolding ¢-def by auto
show ?thesis
unfolding K-cfg-def using ¢
by (subst abst-action-repcs[symmetric])
(auto simp: repc-def repcs-def t-def map-pmf-comp abst-def assms intro: map-pmf-cong)
qed

lemma K-cfg-map-repc:
assumes cfg € R-G.valid-cfg
defines
repc’ c¢fg’ = repes (THE s. s € rept (reps (state cfg)) (action cfg) A abss s = state cfg’) cfg’
shows
K-cfg (repc cfg) = map-pmf repc’ (K-cfg cfg)
using assms unfolding repc’-def repc-def by (auto simp: R-G-1 K-cfg-map-repes)

lemma R-G-K-cfg-valid-cfgD:
assumes cfg € R-G.valid-cfg cfg’ € K-cfg cfg
shows cfg’ = cont cfg (state cfg’) state cfg’ € action cfg
proof —
from assms(2) obtain s where s € action ¢fg c¢fg’ = cont cfg s by (auto simp: set-K-cfg)
with assms show
cfg’ = cont cfg (state cfg’) state cfg’ € action cfy
by (auto intro: R-G.valid-cfg-state-in-S R-G.valid-cfgD)
qed

lemma K-cfg-valid-cfgD:
assumes cfg € valid-cfg cfg’ € K-cfg cfg
shows cfg’ = cont cfg (state cfg’) state cfg’ € action cfg
proof —
from assms(2) obtain s where s € action cfg cfg’ = cont cfg s by (auto simp: set-K-cfg)
with assms show
cfg’ = cont cfg (state cfg’) state cfg’ € action cfy
by auto
qed
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lemma absc-bisim-abss:
assumes absc z = absc z’
shows state x ~ state x’
proof —
from assms have state (absc z) = state (absc x’) by simp
then show ?%thesis by (simp add: state-absc)
qed

lemma K-cfg-bisim-unique:
assumes cfg € valid-cfg and z € K-cfg c¢fg ' € K-cfg ¢fg and state x ~ state z’
shows z = z/
proof —
define ¢ where ¢t = THE «'. ' ™ state z N\ z' € set-pmf (action cfg)
from K-cfg-valid-cfgD assms have x:
x = cont cfg (state z) state T € action cfy
z' = cont cfg (state z') state x’ € action cfg
by auto
with assms have
cfg € valid-cfg abss (state z) € set-pmf (abst (action cfg))
unfolding abst-def by auto
with cont-cfg-defined[of cfg abss (state x)] have
Vy. y ™~ state x Ay € set-pmf (action cfg) — y =t
unfolding t-def by auto
with x assms(4) have state '/ = t state x = t by fastforce+
with x show ?thesis by simp
qed

lemma absc-distr-self:
MDP.MC.T (absc cfg) = distr (MDP.MC.T cfg) MDP.MC'.S (smap absc) if cfg € valid-cfy
using <cfg € -

proof (coinduction arbitrary: cfg rule: MDP.MC'. T-coinduct)

case prob

show ?case by (rule MDP.MC'. T .prob-space-distr, simp)
next

case sets

show ?case by auto
next

case prems: (cont cfg)
define t where t = X\ y. THE z. y = absc x A © € K-cfg cfg
define M’ where M’ = X c¢fg. distr (MDP.MC.T (t ¢fg)) MDP.MC.S (smap absc)
show ?Zcase
proof (rule exI[where z = M|, safe, goal-cases)
case A: (1y)
from A prems obtain z’ where y = absc 2’ x’ € K-cfg cfg by (auto simp: K-cfg-map-absc)
with K-cfg-bisim-unique[ OF prems - - absc-bisim-abss] have
y=uabsc(ty) z' =ty
unfolding ¢-def by (auto intro: thel2)
moreover have 1z’ € valid-cfg using <z’ € -» prems by auto
ultimately show ?case unfolding M'-def by auto
next
case 9
show ?case unfolding M’-def
apply (subst distr-distr)
prefer 3
apply (subst MDP.MC.T-eq-bind)
apply (subst distr-bind)
prefer 4
apply (subst distr-distr)
prefer 3
apply (subst K-cfg-map-absc)
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apply (rule prems)
apply (subst map-pmf-rep-eq)
apply (subst bind-distr)
prefer 4
apply (rule bind-measure-pmf-cong)
prefer 3
subgoal premises A for z
proof —
have t (absc ) = z unfolding t-def
proof (rule the-equality, goal-cases)
case 1 with A show ?case by simp
next
case (2 z)
with K-cfg-bisim-unique| OF prems - A absc-bisim-abss] show ?Zcase by simp
qed
then show %thesis by (auto simp: comp-def)
qed
by (fastforce
simp:  space-subprob-algebra MC-syntax.in-S
intro: bind-measure-pmf-cong MDP.MC.T.subprob-space-distr MDP.MC'.T.prob-space-distr
)+
qed (auto simp: M'-def intro: MDP.MC'. T .prob-space-distr)
qed

lemma R-G-trace-space-distr-eq:

assumes cfg € R-G.valid-cfg abss s = state cfg

shows MDP.MC.T cfg = distr (MDP.MC.T (repcs s cfg)) MDP.MC.S (smap absc)
using assms
proof (coinduction arbitrary: cfg s rule: MDP.MC'. T-coinduct)

case prob

show ?Zcase by (rule MDP.MC.T.prob-space-distr, simp)
next

case sets

show ?case by auto
next

case prems: (cont cfg s)
let ?u = rept s (action cfg)
define repc’ where repc’ = A ¢fg’. repcs (THE s. s € 2u A abss s = state cfg’) cfg’
define M’ where M’ = X\ ¢fy. distr (MDP.MC.T (repc’ cfg)) MDP.MC.S (smap absc)
show ?Zcase
proof (intro exI[where x = M|, safe, goal-cases)

case A: (1 cfg))

with K-cfg-rept-action| OF prems] have

abss (THE s. s € ?u A abss s = state cfg’) = state cfg’

by auto

moreover from A prems have cfg’ € R-G.valid-cfg by auto

ultimately show ?case unfolding M’-def repc’-def by best
next

case 4

show ?case unfolding M’-def by (rule MDP.MC'.T.prob-space-distr, simp)
next

case 9

have x: smap absc o (##) (repc’ cfg’) = (##) cfg’ o smap absc

if ¢fg’ € set-pmf (K-cfg cfg) for cfg’

proof —

from K-cfg-rept-action|OF prems that] have
abss (THE s. s € ?u N\ abss s = state cfg’) = state cfg’

with prems that have x:

absc (repc’ cfg’) = cfg’
unfolding repc’-def by (subst absc-repcs-id, auto)
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then show (smap absc o (##) (repc’ cfg’)) = ((##) cfg’ o smap absc) by auto
qed
from prems show ?case unfolding M’-def
apply (subst distr-distr)
apply simp+
apply (subst MDP.MC'.T-eq-bind)
apply (subst distr-bind)
prefer 2
apply simp
apply (rule MDP.MC.distr-Stream-subprob)
apply simp
apply (subst distr-distr)
apply simp+
apply (subst K-cfg-map-repes|OF prems))
apply (subst map-pmf-rep-eq)
apply (subst bind-distr)
by (fastforce simp: x[unfolded repc’-def] repc’-def space-subprob-algebra MC-syntaz.in-S
intro: bind-measure-pmf-cong MDP.MC'. T .subprob-space-distr)+
qed (simp add: M'-def)+
qed

lemma repc-inj-on-K-cfg:
assumes cfg € R-G.cfg-on s s € S
shows inj-on repc (set-pmf (K-cfg cfg))
using assms
by (intro inj-on-inversel [where g = absc], subst absc-repc-id)
(auto intro: R-G.valid-cfgD R-G.valid-cfgl R-G.valid-cfg-state-in-S)

lemma smap-absc-iff:
assumes A\ zy. z € X = smap abss x = smap abss y = y € X
shows (smap state zs € X) = (smap (Az. abss (state z)) xs € smap abss * X)
proof (safe, goal-cases)
case 1
then show ?case unfolding image-def
by clarify (inst-exzistentials smap state xs, auto simp: stream.map-comp)
next
case prems: (2 zs’)
have
smap (Az. abss (state z)) xs = smap abss (smap state xs)
by (auto simp: comp-def stream.map-comp)
with prems have smap abss (smap state xs) = smap abss xs’ by simp
with prems(2) assms show ?case by auto
qed

lemma valid-abss-reps[simp):
assumes cfg € R-G.valid-cfg
shows abss (reps (state cfg)) = state cfg
using assms by (subst S-abss-reps) (auto intro: R-G.valid-cfg-state-in-S)

lemma in-space-UNIV: x € space (count-space UNIV)
by simp

lemma S-reps-S-aux:
reps (I, R) ¢ S= ([, R) € S
using ccompatible-inv unfolding reps-def ccompatible-def S-def S-def
by (cases R € R; auto simp: non-empty)

lemma S-reps-S[intro]:
reps s € S = seS
using S-reps-S-auzx by (metis surj-pair)
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lemma absc-valid-cfg-eq:
absc ‘ valid-cfg = R-G.valid-cfg
apply safe
subgoal
by auto
subgoal for cfg
using absc-repcs-id[where s = reps (state cfg))
by — (frule repcs-valid]where s = reps (state cfg)]; force intro: imagel)
done

lemma action-repcs:
action (repcs (I, u) cfg) = rept (I, u) (action cfg)
by (simp add: repcs-def)

5.3 Equalities Between Measures of Trace Spaces

lemma path-measure-eq-abscl-new:
fixes cfg s
defines cfg’ = absc cfg
assumes valid: cfg € valid-cfg
assumes X[measurable]: X € R-G.St and Y[measurable]: Y € MDP.St
assumes P: AE z in (R-G.T c¢fg’). Pz and Q: AE z in (MDP.T cfg). Q
assumes P’[measurable]: Measurable.pred R-G.St P
and Q'[measurable]: Measurable.pred MDP.St @
assumes X-Y-closed: N zy. Pz = smapabssy=rz =z € X =y Y AQy
assumes Y-X-closed: N zy. Qy = smapabssy=z=—yc Y =z€ X APz
shows
emeasure (R-G.T cfg") X = emeasure (MDP.T cfg) Y
proof —
have x: stream-all2 (As. (=) (absc s)) © y = stream-all2 (=) (smap absc z) y for z y
by simp
have x: stream-all2 (As t. t = absc s) z y = stream-all2 (=) y (smap absc ) for z y
using stream.rel-conversep[of As t. t = absc s
by (simp add: conversep-iff [abs-def])

from P have emeasure (R-G.T cfg’) X = emeasure (R-G.T cfg’) {z € X. P z}
by (auto intro: emeasure-eq-AE)
moreover from @ have emeasure (MDP.T cfg) Y = emeasure (MDP.T cfg) {y € Y. Q y}
by (auto intro: emeasure-eq-AE)
moreover show ?thesis
apply (simp only: calculation)
unfolding R-G.T-def MDP.T-def
apply (simp add: emeasure-distr)
apply (rule sym)
apply (rule T-eq-rel-half[where f = absc and S = wvalid-cfq])
apply (rule HOL.refl)
apply measurable
apply (simp add: space-stream-space)
subgoal
unfolding rel-set-strong-def stream.rel-eq
apply (intro alll impI)
apply (drule stream.rel-mono-strong[where Ra = As t. t = absc s|)
apply (simp; fail)
subgoal for z y
using Y-X-closed|of smap state x smap state (smap absc z) for x y]
using X-Y-closed|of smap state (smap absc x) smap state z for z y]
by (auto simp: * stream.rel-eq stream.map-comp state-absc)+
done
subgoal
apply (auto introl: rel-funl)
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apply (subst K-cfg-map-absc)
defer
apply (subst pmf.rel-map(2))
apply (rule rel-pmf-refil)
by auto
subgoal
using valid unfolding cfg’-def by simp
done
qed

lemma path-measure-eq-repcs1-new:
fixes cfqg s
defines cfg’ = repcs s cfg
assumes s: abss s = state cfg
assumes valid: cfg € R-G.valid-cfg
assumes X|measurable]: X € R-G.St and Y[measurable]: Y € MDP.St
assumes P: AE z in (R-G.T ¢fg). Pz and Q: AE z in (MDP.T ¢fq’). Q x
assumes P’[measurable]: Measurable.pred R-G.St P
and Q'[measurable]: Measurable.pred MDP.St Q
assumes X-Y-closed: N zy. Pz = smap abssy=z =z € X =y Y ANQuy
assumes Y-X-closed: N zy. Qy=— smapabssy=z=—yec Y =z X APux
shows
emeasure (R-G.T cfg) X = emeasure (MDP.T cfg’) Y
proof —
have x: stream-all2 (As t. t = absc s) © y = stream-all2 (=) y (smap absc z) for z y
using stream.rel-converseplof As t. t = absc s
by (simp add: conversep-iff[abs-def])
from P X have
emeasure (R-G.T cfg) X = emeasure (R-G.T cfg) {z € X. P z}
by (auto intro: emeasure-eq-AE)
moreover from @ Y have
emeasure (MDP.T cfg") Y = emeasure (MDP.T cfg’) {y € Y. Q y}
by (auto intro: emeasure-eq-AE)
moreover show ?thesis
apply (simp only: calculation)
unfolding R-G.T-def MDP.T-def
apply (simp add: emeasure-distr)
apply (rule sym)
apply (rule T-eq-rel-half[where f = absc and S = wvalid-cfg))
apply (rule HOL.refl)
apply measurable
apply (simp add: space-stream-space)
subgoal
unfolding rel-set-strong-def stream.rel-eq
apply (intro alll impl)
apply (drule stream.rel-mono-stronglwhere Ra = As t. t = absc §])
apply (simp; fail)
subgoal for z y
using Y-X-closed|of smap state x smap state (smap absc z) for z y
using X-Y-closed[of smap state (smap absc z) smap state x for z y]
by (auto simp: * stream.rel-eq stream.map-comp state-absc)+
done
subgoal
apply (auto introl: rel-funl)
apply (subst K-cfg-map-absc)
defer
apply (subst pmf.rel-map(2))
apply (rule rel-pmf-refil)
by auto
subgoal
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using valid unfolding cfg’-def by (auto simp: s absc-repcs-id)
done
qed

lemma region-compatible-suntill :
assumes (holds (Az. ¢ (reps x)) suntil holds (Az. ¢ (reps x))) (smap abss x)
and pred-stream (A s. ¢ (reps (abss s)) — @ )
and pred-stream (A s. ¢ (reps (abss s)) — ¥ s)
shows (holds ¢ suntil holds ¢) = using assms
proof (induction smap abss x arbitrary: z rule: suntil.induct)
case base
then show %case by (auto intro: suntil.base simp: stream.pred-set)
next
case step
have
pred-stream (Xs. @ (reps (abss s)) — ¢ s) (stl z)
pred-stream (Xs. ¥ (reps (abss s)) — 1 s) (stl x)
(
(

x
x

using step.prems apply (cases z; auto)
using step.prems apply (cases x; auto)
done
with step.hyps(3)[of stl ] have (holds ¢ suntil holds 1) (stl z) by auto
with step.prems step.hyps(1—2) show ?case by (auto intro: suntil.step simp: stream.pred-set)
qed

lemma region-compatible-suntil2:
assumes (holds ¢ suntil holds ¢) z
and pred-stream (A s. ¢ s — ¢ (reps (abss s))) =
and pred-stream (A s. ¥ s — ¢ (reps (abss s))) z
shows (holds (Az. ¢ (reps x)) suntil holds (Az. ¥ (reps x))) (smap abss x) using assms
proof (induction x rule: suntil.induct)
case (base 1)
then show Zcase by (auto intro: suntil.base simp: stream.pred-set)
next
case (step x)
have
pred-stream (As. ¢ s — ¢ (reps (abss s))) (stl x)
pred-stream (Xs. ¥ s — ¥ (reps (abss s))) (stl x)
using step.prems apply (cases z; auto)
using step.prems apply (cases z; auto)
done
with step show ?case by (auto intro: suntil.step simp: stream.pred-set)
qed

lemma region-compatible-suntil:
assumes pred-stream (A s. ¢ (reps (abss s)) <— ¢ s) «
and pred-stream (X s. ¢ (reps (abss s)) +— ¥ s)
shows (holds (Az. ¢ (reps x)) suntil holds (Azx. ¢ (reps x))) (smap abss x)
+— (holds ¢ suntil holds ) z using assms
using assms region-compatible-suntill region-compatible-suntil?2 unfolding stream.pred-set by blast

lemma reps-abss-S:
assumes reps (abss s) € S
shows s € §
by (simp add: S-reps-S S-abss-S assms)

lemma measurable-sset[measurable (raw)):
assumes f[measurable]: f € N —p; stream-space M and P[measurable]: Measurable.pred M P
shows Measurable.pred N (Az. V s€sset (f z). P s)
proof —
have x: (\z. Vsesset (fz). Ps) = (Az. Vi. P (fz !l 7))
by (simp add: sset-range)
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show ?thesis
unfolding * by measurable
qed

lemma path-measure-eg-repes’’-new:
notes in-space-UNIV [measurable]
fixes cfg p Y s
defines cfg’ = repcs s cfg
defines ¢’ = absp p and ' = absp ¥
assumes s: abss s = state cfg
assumes valid: cfg € R-G.valid-cfg
assumes valid”: cfg’ € valid-cfy
assumes equiv-p: N\ z. pred-stream (A s. s € S) z
= pred-stream (X s. @ (reps (abss s)) +— ¢ s) (state cfg’ ## z)
and equiv-y: \ z. pred-stream (A s. s € S) z
= pred-stream (X s. 1 (reps (abss s)) +— ¥ s) (state cfg’ #4 z)
shows
emeasure (R-G.T cfg) {x€space R-G.St. (holds ¢’ suntil holds ") (state cfg ## z)} =
emeasure (MDP.T cfg’) {x€space MDP.St. (holds ¢ suntil holds ) (state cfg’ ## )}
unfolding cfg’-def
apply (rule path-measure-eq-repcsi-new|where P = pred-stream (A s. s € S§) and Q = pred-stream (A s. s
€ 9)))
apply fact
apply fact
apply measurable
subgoal
unfolding R-G.T-def
apply (subst AE-distr-iff)
apply (auto; fail)
apply (auto simp: stream.pred-set; fail)
apply (rule AE-mp[OF MDP.MC.AE-T-enabled AE-I2])
using R-G.pred-stream-cfg-on|OF valid] by (auto simp: stream.pred-set)
subgoal
unfolding MDP.T-def
apply (subst AE-distr-iff)
apply (auto; fail)
apply (auto simp: stream.pred-set; fail)
apply (rule AE-mp|OF MDP.MC.AE-T-enabled AE-12])
using MDP.pred-stream-cfg-on|OF wvalid’, unfolded cfg’-def] by (auto simp: stream.pred-set)
apply measurable
subgoal premises prems for ys s
apply safe
apply measurable
unfolding ¢’-def '-def absp-def
apply (subst region-compatible-suntil[ symmetric])
subgoal
proof —
from prems have pred-stream (A\s. s € S) zs using S-abss-S by (auto simp: stream.pred-set)
with equiv-¢ show ?thesis by (simp add: cfg’-def)
qed
subgoal
proof —
from prems have pred-stream (A\s. s € S) zs using S-abss-S by (auto simp: stream.pred-set)
with equiv-) show ?thesis by (simp add: cfg’-def)
qed
using valid prems
apply (auto simp: s comp-def p’-def '-def absp-def dest: R-G.valid-cfg-state-in-S)
apply (auto simp: stream.pred-set intro: S-abss-S dest: R-G.valid-cfg-state-in-S)
done
subgoal premises prems for ys zs

apply safe
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using prems apply (auto simp: stream.pred-set S-abss-S; measurable; fail)
using prems unfolding ¢'-def i’'-def absp-def comp-def apply (simp add: stream.map-comp)
apply (subst (asm) region-compatible-suntil[symmetric])
subgoal
proof —
from prems have pred-stream (\s. s € S) zs using S-abss-S by auto
with equiv-p show ?thesis using valid by (simp add: cfg’-def repc-def)
qed
subgoal
proof —
from prems have pred-stream (\s. s € S) zs using S-abss-S by auto
with equiv-i) show ?thesis using valid by (simp add: cfg’-def)
qed
using valid prems by (auto simp: s S-abss-S stream.pred-set dest: R-G.valid-cfg-state-in-S)
done

end

end

theory PTA-Reachability
imports PTA

begin

6 Classifying Regions for Divergence

6.1 Pairwise

coinductive pairwise :: ('a = 'a = bool) = 'a stream = bool for P where
P a b = pairwise P (b ## xs) = pairwise P (a #4# b #H# xs)

lemma pairwise-Suc:
pairwise P xs = P (zs ! ©) (zs ! (Suc 7))
by (induction i arbitrary: xs) (force elim: pairwise.cases)+

lemma Suc-pairwise:
Vi, P (xs 1 d) (xs ! (Suc i) = pairwise P s
apply (coinduction arbitrary: xs)

apply (subst stream.collapse[symmetric])

apply (rewrite in stl - stream.collapse[symmetric])

apply (intro exl conjl, rule HOL.refl)

apply (erule allE[where z = 0]; simp; fail)

by simp (metis snth.simps(2))

lemma pairwise-iff:
pairwise P xs «— (¥ 4. P (zs ! ©) (zs ! (Suc 7)))
using pairwise-Suc Suc-pairwise by blast

lemma pairwise-stiD:
pairwise P s = pairwise P (stl xs)
by (auto elim: pairwise.cases)

lemma pairwise-pairD:
pairwise P xs = P (shd xs) (shd (stl zs))
by (auto elim: pairwise.cases)

lemma pairwise-mp:
assumes pairwise P xs and lift: \ zy. € sset xs = y € ssetas = Pry = Qz y
shows pairwise @ zs using assms

apply (coinduction arbitrary: xs)

subgoal for zs
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apply (subst stream.collapse[symmetric])

apply (rewrite in stl - stream.collapse[symmetric])
apply (intro exI conjl)

apply (rule HOL.refl)

by (auto intro: stl-sset dest: pairwise-pairD pairwise-stlD)
done

lemma pairwise-sdropD:
pairwise P (sdrop i xs) if pairwise P xs
using that
proof (coinduction arbitrary: i xs)
case (pairwise i xs)
then show ?case
apply (inst-existentials shd (sdrop i xs) shd (stl (sdrop i xs)) stl (stl (sdrop i xs)))
subgoal
by (auto dest: pairwise-Suc) (metis sdrop-simps(1) sdrop-stl stream.collapse)
subgoal
by (inst-existentials ¢ — 1 stl zs) (auto dest: pairwise-Suc pairwise-stlD)
by (metis sdrop-simps(2) stream.collapse)
qed

6.2 Regions

lemma gt-GreaterD:
assumes u € region X I r valid-region X kIrce Xuc>kc
shows I ¢ = Greater (k c)

proof —
from assms have intv-elem ¢ u (I ¢) valid-intv (k ¢) (I ¢) by auto
with assms(4) show %thesis by (cases I ¢) auto

qed

lemma const-ConstD:
assumes u € region X I r valid-region X kIrce Xuc=dd<kc
shows I ¢ = Const d

proof —
from assms have intv-elem ¢ u (I ¢) valid-intv (k ¢) (I ¢) by auto
with assms(4,5) show ?thesis by (cases I ¢) auto

qed

lemma not-Greater-bounded:
assumes [ z # Greater (k z) z € X valid-region X kI ru € region X I r
shows vz < k x
proof —
from assms have intv-elem x u (I x) valid-intv (k z) (I ) by auto
with assms(1) show u z < k 2 by (cases I z) auto
qed

lemma Greater-closed:
fixes t :: real
assumes u € region X I r valid-region X kIrc € X I ¢ = Greater (kc)t>kc
shows u(c :=t) € region X I r
using assms
apply (intro region.intros)
apply (auto; fail)
apply standard
subgoal for z
by (cases x = ¢; cases I x; force introl: intv-elem.intros)
by auto

lemma Greater-unbounded-aux:
assumes finite X valid-region X k I r ¢ € X I ¢ = Greater (k c)
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shows 3 u € region X I'r. uc >t
using assms Greater-closed[OF - assms(2—4)]
proof —
let ?R = region X I r
let 9t =ift >kcthent+ 1elsekc+ 1
have t: ?t > k ¢ by auto
from region-not-empty[OF assms(1,2)] obtain v where u: v € ?R by auto
from Greater-closed|OF this assms(2—4) t] have u(c:=%t) € ?R by auto
with t show %thesis by (inst-existentials u(c:=%t)) auto
qed

6.3 Unbounded and Zero Regions

definition unbounded t R=V t. 3 u € R.uzx >t
definition zero x R=VY v € R.uz =0

lemma Greater-unbounded:
assumes finite X valid-region X kI rc € X I ¢ = Greater (k c)
shows unbounded ¢ (region X I r)
using Greater-unbounded-auz|OF assms] unfolding unbounded-def by blast

lemma unbounded-Greater:
assumes valid-region X k I r ¢ € X unbounded ¢ (region X I 1)
shows I ¢ = Greater (k c)

using assms unfolding unbounded-def by (auto intro: gt-GreaterD)

lemma Const-zero:
assumes ¢ € X I ¢ = Const 0
shows zero ¢ (region X I 1)
using assms unfolding zero-def by force

lemma zero-Const:
assumes finite X valid-region X k I r ¢ € X zero ¢ (region X I r)
shows I ¢ = Const 0
proof —
from assms obtain v where u € region X I r by atomize-elim (auto intro: region-not-empty)
with assms show ?thesis unfolding zero-def by (auto intro: const-ConstD)
qed

lemma zero-all:
assumes finite X valid-region X kI rc € X u € region X [ ruc= 10
shows zero ¢ (region X I 1)

proof —
from assms have intv-elem ¢ u (I ¢) valid-intv (k ¢) (I ¢) by auto
then have I ¢ = Const 0 using assms(5) by cases auto
with assms have u’ ¢ = 0 if v’ € region X I r for v’ using that by force
then show ?thesis unfolding zero-def by blast

qed

7 Reachability

7.1 Definitions

locale Probabilistic- Timed- Automaton-Regions- Reachability =
Probabilistic- Timed-Automaton-Regions k v n not-in-X A
for kv n not-in-X and A :: (‘¢, t, 's) pta +
fixes ¢ ¥ 1 (s * (“e, t) cval) = bool fixes s
assumes ©: \ zy. z € S = timed-bisimzy = p x +— @ y
assumes V: \ zy. z € § = timed-bisimzy = Y z +— Y y
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assumes s[intro, simp|: s € S
begin

definition ¢’ = absp ¢
definition v’ = absp ¢

definition s’ = abss s

lemma s-s’-cfg-on[introl:
assumes cfg € MDP.cfg-on s
shows absc cfg € R-G.cfg-on s’
proof —
from assms s have cfg € valid-cfg unfolding MDP.valid-cfg-def by auto
then have absc cfg € R-G.cfg-on (state (absc cfg)) by (auto intro: R-G.valid-cfgD)
with assms show ?thesis unfolding s’-def by (auto simp: state-absc)
qed

lemma s’-S[simp, introl:
s'eS
unfolding s’-def using s by auto

lemma s'-s-cfg-on[intro]:
assumes cfg € R-G.cfg-on s’
shows repcs s cfg € MDP.cfg-on s
proof —
from assms s have cfg € R-G.valid-cfg unfolding R-G.valid-cfg-def by auto
with assms have repcs s ¢fg € valid-cfg by (auto simp: s’-def intro: R-G.valid-cfgD)
then show ?Zthesis by (auto dest: MDP.valid-cfgD)
qed

lemma (in Probabilistic- Timed-Automaton-Regions) compatible-stream:

assumes p: Nzy. z€S =z~ y=pr+—py

assumes pred-stream (As. s € S) xs

and [intro]: z € S
shows pred-stream (As. @ (reps (abss s)) = ¢ s) (x ## xs)

unfolding stream.pred-set proof clarify

fix lu

assume A: (I, u) € sset (z #F# xs)

from assms have pred-stream (As. s € S) (x #4# xs) by auto

with A have (I, u) € S by (fastforce simp: stream.pred-set)

then have abss (I, u) € S by auto

then have reps (abss (I, w)) ~ (I, u) by simp

with ¢ «(I, u) € S» show ¢ (reps (abss (I, u))) = ¢ (I, u) by blast
qed

lemma @-stream”:
pred-stream (As. ¢ (reps (abss s)) = ¢ 8) (x ## xs) if pred-stream (As. s € S) zsx € S
using compatible-stream[of ¢, OF ¢ that] .

lemma 1)-stream:
pred-stream (As. 1 (reps (abss s)) = 1 s) (z ## xs) if pred-stream (As. s € S) zsz € S
using compatible-stream|[of v, OF ¢ that] .

lemmas p-stream = compatible-stream[of ¢, OF ]
lemmas -stream = compatible-stream|of ¥, OF ]

7.2 Easier Result on All Configurations

lemma suntil-reps:
assumes
V s€sset (smap abss y). s € S
(holds ' suntil holds ") (s #4 smap abss y)
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shows (holds ¢ suntil holds ) (s ## y)

using assms

by (subst region-compatible-suntil[symmetric]; (intro @-stream -stream) ?)
(auto simp: @'-def 1p’'-def absp-def stream.pred-set S-abss-S s’-def comp-def)

lemma suntil-abss:

assumes
Vsesset y. s € S
(holds ¢ suntil holds ) (s ## y)

shows
(holds ¢’ suntil holds ') (s’ ## smap abss y)

using assms

by (subst (asm) region-compatible-suntil[symmetricl; (intro p-stream -stream) ?)
(auto simp: @'-def 1’'-def absp-def stream.pred-set s'-def comp-def)

theorem P-sup-sunitl-eq:
notes [measurable] = in-space-UNIV and [iff] = pred-stream-iff
shows
(MDP.P-sup s (Az. (holds ¢ suntil holds v¥) (s ## x)))
= (R-G.P-sup s’ (Az. (holds ¢’ suntil holds 1)) (s' ## z)))
unfolding MDP.P-sup-def R-G.P-sup-def
proof (rule SUP-eq, goal-cases)
case prems: (1 cfg)
let ?cfg’ = absc cfyg
from prems have cfg € valid-cfg by (auto intro: MDP.valid-cfgI)
then have %cfg’ € R-G.valid-cfg by (auto intro: R-G.valid-cfgl)
from <cfg € valid-cfg» have alw-S: almost-everywhere (MDP.T cfg) (pred-stream (As. s € S))
by (rule MDP.alw-S)
from «?cfg’e R-G.valid-cfg> have alw-S: almost-everywhere (R-G.T %cfq’) (pred-stream (As. s € S))
by (rule R-G.alw-S)
have emeasure (MDP.T cfg) {x € space MDP.St. (holds ¢ suntil holds ¢) (s ## z)}
= emeasure (R-G.T ?cfg’) {z € space R-G.St. (holds ¢’ suntil holds ') (s’ ## z)}
apply (rule path-measure-eq-absc1-new[symmetric, where P = pred-stream (X 5. s € S)
and @ = pred-stream (X s. s € )]
)
using prems alw-S alw-S apply (auto intro: MDP.valid-cfgl simp: )[7]
by (auto simp: S-abss-S intro: S-abss-S introl: suntil-abss suntil-reps, measurable)
with prems show ?case by (inst-existentials ?cfg’) auto
next
case prems: (2 cfg)
let ?cfg’ = repcs s cfyg
have s = state ?cfg’ by simp
from prems have s’ = state cfg by auto
have pred-stream (As. ¢ (reps (abss s)) = ¢ s) (state (repes s cfg) ## z)
if pred-stream (As. s € S) z for z
using prems that by (intro -stream) auto
moreover
have pred-stream (As. ¥ (reps (abss s)) = 1 s) (state (repcs s cfg) ## x)
if pred-stream (As. s € S) z for z
using prems that by (intro ¢-stream) auto
ultimately
have emeasure (R-G.T cfg) {z € space R-G.St. (holds ¢’ suntil holds ") (s’ ## z)}
= emeasure (MDP.T (repcs s cfg)) {z € space MDP.St. (holds ¢ suntil holds 1) (s ## z)}
apply (rewrite in s ## - (s = -))
apply (subst <s' = -»)
unfolding ¢’-def '-def s'-def
apply (rule path-measure-eq-repcs’’-new)
using prems by (auto 4 3 simp: s’-def intro: R-G.valid-cfgI MDP.valid-cfgl)
with prems show ?case by (inst-existentials ?cfg’) auto
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qed

end

7.3 Divergent Adversaries

context Probabilistic- Timed-Automaton
begin

definition elapsed v v’ = Maz ({u’ ¢ —uc|c. c€ X} U{0})

definition eg-elapsed v u' = elapsed u v’ > 0 — (V ¢ € X. u' ¢ — u ¢ = elapsed u u’)

fun dur :: (‘c, t) cval stream = nat = t where
dur - 0 =0 |
dur (z ## y #4 zs) (Suc i) = elapsed x y + dur (y ## xs) i

definition divergent w =V t. 3 n. dur w n >t
definition div-cfg ¢fg = AF w in MDP.MC.T cfq. divergent (smap (snd o state) w)

definition R-div w =
VeeX. (Vi (3 j>izerox (Wi A@E j=>i —zerox (w!lj)))
V(3 4.V j > i. unbounded x (w ! j))

definition R-G-div-cfg c¢fg = AE w in MDP.MC.T cfg. R-div (smap (snd o state) w)
end

context Probabilistic- Timed-Automaton-Regions
begin

definition c¢fg-on-div st = MDP.cfg-on st N {cfg. div-cfg cfg}
definition R-G-cfg-on-div st = R-G.cfg-on st N {cfg. R-G-div-cfg cfg}

lemma measurable-R-div[measurable]: Measurable.pred MDP.MC.S R-div
unfolding R-div-def
by (intro
pred-intros-finite| OF beta-interp.finite)
pred-intros-logic pred-intros-countable
measurable-count-space-const measurable-compose[ OF measurable-snth]
) measurable

lemma elapsed-ge0|[simp]: elapsed x y > 0
unfolding elapsed-def using finite(1) by auto

lemma dur-pos:
dur zs i > 0
apply (induction i arbitrary: s)
apply (auto; fail)
subgoal for i s
apply (subst stream.collapse[symmetric])
apply (rewrite at stl xs stream.collapse|symmetric))
apply (subst dur.simps)
by simp
done

lemma dur-mono:

i < j= durasi < durxsj
proof (induction i arbitrary: zs j)
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case () show ?Zcase by (auto intro: dur-pos)
next
case (Suc i zs j)
obtain z y ys where xs: ©s = x ## y #7 ys using stream.collapse by metis
from Suc obtain j’ where j" j = Suc j’ by (cases j) auto
with zs have dur zs j = elapsed x y + dur (y ## ys) j' by auto
also from Suc j' have ... > elapsed z y + dur (y ## ys) i by auto
also have elapsed © y + dur (y ## ys) i = dur zs (Suc i) by (simp add: zs)
finally show ?case .
qed

lemma dur-monoD:
assumes dur xs i < dur xs j
shows i < j using assms
by — (rule ccontr; auto 4 4 dest: lel dur-mono[where zs = xs])

lemma elapsed-0D:
assumes ¢ € X elapsed v u’ < 0
shows v/ ¢ — uc <0
proof —
from assms have v’ ¢ —uce {u' c—uc|c ce X} U{0} by auto
with finite(1) have v’ ¢ — v ¢ < Maz ({u' ¢ —uc|c c€ X} U{0}) by auto
with assms(2) show ?thesis unfolding elapsed-def by auto
qed

lemma elapsed-ge:
assumes eq-elapsed v v’ ¢ € X
shows elapsed u u’ > u' ¢ — u c
using assms unfolding eq-elapsed-def by (auto intro: elapsed-ge0 order.trans|OF elapsed-0D))

lemma elapsed-eq:
assumes eqg-elapsed u v’ c € X v’ ¢ —uc >0
shows elapsed u u’ = u' ¢ — u c
using elapsed-ge[OF assms(1,2)] assms unfolding eg-elapsed-def by auto

lemma dur-shift:
dur w (i + j) = dur w i + dur (sdrop i w) j
apply (induction i arbitrary: w)
apply simp
subgoal for ¢ w
apply simp
apply (subst stream.collapse[symmetric])
apply (rewrite at stl w stream.collapse]symmetric])
apply (subst dur.simps)
apply (rewrite in dur w stream.collapse[symmetric])
apply (rewrite in dur (- ## ) (Suc -) stream.collapse[symmetric))
apply (subst dur.simps)
apply simp
done
done

lemma dur-zero:
assumes
Viasllicew!liVji<izerox (w!ljzelX
V 4. eq-elapsed (xs ! ©) (ws I Suc )
shows dur zs i = 0 using assms
proof (induction i arbitrary: xs w)
case (
then show ?Zcase by simp
next
case (Suc i zs w)
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let 92 = zs ! 0
let 2y = zs !l 1
let %ys = stl (stl xs)
have zs: s = %x ## %y ## %ys by auto
from Suc.prems have
Vi (2y ## fys) Ni e stlw iV j<i zerozx (stlw! j)
V 4. eg-elapsed (stl zs I i) (stl xs 1! Suc 7)
by (metis snth.simps(2) | auto)+
from Suc.IH[OF this(1,2) «x € -] this(3) have [simp]: dur (stl zs) i = 0 by auto
from Suc.prems(1,2) have 2y x = 0 %z x = 0 unfolding zero-def by force+
then have x: 2y x — %z 2 = 0 by simp
have dur zs (Suc i) = elapsed %z ?y
apply (subst zs)
apply (subst dur.simps)
by simp
also have ... =0
apply (subst elapsed-eq|OF - <z € -)])
unfolding One-nat-def using Suc.prems(4) apply blast
using * by auto
finally show ?case .
qed

lemma dur-zero-tail:
assumesV i. zslicwlliVEk>i k<j— zerozx (wW!lk)zeXj>i
V 4. eq-elapsed (xs ! i) (ws ! Suc @)
shows dur zs j = dur xs i
proof —
from <j > v dur-shift[of zs i j — i] have
dur xs j = dur xs i + dur (sdrop i xs) (j — 1)
by simp
also have ... = dur zs i
using assms
by (rewrite in dur (sdrop - -) - dur-zero[where w = sdrop i w])
(auto dest: prop-nth-sdrop-pair|of eq-elapsed| prop-nth-sdrop prop-nth-sdrop-pair|of (€)])
finally show ?thesis .
qed

lemma elapsed-ge-pos:
fixes u :: (e, t) cval
assumes eq-elapsed uu’' ce X v e Vu' e V
shows elapsed u u' < u’ ¢
proof (cases elapsed v v’ = 0)
case True
with assms show ?Zthesis by (auto simp: V-def)
next
case Fulse
from «(u € V» <¢c € X » have u ¢ > 0 by (auto simp: V-def)
from False assms have elapsed v v’ = u' ¢ — u ¢
unfolding eg-elapsed-def by (auto simp add: less-le)
also from (u ¢ > 0> have ... < u’ ¢ by simp
finally show ?Zthesis .
qed

lemma dur-Suc:
dur zs (Suc @) — dur xs i = elapsed (xs Il ©) (xzs ! Suc )
apply (induction i arbitrary: xs)
apply simp
apply (subst stream.collapse[symmetric])
apply (rewrite in stl - stream.collapse[symmetric])
apply (subst dur.simps)

apply simp
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apply simp
subgoal for 7 s
apply (subst stream.collapse[symmetric])
apply (rewrite in stl - stream.collapse[symmetric])
apply (subst dur.simps)
apply simp
apply (rewrite in dur zs (Suc -) stream.collapse[symmetric])
apply (rewrite at stl xs in - ## stl s stream.collapse[symmetric])
apply (subst dur.simps)
apply simp
done
done

inductive trans where
succ: t > 0 = u' = u @t = trans u u’ |
reset: set | C X = u’ = clock-set | 0 u = trans v u’
id: v = u' = trans u u’

abbreviation stream-trans = pairwise trans

lemma K-cfg-trans:
assumes cfg € MDP.cfg-on (I, R) cfg’ € K-cfg cfg state cfg’ = (I/, R')
shows trans R R’
using assms
apply (simp add: set-K-cfg)
apply (drule MDP.cfg-onD-action)
apply (cases rule: K.cases)
apply (auto intro: trans.intros)
using admissible-targets-clocks(2) by (blast intro: trans.intros(2))

lemma enabled-stream-trans:
assumes cfg € valid-cfg MDP.MC'.enabled cfg zs
shows stream-trans (smap (snd o state) xs)
using assms
proof (coinduction arbitrary: cfg xs)
case prems: (pairwise cfg xs)
let %zs = stl (stl xs) let ?x = shd xzs let 2y = shd (stl xs)
from MDP.pred-stream-cfg-on|OF prems| have x:
pred-stream (Acfg. state cfg € S N cfg € MDP.cfg-on (state cfg)) zs .
obtain [ R I’ R’ where eq: state %z = (I, R) state 2y = (I/, R') by force
moreover from x have %z € MDP.cfg-on (state ?z) ?x € wvalid-cfy
by (auto intro: MDP.valid-cfgl simp: stream.pred-set)
moreover from prems(2) have %y € K-cfg 2z by (auto elim: MDP.MC'.enabled.cases)
ultimately have trans R R’
by (intro K-cfg-trans[where cfg = %z and c¢fg’ = ?y and [ = [ and I’ = I']) metis+
with <%z € valid-cfg> prems(2) show ?case
apply (inst-existentials R R’ smap (snd o state) ?xs)
apply (simp add: eq; fail)+
apply (rule disjl1, inst-existentials ?z stl xs)
by (auto simp: eq elim: MDP.MC'.enabled.cases)
qed

lemma stream-trans-trans:
assumes stream-trans s
shows trans (zs ! ) (stl xs ! 7)
using pairwise-Suc assms by auto

lemma trans-eg-elapsed:
assumes trans v v’ v € V
shows eq-clapsed u u’
using assms
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proof cases

case (succ t)

with finite(1) show ?thesis by (auto simp: cval-add-def elapsed-def maz-def eq-elapsed-def)
next

case prems: (reset [)

then have v/ ¢c —uc < 0 if c € X for ¢

using that <u € V> by (cases ¢ € set 1) (auto simp: V-def)

then have elapsed v v’ = 0 unfolding elapsed-def using finite(1)

apply simp

apply (subst Maz-insert2)

by auto

then show %thesis by (auto simp: eg-elapsed-def)
next

case id

then show ?Zthesis

using finite(1) by (auto simp: Max-gr-iff elapsed-def eg-elapsed-def)

qed

lemma pairwise-trans-eq-elapsed:
assumes stream-trans s pred-stream (A u. u € V) xs
shows pairwise eq-elapsed xs
using trans-eq-elapsed assms by (auto intro: pairwise-mp simp: stream.pred-set)

lemma not-reset-dur:
assumes Vk>i. k < j — = zero ¢ ([xs !l k]g) j > i ¢ € X stream-trans xs
Y i. eg-elapsed (zs ! i) (zs ! Suc i)V i. xs'ie V
shows dur xs j — dur zs i = (xs 1! j) ¢ — (zs 11 9) ¢
using assms
proof (induction j)
case () then show ?case by simp
next
case (Suc j)
from stream-trans-trans|OF Suc.prems(4)] have trans: trans (zs !! j) (zs 1! Suc j) by auto
from Suc.prems have x:
= zero ¢ ([xs I Suc jlr) eg-elapsed (xs 1! j) (zs 1! Suc j) if Sucj > i
using that by auto
from Suc.prems(6) have xs!! j € Vas ! Suc j € V by blast+
then have regions: [zs !! jjlr € R [zs ! Suc jlr € R by auto
from trans have (zs !! Suc j) ¢ — (zs 1 j) ¢ > 0 if Suc j > i
proof (cases)
case succ
with regions show ?thesis by (auto simp: cval-add-def)
next
case prems: (reset [)
show ?thesis
proof (cases ¢ € set l)
case Fulse
with prems show ?2thesis by auto
next
case True
with prems have (zs ! Suc j) ¢ = 0 by auto
moreover from assms have zs !! Suc j € [zs I Suc jlg by blast
ultimately have
zero ¢ ([zs I Suc jlr)
using zero-all[OF finite(1) - <¢c € X»] regions(2) by (auto simp: R-def)
with * that show ?Zthesis by auto
qed
next
case id then show ?thesis by simp
qged
with * (¢ € X elapsed-eq have
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«: elapsed (xs 1 j) (zs ! Suc j) = (ws ! Suc j) ¢ — (ws 11 j) ¢
if Sucj > i
using that by blast
show ?case
proof (cases i = Suc j)
case Fulse
with Suc have
dur zs (Suc j) — dur xs i = dur xs (Suc j) — dur zs j + (xzs 1! j) ¢ — (ws 11 @) ¢

by auto

also have ... = elapsed (zs ! j) (zs ! Suc j) + (ws 1 j) ¢ — (zs ! i) ¢
by (simp add: dur-Suc)

also have

c=(zs M Sucj) c— (zsNj) e + (xs!j)e— (xs!i)c
using * Fualse Suc.prems by auto

also have ... = (zs !l Suc j) ¢ — (zs ! i) ¢ by simp
finally show ?thesis by auto

next
case True
then show ?thesis by simp

qged

qed

lemma not-reset-dur’:
assumes Vji>i. - zero ¢ ([zs ! jlg) 7 > i ¢ € X stream-trans zs
V i. eg-elapsed (xs ! 4) (xzs!! Suc )V j.oas!lje V
shows dur xs j — dur zs i = (xzs 11 j) ¢ — (xs !l @) ¢
using assms not-reset-dur by auto

lemma not-reset-unbounded:
assumes Vj>i. = zero ¢ ([zs ! jlg) j > i ¢ € X stream-trans xs
V i. eq-elapsed (xs 1! 4) (xzs!! Suc )V j.oas!lje V
unbounded ¢ ([zs ! i|Rr)
shows unbounded ¢ ([xs ! j]gr)
proof —
let 2u = as !l ilet 2u’ = zs ! jlet ?R = [zs !! i]r
from assms have ?u € ?R by auto
from assms(6) have 7R € R by auto
then obtain I r where ?R = region X I r valid-region X k I r unfolding R-def by auto
with assms(3,7) unbounded-Greater <?u € ?R» have ?u ¢ > k ¢ by force
also from not-reset-dur |OF assms(1—6)] dur-mono[OF <j > iy, of xs] have %u’ ¢ > ?u ¢ by auto
finally have ?u’ ¢ > k ¢ by auto
let R’ = [zs !l j]»
from assms have ?u’ € ?R’ by auto
from assms(6) have 7R’ € R by auto
then obtain I r where ?R’ = region X I r valid-region X k I r unfolding R-def by auto
moreover with «?u’ ¢ > - «?u’ € - gt-GreaterD <c € X» have I ¢ = Greater (k ¢) by auto
ultimately show ?thesis using Greater-unbounded[OF finite(1) - <¢c € X»] by auto
qed

lemma gt-unboundedD:
assumes u € R
and R € R
and c € X
and real (kc) < uc
shows unbounded ¢ R
proof —
from assms obtain I r where R = region X I r valid-region X k I r
unfolding R-def by auto
with Greater-unbounded|of X k I r c| gt-GreaterD[of u X I r k c] assms finite(1) show ?thesis
by auto
qed
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definition trans’ :: (‘c, t) cval = (¢, t) cval = bool where
trans’ u v’ =
(VeeXue>kehnvwe>kehu#u)—u' =ud 0.5 A
(FeceXuc=0Au"c>0NNceX. fd. d <kcAu' c=reald))
— u’ = delayedR ([u|r) u)

lemma zerol:
assumes cce XY ue€ Vuc=10
shows zero ¢ ([u]r)
proof —
from assms have u € [ulr [ulr € R by auto
then obtain I r where [ulg = region X I r valid-region X k I r unfolding R-def by auto
with zero-all[OF finite(1) this(2) «c € X»] «u € [u|lr> <u ¢ = 0> show ?thesis by auto
qed

lemma zeroD:
vz = 0if zero z ([ulg) u € V
using that by (metis regions-part-ex(1) zero-def)

lemma not-zeroD:
assumes - zero ¢ ([ulg) u € Va e X
shows vz > 0
proof —
from zerol assms have u x # 0 by auto
moreover from assms have u x > 0 unfolding V-def by auto
ultimately show ?thesis by auto
qed

lemma not-const-intv:
assumes u € V VceeX. ﬂd. d<kcANuc=reld
shows VceX. Vu € [ulg. Bd. d < ke Awuc=reald
proof —
from assms have u € [ulr [ulr € R by auto
then obtain I r where I: [u]lg = region X I r valid-region X k I r unfolding R-def by auto
have fid. d <kcAu' c=realdifcec X u' € [ur for cu’
proof safe
fix d assume A: d < kcu' ¢c=real d
from [ that have intv-elem c u' (I ¢) valid-intv (k ¢) (I ¢) by auto
then show Fulse
using A I «u € [ulgr) <c € X» assms(2) by (cases; fastforce)
qed
then show ?thesis by auto
qed

lemma K-cfg-trans’:

assumes repcs (I, u) ¢fg € MDP.cfg-on (1, u) cfg’ € K-cfg (repes (1, u) cfg)
state cfg’ = (I, u') (I, u) € S ¢fg € R-G.valid-cfg abss (I, u) = state cfg

shows trans’ u u’

using assms

apply (simp add: set-K-cfq)

apply (drule MDP.cfg-onD-action)

apply (cases rule: K.cases)

apply assumption

proof goal-cases
case prems: (11 ut)
from assms <- = (I, u)» have repcs (I, u) cfg € valid-cfg by (auto intro: MDP .valid-cfgI)
then have absc (repes (I, u) cfg) € R-G.valid-cfg by auto
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from prems have x: rept (I, u) (action cfg) = return-pmf (I, v ® t) unfolding repcs-def by auto
from <abss - = - <- = (I, u)» <cfg € R-G.valid-cfg> have
action cfg € K (abss (1, u))
by (auto dest: R-G-I)
from abst-rept-id[OF this] * have action cfg = abst (return-pmf (I, u @ t)) by auto
with prems have xx: action cfg = return-pmf (I, [u ® t]z) unfolding abst-def by auto
show ?thesis
proof (casesV c € X. uc > kc)
case True
from prems have u @ t € [u]g by (auto intro: upper-right-closed|OF True])
with prems have [u @ t|g = [u]g by (auto dest: alpha-interp.region-unique-spec)
with s« have action cfg = return-pmf (1, [u]r) by simp
with True have rept (I, u) (action cfg) = return-pmf (I, u @ 0.5)
unfolding rept-def using prems by auto
with *« have u ® t = u ® 0.5 by auto
moreover from prems have v’ = u & ¢ by auto
moreover from prems True have V ¢ € X. u' ¢ > k ¢ by (auto simp: cval-add-def)
ultimately show ?thesis using True <- = (I, u)) unfolding trans’-def by auto
next
case F: Fulse
show ?thesis
proof (cases 3ceX. uc=0AN0<u'cA (VeeX. Ad. d<kcAu'c=reald))
case True
from prems have u’ € [u/]g by auto
from prems have [u @ t]g € Succ R ([ulr) by auto
from True obtain ¢ where ¢ € X u ¢ = 0u' ¢ > 0 by auto
with zerol prems have zero ¢ ([ulr) by auto
moreover from <u’ € - <u’ ¢ > 0> have = zero ¢ ([u']gr) unfolding zero-def by fastforce
ultimately have [u & t]g # [u]r using prems by auto
moreover from True not-const-intv prems have
Vucludtlrp.VeeX. fd. d<kcAuc=reald
by auto
ultimately have 3R’ (I, u) € S A
action cfg = return-pmf (I, R') A
R’ € Succ R ([ulr) A [ulgr # R’ A (VueR". VceX. d. d < kc A uc=reld)
apply —
apply (rule exI[where z = [u @® t|r])
apply safe
using prems *x by auto
then have
rept (I, w) (action cfy)
= return-pmf (I, delayedR (SOME R'. action cfg = return-pmf (I, R’)) u)
unfolding rept-def by auto
with * s prems have u’ = delayedR ([u @ t|r) u by auto
with F True prems show ?thesis unfolding trans’-def by auto
next
case Fulse
with F' «- = (I, u)> show ?thesis unfolding trans’-def by auto
qed
qed
next
case prems: (2 - - T )
then obtain X where X: v’ = ([X := 0Ju) (X, l') € set-pmf u by auto
from ¢- € S) have u € V by auto
let 9r = SOME r. setr = X
show ?Zcase
proof (cases X = {})
case True
with X have v = v’ by auto
with non-empty show ?thesis unfolding trans’-def by auto
next
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case Fulse
then obtain z where z € X by auto
moreover have X C X using admissible-targets-clocks(1)[OF prems(10) X(2)] by auto
ultimately have z € & by auto
from <X C X» finite(1) obtain r where set r = X using finite-list finite-subset by blast
then have r: set r = X by (rule somel)
with <z € X> X have v’ z = 0 by auto
from Xr<«ue V<X C X have v’ z < u z for z
by (cases x € X; auto simp: V-def)
have False if u' 2 > 0 AN uz = 0 for z
using «u’ - < -[of z] that by auto
with (v’ z = 0)> show ?thesis using <z € X unfolding trans’-def by auto
qed
next
case 3
with non-empty show ?case unfolding trans’-def by auto
qed

coinductive enabled-repcs where
enabled-repcs (shd xs) (stl xs) = shd xs = repcs st’ cfg’ = st’ € rept st (action cfg)
= abss st’ = state cfg’
= c¢fg’ € R-G.valid-cfg
= enabled-repcs (repcs st cfg) xs

lemma K-cfg-rept-in:
assumes cfg € R-G.valid-cfg
and abss st = state cfg
and cfg’ € K-cfg cfg
shows (THE s'. s’ € set-pmf (rept st (action cfg)) A abss s’ = state cfg’)
€ set-pmf (rept st (action cfg))
proof —
from assms(1,2) have action cfg € K (abss st) by (auto simp: R-G-I)
from <cfg’ € -» have
cfg’ = cont cfg (state cfg’) state cfg’ € action cfy
by (auto simp: set-K-cfg)
with abst-rept-id[OF <action - € -»] pmf.set-map have
state cfg’ € abss ¢ set-pmf (rept st (action cfg)) unfolding abst-def by metis
then obtain st’ where
st’ € rept st (action cfg) abss st’ = state cfg’
unfolding abst-def by auto
with K-cfg-rept-auz[OF assms(1,2) this(1)] show ?thesis by auto
qed

lemma enabled-repcsl:
assumes c¢fg € R-G.valid-cfg abss st = state cfg MDP.MC.enabled (repcs st cfg) xs
shows enabled-repcs (repes st cfg) zs using assms
proof (coinduction arbitrary: cfg xs st)
case prems: (enabled-repcs cfg xs st)
let %2 = shd zs and %y = shd (stl zs)
let ?st = THE s'. s’ € set-pmf (rept st (action cfg)) A abss s’ = state (absc ?x)
from prems(3) have %z € K-cfg (repcs st cfg) by cases
with K-cfg-map-repcs|OF prems(1,2)] obtain cfg’ where
cfg’ € K-cfg cfg 2z = repcs (THE s'. s’ € rept st (action cfg) N\ abss s’ = state cfg’) cfg’
by auto
let ?st = THE s’. s’ € rept st (action cfg) N abss s’ = state cfg’
from K-cfg-rept-action|OF prems(1,2) <cfg’ € -] have abss ?st = state cfg’ .
moreover from K-cfg-rept-in|OF prems(1,2) <cfg’ € -] have ?st € rept st (action cfg) .
moreover have cfg’ € R-G.valid-cfg using <cfg’ € K-cfg cfg) prems(1) by blast
moreover from absc-repcs-id|OF this <abss ?st = state cfg"] <2z = -» have absc %z = cfyg
by auto

!/
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moreover from prems(3) have MDP.MC.enabled (shd xs) (stl xs) by cases
ultimately show Zcase
using <%z = - by (inst-existentials s ?st absc ?x st cfg) fastforce+
qed

lemma repcs-eq-rept:
rept st (action cfg) = rept st”’ (action cfg’’) if repcs st cfg = repcs st'’ cfg”
by (metis (mono-tags, lifting) action-cfg-corec old.prod.case repcs-def that)

lemma enabled-stream-trans'’:
assumes cfg € R-G.valid-cfg abss st = state cfg MDP.MC'.enabled (repes st cfg) s
shows pairwise trans’ (smap (snd o state) xs)
using assms
proof (coinduction arbitrary: cfg xs st)
case prems: (pairwise cfg xs)
let %xs = stl xs
from prems have A: enabled-repcs (repes st cfg) zs by (auto intro: enabled-repesI)
then obtain st’ cfg’ where
enabled-repes (shd xs) (stl zs) shd xs = repcs st’ cfg’ st’ € rept st (action cfg)
abss st’ = state cfg’ cfg’ € R-G.valid-cfg
apply atomize-elim
apply (cases rule: enabled-repcs.cases)
apply assumption
subgoal for st’ cfg’ st’’ cfg”’
by (inst-existentials st’ cfg’) (auto dest: repcs-eg-rept)
done
then obtain st’ ¢fg’’ where
enabled-repes (shd ?xzs) (stl ?xs)
shd ?xs = repes st” cfg’ st € rept st’ (action cfg’) abss st’’ = state cfg”’
by atomize-elim (subst (asm)enabled-repes.simps, fastforce dest: repcs-eq-rept)
let %z = shd zs let %y = shd (stl xs)
let ?cfg = repes st cfg
from prems have ?cfg € valid-cfg by auto
from MDP.pred-stream-cfg-on[|OF «?cfg € valid-cfgr prems(3)] have x:
pred-stream (Acfyg. state cfg € S N cfg € MDP.cfg-on (state cfg)) zs .
obtain [ u I’ v’ where eq: st’ = (I, u) st'" = (I’, u’)
by force
moreover from *x have
%r € MDP.cfg-on (state ?z) %z € wvalid-cfg
by (auto intro: MDP.valid-cfgl simp: stream.pred-set)
moreover from prems(3) have %y € K-cfg ?x by (auto elim: MDP.MC'.enabled.cases)
ultimately have trans’ u v’
using «?%r = - <%y = - «cfg’ € - <abss st' = -
by (intro K-cfg-trans’) (auto dest: MDP .valid-cfg-state-in-S)
with «?x € wvalid-cfg) <cfg’ € R-G.valid-cfgy prems(3) <abss - = state cfg’y show ?case
apply (inst-existentials u u’ smap (snd o state) (stl ?xs))
apply (simp add: eq «?x = - <2y = -»; fail)+
by ((intro disjl1 exl)?; auto simp: <?x = -» <%y = -» eq elim: MDP.MC.enabled.cases)
qed

lemma divergent-R-divergent:
assumes in-S: pred-stream (A u. u € V) xs
and div: divergent s
and trans: stream-trans xs
shows R-div (smap (A u. [u]r) zs) (is R-div %w)
unfolding R-div-def proof (safe, simp-all)
fix x4
assume z: z € X and bounded: Vi. 3j>i. = unbounded z ([zs ! j]r)
from in-S have zs-w: Vi. zs !l i € % ! i by (auto simp: stream.pred-set)
from trans in-S have elapsed:
V 4. eq-elapsed (xs ! ©) (ws I Suc )
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by (fastforce intro: pairwise-trans-eg-elapsed pairwise-Suc[where P = eg-elapsed))
{ assume A: Vj > i. = zero x ([zs ! jlr)
let 9t = durzsi+ kx
from div obtain j where j: dur zs j > dur zs ¢ + k x unfolding divergent-def by auto
then have k z < dur zs j — dur zs i by auto
also with not-reset-dur’|OF A less-imp-le[OF dur-monoD], of zs] <z € X» assms elapsed have
c=(zsNj)x— (zs!l i)z
by (auto simp: stream.pred-set)
also have ... < (zs !l j) z
using assms(1) <z € X» unfolding V-def by (auto simp: stream.pred-set)
finally have unbounded = ([zs !! jlr)
using assms <z € X» by (intro gt-unboundedD) (auto simp: stream.pred-set)
moreover from dur-monoD|of zs i j| j A have Vj' > j. = zero z ([zs !! j|r) by auto
ultimately have Vi>j. unbounded z ([zs !! i|R)
using elapsed assms x by (auto intro: not-reset-unbounded simp: stream.pred-set)
with bounded have False by auto

then show 3j>i. zero z ([zs !! jlr) by auto

{ assume A: Vj > i. zero z ([zs ! jlr)
from div obtain j where j: dur zs j > dur zs ¢ unfolding divergent-def by auto
then have j > ¢ by (auto dest: dur-monoD)
from A have Vj > 4. zero z (%w !l j) by auto
with dur-zero-tail]|OF zs-w - z <i < j» elapsed] j have False by simp

}

then show 3j>i. = zero z ([zs !! jlr) by auto

qed

lemma (in —)

fixes f :: nat = real

assumes V . fi >0V .3 j>i fij>dd>0
shows 3 n. (O] i < n. fi)>t

oops

lemma dur-ev-ezxceedsl:
assumes V .3 j>i. durxzsj — durzsi > dand d > 0
obtains ¢ where dur xs i > t
proof —

have base: 3 i. durxzsi > tif t < d for ¢

proof —
from assms obtain j where dur zs j — dur zs 0 > d by fastforce
with dur-pos[of zs 0] have dur xs j > d by simp
with «d > 0> <t < d> show ?Zthesis by — (rule exI[where x = j|; auto)

qed

have base2: 3 1. durxzsi > tif t < d for ¢

proof (cases t = d)
case Fulse
with <t < d> base show ?thesis by simp

next
case True
from base <d > 0> obtain ¢ where dur zs i > 0 by auto
moreover from assms obtain j where dur zs j — dur zs i > d by auto
ultimately have dur zs j > d by auto
with <t = d> show ?thesis by auto

qed

show ?thesis

proof (cases t > 0)
case Fulse
with dur-pos have dur zs 0 > t by auto
then show %thesis by (fastforce intro: that)

next
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case True
let 9m = nat [t / d]
from True have 3 4. dur xs ¢ > ?m x d
proof (induction ?m arbitrary: t)
case 0
with base[OF <0 < d)] show ?case by simp
next
case (Suc n t)
let %t =t —d
show ?case
proof (cases t > d)
case True
have %t /d=1t/d — 1

proof —
havet /d+ -1+ (t+—1x%xd)/d)+—1%x(d/d) =0
by (simp add: diff-divide-distrib)
thenhave t /d+ — 1 % ((t+ —1%d)/ d) =1
using assms(2) by fastforce
then show ?thesis

by algebra
qed
then have [?t / d] = [t / d] — 1 by simp
with «Suc n = -» have n = nat [?t / d] by simp

with Suc <t > d> obtain ¢ where nat [?¢t / d] % d < dur zs i by fastforce
from assms obtain j where dur xs j — dur zs i > d j > i by auto
with <dur zs i > - have nat [?t / d] x d + d < dur zs j by simp
with True have dur zs j > nat [t / d]| x d
by (metis Suc.hyps(2) <n = nat [(t — d) / d]> add.commute distrib-left mult.commute
mult.right-neutral of-nat-Suc)
then show ?thesis by blast
next
case Fulse
with <¢ > 0> <d > 0)> have nat [t / d] < I by simp
then have nat [t / d] * d < d
by (metis One-nat-def <Suc n = -» Suc-lel add.right-neutral le-antisym mult.commute
mult.right-neutral of-nat-0 of-nat-Suc order-refl zero-less-Suc)
with base2 show ?%thesis by auto
qed
qed
then obtain i where dur zs i > ?m *x d by atomize-elim
moreover from ¢ > 0» <d > 0» have ?m x d > ¢
using pos-divide-le-eq real-nat-ceiling-ge by blast
ultimately show ?thesis using that[of i] by simp
qed
qed

lemma not-reset-mono:
assumes stream-trans xs shd xs ¢c1 > shd xzs c2 stream-all (A u. v € V) zs ¢2 € X
shows (holds (A u. u ¢ > u ¢2) until holds (A u. u ¢ = 0)) zs using assms
proof (coinduction arbitrary: xs)
case prems: (UNTIL xs)
let ?zs = stl zs
let %2 = shd xs
let 2y = shd 7zs
show Zcase
proof (cases %z c1 = 0)
case Fulse
show ?thesis
proof (cases %y c1 = 0)
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case Fulse
from prems have trans ?z ?y by (intro pairwise-pairD[of trans))
then have 2y c1 > %y c2
proof cases
case A: (reset t)
show ?thesis
proof (cases c1 € set t)
case True
with A False show ?thesis by auto
next
case Fulse
from prems have %z c2 > 0 by (auto simp: V-def)
with A have %y ¢2 < %z ¢2 by (cases c2 € set t) auto
with A False <%z c1 > ?x c2> show ?thesis by auto
qed
qed (use prems in <auto simp: cval-add-def»)
moreover from prems have stream-trans ?xs stream-all (A u. uw € V) %xs
by (auto intro: pairwise-stlD stl-sset)
ultimately show #thesis
using prems by auto
qed (use prems in <auto intro: UNTIL.base»)
qed auto
qed

lemma R-divergent-divergent-aux:
fixes zs :: (‘c, t) cval stream
assumes stream-trans s stream-all (A u. uw € V) xs
(xsNi)yel =03 k>i k<jAn(xs!lk)c2=0
VEk>ik<j— (zsWk)cl #0
clekXc2elX
shows (zs ! j) ¢ > (zs ! j) c2
proof —
from assms obtain k where k: k > i k < j (zs ! k) ¢2 = 0 by auto
with assms(5) <k < j» have (xzs !l k) c¢1 # 0 by auto
moreover from assms(2) <c1 € X» have (zs ! k) ¢ > 0 by (auto simp: V-def)
ultimately have (zs !! k) c¢1 > 0 by auto
with «(zs !! k) ¢2 = 0> have shd (sdrop k zs) c¢1 > shd (sdrop k xs) ¢2 by auto
from not-reset-mono[OF - this| assms have
(holds (Au. w ¢2 < u c1) until holds (Au. u c1 = 0)) (sdrop k zs)
by (auto intro: sset-sdrop pairwise-sdropD)
from assms(5) k(2) <k > i» have V. m < j — k. (sdrop k s ! m) c1 # 0 by simp
with holds-untilD[OF «(- until -) -, of j — k] have
(sdrop k xzs ! (j — k)) ¢2 < (sdrop kxs ! (j — k)) ¢l .
then show (zs !! j) ¢2 < (ws !l j) ¢l using k(1,2) by simp
qed

lemma unbounded-all:
assumes R € R u € R unbounded x R x € X
shows vz > kz
proof —
from assms obtain I r where R: R = region X I r valid-region X k I r unfolding R-def by auto
with unbounded-Greater «x € X> assms(3) have I © = Greater (k z) by simp
with <u € R) R <z € X» show ?thesis by force
qed

lemma trans-not-delay-mono:
v e<wuciftansuvu veVzeXu z=0ce X
using «trans u u”
proof (cases)
case (reset [)
with that show ?thesis by (cases ¢ € set 1) (auto simp: V-def)
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ged (use that in <auto simp: cval-add-def V-def add-nonneg-eq-0-iff»)

lemma dur-reset:
assumes pairwise eg-elapsed xs pred-stream (A u. u € V) zs zero x ([zs ! Suc i|g) z € X
shows dur xs (Suc i) — dur xs i = 0
proof —
from assms(2) have in-V: zs !l Suci e V
unfolding stream.pred-set by auto (metis snth.simps(2) snth-sset)
with elapsed-ge-pos[of xs ! i zs ! Suc i z] pairwise-Suc[OF assms(1)] assms(2—) have
elapsed (xs ! ©) (zs ! Suc i) < (zs ! Suc i) z
unfolding stream.pred-set by auto
with in-V assms(3) have elapsed (zs ! 7) (zs ! Suc i) <
with elapsed-ge0[of zs ! i zs I! Suc i] have elapsed (zs !!
by linarith
then show ?thesis by (subst dur-Suc)
qed

by (auto simp: zeroD)
(zs

0
i) W Suci) =0

lemma resets-mono-0":
assumes pairwise eg-elapsed xs stream-all (A u. u € V) xs stream-trans s
Vi<izerox (as!ljlrp)z e X ce X
shows (zs ! i) c=(zs N 0) ¢V (zs !l i) ¢ =0
using assms proof (induction 7)
case (
then show Zcase by auto
next
case (Suc 1)
from Suc.prems have *: (xzs!! Suc i) x = 0 (xs i) z = 0
by (blast intro: zeroD snth-sset, force intro: zeroD snth-sset)
from pairwise-Suc[OF Suc.prems(3)] have trans (zs ! 7) (xs ! Suc 7) .
then show “case
proof cases
case prems: (succ t)
with * have ¢t = 0 unfolding cval-add-def by auto
with prems have (zs !! Suc i) ¢ = (zs !! i) ¢ unfolding cval-add-def by auto
with Suc show ?thesis by auto
next
case prems: (reset [)
then have (zs !! Suc i) ¢ = 0 V (zs !! Suc ©) ¢ = (s ! i) ¢ by (cases ¢ € set 1) auto
with Suc show %thesis by auto
next
case id
with Suc show %thesis by auto
qed
qed

lemma resets-mono’:
assumes pairwise eg-elapsed xs pred-stream (A u. u € V) xs stream-trans xs
Vik>ik<j— zerox (JzsNklg) z e X ce X i<]
shows (zs ! j) ¢ = (zs 1 %) ¢ V (ws !l j) ¢ = 0 using assms
proof —
from assms have 1: stream-all (A u. u € V) (sdrop i zs)
using sset-sdrop unfolding stream.pred-set by force
from assms have 2: pairwise eq-elapsed (sdrop i xs) by (intro pairwise-sdropD)
from assms have 3: stream-trans (sdrop i xs) by (intro pairwise-sdropD)
from assms have 4:
Vk<j — 4. zero z ([sdrop i zs ! k]R)
by (simp add: le-diff-conv2 assms(6))
from resets-mono-0'[OF 2 1 3 4 assms(5,6)] «<i < j» show ?thesis by simp
qed

lemma resets-mono:
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assumes pairwise eg-elapsed xs pred-stream (X u. u € V) xs stream-trans xs
VEik>i k<j— zerozx (JasNklg) z e X ce X i<
shows (zs !! j) ¢ < (zs !! ©) ¢ using assms
using assms by (auto simp: V-def dest: resets-mono’[where ¢ = c¢| simp: stream.pred-set)

lemma R-divergent-divergent-aux2:
fixes M :: (nat = bool) set
assumesV .V P e M. 3 j > i PjM #{} finite M
shows Vi3j>i3k>j3 Pe M. PjAPkANN m<k j<m-— - Pm)
AV QeM.Im<kj<mAQm)
proof
fix ¢
let 21 = Maxz {LEAST m. m >4iAPm|P. Pe M}
from <M # {}> obtain P where P € M by auto
let #m = LEAST m. m > i A Pm
from assms(1) <P € M) obtain j where j > Suc i P j by auto
then have j > i P j by auto
with «P € M» have ?m > i A P ?m by — (rule Leastl; auto)
moreover with <finite M» <P € M» have 21 > ?m by — (rule Maz-ge; auto)
ultimately have ?j1 > i by simp
moreover have 3 m > i. m < %1 A Pm if P € M for P
proof —
let Ym = LEAST m. m > i AN Pm
from assms(1) <P € M» obtain j where j > Suc i P j by auto
then have j > ¢ P j by auto
with <P € M» have ?m > i A P ?m by — (rule Leastl; auto)
moreover with «finite M»> <P € M) have %j1 > ?m by — (rule Maz-ge; auto)
ultimately show ?thesis by auto
qed
ultimately obtain jI where j1: j1 > iV P M. 3 m > 4. j1 > m A P m by auto
define k where k Q = (LEAST k. k > j1 N Q k) for Q
let % = Maz {k Q| Q. Q € M}
let 9P = SOMEP. Pe M ANk P =%
let %j = Maz {j. i <j A j<jl A ?Pj}
have % € {k Q | Q. Q € M} using assms by — (rule Maz-in; auto)
then obtain P where P: k P = %k P € M by auto
have % > k Q if Q € M for @ using assms that by — (rule Maz-ge; auto)
have x: P € M A k ?P = %k using P by — (rule somel|where z = PJ; auto)
with jI have 3 m > i. j1 > m A ?P m by auto
with (finite -» have 2j € {j. i < j A j<jl A ?P j} by — (rule Maz-in; auto)
have k: k Q > j1 A Q (k Q) if Q € M for Q
proof —
from assms(1) «Q € M)> obtain m where m > Suc jI Q m by auto
then have m > jI @ m by auto
then show k @ > j1 A Q (k Q) unfolding k-def by — (rule Leastl; blast)
qed
with x (?j € -» have ?P %k ?j < %k by fastforce+
have - ?P m if 2j < m m < ?k for m
proof (rule ccontr, simp)
assume ?P m
have m > j1
proof (rule ccontr)
assume - jI < m
with <2 < m» «%j € - have i < m m < jI by auto
with <ZP m» «(finite -» have ?j > m by — (rule Maz-ge; auto)
with «?j < m» show Fulse by simp
qed
with <?P m» <finite -» have k ?P < m unfolding k-def by (auto intro: Least-le)
with * <m < ?k)» show Fulse by auto
qged
moreover have 3 m < %. 2 <m A @ mif Q € M for Q

65



proof —
from k[OF «Q € M) have k Q > j1 A Q (k Q) .
moreover with (finite -» <Q € M» have k Q < 2k by — (rule Maz-ge; auto)
moreover with (?%j € -» <k Q > - A -» have ?j < k Q by auto
ultimately show %thesis by auto

qged

ultimately show
3j>i3k>j 3 Pe M. PiANPEkAN(NVN m<k. j<m-— - Pm)

AV QeM. I m<kj<mAQm)
using <?%j < 2ky <% € - «2P %k x by (inst-existentials ?j %k ?P; blast)
qed

lemma R-divergent-divergent:
assumes in-S: pred-stream (A u. u € V) xs
and div: R-div (smap (A u. [u]r) zs)
and trans: stream-trans xs
and trans’: pairwise trans’ s
and unbounded-not-const:
Vu. (VeeX. real (kc) < uc) — = ev (alw (Axs. shd s = u)) xs
shows divergent xs
unfolding divergent-def proof
fix t
from pairwise-trans-eq-elapsed| OF trans in-S| have eg-elapsed: pairwise eg-elapsed xs .
define X1 where X1 = {z. . € X A (3i.V j > i. unbounded z ([zs ! j]r))}
let % = Max {(SOME i. ¥ j > i. unbounded = ([xs !! jlr)) | z. x € X}
from finite(1) non-empty have
% € {(SOME i.¥ j > i. unbounded z ([zs ! jlr)) | z. x € X'}
by (intro Maz-in) auto
have unbounded z ([zs ! jlg) if x € X1 j > % for z j
proof —
have X1 C X unfolding XI-def by auto
with finite(1) non-empty <z € X1 have *:
% > (SOME i. ¥ j > i. unbounded = ([zs ! jlr)) (is % > %)
by (intro Maz-ge) auto
from «x € XI» have 3 k. V j > k. unbounded x ([zs !! jlgr) by (auto simp: X1-def)
then have V j > ?k. unbounded = ([zs !! jlg) by (rule somel-ex)
moreover from <j > 20> <%; > - have j > %k by auto
ultimately show ?thesis by blast
qed
then obtain ¢ where unbounded: ¥V z € X1.V j > i. unbounded z ([zs !! j]r)
using finite by auto
show 3 n. t < durzsn
proof (casesV z € X. (4. V j > i. unbounded = ([zs ! j]r)))
case True
then have X1 = X unfolding X1-def by auto
have 3k>j. 0.5 < dur zs k — dur zs j for j
proof —
let 2u = zs !! max ij
from in-S have ?%u € [?u|g [?ulr € R
by (auto simp: stream.pred-set)
moreover from unbounded <X1 = X» have
YV xz € X. unbounded x ([?u]r)
by force
ultimately haveV z € X. 2ux > k x
by (auto intro: unbounded-all)
with unbounded-not-const have — ev (alw (HLD {?u})) zs
unfolding HLD-iff by simp
then obtain r where
r>maxijas !l r# xs! Sucr
apply atomize-elim
apply (simp add: not-ev-iff not-alw-iff)
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apply (drule alw-sdrop[where n = maz i j))
apply (drule alwD)
apply (subst (asm) (3) stream.collapse[symmetric])
apply simp
apply (drule ev-neg-start-implies-ev-neq[simplified comp-def])
using stream.collapse|of sdrop (max i j) xs] by (auto 4 8 elim: ev-sdropD)
let %k = Suc r
from in-S have zs !! 2k € V using snth-sset unfolding stream.pred-set by blast
with in-S have x:
zsllrefzsrjg s rlg € R
xs !\l 2k € [as 1 %k]g [xs ! %kl € R
by (auto simp: stream.pred-set)
from <r > -» have r > i %k > i by auto
with unbounded <X1 = X» have
V z € X. unbounded z ([zs ! r|g) V x € X. unbounded x ([zs ! %k]r)
by (auto simp del: snth.simps(2))
with in-ShaveV z € X. (zs ! r)z > kaVeze X (sl %k)z > kz
using * by (auto intro: unbounded-all)
moreover from trans’ have trans’ (s !l r) (zs 1! 2k)
using pairwise-Suc by auto
ultimately have (zs !l %) = (zs!! r) @ 0.5
unfolding trans’-def using «zs !! r # -» by auto
moreover from pairwise-Suc[OF eg-elapsed] have eg-elapsed (zs ! r) (zs ! 2k)
by auto
ultimately have
dur zs 2k — dur zs r = 0.5
using non-empty by (auto simp: cval-add-def dur-Suc elapsed-eq)
with dur-monolof j r xs] <r > max i j» have dur xs %k — dur zsj > 0.5

by auto
with «r > maz i j> show ?thesis by — (rule exl[where z = ?k|; auto)
ged
then show ?thesis by — (rule dur-ev-exceedsI[where d = 0.5]; auto)
next
case Fulse

define X2 where X2 = X — X1
from False have X2 # {} unfolding X1-def X2-def by fastforce
have inf-resets:
Vi. (3j>i. zero x ([xs ! jlr)) A (3j>4. = zero z ([xzs ! j]r)) if z € X2 for z
using that div unfolding X1-def X2-def R-div-def by fastforce
have 3 j > i. 3 k> j. 3 z € X2. zero z ([zs ! jlr) A zero z ([xs ! k]gr)
ANV m.j<mAm<k— —zerozx ([zs !l mlg))
ANNVzeX2.3mj<mAm<EkA zeroz ([zs !l m|g))
AN z e X1.V m>j unbounded z ([zs !! m]r)) for i
proof —
from unbounded obtain i’ where iV z € X1.V m > i’ unbounded z ([zs !! m]g) by auto
then obtain i’ where 7"
i'> iV x e X1.¥V m > i unbounded x ([zs ! m]g)
by (cases i’ > i; auto)
from finite(1) have finite X2 unfolding X2-def by auto
with (X2 # {} R-divergent-divergent-auz2[where M = {\ i. zero z ([zs ! i]g) | z. © € X2}]
inf-resets
have 3j>i’. 3k>j. IPe{\i. zero z ([xs ! i]g) |x. z € X2}. Pj A Pk
ANNVm<k.j<m— = Pm)A (NQe{\i. zeroz ([xs!! {r) |z. z € X2}. Im<k.j < m A Q m)
by force
then obtain j k£ x where
j>i'k>jze X2zerox ([zs ! jlr) zero z ([zs I! k]R)
Vm.j<mAm<k— = zeroxz ([zs !! m]gr)
VQe{\i. zero z ([xs ! {lr) |z. z € X2} Im<k.j<mA Qm
by auto
moreover from this(7) have Yz€X2. Im < k. j < m A zero z ([zs ! m]g) by auto
ultimately show ?thesis using i’
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by (inst-existentials j k z) auto
qed
moreover have 3 j' > j. dur zs j' — dur zs i > 0.5
if ©:2¢e€ X2i<jzerox ([zs!! ilr) zero z ([zs ! jlr)
and not-reset: ¥ m. i < m A m < j— = zero z ([zs ! m]g)
and X2:V ze€ X2. 3 m.i<mAm<jA zeroz ([xs !l mlg)
and X1:V z € X1.V m > i. unbounded z ([zs ! m|r)
for zij
proof —
have 3j'>j. = zero z ([zs ! jr)
proof —
from inf-resets|OF z(1)] obtain j’' where j' > Suc j = zero z ([zs !! j|r) by auto
then show ?thesis by — (rule exl[where z = j'|; auto)
qed
from inf-resets|OF z(1)] obtain j’ where j' > Suc j = zero z ([zs !! j|r) by auto
with nat-eventually-critical-path[OF z(4) this(2)]
obtain j’ where j”
j'>jozeroz (s jr)V m > 4. m < j' — zero z ([zs ! m]g)
by auto
from (x € X2) have z € X unfolding X2-def by simp
with < < j» not-reset not-reset-dur <stream-trans -» in-S pairwise-Suc[OF eg-elapsed] have
durazs (j — 1) — durzsi=(xs!! (j — 1)) x — (zs 1 4) z (is ?d1 = ?d2)
by (auto simp: stream.pred-set)
moreover from <zero z ([zs !! i|z)> in-S have (zs !l i) z = 0
by (auto intro: zeroD simp: stream.pred-set)
ultimately have
durazs (j — 1) — durzsi = (xzs!! (j — 1)) z (is 2d1 = ?d2)
by simp
show ?thesis
proof (cases ?d1 > 0.5)
case True

with dur-monolof j — 1 j zs] have
5/ 10 < durxzsj — dur xs i
by simp
then show ?thesis by blast
next
case Fulse
have j-c-bound: (zs!! j) ¢ < 2d2 if ¢ € X2 for ¢
proof (cases (zs ! j) ¢ = 0)
case True
from in-S <j > - True <x € X»> show ?thesis by (auto simp: V-def stream.pred-set)
next
case Fulse
from X2 <c € X2> in-S have 3k>i. k <jA (zs!lk) c=0
by (force simp: zeroD stream.pred-set)
with False have
Fk>i. k<j—SucO A (zsNk)c=10
by (metis Suc-le-eq Suc-pred linorder-negE-nat not-less not-less-zero)
moreover from that have ¢ € X by (auto simp: X2-def)
moreover from not-reset in-S «x € X» have
Vk>i.k<j—1— (xsVk)z#0
by (auto simp: zerol stream.pred-set)
ultimately have
(zsWN(j — 1)) ¢ < 242
using trans in-S - x = 0y <x € X
by (auto intro: R-divergent-divergent-aux that simp: stream.pred-set)
moreover from
trans-not-delay-mono[OF pairwise-Suc[OF trans|, of j — 1]
€ Xy <c € XG> in-Sx(4)
have (zs!! j) ¢ < (zs!! (j — 1)) ¢ by (auto simp: zeroD stream.pred-set)
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ultimately show ?thesis by auto
qed
moreover from Fulse «?d1 = ?d2)> have ?d2 < 1 by auto
moreover from in-S have (zs!! j) ¢ > 0 if ¢ € X for ¢
using that by (auto simp: V-def stream.pred-set)
ultimately have frac-bound: frac ((zs !! j) ¢) < %d2 if ¢ € X2 for ¢
using that frac-le-1I by (force simp: X2-def)

let 2u = (ws !l j)
from in-S have [zs !! jjg € R by (auto simp: stream.pred-set)
then obtain I » where region:
[xs ! jlr = region X I r valid-region X k I r
unfolding R-def by auto
let 25 = {frac (?uc) | c. c € X A isIntv (I ¢)}
have X-X2: ¢c € X2 if ¢ € X isIntv (I ¢) for ¢
proof —
from X1 <j > © have VzeXI. unbounded z ([zs !! jlr) by auto
with unbounded-Greater|OF region(2) <c € X»] region(1) that(2) have ¢ ¢ X1 by auto
with (¢ € &) show ¢ € X2 unfolding X2-def by auto
qed
have frac-bound: frac ((zs!! j) ¢) < 2d2 if ¢ € X isIntv (I ¢) for ¢
using frac-bound|OF X-X2] that .
have dur zs (j' — 1) = dur zs j using j' <z € X» in-S eg-elapsed
by (subst dur-zero-taill[where w = smap (X u. [u]r) xs])
(auto dest: pairwise-Suc simp: stream.pred-set)
moreover from dur-reset[OF eg-elapsed in-S, of ¢ j — 1] <x € X»> z(4) ¢j > -» have
dur xzs j = dur zs (j — 1)
by (auto simp: stream.pred-set)
ultimately have dur xzs (j' — 1) = dur zs (j — 1) by auto
moreover have dur zs j' — dur zs (j' — 1) > (1 — 2d2) / 2
proof —
from <¢j’ > -» have j' > 0 by auto
with pairwise-Suc[OF trans’, of j' — 1] have
trans’ (zs !l (j' — 1)) (zs ! §")
by auto
moreover from ;' have
(xsMN (G —1)z=0(xs"Nj)ax>0
using in-S «x € X» by (force intro: zeroD dest: not-zeroD simp: stream.pred-set)+
moreover note delayedR-aux = calculation
obtain ¢ where
(s j)=(as NG — 1) @tt>(1—2d2) )/ 2t>0
proof —
from in-S have [zs !! j|g € R by (auto simp: stream.pred-set)
then obtain I’ r’ where region”:
[zs ! jlr = region X I’ v’ valid-region X kI’ r
unfolding R-def by auto
let 25" = {frac ((xs!! (j' — 1)) ¢) |c. ¢ € X A Regions.isIntv (I’ ¢)}

/

from finite(1) have ?d2 > Max (25’ U {0})
apply —
apply (rule Maz.boundedl)
apply fastforce
apply fastforce
apply safe
subgoal premises prems for - ¢ d
proof —
from j' have (zs!! (' — 1)) c=%ucV (zs (j' = 1)) c=0
by (intro resets-mono’|OF eg-elapsed in-S trans - <x € X» <c € X>]; auto)
then show ?thesis
proof (standard, goal-cases)
case A: 1
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show ?thesis
proof (cases ¢ € X1)
case True
with X1 <’ > j» «j > ©» have unbounded ¢ ([zs ! j|r) by auto
with region’ <¢c € X» have I’ ¢ = Greater (k ¢)
by (auto intro: unbounded-Greater)
with prems show ?thesis by auto
next
case Fulse
with <¢c € X» have ¢ € X2 unfolding X2-def by auto
with j-c-bound have mono: (xzs !l j) ¢ < (zs!l (j — 1)) = .
from in-S <c € X» have (zs!l (j' — 1)) ¢ > 0
unfolding V-def stream.pred-set by auto
then have
frac (xs M (5’ = 1)) ¢) < (zsN (' = 1)) ¢
using frac-le-self by auto
with A mono show ?thesis by auto
qed
next
case prems: 2

have frac (0 :: real) = (0 :: real) by auto
then have frac (0 :: real) < (0 :: real) by linarith
moreover from in-S <z € X» have (zs !l (j — 1)) z > 0
unfolding V-def stream.pred-set by auto
ultimately show #thesis using prems by auto
qged
qed
using in-S «x € X» by (auto simp: V-def stream.pred-set)
then have le: (1 — ?d2) / 2 < (I — Maz (?S'U {0})) / 2 by simp

let 2u = zs ! j/
let 2u’ =as!l (j' — 1)
from in-S have x: 2u’ € V [?u ]l € R 2u € V [ulg € R
by (auto simp: stream.pred-set)
from pairwise-Suc[OF trans, of j' — 1] <j' > j> have
trans (xzs 1! (j' — 1)) (as ! §7)
by auto
then have Succ:
[s ' j1r € Suce R ([as ! (j' — D]r) A (T t> 0. 2u = 2u’ @ t)
proof cases
case prems: (succ t)
from * have ?u’ € [?u']r by auto
with prems *x show ?thesis by auto
next
case (reset [)
with (?u’ € Vs have ?u x < 2u’ z by (cases x € set I) (auto simp: V-def)
from j’ have zero z ([?u’|r) by auto
with «?u’ € V» have ?u’ z = 0 unfolding zero-def by auto
with <%u 2z < - «%u z > 0> show ?thesis by auto
next
case id
with x Succ-refilof R X k, folded R-def, OF - finite(1)] show %thesis
unfolding cval-add-def by auto
qed
then obtain ¢ where ¢: 2u =as!! (j' — 1) ® tt > 0 by auto
note Succ = Succ| THEN conjunct1]

show ?thesis

proof (cases 3 ¢ € X2.3 d :: nat. %u ¢ = d)
case True
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from True obtain ¢ and d :: nat where c:
ceEXceX2%c=d
by (auto simp: X2-def)
have %u x > 0 by fact
from pairwise-Suc[OF eg-elapsed, of j' — 1] <j' > j» have
eq-elapsed (zs ! (j' — 1)) %u
by auto
moreover from
elapsed-eq| OF this <x € X>] «(xzs ! (j' — 1)) . = 0> «(xs 1 j') = > 0>
have elapsed (zs ! (' — 1)) (zs ' j) > 0
by auto
ultimately have
fuc—(zs!N(j'=1)ec>0
using <c € X» unfolding eg-elapsed-def by auto
moreover from in-S have zs !! (j' — 1) € V by (auto simp: stream.pred-set)
ultimately have ?u ¢ > 0 using (¢ € X) unfolding V-def by auto
from region’ in-S <c € X» have intv-elem ¢ ?u (I' ¢)
by (force simp: stream.pred-set)
with <%u ¢ = d> «?u ¢ > 0> have %u ¢ > 1 by auto
moreover have (zs!! (j' — 1)) ¢ < 0.5
proof —
have (zs!! (j' — 1)) ¢ < (xzs ! j) ¢

using j'(1,3)
by (auto intro: resets-mono|OF eg-elapsed in-S trans - «<x € X) <c € X))
also have ... < 2d2 using j-c-bound[OF <c € X2)] .
also from «?d1 = 2d2) <—= 5 / 10 < -» have ... < 0.5 by simp
finally show ?thesis .
qed
moreover have ?d2 > 0 using in-S <z € X» by (auto simp: V-def stream.pred-set)
ultimately have ?u c — (zs!! (j' — 1)) ¢ > (I — ?d2) / 2 by auto
with ¢t have t > (1 — 2d2) / 2 unfolding cval-add-def by auto
with ¢t show ?thesis by (auto intro: that)
next
case F: Fualse
have not-const: - isConst (I’ ¢) if ¢ € X for ¢
proof (rule ccontr, simp)
assume A: isConst (I' ¢)
show Fulse
proof (cases ¢ € X1)
case True
with X7 <’ > j» <j > -» have unbounded ¢ ([zs !! j|r) by auto
with unbounded-Greater <c € X» region’ have isGreater (I’ ¢) by force
with A show Fualse by auto
next
case Fulse
with <¢ € X» have ¢ € X2 unfolding X2-def by auto
from region’ in-S <¢c € X» have intv-elem ¢ 2u (I’ ¢)
unfolding stream.pred-set by force
with (¢ € X2» A Fualse F show Fulse by auto
qed
qed
have #z. 2 < kc A (zs!! j) ¢ = real z if ¢ € X for ¢
proof (cases ¢ € X2; safe)
fix d
assume ¢ € X2 (zs 1 j') ¢ = real d
with F' show Fulse by auto
next
fix d
assume ¢ ¢ X2
with that have ¢ € X1 unfolding X2-def by auto
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with X1 <’ > 5 <j > © have unbounded ¢ ([?u]lr) by auto
from unbounded-all[OF - - this] <c € X» in-S have %u ¢ > k ¢
by (force simp: stream.pred-set)
moreover assume u c=reald d < kc
ultimately show False by auto
qed
with delayedR-aur have
(zs 1! j) = delayedR ([zs ! j|r) (zs ! (j' — 1))
using «z € X» unfolding trans’-def by auto
from not-const region’(1) in-S Succ(1) have
3t>0. delayedR ([zs ' j|r) (xs N (' — 1)) =as N (j' = 1) ® t A
(1 — Maz (25'U{0}))/2<t
apply simp
apply (rule delayedR-correct(2)[OF - - region’(2), simplified))
by (auto simp: stream.pred-set)
with le - = delayedR - -» show ?thesis by (auto intro: that)
qed
qed
moreover from pairwise-Suc[OF eg-elapsed, of j' — 1] <j' > 0> have
eq-elapsed (zs ! (j' — 1)) (xs ! j)
by auto
ultimately show dur xs j' — dur as (j' — 1) > (1 — 2d2) / 2
using j' > 0 dur-Suclof - j' — 1] «<x € X» by (auto simp: cval-add-def elapsed-eq)
qed
moreover from dur-monolof i j — 1 xs] <i < j> have dur zs i < dur zs (j — 1) by simp
ultimately have dur zs j' — dur xs i > 0.5 unfolding «?d1 = 2d2)[symmetric] by auto
then show %thesis using <j < j"» by — (rule exI[where x = j']; auto)
qed
qed
moreover
have 3 j' > 4. dur zs j' — dur xzs ¢ > 0.5 for ¢
proof —
from calculation(1)[of i] obtain j k x where
j>i k>j zeX2 zero x ([zs ! jlr)
zero x ([zs ! k]gr)
Vm.j<mAm<k— = zeroxz ([zs !! m|gr)
VzeX2. Im>j. m < k A zero z ([zs ! m|g)
VzeX1.Vm>j. unbounded x ([xs !l m]gr)
by auto
from calculation(2)[OF this(8,2,4—8)] obtain j’ where
j’>k 5 /) 10 < dur zs j' — dur xs j

by auto
with dur-monolof i j zs] <j > i» <k > j» show ?thesis by (intro exl[where z = j'|; auto)
qed
then show ?Zthesis by — (rule dur-ev-exceedsI[where d = 0.5]; auto)
qed
qed

lemma cfg-on-div-absc:
notes in-space- UNIV [measurable]
assumes cfg € cfg-on-div st st € S
shows absc cfg € R-G-cfg-on-div (abss st)
proof —
from assms have x: cfg € MDP.cfg-on st state cfg = st div-cfg cfg
unfolding cfg-on-div-def by auto
with assms have cfg € valid-cfg by (auto intro: MDP.valid-cfgl)
have almost-everywhere (MDP.MC.T cfg) (MDP.MC'.enabled cfg)
by (rule MDP.MC.AE-T-enabled)
moreover from x have AF x in MDP.MC.T cfg. divergent (smap (snd o state) x)
by (simp add: div-cfg-def)
ultimately have AE z in MDP.MC.T cfg. R-div (smap (snd o state) (smap absc x))
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proof eventually-elim
case (elim w)
let ?zs = smap (snd o state) w
from MDP.pred-stream-cfg-on|OF «<- € valid-cfg> <MDP.MC .enabled - -] have x:
pred-stream (A z. x € S) (smap state w)
by (auto simp: stream.pred-set)
have [snd (state z)|g = snd (abss (state z)) if © € sset w for z

proof —
from x that have state x € S by (auto simp: stream.pred-set)
then have snd (abss (state x)) = [snd (state z)|r by (metis abss-S snd-conv surj-pair)
then show ?thesis ..

qed

then have smap (A\z. [snd (state 2)|r) w = (smap (Az. snd (abss (state z))) w) by auto
from x have pred-stream (A u. u € V) %us
apply (simp add: map-def stream.pred-set)
apply (subst (asm) surjective-pairing)
using S-V by blast
moreover have stream-trans ?zs
by (rule enabled-stream-trans «- € valid-cfgy <MDP.MC.enabled - -»)+
ultimately show “case using (divergent -y <smap - w = -
by — (drule divergent-R-divergent, auto simp add: stream.map-comp state-absc)
qed
with <cfg € valid-cfg> have R-G-div-cfg (absc cfg) unfolding R-G-div-cfg-def
by (subst absc-distr-self) (auto intro: MDP .valid-cfgl simp: AE-distr-iff)
with R-G.valid-cfgD <cfg € valid-cfg> * show ?thesis unfolding R-G-cfg-on-div-def by auto force
qed

definition
alternating cfg = (AE w in MDP.MC.T cfg.

alw (ev (HLD {cfg. ¥V cfg’ € K-cfg cfg. fst (state cfg”) = fst (state cfg)})) w)

lemma K-cfg-same-loc-iff:
(Y cfg'e K-cfg cfg. fst (state cfg’) = fst (state cfg))
+— (Vcfg’e K-cfg (absc cfg). fst (state cfg’) = fst (state (absc cfg)))
if cfg € wvalid-cfg
using that by (auto simp: state-absc fst-abss K-cfg-map-absc)

lemma (in —) stream-all2-flip:
stream-all2 (Aa b. R b a) xs ys = stream-all2 R ys xs
by (standard; coinduction arbitrary: zs ys; auto dest: sym)

lemma A FE-alw-ev-same-loc-iff:
assumes cfg € valid-cfg
shows alternating cfg «— alternating (absc cfg)
unfolding alternating-def
apply (simp add: MDP.MC.T.AE-iff-emeasure-eq-1)
subgoal
proof —
show ?thesis (is (. =1) = (?y = 1))
proof —
have «: stream-all2 (As t. t = absc s) © y = stream-all2 (=) y (smap absc z) for z y
by (subst stream-all2-flip) simp
have %z = %y
apply (rule T-eg-rel-half[where f = absc and S = wvalid-cfg, OF HOL.refl, rotated 2])
subgoal
apply (simp add: space-stream-space rel-set-strong-def)
apply (intro alll impl)
apply (frule stream.rel-mono-strong[where Ra = \s t. t = absc s])
by (auto simp: * stream.rel-eq stream-all2-refl alw-holds-pred-stream-iff [symmetric]
K-cfg-same-loc-iff HLD-def comp-def elim!: alw-ev-cong)
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subgoal
by (rule rel-funl) (auto intro!: rel-pmf-refll simp: pmf.rel-map(2) K-cfg-map-absc)
using <cfg € wvalid-cfg> by simp+
then show ?thesis
by simp
qed
qed
done

lemma AE-alw-ev-same-loc-iff .
assumes cfg € R-G.cfg-on (abss st) st € S
shows alternating cfg «— alternating (repcs st cfg)
proof —
from assms have cfg € R-G.valid-cfyg
by (auto intro: R-G.valid-cfgl)
with assms show ?thesis
by (subst AE-alw-ev-same-loc-iff) (auto simp: absc-repcs-id)
qed

lemma (in —) cval-add-non-id:
False if b ® d = b d > 0 for d :: real
proof —
from that(1) have (b® d) z = b x
by (rule fun-cong)
with «d > 0> show Fulse
unfolding cval-add-def by simp
qed

lemma repcs-unbounded-AE-non-loop-end-strong:
assumes cfg € R-G.cfg-on (abss st) st € S
and alternating cfg
shows AE w in MDP.MC.T (repcs st cfg).
V u:(‘e=real). (¥V c€ X.uc>real (kc)) —
= (ev (alw (X xs. shd xs = u))) (smap (snd o state) w)) (is AE w in ?M. ?P w)
proof —
from assms have cfg € R-G.valid-cfyg
by (auto intro: R-G.valid-cfgl)
with assms(1) have repcs st cfg € valid-cfg
by auto
from R-G.valid-cfgD[OF <cfg € R-G.valid-cfg>] have cfg € R-G.cfg-on (state cfg) .
let 2U=Xu.|Jl€e L {ueK(u.p#reurnpmf (I, u) A (Y z € p. fst z = 1)}
let r = X w. Sup ({0} U (A p. measure-pmf p {z. snd © = u}) * ?2U u)
have [t-1: ru < 1 for u
proof —
have x: emeasure (measure-pmf u) {z. snd z = u} < 1
if p # return-pmf (I, u) Va€set-pmf p. fst = | for pand [ :: 's
proof (rule ccontr)
assume — emeasure (measure-pmf p) {z. snd r = u} < 1
then have 1 = emeasure (measure-pmf p) {x. snd r = u}
using measure-pmf.emeasure-ge-1-iff by force
also from that(2) have ... < emeasure (measure-pmf p) {(I, u)}
by (subst emeasure-Int-set-pmf[symmetric]) (auto introl: emeasure-mono)
finally show Fulse
by (simp add: measure-pmf.emeasure-ge-1-iff measure-pmf-eq-1-iff that(1))
qed
let 7S =
{map-pmf (A (X, ). (I, ([X := 0]u))) p | p lg. (I, g, p) € trans-of A}
have (A p. measure-pmf p {z. snd z = u}) * U u
C {0, 1} U (A p. measure-pmf p {z. snd x = u}) < 25
by (force elim!: K .cases)
moreover have finite 75
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proof —

have 25 C (A (I, g, ). map-pmf (A (X, I). (I, ([X := 0]u))) p) ‘ trans-of A
by force

also from finite(3) have finite ... ..
finally show ?%thesis .

qed

ultimately have finite (A p. measure-pmf p {z. snd v = u}) * ?U u)
by (auto intro: finite-subset)

then show ?thesis
by (fastforce intro: * finite-imp-Sup-less)

qged
{fixl:'sand u :: 'c = real and cfg :: ('s x ('c = real) set) cfy

assume unbounded: ¥ ¢ € X. u ¢ > k c and cfg € R-G.cfg-on (abss (I, u)) abss (I, u) € S
and same-loc: V c¢fg’ € K-cfg cfg. fst (state c¢fg’) =1

then have cfg € R-G.valid-cfg repes (I, u) cfg € valid-cfy
by (auto intro: R-G.valid-cfgl)

then have cfg-on: repcs (I, u) c¢fg € MDP.cfg-on (I, u)
by (auto dest: MDP .valid-cfgD)

from «cfg € R-G.cfg-on -» have action cfg € K (abss (I, u))
by (rule R-G.cfg-onD-action)

have K-cfg-rept: state * K-cfg (repes (I, u) cfg) = rept (I, u) (action cfg)
unfolding K-cfg-def by (force simp: action-repcs)
have | € L
using MDP.valid-cfg-state-in-S <repes (I, u) cfg € MDP.valid-cfg> by fastforce
moreover have rept (I, u) (action cfg) # return-pmf (I, u)
proof (rule ccontr, simp)
assume rept (I, u) (action cfg) = return-pmf (1, u)
then have action cfg = return-pmf (abss (I, u))
using abst-rept-id[OF <action cfg € -
by (simp add: abst-def)
moreover have (I, u) € S
using «- € S) by (auto dest: S-abss-S)
moreover have abss (I, u) = (I, [ulr)
by (metis abss-S calculation(2))
ultimately show False

using <rept (I, u) - = - unbounded unfolding rept-def by (auto dest: cval-add-non-id)
qed
moreover have rept (I, u) (action cfg) € K (1, u)
proof —

have action (repes (I, w) cfg) € K (I, u)
using cfg-on by blast
then show %thesis
by (simp add: repcs-def)
qed
moreover have V zeset-pmf (rept (I, u) (action cfg)). fst x =1
using same-loc K-cfg-same-loc-iff [of repcs (1, u) cfg]
<repes (1, w) - € valid-cfgy <cfg € R-G.valid-cfg> <cfg € R-G.cfg-on -»
by (simp add: absc-repcs-id fst-abss K-cfg-rept|symmetric))
ultimately have rept (I, u) (action cfg) € ?U u
by blast
then have measure-pmf (rept (I, w) (action cfg)) {z. snd z = u} < ?ru
by (fastforce intro: Sup-upper)
moreover have rept (I, u) (action cfg) = action (repes (I, u) cfg)
by (simp add: repcs-def)
ultimately have measure-pmf (action (repcs (I, u) ¢fg)) {z. snd x = u} < ?ru
by auto
}

note x = this

let 2S5 = {cfg. 3 cfg’ s. ¢fg’ € R-G.valid-cfg A cfg = repcs s cfg’ N abss s = state cfg'}
have start: repcs st cfg € 25
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using <cfg € R-G.valid-cfg> assms unfolding R-G-cfg-on-div-def
by clarsimp (inst-existentials cfg fst st snd st, auto)
have step: y € ?Sify € K-cfgxz € 25 for z y
using that apply safe
subgoal for c¢fg’ [ u
apply (inst-existentials absc y state y)
subgoal
by blast
subgoal
by (metis
K-cfg-valid-cfgD R-G.valid-cfgD R-G.valid-cfg-state-in-S absc-repcs-id cont-absc-1
cont-repcs1 repes-valid
)
subgoal
by (simp add: state-absc)
done
done
have *x: z € 2S5 if (repcs st cfg, ©) € MDP.MC'.acc for z
proof —
from MDP.MC.acc-relfunD[OF that] obtain n where (A a b. b € K-cfg a) " n) (repes st cfg) .
then show ?thesis
proof (induction n arbitrary: x)
case (
with start show ?case
by simp
next
case (Suc n)
from this(2)[simplified] show ?case
apply (rule relcomppFE)
apply (erule step)
apply (erule Suc.IH)
done
qed
qed
have xxx: almost-everywhere (MDP.MC.T (repcs st cfg)) (alw (HLD 2S))
by (rule AE-mp[OF MDP.MC.AE-T-reachable]) (fastforce dest: x* simp: HLD-iff elim: alw-mono)

from <alternating cfg> assms have alternating (repcs st cfg)
by (simp add: AE-alw-ev-same-loc-iff '[of - st])
then have alw-ev-same2: almost-everywhere (MDP.MC.T (repcs st cfg))
(alw (Aw. HLD (state —* snd —‘{u}) w —
ev (HLD {cfg. ¥ cfg’€set-pmf (K-cfg cfg). fst (state cfg’) = fst (state cfg)}) w))
for v unfolding alternating-def by (auto elim: alw-mono)

let ?X = {cfg = ('s x (¢ = real)) cfg. V ¢ € X. snd (state cfg) ¢ > k ¢}
let Y = {cfg. V cfg’ € K-cfq cfy. fst (state cfg’) = fst (state cfg)}

have (AE w in ?M. ?P w) +—
(AF win ?M. Y u :: ('c = real).
VeeX ue>kce)Nue€ snd ‘state  (MDP.MC.acc “ {repcs st cfg}) —
= (ev (alw (X zs. shd xs = w))) (smap (snd o state) w)) (is ?L «+— ?R)
proof
assume ?L
then show ?R
by eventually-elim auto
next
assume ?R
with MDP.MC.AE-T-reachable|of repes st cfg] show 7L
proof (eventually-elim, intro alll impl notl, goal-cases)
case (1 w u)
then show ?case
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by — (intro alw-HLD-smap alw-disjoint-ccontr[where
S = (snd o state) * MDP.MC.acc ““ {repcs st cfg}
and R = {u} and w = smap (snd o state) w
|; auto simp: HLD-iff comp-def)
qed
qged

also have ... +—
vV u:: (‘e = real).
VeeX uec>kce)ANuc€ snd ‘ state * (MDP.MC.acc “ {repcs st cfg}) —
(AE win ?M. = (ev (alw (X xs. shd xs = w))) (smap (snd o state) w)))
using MDP.MC.countable-reachable]of repcs st cfg)
by — (rule AE-all-imp-countable,
auto intro: countable-subset{where B = snd * state * MDP.MC.acc “* {repcs st cfg}])
also show ?thesis
unfolding calculation
apply clarsimp
subgoal for [ u x
apply (rule
MDP .non-loop-tail-strong|simplified, of snd snd (state x) ?Y 25 ?r (snd (state x))]
)
subgoal
apply safe
subgoal premises prems for c¢fg I1 ul - ¢fg’ 12 u2
proof —
have [simp]: 12 = 11 u2 = ul
subgoal
by (metis MDP.cfg-onD-state Pair-inject prems(4) state-repcs)
subgoal
by (metis MDP.cfg-onD-state prems(4) snd-conv state-repcs)
done
with prems have [simp]: u2 = u
by (metis (I, u) = state > <snd (I1, ul) = snd (state z)» <u2 = ul> snd-conv)
have [simp]: snd —‘ {snd (state z)} = {y. snd y = snd (state x)}
by (simp add: vimage-def)
from prems show ?thesis
apply simp
apply (erule *[simplified])
subgoal
using prems(1) prems(2)[symmetric] prems(53—) by (auto simp: R-G.valid-cfg-def)
subgoal
using prems(1) prems(2)[symmetric] prems(3—) by (auto simp: R-G.valid-cfg-def)
subgoal
using K-cfg-same-loc-iff [of repcs (11, snd (state x)) cfg’]
by (simp add: absc-repcs-id) (metis fst-abss fst-conv repcs-valid)
done
qed
done
subgoal
by (auto intro: lt-1[simplified])
apply (rule MDP.valid-cfgD|OF <repcs st cfg € valid-cfg>]; fail)
subgoal
using xxx unfolding alw-holds-pred-stream-iff [symmetric] HLD-def .
subgoal
by (rule alw-ev-same2)
done
done
qed

lemma cfg-on-div-repcs-strong:
notes in-space- UNIV [measurable]
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assumes cfg € R-G-cfg-on-div (abss st) st € S and alternating cfg
shows repcs st cfg € cfg-on-div st
proof —
let ?st = abss st
let ?cfg = repes st cfg
from assms have x:
cfg € R-G.cfg-on ?st state cfg = ?st R-G-div-cfg cfg
unfolding R-G-cfg-on-div-def by auto
with assms have cfg € R-G.valid-cfg by (auto intro: R-G.valid-cfgl)
with «st € S» «- = ?st) have ?cfg € valid-cfg by auto
from x(1) «st € S) <alternating cfg> have
AE w in MDP.MC.T %cfg. Yu. (VceX. real (kc) < uc) —
= ev (alw (Azs. shd zs = u)) (smap (snd o state) w)
by (rule repcs-unbounded-A E-non-loop-end-strong)
— Move to lower level
moreover from *(2,8) have AE w in MDP.MC.T %cfg. R-div (smap (snd o state) (smap absc w))
unfolding R-G-div-cfg-def
by (subst (asm) R-G-trace-space-distr-eq[OF «cfg € R-G.valid-cfg>]; simp add: AE-distr-iff)
ultimately have div-cfg ?cfqg
unfolding div-cfg-def using MDP.MC.AE-T-enabled[of ?cfg)
proof eventually-elim
case prems: (elim w)
let %xs = smap (snd o state) w
from MDP.pred-stream-cfg-on|OF «<- € valid-cfg> «MDP.MC'.enabled - -] have x:
pred-stream (A z. € S) (smap state w)
by (auto simp: stream.pred-set)
have [snd (state z)|g = snd (abss (state z)) if © € sset w for x
proof —
from * that have state x € S by (auto simp: stream.pred-set)
then have snd (abss (state x)) = [snd (state z)|g by (metis abss-S snd-conv surj-pair)
then show ?thesis ..
qed
then have smap (\z. [snd (state z)|r) w = (smap (Az. snd (abss (state z))) w) by auto
from x have pred-stream (A u. u € V) %xs
by (simp add: map-def stream.pred-set, subst (asm) surjective-pairing, blast)
moreover have stream-trans ?zs
by (rule enabled-stream-trans <- € valid-cfgy «MDP.MC'.enabled - -»)+
moreover have pairwise trans’ ?zs
using «- € R-G.valid-cfg) <state cfg = - [symmetric] <MDP.MC.enabled - -»
by (rule enabled-stream-trans’)
moreover from prems(1) have
Vu. (VeeX. real (kc) < uc) — = ev (alw (Azs. snd (shd zs) = u)) (smap state w)
by (simp add: comp-def)
ultimately show ?case using (R-div -
by (simp add: stream.map-comp state-absc <smap - w = -» R-divergent-divergent comp-def)
qed
with MDP.valid-cfgD <cfg € R-G.valid-cfgy * show ?thesis unfolding cfg-on-div-def by auto force
qed

lemma repcs-unbounded-AE-non-loop-end:
assumes cfg € R-G.cfg-on (abss st) st € S
shows AE w in MDP.MC.T (repcs st cfg).
(Vs ('sx (le=real)). (Vce X sndsc>ke) —
= (ev (alw (X zs. shd xs = s))) (smap state w)) (is AE w in M. ?P w)
proof —
from assms have cfg € R-G.valid-cfyg
by (auto intro: R-G.valid-cfgl)
with assms(1) have repcs st cfg € valid-cfg
by auto
from R-G.valid-cfgD[OF «cfg € R-G.valid-cfg)] have cfg € R-G.cfg-on (state cfg) .
let K = X z. {u € K z. p # return-pmf z}
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let ?r = X\ z. Sup (A p. measure-pmf p {z}) ‘ ?K z)
have lt-1: 7rx < 1 if p € ?K z for p z
proof —
have x: emeasure (measure-pmf p) {z} < 1 if p # return-pmf « for p
proof (rule ccontr)
assume — emeasure (measure-pmf pu) {z} < 1
then have emeasure (measure-pmf ) {z} = 1
using measure-pmf.emeasure-ge-1-iff by force
with that show Fulse
by (simp add: measure-pmf-eq-1-iff)
qed
let 25 =
{map-pmf (A (X, ). (I, ([X := 0]u))) p | pluyg.
z= (I, u) A(l g, p) € trans-of A}
have (A p. measure-pmf p {z}) ‘ ?K «
C {0, 1} U (A p. measure-pmf p {z}) < ¢S
by (force elim!: K.cases)
moreover have finite 75
proof —
have 25 C (A (I, g, ). map-pmf (A (X, ). (I, (clock-set-set X 0(snd x)))) u) * trans-of A
by force
also from finite(3) have finite ... ..
finally show ?thesis .
qed
ultimately have finite (A p. measure-pmf p {z}) ‘ 7K x)
by (auto intro: finite-subset)
then show ?thesis
using that by (auto intro: x finite-imp-Sup-less)
qed
{ fix s : s x (c = real) and cfg :: ('s x ('c = real) set) cfy
assume unbounded: ¥V ¢ € X. snd s ¢ > k c and cfg € R-G.cfg-on (abss s) abss s € S
then have repcs s cfg € valid-cfg
by (auto intro: R-G.valid-cfgl)
then have cfg-on: repcs s ¢fg € MDP.cfg-on s
by (auto dest: MDP .valid-cfgD)
from <cfg € -» have action cfg € K (abss s)
by (rule R-G.cfg-onD-action)
have rept s (action cfg) # return-pmf s
proof (rule ccontr, simp)
assume rept s (action cfg) = return-pmf s
then have action cfg = return-pmf (abss s)
using abst-rept-id[OF <action cfg € -]
by (simp add: abst-def)
moreover have (fst s, snd s) € S
using - € &) by (auto dest: S-abss-S)
moreover have abss s = (fst s, [snd s|gr)
by (metis abss-S calculation(2) prod.collapse)
ultimately show Fulse

using <rept s - = -» unbounded unfolding rept-def by (cases s) (auto dest: cval-add-non-id)
qed
moreover have rept s (action cfg) € K s
proof —

have action (repcs s cfg) € K s
using cfg-on by blast
then show ?thesis
by (simp add: repcs-def)
qed
ultimately have rept s (action cfg) € 7K s
by blast
then have measure-pmf (rept s (action cfg)) {s} < ors
by (auto intro: Sup-upper)
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moreover have rept s (action cfg) = action (repes s cfg)
by (simp add: repcs-def)
ultimately have measure-pmf (action (repcs s cfg)) {s} < ?rs
by auto
note this <rept s (action cfg) € 7K s
}
note x = this
let 25 = {cfg. 3 ¢fg’ s. ¢fg’ € R-G.valid-cfg N cfg = repes s c¢fg’ N\ abss s = state cfg’}
have start: repcs st cfg € 25
using <cfg € R-G.valid-cfg> assms unfolding R-G-cfg-on-div-def
by clarsimp (inst-existentials cfg fst st snd st, auto)
have step: y € 25 if y € K-cfgx x € 25 for z y
using that apply safe
subgoal for cfg’ | u
apply (inst-ezistentials absc y state y)
subgoal
by blast
subgoal
by (metis
K-cfg-valid-cfgD R-G.valid-cfgD R-G.valid-cfg-state-in-S absc-repcs-id cont-absc-1
cont-repesl1 repes-valid
)
subgoal
by (simp add: state-absc)
done
done
have xx: € 25 if (repcs st cfg, x) € MDP.MC.acc for z
proof —
from MDP.MC'.acc-relfunD][OF that] obtain n where (A a b. b € K-cfg a) " n) (repcs st cfg) x .
then show ?thesis
proof (induction n arbitrary: x)
case (
with start show ?case
by simp
next
case (Suc n)
from this(2)[simplified] show ?case
by (elim relcomppFE step Suc.IH)
qed
qed
have sxx: almost-everywhere (MDP.MC.T (repcs st cfg)) (alw (HLD ?5))
by (rule AE-mp|OF MDP.MC.AE-T-reachable]) (fastforce dest: s* simp: HLD-iff elim: alw-mono)

have (AE w in ¢M. %P w) <—
(AE win ?M. Y s = (s x (¢ = real)).
(VeeX sndsec>kc)Ase state * (MDP.MC.acc ““ {repes st cfg}) —
= (ev (alw (X zs. shd xs = s))) (smap state w)) (is 7L +— ?R)
proof
assume ?L
then show 7R
by eventually-elim auto
next
assume ?R
with MDP.MC.AE-T-reachable[of repcs st cfg] show ?L
proof (eventually-elim, intro alll impl notl, goal-cases)
case (1 w s)
from this(1,2,5,6) show ?case
by (intro alw-HLD-smap alw-disjoint-ccontrwhere
S = state * MDP.MC'.acc ““ {repcs st cfg} and R = {s} and w = smap state w
|; simp add: HLD-iff comp-def; blast)
qed
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qged

also have ... +—
(V s ('s x (e = real)).
(VceX. sndsc>kc)Nsée state * (MDP.MC.acc ““ {repcs st cfg}) —
(AE w in ?M. = (ev (alw (A zs. shd zs = s))) (smap state w)))
using MDP.MC.countable-reachable]of repcs st cfg)
by — (rule AE-all-imp-countable,
auto intro: countable-subset{where B = state * MDP.MC.acc “* {repcs st cfg}])
also show ?thesis
unfolding calculation
apply clarsimp
subgoal for [ u x
apply (rule MDP.non-loop-tail’[simplified, of state x 2S ?r (state x)])
subgoal
apply safe
subgoal premises prems for cfg cf¢’ I’ u
proof —
from prems have state z = (I', u’)
by (metis MDP.cfg-onD-state state-repcs)
with - = state 2> have [simp]: | = 1" v = u’
by auto
show ?thesis
unfolding <state x = -» using prems(1,3—) by (auto simp: R-G.valid-cfg-def intro: x)
qed
done
subgoal
apply (drule xx)
apply clarsimp
apply (rule lt-1)
apply (rule *)
apply (auto dest: R-G.valid-cfg-state-in-S R-G.valid-cfgD)
done
apply (rule MDP.valid-cfgD[OF <repcs st cfg € valid-cfg]; fail)
using xxx unfolding alw-holds-pred-stream-iff [symmetric] HLD-def .
done
qed

/

end

7.4 Main Result

context Probabilistic- Timed-Automaton-Regions-Reachability
begin

lemma R-G-cfg-on-valid:
cfg € R-G.valid-cfg if cfg € R-G-cfg-on-div s’
using that unfolding R-G-cfg-on-div-def R-G.valid-cfg-def by auto

lemma cfg-on-valid:
cfg € wvalid-cfg if cfg € cfg-on-div s
using that unfolding cfg-on-div-def MDP.valid-cfg-def by auto

abbreviation path-measure P cfg = emeasure (MDP.T cfg) {x€space MDP.St. P z}
abbreviation R-G-path-measure P cfg = emeasure (R-G.T cfg) {x€space R-G.St. P x}
abbreviation progressive st = cfg-on-div st N {cfg. alternating cfg}

abbreviation R-G-progressive st = R-G-cfg-on-div st N {cfg. alternating cfg}

Summary of our results on divergent configurations:

lemma absc-valid-cfg-eq:
absc ‘ progressive s = R-G-progressive s’
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apply safe
subgoal
unfolding s’-def by (rule cfg-on-div-absc) auto
subgoal
by (simp add: AE-alw-ev-same-loc-iff cfg-on-valid)
subgoal for cfg
unfolding s’-def
by (frule cfg-on-div-repcs-strong)
(auto 4 4
simp: s’-def R-G-cfg-on-div-def AE-alw-ev-same-loc-iff '[symmetric]
intro: R-G-cfg-on-valid absc-repcs-id[symmetric]
)

done

Main theorem:

theorem Min-Maz-reachability:
notes in-space-UNIV [measurable] and [iff] = pred-stream-iff
shows
(Ll efge progressive s. path-measure (A x. (holds ¢ suntil holds ) (s ## z)) cfg)
= (L] ¢fge R-G-progressive s’. R-G-path-measure (A z. (holds ¢’ suntil holds ') (s’ #4# x)) cfg)
A ([ efge progressive s. path-measure (X z. (holds ¢ suntil holds 1) (s ## x)) cfg)
= ([|cfge R-G-progressive s'. R-G-path-measure (X x. (holds ¢’ suntil holds ') (s’ ## x)) cfg)
proof (rule SUP-eq-and-INF-eq; rule bexl[rotated]; erule IntE)
fix cfg assume cfg-div: cfg € R-G-cfg-on-div s" and c¢fg € Collect alternating
then have alternating cfg
by auto
let ?cfg’ = repcs s cfg
from «<alternating cfg> cfg-div have alternating ?cfg’
by (simp add: R-G-cfg-on-div-def s'-def AE-alw-ev-same-loc-iff '[of - s))
with cfg-div <alternating cfg> show 2cfg’ € cfg-on-div s N Collect alternating
by (auto intro: cfg-on-div-repes-strong simp: s’-def)
show emeasure (R-G.T c¢fg) {z € space R-G.St. (holds ¢’ suntil holds ') (s’ #4 z)}
= emeasure (MDP.T ?cfg’) {x € space MDP.St. (holds ¢ suntil holds ) (s ## z)}
(is %a = %b)
proof —
from cfg-div have c¢fg € R-G.valid-cfg
by (rule R-G-cfg-on-valid)
from cfg-div have cfg € R-G.cfg-on s’
unfolding R-G-cfg-on-div-def by auto
then have state cfg = s’
by auto
have %a = 2b
apply (rule
path-measure-eq-repcs’’-new|
of s cfg 1, folded p'-def '-def, unfolded <- = s’y state-repcs
]
)

subgoal
unfolding s’-def ..
subgoal
by fact
subgoal
using «%cfg’ € cfg-on-div s N -» by (blast intro: cfg-on-valid)
subgoal premises prems for zs
using prems s by (intro p-stream)
subgoal premises prems
using prems s by (intro ¢-stream)
done
then show ?thesis
by simp
qed
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next

fix cfg assume cfg-div: cfg € cfg-on-div s and cfg € Collect alternating
with absc-valid-cfg-eq show absc cfg € R-G-cfg-on-div s’ N Collect alternating
by auto
show emeasure (MDP.T cfg) {z € space MDP.St. (holds ¢ suntil holds 1)) (s ## z)}
= emeasure (R-G.T (absc cfg)) {x € space R-G.St. (holds ' suntil holds ') (s’ ## z)}
(is %a = %))
proof —
have absc cfg € R-G.valid-cfg
using R-G-cfg-on-valid <absc cfg € R-G-cfg-on-div s’ N -> by blast
from cfg-div have cfg € valid-cfg
by (simp add: cfg-on-valid)
with <absc cfg € R-G.valid-cfg) have ?b = %a
by (intro MDP.alw-S R-G.alw-S path-measure-eq-absc1-new
[where P = pred-stream (As. s € §) and @ = pred-stream (As. s € S)]

)

(auto simp: S-abss-S intro: S-abss-S introl: suntil-abss suntil-reps, measurable)
then show %a = 7b
by simp
qged
qed

end

end
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