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Abstract

This article provides a short proof of the Prime Number Theorem in
several equivalent forms, most notably 7(x) ~ =/ Ina where m(x) is the
number of primes no larger than x. It also defines other basic number-
theoretic functions related to primes like Chebyshev’s ¢ and 1 and
the “n-th prime number” function p,,. We also show various bounds
and relationship between these functions are shown. Lastly, we derive
Mertens’ First and Second Theorem, i.e. 37 11;)1) =Inz+ O(1) and
Yp<ep = Inlnz + M +O(1/Inzx). We also give explicit bounds for
the remainder terms.

The proof of the Prime Number Theorem builds on a library of
Dirichlet series and analytic combinatorics. We essentially follow the
presentation by Newman [6]. The core part of the proof is a Tauberian
theorem for Dirichlet series, which is proven using complex analysis

and then used to strengthen Mertens’ First Theorem to ) _ 102 —

p<z P
Inz + ¢+ o(1).

A variant of this proof has been formalised before by Harrison in
HOL Light [5], and formalisations of Selberg’s elementary proof exist
both by Avigad et al. [2] in Isabelle and by Carneiro [3] in Metamath.
The advantage of the analytic proof is that, while it requires more pow-
erful mathematical tools, it is considerably shorter and clearer. This
article attempts to provide a short and clear formalisation of all com-
ponents of that proof using the full range of mathematical machinery
available in Isabelle, staying as close as possible to Newman’s simple
paper proof.
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1 Auxiliary material

theory Prime-Number-Theorem-Library
imports

Zeta-Function. Zeta- Function

HOL— Real-Asymp. Real-Asymp
begin

Conflicting notation from HOL— Analysis. Infinite-Sum

no-notation Infinite-Sum.abs-summable-on (infixr <abs’-summable’-ony 46)

lemma homotopic-loopslI:
fixes h :: real x real = -
assumes continuous-on ({0..1} x {0..1}) h
h*({0..1} x {0..1}) C s
Ne.ze{0..1} = h (0,z)=pz
Ne.ze{0..1}y = h(l,z)=qux
Nz. © € {0..1} = pathfinish (h o Pair x) = pathstart (h o Pair z)
shows homotopic-loops s p q
using assms unfolding homotopic-loops by (intro exI[of - h]) auto

lemma homotopic-pathsl:
fixes h :: real x real = -
assumes continuous-on ({0..1} x {0..1}) h
assumes h ‘ ({0..1} x {0..1}) C s
assumes Az. z € {0..1} = h (0, z) =p =z
assumes Az. z € {0..1} = h (1, 2) =qx
assumes Az. z € {0..1} = pathstart (h o Pair x) = pathstart p
assumes Az. z € {0..1} = pathfinish (h o Pair z) = pathfinish p
shows homotopic-paths s p q
using assms unfolding homotopic-paths by (intro exI[of - h]) auto

lemma sum-upto-In-conv-sum-upto-mangoldt:
sum-upto (An. In (real n)) x = sum-upto (An. mangoldt n x nat |z / real n]) z
proof —
have sum-upto (An. In (real n)) z =
sum-upto (An. Y. d | d dvd n. mangoldt d) z
by (intro sum-upto-cong) (simp-all add: mangoldt-sum)

also have ... = sum-upto (Ak. sum-upto (Ad. mangoldt k) (z / real k)) z
by (rule sum-upto-sum-divisors)
also have ... = sum-upto (An. mangoldt n * nat |z / real n|) =

unfolding sum-upto-altdef by (simp add: mult-ac)
finally show ?thesis .
qed

lemma In-fact-conv-sum-upto-mangoldt:
In (fact n) = sum-upto (Ak. mangoldt k x (n div k)) n
proof —
have [simp]: {0<..Suc n} = insert (Suc n) {0<..n} for n by auto



have In (fact n) = sum-upto (An. In (real n)) n
by (induction n) (auto simp: sum-upto-altdef nat-add-distrib In-mult)
also have ... = sum-upto (Ak. mangoldt k = (n div k)) n
unfolding sum-upto-In-conv-sum-upto-mangoldt
by (intro sum-upto-cong) (auto simp: floor-divide-of-nat-eq)
finally show ?thesis .
qed

lemma fds-abs-converges-comparison-test:
fixes s :: ‘a :: dirichlet-series
assumes eventually (An. norm (fds-nth fn) < fds-nth g n) at-top and fds-converges
g(s-1)
shows fds-abs-converges f s
unfolding fds-abs-converges-def
proof (rule summable-comparison-test-ev)
from assms(2) show summable (An. fds-nth g n / n powr (s - 1))
by (auto simp: fds-converges-def)
from assms(1) eventually-gt-at-top[of 0]
show eventually (An. norm (norm (fds-nth f n / nat-power n s)) <
fds-nth g n / real n powr (s - 1)) at-top
by eventually-elim (auto simp: norm-divide norm-nat-power intro!: divide-right-mono)
qged

lemma fds-converges-scaleR [intro]:
assumes fds-converges f s
shows fds-converges (¢ xg f) s
proof —
from assms have summable (An. ¢ xg (fds-nth fn / nat-power n s))
by (intro summable-scaleR-right) (auto simp: fds-converges-def)
also have (An. ¢ g (fds-nth f n / nat-power n s)) = (An. (¢ xg fds-nth fn /
nat-power n s))
by (simp add: scaleR-conv-of-real)
finally show ?thesis by (simp add: fds-converges-def)
qed

lemma fds-abs-converges-scaleR [intro):

assumes fds-abs-converges f s

shows  fds-abs-converges (¢ xgr f) s
proof —

from assms have summable (An. abs ¢ x norm (fds-nth f n / nat-power n s))

by (intro summable-mult) (auto simp: fds-abs-converges-def)
also have (An. abs ¢ * norm (fds-nth fn / nat-power n s)) =
(An. norm ((¢ xgr fds-nth f n) / nat-power n s)) by (simp add:

norm-divide)

finally show ?thesis by (simp add: fds-abs-converges-def)
qed

lemma conv-abscissa-scaleR: conv-abscissa (scaleR ¢ f) < conv-abscissa f
by (rule conv-abscissa-mono) auto



lemma abs-conv-abscissa-scaleR: abs-conv-abscissa (scaleR ¢ f) < abs-conv-abscissa

f

by (rule abs-conv-abscissa-mono) auto

lemma fds-abs-converges-mult-const-left [intro):

fds-abs-converges f s = fds-abs-converges (fds-const ¢ * f) s

by (auto simp: fds-abs-converges-def norm-mult norm-divide dest: summable-mult|of
- norm c|)

lemma conv-abscissa-mult-const-left:
conv-abscissa (fds-const ¢ x f) < conv-abscissa f
by (intro conv-abscissa-mono) auto

lemma abs-conv-abscissa-mult-const-left:
abs-conv-abscissa (fds-const ¢ x f) < abs-conv-abscissa f
by (intro abs-conv-abscissa-mono) auto

lemma fds-abs-converges-mult-const-right [intro):
fds-abs-converges f s = fds-abs-converges (f * fds-const c) s
by (metis mult.commute fds-abs-converges-mult-const-left)

lemma conv-abscissa-mult-const-right:
conv-abscissa (f * fds-const ¢) < conv-abscissa f
by (intro conv-abscissa-mono) auto

lemma abs-conv-abscissa-mult-const-right:
abs-conv-abscissa (f * fds-const ¢) < abs-conv-abscissa f
by (intro abs-conv-abscissa-mono) auto

lemma bounded-coeffs-imp-fds-abs-converges:
fixes s :: ‘a :: dirichlet-series and f :: 'a fds
assumes Bseq (fds-nth f) s+ 1 > 1
shows fds-abs-converges f s
proof —
from assms obtain C where C: An. norm (fds-nth fn) < C
by (auto simp: Bseg-def)
show ?thesis
proof (rule fds-abs-converges-comparison-test)
from «s - 1 > 1» show fds-converges (C *g fds-zeta) (s - 1)
by (intro fds-abs-converges-imp-converges) auto
from C show eventually (An. norm (fds-nth f n) < fds-nth (C xg fds-zeta) n)
at-top
by (intro always-eventually) (auto simp: fds-nth-zeta)
qed
qed

lemma bounded-coeffs-imp-fds-abs-converges'”:



fixes s :: ‘a :: dirichlet-series and f :: 'a fds
assumes Bseq (An. fds-nth f n x nat-power n s0) s - 1 > 1 — s0 - 1
shows fds-abs-converges f s
proof —
have fds-nth (fds-shift sO ) = (An. fds-nth f n * nat-power n s0)
by (auto simp: fun-eq-iff)
with assms have Bseq (fds-nth (fds-shift s0 f)) by simp
with assms(2) have fds-abs-converges (fds-shift s0 f) (s + s0)
by (intro bounded-coeffs-imp-fds-abs-converges) (auto simp: algebra-simps)
thus %thesis by simp
qged

lemma bounded-coeffs-imp-abs-conv-abscissa-le:
fixes s :: ‘a :: dirichlet-series and f :: 'a fds and c :: ereal
assumes Bseq (An. fds-nth f n * nat-power n s) 1 —s-1 < ¢
shows abs-conv-abscissa f < ¢
proof (rule abs-conv-abscissa-leI-weak)
fix z assume ¢ < ereal z
have ereal (1 — s - 1) < ¢ by fact
also have ... < ereal z by fact
finally have 1 — s - I < ereal x by simp
thus fds-abs-converges f (of-real )
by (intro bounded-coeffs-imp-fds-abs-converges'|OF assms(1)]) auto
qed

lemma bounded-coeffs-imp-abs-conv-abscissa-le-1:
fixes s :: ‘a :: dirichlet-series and f :: 'a fds
assumes Bseq (An. fds-nth f n)
shows abs-conv-abscissa f < 1
proof —
have [simp]: fds-nth f n * nat-power n 0 = fds-nth f n for n
by (cases n = 0) auto
show ?thesis
by (rule bounded-coeffs-imp-abs-conv-abscissa-le[where s = 0]) (insert assms,
auto simp:)
qed

lemma

fixes a b ¢ :: real

assumes ab: a + b > 0 and ¢: ¢ < —1

shows set-integrable-powr-at-top: (Azx. (b + x) powr c) absolutely-integrable-on
{a<..}

and set-lebesgue-integral-powr-at-top:

) (J ze{a<..}. (b + z) powr ¢) dlborel) = —((b + a) powr (¢ + 1) / (¢ +

and powr-has-integral-at-top:
((Az. (b + z) powr ¢) has-integral —((b + a) powr (¢ + 1) / (¢ + 1)))
{a<..}



proof —
let 2f = Az. (b + z) powr ¢ and ?F = Az. (b + z) powr (¢ + 1) / (¢ + 1)
have limits: ((?F o real-of-ereal) —— ?F a) (at-right (ereal a))
((?F o real-of-ereal) —— 0) (at-left 0o)
using c ab unfolding ereal-tendsto-simps1 by (real-asymp simp: field-simps)+
have 1: set-integrable lborel (einterval a oo) ?f using ab ¢ limits
by (intro interval-integral-FTC-nonneg) (auto intro!: derivative-eq-intros con-
tinuous-intros)
thus 2: ?f absolutely-integrable-on {a<..}
by (auto simp: set-integrable-def integrable-completion)
have LBINT z=ereal a..00. (b + x) powr ¢ = 0 — ?F a using ab c limits
by (intro interval-integral-FTC-nonneg) (auto intro!: derivative-eq-intros con-
tinuous-intros)
thus 3: ([ ze{a<..}. (b + z) powr ¢) dlborel) = —((b + a) powr (¢ + 1) / (¢
T 1))
by (simp add: interval-integral-to-infinity-eq)
show (?f has-integral —((b + a) powr (¢ + 1) / (¢ + 1))) {a<..}
using set-borel-integral-eq-integral|OF 1] 8 by (simp add: has-integral-iff)
qed

lemma fds-converges-altdef2:
fds-converges f s «— convergent (AN. eval-fds (fds-truncate N f) s)
unfolding fds-converges-def summable-iff-convergent’ eval-fds-truncate
by (auto simp: not-le intro!: convergent-cong always-eventually sum.mono-neutral-right)

lemma tendsto-eval-fds-truncate:
assumes fds-converges f s
shows (AN. eval-fds (fds-truncate N f) s) —— eval-fds [ s
proof —
have (AN. eval-fds (fds-truncate N f) s) —— eval-fds f s +—
(AN. > i<N. fds-nth f i | nat-power i s) —— eval-fds f s
unfolding eval-fds-truncate
by (intro filterlim-cong always-eventually alll sum.mono-neutral-left) (auto simp:
not-le)
also have ... using assms
by (simp add: fds-converges-iff sums-def’ atLeast0AtMost)
finally show ?thesis .
qged

lemma linepath-translate-left: linepath (¢ + a) (¢ + a) = (Az. ¢ + a) o linepath
ab
by auto

lemma linepath-translate-right: linepath (a + ¢) (b + ¢) = (Az. & + ¢) o linepath
ab
by (auto simp: fun-eq-iff linepath-def algebra-simps)

lemma has-contour-integral-linepath-same-Im-iff:
fixes a b :: complex and f :: compler = complex



assumes Im a = Im b Re a < Re b
shows  (f has-contour-integral I) (linepath a b) <—
((A\z. f (of-real  + Im a * 1)) has-integral I) {Re a..Re b}

proof —

have deriv: vector-derivative ((Az. © — Im a * i) o linepath a b) (at y) = b — a
for y

using linepath-translate-right[of a —Im a * i b, symmetric] by simp
have (f has-contour-integral I) (linepath a b) <—
((Az. f (z + Im a * 1)) has-contour-integral I) (linepath (a — Im a x 1) (b

— Im a * 1))

using linepath-translate-right[of a —Im a i b] deriv by (simp add: has-contour-integral)

also have ... «— ((Az. f (z + Im a * 1)) has-integral I) {Re a..Re b} using
assms

by (subst has-contour-integral-linepath- Reals-iff ) (auto simp: complez-is-Real-iff)

finally show ?thesis .
qed

lemma contour-integrable-linepath-same-Im-iff:
fixes a b :: complex and f :: complex = complex
assumes Im a = Im b Re a < Re b
shows (f contour-integrable-on linepath a b) «—
(Az. f (of-real x + Im a = 1)) integrable-on {Re a..Re b}
using contour-integrable-on-def has-contour-integral-linepath-same-Im-iff [OF assms]
by blast

lemma contour-integral-linepath-same-Im:
fixes a b :: complex and f :: compler = complex
assumes Im a = Im b Re a < Re b
shows contour-integral (linepath a b) f = integral {Re a..Re b} (Az. f (x + Im
a * 1))
proof (cases f contour-integrable-on linepath a b)
case True
thus ?thesis using has-contour-integral-linepath-same-Im-iff [OF assms, of f]
using has-contour-integral-integral has-contour-integral-unique by blast
next
case Fulse
thus ?thesis using contour-integrable-linepath-same-Im-iff[OF assms, of f]
by (simp add: not-integrable-contour-integral not-integrable-integral)
qed

lemmas [simp del] = div-mult-self3 div-mult-selfs div-mult-self2 div-mult-self1

interpretation cis: periodic-fun-simple cis 2 * pi
by standard (simp-all add: complez-eq-iff)

lemma analytic-onE-box:
assumes | analytic-on A s € A
obtains a b where Re a < Re b Im a < Im b s € box a b f analytic-on box a b



proof —
from assms obtain r where r: v > 0 f holomorphic-on ball s r
by (auto simp: analytic-on-def)
with open-contains-box|of ball s r s| obtain a b
where box a b C ball s rs € box a b Vi€Basis. a - 1 < b+ i by auto
moreover from 7 have f analytic-on ball s r by (simp add: analytic-on-open)
ultimately show ?thesis using that[of a b] analytic-on-subset]of - ball s r box a
o]
by (auto simp: Basis-complez-def)
qed

lemma Re-image-box:
assumes Rea < RebIma < Im b
shows Re ‘box a b = {Re a<..<Re b}
using inner-image-boz|of 1::complex a b] assms by (auto simp: Basis-complez-def)

lemma Im-image-boz:
assumes Rea < RebIma < Im b
shows Im ‘box a b= {Im a<..<Im b}
using inner-image-boz|of i::complex a b] assms by (auto simp: Basis-complez-def)

lemma Re-image-cbox:
assumes Rea < RebIma < Imb
shows Re ‘ cbox a b = {Re a..Re b}
using inner-image-cbox|of 1::complez a b] assms by (auto simp: Basis-complex-def)

lemma Im-image-cboz:
assumes Rea < RebIma < Imb
shows Im ‘cbox a b = {Im a..Im b}
using inner-image-cbox|of i::complex a b] assms by (auto simp: Basis-complex-def)

lemma analytic-onFE-cball:
assumes f analytic-on A s € A ub > (0::real)
obtains R where R > 0 R < ub f analytic-on cball s R
proof —
from assms obtain r where r > 0 f holomorphic-on ball s r
by (auto simp: analytic-on-def)
hence f analytic-on ball s r by (simp add: analytic-on-open)
hence f analytic-on cball s (min (ub / 2) (r / 2))
by (rule analytic-on-subset, subst cball-subset-ball-iff) (use <r > 0» in auto)
moreover have min (ub / 2) (r / 2) > 0 and min (ub / 2) (r / 2) < ub
using «r > 0» and <ub > 0> by (auto simp: min-def)
ultimately show ?thesis using that[of min (ub / 2) (r / 2)]
by blast
qed

corollary analytic-pre-zeta’ [analytic-intros]:
assumes f analytic-on A a > 0



shows (Az. pre-zeta a (f x)) analytic-on A
using analytic-on-compose-gen[OF assms(1) analytic-pre-zeta[of a UNIV]] assms(2)
by (auto simp: o-def)

corollary analytic-hurwitz-zeta' [analytic-intros|:

assumes | analytic-on A (Nz. 2 € A = fx £ 1) a> 0

shows (Az. hurwitz-zeta a (f x)) analytic-on A

using analytic-on-compose-gen|OF assms(1) analytic-hurwitz-zetalof a —{1}]]
assms(2,3)

by (auto simp: o-def)

corollary analytic-zeta’ [analytic-intros]:
assumes f analyticcon A (Nov. v € A = fz # 1)
shows (Az. zeta (f z)) analytic-on A
using analytic-on-compose-gen|OF assms(1) analytic-zetalof —{1}]] assms(2)
by (auto simp: o-def)

lemma logderiv-zeta-analytic: (As. deriv zeta s | zeta s) analytic-on {s. Re s > 1}

- {1}

using zeta-Re-ge-1-nonzero by (auto introl: analytic-intros)

lemma mult-real-sqrt: © > 0 = z * sqrt y = sqrt (x ~ 2 x y)
by (simp add: real-sqrt-mult)

lemma arcsin-pos: z € {0<..1} = arcsin x > 0
using arcsin-less-arcsin[of 0 x] by simp

lemmas analytic-imp-holomorphic’ = holomorphic-on-subset| OF analytic-imp-holomorphic]

lemma residue-simple”:
assumes open s 0 € s f holomorphic-on s
shows residue (Aw. fw / w) 0 = f0
using residue-simplelof s 0 f] assms by simp

lemma fds-converges-cong:
assumes eventually (An. fds-nth fn = fds-nth g n) at-top s = s’
shows fds-converges f s «<— fds-converges g s’
unfolding fds-converges-def
by (intro summable-cong eventually-mono|OF assms(1)]) (simp-all add: assms)

lemma fds-abs-converges-cong:
assumes eventually (An. fds-nth fn = fds-nth g n) at-top s = s’
shows fds-abs-converges f s +— fds-abs-converges g s’
unfolding fds-abs-converges-def
by (intro summable-cong eventually-mono|OF assms(1)]) (simp-all add: assms)

lemma conv-abscissa-cong:

10



assumes eventually (An. fds-nth f n = fds-nth g n) at-top
shows conv-abscissa f = conv-abscissa g
proof —
have fds-converges f = fds-converges g
by (intro ext fds-converges-cong assms refl)
thus ?thesis by (simp add: conv-abscissa-def)
qed

lemma abs-conv-abscissa-cong:
assumes eventually (An. fds-nth f n = fds-nth g n) at-top
shows abs-conv-abscissa f = abs-conv-abscissa g
proof —
have fds-abs-converges f = fds-abs-converges g
by (intro ext fds-abs-converges-cong assms refl)
thus ?thesis by (simp add: abs-conv-abscissa-def)
qed

definition fds-remainder where
fds-remainder m = fds-subseries (An. n > m)

lemma fds-nth-remainder: fds-nth (fds-remainder m f) = (An. if n > m then
fds-nth f n else 0)
by (simp add: fds-remainder-def fds-subseries-def fds-nth-fds’)

lemma fds-converges-remainder-iff [simp):
fds-converges (fds-remainder m f) s +— fds-converges f s
by (intro fds-converges-cong eventually-mono[OF eventually-gt-at-top[of m]])
(auto simp: fds-nth-remainder)

lemma fds-abs-converges-remainder-iff [simp:
fds-abs-converges (fds-remainder m f) s <— fds-abs-converges f s
by (intro fds-abs-converges-cong eventually-mono[OF eventually-gt-at-top[of m]])
(auto simp: fds-nth-remainder)

lemma fds-converges-remainder [intro]:
fds-converges f s => fds-converges (fds-remainder m f) s
and fds-abs-converges-remainder [introl:
fds-abs-converges f s = fds-abs-converges (fds-remainder m f) s
by simp-all

lemma conv-abscissa-remainder [simpl:
conv-abscissa (fds-remainder m f) = conv-abscissa f
by (intro conv-abscissa-cong eventually-mono| OF eventually-gt-at-top|of m]))
(auto simp: fds-nth-remainder)

lemma abs-conv-abscissa-remainder [simp]:

abs-conv-abscissa (fds-remainder m f) = abs-conv-abscissa f
by (intro abs-conv-abscissa-cong eventually-mono| OF eventually-gt-at-top[of m]])

11



(auto simp: fds-nth-remainder)

lemma eval-fds-remainder:
eval-fds (fds-remainder m f) s = (3. n. fds-nth f (n + Suc m) / nat-power (n
+ Suc m) s)
(is - = suminf (An. ?f (n + Suc m)))
proof (cases fds-converges f s)
case Fulse
hence —fds-converges (fds-remainder m f) s by simp
hence (Az. (An. fds-nth (fds-remainder m f) n / nat-power n s) sums ) = (A-.
False)
by (auto simp: fds-converges-def summable-def)
hence eval-fds (fds-remainder m f) s = (THE -. False)
by (simp add: eval-fds-def suminf-def)
moreover from Fualse have —summable (An. ?f (n + Suc m)) unfolding
fds-converges-def
by (subst summable-iff-shift) auto
hence (Az. (An. ?f (n + Suc m)) sums z) = (A-. False)
by (auto simp: summable-def)
hence suminf (An. ?f (n + Suc m)) = (THE -. False)
by (simp add: suminf-def)
ultimately show ?thesis by simp
next
case True
hence x: fds-converges (fds-remainder m f) s by simp
have eval-fds (fds-remainder m f) s = (> n. fds-nth (fds-remainder m f) n /
nat-power n s)
unfolding eval-fds-def ..
also have ... = (> n. fds-nth (fds-remainder m f) (n + Suc m) / nat-power (n
+ Suc m) s)
using * unfolding fds-converges-def
by (subst suminf-minus-initial-segment) (auto simp: fds-nth-remainder)
also have (An. fds-nth (fds-remainder m f) (n + Suc m)) = (An. fds-nth f (n +
Suc m))
by (intro ext) (auto simp: fds-nth-remainder)
finally show ?thesis .
qed

lemma fds-truncate-plus-remainder: fds-truncate m f + fds-remainder m f = f
by (intro fds-eql) (auto simp: fds-truncate-def fds-remainder-def fds-subseries-def)

lemma holomorphic-fds-eval’ [holomorphic-intros]:
assumes g holomorphic-on A Nx. v € A = Re (g x) > conv-abscissa f
shows (Az. eval-fds f (g z)) holomorphic-on A
using holomorphic-on-compose-gen|OF assms(1) holomorphic-fds-eval[OF or-
der.refl, of f]] assms(2)
by (auto simp: o-def)
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lemma analytic-fds-eval’ [analytic-intros]:

assumes g analytic-on A N\z. x € A = Re (g ) > conv-abscissa f

shows (Az. eval-fds f (g z)) analytic-on A

using analytic-on-compose-gen[|OF assms(1) analytic-fds-eval|OF order.refl, of
1] assms(2)

by (auto simp: o-def)

lemma continuous-on-linepath [continuous-intros|:
assumes continuous-on A a continuous-on A b continuous-on A f
shows continuous-on A (Az. linepath (a x) (b z) (f z))
using assms by (auto simp: linepath-def intro!: continuous-intros assms)

lemma continuous-on-part-circlepath |continuous-intros):
assumes continuous-on A ¢ continuous-on A r continuous-on A a continuous-on
Ab
continuous-on A f
shows  continuous-on A (Az. part-circlepath (¢ z) (r z) (a z) (b z) (f z))
using assms by (auto simp: part-circlepath-def introl: continuous-intros assms)

lemma homotopic-loops-part-circlepath:
assumes sphere ¢ r C A and r > 0 and
b1 = al 4+ 2 % of-int k x pi and b2 = a2 + 2 *x of-int k * pi
shows homotopic-loops A (part-circlepath ¢ r al b1) (part-circlepath ¢ r a2 b2)
proof —
define h where h = (\(z,y). part-circlepath ¢ r (linepath al a2 x) (linepath b1
b2 z) y)
show ?thesis
proof (rule homotopic-loopsI)
show continuous-on ({0..1} x {0..1}) h
by (auto simp: h-def case-prod-unfold intro!: continuous-intros)
next
from assms have h ‘ ({0..1} x {0..1}) C sphere ¢ r
by (auto simp: h-def part-circlepath-def dist-norm norm-mult)
also have ... C A by fact
finally show h ‘ ({0..1} x {0..1}) C A.
next
fix z :: real assume z: z € {0..1}
show h (0, z) = part-circlepath ¢ r al b1 x and h (1, x) = part-circlepath ¢ r
a2 b2 x
by (simp-all add: h-def linepath-def)
have cis (pi * (real-of-int k x 2)) = 1
using cis.plus-of-int[of 0 k] by (simp add: algebra-simps)
thus pathfinish (h o Pair ) = pathstart (h o Pair z)
by (simp add: h-def o-def exp-eq-polar linepath-def algebra-simps
cis-mult [symmetric] cis-divide [symmetric| assms)
qed
qed

lemma part-circlepath-conv-subpath:
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part-circlepath ¢ v a b = subpath (a / (2xp7)) (b / (2xpi)) (circlepath c )
by (simp add: part-circlepath-def circlepath-def subpath-def linepath-def alge-
bra-simps exp-eq-polar)

lemma homotopic-paths-part-circlepath:
assumes a < b b < ¢
assumes path-image (part-circlepath Crac) CAr >0
shows homotopic-paths A (part-circlepath C r a c)
(part-circlepath C r a b +++ part-circlepath C 1 b c)
(is homotopic-paths - 29 (?h1 +++ ?h2))
proof (cases a = c¢)
case Fulse
with assms have a < ¢ by simp
define slope where slope = (b — a) / (¢ — a)
from assms and <a < ¢» have slope: slope € {0..1}
by (auto simp: field-simps slope-def)
define f :: real = real where
f = linepath 0 slope +++ linepath slope 1

show ?thesis
proof (rule homotopic-paths-reparametrize)
fix ¢ :: real assume t: t € {0..1}
show (%h1 +++ %h2) t = %g (f 1)
proof (casest < 1/ 2)
case True
hence %9 (ft) = C +rxcis (1 — ft)*a+ ft*c)
by (simp add: joinpaths-def part-circlepath-def exp-eq-polar linepath-def)
also from True <a < o> have (I — ft)xa+ ftxc=(1 —2%t)*xa+ 2
xtxb
unfolding f-def slope-def linepath-def joinpaths-def
by (simp add: divide-simps del: div-mult-selfs div-mult-selfs div-mult-self2
div-mult-self1)
(simp add: algebra-simps) ¢
also from True have C + r % cis ... = (?h1 +++ ?h2) ¢t
by (simp add: joinpaths-def part-circlepath-def exp-eq-polar linepath-def)
finally show ?thesis ..
next
case Fulse
hence %9 (ft) = C +rxcis (I —ft)xa+ ftxc)
by (simp add: joinpaths-def part-circlepath-def exp-eq-polar linepath-def)
also from False <a < ¢» have (I — ft)xa+ ftxc=(2—2xt)*b+
(2xt—1)x*c
unfolding f-def slope-def linepath-def joinpaths-def
by (simp add: divide-simps del: div-mult-self3 div-mult-self] div-mult-self2
div-mult-self1)
(simp add: algebra-simps)?
also from Fulse have C + r % cis ... = (?hl +++ ?h2) t
by (simp add: joinpaths-def part-circlepath-def exp-eq-polar linepath-def)
finally show ?thesis ..
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qed
next
from slope have path-image f C {0..1}
by (auto simp: f-def path-image-join closed-segment-eq-real-ivl)
thus f € {0..1} — {0..1} by (force simp add: path-image-def)
next
have path f unfolding f-def by auto
thus continuous-on {0..1} f by (simp add: path-def)
qed (insert assms, auto simp: f-def joinpaths-def linepath-def)
next
case [simp]: True
with assms have [simp]: b = ¢ by auto
have part-circlepath C r ¢ ¢ +++ part-circlepath C r ¢ ¢ = part-circlepath C 1 ¢
¢
by (simp add: fun-eq-iff joinpaths-def part-circlepath-def)
thus ?thesis using assms by simp
qed

lemma path-image-part-circlepath-subset:

assumes a < a’'a’ < b b’ < b

shows path-image (part-circlepath ¢ r a’ b') C path-image (part-circlepath c r
ab)

using assms by (subst (1 2) path-image-part-circlepath) auto

lemma part-circlepath-mirror:
assumes a’' = a + pi + 2 * pi *x of-int kb’ = b+ pi + 2 * pi *x of-int k ¢’ =
—c
shows —part-circlepath ¢ r a b = part-circlepath ¢’ r a’ b’
proof
fix = :: real
have part-circlepath ¢’ r o’ b’ © = ¢’ + r % cis (linepath a b © + pi + k * (2 *
pi))
by (simp add: part-circlepath-def exp-eq-polar assms linepath-translate-right
mult-ac)
also have cis (linepath a b x + pi + k * (2 * pi)) = cis (linepath a b x + pi)
by (rule cis.plus-of-int)
also have ... = —cis (linepath a b z)
by (simp add: minus-cis)
also have ¢’ + r * ... = —part-circlepath c 7 a b x
by (simp add: part-circlepath-def assms exp-eg-polar)
finally show (— part-circlepath ¢ v a b) x = part-circlepath ¢’ r o’ b’ x
by simp
qged

lemma path-mirror [intro|: path (g :: - = 'b::topological-group-add) = path (—g)
by (auto simp: path-def introl: continuous-intros)

lemma path-mirror-iff [simp): path (—g :: - = 'b::topological-group-add) «— path
g
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using path-mirror|of g] path-mirror[of —g] by (auto simp: fun-Compl-def)

lemma valid-path-mirror [intro]: valid-path g = valid-path (—g)
by (auto simp: valid-path-def fun-Compl-def piecewise-C1-differentiable-neg)

lemma valid-path-mirror-iff [simp|: valid-path (—g) «— valid-path g
using valid-path-mirror|of g] valid-path-mirror|of —g] by (auto simp: fun-Compl-def)

lemma pathstart-mirror [simpl: pathstart (—g) = —pathstart g
and pathfinish-mirror [simp]: pathfinish (—g) = —pathfinish g
by (simp-all add: pathstart-def pathfinish-def)

lemma path-image-mirror: path-image (—g) = uminus ‘ path-image g
by (auto simp: path-image-def)

lemma cos-le-zero:
assumes z € {pi/2..3%pi/2}
shows cosz <0
proof —
have cos x = —cos (x — pi) by (simp add: cos-diff)
moreover from assms have cos (z — pi) > 0
by (intro cos-ge-zero) auto
ultimately show ?thesis by simp
qed

lemma cos-le-zero”: x € {—8x*pi/2..—pi/2} = cosz < 0
using cos-le-zero[of —x] by simp

lemma winding-number-join-pos-combined’:
[valid-path v1 A z & path-image v1 A 0 < Re (winding-number v1 z);
valid-path ¥2 N z ¢ path-image v2 N 0 < Re (winding-number v2 z);
pathfinish v1 = pathstart v2]
= valid-path(y1 +4++ v2) A z ¢ path-image(y1 +++ v2) A 0 < Re(winding-number(~y1
+4++ 72) 2)
by (simp add: valid-path-join path-image-join winding-number-join valid-path-imp-path)

lemma Union-atLeastAtMost-real-of-nat:
assumes a < b
shows (|Jne{a..<b}. {real n..real (n + 1)}) = {real a..real b}
proof (intro equalityl subsetl)
fix x assume z: z € {real a..real b}
thus z € ((Jne{a..<b}. {real n..real (n + 1)})
proof (cases © = real b)
case True
with assms show Zthesis by (auto introl: bexI[of - b — 1])
next
case Fulse
with 2 have z: © > real a © < real b by simp-all
hence z > real (nat |z]) z < real (Suc (nat |z])) by linarith+
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moreover from z have nat |z| > a nat |z| < b by linarith+
ultimately show ?thesis by force
qed
qed auto

lemma nat-sum-has-integral-floor:
fixes [ :: nat = 'a :: banach
assumes mn: m < n
shows ((Az. f (nat |x])) has-integral sum f {m..<n}) {real m..real n}
proof —
define D where D = (\i. {real i..real (Suc ©)}) ‘ {m..<n}
have D: D division-of {m..n}
using Union-atLeastAtMost-real-of-nat[OF mn] by (simp add: division-of-def
D-def)
have ((Az. f (nat |z])) has-integral (> XeD. f (nat |Inf X]))) {real m..real n}
proof (rule has-integral-combine-division)
fix X assume X: X € D
have nat |z| = nat |Inf X] if v € X — {Sup X} for z
using that X by (auto simp: D-def nat-eq-iff floor-eq-iff)
hence ((A\z. f (nat |z])) has-integral f (nat [ Inf X|)) X +—
((Az. f (nat |Inf X|)) has-integral f (nat |Inf X])) X using X
by (intro has-integral-spike-eq[of {Sup X}]) auto
also from X have ... using has-integral-const-real[of f (nat |Inf X|) Inf X
Sup X]
by (auto simp: D-def)
finally show ((Az. f (nat |z])) has-integral f (nat |Inf X])) X .
qed fact+
also have (> XeD. f (nat |Inf X])) = O ke{m..<n}. f k)
unfolding D-def by (subst sum.reindex) (auto simp: inj-on-def nat-add-distrib)
finally show ?thesis .
qed

lemma nat-sum-has-integral-ceiling:
fixes f :: nat = 'a :: banach
assumes mn: m < n
shows ((Az. f (nat [z])) has-integral sum f {m<..n}) {real m..real n}
proof —
define D where D = (\i. {real i..real (Suc ©)}) ‘{m..<n}
have D: D division-of {m..n}
using Union-atLeastAtMost-real-of-nat[OF mn] by (simp add: division-of-def
D-def)
have ((Az. f (nat [z])) has-integral (> X€D. f (nat |Sup X]))) {real m..real n}
proof (rule has-integral-combine-division)
fix X assume X: X € D
have nat [z] = nat |Sup X| if 2 € X — {Inf X} for z
using that X by (auto simp: D-def nat-eq-iff ceiling-eq-iff)
hence ((Az. f (nat [z])) has-integral f (nat | Sup X)) X +—
((Az. f (nat | Sup X])) has-integral f (nat | Sup X|)) X using X
by (intro has-integral-spike-eqlof {Inf X}]) auto
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also from X have ... using has-integral-const-real[of f (nat | Sup X|) Inf X
Sup X]
by (auto simp: D-def)
finally show ((A\z. f (nat [z])) has-integral f (nat |Sup X)) X .
qed fact+
also have (>_ XeD. f (nat |Sup X])) = O k€{m..<n}. f (Suc k))
unfolding D-def by (subst sum.reindex) (auto simp: inj-on-def nat-add-distrib)
also have ... = (3 ke{m<..n}. f k)
by (intro sum.reindex-bij-witness[of - Az. © — 1 Suc]) auto
finally show ?thesis .
qged

lemma zeta-partial-sum-le:
fixes x :: real and m :: nat
assumes z: ¢ € {0<..1}
shows (3" k=1..m. real k powr (z — 1)) < real m powr z | «
proof —
consider m = 0 | m =1 | m > I by force
thus %thesis
proof cases
assume m: m > |
hence {1..m} = insert 1 {1<..m} by auto
also have (>_ke.... real k powr (z — 1)) = 1 + O] ke{1<..m}. real k powr
(& — 1))
by simp
also have (" ke{1<..m}. real k powr (x — 1)) < real m powrz / © — 1 | x
proof (rule has-integral-le)
show ((At. (nat [t]) powr (z — 1)) has-integral (> ne{1<..m}. n powr (z
— 1)) {real 1..m}
using m by (intro nat-sum-has-integral-ceiling) auto
next
have ((A\t. t powr (x — 1)) has-integral (real m powr x / © — real 1 powr z /
)

{real 1..real m}
by (intro fundamental-theorem-of-calculus)
(insert x m, auto simp flip: has-real-derivative-iff-has-vector-derivative
introl: derivative-eq-intros)
thus ((At. t powr (z — 1)) has-integral (real m powr z [/ x — 1 / z)) {real
1..real m}
by simp
qed (insert z, auto introl: powr-mono2’)
also have 1 + (real m powrz / © — 1 [/ z) < real m powr z | x
using z by (simp add: field-simps)
finally show ?thesis by simp
qed (use assms in auto)
qed

lemma zeta-partial-sum-le’”:
fixes z :: real and m :: nat
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assumes z: £ > 0 and m: m > 0
shows (> n=1..m. real n powr (x — 1)) < mpowrzx (1 /z+ 1/ m)
proof (cases © > 1)
case Fulse
with assms have (3 n=1..m. real n powr (x — 1)) < m powr z | x
by (intro zeta-partial-sum-le) auto
also have ... < mpowrz* (1 Jxz+ 1/ m)
using assms by (simp add: field-simps)
finally show ?thesis .
next
case True
have (> ne{1..m}. n powr (z — 1)) = (O n€insert m {0..<m}. n powr (x —
1)
by (intro sum.mono-neutral-left) auto
also have ... = m powr (z — 1) + (3 ne{0..<m}. n powr (x — 1)) by simp
also have ()" ne{0..<m}. n powr (x — 1)) < real m powr ¢ | x
proof (rule has-integral-le)
show ((At. (nat |t]) powr (z — 1)) has-integral (> ne{0..<m}. n powr (z —
1))) {real 0..m}
using m by (intro nat-sum-has-integral-floor) auto
next
show ((At. ¢t powr (z — 1)) has-integral (real m powr z / xz)) {real 0..real m}
using has-integral-powr-from-0[of x — 1] = by auto
next
fix ¢ assume ¢ € {real 0..real m}
with «x > 1) show real (nat |t]) powr (x — 1) < t powr (x — 1)
by (cases t = 0) (auto intro: powr-mono2)
qed
also have m powr (x — 1) + mpowrz /[ x = mpowrz x (1 /[ x4+ 1/ m)
using m z by (simp add: powr-diff field-simps)
finally show ?thesis by simp
qed

lemma natfun-bigo-1E:
assumes (f :: nat = -) € O(A-. 1)
obtains C where C > Ib An. norm (fn) < C
proof —
from assms obtain C' N where Vn>N. norm (fn) < C
by (auto elim!: landau-o0.bigE simp: eventually-at-top-linorder)
hence *: norm (f n) < Maz ({C, Ib} U (norm ‘ f ‘ {..<N})) for n
by (cases n > N) (subst Maz-ge-iff; force simp: image-iff )+
moreover have Maz ({C, Ib} U (norm “f *{.<N})) > Ib
by (intro Max.coboundedl) auto
ultimately show ?thesis using that by blast
qed

lemma natfun-bigo-iff-Bseq: f € O(X-. 1) +— Bseq f

proof
assume Bseq f
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then obtain C where C > 0 An. norm (f n) < C by (auto simp: Bseg-def)

thus f € O(A-. 1) by (intro bigoI[of - C]) auto
next

assume f € O(A-. 1)

from natfun-bigo-1E[OF this, where lb = 1] obtain C where C > 1 An. norm
(fn)<C

by auto

thus Bseq f by (auto simp: Bseg-def introl: exI[of - C])

qed

lemma enn-decreasing-sum-le-set-nn-integral:
fixes f :: real = ennreal
assumes decreasing: N\zy. 0 <z —=z<y= fy<fz
shows (> n. f (real (Suc n))) < set-nn-integral lborel {0..} f
proof —
have (> n. (f (Suc n))) =
(> n. [ Taze{real n<..real (Suc n)}. (f (Suc n)) dlborel)
by (subst nn-integral-cmult-indicator) auto
also have nat [2] = Suc n if z € {real n<..real (Suc n)} for z n
using that by (auto simp: nat-eq-iff ceiling-eq-iff)
hence (3" n. [ tze{real n<..real (Suc n)}. (f (Suc n)) dlborel) =
(> n. [ Taze{real n<..real (Suc n)}. (f (real (nat [z]))) dlborel)
by (intro suminf-cong nn-integral-cong) (auto simp: indicator-def)
also have ... = ([ Tze(Ji. {real i<..real (Suc i)}). (f (nat [z::real])) Olborel)
by (subst nn-integral-disjoint-family)
(auto simp: disjoint-family-on-def)
also have ... < ([ Tze{0..}. (fz) dlborel)
by (intro nn-integral-mono) (auto simp: indicator-def intro!: decreasing)
finally show ?thesis .
qed

lemma abs-summable-on-uminus-iff:
(Az. —f z) abs-summable-on A «— f abs-summable-on A
by (simp add: abs-summable-on-def)

lemma abs-summable-on-cmult-right-iff:
fixes f :: 'a = 'b :: {banach, real-normed-field, second-countable-topology}
assumes ¢ # 0
shows (Az. ¢ * f ) abs-summable-on A <— [ abs-summable-on A
by (simp add: abs-summable-on-altdef assms)

lemma abs-summable-on-cmult-left-iff:
fixes f :: 'a = 'b :: {banach, real-normed-field, second-countable-topology}
assumes ¢ # 0
shows (Az. fz * ¢) abs-summable-on A <— [ abs-summable-on A
by (simp add: abs-summable-on-altdef assms)

lemma decreasing-sum-le-integral:
fixes f :: real = real

20



assumes nonneg: N\z. z > 0 = fz > 0
assumes decreasing: Nz y. 0 <z —=z<y= fy<fz
assumes integral: (f has-integral I) {0..}
shows summable (Ai. f (real (Suc 7))) and suminf (\i. f (real (Suc i))) < T
proof —

have [simp]: T > 0

by (intro has-integral-nonneg| OF integral] nonneg) auto
have (3 n. ennreal (f (Suc n))) =

(> n. [ Taze{real n<..real (Suc n)}. ennreal (f (Suc n)) dlborel)

by (subst nn-integral-cmult-indicator) auto
also have nat [z] = Suc n if z € {real n<..real (Suc n)} for z n

using that by (auto simp: nat-eq-iff ceiling-eq-iff)
hence (3" n. [ tze{real n<..real (Suc n)}. ennreal (f (Suc n)) dlborel) =

(> n. [ Tae{real n<..real (Suc n)}. ennreal (f (real (nat [z]))) dlborel)

by (intro suminf-cong nn-integral-cong) (auto simp: indicator-def)

also have ... = ([ Tze(Ji. {real i<..real (Suc 7)}). ennreal (f (nat [z::real]))
Olborel)
by (subst nn-integral-disjoint-family)
(auto simp: disjoint-family-on-def intro!: measurable-completion)

also have ... < ([ Tz€{0..}. ennreal (f z) dlborel)

by (intro nn-integral-mono) (auto simp: indicator-def nonneg introl: decreasing)

also have ... = ([ z. ennreal (indicat-real {0..} = * f x) dlborel)
by (intro nn-integral-cong) (auto simp: indicator-def)
also have ... = ennreal I

using nn-integral-has-integral-lebesgue] OF nonneg integral] by (auto simp: non-
neg)
finally have *: (> n. ennreal (f (Suc n))) < ennreal I .
from * show summable: summable (Ai. f (real (Suc 7)))
by (intro summable-suminf-not-top) (auto simp: top-unique intro: nonneg)
note *
also from summable have (> n. ennreal (f (Suc n))) = ennreal (> n. f (Suc
n))
by (subst suminf-ennreal2) (auto simp: o-def nonneg)
finally show (> n. f (real (Suc n))) < I by (subst (asm) ennreal-le-iff) auto
qed

lemma decreasing-sum-le-integral:
fixes f :: real = real
assumes A\z. 2> 0 = fz > 0
assumes A\zy. 0 <z =z <y=— fy<fz
assumes (f has-integral I) {0..}
shows summable (Ai. f (real 7)) and suminf (Mi. f (real 7)) < f0 + I
proof —
have summable ((Ai. f (real (Suc 7))))
using decreasing-sum-le-integral[OF assms] by (simp add: o-def)
thus *: summable (Xi. f (real 7)) by (subst (asm) summable-Suc-iff)
have (> n. f (real (Suc n))) < I by (intro decreasing-sum-le-integral assms)
thus suminf (Mi. f (real ©)) < f0 + 1
using * by (subst (asm) suminf-split-head) auto
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qed

lemma of-nat-powr-neg-1-complex [simp]:
assumes n > [ Re s # 0
shows of-nat n powr s # (1::complex)
proof —
have norm (of-nat n powr s) = real n powr Re s
by (simp add: norm-powr-real-powr)
also have ... # 1
using assms by (auto simp: powr-def)
finally show ?thesis by auto
qed

lemma fds-logderiv-completely-multiplicative:
fixes f :: 'a :: {real-normed-field} fds
assumes completely-multiplicative-function (fds-nth f) fds-nth f 1 # 0
shows fds-deriv f /| f = — fds (An. fds-nth f n x mangoldt n)
proof —
have fds-deriv f | f = — fds (An. fds-nth f n * mangoldt n) x f / f
using completely-multiplicative-fds-deriv|of fds-nth f] assms by simp
also have ... = — fds (An. fds-nth f n * mangoldt n)
using assms by (simp add: divide-fds-def fds-right-inverse)
finally show ?thesis .
qed

lemma fds-nth-logderiv-completely-multiplicative:

fixes f :: 'a :: {real-normed-field} fds

assumes completely-multiplicative-function (fds-nth f) fds-nth f 1 # 0

shows fds-nth (fds-deriv f | f) n = —fds-nth f n x mangoldt n

using assms by (subst fds-logderiv-completely-multiplicative) (simp-all add: fds-nth-fds’)

lemma eval-fds-logderiv-completely-multiplicative:
fixes s :: ‘a :: dirichlet-series and [ :: 'a and f :: 'a fds
defines h = fds-deriv f | f
assumes completely-multiplicative-function (fds-nth f) and [simp]: fds-nth f 1 #
0
assumes s - 1 > abs-conv-abscissa f
shows (Ap. of-real (In (real p)) x (1 / (1 — fds-nth fp / nat-power p s) — 1))
abs-summable-on {p. prime p} (is ?th1)
and eval-fds h s = —(3_ op | prime p. of-real (In (real p)) *
(1 /(1 — fds-nth f p / nat-power p s) — 1)) (is ?th2)
proof —
let ?P = {p::nat. prime p}
interpret f: completely-multiplicative-function fds-nth f by fact
have fds-abs-converges h s
using abs-conv-abscissa-completely-multiplicative-log-deriv|OF assms(2)] assms
by (intro fds-abs-converges) auto
hence x: (An. fds-nth h n / nat-power n s) abs-summable-on UNIV
by (auto simp: h-def fds-abs-converges-altdef”)
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note *
also have (An. fds-nth h n / nat-power n s) abs-summable-on UNIV <—
(Axz. —fds-nth f x x mangoldt = | nat-power x s) abs-summable-on Collect
primepow
unfolding h-def using fds-nth-logderiv-completely-multiplicative] OF assms(2)]
by (intro abs-summable-on-cong-neutral) (auto simp: fds-nth-fds mangoldt-def)
finally have sumi: (Az. —fds-nth f x * mangoldt x | nat-power z s)
abs-summable-on Collect primepow
by (rule abs-summable-on-subset) auto
also have ?this <— (A(p,k). —fds-nth f (p ~ Suc k) * mangoldt (p ~ Suc k) /
nat-power (p ~ Suc k) s) abs-summable-on (?P x UNIV)
using bij-betw-primepows unfolding case-prod-unfold
by (intro abs-summable-on-reindex-bij-betw [symmetric))
also have ... «— (A(p,k). —((fds-nth f p / nat-power p s) ~ Suc k * of-real (In

(real p))))
abs-summable-on (P x UNIV)
unfolding case-prod-unfold
by (intro abs-summable-on-cong, subst mangoldt-primepow)
(auto simp: f.mult f.power nat-power-mult-distrib nat-power-power-left power-divide
dest: prime-gt-1-nat)
finally have sum2: ... .

have sum4: summable (An. (norm (fds-nth f p | nat-power p s)) ~ Suc n) if p:
prime p for p
proof —
have summable (An. |ln (real p)| * (norm (fds-nth fp / nat-power p s)) ~ Suc
n
)
using p abs-summable-on-Sigma-project2| OF sum?2, of p| unfolding abs-summable-on-nat-iff’
by (simp add: norm-power norm-mult norm-divide mult-ac del: power-Suc)
thus ?thesis by (rule summable-mult-D) (insert p, auto dest: prime-gt-1-nat)
qed
have sums: (An. (fds-nth f p / nat-power p s) ~ Suc n) sums
(1 /(1 — fds-nth fp / nat-power p s) — 1) if p: prime p for p :: nat
proof —
from sum4[OF p] have norm (fds-nth f p / nat-power p s) < 1
unfolding summable-Suc-iff by (simp add: summable-geometric-iff)
from geometric-sums[OF this] show ?thesis by (subst sums-Suc-iff) auto
qed

have eq: (3 .k. — ((fds-nth f p / nat-power p s) ~ Suc k * of-real (In (real p))))

—(of-real (In (real p)) * (1 / (1 — fds-nth fp / nat-power p s) — 1))
if p: prime p for p
proof —
have (3 k. — ((fds-nth f p / nat-power p s) ~ Suc k x of-real (In (real p)))) =
(O ok (fds-nth f p / nat-power p s) ~ Suc k) * of-real (—In (real p))
using sum4 [of p] p
by (subst infsetsum-cmult-left [symmetric])
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(auto simp: abs-summable-on-nat-iff " norm-power simp del: power-Suc)
also have (> ,k. (fds-nth fp / nat-power p s) ~ Suc k) =
(1 /(1 — fds-nth fp / nat-power p s) — 1) using sum4[OF p]
sums[OF p
by (subst infsetsum-nat’)
(auto simp: sums-iff abs-summable-on-nat-iff " norm-power simp del:
power-5uc)
finally show %thesis by (simp add: mult-ac)
qed

have sum3: (Az. > .y. — ((fds-nth f z / nat-power z s) ~ Suc y * of-real (In
(real 2))))
abs-summable-on {p. prime p}
using sum2 by (rule abs-summable-on-Sigma-projectl’) auto
also have ?this «— (Ap. —(of-real (In (real p)) *
(1 /(1 — fds-nth f p / nat-power p s) — 1))) abs-summable-on {p.

prime p}
by (intro abs-summable-on-cong eq) auto
also have ... «— ?2th! by (subst abs-summable-on-uminus-iff) auto

finally show ?thl .

have eval-fds h s = (3_ on. fds-nth h n / nat-power n s)
using * unfolding eval-fds-def by (subst infsetsum-nat’) auto
also have ... = (3_ on € {n. primepow n}. —fds-nth f n x mangoldt n / nat-power
n s)
unfolding h-def using fds-nth-logderiv-completely-multiplicative| OF assms(2)]
by (intro infsetsum-cong-neutral) (auto simp: fds-nth-fds mangoldt-def)
also have ... = (3 .(p,k)e(?P x UNIV). —fds-nth f (p ~ Suc k) * mangoldt
(b ~Suc k) /
nat-power (p ~ Suc k) s)
using bij-betw-primepows unfolding case-prod-unfold
by (intro infsetsum-reindex-bij-betw [symmetric))
also have ... = (3" 4(p,k)e(?P x UNIV).
—((fds-nth fp / nat-power p s) ~ Suc k) % of-real (In (real p)))
by (intro infsetsum-cong)
(auto simp: f.mult f.power mangoldt-def aprimedivisor-prime-power In-realpow
prime-gt-0-nat
nat-power-power-left divide-simps simp del: power-Suc)
also have ... = (3 .p | prime p. >_ 4k.
— ((fds-nth f p | nat-power p s) ~ Suc k) * of-real (In (real p)))
using sum?2 by (subst infsetsum-Times) (auto simp: case-prod-unfold)
also have ... = (> .p | prime p. —(of-real (In (real p)) *
(1 /(1 — fds-nth f p / nat-power p s) — 1)))
using eq by (intro infsetsum-cong) auto
finally show ?th2 by (subst (asm) infsetsum-uminus)
qed

lemma eval-fds-logderiv-zeta:
assumes Re s > 1
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shows (Ap. of-real (In (real p)) / (p powr s — 1))
abs-summable-on {p. prime p} (is ?th1)
and deriv zeta s / zeta s =
—(>_ap | prime p. of-real (In (real p)) / (p powr s — 1)) (is ?th2)
proof —
have x: completely-multiplicative-function (fds-nth fds-zeta :: - = complex)
by standard auto
note abscissa = le-less-trans| OF abs-conv-abscissa-completely-multiplicative-log-deriv[ OF
+]]
have (Ap. In (real p) * (1 / (1 — fds-nth fds-zeta p | p powr s) — 1))
abs-summable-on {p. prime p}
using eval-fds-logderiv-completely-multiplicative] OF x, of s] assms by auto
also have %this «— (Ap. In (real p) / (p powr s — 1)) abs-summable-on {p.
prime p} using assms
by (intro abs-summable-on-cong) (auto simp: fds-nth-zeta divide-simps dest:
prime-gt-1-nat)
finally show ?thl .

from assms have ev: eventually (Az. z € {z. Re z > 1}) (nhds s)
by (intro eventually-nhds-in-open open-halfspace-Re-gt) auto
have deriv zeta s = deriv (eval-fds fds-zeta) s
by (intro deriv-cong-ev[OF eventually-mono[OF ev]]) (auto simp: eval-fds-zeta)
also have deriv (eval-fds fds-zeta) s | zeta s = eval-fds (fds-deriv fds-zeta /
fds-zeta) s
using assms zeta-Re-gt-1-nonzero|of s
by (subst eval-fds-log-deriv) (auto simp: eval-fds-zeta eval-fds-deriv intro!: ab-
scissa)
also have eval-fds (fds-deriv fds-zeta | fds-zeta) s =

—(>ap | prime p. In (real p) x (1 / (1 — fds-nth fds-zeta p | p powr
s) — 1))

(is - = —25) using eval-fds-logderiv-completely-multiplicative| OF *, of s| assms
by auto
also have 25 = (3 ,p | prime p. In (real p) / (p powr s — 1)) using assms
by (intro infsetsum-cong) (auto simp: fds-nth-zeta divide-simps dest: prime-gt-1-nat)
finally show ?th2 .
qed

lemma sums-logderiv-zeta:

assumes Re s > 1

shows (Ap. if prime p then of-real (In (real p)) / (of-nat p powr s — 1) else 0)
sums

—(deriv zeta s | zeta s) (is ?f sums -)

proof —

note x = eval-fds-logderiv-zeta] OF assms]

from sums-infsetsum-nat[OF x(1)] and *(2) show %thesis by simp
qed

lemma range-add-nat: range (An. n + ¢) = {(c:nat)..}
using Nat.le-imp-diff-is-add by auto
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lemma abs-summable-hurwitz-zeta:
assumes Re s > 1 a + real b > 0
shows (An. I / (of-nat n 4+ a) powr s) abs-summable-on {b..}
proof —
from assms have summable (An. cmod (1 / (of-nat (n + b) + a) powr s))
using summable-hurwitz-zeta-real[of Re s a + b)
by (auto simp: norm-divide powr-minus field-simps norm-powr-real-powr)
hence (An. 1 / (of-nat (n + b) + a) powr s) abs-summable-on UNIV
by (auto simp: abs-summable-on-nat-iff ' add-ac)
also have ?this «— (An. 1 / (of-nat n + a) powr s) abs-summable-on range
(An. n + b)
by (rule abs-summable-on-reindex-iff) auto
also have range (An. n + b) = {b..} by (rule range-add-nat)
finally show ?thesis .
qed

lemma hurwitz-zeta-nat-conv-infsetsum:
assumes a > 0 and Re s > 1
shows hurwitz-zeta (real a) s = (3 4n. of-nat (n + a) powr —s)
hurwitz-zeta (real a) s = (> on€{a..}. of-nat n powr —s)
proof —
have hurwitz-zeta (real a) s = (3. n. of-nat (n + a) powr —s)
using assms by (subst hurwitz-zeta-conv-suminf) auto
also have ... = (> 4n. of-nat (n + a) powr —s)
using abs-summable-hurwitz-zeta[of s a 0] assms
by (intro infsetsum-nat’ [symmetric]) (auto simp: powr-minus field-simps)
finally show hurwitz-zeta (real a) s = (3. on. of-nat (n + a) powr —s) .
also have ... = (> ,n€range (An. n + a). of-nat n powr —s)
by (rule infsetsum-reindex [symmetric]) auto
also have range (An. n + a) = {a..} by (rule range-add-nat)
finally show hurwitz-zeta (real a) s = (3 on€{a..}. of-nat n powr —s) .
qed

lemma pre-zeta-bound:

assumes ( < Re sand a: a > 0

shows norm (pre-zeta a s) < (1 + norm s / Re s) / 2 x a powr —Re s
proof —

let 2f = Az. — (s x (z + a) powr (—1—3s))

let 29’ = Az. norm s * (z + a) powr (—1—Re s)

let 2g = Ax. —norm s / Re s * (x + a) powr (—Re s)

define R where R = EM-remainder 1 ?f 0

have [simp]: —Re s — 1 = —1 — Re s by (simp add: algebra-simps)

have |fracx — 1 / 2| < 1 / 2 for z :: real unfolding frac-def
by linarith
hence |pbernpoly (Suc 0) z| < 1 / 2 for z
by (simp add: pbernpoly-def bernpoly-def)
moreover have ((Ab. cmod s x (b + a) powr — Re s /| Re s) —— 0) at-top
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using <Re s > 0> <a > 0> by real-asymp
ultimately have x: Vz. z > real 0 — norm (EM-remainder 1 ?f (int z)) <
(1) 2)/ fact 1 % (—?g (real z))
using <a > 0> (Re s > 0»
by (intro norm-EM-remainder-le-strong-nat’[where ¢’ = ?¢’ and Y = {}])
(auto introl: continuous-intros derivative-eq-intros
stmp: field-simps norm-mult norm-powr-real-powr add-eq-0-iff)
have R: norm R < norm s / (2 x Re s) *x a powr —Re s
unfolding R-def using spec[OF x, of 0] by simp

from assms have pre-zeta a s = a powr —s / 2 + R
by (simp add: pre-zeta-def pre-zeta-auz-def R-def)

also have norm ... < a powr —Re s / 2 + norm s / (2 * Re s) * a powr —Re

s using a
by (intro order.trans| OF norm-triangle-ineq] add-mono R) (auto simp: norm-powr-real-powr)
also have ... = (I + norms / Res) / 2 x a powr —Re s

by (simp add: field-simps)
finally show ?thesis .
qed

lemma pre-zeta-bound’:
assumes (0 < Re sand a: a > 0
shows norm (pre-zeta a s) < norm s / (Re s * a powr Re s)
proof —
from assms have norm (pre-zeta a s) < (1 + norm s / Re s) / 2 * a powr —Re
s
by (intro pre-zeta-bound) auto
also have ... = (Re s + norm s) / 2 / (Re s * a powr Re s)
using assms by (auto simp: field-simps powr-minus)
also have Re s + norm s < norm s + norm s by (intro add-right-mono com-
plex-Re-le-cmod)
also have (norm s + norm s) / 2 = norm s by simp
finally show norm (pre-zeta a s) < norm s / (Re s x a powr Re s)
using assms by (simp add: divide-right-mono)
qed

lemma deriv-zeta-eq:
assumes s: § # 1
shows deriv zeta s = deriv (pre-zeta 1) s — 1 / (s — 1)?
proof —
from s have ev: eventually (Az. z # 1) (nhds s) by (intro t1-space-nhds)
have [derivative-intros|: (pre-zeta 1 has-field-derivative deriv (pre-zeta 1) s) (at
s)
by (intro holomorphic-derivl|of - UNIV] holomorphic-intros) auto
have ((As. pre-zeta 1 s + 1 / (s — 1)) has-field-derivative
(deriv (pre-zeta 1) s — 1 / (s — 1)?)) (at s)
using s by (auto introl: derivative-eg-intros simp: power2-eq-square)
also have ?this +— (zeta has-field-derivative (deriv (pre-zeta 1) s — 1 / (s —

1)%)) (at s)
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by (intro has-field-derivative-cong-ev eventually-mono[OF ev])
(auto simp: zeta-def hurwitz-zeta-def)
finally show ?thesis by (rule DERIV-imp-deriv)
qed

lemma zeta-remove-zero:
assumes Re s > 1
shows (s — 1) prezeta 1s+ 1 # 0
proof (cases s = 1)
case Fulse
hence (s — 1) x pre-zeta 1 s + 1 = (s — 1) * zeta s
by (simp add: zeta-def hurwitz-zeta-def divide-simps)
also from False assms have ... # 0 using zeta-Re-ge-1-nonzerolof s] by auto
finally show ?thesis .
qed auto

lemma eval-fds-deriv-zeta:
assumes Re s > 1
shows eval-fds (fds-deriv fds-zeta) s = deriv zeta s
proof —
have ev: eventually (Az. z € {z. Re z > 1}) (nhds s)
using assms by (intro eventually-nhds-in-open open-halfspace-Re-gt) auto
from assms have eval-fds (fds-deriv fds-zeta) s = deriv (eval-fds fds-zeta) s
by (subst eval-fds-deriv) auto
also have ... = deriv zeta s
by (intro deriv-cong-ev eventually-mono|[OF ev)]) (auto simp: eval-fds-zeta)
finally show ?thesis .
qed

lemma le-nat-iff » x < naty+—z=0Ay<0Vintz <y
by auto

lemma sum-upto-plusi:
assumes = > ()
shows sum-upto f (z + 1) = sum-upto fz + f (Suc (nat |z]))
proof —
have sum-upto f (z + 1) = sum f {0<..Suc (nat |z])}
using assms by (simp add: sum-upto-altdef nat-add-distrib)
also have {0<..Suc (nat |z|)} = insert (Suc (nat |z])) {0<..nat |z|}
by auto
also have sum f ... = sum-upto fz + f (Suc (nat |z]))
by (subst sum.insert) (auto simp: sum-upto-altdef add-ac)
finally show ?thesis .
qed

lemma sum-upto-minusi:
assumes z > I
shows sum-upto f (x — 1) = (sum-upto fz — f (nat |z]) :: 'a :: ab-group-add)
using sum-upto-plus! [of x — 1 f] assms by (simp add: algebra-simps nat-diff-distrib)

/
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lemma integral-smallo:
fixes f g g’ :: real = real
assumes | € o(g’) and filterlim g at-top at-top
assumes Aa’ 2. ¢ < o' = o’ < x = fintegrable-on {a’..z}
assumes deriv: A\z. © > a = (g has-field-derivative g’ x) (at z)
assumes cont: continuous-on {a..} g’
assumes nonneg: /\x T>a=qg'z>0
shows (Az. integral {a..z} f) € o(g)
proof (rule landau-o.smalll)
fix ¢ :: real assume c: ¢ > 0
note [continuous-intros| = continuous-on-subset| OF cont)]
define ¢’ where ¢'=¢ / 2
from ¢ have ¢ ¢/ > 0 by (simp add: c¢'-def)
from landau-o0.smallD[OF assms(1) this]
obtain b where b: Az. > b = norm (fz) < ¢’ x norm (g’ z)
unfolding eventually-at-top-linorder by blast
define b’ where b’ = maz a b
define D where D = norm (integral {a..b'} f)

have filterlim (Az. ¢’ x g x) at-top at-top
using ¢’ by (intro filterlim-tendsto-pos-mult-at-top| OF tendsto-const] assms)
hence eventually (Az. ¢’ * gz > D — ¢’ % g b’) at-top
by (auto simp: filterlim-at-top)
thus eventually (Az. norm (integral {a..z} f) < ¢ * norm (g z)) at-top
using eventually-ge-at-top[of b’]
proof eventually-elim
case (elim )
have b": a < b’ b < b’ by (auto simp: b’-def)
from elim b’ have integrable: (Az. |g’ z|) integrable-on {b’..x}
by (intro integrable-continuous-real continuous-intros) auto
have integral {a..z} f = integral {a..b'} f + integral {b'..z} f
using elim b’ by (intro Henstock- Kurzweil-Integration.integral-combine [symmetric]
assms) auto
also have norm ... < D + norm (integral {b’..z} f)
unfolding D-def by (rule norm-triangle-ineq)
also have norm (integral {b'..x} f) < integral {b'..x} (Az. ¢’ * norm (¢’ z))
using b’ elim assms ¢’ integrable by (intro integral-norm-bound-integral b
assms) auto
also have ... = ¢’ * integral {b’"..2} (Az. |g’ z|) by simp
also have integral {b’..x} (Ax. |g’ x|) = integral {b'..x} g’
using assms b’ by (intro integral-cong) auto
also have (¢’ has-integral (g z — g b’)) {b’..x} using b’ elim
by (intro fundamental-theorem-of-calculus)
(auto simp flip: has-real-derivative-iff-has-vector-derivative
introl: has-field-derivative-at-within|OF deriv])
hence integral {b’..x} g’ =gz — g b’
by (simp add: has-integral-iff)
alsohave D+ ¢’ x (gz — gb) < cx*x gz

29



using elim by (simp add: field-simps ¢’-def)
also have ... < ¢ x norm (g z)
using ¢ by (intro mult-left-mono) auto
finally show ?case by simp
qed
qed

lemma integral-bigo:
fixes f g g’ :: real = real
assumes f € O(g’) and filterlim g at-top at-top
assumes Aa’ 2. ¢ < o' = o’ < ¥ = fintegrable-on {a'..z}
assumes deriv: \z. © > a = (g has-field-derivative g’ z) (at z within {a..})
assumes cont: continuous-on {a..} g’
assumes nonneg: N\z. 2 > a = g’z > 0
shows (Az. integral {a..z} f) € O(g)

proof —
note [continuous-intros] = continuous-on-subset| OF cont]
from landau-0.bigE[OF assms(1)]

obtain ¢ b where ¢: ¢ > 0 and b: Az. £ > b = norm (fz) < ¢ * norm (g’
z)
unfolding eventually-at-top-linorder by metis
define ¢’ where ¢/’ = ¢/ 2

define b’ where b’ = maz a b
define D where D = norm (integral {a..b'} f)

have filterlim (Az. ¢ * g x) at-top at-top
using ¢ by (intro filterlim-tendsto-pos-mult-at-top[ OF tendsto-const] assms)
hence eventually (Az. ¢ x g > D — ¢ x g b’) at-top
by (auto simp: filterlim-at-top)
hence eventually (Az. norm (integral {a..x} f) < 2 * ¢ * norm (g x)) at-top
using eventually-ge-at-top[of b’]
proof eventually-elim
case (elim )
have b": a < b’ b < b’ by (auto simp: b’-def)
from elim b’ have integrable: (Az. |g’ z|) integrable-on {b’..x}
by (intro integrable-continuous-real continuous-intros) auto
have integral {a..z} f = integral {a..b'} f + integral {b'.z} f
using elim b’ by (intro Henstock-Kurzweil-Integration.integral-combine [symmetric]
assms) auto
also have norm ... < D + norm (integral {b’..z} f)
unfolding D-def by (rule norm-triangle-ineq)
also have norm (integral {b’..x} f) < integral {b’..x} (Az. ¢ * norm (g’ z))
using b’ elim assms c integrable by (intro integral-norm-bound-integral b
assms) auto
also have ... = ¢ * integral {b’..x} (Az. |¢’ z|) by simp
also have integral {b’..2} (Ax. |g’ x|) = integral {b'..x} g’
using assms b’ by (intro integral-cong) auto
also have (¢’ has-integral (g z — g b’)) {b’..x} using b’ elim
by (intro fundamental-theorem-of-calculus)
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(auto simp flip: has-real-derivative-iff-has-vector-derivative
introl: DERIV-subset[OF deriv))
hence integral {b'..2} g' =gz — g b’
by (simp add: has-integral-iff)
alsohave D+ ¢cx (9 —gb) < 2=xcx*xgux
using elim by (simp add: field-simps ¢’-def)
also have ... < 2 % ¢ % norm (g x)
using ¢ by (intro mult-left-mono) auto
finally show ?case by simp
qged
thus ?thesis by (rule bigol)
qed

lemma primepows-le-subset:
assumes z: z > 0 and [l: | > 0
shows {(p, 7). prime p Al < i A real (p " i) <z} C {..nat |root lz|} x {..nat
Liog 2 2]}
proof safe
fix p 7 :: nat assume pi: prime p ¢ > lreal (p " i) <z
have real p ~ 1 < real p ~ i using pi z |
by (intro power-increasing) (auto dest: prime-gt-0-nat)
also have ... < z using pi by simp
finally have root [ (real p 1) < root l x
using z pi [ by (subst real-root-le-iff) auto
also have root | (real p " 1) = real p
using pi [ by (subst real-root-pos2) auto
finally show p < nat |root | z| using pi l z by (simp add: le-nat-iff ' le-floor-iff)

from pi have 2 ~ i < real p " i using [
by (intro power-mono) (auto dest: prime-gt-1-nat)
also have ... < z using pi by simp
finally show ¢ < nat |log 2 x| using pi =
by (auto simp: le-nat-iff ' le-floor-iff le-log-iff powr-realpow)
qed

lemma mangoldt-non-primepow: —~primepow n = mangoldt n = 0
by (auto simp: mangoldt-def)

lemma In-minus-in-floor-bigo: (Az. In x — In (real (nat |z]))) € O(A-. 1)
proof (intro le-imp-bigo-real[of 1] eventually-mono| OF eventually-ge-at-top[of 1]])
fix z :: real assume z: z > 1
from z have *: © — real (nat |z]) < 1 by linarith
from z have In z — In (real (nat |z])) < (z — real (nat |z])) / real (nat |z])
by (intro In-diff-le) auto

also have ... < 1 / 1 using z * by (intro frac-le) auto
finally show In z — In (real (nat |z])) < 1 * 1 by simp
qed auto
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lemma cos-geD:
assumes cos > cos a 0 < aa < pi —pi < zxx < pi
shows 2z € {—a..a}
proof (cases z > 0)
case True
with assms show ?thesis
by (subst (asm) cos-mono-le-eq) auto
next
case Fulse
with assms show ?thesis using cos-mono-le-eq[of a —x]
by auto
qed

lemma path-image-part-circlepath-same-Re:

assumes 0 < bb<pia=-br >0

shows path-image (part-circlepath ¢ r a b) = sphere ¢ N {s. Res > Re c + r
% coS a}
proof safe

fix z assume z € path-image (part-circlepath ¢ v a b)
with assms obtain t where ¢: ¢t € {a..b} z = ¢ + of-real v * cis t
by (auto simp: path-image-part-circlepath exp-eq-polar)
from ¢ and assms show z € sphere c r
by (auto simp: dist-norm norm-mult)
from ¢ and assms show Re 2 > Re ¢ + r * cos a
using cos-monotone-0-pi-le[of t b] cos-monotone-minus-pi-0'[of a t]
by (cases t > 0) (auto intro!: mult-left-mono)
next
fix z assume z: z € sphere c v Re 2 > Re ¢ + 1 % cos a
show 2z € path-image (part-circlepath ¢ r a b)
proof (cases r = 0)
case Fulse
with assms have r: r > 0 by simp
with z have z-eq: 2 = ¢ + r x cis (Arg (z — ¢))
using Arg-eq[of z — ¢] by (auto simp: dist-norm exp-eg-polar norm-minus-commute)
moreover from z(2) r assms have cos b < cos (Arg (z — ¢))
by (subst (asm) z-eq) auto
with assms have Arg (z — ¢) € {—b..b}
using Arg-le-pilof z — ¢] mpi-less-Arglof z — c] by (intro cos-geD) auto
ultimately show z € path-image (part-circlepath ¢ r a b)
using assms by (subst path-image-part-circlepath) (auto simp: exp-eq-polar)
qged (insert assms z, auto simp: path-image-part-circlepath)
qed

lemma part-circlepath-rotate-left:
part-circlepath ¢ r (x + a) (z + b) = (A\z. ¢ + cis © * (z — ¢)) o part-circlepath
crab
by (simp add: part-circlepath-def exp-eq-polar fun-eq-iff
linepath-translate-left linepath-translate-right cis-mult add-ac)
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lemma part-circlepath-rotate-right:
part-circlepath ¢ r (a + z) (b + ) = (A\z. ¢ + cis © * (z — ¢)) o part-circlepath
crab
by (simp add: part-circlepath-def exp-eq-polar fun-eq-iff
linepath-translate-left linepath-translate-right cis-mult add-ac)

lemma path-image-semicircle-Re-ge:
assumes r > (
shows path-image (part-circlepath ¢ v (—pi/2) (pi/2)) =
sphere ¢ v N {s. Re s > Re c}
by (subst path-image-part-circlepath-same-Re) (simp-all add: assms)

lemma sphere-rotate: (Az. ¢ + cis x x (z — ¢))  sphere ¢ r = sphere ¢ r
proof safe
fix z assume z: z € sphere c
hence z = ¢ + cisz x (¢ + cis (—z) * (z — ¢) — ¢)
¢+ cis (—z) * (z — ¢) € sphere c T
by (auto simp: dist-norm norm-mult norm-minus-commaute
cis-conv-exp exp-minus field-simps norm-divide)
with z show z € (Az. ¢ + cisz % (z — ¢)) * sphere ¢ r by blast
qed (auto simp: dist-norm norm-minus-commute norm-mault)

lemma path-image-semicircle-Re-le:
assumes r > (
shows path-image (part-circlepath ¢ v (pi/2) (3/2xpi)) =
sphere ¢ v N {s. Re s < Re c}
proof —
let 2f = (A\z. ¢ + cis pi * (z — ¢))
have *: part-circlepath ¢ r (pi/2) (3/2xpi) = part-circlepath ¢ v (pi + (—pi/2))
(pi + pi/2)
by simp
have path-image (part-circlepath ¢ r (pi/2) (3/2xpi)) =
2f < sphere ¢ v N ?f *{s. Re ¢ < Re s}
unfolding * part-circlepath-rotate-left path-image-compose path-image-semicircle- Re-ge| OF
assms|
by auto
also have ?f ‘ sphere ¢ v = sphere ¢ r
by (rule sphere-rotate)
also have ?f ‘ {s. Re ¢ < Re s} = {s. Re ¢ > Re s}
by (auto simp: image-iff introl: exI[of - 2 x ¢ — z for x])
finally show ?thesis .
qed

lemma path-image-semicircle-Im-ge:
assumes r > (
shows path-image (part-circlepath ¢ r 0 pi) =
sphere ¢ v N {s. Im s > Im ¢}
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proof —
let 2f = (Az. ¢ + cis (pi/2) * (z — ¢))
have x: part-circlepath ¢ r 0 pi = part-circlepath ¢ v (pi /| 2 + (—pi/2)) (pi / 2
+ pi/2)
by simp
have path-image (part-circlepath ¢ r 0 pi) =
?f ¢ sphere ¢ r N 2f ‘{s. Re ¢ < Re s}
unfolding * part-circlepath-rotate-left path-image-compose path-image-semicircle- Re-ge| OF
assms|
by auto
also have ?f ‘ sphere ¢ v = sphere ¢ r
by (rule sphere-rotate)
also have ?f ‘ {s. Re ¢ < Re s} = {s. Im ¢ < Im s}
by (auto simp: image-iff introl: exI[of - ¢ — 1 x (z — ¢) for z])
finally show ?thesis .
qed

lemma path-image-semicircle-Im-le:
assumes r > ()
shows path-image (part-circlepath ¢ r pi (2 * pi)) =
sphere ¢ v N {s. Im s < Im ¢}
proof —
let ?f = (Az. ¢ + cis (3xpi/2) * (z — ¢))
have *: part-circlepath ¢ r pi (2%pi) = part-circlepath ¢ r (8*pi/2 + (—pi/2))
(8xpi/2 + pi/2)
by simp
have path-image (part-circlepath ¢ r pi (2 * pi)) =
2f “ sphere ¢ r N 2f “{s. Re ¢ < Re s}
unfolding * part-circlepath-rotate-left path-image-compose path-image-semicircle-Re-ge[ OF
assms|
by auto
also have ?f ‘ sphere ¢ v = sphere ¢ r
by (rule sphere-rotate)
also have cis (3 * pi / 2) = —i
using cis-mult[of pi pi / 2] by simp
hence ?f ‘{s. Re ¢ < Re s} = {s. Im ¢ > Im s}
by (auto simp: image-iff introl: exI[of - ¢ + 1 x (z — ¢) for z])
finally show ?thesis .
qed

lemma eval-fds-logderiv-zeta-real:

assumes z > (I :: real)

shows (Ap. In (real p) / (p powr © — 1)) abs-summable-on {p. prime p} (is
2thl)

and deriv zeta (of-real z) | zeta (of-real x) =
—of-real (3" 4p | prime p. In (real p) / (p powr x — 1)) (is ?th2)

proof —

have (Ap. Re (of-real (In (real p)) / (of-nat p powr of-real x — 1)))

abs-summable-on {p. prime p} using assms
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by (intro abs-summable-Re eval-fds-logderiv-zeta) auto
also have ?this «— ?thl
by (intro abs-summable-on-cong) (auto simp: powr-Reals-eq)
finally show ?thl .
show ?th2 using assms
by (subst eval-fds-logderiv-zeta) (auto simp: infsetsum-of-real [symmetric] powr-Reals-eq)
qed

lemma
fixes a b ¢ d :: real
assumes ab: d xa +b>1and c: c< —1 and d: d > 0
defines C = — (In (d*a+0b) —1/(c+ 1)) *x(d*a+b) powr (¢c+ 1)/
(d + (c + 1))
shows set-integrable-In-powr-at-top:
(Az. (In (d x z + b) = ((d x © + b) powr ¢))) absolutely-integrable-on
{a<..} (is ?th1)
and set-lebesgue-integral-In-powr-at-top:
(Jze{la<.}. (In (d x z + b) = ((d x  + b) powr ¢)) lborel) = C (is
7th2)
and In-powr-has-integral-at-top:
((Az. In (d * £ 4+ b) * (d *x T + b) powr c) has-integral C') {a<..} (is 7th3)
proof —
define f where f = (Az. In (d *x 2 + b) * (d * z + b) powr ¢)
define ' where F = (Az. (In (d x 2 +b) — 1 / (¢ + 1)) x (d x z + b) powr
(c+ 1)/ (dx(c+ 1))

have x: (F has-field-derivative f x) (at ) isCont fz fz > 0 if x > a for x
proof —
have 1 < d * a + b by fact
also have ... < d x x 4+ b using that assms
by (intro add-strict-right-mono mult-strict-left-mono)
finally have gt-1: d x z + b > 1.
show (F has-field-derivative f z) (at z) isCont f x using ab ¢ d gt-1
by (auto simp: F-def f-def divide-simps intro!: derivative-eq-intros continu-
ous-intros)
(auto simp: algebra-simps powr-add)?
show fz > 0 using gi-1 by (auto simp: f-def)
qed

have limits: ((F o real-of-ereal) —— F a) (at-right (ereal a))
((F o real-of-ereal) —— 0) (at-left 0o)
using ¢ ab d unfolding ereal-tendsto-simps1 F-def by (real-asymp; simp add:
field-simps)+
have 1: set-integrable lborel (einterval a oo) f using ab ¢ limits
by (intro interval-integral-FTC-nonneg) (auto introl: * AE-12)
thus 2: f absolutely-integrable-on {a<..}
by (auto simp: set-integrable-def integrable-completion)
have (LBINT z=ereal a..c0. fz) = 0 — F a using ab ¢ limits
by (intro interval-integral-FTC-nonneg) (auto introl: x)
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thus 3: ?th2
by (simp add: interval-integral-to-infinity-eq F-def f-def C-def)
show ?th3
using set-borel-integral-eq-integral|OF 1] 3 by (simp add: has-integral-iff f-def
C-def)
qed

lemma In-fact-conv-sum-upto: In (fact n) = sum-upto In n
by (induction n) (auto simp: sum-upto-plusl add.commute[of 1] In-mult)

lemma sum-upto-In-conv-In-fact: sum-upto In x = In (fact (nat |z]))
by (simp add: In-fact-conv-sum-upto sum-upto-altdef)

lemma real-of-nat-div: real (a div b) = real-of-int |real a / real b]
by (simp add: floor-divide-of-nat-eq)

lemma measurable-sum-upto [measurable]:
fixes f :: 'a = nat = real
assumes [measurable]: N\y. (At. fty) € M —p borel
assumes [measurable]: © € M — s borel
shows (\t. sum-upto (f t) (z t)) € M — s borel
proof —
have meas: (M. set-lebesgue-integral lborel {y. y > 0 N y — real (nat |z t]) <
0} Oy ¢ (nat [4])))
€ M —y borel (is ?f € -) unfolding set-lebesgue-integral-def
by measurable
also have ?f = (\t. sum-upto (ft) (zt))
proof
fix t::'a
show ?f t = sum-upto (ft) (z t)
proof (cases zt < 1)
case True
hence {y. y > 0 Ay — real (nat |z t]) < 0} = {0} by auto
thus ?thesis using True
by (simp add: set-integral-at-point sum-upto-altdef)
next
case Fulse
define n where n = nat |z t|
from Fulse have n > 0 by (auto simp: n-def)

have x: ((Az. ft (nat [z])) has-integral sum (f t) {0<..n}) {real 0..real n}
using <n > 0 by (intro nat-sum-has-integral-ceiling) auto

have xx: (Az. ft (nat [z])) absolutely-integrable-on {real 0..real n}
proof (rule absolutely-integrable-absolutely-integrable-ubound)
show (A-. MAX ne{0..n}. |f t n|) absolutely-integrable-on {real 0..real n}
using «n > 0» by (subst absolutely-integrable-on-iff-nonneg)
(auto simp: Maz-ge-iff introl: exI[of - ft 0])
show (Az. ft (nat [z])) integrable-on {real 0..real n}
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using * by (simp add: has-integral-iff)
next
fix y :: real assume y: y € {real 0..real n}
have ft (nat [y]) < |ft (nat [y])]
by simp
also have ... < (MAX ne{0..n}. |ftn|)
using y by (intro Maz.coboundedl) auto
finally show [t (nat [y]) < (MAX ne{0..n}. |ftn|) .
qed
have sum (ft) {0<..n} = ([ z€{real 0..real n}. ft (nat [z]) dlebesgue)
using has-integral-set-lebesque| OF xx] x by (simp add: has-integral-iff)
also have ... = ([ z€{real 0..real n}. f t (nat [z]) dlborel)
unfolding set-lebesque-integral-def by (subst integral-completion) auto
also have {real 0..real n} = {y. 0 < y Ay — real (nat |z t]) < 0}
by (auto simp: n-def)
also have sum (f t) {0<..n} = sum-upto (ft) (z t)
by (simp add: sum-upto-altdef n-def)
finally show ?thesis ..
qed
qed
finally show ?thesis .
qed

end

2 Ingham’s Tauberian Theorem

theory Newman-Ingham-Tauberian
imports
HOL— Real-Asymp. Real-Asymp
Prime-Number- Theorem-Library
begin

In his proof of the Prime Number Theorem, Newman [6] uses a Tauberian
theorem that was first proven by Ingham. Newman gives a nice and straight-
forward proof of this theorem based on contour integration. This section will
be concerned with proving this theorem.

This Tauberian theorem is probably the part of the Newman’s proof of the
Prime Number Theorem where most of the “heavy lifting” is done. Its
purpose is to extend the summability of a Dirichlet series with bounded
coefficients from the region JR(s) > 1 to R(s) > 1.
In order to show it, we first require a number of auxiliary bounding lemmas.
lemma newman-ingham-auz?:

fixes R :: real and z :: complex

assumes R: R > 0 and z : norm z = R

shows norm (1 / 2+ 2/ R?) = 2 % |Re 2| /| R?
proof —
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from z and R have [simp]: z # 0 by auto
have 1 / z + 2/ R?> = (R*> + 22) x (1 / R* / z) using R
by (simp add: field-simps power2-eq-square)
also have norm ... = norm (R*> + 2?) / R ~ 3
by (simp add: numeral-3-eq-3 z norm-divide norm-mult power2-eq-square)
also have R? + 22 = z x (2 + cnj z) using complex-norm-square|of z]
by (simp add: z power2-eq-square algebra-simps)
also have norm ... = 2 % |Re z| * R
by (subst complex-add-cnj) (simp-all add: z norm-mult)
also have ... / R =8 = 2 x |Re 2| /| R?
using R by (simp add: field-simps numeral-3-eq-8 power2-eq-square)
finally show ?thesis .
qed

lemma newman-ingham-aux2:
fixes m :: nat and w z :: complex
assumes I <m 1 < Rew0 < Rezand f: An. I < n= norm (fn) < C
shows norm (3 n=1..m. fn / npowr (w — z)) < C * (m powr Re z) * (1 /
+ 1/ Rez)
proof —
have [simp]: C > 0 by (rule order.trans|OF - f[of 1]]) auto
have norm (>_n=1..m. fn / npowr (w — 2)) < >.n=1..m. C / n powr (1 —
Re z))
by (rule sum-norm-le)
(insert assms, auto simp: norm-divide norm-powr-real-powr intro!: frac-le
assms powr-mono)
also have ... = C % (3>_n=1..m. n powr (Re z — 1))
by (subst sum-distrib-left) (simp-all add: powr-diff)
also have ... < C x (m powr Re z x (1 / Rez + 1 / m))
using zeta-partial-sum-le’[of Re z m] assms by (intro mult-left-mono) auto
finally show ?thesis by (simp add: mult-ac add-ac)
qed

m

lemma hurwitz-zeta-real-bound-aux:
fixes a z :: real
assumes az: a > 0z > 1
shows (> i. (a + real (Suc ©)) powr (—z)) < a powr (I —z) [/ (x — 1)
proof (rule decreasing-sum-le-integral, goal-cases)
have ((At. (a + t) powr —z) has-integral —(a powr (—z + 1)) / (—z + 1))
(interior {0..})
using powr-has-integral-at-top[of 0 a —z] using az by (simp add: interior-real-atLeast)
also have —(a powr (—z+ 1))/ (—xz+ 1) =apowr (I —z) /[ (x — 1)
using az by (simp add: field-simps)
finally show ((At. (a + t) powr —z) has-integral a powr (1 — z) / (x — 1))
{0..}
by (subst (asm) has-integral-interior) auto
qed (insert azx, auto intro!: powr-mono2’)

Given a function that is analytic on some vertical line segment, we can find
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a rectangle around that line segment on which the function is also analytic.

lemma analytic-on-azis-extend:

fixes y1 y2 = :: real

defines S = {z. Rez =2 A Im z € {yl..y2}}

assumes yl < y2

assumes f analytic-on S

obtains z1 z2 :: real where z1 < z 22 > z f analytic-on cbox (Complex x1 y1)
(Complex 22 y2)
proof —

define C where C = {boz a b |a b z. f analytic-on box a b A\ z € box a b A z €
S}

have S = cbox (Complex x y1) (Complex z y2)

by (auto simp: S-def in-cbozx-complex-iff)
also have compact ... by simp
finally have 1: compact S .

have 2: SC|JC
proof (intro subsetl)

fix z assume z € S

from «f analytic-on S» and this obtain a b where z € box a b f analytic-on

box a b
by (blast elim: analytic-onE-box)

with <z € Sy show 2z € | C unfolding C-def by blast

qed

have 3: open X if X € C for X using that by (auto simp: C-def)
from compactE[OF 1 2 3] obtain T where T: T C C finite TS C JT
by blast

define z1 where 21 = Max (insert (z — 1) (AX. z + (Inf (Re ‘X) — z) / 2)
‘7))

define 22 where 22 = Min (insert (x + 1) (AX. z + (Sup (Re ‘ X) — z) / 2)
7))

have x: z + (Inf (Re ‘X) —2) /2 <z ANz + (Sup (Re ‘X)) —x)/ 2 >zif
X e T for X
proof —
from that and T obtain a b s where [simp]: X = box a b and s: s € box a b
se S
by (force simp: C-def)
hence le: Re a < Re b Im a < Im b by (auto simp: in-box-complex-iff)
show ?thesis using le s
unfolding <X = boz a b> Re-image-boz|OF le] Im-image-box|[OF le]
by (auto simp: S-def in-box-complez-iff)
qed
from x T have z! < z unfolding zI-def by (subst Maz-less-iff) auto
from x T have z2 > z unfolding 22-def by (subst Min-gr-iff) auto

have f analytic-on (J T)
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using T by (subst analytic-on-Union) (auto simp: C-def)
moreover have z € |J T if z € cbox (Complex z1 y1) (Complex z2 y2) for z
proof —
from that have Complex x (Im z) € S
by (auto simp: in-cbox-complez-iff S-def)
with T obtain X where X: X € T Complex z (Im z) € X
by auto
with T obtain a b where [simp]: X = boz a b by (auto simp: C-def)
from X have le: Re a < Re b Im a < Im b by (auto simp: in-boz-complex-iff)

from that have Re z < z2 by (simp add: in-cbozx-complex-iff)
also have ... <z + (Sup (Re ‘' X) —z) / 2

unfolding z2-def by (rule Min.coboundedl)(use T X in auto)
also have ... = (x + Re d) / 2

using le unfolding <X = box a b> Re-image-box[OF le] by (simp add:
field-simps)

also have ... < (Reb+ Rebd) / 2

using X by (intro divide-strict-right-mono add-strict-right-mono)

(auto simp: in-box-complex-iff)

also have ... = Re b by simp
finally have [simp]: Re z < Re b .

have Re a = (Re a + Re a) / 2 by simp
also have ... < (z + Rea) / 2
using X by (intro divide-strict-right-mono add-strict-right-mono)
(auto simp: in-box-complex-iff)
also have ... =z + (Inf (Re ‘X) —z) / 2
using le unfolding <X = boz a b Re-image-box[OF le] by (simp add:
field-simps)
also have ... < z! unfolding zI-def by (rule Maz.coboundedl)(use T X in
auto)
also have ... < Re z using that by (simp add: in-cboz-complex-iff)
finally have [simp]: Re z > Re a .

from X have z € X by (simp add: in-box-complez-iff)
with T X show ?thesis by blast
qged
hence cbox (Complex x1 y1) (Complex z2 y2) C |J T by blast
ultimately have f analytic-on cboz (Complex x1 y1) (Complex z2 y2)
by (rule analytic-on-subset)

with «z! < z» and <2 > > and that][of x1 z2] show ?thesis by blast
qed

We will now prove the theorem. The precise setting is this: Consider a
Dirichlet series F'(s) = > apn™® with bounded coefficients. Clearly, this
converges to an analytic function f(s) on {s | 9R(s) > 1}.

If f(s) is analytic on the larger set {s | ’(s) > 1}, F' converges to f(s) for
all R(s) > 1.
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The proof follows Newman’s argument very closely, but some of the precise
bounds we use are a bit different from his. Also, like Harrison, we choose a
combination of a semicircle and a rectangle as our contour, whereas Newman
uses a circle with a vertical cut-off. The result of the Residue theorem is the
same in both cases, but the bounding of the contributions of the different
parts is somewhat different.

The reason why we picked Harrison’s contour over Newman’s is because we
could not understand how his bounding of the different contributions fits to
his contour, and it seems likely that this is also the reason why Harrison
altered the contour in the first place.
lemma Newman-Ingham-1:

fixes F :: complex fds and f :: complex = complex

assumes coeff-bound: fds-nth F € O(\-. 1)

assumes f-analytic:  f analytic-on {s. Re s > 1}

assumes F-conv-f: N\s. Res > 1 = eval-fds F s = [s
assumes w: Re w > 1
shows fds-converges F w and eval-fds F w = fw

proof —

— We get a bound on our coefficients and call it C.

obtain C' where C: C' > 1 An. norm (fds-nth F n) < C
using natfun-bigo-1E[OF coeff-bound, where lb = 1] by blast

write contour-integral (<§ [-])

— We show convergence directly by showing that the difference between the
partial sums and the limit vanishes.
have (AN. eval-fds (fds-truncate N F) w) —— fw
unfolding tendsto-iff dist-norm norm-minus-commute|of eval-fds F s for F s
proof safe
fix € :: real assume €: € > 0
— We choose an integration radius that is big enough for the error to be
sufficiently small.
define R where R = maz 1 (3 %« C / ¢)
have R: R > 3 %« C / ¢ R > 1 by (auto simp: R-def)

— Next, we extend the analyticity of f (w + 2) to the left of the complex plane
within a thin rectangle that is at least as high as the circle.
obtain [ where [: [ > 0
(Az. f (w + 2)) analytic-on {s. Re s > 0V Im s € {—R—1<..<R+1} A Re
s> =1}
proof —
have f-analytic”: (Az. f (w + 2)) analytic-on {s. Re s > 0}
by (rule analytic-on-compose-gen|OF - f-analytic, unfolded o-def])
(insert w, auto intro: analytic-intros)
hence (Az. f (w + 2)) analytic-on {s. Res =0 AN Im s € {—R—1..R+1}}
by (rule analytic-on-subset) auto
from analytic-on-axis-extend|OF - this| obtain z1 22 where z12:
zl < 022 > 0 (Mz. f (w + 2)) analytic-on cbox (Complex x1 (—R—1))
(Complex 22 (R+1))
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using <R > 1) by auto
from this(3) have (Az. f (w + z)) analytic-on {s. Re s € {x1..0} AN Im s €
{—-R—1..R+1}}
by (rule analytic-on-subset) (insert 12, auto simp: in-cbox-complex-iff)
with f-analytic’ have (Az. f (w + 2)) analytic-on
({s. Re s > 0} U {s. Res € {x1..0} N Im s €
{—R—1..R+1}})
by (subst analytic-on-Un) auto
hence (A\z. f (w + 2)) analytic-on {s. Re s > 0V Im s € {—R—1<..<R+1}
A Re s> z1}
by (rule analytic-on-subset) auto
with «z1 < 0» and that[of —x1] show ?thesis by auto
qed

— The function f (w + z) is now analytic on the open box (=l; R+1)+i(—R+
1; R+ 1). We call this region X.
define X where X = box (Complex (—1) (—R—1)) (Complex (R+1) (R+1))
have [simp, intro]: open X convexr X by (simp-all add: X-def open-box)
from R [ have [simp]: 0 € X by (auto simp: X-def in-box-complex-iff)
have analytic: (Az. f (w + 2)) analytic-on X
by (rule analytic-on-subset|OF 1(2)]) (auto simp: X-def in-boz-complex-iff)
note f-analytic’ [analytic-intros] = analytic-on-compose-gen|OF - analytic, un-
folded o-def]
note f-holo [holomorphic-intros| =
holomorphic-on-compose-gen|OF - analytic-imp-holomorphic|OF analytic],
unfolded o-def]
note f-cont [continuous-intros| = continuous-on-compose2|OF
holomorphic-on-imp-continuous-on|OF analytic-imp-holomorphic[OF ana-
iyt

— We now pick a smaller closed box X’ inside the big open box X. This is
because we need a compact set for the next step. our integration path still lies
entirely within X', and since X’ is compact, f (w + z) is bounded on it, so we
obtain such a bound and call it M.

define 0 where § = min (1/2) (1/2)

from [ have 0: 6 > 0 § < 1/2 6 < | by (auto simp: §-def)

define X’ where X' = cbox (Complex (—6) (—R)) (Complex R R)

have X’ C X unfolding X'-def X-def using (1) R §

by (intro subset-boz-imp) (auto simp: Basis-complex-def)
have [intro]: compact X' by (simp add: X'-def)

moreover have continuous-on X' (Az. f (w + 2))

using w <X’ C X by (auto introl: continuous-intros)

ultimately obtain M where M: M > 0 N\z. z € X' = norm (f (w + 2))

<M
using continuous-on-compact-bound by blast

— Our objective is now to show that the difference between the N-th partial

sum and the limit is below a certain bound (depending on N) which tends to 0 for
N — oo. We use the following bound:

42



define bound where
bound = (AN::nat. (2%xC/R + C/N + 8xM / (pixRxin N) + 3*R«xM / (6xpi
x N powr 0)))
have 2 * C / R < ¢ using M(1) R C(1) (1) ¢
by (auto simp: field-simps)
— Evidently this is below ¢ for sufficiently large N.
hence eventually (AN::nat. bound N < €) at-top
using M (1) R C(1) §(1) € unfolding bound-def by real-asymp

— It now only remains to show that the difference is indeed less than the claimed
bound.
thus eventually (AN. norm (f w — eval-fds (fds-truncate N F) w) < €) at-top
using eventually-gt-at-toplof 1]
proof eventually-elim
case (elim N)
note N = this

— Like Harrison (and unlike Newman), our integration path I' consists of a
semicircle A of radius R in the right-halfplane and a box of width § and height 2R
on the left halfplane. The latter consists of three straight lines, which we call B1
to B3.

define A where A = part-circlepath 0 R (—pi/2) (pi/2)

define B2 where B2 = linepath (Complex (—9) R) (Complex (—0) (—R))

define B! where Bl = linepath (R % 1) (R *1i — ¢)

define B3 where B3 = linepath (—R i — §) (=R * i)

define I" where I' = A +++ Bl +++ B2 +++ B3

— We first need to show some basic facts about the geometry of our integration
path.
have [simp, intro]:
path A path Bl path B3 path B2
valid-path A valid-path B1 valid-path B3 valid-path B2
arc A arc Bl arc B3 arc B2
pathstart A = —i % R pathfinish A =1 % R
pathstart B1 =i % R pathfinish B = R %1 — §
pathstart B8 = —R % i — & pathfinish B8 = —i * R
pathstart B2 = R x i — 0 pathfinish B2 = —R x1 — § using R §
by (simp-all add: A-def Bl-def B3-def exp-eq-polar B2-def Complez-eq
arc-part-circlepath)
hence [simp, introl: valid-path T
by (simp add: T-def A-def Bl-def B3-def B2-def exp-eq-polar Complex-eq)
hence [simp, intro]: path T' using valid-path-imp-path by blast
have [simp]: pathfinish T' = pathstart T' by (simp add: T'-def exp-eq-polar)

have image-B2: path-image B2 = {s. Re s = —d A Im s € {—R..R}}
using R by (auto simp: closed-segment-same-Re closed-segment-eq-real-ivl
B2-def)
have image-B1: path-image Bl = {s. Re s € {—6..0} A Im s = R}
and image-B3: path-image B3 = {s. Re s € {—6..0} A Im s = —R}
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using ¢ by (auto simp: B1-def B3-def closed-segment-same-Im closed-segment-eg-real-ivl)
have image-A: path-image A = {s. Re s > 0 A norm s = R}
unfolding A-def using R by (subst path-image-semicircle-Re-ge) auto
also have z € ... — z € X' — {0} for 2
using complex-Re-le-cmod|of 2] abs-Im-le-cmod|of z] 6 R
by (auto simp: X'-def in-cboz-complez-iff)
hence {s. Re s > 0 A norm s = R} C X' — {0} by auto
finally have path-image B2 C X' — {0} path-image A C X' — {0}
path-image B1 C X' — {0} path-image B8 C X' — {0} using <6 > 0»
by (auto simp: X'-def in-cbox-complex-iff image-B2 image-B1 image-BS3)
note path-images = this <X’ C X»

— I' is a simple path, which, combined with its simple geometric shape, makes
reasoning about its winding numbers trivial.
from R have simple-path A unfolding A-def
by (subst simple-path-part-circlepath) auto
have simple-path T" unfolding I'-def
proof (intro simple-path-join-loop subsetl arc-join, goal-cases)
fix z assume z: z € path-image A N path-image (B! +++ B2 +++ B3)
with image-A have Re z > 0 norm z = R by auto
with z R § show z € {pathstart A, pathstart (Bl +++ B2 +++ B3)}
by (auto simp: path-image-join image-B1 image-B2 image-B3 complex-eq-iff)
qged (insert R, auto simp: image-B1 image-B3 path-image-join image-B2
complez-eq-iff)

— We define the integrands in the same fashion as Newman:

define g where g = (\z::complex. f (w + z) x N powr z x (1 / 2 + 2z /| R?))

define S where S = eval-fds (fds-truncate N F)

define ¢-S where g-S = (Az::complex. S (w + z) * Npowr z* (1 [/ z+ z /
R2)

define rem where rem = (Az::complex. fz — S z)

define g-rem where g-rem = (Az::complex. rem (w + z) * N powr z x (1 /

2+ 2/ R%)

have g-holo: g holomorphic-on X — {0} unfolding g-def
by (auto introl: holomorphic-intros analytic-imp-holomorphic’|OF analytic])

have rem-altdef: rem z = eval-fds (fds-remainder N F) z if Re z > 1 for 2
proof —
have abscissa: abs-conv-abscissa F < 1
using assms by (intro bounded-coeffs-imp-abs-conv-abscissa-le-1)
(simp-all add: natfun-bigo-iff-Bseq)
from assms and that have f z = eval-fds F z by auto
also have F = fds-truncate N F + fds-remainder N F
by (rule fds-truncate-plus-remainder [symmetric])
also from that have eval-fds ... z = S z + eval-fds (fds-remainder N F) z
unfolding S-def
by (subst eval-fds-add) (auto introl: fds-abs-converges-imp-converges
fds-abs-converges|OF le-less-trans|OF
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abscissal])
finally show ?thesis by (simp add: rem-def)
qed

— We now come to the first application of the residue theorem along the path

have § '] g = 2 * pi * i x winding-number T’ 0 * residue g 0
proof (subst Residue-theorem)
show g holomorphic-on X — {0} by fact
show path-image ' C X — {0} using path-images
by (auto simp: T'-def path-image-join)
thus Vz. z ¢ X — winding-number T' z = 0
by (auto introl: simply-connected-imp-winding-number-zero[of X|
convez-imp-simply-connected)
qed (insert path-images, auto intro: convex-connected)
also have winding-number I' 0 = 1
proof (rule simple-closed-path-winding-number-pos)
from R 0 have Vge{A, B1, B2, B3}. Re (winding-number g 0) > 0
unfolding A-def B1-def B2-def B3-def
by (auto intro!: winding-number-linepath-pos-It winding-number-part-circlepath-pos-less)
hence valid-path T' A 0 ¢ path-image T' A Re (winding-number T' 0) > 0
unfolding I'-def using path-images(1—4) by (intro winding-number-join-pos-combined’)
auto
thus Re (winding-number I' 0) > 0 by simp
qed (insert path-images <simple-path T, auto simp: T'-def path-image-join)
also have residue g 0 = fw
proof —
have g = (Az::complex. f (w + z) x N powr z x (1 + 22 /| R?) / 2)
by (auto simp: g-def divide-simps fun-eq-iff power2-eq-square
stmp del: div-mult-self3 div-mult-self) div-mult-self2 div-mult-self1)
moreover from N have residue ... 0 = fw
by (subst residue-simple’[of X])
(auto introl: holomorphic-intros analytic-imp-holomorphic| OF analytic])
ultimately show ?thesis by (simp only:)

qed
finally have 2 x pi x i fw = § [['] g by simp
also have ... = §[A] g + §[B2] g + § [B1] g + ¢ [B3] g unfolding I'-def

by (subst contour-integral-join, (insert path-images,
auto intro!: contour-integral-join contour-integrable-holomorphic-simple
g-holo)[4])+
(simp-all add: add-ac)
finally have integrall: 2 * pi x i fw = §[A] g + ¢§[B2] g + §[B1] g +
$1B3] g .

— Next, we apply the residue theorem along a circle of radius R to another
integrand that is related to the partial sum:
have ¢ [circlepath 0 R] g-S = 2 x pi * i % residue g-S 0
proof (subst Residue-theorem)
show g¢-S holomorphic-on UNIV — {0}
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by (auto simp: g-S-def S-def intro!: holomorphic-intros)
qged (insert R, auto simp: winding-number-circlepath-centre)
also have residue g-S 0 = S w
proof —
have g-S = (Az::complex. S (w + z) x N powr z x (1 + 22/ R?) / 2)
by (auto simp: g-S-def divide-simps fun-eq-iff power2-eq-square
stmp del: div-mult-self3 div-mult-self div-mult-self2 div-mult-self1)
moreover from N have residue ... 0 = S w
by (subst residue-simple’[of X])
(auto intro!: holomorphic-intros simp: S-def)
ultimately show ?thesis by (simp only:)
qed
finally have 2 x pi x i * S w = § [circlepath 0 R] g-S ..

— We split this integral into integrals along two semicircles in the left and
right half-plane, respectively:
also have ... = § [part-circlepath 0 R (—pi/2) (3xpi/2)] g-S
proof (rule Cauchy-theorem-homotopic-loops)
show homotopic-loops (—{0}) (circlepath 0 R)
(part-circlepath 0 R (— pi / 2) (3 * pi / 2)) unfolding circlepath-def
using R
by (intro homotopic-loops-part-circlepath[where k = 1]) auto
qed (auto simp: g-S-def S-def intro!: holomorphic-intros)
also have ... = §[A +++ —A4] ¢-S
proof (rule Cauchy-theorem-homotopic-paths)
have x: —A = part-circlepath 0 R (pi/2) (3*pi/2) unfolding A-def
by (intro part-circlepath-mirror|where k = 0]) auto
from R show homotopic-paths (—{0}) (part-circlepath 0 R (—pi/2)
(3xpi/2)) (A +++ —A)
unfolding * unfolding A-def
by (intro homotopic-paths-part-circlepath) (auto dest!: in-path-image-part-circlepath)
qed (auto simp: g-S-def S-def A-def exp-eq-polar intro!: holomorphic-intros)
also have ... = §[A] ¢-S + §[-A4] ¢-S using R
by (intro contour-integral-join contour-integrable-holomorphic-simple[of -
—{03}])
(auto simp: A-def g-S-def S-def path-image-mirror dest!: in-path-image-part-circlepath
intro!: holomorphic-intros)
also have ¢ [-A] g-S = —§ [4] (A\z. ¢-S (—x))
by (simp add: A-def contour-integral-mirror contour-integral-neg)
finally have integral2: 2 * pi x i x Sw = § [4] ¢-S — ¢ [A] (\z. ¢-S (—z))
by simp

— Next, we show a small bounding lemma that we will need for the final
estimate:
have circle-bound: norm (1 |/ z + z / R?) < 2 / R if [simp]: norm z = R
for z :: complex
proof —
have norm (1 / 2+ 2/ R*) <1 /R+1/R
by (intro order.trans|OF norm-triangle-ineq] add-mono)
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(insert R, simp-all add: norm-divide norm-mult power2-eq-square)
thus ?thesis by simp
qed

— The next bound differs somewhat from Newman’s, but it works just as well.
Its purpose is to bound the contribution of the two short horizontal line segments.
have B12-bound: norm (integral {— 0..0} (Az. g (x + R’ x1))) < 3« M /
R/InN
(is I < -) if |R'| = R for R’
proof —
have ?I < integral {—6..0} (Az. 8 *x M / R % N powr z)
proof (rule integral-norm-bound-integral)
fix x assume z: z € {—0..0}
define z where z =z + i x R’
from R that have [simp]: z # 0 Re z = x Im z = R’
by (auto simp: z-def complex-eq-iff)
from z R that have z € X' by (auto simp: z-def X'-def in-cbox-complez-iff)
from z R that have norm z < § + R
by (intro order.trans|OF cmod-le add-monol) auto

hence norm (1 / 2+ 2/ R*)<1/R+(/R+1)/R
using R that abs-Im-le-cmod|of 7]
by (intro order.trans|OF norm-triangle-ineq add-mono))
(auto simp: norm-divide norm-mult power2-eg-square field-simps )
also have § / R < 1 using § R by auto
finally have norm (1 / 2+ 2/ R?) < 38 / R
using R by (simp add: divide-right-mono)
hence norm (g z) < M * N powr z * (3 / R)
unfolding g-def norm-mult using «M > 0> <z € X"
by (intro mult-mono mult-nonneg-nonneg M) (auto simp: norm-powr-real-powr)
thus norm (g (z + R’ 1)) < 8« M / R x N powr z by (simp add:
mult-ac z-def)
qed (insert N R [ that &, auto intro!: integrable-continuous-real continu-
ous-intros
simp: g-def X-def complex-eq-iff in-box-complez-iff)

also have ... = 3 * M / R « integral {—3..0} (Az. N powr z) by simp
also have ((Az. N powr z) has-integral (N powr 0 / In N — N powr (=6) /
In N)) {-6..0}
using § N

by (intro fundamental-theorem-of-calculus)
(auto simp: has-real-derivative-iff-has-vector-derivative [symmetric]
powr-def
intro!: derivative-eq-intros)
hence integral {—9..0} (Az. N powr ) = 1 / In (real N) — real N powr —
d / In (real N)
using N by (simp add: has-integral-iff)
also have ... < 1 / In (real N) using N by simp
finally show ?thesis using M R by (simp add: mult-left-mono divide-right-mono)
qed
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— We combine the two results from the residue theorem and obtain an integral
representation of the difference between the partial sums and the limit:
have 2 x pi xix (fw — Sw) =
$1A] g — $14] g-S + §[A] (\a. ¢-S (—2)) + §[B1] g + § (B3] g +
$[B2] g
unfolding ring-distribs integrall integral2 by (simp add: algebra-simps)
also have ¢ [A] g — § [A4] ¢-S = § [A] (\z. g x — ¢-S z) using path-images
by (intro contour-integral-diff [symmetric))
(auto introl: contour-integrable-holomorphic-simple[of - X — {0}] holo-
morphic-intros
simp: g-S-def g-holo S-def)
also have ... = §[A] g-rem
by (simp add: g-rem-def g-def g-S-def algebra-simps rem-def)
finally have 2 x pi xi* (fw — Sw) =
$1A] grem -+ §14] (Ao -5 (= @) + §B1] g + $[B3) g +
$[B2] g.

— We now bound each of these integrals individually:
also have norm ... < 2x Cx*xpi /R + 2+« Cxpix (Il / N+ 1/ R)
+ 3«xM/R/InN +
3*M/R/ImN + 6xRxMx N powr (=06) / §
proof (rule order.trans|OF norm-triangle-ineq| add-mono)+
have ¢ [B1] g = —§ [reversepath B1] g by (simp add: contour-integral-reversepath)
also have ¢ [reversepath B1] g = integral {—6..0} (Az. g (z + R * 1))
unfolding B1I-def reversepath-linepath using
by (subst contour-integral-linepath-same-Im) auto
also have norm (—...) = norm ... by simp
also have ... < 8« M / R / In N using R by (intro B12-bound) auto
finally show norm (§ [B1] g) < ...
next
have ¢ [B3] g = integral {—6..0} (Az. g (z + (—R) * 1)) unfolding B3-def
using J
by (subst contour-integral-linepath-same-Im) auto
also have norm ... < 8« M / R / In N using R by (intro B12-bound)
auto
finally show norm (§[B3] g) < ... .
next
have norm (§ [B2] g) < M = N powr (—8) x (8 / ) *
norm (Complex (— 6) (—R) — Complex (— 0) R) unfolding B2-def
proof ((rule contour-integral-bound-linepath; (fold B2-def)?), goal-cases)
case (3 z)
from 3 ¢ R have [simp]: z # 0 and Re-z: Re z = —¢ and Im-z: Im z €
{-R..R}
by (auto simp: closed-segment-same-Re closed-segment-eq-real-ivl)
from % have z € X' using R § path-images by (auto simp: B2-def)
from 3 & R have norm z < sqrt (672 + R™2) unfolding cmod-def using
Re-z Im-z
by (intro real-sqrt-le-mono add-mono) (auto simp: power2-le-iff-abs-le)
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from power-mono[OF this, of 2] have norm-sqr: norm z ~ 2 < 62 + R?
by simp

have norm (1 / z+ 2z / R?) < (1 + (norm 2)* | R?) / §
unfolding add-divide-distrib using & R abs-Re-le-cmod]of z]
by (intro order.trans|OF norm-triangle-ineq] add-mono)
(auto simp: norm-divide norm-mult field-simps power2-eq-square Re-z)
also have ... < (I + (1 + 62 / R?)) / 6 using § R <z € X"» norm-sqr
unfolding X'-def
by (intro divide-right-mono add-left-mono)
(auto simp: field-simps in-cboz-complex-iff intro!: power-mono)
also have §? / R? < 1
using § R by (auto simp: field-simps introl: power-mono)
finally have norm (1 / z + z / R?) < 8 / § using 6 by(simp add:
divide-right-mono)
with <z € X'y show norm (g z) < M % N powr (—=48) * (8 / §) unfolding
g-def norm-mult
by (intro mult-mono mult-nonneg-nonneg M) (auto simp: norm-powr-real-powr
Re-z)
qed (insert path-images M 0, auto introl: contour-integrable-holomorphic-simple[ OF
g-holo])
thus norm (§ [B2] g) < 6 * R« M = N powr (=6) / &
using R by (simp add: field-simps cmod-def real-sqrt-mult)
next
have norm (§[A] (A\z. g-S (— 2))) < (2 % C / (real N * R) + 2 * C | R?)

R x ((pi/2) — (—pi/2)) unfolding A-def
proof ((rule contour-integral-bound-part-circlepath-strong[where k = {R =
(fold A-def)?), goal-cases)
case (6 z)
hence [simp]: z # 0 and norm z = R using R
by (auto simp: A-def dest!: in-path-image-part-circlepath)
from 6 have Re z # 0
using <norm z = Ry by (auto simp: cmod-def abs-if complex-eq-iff split:
if-splits)
with 6 have Re z > 0 using image-A by auto
have S (w — z) = Ok = 1..N. fds-nth F k / of-nat k powr (w — z))
by (simp add: S-def eval-fds-truncate)
also have norm ... < C * Npowr Re z % (1 / N + 1 / Re 2)
using <Re z > 0> w N by (intro newman-ingham-auz2 C) auto
finally have norm (S (w — z)) < ... .
hence norm (¢g-S (—2)) <
(C % Npowr (Rez) (1 / N+ 1/ Rez)) = N powr (—Re z) * (2
* Re z | R?)
unfolding ¢-S-def norm-mult
using newman-ingham-auzl [OF - <norm z = Ry| <Re z > 0> <C > 1» R
by (intro mult-mono mult-nonneg-nonneg circle-bound)
(auto simp: norm-powr-real-powr norm-uminus-minus)
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alsohave ... =2 x Cx (Rez/ N+ 1)/ R> using R N <(Re z > 0>

by (simp add: powr-minus algebra-simps)
alsohave... <2 C /(N % R) + 2 * C / R? unfolding add-divide-distrib
ring-distribs

using R N abs-Re-le-cmod|of z] <norm z = Ry <Re z > 0» «C > 1»

by (intro add-mono) (auto simp: power2-eq-square field-simps mult-mono)

finally show ?Zcase .

qed (insert R N image-A C, auto intro!: contour-integrable-holomorphic-simple[of

- —{0}]
holomorphic-intros simp: g-S-def S-def)
alsohave ... =2« Cxpi*x (1 / N+ 1/ R)using RN
by (simp add: power2-eq-square field-simps)
finally show norm (§ [4] (A\z. ¢-S (— 2))) < ... .
next
have norm (§ [A] g-rem) < (2 * C |/ R*) = R * ((pi/2) — (—pi/2))
unfolding A-def
proof ((rule contour-integral-bound-part-circlepath-strong[where k = {R
(fold A-def)?), goal-cases)
case (6 z)
hence [simp]: z # 0 and norm z = R using R
by (auto simp: A-def dest!: in-path-image-part-circlepath)
from 6 have Re z # 0
using <norm z = Ry by (auto simp: cmod-def abs-if complex-eq-iff split:
if-splits)
with 6 have Re z > (0 using image-A by auto

have summable: summable (An. C x (1 / (Suc n + N) powr (Re w + Re
2)))
using summable-hurwitz-zeta-real[of Re w + Re z Suc N] <Re z > 0> w
unfolding powr-minus by (intro summable-mult) (auto simp: field-simps)
have rem (w + z) = (> n. fds-nth F (Suc n + N) / (Suc n + N) powr
(w + 2))
using <Re z > 0> w by (simp add: rem-altdef eval-fds-remainder)
also have norm ... < (3. n. C / (Suc n + N) powr Re (w + z)) using
summable
by (intro norm-suming-le)
(auto simp: norm-divide norm-powr-real-powr introl: divide-right-mono

)
also have ... = (> n. C % (Suc n + N) powr —Re (w + 2))
unfolding powr-minus by (simp add: field-simps)
also have ... = C % (3_n. (Suc n + N) powr —Re (w + 2))

using summable-hurwitz-zeta-real[of Re w + Re z Suc N] <Re z > 0> w
by (subst suminf-mult) (auto simp: add-ac)
also have (3 n. (Suc n + N) powr —Re (w + z)) <
N powr (1 — Re (w + 2)) / (Re (w+ z) — 1)
using (Re z > 0> w N hurwitz-zeta-real-bound-auz[of N Re (w + 2z)]
by (auto simp: add-ac)
also have ... < N powr —Re z / Re z
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using w N <Re z > 0» by (intro frac-le powr-mono) auto
finally have norm (rem (w + 2)) < C / (Re z * N powr Re z)
using C by (simp add: mult-left-mono mult-right-mono powr-minus
field-simps)
hence norm (g-rem z) < (C / (Re z x N powr Re z)) * N powr (Re z) *
(2 x Re z | R?)
unfolding g-rem-def norm-mult
using newman-ingham-auzl [OF - <norm z = R)] R <Re z > 0> C
by (intro mult-mono mult-nonneg-nonneg circle-bound)
(auto simp: norm-powr-real-powr norm-uminus-minus)
also have ... = 2 x C / R? using R N (Re z > ()
by (simp add: powr-minus field-simps)
finally show ?Zcase .
next
show g-rem contour-integrable-on A using path-images
by (auto simp: g-rem-def rem-def S-def
introl: contour-integrable-holomorphic-simple[of - X—{0}]
holomorphic-intros)
qed (insert R N C, auto)
also have (2 x C / R?) x R x ((pi/2) — (—=pi/2)) = 2 % C x pi | R
using R by (simp add: power2-eq-square field-simps)
finally show norm (§ [A] g-rem) < ... .

qed
also have ... = 4xCxpi/R + 2+Cxpi/N + 6xM/R / In N + 6xRxMxN
powr — 6 /6
by (simp add: algebra-simps)
also have ... = 2xpi x (2«C/R + C/N + 3xM / (pixRxin N) + 3+xRxM

/ (6%pi = N powr §))
by (simp add: field-simps powr-minus )
also have norm (2 x pi xi % (fw — Sw)) = 2 % pi x norm (fw — S w)
by (simp add: norm-mult)
finally have norm (f w — S w) < bound N by (simp add: bound-def)
also have bound N < ¢ by fact
finally show norm (fw — Sw) <e.
qed
qed
thus fds-converges F w
by (auto simp: fds-converges-altdef2 intro: convergentl)
thus eval-fds Fw = fw
using «(AN. eval-fds (fds-truncate N F) w) —— f w»
by (intro tendsto-unique| OF - tendsto-eval-fds-truncate]) auto
qged

The theorem generalises in a trivial way; we can replace the requirement
that the coefficients of f(s) be O(1) by O(n~!) for some o € R, then f(s)
converges for R(s) > o. If it can be analytically continued to R(s) > o, it
is also convergent there.

theorem Newman-Ingham:
fixes F' :: complex fds and f :: complex = complex

o1



assumes coeff-bound:  fds-nth F € O(An. n powr of-real (o — 1))
assumes f-analytic: [ analytic-on {s. Re s > o}

assumes F-conv-f: N\s. Re s >0 = eval-fds F s = fs
assumes w: Rew > o
shows fds-converges F w and eval-fds F w = fw

proof —

define F'/ where F' = fds-shift (—of-real (c — 1)) F
define f’ where f' = f o (As. s + of-real (0 — 1))

have fds-nth F' = (An. fds-nth F n * of-nat n powr —of-real(c — 1))
by (auto simp: fun-eq-iff F'-def)
also have ... € O(An. of-nat n powr of-real (o — 1) * of-nat n powr —of-real(c
1))
by (intro landau-o.big.mult-right assms)
also have (An. of-nat n powr of-real (o — 1) * of-nat n powr —of-real (o — 1))
€ O(A-. 1)
by (intro bigthetal-cong eventually-mono|OF eventually-gt-at-top[of 0]])
(auto simp: powr-minus powr-diff)
finally have bigo: fds-nth F' € O(A-. 1) .

from f-analytic have analytic: f' analytic-on {s. Re s > 1} unfolding f’-def
by (intro analytic-on-compose-gen|OF - f-analytic]) (auto intro!: analytic-intros)

have F'-f: eval-fds F' s = ' s if Re s > 1 for s
using assms that by (auto simp: F’-def f’-def algebra-simps)

have w” 1 < Re (w — of-real (0 — 1))
using w by simp

have I: fds-converges F' (w — of-real (o — 1))
using bigo analytic F'-f w’ by (rule Newman-Ingham-1)
thus fds-converges F w by (auto simp: F'-def)

have 2: eval-fds F' (w — of-real (c — 1)) = f' (w — of-real (c — 1))
using bigo analytic F'-f w’ by (rule Newman-Ingham-1)
thus eval-fds F w = fw
using assms by (simp add: F’-def f'-def)
qged

end

3 Prime-Counting Functions

theory Prime-Counting-Functions
imports Prime-Number-Theorem-Library
begin

We will now define the basic prime-counting functions 7, ¥, and . Addi-
tionally, we shall define a function M that is related to Mertens’ theorems
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and Newman’s proof of the Prime Number Theorem. Most of the results in
this file are not actually required to prove the Prime Number Theorem, but
are still nice to have.

3.1 Definitions

definition prime-sum-upto :: (nat = 'a) = real = 'a :: semiring-1 where
prime-sum-upto fx = (3 p | prime p A real p < z. f p)

lemma prime-sum-upto-altdef1 :
prime-sum-upto f x = sum-upto (Ap. ind prime p x fp) z
unfolding sum-upto-def prime-sum-upto-def
by (intro sum.mono-neutral-cong-left finite-subset| OF - finite-Nats-le-real[of x]])
(auto dest: prime-gt-1-nat simp: ind-def)

lemma prime-sum-upto-altdef2:
prime-sum-upto fx = (> p | prime p A p < nat |z]. fp)
unfolding sum-upto-altdef prime-sum-upto-altdef1
by (intro sum.mono-neutral-cong-right) (auto simp: ind-def dest: prime-gt-1-nat)

lemma prime-sum-upto-altdef3:
prime-sum-upto f x = (D p<primes-upto (nat |z]). f p)
proof —
have (3 p<primes-upto (nat |z|). fp) = O_p | prime p A p < nat |z]. fp)
by (subst sum-list-distinct-conv-sum-set) (auto simp: set-primes-upto conj-commuite)
thus ?thesis by (simp add: prime-sum-upto-altdef2)
qed

lemma prime-sum-upto-eql:
assumes a < b A\k. k € {nat |a]|<..nat|b]} = —-prime k
shows prime-sum-upto f a = prime-sum-upto f b
proof —
have x: k < nat |a] if k < nat | b] prime k for k
using that assms(2)[of k] by (cases k < nat |a]) auto
from assms(1) have nat |a| < nat |b| by linarith
hence (3 p | prime p A p < nat |al. fp) = O_p | prime p A p < nat |b]. fp)
using assms by (intro sum.mono-neutral-left) (auto dest: x)
thus ?thesis by (simp add: prime-sum-upto-altdef2)
qed

lemma prime-sum-upto-eql "
assumes o’ < nat |a] a < b nat [b] < b Ak. k € {a'<..b’} = —prime k
shows prime-sum-upto f a = prime-sum-upto f b
by (rule prime-sum-upto-eql) (use assms in auto)

lemmas eval-prime-sum-upto = prime-sum-upto-altdef3 [unfolded primes-upto-sieve]

lemma of-nat-prime-sum-upto: of-nat (prime-sum-upto f x) = prime-sum-upto

(Ap. of-nat (fp)) =
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by (simp add: prime-sum-upto-def)

lemma prime-sum-upto-mono:
assumes An.n > 0 = fn > (0ureal) z < y
shows prime-sum-upto f v < prime-sum-upto fy
using assms unfolding prime-sum-upto-altdef1 sum-upto-altdef
by (intro sum-mono2) (auto simp: le-nat-iff " le-floor-iff ind-def)

lemma prime-sum-upto-nonneg:
assumes An. n > 0 = fn > (0 :: real)
shows prime-sum-upto fz > 0
unfolding prime-sum-upto-altdefl sum-upto-altdef
by (intro sum-nonneg) (auto simp: ind-def assms)

lemma prime-sum-upto-eq-0:
assumes z < 2
shows prime-sum-upto fx = 0
proof —
from assms have nat |z] = 0 V nat |z| = 1 by linarith
thus ?thesis by (auto simp: eval-prime-sum-upto)
qed

lemma measurable-prime-sum-upto [measurablel:
fixes [ :: 'a = nat = real
assumes [measurable]: Ny. (\t. fty) € M —py borel
assumes [measurable]: © € M — s borel
shows (At. prime-sum-upto (f t) (x t)) € M — s borel
unfolding prime-sum-upto-altdefl by measurable

The following theorem breaks down a sum over all prime powers no greater
than fixed bound into a nicer form.

lemma sum-upto-primepows:
fixes f :: nat = 'a :: comm-monoid-add
assumes An. —primepow n = fn =0 Api. primep = i>0 = f (p " 1)
=gpi
shows sum-upto fz = (> (p, 7) | primep A i > 0 A real (p " i) < z. gpi)
proof —
let ?d = aprimedivisor
have ¢: g (2d n) (multiplicity (?d n) n) = f n if primepow n for n using that
by (subst assms(2) [symmetric])
(auto simp: primepow-decompose aprimedivisor-prime-power primepow-gt-Suc-0
introl: aprimedivisor-nat multiplicity-aprimedivisor-gt-0-nat)
have sum-upto fz = (3. n | primepow n A real n < z. fn)
unfolding sum-upto-def using assms
by (intro sum.mono-neutral-cong-right) (auto simp: primepow-gt-0-nat)
also have ... = (3 (p, @) | primep A i > 0 Areal (p ") <z . gpi) (is - =
sum - 25)
by (rule sum.reindex-bij-witness[of - A(p,). p i An. (2d n, multiplicity (?d n)

n)])
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(auto simp: aprimedivisor-prime-power primepow-decompose primepow-gt-Suc-0

stmp del: of-nat-power introl: aprimedivisor-nat multiplicity-aprimedivisor-gt-0-nat)
finally show ?thesis .
qed

definition primes-pi where primes-pi = prime-sum-upto (Ap. 1 :: real)
definition primes-theta where primes-theta = prime-sum-upto (Ap. In (real p))
definition primes-psi where primes-psi = sum-upto (mangoldt :: nat = real)
definition primes-M where primes-M = prime-sum-upto (Ap. In (real p) /
real p)

Next, we define some nice optional notation for these functions.

open-bundle prime-counting-syntax
begin

notation primes-pi (<)
notation primes-theta (<)
notation primes-psi (i)
notation primes-M  («0)

end

lemmas 7-def = primes-pi-def
lemmas v-def = primes-theta-def
lemmas -def = primes-psi-def

lemmas eval-m = primes-pi-def[unfolded eval-prime-sum-upto]
lemmas eval-¥ = primes-theta-def[unfolded eval-prime-sum-upto]
lemmas eval-M = primes-M-def[unfolded eval-prime-sum-upto]

3.2 Basic properties

The proofs in this section are mostly taken from Apostol [1].

lemma measurable-m [measurable]: m € borel — s borel
and measurable-9 [measurable]: ¥ € borel — s borel
and measurable-i) [measurable]: ¢ € borel — ) borel
and measurable-primes-M [measurable]: MM € borel —pr borel
unfolding primes-M-def w-def V¥-def y-def by measurable

lemma 7-eq-0 [simp]: 2 < 2 = 7wz =0
and J-eq-0 [simp]: < 2 = Yz =0
and primes-M-eq-0 [simp]: © < 2 = Mz = 0
unfolding primes-pi-def primes-theta-def primes-M-def
by (rule prime-sum-upto-eq-0; simp)-+

lemma 7-nat-cancel [simp]: © (nat z) = 7
and 9-nat-cancel [simp]: ¥ (nat z) = 9 x
and primes-M-nat-cancel [simp]: M (nat x) = M x
and v-nat-cancel [simpl: ¥ (nat ) = ¢
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and w-floor-cancel [simp]: m (of-int |y]) = 7 y
and 9-floor-cancel [simp]: ¥ (of-int |y|) =V y

and primes-M-floor-cancel [simp]: M (of-int |y]) = M y

and ¢-floor-cancel [simp]: ¥ (of-int |y]) =¥ y

by (simp-all add: w-def ¥-def -def primes-M-def prime-sum-upto-altdef2 sum-upto-altdef)

lemma 7w-nonneg [intro]: m z > 0
and J-nonneyg [intro]: 9 © > 0
and primes-M-nonneg [intro]: MM = > 0
unfolding primes-pi-def primes-theta-def primes-M-def
by (rule prime-sum-upto-nonneg; simp)—+

lemma 7-mono [intro]: t <y =max <7y
and ¥-mono [intro]: <y =z <Yy
and primes-M-mono [intro]: < y = Mz < M y
unfolding primes-pi-def primes-theta-def primes-M-def
by (rule prime-sum-upto-mono; simp)+

lemma 7w-pos-iff: mz > 0 +— x> 2
proof

assume z: x > 2

show 7z > 0

by (rule less-le-trans|OF - w-mono[OF z]]) (auto simp: eval-m)

next

assume 7 z > 0

hence —(z < 2) by auto

thus =z > 2 by simp
qed

lemma 7-pos: x > 2 = m x> 0
by (simp add: m-pos-iff)

lemma 1-eq-0 [simpl:

assumes z < 2

shows ¢y =10
proof —

from assms have nat |z] < I by linarith

hence mangoldt n = (0 :: real) if n € {0<..nat |z]} for n

using that by (auto simp: mangoldt-def dest!: primepow-gt-Suc-0)

thus ?thesis unfolding v-def sum-upto-altdef by (intro sum.neutral) auto

qed

lemma v-nonneg [intro]: ¥ x > 0
unfolding -def sum-upto-def by (intro sum-nonneg mangoldt-nonneg)

lemma ¥-mono: z < y= vz <Yy
unfolding v-def sum-upto-def by (intro sum-mono2 mangoldt-nonneg) auto
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3.3 The n-th prime number

Next we define the n-th prime number, where counting starts from 0. In
traditional mathematics, it seems that counting usually starts from 1, but it
is more natural to start from 0 in HOL and the asymptotics of the function
are the same.

definition nth-prime :: nat = nat where
nth-prime n = (THE p. prime p A card {q. prime ¢ A ¢ < p} = n)

lemma finite-primes-less [intro]: finite {q::nat. prime q¢ A q¢ < p}
by (rule finite-subset|of - {..<p}]) auto

lemma nth-prime-unique-auz:
fixes p p’ :: nat
assumes prime p card {q. prime ¢ A ¢ < p} =n
assumes prime p’ card {q. prime ¢ A ¢ < p'} = n
shows p=p’
using assms
proof (induction p p’ rule: linorder-wlog)
case (le p p’)
have finite {q. prime q¢ A q < p'} by (rule finite-primes-less)
moreover from le have {q. prime ¢ A ¢ < p} C {q. prime ¢ A ¢ < p’}
by auto
moreover from le have card {q. prime ¢ A ¢ < p} = card {q. prime ¢ A ¢ <
p'}
by simp
ultimately have {q. prime ¢ A ¢ < p} = {q. prime ¢ A ¢ < p'}
by (rule card-subset-eq)
with <prime p» have —(p < p’) by blast
with «p < p» show p = p’ by auto
qed auto

lemma 7-smallest-prime-beyond:
7 (real (smallest-prime-beyond m)) = w (real (m — 1)) + 1
proof (cases m)
case (
have smallest-prime-beyond 0 = 2
by (rule smallest-prime-beyond-eq) (auto dest: prime-gt-1-nat)
with 0 show ?%thesis by (simp add: eval-m)
next
case (Suc n)
define n’ where n’ = smallest-prime-beyond (Suc n)
have n < n’
using smallest-prime-beyond-le[of Suc n| unfolding n'-def by linarith
have prime n’ by (simp add: n'-def)
have n’ < p if prime p p > n for p
using that smallest-prime-beyond-smallest[of p Suc n] by (auto simp: n'-def)
note n’ = «<n < n’y <prime n’> this
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have 7 (real n’) = real (card {p. prime p A p < n'})
by (simp add: w-def prime-sum-upto-def)
also have Suc n < n’ unfolding n’-def by (rule smallest-prime-beyond-le)
hence {p. prime p A p < n'} = {p. prime p A p < n} U {p. prime p A p €
{n<..n'}}
by auto
also have real (card ...) = 7 (real n) + real (card {p. prime p A p € {n<..n'}})
by (subst card-Un-disjoint) (auto simp: mw-def prime-sum-upto-def)
also have {p. prime p A p € {n<.n’}} = {n'}
using n' by (auto intro: antisym)
finally show ?thesis using Suc by (simp add: n'-def)
qed

lemma 7-inverse-exists: 3n. 7 (real n) = real m
proof (induction m)
case 0
show ?case by (intro exI[of - 0]) auto
next
case (Suc m)
from Suc.IH obtain n where n: 7 (real n) = real m
by auto
hence 7 (real (smallest-prime-beyond (Suc n))) = real (Suc m)
by (subst w-smallest-prime-beyond) auto
thus ?case by blast
qed

lemma nth-prime-exists: I p::nat. prime p A card {q. prime ¢ A ¢ < p} = n
proof —
from 7-inverse-exists[of n| obtain m where 7 (real m) = real n by blast
hence card: card {q. prime ¢ A ¢ < m} =n
by (auto simp: w-def prime-sum-upto-def)

define p where p = smallest-prime-beyond (Suc m)
have m < p using smallest-prime-beyond-le[of Suc m] unfolding p-def by
linarith
have prime p by (simp add: p-def)
have p < ¢ if prime ¢ ¢ > m for ¢
using smallest-prime-beyond-smallest[of q Suc m] that by (simp add: p-def)
note p = (m < p» <prime p> this

have {q. prime ¢ A ¢ < p} = {q. prime ¢ A ¢ < m}
proof safe
fix ¢ assume prime q ¢ < p
hence —(q > m) using p(1,2) p(3)[of q] by auto
thus ¢ < m by simp
qed (insert p, auto)

also have card ... = n by fact
finally show ?thesis using <prime p> by blast
qed
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lemma nth-prime-exists1: I!p::nat. prime p A card {q. prime ¢ A ¢ < p} = n
by (intro ex-ex1l nth-prime-exists) (blast intro: nth-prime-unique-auz)

lemma prime-nth-prime [intro]:  prime (nth-prime n)
and card-less-nth-prime [simp|: card {q. prime ¢ A q < nth-prime n} = n
using thel [OF nth-prime-exists1[of n]] by (simp-all add: nth-prime-def)

lemma card-le-nth-prime [simpl: card {q. prime ¢ A q < nth-prime n} = Suc n
proof —

have {q. prime g A q¢ < nth-prime n} = insert (nth-prime n) {q. prime ¢ A ¢ <
nth-prime n}

by auto

also have card ... = Suc n by simp

finally show ?thesis .
qed

lemma 7-nth-prime [simp]: © (real (nth-prime n)) = real n + 1
by (simp add: w-def prime-sum-upto-def)

lemma nth-prime-eql:
assumes prime p card {q. prime ¢ A\ ¢ < p} = n
shows nth-prime n = p
unfolding nth-prime-def
by (rule thel-equality|OF nth-prime-existsl]) (use assms in auto)

lemma nth-prime-eql .
assumes prime p card {q. prime ¢ A\ ¢ < p} = Suc n
shows nth-prime n = p
proof (rule nth-prime-eql)
have {q. prime ¢ A ¢ < p} = insert p {q. prime ¢ A\ ¢ < p}
using assms by auto
also have card ... = Suc (card {q. prime q A q < p})
by simp
finally show card {q. prime ¢ A ¢ < p} = n using assms by simp
qed (use assms in auto)

lemma nth-prime-eql '
assumes prime p 7 (real p) = real n + 1
shows nth-prime n = p
proof (rule nth-prime-eql’)
have real (card {q. prime ¢ A q < p}) = 7 (real p)
by (simp add: w-def prime-sum-upto-def)
also have ... = real (Suc n) by (simp add: assms)
finally show card {q. prime ¢ A ¢ < p} = Suc n
by (simp only: of-nat-eq-iff)
ged fact+

lemma nth-prime-0 [simpl: nth-prime 0 = 2
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by (intro nth-prime-eqI) (auto dest: prime-gt-1-nat)

lemma nth-prime-Suc: nth-prime (Suc n) = smallest-prime-beyond (Suc (nth-prime

n))

by (rule nth-prime-eqI'’) (simp-all add: 7w-smallest-prime-beyond)
lemmas nth-prime-code [code] = nth-prime-0 nth-prime-Suc

lemma strict-mono-nth-prime: strict-mono nth-prime
proof (rule strict-monol-Suc)
fix n :: nat
have Suc (nth-prime n) < smallest-prime-beyond (Suc (nth-prime n)) by simp

also have ... = nth-prime (Suc n) by (simp add: nth-prime-Suc)
finally show nth-prime n < nth-prime (Suc n) by simp
qed

lemma nth-prime-le-iff [simp|: nth-prime m < nth-prime n +— m < n
using strict-mono-less-eq|OF strict-mono-nth-prime| by blast

lemma nth-prime-less-iff [simp]: nth-prime m < nth-prime n +— m < n
using strict-mono-less|OF strict-mono-nth-prime] by blast

lemma nth-prime-eq-iff [simpl: nth-prime m = nth-prime n <— m = n
using strict-mono-eq[OF strict-mono-nth-prime] by blast

lemma nth-prime-ge-2: nth-prime n > 2
using nth-prime-le-iff[of 0 n] by (simp del: nth-prime-le-iff)

lemma nth-prime-lower-bound: nth-prime n > Suc (Suc n)
proof —
have n = card {q. prime ¢ A ¢ < nth-prime n}
by simp
also have ... < card {2..<nth-prime n}
by (intro card-mono) (auto dest: prime-gt-1-nat)

also have ... = nth-prime n — 2 by simp
finally show ?thesis using nth-prime-ge-2[of n] by linarith
qed

lemma nth-prime-at-top: filterlim nth-prime at-top at-top
proof (rule filterlim-at-top-mono)

show filterlim (An::nat. n + 2) at-top at-top by real-asymp
qed (auto simp: nth-prime-lower-bound)

lemma w-at-top: filterlim 7 at-top at-top
unfolding filterlim-at-top
proof safe
fix C :: real
define 20 where 0 = real (nth-prime (nat [maz 0 C1))
show eventually (Az. 7 > C) at-top
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using eventually-ge-at-top
proof eventually-elim
fix z assume z > z0
have C < real (nat [maz 0 C| + 1) by linarith
also have real (nat [maz 0 C1 + 1) = 7 z0
unfolding z0-def by simp

also have ... < 7 z by (rule m-mono) fact
finally show 7 z > C .
qed
qed

An unbounded, strictly increasing sequence a,, partitions [ag; 00) into seg-
ments of the form [a,; apy1).

lemma strict-mono-sequence-partition:
assumes strict-mono (f :: nat = 'a :: {linorder, no-top})
assumes z > f 0
assumes filterlim f at-top at-top
shows 3Jk.z € {fk.<f (Suck)}
proof —
define k where k = (LEAST k. f (Suc k) > x)
{
obtain n where z < fn
using assms by (auto simp: filterlim-at-top eventually-at-top-linorder)
also have fn < f (Suc n)
using assms by (auto simp: strict-mono-Suc-iff)
finally have 3 n. f (Suc n) > x by auto
}
from Leastl-ex[OF this| have z < f (Suc k)
by (simp add: k-def)
moreover have fk < z
proof (cases k)
case (Suc k')
have k < k' if f (Suc k') > =
using that unfolding k-def by (rule Least-le)
with Suc show fk < z by (cases f k < z) (auto simp: not-le)
qged (use assms in auto)
ultimately show #¢thesis by auto
qed

lemma nth-prime-partition:
assumes > 2
shows 3Jk. z € {nth-prime k..<nth-prime (Suc k)}
using strict-mono-sequence-partition| OF strict-mono-nth-prime, of x| assms nth-prime-at-top
by simp

lemma nth-prime-partition’:
assumes r > 2
shows 3Jk. z € {real (nth-prime k)..<real (nth-prime (Suc k))}
by (rule strict-mono-sequence-partition)
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(auto simp: strict-mono-Suc-iff assms
intro!: filterlim-real-sequentially filterlim-compose[OF - nth-prime-at-top))

lemma between-nth-primes-imp-nonprime:
assumes n > nth-prime k n < nth-prime (Suc k)
shows —prime n
using assms by (metis Suc-lel not-le nth-prime-Suc smallest-prime-beyond-smallest)

lemma nth-prime-partition’”:
assumes z > (2 :: real)
shows = € {real (nth-prime (nat |7 x| — 1))..<real (nth-prime (nat |7 z|))}
proof —
obtain n where n: z € {nth-prime n..<nth-prime (Suc n)}
using nth-prime-partition’ assms by auto
have 7 (nth-prime n) = 7 «
unfolding 7-def using between-nth-primes-imp-nonprime n
by (intro prime-sum-upto-eql) (auto simp: le-nat-iff le-floor-iff)
hence realn =7z — 1
by simp
hence n-eq: n = nat |7 ] — 1 Suc n = nat |7 x|
by linarith+
with n show ?thesis
by simp
qed

3.4 Relations between different prime-counting functions

The v function can be expressed as a sum of .

lemma -altdef:
assumes z > 0
shows ¢ z = sum-upto (Am. prime-sum-upto In (root m x)) (log 2 z) (is - =
2rhs)
proof —
have finite: finite {p. prime p A real p < y} for y
by (rule finite-subset[of - {..nat |y]}]) (auto simp: le-nat-iff’ le-floor-iff)
define S where S = (SIGMA i:{i. 0 < i A real i < log 2 x}. {p. prime p A real
p < root i x})
have ¢y 2 = (3" (p, i) | prime p A 0 < i A real (p " i) < z. In (real p)) unfolding
Y-def
by (subst sum-upto-primepows[where g = Ap i. In (real p)])
(auto simp: case-prod-unfold mangoldt-non-primepow)
also have ... = (3_(4, p) | prime p A 0 < i A real (p " %) < z. In (real p))
by (intro sum.reindex-bij-witness[of - A(z,y). (y,x) Mz,y). (y,z)]) auto
also have {(¢, p). prime p A 0 < i Areal (p " i) <z} =S8
unfolding S-def
proof safe
fix ¢ p :: nat assume ip: i > 0 real i < log 2 x prime p real p < root i x
hence real (p " i) < root i x ~ i unfolding of-nat-power by (intro power-mono)
auto
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with ip assms show real (p ~ i) < z by simp
next
fix i p assume ip: prime p ¢ > Oreal (p " i) < z
from ip have 2 7 i < p "¢ by (intro power-mono) (auto dest: prime-gt-1-nat)
also have ... < z using ip by simp
finally show real ¢ < log 2 z
using assms by (simp add: le-log-iff powr-realpow)
have root i (real p ~ i) < root i x using ip assms
by (subst real-root-le-iff) auto
also have root ¢ (real p ~ 1) = real p
using assms ip by (subst real-root-pos2) auto
finally show real p < root i x .
qed
also have (> (i,p)€S. In p) = sum-upto (Am. prime-sum-upto In (root m z))
(log 2 x)
unfolding sum-upto-def prime-sum-upto-def S-def using finite by (subst sum.Sigma)
auto
finally show ?thesis .
qed

lemma ¢-conv-9-sum: x > 0 = ¢ z = sum-upto (Am. 9 (root m z)) (log 2 x)
by (simp add: ¥-altdef J-def)

lemma -minus-9:
assumes z: ¢ > 2
shows Yz —9dax= 00 i]|2<iAreli<log?2z 9 (rootiz))
proof —
have finite: finite {i. 2 < i A real i < log 2 x}
by (rule finite-subset|[of - {2..nat |log 2 z]}]) (auto simp: le-nat-iff ' le-floor-iff)
have p 2 = (30| 0 < i A real i < log 2 z. 9 (root i z)) using z
by (simp add: -conv-9-sum sum-upto-def)
also have {i. 0 < i A real i < log 2 z} = insert 1 {i. 2 < i A real i < log 2 z}
using z
by (auto simp: le-log-iff)
also have (> ie.... ¥ (rootiz)) — ¥z =
SCi| 2<iANreali<log 2z 9 (rootizx)) using finite
by (subst sum.insert) auto
finally show ?thesis .
qed

The following theorems use summation by parts to relate different prime-
counting functions to one another with an integral as a remainder term.

lemma 9-conv-m-integral:
assumes t > 2
shows ((At. w t / t) has-integral (m x x In z — ¥ z)) {2..2}
proof (cases © = 2)
case Fulse
note [intro] = finite-vimage-real-of-nat-greater ThanAtMost
from False and assms have z: © > 2 by simp
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have ((\t. sum-upto (ind prime) t x (1 / t)) has-integral
sum-upto (ind prime) = * In © — sum-upto (ind prime) 2 * In 2 —
(3" nereal — < {2<..x}. ind prime n * In (real n))) {2..2} using =
by (intro partial-summation-stronglwhere X = {}])
(auto introl: continuous-intros derivative-eq-intros
simp flip: has-real-derivative-iff-has-vector-derivative)
hence ((At. 7 t / t) has-integral (7w x % In z —
(m 2% in 2+ (O n€real —*{2<..x}. ind prime n % In n)))) {2..2}
by (simp add: w-def prime-sum-upto-altdef1 algebra-simps)
also have 7 2 x In 2 + (D> n€real —° {2<..z}. ind prime n x In n) =
(3" neinsert 2 (real —¢{2<..x}). ind prime n * In n)
by (subst sum.insert) (auto simp: eval-m)
also have ... = ¥ z unfolding ¥-def prime-sum-upto-def using z
by (intro sum.mono-neutral-cong-right) (auto simp: ind-def dest: prime-gt-1-nat)
finally show ?thesis .
qed (auto simp: has-integral-refl eval-m eval-9)

lemma m-conv-¥-integral:
assumes ¢ > 2
shows ((At. 9t/ (t*Int ™ 2)) has-integral (m x — ¥ x / In z)) {2..2}
proof (cases z = 2)
case Fulse
define b where b = (Ap. ind prime p * In (real p))
note [intro] = finite-vimage-real-of-nat-greater ThanAtMost
from Fualse and assms have z: z > 2 by simp
have ((At. —(sum-upto bt x (—1 / (t * (In t)?)))) has-integral
—(sum-upto bz x (1 / Inx) — sum-upto b 2 x (1 [/ In 2) —
O nereal —{2<.z}. bnx (1 / In (real n))))) {2..2} using z
by (intro has-integral-neg partial-summation-stronglwhere X = {}])
(auto introl: continuous-intros derivative-eg-intros
simp flip: has-real-derivative-iff-has-vector-derivative simp add: power2-eq-square)
also have sum-upto b = ¥
by (simp add: 9-def b-def prime-sum-upto-altdefl fun-eq-iff)
alsohave 9z + (1 /Inx) —9 2% (1 /In2)—
- nereal —{2<..x}. bn* (1 / In (real n))) =
Yz (1 /)Inz)— (O ne€insert 2 (real —°{2<.z}). bnx* (1 /In
(real n)))
by (subst sum.insert) (auto simp: b-def eval-1)
also have (> neinsert 2 (real — {2<..x}). bn* (1 / In (real n))) = 7 z using
x
unfolding w-def prime-sum-upto-altdef1 sum-upto-def
proof (intro sum.mono-neutral-cong-left balll, goal-cases)
case (3 p)
hence p = 1 by auto
thus ?case by auto
qed (auto simp: b-def)
finally show ?thesis by simp
qed (auto simp: has-integral-refl eval-m eval-9)
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lemma integrable-weighted-9:
assumes 2 < aa <z
shows ((At. 9t/ (txInt ™ 2)) integrable-on {a..z})
proof (cases a < x)
case True
hence (At. 9 t x (1 / (t % Int ™ 2))) integrable-on {a..z}) using assms
unfolding 9-def prime-sum-upto-altdef1
by (intro partial-summation-integrable-stronglwhere X = {} and f = \z. —1
/ In z])
(auto simp flip: has-real-derivative-iff-has-vector-derivative
introl: derivative-eg-intros continuous-intros simp: power2-eq-square
field-simps)
thus ?thesis by simp
qed (insert has-integral-refl|of - a] assms, auto simp: has-integral-iff)

lemma 9-conv-9M-integral:
assumes > 2
shows (9 has-integral (M = x z — 9 z)) {2..2}
proof (cases © = 2)
case Fulse
with assms have z: > 2 by simp
define b :: nat = real where b = (Ap. ind prime p * In p / p)
note [intro] = finite-vimage-real-of-nat-greater ThanAtMost
have prime-le-2: p = 2 if p < 2 prime p for p :: nat
using that by (auto simp: prime-nat-iff)

have ((\t. sum-upto b t x 1) has-integral sum-upto b © * © — sum-upto b 2 * 2
(- nereal —¢{2<..z}. b n x real n)) {2..2} using x
by (intro partial-summation-stronglof {}])
(auto simp flip: has-real-derivative-iff-has-vector-derivative
intro!: derivative-eq-intros continuous-intros)
also have sum-upto b = M
by (simp add: fun-eq-iff primes-M-def b-def prime-sum-upto-altdef1)
also have Mz x 2 — M 2 « 2 — (3 _nereal —  {2<..z}. b n * real n) =
Moz — (O n€insert 2 (real —* {2<..x}). b n * real n)
by (subst sum.insert) (auto simp: eval-M b-def)
also have ()" necinsert 2 (real —“{2<..x}). bn % real n) =V x
unfolding 9-def prime-sum-upto-def using z
by (intro sum.mono-neutral-cong-right) (auto simp: b-def ind-def not-less prime-le-2)
finally show ?thesis by simp
qed (auto simp: eval-9 eval-9M)

lemma IMN-conv-Y-integral:

assumes r > 2

shows ((At. ¥ t / t?) has-integral (M z — 9 = / z)) {2..2}
proof (cases z = 2)

case Fulse

with assms have z: x > 2 by simp
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define b :: nat = real where b = (Ap. ind prime p * In p)

note [intro] = finite-vimage-real-of-nat-greater ThanAtMost

have prime-le-2: p = 2 if p < 2 prime p for p :: nat
using that by (auto simp: prime-nat-iff)

have ((At. sum-upto b t = (1 / t72)) has-integral
sum-upto b x * (—1 / x) — sum-upto b 2 x (—1 | 2) —
(>-nereal —{2<..x}. bn*x (—1 / real n))) {2..z} using z
by (intro partial-summation-stronglof {}])
(auto simp flip: has-real-derivative-iff-has-vector-derivative simp: power2-eq-square
intro!: derivative-eq-intros continuous-intros)
also have sum-upto b = v
by (simp add: fun-eq-iff 9-def b-def prime-sum-upto-altdef1)
also have 9 =+ (—1 /z) — 9 2 x (=1 / 2) — (O_nereal —* {2<.x}. b n *
(=1 / real n)) =
-z /x— (3 ne€insert 2 (real —*{2<..x}). bn / real n))
by (subst sum.insert) (auto simp: eval-9 b-def sum-negf)
also have () necinsert 2 (real —‘ {2<..z}). bn / realn) = M z
unfolding primes-M-def prime-sum-upto-def using z
by (intro sum.mono-neutral-cong-right) (auto simp: b-def ind-def not-less prime-le-2)
finally show ?thesis by simp
qed (auto simp: eval-9 eval-IN)

lemma integrable-primes-M: M integrable-on {z..y} if 2 < x for z y :: real
proof —
have (Az. M = x 1) integrable-on {z..y} if 2 < xz < y for x y :: real
unfolding primes-M-def prime-sum-upto-altdef! using that
by (intro partial-summation-integrable-stronglwhere X = {} and f = A\z. z])
(auto simp flip: has-real-derivative-iff-has-vector-derivative
introl: derivative-eg-intros continuous-intros)
thus ?thesis using that has-integral-refl(2)[of M x] by (cases z y rule: linorder-cases)
auto
qed

3.5 Bounds

lemma J-upper-bound-coarse:
assumes zr > |
shows Yz <zx*xlinz
proof —
have ¢ z < sum-upto (A-. In z) z unfolding 9-def prime-sum-upto-altdef!
sum-upto-def
by (intro sum-mono) (auto simp: ind-def)
also have ... < real-of-int |z] * In z using assms
by (simp add: sum-upto-altdef)
also have ... < z x In z using assms by (intro mult-right-mono) auto
finally show ?thesis .
qed
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lemma J-le-y: 9z < ¢ x
proof (cases © > 2)
case Fulse
hence nat |z| = 0 V nat |z] = 1 by linarith
thus ?thesis by (auto simp: eval-¥)
next
case True
hence Y 2 — dz= (3 7] 2 <iAreali<log?2uz. ¥ (rootiz))
by (rule ¥-minus-9)

also have ... > 0 by (intro sum-nonneg) auto
finally show ?thesis by simp
qed

lemma 7-upper-bound-coarse:
assumes z > (
shows nz<z/38+ 2
proof —
have {p. prime p A p < nat |z]} C{2,3} U{p.p# 1 AN oddp A =3 dvd p A
p < nat |z]}
using primes-dvd-imp-eq|of 2 :: nat] primes-dvd-imp-eq[of 3 :: nat] by auto
also have ... C {2, 3} U ((M\k. 6xk+1) ‘{0<..<nat |(z+5)/6]} U (Ak. 6%k+5)
“{.<nat |(z+1)/6]})
(is - U ?2lhs C - U 2rhs)
proof (intro Un-mono subsetl)
fix p :: nat assume p € ?lhs
hence p: p # 1 odd p =3 dvd p p < nat |x] by auto
from p (1—3) have k. k> 0Ap=6*xk+1Vp=6=xk+ 5) by
presburger
then obtain £t where k > 0 Ap=6xk+ 1V p=6 %k -+ 5 by blast
hencep=6+«k+ 1 ANk>0ANk<mnat |(z+5)/6] V p=6xk+5 Nk < nat
[(z+1)/6]
unfolding add-divide-distrib using p(4) by linarith
thus p € %rhs by auto
qed
finally have subset: {p. prime p A p < nat |z|} C ... (is - C 24) .

have 7 z = real (card {p. prime p A p < nat |z]})
by (simp add: w-def prime-sum-upto-altdef2)
also have card {p. prime p A p < nat |z]} < card ?A
by (intro card-mono subset) auto
also have ... < 2 + (nat |(z+5)/6] — 1 + nat |(z+1)/6])
by (intro order.trans|OF card-Un-le] add-mono order.trans|OF card-image-le])
auto
also have ... <z / 3+ 2
using assms unfolding add-divide-distrib by (cases © > 1, linarith, simp)
finally show ?thesis by simp
qed

lemma le-numeral-iff: m < numeral n <— m = numeral n V m < pred-numeral
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n
using numeral-eq-Suc by presburger

The following nice proof for the upper bound (z) < In4 - z is taken from
Otto Forster’s lecture notes on Analytic Number Theory [4].

lemma prod-primes-upto-less:
defines F = (An. ([[{p:nat. prime p A p < n}))
shows n>0= Fn</4 n
proof (induction n rule: less-induct)
case (less n)
haven=0Vn=1Vn=2Vn=8VevennAn>4VoddnAn?>/
by presburger
then consider n =0 |n=1|n=2|n=3|evennn>4|oddnn >}
by metis
thus ?Zcase
proof cases
assume [simp]: n = 1
have : {p. prime p A p < Suc 0} = {} by (auto dest: prime-gt-1-nat)
show ?thesis by (simp add: F-def *)
next
assume [simp]: n = 2
have x: {p. prime p A p < 2} = {2 :: nat}
by (auto simp: le-numeral-iff dest: prime-gt-1-nat)
thus %thesis by (simp add: F-def )
next
assume [simp]: n = 3
have *: {p. prime p A p < 8} = {2, 3 :: nat}
by (auto simp: le-numeral-iff dest: prime-gt-1-nat)
thus %thesis by (simp add: F-def )
next
assume n: even n n > 4
from n have F (n — 1) < 4 ~(n — 1) by (intro less.IH) auto
also have prime p A p < n<+— primep Ap <n— 1 for p
using n prime-odd-nat[of n] by (cases p = n) auto
hence F (n — 1) = F' n by (simp add: F-def)
also have / ~(n — 1) < (4 ~ n :: nat) by (intro power-increasing) auto
finally show ?case .
next
assume n: odd n n > 4
then obtain k where k-eq: n = Suc (2 * k) by (auto elim: oddE)
from n have k: k > 2 unfolding k-eq by presburger
have prime-dvd: p dvd (n choose k) if p: prime p p € {k+1<..n} for p
proof —
from p k n have p dvd pochhammer (k + 2) k
unfolding pochhammer-prod
by (subst prime-dvd-prod-iff)
(auto introl: bexI[of - p — k — 2] simp: k-eq numeral-2-eq-2 Suc-diff-Suc)
also have pochhammer (real (k + 2)) k = real ((n choose k) * fact k)
by (simp add: binomial-gbinomial gbinomial-pochhammer’ k-eq field-simps)
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hence pochhammer (k + 2) k = (n choose k) * fact k
unfolding pochhammer-of-nat of-nat-eq-iff .
finally show p dvd (n choose k) using p
by (auto simp: prime-dvd-fact-iff prime-dvd-mult-nat)
qed

have [[{p. prime p A p € {k+1<..n}} dvd (n choose k)
proof (rule multiplicity-le-imp-dvd, goal-cases)
case (2 p)
thus ?case
proof (cases p € {k+1<..n})
case Fulse
hence multiplicity p (][ {p. prime p A p € {k+1<..n}}) = 0 using 2
by (subst prime-elem-multiplicity-prod-distrib) (auto simp: prime-multiplicity-other)
thus “thesis by auto
next
case True
hence multiplicity p (] {p. prime p A p € {k+1<..n}}) =
sum (multiplicity p) {p. prime p A Suc k < p A p < n} using 2
by (subst prime-elem-multiplicity-prod-distrib) auto
also have ... = sum (multiplicity p) {p} using True 2
proof (intro sum.mono-neutral-right balll)
fix ¢ :: nat assume g € {p. prime p A Suc k < p A p < n} — {p}
thus multiplicity p ¢ = 0 using 2
by (cases p = q) (auto simp: prime-multiplicity-other)
ged auto
also have ... = [ using 2 by simp
also have 1 < multiplicity p (n choose k)
using prime-dvd|of p] 2 True by (intro multiplicity-gel) auto
finally show ?thesis .
qed
qed auto
hence [[{p. prime p A p € {k+1<..n}} < (n choose k)
by (intro dvd-imp-le) (auto simp: k-eq)
also have ... = 1 / 2 x (. ie{k, Suc k}. n choose 1)
using central-binomial-odd|of n] by (simp add: k-eq)
also have (> ie{k, Suc k}. n choose i) < (>_i€{0, k, Suc k}. n choose 1)
using k£ by simp
also have ... < (3 i<n. n choose 1)
by (intro sum-mono2) (auto simp: k-eq)

alsohave ... = (1 + 1) "n
using binomial[of 1 1 n] by simp
also have 1 / 2 % ... = real (4 " k)

by (simp add: k-eq power-mult)
finally have less: (J[[{p. prime p A p e {k + I1<.n}}) < 4 "k
unfolding of-nat-less-iff by simp

have F'n = F (Suc k) * ([[{p. prime p A p € {k+1<..n}}) unfolding F-def
by (subst prod.union-disjoint [symmetric]) (auto introl: prod.cong simp: k-eq)
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also have ... < 4 ~Suck x 4 "k using n
by (intro mult-strict-mono less less.IH) (auto simp: k-eq)
also have ... = 4 ~ (Suc k + k)
by (simp add: power-add)
also have Suc k + k = n by (simp add: k-eq)
finally show Zcase .
qed (insert less.prems, auto)
qed

lemma J-upper-bound:
assumes z: x > 1
shows Jdz<lin4 =z
proof —
have / powr (9 = / In 4) = (][ p | prime p A p < nat |z|. 4 powr (log 4 (real

?)))

by (simp add: 9-def powr-sum prime-sum-upto-altdef2 sum-divide-distrib log-def)

also have ... = ([[p | prime p A p < nat |z]. real p)
by (intro prod.cong) (auto dest: prime-gt-1-nat)

also have ... = real ([[p | prime p A p < nat |z]. p)
by simp

also have ([[p | prime p A p < nat |z]. p) < 4 ~ nat |z]
using z by (intro prod-primes-upto-less) auto

also have ... = 4 powr real (nat |z])
using z by (subst powr-realpow) auto
also have ... < 4 powr x

using = by (intro powr-mono) auto
finally have 4 powr (9 z / In 4) < 4 powr z
by simp
thus 9z < In /4 x x
by (subst (asm) powr-less-cancel-iff) (auto simp: field-simps)
qed

lemma 9-bigo: 9 € O(Az. z)
by (intro le-imp-bigo-real[of In /] eventually-mono[OF eventually-ge-at-top[of 1]]
less-imp-le[OF Y-upper-bound]) auto

lemma -minus-9-bound:
assumes z: £ > 2
shows Yz — V2 < 2xnzxsqrix
proof —
have  z — V2= (>0 | 2 <iAreali <log2ux. ¥ (rootix)) using z
by (rule ¥-minus-9)
also have ... < (3"i| 2 <iAreali <log 2z In4 * root i x)
using z by (intro sum-mono less-imp-le[OF 9-upper-bound)) auto
alsohave ... < (3i| 2 <iAvreali <log2z. In4 x root 2 z) using z
by (intro sum-mono mult-mono) (auto simp: le-log-iff powr-realpow introl:
real-root-decreasing)
also have ... = card {i. 2 < i Areali < log 2 x} x In 4 * sqrt
by (simp add: sqrt-def)
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also have {i. 2 < i A real i < log 2 z} = {2..nat |log 2 =]}
by (auto simp: le-nat-iff " le-floor-iff)
also have log 2 © > 1 using z by (simp add: le-log-iff)
hence real (nat |log 2 x| — 1) < log 2 x using = by linarith
hence card {2..nat |log 2 z|} < log 2 z by simp
also have In (2 % 2 :: real) = 2 * In 2 by (subst In-mult) auto
hence log 2 x x In 4 * sqrt © = 2 * In © * sqrt x using x
by (simp add: In-sqrt log-def power2-eq-square field-simps)
finally show ?thesis using z by (simp add: mult-right-mono)
qed

lemma ¢-minus-9-bigo: (Az. ¥ x — 9 z) € O(Az. In z * sqrt z)
proof (intro bigol[of - 2] eventually-mono|OF eventually-ge-at-top[of 2]])
fix z :: real assume z > 2
thus norm (Y ¢ — ¢ z) < 2 % norm (In = * sqrt x)
using ¥-minus-9-bound|of x| ¥-le-p[of x] by simp
qed

lemma -bigo: v € O(Az. z)
proof —
have (Az. ¥ x — 9 z) € O(Az. In z % sqrt x)
by (rule ¥-minus-9-bigo)
also have (\z. In x x sqrt z) € O(\z. x)
by real-asymp
finally have (Az. ¢ 2 — 9 z + ¥ z) € O(\z. z)
by (rule sum-in-bigo) (fact 9-bigo)
thus ?thesis by simp
qed

We shall now attempt to get some more concrete bounds on the difference
between 7(x) and 0(x)/Inxz These will be essential in showing the Prime
Number Theorem later.

We first need some bounds on the integral

1
[ L
2 In“t

in order to bound the contribution of the remainder term. This integral
actually has an antiderivative in terms of the logarithmic integral li(x), but
since we do not have a formalisation of it in Isabelle, we will instead use the
following ad-hoc bound given by Apostol:

lemma integral-one-over-log-squared-bound:

assumes 1: T > 4

shows integral {2..x} (At. 1 /Int " 2)<sqrtx /In2 "2+ 4 *xx/Ilnz "2
proof —

from z have z x I < z ~ 2 unfolding power2-eq-square by (intro mult-left-mono)
auto

with z have 7”0 2 < sqrt z sqrt z < x

by (auto simp: real-sqrt-le-iff " introl: real-le-rsqrt)
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have integral {2..2} (M\t. 1 /Int ™ 2)
2)

integral {2..sqrt x} (At. 1 [/ Int ~2) + integral {sqrt x..a} (A\t. 1 /Int ™~
(is - = 2I1 + ?2I2) using z '

by (intro Henstock-Kurzweil-Integration.integral-combine [symmetric] integrable-continuous-real)
(auto introl: continuous-intros)
also have ?I1 < integral {2..sqrt } (A-. 1 / In 2 ~ 2) using z
by (intro integral-le integrable-continuous-real divide-left-mono
POWET-MONO coNtinuous-intros) auto
also have ... < sqrt z / In 2 ~ 2 using z’ by (simp add: field-simps)
also have ?12 < integral {sqrt xz..x} (At. 1 / In (sqgrt ) ~ 2) using z’
by (intro integral-le integrable-continuous-real divide-left-mono
power-mono continuous-intros) auto
also have .

<4 xz/Ilnz” 2 using z’ by (simp add: In-sqrt field-simps)
finally show ?thesis by simp
qed

lemma integral-one-over-log-squared-bigo:

(Az:ireal. integral {2..2} (M. 1 /Int ™ 2)) € OXz.z /Inz ~ 2)
proof —

define ub where ub = (A\z::real. sqgrtx /[ In 2 "2 4+ 4 xz [/ Inz ™ 2)
have cventually (\z. |integral {2..x} (At. 1 / (In t)?)| < |ub z|) at-top
using eventually-ge-at-top[of 4]
proof eventually-elim

case (elim x)

hence |integral {2..x} (At. 1 /Int ~ 2)| = integral {2..2} (M\t. 1 [/ Int ™ 2)
by (intro abs-of-nonneg integral-nonneg integrable-continuous-real continu-
ous-intros) auto
also have ... < |ub z|

using integral-one-over-log-squared-bound|of z] elim by (simp add: ub-def)
finally show ?case .
qed

hence (Az. integral {2..z} (\t. 1 / (In t)?)) € O(ub)
by (intro landau-o0.bigl[of 1]) auto

also have ub € O(Az. z / In z ~ 2) unfolding ub-def by real-asymp
finally show ?thesis .
qed

lemma 7-9-bound:
assumes z > (4 :: real)
defines ub=2 /In 2 xsqgrtx + 8« m 2z /Inz ™ 2
shows wz— 9z /inze {0.ub}
proof —

define r where r = (A\z. integral {2..2} (M. 9t/ (t*xInt ™ 2)))
have integrable: (At. ¢ / Int ~ 2) integrable-on {2..x} for ¢
by (intro integrable-continuous-real continuous-intros) auto

have r x < integral {2..2} (M\t. In 4 / Int ~ 2) unfolding r-def
using integrable-weighted-9[of 2 x| integrable[of In 4] assms less-imp-le[OF
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J-upper-bound|
by (intro integral-le divide-right-mono) (auto simp: field-simps)
also have ... = In 4 * integral {2..2} (M\t. 1 /Int ~ 2)
using integrable[of 1] by (subst integral-mult) auto
alsohave ... <In 4 x(sqgrtz /In2 "2+ 4 *xz/Ilnzx " 2)
using assms by (intro mult-left-mono integral-one-over-log-squared-bound) auto
also have In (4 :: real) = 2 % In 2
using In-realpow[of 2 2] by simp
also have ... * (sgrtz /In 2 "2+ 4 xx/Inz " 2) = ub
using assms by (simp add: field-simps power2-eq-square ub-def)
finally have rz < ... .
moreover have r z > 0 unfolding r-def using assms
by (intro integral-nonneg integrable-weighted-9 divide-nonneg-pos) auto
ultimately have r z € {0..ub} by auto
with 7-conv-9-integral[of ] assms(1) show ?thesis
by (simp add: r-def has-integral-iff)
qed

The following statement already indicates that the asymptotics of 7 and ¢
are very closely related, since through it, m(x) ~ z/Inx and 6(x) ~ z imply
each other.

lemma 7-9-bigo: Az. 7z — 9z /Inz) € Odz. z [/ Inz ~ 2)
proof —
define ub where ub = (A\z. 2 /In 2 x sqgrtx + 8 xIn 2 xz /[ Inz ~ 2)
have (A\z. 7z — ¥ x / In z) € O(ub)
proof (intro le-imp-bigo-real[of 1] eventually-mono|OF eventually-ge-at-top])
fix x :: real assume z >
from 7-0-bound[OF this) show r z — %2 /Inz > 0andrz — Yz /Inz <
1 xubz
by (simp-all add: ub-def)
qged auto
also have ub € O(Az. z / Inz ~ 2)
unfolding ub-def by real-asymp
finally show ?thesis .
qed

As a foreshadowing of the Prime Number Theorem, we can already show
the following upper bound on 7(x):

lemma m-upper-bound:
assumes z > (4 :: real)
shows mz<Ilnjf*xz/lnx + 8«xm2x«xx/Inzx "2 + 2/In2xsqrtx
proof —
define ub where ub = 2 / In 2 x sqgrtz + 8 xIn 2 xx [ lnx ~ 2
have r z <9z / Inxz + ub
using 7-9-bound|of =] assms unfolding ub-def by simp
also from assms have 9 ¢ / Inz <In 4 xz [/ Inzx
by (intro ¥-upper-bound divide-strict-right-mono) auto
finally show ?thesis
using assms by (simp add: algebra-simps ub-def)

73



qed

lemma 7-bigo: m € O(Az. z / In x)
proof —
have (Az.mz — V2 /Inz)€ ONz.x /Inz ™ 2)
by (fact w-9-bigo)
also have (Az:real. z / Inz ~2) € O(Az. z / In z)
by real-asymp
finally have (\z. m 2z — Yz / Inz) € OAz. 2 / Inz) .
moreover have eventually (Az::real. In x > 0) at-top by real-asymp
hence eventually (Az::real. In z # 0) at-top by eventually-elim auto
hence (Az. 9 z / Inz) € O(\z. z / In x)
using ¥-bigo by (intro landau-o.big.divide-right)
ultimately have A\z. 7z — Yz /Inz+ 3V z / Inz) € O(Az. z / In )
by (rule sum-in-bigo)
thus ?thesis by simp
qed

3.6 Equivalence of various forms of the Prime Number The-
orem

In this section, we show that the following forms of the Prime Number
Theorem are all equivalent:

1. m(z) ~z/Inz
2. w(x)Inw(x) ~x
3. pp ~nlnn

4. J(z) ~x

5. ¢Y(x) ~x

We show the following implication chains:

All of these proofs are taken from Apostol’s book.

lemma PNT1-imp-PNT1"
assumes 7 ~[at-top] (Az. z / In x)
shows (Az. In (7 x)) ~[at-top] In
proof —
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from assms have (A\z. 7z / (x / In z)) —— 1) at-top
by (rule asymp-equivD-strong[OF - eventually-mono[ OF eventually-gt-at-top[of
1)) auto
hence (Az. In (v z / (z / In z))) —— In 1) at-top
by (rule tendsto-In) auto
also have ?this +— ((Az. In (mr 2) — Inx + In (In x)) —— 0) at-top
by (intro filterlim-cong eventually-mono| OF eventually-gt-at-toplof 2]])
(auto simp: In-divide-pos field-simps m-pos-iff In-mult-pos)
finally have (\z. In (7 z) — Inz + In (In z)) € o(A-. 1)
by (intro smallol-tendsto) auto
also have (\-::real. 1 :: real) € o(Az. In z)
by real-asymp
finally have (A\z. In (7 z) — Inz + In (In ) — In (In z)) € o(Az. In x)
by (rule sum-in-smallo) real-asymp+
thus x: (A\z. In (7 z)) ~[at-top] In
by (simp add: asymp-equiv-altdef)
qed

lemma PNTI1-imp-PNT2:
assumes 7 ~[at-top] (Az. z / In x)
shows (Az. 7z x In (7 x)) ~[at-top] (\z. )
proof —
have (Az. m z * In (7 z)) ~[at-top] (Az. z / In x x In x)
by (intro asymp-equiv-intros assms PNT1-imp-PNT1')
also have ... ~[at-top] (Az. z)
by (intro asymp-equiv-refl-ev eventually-mono[OF eventually-gt-at-top[of 1]])
(auto simp: field-simps)
finally show (Az. 7 z * In (7 z)) ~[at-top] (A\z. x)
by simp
qed

lemma PNT2-imp-PNTS:
assumes (Az. m z * In (7 z)) ~[at-top] (Az. x)
shows nth-prime ~[at-top] (An. n * In n)
proof —
have (An. nth-prime n) ~[at-top] (An. © (nth-prime n) x In (7 (nth-prime n)))
using assms
by (rule asymp-equiv-symI [OF asymp-equiv-compose’])
(auto intro!: filterlim-compose[ OF filterlim-real-sequentially nth-prime-at-top])

also have ... = (An. real (Suc n) * In (real (Suc n)))
by (simp add: add-ac)
also have ... ~at-top] (An. real n x In (real n))

by real-asymp
finally show nth-prime ~[at-top] (An. n * In n) .
qed

lemma PNT3-imp-PNT2:

assumes nth-prime ~[at-top] (An. n x In n)
shows (Az. 7 z * In (7 z)) ~[at-top] (Az. x)
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proof (rule asymp-equiv-syml, rule asymp-equiv-sandwich-real)
show eventually (Az. x € {real (nth-prime (nat |7 x| — 1))..real (nth-prime (nat
v )}
at-top
using eventually-ge-at-toplof 2]
proof eventually-elim
case (elim x)
with nth-prime-partition’[of z] show ?case by auto
qed
next
have (Az. real (nth-prime (nat |7 x| — 1))) ~[at-top]
(Az. real (nat |m x] — 1) * In (real (nat |7 z] — 1)))
by (rule asymp-equiv-compose’|OF - w-at-top], rule asymp-equiv-compose’|OF
assms|) real-asymp
also have ... ~[at-top] (Az. m = * In (7 z))
by (rule asymp-equiv-compose’|OF - w-at-top)) real-asymp
finally show (Az. real (nth-prime (nat |m x| — 1))) ~[at-top] (Az. © z * In (7
next
have (Az. real (nth-prime (nat |7 x]))) ~[at-top]
(Az. real (nat |7 z]) * In (real (nat |7 z])))
by (rule asymp-equiv-compose’|OF - w-at-top), rule asymp-equiv-compose’|OF
assms]) real-asymp
also have ... ~[at-top] (Az. m = * In (7 z))
by (rule asymp-equiv-compose’|OF - mw-at-top)) real-asymp
finally show (A\z. real (nth-prime (nat |7 z]))) ~[at-top] (Az. m z = In (7 x)) .
qged

lemma PNT2-imp-PNT1:
assumes (Az. ™ x x In (7 z)) ~[at-top] (\z. )
shows (Az. In (7 x)) ~[at-top] (Az. In z)
and 7 ~at-top] (A\z. z / In x)
proof —
have ev: eventually (Az. m > 0) at-top
eventually (Az. In (m ) > 0) at-top
eventually (Az. In (In (7 z)) > 0) at-top
by (rule eventually-compose-filterlim|OF - w-at-top), real-asymp)+

let %f =Xz. I +In(ln(mx)/In(mz)—Inx/In (72
have ((Az. In (7 z) x ?fz) —— In 1) at-top
proof (rule Lim-transform-eventually)
from assms have (A\z. 7 z x In (7 z) / ) —— 1) at-top
by (rule asymp-equivD-strong|OF - eventually-mono| OF eventually-gt-at-top|of
11]]) auto
then show ((Az. In (m z x In (7 z) / £)) —— In 1) at-top
by (rule tendsto-in) auto
show Vg zin at-top. In (mzxIn (v x) /z)=In(rz)*x Yz
using eventually-gt-at-top[of 0] ev
by eventually-elim (simp add: field-simps In-mult In-div)
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qed
moreover have ((Az. 1 / In (7 z)) —— 0) at-top
by (rule filterlim-compose| OF - w-at-top]) real-asymp
ultimately have ((Az. In (7 z) x &fz * (1 /In (7 2))) —— In 1 x 0) at-top
by (rule tendsto-mult)
moreover have eventually (Az. In (7 z) x fz % (1 [/ In (7 z)) = ?f x) at-top
using ev by eventually-elim auto
ultimately have (9f —— In 1 x 0) at-top
by (rule Lim-transform-eventually)
hence (Ax. 1 + In (In (m ) /In (v z) — ?%fz) —— 1 4+ 0 — In 1 % 0) at-top
by (intro tendsto-intros filterlim-compose[OF - w-at-top]) (real-asymp | simp)+
hence (Az. Inz / In (7 )) —— 1) at-top
by simp
thus *: (A\z. In (7 z)) ~[at-top] (Az. In z)
by (rule asymp-equiv-symI[OF asymp-equivl’])

have eventually (Az. 7 x =7 x x In (7 x) / In (7 x)) at-top
using ev by eventually-elim auto
hence 7 ~[at-top] (Az. 7 z * In (7 z) / In (7 z))
by (rule asymp-equiv-refi-ev)
also from assms and x have (A\z. 7 = * In (7 z) / In (7 x)) ~[at-top] (Az. z /
In x)
by (rule asymp-equiv-intros)
finally show 7 ~[at-top] (A\z. = / In z) .
qed

lemma PNT/j-imp-PNT5:
assumes ¥ ~[at-top] (Az. )
shows ¢ ~[at-top] (\z. x)
proof —
define r where r = (A\z. ¢ z — 0 2)
have r € O(Az. In © * sqrt x)
unfolding r-def by (fact -minus-9-bigo)
also have (Az::real. In z x sqrt ) € o(Az. x)
by real-asymp
finally have r: r € o(\z. z) .

have (\z. ¥ z + r z) ~[at-top] (Az. )
using assms r by (subst asymp-equiv-add-right) auto
thus ?thesis by (simp add: r-def)
qed

lemma PNT/j-imp-PNT1:
assumes ¥ ~[at-top] (Az. )
shows 7 ~[at-top] (Az. z / In x)
proof —
have (A\z. (mz — Yz /lnz)+ (Y z—12)/Inz)) € orz. z/Inx)
proof (rule sum-in-smallo)
have (Az.mz —Vx /Ilnz)€ Ohz.z /Inz ™ 2)
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by (rule w-9-bigo)
also have (Az. z / Inz ~ 2) € o(Az. = / In x :: real)
by real-asymp
finally show (A\z. 7z — Yz / Inz) € o(Az. z / Inx) .
next
have eventually (Az::real. In z > 0) at-top by real-asymp
hence eventually (Az::real. In z # 0) at-top by eventually-elim auto
thus (Az. (W z —z) / Inz) € o(Az.  / In 1)
by (intro landau-o.small.divide-right asymp-equiv-imp-diff-smallo assms)
qged
thus ?thesis by (simp add: diff-divide-distrib asymp-equiv-altdef)
qed

lemma PNT1-imp-PNT4:
assumes 7 ~[at-top] (Az. z / In x)
shows ¥ ~[at-top] (Az. z)
proof —
have ¢ ~[at-top] (Az. m = * In z)
proof (rule smallo-imp-asymp-equiv)
have (Az. 92 —maxlnz) €Oz — (rzx— %z /Inzx)xInx))
by (intro bigthetal-cong eventually-mono|OF eventually-gt-at-top[of 1]])
(auto simp: field-simps)
also have (A\z. — ((rz — 9z / Inx) *x In2)) € O\z. z / (In 7)% % In 2)
unfolding landau-o.big.uminus-in-iff by (intro landau-o.big.mult-right w-9-bigo)
also have (Az::real. © / (In 2)? * Inz) € o(Az. z / In x * In 1)
by real-asymp
also have (Az. z / Inz x Inx) € O(A\z. m z * In 1)
by (intro asymp-equiv-imp-bigtheta asymp-equiv-intros asymp-equiv-symI[OF

assms])
finally show (\z. 9z — w2z * Inz) € o(Az. m o x Inz) .
qed
also have ... ~[at-top] (Az. © [/ In x = In x)
by (intro asymp-equiv-intros assms)
also have ... ~[at-top] (\z. z)

by real-asymp
finally show ?thesis .
qed

lemma PNT5-imp-PNT/:
assumes ¢ ~[at-top] (Az. z)
shows ¢ ~[at-top] (Az. z)
proof —
define r where r = (\z. 9 z — ¢ z)
have (Az. ¥ v — 0 z) € O(Az. In z % sqrt z)
by (fact ¥-minus-9-bigo)
also have (A\z. ¥ © — ¥ z) = (\z. —r x)
by (simp add: r-def)
finally have r € O(\z. In x * sqrt x)
by simp
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also have (Az::real. In z x sqrt ) € o(Az. x)
by real-asymp
finally have r: r € o(\z. z) .

have (Az. ¥ x + r z) ~[at-top] (A\z. x)
using assms r by (subst asymp-equiv-add-right) auto
thus ?thesis by (simp add: r-def)
qed

3.7 The asymptotic form of Mertens’ First Theorem

Mertens’ first theorem states that M(x) — Inx is bounded, i.e. M(zx) =
Inz + O(1).

With some work, one can also show some absolute bounds for |M(x) —In z|,
and we will, in fact, do this later. However, this asymptotic form is somewhat
easier to obtain and it is (as we shall see) enough to prove the Prime Number
Theorem, so we prove the weak form here first for the sake of a smoother
presentation.

First of all, we need a very weak version of Stirling’s formula for the loga-
rithm of the factorial, namely:

In(|z]!) = Zln:c =zlnz 4+ O(x)

n<x

We show this using summation by parts.

lemma stirling-weak:
assumes z: x > 1
shows sum-uptolnz € {zxlnz —z—Inz+ 1. zxlInuz}
proof (cases x = 1)
case True
have {0<..Suc 0} = {1} by auto
with True show ?thesis by (simp add: sum-upto-altdef)
next
case Fulse
with assms have z: z > 1 by simp
have ((At. sum-upto (A-. 1) t = (1 / t)) has-integral
sum-upto (A-. 1) z * In x — sum-upto (A-. 1) 1 xIn 1 —
(>-nereal —“{1<..x}. 1 * In (real n))) {1..z} using z
by (intro partial-summation-strong[of {}])
(auto simp flip: has-real-derivative-iff-has-vector-derivative
intro!: derivative-eg-intros continuous-intros)
hence ((At. real (nat |t|) / t) has-integral
real (nat |z|) * Inx — (O n€real —* {1<..x}. In (real n))) {1..2}
by (simp add: sum-upto-altdef)
also have (> nereal —‘ {1<..z}. In (real n)) = sum-upto In z unfolding
sum-upto-def
by (intro sum.mono-neutral-left)
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(auto introl: finite-subset|OF - finite-vimage-real-of-nat-greater ThanAtMost[of
0 x]))
finally have x: (At. real (nat [¢]) / t) has-integral |x] * In & — sum-upto In x)

{1..z}

using z by simp

have 0 < real-of-int |x] * In © — sum-upto (An. In (real n))
using * by (rule has-integral-nonneg) auto

also have ... < z x In ¢ — sum-upto In x
using = by (intro diff-mono mult-mono) auto

finally have upper: sum-upto In x < x % In x by simp

have (z — 1) xlnz — 2+ 1 < |z xlnz — 2z + 1
using = by (intro diff-mono mult-mono add-mono) auto

also have ((\t. 1) has-integral (z — 1)) {1..z}
using has-integral-const-real[of 1::real 1 x] x by simp

from * and this have |z] * In z — sum-upto In v < x — 1
by (rule has-integral-le) auto

hence |z]| x Inx — z + 1 < sum-upto In z
by simp

finally have sum-uptolnx >z xlnx —x — Ilnx + 1
by (simp add: algebra-simps)

with upper show ?thesis by simp

qed

lemma stirling-weak-bigo: (Ax::real. sum-upto In x — x % In ) € O(\z. x)
proof —
have (Az. sum-upto In x — z * In ) € O(Az. —(sum-upto In x — = * In x))
by (subst landau-o0.big.uminus) auto
also have (Az. —(sum-upto lnx — z x Inz)) € O(Az. z + lnz — 1)
proof (intro le-imp-bigo-reallof 2] eventually-mono[OF eventually-ge-at-top|of
1]], goal-cases)
case (2 z)
thus ?case using stirling-weak[of z] by (auto simp: algebra-simps)
next
case (3 z)
thus ?case using stirling-weak[of z] by (auto simp: algebra-simps)
qed auto
also have (Az. z + Inz — 1) € O(Az::real. x) by real-asymp
finally show ?thesis .
qed

lemma floor-floor-div-eq:
fixes z :: real and d :: nat
assumes ¢ > ()
shows |nat |z] / real d] = |z / real d]
proof —
have |nat |z] / real-of-int (int d)| = |z / real-of-int (int d)| using assms
by (subst (1 2) floor-divide-real-eq-div) auto
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thus ?thesis by simp
qed

The key to showing Mertens’ first theorem is the function

n<x

where A is the Mangoldt function, which is equal to In p for any prime power
p* and 0 otherwise. As we shall see, h(z) is a good approximation for M (z),
as the difference between them is bounded by a constant.

lemma sum-upto-mangoldt-over-id-minus-phi-bounded:
(Az. sum-upto (Ad. mangoldt d | real d) x — M z) € O(\-. 1)
proof —
define f where f = (Ad. mangoldt d / real d)
define C where C = (D p. In (real (p + 1)) *
have summable: summable (Ap:nat. In (p + 1)
proof (rule summable-comparison-test-bigo)
show summable (Ap. norm (p powr (—3/2)))
by (simp add: summable-real-powr-iff)
qed real-asymp

/ real (p x (p — 1))))

(1
(1 /(p*(p—1)))

have diff-bound: sum-upto fx — M z € {0..C} if z: z > 4 for x
proof —
define S where S = {(p, ©). primep A 0 < i A real (p ~ i) < z}
define S’ where S’ = (SIGMA p:{2..nat |root 2 z|}. {2..nat |log 2 x]})
have S C {..nat |z|} x {..nat |log 2 x|} unfolding S-def
using = primepows-le-subset[of x 1] by (auto simp: Suc-le-eq)
hence finite S by (rule finite-subset) auto
note fin = finite-subset|OF - this, unfolded S-def]

have sum-upto fz = (3. (p, ©)€S. In (real p) / real (p ~ 7)) unfolding S-def
by (intro sum-upto-primepows) (auto simp: f-def mangoldt-non-primepow)
also have S = {p. prime p A p < a} x {1} U {(p, 7). prime p A 1 < i A real
(p ") <z}
by (auto simp: S-def not-less le-Suc-eq not-le introl: Suc-lessI)
also have (> (p,9)€.... In (real p) / real (p ~ 1)) =
- (p, i) € {p. prime p A of-nat p < x} x {1}. In (real p) / real (p

- (p, i) | primep A real (p " i) < x Ai > 1.1n (real p) / real (p

(is - = 251 + 252)
by (subst sum.union-disjoint[OF fin fin]) (auto simp: conj-commute case-prod-unfold)
also have 251 =M ¢
by (subst sum.cartesian-product [symmetric]) (auto simp: primes-M-def prime-sum-upto-def)
finally have eq: sum-upto fz — M x = 252 by simp
have 252 < (3> (p, ©)€S’. In (real p) / real (p ~ 7))
using primepows-le-subset|of x 2] x unfolding case-prod-unfold of-nat-power
by (intro sum-mono2 divide-nonneg-pos zero-less-power)

81



(auto simp: eval-nat-numeral Suc-le-eq S'-def subset-iff dest: prime-gt-1-nat)+
also have ... = (D p=2..nat |sqrt z]. In p * (3> ic€{2..nat |log 2 z|}. (1 /
real p) ~ 1))
by (simp add: S’-def sum.Sigma case-prod-unfold
sum-distrib-left sqrt-def field-simps)
also have ... < (D p=2..nat |sqrtz|. Inp* (1 / (p* (p — 1))))
unfolding sum-upto-def
proof (intro sum-mono, goal-cases)
case (1 p)
from z have nat |log 2 x| > 2
by (auto simp: le-nat-iff’ le-log-iff)
hence (> i€{2..nat |log 2 z|}. (1 / real p) " i) =
((1 /p)* = (1 /p) “natllog2z|/p)/ (1 —1]p)using I
by (subst sum-gp) (auto dest!: prime-gt-1-nat simp: field-simps power2-eq-square)
alsohave ... < ((1 /p) ~2—-0)/(1 —1/p)
using 1 by (intro divide-right-mono diff-mono power-mono)
(auto simp: field-simps dest: prime-gt-0-nat)
alsohave ... =1/ (px(p— 1))
by (auto simp: divide-simps power2-eq-square dest: prime-gt-0-nat)
finally show ?case
using 1 by (intro mult-left-mono) (auto dest: prime-gt-0-nat)
qed
also have ... < (D p=2..nat |sqgrtz|]. In (p+1)x (1 /(px(p— 1))))
by (intro sum-mono mult-mono) auto
also have ... < C unfolding C-def
by (intro sum-le-suminf summable) auto
finally have 252 < C by simp
moreover have 252 > 0 by (intro sum-nonneg) (auto dest: prime-gt-0-nat)
ultimately show ¢thesis using eq by simp
qed

from diff-bound|of 4] have C' > 0 by auto
with diff-bound show (Az. sum-upto fz — M z) € O(A-. 1)
by (intro le-imp-bigo-real[of C| eventually-mono[OF eventually-ge-at-top[of 4]])
auto
qed

Next, we show that our h(z) itself is close to Inz, i.e.:

ZAEZd) =Inz+ O(1)

n<x

lemma sum-upto-mangoldt-over-id-asymptotics:

(Az. sum-upto (Ad. mangoldt d / real d) x — In z) € O(M-. 1)
proof —

define r where r = (An::real. sum-upto (Ad. mangoldt d x (n / d — real-of-int
n/ d))) n)

have : r € O(¢)

proof (intro landau-o.bigI[of 1] eventually-mono| OF eventually-ge-at-top[of 0]])
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fix = :: real assume z: z > 0
have eq: {1..nat |z|} = {0<..nat |z]|} by auto
hence r z > 0 unfolding r-def sum-upto-def
by (intro sum-nonneg mult-nonneg-nonneg mangoldt-nonneg)
(auto simp: floor-le-iff)
moreover have z / real d < 1 + real-of-int |z / real d] for d by linarith
hence r z < sum-upto (Ad. mangoldt d x* 1) z unfolding sum-upto-altdef eq
r-def using z
by (intro sum-mono mult-mono mangoldt-nonneg)
(auto simp: less-imp-le|OF frac-lt-1] algebra-simps)
ultimately show norm (r z) < 1 % norm (¢ ) by (simp add: 1-def)
qged auto
also have ¥ € O(Az. z) by (fact ¥-bigo)
finally have r: r € O(Az. z) .

define r’ where r' = (Az::real. sum-upto In z — z * In z)
have r’-bigo: r' € O(\z. )
using stirling-weak-bigo unfolding r’-def .
have In-fact: In (fact n) = (3. d=1..n. In d) for n
by (induction n) (simp-all add: In-mult)
hence r’: sum-upto Inn = n x Inn + r' n for n :: real
unfolding r’-def sum-upto-altdef by (auto intro!: sum.cong)

have eventually (An. sum-upto (Ad. mangoldt d / d)n —Inn=r"n/n+rn
/ n) at-top
using eventually-gt-at-top
proof eventually-elim
fix z :: real assume z: z > 0
have sum-upto In x = sum-upto (An. mangoldt n x real (nat |z / n|)) x
unfolding sum-upto-in-conv-sum-upto-mangoldt ..
also have ... = sum-upto (Ad. mangoldt d * (z / d)) z — rz
unfolding sum-upto-def by (simp add: algebra-simps sum-subtractf r-def
sum-upto-def)
also have sum-upto (Ad. mangoldt d x (z / d)) x = z * sum-upto (Ad. mangoldt
d/d)z
unfolding sum-upto-def by (subst sum-distrib-left) (simp add: field-simps)
finally have z x sum-upto (Ad. mangoldt d / real d) x =r'z + rz+ zxInz
by (simp add: r’ algebra-simps)
thus sum-upto (A\d. mangoldt d / d) z —lnz=r"z/z+rz/z
using z by (simp add: field-simps)
qed
hence (Az. sum-upto (Ad. mangoldt d / d) v — Inz) € O(A\z. 'z /z+ 1z /

x)
by (rule bigthetal-cong)
also have (A\z. 'z /2 +rz /) € O(A-. 1)
by (intro sum-in-bigo) (insert r r'-bigo, auto simp: landau-divide-simps)
finally show ?thesis .
qed

Combining these two gives us Mertens’ first theorem.
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theorem mertens-bounded: (Az. M x — Inz) € O(A-. 1)
proof —
define f where [ = sum-upto (Ad. mangoldt d / d)
have (\z. (fz —Inz) — (fz — Ma)) € O(A-. 1)
using sum-upto-mangoldt-over-id-asymptotics
sum-upto-mangoldt-over-id-minus-phi-bounded
unfolding f-def by (rule sum-in-bigo)
thus ?thesis by simp
qed

lemma primes-M-bigo: 9 € O(Az. In x)
proof —
have (A\z. Mz — Inz) € O(A-. 1)
by (rule mertens-bounded)
also have (A-::real. 1) € O(Ax. In z)
by real-asymp
finally have (A\z. M = — Inz + In z) € O(Az. In z)
by (rule sum-in-bigo) auto
thus ?thesis by simp
qed

end

4 The Prime Number Theorem

theory Prime-Number-Theorem
imports
Newman-Ingham- Tauberian
Prime-Counting-Functions
begin

4.1 Constructing Newman’s function

Starting from Mertens’ first theorem, i.e. M(z) = Inx + O(1), we now want
to derive that M(x) = Inx + ¢ + o(1). This result is considerably stronger
and it implies the Prime Number Theorem quite directly.

In order to do this, we define the Dirichlet series
= M(n)
f(s) = Z n(s .
n=1

We will prove that this series extends meromorphically to R(s) > 1 and
apply Ingham’s theorem to it (after we subtracted its pole at s = 1).

definition fds-newman where
fds-newman = fds (An. complex-of-real (I n))
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lemma fds-nth-newman:
fds-nth fds-newman n = of-real (9 n)
by (simp add: fds-newman-def fds-nth-fds)

lemma norm-fds-nth-newman:
norm (fds-nth fds-newman n) = M n
unfolding fds-nth-newman norm-of-real
by (intro abs-of-nonneg sum-nonneg divide-nonneg-pos) (auto dest: prime-ge-1-nat)

The Dirichlet series f(s) + ¢’(s) has the coefficients 9(n) — Inn, so by
Mertens’ first theorem, f(s) + ¢’(s) has bounded coefficients.

lemma bounded-coeffs-newman-minus-deriv-zeta:
defines f = fds-newman + fds-deriv fds-zeta
shows Bseq (An. fds-nth fn)
proof —
have (An. M (real n) — In (real n)) € O(A-. 1)
using mertens-bounded by (rule landau-o0.big.compose) real-asymp
from natfun-bigo-1E[OF this, of 1]
obtain ¢ where c: ¢ > 1 An. |9 (real n) — In (real n)| < ¢ by auto

show ?thesis
proof (intro Bseql[of c] alll)
fix n :: nat
show norm (fds-nth fn) < c
proof (cases n = 0)
case Fulse
hence fds-nth f n = of-real (M n — In n)
by (simp add: f-def fds-nth-newman fds-nth-deriv fds-nth-zeta scaleR-conv-of-real)
also from «n # 0> have norm ... < ¢
using ¢(2)[of n] by (simp add: in-Reals-norm,)
finally show ?thesis .
qged (insert ¢, auto)
qged (insert ¢, auto)
qged

A Dirichlet series with bounded coefficients converges for all s with R(s) > 1
and so does ('(s), so we can conclude that f(s) does as well.

lemma abs-conv-abscissa-newman: abs-conv-abscissa fds-newman < 1
and conv-abscissa-newman: conv-abscissa fds-newman < 1
proof —
define f where f = fds-newman + fds-deriv fds-zeta
have abs-conv-abscissa f < 1
using bounded-coeffs-newman-minus-deriv-zeta unfolding f-def
by (rule bounded-coeffs-imp-abs-conv-abscissa-le-1)
hence abs-conv-abscissa (f — fds-deriv fds-zeta) < 1
by (intro abs-conv-abscissa-diff-lel) (auto simp: abs-conv-abscissa-deriv)
also have f — fds-deriv fds-zeta = fds-newman by (simp add: f-def)
finally show abs-conv-abscissa fds-newman < 1 .
from conv-le-abs-conv-abscissa and this show conv-abscissa fds-newman < 1
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by (rule order.trans)
qed

We now change the order of summation to obtain an alternative form of
f(s) in terms of a sum of Hurwitz ¢ functions.

lemma eval-fds-newman-conv-infsetsum:

assumes s: Re s > 1

shows  eval-fds fds-newman s = (> .p | prime p. (In (real p) / real p) x*
hurwitz-zeta p s)

(Ap. In (real p) / real p * hurwitz-zeta p s) abs-summable-on {p. prime p}

proof —

from s have conv: fds-abs-converges fds-newman s

by (intro fds-abs-converges le-less-trans|OF abs-conv-abscissa-newman)) auto
define f where f = (An p. In (real p) / real p / of-nat n powr s)

have eq: (3" on€{p..}. fnp) = In (real p) / real p x hurwitz-zeta p s if prime p
for p

proof —
have (3 ne{p..}. fnp) = O wze{p..}. (In (real p) / of-nat p) * (1 / of-nat
x powr s))
by (simp add: f-def)
also have ... = (In (real p) / of-nat p) x (O sx€{p..}. 1 / of-nat x powr s)

using abs-summable-hurwitz-zeta[of s 0 p] that s
by (intro infsetsum-cmult-right) (auto dest: prime-gt-0-nat)
also have (> ,z€{p..}. 1 / of-nat x powr s) = hurwitz-zeta p s
using s that by (subst hurwitz-zeta-nat-conv-infsetsum(2))
(auto dest: prime-gt-0-nat simp: field-simps powr-minus)
finally show ?%thesis .
qed

have norm-f: norm (fnp) =Inp / p / n powr Re s if prime p for n p :: nat
by (auto simp: f-def norm-divide norm-mult norm-powr-real-powr)
from conv have (An. norm (fds-nth fds-newman n / n powr s)) abs-summable-on
UNIV
by (intro abs-summable-on-normlI) (simp add: fds-abs-converges-altdef”’)
also have (An. norm (fds-nth fds-newman n / n powr s)) =
(An. >"p | prime p A p < n. norm (f n p))
by (auto simp: norm-divide norm-fds-nth-newman sum-divide-distrib primes-M-def
prime-sum-upto-def norm-mult norm-f norm-powr-real-powr intro!:
sum.cong)
finally have summablel: (A(n,p). fn p) abs-summable-on (SIGMA n:UNIV. {p.
prime p A p < n})
using conv by (subst abs-summable-on-Sigma-iff) auto
also have ?this <— (A(p,n). f n p) abs-summable-on
(Mn,p). (p,n)) < (SIGMA n:UNIV. {p. prime p A\ p < n})
by (subst abs-summable-on-reindex-iff [symmetric]) (auto simp: case-prod-unfold
inj-on-def)
also have (A(n,p). (p,n)) ‘ (SIGMA n:UNIV. {p. prime p A p < n}) =
(SIGMA p:{p. prime p}. {p..}) by auto
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finally have summable2: (A(p,n). fn p) abs-summable-on ... .
from abs-summable-on-Sigma-project1 '|OF this]
have (Ap. > .ne{p..}. f n p) abs-summable-on {p. prime p} by auto
also have ?this +— (Ap. In (real p) / real p * hurwitz-zeta p s) abs-summable-on
{p. prime p}
by (intro abs-summable-on-cong eq) auto
finally show ... .

have eval-fds fds-newman s =
O an. dp | prime p A p < n.ln (real p) / real p / of-nat n powr s)
using conv by (simp add: eval-fds-altdef fds-nth-newman sum-divide-distrib
primes-M-def prime-sum-upto-def)

also have ... = O an. > up | prime p A p < n. fn p)
unfolding f-def by (subst infsetsum-finite) auto

also have ... = (3" 4(n, p) € (SIGMA n:UNIV. {p. prime p A p < n}). fn p)
using summablel by (subst infsetsum-Sigma) auto

also have ... = (3 .(p, n) € (A(n,p). (p, n)) ¢ (SIGMA n:UNIV. {p. prime p

Ap<mn}). fnp)
by (subst infsetsum-reindez) (auto simp: case-prod-unfold inj-on-def)
also have (A(n,p). (p, n))  (SIGMA n:UNIV. {p. prime p A p < n}) =
(SIGMA p:{p. prime p}. {p..}) by auto
also have (3" q(p,n)€.... fnp) = O ap | prime p. > ne{p..}. fn p)
using summable2 by (subst infsetsum-Sigma) auto
also have (>~ .p | prime p. > ne{p..}. fnp) =
(> ap | prime p. In (real p) / real p x hurwitz-zeta p s)
by (intro infsetsum-cong eq) auto
finally show eval-fds fds-newman s =
(O ap | prime p. (In (real p) / real p) * hurwitz-zeta p s) .
qed

We now define a meromorphic continuation of f(s) on R(s) > 3.

To construct f(s), we express it as

1o =24 (79 -5)

where f(s) (which we shall call pre-newman) is a function that is analytic
on R(s) > %, which can be shown fairly easily using the Weierstrafl M test.

¢'(s)/¢(s) is meromorphic except for a single pole at s = 1 and one k-th
order pole for any k-th order zero of {, but for the Prime Number Theorem,
we are only concerned with the area 2R(s) > 1, where ¢ does not have any
ZETOS.
Taken together, this means that f(s) is analytic for J(s) > 1 except for a
double pole at s = 1, which we will take care of later.
context

fixes A :: nat = complex = complex and B :: nat = complex = complex

defines A = (Ap s. (s — 1) * pre-zeta (real p) s —

of-nat p / (of-nat p powr s x (of-nat p powr s — 1)))

87



defines B = (Ap s. of-real (In (real p)) / of-nat p x A p s)
begin

definition pre-newman :: complex = complex where
pre-newman s = (> p. if prime p then B p s else 0)

definition newman where newman s = 1 / (s — 1) * (pre-newman s — deriv
zeta s / zetla s)

The sum used in the definition of pre-newman converges uniformly on any
disc within the half-space with 9(s) > % by the Weierstral M test.

lemma uniform-limit-pre-newman:
assumes r: 7> 0 Res—r >1/2
shows uniform-limit (cball s r)
(An s. > p<n. if prime p then B p s else 0) pre-newman at-top
proof —
from r have Re: Re 2 > 1 / 2 if dist s 2 < r for 2
using abs-Re-le-cmod[of s — z] r that
by (auto simp: dist-norm abs-if split: if-splits)

define z where z = Re s — r — The lower bound for the real part in the disc
from r Re have x > 1 / 2 by (auto simp: z-def)

— The following sequence M bounds the summand, and it is obviously O(n=17¢)
and therefore summable

define C' where C = (norm s+ r + 1)« (norms +r) /

define M where M = (Ap:nat. Inp * (C / p powr (z + 1) + 1 / (p powr x *
(p pour z — 1))))

show ?thesis unfolding pre-newman-def
proof (intro Weierstrass-m-test-ev| OF eventually-mono| OF eventually-gt-at-top|of
11]] balll)
show summable M
proof (rule summable-comparison-test-bigo)
define ¢ where e = min (2 xz — 1)z / 2
from«« >1 /2 haveeie > 01 +ec< 2zl +e<z+1
by (auto simp: e-def min-def field-simps)
show M € O(An. n powr (— 1 — ¢)) unfolding M-def distrib-left
by (intro sum-in-bigo) (use € in real-asymp)+
from e show summable (An. norm (n powr (— 1 — €)))
by (simp add: summable-real-powr-iff)
qed
next
fix p :: nat and z assume p: p > 1 and z: z € cball s r
from z r Re[of z] have x: Re 2 > zx > 1/ 2and Rez > 1/ 2
using abs-Re-le-cmod|of s — z] by (auto simp: x-def algebra-simps dist-norm)
have norm-z: norm z < norm s + r

using z norm-triangle-ineq2|of z s] r by (auto simp: dist-norm norm-minus-commaute)

from <p > 1y and z and r have M p > 0
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by (auto simp: C-def M-def intro!: mult-nonneg-nonneg add-nonneg-nonneg
divide-nonneg-pos)

have bound: norm ((z — 1) * pre-zeta p z) <
norm (z — 1) % (norm z / (Re z * p powr Re z))
using pre-zeta-bound'[of z p] p <Re z > 1 | 2>
unfolding norm-mult by (intro mult-mono pre-zeta-bound) auto

have norm (Bpz) =Inp [/ p % norm (A p 2)

unfolding B-def using <p > 1) by (simp add: B-def norm-mult norm-divide)

also have ... <inp / px* (norm (z — 1) * norm z / Re z / p powr Re z +

p / (p powr Re z * (p powr Re z — 1)))
unfolding A-def using <p > 1> and <Re z > 1 / 2» and bound
by (intro mult-left-mono order.trans| OF norm-triangle-ineq4 add-mono] mult-left-mono)
(auto simp: norm-divide norm-mult norm-powr-real-powr
introl: divide-left-mono order.trans|OF - norm-triangle-ineq2])
also have ... = Inp * (norm (2 — 1) *x norm z / Re z / p powr (Re z + 1)

1/ (p powr Re z * (p powr Re z — 1)))
using <p > 1y by (simp add: field-simps powr-add powr-minus)
also have norm (z — 1) * norm z / Re z / p powr (Re z + 1) < C / p powr
(z + 1)
unfolding C-def using r <Re z > 1 / 2) norm-z p x
by (intro mult-mono frac-le powr-mono order.trans| OF norm-triangle-ineq/])
auto
also have 1 / (p powr Re z * (p powr Re z — 1)) <
1/ (p powr z x (p powr x — 1)) using <p > 1> x
by (intro divide-left-mono mult-mono powr-mono diff-right-mono mult-pos-pos)
(auto simp: ge-one-powr-ge-zero)
finally have norm (Bpz) < Mp
using «p > 1y by (simp add: mult-left-mono M-def)
with <M p > 0> show norm (if prime p then B p z else 0) < M p by simp
qed
qed

lemma sums-pre-newman: Re s > 1 / 2 = (Ap. if prime p then B p s else 0)
sums pre-newman s

using tendsto-uniform-limitI[OF uniform-limit-pre-newmanlof 0 s]] by (auto
stmp: sums-def)

lemma analytic-pre-newman [THEN analytic-on-subset, analytic-intros|:
pre-newman analytic-on {s. Re s > 1 / 2}
proof —
have holo: (As::complex. if prime p then B p s else 0) holomorphic-on X
if X C{s. Res> 1/ 2} for X and p :: nat using that
by (cases prime p)
(auto introl: holomorphic-intros simp: B-def A-def dest!: prime-gt-1-nat)
have holo”: pre-newman holomorphic-on ball s r if r: + > 0 Re s —r > 1/ 2
for s r

89



proof —
from r have Re: Re z > 1 / 2 if dist s z < r for z
using abs-Re-le-cmod|of s — 2] r that by (auto simp: dist-norm abs-if split:
if-splits)
show ?thesis
by (rule holomorphic-uniform-limit| OF - uniform-limit-pre-newman|of r s]])
(insert that Re, auto intro!: always-eventually holomorphic-on-imp-continuous-on
holomorphic-intros holo)
qed
show ?thesis unfolding analytic-on-def
proof safe
fix s assume Res > 1 / 2
thus 3r>0. pre-newman holomorphic-on ball s r
by (intro exI[of - (Re s — 1 / 2) / 2] congl holo”) (auto simp: field-simps)
qed
qed

lemma holomorphic-pre-newman [holomorphic-intros:
X C{s. Res> 1/ 2} = pre-newman holomorphic-on X
using analytic-pre-newman by (rule analytic-imp-holomorphic)

lemma eval-fds-newman:
assumes s: Re s > 1
shows eval-fds fds-newman s = newman s
proof —
have eq: (In (real p) / real p) x hurwitz-zeta p s =
1 /(s—=1)x(In(real p) / (p powrs — 1) + B p s)
if p: prime p for p
proof —
have (In (real p) / real p) % hurwitz-zeta p s =
In (real p) / real p x (p powr (1 — ) / (s — 1) + pre-zeta p s)
using s by (auto simp add: hurwitz-zeta-def)
alsohave ... =1 / (s — 1) * (In (real p) / (p powr s — 1) + B p s)
using p s by (simp add: divide-simps powr-diff B-def)
(auto simp: A-def field-simps dest: prime-gt-1-nat) ?
finally show ?thesis .
qged

have (Ap. (In (real p) / real p) * hurwitz-zeta p s) abs-summable-on {p. prime
p}
using s by (intro eval-fds-newman-conv-infsetsum)
hence (Ap. 1 / (s — 1) x (In (real p) / (p powr s — 1) + Bp s))
abs-summable-on {p. prime p}
by (subst (asm) abs-summable-on-cong[OF eq refl]) auto
hence summable:
(Ap. In (real p) / (p powr s — 1) + B p s) abs-summable-on {p. prime p}
using s by (subst (asm) abs-summable-on-cmult-right-iff ) auto

from s have [simp]: s # 1 by auto
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have eval-fds fds-newman s =
(> ap | prime p. (In (real p) / real p) * hurwitz-zeta p s)
using s by (rule eval-fds-newman-conv-infsetsum)

also have ... = (3 .p | primep. 1 / (s — 1) % (In (real p) / (p powr s — 1) +
Bps))
by (intro infsetsum-cong eq) auto
alsohave ... =1 /(s —1)* (O ap | prime p. In (real p) / (p powr s — 1) +
Bps)
(is - = - % 259) by (rule infsetsum-cmult-right[ OF summable])

also have 25 = (3 p. if prime p then
In (real p) / (p powr s — 1) + B p s else 0)

by (subst infsetsum-nat[OF summable]) auto

also have ... = (3 p. (if prime p then In (real p) / (p powr s — 1) else 0) +

(if prime p then B p s else 0))

by (intro suminf-cong) auto

also have ... = pre-newman s — deriv zeta s | zeta s
using sums-pre-newman|of s| sums-logderiv-zeta[of s] s
by (subst suminf-add [symmetric]) (auto simp: sums-iff)

finally show ?thesis by (simp add: newman-def)

qed

end

Next, we shall attempt to get rid of the pole by subtracting suitable multiples
of ¢(s) and ('(s). To this end, we shall first prove the following alternative
definition of {’(s):

lemma deriv-zeta-eq’:
assumes 0 < Re s s # 1
shows deriv zeta s = deriv (\z. pre-zeta 1 zx (z — 1)) s / (s — 1) —
(pre-zeta 1 s % (s — 1) + 1) / (s — 1)?
(is - = ?rhs)
proof (rule DERIV-imp-deriv)
have [derivative-intros|: (pre-zeta 1 has-field-derivative deriv (pre-zeta 1) s) (at

s)
by (intro holomorphic-derivl|of - UNIV] holomorphic-intros) auto
have *: deriv (Az. pre-zeta 1 z x (z — 1)) s = deriv (pre-zeta 1) s x (s — 1) +
pre-zeta 1 s
by (subst deriv-mult)
(auto intro!: holomorphic-on-imp-differentiable-at[of - UNIV] holomorphic-intros)
hence ((As. pre-zeta 1 s + 1 / (s — 1)) has-field-derivative
deriv (pre-zeta 1) s — 1 / ((s — 1) x (s — 1))) (at s)
using assms by (auto introl: derivative-eg-intros)
also have deriv (pre-zeta 1) s — 1 / ((s — 1) x (s — 1)) = ?rhs
using * assms by (simp add: divide-simps power2-eq-square, simp add: field-simps)
also have ((As. pre-zeta 1 s + 1 / (s — 1)) has-field-derivative ?rhs) (at s) +—
(zeta has-field-derivative ?rhs) (at s)
using assms
by (intro has-field-derivative-cong-ev eventually-mono[ OF t1-space-nhds|of - 1]])
(auto simp: zeta-def hurwitz-zeta-def)
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finally show ... .
qed

From this, it follows that (s — 1)¢’(s) — ('(s)/¢(s) is analytic for R(s) > 1:

lemma analytic-zeta-derivdiff:
obtains a where
(Az. if z = 1 then a else (z — 1) * deriv zeta z — deriv zeta z | zeta z)
analytic-on {s. Re s > 1}
proof
have neq: pre-zeta 1 z % (z — 1) + 1 # 0 if Re z > 1 for 2
using zeta-Re-ge-1-nonzero|of z] that
by (cases z = 1) (auto simp: zeta-def hurwitz-zeta-def divide-simps)
let 29 = M\z. (1 — inverse (pre-zeta 1 z x (z — 1)+ 1)) x ((z — 1) =
deriv ((Au. pre-zeta 1 uwx (u — 1))) 2 — (pre-zeta 1 z % (z — 1) + 1))
show (Az. if z = I then deriv ?g 1 else (z — 1) x deriv zeta z — deriv zeta z /
zela z)
analytic-on {s. Re s > 1} (is ?f analytic-on -)
proof (rule pole-theorem-analytic-0)
show ?g analytic-on {s. 1 < Re s} using neq
by (auto introl: analytic-intros)
next
show 3d>0.Vweball zd — {1}. gw=(w—1)* ?fw
if z: z € {s. 1 < Re s} for z
proof —
have *: isCont (\z. pre-zeta 1 zx (z — 1) + 1) 2
by (auto introl: continuous-intros)
obtain e where e > 0 and e: A\y. dist z y < e = pre-zeta (Suc 0) y *
(y—1)+1#0
using continuous-at-avoid [OF * neq[of z]] z by auto
show ?thesis
proof (intro exI balll conjl)
fix w
assume w: w € ball z (min e 1) — {1}
then have Re w > 0
using complez-Re-le-cmod [of z—w] z by (simp add: dist-norm)
with w show ?g w = (w — 1) * (if w = 1 then deriv ?g 1 else
(w — 1) % deriv zeta w — deriv zeta w / zeta w)
by (subst (1 2) deriv-zeta-eq’,
simp-all add: zeta-def hurwitz-zeta-def divide-simps e power2-eq-square)
(simp-all add: algebra-simps) ?
ged (use <e > 0» in auto)
qed
qed auto
qed

Finally, f(s) 4+ ¢(s) 4+ ¢((s) is analytic.

lemma analytic-newman-variant:
obtains ¢ a where
(Az. if z = 1 then a else newman z + deriv zeta z + ¢ * zeta z) analytic-on
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{s. Res > 1}
proof —
obtain ¢ where
c: (Az. if z =1 then c else (z — 1) x deriv zeta z — deriv zeta z | zeta z)
analytic-on {s. Re s > 1}
using analytic-zeta-derivdiff by blast
let ?g = A\z. pre-newman z +
(if z = 1 then ¢
else (z — 1) * deriv zeta z —
deriv zeta z | zeta z) — (¢ + pre-newman 1) * (pre-zeta 1 z * (2 —
1)+ 1)
have (Az. if 2 = 1 then deriv %g 1 else newman z + deriv zeta z + (—(c +
pre-newman 1)) * zeta z)
analytic-on {s. Re s > 1} (is ?f analytic-on -)
proof (rule pole-theorem-analytic-0)
show ?¢ analytic-on {s. 1 < Re s}
by (intro ¢ analytic-intros) auto
next
show 3d>0. Vweball zd — {1}. gw=(w—1)* fw
if z € {s. 1 < Re s} for z using that
by (intro exI[of - 1], simp-all add: newman-def divide-simps zeta-def hur-
witz-zeta-def)
(auto simp: field-simps) ?

qged auto
with that show ?thesis by blast
qged

4.2 The asymptotic expansion of I

Our next goal is to show the key result that 9t(z) = Inn + ¢+ o(1).

As a first step, we invoke Ingham’s Tauberian theorem on the function we
have just defined and obtain that the sum

i M(n) —Inn+c
n
n=1
exists.

lemma mertens-summable:
obtains ¢ :: real where summable (An. (M n — Inn + ¢) / n)
proof —

from analytic-newman-variant obtain ¢ a where
analytic: (Az. if z = 1 then a else newman z + deriv zeta z + ¢ * zeta z)
analytic-on {s. Re s > 1} .
define f where f = (Az. if z = 1 then a else newman z + deriv zeta z + ¢ *
zela z)
have analytic: f analytic-on {s. Re s > 1} using analytic by (simp add: f-def)
define F where F' = fds-newman + fds-deriv fds-zeta + fds-const ¢ x fds-zeta
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note le = conv-abscissa-add-lel conv-abscissa-deriv-le conv-abscissa-newman conv-abscissa-mult-const-left
note intros = le le[THEN le-less-trans| le] THEN order.trans] fds-converges
have eval-F: eval-fds F's = fsif s: Re s > 1 for s
proof —
have eval-fds F s = eval-fds (fds-newman + fds-deriv fds-zeta) s +
eval-fds (fds-const ¢ * fds-zeta) s
unfolding F-def using s by (subst eval-fds-add) (auto intro!: intros)
also have ... = f s using s unfolding f-def
by (subst eval-fds-add)
(auto intro!: intros simp: eval-fds-newman eval-fds-deriv-zeta eval-fds-mult
eval-fds-zeta)
finally show ?thesis .
qed

have conv: fds-converges F s if Re s > 1 for s
proof (rule Newman-Ingham-1)
have (An. M (real n) — In (real n)) € O(A-. 1)
using mertens-bounded by (rule landau-o.big.compose) real-asymp
from natfun-bigo-1E[OF this, of 1]
obtain ¢’ where ¢”: ¢/ > 1 An. | (real n) — In (real n)| < ¢’ by auto
have Bseq (fds-nth F)
proof (intro Bseql alll)
fix n :: nat
show norm (fds-nth F n) < (¢’ + norm ¢) unfolding F-def using ¢’
by (auto simp: fds-nth-zeta fds-nth-deriv fds-nth-newman scaleR-conv-of-real
in-Reals-norm
introl: order.trans| OF norm-triangle-ineq] add-mono)
qed (insert ¢’, auto intro: add-pos-nonneg)
thus fds-nth F € O(X-. 1) by (simp add: natfun-bigo-iff-Bseq)
next
show f analytic-on {s. Re s > 1} by fact
next
show eval-fds F s = f s if Re s > 1 for s using that by (rule eval-F)
qed (insert that, auto simp: F-def intro!: intros)
from conv[of 1] have summable (An. fds-nth F n / of-nat n)
unfolding fds-converges-def by auto
also have ?this +— summable (An. (M n — Lnn + ¢) / n)
by (intro summable-cong eventually-mono[OF eventually-gt-at-top|of 0]))
(auto simp: F-def fds-nth-newman fds-nth-deriv fds-nth-zeta scaleR-conv-of-real
introl: sum.cong dest: prime-gt-0-nat)
finally have summable (An. (9 n — Re (Ln (of-nat n)) + Re ¢) / n)
by (auto dest: summable-Re)
also have ?this <— summable (An. (M n — Inn + Re c¢) / n)
by (intro summable-cong eventually-mono[OF eventually-gt-at-top[of 0]]) (auto
introl: sum.cong)
finally show ?thesis using that[of Re c] by blast
qed

Next, we prove a lemma given by Newman stating that if the sum > a,/n
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exists and a,, +1n n is nondecreasing, then a,, must tend to 0. Unfortunately,
the proof is rather tedious, but so is the paper version by Newman.

lemma sum-goestozero-lemma:
fixes d::real
assumes d: |> i = M..N.ai /i < dand le: An. an + Inn < a (Sucn) +
In (Suc n)
and 0 < MM < N
shows a M < d x N / (real N — real M) + (real N — real M) /| M A
—aN<dxN/ (real N — real M) + (real N — real M) | M
proof —
have 0 < d
using assms by linarith+
then have 0 < d« N / (N — M + 1) by simp
then have le-dN: [0 <z =z <d*«N/(N-M+ 1)]=z<dx«N /(N
— M + 1) for z:real
by linarith
have le-a-ln: am +Inm < an-+Innifn>mfornm
by (rule transitive-stepwise-le) (use le that in auto)
have x: < bAy<bifa<bzx<ay<aforabuzy:rel
using that by linarith
show ?thesis
proof (rule %)
show d*« N /(N — M)+ In(N/ M) <dx N/ (real N — real M) + (real
N —real M)/ M
using 0 < M» <M < Ny In-le-minus-one [of N /| M]
by (simp add: of-nat-diff) (simp add: divide-simps)
next
have a M —In (N / M)<(d+*N)/(N—-M+ 1)
proof (rule le-dN)
assume 0: 0 < aM — In (N / M)
have (Suc N — M)+« (aM —In (N / M))/ N=Oi=M.N.(a M — In
(N / M) ] N)
by simp
also have ... < (> i=M..N.ai /1)
proof (rule sum-mono)
fix ¢
assume i: ¢ € {M..N}
with <0 < M) have 0 < ¢ by auto
have (¢ M —In (N / M)/ N<(aM —In (N /M) /i
using 0 using i <0 < M» by (simp add: frac-le-eq divide-simps mult-left-mono)
also have a M + In (real M) < a i + In (real N)
by (rule order.trans|OF le-a-In[of M i]]) (use i assms in auto)
hence (a M — In (N / M)) /i<ai/reali
using assms i by (intro divide-right-mono) (auto simp: In-div field-simps)
finally show (¢ M — In (N / M)) / real N < a i / real i .
qed
finally have ((Suc N) = M)« (aM —In (N / M))/ N<|>i=M.N.a

by simp
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also have ... < d using d by simp
finally have ((Suc N) — M)« (a M —In (N / M))/ N <d.
then show ?thesis
using <M < N» by (simp add: of-nat-diff field-simps)
qed
also have ... < d*x N /(N — M)
using assms(1,4) by (simp add: field-simps)
finally show a M < dx N /(N — M)+ In (N / M) by simp
next
have —a N —In (N /M) <(d+*N)/ (N - M+ 1)
proof (rule le-dN)
assume 0: 0 < —a N —In (N / M)
have (3 i=M..N.ai /i) < (D i=M.N.(a N+ In(N/ M))/N)
proof (rule sum-mono)
fix ¢
assume i: ¢ € {M..N}
with <0 < M> have 0 < i by auto
have a i + In (real M) < a N + In (real N)
by (rule order.trans|OF - le-a-In[of i N]]|) (use i assms in auto)
henceai /i< (aN+In(N/ M)/
using assms(3,4) by (intro divide-right-mono) (auto simp: field-simps
In-div)
alsohave ... < (a N+ In (N / M)/ N
using i <i > 0> 0 by (intro divide-left-mono-neg) auto
finally show a i /i< (a N+ In (N / M))/ N.
qed
also have ... = ((Suc N) — M) % (a N +In (N / M))/ N
by simp
finally have (> ¢ = M..N. ai /i) < (real (Suc N) — real M) * (a N + In
(N / M)/ N
using <M < N» by (simp add: of-nat-diff)
then have —((real (Suc N) — real M) *x (a N + In (N / M)) / N) < |>i
=M..N.ai/i
by linarith
also have ... < d using d by simp
finally have — ((real (Suc N) — real M) * (a N +In (N / M)) / N) <d.
then show %thesis
using <M < N> by (simp add: of-nat-diff field-simps)
qed
also have ... < d*x N / real (N — M)
using <0 < My <M < N» <0 < d> by (simp add: field-simps)
finally show —a N < d « N / real (N — M) + In (N / M) by simp
qed
qed

proposition sum-goestozero-theorem:
assumes summ: summable (Xi. a i / 1)
and le: An.an + Inn < a (Sucn)+ In (Sucn)
shows ¢ —— 0
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proof (clarsimp simp: lim-sequentially)
fix r:real
assume r > (
have x: 3n0. Vn>nl. lan| <eif e: 0 <ee < I for e
proof —
have 0 < (¢ / 8)% using <0 < & by simp
then obtain N0 where NO: Am n. m > NO = norm (> k=m..n. (Xi. a i
/i) k) < (e/8)?
by (metis summable-partial-sum-bound summ)
obtain NI where real NI > 4 /¢
using reals-Archimedean2[of 4 / €] € by auto
hence NI # 0 and NI: 1 / real NI < ¢/ 4 using ¢
by (auto simp: divide-simps mult-ac intro: Nat.gr0I)

have [a n| < eif n: n > 2 « N0 + N1 + 7 for n
proof —
define k where k = |n * ¢/4|
havenxe //>1andnx*xec//<n/j4andn/ 4 <n
using less-le-trans[OF N1, of n / N1 x e |/ 4] <N1 # 0> ¢ n by (auto simp:
field-simps)
hence ki: k> 04 xk<nnatk<n(nxe/ 4)—1<kk<(nxe/}4)
unfolding k-def by linarith+

have —an < ¢
proof —
have NO < n — nat k
using n k by linarith
then have : | k=n —natk . n.ak / k| <(e/ 8)?
using NO [of n — nat k n] by simp
have —an < (¢ /8)?*n/|nxc /4| +|n*xe/ 4]/ (n—k)
using sum-goestozero-lemma [OF x le, THEN conjunct2] k by (simp add:
of-nat-diff k-def)
also have ... < ¢
proof —
havee / 16 xn / k< 2
using k by (auto simp: field-simps)
then havee x (¢ / 16 xn /[ k) < e x 2
using e mult-less-cancel-left-pos by blast
then have (¢ / 8)2*xn /k<e /2
by (simp add: field-simps power2-eq-square)
moreover have k / (n — k) <e / 2

proof —
have (¢ + 2) * k < 4 * k using k € by simp
also have ... < ¢ x real n using k by (auto simp: field-simps)
finally show ?thesis using k by (auto simp: field-simps)
qed
ultimately show ?thesis unfolding k-def by linarith
qged

finally show ?thesis .
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qed
moreover have a n < ¢
proof —
have N0 < n using n k by linarith
then have x: > k=n .. n+ natk. ak / k| < (¢/8)*
using NO [of n n + nat k] by simp
have an < (¢/8)?2 « (n + natk) / k+k / n
using sum-goestozero-lemma [OF * le, THEN conjunct!] k by (simp add:
of-nat-diff)
also have ... < ¢
proof —
have 4 < 28 x real-of-int k using k by linarith
then have ¢/16 x n / k < 2 using k by (auto simp: field-simps)
have ¢  (real n + k) < 32 * k
proof —
have e x n / 4 < k + 1 by (simp add: mult.commute k-def)
then have ¢ x n < / x k + 4 by (simp add: divide-simps)
also have ... < 8 x k using k by auto
finally have 1: e x realn < 8 x k .
have 2: ¢ x k < k using k ¢ by simp
show ?thesis using k add-strict-mono [OF 1 2] by (simp add: alge-
bra-simps)
qged
then have (¢ / 8)? * real (n + natk) /[ k<e /2
using ¢ k by (simp add: divide-simps mult-less-0-iff power2-eq-square)
moreover have k / n<e / 2
using k € by (auto simp: k-def field-simps)
ultimately show ¢thesis by linarith
qed
finally show ?thesis .
qed
ultimately show ?¢thesis by force
qed
then show ?thesis by blast
qed
show 3In0.Vn>nl. [an| < r
using * [of min r (1/5)] <0 < r by force
qed

This leads us to the main intermediate result:

lemma Mertens-convergent: convergent (An:nat. M n — In n)
proof —
obtain ¢ where c: summable (An. (M n — Inn+ ¢) / n)
by (blast intro: mertens-summable)
then obtain [ where I: (An. (M n — Inn + ¢) / n) sums |
by (auto simp: summable-def)
have «: (An. Mn —Inn +¢) —— 0
by (rule sum-goestozero-theorem|[OF cl|) auto
hence (An. Mn — Inn) —— —c
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by (simp add: tendsto-iff dist-norm)
thus ?thesis by (rule convergentI)
qed

corollary 9M-minus-In-limit:
obtains ¢ where ((Az:real. M = — In ) —— ¢) at-top
proof —
from Mertens-convergent obtain ¢ where (An. M n — Inn) —— ¢
by (auto simp: convergent-def)
hence 1: (Az:real. M (nat |z]) — In (nat |z])) —— ¢) at-top
by (rule filterlim-compose) real-asymp
have 2: ((Az::real. In (nat |z|) — In ) —— 0) at-top
by real-asymp
have 3: (Az. Mz — In z) —— ¢) at-top
using tendsto-add[OF 1 2] by simp
with that show ?thesis by blast
qed

4.3 The asymptotics of the prime-counting functions

We will now use the above result to prove the asymptotics of the prime-
counting functions d(x) ~ x, ¥ (z) ~ x, and 7w(z) ~ x/Inz. The last of these
is typically called the Prime Number Theorem, but since these functions can
be expressed in terms of one another quite easily, knowing the asymptotics
of any of them immediately gives the asymptotics of the other ones.

In this sense, all of the above are equivalent formulations of the Prime Num-
ber Theorem. The one we shall tackle first, due to its strong connection to
the M function, is ¥(x) ~ x.

We know that 9t(z) has the asymptotic expansion M(z) = Inz + ¢ + o(1).
We also know that

xX
() = 2M() — / M(t) dt .
2
Substituting in the above asymptotic equation, we obtain:

Y (z) =zInz + cx + o(x) / Int+c+o(1)dt
2

=zlnz+cr+o(x)— (xlnz —x + cx + o(x))
=z +o(x)

In conclusion, J(x) ~ .

theorem -asymptotics: ¥ ~[at-top] (Az. x)
proof —
from 9M-minus-In-limit obtain ¢ where c: (A\z. M z — In ) —— ¢) at-top
by auto
define » where r = (\z. Mz — Inz — ¢)
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have M-ezpand: M = (Az. Inz + ¢ + rz)
by (simp add: r-def)
have r: r € o(A-. 1) unfolding r-def
using tendsto-add[OF c tendsto-const[of —c]] by (intro smalloI-tendsto) auto

define r’ where r' = (Ax. integral {2..2} r)
have integrable-r: r integrable-on {z..y}
if 2 < z for x y :: real using that unfolding r-def
by (intro integrable-diff integrable-primes-M)
(auto introl: integrable-continuous-real continuous-intros)
hence integral: (r has-integral v’ z) {2..x} if z > 2 for z
by (auto simp: has-integral-iff r'-def)
have r”: v’ € o(A\z. z) using integrable-r unfolding r’-def
by (intro integral-smallo|OF 1)) (auto simp: filterlim-ident)

define C where C =2 x (c+In 2 — 1)
have 9 ~[at-top] (A\z. z + (rzx 2z + C — r' x))
proof (intro asymp-equiv-refl-ev eventually-mono[ OF eventually-gt-at-top])
fix z :: real assume z: z > 2
have (9 has-integral ((x x Inz —z+c*xx) — (22— 2+ cx*x2)+ 71’
unfolding 9M-expand using z
by (intro has-integral-add|OF fundamental-theorem-of-calculus integral])
(auto simp flip: has-real-derivative-iff-has-vector-derivative
introl: derivative-eg-intros continuous-intros)
from has-integral-unique| OF ¥-conv-M-integral this]
showdz=z+ (rzxz+ C — r'z) using =
by (simp add: field-simps M-expand C-def)
qed
also have (A\z. rz x 2z + C — r' z) € o(Az. z)
proof (intro sum-in-smallo )
show (A-. C) € o(Az. z) by real-asymp
qed (insert landau-o.small-big-mult|OF r, of Az. z]| r', simp-all)
hence (Az. z + (rz * z + C — 1’ x)) ~[at-top] (A\z. )
by (subst asymp-equiv-add-right) auto
finally show ?thesis by auto
qed

The various other forms of the Prime Number Theorem follow as simple
corollaries.
corollary v-asymptotics: 1 ~[at-top] (Az. )

using V-asymptotics PNT/-imp-PNT5 by simp

corollary prime-number-theorem: 7 ~[at-top] (Az. = / In z)
using J-asymptotics PNT4-imp-PNT1 by simp

corollary In-m-asymptotics: (Ax. In (7 z)) ~[at-top] In
using prime-number-theorem PNT1-imp-PNT1' by simp
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corollary 7-In-m-asymptotics: (Az. m x * In (7 z)) ~[at-top] (A\z. x)
using prime-number-theorem PNT1-imp-PNT2 by simp

corollary nth-prime-asymptotics: (An. real (nth-prime n)) ~[at-top] (An. real n *
In (real n))
using 7-In-w-asymptotics PNT2-imp-PNT3 by simp

The following versions use a little less notation.

corollary prime-number-theorem’: (Az. m « / (z / In x)) —— 1) at-top

using prime-number-theorem

by (rule asymp-equivD-strong|OF - eventually-mono|OF eventually-gt-at-top|of
1)) auto

corollary prime-number-theorem'”:
(Az. card {p. prime p A real p < z}) ~[at-top] (Az. z / In x)
proof —
have 7 = (Az. card {p. prime p A real p < z})
by (intro ext) (simp add: w-def prime-sum-upto-def)
with prime-number-theorem show ?thesis by simp
qed

corollary prime-number-theorem’"":
(An. card {p. prime p A p < n}) ~[at-top] (An. real n / In (real n))
proof —
have (An. card {p. prime p A real p < real n}) ~[at-top] (An. real n / In (real

)
using prime-number-theorem'’
by (rule asymp-equiv-compose’) (simp add: filterlim-real-sequentially)
thus ?thesis by simp
qed

end

5 Mertens’ Theorems

theory Mertens-Theorems
imports
Prime-Counting-Functions
Stirling-Formula.Stirling-Formula
begin

In this section, we will prove Mertens’ First and Second Theorem. These are
weaker results than the Prime Number Theorem, and we will derive them
without using it.

However, like Mertens himself, we will not only prove them asymptotically,
but absolutely. This means that we will show that the remainder terms are
not only “Big-O” of some bound, but we will give concrete (and reasonably
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tight) upper and lower bounds for them that hold on the entire domain.
This makes the proofs a bit more tedious.

5.1 Absolute Bounds for Mertens’ First Theorem

We have already shown the asymptotic form of Mertens’ first theorem, i. e.
M(n) =Inn+ O(1). We now want to obtain some absolute bounds on the
O(1) remainder term using a more careful derivation than before.

The precise bounds we will show are 9(n) — lnn € (-1 — %;1114] ~
(—1.9119;1.3863] for n € N.

First, we need a simple lemma on the finiteness of exponents to consider in
a sum of all prime powers up to a certain point:

lemma exponents-le-finite:
assumes p > (1 :: nat) k> 0
shows finite {i. real (p ~(k x4+ 1)) < z}
proof (rule finite-subset)
show {i. real (p ~(k*x i+ 1)) < z} C {..nat |z]}
proof safe
fix i assume i: real (p “(kxi+ 1) <z
have i < 2 7 i by (rule less-exp)
also from assms have i < k % ¢ + [ by (cases k) auto
hence 2 7 < (2 " (k x i+ 1) :: nat)
using assms by (intro power-increasing) auto

also have ... < p 7 (k x i + [) using assms by (intro power-mono) auto
also have real ... < x using i by simp
finally show ¢ < nat |z| by linarith
qed
qed auto

Next, we need the following bound on ¢’(2):

lemma deriv-zeta-2-bound: Re (deriv zeta 2) > —1
proof —
have ((Az:real. In (xz + 3) x (z + 3) powr —2) has-integral (In 3 + 1) / 3)
(interior {0..})
using In-powr-has-integral-at-toplof 1 0 8 —2]
by (simp add: interior-real-atLeast powr-minus)
hence ((Az::real. In (x + 3) * (z + 3) powr —2) has-integral (In 8 + 1) / 3)
{0..}
by (subst (asm) has-integral-interior) auto
also have ?this «— ((Azureal. In (xz + 3) / (x + 3) ~ 2) has-integral (In 3 +
1)/ {0.)
by (intro has-integral-cong) (auto simp: powr-minus field-simps)
finally have int: ... .
have exp (1 / 2 = real) ~2 < 272
using exp-le by (subst exp-double [symmetric]) simp-all
hence exp-half: exp (1 / 2 :: real) < 2
by (rule power2-le-imp-le) auto
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have mono: lnz /z "2 <Ilny/y 2ify > exp (1/2) z > y for z y :: real
proof (rule DERIV-nonpos-imp-nonincreasinglof - - Az. Inx /  ~ 2])
fix tassume t: t > yt <z
have y > 0 by (rule less-le-trans[OF - that(1)]) auto
with ¢ that have In t > In (exp (1 / 2))
by (subst In-le-cancel-iff) auto
hence Int > 1 / 2 by (simp only: In-exp)
from t <y > 0> have ((\z. In z / x ~ 2) has-field-derivative ((1 — 2 % In t) /
t 7~ 3)) (at t)
by (auto intro!: derivative-eq-intros simp: eval-nat-numeral field-simps)
moreover have (1 — 2 xint) /t "3 <0
using ¢ that <y > 0> <Int > 1 / 2> by (intro divide-nonpos-pos) auto
ultimately show 3f’. (Az. In z / & ~ 2) has-field-derivative f') (at t) A f' <
0 by blast
qed fact+

have fds-converges (fds-deriv fds-zeta) (2 :: complez)
by (intro fds-converges-deriv) auto
hence (An. of-real (—In (real (Suc n)) / (of-nat (Suc n)) ~ 2)) sums deriv zeta
2
by (auto simp: fds-converges-altdef add-ac eval-fds-deriv-zeta fds-nth-deriv
scaleR-conv-of-real
stmp del: of-nat-Suc)
note x = sums-split-initial-segment| OF sums-minus|OF sums-Re|OF this]], of 3]
have (An. In (real (n+4)) / real (n+4) ~ 2) sums (—Re (deriv zeta 2) — (In
2/44+1mn3/9)
using * by (simp add: eval-nat-numeral)
hence —Re (deriv zeta 2) — (In 2 / 4 +In 8/ 9) =
(>-n. In (real (Suc n) + 3) / (real (Suc n) + 3) ~ 2)
by (simp-all add: sums-iff algebra-simps)
also have ... < (In 3 + 1) / 3 using int exp-half
by (intro decreasing-sum-le-integral divide-nonneg-pos mono) (auto simp: powr-minus
field-simps)
finally have —Re (deriv zeta 2) < (16 * In 3 + 9 xIn 2 + 12) / 36
by simp
also have In 3 < (11 / 10 :: real)
using In-approz-bounds|of 3 2] by (simp add: power-numeral-reduce numeral-2-eq-2)
hence (16 x In 3 + 9+ In 2 + 12) /] 86 < (16 = (11 / 10) + 9 = 25 |/ 36 +
12) / (36 :: real)
using In2-le-25-over-36 by (intro add-mono mult-left-mono divide-right-mono)
auto
also have ... < I by simp
finally show ?thesis by simp
qed

Using the logarithmic derivative of Euler’s product formula for {(s) at s = 2
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and the bound on ¢’(2) we have just derived, we can obtain the bound

In 9
> pr<ﬁ'

pi<z,i>2

lemma mertens-remainder-auz-bound:
fixes z :: real
defines R = (D (p,i) | primep A i > 1 A real (p " i) < z. In (real p) / p ~ 1)
shows R < 9 / pi?
proof —
define S’ where S’ = {(p, ©). prime p A i > 1 A real (p " i) < z}
define S’ where S = {(p, 7). prime p A i > 1 A real (p ~ Suc i) < z}

have finite-row: finite {i. i > 1 A real (p ~ (i + k)) < z} if p: prime p for p k
proof (rule finite-subset)
show {i. ¢ > 1 Areal (p ~ (¢ + k) <z} C {..nat [z]}
proof safe
fix ¢ assume i: ¢ > I real (p ~ (i + k) <z
have i < 2 7 (i + k) by (induction i) auto

also from p have ... < p 7 (i + k) by (intro power-mono) (auto dest:
prime-gt-1-nat)
also have real ... < x using 7 by simp
finally show ¢ < nat |z] by linarith
qed
qed auto

have S C S’ unfolding S’-def S’-def
proof safe
fix p i assume pi: prime p real (p ~ Suc i) < x i > 1
have real (p ~ i) < real (p ~ Suc )
using pi unfolding of-nat-le-iff by (intro power-increasing) (auto dest:
prime-gt-1-nat)
also have ... < z by fact
finally show real (p i) < z .
qed

have S’-alt: S’ = (SIGMA p:{p. prime p A real p < z}. {i. i > 1 A real (p ~
i) < o)
unfolding S’-def
proof safe
fix p ¢ assume prime p real (p " i) < xi> 1
hencep "1 <p "1
by (intro power-increasing) (auto dest: prime-gt-1-nat)

also have real ... < z by fact
finally show real p < z by simp
qged

have finite: finite {p. prime p A real p < z}
by (rule finite-subset|OF - finite-Nats-le-real[of z]]) (auto dest: prime-gt-0-nat)
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have finite S’ unfolding S’-alt using finite-row[of - 0]
by (intro finite-Sigmal finite) auto

have R< 3/ 2% (3. (p, %) | (p, i) € S’ A even i. In (real p) / real (p ~ 1))
proof —
have R = (3> ye{0, 1}. >z | z2€ S A snd 2 mod 2 = y. In (real (fst z)) /
real (fst z ~ snd 2))
using <finite S by (subst sum.group) (auto simp: case-prod-unfold R-def
S'-def)
also have ... = (3 (p,i) | (p, ©) € S’ A even i. In (real p) / real (p ~ 1)) +
- (pyi) | (p, 0) € S" A odd i. In (real p) [ real (p ~ 1))
unfolding even-iff-mod-2-eq-zero odd-iff-mod-2-eg-one by (simp add: case-prod-unfold)
also have (3" (p,i) | (p, ©) € S’ A odd i. In (real p) / real (p ~i)) =
> (p,i) | (p, ©) € S A even i. In (real p) / real (p ~ Suc 7))
by (intro sum.reindex-bij-witness[of - A(p,i). (p, Suc i) A(p,i). (p, ¢ — 1)])
(auto simp: case-prod-unfold S'-def S''-def elim: oddE simp del: power-Suc)
also have ... < (3" (p,) | (p, ©) € S’ A even i. In (real p) / real (p ~ Suc 7))
using S’ C S’ unfolding case-prod-unfold
by (intro sum-mono2 divide-nonneg-pos In-ge-zero finite-subset|OF - «finite
)
(auto simp: S’-def S''-def case-prod-unfold dest: prime-gt-0-nat simp del:
power-Suc)
also have ... < (> (p,é) | (p, ©) € S’ A even i. In (real p) / real (2 x p ~i))
unfolding case-prod-unfold
by (intro sum-mono divide-left-mono) (auto simp: S’-def dest!: prime-gt-1-nat)
also have ... = (1 / 2)« (3. (p,9) | (p, ©) € S’ A even i. In (real p) / real (p
i)
by (subst sum-distrib-left) (auto simp: case-prod-unfold)
also have (3" (p,i) | (p, 7)) € S’ A even i. In (real p) / real (p " %)) + ... =
3/ 2% (pi)| (p, i) €S A eveni.ln (real p) / real (p ~ 7))
by simp
finally show ?thesis by simp
qed

also have (3" (p,i) | (p, ©) € S’ A even i. In (real p) / real (p ~ 1)) =
- p | prime p A real p < z. In (real p) *
SCi|i>0NeveniAvreal (p " i) <z (1) real p) " 1))
unfolding sum-distrib-left
proof (subst sum.Sigma[OF - balll])
fix p assume p: p € {p. prime p A real p < z}
thus finite {i. 0 < i A even i A real (p ~ i) < z}
by (intro finite-subset[OF - exponents-le-finite[of p 1 0 z]]) (auto dest:
prime-gt-1-nat)
qed (auto introl: sum.cong finite-subset|OF - finite-Nats-le-real]of x|
dest: prime-gt-0-nat simp: S’-alt power-divide)
also have ... < (3 p | prime p A real p < z. In (real p) / (real p = 2 — 1))
proof (rule sum-mono)
fix p assume p: p € {p. prime p A real p < z}
have p > 1 using p by (auto dest: prime-gt-1-nat)
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have (>Ji|i> 0 AN eveni Areal (p " i) <. (1 /realp) " i) =
Ooilreal (p " (2*xi+ 2)) <z (1 /realp) " (2%1))/realp ~ 2
(is - = 25 / -) unfolding sum-divide-distrib
by (rule sum.reindex-bij-witness[of - Ai. 2 x Suc i Ai. (i — 2) div 2])
(insert «<p > 15, auto simp: numeral-3-eq-3 power2-eq-square power-diff
algebra-simps elim!: evenE)
also have 25 = (3 i | real (p (2% i+ 2)) < (I /realp ~2) ")
by (subst power-mult) (simp-all add: algebra-simps power-divide)
also have ... < (>4 (1 /realp ~2) 7 4)
using exponents-le-finitelof p 2 2 x] <p > 1»
by (intro sum-le-suminf) (auto simp: summable-geometric-iff)
also have ... =realp "2 / (realp 2 — 1)
using <p > 1> by (subst suminf-geometric) (auto simp: field-simps)
also have ... /realp 2 =1/ (realp ~2 — 1)
using «<p > 1 » by (simp add: divide-simps)
finally have (3> i | 0 < i A even i A real (p " i) < z. (1 / real p) " i) <
1/ (realp ~2 — 1) (is ?lhs < ?rhs)
using <p > 1» by (simp add: divide-right-mono)
thus in (real p) * 2lhs < In (real p) / (realp ~2 — 1)
using <p > 1» by (simp add: divide-simps)
qged
also have ... = (3", p | prime p A real p < z. In (real p) / (real p ~ 2 — 1))
using finite by (intro infsetsum-finite [symmetric]) auto
also have ... < (3, p | prime p. In (real p) / (real p ~ 2 — 1))
using eval-fds-logderiv-zeta-real]of 2] finite
by (intro infsetsum-mono-neutral-left divide-nonneg-pos) (auto simp: dest:
prime-gt-1-nat)

also have ... = —Re (deriv zeta (of-real 2) / zeta (of-real 2))
by (subst eval-fds-logderiv-zeta-real) auto
also have ... = (—Re (deriv zeta 2)) * (6 / pi?)

by (simp add: zeta-even-numeral)
also have ... < 1 * (6 / pi®)
using deriv-zeta-2-bound by (intro mult-strict-right-mono) auto

also have 3 / 2 x ... = 9 / pi® by simp
finally show ?thesis by simp
qed

We now consider the equation
n
In(n!) = Z A(k) [EJ
k<n

and estimate both sides in different ways. The left-hand-side can be es-
timated using Stirling’s formula, and we can simplify the right-hand side

! S A® ] = D mp BJ

k<n pi<a,i>1

and then split the sum into those p’ with ¢ = 1 and those with i > 2.
Applying the bound we have just shown and some more routine estimates,
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we obtain the following reasonably strong version of Mertens’ First Theorem
on the naturals: M(n) — In(n) € (=1 — 2;1n4]

theorem mertens-bound-strong:
fixes n :: nat assumes n: n > 0
shows Mn —Inne{—1-9/pi*<.inj}
proof (cases n > 3)
case Fulse
with n consider n = 1 | n = 2 by force
thus ?thesis
proof cases
assume [simp]: n = 1
have —1 + (=9 / pi?) < 0
by (intro add-neg-neg divide-neg-pos) auto
thus ?thesis by simp
next
assume [simp]: n = 2
have eq: M n — Inn = —In 2 / 2 by (simp add: eval-IN)
have —1 — 9 /pi "2+ W2 /2<—1—9/4"2+25/36/2
using pi-less-4 In2-le-25-over-36
by (intro diff-mono add-mono divide-left-mono divide-right-mono power-mono)
auto
also have ... < 0 by simp
finally have —In 2 / 2 > —1 — 9 / pi® by simp
moreover {
have —in 2 / 2 < (0::real) by (intro divide-nonpos-pos) auto
also have ... < In 4 by simp
finally have —in 2 / 2 < In (4 :: real) by simp
}
ultimately show ?thesis unfolding eq by simp
qed

next

case True

hence n: n > 3 by simp

have finite: finite {(p, ). primep A i > 1 Ap " i < n}

proof (rule finite-subset)

show {(p, 7). primep A i > 1 Ap " i< n}
C {..nat |root 1 (real n)|} x {..nat |log 2 (real n)|}
using primepows-le-subset[of real n 1] n unfolding of-nat-le-iff by auto

ged auto

define r where r = prime-sum-upto (Ap. In (real p) * frac (real n / real p)) n

define R where R = (3 (p,é) | primep A i > 1 A p ~ i < n.In (real p) * real
(n div (p ~ 1))

define R’ where R’ = (> (p,i) | primep A i > 1 Ap " i <mn.ln (realp) / p
~0)

have [simp]: In (4 = real) = 2 % In 2

using In-realpow|of 2 2] by simp
from pi-less-4 have In pi < In 4 by (subst In-le-cancel-iff) auto
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also have ... = 2 % In 2 by simp

also have ... < 2 % (25 / 36) by (intro mult-left-mono In2-le-25-over-36) auto
finally have In-pi: In pi < 25 / 18 by simp

have In 8 < In (4::nat) by (subst In-le-cancel-iff) auto

also have ... = 2 x In 2 by simp

also have ... < 2 x (25 / 36) by (intro mult-left-mono In2-le-25-over-36) auto
finally have In-3: In (3::real) < 25 / 18 by simp

have R / n= (3 (p,i) | primep A i > 1 A p " i< n.ln (real p) * (real (n div
(v 1) /)
by (simp add: R-def sum-divide-distrib field-simps case-prod-unfold)
also have ... < (> (p,d) | primep Ai>1 Ap "i<n.ln (realp)* (1 /p "~
)
unfolding R’-def case-prod-unfold using n
by (intro sum-mono mult-left-mono) (auto simp: field-simps real-of-nat-div dest:
prime-gt-0-nat)
also have ... = R’ by (simp add: R’-def)
also have R’ < 9 / pi?
unfolding R’-def using mertens-remainder-aux-bound[of n] by simp
finally have R / n < 9 / pi* .
moreover have R > 0
unfolding R-def by (intro sum-nonneg mult-nonneg-nonneg) (auto dest: prime-gt-0-nat)
ultimately have R-bounds: R / n € {0..<9 / pi*} by simp

have In (fact n :: real) < In (2xpixn) / 2+ n*xnn—n+1/ (12 % n)
using In-fact-bounds(2)[of n] n by simp
alsohave ... /n—Inn=—-1+(n2+Inpi))/ (2*xn)+(nn/n)/ 2+
1/ (12 x realn ~ 2)
using n by (simp add: power2-eq-square field-simps In-mult)
alsohave ... < -1 +(In2+npi) /(2*8)+(In3/3)/2+1] (12«
3?)
using exp-le n pi-gt3
by (intro add-mono divide-right-mono divide-left-mono mult-mono
mult-pos-pos In-x-over-z-mono power-mono) auto
also have ... < —1 + (25 / 36 + 25 /] 18) | (2« 3) + (25 / 18 / 3) ] 2 +
1/ (12 % 3?%)
using In-pi In2-le-25-over-36 In-3 by (intro add-mono divide-left-mono di-
vide-right-mono) auto
also have ... < 0 by simp
finally have inn — In (fact n) / n > 0 using n by (simp add: divide-right-mono)
have —in (factn) < —In (2 xpi*xn) /2 —nxlnn—+n
using In-fact-bounds(1)[of n] n by simp
alsohave inn+ ... /n==In(2xpi)/(2*n)—(Inn/n)/ 2+ 1
using n by (simp add: field-simps In-mult)
alsohave ... <0 -0+ 1
using pi-gt3 n by (intro add-mono diff-mono) auto
finally have upper: In n — In (factn) / n < 1
using n by (simp add: divide-right-mono)
with <In n — In (fact n) / n > 0> have fact-bounds: In n — In (fact n) / n €
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{0..1} by simp

have r < prime-sum-upto (Ap. Inp x 1) n
using less-imp-le[OF frac-lt-1] unfolding r-def ¥-def prime-sum-upto-def
by (intro sum-mono mult-left-mono) (auto simp: dest: prime-gt-0-nat)
also have ... = ¢ n by (simp add: J-def)
also have ... < In 4 % n using n by (intro 9-upper-bound) auto
finally have r / n < In 4 using n by (simp add: field-simps)
moreover have r > (0 unfolding 7-def prime-sum-upto-def
by (intro sum-nonneg mult-nonneg-nonneg) (auto dest: prime-gt-0-nat)
ultimately have r-bounds: r / n € {0..<In 4} by simp

have in (fact n :: real) = sum-upto (Ak. mangoldt k * real (n div k)) (real n)
by (simp add: In-fact-conv-sum-upto-mangoldt)
also have ... = (3 (p,i) | primep A i > 0 A real (p ~ i) < real n.
In (real p) * real (n div (p ~17)))
by (intro sum-upto-primepows) (auto simp: mangoldt-non-primepow)
also have {(p, 7). prime p A i > 0 A real (p ~ i) < real n} =
{(p, ©). primep ANi=1ANp<n}U
{(p, 7). prime p AN i > 1 A (p ~ i) < n} unfolding of-nat-le-iff
by (auto simp: not-less le-Suc-eq)
also have (> (p,i)€.... In (real p) x real (n div (p ~i))) =
o (pyi) | primep Ai =1 A p < n.ln (real p) * real (n div (p ~7)))
+ R
(is-= 25+ -)
by (subst sum.union-disjoint) (auto intro!: finite-subset| OF - finite] simp: R-def)
also have 25 = prime-sum-upto (Ap. In (real p) * real (n div p)) n
unfolding prime-sum-upto-def
by (intro sum.reindex-bij-witness[of - Ap. (p, 1) fst]) auto
also have ... = prime-sum-upto (Ap. In (real p) * real n / real p) n — r
unfolding r-def prime-sum-upto-def sum-subtractf[symmetric] using n
by (intro sum.cong) (auto simp: frac-def real-of-nat-div algebra-simps)
also have prime-sum-upto (Ap. In (real p) * real n [/ real p) n =n x M n
by (simp add: primes-M-def sum-distrib-left sum-distrib-right prime-sum-upto-def
field-simps)
finally have M n — Inn = In (factn) /n—Inn+r /n—R/n
using n by (simp add: field-simps)
hence inn — Mn=1Inn—In (factn) /n—r/n+ R /n
by simp
with fact-bounds r-bounds R-bounds show M n — Inn € {—1 — 9 / pi®<..In
4}
by simp
qed

As a simple corollary, we obtain a similar bound on the reals.

lemma mertens-bound-real-strong:

fixes z :: real assumes z: © > 1

shows Mz —lnze{-1—-9/pi 2 —1In(I+ fracz / real (nat [z])) <..
In 4}
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proof —
have M = — In z < M (real (nat |z])) — In (real (nat |z]))
using assms by simp
also have ... < In /
using mertens-bound-stronglof nat |z|] assms by simp
finally have Mtz — Inxz < In 4 .

from assms have pos: real-of-int x| # 0 by linarith

have frac z / real (nat |z]) > 0
using assms by (intro divide-nonneg-pos) auto

moreover have frac x / real (nat |z]) < 1 /1
using assms frac-lt-1[of z] by (intro frac-le) auto

ultimately have x: frac z / real (nat |z]) € {0..1} by auto

have In x — In (real (nat |z])) = In (z / real (nat |z]))
using assms In-div pos by force

also have z / real (nat |z|) = 1 + frac z / real (nat |z])
using assms pos by (simp add: frac-def field-simps)

finally have M =z — Inz > —1—-9/pi" 2—In (1 + frac z / real (nat |z]))
using mertens-bound-strong|of nat |z|] = by simp

with < z — In z < In 4> show ?thesis by simp

qed

We weaken this estimate a bit to obtain nicer bounds:

lemma mertens-bound-real’:
fixes z :: real assumes z: © > 1
shows Mz — Inz e {-2<.25/18}
proof —
have Mz — Inz < In 4
using mertens-bound-real-stronglof x] x by simp
also have ... < 25 / 18
using In-realpow|of 2 2] In2-le-25-over-36 by simp
finally have M z — Inz < 25 / 18 .

have In2: In (2 :: real) € {2/3..25/56}

using In-approz-boundslof 2 1] by (simp add: eval-nat-numeral)
have In3: In (3::real) € {1..10/9}

using In-approz-bounds|of 3 1] by (simp add: eval-nat-numeral)
have In5: In (5:real) € {4/8..76/45}

using In-approz-bounds[of 5 1] by (simp add: eval-nat-numeral)
have In7: In (7::real) € {3/2..15/7}

using In-approz-boundslof 7 1] by (simp add: eval-nat-numeral)
have ini11: In (11::real) € {5/3..290/99}

using In-approz-bounds|of 11 1] by (simp add: eval-nat-numeral)

— Choosing the lower bound -2 is somewhat arbitrary here; it is a trade-off
between getting a reasonably tight bound and having to make lots of case distinc-
tions. To get -2 as a lower bound, we have to show the cases up to z = 11 by case
distinction,

have Mz — lnxz > —2
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proof (cases x > 11)
case Fulse
hence z € {1.<2} Vz e {2.<3} Vze{3.<5}vee{s<7}Vuze
{7.<11}
using z by force
thus ?thesis
proof (elim disjE)
assume z: ¢ € {1..<2}
hencelnz — Mz <In2 -0
by (intro diff-mono) auto
also have ... < 2 using In2-le-25-over-36 by simp
finally show ?thesis by simp
next
assume z: ¢ € {2..<3}
hence [simp]: |z| = 2 by (intro floor-unique) auto
from z have lnz — Mz <In3 —In2 /2
by (intro diff-mono) (auto simp: eval-9)
also have ... = in (9 / 2) / 2 using In-realpow|of 3 2] by (simp add: In-div)
also have ... < 2 using In-approz-bounds[of 9 / 2 1] by (simp add:
eval-nat-numeral)
finally show ?thesis by simp
next
assume z: z € {3..<5}
hence MM 3 =Mz
unfolding primes-M-def
by (intro prime-sum-upto-eql [where o’ = 8 and b’ = 4])
(auto simp: nat-le-iff le-numeral-iff nat-eq-iff floor-eq-iff)
alsohave M3 =mn2/2+m3 /3
by (simp add: eval-M eval-nat-numeral mark-out-code)
finally have [simp]: Mz =mn2/2+ I8/ 3 ..
fromz havelnz — Moz <Inbs—-(In2/2+In8/3)
by (intro diff-mono) auto
also have ... < 2 using In2 In3 In5 by simp
finally show ?thesis by simp
next
assume 1: 7 € {5..<7}
hence M 5 =M =
unfolding primes-M-def
by (intro prime-sum-upto-eql [where o’ = 5 and b’ = 6])
(auto simp: nat-le-iff le-numeral-iff nat-eq-iff floor-eq-iff)
alsohave M5 =mn2/2+mn3/3+Ins5/5
by (simp add: eval-M eval-nat-numeral mark-out-code)
finally have [simp]: Mz =2 /2+n38/3+In5/5..
fromzhavelnz — Mz <In7—-(In2/2+Mm3/3+Ins5/5)
by (intro diff-mono) auto
also have ... < 2 using In2 In3 In5 In7 by simp
finally show ?thesis by simp
next
assume z: z € {7.<11}
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hence M 7 =Mz
unfolding primes-M-def
by (intro prime-sum-upto-eql[where o’ = 7 and b’ = 10])
(auto simp: nat-le-iff le-numeral-iff nat-eq-iff floor-eq-iff)
alsohave M 7=m2/2+n3/8+Ins5/5+In7/7
by (simp add: eval-M eval-nat-numeral mark-out-code)
finally have [simp]: Mz =2/ 24+ I8 /3 +In5/5+Wn7/7..
fromzhave lnz — Mo <Inil —(n2/2+m3/3+Ins5/5+IIn7
/)
by (intro diff-mono) auto
also have ... < 2 using In2 In8 In5 In7 In11 by simp
finally show ?thesis by simp
qed
next
case True
have lnz — Mz < 1 + 9/pi"2 + In (1 + frac z / real (nat |z]))
using mertens-bound-real-strong[of ] x by simp
also have 1 + frac z / real (nat |z|) < 1 + 1/ 11
using True frac-lt-1]of x] by (intro add-mono frac-le) auto
hence In (1 + frac x / real (nat |z])) < in (1 + 1/ 11)
using = by (subst In-le-cancel-iff ) (auto intro!: add-pos-nonneg)
also have ... = In (12 / 11) by simp
also have ... < 1585 / 18216
using In-approz-bounds|of 12 / 11 1] by (simp add: eval-nat-numeral)
also have 9 / pi =2 < 9 / 8.141592653588 ~ 2
using pi-approx by (intro divide-left-mono power-mono mult-pos-pos) auto
also have 1 + ... + 1585 / 18216 < 2
by (simp add: power2-eg-square)
finally show ?thesis by simp
qed
with 9N z — Inx < 25 / 18> show ?thesis by simp
qed

corollary mertens-first-theorem:
fixes z :: real assumes z: © > 1
shows Mz —Inz <2
using mertens-bound-real’[of ] x by (simp add: abs-if)

5.2 Mertens’ Second Theorem

Mertens’ Second Theorem concerns the asymptotics of the Prime Harmonic

Series, namely
1 1
E - zlnln:c+M+O<>
Inx

p<z
where M ~ 0.261497 is the Meissel-Mertens constant.

We define the constant in the following way:

definition meissel-mertens where
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meissel-mertens = 1 — In (In 2) + integral {2..} (M. (Mt —int) / (txInt ™

2))

We will require the value of the integral [ ﬁdt =
on the remainder term:

1

ina a@s an upper bound

lemma integral-one-over-z-ln-z-squared:
assumes a: (a:real) > 1
shows set-integrable lborel {a<..} (At. 1 / (t *Int ~ 2)) (is 2th1)
and set-lebesgue-integral lborel {a<..} (M. 1 / (txint ~2)) =1 /Ina (is
7th2)
and ((M\t. 1 / (t * (In t)?)) has-integral 1 / In a) {a<..} (is ?th3)
proof —
have cont: isCont (\t. 1 / (t * (In t)?)) z if x > a for z
using that a by (auto introl: continuous-intros)
have deriv: (Az. —1 / In ) has-real-derivative 1 / (x * (In z)?)) (at z) if 2 >
a for z
using that a by (auto intro!: derivative-eq-intros simp: power2-eq-square field-simps)
have lim1: ((Ax. — 1 / In z) o real-of-ereal) —— —(1 / In a)) (at-right (ereal
2)
unfolding ereal-tendsto-simps using a by (real-asymp simp: field-simps)
have lim2: ((Ax. — 1 / In ) o real-of-ereal) —— 0) (at-left o)
unfolding ereal-tendsto-simps using a by (real-asymp simp: field-simps)

have set-integrable lborel (einterval a 0o) (At. 1 / (t xInt ~2))
by (rule interval-integral-FTC-nonneg|OF - deriv cont - lim1 lim2]) (use a in
auto)
thus ?th1 by simp
have interval-lebesgue-integral lborel (ereal a) oo (A\t. 1 / (txInt ~2)) =0 —
(—(1 / in a)
by (rule interval-integral-FTC-nonneg|OF - deriv cont - lim1 lim2]) (use a in
auto)
thus ?th2 by (simp add: interval-integral-to-infinity-eq)

have ((At. 1 / (t x Int ~ 2)) has-integral
set-lebesgue-integral lebesgue {a<..} (At. 1/ (t * Int ~ 2))) {a<..}
using «?thl) by (intro has-integral-set-lebesgue)
(auto simp: set-integrable-def integrable-completion)
also have set-lebesgue-integral lebesgue {a<..} (At. 1 / (txint " 2)=1/1In
a
using « ?th2> unfolding set-lebesque-integral-def by (subst integral-completion)
auto
finally show ?th3 .
qed

We show that the integral in our definition of the Meissel-Mertens constant
is well-defined and give an upper bound for its tails:

lemma
assumes a > (I :: real)
defines r = (At. Mt —Int)/ (txInt ™ 2))
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shows integrable-meissel-mertens: set-integrable lborel {a<..} r
and meissel-mertens-integral-le: norm (integral {a<..} r) < 2 /In a
proof —
have #: ((M\t. 2 % (1 / (¢t x Int ~ 2))) has-integral 2 x (1 / In a)) {a<..}
using assms by (intro has-integral-mult-right integral-one-over-z-In-z-squared)
auto
show set-integrable lborel {a<..} r unfolding set-integrable-def
proof (rule Bochner-Integration.integrable-bound[OF - - AE-12])
have integrable lborel (At::real. indicator {a<..} t *x (2 x (1 / (t xInt ~2))))
using integrable-mult-right[of 2,
OF integral-one-over-z-In-z-squared(1)[of a, unfolded set-integrable-def]]
assms
by (simp add: algebra-simps)
thus integrable lborel (At::real. indicator {a<..} t xg (2 / (t x Int ~ 2)))
by simp
fix z :: real
show norm (indicat-real {a<..} x *g rx) <
norm (indicat-real {a<.} z xg (2 / (z x Inz ~ 2)))
proof (cases z > a)
case True
thus ?thesis
unfolding norm-scaleR norm-mult r-def norm-divide using mertens-first-theorem[of
x] assms
by (intro mult-mono frac-le divide-nonneg-pos) (auto simp: indicator-def)
qged (auto simp: indicator-def)
qged (auto simp: r-def)
hence r integrable-on {a<..}
by (simp add: set-borel-integral-eq-integral(1))
hence norm (integral {a<..} r) < integral {a<..} (A\z. 2 % (1 / (x x Inz ~ 2)))
proof (rule integral-norm-bound-integral)
show (A\z. 2 % (1 / (z * (In 2)?))) integrable-on {a<..}
using * by (simp add: has-integral-iff)
fix x assume z € {a<..}
hence norm (rz) < 2 / (z * (In 2)?)
unfolding r-def norm-divide using mertens-first-theorem|of x| assms
by (intro mult-mono frac-le divide-nonneg-pos) (auto simp: indicator-def)
thus norm (rz) < 2x (1 / (z x Inz ~ 2)) by simp
qed
alsohave ... =2 /Ina
using * by (simp add: has-integral-iff)
finally show norm (integral {a<..} r) < 2 /Ina .
qged

lemma integrable-on-meissel-mertens:
assumes A C {1..} InfA > 1 A € sets borel
shows (At. MMt —1Int)/ (t*xInt ™ 2)) integrable-on A
proof —
from assms obtain x where z: 1 < xx < Inf A
using dense by blast
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from assms have bdd-below A by (intro bdd-belowl|of - 1]) auto

hence A C {Inf A..} by (auto simp: cInf-lower)

also have ... C {z<..} using z by auto

finally have x: 4 C {z<..} .

have set-integrable lborel A (A\t. (Mt —Int) / (t*xInt ™~ 2))

by (rule set-integrable-subset[OF integrable-meissel-mertens[of x]]) (use = x

assms in auto)

thus ?thesis by (simp add: set-borel-integral-eq-integral(1))
qed

lemma meissel-mertens-bounds: |meissel-mertens — 1 + In (In 2)| < 2 / In 2
proof —
have *: {2..} — {2<..} = {2::real} by auto
also have negligible ... by simp
finally have integral {2..} (\t. (MMt — Int) / (t * (In t)?)) =
integral {2<..} (\t. Mt — Int) / (¢t * (In t)?))
by (intro sym[OF integral-subset-negligible]) auto
also have norm ... < 2 /In 2
by (rule meissel-mertens-integral-le) auto
finally show |meissel-mertens — 1 + In (In 2)| < 2 / In 2
by (simp add: meissel-mertens-def)
qged

Finally, obtaining Mertens’ second theorem from the first one is nothing but
a routine summation by parts, followed by a use of the above bound:

theorem mertens-second-theorem:
defines f = prime-sum-upto (Ap. 1 / p)
shows Az.z> 2 = |fz — In (In ) — meissel-mertens| < 4 [ Inx
and (Az. fz — In (In ) — meissel-mertens) € O(Az. 1 / In 1)
proof —
define r where r = (\t. (Mt —Int) / (t*xint ™ 2))

{

fix z :: real assume z: © > 2
have (A\t. M ¢« (=1 / (t*Int ™ 2))) has-integral M = « (1 / Inz) — M 2
x (1 /1In2)—
(3" nereal —“{2<..x}. ind prime n * (Inn / real n) x (1 / Inn))) {2..2}
unfolding primes-M-def prime-sum-upto-altdef! using z
by (intro partial-summation-stronglof {}])
(auto introl: continuous-intros derivative-eg-intros simp: power2-eq-square
stmp flip: has-real-derivative-iff-has-vector-derivative)
alsohave M x (I /Inz) — M2 (1 /in2) —
(3" nereal —“{2<..x}. ind prime n x (Inn / n) % (1 / Inn)) =
M/ Inx— (O ne€insert 2 (real —* {2<..x}). ind prime n x (In n /
n) *x (1 / Inn))
(is - =-— 29)
by (subst sum.insert)
(auto simp: primes-M-def finite-vimage-real-of-nat-greater ThanAtMost
eval-prime-sum-upto)
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also have 25 = fz
unfolding f-def prime-sum-upto-altdefl sum-upto-def using z
by (intro sum.mono-neutral-cong-left) (auto simp: not-less numeral-2-eq-2
le-Suc-eq)
finally have (At. =9 t / (¢t % Int ~ 2)) has-integral (M = / In z — f 1))
by simp
from has-integral-neg| OF this]
have (M\t. M ¢ / (¢t x Int ~ 2)) has-integral (fz — M z / In z)) {2..2} by
simp
hence (AMt. M ¢/ (txInt ~2) — 1/ (t * Int)) has-integral
(fz—Ma/inz— (In(lnz) —In(In 2)))) {2..2} using z
by (intro has-integral-diff fundamental-theorem-of-calculus)
(auto simp flip: has-real-derivative-iff-has-vector-derivative
introl: derivative-eq-intros)
also have ?this <— (r has-integral (fx — Mz / Inxz — (In (In ) — In (In
2)))) {2..2}
by (intro has-integral-cong) (auto simp: r-def field-simps power2-eq-square)
finally have ... .
} note integral = this

define Ryy where Roy = (Az. Mz — In x)
have 9t: M = = In x + Rop = for x by (simp add: Ron-def)
define I where I = (\z. integral {z..} 1)
define C where C = (1 — In (In 2) + I 2)
have C-altdef: C = meissel-mertens
by (simp add: I-def r-def C-def meissel-mertens-def)

show bound: |fz — In (In ) — meissel-mertens| < 4 / Inz if z: © > 2 for x
proof (cases z = 2)
case True
hence |f ¢ — In (In x) — meissel-mertens| = |1 / 2 — In (In 2) — meis-
sel-mertens|
by (simp add: f-def eval-prime-sum-upto )
alsohave ... <2 /In2+1/2
using meissel-mertens-bounds by linarith
alsohave ... < 2 /In 2+ 2 / In 2 using In2-le-25-over-36
by (intro add-mono divide-left-mono) auto
finally show ?thesis using True by simp
next
case Fulse
hence z: z > 2 using z by simp
have integral {2..x} r + I © = integral ({2..2} U {z..}) r unfolding I-def r-def
using z
by (intro integral-Un [symmetric] integrable-on-meissel-mertens) (auto simp:
maz-def r-def)
also have {2..z} U {z..} = {2..} using z by auto
finally have *: integral {2..2} r = I 2 — I z unfolding I-def by simp
have eqg: fr —In(lnz) — C=Rpma /Inz — Ix
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using integral] OF z] z by (auto simp: C-def field-simps M has-integral-iff *)
also have |...| < |Rom = / In z| + norm (I z)
unfolding real-norm-def by (rule abs-triangle-ineq)
also have |Royp z / Inz| < 2 / |In x|
unfolding Roy-def abs-divide using mertens-first-theorem|of x| x
by (intro divide-right-mono) auto
also have {z..} — {z<..} = {z} and {z<..} C {z..} by auto
hence I z = integral {z<..} r unfolding I-def
by (intro integral-subset-negligible [symmetric]) simp-all
also have norm ... < 2 /Inz
using meissel-mertens-integral-le[of x] x by (simp add: r-def)
finally show |fz — In (In ) — meissel-mertens| < 4 / In x
using z by (simp add: C-altdef)
qed

have (A\z. fz — In (Inz) — C) € O(A\z. 1 / In x)

proof (intro landau-o.bigl|of 4] eventually-mono[OF eventually-ge-at-top|of 2]])
fix z :: real assume z: z > 2
with bound[OF z] show norm (fz — In (Inz) — C) < 4 * norm (1 / In x)

by (simp add: C-altdef)

qed (auto intro!: add-pos-nonneg)

thus (Az. fz — In (In ) — meissel-mertens) € O(Az. 1 / In z)
by (simp add: C-altdef)

qed

corollary prime-harmonic-asymp-equiv: prime-sum-upto (Ap. 1 / p) ~[at-top] (Az.
In (In x))
proof —
define f where f = prime-sum-upto (Ap. 1 / p)
have (A\z. fz — In (In ) — meissel-mertens + meissel-mertens) € o(Az. In (In
z))
unfolding f-def
by (rule sum-in-smallo] OF landau-o.big-small-trans| OF mertens-second-theorem(2)]])
real-asymp-+
hence (Az. fz — In (In z)) € o(Az. In (In z))
by simp
thus ?thesis unfolding f-def
by (rule smallo-imp-asymp-equiv)
qed

As a corollary, we get the divergence of the prime harmonic series.

corollary prime-harmonic-diverges: filterlim (prime-sum-upto (Ap. 1 / p)) at-top
at-top

using asymp-equiv-symI[OF prime-harmonic-asymp-equivl

by (rule asymp-equiv-at-top-transfer) real-asymp

end
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