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Abstract

We formalize the proofs of Cauchy’s and Legendre’s Polygonal
Number Theorems given in Melvyn B. Nathanson’s book ‘Additive
Number Theory: The Classical Bases’ [2].

For m > 1, the k-th polygonal number of order m + 2 is defined to
be p, (k) = % + k. The theorems state that:

e If m > 4 and N > 108m, then N can be written as the sum of
m + 1 polygonal numbers of order m + 2, at most four of which
are different from 0 or 1. If N > 324, then N can be written as
the sum of five pentagonal numbers, at least one of which is 0 or
1.

e Let m >3 and N > 28m3. If m is odd, then N is the sum of
four polygonal numbers of order m + 2. If m is even, then N is
the sum of five polygonal numbers of order m + 2, at least one of
which is 0 or 1.

We also formalize the proof of Gauss’s theorem which states that every
non-negative integer is the sum of three triangular numbers.
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1 Technical Lemmas

We show three lemmas used in the proof of both main theorems.

theory Polygonal-Number-Theorem-Lemmas
imports Three-Squares. Three-Squares

begin

1.1 Lemma 1.10 in [2]

This lemma is split into two parts. We modify the proof given in [2] slightly
as we require the second result to hold for [ = 2 in the proof of Legendre’s
polygonal number theorem.

theorem interval-length-greater-than-four:
fixes m N L :: real
assumes m > 3
assumes N > 2xm
assumes L = (2/3 + sqrt (8xN/m — 8)) — (1/2 + sqrt (6«N/m — 3))
shows N > 108«m = L > 4

proof —
assume asm: N > 108xm
show L > J
proof —
define z :: real where z = N / m
define [ :: real where | = /
define I-0 :: real where -0 = 4 — 1/6
have 0: z > 2 unfolding z-def using assms(2)
by (metis assms(1) divide-right-mono dual-order.trans linorder-le-cases
mult.commute mult-1 nonzero-mult-div-cancel-left numeral-le-one-iff semiring-norm(70)
zero-le-square)
have 1: L = sqrt (8xz — 8) — sqrt (6xz — 3) + 1/6 by (auto simp add:
z-def assms(3))
hence 2: L > | +— sqrt (8xz — 8) > sqrt (6% — 3) + I-0 unfolding
I-0-def I-def by auto
have 3: sqrt (8xx — 8) > sqrt (6xx — 3) + -0 «— 2xx — I-072 — 5 >
2x1-0 % sqrt (6 — 3)
proof
assume sqrt (8xx — 8) > sqrt (6% — 3) + I-0
hence (sqgrt (8xz — 8))72 > (sqrt (6xz — &) + 1-0)72
using [-0-def asm by (smt (verit, ccfv-SIG) 0 divide-less-eq-1-pos one-power2
pos2 power-mono-iff real-less-rsqrt)
hence 8xx — 8 > 6xx — 3 + 1-072 + 2x[-0x sqrt (6% — 3)
by (smt (verit, del-insts) 0 power2-sum real-sqrt-pow2-iff)
thus 2%z — [-072 — 5 > 2x[-0x sqrt (6% — 3) by auto
next
assume 2xx — [-072 — 5 > 2xI-0% sqrt (6xx — 3)
hence 8xx — 8 > 6xx — 8 + 1-072 + 2%[-0x sqrt (6% — 3) by auto



hence (sqrt (8xz — 8)) 72 > (sqrt (6%xx — 3) + 1-0) "2
by (smt (verit, best) 0 power2-sum real-sqrt-pow2-iff)
thus sqrt (8xz — 8) > sqrt (6xx — 3) + 1-0
using 0 real-less-rsqrt by force
qed
have 2«xx — I-072 — 5 > 2x1-0x sqrt (6xx — 8) «— fxax(z — (7x-072 +
S))+ (072 4+ 5)72 4+ 12x1-072 > 0
proof
assume 2xz — [-072 — 5 > 2xI-0% sqrt (6xx — 3)
hence (2+x — I-072 — 5)72 > (2xI-0x sqrt (6xx — 3)) "2
by (smt (verit, del-insts) 0 asm I-0-def le-divide-eq-1-pos less-1-mult
one-power2 pos2 power-mono-iff sqrt-le-D)
thus 4xzx(z — (7%-072 + 5)) + (I-072 + 5)72 4+ 12%1-072 > 0
using 0 by (simp add: algebra-simps power2-eq-square power4-eq-1xrx)
next
assume fxzx(x — (7x1-072 + 5)) + (1072 + 5)72 + 12x1-072 > 0
hence (2xx — I-072 — 5)72 > (2xl-0% sqrt (6xx — 3)) 2
using 0 by (simp add: algebra-simps power2-eq-square powers-eq-xxrr)
from assms(1) have m > 0 by auto
hence 2xx > 2x108
using z-def asm by (simp add: le-divide-eq)
hence 2xz — I-072 — 5 > 2%108 — (4—1/6)%(4—1/6) — 5 unfolding
I-0-def by (auto simp add: power2-eq-square)
hence 2xx — I-072 — 5 > 0 by auto
thus 2%z — [-072 — 5 > 2x[-0x% sqrt (6 — 3)
using «(2xx — 1-072 — 5)72 > (2xl-0% sqrt (6xx — 38)) 2> using
power2-less-imp-less by fastforce
qed
from assms(1) have m > 0 by auto
hence z > 108 using z-def asm by (simp add: le-divide-eq)
have 7x(4—1/6)x(4—1/6) + 5 < (108::real) by simp
hence 7x1-072 + 5 < 108 unfolding [-0-def by (auto simp add: power2-eq-square)
hence z > 7xl-072 + 5 using <108 < z by auto
hence Jxzx(z — (7x-072 + 5)) + (I-072 4+ 5)72 + 12%1-072 > 0
by (smt (verit) mult-nonneg-nonneg power2-less-eq-zero-iff zero-le-power2)
thus ?thesis
using 23 «(2 x -0 x sqrt (6 x 2 — 8) < 2%z —1-0° —5)=(0< 4 xx
x (x — (7 % 1-02 + 5)) + (I-0* + 5)% + 12 * I-0%)) I-def by blast
qed
qed

theorem interval-length-greater-than-Im:
fixes m N :: real
fixes L [ :: real
assumes m > 3
assumes N > 2xm
assumes L = (2/3 + sqrt (8xN/m — 8)) — (1/2 + sqrt (6«N/m — 3))
shows [ > 2 AN > 7172xm™3 = L > lxm



proof —
assume asm: [ > 2 AN > 717 2xm”3
show L > lxm
proof —
from asm have asml: | > 2 and asm2: N > 7+]"2xm”3 by auto
define z :: real where z = N / m
define -0 :: real where [-0 = lxm — 1/6
have -0 > 0 using [-0-def asm1 assms(1)
by (smt (verit, ccfu-threshold) le-divide-eq-1 mult-le-cancel-left2 of-int-le-1-iff )
have 0: x > 2 using a-def assms(1,2) by (simp add: pos-le-divide-eq)
have 1: L = sqrt (8xx — 8) — sqrt (6xx — 8) + 1/6 by (auto simp add: z-def
assms(3))
hence 2: L > lxm <— sqrt (8xz — 8) > sqrt (6xx — 3) + I-0 by (auto simp
add: 1-0-def)
have 3: sqrt (8xz — 8) > sqrt (6xx — 3) + I-0 +— 2%z — 1-072 — 5 > 2xI-0
x sqrt (6xx — 3)
proof
assume sqrt (8xx — 8) > sqrt (6% — 3) + I-0
hence (sqrt (8xz — 8)) "2 > (sqrt (6xx — 3) + 1-0)72
using [-0-def asm1 by (smt (verit, best) <0 < I-0s real-le-lsqrt real-sqrt-four
real-sqrt-less-iff real-sqrt-pow2-iff)
hence 8xx — 8 > 6%z — 3 + I-072 + 2% -0 = sqrt (6xx — 3)
by (smt (verit, del-insts) 0 power2-sum real-sqrt-pow2-iff)
thus 2xz — I-072 — 5 > 2x[-0 * sqrt (6xx — 3) by auto
next
assume 2xx — [-072 — 5 > 2x1-0 % sqrt (6xz — 3)
hence 8z — 8 > 6xx — 3 + I-072 + 2xI-0 * sqrt (6xx — 3) by auto
hence (sgrt (8xz — 8)) 72 > (sqrt (6xx — 3) + 1-0)"2
by (smt (verit, del-insts) 0 power2-sum real-sqrt-pow2-iff)
thus sqrt (8xz — 8) > sqrt (6xx — 3) + 1-0
using 0 real-less-rsqrt by force
qed
have 2xz — [-072 — 5 > 2xl-0 x sqrt (6xz — 3) +— 4xxx(z — (7+1-072 +
S+ (072 + 5)72 4+ 12x1-072 > 0
proof
assume 2xx — [-072 — 5 > 2x1-0 % sqrt (6xz — 3)
have (2xz — 1-072 — 5)72 > (2%1-0 x sqrt (6% — 3)) 2
using <0 < -0 by (smt (verit, ccfo-SIG) 0 <2 % -0 x sqrt (6 * x — 3) <
2 x 1 — 1-0% — 5) pos2 power-strict-mono real-sqrt-ge-zero zero-le-mult-iff)
thus jxxx(z — (7%1-072 + 5)) + (I-072 + 5) 72 + 12xl-072 > 0
using 0 by (simp add: algebra-simps power2-eq-square power-eq-rrrx)
next
assume fxzx(z — (7%1-072 + 5)) + (1-072 + 5) 72 + 12%1-072 > 0
hence (2xx — I-072 — 5)72 > (2%1-0 * sqrt (6xx — 3)) 2
using 0 by (simp add: algebra-simps power2-eq-square power-eq-xrrx)
have m > 0 using assms(1) by simp
hence z > 717 2xm™2
unfolding z-def using asm2 assms(1)
by (simp add: mult-imp-le-div-pos power2-eg-square power3-eq-cube)



hence 4: 2xx — [-072 — & > 14*172xm™2 — (Ilxm—1/6)"2 — 5
by (simp add: z-def I-0-def power2-eq-square)
have (lxm—(1/6::real)) ™2 = (Ixm)"2 — lxm/3 + (1/86::real)
apply (simp add: power2-eq-square)
by argo
hence 14%172xm™2 — (lxm—1/6)"2 — 5 = 14xI"2xm™2 — [72xm™" 2 +
l«m/3 — 1/36 — 5
using / by (auto simp add: power2-eq-square)
hence 14x172+m™2 — I72xm™2 + lxm/3 — 1/36 — 5 = 13x1"2+m™2 +
lxm/3 — 1/36 — 5 by argo
from asm! assms(1) have 5: lxm/3 > 0 by simp
have [ > 0 using asm1 by auto
hence Ix] > 2x2 using asml mult-mono’ zero-le-numeral by blast
have m > 0 using assms(1) by auto
hence mxm > 9%3
by (metis assms(1) less-eq-real-def mult-le-less-imp-less zero-less-numeral)
hence 13xmxm — 1 > 13x3%x3—1 by simp
have 3x3 > (0::real) by auto
hence 13*lxlxmxm >(13::real)x2+2x3%3 using «Ixl > 2x2» asml
by (meson <0 < 1> <0 < m) assms(1) less-eq-real-def mult-mono split-mult-pos-le
zero-le-numeral)
hence 13%172xm™2 + lxm/8 — 1/36 — 5 > 13%2x2x3x3—1/36—(5::real)
using 5 by (auto simp add: power2-eq-square)
have 13%3+3%3%x3—1/36—(5::real) > 0 by auto
hence 2xz — [-072 — 5 > 0
using 4 (13 % 2% 2% 8% 8 —1/8 —5<13«xPs«xm?>+1xm/ 3 —
1/86 —5 14 +Psxm?—(Ixm—1/6)2-5=14fxPm?—12%m?+
lxm/3—1/]36 — 5 by force
thus 2%z — [-072 — 5 > 2x[-0 * sqrt (6xx — 3)
by (smt (verit) «(2 x -0 * sqrt (6 x z — 3))?> < (2 x x — [-0% — 5)%
power-mono)
qed
have (1/6)72 % (36::real) = 1 by (auto simp add: power2-eg-square)
from assms(1) have m > 0 by auto
hence z > 7x("2xm ™2 unfolding z-def using asm?2
by (simp add: pos-le-divide-eq power2-eq-square powerS3-eq-cube)
from asm1 have [ > 0 by auto
from assms(1) asml «<m > 0> <l > 0> have lxm > 2x(3::real)
by (metis mult-less-cancel-right mult-mono verit-comp-simplify1 (1) verit-comp-simplify1 (3)
zero-le-numeral)
hence —2x7xlxm/6 + 7+(1/6)x(1/6) + 5 < (0::real) by simp
hence 7+ 2xm™2 > 7+1-072 + (5::real) unfolding I-0-def
apply (auto simp add: power2-eg-square)
by argo
hence z > 7x1-072 + 5
using «7 * 2 x m? < 2 by linarith
hence {xzx(z — (7%1-072 + 5)) + (I-072 + 5)72 + 12+-072 > 0
by (smt (verit) mult-nonneg-nonneg power2-less-eq-zero-iff zero-le-power2)
thus ?thesis



using 23 (2 % -0 x sqrt (6 xz — 3) < 2%z — -0 —5)= (0 < 4 *z %

(x — (7 % 1-0% + 5)) + (I-0% + 5)% + 12 % I-0?)) by fastforce

qed

qed

lemmas interval-length-greater-than-2m [simp] = interval-length-greater-than-lm
[where =2, simplified]

1.2 Lemma 1.11 in [2]

We show Lemma 1.11 in [2] which is also known as Cauchy’s Lemma.

theorem Cauchy-lemma:

fixes m N a b r :: real

assumes m > 8 N > 2xm

and 0 <a0<b0<rr<m

and N = mx(a — b)/2 + b+ r

and 1/2 4 sqrt (6xN/m — 3) < bAb< 2/3 + sqrt (8«xN/m — 8)
shows b2 < 4*xa A 8%xa < b™2 + 2xb + 4

proof—

from assms have asm1: 1/2 + sqrt (6xN/m — 8) < b and asm2: b < 2/3 +

sqrt (8«*N/m — 8) by auto

have N — b — r = m*(a — b)/2 using assms(7) by simp

hence a = (N — b — r)*2/m + b using assms(1) by simp

hence a =b— 2/m*xb+ 2% (N —r)/m

apply (simp add: algebra-simps)

by (smt (verit, del-insts) add-divide-distrib)

hence a: a = bx(1 — 2/m) + 2x(N — r)/m

by (simp add: right-diff-distrib")

have 72 < /xa

proof —

from a have 0: b72 — Jxa = b"2 — 4*x(1 — 2/m)xb — 8x(N—r)/m by simp

have 3/m < I using assms(1) by simp

hence 1: 2/3 < 2x(1 — 2/m) by simp

have N/m — 1 < N/m — r/m using assms(1,6) by simp

hence sqrt(8«(N/m — 1)) < sqrt (8x((N — r)/m)) by (simp add: diff-divide-distrib)

hence 2: sqrt(8xN/m — 8) < sqrt (8«((N — r)/m)) by simp

have 2/3 + sqrt (8xN/m — 8) < 2x%(1 — 2/m) + sqrt (8*((N—r)/m))
using 1 2 by linarith

hence b < 2x(1—2/m) + sqrt (8x(N — r)/m) using asm2 by simp

hence 3: b < 2x(1—2/m) + sqrt (4x(1—=2/m)"2 + 8x(N — r)/m)
by (smt (verit, best) power2-less-0 real-sqrt-le-iff)

define r1 where r1 = 2%(1—2/m) — sqrt (4*(1—2/m) 2 + 8x(N — r)/m)

define 72 where r2 = 2x(1—2/m) + sqrt (4%(1—2/m) 2 + 8x(N — r)/m)

have r1xr2 = (2x(1—2/m) — sqrt (4+%(1—2/m) "2 + 8x(N — r)/m))*(2x(1—2/m)

+ sqrt (4x(1—=2/m)"2 + 8%(N — r)/m))

using r1-def r2-def by simp
hence r1xr2 = 2x(1—2/m)x(2x(1—2/m) + sqrt (4*x(1—2/m) 2 + 8%(N —



P)/m) -
sqrt (4x(1—2/m)"2 + 8x(N — r)/m)x(2x(1—2/m) + sqrt (4x(1—2/m)"2 +
$3(N — r)/m))
by (simp add: Rings.ring-distribs(3))

hence 7112 = (2x(1—2/m)) " 2+2%(1—2/m)* sqrt (4x(1—2/m)"2 + 8x(N
= r)/m) = 2x(1=2/m)x sqrt (4*(1—2/m)"2 + 8x(N — r)/m)
— (sqrt (4x(1—2/m) "2 + 8«x(N — r)/m)) "2 by (simp add: distrib-left power2-eq-square)

hence r1*r2 = (2x(1—2/m)) "2 —(sqrt (4*%(1—2/m)"2 + 8%(N — r)/m)) 2
by simp

hence 71 * r2 = 4x(1—2/m)"2 — 4x(1—2/m)"2 — 8%x(N — r)/m

using assms(1) assms(2) assms(6) four-z-squared
by (smt (verit) divide-nonneg-nonneg real-sqrt-pow2-iff zero-compare-simps(12))
hence ri-times-r2:rixr2 = —8*(N—r)/m by linarith

have (b—r1)x(b—r2) = bx(b—r2) — r1x(b—72) using cross3-simps(28) by
blast
hence (b—71)x(b—12) = b"2—bxr2—bxrl+r1xr2 by (simp add: power2-eq-square
right-diff-distrib)
hence (b—r1)*(b—12) = b 2—bx(2%(1—2/m) + sqrt (4*(1—2/m)"2 + 8x(N
—1)/m))—bx(2x(1—2/m) — sqrt (4*x(1—2/m)"2 + 8+x(N — r)/m))+ri*r2
using r1-def r2-def by simp
hence (b—r1)%(b—r2) = b"2—bx2x(1—2/m)—b* sqrt (4*(1—2/m)"2 + 8x(N
— r)/m)=bx(2x(1—2/m) — sqrt (4*x(1—2/m)"2 + 8%(N — r)/m)) +rixr2
by (simp add: distrib-left)
hence (b—r1)x(b—r2) = b"2—bx2x(1—2/m)—bx sqrt (4x(1—2/m)"2 + 8x(N
— 1)/m)=bx2%(1—2/m)+bx sqrt (4*x(1—2/m)"2 + 8*(N — r)/m)+rixr2
by (simp add: Rings.ring-distribs(4))
hence (b—7r1)x(b—12) = b 2—bx4*(1—2/m)+rl*r2 by simp
hence (b—7r1)x(b—12) = b"2 — 4*(1 — 2/m)xb — 8x(N—r)/m using rI-times-r2
by (simp add: «r1 x 12 =4 % (1 — 2/ m)*> — 4 x(1 — 2/ m)> — 8% (N
)/ m)
hence v72 — 4x(1 — 2/m)xb — 8«(N—r)/m < 0 using 3 assms(4)
by (smt (verit, del-insts) <rl x 12 = 4 (1 — 2 /m)?> — 4 (1 — 2/ m)? —
8 % (N — 1)/ m» assms(1) assms(2) assms(6) divide-pos-pos mult-nonneg-nonneg
mult-pos-neg r2-def)
thus ?thesis using 0 by simp
qed
have 8xa < b72 + 2xb + 4
proof —
from a have 4: b2 + 2«%b+ 4 — Sxa=0b0"2 — (1—6/m)xb — (6x(N—r)/m
— 4) by argo
have 5: 1/2 > 1/2 — 3/m using assms(1) by simp
hence 1/2 — 3/m < 1 by linarith
also have 1/2 — 3/m > —1 using assms(1)
by (smt (verit) divide-le-0-1-iff less-divide-eq-1-pos)
hence (1/2 — 3/m)"2 < 1
by (metis (no-types, opaque-lifting) calculation less-eq-real-def power2-eq-1-iff
square-le-1 verit-comp-simplify1 (3))



hence 6: sqrt (6xN/m — 8) > sqrt ((1/2 — 3/m)"2 + 6xN/m — /) using
assms(1) by simp

from asml 5 6 have b > (1/2 — 3/m) + sqrt ((1/2 — 3/m)"2 + 6xN/m
— 4) by linarith

hence 7: b > (1/2 — 8/m) + sqrt (1/2 — 8/m)"2 + 6«(N — r)/m — 4)

by (smt (verit, ccfo-SIG) assms(1) assms(5) divide-right-mono real-sqrt-le-mono)

define s! where s = (1/2 — 3/m) — sqrt (1/2 — 3/m) 2 + 6x(N — r)/m

-4

define s2 where s2 = (1/2 — 3/m) + sqrt ((1/2 — 3/m) 2 + 6x(N — r)/m
—4)

have s1x s2=(1/2-3/m)x((1/2 — 3/m) + sqrt ((1/2 — 3/m)"2 4+ 6x(N —
r)/m — 4))—

sart (1/2 — 3/m)™2 + 6x(N = r)/m — D)s((1/2 — 8/m) + sart ((1/2 —
3/m)72 + 6+(N — r)/m — 4))
using sI-def s2-def Rings.ring-distribs(3) by blast
hence s1* s2= (1/2—3/m) 2+(1/2—8/m)* sqrt (1/2 — 8/m)"2 + 6x(N
—r)fm — 4)-
sqrt ((1/2 = 3/m)™2 + 6x(N — r)/m — D)s((1/2 — 8/m) + sart ((1/2 —
3/m)72 + 6+(N — r)/m — 4))
by (simp add: nat-distrib(2) power2-eq-square)
hence si* s2= (1/2—3/m) 2+(1/2—3/m)x sqrt ((1/2 — 3/m)"2 + 6x(N
—r)/m—4)-
(1/2=8/m)x sqrt ((1/2 — 8/m)" 2 + 6%x(N — r)/m — 4) — (sqrt ((1/2 —
3/m)72 + 6x(N — r)/m — 4)) "2
by (smt (verit, ccfv-SIG) Groups.mult-ac(2) Rings.ring-distribs(8) power2-eq-square)
hence 8:s1% s2=(1/2—8/m)"2— (sqrt ((1/2 — 3/m)"2 + 6x(N — r)/m —
4)) "2 by simp
from assms(1,6) have —r/m > —1 by simp
hence —6xr/m > —6 by simp
hence 12 — / — 6xr/m > 0 by simp
hence 12xm/m — 6xr/m — 4 > 0 using assms(1) by simp
hence 6x(2xm — r)/m — 4 > 0 by argo
hence 6%(N — r)/m — 4 > 0 using assms(1,2)
by (smt (verit, best) divide-right-mono)
hence s1 *x s2 = (1/2 — 3/m)"2 — (1/2 — 8/m)"2 — 6«x(N — r)/m + 4
using 8
by (smt (verit) real-sqrt-pow2-iff zero-le-power2)

have (b—s1)x(b—s2) = bx(b—s2) — slx(b—s2) using cross3-simps(28) by

blast
hence (b—s1)x(b—s2) = b"2—b* s2—bx s1+s1x* s2 by (simp add: power2-eq-square

right-diff-distrib)

hence (b—s1)x(b—s2) = b 2—bx((1/2 — &8/m) + sqrt ((1/2 — 8/m)"2 +
6x(N — r)fm — 4))—bx((1/2 — 3/m) — sqrt ((1/2 — 3/m)2 + 6x(N — r)/m
= 4))
+ s1% s2 using sI-def s2-def by simp

hence (b—s1)#(b—s2) = b7 2—bx(1/2 — 3/m)—bx sqrt ((1/2 — 3/m)"2 +
6x(N —r)/m — 4)=bx((1/2 = 3/m) — sqrt (1/2 = 3/m)"2 + 6+(N — r)/m
- 4))



+ s1x s2 by (simp add: nat-distrib(2))
hence (b—s1)%(b—s2) = b7 2—bx(1/2 — 3/m)—bx sqrt ((1/2 — 3/m)"2
+ 6x(N — r)/m — 4)—bx(1/2 — 3/m)+bx sqrt ((1/2 — 3/m)"2 + 6x(N —
r)/m—4)+sl* s2
by (smt (verit, ccfv-SIG) nat-distrib(2))
hence (b—s1)x(b—s2) = b"2—2xbx(1/2 — 3/m)+sl* s2 by simp
hence (b—s1)*(b—s2) = b7 2—2xbx(1/2 — 3/m)+ (1/2 — 3/m)"2 — (1/2
—8/m)"2 — 6%x(N —r)/m + 4
using s1 xs2=(1/2—-8/m?—-(1/2-3/m?>—-6%(N~—-r)/
m + 4> by fastforce
hence (b—s1)x(b—s2) = b 2—2xbx(1/2—8/m)— 6x(N — r)/m + 4 by simp
hence (b—s1)x(b—s2) = b 2—bx(1—6/m)— 6%(N — r)/m + 4 by simp
hence (b—s1)x(b—s2) = b 2—bx(1—6/m)— (6%(N — r)/m — 4) by simp
hence b2 — (1—6/m)xb — (6%x(N—7r)/m — /) > 0 using 7 by (smt (verit,
del-insts) 8 Groups.mult-ac(2)
s1%82=(1/2-8/m?>—-(1/)2-8/m?*—6%x(N—-1r)/m-+ i
real-sqrit-ge-0-iff s1-def s2-def zero-compare-simps(8) zero-le-power2)
thus ?thesis using / by simp
qed
show ?thesis by (simp add: <3 x a < b% + 2 % b + 4> <b?> < 4 * o)
qed

lemmas Cauchy-lemma-r-eq-zero = Cauchy-lemma [where r=0, simplified]

1.3 Lemma 1.12 in [2]

lemma not-one:
fixes a b :: nat
assumes a> 1
assumes b> 1
assumes kI :: nat. a = 2xk1+1
assumes k2 :: nat. b = 2xk2+1
assumes b 2 < 4x*a
shows Jxa—b"2 # 1

proof

assume Jxa—b 2 = 1

hence b2 = /*xa—1 by auto

hence b72 mod 4 = (4*xa—1) mod 4 by auto

have (4xa—1) mod 4 = 3 mod 4 using assms(1) by (simp add: mod-diff-eq-nat)
hence b2 mod / = 3 using «(b"2 = 4*a—1> mod-less by presburger

thus Fulse using assms by (metis One-nat-def eq-numeral-Suc insert-iff nat.simps(8)
power-two-mod-four pred-numeral-simps(3) singletonD)
qed

lemma not-two:
fixes a b :: nat
assumes a>1
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assumes b>1

assumes kI :: nat. a = 2xk1+1
assumes 1:3k2 :: nat. b = 2xk2+1
assumes b 2 < /xa

shows Jxa—b"2 # 2

proof
assume /xa—b 2=2
hence b 2=4*a—2 by auto
from 1 have 2: = 2 dvd b~ 2 by auto
have 2 dvd (4*xa—2) by auto
thus Fulse using <b"2=4*a—2) 2 by auto
qed

The following lemma shows that given odd positive integers x,y, z and b,
where x > y > z, we may pick a suitable integer u where u = z or u = —2z,
such that b+z+y+u=0 (mod 4).

lemma suit-z:
fixes bz y z :: nat
assumes odd b A odd x A odd y N odd z
assumes z>y N y>z
shows 3 u = int. (u=z V u=—2) A (b+z+y+u) mod 4 = 0

proof —

from assms have 0: (b+z+y) mod 4 = 1 V (b+z+y) mod 4 = 3 by (metis
dvd-refl even-add
even-even-mod-4-iff landau-product-preprocess(53) mod-exhaust-less-4)

from assms have 1: zmod 4 = 1V zmod 4 = 3 by (metis dvd-0-right dvd-refl
even-even-mod-4-iff mod-echaust-less-4)

have cl:3ul:int. (ul=2zV ul=—2) A (b+x+y+ul) mod 4 = 0
if asm?1:(b+z+y) mod 4 = 1 A zmod 4 = 3
proof —
from asm! have 2:(b+z+y+z) mod 4 = 0 by (metis add-num-simps(1)
add-num-simps(7)
mod-add-eq mod-self numeral-plus-one one-plus-numeral-commute)
define u! :: int where ul=z
show Jul:int. (ul=2zV ul=—2) A (b+z+y+ul) mod 4 = 0 using 2 ul-def
by (metis Num.of-nat-simps(4) of-nat-0 of-nat-numeral zmod-int)
qed

have c2:3u2::int.(u2=2 V u2=—2) A (b+z+y+u2) mod 4 = 0
if asm2:(b+z+y) mod 4 = 1 N 2z mod 4 = 1
proof —
from asm?2 have 3:(b+z+y—z) mod 4 = 0
by (metis assms(2) mod-eq-0-iff-dvd mod-eq-dvd-iff-nat trans-le-add2)
define u2::int where u2=—2
show Ju2::int.(u2=z V u2=—2) A (b+z+y+u2) mod 4 = 0 using 3 u2-def
by (metis Num.of-nat-simps(2) asm2 mod-0
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mod-add-cong more-arith-simps(4) of-nat-numeral zmod-int)
qed

have c3:3u3:int.(u8=z V u3=—2) A (b+z+y+u8) mod 4 = 0
if asm3:(b+z+y) mod 4 = 3 A zmod 4 = 1
proof —
from asm3 have 4: (b+z+y+z) mod 4 = 0 by (metis add-num-simps(1)
add-num-simps(7)
mod-add-eq mod-self numeral-plus-one)
define u3::int where u3=z
show Ju3:int.(u3=z V u8=—2) A (b+z+y+ul) mod 4 = 0 using 4 u3-def
by (metis Num.of-nat-simps(4) of-nat-0 of-nat-numeral zmod-int)
qed

have c4:3ujint.(uj=z V uf=—2) N\ (b+z+y+us) mod 4 = 0
if asm/:(b+z+y) mod 4 = 3 N zmod 4 = 3
proof —
from asmj have 5: (b+z+y—2) mod 4 = 0
by (metis assms(2) mod-eq-0-iff-dvd mod-eq-dvd-iff-nat trans-le-add?2)
define u/::int where uj=—z
show Jug:int.(uf=2z V uj=—2) A (b+z+y+uf) mod 4 = 0 using 5 u4-def
by (metis asmj mod-0
mod-add-cong more-arith-simps(4) of-nat-numeral zmod-int)
qed

show ?thesis using assms 0 1 ¢l c2 ¢3 ¢4 by auto
qged

lemma four-terms-bin-exp-allsum:

fixes b stuwv:: int

assumes b = s+i4+u+tv

shows b2 = t724+u " 2+8 240 2+2%txu+2 * s % v + 2%t * § + 2%t x v +2%xu
* § +2%u * v

proof —

from assms have b72 = (t4u) 24(s+v) 2+2x(t+u)*(s+v) by (smt (verit,
best) power2-sum)

hence b-simp1:672 = (t 7 2+u 24 2xtxu) + (s 240 242 * s x v)+2%(t+u)*(s+v)

by (simp add: power2-sum)
have 2x(t+u)x(s+v) = 2xt * s + 2%t * v +2%u * s +2xu * v
using int-distrib(1) int-distrib(2) by force
from this b-simpl have b-expression:b”2 = t 2+u 2+s 2+v 2+ 2*txu+2 * s
* U+
2xt x § + 2%t x v +2%u x § +2%xu *x v by auto
thus ?thesis by auto
qed

lemma four-terms-bin-exp-twodiff:
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fixes b stwuw:: int

assumes b = s+t—u—v

shows 672 = 7240 2+ 240 2—2xtxu—2 % s % v + 2%t * § — 2%t x v —2%u
* & +2%u *x v

proof —
from assms have b2 = (s—u) 2+(t—v) 2+2%(s—u)*x(t—v) by (smt (verit,
best) power2-sum)
hence b-simpl:b72 = s 24u " 2—2x s*xu+ t 2402 — 2 x tx v+ 2x(s—u)*(t—v)
by (simp add: power2-diff)
have 2x(s—u)x(t—v) = 2x s x t — 2% s * v — 2xuxt+2%u * v
by (simp add: Rings.ring-distribs(8) Rings.ring-distribs(4))
from this b-simpl have b-expression: b"2 = t 24u 2+s 240 2—2xtxu—2 %
§*k U+
2%t x s — 2%t x v —2xu x s +2xu x v by auto
thus ?thesis by auto
qed

If a quadratic with positive leading coefficient is always non-negative, its
discriminant is non-positive.

lemma qua-disc:
fixes a b ¢ :: real
assumes a>(0
assumes V z::real. axx” 2+bxx+c >0
shows b72 — Jxaxc < 0

proof —
from assms have 0:V z::real. (axx™2+bxx+c)/a >0 by simp
from assms have 1:V x::real.(bxz+c)/a = b/axz+c/a by (simp add: add-divide-distrib)
from assms have V z::real.(axaz”2+bxz+c)/a = 2724+ (bxz+c)/a by (simp add:
is-num-normalize(1))
from 1 this have V z::real.(axz”2+bxz+c)/a = z72+b/axxz+c/a by simp
hence atleastzero:V x::real. x24b/axz+c/a >0 using 0 by simp

from assms have 2:V z::real. 7 2+b/axx+c/a = 72+ 2%b/(2xa)xz+c/a+b"2/(4+xa"2)—b"2/(4*a"2)
by simp

have simp1:V z::real.(z+b0/(2%a)) "2 = £72+2xb/(2%a)xz+(b/(2xa)) "2 by (simp
add: power2-sum)

have (b/(2xa)) "2 = b72/(4*xa"2) by (metis four-z-squared power-divide)

hence Vz::real. 272+b/axz+c/a = (z+b/(2xa)) 2+c/a—b"2/(4*a"2) using 2
simpl by auto

hence Vz::real. (x+b/(2xa)) 2+c/a—b"2/(4*xa"2) >0 using atleastzero by
presburger

hence 3:Vz::real. b72/(4xa"2)—c/a<(z+b/(2%a)) "2 by (smt (verit, del-insts))

have Jx::real. (z+b/(2xa)) 2=0 by (metis diff-add-cancel power-zero-numeral)

hence v72/(4*a"2)—c/a<0 using 3 by metis

hence 4:4*xa"2x(b72/(4*a"2)—c/a)<0 using assms by (simp add: mult-nonneg-nonpos)

have 5:4xa"2xb72/(4*a"2) = b"2 using assms by simp

have 6:/xa 2xc/a = /xaxc using assms by (simp add: power2-eq-square)
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show ?thesis using / 5 6 assms by (simp add: Rings.ring-distribs(4))
qed

The following lemma shows for any point on a 3D sphere with radius a, the
sum of its coordinates lies between v/3a and —v/3a.

lemma three-terms-Cauchy-Schwarz:
fixes z y z a :: real
assumes a > 0
assumes z 2+y 242 2 =a
shows (z+y+2)>—sqrt(8*a) A (z+y+2z)<sqrt(5*a)

proof —

have 1:Vt:real. (txx+1)72 = t 2%z 2414 2xtxz by (simp add: power2-sum
power-mult-distrib)

have 2:Vt:real. (txy+1)"2 = t 2%y 2+1+4+2xtxy by (simp add: power2-sum
power-mult-distrib)

have 3:Vt:real. (txz4+1)72 = t 2%z 2+14+2xtxz by (simp add: power2-sum
power-mult-distrib)

from 1 2 3 have /:V t:real.(txz+1) "2+ (txy+1) "2+ (tx2+1) "2 = t 7 2%1 2+ 1+ 2xtxz
+ 2%y 2414 2xtxy +
t 2%z 24+ 1+2xtxz by auto

have V t::real. t72xx 2+t 2%y 2=t 2x(2" 24y 2) by (simp add: nat-distrib(2))
hence 5:V t::real. 172+ 2+t 2%y 2+t 2%z 2=t 2x(z 2+y 2+2 2) by (metis
nat-distrib(2))
have 6:V t::real. 2xtxa+2xtxy+2xtxz = tx2%(x+y+2) by (simp add: Groups.mult-ac(2)
distrib-right)
from / 5 6 have V t::real.(txx+1) "2+ (txy+1) "2+ (tx2+1) "2 = t 2x(x"2+y 2+2"2)+
tx2x(z+y+2)+3
by (smt (verit, best))
hence V t::real. t 7 2+(x7 24y 24272)+ tx2x(z+y+2)+3 >0 by (metis add-nonneg-nonneg
zero-le-power?2)
hence (2%(z+y+2)) "2 — 12%(z72+y 2+2"2)<0 using qua-disc
by (smt (23) power2-diff power2-sum power-zero-numeral sum-squares-bound)
hence 12x(z72+y 242" 2)>4*(x+y+2z) 2 by (simp add: four-z-squared)
hence 3xa>(z+y+2) 2 using assms by auto
thus ?thesis by (smt (verit, del-insts) real-sqrt-abs real-sqrt-le-iff)
qged

We adapt the lemma above through changing the types for the convenience
of our proof.

lemma three-terms-Cauchy-Schwarz-nat-ver:
fixes x y z a :: nat
assumes a>0
assumes z 2+y 2+2"2 = a
shows (z+y+2)>—sqrt(3xa) N (z+y+z)<sqrt(3xa)

proof —
have facl:real(z+y+2z) = real x + real y + real z by auto
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have fac2: 3x(real a) = real(8*a) by auto

thus ?thesis using facl three-terms-Cauchy-Schwarz fac2 by (smt (verit) assms(1)
assms(2) nat-less-real-le of-nat-0-le-iff of-nat-add of-nat-power)
qed

This theorem is Lemma 1.12 in [2], which shows for odd positive integers
a and b satisfying certain properties, there exist four non-negative integers
s,t,u and v such that a = s> + > +u?> +v? and b= s+t + u + v. We use
the Three Squares Theorem AFP entry [1].

theorem four-nonneg-int-sum:
fixes a b :: nat
assumes a>1
assumes b> 1
assumes odd a
assumes odd b
assumes 3:b°2 < /xa
assumes 3xa < b 2+2xb+/
showsdstuvi:int. s>0ANt>0ANu>0ANv>0ANa=82+t2+u2
+v72 A
b = s+t+utv

proof —
from assms have 0:3k1 :: nat. a = 2xki+1 by (meson oddFE)
from assms have 1:3k2 :: nat. b = 2xk2+1 by (meson oddE)
from 0 have 4xa mod 8 = 4 by auto
hence 2:8 dvd (4xa—4) by (metis dvd-minus-mod)

obtain k2 where b = 2xk2+1 using 1 by auto

have 2 dvd k2x(k2+1) by auto

hence 8 dvd 4*k2x(k2+1) by (metis ab-semigroup-mult-class.mult-ac(1)
mult-2-right nat-mult-dvd-cancel-disj numeral-Bit0)

hence 72 mod 8 = 1 using 1 by (metis One-nat-def Suc-0-mod-numeral(2)

assms(4)

square-mod-8-eq-1-iff unique-euclidean-semiring-class.cong-def)

hence 8 dvd (b"2—1) by (metis dvd-minus-mod)

from 2 this have 8 dvd ((4*a—4)—(b"2—1)) using dvd-diff-nat by blast

from assms 0 1 and this have 7:8 dvd ((4*a—b"2)—3) by auto

from assms 0 1 have 5:/xa—b"2#1 using not-one by auto

from assms 0 1 have 6:4*xa—b"2+#2 using not-two by auto

from 8 5 6 have /xa—b"2 > 3 by auto

from this 7 have 8:(4+xa—b"2) mod 8 = 3 using mod-nat-eql by presburger

obtain j k | where ints:odd j A odd k A odd I N (4xa—b"2) = j724+k72+172
using 8 odd-three-squares-using-mod-eight by presburger

define z where = = sort[j,k,l] ! 2

define y where y = sort[j,k,]] ! 1

define z where z = sort[j,k,l] ! 0

have 724y 2+2"2 = sum-list (map (A\z. £72) [j,k,]]) using z-def y-def z-def
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by auto
from this ints have a-and-b:(4*xa—b"2) = 7 2+y 2+2 2 by auto

have size:x>y N y>2z using z-def y-def z-def by auto

have z-par:x = j V x = k£ V x = | using z-def by auto

have y-par:y = j VvV y =k V y = [ using y-def by auto

have z-par:z = jV z = kV z = [ using z-def by auto

hence parity:odd x N\ odd y N odd z using ints z-par y-par z-par by fastforce
from I have b-par:odd b by auto

obtain w::int where w-def:(w=z V w=—2) A (b+z+y+w) mod 4 = 0
using suit-z size parity b-par by presburger

from parity have facl:(int z) mod 4 = 3 V (int z) mod 4 = 1 by presburger
from parity have fac2:—z mod 4 = 8 V —z mod 4 = 1 by presburger
from w-def have fac3:w mod 4 = 8 V w mod 4 = 1 using facl fac2 by auto

have s-int:/ dvd (b+z+y+w) using b-par parity facd w-def by presburger
have b-z-int:2 dvd (b+z) using b-par parity by presburger
have b-y-int:2 dvd (b+y) using b-par parity by presburger
have b-w-int:2 dvd (b+w) using b-par fac3 by presburger

obtain s::int where s-def:s = (b+z+y+w) div 4 using s-int by fastforce
obtain t::int where t-def:t = (b+z) div 2 — s using s-int b-z-int by blast
obtain u::int where u-def:u = (b+y) div 2 — s using s-int b-y-int by blast
obtain v::int where v-def:v = (b+w) div 2 — s using s-int b-w-int by blast

from t¢-def s-def have t-simpl:t = (2xb+2xx) div 4 — (b+z+y+w) div 4 by
auto

have t-simp2:(2% b+2% z) — (b+z+y+w) = b+x—y—w using size by auto

hence t-expre:t = (b+x—y—w) div 4 using t-simpl by (smt (verit, ccfv-SIG)
add-num-simps(1)
div-plus-div-distrib-dvd-right numeral-Bit0 of-nat-numeral one-plus-numeral s-int
unique-euclidean-semiring-with-nat-class. of-nat-div)

from b-z-int have 4 dvd (2xb+2xx)

by (metis distrib-left-numeral mult-2-right nat-mult-dvd-cancel-disj numeral-Bit0)

hence four-div-tn:4 dvd (b+z—y—w) using s-int t-simp2 by presburger

have (b+z) div 2 + (b+y) div 2 = (2xb+z+y) div 2
by (smt (verit, best) Groups.add-ac(2) b-y-int div-plus-div-distrib-dvd-right
left-add-twice nat-arith.add?2)
hence threesum:t + v + s = (2xb+z+y) div 2 — s using t-def u-def by auto

have 2 dvd (z+vy) using parity by auto

hence (2xb+z+y) div 2 + (b+w) div 2 = (2*xb+b+z+y+w) div 2

by (smt (verit, ccfo-threshold) Num.of-nat-simps(4) b-w-int div-plus-div-distrib-dvd-right
landau-product-preprocess(4) numerals(1) of-nat-1 one-plus-numeral
unique-euclidean-semiring-with-nat-class. of-nat-div)

16



hence t+u+s+v = (2xb+b+a+y+w) div 2 —s —s using v-def threesum by auto
hence foursum0:t+u+s+v = (2xb+b+a+y+w) div 2 — (b+z+ytw) div 4 —
(b+aty+w) div 4
using s-def by auto
have foursumi:(b+z+y+w) div 4 + (b+z+y+w) div 4 = (b+z+y+w) div 2
using div-mult-swap s-int by auto
have (2xb+b+z+y+w) div 2 — (b+z+y+w) div 2 = (2xb) div 2 by auto
hence t+u+s+v = (2xb) div 2 using foursum0 foursuml by linarith
hence second:t+u+s+v = b by auto

from a-and-b have Jxa = 27 2+y 2+2"2+b72
by (metis Nat.add-diff-assoc2 add-diff-cancel-right’ assms(5) less-or-eg-imp-le)
hence a = (£724+y 2+2"2+b72) div 4 using parity b-par by auto

from second have b-expresion:b™2 = t 24u 2+8 240 2+ 2xtku+2% s x v +
2xtx s + 2%t x v +2%u x s +2%u x v using four-terms-bin-exp-allsum
by (metis is-num-normalize(1) nat-arith.add2 of-nat-power)

define sn where sn-def:sn = b+z+y+w
from sn-def s-def have sn-nume: 4* s = sn by (metis dvd-div-mult-self mult.commute
s-int)
from sn-def have sn-sqr:sn”™2 = b7 242 24y 24w 2+2x b x x+2% b x y+2xbxw—+ 2xxxy+ 2 xw+ 2xy*kw

using four-terms-bin-exp-allsum w-def by auto
hence s-pen: 16 s72 = b" 242 2+y 24w 2+ 2xbkx+ 2xbxy+2x bk w—+ 2xxxy—+2xrxw—+2xy*xw
using sn-nume by auto
have 4 dvd sn using s-int sn-def by auto
hence 16 dvd sn"2 by auto
hence s-sqr-expression:s 2=(b"2+x 24y 24w 2+ 2xbxx+ 2xbxy+ 2+ bxw+ 2+ Txy+ 2xxkw—+ Lxy*w)
div 16
using sn-sqr s-pen by auto

define in where tn-def:tn = b+zx—y—w
from tn-def t-expre size four-div-tn have tn-nume: 4*x t = tn
by (metis dvd-div-mult-self mult.commute)
from size assms have b+z—y > 0 by auto
hence tn = int b + int ¢ — int y —w using tn-def by auto
from this have tn-sqr:tn”2 = b 242" 2+y 24w 2+ 2% bxx— 2% bky— 2xbkw— 2xTxy— 2k rxw—+ 2k y*kw
using four-terms-bin-exp-twodiff w-def by auto
hence t-pen:16xt™2 = b 242 24y 24w 24 2xbxx— 2xbxy— 2xbxw— 2xx*ky— Sk w—+ 2+ ykw
using tn-nume by auto
have 16 dvd tn"2 using tn-def four-div-tn by auto
hence t-sqr-expression:t 2=(b 241 24y 24w 2+ 2xbxx— 2xbxy— 2xbxw— 2k y— krxw+ 2* Yk w)
div 16
using tn-sqr t-pen by auto

from size s-def t-expre w-def have sgeqt:s>t by auto

from size s-def t-def u-def have tgequ:t>u by auto
from size s-def u-def v-def w-def have ugequ:u>v by auto
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from assms(6) have 12xa < 4xb "2+ 8%b+16 by auto
hence 12xa—38%b"2 < b"24+8xb+16 by auto
hence 12xa—3%b72 < (b+4) "2
by (smt (23) add.commute add.left-commute mult-2 numeral-Bit0 power2-eq-square
power2-sum)
hence mid-ineq:sqri(12xa—3xb"2) < b+4
by (meson of-nat-0-le-iff of-nat-power-less-of-nat-cancel-iff real-less-lsqrt)

define ab::nat where ab-def:ab = 4*xa—b"2

from assms ab-def have nonneg-ab:ab>0 by auto

from a-and-b ab-def have sum-of-sqrs:x 2+y 2+2"2 = ab by auto

from this nonneg-ab have x 24+y 2+2"2>0 by auto

from this sum-of-sqrs three-terms-Cauchy-Schwarz-nat-ver have z+y+z < sqrt(3+ab)
by auto

hence left-ineq:x+y+z < sqri(3+(4*xa—b"2)) using ab-def by auto

have sqrt(3x(4+xa—b"2)) = sqrt(12xa—3+b"2) by (simp add: diff-mult-distrib2)

from left-ineq mid-ineq this have z+y+z < b+4 by auto

hence num-bound:int b— z— y— z > —4 by auto

define vn where vn-def:vn = int b+w—z—y
from num-bound vn-def w-def have vn-bound:vn > —4 by auto
from w-def have four-div-sn:4 dvd (int b +z+y+w) by auto
from parity have / dvd (int 2xx+2xy)
by (metis Num.of-nat-simps(5) <even (z + y)» distrib-left int-dvd-int-iff
nat-mult-dvd-cancel-disj num-double numeral-mult of-nat-add of-nat-numeral)
hence 4 dvd (int b +z+y+w — 2%z — 2xy) using four-div-sn
by (smt (verit) Num.of-nat-simps(5) dvd-add-left-iff)
hence / dvd vn using vn-def by presburger

from v-def s-def have v = (int 2xb + 2xw) div 4 — (int b + z + y + w) div 4
by auto

hence v-expre:v = (int b—z—y+w) div 4 using four-div-sn by fastforce

hence v = vn div 4 using vn-def by auto

hence v > 0 using vn-bound four-div-sn using <4 dvd vn» by fastforce

hence stuv-nonneg: s > 0 ANt > 0 AN u >0 A v > 0 using sgeqt tgequ ugequ
by linarith

from vn-def have vn-sgr:vn™2 = b 242 24y 24w 2 — 2xbkr— 2xbky+2xbxw+ 2xxxy— 2 rxw— 2xykw

using four-terms-bin-exp-twodiff w-def by auto
from v = vn div 4> have vn-is-num:v"2 = vn" 2 div 16 using <4 dvd vn> by
fastforce
hence 16 dvd vn"2 using v-def using <4 dvd vny by fastforce
from vn-is-num vn-sqr have
v-sqr-expression:v” 2=(b"2+1 24y 24w 2 —2xbxx— 2xbxy+ 2x bk w+ 2xxky— 2xxkwW— 2K Yk W)
div 16 by auto

define un where un-def:un = int b+y—z—w
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from parity w-def have even (z+w) by auto
from this parity have 4 dvd (int 2xz+2%w)
by (metis distrib-left even-numeral mult-2-right mult-dvd-mono numeral-Bit0
of-nat-numeral)
hence 4 dvd (int b +z+y+w — 2xx—2%w) using four-div-sn
by (smt (verit) Num.of-nat-simps(5) dvd-add-left-iff)
hence 4 dvd un using un-def by presburger

from u-def s-def have u = (int 2xb+2xy) div 4 — (int b + = + y + w) div 4
by auto

hence u-expre:u = (int b—z+y—w) div 4 using four-div-sn by fastforce

hence u = un div 4 using un-def by auto

from un-def have un-sqr:un™2 = b" 242 24y 24w 2+ 2xbxy— 2xbkx— 2xbxw— 2k yxx— 2xyxw—+ 2k w

using four-terms-bin-exp-twodiff w-def by auto

from «u = un div 4> have un-is-num:u"2 = un"2 div 16 using <4 dvd un)> by
fastforce

hence 16 dvd un"2 using u-def using </ dvd un> by fastforce

from un-is-num un-sqr have

u-sqr-expression:u” 2 = (b72+x 24y 2+ w 2+ 2xbxy— 2xbxx— 2 bkw— 2k yxx— 2xykw—+ LxTH W)
div 16 by auto

from wu-sqr-expression v-sqr-expression have
wv-simpl:u 240 2 = (int b 242" 24y 24w 2—2xbxx—2xbxy+ 2xbxw+ 2xrxy— 2xxkw— Lk y*w)
div 16 +
(int b7 243 24y 24w 2+ 2xbky— 2xbxx— 2k bxw— 2xyxx— Lxyxw—+ 2x kW) div
16 by auto
have uv-simp2:(int b 241 24y 24w 2— 2xbxr— 2xbxy+2xbxw—+2xx*xy— S*xrxw— 24 Yk w)—+
(int b 242 24y 24w 2+ 2xbky— 2xbkr— 2xbkw— 2xyxr— 2xyxw+2xxkw)=
(int 2xb724 2% 24 2%y 2+ 2xw 2—xbxx—4xyxw) by auto
hence 16 dvd (int 2xb™2+2%x 2+ 2%y 2+2%w 2—/xbxx—4*yxw) by (smt (verit)
(16 dvd un?) <16 dvd vn®
dvd-add-right-iff of-nat-power un-sqr vn-sqr zadd-int-left)
hence usqr-plus-vsqr:u"2+v"2 = (int 2xb" 24 2%z~ 2+ 2xy 2+ 2xw 2 —4 *bxx— 4 *yxw)
div 16
using uv-simpl uv-simp2 by (smt (verit, ccfo-threshold) Num.of-nat-simps(4)
Num.of-nat-simps(5)
(16 dvd vn?) div-plus-div-distrib-dvd-right power2-eq-square vn-sqr)

have allsum0:5s72+t72+u"2+v"2 = (sn” 2+tn" 24un"2+wvn"2) div 16 using
<16 dvd vn?» <16 dvd sn?»
<16 dvd un?> <16 dvd tn?) s-sqr-expression t-sqr-eTpression u-sqr-eTpression v-sqr-erpression
sn-sqr tn-sqr un-sqr vn-sqr by (metis add.commute div-plus-div-distrib-dvd-left)

have allsum1:(sn” 24+tn 2+un"24+vn"2) = (int 4xb"2+4xx 24+ 4*y 24+ 4*xw 2)

using sn-sqr tn-sqr un-sqr vn-sqr by auto
have 16 dvd (sn™2+tn"2+un"2+vn"2)

by (simp add: <16 dvd sn®> <16 dvd tn®» <16 dvd un®> <16 dvd vn*))
hence 16 dvd 4x(int b 24z 2+y 2+w™2) using allsuml by auto
hence 4 dvd (int b"2+z 2+y 2+w™2) by presburger
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from allsum! have s 24+t 2+u"24v 2 = (int 4xb 24+ 4xx 2+ 4xy 2+ 4w 2)
div 16
using allsum0 by presburger
hence s ™2+t 2+u 24072 = Jx(int b 242 2+y 2+w"2) div 16 by simp
hence allsum2:s72+t"2+u"2+v"2 = (int b 242" 2+y 2+w"2) div 4 by simp

from a-and-b have Jxa = int b" 24z 2+y 24w 2 using w-def
using <4 * a = 22 + ¢ + 22 + b> by fastforce
hence first:a = s 2+t 2+u 240" 2 using allsum2 by linarith

show ?thesis using first second stuv-nonneg by (smt (verit, best))
qed
end

2 Polygonal Number Theorem

2.1 Gauss’s Theorem on Triangular Numbers

We show Gauss’s theorem which states that every non-negative integer is
the sum of three triangles, using the Three Squares Theorem AFP entry [1].
This corresponds to Theorem 1.8 in [2].

theory Polygonal-Number-Theorem-Gauss
imports Polygonal-Number- Theorem-Lemmas
begin

The following is the formula for the k-th polygonal number of order m + 2.

definition polygonal-number :: nat = nat = nat
where polygonal-number m k = mxkx(k—1) div 2 + k

When m = 1, the polygonal numbers have order 3 and the formula represents
triangular numbers. Gauss showed that all natural numbers can be written
as the sum of three triangular numbers. In other words, the triangular
numbers form an additive basis of order 3 of the natural numbers.

theorem Gauss-Sum-of-Three-Triangles:

fixes n :: nat

shows 3 z y z. n = polygonal-number 1 = + polygonal-number 1 y + polygo-
nal-number 1 z

proof —
have (8 * n + 3) mod 8 = 3 by auto
then obtain a b ¢ where 0: odd a A odd b AN oddc N8 *n+ 3 =a2+ b2
+ ¢72
using odd-three-squares-using-mod-eight by presburger
then obtain zy 2 wherea =22+ 1 Ab=2xy+ 1 ANc=2x2+1by
(meson oddE)
hence 8 xn+3=2*z+ 1) 2+ 2*xy+1)2+2x*x2+1)"2
using 0 by auto
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hencen=(z*xzx+z+y*xy+y+z2zx*z+2) div2
by (auto simp add: power2-eq-square)
hence n-exprimn=(z*x (z+ 1) +y*x(y+ 1)+ 2zx(z2+ 1)) div 2
by (metis (no-types, lifting) arithmetic-simps(79) nat-arith.add1 nat-distrib(2))

have triangle-identity: polygonal-number 1 k = kx(k+1) div 2 for k
proof —
have kx(k—1)+2xk = kxk+k by (simp add: right-diff-distrib")
hence kx(k—1) div 2 + k = (kxk+k) div 2
by (metis Groups.add-ac(2) bot-nat-0.not-eq-extremum div-mult-self2 pos2)
thus ?thesis using polygonal-number-def by simp
qed
from n-expr triangle-identity show ?thesis
by (metis div-plus-div-distrib-dvd-right even-mult-iff odd-even-add odd-one)
qed
end

2.2 Cauchy’s Polygonal Number Theorem

We will use the definition of the polygonal numbers from the Gauss Theorem
theory file which also imports the Three Squares Theorem AFP entry [1].

theory Polygonal-Number-Theorem-Cauchy
imports Polygonal-Number- Theorem-Gauss
begin

The following lemma shows there are two consecutive odd integers in any
four consecutive integers.

lemma two-consec-odd:
fixes al a2 a3 a4 :: int
assumes al —a2 = 1
assumes a2—a3 = 1
assumes al—a4 = 1
shows 3 k1 k2 :: int. {k1, k2} C {al, a2, a8, a4} N (k2 = k14+2) A odd k1

proof —
have c1:3k1 k2 :: int. {k1, k2} C {al, a2, a3, a4} N (k2 = k1+2) A odd k1
if odd-case:odd a4
proof—
define k1 where ki-def:k1 = a4
define k2 where k2-def:k2 = k1 + 2
have 0:k2 = a2 using k2-def k1-def assms by simp
have 1:o0dd k1 using k1-def odd-case by simp
show 3k1 k2 :: int. {k1, k2} C {al, a2, a3, a4} N (k2 = k1+2) A odd k1
using 0 1 ki-def k2-def by auto
qed

have ¢2:3k1 k2 :: int. {k1, k2} C {al, a2, a3, a4} N (k2 = k1+2) A odd k1
if even-case:even a4
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proof —
define k1 where ki-def:k1 = a8
define k2 where k2-def:k2 = ki1 + 2
have 2:0dd k1 using even-case assms k1-def by presburger
have 3:k2 = al using ki1-def k2-def assms by simp
show 3k1 k2 :: int. {k1, k2} C {al, a2, a3, a4} N (k2 = k1+2) A odd k1

using 2 3 ki1-def k2-def by auto
qed
show ?thesis using c1 c2 by auto
qed

This lemma proves that for two consecutive integers b; and be, and r €
{0,1,...,m — 3}, numbers of the form b; 4+ r and bs + r can cover all the
congruence classes modulo m.

lemma cong-classes:

fixes b1 b2 :: int

fixes m :: nat

assumes m > 4

assumes odd b1

assumes b2 = bl + 2

shows V N::nat. 3 b:int. Irinat. (r < m—3) A [N=b+r] (mod m) A (b =01V
b=1502)

proof —
have first:V N:nat. 3b::int. Iranat. (r < m—3) A [N=b+r] (mod m) A (b =
b1 vV b= 102)
if first-assum:b1 mod m > 8
proof —

define k1 where ki-def:k1 = b1 mod m

define [ where I-def:l = m — ki

have ki1-size:k1>3 using first-assum kI-def by simp

have [-size:l < m—3 using first-assum k1-def l-def by auto

have ({+k1) mod m = 0 using Il-def by auto

hence (I+b1) mod m = 0 using ki1-def l-def by (metis mod-add-right-eq)

define w where w-def:w = m—3—1

have w-size:w>0 N w<m—38 using w-def l-size I-def k1-def first-assum

by (smt (verit, best) Euclidean-Rings.pos-mod-bound assms(1) le-antisym

numeral-neq-zero
of-nat-0-less-iff order-trans-rules(22) verit-comp-simplify(3) zero-le-numeral)

have k1 = w+3 using w-def k1-def I-def w-size first-assum by linarith

hence w+2 = ki—1 by auto

hence w+2 = (b1—1) mod m using first-assum k1-def

by (smt (verit, del-insts) Fuclidean-Rings.pos-mod-bound assms(1)
mod-diff-eq mod-pos-pos-trivial of-nat-le-0-iff verit-comp-simplify(8))

hence w-cover:w+2 = k1—1 using kI-def using <w + 2 = kI — 1> by
fastforce

have Jr:nat. (r<m—3) A [N=bl+r] (mod m) if asm1:N mod m > ki N N
mod m < m—1 for N
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proof —
have m — (N mod m) < [ using asm1 l-def k1-def by linarith
hence 3d::nat. d<I A [N = ki+d] (mod m) using asml kI-def I-def
by (metis add.commute add-le-cancel-left cong-mod-left cong-refl diff-add-cancel
diff-le-self le-trans of-nat-mod of-nat-mono zle-iff-zadd)
hence 3 d::nat. d<I A [N=b1+d] (mod m) using ki-def
by (metis mod-add-left-eq unique-euclidean-semiring-class.cong-def)
thus 3r:nat. (r<m—3) A [N=bl+r] (mod m) using I-size
by (smt (verit, best) nat-leq-as-int)
qed
hence c1:3b::int. Irinat. (r < m—3) A [N=b+r] (mod m) A (b=0b1 Vb=
b2) if asm1:N mod m > kI A N mod m < m—1 for N using asm! by blast

have c¢2:3r:nat. (r<m—3) A [N=bl+r] (mod m) if asm2:N mod m =0 for
N using [-def k1-def
by (smt (verit, ccfo-threshold) «(I + b1) mod int m = 0> add-diff-cancel-left’
cong-0-iff
cong-sym cong-trans diff-add-cancel diff-ge-0-iff-ge dvd-eq-mod-eq-0 int-dvd-int-iff
nat-0-le
of-nat-le-iff that w-def w-size)
hence ¢2:3 b::int. Irinat. (r < m—3) A [N=b+r] (mod m) A (b=0b1 V b=
b2)
if asm2:N mod m = 0 for N using asm2 by metis

have Ir:nat. (r<m—3) A [N=bl+r] (mod m) if asm3:N mod m > 0 AN N
mod m <w for N
proof —
have [+ (N mod m) < m—3 using asm3 w-def by auto
hence Jd::nat. (d<w) A [N = k1+I+d] (mod m) using asm3 w-def k1-def
l-def
by (smt (verit, ccfv-threshold) minus-mod-self2 mod-mod-trivial of-nat-mod
unique-euclidean-semiring-class.cong-def)
hence Jd::nat. (d<w) A [N = bl+I+d] (mod m) using ki-def by (metis
(mono-tags,
opaque-lifting) mod-add-left-eq unique-euclidean-semiring-class.cong-def)
hence 3 r::nat. (r<w+l) A [N = bl+r] (mod m) by (smt (verit) add.commute
add.left-commute le-add-same-cancel2 of-nat-0-le-iff w-def w-size zero-le-imp-eq-int)
thus Ir:nat. (r<m—3) A [N = bl+r] (mod m) using w-def by auto
qed
hence 3 b::int. Iranat. (r < m—3) A [N=b+r] (mod m) A (b= b1V b= 02)
if asm3:N mod m > 0 A N mod m <w for N using asm3 by blast
hence ¢3:3 b::int. Irinat. (r < m—3) A [N=b+7r] (mod m) A (b=0b1 Vb=
b2)
if asm8:N mod m > 0 A N mod m <kI—3 using asm8 w-cover by auto

have Jr:nat. (r<m—38) A [N=b2+r] (mod m) if asm{:N mod m = w+1 V N
mod m = w+2 for N
proof —
have c4-1:[N = b2+(m—3)] (mod m) if asm5:N mod m=w+2 for N using

23



asmd w-def assms(3) l-def
by (smt (verit) <w + 2 = (b1 — 1) mod int m) <w + 2 = kI — I»
mod-add-selfl of-nat-mod
unique-euclidean-semiring-class.cong-def)
hence [N—1 = b2+(m—4)] (mod m) if asm5:N mod m = w+2 for N
by (smt (verit, ccfv-threshold) Num.of-nat-simps(2) «w + 2 = ki — 1»
asmd assms(1)
cong-iff-lin first-assum ki-def l-def mod-less-eq-dividend numeral-Bit0 of-nat-diff
of-nat-le-iff
of-nat-numeral semiring-norm(172) w-def)
hence [N = b2+(m—4)] (mod m) if asm6:N mod m = w+1 for N using
asmb
by (metis <w + 2 = (b1 — 1) mod int m) add-diff-cancel-right’ arith-special(3)
int-ops(4)
is-num-normalize(1) mod-add-left-eq mod-diff-left-eq of-nat-mod)
thus ?thesis using c/-1 by (metis asm4 diff-le-mono2 nat-le-linear nu-
meral-le-iff
verit-comp-simplify(10) verit-comp-simplify(13))
qed
hence J b::int. Irinat. (r < m—3) A [N=b+r]| (mod m) A (b= b1 V b= b2)
if asm4:N mod m = w+1 V N mod m = w+2 for N using asm4 by blast
hence c¢/:3b::int. Iranat. (r < m—3) A [N=b+r] (mod m) A (b =01 V b=
b2)
if asm7:N mod m = k1—2 V N mod m = ki1—1 for N using w-cover asm7
by auto

have Jb::int. Irinat. (r < m—38) A [N=b+r] (mod m) A (b= b1 V b= b2)
if asm10:N mod m > 0 A N mod m <w for N using c2 c3 asm10
using <AN. 0 < Nmod m A int (Nmodm) <w=3br.r<m— 3 A
[int N = b + int r]
(mod int m) A (b= b1V b= b2) by blast
hence ¢5:3 b::int. Irinat. (r < m—3) A [N=b+r] (mod m) A (b=0b1 vV b=
b2)
if asm11:N mod m > 0 AN N mod m <kiI—8 for N using w-cover using
asm1l by force

have c¢6:3 b::int. Iranat. (r < m—3) A [N=b+r] (mod m) A (b =0b1 Vb=
b2)
if asm9:(N mod m >0 AN N mod m < k1—3) V N mod m = kI—2 VvV N mod
m = k1—1 for N
using c ¢4 asm9 by blast

hence ¢7:3 b::int. Irinat. (r < m—3) A [N=b+r] (mod m) A (b=10b1 V b=
b2)
if asm12:(N mod m >0 A N mod m < k1—3) V N mod m = k1—2 VvV N mod
m=kl—1V
(N mod m > k1 A N mod m < m—1) for N using asm12 cl by blast

have V N::nat. (N mod m >0 N N mod m< k1—-3)V N mod m =ki—-2V N
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mod m = ki—1 V
(N mod m > k1 N N mod m < m—1) using ki-def
by (smt (verit, best) Suc-pred’ assms(1) bot-nat-0.extremum le-simps(2)
mod-less-divisor
not-numeral-le-zero of-nat-0-less-iff of-nat-le-0-iff)

thus ?thesis using ¢7 by auto

qed
have second:V N::nat. 3 b::int. Irinat. (r < m—3) A [N=b+r] (mod m) A (b=
b1 vV b= 102)
if second-assum:b1 mod m >0 A b1 mod m <2
proof —
have casel:V N::nat. 3 b::int. Irinat. (r < m—3) A [N=b+r] (mod m) A (b
= b1 Vb= 0b2)
if casel-assum:b1 mod m = 0
proof —

have Jr:nat. (r < m—3) A [N = bl+r| (mod m) if casel-1-assum:N mod
m <m—3 for N
using casel-assum casel-1-assum
by (metis cong-add-rcancel-0 cong-mod-left cong-refl cong-sym-eq zmod-int)
hence casel-1:3 b:int. rinat. (r < m—3) A [N=b+r] (mod m) A (b = bl
Vb= 102)
if casel-1-assum:N mod m <m—38 for N using casel-1-assum by blast

have [N = b1+(m—2)] (mod m) if casel-2-assum:N mod m = m—2 for N
using casel-2-assum
casel-assum by (metis (no-types, opaque-lifting) add.commaute cong-add-lcancel-0
cong-mod-right of-nat-mod unique-euclidean-semiring-class.cong-def)
hence [N = b2+(m—4)] (mod m) if casel-2-assum:N mod m = m—2 for N
using casel-2-assum assms(3)
by (smt (verit, best) add-leD2 assms(1) int-ops(2) numeral-Bit0 of-nat-diff
of-nat-numeral
semiring-norm(172))
hence Ir:nat. (r < m—3) A [N = b2+r] (mod m) if casel-2-assum:N mod
m = m—2 for N
using casel-2-assum
by (meson diff-le-mono2 less-num-simps(2) numeral-le-iff verit-comp-simplify(15))
hence case1-2:3 b::int. Irnat. (r < m—3) A [N=b+r] (mod m) A (b = bl
VvV b=102)
if casel-2-assum:N mod m = m—2 for N using casel-2-assum by blast

have [N = b1+(m—1)] (mod m) if casel-3-assum:N mod m = m—1 for N
using casel-3-assum
casel-assum by (metis (no-types, opaque-lifting) add.commaute cong-add-lcancel-0
cong-mod-right of-nat-mod unique-euclidean-semiring-class.cong-def)
hence [N = b2+(m—23)] (mod m) if casel-3-assum:N mod m = m—1 for N
using casel-3-assum assms(3)
by (smt (verit, best) assms(1) int-ops(2) int-ops(6) numeral-Bit0 nu-
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meral-Bitl of-nat-mono
of-nat-numeral semiring-norm(172))
hence Ir:nat. (r < m—3) A [N = b2+r] (mod m) if casel-3-assum:N mod
m = m—1 for N
using casel-3-assum by blast
hence casel-3:3 b::int. Irinat. (r < m—3) A [N=b+r] (mod m) A (b = bl
Vb =02)
if casel-3-assum:N mod m = m—1 for N using casel-3-assum by blast

have V N::nat. (N mod m = m—1) V (N mod m = m—2) V (N mod m <
m—23)

by (smt (verit, ccfv-threshold) Suc-pred’ assms(1) bot-nat-0.not-eg-extremum
diff-diff-add
diff-is-0-eq’ le-simps(2) mod-less-divisor nat-1-add-1 nat-less-le not-numeral-le-zero
numeral.simps(3) semiring-norm(172))

thus ?thesis using casel-1 casel-2 casel-3 by blast

qed
have case2:V N::nat. 3b:zint. Iranat. (r < m—3) A [N=b+r] (mod m) A (b
=bl Vb=102)
if case2-assum:b1 mod m = 1
proof —

have case2b2:b2 mod m = 3 using case2-assum assms(3) by (smt (verit)
assms(1) int-ops(2)
mod-add-eq mod-pos-pos-trivial numeral-Bit0 of-nat-mono of-nat-numeral semir-
ing-norm(172))

have Jr:nat. (r<m—3) A [N = b2+r] (mod m) if case2-1-assum:N mod m
= m—1 for N
proof —
have [N = 3+(m—4)] (mod m) using case2-1-assum
by (metis (mono-tags, lifting) Suc-eq-plusl Suc-numeral add-diff-cancel-left
arithmetic-simps(1) arithmetic-simps(7) assms(1)mod-mod-trivial
ordered-cancel-comm-monoid-diff-class. diff-add-assoc unique-euclidean-semiring-class.cong-def)
hence [N = b2+(m—4)] (mod m) using case2b2
by (metis (mono-tags, lifting) Num.of-nat-simps(4) mod-add-left-eq
of-nat-mod of-nat-numeral unique-euclidean-semiring-class.cong-def)
thus ?thesis using le-diff-conv by fastforce
qed
hence case2-1:3 b::int. Irinat. (r < m—38) A [N=b+r] (mod m) A (b = bl
Vb =02)
if case2-1-assum:N mod m = m—1 for N using case2-1-assum by blast

have Jr:nat. (r<m—3) A [N = b2+r] (mod m) if case2-2-assum:N mod m
=0 for N
proof —
have (8+(m—3)) mod m = 0 using assms(1) by fastforce
hence (b2+(m—3)) mod m = 0 using case2b2 by (metis Num.of-nat-simps(1)
Num.of-nat-simps(4) mod-add-left-eq of-nat-mod of-nat-numeral)
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thus ?thesis using case2-2-assum
by (metis int-ops(1) nat-le-linear of-nat-mod unique-euclidean-semiring-class.cong-def)
qed
hence case2-2:3 b::int. Irinat. (r < m—3) A [N=b+r] (mod m) A (b = bl
Vb =02)
if case2-2-assum:N mod m =0 for N using case2-2-assum by metis

have I r:nat. (r < m—3) A [N = bl+r]| (mod m) if
case2-3-assum:N mod m <m—2 A N mod m >1 for N
proof —
have Jr:nat. (r<m—3)A((b1+r) mod m = 1) if asml:I>1 A I<m—2 for |
proof —
define r where r-def:r = [—1
from asml have r-range:r>0 N r<m—3 using r-def by linarith
have (1+r) mod m = | using asml r-def r-range by fastforce
hence (b1+r) mod m = | using case2-assum
by (metis Num.of-nat-simps(3) int-ops(9) mod-add-left-eq plus-1-eg-Suc)
thus ?thesis using asml r-range by blast
qed
thus “thesis using case2-3-assum
by (metis case2-3-assum of-nat-mod unique-euclidean-semiring-class.cong-def)
qed
hence case2-3:3 b::int. Irinat. (r < m—3) A [N=b+r] (mod m) A (b = bl
Vb= 102)
if case2-3-assum:N mod m <m—2 A N mod m >1 for N using case2-3-assum
by blast

have V N::nat. N mod m = 0V (N mod m >1 A N mod m <m—1) by (metis
One-nat-def Suc-pred
assms(1) bot-nat-0.extremum-uniquel lel less-Suc-eg-le mod-less-divisor not-numeral-le-zero)

hence V N::inat. N mod m = 0 V (N mod m >1 A N mod m <m—2) V N
mod m = m—1

by (smt (verit) arithmetic-simps(68) diff-diff-eq le-add-diff-inverse le-neg-implies-less
le-simps(2)

le-trans plus-1-eq-Suc)

thus ?thesis using case2-1 case2-2 case2-3 by (metis <AN. N mod m < m

—2AN1< Nmodm
= Jr<m — 3. [int N = bl + int r] (mod int m)»)

qed
have case3:V N::nat. 3 b::int. Irinat. (r < m—3) A [N=b+r] (mod m) A (b
=blVb=102)
if case3-assum:b1 mod m = 2
proof —

have case3b2:02 mod m = 4
using assms case3-assum
by (smt (verit, ccfv-SIG) FEuclidean-Rings.pos-mod-sign dvd-mod-imp-dvd
even-numeral int-ops(2)
int-ops(4) mod-diff-eq mod-pos-pos-trivial nat-1-add-1 numeral-Bit0
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of-nat-le-iff
of-nat-numeral plus-1-eq-Suc)

have Jr:nat. (r<m—3)A [N = b2+r] (mod m) if case3-1-assum:N mod m
=0V Nmodm =1 for N
proof —
have (4+(m—3)) mod m = (4+m—3) mod m using assms(1) by auto
have (4+m—3) mod m = (1+m) mod m by simp
hence (/+(m—3)) mod m = 1 using «(4+(m—38)) mod m = (4+m—23)
mod m»
by (smt (verit, best) Euclidean-Rings.pos-mod-bound add-lessD1 arith-special(2)
assms(1) case3b2
landau-product-preprocess(4) mod-add-self2 mod-less numeral-Bit0
of-nat-numeral order-le-less)
hence caseone:(b2+(m—3)) mod m = 1 using case3b2
by (metis Num.of-nat-simps(2) Num.of-nat-simps(4) mod-add-left-eq
of-nat-mod of-nat-numeral)

have (4+(m—4)) mod m = 0 using assms(1) by auto

hence casezero:(b2+(m—4)) mod m = 0 using case3b2

by (metis (full-types) Num.of-nat-simps(1) Num.of-nat-simps(4) mod-add-left-eq
of-nat-mod of-nat-numeral)

show ?thesis using caseone casezero case3-1-assum
by (metis cong-int cong-mod-right cong-refl diff-le-mono2 nat-le-linear
numeral-le-iff
of-nat-0 of-nat-1 semiring-norm(69) semiring-norm(72))
qed
hence case3-1:3 b::int. Irnat. (r < m—3) A [N=b+r] (mod m) A (b = b1
Vb =02)
if case3-1-assum:N mod m = 0 V N mod m =1 for N using case3-1-assum
by metis

have Jr:nat.(r<m—=3)A [N = bl+r| (mod m) if case3-2-assum:N mod m
>2AN mod m < m—1 for N
proof —
have Jr:nat. (r<m—3)A((b1+r) mod m = 1) if asml1:1>2 A I<m—1 for

proof —
define 71 where ri-def:ri = 1-2
from asmll have ri-range:r1>0 A r1<m—2 using ri-def by linarith
have (2+r1) mod m = [ using asml! r1-def r1-range by fastforce
hence (b1+r1) mod m = [ using case3-assum
by (metis Num.of-nat-simps(4) mod-add-left-eq of-nat-mod of-nat-numeral)
thus %thesis using asmll ri-range by (metis One-nat-def diff-diff-add
diff-le-mono
nat-1-add-1 numeral-3-eq-3 plus-1-eq-Suc r1-def)
qged
thus ?thesis using case3-2-assum
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by (metis case3-2-assum of-nat-mod unique-euclidean-semiring-class.cong-def)

qed

hence case3-2:3 b::int. Irinat. (r < m—38) A [N=b+r]| (mod m) A (b = b1
Vb =02)

if case3-2-assum:N mod m >2AN mod m < m—1 for N using case3-2-assum
by blast

have V N::nat. N mod m = 0V (N mod m >1 A N mod m <m—1) by (metis
Suc-pred’ assms(1)
bot-nat-0.not-eg-extremum less-one mod-Suc-le-divisor rel-simps(76) verit-comp-simplify1(3))
hence V N::nat. N mod m = 0V N mod m =1V (N mod m >2 N N mod
m <m—1)
by (metis Suc-eq-plusl le-neq-implies-less le-simps(8) nat-1-add-1)

thus ?thesis using case3-1 case3-2 by blast
qed

show ?thesis using casel case2 case3 using that by fastforce
qed

show ?thesis using first second using assms(1) by force
qged

The strong form of Cauchy’s polygonal number theorem shows for a natural
number N satisfying certain conditions, it may be written as the sum of
m+ 1 polygonal numbers of order m + 2, at most four of which are different
from 0 or 1. This corresponds to Theorem 1.9 in [2].

theorem Strong-Form-of-Cauchy-Polygonal-Number-Theorem-1:

fixes m N :: nat

assumes m>/

assumes N>108+m

shows 3 zs :: nat list. (length zs = m+1) A (sum-list zs = N) A (VE<3. Ja.
xs! k = polygonal-number m a)

ANV Ee{4m} . azslk=0Vaslk=1)

proof —

define L where L-def:L = (2/3 + sqrt (8*N/m — 8)) — (1/2 + sqrt (6xN/m
- 3))

from assms L-def have L>/j using interval-length-greater-than-four

apply(rule-tac N = of-nat N and m = of-nat m in interval-length-greater-than-four)

by auto

define cI where cl-def:cl = [1/2 + sqrt (6xN/m — 8)]

define ¢2 where c2-def:c2 = c1+1

define ¢3 where c3-def:c8 = c1+2

define ¢/ where c4-def:c4 = c1+3

from «L>4» cl-def c2-def c3-def c4-def L-def have c4<(2/8 + sqrt (8«+N/m —
8)) by linarith

have N/m > 108 using assms using le-divide-eq by fastforce
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hence sqrt(6«N/m — 3)>1 by simp
hence 1/2 + sqrt(6«xN/m — 8) >1 by linarith
hence c! >1 using ci1-def by simp

obtain b1 b2 where bproperties:{b1, b2} C {c1, c2, ¢3, ¢4} N (b2 = b1+2) A
odd b1

using two-consec-odd c1-def c2-def c3-def c4-def by (metis (no-types, opaque-lifting)
Groups.add-ac(2)
empty-subsetl even-plus-one-iff insert-commute insert-mono nat-arith.addl numeral.simps(2)
numeral.simps(3))

have blandb2:0dd b1 N b2 = b1+2 using bproperties by auto

have bIpos:b1 >1 using «c1>1) c2-def c3-def c4-def bproperties by auto

hence b2pos:b2 >3 using bproperties by simp

have b20dd:odd b2 using bproperties by simp

obtain b r where b-rir<m—3 A (b= b1 V b = b2) A [int N = b+r] (mod m)
using blandb2 assms(1)
cong-classes by meson
have bpos:b>1 using bipos b2pos b-r by auto
have bodd:odd b using b-r bproperties by auto

define a where a-def:a = b+2+x(N—b—r) div m

have m-div-num:m dvd (N—b—r) using b-r

by (simp add: diff-diff-add mod-eq-dvd-iff unique-euclidean-semiring-class.cong-def)
hence (N—b—r)/m = (N—b—r) div m by (simp add: real-of-int-div)

hence a-defl:a = b+2%(N—b—r)/m using a-def by (metis <int m dvd int N —
b — int r

dvd-add-right-iff mult-2 of-int-add of-int-of-nat-eq real-of-int-div)

have N—m>0 using assms by linarith

hence N—r>0 using b-r by force

hence (N—b—r) = (N—r)—b by linarith

hence (N—b—r)/m = (N—r)/m — b/m by (metis diff-divide-distrib int-of-reals(3)
of-int-of-nat-eq)

hence a = b+2x((N—r)/m — b/m) using a-defl by (metis int-of-reals(6)
of-int-mult times-divide-eg-right)

hence a-def2:a = b— bx2/m+2«(N—r)/m by simp

have bx(1—2/m) = bx1—bx(2/m) by (simp add: Rings.ring-distribs(4))
hence a-def3:a = bx(1—2/m) + 2+«(N—r)/m using a-def2 by simp

have 1—2/m>0 using assms(1) by simp

hence sizel:bx(1—2/m)>0 using bpos by simp

have N—r>0 using b-r assms by auto

hence size2:2x(N—r)/m>0 using assms(1) by simp

have apos:a>1 using sizel size2 a-def3 by simp

have odd (b+2%(N—b—r) div m) using m-div-num b-r b2odd bproperties
by (metis div-mult-swap zdvd-reduce)

hence aodd:odd a using a-def by simp

from a-def! have a—b = 2%(N—b—r)/m by simp
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hence mx(a—b)/2 = N—b—r using assms(1) by simp
hence N-ezpr:N = r+b+mx(a—b)/2 by simp

have b1 > cI using bproperties c2-def c3-def c4-def by force
hence b1 > 1/2 + sqrt (6%xN/m — 3) using cI-def using ceiling-le-iff by blast
have b-ineql:b > 1/2 + sqrt (6«N/m — 3) using b-r bproperties

using <1 / 2 + sqrt (real (6 x N) / real m — 8) < real-of-int b1» by fastforce

have 02 < ¢4 using bproperties c1-def c2-def c3-def c4-def by fastforce
hence b2 < (2/3 + sqrt (8«N/m — 8))

using <real-of-int ¢/ < 2 / 8 + sqrt (real (8 * N) / real m — 8)» by linarith
hence b-ineq2:b<(2/3 + sqrt (8xN/m — 8)) using b-r bproperties by linarith

define Nr where Nr = real-of-nat N

define mr where mr = real m

define ar where ar = real-of-int a

define br where br = real-of-int b

define rr where rr = real-of-nat r

from assms(1) have mr >3 using mr-def by auto

from assms(2) have N>2xm by simp

hence Nr > 2xmr using Nr-def mr-def <N > 2 % m» by auto

moreover have br>(0 using br-def bpos by auto

moreover have mr>3 using mr-def assms by auto

moreover have ar>(0 using ar-def apos by auto

moreover have rr>(0 using rr-def b-r by auto

moreover have mr > rr using mr-def rr-def b-r assms(1) by linarith

moreover have Nr = mr«(ar—br)/2+4br+rr using Nr-def mr-def ar-def br-def
N-expr rr-def by auto

moreover have 1/2+sqrt(6«Nr/mr—3)<br A br<2/3+sqrt(8«Nr/mr—8) us-
ing Nr-def mr-def br-def b-ineql b-ineq2 by auto

ultimately have br 2</xar A 8xar<br 2+2xbr+4 using Cauchy-lemma by
auto

hence real-ineq:(real-of-int b) "2 < 4*(real-of-int a) A 3x(real-of-int a) < (real-of-int
b) "2 + 2x(real-of-int b) + 4

using br-def ar-def by auto

hence int-ineql: b"2<4x*a using of-int-less-iff by fastforce

from real-ineq have int-ineq2: 3xa<b 2+2xb+/ using of-int-less-iff by fast-
force

have conl:nat a >1 using apos by auto

have con2:nat b >1 using bpos by auto

have con8:0dd (nat a) using aodd apos even-nat-iff by auto

have con4:odd (nat b) using bodd bpos even-nat-iff by auto

have (nat b) "2 = b™2 using <nat b >1» by auto

hence cond:(nat b) "2<4*(nat a) using int-ineql by linarith

have con6:3*(nat a)<(nat b) "2+ 2x(nat b)+4 using «(nat b) "2 = b72) int-ineq?
by linarith

obtain s t u v where stuv:is > 0 At > 0ANu>0ANv>0A int(nat a) = s 2
+t72+u 24+ 0v2A
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int(nat b) = s+t+u+v using four-nonneg-int-sum conl con2 cond con cond
con6 by presburger

have a-expr:a = s72 + t72 + u 2 4+ v 2 using apos stuv by linarith

have b-expr:b = s+t4+u+v using bpos stuv by linarith

from N-expr have N = m/2+(s 2—s+t 2—t+u 2—u+v 2—v)+r+(s+t+utv)
using a-expr b-expr by simp
hence N-expr2:N = m/2x(s"2—s)+ m/2x(t"2—t)+ m/2x(u"2—u)+ m/2+(v 2—v)+
r+(s+t+utv)
by (metis (no-types, opaque-lifting) add-diff-eq nat-distrib(2) of-int-add)
have s-div2:m/2x(s"2—s) = mx(s 2—s) div 2 using real-of-int-div by auto
have t-div2:m/2x(t"2—t) = mx*(t"2—t) div 2 using real-of-int-div by auto
have u-div2:m/2+(uv"2—u) = m*(u"2—u) div 2 using real-of-int-div by auto
have v-div2:m/2x(v"2—v) = mx(v"2—v) div 2 using real-of-int-div by auto
have N-expr3:N = (mx(s"2—s) div 2+s)+(m*(t"2—1t) div 2+t)+(m*(u"2—u)
div 2+4u)+(mx(v"2—0) div 24v)+r
using s-div2 t-div2 u-div2 v-div2 N-expr2 by simp

define sn where sn = nat s
define in where tn = nat ¢
define un where un = nat u
define vn where vn = nat v
have seqsn:s 2—s = sn”2 — sn using stuv sn-def

by (metis int-nat-eq le-refl of-nat-diff of-nat-power power2-nat-le-imp-le)
have teqtn:t"2—t = tn"2 — itn using stuv tn-def

by (metis int-nat-eq le-refl of-nat-diff of-nat-power power2-nat-le-imp-le)
have uequn:u™2—u = un"2 — un using stuv un-def

by (metis int-nat-eq le-refl of-nat-diff of-nat-power power2-nat-le-imp-le)
have vequn:v"2—v = vn"2 — vn using stuv vn-def

by (metis int-nat-eq le-refl of-nat-diff of-nat-power power2-nat-le-imp-le)

from N-expr3 have
N = (mx(sn"2—sn) div 24s)+(mx*(tn"2—tn) div 2+t)+(m*(un"2—un) div
2+u)+(mx(vn"2—wvn) div 24+ v)+r
using segsn tegtn uequn vequn by (metis (mono-tags, lifting) int-ops(2) int-ops(4)
int-ops(7)
numeral-Bit0 numeral-code(1) plus-1-eq-Suc zdiv-int)
hence N = (mx(sn"2—sn) div 2+sn)+(mx(tn"2—tn) div 2+tn)+(mx(un"2—un)
div 2+un)+(mx(vn"2—wvn) div 2+ v)+r
using sn-def tn-def un-def stuv int-nat-eq int-ops(5) by presburger
hence N = (mx(sn"2—sn) div 2+sn)+(mx(tn"2—1tn) div 2+tn)+(mx(un"2—un)
div 24un)+(mx(vn"2—wvn) div 24+ vn)+r
using vn-def stuv by (smt (verit, del-insts) Num.of-nat-simps(4) int-nat-eq
of-nat-eq-iff)
hence N = (mx snx(sn—1) div 2+sn)+(mxtnx(tn—1) div 2+tn)+(mxun*(un—1)
div 24un)+(m* vnx(vn—1) div 2+ vn)+r
by (smt (verit, ccfv-threshold) more-arith-simps(11) mult.right-neutral power2-eq-square
right-diff-distrib”)
hence N-exprj:N = polygonal-number m sn + polygonal-number m tn + polyg-
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onal-number m un + polygonal-number m vn +r
using Polygonal-Number- Theorem-Gauss.polygonal-number-def by presburger

define T where T-def: T = [polygonal-number m sn,polygonal-number m tn,polygonal-number
m un,polygonal-number m vn|

define ones where ones-def:ones = replicate r (1::nat)

define zeros where zeros-def:zeros = replicate (m+1—4—r) (0::nat)

define final where final-def:final = TQonesQzeros

have m+1—4—r>0 using assms(1) b-r by force

hence 4+r+(m+1—4—r) = m+1 using assms(1) b-r by force

have length final = /+r+(m+1—4—r) using final-def T-def ones-def zeros-def
by auto

hence final-length:length final = m+1 using <4+r+(m+1—4—r) = m+1> by
stmp

have T-sum:sum-list T = polygonal-number m sn + polygonal-number m tn +
polygonal-number m un + polygonal-number m vn by (simp add: T-def)

have ones-sum:sum-list ones = r using ones-def by (simp add: sum-list-replicate)

have zeros-sum:sum-list zeros = (0 using zeros-def by simp

have sum-list final = sum-list T + sum-list ones + sum-list zeros using final-def
by simp

hence final-sum:sum-list final = N using N-expr/ by (simp add: T-sum ones-sum
zeros-sum)

have final-0th:final! 0 = polygonal-number m sn using final-def T-def by simp
have final-1st:final! 1 = polygonal-number m tn using final-def T-def by simp
have final-2nd:final! 2 = polygonal-number m un using final-def T-def by simp
have final-8rd:final! 8 = polygonal-number m vn using final-def T-def by simp

have first-four:V k<3. Ja. finall k = polygonal-number m a using final-0th fi-
nal-1st final-2nd final-3rd
by (metis Suc-eg-plusl add-leD2 arith-simps(50) le-simps(2) numeral-Bit0 nu-
meral-Bit1
numeral-One verit-comp-simplify1 (3) verit-la-disequality)

have length T = 4 using T-def by simp
have V k<length (onesQzeros). (onesQzeros)! k =1 V (onesQzeros)! k =0 using
ones-def zeros-def

by (simp add: nth-append)

hence finall k = 1 V finall k = 0 if k>4 A k<(length final) for k

using «length T = /> final-def that by (metis add-less-cancel-left le-add-diff-inverse

length-append nth-append verit-comp-simplify1(3))

hence other-terms:¥N k € {4..m} . finall k = 0 V final! k = 1 using final-length

by (metis Suc-eq-plusl atLeastAtMost-iff le-simps(2))

show ?thesis using final-length final-sum first-four other-terms by auto
qed
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theorem Strong-Form-of-Cauchy-Polygonal-Number-Theorem-2:

fixes N :: nat

assumes N>324

shows 3 pI p2 p3 p4 r =nat. N = pl+p2+p3+psi+r A (Fk1. p1 = polygo-
nal-number 3 k1) A (3k2. p2 = polygonal-number 3 k2)
A (k3. p8 = polygonal-number 3 k3) A (I k4. p4 = polygonal-number 3 ki) A (r
=0Vr=1)

proof —
define L where L-def:L = (2/8 + sqrt (8xN/3 — 8)) — (1/2 + sqrt (6xN/3
- 3))
from assms L-def have L>/ using interval-length-greater-than-four
apply —
apply(rule interval-length-greater-than-four[where N = of-nat N and m =
of-nat 3))
by auto
define ¢! where cl-def:cl = [1/2 + sqrt (6xN/3 — 3)]
define c2 where c2-def:c2 = c1+1
define ¢3 where c3-def:c8 = c1+2
define ¢/ where c4-def:c4y = c1+3
from «L>/» cl-def c2-def c3-def cf-def L-def have c{<(2/8 + sqrt (8§xN/3 —
8)) by linarith

define Nn where Nn = int N

have ¢/ <(2/8 + sqrt (8xNn/3 — 8)) using Nn-def <«c4<(2/8 + sqrt (§xN/3
— 8))» by simp

have Nn3:(Nn—38)"2 — (sqrt (8xNn/3 — 8))72 = Nn 2—3xNn—3+%Nn+9 —
(sqrt (8xNn/3 — 8)) 72

using assms Nn-def power2-diff by (simp add: power2-eq-square algebra-simps)

have (Nn—3)72 — (sqrt (8xNn/3 — 8)) "2 = Nn"2—8+«Nn—8+«Nn+9 — (8«Nn/8
— 8) using assms Nn-def Nn3 by fastforce

hence (Nn—3)"2 — (sqrt (8%*Nn/3 — 8)) 72 = Nn 2—6xNn+9—8«Nn/3 +8
by linarith

hence Nnj4:(Nn—3)72 — (sqrt (8%*Nn/3 — 8)) "2 = Nnx(Nn—26/3)+17 by
(simp add: Rings.ring-distribs(4) power2-eq-square)

have Nnx(Nn—26/3)+17>17 using assms Nn-def by auto

hence (Nn—3)72 — (sqrt (8xNn/3 — 8))72 > 0 using Nnj by auto

hence Nn—23 > sqrt (8«Nn/3 — 8) using assms Nn-def by (simp add: real-less-lsqrt)

hence Nn—2 > sqrt (8«Nn/3 — 8)+2/3 by linarith

hence N > c¢j using Nn-def <c4<(2/8 + sqrt (8%*Nn/3 — 8))» by simp

have N/3% > 108 using assms using le-divide-eq by fastforce
hence sqrt(6«N/3 — 3)>1 by simp

hence 1/2 + sqrt(6«N/3 — 8) >1 by linarith

hence c! >1 using ci1-def by simp

obtain b1 b2 where bproperties:{b1, b2} C {c1, ¢2, ¢3, ¢4} N (b2 = b1+2) A

odd b1
using two-consec-odd c1-def c2-def c3-def c4-def by (metis (no-types, opaque-lifting)
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Groups.add-ac(2)
empty-subsetl even-plus-one-iff insert-commute insert-mono nat-arith.addl numeral.simps(2)
numeral.simps(3))

have blandb2:0dd b1 N b2 = b1+2 using bproperties by auto

have bIpos:b1 >1 using «c1>1) c2-def c3-def c4-def bproperties by auto

hence b2pos:b2 >3 using bproperties by simp

have b20dd:odd b2 using bproperties by simp

define bin where bIn = nat b1

define b2n where 02n = nat b2

from bin-def bipos have bin mod 3 = bl mod 3 using int-ops(9) by force
from b2n-def b2pos have b2n mod 3 = b2 mod 3 using int-ops(9) by force

have b-and-r:3b r:nat. [N = b+r] (mod ) A (b=bInV b=0b2n) A (r=0V
r=1)
proof —
have casel:3b r:nat. [N = b+r] (mod 3) A (b=0bInV b=10b2n) A (r=0V
r=1)
if asm1:b1 mod 3 = 0
proof —
have bin mod 3 = 0 using asm1 <bin mod 8 = b1 mod 3> by simp
hence b2n mod 3 = 2 using <b2n mod 8 = b2 mod &) bproperties asm1 by
fastforce
have casel-1:[0 = bin+0] (mod 3) using <bin mod 3 = 0>
by (metis mod-0 nat-arith.rulel unique-euclidean-semiring-class.cong-def)
have casel-2:[1 = bin+1] (mod 3) using <bin mod 3 = 0>
by (metis <[0 = bin + 0] (mod 3)> add.commute cong-add-lcancel-0-nat
cong-sym)
have casel-3:[2 = b2n+0] (mod 3) using «b2n mod 3 = 2»
by (simp add: unique-euclidean-semiring-class.cong-def)
have V N::nat. N mod 3 = 0 V N mod 3 > 1 by linarith
hence V N::nat. N mod 3 =0V Nmod 3 =1V N mod 3 = 2 by linarith
hence VN. 3b runat. [N = b+r] (mod 3) A (b=binV b=10b2n) A (r=20
Vr=1)
if asm1:01 mod 3 = 0 using casel-1 casel-2 casel-8 by (metis cong-mod-left)
thus ?thesis using asml by auto
qged

have case2:3b r::nat. [N = b+r] (mod 3) A (b=0bInV b=102n) A (r=0V
r=1)

if asm2:b1 mod 3 = 1

proof —
have bin mod 3 = 1 using asm2 <bin mod 8 = b1 mod 3> by simp
hence 02n mod 3 = 0 using «b2n mod 3 = b2 mod 3> bproperties asm2
by (smt (verit, best) Euclidean-Rings.pos-mod-bound Euclidean-Rings.pos-mod-sign

int-ops(1) mod-diff-eq mod-pos-pos-trivial of-nat-eq-iff)
have case2-1:[0 = b2n+0] (mod 3) using <b2n mod 3 = 0»
by (metis mod-0 nat-arith.rulel unique-euclidean-semiring-class.cong-def)

have case2-2:[1 = bin+0] (mod 3) using <bin mod 3 = 1»
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by (simp add: unique-euclidean-semiring-class.cong-def)
have case2-3:[2 = bin+1] (mod 3) using <bin mod 3 = 1»
by (metis case2-2 cong-add-rcancel-nat nat-1-add-1 nat-arith.rule0)
have V N::nat. N mod 3 = 0 V N mod 3 > 1 by linarith
hence V N::nat. N mod 3 =0V Nmod 3 =1V N mod 3 = 2 by linarith
hence VN. 3b runat. [N = b+r] (mod 3) A (b=binV b=10b2n) A (r=20
Vr=1)
if asm2:01 mod 3 = 1 using case2-1 case2-2 case2-3 by (metis cong-mod-left)
thus ?thesis using asm2 by auto
qed

have case3:3b r::nat. [N = b+r] (mod 3) A (b=0bInV b=102n) A (r=0V
r=1)
if asm3:b1 mod 3 = 2
proof —
have bin mod 3 = 2 using asm8 <bin mod 8 = b1 mod 3> by simp
have (b1+42) mod 8 = (2+42) mod 8 using asm3 by (metis Groups.add-ac(2)
mod-add-right-eq)
hence 02n mod 3 = 1 using b2n mod 3 = b2 mod 3> bproperties by simp
have case3-1:[0 = bin+1] (mod 3) using <bin mod 3 = 2»
by (metis One-nat-def add.commute mod-0 mod-add-right-eq mod-self
nat-1-add-1 numeral-3-eq-3
plus-1-eq-Suc unique-euclidean-semiring-class.cong-def)
have case3-2:[1 = b2n+0] (mod 3) using «b2n mod 3 = 1>
by (simp add: unique-euclidean-semiring-class.cong-def)
have case3-3:[2 = bin+0] (mod 3) using <bin mod 3 = 2»
by (simp add: unique-euclidean-semiring-class.cong-def)
have V N::nat. N mod 8 = 0 V N mod 3 > 1 by linarith
hence V N::nat. N mod 3 = 0V Nmod 3 =1V N mod 3 = 2 by linarith
hence VN. 3b rinat. [N = b+r] (mod 3) A (b=0bInV b=0b2n) A (r=20
Vr=1)
if asm3:b1 mod 3 = 2 using case3-1 case3-2 case3-3 by (metis cong-mod-left)
thus ?thesis using asm3 by auto
qed

have b1 mod 3 = 0 V b1 mod 3 = 1 V bl mod 3 = 2 by auto
thus ?thesis using casel case2 case3 by auto
qed

obtain b r where b-r:[N = b+r] (mod 8) A (b=0bInV b=0b2n) A (r=0V
r=1)
using b-and-r by auto
have bpos:b>1 using bipos b2pos b-r bin-def b2n-def by auto
have bodd:odd b
using b-r bproperties by (metis bIn-def b2n-def b2odd bpos even-nat-iff nat-eq-iff2
rel-simps(45))

define a where a-def:a = b+2+«(N—b—r) div 3
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have int bIn = bl using bin-def blpos by linarith
have int b2n = b2 using b2n-def b2pos by linarith
have m-div-num:3 dvd (N—b—r) using b-r
by (metis cong-altdef-nat diff-diff-left diff-is-0-eq’ dvd-0-right nat-le-linear)
hence a-defl:a = b+2+%(N—b—r)/3 using a-def m-div-num real-of-nat-div by
auto
from (N>c4> have N>b using b-r bproperties bin-def b2n-def
by (smt (verit, del-insts) <int bIn = bl) <int b2n = b2» c2-def c3-def c4-def
empty-iff insert-iff insert-subset of-nat-less-imp-less)
hence (N—b—r)/8 = (N—r)/3 — b/3 using <b < N> b-r by force
hence a = b— b*2/34+2%(N—r)/3 using a-def! by linarith
hence a-def3:a = bx(1—2/83) + 2%x(N—r)/3 by simp

have sizel:bx(1—2/3)>0 using bpos by simp

have N—r>0 using b-r assms by auto

hence size2:2x(N—r)/3>0 using assms(1) by simp
have apos:a>1 using sizel size2 a-def3 by simp

have odd (b+2%x(N—b—r) div 8) using m-div-num b-r b2odd bproperties by
(simp add: bodd mult-2)

hence aodd:odd a using a-def by simp

from a-defl have a—b = 2x(N—b—r)/3 by simp

hence (a—b)/2 = (N—b—r)/3 by simp

hence 3x(a—b)/2 = N—b—r by simp

have N—b—r>0 using b-r by simp

hence N-ezpr:N = r+b+3%(a—b)/2 using «<N—b—r>0» b < N> b-r <real (3
x (a — b))/ 2 =real (N — b — 1)) by linarith

from a-def <N—b—r>0> have a>b using a-def le-addl by blast

have b1 > c¢1 using bproperties c2-def c3-def c4-def by force

hence b1 > 1/2 + sqrt (6«N/3 — 3) using cI-def using ceiling-le-iff by blast

hence bingreater:bln > 1/2 + sqrt (6xN/3 — 3) using bIn-def by simp

hence b2ngreater:b2n > 1/2 + sqrt (6xN/3 — &) using bproperties bin-def
b2n-def by linarith

hence b-ineql:b > 1/2 + sqrt (6xN/3 — 3) using b-r bingreater by auto

have 02 < c4 using bproperties c1-def c2-def c3-def c4-def by fastforce
hence b2 < (2/3 + sqrt (8«xN/3 — 8))
using <real-of-int ¢f < 2 / 3 + sqrt (real (8 *x N) / 3 — 8)» by linarith

hence b2nsmaller:b2n < (2/3 + sqrt (8«*N/3 — 8)) using b2n-def by (metis
<nt b2n = b2» of-int-of-nat-eq)

hence bin < (2/3 + sqrt (8xN/3 — 8)) using bin-def bproperties using <int
b2n = b2) by linarith

hence b-ineq2:0<(2/3 + sqrt (8xN/3 — 8)) using b-r b2nsmaller by auto

define Nr where Nr = real-of-nat N
define ar where ar = real-of-int a
define br where br = real-of-int b
define rr where r = real-of-nat r
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define m where m = real-of-nat 3

from assms have N>2xm using m-def by simp

then have Nr > 2«m using Nr-def <N > 2 x m» by auto

moreover have br>0 using br-def bpos by auto

moreover have ar>(0 using ar-def apos by auto

moreover have rr>0 using rr-def b-r by auto

moreover have m>3 using m-def by auto

moreover have m>rr using m-def rr-def b-r by auto

moreover have Nr = mx(ar—>br)/2+br+rr using Nr-def ar-def br-def N-expr
rr-def m-def <a>by by auto

moreover have 1/2+sqrt(6«Nr/m—3)<br A br<2/3+sqrt(8xNr/m—38) using
Nr-def br-def b-ineql b-ineq2 m-def by auto

ultimately have br 2</xar A 8xar<br 2+2xbr+4 using Cauchy-lemma by
auto

hence real-ineq:(real-of-int b) "2 < 4*(real-of-int a) A\ 3x(real-of-int a) < (real-of-int
b) 2 + 2x(real-of-int b) + 4

using br-def ar-def by auto

hence nat-ineql: b"2<4x*a using br-def by (smt (verit, del-insts) Num.of-nat-simps(4)
mult. commute mult-2-right nat-distrib(1) numeral-Bit0 of-int-of-nat-eq of-nat-less-of-nat-power-cancel-iff)

from real-ineq have nat-ineq2: 3xa<b™ 2+ 2xb+4 using ar-def br-def of-nat-less-iff
by fastforce

obtain s ¢t u v where stuvis > 0 At >0 Au>0Av>0ANinta=s2 +
2+ u2+v2A

int b = s+t+u+wv using apos bpos aodd bodd nat-ineql nat-ineq2 four-nonneg-int-sum
by presburger

have a-expr:a = s72 + t72 + v 2 + v 2 using apos stuv by linarith

have b-expr:b = s+t+u+v using bpos stuv by linarith

have N = r + (s+t+u+tv)+ 3x(a—(s+t+u+v))/2 using b-expr N-expr
by (metis Num.of-nat-simps(4) Num.of-nat-simps(5) <b < a> of-int-of-nat-eq
of-nat-diff of-nat-numeral)
hence N = 3/2%(s 2—s+t 2—t+u 2—u+v 2—v)+r+(s+t+utv) using a-expr
by simp
hence N-expr2:N = 3/2x(s72—3s)+ 3/2x(t 2—t)+ 3/2x(uv " 2—u)+ 8/2x(v 2—v)+
r+(s+t+utv)
by (metis (no-types, opaque-lifting) add-diff-eq nat-distrib(2) of-int-add)

have s-div2:3/2x(s"2—s) = 3x(s"2—s) div 2 using real-of-int-div by auto
have t-div2:3/2x(t"2—t) = 3x(t"2—t) div 2 using real-of-int-div by auto
have u-div2:3/2x(u"2—u) = 3x(u"2—u) div 2 using real-of-int-div by auto
have v-div2:3/2+(v"2—v) = 3x(v"2—v) div 2 using real-of-int-div by auto
have N-expr3:N = (8%(s 2—s) div 24s)+(3*(t72—1t) div 24+t)+(3x(u"2—u)
div 24+u)+ (3% (v 2—v) div 24v)+r
using N-expr?2 s-div2 t-div2 u-div2 v-div2 by simp

define sn where sn = nat s
define tn where tn = nat t
define un where un = nat u
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define vn where vn = nat v
have seqsn:s ™ 2—s = sn”2 — sn using stuv sn-def

by (metis int-nat-eq le-refl of-nat-diff of-nat-power power2-nat-le-imp-le)
have teqtn:t"2—t = tn"2 — tn using stuv tn-def

by (metis int-nat-eq le-refl of-nat-diff of-nat-power power2-nat-le-imp-le)
have uequn:u™2—u = un"2 — un using stuv un-def

by (metis int-nat-eq le-refl of-nat-diff of-nat-power power2-nat-le-imp-le)
have vequn:v"2—v = vn"2 — vn using stuv vn-def

by (metis int-nat-eq le-refl of-nat-diff of-nat-power power2-nat-le-imp-le)

from N-expr3 have
N = (8x%(sn"2—sn) div 2+s)+(3*(tn"2—tn) div 24+t)+(3x(un"2—un) div
2+4u)+(3x(vn"2—vn) div 2+ v)+r
using seqsn teqtn uequn vequn
by (metis (mono-tags, lifting) Num.of-nat-simps(5) of-nat-numeral zdiv-int)
hence N = (8x(sn"2—sn) div 2+4sn)+(3x(tn"2—tn) div 2+tn)+(3*(un"2—un)
div 24un)+(3x(vn"2—wvn) div 2+ v)+r
using sn-def tn-def un-def stuv int-nat-eq int-ops(5) by presburger
hence N = (3x(sn"2—sn) div 2+sn)+(3x(tn"2—tn) div 2+tn)+(3x(un"2—un)
div 24un)+(8*(vn"2—wvn) div 2+ vn)+r
using vn-def stuv by (smt (verit, del-insts) Num.of-nat-simps(4) int-nat-eq
of-nat-eq-iff)
hence N = (3% snx(sn—1) div 2+sn)+(3*tnx(tn—1) div 2+itn)+(3*unx(un—1)
div 2+un)+(3* vnx(vn—1) div 2+ vn)+r
by (smt (verit, ccfv-threshold) more-arith-simps(11) mult.right-neutral power2-eq-square
right-diff-distrib”)
hence N-exprj:N = polygonal-number 3 sn + polygonal-number 3 tn + polygo-
nal-number 8 un + polygonal-number 3 vn +r
using Polygonal-Number- Theorem-Gauss.polygonal-number-def by presburger

define p! where pl = polygonal-number 3 sn

define p2 where p2 = polygonal-number 3 tn

define p3 where p3 = polygonal-number 3 un

define p4 where p4 = polygonal-number 3 vn

have N-expr5:N = pl + p2 + p3 + p4 + r using N-exprj pl-def p2-def p3-def
p4-def by auto

thus ?thesis using p1-def p2-def p3-def p4-def b-r by blast
qged
end

2.3 Legendre’s Polygonal Number Theorem

We will use the definition of the polygonal numbers from the Gauss Theorem
theory file which also imports the Three Squares Theorem AFP entry [1].

theory Polygonal-Number-Theorem-Legendre
imports Polygonal-Number- Theorem-Gauss
begin

This lemma shows that under certain conditions, an integer N can be written
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as the sum of four polygonal numbers.

lemma sum-of-four-polygonal-numbers:

fixes N m :: nat

fixes b :: int

assumes m > 8

assumes N > 2xm

assumes [N = b] (mod m)

assumes odd-b: odd b

assumes b € {1/2 + sqrt (6xN/m — 3) .. 2/3 + sqrt (8«xN/m — 8)}

assumes N > 9

shows 3 k1 k2 k3 k4. N = polygonal-number m ki1 + polygonal-number m k2 +
polygonal-number m k3 + polygonal-number m k4

proof —
define I where I = {1/2 + sqrt (6xN/m — 3) .. 2/8 + sqrt (8«N/m — 8)}
from assms(5) I-def have b € I by auto
define a::int where a-def: a = 2+%(N—b) div m + b
have m dvd (N—b) using assms(3)
by (smt (verit, ccfv-threshold) cong-iff-dvd-diff zdvd-zdiffD)
hence even (2x(N—0b) div m)
by (metis div-mult-swap dvd-triv-left)
hence odd a using a-def assms(3) odd-b by auto
from assms(1) have m™3 > m
by (simp add: power3-eq-cube)
hence N > 2 x m using assms(1,2) by simp
from assms(1) have m-pos: m > 0 by auto
have N > b
proof —
from assms(1) have m > 1 by auto
hence 1/m < 1 using m-pos by auto
moreover have N > 0 using <N > 2 x m) m-pos by auto
ultimately have N/m < N
using divide-less-eq-1 less-eq-real-def by fastforce
hence sqrt(8«N/m — 8) < sqrt(8x(N—1)) by auto
from assms(1) have m™3 > 3x3%(3::real)
by (metis numeral-le-real-of-nat-iff numeral-times-numeral power3-eq-cube
power-mono zero-le-numeral)
from <N > 9> have N—1 > 8 by auto
hence (N—1)72 > 8«x(N—1) using <N > 0» by (simp add: power2-eq-square)
hence (N—1) > sqrt (8%x(N—1)) using <N > 0»
by (metis of-nat-0-le-iff of-nat-mono of-nat-power real-sqrt-le-mono real-sqrt-pow2
real-sqrt-power)
hence N — (1::real) — sqrt(8«*N/m — 8)
using «sqrt (real (8 * N) / real m — 8)
N> by linarith
hence expr-pos: N — (2/8::real) — sqrt(8xN/m — 8) > 0 by auto
have b < 2/3 + sqrt(8«xN/m — 8) using <b € I» I-def by auto
hence N — b > N — (2/3 + sqrt(8«N/m—8)) by auto
hence N — b > 0

0

2
< sqrt (real (8 x (N — 1)))» <9 <
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using ezpr-pos of-int-0-le-iff by auto
thus ?thesis by auto
qed
from (N > 2 x m» m-pos have 6«xN/m — 3 > 0 by (simp add: mult-imp-le-div-pos)
hence 1/2 + sqrt (6xN/m — 3) > 0
by (smt (verit, del-insts) divide-le-0-1-iff real-sqrt-ge-zero)
with <b € > assms(3) I-def have b > 1 by auto
hence b-pos: b > 0 by auto
from b € ) have b-in-I: (1/2:real) + sqrt (6% real N [ real m — 3) < b A b
< (2/8::real) + sqrt (8 * real N/real m — 8) unfolding I-def by auto
from b-pos <N > b a-def have a-pos: a > 0
by (smt (verit) m-pos of-nat-0-less-iff pos-imp-zdiv-neg-iff)
hence a > 1
by (smt (verit) <odd a) dvd-0-right)
have a — b = 2%x(N—b) div m using a-def by auto
from <int m dvd (int N — b)) have m dvd 2x(N—b) by fastforce
have a = 2«(N—b)/m + b using a-def m-pos
using <int m dvd 2 x (int N — b)) by fastforce
hence a = 2«N/m — 2xb/m + b
by (simp add: assms diff-divide-distrib of-nat-diff)
hence (2::real)«xN/m = a + 2xb/m — b by auto
hence (2::real)*N = (a + 2xb/m — b)xm
using m-pos by (simp add: divide-eq-eq)
hence (2::real)*N = mx(a—b) + 2%b
using <int m dvd 2 * (int N — b)> a-def by auto
hence N = mx(a—0)/2 + b by auto
hence N-ezpr: real N = real m * (of-int a — of-int b) / 2 + of-int b by auto
have even (a—b) using <odd a> <odd b> by auto
hence 2 dvd mx(a—b) by auto
hence N-expr2: N = mx(a—b) div 2 + b using <N = mx(a—0)/2 + b by
linarith
define Nr where Nr = real-of-nat N
define mr where mr = real m
define ar where ar = real-of-int a
define br where br = real-of-int b
from assms(1) have mr > & using mr-def by auto
moreover have Nr > 2xmr using Nr-def mr-def <N > 2 % m» by auto
moreover have br > 0 using br-def b-pos by auto
moreover have mr > 0 using mr-def m-pos by auto
moreover have ar > 0 using ar-def <a > 0> by auto
moreover have Nr = mr+(ar—br)/2 + br using Nr-def mr-def ar-def br-def
N-expr by auto
moreover have 1/2 + sqrt (6xNr/mr—3) < br A br < 2/8 + sqrt (8xNr/mr—28)
using Nr-def mr-def br-def b-in-I by auto
ultimately have br™2 < /xar A 8xar < br” 2+ 2xbr+4 using Cauchy-lemma-r-eq-zero
by auto
hence real-ineq:(real-of-int b) "2 < 4*(real-of-int a) A 3x(real-of-int a) < (real-of-int
b) "2 + 2x(real-of-int b) + 4
using br-def ar-def by auto
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hence int-ineql: b"2</x*a using of-int-less-iff by fastforce
from real-ineq have int-ineq2: 3xa < b"2+4+2xb+/4 using of-int-less-iff by fast-
force

define an:: nat where an = nat a

from a-pos have an = a unfolding an-def by auto

define bn:: nat where bn = nat b

from b-pos have bn = b unfolding bn-def by auto

have an > 1 using <int an = a» <a > 1> by auto

moreover have bn > 1 using «int bn = by <b > 1) by auto

moreover have odd an using <odd a> <int an = a> by auto

moreover have odd bn using <odd by <int bn = b> by auto

moreover have bn ~ 2 < / x an using int-ineql <int an = a> <int bn = b

using of-nat-less-iff by fastforce

moreover have 3 x an < bn ~ 2 + 2 x bn + 4 using int-ineq2 <int an = a»

<int bn = b
using of-nat-less-iff by fastforce

ultimately have dstuv::int. s> 0At>0Au>0Av>0ANan =82
+t724+u24+0v2A
bn = s+t+u+v using four-nonneg-int-sum by auto

hencedstuv:int. s>0ANt>0ANu>0ANv>0Na=82+t2+u2
+ 02 A
b = st+t+u+v using <int an = a» <int bn = by by auto

then obtain s t u v :: int where stuv: s > 0ANt>0ANu>0ANv>0Na=
S24+t24+u24+0v2A
b = s+t+u+v by auto

hence N = (mx(s 24+t 2+u 24+v 2—s—t—u—v) div 2) + s+t+u+v using
N-expr2 by (smt (verit, ccfv-threshold))

hence N = (mx*(s 2—s+t 2—t+u 2—u+v 2—v) div 2) + s+t+u+v by (smt
(verit, ccfv-SIG))

hence N = (m x (s % (s—1) + t * (t—1) + u * (u—1) + v x (v—1)) div 2)
+st+tt+utv by (simp add: power2-eq-square algebra-simps)

hence previous-step: N = (m x s x (s—1) + mx t x (t—1) + m x u x (u—1) +
mx v * (v—1)) div 2 + s+t+u+tv by (simp add: algebra-simps)

moreover have 2 dvd m x s x (s—1) by simp

moreover have 2 dvd m * t * (t—1) by simp

moreover have 2 dvd m x u x (u—1) by simp

moreover have 2 dvd m x v * (v—1) by simp

ultimately have N = m *x s % (s—1) div 2 + m * t % (t—1) div 2 + m % u *
(u—1) div 2 + m x v x(v—1) div 2 + s+t+u+v by fastforce

hence N-expr3: N =m* s (s—1) div 2 + s+ mx*t* (t—1) div2 +t+m
xux (u—1) div2 +u+ mx*vx* (v—1) div 2 + v by auto

define sn::nat where sn = nat s

define tn::nat where tn = nat ¢

define un::nat where un = nat u

define vn::nat where vn = nat v

have sn = s using stuv sn-def by auto

hence m * sn x (sn—1) = m x s x (s—1) by fastforce

hence m % sn * (sn—1) div 2 = m *x s x (s—1) div 2 by linarith
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have tn = t using stuv tn-def by auto

hence m x tn x (tn—1) = m * t x ({—1) by fastforce

hence m x tn * (tn—1) div 2 = m = t * (t—1) div 2 by linarith

have un = v using stuv un-def by auto

hence m % un x (un—1) = m x u x (u—1) by fastforce

hence m % un * (un—1) div 2 = m x u x (u—1) div 2 by linarith

have vn = v using stuv vn-def by auto

hence m * vn * (vn—1) = m x v *x (v—1) by fastforce

hence m * vn x (vn—1) div 2 = m * v x (v—1) div 2 by linarith

have N = m * sn % (sn—1) div 2 + sn + m * tn % (tn—1) div 2 + tn + m *
un x (un—1) div 2 + un + m * vn * (vn—1) div 2 + vn

using N-exprd <sn = s <tn =t <un = w <vn = v» <m x sn * (sn—1) div 2 =

mxs* (s—1) div2) cmxtnx (tn—1) div2 = m x t x (t—1) div 2> <m * un *
(un—1) div 2 =m x u* (u—1) div 2> <m x vn *x (vn—1) div 2 = m * v x (v—1)
div 2> by linarith

hence N = polygonal-number m sn + polygonal-number m tn + polygonal-number
m un + polygonal-number m vn

using Polygonal-Number- Theorem-Gauss.polygonal-number-def by presburger

thus ?thesis by blast

qed

We show Legendre’s polygonal number theorem which corresponds to The-
orem 1.10 in [2].

theorem Legendre-Polygonal-Number-Theorem:

fixes m N :: nat

assumes m > 3

assumes N > 28«xm”~ 3

shows odd m = 3kl k2 k3 kf::nat. N = polygonal-number m k1 + polygo-
nal-number m k2 + polygonal-number m k3 + polygonal-number m kj
and even m = 3kl k2 k3 k4 k5::nat. N = polygonal-number m k1 + polygo-
nal-number m k2 + polygonal-number m k3 + polygonal-number m k4 + polygo-
nal-number m k5 AN (k1 = 0V kIl =1V =0VE2=1VE=0VEki=I1
Vki=0Vki=1Vks=0VEks=1)

proof —
define L :: real where L = (2/8 + sqrt (8xN/m — 8)) — (1/2 + sqrt (6xN/m
- 3))
define I where I = {1/2 + sqrt (6xN/m — 3) .. 2/38 + sqrt (8«N/m — 8)}
from assms(1) have m™3 > m
by (simp add: power3-eq-cube)
hence N > 2 x m using assms by simp
have m-pos: m > 0 using assms(1) by simp
have L > 2 x of-nat m using assms <N > 2 x m) m-pos L-def
apply —
apply (rule interval-length-greater-than-2m[where N=of-nat N and m=of-nat
m])
apply (simp-all)
by (metis (no-types, opaque-lifting) of-nat-le-iff of-nat-mult of-nat-numeral
power3-eq-cube)
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hence 2: L > 2 x m by simp
show thm-odd-m: odd m = 3k1 k2 k3 k4. N = polygonal-number m k1 +
polygonal-number m k2 + polygonal-number m k3 + polygonal-number m k4
proof —
assume odd-m: odd m
from assms(1) have m > 0 by auto
define ce where ce = [1/2 + sqrt (6xN/m — 3)]
have V i€{0..2xm—1}. ce + i > ce by auto
hence lower-bound: ¥V i€{0..2xm—1}. ce + i > 1/2 + sqrt (6xN/m — 3)
using ceiling-le-iff ce-def by blast
have 2xm—1 + ce < 2/8 + sqrt (8xN/m — 8) using 2 L-def assms(1) ce-def
by linarith
hence upper-bound: V i€{0..2«m—1}. ce + i < 2/83 + sqrt (8*N/m — 8)
by auto
from lower-bound upper-bound have in-interval: V i€{0..2xm—1}. ce + i € |
unfolding ce-def I-def by auto
have 3 funat = int. (V i€{0.m—1}. odd (fi)) AN (V ie{l.m—1}. fi=[f0
+ 2%i) A (V ie{0.m—1}. fiel)
proof —
have ?thesis if odd-f0: odd ce
proof —
define g::nat = int where g i = ce + 2xi
have odd (g 0) using odd-f0 <g = Ai. ce + int (2 * i) by auto
hence V i€{0..m—1}. odd (g i) using <g = \i. ce + int (2 * i)» by auto
have V ie{l.m—1}. gi =g 0 + 2xi using <g = \i. ce + int (2 % i)» by
auto
have V ic{0..m—1}. 2xi < 2«+m—1 using m-pos by auto
hence V i€{0..m—1}. g i € I using <g = Ai. ce + int (2 * i) in-interval
by fastforce
show ?thesis using «Vi€{0..m — 1}. odd (g i) <Vi€{0..m — 1}. real-of-int
(gi)e Iy Vie{l.m — 1}. gi =g 0 + int(2 * i)» by blast
qed
moreover have ?thesis if even ce
proof —
from <even cey have odd-f1: odd (ce + 1) by auto
define g::nat = int where g i = ce + (2%i + 1)
have odd (g 0) using odd-f1 <g = \i. ce + int (2 *x i + 1) by auto
hence V i€{0..m—1}. odd (g i) using <g = Ai. ce + int (2 x i + 1)» by
auto
have V ie{l..m—1}. gi = ¢g 0 + 2%i using <g = Xi. ce + int (2 * ¢ +
1)» by auto
have V i€{0..m—1}. 2xi + 1 < 2«+m—1 using m-pos by auto
hence V i€{0..m—1}. g i € I using <g = Xi. ce + int (2 x ¢ + 1)
in-interval by fastforce
show ?thesis using «Vi€{0..m — 1}. odd (g i) <Vi€{0..m — 1}. real-of-int
(g9) € Iy Vie{l.m — 1}. gi = g 0 + int(2 xi)» by blast
qed
ultimately show ?thesis by blast
qed
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then obtain f:nat = int where f-def: (V i€{0..m—1}. odd (f i)) N (V
ie{l.m—1}. fi=f0+ 2xi) A (V i€e{0..m—1}. fi € I) by auto

have inj-lemma: [¢ € {0..m—1}; j € {0.m—1}; [fi = fj] (mod m)] = i =
jforij
proof —
assume asml: i € {0..m—1}
assume asm?2: j € {0..m—1}
assume asm3: [f i = fj] (mod m)
from f-def have odd (f 0) by auto
hence 3 k:int. f 0 = 2«xk + 1 by (metis oddE)
then obtain k::int where k-def: f 0 = 2xk + 1 by auto
have Fulse if case2: i = 0 Nj> 0
proof —
have fj = f 0 4+ 2xj using f-def case2 asm2 by auto
hence [2xk + 1 = 2%k + 1 4+ 2%j] (mod m) using asm3 case2 k-def by
auto
hence [2xj = 0] (mod m)
by (metis cong-add-lcancel-0 cong-int-iff cong-sym-eq int-ops(1))
have coprime 2 m using odd-m by simp
hence [j = 0] (mod m) using ¢[2xj = 0] (mod m)> by (simp add: cong-0-iff
coprime-dvd-mult-right-iff )
thus Fulse using asm?2 case2 cong-less-modulus-unique-nat by fastforce
qed
moreover have Fulse if case3: i > 0 N j= 0
proof —
have fi = f 0 + 2xi using f-def case3 asm1 by auto
hence [2+k + 1 + 2xi = 2xk + 1] (mod m) using asm3 cased k-def by
auto
hence [2xi = 0] (mod m)
by (metis cong-add-lcancel-0 cong-int-iff cong-sym-eq int-ops(1))
have coprime 2 m using odd-m by simp
hence [i = 0] (mod m) using ([2xi{ = 0] (mod m)> by (simp add: cong-0-iff
coprime-dvd-mult-right-iff )
thus Fulse using asm1 case3 cong-less-modulus-unique-nat by fastforce
qed
moreover have ?thesis if casef: i > 0 Nj > 0
proof —
have ¢ > 0 and j > 0 using case4 by auto
have fi = f 0 4+ 2xi using f-def case/ asml1 by auto
moreover have fj = f 0 + 2xj using f-def case4 asm2 by auto
ultimately have [2xk + 1 + 2xi = 2xk + 1 + 2x%j] (mod m) using case4
k-def asm3 by fastforce
hence [2xi = 2xj] (mod m)
using cong-add-lcancel cong-int-iff by blast
have coprime 2 m using odd-m by simp
hence [i = j] (mod m)
using ([2 x i = 2 x j] (mod m)> cong-mult-lcancel-nat by auto
thus ?thesis using asml1 asm2 casej cong-less-modulus-unique-nat by auto
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qed
ultimately show ?thesis by fastforce
qed
have complete-cong-class: 3i € {0..m—1}. [fi = S] (mod m) for S
proof —
have (f i) mod m = (fj) mod m = [f i = fj] (mod m) for i j
by (simp add: unique-euclidean-semiring-class.cong-def)
hence inj2: [i € {0.m—1}; j € {0.m—1}; (f ) mod m = (fj) mod m] =
i=jforij
using inj-lemma by auto
hence injective: Vi € {0.m—1}. Vj € {0.m—1}. (fi) mod m = (f j) mod
m—1=7
by auto
define g :: nat = int where g i = (f i) mod m
then have g-inj2: Vi € {0.m—1}.V j€{0.m—1}. gi=gj—i=]
using <g = A\i. f i mod int m> injective by fastforce
then have g-inj: inj-on g {0..m—1}
by (meson inj-onl)
have g-range2:V i € {0.m—1}. gi € {0..m—1} using <g = \i. f i mod int
m»
by (metis m-pos Euclidean-Rings.pos-mod-bound Euclidean-Rings.pos-mod-sign
atLeast AtMost-iff mod-by-1 mod-if not-gr0 of-nat-0-less-iff of-nat-1 of-nat-diff verit-comp-simplify (3)
zle-diff1-eq)
hence image-subset: g * {0..m—1} C {0..m—1} by blast
have g-range: i € {0.m—1} = g i € {0..m—1} using <g = \i. f i mod int
m»
by (metis m-pos Euclidean-Rings.pos-mod-bound Euclidean-Rings.pos-mod-sign
atLeast AtMost-iff mod-by-1 mod-if not-gr0 of-nat-0-less-iff of-nat-1 of-nat-diff verit-comp-simplify1 (3)
zle-diff1-eq)
have card-ge-m: card (g ‘{0..m—1}) > m using g-inj
by (metis m-pos Suc-diff-1 card-atLeastAtMost card-image minus-nat.diff-0
verit-comp-simplify1 (2))
have card {0..m—1} = m using m-pos by force
hence card-le-m: card (g ‘* {0..m—1}) < m using m-pos
by (metis card-image g-inj le-refl)
from card-ge-m card-le-m have image-size: card (g ‘{0..m—1}) = m by auto
with <card {0..m—1} = m> have equal-card: card (g ‘ {0..m—1}) = card
{0..m—1} by auto
have finite (g * {0..m—1}) using image-size by auto
with equal-card image-subset have g * {0.m—1} = {0..m—1}
by (metis card-image card-subset-eq finite-atLeastAtMost-int image-int-atLeast AtMost
inj-on-of-nat of-nat-0)
hence i € {0.m—1} = 3 j € {0.m—1}. i = g j for i by auto
hence i € {0.m—1} = 3 j € {0.m—1}. i = (fj) mod m for i
using <g = A\i. f i mod int m» by auto
hence surj: i € {0.m—1} = 3 j € {0.m—1}. [i = fj] (mod m) for i
by (metis mod-mod-trivial unique-euclidean-semiring-class.cong-def)
have S mod m > 0 using m-pos by simp
moreover have S mod m < m—1
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using m-pos by (simp add: of-nat-diff)
ultimately have S mod m € {0..m—1} by auto
with surj m-pos have 3 j € {0..m—1}. [S mod m = fj] (mod m)
by (metis atLeastAtMost-iff less-eq-nat.simps(1) nonneg-int-cases of-nat-less-iff
verit-comp-simplify(3))
thus ?thesis using cong-mod-right cong-sym by blast
qed
have 3 b:int. [N = b] (mod m) A odd b AN b eI
proof —
have N mod m > 0 by auto
moreover have N mod m < m—1
using m-pos less-Suc-eq-le by fastforce
ultimately have N mod m € {0..m—1} by auto
with complete-cong-class have 3 i. i € {0..m—1} A [fi = N] (mod m) by
blast
then obtain c::nat where c-def: ¢ € {0..m—1} A [f ¢ = N| (mod m) by
auto
define b::int where b = f ¢
have [N = b] (mod m) using b-def c-def by (metis cong-sym)
moreover have odd b using b-def f-def c-def by auto
moreover have b € [ using b-def f-def c-def by auto
ultimately show %thesis by auto
qed
then obtain b::int where b-def: [N = b] (mod m) A odd b A b € I by auto
have m™3 > m using m-pos by (auto simp add: power3-eq-cube)
hence N > 28+«m using assms(1,2) by linarith
hence N > 2xm by simp
have m™38 > 3x3x(3::nat) using assms(1)
by (metis power3-eg-cube power-mono zero-le-numeral)
hence N > 28x3+3%(3::nat) using assms(2) by auto
hence N > 9 by simp
show ?thesis using sum-of-four-polygonal-numbers assms(1) b-def I-def <N >
2 x my <N > 9» by blast
qed
show thm-even-m: even m = 3kl k2 k3 k4 k5. N = polygonal-number m k1
+ polygonal-number m k2 + polygonal-number m k3 + polygonal-number m k4 +
polygonal-number m k5 N (k1 =0V k1 =1VEk2=0VEk2=1VEk3=0VEkS
=1Vk=0Vk=1VE=0VEks=1)
proof —
assume even-m: even m
from assms(1) have m > 0 by auto
define ce where ce = [1/2 + sqrt (6xN/m — 8)]
have V i€{0..m—1}. ce + i > ce by auto
hence lower-bound: ¥V i€{0..m—1}. ce + i > 1/2 + sqrt (6xN/m — 3) using
ceiling-le-iff ce-def by blast
have m—1 + ce < 2/38 + sqrt (8«N/m — 8) using 2 L-def assms(1) ce-def
by linarith
hence upper-bound: V i€{0..m—1}. ce + i < 2/3 + sqrt (8«N/m — 8) by
auto
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from lower-bound upper-bound have in-interval: ¥V i€{0..m—1}. ce + i € I
unfolding ce-def I-def by auto
have 3 funat = int. (V i€{l.m—1}. fi=f0+ i) AV ie{0.m—1}. fi¢€
1)
proof —
define g::nat = int where g i = ce + ¢
have V ie{1.m—1}. gi = g 0 + i using (g = \i. ce + int i) by auto
have V i€{0..m—1}. i < m using m-pos by auto
hence V i€{0..m—1}. g i € I using <g = Xi. ce + int i> in-interval by
fastforce
show ?thesis by (metis Num.of-nat-simps(1) «Vi€{0..m — 1}. real-of-int (g
i) € I» <g = Ai. ce + int > arith-extra-simps(6))
qed
then obtain f::nat = int where f-def: (V i€{l..m—1}. fi=f0+ i) N (¥
i€{0..m—1}. fi € I) by auto
have inj-lemma: [i € {0..m—1}; j € {0.m—1}; [fi= fj] (mod m)] = i =
jfor ij
proof —
assume asml: i € {0..m—1}
assume asm?2: j € {0..m—1}
assume asm3: [f i = fj] (mod m)
have Fulse if case2: i =0 Nj> 0
proof —
have fj = f 0 + j using f-def case2 asm2 by auto
hence [f 0 = f 0 + j] (mod m) using asm3 case2 by auto
hence [j = 0] (mod m)
by (metis cong-add-lcancel-0 cong-int-iff cong-sym-eq int-ops(1))
thus Fulse using asm?2 case2 cong-less-modulus-unique-nat by fastforce
qed
moreover have Fulse if case3: i > 0 Nj= 0
proof —
have fi = f 0 + i using f-def case3 asm! by auto
hence [f 0 + i = f 0] (mod m) using asm3 case3 by auto
hence [i = 0] (mod m)
by (metis cong-add-lcancel-0 cong-int-iff cong-sym-eq int-ops(1))
thus Fulse using asml case3 cong-less-modulus-unique-nat by fastforce
qed
moreover have ?thesis if casef: i > 0 N j > 0
proof —
have ¢ > 0 and j > 0 using case4 by auto
have fi = f 0 4+ i using f-def case asml by auto
moreover have fj = f 0 + j using f-def case/ asm2 by auto
ultimately have [f 0 + i = f 0 + j] (mod m) using case4 asm3 by fastforce
hence [i = j| (mod m)
using cong-add-lcancel cong-int-iff by blast
thus ?thesis using asml1 asm?2 casej cong-less-modulus-unique-nat by auto
qed
ultimately show ¢thesis by fastforce
qed
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have complete-cong-class: 37 € {0..m—1}. [fi = S] (mod m) for S
proof —
have (f {) mod m = (fj) mod m = [fi = fj] (mod m) for i j
by (simp add: unique-euclidean-semiring-class.cong-def)
hence inj2: [i € {0.m—1}; j € {0.m—1}; (f4) mod m = (fj) mod m] =
i=jforij
using inj-lemma by auto
hence injective: Vi € {0..m—1}. Vj € {0..m—1}. (f i) mod m = (f j) mod
m— 1 =7
by auto
define ¢ :: nat = int where g i = (f i) mod m
then have g-inj2: Vi € {0.m—1}.V j € {0.m—1}. gi=gj— i=7
using <g = Ai. f i mod int m> injective by fastforce
then have g-inj: inj-on g {0.m—1}
by (meson inj-onl)
have g-range2:V i € {0.m—1}. gi € {0..m—1} using <g = Ai. f i mod int
m
by (metis m-pos Euclidean-Rings.pos-mod-bound Euclidean- Rings.pos-mod-sign
atLeast AtMost-iff mod-by-1 mod-if not-gr0 of-nat-0-less-iff of-nat-1 of-nat-diff verit-comp-simplify1 (3)
zle-diff1-eq)
hence image-subset: g * {0..m—1} C {0..m—1} by blast
have g-range: i € {0.m—1} = g i € {0..m—1} using <g = \i. f i mod int
m
by (metis m-pos Euclidean-Rings.pos-mod-bound Euclidean- Rings.pos-mod-sign
atLeastAtMost-iff mod-by-1 mod-if not-gr0 of-nat-0-less-iff of-nat-1 of-nat-diff verit-comp-simplify1 (3)
zle-diff1-eq)
have card-ge-m: card (g ‘ {0..m—1}) > m using g-inj
by (metis m-pos Suc-diff-1 card-atLeastAtMost card-image minus-nat.diff-0
verit-comp-simplify1(2))
have card {0..m—1} = m using m-pos by force
hence card-le-m: card (g * {0..m—1}) < m using m-pos
by (metis card-image g-inj le-refl)
from card-ge-m card-le-m have image-size: card (g ‘{0..m—1}) = m by auto
with <card {0..m—1} = m> have equal-card: card (g ‘ {0..m—1}) = card
{0..m—1} by auto
have finite (g * {0..m—1}) using image-size by auto
with equal-card image-subset have g * {0.m—1} = {0..m—1}
by (metis card-image card-subset-eq finite-atLeast AtMost-int image-int-atLeast AtMost
inj-on-of-nat of-nat-0)
hence i € {0.m—1} = 3 j € {0..m—1}. { = g j for i by auto
hence i € {0.m—1} = 3 j € {0..m—1}. i = (fj) mod m for i
using <g = A\i. f i mod int m> by auto
hence surj: i € {0.m—1} = 3 j € {0..m—1}. [i = fj] (mod m) for i
by (metis mod-mod-trivial unique-euclidean-semiring-class.cong-def)
have S mod m > 0 using m-pos by simp
moreover have S mod m < m—1
using m-pos by (simp add: of-nat-diff)
ultimately have S mod m € {0..m—1} by auto
with surj m-pos have 3 j € {0..m—1}. [S mod m = fj] (mod m)
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by (metis atLeastAtMost-iff less-eg-nat.simps(1) nonneg-int-cases of-nat-less-iff
verit-comp-simplify(3))
thus ?thesis using cong-mod-right cong-sym by blast

qed
have thm-odd-n: ?thesis if odd N
proof —
have 3 b::int. [N = b] (mod m) A odd b A b€ I
proof —
from complete-cong-class have 3 i. ¢ € {0..m—1} A [fi = N] (mod m) by
blast

then obtain c::nat where c-def: ¢ € {0..m—1} A [f ¢ = N] (mod m) by
auto
define b::int where b = f ¢
have [N = b] (mod m) using b-def c-def by (metis cong-sym)
moreover have odd b
proof
assume even b
have Jk::int. N = b 4+ kxm using [N = b] (mod m)»
by (metis cong-iff-lin cong-sym-eq mult.commute)
then obtain k::int where k-def: N = b 4+ kxm by auto
have even (kxm) using even-m by auto
hence even N using k-def <even by by presburger
thus Fulse using <odd N> by blast
qed
moreover have b € [ using b-def f-def c-def by auto
ultimately show ?thesis by auto
qed
then obtain b::int where b-def: [N = b] (mod m) A odd b A b € I by auto
have m™3 > m using m-pos by (auto simp add: power3-eq-cube)
hence N > 28xm using assms(1,2) by linarith
hence N > 2xm by simp
have m™3 > 3x3x(3::nat) using assms(1)
by (metis power3-eq-cube power-mono zero-le-numeral)
hence N > 28x3x3%(3::nat) using assms(2) by auto
hence N > 9 by simp
hence k1 k2 k3 k4. N = polygonal-number m k1 + polygonal-number m k2
+ polygonal-number m k3 + polygonal-number m k4
using sum-of-four-polygonal-numbers assms(1) b-def I-def <N > 2 x m» <N
> 9» by blast
then obtain kI k2 k3 k/ where N = polygonal-number m kI + polygo-
nal-number m k2 + polygonal-number m k3 + polygonal-number m k4 by blast
moreover have polygonal-number m 0 = 0 using Polygonal-Number- Theorem-Gauss.polygonal-number-de
by auto
ultimately have N = polygonal-number m k1 + polygonal-number m k2
+ polygonal-number m k3 + polygonal-number m k4 + polygonal-number m 0 by
linarith
thus “thesis by blast
qed
have thm-even-n: ?thesis if even N
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proof —
have 3 b::int. [N—1 = b] (mod m) A odd b A b€ T
proof —
from complete-cong-class have 3 i. i € {0..m—1} A [fi = N—1] (mod m)
by blast
then obtain c::nat where c-def: ¢ € {0..m—1} A [f ¢ = N—1] (mod m)
by auto
define b::int where b = f ¢
have [N—1 = b] (mod m) using b-def c-def by (metis cong-sym)
moreover have odd b
proof
assume even b
have Jk::int. N—1 = b + kxm using (([N—1 = b] (mod m)»
by (metis (full-types) cong-iff-lin cong-sym-eq mult.commute)
then obtain k::int where k-def: N—1 = b + kxm by auto
have even (kxm) using even-m by auto
hence even (N—1) using k-def <even by by presburger
hence odd N
by (metis Groups.mult-ac(2) <2 x m < N> add-eq-self-zero add-leD1
assms(1) dvd-diffD1 le-trans mult-2-right nat-1-add-1 nat-dvd-1-iff-1 rel-simps(25)
zero-negq-numeral)
thus Fulse using <even N) by blast
qged
moreover have b € [ using b-def f-def c-def by auto
ultimately show ?thesis by auto
qed
then obtain b::int where b-def: [N—1 = b] (mod m) A odd b A b € I by
auto
from b-def have b € I by auto
define a::int where a-def: a = 2%«(N—1—b) divm + b
have m dvd (N—1—-b0) using b-def
by (smt (verit, ccfu-threshold) cong-iff-dvd-diff zdvd-zdiffD)
hence even (2+x(N—1-0) div m)
by (metis div-mult-swap dvd-triv-left)
hence odd a using a-def b-def by auto
from assms(1) have m™3 > m
by (simp add: power3-eg-cube)
hence N > 2 x m using assms(1,2) by simp
from assms(1) have m-pos: m > 0 by auto
have N—1 > b
proof —
from assms(1) have m > 1 by auto
hence 1/m < 1 using m-pos by auto
moreover have N > ( using (N > 2 x m» m-pos by auto
ultimately have N/m < N
using divide-less-eq-1 less-eq-real-def by fastforce
hence sqrt(8x«N/m — 8) < sqrt(8x(N—1)) by auto
from assms(1) have m™3 > 3x3x(3::real)
by (metis numeral-le-real-of-nat-iff numeral-times-numeral power3-eg-cube
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power-mono zero-le-numeral)
hence N > 28+3x38%(3::real) using assms(2) by linarith
hence N—6 > 6 by simp
hence N—6 > 0 by simp
with «<N—6 > 6» have (N—6)"2 > 672
using power2-nat-le-eq-le by blast
hence (N—6)72 > 2/ by simp
hence (N—2)72 > 8«x(N—1) by (simp add: power2-eq-square algebra-simps)
hence (N—2) > sqrt (8%«(N—1)) using <N > 0»
by (metis of-nat-0-le-iff of-nat-mono of-nat-power real-sqrt-le-mono
real-sqri-pow2 real-sqrt-power)
hence N — (2:real) — sqrt(8xN/m — 8) > 0
using «<sqrt (real (8 * N) [ real m — 8) < sqrt (real (8 * (N — 1))
«<N—6 > 6> by linarith
hence expr-pos: N — 1 — (2/8::real) — sqrt(8*N/m — 8) > 0 by auto
have b < 2/3 + sqrt(8xN/m — 8) using <b € I» I-def by auto
hence N -1 —b>N — 1 — (2/3 + sqrt(8«N/m—38)) by auto
hence N — 1 —b >0
using expr-pos of-int-0-le-iff by auto
thus “thesis by auto
qed
from <N > 2 x m» m-pos have 6xN/m — 3 > 0 by (simp add: mult-imp-le-div-pos)
hence 1/2 + sqrt (6xN/m — 3) > 0
by (smt (verit, del-insts) divide-le-0-1-iff real-sqrt-ge-zero)
with b € Iy b-def I-def have b > 1 by auto
hence b-pos: b > 0 by auto
from b € I» have b-in-I: (1/2::real) + sqrt (6% real N / real m — 3) < b
A b < (2/3:real) + sqrt (8 = real N/real m — 8) unfolding I-def by auto
from b-pos <N—1 > b> a-def have a-pos: a > 0
by (smt (verit) m-pos of-nat-0-less-iff pos-imp-zdiv-neg-iff)
hence a > 1
by (smt (verit) <odd a) dvd-0-right)
have a — b = 2«(N—1-b) div m using a-def by auto
from <int m dvd (N — 1 — b)» have m dvd 2«(N—1-0) by fastforce
have a = 2«(N—1—b)/m + b using a-def m-pos
using <int m dvd 2 x (N — 1 — b)» by fastforce
hence a = 2x(N—1)/m — 2xb/m + b
by (simp add: assms diff-divide-distrib of-nat-diff)
hence (2::real)x(N—1)/m = a + 2xb/m — b by auto
hence (2::real)*(N—1) = (a + 2xb/m — b)xm
using m-pos by (simp add: divide-eg-eq)
hence (2::real)x(N—1) = mx(a—b) + 2xb
using <int m dvd 2 x (N — 1 — b)» a-def by auto
hence N—1 = mx(a—b)/2 + b by auto
hence N = mx(a—b)/2 + b+ 1
using <2 x m < N» assms(1) by linarith
hence N-expr: N = real m * (of-int a — of-int b) / 2 + of-int b + 1 by auto
have even (a—0b) using <odd a) b-def by auto
hence 2 dvd mx(a—b) by auto
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hence N-expr2: N = mx(a—b) div 2 + b + 1 using <N = mx(a—b)/2 + b
+ 1) by linarith
define Nr where Nr = real-of-nat N
define mr where mr = real m
define ar where ar = real-of-int a
define br where br = real-of-int b
from assms(1) have mr > 3 using mr-def by auto
moreover have Nr > 2xmr using Nr-def mr-def <N > 2 x m» by auto
moreover have br > 0 using br-def b-pos by auto
moreover have mr > 0 using mr-def m-pos by auto
moreover have ar > 0 using ar-def <a > 0> by auto
moreover have Nr = mr«(ar—br)/2 + br + 1 using Nr-def mr-def ar-def
br-def N-expr by auto
moreover have 1/2 + sqrt (6xNr/mr—3) < br A br < 2/8 + sqrt
(8xNr/mr—_38) using Nr-def mr-def br-def b-in-I by auto
ultimately have br™2 < 4xar A 3xar < br 24 2xbr+4 using Cauchy-lemma
by auto
hence real-ineq:(real-of-int b) "2 < 4x(real-of-int a) A 3*(real-of-int a) <
(real-of-int b) "2 + 2x(real-of-int b) + 4
using br-def ar-def by auto
hence int-ineql: b™2</*a using of-int-less-iff by fastforce
from real-ineq have int-ineq2: 3xa < b"2+2xb+/ using of-int-less-iff by
fastforce

define an:: nat where an = nat a
from a-pos have an = a unfolding an-def by auto
define bn:: nat where bn = nat b
from b-pos have bn = b unfolding bn-def by auto
have an > 1 using <int an = a» <a > 1) by auto
moreover have bn > 1 using <int bn = b <b > 1» by auto
moreover have odd an using <odd a> <int an = a» by auto
moreover have odd bn using b-def <int bn = by by auto
moreover have bn ~ 2 < / * an using int-ineql <int an = a> <int bn = b»
using of-nat-less-iff by fastforce
moreover have 3 x an < bn ~ 2 + 2 % bn + 4 using int-ineq2 <int an =
a <int bn = b
using of-nat-less-iff by fastforce
ultimately have dstuv:int. s> 0ANt>0ANu>0ANv>0Nan=
S24+t24+u24+0v2A
bn = s+t+u+v using four-nonneg-int-sum by auto
hencedstuvuint. s>0ANt>0Au>0Nv>0Na=82+t2 +
w24+ v 2A
b = s+t+u+wv using <int an = a> <int bn = by by auto
then obtain s ¢t u v :: int where stuv: s> 0ANt>0ANu>0ANv>0ANa
=2+ t2+u24+0v2A
b = s+t+u+v by auto
hence N = (mx(s 24+t 24u 24v 2—s—t—u—v) div 2) + s+t+utv + 1
using N-expr2 by (smt (verit, ccfu-threshold))
hence N = (mx(s 2—s+t 2—t+u 2—u+v 2—v) div 2) + s+it+utv + 1
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by (smt (verit, ccfv-SIG))
hence N = (m * (s x (s—1) + t % (t—1) + ux (u—1) + v x (v—1)) div 2)
+st+t+utv + 1 by (simp add: power2-eq-square algebra-simps)
hence previous-step: N = (m x s x (s—1) + mx t * (t—1) + m * u x (u—1)
+ m*vx (v—1)) div 2 + s+t+utv + 1 by (simp add: algebra-simps)
moreover have 2 dvd m x s x (s—1) by simp
moreover have 2 dvd m x t x (t—1) by simp
moreover have 2 dvd m x u x (u—1) by simp
moreover have 2 dvd m * v x (v—1) by simp
ultimately have N = m * s % (s—1) div 2 + m x t x (t—1) div 2 + m x u
x (u—1) div 2 + m * v x(v—1) div 2 + s+t+utv + 1 by fastforce
hence N-expr3: N =m* s* (s—1)div2 + s+ mx*tx (t—1) div 2 + t +
mx* ux (u—1)div2 4+ u+ m+*vx(v—1)div2+ v+ 1 by auto
define sn::nat where sn = nat s
define tn::nat where tn = nat t
define un::nat where un = nat u
define vn::nat where vn = nat v
have sn = s using stuv sn-def by auto
hence m x sn % (sn—1) = m x s x (s—1) by fastforce
hence m x sn * (sn—1) div 2 = m * s x (s—1) div 2 by linarith
have tn = t using stuv tn-def by auto
hence m x tn x (tn—1) = m * t x (t—1) by fastforce
hence m x tn x (tn—1) div 2 = m = t x (t—1) div 2 by linarith
have un = u using stuv un-def by auto
hence m x un * (un—1) = m * u * (u—1) by fastforce
hence m * un * (un—1) div 2 = m x u x (u—1) div 2 by linarith
have vn = v using stuv vn-def by auto
hence m x vn * (vn—1) = m x v x (v—1) by fastforce
hence m * vn x (vn—1) div 2 = m * v % (v—1) div 2 by linarith
have N = m * sn % (sn—1) div 2 + sn + m x tn * (tn—1) div 2 + tn + m
x un * (un—1) div 2 + un + m x vn * (vn—1) div 2 + vn + 1
using N-expr3 <sn = s «tn =t <un = uy <vn = vy <m * sn x (sn—1) div
2=mxsx*(s—1)div2 <mxtnx (tn—1)div2=mxtx (t—1) div 2> (m x*
un x (un—1) div 2 = m * u % (u—1) div 2> <m x vn x (vn—1) div 2 = m * v *
(v—1) div 2> by linarith
hence N = polygonal-number m sn + polygonal-number m tn + polygo-
nal-number m un + polygonal-number m vn + 1
using Polygonal-Number- Theorem-Gauss.polygonal-number-def by presburger
also have polygonal-number m 1 = 1 using Polygonal-Number- Theorem-Gauss.polygonal-number-def
by auto
ultimately have N = polygonal-number m sn + polygonal-number m tn
+ polygonal-number m un + polygonal-number m vn + polygonal-number m 1 by
auto
thus ?thesis by blast
qed
show ?thesis using thm-odd-n thm-even-n by blast
qed
qed
end
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