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Abstract

This work presents a formalization of a library for automata on
bit strings. It forms the basis of a reflection-based decision procedure
for Presburger arithmetic, which is efficiently executable thanks to Is-
abelle’s code generator. With this work, we therefore provide a mech-
anized proof of a well-known connection between logic and automata
theory. The formalization is also described in a publication [1].
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1 General automata

definition



reach tr p as ¢ = (q = foldl tr p as)
lemma reach-nil: reach tr p || p by (simp add: reach-def)

lemma reach-snoc: reach tr p bs ¢ = reach tr p (bs Q [b]) (tr ¢ b)
by (simp add: reach-def)

lemma reach-nil-iff: reach tr p [| ¢ = (p = q) by (auto simp add: reach-def)

lemma reach-snoc-iff: reach tr p (bs @Q [b]) k = (3 q. reach tr p bs ¢ A k = tr q b)
by (auto simp add: reach-def)

lemma reach-induct [consumes 1, case-names Nil snoc, induct set: reach:
assumes reach tr p w q
and P[] p
and Akzy. [reachtrpazk; Pz k] = P (z Q [y]) (trk y)
shows P w q
using assms by (induct w arbitrary: q rule: rev-induct) (simp add: reach-def)+

lemma reach-trans: [reach tr p a r; reach tr r b q] = reach tr p (a Q b) ¢
by (simp add: reach-def)

lemma reach-inj: [reach tr p a q; reach trp a ¢'| = q¢= ¢’
by (simp add: reach-def)

definition
accepts tr P s as = P (foldl tr s as)

locale Automaton =

fixes trans :: 'a = 'b = 'a

and is-node :: 'a = bool

and is-alpha :: 'b = bool

assumes trans-is-node: \q a. [is-node g; is-alpha a] = is-node (trans q a)
begin

lemma steps-is-node:
assumes is-node q
and list-all is-alpha w
shows is-node (foldl trans q w)
using assms by (induct w arbitrary: q) (simp add: trans-is-node)+

lemma reach-is-node: [reach trans p w g; is-node p; list-all is-alpha w] = is-node
q
by (simp add: steps-is-node reach-def)

end



2 BDDs

definition
is-alph :: nat = bool list = bool where
is-alph n = (Aw. length w = n)

datatype ‘a bdd = Leaf 'a | Branch 'a bdd 'a bdd for map: bdd-map

primrec bddh :: nat = ’a bdd = bool
where
bddh n (Leaf ©) = True
| bddh n (Branch 1 r) = (case n of 0 = False | Suc m = bddh m [ A bddh m r)

lemma bddh-ge:
assumes m > n
assumes bddh n bdd
shows bddh m bdd
using assms
proof (induct bdd arbitrary: n m)
case (Branch )
then obtain v where V: n = Suc v by (cases n) simp+
show ?Zcase proof (cases n = m)
case True
with Branch show f¢thesis by simp
next
case Fulse
with Branch have Jw. m = Suc w A n < w by (cases m) simp+
then obtain w where W: m = Suc w A n < w ..
with Branch V have v < w A bddh v [ A\ bddh v r by simp
with Branch have bddh w I A bddh w r by blast
with W show ?thesis by simp
qed
qed simp

abbreviation bdd-all = pred-bdd

fun bdd-lookup :: 'a bdd = bool list = 'a
where
bdd-lookup (Leaf z) bs = x
| bdd-lookup (Branch 1) (b#bs) = bdd-lookup (if b then r else 1) bs

lemma bdd-all-bdd-lookup: [bddh (length ws) bdd; bdd-all P bdd] = P (bdd-lookup
bdd ws)
by (induct bdd ws rule: bdd-lookup.induct) simp+

lemma bdd-all-bdd-lookup-iff: bddh n bdd = bdd-all P bdd = (VY ws. length ws =
n — P (bdd-lookup bdd ws))

apply (rule iffI)

apply (simp add: bdd-all-bdd-lookup)



proof (induct bdd arbitrary: n)
case Leaf thus ?case
apply simp
apply (erule mp)
apply (rule-tac x=replicate n False in exl, simp)
done
next
case (Branch I r n)
then obtain k where k: n = Suc k by (cases n) simp+
from Branch have R: Aws. length ws = n = P (bdd-lookup (Branch I r) ws)
by simp
have Aws. length ws = k = P (bdd-lookup | ws) A P (bdd-lookup r ws)
proof —
fix ws :: bool list assume H: length ws = k
with k£ have length (False#ws) = n by simp
hence 1: P (bdd-lookup (Branch | r) (False#ws)) by (rule R)
from H k have length (True#ws) = n by simp
hence P (bdd-lookup (Branch I 1) (True#ws)) by (rule R)
with 1 show P (bdd-lookup | ws) A P (bdd-lookup r ws) by simp
qed
with Branch k show ?case by auto
qed

lemma bdd-all-bdd-map:
assumes bdd-all P bdd
and Aa. Pa = Q (fa)
shows bdd-all Q (bdd-map f bdd)
using assms by (induct bdd) simp+

lemma bddh-bdd-map:
shows bddh n (bdd-map f bdd) = bddh n bdd
proof
assume bddh n (bdd-map f bdd) thus bddh n bdd proof (induct bdd arbitrary:
n)
case (Branch [ r n)
then obtain k where n = Suc k by (cases n) simp+
with Branch show ?case by simp
qed simp
next
assume bddh n bdd thus bddh n (bdd-map f bdd) proof (induct bdd arbitrary:
n)
case (Branch 1 r n)
then obtain k& where n = Suc k by (cases n) simp+
with Branch show ?case by simp
qed simp
qed

lemma bdd-map-bdd-lookup:
assumes bddh (length ws) bdd



shows bdd-lookup (bdd-map f bdd) ws = f (bdd-lookup bdd ws)
using assms by (induct bdd ws rule: bdd-lookup.induct) (auto simp add: bddh-bdd-map)+

fun bdd-binop :: (Yla = 'b = 'c¢) = 'a bdd = 'b bdd = 'c bdd
where

bdd-binop f (Leaf z) (Leaf y) = Leaf (f z y)
| bdd-binop f (Branch 1 r) (Leaf y) = Branch (bdd-binop f 1 (Leaf y)) (bdd-binop f
7 (Leaf y))
| bdd-binop f (Leaf ) (Branch | r) = Branch (bdd-binop f (Leaf z) 1) (bdd-binop f
(Leaf x) r)
| bdd-binop f (Branch ly 1) (Branch ly ro) = Branch (bdd-binop f 11 ls) (bdd-binop
frirs)

lemma bddh-binop: bddh n (bdd-binop flr) = (bddh n Il A bddh n 1)
by (induct f 1 r arbitrary: n rule: bdd-binop.induct) (auto split: nat.split-asm)

lemma bdd-lookup-binop: [bddh (length bs) I; bddh (length bs) r] =
bdd-lookup (bdd-binop f 1 1) bs = f (bdd-lookup [ bs) (bdd-lookup r bs)
apply (induct f 1 r arbitrary: bs rule: bdd-binop.induct)
apply simp
apply (case-tac bs)
apply simp+
apply (case-tac bs)
apply simp+
apply (case-tac bs)
apply simp+
done

lemma bdd-all-bdd-binop:
assumes bdd-all P bdd
and bdd-all Q bdd’
and Aab. [Pa; Qb = R (fabd)
shows bdd-all R (bdd-binop f bdd bdd’)
using assms by (induct f bdd bdd’ rule: bdd-binop.induct) simp+

lemma insert-list-idemp[simpl:
List.insert « (List.insert x xs) = List.insert © s
by simp

primrec add-leaves :: 'a bdd = 'a list = 'a list
where
add-leaves (Leaf ©) xs = List.insert x xs
| add-leaves (Branch b ¢) s = add-leaves ¢ (add-leaves b xs)

lemma add-leaves-bdd-lookup:

bddh n b = (z € set (add-leaves b xs)) = ((bs. © = bdd-lookup b bs A is-alph
n bs) V x € set xs)

apply (induct b arbitrary: xs n)

apply (auto split: nat.split-asm)



apply (rule-tac x=replicate n arbitrary in exl)
apply (simp add: is-alph-def)

apply (rule-tac ="True # bs in exl)
apply (simp add: is-alph-def)

apply (rule-tac x=False # bs in exl)
apply (simp add: is-alph-def)

apply (case-tac bs)

apply (simp add: is-alph-def)

apply (simp add: is-alph-def)

apply (drule-tac x=list in spec)
apply (case-tac a)

apply simp

apply simp

apply (rule-tac z=list in exl)

apply simp

done

lemma add-leaves-bdd-all-eq:
list-all P (add-leaves tr xs) «— bdd-all P tr A list-all P zs
by (induct tr arbitrary: xzs) (auto simp add: list-all-iff)

lemmas add-leaves-bdd-all-eq’ =
add-leaves-bdd-all-eq [where zs=[|, simplified, symmetric]

lemma add-leaves-mono:
set s C set ys = set (add-leaves tr xs) C set (add-leaves tr ys)
by (induct tr arbitrary: zs ys) auto

lemma add-leaves-binop-subset:
set (add-leaves (bdd-binop fb b") [fz y. © + xs, y < ys]) C
(U zeset (add-leaves b xs). |J y€set (add-leaves b ys). {f = y}) (is ?A C ?B)
proof —
have ?A C (|Jzeset (add-leaves b xs). fx ‘ set (add-leaves b’ ys))
proof (induct f b b’ arbitrary: zs ys rule: bdd-binop.induct)
case (1 fz y xs ys) then show ?case by auto
next
case (2 flry zs ys) then show Zcase
apply auto
apply (drule-tac ys1=[f z y. x < add-leaves | zs, y < List.insert y ys] in
rev-subsetD [OF - add-leaves-mono))
apply auto
apply (drule meta-spec, drule meta-spec, drule subsetD, assumption)
apply simp
done
next
case (3 fz I 1 xs ys) then show ?case
apply auto
apply (drule-tac ys1=[f x y. © < List.insert « zs, y + add-leaves | ys] in
rev-subsetD [OF - add-leaves-monol)



apply auto
apply (drule meta-spec, drule meta-spec, drule subsetD, assumption)
apply simp
done

next
case (4 fly r1 la 7o xs ys) then show ?case
apply auto
apply (drule-tac ys1=[f z y. © < add-leaves l; zs, y < add-leaves ly ys] in

rev-subsetD [OF - add-leaves-monol)

apply simp
apply (drule meta-spec, drule meta-spec, drule subsetD, assumption)
apply simp
done

qed

also have (|Jz€set (add-leaves b xs). fx ¢ set (add-leaves b’ ys)) = ?B
by auto

finally show ?thesis .

qed

3 DFAs

type-synonym bddtable = nat bdd list
type-synonym astate = bool list
type-synonym dfa = bddtable X astate

definition
dfa-is-node :: dfa = mnat = bool where
dfa-is-node A = (Aq. ¢ < length (fst A))

definition
wf-dfa :: dfa = nat = bool where
wf-dfa A n =
(list-all (bddh n) (fst A) A
list-all (bdd-all (dfa-is-node A)) (fst A) A
length (snd A) = length (fst A) A
length (fst A) > 0)

definition
dfa-trans :: dfa = nat = bool list = nat where
dfa-trans A q bs = bdd-lookup (fst A'! q) bs
definition
dfa-accepting :: dfa = mnat = bool where
dfa-accepting A ¢ = snd A ! ¢

locale aut-dfa =
fixes A n

assumes well-formed: wf-dfa A n

sublocale aut-dfa < Automaton dfa-trans A dfa-is-node A is-alph n



proof

fix qa

assume Q: dfa-is-node A q and A: is-alph n a

hence QL: q < length (fst A) by (simp add: dfa-is-node-def)

with well-formed A have H: bddh (length a) (fst A! q) by (simp add: wf-dfa-def
list-all-iff is-alph-def)

from QL well-formed have bdd-all (dfa-is-node A) (fst A ! q) by (simp add:
wf-dfa-def list-all-iff)

with H show dfa-is-node A (dfa-trans A q a) by (simp add: dfa-trans-def
bdd-all-bdd-lookup)
qged

context aut-dfa begin

lemmas trans-is-node = trans-is-node
lemmas steps-is-node = steps-is-node
lemmas reach-is-node = reach-is-node
end

lemmas dfa-trans-is-node = aut-dfa.trans-is-node [OF aut-dfa.intro]
lemmas dfa-steps-is-node = aut-dfa.steps-is-node [OF aut-dfa.intro]
lemmas dfa-reach-is-node = aut-dfa.reach-is-node [OF aut-dfa.intro)

abbreviation dfa-steps A = foldl (dfa-trans A)
abbreviation dfa-accepts A = accepts (dfa-trans A) (dfa-accepting A) 0
abbreviation dfa-reach A = reach (dfa-trans A)

lemma dfa-startnode-is-node: wf-dfa A n = dfa-is-node A 0
by (simp add: dfa-is-node-def wf-dfa-def)

3.1 Minimization

primrec make-tr :: (nat = 'a) = nat = nat = 'a list
where

make-tr f 0 i = ||
| make-tr f (Suc n) i = fi # make-tr f n (Suc 7)

primrec fold-map-idz :: (nat = ‘c = 'a = ‘¢ X 'b) = nat = 'c = ’a list = 'c
x 'b list
where
fold-map-idz fiy [ = (y, [])
| fold-map-idx fiy (x # xs) =
(let (y', 2"y =fiyzin
let (y", zs’) = fold-map-idz f (Suc i) y' xs in (y"', ' # xs’))

definition init-tr :: dfa = bool list list where
init-tr = (A(bd,as). make-tr (Ai. make-tr (Aj. as ! i # as ! j) i 0) (length bd —
1) 1)

definition tr-lookup :: bool list list = nat = nat = bool where



tr-lookup = (AT i j. (if i = j then False else if i > jthen T ! (i — 1) ! jelse T!
(G —1)'i)

fun check-eq :: nat bdd = nat bdd = bool list list = bool where

check-eq (Leaf ©) (Leaf j) T = (— tr-lookup T i j) |

check-eq (Branch 1 1) (Leaf i) T = (check-eq | (Leaf i) T A check-eq r (Leaf 7)
T) |

check-eq (Leaf i) (Branch 1 r) T = (check-eq (Leaf i) | T A check-eq (Leaf ©) r
T) |

check-eq (Branch 11 r1) (Branch 12 r2) T = (check-eq 11 12 T A check-eq r1 r2
7)

definition iter :: dfa = bool list list = bool x bool list list where
iter = (A(bd,as) T. fold-map-idz (\i. fold-map-idx (\j ¢ b.
let b’ = bV — check-eq (bd ! i) (bd ! j) T
in (¢cVb#£0b,0b"))0)1 False T)

definition count-tr :: bool list list = nat where
count-tr = foldl (foldl (Ay z. if z then y else Suc y)) 0

lemma fold-map-idz-fst-snd-eq:
assumes f: Nicz. fst (ficz)=(cV z+#snd (ficuz))
shows fst (fold-map-idz f i ¢ xs) = (¢ V zs # snd (fold-map-idz f i ¢ xs))
by (induct zs arbitrary: i ¢) (simp-all add: split-beta f)

lemma foldl-mono:
assumes f: Az yy . y<y = fyz < fy' zand y: y <y’
shows foldl f y s < foldl f y' xs using y
by (induct zs arbitrary: y y') (simp-all add: f)

lemma fold-map-idz-count:
assumes f: Niczy. fst (ficx)=(cV gy (snd (ficz)) < (gyz:nat))
and f: ANiczy. gy (snd (ficz) <gy=x
and ¢: A\eyy. y<y = gyz<gy'z
shows fst (fold-map-idz f i ¢ xs) =
(¢ V foldl g y (snd (fold-map-idx f i ¢ xs)) < foldl g y xs)
and foldl g y (snd (fold-map-idz f i ¢ xs)) < foldl g y xs
proof (induct xs arbitrary: i c y)
case (Cons z zs) {
case 1
show ?case using f’ [of y i ¢ z, simplified le-eq-less-or-eq]
by (auto simp add: split-beta Cons(1) [of - - gy (snd (ficx))] f [of - - - y]
intro: less-le-trans foldl-mono g Cons)
next
case 2
show ?case using f’ [of y i ¢ z, simplified le-eq-less-or-eq]
by (auto simp add: split-beta intro: order-trans less-imp-le
introl: foldl-mono g Cons) }
qed simp-all



lemma iter-count:
assumes eq: (b, T') = iter (bd, as) T
and b: b
shows count-tr T’ < count-tr T
proof —
let ?f = fold-map-idx (\i. fold-map-idx (N\j ¢ b.
let b = bV — check-eq (bd ! i) (bd ! j) T
in (¢cVb#10b,0b"))0) (Suc0) False T
from eq [symmetric] b have fst 2f
by (auto simp add: iter-def)
also have fst ?2f = (False V count-tr (snd ?f) < count-tr T)
unfolding count-tr-def
by (rule fold-map-idx-count foldl-mono | simp)+
finally show ?thesis
by (simp add: eq [THEN arg-cong, of snd, simplified] iter-def)
qed

function fizpt :: dfa = bool list list = bool list list where
fiept M T = (let (b, T2) = iter M T in if b then fizpt M T2 else T2)
by auto
termination by (relation measure (A(M, T). count-tr T)) (auto simp: iter-count)

lemma fizpt- True[simp]: fst (iter M T) = fixpt M T = fixpt M (snd (iter M T))
by (simp add: split-beta)

lemma fixpt-False[simp]: = (fst (iter M T)) = fiapt M T = T
by (simp add: split-beta iter-def fold-map-idz-fst-snd-eq)

declare fizpt.simps [simp del]

lemma fizpt-induct:
assumes H: A\M T. (fst (iter M T) = P M (snd (iter M T))) = PM T
shows P M T
proof (induct M T rule: fixpt.induct)
case (1 M T)
show ?Zcase by (rule H) (rule 1 [OF refl prod.collapse])
qged

definition dist-nodes :: dfa = nat = nat = nat = nat = bool where
dist-nodes = (AM n m p q. Jw. length w = n A list-all (is-alph m) w A
dfa-accepting M (dfa-steps M p w) # dfa-accepting M (dfa-steps M q w))

definition wf-tr :: dfa = bool list list = bool where
wf-tr = (AM T. length T = length (fst M) — 1 A (Vi < length T. length (T i)
=1i+1))

lemma make-tr-len: length (make-tr fn i) = n
by (induct n arbitrary: i) simp-all
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lemma make-tr-nth: j < n = make-tr fni!j=f (i + j)
by (induct n arbitrary: i j) (auto simp add: nth-Cons’)

lemma indt-tr-wf: wf-tr M (init-tr M)
by (simp add: init-tr-def wf-tr-def split-beta make-tr-len make-tr-nth)

lemma fold-map-idz-len: length (snd (fold-map-idx f i y xs)) = length xs
by (induct zs arbitrary: i y) (simp-all add: split-beta)

lemma fold-map-idz-nth: j < length ts =
snd (fold-map-idx f iy xs) ! j = snd (f (i + j) (fst (fold-map-idx f i y (take j
as))) (zs ! j))

by (induct xzs arbitrary: i j y) (simp-all add: split-beta nth-Cons’ take-Cons’)

lemma init-tr-dist-nodes:
assumes dfa-is-node M q and p < ¢
shows tr-lookup (init-tr M) q p = dist-nodes M 0 v p ¢
proof —
have 1: dist-nodes M 0 v p ¢ = (snd M ! p # snd M ! ¢q) by (simp add:
dist-nodes-def dfa-accepting-def)
from assms have tr-lookup (init-tr M) ¢ p = (snd M ! p # snd M ! q)
by (auto simp add: dfa-is-node-def init-tr-def tr-lookup-def make-tr-nth split-beta)
with 1 show ?thesis by simp
qed

lemma dist-nodes-suc:
dist-nodes M (Suc n) vp q = (3 bs. is-alph v bs A dist-nodes M n v (dfa-trans M
p bs) (dfa-trans M q bs))
proof
assume dist-nodes M (Suc n) v p q
then obtain w where W: length w = Suc n and L: list-all (is-alph v) w and A:
dfa-accepting M (dfa-steps M p w) # dfa-accepting M (dfa-steps M q w) unfolding
dist-nodes-def by blast
then obtain b bs where B: w = b # bs by (cases w) auto
from A have A2: dfa-accepting M (dfa-steps M (dfa-trans M p b) bs) # dfa-accepting
M (dfa-steps M (dfa-trans M q b) bs)
unfolding B by simp
with W B L show Jbs. is-alph v bs A dist-nodes M n v (dfa-trans M p bs)
(dfa-trans M q bs) by (auto simp: dist-nodes-def)
next
assume 3 bs. is-alph v bs A dist-nodes M n v (dfa-trans M p bs) (dfa-trans M q
bs)
then obtain b bs where W: length bs = n and V: is-alph v b and V' list-all
(is-alph v) bs
and A: dfa-accepting M (dfa-steps M (dfa-trans M p b) bs) # dfa-accepting M
(dfa-steps M (dfa-trans M q b) bs)
unfolding dist-nodes-def by blast
hence dfa-accepting M (dfa-steps M p (b # bs)) # dfa-accepting M (dfa-steps M
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q (b # bs)) by simp

moreover from W have length (b # bs) = Suc n by simp

moreover from V V' have list-all (is-alph v) (b # bs) by simp

ultimately show dist-nodes M (Suc n) v p q unfolding dist-nodes-def by blast
qed

lemma bdd-lookup-append:
assumes bddh n B and length bs > n
shows bdd-lookup B (bs @ w) = bdd-lookup B bs

using assms

proof (induct B bs arbitrary: n rule: bdd-lookup.induct)
case (217 b bsn)
then obtain n’ where N: n = Suc n’ by (cases n) simp+
with 2 show ?case by (cases b) auto

qed simp+

lemma bddh-exists: 3n. bddh n B
proof (induct B)
case (Branch I )
then obtain n m where L: bddh n [ and R: bddh m r by blast
with bddh-ge[of n maz n m ] bddh-ge[of m mazx n m r] have bddh (Suc (maz n
m)) (Branch I r) by simp
thus ?case by (rule exl)
qed simp

lemma check-eq-dist-nodes:

assumes Vp ¢. dfa-is-node M ¢ AN p < ¢ — tr-lookup T q p = (In < m.
dist-nodes M n v p q) and m > 0

and bdd-all (dfa-is-node M) | and bdd-all (dfa-is-node M) r

shows (= check-eq I v T) = (3 bs. bddh (length bs) I A bddh (length bs) r A (In
< m. dist-nodes M n v (bdd-lookup [ bs) (bdd-lookup r bs)))
using assms proof (induct | v T rule: check-eq.induct)

case (175 T)

have i < jV i=jV i>jby auto

thus ?case by (elim disjE) (insert 1, auto simp: dist-nodes-def tr-lookup-def)
next

case 21riT)

hence IV1: (= check-eq I (Leaf i) T) = (3 bs. bddh (length bs) I A\ bddh (length
bs) (Leaf i) A (In<m. dist-nodes M n v (bdd-lookup | bs) (bdd-lookup (Leaf ©) bs)))
by simp

from 2 have IV2: (- check-eq r (Leaf i) T) = (3 bs. bddh (length bs) r A bddh
(length bs) (Leaf i) A (In<m. dist-nodes M n v (bdd-lookup r bs) (bdd-lookup (Leaf
i) bs))) by simp

have (= check-eq (Branch lr) (Leaf i) T) = (= check-eq 1 (Leaf i) T V — check-eq
r (Leaf i) T) by simp

also have ... = (3 bs. bddh (length bs) (Branch I r) A bddh (length bs) (Leaf i) A
(In<m . dist-nodes M n v (bdd-lookup (Branch I r) bs) (bdd-lookup (Leaf ) bs)))
(is (?L V ?R) = %F)

proof
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assume ?L V 7R
thus ?F proof (elim disjE)
assume ?L
then obtain bs where O: bddh (length bs) | A bddh (length bs) (Leaf i) A
(In<m. dist-nodes M n v (bdd-lookup 1 bs) (bdd-lookup (Leaf 7) bs)) unfolding
IV1 by blast
from bddh-exists obtain k where B: bddh k r by blast
with O have bddh (length bs + k) r and bddh (length bs + k) | and bddh
(length bs + k) (Leaf i) by (simp add: bddh-ge[of k length bs + k] bddh-ge[of length
bs length bs + k])+
with O have bddh (length (False # bs @ replicate k False)) (Branch [ r) A
bddh (length (False # bs @ replicate k False)) (Leaf i) A (In<m. dist-nodes M n
v (bdd-lookup (Branch | r) (False # bs Q replicate k False)) (bdd-lookup (Leaf ©)
(False # bs @ replicate k False))) by (auto simp: bdd-lookup-append)
thus ?thesis by (rule exl)
next
assume ?R
then obtain bs where O: bddh (length bs) r A bddh (length bs) (Leaf ©) A
(In<m. dist-nodes M n v (bdd-lookup r bs) (bdd-lookup (Leaf i) bs)) unfolding
IV2 by blast
from bddh-ezists obtain k where B: bddh k [ by blast
with O have bddh (length bs + k) I and bddh (length bs + k) r and bddh
(length bs + k) (Leaf i) by (simp add: bddh-ge[of k length bs + k] bddh-ge[of length
bs length bs + k])+
with O have bddh (length (True # bs Q replicate k False)) (Branch [ r) A
bddh (length (True # bs Q replicate k False)) (Leaf i) A (3n<m. dist-nodes M n
v (bdd-lookup (Branch 1l r) (True # bs Q replicate k False)) (bdd-lookup (Leaf )
(True # bs Q replicate k False))) by (auto simp: bdd-lookup-append)
thus ?thesis by (rule exl)
qed
next
assume ?F
then obtain bs where O: bddh (length bs) (Branch | r)
(Leaf i) A (3n<m. dist-nodes M n v (bdd-lookup (Branch I r) bs
i) bs)) by blast
then obtain b br where B: bs = b # br by (cases bs) auto
with O IV1 IV2 show ?L V ?R by (cases b) auto
qed
finally show ?case by simp
next
case 3ilrT)
hence IV1: (- check-eq (Leaf i) I T) = (3 bs. bddh (length bs) I A bddh (length
bs) (Leaf i) A (In<m. dist-nodes M n v (bdd-lookup (Leaf i) bs) (bdd-lookup [ bs)))
by simp
from 3 have IV2: (= check-eq (Leaf i) r T) = (3 bs. bddh (length bs) r A bddh
(length bs) (Leaf i) A (3 n<m. dist-nodes M n v (bdd-lookup (Leaf i) bs) (bdd-lookup
r bs))) by simp
have (- check-eq (Leaf i) (Branch lr) T) = (= check-eq (Leaf i) I T V — check-eq
(Leaf i) r T) by simp

A bddh (length bs)
) (bdd-lookup (Leaf
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also have ... = (3 bs. bddh (length bs) (Branch I r) A bddh (length bs) (Leaf ©) A
(In<m . dist-nodes M n v (bdd-lookup (Leaf 7) bs) (bdd-lookup (Branch I r) bs)))
(is (?L V ?R) = %F)

proof

assume 7L V 7R
thus ?E proof (elim disjE)
assume ?L
then obtain bs where O: bddh (length bs)
(In<m. dist-nodes M n v (bdd-lookup (Leaf i) b
IV1 by blast
from bddh-exists obtain k where B: bddh k r by blast
with O have bddh (length bs + k) r and bddh (length bs + k) | and bddh
(length bs + k) (Leaf i) by (simp add: bddh-ge[of k length bs + k] bddh-ge[of length
bs length bs + k])+
with O have bddh (length (False # bs Q replicate k False)) (Branch I r) A
bddh (length (False # bs @ replicate k False)) (Leaf i) A (In<m. dist-nodes M n
v (bdd-lookup (Leaf i) (False # bs Q replicate k False)) (bdd-lookup (Branch I )
(False # bs @ replicate k False))) by (auto simp: bdd-lookup-append)
thus ?thesis by (rule exl)
next
assume ?R
then obtain bs where O: bddh (length bs) r A bddh (length bs) (Leaf i) A
(In<m. dist-nodes M n v (bdd-lookup (Leaf i) bs) (bdd-lookup r bs)) unfolding
IV?2 by blast
from bddh-exists obtain k where B: bddh k [ by blast
with O have bddh (length bs + k) | and bddh (length bs + k) r and bddh
(length bs + k) (Leaf i) by (simp add: bddh-ge[of k length bs + k] bddh-ge[of length
bs length bs + k])+
with O have bddh (length (True # bs @ replicate k False)) (Branch [ r) A
bddh (length (True # bs Q replicate k False)) (Leaf i) A (I3n<m. dist-nodes M n
v (bdd-lookup (Leaf ©) (True # bs Q replicate k False)) (bdd-lookup (Branch I r)
(True # bs Q replicate k False))) by (auto simp: bdd-lookup-append)
thus ?thesis by (rule exI)
qed
next
assume ?F
then obtain bs where O: bddh (length bs) (Branch I r) A bddh (length bs)
(Leaf i) N (3n<m. dist-nodes M n v (bdd-lookup (Leaf ©) bs) (bdd-lookup (Branch
Ir) bs)) by blast
then obtain b br where B: bs = b # br by (cases bs) auto
with O IV1 IV2 show ?L V ?R by (cases b) auto

qed

finally show ?case by simp
next

case (411 r112r27T)

hence IV1: (= check-eq 11 12 T) = (3 bs. bddh (length bs) {1 A bddh (length bs)
12 A (3n<m. dist-nodes M n v (bdd-lookup 1 bs) (bdd-lookup 12 bs))) by simp

from 4 have IV2: (- check-eq r1 12 T) = (3 bs. bddh (length bs) r1 A bddh
(length bs) r2 A (3n<m. dist-nodes M n v (bdd-lookup r1 bs) (bdd-lookup r2 bs)))

I A bddh (length bs) (Leaf i) A
s) (bdd-lookup 1 bs)) unfolding
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by simp
have (= check-eq (Branch 1 rl) (Branch 12 12) T) = (- check-eq 11 12 T V =
check-eq r1 r2 T) by simp
also have ... = (3 bs. bddh (length bs) (Branch I1 r1) A bddh (length bs) (Branch
12 r2) A (In<m. dist-nodes M n v (bdd-lookup (Branch 11 rl) bs) (bdd-lookup
(Branch 12 r2) bs)))
(is (L V ?R) = (3 bs. ?F bs)) proof
assume ?L V ?R
thus 3 bs. ?F bs proof (elim disjE)
assume ?L
then obtain bs where O: bddh (length bs) 11 A bddh (length bs) 12 A (3 n<m.
dist-nodes M n v (bdd-lookup 11 bs) (bdd-lookup 12 bs)) unfolding IV1 by blast
from bddh-exists obtain k1 k2 where K1: bddh k1 r1 and K2: bddh k2 r2
by blast
with O have bddh (length bs + maz k1 k2) i1 and bddh (length bs + maz k1
k2) 12 and bddh (length bs + mazx k1 k2) r1 and bddh (length bs + mazx k1 k2) r2
by (simp add: bddh-ge[of length bs length bs + maz k1 k2] bddh-ge[of k1
length bs + max k1 k2] bddh-ge[of k2 length bs + maz k1 k2])+
with O have bddh (length (False # bs Q replicate (max k1 k2) False)) (Branch
11 r1) A bddh (length (False # bs @ replicate (mazx k1 k2) False)) (Branch 12 r2)
A
(3 n<m. dist-nodes M n v (bdd-lookup (Branch 1 r1) (False # bs @Q replicate
(maz k1 k2) False)) (bdd-lookup (Branch 12 r2) (False # bs Q replicate (max k1l
k2) False)))
by (auto simp: bdd-lookup-append)
thus ?thesis by (rule exl)
next
assume ?R
then obtain bs where O: bddh (length bs) 1 A bddh (length bs) r2 A (I n<m.
dist-nodes M n v (bdd-lookup r1 bs) (bdd-lookup r2 bs)) unfolding IV2 by blast
from bddh-exists obtain k1 k2 where K1: bddh k1 I1 and K2: bddh k2 12
by blast
with O have bddh (length bs + mazx k1 k2) i1 and bddh (length bs + maz k1
k2) 12 and bddh (length bs + maz k1 k2) r1 and bddh (length bs + mazx k1 k2) r2
by (simp add: bddh-ge[of length bs length bs + maz k1 k2] bddh-gelof k1
length bs + mazx k1 k2] bddh-ge[of k2 length bs + maz k1 k2])+
with O have bddh (length (True # bs Q replicate (maz k1 k2) False)) (Branch
11 r1) A bddh (length (True # bs Q replicate (mazx k1 k2) False)) (Branch 12 r2)
A
(In<m. dist-nodes M n v (bdd-lookup (Branch 11 r1) (True # bs Q replicate
(maz k1 k2) False)) (bdd-lookup (Branch 12 r2) (True # bs Q replicate (max k1
k2) False)))
by (auto simp: bdd-lookup-append)
thus ?thesis by (rule exI)
qed
next
assume 3 bs. ?F bs
then obtain bs where O: ?F bs by blast
then obtain b br where B: bs = b # br by (cases bs) auto
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with O IV1 IV2 show ?L V ?R by (cases b) auto
qed
finally show ?Zcase by simp
qed

lemma iter-wf: wf-tr M T = wf-tr M (snd (iter M T'))
by (simp add: wf-tr-def iter-def fold-map-ida-len fold-map-idz-nth split-beta)

lemma firpt-wf: wfi-tr M T = wf-tr M (fizpt M T)
proof (induct M T rule: fizpt-induct)
case (1 M T)
show ?case proof (cases fst (iter M T))
case True with 1 show ?Zthesis by (simp add: iter-wf)
next
case Fulse with 1 show ?thesis by simp
qged
qed

lemma list-split:
assumes n < length bss
shows 30 bs. bss = b @ bs A length b = n
using assms proof (induct bss arbitrary: n)
case (Cons a as)
show ?case proof (cases n)
case (Suc n')
with Cons have 3b bs. as = b @Q bs A length b = n’ by simp
then obtain b bs where B: as = b Q bs A length b = n’ by blast
with Suc Cons have a # as = (a # b) Q bs A length (a # b) = n by simp
thus ?thesis by blast
qed simp
qed simp

lemma iter-dist-nodes:
assumes wf-tr M T
and wf-dfa M v
and Vp q. dfa-is-node M q A p < ¢ —> tr-lookup T q p = (In < m. dist-nodes
Mnuvypgq)and m > 0
and dfa-is-node M q and p < ¢
shows tr-lookup (snd (iter M T)) q p = (In < Suc m. dist-nodes M n v p q)
proof —
from assms obtain m’ where M": m = Suc m' by (cases m) simp+
have C: (- check-eq (fst M ! q) (fst M ! p) T) = (In<m. dist-nodes M (Suc n)
v p q) proof
assume — check-eq (fst M ! q) (fst M ! p) T
with assms have 3 bs. bddh (length bs) (fst M ! q) A bddh (length bs) (fst M |
p) A (3n < m. dist-nodes M n v (bdd-lookup (fst M ! q) bs) (bdd-lookup (fst M !
p) bs))
by (simp add: check-eq-dist-nodes wf-dfa-def list-all-iff dfa-is-node-def)
then obtain bs n bss where X: bddh (length bs) (fst M ! q) A bddh (length bs)
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(fst M!p) An<mA
length bss = n A list-all (is-alph v) bss A dfa-accepting M (dfa-steps M
(bdd-lookup (fst M ! q) bs) bss) # dfa-accepting M (dfa-steps M (bdd-lookup (fst
M ! p) bs) bss)
unfolding dist-nodes-def by blast
from list-split[of v bs @ replicate v False] have 3b’ bs’. bs Q replicate v False
= b'Q bs’ A length b’ = v by simp
then obtain b’ bs’ where V: bs @ replicate v False = b’ Q bs’ A length b’ =
v by blast
with X bdd-lookup-append]|of length bs fst M | q bs replicate v False] bdd-lookup-append|of
length bs fst M | p bs replicate v False]
have 1: dfa-accepting M (dfa-steps M (bdd-lookup (fst M ! q) (bs @ replicate v
False)) bss) # dfa-accepting M (dfa-steps M (bdd-lookup (fst M ! p) (bs @Q replicate
v False)) bss) by simp
from assms have bddh v (fst M ! q) A bddh v (fst M ! p) by (simp add:
wf-dfa-def dfa-is-node-def list-all-iff)
with 1 V have dfa-accepting M (dfa-steps M (dfa-trans M q b’) bss) #
dfa-accepting M (dfa-steps M (dfa-trans M p b") bss) by (auto simp: bdd-lookup-append
dfa-trans-def)
with X V have is-alph v b’ A dist-nodes M n v (dfa-trans M p b’) (dfa-trans
M q b") by (auto simp: dist-nodes-def is-alph-def)
hence dist-nodes M (Suc n) v p q by (auto simp: dist-nodes-suc)
with X show In<m. dist-nodes M (Suc n) v p g by auto
next
assume I n<m. dist-nodes M (Suc n) v p q
hence 3 bs. In<m. is-alph v bs A dist-nodes M n v (dfa-trans M p bs) (dfa-trans
M q bs) by (auto simp: dist-nodes-suc)
then obtain bs where X: In<m. is-alph v bs A dist-nodes M n v (dfa-trans
M p bs) (dfa-trans M q bs) by blast
hence BS: length bs = v by (auto simp: is-alph-def)
with assms have bddh (length bs) (fst M ! p) A bddh (length bs) (fst M ! q)
by (simp add: wf-dfa-def dfa-is-node-def list-all-iff)
with X have bddh (length bs) (fst M ! p) A bddh (length bs) (fst M ! q) A
(In<m. dist-nodes M n v (bdd-lookup (fst M ! q) bs) (bdd-lookup (fst M ! p) bs))
by (auto simp: dfa-trans-def dist-nodes-def)
moreover from assms have bdd-all (dfa-is-node M) (fst M ! p) A bdd-all
(dfa-is-node M) (fst M ! q) by (simp add: wf-dfa-def dfa-is-node-def list-all-iff)
moreover note assms(3,4)
ultimately show — check-eq (fst M ! q) (fst M ! p) T by (auto simp:
check-egq-dist-nodes)
qed

from assms have tr-lookup (snd (iter M T)) q¢p =
(if tr-lookup T q p then True else = check-eq (fst M ! q) (fst M ! p) T)
by (auto simp add: iter-def wf-tr-def split-beta fold-map-idz-nth tr-lookup-def
dfa-is-node-def)
also have ... = (tr-lookup T q p V — check-eq (fst M ! q) (fst M ! p) T) by simp
also from assms C have ... = ((In<m. dist-nodes M n v p q) V (In<m.
dist-nodes M (Suc n) v p q)) by simp
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also have ... = (In < m. dist-nodes M n v p ¢ V dist-nodes M (Suc n) v p q)
by auto
also have ... = (In < Suc m. dist-nodes M n v p q) proof
assume 3 n<m. dist-nodes M n v p q V dist-nodes M (Suc n) v p q
then obtain n where D: dist-nodes M n v p q V dist-nodes M (Suc n) v p q
and N: n < m by blast
moreover from N have n < Suc m by simp
ultimately show 3n < Suc m. dist-nodes M n v p q by (elim disjE) blast+
next
assume 3 n < Suc m. dist-nodes M n v p q
then obtain n where N: n < Suc m and D: dist-nodes M n v p q by blast
from N have n < m V n = m by auto
from this D M' show 3n<m. dist-nodes M n v p q V dist-nodes M (Suc n) v
p q by auto
qed
finally show ?thesis by simp
qed

lemma fizpt-dist-nodes’:
assumes wf-tr M T and wf-dfa M v
and Vp q. dfa-is-node M q AN p < q —> tr-lookup T ¢ p = (In < m. dist-nodes
Mnuvpgq)and m > 0
and dfa-is-node M q and p < ¢
shows tr-lookup (fixzpt M T) q p = (I n. dist-nodes M n v p q)
using assms proof (induct M T arbitrary: m rule: fixpt-induct)
case (1 M T m)
let ?T = snd (iter M T)
show ?case proof (cases fst (iter M T))
case True
{ fix p’ ¢’ assume H: dfa-is-node M ¢’ N p' < q’
with 1 have tr-lookup ?T ¢' p’ = (In < Suc m. dist-nodes M n v p’ ¢') by
(simp only: iter-dist-nodes)
} hence 2: Vp q. dfa-is-node M q N p < ¢ —> tr-lookup ?T q¢p = (In < Suc
m. dist-nodes M n v p ¢q) by simp moreover
from 1 have wf-tr M ?T by (simp add: iter-wf) moreover
note 1(3,6,7) 1(1)[of Suc m] True
ultimately have tr-lookup (fitpt M ?T) q p = (3 n. dist-nodes M n v p q) by
stmp
with True show 2thesis by (simp add: Let-def split-beta)
next
case Fulse
then have F: snd (iter M T) = T by (simp add: iter-def fold-map-idz-fst-snd-eq
split-beta)
have C: Am’. Vp q. dfa-is-node M g A p < ¢ — tr-lookup T qp = (3n < m’
+ m. dist-nodes M n v p q)
proof —
fix m’ show Vp q. dfa-is-node M ¢ A p < ¢ — tr-lookup T gp = (3n < m’
+ m. dist-nodes M n v p q)
proof (induct m’)
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case 0 with 1 show Zcase by simp
next
case (Suc m’)
{ fix p’ ¢’ assume H: dfa-is-node M ¢’ and H2: p’ < ¢’
note 1(2,3) Suc
moreover from Suc 1 have 0 < m’ + m by simp
moreover note H H2
ultimately have tr-lookup (snd (iter M T)) ¢’ p’ = (3n < Suc (m’ +
m). dist-nodes M n v p’ q') by (rule iter-dist-nodes)
with F have tr-lookup T ¢’ p' = (3n < Suc m’ + m. dist-nodes M n v p’
q') by simp
} thus %case by simp
qed
qed
{
fix p’ ¢/ assume H: dfa-is-node M ¢’ A p' < q'
have tr-lookup T q' p’ = (I n. dist-nodes M n v p’ q) proof
assume tr-lookup T q' p’
with H C|of 0] show 3 n. dist-nodes M n v p’ ¢’ by auto
next
assume H': In. dist-nodes M n v p' q’
then obtain n where dist-nodes M n v p’ ¢’ by blast
moreover have n < Suc n + m by simp
ultimately have dn’ < Suc n + m. dist-nodes M n’ v p’ q' by blast
with H C|of Suc n] show tr-lookup T q¢' p’ by simp
qed
} hence Vp q. dfa-is-node M q A p < q¢ —> tr-lookup T q p = (I n. dist-nodes
M n v p q) by simp
with False <dfa-is-node M ¢ <p < ¢> show ?thesis by simp
qed
qed

lemma fixpt-dist-nodes:
assumes wf-dfa M v
and dfa-is-node M p and dfa-is-node M q
shows tr-lookup (fizpt M (init-tr M)) p ¢ = (I n. dist-nodes M n v p q)
proof —
{ fix p ¢ assume H1: p < ¢ and H2: dfa-is-node M q
from init-tr-wf have wf-tr M (init-tr M) by simp
moreover note assms(1)
moreover {
fix p’ ¢’ assume dfa-is-node M ¢’ and p’ < ¢’

hence tr-lookup (init-tr M) q' p’ = dist-nodes M 0 v p’ ¢’ by (rule init-tr-dist-nodes)

also have ... = (3In < 1. dist-nodes M n v p’ ¢') by auto
finally have t¢r-lookup (init-tr M) q' p’ = (3n<1. dist-nodes M n v p’ q¢') by
stmp
} hence Vp q. dfa-is-node M q A p < ¢ — tr-lookup (init-tr M) q p = (In<l.
dist-nodes M n v p q) by simp
moreover note H1 H2
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ultimately have tr-lookup (fizpt M (init-tr M)) q p = (I n. dist-nodes M n v
p q) by (simp only: fizpt-dist-nodes’[of - - - 1])
}
with assms(2,3) show ?thesis by (auto simp: tr-lookup-def dist-nodes-def)
qed

primrec mk-eqcl’ :: nat option list = nat = nat = nat = bool list list = nat
option list
where

mk-eqcl’ [ ij 1T =
| mk-eqel’ (x#txs) i j 1T = (if tr-lookup T j i V z # None then z else Some 1) #
mk-eqcl’ xs i (Suc j) I T

lemma mk-eqcl’-len: length (mk-eqel’ zs i1 T) = length xs by (induct xs arbitrary:
j) simp+

function mk-eqcl :: nat option list = nat list = nat = bool list list = nat list x
nat list where

mk-eqcl [| zs i T = ([], 29) |

mk-eqcl (None # xs) zs i T = (let (zs’,28") = mk-egel (mk-eqcl’ xs i (Suc ©)
(length zs) T) (zs @ [i]) (Suc ©) T in (length zs # xs', zs")) |

mk-eqcl (Some | # xs) zs i T = (let (ws',28") = mk-eqcl zs zs (Suc i) T in (I #
xs'; zs'))

by pat-completeness auto
termination by (lexicographic-order simp: mk-eqcl’-len)

lemma mk-eqgcl’-bound:
assumes Az k. [z € set zs; . = Some k] = k < |
and z € set (mk-eqcl’ zs i jl T) and z = Some k
shows k£ <[
using assms proof (induct zs arbitrary: j)
case (Cons y xs j)
hence © = y V z = Some I V z € set (mk-egcl’ zs i (Suc j) I T) by (cases
tr-lookup T j i V y # None) auto
thus ?case proof (elim disjE)
assume z = y
hence z € set (y # xs) by simp
with Cons(2)[of z k] Cons(4) show ?thesis by simp
qed (insert Cons, auto)
qed simp

lemma mk-eqcl’-nth':
assumes Az k. [z € set zs; © = Some k] =k < 1
and Ai’. [i' < length xs; — tr-lookup T (i’ + j) i] = xs! i’ = None
and i < j and j' < length zs
shows (mk-eqel’ zs i j1 T ! j' = Some 1) = (= tr-lookup T (j' + j) 1)
using assms proof (induct zs arbitrary: j j')
case (Cons z s j)
have I1:A\i’. [i’ < length xs; = tr-lookup T (i’ + Suc j) {] = zs ! i’ = None
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proof —
fix i’ assume H: i’ < length zs — tr-lookup T (i’ + Suc j) i
with Cons(3)[of Suc i'] show xs ! i’ = None by simp
qed
have j' =0V j' > 0 by auto
thus ?case proof (elim disjE)
assume j' > 0
then obtain j’ where J: j' = Suc j" by (cases j') simp+
from Cons(1)[of Suc j j'] I1 Cons(2,4,5) J show ?thesis by simp
next
assume H: j'=0
with Cons(3)[of 0] have — tr-lookup T j i = x = None by simp
with Cons H show ?thesis by auto
qed
qed simp

lemma mk-eqgcl’-nth:
assumes Ai’ j' k. [i’ < length zs; j' < length zs; zs ! i’ = Some k] = (xs ! j’
= Some k) = (= tr-lookup T (i' + j3j) (j' + 7))
and Aa b c. [a < length T; b < length T; ¢ < length T; — tr-lookup T a b; —
tr-lookup T b c] = — tr-lookup T a ¢
and length zs + jj = length T + 1
and Az k. [z € set zs; x = Some k] = k < |
and Ai’. [i’ < length xs; = tr-lookup T (i’ + jj) ii] = xs ! i’ = None
and 7 < jj
and 7 < length xs and mk-eqcl’ zs it jj I T ! i = Some m
and j < length zs
shows (mk-eqcl’ zs i jj 1 T ! j = Some m) = (= tr-lookup T (i + jj) (j + 7))
using assms proof (induct zs arbitrary: jj i j)
case Nil
from Nil(7) have False by simp
thus ?case by simp
next
case (Cons y xs jj i j)
show ?case proof (cases )
case 0
show ?thesis proof (cases j)
case 0
with «i=0» Cons(9) show %thesis by (simp add: tr-lookup-def)
next
case (Suc j')
from 0 Cons(5,9) have 1: y = Some m A m < IV (y = None A — tr-lookup
T jj it A m = 1) by (cases y, cases tr-lookup T jj i, auto)
thus %thesis proof (elim disjE)
assume H: y = Some m A m <
from Suc have (mk-eqcl’ (y # xzs) 4 jj 1l T | j = Some m) = (mk-eqcl’ xs
it (Suc §j) I T ! j/ = Some m) by simp
also from H have ... = (xzs ! j' = Some m) proof (induct xs arbitrary: jj
7"
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case (Cons a xs jj j') thus ?case by (cases j') simp+

qed simp
also from Suc have ... = ((y # zs) ! j = Some m) by simp
also from Cons(2)[of i j m] Cons(8,10) Suc 0 H have ... = (- tr-lookup T

(i +7j) (7 + 4i)) by simp
finally show ?thesis by simp
next
assume H: y = None A — tr-lookup T jj it N m =1
with Suc have (mk-eqcl’ (y # xzs) i jj 1 T j = Some m) = (mk-eqcl’ xs i
(Suc 4j) 1 T ' = Some 1) by simp
also have ... = (= tr-lookup T (j' + Suc jj) ii) proof (rule mk-eqcl’-nth’)
from Cons(5) show Az k. [z € set zs; x = Some k] = k < [ by simp
show Ai’. [i’ < length zs; = tr-lookup T (i’ + Suc jj) @i] = zs! i’ =
None proof —
fix i’ assume i’ < length xs — tr-lookup T (i’ + Suc jj) i
with Cons(6)[of Suc i'] show zs ! i’ = None by simp
qed
from Cons(7) show ii < Suc jj by simp
from Cons(10) Suc show j' < length xs by simp
qed
also from Suc H 0 have ... = (= tr-lookup T (j + 7j) i A — tr-lookup T
(i + jj) %) by (simp add: add.commute)
also have ... = (= tr-lookup T (i + 7j) (j + 4j) A — tr-lookup T (i + %)
it) proof
assume H': = tr-lookup T (§ + jj) % N — tr-lookup T (i + jj) ii
hence — tr-lookup T ii (j + jj) by (auto simp: tr-lookup-def)
with H’ Cons(3)[of i + jj @ j + jj] Cons(4,7,8,10) show — tr-lookup T (i
+ 3) (G + #) A = tr-lookup T (i + jj) @ by simp
next
assume H': = tr-lookup T (i + jj) (j + jj) A = tr-lookup T (i + jj) i
hence — tr-lookup T (j + jj) (i + jj) by (auto simp: tr-lookup-def)
with H' Cons(3)[of j + jj i + jj %] Cons(4,7,8,10) show — tr-lookup T (j
+ ) it A = tr-lookup T (i + jj) i by simp

qed
also from 0 H have ... = (= tr-lookup T (i + 7j) (j + jj)) by simp
finally show ?thesis by simp
qed
qed
next

case (Suc i)
show ?thesis proof (cases j)
case (
have m < [ proof (rule mk-eqcl’-bound)
from Cons(5) show Az k. [z € set (y # zs); x = Some k] = k < [ by
stmp
from Cons(8) have i < length (mk-eqcl’ (y # xs) ii jj | T) by (simp add:
mk-eqcl’-len)
with Cons(9) have 3i < length (mk-eqcl’ (y # xs) @i jj I T). mk-eqcl’ (y #
xs) i jjl T ! i = Some m by blast
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thus Some m € set (mk-eqcl’ (y # xs) i jjl T) by (simp only: in-set-conv-nth)
show Some m = Some m by simp
qed
hence m < IV m = [ by auto
thus ?thesis proof (elim disjE)
assume H: m < [
with Cons(9) have I: (y # zs) ! i = Some m proof (induct (y # wxs)
arbitrary: jj 1)
case (Cons a l jj i) thus ?case by (cases i) (auto, cases tr-lookup T jj ii
V a # None, simp+)
qged simp
from 0 H have (mk-eqcl’ (y # xs) @i jj I T ! j = Some m) = ((y#uxs) ! j =
Some m) by (cases tr-lookup T jj i V y # None) simp+
also from Cons(8,10) I have ... = (= tr-lookup T (i + jj) (j + 71)) by
(rule Cons(2))
finally show ?thesis by simp
next
assume H: m = [
from Cons(5,6,7,8) have (mk-eqgcl’ (y # xzs) @ jjl T ! i = Some l) = (—
tr-lookup T (i + jj) ) by (rule mk-egel’-nth")
with H Cons(9) have I: = tr-lookup T (i + jj) i by simp

with 0 H Cons(5) have (mk-eqcl’ (y # zs) #jj 1 T ! j = Some m) = (-
tr-lookup T (§ + jj) i@ A — tr-lookup T (i + jj) i€ A y = None) by auto

also from Cons(6)[of 0] 0 have ... = (= tr-lookup T (j + jj) it A — tr-lookup
T (i + j) i) by auto
also have ... = (= tr-lookup T (i + jj) ( + #) A = tr-lookup T (i + jj)
it) proof

assume H': = tr-lookup T (§ + jj) % N — tr-lookup T (i + jj) ii

hence — tr-lookup T it (j + jj) by (auto simp: tr-lookup-def)

with H’ Cons(3)[of i + jj @ j + jj] Cons(4,7,8,10) show — tr-lookup T (i
+ 7)) (G + #) A~ tr-lookup T (i + jj) i by simp

next

assume H': = tr-lookup T (i + jj) (j + jj) A = tr-lookup T (i + jj)

hence — tr-lookup T (j + jj) (¢ + jj) by (auto simp: tr-lookup-def)

with H’ Cons(3)[of 7 + jj ¢ + jj %] Cons(4,7,8,10) show — tr-lookup T (j
+ jj) @ A = tr-lookup T (i + 7j) % by simp

qed
also from I have ... = (= tr-lookup T (i + jj) (j + jj)) by simp
finally show ?thesis by simp
qed
next

case (Suc j')
hence (mk-eqcl’ (y # xzs) % jj Il T ! j = Some m) = (mk-eqcl’ xs @i (Suc jj) |
T !j' = Some m) by simp
also have ... = (= tr-lookup T (i’ + Suc ) (' + Suc jj)) proof (rule
Cons(1))
show Ai'j' k. [i’ < length zs; j' < length xs; xs | i’ = Some k] = (zs ! j’
= Some k) = (= tr-lookup T (i’ + Suc jj) (j' + Suc jj)) proof —
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fix i’ j' k assume i’ < length zs j' < length zs xs | i’ = Some k
with Cons(2)[of Suc i’ Suc j' k] show (zs ! j' = Some k) = (= tr-lookup
T (i’ + Suc jj) (' + Suc jj)) by simp
qed
from Cons(3) show Aa b c. [a < length T; b < length T; ¢ < length T; —
tr-lookup T a b; = tr-lookup T b ¢ | = — tr-lookup T a ¢ by blast
from Cons(4) show length s + Suc jj = length T + 1 by simp
from Cons(5) show Az k. [z € set zs; = Some k] = k < | by simp
show Ai’. [i’ < length xs; — tr-lookup T (i’ + Suc jj) %] = zs! i’ = None
proof —
fix i’ assume i’ < length xs — tr-lookup T (i’ + Suc jj) i
with Cons(6)[of Suc i'] show zs ! i’ = None by simp
qged
from Cons(7) show i < Suc jj by simp
from Cons(8) <i=Suc i"» show i’ < length xs by simp
from Cons(9) «<i=Suc i"» show mk-eqcl’ zs i (Suc jj) | T ! i’ = Some m
by simp
from Cons(10) Suc show j' < length zs by simp
qed
also from Suc <i=Suc i"» have ... = (= tr-lookup T (i + ) (j + jj)) by
stmp
finally show ?thesis by simp
qed
qed
qed

lemma mk-eqcl’-Some:
assumes | < length xs and xs | ¢ # None
shows mk-eqel’ zs i j 1T i = xs! i
using assms proof (induct zs arbitrary: j 1)
case (Cons y xs j i)
thus ?case by (cases i) auto
qed simp

lemma mk-eqcl’-Some2:

assumes i < length xs

and k < I

shows (mk-eqcl’ zs it j1 T | i = Some k) = (zs ! i = Some k)
using assms proof (induct zs arbitrary: j 1)

case (Cons y xs j i)

thus ?case by (cases i) auto
qed simp

lemma mk-eqcl-fst-Some:
assumes i < length zs and k < length zs
shows (fst (mk-eqcl xs zs it T) ! i = k) = (xs | ¢ = Some k)
using assms proof (induct zs zs it T arbitrary: i rule: mk-eqcl.induct)
case (2 zs zs i1 T 1)
thus ?case by (cases ©) (simp add: split-beta mk-eqcl’-len mk-eqel’-Some2)+
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next

case (3 lzs zs ii T 1)

thus ?case by (cases ©) (simp add: split-beta)+
qed simp

lemma mk-eqcl-len-snd:
length zs < length (snd (mk-eqcl xs zs i T))
by (induct zs zs i T rule: mk-eqcl.induct) (simp add: split-beta)+

lemma mk-eqcl-len-fst:
length (fst (mk-eqcl xs zs i T)) = length xs
by (induct zs zs i T rule: mk-eqcl.induct) (simp add: split-beta mk-eqcl’-len)+

lemma mk-eqcl-set-snd:
assumes i ¢ set zs
and j > 1
shows i ¢ set (snd (mk-eqcl zs zs j T))
using assms by (induct zs zs j T rule: mk-eqcl.induct) (auto simp: split-beta)

lemma mk-eqcl-snd-mon:
assumes Ajl j2. [j1 < j2; j2 < length zs] = zs | j1 < zs! j2
and Az. x € set zs = z < {
and jl < j2 and j2 < length (snd (mk-eqcl xs zs i T))
shows snd (mk-eqcl xs zs © T) ! j1 < snd (mk-eqcl xs zs i T) ! j2
using assms proof (induct xs zs ¢ T rule: mk-eqcl.induct)
case (2aszsi T)
have Ajl j2. [j1 < j2; j2 < length (zs Q [i])] = (zs Q [{]) ! j1 < (zs @ [4]) !
j2 proof —
fix j1 j2 assume H: j1 < j2 j2 < length (zs Q [4])
hence j2 < length zs V j2 = length zs by auto
from this H 2 show (zs @ [i]) ! j1 < (zs @ [{]) ! j2 by (elim disjE) (simp add:
nth-append)+
ged moreover
have Az. z € set (zs Q [i]) = = < Suc i proof —
fix z assume z € set (zs Q [7])
hence z € set zs V x = i by auto
with 2(3)[of z] show z < Suc i by auto
ged moreover
note 2(4) moreover
from 2(5) have j2 < length (snd (mk-egcl (mk-eqcl’ xs i (Suc i) (length zs) T)
(zs Q [i]) (Suc i) T)) by (simp add: split-beta)
ultimately have snd (mk-eqcl (mk-eqel’ zs i (Suc @) (length zs) T) (zs Q [i])
(Suc i) T) ! j1 < snd (mk-eqcl (mk-eqcl’ xs i (Suc i) (length zs) T) (zs Q [i]) (Suc
1) T) ! j2 by (rule 2(1))
thus ?case by (simp add: split-beta)
next
case 3 luzszsi T)
note 3(2) moreover
have Az. © € set zs = = < Suc i proof —
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fix  assume z € set zs
with 3(3)[of z] show z < Suc i by simp
ged moreover
note 3(4) moreover
from 3(5) have j2 < length (snd (mk-eqcl zs zs (Suc i) T)) by (simp add:
split-beta)
ultimately have snd (mk-eqcl xs zs (Suc i) T) ! j1 < snd (mk-eqcl zs zs (Suc
i) T)!j2 by (rule 3(1))
thus ?case by (simp add: split-beta)
qed simp

lemma mk-eqcl-snd-nth:
assumes i < length zs
shows snd (mk-eqcl 2s zs j T) 1 i = 25 | 4
using assms by (induct xs zs j T rule: mk-eqcl.induct) (simp add: split-beta nth-append)+

lemma mk-eqcl-bound:
assumes Az k. [z € set zs; © = Some k] = k < length zs
and z € set (fst (mk-eqcl zs zs it T))
shows z < length (snd (mk-eqcl zs zs it T))
using assms proof (induct zs zs ii T rule: mk-eqcl.induct)
case (2aszsi T)
hence = = length zs V © € set (fst (mk-eqcl (mk-eqel’ zs i (Suc ©) (length zs) T)
(25 @ [i]) (Suc i) T)) by (auto simp: split-beta)
thus ?case proof (elim disjE)
assume z = length zs
hence z < length (zs Q [i]) by simp
also have ... < length (snd (mk-eqcl (mk-eqcl” xs i (Suc i) (length zs) T) (zs
@ [4]) (Suc i) T)) by (simp only: mk-eqcl-len-snd)
finally show %thesis by (simp add: split-beta)
next
assume H: x € set (fst (mk-eqcl (mk-eqcl’ zs i (Suc ) (length zs) T) (zs Q [i])
(Suc i) T))
have Az k. [z € set (mk-eqel’ zs i (Suc i) (length zs) T); x = Some k] = k
< length (zs @ [i]) proof —
fix z k assume H': z € set (mk-eqcl’ xs i (Suc i) (length zs) T) z = Some k
{ fix ' k' assume z’ € set zs ©’ = Some k'
with 2 have k'’ < length zs by simp
} from this H' have k < length zs by (rule mk-eqcl’-bound)
thus k < length (zs @Q [i]) by simp
qed
with H 2 show %thesis by (simp add: split-beta)
qed
next
case 3 luaszsi T)
hence z =1V z € set (fst (mk-eqcl xs zs (Suc i) T)) by (auto simp: split-beta)
thus ?case proof (elim disjE)
assume z = [
with 3 have z < length zs by simp
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also from 3 have ... < length (snd (mk-eqcl (Some | # xs) zs i T')) by (simp
only: mk-eqcl-len-snd)
finally show ?thesis by simp
next
assume z € set (fst (mk-eqcl zs zs (Suc i) T))
with 3 have z < length (snd (mk-eqcl xs zs (Suc i) T)) by simp
thus ?thesis by (simp add: split-beta)
qed
qed simp

lemma mk-eqcl-fst-snd:
assumes Ai. 7 < length zs = zs | i < length xs + @i A (zs ! i > it — xs ! (zs
14 — if) = Some 17)
and Ajl j2. [j1 < j2; j2 < length zs] = zs ! j1 < zs ! j2
and Az. z € set z2s = 2z < ii
and i < length (snd (mk-eqcl xs zs @i T))
and length xs + i < length T + 1
shows snd (mk-eqcl zs zs i T) | i < length (fst (mk-eqcl xs zs it T)) + @ A (snd
(mk-eqcl zs zs it T) ! i > @i —> fst (mk-eqcl zs zs @i T) ! (snd (mk-eqcl xs zs i
TY1i— i) = 9)
using assms proof (induct zs zs it T arbitrary: i rule: mk-egcl.induct)
case (1 zs @ T 9)
from 1(1)[of 7] 1(4,5) show ?case by simp
next
case (2 zs zs i T j)
have Ai’. i’ < length (zs Q [i]) = (25 Q [4]) ! i’ < length (mk-eqcl’ zs i (Suc
i) (length zs) T) + Suc i A
(Suc i < (zs Q [i]) ! i' — mk-eqcl’ xs i (Suc @) (length zs) T ! ((zs @ [i]) ! 4’
— Suc i) = Some i’) proof —
fix i’ assume i’ < length (zs @ [i])
hence i’ < length zs V i’ = length zs by auto
thus (zs @Q [i]) ! ¢/ < length (mk-eqcl’ zs i (Suc i) (length zs) T) + Suc i A
(Suc i < (zs Q [i]) | ' — mhk-eqcl’ zs i (Suc i) (length zs) T ! ((zs @ [4]) ! ¢/ —
Suc i) = Some i)
proof (elim disjE)
assume H: i’ < length zs
with 2(2) have I: zs ! i’ < length (None # xs) + i A (i < zs! i’ — (None
# xs) ! (28! i’ — i) = Some i’) by simp
with H have G1: (zs Q [i]) | i’ < length (mk-eqcl’ xs i (Suc @) (length zs) T)
+ Suc i by (auto simp: mk-eqcl’-len nth-append)
{ assume H": Suci < (25 @ [4]) ! i’
then obtain k¥ where K: (zs @ [§]) | i/ — ¢ = Suc k by (cases (zs Q [i]) !
i — i) simp+
hence K" k = (zs @Q [7]) ! i’ — Suc i by simp
from K H' H I have zs ! k = Some i’ by (simp add: nth-append)
with K I H have mk-eqcl’ zs i (Suc i) (length zs) T ! k = Some i’ by (auto
simp add: mk-eqcl’-Some nth-append)
with K’ have mk-eqcl’ zs i (Suc i) (length zs) T ! ((zs Q [i]) ! i’ — Suc 0)
= Some i’ by simp
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} with G1 show ?%thesis by simp
qed simp
qed
moreover have Ajl j2. [j1 < j2; 72 < length (zs Q [i])] = (25 @ [i]) ! j1 <
(zs @ [i]) ! j2 proof —
fix j1 j2 assume H: j1 < j2 j2 < length (zs @ [i])
hence j2 < length zs V j2 = length zs by auto
from this H 2(3)[of j1 j2] 2(4)[of zs ! j1] show (zs @ [¢]) ! j1 < (zs @ [4]) ! 52
by (elim disjE) (simp add: nth-append)+
qged
moreover have \z. z € set (zs Q [i]) = z < Suc i proof —
fix z assume z € set (zs Q [i])
hence z € set zs V z = i by auto
with 2(4)[of z] show z < Suc i by auto
qed
moreover from 2 have j < length (snd (mk-eqcl (mk-eqel’ xs i (Suc i) (length
zs) T) (zs Q [i]) (Suc i) T)) by (simp add: split-beta)
moreover from 2 have length (mk-eqcl’ zs i (Suc i) (length zs) T) + Suc i <
length T + 1 by (simp add: mk-eqcl’-len)
ultimately have IV: snd (mk-eqcl (mk-eqel” xs i (Suc i) (length zs) T) (zs @
[7]) (Suc i) T)!j < length (fst (mk-eqcl (mk-eqcl’ zs i (Suc i) (length zs) T) (zs
@ [i]) (Suc i) T)) + Suc i A
(Suc i < snd (mk-eqcl (mk-eqcl’ xs i (Suc i) (length zs) T) (zs Q [i]) (Suc i) T)
lj—
fst (mk-eqcl (mk-egel” xs i (Suc i) (length zs) T) (zs @ [i]) (Suc i) T) ! (snd
(mk-egel (mk-eqcl’ xs i (Suc i) (length zs) T) (28 Q []) (Suc i) T)!j — Suci) =
) by (rule 2(1))
hence G1: snd (mk-eqcl (None # xs) zs i T) | j < length (fst (mk-eqcl (None #
xs) zs i T)) + i by (auto simp: split-beta)
{ assume i < snd (mk-eqcl (None # xs) zs 1 T) ! j
hence i = snd (mk-egel (None # xs) zs i T) ! jV Suc i < snd (mk-eqcl (None
# xs) 2s i T) ! j by auto
hence fst (mk-eqcl (None # xs) zs i T) ! (snd (mk-eqel (None # xs) zs i T) !
j — i) = j proof (elim disjE)
assume H: { = snd (mk-eqcl (None # zs) zs ¢ T) ! j
define k£ where k = length zs
hence K: snd (mk-eqcl (None # xzs) zs ¢ T) ! k = i by (simp add:
mk-eqcl-snd-nth split-beta)
{ assume j # k
hence j < k£ V j > k by auto
hence snd (mk-eqcl (None # zs) zs i T) | j # i proof (elim disjF)
assume H': j < k
from k-def have k < length (zs Q [i]) by simp
also have ... < length (snd (mk-eqcl (mk-eqcl” zs i (Suc i) (length zs) T)
(zs @ [i]) (Suc i) T)) by (simp only: mk-eqcl-len-snd)
also have ... = length (snd (mk-eqcl (None # zs) zs i T)) by (simp add:
split-beta)
finally have K" k < length (snd (mk-eqcl (None # xs) zs i T)) by simp
from 2(3,4) H' this have snd (mk-eqcl (None # xs) zs i T) ! j < snd
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(mk-eqcl (None # xs) zs i T) ! k by (rule mk-eqcl-snd-mon)
with K show ?thesis by simp
next
assume H'": j > k
from 2(3,4) H' 2(5) have snd (mk-eqgcl (None # zs) zs i T) ! k < snd
(mk-eqcl (None # zs) zs ¢ T) ! j by (rule mk-egcl-snd-mon)
with K show ?thesis by simp
qed
}
with H k-def have j = length zs by auto
with H show ?thesis by (simp add: split-beta)
next
assume H: Suc i < snd (mk-eqcl (None # xs) zsi T) ! j
then obtain k where K: snd (mk-eqcl (None # xs) zs ¢ T) ! j — i = Suc k
by (cases snd (mk-eqcl (None # xs) zs i T) ! j — @) simp+
hence K" k = snd (mk-eqgcl (None # xs) zs i T) ! j — Suc i by simp
from H IV have fst (mk-eqcl (mk-egcl’ zs i (Suc i) (length zs) T) (zs @ [i])
(Suc i) T) ! (snd (mk-egcl (mk-eqcl’ xs i (Suc i) (length zs) T) (zs @ [i]) (Suc i)
T)!j— Suci)=7j
by (auto simp: split-beta)
with K’ have fst (mk-eqcl (None # xs) zs ¢ T) ! Suc k = j by (simp add:
split-beta)
with K show ?thesis by simp
qed
} with G1 show ?case by simp
next
case (3 lzs zsi Tj)
have 1: snd (mk-eqcl (Some | # xs) zs i T) = snd (mk-eqcl zs zs (Suc i) T) by
(simp add: split-beta)
have 2: length (fst (mk-eqcl (Some I # xs) zs i T)) = length (Some | # xs) by
(simp add: split-beta mk-eqcl-len-fst)
have Aj. j < length zs = zs ! j < length s + Suc i A (Suc i < zs ! j — zs'!
(zs ! j — Suc i) = Some j) proof —
fix j assume H: j < length zs
with 3(2)[of j] have I: zs ! j < length (Some | # xzs) + i N (1 < zs ! j —
(Some I # xs) ! (zs ! j — i) = Some j) by simp
hence G1: zs | j < length s + Suc i and G2: i < zs!j — (Some | # xs) !
(zs 1 j — i) = Some j by simp+
{ assume H2: Suci < zs!j
then obtain k where K: zs! j — i = Suc k by (cases zs | j — i) simp+
with H2 G2 have zs | k = Some j by simp
moreover from K have k£ = zs | j — Suc ¢ by simp
ultimately have zs ! (zs | j — Suc i) = Some j by simp
}
with G1 show zs ! j < length s + Suc i A (Suci < zs!j — as! (2s!j —
Suc i) = Some j) by simp
qed
moreover note 3(3)
moreover have A\z. z € set zs = z < Suc i proof —
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fix z assume z € set zs
with 3(4)[of z] show z < Suc i by simp
qed
moreover from 3(5) 1 have j < length (snd (mk-eqcl zs zs (Suc i) T)) by simp
moreover from 3 have length s + Suc i < length T + 1 by simp
ultimately have IV: snd (mk-eqcl xs zs (Suc i) T) ! j < length (fst (mk-eqcl xs
zs (Suc i) T)) + Suc i A
(Suc i < snd (mk-eqcl xs zs (Suc ©) T) ! j — fst (mk-eqcl xs zs (Suc @) T) |
(snd (mk-eqcl xs zs (Suc i) T) ! j — Suc i) = j) by (rule 3(1))
with 1 have G1: snd (mk-eqcl (Some | # xs) zs ¢ T) ! j < length (fst (mk-eqcl
(Some | # xs) zs i T)) + @ by (simp add: split-beta mk-eqcl-len-fst)
{ assume i < snd (mk-eqcl (Some | # xs) zs i T) ! j
hence | = snd (mk-eqcl (Some I # xs) zs i T) ! jV i < snd (mk-eqcl (Some 1
# xs) zs ¢ T) ! j by auto
hence fst (mk-eqcl (Some | # xs) zs ¢ T) ! (snd (mk-eqcl (Some | # xs) zs i
T)!j — i) = j proof (elim disjF)
assume H: i = snd (mk-egcl (Some 1 # zs) zs i T) ! j
with 3 1 have 3j < length (snd (mk-eqcl xs zs (Suc i) T)). snd (mk-eqcl xs
zs (Suc i) T) ! j = i by auto
hence T'1: i € set (snd (mk-eqcl xs zs (Suc i) T)) by (simp only: in-set-conv-nth)
from 3(4) have i ¢ set zs by auto
hence i ¢ set (snd (mk-eqcl xs zs (Suc i) T)) by (simp add: mk-eqcl-set-snd)
with T'1 show ?thesis by simp
next
assume H: i < snd (mk-eqcl (Some | # xs) zs i T) ! j
from H obtain k where K: snd (mk-eqcl (Some | # xzs) zs i T) ! j — i =
Suc k by (cases snd (mk-eqcl (Some | # xzs) zs i T) ! j — i) simp+
hence K': snd (mk-eqcl (Some | # xs) zs i T) ! j — Suc i = k by simp
from 1 H IV have fst (mk-eqcl xs zs (Suc i) T) ! (snd (mk-eqcl xs zs (Suc i
T)!j— Suci)=jby simp
with K K’ show %thesis by (simp add: split-beta)
qed
} with G1 show %case by simp
qed

~

lemma mk-eqcl-fst-nth:

assumes Ai j k. [i < length zs; j < length zs; zs | i = Some k] = (zs ! j =
Some k) = (= tr-lookup T (i + ) (j + %))

and Aa b c. [a < length T; b < length T; ¢ < length T; — tr-lookup T a b; —
tr-lookup T b c¢] = — tr-lookup T a c

and Az k. [z € set xzs; x = Some k] = k < length zs

and length xs + it = length T + 1

and i < length zs and j < length xs

shows (fst (mk-eqcl xs zs it T) ! i = fst (mk-eqcl xs zs 4 T) ! j) = (= tr-lookup
T (i + ) (j + 7))
using assms proof (induct xs zs it T arbitrary: i j rule: mk-eqcl.induct)

case (1 zs 4 T) thus ?case by simp
next

case (2 zs zs @i T)
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{ fix i j assume H: i < jj < length (None # zs)
then obtain j’ where J: j = Suc j’' by (cases j) simp+
have (fst (mk-eqcl (None # xs) zs @i T) ! i = fst (mk-eqcl (None # xs) zs ii
T) ! j) = (= tr-lookup T (i + i) (j + i) proof (cases i)
case 0
with J have (fst (mk-eqcl (None # xs) zs i T) ! i = fst (mk-eqcl (None #
xs) zs it T) 1 §) = (fst (mk-egel (mk-eqcl’ zs @i (Suc i) (length zs) T) (zs Q [id])
(Suc i) T) ! j' = length zs)
by (auto simp add: split-beta)
also from H J have ... = (mk-eqcl’ xs @ (Suc ii) (length zs) T'! j' = Some
(length zs)) by (simp add: mk-eqcl-fst-Some mk-eqcl’-len)
also have ... = (= tr-lookup T (j' + Suc ii) %) proof —
have Az k. [z € set zs; x = Some k] = k < length zs proof —
fix z k assume z € set xs ¢ = Some k
with 2(4)[of = k] show k < length zs by simp
ged moreover
have A7’ [i’ < length xs; = tr-lookup T (i’ + Suc ii) @] = zs! i’ = None
proof —
fix i’ assume H: i’ < length zs — tr-lookup T (i’ + Suc i) ii
{ assume H" xs! i’ # None
then obtain k where zs | i’ = Some k by (cases xs ! i’) simp+
with 2(2)[of Suc i’ 0 k] H have Fulse by simp
} thus zs ! i’ = None by (cases xs ! i) simp+
ged moreover
from H J have i < Suc ii j' < length zs by simp+
ultimately show ?thesis by (rule mk-eqcl’-nth’)
qed
also from J 0 have ... = (= tr-lookup T (i + ) (j + i) by (auto simp:
tr-lookup-def)
finally show ?thesis by simp
next
case (Suc i')
have Aij k. [i < length (mk-eqcl’ zs @@ (Suc ii) (length zs) T); j < length
(mk-eqcl” xs i (Suc i) (length zs) T); mk-eqcl’ s ii (Suc @) (length zs) T ! i =
Some k]
= (mk-eqcl’ xs @i (Suc @) (length zs) T | j = Some k) = (= tr-lookup T
(i + Suc ii) (j + Suc 7)) proof —
fix i j k assume H: i < length (mk-eqcl’ zs it (Suc ii) (length zs) T) j <
length (mk-eqcl’ xs @ (Suc i) (length zs) T) mk-eqcl’ xs @ (Suc i) (length zs) T
i = Some k
{ fix i’ j' k assume ¢’ < length zs j' < length zs zs ! i’ = Some k
with 2(2)[of Suc i’ Suc j' k] have (xs ! j' = Some k) = (= tr-lookup T (i’
+ Suc i) (j' + Suc #)) by simp
} moreover
note 2(3) moreover
from 2(5) have length xs + Suc i = length T + 1 by simp moreover
{ fix z k assume z € set xs x = Some k
with 2(4)[of = k] have k < length zs by simp
} moreover
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have A7’ [i’ < length xs; = tr-lookup T (i’ + Suc ii) @] = zs! i’ = None
proof —
fix i’ assume H" i’ < length xs — tr-lookup T (i’ + Suc i)
{ assume zs ! i’ # None
then obtain k where K: zs ! i’ = Some k by (cases xs ! i’) simp+
with H' 2(2)[of Suc i’ 0 k] have False by simp
} thus zs ! i’ = None by (cases xs | i’ = None) simp+
ged moreover
have i < Suc i by simp moreover
from H have i < length zs by (simp add: mk-eqcl’-len) moreover
note H(3) moreover
from H have j < length xs by (simp add: mk-eqcl’-len)
ultimately show (mk-eqcl’ xs @i (Suc i) (length zs) T ! j = Some k) = (-
tr-lookup T (i + Suc i) (j + Suc i) by (rule mk-eqcl’-nth)
ged moreover
note 2(3) moreover
have Az k. [z € set (mk-eqcl’ xs it (Suc @) (length zs) T); ¢ = Some k] =
k < length (zs Q [ii]) proof —
fix 2 k assume H: x € set (mk-eqcl’ xs i (Suc ii) (length zs) T) © = Some
k
{ fix z k assume z € set xs x = Some k
with 2(4)[of = k] have k < length zs by simp
} from this H have k < length zs by (rule mk-eqcl’-bound)
thus k < length (zs @ [ii]) by simp
qged moreover
from 2(5) have length (mk-eqcl’ s ii (Suc ii) (length zs) T) + Suc ii =
length T + 1 by (simp add: mk-eqcl’-len) moreover
from H Suc J have i’ < length (mk-eqcl’ zs it (Suc i) (length zs) T) j' <
length (mk-eqcl’ zs @i (Suc ii) (length zs) T) by (simp add: mk-eqel’-len)+
ultimately have IV: (fst (mk-eqcl (mk-eqel’ zs ii (Suc i) (length zs) T) (zs
Q@ [#]) (Suc i) T) i’ = fst (mk-eqcl (mk-eqcl’ xs ii (Suc i) (length zs) T) (zs @
[#]) (Suc i) T)!j") =
(= tr-lookup T (i’ + Suc i) (j' + Suc ii)) by (rule 2(1))
with Suc J show ?thesis by (simp add: split-beta)
qed
} note L = this
have i < jV i=jV i>jby auto
thus ?case proof (elim disjE)
assume i > j
with 2(6) L have (fst (mk-eqcl (None # xs) zs it T) | j = fst (mk-eqcl (None
# 1s) zsii T) ! i) = (= tr-lookup T (i + i) (j + 4i)) by (auto simp: tr-lookup-def)
thus ?thesis by auto
qed (insert 2(7) L, simp add: tr-lookup-def)+
next
case (3 lzs zs it T i §)
{ fix i j assume H: i < jj < length (Some | # xs)
then obtain j’ where J: j = Suc j’' by (cases j) simp+
have (fst (mk-eqcl (Some | # xs) zs it T) ! i = fst (mk-eqcl (Some | # xs) zs
it T) ! j) = (= tr-lookup T (i + i) (j + i) proof (cases i)
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case 0

with J have (fst (mk-eqcl (Some | # zs) zs it T) ! i = fst (mk-eqcl (Some |
# xs) zs it T) ! j) = (fst (mk-egcl zs zs (Suc i) T) ! j' = 1) by (auto simp add:
split-beta)

also from 3(4)[of Some I 1] H J have ... = (zs ! j' = Some l) by (simp add:
mk-eqcl-fst-Some)
also from J have ... = ((Some | # xs) | j = Some ) by simp
also from H 0 3(2)[of i j ] have ... = (= tr-lookup T (i + ) (j + ii)) by
stmp
finally show ?thesis by simp
next

case (Suc i')
have Ai j k. [i < length zs; j < length zs; zs | i = Some k] = (zs ! j =
Some k) = (= tr-lookup T (i + Suc @) (j + Suc ii)) proof —
fix 7 j k assume ¢ < length zs j < length xs xs | i = Some k
with 3(2)[of Suc i Suc j k] show (xzs ! j = Some k) = (= tr-lookup T (i +
Suc i) (j + Suc i) by simp
ged moreover
note 3(3) moreover
have Az k. [z € set xs; x = Some k] = k < length zs proof —
fix z k assume z € set zs x = Some k
with 3(4)[of z k] show k < length zs by simp
qged moreover
from 3(5) H Suc J have length zs + Suc i = length T + 1 i’ < length xs j'
< length zs by simp+
ultimately have (fst (mk-eqcl xs zs (Suc ii) T) ! i’ = fst (mk-eqcl zs zs (Suc
i) T) ! ") = (= tr-lookup T (i’ + Suc i) (' + Suc ii)) by (rule 3(1))
with J Suc show ?thesis by (simp add: split-beta)
qed
} note L = this
have i < jV i=jV i>jby auto
thus ?case proof (elim disjE)
assume i > j
with 3(6) L have (fst (mk-eqcl (Some l # zs) zs @i T) ! j = fst (mk-eqcl (Some
L4 xs) zsii T) ! i) = (= tr-lookup T (j + @) (¢ + )) by simp
thus ?thesis by (auto simp: tr-lookup-def)
qed (insert 3(7) L, simp add: tr-lookup-def)+
qged

definition min-dfa :: dfa = dfa where
min-dfa = (A(bd, as). let (os, ns) = mk-eqcl (replicate (length bd) None) [ 0
(fizpt (bd, as) (init-tr (bd, as))) in
(map (Ap. bdd-map (Aq. os! q) (bd ! p)) ns, map (Ap. as ! p) ns))

definition eg-nodes :: dfa = nat = nat = nat = bool where
eq-nodes = (AM v p q. = (In. dist-nodes M n v p q))

lemma mk-eqcl-fixpt-fst-bound:
assumes dfa-is-node M i
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shows fst (mk-eqcl (replicate (length (fst M)) None) [] 0 (fizpt M (init-tr M)))
14 < length (snd (mk-eqcl (replicate (length (fst M)) None) [| 0 (fizpt M (init-tr
)

(is fst ?M ! i < length (snd ?M))
proof —

{ fix z k assume H: z € set (replicate (length (fst M)) (None:nat option)) x =
Some k

hence k < length [| by (cases length (fst M) = 0) simp+

} moreover

from assms have fst ?M | i € set (fst ?M) by (simp add: dfa-is-node-def
mk-eqcl-len-fst)

ultimately show ?thesis by (rule mk-eqcl-bound)
qed

lemma mk-eqcl-fixpt-fst-nth:

assumes wf-dfa M v

and dfa-is-node M p and dfa-is-node M q

shows (fst (mk-eqcl (replicate (length (fst M)) None) [] 0 (fizpt M (init-tr M)))
!'p = fst (mk-eqcl (replicate (length (fst M)) None) [] 0 (fizpt M (init-tr M))) ! q)

= eq-nodes M v p q

(is (fst M ! p = fst ?M | q) = eg-nodes M v p q)
proof —

have WF: wf-tr M (fizpt M (init-tr M)) by (simp only: fizpt-wf init-tr-wf)

have (fst ?M | p = fst M ! q) = (= tr-lookup (fizpt M (init-tr M)) p q) proof
{ fix i j k assume H: i < length (replicate (length (fst M)) None) j < length
(replicate (length (fst M)) None) replicate (length (fst M)) None ! i = Some k
hence (replicate (length (fst M)) None ! j = Some k) = (= tr-lookup (fixpt
M (init-tr M)) (¢ + 0) (j + 0)) by simp
}
moreover
have Aa b c. [a < length (fizpt M (init-tr M)); b < length (fizpt M (init-tr
M)); ¢ < length (fixzpt M (init-tr M)); — tr-lookup (fizpt M (init-tr M)) a b; —
tr-lookup (fixzpt M (init-tr M)) b ]
= = tr-lookup (fixzpt M (init-tr M)) a ¢ proof —
fix a b c assume H": a < length (fizpt M (init-tr M)) b < length (fixzpt M
(init-tr M)) ¢ < length (fizpt M (init-tr M)) — tr-lookup (fizpt M (init-tr M)) a b
= tr-lookup (fixzpt M (init-tr M)) b ¢
{ fix ¢ assume H': ¢ < length (fixzpt M (init-tr M))
from assms have length (fst M) > 0 by (simp add: wf-dfa-def)
then obtain m where M: length (fst M) = Suc m by (cases length (fst
M)) simp+
hence M": m = length (fst M) — 1 by simp
with H” WF have q < m by (simp add: wf-tr-def)
with M have ¢ < length (fst M) by simp
}
with H’ have D: dfa-is-node M a dfa-is-node M b dfa-is-node M ¢ by (auto
sitmp: dfa-is-node-def)
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with H'(4,5) assms(1) have = (I n. dist-nodes M n v a b) = (I n. dist-nodes
Mnvb c) by (simp add: fizpt-dist-nodes[symmetric])—+
hence — (I n. dist-nodes M n v a ¢) by (auto simp: dist-nodes-def)
with H' assms D show — tr-lookup (fixzpt M (init-tr M)) a ¢ by (simp add:
fizpt-dist-nodes[symmetric])
qed
moreover have Az k. [z € set (replicate (length (fst M)) None); z = Some
k] = k < length || proof —
fix z k assume z € set (replicate (length (fst M)) (None::nat option)) x =
Some k
thus k& < length [] by (cases length (fst M) = 0) simp+
qed
moreover from WF assms have length (replicate (length (fst M)) None) + 0
= length (fizpt M (init-tr M)) + 1 by (simp add: wf-tr-def wf-dfa-def)
moreover from assms have p < length (replicate (length (fst M)) None) g <
length (replicate (length (fst M)) None) by (simp add: dfa-is-node-def)+
ultimately have (fst /M ! p = fst ?M | q) = (= tr-lookup (fizpt M (init-tr
M)) (p+0) (¢+0)) by (rule mk-eqcl-fst-nth)
thus ?thesis by simp
qed
also from assms have ... = eg-nodes M v p q by (simp only: fixpt-dist-nodes
eq-nodes-def)
finally show ?thesis by simp
qed

lemma mk-eqcl-fixpt-fst-snd-nth:
assumes i < length (snd (mk-eqcl (replicate (length (fst M)) None) [] 0 (fizpt M
(init-tr M))))
and wf-dfa M v
shows snd (mk-eqcl (replicate (length (fst M)) None) [] 0 (fizpt M (init-tr M)))
L'i < length (fst (mk-eqcl (replicate (length (fst M)) None) [| 0 (fizpt M (init-tr
M) A
fst (mk-eqcl (replicate (length (fst M)) None) [| 0 (fixzpt M (init-tr M))) ! (snd
(mk-eqcl (replicate (length (fst M)) None) [| 0 (fixzpt M (indt-tr M))) ! i) = i
(is snd ?M ! i < length (fst ?M) A fst M ! (snd ?M | i) = 1)
proof —
have Ai. i < length [| = [] ! © < length (replicate (length (fst M)) None) + 0
A (0 <[] ! % — replicate (length (fst M)) None! ([] ! ¢ — 0) = Some i) by simp
moreover have Ajl j2. [j1 < j2; j2 < length [|[] = [] ! j1 < [] ! j2 by simp
moreover have Az. z € set [| = 2z < 0 by simp
moreover note assms(1)
moreover have length (replicate (length (fst M)) None) + 0 < length (fizpt M
(init-tr M)) + 1 proof —
have WF: wf-tr M (fizpt M (init-tr M)) by (simp only: init-tr-wf fixpt-wf)
from assms have length (fst M) > 0 by (simp add: wf-dfa-def)
then obtain m where M:length (fst M) = Suc m by (cases length (fst M))
stmp+
hence M": m = length (fst M) — 1 by simp
with WF have length (fizpt M (init-tr M)) = m by (simp add: wf-tr-def)
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with M show ?thesis by simp
qed
ultimately have snd ?M | i < length (fst ?M) + 0 A (0 < snd ?M | i — fst
M ! (snd ?M ! i — 0) = i) by (rule mk-eqcl-fst-snd)
thus ?thesis by simp
qed

lemma eg-nodes-dfa-trans:

assumes eq-nodes M v p q

and is-alph v bs

shows eg-nodes M v (dfa-trans M p bs) (dfa-trans M q bs)
proof (rule ccontr)

assume H: — eg-nodes M v (dfa-trans M p bs) (dfa-trans M q bs)

then obtain n w where length w = n list-all (is-alph v) w dfa-accepting M
(dfa-steps M (dfa-trans M p bs) w) # dfa-accepting M (dfa-steps M (dfa-trans M
q bs) w)

unfolding eg-nodes-def dist-nodes-def by blast

with assms have length (bs # w) = Suc n list-all (is-alph v) (bs # w) dfa-accepting
M (dfa-steps M p (bs # w)) # dfa-accepting M (dfa-steps M q (bs # w)) by simp+

hence = eg-nodes M v p q unfolding eq-nodes-def dist-nodes-def by blast

with assms show Fulse by simp
qged

lemma mk-eqcl-fixpt-trans:

assumes wf-dfa M v

and dfa-is-node M p

and is-alph v bs

shows dfa-trans (min-dfa M) (fst (mk-eqcl (replicate (length (fst M)) None) [] O
(fixpt M (init-tr M))) ! p) bs =

fst (mk-eqcl (replicate (length (fst M)) None) [| 0 (fixzpt M (init-tr M))) !

(dfa-trans M p bs)

(is dfa-trans (min-dfa M) (fst ¢M ! p) bs = fst ?M | (dfa-trans M p bs))
proof —

let g = snd ?M ! (fst ?M ! p)

from assms have I1: ?q < length (fst ?M) fst 2M | 2q = fst ?M ! p by (simp
add: mk-eqcl-fixpt-fst-bound mk-eqcl-fixpt-fst-snd-nth)+

with assms have I2: bddh (length bs) (fst M | 2q) by (simp add: mk-eqcl-len-fst
wf-dfa-def list-all-iff is-alph-def)

from I1 have I3: dfa-is-node M ?q by (simp add: mk-eqcl-len-fst dfa-is-node-def)
with assms I'l have eq-nodes M v p ?q by (simp add: mk-eqcl-fixpt-fst-nth[symmetric])

with assms have eg-nodes M v (dfa-trans M p bs) (dfa-trans M ?q bs) by (simp
add: eg-nodes-dfa-trans)

with assms I3 have fst ?M | (dfa-trans M p bs) = fst ?M ! (dfa-trans M %q bs)
by (simp add: dfa-trans-is-node mk-eqcl-fixpt-fst-nth)

with assms 12 show %thesis by (simp add: dfa-trans-def min-dfa-def split-beta

mk-eqcl-fixpt-fst-bound bdd-map-bdd-lookup)
qed

36



lemma mk-eqcl-fixpt-steps:

assumes wf-dfa M v

and dfa-is-node M p

and list-all (is-alph v) w

shows dfa-steps (min-dfa M) (fst (mk-eqcl (replicate (length (fst M)) None) [] O
(fizpt M (init-tr M))) ! p) w =

fst (mk-eqcl (replicate (length (fst M)) None) [| 0 (fixzpt M (init-tr M))) !

(dfa-steps M p w)

(is dfa-steps (min-dfa M) (fst ?M | p) w = fst ?M ! (dfa-steps M p w))
using assms by (induct w arbitrary: p) (simp add: mk-eqcl-fizpt-trans dfa-trans-is-node)+

lemma mk-eqcl-fixpt-startnode:

assumes length (fst M) > 0

shows length (snd (mk-eqcl (replicate (length (fst M)) None) [] 0 (fizpt M (init-tr
M)))) >0 A

fst (mk-eqcl (replicate (length (fst M)) None) [] 0 (fizpt M (init-tr M))) ! 0 =

0 A snd (mk-eqcl (replicate (length (fst M)) None) [| O (fixpt M (init-tr M))) ! 0
=0

(is length (snd ?M) > O A fst 2M 10 =0 A snd ?M 1 0 = 0)
proof —

from assms obtain k where K: length (fst M) = Suc k by (cases length (fst
M)) simp+

from K have length (snd ?M) = length (snd (mk-eqcl (mk-eqcl’ (replicate k
None) 0 (Suc 0) 0 (fizpt M (init-tr M))) [0] (Suc 0) (fizpt M (init-tr M)))) by
(simp add: split-beta)

also have ... > length [0::nat] by (simp only: mk-eqcl-len-snd)

finally have length (snd ?M) > 0 by auto

with K show ?thesis by (simp add: split-beta mk-eqcl-snd-nth)
qed

lemma min-dfa-wf:
wf-dfa M v = wf-dfa (min-dfa M) v
proof —
assume H: wf-dfa M v
obtain bd as where min-dfa M = (bd, as) by (cases min-dfa M) auto
hence M: bd = fst (min-dfa M) as = snd (min-dfa M) by simp+
let ?M = mk-eqcl (replicate (length (fst M)) None) [| O (fizpt M (init-tr M))

{ fix z assume z € set bd
then obtain ¢ where I: i < length bd © = bd ! i by (auto simp: in-set-conv-nth)

with M H have snd ?M | i < length (fst ?M) by (simp add: min-dfa-def
split-beta mk-eqcl-fixpt-fst-snd-nth)
hence N: dfa-is-node M (snd ?M ! i) by (simp add: mk-eqcl-len-fst dfa-is-node-def)
with H have BH: bddh v (fst M ! (snd ?M ! ) by (simp add: wf-dfa-def
list-all-iff dfa-is-node-def)

from I M have BI: bd ! i = bdd-map (N\q. fst ?M ! q) (fst M ! (snd ?M ! 7))
by (simp add: split-beta min-dfa-def)
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with BH have G1: bddh v (bd ! i) by (simp add: bddh-bdd-map)

from H N have bdd-all (dfa-is-node M) (fst M ! (snd ?M ! ©)) by (simp add:
wf-dfa-def list-all-iff dfa-is-node-def)
moreover
{ fix ¢ assume dfa-is-node M q
hence fst M | q < length (snd ?M) by (simp add: mk-eqcl-fixpt-fst-bound)
hence dfa-is-node (min-dfa M) (fst ?M ! q) by (simp add: dfa-is-node-def
min-dfa-def split-beta)

ultimately have bdd-all (dfa-is-node (min-dfa M)) (bdd-map (Ag. fst M ! q)
(fst M ! (snd ?M ! ©))) by (simp add: bdd-all-bdd-map)
with G1 BI I have bddh v © A bdd-all (dfa-is-node (min-dfa M)) = by simp
}
hence G: list-all (bddh v) bd A list-all (bdd-all (dfa-is-node (min-dfa M))) bd by
(simp add: list-all-iff)

from H have length (fst M) > 0 by (simp add: wf-dfa-def)
hence length (snd ?M) > 0 by (auto simp only: mk-eqcl-fixpt-startnode)

with G M show wf-dfa (min-dfa M) v by (simp add: wf-dfa-def min-dfa-def
split-beta)
qed

lemma min-dfa-accept:
assumes wf-dfa M v
and list-all (is-alph v) w
shows dfa-accepts (min-dfa M) w = dfa-accepts M w
proof —
let ?M = mk-eqcl (replicate (length (fst M)) None) [| O (fizpt M (init-tr M))

from assms have length (fst M) > 0 by (simp add: wf-dfa-def)
hence SN: length (snd M) > 0 A fst M 10 =0 A snd M ! 0 = 0 by (auto
stmp only: mk-eqcl-fizpt-startnode)
have D: dfa-steps (min-dfa M) 0 w = fst ?M | dfa-steps M 0 w proof —
from assms have dfa-is-node M 0 by (simp add: wf-dfa-def dfa-is-node-def)
moreover from SN have dfa-steps (min-dfa M) 0 w = dfa-steps (min-dfa M)
(fst M ! 0) w by simp
moreover note assms
ultimately show ?thesis by (simp add: mk-eqcl-fizpt-steps)
qed

from assms have WF: wf-dfa (min-dfa M) v by (simp add: min-dfa-wf)

hence dfa-is-node (min-dfa M) 0 by (simp add: dfa-startnode-is-node)

with WF assms have dfa-is-node (min-dfa M) (dfa-steps (min-dfa M) 0 w) by
(simp add: dfa-steps-is-node)

with D have DN: dfa-is-node (min-dfa M) (fst ?M | dfa-steps M 0 w) by simp
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let 2q = snd ?2M ! (fst 2M ! dfa-steps M 0 w)

from assms have N: dfa-is-node M (dfa-steps M 0 w) by (simp add: dfa-steps-is-node
dfa-startnode-is-node)
with assms have I: ?q < length (fst M) fst ?M | 2q = fst ?M | dfa-steps M 0
w by (simp add: mk-eqcl-fixpt-fst-bound mk-eqcl-fixpt-fst-snd-nth)+
hence dfa-is-node M ?q by (simp add: mk-eqcl-len-fst dfa-is-node-def)
with assms N I have EQ: eg-nodes M v (dfa-steps M 0 w) %q by (simp add:
mk-eqcl-fixpt-fst-nth[symmetric])
have A: dfa-accepting M (dfa-steps M 0 w) = dfa-accepting M ?q proof (rule
ccontr)
assume H: dfa-accepting M (dfa-steps M 0 w) # dfa-accepting M %q
hence dist-nodes M 0 v (dfa-steps M 0 w) ?q by (auto simp: dist-nodes-def)
with FQ show Fualse by (simp add: eg-nodes-def)
qed

from D have dfa-accepts (min-dfa M) w = snd (min-dfa M) ! (fst M ! dfa-steps
M 0 w) by (simp add: accepts-def dfa-accepting-def)

also from WF DN have ... = dfa-accepting M ?q by (simp add: dfa-is-node-def
wf-dfa-def min-dfa-def split-beta dfa-accepting-def)

also from A have ... = dfa-accepts M w by (simp add: accepts-def)

finally show ?thesis by simp
qed

4 NFAs

type-synonym nbddtable = bool list bdd list
type-synonym nfa = nbddtable X astate

definition
nfa-is-node :: nfa = bool list = bool where
nfa-is-node A = (Ags. length qs = length (fst A))

definition
wf-nfa :: nfa = nat = bool where
wf-nfa A n =
(list-all (bddh n) (fst A) A
list-all (bdd-all (nfa-is-node A)) (fst A) A
length (snd A) = length (fst A) A
length (fst A) > 0)

definition
set-of-bv :: bool list = nat set where
set-of-bv bs = {i. i < length bs A bs ! i}

fun

bv-or :: bool list = bool list = bool list
where
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bo-or [| | =[] |
bv-or (z # ws) (y # ys) = (z V y) # (bv-or zs ys)

lemma bv-or-nth:
assumes length | = length
assumes i < length [
shows bv-orlrli=(l1iVrli
using assms proof (induct | r arbitrary: © rule: bv-or.induct)
case (2 zx xss yy yss i)
have i = 0 V i > 0 by auto
thus ?case proof (elim disjE)
assume i > 0
then obtain j where J: ii = Suc j by (induct i) simp+
with 2 show ?thesis by simp
qed simp
qed simp+

lemma bv-or-length:
assumes length | = length r
shows length (bv-or | r) = length |
using assms by (induct | r rule: bv-or.induct) simp+

lemma bv-or-set-of-bu:
assumes nfa-is-node A p and nfa-is-node A q
shows set-of-bv (bv-or p q) = set-of-bv p U set-of-bv ¢
using assms by (auto simp: nfa-is-node-def set-of-bv-def bv-or-length bv-or-nth)

lemma bv-or-is-node: [nfa-is-node A p; nfa-is-node A q] = nfa-is-node A (bv-or

pq)
by (simp add: bv-or-length nfa-is-node-def)

fun subsetbdd
where
subsetbdd [] [| bdd = bdd
| subsetbdd (bdd’ # bdds) (b # bs) bdd =
(if b then subsetbdd bdds bs (bdd-binop bu-or bdd bdd’) else subsetbdd bdds bs
bdd)

definition
nfa-emptybdd :: nat = bool list bdd where
nfa-emptybdd n = Leaf (replicate n False)

lemma bdd-all-is-node-subsetbdd:
assumes list-all (bdd-all (nfa-is-node A)) (fst A)
and nfa-is-node A q
shows bdd-all (nfa-is-node A) (subsetbdd (fst A) q (nfa-emptybdd (length q)))
proof —
{ fix bdds :: bool list bdd list and ¢ :: bool list and bd :: bool list bdd and n
assume list-all (bdd-all (M. length | = n)) bdds and bdd-all (\l. length | = n)
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bd and length bdds = length q

hence bdd-all (A\l. length | = n) (subsetbdd bdds q bd) by (induct bdds g bd rule:
subsetbdd.induct) (simp add: bdd-all-bdd-binop[of . length | =n - M. length | =
n] bu-or-length)+

with assms show ?thesis by (simp add: nfa-is-node-def nfa-emptybdd-def)
qed

lemma bddh-subsetbdd:

assumes list-all (bddh 1) (fst A)

and bddh | bdd’

and nfa-is-node A q

shows bddh | (subsetbdd (fst A) q bdd’)
using assms unfolding nfa-is-node-def by (induct (fst A) q bdd’ rule: subsetbdd.induct)
(simp add: bddh-binop)+

lemma bdd-lookup-subsetbdd’:
assumes length bdds = length q
and VY € set bdds. bddh (length ws) x
and bddh (length ws) obdd
and A\bs w. [bs € set bdds; length w = length ws] = length (bdd-lookup bs w)
=c
and Aw. length w = length ws = length (bdd-lookup obdd w) = ¢
and a < ¢
shows bdd-lookup (subsetbdd bdds q obdd) ws ! a = ((3i < length q. ¢ ! i A
bdd-lookup (bdds ! i) ws ! a) V bdd-lookup obdd ws ! a)
using assms proof (induct bdds q obdd rule: subsetbdd.induct)
case (2 bdd’ bdds z xs bdd)
show ?case proof (cases x)
case True
with 2 have H: bdd-lookup (subsetbdd bdds xs (bdd-binop bu-or bdd bdd’)) ws !
a =
((Fi<length xzs. xs ! i A bdd-lookup (bdds ! i) ws ! a) V bdd-lookup (bdd-binop
bu-or bdd bdd’) ws ! a) by (simp add: bddh-binop bdd-lookup-binop bu-or-length)
from 2 have ((3¢ < length xs. zs ! ¢ A bdd-lookup (bdds ! i) ws ! a) V bdd-lookup
(bdd-binop buv-or bdd bdd’) ws ! a) =
((3i < length xs. xs ! i A bdd-lookup (bdds ! i) ws ! a) V (bdd-lookup bdd’ ws)
Va V (bdd-lookup bdd ws) ! a) by (auto simp: bdd-lookup-binop bv-or-nth)
also have ... = ((3¢ < Suc (length zs). (True # xs) ! i A bdd-lookup ((bdd’ #
bdds) ! ©) ws ! a) V bdd-lookup bdd ws ! a)
(is (3. ?P49) vV ?2Q vV ?R) = ((3i. 2S4) V ?R)) proof
assume (Ji. 7P i) V 2Q V ?R thus (3i. 254) V 7R by (elim disjE) auto
next
assume (Ji. S 7) V ?R thus (3i. P i) V ?Q V ?R proof (elim disjE)
assume 3. 251
then obtain ¢ where I: 257 ..
{ assume ¢ = 0 with I have ?Q by simp }
{ assume i # 0 then obtain j where ¢ = Suc j by (cases i) simp+ with
I have 3j. ?P j by auto }
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with «i=0 = 2@ show ?thesis by (cases i=0) simp+
qed simp
qed
finally have ((Fi<length zs. zs ! i A bdd-lookup (bdds ! i) ws ! a) V bdd-lookup
(bdd-binop bv-or bdd bdd’) ws ! a) =
((Fi<Suc (length xs). (True # zs) ! i A bdd-lookup ((bdd’ # bdds) ! i) ws !
a) V bdd-lookup bdd ws ! a) by simp
with True H show ?thesis by simp
next
case False
with 2 have H: bdd-lookup (subsetbdd bdds xs bdd) ws ! a = ((3¢ < length xs.
xs ! i A bdd-lookup (bdds ! i) ws ! a) V bdd-lookup bdd ws ! a) by simp
have ((Fi<length zs. xs ! i A bdd-lookup (bdds ! i) ws ! a) V bdd-lookup bdd ws
la) =
((Fi<Suc (length xzs). (False # xs) ! i A bdd-lookup ((bdd’ # bdds) ! i) ws !
a) V bdd-lookup bdd ws ! a)
(is ((Fi. 2S4) v ?R) = ((3i. ?P i) V ?R)) proof
assume (3. S 4) V ?R thus (3i. 7P i) V ?R by (elim disjE) auto
next
assume (Ji. 7P i) V ?R thus (3i. 25 4) V ?R proof (elim disjE)
assume 3. 7P ¢
then obtain 7 where 7P i ..
then obtain j where ¢ = Suc j by (cases ©) simp+
with <?P i) show ?thesis by auto
qed simp
qged
with False H show ?thesis by simp
qed
qed simp+

lemma bdd-lookup-subsetbdd:
assumes wf-nfa N (length ws)
and nfa-is-node N q
and a < length (fst N)
shows bdd-lookup (subsetbdd (fst N) q (nfa-emptybdd (length q))) ws! a = (Fi<
length q. q ! i A bdd-lookup (fst N ! i) ws! a)
proof —
{
fix w :: bool list
assume H: length w = length ws
from assms have V bd € set (fst N). bdd-all (nfa-is-node N) bd by (simp add:
wf-nfa-def list-all-iff ) moreover
from assms have Vbd € set (fst N). bddh (length ws) bd by (simp add:
wf-nfa-def list-all-iff ) moreover
note H
ultimately have V bd € set (fst N). nfa-is-node N (bdd-lookup bd w) by (simp
add: bdd-all-bdd-lookup)
}

with assms have bdd-lookup (subsetbdd (fst N) q (nfa-emptybdd (length q)))
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ws ! a = ((3i < length q. ¢! i N bdd-lookup (fst N ! i) ws ! a) V bdd-lookup
(nfa-emptybdd (length q)) ws ! a)
by (simp add: bdd-lookup-subsetbdd’ nfa-is-node-def wf-nfa-def list-all-iff nfa-emptybdd-def)
with assms show ?thesis by (auto simp: nfa-emptybdd-def nfa-is-node-def)
qed

definition

nfa-trans :: nfa = bool list = bool list = bool list where

nfa-trans A qs bs = bdd-lookup (subsetbdd (fst A) qs (nfa-emptybdd (length gs)))
bs

fun nfa-accepting’ :: bool list = bool list = bool where
nfa-accepting’ || bs = False

| nfa-accepting’ as [| = False

| nfa-accepting’ (a # as) (b # bs) = (a A b V nfa-accepting’ as bs)

definition nfa-accepting :: nfa = bool list = bool where
nfa-accepting A = nfa-accepting’ (snd A)

lemma nfa-accepting’-set-of-bv: nfa-accepting’ 1 r = (set-of-bv | N set-of-bv r #
{1
proof —
have nfa-accepting-help: N\as q. nfa-accepting’ as ¢ = (Fi. i < length as N i <
length ¢ A as ! i A q! i)
proof —
fix as q
show nfa-accepting’ as ¢ = (3¢ < length as. i < length g A as! i A q! i)
proof (induct as q rule: nfa-accepting’.induct)
case (3 a as q ¢s)
thus ?case proof (cases aNq)
case Fulse
with 3 have nfa-accepting’ as gs = (3¢ < length as. i < length gs A as! i
A gs! i) (is ¢T = -) by simp

also have ... = (3j < length as. j < length gs A (a#as) ! Suc j A (q#4qs)
! Suc j) by simp

also have ... = (3] < length (aftas). j < length (q#qs) A (a#as) ! j A
(g#qs) ! j) (is (35. 2P §) = (3]. 7Q )

proof

assume 3j. 7P j
then obtain j where 7P j ..
hence ?7Q) (Suc j) by simp
thus 3j. ?Q j by (rule exl)
next
assume 3j. 7Q j
then obtain j where J: Q) j ..
with False obtain ¢ where j = Suc i by (cases j) simp+
with J have ?P { by simp
thus 3. ?P { by (rule exl)
qged
also from Fualse have ... = ((aAg A ?2Q 0) V (= (aAg) A (4. ?2Q j))) by
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auto
also have ... = ((a A ¢ A (34. 2Q j)) V (=(ang) A (3j. ?Q 7)) by auto
also have ... = (35. ?Q j) by auto
finally have ?T = (3j. ?2Q j) .
with False show ?thesis by auto
qed (auto simp: 3)
qed simp+
qed
hence nfa-accepting’ I r = (4. i < length I A i < length r A1 i A r! i) by
simp

also have ... = (3i. i € set-of-bv I A i € set-of-bv r) by (auto simp: set-of-bu-def)
also have ... = (set-of-bv | N set-of-bv r # {}) by auto
finally show ?thesis .

qed

lemma nfa-accepting-set-of-bv: nfa-accepting A q = (set-of-bv (snd A) N set-of-bv

a#1{})
by (simp add: nfa-accepting’-set-of-bv nfa-accepting-def)

definition
nfa-startnode :: nfa = bool list where
nfa-startnode A = (replicate (length (fst A)) False)[0:=True]

locale aut-nfa =
fixes A n
assumes well-formed: wf-nfa A n

sublocale aut-nfa < Automaton nfa-trans A nfa-is-node A is-alph n
proof
fix q a
assume @Q: nfa-is-node A q and A: is-alph n a
with well-formed have bdd-all (nfa-is-node A) (subsetbdd (fst A) q (nfa-emptybdd
(length q)))
by (simp add: wf-nfa-def bdd-all-is-node-subsetbdd)
moreover from well-formed @ have bddh n (subsetbdd (fst A) q (nfa-emptybdd
(tength q))
by (simp add: wf-nfa-def nfa-emptybdd-def bddh-subsetbdd)
with A have bddh (length a) (subsetbdd (fst A) q (nfa-emptybdd (length q))) by
(simp add: is-alph-def)
ultimately have nfa-is-node A (bdd-lookup (subsetbdd (fst A) q (nfa-emptybdd
(tength ))) a)
by (simp add: bdd-all-bdd-lookup)
then show nfa-is-node A (nfa-trans A q a) by (simp add: nfa-trans-def)
qed

context aut-nfa begin

lemmas trans-is-node = trans-is-node
lemmas steps-is-node = steps-is-node
lemmas reach-is-node = reach-is-node
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end

lemmas nfa-trans-is-node = aut-nfa.trans-is-node [OF aut-nfa.intro)
lemmas nfa-steps-is-node = aut-nfa.steps-is-node [OF aut-nfa.intro)
lemmas nfa-reach-is-node = aut-nfa.reach-is-node [OF aut-nfa.intro]

abbreviation nfa-steps A = foldl (nfa-trans A)

abbreviation nfa-accepts A = accepts (nfa-trans A) (nfa-accepting A) (nfa-startnode
A)

abbreviation nfa-reach A = reach (nfa-trans A)

lemma nfa-startnode-is-node: wf-nfa A n = nfa-is-node A (nfa-startnode A)
by (simp add: nfa-is-node-def wf-nfa-def nfa-startnode-def)

5 Automata Constructions

5.1 Negation

definition
negate-dfa :: dfa = dfa where
negate-dfa = (A(t,a). (t, map Not a))

lemma negate-wf-dfa: wf-dfa (negate-dfa A) | = wf-dfa Al
by (simp add: negate-dfa-def wf-dfa-def dfa-is-node-def split-beta)

lemma negate-negate-dfa: negate-dfa (negate-dfa A) = A
proof (induct A)

case (Pair t a) thus fcase by (induct a) (simp add: negate-dfa-def )+
qed

lemma dfa-accepts-negate:
assumes wf-dfa A n
and list-all (is-alph n) bss
shows dfa-accepts (negate-dfa A) bss = (= dfa-accepts A bss)
proof —
have dfa-steps (negate-dfa A) 0 bss = dfa-steps A 0 bss
by (simp add: negate-dfa-def dfa-trans-def [abs-def] split-beta)
moreover from assms have dfa-is-node A (dfa-steps A 0 bss)
by (simp add: dfa-steps-is-node dfa-startnode-is-node)
ultimately show ¢thesis using assms
by (simp add: accepts-def dfa-accepting-def wf-dfa-def dfa-is-node-def negate-dfa-def
split-beta)
qed

5.2 Product Automaton

definition
prod-succs :: dfa = dfa = nat x nat = (nat X nat) list where
prod-succs A B = (A(i, j). add-leaves (bdd-binop Pair (fst A %) (fst B! j)) [])
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definition
prod-is-node A B = (\(4, j). dfa-is-node A i A dfa-is-node B j)

definition
prod-invariant :: dfa = dfa = nat option list list x (nat X nat) list = bool
where
prod-invariant A B = (A(tab, ps).
length tab = length (fst A) A (Vtab'eset tab. length tab’ = length (fst B)))

definition
prod-ins = (A\(4, j). A(tab, ps).
(tabli == (tab ! i)[j := Some (length ps)]],
ps @ [(7, j)]))

definition

prod-memb :: nat x nat = nat option list list x (nat x nat) list = bool where
prod-memb = (\(%, j). A(tab, ps). tab ! ¢! j # None)

definition
prod-empt :: dfa = dfa = nat option list list X (nat X nat) list where
prod-empt A B = (replicate (length (fst A)) (replicate (length (fst B)) None), [])

definition

prod-dfs :: dfa = dfa = nat x nat = nat option list list x (nat x nat) list
where

prod-dfs A B x = gen-dfs (prod-succs A B) prod-ins prod-memb (prod-empt A B)

[]

definition
binop-dfa :: (bool = bool = bool) = dfa = dfa = dfa where
binop-dfa f A B =
(let (tab, ps) = prod-dfs A B (0, 0)
in
(map (A(Z, 7). bdd-binop (Ak l. the (tab ! k1)) (fst A1) (fst B!3j)) ps,
map (A(4, j). f (snd A 4) (snd B! j)) ps))

locale prod-DFS =
fixes A B n
assumes well-formedl: wf-dfa A n
and well-formed2: wf-dfa B n

sublocale prod-DFS < DFS prod-succs A B prod-is-node A B prod-invariant A B
prod-ins prod-memb prod-empt A B
apply unfold-locales
apply (simp add: prod-memb-def prod-ins-def prod-invariant-def
prod-is-node-def split-paired-all dfa-is-node-def)
apply (case-tac a = aa)
apply (case-tac b = ba)
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apply auto[3]

apply (simp add: prod-memb-def prod-empt-def prod-is-node-def split-paired-all
dfa-is-node-def)

apply (insert well-formedl well-formed2)][]

apply (simp add: prod-is-node-def prod-succs-def split-paired-all dfa-is-node-def
wf-dfa-def)

apply (drule conjunctl [OF conjunct2])+

apply (simp add: list-all-iff)

apply (rule balll)

apply (simp add: split-paired-all)

apply (drule subsetD [OF add-leaves-binop-subset [where zs=|[| and ys=[], sim-
plified])

apply clarify

apply (drule-tac z=fst A ! a in bspec)

apply simp

apply (drule-tac z=fst B! b in bspec)

apply simp

apply (simp add: add-leaves-bdd-all-eq’ list-all-iff)

apply (simp add: prod-invariant-def prod-empt-def set-replicate-conv-if)

apply (simp add: prod-is-node-def prod-invariant-def

prod-memb-def prod-ins-def split-paired-all dfa-is-node-def)

apply (rule balll)

apply (drule subsetD [OF set-update-subset-insert))

apply auto

apply (simp add: prod-is-node-def dfa-is-node-def)

done

context prod-DFS
begin

lemma prod-dfs-eq-rtrancl: prod-is-node A B x = prod-is-node A B y =
prod-memb y (prod-dfs A B z) = ((z, y) € (succsr (prod-succs A B))*)
by (unfold prod-dfs-def) (rule dfs-eq-rtrancl)

lemma prod-dfs-bij:
assumes z: prod-is-node A B x
shows (fst (prod-dfs A B z)!i!j = Somek A dfa-is-node A i A dfa-is-node B
Jj) =
(k < length (snd (prod-dfs A B z)) A (snd (prod-dfs A B z) ! k = (i, 7)))
proof —
from z have list-all (prod-is-node A B) [z] by simp
with empt-invariant
have (fst (dfs (prod-empt A B) [z]) ! i!j = Some k A dfa-is-node A i A dfa-is-node
Bj) =
(k < length (snd (dfs (prod-empt A B) [z])) A (snd (dfs (prod-empt A B) [z]) !
k= (i, 5)))
proof (induct rule: dfs-invariant)
case base
show ?case
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by (auto simp add: prod-empt-def dfa-is-node-def)
next
case (step S y)
obtain y1 y2 where y: y = (y1, y2) by (cases y)
show ?Zcase
proof (cases yl = 1)
case True
show ?thesis
proof (cases y2 = j)
case True
with step y «y1 = 7> show ?thesis
by (auto simp add: prod-ins-def prod-memb-def split-beta nth-append
prod-invariant-def prod-is-node-def dfa-is-node-def)
next
case Fulse
with step y «y1 = 7> show ?thesis
by (auto simp add: prod-ins-def prod-memb-def split-beta nth-append
prod-invariant-def prod-is-node-def dfa-is-node-def)
qed
next
case Fulse
with step y show ?thesis
by (auto simp add: prod-ins-def prod-memb-def split-beta nth-append)
qed
qed
then show ?thesis by (simp add: prod-dfs-def)
qged

lemma prod-dfs-mono:

assumes z: prod-invariant A B z

and xs: list-all (prod-is-node A B) xs

and H: fstz!i!j= Somek

shows fst (gen-dfs (prod-succs A B) prod-ins prod-memb z xs) ! i ! j = Some k

using z xs

apply (rule dfs-invariant)

apply (rule H)

apply (simp add: prod-ins-def prod-memb-def split-paired-all prod-is-node-def
prod-invariant-def)

apply (case-tac aa = 1)

apply (case-tac ba = j)

apply (simp add: dfa-is-node-def )+

done

lemma prod-dfs-start:
[dfa-is-node A i; dfa-is-node B j| = fst (prod-dfs A B (i, j)) ! i ! j = Some 0
apply (simp add: prod-dfs-def empt prod-is-node-def gen-dfs-simps)
apply (rule prod-dfs-mono)
apply (rule ins-invariant)
apply (simp add: prod-is-node-def dfa-is-node-def)
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apply (rule empt-invariant)

apply (rule empt)

apply (simp add: prod-is-node-def)

apply (rule succs-is-node)

apply (simp add: prod-is-node-def)

apply (simp add: prod-ins-def prod-empt-def dfa-is-node-def)
done

lemma prod-dfs-inj:
assumes z: prod-is-node A B z and il: dfa-is-node A i1 and i2: dfa-is-node B
2
and j1: dfa-is-node A jl1 and j2: dfa-is-node B j2
and i: fst (prod-dfs A B z) ! i1 ! i2 = Some k
and j: fst (prod-dfs A B x) ! j1! j2 = Some k
shows (i1, i2) = (41, j2)
proof —
from z il i2 ¢
have k < length (snd (prod-dfs A B z)) A snd (prod-dfs A B x) | k = (i1, 2)
by (simp add: prod-dfs-bij [symmetric])
moreover from z jl j2 j
have k < length (snd (prod-dfs A B z)) A snd (prod-dfs A B x) ! k = (41, j2)
by (simp add: prod-dfs-bij [symmetric])
ultimately show ?thesis by simp
qed

lemma prod-dfs-statetrans:
assumes bs: length bs = n
and i: dfa-is-node A i and j: dfa-is-node B j
and sl: dfa-is-node A sl and s2: dfa-is-node B s2
and k: fst (prod-dfs A B (s1, s2)) ! i ! j = Some k
obtains k'
where fst (prod-dfs A B (sl, s2)) !
dfa-trans A ¢ bs ! dfa-trans B j bs = Some k'
and dfa-is-node A (dfa-trans A i bs)
and dfa-is-node B (dfa-trans B j bs)
and k' < length (snd (prod-dfs A B (s1, s2)))
proof —
from ¢ well-formedl bs have h-trl: bddh (length bs) (fst A i) by (simp add:
wf-dfa-def dfa-is-node-def list-all-iff)
from j well-formed2 bs have h-tr2: bddh (length bs) (fst B! j) by (simp add:
wf-dfa-def dfa-is-node-def list-all-iff)
from ¢ j k have prod-memb (i, j) (prod-dfs A B (sl, s2))
by (simp add: prod-memb-def split-beta)
then have ((sl, s2), (¢, j)) € (sucesr (prod-succs A B))*
using i j sl s2
by (simp add: prod-dfs-eq-rtrancl prod-is-node-def)
moreover from h-trl h-tr2 have (bdd-lookup (fst A ! i) bs, bdd-lookup (fst B!
J) bs) =
bdd-lookup (bdd-binop Pair (fst A1) (fst B! 7)) bs
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by (simp add: bdd-lookup-binop)
with i j h-trl h-tr2
have ((7, 7), (bdd-lookup (fst A ©) bs, bdd-lookup (fst B! j) bs)) €
sucesr (prod-succs A B)
by (auto simp add: succsr-def prod-succs-def
add-leaves-bdd-lookup [of length bs] bddh-binop is-alph-def)
ultimately have ((s1, s2), (bdd-lookup (fst A i) bs, bdd-lookup (fst B! j) bs))
S
(succsr (prod-succs A B))* ..
moreover from well-formedl well-formed2 bs i j
have prod-is-node A B (bdd-lookup (fst A ! i) bs, bdd-lookup (fst B! j) bs)
by (auto simp: prod-is-node-def bdd-all-bdd-lookup is-alph-def dfa-trans-is-node
dfa-trans-def [symmetric])
moreover from 7 well-formedl bs
have s-trl: dfa-is-node A (dfa-trans A i bs)
by (simp add: is-alph-def dfa-trans-is-node)
moreover from j well-formed2 bs
have s-tr2: dfa-is-node B (dfa-trans B j bs)
by (simp add: is-alph-def dfa-trans-is-node)
ultimately have 3k’. fst (prod-dfs A B (sl, s2)) !
dfa-trans A i bs | dfa-trans B j bs = Some k'
using sl s2
by (simp add: prod-dfs-eq-rtrancl [symmetric] prod-memb-def split-beta prod-is-node-def
dfa-trans-def)
then obtain k' where k'’ fst (prod-dfs A B (s1, s2)) !
dfa-trans A i bs | dfa-trans B j bs = Some k' ..
from k' s-trl s-tr2 sl s2
have k' < length (snd (prod-dfs A B (s1, s2))) A
snd (prod-dfs A B (s1, s2)) ! k' = (dfa-trans A i bs, dfa-trans B j bs)
by (simp add: prod-dfs-bij [symmetric] prod-is-node-def)
then have k' < length (snd (prod-dfs A B (sl, s2))) by simp
with k’ s-trl s-tr2 show ?Zthesis ..
qed

lemma binop-wf-dfa: wf-dfa (binop-dfa f A B) n
proof —

let ?dfa = binop-dfa f A B

from well-formedl well-formed2 have is-node-sl1-s2: prod-is-node A B (0, 0) by
(simp add: prod-is-node-def wf-dfa-def dfa-is-node-def)

let ?tr = map (A(4,5). bdd-binop (Ak I. the (fst (prod-dfs A B (0,0)) 1 k1)) (fst
AlQ) (fst B!j)) (snd (prod-dfs A B (0,0)))

fix ij

assume ij: (i, j) € set (snd (prod-dfs A B (0, 0)))

then obtain k where k: k < length (snd (prod-dfs A B (0, 0)))
snd (prod-dfs A B (0, 0)) ! k = (4, j)
by (auto simp add: in-set-conv-nth)

from conjl [OF k] obtain ij-k: fst (prod-dfs A B (0,0)) ! i ! j = Some k
and i: dfa-is-node A i and j: dfa-is-node B j
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by (simp add: prod-dfs-bij [OF is-node-s1-s2, symmetric])
from well-formedl ¢ have bddh-trl: bddh n (fst A i)
and less-trl: bdd-all (dfa-is-node A) (fst A i) by (simp add: wf-dfa-def
list-all-iff dfa-is-node-def )+
from well-formed2 j have bddh-tr2: bddh n (fst B! j)
and less-tr2: bdd-all (dfa-is-node B) (fst B ! j) by (simp add: wf-dfa-def
list-all-iff dfa-is-node-def)+
from bddh-trl bddh-tr2 have 1: bddh n (bdd-binop (Ak l. the (fst (prod-dfs A B
(0,0)VED) (fst AV 4) (fst B!j))
by (simp add: bddh-binop)
have V bs. length bs = n — the (fst (prod-dfs A B (0, 0)) ! dfa-trans A i bs !
dfa-trans B j bs)
< length (snd (prod-dfs A B (0, 0)))
proof (intro strip)
fix bs
assume bs: length (bs::bool list) = n
moreover note i j
moreover from well-formedl well-formed2 have dfa-is-node A 0 and
dfa-is-node B 0
by (simp add: dfa-is-node-def wf-dfa-def )+
moreover note ij-k
ultimately obtain m where fst (prod-dfs A B (0, 0)) ! dfa-trans A i bs !
dfa-trans B j bs = Some m
and m < length (snd (prod-dfs A B (0, 0))) by (rule prod-dfs-statetrans)
then show the (fst (prod-dfs A B (0,0)) ! dfa-trans A i bs ! dfa-trans B j bs)
< length (snd (prod-dfs A B (0,0))) by simp
qed
with bddh-trl bddh-tr2 have 2: bdd-all (Aq. q < length (snd (prod-dfs A B (0,
0)))) (bdd-binop (Nk . the (fst (prod-dfs A B (0,0)) ! k1 1)) (fst A1) (fst B!}j))
by (simp add: bddh-binop bdd-lookup-binop bdd-all-bdd-lookup-iff[of n - A\z. x
< length (snd (prod-dfs A B (0,0)))] dfa-trans-def)
note this 1
}
hence 1: list-all (bddh n) ?tr and 2: list-all (bdd-all (Aq. q < length ?tr)) ?tr
by (auto simp: split-paired-all list-all-iff)
from well-formedl well-formed2 have 3: fst (prod-dfs A B (0,0))!0!0 = Some
0 by (simp add: wf-dfa-def dfa-is-node-def prod-dfs-start)
from is-node-s1-s2 have (fst (prod-dfs A B (0,0)) ' 0! 0 = Some 0 A dfa-is-node
A 0 A dfa-is-node B 0) =
(0 < length (snd (prod-dfs A B (0,0))) A snd (prod-dfs A B (0,0)) ! 0 = (0,0))
by (rule prod-dfs-bij)
with 3 well-formedl well-formed2 have 0 < length (snd (prod-dfs A B (0,0)))
by (simp add: wf-dfa-def dfa-is-node-def)
with 1 2 3 show wf-dfa (binop-dfa f A B) n by (simp add: binop-dfa-def wf-dfa-def
split-beta dfa-is-node-def)
qed

theorem binop-dfa-reachable:
assumes bss: list-all (is-alph n) bss
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shows (Im. dfa-reach (binop-dfa f A B) 0 bss m A
fst (prod-dfs A B (0, 0)) ! s1 ! s = Some m A
dfa-is-node A s1 A dfa-is-node B s3) =
(dfa-reach A 0 bss s1 A dfa-reach B 0 bss s2)
proof —
let 2tr = map (A(4, j).
bdd-binop (Ak I. the (fst (prod-dfs A B (0,0)) k1 1)) (fst A 4) (fst B! j))
(snd (prod-dfs A B (0,0)))
have T: ?tr = fst (binop-dfa f A B) by (simp add: binop-dfa-def split-beta)
from well-formedl well-formed2 have is-node-s1-s2: prod-is-node A B (0, 0) by
(simp add: prod-is-node-def wf-dfa-def dfa-is-node-def)
from well-formedl well-formed2 have sl: dfa-is-node A 0 and s2: dfa-is-node B
0 by (simp add: dfa-is-node-def wf-dfa-def)+
from sl s2 have start: fst (prod-dfs A B (0,0)) 10! 0 = Some 0
by (rule prod-dfs-start)
show (Im. dfa-reach (binop-dfa f A B) 0 bss m A
fst (prod-dfs A B (0, 0)) ! sy ! s = Some m A
dfa-is-node A s1 A dfa-is-node B s3) =
(dfa-reach A 0 bss s1 A dfa-reach B 0 bss s3)
(is (3m. 2lhsl m A 2lhs2 m A 2lhs3 A ?lhsd) = ?rhs
is ?lhs = -)
proof
assume Im. ?lhsl m A 2lhs2 m A 2lhs3 N ?lhsd
then obtain m where lhs: ?lhsl m ?lhs2 m ?lhs3 ?lhsd by auto
from [hs bss show ?rhs
proof (induct arbitrary: s; s2)
case Nil
from is-node-s1-s2
sl 82 «dfa-is-node A sy> <dfa-is-node B so)
have (0, 0) = (s1, s2)
using start <fst (prod-dfs A B (0,0)) ! s1 ! so = Some 0>
by (rule prod-dfs-inj)
moreover have dfa-reach A 0[] 0 by (rule reach-nil)
moreover have dfa-reach B 0 [| 0 by (rule reach-nil)
ultimately show ?case by simp
next
case (snoc j bss bs s1 s2)
then have length bs = n by (simp add: is-alph-def)
moreover from binop-wf-dfa have dfa-is-node (binop-dfa f A B) 0 by (simp
add: dfa-is-node-def wf-dfa-def)
with snoc binop-wf-dfa [of f] have dfa-is-node (binop-dfa f A B) j by (simp
add: dfa-reach-is-node)
then have j: j < length (snd (prod-dfs A B (0,0))) by (simp add: binop-dfa-def
dfa-is-node-def split-beta)
with prod-dfs-bij [OF is-node-s1-s2,
of fst (snd (prod-dfs A B (0,0)) ! j) snd (snd (prod-dfs A B (0,0)) ! 7)]
have j-trl: dfa-is-node A (fst (snd (prod-dfs A B (0,0)) ! j))
and j-tr2: dfa-is-node B (snd (snd (prod-dfs A B (0,0)) ! §))
and Some-j: fst (prod-dfs A B (0,0)) ! fst (snd (prod-dfs A B (0,0)) ! j) !
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snd (snd (prod-dfs A B (0,0)) ! j) = Some j
by auto
note j-trl j-tr2 sl s2 Some-j
ultimately obtain &
where k: fst (prod-dfs A B (0,0)) !
dfa-trans A (fst (snd (prod-dfs A B (0, 0)) ! 4)) bs!
dfa-trans B (snd (snd (prod-dfs A B (0, 0)) ! 7)) bs = Some k
and s-trl”: dfa-is-node A (dfa-trans A (fst (snd (prod-dfs A B (0,0)) ! j)) bs)
and s-tr2’: dfa-is-node B (dfa-trans B (snd (snd (prod-dfs A B (0,0)) ! 7))
bs)
by (rule prod-dfs-statetrans)

from well-formedl well-formed2 j-trl j-tr2 snoc
have lh: bddh (length bs) (fst A ! fst (snd (prod-dfs A B (0,0)) ! §))
and rh: bddh (length bs) (fst B! snd (snd (prod-dfs A B (0,0)) ! §))
by (auto simp: wf-dfa-def dfa-is-node-def list-all-iff is-alph-def)
from snoc(3)[unfolded dfa-trans-def binop-dfa-def Let-def split-beta fst-conv
nth-map[OF j] bdd-lookup-binop[OF lh,OF rh], folded dfa-trans-def] k
have fst (prod-dfs A B (0,0)) ! s1 ! so = Some k by simp
with is-node-s1-s2 <dfa-is-node A s1»> <dfa-is-node B sy s-trl’ s-tr2’
have (s1, s2) = (dfa-trans A (fst (snd (prod-dfs A B (0,0)) ! j)) bs, dfa-trans
B (snd (snd (prod-dfs A B (0,0)) ! j)) bs)
using &
by (rule prod-dfs-inj)
moreover from snoc Some-j j-trl j-tr2
have dfa-reach A 0 bss (fst (snd (prod-dfs A B (0,0)) ! j)) by simp
hence dfa-reach A 0 (bss @ [bs]) (dfa-trans A (fst (snd (prod-dfs A B (0,0))
1) bs)
by (rule reach-snoc)
moreover from snoc Some-j j-trl j-tr2
have dfa-reach B 0 bss (snd (snd (prod-dfs A B (0,0)) ! §)) by simp
hence dfa-reach B 0 (bss Q [bs]) (dfa-trans B (snd (snd (prod-dfs A B (0,0))
1) bs)
by (rule reach-snoc)
ultimately show dfa-reach A 0 (bss @ [bs]) s1 A dfa-reach B 0 (bss @ [bs])
So
by simp
qed
next
assume ?rhs
hence reach: dfa-reach A 0 bss sy dfa-reach B 0 bss so by simp-all
then show ?lhs using bss
proof (induct arbitrary: s3)
case Nil
with start s1 s2 show ?case
by (auto intro: reach-nil simp: reach-nil-iff)
next
case (snoc j bss bs s2)
from snoc(3)
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obtain sy’ where reach-s2”: dfa-reach B 0 bss s’ and s2": so = dfa-trans B
s9’ bs
by (auto simp: reach-snoc-iff)
from snoc(2) [OF reach-s2'] snoc(4)
obtain m where reach-m: dfa-reach (binop-dfa f A B) 0 bss m
and m: fst (prod-dfs A B (0,0)) ! j ! so’ = Some m
and j: dfa-is-node A j and s2"": dfa-is-node B sy’
by auto
from snoc have list-all (is-alph n) bss by simp
with binop-wf-dfa reach-m dfa-startnode-is-node[OF binop-wf-dfa)
have m-less: dfa-is-node (binop-dfa f A B) m
by (rule dfa-reach-is-node)
from is-node-s1-s2 m j s2''
have m” (m < length (snd (prod-dfs A B (0,0))) A
snd (prod-dfs A B (0,0)) ! m = (4, s2"))
by (simp add: prod-dfs-bij [symmetric])
with j s2" have dfa-is-node A (fst (snd (prod-dfs A B (0,0)) ! m))
dfa-is-node B (snd (snd (prod-dfs A B (0,0)) ! m))
by simp-all
with well-formedl well-formed2 snoc
have bddh: bddh (length bs) (fst A ! fst (snd (prod-dfs A B (0,0)) ! m))
bddh (length bs) (fst B! snd (snd (prod-dfs A B (0,0)) ! m))
by (simp add: wf-dfa-def is-alph-def dfa-is-node-def list-all-iff )+
from snoc have length bs = n by (simp add: is-alph-def)
then obtain k where k: fst (prod-dfs A B (0,0)) !
dfa-trans A j bs ! dfa-trans B sy’ bs = Some k
and s-trl: dfa-is-node A (dfa-trans A j bs)
and s-tr2: dfa-is-node B (dfa-trans B sy’ bs)
using j 2" s1 s2 m
by (rule prod-dfs-statetrans)
show ?case
apply (rule exI)
apply (simp add: s2”)
apply (intro conjI)
apply (rule reach-snoc)
apply (rule reach-m)
apply (cut-tac m-less)
apply (simp add: dfa-trans-def binop-dfa-def split-beta dfa-is-node-def)
apply (simp add: bddh bdd-lookup-binop split-beta)
apply (simp add: dfa-trans-def[symmetric] m' k)
apply (rule s-trl)
apply (rule s-tr2)
done
qed
qed
qed

AN AN AN AN N S N S S

lemma binop-dfa-steps:
assumes X: list-all (is-alph n) bs
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shows snd (binop-dfa f A B) ! dfa-steps (binop-dfa f A B) 0 bs = f (snd A!
dfa-steps A 0 bs) (snd B! dfa-steps B 0 bs)
(is %as3 ! dfa-steps 7A 0 bs = ?rhs)
proof —
note 2 = dfa-startnode-is-node| OF well-formed1]
note 5 = dfa-startnode-is-node[ OF well-formed2]
note B = dfa-startnode-is-node[OF binop-wf-dfa]
define tab where tab = fst (prod-dfs A B (0,0))
define ps where ps = snd (prod-dfs A B (0,0))
from tab-def ps-def have prod: prod-dfs A B (0,0) = (tab, ps) by simp
define sl where sl = dfa-steps A 0 bs
define s2 where s2 = dfa-steps B 0 bs
with sl-def have dfa-reach A 0 bs sl and dfa-reach B 0 bs s2 by (simp add:
reach-def)+
with X have Im. dfa-reach ?A 0 bs m A fst (prod-dfs A B (0, 0)) ! s1 ! s2 =
Some m A dfa-is-node A s1 A dfa-is-node B s2
by (simp add: binop-dfa-reachable)
with tab-def have Im. dfa-reach ?A 0 bs m A tab ! sl ! s2 = Some m A
dfa-is-node A s1 A dfa-is-node B s2 by simp
then obtain m where R: dfa-reach ?A 0 bs m and M: tab! sl ! s2 = Some m
and sl: dfa-is-node A sl and s2: dfa-is-node B s2 by blast
hence M. m = dfa-steps ?A 0 bs by (simp add: reach-def)
from B X R binop-wf-dfa [of f] have mL: dfa-is-node ?A m by (simp add:
dfa-reach-is-node)
from 2 5 M sl s2 have bij: m < length (snd (prod-dfs A B (0, 0))) A snd
(prod-dfs A B (0, 0)) ! m = (s1, s2) unfolding tab-def
by (simp add: prod-dfs-bij[symmetric] prod-is-node-def)
with mL have snd (binop-dfa f A B) ! m = f (snd A ! s1) (snd B! s2)
by (simp add: binop-dfa-def split-beta dfa-is-node-def)
with M’ sl-def s2-def
show snd ?A | dfa-steps ?A 0 bs = f (snd A dfa-steps A 0 bs) (snd B! dfa-steps
B0 bs)
by simp
qed

end

lemma binop-wf-dfa:
assumes A: wf-dfa A n and B: wf-dfa B n
shows wf-dfa (binop-dfa f A B) n

proof —
from A B
interpret prod-DFS A B n by unfold-locales
show ?thesis by (rule binop-wf-dfa)

qed

theorem binop-dfa-accepts:

assumes A: wf-dfa A n
and B: wf-dfa B n
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and X: list-all (is-alph n) bss

shows dfa-accepts (binop-dfa f A B) bss = f (dfa-accepts A bss) (dfa-accepts B
bss)
proof —

from A B

interpret prod-DFS A B n by unfold-locales

from X show ?thesis

by (simp add: accepts-def dfa-accepting-def binop-dfa-steps)

qed

definition
and-dfa :: dfa = dfa = dfa where
and-dfa = binop-dfa (N)

lemma and-wf-dfa:
assumes wf-dfa M n
and wf-dfa N n
shows wf-dfa (and-dfa M N) n
using assms by (simp add: and-dfa-def binop-wf-dfa)

lemma and-dfa-accepts:
assumes wf-dfa M n
and wf-dfa N n
and list-all (is-alph n) bs
shows dfa-accepts (and-dfa M N) bs = (dfa-accepts M bs A dfa-accepts N bs)
using assms by (simp add: binop-dfa-accepts and-dfa-def)

definition
or-dfa :: dfa = dfa = dfa where
or-dfa = binop-dfa (V)

lemma or-wf-dfa:
assumes wf-dfa M n and wf-dfa N n
shows wf-dfa (or-dfa M N) n
using assms by (simp add: or-dfa-def binop-wf-dfa)

lemma or-dfa-accepts:
assumes wf-dfa M n and wf-dfa N n
and list-all (is-alph n) bs
shows dfa-accepts (or-dfa M N) bs = (dfa-accepts M bs V dfa-accepts N bs)
using assms by (simp add: binop-dfa-accepts or-dfa-def)

definition
imp-dfa :: dfa = dfa = dfa where
imp-dfa = binop-dfa (—)

lemma imp-wf-dfa:

assumes wf-dfa M n and wf-dfa N n
shows wf-dfa (imp-dfa M N) n
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using assms by (simp add: binop-wf-dfa imp-dfa-def)

lemma imp-dfa-accepts:
assumes wf-dfa M n and wf-dfa N n
and list-all (is-alph n) bs
shows dfa-accepts (imp-dfa M N) bs = (dfa-accepts M bs — dfa-accepts N bs)
using assms by (auto simp add: binop-dfa-accepts imp-dfa-def)

5.3 Transforming DFAs to NFAs

definition

nfa-of-dfa :: dfa = nfa where

nfa-of-dfa = (A(bdd,as). (map (bdd-map (Aq. (replicate (length bdd) False)[q:=True]))
bdd, as))

lemma dfa2wf-nfa:
assumes wf-dfa M n
shows wf-nfa (nfa-of-dfa M) n
proof —
have Aa. dfa-is-node M a = nfa-is-node (nfa-of-dfa M) ((replicate (length (fst
M)) False)[a:=True])
by (simp add: dfa-is-node-def nfa-is-node-def nfa-of-dfa-def split-beta)
hence Abdd. bdd-all (dfa-is-node M) bdd = bdd-all (nfa-is-node (nfa-of-dfa
M)) (bdd-map (Aq. (replicate (length (fst M)) False)[q:=True]) bdd)
by (simp add: bdd-all-bdd-map)
with assms have list-all (bdd-all (nfa-is-node (nfa-of-dfa M))) (fst (nfa-of-dfa
M)) by (simp add: list-all-iff split-beta nfa-of-dfa-def wf-dfa-def)
with assms show ?thesis by (simp add: wf-nfa-def wf-dfa-def nfa-of-dfa-def
split-beta list-all-iff bddh-bdd-map)
qed

lemma replicate-upd-ing: [q < n; (replicate n False)[q:=True] = (replicate n False)[p:=True]]
= (¢ =p) (is [- ;%lhs = ?rhs] = -)
proof —
assume ¢: ¢ < n and r: ?lhs = ?rhs
{ assume p # ¢
with ¢ have ?lhs | ¢ = True by simp
moreover from «p # ¢ ¢ have ?rhs | ¢ = Fualse by simp
ultimately have ?lhs # ?rhs by auto
}
with r show ¢ = p by auto
qed

lemma nfa-of-dfa-reach”:
assumes V: wf-dfa M |
and X: list-all (is-alph 1) bss
and N: nl = (replicate (length (fst M)) False)[q:=True]
and Q: dfa-is-node M q
and R: nfa-reach (nfa-of-dfa M) nl bss n2
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shows 3 p. dfa-reach M q bss p A n2 = (replicate (length (fst M)) False)[p:=True]
proof —
from R V X N @ show ?thesis proof induct
case Nil
hence dfa-reach M q [] q by (simp add: reach-nil)
with Nil show ?case by auto
next
case (snoc j bss bs)
hence N1: nfa-is-node (nfa-of-dfa M) nl by (simp add: nfa-is-node-def nfa-of-dfa-def
split-beta)
from snoc have V2: wf-nfa (nfa-of-dfa M) 1 by (simp add: dfa2wf-nfa)
from snoc have Jp. dfa-reach M q bss p N j = (replicate (length (fst M))
False)[p := True] by simp
then obtain p where PR: dfa-reach M q bss p and J: j = (replicate (length
(fst M)) False)[p:=True] by blast
hence JL: nfa-is-node (nfa-of-dfa M) j by (simp add: nfa-is-node-def nfa-of-dfa-def
split-beta)
from snoc PR have PL: dfa-is-node M p by (simp add: dfa-reach-is-node)
with snoc JL have PL": p < length j by (simp add: nfa-is-node-def dfa-is-node-def
nfa-of-dfa-def split-beta)
define m where m = dfa-trans M p bs
with snoc PR have MR: dfa-reach M q (bss @ [bs]) m by (simp add: reach-snoc)
with snoc have mL: dfa-is-node M m by (simp add: dfa-reach-is-node)
from V2 JL snoc have nfa-is-node (nfa-of-dfa M) (nfa-trans (nfa-of-dfa M) j
bs) by (simp add: nfa-trans-is-node)
hence L: length (nfa-trans (nfa-of-dfa M) j bs) = length (fst M) by (simp add:
nfa-is-node-def nfa-of-dfa-def split-beta)

have nfa-trans (nfa-of-dfa M) j bs = (replicate (length (fst M)) False)[m :=
True] (is ?lhs = ?rhs)
proof (simp add: list-eq-iff-nth-eq L, intro strip)
fix ¢ assume H: i < length (fst M)
show nfa-trans (nfa-of-dfa M) j bs | i = (replicate (length (fst M)) False)[m
:= True] ! i (is ?lhs = ?rhs)
proof
assume lhs: ?lhs
from V2 snoc have wf-nfa (nfa-of-dfa M) (length bs) by (simp add:
is-alph-def) moreover
note JL moreover
from H have IL: i < length (fst (nfa-of-dfa M)) by (simp add: nfa-of-dfa-def
split-beta) moreover
from < ?lhs> have bdd-lookup (subsetbdd (fst (nfa-of-dfa M)) j (nfa-emptydbdd
(length 7))) bs ! i by (simp add: nfa-trans-def)
ultimately have 3z < length j. j ! © A bdd-lookup (fst (nfa-of-dfa M) ! x)
bs ! ¢ by (simp add: bdd-lookup-subsetbdd)
then obtain = where zi: © < length j and zj: j ! z and zs: bdd-lookup (fst
(nfa-of-dfa M) ! z) bs ! i by blast
with snoc J PL’ have x = p by (cases p = z) simp+
with zs PL snoc(3,4) m-def show (replicate (length (fst M)) False)[m :=
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True] ! i
by (simp add: nfa-of-dfa-def split-beta dfa-trans-def dfa-is-node-def wf-dfa-def
is-alph-def bdd-map-bdd-lookup list-all-iff)
next
assume rhs: ?rhs
with H mL have m = i by (cases m = i) (simp add: dfa-is-node-def)+
from PL snoc(3,4) m-def «<m = ©» H have bdd-lookup (fst (nfa-of-dfa M) !
p) bs i
by (simp add: nfa-of-dfa-def split-beta dfa-is-node-def wf-dfa-def is-alph-def
list-all-iff bdd-map-bdd-lookup dfa-trans-def)
with PL’ J have E: 3p < length j. j ! p A bdd-lookup( fst (nfa-of-dfa M)
p) bs! i by auto
from snoc(4) V2 have V' wf-nfa (nfa-of-dfa M) (length bs) by (simp add:
is-alph-def)
from H have H': i < length (fst (nfa-of-dfa M)) by (simp add: nfa-of-dfa-def
split-beta)
from H' V' E JL have bdd-lookup (subsetbdd (fst (nfa-of-dfa M)) j
(nfa-emptybdd (length j))) bs ! i by (simp add: bdd-lookup-subsetbdd)
thus ?lhs by (simp add: nfa-trans-def)
qed
qed
with MR show ?case by auto
qed
qed

lemma nfa-of-dfa-reach:

assumes V: wf-dfa M I

and X: list-all (is-alph 1) bss

and N1: nl = (replicate (length (fst M)) False)[q:= True]

and N2: n2 = (replicate (length (fst M)) False)[p:=True]

and Q: dfa-is-node M q

shows nfa-reach (nfa-of-dfa M) nl bss n2 = dfa-reach M q bss p
proof

assume nfa-reach (nfa-of-dfa M) nl bss n2

with assms have 3p. dfa-reach M q bss p A n2 = (replicate (length (fst M))
False)[p := True] by (simp add: nfa-of-dfa-reach’)

then obtain p’ where R: dfa-reach M q bss p’ and N2': n2 = (replicate (length
(fst M)) False)[p’ := True] by blast

from V R @ X have dfa-is-node M p' by (simp add: dfa-reach-is-node)

with N2 N2’ have p’ = p by (simp add: dfa-is-node-def replicate-upd-ing)

with R show dfa-reach M q bss p by simp
next

assume H: dfa-reach M q bss p

define n2’ where n2’ = nfa-steps (nfa-of-dfa M) nl bss

hence R': nfa-reach (nfa-of-dfa M) nl bss n2’ by (simp add: reach-def)

with assms have Jp. dfa-reach M q bss p A n2’ = (replicate (length (fst M))
False)[p := True] by (simp add: nfa-of-dfa-reach’)

then obtain p’ where R: dfa-reach M q bss p’ and N2": n2’ = (replicate (length
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(fst M)) False)[p’ := True] by blast

with H have p = p’ by (simp add: reach-inj)

with N2’ N2 have n2 = n2’ by simp

with R’ show nfa-reach (nfa-of-dfa M) nl bss n2 by simp
qed

lemma nfa-accepting-replicate:
assumes ¢ < length (fst N)
and length (snd N) = length (fst N)
shows nfa-accepting N ((replicate (length (fst N)) False)[q:=True]) = snd N ! ¢
proof —
from assms have set-of-bv ((replicate (length (fst N)) False)[q:=True]) = {q}
proof (auto simp: set-of-bu-def)
fix © assume z < length (fst N) and (replicate (length (fst N)) False)[q :=
True] ! ©
with assms show z = ¢ by (cases x = q) simp+
qed
hence nfa-accepting N ((replicate (length (fst N)) False)[q:=True]) = (set-of-bv
(snd N) 0 {q} # {})
by (simp add: nfa-accepting-set-of-bv)

also have ... = (q € set-of-bv (snd N)) by auto
also from assms have ... = snd N | ¢ by (auto simp: set-of-bv-def)
finally show ?thesis .

qed

lemma nfa-of-dfa-accepts:

assumes V: wf-dfa A n

and X: list-all (is-alph n) bss

shows nfa-accepts (nfa-of-dfa A) bss = dfa-accepts A bss
proof —

from V have Q: dfa-is-node A 0 by (simp add: dfa-startnode-is-node)

have S: nfa-startnode (nfa-of-dfa A) = (replicate (length (fst A)) False)[0:= True]
by (simp add: nfa-startnode-def nfa-of-dfa-def split-beta)

define p where p = dfa-steps A 0 bss

define n2 where n2 = (replicate (length (fst A)) False)[p := True]

from p-def have PR: dfa-reach A 0 bss p by (simp add: reach-def)

with p-def n2-def @ S X V have nfa-reach (nfa-of-dfa A) (nfa-startnode (nfa-of-dfa
A)) bss n2 by (simp add: nfa-of-dfa-reach)

hence N2: n2 = nfa-steps (nfa-of-dfa A) (nfa-startnode (nfa-of-dfa A)) bss by
(simp add: reach-def)

from PR Q X V have dfa-is-node A p by (simp add: dfa-reach-is-node)

hence p < length (fst (nfa-of-dfa A)) by (simp add: dfa-is-node-def nfa-of-dfa-def
split-beta) moreover

from dfa2wf-nfa[OF V] have length (snd (nfa-of-dfa A)) = length (fst (nfa-of-dfa
A)) by (auto simp add: wf-nfa-def) moreover

from n2-def have n2 = (replicate (length (fst (nfa-of-dfa A))) False)[p := True]
by (simp add: nfa-of-dfa-def split-beta)

ultimately have nfa-accepting (nfa-of-dfa A) n2 = snd (nfa-of-dfa A) ! p by
(simp add: nfa-accepting-replicate)
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with N2 p-def show ?thesis by (simp add: accepts-def accepts-def dfa-accepting-def
nfa-of-dfa-def split-beta)
qed

5.4 Transforming NFAs to DFAs

fun

bddinsert :: 'a bdd = bool list = 'a = 'a bdd
where

bddinsert (Leaf a) [|] * = Leaf =
| bddinsert (Leaf a) (w#ws) x = (if w then Branch (Leaf a) (bddinsert (Leaf a) ws
x) else Branch (bddinsert (Leaf a) ws x) (Leaf a))
| bddinsert (Branch | r) (w#ws) x = (if w then Branch | (bddinsert r ws x) else
Branch (bddinsert | ws x) r)

lemma bddh-bddinsert:
assumes bddh = b
and length w > x
shows bddh (length w) (bddinsert b w y)
using assms proof (induct b w y arbitrary: © rule: bddinsert.induct)
case (2 aa ww wss yy raa)
have bddh 0 (Leaf aa) A 0 < length wss by simp
with 2(1) 2(2) have bddh (length wss) (bddinsert (Leaf aa) wss yy) by (cases
ww) blast+
with 2 show Zcase by simp
next
case (3 Il rr ww wss yy zx)
from 3(3) obtain y where Y: Suc y = zz by (cases zx) simp+
with 3 have 1: bddh y rr A bddh y Il N y < length wss by auto
show ?case proof (cases ww)
case True
with 1 3(1) have IV: bddh (length wss) (bddinsert rr wss yy) by blast
with Y 3 have y < length wss and bddh y Il by auto
hence bddh (length wss) Il by (rule bddh-ge)
with IV True show ?thesis by simp
next
case Fulse
with 1 3(2) have IV: bddh (length wss) (bddinsert Il wss yy) by blast
with Y 3 have y < length wss and bddh y rr by auto
hence bddh (length wss) rr by (rule bddh-ge)
with IV False show ?thesis by simp
qed
qed simp+

lemma bdd-lookup-bddinsert:

assumes bddh (length w) bd

and length w = length v

shows bdd-lookup (bddinsert bd w y) v = (if w = v then y else bdd-lookup bd v)
using assms proof (induct bd w y arbitrary: v rule: bddinsert.induct)
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case (2 aa ww wss xx V)

hence Jv vs. vv = v # vs by (cases vv) simp+

then obtain v vs where V: vv = v # vs by blast

with 2 have length wss = length vs by simp

with 2 have I'V: bdd-lookup (bddinsert (Leaf aa) wss xxz) vs = (if wss = vs then
xzx else bdd-lookup (Leaf aa) vs) by (cases ww) simp+

have bdd-lookup (bddinsert (Leaf aa) (ww # wss) zz) vv = bdd-lookup (if ww
then (Branch (Leaf aa) (bddinsert (Leaf aa) wss xz)) else Branch (bddinsert (Leaf
aa) wss zz) (Leaf aa)) vv by simp

also have ... = (if ww then bdd-lookup (Branch (Leaf aa) (bddinsert (Leaf aa)
wss zx)) vo else bdd-lookup (Branch (bddinsert (Leaf aa) wss xx) (Leaf aa)) vv) by
simp

also from V IV have ... = (if ww # wss = v # vs then bdd-lookup (bddinsert
(Leaf aa) wss xzx) vs else bdd-lookup (Leaf aa) vs) by (cases ww) auto

also from V IV have ... = (if ww # wss = vv then zz else bdd-lookup (Leaf aa)
vs) by auto

finally show ?case by simp
next

case (3 Il rr ww wss xz vv)
hence 3 v vs. vv = v # vs by (cases vv) simp+
then obtain v vs where V: vv = v # vs by blast
show ?case proof (cases ww)
case True
with 3 V have IV: bdd-lookup (bddinsert rr wss xz) vs = (if wss = vs then zx
else bdd-lookup rr vs) by simp
with True 3 V show ?thesis by auto
next
case Fulse
with 3 V have IV: bdd-lookup (bddinsert Il wss zx) vs = (if wss = vs then zx
else bdd-lookup 1l vs) by simp
with Fualse 3 V show ?thesis by auto
qed
qed simp+

definition
subset-succs :: nfa = bool list = bool list list where
subset-succs A qs = add-leaves (subsetbdd (fst A) qs (nfa-emptybdd (length ¢s)))

[

definition
subset-invariant :: nfa = nat option bdd X bool list list = bool where
subset-invariant A = (\(bdd, gss). bddh (length (fst A)) bdd)

definition
subset-ins gs = (A(bdd, ¢ss). (bddinsert bdd gs (Some (length gss)), qss Q [gs]))

definition
subset-memb :: bool list = nat option bdd x bool list list = bool where
subset-memb gs = (A(bdd, gss). bdd-lookup bdd qs # None)
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definition
subset-empt :: nat option bdd x bool list list where
subset-empt = (Leaf None, [])

definition
subset-dfs :: nfa = bool list = nat option bdd X bool list list where
subset-dfs A © = gen-dfs (subset-succs A) subset-ins subset-memb subset-empt [z]

definition
det-nfa :: nfa = dfa where
det-nfa A = (let (bdd, gss) = subset-dfs A (nfa-startnode A) in
(map (Ags. bdd-map (Mgs. the (bdd-lookup bdd gs)) (subsetbdd (fst A) gs
(nfa-emptybdd (length gs)))) gss,
map (Ags. nfa-accepting A qs) ¢ss))

locale subset-DFS =
fixes A n
assumes well-formed: wf-nfa A n

lemma finite-list: finite {xs::('a::finite) list. length xs = k}

apply (induct k)

apply simp

apply (subgoal-tac {zs::('a::finite) list. length xs = Suc k} = ((Jz. Cons x * {xs.
length s = k}))

apply auto

apply (case-tac x)

apply auto

done

sublocale subset-DFS < DFS subset-succs A nfa-is-node A subset-invariant A
subset-ins subset-memb subset-empt

apply (unfold-locales)

apply (simp add: nfa-is-node-def subset-invariant-def subset-memb-def subset-ins-def
bdd-lookup-bddinsert split-beta)

apply (simp add: nfa-is-node-def subset-memb-def subset-empt-def)

apply (insert well-formed)]]
apply (simp add: subset-succs-def add-leaves-bdd-all-eq bdd-all-is-node-subsetbdd

wf-nfa-def)

apply (simp add: subset-invariant-def subset-empt-def)

apply (simp add: nfa-is-node-def subset-invariant-def subset-memb-def subset-ins-def
split-paired-all)

apply (subgoal-tac length (fst A) = length x)

apply (auto simp: bddh-bddinsert)

apply (simp add: nfa-is-node-def)
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apply (rule finite-list)
done

context subset-DFS
begin

lemmas dfs-eq-rtrancl|folded subset-dfs-def] = dfs-eq-rtrancl

lemma subset-dfs-bij:
assumes H1: nfa-is-node A q
and H2: nfa-is-node A ¢0
shows (bdd-lookup (fst (subset-dfs A q0)) ¢ = Some v) = (v < length (snd
(subset-dfs A q0)) A (snd (subset-dfs A q0)) ! v = q)
proof —
from assms have list-all (nfa-is-node A) [¢0] by simp
with empt-invariant show ?thesis using H1 unfolding subset-dfs-def
proof (induct arbitrary: v q rule: dfs-invariant)
case (step S z vv ¢q)
obtain bdl [1 where S: S = (bdl, I1) by (cases S) blast+
{ assume z € set I1
hence list-ex (Al. | = z) 11 by (simp add: list-ex-iff)
hence 3¢ < length 1. 11! i = z by (simp add: list-ez-length)
then obtain ¢ where i < length I1 A I1! i = x by blast
with step S have bdd-lookup bdl x = Some i by (simp add: nfa-is-node-def)
with step S have False by (simp add: subset-memb-def) }
hence X: Vi < length [1. I1 ! ¢ # x by auto
obtain bd2 I2 where S2: subset-ins x S = (bd2, 12) by (cases subset-ins z S)
blast+
with S have SS: bd2 = bddinsert bdl = (Some (length 11)) 12 = [1 Q [z] by
(simp add: subset-ins-def)+
from step S H1 have bdd-lookup (bddinsert bdl z (Some (length 11))) qq = (if
x = qq then Some (length I1) else bdd-lookup bd1 qq)
by (simp add: bdd-lookup-bddinsert subset-invariant-def nfa-is-node-def)
with SS have (bdd-lookup bd2 qq = Some vv) = (if x = qq then length I1 = vv
else bdd-lookup bdl qq = Some vv) by simp

also have ... = (z = gq A length 11 = vo V z # gq A bdd-lookup bdl qq =
Some vv) by auto
also have ... = (vv < length 12 A 12! vv = qq) proof (cases z = qq)
case True

hence (z = qq A length 11 = vo V & # qq A bdd-lookup bdl qq = Some vv)
= (z = qq A length I1 = vv) by simp
also have ... = (vv < length 12 A 12 | vv = ¢q) proof
assume H: v < length 12 AN 12! vo = qq
show z = qq A length 11 = vv proof (cases vv = length 1)
case Fulse
with H SS have vv < length I1 by simp
with SS have 12 | vo = {1 ! vv by (simp add: nth-append)
with False H SS <x = q¢> have vv < length 1 A I1 ! vo = x by auto
with X show %thesis by auto
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qed (simp add: True)
qed (auto simp: SS)
finally show ?Zthesis .
next
case Fulse
hence (z = ¢q A length 11 = vo V x # qq N bdd-lookup bd1l qq = Some vv)
= (z # qq A bdd-lookup bdl gqg = Some vv) by simp
also from step(4,5) S «x#qq> have ... = (vv < length 1 A I1 ! vv = ¢q) by
stmp
also from SS «x#qq> have ... = (vv < length 12 N 12 ! vv = qq) by (simp
add: nth-append)
finally show ?thesis .
qed
finally show ?case by (simp add: S2)
qged (simp add: subset-empt-def)
qed

lemma subset-dfs-start:
assumes H: nfa-is-node A q0
shows bdd-lookup (fst (subset-dfs A q0)) q0 = Some 0
proof —
obtain bd | where S: subset-ins q0 subset-empt = (bd, 1) by (cases subset-ins
q0 subset-empt) blast+
from H have — subset-memb q0 subset-empt by (simp add: empt)
with H empt-invariant have I: subset-invariant A (subset-ins q0 subset-empt)
by (simp add: ins-invariant)
from H have list-all (nfa-is-node A) (subset-succs A q0) by (simp add: succs-is-node)
with I have bdd-lookup (fst (gen-dfs (subset-succs A) subset-ins subset-memb
(subset-ins q0 subset-empt) (subset-succs A q0))) ¢0 = Some 0
proof (induct rule: dfs-invariant)
case base thus Zcase unfolding subset-ins-def subset-empt-def by (induct q0)
stmp+
next
case (step S z)
hence Q: subset-memb ¢0 S by (simp add: subset-memb-def split-beta)
with step have ¢0 # x by auto
from step have I: bddh (length (fst A)) (fst S) by (simp add: subset-invariant-def
split-beta)
with H step <q0#z> have V: Av. bdd-lookup (bddinsert (fst S) z v) ¢0 =
bdd-lookup (fst S) q0 by (simp add: bdd-lookup-bddinsert nfa-is-node-def)
with step show bdd-lookup (fst (subset-ins z S)) ¢0 = Some 0 by (auto simp:
subset-ins-def split-beta)
qed
thus ?thesis unfolding subset-dfs-def by (auto simp: nfa-is-node-def gen-dfs-simps
subset-memb-def subset-empt-def)
qed

lemma subset-dfs-is-node:
assumes nfa-is-node A ¢0
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shows list-all (nfa-is-node A) (snd (subset-dfs A q0))
proof —
from assms have list-all (nfa-is-node A) [¢0] by simp
with empt-invariant show ?thesis unfolding subset-dfs-def
proof (induct rule: dfs-invariant)
case base thus Zcase by (simp add: subset-empt-def)
next
case (step S z) thus ?case by (simp add: subset-ins-def split-beta)
qed
qed

lemma det-wf-nfa:
shows wf-dfa (det-nfa A) n
proof —
obtain bt Is where BT: subset-dfs A (nfa-startnode A) = (bt, Is) by (cases
subset-dfs A (nfa-startnode A)) auto
note @ = nfa-startnode-is-node[ OF well-formed)
from @ have N:list-all (nfa-is-node A) (snd (subset-dfs A (nfa-startnode A)))
by (simp add: subset-dfs-is-node)
with BT have L: list-all (nfa-is-node A) ls by simp
have D: det-nfa A = (map (A\q. bdd-map (Aq. the (bdd-lookup bt q)) (subsetbdd
(fst A) q (nfa-emptybdd (length q)))) Is, map (Aq. nfa-accepting A q) ls)
(is - = (%bdt, ?atbl)) unfolding det-nfa-def by (simp add: BT)
from well-formed L have list-all (Aq. bddh n (subsetbdd (fst A) q (nfa-emptybdd
(tength q)) Is
by (induct Is) (simp add: bddh-subsetbdd wf-nfa-def nfa-emptybdd-def)+
hence list-all (Aq. bddh n (bdd-map (Aq. the (bdd-lookup bt q)) (subsetbdd (fst A)
q (nfa-emptybdd (length q))))) s
by (simp add: bddh-bdd-map)
hence A: list-all (bddh n) ?bdt by (simp add: list-all-iff)
{
fix ¢ assume 37 < length Is. Is! i = ¢
then obtain ¢ where len-i: i < length Is and i: ¢ = Is ! i by blast
from len-i i L have Q" nfa-is-node A q by (simp add: list-all-iff)
then have (bdd-lookup (fst (subset-dfs A (nfa-startnode A))) ¢ = Some i) =
(i < length (snd (subset-dfs A (nfa-startnode A))) A snd (subset-dfs A
(nfa-startnode A)) ! i = q)
using @
by (rule subset-dfs-bij)
with BT len-i i have bdd-lookup bt ¢ = Some i by simp
with BT have subset-memb q (subset-dfs A (nfa-startnode A)) by (simp add:
subset-memb-def)
with Q' @ have TR: (nfa-startnode A,q) € (succsr (subset-succs A))*
by (simp add: dfs-eq-rtrancl)
{
fix p assume P: p € set (subset-succs A q)
with TR have 3: (nfa-startnode A,p) € (succsr (subset-succs A))* by (simp
add: succsr-def rtrancl-into-rtrancl)
from Q' have list-all (nfa-is-node A) (subset-succs A q)
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by (rule succs-is-node)
with P have 4: nfa-is-node A p by (simp add: list-all-iff)
with @ 3 have subset-memb p (subset-dfs A (nfa-startnode A))
by (simp add: dfs-eg-rtrancl)
with BT have bdd-lookup bt p # None by (simp add: subset-memb-def)
with BT obtain j where j: bdd-lookup (fst (subset-dfs A (nfa-startnode A)))
p = Some j by (cases bdd-lookup bt p) simp+
from 4 @ j have j < length (snd (subset-dfs A (nfa-startnode A))) A (snd
(subset-dfs A (nfa-startnode A))) ! j=p
by (auto simp add: subset-dfs-bij)
with j BT 4 have 3j. bdd-lookup bt p = Some j N j < length Is by auto
}
hence Vp € set (subset-succs A q). 3j. bdd-lookup bt p = Some j A j < length
ls by auto
hence list-all (Ap. 3j. bdd-lookup bt p = Some j A j < length ls) (add-leaves
(subsetbdd (fst A) q (nfa-emptybdd (length q))) []) by (simp add: list-all-iff sub-
set-succs-def)
hence bdd-all (Ap. 3j. bdd-lookup bt p = Some j A j < length ls) (subsetbdd
(fst A) q (nfa-emptybdd (length q))) by (simp add: add-leaves-bdd-all-eq)
hence bdd-all (Al. | < length ls) (bdd-map (Aq. the (bdd-lookup bt q)) (subsetbdd
(fst A) q (nfa-emptybdd (length q))))
by (induct (subsetbdd (fst A) q (nfa-emptybdd (length q)))) auto
}
then have Vx € set ls. bdd-all (Al. | < length ls) (bdd-map (Aq. the (bdd-lookup bt
q)) (subsetbdd (fst A) z (nfa-emptydbdd (length x)))) by (simp add: in-set-conv-nth)
hence list-all (A\z. bdd-all (Al. | < length ls) (bdd-map (Aq. the (bdd-lookup bt
q)) (subsetbdd (fst A) x (nfa-emptybdd (length z))))) ls by (simp add: list-all-iff)
hence B: list-all (bdd-all (. I < length Is)) (map (Az. bdd-map (Aq. the (bdd-lookup
bt q)) (subsetbdd (fst A) x (nfa-emptybdd (length x)))) ls) by (simp add: list-all-iff)
from well-formed have bdd-lookup (fst (subset-dfs A (nfa-startnode A))) (nfa-startnode
A) = Some 0
by (simp add: subset-dfs-start nfa-startnode-is-node)
with well-formed have 0 < length (snd (subset-dfs A (nfa-startnode A)))
by (simp add: subset-dfs-bij nfa-startnode-is-node)
with A B D BT show ?thesis by (simp add: wf-dfa-def det-nfa-def dfa-is-node-def)
qed

lemma nfa-reach-rtrancl:
assumes nfa-is-node A i
shows (3 bss. nfa-reach A i bss j A list-all (is-alph n) bss) = ((4, j) € (succsr
(subset-sucecs A))*)
proof
assume 3 bss. nfa-reach A i bss j A list-all (is-alph n) bss
then obtain bss where BS: nfa-reach A i bss j list-all (is-alph n) bss by blast
show (7,j) € (succsr (subset-succs A))*
proof —
from BS show (i,7) € (succsr (subset-succs A))* proof induct
case (snoc j bss bs)
with assms well-formed have J: nfa-is-node A j by (simp add: nfa-reach-is-node)
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with snoc well-formed have bddh n (subsetbdd (fst A) j (nfa-emptybdd (length

)
by (simp add: wf-nfa-def bddh-subsetbdd nfa-emptybdd-def)
with snoc(3) have bdd-lookup (subsetbdd (fst A) j (nfa-emptybdd (length j)))
bs € set (add-leaves (subsetbdd (fst A) j (nfa-emptybdd (length 5))) [])
by (auto simp: add-leaves-bdd-lookup)
hence (4, bdd-lookup (subsetbdd (fst A) j (nfa-emptybdd (length j))) bs) €
(sucesr (subset-succs A))*
by (auto simp: succsr-def subset-succs-def)
with snoc show ?case by (simp add: nfa-trans-def)
qed simp
qed
next
assume ij: (4,5) € (succsr (subset-succs A))*
from ¢ show 3 bss. nfa-reach A i bss j A list-all (is-alph n) bss
proof induct
case base
from reach-nillof nfa-trans A i) show ?case by auto
next
case (step y 2)
then obtain bss where BS: nfa-reach A i bss y list-all (is-alph n) bss by blast
from assms well-formed BS have nfa-is-node A y by (simp add: nfa-reach-is-node)
with well-formed BS have B: bddh n (subsetbdd (fst A) y (nfa-emptybdd (length
v)))
by (simp add: wf-nfa-def bddh-subsetbdd nfa-emptybdd-def)
from step have z € set (add-leaves (subsetbdd (fst A) y (nfa-emptybdd (length
y) []) by (simp add: succsr-def subset-succs-def)
with B have Jbs. z = bdd-lookup (subsetbdd (fst A) y (nfa-emptybdd (length
y))) bs A is-alph n bs by (simp add: add-leaves-bdd-lookup)
then obtain bs where Z:z = bdd-lookup (subsetbdd (fst A) y (nfa-emptybdd
(length y))) bs and L: is-alph n bs by blast
from BS(1) L have nfa-reach A i (bss @ [bs]) (nfa-trans A y bs) by (simp add:
reach-snoc)
with Z have nfa-reach A i (bss Q [bs]) z by (simp add: nfa-trans-def) more-
over
from BS L have list-all (is-alph n) (bss Q [bs]) by simp
moreover note BS(2) L
ultimately show ?case by auto
qed
qed

lemma nfa-reach-subset-memb:
assumes R: nfa-reach A q0 bss g
and QO0: nfa-is-node A ¢0
and X: list-all (is-alph n) bss
shows subset-memb q (subset-dfs A q0)
proof —
from assms well-formed have Q: nfa-is-node A q by (simp add: nfa-reach-is-node)
from R X have 3bs. nfa-reach A q0 bs g A list-all (is-alph n) bs by auto
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with Q0 have (¢0,q) € (succsr (subset-succs A))* by (simp add: nfa-reach-rtrancl)
with Q0 @ show ?thesis by (simp add: dfs-eq-rtrancl)
qed

lemma det-nfa-reach’:
fixes bd :: nat option bdd and s :: bool list list
assumes subset-dfs A (nfa-startnode A) = (bd, ls) (is Zsubset-dfs = -)
and 3 bs. nfa-reach A (nfa-startnode A) bs ql A list-all (is-alph n) bs
and ¢l =Is!7and ¢q2 = Is! j and i < length Is and j < length Is
and list-all (is-alph n) bss
shows nfa-reach A ql bss q2 = (dfa-reach (det-nfa A) i bss j A nfa-is-node A ¢q2)
(is - = (dfa-reach ?M i bss j N -))
proof
assume nfa-reach A ql bss q2
from this assms show dfa-reach ?M i bss j N\ nfa-is-node A q2
proof (induct arbitrary: j)
case (Nil j)
with well-formed have QO0: nfa-is-node A (nfa-startnode A) by (simp add:
nfa-startnode-is-node)
from Nil obtain bs where nfa-reach A (nfa-startnode A) bs gl and list-all
(is-alph n) bs by blast
with well-formed Q0 Nil have Q1: nfa-is-node A q1 by (simp add: nfa-reach-is-node)
with Q0 have Awv. (bdd-lookup (fst (?subset-dfs)) ql = Some v) = (v < length
(snd (?subset-dfs)) A snd (Zsubset-dfs) | v = ql)
by (simp add: subset-dfs-bij)
with Nil(1) have 1: Av. (bdd-lookup bd g1 = Some v) = (v < length ls A s !
v = ql) by simp
from Nil 1 have bdd-lookup bd q1 = Some i by simp
moreover from Nil 1 have bdd-lookup bd q1 = Some j by simp
ultimately have ¢ = j by simp
have dfa-reach ?M i [] i by (simp add: reach-nil)
with =) Q1 show ?case by simp
next
case (snoc p bss bs j)
note S-len = nfa-startnode-is-node[ OF well-formed)
from snoc obtain bss’ where BSS’:nfa-reach A (nfa-startnode A) bss’ q1 and
BSS'L: list-all (is-alph n) bss’ by blast
with well-formed S-len have Q-len: nfa-is-node A ql by (simp add: nfa-reach-is-node)
with well-formed snoc have P-len: nfa-is-node A p by (simp add: nfa-reach-is-node)
from BSS’ snoc have nfa-reach A (nfa-startnode A) (bss’ @ bss) p by (simp
add: reach-trans) moreover
note S-len moreover
from snoc BSS'L have list-all (is-alph n) (bss’ @ bss) by simp
ultimately have subset-memb p ?subset-dfs by (rule nfa-reach-subset-memb)
hence bdd-lookup (fst ?subset-dfs) p # None by (simp add: subset-memb-def
split-beta)
then obtain v where P: bdd-lookup (fst ?subset-dfs) p = Some v by (cases
bdd-lookup (fst 2subset-dfs) p) simp+
with P-len S-len have v < length (snd (?subset-dfs)) A snd Zsubset-dfs | v =
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p by (simp add: subset-dfs-bij)
with snoc have V: v < length ls A ls ! v = p by simp
with snoc P-len have R: dfa-reach ?M i bss v A nfa-is-node A p by simp

from snoc have BS: is-alph n bs by simp
with well-formed P-len have Z: nfa-is-node A (nfa-trans A p bs) by (simp
add: nfa-trans-is-node)

with snoc have N: nfa-is-node A (Is! j) by simp

from snoc have j < length (snd ?subset-dfs) A snd ?subset-dfs | j = Is | j by
stmp

with N S-len have bdd-lookup (fst ?subset-dfs) (Is ! j) = Some j by (simp add:
subset-dfs-bij)

with snoc have J: bdd-lookup bd (Is ! j) = Some j by simp

from snoc have BD: fst ?M = map (\q. bdd-map (M\q. the (bdd-lookup bd q))
(subsetbdd (fst A) q (nfa-emptybdd (length q)))) s
by (simp add: det-nfa-def)
with V have fst M | v = bdd-map (Aq. the (bdd-lookup bd q)) (subsetbdd (fst
A) p (nfa-emptybdd (length p))) by simp
with well-formed BS P-len have bdd-lookup (fst ?M ! v) bs = the (bdd-lookup
bd (bdd-lookup (subsetbdd (fst A) p (nfa-emptybdd (length p))) bs))
by (auto simp add: bdd-map-bdd-lookup bddh-subsetbdd wf-nfa-def is-alph-def
nfa-emptybdd-def)
also from snoc J have ... = j by (simp add: nfa-trans-def)
finally have JJ: bdd-lookup (fst ?M ! v) bs = j .

from R BS JJ have RR: dfa-reach ?M i (bss @Q [bs]) j by (auto simp add:
reach-snoc dfa-trans-def[symmetric])
with Z show ?case by simp
qed
next
assume dfa-reach ?M i bss j N\ nfa-is-node A ¢2
hence dfa-reach ?M i bss j and nfa-is-node A q2 by simp+
from this assms show nfa-reach A q1 bss ¢2
proof (induct arbitrary: ¢2)
case (snoc j bss bs q2)
define v where v = bdd-lookup (fst M ! j) bs
define ¢q where qq = nfa-trans A (Is ! j) bs
from well-formed have (QO0: nfa-is-node A (nfa-startnode A) by (simp add:
nfa-startnode-is-node)

from snoc have L: length (fst M) = length ls by (simp add: det-nfa-def)
with snoc have dfa-is-node ?M i by (simp add: dfa-is-node-def) moreover
note <dfa-reach ?M i bss j> moreover

from snoc have wf-dfa ?M n by (simp add: det-wf-nfa) moreover

from snoc have list-all (is-alph n) bss by simp

ultimately have dfa-is-node ?M j by (simp add: dfa-reach-is-node)

with L have J-len: j < length ls by (simp add: dfa-is-node-def)
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from QO have list-all (nfa-is-node A) (snd ?subset-dfs) by (rule subset-dfs-is-node)
with snoc J-len have J: nfa-is-node A (Is ! j) by (simp add: list-all-iff)
moreover note snoc(4,5,6) refllof ls!j] snoc(8) J-len
moreover from snoc have list-all (is-alph n) bss by simp
ultimately have R: nfa-reach A q1 bss (Is ! j) by (rule snoc(2))
from snoc obtain bs’ where R’ nfa-reach A (nfa-startnode A) bs' q1 and
BS'": list-all (is-alph n) bs’ by blast
with R have Isj: nfa-reach A (nfa-startnode A) (bs’ @ bss) (Is ! j) by (simp
add: reach-trans)
hence nfa-reach A (nfa-startnode A) ((bs’ Q bss) Q [bs]) gqg unfolding gq-def
by (rule reach-snoc)
with well-formed snoc(10) Q0 BS’ have M: subset-memb qq ?subset-dfs and
QQ-len: nfa-is-node A qq by (simp add: nfa-reach-subset-memb nfa-reach-is-node)+
with snoc(4) have QQ: bdd-lookup bd qq # None by (simp add: subset-memb-def)

from well-formed snoc J have H: bddh (length bs) (subsetbdd (fst A) (Is ! j)
(nfa-emptybdd (length (Is!j)))) by (simp add: bddh-subsetbdd wf-nfa-def nfa-emptybdd-def
is-alph-def)

from v-def have v = bdd-lookup (fst M ! j) bs by simp

also from snoc(4) have ... = bdd-lookup (map (Aq. bdd-map (Aq. the (bdd-lookup
bd q)) (subsetbdd (fst A) q (nfa-emptybdd (length q)))) ls ! j) bs
by (simp add: det-nfa-def)

also from J-len have ... = bdd-lookup (bdd-map (A\q. the (bdd-lookup bd q))
(subsetbdd (fst A) (Is! j) (nfa-emptybdd (length (Is! j))))) bs by simp

also from H have ... = the (bdd-lookup bd (bdd-lookup (subsetbdd (fst A) (Is
' j) (nfa-emptybdd (length (Is! 7)))) bs)) by (simp add: bdd-map-bdd-lookup)

also from q¢g-def have ... = the (bdd-lookup bd qq) by (simp add: nfa-trans-def)

finally have v = the (bdd-lookup bd qq) .

with QQ have QQ’: bdd-lookup bd qqg = Some v by (cases bdd-lookup bd qq)
stmp+

with snoc(4) have bdd-lookup (fst ?subset-dfs) qq = Some v by simp

with QQ-len Q0 have v < length (snd ?subset-dfs) A (snd ?subset-dfs) | v =
qq by (simp add: subset-dfs-bij)

with snoc v-def have Q2: qq = ¢q2 by (simp add: dfa-trans-def)

with R ggq-def show nfa-reach A g1 (bss Q [bs]) ¢2 by (simp add: reach-snoc)
qed (simp add: reach-nil)
qed

lemma det-nfa-reach:

fixes bd :: nat option bdd and Is :: bool list list

assumes S: subset-dfs A (nfa-startnode A) = (bd, ls) (is ?subset-dfs = -)

and Q1: ¢q1 = Is! jand J: j < length ls

and X: list-all (is-alph n) bss

shows nfa-reach A (nfa-startnode A) bss ql = dfa-reach (det-nfa A) 0 bss j
proof —

note SL = nfa-startnode-is-node[OF well-formed]

have nfa-reach A (nfa-startnode A) [| (nfa-startnode A) by (rule reach-nil)
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hence 1: 3 b. nfa-reach A (nfa-startnode A) b (nfa-startnode A) A list-all (is-alph
n) b by auto

from SL have bdd-lookup (fst ?subset-dfs) (nfa-startnode A) = Some 0 by (simp
add: subset-dfs-start)

with SL have 0 < length (snd ?subset-dfs) A\ snd ?subset-dfs | 0 = nfa-startnode
A by (simp add: subset-dfs-bij)

with S have 2: 0 < length ls A Is ! 0 = nfa-startnode A by simp

from S 1 Q1 J 2 X have T: nfa-reach A (nfa-startnode A) bss q1 = (dfa-reach
(det-nfa A) 0 bss j A nfa-is-node A q1)

by (simp only: det-nfa-reach’)

from SL have list-all (nfa-is-node A) (snd Zsubset-dfs) by (simp add: sub-
set-dfs-is-node)

with Q1 J S have nfa-is-node A q1 by (simp add: list-all-iff)

with T show ?thesis by simp
qed

lemma det-nfa-accepts:

assumes X: list-all (is-alph n) w

shows dfa-accepts (det-nfa A) w = nfa-accepts A w
proof —

note SL = nfa-startnode-is-node[ OF well-formed]

let ?q = nfa-startnode A

let Zsubset-dfs = subset-dfs A (nfa-startnode A)

define bd where bd = fst ?subset-dfs

define Is where Is = snd ?subset-dfs

with bd-def have BD: ?subset-dfs = (bd,ls) by simp

define p where p = nfa-steps A (nfa-startnode A) w

with well-formed X SL have P: nfa-is-node A p by (simp add: nfa-steps-is-node)

from p-def have R: nfa-reach A ?q w p by (simp add: reach-def)

with assms have 3 bs. nfa-reach A ?q bs p A list-all (is-alph n) bs by auto

with SL have (?q, p) € (succsr (subset-succs A))* by (simp add: nfa-reach-rtrancl)

with SL P have subset-memb p ?subset-dfs by (simp add: dfs-eq-rtrancl)

with BD have bdd-lookup bd p # None by (simp add: subset-memb-def)

then obtain k where K: bdd-lookup bd p = Some k by (cases bdd-lookup bd p)
stmp+

with SL P have K-len: k < length Is A\ ls | k = p unfolding bd-def Is-def by
(simp add: subset-dfs-bij)

with BD X R have dfa-reach (det-nfa A) 0 w k by (blast dest: det-nfa-reach)

hence k = dfa-steps (det-nfa A) 0 w by (simp add: reach-def)

hence dfa-accepts (det-nfa A) w = snd (det-nfa A) ! k by (simp add: accepts-def
dfa-accepting-def)

also from Is-def have ... = map (nfa-accepting A) Is ! k by (simp add: det-nfa-def
split-beta)
also from K-len p-def have ... = nfa-accepts A w by (simp add: accepts-def)
finally show dfa-accepts (det-nfa A) w = nfa-accepts A w .
qed
end
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lemma det-wf-nfa:
assumes A: wf-nfa A n
shows wf-dfa (det-nfa A) n
proof —
from A
interpret subset-DFS A n by unfold-locales
show ?thesis by (rule det-wf-nfa)
qed

lemma det-nfa-accepts:

assumes A: wf-nfa A n

and w: list-all (is-alph n) bss

shows dfa-accepts (det-nfa A) bss = nfa-accepts A bss
proof —

from A

interpret subset-DFS A n by unfold-locales

from w show %thesis by (rule det-nfa-accepts)
qed

5.5 Quantifiers

fun quantify-bdd :: nat = bool list bdd = bool list bdd where
quantify-bdd i (Leaf q) = Leaf q
| quantify-bdd O (Branch 1 r) = (bdd-binop buv-or | r)
| quantify-bdd (Suc i) (Branch | r) = Branch (quantify-bdd i 1) (quantify-bdd i r)

lemma bddh-quantify-bdd:

assumes bddh (Suc n) bdd and v < n

shows bddh n (quantify-bdd v bdd)

using assms by (induct v bdd arbitrary: n rule: quantify-bdd.induct) (auto simp:
bddh-binop split: nat.splits)

lemma quantify-bdd-is-node:

assumes bdd-all (nfa-is-node N) bdd

shows bdd-all (nfa-is-node N) (quantify-bdd v bdd)
using assms by (induct v bdd rule: quantify-bdd.induct) (simp add: bdd-all-bdd-binop|of
nfa-is-node N - nfa-is-node N - nfa-is-node N bv-or, OF - - bv-or-is-node])+

definition
quantify-nfa :: nat = nfa = nfa where
quantify-nfa i = (\(bdds, as). (map (quantify-bdd i) bdds, as))

lemma quantify-nfa-well-formed-aut:

assumes wf-nfa N (Suc n)

and v < n

shows wf-nfa (quantify-nfa v N) n
proof —

from assms have 1: list-all (bddh (Suc n)) (fst N) and 2: list-all (bdd-all
(nfa-is-node N)) (fst N) by (simp add: wf-nfa-def)+
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from 1 assms have 3: list-all (bddh n) (fst (quantify-nfa v N)) by (simp add:
quantify-nfa-def bddh-quantify-bdd list-all-iff split-beta)

from 2 have list-all (bdd-all (nfa-is-node N)) (fst (quantify-nfa v N)) by (simp
add: quantify-bdd-is-node list-all-iff split-beta quantify-nfa-def)

hence list-all (bdd-all (nfa-is-node (quantify-nfa v N))) (fst (quantify-nfa v N))
by (simp add: quantify-nfa-def split-beta nfa-is-node-def)

with 3 assms show ?thesis by (simp add: wf-nfa-def quantify-nfa-def split-beta)
qed

fun insertl :: nat = 'a = ‘a list = 'a list where
insertl i a [| = [d]

| insertl 0 a bs = a # bs

| insertl (Suc i) a (b # bs) = b # (insertl i a bs)

lemma insertl-len:
length (insertl n x vs) = Suc (length vs)
by (induct n x vs rule: insertl.induct) simp+

lemma insertl-0-eq: insertl 0 z zs = = # s
by (cases xs) simp-all

lemma bdd-lookup-quantify-bdd-set-of-bv:

assumes length w = n

and bddh (Suc n) bdd

and bdd-all (nfa-is-node N) bdd

and v < n

shows set-of-bv (bdd-lookup (quantify-bdd v bdd) w) = (|J b. set-of-bv (bdd-lookup
bdd (insertl v b w)))
using assms proof (induct v bdd arbitrary: n w rule: quantify-bdd.induct)

case (2 [ r w)

hence N: nfa-is-node N (bdd-lookup I w) nfa-is-node N (bdd-lookup r w) by (simp
add: bdd-all-bdd-lookup)+

have set-of-bv (bdd-lookup (quantify-bdd 0 (Branch lr)) w) = set-of-bv (bdd-lookup
(bdd-binop bu-or I 1) w) by simp

also from 2 have ... = set-of-bv (bv-or (bdd-lookup | w) (bdd-lookup r w)) by
(simp add: bdd-lookup-binop)

also from N have ... = set-of-bv (bdd-lookup | w) U set-of-bv (bdd-lookup r w)
by (simp add: bv-or-set-of-bv)

also have ... = set-of-bv (bdd-lookup (Branch I r) (insertl 0 False w)) U set-of-bv
(bdd-lookup (Branch [ r) (insertl 0 True w)) by (cases w) simp+

also have ... = (|Jb € {True, False}. set-of-bv (bdd-lookup (Branch 1 r) (insertl
0 b w))) by auto

also have ... = (|J b. set-of-bv (bdd-lookup (Branch I r) (insertl 0 b w))) by blast

finally show ?Zcase .
next

case 3 nlrkw)

then obtain j where J: k = Suc j by (cases k) simp+

with 3 obtain a as where W: w = a # as by (cases w) auto
with 3 J show ?case by (cases a) simp+
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qed simp

lemma subsetbdd-set-of-bv:
assumes wf-nfa N (length ws)
and nfa-is-node N ¢
shows set-of-bv (bdd-lookup (subsetbdd (fst N) ¢ (nfa-emptybdd (length q))) ws)
= (Jieset-of-bv q. set-of-bv (bdd-lookup (fst N ! i) ws))
(is set-of-bv %q = -)
proof (simp only: set-eq-iff, rule alll)
fix z :: nat
from assms have bdd-all (nfa-is-node N) (subsetbdd (fst N) q (nfa-emptybdd
(tength 1))
by (simp add: wf-nfa-def bdd-all-is-node-subsetbdd)
with assms have nfa-is-node N ?q
by (simp add: wf-nfa-def bdd-all-bdd-lookup bddh-subsetbdd nfa-emptybdd-def)
hence L: length ?q = length (fst N) by (simp add: nfa-is-node-def)
{
fix i assume H: i < length (fst N)
with assms have nfa-is-node N (bdd-lookup (fst N ! ©) ws) by (simp add:
wf-nfa-def list-all-iff bdd-all-bdd-lookup)
}
with assms have I: \i. i < length ¢ = nfa-is-node N (bdd-lookup (fst N ! 7)
ws) by (simp add: nfa-is-node-def)

from L assms have z € set-of-bv ?q = (x < length (fst N) A (i € set-of-bv
q. bdd-lookup (fst N ! i) ws ! z A i < length q)) by (auto simp add: set-of-bv-def
bdd-lookup-subsetbdd)

also from I have ... = (z € (i € set-of-bv q. set-of-bv (bdd-lookup (fst N ! i)
ws))) by (auto simp: nfa-is-node-def set-of-bv-def)

finally show z € set-of-bv ?qg = (z € (Ji € set-of-bv q. set-of-bv (bdd-lookup
(fst N1 4) ws))) .
qed

lemma nfa-trans-quantify-nfa:
assumes wf-nfa N (Suc n)
and v < n
and is-alph n w
and nfa-is-node N ¢
shows set-of-bv (nfa-trans (quantify-nfa v N) q w) = (|Jb. set-of-bv (nfa-trans
N q (insertl v b w)))
proof —
from assms have V1: wf-nfa (quantify-nfa v N) n by (simp add: quantify-nfa-well-formed-aut)
with assms have V2: wf-nfa (quantify-nfa v N) (length w) by (simp add:
wf-nfa-def is-alph-def)
from assms have N: nfa-is-node (quantify-nfa v N) q by (simp add: quan-
tify-nfa-def wf-nfa-def split-beta nfa-is-node-def)
{ fix i assume H: i € set-of-bv q
with assms have i < length (fst N) by (simp add: nfa-is-node-def set-of-bv-def)
with assms have bddh (Suc n) (fst N | {) bdd-all (nfa-is-node N) (fst N ! i)
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by (simp add: wf-nfa-def list-all-iff )+
}
with assms have I: A\i. i € set-of-bv ¢ = length w = n A bddh (Suc n) (fst N
1'Q) A bdd-all (nfa-is-node N) (fst N i) A v < n by (simp add: is-alph-def)
from assms have V3: Ab. wf-nfa N (length (insertl v b w)) by (simp add:
wf-nfa-def is-alph-def insertl-len)
from N V2 have set-of-bv (bdd-lookup (subsetbdd (fst (quantify-nfa v N)) ¢
(nfa-emptybdd (length q))) w) = (| i€set-of-bv q. set-of-bv (bdd-lookup (fst (quantify-nfa
v N) i) w))
by (simp add: subsetbdd-set-of-bv)
also from assms have ... = (|Ji€set-of-bv q. set-of-bv (bdd-lookup (quantify-bdd
v (fst N 1)) w)) by (auto simp: quantify-nfa-def split-beta nfa-is-node-def set-of-bv-def)
also have ... = (|Ji€set-of-bv q. |J b. set-of-bv (bdd-lookup (fst N | ©) (insertl v
bw)))
proof (simp only: set-eq-iff, rule alll)
fix z
have = € (|Ji€set-of-bv q. set-of-bv (bdd-lookup (quantify-bdd v (fst N 1 7)) w))
= (Jieset-of-bv q. © € set-of-bv (bdd-lookup (quantify-bdd v (fst N ! i)) w)) by
simp
also have ... = ({i. i € set-of-bv ¢ A = € set-of-bv (bdd-lookup (quantify-bdd
v (fst N 1)) w)} # {}) by auto
also from I have ... = ({7. i € set-of-bv ¢ A z € (U b. set-of-bv (bdd-lookup (fst
N 13) (insertl v b w)))} # {}) by (auto simp: bdd-lookup-quantify-bdd-set-of-bv|of
wn - NJ)

also have ... = (Fie€set-of-bv ¢. x € (Jb. set-of-bv (bdd-lookup (fst N ! i)
(insertl v b w)))) by auto
also have ... = (z € (|Ji€set-of-bv q. |Jb. set-of-bv (bdd-lookup (fst N ! 7)

(insertl v b w)))) by simp
finally show (z € (|Ji€set-of-bv q. set-of-bv (bdd-lookup (quantify-bdd v (fst N
19) w))) = (z € (U7 € set-of-bv q. |Jb. set-of-bv (bdd-lookup (fst N ! i) (insertl

vbw)))) -

qed

also have ... = (|Jb. Ji€set-of-bv q. set-of-bv (bdd-lookup (fst N | ©) (insertl v
b w))) by auto

also from V3 assms have ... = (|Jb. set-of-bv (bdd-lookup (subsetbdd (fst N) g

(nfa-emptybdd (length q))) (insertl v b w))) by (simp add: subsetbdd-set-of-bv)
finally show ?thesis by (simp add: nfa-trans-def)
qged

fun insertll :: nat = ‘a list = 'a list list = 'a list list
where
insertll i [ [| = ]
| insertll i (a # as) (bs # bss) = insertl i a bs # insertll i as bss

lemma insertll-len2:
assumes list-all (is-alph n) vs
and length x = length vs
shows list-all (is-alph (Suc n)) (insertll k x vs)
using assms by (induct k x vs rule: insertll.induct) (auto simp: insertl-len is-alph-def)+
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lemma insertll-append:

assumes length rs = length vs

shows insertll k (zs Q [z]) (vs Q [v]) = insertll k xs vs Q [insertl k x v)
using assms by (induct k xs vs rule: insertll.induct) simp+

lemma UN-UN-lenset: (\Jb. |Jze{z. length x = n}. M b z) = (| bse{x. length =
= Suc n}. M (last bs) (butlast bs))
proof auto

fix b xa assume x € M b za

hence length (za @ [b]) = Suc (length za) A © € M (last (za @Q [b])) (butlast (za
@ [4))) by simp

thus 3 bs. length bs = Suc (length za) A v € M (last bs) (butlast bs) ..
next

fix x bs assume z € M (last bs) (butlast bs) and length bs = Suc n

hence length (butlast bs) = n A x € M (last bs) (butlast bs) by simp

thus 30 za. length xa = n A x € M b za by blast
qed

lemma nfa-steps-quantify-nfa:

assumes wf-nfa N (Suc n)

and list-all (is-alph n) w

and nfa-is-node N ¢

and v < n

shows set-of-bv (nfa-steps (quantify-nfa v N) q¢ w) = (Jzs € {z. length x =
length w}. set-of-bv (nfa-steps N q (insertll v xs w)))
using assms proof (induct w rule: rev-induct)

case Nil thus ?case by simp
next

case (snoc z zs)

hence wf-nfa (quantify-nfa v N) n by (simp add: quantify-nfa-well-formed-aut)

moreover from snoc have nfa-is-node (quantify-nfa v N) q by (simp add:
nfa-is-node-def quantify-nfa-def split-beta)

moreover note snoc

ultimately have nfa-is-node (quantify-nfa v N) (nfa-steps (quantify-nfa v N) ¢
xs) by (simp add: nfa-steps-is-node[of - n])

hence N: nfa-is-node N (nfa-steps (quantify-nfa v N) q zs) (is nfa-is-node N ?q)
by (simp add: nfa-is-node-def quantify-nfa-def split-beta)

from snoc have Ab. length (insertl v b ) = Suc n by (simp add: insertl-len
is-alph-def)

with snoc have B: Ab. wf-nfa N (length (insertl v b x)) by simp

from snoc have IV: set-of-bv (nfa-steps (quantify-nfa v N) q zs) = (Uz €{z.
length © = length xzs}. set-of-bv (nfa-steps N q (insertll v x xs))) by simp

{ fix bs :: bool list assume H: length bs = length xs
with snoc have list-all (is-alph (Suc n)) (insertll v bs zs) by (simp add:
insertll-len2)
with snoc have nfa-is-node N (nfa-steps N q (insertll v bs zs)) by (simp add:
nfa-steps-is-node)
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} note N2 = this

have set-of-bv (nfa-steps (quantify-nfa v N) q (zs @ [z])) = set-of-bv (nfa-steps
(quantify-nfa v N) 2q [z])

by simp

also have ... = set-of-bv (nfa-trans (quantify-nfa v N) ?q z) by simp

also from snoc N have ... = (|Jb. set-of-bv (nfa-trans N ?q (insertl v b z))) by
(simp add: nfa-trans-quantify-nfa)

also have ... = (|Jb. set-of-bv (bdd-lookup (subsetbdd (fst N) ?q (nfa-emptybdd
(length 2q))) (insertl v b x))) by (simp add: nfa-trans-def)

also from N B have ... = (|Jb. Ji€set-of-bv ?q. set-of-bv (bdd-lookup (fst N |
1) (insertl v b x))) by (simp add: subsetbdd-set-of-bv)

also from IV have ... = (Jb. Jie(Uze{z. length z = length xs}. set-of-bv

(nfa-steps N q (insertll v x xs))). set-of-bv (bdd-lookup (fst N ! i) (insertl v b x)))
by simp

also have ... = (Jb. Jye{x. length x = length xzs}. | i€set-of-bv (nfa-steps N
q (insertll v y xs)). set-of-bv (bdd-lookup (fst N ! i) (insertl v b x))) by simp
also have ... = (|J bse{z. length x = Suc (length xs)}. |Ji€set-of-bv (nfa-steps
N q (insertll v (butlast bs) xs)). set-of-bv (bdd-lookup (fst N ! i) (insertl v (last bs)
z)))
by (simp add: UN-UN-lenset)
also from N2 B have ... = (|Jbse{z. length x = Suc (length zs)}. set-of-bv

(nfa-trans N (nfa-steps N q (insertll v (butlast bs) zs)) (insertl v (last bs) x))) (is
?L = ?R)
by (simp add: subsetbdd-set-of-bv[folded nfa-trans-def])

also have ... = (|Jbse{x. length © = Suc (length xs)}. set-of-bv (nfa-steps N q
(insertll v (butlast bs) zs Q [insertl v (last bs) x])))
by simp
also have ... = (|Jbse{x. length © = Suc (length xs)}. set-of-bv (nfa-steps N ¢
(insertll v (butlast bs @ [last bs]) (zs @ [2])))) by (auto simp: insertll-append)
also have ... = (|Jbse{x. length © = Suc (length zs)}. set-of-bv (nfa-steps N q

(insertll v bs (zs Q [z]))))
proof (rule set-eql)
fix za
have (za € (| bse{z. length x = Suc (length zs)}. set-of-bv (nfa-steps N q
(insertll v (butlast bs Q [last bs]) (zs @Q [2]))))) =
(3 bs € {xz. length x = Suc (length xs)}. bs # || A za € set-of-bv (nfa-steps N
q (insertll v (butlast bs Q [last bs]) (xs Q [z])))) by auto

also have ... = (3 bs € {z. length x = Suc (length xs)}. bs # [] A za € set-of-bv
(nfa-steps N q (insertll v bs (zs @ [z])))) by auto
also have ... = (za € (| bse{z. length x = Suc (length zs)}. set-of-bv (nfa-steps

N g (insertll v bs (xs Q [z]))))) by auto
finally show (za € (| bs€{z. length © = Suc (length xs)}. set-of-bv (nfa-steps

N q (insertll v (butlast bs @ [last bs]) (zs Q [z]))))) =

(za € (U bse{x. length x = Suc (length xs)}. set-of-bv (nfa-steps N q (insertll v
bs (25 @ [1])))) -

qed

finally show ?case by simp
qed

78



lemma nfa-accepts-quantify-nfa:

assumes wf-nfa A (Suc n)

and i < n

and list-all (is-alph n) bss

shows nfa-accepts (quantify-nfa i A) bss = (3 bs. nfa-accepts A (insertll i bs bss)
A length bs = length bss)
proof —

note Q0 = nfa-startnode-is-node[OF assms(1)]

hence nfa-is-node A (nfa-startnode (quantify-nfa i A)) by (simp add: nfa-startnode-def
quantify-nfa-def split-beta)

with assms have I: set-of-bv (nfa-steps (quantify-nfa i A) (nfa-startnode (quantify-nfa
i A)) bss) =

(Ubs € {bs. length bs = length bss}. set-of-bv (nfa-steps A (nfa-startnode
(quantify-nfa i A)) (insertll i bs bss)))
by (simp add: nfa-steps-quantify-nfa)

have nfa-accepts (quantify-nfa i A) bss = nfa-accepting (quantify-nfa i A) (nfa-steps
(quantify-nfa i A) (nfa-startnode (quantify-nfa i A)) bss) by (simp add: accepts-def)
also have ... = (set-of-bv (snd (quantify-nfa i A)) N set-of-bv (nfa-steps (quantify-nfa
i A) (nfa-startnode (quantify-nfa i A)) bss) # {}) by (simp add: nfa-accepting-set-of-bv)

also from I have ... = (set-of-bv (snd A) N (Jbs € {bs. length bs = length
bss}. set-of-bv (nfa-steps A (nfa-startnode (quantify-nfa i A)) (insertll i bs bss)))

#{}
by (simp add: quantify-nfa-def split-beta)

also have ... = ((|J bs € {bs. length bs = length bss}. set-of-bv (snd A) N set-of-bv
(nfa-steps A (nfa-startnode (quantify-nfa i A)) (insertll i bs bss))) # {}) by simp
also have ... = (3bs € {bs. length bs = length bss}. set-of-bv (snd A) N

set-of-bv (nfa-steps A (nfa-startnode A) (insertll i bs bss)) # {}) by (auto simp:
nfa-startnode-def quantify-nfa-def split-beta)

also have ... = (3 bs. nfa-accepts A (insertll i bs bss) A length bs = length bss)
by (auto simp: accepts-def nfa-accepting-set-of-bv)

finally show ?thesis .
qed

5.6 Right Quotient

definition
rquot-succs :: nat bdd list x bool list = nat = nat = nat list where
rquot-succs M = (An x. [bdd-lookup (fst M | z) (replicate n False)])

definition
rquot-invariant :: nat bdd list x bool list = bool list = bool where

rquot-invariant M = (Al length | = length (fst M))

definition
rquot-ins = (Azx l. l[z:=True))

definition
rquot-memb :: nat = bool list = bool where
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rquot-memb = (Az . 1! x)

definition
rquot-empt :: nat bdd list X bool list = bool list where
rquot-empt M = replicate (length (fst M)) False

definition
rquot-dfs M n x = gen-dfs (rquot-succs M n) rquot-ins rquot-memb (rquot-empt
M) [x]

definition
zeros :: nat = nat = bool list list where
zeros m n = replicate m (replicate n False)

lemma zeros-is-alpha: list-all (is-alph v) (zeros n v)
by (induct n) (simp add: zeros-def is-alph-def)+

lemma zeros-rone: zeros (Suc n) v = zeros n v @ zeros 1 v
by (simp add: zeros-def replicate-append-same)

lemma zeros-len: length (zeros n v) = n
by (simp add: zeros-def)

lemma zeros-rtrancl: (3 n. dfa-reach M z (zeros nv) y) = ((z,y) € (succsr (rquot-succs
M v))*)
proof
assume 3 n. dfa-reach M x (zeros n v) y
then obtain n where N: dfa-reach M x (zeros n v) y ..
define w where w = zeros n v
hence W: dn. w = zeros n v by auto
from w-def N have dfa-reach M z w y by simp
from this W show (z,y) € (succsr (rquot-succs M v))*
proof induct
case (snoc k ws y)
then obtain n’ where N': ws @ [y] = zeros n’ v by blast
have length (ws @ [y]) > 0 by simp
with N’ have n’ > 0 by (simp add: zeros-len)
then obtain n where NL: n’ = Suc n by (cases n') simp+
hence zeros n’ v = zeros n v @ zeros 1 v by (simp only: zeros-rone)
also have ... = zeros n v Q [replicate v False] by (simp add: zeros-def)
finally have zeros n’ v = zeros n v @ [replicate v False] .
with N’ have WS: ws = zeros n v y = replicate v False by auto
hence dn. ws = zeros n v by auto
with snoc have IV: (z,k) € (succsr (rquot-succs M v))* by simp
from WS have dfa-trans M k y € set (rquot-succs M v k) by (simp add:
rquot-succs-def dfa-trans-def)
hence (k, dfa-trans M k y) € (succsr (rquot-succs M v))* by (auto simp:
succsr-def)
with IV show ?case by simp
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qed simp
next
assume (z,y) € (succsr (rquot-succs M v))*
thus 3 n. dfa-reach M x (zeros n v) y
proof induct
case base
have dfa-reach M z (zeros 0 v) x by (simp add: reach-nil zeros-def)
thus 3 n. dfa-reach M z (zeros n v) z by (rule exl)
next
case (step y z)
then obtain n where N: dfa-reach M x (zeros n v) y by blast
with step have Z: z = dfa-trans M y (replicate v False) by (simp add: succsr-def
rquot-succs-def dfa-trans-def)
from N Z have dfa-reach M x (zeros n v Q zeros 1 v) z by (simp add: reach-snoc
zeros-def)
hence dfa-reach M z (zeros (Suc n) v) z by (simp only: zeros-rone)
thus ?case by (rule exl)
qed
qed

primrec map-indez :: (‘a = nat = 'b) = ’a list = nat = 'b list
where

map-index f [| n = ||
| map-index f (z#xs) n = fx n # map-index f xs (Suc n)

lemma map-indez-len:
length (map-index f ls n) = length ls
by (induct ls arbitrary: n) simp+

lemma map-indezx-nth:
assumes i < length [
shows map-index fin!i=f (1!4) (n+ 1)
using assms proof (induct | arbitrary: n i)
case (Cons a l n 1)
show ?Zcase proof (cases i = 0)
case Fulse
then obtain j where J: i = Suc j by (cases i) simp+
with Cons show ?thesis by simp
qed simp
qed simp

definition

rquot :: dfa = nat = dfa where

rquot = (A(bd, as) v. (bd, map-index (Ax n. nfa-accepting’ as (rquot-dfs (bd, as)
v n)) as 0))

lemma rquot-well-formed-aut:
assumes wf-dfa M n
shows wf-dfa (rquot M n) n
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using assms by (simp add: rquot-def split-beta wf-dfa-def map-index-len dfa-is-node-def)

lemma rquot-node:
dfa-is-node (rquot M n) q = dfa-is-node M q
by (simp add: rquot-def dfa-is-node-def split-beta)

lemma rquot-steps:
dfa-steps (rquot M n) z w = dfa-steps M © w
by (simp add: rquot-def dfa-trans-def [abs-def] split-beta)

locale rquot-DFS =
fixes A :: dfa and n :: nat
assumes well-formed: wf-dfa A n

sublocale rquot-DFS < DFS rquot-succs A n dfa-is-node A
rquot-invariant A rquot-ins rquot-memb rquot-empt A
proof (insert well-formed, unfold-locales)
fix z y S assume dfa-is-node A x and dfa-is-node A y and rquot-invariant A S
and — rquot-memb y S
thus rquot-memb z (rquot-ins y S) = (x = y V rquot-memb z S)
by (cases z=y) (simp add: dfa-is-node-def rquot-invariant-def rquot-memb-def
rquot-ins-def )+
qed (simp add: dfa-is-node-def rquot-memb-def rquot-empt-def
rquot-succs-def rquot-invariant-def rquot-ins-def
bounded-nat-set-is-finite[of - length (fst A)]
dfa-trans-is-node[unfolded dfa-trans-def dfa-is-node-def is-alph-def])+

context rquot-DFS
begin

lemma rquot-dfs-invariant:
assumes dfa-is-node A x
shows rquot-invariant A (rquot-dfs A n x)
using assms well-formed unfolding rquot-dfs-def
by (auto simp: dfs-invariant’ empt-invariant)

lemma dfa-reach-rquot:

assumes dfa-is-node A x

and dfa-is-node A y

shows rquot-memb y (rquot-dfs A n x) = (Im. dfa-reach A z (zeros m n) y)
proof —

from assms have rquot-memb y (rquot-dfs A n z) = ((z,y) € (succsr (rquot-succs
A m)))

by (simp add: dfs-eq-rtrancl rquot-dfs-def)

also have ... = (Im. dfa-reach A z (zeros m n) y) by (simp add: zeros-rtrancl)

finally show ?thesis .
qed

lemma rquot-accepting:
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assumes dfa-is-node (rquot A n) q
shows dfa-accepting (rquot A n) q = (Im. dfa-accepting A (dfa-steps A q (zeros
m n)))
proof —
from assms have Q: dfa-is-node A q by (simp add: rquot-node)
with assms have rquot-invariant A (rquot-dfs A n q) by (simp add: rquot-dfs-invariant)
hence L: length (rquot-dfs A n q) = length (fst A) by (simp add: rquot-invariant-def)

have nfa-accepting’ (snd A) (rquot-dfs A n q) = (set-of-bv (snd A) N set-of-bv
(rquot-dfs A n q) # {}) by (simp add: nfa-accepting’-set-of-bv)

also have ... = (34. i < length (snd A) A snd A i A\ i < length (rquot-dfs A
n q) A rquot-dfs A n q ! i) by (auto simp: set-of-bu-def)

also from well-formed L have ... = (3i. dfa-is-node A i A snd A! i A rquot-memb
i (rquot-dfs A n q)) by (auto simp add: wf-dfa-def dfa-is-node-def rquot-memb-def)
also have ... = ({i. dfa-is-node A i N snd A i A rquot-memb i (rquot-dfs A n
D)} # {}) by auto

also from assms @ have ... = ({i. dfa-is-node A i A snd A i A (3m. dfa-reach
A q (zeros m n) ©)} # {}) by (auto simp: dfa-reach-rquot)

also have ... = ({i. 3m. dfa-is-node A i A\ snd A i A i = dfa-steps A q (zeros
mn)} # {}) by (simp add: reach-def)

also have ... = (3¢ m. dfa-is-node A i A snd A i A i = dfa-steps A q (zeros
m n)) by auto

also have ... = (Im. snd A ! dfa-steps A q (zeros m n))

proof

assume Im. snd A ! dfa-steps A q (zeros m n)
then obtain m where N: snd A ! dfa-steps A q (zeros m n) ..
from well-formed Q zeros-is-alphalof n m] have dfa-is-node A (dfa-steps A q
(zeros m n)) by (simp add: dfa-steps-is-node)
with N show 3¢ m. dfa-is-node A i A snd A i A i = dfa-steps A q (zeros m
n) by auto
qed auto
finally have nfa-accepting’ (snd A) (rquot-dfs A n q¢) = (Im. snd A ! dfa-steps
A q (zeros m n)) .
with well-formed assms show %thesis by (simp add: dfa-accepting-def rquot-def
split-beta dfa-is-node-def map-indez-nth wf-dfa-def)
qed

end

lemma rquot-accepts:

assumes A: wf-dfa A n

and list-all (is-alph n) bss

shows dfa-accepts (rquot A n) bss = (Im. dfa-accepts A (bss Q zeros m n))
proof —

from A

interpret rquot-DFS A n by unfold-locales

from assms have V: wf-dfa (rquot A n) n by (simp add: rquot-well-formed-aut)

hence dfa-is-node (rquot A n) 0 by (simp add: dfa-startnode-is-node)

with assms V have ¢: dfa-is-node (rquot A n) (dfa-steps (rquot A n) 0 bss) by
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(simp add: dfa-steps-is-node)

have dfa-accepts (rquot A n) bss = dfa-accepting (rquot A n) (dfa-steps (rquot A
n) 0 bss) by (simp add: accepts-def)

also from assms q have ... = (Im. dfa-accepting A (dfa-steps A (dfa-steps A 0
bss) (zeros m n))) by (simp add: rquot-accepting rquot-steps)

also have ... = (Im. dfa-accepting A (dfa-steps A 0 (bss Q zeros m n))) by
stmp

also have ... = (Im. dfa-accepts A (bss Q zeros m n)) by (simp add: accepts-def)

finally show ?thesis .
qged

5.7 Diophantine Equations

fun eval-dioph :: int list = nat list = int
where

eval-dioph (k # ks) (x # zs) = k % int © + eval-dioph ks xs
| eval-dioph ks xs = 0

lemma eval-dioph-mult:
eval-dioph ks xzs % int n = eval-dioph ks (map (Az. T x n) zs)
by (induct ks xs rule: eval-dioph.induct) (simp-all add: distrib-right)

lemma eval-dioph-add-map:
eval-dioph ks (map f xs) + eval-dioph ks (map g zs) =
eval-dioph ks (map (A\z. fz + g z) (ws::nat list))
proof (induct ks zs rule: eval-dioph.induct)
case (1 k ks x zs)
have eval-dioph (k # ks) (map f (z # zs)) + eval-dioph (k # ks) (map g (x #
zs)) =
(k % int (fz) + k = int (g z)) + (eval-dioph ks (map f zs) + eval-dioph ks (map
g as))
by simp
also have ... = (k x int (fz) + k % int (g x)) + eval-dioph ks (map (M\z. fx +
5 1) 29)
by (simp add: 1)
finally show ?case by (simp add: ac-simps distrib-left)
qed simp-all

lemma eval-dioph-div-mult:
eval-dioph ks (map (Az. x div n) xs) * int n +
eval-dioph ks (map (Az. x mod n) xs) = eval-dioph ks xs
by (simp add: eval-dioph-mult o-def eval-dioph-add-map)

lemma eval-dioph-mod:

eval-dioph ks xs mod int n = eval-dioph ks (map (Az. z mod n) zs) mod int n
proof (induct ks zs rule: eval-dioph.induct)

case (1 k ks x xs)

have eval-dioph (k # ks) (z # xs) mod int n =
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((k * int x) mod int n + eval-dioph ks xs mod int n) mod int n
by (simp add: mod-add-eq)
also have ... = ((k % (int £ mod int n)) mod int n +
eval-dioph ks (map (Az. x mod n) xs) mod int n) mod int n
by (simp add: 1 mod-mult-right-eq)
finally show ?case by (simp add: zmod-int mod-add-eq)
qed simp-all

lemma eval-dioph-div-mod:
(eval-dioph ks xs = 1) =
(eval-dioph ks (map (Az. x mod 2) xs) mod 2 = | mod 2 A
eval-dioph ks (map (Az. x div 2) zs) =
(I — eval-dioph ks (map (Az. z mod 2) zs)) div 2) (is 21 = ?r)
proof
assume eq: ?l
then have eval-dioph ks xs mod 2 = | mod 2 by simp
with eval-dioph-mod [of - - 2]
have eq’: eval-dioph ks (map (Az. © mod 2) xs) mod 2 = [ mod 2
by simp
from eval-dioph-div-mult [symmetric, of ks xs 2] eq
have eval-dioph ks (map (A\z. z div 2) xs) x 2 + eval-dioph ks (map (Az. £ mod
2) zs) =1
by simp
then have eval-dioph ks (map (Az. z div 2) zs) * 2 = | — eval-dioph ks (map
(Az. & mod 2) xs)
by (simp add: eq-diff-eq)
then have (eval-dioph ks (map (Az. x div 2) zs) x 2) div 2 =
(I — eval-dioph ks (map (Az. x mod 2) xs)) div 2
by simp
with eq’ show ?r by simp
next
assume ?r (is 2r1 A 9r2)
then obtain eql: ?r1 and eq2: 9r2 ..
from eql have (I — eval-dioph ks (map (Az.  mod 2) zs) mod 2) mod 2 =
(I = l'mod 2) mod 2
by simp
then have (I mod 2 — eval-dioph ks (map (Az. £ mod 2) xs) mod 2 mod 2) mod
2 =
(I mod 2 — 1 mod 2 mod 2) mod 2
by (simp only: mod-diff-eq)
then have eql” (I — eval-dioph ks (map (Az. © mod 2) xs)) mod 2 =0
by (simp add: mod-diff-eq)
from eg2 have
eval-dioph ks (map (Az. x div 2) zs) * 2 +
(I — eval-dioph ks (map (Az. x mod 2) zs)) mod 2 =
(I — eval-dioph ks (map (Az. x mod 2) zs)) div 2 x 2 +
(I — eval-dioph ks (map (Az. x mod 2) xs)) mod 2
by simp
then have
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eval-dioph ks (map (Az. z div 2) xs) * 2 +
(I — eval-dioph ks (map (Az. x mod 2) zs)) mod 2 =
I — eval-dioph ks (map (Az. x mod 2) xs)
by simp
with eql’ eval-dioph-div-mult [of - 2] show 7]
by (simp add: eq-diff-eq)
qed

lemma eval-dioph-ineq-div-mod:
(eval-dioph ks zs < 1) =
(eval-dioph ks (map (A\z. x div 2) zs) <
(I — eval-dioph ks (map (Az. z mod 2) zs)) div 2) (is 21 = ?r)
proof
assume 7]
with eval-dioph-div-mult [symmetric, of ks zs 2]
have eval-dioph ks (map (Az. x div 2) zs) * 2 + eval-dioph ks (map (Az. x mod
2) xs) <1
by simp
then have eval-dioph ks (map (Az. z div 2) zs) * 2 < | — eval-dioph ks (map
(Az. & mod 2) xs)
by (simp add: le-diff-eq)
then have (eval-dioph ks (map (A\z. z div 2) zs) * 2) div 2 <
(I — eval-dioph ks (map (Az. x mod 2) xs)) div 2
by (rule zdiv-monol) simp
then show ¢r by simp
next
assume ?r
have eval-dioph ks xs < eval-dioph ks zs +
(I — eval-dioph ks (map (Az. x mod 2) zs)) mod 2
by simp
also {
from < ?ry have eval-dioph ks (map (\z. z div 2) zs) * 2 <
(I — eval-dioph ks (map (A\z. x mod 2) xs)) div 2 * 2
by simp
also have ... = [ — eval-dioph ks (map (Az. x mod 2) zs) —
(I — eval-dioph ks (map (Az. x mod 2) xs)) mod 2
by (simp add: eq-diff-eq)
finally have (eval-dioph ks (map (\z. = div 2) zs) * 2 +
eval-dioph ks (map (Az. T mod 2) zs)) +
(I — eval-dioph ks (map (Az. x mod 2) zs)) mod 2 < 1
by simp
with eval-dioph-div-mult [of - 2]
have eval-dioph ks xs +
(I — eval-dioph ks (map (Az. x mod 2) zs)) mod 2 <1
by simp }
finally show ?[ .
qed

lemma sum-list-abs-ge-0: (0::int) < sum-list (map abs ks)
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by (induct ks) simp-all

lemma zmult-div-auzl:
assumes b: b # 0
shows (¢ — a mod b) div b = (a::int) div b
proof —
from minus-mod-eg-mult-div [symmetric, of b a]
have (b * (a div b)) div b = (a — a mod b) div b
by simp
with b show ?thesis by simp
qged

lemma zmult-div-auz2:
assumes b: b # 0
shows ((a::int) — a mod b) mod b =0
using b minus-mod-eq-mult-div [symmetric, of b a, symmetric]
by simp

lemma div-abs-eq:
assumes mod: (a::int) mod b = 0
and b: 0 < b
shows |a div b| = |a| div b
proof (cases 0 < a)
case True with pos-imp-zdiv-nonneg-iff [OF b]
show ?thesis by auto
next
from b have b # 0 by auto
case Fulse
then have a < 0 by auto
have |a div b| = — (a div b)
by (simp add: div-neg-pos-lessO [OF <a < 0» b] zabs-def)
with abs-of-neg [OF <a < 0v] zdiv-zminusl-eq-if [OF <b # O] mod
show ?thesis by simp
qed

lemma add-div-trivial: 0 < ¢ = ¢ < b = ((a::int) x b + ¢) divdb = a
by (simp add: div-addl-eq div-pos-pos-trivial)

lemma dioph-rhs-bound:
|(I — eval-dioph ks (map (Az. z mod 2) zs)) div 2| < maz |I| (O] k«ks. |k|)
proof —
have |(I — eval-dioph ks (map (Az. £ mod 2) xs)) div 2| =
|(I — eval-dioph ks (map (Az. © mod 2) xs) —
(I — eval-dioph ks (map (Az. x mod 2) zs)) mod 2) div 2|
(is - = |(- = 9r) div 2|)
by (simp add: zmult-div-auzl)
also have ... = |l — eval-dioph ks (map (Az. x mod 2) zs) — ?r| div 2
by (simp add: zmult-div-aux2 div-abs-eq)
also have |l — eval-dioph ks (map (Az. x mod 2) xs) — ?r| <
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|l — eval-dioph ks (map (Az. x mod 2) zs)| + |?r|
by (rule abs-triangle-ineq4)
also have |l — eval-dioph ks (map (Az. z mod 2) xs)| <
[l| + |eval-dioph ks (map (Az.  mod 2) xs)|
by (rule abs-triangle-ineq4)
also have |eval-dioph ks (map (Az. © mod 2) xs)| < (3 kks. |k|)
proof (induct ks zs rule: eval-dioph.induct)
case (1 k ks x xs)
have |k x int (z mod 2) + eval-dioph ks (map (Az. x mod 2) xs)| <
|k x int (z mod 2)| + |eval-dioph ks (map (Az. £ mod 2) xs)|
by (rule abs-triangle-ineq)
also have |k * int (x mod 2)| < |k| * |int (x mod 2)|
by (simp add: abs-mult)
also have |int (z mod 2)| < 1 by simp
finally have |k x int (z mod 2) + eval-dioph ks (map (Az. x mod 2) xs)| <
|k| 4+ |eval-dioph ks (map (Az.  mod 2) zs)]
by (auto simp add: mult-left-mono)
with 1 show ?case by simp
qed (simp-all add: sum-list-abs-ge-0)
finally have ineq: |(I — eval-dioph ks (map (Az. x mod 2) xs)) div 2| <
(1] + O k<ks. |k|) + |?r|) div 2
by (simp add: zdiv-monol)
show ?thesis
proof (cases (> k«ks. |k|]) < |I|)
case True
note ineq
also from True
have (|I] + (3 kks. |k]) + |2r]) div 2 < (JI| * 2 + |2r|) div 2
by (simp add: zdiv-monol)
also have ... = |]|
by (simp add: add-div-trivial)
finally show ?thesis by simp
next
case Fulse
note ineq
also from Fulse
have (|I| + O k«ks. |k]) + |?r]) div 2 < (O k<ks. |k]) * 2 + |?r|) div 2
by (simp add: zdiv-monol)
also have ... = (D] k«ks. |k|)
by (simp add: add-div-trivial)
finally show ?thesis by simp
qed
qged

lemma dioph-rhs-invariant:

assumes m: |m| < maz |I] (O k«ks. |k|)

shows |(m — eval-dioph ks (map (Az. £ mod 2) xs)) div 2| < maz |I] (O k+ks.
K1)
proof (cases (3 k«ks. |k]) < |I)
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case True
have |(m — eval-dioph ks (map (Az. x mod 2) xs)) div 2| < maz |m| (>  k<ks.
K1)
by (rule dioph-rhs-bound)
also from True m have |m| < [I| by simp
finally show ?thesis by simp
next
case Fulse
have |(m — eval-dioph ks (map (Az.  mod 2) zs)) div 2| < maz |m| (D k+ks.
K1)
by (rule dioph-rhs-bound)
also from Fualse m have |m| < (> k< ks. |k|) by simp
also have maz () k<ks. |k]) O k<ks. |k|) < maz |l] (O k«ks. |k|)
by simp
finally show ?thesis by simp
qed

lemma bounded-int-set-is-finite:
assumes S: V (iint)€S. |i] < j
shows finite S
proof (rule finite-subset)
have finite (int ‘ {n. n < nat j})
by (rule nat-seg-image-imp-finite [OF refl])
moreover have finite ((An. — int n) ‘{n. n < nat j})
by (rule nat-seg-image-imp-finite [OF refi])
ultimately show finite (int ‘ {n. n < nat j} U (An. — int n) ‘ {n. n < nat j})
by (rule finite-Unl)
show S C int ‘{n. n < nat j} U (An. — int n) ‘{n. n < nat j}
proof
fix ¢
assume i: { € S
show ¢ € int ‘{n. n < nat j} U (An. — int n) ‘{n. n < nat j}
proof (cases 0 < )
case True
then have ¢ = int (nat 7) by simp
moreover from i S have nat i € {n. n < nat j}
by auto
ultimately have i € int ‘ {n. n < nat j}
by (rule image-eql)
then show ?thesis ..

next
case Fulse
then have i = — int (nat (— 7)) by simp
moreover from i S have nat (— i) € {n. n < nat j}
by auto

ultimately have i € (An. — int n) ‘ {n. n < nat j}
by (rule image-eql)
then show ?thesis ..
qed
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qed
qed

primrec mk-nat-vecs :: nat = nat list list where
mk-nat-vecs 0 = [[]]
| mk-nat-vecs (Suc n) =
(let yss = mk-nat-vecs n
in map (Cons 0) yss @ map (Cons 1) yss)

lemma mk-nat-vecs-bound: V xzs€set (mk-nat-vecs n). Vx€set xs. z < 2
by (induct n) (auto simp add: Let-def)

lemma mk-nat-vecs-mod-eq: xs € set (mk-nat-vecs n) = map (Ax. x mod 2) xs
= s

apply (drule bspec [OF mk-nat-vecs-bound))

apply (induct xs)

apply simp-all

done

definition
dioph-succs n ks m = List.map-filter (Awxs.
if eval-dioph ks xs mod 2 = m mod 2
then Some ((m — eval-dioph ks xs) div 2)
else None) (mk-nat-vecs n)

definition
dioph-is-node :: int list = int = int = bool where
dioph-is-node ks L m = (|m| < maz |I| (. k«ks. |k|))

definition
dioph-invariant :: int list = int = nat option list x int list = bool where
dioph-invariant ks 1 = (\(is, js). length is = nat (2 x max |I| (3 k«ks. |k|) +
1))

definition
dioph-ins m = (X(is, js). (is[int-encode m := Some (length js)], js @ [m]))

definition
dioph-memb :: int = nat option list X int list = bool where
dioph-memb m = (A(is, js). is | int-encode m # None)

definition
dioph-empt :: int list = int = nat option list x int list where
dioph-empt ks | = (replicate (nat (2 * maz |l| (O k<ks. |k|) + 1)) None, [])

lemma int-encode-bound: dioph-is-node ks | m —

int-encode m < nat (2 * maz |l (3 k<ks. |k]) + 1)
by (simp add: dioph-is-node-def int-encode-def sum-encode-def) arith
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interpretation dioph-dfs: DFS dioph-succs n ks dioph-is-node ks |
dioph-invariant ks | dioph-ins dioph-memb dioph-empt ks |
proof (standard, goal-cases)
case (1 z y)
then show ?case
apply (simp add: dioph-memb-def dioph-ins-def split-beta dioph-invariant-def)
apply (cases x = y)
apply (simp add: int-encode-bound)
apply (simp add: inj-eq [OF inj-int-encode])
done
next
case 2
then show Zcase
by (simp add: dioph-memb-def dioph-empt-def int-encode-bound)
next
case 3
then show Zcase
apply (simp add: dioph-succs-def map-filter-def list-all-iff dioph-is-node-def)
apply (rule alll impl)+
apply (erule subst [OF mk-nat-vecs-mod-eq))
apply (drule dioph-rhs-invariant)
apply assumption
done
next
case 4
then show ?Zcase
by (simp add: dioph-invariant-def dioph-empt-def)
next
case 5
then show Zcase
by (simp add: dioph-invariant-def dioph-ins-def split-beta)
next
case 6
then show Zcase
apply (rule bounded-int-set-is-finite [of - max |I| (3] k+ks. |k|) + 1])
apply (rule balll)
apply (simp add: dioph-is-node-def)
done
qed

definition
dioph-dfs n ks | = gen-dfs (dioph-succs n ks) dioph-ins dioph-memb (dioph-empt
ks 1) [1]

primrec make-bdd :: (nat list = 'a) = nat = nat list = 'a bdd
where
make-bdd f 0 zs = Leaf (f xs)
| make-bdd f (Suc n) xs = Branch (make-bdd f n (zs Q [0])) (make-bdd fn (zs @
)
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definition
eq-dfa n ks | =
(let (is, js) = dioph-dfs n ksl
m
(map (Aj. make-bdd (A\zs.
if eval-dioph ks xs mod 2 = j mod 2
then the (is ! int-encode ((j — eval-dioph ks xs) div 2))
else length js) n []) js @Q [Leaf (length js)],
map (Aj. j = 0) js @ [False]))

abbreviation (input) nat-of-bool :: bool = nat
where
nat-of-bool = of-bool

lemma nat-of-bool-bound: nat-of-bool b < 2
by (cases b) simp-all

lemma nat-of-bool-mk-nat-vecs:
length bs = n = map nat-of-bool bs € set (mk-nat-vecs n)
apply (induct n arbitrary: bs)
apply simp
apply (case-tac bs)
apply simp
apply (case-tac a)
apply (simp-all add: Let-def)
done

lemma bdd-lookup-make-bdd:
length bs = n = bdd-lookup (make-bdd f n zs) bs = f (zs Q@ map nat-of-bool bs)
apply (induct n arbitrary: bs xs)
apply simp
apply (case-tac bs)
apply auto
done

primrec nat-of-bools :: bool list = nat
where
nat-of-bools [| = 0
| nat-of-bools (b # bs) = nat-of-bool b + 2 * nat-of-bools bs

primrec nats-of-boolss :: nat = bool list list = nat list
where
Nil: nats-of-boolss n [| = replicate n 0
| Cons: nats-of-boolss n (bs # bss) =
map (A(b, ). nat-of-bool b + 2 * x) (zip bs (nats-of-boolss n bss))

lemma nats-of-boolss-length:
list-all (is-alph n) bss = length (nats-of-boolss n bss) = n
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by (induct bss) (simp-all add: is-alph-def)

lemma nats-of-boolss-mod2:
assumes bs: length bs = n and bss: list-all (is-alph n) bss
shows map (Az. £ mod 2) (nats-of-boolss n (bs # bss)) = map nat-of-bool bs
proof —
from bs bss
have map nat-of-bool (map fst (zip bs (nats-of-boolss n bss))) = map nat-of-bool
bs
by (simp add: nats-of-boolss-length)
then show ?thesis
by (simp add: split-def o-def nat-of-bool-bound)
qed

lemma nats-of-boolss-div2:
assumes bs: length bs = n and bss: list-all (is-alph n) bss
shows map (Az. = div 2) (nats-of-boolss n (bs # bss)) = nats-of-boolss n bss
using bs bss
by (simp add: split-def o-def nat-of-bool-bound nats-of-boolss-length)

lemma zip-insertl: length s = length ys =
zip (insertl n x zs) (insertl n y ys) = insertl n (z, y) (zip xs ys)
by (induct n x xs arbitrary: ys rule: insertl.induct)
(auto simp add: Suc-length-conv)

lemma map-insertl: map f (insertl i x xs) = insertl i (f ) (map f xs)
by (induct i x zs rule: insertl.induct) simp-all

lemma insertl-replicate: m < n =
insertl m x (replicate n x) = x # replicate n x
apply (induct n arbitrary: m)
apply simp
apply (case-tac m)
apply simp-all
done

lemma nats-of-boolss-insertll:
list-all (is-alph n) bss = length bs = length bss = i < n =
nats-of-boolss (Suc n) (insertll i bs bss) = insertl i (nat-of-bools bs) (nats-of-boolss
n bss)
by (induct i bs bss rule: insertll.induct)
(simp-all add: zip-insertl nats-of-boolss-length insertll-len2 is-alph-def
map-insertl insertl-replicate cong: conj-cong)

lemma zip-replicate-map: length xs = n = zip (replicate n z) s = map (Pair x)
xs

apply (induct n arbitrary: xs)

apply simp

apply (case-tac zs)
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apply simp-all
done

lemma zip-replicate-mapr: length xs = n = zip xzs (replicate n ) = map (Ay.
(y. 2)) s

apply (induct n arbitrary: zs)

apply simp

apply (case-tac zs)

apply simp-all

done

lemma zip-assoc: map f (zip zs (zip ys zs)) = map (A((z, v), 2). f (z, (y, 2))) (zip
(zip s ys) 2s)

apply (induct zs arbitrary: ys zs)

apply simp

apply (case-tac ys)

apply simp

apply (case-tac zs)

apply simp-all

done

lemma nats-of-boolss-append:
list-all (is-alph n) bss = list-all (is-alph n) bss' =
nats-of-boolss n (bss @ bss’) =
map (M(z, y). x + 2 " length bss x y) (zip (nats-of-boolss n bss) (nats-of-boolss
n bss’))
by (induct bss)
(auto simp add: nats-of-boolss-length zip-replicate-map o-def
map-zip-map map-zip-map?2 zip-assoc is-alph-def)

lemma nats-of-boolss-zeros: nats-of-boolss n (zeros m n) = replicate n 0
by (induct m) (simp-all add: zeros-def)

declare nats-of-boolss. Cons [simp del]

fun bools-of-nat :: nat = nat = bool list

where
bools-of-nat k n =
(if n = 0 then

(if k = 0 then [] else False # bools-of-nat (k — 1) n)
else (n mod 2 = 1) # bools-of-nat (k — 1) (n div 2))

lemma bools-of-nat-length: k < length (bools-of-nat k n)
apply (induct k n rule: bools-of-nat.induct)
apply (case-tac n = 0)
apply (case-tac k = 0)
apply simp
apply simp
apply (subst bools-of-nat.simps)
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apply (simp del: bools-of-nat.simps)
done

lemma nat-of-bool-mod-eq: nat-of-bool (n mod 2 = 1) = n mod 2
by (cases n mod 2 = 1) simp-all

lemma bools-of-nat-inverse: nat-of-bools (bools-of-nat k n) = n
apply (induct k n rule: bools-of-nat.induct)
apply (case-tac n = 0)
apply (case-tac k = 0)
apply simp
apply simp
apply (subst bools-of-nat.simps)
apply (simp add: nat-of-bool-mod-eq [simplified] del: bools-of-nat.simps)
done

declare bools-of-nat.simps [simp del]

lemma eval-dioph-replicate-0: eval-dioph ks (replicate n 0) = 0
apply (induct n arbitrary: ks)
apply simp
apply (case-tac ks)
apply simp-all
done

lemma dioph-dfs-bij:
(fst (dioph-dfs n ks 1) ! int-encode i = Some k N dioph-is-node ks 1 i) =
(k < length (snd (dioph-dfs n ks 1)) A (snd (dioph-dfs n ks 1) | k = 1))
proof —
let ?dfs = gen-dfs (dioph-succs n ks) dioph-ins dioph-memb (dioph-empt ks 1) [I]
have list-all (dioph-is-node ks 1) [I]
by (simp add: dioph-is-node-def)
with dioph-dfs.empt-invariant [of ks ]
have (fst 2dfs | int-encode i = Some k N dioph-is-node ks 1 i) =
(k < length (snd ?dfs) A (snd ?dfs | k = 1))
proof (induct rule: dioph-dfs.dfs-invariant)
case base
show ?case
by (auto simp add: dioph-empt-def dioph-is-node-def int-encode-bound)
next
case (step S y)
then show ?case
by (cases y = i)
(auto simp add: dioph-ins-def dioph-memb-def dioph-is-node-def split-beta
dioph-invariant-def
int-encode-bound nth-append inj-eq [OF inj-int-encode))
qed
then show ?thesis by (simp add: dioph-dfs-def)
qed
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lemma dioph-dfs-mono:
assumes z: dioph-invariant ks | z
and xs: list-all (dioph-is-node ks 1) xs
and H: fst z ! i = Some k
shows fst (gen-dfs (dioph-succs n ks) dioph-ins dioph-memb z zs) | i = Some k
using z xs H
apply (rule dioph-dfs.dfs-invariant)
apply (simp add: dioph-ins-def dioph-memb-def split-paired-all)
apply (case-tac i = int-encode x)
apply simp-all
done

lemma dioph-dfs-start:
fst (dioph-dfs n ks ) ! int-encode | = Some 0
apply (simp add: dioph-dfs-def gen-dfs-simps dioph-dfs.empt dioph-is-node-def)
apply (rule dioph-dfs-mono [of - 1])
apply (rule dioph-dfs.ins-invariant)
apply (simp add: dioph-is-node-def)
apply (rule dioph-dfs.empt-invariant)
apply (simp add: dioph-dfs.empt dioph-is-node-def)
apply (simp add: dioph-dfs.succs-is-node dioph-is-node-def)
apply (simp add: dioph-ins-def dioph-empt-def int-encode-bound dioph-is-node-def)
done

lemma eg-dfa-error: - dfa-accepting (eq-dfa n ks 1) (dfa-steps (eg-dfa n ks l) (length
(snd (dioph-dfs n ks 1))) bss)

apply (induct bss)

apply (simp add: eq-dfa-def split-beta dfa-accepting-def nth-append)

apply (simp add: eq-dfa-def split-beta nth-append dfa-trans-def)

done

lemma eg-dfa-accepting:
(I, m) € (succsr (dioph-succs n ks))* = list-all (is-alph n) bss =
dfa-accepting (eq-dfa n ks 1) (dfa-steps (eq-dfa n ks 1) (the (fst (dioph-dfs n ks )
I int-encode m)) bss) =
(eval-dioph ks (nats-of-boolss n bss) = m)
proof (induct bss arbitrary: m)
case Nil
have I: dioph-is-node ks 11
by (simp add: dioph-is-node-def)
with «(I, m) € (succsr (dioph-succs n ks))*>
have m: dioph-is-node ks | m
by (rule dioph-dfs.succsr-is-node)
with [ Nil
have dioph-memb m (dioph-dfs n ks )
by (simp add: dioph-dfs.dfs-eq-rtrancl dioph-dfs-def)
then obtain k where k: fst (dioph-dfs n ks 1) | int-encode m = Some k
by (auto simp add: dioph-memb-def)
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with m have k < length (snd (dioph-dfs n ks 1)) A (snd (dioph-dfs n ks 1) ! k =
m)
by (simp add: dioph-dfs-bij [symmetric])
with k£ show ?Zcase
by (simp add: eval-dioph-replicate-0 dfa-accepting-def eq-dfa-def split-beta nth-append)
next
case (Cons bs bss)
have I: dioph-is-node ks 11
by (simp add: dioph-is-node-def)
with «(I, m) € (succsr (dioph-succs n ks))*>
have m: dioph-is-node ks I m
by (rule dioph-dfs.succsr-is-node)
with [ Cons
have dioph-memb m (dioph-dfs n ks )
by (simp add: dioph-dfs.dfs-eq-rtrancl dioph-dfs-def)
then obtain k where k: fst (dioph-dfs n ks 1) | int-encode m = Some k
by (auto simp add: dioph-memb-def)
with m have k" k < length (snd (dioph-dfs n ks 1)) A (snd (dioph-dfs n ks 1) !
k= m)
by (simp add: dioph-dfs-bij [symmetric])
show Zcase
proof (cases eval-dioph ks (map nat-of-bool bs) mod 2 = m mod 2)
case True
with k' Cons
have bdd-lookup (fst (eq-dfa n ks 1) ! k) bs =
the (fst (dioph-dfs n ks 1) ! int-encode ((m — eval-dioph ks (map nat-of-bool
bs)) div 2))
by (simp add: eq-dfa-def split-beta nth-append bdd-lookup-make-bdd is-alph-def)
moreover have (I, (m — eval-dioph ks (map nat-of-bool bs)) div 2) € (succsr
(dioph-succs n ks))*
apply (rule rtrancl-into-rtrancl)
apply (rule Cons)
apply (simp add: dioph-succs-def succsr-def map-filter-def)
apply (rule image-eql [of - - map nat-of-bool bs])
using Cons
apply (simp-all add: True nat-of-bool-mk-nat-vecs is-alph-def)
done
ultimately show ?thesis using True k k' Cons
by (subst eval-dioph-div-mod)
(simp add: nats-of-boolss-div2 nats-of-boolss-mod2 is-alph-def dfa-trans-def
[abs-def])
next
case Fulse
with k£’ Cons
have bdd-lookup (fst (eg-dfa n ks 1) ! k) bs = length (snd (dioph-dfs n ks 1))
by (simp add: eq-dfa-def split-beta nth-append bdd-lookup-make-bdd is-alph-def)
with Fualse k k' Cons show ?thesis
by (subst eval-dioph-div-mod)
(simp add: nats-of-boolss-div2 nats-of-boolss-mod2 is-alph-def
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dfa-trans-def eq-dfa-error)
qed
qed

lemma eg-dfa-accepts:
assumes bss: list-all (is-alph n) bss

shows dfa-accepts (eq-dfa n ks 1) bss = (eval-dioph ks (nats-of-boolss n bss) = 1)

by (simp add: accepts-def)

(rule eq-dfa-accepting [of 1l n ks, OF - bss, simplified dioph-dfs-start, simplified))

lemma bddh-make-bdd: bddh n (make-bdd f n xs)

by (induct n arbitrary: zs) simp-all

lemma bdd-all-make-bdd: bdd-all P (make-bdd f n xzs) = (Vys€set (mk-nat-vecs

n). P (f (zs @ ys)))
by (induct n arbitrary: zs) (auto simp add: Let-def)

lemma eq-wf-dfa: wf-dfa (eq-dfa n ks l) n
proof —
have V z€set (snd (dioph-dfs n ks 1)). V ys€set (mk-nat-vecs n).
eval-dioph ks ys mod 2 = © mod 2 —
the (fst (dioph-dfs n ks 1) ! int-encode ((z — eval-dioph ks ys) div 2)) <
Suc (length (snd (dioph-dfs n ks 1)))
proof (intro balll impI)
fix z ys
assume z: z € set (snd (dioph-dfs n ks 1))
and ys: ys € set (mk-nat-vecs n)
and ys”: eval-dioph ks ys mod 2 = x mod 2
from z obtain k where k: fst (dioph-dfs n ks 1) | int-encode x = Some k
and k’: dioph-is-node ks | x
by (auto simp add: in-set-conv-nth dioph-dfs-bij [symmetric))
from k have dioph-memb z (dioph-dfs n ks I)
by (simp add: dioph-memb-def split-beta)
moreover have [l: dioph-is-node ks [ 1
by (simp add: dioph-is-node-def)
ultimately have (I, z) € (succsr (dioph-succs n ks))
by (simp add: dioph-dfs.dfs-eq-rtrancl dioph-dfs-def)
then have (I, (z — eval-dioph ks ys) div 2) € (succsr (dioph-succs n ks))
apply (rule rtrancl-into-rtrancl)
apply (simp add: succsr-def dioph-succs-def map-filter-def)
apply (rule image-eql [of - - ys])
apply (simp-all add: ys ys’)
done
moreover from dioph-dfs.succs-is-node [OF k', of n] ys ys’
have z’: dioph-is-node ks | ((z — eval-dioph ks ys) div 2)
by (auto simp add: dioph-succs-def map-filter-def list-all-iff)

*

using k'

*

ultimately have dioph-memb ((z — eval-dioph ks ys) div 2) (dioph-dfs n ks 1)

by (simp add: dioph-dfs.dfs-eq-rtrancl dioph-dfs-def 1)
then obtain k' where k" fst (dioph-dfs n ks 1) !
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int-encode ((x — eval-dioph ks ys) div 2) = Some k'
by (auto simp add: dioph-memb-def)
with 2’ have k' < length (snd (dioph-dfs n ks 1)) A
snd (dioph-dfs n ks 1) ! k' = ((z — eval-dioph ks ys) div 2)
by (simp add: dioph-dfs-bij [symmetric])
with &’
show the (fst (dioph-dfs n ks 1) | int-encode ((z — eval-dioph ks ys) div 2)) <
Suc (length (snd (dioph-dfs n ks 1)))
by simp
qged
then show ?thesis
by (simp add: eq-dfa-def split-beta wf-dfa-def dfa-is-node-def list-all-iff
bddh-make-bdd bdd-all-make-bdd)
qed

5.8 Diophantine Inequations

definition
dioph-ineg-succs n ks m = map (Awxs.
(m — eval-dioph ks xzs) div 2) (mk-nat-vecs n)

interpretation dioph-ineq-dfs: DFS dioph-ineq-succs n ks dioph-is-node ks [
dioph-invariant ks | dioph-ins dioph-memb dioph-empt ks |
proof (standard, goal-cases)
case (1 z y)
then show Zcase
apply (simp add: dioph-memb-def dioph-ins-def split-beta dioph-invariant-def)
apply (cases © = y)
apply (simp add: int-encode-bound)
apply (simp add: inj-eq [OF inj-int-encode])
done
next
case 2
then show ?Zcase
by (simp add: dioph-memb-def dioph-empt-def int-encode-bound)
next
case 3
then show Zcase
apply (simp add: dioph-ineq-succs-def map-filter-def list-all-iff dioph-is-node-def)
apply (rule balll)
apply (erule subst [OF mk-nat-vecs-mod-eq))
apply (drule dioph-rhs-invariant)
apply assumption
done
next
case 4
then show Zcase
by (simp add: dioph-invariant-def dioph-empt-def)
next
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case 5
then show ?case
by (simp add: dioph-invariant-def dioph-ins-def split-beta)
next
case 6
then show ?case
apply (rule bounded-int-set-is-finite [of - maz |I| (O k< ks. |k|) + 1])
apply (rule balll)
apply (simp add: dioph-is-node-def)
done
qged

definition
dioph-ineg-dfs n ks | = gen-dfs (dioph-ineg-succs n ks) dioph-ins dioph-memb
(dioph-empt ks 1) [1]

definition
ineq-dfa n ks | =
(let (is, js) = dioph-ineg-dfs n ksl
in
(map (Nj. make-bdd (Azs.
the (is ! int-encode ((j — eval-dioph ks xzs) div 2))) n []) js,
map (Aj. 0 < j) js))

lemma dioph-ineq-dfs-bij:
(fst (dioph-ineq-dfs n ks 1) | int-encode i = Some k A dioph-is-node ks 1 i) =
(k < length (snd (dioph-ineq-dfs n ks 1)) A (snd (dioph-ineq-dfs n ks 1) | k = 1))
proof —
let ?dfs = gen-dfs (dioph-ineq-succs n ks) dioph-ins dioph-memb (dioph-empt ks
1) (]
have list-all (dioph-is-node ks 1) [I]
by (simp add: dioph-is-node-def)
with dioph-dfs.empt-invariant [of ks ]
have (fst 2dfs | int-encode i = Some k N dioph-is-node ks 1 i) =
(k < length (snd ?dfs) A (snd ?dfs | k = 1))
proof (induct rule: dioph-ineg-dfs.dfs-invariant)
case base
show ?case
by (auto simp add: dioph-empt-def dioph-is-node-def int-encode-bound)
next
case (step S y)
then show ?case
by (cases y = i)
(auto simp add: dioph-ins-def dioph-memb-def dioph-is-node-def split-beta
dioph-invariant-def
int-encode-bound nth-append inj-eq [OF inj-int-encode))
qed
then show ?thesis by (simp add: dioph-ineq-dfs-def)
qed
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lemma dioph-ineq-dfs-mono:

assumes z: dioph-invariant ks | z

and xs: list-all (dioph-is-node ks 1) xs

and H: fst z ! i = Some k

shows fst (gen-dfs (dioph-ineq-succs n ks) dioph-ins dioph-memb z xs) ! i = Some
k

using z xs H

apply (rule dioph-ineq-dfs.dfs-invariant)

apply (simp add: dioph-ins-def dioph-memb-def split-paired-all)

apply (case-tac ¢ = int-encode x)

apply simp-all

done

lemma dioph-ineq-dfs-start:

fst (dioph-ineq-dfs n ks 1) | int-encode | = Some 0

apply (simp add: dioph-ineq-dfs-def gen-dfs-simps dioph-ineq-dfs.empt dioph-is-node-def)
apply (rule dioph-ineg-dfs-mono [of - [])

apply (rule dioph-ineg-dfs.ins-invariant)

apply (simp add: dioph-is-node-def)

apply (rule dioph-ineq-dfs.empt-invariant)

apply (simp add: dioph-ineq-dfs.empt dioph-is-node-def)

apply (simp add: dioph-ineg-dfs.succs-is-node dioph-is-node-def)

apply (simp add: dioph-ins-def dioph-empt-def int-encode-bound dioph-is-node-def)
done

lemma ineg-dfa-accepting:
(I, m) € (sucesr (dioph-ineg-succs n ks))* = list-all (is-alph n) bss =
dfa-accepting (ineq-dfa n ks 1) (dfa-steps (ineq-dfa n ks 1) (the (fst (dioph-ineq-dfs
n ks 1) | int-encode m)) bss) =
(eval-dioph ks (nats-of-boolss n bss) < m)
proof (induct bss arbitrary: m)
case Nil
have I: dioph-is-node ks 11
by (simp add: dioph-is-node-def)
with <(I, m) € (succsr (dioph-ineg-succs n ks))*>
have m: dioph-is-node ks I m
by (rule dioph-ineq-dfs.succsr-is-node)
with [ Nil
have dioph-memb m (dioph-ineg-dfs n ks I)
by (simp add: dioph-ineg-dfs.dfs-eq-rtrancl dioph-ineq-dfs-def)
then obtain k where k: fst (dioph-ineq-dfs n ks 1) ! int-encode m = Some k
by (auto simp add: dioph-memb-def)
with m have k < length (snd (dioph-ineg-dfs n ks 1)) A (snd (dioph-ineg-dfs n
ksl) 'k =m)
by (simp add: dioph-ineq-dfs-bij [symmetric])
with k£ show ?Zcase
by (simp add: eval-dioph-replicate-0 dfa-accepting-def ineq-dfa-def split-beta
nth-append)
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next
case (Cons bs bss)
have I: dioph-is-node ks 11
by (simp add: dioph-is-node-def)
with «(I, m) € (succsr (dioph-ineg-succs n ks))*»
have m: dioph-is-node ks | m
by (rule dioph-ineq-dfs.succsr-is-node)
with [ Cons
have dioph-memb m (dioph-ineq-dfs n ks I)
by (simp add: dioph-ineqg-dfs.dfs-eq-rtrancl dioph-ineq-dfs-def)
then obtain k where k: fst (dioph-ineq-dfs n ks 1) ! int-encode m = Some k
by (auto simp add: dioph-memb-def)
with m have k”: k < length (snd (dioph-ineq-dfs n ks 1)) A (snd (dioph-ineq-dfs
nksl)! k= m)
by (simp add: dioph-ineq-dfs-bij [symmetric])
moreover with Cons have bdd-lookup (fst (ineq-dfa n ks 1) ! k) bs =
the (fst (dioph-ineq-dfs n ks 1) | int-encode ((m — eval-dioph ks (map nat-of-bool
bs)) div 2))
by (simp add: ineq-dfa-def split-beta nth-append bdd-lookup-make-bdd is-alph-def)
moreover have (I, (m — eval-dioph ks (map nat-of-bool bs)) div 2) € (succsr
(dioph-ineg-succs n ks))*
apply (rule rtrancl-into-rtrancl)
apply (rule Cons)
apply (simp add: dioph-ineg-succs-def succsr-def)
apply (rule image-eql [of - - map nat-of-bool bs])
using Cons
apply (simp-all add: nat-of-bool-mk-nat-vecs is-alph-def)
done
ultimately show ?case using k Cons
by (subst eval-dioph-ineq-div-mod)
(simp add: nats-of-boolss-div2 nats-of-boolss-mod2 is-alph-def dfa-trans-def
[abs-def])
qed

lemma ineq-dfa-accepts:
assumes bss: list-all (is-alph n) bss
shows dfa-accepts (ineg-dfa n ks 1) bss = (eval-dioph ks (nats-of-boolss n bss) <
1)
by (simp add: accepts-def)
(rule ineg-dfa-accepting [of 1 I n ks, OF - bss, simplified dioph-ineq-dfs-start,
simplified])

lemma ineq-wf-dfa: wf-dfa (ineg-dfa n ks 1) n
proof —
have Vzeset (snd (dioph-ineq-dfs n ks 1)). ¥V ys€set (mk-nat-vecs n).
the (fst (dioph-ineg-dfs n ks 1) | int-encode ((z — eval-dioph ks ys) div 2)) <
length (snd (dioph-ineg-dfs n ks 1))
proof (intro balll impI)
fix z ys
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assume z: ¢ € set (snd (dioph-ineq-dfs n ks 1))
and ys: ys € set (mk-nat-vecs n)
from z obtain k where k: fst (dioph-ineg-dfs n ks 1) | int-encode x = Some k
and k'’ dioph-is-node ks | x
by (auto simp add: in-set-conv-nth dioph-ineq-dfs-bij [symmetric])
from k have dioph-memb = (dioph-ineq-dfs n ks I)
by (simp add: dioph-memb-def split-beta)
moreover have [l: dioph-is-node ks [ 1
by (simp add: dioph-is-node-def)
ultimately have (I, z) € (succsr (dioph-ineg-succs n ks))* using k'
by (simp add: dioph-ineg-dfs.dfs-eq-rtrancl dioph-ineq-dfs-def)
then have (I, (z — eval-dioph ks ys) div 2) € (succsr (dioph-ineg-succs n ks))*
apply (rule rtrancl-into-rtrancl)
apply (simp add: succsr-def dioph-ineg-succs-def)
apply (rule image-eql [of - - ys])
apply (simp-all add: ys)
done
moreover from dioph-ineg-dfs.succs-is-node [OF k', of n] ys
have z’: dioph-is-node ks | ((z — eval-dioph ks ys) div 2)
by (simp add: dioph-ineq-succs-def list-all-iff)
ultimately have dioph-memb ((x — eval-dioph ks ys) div 2) (dioph-ineg-dfs n
ks 1)
by (simp add: dioph-ineg-dfs.dfs-eq-rtrancl dioph-ineq-dfs-def ll)
then obtain k' where k" fst (dioph-ineq-dfs n ks I)
int-encode ((x — eval-dioph ks ys) div 2) = Some k'
by (auto simp add: dioph-memb-def)
with z’ have k' < length (snd (dioph-ineq-dfs n ks 1)) A
snd (dioph-ineg-dfs n ks 1) | k' = ((z — eval-dioph ks ys) div 2)
by (simp add: dioph-ineg-dfs-bij [symmetric])
with £’
show the (fst (dioph-ineg-dfs n ks 1) | int-encode ((x — eval-dioph ks ys) div
2)) <
length (snd (dioph-ineg-dfs n ks 1))
by simp
qed
moreover have fst (dioph-ineq-dfs n ks 1) | int-encode | = Some 0 A dioph-is-node
ksll
by (simp add: dioph-ineg-dfs-start dioph-is-node-def)
then have snd (dioph-ineg-dfs n ks 1) # ||
by (simp add: dioph-ineg-dfs-bij)
ultimately show ?thesis
by (simp add: ineq-dfa-def split-beta wf-dfa-def dfa-is-node-def list-all-iff
bddh-make-bdd bdd-all-make-bdd)

*

qed

6 Presburger Arithmetic

datatype pf =
Eq int list int
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| Le int list int
| And pf pf
| Or pf pf

| Imp pf pf
| Forall pf

| Ezist pf
| Neg pf

type-synonym passign = nat list

primrec eval-pf :: pf = passign = bool
where
eval-pf (Eq ks 1) s = (eval-dioph ks zs = 1)
| eval-pf (Le ks 1) xs = (eval-dioph ks zs < 1)
| eval-pf (And p q) xs = (eval-pf p zs A eval-pf q xs)
| eval-pf (Or p q) xs = (eval-pf p zs V eval-pf q xs)
| eval-pf (Imp p q) xs = (eval-pf p xs — eval-pf q xs)
| eval-pf (Forall p) xs = (Y. eval-pf p (z # zs))
| eval-pf (Exist p) s = (Jz. eval-pf p (z # xs))
| eval-pf (Neg p) zs = (- eval-pf p xs)

function dfa-of-pf :: nat = pf = dfa
where
Eq: dfa-of-pf n (Eq ks 1) = eg-dfa n ks 1
| Le: dfa-of-pf n (Le ks I) = ineq-dfa n ks |
| And: dfa-of-pf n (And p q) = and-dfa (dfa-of-pf n p) (dfa-of-pf n )
| Or: dfa-of-pf n (Or p q) = or-dfa (dfa-of-pf n p) (dfa-of-pf n q)
| Imp: dfa-of-pf n (Imp p q) = imp-dfa (dfa-of-pf n p) (dfa-of-pf n q)
| Ezist: dfa-of-pf n (Exist p) = rquot (det-nfa (quantify-nfa 0 (nfa-of-dfa (dfa-of-pf
(Suc 1) p)))) n
| Forall: dfa-of-pf n (Forall p) = dfa-of-pf n (Neg (Exist (Neg p)))
| Neg: dfa-of-pf n (Neg p) = negate-dfa (dfa-of-pf n p)

by pat-completeness auto

Auxiliary measure function for termination proof

primrec count-forall :: pf = nat
where

count-forall (Eq ks 1) =0
| count-forall (Le ks 1) = 0
| count-forall (And p q) = count-forall p + count-forall q
| count-forall (Or p q) = count-forall p + count-forall q
| count-forall (Imp p q) = count-forall p + count-forall q
| count-forall (Exist p) = count-forall p
| count-forall (Forall p) = 1 4+ count-forall p
| count-forall (Neg p) = count-forall p

termination dfa-of-pf
by (relation measures [X(n, pf). count-forall pf, A(n, pf). size pf]) auto
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lemmas dfa-of-pf-induct =
dfa-of-pf.induct [case-names Eq Le And Or Imp Ezist Forall Neg]

lemma dfa-of-pf-well-formed: wf-dfa (dfa-of-pf n p) n
proof (induct n p rule: dfa-of-pf-induct)

case (Eq n ks l)

show ?case by (simp add: eq-wf-dfa)
next

case (Le n ks 1)

show ?case by (simp add: ineq-wf-dfa)
next

case (And np q)

then show ?case by (simp add: and-wf-dfa)
next

case (Or n p q)

then show Zcase by (simp add: or-wf-dfa)
next

case (Imp n p q)

then show ?case by (simp add: imp-wf-dfa)
next

case (Neg n p)

then show ?case by (simp add: negate-wf-dfa)
next

case (Ezist n p)

then show ?case

by (simp add: rquot-well-formed-aut det-wf-nfa quantify-nfa-well-formed-aut

dfa2wf-nfa)
next

case (Forall n p)

then show ?case by simp
qed

lemma dfa-of-pf-correctness:

list-all (is-alph n) bss =

dfa-accepts (dfa-of-pf n p) bss = eval-pf p (nats-of-boolss n bss)

proof (induct n p arbitrary: bss rule: dfa-of-pf-induct)

case (FEqn ks )

then show ?case by (simp add: eq-dfa-accepts)
next

case (Le n ks )

then show ?case by (simp add: ineg-dfa-accepts)
next

case (And n p q)

then show ?case by (simp add: and-dfa-accepts [of - n| dfa-of-pf-well-formed)
next

case (Orn p q)

then show ?Zcase by (simp add: or-dfa-accepts [of - n] dfa-of-pf-well-formed)
next

case (Imp n p q)

105



then show ?case by (simp add: imp-dfa-accepts [of - n] dfa-of-pf-well-formed)
next
case (Neg n p)
then show Zcase by (simp add: dfa-accepts-negate [of - n] dfa-of-pf-well-formed)
next
case (Ezist n p)
have (3% bs. eval-pf p (nat-of-bools bs # nats-of-boolss n bss) A length bs = length
bss + k) =
(Fz. eval-pf p (z # nats-of-boolss n bss))
apply (rule iffT)

apply (erule exE conjE)+

apply (erule exI)

apply (erule exE)

apply (rule-tac x=length (bools-of-nat (length bss) z) — length bss in exl)
apply (rule-tac x=bools-of-nat (length bss) = in exl)

apply (simp add: bools-of-nat-inverse bools-of-nat-length)

done

with Fzist show ?case by (simp add:
rquot-accepts det-wf-nfa quantify-nfa-well-formed-aut dfa2wf-nfa
det-nfa-accepts [of - n| zeros-is-alpha nfa-accepts-quantify-nfa [of - n]
nfa-of-dfa-accepts [of - Suc n] insertll-len2 nats-of-boolss-insertll
zeros-len nats-of-boolss-append nats-of-boolss-zeros zip-replicate-mapr
nats-of-boolss-length o-def insertl-0-eq
dfa-of-pf-well-formed cong: rev-conj-cong)
next
case (Forall n p)
then show ?Zcase by simp
qed

The same with minimization after quantification.

function dfa-of-pf’ :: nat = pf = dfa
where
dfa-of-pf’ n (Eq ks 1) = eq-dfa n ks
| dfa-of-pf’ n (Le ks 1) = ineg-dfa n ks 1
| dfa-of-pf’ n (And p q) = and-dfa (dfa-of-pf' n p) (dfa-of-pf' n q)
| dfa-of-pf" n (Or p q) = or-dfa (dfa-of-pf' n p) (dfa-of-pf' n q)
| dfa-of-pf' n (Imp p q) = imp-dfa (dfa-of-pf' n p) (dfa-of-pf' n q)
| dfa-of-pf' n (Ezist p) = min-dfa (rquot (det-nfa (quantify-nfa 0 (nfa-of-dfa (dfa-of-pf’
(Suc n) p)))) n)
| dfa-of-pf’ n (Forall p) = dfa-of-pf’ n (Neg (Fxist (Neg p)))
| dfa-of-pf' n (Neg p) = negate-dfa (dfa-of-pf' n p)
by pat-completeness auto

termination dfa-of-pf’
by (relation measures [A(n, pf). count-forall pf, A(n, pf). size pf]) auto

lemmas dfa-of-pf’-induct =
dfa-of-pf’.induct [case-names Eq Le And Or Imp Ezist Forall Neg]
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lemma dfa-of-pf’-well-formed: wf-dfa (dfa-of-pf’ n p) n
proof (induct n p rule: dfa-of-pf’-induct)

case (Eq n ks )

show ?case by (simp add: eq-wf-dfa)
next

case (Le n ks 1)

show ?case by (simp add: ineq-wf-dfa)
next

case (And n p q)

then show ?Zcase by (simp add: and-wf-dfa)
next

case (Orn p q)

then show ?case by (simp add: or-wf-dfa)
next

case (Imp n p q)

then show Zcase by (simp add: imp-wf-dfa)
next

case (Neg n p)

then show ?case by (simp add: negate-wf-dfa)
next

case (Fzist n p)

then show ?case

by (simp add: rquot-well-formed-aut det-wf-nfa quantify-nfa-well-formed-aut

dfa2wf-nfa min-dfa-wf)
next

case (Forall n p)

then show ?Zcase by simp
qed

lemma dfa-of-pf’-correctness:

list-all (is-alph n) bss =

dfa-accepts (dfa-of-pf’ n p) bss = eval-pf p (nats-of-boolss n bss)

proof (induct n p arbitrary: bss rule: dfa-of-pf’-induct)

case (Eq n ks )

then show ?case by (simp add: eq-dfa-accepts)
next

case (Le n ks 1)

then show ?case by (simp add: ineq-dfa-accepts)
next

case (And n p q)

then show ?case by (simp add: and-dfa-accepts [of - n] dfa-of-pf '-well-formed)
next

case (Orn p q)

then show ?case by (simp add: or-dfa-accepts [of - n] dfa-of-pf’-well-formed)
next

case (Imp n p q)

then show ?Zcase by (simp add: imp-dfa-accepts [of - n] dfa-of-pf '-well-formed)
next

case (Neg n p)
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then show ?case by (simp add: dfa-accepts-negate [of - n] dfa-of-pf’-well-formed)
next

case (Ezist n p)

have (3 bs. eval-pf p (nat-of-bools bs # nats-of-boolss n bss) A length bs = length
bss + k) =

(3. eval-pf p (z # nats-of-boolss n bss))

apply (rule iffI)

apply (erule exE conjE)+

apply (erule exl)

apply (erule exE)

apply (rule-tac z=length (bools-of-nat (length bss) z) — length bss in exl)
apply (rule-tac z=bools-of-nat (length bss) x in exl)

apply (simp add: bools-of-nat-inverse bools-of-nat-length)

done

Py

with Erist show ?case by (simp add:

rquot-accepts det-wf-nfa quantify-nfa-well-formed-aut dfa2wf-nfa
det-nfa-accepts [of - n| zeros-is-alpha nfa-accepts-quantify-nfa [of - n]
nfa-of-dfa-accepts [of - Suc n] insertll-len2 nats-of-boolss-insertll

zeros-len nats-of-boolss-append nats-of-boolss-zeros zip-replicate-mapr
nats-of-boolss-length o-def insertl-0-eq

dfa-of-pf'-well-formed min-dfa-accept [of - n] min-dfa-wf rquot-well-formed-aut
cong: rev-conj-cong)

next

case (Forall n p)

then show ?case by simp
qged
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