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Abstract

We formalise the pi-calculus using the nominal datatype package,
based on ideas from the nominal logic by Pitts et al., and demonstrate
an implementation in Isabelle/HOL. The purpose is to derive powerful
induction rules for the semantics in order to conduct machine check-
able proofs, closely following the intuitive arguments found in manual
proofs. In this way we have covered many of the standard theorems
of bisimulation equivalence and congruence, both late and early, and
both strong and weak in a uniform manner. We thus provide one of
the most extensive formalisations of a the pi-calculus ever done inside
a theorem prover.

A significant gain in our formulation is that agents are identified
up to alpha-equivalence, thereby greatly reducing the arguments about
bound names. This is a normal strategy for manual proofs about the pi-
calculus, but that kind of hand waving has previously been difficult to
incorporate smoothly in an interactive theorem prover. We show how
the nominal logic formalism and its support in Isabelle accomplishes
this and thus significantly reduces the tedium of conducting completely
formal proofs. This improves on previous work using weak higher order
abstract syntax since we do not need extra assumptions to filter out
exotic terms and can keep all arguments within a familiar first-order

logic.
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1 Overview

The following results of the pi-calculus meta-theory are formalised, where
the notation (e) means that the results cover the early operational semantics
and (1) the late one.



« strong bisimilarity is preserved by all operators except the input-prefix
(e/1)

« strong equivalence is a congruence (e/l)

o weak bisimilarity is preserved by all operators except the input-prefix
and sum (e/1)

» weak congruence is a congruence (e/1)
o strong equivalence respect the laws of structural congruence (1)

« all strongly equivalent agents are also weakly congruent which in turn
are weakly bisimilar. Moreover, strongly equivalent agents are also
strongly bisimilar (e/l)

o all late equivalences are included in their early counterparts.

e as a corollary of the last three points, all mentioned equivalences re-
spect the laws of structural congruence

o the axiomatisation of the finite fragment of strong late bisimilarity is
sound and complete

o The Hennessy lemma (1)

The file naming convention is hopefully self-explanatory, where the pre-
fixes Strong and Weak denote that the file covers theories required to for-
malise properties of strong and weak bisimilarity respectively; if the file
name contians Farly or Late the theories work with the early or the late op-
erational semantics of the pi-calculus respectively; if the file name contains
Sim the theories cover simulation, file names containing Bisim cover bisimu-
lation, and file names containing Cong cover weak congruence; files with the
suffix Pres deal with theories that reason about preservation properties of
operators such as a certain simulation or bisimulation being preserved by a
certain operator; files with the suffix SC reason about structural congruence.

For a complete exposition of all of theories, please consult Bengtson’s Ph.
D. thesis [1]. A shorter presentation can be found in our LMCS article 'For-
malising the pi-calculus using nominal logic’ from 2009 [3]. A recollection of
the axiomatisation results can be found in the SOS article A completeness
proof for bisimulation in the pi-calculus using Isabelle’ from 2007 [2].

2 Formalisation

theory Agent
imports HOL— Nominal. Nominal



begin

lemma pt-id:
fixes z :: 'a

and a :: 'z

assumes pt: pt TYPE('a) TYPE('z)
and  at: at TYPE('z)
shows [(a, a)] - z =z

{(proof)

lemma pt-swap:
fixes z :: 'a
and a :: 'z

and b :: 'z

assumes pt: pt TYPE('a) TYPE('r)
and  at: at TYPE('z)

shows [(a, b)] - z = [(b, a)] - z
(proof)

atom-decl name

lemmas name-fresh-abs = fresh-abs-fun-iff[OF pt-name-inst, OF at-name-inst,
OF fs-namel |

lemmas name-bij = at-bij[OF at-name-inst]

lemmas name-supp-abs = abs-fun-supp[OF pt-name-inst, OF at-name-inst, OF
fs-namel|

lemmas name-abs-eq = abs-fun-eq[OF pt-name-inst, OF at-name-inst]

lemmas name-supp = at-supp[OF at-name-inst]

lemmas name-calc = at-calc|OF at-name-inst]

lemmas name-fresh-fresh = pt-fresh-fresh|OF pt-name-inst, OF at-name-inst|
lemmas name-fresh-left = pt-fresh-left|OF pt-name-inst, OF at-name-inst|
lemmas name-fresh-right = pt-fresh-right| OF pt-name-inst, OF at-name-inst]
lemmas name-id[simp] = pt-id|OF pt-name-inst, OF at-name-inst]

lemmas name-swap-bij[simp] = pt-swap-bij[OF pt-name-inst, OF at-name-inst]
lemmas name-swap = pt-swap[OF pt-name-inst, OF at-name-inst]

lemmas name-rev-per = pt-rev-pi[OF pt-name-inst, OF al-name-inst|

lemmas name-per-rev = pt-pi-rev| OF pt-name-inst, OF at-name-inst]

lemmas name-exists-fresh = at-exists-fresh|OF at-name-inst, OF fs-namel |
lemmas name-perm-compose = pt-perm-compose|OF pt-name-inst, OF at-name-inst]

nominal-datatype pi = PiNil (0)
| Output name name pi  (-{-}.- [120, 120, 110] 110)
| Tau pi (.- [120] 110)

| Input name «namey» pi (-<->.- [120, 120, 110] 110)
| Match name name pi  ([-—~-]- [120, 120, 110] 110)
| Mismatch name name pi ([-#£-]- [120, 120, 110] 110)



| Sum pi pi (infixr & 90)

| Par pi pi (infixr || 85)
| Res «name» pi (<v->-[100, 100] 100)
| Bang pi (1-[110] 110)

lemmas name-fresh[simp] = at-fresh|OF at-name-inst)

lemma alphalnput:
fixes a :: name
and z :: name
and P :: pi
and c¢ :: name

assumes Al: cf P

shows a<z>.P = a<c>.([(z, ¢)] - P)

(proof)

lemma alphaRes:
fixes a :: name
and P :: pi
and ¢ :: name

assumes Al: cf P

shows <va>P = <ve>([(a, ¢)] - P)

(proof)

definition subst-name :: name = name = name = name (-[-:=-] [110, 110,
110] 110)
where

alb:=c] = if (a = b) then c else a

declare subst-name-def[simp]

lemma subst-name-equt[equt]:
fixes p :: name prm
and a :: name
and b :: name
and ¢ :: name

shows p - (a[b=c]) = (p @)[(p - b):=(p - ©)]
(proof)

nominal-primrec (freshness-context: (c::name, d::name))
subs :: pi = name = name = pi (-[-:=-] [100,100,100] 100)



where

0[c:=d] =

| 7.(P)lei=d] = 7.(Plei=d])

| a{b}.Ple:=d] = (a[c:=d]){(b[c:=d])}.(P[c::=d])
|[[x7éax7écm7éd]]=>(a<x>P)[c d] = ([
| [a~b]Ple:=d] = [(a[c::=d])~(b[c::=d])](P[c::=d])
| [ab] Plesi=d] = [(alciimd]) £ (blc:=d))|(Ple:i=d])
| (P & Q)[ci=d] = (P[c:=d]) & (Q[c:=d])
| (P || @le:=d] = (Plez=d]) || (Q[c::=d])
| [t # ¢ o # d] = (<ve>P)[c:=d] = <vz>(Ple:
| 1P[e:=d] = !(P[c:=d])
(proof)
lemma forget:

fixes a :: name

and P :: pi

and b :: name

assumes a { P

shows Pla::=b] = P
(proof)

lemma fresh-fact2[rule-format]:
fixes P :: pi
and a :: name
and b :: name

assumes a # b

shows a # Pla:=b)
(proof)

lemma subst-identity[simpl:
fixes P :: pi
and a :: name

shows Pla::=a] = P
(proof)

lemma renaming:
fixes P :: pi
and a :: name
and b :: name
and c¢ :: name

assumes c ff P

shows Pla::=b] = ([(¢, a)] - P)[c:=b]



(proof)

lemma fresh-factl:
fixes P :: pi
and a :: name
and b :: name
and c¢ :: name

assumes a f P
and a#c

shows a § P[b:=(]
(proof)

lemma equt-subs|equt]:
fixes p :: name prm
and P :: pi
and ¢ :: name
and b :: name

shows p - (Pla:=b)) = (p - P)[(p - a):i=(p - b)]
(proof)

lemma substInput|[simp]:
fixes = :: name

and b :: name
and c¢ :: name
and a :: name
and P :: pi

assumes z # b
and =z #c

shows (a<z>.P)[b:=c] = (a[b::=c])<z>.(P[b:=

(proof)

lemma injPermSubst:
fixes P :: pi
and a :: name
and b :: name

assumes b f P

shows [(a, b)] -+ P = Pla::=b)
(proof)



lemma substRes2:
fixes P :: pi
and a :: name
and b :: name

assumes b § P

shows <va>P = <vb>(Pla:=b])
(proof)

lemma freshRes:
fixes P :: pi
and a :: name

shows a § <va>P

(proof)

lemma substRes3:
fixes P :: pi
and a :: name
and b :: name

assumes b f P

shows (<va>P)[a:=b] = <vb>(P[a::=b))

(proof)

lemma suppSubst:
fixes P :: pi
and a :: name
and b :: name

shows supp(P[a::=b]) C insert b ((supp P) — {a})
(proof)

primrec seqSubs :: pi = (name X name) list = pi (-[<->] [100,100] 100) where
Pl]>] =P
| P[<(z#0)>] = (P[(fst z)::=(snd z)])[<o>]

primrec seg-subst-name :: name = (name X name) list = name where
seg-subst-name a [| = a
| seq-subst-name a (z#0) = seq-subst-name (a[(fst z):=(snd z)]) o

lemma freshSeqSubstName:
fixes z :: name
and a :: name
and s :: (name X name) list



assumes z # a
and zfds

shows z # seg-subst-name a s

(proof)

lemma segSubstZero[simp]:
fixes o :: (name X name) list

shows 0[<o>] = 0

(proof)

lemma seqSubst Tau[simpl:
fixes P :: pi
and o :: (name X name) list

shows (7.(P))[<o>] = 7.(P[<o>])
(proof )

lemma seqSubstOutput[simp):
fixes a :: name
and b :: name
and P :: pi
and o :: (name x name) list

shows (a{b}.P)[<o>] = (seg-subst-name a o){(seq-subst-name b o)}.(P[<c>])

(proof)

lemma segSubstInput|simp]:
fixes a :: name
and z :: name
and P : pi
and o :: (name X name) list

assumes z § o

shows (a<z>.P)[<o>] = (seg-subst-name a o)<z>.(P[<o>])

(proof)

lemma segSubstMatch[simp:
fixes a :: name
and b :: name
and P : pi
and o :: (name X name) list

shows ([a—~b]P)[<o>] = [(seg-subst-name a o)~(seg-subst-name b 0)](P[<o>])

(proof)



lemma segSubstMismatch[simp]:
fixes a :: name
and b :: name
and P :: pi
and o :: (name x name) list

shows ([a#b]P)[<o>] = [(seg-subst-name a o) (seg-subst-name b o)](P[<o>])
(proof)

lemma segSubstSum[simp]:
fixes P :: pi
and Q : pi
and o :: (name x name) list

shows (P & Q)[<o>] = (P[<o>]) & (Q[<o>])
(proof)

lemma segSubstPar|simp]:
fixes P :: pi
and Q@ : pi
and o :: (name x name) list

shows (P || Q)[<o>] = (P[<o>]) || (Q[<0o>])
(proof )

lemma seqSubstRes[simp]:
fixes z :: name
and P : pi
and o :: (name X name) list

assumes z ff o

shows (<vz>P)[<o>] = <vz>(P[<o>])
(proof)

lemma seqSubstBang[simpl:
fixes P :: pi
and s :: (name x name) list

shows (IP)[<o>] = I(P[<o>])

(proof)

lemma seqSubstEqut[equt, simp]:
fixes P :: pi
and o :: (name X name) list
and p :: name prm

shows p - (P[<o>]) = (p - P)[<(p - 0)>]



(proof)

lemma seqSubstAppend|simp]:
fixes P :: pi
and o : (name X name) list
and o' :: (name x name) list

shows P[<(cQ@c’)>] = (P[<o>])[<0o’>]
(proof)

lemma freshSubstChainlintro]:
fixes P :: pi
and o :: (name X name) list
and a :: name

assumes a f P
and afo

shows a § P[<o>]
(proof)

end

theory Late-Semantics
imports Agent
begin

nominal-datatype subject = InputS name
| BoundOutputS name

nominal-datatype freeRes = OutputR name name (-[-] [150, 150] 110)
| TauR (r 150)

nominal-datatype residual = BoundR subject «name» pi (-«-» < - [80, 80, 80]
80)
| FreeR freeRes pi (- < -[80, 80] 80)

lemmas residuallnject = residual.inject freeRes.inject subject.inject
abbreviation Transitions-Inputjudge :: name = name = pi = residual (-<-> <
- [80, 80, 80] 80)

where a<z> < P’ = ((InputS a)«z» < P’)

abbreviation Transitions-BoundQutputjudge :: name = name = pi = residual
(-<v-> < - [80, 80, 80] 80)

where a<vz> < P’ = (BoundR (BoundOutputS a) z P’)

inductive transitions :: pi = residual = bool (- — - [80, 80] 80)
where
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Tau:
| Input:
| Output:

| Match:

| Mismatch:

| Open:
| Sum1:
| Sum?2:

| Par1B:
< (P'] Q)
| ParlF:
| Par2B:
=< (P Q)
| Par2F:

| Comm1:

7(P)— 71 <P
r # a = a<z>.P — a<z> < P
a{b}.P — a[b] < P

[P — Rs] = [b—~b]P — Rs
[P — Rs; a # b] = [a#b]P — Rs

[Pr— alb] < P a# b = <vb>P — a<vb> < P’
[P— Rs] = (P ® Q) — Rs
[Q+— Rs] = (P ® Q) — Rs

[P+— a«a» < Pz Pz Q;z8a] = P Q+— akz»

[P—a=<P]=P| Qr—a=<(P'| Q)
[Qr— akzy < Qs z 8 Pzt Q;zta] = P Q+— a«ay

[Q—a< Q=P Qr—a=<(P| Q)

[P— a<az> < P Q+—alb) < Qs zt Pz Q;z+# a; x

Abot Q= Pl Qr—7 < Plau=b] | @

| Comm2:

[P— alb) < P, Qr— a<z> < Qi zt Pz Q2 # a; x

£b ot Pl=P| Q— 1 < P'| Qz:=0]

| Closel:

[P— a<az> < P; Q— a<vy> < Qs z 8 Pyt Q; yt P;
ytQr#FaziQiy#ayiPie#Fyl =P Q—r1=

<vy>(Plz:=y| || Q)

| Close2:

[P— a<vy> < P; Q — a<a> < Qs z 8 P;z 4 Q; yt P;
yiQr#ariPiy#aytQiatyl =P Q+—1<

<vy>(P"| Q'z==y])

| ResB:

akry < <vy>P’

| ResF":

| Bang:

[Pr— akzy < Phyta;y#£az;28 P;afa = <vy>Pr—
[P— a<Piyta = <vy>P +— a < <vy>P’

[P||'P+— Rs] = P+ Rs

equivariance transitions
nominal-inductive transitions

(proof)

lemma alphaBoundResidual:

fixes a ::
and 7z
and P :

!

and z’:

subject
name

name

assumes Al: z'f P

shows a«z» < P = a«z’» < ([(35, 413/)] : P)

(proof)
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lemma freshResidual:
fixes P : pi
and Rs :: residual
and =z :: name

assumes P — Rs
and z 4P

shows z f Rs

(proof)

lemma freshBoundDerivative:
assumes P —sa«x» < P’
and yiP

shows y { a
and y#z= yf P’
(proof)

lemma freshFreeDerivative:
fixes P : pi
and « : freeRes
and P’: pi
and vy :: name

assumes P —a < P’

and yt P

shows y # «

and yf P’
(proof)

lemma substTrans[simpl:
fixes b :: name
and P : pi
and a :: name
and c¢ :: name

assumes b f P

shows (Pa::=b])[b::=c] = Pla:

(proof)

lemma Input:
fixes a :: name
and z : name
and P :: pi



shows a<z>.P —a<z> < P

(proof)
declare perm-fresh-fresh|simp] name-swap[simp] fresh-prod|[simp]

lemma ParlB:

fixes P :: pi
and a :: subject
and =z : name
and P': pi
and @ :: pi

assumes P —a«z» < P’
and zdQ

shows P || Q —a«z» < P' || Q

(proof)

lemma Par2B:
fixes Q :: pi
and a :: subject
and =z : name
and Q': pi
and P :: pi

assumes QTrans: Q —a«z» < Q'

and x4 P
shows P || Q —a«z» < P | Q'

(proof)

lemma CommI:
fixes P :: pi
and a : name
and <z : name
and P’: pi
and @ :: pi
and b :: name
and Q': pi

assumes PTrans: P —sa<z> < P’
and  QTrans: Q —alb] < Q'

shows P || Q —7 < P'lz::=b] || Q'

(proof)

lemma Comm2:
fixes P : pi
and a : name

13



and b :: name

and P’: pi
and @ :: pi
and =z : name
and Q': pi

assumes PTrans: P —a[b] < P’
and  QTrans: Q —a<z> < Q'

shows P || Q —7 < P’ || (Q'[z::=)b])
(proof)

lemma Closel:

fixes P : pi
and a :: name
and =z : name
and P’: pi
and @ :: pi
and vy :: name
and Q': pi

assumes PTrans: P —a<z> < P’
and QTrans: Q —ra<vy> < Q'
and ytt P

shows P || Q —7 < <vy>(P'lzz=y] | Q)
(proof )

lemma Close2:

fixes P :: pi
and a :: name
and y :: name
and P’: pi
and @ :: pi
and =z : name
and Q': pi

assumes PTrans: P —a<vy> < P’
and QTrans: Q —a<z> < Q'
and yiQ

shows P || Q —7 < <vy>(P' | (Q'[z::=y]))
(proof )

lemma ResB:
fixes P :: pi
and a :: subject
and =z : name
and P’: pi

14



and y :: name

assumes PTrans: P —sa«xz» < P’
and yta
and Y F#x

shows <vy>P ——a«z» < <vy>P’
(proof)

lemma outputinduct[consumes 1, case-names Output Match Mismatch Sum1 Sum?2
Parl Par2 Res Bang|:

fixes P :: pi

and a :: name

and b : name

and P': pi

and F : 'a:fs-name = pi = name = name = pi = bool

and C : 'a:fs-name

assumes Trans: P ——alb] < P’
and AabP C.FC (afb}.P)abP
and APabP' c¢C.[P+—OutputRab~<P;N\C.FCPabP]= FC
([e—~c]P) a b P’
and APabP' c¢cdC.[P—OutputR ab < P NC. FCPabPc#d
= F C ([¢#d]P) a b P’
and APabP' QC.[P—OutputRab<P; NC. FCPabP|= FC
(P® Q) abP
and ANQabQ PC.[Q+—OutputR ab< Q5 NC.FCQabQ]=F
C(PeQ abqQ
and APabP' QC.[P—OutputRab<P;NC. FCPabP]|= FC
(P Q) ab (P Q)
and ANQabQ PC.[Q+—OutputR ab< Q5 NC.FCQabQ]=F
CPQab(PlQ)
and APabP' zC. [P—OutputR ab < Piz#az#baxtC; \NC. F
CPabP|—

F C (<va>P) a b (<vz>P’)
and APabP C.[P|!P+—OutputR ab < P ANC. FC (P | !P)abP]
= FC(IP)abP

shows F CPab P’
(proof)

lemma inputInduct[consumes 2, case-names Input Match Mismatch Suml Sum?2
Parl Par2 Res Bang|:

fixes P :: pi

and a :: name

and =z : name

and P': pi

and F : (‘a:fs-name) = pi = name = name = pi = bool

and C : 'a:fs-name

15



assumes a: P —a<z> < P’

and z 4P

and  clnput: Aaz P C. FC (a<z>.P)az P

and  cMatch: APaxzP’'bC.[Pv+r—a<z><P; N\C.FCPazP]—=
F C ([b—~b]P) a z P’

and  cMismatch: APax P'b ¢ C. [P+—a<z> < P53 ANC.FCPazxzP’;b
# ] = F C ([b#c]P) a z P’

and c¢Suml: AP QaxzP’ C.[P+—a<z><Pi;NC.FCPazP]|=
FC(P® Q) azxP

and cSum2: AP QazQ C.[Qvr—a<z>< Qi ANC.FCQaz Q] =
FCP®d Q) azxQ

and cPariB: AP P' QaxC.[Pr—a<z><Phizt Pzt Q; z# a
NC.FCPazP|=

FCP|Qas(P]Q

and cPar2B: AP Q Q' azC.[Qv+—a<z> < Qs zt Pzt Q; ¢ # g

NC.FCQaz Q] =
FC(P|Qaz(P| Q)
and cResB:  ANPP'azyC.[Pr—a<z><Piy#ay#zytC
NC. FCPazP|= FC (<vy>P) az (<vy>P)

and c¢Bang: APaxzP’'C.[P| P +—a<z><P;NC.FC(P|!P)a

z P =
FC(P)axP’

shows F C Paz P’

(proof)

lemma boundOutputInduct[consumes 2, case-names Match Mismatch Open Sum1
Sum?2 Parl Par2 Res Bang:

fixes P :: pi

and a :: name

and =z : name

and P': pi

and F : (‘a:fs-name) = pi = name = name = pi = bool

and C :: 'a:fs-name

assumes a: P —ra<vz> < P’

and z P

and cMatch: APazP’'bC.[P+—a<vz><P;ANC. FCPazP| =
F C ([b~b]P) a z P’

and  cMismatch: APax P’ ' bcC. [P +—a<vz> < P; NC. FCPauzP/
b# c] = F C ([b#c]P) az P’

and cOpen: APaxz P’ C. [Pr—(OutputR az) < Pya+#z] = FC
(<vz>P) axz P’

and cSuml: AP QazP' C.[Pv+—a<vz> <P AC. FCPaczP]
= FC (P& Q) azP’

and cSum2: AP Qazx @ C.[Qvr—a<vz>< Q3 ANC. FCQazQ
= FC(P® Q) axQ

and cPariB: APP' QazC.[Pr—a<vz><Phizi Q;NC.FCPaz
P =
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FC(P|Qaz(PQ
and cPar2B: AP Q Q' azC.[Q+—a<vz><Q5z8P; NC. FCQa
z Q] =
FCP|@Qas(P|Q)
and cResB:  APP'azyC.[Pr—a<vz><Phiy#ay#uzytC
NC.FCPazxP|= FC (<vy>P) az (<vy>P’)
and c¢Bang: APaz P’ C.[P|Pv+—a<vz><P; ANC.FC(P|!P)a
z P =
FC(P)axP’
shows F C P ax P’
(proof)

lemma taulnduct[consumes 1, case-names Taw Match Mismatch Sum1 Sum?2 Parl
Par2 Comm1 Comm2 Closel Close2 Res Bang:

fixes P :: pi

and P': pi

and F : 'a:fs-name = pi = pi = bool

and C :: 'a:fs-name

assumes Trans: P ——7 < P’

and APC.FC (r.(P)) P

and APP c¢C.[P+—7<P;A\NC.FCPP]|= FC ([ec—~c]P) P’

and APP' cdC.[P—sr <Py \C.FCPPc#d = FC ([c£dP)
Pl

and APP' QC.[P—71 <P, \NC.FCPP|= FC({P&®Q) P

and AQQ PC.[Q—1<Q NC.FCQQ]=FC(Pad Q) Q'

and APP' QC.[P—1<P;ANC.FCPP]=FC(P| Q) (P Q)

and  AQQ PC.[Q—r < QNC.FCQQ]— FC (P Q) (P Q)

and APazP' Qb Q' C.[P+——(BoundR (InputS a) z P'); Q — OutputR
ab=<Q iz PiafQuafCl= FC(P| Q) (Pla==b] || Q)

and APabP QuzQ C.[P+—OutputR a b < P’; Q —(BoundR (InputS
W 1Q) Tt PiatQutCl=— FC(P|Q (P Q=)

and NP azP' QyQ C.[P—(BoundR (InputS a) x P'); Q —a<vy>
< Qi Pzt Qe Ciyt Pyt Qyt Cia#yl = FC(P] Q)
(<vy>(Pamy] | Q)

and APayP' Qz Q' C.[P+—a<vy> < P’; Q —(BoundR (InputS a) z
ﬁ?’);[wﬁp;])ﬂgﬁ QriCiyt Pyt @yt Cia#yl= FC (P Q) (<vy>(P’

Q'x::=y

and APP zC.[P—7<PhizgC;\NC.FCPP]=

F C (<vaz>P) (<vz>P’)
and APP'C.[P|'P+—sr <P, \C.FC(P|\P)P]|= FC(IP) P’

shows F' C P P’
(proof)

inductive bangPred :: pi = pi = bool
where

auzxl: bangPred P (!P)
| auz2: bangPred P (P || !P)
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inductive-cases
inductive-cases
inductive-cases
inductive-cases
inductive-cases
inductive-cases
Rs
inductive-cases
inductive-cases
bayy < P’

nilCases'[simplified pi.distinct residual.distinct]: 0 — Rs
tauCases’[simplified pi.distinct residual.distinct]: 7.(P) — Rs
inputCases’[simplified pi.inject residuallnject]: a<b>.P — Rs
outputCases'[simplified pi.inject residuallnject]: a{b}.P — Rs
matchCases'[simplified pi.inject residuallnject]: [a—~b]P — Rs
mismatchCases’[simplified pi.inject residuallnject]: [a#b]P —

sumCases’[simplified pi.inject residuallnject]: P & Q — Rs
parCasesB’[simplified pi.distinct residual.distinct]: P || @ —

inductive-cases parCasesF'[simplified pi.distinct residual.distinct]: P || Q — «

< P’
inductive-cases
inductive-cases
aky’» < P’

resCases’[simplified pi.distinct residual.distinct]: <vz>P — Rs
resCasesB'[simplified pi.distinct residual.distinct]: <vz’>P —

inductive-cases resCasesF'[simplified pi.distinct residual.distinct]): <vz>P — «

< P’
inductive-cases

bangCases|simplified pi.distinct residual.distinct]: |P — Rs

lemma tauCases[consumes 1, case-names cTau):

fixes P : pi

and « : freeRes

and P’: pi

assumes 7.(P) —a < P’
and [o« = 7; P = P'| = Prop (1) P

shows Prop o P’

(proof)

lemma outputCases[consumes 1, case-names cOutput]:

fixes a :: name

and b :: name

and P :pi

and « :: freeRes

and P': pi

assumes a{b}.P —a < P’
and [o = a[b]; P = P'] = Prop (a[b]) P

shows Prop a P’

(proof)

lemma zeroTrans[dest]:
fixes Rs :: residual

assumes 0 —

Rs
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shows Fulse
(proof)

lemma resZero Trans[dest):
fixes = :: name
and Rs :: residual

assumes <vz>0 +— Rs

shows Fulse

(proof)

lemma matchTrans[dest]:
fixes a :: name
and b :: name
and P : pi

and Rs :: residual

assumes [a—~b]P — Rs
and a#b

shows Fulse
(proof)

lemma mismatchTrans|dest]:
fixes a :: mame
and P : pi
and Rs :: residual

assumes [a#£a]P — Rs

shows Fulse

(proof)

lemma inputCases|consumes 4, case-names cInput]:
fixes a :: name
and 1z : name

and P :: pi
and P’: pi
assumes Input: a<z>.P — bgy» < yP’
and Y F a
and yF£x
and yt P

and A:  [b = InputS a; yP' = ([(z, y)] - P)] = Prop (InputS a) y ([(z,
)l - P)

shows Prop b y yP’
(proof)
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lemma tauBoundTrans|[dest]:

fixes P

and a ::
and z :
and P':

pi

subject
name
pi

assumes 7.(P) —sa«zy < P’

shows Fulse

(proof)

lemma tauOutputTrans|dest]:

fixes P ::
and a ::
and b :
and P':

pi
name
name
pi

assumes 7.(P) —a[b] < P’

shows Fulse

(proof)
lemma inputFree Trans|dest]:
fixes a :: name
and =z : name
and P :: pi
and « : freeRes
and P’: pi

assumes a

<z>.P+—a < P’

shows Fulse

(proof)

lemma inputBoundOutputTrans|dest):

fixes a :: name
and =z :: name
and P : pi
and b : name
and vy :: name
and P': pi

assumes a<r>.P —b<vy> < P’

shows Fulse

{(proof)

lemma outputTauTrans|dest]:
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fixes a :: name
and b :: name
and P :pi
and P’: pi

assumes a{b}.P —7 < P’

shows Fulse
(proof)

lemma outputBoundTrans|dest]:
fixes a :: name
and b : name
and P :pi
and c¢ : subject
and =z : name
and P’: pi

assumes a{b}.P —scqz» < P’

shows Fulse
(proof)

lemma outputineqTrans|dest]:
fixes a :: name

and b :: name
and P :: pi
and ¢ : name
and d : name
and P’: pi

assumes a{b}.P —c[d] < P’
and a#cVb#d

shows Fulse
(proof)

lemma outputFreshTrans|dest]:
fixes a :: name
and b : name

and P :pi
and « :: freeRes
and P’: pi

assumes a{b}.P —ra < P’
and attaVbta

shows Fulse

(proof)
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lemma inputlneqTrans|dest]:
fixes a :: name
and =z : name
and P :: pi
and b : subject
and vy :: name
and P': pi

assumes a<z>.P —b«y» < P’
and afd

shows Fulse
(proof)

lemma resTauBoundTrans|dest]:
fixes z :: name
and P : pi
and a :: subject
and y : name
and P': pi

assumes <vz>7.(P) —ay» < P’

shows Fulse

(proof)

lemma resTauOutput Trans|dest]:
fixes = :: name
and P :pi
and a : name
and b :: name
and P’: pi

assumes <vz>7.(P) —a[b] < P’

shows Fulse

(proof)

lemma resInputFree Trans|dest]:
fixes z :: name
fixes a :: name
and y :: name

and P : pi
and « :: freeRes
and P’: pi

assumes <vz>a<y>.P —a < P’
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shows Fulse

(proof)

lemma resInputBoundOQutputTrans|dest]:
fixes = :: name

and a :: name
and vy :: name
and P : pi
and b : name
and 2z :: name
and P': pi

assumes <vz>a<y>.P —b<vz> < P’

shows Fulse

(proof)

lemma resOutput TauTrans|dest]:
fixes x :: name
and a :: name
and b : name
and P :: pi
and P’: pi

assumes <vz>a{b}.P —71 < P’

shows Fulse

(proof)

lemma resOutputinput Trans|dest]:
fixes z :: name

and a :: name
and b : name
and P ::pi
and c¢ : name
and y : name
and P': pi

assumes <vz>a{b}.P —c<y> < P’

shows Fulse

(proof)

lemma resOutputOutput Trans|dest]:
fixes =z :: name
and a :: name
and P :pi
and b : name
and y : name
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and P’: pi
assumes <vz>a{z}.P —b[y] < P’

shows Fulse

(proof)

lemma resTrans|dest]:
fixes x :: name
and b :: name
and Rs :: residual
and vy :: name

shows <vz>z{b}.P — Rs = Fulse
and <vr>zx<y>.P —— Rs = Fulse

(proof)

lemma matchCases[consumes 1, case-names cMatch]:
fixes a :: name
and b : name
and P :: pi
and Rs :: residual
and F :: name = name = bool

assumes [a—~b|P — Rs
and [P— Rs;a=0b = Faa

shows F a b
(proof)

lemma mismatchCases[consumes 1, case-names cMismatch):
fixes a :: name
and b : name
and P ::pi
and Rs :: residual
and F : name = name = bool

assumes Trans: [a#b]P — Rs
and  cMatch: [P+—— Rs; a # b = Fab

shows F' a b

(proof)

lemma sumCases[consumes 1, case-names cSumi cSum2]:
fixes P :: pi
and @ :: pi

and Rs :: residual

assumes Trans: P & (Q — Rs

24



and cSumli: P — Rs = Prop
and cSum2: Q — Rs = Prop

shows Prop

(proof)

lemma name-abs-alpha:
fixes a :: name
and b :: name
and P :: pi

assumes b ff P

shows [a].P = [b].([(a, )] - P)

(proof)
lemma parCasesB[consumes 3, case-names cParl cPar2):
fixes P : pi
and @ :: pi
and a :: subject
and =z : name
and PQ’: pi
and C :: a:fs-name

assumes P || Q — a«z» < PQ’

and z g P

and z4@Q

and AP P+~ a«xz» < P'= Prop (P'| Q)
and AQ. Q+— a«z» < Q' = Prop (P | Q)

shows Prop PQ’
(proof)

lemma parCasesF|[consumes 1, case-names cParl cPar2 cComml1 cComm2 cClosel
cClose2]:

fixes P :: pi
and @ :: pi
and « : freeRes
and P’: pi

and C : 'a:fs-name
and F : freeRes = pi = bool

assumes Trans: P || Q — a < PQ’

and  icParlF: AP [P+— a <P = Fa (P'| Q)

and  icPar2F: NQ. [Q+— a < Q= Fa (P Q)

and icComm1: AP’ Q" abz. [P+ a<z> < P'; Q@ — alb] < Q'; z ¢ P;
s QrFactbztQiat Cia=71] = F (1) (Plz==b] || Q)

and icComm2: AP' Q" abz. [P+ a[b] < P Q — a<az> < Q' z f§ P;
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zf Qirx#aez#Eb st Piot Cia=1] = F (1) (P'| Qz:=b])
and  icClosel: AP’ Q' azy. [P r— a<z> < P’; Q — a<vy> < Q'; z #
PizgQe#ar#y i Qiyi Pyt Qyu#ayiPiagCiytCia=r]
_

F (1) (<vy>(Plzz=y] | Q)
and icClose2: AP’ Q' azy. [P — a<vy> < P} Q — a<z> < Q' z §
PiogQiz#az#y e Piyt Pyl Qu# eyt QizfCiyl Cia=r1]

—
F (1) (<vy>(P" || Q'z:=y]))

shows F a PQ’
(proof)

lemma resCasesF[consumes 1, case-names cRes]:
fixes z :: name

and P :: pi
and «a : freeRes
and P’: pi

and C : 'a:fs-name

assumes <vz>P — a < zP’
and AP.[P— a<P;zfa] = F (<vz>P’)

shows F 2P’
(proof )

lemma resCasesB[consumes 3, case-names cOpen cRes]:
fixes = :: name
and P : pi
and a :: subject
and y :: name
and yP’: pi
and C : 'a:fs-name

assumes Trans: <vy>P —a«z» < yP’

and Tineqy: T # y

and  zineqy: z § P

and rcOpen: \b P’. [P —bly] < P’} b # y; a = BoundOutputS b] = F
(BoundOutputS b) ([(z, y)] - P’

and  rcResB: AP’ [P +— a«z» < Py yf a] = F a (<vy>P’)

shows F a yP’
(proof )

lemma bangInduct[consumes 1, case-names cPar1B cParlF cPar2B cPar2F cComm1
cComm?2 cClosel cClose2 cBang]:

fixes F :: 'a::fs-name = pi = residual = bool

and P :: pi

and Rs :: residual
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and C : 'a:fs-name

assumes Trans: !P — Rs

and cPariB: Na ¢ P' C. [P+ a«az» < Pzt P,z 4 C] = F C (P |
IP) (a«z» < P' | |P)

and  cParlF: N\a P’ C.[P+— a < P]| = FC (P ||!P) (a« < P'| !P)

and cPar2B: Na ¢ P’ C. ['\P — a«z» < P ot Pzt C; NC. F C (IP)
(akz» < P)] =

FC (P]!P) (akaz» < P || P

and  cPar2F: Na P'C.[/P+— a < PS5 ANC. FC (IP) (a < P)] = F C
(P 1P) (0 < P |'P)

and cComml1: Nax P'b P"” C. [P+ a<z> < P’; |P +—— (OutputR a b)
< Pzt C;

AC. F C (!P) ((OutputR a b) < P")] =
FC(P|'P)(r < (P'z=b]) | P")
and cComm2: Na b P'x P” C. [P — (OutputR a b) < P’; |P — a<z>

< Pzt C,
NC. F C (IP) (a<z> < P")] =
FC (P|'P)(r <P (P'z:=0b]))
and  cClosel: Naxz P’y P" C. [P — a<z> < P’} |P — a<vy> < Py
§ Pzt Gyt G
AC. F C (IP) (a<vy> < P")] =
FC(P|!P) (1 < <vy>((Plzz=y]) | P"))
and  cClose2: Nay P’z P" C. [P — a<vy> < P’} |P +— a<z> < P y
§ Pzt Gyt G
AC. F C (IP) (a<z> < P")] =
FC(P|'P)(r < <vy>(P"| (P"z==y])))
and c¢Bang: ANRs C. [P || 'P — Rs; NC. F C (P ||'P) Rs] = F C (!P)
Rs

shows F C (!P) Rs
(proof)

end

theory Late-Semanticsl!
imports Late-Semantics
begin

free-constructors case-subject for
InputS
| BoundOutputS

(proof)

free-constructors case-freeRes for
OutputR
| TauR

(proof)
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end

theory Rel
imports Agent
begin

definition equt :: ((‘a::pt-name) x ('a:pt-name)) set = bool
where equt Rel = (Vx (perm::name prm). x € Rel — perm - © € Rel)

lemma equtRell:
fixes Rel :: (‘a::pt-name x 'a) set
and P :'a
and Q :'a
and perm :: name prm

assumes equt Rel
and (P, Q) € Rel

shows (perm - P, perm - Q) € Rel
(proof)

lemma equtRelE:
fixes Rel :: (‘a::pt-name x 'a) set
and P :'a
and Q :'a
and perm :: name prm

assumes equt Rel
and (perm - P, perm - Q) € Rel

shows (P, Q) € Rel
(proof)

lemma equtTrans[intro):
fixes Rel :: (‘a:pt-name X 'a) set
and Rel’:: ('a x 'a) set

assumes FEqutRel: equt Rel
and EqutRel’: equt Rel’

shows equt (Rel O Rel’)
(proof)
lemma equtUnion[intro):
fixes Rel :: (‘a:pt-name X 'a) set

and Rel’:: (Ya x 'a) set

assumes FqutRel: equt Rel
and EqutRel”: equt Rel’
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shows equt (Rel U Rel’)
(proof)

definition substClosed :: (pi x pi) set = (pi X pi) set where
substClosed Rel = {(P, Q) | P Q. Vo. (P[<o>], Q[<o>]) € Rel}

lemma equtSubstClosed:
fixes Rel :: (pi X pi) set

assumes equtRel: equt Rel

shows equt (substClosed Rel)
(proof)

lemma substClosedSubset:
fixes Rel :: (pi x pi) set

shows substClosed Rel C Rel

(proof)
lemma partUnfold:
fixes P : pi
and @ :: pi
and o :: (name x name) list

and Rel :: (pi x pi) set
assumes (P, Q) € substClosed Rel

shows (P[<o>], Q[<o>]) € substClosed Rel
(proof)

inductive-set bangRel :: (pi x pi) set = (pi X pi) set
for Rel :: (pi x pi) set
where
BRBang: (P, Q) € Rel = (IP, Q) € bangRel Rel
| BRPar: (R, T) € Rel = (P, Q) € (bangRel Rel) = (R || P, T || Q) € (bangRel
Rel)
| BRRes: (P, @) € bangRel Rel — (<va>P, <va>(Q) € bangRel Rel

inductive-cases BRBangCases”: (P, Q) € bangRel Rel
inductive-cases BRParCases” (P, Q || 'Q) € bangRel Rel
inductive-cases BRResCases”: (P, <vx>Q) € bangRel Rel

lemma equtBangRel:
fixes Rel :: (pi x pi) set

assumes equtRel: equt Rel
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shows equt(bangRel Rel)
(proof)

lemma BRBangCases[consumes 1, case-names BRBang]:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and F : pi = bool

assumes (P, !Q) € bangRel Rel
and AP. (P, Q) € Rel = F (!P)

shows F' P
(proof)

lemma BRParCases[consumes 1, case-names BRPar):
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and F : pi = bool

assumes (P, Q || 'Q) € bangRel Rel
and APR.[(P, Q) € Rel; (R,!Q) € bangRel Rel] = F (P || R)

shows F' P

(proof)

lemma bangRelSubset:
fixes Rel :: (pi x pi) set
and Rel’ :: (pi X pi) set

assumes (P, Q) € bangRel Rel
and AP Q. (P, Q) € Rel = (P, Q) € Rel'

shows (P, Q) € bangRel Rel’

(proof)
lemma bangRelSymetric:
fixes P : pi
and @ :: pi

and Rel :: (pi x pi) set

assumes A: (P, Q) € bangRel Rel
and  Sym: AP Q. (P, Q) € Rel = (Q, P) € Rel

shows (Q, P) € bangRel Rel
(proof)

primrec resChain :: name list = pi = pi where
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base: resChain [| P = P
| step: resChain (z#xs) P = <ve>(resChain zs P)

lemma resChainPerm[simp]:
fixes perm :: name prm
and Ist :: name list
and P :pi

shows perm - (resChain lst P) = resChain (perm - Ist) (perm - P)
(proof)

lemma resChainFresh:

fixes a :: name
and st :: name list
and P :pi

assumes a § (Ist, P)

shows a  (resChain Ist P)
(proof)

end

theory Strong-Late-Sim
imports Late-Semanticsl Rel
begin

definition derivative :: pi = pi = subject = name = (pi X pi) set = bool where
derivative P Q a © Rel = case a of InputS b = (Y u. (Plz:=ul, Qlz:=u]) € Rel)
| BoundOutputS b = (P, Q) € Rel

definition simulation :: pi = (pi X pi) set = pi = bool (- ~[-] - [80, 80, 80]
80) where
P ~s[Rell Q= NVaz Q. Qr—akzy < Q"ANx g P— (3P P+—aka» < P’
A derivative P' Q' a x Rel)) A
VMVa Q. Q—a < Q' — (IP. Pr—a < P' A (P, Q) € Rel))

lemma monotonic:
fixes A :: (pi x pi) set
and B :: (pi x pi) set
and P :pi
and P': pi

assumes P ~~[A] P’
and ACRB

shows P ~-[B] P’
(proof)
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lemma derivativeMonotonic:
fixes A :: (pi X pi) set
and B : (pi x pi) set
and P : pi
and Q@ : pi
and a :: subject
and =z : name

assumes derivative P Q a © A
and ACB

shows derivative P Q a x B

(proof)

lemma derivativeEqutl:
fixes P :: pi
and @ = pi
and a :: subject
and z : name

and Rel :: (pi X pi) set
and perm :: name prm

assumes Der: derivative P Q a x Rel
and Equt: equt Rel

shows derivative (perm - P) (perm - Q) (perm - a) (perm - z) Rel
(proof)

lemma derivativeEqutl2:

fixes P :: pi
and @ :pi
and a :: subject
and z : name

and Rel :: (pi x pi) set
and perm :: name prm

assumes Der: derivative P Q a = Rel
and Equt: equt Rel

shows derivative (perm - P) (perm - Q) a (perm - z) Rel
(proof)

lemma freshUnit[simp]:
fixes y :: name

shows y 1 ()
{(proof)

lemma simCasesCont[consumes 1, case-names Bound Free]:
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fixes P : pi

and @ :: pi
and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes Fqut: equt Rel

and Bound: Naz Q" [Q — akz»y < Qi zt Pzt Q28 a2 O] =
3P P+ a«x» < P’ A derivative P' Q' a © Rel

and Free: Na Q. Qr— a< Q' = IP.Pr— a <P A (P, Q) € Rel

shows P ~~[Rel] Q

(proof )

lemma simCases[case-names Bound Free]:
fixes P :: pi
and @ :: pi

and Rel :: (pi x pi) set

assumes Bound: N\a y Q" [Q — a«y» < Qs y§ Pl = IP". P — axy» <
P’ A derivative P’ Q' a y Rel
and Free: Na Q. Qr— a < Q' = IP.P— a <P A (P, Q) € Rel

shows P ~~[Rel] @
(proof)

lemma resSimCases[consumes 1, case-names BoundOutput BoundR FreeR):
fixes x :: name

and P :pi

and Rel :: (pi x pi) set
and @ :: pi

and C : 'a:fs-name

assumes FEqut:  equt Rel

and BoundO: AQ'a. [Q —alz] < Q; a # 2] = TP P —a<vz> <
P'A (P, Q') € Rel

and BR: AQ ay. [Q —acy» < Qs xfa;z#y,yt C] = 3IP. P
—ra«y» < P’ A derivative P’ (<vz>Q') a y Rel

and BF: ANQ a. [Qr—a < Qzta] = FP. Pr—a < P A (P,
<vz>Q’) € Rel

shows P ~~[Rel] <vz>Q

{proof )
lemma simFE:
fixes P : pi
and Rel :: (pi x pi) set
and @ :: pi
and a :: subject
and =z : name
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and Q' : pi
assumes P ~[Rel] Q

shows Q — a«z» < Q' =z P = 3P’ P+ a«xz» < P’ A (derivative P’
Q' a z Rel)

and Q+— a<Q = IP . Pr——a <P A (P, Q) € Rel
(proof)

lemma equtl:
fixes P :: pi
and @ = pi
and Rel :: (pi x pi) set
and perm :: name prm

assumes Sim: P ~~[Rel] Q
and RelRel”: Rel C Rel’
and EqutRel’: equt Rel’

shows (perm - P) ~~[Rel’] (perm « Q)

(proof )

lemma derivative Reflezive:
fixes P : pi
and a :: subject
and =z : name

and Rel :: (pi x pi) set
assumes Id C Rel

shows derivative P P a x Rel
(proof)

lemma refiezive:
fixes P :: pi
and Rel :: (pi X pi) set

assumes Id C Rel

shows P ~-[Rel] P
(proof)

lemma transitive:
fixes P :: pi
and @ i
and R )
and Rel :: (pi x pi) set
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and Rel’ :: (pi x pi) set
and Rel” :: (pi x pi) set

assumes PSim@Q: P ~[Rel] Q
and  QSimR: Q ~~[Rell R
and  Equt’: equt Rel”

and Trans: Rel O Rel’ C Rel”

shows P ~~[Rel”] R
{(proof)

end

theory Strong-Late-Bisim
imports Strong-Late-Sim
begin

lemma monoAuzr: A C B = P ~~[A] @ — P ~[B] @
(proof)

coinductive-set bisim :: (pi X pi) set
where

step: [P ~~[bisim] Q; (Q, P) € bisim] = (P, Q) € bisim
monos monoAux

abbreviation
strongBisimJudge (infixr ~ 65) where P ~ Q = (P, Q) € bisim

lemma monotonic” mono(AS. {(P, Q) |P Q. P ~[S] Q@ A Q ~[S] P})
(proof)

lemma monotonic: mono(Ap 1 z2.
dP Q. x1 = PA
12 = Q A P ~[{(2a, 2). p za 2}] Q A Q ~[{(za, 2). p za z}] P)
(proof)

lemma bisimCoinduct|[case-names c¢Sim c¢Sym , consumes 1]:
assumes p: (P, Q) € X
and  rSim: AR S. (R, S) € X = R ~[(X U bisim)] S
and rSym: ARS.(R,S)e X = (5,R) e X

shows P ~ (@)
(proof)

lemma bisimkFE:
fixes P :: pi
and Q@ : pi
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assumes P ~ (@

shows P ~>[bisim] Q

(proof)

lemma bisiml:
fixes P :: pi
and Q : pi

assumes P ~~[bisim]| Q
and Q~P

shows P ~ ()
(proof)

definition old-bisim :: (pi X pi) set = bool where
old-bisim Rel =V (P, Q) € Rel. P ~~[Rel] Q A (Q, P) € Rel

lemma oldBisimBisimFq:
shows (|J{Rel. (old-bisim Rel)}) = bisim (is LHS = ?RHS)
(proof)

lemma reflexive:
fixes P :: pi

shows P ~ P
(proof)

lemma symmetric:
fixes P :: pi
and Q@ : pi

assumes P ~ (@

shows Q ~ P
(proof)

lemma bisimClosed:
fixes P :: pi
and Q : pi
and p :: name prm

assumes P ~ (@

shows (p - P) ~ (p - Q)
(proof)

lemma bisimEqut][simp]:
shows equt bisim
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(proof)

lemma transitive:

fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~ (@)

and Q~R
shows P ~ R
(proof)

lemma bisim TransitiveCoinduct|case-names cSim cSym, case-conclusion bisim step,
consumes 2]:

assumes (P, Q) € X

and equt X

and rSim: AR S. (R, S) € X = R ~[(bisim O (X U bisim) O bisim)] S

and rSym: AR S. (R, S) € X = (S, R) € bisim O (X U bisim) O bisim

shows P ~ @)
(proof)

end

theory Strong-Late-Bisim-Subst
imports Strong-Late-Bisim
begin

abbreviation
StrongEqJudge (infixr ~* 65) where P ~* @ = (P, Q) € (substClosed bisim)

lemma congBisim:
fixes P :: pi
and Q@ : pi

assumes P ~% ()

shows P ~ @)
(proof)

lemma equt:
shows equt (substClosed bisim)

(proof)
lemma eqClosed:

fixes P :: pi
and Q@ : pi
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and perm :: name prm
assumes P ~° @)

shows (perm - P) ~* (perm - Q)
(proof)

lemma refiexive:
fixes P :: pi

shows P ~% P
(proof)

lemma symmetric:
fixes P :: pi
and Q@ : pi

assumes P ~° ()

shows Q) ~° P
(proof)

lemma transitive:
fixes P :: pi
and Q : pi
and R : pi

assumes P ~° ()

and Q~R
shows P ~* R
(proof)
end

theory Strong-Late-Sim-Pres
imports Strong-Late-Sim
begin

lemma tauPres:
fixes P :: pi
and @ :pi
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel

shows 7.(P) ~~[Rel] 7.(Q)
{proof)
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lemma inputPres:

fixes P : pi
and z :: name
and @ :pi
and a : name

and Rel :: (pi x pi) set

assumes PRelQ: Vy. (Plz::=y|, Qz::=y]) € Rel
and Equt: equt Rel

shows a<z>.P ~~[Rel] a<z>.Q

(proof)

lemma outputPres:
fixes P :: pi
and @ = pi
and a :: name
and b : name

and Rel :: (pi X pi) set
and Rel’ :: (pi x pi) set

assumes PRel@: (P, Q) € Rel

shows a{b}.P ~~[Rel] a{b}.Q

(proof)

lemma matchPres:
fixes P :: pi
and @ :pi
and a : name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@Q: P ~[Rel] Q
and Rel C Rel’

shows [a—~b]P ~~[Rel’] [a—~b]Q

(proof)
lemma mismatchPres:
fixes P :: pi
and @ = pi
and a : name
and b :: name

and Rel :: (pi X pi) set
and Rel’ :: (pi x pi) set
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assumes PSim@Q: P ~~[Rel] Q
and Rel C Rel’

shows [a#£b]P ~~[Rel’] [a#£b]Q
(proof)

lemma sumPres:

fixes P :: pi
and Q : pi
and R : pi

assumes PSim@Q: P ~[Rel] Q
and Id C Rel’
and Rel C Rel’

shows P @ R ~~[Rell Q ® R
(proof)

lemma parCompose:
fixes P = opl

and @ =i
and R 2 opi
and T :pi
and Rel : (pi x pi) set

(
and Rel’ :: (pi x pi) set
and Rel” :: (pi x pi) set

assumes PSim@Q: P ~~[Rel] Q

and  RSimT: R ~[Rel| T

and  PRelQ: (P, Q) € Rel

and RRel'T: (R, T) € Rel’

and Par: AP QRT.[(P,Q) € Rel; (R, T) € Rel] = (P| R, Q| T)
€ Rel”

and  Res: AP Q a. (P, Q) € Rel” = (<va>P, <va>Q) € Rel”

and EqutRel: equt Rel

and  EqutRel’: equt Rel’

and EqutRel'": equt Rel”

shows P || R ~[Rel”] Q | T

(proof)

lemma parPres:
fixes P :: pi
and @ :: pi
and R = pi
and a :: name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set
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assumes PSimQ: P ~~[Rel] Q

and  PRelQ: (P, Q) € Rel

and Par: AP QR.(P,Q) € Rl= (P || R, Q| R) € Rel
and Res: AP Q a. (P, Q) € Rel’ = (<va>P, <va>Q) € Rel’
and EqutRel: equt Rel

and EqutRel’: equt Rel’

shows P | R ~[Rel] Q|| R

(proof )

lemma resDerivative:
fixes P : pi
and @ :pi
and a :: subject
and =z : mame
and y : name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes Der: derivative P Q a = Rel

and  Rel: \(P::pi) (Q::pi) (z::name). (P, Q) € Rel = (<vz>P, <vz>(Q) €
Rel’

and Equ: equt Rel

shows derivative (<vy>P) (<vy>Q) a z Rel’

(proof)
lemma resPres:
fixes P :: pi
and @ :pi
and Rel :: (pi x pi) set
and z :: name

and Rel’ :: (pi x pi) set

assumes PSim@Q: P ~[Rel] Q

and  ResRel: \(P::pi) (Q::pi) (z::name). (P, Q) € Rel = (<va>P, <vz>(Q)
€ Rel’

and RelRel”: Rel C Rel’

and EqutRel: equt Rel

and  EqutRel’: equt Rel’

shows <va>P ~~[Rel’] <vaz>Q

(proof)

lemma resChainl:
fixes P :: pi
and @ :: pi

and Rel :: (pi x pi) set
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and zs :: name list

assumes PRelQ: P ~[Rel] Q
and equtRel: equt Rel
and Res: AP Qz. (P, Q) € Rel = (<va>P, <vz>Q)) € Rel

shows (resChain zs) P ~[Rel] (resChain zs) @Q

(proof)

lemma bangPres:
fixes P :: pi
and @ = pi

and Rel :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel
and  Sim: AP Q. (P, Q) € Rel = P ~~[Rel] Q
and equtRel: equt Rel

shows |P ~[bangRel Rel] !Q
(proof)

end

theory Strong-Late-Bisim-Pres
imports Strong-Late-Bisim Strong-Late-Sim-Pres
begin

lemma tauPres:
fixes P :: pi
and Q : pi

assumes P ~ (@

shows 7.(P) ~ 7.(Q)
(proof)

lemma inputPres:
fixes P :: pi
and @ : pi
and a :: name
and z : name

assumes PSimQ: Vy. Plz:=y] ~ Q[z:=y]

shows a<z>.P ~ a<z>.Q
(proof )

lemma outputPres:
fixes P :: pi
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and Q@ : pi
and ¢ :: name
and b :: name

assumes P ~ @

shows a{b}.P ~ a{b}.Q
(proof)

lemma matchPres:
fixes P :: pi
and Q@ :: pi
and a :: name
and b :: name

assumes P ~ (@

shows [a—~b|P ~ [a—~b]Q
(proof)

lemma mismatchPres:
fixes P :: pi
and Q@ : pi
and a :: name
and b :: name

assumes P ~ (@

shows [a#b|P ~ [a#b]Q
(proof)

lemma sumPres:

fixes P :: pi
and @ : pi
and R : pi

assumes P ~ @

shows P& R~ Q & R
(proof)
lemma resPres:

fixes P :: pi

and @ :: pi

and z : name

assumes P ~ @

shows <vz>P ~ <vz>(Q
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(proof)

lemma parPres:

fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~ (@)

shows P| R~ Q || R
(proof)

lemma bangPres:
fixes P :: pi
and Q@ : pi

assumes PBiSim@Q: P ~ @

shows |P ~ 1Q
(proof)

end

theory Strong-Late-Bisim-Subst-Pres
imports Strong-Late-Bisim-Subst Strong-Late-Bisim-Pres
begin

lemma tauPres:
fixes P :: pi
and Q@ : pi

assumes P ~% ()

shows 7.(P) ~* 7.(Q)
(proof)
lemma inputPres:
fixes P :: pi
and Q : pi
and ¢ :: name
and z :: name

assumes P ~° ()

shows a<z>.P ~% a<x>.Q

{(proof)

lemma outputPres:
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fixes P :: pi
and Q : pi

assumes P ~% ()

shows a{b}.P ~* a{b}.Q

(proof)

lemma matchPres:
fixes P :: pi
and Q@ :: pi
and a :: name
and b :: name

assumes P ~% ()

shows [a—~b|P ~* [a—~b]Q

(proof)

lemma mismatchPres:
fixes P :: pi
and Q@ : pi
and a :: name
and b :: name

assumes P ~% ()

shows [a#£b]P ~* [a#£b]Q

(proof)

lemma sumPres:
fixes P :: pi
and @ : pi
and R : pi

assumes P ~° @)

shows P® R ~°* Q ® R
(proof)

lemma parPres:

fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~° @)

shows P || R ~* Q || R
(proof)
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lemma resPres:
fixes P :: pi
and Q@ : pi
and z :: name

assumes PeqQ: P ~° @

shows <vz>P ~° <vz>Q

{(proof)

lemma bangPres:
fixes P :: pi
and Q : pi

assumes P ~% ()

shows P ~5 1Q)
(proof)

end
theory Late-Tau-Chain
imports Late-Semanticsl

begin

abbreviation tauChain-judge :: pi = pi = bool (- =, - [80, 80] 80)
where P —, P'= (P, P) e {(P,P)| PP P+—1 < P'} %

lemma single TauChain:
fixes P :: pi
and P': pi

assumes P —7 < P’

shows P —>, P’

(proof)

lemma tauChainAddTau[dest]:
fixes P : pi
and P’ : pi
and P : pi

shows P—=, P/ =—= P'+—7 < P — P —_ P"
and P+—7 < P'— P'—, P''— P =, P”

(proof)

lemma tauChainInduct[consumes 1, case-names id ih]:
fixes P :: pi
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and P’: pi

assumes P —>, P’
and FP
and AP'P".[P=,P;P +~—7<P'SFP]|= FP"

shows F P’
(proof)

lemma equtChainl[equt]:
fixes P :: pi
and P’ : pi
and perm :: name prm

assumes P =, P’

shows (perm « P) =, (perm - P’)
(proof)

lemma equtChainkE:
fixes perm :: name prm
and P ::pi
and P’ :: pi

assumes Trans: (perm - P) =, (perm - P’

shows P —, P’
(proof)

lemma equtChainEq:
fixes P :: pi
and P’ : pi
and perm :: name prm

shows P =, P’ = (perm - P) =, (perm - P’)

(proof)

lemma freshChain:
fixes P : pi
and P': pi
and =z : name

assumes P —, P’
and zfP

shows 1z f P’

(proof)
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lemma matchChain:
fixes b :: name
and P : pi
and P’: pi

assumes P —, P’
and P # P’

shows [b—~b|P =, P’

{(proof)

lemma mismatchChain:
fixes a :: name
and b :: name
and P :: pi
and P': pi

assumes PChain: P =, P’
and ainegb: a # b
and  PineqP’: P # P’

shows [a#b]P =, P’

(proof)

lemma sumIChain|[rule-format):
fixes P :: pi
and P': pi
and @ :: pi

assumes P =, P’
and P # P’

shows P ® Q =, P’
(proof)

lemma sum2Chain[rule-format]:

fixes P :: pi
and @ : pi
and Q' : pi

assumes Q =, Q'

and  Q# Q'

shows P ® Q =, Q’
(proof)

lemma Pari1Chain:
fixes P :: pi
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and P’: pi
and @ :: pi

assumes P =, P’

shows P || Q =, P'| @
(proof)

lemma Par2Chain:

fixes P :: pi
and @ :: pi
and Q': pi

assumes Q =, Q'

shows P | Q =, P | Q'
(proof)

lemma chainPar:

fixes P : pi
and P': pi
and @ :: pi
and Q': pi

assumes P =, P’
and Q —r Q/

shows P || Q =, P'| Q'
(proof)

lemma ResChain:
fixes P : pi
and P’: pi
and a : name

assumes P =, P’

shows <va>P =—>, <va>P’
(proof)

lemma substChain:
fixes P :: pi
and 1z : name
and b : name
and P’: pi

assumes PTrans: P[z:=b] =, P’

shows P[z:=b] =, P'[z::=0]
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(proof)

lemma bangChain:
fixes P :: pi
and P': pi

assumes PTrans: P || |P =, P’
and  Plineq: P'# P || |P

shows |P —_ P’

(proof)

end

theory Weak-Late-Step-Semantics
imports Late- Tau-Chain
begin

definition inputTransition :: pi = name = pi = name = name = pi = bool (-
= - in -—-<-> < - [80, 80, 80, 80, 80] 80)

where P = u in P —a<ax> < P'=3P". P =, P"" A P"' ——a<z> < P"
A PVlxi=u] =, P’

definition transition :: (pi x Late-Semantics.residual) set where
transition = {x. 3P P' a« P P"". P =, PN P'+—a < P" AN P = P""
ANz =(P,a<P'")} U
{z. 3P P ay P"P". P =, P' AN (P'—(a<vy> < P")) A P
=, P"" ANz = (P, (a<vy> < P"""))}

abbreviation weakTransition-judge :: pi = Late-Semantics.residual = bool (-
= - [80, 80] 80)
where P =, Rs = (P, Rs) € transition

lemma weakNonInput|dest):
fixes P : pi
and a :: name
and =z : name
and P': pi

assumes P —>;a<z> < P’

shows Fulse

(proof)

lemma transitionl:
fixes P :: pi
and P : pi
and «a : freeRes

and P" :pi
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and P’ : pi

and a :: name
and z : name
and u : name

shows [P =, P""; P +—a < P"; P! =, P] = P =ja < P’

and [P =, P"; P +——a<vz> < P'; P! =, P| = P = ja<vz> <
Pl

and [P =, P"; P —a<a> < P"; P'|zu:=u] =, P| = P = u in
P'—a<xz> < P’

(proof)

lemma transitionk:
fixes P :: pi
and « :: freeRes
and P’ : pi
and P : pi
and a : name
and u :: name
and z :: name

shows P —=a < P'=— 3dP" P". P =, P"ANP"+—a < P" NP =,
P’ (is - = ?thesisl)

and [P = ja<vz> < P24 P] = 3IP"P". P=, P NP —a<vz>
< P'ANP'=, P’

and [P = uin P'"wa<z> < P| = 3P". P =, P AN P" —a<a> <
P" N P'[zi=u] =, P’

(proof)

lemma alphalnput:
fixes P :: pi
and u : name
and P : pi
and a :: name
and z : name
and P’ :pi
and y : name

assumes PTrans: P = u in P""—a<z> < P’
and yFreshP: y § P

shows P =ju in ([(z, y)] -+ P")—a<y> < P’

(proof)

lemma tauActionChain:
fixes P :: pi
and P': pi

shows P —7 < P/ =— P —, P’
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and P# P — P —, P'— P =7 < P’

(proof)
lemma single ActionChain:
fixes P :: pi
and a :: name
and =z : name
and « : freeRes
and wu : name

shows P —a<vz> < P' = P = a<vz> < P’
and [P —a<z> < P'] = P = uin P'—=a<z> < P'lzu=u]
and Pr—a < P = P =—a < P’

(proof)

lemma Tau:
fixes P :: pi

shows 7.(P) =; 7 < P
(proof)

lemma Input:
fixes a :: name
and z : name
and u :: name
and P :: pi

shows a<z>.P = ju in P—a<z> < Plz:=u]
(proof)

lemma Output:
fixes a :: name
and b :: name
and P : pi

shows a{b}.P =>a[b] < P
(proof)

lemma Match:
fixes P : pi
and Rs :: residual
and a :: name
and wu : name
and b : name
and <z : name
and P’: pi

shows P = Rs = [a—~a]P = Rs
and P = uin P"—b<z> < P' = [a—~a]P = ju in P""—b<z> < P’
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(proof)

lemma Mismatch:

fixes P :: pi

and Rs : residual
and a : name
and c¢ : name
and wu : name
and b : name
and =z :: name
and P': pi

shows [P = Rs; a # ¢] = [a#c]P = Rs

and [P = uin P'"=b<z> < P'; a # ] = [a#c]P = u in P'"—b<a> <
Pl
(proof)

lemma Open:
fixes P : pi
and a : name
and b :: name
and P': pi

assumes Trans: P =>ja[b] < P’
and alnEqb: a # b

shows <vb>P =—a<vb> < P’
(proof)

lemma SumI:

fixes P :: pi

and Rs :: residual
and @ :: pi

and u :: name
and P : pi

and a : name
and =z : name
and P’ : pi

shows P =, Rs = P & Q) = Rs
and P = uin P'"—a<z> < P'=— P ® Q = u in P'"—a<z> < P’

(proof)

lemma Sum2:

fixes ) :: pi

and Rs :: residual
and P :pi

and wu : name
and Q" : pi
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and a : name
and =z :: name
and Q’: pi

shows ) =—; Rs — P ® Q) —; Rs
and Q = uin Q"—a<z> < Q' = P & Q = juin Q"—a<z> < Q'
(proof)

lemma ParlB:
fixes P :: pi
and a : name
and <z :: name

and P’: pi
and u :: name
and P : pi

shows [P = ja<vz> < Pz Q] = P || Q = ja<vz> < (P'|| Q)
and [P = uin P"—a<z> < P2t Q)= P || Q= uin (P"]| Q)—a<z>
<P Q

(proof)

lemma PariF:
fixes P :: pi
and « : freeRes
and P': pi

assumes PTrans: P = ;a0 < P’

shows P || Q =1 < (P’ || Q)

(proof)

lemma Par2B:
fixes Q) :: pi
and a : name
and <z : name
and Q': pi
and P :: pi
and wu : name
and Q" : pi

shows Q = ja<vz> < Q' = 2§ P = P || Q = a<vz> < (P | Q)

and Q =uin Q"—a<z> < Q' =z P = P || Q = uin (P |
Q")—=a<z> < P | Q'
(proof )

lemma Par2F:
fixes @ :: pi
and « : freeRes
and Q': pi
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assumes QTrans: Q = o < Q'

shows P | Q = < (P | Q)
(proof)

lemma Commi1:
fixes P : pi
and b : name
and P : pi
and a : name
and <z :: name

and P’: pi
and @ :: pi
and Q': pi

assumes PTrans: P =>;b in P" —a<z> < P’
and QTrans: Q =>alb] < Q'

shows P | Q =7 < P'|| Q’
(proof)

lemma Comm2:
fixes P : pi
and a : name
and b :: name

and P’: pi
and @ :: pi
and =z : name
and Q' : pi
and Q': pi

assumes PTrans: P =>a[b] < P’
and QTrans: Q@ =>1b in Q"—a<a> < Q'

shows P | Q =7 < P'|| Q’
(proof)

lemma Closel:
fixes P : pi
and vy :: name
and P : pi
and a : name
and <z :: name

and P’: pi
and @ :: pi
and Q': pi

assumes PTrans: P =y in P""—a<xz> < P’
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and  QTrans: Q = ja<vy> < Q'
and yFreshP: y § P
and yFresh@: y £ Q

shows P | Q =7 < <vy>(P'| Q)

(proof)

lemma Close2:
fixes P :: pi
and y :: name
and a :: name

and =z : name
and P’: pi
and @ :: pi
and Q' : pi
and Q': pi

assumes PTrans: P = ja<vy> < P’

and  QTrans: Q =y in Q"—a<z> < Q'
and yFreshP: y § P

and yFresh@: y ¢ Q

shows P || Q =7 < <vy>(P'| Q)

(proof)

lemma ResF":
fixes P : pi
and « : freeRes
and P’: pi

and <z :: name

assumes PTrans: P = ;a0 < P’
and  zFreshAlpha: z f «

shows <vz>P — o0 < <vz>P’'

(proof)

lemma ResB:
fixes P :: pi
and a : name
and <z : name
and P': pi

and y :: name
and wu : name
and P : pi

shows [P =ja<vz> < P; y # a; y # x; ¢ § P] = <vy>P = ja<vz> <

(<vy>P’)
and [P =y juin P"—a<z> < Py +# a;y # z; y # u] = <vy>P = juin
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(<vy>P")—a<z> < (<vy>P’)
(proof )

lemma Bang:
fixes P :: pi
and Rs :: residual
and wu : name
and P : pi
and a : name
and =z :: name
and P': pi

shows P || |P = Rs = |P = Rs
and P ||!P =y uin P'"—a<z> < P' = |P = ju in P""—a<z> < P’

(proof )

lemma tauTransitionChain:
fixes P :: pi
and P’: pi

assumes P =7 < P’

shows P —, P’

(proof)
lemma chain TransitionAppend:

fixes P :: pi

and P’ :pi

and Rs :: residual

and a :: name

and <z :: name

and P : pi

and u :: name

and P : pi

and « : freeRes

shows P —, P/ =— P’ =, Rs = P —>; Rs

and P—, P'"—=— P"=—juin P"""—wa<x> < P'=— P = juin P"""—a<z>
< P’

and P —ja<vr> < P"=— P"=—, P'=— 24 P = P =—ja<vz> < P’

and P =—uin P""—wa<z> < P""=— P'""'=—, P'=— P =—uin P"""—a<z>
< P’

and P — o< P'— P'—, P — P = < P’

(proof)

lemma freshInputTransition:
fixes P :: pi
and a :: name
and =z :: name
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and wu : name
and P : pi
and P': pi
and c¢ : name

assumes PTrans: P = ju in P""—a<xz> < P’
and cFreshP: ¢ § P
and cinequ: ¢ # u

shows ¢ ff P’

(proof)

lemma freshBoundQutput Transition:
fixes P :: pi
and a :: name
and =z : name
and P’: pi
and c¢ : name

assumes PTrans: P =>ja<vz> < P’
and cFreshP: ¢ § P

and cineqr: ¢ £ x
shows c f P’
(proof)

lemma freshTauTransition:
fixes P :: pi
and ¢ :: name

assumes PTrans: P =7 < P’
and cFreshP: c § P

shows c ff P’

(proof)

lemma freshOutputTransition:
fixes P :: pi
and a :: name
and b : name
and P': pi
and c¢ : name

assumes PTrans: P =>a[b] < P’
and cFreshP: ¢ § P

shows ¢ ff P’

(proof)
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lemma equtl:

fixes P :: pi

and Rs :: residual
and perm :: mame prm
and u : name

and P : pi

and a : name

and z :: name
and P’ : pi

shows P =>; Rs = (perm - P) = (perm - Rs)

and P = uin P"—a<z> < P’ = (perm - P) =>(perm - u) in (perm -
P"Y—(perm - a)<(perm - z)> < (perm + P')
(proof)

lemmas freshTransition = freshBoundQutput Transition freshOutputTransition
freshInput Transition freshTauTransition

end

theory Weak-Late-Semantics
imports Weak-Late-Step-Semantics
begin

definition weakTransition :: (pi x residual) set
where weakTransition = Weak-Late-Step-Semantics.transition U {z. 3P. © =
(P, 7 < P)}

abbreviation weakLate Transition-judge :: pi = residual = bool (- =, - [80, 80]
80)
where P =, Rs = (P, Rs) € weakTransition

lemma transitionl:

fixes P : pi
and Rs :: residual
and P': pi

shows P = Rs = P =, Rs
and P=;7<P

(proof)

lemma transitionCases[consumes 1, case-names Step Stay):
fixes P :: pi
and Rs :: residual
and P’: pi

assumes P =—>; Rs
and P =—; Rs = F Rs
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and Rs=7<P=F(1<P)

shows F' Rs
(proof )
lemma singleActionChain:
fixes P :: pi
and « : freeRes
and P’: pi

assumes P —a < P’

shows P =, (a < P’)
(proof )

lemma Tau:
fixes P :: pi

shows 7.(P) =, 7 < P
(proof)

lemma Output:
fixes a :: name
and b :: name
and P :: pi

shows a{b}.P = a[b] < P
(proof)

lemma Match:
fixes a :: name

and P :: pi
and b :: name
and z :: name
and P': pi
and « :: freeRes

shows P =, b<vz> < P' = [a—~a]P = b<vz> < P’
and P =, a <P = P+# P = [a~a]P =, a < P’
(proof)

lemma Mismatch:
fixes a :: name

and ¢ : name
and P : pi
and b : name
and <z : name
and P': pi
and o« :: freeRes
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shows [P =, b<vz> < P’; a # c] = [a#c]P = b<vz> < P’
and P=, a <P = P+#P = a+# c= [a£c]P =, a < P’

(proof)

lemma Open:
fixes P :: pi
and a : name
and b : name
and P': pi

assumes Trans: P =>; a[b] < P’
and alnEqb: a # b

shows <vb>P =, a<vb> < P’

(proof)

lemma ParlB:
fixes P : pi
and a : name
and =z :: name
and P': pi

assumes PTrans: P =>; a<vz> < P’
and zFresh@: z § Q

shows P || Q = a<vz> < (P'| Q)

(proof)
lemma ParlF:
fixes P :: pi
and « : freeRes
and P’: pi

assumes PTrans: P =>; a < P’

shows P || Q = a < (P'| Q)
(proof)

lemma Par2B:
fixes Q :: pi
and a :: name
and 1z : name
and Q': pi

assumes QTrans: Q = a<vz> < Q'
and xFreshP: z § P

shows P || Q =, a<vz> < (P || Q)
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(proof)

lemma Par2F"

fixes @ :: pi
and « :: freeRes
and Q': pi

assumes QTrans: Q = a < Q'

shows P | Q =, a < (P || Q")
(proof)

lemma Comml:
fixes P :: pi
and a : name
and b :: name

and P : pi
and P’: pi
and @ :: pi
and Q': pi

assumes PTrans: P =;b in P""—a<z> < P’
and QTrans: Q =>; a[b] < Q'

shows P || Q =, 7 < P'| Q'
(proof)

lemma Comm2:
fixes P :: pi
and a : name
and b : name

and Q" : pi
and P’: pi
and @ :: pi
and Q': pi

assumes PTrans: P = a[b] < P’
and QTrans: Q@ =1b in Q"—a<z> < Q'

shows P || Q =, 7 < P'| Q'

(proof)

lemma Closel:
fixes P :: pi
and vy :: name
and P : pi

and a : name
and =z :: name
and P’: pi
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and @ :: pi
and Q’: pi

assumes PTrans: P =y in P'"—a<z> < P’
and QTrans: Q = a<vy> < Q'

and xFreshP: y § P

and xFresh@: y £ Q

shows P || Q =, 7 < <vy>(P'| Q")
{(proof)

lemma Close2:

fixes P : pi
and a :: name
and =z : name
and P': pi
and @ :: pi
and vy :: name
and Q' : pi
and Q': pi

assumes PTrans: P =>; a<vy> < P’

and QTrans: Q =1y in Q""—a<z> < Q'
and zFreshP: y § P

and zFresh@: y £ Q

shows P || Q = 7 < <vy>(P'| Q)
{(proof)

lemma ResF':

fixes P :: pi
and « : freeRes
and P’: pi

and =z :: name

assumes PTrans: P =>; a < P’
and zFreshAlpha: = § «

shows <vz>P =, a < <vz>P’
(proof)

lemma ResB:
fixes P : pi
and a : name
and <z : name
and P’: pi
and y : name

assumes PTrans: P =>; a<vz> < P’
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and yineqa: y # a
and yineqr: y # x
and zFreshP: ¢ § P

shows <vy>P =, a<vz> < (<vy>P’)
(proof)
lemma Bang:

fixes P :: pi

and Rs :: residual

assumes P | |P =, Rs
and Rs#7<P|!P

shows |P —;" Rs

(proof)

lemma tauTransitionChain:
fixes P : pi
and P’: pi

assumes P =>; 7 < P’

shows P —>, P’

(proof)
lemma chainTransitionAppend:
fixes P :: pi
and P’ : pi
and Rs :: residual
and a : name
and =z : name
and P : pi
and « : freeRes

shows P =, P/ =— P' =, Rs = P =—>; Rs

and P = a<vz> < P'— P'=—, P'=—= 24 P — P = a<vz> <
P/

and P—, a<P'=— P'—, P = P =, a< P’

(proof)
lemma weakEqWeak TransitionAppend:
fixes P :: pi
and P’ :pi
and « :: freeRes
and P : pi

assumes PTrans: P =7 < P’
and P'Trans: P! = o < P
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shows P = ;o0 < P"

(proof)

lemma freshBoundQOutputTransition:
fixes P : pi
and a :: name
and =z : name
and P’: pi
and c¢ : name

assumes PTrans: P = a<vz> < P’
and cFreshP: ¢ § P
and cineqr: ¢ # x

shows ¢ f P’

(proof)

lemma freshTauTransition:
fixes P :: pi
and ¢ :: name

assumes PTrans: P =>; 7 < P’
and cFreshP: ¢ 4 P

shows ¢ ff P’

(proof)

lemma freshOutput Transition:
fixes P :: pi
and a : name
and b :: name
and P’: pi
and c¢ : name

assumes PTrans: P =>; a[b] < P’
and cFreshP: ¢ § P

shows ¢ f P’
(proof )

lemma equtl:
fixes P :: pi
and Rs :: residual
and perm :: name prm

assumes P —; Rs

shows (perm - P) =, (perm - Rs)
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(proof)

lemma freshinputTransition:
fixes P :: pi
and a : name
and b : name
and P’: pi
and c¢ : name

assumes PTrans: P =>;, a<b> < P’
and cFreshP: ¢ § P
and cineqb: ¢ # b

shows c f P’

(proof)

lemmas fresh Transition = freshBoundOutputTransition freshOutput Transition
freshInputTransition freshTauTransition

end

theory Weak-Late-Sim
imports Weak-Late-Semantics Strong-Late-Sim
begin

definition weakSimAct :: pi = residual = ('a::fs-name) = (pi X pi) set = bool
where
weakSimAct P Rs C Rel = (V Q' a z. Rs = a<vz> < Q' — z 4 C — (3P’

P = a<vz> < P' A (P', Q') € Rel)) A

V@' az. Rs=a<z>~< Q' — 24 C — (IP".Vu. IP. P
= u in P"—a<z> < P' A (P, Q[z::=u]) € Rel)) A

VQ a.Rs=a < Q' — 3P. P=,a <P AP, Q¢
Rel))

definition weakSimAuz :: pi = (pi X pi) set = pi = bool where
weakSimAuz P Rel Q = V Q' a z. (Q — a<vz> < Q'ANzf P)— (3P'.P
= a<vz> < P' A (P', Q') € Rel)) A
VQ azx (Q— a<az> < Q Nz fP)— (IP". Vu. IP.
P = ju in P"—a<z> < P' A (P, Q'[z::=u]) € Rel)) A
VQ a.Qr—a=<Q — 3P.P= a=<P AN(P,Q)
€ Rel))

definition weakSimulation :: pi = (pi x pi) set = pi = bool (- ~ <-> - [80,
80, 80] 80) where
P ~ <Rel> Q = (VRs. Q — Rs — weakSimAct P Rs P Rel)

lemmas simDef = weakSimAct-def weakSimulation-def

lemma weakSimAuz P Rel @ = weakSimulation P Rel @
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(proof)

lemma monotonic:
fixes A :: (pi x pi) set
and B :: (pi x pi) set
and P :: pi
and P’: pi

assumes P ~ <A> P’
and ACB

shows P ~ <B> P’

(proof)
lemma simCasesCont|[consumes 1, case-names Bound Input Free]:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes Fqut: equt Rel

and  Bound: NQ'az. [zt C; Q —ra<vr> < Q'] = I P". P =, a<vz>
< P'A (P, Q) € Rel

and Input: ANQ' az. [z § C; Q —ra<z> < Q] = IP".Vu. IP". P =u
in P'"—sa<z> < P' A (P’, Q'[z::=u]) € Rel

and Free: NQ'a. Q+— a < Q' = (3P.P=, a<P' A (P, Q)¢
Rel)

shows P ~» <Rel> Q

(proof )
lemma simCases[case-names Bound Input Free]:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes Bound: \Q' a z. [Q —ra<vz> < Qs x4 P] = IP'. P = a<vz>
< P'A (P, Q) € Rel

and Input: ANQ' az. [Q —a<z> < Qs 24 Pl = IP".Vu. IP". P =u
in P'"—sa<z> < P' A (P’, Q'[z::=u]) € Rel

and Free: NQ'a. Q— a < Q' = (3P.P=, a<P' A (P, Q)¢
Rel)

shows P ~» <Rel> Q
(proof )

lemma simActBoundCases[consumes 1, case-names Input BoundOutput):
fixes P :: pi
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and a :: subject

and z : name
and Q' :: pi
and C : 'a:fs-name

and Rel :: (pi x pi) set

assumes FEqutRel: equt Rel

and  Derlnput: \b. a = InputS b = (3P".Vu. IP". (P = uin P'"=b<z>
< P A (P, Qz:=u)) € Rel)

and  DerBoundOutput: \b. a = BoundOutputS b = (3 P'. (P = b<vz>
< P A (P, Q') € Rel)

shows weakSimAct P (a«x» < Q') P Rel

(proof)

lemma simActFreeCases[consumes 0, case-names Der]:
fixes P :: pi
and « : freeRes
and Q' :: pi

and Rel :: (pi x pi) set
assumes 3P (P =, a < P') A (P’, Q') € Rel

shows weakSimAct P (o < Q") P Rel

(proof)
lemma simkFE:

fixes P :: pi

and Rel :: (pi x pi) set

and @ :: pi

and a : name

and =z : name

and u :: name

and Q' :: pi

assumes P ~ <Rel> Q

shows Q —a<vz> < Q' = 14§ P = 3P’ P =, a<vz> < P' A (P', Q')
€ Rel

and Qr—a<z> < Q' = z 4§ P = IP". VYu. IP. P = uin P'—a<z>
< P'A(P’, Q'[z::=u]) € Rel

and Q+—a < Q' = (3P. P = a<P' A (P, Q") € Rel)
(proof)

lemma weakSimTauwChain:

fixes P :: pi
and Rel :: (pi x pi) set
and @ :: pi
and Q' : pi
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assumes QChain: Q =, Q'
and  PRelQ: (P, Q) € Rel
and Sim: AP Q. (P, Q) € Rel = P ~ <Rel> Q

shows 3P’. P =, P' A (P’, Q') € Rel

(proof)
lemma simFE2:

fixes P :: pi

and Rel :: (pi x pi) set

and @ ::pi

and a : name

and z :: name

and Q' : pi

assumes PSimQ: P ~ <Rel> Q

and  Sim: AP Q. (P, Q) € Rel => P ~ <Rel> Q
and Equt: equt Rel

and  PRelQ: (P, Q) € Rel

shows Q =, a<vr> < Q' = 2z P = 3P'. P = a<vz> < P' A (P/,
Q") € Rel

and Q =, a<Q = 3IP. P=,a <P A (P, Q") € Rel
(proof)

lemma equtl:
fixes P : pi
and @ :pi
and Rel :: (pi x pi) set
and perm :: name prm

assumes Sim: P ~~ <Rel> Q
and RelRel”: Rel C Rel’
and  EqutRel” equt Rel’

shows (perm « P) ~ <Rel"> (perm - Q)

(proof)

lemma refiezive:
fixes P :: pi
and Rel :: (pi x pi) set

assumes Id C Rel

shows P ~» <Rel> P

(proof)
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lemma transitive:

fixes P ol
and @ :pi
and R =i
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set
and Rel” :: (pi x pi) set

assumes QSimR: Q ~ <Rel’> R

and Equt:  equt Rel

and Equt’”: equt Rel”

and Trans: Rel O Rel’ C Rel”

and Sim: AP Q. (P, Q) € Rel = P ~ <Rel> Q
and PRel@: (P, Q) € Rel

shows P ~» <Rel”> R

(proof)

lemma strongSim WeakSim:
fixes P :: pi
and @ :: pi

and Rel :: (pi x pi) set
assumes PSim@Q: P ~[Rel] Q

shows P ~» <Rel> Q
(proof)

lemma strongAppend:
fixes P )
and @ i opt
and R ot
and Rel :: (pi x pi) set
and Rel’ :: (pi X pi) set
and Rel” :: (pi x pi) set
assumes PSimQ: P ~ <Rel> Q
and  QSimR: Q ~[Rell R

and  Equt’": equt Rel”
and Trans: Rel O Rel’ C Rel’

shows P ~ <Rel”> R
(proof )

end

theory Weak-Late-Bisim
imports Weak-Late-Sim Strong-Late-Bisim
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begin

lemma monoAuz: A C B= P ~» <A> @ — P ~» <B> @

(proof)

coinductive-set weakBisim :: (pi x pi) set
where

step: [P ~ <weakBisim> @Q; (Q, P) € weakBisim] = (P, Q) € weakBisim
monos monoAuz

abbreviation
weakBisimJudge (infixr =~ 65) where P ~ @ = (P, Q) € weakBisim

lemma weakBisimCoinductAuz|case-names weakBisim, case-conclusion weakBisim
step, consumes 1]:

assumes p: (P, Q) € X

and step: AP Q. (P, Q) € X = P ~» <(X U weakBisim)> Q A ((Q, P) € X
V @~ P)

shows P ~ @)

(proof)

lemma weakBisimCoinduct[consumes 1, case-names cSim cSym]:
fixes P :: pi
and Q : pi

assumes (P, Q) € X

and AP Q. (P, Q) € X = P~ <(X U weakBisim)> Q
and APQ. (P,Q)eX = (Q,P)eX
shows P ~ ()

(proof)

lemma weak-coinduct|case-names weakBisim, case-conclusion weakBisim step, con-
sumes 1]:

assumes p: (P, Q) € X

and step: AP Q. (P, Q)€ X = P~ <X> QA (Q,P)e X

shows P ~ ()
(proof)

lemma weakBisim WeakCoinduct[consumes 1, case-names cSim cSym]:
fixes P :: pi
and @ :: pi

assumes (P, Q) € X

and AP Q. (P,Q)e X = P~ <X> Q
and APQ. (P,Q) eX = (Q,P)eX
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shows P ~ ()

(proof) .
lemma monotonic: mono(Ap 1 2. 3P Q. z1 = P AN z2 = Q A P ~ <{(za, ).

praz}> QA Q~ <{(za, 7). p za z}> P)
(proof)

lemma unfoldE:
fixes P :: pi
and Q : pi

assumes P ~ @)

shows P ~ <weakBisim> Q
and Q=P
{proof)

lemma unfoldl:
fixes P :: pi
and Q : pi

assumes P ~ <weakBisim> Q
and Q~P

shows P ~ ()
(proof)

lemma equt:
shows equt weakBisim

(proof)

lemma equtl:
fixes P :: pi
and @ : pi
and perm :: name prm

assumes P ~ @)

shows (perm - P) = (perm - Q)
{(proof)

lemma weakBisimEqut[simp]:
shows equt weakBisim

(proof)

lemma strongBisim WeakBisim:
fixes P :: pi
and Q : pi

assumes PSim@: P ~ @
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shows P ~ ()
(proof)

lemma refiezive:
fixes P :: pi

shows P ~ P
(proof)

lemma symmetric:
fixes P :: pi
and Q : pi

assumes P ~ @)

shows ) ~ P
(proof)

lemma transitive:
fixes P :: pi
and Q@ : pi
and R : pi

assumes PBiSimQ: P ~ @
and @QBiSTmR: Q =~ R

shows P ~ R
(proof)

lemma transitive-coinduct-weak|case-names WeakBisimEarly, case-conclusion Weak-
BisimFEarly step, consumes 2]:

assumes p: (P, Q) € X

and Fqut: equt X

and step: AP Q. (P, Q) € X = P ~ <(bisim O X O bisim)> Q A (Q, P) €
X

shows P ~ ()
(proof)

lemma weakBisim Transitive Coinduct[case-names ¢Sim cSym, consumes 2]:
assumes p: (P, Q) € X
and FEqut: equt X
and rSim: AP Q. (P, Q) € X = P ~~» <(bisim O X O bisim)> Q
and rSym: AP Q. (P, Q) € X = (@, P) e X

shows P ~ @)
(proof)

73



end

theory Weak-Late-Step-Sim
imports Weak-Late-Step-Semantics Weak-Late-Sim Strong-Late-Sim
begin

definition weakStepSimAct :: pi = residual = (‘a::fs-name) = (pi x pi) set =
bool where
weakStepSimAct P Rs C Rel = (V Q' a x. Rs = a<vz> < Q' — 2z 4 C —

(3P'. P =ja<vz> < P’ A (P’, Q') € Rel)) A

VQ az. Rs=a<z><Q — 2zt C — (3P Vu. 3P
P = uin P"—a<z> < P' A (P', Q'z:=u]) € Rel)) A

VQ a.Rs=a<Q — (3P . P=a<P' N (P, Q)€
Rel))

definition weakStepSimAuz :: pi = (pi X pi) set = pi = bool where
weakStepSimAuz P Rel Q = (V Q' a z. (Q —a<vz> < Q'ANz § P)— (3P'.
P =sja<vz> < P' A (P', Q') € Rel)) A
VQ azx (Qr—a<z><Q" Nz fP)— (IP".Vu IP.
P =u in P"—a<z> < P' A (P’ Q'|z::=u]) € Rel)) A
VQ a. Q—a < Q — (IP. P =ja < P' A (P, Q)
€ Rel))

definition weakStepSim :: pi = (pi X pi) set = pi = bool (- ~<-> - [80, 80,
80] 80) where
P ~~<Rel> @ = (VRs. Q — Rs — weakStepSimAct P Rs P Rel)

lemmas weakStepSimDef = weakStepSimAct-def weakStepSim-def
lemma weakStepSimAuz P Rel Q) = weakStepSim P Rel @

{(proof)

lemma monotonic:
fixes A :: (pi x pi) set
and B :: (pi x pi) set
and P : pi
and P': pi

assumes P ~~»<A> P’
and ACB

shows P ~»<B> P’

(proof)
lemma simCasesCont[consumes 1, case-names Bound Input Free:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and C : 'a:fs-name
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assumes FEqut: equt Rel

and Bound: NQ' a z. [z £ C; Q —ra<vz> < Q] = I P'. P = a<vz>
< P'A (P, Q') € Rel

and Input: AQ' az. [z § C; Q —ra<z> < Q] = IP".Vu. IP. P =u
in P"—a<z> < P' A (P', Q'lz::=u]) € Rel

and Free: NQ'a. Q— a < Q' = (IP. P =, a < P'N (P, Q') € Rel)

shows P ~»<Rel> @

(proof)
lemma simCases[consumes 0, case-names Bound Input Free]:
fixes P : pi
and @ :: pi
and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes Bound: AQ' a z. [Q —ra<vz> < Q'; z § P] = 3P’ P = ja<vz>
< P'A (P, Q) € Rel

and Input: ANQ' az. [Q —a<z> < Q52§ Pl = IP". Vu. IP". P =u
in P'"—a<x> < P’ A (P’, Q'lz::=u]) € Rel

and Free: NQ' . Q— a < Q' = (3P P=,a < P'A (P, Q) € Rel)

shows P ~»<Rel> @

(proof)
lemma simActBoundCases[consumes 1, case-names Input BoundOutput):
fixes P :: pi
and a :: subject
and =z : name
and Q' :: pi
and C : 'a:fs-name

and Rel :: (pi x pi) set

assumes FEqutRel: equt Rel

and  Derlnput: Ab. a = InputS b = (3P".Vu.IP". (P =~ uin P'"—b<z>
< P) A (P!, Q'[z::=u]) € Rel)

and DerBoundOutput: \b. a = BoundOutputS b = (I P'. (P = jb<vz>
< P) A (P, Q') € Rel)

shows weakStepSimAct P (a«z» < Q') P Rel

(proof)

lemma simActFreeCases[consumes 0, case-names Free]:
fixes P : pi
and « :: freeRes
and C : 'a:fs-name

and Rel :: (pi x pi) set
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assumes Der: 3P’ (P =y < P’) A (P', Q') € Rel

shows weakStepSimAct P (o < Q') P Rel

{proof)
lemma simkFE:
fixes P : pi
and Rel :: (pi x pi) set
and @ :: pi
and a :: name
and =z : name
and u :: name
and Q' :: pi

assumes P ~»<Rel> ()

shows Q —a<ve> < Q' =z P = 3IP’". P =ja<vz> < P' A (P, Q)

€ Rel

and Qr—a<z> < Q' = z 4§ P = IP". Vu. IP. P = uin P'—a<z>

< P'A (P, Q'[z::=u]) € Rel
and Qr—a < Q' = (IP. P=a<P' A (P, Q) € Rel)
(proof)

lemma weakSimTauChain:

fixes P :: pi
and Rel :: (pi x pi) set
and @ :: pi
and Q' :: pi

assumes QChain: Q =, Q'
and PRel@: (P, Q) € Rel
and  Sim: AP Q. (P, Q) € Rel = P ~~»<Rel> Q

shows 3P’. P =, P' A (P’, Q') € Rel

(proof)

lemma strongSim WeakEqSim:
fixes P :: pi
and @ :: pi

and Rel :: (pi x pi) set
assumes PSim@Q: P ~[Rel] Q

shows P ~~»<Rel> @)

(proof)
lemma weakSim WeakEqSim:
fixes P :: pi
and @ ::pi
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and Rel :: (pi x pi) set
assumes P ~~<Rel> @

shows P ~ <Rel> Q

(proof)

lemma equtl:
fixes P :: pi
and @ :pi

and Rel :: (pi x pi) set
and perm :: name prm

assumes Sim: P ~<Rel> @
and  RelRel”: Rel C Rel’
and  FEqutRel’: equt Rel’

shows (perm - P) ~»<Rel"> (perm - Q)

(proof)
lemma simE2:

fixes P :: pi

and Rel :: (pi x pi) set

and @ :: pi

and a : name

and =z : name

and Q' : pi

assumes PSim@Q: P ~~<Rel> @

and  Sim: AP Q. (P, Q) € Rel = P ~» <Rel> Q
and FEqut: equt Rel

and  PRel@: (P, Q) € Rel

shows Q = ja<vz> < Q' = z 4 P = I P". P =ja<vz> < P' A (P, Q")
€ Rel

and @ =a < Q' = 3P P=1a <P AN (P, Q) € Rel
(proof)

lemma refiezive:
fixes P :: pi
and Rel :: (pi X pi) set

assumes Id C Rel

shows P ~»<Rel> P

(proof)
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lemma transitive:
fixes P i

and @ ot
and R ot
and Rel : (pi x pi) set
and Rel’ :: (pi x pi) set

and Rel” :: (pi x pi) set

assumes PSim(Q): P ~~<Rel> @Q

and QSimR: @ ~<Rel’> R

and Equt:  equt Rel

and Equt’”: equt Rel”

and Trans: Rel O Rel’ C Rel”

and Sim: AP Q. (P, Q) € Rel = P ~ <Rel> Q
and PRel@: (P, Q) € Rel

shows P ~<Rel””> R
(proof )

end

theory Weak-Late-Cong
imports Weak-Late-Bisim Weak-Late-Step-Sim Strong-Late-Bisim
begin

definition congruence :: (pi x pi) set where

congruence = {(P, Q) |P Q. P ~<weakBisim> Q N Q ~~<weakBisim> P}
abbreviation congruenceJudge (infixr ~ 65) where P ~ Q = (P, Q) € congru-
ence

lemma unfoldE:
fixes P :: pi
and @ : pi
and s :: (name x name) list

assumes P ~ ()

shows P ~»<weakBisim> @
and @ ~»<weakBisim> P

(proof)

lemma unfoldl:
fixes P :: pi
and @ :: pi

assumes P ~»<weakBisim> (@
and Q ~~<weakBisim> P

shows P ~ ()
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(proof)

lemma equt:
shows equt congruence

(proof)

lemma equtl:
fixes P :: pi
and Q@ : pi
and perm :: mame prm

assumes P ~ @)

shows (perm « P) =~ (perm - Q)
(proof )

lemma strongBisim WeakEq:
fixes P :: pi
and @ : pi

assumes P ~ (@

shows P ~ @)
(proof)

lemma congruence WeakBisim:
fixes P :: pi
and Q : pi

assumes P ~ @)

shows P ~ ()
(proof)

lemma congruenceSubset WeakBisim:
shows congruence C weakBisim

(proof)

lemma refiexive:
fixes P :: pi

shows P ~ P
(proof)

lemma symetric:
fixes P :: pi
and Q@ : pi
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assumes P ~ (@

shows @ ~ P
(proof )

lemma transitive:
fixes P :: pi
and Q : pi
and R : pi

assumes P ~ (@
and Q~R

shows P ~ R
(proof)

end

theory Weak-Late-Bisim-Subst
imports Weak-Late-Bisim Strong-Late-Bisim-Subst
begin

consts weakBisimSubst :: (pi x pi) set
abbreviation

weakBisimSubstJudge (infixr ~* 65) where P =* Q = (P, Q) € (substClosed
weakBisim)

lemma congBisim:
fixes P :: pi
and Q : pi

assumes P ~° @)

shows P ~ ()
(proof)

lemma strongBisim WeakBisim:
fixes P :: pi
and @ : pi

assumes P ~*° @

shows P ~° ()
(proof)

lemma equt:
shows equt (substClosed weakBisim)

(proof)
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lemma equtl:
fixes P :: pi
and Q : pi
and perm :: name prm

assumes P ~° @)

shows (perm - P) ~*° (perm -

(proof)

lemma refiezive:
fixes P :: pi

shows P =% P
(proof)

lemma symetric:
fixes P :: pi
and Q : pi

assumes P =% ()

shows Q) ~° P
(proof)

lemma transitive:
fixes P :: pi
and @ :: pi
and R : pi

assumes P ~° ()
and Q~°R

shows P ~° R
(proof)

lemma partUnfold:
fixes P :: pi
and Q : pi

and s : (name x name) list

assumes P ~° @)

shows P[<s>] ~° Q[<s>]
(proof)

end



theory Weak-Late-Cong-Subst
imports Weak-Late-Cong Weak-Late-Bisim-Subst Strong-Late-Bisim-Subst
begin

definition congruenceSubst :: pi = pi= bool (infixr ~* 5) where
P~ Q = (P, Q) € (substClosed congruence)

lemmas congruenceSubstDef = congruenceSubst-def congruence-def substClosed-def

lemma unfoldE:
fixes P :: pi
and Q@ :: pi
and s :: (name x name) list

assumes P ~% ()

shows P[<s>] ~»<weakBisim> Q[<s>]
and Q[<s>] ~<weakBisim> P[<s>]
(proof)

lemma unfoldl:
fixes P :: pi
and Q@ : pi

assumes V s. P[<s>] ~»<weakBisim> Q[<s>] A Q[<s>] ~»<weakBisim> P[<s>]

shows P ~*° ()
(proof)

lemma weakFEqSubset:
shows substClosed congruence C weakBisim

(proof)

lemma weakCongWeakEq:
fixes P :: pi
and Q@ :: pi

assumes P ~° ()

shows P ~ ()
(proof)

lemma equt:
shows equt (substClosed congruence)

(proof)

lemma equtl:
fixes P :: pi
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and Q@ : pi
and perm :: name prm

assumes P ~*° @)

shows (perm - P) ~*° (perm -

(proof)

lemma strongFEqWeakCong:
fixes P :: pi
and Q@ :: pi

assumes P ~% @)

shows P ~*° @
(proof)

lemma congSubstBisimSubst:
fixes P :: pi
and @ : pi

assumes P ~° (@)

shows P ~° @
(proof)

lemma reflexive:
fixes P :: pi

shows P ~* P
(proof)

lemma symetric:
fixes P :: pi
and Q@ : pi

assumes P ~° @)

shows @ ~° P
(proof)

lemma transitive:
fixes P :: pi
and Q : pi
and R : pi

assumes P ~° @)
and Q~R

Q)
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shows P ~°* R
(proof)

lemma partUnfold:
fixes P :: pi
and Q@ : pi
and s :: (name x name) list

assumes P ~° ()

shows P[<s>] ~* Q[<s>]
(proof)

end

theory Strong-Late-Sim-SC
imports Strong-Late-Sim
begin

lemma nilSim[dest]:
fixes a :: name
and b :: name
and z :: name
and P :: pi
and @ :: pi

shows 0 ~~[Rel] 7.(P) = False
and 0 ~»[Rel] a<z>.P = Fulse
and 0 ~»[Rel] a{b}.P = False

(proof)

lemma nilSimRight:
fixes P :: pi
and Rel :: (pi x pi) set

shows P ~~[Rel] 0
(proof)

lemma matchldLeft:
fixes a :: name
and P :pi
and Rel :: (pi x pi) set

assumes Id C Rel
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shows [a—~a]P ~~[Rel] P
(proof)

lemma matchldRight:
fixes P :: pi
and a :: name
and Rel :: (pi x pi) set

assumes IdRel: Id C Rel

shows P ~~[Rel] [a—~a]P
(proof)

lemma matchNilLeft:
fixes a :: name
and b :: name
and P : pi

assumes g # b

shows 0 ~~[Rel] [a—~b]P
(proof)

lemma mismatchldLeft:

fixes a :: name
and b :: name
and P :pi

and Rel :: (pi x pi) set

assumes Id C Rel
and a#b

shows [a#b]P ~-[Rel] P
(proof)

lemma mismatchldRight:

fixes P : pi
and a : name
and b :: name

and Rel :: (pi X pi) set

assumes IdRel: Id C Rel
and ainegb: a # b

shows P ~-[Rel] [a#b]P
(proof)
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lemma mismatchNilLeft:
fixes a :: name
and P : pi

shows 0 ~~[Rel] [a#a]P
(proof)

lemma sumSym:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set

assumes Id: Id C Rel

shows P @ @ ~~[Rel] Q & P
(proof)

lemma sumldempLeft:
fixes P :: pi
and Rel :: (pi x pi) set

assumes Id C Rel

shows P ~~[Rel] P & P
(proof)

lemma sumlIdempRight:
fixes P :: pi
and Rel :: (pi x pi) set
assumes I: Id C Rel

shows P @ P ~~[Rel] P

(proof)

lemma sumAssocLeft:
fixes P : pi
and @ :: pi
and R :: pi

and Rel :: (pi X pi) set
assumes Id: Id C Rel

shows (P & Q) ® R ~[Rel] P ® (Q & R)
(proof)
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lemma sumAssocRight:

fixes P :: pi
and @ :: pi
and R : pi

and Rel :: (pi x pi) set
assumes Id: Id C Rel

shows P @& (Q ® R) ~[Rel] (P ® Q) ® R
{(proof)

lemma sumZeroLeft:
fixes P : pi
and Rel :: (pi x pi) set

assumes Id: Id C Rel

shows P @ 0 ~»[Rel] P
(proof)

lemma sumZeroRight:
fixes P :: pi
and Rel :: (pi x pi) set

assumes Id: Id C Rel

shows P ~~[Rel] P & 0

(proof)

lemma sumResLeft:
fixes ¢ :: name
and P = pi
and @ :: pi

assumes Id: Id C Rel
and Equt: equt Rel

shows (<vz>P) & (<vz>Q) ~»[Rel] <vz>(P & Q)
(proof)

lemma sumResRight:

fixes z :: name
and P : pi
and @ :: pi

assumes Id: Id C Rel
and FEqut: equt Rel

shows <vz>(P @ Q) ~[Rel] (<vz>P) & (<vz>Q)
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(proof)

lemma parZeroLeft:
fixes P :: pi
and Rel :: (pi x pi) set
assumes ParZero: \Q. (Q || 0, Q) € Rel

shows P || 0 ~»[Rel] P
(proof)

lemma parZeroRight:
fixes P :: pi
and Rel :: (pi X pi) set
assumes ParZero: \Q. (Q, Q || 0) € Rel

shows P ~~[Rel] P || O

(proof)

lemma parSym:
fixes P : pi
and @ :pi

and Rel :: (pi x pi) set

assumes Sym: AR S. (R || S, S || R) € Rel
and  Res: AR Sz. (R, S) € Rel = (<vaz>R, <vz>S) € Rel

shows P || @ ~[Rel] Q || P

(proof)

lemma parAssocLeft:
fixes P :: pi
and @ :pi

and R : pi
and Rel :: (pi x pi) set

assumes Ass: NSTU. (S| T)|U,S|(T] U)) € Rel

and  Res: NS Tz (S, T) € Rel = (<vz>S, <ve>T) € Rel

and  FreshExt: NST Uz x4 S = (<va>((S || T) || U), S || <va>(T |
U)) € Rel

and  FreshExt" NS T Uz. 2§ U= ((<vz>(S || T)) | U, <vz>(S || (T |
U))) € Rel

shows (P || Q) || R ~[Rel] P | (Q [ R)
(proof)
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lemma substRes3:
fixes a :: name
and P : pi
and «z :: name

shows (<va>P)[z:=a] = <vz>([(z, a)] -+ P)

(proof)
lemma scopeExtParLeft:
fixes P :: pi
and @ :: pi
and a :: name

and st :: name list
and Rel :: (pi x pi) set

assumes z f P

and 1d: Id C Rel
and EqutRel:  equt Rel
and  Res: AR Sy yt R= (<vy>(R || S), R | <vy>S) € Rel

and ScopeFxt: AR Sy z yt R = (<vy><vz>(R || ), <vz>(R ||
<vy>S)) € Rel

shows <va>(P || Q) ~[Rel] P || <vaz>Q

(proof)

lemma scopeExtParRight:
fixes P :: pi
and @ :: pi
and a :: name

and Rel :: (pi x pi) set

assumes z f P

and 1d: Id C Rel
and equt Rel
and  Res: AR Sy. yt R= (R| <vy>S, <vy>(R || S)) € Rel

and  ScopeExt: AR Syz yi R= (<vz>(R | <vy>S), <vy><vz>(R ||
S)) € Rel

shows P || <vz>Q ~[Rel] <vz>(P | Q)
(proof)

lemma resNilRight:
fixes © :: name
and Rel :: (pi x pi) set

shows 0 ~~[Rel] <vz>0

{(proof)

lemma resComm:
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fixes a :: name

and b :: name

and P :pi

and Rel :: (pi x pi) set

assumes ResComm: N\c d Q. (<ve><vd>Q, <vd><vce>Q) € Rel
and 1d: Id C Rel
and EqutRel: equt Rel

shows <va><vb>P ~[Rel] <vb><va>P

(proof)

lemma bangLeftSC':
fixes P :: pi
and Rel :: (pi x pi) set

assumes Id C Rel

shows P ~[Rel] P || P
(proof)

lemma bangRightSC":
fixes P :: pi
and Rel :: (pi x pi) set
assumes IdRel: Id C Rel

shows P | |P ~~[Rel] P

(proof)
lemma resNilLeft:
fixes x :: name
and y :: name
and P :pi
and Rel :: (pi x pi) set
and b : name

shows 0 ~~[Rel] <vz>(x<y>.P)
and 0 ~[Rel] <vz>(z{b}.P)
(proof)

lemma resInputLeft:
fixes z :: name
and a :: name
and y :: name
and P :: pi
and Rel :: (pi x pi) set
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assumes zineqa: T # a
and xineqy: * # y
and Equt: equt Rel
and Id: Id C Rel

shows <va>a<y>.P ~>[Rel] a<y>.(<vz>P)
(proof)

lemma resInputRight:
fixes a :: name
and vy :: name
and z : name
and P :: pi
and Rel :: (pi x pi) set

assumes zineqa: T # a
and zineqy: x # y
and Equt: equt Rel
and Id: Id C Rel

shows a<y>.(<vax>P) ~~[Rel] <vz>a<y>.P
{proof)

lemma resQutputLeft:

fixes x :: name
and a : name
and b :: name
and P :pi

and Rel :: (pi x pi) set
assumes zineqa: T # a
and  zinegb: x #£ b
and Id: Id C Rel

shows <va>a{b}.P ~>[Rel] a{b}.(<vz>P)
(proof)

lemma resOutputRight:

fixes =z :: name
and a : name
and b :: name
and P : pi

and Rel :: (pi x pi) set

assumes zineqa: T # a
and zineqb: © # b
and Id: Id C Rel
and Equt: equt Rel
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shows a{b}.(<vaz>P) ~~[Rel] <vz>a{b}.P
(proof)

lemma resTaulLeft:
fixes © :: name
and P ::pi
and Rel :: (pi x pi) set

assumes Id: Id C Rel

shows <va>(7.(P)) ~[Rel] T.(<vz>P)

(proof)
lemma resTauRight:
fixes © :: name

and P :pi

and Rel :: (pi x pi) set
assumes Id: Id C Rel

shows 7.(<vz>P) ~|[Rel] <vz>(7.(P))
(proof )

end

theory Strong-Late-Bisim-SC
imports Strong-Late-Bisim-Pres Strong-Late-Sim-SC
begin

lemma nilBisim[dest]:
fixes a :: name
and b :: name
and z : name
and P : pi

shows 7.(P) ~ 0 = Fulse
and a<z>.P ~ 0 = Faulse
and a{b}.P ~ 0 = False
and O ~ 7.(P) = False
and 0 ~ a<z>.P = Fulse
and O ~ a{b}.P = False

(proof)

lemma matchld:
fixes a :: name
and P :: pi
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shows [a—~a]P ~ P
(proof)

lemma matchNil:
fixes a :: name
and b :: name

assumes a # b

shows [a—~b]P ~ 0
(proof)

lemma mismatchld:
fixes a :: name
and b :: name
and P : pi

assumes a # b

shows [a#b]P ~ P
(proof)

lemma mismatchNil:
fixes a :: name
and P :: pi

shows [a#£a]P ~ 0
(proof)

lemma nilRes:
fixes z :: name

shows <vz>0 ~ 0
(proof)

lemma resComm:
fixes z :: name
and vy :: name
and P :: pi

shows <vz><vy>P ~ <vy><ve>P

(proof)

lemma sumSym:
fixes P :: pi
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and Q@ : pi

shows P& Q~ Q& P

(proof)

lemma sumlIdemp:
fixes P :: pi
shows P& P ~ P

{(proof)

lemma sumAssoc:
fixes P :: pi
and Q : pi
and R : pi

shows (P® Q) @ R~ P @ (Q ® R)
(proof)

lemma sumZero:
fixes P :: pi

shows P 0 ~ P
(proof)

lemma parZero:
fixes P :: pi

shows P |0 ~ P
(proof)

lemma parSym:
fixes P :: pi
and Q@ : pi

shows P || Q ~ Q|| P
(proof)
lemma scopeEztPar:
fixes P :: pi
and Q@ : pi
and z :: name

assumes z f P

shows <va>(P || Q) ~ P || <vz>Q

(proof)
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lemma scopeExtPar’:
fixes P :: pi
and Q@ : pi
and =z :: name

assumes zfresh@: x  Q

shows <va>(P || Q) ~ (<vz>P) || Q
(proof)

lemma parAssoc:

fixes P :: pi
and Q : pi
and R : pi

shows (P || Q) || R~ P || (Q [ R)
{(proof )

lemma scopeFresh:
fixes z :: name
and P :: pi

assumes z f P

shows <vz>P ~ P

(proof)

lemma sumRes:
fixes z :: name
and P :: pi
and Q@ : pi

shows <vaz>(P & Q) ~ (<vz>P) & (<vz>Q)
(proof)

lemma scopeEztSum:
fixes P :: pi
and Q : pi
and z : name

assumes z f P

shows <vz>(P & Q) ~ P & <vz>(Q
(proof )

lemma bangSC":
fixes P :: pi
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shows |P ~ P || IP
(proof)

lemma resNil:
fixes z :: name
and vy :: name
and P : pi
and b :: name

shows <vz>z<y>.P ~ 0
and <vz>z{b}.P ~ 0
(proof)

lemma resinput:
fixes z :: name
and a :: name
and vy :: name
and P :: pi

assumes r # a
and =z #y

shows <vz>a<y>.P ~ a<y>.(<vz>P)
(proof)

lemma resQutput:
fixes z :: name
and a :: name
and b :: name
and P :: pi

assumes z # a
and z#b

shows <va>a{b}.P ~ a{b}.(<vaz>P)

(proof)

lemma resTau:
fixes z :: name
and P :: pi

shows <va>7.(P) ~ 7.(<vaz>P)

(proof)

inductive structCong :: pi = pi = bool (- =, - [70, 70] 70)
where

Refl: P =, P
| Sym: P=, Q= Q =, P
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| Trans: [P =5 Q; Q@ =s Rl = P =, R

| SumComm: P & Q =5 Q & P
| SumAssoc: (P& Q) ® R=; P® (Q & R)
| Sumld: P & 0 =; P

| ParComm: P || Q =5 Q|| P
| ParAssoc: (P || Q) || R=s P | (Q | R)
| Parld: P || 0 =5 P

| Matchld: [a—~a]P =, P

| ResNil: <vz>0 =5 0

| ResComm: <vz><vy>P =, <vy><vz>P

| ResSum: <vaz>(P & Q) =5 <va>P @& <vz>Q

| ScopeExtPar: ¢ P — <va>(P || Q) = P || <vz>Q

| InputRes: [z # a; x # y] = <vaz>a<y>.P =; a<y>.(<vz>P)
| OutputRes: [z # a; x # b] = <va>a{b}.P =, a{b}.(<vz>P)
| TauRes: <vz>T.(P) =5 7.(<va>P)

| BangUnfold: \P =; P || P
lemma structCongBisim:
fixes P :: pi
and Q : pi

assumes P =, ()

shows P ~ ()
(proof)

end

theory Strong-Late-Bisim-Subst-SC
imports Strong-Late-Bisim-Subst-Pres Strong-Late-Bisim-SC
begin

lemma matchld:
fixes a :: name
and P : pi

shows [a—~a]P ~* P
(proof)
lemma mismatchNil:
fixes a :: name

and P : pi

shows [a#a|P ~* 0
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(proof)

lemma scopeFresh:
fixes P :: pi
and =z :: name

assumes xFreshP: © § P

shows <vz>P ~°% P

{(proof)

lemma resComm:
fixes P :: pi
and z : name
and y :: name

shows <vz><vy>P ~° <vy><va>P
(proof )

lemma sumZero:
fixes P :: pi

shows P 0 ~° P
(proof)

lemma sumSym:
fixes P :: pi
and @ :: pi

shows P® Q ~°* Q& P
{proof )

lemma sumAssoc:
fixes P :: pi
and Q : pi
and R : pi

shows (P® Q) @ R~* P @ (Q ® R)
(proof)
lemma sumRes:

fixes P :: pi

and Q@ : pi

and z : name

shows <vaz>(P @ Q) ~° <vz>P @ <vr>Q

{(proof)

lemma scopeEzrtSum:
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fixes P :: pi
and Q : pi
and z : name

assumes zFreshP: z § P

shows <vaz>(P & Q) ~°* P & <vz>Q
(proof )

lemma parZero:
fixes P :: pi

shows P || 0 ~* P

(proof)
lemma parSym:
fixes P :: pi
and @ : pi
shows P || Q ~° Q|| P
(proof)
lemma parAssoc:
fixes P :: pi
and Q : pi
and R : pi

shows (P || Q) [| R ~* P | (Q || R)
(proof)

lemma scopeFxtPar:
fixes P :: pi
and @ : pi
and z : name

assumes zFreshP: © § P

shows <vz>(P || Q) ~* P || <vz>Q
(proof)

lemma scopeExtPar’:
fixes P :: pi
and Q@ : pi
and z :: name

assumes zFreshP: z § Q

shows <va>(P || Q) ~* (<va>P) || @
(proof)
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lemma bangSC:
fixes P :: pi

shows |P ~* P || |P
(proof)

lemma nilRes:
fixes z :: name

shows <vz>0 ~% 0

(proof)

lemma resTau:
fixes z :: name
and P :: pi

shows <va>(1.(P)) ~* 7.(<vaz>P)
(proof)

lemma resQutput:
fixes z :: name
and a :: name
and b :: name
and P :: pi

assumes z # a
and z#b

shows <va>(a{b}.(P)) ~* a{b}.(<vz>P)
(proof)

lemma resInput:
fixes z :: name
and a :: name
and b :: name
and P :: pi

assumes z # a
and z#y

shows <vz>(a<y>.(P)) ~* a<y>.(<vz>P)

(proof)

lemma bisimSubstStructCong:
fixes P :: pi
and Q : pi

assumes P =, @
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shows P ~*° ()

(proof)

end

theory Weak-Late-Cong-Subst-SC
imports Weak-Late-Cong-Subst Strong-Late-Bisim-Subst-SC
begin

lemma resComm:
fixes P :: pi

shows <va><vb>P ~° <vb><va>P
(proof)

lemma matchld:
fixes a :: name
and P :: pi

shows [a—~a]P ~* P
(proof)

lemma matchNil:
fixes a :: name
and P : pi

shows [a#a|P ~* 0
(proof)

lemma sumSym:
fixes P :: pi
and @ :: pi

shows P® Q ~°* Q& P
{proof )

lemma sumAssoc:
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fixes P :: pi
and Q : pi
and R : pi

shows (P® Q) ® R~*P & (Q ® R)
(proof )

lemma sumZero:
fixes P :: pi

shows P 0 ~° P
(proof)

lemma parZero:
fixes P :: pi

shows P || 0 ~* P

(proof)
lemma parSym:
fixes P :: pi
and Q : pi
shows P || Q~° Q| P
(proof)
lemma scopeEztPar:
fixes P :: pi
and Q@ : pi

and z :: name
assumes z f P

shows <va>(P || Q) ~* P || <vz>Q
(proof )
lemma scopeExtPar’:

fixes P :: pi

and Q : pi

and =z :: name

assumes zfresh@: x  Q

shows <va>(P || Q) =* (<va>P) || @
(proof)

lemma parAssoc:
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fixes P :: pi
and Q : pi
and R : pi

shows (P || Q) [| R~ P | (Q | R)
(proof)

lemma scopeFresh:

fixes P :: pi
and a :: name

assumes aFreshP: a § P

shows <va>P ~% P
(proof)
lemma scopeEzrtSum:
fixes P :: pi
and Q : pi
and z : name

assumes z f P

shows <va>(P & Q) ~°* P & <vz>Q
(proof)

lemma bangSC":
fixes P

shows |P ~* P || |P
(proof)

end

theory Weak-Late-Step-Sim-Pres
imports Weak-Late-Step-Sim

begin

lemma tauPres:
fixes P :: pi
and @ :pi

and Rel :: (pi X pi) set
and Rel’ :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel

shows 7.(P) ~»<Rel> 7.(Q)
{proof )
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lemma inputPres:

fixes P :: pi
and @ :pi
and a : name
and z : name

and Rel :: (pi x pi) set

assumes PRelQ: Vy. (Plz::=y|, Qz::=y]) € Rel
and Equt: equt Rel

shows a<z>.P ~~»<Rel> a<z>.Q

(proof)

lemma outputPres:
fixes P :: pi
and @ :pi
and a :: name
and b : name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PRel@: (P, Q) € Rel

shows a{b}.P ~»<Rel> a{b}.Q

(proof)

lemma matchPres:
fixes P : pi
and @ :pi
and a : name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@Q: P ~~<Rel> @
and  RelRel”: Rel C Rel’

shows [a—~b]P ~»<Rel"™> [a—~0]Q

(proof)

lemma mismatchPres:
fixes P :: pi
and @ < pi
and a : name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSimQ: P ~<Rel> @
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and RelRel”: Rel C Rel’

shows [a#b]P ~»<Rel"™> [a#b]Q

(proof )
lemma sumCompose:
fixes P :: pi
and Q : pi
and R : pi
and T : pi

assumes PSimQ: P ~<Rel> @
and RSimT: R ~<Rel> T
and RelRel”: Rel C Rel’

shows P ® R ~<Rel’> Q& T
(proof)

lemma sumPres:
fixes P :: pi
and Q@ : pi
and R : pi

assumes PSimQ@Q: P ~~<Rel> @
and Id: Id C Rel
and RelRel”: Rel C Rel’

shows P & R ~»<Rel’> Q & R

(proof)

lemma parPres:
fixes P ol
and (@ ©opi
and R ot

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@Q: P ~~<Rel> @

and  PRelQ: (P, Q) € Rel

and  Par: AP QR. (P, Q) € Rel= (P| R, Q| R) € Rel'
and  Res: AP Q a. (P, Q) € Rel’ = (<va>P, <va>Q) € Rel’
and EqutRel: equt Rel

and EqutRel’: equt Rel’

shows P | R ~»<Rel”> Q | R
(proof )

lemma resPres:
fixes P :: pi
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and @ ::pi

and Rel :: (pi x pi) set
and =z : name

and Rel’ :: (pi x pi) set

assumes PSim@Q: P ~<Rel> @

and  ResRel: \(P::pi) (Q::pi) (z::name). (P, Q) € Rel = (<va>P, <vz>(Q)
€ Rel’

and RelRel”: Rel C Rel’

and EqutRel: equt Rel

and  EqutRel’: equt Rel’

shows <vz>P ~~<Rel> <vz>Q

(proof)

lemma bangPres:
fixes P :: pi
and @ ::pi

and Rel :: (pi x pi) set

assumes PSimQ@Q: P ~~<Rel’> Q

and  PRelQ: (P, Q) € Rel

and  Sim: AP Q. (P, Q) € Rel = P ~<Rel’> Q
and  RelRel: AP Q. (P, Q) € Rel = (P, Q) € Rel’
and equtRel’: equt Rel’

shows |P ~»<bangRel Rel’> 'Q
(proof)

end

theory Weak-Late-Bisim-SC
imports Weak-Late-Bisim Strong-Late-Bisim-SC
begin

lemma resComm:
fixes P :: pi

shows <va><vb>P ~ <vb><va>P

(proof)

lemma matchld:
fixes a :: name
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and P : pi

shows [a—~a|P = P

(proof)

lemma mismatchld:
fixes a :: name
and b :: name
and P :: pi

assumes a # b

shows [a#£b]P =~ P
(proof)

lemma mismatchZero:
fixes a :: name
and P : pi

shows [a#£a]P ~ 0
(proof)

lemma sumSym:
fixes P :: pi
and Q : pi

shows P® Q~ Q ® P
(proof)

lemma sumAssoc:
fixes P :: pi
and Q@ : pi
and R : pi

shows (P® Q) P R=P @ (Q ® R)
(proof)

lemma sumZero:
fixes P :: pi

shows P 0~ P
(proof)
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lemma parZero:
fixes P :: pi

shows P | 0 ~ P
(proof)

lemma parSym:
fixes P :: pi
and Q : pi

shows P || Q= Q|| P
(proof)

lemma scopeEztPar:
fixes P :: pi
and Q@ : pi
and z :: name

assumes z f P

shows <va>(P || Q) = P | <vz>Q

(proof)

lemma scopeExtPar’:
fixes P :: pi
and Q@ : pi
and x :: name

assumes zFresh@: x  Q

shows <va>(P || Q) = (<vz>P) || Q
(proof)

lemma parAssoc:

fixes P :: pi
and Q@ : pi
and R : pi

shows (P || Q) || R~ P [ (Q [ R)
{(proof)

lemma freshRes:
fixes P :: pi
and a :: name

assumes aFreshP: a § P

shows <va>P ~ P

(proof)
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lemma scopeExtSum:
fixes P :: pi
and Q@ : pi
and =z :: name

assumes z f P

shows <vz>(P @ Q) = P & <vz>(Q
(proof)

lemma bangSC":
fixes P

shows |P ~ P || |P
(proof)

end

theory Weak-Late-Sim-Pres
imports Weak-Late-Sim
begin

lemma tauPres:
fixes P :: pi
and @ :pi
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel

shows 7.(P) ~ <Rel> 7.(Q)

(proof)

lemma inputPres:
fixes P :: pi
and @ :pi
and a :: name
and = : name

and Rel :: (pi x pi) set

assumes PRelQ: Vy. (Plz:=y], Qlz::=y]) € Rel
and Equt: equt Rel

shows a<z>.P ~» <Rel> a<z>.Q
(proof )

lemma outputPres:
fixes P :: pi
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and @ ::pi

and a :: name

and b : name

and Rel :: (pi X pi) set
and Rel’ :: (pi x pi) set

assumes PRel@: (P, Q) € Rel

shows a{b}.P ~» <Rel> a{b}.Q

(proof)

lemma matchPres:
fixes P : pi
and @ :pi
and a : name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSimQ: P ~ <Rel> Q
and RelStay: AP Q a. (P, Q) € Rel = ([a—~a]P, Q) € Rel
and RelRel”: Rel C Rel’

shows [a—~b]P ~~» <Rel’> [a—~b]Q

(proof)

lemma mismatchPres:
fixes P : pi
and @ :pi
and a : name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSimQ: P ~ <Rel> Q
and  RelStay: AP Q a b. [(P, Q) € Rel; a # b] = ([a#b]P, Q) € Rel
and  RelRel” Rel C Rel’

shows [a#£b]P ~~ <Rel’> [a#b]Q
(proof)
lemma parCompose:

fixes P ol
and (@ 2opi

and R ot
and T :pi
and Rel :: (pi x pi) set

(
and Rel’ :: (pi x pi) set
and Rel” :: (pi x pi) set
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assumes PSimQ: P ~» <Rel> Q

and RSimT: R~ <Rel’> T

and PRel@Q: (P, Q) € Rel

and RRel'T: (R, T) € Rel’

and  Par: ANPQRT.[(P,Q) € Rel; (R, T) € Rel] = (P || R, Q| T)
€ Rel”

and  Res: AP Q a. (P, Q) € Rel” = (<va>P, <va>Q) € Rel”

and EqutRel: equt Rel

and EqutRel’: equt Rel’

and  EquiRel’: equt Rel’

shows P || R~ <Rel”> Q|| T

(proof)

lemma parPres:
fixes P :: pi
and @ :: pi
and R = pi
and a :: name
and b : name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSimQ: P ~» <Rel> Q

and PRel@Q: (P, Q) € Rel

and  Par: AP QR. (P, Q) € Rel = (P| R, Q| R) € Rel'
and  Res: AP Qa. (P, Q) € Rel’ = (<va>P, <va>Q) € Rel’
and EqutRel: equt Rel

and  EqutRel’: equt Rel’

shows P || R ~» <Rel’> Q | R

(proof)
lemma resPres:
fixes P :: pi
and @ :pi
and Rel :: (pi x pi) set
and z :: name

and Rel’ :: (pi x pi) set

assumes PSimQ: P ~ <Rel> Q

and  ResRel: \(P::pi) (Q::pi) (z::name). (P, Q) € Rel = (<vz>P, <vz>(Q)
€ Rel’

and RelRel”: Rel C Rel’

and EqutRel: equt Rel

and EqutRel’: equt Rel’

shows <vz>P ~ <Rel’> <vz>Q
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(proof)

lemma resChainl:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and st :: name list

assumes equtRel: equt Rel
and Res: AP Q a. (P, Q) € Rel = (<va>P, <va>Q) € Rel
and PRelQ: P ~ <Rel> Q

shows (resChain Ist) P ~~ <Rel> (resChain Ist) Q

(proof)
lemma bangPres:

fixes P :: pi

and @ ::pi

and Rel :: (pi x pi) set

assumes PSimQ: P~ <Rel> Q

and  PRelQ: (P, Q) € Rel

and Sim: AP Q. (P, Q) € Rel = P ~ <Rel> Q

and  ParComp: AP QRT.[(P, Q) € Rel; (R, T) € Rel] = (P || R, Q
| T) € Rel’

and  Res: AP Q z. (P, Q) € Rel'’ = (<vz>P, <vaz>Q) € Rel’

and  RelStay: AP Q. (P || P, Q) € Rel'’ = (IP, Q) € Rel’

and  BangRelRel”: (bangRel Rel) C Rel’
and equtRel’:  equt Rel’

shows !P ~ <Rel’> 1Q
(proof)

end

theory Weak-Late-Bisim-Pres
imports Weak-Late-Bisim-SC Weak-Late-Sim-Pres Strong-Late-Bisim-SC
begin

lemma tauPres:
fixes P :: pi
and @ :: pi

assumes P ~ @)

shows 7.(P) ~ 7.(Q)
(proof)
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lemma inputPres:
fixes P :: pi
and Q@ : pi
and a :: name
and =z :: name

assumes PSimQ: Vy. Plz:=y| = Q[z:=y]

shows a<z>.P =~ a<x>.Q

(proof)

lemma outputPres:
fixes P :: pi
and Q@ : pi
and a :: name
and b :: name

assumes P ~ @)

shows a{b}.(P) =~ a{b}.(Q)
(proof)

lemma resPres:
fixes P :: pi
and Q@ : pi
and z : name

assumes PBiSim@Q: P ~ @

shows <vz>P =~ <vz>Q

(proof)

lemma matchPres:
fixes P :: pi
and Q@ : pi
and a :: name
and b :: name

assumes P ~ (@)

shows [a—~b]P =~ [a—~b]Q
(proof)

lemma mismatchPres:
fixes P :: pi
and Q : pi
and a :: name
and b :: name
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assumes P ~ @)

shows [a£b]P =~ [a#b]Q
(proof)

lemma parPres:

fixes P :: pi
and Q@ : pi
and R : pi

assumes P =~ @)

shows P| R~ Q|| R
(proof)

lemma bangPres:
fixes P :: pi
and Q@ : pi

assumes PBisim@Q: P ~ ()

shows |P ~ Q)
(proof)

end

theory Weak-Late-Cong-Pres
imports Weak-Late-Cong Weak-Late-Step-Sim-Pres Weak-Late-Bisim-Pres
begin

lemma tauPres:
fixes P :: pi
and Q@ : pi

assumes P ~ ()

shows 7.(P) ~ 7.(Q)
(proof)

lemma outputPres:
fixes P :: pi
and @ : pi

assumes P >~ @

shows a{b}.P ~ a{b}.Q
(proof)
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lemma inputPres:
fixes P :: pi
and Q : pi
and a :: name
and z :: name

assumes PSimQ: Vy. Plz:=y| ~ Qlz:=y]

shows a<z>.P ~ a<z>.0Q
{proof)

lemma matchPres:
fixes P :: pi
and Q : pi
and a :: name
and b :: name

assumes P ~ @)

shows [a—~b]P ~ [a—~b]Q
(proof)

lemma mismatchPres:
fixes P :: pi
and Q : pi
and a :: name
and b :: name

assumes P ~ @)

shows [a£b]P ~ [a#b]Q
(proof)

lemma sumPres:

fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~ @)

shows P& R~ Q @& R
(proof)

lemma parPres:

fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~ (@
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shows P | R~ Q || R
(proof)
lemma resPres:

fixes P :: pi

and Q@ : pi

and z : name

assumes PeqQ): P ~ @)

shows <vz>P ~ <vz>(Q
(proof )

lemma congruenceBang:
fixes P :: pi
and @ : pi

assumes P ~ @)

shows |P ~ 1Q
(proof)

end
theory Farly-Semantics
imports Agent

begin

declare name-fresh[simp del]

nominal-datatype freeRes = InputR name name (-<-> [110, 110]
110)

| OutputR name name (-[] [110, 110] 110)

| TauR (r 110)

nominal-datatype residual = BoundOutputR name «name» pi (-<v-> < - [110,
110, 110] 110)
| FreeR freeRes pi

lemma alphaBoundOQutput:
fixes a :: name
and =z : name
and P : pi

and 2z’ : name

assumes A1: z'§ P

shows a<vz> < P = a<vz’> < ([(z, z')] - P)
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(proof)

declare name-fresh[simp)

abbreviation Transitions-Freejudge (- < - [80, 80] 80) where a < P’ = (FreeR
a P

inductive TransitionsEarly :: pi = residual = bool (- — - [80, 80] 80)
where

Taw: T(P)— T <P
| Input: [ # a; © # u] = a<z>.P — a<u> < (Plz:=u])
| Output: a{b}.P — a[b] < P
| Match: [P V] = [b—~b]P —s V
| Mismatch: [P— V;a# b = [a#bP — V
| Open: [P+ a[b] < P; a # b] = <vb>P +—— a<vb> < P’
| Suml: [P— V= (P& Q) +—V
| Sum?2: [Q— V]= (P® Q) — V
| PariB: [P— a<vz> <Pz Pz Qz#a = P Q+—
a<vz> < (P'| Q)
| ParlF: [P—a<P]=P| Q—a=<(P| Q)
| Par2B: [Q+— a<vz> < Qs z8 P28 Q;z+#a] = P Q+—
a<vz> < (P || Q)
| Par2F: [Q—a<xQ]=PQ+—a=<(P|Q)
| Comm1: [P— a<b> <P Qv+ a[b)] < Q] = P || Q— T <P’
I Q'
| Comm2: [P alb] < Py Q — a<b> < Q= P || Q— 7 < P’
I Q'
| Closel: [P— a<z> < P'; Q — a<ve> < Qs zf P;z 4 Q; « # d]
= P| Qr— 7 < <va>(P'| Q)
| Close2: [P— a<vz> < Py Q+— a<z> < Qi z 8t P; 2§ Q; z # df

= P| Qr— 7 < <va>(P'| Q)

| ResB: [P— a<vi> < Py #a,y#z 24 P;x# o = <vy>P
— a<vz> < (<vy>P’)

| ResF: [P— a<P;yta] = <vy>P — a < <vy>P’

| Bang: [P|'P— V] = IP—V

equivariance TransitionsEarly
nominal-inductive TransitionsFEarly

(proof)
lemmas [simp] = freeRes.inject

lemma freshOutputAction:
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fixes P :: pi
and a : name
and b : name
and P’: pi
and c¢ : name

assumes P — a[b] < P’
and ct P

shows ¢ # aand c # band c § P’
(proof)

lemma freshinputAction:
fixes P :: pi
and a : name
and b :: name
and P’: pi
and c¢ : name

assumes P — a<b> < P’
and ct P

shows ¢ # a

(proof)

lemma freshBoundQutputAction:
fixes P : pi
and a : name
and <z : name
and P’: pi
and c¢ : name

assumes P — a<vz> < P’
and ct P

shows ¢ # a

(proof)

lemmas freshAction = freshOutputAction freshinputAction freshBoundOutputAc-
tion

lemma freshinputTransition:
fixes P : pi
and a : name
and wu : name
and P’: pi
and c¢ : name

assumes P — a<u> < P’
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and ct P
and c#u

shows ¢ ff P’

(proof)

lemma freshBoundQutputTransition:
fixes P : pi
and a :: name
and =z : name
and P': pi
and c¢ : name

assumes P — a<vz> < P’

and ct P
and cH#
shows c ff P’
(proof)
lemma freshTauTransition:
fixes P : pi
and P’: pi

and c¢ :: name

assumes P — 7 < P’

and ct P
shows c f P’
(proof)
lemma freshFreeTransition:
fixes P :: pi
and « : freeRes
and P': pi

and c¢ :: name

assumes P —a < P’
and ct P
and ct«

shows ¢ ff P’

(proof)

lemmas freshTransition = freshinputTransition freshOQutputAction freshFree Tran-
sition
freshBoundQutput Transition freshTauTransition

lemma substTrans[simp]: b § P = ((P::pi)[a::=b])[b::=c] = Pla::=c]
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(proof)

lemma Input:
fixes a :: name
and z :: name
and wu :: name
and P : pi

shows a<x>.P —a<u> < Plz:=u]

{(proof)

lemma ParlB:
fixes P : pi
and a : name
and <z : name
and P': pi
and @ :: pi

assumes P —a<vz> < P’
and zdQ

shows P | Q — a<vz> < (P'|| Q)
{(proof)

lemma Par2B:
fixes Q) :: pi
and a :: name
and <z : name
and Q’: pi
and P :pi

assumes Q —a<vz> < Q'
and zf P

shows P || Q — a<vz> < (P | Q)
(proof)

lemma inputinduct[consumes 1, case-names cInput cMatch cMismatch
cSum? cParl cPar2 cRes cBang]:

fixes P : pi

and a :: name

and u : name

and P': pi

and F : 'a:fs-name = pi = name = name = pi = bool

and C :: 'a:fs-name

assumes Trans: P ——a<u> < P’

and AazPuC.Jz8C;2# uwz# a] = FC (a<z>.P) au (P|
and APauP'bC.[P+—a<u><P;NC.FCPauP|= FC (|
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au P’

and APauP'bcC.[P+—a<u><P; ANC.FCPauP;bt]—= F
C ([b#c]P) a u P’

and APauP' QC.[P+—a<u><P;ANC. FCPauP|= FC(P®
Q) auP’

and NQau@ PC.[Q+—a<u>< Q3 ANC.FCQauQ@]= FC (P
®Q aug

and APauP' QC.[P+—a<u><P;NC.FCPauP|= FC (P|
Q) au (P Q)

and AQauQ PC.[Qr—a<u><Q  NC.FCQauQ]= FC(P|
Q) au (P Q)

and APauP'zC.[Pv+—a<u><Phrz#azr#uzfC;\NC.FCPa
u P = F C (<vz>P) a u (<vz>P’)

and APauP' C.[P||!P+—a<u> <P, NC.FC (P||!P)auP|]=
FC(IP)auP

shows F C P au P’
(proof)

lemma inputAlpha:
assumes P —a<u> < P’
and ut P
and r g P’

shows P —a<r> < ([(u, r)] - P’

(proof)

lemma Closel:
fixes P :: pi
and a : name
and <z : name

and P’: pi
and @ :: pi
and Q’: pi

assumes P —sa<z> < P’
and Q —a<vz> < Q'
and x4 P

shows P | Q —7 < <vz>(P'| Q")

(proof)

lemma Close2:
fixes P :: pi
and a : name
and <z : name

and P': pi

and @ :: pi
and Q': pi
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assumes P —sa<vz> < P’
and Qr—a<z> < Q'
and zdQ

shows P | Q —71 < <vz>(P'|| Q)
{(proof)

lemma ResB:
fixes P :: pi
and a :: name
and <z :: name
and P’: pi
and vy :: name

assumes P —a<vz> < P’
and y#£ a
and y#£x

shows <vy>P ——a<vz> < (<vy>P’)

(proof)

lemma outputInduct[consumes 1, case-names Output Match Mismatch Sumi1 Sum2
Parl Par2 Res Bang|:

fixes P :: pi

and a : name

and b : name

and P’: pi

and F : 'a:fs-name = pi = name = name = pi = bool

and C : 'a:fs-name

assumes Trans: P ——alb] < P’

and AabPC.FC (a{b}.P)abP

and APabP' cC.[P+—OutputRab<P;NC.FCPabP]|= FC
([e—~c]P) a b P’

and APabP' cdC.[P—OutputR a b < P; NC. F C P ab P’ c#d]
= F C ([c#d]P) a b P’

and APabP' QC.[P+—OutputRab <P \NC.FCPabP]|= FC
(P& Q) ab P

and ANQabQ PC.[Q+—OutputR ab< Q5 N\C.FCQabQ]=F
C(P® Q) ab@

and APabP' QC.[P+—OutputRab<P;\NC.FCPabP]|= FC
(P Qab (P Q

and ANQabQ PC.[Q+—OutputR ab< Q5 NC.FCQabQ]=F
CPIQab(P Q)

and APabP'zC.[P+—OutputRab <Pz #ax#bz8C; NC. F
CPabP|—

F C (<vaz>P) a b (<vz>P’)
and APabP'C.[P|!P+—OutputRab <P NC. FC (P|!P)abP]
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= FC(IP)abP

shows F CPab P’
(proof)

lemma boundOutputInduct[consumes 2, case-names Match Mismatch Open Suml
Sum?2 Parl Par2 Res Bang]:

fixes P : pi

and a :: name

and =z : name

and P': pi

and F : (‘a:fs-name) = pi = name = name = pi = bool

and C : 'a:fs-name

assumes a: P —ra<vz> < P’
and zFreshP: z § P
and  cMatch: APazP'bC.[Pvr—a<vz><P; ANC. FCPazP| =
F C ([b~b]P) az P’
and  cMismatch: APazP'bcC.[P+—a<vz> <P \NC. FCPauzP
b# c] = F C ([b#c]P) az P’
and  c¢Open: APaxz P’ C. [P+—(OutputRaz) < Pya+# 2] = FC
(<vz>P) az P’
and c¢Suml: AP QazP'C.[Pv+—a<vz><P;A\NC.FCPazP|—=
FC(P® Q) az P’
and eSum2: AP Qaz Q' C.[Qvr—a<vz> < Q5 NC. FCQazQ
= FC(P® Q) axQ
and cPariB: APP QazC.[P+—a<v> <Pz QNC.FCPacx
P =
FCOPQax (P Q)
and cPar2B: APQQ azC.[Qv+r—a<vi>< Qx4 P;N\C.FCQaz
Q=
FC®|Qaz (P Q)
and cResB: AP P axyC.[P—a<vz><Phy#ay#uzytC
NC. FCPazP|= FC (<vy>P) az (<vy>P)
and c¢Bang: APazP' C.[P|!P+——a<vz><P; NC.FC (P|!P)a
z P =
FC(!P)axP’
shows FF C P az P’
(proof)

lemma taulnduct[consumes 1, case-names Tau Match Mismatch Sum1 Sum2 Parl
Par2 Comm1 Comm2 Closel Close2 Res Bang:

fixes P : pi

and P’: pi

and F : 'a:fs-name = pi = pi = bool

and C : 'a:fs-name

assumes Trans: P ——7 < P’
and APC.FC (r.(P)P
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and APP aC.[P—7<P;\NC.FCPP|= FC (Ja—~a]P) P’
and APP'abC.[P—sr <P \C.FCPP,a#b] = FC ([a%b]P)
Pl

and APP' QC.[P—71 <P, \NC.FCPP]|= FC({P&®Q) P
and NQQ PC.[Q—T<QNC.FCQQ]= FC (Pa Q) Q'
and APP' QC.[P—1<P;ANC.FCPP]=FC(P| Q) (P Q)
and AQQ PC.[Q—7<Q/\NC.FCQQ]=FC(P[Q) (P Q)
and APabP' QQ' C.[Pr—a<b> <P Q+—OutputRab < Q| = F
C (Pl Q) (P Q)

and APabP' QQ' C.[P+—OutputR a b < Py Q —a<b> < Q] = F
(e F|aQ)

and APazP' QQ'C.[Pr—a<z> <P} Q —a<vaz> < Q;z 4t P; z 4
QotantCl= FC(P|Q (<va>(P'| Q)

and APazxzP' QQ C.[Pr—a<vz> <P Q+—a<z> < Q;z4 P; x4
QGr#aryCl= FC(P| Q) (<va>(P'| Q)

and APP'zC.[P+—T <Pzt C,\NC.FCPP]|=

F C (<va>P) (<vz>P’)
and APP' C.[P| P31 <P A\C.FC(P|P)P]|= FC(IP) P’

shows F C P P’
(proof)

inductive bangPred :: pi = pi = bool
where

auzxl: bangPred P (!P)
| aux2: bangPred P (P || !P)

inductive-cases tauCases’[simplified pi.distinct residual.distinct]: 7.(P) — Rs
inductive-cases inputCases’[simplified pi.inject residual.inject]: a<b>.P — Rs
inductive-cases outputCases’[simplified pi.inject residual.inject]: a{b}.P — Rs
inductive-cases matchCases’[simplified pi.inject residual.inject]: [a—~b]P — Rs
inductive-cases mismatchCases'[simplified pi.inject residual.inject]: [a#£b|P +—
Rs

inductive-cases sumCases'[simplified pi.inject residual.inject]: P & Q — Rs
inductive-cases parCasesB’[simplified pi.distinct residual.distinct]: A || B —>
b<vy> < A’

inductive-cases parCasesE'[simplified pi.distinct residual.distinct]: P || Q — «
< P’

inductive-cases resCasesB'[simplified pi.distinct residual.distinct]: <vz'>A —
a<vy’™> < A’

inductive-cases resCasesF’[simplified pi.distinct residual.distinct]: <vz>A — «
< A’

lemma tauCases:

fixes P :: pi
and « : freeRes
and P': pi

assumes 7.(P) —a < P’
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and  Prop (1) P

shows Prop o P’
(proof)

lemma inputCases[consumes 1, case-names cInput]:
fixes a :: name
and <z : name
and P :pi
and P': pi

assumes Input: a<z>.P —a < P’
and  A: Au. Prop (a<u>) (Plz:=u])

shows Prop a P’

(proof )

lemma outputCases:
fixes P : pi
and « :: freeRes
and P': pi

assumes a{b}.P —a < P’
and  Prop (OutputR a b) P

shows Prop a P’

(proof)

lemma zeroTrans[dest]:
fixes Rs :: residual

assumes 0 — ¢ Rs

shows Fulse

(proof)

lemma mismatchTrans|dest]:
fixes a :: name
and P :pi

and Rs :: residual
assumes [a#a]P — Rs

shows Fulse
(proof)

lemma matchCases[consumes 1, case-names Match]:

fixes a :: name
and b :: name
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and P :pi
and Rs :: residual
and F :: name = name = bool

assumes Trans: [a—~b]P — Rs
and cMatch: P— Rs —= F aa

shows F a b
(proof)

lemma mismatchCases[consumes 1, case-names Mismatch]:
fixes a :: name
and b : name
and P :pi
and Rs :: residual
and F : name = name = bool

assumes Trans: [a#b]P — Rs
and  cMatch: [P Rs; a # b = Fabd

shows F a b

(proof)

lemma sumCases[consumes 1, case-names Suml Sum2]:
fixes P :: pi
and @ :: pi

and Rs :: residual

assumes Trans: P & @ — Rs
and cSuml: P+— Rs = F
and cSum2: Q — Rs — F

shows F
(proof)
lemma parCasesB[consumes 1, case-names cParl cPar2):
fixes P :: pi
and @ :: pi
and a : name
and z : name
and PQ’: pi

assumes Trans: P || Q — a<vz> < PQ’
and  icPariB: AP [P+ a<vz> < P z8 Q] = F (P'| @
and  icPar2B: NQ'. [Q — a<vz> < Qs z§ P] = F (P || Q)

shows F PQ’
(proof)
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lemma parCasesOutput[consumes 1, case-names Parl Par2]:
fixes P :: pi
and @ :: pi
and a : name
and b : name
and P': pi

assumes P || Q —a[b] < PQ’
and AP’ [P+—a[b) < P]= F (P'| Q)
and AQ.[Q —alb] < Q] = F (P| Q"

shows F PQ’
(proof)

lemma parCasesInput[consumes 1, case-names Parl Par2):
fixes P : pi
and @ :: pi
and a :: name
and b : name
and P’: pi

assumes Trans: P || Q —ra<b> < PQ’
and  icParlF: AP’ [P —a<b> < P| = F (P'| Q)
and  icPar2F: AQ'. [Q —a<b> < Q]| = F (P || Q)

shows F PQ’
{proof)

lemma parCasesF[consumes 1, case-names cParl cPar2 cComm1 cComm?2 cClosel
cClose2):

fixes P :: pi
and @ :: pi
and «a : freeRes
and P’: pi

and C :: 'a:fs-name

assumes Trans: P || Q — a < PQ’

and  icParlF: AP [P— a <P = F o (P'| Q)

and  icPar2F: NQ. [Q+— a < Q= Fa (P Q)

and  icComml: AP’ Q" ab. [P+— a<b> < P'; @ — a[b] < Q'] = F (1)

(P @)
and  icComm2: AP’ Q' ab. [P a|b] < P’; Q — a<b> < Q] = F (1)
(P" ] Q)

and  icClosel: AP’ Q' ax. [P — a<z> < P’; Q — a<vz> < Q' z § P;
x4 C] = F (1) (<va>(P'| Q)

and  icClose2: AP’ Q' az. [P — a<vz> < P, Q — a<z> < Qs z 1 Q;
zf O] = F (1) (<va>(P’ || Q)

shows F a PQ’
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(proof)

lemma resCasesF[consumes 2, case-names Res:
fixes x :: name

and P :: pi
and « : freeRes
and P’: pi

assumes Trans: <vz>P —— a < RP’
and zFreshAlpha: x § «
and  rcResF: AP P+— a < P'= F (<va>P’)

shows F RP’
(proof )

lemma resCasesB[consumes 2, case-names Open Res]:
fixes z :: name
and P : pi
and a : name
and y :: name
and RP’': pi

assumes Trans: <vy>P —— a<vz> < RP’

and xineqy: x # y

and  rcOpen: AP’. [P —(OutputR a y) < P’y a # y] = F ([(z, y)] - P
and  rcResB: AP’ [P —a<vz> < P’; y # o] = F (<vy>P’)

shows F RP’
(proof)

lemma banglnduct[consumes 1, case-names PariB ParlF Par2B Par2F Comml
Comm2 Closel Close2 Bang|:

fixes F :: 'a::fs-name = pi = residual = bool

and P ::pi

and Rs :: residual

and C : ’a:fs-name

assumes Trans: !P — Rs

and  cParlB: Naxz P' C. [P +— a<vz> < Phiz§ Pzt C] = F C (P |
IP) (a<vz> < (P || 'P))

and cParlF: N\(a:freeRes) (Ppi) C. [P+— a < P| = F C (P | 'P)
( < P'|'P)

and  cPar2B: Naz P’ C. [|P — a<vz> < Pzt P;z4 C; NC. F C (IP)
(a<vz> < P)] = F C (P || 'P) (a<vz> < (P | P"))

and  cPar2F: N\a P' C. [\/P— a < PS5 ANC. FC (IP) (a < P)] = F C
(P 1P) (a =< PP

and cCommli: Na P’ b P” C. [P+ a<b> < P’; |P — (OutputR a b) <
Py NC. F C (!P) ((OutputR a b) < P")] =

FcCc(@e|'P)(r=<P| P
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and  cComm2: Na b P' P"” C. [P — (OutputR a b) < P, |P — a<b> <
P NC. F C (IP) (a<b> < P")] =
FC(P|!'P)(r=<P| P
and  cClosel: Naxz P’ P" C. [P — a<z> < P’} IP — a<vz> < P"; z {
P,z C; NC. F C (IP) (a<vz> < P")] =
FC(P|'P)(r =< <ve>(P"| P"))
and  cClose2: Nax P' P" C. [P — a<vz> < P’ |P +— a<az> < P"; z {
P,z 8 C; NC. F C (IP) (a<z> < P")] =
FC(P|!P)(r < <vz>(P"| P"))
and  cBang: ARs C. [P || /P — Rs; N\C. FC (P || !P) Rs] = F C (!P)
Rs

shows F C (IP) Rs
(proof)

end

theory Strong-FEarly-Sim
imports FEarly-Semantics Rel
begin

definition strongSimFEarly :: pi = (pi x pi) set = pi = bool (- ~[-] - [80, 80,
80] 80) where
P~[Rel) Q= Vay Q. Q —a<vy> < Q' — y#t P — (P Pr—ra<vy>
< P'A (P, Q) € Rel)) A
Va Q. Q—a<Q — (IP. Pr—a =< P' A (P, Q) € Rel))

lemma monotonic:
fixes A :: (pi x pi) set
and B :: (pi X pi) set
and P :pi
and P': pi

assumes P ~~[A] P’
and ACB

shows P ~-[B] P’
(proof)

lemma freshUnit[simp:
fixes y :: name

shows y # ()
(proof)

lemma simCasesCont|[consumes 1, case-names Bound Free]:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
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and C : 'a:fs-name

assumes FEqut: equt Rel

and Bound: Nay Q. [Q — a<vy> < Qs yt Pyt Q; yg C] = 3P
P+ a<vy> < P' A (P', Q') € Rel

and Free: Na Q. Qr— a<Q = IP. P+— a <P’ AN (P, Q) € Rel

shows P ~[Rel] Q

(proof)
lemma simCases[consumes 0, case-names Bound Free]:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes Bound: Nay Q. [Q — a<vy> < Qs y 4§ P] = IP’. P — a<vy>
< P'A (P, Q) € Rel
and Free: Na Q. Qr— a< Q' = IP.Pr— a <P A (P, Q) € Rel

shows P ~~[Rel] Q

(proof)
lemma elim:
fixes P :: pi
and Rel :: (pi x pi) set
and @ :: pi
and a : name
and z :: name
and Q' :: pi

assumes P ~~[Rel] Q

shows Q — a<vz> < Q' = z 4 P = 3P". P+ a<vz> < P'A (P, Q)
€ Rel

and Qr— a<Q = IP.Pr——a <P AN (P, Q) € Rel

(proof)

lemma equtl:
fixes P :: pi
and @ :pi
and Rel :: (pi X pi) set
and perm :: name prm

assumes Sim: P ~~[Rel] @
and RelRel”: Rel C Rel’
and EqutRel’: equt Rel’

shows (perm - P) ~[Rel’] (perm « Q)
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(proof)

lemma refiexive:
fixes P : pi
and Rel :: (pi x pi) set

assumes Id C Rel

shows P ~~[Rel] P
(proof)

lemmas fresh-prod|simp]
lemma transitive:

fixes P i
and @ 2ot

and R ot
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

and Rel” :: (pi x pi) set

assumes PSim@Q: P ~[Rel] Q
and  QSimR: Q ~~[Rell R
and  Equt”: equt Rel”

and Trans: Rel O Rel’ C Rel”

shows P ~~[Rel"] R
(proof)

end

theory Strong-FEarly-Bisim
imports Strong-FEarly-Sim
begin

lemma monoAuzr: A C B = P ~~[A] @ — P ~[B] @
(proof)
coinductive-set bisim :: (pi X pi) set
where

step: [P ~~[bisim] Q; (Q, P) € bisim] = (P, Q) € bisim
monos monoAuz

abbreviation strongBisimJudge (infixr ~ 65) where P ~ Q = (P, Q) € bisim
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lemma bisimCoinductAuz[case-names bisim, case-conclusion StrongBisim step, con-
sumes 1]:

assumes p: (P, Q) € X

and step: AP Q. (P, Q) € X = P ~[(X U bisim)] Q A (Q, P) € bisim U X

shows P ~ (@)
(proof)

lemma bisimCoinduct[consumes 1, case-names cSim cSym]:
fixes P :: pi
and Q@ :: pi

assumes (P, Q) € X
and ARS. (R,

S) € X = R ~[(X U bisim)] S
and ARS. (R S e X =

(S,R) e X

shows P ~ @
(proof)

lemma weak-coinduct]case-names bisim, case-conclusion StrongBisim step, con-
sumes 1]:

assumes p: (P, Q) € X

and step: AP Q. (P, Q)€ X = P ~[X] QA (Q, P)e X

shows P ~ @)

(proof)

lemma bisim WeakCoinduct[consumes 1, case-names c¢Sim c¢Sym]:
fixes P :: pi
and Q : pi

assumes (P, Q) € X

and APQ.(P,Q) e X = P~[X]Q
and APQ. (P,Q)eX = (Q,P)eX
shows P ~ @)

(proof)

lemma monotonic: mono(Ap 1 z2.
3P Q. 21 =P A
22 = Q N P ~[{(za, ). pza z}] Q@ N Q ~[{(za, x). p za z}] P)
(proof)

lemma bisimFE:
fixes P :: pi
and Q@ : pi

assumes P ~ @
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shows P ~>[bisim] Q
and Q ~ P
(proof)

lemma bisimClosed]equt)]:
fixes P :: pi
and Q@ : pi
and p :: name prm

assumes P ~ @

shows (p - P) ~ (p - Q)
{proof)

lemma equt[simp]:
shows equt bisim

(proof)

lemma refiexive:
fixes P :: pi
shows P ~ P

(proof)

lemma transitive:
fixes P :: pi
and Q@ :: pi
and R : pi

assumes PBiSimQ: P ~ @
and @QBiSTmR: Q ~ R

shows P ~ R
(proof)

end
theory Strong-Early-Bisim-Subst
imports Strong-FEarly-Bisim

begin

abbreviation StrongCongFarlyJudge (infixr ~* 65) where P ~* Q = (P, Q)
€ (substClosed bisim)

lemma congBisim:
fixes P :: pi
and Q : pi

assumes P ~% ()
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shows P ~ ()
(proof)

lemma equt:

shows equt (substClosed bisim)

(proof)

lemma equtl:
fixes P :: pi
and Q@ :: pi
and perm :: name prm

assumes P ~° @)

shows (perm - P) ~* (perm -

(proof)

lemma refiexive:
fixes P :: pi

shows P ~% P
(proof)

lemma symetric:
fixes P :: pi
and Q@ :: pi

assumes P ~° @)

shows @ ~° P
{proof)

lemma transitive:
fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~% ()
and Q~R

shows P ~* R
(proof)

lemma partUnfold:
fixes P :: pi
and Q : pi

and s :: (name X name) list

Q)
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assumes P ~% ()

shows P[<s>] ~% Q[<s>]

(proof)

end

theory Strong-FEarly-Sim-Pres
imports Strong-FEarly-Sim

begin

lemma tauPres:
fixes P : pi
and @ :pi

and Rel :: (pi X pi) set
assumes PRel@: (P, Q) € Rel
shows 7.(P) ~[Rel] 7.(Q)

(proof)

lemma inputPres:

fixes P :: pi
and z :: name
and @ :pi
and a :: name

and Rel :: (pi x pi) set

assumes PRelQ: Vy. (Plz:=y], Qz:=y]) € Rel
and FEqut: equt Rel

shows a<z>.P ~~[Rel] a<z>.Q

(proof)

lemma outputPres:
fixes P :: pi
and @ < pi
and a :: name
and b : name

and Rel :: (pi X pi) set
and Rel’ :: (pi x pi) set

assumes PRel@: (P, Q) € Rel

shows a{b}.P ~~[Rel] a{b}.Q
{(proof)

lemma matchPres:
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fixes P :: pi

and @ :pi
and a :: name
and b : name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@Q: P ~~[Rel] Q

and RelRel”: Rel C Rel’

shows [a—~b]P ~~[Rel’] [a—~b]Q
(proof )

lemma mismatchPres:

fixes P :: pi
and @ :pi
and a :: name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@Q: P ~[Rel] Q
and RelRel”: Rel C Rel’

shows [a#b]P ~~[Rel’] [a#b]Q

(proof)

lemma sumPres:
fixes P =i
and @ 2ot
and R ot

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes P ~~[Rel] Q
and C1: Id C Rel’
and Rel C Rel’

shows P ® R ~~[Rell Q ® R

(proof)

lemma parCompose:
fixes P )
and @ opt
and R ot

and T :pi

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set
and Rel” :: (pi x pi) set
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assumes PSim@Q: P ~[Rel] Q

and RSimT: R ~[Rel] S

and  PRelQ: (P, Q) € Rel

and  RRel'T: (R, S) € Rel’

and Par: AP’ Q" R’ S" [(P’, Q) € Rel; (R, S) € Rel] = (P’ || R/,
Q' S) € Rel”

and  Res: NS Tz (S, T) € Rel" = (<va>S, <va>T) € Rel”

shows P || R ~[Rel”] Q|| S

{proof)

lemma parPres:
fixes P : pi
and @ :: pi
and R : pi
and a : name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@Q: P ~[Rel] Q

and  PRelQ: (P, Q) € Rel

and  Par: NSTU.(S,T)€ Rel = (S || U, T| U) € Rel’
and  Res: NS Tz (S, T) € Rel' = (<vaz>S, <vz>T) € Rel’

shows P | R ~[Rel] Q|| R

(proof)
lemma resPres:
fixes P :: pi
and @ :pi
and Rel :: (pi x pi) set
and z :: name

and Rel’ :: (pi x pi) set

assumes PSim@Q: P ~[Rel] Q

and  ResSet: \(R::pi) (S::pi) (y::name). (R, S) € Rel = (<vy>R, <vy>S)
€ Rel’

and RelRel”: Rel C Rel’

and EqutRel: equt Rel

and  EqutRel’: equt Rel’

shows <va>P ~~[Rel’] <vaz>Q

(proof)

lemma resChainl:
fixes P :: pi
and @ :: pi

and Rel :: (pi x pi) set
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and st :: name list

assumes equtRel: equt Rel

and Res: AR Sz (R, S) € Rel = (<vz>R, <vz>S) € Rel
and  PRelQ: P ~[Rel] Q

shows (resChain Ist) P ~~[Rel] (resChain Ist) Q

(proof)

lemma bangPres:
fixes P :: pi
and @ = pi

and Rel :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel
and  Sim: AR S. (R, S) € Rel = R ~~[Rel] S
and equtRel: equt Rel

shows |P ~[bangRel Rel] !Q
(proof)

end

theory Strong-Early-Bisim-Pres
imports Strong-FEarly-Bisim Strong-FEarly-Sim-Pres
begin

lemma tauPres:
fixes P :: pi
and Q@ : pi

assumes P ~ (@

shows 7.(P) ~ 7.(Q)
(proof)

lemma inputPres:
fixes P :: pi
and Q : pi
and a :: name
and z : name

assumes PSimQ: Vy. Plz:=y| ~ Qlz:=y]

shows a<z>.P ~ a<x>.Q

(proof)

138



lemma outputPres:
fixes P :: pi
and Q : pi
and ¢ :: name
and b :: name

assumes P ~ (@

shows a{b}.P ~ a{b}.Q
{(proof)

lemma matchPres:
fixes P :: pi
and Q : pi
and a :: name
and b :: name

assumes P ~ (@

shows [a—~b]P ~ [a—~b]Q
(proof)

lemma mismatchPres:
fixes P :: pi
and Q : pi
and a :: name
and b :: name

assumes P ~ (@)

shows [a£b]P ~ [a#b]Q
(proof)

lemma sumPres:
fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~ (@

shows P& R~ Q @& R
(proof )
lemma resPres:

fixes P :: pi

and Q@ : pi

and z :: name

assumes P ~ (@
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shows <vz>P ~ <vz>(Q

(proof)

lemma parPres:
fixes P :: pi
and Q@ : pi
and R : pi
and T :: pi

assumes P ~ (@

shows P | R~ Q|| R

(proof)

lemma bangRelBisimE:
fixes P :: pi
and @ :: pi

and Rel :: (pi x pi) set

assumes A: (P, Q) € bangRel Rel
and  Sym: AP Q. (P, Q) € Rel = (Q, P) € Rel

shows (Q, P) € bangRel Rel
(proof)

lemma bangPres:
fixes P :: pi
and Q : pi
assumes PBiSimQ: P ~ @

shows P ~ ()
(proof)

end
theory Strong-Early-Bisim-Subst-Pres
imports Strong-FEarly-Bisim-Subst Strong-FEarly-Bisim-Pres
begin
lemma tauPres:
fixes P :: pi
and @ :: pi

assumes P ~° @)

shows 7.(P) ~* 7.(Q)
(proof)
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lemma inputPres:
fixes P :: pi
and Q@ : pi
and a :: name
and =z :: name

assumes P ~% @)

shows a<z>.P ~° a<x>.Q

(proof)

lemma outputPres:
fixes P :: pi
and Q@ : pi

assumes P ~° @)

shows a{b}.P ~* a{b}.Q
(proof)

lemma matchPres:
fixes P :: pi
and Q : pi
and a :: name
and b :: name

assumes P ~° @)

shows [a—~b]P ~* [a—~b]Q
{(proof)

lemma mismatchPres:
fixes P :: pi
and Q : pi
and a :: name
and b :: name

assumes P ~° ()

shows [a#£b]P ~* [a#£b]Q
{proof )
lemma sumPres:

fixes P :: pi

and Q@ : pi

and R : pi

assumes P ~° @)
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shows P& R ~° Q & R
(proof)

lemma parPres:
fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~% ()

shows P || R~ Q|| R
(proof)
lemma resPres:

fixes P :: pi

and @ : pi

and <z :: name

assumes PeqQ): P ~* @

shows <vz>P ~% <vz>(Q
(proof)

lemma bangPres:
fixes P :: pi
and Q@ :: pi

assumes P ~° @)

shows |P ~* ()
{proof)

end
theory Farly-Tau-Chain
imports Farly-Semantics

begin

abbreviation tauChain :: pi = pi = bool (- =, - [80, 80] 80)
where P =, P'= (P, P) e {(P, P)| PP". P+—7 < P'} "%

lemma tauActTauChain:
fixes P :: pi
and P’: pi

assumes P —7 < P’

shows P —, P’
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(proof)

lemma tauChainAddTau[intro):

fixes P :: pi
and P’ : pi
and P : pi

shows P —, P/ — P'+—7 < P =— P —>_ P/
and P—7 < P/'—= P'=—=, P/ = P =, P"

{(proof)

lemma tauChainInduct[consumes 1, case-names id ih]:
fixes P : pi
and P’: pi

assumes P —, P’
and FP
and AP'"P".[P=, P"; P'—7<P'";FP']= FP"

shows F P’
(proof)

lemma equtChainl:
fixes P : pi
and P’ : pi
and perm :: name prm

assumes P —, P’

shows (perm - P) =, (perm - P

{(proof)

lemma equtChaink:
fixes perm :: name prm
and P :pi
and P’ : pi

assumes Trans: (perm + P) =, (perm - P’)

shows P —, P’
(proof)

lemma equtChainFEq:
fixes P :: pi
and P’ :: pi
and perm :: name prm

shows P —, P’ = (perm - P) =, (perm - P’)

(proof)

143



lemma freshChain:
fixes P : pi
and P’: pi
and =z : name

assumes P —, P’
and z 4P

shows 1z f P’

(proof)

lemma matchChain:
fixes b :: name
and P :: pi
and P': pi

assumes P —, P’
and P # P’

shows [b—~b|P =, P’

(proof)

lemma mismatchChain:
fixes a :: name
and b :: name
and P :: pi
and P’: pi
assumes PChain: P =, P’
and aineqb: a # b
and  PineqP": P # P’

shows [a#b|P =, P’

(proof)

lemma sum1Chain:
fixes P :: pi
and P’: pi
and @ :: pi

assumes P =—>, P’
and P # P’

shows P ® Q =, P’
(proof)

lemma sum2Chain:
fixes P :: pi
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and Q@ : pi
and Q' :: pi

assumes Q =, Q'

and  Q# Q'

shows P ® Q =, Q'
(proof)

lemma ParlChain:

fixes P : pi
and P’: pi
and @ :: pi

assumes P =, P’

shows P || Q =, P'| @
(proof)

lemma Par2Chain:

fixes P :: pi
and @ :: pi
and Q': pi

assumes Q =, Q'

shows P | Q =, P | @’
(proof)

lemma chainPar:

fixes P :: pi
and P': pi
and @ :: pi
and Q’: pi

assumes P =, P’
and Q —r Q/

shows P || Q =, P'| Q'
(proof)

lemma ResChain:
fixes P : pi
and P’: pi
and a : name

assumes P =, P’

shows <va>P —, <va>P’
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(proof)

lemma substChain:
fixes P :: pi
and =z :: name
and b : name
and P’: pi

assumes PTrans: P[r:=b] =, P’

shows Plz:=b] =, P'[z:=0]

(proof)

lemma bangChain:
fixes P :: pi
and P': pi

assumes PTrans: P || |P =, P’
and  Plineq: P'# P || |P

shows |P —_ P’/

(proof)

end

theory Weak-FEarly-Step-Semantics
imports Farly- Tau-Chain
begin

lemma inputSupportDerivative:
assumes P ——a<z> < P’

shows (supp P’) — {z} C supp P
(proof)

lemma outputSupportDerivative:
fixes P :: pi
and a : name
and b :: name
and P’: pi

assumes P —a[b] < P’

shows (supp P’) C ((supp P)::name set)
(proof)

lemma boundQutputSupportDerivative:

assumes P —a<vz> < P’
and zf P
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shows (supp P’) — {z} C supp P
(proof)

lemma tauSupportDerivative:
assumes P ——7 < P’

shows ((supp P")::name set) C supp P

{(proof)

lemma tauChainSupportDerivative:
fixes P : pi
and P’: pi

assumes P —, P’

shows ((supp P')::name set) C (supp P)
(proof)

definition outputTransition :: pi = name = name = pi = bool (- =-<v-> <
- [80, 80, 80, 80] 80)

where P —a<vz> < P'=3P"" P". P =, P'"" AN P —sa<vz> < P A
p — p’

definition free Transition :: pi = freeRes= pi = bool (- =- < - [80, 80, 80] 80)
where P =—=a < P'=3P"" P". P =, P"" N P"+——a < P"ANP" =, P’

lemma transitionl:

fixes P :: pi
and P : pi
and «a : freeRes

and P : pi
and P’ :: pi
and a :: name
and z : name

shows [P =, P""; P""+—a < P"; P! =, P| = P =a < P’
and [P =, P"; P —a<vz> < P"; P! =, P'| = P —a<vz> < P’
(proof)

lemma transitionE:

fixes P : pi
and « : freeRes
and P’: pi

and a : name
and <z :: name

shows P =sa < P/ = (3P" P". P =, P" A P" —sa < P""" A P"" =,
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P’
and P —a<vz> < P'= 3P" P"' P =, P"" AN P"' ——a<vz> < P"" A
p — p’

(proof)

lemma weakTransitionAlpha:
fixes P :: pi
and a :: name
and =z : name
and P': pi
and y : name

assumes PTrans: P =>a<vz> < P’
and yt P

shows P —=a<vy> < ([(z, y)] - P)

(proof)

lemma singleActionChain:
fixes P : pi
and Rs :: residual

shows P ——a<vz> < P' = P =—a<vz> < P’
and P+—a < P = P =a < P’

(proof)

lemma Tau:
fixes P :: pi

shows 7.(P) = 7 < P

{(proof)

lemma Input:
fixes a :: name
and z : name
and u :: name
and P :: pi

shows a<z>.P = a<u> < Plz:=u]
(proof)

lemma Output:
fixes a :: name
and b :: name
and P : pi

shows a{b}.P =-alb] < P
(proof)
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lemma Match:
fixes P :: pi
and b : name
and <z : name
and a :: name
and P': pi
and « :: freeRes

shows P =b<ve> < P' = [a—~a]P =-b<vz> < P’
and P —=a < P'= [a—~a]P =a < P’

(proof)

lemma Mismatch:
fixes P :: pi
and c¢ : name
and =z :: name
and a : name
and b :: name
and P’: pi
and « :: freeRes

shows [P = c<va> < P’; a # b = [a#£b]P = c<va> < P’
and [P =a < P;a+# b = [a#£b]P =a < P’
(proof )

lemma Open:
fixes P : pi
and a : name
and b :: name
and P’: pi

assumes PTrans: P =-a[b] < P’
and a#b

shows <vb>P =a<vb> < P’
(proof )

lemma Sumi:
fixes P :: pi
and a : name
and <z : name
and P': pi
and @ :: pi

and « : freeRes
shows P =ra<vz> < P/ = P & Q =—a<vz> < P’

and P—a <P —= P& Q —a <P’

(proof)
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lemma Sum2:

fixes ) :: pi
and a : name
and <z : name
and Q': pi
and P :: pi

and « : freeRes

shows Q =a<vaz> < Q' = P & Q =—a<vz> < Q’
and Q=a<Q = P& Q=0a<Q

(proof)

lemma ParlB:
fixes P :: pi
and a : name
and 1z : name

and P’: pi

and @ :: pi

assumes PTrans: P =—-a<vz> < P’

and zdQ

shows P | Q =ra<vz> < (P'| Q)
(proof)
lemma PariF:

fixes P : pi

and « : freeRes

and P’: pi

and @ :: pi

assumes PTrans: P =a < P’

shows P || Q =a < (P'] @)
(proof )

lemma Par2B:
fixes @ :: pi
and a : name
and <z : name
and Q': pi
and P :: pi

assumes QTrans: Q =—>a<vz> < Q'
and zfP

shows P | Q =a<vz> < (P || Q)

(proof)
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lemma Par2F':

fixes ) :: pi
and « : freeRes
and Q': pi
and P :: pi

assumes QTrans: Q —a < Q'

shows P | Q =a < (P || Q)
{(proof)

lemma Comml1:
fixes P : pi
and a : name
and b : name

and P’: pi
and @ :: pi
and Q’: pi

assumes PTrans: P =>a<b> < P’
and  QTrans: @ =>alb] < Q'

shows P | Q =7 < P'|| Q’
(proof)

lemma Comm?2:
fixes P : pi
and a : name
and b :: name

and P’: pi
and @ :: pi
and Q': pi

assumes PTrans: P =>a[b] < P’
and  QTrans: Q =—a<b> < Q'

shows P || Q =7 < P'|| Q'
(proof)

lemma Closel:
fixes P :: pi
and a :: name
and 1z : name

and P’: pi
and @ :: pi
and Q': pi

assumes PTrans: P =>a<z> < P’
and  QTrans: Q =—a<vz> < Q'
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and zf P

shows P | Q =7 < <vz>(P'| Q)
(proof)

lemma Close2:

fixes P :: pi
and a : name
and <z : name
and P': pi
and @ :: pi
and Q': pi

assumes PTrans: P =—-a<vz> < P’
and QTrans: Q =>a<z> < Q'
and zFresh@: x § @

shows P | Q =7 < <vz>(P'| Q")

(proof)

lemma ResF':

fixes P : pi
and « : freeRes
and P’: pi

and <z :: name

assumes PTrans: P =a < P’
and zfa«

shows <vz>P =—=a < <vz>P’

{(proof)

lemma ResB:
fixes P :: pi
and a : name
and <z : name
and P': pi
and y : name

assumes PTrans: P =a<vz> < P’
and Yy F a
and Yy Fx

shows <vy>P —a<vz> < (<vy>P’)
(proof )

lemma Bang:

fixes P : pi
and Rs :: residual
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shows P || |P =a<vz> < P/ = |P —=a<vz> < P’
and P||!P=a <P = !P=a <P

(proof)

lemma tauTransitionChain:
fixes P : pi
and P’: pi

assumes P =71 < P’

shows P —>, P’

(proof)
lemma chainTransitionAppend:
fixes P :: pi
and P’ : pi
and Rs :: residual
and a : name
and =z : name
and P : pi
and « : freeRes

shows P —a<vz> < P =— P" —, P' — P —a<vz> < P’
and P —a < P'— P'—, P — P =—a < P’
and P —, P = P' —a<vs> < P' =— P —a<vz> < P’
and P—, P'— P'—a <P — P —a < P’

(proof)

lemma freshBoundQOutputTransition:
fixes P : pi
and a :: name
and =z : name
and P': pi
and c¢ : name

assumes PTrans: P =a<vz> < P’

and ct P

and c#z

shows ¢ ff P’
(proof )

lemma freshTauTransition:
fixes P :: pi
and c¢ :: name

assumes PTrans: P =71 < P’
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and ct P

shows c f P’

(proof)

lemma freshOutputTransition:
fixes P :: pi
and a : name
and b : name
and P': pi
and c¢ : name

assumes PTrans: P =>a[b] < P’

and ct P
shows ¢ f P’
(proof)

lemma equtl|equt]:
fixes P : pi
and a : name
and =z : name
and P’: pi
and p :: name prm
and « :: freeRes

shows P —=a<vz> < P = (p+ P) =(p - a)<v(p - z)> < (p - P’)
and P—=a <P = (p-P)=(p-a)=<(p-P)
(proof )

lemma freshInputTransition:

fixes P : pi

and a : name

and b :: name

and P': pi

and c¢ : name

assumes PTrans: P =—a<b> < P’
and ct P

and c#b

shows ¢ ff P’

(proof)

lemmas fresh Transition = freshBoundOutputTransition freshOutput Transition
freshInput Transition freshTauTransition

end
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theory Weak-Early-Semantics
imports Weak-Farly-Step-Semantics
begin

definition weakFree Transition :: pi = freeRes = pi = bool (- = - < - [80, 80,
80] 80)
where P = a < P'=P=a<P'V(a=17AP=P)

lemma weakTransition:

fixes P :: pi
and « : freeRes
and P’: pi

shows P —=aq < P'=— P — o < P’
and P=—7<7P

(proof)

lemma transitionCases[consumes 1, case-names Step Stay|:
fixes P : pi
and « :: freeRes
and P': pi

assumes P — « < P’
and P—=a <P = FoaP
and F (1) P

shows F o P’
(proof)
lemma singleActionChain:
fixes P :: pi
and « : freeRes
and P’: pi

assumes P —a < P’

shows P = «a < P’

(proof)

lemma Tau:
fixes P :: pi

shows 7.(P) = 7 < P

(proof)

lemma Input:
fixes a :: name
and z :: name
and wu :: name
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and P : pi

shows a<z>.P = a<u> < P[r:=1]

(proof)

lemma Output:
fixes a :: name
and b :: name
and P :: pi

shows a{b}.P = a[b] < P
(proof)

lemma ParlF"

fixes P :: pi
and « : freeRes
and P’: pi
and @ :: pi

assumes P =— o < P’

shows P || Q = a < (P’ Q)
{(proof)

lemma Par2F"

fixes @ :: pi

and « : freeRes
and Q': pi
and P : pi

assumes QTrans: Q = a < Q'

shows P || Q = a < (P | Q)
{(proof)

lemma ResF':

fixes P :: pi
and « : freeRes
and P’: pi

and <z :: name

assumes P — « < P’
and zfa«

shows <va>P — a < <vz>P’'

{(proof)

lemma Bang:
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fixes P :: pi
and Rs :: residual

assumes P || |P = o < P’
and P'#£P|IP

shows |P — '« < P’

(proof)

lemma tauTransitionChain[simp):
fixes P : pi
and P’: pi

shows P = 7 < P'=P =, P’

(proof)

lemma tauStep TransitionChain|simp]:
fixes P :: pi
and P’: pi

assumes P # P’

shows P —=7 < P'= P —_ P’

(proof)
lemma chain TransitionAppend:

fixes P :: pi

and P’ :pi

and Rs :: residual

and a :: name

and <z :: name

and P : pi

and o« : freeRes

shows P—=, P!/ —= P'"—="a < P/ = P = a < P’
and P— a<P'— P'—, P — P— a < P’

(proof)
lemma fresh TauTransition:

fixes P :: pi
and c¢ :: name

assumes P =— 7 < P’

and ct P
shows c f P’
{proof )

lemma freshOutputTransition:
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fixes P :: pi
and a : name
and b : name
and P’: pi
and c¢ : name

assumes P = a[b] < P’

and ct P
shows ¢ ff P’
(proof)

lemma equtl:

fixes P :: pi
and « :: freeRes
and P': pi

and p : name prm
assumes P = o < P’

shows (p - P) = (p-a) < (p- P
(proof)

lemma freshInputTransition:
fixes P :: pi
and a :: name
and b :: name
and P’: pi
and c¢ : name

assumes P — a<b> < P’

and ct P

and c#b

shows c f P’
(proof)

lemmas freshTransition = freshBoundQutput Transition freshOutputTransition
freshInputTransition freshTauTransition

end

theory Weak-FEarly-Sim
imports Weak-FEarly-Semantics Strong-FEarly-Sim-Pres
begin

definition weakSimulation :: pi = (pi X pi) set = pi = bool (- ~<-> - [80, 80,

80] 80)
where P ~<Rel> Q = Vaz Q. Q —ra<vz> < Q' Nz ¢ P — (3P P
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=a<vz> < P’ A (P, Q') € Rel)) A
Va Q. Qr—a<Q — 3P.P= a <P NP, Q)¢
Rel))

lemma monotonic:
fixes A :: (pi x pi) set
and B :: (pi x pi) set
and P : pi
and P’: pi

assumes P ~»<A> P’
and ACB

shows P ~»<B> P’

(proof)
lemma simCasesCont[consumes 1, case-names Bound Free]:
fixes P : pi
and @ :: pi
and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes FEqut: equt Rel

and Bound: Naz Q. [Q+— a<vz> < Qs z 8 P;zt Q2 # a; 24 C] =
3P P =a<vz> < P' AN (P, Q') € Rel

and Free: N\a Q. Q+— a < Q' = 3P.P= a <P A (P, Q) € Rel

shows P ~~»<Rel> @)

(proof)
lemma simCases|[case-names Bound Free]:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes AQ' a z. [Q — a<vz> < Qs z 4 Pl = 3P’ P —=-a<vaz> < P’ A
(P, Q") € Rel
and AQ o Q+—a<Q = IP.P= a=<P' A(P, Q"€ Rel

shows P ~»<Rel> @

(proof)
lemma simkFE:
fixes P : pi
and Rel :: (pi x pi) set
and @ :: pi
and a :: name
and <z :: name
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and Q' : pi
assumes P ~~<Rel> @

shows @ —ra<vz> < Q' = 24 P = I P". P =a<vz> < P'AN (P, Q') €
Rel

and Q+—a < Q' = IP. P= a <P’ A (P, Q") € Rel
(proo)

lemma weakSimTauChain:
fixes P :: pi
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set
and @ :: pi
and Q' : pi
assumes QChain: Q =, Q'
and  PRelQ: (P, Q) € Rel
and PSim@Q: AR S. (R, S) € Rel = R ~<Rel> S

shows 3P’. P =, P' A (P’, Q') € Rel

(proof)
lemma simFE2:
fixes P :: pi
and Rel :: (pi x pi) set
and @ :: pi
and a : name
and z :: name
and Q' :: pi

assumes Sim: AR S. (R, S) € Rel = R ~~»<Rel> S
and Equt: equt Rel
and  PRelQ: (P, Q) € Rel

shows Q =a<vr> < Q' = 2 P = 3IP". P =a<vz> < P'AN (P, Q) €
Rel

and Q:}Aa<Q’:}HP’,P:}AO(<P//\(P/,Q’)GRBZ

(proof)

lemma equtl:
fixes P :: pi
and @ < pi
and Rel :: (pi x pi) set
and perm :: name prm

assumes PSimQ): P ~<Rel> Q

and  RelRel”: Rel C Rel’
and EqutRel”: equt Rel’
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shows (perm - P) ~»<Rel"> (perm - Q)
(proof)

lemma reflexive:
fixes P : pi
and Rel :: (pi x pi) set

assumes Id C Rel

shows P ~»<Rel> P

(proof)
lemma transitive:
fixes P = opi
and (@ nopi
and R ot
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

and Rel” :: (pi x pi) set

assumes QSimR: @ ~<Rel”> R

and Equt: equt Rel

and Equt'": equt Rel”

and Trans: Rel O Rel’ C Rel”

and  Sim: AST. (S, T) € Rel = S ~»<Rel> T
and PRelQ: (P, Q) € Rel

shows P ~»<Rel””> R

(proof)

lemma strongAppend:
fixes P i
and @ :pi

and R =i

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set
and Rel” :: (pi x pi) set

assumes PSimQ): P ~<Rel> Q
and  QSimR: Q ~[Rell R
and Equt’": equt Rel”

and Trans: Rel O Rel’ C Rel"

shows P ~»<Rel””> R

(proof)
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lemma strongSim WeakSim:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set

assumes PSim@: P ~~[Rel] Q

shows P ~»<Rel> @
(proof )

end

theory Weak-FEarly-Bisim
imports Weak-Early-Sim Strong-FEarly-Bisim
begin

lemma monoAuzr: A C B=—= P ~<A> Q — P ~<B> (@
(proof)

coinductive-set weakBisim :: (pi X pi) set
where

step: [P ~~<weakBisim> Q; (Q, P) € weakBisim] = (P, Q) € weakBisim
monos monoAux

abbreviation weakEarlyBisimJudge (infixr ~ 65) where P = Q = (P, Q) €
weakBisim

lemma weakBisim CoinductAuz|case-names weakBisim, case-conclusion weakBisim
step, consumes 1]:

assumes p: (P, Q) € X

and step: AP Q. (P, Q) € X = P ~~<(X U weakBisim)> Q A (Q, P) € X
U weakBisim

shows P ~ ()
(proof)

lemma weakBisim WeakCoinductAuz|[case-names weakBisim, case-conclusion weak-
Bisim step, consumes 1]:

assumes p: (P, Q) € X

and step: AP Q. (P, Q)€ X = P ~<X> QAN (Q,P)e X

shows P ~ ()
(proof)

lemma weakBisimCoinduct[consumes 1, case-names cSim cSym]:
fixes P :: pi
and Q : pi
and X :: (pi x pi) set
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assumes (P, Q) € X

and ARS. (R, S) € X = R ~<(X U weakBisim)> S
and ARS. (R, S)eX = (S,R)e X
shows P ~ @)

(proof )

lemma weakBisim WeakCoinduct[consumes 1, case-names cSim c¢Sym):
fixes P :: pi
and Q@ : pi
and X :: (pi x pi) set

assumes (P, Q) € X
and AP Q. (P, Q)€ X = P~<X>Q
and APQ. (P,Q eX = (Q,P)eX

shows P ~ ()
(proof)

lemma weakBisimkFE:
fixes P :: pi
and Q@ : pi

assumes P ~ ()

shows P ~»<weakBisim> @

and Q=P
(proof)
lemma weakBisiml:
fixes P :: pi
and Q@ : pi
assumes P ~»<weakBisim> @
and Q~P
shows P ~ @)
(proof)

lemma equt[simp]:
shows equt weakBisim

(proof)

lemma equtl[equt:
fixes P :: pi
and Q@ : pi

and perm :: name prm

assumes P ~ @)
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shows (perm - P) =~ (perm - Q)

(proof)

lemma strongBisim WeakBisim:
fixes P :: pi
and Q@ : pi

assumes P ~ @

shows P ~ ()
(proof)

lemma refiezive:
fixes P :: pi

shows P ~ P
(proof)

lemma symetric:
fixes P :: pi
and Q@ : pi

assumes P ~ ()

shows ) ~ P
(proof)

lemma transitive:
fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~ @)

and Q~R
shows P ~ R
(proof)

lemma weakBisim WeakUpto|case-names cSim cSym, consumes 1]:
assumes p: (P, Q) € X
and Equt: equt X
and rSim: AP Q. (P, Q) € X = P ~<(weakBisim O X O bisim)> Q
and rSym: A P Q. (P, Q) € X = (@, P) ¢ X

shows P ~ ()
{proof )

lemma weakBisim Upto|case-names c¢Sim c¢Sym, consumes 1]:
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assumes p: (P, Q) € X
and FEqut: equt X

and rSim: AR S. (R, §) € X = R ~<(weakBisim O (X U weakBisim) O

bisim)> S
and rSym: AR S. (R, S) e X = (S, R) € X

shows P ~ ()
(proof)

lemma transitive-coinduct-weak[case-names cSim cSym, consumes 21]:
assumes p: (P, Q) € X
and Fqut: equt X
and rSim: AP Q. (P, Q) € X = P ~<(bisim O X O bisim)> Q
and rSym: A P Q. (P, Q) € X = (Q, P) € bisim O X O bisim

shows P ~ ()
(proof)

end

theory Weak-FEarly-Step-Sim
imports Weak-Early-Sim Strong-FEarly-Sim
begin

definition weakStepSimulation :: pi = (pi x pi) set = pi = bool (- ~>«-» - [80,

80, 80] 80) where

P~«Rely Q= (VQ az. Qr—a<vz><Q — zt P— (3P'. P = a<vz>

< P'A (P, Q) € Rel)) A

VQ a Qr—a<Q — AP.P=a <P AP, Q)€

Rel))

lemma monotonic:
fixes A :: (pi x pi) set
and B :: (pi x pi) set
and P : pi
and P': pi

assumes P ~~«A» P’
and ACB

shows P ~s«B» P’

(proof)
lemma simCasesCont[consumes 1, case-names Bound Free]:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set
and C : 'a:fs-name
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assumes FEqut: equt Rel

and Bound: Naz Q. [z 8 C; Q — a<vaz> < Q] = IP". P = a<vz>
< P'AN (P, Q) € Rel

and Free: Na Q. Qr— a < Q' = IP.P= a <P A (P, Q) € Rel

shows P ~»«Rel» @

(proof)
lemma simCases[consumes 0, case-names Bound Free]:
fixes P :: pi
and @ ::pi
and Rel :: (pi x pi) set
and C : 'a:fs-name

assumes Aa z Q. [Q — a<vz> < Q; 2§ P] = 3P P = a<vz> < P’
A (P, Q') € Rel
and Ao Q. Q+—a<Q = 3IP.P= a=<P' AN(P, Q) € Rel

shows P ~»«Rel» Q

(proof)
lemma simkFE:
fixes P : pi
and Rel :: (pi x pi) set
and @ :: pi
and a :: name
and z :: name
and Q' :: pi

assumes P ~»«Rel» Q

shows Q —a<vz> < Q' = 2§ P = 3P’ P —=a<va> < P'AN (P, Q') €
Rel

and Q+—a < Q = IP. P=a <P AN (P, Q) € Rel
(proof)

lemma simE2:

fixes P : pi

and Rel :: (pi x pi) set
and @ :: pi

and a :: name

and =z : name

and Q' :: pi

assumes PSim@Q): P ~»«Rel» @

and Sim: AR S. (R, S) € Rel = R ~»<Rel> S
and Equt: equt Rel

and  PRelQ: (P, Q) € Rel
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shows ) =ra<vz> < Q' =z P = 3P". P =a<vz> < P'AN (P, Q') €
Rel

and @ —=a < Q' = IP. P=a <P’ AN (P, Q) € Rel
(proof )

lemma equtl:
fixes P :: pi
and @ :pi
and Rel :: (pi X pi) set
and perm :: name prm

assumes PSim@: P ~~«Rel» @
and RelRel”: Rel C Rel’
and EqutRel’: equt Rel’

shows (perm « P) ~>«Rel’» (perm - Q)
(proof)

lemma refiezive:
fixes P : pi
and Rel :: (pi x pi) set

assumes Id C Rel

shows P ~»«Rely P

(proof)
lemma transitive:
fixes P ol
and (@ ©opi
and R ot
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

and Rel” :: (pi x pi) set

assumes PSim@): P ~~«Rel» @

and QSimR: Q ~«Rel’» R

and Equt: equt Rel

and Equt'": equt Rel”

and Trans: Rel O Rel’ C Rel”

and  Sim: AST. (S, T) € Rel = S ~»<Rel> T
and PRelQ: (P, Q) € Rel

shows P ~=«Rel'’» R
(proof)
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lemma strongSim WeakSim:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set

assumes PSim@: P ~~[Rel] Q

shows P ~»«Rel» @

(proof)

lemma weakSim WeakEqSim:
fixes P : pi
and @ :pi

and Rel :: (pi X pi) set
assumes P ~»«Rel» @

shows P ~»<Rel> @
(proof )

end

theory Weak-FEarly-Cong
imports Weak-FEarly-Bisim Weak-Early-Step-Sim Strong-FEarly-Bisim
begin

definition weakCongruence :: pi = pi = bool (infixr ~ 65)
where P ~ ) = P ~»«weakBisim» Q N @ ~>«weakBisim» P

lemma weakCongISym|[consumes 1, case-names cSym cSim]:
fixes P :: pi
and Q@ : pi

assumes Prop P ()
and ARS.Prop RS = Prop SR
and ARS. Prop R S = (F R) ~«weakBisim» (F S)

shows F P~ F @

(proof)

lemma weakConglSym2|[consumes 1, case-names ¢Sim:
fixes P :: pi
and Q@ : pi

assumes P ~ @)
and ARS.R~S = (FR) ~«weakBisim» (FS)

shows FF P ~ F @)
(proof )
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lemma weakCongEE:
fixes P :: pi
and Q@ : pi
and s :: (name x name) list

assumes P ~ @)

shows P ~«weakBisim» Q
and @ ~«weakBisim» P

(proof)

lemma weakCongl:
fixes P :: pi
and Q@ : pi

assumes P ~»«weakBisim» @
and Q ~>«weakBisim» P

shows P ~ @)
(proof)

lemma equtl[equt):
fixes P :: pi
and Q : pi
and p : name prm

assumes P ~ @)

shows (p - P) ~ (p - Q)
{(proof)

lemma strongBisim WeakCong:
fixes P :: pi
and Q : pi

assumes P ~ @

shows P ~ @
(proof)

lemma congruence WeakBisim:
fixes P :: pi
and @ :: pi

assumes P ~ @)

shows P ~ @)
(proof)
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lemma reflexive:
fixes P :: pi

shows P ~ P
(proof)

lemma symetric:
fixes P :: pi
and Q@ : pi

assumes P ~ @)

shows @ ~ P
(proof)

lemma transitive:
fixes P :: pi
and Q : pi
and R : pi

assumes P ~ (@
and Q~R

shows P ~ R
(proof)

end

theory Weak-Early-Bisim-Subst
imports Weak-Early-Bisim Strong-Early-Bisim-Subst
begin

consts weakBisimSubst :: (pi x pi) set
abbreviation weakEarlyBisimSubstJudge (infixr ~* 65) where P ~* ) = (P,
Q) € (substClosed weakBisim)

lemma congBisim:
fixes P :: pi
and Q : pi

assumes P =% ()

shows P ~ ()
(proof)

lemma strongBisim WeakBisim:

fixes P :: pi
and Q@ : pi
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assumes P ~% ()

shows P ~*° ()
(proof)

lemma equt:

shows equt (substClosed weakBisim)

(proof)

lemma equtl[equt]:
fixes P :: pi
and Q : pi

and perm :: name prm

assumes P ~° @)

shows (perm - P) ~*° (perm - Q)

(proof)

lemma refiezive:
fixes P :: pi

shows P ~% P
(proof)

lemma symetric:
fixes P :: pi
and Q : pi

assumes P ~° ()

shows @ ~° P
(proof)

lemma transitive:

fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~° @)
and Q~°R

shows P ~° R
(proof)

lemma partUnfold:
fixes P :: pi
and Q@ : pi
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and s :: (name x name) list
assumes P ~° @)

shows P[<s>] =° Q[<s>]

(proof)

end

theory Weak-Early-Cong-Subst
imports Weak-FEarly-Cong Weak-Early-Bisim-Subst Strong-FEarly-Bisim-Subst
begin

consts congruenceSubst :: (pi X pi) set

definition weakCongruenceSubst (infixr ~* 65) where P ~°* Q = Vo. P[<o>]
~ Q[<o>]

lemma unfoldE:
fixes P :: pi
and Q@ : pi
and s :: (name X name) list

assumes P ~° @)

shows P[<s>] ~«weakBisim» Q[<s>]
and Q[<s>] ~«weakBisimy» P[<s>]

(proof)

lemma unfoldl:
fixes P :: pi
and Q@ : pi

assumes \s. P[<s>]| ~»«weakBisim» Q[<s>]
and  As. Q[<s>] ~«weakBisimy P[<s>]

shows P ~*° @
(proof)

lemma weakCongWeakEq:
fixes P :: pi
and Q : pi

assumes P ~° ()

shows P ~ @)
{(proof)

lemma equtl:
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fixes P :: pi
and Q : pi
and p :: name prm

assumes P ~° @)

shows (p - P) ~* (p - Q)

(proof )

lemma strongEqWeakCong:
fixes P :: pi
and Q@ :: pi

assumes P ~° @)

shows P ~*° ()
(proof)

lemma congSubstBisimSubst:
fixes P :: pi
and Q@ : pi

assumes P ~° ()

shows P ~° @
(proof)

lemma reflexive:

fixes P :: pi

shows P ~* P
(proof)

lemma symetric:
fixes P :: pi
and Q@ : pi

assumes P ~° ()

shows @ ~° P
(proof)

lemma transitive:
fixes P :: pi
and Q : pi
and R : pi

assumes P ~° @)
and Q~R
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shows P ~°* R
(proof)

lemma partUnfold:
fixes P :: pi
and Q@ : pi
and s :: (name x name) list

assumes P ~° ()

shows P[<s>] ~* Q[<s>]
(proof)

end

theory Weak-FEarly-Step-Sim-Pres
imports Weak-FEarly-Step-Sim
begin

lemma tauPres:
fixes P :: pi
and @ ::pi
and Rel :: (pi x pi) set
and Rel’ :: (pi X pi) set

assumes PRel@: (P, Q) € Rel

shows 7.(P) ~»«Rel» 7.(Q)

(proof )

lemma inputPres:
fixes P :: pi
and z :: name
and @ :pi
and a : name

and Rel :: (pi x pi) set

assumes PRelQ: Vy. (Plz:=y], Q[z::=y]) € Rel
and Equt: equt Rel

shows a<z>.P ~~«Rel» a<z>.Q

(proof)

lemma outputPres:
fixes P :: pi
and @ :pi
and a :: name
and b :: name
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and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel

shows a{b}.P ~>«Rel» a{b}.Q
(proof)

lemma matchPres:

fixes P :: pi
and @ < pi
and a : name
and b :: name

and Rel :: (pi X pi) set
and Rel’ :: (pi x pi) set

assumes PSim@Q): P ~~«Rel» @

and RelRel”: Rel C Rel’

shows [a—~b]P ~>«Rel’» [a—~b]Q

(proof)

lemma mismatchPres:
fixes P : pi
and @ :pi
and a :: name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSimQ): P ~~«Rel» @

and RelRel”: Rel C Rel’

shows [a#£b|P ~>«Rel’y [a#£b]Q

(proof)

lemma sumPres:
fixes P :: pi
and @ : pi
and R : pi

assumes PSim@Q): P ~~«Rel» @

and RelRel”: Rel C Rel’
and C: Id C Rel’

shows P @ R ~«Rel’» Q ® R

{(proof)

lemma parPres:
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fixes P i
and @ 2ot
and R ot
and T  :pi
and Rel : (pi x pi) set
and Rel’ :: (pi x pi) set
and Rel” :: (pi x pi) set

assumes PSim@Q: P ~»«Rel» Q

and PRel@: (P, Q) € Rel

and  Par: NSTU.(S,T)€ Rel = (S| U, T| U)€ Rel
and  Res: NS Tz (S, T) € Rel! = (<vz>S, <vaz>T) € Rel’

shows P || R ~«Rel’» Q || R

(proof)
lemma resPres:
fixes P :: pi
and @ :pi
and Rel :: (pi X pi) set
and z : name

and Rel’ :: (pi x pi) set

assumes PSim@: P ~~«Rel» @

and C1: AR Sz (R, S) € Rel = (<vz>R, <vz>S) € Rel’
and RelRel”: Rel C Rel’

and EqutRel: equt Rel

and EqutRel’: equt Rel’

shows <vz>P ~~«Rel’» <vz>Q

(proof )

lemma resChainl:
fixes P :: pi
and @ :: pi

and Rel :: (pi x pi) set
and st :: name list

assumes equtRel: equt Rel
and Res: AR Sz (R, S) € Rel = (<va>R, <vz>S) € Rel
and PRel@: P ~»«Rel» Q

shows (resChain Ist) P ~»«Rel» (resChain Ist) Q

(proof)

lemma bangPres:
fixes P :: pi
and @ :pi

and Rel :: (pi x pi) set
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assumes PRel@: (P, Q) € Rel

and  Sim: AR S. (R, S) € Rel = R ~»«Rel’» S
and C1: Rel C Rel’

and equtRel: equt Rel’

shows |P ~»«bangRel Rel’y Q)
(proof)

end

theory Weak-FEarly-Sim-Pres
imports Weak-Farly-Sim
begin

lemma tauPres:
fixes P :: pi
and @ ::pi
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PRel@: (P, Q) € Rel

shows 7.(P) ~<Rel> 7.(Q)

(proof )

lemma inputPres:
fixes P : pi
and z :: name
and @ :pi
and a : name

and Rel :: (pi x pi) set

assumes PRelQ: Vy. (Plz:=y], Q[z::=y]) € Rel
and Equt: equt Rel

shows a<z>.P ~»<Rel> a<x>.Q
(proof)

lemma outputPres:

fixes P :: pi
and @ :pi
and a :: name
and b :: name

and Rel :: (pi x pi) set
assumes PRelQ: (P, Q) € Rel

shows a{b}.P ~»<Rel> a{b}.Q
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(proof)

lemma matchPres:

fixes P :: pi
and @ :pi
and a :: name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@Q: P ~<Rel> Q
and RelRel”: Rel C Rel’
and  RelStay: AR S c. (R, S) € Rel = ([¢c—~¢|R, §) € Rel

shows [a—~b]P ~»<Rel”> [a—~b]Q

(proof)

lemma mismatchPres:
fixes P : pi
and @ :pi
and a :: name
and b :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@Q): P ~<Rel> Q
and RelRel”: Rel C Rel’
and  RelStay: AR S cd. [(R, S) € Rel; ¢ # d] = ([¢#d]|R, S) € Rel

shows [a#b]P ~»<Rel"™> [a#b]Q
{(proof)

lemma parCompose:
fixes P =i
and @ 2ot

and R ot
and S =i
and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set
and Rel” :: (pi x pi) set

assumes PSim@): P ~»<Rel> @

and RSimT: R ~<Rel’> S

and  PRelQ: (P, Q) € Rel

and  RRel'T: (R, S) € Rel’

and  Par: AP’ Q'R S" [(P, Q) € Rel; (R, S') € Rel] = (P' || R/,
Q'|l S € Rel”

and  Res: ANT Uz (T, U) € Rel" = (<va>T, <vz>U) € Rel”
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shows P || R ~<Rel"”> Q || S

(proof)

lemma parPres:
fixes P :: pi
and @ :: pi
and R :pi
and a :: name

and Rel :: (pi x pi) set
and Rel’ :: (pi x pi) set

assumes PSim@): P ~»<Rel> @

and PRel@: (P, Q) € Rel

and  Par: ANSTU. (S, T)€ Rel= (S| U, T| U)e€ Rel
and  Res: NS Tz (S, T) € Rel! = (<vz>S, <vz>T) € Rel’

shows P || R ~<Rel"™> Q || R

(proof)
lemma resPres:
fixes P :: pi
and @ < pi
and Rel :: (pi x pi) set
and z :: name

and Rel’ :: (pi X pi) set

assumes PSim@Q: P ~<Rel> Q

and  ResRel: AR Sy. (R, S) € Rel = (<vy>R, <vy>S) € Rel’
and RelRel”: Rel C Rel’

and FEqutRel: equt Rel

and EqutRel’: equt Rel’

shows <vax>P ~»<Rel"> <vz>Q

(proof)

lemma resChainl:
fixes P :: pi
and @ :: pi

and Rel :: (pi x pi) set
and st :: name list

assumes equtRel: equt Rel
and Res: AR Sy. (R, S) € Rel = (<vy>R, <vy>S) € Rel
and PRel@: P ~»<Rel> @

shows (resChain Ist) P ~»<Rel> (resChain Ist) Q
(proof)

lemma bangPres:
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fixes P :: pi
and @ :pi
and Rel :: (pi x pi) set

assumes PRelQ: (P, Q) € Rel

and  Sim: AR S. (R, S) € Rel = R ~»<Rel> S

and  ParComp: ARSTU.[(R,S)€ Rel; (T, U) € Rel] = (R|| T, S
| U) € Rel’

and  Res: AR S z. (R, S) € Rel'! = (<vaz>R, <vz>S) € Rel’

and  RelStay: AR S. (R 'R, S) € Rel’=> (IR, S) € Rel’

and  BangRelRel’: (bangRel Rel) C Rel’
and equtRel”:  equt Rel’

shows |P ~~<Rel’> 1Q

(proof)

lemma bangRelSim:
fixes P :: pi
and @ :pi

and Rel :: (pi x pi) set
and Rel’l :: (pi x pi) set

assumes PBangRelQ: (P, Q) € bangRel Rel

and  Sim: AR S. (R, S) € Rel = R ~»<Rel> S

and  ParComp: ARSTU.[(R,S)€ Rel; (T, U) € Rel] = (R|| T, S
| U) € Rel’

and  Res: AR S z. (R, S) € Rel’ = (<va>R, <vz>S) € Rel’

and  RelStay: AR S. (R IR, S) € Rel’=> (IR, S) € Rel’

and  BangRelRel”: (bangRel Rel) C Rel’
and equtRel”:  equt Rel’
and Equt: equt Rel

shows P ~»<Rel’> Q

(proof)

end

theory Strong-Early-Late-Comp
imports Strong-Late- Bisim-Subst-SC Strong-Early-Bisim-Subst
begin

abbreviation TransitionsLate-judge (- —; - [80, 80] 80) where P —; Rs =
transitions P Rs

abbreviation TransitionsEarly-judge (- —. - [80, 80] 80) where P —. Rs =
TransitionsEarly P Rs
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abbreviation Transitions-InputjudgeLate (-<-> <; - [80, 80] 80) where a<z>

=<; P’ = (Late-Semantics.BoundR (Late-Semantics.InputS a) z P’)

abbreviation Transitions-OutputjudgeLate (-[-] <, - [80, 80] 80) where a[b] <,

P’ = (Late-Semantics. FreeR (Late-Semantics. OutputR a b) P’)

abbreviation Transitions-BoundOQutputjudgeLate (-<v-> <; - [80, 80] 80) where

a<vz> <; P’ = (Late-Semantics. BoundR (Late-Semantics. BoundOutputS a) © P’)
abbreviation Transitions- TaujudgeLate (1 <; - 80) where 7 <; P’ = (Late-Semantics. FreeR
Late-Semantics. TauR P’)

abbreviation Transitions-InputjudgeFarly (-<-> <. - [80, 80] 80) where a<z>

<e P’ = (Early-Semantics.FreeR (Early-Semantics.InputR a z) P’)

abbreviation Transitions-OutputjudgeEarly (-[-] <. - [80, 80] 80) where a[b] <.

P’ = (Early-Semantics. FreeR (Early-Semantics. OutputR a b) P’)

abbreviation Transitions-BoundOutputjudgeEarly (-<v-> <. - [80, 80] 80) where

a<vr> <. P’ =(Early-Semantics. BoundOutputR a x P’)

abbreviation Transitions- TaujudgeEarly (7 <. - 80) where 7 <. P’ = (Early-Semantics. FreeR
Early-Semantics. TauR P’)

lemma earlyLateOutput:
fixes P :: pi
and a : name
and b :: name
and P’: pi

assumes P —.a[b] <. P’

shows P ——alb] <; P’
(proof)

lemma lateEarlyOutput:
fixes P : pi
and a :: name
and b : name
and P': pi

assumes P —a[b] <; P’

shows P —.a[b] <. P’
(proof)

lemma outputEq:
fixes P : pi
and a : name
and b : name
and P’: pi

shows P —.a[b] <. P’ = P ——a[b] <; P’

(proof)
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lemma late FarlyBoundOutput:
fixes P : pi
and a :: name
and =z : name
and P': pi

assumes P —a<vz> <; P’

shows P — a<vr> <, P’

(proof)

lemma earlyLateBoundQOutput:
fixes P :: pi
and a :: name
and =z : name
and P’: pi

assumes P — a<vz> <, P’

shows P —ja<vz> <; P’

(proof)

lemma BoundQOutputEq:
fixes P :: pi
and a : name
and =z : name
and P’: pi

shows P . a<vs> <, P/ = P —ja<vz> <; P’

{(proof)

lemma lateEarlyInput:
fixes P :: pi
and a : name
and <z : name
and P': pi
and wu : name

assumes PTrans: P —3; a<z> <; P’

shows P —.a<u> <. (P'[z:=u])

(proof)

lemma earlyLatelnput:
fixes P :: pi
and a :: name
and =z : name
and P’: pi
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and wu : name
and C : 'a:fs-name

assumes P — a<u> <, P’
and zf§P

shows 3P". P ——ja<z> <; P N P’ = P"[x:=u]
(proof)

lemma lateEarly Tau:
fixes P : pi
and P’: pi

assumes P —;7 <; P’

shows P .7 <. P’

(proof)

lemma earlyLate Tau:
fixes P : pi
and P': pi

assumes P — .7 <, P’

shows P ;7 <; P’

(proof)

lemma tauFq:
fixes P :: pi
and P’: pi

shows P ——.(Early-Semantics.FreeR Early-Semantics. TauR P') = P ——1 <
P/
(proof)

abbreviation simLate-judge (- ~[-] - [80, 80, 80] 80) where P ~;[Rel] Q
Strong-Late-Sim.simulation P Rel @

abbreviation simEarly-judge (- ~.[-] - [80, 80, 80] 80) where P ~.[Rel] Q
Strong-Early-Sim.strongSimFEarly P Rel @

lemma lateEarlySim:
fixes P :: pi
and @ :: pi
and Rel :: (pi x pi) set

assumes PSim@Q: P ~[Rel] Q
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shows P ~~.[Rel] Q
(proof)

abbreviation bisimLate-judge (- ~; - [80, 80] 80) where P ~; Q = (P, Q) €
Strong-Late-Bisim.bisim
abbreviation bisimEarly-judge (- ~. - [80, 80] 80) where P ~. Q = (P, Q) €
Strong-Early-Bisim.bisim

lemma lateEarlyBisim:
fixes P :: pi
and Q : pi

assumes P ~; ()

shows P ~, ()
(proof)

abbreviation congLate-judge (- ~*; - [80, 80] 80) where P ~*, Q = (P, Q) €
(substClosed Strong-Late-Bisim.bisim)

abbreviation congFarly-judge (- ~*. - [80, 80] 80) where P ~*, Q = (P, Q) €
(substClosed Strong-Farly-Bisim.bisim)

lemma lateEarlyCong:
fixes P :: pi
and Q : pi

assumes P ~%; @)

shows P ~*, @)
(proof)

lemma earlyCongStructCong:
fixes P :: pi
and @ : pi

assumes P =, )

shows P ~*%, @)
(proof)

lemma earlyBisimStructCong:
fixes P :: pi
and Q@ : pi
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assumes P =; @)

shows P ~, ()
(proof)

end

theory Strong-Early-Bisim-SC
imports Strong-FEarly-Bisim Strong-Late-Bisim-SC Strong-FEarly-Late-Comp
begin

lemma resComm:
fixes P :: pi

shows <va><vb>P ~, <vb><va>P

(proof)

lemma matchld:
fixes a :: name
and P :: pi

shows [a—~a]P ~, P
(proof)

lemma mismatchld:
fixes a :: name
and b :: name
and P :: pi

assumes a # b

shows [a#£b]P ~, P
(proof)

lemma mismatchNil:
fixes a :: name
and P :: pi

shows [a#a|P ~. 0
(proof)
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lemma sumSym:
fixes P :: pi
and Q@ : pi

shows P& Q ~. Q& P
(proof)

lemma sumAssoc:
fixes P :: pi
and Q : pi
and R : pi

shows (P ® Q) ® R~. P ®© (Q ® R)
(proof)

lemma sumZero:
fixes P :: pi

shows P ® 0 ~, P
(proof)

lemma parZero:
fixes P :: pi

shows P || 0 ~, P

{proof )
lemma parSym:
fixes P :: pi
and Q : pi
shows P || Q ~. Q|| P
(proof)
lemma scopeEztPar:
fixes P :: pi
and Q : pi

and z : name
assumes z f P

shows <va>(P || Q) ~. P || <vz>Q

(proof)
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lemma scopeExtPar’:
fixes P :: pi
and Q : pi
and «z : name

assumes zFresh@: z  Q

shows <va>(P || Q) ~. (<vz>P) || Q
(proof)

lemma parAssoc:

fixes P :: pi
and Q : pi
and R : pi

shows (P || @) | R ~c P [ (Q | R)
(proof)

lemma freshRes:
fixes P :: pi
and a :: name

assumes aFreshP: a § P

shows <va>P ~, P
{proof )
lemma scopeEzrtSum:
fixes P :: pi
and Q : pi
and z : name

assumes z f P

shows <va>(P & Q) ~. P & <vz>Q
(proof )

lemma bangSC":
fixes P

shows !|P ~, P || |P
(proof)

end
theory Weak-Early-Bisim-SC

imports Weak-Early-Bisim Strong-Early-Bisim-SC
begin
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lemma weakBisimStructCong:
fixes P :: pi
and Q@ : pi

assumes P =; @)

shows P ~ @)
{(proof)

lemma matchld:
fixes a :: name
and P :: pi

shows [a—~a]P ~ P

(proof)

lemma mismatchld:
fixes a :: name
and b :: name
and P :: pi

assumes a # b

shows [a#b]P ~ P
(proof)

lemma mismatchNil:
fixes a :: name
and P :: pi

shows [a#£a]P ~ 0
(proof)

lemma resComm:
fixes P :: pi

shows <va><vb>P ~ <vb><va>P

(proof)

lemma sumSym:
fixes P :: pi
and Q@ : pi
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shows P Q~ Q & P

(proof)

lemma sumAssoc:
fixes P :: pi
and Q@ : pi
and R : pi

shows (P® Q) ® R~ P ® (Q & R)

{(proof)

lemma sumZero:
fixes P :: pi

shows P & 0 =~ P
(proof )

lemma parZero:
fixes P :: pi

shows P | 0 = P
(proof)

lemma parSym:
fixes P :: pi
and @ :: pi

shows P || Q~ Q|| P
(proof)

lemma scopeEztPar:
fixes P :: pi
and Q : pi
and «z : name

assumes z f P

shows <va>(P || Q) = P | <vz>Q

(proof)

lemma scopeExtPar’:
fixes P :: pi
and Q : pi
and =z : name

assumes z § Q
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shows <vaz>(P || Q) = (<vz>P) || Q
{(proof)

lemma parAssoc:
fixes P :: pi
and Q@ : pi
and R : pi

shows (P || Q) || R~ P | (Q] R)
(proof)

lemma freshRes:
fixes P :: pi
and ¢ :: name

assumes a f P

shows <va>P ~ P
(proof)

lemma scopeEztSum:
fixes P :: pi
and Q@ : pi
and «z : name

assumes z f P

shows <va>(P ® Q) = P @& <vz>Q
(proof)

lemma bangSC":
fixes P

shows |P ~ P || IP
(proof)

end

theory Weak-FEarly-Bisim-Pres

imports Strong-FEarly-Bisim-Pres Weak-FEarly-Sim-Pres Weak-Early-Bisim-SC
Weak-Early-Bisim
begin

lemma tauPres:
fixes P :: pi
and Q@ : pi
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assumes P ~ @)

shows 7.(P) = 7.(Q)
(proof)

lemma outputPres:
fixes P :: pi
and Q : pi
and a :: name
and b :: name

assumes P ~ @)

shows a{b}.P =~ a{b}.Q
(proof)

lemma inputPres:
fixes P :: pi
and Q : pi
and a :: name
and z :: name

assumes PSimQ: Vy. Plz:=y| =~ Qlz:=y]

shows a<z>.P =~ a<z>.0Q

(proof)

lemma resPres:
fixes P :: pi
and Q : pi
and z : name

assumes P ~ @)

shows <vz>P =~ <vz>(Q
(proof)
lemma matchPres:

fixes P :: pi

and Q : pi

and a :: name

and b :: name

assumes P ~ @)

shows [a—~b]P = [a—~b]Q
{(proof)

lemma mismatchPres:
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fixes P :: pi
and Q : pi
and a :: name
and b :: name

assumes P ~ @)

shows [a#£b]P =~ [a#£b]Q
(proof)
lemma parPres:

fixes P :: pi

and Q : pi

and R : pi

assumes P ~ @)

shows P | R~ Q || R
(proof)

lemma bangPres:
fixes P :: pi
and Q@ : pi

assumes PBisimQ): P ~ @

shows P ~ ()
(proof)

lemma bangRelSubWeakBisim:
shows bangRel weakBisim C weakBisim

(proof)

end
theory Weak-FEarly-Cong-Pres
imports Weak-Early-Cong Weak-FEarly-Step-Sim-Pres Weak-Early-Bisim-Pres
begin
lemma tauPres:
fixes P :: pi
and Q : pi

assumes P ~ (@

shows 7.(P) ~ 7.(Q)
{(proof)

lemma outputPres:
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fixes P :: pi
and Q : pi

assumes P ~ ()

shows a{b}.P ~ a{b}.Q

(proof)

lemma matchPres:
fixes P :: pi
and Q@ :: pi
and a :: name
and b :: name

assumes P ~ @

shows [a—~b|P ~ [a—~b]Q

(proof)

lemma mismatchPres:
fixes P :: pi
and Q@ : pi
and a :: name
and b :: name

assumes P ~ @)

shows [a#£b|P ~ [a#b]Q

(proof)

lemma sumPres:
fixes P :: pi
and @ : pi
and R : pi

assumes P ~ ()

shows PO R~ Q ® R
(proof)

lemma parPres:

fixes P :: pi
and Q@ : pi
and R : pi

assumes P ~ @)

shows P | R~ Q|| R
(proof)
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lemma resPres:
fixes P :: pi
and Q@ : pi
and z :: name

assumes Peq@): P ~ @

shows <vz>P ~ <vz>(Q

{(proof)

lemma bangPres:
fixes P :: pi
and Q : pi

assumes P ~ (@

shows P ~ ()
(proof)

end

theory Weak-FEarly-Cong-Subst-Pres
imports Weak-FEarly-Cong-Subst Weak-Early-Cong-Pres
begin

lemma weakCongStructCong:
fixes P :: pi
and Q : pi

assumes P =, ()

shows P ~° ()
(proof)

lemma tauPres:
fixes P :: pi
and @ : pi

assumes P ~° @)

shows 7.(P) ~* 7.(Q)
(proof)

lemma inputPres:
fixes P :: pi
and Q@ : pi
and a :: name
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and <z :: name

assumes PeqQ): P ~* @

shows a<z>.P ~° a<z>.Q)

(proof)

lemma outputPres:
fixes P :: pi
and Q@ : pi

assumes P ~° @)

shows a{b}.P ~* a{b}.Q

(proof)

lemma matchPres:
fixes P :: pi
and Q : pi
and a :: name
and b :: name

assumes P ~° @)

shows [a—~b]P ~* [a—~b]Q

(proof)

lemma mismatchPres:
fixes P :: pi
and Q : pi
and a :: name
and b :: name

assumes P ~° @)

shows [a#b]P ~* [a#b]Q

(proof)

lemma sumPres:
fixes P :: pi
and Q : pi
and R : pi

assumes P ~° ()

shows P® R ~° Q ® R
(proof)

lemma parPres:
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fixes P :: pi
and Q : pi
and R : pi

assumes P ~° ()

shows P | R~* Q|| R
(proof)

lemma resPres:
fixes P :: pi
and Q@ :: pi
and z : name

assumes PeqQ): P ~° @

shows <vaz>P ~° <vz>(Q
(proof)

lemma bangPres:
fixes P :: pi
and Q@ : pi

assumes P ~° @)

shows P ~° 1Q)
(proof)

end

theory Strong-Late-Expansion-Law
imports Strong-Late-Bisim-SC
begin

nominal-primrec summands :: pi = pi set where
summands 0 = {}

| summands (7.(P)) = {7.(P)}

| z ¢ « = summands (a<z>.P) = {a<z>.P}

| summands (a{b}.P) = {a{b}.P}

| summands ([a—~b]P) = {}

| summands ([a#£b]P) = {}

| summands (P @ Q) = (summands P) U (summands Q)

| summands (P || Q) = {}

| summands (<va>P) = (if (3a P". a # z A P = a{z}.P’) then ({<vz>P}) else

{H

| summands (1P) = {}

(proof)

lemma summandsInput[simp]:
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fixes a :: name
and <z :: name
and P : pi

shows summands (a<z>.P) = {a<z>.P}

(proof)

lemma finiteSummands:
fixes P :: pi

shows finite(summands P)

(proof)

lemma boundSummandDest|dest]:
fixes z :: name
and y :: name
and P’: pi
and P : pi

assumes <vz>z{y}.P’ € summands P

shows Fulse
(proof)

lemma summandFresh:
fixes P :: pi
and Q@ :: pi
and <z :: name

assumes P € summands Q

and zdQ
shows z P
(proof)

nominal-primrec hnf :: pi = bool where
hnf 0 = True

| hnf (17.(P)) = True

| ¢ a = hnf (a<z>.P) = True

| hnf (a{b}.P) = True

| hnf ([a—~b]P) = False

| hnf ([a#Db]P) = False

| hnf (P & Q) = ((hnf P) A (hnf Q) A P # 0 A Q #0)
| hnf (P || Q) = False

| inf (<vz>P) = (3a P’ a # z AN P = a{z}.P’)

| hnf (IP) = False

(proof)

lemma hnfInput[simp:
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fixes a :: name
and <z :: name
and P : pi

shows hnf (a<z>.P)

(proof)

lemma summandTransition:
fixes P :: pi
and a :: name
and 1z : name
and b : name

and P’
assumes hnf P

shows P ——7 < P’ = (7.(P’) € summands P)

and P +——a<z> < P’ = (a<z>.P’ € summands P)

and P +——alb] < P’ = (a{b}.P’' € summands P)

and a # ¢ = P +—a<vz> < P’ = (<vz>a{z}.P’ € summands P)

(proof)

definition expandSet :: pi = pi = pi set where
expandSet P Q = {r.(P'|| Q) | P". 7.(P’) € summands P} U

{T.(P || @) | Q" 7.(Q") € summands Q} U
{a{b}.(P" || Q) | a b P". a{b}.P' € summands P} U
{a{b}.(P || @) | ab Q" a{b}.Q" € summands Q} U
{a<z>.(P'|| Q) | a z P'. a<z>.P’ € summands P AN z § Q}
U
{a<z>.(P || @) | az Q" a<z>.Q’ € summands Q N z #
P} U
{<vaz>a{z}.(P'|| Q) | a x P'. <va>a{z}.P’ € summands P
ANz QU
{<vz>a{z}.(P || Q) | a z Q" <vz>a{z}.Q’ € summands
QANzfPHU

{7.(P'lz:=0b] | @) | 2 P'b Q" Fa. a<z>.P' € summands P
A afb}.Q’ € summands Q} U
{r.(P" ]| (Q[z:=0])) | b P' z Q. Ta. a{b}.P’ € summands
P A a<z>.Q’ € summands Q} U

{r(<vy>Plzz=y] | @) | 2 P'y Q" Ja. a<z>.P' €
summands P N <vy>a{y}.Q' € summands Q A y § P} U
{r-(<vy>(P" | (@z==y) | y P+ Q". 3a. <vy>a{y}.P’
€ summands P N\ a<z>.Q’ € summands Q N y i Q}

lemma finiteExpand:
fixes P :: pi
and Q : pi

shows finite(expandSet P Q)
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(proof)

lemma expandHnf:
fixes P :: pi
and Q@ : pi

shows V R € (expandSet P Q). hnf R
(proof)

inductive-set sumComposeSet :: (pi x pi set) set
where
empty: (0, {}) € sumComposeSet
| insert: [@Q € S; (P, S — {Q}) € sumComposeSet] — (P & Q, S) € sumCom-

poseSet

lemma expandAction:
fixes P :: pi
and @ : pi
and S :: piset

assumes (P, S) € sumComposeSet
and Qes
and Q — Rs

shows P —— Rs

(proof)

lemma expandAction’:
fixes P :: pi
and Q : pi
and R : pi

assumes (R, S) € sumComposeSet
and R+— Rs

shows 3P € S. P —— Rs
(proof)

lemma expandTrans:

fixes P :: pi
and Q : pi
and R : pi
and a :: name
and b :: name
and z : name

assumes Frp: (R, expandSet P Q) € sumComposeSet
and Phnf: hnf P
and Qhnf: hnf Q

199



shows (P || Q —7 < P') = (R+—71 < P

and (P || Q —a[b] < P') = (R ——a[b] < P

and (P || Q —a<z> < P’) = (R ——a<z> < P

and (P || @ —ra<vz> < P’) = (R —a<vz> < P’)
(proof)
lemma expandLeft:

fixes P :: pi

and @ :: pi

and R : pi

and Rel :: (pi x pi) set

assumes Fzp: (R, expandSet P Q) € sumComposeSet
and Phnf: hnf P
and Qhnf: hnf Q
and Id: Id C Rel

shows P || Q ~[Rel] R

(proof)

lemma expandRight:
fixes P : pi
and @ :: pi
and R : pi

and Rel :: (pi x pi) set

assumes Fzp: (R, expandSet P Q) € sumComposeSet
and Phnf: hnf P

and Qhnf: hnf Q
and Id: Id C Rel

shows R ~~[Rel] P || @
(proof)

lemma expandSC:
fixes P :: pi
and Q@ : pi
and R : pi

assumes (R, expandSet P Q) € sumComposeSet
and hnf P

and hnf @
shows P || Q ~ R
(proof )
end
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theory Strong-Late-Azxiomatisation
imports Strong-Late- Expansion-Law
begin

lemma inputSuppPres:
fixes P :: pi
and Q@ : pi
and z : name
and Rel :: (pi X pi) set

assumes PRelQ: \y. y € supp(P, @, ©) = (Plz::=y], Qz::=y]) € Rel
and Equt: equt Rel

shows a<z>.P ~>[Rel] a<z>.Q
(proof)
lemma inputSuppPresBisim:
fixes P :: pi
and Q : pi
and =z :: name

assumes PSim@Q: Ay. y € supp(P, Q, ©) = Plz:=y| ~ Q[z::=y]

shows a<z>.P ~ a<z>.0Q

(proof)
inductive equiv :: pi = pi = bool (infixr =, 80)
where
Refl: P=.P
| Sym: P=.Q=— Q=P
| Trans: [P= Q; Q= R] = P=. R
| Match: [a~a]P =, P
| Match': a# b= [a~bP =0
| Mismatch: a # b= [a£b]P =, P
| Mismatch'”: [a#a]P =, 0
| SumSym: PoQQ=QoP
| SumAssoc: (P® Q) @®R= P& (QdR)
| SumZero: P®0=P
| SumlIdemp: PpP= P
| SumRes: <vz>(P @ Q) =, (<vz>P) & (<vz>Q)
| ResNil: <vr>0=.0
| ResInput: [z # a; ¢ # y] = <ve>a<y>.P =, a<y>.(<vz>P)
| ResInput”: <vr>z<y>.P =.0
| ResOutput: [z # a; © # b)) = <vz>a{b}.P =, a{b}.(<vz>P)
| ResOutput”: <vz>z{b}.P =, 0
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| ResTau: <vz>T.(P) =, 7.(<vz>P)

| ResComm: <vz><vy>P =, <vy><vz>P

| ResFresh: zf P= <vz>P =, P

| Expand: [(R, exzpandSet P Q) € sumComposeSet; hnf P; hnf Q] = P
| Q=R

| SumPres: P=.Q=PdPR=QDR

| ParPres: [P=.P;Q=Q]= P|| Q=.P'| Q'

| ResPres: P= Q= <vz>P =, <vz>(Q

| TauPres: P= Q= 7.(P)=.7.(Q)

| OutputPres: P = Q= a{b}.P =, a{b}.Q

| InputPres: [Vy € supp(P, @, z). Plz:=y] =, Qlz:=y]] = a<z>.P =,
a<r>.0Q)

lemma Sumldemp’:
fixes P :: pi
and P’: pi

assumes P =, P’

shows P & P' =, P

(proof)

lemma SumPres’:
fixes P :: pi
and P': pi
and @ :: pi
and Q’: pi

assumes PegP’: P =, P’

and  QeqQ" Q =c Q'

shows P® Q =, P'® Q'
(proof)

lemma sound:
fixes P :: pi
and @ : pi

assumes P =, )

shows P ~ (@)
(proof)

lemma zeroDest[dest]:
fixes a :: name
and b :: name
and z : name
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and P : pi

shows (a{b}.P) =, 0 = False
and (a<z>.P) =, 0 = False
and (7.(P)) =. 0 = False

and 0 =, a{b}.P = Fulse
and 0 =, a<z>.P = Fulse
and 0=, 7.(P) = Fulse

{(proof)

lemma eg-equt:

fixes pi::name prm

and z::’'a:pt-name

shows pi-(z=y) = ((pi-z)=(pi-y))
(proof )

nominal-primrec depth :: pi = nat where
depth 0 = 0
| depth (T.(P)) = 1 + (depth P)
| a 8 © = depth (a<z>.P) = 1 + (depth P)
| depth (a{b}.P) = 1 + (depth P)
| depth ([a—~b]P) = (depth P)
| depth ([a#£b]P) = (depth P)
| depth (P & Q) = max (depth P) (depth Q)
(P (d
(
(!

| depth (P || Q) = ((depth P) + (depth Q))
| depth (<vaz>P) = (depth P)

| depth (!P) = (depth P)

(proof )

lemma depthEqut[simp):
fixes P :: pi
and p :: name prm

shows depth(p - P) = depth P
(proof)

lemma depthInput|[simp]:
fixes a :: name
and z : name
and P :: pi

shows depth (a<z>.P) = 1 + (depth P)
(proof)

nominal-primrec valid :: pi = bool where
valid 0 = True

| valid (7.(P)) = valid P

| z ¢ a« = walid (a<z>.P) = valid P
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| valid (a{b}.P) = wvalid P

| valid ([a—~b]P) = valid P

| valid ([a#£b)P) = valid P

| valid (P @ Q) = ((valid P) A (valid @Q))
| valid (P || Q) = ((valid P) A (valid @Q))
| valid (<vz>P) = valid P

| valid (!P) = False

(proof)

lemma validEqut[simp):
fixes P :: pi
and p :: name prm

shows walid(p - P) = valid P
(proof)

lemma validInput|simp]:
fixes a :: name
and <z : name
and P : pi

shows valid (a<z>.P) = valid P
(proof)

lemma depthMin[introl:
fixes P

shows 0 < depth P
(proof)

lemma hnfTransition:
fixes P :: pi

assumes hnf P
and P#0

shows 3 Rs. P — Rs
(proof)

definition uhnf :: pi = bool where
uhnf P = hnf P A (VR € summands P. VR’ € summands P. R # R’ — —(R

=. R)

lemma summandsldemp:
fixes P :: pi
and Q@ : pi

assumes ) € summands P

and Q= Q'
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shows P ® Q' =, P
(proof)

lemma uhnfSum:
fixes P :: pi
and Q@ : pi

assumes Phnf: uhnf P
and Qhnf: uhnf Q

and validP: valid P
and validQ: valid Q

shows 3 R. uhnf R A valid R AN P ® Q =. R A (depth R) < (depth (P ® Q))
(proof)

lemma uhnfRes:
fixes z :: name
and P :: pi

assumes Phnf: uhnf P
and validP: valid P

shows 3 P’. uhnf P’ A valid P' N <vz>P =, P’ A depth P’ < depth(<vz>P)
(proof)
lemma expandHnf:

fixes P :: pi

and S :: piset

assumes (P, S) € sumComposeSet
and VP e S. uhnf P A valid P

shows 3 P’. uhnf P’ A valid P’ A P =, P’ A depth P’ < depth P
(proof)

lemma hnfSummandsRemouve:

fixes P :: pi

and @ : pi

assumes P € summands Q

and uhnf Q

shows (summands Q) — {P'| P'. P’ € summands @ N\ P' =, P} = (summands
Q) - P}
(proof)

lemma pullSummand:
fixes P :: pi
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and @ :: pi

assumes Psumm@: P € summands @
and Qhnf:  uhnf Q

shows 3Q". P & Q' =. Q A (summands Q') = ((summands Q) — {z. 3P’ z
= P' A P’ € (summands Q) N P' =, P}) A uhnf Q’
(proof)

lemma nSym:
fixes P :: pi
and Q@ :: pi

assumes (P =, Q)

shows —(Q =, P)

(proof)
lemma summandsZero:
fixes P :: pi
assumes summands P = {}
and hnf P
shows P =0
(proof)

lemma summandsZero”:
fixes P :: pi

assumes summP: summands P = {}
and Puhnf: uhnf P

shows P =0
(proof)

lemma summandEquiv:
fixes P :: pi
and @ : pi

assumes Phnf: uhnf P

and Qhnf: uhnf Q

and  PinQ: VP’ € summands P. 3Q' € summands Q. P' =, Q'
and QinP: v Q' € summands Q. 3P’ € summands P. Q' =, P’

shows P =, @
{(proof)
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lemma validSubst][simp]:
fixes P :: pi
and a :: name
and b :: name
and p: pi

shows valid(P[a::=b]) = valid P
(proof)

lemma validOutput Transition:
fixes P : pi
and a : name
and b : name
and P’: pi

assumes P —a[b] < P’
and  wvalid P

shows valid P’
(proof )

lemma validInputTransition:
fixes P :: pi
and a :: name
and <z : name
and P': pi

assumes PTrans: P —a<z> < P’
and validP: valid P

shows valid P’

(proof)

lemma validBoundQutput Transition:
fixes P : pi
and a :: name
and =z : name
and P': pi

assumes PTrans: P —sa<vz> < P’
and validP: valid P

shows valid P’

(proof)

lemma valid TauTransition:
fixes P :: pi
and P': pi
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assumes PTrans: P —s7 < P’
and validP: valid P

shows valid P’

(proof)

lemmas validTransition = validInputTransition validOutput Transition valid Tau-
Transition validBoundQutput Transition

lemma validSummand:
fixes P : pi
and P’: pi
and a : name
and b : name
and <z : name

assumes valid P
and hnf P

shows 7.(P’) € summands P = valid P’

and a{b}.P’ € summands P => valid P’

and a<z>.P’ € summands P = valid P’

and [a # z; <vz>a{z}.P’ € summands P] = valid P’

(proof)

lemma validExpand:
fixes P :: pi
and @ :: pi

assumes valid P
and valid Q
and uhnf P
and uhnf @

shows V R € (expandSet P Q). uhnf R A valid R
(proof)

lemma expandComplete:
fixes F :: pi set

assumes finite F'

shows 3 P. (P, F) € sumComposeSet
(proof)

lemma expandDepth:
fixes F :: pi set
and P :: pi
and Q@ : pi
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assumes (P, F) € sumComposeSet
and F #{}

shows 3Q € F. depth P < depth Q A (VR € F. depth R < depth Q)
(proof)

lemma depthSubst]simp:
fixes P :: pi
and a :: name
and b :: name

shows depth(P[a::=b]) = depth P
(proof)

lemma depthTransition:
fixes P :: pi
and a :: name
and b : name
and P’: pi

assumes Phnf: hnf P

shows P —a[b] < P’ = depth P’ < depth P
and P r—a<a> < P’ = depth P’ < depth P
and P +—71 < P’ = depth P’ < depth P

and P r——a<vz> < P’ = depth P’ < depth P

(proof)

lemma maxExpandDepth:
fixes P :: pi
and Q@ : pi
and R : pi

assumes R € ezpandSet P Q)

and hnf P

and hnf Q

shows depth R < depth(P || Q)
(proof)
lemma expandDepth':

fixes P :: pi

and @ :: pi

assumes Phnf: hnf P
and Qhnf: hnf Q

shows 3 R. (R, expandSet P Q) € sumComposeSet A depth R < depth(P || Q)
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(proof)

lemma validToHnf:
fixes P :: pi

assumes valid P

shows 3 Q. uhnf Q A valid Q N Q =. P A (depth Q) < (depth P)
(proof)

lemma depthZero:
fixes P :: pi

assumes depth P = 0

and uhnf P
shows P =0
(proof )

lemma completeAux:
fixes n :: nat

and P :: pi
and Q@ : pi
assumes depth P + depth Q < n
and valid P
and valid @
and uhnf P
and uhnf Q
and P~Q
shows P =, ()

(proof)

lemma complete:
fixes P :: pi
and Q@ :: pi

assumes validP: valid P
and valid@: valid Q
and PBisim@: P ~ @

shows P =, ()
(proof)

end
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